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NPEAUCJIOBHE KO BTOPOMY U3JAHHIO

Mosi kHHra «DeMeHThl MaTeMaTHYecKoro aHaJu3a», u3-
gavHas B 1981 r. maccoBeIM THpaxkoM, Oblia ObICTPO pac-
NpojaHa, W Tenepb BHAHO, UYTO €€ Lesecoo6pasHO BHIYCTHTD
BTOpbiM H3ZaHHeM. [l BTOpOro H3naHMs $ peluJa ee ne-
pepabotaTb Ha OCHOBaHHHM ONBITA, KOTOpbIA NpHOGpen B
NOC/EHNE TOJbl, 3aHMMAsACh WIKOJbHBIMH YYEOHHKaMH.

V3meHenrs HanpaBsieHbl Ha TO, 4YTOObl KHMTY CBOGOAHO
MOr UYHTaTh BCSIKMH, KTO 3HaeT MaTeMaTHKy B Mpejejax
8 knaccoB necsitHeTHeH IKoJkl. §1 mpocieana 3a TeM, 4TO-
6l B HOBOM H3J]aHHM OBl OXBaueH NPOrpaMMHBI MaTepuas
9 n 10 kJaaccoB. DTOT MaTepHas HCYEpNHBAOT NEpBbiE BO-
CeMb IJIaB HACTOSAUIeH KHHTH. .

[TosiBunacy KeoGXOAMMOCTb BEECTH IJaBy «TpHroHomerpu-
yeckue GyHKIMH». TpPHrOHOMETPHIO XOTA W H3y4aloT B
8 knacce, HO Ge3 BBeAEHHMA TPHUTOHOMETPUUECKHX (YHKIMIH,
TeM GoJiee 6e3 oOpaTHBIX TPHIOHOMETDHYECKMX (PYHKIMH.

Bo BrOopoM M3jaHUM unTaTeN b TakXKe OGHApYXKHT HeKo-
TOpbl€ METOAMUYECKME H3MEHEHHS B M3JIOXKEHMH MarepHaja o
noKasaTtenbHoll (yHKIMH. B mKosne mnokasareabHyl0 (yHK-
nuio npoxonat B 10 kaacce. Onpenenenue QyHKUHH a* aas
MOGHIX JIeACTBHTE/IbHBIX X —TPYJHBIA Bompoc. ABTOp MHOro
Pa3MBILLIAN Haj 1eM, Kak Jydlle NpenojHecTH €ro IKOJb-
HHKY, 4TOOBl OBbLJIO M 3JE€MEHTApHO, H Hay4HO.

Hsnoxenne nousaTHd COOGCTBEHHO aHa/lW3a—IMpejena,
NPOU3BOAHON, HHTErpaja—ocTajoch MNpPEXKHUM, KakK B mep-
oM usganud. [loHaTHe npemena paercs Ha HHTYWTHBHOM
OCHOBE, BBHIICHIETCA Ha NpuMepax, 06e3 ¢opMasbHBEIX Onpe-
Jenenuii. bes nokasarenbcTBa (HOPMYJIMPYIOTCS OCHOBHLI@
cBoiicTBa npenesyoB. Takue (pakThl KaK CyLIECTBOBAHHE Mak-
CMyMa y HeNpephBHOH Ha oTpe3Ke (YHKIUH HJIH CYILEeCT-
BOBaHHE H E€JMHCTBEHHOCTb TOYKH IepeceyeHUs HEeNpephiB-
HO'O MOHOTOHHOrO rpaguka ¢ npsMoi, napaJjfenbHOH OCH
abcuncc, o0Hapy:KHBalOTCA M3 paccMorpenusi rpaduka. Ho
H TpH 3TOM MOXHO H3JIOXKHMTb BOMPOC COBCEM 3J1E€MEHTapHO
uau nposectd GopmanbHble paccyxienus. [locienune JaHbl



NMPEAWC/IOBUE KO BTOPOMY HU3OAHUIO 7

nerutoM. JloGaBneHa rsaBa o audxpepeHLHANBHBIX YpaBHe-
HHUAX, A .

OcranbHble mate raaB (9—13) moryt 6biTb HCMOJIb-
30BaHBl JJIl JIONOJHUTENBHOrO H3YYeHUs B WIKoJax ¢ -
8MKO-MaTeMaTHYeCKUM YyKJOHOM. KoMmnJekcHele uncaa, Gu-
HoM HblotoHa, komMOuHaTopHKa, NpHUG/IHKEHHbIE BBHIYHCIEHHUS
— BC@ 9TO coBepilleHHO Heo6xoaumbie Tembl, Henjsoxo noxsec-
TH TAKXE HUTOr CBOUX 3HAHUH O JEHCTBUTENbHBIX YHCJAX.
KcraTh, Hajo ckasaTb, 4TO O HHX IIKOJIbHHK MOJTyYaer Aoe
BOJIbHO-TAKH DPAa3pO3HEHHBIE CBEJECHHUA.

Asrop npupaer 3sHauenue riaBe «Popmyna Teiinopay,
Jatomel BaXKHYIO TOUKY 3pEHHsS Ha 9JIeMEHTapHbie (GYHKHUH.
B HacrosllleM HW3JaHMH BBIBOJA 3STOH (OpPMYJH NpHBEJEH B
6onee moxomuuBoil ¢opme, ueM B nepBoM H3jaHuu. SI Gua-
rofapio akagemuka A. JI. AnekcanapoBa, o6GpaTtHBHIErO Moe
BHUMaHHE HA TO, YTO B NEPBOM MSJaHHH H3JIOKEHH@ 3TOro
BOIIPOCAa TPYAHOE.

Dra xHura Gyler MoJjie3Ha HE TOJBLKO HIKOJbHHKAaM, HO
o yvamuMmca IITY, TeXHHKYMOB M CTYI€HTaM BY30B C OY€Hb
KpaTKoi nporpaMMmolfl 10 MaTeMaTHKe, Y4YWTeJAM H BOOGuIe
Ans ofiiero o6pa3oBaHHs.

CuuTaio CBOHM J0JIrOM Bbipa3uThb 61arogaprocts A. B. Hles-
KHHY, KOTODBIfi OMOT MHE HalHcaTb FJaBy «TpHroHomerpu-
uyecKHe (YHKUHH» U Tnepepacnpefesutb riaaBy «PyHKOuu».

C. M. Hurxorecxkudt



U3 NMPEAHCJIOBHSI K NEPBOMY W3JAHKIO

-

Sl uMelo onHIT mperojaBaHUA MaTeMaTHYeCKOro aHasusa
Ha 3JieMeHTapHOH ocHoBe. B Tpuauarthix roaax s npenoja-
BaJl B TE€XHHYeCKHX By3ax JlHenpornerpoBcKa, Ize cJjyliare-
JfMH OblIM B OCHOBHOM pabdakoBubl. Ceiiuac s zesoch
€BOMM ONbITOM.

ITy KHATY TOPEKOMEHJOBaJH MHE HanucaTh aKaleMHK
U. M. Bunorpanos, akazemuk K. K. MapmxanmmBuin u
uien-koppecnonzenr AH CCCP E. @. Mumenko. OHH 03Ha-
KOMHJINCh C HaNMCaHHOH PYKOMHMCBIO M- JaJiH BeCbMa LEHHbIE
coBeThl. Pykonuch Gblla TNpOYHTaHa MOAPOGHO Mpod.
C. U. Ansxom, npop. A. A. KapanyGoit ¥ obpuunHaJbHHIMH
peueHsenTamu u3zareqbcrBa «Hayka» npod. A. B. Edumo-
BeM H npod. M. K. INoranoBeiM. OHHM Aan¥ MHOTO LEHHBIX
coeroB. [lose3Hble 3ameyaHHsi MO PYKONMHCH A TOJYUHJ
Takxe or npodeccopa C. A. TensikoBckoro u [I'1aBHoro
ynpaByienus mkoa MunucrepctBa npocsemenuss CCCP, rae
oHa u3yvanacb. Hakownen, rnaBy «MaremaTHuecknii aHauna»
€ JIOTOJIHEHHeM K Heil noapo6Ho u3yuna akanemuk J1. C. Tlon-
TpsruH. Pajp ero saMeyaHuit 1 yyes, B YaCTHOCTH, JONOJIHMB
pyKonuch (neTuToM) hopMasIbHBIMH J0Ka3aTeNbCTBAMH HEKOTO-
pbiX MOJIOXKEHHUH, O6BSCHEHHBIX H3 HarJIAAHBIX COOOparkeHHH.

Bcem ykasanHbM suuaM M [1aBHOMY ynpaBJeHHIO WIKOJ
MuniicreperBa npocsewennss CCCP s Bbipakaio riay6okylo
61arojapHoCTh.

Hakouen, s ormeualo, yto Komuccuss no pepopme mare-
MaTHyecKoro o6pa3oBaHHfl B cpefHefl IiKoje npu bBiopo
ornenenus mareMatuku Akanemuu Hayk CCCP nop mpence-
RatenbcTBoM akaaemuka M. M. BunorpasmoBa pekomenjoBasa
MunncreperBy npocsewenuss CCCP nonyctuTh JaHHYIO KHHTY
Kak yue6HOe NOoco6He ISl YYaLMXCs CPeJHHX LIKOJI.

Cefiuac, Korja KHMra HaXoIMTC B KODPPEKTYpe, CTalo
M3BECTHO, YTO OHa PEKOMEHIOBaHAa B KauecTBe MNOCOOHS A/
yuuteneil. Bce ke s He H3MEHsI0 HayasJo CBOEro NpeRHCJIO-
BHfl, TOTOMY YTO y6exJieH, 4YTO 3Ta KHHra BIOJIHE JOCTYNHA
IIKOJIbHUKaM.

1980 C. M. Huxoabcxuil



TJIABA 1
®YHKUUA

§ 1.1. Yewm 3anumaeTcss mMaTeMaTHYeCKHil aHaIM3?

Haspanne «MatemMaTnyecknii aHanu3» — COKpailleHHOe BH-
JION3MEHEHHE CTaporo Ha3BaHHSA «aHaNu3 GECKOHEYHO MaJbiX».
INocnepnee GoJblue TFOBOPHT, HO OHO TOXE COKpALIEHHOE.
HasBanne «ananns nocpeicrBoM GECKOHEUHO MaJibIX» Xapak-
TepuzoBaso Obl mnpexMer Gosiee TOYHO.

Buio 661 myume, ecqu Gbl Ha3BaHUE OTpaxajo Te OGLEeK-
TH, KOTOpHI€ TOJBEpralTcs aHanuady (u3yueHuio). B kunac-
CHYECKOM MaTeMaTHYyecKOM aHa/H3€ TaKUMH OOBEKTaMH sBJd-
I0TCA1 Npexze Bcero (yHKHHUH, T. €. NEepPEMEHHbE BEJHUHHBHI,
8aBHCAILKE OT APYTHX NEepeMeHHBIX BeauynH. PyHKuMH MH
BCIOJly BCTpe€uaeM B NpaKTHKe, QYHKUHH ONHCHIBAIOT IBHMe-
HMA, ¢(usuueckue sBneHHA. OHM BcTpeyaroTcs B TEXHUKe,
reoMeTpuH, MeXaHWKe, XUMHH, 5KOHOMuKe. M3yuaa ¢pyHKuMA,
MBI H3yyaeM KOHKpETHble fBJIEHHS, KOTOPbIE OHH ONHCHIBAIOT.
Onna u Ta Xe (QYHKIHMS MOXKET ONHCHIBATH fBJEHHS COBep-
WEHHO pa3jMYHOH NPUPOABl U TEM CaMBIM OOBEJUHATL B ce6e
B3aKOHOMEDHOCTH, KOTOPBIM 3TH fIBJIEHHS NOJYHHSAIOTCH.

Maremaruyecknit aHa/M3 SIBJISETCS CPEICTBOM H3yueHHs
(GyHRuMH, HO TOrja M CpPEACTBOM H3YUEHHS OKPY2KalomHX
Hac siBneHuil. BaXKHLIMH NOHATHSMM MaTeMaTHYeCKoro aHa-
N3a SBJSAIOTCA NpeAes M HeNpEepHBHOCTL (PYHKIMH, MPOHU3-
poAHad M MHTerpasn. B 3T0#i rsiaBe uuTaTeNb NOJAYYHT Ha-
YajbHHE CBEACHHS 00 STHX NOHATHAX, MX CBA3M U WX NpH-
JIO2KEHHUSAX.

§ 1.2. OGo3HaueHHEe HEKOTOPHIX MHOKECTB “MCeJ

PaunoHanbHble M HMppalMOHAJbHLIE YHCJA Ha3bIBAIOTCHA
Oeticmeumenvroimu wucaamu (cM. ra. 10).

[lycts @ m b— neficTBHTE/IBHEE UHCIA (TOYKHM YHCJIOBOH
npamodii), yroejersopsiomue HepaBeHCTBY a < b.

Ompesxon [a, b] HasbIBa€TCA MHOXECTBO YHCeJ (TOYEK)
#, YIOBJETBODSIOUMX HepaBeHcTBaM a < x <{b. Hnmepearom
(@, b) HaspiBaeTcs MHOXKECTBO YHCEN X, YIOBJIETBOPAIOUHX
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HepaBeHcTBaM a. < ¥ < b. Humepsasom (— oo, - 0o) Hashl-
BaeTcsi MHOXECTBO BCeX JefCTBUTENbHBIX 4Yucea X (TOuek
yuCc/M0BOH mpsiMoi). I'oBopAT elue, uYTO 3TO €CTb MHOXKECTBO
yycesn X, yAOBJETBOPAIOMUX HepaBeHCTBaM — oo < X < -+ oo,
Humepsaarom (a, -+ o0) HasblBaeTcsi MHOMKECTBO YHCeN X,
66/IbILIMX 4YHCJA @, WIH, KaK TOBOPAT, MHOXECTBO YHCEN X,
YJOBJIETBOPSIOLIMX HepaBeHCTBaM a < x < -+ oo. Humepea-
aom (— oo, b) HasbiBa€TCS MHOXKECTBO YHCEJ] X, MEHbILHX
yucna b, uau, Kak roBOPAIT, MHOXECTBO YHCeN X, YIOBJIET-
BOpPSIIOINX HepaBeHCTBaM —oo < x < b.

[MonyunrepBanom [a, b) uau (a, b] HasbiBaeTcs MHOXe-
CTBO YHCeJ X, YIOBJETBOPAIOUIMX HepaBeHCTBaM a < x < b
UM a < x < b COOTBETCTBEHHO.

Orpe3ok, MHTEpBa/J WJU NOJMYHHTEpBaa Mel 6yiaeM Hasbl-
BaTb elle NpPOMENCYMKOM.

Ham BerpersiTcss M apyrue MHOXeCTBA (COBOKYIHOCTH)
ypces, KOTOpble He 0643aTe/bHO MMEIOT crenualbHbie Ha3Ba-
Hus. Ux oBosHauvaior pasubiMu Gyksamu: E, A, B, ...

§ 1.3. Npumeput dyHKuui

B okpyxxatowmielt Hac AEACTBUTENILHOCTH MbI BCIOLY Ha-
6/0faeM SIBJEHHS, OpPraHMYECKH CBA3AHHBIE MEXAY COGOH.
Hepenxo atH siBNIEHHA CONMPOBOXKJAIOTCA CBSI3SIMH MEXAY Te-
MH WK HHBIMH BeJMUMHAMM, 3aKJIOYAIOMUMHCA B TOM, YTO
OjHa BeJHYHHA, BOOOLIE roBOopsl NEpeMeHHas, 3aBHCHT B CH-
JIy ONpEJeNCHHOTO 3aKOHA OT JAPYroi nepeMeHHOH BeJHYHHBI.
B Takux cayyasx roropsiT, YyTO nepBasl BEJHYHHA €CTb (hyHK-
yus Bropoi. Ilpn 3TOM BTOpPYIO BEIUUYHMHY HAa3bLIBAIOT He3asu-
cumoll nepemeHHol WM apaymenmom, a NepByIo — 308Ucumol.

[TpuBeseM mpumepnl Takux QyHKUHE.

1. ITycts B HayanbHBIi MOMEHT BpemeHu ¢=0 Matepu-
aJbHasg TOYKA HaXOAMJAch B Mokoe, a 3ateMm (npu ¢ > 0) Ha-
yaja najatb NMOJ BO3JeHCTBHEM CHJbI TsxKecTH. Toraa myTh
s, MpOMJIGHHbIH TOUKOH 3a BpeMms ¢, BbIpasHTCA (PopMyJioH

gt

s=£— (=0, (1)
rie g— YCKOpEHHE CHJIbI TskKECTH. B paHHOM cuyyae Ms
HMeeM JeJo ¢ JBYMs [epeMeHHbIMH BeJHYHHAMM [ M .
KaxpoMy 3HayeHHIO BpeMeHH ¢ B CHJly 3aKOHa, BbIpax<eH-
Horo ¢opmyJoit (1), npuBOAMTCA B COOTBETCTBHE ONpEAeneH-
HOe 3HayeHHe s. IDTHM ompefeneHa GYHKIus s=%—— Ha
MHOXKECTBE HEOTPHLATENbHBIX 3HaueHHd f.
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2. 3axon bBoiinsn — Mapuorra ycraHaBiHBaeT CBA3b MEXK-
[y BaBlEHHEM W 00bEMOM JAHHOTO KOJMYECTBA rasa mNpH
NOCTOAHHOH TeMneparype;

p== (©>0), @
rie ¢—KOHCTaHTa, U—oO00BEM, 3aHHMaeMblii HAHHBIM KOJH-
YecTBOM rasa, p—ero JaBjeHue. 3jecb p sBAAETCA (YHK-
uMeil v ¥ OJHO3HAYHO BbiyHcJAsETcs N0 dopmyae (2).
3. Ilnomanp kKpyra paguyca r ecTh BeJIHYHHA S, 3aBH-
camasg or r. S BhYHCAseTcs no GopmyJe

S=mnr* (r>0).

Ecin uM3MeHSTb 7, TO COOTBETCTBEHHO GYJeT H3MEHATbCA
S. Tlocko/bKY 3A€ch peub HJET O NJOWafH Kpyra, TO KaH-
Hasg QYHKIUs ONpeleseHa Ha MHOXECTBE IOJIOXKHTEJNbHBIX
yucen r.

§ 1.4. Onpenenenne NOHATUSA (YHKUMH

Ilycmoe E ecmb MHOXMcecm80 4uces U nycmb 6 CUAY HEKO-
mopoeo 6noaHe onpedeseHH020 3aKOHA KAXCOOMY HUCAY X U3
E npusedeno 6 coomsemcmsue 00HO 4ucao y; moeda 2o8opam,
umo Ha E sadana ¢yrxyus, xomopyw sanuceisarom mak:

y=F[(x).

Sro onpenenenue ¢hyHkuun npemnoxeso H. H. JloGaues-
ckuM H Jupuxae *). MuoxecrBo E HasblBaiOT 06.4acmoio 3a-
Oanus uan obaacmoro. onpedesernus pyuxkunu f(x). Tosopst
TaKXKe, YTO 3aJaHa He3a8UCUMAA NePeMEHHAR X, KOTOpas MO-
JeT mNpHHHMATb YacTHble 3HayeHus x U3 MHOxkectBa E.
Kax1oMy Takomy 3HaueHHIO X B CHJy YIOMSIHYTOTO 3aKOHA
NpUBEJEHO B COOTBETCTBHE ONpeJe/ieHHOe 3HayeHHe (YHcJio)
JApyroii nepeMeHHOH y, HasbBaeMoOH ¢pynkyuel apeymenma x.

Jns BblpakeHHs1 MNOHATHA (QYHKIHMH yNoTpeGJsioT reo-
MeTpHuecKuil s3blK. ['OBOpST, YTO 3alaHO MHOXECTBO TOYEH
X JelicTBUTENbHOI NpsIMON — 06.4acme onpedeneHus PyHKyuu —
H 3aKOH, B CHJIy KOTOPOrO KaxKiOH TOuke MHOXecTBa E npu-
BOJUTCS B COOTBETCTBHE uHcao y=f(x). Ecan Mbl XotnM
FOBOPUTb O (PYHKUHM KaK O HEKOTOPOM 3aKOHE, TPHBOAS-

*) H. W. JloGayeBckuii (1792 —1856) — pyccknit MaTeMaTHK, €03«
JaTeJib HeeBKJHAOBO# reomerpuu. I1. I'. Oupuxae (1805—1859)— ne-
MeIKHA MaTeMaTHK.
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IeM B COOTBETCTBHE KaKAOMy uucay x u3 E Hekoropoe
UHCJIO Y, TO JOCTATOYHO €e 06O03HauuTh OfHOH OyKBOH f.
CumBous f(x) o603HayaeT YMCJO y, KOTOpOE B CHJY 3aKOHA
f coorsercrByer uucay x. Ecau, Hanpumep, uucao 1 npu-
Haunexur oosnactd E ompenenenust pyukuuu f, 10 f(1) ectb
snauenue pynkyuu f B Touke x=1, Ecau 1 He npunane-
Kut E, To roBopAT, uTo GyHKuus f He onpedesena 6 mouke
x=1.

IOna ¢yHkuuit f 0 @, MMeOUWUX OXHY H Ty e 06/acTb
onpenenennss E, onpenensiiorcs cymma [+ @, pasnocmo
f—®, npoussedenue fo, wacmnoe f/@. D10 HOBblE (YHKLHH,
SHAUEHHA KOTOPLIX BHIPAXKAIOTCS COOTBETCTBEHHO (HOpMYsaMH

f(’() + ¢ (x)» f(x)—(P (X), f(x) 9 (x)"

f(x) .
rGR rie x€E;
3lleCb B CJyuae YacTHOro mnpeanoJaraercsi, 4ro @ (x) <=0
na E.
HOnsa o6o3HaueHusi (GYHKUMHM YyHOOTPEGJAOTCA M JIOObe
apyrue OykBol: F, @, ¥, ..., Tak ke KaKk BMeCTO X, Yy
MOXHO MNHcaTh 2, U, U, W, ...

- § 1.5. 3apanue dynxuuu dopmynoii

BoamoxHb! passinybble crnocoGbl-3aganus GyHkuun. Cpean
HUX OCOGEHHO Ba)KHOE s3HayeHnue HMeeT 3ajaHue (YHKLMH
npy MOMOILH (HOPMYJIBL.

IMpuBenem HeckoabKO NpUMEPOB (GYHKUUE, 3afaHHbIX

dopmynamu, ‘
ITocmonnnas ¢ynryus

y=c¢ (—o0 <x <+ o).

KasxknoMy nefAcTBHTENbHOMY X COOTBETCTBYET OJHO H TO e
8HAYEHHE Y, PABHOE YHCJY C.
Cmenennas ynkyus

y=x" (—oo < x<+ oo, n=l,\2, 3, ...).
Ilpu pasnuuHbIX 3HAYEHUSIX N MOJYYUM Yy =X, Yy=x?, y=x°

HT I
Junednas ynkyun

y=kx-+b.

JIuHefiHble QYHKUUHM BCTPEYAlOTCS B MPHJOMEHHAX OYEHb
yacto. Muorue (pu3nyeckue 3aKOHBI BHIPAXKAIOTCA, H IPUTOM
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JOCTAaTOYHO TOYHO, JMHEHAHBIMH ¢yHKuuMsaMH. Hanpuwmep,
AJHA [ CTEPXKHSA € XOPOIUMM MNpPHOJMKEHHeM paccMaTpyBa-
erca KaK JiMHefiHasi (DyHKLHUsS €ro temneparyphl f:

=1+ at,

rjie o—KoapHuiHenT JuHefiHoro pacwupenus, [l,— ANHHA
crepxns npu t=0. Eciu x—Bpems, a y—nyTb, NpofijeH-
HBIH 3a 3TO BpeMsl TOYKOH, TO JuHeiliHas QyHKuusa y=~kx-+b
BbIpDaXKaeT TOT (DaKT, YTO TOYKA IBHIKETCS PAaBHOMEPHO (€O
CKOPOCTBbIO k, YUCJO ke b ecTb pacCTOsiHHE TOUKH OT Haua-
Ja oTcyeTa nytH B MomeHT BpeMeHH x=0. BoamoxHOCTb
NpUOJIHKEHHO CUMTATh PABHOMEPHBIMH pasJIMYHbBIE H3MEHEeHMs
XoTsl Obl Ha MaJBIX yyacTKax M [pPOCTOTa JHHEHHOH (¢YHK-
MU JeJaloT €e OueHb YNOTpPeGHTEeNbHOM.

YactHeiM cayyaeM JuHeiHOH ¢yHkuun (npu b=0) sB-
JISIETCS1 NPAMAs NPONOPYUOHAALHOCTb

y=kx, k=0,
Dynkyua emopoil cmenenu
y=—artbrtc (—oo <x<+o0o)

TOXE BCTpedaeTcsl B NPHJIOKEHHSX, Hanpumep, MpH ONuca-
HUH PaBHOMEPHOTO YCKODEHHOTO IBHMXKEHHA.

MoxHo paccmaTpuBaTh (YHKIHMH TpeTheH, ueTBepTOi M
Boobuie n-i crenenn. PyHKuuA

Y=3x—2x34x24x+4+1 (—o0 < x <+ 00)

€cTb npuMep (YHKIHMH YETBEPTOH CTENEHH.

dyHKuMsA n-H CTENEHW, WJM, KaK ee Has3biBaloT, MHOTO-
4yneH n-# CTeNeHH, MOJydyaercss M3 3aJaHHbIX TNOCTOSHHBIX H
cTeneHHoOl (QYHKUMH y=x NpPH NOMOUM NEHCTBUH CJIOXKeHHs,
BHIUHTAHUS M YMHOXEHHs, B3STHIX B KOHeYHOM uyucae. Ecau
npuGaBuTh K 3THM JIeHCTBHSAM ele jesaenyue, 1o OGyuem mo-
Jiy4aTh TaK Has3blBaeMble payuoxaavHole Gyuxyuu. Bot npm-
Mephl paulHOHAJBHBIX (QYHKIHMI;

—6 14-x R
y=—5 Y=1= Y= wsxTs"

PanyoHasbHyl0 (DYHKUHIO BCerAa MOMHO 3alHcaTb B BUAE

Jpo6H, y KOTOPOH UYHC/HTeNb M 3HaMeHaTeslb — MHOTOUJIeHbI.
auMOHaNbHas (YHKLHS oOnpejieieHa AJa BeeX ACHCTBUTENb-

HBIX X, KOTOpble He. o0pallaioT 3HaMeHaTe/b: B HYJlb.
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YactHeIM caygaeM paupoHanbHOH (yHRUMH  sABJAAETCA
ynkyus, supascarowias 00PAMHY0 NPONOPYUOHAALHOCHLL

_ =% 0.

dyHKnUA Ha pa3/HYHBIX YacTaX ee 0GJAcTH ornpejese-
HUsI MOXeT ObIThb 3amaHa pasuusbiMH dopmynamu. Hanpu-
Mep, MycTb NOe3f, BHILICAIIHH U3 nyHKTa A B MoMmeHT {=0,
IleJ B TeYeHHe ABYX 4acoB co ckopoctbio 100 KM/ 4w,
npu6LIB B NYHKT B, CTOAN TaM OAMH 4Yac, a 3aTeM Iex
Janblie B TedeHHe TpeXx yacoB co ckopoctbio 80 kM/4. Toraa
byuxkuua s=f(f), Bblpaxkaomas paccTosiHe (B KHJIOMETpax)
noesfa oT A B MOMEHT BpeMeHH f, oueBUAHO GyJeT omnpeje-
JSTbCA CNEAYIOIUMH TpeMs ¢opMyJIaMHi

-100¢, 0k,
f(t)=1 200, 2<t <3, 3)
80t—40, 3<t<6.
B nanbHeifineM Mbl OCTaHOBMMCSI JIOCTaTOYHO MOJAPOGHO

Ha TPUTOHOMETpHUEgKHUX (YHKIMAX M BBejeM HOBbie (QyHK-
UHH — 0Ka3aTe/IbHYI0 H JlorapHpMHYecKyio.

§ 1.6, 3ananuwe dynxuun rpadukom

BaxHbiM cpeacTBOM 3ajaHHfl QYHKUUH sBAsieTcs rpaduk.
3anaauM nNpAMOYroJibHYI0 (AEKapToOBY) CHCTEMY KOOPAMHAT
xOy (puc. 1), Ha ocu x oT™MeTHM oTpe3ok [a, b] u u3obpa-

7

S
14 : y=4

_.__1;\
N oy
T T

S ————

ly=r@
|
g a x

Puc. 1 Puc. 2

&Y
%
&

3uM JioGyto KpuBylo I', ob6nanaouyio cieayoiumM cBOACTBOM:
KaxkoBa Obl HN OBl TOYUKA X OTpe3Ka, mpsAmasi, MPOXOAALILAs
yepe3 Hee MapaJjJiesibHO OCH Yy, Nepecekaer Kpusyio I' B eiuH-
crennoil Touke A. Takyio kpuByto I' Mbl GyaeM HasbiBaTh
epapuxom. T'paduk onpenensier dhyHkuuio y=f(x) Ha oTpes-
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ke [a, b} caepyiomuMm obpasom. Eciu x ects npoussosbhas
ToyKa OTpeska [a, b], To cooTBercTBylOmIEe 3HaYeHHE y = f ()
onpefensieTcs Kak opauHaTta ToukH A (cm. puc. 1). Cneno-
BaTteJibHO, C TMOMOILBIO rpadHKa JaeTcsi BNOJIHE ONpeaesieHHbIR
3aKOH COOTBETCTBHA MeXIy x M y=[ (x).

IpapuroM GyHKUHH y=c sABAsieTCs NpsMasi, Napajienb-
Hasf OCH X H nepecekaiomas ocb y B Touke (0; ¢). Ha puc. 2
n3o6paxkeH rpaduk’ GpyHKuun y=4.

s
Y y=w3 y,;pé
3+ y=r
5-.
2-.
S
1- 4k
S350 T e 3r
-1t 2 gz
-2# 1+
1 1 U1 3
-3+ 2 -1 0 1 2 @
Pue. 3 Puc. 4
y,\
Iy =22 ~3
- A
1P
7
Puc. 8 Puc. 6

I'papukn crenensolt pynkuuu ans n=1, 2, 3, 4 usobpa-
JKeHH Ha puc. 3 u 4.

Ipadukom JuHeitHo# QyHRUMH y=kx+ b sBAAETCH Npsie
Masi, oOpasylomasi ¢ I0JIOXHTebHBIM HampasleHHeM OCH §
YyroJi, TaHreHC KOTOpPOTO paBeH k, M Nepecekaiolias och g
B TOYKe, OpAMHATa KOTOpOH paBHa b.



16 P 1. @YHKLHS

I'padukom ¢GyHKIMH BTOpOH C‘l‘el‘[eHH y=ax*+bx+c sB-
nsietcst napaGoaa.

I'pabukom oOparHO NpONOPUHOHANLHOCTH ABJAAETCS T'H-
nep6oJa.

94

s Y

21
500

| i

o A R T M I+ Eo0}- Y=r)

700+ ‘
AT

Puc. 7 Puc. 8

Ha puc. 5—7 MPHBEJLeHbI rpabuku byHkuu#t y==2x—3,
Y ——--)c2 2%+2uy=

I‘pacpm( dYHKLHH, sanaﬂﬂblﬁ dopmynamu (3), usoGpaxeH
Ha puc. 8

§ 1.7. 3apanue dyHkunu TaGauuei

DyHKIUA MOXKET OBITh 33JjaHa C MOMOLLbIO Tabauubl. [Tycrs,
HanpuMep, pe3yJbTaThl H3MepeHHs TeMrepaTypsl Bo3ayxa T
B MomeHt Bpemend (=0, 1, 2, ..., 10 4yacoB 3aHeceHH B
TabauLy:

721,51'10,511,512346

Takum ofpazom, bl nonyudnn gyukuuwo T = f(f), onpene-
JieHHYI0 Ha MHOxectBe E wnenwix uucena or .0 po 10, sagan-
nyto Tabanueid. Ipaduxk dynkuuu T =f(f), cocTosumii. n3
g TOYeK, M300paxkeH Ha puc.

I/Icnonbsyﬂ 1pUBEJIEHHYI0 TabJMIy M YYUTHIBaf, YTO TeM-
nepatypa T H3MeHANach HENpPepLBHO, MOXHO PACCMOTPEThb
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7y
6 'y
5k
4 .
sk o
26 . e ®
7F L ) o *
- 1 1 ! [ 1 3 (] 1
0| 723466 789 17
9

Puc.

ynrumio T = f(f) na muoxecrse [0, 10]. Ee rpaduk mMomxer
ObITh MOJIy4YeH W3 MepBOro JIHIIL NPHOIUKEHHO, MVIABHBHIM CO-
eJlMHEHHeM €ero TOYeK.

§ 1.8. Caoxuas dyHxuus

C nomowpio apudMeTHyecKuXx AeACTBUA MOXKHO KOHCTPYHPO-
BaTh N0 JaHHbIM GYHKUHMAM HoBbie dyHkuuu. Ho cymectsyer
elle U ApPyroe cCpeicTBO KOHCTPYHpOBaHHA (DYHKIHH MO AaH-
HbBIM (YHKOMAM. MBI HMeeM B BHIY ONepalyio (yHKyuu om
Pyuxyuu.

[ycre sanaus aBe QyHruud y=f(u) u u=eo (x), roe G
ecTb obsacrb onpefeneHus f, a E—o6nacTb onpeneseHus @,
M NyCTb KaxaoMy x M3 E cOOTBeTCTBYeT ApH MOMOLIH (YHK-
LMK ¢ 3HaueHHe u, npuHamiexamee G. Torga MOMXKHO CKOH-
CTPYUPOBAaTh CJOXKHYIO GQYHKIHIO ¥ = f (¢ (X)) OT x c 061acTbIO
onpenenenus E. Ee HasbiBaloT Takke gyHKyuel om pyHKkyuu.

Hanpuwmep, pynkuuo

y=+1)*  (—o0 <x <+ o0)
MOXHO paccMaTpHUBATb KaK CJOXKHYIO QYHKLHUIO
y=uw, u=x"+1 (—o0 Jx <+ 00),

ONpeleNeHHYI0 IJIi BCeX TOUEK X WJIM, KaK TOBOPAT, Ompe-
Jie/IeHHYI0 Ha HHTepBase (— oo, -+ o0o0).

" 'Bo3moxkHa cnoxHas GYHKUUS, B 05pa30BaHHU KOTOPOIt:
yuyacTByeT n QpyHKUHMH:

2=F (Fg(Fs(...(Fa(x)...)).
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Hanpumep, dynkuns
=VT—x (—1<x<]) (4)

ecTb CJOXHafA (GYHKIHA, CKOHCTPYHMpPOBaHHasd M3 TpexX (QyHK-
nuis

t=Vu u=l—y y=x

Tak Kak ¢ynKuus Vu onpeneneHa ToJbko Aaas u =0, 10
¢yHkuna (4) onpeseneHa s TakMX X, KOTOpb€ YJOBJIETBO-
pawoT HepaBeHcTBY 1—x?2>0 usn, uTo Bce paBHO, HepaBeH-
ctBam —1 <<x < 1.

YIOPAXHEHHUS

1. Uro Takoe -
l) $hyHKuMA,

2) obnactb 3azaHus QyHKUMH,
3) nmocrosiHHas (YHKLHSA,

4) nuueitnas yHKUHUSA,

5) creneHHas (yHKLMA,

6) MHorounen BTOpOH cTeneuw,
7) MHoOrousneH n-# CTENEHH,

8) paumonanbHasa QyHkuuA,

9) caoxnas GyHKHOHA?

2. Hapucyiite cxemaTtuueckne rpapuru ¢yHkmui x?, x%,

3. ¥Yxaxure obsactn onpenesnenus PpyHKUHI
l —_ p—
I) ;:T, 2)Vx, 3) ?/x.
4. Tlo uenouxam (yHKUMA HanucaTb COOTBETCTBYIOLLYIQ
CJI0XHYI0 (PYHKUHUIO ¥ yKa3aTb 06JiacTb €€ 3ajaHHufi

y=Vo, v=I1+u u=x3
Qy=Vv, v=1—u, u=x%
3)y=%’, =14Vu, u=1—x.

§ 1.9. CpoiicTBa HEKOTOPLIX (pyﬂxuuﬁ
Qyukuua f(x) HasbiBaeTcs wemroul, €CNU BHINOJNHSACTCH
PaBEHCTBO
f(=x)=F()

MJIST BceX 3HaueHWH x U3 06.1acTH €e onpeaeseHus.



§1.9. CBOAICTBA HEKOTOPBIX ®YHKLIUA 19

Hanpumep, dyHKuHMa x* 4yeTHas, MOTOMY, YTO (— x)* = x?
ans Beex x. BooOue yo6asa GyHkuus suaa x", rae n—vuer-
Hoe YHCJO, ueTHasn. Beab A/A yeTHOro n BHINOJAHAETCA pa-
BEHCTBO

(— x)*=x",

KaKoBO OBl HH OBIIO X.

I'papuk uerHo#t byHKUMH y= f(x) cUMMeTpUYeH OTHOCH-
T€/JIbHO OCH Y, TOTOMY YTO MPH YCJOBHH f(— x) = f(x) TOUKH
rpapuka (x, f(x)) m (—x, f(—x)) cHMMErpuuyHbl OTHOCH-
TeJbHO ocH y. Ha puc. 4 usoGpakensl rpaduku 4eTHBIX GYHK-
il y=x% u y=ux*.

Dynkuua f(x) HasbIBa€TCHA Heuermnwoil, €cau BHINOJHAETCA
paBeHCTBO

f(—x)=—Ff(x

AJsl BceX 3Ha4YeHHH X M3 00/IacTH €e OnpejeeHHs.

Hanpumep, ¢ynkiuua x® Heyernasi, notomy uro (— x)®=
=—x% s Bcex x. BooGwe ¢yHKUHMA X" NpH HEYETHOM n
HeyeTHhle, a IPH YETHOM n— YETHBHIE.

I'padpux HeveTHOH (YHKUMH y= f(X) CHMMETpPHYEH OTHOCH-
TeJIbHO HauaJ/ia KOOpJAHMHAT, OTOMY YTO NPH YCJOBHH f(— Xx)=
=—Ff(x) Toukn (x, f(x)) ¥ (—x, f(—x)) cuMMeTpHYHEI OT-
HOCHTe/IbHO Hauasia Koopauear. Ha puc. 3 usoGpaxennt rpa-
UK HeueTHBIX QYHKUMHA y=x H y=x>.

Pyukuua y=f(x) HasbiBaeTcs go3pacmaroujeli Ha Tpo-
MEXyTKe 3HaueHuil X, ecau 6oJsibLieMy 3Hau€HHI0 X U3 3TOro
NPOMEXYTKA COOTBETCTBYET GOJiblllee 3HAueHHE Y.

Y
Y
'/ y=lal
ol  a 5 c ® 0 "%
Puc. 10 Puc. 11

Dyukuus y=f(x) HasbiBaeTCs yobisaroueli Ha MPOMEKYTKE,
ecay GOMbIIEMY 3HAYeHHIO X M3 STOr0 NPOMEXKYTKa COOTEET-
CTBYET MeHblllee 3HaueHue .

CrnepoBaTesnbHO, €CMM TOYKH X; M X, MPUHAAJEXKAT Npo-
MeXYTKY H Xx; < X,, TO B CJyuae Bo3pacrawouwei (yHKIUUH
f(x) <f(x) u B cayyae yObiBarowei GyHKUHH f(x;) > f(x,).
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. Ha puc. 10 nsobpaxen rpapur ¢yHKOHH, BO3pacTamoule
Ha [a, D] n yGuBatoweii Ha [b, c].

@DyHKUMA y=2x" NpH HEYeTHOM n BO3pacTaeT Ha Beeil
IEHCTBUTENIbHONH OCH (— 00, ©0); TPH YETHOM XK€ 7 OHA BO3-
pactaer Toabko Ha [0, oo) u y6miBaer Ha (— oo, 0] (cMm.
prc. 3 u 4).

I'padnk ¢ynkumun |f(x)| coBnanaer c rpapukom f(x) Tam,
rae f(x) >0, n cuMMeTpUYEH €My OTHOCHTEJbHO OCH X TaM,
ree f(x) <0. Ha puc. 11 wusobpaxen rpaduk QyHKUHH
y=|x|:

x paa x>0,
|x]== 0 ma x=0,
—x a1a x<0.

Ha puc. 12 npueenenn rpadukn oyHkuuit x2—2x—3 wu
|x*—2x—3]. ‘

Ipaduk bynkumn f(x- a), roe o—sanaHHoe uucJ0, MO-
JyyaeTcs caBuroM rpaduka f(x) BneBo Ha Bennunny a. Ilpu

Y .
g=-2%-3

-4 \’h/

Puc. 12

o < 0 Ha caMoM jeJie 3TO €CTh CABHI Ha 'BeJm-mHy | @| BpaBo.
Ha puc. 13 usobpaxen rpapuk ¢ynkumn |x—2|.
—3x—2

Ha puc. 14 usobGpaxen rpapuk QyHKRuuM Y= ¥z
Taxk kag,

_ B4 o 4
V==~ Tt
TO rpaduK 3T0H (yHKUUH MONKHO NOJYUYHTH c/IeAyiomuM obpa-
soM. B cucreme koopavsar xOy 3ajnaH MyHKTHPOM rpaduu



§ 1.9. CBOMICTBA HEKOTOPbBIX ®YHKUUA 21

4 :
dynkuuy —. Cusuras ero (MBIC/IEHHO) BJIEBO Ha BEMMYHHY 2,

nonyuuM rpabux GyHKUUHL ;T_—é . Onyckas nocjeiHu#i BHU3
. 4

Ha BEJIMYHHY 3, OJTyYHM HCKOMBbI# rpaduk GyHKUuU —3-+ s

Y
\
. ~3z-2
y=-————-w ¥z \g "*
\\Q "
4 \; =

Puc. 13 Puc. 14

T 2F T ar A
Puc. 15 *

Dyukuua [ (x) HasbIBaeTcs nepuoduueckot ¢ nepuo;mu
T (T>0), ecu Bbl[lOJlHHeTCFl PaBEHCTBO -

Fx+T)=Ff(x)

ansa Bcex x. UrtoObl u306pa3uth rpaduk 3Tof HYHKIUU, HALO
HapucoBaTb ero anasa orpeska [0, T), a 3aTeM NPOXOJIKHTB
€ro MepuoAMYeCKH Ha BCIO AEHCTBUTENbHYIO OCb (puc. 15).

YIOPAXHEHHUA

1. 3anuuuTe MHOXECTBO YHCENM X, YIOBJETBODAMIIKX He-
paBeHctBaM (cMm. m. 1.2)

Da<x<b 2a<x<<h; 3) —oolx<h;

1) a<<x < oo.

2. Uto HasmBaercs ¢yHKLueH?
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3. @yukuus y=f(x) 3anana Tabauneh

x -3 | =2 | - 0 1 2 3

y | 9 4 | 1t lol1]4a]o9

3apafite a1y dyHKIHIO rpaduKOM. Ero TOYKH COGJMHHTE
NJIaBHOH KPHUBOM.

4. Jlaubl GyHKIHH f(x)—-x- u ¢(x)=x?43x. 3apnaiite
¢dopmynoit QyHKIHIO

D' fo@): 2) o @) 8 Fef ).
5. Hokaxure, uto QyHKUUsS

a) y=—4x*-+ 5 aBJseTcs 4YeTHOH,

6) y="Tx*—3x sABJAETCH HEYETHOH.

6. Dynkuuu f(x) u @ (x) uetHole. Jlokaxure, yTo GYHKIHH

D FW+ow: 2) f@-ew: 3) Fle@)
sBJasoTesl yeTHeiMH. HyxHa su uetHocts f?

7. Oynkuun f(x) u @ (x) HeueTHble. KakuMH (4€THBHIMH
‘'MJIM HEueTHLIMH) SIBJASIOTCH (YHKUUH

D F@+e@; 2) f0)-00);: 3) fl@w)?
Hyxua au HeyerHoctb f?

8. Kakue u3 ¢dyHKuui

1) y=>5x*—4x*42; 2) y=>5x43x2+4x; 3) y=x2+x*
ABJSAIOTCAA HEUETHBIMUP

9. Kakas ¢yHkuMS HasbBaeTcs a) Bo3pactaloiei, 6) youl-
Baloillell Ha JaHHOM YHCJIOBOM POMEXYTKe?

10. dokaxure, 4T0 QyHKLUSA y=x? sBJSAETCHA

- a) Bo3pacraioieli Ha [0, + oo0),

6) y6uiBatowieii Ha (— oo, O].
siBnsieTcss M QyHKUUSA y=Xx" BO3pacTaiolled Ha Bced cBoed
o6JjacTH onpeaeneHua?

; k .
11. Hoxaxute, 4T0 YHKHHA Y= ABJIsETCA

a) Bospacratoweii npu k <0,

6) yObiBaiomelt npu k>0 Ha KaXIOM H3 MNPOMEKYTKOB
(— o0, 0) u (0, + o0).

12. Tloctpoiite rpadukn QyHKuUHH

1) y=x—4; 2) y=|x—4|; 3) y=|x—4[|—2;

4) y=||x—4|=2|; 5) y=@x—1% 6) y=(x|—1)%

7 y=(x|—-1"=1, 8 y—l(lxl—l P—1];

9) y=x*—6x+5;, 10) y=x>*—6]|x|+5;

11) y=|x*—6x+5|; 12) y*lx’—ﬁlxl+5l;
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2x—5 _ (2x—5)2 _ (2x—6)242 _
) y=57=="5=% 2%—6 2+x—3’

14) y=2E2; 15) y=|x—2)+|x+2};

16) y=V'x, 17) y=Vx+4; 18) y=V —x—4.
13. Hannme obJiacTb onpejeeHus QyHKLUHH:

10 : VA _Es,
) y=_: 2 b=y 9 y=V x*—5x;

y—-VO 5x2—2,5x 4 3;
5) y=Ve—Tx+124+V =x* 1 8x—15.
14. Tloctpofite rpaduk dHyHKLMU
1 _l l. 9 |x—2] . 3) _¥=9,
) Y= ’ ) y= x—2 ’ y= x+3°
4) y—lxl—x, 5 y= x;—lxl; 6) y=x+2—|x+2|.

\ J

15. Pynknua y=f(x) 3agaHa cBOMM rpadUKOM Ha OT-
peske [—4, 2] (puc. 16). Ilocrpoiite rpaduk GyHKUHH
D y=—Ff@)s 2) y=If@) 3) y=F(xl; .

4 y=FO)—If@ 8) y=IF|—FE) 6) y="55"
N y=F(5%); 8 y=F—» 9y=2@.




TJIABA 2
TPUTOHOMETPHYECKHE ®YHKLKH

§ 2.1. YncnoBasg OKpYKHOCTb

Benuuunn cos @, sin a, tg a, ctg a nsyuamice B 7— 8 kiac-
cax Ha ypokKax reoMeTpuH M ajireGpbl. OTH BeJTHYHHBI MOXKHO
paccMaTpuBaTh KaK (YHKUHH OT yrJa o HWJIH, OTBJ€Kasich OT
NOHATHA yria, Kak (YHKIMM OT YHCJOBOrO apryMeHTa o.
Wx HasblBalOT mpueoHomempudecKumu pyHkyuamu. 31eCb Mbl
paccmaTpuBaeM rpaduku 3THX OGyHKuuH. UToOB MOHATH Kak
OHH YCTPOE€Hbl, HAlIOMHHM OIpeJeMeHUsT TPUTOHOMETPHUECKHUX
(QYHKUHHA, KOTOpble, KaK Mbl 3HaeM, JaloTCsl M3 TeOMeTpH-
YeCKUX COOOpa)KeHHH—Npu MOMOIIM eAWHHYHOH YHCJIOBOH
okpyxHoctH. C Hee M HauHeM.

Ho npexpe Bcero BCNOMHUM NOHATHE panuaHa. Paduarom
HasbiBaeTcsl BeJIMYMHA LEHTPAJbHOIO Yrja OKPYXKHOCTH, ONHU-
paioluerocss Ha Ayry, AJHHA KOTOPOH paBHa paiuycy OKpyX-
HOCTH. DTO onpeje/ieHHe He 3aBHCHT OT Pa3MepoB OKPYXKHO-
ctu. IlosToMy MoXHO eille cKasaTb, YTO pajuaH ecTb BeJH-
Y YHHA NEHTPaJbHOrO Yrja eJuHHYHON

8 OKPYKHOCTH, ONUpaloulerocss Ha JIyry
JJUHHL 1.
OxpyxHocTb paauyca | HasbBaioT
o \4 edunuqnol. Tak Kak AJauHa eIMHHYHON
2 —> OKDYXHOCTH paBHa 2xm, TO

360° =2n papuana =2n

. / nax
360
Puc. 17 — ~ b7°.

B npsaMoyronpHo#l cucteme KoopamHat xQOy 3aiaiuM OK-
PYXHOCTb pajuyca | ¢ LEHTPOM B Hauyajie KOOpJMHAT, HA3H-
BaeMylo «uca080ii oxpyscrocmero. Touky A ee mepeceueHHs
€ TIOJIOXKHTeNIbHOH MOJIyochlo X OyneM HasblBaTh HA4QAbHOL
mouxodl uucaosol oxkpymcHocmu (puc. 17).

Bynem nosopaunsath pazuyc OA Bokpyr Touku O B HOJO-
KUTEJILHOM HanpaBJieHHH (IPOTHB YacoBOil CTPEJIKH) ¥ B OTPH-
LaTeJbHOM HanpaBJeHHH (N0 4acoBoil cTpeake). B oriuune
OT TeOMeTPUH TPHIOHOMETpPHS paccMaTpUBaeT YIJIbl IOBOPOTa,
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goTOpble MOTyT OhITh Gosble 5, 27 pajauaH, a Takxke Jio6ble
oTpHlIaTe/IbHble YIJIbl, OTJIOXKEHHBIE B OTPHIlaTeIbHOM Hampas-
JIEHHH. ,

KaxaoMy NeHCTBHTEJNbHOMY YHCJY O NOCTaBHM B COOTBET-
crBue TOUKY B (puc. 17) 4nc/I0BOi OKPYXKHOCTH, NOMYYEHHYIO
¢ rnomolilbio moBopora paauyca OA Ha yroa |a| paguaH BOKpyr
Touky 0 B 1MOJIOKHTEJLHOM HanpasJ/eHHH, ecau & > 0, U B oTpu-
maTeJbHOM Hanpasjaenun, ecan o < 0. Touky B, coorercrt-
BylOILlyl0 uhcay o, GyaeM HasbiBaTb Toukod a. Ha pnc. 18

‘”\ J|

2 1 - -5
3// 6
/K

Puc. 18

noxasann Touku O, 1, 2, 3, 4, 5, 6, —1, —2, —3, —4,
—5, —6. Tak Kak uuc/IOBasi OKPYXKHOCTb HMeeT pajauyc I,
TO yron |o| papauaH paBeH IJHHEe AyrH, Ha KOTOpYIO OH
onypaercs.

ITosToMy yKa3aHHOE COOTBETCTBHE MOXHO ONPENEIHUTb U
clefylomuM 00pa3oM: KaXKIOMY 4YHMCJY O COOTBETCTBYET TaKasf
Toyka B uuciI0BOH OKpYXKHOCTH, utoObl ayra YAB wumena
AJHHY |a| # Gbla OTJIOXKEeHa B NOJIOXKHTEJNbHOM Hanpabiie-
Hup, ecan o > 0, H B oTpuuaTesbHOM, ecaH o < 0. [1pu atom
HMEIOTCH B BHAY JAYrM KaKoH yrojHo JJuHbl. To ecTb 4HcJO-
BYIO OKPYXKHOCTb MOXHO paccMaTpHBaTb KaK OKPYKHOCTb
pagmyca 1, Ha KOTOpyl0O «HaMOTaHa» YHCJIOBas NpsMas.

Tak Kak OKpyXHOCTb pazuyca 1 mumeer njauny 2m, TO
B CHJly CKa3aHHOro uucJaa

a, at2n, a+4n, a4 6x, ..., a—2x, a—4n, a—6m, ...

u306pa)kaloTcsi OJHOH M TOH Ke TOUYKOH YHCJIOBOH OKPYXKHO-
cti. Kopoue, uncia Bumga a-+2nm, rie n—moboe ueJsoe
9HCsI0, H306pakaloTcsd OXHOM M TOH e TOUKOH YHCJIOBOH
OKpyxKHOCTH (pHc. 19). -
Tak Kak uHc/0Basi OKPYKHOCTb HMeeT AJMHHY 27, TO Ha
nepeceyeHHH ee ¢ OCAMH KOOPJMHAT PaclOJIOXKEHBI TOUKH

7 3n
09 9 , T
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HO 3TH XK€ TOYKH MOryT COOTBETCTBOBATHb TaK>Xe HHCJAaM
bn n
2, 3n, —

7 9 3
HAH ‘lHCJlaM, B
3n bl
- -5, - —7

SameyaHne. B npuBefeHHBIX pacCykIeHHAX UYHCIO O
ofpeje/seT BeJMYMHY YIJa, BbIPaXKeHHYI0 B pajuaHax.

Z I\

a+2n

NSt

&)

ya

Prc. 19 Pue. 20

BuiBaer y}.106H0 3Ty BEJHUYHUHY BBHIPA3UTL B rpapycax!
o & O~ oy . B7°
B = 360° ~ - 57°.

[Mpumep 1. Kako#i yeTBepTu NpUHAAIENKAT TOUKH l%—\u,

3- n
i —I>
74 T, 5!
Pemenune. Tak Kak n<l%n<%’i, TO TOYKa !-é-.n
npuHapiexur II1 uerseptu. Tak kKak 7%n=6n+l%—u H

A -~
n
3

(T,
A, ¢

Puc. 21 Puc. 22

8Y
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3s 3
—%5 <1 T< 2n, TO TOuKa 7—3—:; (Kax M TOYKa 1% n) npH-

nHaunexxut IV uersepru.
3ameuanue. B panpHefimieM HaM [OBOJIbHO YacTo MpH-
JEeTC Ha YUCJOBOH OKDPYXKHOCTH OTMeyaTh 4YHCJA, KpaTHBE
n .‘l'l
T) 39
Ilna noc1poeHHsl COOTBETCTBYIOWIMX TOYEK CJEAyeT NOM-
T 7 1 1
HHTb, YTO - —TONOBHHA - (pHC. 20), Cos 7= 5 (puc. 21);

z
X

. 1.
sin %=7 (puc. 22).

YINPAXHEHHUA

1. Uro Takoe paauaH?

2. Kak onpenensercs pajnaH npH NOMOLIY OKPY2KHOCTH

a) paguyca 2? 6) paasyca 1?

3. 3anmuure GopMyny nepexoia oT rpajycoB K pajHaHaM.

4. Kak onpegensieTcsi TOYKa o Ha YHCJOBOH OKPYIKHOCTH,
€cJH o 3afaHHOe JeHCTBHTeNbHOE YHCJIOP?

5. Kak MoryT oriinuatbcd Mexay co6oH uncjaa a u f,
onpejesgiollye OAHY U Ty Ke I'€OMETPHYECKYIO TOYKY YHCJIO-
BOH OKPYXKHOCTH? ‘ ‘

6. Ilo KakoMy 3aKOHY KaxJIOMy JeHCTBUTENbHOMY YHCJIY
NPHBOXHUTCSA B COOTBETCTBHE TOYKA HHCJIOBOH OKPYXKHOCTH?

7. Touka B 4uC/IOBO# OKPYKHOCTH COOTBETCTBYET LEJIOMY
yucny o. Hakpercs s Takoe nesioe YHCIO (OTJIMYUHOE OT @),
KOTOPOMY COOTBETCTBYET Ta e TouKa B?

8. 3anuiuute Bce TOYKH &, M300paxceHHble Ha YHCJIOBOH
OKpPYKHOCTH TOYKO#H

Ho, 2)x 3 g—; 4) 37"
9. Kako#l uerBepTH npuHajJexkaT TOUKH
1) _%n_; 2) 197 3) 170 | 4)_lt'm: .

4 5 4
) —Z%; 6) —%; 7) 20; 8) —100?
10. 3anuuute TpH uYHcaa, KOTophle H300paxaiorcs Ha
o o 17
OKPYHOCTH TOH ke TOYKOH, 4YTO H —31’-
) 2 5n
11. Buipasute B rpanycax O, %, 14'-, —;—, 5 3r,

n b1

9n
o+ T3 T g baman.

—-—
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12. Beipasute B pamuamax 60°, 150°, 225°, 765°, 390°,
—30°, —45°, 240°, —300°.

o 11
13. Ha uyucni0oBO# OKpYXKHOCTH OTMeUeHa TO4YKa T [Tepe-
. 2n w 3n
Hecute puc. 20 B TeTpaab U OTMETHTEe TOYKH T=3 T
4n 50 6n 3n Tn

F=" T T T T
14. Ha 4uc/0BOii OKPYIKHOCTH OTMEYEHA TOYKa % [Tepe-

2n  3n

HecuTe puc. 21 B TeTpaab U OTMETbTE TOUKH 5 3=
4n  5n
33

15. Ha 4uc/oBOi OKPYIKHOCTH OTMeYeHa TOUYKA %. ITepe-

TN 2n

HecuTe pHc. 22 B TeTpajb M OTMETbTE TOYKH T 50 o
5n 7n 4n 3a b5n bn ll=n
53T 23 e

16. Touka M u4uC/IOBOH OKPYXHOCTH HMMeeT KOOpZIHMHATHI
(0,8; 0,6). Ompenenure koopauHaTel Touek M;, M,, M;,,
CUMMETPHYHBIX TOuKe M OTHOCUTENBHO OCH X, OCH Y, Hayaja
KOOPJAMHAT COOTBETCTBEHHO.

17. Ha uucnoBoii npsiMoii u306pasuTe YHC/IOBLIE MPOMe-
KYTKH ' ‘ o

a) [0, a0 |3, 5] ® @ 20

r) 37“ 57”) n) [—m, 0]; e) [—%. %]

18. Ykaxure OJUH NPOMEKYTOK, M/ BCeX TOUCK. o0
KOTOpOro

a) abcuucca TOYKH O TMOJMOXKHTE/NbHA; OTPHLATE/bHA}
6) opAMHATa TOYKH O MOJIOXHTENbHA; OTPHIATe/bHA.

19. Touka B cOOTBETCTBYET LIEJIOMY YHCHY O; HaljeTCs JH
TaKoe pallMOHAJIBHOE YUCJ0, OTJHYHOE OT &, KOTOPOMY COOT-
BeTCTBYeT Ta ke To4yka B?

§ 2.2. Pynkuun coso M sine

Paccmorpum B cuctreme koopauHat xOy eIUHHYHYIO OKPYHK-
HOCTb M Ha Heil MpOU3BOJILHYIO TOUYKY o (cM. puc. 23). Kocu-
HYycom duc/ia o Ha3biBaeTcsl abCcLMcca TOYKH o U 0603HAadYaeTcs
cosa. Cunycom uucaa o Ha3bIBAeTCS OpPAMHATA TOYKH & U
o603Hayaercs sina.
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Dopmyabl x=cosa, y=sino onpeneasiorT GYHKUUHU OT .
Tak Kak o.—TMpOU3BOJIbHOE JEHCTBHTENbHOE YUCJO, TO 3TH
(GyHKUHH onpeJieJieHbl HA HHTepBaJe (— oo, oo). Ilepeuncaum
HEKOTOpble CBOHCTBA (PYHKUHH cOsSo M

sino, KOTOpEle MNOMOryT MOHATh, Kak o

BLIMJIAAAT TPadUKH 3THX (YHKIHMH. p
1. dynxuun cosa W sine Hempe- Yy
pHiBHBL. Beb u3 reomerpuueckux coof- o

pakeHHH BHJIHO, YTO NPH HeNpepbIBHOM ) G-
¥3MEHEHHH 4YHMCJIa & B CBOIO OuYepelb
HENMPEPBIBHO M3MEHSIOTCH X H Y.

2. ®yukuuu cosa U sina umerom

nepuod 2m, T. e. Ana J0GOro 3Haye- Puc. 23
HHSl @ BBIMOJIHSIOTCA paBeHCTBA
sin (@ + 2n) =sina, cos (- 2n) =cosa. (1)

10 cnenyer U3 TOro, YTO TOYKH @ M & 27 reOMeTPHYECKH
COBMAaJaloT, TAKMM 06pa3oM, COBNAJAIOT TaKkKe MX abGcuucchi
M OpAMHATHI.

3. @ynkuusa cosa wemHas, T. €. A4S moéoro @ BHINOJ-
HSI€TCS1 PaBeHCTBO

cos (—a) =cosa. 2)

4. Qynxkuua sino Hewemuas, T. €. AJs MOGOro o BHINOJ-
HAIETCA PaBEHCTBO
sin (—a) = —sina. 3)

Ceoiicrea 3 u 4 caenyior u3 Toro (puc. 24), uro ans
J06oro. & TOYKH @ U — 0O CHMMETPHUYHBI OTHOCHTEJILHO OCH X,

K 9/
AY ol o
+a)) -
el = [ Az
—G!
Puc. 24~ Puc. 25

uos'romy MX a6CLKCCH paBHBI Mexay coGoif, a OpAMHATH
PaBHBI 10 aBCOJIOTHO! BeJIMUNHE, HO NIPOTHBOMOMOKHBL no
8HaKy.
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5. lna mo6oro o BHINOJAHSIOTCA PaBeHCTBA!
sin (%—{-a):sin (%—a), @
cos (%+a)=—cos (-g——a). (5)

k19 14
910 ciepyeT M3 TOro, YTO TOYKH 4+ 0 H 5 —a CHMMeT-

PHUHBl OTHOCHTEJNbHO OCH 4§ H MOTOMY HX ODAUHATH DPaBHHI,
a abcuuccbl paBHbBl MO aGCOJIIOTHOH BeJIHUHHE, HO MPOTHUBO-
NOJIOXKHBI MO 3HaKy (puc. 25).

n .
6. Ecau o HenpepsiBHO Bospactaer ot 0 no 7, To sina

HenpepbiBHO Bo3pacraer ot 0 no 1 (sin0=0; sin-g-=l), a

. ELg
cosa HenpepbiBHO y6biBaer ot 1 go 0 (cosO =1, cos 7= 0) .
OT0 CBOHCTBO BHITEKAaeT M3 T'eOMETPHYECKHX cOOOpaMeHui

(cm. puc. 13).

. E11
3uauenus sino A5 pasjHUYHBIX & M3 OTpe3Ka [0, 7]

MOXXHO BBIUHCJIHTB C JII0GOH cTeneHblo ToyHocTH. CylecTByioT
Ta6/MLEl TAKHX 3HAYeHHH, HO HX MOXHO MOJYYHTb H MOpU
noMolH MHKpOKaJbKyJsitopa. Hanpumep, yT0OObl BBIYHCJUTD
in 10° = sin ( —. = sin—
sin 10° =sin (180 10) =sinyg,

Hajo BHIMOJIHUTD TaKHe onepauuu (Ha)aTh HAa YKas3aHHBI®
KHONKH):

1] [0] [sin] [=] = 0,1736482.

. 7T
Tak Kak cos o =sin (7—a) ,» TO BbIYHCJICHHE KOCHHYyCa

F
OT o CBOAHUTCA K BRIYHCJEHHIO CHHYyCa OT (5—a) .

YIOPAXHEHHUS

1. Uro Ha3biBaeTCsi KOCHHYCOM H CHHYCOM YHCJIA o

2. Ha xakom uHTepBaje onpejaeneHbl GYHKIHH X = COS a,
y=sina? Kakne 3HaueHHs NPUHHUMAIOT 3TH (DYHKLHHP

3. Kakan ¢pyHKIMA HasbiBaeTcs a) NMepHOAHYECKOH ¢ mepu-
onoM T, 6) yeTHOMH; B) HeueTHOH?

4. Chopmynupyiite cBofictBa (yHKuUMi cosa u sine.
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5. Kakue us ¢yHrumit

a) sinw; 6) cosa; B) sina-cosa; T) sina--cosa
ABJSIOTCA YETHBHIMH, HEYETHBIMH?

6. OTMeTbTe TOYUKH o Ha YHC/JIOBOH OKPY2KHOCTH, Onpeje-
JuTe Sina H COSo MpH

T 3n
a) a-—O, ?3’ I, 5’7’_

f 7T 7T 7,
Oa=7, 7. T T
B) =2, 2o An S,

—3* 3 3 37
r) o xr 2{‘_ .71 __“n
~ 6’ 6°' 6° 6 °

7. CpaBHuTe ¢ HyJeM
a) sinl, sin2, sin3, sin4, sin5, sin6;
6) cosl, cos2, cos3, cos4, cosb, cos6.

8. CpaBuure a) sin2 u 2; 6) sin-g- H %;
. 3n 3n
B) sin— H cos—
9. JlokaxuTe TOXIECTBA:
a) sin(n—a) = —sin(n+a); 06) cos(n—a)=cos(n+ a);
B) cosa =sin %—oc .
10. Boiuncinnte a) cos 240° G) sin 390° B) cos(—150%);
r) sin(—780°); 1) cos 585° e) c03235°

11. Briuucaure a) cos 2 ; 6) sin 7% ; B) sin( %ﬁ)
r) cos (__l‘l_n) n) Sin-23—° €) cos (—ﬂ)
6 ’ 3 4 .

12. TlpuBezuTe K BBIUHCIEHHIO CHHYCa HJH KOCHHYca
HaNUMEHBILErO MOJIOXKUTEJbHOrO yriaa (o*r 0° no 45° wam or 0

B 3 pa;mau):
a) sin1738°% 6) cos121°% B) sin(— 127°);

F) cos (—185°); 1) sin4l17°; e) cos284°%

K) sin=—; 3) sin3% . u) sin _ Lz,
él ; 7 ? l?é
451 | 167

K) COS—— T ) cos = 8 ; M) cos (———7—)

13. 3apnaiiTe popmyJIoii Bce TOYKH o, OTMEUeHHble Ha UHC-
JIoBOI OKpy:KHOCTH (puc. 26).

14. Ykaxure Ha YHCJIOBOM OKDYMHOCTH TOYKH &, AN
KOTODHIX BEpHBI CJelyIollie paBeHCTBa:

a) sina=1; 6) cosa=0; B) sina=—1;

r) cosa=1; a) sina=0; e)cosa=—1,
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Puc. 26

16. Hatizute Bce @, A KOTOPHIX

a) sin*o—3sina=0; 06) sinfa—3sina+42=0;

B) sina-cosa=0; r) cos?a+42cosa-1=0.

3anumute 3 pelueHHst KaxJoro ypaeHenus. 3ajare gop-
MyJIOH BCe pelleHHs ypaBHEHHH.

§ 2.3. Fpajukn dyrkumit sino u coso

Ipapnk GyHKuuH sina HasbBaeTcs cuHycoudol; YTOGH
ero HapucoBaTb B MpPSAMOYTOJbHOH cHcTeMe KoopauHat aQy,
coctaBUM TabJuLy 3HaueHHH y=sina, Hanpumep, AJIA o,

npoGeraomux SHayeHHs yepes —11'2— or 0 o %:
o 0 2 x 3n x Sn I
12 6 12 3 12 2
y 0 0,26 0,50 0,71 -| 0,87 0,97 1

OTH JaHHBIE MOXKHO B3ATh H3 TPHTOHOMETPUUYECKHX TAOJHIL
HJM BBIYUCJAHTD Ha MHKpoKaabKyastope. Hanpumep, nojs-
3yACb MHKPOKAJNEBKYJATOPOM, MOJNYYUM

sin—7- = sin 15°=T] [5] [sin] [=]o,2588 ~0,26.

Hanecem TOuKH (@, Sina) U3 TaGaHuB! B CHCTEMe KOOPAH-
HaT aOy d COeAUHMM MJABHOH KpuBoil -(puc. 27). Llomyuum
npUOMIKEHHBIH rpadUK CHHYCOWAbI, COOTBETCTBYIOLIUA OT-

T : o
pe3Ky [0, 7] usMeHeHus o. Jna moOeXx ApYruX 3HAUeHHH o
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rpaguK CHHYCOHABI €CTECTBEHHO MOJYYHTb, BOCIOJb30BABILHCh
CBOHCTBaMH (DYHKUHMH Sin &, NepPeYyHCNeHHbIMH B IPEeJbIAYLIEM
NYHKTe.

o . £l . 1
Ha ocHoBanuu cBoficra sin (g-l—a) =sin (7—oc) rpa-
GUK CHHYCOMABI JOJ/IKEeH ,GbITb CHMMETPHYEH OTHOCHUTENIbHO

Y
7
w 9 - w=%§ 7w
Puc. 28
npsamolt xz%. [Tostomy Ha orpeske [0, m] rpaduk cuny-

COHABI BHIIVIIAMT TaK, KaK mNokaszaHo Ha puc. 28. Ha ocHo-
BaHMH e CBOHcTBa Sin (— o) =—sina rpaduk CHHYCOMAHB

2\ n » /0 =z = 3 2 @«
G 2 * 2 4

w3 —.7'
Puc. 29

CHMMETPHYEH OTHOCHTEJIbHO Hayajla KOOpAMHAT cucTeMbl aOy.
[MosroMy Ha otpeske [—m, =] rpaduk BHIMIAAMT, KaK Ha
puc. 29.

Y

w7 3
\‘2’?/.\,2/.\.\
- ' 0 P 2n &Gm ¥
N NS S

Puc. 30

Hakonen, Ha ocHoBaHMM cBoHcTBa sin(2m+ o) =sinc,
BepHOro 1Js JioGoro o, rpaduK CHHYCOUABI MEPHOAUYECKHi
c mepuogoM 2m. [losToMy OH BHIMIAAMT Kak Ha puc. 30,

Ipaduk dyHKuuu cosa faspiBaercs Kocunycoudou. Kocu-

) J
HyCOHJQ €CTb CABHHYTAasl Ha BEJHYHHY 7 BJICBO CHHYCOHJIA
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x

N | /-.\\ .
BaNTm Ar |0 A\ 7 /3m 27 fm>. &
7 2 -rjr z\/z 2

Puc. 31

(puc. 31). D10 cnepyer M3 paBeHCTBA
sin(a—l—%) =Cos o,

BepHoro aisi moGoro a. Beab sin (%-{-a):sin (%—a)=

= CO0S .

YIIPA)XHEHUA4
1. B kakux derBeprax a) sina>0; 6) sina <0;
B) cosa >0; r) cosa < 0?

2. YKaxuie BCe YHCJIOBble MPOMEXYTKH, IJSI KOTOPBHIX
a) sina > 0; 6) sina < 0; B) cosa>0; r) cosa < 0?

M.
NI

Puc. 32

4

Pemenue. a) sina >0, B uactHocTy, ecau o B I uau
Bo II uerBepTH, T. €. 0 < a0 <m (puc. 32). BooGwe, sina >0,
ecad 0+ 2kn < o < -+ 2km, rie k—1Lesnoe YUCIIO.

Omesem: (2km, m+ 2kn), rae k—mo6oe 1eJ0€ YHCIIO,

3. B Kakux 4CTEepTAX C yBeJHYEHUEM O

a) sino yBeJMYMBAETCS; YMEHbIIAETCA?

6) COSa yBeNHUMBAETCs; yMEHbIUAETCA?

4. ChopmyaupyiiTe onpenesneHue QyHKIUHA

a) Bospacraiouiedl; 6) yGhiBaiomielt Ha oTpeske [a, b].

5. Ha xakux orpeskax ¢yHKuus y=sina

a) Bospacraer; 6) yObiBaeT?
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Pemenue. a) C yBesnnuenueM o ¢yHKuuA sina yBe-

JHunBaerca (puc. 33) Ha [——g-, %) , T. €. Ha oOTpe3kax

[—-’;—+2ku; %+2kn] , Tle k—mo6oe 1eJoe YHCJO,

6. Ha xakux orpeskax ¢yHKuUHA X = COSa

a) Bo3pacraet; 6) yGblBaeT?

7. Iocrpoiite

a) cuHycouny, 6) KOCHHYCOMAY.

8. Orperbre Ha Bonpoch safanuit 2, 5, 6 ¢ MOMoLIbIO
rpaduxa.

9. Tlocrpofite rpaduku GyHKIH

a) [ =2 x€l0, 45 6) f(2) ) (5
10. Ian rpaduk dynknuu y=f(x) (puc. 34). [Tocrpoiite

rpaduku GyHKUH g
1
a) y=F 22 )y=F (5 x).
11. Tlocrpoiite cxemarn- y=r@) I
YecKH rpapuku (QyHKUHH |
a) y=—sine; 6) y=|sina|; | |
B) y=sin|a|; P
r) y = sin2q; n) Yy = | |
. (1 ! ] 1
=sm<-§-a); e) y=-cos (3a). 7 2 5 =z
Bee s atn byHkuun nepu- Puc. 34
olHyecKue?

Onpenesnte HauMeHbIUMI MNOJIOKHTENbHBIA NEPHON JVIA
NepHOAUYECKHX (DYHKIHH.

12. Tlocrpofite rpaduk GyHKUHU

. . CcOoS x
a) y=|sina|—sina; 6) y=%.

§ 2.4. dyukuun tga u ctga

Taneencom uucaa o. Ha3hIBaeTCs OTHOLIEHHE Sina K cOS o,
ofo3HauaeMoe TakK;

tg o= sin o (6)

cosa °
Komarneerncom uucaa oo Ha3biBaeTcs OTHOLIEHHE COS O K sina,
0003HaYaeMoe TaK:

Ccos o
Ctg o= m . (7)
2ru onpeneJeHua 0606l.llalOT H3BECTHBIC ONpPEACJCHUS TaHreHca
M KOTAaHre€HCa OCTpPOro yrJ/ia B NpsAMOYroJibHOM TPEYroJIbHHUKE.
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Besnnunna tg a onpepeneHa Ana BceX AeHCTBHTENbHBIX o
44
KpoMme TeX, AJs KOTophix cosa =0, T. e. KpoMe o=+ km,

rie k— moGoe nenoe yucyio. TUM onpejeneHa GyHKuus tg a.
Bennunna ctg o onpezeneHa ans Bcex NeHCTBHUTENBHBIX O
KpoMe TeX, AJf KOTOophix sine=0, T. e. KpoMe o= km,
rle k—mo6oe 1eoe Yhuca0. DTUM onpejieneHa GyHKuus ctg a.
M3 paeencts sin(— a)=—sina, cos(—a)=cosa cie-
AyeT, YTO 1Jf BCeX NEACTBHTEJbHBIX UHCEJ @ BBINOJHATCS
paBeHCTBa

ig(—a)=—1tga (a;/:g-—l-kn), (8)
ctg(—a)=—ctga (a=*%kn), 9

o3Hayaiomve, Y10 tg o U ctg o.—mnewemnvie ynxyuu. Ioka-
xeM paBeHcTBO (8):

_ sin(—a) —sina _ sina
tg(_'OL)_cos(-—or.)'— cosa  cosa

=—1tga;

JOKa3aTenbcTBo paseHctBa (9) aHasornuvo. Pyukuuu tga
1 clg o nepunoanueckue c nepnomoM T =mxn, TaK KaK BepHEI
paBeHCTBa

tga=1tg(a+n), (10
ctg a=ctg (a+ n). (1)
Iokaxem pasencteo (10):
__ sin(nt+a) —sina _ sina .
tg(at+n)= cos(nt+a) —cosa cosa g%

IoKasaTeJbcTBO paBeHcTBa (11) anasiornuno.
Bepubl Taxkxe paBeHCTBA

tg (a -+ kn) = tg o (a;&%+kn) ,
ctg(a+kn)=ctga (@ *km).

YIOPAXHEHHNA

1. Uto HasbiBaeTcsi a) TAHreHCOM 4YHcaa o, §) KOTaHreH-
COM Yucaa a?

2. Jlns Kakux 3HaueHHH o He onpejeneHa OYHKLUHs
a) tga? 6) ctga?

3. Cpopmyaupyitre cpofictBa (ynxuuil tg o u clga.

4. Nlokaxure dopmyanl u3 § 2.13 (c. 60).

5. BriuHcsuTe TaHreHC W KOTAaHMeHC
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a) 30°, 45°, 60°; 6) 120°, 130°, 150°
B) 210°, 225° 240°% r) 300°, 315° 330°%
n) —30°, —455°, —60°5 e) 405°, —315°3, —495°,
T, n 7 11 I b4 3n
6. a)_6" E’) Ty 6’ 6)4) T» '4—v _T;
B, & 2. w1 M7n %n low
3’ 3’ 3 1 ; 3 ' 6 3

7. Ceeaure Bbmuc.nex—me x‘ HaMMeHbLIEMY MOJIOXKHTEbHOMY
yray (OT 0° no 45° miu or 0 g0 %

a) tg228°; 6) tg(—250°); B) tg(—400°);

r) ctg260° nm) ctg(—410°); e) ctg525°%

*) fg-'%“-; 3) Ctg(—-wT“); H) tg%‘

8. CpaBuure

a) tg% " %; 0) tg—25£ u ctg3—5n-.

9. 3apnaiite hopMyJIOil Bce TOUKH O, OTMEYEHHbIE Ha YHC-
JIOBOA oxpyxﬂ-[ocm (puc 35).

Puc 35

10. M3BecTHO, 4TO AJ151 HEKOTOPOro yucaa & tg o+ ctga =
= 3. Briyncaure

a) tg?a+ctg?a; 0) tg®a4-ctga; B) tga—ciga.
§ 2.5. Ocb TaHreHCOB M OCb KOTAHreHCOB

B cucreme koopauHaT xOy 3alajuM YHCJIOBYIO OKPYXK-
HOCTh ¢ HauanbHOM Toukod A Ha Hefi. IlpoBeneM Kacaresb-
HYI0O K OKPYXKHOCTH B Touke A, KoTtopyw OylaeM CYHTaTh
YUCJIOBOH OCbIO, HanpaBJIEHHOH BBepX, IJTa OCb Has3blBaercs
aunueld mareercos (puc. 36 u 37).

Kaxnomy JnefCTBUTENBHOMY YHMCJy O COOTBETCTBYET TOY-

Ka B yHcaoBOH OKpyxKHOCTH. Ecam oc;é%+ku (k— mo6oe

uesoe yucso), To npsamas OB nepecekaeT oCb TAHIEHCOB B
Touke D (1; y). Hokaxem, yro y=tga.



38 rJja. 2. TPHrOHOMETPHYECKHE ®YHKUHMH

1. Eciu o B 1 weteept, 10 A OB,C; ~ A ODA (puc. 36) u
siha  B,C; AD AD
%= wa=0c, ~ 04 =1 =Y
2. Ecam o Bo II uerseprn, 10 A OB,C, ~ A ODA
(puc. 37) u

_sina __ ByCy BgC,___AD__Q _ _
t‘9>""‘cosoc"--0c2 B Z AD=y.

3. Ecnna B 111 yerBepTH, TO A OB{Cs ~ A ODA (puc. 36) u

_Siﬂa_—Bsc3_Bacs_AD_AD_ _
tlge == —oc, —oc, —0a — 1 —AD=v.

4. Ecim o B IV uersepru, 10 A OB,C,~ A ODA
(puc. 37) m

_sine_ —ByC,  ByCy AD _ AD _ _
'8 =Gsa= o0, —oc, ~ oA~ 1~ AP=y

5. Ecim a=mnk, To Touka D coBnamaer ¢ Toukoit A, Ho
1 B 3TOM cJyyae paBeHCTBO y = tg o BepHo.

gp- tgep, Ay tge

&,

" 417 ’
. % 4
6'3 A . 02 0N\ A
/) x
/ 84 -
T-7

B3 2(1y)
Puc. 36 Puc. 37

Taxum o6pasom, Jmo6oMy JeHCTBHTENIBHOMY UHCY
n
<a-—,&7—|-nk, k—moGoe 1ueJ0e tmcno) COOTBETCTBYET €JIMH-
cTBeHHas Touka D ocH TaHreHCOB, OpAMHAaTa KOTOpOH paBHa
tg a:
y=tga.

PaccMoTpuM cHoBa B cHcTeMe KoopiauHat xOy dYHCIIOBYIO
OKPYXHOCTh (puc. 38, 39). IlpoBeaeM K Heil KacaTeJbHYIO
B Touke M ee mnepecedyeHHs C NOJIOXKHTENbHOH MOJYOCBIO .
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ByaeM cyutath 3Ty KacaTeJbHYIO YMCJIOBOM NpsAMO#, Hanpas-
JeHHOA BrnpaBo. OHa Has3biBaeTCa ocvlo Komarneencos. [lyctb
B ectb Touka a.

Y/ / Y
M K(-Z‘,f) \KCZ‘,.’) M
-7 ! tq . -Jv +
/) 7] 7 2 \/ ctgag
@ >
Puc. 38 Puc. 39

Tak e Kak 1 Ans tg ., MOXKHO MOKa3aTb, UTO €CJIH & 5« kx|
(k—nfoGoe unenoe yucno), To npsimas OB mnepeceuer och Ko-
TAHTEHCOB B TOYKe k, KOOpJAHMHAaTa KOTOpOH paBHa Ctga:

x=ctga.

YINPAXHEHHUSA

1. UTo HasblBalOT OCbIO TAHTE€HCOB H 4yeMy paBeH igo?

2. UTto Ha3bIBAalOT OCbIO KOTAHTEHCOB M yeMy paBeH ctg a?

3. IlokaxuTte HAa 4YHCIOBOH OKDYXKHOCTH TOYKH o, A/
KOTOpBIX

a) tga=1; 6) tga=—1; B) tga=0;

r) ctga=1; x) ctga=—1; e) ctga=0.

4, 3apafite GopMyJsIoOf Bce peLUEHHs KaxkAOro ypaBHEHHf!

a) tga:-@-; 0) tga=—Lf33—; B) tga=V3;
Vs

— §'
3 b

Ntga=—V3; n ctga=—5—; e) ctga=
X) ctga=V3; 3) ctga=—V3.

5. Kak uamensierca tgo, cigo npu yBeJHYEHHH o
a)orOno%? 6)0T-;1;10n?

B) OT & 10 —-;? r) or ——’23 Jno 0?

6. ITokamute Ha YHCJIOBOH OKDYXKHOCTH BCe TOUKH «,
[Jisi KOTOPBIX | . |
a) tga=2; 6)ciga=—5; B) lga=—3; 1) ctga=-.
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7. Penmite ypaBHeHHusi
a) lgla—tga—2=0; 6) 2tg?a—3tga+1=0;
B) tr?a—1=0; r) tg?a—4=0. -

§ 2.6. I'padmkn dynkumi tgo n ctgo

Urto6bl nocTpouth rpaguk ¢GyHKUMH y=1g o B mnpsmo-
yrojbHO# cucreMe KoopauHat oOy, cocTaBuM TaGauuy 3Ha-
uyennil ¢pyHKUHN y= tg @ Ha nmoJyuHTEpBaje [0; 12‘-), Hanpu-

1

Mep 4Yepes WHTEpBall 15!

u_:r_t_u5n
6 | 4| 3| 12

sla

iga 0 ]0,27}0,58 1 1,7 3,7

1M JaHHBIE MOXKHO B3fTh M3 TaGJHL MJHM BHIYHCIHTbL ©
NOMOLLbIO MHKpOKasbKyasTopa. Ecau o HenpepniBHO Bo3pa-

n
craer ot 0, npubauxkasch K 5, TO OpAuHaTa Toukd D
(puc. 36) HenpepbiBHO, HEOrpaHHYEHHO BO3pacTaeT, T. e.
1 E1

e o — & (a<—2->, TO Yy — -+ oo,

Ecan yuects eme, uyto tg0=0, To rpadmk ¢yHkuum

19 o

y=1g a Ha nosynHTepBaJe [0, -2-) npeacrasaser coboil He-

NpPepLHBHYI0 KPHBYIO, BHIXOAfLLYIO H3 HauajJa KOOpAMHAT H
TaKylo, YTo AJS ee ToueK (@, y) ¢ BospacranHeM & oT 0 1o

11
T Y HeOrpaHnMuyeHHO BO3pacCTa€T OT 0 no + oo.
[To Tabauunbim JAAHHbBIM TIOCTPOWM B CHCTEME KOODAHWHAT

a0y TOuKH (@, tgo) ¥ COENHHMM MX NJaBHOH JuHHeH. Mol
nonyunM rpagpuk ¢yHKuMH y=1iga Ha nonyuHTepBaje

19
[0, 3) (puc. 40).
@yukuusa y=1g o HeueTHas, CJeJOBATeIbHO, ee rpaduk
CUMMETPHYEH OTHOCHTEJbHO Hayaja koopauHat. Ha puc. 41

nsobpazieH rpaduk 3Toi GYHKIMU Ha UHTepBaJie (-_321; %) .

Has yno6eta Ha puc. 40, 41 npoBemeHH npsMble azg-

11
u a=—7. K HUM Heorpannyenno npubauxkacres rpagmk
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pyrkum y=tga. Mpn a— (oc<-g-) tg o — + o,

npu a—»—-g— (a>—%) tg o ——oo0. Taxue npamuie

I\

-3t
Puc. 40! Puc. 41

-7l

HasHIBAIOTCA 6epMUKAAbHOIMU acumnmomanu rpaduka. Ipa-
(UK HX He TepeceKaer.

~ Ecan yuecth, yto ¢yHKHMsA y=tg o mnepuomuyeckas o
NepHoIOM T, TO NpeACTaBJeHHe O ee MOJHOM rpadHKe MOXHO

¥

g4
2-.

)
R

D)
MR

N

8Y

/2,1 B2 3N
2 2 1t

—2+
-34

Puc. 42

nonyuuth M3 puc. 42. I'paduk dynkumn y= tg a HasbBaer-
ca maneencoudotl, OH COCTOHT H3 OECKOHEYHOrO Yucjaa He-
NpepbIBHBIX KpUBBHIX. Jl/fl 3HaYeHWH o, PaBHBIX

n a 3n Sm

e T g T

dyuxkuus tg o He onpejnesena.
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Ilna moctpoeHust rpaduxka ¢yHKuuH x=ctgo BOCNOMD-
3yeMCsl PaBeHCTBOM

ctga=tg (%—-a) =—1g (a——%).

EL]
I'IepeHeceM TaHr€HCOHuAY Ha 5 BIIpaBo H CHMMETPHYHO

01pa3uM OTHOCHTEJbHO OCH &. Mel monyuum rpaduk ¢yHK-
wnu x=ctga (puc. 43).
T

Puc. 43

‘3ameyaHue. JIaa BbIpaXKEHHST TPUTOHOMETPUUYECKUX
GYHKUMH He3aBUCHMYIO TepeMeHHYI0 Mbl OGO3HAYUJH o.
OpHako 4acto Mbl GyjeM ynorpeGJsiTb M Jpyrue OYKBHL
Hanpumep, y=cosx, y=sinx, y=ctgx, y=tgx.

YOPAXHEHUWSA

1. Uro Takoe oCb TaHI€HCOB M OCb KOTaHIeHCOB?
2. Kak HasbiBaetcsl rpaduk ¢yHKIUH
a) y=tga? 6) x=ctga?

Hapucyfite 3T rpapuku cxeMaTHYeCKH,

3. Kak usmensercs tgo

a) npH a-—»%, a<%?

n n
6) npu o — %, a>7?
11 n
B) mpH @ —z, al—7?

r) npH a—+g-, a>—%?
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3
N a8, oo
€) npu a—+32—", a>32—n?

4. Tlocrpoiite cxemaTHyecku rpaduk ¢GyHKIUH

a) y=—tga; 6) y=|tgal; B) tg4;

r) tg3a; n) ctgla; e) ctg%.

5. Ioctpoiite rpadux ¢yHKUMH

a) y=tga-ctga; ©) y=tg|xl; ») y="1EL;

tgx
sina |
cosa ’

T) y= 1) y=sina-ctga.

§ 2.7. Apxcnnyc

3agaauM uucso B, yaoBaerBopsioulee ycaoBuio |fB|<1.
IMokaxeM, 4T0 Ha OTpe3Ke [—i;-, %] CYIIECTBYET €JHHCT-
BEHHOE YHMCJO @, CHHYC KoToporo paseH fi:
sina=§.

PaccMOTpUM YHCJIOBYIO OKPYKHOCTb B CHCTEME KOOpPIH-
Hat xOy. IlpoBenem npsamyio y=PB. Tak kak |B|<1, To 312

I\ n g \ 7
2 2
(24
74 9= “2/ '
\< w -/ ’
] "z
Puc. 44 Puc. 45

npsiMasi TepeceyeT NMpaByl0 NOMYOKPYMKHOCT B HEKOTOPOH
TOYKE o ¢ OpAUHATON y=P, NpHUeM 3Ta TOYKA €JUHCTBEHHA
(puc. 44). Oto o3Hayaer, 9YTO CYUIECTBYET €JMHCTBEHHOE

T,
YyucJO O H3 NPOMEXYTKA [—?; -2—‘, CHHYC KOTOpOro pa-
BeH f.



44 rJ. 2. TPUITOHOMETPHUYECKHE ®YHKUHWH

19 19
Yieno a U3 oTpeska [—?; ?], CHHYC KOTOPOTO paBet
B, naseiBaercst apxcunycom f n obo3Hayaercs TaK:

a =arcsinf.
. 1 14 . ) 11
Hanpumep, arcsin0=0, arcsin 5 =7, aresin——=-7,
. n . Ve n . n
arcsinl = 5, aresin <— T) =—, arcsin(—1)=— 5 -

3ametum, uyto arcsinf, rae |B|>1, He uMeer cMbicaa, rMo-
TOMY 4YTO MOJAYJb CHHycCa JOGOro 4Hc/aIa He npeBbiliaer I.
PO 11 k14

Hanpuwmep, arcsin - He MMeeT CMbiC/a, TaK Kak '-2— > 1.
H3 onpenenenns apkcunyca caeayer, yto ecin —1 <<Pp<1,
1o sin(arcsinf)=.

C noMompbio apKCHHYca MOXHO 3alHcaTb BCe pelieHHd
ypaBHeHHs

—

sina=p. (12)

Ecau |B]| > 1, 1o ypaBuenue (12) He umeer pewenuit. Ecan
|B] < I, To npsmaa y=[ nepecekaer YMC/IOBYIO OKPYKHOCTb
B IBYX TOYKax a,=arcsinf, a,=m—arcsinf (puc. 45).
Bce pewenus ypaBHeHus (1) MOXHO 3amucartb Tak:

o = arcsinf -+ 2km, (13),
o=mn—arcsinf+ 2kn = —arcsinp+ (2k+ 1) =, (13),

rae k—mwoboe unemoe yucno. O6venuHuM Qopmyast (13), u
(13), B omny:

o= (—1)" arcsin f + n, (13)

rae n—Jmoboe uenoe yucao. OueBHAHO, YTO MpH MOACTa-
HoBKe B (13) BMecTo # 4YeTHOro 4ucaa n =2k MOJYYUTCHA
dopmyna (13);, HeuetHoro n=2k- 1—dopmyna (13),.

®opmyana (13) maer Bce pelleHHs ypaBHeHHS P=sina u
B TOM cJjayuae, ecau |fB|=1.

IIpumephL.
1. Pemennsamu ypaBHeHHA sino=-—] gBIsgIOTCA BCe
@=—=+2n, r1e n—moGoe uenoe (puc. 46, a).

2. Pemenusmu ypaBHeHHs Sinda =1 sABasiorcs Bce 4o =
11 E1 ni '
=5+ 2nn, T. e. °‘='§+T’ rae n—umwoboe LeJoe
(puc. 46, 6).



§ 2.7. APKCUHYC 45

Lo o
3. PeweHnusMu ypaBHenus sm3=0 AIBJSIOTCA EBCE — =

3
=0+4nn, T. e. a=23nxn, rae n—mofoe uesnoe (puc. 46, ).
Y, R Yl
& » £
a g5 "8 -
Puc. 46 g

4. PewlenusmMn ypaBHenus sina=0,1 sasasiorca Bce
a=(—I1)*arcsin0,1 4+ nxn, rae n—moGoe uesoe.

YIOPAXHEHHUA

1. Uto Hasbieaercs apkcuHycom uncia P? Ind  Kakux
f arcsinP onpeneneH, 1A Kakux Her?
2. Buiuncsute arcsinf, ecau
1

2) B=0; 6) p=1; B) p=—1; ) P=5: 2) B=—7;
o p=Ylimp=—YZ 9p=LT mp=— VT

3. TMocrpoiite Ha tmcaloaou oxpyn«mocm TOYKH

. R . .3
a) arcsin ,l-; 6) arcsmi; B) arcsin;

r) arcsin (—0,5); x) arcsin{—0,25); e) arcsin(—0,75).
4. Ynpocture BblpaeHue:
a) sin (arcsmO 3); 6) sin{arcsin(—0,9));

. . . bm Y,
B) arcsin sm-g ; ) arcsin sin <= );

. . 2n
A) arcsin(cos0); e) arcsin (cos 7)
5. Pemure ypaBHeHue:

a) sina=0; 6) sina=1; B)sina=—1I;
ina=-—; ) sina= 1. e) sma ¥z,
r) sina=5; 1 =—3; =-7
— . - 5
X) sina——L/—; 3) sma—-L; ) sine =—-5—;
. . 3
K) sina=0,6; ) sina=-—-0,7; M) sina=—z;
. . .
H) sin2a=0; o) singa=1; n) snn§a=-—l;
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p) sin (a—-n)=—22; ¢) sin (204 n)=——‘—/2—§-;

T) sin(a+ 7n)=-%—.

6. Ilpn Kakux x paBeHCTBO
a) sin(arcsinx)=ux; 6) arcsin(sinx)=x BbINONHSAETCA,
npu Kakux Her? [lpuBenute npumepnl.

7 ¢ ¥ ¥ 7
,di .
2

Puc. 47

7. Ha yuc/0BO# OKpYKHOCTH 3ajiaHa Touka o (puc. 47).
Y KaxxuTe Ha YHCJIOBOH OKPYXKHOCTH TOYKY O, = arcsin (sin o).

. . . 13
8. Boiuncaure a) sin(arcsinx); 6) sin (—f—arccosx).

§ 2.8. ApkkocuHyc

3agaauM uucao B, yposaerBopsiomee ycaosuio |f]<1.
[TokaxeM, 4TO CYIECTBYeT €IHHCTBEHHOE UHCJIO O, YIOBJIET-
Bopsitouiee HepaBeHcrBaM 0 <o < m, KOCHHYC KOTOpOro pa-
BeH f:
cos o=,

PaccMOTPUM 4HCJIOBYIO OKpPYMHOCTb B CHCTEMe KOODJH-
Hat xOy. IlpoBenem npamyio x=fp. Tak kak |[B]|<CI, T10

N T
NUZARNA

Puc. 48 Puc. 49

STa npsAMas JiepeceyeT BEpPXHIOIO NOJYOKPYKHOCTb B TOYKE
¢ a6cuuccoit x =P, npuyem 3ta TOuKa eJUHCTBEHHas (puc. 48).
910 03HAyaeT, YTO CYLIECTBYET EAWHCTBEHHOE YHC/IO o M3
orpeska [0, m], KocuHyc Koroporo paBeH f§.
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Unucao o u3 orpeska [0, x|, KochHyc KoToporo paseH P,
HasblBaeTcs apkkocurycom P u obosnavaercst arccosf.
H 0==2. | V2 =,
anpimep, arccos 0= 5; arccos z=-3; aArCCOs —5—=-r}
3 5
arccos 1 =0; arccos(— 12—) =—6’3; arccos (—1) =um.

3ameruM, uro arccosf, rme |B|> 1, He umeer cMbicaa,
NOTOMY 4TO MOAYJb KOCHHYCA JI0O0ro 9ucsa He npeseiaer 1.
Hanpumep, arccos2 He uMmeer cMbicJa.
M3 onpepenenus apkkocuHyca cjeiyeT, 4TO ecJH
—1<<BK], 10
cos (arccos f) =p.
C noMomplo apKKOCHHyca MOXHO 3amucaTh BCE pelueHHs
ypaBHeHHS
cosa =, (14)
T. €. Bce o, AJI KOTOPHIX BHINOJIHSieTCSA paBeHCTBO (14).
Ecan |B|> 1, to ypaBHenue (14) He uMeer pelueHuii.
Ecnu ‘B <'l, To npsmas x=p nepecekaeT YHCJOBYIO
OKPY2KHOCTb B JABYX TOYKaX a,=arccosfp u a,=—arccosf
(puc. 49) pemenus ypaBHeHHs (14) MOXHO 3anHcaTh TakK:

o = arccos p+ 2k, (15);
= —arccos B+ 2k, (15),

rae k—moGoe nenoe uucao. O6wveanHum cdopmyast (15), u
(15), B onny:
o = =+ arccos f + 2k, (15)

rae k—moGoe nesoe uncio. Popmyna (15) naer Bce peLue-
‘Hus ypaBHeHus (14) u npu |B|=1.

IIpumeps
1. PeweHusMn ypaBHeHHS cOSa =—I1 fBJISIOTCSA BCe A==
= q 4 2kn, rpe k—moboe uedsoe uucao (puc. 50, a).
g Y L/
a o 4

Puc. 50

2. PeleHusIMH ypaBHEHHsi cOSo =1 SIBJISIIOTCS BCe O =
= 04 2kn=2kn, rae k—moGoe uenoe uucae (puc. 50, 6).
3. Pemenusmu ypaBHeHHs cos2a =0 aBasioTca Bee 200=

== %—]— km, a=% + 523-, rje k— moGoe 1eJsoe 4ucJo (puc. 50, 6).
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1
4. PewenusiMu ypaBHEHHSI COS 0 =z SIBJISIOTCA BCE & =

1 .
= 4 arccosg-i— 2k, rae k—mo6oe 10 YHCIO0.

YIOPAXHEHHNS

1. Uto HasbiBaeTcs apKKocHHycoM uucia B? las Kakux
arccos [} onpeneneH, AN KaKUX HeT?
2. Boiuucaute arccosf, ecau

=1 0p=0 ) p=—1 ) p=L7 np=L7;
O B=g; ) p=—g; s)lfv——lf—2 1) ﬂ=—K2_3.

3. Ha 4nc/OBOH OKPYMKHOCTH MOCTPOHTE TOYKH:

a) arccos ; ; 6) arccos— i ; B) arccos%;

1 1 3
r) arccos (—7) ; D) arccos (_T) ; €) arccos (— T) .
4. YnpocTtute BblpaxeHHe!

a) cos (arccos% ; 6) cos(arccos 0);
19 41
B) arccos cos 5 )3 ) arccos (cos (—7));
) arccos ( sin %); e) arccos (sin 0).
5. Peunte ypaBHeHHe:
a) cosa=0; 6) cosa=1; B) cosa=—1I;
r) cosa=; )cosa—l' e) cosa V2.
=g A =3¢ =TT
K) cosa=-};; 3) cosa=—0,1; n) cos=——§-;
6. a) cos3a=0; 6) cos%a=-l—; B) cos 0,20 =1,

7. Ilpu Kakux X paBeHCTBO
a) cos (arccos x) =x; ©) arccos (cosx)=

BBLINOJIHACTCS, NPH KaKHX HeT? anBeﬂ,I/lTe ApPUMEDHI.

8. Ha uucnopoit OKDYXHOCTH 3ajlaHa TOYKa o (piic. 51).

Y KaxXuTe Ha YUCIOBOH OKPYXKHOCTH TOUKY G, = arccos (COS ),

¢, o

z
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9. Hokaxwure, uTO

. - 41
a) arcsin x+arccos X = ;

6) sin(arccosx) =V T—x2, |x|<1;
B) cos (arcsinx) =V T—x3, |x|<1

§ 2.9. ApkraHreHc M apKKOTaHTeHC

Ha puc. 52 usobpaxeHa 4YHc/OBasi OKPYXKHOCTb H OCh
taHrencoB. QOueBHAHO, YTO /i JOGOrO AEHCTBHTENBHOTO
yucna i (—oo <P <4 o00) Ha NpaBofi NOJNYOKPYKHOCTH
HafileTcsl eIHHCTBeHHasl TOYKa o Takas, uro tg a=f.

tga}

Yh tgo 17 (/?
VA z
a ﬂ -1 3 “1
i
- g _
& =
T-7 ZN _
4 h’
Puc. 52 Puc. 53

Apkmareencom uucaa P (— oo < B < 4 oo0) HasbiBaerca

[ 44
YUCJI0 o U3 NPOMEXKYTKa (—— —-) , TAHreHC KOTOoporo pa-

2 2
BeH P u o6o3Hauaercs
a=arctg f.

Hanpuwep, arctg 0=0, arctg (—1)=— % , arctg (V'3) = -g-

(puc. 53).

Ha puc. 54 usoGpameHa umcioBasi OKPYMXKHOCTb H OChb
koraHrencoB. OueBHpHO, 4TO AAA JOOOro JeACTBUTEJNLHOTO
B (— oo <P <+ oo0) Ha BepxHell MOMYOKPYKHOCTH Halizercs
TOYKa a Takas, yrto ctgoa=4f.

Apxxkomaneercom uucaa P (— oo < P < + oo) HasbiBaeTcs
yuca0 u3 npomexyrtka (0, m), KOTaHreHC KOToporo paseH f§
H 0003HayaeTca

a = arcctg p.
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Hanpumep, arcctg 0=3-, arcctgl = % , arcctg (—V3) =

= ~ (puc. 55).

ApKKOTaHI‘eHC ¥ apKTaHreHc HCI'IOJIbBleT(.H AJISl 3alHCH
pelrennit ypaBHeHu# Buaa ciga=p u tga=p. YpaBHenue

7 Ih
R - 1~ 2V8 -1 v o

' ) 7 ctga ; ' ot
P ot > 7 oty
6
a z 4 7 T
yd

Puc. 54 Puc. 55

ctga =P c yueToM nepHOAMYHOCTH KOTAHTeHCA UMeeT pellieHHe
a=arcctgP+ kn, rme k—moboe uesoe YHCIO.

YpaBrenue tgoa=f c yyeToM NEpHOAMYHOCTH TaHIeHca
HMeeT pelleHue

a=arctgf+kn, rme k—umoGoe wuenoe,

YIOPAXHEHMUWA

1. Uto HaswmBaerca a) arcctga? 6) arctg a?

2. Boiyucaute arcctgf u arctg p, ecan -

a) p=0; ©0) p=1; B) f=—1; 1) ﬁl}——_V3;
T 3 3

n B=—V3 op=YE wp=—12

3. M3obpa3ute Ha YuCJI0BOIl OKPYXKHOCTH TOUKH!

a) arctg 2; 0) arcctg(—1,5); B) arctg (—.-;-);

r) arcctg%; n) arcctg 2; e) arctg (—1,5).

4. YnpoctuTe BbIpaXeHue:
a) tg (arctgl); ©6) tg(arctg(—0,2),

B) ctg (arcctgV 3); r) cig (arcctg ( v 3)) :
1) tg (arcctg (—V'3)), e) cig (arctg Ka—) .
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5. Pewmre ypaBnenue:

a) tga=0; 0)ctga=0; B) tga=1;

r) ctga=1; n) tga=V3; e ctga=V73;
1

®) lga=—V3; 3) ctga=—V3; n) tga=-'/¥;
K) Cfga=—‘2—3; ) tgot——“—K?;'g; M) ctga=—l/g§;

6. Pewmre ypaBHeHue:

a) tiga=5; G6) ctga=3; B) tga=—2;

r) ctg a=—%; n tga=—0,3; e)citga= 1%.
7. Pemute ypaBHeHUe:

a) tg2a=1; 6) ctg0,50=0; B) tg(a-{-%)_—__];
r) ctg (-;—a—%)=1; n) tgda=7; e} ctgTa=3.

8. Ilpn xakux x paBeHCTBa

a) tg (arctg x) =x; ©6) ctg(arcctgx)=x;

B) arctg (tg x) =x; r) arcctg(ctgx)=x
BLIMOJIHAIOTCS, NpU KakHX Her? [IpuBemurte npuMepsl.

4 K/ Y )
(7 ,
X T - T )
@) &
J /) 8
Puc. 56

9. Ha uncsoBofi okpyXHOCTH 3ajaHa Touka o (puc. 56).
YKaxuTe Ha YHCJOBOH OKDYXXHOCTH TOYKY

a) a, =arctg (tga,); 06) o, =arcctg (ctga,).
10. Bryuciure

a) tg(arctgx); ©6) ctg(arcctg x);

B) tg (-’%—arcctg x) ; r)ctg (%—_arctg x).
11. Hoxaxurte, uTo

a) arctg x+arcetg x =—o;

6) tg (arcctgx)=-:7; B) ctg (arctg x)=%.
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§ 2.10. O6paTHaa ¢yHkuusa
PaCCMOTpI/IM HenpepelBHYI0  Bo3pacTamomylo Ha [a, b)

¢dynxunio
y=Ffx (@<x<Db).

Ee rpaguk usobpaxken Ha puc. 57. C noMoupio rpaduka Mbl
MOXKEM I/ KaX{oro 3HayeHHsi X M3 oTpeska [a, b] ompe-
DeJINTb COOTBETCTBYIOLIEE 3HayeHHe Y=
=f(x). IIpu sTOoM, eciu x HempepriBHO
BO3pacTraer oT @ A0 b, TO Yy COOTBETCT-
BEHHO HeNnpepHIBHO BO3pacTaeT OT C==

=f(a) no d=f(b).
C J1pyroi#t CTOPOHBH, Mbl BHAHM, 9TO
1 o6paTHO "KaxJ0e 3HaueHHe y H3 OTpes-
Ka [c, d] coOTBETCTBYET OJHOMY H TOJBKO
0| @ @ 6 = ofHOMY 3HaYeHHI0 x¥ U3 oTpe3ka [a, b).
c=rm,d=1@®) Takum o6pazoM, BO3HHKaeT HOBaf (hyHK-
Puc. 57 uus x OT Yy, ONpefeeHHas Ha OTpesKe
[c, d]), na3biBaemas obpamuoil ynkyu-

eii x QyHkuuu f(x). OfosHauum ee

r=0(y), c<y<d

I1a QyHKUUsA TOXKEe BO3pacTaeT W HempephlBHA Ha [c, d).
Hrak, nas kaxcdod Henpepeisroli eo3pacmarowed Ha [a, b)
dyskuun f(x) cywecmsyem obpamuas el ynkyua x om y,
onpedeaseman caedyroujum o0pasom: Kaxncoomy y u3 Ompesxa
[e, d} coomeemcmeyem eduncmeenroe 3uauenue x Ha ompeske
la, b), maxoe umo y=Ff(x), e0e ¢=f(a), d={(b).
OTMeTHM paBeHCTBa

elf(l=x (a=<x<D),
flel=y (<y<a).

B camom peie,
e[fin))=0@W=x (a<x<D),
flo=FFH=y (<y<d).

OrmetuM ewwe, yto ¢yuxnus f(x) Moxer ObiThb 3aJaHa Ha
uHTepBase (@ b), TOraa yTBepXKAeHHe OCTaeTCsl BEPHbIM, eCJIH
CuhTaTh, 4YTO ¢ (y) onpenesnsiercs Ha WHTepBasne (¢, d), rae

¢=lim f(x), d=lim f(x),
x->a x=>b
T. € ¢ €eCTb 4YHCJO, K KOTOpOMy cTpemHtcs f(x), Koraa x
CTPeMHTC K a, a d—4uHucJI0, K KOTOPOMY cTpeMmuTcs f(x),
Korja x crpemutcs K b. Ho Moxer GbiTh ¢ = — oo ua d = +- oo,
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Oynxuus f moxer GbITh 3ajaHa Ha noJyuHTepBase [a, b),
1 Toria QyHKUMs ¢ 3ajaeTcs Ha noJyuHTepBase [c, d), rie
c=f(a), d= lim f(x).
x—>b

Ananoruuso, ecnu f 3anaHa Ha (a, b], To ¢ 3azaHa Ha
(¢, d), rae c= lim f(x), d=f(b).
X-—>a

IMpumep. Oynkunsa y=x* (0<<x <+ oo) HenpephiBHA
u Bo3pacraeT Ha nonyuntepBane [0, + oo). ITostomy cyie-
crByer obpaTHass K Helt dyHkuua x=¢(y) (0<<y <+ o0),
KOTOPYIO YCJIOBHJIHCb 0603HAayaTh TaK:

x=Vy (O<y<o)
3necb a=0, b=o0, ¢=0%2=0, d= lim x?= oo.

X—> o
3ameuanue 1. KpuBas Ha puc. 57 ectb rpaduk ¢pyuk-
i y=f(x) (@<<x<<bh). B 10 xe BpeMa OHa eCThb TaKke
rpapuk PyHknun x=¢@(y) Ha oOT- g
peske [c, d].
Ecnmu 6bl MBI 3axoTeqd  moJy-
yuTh rpaduk ¢GYHKUHH @ B BHJIE

y=9 k) (<x<d),

TO MOXHO paccyXJaTh CJeRYIOUUM
o6pasoM. B cucreme koopaunat xO
p PA Y g1 ¢ x d =

pucyem rpaduk ¢GyHkuuu (puc. 58) 5
x=fo) (@<y<b), emra, eur

T. €. 3HayeHUsn HEe3aBUCHMOH nepe-
MEeHHOM y OTKJIaJblBa€M Ha OCH OpJAMHAT, a 3HayeHHe X OT-
KJajpiBaeM Ha ocu abcuucc. ITonyueHnass kpuBasi aBTOMAaTH-
yecku Gyzet rpadukoM GyHKLHH

y=9(® (<x<d).

OrmertuM, 4to rpapuku GyHKUMEA y=f(X) U y =@ (x) cum-
METPUYHBl OTHOCHTEJIbHO OHCCEKTPHCHl NEPBOrO KOOpIHHAT-
HOro yrsia. JTO CBOHACTBO yNpouiaeT MOCTPOeHHE TpaduKOB
oGpaTHhIX (QYHKIMH.

3aMmeuanue 2. [To anHanoruu MOXKHO NOJYYHTb CJEAYIO-
wee yrBepxaenue. Ilycts dyHxuusa y=f(x) HempeprBHa Ha
otpe3ke [a, b] u yObiBaer Ha HeM (T. €. €CIH X BO3pacTaer
or a 10 b, To f(x) y6eBaer ot c=f(a) po d={(b), ¢ > d).
Torza cyumecTByer obpaTHas K GyHKUMH [ QyHKLUA

=0y W<y<o),
yObiRawIan Ha orpeske [d, ¢].
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YMPAXHEHUA

1. Uro 3Hauwur, yTo cymecTByeT o6paTHas GyHKIHUSA K JaH-
HOH HenpephIBHOI Bo3pacTraiolled GYHKUHUN y = f (x)?

2. Ecau HenpepbiBHasA W Bo3pacramoulas QyHKIHA Y = f (x)
3allaHa Ha

a) orpeske [a, b], 6) uuteppane (a, b),

B) nosyuurepsase [a, b), r) noayunrepsane (a, b),
TO HAa KaKOM NPOMEXYTKe 3ahaHa obpaTHas ed ¢GyHKLuA?

3. Kak no panuHoii Bo3pacraiomiell HenpephLBHOH (YHK-
uun [ noctpouth o6GpaTHyio ell ¢yHKIUIO B Bule y=@ (x)?

§ 2.11. Pyskuuu arcsinx, arccos x, arctg x
Oynkuns
y=sinx (—% << -’2—’)

k14 £l
HenpepbiBHA H, €CJAM X BO3pacTaet oOT -7 A0 T TO Y BO3-

pacraer of —I1 go 1. [lostoMy, Kak Mbl 3HaeM, CYLIECTByeT
obpaTHass K 3TOH (YHKIMH (QYHKLHA, T. €. KaxJIOMy y H3

4.‘/

¥ 4 .

’?l L — — — 5 y=uresing
]
|
! z
. ?

7 ¢ 12 g=urceosa
{
----- £ 1z
Puc. 59 Puc. 60

orpeska [—1, 1] cooTBeTcTByeT eAMHCTBEHHOE 3HAYEHHE X Ha
19 19 .
OTpe3Ke [—?, 5] , Ana Koroporo y=sinx. Ho Toraa
x=arcsiny (—1<<y<).
Takum o6pasom, ¢GyHKIMA arcsiny ecrtb obpaTHas GyHKUHA

K pyHKIHY y=sin x, paccMaTpHBaeMOH Ha OTpPe3Ke [— % , -’5'-] .
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Yro6et nonyuutb B cHcreme KoopauHat xOy rpaduk
G$yHKLIHH
y=arcsinx (—1<<x<),

cTpoum rpaduk ¢ynkuue (puc. 59)

x=siny (-—32‘-<y<—’23).
OnHoBpeMeHHO OH fBJIfIETCA TaKXe rpapukoM (QYHKUHH Yy =
=arcsiny (—1<<x<< ). Pynkuusa

y=cosx (0<<x<nm)
HenpephiBHA, M eciad x BospactaeT or 0 1o m, TOo y yOhiBaer
or 1 po —1. Ho Toraa, paccyxnas Kak Bblllle, MOJy4aeMm,
Y10 CyllecTByeT ofpaTHas eft (QyHKuus, onpejensemas ¢op-
MmyJoit x=arccosy (—1<{y<l).
paduk pyHKUHH
y=arccosx (—1<x<)

B cHcreMe KoopauHaT xOy coBnajaer ¢ rpagukoM (yHKUUH
(puc. 60)

x=cosy (0<Cy<m).
Dyuknua

y="tgx (—%<x<%)
14 11
HempepbiBHa Ha HHTepBaJie (—7, 5
n 11
‘BO3pACTaeT OT — 10 -+ , OHA BO3PACTAET OT— 00 J0 + 00.
CnenoBaTenbHo, cyuiecTBYer obpaTHas K Helt (yHKUus
x=arctgy (—oo <y<+ o0).
I'paduk dyHknun y=arctg x (— oo < x < o) (cM. pHc. 61)
11 11
coBnagaer ¢ rpapukom x=tgy (—? <y< —2-> (v cum-

MeTpu4eH rpaduky OyHKUMH y = tZ X OTHOCHTeJbHO GHCCEKT-
pHCHl IEPBOTO KOOPJAMHATHOTO YrJia).
CnpaBeaJjMBO PaBeHCTBO

) , H NIPH 3TOM, ec/H X

arcsin a4 arccos a = %, (16)

BepHOe JAJs JIo60ro @, YJOBJIETBOPAIOWEI0 HepaBeHCTBAM
—1<<a].
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B camoM jese, paBeHctBO (16) mpoBepsieTcst Hemocpenct-
serHo npu a=0, 1, —1. Eciu xe 0 < a < 1, To o6parumes
K YHCJOBOM OKpYXKHOCTH (pHc. 62), Ha KOTOpOH OTMETHM
B | uerBepTH TOuky B, HMelolyl0 OpAMHATY, paBHYIO a.

Y4 \9}

4

v/ B £ F

o la 2 ).

0 FlAz \L ‘W z
(]

Puc. 62 Puc. 63

OnyctuM u3 B Ha ocH KOOpAMHAT mepneHAuKyhasphl. Ortme-
TM, 4T0 @ = BF =0D =sin¥AB =cos ¥BC. Tloatomy

YAB =arcsina, “YBC =arccosa,
. 11
arcsina -+ arccosa=VYAB+VYBC = 5

ITyctb Teneppr —1 < a < 0. OtmeuaeM (puc. 63) Ha uuncio-
Boil oKpyxHoctH B IV uerBeptH Touky B, umerowmyio opau-
HaTy, paBHyl0 a=—|a|, ¥ onyckaeM u3 B Ha ocb x mep-
neHaukyasp BD. OtmeyaeM TakKe Ha YHCJOBOH OKPYKHOCTH
Touky E, uMelolyto aGeuucey, paBHylo @ =—|a|, 1 onyckaem
3 E Ha ocu koopauHar nepneHaukyasps EL u EF. Oue-

pupHo, YEC=VAB, nostomy YAE—VAB= % . Tak xkak
. ! .

arccosa="VAE, arcsina=—YAB, T0 arccosa-tarcsing =

=VYAE—VAB= % , UTO H TpeGOBaJOCh JOKa3aThb.

YIIPAXHEHUSA

1. Uro Takoe

a) arcsinx? 6) arccosx? B) arctg x?

2. Kakoit ¢yHkuun obpatHa ¢yHKLHA

a) arcsinx? ©6) arccosx? B) arctg x?

3. Kax MoxHO noayuuTh rpadbvky 3THX (QYHKUMH, ecn
BOCNO/IL30BATLCA COOTBETCTBEHHO rpadukamu (QyHKIMHA sinx,
cosx, tgx?
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§ 2.12. Mpumepsl peieHHi TPUTOHOMETPUYECKUX YPaBHEHHH

[Tpumep 1. Pemutp ypaBHenue
sinmx—sinlx=0 (m—I[0, m+15£0).
Pewenumne.

2s1n—2—xcosm+1x=0,
. — l
smm—2—-{x=0 W cosm—;'—x=0,
m—1 2kn
—2—x kn, x= —
m1 (@k4 )
5 x-——i—kn ==
rae k—uao6oe 1eJ0e Yuco.
2k . 2k 1
Omeem: x=-22 y x=C,EDT e b moBoe wenoe
m—1 m—-1
YHCIIOo.

ITono6HbiM 06pa3oM pellaloTcsi ypaBHEHHs

sinmx—+sinlx=0, cosmx—coslx=0,
cos mx+ coslx=0

C TOMOIIBIO (HOPMY. AJIS CYMMBI CHHYCOB H KOCHHYCOB YIJIOB
H Pa3HOCTH KOCHHYCOB.

B HEKOTOpBIX YaCTHBIX C/yyasX ypaBHEHHS pPacCMOTPeH-
"HOTO BHJA MOXHO PelIMTh Jpyrumu cnocobamu. Bor npumep.

IIpumep 2. sin2x—sinx=0.

Pemenune.

2sinxcosx—sinx=0, sinx(2cosx—1)=0

. 1
sinx=0 uau Cos ¥ =4

Omeem: x=~kn U x=-4 % +2kn, toe k—moGoe wuesoe

YHCJI0.
I[Tpumep 3. Pewnth cucreMy ypaBHeHHi

cosx=a, Sinx=b,

rle a U b—jnaHHBIe yucaa.

Pewenne. Ecim a®4 b2 1, To cucteMa He HMeeT pe-
lleHus, noromy 4to cos?x-sin?x=1 maa moboro a. [Tycrs
Tenepp a4 b*=1. Torpa Touka (@, b) HaxoAuTCA Ha YHCJIO-
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Boil OKpyxHocTH. OHa onpejiesfieT  HEKOTOPHIK yros o,, Ko-
TOpbIl M ABJSETCH pelleHHeM 3afauH.

Ha ocu x oTMeyaeM TOUKy, HMeIOLLYI0O KOOpJAHHATY, paB-
HYI0 @, W BOCCTaHaBJIMBaeM H3 Hee NepPreHAHKYJsp J0 nepe-
CeyeHHs1 C OKPYXXHOCTBIO B IIOJIOXKHTEJIbHOM HarpaBJ/IeHHH,
ecamu b> 0, unm otpuuarenboM, ecan b < 0. Touka nepe-

g ceyeHHs. M OyJeT HMeTb KOOpAHHAThI
' (a, b).
OGiee peilleHHe 3aJayd 3anUChIBa-
; ercsi B BUJE
2 - o=, -+ 2k,
0 ®
V3 rje k—TIpOU3BOJIBHOE I1eJI0€ YHCJIO.
WA [Tpumep 4. Pemnts cucremy ypas-
HEeHU#
Puc. 64 cosa=-;-, sina=—#.

Pemenue. CymMvma KBafpaToB NpAaBbIX YacTell CHCTEMBI

1 V3
pasHa 1. Ilostomy Touka { 5, —-——— ) HaXOAHTCA Ha YHC-
JI0BO#1 OKpYXKHOCTH (pHc. 64). Eit coorBetcTByer yroa (puc. 64)

a= —%-{- 2k, rae k—npou3BobHOE LieJIoe YHCIIO.
ITpumep 5. Pemwmts ypaBHeHHe
Acosx+ Bsinx=C. (17

Pemwenue. Jlenum o6e 4acTH ypaBHEHHS Ha VA*—l— Bz
TMonyuaem

acosx}bsinx=c,

rue
A B C
a= y b’—_—‘—:—-——, C=—=.
V A2xB? VA2+32 VA’-{-B“

Tak kak a®-+b0*=1, TOo MOxHO mnonoGpath Takoi yroa a,
yTo0 a=cosa, b=sina. 3aiaHHOe ypaBHEHHE TOTrJAa MOXKHO
sanucaTh B BUAE
cosacosx+sinasinx=c¢
HJH
cos(x—a)=c. (18)

Ecmu |¢|> 1, 10 ypaBHenue (18), a cienoBarenbHO H
(17), ne umeer pewennit. Ecau xe [¢| <1, 10 Bee pemenus
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3anncHBaloTes GopmyJoi
X—o = =4 arccos ¢+ 2k,

WIH
x=o +arccos ¢+ 2km,

rae k—moGoe 1enoe YHCIO.
I[Ipumep 6. Pewuts ypaBHEHHE

cosx—sinx=V 2.

Pemenue.
cosx_ﬂ:_c__l
V2 V2
. 14 . 11 .
cos (_T> cos x -+ sin (—’T) sinx=1,
k14

cos (x—}--:—‘):: 1, xﬂ—T=2kn.

Omeem: x=— % + 2km, roe k—mo6oe 1e0e YHUCIO.

ITpumep 7. Peintb ypasHeHue 7sin2x—sinx—8=0.
PemeHue. BpmoiuuM NOACTAHOBKY sSinx==a; peLiuM

g 8
ypaeHenue 7a’—a—8=0; nonyunm a,=—1, a,=-.
CirepoBaresibHO,
) . 8
sinx=—1, sinx ==,
r=— %.1_ ks, HEeT pelleHui, Tak Kak sinx

rie k—moGoe ueJoe yucao; | He MoxKeT ObTh GoJbiue 1.

Omeem: x=— %—[— 2kn, rae k—mo6oe nejoe 4HCIIO.
[Tpumep 8. Peruuth ypaBHenue 2 sin (%+2x>+cos x=3.
Pemenwue.
2 sin (—3——}-2x> +cosx=3, 2cos2x+cosx=3,
2(2cos?2x—1)4cosx=3, 4cos’x+ cosx—5=0,

5
cosx=a, 4a*+a—5=0, ay=—, a=1,
5
COSX= — — uau cosx=1

4
B nepBoM ciyuae HeT pelleHHH —He MOXeT OHITb
|cos x| >1; Bo BTOpOM cayyae x=2km, k=0, x1, &2, ...



60 rJ. 2. TPUTOHOMETPUUECKUE &YHKLHUU
Omeem: 2kn, rpe k=0, =1, +2, ...
Opyroe pemeHHne. 3aMeTHM, 4YTO B ypaBHEHHH
2cos2x+cosx=3

2c0s2x < 2, cosx <1, cnenosaresbHO, PaBeHCTBO BO3MOXKHO
JNHLb NPU OJHOBPEMEHHOM BBINOJHEHHH YCJIOBUH

2c0s2x=2 u cosx=1I;

cos2x=1, x=2kmn,
2x =2nm, rre k=0, £1; +2, ...
X =nm,

cae n=0, +1, =42,
OGa ycJ0BHsi BBIMOJIHAIOTCS B TOYKax
x=2kn, tne k=0, =1, 2, ...

[Mpumep 9. Pewuts ypaBHeHHe
sin?x+ 4 sin xcos x—5cos?x=0. (19)

Pewenue. Ka}Kﬂ,oe cjaraeMoe B JIEBOH YacTH HUMeET

crenenb 2. OueBUAHO, YTO cOSXx =0, Tak Kak B NMPOTHBHOM
cnyyae sinx=1 wuam sinx=—I, HO B TOM H B APYrom
cnyuae paBeHcTBO (19) HeBepHo. Pasgenum npasyio H JeBylo
YacTH Ha COS? x:
sin® x sin x cos x cos?x 0
costx T cos®x  “costx

tg?x+4tgx—5=0.

O6osnauum tg x=a:
a?+4a—5=0;, a,=1;, a,=-b.

Orcroa
tgx= win  tg x=—5,
=2 4k, x = arctg (—5) + km,
4 rre k=0, +1, +2.

rne k=0, =1, 2, ...;
Omeem: %-{-kn, arctg (—5) + kn, rpe k=0, 1, £2,...

§ 2.13. Cnucok OCHOBHBLIX (OpMYJ TPUIOHOMETPHH

in2 j—
sina+costa=1,

sina
t T e—
ga cosa’
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Cos a
Ctga—sina’

to?2q = ——5—
1+ g cos?a’

14 ctg?a= gi—nlg—a,

sin (@ + P) =sina cosf+sinfcos e,
sin (a—f) =sina cos f—sinfcos a,
cos (& + B) =cos acos f—sinasin B,
cos (@ —f) =cos . cos P+ sinasinf,
tg (o +B) = bl

tgoa—tg B
tg (a—ﬂ)=mr

sin2a=2sin a cos «,
c0s 2a =cos?a—sin?a,

_2lga
820 =T {gra

.o l—cosa
S‘"’z‘_il/ 7

a 14 cosa
Cosi”il/ g

tg (%-—a)=ctga,
sin (12‘- + oc) =Cos a,
cos (12‘-+a)=-—-sma,
tg (%—l—a = —clga,

ctg (%+a) =—tga,
sin (n—a) =sina,
COS (1 —a) = —Cos @,
tg(n—a)=—1ga,
ctg (n—a)=—ctga,
sin{n+a)=—sina,
cos (n+ a) =—cosa,
tg(nt+a)=tgae,

61
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ctg (n+a)=ctga,

. (3n
sm(-,z——a)=—cosac.
cos (%ﬁ—a) = —sina,
tg (T )_ctga

o ()=t
sm(3—n = —COS &
7 T )— cosa,
oc)-sina,

MEN -

ctg (—2-—|- a) =—tga.

YVINPAXHEHHKS

1. Haiitu Bce pelueHusi ypaBHEHHSA
1—5 sinx 4+ 2cos*x =0,
yIOBJIETBOPSAIOLIME HepaBeHCTBY cosx >=> 0.
2, PemuTbh ypaBHeHHe
sin2x = /3 sinx.
3. Pewnth ypaBHeHHe

sin 2x 2 cos x
4-+sinx '
. 1
4, Bplyucauth cos2x, ecqad sin x = 5 -

5. Pelunth ypaBHeHHe
sin2x — V3 cos x = 0.



IJIABA 3
NPEJEJ

§ 3.1. Tipemea nocaenoBaTenbHOCTH

Metoa npenesioB—3T0 OCHOBHOH METOH, C KOTOPHIM ore-
pHpYeT MaTeMaTHYeCKHH aHaJIu3.

Yro6el yscHUTb, YTO TakKoe MNpejes, HayHeM C KJaccu-
YecKOH 3ajaud. B nmpsmoyrosbHOIl cHcTeMe KOODAHHAT 3allaHa
¢durypa, orpaHuyeHHas
napa6oJioit (puc. 65) y = ﬂ
=x? OCbl0O X M NPAMOH
x=1. Tpebyerca Haiitu
ee nyomaab. Bor Kak Mmo-
XKHO MOCTYNHTb.

Pasnenum OTpe30K
[0, 1] ocu x -Han pas-
HBIX 4YacTeH TOYKaMu

12 n—|

0) ’ , ey 2] l é
n n n
W [OCTPOMM Ha Kamjofi M
M3 3THX 4acTed mnpsaMo- - S
yTONbHHUK, JIEBLIA Bepx- Prc. 65
HHUH YTroJ1 KOTOPOro A0CTH- )
raer napa6oanl. Toraa
MONYYHM 3AIUTPHXOBAHHBIE Ha pHC. 11 npsAMOYroJbHHKH,
cyMMa nJomajefi KoTtopbix S,, OUeRHAHO, PaBHa
21 2 n—1\21
=0t () wt (3) wt o+ () 7=
_P+24 .+ (=1 (n—l)n(2n—l) "
- n? 6n3 )-
*) Mbl Bocnosib30BaJsiHCh (OpPMYJION
12+22+...+(n—1)==____(”“‘1)'2(2”‘1),

KOTOpasi MOXeT OHTb BBeleHa caefylomuM o6pasoM. CJOXHB Jiepue
M npaBble 4acTH é)aaeﬂcm (k4 1)3—£k3=3k?3k-}-1, cooTBerCTByIO-
WHX SHaYEHHAM ..+, n—1, MOJNyYHM ypaBHEHHE

s ,=30n_1+3(n_1

4

NN X
MANNNNRE

S
~
&

)n +n—1, rre 64 1=124224-..,f-(n—1)%

p— 2 —
Pewns ero, nosyyuMm 0n-1=(n l)ré( n 1)‘
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[pencraBum S, B BHAC

1 1 1 1
Se=g+ (g —m) =5+ M

BennuyuHa o, XO0TS M uMeeT CJAOXKHEIA BUJA, HO obGnajaer
3aMeyaTe/IbHBIM CBOHCTBOM: OHa CTPEMHTCS K HYJIO MpU He-
OrpaHHYEHHOM BO3pacTaHuM n. Takue BeJHUYHHBI Ha3bIBAIOT
0eCKOHEHHO MAAbIMU.

Beckonedno maaoti HaswiBaeTcs TnepeMeHHas BeJHUHHA
a,, 3aBUCALIAS OT HATYPAJbHOTO fi, CTpeMALAfiCA K HYJIO
NpH HeorpaHWYeHHOM BO3pACTaHHH n.

Hanum dopmanbHoe ompepesieHHe GeCKOHEYHO MaJsloi Be-
JIMYUHBI. .

Bennunha o, 3aBucfilllas OT HaTypaJbHOrO 3HaYeHHA n,
Ha3bIBaeTc OecKOHe4HO Manou, ecsd, Kak Obl HU ObLIO MaJioe
3aJlaHHOe MOJIOKUTEIbHOE YMCJIO €, Haijgercss uuciao N >0
HacTOMbKO 00JIbIIOE, YTO BHIMOJIHAETCS HEePaBeHCTBO

lea | <e

aaa Bcex n> N,

Cymma S, nuomazeii 3aliTpHXOBaHHBIX Ha puc. 65 npsamo-
YrOJIbHUKOB eCTb TOXe NepeMeHHas BeJHYHHA, 3aBHUCALLAs OT
HaTypaJbHCro n. Mbl MoKasajaH, 4TO OHa MOXeT ObiThb 3amu-
caHa CJIeAYIOUUM 06pasoM:

1
S=§'+an)

rgpe o, ecTb OecKOHeyHO MaJjiasi BenuyuHa. Ho Torma ecrect-
BE€HHO CYHTATb, 4TO S,z CTPEMHUTCST NPHU HEOrpaHHYCHHOM BO3-

I
pactaHuy fi K 4UCJaYy ER M €eCTECTBEHHO CUHUTATh, YTO S=T3-

ecTb MJowW@jb paccMarpuBaemoit ¢urypsl. IToctaBnennas 3a-
Jaya pelleHa.

B xone paccyxieHHHl Mbl, BO-NEPBBHIX, JajdH ONpeLeJeH-
HBIe TJIOIAJH paccMaTpHBaeMoil pUIYphI Kak yucaa S, K KoTo-
pOMy CTpeMHTCS CyMMa S, MJoWajeH 3alUTPUXOBAHHBIX Ha
puc. 65 mpsSMOYrONbHHKOB NpH HEOrPaHHYCHHOM BO3pacTa-
HMM 7, a BO-BTOPHIX, HauUIM 3To yucjo. Okasanocb, UTO

S=3.
Hanum onpepenedue npegena. Ilyctb 3ajaHa nepemeH-

Haf x,, 3aBHcAllas or HarypaipHoro n=1, 2, ... Ecm
X, MOXHO 3amHcaTh B BUJAE CYMMbI

X, =a+a, (n=1,2, 3, ...),
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rie @—HeKOTOpoe NOCTOSIHHOE YHCJIO, o, — GeCKOHEYHO MaJas,
TO TOBOPSAT, UTO X, UMeem cgoum npedesom 4ucro a usu x,
cmpemumes £ @, W NMALYT
lim x,=a
n—» o
HJTH
X, —+a (n— oo).

‘Tlpusesem npumepbl MepeMeHHLIX BeJHYMH, 3aBUCAUUX OT
HaTypaJIbHOrO n:

1
n =7 yn=—?o zn=—n—'

u,=q% 0<q<l, v,=—
w,=(—1", B,=a.

[lepemennnle x,, y,, 2, U u,—OeCKOHeUYHO MaJble; &,
H u, CTpeMATcA K HYJIO, MPHHHMAs MNOJOXHTeNbHble 3Haye-
HHs, yOblBas; y, CTpEMHTCH K HYJIO, NIPHHHMas OTpHLATE/b-
Hble 3HaueHHs, BO3pacTas; a 2, CTPeMHTCS K HYJIO, KOJeG/IACh.

Benuunna v, crpemurcs K 1 ( lim v, =1

n-> o

[epemennast B, ectb Ha caMOM Jesie NMOCTOSTHHAfl, paBHasl
Ana moboro n ofHOMYy H ToMy ke uucay a (limf,=a). Uto
JKe Kacaercsl BEJIHYMHBEI W,, TO OHAa HH K KaKOMy mpefeny
He CTPEMHTCH, NPHHUMAS [OC/eJOBATe/bHO 3HAYeHHA +1
n —l. '

OueBHaHO, €ciu @, ecTh GeCKOHEYHO MaJjasi, TO ee [pe-
IeJ1 paBeH HYJIO;

a|—-

lim a,=0.
n—-» o
I[Tpumep.
P L S DT 1\ _
Jim 255 = tim (14 7¢) =1
YIOPAXHEHHUSA

1. Haiiqure npegensi MepeMeHHBIX, MpEACTABAAA HX KakK
CyMMy MOCTOSIHHOH M GeCKOHeYHO MaJIo:

a) lim 2% 6 1im 2L,
n-> o n—> o
B) lim ”';;3; r) lim nt?

n-—->® n—- o +l



66 rJ. 3. MPEAEN

§ 3.2. BeckoneuHo Goabinas BeJHYHHA

AutHnosamu GeCcKOHEUHO MajbIX BeJMYHH sBJsSOTCS Gec-
KOHeYHO GoJbliNe BEeJIHYHHBL. .

[lepemeHHas x, HasblBaeTcl 0ecKOHeuHO 60AbUWIOL, €CJIH,
Kak OBl HH OBJIO BenHKo 4Hcio M > 0, Haifizerca Takoe N,
rnoéx,,l > M pas Bcex n> N.

cnd X, 6ecKOHeyHO GoJsbluasi, TO IMUIIYT
lim x,=oc0 wWm x,—o00 (n— oo).
n—» ® .

Moxxer cayunTbes, 4To GecKOHeyHO GoJbluas BEJHYHHA X,
HayuHasi ¢ HEKOTOpOro f CTAHOBHTCS NOJOXKHTEbHOH; TOraa
NHIWYT ‘

lim x, =+ oo,
n—> o

WIN OTpHLATENbHOH, TOTAa MHIIYT
lim x,=—o0.

n—> o

Bor npumephl 6ecKOHEYHO GOJIBLIHX BEeJMUHH}
X,=n, Y,=—n, 2,=(—1)*n, u,=n?
lim x,=4 o0, lm u,=+o00, lim y,=—o0.
n—>w n—> o n—->» o

Uro ke KacaeTcs BeJHUMHH 2,, TO IPO Hee MOXHO HamucaTb
lim 2z, = oo,

nm—=>r ®
HO 3Jlecb HeJb3sl CHMBOJ 00 3aMEHHTb HH CHMBOJIOM - oo,
HM cuMBOJoM — oo. BnpoueM, Mbl uacto GyaeM nHcaTh oo
BMECTO - 0o, €C/IM HeT ONAacHOCTH HejopasyMeHHH.

§ 3.3. HeiicTBua c npepenamu

[lepemeHnHbIe X, U Yy, MOXHO CKJIaABIBAaTb, BBIYHTATDH, YM-
HOXaTb U JCJHTH, 06paayﬂ BEJIMUUHBI
Xn

x,,+!/,,, Xn—Yns *nYny E-

B cnydae yactHoro Hano npeanoJarath, 4to y, =0 ans mo-
6uix n=1, 2, 3, ...
CnpaBel/uBH CJeAyiOUlHe, B CYLUHOCTH OYEBHJHBIE, CBOM-
CTBa MpeLeJIOB:
lim (%, & y,)= lim x, + lim y,,
n-—>w n—>o n—» ®

lim (x,y,) = lim x, lim y,, 2
n-> o n-—> o

n-> o
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B 4YaCTHOCTH, €CJH X, =C NOCTOsIHHas, TO

lim (¢cx,)= lim ¢ lim x,=c lim x,,
A= o n>o n->® n-—>®
lim x,
lim Sr=22>2 ( lim yﬁec)).

n—>wyn lim g, n—->w
n—->®

DTH CBOHCTBA HAA0 MOHMMATb B TOM CMBIC/IE, UTO €CJIH CYIle-

CTBYIOT Tipefiesibl, (GUTYPHPYIOliHe B NPABHIX YacTsIX PABEHCTB

(2), To aBTOMaTHYeCKH CYILECTBYIOT Mpefesbl B JIEBBIX YaCTAX

COOTBETCTBYIOLIMX PAaBEHCTB M CIIPaBEJJIMBBl CaMH paBeHCTBA.
Ho6aBuM ewie, 4TO ‘

~ lim L =0,
X,
Xn—> o 'n
lim (x,y,)=o0, lim -=o0, ®)
n—+A=+=0 Xn—>0%n
Yn > ® xn¥0

Bosiee cnoxHBIR BONPOC BO3HHUKAET IIPH BBIYMCJICHUH Mpe-

X
Jiesla 4acTHOTO y—"-, korga 4 X,—0 u y,— 0 wim ecan
P

X,— 00 H Yy,— oco. B TakuX clyyasx 3apaHee HEBO3MOXKHO
CKasaTb, YyeMy paBeH npelesa. B saBucuMocTd OT MHAMBHIY-
aJbHBIX' CBOHCTB TNEpPEMEHHBIX X, H Y, Npejesa MoxeT ObITh
MOOBIM KOHEYHBIM HJIM 6eCKOHEYHbIM Yuc/oM *). Moxker Takxke

X, .
CIYYUTHCH, YTO OTHOILEHHE 7" He HMeeT HHKAaKoro mpejena,
n
Jaxe OeCKOHeYHOoro.
1 1
Hanpumep, nyctb x,= = Yn=r7g+ TOLKA, OUEBHHO,
Xn—> 0, y»— 0,
3 1
bl QL L Un __ _,
e n— -+ oo, o n—»O.
—1)n 1 x
Ecan xe x,,ms—n-l, Yn=-, TO OTHOLUCHHE y—"=(—l)"
n

HM K KaKOMy IpefieJy He CTpeMHTCH.

Mel paccMaTpyBaJiH IepeMeHHble X,, 3aBHCAIIME OT Hary-
panbHoro n (n=1, 2,3, ...). Takne nepemeHHble Ha3bIBAIOT
nocaedosameabHOCMAMU.

*) CuMBOJIBI - 00, ~— 0, o . YAOGHO Ha3bBaTh GECKOHEYHBIMH YHC-
JIaMH, XOTA 9TO BOBCE He YHCJIa, M TOTAA OGLIYHBIE YHC/IA HA3bIBAIOT
KOHEUHBIMH YHCJIaMH.
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Mpumep L.

3
nt3 o Mmoo

n—> ® n—+1 n—>w l+_l__ 1
n

MosicHenne. Y apobu ZI‘:’
3HaMeHaTeJb CTPEMHTCSi K GeCKOHEYHOCTH, H HENOoCPeJCTBEHHO
HeJb3si CKasaTb, K KaKOMy Ipeleay oHa crpemurcsi. Onnako
nocje JeNeHHs] YHCJAUTENs W 3HaMeHarteJs Ha n OOHapyXH-
JI0Ch, YTO YHCJHTENb CTPeMHTCS K | M 3HaMeHaTe/Ib CTPEMHTCSA
x 1. 970 JlaeT BO3MOXKHOCTb BOCHOJleOBaTbCﬂ (popmynon 0 npe-
JeJie 4acTHOro.
Mpumep 2.

KaK 4YHCJAHTEeNb, TaK H

Jim (n*—100n*—2n%4 1) =

n— w

=mﬂm(—@—ﬂ+ ﬂ=+m

n-—ow

TMosicueHue. Cpady HeficHO, K YeMy CTPEMHTCH HCXOJ-
HOe BHIpaX<eHue: NepBhI 4jieH n* cTpeMUTcs K -+ oo, a uJieH
— 100n®—2n? crpemMurcsi K —oo. Ho nocse BbiHeceHus
3a CKOOKHM n* BCe . MPOSICHSIETCSl: MHOXHTeJb n*— -+ oo, a

( —-]—2-9———’1?-1- L )-»1;&0. Ho Toraa npousBeieHHe
CTpEMHTC K 00 M Jaxe K -+ oo (cMm. (3)).
ITpumep 3.
lim (/n+2—y/ n)=
n—>+o

N Vz: o
n->m (l/n—|—2)’+l/n+2 l/n-l—(l/n)“

n-»a»(l/rz—|-2)”-}-l/n-l—2l/n—i—(l/n)2 0,

NOTOMY YTO 3HaMeHaTeJb MOcC/efHell ApPOGH CTPEMHTC K oo,
Her ofwero cnoco6a BelYHC/EHHS NMpefesa PasHOCTH ABYX
nepeMeHHbIX, KaxJas H3 KOTODEIX CTpeMHTcs K - oco. B Kax-
JOM KOHKDETHOM CcJlydae MPHUXOANUTCH MPUAYMBIBATb CBOM
cnoco6.
[Mpumep 4. Cymma nepBeiX 7 Y/JE€HOB reoMeTpHYECKOH
NpOrpeccHH co 3HaMeHaTeseM ¢ (¢ 5= 1) ¥ mepBbM uJieHoM 1
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paBHa

_ S T S
Su*1+¢7+¢72+--~+q l= 1_‘17:]_4—‘7 T—g¢° (4)

Ecnn nporpeccus yGuiBaromas, T. e. ecan |g| <1, To
BTOPOH UJIEH NPABO#H YacTH (4) CTPEMHTCS K HYJIIO NPU L — 00:

1
-—q"l__q—>0 (n — o00).

'»l'los)'romy CYyLIECTBYeT mpeaen
. 1
lim Sn=[__ (lq|<l)'

n-—>® 9
KOTOphI# HAa3bIBAIOT cyMmol pAada
l+9+4¢*+... (5)

(coctofiliero M3 OGECKOHEYHOTro YHCJa 4JeHOB!), U MpU 3TOM
HLyT

1
= =l+et+e+...,
T. €. NPHNHCHIBAIOT BbpaxeHHo (5) uMc/0, paBHOE cyMmme

psaza. B atom cayuae roeopst, uto pad (5) cxodumcs.
Ecan |g| > 1, 10

q&l_q-—»oo {n — o0);
npu g=1
S,=14+qg+¢+...4+¢""'=1+...+1=n— oo.
Ecu xe g=—1, 10

S,=0, S,=1, §,=0, S,=1, ...

u S, He cTpeMHTCs K Ipejeay.

M3 ckasanHOro cieayer, 4to ecaH ycjaoBue |g| <1 He
BHINOMHAETCA, TO S, He CTPEMHTCA K KOHEUHOMY mpejesy
npu n— oo. B 3tom cayyae rosopAar, uto psA (B) pacxo-
autcsi. EMy He npHnHCHIBAlOT HHKAKOro YHCHA.

3ameuanue. Cirexyer o6paTuTb BHHMAHHE Ha CBOHCTBa
nepeMeHHHIX, HMEIOIINX Mpefes (KOHEYHBHIR H GeCKOHEUHBbIH),
BoipaxeHHble dopMynamu (2). Hago snate Takke, 4To nepe-
MeHHas,, UMelollas Mpejes, paBHb @, ecTb cymMMa a-a,,
rae a,—6eckoHeyHo Majasi. O camMoM e MOHSATHH GecKo-
HEYHO MaJIof A/l HalmuxX LeJedl JOCTaTOYHO HMMETb YHCTO
HHTYUTHBHOE NpeJCTaBJIeHHe, BbIICHEHHOe Ha NpHUMepax.
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YIOPA)XHEHHUA

1. I1puBeanTe npuMepnl 6eCKOHEYHO MAJBIX X,,, 3aBHCALIUX
OT HaTypajbpHOro n=1, 2,

2. Yro suauyur, uyTo nepemeHHas x, (n=1, 2, ...) umeer
npejen, paBHbIH uHucay a? [IpuBenute mpumephl.

3. KakuMm cBoficTBOM o6najiaeT nepeMeHHas x,, HasbiBae-
Masi GeckoHeuHo Govibiiofi? [IpuBenute npumepsl.

4. Yro 3nauut lim x,=+ co ¥ lim x,=— oco? [lpu-

n-» o n-» o

BeJyTe NpHMEpHL.

5. [lo KakuM npaBUJIaM BBIYHCJ/ISIOT NPefieJibl CYMMBI, pas-
HOCTH, NPOH3BEJCHHS! M YaCTHOro NEepeMeHHbIX X, H y,?

6. Uro HasbiBaeTcss cyMMoH YObIBaloulel reoMeTpuuecKoh
nporpeccHu?

7. BuluncauTh npenensi:

. 2n+41, . nd—3n241 |
D) lim 2= 2) lim G 5

LR . ond—1,
3) nl};]LH; 4) ,,l_],mw%?l’
5 len (n®—10n?+2n—1); 6) lim (n®*—10n2+2n—1);

n—> +®w n—>-—-o

: —_— = . 1

7) ”llmcp (l/n—l- l—l/n), 8) nlimm m.
sin x

§ 3.4. Npegen

X

Pzcemotpum dynkunio (puc. 66)
sin x

= .

X

Oua onpeneneHa 1Ja BceX 3HaueHHE X, 32 HCKJIOYEHHEM
x=0. Tlocmo1pum, Kak u3MeHsiercs 5Ta GYHKLMA, Koraa x

g4
Pt _
-G 27 -z 0 7 I 37 @
y-4pa
Puc. 66

npuOJIHKAETCA K HYMO Bce OnuKe W GJHXKe, OCTaBasACh OT-
JIWYHRIM OT HvJaa. Bor Ta6awua:
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x 0,50 0,10 0,05

sinx

0,9589 | 0,9983 | 0,9996

Tabiuua HaBOZUT Ha MBIC/b, YTO KOTJ3a HE3aBHCHMaf Mie-
peMeHHas x npubamxaercss K 0, octaBasch NOJIOKUTEILHOH,
¢yHKuUs npubmimkaercd K 1. 10T GakT MOXKHO MOTYyYUTH
U3 reoMmeTpuyecknx coobpaxenuil. Ha puc. 67 usobpakena
OKPY2KHOCTb pajuyca | ¢ LEHTpoM B Hadyaje KOOpAMHAT.
IMycts YAC =o. Torga AB=sina, AD=tga.

Ho Torpa, kak BHIHO U3 pHCYHKa (AJIHHA AYTH OKpPYX-
HOCTH 6OJibllle CTATMBAaeMOH €10 XOpAbl M MeHblle O6GBeMJIo-

el ee JomaHOH), 95
2AB < 2(YAC) < 2AD.

1< -2 <L

sina ~ cosa’
sino
cosa < - <1

d
IosTomy A
2sina < 200 < 2 tg a, @ Y
!

Ecsin Tenepb @ npu6/IHKAaTh Puc. 67
(ctpemutb) Kk 0, TO ¢yHKIOUA
cosa, Kak 5TO BHAHO U3 rpaduka (cM. puc. 67), 6yaer npu-

sin &
6auxarecs K 1. Ho dyHkuns —, Haxomutcsi Bce Bpems

Mexay coso M 1. DTo NMOKasbiBaeT, 4TO OHa CTpeMuTCs K 1,
KOrZla ot CTPEMHTCS K HYJIO, OCTaBasiCh NOJIOXKHTENbHOH. dTOT
(aKT 3anuchIBAIOT TaK:
. sin &
lim —=1, (6")
a—>0 @
>0

sina -
U TOBOPSAT, YTO npedes QyrKkyuu = Koeda o cmpemurncs

K HYMO, NPUHUMASA NOAOJCUMEeAbHble 3HA4eHUs, paset 1.

Ho ecau o — O, npuHuMas oTpHLATeNbHBIC SHAYEHHs, TO
yKa3aHHbi Tpefie] Bce PaBHO CYUIECTBYeT W paBeH 1. Jto
nosyyaercsi u3 (6”) nocpeJcTBOM 3aMeHbl ePEMEHHOM o = — ¢,
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B cuay Kotopol, ecmm & — 0, ¢ <0, T0 £ — 0, ¢ > 0i

lim S22 = fjm $ED gy S, (6"
a->0 a a0 —@ 1>0
oa<0 a<0 I>0
Papenctea (6') u (6”) 06beaMHSAIOT B OJHO;
lim 282 =1, 6)
a->0 h

H TOBOPAT, YTO npedea ﬂ—- npu o — 0 pagen 1,
Hpnmep 1.
lim S22 §3

1n(%¥%ﬂd=&

x>0 X y—>0 y/2 y—=>0

Yrto6bl CBECTH BhIYUCJEHHE STOro npenena K npeeny (6),
JieNlaeM 3aMeHy NepeMeHHOH ¥ Ha y NpH NOMOUIH paBeHCTBa
y=2x. Oqun;u-xo y—0 npn x— 0.

IMpumep 2
1—cosx . 2sin?(x/2) __ . sin®(x/2)
M ST e e
_ 1. sin (x/2) siny =_1 . a1
—lim (4552) =7 Jim (5¢) =3 1=

X
3nech cpenana sameHa ¥ =y, TAe y — 0 mpu x— 0.

YINPAXHEHHUS
1. Boluncauts npenessis

. . sinkx sin 2%, sin x2
a) lim ; 6 11 lim =—-
) x>0 * ) sin 3x ) x>0 ¥ ;
r) lim —= sinx. HE hm E—i'—‘rx
x>0 *

2. TloBTopute BbIBO,Il q)opmy.ubl (6) n sanomuuTe a1y dop-
MyJy.

§ 3.5. Mpenen dyHKUH

Paccmotpum npoussoseHyto dyHKuHI0 y = f (x). [TycTb oHa
onpefleleHa B HEKOTOPOH npasoll oxkpecmHOCMU MO4KY aQ, 38
HCKJoyeHreM, OBITb MOXKET, caMOi TOYKH a. DTO 8HAYHT, UTO
OHa onpejesieHa AJs sHaueHHH X, YIOBJIETBOPSIOIIUX Hepa-
peHcTBaM a < x < a-- 6, rae 6—-HeK0Topoe N0JIOXKUTENbHO
YHCJTIO.
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ToBopar, uto ¢yukyus y=f(x) umeem npasgoui npedea
6 mouxe a, pasueil A, ecnH M3 TOro, 4to X NpHOJHKaeTCs
(cTpeMHTCs)) K @, ocTaasick B TpPaBOi OKPECTHOCTH TOYKH @,
caenyer, uto f(x) npubauxkaercs K A. DT0 3anuChIBAIOT TaK:
lim f(x)=A.
x=>a
x>a

Amnanornuno, ecnu ¢yHKUHA y = f (x) onpeneneHa B JeBOH
OKPECTHOCTH TOYKH @, 32 HCKJIIOYEHHeM, GBITb MOXKET, TOUKH a,
T. €. OHAa 3ajlaHa ]y 3HaueHHH X, YIOBJETBOPSIOUIHX Hepa-
BeHCTBaM a— 08 < x <a (6 >0) npu Hekoropom 6> 0, TO
TOBODSIT, UTO OHA uMeem Aesbiii npedes 6 mouke a, PaBHBIN
uhcay B, ecau M3 TOro, 4To x npuGaMKaercs K a, OCTaBasch
B JIEBOH OKPECTHOCTH a, cJenyer, 4to f[(x) npubmauxaercs
(ctpemutcs) K B. 10T aKT 3aNHCHIBAIOT TaK:

lim f(x)=B.
xX—>a
x<a

Ecan' cymecTByloT JieBHi M NpaBbifi mpenessl QYHKIMH
y=/[(x) B TouKe a U OHU PaBHEI OJHOMY H TOMY XKe yuciay A,
TO TOBOPAT, 4TO GYHKLHS uMeern npedea 8 mouke a, pasHuits A,
H NHWYT

lim f(x)=A.

B stoM cnydyae camo co6o# pasymeercs, YTO ¢yskuusa f
onpenesieHa B HEKOTOPOH NOJIHOH OKPeCTHOCTH a—O8 < x <
< a- 8 Touku a 3a MCKJI0YeHHEM, GbITh MOXKET, CaMOM TOUKH a.

_sinx .
(Dyl-u(lmﬂ Yy= < KOTOPYIO MBI paCCMOTpPEJIH BhILIE, OIpe-

JeJeHa JJA BceX 3HaueHH# X, 3a HCKJoueHueM x=0. Msl
yXKe 3HaeM, YTO 3Ta ¢YHKLHSA HMeeT npeiea npu x— 0,
paBHbIf 1.

QdopMabHO BHpaMeHHe «NpH x, cTpeMmsileMcss K a, ¢ynkuus f(x)

cTpeMuTcss K A» Hago MOHMMAaTh CJENYIOMHM 06pasoM: AJs J106oro
NOJIOKHTEJNbHOrO uHcaa € > 0 maiigercs takoe § > 0, uto

[f)—Al<e
AJI BCex X, yAOBJIETBOPAIOUWIHX HepaBEHCTBAM
0<|x—al|<é.
O ¢yHKRUHH [(X) TOBOPAT, 4TO OHA CMpPEMUMCA K 0O npu

X% — a, ecau AN 3HayeHHH X, AOCTaTOYHO GMHM3KHX K @, OHa
MOXeT cheJaThc M0 abGcoMOTHLIH BeJauuuHe OGoJiblle Kak
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yroaso Gosbiworo uucaa M > 0. B stom cayyae muuiyT

lim f (x) = oo.

X—>a
MoXHO Mpu STOM TOBOPHTb O NPaBOM H JIEBOM Mpejese B
TOYKE @ H 3aMEHSITb CHMBOJ 00 Ha 00 HJIH —o00, €C/H
(QyHKUHs BOJIH3H @ TOJIOXKHTENbHA HJH, COOTBETCTBEHHO, OT-

puuaTesbHa.
Hanpuwmep, Mbl 8HaeM, 4T0
lim tgx=o00 (7
x->7/2

H, 4TO TOyHee (cM. pHc. 42),

lim tgx=-4o00, lim tgx=—o0. ()
x—>7/2 X—>7/2
T x<wy2 x>n/2

3ameTHM, HaKOHEN, YTO B 3THX OIpeJENeHHsIX KOHEeYHoe
YHCJIO @ (TOYKY YHCJIOBOH NpSMOH) MOXKHO 3aMEHHTb Ha CUM-
BOJI .00, HJIK -}oo, WJIH —o00,

BcnomuuM, uto ¢yHkuus y=arctgx sapnaHa ajas Bcex
8HayeHuii x, T.e. Ha HHTepBaje —oo< x <<oo. [Jlas Hee
cnpaBeannBbl paBeHcTBa (cM. § 2.11 puc. 61)

lim arctg x=mn/2, lim arctgx=—m/2,

X—>+® X—>=-®

§ 3.6. JleiictBus c npepenamu yHxunit

Tak xe Kak JAna NpefeJoB nepeMeHHbIX, NpoGeraouux
ToCJ/IeIOBAaTEIbHOCTH, AJNA INpeiesoB (QYHKIHH UMEIOT MecTo
aHaJIorHyHble CBOHCTBA!

lim [ (x) = @ (x)] = lim f (x) & lim ¢ (), 8
lim [} ()0 (9] =lim f () lim g (), ©®)
- f() :lcl-Ta fe) .

em TTmew  (PWH0). (0

B uwacTtHocTH, ecam f(x) ecTb nocrosHHas (f(x)=c), H,
enenoBatenbHo, limf(x)=c, T0
X—>a

}‘I_I)I‘l' [cp (x)) =clim ¢ (x). (11)

BrH cBoiicTBa CHOBa Hajo NOHHMAaTb B TOM CMbIC/e, 9TO €CJIH
CYILECTBYIOT KOHE€UHble INpeJe/ibl B NPaBbiX YacTAX PaBEHCTB
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(8)—(11), To aBTOMATHUECKH CYWECTBYIOT MpeNeNHl B JIEBHIX
YacCTAX 3THX PaBEHCTB W BHINOJIHAIOTCS CAMH PABEHCTBA.
Bepnbl Takxe cpoiicTBa (f (x) £ 0):

li =00, 10 lim ——=0;
ecJu x_rgf(x) 00, TO xT: 1) 0;

. .1
1 =
ecJ xl_)n;f(x) 0, To lg]: 5

3ameuaHnune. B npuBeseHHbIX PaBEHCTBAaX @ MOXKET GHiTh
He TOJIbKO KOHEYHBIM, HO W GECKOHEUHEIM, T. €. MOXeT GhiTb
X — 400, X — —00 HJIH X —>00.

[Mpumep 1.
lim (ax® + bx + ¢) =lim (ax®) 4 lim (bx) +limc=

XX, X=X, X~>Xo XX,y

=a ( limx)‘+blim x+ec=axi+bx,+e

X->Xy XX

= 00,

MpH X, KOHEYHOM.
Mpumep 2.
i 2
lim 24 _ lim, (2 +4) _i+t_,
oo X+2 lim2 x+2 242 =
x>

B stnx npumepax, 4ToObl BBIYHCJAHTb Opefes GYHKUHUH
npu x — @, LOCTAaTOYHO NMOACTABUTb B Hee x = a. B yacTHOCTH,
B mpuMepe 2 3TO MOXHO CcJeJiaThb MOTOMY, YTO KaK YHCJIH-
TeJb, TaK U 3HAMEeHaTeJb CTPEMATCH K KOHEYHBIM TpeiesiaM
¥ [pH 5TOM Npenea 3HaMEHATeNs He paBeH HY.Io.

[Tpumep 3. lim 12— co.
x—3 -3
3necb Heab3ss npumeHuTb cBokcTBO (10), BHIpaxKaloulee,
YTO Npefies YaCTHOI'O PaBeH YAaCTHOMY NpeJeJsioB, IOTOMY 4TO
npejies1 3HaMmeHatessi paBeH Hymo. C Apyrod CTOPOHBI, Hano
CYMTATh OUYEBUIHEIM, UTO €CAU wucAumenrp 0pobu cmpemumcs
K KOHEMHOMY HUCAY, He DABHOMY HYAMO, Q BHAMEHAMmEAb Cripe-
mumes K Hyao, mo 0pobsv cmpemumca K OeckoHeurocmu.
IIpumep 4. TpeGyercss BHUHCAHTbL Npele
x2—4
x—2"

lim
x—>2

Pemenue. B naHHOM cayuae yuCJHTENb H 3HaMeHaTeNlb
ApOOH CTPEMATCS K HYJI0 M COOGpa)KeHHsl, NpPHBEJEHHbIE
B npumepe 3, Toxke HempumenuMel. Ho BOT Kak MoxHO mo-

x2—4
crynuts. st moGoro x =42 uMeeM ——p =x+-2, a TaK Kak
np¥ onpeAeNeHHH mOpeaesa OpPH X — 2 COBCEM HE MPUHH-
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MaeTcsd BO BHHMaHHE aﬂaqeﬂne f B TOYKeE x=2, TO

lim £ = 11m (x+ 2).

x->2

Taxkum o6pasoM, BMECTO TOrO qTo6bt BBIYUCAATD mpefen Gonee

X
CJIOXKHOH Cl)YHKU.HH (( 2)), JAOCTATOYHO BbIUYHC/IATDH npenen

Gosee npoctoit dyHkuun x -+ 2. [Nocneaunét npu x — 2, oye-
BUJHO, paBeH 4. Benp
llm(x+2)—hmx—|-hm2 24+2=4,
X2
BbIlIHCJleHHﬂ, CBfI3aHHBIE C HAaXOXIEHHWEM JaHHOro Mmpe-
Jena, o6GbIYHO pacno.naraloT CJeAYyIOMUM 06pa3oM:
lim 2 —=; pr— —llm(x+2)-llmx+2 4,

x—2

—2

[MopuepkHeM, 4TO GYHKUHH f(x)= HQ(x)=x+2
ABNAOTCA pasHbMH yHknusaMH. [lepBas u3 HUX ompenenena
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NSl X =2, B TO BpeMs KaK BTOpas ONpeJe/ieHa IS BCeX X.
Onnako npu BhHIYMC/IEHHH Npefeta (YHKUHH NPH x — 2 HAC
COBEPLIEHHO HE MHTEPECYET, ONpejieieHbl HJIH He OnpenesieHbl
3TH (YHKIHM B caMOH TOYKe Xx=2, U TaK Kak f(x)=¢(x)
ama x5=2, 1o (puc. 68 u 69)

lim f () =lim ¢ () = ¢ (2).

MNpumep 5. Oynkuus y=sin-§- (rpaduk ee H306paxeH Ha

puc. 70) ompeleneHa JAgas Bcex 3HaueHHi# x # 0. OHa omnpegenena,
TaKUM 06pas3oM, B OKPECTHOCTH ToykH x=0 3a HCKJIOueHHEeM caMoil
ToukA x=0. dra ¢(yHKUHA He uMeeT TpeXena npu x —» 0, moTomy

: o . 2
YTO MOCJIel0BATENbHOCT OTJIHYHBIX OT HYJS 3HaueHHM xk=m—)
(=0, 1, 2, ...) CTPeMHTCS K HYyJIO, H B TO e BpeMa | (xp) = (—I1)F
He CTPeMHTCS NpPH B — o0 HH K KaKoMy mnpefeay.

YINPAXHEHUA

1. ChopMmynupyiiTe yTBEpPXKIEHUA O Mpejese CyMMBl, pas-
HOCTH, NPOU3BENEHUS M YacTHOTO (PyHKUHH.

2. Urto 3HauHT, YTO PYHKIHUS CTPEMHUTCA

a) Kk oo, 6) K -}-0c0, B) K —o0
npu x — a?

3. BouluncauTh npepedsl:

s ot . 1—cos 2
1) lim S2E% . 9) fim BE; 3 |im ~ 982X,
x—0 x x x>

x>0 0 3 le ’
4) limctgx; 5) limctgx; 6) lim f}:—l— ;
x>0 x—>0 x—>0
x>0 x<0 ) .
7) lim (x*—20x%241); 8) lim (x*—20x+1);
X+ ® ) ) )
9) limZ=1; 10) lim (/% F1—/ *—1).
x—>1 X—>® .

§ 3.7. HenpepoiBHOCTD (PyHKUHH

Ha puc. 71 wusoGpaxen rpapuk OyHKUHH y=f(x)
(<< x<b). Ero ecrectBeHHO Has3BaTb HenpepviéHoiM Tpacdu-
KOM, TIOTOMY 4TO OH MOKeT GbiThb HAapHCOBaH OJHMM Hemlpe-
PHIBHHIM JBHXKEHMeM KapaHpama Oe3 . OTpbiBa OT OyMarH.
3ajanuM TpPOM3BOJIBHYIO TOYKY (UHCJO) x OTpeska  [a, b).
Buanskas K Heit apyras Touka x’ orpeska [a, b] moxer GbiTh
sanucaHa B Buje x =x--Ax, rie Ax ecTb YHCJO MNOJOXKH-
TeNbHOe WJIH OTPULIATeJbHOE, HA3blBAEMOE NpUpalyeruem X.
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Paznocth
Af=Ay=f(x+Ax)—f(x)

HasbiBaeTcs npupaujeHuem ¢yraxyuu [ B TOUKe X, COOTBETCT-
pylomum Tnpupamennio Ax. Ha puc. 71 Ay paBHo AnHHe
orpeska BC.

Bynem cTpeMuTb Ax HempephBHO K HYJIIO; TOrja s pac-
cMatpuBaeMoii (YHKIMH, OUeBHIHO, H Ay Oyler CTpeMHTbCA

K HYJIIO:
Ay — 0 (Ax — 0). (12)

PaccmoTpuM Tenepb rpaduk ¢yHkuuu F (x), nsoOpaxeH-
Hbiil Ha puc. 72. OH COCTOMT H3 ABYX HeNpepbIBHBIX KYCKOB

4 i 5"___’;7
1
4 o T
o A 7 A A
8 = |
' !
! )
: N o
: 1 % : 1
! . ] .
‘-0 B q & ;Z""d@ & & 0 /4 wﬂ %+A%b _'w
Puc, 71 Puc, 72

PA n QR. OnHako 3TH KYCKH He COeAMHEHBl HelpephiBHO,
W NOTOMYy TpadUK eCcTeCTBEHHO Ha3BaTb pa3pbigHuiM. B Touke
X, HAM HaJ0 KaK-TO ONpPEeeNHTb Hamy (yHKIHIO; YCJAOBUMCH,
yto F(x,) paBHO JJuHe OTpe3Ka, coenuHsiomero A U x,;
B 3HaK 3TOro Touka A Hn3o6paxieHa Ha rpaduKe XKHpPHO, B TO
BpeMsi KaK y TOYKH ( HapHCcOBaHa CTpeJiKa, YKasblBaKoluas,
y10 Q He npuHajnexuT rpaduky. Ecan 6b Touka Q npuHaz-
A:kana rpapuky, To (yHKIuA [ Oblla Obl  BY3HAUHOM
B TOUKE X,.

[Mpupanum Tenepb x, npupaileHHe Ax; ¥ ONpeAEJaHUM CO-
OTBETCTBYIOLLeE NpHpaleHHe GYHKIUHU;

AF =F (xy+ Axy)—F (x,).

Ecau mMbl 6yaeM Ax, CTpeMHTb HeNnpephIBHO K HYJIO, TO Te-
nepb yxKe Hesb3sl €KasaTb, YyTO AF OyZeT CTPEMHTbCH K HYJIO.
Lns oTpuuaTesNbHBIX Ax,, CTpeMsIIHXCS K HYJIO, 3TO TaK,
HO JJIf TOJIOXHTEJbHBLIX BOBCE He TaK! M3 PHCYHKa BHIHO,
yto ecqu Ax,, 0CTaBasiChb NOJOXHTEJbHBIM, CTPEMHTCA K HYJIIO,
TO COOTBETCTBYIOIlee NpHpalleHHe AF NpH 3TOM CTPEMHTCH
K TOJIOXKHTeJbHOMY YHCJY, PaBHOMY AJsMHe orpe3ka AQ.
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IMocne 3THX paccMOTpeHHii €CTECTBEHHO BBECTH CJIEAYIONICE
onpenenenne. Pynxuus f, sananHas wa orpeske [a, b], Hasbl-
BAETCH HeNpepoleHOU 6 Mmouke X 5mo020 OmpesKka, €Cid TpHU-
palleHHe ee B 3TOH TOYKE, COOTBETCTBYIOIEE I1PHPALIEHHIO
Ax*), cTpemuTcs K HyJio npn Jo6oM criocobe crpemyeHHs
Ax x Hymo npu Ax>0 u Ax<0. Oto cpoiictBO (Hempe-
PBIBHOCTH B X) 3anuChiBaeTcsi B BUJE COOTHouweHHus (12) nim
elle Tak:

lim Ay=0. (13)

Ax—>0

3anucek (13) ynraercsa Tak: npenen Ay paBeH HyJo, Korna Ax
CTPEMHTCS K HyJii0o mo Jo6oMy 3akoHy. Brpouem, Bbipaxe-
HUe «mo JIo60My 3aKOHY» OOBIYHO OMYyCKaloT, Mnojpa3yMeBas
ero. B yacthocti, Ax MoxeT npoGeratb JOGYI0 CTPeMALLYIOCS
K HYJIO NOCJeN0BaTeNbHOCTb, 3HAYeHHSI KOTOPOH MOryT GbiTh
KaK TOJIOXKHTEeJbHBIMH, TaK M OTPHIIATe/IbHBIMH.

Ecan onpenenennas Ha orpeske [a, b] dyHkuus f ne sp-
JisieTcsi HelpephiBHOH B TOYKe X 3TOrO0 OTpe3Ka, T. €. B 3TOii
TOUKe JJIS Hee He BhHIMOJHsETcs cBoficTBo (13) xora 6bl mpu
OJIHOM crocoGe cTpeMmJieHHsi AX K HYJIO, TO OHa Ha3blBaercs
paspoleHotl 8 mouke X.

®yuknusa, usobpaxKeHHas Ha puc. 7!, HenpepriBHA B JO-
Goit Touke x ortpeska [a, b], yHKuus ke, u306paxeHHas Ha
pHC. 72, oueBHAHO, HempepeiBHA B JMIO60H TOYKe X OTpe3Ka
[a, b] 3a uCKIIOUCHHEM TOYKH X,, MOTOMY 4YTO /s TOC/El-
Heft coortHoweHue (13) He BoinonHsAercs, Korma Ax,— 0,
OCTaBasCh MOJIOXKHTEJbHBIM.

@dyukuusa, HenmpepblBHAS B JIIOOOH TOUKe OTpe3Ka (HHTep-
BaJia), HA3LIBAETCH HENpPepuléHOll HA HeM.

HenpepeiBHasi (GyHKIHSI MaTeMaTHYECKH BHIPaXKaeT CBOH-
CTBO, C KOTODBIM HaM TPHUXOJIUTCS YacTo BCTpeuaTbes Ha
npakTHKe, 3aKJoyalolleecss B TOM, YTO MaJiOMy NpupalleHHIo
HE3aBHCHMOH NepeMeHHOH COOTBETCTBYET MaJjioe Ke MNpupa-
IieHHe 3aBHCHMOHM OT Hee nepeMeHHOH (DYHKIHH).

[IpexpacHbIMH NpPUMEPAMH HeENpPEepPbIBHOH (YHKUHH MOTYT
CAYXUTh pPasjMYHbE 3aKOHBI JBHXKEHHA Tel $= f(f), BbIpa-
JKalolllye 3aBHCHMOCTH TNYTH S, NPOHIEHHOro TEJIOM, OT Bpe-
MeHH {. BpeMmsi H NpPOCTPAHCTBO HENPEPBIBHBI, MpPH 3TOM 10T
WM HHOH 3aKOH JBMXKEHHs s= [(f) ycTaHaB/JUBaeT MCXKRY
HHMH OINpeJeNeHHYI0 HeNpephIBHYI0 CBfA3b, XapaKTepH3ylo-

*) 3pech uMeercsi B BHAY Ax Takoe, uTo Xx-AX DpUHALIEKHT
[a, b].
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mylocs TeM, YTO MaJoMy NPHPAIHEHHIO BpeMEHH COOTBETCT-
ByeT Majioe NpHpAaIleHHe MyTH.

K aGcTpakuyn HenpephIBHOCTH YeJIOBEK NpHILes, HaGJoaast
OKpY2KalolllHe ero TaK Ha3blBaeMble CIVIOIIHBIE Cpelbl—TBep-
Ible, XKHIKHE WJIH razooBpasHble, HaIpuUMep MeTalliel, BOAY,
Bo3ayx. Ha camom jnene Bcsikas ¢u3uyeckass cpefa npeacTas-
Jser coboil ckonJieHHe GOJILIIOTO YHCJA OTAENEHHBIX APYr
OT Jpyra ABHKyluXca yactull. OIHAKO 3TH YacCTHLBI M pac-
CTOSIHHSl MEXAY HHMH HacCTOJIbKO MaJbl [0 CPaBHEHHIO ¢ 00-
eMaMHu cpell, ¢ KOTOPHIMH NPHXOAWTCA HMETh JeJI0 B MaKpo-
CKONMHYECKHX (U3UYECKUX SBJEHHAX, YTO MHOTHe TaKue
ABJIEHHS] MOXKHO JOCTaTOYHO XOpOIUO H3YyyaTb, €C/IH CYMTATb
NpHOJHAKEHHO Maccy M3yuyaeMoH cpelbl HENpPEpLIBHO pacrpe-
JeJIeHHOH, 6e3 BCAKHX IMPOCBETOB B 3aHSITOM €i0 MPOCTPaH-
ctee. Ha Takom zonywennn Ga3upyiorcs MHOTHe (u3HyecKue
AMCIMIVIMHBI, HanpHMep THAPOAMHAMHKA, a3pOAHHAMHKa, Teo-
pust ynpyrocTH. MaremaTHueckoe NOHATHE HENPEePLIBHOCTH,
€CTECTBEHHO, HIDaeT B STUX JHUCLHMI/IMHAX, KaK W ‘BO MHOTHX
JApYTHX, 6o.nbmylo poJIb.

H3 (12) cnenyer

}_131 fx)= il_fg [f (%) + (F () —f (x:))] =
= "ILT f(xo)+ "1_1::1 U ) —F (x0)] = f (x0) +0 = f (x,),

H MBI MOJYYHUJIH PABEHCTBO

,lffi’ F)=F (%), (14)

KOTOpO@ MOXKeT CJIYXKHTb APYrHM SKBHBAJIEHTHBIM OIpejese-
HUEM HeNpepbiBHOCTH [ B TOUKe X,: ecau ynxyus [ Henpe-
puisHa 8 mouke X,, mo oxna 0oAxcHa Obimb onpedeseHa 8 OK-
pecmHocmu 3moti MouKu, 8 MOM 4ucae 8 camoll mouke x,,
doancer.  cyujecmsoeams npedea | 8 mouxe x, U Q0AHCHO bt~
noanamocs pasgericmeo -(14).

PaBenctso (14) MOXHO elle 3anucaTh TaK:

1imf(x)=f(limx . (15)

X%y X>Xo

[oBopsaT, yTo ecnu GYHKIHMA f HenmpepbiBHa B TOYKE X,,
To «Opefen f(x) npu x— x, paBeH f or lim x», Uiy eme
rOBOPAT, 4TO B 5TOM CJIy4Yae CHMBOJHI f U lim mepecTaHOBOYHbL
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§ 3.8. daemenrapubie yHKUUM

Dyukuun x?, sinx, cosx, tg x, arcsin x, arccosx, arctg x
U QyHKLIHM o* u lg, x, KOTOphIe paccMalpuBaloTcs B CJIEAYIO-
e TrJaBe, Ha3bIBAOTCA NPOCMELUUMU  SACMEHIMAPHOIMU
pynryusmu. OHH HenpepbIBHBI Ha 06J1aCTAX HX OuUpeneseHHs
(uHTEpBaZaX HJIM OTpe3Kax). DTO Haj0 YYMTHBATh INpPH Bbl-
yucJaeHHH npejenoB 3tux ¢yHkuui. CnpaBenuBbl, Hanpumep,
paBeHCTBa:
) limx"=x§ (n=1, 2, ..., —oo < xp <00);
X=>Xo

2) lim x*=x8 (p+0, 0 < x, <o0);
XX,

3) lima*=a% (@>0, a1, —oo < %, <oo);
XXy’ '

4) lim log,x=log,x, (a>0, as1, 0 < x, <oo);
X—>Xo ’

5) lim sinx=sinx, (—oo < ¥, <oo);

X=>Xo .
6) lim cosx=cosx, (—oo < x, <00);
X—DXQ
. 1
D limtgx=tg (xﬁe (k+7) m,
k=0, &1, +2, )

8) lim arcsin x=arcsinx, (—1<x, x<<1);
<

X—>Xq

9) lim arccos x=arccos x, (—1

X~>Xo
10) lim arctg x=arctg x, (—o0< x, <00).
X—>Xg
Ecau npocreiiiuve sneMeHTapHble (GYHKUUH KOMOHHHPO-
BaTh, . paspelasi NPUMEHATb KOHEYHOE YHCJO pas onepaiuuu
C/IOXKEHHS, BHIYMTAHHA, YMHOXEHHA, ACNEHHA W (QYHKIUH - OT
bynkuud, To 6yneM mnoayvatb (YyHKIHMH, KOTOpble Ha3biBa-

I0TCH e MeHMAPHOLMU (PyYHKYUAMU, Hanpumep, 2413, V T— 43,

cos®x?, tg 7, i—T’l‘—aJlemem'apﬂue dyHrUUH.

xlh x< l);

§ 3.9. HenpepbiBHOCTb CJIOXKHOH (YHKUHH

[Ipu Beuuciennu npefenoB yHKUMH HALO YYHTHIBATh,
YTO €C/H (PYHKUMA ¥ = @ (4) HeMpepuIBHA B TOUKE U, a PYHK-
uMs f(x) HempepbiBHAa B TOUKE Xo= @ (U), TO DYHKUUS

F(u)=fle @)
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HeNpepeIBHA B TO4YKe 4, Bemb
lim F(u)= llmf[tp @l=_ 1{3)1” flo(W]=
—il_lg fX)=F(x)="F[o(u,)]. (16)

Mpumep 1. Oynkuuwo y=sinx® MOXKHO 3anHcaTh uepe3
JlBe HempephiBHBE (QYHKLHH Yy=sSinu, u=x% No3ToMy OHa
TOXE HenpepbiBHA JIJISi BCEX X.

Mpumep 2. Pynruuo

y=V1—x

MOXKHO 3anucaTh B BHAe Lenu (QyHKIHH

y=Vu, u=1l—v v=xi

[TepBas u3 aTux Tpex QyHKLHI HenpephlBHa Aasa u =0, BTO-
pas HenpepbiBHa A/ BceX U, M TpPeTbl HenpepniBHA AJsi
BceX x. JTO TMOKa3blBaeT, 4YTO HCXOAHas (YHKLHSA Henpe-
pHIBHA JJ1sl BceX TeX X, s KoTophix 1—x%>0, T.e. aaq x,
yJIOBJIETBOPAIOLMX HepaBeHcTBaM —1 <Cx < 1.

YIIPA)XHEHHUA

1. BuIICHHTB, AN KaKHX X HempepeBHH (QYHKUUH COS® X,
cos3x, tg2x, x*+2x—1, x+3

HenpepoiBHEIE hyHRINH oﬁpasym OCHOBHOH KJiacc (YHK-
IMH, ¢ KOTOPSHIMM ONEepHpyeT MaTeMaTHUECKHH aHasu3.

§ 3.10. PaspbiBHble dyHKUMH

"PaspoiBHBIe (PYHKIMM ONMCHIBAIOT CKauykooOpa3Hble Hpo-
necchl, Berpevawomvecs B npupoge. Ilpu ynape, nHanpumep,
BEJIMYMHA CKOPOCTH Tesla MeHsieTcsl cKaukKooGpazHo. MHorue
v\ KayecTBEeHHHIE MepexXoibl CONMpPOBOXKAA-

I0TC CKaUKaMH.
ITpumep 1. Ynpyrufi wapux aBu-

A rajcsi TpsIMOJMHEHHO W paBHOMEpHO
> CO CKOpOCTBIO U,. B MOMeHT BpeMeHH
a9 % ¥ f, OH yJapuJcsi O CTeHKY H MocJe

o e 9TOro CTaj HBHTATHCA B NPOTHBONO-

Puc. 73 JIOXXHOM HanpaBJIEHHH C TOH XKe CKO-

POCTBIO ¥,. 3aBHCHMOCTb CKOPOCTH HIa-

pHKa OT BpeMeHH ! H3o0pakeHa rpabukoM Ha puc. 73, pas-
PHIBHBEIM B TOYKE /.
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IpakTHYECKH MOXHO CYHTAaTh, YTO CKOPOCTb B MOMEHT f,
H3MEHHNACh MTHOBEHHO: B MOMEHT f, OHa elie paBHAJIACH U,
a npu ¢ >, craja paBHOl —u,.

I'paduk usobpaxaer dysxuuio v(f), onpenensieMyo cle-
JYIOIHMH paBeHCTBaMHU:

v (E<<t),

J
O=\_u, (>1)
Ouna paspriBHa Npu f=1, 1 HenpepblBHa MJfA OCTaJbHBIX
t(tt,).

ITpumep 2. 3aBucumocts Q=f(f) Mexay Temnepary-
poi#l ¢ ofHOro rpamMma BOJBI (/1bZa) H KoJHYecTBOM Q Kasopuii
Haxofsiulerocss B HeH Temsa, KOoria ! M3MeHSETCH MexAy
—10° u +10°, ecqin MpUHATH YCJOBHO, YTO MNpPH g
—10° Beauuyuna Q= 0, BhIpaxKaercst cjaeLyOILUMH
tdopMysamu: 8

0,5¢4+5, —10<<¢t<O,

f(t)={t—|—85*), 0< < 10.

45
Mur cuntaeM, 4TO TemnsoeMKOCTh Jbga pasHa 0,5.
Ilpu t=0 sta QyHKIHA OKasbiBaeTcs Heompeje-
JICHHOH: MHOTO3HAayHOH; MOXHO JJs yjao6cTBa yc- 5
JIOBUTBCS, 4TO Npu =0 oHa NpHHHMaeT BHOJHE 2L

L
onpejeneHHoe 3HaueHuwe, Haupumep f(0)=45. W W't
Dyukuus Q=f(f), oueBMAHO, pa3pLiBHast MNpH  Puc. 74
t=0, usobpaxkeHa Ha pHuc. 74.

sinx

Ha puc. 66 usobpaxen rpaduk ¢yHkuun f(x)=—-.

Ona onpejneneHa u HempephiBHa a5 Bcex x 5= 0. Hempepbnis-
HOCTb CJefyeT u3 TOro, 4to QYHKUMH y=sinx U y=x OT-
JIe/IbHO HeMpephiBHBI, [O3TOMY HX YacTHOe TOXe eCTb Herpe-
pHIBHas (YHKIOUA JJ5 TeX X, IJIS KOTOpbIX 3HaMeHaTeslb He
paBeH HyJo, T.e. I/ Bcex X, Hckmouass x=0.

M3 rpajuxa BuAHO, © Mbl 3TO MOJKpENHJH Bbillle BHIYHC-
JIEHHSIMH, YTO

li =lim 8% _ 1,
fim f () =lim =

Tonosxus' f(0)=1, Mel noayuum, yro ¢yHKuua f(x) Gyner
ompefe/sieHa M HelpepbiBHA AJs BCeX X, B ToM yucyae H x=0.

*) Yaenvnas temnora TasHus Jpfa npu 0°C paBHa 80 kaa. Ha
Tpamm.
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OGpaTuM BHHMaHHe Ha rpadHK QYHKUMH y=sln-l-, Hao6paxen-

wbifi Ha puc. 70. dta ¢YHKUHA He ompelesieHa MNpPH x 0, n ee mpe-
Aeabl B Toyke x=0 (npaBhlil U JeBHIi) He CYleCTBYIOT. CJxenonaTeano,
byHKIHS sm-; 6yner uMeTh paspeB B Touke x=0 npu Jo6om jpoomn-
pelieJIeHHH ee B STOM Touke.

Yacto BeTpevaioTcss GYHKLUHH f(X), HenmpephiBHEIE Ha He-
KOTOPOM HHTepBaJie, 3a HCKJ/IOYeHHeM OTHEJbHBIX TOUEK X,,
rie

lim f (x) = oo.

X—>Xo

ToBopsiT, yT0 B Takux Toukax yHKuus f obpawaemcs 6
Geckorneurocms. Hanpumep, dynkuus

x24-1
(x—2) (x+3)

HenpepbiBHa Ha (— oo, ©0), 3a HCKIIOYEHHEM TOUEK X=2,
x==—3, TZe oHa o6pailaercsi B (GeCKOHEYHOCTb:

%241 x241
im ey => M amars

3ameuanue. Hazno 3HaTh ABa onpejesieHUs! HeNpepHIB-
HocTH (yHKUHM f(x) B TOuKe x,: 1) Ha sA3bIKe NpUpaleHuH
(ecmn Ax —0, To Ay—0) u 2) 11m f(x) f(x,). Haro snatb

= 00

TaKxe, YyTO ecjau GyHKuua f(x) Henpepbmﬂa B J/OGOH TOYKe
UHTepBasna (oTpe3ka), TO ee rpapuUK HenpepLiBEH Ha 3TOM
UHTepBase (OoTpe3ke), U OOpaTHO, HENpepHIBHOCTb TIpaduka
f (x) Ha uHTepBaJie (OTpe3Ke) BJeUeT HenpepbIBHOCTb f(X) BO
Bcex ero Toukax. PyHKuus pa3pbiBHA B TOYKe X, €CJH OHa
He fIBJISIeTCSl HelpephiBHOH B HeH.

YIOPAXHEHHUS

1. Uro takoe npupainenue Ay pyHruun y= f(x) B Tou-
Kax X, COOTBETCTBYIOLlee NMpHpAlleHHI0 apryMeHra Ax?

2. ChopmynupyiiTe HenpepblBHOCTb GYHKUHH Y = f (X)

a) Ha si3blKe CBOHCTB ee rpaguka,

6) npu nomoumu Ay u Ax.

3. Ecnn dyHkuns [ HempepriBHA B TOYKe X,, TO KaK OHa
BeJeT ce6s npH X — X,?

4. IlpuBenure nNpuMepn PaspbIBHBIX (YHKUMH.
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5. [lepeuncnure npocreiiuue snemeHTapHBIe QYHKLHH.

6. Kak onpenensiorcs 3neMeHTaphbie (yHkuuu? [Ipuse-
JUTE TPUMEpHL.

7. Ilpusenunte npuMepsl GpyHKIHH, 0GpalaAOINXCA B TOYKE
B GEeCKOHEYHOCTb.

8. B kakux Toukax ofGpaujatorcsi B GecKOHeYHOCTb (YHK-
LMK

1 x-4-1 x24 x4-2 x—2?
x® E—3xF2’ x—3 ' x5

9. Boyncauth npepesbi:

N . . X2—1 . .o ox2—1
a) lim =i O lim gy

X > X =» 00
8) lim VitB—2Vitl, p |jysnVx.
>3 x—9 x>0 X
3 f—
. tgdx . V/x—6 42
lim =—; e) lim “——7—%—"
ﬂ)x—?}) x )xinlz 48



I'JIABA 4

MOKA3ATEJIbHAA, JIOTAPU®MHUYECKASA
U OBLIASl CTENEHHASI ®YHKUHH

§ 4.1. CpofictBa ¢yHKuMH a*

INokasarenbHas GYHKIHUA a* NS NOJIOXKHTENBHOIO YKCJIA a,
He pasHoro | (a> 0, as~1), onpenensnack B LIKOJEe HA pas-
JMUHBIX 3Tanax oOyYeHUs 1Js X HaTypaJibHHEIX, LeJIBIX W palu-
onanbHblX. Huxe oHa GyjeT ompeneseHa AJisi NPOU3BOJBbHBIX
JeACTBUTENIbHBIX X.

9l y=atasr r A
4 A

A 14

-y @
___,__/ - - Ny&
74 @ & & J z
a 7]
Puc. 75

Hmetor mecto criepytomue QyniaMeHTaabHble CBOHCTBA
nokasaresJIbHOH (pyHKLIMHU:

a=1, (1)

>0 (—oo < x< ), @)
a* ¥ =q*a¥ (—oo < x, y < 00), (3)
(@*)¥ =a¥ 4)
H, ecain a > 1 (puc. 75,a), 10
@ <a¥ (—oo<x<y< o), ()
a*— 400 npu x— -+ oo, (6)
a*—0 npu x——oo. (7)

Ecau xe a<1 (puc. 75,6), T0o B culy paBeHCTBa

1
(1/a)**

a* =
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n u3 (4), (5), (6) cunemyer, uro

" >a?  (—oo <x <y < 00), (")
a*—0, ecnmdu x— - oo, (6"
a*— 4 00, ecIm x-——oo, (7"

Kpowme Toro, cnpaBeniuBo CBOHCTBO: HOKA3AMEAbHAA PYHK-
yus a* HenpepoléHa Ha ecell Oeiicmsumenbroti ocu.

Ha puc. 75 wusoGpaxkeHsl rpabukn a* mpu a>1 u
O0<a<l.

§ 4.2. a” ans uenblX M pallMOHAJbHBIX X

Ecau n—HaTypasbHOE YHCJIO, TO YHCJIO @" Onpejessercs
KaK NpoN3BellecHHe a™=a...a U3 N COMHOXHTeJeH, KaXApli
U3 KOTOpBIX paBeH @, a YHCJIO @~"—TpH MOMOILLH paBeHCTBA

Mo onpepenenuio a’ =1, a*=a.

DM (QYHKUMS @ onpeleneHa Iisf JOOHIX LeJbX 7
(n=0, +1, £2, ...). Cpoficrea (1)—(7) an1s wneJabIX X
npoBepsitoTcsi Jnerko. Ecau g—HatypanbHoe, To uucao al/?
onpejenseTcs Kak apudmeTruyeckoe 3HaueHHe KOpPHSI ¢-H cre-

men us a, T.e. a'9=1{/a eclb Takoe HeOTpHUATENbHOE
YHCJIO, ¢-1 CTeleHb KOTOPOro paBHaA a:

(@)1 =a. y=27

Ha camom pnene sto umesno nosio-
XKHTENbHOE, NOTOMY YTO g-1 CTeNeHb y
HYJs €CTb HyJb, @8 B JaHHOM CJyuae 7
a> 0. ;
BosHuKaeT BONpOC O CyleCTBOBaHHH I

|
|

yucsaa a'/9, T. e. eCTb JH Ha CcaMoM
IeJie TaKoe TOJIOXKHTEJbHOE UHCJIO, -5 Y,
CTerNeHb KOTOpOro paBHa a. Jla, ecTb.

Y6enumcs B 310M. PyHKUHA Puc. 76

y=x1,

rjie g—HaTypaJbHOe YHMCJIO0, HMeeT AAs 3HadeHHH x >0 rpa-
¢uxk T Bupa, kak Ha puc. 76. Oppunata y Touek I' Hempe-
puIBHO Bo3pacrtaer oT 0 1o - oo, Korja ee abcuucca Hemnpe-
peiBHO Bospactaer oT 0 o -+ oo. IlpoBesem Bbime ocH x
npsAMylo, napaJJje/bHyl0 OCH X, Ha pacCTOSIHHH, PABHOM a.
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Ona nepecekaer I' B oxHoli-efMHCTBEHHON Touke A, abcuuccy
KoTOpoH oGo3HauuM yepes b:

CaenoBareJibHo,
b=a'l.

Mur pokasaniu cymecrBoBaHue yucsaa b=al/? rpadpuueckum
MetozoM. MoxKHO JoKa3aTk 3TO H (popMasbHO, He obpalasch
K rpapuky. Uncno b—enuHcTBeHHOe: JoGoe JApyroe 4yuclo,
BO3BeJIeHHOe B CTeNeHb ¢, JaeT 4HCJIO JHGo GoJbllee, yeM a,
Ju60 MeHblllee, YeM a.

M3 eIMHCTBEHHOCTH BhITeKaeT cienyowui dakr: ecan A
H B—nosoxuTenbHble yHcaa H

A9=PB9,

A=B.

B camom neme, A u B cyTh apudMernueckue 3HayeHus
KOpHS ¢-#i cTemeHM H3 ofHOro u Toro e yucaa. Ho Toraa
A =B, noroMy uto apupMeTHuecKoe 3HaueHHe KOpHS ¢-H
CTeNeHH H3 MOJIOXKUTENbHOrO YHCJAa eIHHCTBEHHO.

[Tycte Tenmepp p/q ecTb NPOM3BOJNBHOE MOJIOKHTENbHOE
paliOHaIbHOE YUCJIO (p U g—Uledsie, g > 0).

[To onpenenennio

@?lt = (a'0)P = (a?)1" nmm  a@?lt = ({/ )’ = {/aF.

31ech nepBoe PABEHCTBO JaeT OMNpejAeseHHe aP/d, BTOpPOe Ke
MOXHO J0Ka3aTb. B camoM Jesie, ecii BO3BeCTH TPeTHH uJieH
B (8) B ¢-10 cTeneHb, TO NOJYYHUM aP, a €CJAH BO3BECTH BTO-
poit ujeH (8) B g-10 cTeneHb, TO TOXe MOJIYYHM ar:

(Va)ri =[(/ &) =ar.

Otum (YHKUMA a* onpejeseHa A/ JIOGBIX palMOHAb-
Hoix x. Ee cmofictBa (1)—(7) n. 4.1 jans pauuoHaJbHBIX
X, Y BBITEKAIOT ns LOOTBCTCTBYIOLI.UIX cBoiicTB KopHe#. Hanpu-

Mep, ecisH x———, y——- apo6u (g, S—HaTrypa/lbHBHE H p,
r—1eJnee), T
2 r ps rq

oV =0a"a° =a®a" =%/ ars %/ a0 =
ps+rq
="‘s/aps+rq =q 9 =q*tV,
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§ 4.3. a* naa peficTBUTENbHBIX X

Moxasameabrol yuKyueil a* HasbiBaeTcs HenpepbiBHAs
(yHKUMSA, ONpejie/ieHHass Ha NeHCTBHTENbHON OCH X, BhIUHCJISIE-

Mas AJsl palHOHAaJbHLIX 3HAYEHUH x=% no ¢opmyJe

a"=f/¢7’7.

M3 sTOro onpenenenusi CJAEAyeT, YTO €CAW X €CTb Hppa-
IIHOHAJIbHOE YHCJIO, TO JJIsi TOrO YTOGHI BBIYUCJHTL a¥, Hajo
B3ATh JIOGYIO MOC/IEN0BATeJbHOCTb PALlHOHANbHBIX YHCEJ 7,

cTpemsimyiocs K x  (r,— Xx), 4 1o- Y .

JIOXKHUTb a* DaBHbIM Npelesy mepe- -

MEHHOH a’k, Korjga r,—x, T.e. -
lim ar* =a*. 9 o~
rR—>x 1o

.
......

B cucreme xoopausar xOy Mbic- 7
JIEHHO OTMETHM Bce TOUKH (X, a¥) AJjs Pue. 77
palHOHa/IbHBIX 3HaueHu# (puc. 77). '
I'paduk nso6pakeH NyHKTHPHOM JMHKEH, 4TOGB MOAYEPKHYTH,
YTO OH COCTOHT U3 TOYEK, COOTBETCTBYIOLIHNX TOJBKO pallHOHAJIb-

HBIM 3HauyeHHUsSM X. DTO TOYKH BHIa (-5—, {’/(F), rne p, g —

nessle U g==0.

OkasbiBaeTcs, TOT rpadUK MOXKHO NMpPOIOJIKHTb AJS JIO-
6bIX HppaLHOHANbHBIX X €NHMHCTBEHHBIM 00pasoM, TaK 4TO
NYHKTHDHAA JIMHHSA npeBpallaeTcs B HENpepbiBHYIO JIHHHIO,
B rpadMK HernpepbiBHOH QyHKuUHH a*.

JlokasartenbctBo cBoiictB (1)—(7) n. 4.1 ana neficreu-
TEJbHBIX X, Y MOXET OblThb MOJYYeHO Ha OCHOBAHHWH TOrO,
YTO 3TH CBOMCTBA BepHBI A/ PAUMOHA/NBHBIX X, Y, TIPHUMEHe-
HHEM MeTOja NpejieJIoB.

Hanpumep, nycte x 1 y— naHHble JeACTBHTE/NbHEIE YHCJIA;
BBOJUM JIBe TNOCJIEJOBATEJIbHOCTH pAallMOHAJbHBIX YHCEN fp
H pg, A5 KOTOPBHIX

sY

rg—X%, Pp—Y.
Torpa
a*a¥ =limatlim a®* =lim (a"#a®) = lima* * °r = q*++,
k—>o k—> k—> o k—>wo
H MBI NOJNYYUM CBOHCTBO (3) AN AeHCTBHTENbHBIX X, Y.

3aMmenanue. ChopMy upoBaHHOE BHILE ONpeesieHNe
nokasate/bHOH QyHKUuM Tpebyer o6ocHoBaHHs. VMenHo,
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Tpebyercsi fOKasaTb, YTO CYWIECTBYET, H NPUTOM €AHHCTBEH-
Has, (QYHKUMSA, YKa3aHHash B ONpeJeJeHHH.

Huxe BLIBOJUTCA HEepaBeHCTBO (HEPAaBEHCTBO BepHmeu)
Ha OCHOBE KOTOpPOro BO3MOXKHO NPOBECTH 3TO A0Ka3aTe/bCTBO.

§ 4.4. Hepasenctso bepHyain

Paccmorpum  dyHkumio a* Ha ortpeske [c¢, d]. Ilosoxum
M =a? CnpaBeptiBo HepaBeHCTBO (a > 1)
|a¥—a*|<2M (@a—1D)|x—y], ¢<x, y<d, |x—y|<],
(10)
Ha3biBaeMoe Hepasencmeom Bepryaau.
ST0 HepaBEHCTBO MOKA3bIBAE€T, YTO €CJAM TMpHpalleHHe
Y—X aprymMeHTa X MaJso, TO COOTBETCTBYiOLiee eMy MpHpa-

IIeHHe MoKasaTeJbHOH (GYHKUHH aY—a* TOXe MaJjo, T.e.
(YHKIMA a* HenpepbiBHA.

Mpumep. Buumcaurs npubamxenno 3V 2. Onpenenuts
a6CoIIOTHYIO MOT PeLIHOCTb.
Pewenne. Ha MuKpOKaabKyAsiTOpe moJydaem
V2 ~ 1,4142136,
3V'2 x 31,4142136 = 4 728817 = 4,72882.

A6conmoTHan norpewiHocTb He npesbliaer (=3, |¥—y| <
<1077, V' 2<2=d, M< 3
2M(a—1)-10-2<2.32.2.10-7=36.10"1 < 10-¢,

[TostoMy pesysbTaT ecTecTBEHHO OKPYIVIHTH A0 MATOFO 3HaKa
nocJie 3ansToM:

372 ~ 4,72882.

Ilagum o6ocHOBaHHe HepaBeHCTBa (10) OTMeTHM NpexnIe BCero
HepaBeHCTBO
(l4+a)¥N=14Na (@>0, N=1, 2,3, .::). (1)
l;pn N =1 ono TtpuBuajsbHO. JlomycTHM Telepb, YTO OHO BepHO INpH
—1:
(l4+oV-1=14+(N=1)a.

Toraa oHo BepHO M npH N:

(4N =@ 4Vt (1+)=[14+N=1a] (I +a)=
=14+Na4+(N—1)aZ2>1+Na,

Mu gokasanu HepaBenctBo. (11) mo Huaykuuu (cM, Jaxee § 11.2).
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Mycts Teneps a > 1 n N—natypanbroe uncao, toraa a'/N > 1 n
iV =l+a @>0), a=(+a)¥=I1+Ne,
1

a—
a—1= Na, —_=a.
N

a—1

CnepoBatenapno, al/V —1 <

Ilyctb Tenepb h-—IpoHM3BOJIbHOE PAaLHOHAJbHOE YHCJO, YHAOBJET-
BopAlomee HepaBeHcTBaM 0 < h < 1. IlonGepem HarypasnbHoe N Tak,
4T06BI

I 1
T—ﬁ<h<W'
Torna LNt
h_ UN g8l a— _
a l<a < N =NFI W <2(a—1)h, (12)
N0TOMY 4TO

1 N1 1
yFish =ty <2
l'lyc'rb Tenepb X H y——pauuonanhﬂb_le ypcJaa, .yuoa.ne'raopmomne

HepaBeHCTBaM |x—y| < 1, c<<x, y<<d 1 M=a9; Torna Ha ocHosa-
HHH HepaBeHCcTBa (12), cuyuTasi, uto y > x U y—x=Ah, noJyuaem

|a¥ —a¥ |=a¥—a¥=a¥ (@¥=*—1) <
<M:2(@—1)(y—x)=2M (a—1) | x—y]|.

Mbl gokaszaqu HepaBeHCTBO DepHyJin Aast panHOHANbHBIX 4HCeJ
5By M=adl c<x,y<d,0<y—x<I):

la¥ —a¥ | < 2M (a—1) | x—y|.

Ecan x—pannonasnbHoe yucjo M nepeMeHHas yp (k=1, 2, ...),
npoberaiomas pauuoHaJbHble YHCJA, CTPEMHTCH K X, TO HMEET MeCTO

4
HepaBeHCTBO la"—-aJ”lg?M (a—1)| x—yp|. Mpasas ero yacts npu
k— oo cTpeMHTCS K HyJI0 (x—yp —> 0), CJ€JOBAaTeJbHO, H JieBas.
OTKyna Aas panHOHaJbHLIX X

a*= lim a’*.
rk->x

Ecau Temepb x— npou3BoJibHOE HppPaUMOHANbHOE YHCJO, TO AJS
HET0 TOXE€ MOXHO NO0A0OpaTh CTPeMSIUYIOCH K HeMy I[epeMeHHYIo

Yr (Yp —> x) ¥ JOKa3aTh, yTO NepeMeHHas o’k umeeT npegena. Ecrecr-
BEHHO era o603HayHThb uepe3 a*. DTHM JaeTcid OIpelejeHHe NOKasa-
TeNbHOH GyHKUMH AJS HppauuoHasbHoOro x. Jlokas3aTeJlbCTBO CyILIECT-
BOBaHHS Npefesia OCHOBAHO HAa yXKe BbiBeJIeHHOM HepaBeHcTBe Bepnyanu
AJsl palMOHaJbHHIX X, y. [lpn sToM mpuxoamtca obpamartbes K Gosee
Pa3BHTOH TEOpDHH NpefeJIOB 4YeM Ta, KOTOPYIO Mbl IOJIYYHJIH B ITOM
kHnkKe. [lepexon B (10) OoT pauHOHaNbHHIX X, Y K AeHCTBHTEJbHHM
HeTpyleH.

[Tpumep 1. Bpumcauts 217 ¢ noMOUbIO MHKDOKa/b-
Kyasropa.
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PemeHue.

(] (7] [=] 3,249009s,

Pe3YJIbTaT BBIMHCAH C TOYHOCTBIO JO €AHHHIBI CEABMOrv pas-
psifla mocje 3ansToi, T.e. aGCOJIOTHAs MOrpeuHocTb He - npe-
Boimaer 107
I'IpnMep 2. BblYHCIHTL HAa MHKPOKaJbKYJsTOpE 71/11
P elIeHue.

-l-l-z [17 (=] [0 11 [=]0,0909091 ( 38nuceisaem),

n
7 = 70,0909091 —

= A0 L [@EE]E] 019 [=]11.19351.

B ouenke Beprynnn npubankenns 71/11 a2 700909001 yyeem
M=21/1L2 a=17, |x—y|<10~?, caenoBarenbHo, aGco-
JIIOTHAsl MOTPEILHOCTh 3TOr0 MPHGJHKEHHS He GoJiblie

oM (a—1)|x—y| < 2-2(7T—1)-10-7=24.10-7 < 10~*.

[TostoMy Mbl OCTaBHJIM TOJMIBKO 5 uH(DpP y OKOHYATEJILHOTO
pesysbTaTa.

YIOPAXHEHHA

1. i Kakoro 4ucja a ONpenensieTcs MNOKa3aTesbHas
byHKuusa a¥?

2. Onpegenure a* AN X HATypasibHBIX, LEJBIX OTpHULA-
TeJbHBIX, PallMOHAJIbHBIX.

3. Majite onpenenenne GyHKUMH a* A1a Jo6oro AeHCTBH-
TeJbHOI'O YHUC/Ia.

4. Cpopmynupyiite HepaseHcTBo Bepuyiu.

5. Bblunucaure Ha MHKpPOKaJbKyJasTOpe uHcaa 2%7, 21
3023 4027 QueHHTe NOTPEUIHOCTb NPHOIHKEHHS.

6. BuiuMCIMTD HAa MMKpOKaMbKyJsTope uucia 2V's, 3V7,
3:1’ Bl/7,

§ 4.5. Yucro e

PaccMoTpuM nepeMeHHYIO X,, MpoGerapuiyio Noc/efoBa-
TENBHOCTb YHCEN X;, X5, Xs,

Onpenenenue. IlepemeHHan x, ocpanudena ceepxy
qucrom M, ecnn BHINOJNHAIOTCS HepaBeHCcTBa X, << M mas
Jobeix n=1, 2, ...
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Onpepnenenue. [lepemennas x, ne y6eisaem, ecau 0an
206020 N
Xn < Xn+i

- Teopema 1. Ecau nepemennas x, He ybeisaem u oepa-
HyuveHa ceepxy wucaom M, mo onHa umeem npeden, pastoiii
HeKomopomy wucay a, He npesoiaowemy M;

lim x;,=a<< M.
n—»w
‘HaMeTyM J0Ka3aTesbCTBO.
Ec/au Ha YHC/IOEOH NPSAMOH OTMETHTb TOUKH Xj, X3, X, ...
v Touky M (puc. 78), To KaxJas nocjelylouias Toyka X, .,
GyleT HAXONMTbCA MpaBee NpeNbIAYIeH X, MM COBNAjaTth

1 1 1 1 il |

g & m, o o a N
Puc. 78

C HeHl M B TO e BpeMs Bce TOYKH X, OYAyT HaXOLHThCA
neee M uiu, Moxer ObITh, KakKas- 60 W3 HUX coBnajaer
¢ M (1o Torma, oueBMAHO, H BCe MOCJEAyoliHe 3a Heil COB-
nagyt ¢ M) n limx,= M.

n—->w

Tak Kak HOMEpOB 7 GECKOHEUHOE MHOKECTBO, TO TOUKH
x 006513aTe/IbHO JIOJIXKHBI CTYILIATBCS OKOJIO HEKOTOPOH TOYKH

<M, Kotopass u Gyjer NpenesoM Xx,.

3aMeanne 1. B Teopeme 1 MOXKHO CYMUTaTb, YTO Me-
peMeHHasl x, OrpaHHYeHa CHM3y yHCIOM m (M <X, n=1,
2, ...) ¥ He Bo3pacTaer (X,,; < X,), M TOrJa TOXe Cyllecr-
Byer npejen limx, = m.

n—>w

PaCCMOTpHM NNEPEMEHHYIO

1\n
=(1+-n-) n=1,2 3, ...) (13)
_Bor Tabnuua mepBbIX ee 3HaUeHHi:
u=2; u,=225 u,~237;, u;~244; ...
Mbl BuauM, 4TO A1 MasbIX n NepeMeHHas u, BO3pacTaer.
MoxXHO ycTaHOBHTb M B OOIIEM cJjyvae, paanaraﬂ BbIpaXe-

uue (13) no ¢opmyse Guroma Hblotona (cm. m. 11.2), uro
(AOKa3aTeJqbCTBO CM. HHXKeE)

u, <upyy (n=1,2,3, ...).

Kpome Ttoro, ¢ nomotuipio pasnoxenus no 6uHomy Hbiorona
IOKasblBaeTcs, YyTo nepeMenHas u, (n=1, 2,3, ...) orpa-
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HHuena cBepxy uncsioM 3. Ho Toraa Ha ocHoBaHMH Teopembl |
nepeMeHHast 4, MMeeT MNpejes, He MpeBbluaomui 3.
dtot npeﬂ.e.n HaswiBaercs 4ucaom e. OH paBeH *)

=lim (14—) =2,71828. .. 14
= tim (1+3) o

Ecnu nonoxute B Qopmyne (14) w=1/n, To noayyum,
yT0 NpU n— oo Oyaer a— 0, H, clenoBaTeNbHO,

lim (14 @)% =e. (15)

a0
Mbi ycranoBusu dopmyay (15) B mpennosioxenus, u4to o
CTPEMHUTCA K HYJIIO IO 3aKORY a=—rll— n=1, 2, ...). Ho

MOXKHO JI0Ka3aTb, YTO 3Ta ¢opMysa (M 3TUM MBI GyjAeM MOJb-
30BaThCsl B JaJibHelIieM) BepHa NpH JoOoM crnocobe cTpeM-
JEHUS o K HYJIO.

Hokaxem NnpHBeACHHBIEe Bblll€ YTBEpXKACHHS.

CorstacHo ¢opmyJie 6uHoma HploTona aJsi HaTypaJbHOLO 71 HMEIOT
MeCTO paBeHCTBa :

u(n)=1-+n +n(n.—-l) l_l_n(n-—ll;(g —2) 13_'_ +

=1+1+’21T(1 )+3, (l—l),(l %)“I' o
ot n!( n) (1__&:_!.),
u(n+1)=1+1+2i,(1—,p%)+§( —=1) (1 i) e
—l—ni,(l—,ﬁll)( Z;:)+(n+1)"

Usensl CYMMBI #(n) MeHbille COOTBETCTBYIOIWIHX YJIEHOB 4 (n--1)
H, KpoMe TOro, u (n--1) nmeer Ha OZMH (MOCJeIHHUI) IONOKHTENbHBIH
uieH GoJsbume ueMm u (n). IMosromy u(n) < u(n+1) (n=1,2, ...)u
nepemeHHas u (n) BospacTaer,

Hanee

1 1 1 1 2
w=2tgr (1= ) gr (1= ) (1= )+ <
1,1 1 1,1 1
<2tgrtgrteo o <2tmtgte A=
11 1

5w 7
=24 <24—2

l—— l—=

2

*) Uuratesnb, KOTOPHIH O3HAKOMHTCS € IiI. 9, MOKeT BBIYHCIHTH
CaMOCTOAITE/ILHO YHUCJAO € C JI060oH TOYHOCTbHIO.

=3'
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ST0 NOKAa3kHIBaeT, UTO nepeMennas u (n) OrpanuueHa CBEpXY YHC-

aom 3.
TakuM o6pasoM, nepeMenHass u(n) Bo3pacTaer M OrpaHHYeHa

ceepxy uucaom 3. Ilo Teopeme | OHa MMeeT nmpeges, He MpeBHUANOMHIN
3, KOTOphIH MBI Ha3LlBaeM YHCJOM €.

Mbl nokasanu paBeHcTBO (14), Korma n crpeMuTcsi K GecKoHey-
HOCTH, npoGerasi HaTypaibHbe uncaa. Ho pasenctBo (14) BepHo H
TOTAa, KOTJla n CTPEMHTCA K co J1I060ro 3HaKa, M NpHTOM npoberas
ao6ble YHCJOBHIE 3HaueHHs, He 00f3aTeJbHO HaTypaJjbhble. JloKa-
KEM 3TO.

IMycTh cHavaja n cTpeMHTCA K - oo, mpoGeras Kakue-nn6o 3Ha-
gyeHHs He o6sisaTesbHO ueable. OGo3HauuM uepes [n] uedylo wactb 7.
Takum o6pa3oM, HanmpHMep,

(7, 31=7, |7]=T.

Jlnsi mo6Goro moJIOXKHTEJNbHOTO yHCJa . HMElOT MEeCTO OuYeBHAHbLIe
HepaBeHCTBa
[n)<<n < [n)+1.
Ho Torna

1 [n]+1 1 \n+1 1 \[r1+2 1
("+ 1) < (45)"" < ()™ < (1)
Hens Ha l+—'ll- , MOJyYHM HepaBeHCTBA

I+ 14—

Bynem n crpemuth Kk - 0. Toraa nepemennoe unciao [n]41 6yner
TOXe CTPeMHTbCH K -+ co, npoGeras HaTypaJbHble yhcia. Ho Toraa
YHCJHTEJb B JIeBOH uyacTH cooTHouweHui (16) crpemutes K e. Urto xe
KacaeTcsi 3HaMeHaTeJsl, To OH cTpeMHuTcss K 1. ChelnoBaTesbHO, JeBast
u npasas uacTh B (16) cTpemsTcs K e, HO Toraa CpelHsisl 4acTb, pas-

n

1
Has l—|—7 , TOXe CTpeMHTCS K e. DTHM JOKasaHa BepHOCTb pa-

BeHCTBA (14), KOTZa NOJIOXKHTENbHOE 7 CTPEMHTCS K - o0 mo JoGomy
SaKOHY.

IMycts Temepy n—> — o0, TOrga m=—=—n— -+, H, CJael0Ba-
TeJbHO,

1\» . 1\-m , m \m__
Jm (143) = im (1-2) "= im (22)"=

- () gty et

Tenepr yxe paseHctBo (14) gokasano kak B cjayyae n—»- oo,
TaK M B CjAy4Yae n —— oo, Tfie YHCJAA n He 00513aTeJbHO IeJble.
BBeleM Tenepb HOBYIO NepPEMEHHYI0 O MpPH NOMOIIH PaBEHCTBA
1

— n
m=—l-. Torza, ouweBugno, lim (14-a)% = lim (l—{--!-) =e, H MH
n a—0 n—>o n

Rlokasanun ¢dopmyay (15), koraa o cTpeMHTCS K HYJI0O 1O JIOGOMY
3aKOHY.
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‘[Mpumep 1. Ecmm 0< g <1, to nepemenHas q* y6sl-
BaeT (q"*'< ¢") m orpaHnveHa' cHu3y uucaom 0 (0 < g").
[TostoMy Ha ocHOBaHHHM 3ameyaHHsi | cyllecTByer mpejed

limg®=A>0.

n—>®

Ha camom mene A =0, motomy uro
A= lim .¢"*'=lim ¢"*'= lim (¢"-q) = lim gr-q=Aq°
n+l->» n—»o n—->m n-»w
u A=A4q, 1. e. A(l—q)=0, otkyna A=0.
[Tpumep 2. ‘
lim (1+3)"— lim(l +3)%"— lim[(l +a)-017]'=
a o n _a—>0

n—-® n->»

=[lim(l—|—a)€]’=e’.

a—>0

YIIPAXHEHUSA

1. BblUHCIUTD MNpejessi:
. 3\n . 4 \n
1) lim (1+_) . 2) hm(1+—> ;
n—-wo n n—-® n 1
3) lim (1—l)"; 4) lim (14 22).
‘n—>» n a—>0
2. Chopmyaupyfite TeopeMy O CYLIECTBOBAHHM MNpenesa
OrpaHHuYeHHOH HeyOblBalOLleH MOCJEJ0BATEIbHOCTH.
3. Uto Takoe yucsao e? [lafiTe HECKOJNbKO ONpeneeHHH.
4. Hapucyiite cxemaTnyeckue rpaduKn QyHKUHHA e* H e™*.

§ 4.6. Jlorapndmuueckas dyHkuus

[Tyctb a ecTb nosoXKHTENbHOE YUCJIO, He PaBHOE eIUMHHUIIE
(0<a, as=1), u y ecTb NPOH3BOJBLHOE MNOJIOXKUTEJIbHOE
yucio (0 <y < oo). Jlocapugpmom y mpu OCHOBAHHH a
HasbiBaeTcs TaKoe 4Yucno x=log,y, HUTO ecau BO3BECTH a
B CTeneHb x, TO noay4aercs y. Takum oGpasom,

a*=y. (17)
[ToatoMy MOXKHO elle HamucaThb
a%i=y, 0<y< oo, (18)

UK elle
log,a*=x, —o0o<x< o0. (19)
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IMpumepn
log, 1 =log,a*=0, log, 8=10g 23 =3,
log, (—;) =log,2"*=—3, log; 10*=¢,
log, 1 =0, log,, 10=1,
log,, 100 =2, log;, 1000 = 3,
log;,, 0,1 =—1, _ log;; 0,01 = —2.

Bosnukaer Bompoc, Bcerja JiH pelaercsi OTHOCHTENbHO X
ypaBHenue (17), uam, 9TO0 BCe pPaBHO, CYLIECTBYET JiH AAA
TI0JIOXKUTEJNbHOTO YUCJAa § €ro JorapudM Npu OCHOBAHHH a.
Ha, cymectByer, U eIMHCTBEHHBIA. B 3tom Mbl yGeaumcs Ha
OCHOBaHHH CBOHCTB (QYHKIHMH a*, KOTOpble Mbl ceHyac mepe-
uydcauM (6yneM cyutath, 4To @ > 1)

1) a* HenpepriBHa Ha (— oo, ©0), T. €. HMeET Hempe-
PHIBHBIA TpadHK; )

2) a*—Bospacraomas ¢yHKuEA, T. e, a* <a¥, ecam
<y

3) a* — + oo mpu x — - oo; p

4) a*— 0 npu x — —oo.

Ha puc. 75, a uso6GpaxeH rpaduk oyHKuuu a* (a > 1).
B cuny 1) ato HenpepeiBHas KpuBasi, pacnpocTpaHeHHas
Han Bceft oceio x. B cuay 2), 3), 4), Korga aGeuucca x TOYKH
rpabpuKa Bo3pacTaer OT —oo 0 -+ co, ee OpAMHATA y BO3-
pacraer ot 0 1o + oo.

3HayeHHe X, yAOBJeTBOpsiollee ypaBHeHHlo (17) aas nau-
Horo y > 0, MOXHO MOJy4YHTb cJefyomuM obpasom. Ha ocu
OpJAHHAT OTJIOXXHM BBepX OT Hayaja KOOpJAMHAT Ha paccrosi-
HMH, PaBHOM Y, TOUKY H 4epe3 STy TOUKY I[POBEAEM MpsMYyIo,
napaJuieJibHyI0 ocH abcuucc. dta npsMas 0653aTeNbHO mepe-
ceyeT rpaduk, 1 NPHTOM B eAWHCTBEHHOH Touke A. AGcumcca x
ToukH A W peluaer, o4eBUAHO, ypaBHeHHe (17) 1/ maHHOrO Y
(cM. puc. 75, a).

Mhb nokasanu cymectBoBaHue Jorapudma y (y>0) npu
OCHOBAaHHH @, NpuUMeHHB rpacduueckuii merox. Ilpu stom M
NOJyYHJIM HOBYIO (YHKUHIO X, 3aBHCALLYI0O OT Yy, KOTopas
Ha3bIBAETCA 402apugmom y npu ocHo8aruu a M obGo3HayaeTcs
Tak: x=log, y.

Hrak,

x=log,y (0<y< )
ecTb (DYHKUHS, NPHBOAALIAS B COOTBETCTBHE KaXJIOMY IIOJIO-
KUTEJbHOMY YHCJIY y Takoe X, 4TO y==a*, T. €. BBINOJHSAETCA
pasencreo (18).



98 [J. 4. ®YHKUHH ah, log a, x7

Baaropaps ceofictBam (18) u (19) ¢pynkuns log,y Haswb-
BaeTcs oO6paTHOH MO OTHOLUEHHIO K PyHKUUHU a*, a pyHKUUSA a*
HasblBaeTcsl o6paTHOH no oTHoweHHo K log,y (cM. § 2.10).

Jlorapudmuueckas ¢ynkuus x=Ilog,y npu a > 1 obaa-
JlaeT CEeAYIOLUMH, BBITEKalOLUMH HENOCPEACTBEHHO M3 NpHBe-
JIeHHBIX PAacCMOTPEeHUH CBOHCTBAMH:

1) log, y nenpepeiBHa Ha (0, oo);

2) log, y—Bo3pacraiomas ¢yHKuHus, T. €.

log,yi <log,y, (0<y; <Y, < o0)

Jas JOOBIX yKa3aHHBIX Yy, Ys;

3) log,y—> o0 npH y— - oco;

4) log,y——o0 mnpu y—0.

Ecau B dopmysne x=log,y (0 <y < oo) nomeHaro Mec-
TaMH X M Y, TO NOJNYYUM 3anuch Jorapudpmuueckolr GyHKLHH
4\ B OOBIYHOM BHJ€:
W/ y=log,x (0 <x < o0),

0 : 5. TJe x—apryMesr, a y —byHKuus.

7 F I'paduk dynkuun y=log, x B cu-
creMe KoopauHat xOy mnosyyum,
ec/i B 3TOH cHCTeMe H300pasuTh
rpadpux (yHKUHH

Puc. 79 x=a¥ (—oo<y< )
(puc. 79), T. e. MHOXecTsO TO4eK BHAa (@Y, y| WM, TaK Kak

x=a¥, y=log,x,

TO MHOXeCTBO TOdYeK (x, log, x].

TakuM o6pasoM, KpuBasi Ha pHC. 79 ecTb He TOJIBKO rpa-
¢uKk QyHKUMH x=a¥ (— oo <y < o), HO H rpapuk PyHK-
uun y=log,x (0< x< ).

MoxHo eme ckasatb, 4to npu a> 1 ¢ynkuua log, x
otoGpaxaer uHrepBas (0, oo) 3HAauYeHHMH X Ha HHTepBal
(— o0, o0) 3HaueHHH Y.

Ilycts Temepn a yaosaeTBopsier HepaBeHcTBaM 0 < a < 1.
BrinuieM Hy»Hble HaMm CBOHCTBa (GYHKUHH Yy = a*i

1) o HenpepbiBHA Ha (— oo, ©0);

2) a*—yb6uBaomasa GyHKUHA, T. €. a* > a¥ (x < y);

3) a*— 0 npu x — - oo;

4) a* —+ 00 npu x——oo.

I'padux a* npu 0 < a <1 n3o6paxen Ha puc. 75, 6. Mul
BUAMM, 4TO QYHKUHA y=a* ¥ B cayyae 0 <a <1 orobpa-
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3aeT MHTepBa/1 (— oo, oo) 3HaueHHH x Ha uHTepsas (0, co)
3HAQYEeHUH y.

Mbi, KaK u Bbllle, MOXKEM 3a1aTh NPOH3BOJNBLHOE TOJIOMH-
TeJIbHOE (T. €. NpuHajJjexauee K uHTepBany (0, oo)) 3Haye-
HHE Yy M NPHBECTH €My B COOTBETCTBHE TaKOe X, YTO Gyer
BBINIOIHATbCS PaBeHCTBO x = log, y.

Yro6bl NMONYYHTb X NO JAHHOMY. Y, HajO B3ATb HA OCH
opAuHAT (CM. pHC. 75, 6) TOYKY, HMEIOLLYI0 OpAHHATY Y, M
TMPOBECTH Yepe3 3Ty TOYKY NPAMYI0, MapasjeJbHYI0 OCH X.
Ilocnennss nepecever rpapuk I' B emuHcTBeHHOH TOuKe A,
abemycca KOTOpPOH M €CTb HCKOMOe 3HauyeHHe X, T. €. TaKoe X,
AJIST KOTOPOro Yy =a-.

CeofictBa ¢ynknuu log,y npu 0 < a <1 Takue xke, Kak
B cllydyae a > 1; ofHako ecTb HcKiiouenne. Temepb, Koraa y
Bospactaer oT 0 10 -+ co, COOTBETCTBEHHO X YOBIBaeT OT - oo
JO — oo

log gy >logp, (0<y, <y, <o0).
Brinumem ¢opmyas (18) u (19):
x=a%%" (0 < x< o0), (20)
log,af=x (—o0<x< o0). (2

Msbr samennsnn B (18) y Ha x, HO 3TO He HMeeT 3HAayYeHHs.

Yucao a Moxer ObITh 3[€Ch JIIOOGBIM MOJIOXKHTENbHEIM YHC-
JIOM, OTMHYHBIM OT 1 (@=%1). PaBencrBa (20) u (21) Hasw-
BalOT TOXJECTBAMH HAa YKa3aHHbIX TaM HWHTepBaJax, IOTOMY
YTO OHH HMEIOT MeCTO AJif JIOOBIX X, MPHHaIJeXKallkX K yKa-
3aHHBIM HHTepBaJiaM.

U3 paBenctBa (20) Ha OCHOBaHHMH CBOHCTB IOKa3aTesJbHOH
GYHKUMH caeayer aas JoGex x, y > 0:

alo%a 0 — yy — glofa ¥glo€a ¥ = gloBa % +1€ay, (22)

Ho Toraa
loga (xy) = loga x4+ loga Y (23)
0<x, y<oo, a>0, azl).

U3 (22) crmenyer (23), moToMy 4TO €ciH a*i=a%, TO
u;=1u, Ecmu Gbl u;==Uu,; TO 4cIa a* U a" OblIH OBl pas-
anuesl. Ho MOXHO H ¢opMasibHO monyyuts (23), B3SAB Jiora-
pudM Npu OCHOBaHHH @ OT JeBoil M NpaBoii uyactedr (22),
T. €. BOCIOJIb30BaBUIMCH (opmyJoh (21).

X
Ecau B (23) 3aMeHuTb X Ha 5+ 1O monyuHM

log, x = log, - +log, 4,
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100
nau
d =3 —
log, 7= log, x—1log, y @4)
0<x, y<oo, a>0, az=1l).
JHanee

alogaxy =¥ = (alogax)y — ay logax’
log, x¥=ylog,x (O<x, y<oo, a>0, a=%1). (25

Haxoneun, oTMeTHM, 4TO AJ1S1 NOJIOXKHTENBHEIX He paBHBIX |
yKces @ M b MMeeT MecTo

aloga b logb a__ (al°ga b)logba _ b]°gb a__ a,
log, blog,a=1. (26)

Bepno Takxe
log,A=log, A-log,b (A>0), (27)

) log b log, A
notoMy uto a'%e? =4 u a'%a’ %o =p'Bet = 4,

9
2 100, & - yA
r T 8 1 T
7 Wiy 4 gr” H1? {—
1 > 6t
- i 1 7
IRET FTFTT? {0 7
\\ e Y e e ool ,'
-1 log,, & VG —=A2"
AN - 7) AN
IXE N\ -
-2 g,z‘ || i
“NZ e by S 507 Sl B -
g -2 7 g P 7 2 2

Puc. 80

Jlorapnpm uucia @ NpuH OCHOBAaHHH e HasbiBaeTCs Hamy-
paroHom nozapugpmom uucaa a U o6o3Havaercs Tak: log, a=

=lna.
®opmyanbl (20)—(27) ABAAOTCA OCHOBHBIMH MPH BHYHCJIE-

HUAX ¢ Jorapupmamu, Mx Hajgo YCBOHTH ¥ 3aNOMHHTB.
Ha puc. 80, a, 6 npuBeaens rpaguku 4acTHEIX QyHKLUA
a*, log, x.
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YOPAXHEHHKSA

1. [lna KakuX OCHOBaHHH pPacCMaTpPHBAIOTCA JIOTapHMbI?

2. Uro Takoe JorapudM uHcia y NPU OCHOBAHHH a?

3. Jlna xakux yhces y onpejensieTcs sorapudm? Moxer au
y ObITb OTpHIIATeJbHBLIM?

4. 3anosHuTe TaGMHLY

x 1 10 | 100 | 1000 | 10000 | 0,1 | 0,01 | 0,001 {0,000l

loggo x

5. CpaBHHTe 3TH uMcJa C HYJAAMH H MeXIy cOOOH;

a) log,, 7, 0) log,, 17; B) log,, 873;

r) log,, 10232; 1) log,,0,7; e) log,,0,03;

k) log,, 0; 3) logy, 0,0027; u) log,(—10).

6. [Tokaxurte ¢ noMolnpio rpapuka PyHKIHH Y =a*, 410
log, y cymecTByer.

7. Kak HaswiBawoTca ¢yHkuud y=a* u x=log, y?

8. Kax mnocrpoutb rpaduk JorapupMuaueckod QyHKIUHH
y=Ilog, x npu noMomu rpadHKa NOKa3aTeJbHOH (YHKLUH?

9. Yem orsnvalorcsi rpadukd log,x ¢ a> 1 or rpaduka
log,x ca<]1?

10. Broinumurte ocHOBHBEIE (GOPMYJIBl JIOrapu(MHpOBaHHUS.

11. Peumrte ypaBHeHHs:

1) a*=b, 2) a*=a®, 3) a*=a™?,
4) av=1, 5) 10=1000, 6) 105=10=, 7) 10-=0,

1
8) 2¢=32, 9) 2"=g, 10) 26=—3.

Pewenue. 1) ITo onpenenennio sorapupm or b npu
OCHOBAaHHHU @ eCThb TaKoe YuCJIOo X, uto a* =b, T. e. x=log, b.
Ho moxHO paccyxzuath tak. [Tposorapudmupyem npu OcHo-
BaHMM a JIEBYIO UM NpaBylo 4actd paBeHctBa a* =b. Toraa
log, a*=1log,b. Ho log, a* =x, nostomy x=log, b.

12. YeMy paBHO 4YHCJIO Yy, ecau

1) log,y=1x, 4) log,,y=rx,
2) log,y=2, 5) log,,y=2,
3) log,y=—3, 6) log,,y=—2.

Pemenue. 1) y=a'"av=qa*,
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§ 4.7. Jlorapudm c ocnoBaHuem 10

[lycTb B HneCATHYHOH CUCTEME CUHCJIEHHS 3aJaHO TIOJIOXKH-
TeJbHOE 4HCIo A.

3Havawmell nudpoit uucna A HasbiBaeTcs mNepBasi (cjeBa
HanpaBo) uudpa, He paBHas HYJIO, a Takxke Jobas cie-
nywowas 3a Heil nudpa. Hanpumep, Bce mudper uncaa 830 200
3Havauue, y uyucaa 0,00302 uucppa 3 u caeayiouwue 3a Hei
undper 0 1 2 — 3Havauue.

[TonoxutenbHoe 4ucao A MOXKHO MOpEeICTaBUTb B BHJE

A=a-10%, (28)
rie @ yROBJIETBOPSIET HEPaBEHCTBAM
1<a< 10

u k—uenoe. oBopar, uto uncjo A 3anucaHo ¢ cmawdapm-
HoMm 8uode.

Uucsi0 @ MOXKHO NOJNYYHTb, NepecTaBHB B A 3anfiTyio Tak,
yT00bl OHAa OKa3alacb HENOCPeACTBEHHO Mocje nepBoil 3Ha-
sawiefl udgpel. Hanpumep, npaBble yacTH paBeHCTB

830200 = 8,302 10°,
0,00302 = 3,02-10-2,
100=1-10°

CyTb 3aMHUCH JIeBHIX B CTAaHAApPTHOM BHJE.
Jlorapudmupys pasencrso (28) nmpu ocHoBanuu 10, no-
JIYUHM

log,y A =k -+ log,, a.

UYncno k HasbiBaercs xapakmepucmuxoid, a uucao log;, a—
manmuccol decamuurozo sozapupma A. XapaKtepHCTHKa —
1e/10€ YHCJI0, a MaHTHCCA — HEeOTpHIATeIbHOe YMCJI0, YIOBJET-
popsiiomee HepaBeHctBaM 0 <Clog,a << 1. Bemp log,,1=0,
log,, 10=1, a ¢yukuus y=log,,x Bo3pacrtaer.
CyluecTBYIOT NOAPOGHBIE TAGMH LBl MAHTHCC — TaGJIHLEI A€Cs-
THYHBIX Jorapu$moB. MMy IIHPOKO MOJMB30BANHCh HECKOJAbKO
CTOJIeTHH JJISi BBIYHCJIEHWH NPOM3BEEHHS H YaCTHOTO YHCel,
a Takxe KopHeil u3 uuces. OfHaKo B Hacrosilee BpeMs 3Ta
pa6oTa BLIIONHAETCA HA JIEKTPOHHBIX MHKDPOKaJbKYJATOpaXx.
IIpumep 1.

log,, 830 200 = logy, (8,302-108) = 5,9041744,
logy, (0,00302) = log,, (3,02- 10-%) = 3,4800069,
log,, 100 = log,, (1:10%) =2,
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Ilocne sanmATEIX BHINHCAHBI BHIYHMCJEHHbIE HA MHKDOKaJb-

JATOpE MJH [0 Tab/iHMLIaM MaHTHCCHl COOTBETCTBYIOUIMX
qHCI.

ITpumep 2.

log,,3.02=[3 | [ ] [0 ] (2] lsgse] [=_]=0,4800069,

INepen sansiToit sanuchiBaeTcs XapaKTepucTHKa. Ecau oHa
OoTpHLATe/IbHAas, TO 3HAK CTABHTCA Haj ee aGCOJIOTHOH BeJH-
unHol (—3 =3). TakuM 06pa30M, ecili XapaKTepHCTHKA OTPH-
uare/bHasi, TO NepeJ] 3anATOd CTOHT OTPHULATEJIbHOE YHCJIO,
a mocje 3ansAToK — NOJOXKUTEeJbHOe.

Npumep 3. Ilyerb  log;, x=3,4800069, Torga
x==10-2]00.4800069 = 10-3 3 0199997 = 0,00302.

JleficTBHsi yMHOXeHHS M JesieHHs GOJIBLIMX YHCET MBI
BRIMOJIHSIEM HA MHKpOKajbKysastopax. Bce ke mnpuseiem
NpUMEp BBLIYHUCJEHHS NPH NMOMOWIM TaGJul, AECSTHYHBIX JIOTa-
pudmoB. ITycte Hano BeruMcANTD npousBenenne A = 830200 x
%x0,0032. Haxoaum c¢ nomoupio TaGuL, JOrapH(OMbl MHOXH-
Tejiefi. HMMeem

log,, A = log,, 830 200 + log;, 0,0032 =
=5,9041744 4 3,4800069 = 3,3841813.

Orciona
A=a-102=108%.100.3841813 — ] 03. 2 4220399 = 2422,0399.

B npeanociennem pasencrBe no mantucce 0,3 841 813 Haxo-
JHM YHCJIO Q.
Yacro o6osHayalor log,,a=Iga.

YINPAXHEHHUSA

1. B jecATHYHOH cHCTeMe CUHC/IEHHS 3aJaHO MOJNOXKHTE/b-
Hoe uncio A.

1) Yro takoe 3Hayamue uupper uncia AP

2) Uro Takoe 4HuCJIO, 3ajlaHHOe B CTaHAApTHOH ¢opme?
Ilaiite Tpu npuMepa NpHBeJeHHA YHCJA K CTaHAAPTHOH (opMe.

3) Kak HalTH XapaKTepHCTHKY H MaHTHCCY AECATHYHOrO
Jorapupma yucaa?

2. C noMmompi0 MHKpOKaJbKyJisitopa BhluHcauTe 1g uncna
1) 3070, 2) 2003, 3) 0,75, 4) 0,00101, 5) 0,00032.

3. C nomowplo: MUKPOKAJbKYJATOPa MO IOJyYEHHBIM
B npeiblAylieil 3ajave JorapupmaMm BOCCTAHOBHTE HCXOAHbIE
yucsa. (MoryT MosydYuThest HE TOUHO HCXOJHbIE YHCJIA, OTOMY
YTO BBIYMCJICHHS BEAYTCH NPHOIHIKEHHO.)
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§ 4.8. Crenennas ¢ynkuus

QyHKuusa BHAA
y=x* (0<x < o0),

rae a0, HasbiBaeTcss cmenennotl ¢ynxyued. Tlpu moGom &
creneHHast GyHKIMS BO BCAKOM caydae onpejeseHa AJIA NoJo-
KUTe/bHBIX X.

CreneHHasi GyHKLUHUS HenpephiBHa, T. €. ee TpadHK ecTb
HenpephIBHAs KpHBasi.

Ecan a mosoxutenbHoe, TO GYHKIHMA y=x% onpejeleHa
cakxe H npu x=0, HMEHHO—OHA paBHa HYJIO MpH x=g,
ODOTOMY YTO B MaTeMartHke cyutaior, uro 0*=0 (a>0).

ITonyTtHO ckaxeMm, uto 0° He ecTh YMCJ/IO, HE €CTb TaKIKe
gucao 0%, rae a < 0.

TakuMm o6pasom, npu a > 0 dyHKIHA

y=x° 0<x < 00)
onpejiesieHa He TOJNbKO JIJIl TNOJOXKHTENbHHIX X, HO W AJf
x=0.

Ha puc. 81 nanbl rpaduku creneHHbIX QYHKIHMH y=xP

ANS HeKOTOpbIX 3HaueHu# p. Jlna p >0 oHM paBHH HYJIO
1

yl “0\"3 -7 =3

4 2 p.f ‘,‘ ﬂ“/

‘ I
! v
T 7 | 5
| N\
N \ 1 -7 .
X! > / ] -
g 3 rs 0 7 e
y=a’ g=a”

Pxuc, 81

npu x =0, nosromy uX rpadUKH BHIXOAAT U3 Hayaja KOOPAH-
Har. ITpu Bospacranuu x ot 0 10 co COOTBETCTBYIOLIHE OpLH-
HaThl y Bcex rpadukoB Bospacraiot Toxe oT 0 go oo. OnHako
XapaKTep BO3pacTaHMs pasiuuHblil. TakxKe OUYEBHAHO, UTO
Rl x< g, 0<x<],
XSS x> x> iV 1 K< x < oo,

Ecmm x=1, 10 y=1 ans Bcex rpapukob.
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DyHKIMH X H xV/® MOXHO paccMaTpPHUBaTh M JJIsl OTpHIUA-
TeJIbHBIX X. :

Uro xe kacaercsi GyHKUHME xV2 u x4, TO OHH npH
x < 0 He HMeWMT IS HAC CMBIC/IA, IOTOMY YTO HE CYLIECTBYET
JIeACTBUTE/IHOTO YHCJIa, KBaJApaT HJIM YeTBepTas CTeneHb KOTo-
poro paBHsJIHCb Obl oTpHLATeJbHOMy uHcay x. Cpexn Komn-
JIEKCHBIX UYHCeJ eCTb TaKMe YHCJa, HO Mbl O HHUX cefiuac He

FOBODHM.
BeipenumM B ocobyio rpynmy creneHHble GyHKUHH, COOT-
BEeTCTBYIOLIME HaTypaJbHEM a (@=1, 2, 3, ...). Oun onpe-

JleJIeHbl B HelpepeiBHEI Ha Bced JedcTBHTeNbHOH ocH x. Ha

y=a’
F

[ U DO

J 1 1 -
“F2~tgezr ? 3z

Puc. 82

puc. 82 nanml rpaguxu GyHKIMHA NEHCTBHTENLHOTO NepemeH-
HOro x2, x4, x, x3, x%.
CreneHHylo (pyHKIMIO MOXKHO 3anucaTth B BHIE

y= X% = bl°gb x@ — ba logb X (29)

npu Jo6oM nosoxurenpHoM b (b > 0). Hacto B Kauectse b

Gepyr HenepoBo uucio e. Torma dopmyna (2) npuMer BUR

y=xa=ealn x, (29,)

CrenenHas ¢yHkuus x¢ obnazaer cJelyloUlUM Xapaktep-
HEIM JJ1f Hee CBOHCTBOM:

) =x%2, 0<x, y<oo. (30)
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JHelicTBuTe/IBHO,
(xy)a = @8I0 () — ga@lln x+alny — paln x galn gy — pln x2 pln y& xayc.

OrmetnM, 4TO cTeneHHas (QYHKIMS X° NpPH HPPaLHOHAJb-
HOM @ KaK (yHKUHA JAeHCTBHTEJbHOrO NepeMeHHOro AJs OTpH-
naTesibHBIX X He HMeeT cMbicia. Dosee riiyGokoe HsyueHHe
NOKa3kIBaeT, YTO (PYHKIHA X% NpH HPpPaLHOHAJBLHOM a JOJIKHA
OHTb KOMIIEKCHOH AJis1 OTpHUaTeJabHLIX x. OJQHaKo Ha 310M
BOIIPOCE, OTHOCAIIEMCA K TEOPHH (YHKIHH KOMIJIEKCHOTO
nepeMEHHOro, Mbl 3JeCb OCTAHABJHBATbCA HE MOXKEM.

YIOPAXHEHHSA

1. Kaxkoe u3 aByx uucen GoJblue:

1 1 _— —
a) 2V% u 27, 6) 37 u 323, ) ]/--;— H -;7,

r) ]/%— H i/—;-_, Il)% H —1—7, e 7uVT.
2. Pewmuth ypaBHeHHS:!

a) et*—5e* 4 6=0,

6) log, (x—-l)=log5ﬁ‘_—x,

B) 4*~!=3%* (npoJorapu¢MupoBaTh NO OCHOBaHHIO 4).
r) logsx + log,3=2,5.

3. Pewutb HepaBeHCTBa:
Ay Vi>¥Vr, 6 YVi>VE,
B) %log,f/§—2log4x> 1.



['JIABA 8
NMPOU3BOAHAS

§ 5.1. MrHoBeHHas CKOpOCTb

INonsTHe npoH3BoAHOH BO3HHKJO KaK pe3yJbTaT MHOroBe-
KOBBIX YCHJIMH, HaNpaBJ/eHHBIX Ha pelleHHe TaKHX 33Ja4, Kak
3ajiaya O NpPOBeJeHHH KacaTeJbHOH K KPHBOH, O BBIYHCJEHHH
CKOPOCTH HepaBHOMepHOro jsHxeHHs. [lomoGHbIMH 3asauamu
¥ 3ajayed O BBIYHCJEHHMH [JIOWaAM KPHBOJHHEHHOH (UrypHl
3aHMMaJIiCh MaTeMaTHKH ¢ ApeBHHX BpemeH. B XVII Beke
B pa6orax HpiotoHa u JlefiGHHIA 3Ta AeATEJbHOCTb NMOJYYHJA
onpezesieHHoe TeoperHyeckoe 3aBepuieHue. Hbioton u Jleit6-
HUIL*) co3jasii ofuiye MeToAb Au(depeHUUPOBAHUS U HHTeT-
pupoBaHUA (YHKHUH M AOKa3ald BaXKHYIO TeOPeMY, HOCSLLYIO
UX UM, YCTaHAaBJIMBAIOILYIO0 TECHYIO CBfA3b MEXJY ONepauysiMH
ZuddepeHLpoBaHus 1 HHTerpupoBanusa. Hano, onnaxo, nmetn
B BHJY, YTO COBpPEMEHHOe H3JIOXKEeHHe STHX BOINPOCOB CYILECT-
BEHHO OTJIMYAeTcsl OT TOTo, KaK OHM H3Jarajiuchb BO BpeMeHa
Hbilotona u Jlefi6nuna. B paccyxueHusix H nOHATHAX, KOTO-
PhIMH ONepHpOBali B TO BpeMs, C Halled TOYKH 3pEHHA,
MOXHO HaHTH MHOTO HESCHOrO; fla W caMH MaTeMaTHKH TOro
BpEMEHH 3TO CO3HABa/JM, O YeM CBUAETEJbCTBYIOT OXKECTOYEH-
Hble JHCKYCCHH, KOTOpble NPOHCXOAMAH MO 3THM BONpOCaM
MeXJy HHUMH.

CoBpeMeHHEIl MaTeMaTHueCKMH aHaln3 Gasupyercss Ha
MOHATHH Mpejesa, KOTOpPOe BBIKPHCTAJJIH30BaJ/IOCh B YETKYIO
(opMyNHPOBKY He TaK YK JaBHO—E epBOK NOJIOBHHE NpOlL-
Joro crosietHsi. BoJsblas 3acayra B 970M NPHHAANEKHUT ppaH-
uysckomy MateMaTuky Komn **).

[TonsTie mnpenena cyllecTBEHHO HCMOJb3yeTcss B ompene-
JIEHUAX [MOHATHH HeNpephiBHOCTH (PYHKLMH, NPOU3BOAHOM,
MHTerpaJa.

*) U. Heloton (1643—1727)— anraniickuii GH3HK M MaTeMaTHK,
I. B. Jleii6uun (1646—1716) — Hemeuxuii MaTeMaTHK.

*¥) 0. JI. Kownu (1789—1857)— dpanuysckuii martematuk. B ero
TpyAax BOepBHE OMpeleJeHbl MOHATHS MaTeMaTHYeCKOro aHaju3a (npe-
Zell, HeMpepHBHOCTb, WHTErpad,.,.) TaK, KaK 3T0 NPHHATO B COBPeMeH-
HOH MaTeMaTHKe.
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[Tycte Touka pnBHxKercss no npamod H GyHKuusa s=f(f)
BhIpaxKaeT 3aBHCHMOCTb OT BpeMeHH ¢ (a < ¢ < b) ee paccros-
HHSl (C yyeToM 3HaKa) A0 HauajbHOH Touku O npsamoi. B Mo-
MeHT BpeMeHH ! TOYXa HAaXOAMTCA Ha PACCTOSAHHH S=f({)
or O. B momenr ke Bpemenu {- At (Al %= 0) oHa HaxoAuTCA
Ha paccrosiHuH s+ As=f({+ Af) or O. Cpenusisi cKopocTb ee
Ha npoMexyTke BpeMmeHH (¢, ¢+ Af) paBHa

v —As_fE+8)—f(®)
P AL At '
MrHoBeHHYIO, HJIM HMCTHHHYIO, CKOPOCTb U TOYKH B MOMEHT
BpeMeHH ! €CTEeCTBEHHO ONpeJeJHTb KaK Npejes, K KOTOpOMy
cTpeMHuTCs U, NpH Af— 0, T. €.
. A
v= lim A—;‘
At—>0

[Tpume p. Kak u3BecTHO, CBOGOAHO Najaiolee TeNO MOJ
BJIMSIHHEM CHJIBl TIPUTSKEHHS 3eMiiM JABHKeTcs B Ge3Bo3ayil-
HOM TNPOCTPAHCTBE MO 3aKOHY

t?
s=g—2-

B NPEANIONOKEHUH, YTO OTCUET MyTH NPOUCXOAMT C MOMEHTa
BpeMeHH =0 u ckopocTb Tesa B MoMeHT { =0 paBHa Hy.JIO.

MrHoBeHHas CKOpPOCTb TeJla B MOMeHT BpemeHu ¢ (¢ > 0)
paBHa

1 1

g A5 g 28U et

v= lim —= lim =
ar->0Bt a0 At

1 . 2%AILAfR

=g lim =—=—1T=—

2gAt—>0 At

=£2t=gt,

¥ Mbl NOJYYHJIH H3BECTHYIO (OPMYJy A/l CKOPOCTH paBHO-
MEepPHO YCKOPEHHOrO ABHKEHHS
v=gt.

YIOPAXHEHHA

1. BhlunciuTe MrHOBEHHYIO CKODOCTH B MOMEHT BpeMeHH ¢
TOYKH, ABHXKYIIEHCA MO 3aKOHY:
a) s=2t+4; 06) s=1¢.
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§ 5.2. KacaTenbHasi K KpHBOM H CHJIa TOKa

PaccmMorpuM  Kakylo-nHubyab HenpepbiBHYI0 KpuByio T
B TJIOCKOCTH MAM mpocTtpaHcree (puc. 83). Ilycre A —nexa-
wasi Ha Hef Touka W A’ —ppyras sexamas Ha I' Touka.
IMpamyo S, npoxoasmyto yepes A u A’, 6yneM HashBaTh
cexywed (kpuBywo I'). Bynem teneps Touxy A’ nBurarb He-
npepuiBHO no I', HeorpaHuueHHO mnpubauxkaa kK A. Toraa
cekyuiass S 6yaer BpaujaThcsi OTHOcHTeNMbHO A. Moxker ciy-
YHTLCS, YTO NpY 3ToM S GYHEeT CTPEMUTHCS 3aHATh B Ipejaene
TI0JI0XKEHHe BIIOJIHE oOMpeflefleHHOH (npoxojsiel, oyeBuniHO,

]' 6, 7' 'S"
47
.S
Y ” ) 7
A A
]; A
r
Puc. 83 Puc. 84

yepe3 A) npsaMmo#, Kotopyio Mbl o6osHauuau yepe3 T. Ecam
370 O6yJleT HMeTb MeCTO, TO FOBOPAT, 4To KpuBasg I' nmeer
B Touke A xacameavnyro. Vienno npsmyio T HaswiBaioT ka-
cameavroll x T' B Touke A.

He Bcsikas HenpepniBHasi KpuBasi B JIIOGOH ee TOUKe HMeeT
KacaTteJbHyio. TpHBHAJBLHEIM NIPHMEPOM 3TOT'O MOXKET CJYXKHThb
KpHuBasi, uso6paxkeHHass Ha puc. 84. OHa COCTOMT M3 ABYX
raagkux kyckos I'y u T',, coennnenHsix B Touke A «nox yr-
aom». Ha pucynke oTMeueHnl nBe npyrue Toukdn A’, A",
COOTBETCTBEHHO Jexamue Ha I'y, T,; uepes S’ u S” o6osHa-
yeHbl npoxozsmue yepes A’, A” u A cekymue.

OueBuaHo, uto ecan A’, A”, ABMrasicb COOTBETCTBEHHO
no I'y, T,, 6yayr npuGnuxkartbcsi K A, To cekymue S’, S”
OyIyT CTPEMHTbCA 3aHATb B Npejesie NONOKEHHe ABYX PasHbIX
npaMbix T’ u T”. TTosTomy paccmarpuBaeMasi KpHBas He MMeET
KacatesibHOH B Touke A. Bripouem, MoxkHO G110 GBI, pasBHBas
BBEJICHHOE OINpefiesieHHe, CKasaTb, YTO Halla KpPHBas HMeeT
B Touke A JiBe OXHOCTOPOHHHE KacareJ/ibHble, HO 06 3TOM peyb
cefiyac He HJET.

IMycts Tenepp kpuBag I' ectb rpaduk HenpepriBHOH Ha
untepsane (@, b) pynxkuuu y=f(x) (puc. 85,a nau 0).
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3ananum Ha T' Touky A, umeromymo a6cmuccy x H Opau-
Haty y, ¥ JApyryio Touky C, wumeromyio aGcuuccy x-Ax
(Ax0) u cooTsercTByMOIYyI0 OpAMHATY Y-+ Ay. Cekymas S,

A I\
'S’ 3
0/ 17
St
Z_ 4 . A
-/ & 47 7 z \’_ z+A2 \6:5
dz=AB, Ay=B0 A2=AB, dy=-6C
a 5

Puc. 85

npoxoasmass yepes A u C, oueBHAHO, 06pa3yer C MOJOXH-
TeJbHBIM HanpaBJeHHeM OCH X yroJ f, TaHreHc KOTOporo

Ay fx+B)—f
b= ="

B cayuae puc. 85,a 0 <B < % ,a B cayudae puc. 85,6 12‘- <

<Pp<mn. bBymem Ax cTpeMHTb K HYJIO; TOTAa, BCJEACTBHE
HenpepuiBHOCTH f, OyZeT Takxe Ay CTPeMHTbCA K HYJIIO
n Touka C, mBurasack no I', Gyzer cTpeMHTbCsi K TOUKe A.
Ecnn okakercss (3TOro MOXeT H He ObiTbl), 4TO mpu 3TOM
A
OTHOLLIeHHe A_ch CTpeMHTCS NpH JoGOM crocoGe cTpeMJIeHHsS
Ax K HYJIIO K OJIHOMY H TOMY K€ KOHEYHOMY Tpejiesy (4Hcay) ki
Ay
ik (Ax—0),
TO TOraa H yrona f GyHeT CTpeMHTbCA K HEKOTOPOMY OTJIHY-
Homy oT m/2 yray o. Bmecte ¢ B u cexkymas S, Bpamasch
okoJI0 TOuKH A, OyJeT CTpeMHTbCA 3aHATb B Npejele MOJO-
xenne npsmoit T, npoxoxsiuel yepe3 A mojx yrJioMm a K no-
JIOXHTeIbHOMY HampabseHuio ocH x. Ho torma T ectp kaca-
TesbHast K I' B Touke A H

. Ay .
lim == lim tgf=tga.
Axl-TO Ax Axl-rPo gh=tga
(Ons puc. 85,4 0 < o < /2 u aaa puc. 85,6 n/2 < o < m.)
Mot ycranoBuid, 4to ecau omuowenue Ay/Ax npu Ax— 0



§ 5.3. [IPOU3BOJAHAS 111

cmpemumcs Kk KoHe4Homy npedeay, mo kpugas I' umeem e mouxe A
KQCAMEAbHYI0, MAH2EHC Y2AQ KOMOPOU C NONONCUMENbHbIM HA-
npasaeruem ocu X paser amomy npedeny.

Cuna Ttoka. MHonycruM, urto wusBectHa ¢yHKuH Q=
= f(f), BbIpaxarouas KOJHYECTBO 3JMEKTPHUECTBA, NMpOLIeilee
yepe3 (PMKCHpPOBaHHOEe ceyeHHe NpoBoja 3a BpeMs {. 3a ne-
puon or ¢ 1o {4 Al uepe3 ceueHHe NpOTEKAaeT KOJHYECTBO
anektpuuectBa AQ=f({+ At)—f(f). Cpemnsas cuna TOKa
npH 3TOM paBHa

] =AQ_fa+A0—f®

T Af Y] :
[Tpenen storo orHowenus npu At — 0 naer cuay ToKa B Mo-
MEHT 3

. AQ
I = lim ——-.
at—>o0 At

YIOPAXHEHHUS

1. HapucoBate B npsIMOyroJibHOH cHcTeMe KOOpAHHAT Na-
paboay y=x® u KacaTeJIbHyl0 K HeH B TOYKe, HMeIOILeH
a6cuncey x= 1. Haiitn yraosoit kospduuueHT sToii Kacaren-
HOH, T. €. TaHI'eHC yrja, oOpa30oBaHHOrO €0 C MOJIOXHUTEeJb-
HbIM HalnpaBJieHHEM OCH X.

§ 5.3. Npoussoanasn

Bce TpH paccMoTpeHHBIE 3ajayM, HECMOTDPSI HAa TO YTO OHH
OTHOCSITCA K pAa3IMYHBIM 00JIacTsiM YeJIOBeUeCKoro 3HaHHs —
MexaHHKe, TE€OMeTpHH, TEOpPHH 3JeKTpHuYecTBa, — MPHBEJH
K OHOH M TOH e MaTeMaTH4ecKo onepaiuy, KOTOPYIO HYXKHO
npoussBectd Haja ¢yHkuued. Hajgo nallTm npegmenn oTHOwIeHHsSt
npupaileHds (QYHKIHMH K COOTBETCTBYIOIIEMY [pHpalleHHIo
apryMeH1a, KOTJa MocJefHee CTpeMHTCs K HyJio. M Morau
6bl Kak YroIHO YBeJHYHTb YHCJO 3aJay, pelleHHe KOTOpPhIX
TNPHBOAUTCS K MOROGHO# onepauuu. K Heil npuBOAAT 3afauu
O CKOPOCTH XHMHYeCKOH peaklyH, O MJIOTHOCTH HepaBHOMEPHO
pacnpezneneHHOH Macchl M Jp.

EcrecTBeHHO, YTO 3Ta onepalus NoJy4yHja B MateMarHke
cneunanbHoe HasBande. OHa HasbiBaeTcs onepauueii dugipe-
penyuposanun yukyuu. PesynbraT ee HasbIBaeTcs npous-
800H0I.

Hrak, npouseodnoti om ¢pynxyuu f, 3alanHoil Ha HEKOTOPOM
uHrepBane (a, b), 6 mouke X 9TOro HHTepBaja Ha3bIBAeTCH
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npenes, K KOTOpOMY CTPEMHTCS OTHOIIEHHE NpHpalleHns QyHK-
uud f B 310 TOYKE K COOTBETCTBYIOLIEMY MpHPALIEHHIO apry-
MeHTa, KOorja mnocjefHee cTpeMHTcs K Hy.o. [TpousBoaryio
NpUHATO 0603HAYaTh TaK!

’ . A_l/ .
x)= lim == lim
f( ) Ax—»O»Ax Ax—+0

flx+Ax)—f(x) *)
Ax :

Ho mmupoko ynorpebasiorcss u apyrue oGo3HaueHHs! y', g—i,

d{i—(ﬁ, %‘f(x). Pe3ysbTaThl paccMOTpEHHBIX MPHUMEPOB TeNepb

MOXHO CcOpMYJHPOBaTh TaK:

CKOpOCb MO4KU, npoli0enHbLl nyme KOMOpPOU s ecmb yHK-
yus s=7[(t) om epemenu t, pasHa npou3go0Hol om smoti
pyuryuu s =f'(t);

maneedc yzaa o mexncly xacamesvrol k kpusod y= f(x)
8 mouKe, umeroujell abCyuccy x, U NOAONCUMEAbHbLLM HANpasAe-
Huem ocu x pasen npoussodroil f'(x);

cunra moka I 8 nposode 8 momenm t, ecau ynkyua Q =
= f(t) sotpaxcaem xoauuecmso asexmpudecmsa, npoueduiee 3a
gpemsa t uepe3 cewerue npoeoda, pasHa npoussodHol I1=Q=

= (t).

§ 5.4. HenpepoiBHocTb (yHKLHH, HMeIOWIEH TPOH3BOXHYIO

Ecau ¢ynkyus f umeem e mouxe x npoussodnyro, m. e.
021 Hee omHowerue Ki‘ cmpemumea npu Ax — 0 K KoHeuromy
wucay f'(x):

A ,
=@ (Ax—0), ()

Mo OHa Heo6X00UMO HenpepolsHa 8 9mot mouKe.
B camom gmene, u3 (1) crnenyer, 4to

Ay
2 =1 (®)+a(Ay), @
*) Ilpenea A;igo %% rie paccMaTpHBAOTCA TOJNbKO Ax > 0 miu

ToNbKO Ax < 0, HasbiBaeTci COOTBETCTBEHHO Npasod WJIH Ae60i npous-
600rod ot f B Touke x. [Tpo dyukumo f, sanaHHyio Ha orpeske [a, b],
NPHHATO TOBOPHTH, YTO OHAa HMEET Ha STOM OTPe3Ke NPOH3BOAHYIO, EC/IH
OHa HMeeT NPOH3BOAHYIO B JioGoit TouKe HiuTepBana (a, b) H, Kpome
TOro, NpaBylo NPOHSBOAHYIO B TOYKE @ H JIEBYIO=-B TOYKE b,
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rae o (Ax) — 0, Ax— 0. Ho torna mpupamenre Ay Haiei
(YHKIHH MOXHO 3anHcarb B BHJE CYMMbI

Ay={f"(x) Ax+ a (Ax) Ax

ABYX CJaraeMblX, KaJoe H3 KOTOPHIX CTPeMHTCS K HYJIO IpH
Ax -_ 0. .

CnenoaresbHO, Alimo Ay =0, T. e. yHKUHA f HenpepEIBHA

X >

B TO4YKe X.

OGpaTHoe yTBepkAeHHe He Bcerna BepHo. Ecou pyHkuus f
HerpepeiBHa B TOYKE X, TO OHA MOXET M He HMeTb NPOH3BOJ-
Hoit B atoif Touke. Hanpumep, dpynk-

U g
y=|x|] (—oo<x< ),

KaK BHIHO M3 ee rpaduka (puc. 86), g=\al
HernpepbiBHA JJIl BCEX X HO B TOYKe
x=0 He umeer npousponHoii. B aroi
TOYKe He CYINeCTBYeT KacaieJbHOH 7

K rpaduky. EcTb npaBas Kacartesb- Puc. 86
Has M JieBasi, HO OHM He COBNAJAloT.

Venosoum Kroappuyuenmom npsiMOH Ha3LIBAETCA TAHTEHC
yrja Mexay 3Tofl mpsAMOH H NOJIOXMTEJbHBIM HanpaBJeHHeM
oc x. [lpambie S u T Ha puc. 85, a 06pasyloT ocTphie yrisl f, o
C MOJIOXHTEJbHEIM HanpaBjieHHeM OcH X, a Ha puc. 85,6 —
TyNble YTJBL

T

YIOPAXHEHHUA ‘

1. Haiitu yrsioBbie K03hhHIIMEHTH KacaTebHBIX K KPUBbIM
(YpaBHeHHS KOTOpHIX 3aliaHbl HHXKE) B 3aJaHHBIX TOUKaX X

a) y=x*, x,=1;
0) y=x% x=1
B) y=sinx, x,=0, an/4, /2, 3n/4.

2. Briuuncnuts f (0), ecan f (x) =V T+ x wam f(x) = (1-|l-x) .

3. BplyncauTb MrHOBEHHYIO CKOPOCTb TOYKH, ABHXKYLIEHCS
Mo 3aKOHY s=5¢2, B MOMeHTH BpeMeHn [ =1, 2, 3.

4. B uyeM 3akJ/ouaercs reoMeTpHYeCKHMH H MeXaHHYeCKHH
CMBIC/1 ONpeje/IeHHs MPOU3BOAHON?
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§ 5.5. Popmyast nupdepenuupoBanus

[Mpn moGoM HaTypanbHOM 7 cnpaBeiiuBa GopMmyJaa
(x") =nxr-1, 3)
Y6eaumcsi B CHpaBeMIMBOCTH 3ToH OpMyJibl npu n=2
u n=3. B camom gene, cuutas Ax=h, GyaeM HMeTb
2y = fim $E =2 g Lo Pyl —
(x?) hl_)mo 7 hi’rr:)h(x + 2xh 4+ h?—x?)
=hlim0 (2x + k) =2x,

() = lim (6% 4 Bt Bxhd 4 bt —x%) =
-0
= hlin; (3x2+ 3xh + h?) = 3x2.

JHoxkasatenscTBO (hopMyJis! (3) Ajst I0GOrO HATYPAJIbHOTO n
Gyaer maHo B Kouue § 5.5.

Ha camom nese dopmyaa (3) BepHa npu JoGoM n—noJo-
XKHTEJIbHOM H OTPHIATeJJbHOM — He 06513aTe/IbHO HAaTypajbHOM.
310 OGyneT JNOKasaHO HHKe.

CnpaBennBbl Takke (opMyJisl

(sinx)’ =cos x, 4
(cos x)' = —sinx. (5)

Hokaxem paBeHcTBO (4) (n0KasatesbcTBo (5) npenocras-
JIfeM YHTATeJIO):

lim S0EHD=S0Y _ jiy [SR0D oo (1 2)] =

h—>0 h—>0 h/2
= lim Sn/2) 11m cos (x—l—%)=l-cosx=cosx.
h—>0 hj2 h—0
Mu Bocnosb30BasIUCh cBoficTBoM lim. s“; =1 u TeM dakToM,

a->0
4yTo (PYHKIHUA COS X HelpephiBHA.

I'Iponsao;u—xaﬂ OoT (yHKUMH f(x) ecTb B CBOIO oOuYepeib
dynkuus f'(x). Ecan NPOH3BOIHAS OT [’ () cywectByer, TO
OHa HasblBaeTcsl 8mopoli npoussodroli ot f(x) U o6o3HauaeTcs
tak! f"(x). Tlono6HBIM ke 06pasoM onpenessioTCs 6Gvlcuiue
npouseodrsie ™ (x) or f(x) nopsaka n, rae n—.moGoe HaTy-
paJibHOe UGHCJIO.

Bropas npousBoanas or byHKUMH S= f({), Bblpaxarouei
3aKOH JBHXKeHs TOYKHM Ha NpAMON, paBHA, QUEBHAHO, YCKO-
PEHHIO 3TOH TOUKH B MOMEHT BPeMEHH I,
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YKe H3 CKa3aHHOrO BH/IHO, YTO MOHSTHE NPOH3BOANHOI
HMeeT IPOMajiHOe 3HauyeHHe B NPHKJAAHBIX BOMpPOCaX, HO OHO
sBJisieTcsl QyHAaMeHTaJbHbIM H B CaMOH MaTeMaTHKe.

OtMeTtuM, yto nocmosunoe uucao C, paccMaTpHBaeMoe Kak
GYHKUHA OT X, umeem npoussoOHyro, pasHyto Hyo moxcdecm-
6eHHo (T. €. paBHyIO HYJIO AJs Bcex x). B camom gese,

' . C—C .
fx)=C, f(x+Ax)=C, C=A11210A—x=ml‘1_n’100=0.(6)

Orverum eme, 4to ecan GYHKUMH 4 (x) M U(x) HMeoT
B HEKOTOpOH TOUKe X MpoHu3BOZHYI0O U A, B—TNOCTOSHHbBIE
yhcaa, To QyHKUuA

f(x) = Au (%) + Bo(») ™
TaKKe HMeeT NPOH3BOAHYIO, PABHYIO
[ (x)=Au’ () + BV’ (»). ®)
B vacraoct, npy A =B =1 noayuum dQopmyay
[e (@) +o@®)] =u'(x)+0" (x), )]

BBIPAXKAIOMLYIO TOT (haKT, YTO NpPOH3BOLHAA OT CYMMBI (DyHK-
LUMH paBHa CyMMe NpPOM3BOAHBIX OT 3THX OYHKUMH. A npu
B=0 nonyuum dopmyny

(Au) = Au’, (10)

BBHIPAXKAIOLLYIO, YTO TMOCTOSHHYIO MOXHO BBIHECTH 3a 3HaK
NPOH3BOJHOH.
B camom neune,

lim LGN —F@) _ i Au(eth)+ Bo(eth)—[Au(9)+ Boa)] _
a0 h T b0 h
T u(xt+h—u@®) v(x+h)—uv(x) _
= fim (4 R 1 fim (B =
. u(x+h)—u(x) . v(xF+h)—v(x)
= A lim '—_—h_+B lim —_— =

h—>0 h—>0

= Au' (x)+ Bv'(x).

Bo BTOpOM paBeHCTBe B 3TOH 1leMOYKE DPABEHCTB MBI BOC-
0/1b30BaJIHCh TeM (DAKTOM, 4TO Npeles CyMMbl pPaBeH cyMMe
NpefesioB, U B TPETbEM —UTO MOCTOSHHYIO 3aKOHHO BHIHECTH
3a 3HaK npejeJa.
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IMo unpykuun (cm. § 11.2, 3ameuaHue) MOXKHO JOKasaTb
GoJiee ofliee yTBepxjeHHe *):

(2 o) =3 asi e, (11)

TA€ a;—TMOCTOsIHHbIE 9YHcaa, a npo (QyHKuuu u,(x) npea-
noJiaraercsi, YyTo OHH HMEIOT IPOU3BOJHLIE.
B vacrHocTH, nosyuyuM NpOM3BOAHYIO OT MHOroYJ/ieHal

n ’ n
(z ) _ S kapr
k=0 1

(@, —NOCTOSIHHBIE).

HokasateabctBo ¢dopmyan (3) aasa awo6oro
HaTypanabHoro n. IlpumenseM Meron unaykuuu. [lpn
n=2 c¢opmysa BepHa. [lomycTHM, 4YTO OHa BepHa IJsi He-
KOTOpOro HaTypaJsbHOoro n. Torja oHa BepHa TaKKe, €CJH
B HeH n 3aMeHHUTb Ha n-+ 1:

() =(x"-x) =nx*t x4 x"- 1 =(n4 1) x™.
Ho Torma corsacHo npuHnuny uHAyKuud Qopmyaa (3)
BepHa s JI0GOro HaTypaJsibHOro 7.
YINOPAXHEHHWUSA

1. BuBectu dopmyay (5).

2. BbYHCIUTb NPOM3BOAHBIE OT (BYHKUHH

x—3x+1, x¥*4+6x—x+7, 2cosx—3sinx4x—32,
5sinx+4cosx—x2+47.

3. Hanuwure npousBoiHbie OT X", sinx, COSX W 3anoM-
HHUTE HX.

§ 5.6. IMpoussopHas OT moka3aTejbHOH (yHKUMR

IMpouseogHasi OT a* BHYHC/AsAETCA 0O (opMyJe
(@) =a*lna  (@>0, a=1). (12)
B uactHocTH, (€¥)' =€*.

*) Hapo umerhs B BHAy 0603HaueHH®

n o
o tazt... o= 2 aj=2a/'
i=1 1
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B camom nene,

a¥+th_gx . a*—

———=lim a* % lim ————
h h—>0 h z->ol°ga(l+z)

1 1
— % = n* ==
=a lim0 Tog, (+272 ¢ logae—a Ina.
zZ—

%y = 1i
@ = Jim,

3xecbh MBI BOCIOJIb30BAJMUCh IMOJCTAHOBKOH @#f—1=2—0
(h — 0), otkyma h=1log, (1 +2). Hano yuects, 4t0 dDyHKIUs
log,u mns u>0, B YyacTHOCTH INpPH u=e, HenpepLBHA
(log,,u =, log,,e) .
§ 5.7. INpoussopHas ot JorapudMuveckoil GyHKUUH
[pousBoanas or log, x Bhuncagercas no dopmyJe
1
(log, x)’ ’—_loga =i (13)
B uactHoCTH,
(Inx)’ =-. (14)
B camom nene,

log, (x+h)— log, x . x+h\1/h
4 = l = 1 1 —_— =
(log, x) m}’ A R LII‘I) og,,( ~

L R\VR ] h\xh
,__han})loga(l—l-—) —llm—loga(l—l-—-) -
11m—log,,(l+z)1/z——loga

~xna °

§ 5.8. INpousBoanas OT MpOM3BENEHHA M YaCTHOro

Ecnu ¢yHkuuu u(x) ¥ v(x) UMEOT NPOU3BOAHLIE B TOU-
Ke .X, TO HX INpOU3BeJeHHe M YacTHoe (IIPH YCJOBHH, YTO
v(x) #=0) uMeloT MpOU3BOJHLIE H CNPAaBEIJIHBH PaBeHCTBA

(w) =uv' 4 u'v, (15)
(%) W w4 £0). (16)

vZ
INpugagum He3aBHCHMOH NepeMeHHOH ¥ HpHpaileHHe Ax.
HYCTb COOTBETCTBYIOLIWE NpHpalleHnuss QYHKUMH # U v OyAyT
Au u Av. Torma
(4v)’ = lim Agi”)—= lim
Ax—0 B% Ax =0

Au
= lim “T"' lnn v e + hm a5 Av=uv' -+,
Ax =0

(u-+Au) (v—l—Av) —uv_
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MOTOMY 4YTO U3 TOrO, YTO U MMeeT NPOU3BOJHYIO, CJIEyeT, UTO
cHa HenpepbiBH2, T. €. 4T0 Av— 0 npu Ax — 0.
B uactHocTH, ecau C-—1nocTosiHHasi, TO

(Cu) =Cu’' +C'u=Cu’,

notomy uyro C'=0.

Hanee,
(E r lim __l_(u-[-Au_l — lim Ax  “Ax v —uv’
V) pxmo Dx \vFAv v L Lo v(+AY) T 0f T

§ 5.9. Npoussognas ot tg x u ctgx

sinx \* ¢€os x (sin x)’ — sin x (cos x)’
t = = —
(tg %) ( cosx) cos? x
__cosxcosx—sinx (—sinx) _ sin?x+ cos®x

=sec?x (cosx=%0),

cos? x cos? x
a7
r__[cosx \* _ sinx(cosx)’ —cosx(sinx) __
(ctgx)’ = ( sin x ) - sin? x -

__—sin2x—cos?x
sin? x

=-—cosec’x (sinx=%0). (18)

§ 5.10. 3apaun

3apaua 1. Jokaxure, 410
1\’ 1
(—) =—-7 (x*0);

X
(;7)'=_%T (n=1, 2, 3,...; x50).

3710 nokaseiBaeT, 4to (opmy.a (3) BepHa M NpH OTpHLA-
TeJbHBIX Ue/biX n. Jlajblue Mbl yBUAHM, YTO OHA BepHa H s
HeLeJIbiX 7. ,

3agaua 2. BuuucauTb nNpOM3BOAHEIE OT CJ/EAYIOUWMX
GYHKLHR: ”

X x—1 x2—1 x24-2x—1 9si
oy U TR e T ’ , sinxcos x,
2¢*4+3Inx—5, secx, e*sinx, e cosx, xex,
; ex sinx
x%e*, —=, xlnx, x*lnx

.7’ x !
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§ 5.11. MponssogHas caoxHOH (GyHKIHH

ITycte y=f(x) =¢[¢p (x)] ectb cioxKHasa byHKUHSA, 3a1aH-
Hasi Ha HekotopoM uHTepsane. IIpu 3TOoM u3BecTHO, uTO
GyHKUHMH

y=o@), u=vK

uMeloT mnpousBogHble. Torga GyHKuuaA y=f(x) Toxe umeer
NPOU3BOJIHYIO, BBIUUC/IAEMYIO NO (opmyie

Y = Yulke, (19)

Ii€ Y, ecTb NpOM3BOAHAsi OT y no x(yy=/f' (x)), a y, ecTb
npousBojHas or y no u(y, = ¢’ (u)) uau

F'(x)=0" (@)% (x). (19"

Yro6ul nokasaTe (19), 3agaguMm x W NpUIaZUM €My Mpo-
H3BoJIbHOe npupauleHue Ax==0. Toraa u u=1y (x) moayyur
COOTBETCTBYIOIlee TNpHpaileHHe Au, a y(y=¢ (4)) moayuur
B CBOIO Ouepelp ONpejesieHHOe NpHpauleHHe Ay.

Hmeem npu ycnoBuu, uyro Au =40,

A Ay A
= A (Au0). (20

Ecin nepefiTd B 3TOM paBeHCTBe K npegeny npu Ax — 0, To
NOJIyYuM

g, = lim 2%~ fim 2% im 4%

Ax—>0 DY py0 AU gy Ax

T. e. ¢popmyay (19).

Hapno yuectb, yTO TaK Kak GYHKIHA u =1 (x) HMeeT no
ycsoBuio npoussoanyio, 0 Au— 0 npu Ax — 0.

3ameuanue. B pasencrBe (20) Mbl mpeamosarasu, 4ro
KaxJIOMy nocTaTouHo ManoMy Ax %0 coorBercTByeT Au ==0.
Ecnu cayyurcsa, yro Au=0 npu HekotopoM Ax, To yxe
IeNUTh U yYMHOXaThb Ha Au Helb3s M Hajo JOKasbBaTh (op-
myay (19) mpyrum myrtem. DTO MOXKHO cAe/aTh, HO MBI COOT-
BETCTBYIOLlee J10Ka3aTe/NbCTBO HE TNPHBOAHM, TeM GoJee uTo
3TOT cJy4all BCTpeyaercs pelko.

ITpumep 1. HaiiTh npousBoiHyio or QyHKIMH y=e%**,

Pemenue. Ilonaraem y=e*, u=2x, nosromy

Y = (€ (20); = €% 2 = 2%,
IIpumep 2. HaliTu npoussoznywo or GYHKUUH y=e* .

= Yulbx
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Pemenue. Ilonaraem y=e*, u=x? mnoatomy
U, = ("), (x?); = e* 2x =e¢*"- 2.

INNpumep 3. Halith npousBomHYI0 OT (YHKIHH Y ==
= sin (kx+ b).
Pemenue. Ilonaraem y=sinu, u=*kx-} b; nostomy

Y, = (sin u),, (kx+ b); = (cos u) k =k cos (kx -+ b).

Ilpumep 4. Haiiru npousBoiHyio oT QYHKIUMH Y= X% =
=eilnr (x>0, as=0).
Pewmenue. Ilonaraem y=e", u=alnx; nosromy

Y= (@alnx)' = —=———="=ax*"%,

Mrr nosyuuan dopmyay
(x%)" =ax*=2,

pepHyio npu Jmobom a==0, He obGsa3aTenbHO UeJOM. Takum
o6pa3oM, HanpHmep,
— 1 1
(V%) =y =g =11 = =
1\ - - 2
(7) =ty =—2e0=—2

IMpumep 5. Halitn npoussoanyio ot pyHKuun y=sin®x2,
Pewenue. [Ilonaraem y=u?, u=sinz, z=x2 IlostoMy

Yy = Yolby = YuUs2, = 3ulcosz-2x=
= 6xsin®z cos 2 = 6x sin? x® cos x2,

g

YOPAXHEHUH

1. BHUHC/NTL TPOMSBOAHEE OT (yHKLMiL:
x —
1) e=*; 2) e~ 8 - 'II; z.

4) ex_;-x ; 5) cos(kx-b); 6) sindx;

7) sin®2x; 8) Vx+1; 9 Virtx;

10) Vet 2x+1; 1) In@x—3); 12) /@—1;
18) e=*=% 14) Vartx% 15) In(x+V ot x?).
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§ 5.12, Ilpoussognas oGpatHoH (yHxKuUM

PaccMorpuM  ¢yHKIHIO Y= f(X), HenpeprBHYIO H BO3-
pacraiomyio Ha otpeske [a, b]. [locnemnee osuauaer, uto
GosblIeMYy 3HaueHHIO X M3 OTpeskKa [a, b] cooTBeTcTBYET GOJIB-
mee 3HaueHue y (puc. 87).

[lyers ¢=f(a), d=f(b). Ha puc. 87 Buano, uTo Kax-
JOMy 8HaueHUI0 y H3 oTpe3Ka [c, d] COOTBETCTBYET, U IPUTOM
OfHO, 3HayeHHe X M3 OTpe3- ¥
ka [a, b] Takoe, uro Y= d
= f(x). OTHM MBl 3ajaJH Ha
orpeske [c, d] BnosHe onpene-
JeHHylo ¢QyHknuio x=¢q(y),
KoTOpasi HasblBaeTcsi obpam-
Hol pynKyued N0 OTHOLIGHHIO Ay
K pynkuuu y=f(x). Ha puc. g
87 BugHo, urOo (DYyHKLURA @ (Y) ¢
HenpeprBHa (cM. § 2.10).

Tak kak o¢yHkuua f(x) ¢ 7 ‘,—A?;- )
BO3pacTaeT M HempepbiBHA, TO

npy Ax==0 u Ax—0 6y- Puc. 87
zer Ay==0 n Ay=0, caenosaresnHoO,
Az Ax/Ay im == lim ——.
Ax  Bx/Ay’ —rPO Ax 4y _nfo Ax/Ay

Mul nosyuuau ¢opMmysay Ajas TNpPOU3BOAHOH ofpaTHoH
QyHKIMU:

. _ 1 ,
Yo=—  (x,70); @1

Yy

OHa BepHa, €CJM CYIIECTByeT Npou3BoAHas x|, 7= 0.
[Tpounssoxnas arcsinx. Ilycth

y=arcsinx (—1<x<1). (22)
310 HempepbiBHAs, CTPOro BO3pacrawouas (GYyHKUUS HA MHTED-

Bane (—I1, 4+ 1). O6GpaTHas K Heli (YHKIHS, TOXe Henpe-
PHIBHas H CTPOro Bo3pacraiomas, ectb (cM. § 2.11)

x=siny (—a/2<y<n2).
B cuay dopmyasr (21)

(arcsinz) =gy = — =" =1 _—
Xy

14 1 .
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B nmanHOM cnyuae —-12‘- <y< -g— , noaroMy cosy>» 0 mu

nepes KOpHeM JOJ/DKeH OBITb 3HAK -+ .

[pu x= 41 npaBas uyactb (23) o6pawaercs B co. Kaca-
TeJbHass K KpuBOH (22) B 3THX TOYKax napajiesbHa OCH .

3ameuaHue. 3anoMHuTe GOPMYJILI IPOU3BOAHBIX CYMMBI,
Pa3HOCTH, NpOU3BeNeHHsI U (OPMYJIbI TPOM3BOJHBIX OCHOBHEIX
ajeMeHTapHBIX GyHKuui: x*, a*, Inx, sinx, cosx, igx,
arcsinx, arctg x, a Takxe GopMyJay NPOH3BOAHOH CJIOXKHOH
GYHKIMH. DTO JacT BaM BO3MOXKHOCTb BBLIYHUCJHTH NPOH3BOA-
Hyio Jiofol snemeHTapHO# ¢yHKuMH. Besi TpyzHOCTh 371€ch
CBOJMTCS K TOMY, YTOOBI yMeTb CBECTH KaXIylo JaHHYIO 9Je-
MEHTapHYI0O (QYHKUHIO K LENoyke OCHOBHBIX (NPOCTEHLINX)
3/1eMEHTapHBIX (QYHKIHA.

YOPAXHEHHUS

1. IToabsysce dopmyJoit (21), JOKaKHTe paBeHCTBal

1) (arccos x)' = —ﬁ (—l<x<1)

2) (arctg x)’ =T:|-17 (— o0 < x < o0);

3) (Inx)’ =-J17 (yuectb, uto (e¥)' =e*, x>0,
4) BoluucauTh NpPOM3BOAHBIE OT chexyomux (GyHKUuH:
In(2x), In(ax), arctg % (a > 0), arcsin x+ arccos x, arcsin 2x,

arctg x%.

2. Kak onpegesnsiercs MrHOBEHHasi CKOPOCTb TOUKH, ABH-
Kyumefics no sakony s=f(f)? Kak onpepensiercs Kacarenb-
Has K KpUBOH B ee Touyke?

3. Uemy paBeH TaHreHC yrja HakJoOHa KacaTeJbHOH K
KpuBoH y=f(x) B Touke x?

4. Yro Ha3piBaeTcs CHJIOH TOKa?

5. Uro HasbiBaeTcs NMpoU3BOAHON OT GYHKUHUH f B TOUKE X?

6. Kak Bblpaxkaeics yepes NpOH3BOAHYIO

a) CKOpOCTb ABHXKYILIEHCA TOYKH,

6) TaHreHc yrja HaKJOHa KacateJbHOH K KpHBOH y= f(x)?

B) CHJla TOKa B NpPOBOJE B MOMEHT f?

7. Uto HasbiBaercsl YrJoBHIM KOIhGhUIMEHTOM NpAMOH?
O6bsicHuTe, nouyeMy ¢yHKuus f, uMeOmas NPOU3BOAHYIO
B TOYKE X, HENpepbiBHA B 3TOH TOYKE?

8. Ilo xaxoii dopmyse BbIYHC/AETCA NPOH3BOAHAA

a) x"?

6) sinx, cosx?
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B) nocrosinHoli C?

T) CyMMbl U Pa3HOCTU?

J) NpoH3BeleHHA (YHKUUH Ha NOCTOSTHHYIO?

e) e*, a*, Inx, log,x?.

) JorapupMuYecKol (GYHKUHU?

3) npou3BefieHUA?

H) 4acTHOro?

K) tgx, ctgx?

J) CIOXHOH (DYHKUHMH?

M) oOpaTHOH (PyHKLHUH?

H) arcsinx, arccosx, arctgx, Inx?

9. Uto Ttakoe BTOpas npou3BoaHasn? KakoB ee pusuueckuii
CMBIC? .

10. OnpegenuTh yCKOpPeHHe TOUKH, ABHKYLLEHACS N0 3aKOHaM

a) s=23¢%, 06) s=>5¢, B)s=2t
B MomeHT Bpemenu (=0, 1, 3, 4.

11. Boluuciuth yraoBo#l xoapduuueHT KacaTeJNbHOH K
KPHBO#H

a) y=sinx, 6) y=cosx, B) y=tgx
T L

RN

12. BbluucauTb NpOU3BOAHbIE (PYHKIMH

a) y=x+}x, 6) y=tg5—clg3,

B) y=Intg (-’23) , T) y=In(In(Inx)).

B TOoykKax x=0



IJIABA 6
NMPUMEHEHHUS TPOU3BOJAHOH

§ 6.1. MakcumyM ¥ MHHHMYM QYHKUHH

Ha puc. 88 nsoGpaxkena HenpepeiBHas GYHKIUA y = f(x)
(a<<x <), xoTopyro OyaeM npeanosaraTb HelnpepbBHO AHd-
¢depeHUNpyeMOl, T. €. HMeEIOLIeH HeNPepPHIBHYIO NPOH3BOHYIO,
Ha [a, b].

Ha orpeske [a, b] umeiorcs 1Be 3aMeyare/bHbE TOUKH X,
u b. HmenHo opauHara f(x,), COOTBETCTByIOLiasi TOUKE X,,
g ABJAETC Haubosblled cpeau

opauHar f(x), COOTBETCTBYIO-
WUX JIO6bIM TOYKaM X OTpes-
Ka [a, b], a opauHara f[b] siB-
JIfieTcs HaHMeHbILeH cpefiy yKa-
3aHHBIX f(x).

H BBenem onpeznenenus. Tou-
L Ka X, OTpe3Ka [a, b] Ha3bBaeTcs
Zp & B 0T moukod makcumyma pynkyus f
Puc. 88 Ha smom ompeske, ecau f(x,)
ecTb HaHuGoJbluee CpPefH 3Haue-

Hu# f(X), COOTBETCTBYIOWIUX JOGbIM ¥ H3 [a, b):

fx)=f(x) (@<x<Db)

(cM. puc. 88). Touka x, orpe3ka [a, b] HasbiBaeTcs mouKol
munumyma ¢yukyuu f Ha smom ompeske, eciu f(x,) ectb
HauMeHbluee Cpeld 3HaYeHui f (x), COOTBETCTBYIOHUX JIOOHIM X

, bl
e fa ) FE)<f(x)  (@a<<x<b).

‘Touka MakcuMyMa HJIM MHHHMyMa f Ha oTpeske [a, -b)
HasbiBaeTcss mouKod sxcmpemyma (extremum) Ha [a, b].

AHasOrMyHO ONpejessioTCs TOYKH KCTpeMyMa Ha HHTeEp-
Bane (a, b), T. €. HA COBOKYNHOCTH TOYeK X OCH X, AJIA
KOTOphIX a < x < b (cM. HHXKe 3aMeyaHHe 2).

BBenem onpezeneHus .

Oxpecmuocmopro mouku x, (OcH x) HasblBaeTcs JOGOH HH-
'rnga(J)I) (%0—90, x,+06) (ocu x) ¢ DeHTPOM B 3TOH TOUKe
(6> 0).

o o e o i e e

1
1
[}
!
{
I
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N ———

Y I—
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Jlesoi oxpecmuocmbio mouku X, Ha3BIBAETCSH MHOXECTBO
TOUEK X, YAOBJIETBODSIOWIKX YCJIOBHAM Xo— 0 < x < X,.

Il pasoii oxpecmuocmvro mouku X, Ha3bIBAETCH MHOXKECTBO
TOYEK X, YIOBJIETBOPSAIOWIMX YCJAOBHAM X, < X < Xo+ 6.

Ha puc. 88 KpoMe TOYKH X, OTMEUEHHI ellle TPH 3aMeya-
TeJbHblE TOUKH X;, X, Xs. 10OUKA X; He SIBJSAETCS TOYKOM
MakcuMyMa Ha [a, b]. OnHako MOXHO YyKas3aTb ee OKpecT-
HOCTb (¥3—98, Xx,-+ 8) HacrosbKO Mauaylo, YTO Ha Heil X, ¢CTh
TOYKA MaKcuMyMa. TaKyio TOUKY HasblBalOT TOYKOH 0Ka./b-
HO20 MaKcumyma GYHKUUH f.

Hrak, Touky x, orpeska [a, b] HasbIBalOT mo4Kol 20K AL~
HO20 makcumyma f, ecii CYyIIECTBYET ee OKPeCTHOCTb, IpHHAaA-
Jexamas orpesky [a, b], Ha KOTOpOH X, €CTb TOUKa MaxCh-
MymMma.

CoOTBeTCTBEHHO TOUKY X, oTpe3ka [a, b] HaswBalOT mic«-
KOUi A0KAAbHO20 MUHUMYMA [, €CIH CYUIECTBYET ee OKpecT-
HOCTb, NpHHaLJexKawas orpe3ky [a, b], Ha KOTOpoH X, ecib
TOYKa MHHHMyMa.

Mur BuzuM (cM. puc. 88), uTo X; U X, CYTb TOUKH JIOKaJib-
HOrO MHHHMyMa f, a X,, Xs— TOUKH JIOKAJbHOrO MaKcuMyma f.
Ilpu sToM X,, KpoMe TOro, €CcTb TOYKa MaKCHMyMa Ha O7-
peske [a, b].

Touku JIOKaJbHOrO MakKCHMyMa W MHHHMyMa [ HasuBaoT
MOUKAMU N0KAALHO20 dKcmpemyma f.

B moukax aokarbroeo skcmpemyma f, OYEBHAHO, HLOUS-
800nas om [ pasna Hymo*). B cayuae puc. 88

F'%)=0, [ (x)=0, [ (x)=0, [ (xs)=0.

Bce e Hajo uMeTb B BHAY, YTO OGpaTHOe yTBepikieHHe
He Bceraa BepHo. Ecau npoussogHas or f B Hekotopoii
Toyke x, paBHa Hymo (f' (x,)=0), T0 x, MOXeT He GhiTb
TOYKOH JIOKAQJbHOrO 3KCTpeMyMa f (cM. HuxKe npumep 1).

JanuM dopMasnbHOe JOKa3aTeNIbCTBO TOro (aKTa, uTO ecau pyHK-
yua y=fF(x) umeem npoussodunywo 6 mouxe x,, ABAAIOUENCA MOuKOd
AOKAAbHO20 sKcmpemyma [, mo npoussodwas om f 6 smoid mouxe
pasua Hyao.

B camoM fene, nycTb AJsi ONpENEJEHHOCTH [ HMEET B Xy JIOKaJb-
Heli MakcumyMm. Torna BoinmoJHsieTcsl HepaBeHCTBO f(x) << f(xy) aas
TOYEK X, JOCTaTOYHO GJH3KHX K Xo, He3aBHCHMO OT Toro, 6yjer aum x

*) MoxHO 6bllo GH cKa3aTb, 4TO QYHKLUHS [ MMeeT mpaBhii Jo-
KaJbHBIH MakCHMyM B TOuKe Xg, €CJH f(x)<Cf(x,) Aas Bcex x, mpu-
HaJJIeXAlHX K HEKOTOpOH NpaBOH OKPECTHOCTH Xg (Xo << x<Cxo-+§),
KaK 3To, HalpHMep, HMeeT MeCTO JJs rpacdHka Ha pHc. 88 npu xo=a.
Ho npounssogras ?’ (xo) B Takoii Touke He 00s3aTeJIbHO paBHa HYJIO,
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Gonbuwie HAH MeHblle X,. CleloBaTeJbHO, NJA TOYEK X, NOCTATOYHO
GAU3KHX K X,

f (%) —F (x0)

—r, <0, ecan x—xy > 0, ()]
f ) —1F (x
T‘)")QO, ecan x—x, < 0. 2

Mo ycnosuio hynKuusA f MMeeT MPOM3BOAHYIO B TOUKE x5, H NOTOMY
CywecTByeT mpeged
lim M:f’ (%)
x=xo—>0 X—Xp

Ho stoT npegen foJKeH GOHTb OZHMM H TeM JKe YHCJOM, Gyner
JI4 PasHOCTb X—Xo CTPEMHTLCA K HYJIO, OCTaBasCh I10JIOXKHTEJNbHOR
unu orpHuateabHoii. M3 (1) cregyer, urto f' (x,) <0, aus(2)cnenyer,
uto f’ (%) =0. Ho 310 BO3MOXHO, JHwb ecan ' (x,)=0.

Mpumep 1. Pynxuus (puc. 89) y=f(x)=»* (—1<x<l)
He HMeeT JIOKaJbHBIX 3KCTpeMyMOoB Ha orpeske [—I1, +1],
HO ee TpOM3BOZHas f'(x)=
=3x* B Touke x=0 paBHa
Hyao (f' (0)=0).

CkasaHHOe TNOMOXET HaM
yKasaTb NyTb, CJIefyss KOTOpO-
My MOXHO HaXOJHTb MaKCHMyM
H MHHUMYM (3KCTpPEeMyMBI) QY HK-
LHH Ha OTpe3Ke.

Ilycte Hajo HalitH 3KCTpe-
MyMBl QYHKIMH f Ha oTpeske
{a, b], rne ona HenpephiBHA U
HMeeT HeNpephiBHYIO IPOH3-
BoAHylo. Haxoaum npousBox-
‘ Hylo [’(x); npupaBHHBaeM ee
Hymo! f'(x)=0, HaxoZUM Bce KOPHH MNOJYYEHHOTrO YpaBHe-
HUs, NpHHajnexauue (a, b), cuuTas, 4TO HX KOHEYHOE HHUCJIO:

Puc. 89

X1y Xgy ooy Xpn
BbIYHCJIAEM YHCJIa
f(a)’ f(xl)a f(xz)’ sy f(xN)v f(b) (3)

W BHIOMpaeM cpeld HHX HauCoJbllee M HaNMeHbLiuee, KOTOphbIE
0603HaYMM COOTBETCTBEHHO yepes M u m.

Ta u3 Touek a, x;, X, ..., Xy, b, L1 KOTOPOH 3Haye-
HHA (3) JOCTHralOT MaKCUMyMa, H ecTb TOYKa Makcumyma f
Ha [a, b], oGosHaunM ee uyepe3 x,. Ta ke TouKa, A/ KOTO-
poii 3HaueHHsA (3) AOCTHralOT MHHHMYMa, €CTb TOYKA MHHH-
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myma f Ha [a, b], oGosHaunM ee uepe3 x;. Hrak,
max f(x)=f(x)=M, min [(x)=f(x)=m.
<b a<x<b

rs
3ameuanue 1. Ecau Ha orpeske [a, 6] Her BoBce
KopHe#l ypaBHeHus f'(x)=0, To M ecTb MaKcHMaJbHoe, a
m-—MHHUMaJIbHOe cpenu uucen f(a) u f(b).
3ameuanue 2. BriBaer, yTo Hajo HCKaThb 3KCTPEMyM
Ha WHTepBane (a, b), I'’le MOXeT OKas3aTbes, YTO @ = —o0,
a b=-o00. Torza poab uucen f(a)

u f(b) li(:;;y;c )ur;;aTb] inﬂ;:e;.(ir;bl -//////%%

x—>a x—=>b
x>a x<b
1 M Mmoxer oka3zatbcs He max f-(x), /
agxgb

a HalMeHbIUHM YHCJOM GOMbIUM f (X)

Ha %[l’pbzx'Mep 2. Jlan KBajapaTHbIi W///////

JIHCT 2KeCTH co cTopoHoit a. M3 Hero
B €ro yrjax BbIPe3aioT OXHHAKOBbIE q
kBaaparsl (puc. 90) u, saru6as JucT Puc. 90
N0 DYHKTHPHBIM JIMHHUSAM, JeJaloT
npsaMoyro/ibHyto Kopo6ky. Ilpn kakux pasmepax KBajpatoB
o6peM KOpPOOKH OyneT HauGoJbLIHM?

JiuHy CTOPOHBI KaXXAOTO M3 BhIpE3aHHBIX KBaApaToB
o6o3nauum uyepes x. Toraa o6veM KopoGkH V ectb dyHKuus
OT X, Bepaxkaemas (opmyJIof

V(x)=x(a—2x)? (0< < %) .

DM

R\

Hapo Haiitu MakcumyMm 370l (YHKUHH Ha [0, %] Hwveem
V' (x) = (a—2x)>*—4 (a—2x) x = (a—2x) (a—6x).
[NpupaBuuBasi Hymo V’(x), nmoayunM jBa KOpHS: x=§-,

a 6 O a
x =, 06a npuHajnexamue orpesky |0, 3 |.
HanGosbiiee u3 ciaefyoluX Tpex yuces

a 2a8 a
vo=o, V(g)=% V(5)=0
¥ €CTb MaKCHMaJbHblii 06beM KOPOOKH, COOTBETCTBYIOLIHMH

a
x=3'~
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IIpumep 3. B uenrpe KpyroBo# KOHbKOGeXHO# J0-
POXKKH pajHyca r Ha BbicoTe A nopselueH ¢poHapb. OcBelleH-
HOCTb JIOPOXKH MOXHO BBHIpa3uTb uucioM T, KOTOpoe Bbi-
qucaseTcs no gopmysne

ksina
T=fr
rae k—uucio, onpeiensieMoe MOIHOCTbIO (pOHaps, a tg o=
[ § =L (puc. 91). Haiitn BhiCOTYy A
r

cronba, nMpu KOTOpO#H AOpPOXKa Oy-
JIeT OcBellleHa MaKCHMaJbHO.

= Pewenue. Boipasum T uepes
o, HCKJIOYHB hi
o _k sina k 2
m T == ———tgﬁa+1—r sinacos®a
0<a<y).
Puc. 91 ( SN2

Hapo naiitw makcumym oyukuun T =T (o) Ha [O, —g-] .
T. €. CPelH 3HayeHHH o, YJOBJETBOPAIOIUX HEepPaBEeHCTBAM
O<a<%. Pewraem ypaBHeHue

T' (@) =7’;- (cos®a—2sin?a cos @) =

OHo pacnajaerca Ha ABa YpaBHeHHS
cosa=0,
1

cos!a—2sinfa=0 wnm tg?a= 5

[lepBoe ypaBHeHHe Ha [0, %] HMeeT KOpeHb oc-—é, BTOpOE

WKEe HMECT €AUHCTBEHHOE pelleHue

1
= arctg(V-—) ~ 35° 15’,

_k sinao__2_ k tg a, — 2
T =373 “3 A Ve 373

T©O=T(z)=0.

ml -
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Hau6onbwee cpexn atux uncem ectb T (2,). EMy coor-
BETCTBYET BHICOTA CTOJGA

r
h=rtgo,=—=.
V2
Koueuro, ckopee Bcero, y aiMMHHCTpAaUMH KaTKa HeT
TAKOrc BHICOKOro crtojba. Ilpumercss mocTaBHTh KakOH ecCTb.
[TycTs B pacnopsikeHUH aIMHHHCTPALUH HMEETCA CTOJG BhI-
o r
cotott [ < 73 EMy cooTBeICTBYET yroJ

H
a; =arctg — < a,

[Ipoussopnass T! (&) He obpawaercss B Hyab (HE HMeeT
KopHed) Ha uHTepBane (0, a,). Torza MmakcumyM T (@) Ha
(0, a;) ectp Haubosbmee cpepn uncen T (0)=0 u T (ay),
T. e. yHeao T (@), KOTOpOMY COOTBEeTCTBYeT Bhicota f.

Takum 06pasoM, yMeHblLIATh HMeOLMiAcA CTON6 (ero

r
nnvHa H < V__2> BO BCSIKOM CJy4ae He HYXKHO.

YINPAXHEHHSA.

1. Uneno 12 pasnoxuth Ha JABa cJjaraeMblx, 4ToGbl MX
CyMMa KBajpaToB Oblla HaHMeHblued.

2. Yucno 12 pasnokuTb Ha [ABa COMHOXHTENs, YTOGBL
CyMMa HMX KBaApaToB Obl1a HaHMEHbIUEH.

3. Ha#itn BblcOTY UMIMHApa HauGoJbliero obbema, KOTO-
pelfi MOXHO BRMcaTh B liap paiuyca R.

4. Kopabab crout B 9 KM oT Gankailued TOYKM NpaAMO-
nuHeiHoro Gepera; ¢ HEro HYXXHO NOC/]aThb Kypbepa B Ja-
repb, pacnosioxeHunléi B 15 KM, cuuras no Gepery or GuH-
XKabiwell kK kopabmato TOUKH Oepera (narepb HaxXOAMTCH Ha
Gepery). B xakom nyHkre Oepera
Kypbep JOJUKeH MpucTaTb, YTOOHI
nomacth B Jarepb B KpaTyailuee
BpeMs, eC/d OH HJET NELIKOM €O CKO-
pocthlo 5 KM/4, a Ha BecJax o
cKOpocTbio 4 KM/4?

5. U3 kpyrsaoro GpeBHa AuaMert-
pad Halo BbpesaTb 6ajKy npsaMo-
_YroJIbHOTO CeYeHHs1 C OCHOBAaHHEM
a u Beicotoii h (puc. 92). Tlpm .
KakMX 3HAYeHHAX @ H A TPoYHOC:: Puc. 92
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6anku 6yneT HanboablueH, ec/i¥ H3BECTHO, YTO IPOYHOCTL 6anky
nponopluHoHasbHa ah??

6. Haiitn naunGosbnyro NJOMAAb paBHOGENPEHHOTO Tpe-
yroMbHYUKA, BNHCAaHHOTO B KpYyr pazmyca R.

7. Uro Takoe TOuKa MaKCUMyMa (MHHMMyMa) byHKLIMH [ {x)
Ha OTpeske?

8. Uro Takoe TOYKa JIOKaJbHOrO MakCHMyMa (MHHMMYMa)
dyurunn f(x)?

9. Uto TaKoe TOYKa SKCTpeMyMa OGYHKIHMH f(x) Ha oT-
peske [a, b] ¥ TOUKa ee JIOKa/NbLHOTO 3KCTpPeMyMa?

10. MoxeT /M TOYKA JOKaJbHOIO 3KCTpeMyMa (yHKIMH
f(x) 6uTb KOHnEBOM TOUKOH oTpeska [a, b], rne sanana sTa
yHkuns? '

11. Uemy paBHa npouspoaHasi OT (GYHKLHH B TOUKe ee
JIOKaNbHOTO SKCTpeMyMa?

12, TlpuBenute nBa npuMepa (GyHKUHH, KOTOpPHIE HMEIOT
B HEK0O10pOH TOUKe X, NPOU3BOAHYIO, paBHYylo HYO (f' (%,)=0),
M 4TOOH NpPH 3TOM X, He Chl1a Gbl TOYKOM JIOKAJbHOTO SKCTpe-
MyMa ¢GyHKunm f.

13. B uyeMm cOCTOMT METOZ HaXOXIEHHS SKCTPeMyMOB GyHK-
IMH Ha OTpe3ke?

§ 6.2. Bospactanue m yOuiBanme (yHKUUM

Ha puc. 93,a (cooTserciBeHro Ha puc. 93, 6) nsoGpaxeH
TpaMK HenpephiBHOH Bo3spacraowedi (yGuBatouei) Ha [a, b]
$yHkruuM.

7 IA

Puc. 93

Ecnmu ¢yHKuua f He TONBPKO HenpephiBHA Ha OTpeske
[a, b], BHO ¥ nMeeT Ha HeM HenpepHIBHYIO POMSBOAHYIO [’ (%),
TO NO 3HAKy INPOM3BOLHOH MOXKHO 3aKJI0YaTh, BO3PACTAET
win y6uBaer f Ha [a, b]. MvenHo, uMmelor MecTo yTBEpXK-
JeHusa:
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1) Ecau f'(x) > 0 ua (a, b), mo f eo3pacmaem ua[a, b).

2) Ecau f' () <0 na (a, b), mo f ybwsaemn na [a, b}

B camom geune, C ‘

f’ (x) = tg @,
re & €cTb YroJl MexAay KacaTeqbHOH K rpaduKy B TOUYKe x *)
M- [OJIOXKHUTEIbHEIM HanpasJeHueM ocu x. Ho ecmu f'(x) >0
Ha (a, b), To Bciogy Ha (a, b) **) yron o octpbii, u u3
rpapuka BHAHO, 4TO B 3TOM c/ay4ae (yHKUUA MOJIKHA BO3-
pactath Ha [a, b].

[TopyepxteM, 4to npu 3TOM NepBasi .MpPOU3BOAHAS B KOH-
ueBblX TOYKax [a, b] Moxer GbITb paBHA HY.JIIO.

Ecau xe f'(x) <O Ha (a, b), To Bclony Ha (a, b) yrox
a TYUIOH, YTO, OYEBHIHO, MOMKET ObiTh, JHILUb €CJH f yObiBaeT
Ha [a, b] ***).

[pumep 1. DPynkuua y=e* (— oo < x < 00) BO3pa-
CTaer Ha BCeH AECHCTBUTE/NBHON OCH, MOTOMY 4TO y' =e* >0
(— o0 < x < o00).

[Tpumep 2. Pynkuus

y=x"+2x+1 4
uvmeeT npousBoaHyio y' =2x-+ 2. Hepasencreo 2x+2>0
HMeeT MecTo Ana ¥ >—I, a HepaBeHcTBO 2x+4 2 << 0 .uMmeer

mecro aasi x < —I. CnegnosartenbHo, (yHkuuds (4) yGbiBaer
o x << —1 u Bospacraer maa x=—1.

YVIOPAXHEHHSA

1. Onpenenuts WUHTEpPBAaAK BO3PACTaHHU U YOBIBAHUA
yHKLIHA:

a) x*—4x+2; 6) —x*+2x+1; B) cosx; r) (x—1)2+2;
1) (42"

§ 6.3. BpinykJocTb M BOTHYTOCTH

PaccMoTpuM byHKUUIO
y=fx (@<x<b).

[peanosoxuM, YTO OHA HMEET BTOPYIO HENpephLIBHYIO MPOU3-
BoHyto [ (x).

*) To ectp B Touyke rpadpuka, umeroues adecuuccy x.
**) To ecTb A BceX 3HaueHMil x M3 MHTepBaJaa (a, b).
**##) QopmanpHoe o6ocHOBaHHe yTBepxienuit 1), 2) cM., namee
B § 6.5,
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Bropasi nponsBesHas oT f(x) ectb mnepBas NPOH3BOAHAA
or f'(x):
" (x)=1{f" )]
D10 NOKasuLBaer, YTO ecAu 6mopas npoussodHas om [ Ha
urmerease (a, b) nosoxcumerona
>0 (@<x<b),
mo nepsas npoussodHas [’ sospacmaem HA IMOM UHMeEpease,
a ccru emopas npoussooras om [ wa (a, b) ompuyamesrvra
') <0 (a<x<b),
mo nepeas npoussodnas ' ybeweaem Ha (a, D).

IA

g 7

2 iC's )
Puc. 94 Puc. 93

Ha puc. 94, 95, 96 usoBpaxenn rpadukn dyHkuui, co-
CTBETCTBYIOIME NeEpPBOMY cayyaio (f” (xg >0, a<x<b; Ha
XoHUZX [a@, b] BTOpas MpoUsBOAHAA MOXKET PaBHATHLCA HyJOl).

y )

g 2 F] qe2 &2
Puc. 96 Pue, 97

w. &

Y Bcex Tpex rpadbMKOB TaHTeHG Yyrja o HakJOHa Kaca-
TenbHON K ocu ¥ (ig a=['(x)) Bospacraer BMecte ¢ x. Ha
puc. 94 yron o ocTphiii AN BceX 3HAUEHMH ¥ M3 OTpe3Ka
[a, b]. Ha pue. 95 on Tymoit; ¢ Bo3pacranueM x yroa cra-
HOBHTCA Bce Bones u Oosee TynbIM, a ero TaHTeHG (OTpHLas
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TeNbHBIA) yBenuunBaercd. Hakonen, Ha puc. 98 pennuuwna
ty o pacrer cHayaJla, NPUHUMAs OTpULlATe/IbHbIC BHAYEHHUS
{(ua (a, c)), o6pamaerca B Hyab npH ¢=0, a 3aTeM pacrer,
npHHMMas MOJIOXKHTe/bHbIe 3HaueHHs (Ha (c, b)).

Pocr tgo Bbi3BaH 1eM, uTO BTOpas MPOU3BOAHAS OT f
nosoxuTesnbHa Ha [a, b). _

Msr BHAuM, 4TO BO BceX Tpex cjayyadx rpaduk pacroJo-
MEeH BHIlLIE KacaTeabHOfl, NpPOBeAeHHOH B JIIOOOH €ro TOYKe.

Ih

g

m/‘\h %
LA AV .

97 ¢ 7 ¢ z 7 ax bz
Puc. 98 Puc. 99

I'pabuk dyHkuuu f Ha3biBaeTcs guinykaoim KHu3y (keepxy)
Ha uHtepBase (@, b), ecim B JmoGoit Touke (a, b) oH pacro-
JIOXeH Bbllle (HHKe) KacaTesbHOH, NPOBEAEHHOH K HEMY.

Puc. 97, 98, 99 paior npuMepbl BBHIIYKJbIX KBepXy
hyHKUHL. ;

CnpaBensinBo yTBEpKIEHHUE:

Ecau gyuryus y=f(x) umeem na unmepease (a, b) emo-
pyio npouasoduyo [’ (x) nosoxcumesoryro (ompuyameroryro),
mo ee epagur evinyxaoii krusy (ksepxy) Ha (a, b).

B cayuae, xoraa f'(x) >0, (a < x<b), ato yrBepKae-
HHe Y2Ke pa3bsCHeHO, a B caydae, Korga f”(x) <0 (a<x<b),
OHO CJIelyeT -H3 paccMoTpeHHs rpadukos Ha puc. 97, 98, 99.

Boinykable KBepXy (KHHM3y) KpHBble Ha3bIBAIOT €LIE 802HY-
metmu KHU3y (ksepxy).

OrMeTHM BaXHOe YTBepXiJeHHE:

Hycms  ynxyus f(x) umeem 6 OKpecmHoCTmU MOYKY X,
HenpepbigHyo emopyro npouseodnyro. Ecau

I (x0)=0, ["(x) <0,
mo f umeem 8 mouxe X, A0KaabHoul makcumym. Ecau owe
- f (%) =0, ["(x%)>0,

mo [ umeem 8 x, NOKAAbHLUL MUHUMYM.
CnpaBelIMBOCTD  3TOTO  YTBEPXKIACHHUS HENOCPeNCTBEHHO
caenyer u3 paccmorpenus puc. 100 u 101 *). Hago yuecrts,

*) dopmanbHOe OGOCHOBAHHE 3TOrO YTBEPKACHHA CM, jajee
B 0, 6,5,
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% g .

(4 z, 7
Puc. 100 Puc. 101

WTO M3 TOro, YTO BTOPAsl NMPOM3BOJAHASA OTPHLATENhHA (MOJo-
JKHTEJbHA) B TOUKE X,, CJELYeT B CHJY ee HeNpephBHOCTH,
YTO OHa OTpHIAaTeJbHa (NOJOXKUTENbHA) UM B HEKOTOPOH OK-
pPECTHOCTH 3TOH TOYKH.

YIOPAXHEHMWA

1. Uto HasmBaercsi (pyHKIHMEH a) Bospacrawoouei, 6) yGbl-
Balouleli Ha orpeske [a, b]?

2. Kaxk no sHaky npou3BOAHOII MOXHO y3HaTb, BO3pacTaer
uan y6eBaer $yHknus f Ha orpeske [a, b]?

3. Uto HaspBaeTcs TrpadHKOM (YHKUMH a) BHIOYKJbIM
KBepxy, 6) BRINYKJBLIM KHH3y Ha HHTepBase (a, b)?

4., Kak no 3HakKy BTOpO#H NpPOH3BOIHOMN. y3HAaTh, UTO KpH-
BasA y=f(x) Ha unTepBaJe (a, b) BHINyKJa

a) kBepxy, 6) KHU3Y?

5. Cpopmynpyiite Ha s3bIKE IPOH3BOAHBIX JIOCTATOUHOE
YCJIOBKE CYILeCTBOBaHMA Yy (QYHKLHUH f B TOUKe X, JIOKAJbHOTO

a) MakcuMyMa, 6) MHHHMyMa.

6. Onpenennte MHTEpBaJbl BHINYKJOCTH KBEpPXY H KHHU3Y
Y KPHBLIX; ONpejleNHTb NO 8HAKy 2-H NpoH3BOJHOH HX TOY-
KH JIOKaJIbHOTO MaKCHMyMa, MHHMMyMa:

.

’

x|

1) y==x5 2)y=3x”; ) y=—2x, y=

4) y=2x>—3x+1; b) y=2—x—x% 6) y=2x2—x*,
7) y=e*sinx (0<x<2n); 8) y=sinx-+ 0,5sin2x.

§ 6.4. Yepuenne cxemaTHyecKMX rpadmxos

Uto6sl NOTyuHTb CcXeMaTHueCKHH rpapuk GYHKUUH Y ==
= f(x), Han® npexe Bcero oTAaThb cebe OTYET B TOM, KAKOBA
ee obsacTb onpenefiennsi. OGBYHO STO €CTb BCA OCb X, MHGO
OCb ¢ BHIKOJIOTEIMH TOYKaMH, JHGO MHOMKECTBO, COCTOSILEE U3
HECKOJIbKMX HHTepBaJNOB HJH OTpe3KoB. ITosnesHo Bhumcie-
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HHEM OMpENE/NHTb OJHY ‘HJH HECKOJIBKO TOYEK, Yepe3 KOTO-
pbie npoxomur rpaduk ¢yukuud. Ecam obmactb omnpegede-
HUA (YHKUMH He OTPAHHYEHa, TO HAJO BBIYUCIIHTD . PEHEnl
OYHKUMH TpH X — 400 W X ——o00, 4TOOBHl NPEACTABUTH
cefe, KaK roBOpsAT, NoBejieHHe (pyaxuun Ha OeCKOHEYHOCTH.

BasHO BEIHCTHTD nepByio H BTOPYIO NPOH3BOIHEIE (f (x)
H f"(X)) u HaliTH KOpHU ypaBHEHHH

Fx)y=0 u [ (x)=0.

ILns Kaxuaoro 3HayeHus x;, rje mepBasd NPOH3BOAHAS paBHA
HYJIIO, CJeMyeT NpoBepuTb, He .OyNer JH AJf HEro JOoKalb-
HOTO . MaKCHMyMa WJH MuHuMyma ¢yHkiud. Hapo takxe Boi-
QUC/IHTL IS X, U COOTBETCTBYIOULee 3HaueHHe hyHKuuu [ (x,).
Msl, 1akuM ob6pasoM, GyneM 3HATb BaXKHBIE TOUKHU (KXo, [ (X)),
yepes KOTOpbIe NPOXOAUT rpaduK QYHKIUMH. 3HaHue 9TUX
TOYEK MOMOMKET HAHUTH HHTEepBasbl BO3PACTAHHUA H y6eraHm
GyHKIMHY.

Hakoneu, ecsid yaacres HaiiTH KOpHH ypaBHeHus [ (x)=0,
TO - MOCJEeJHHE TOMOTYT ~ yKa3aTb WHTEpBaJbl BHIIYKJ/IOCTH
¢yHKUMH KBepxy u KuHu3y. Ha ocHOBe 3THX HaHHBIX YiKe
HETPYJHO ' PeACTaBUTh cebe CcXeMaTHYeCKUH BHJ rpaduka
HCCJIeAyeMON (PYHKLUHH.

-Ho obpatuMca K mpumepam.

IMpumep 1. Hago HapucoBaTe cxemaruueckuii rpapux
byHKUHH

F(x) =§—-3x3—|- 5x 4 1.

Orta pynkuua onpeneneHa M HempephiBHA HA Bceft OCH X.
Yto6bl yaHaTh, KakK OHa BeleT ce0d Ha GecKOHEWHOCTH,
BO3bMeM Mpeesbl

lim f(x)= lim x% [%—— —]=+°°.
lim f(x)= llm x’[ + s+ —= ] —oo0.
HmeeM Takie
FO=1, \
f" (x)=x*—6x+5=(x—1) (x—5),
[’ (x)=2x—86,
OTKYya

f()=Ff(5)=0
=0, x>0 x>3), [*<0 xI3).
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BrunumeM Toukn x, rae f'(x)=0 u [f"(x)=0, u Touxy
x=0 H BHIYHCJAHM COOTBETCTBYIOUIME 3TUM TOYKAM 3HaMeHNs
$yHKuNH

fFy | 1|13 —2 |—22/3

Ha ocHoBaHuM STHX JaHHBIX HapHCyeM cCXeMaTHYecKui
rpadHK HccrenyeMoll QyHKIuH (pHcC. 102)
Ha wuntepsane (—oo, 1) (rze f'(x)>0 u [ (x)<0)

¢yHkuus f Bo3pacraer or —oo J0 y=- , rpaduK obpauleH

BHINYKJIOCTHIO KBepxy. B Touke x=1 ¢yukunsa f gocturaer
JloKaJibHOrO Makcumyma. Ha untep-
Bane (1, 5) ¢oynkuus f yGbiBaer,
JocTHrasi mpu x=>5 JIOKaJbHOTO MH-

22
HHMyMa, PaBHOTO y=—=-, a 3aTeM

Ha HHTepBane (5, oco) OHa BoO3pa-
CTaeT, CTpeMsch K --oco IpH X —
‘—--o00. Ilpu sTOM Ha HHTepBaJe
(1, 3) (rze f"(x) <0) rpadux npo-
JIOJIKaeT UMETh BHINYKJOCTb KBEPXY,
a Ha uHTepBase (3, oo) (rze f*(x)>0)
OH ofpailleH BBIMYKJOCTbIO KHH3Y.
Touka rpaduka *) c abeuuccoit
Puc. 102 x =3 3amevyatenpHasa. Ilpu nepexozne
X uepes 3Ty TOYKY BBINYKJIOCTD I'padu-
Ka KBepXy 3aMeHfieTCsl Ha BHINYKJOCTb KHH3y. Takas Toyka
HasLlBaeTCcs moukol nepeeuba epaguxa. B Touke mnepernba
;:rop)aﬂ npousBogHas oT [ paBHa HyJio. B paHHOM ciayuae
Q)=
Hpumep 2. HapucoBatb cxemartuveckuii rpadur ¢yHk-
nui

fo =112,

*) To ectb TOuKa rpaduka, umeiomas abeuuccy x=3,
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Himeem
FO) =1, _ '
FO=gem>0 (—w<r<l, 1<r<+w),
4 {>0 (x <1,

F )=t

T=P)| <0 (x> 1).
PaccvaTpuBaeMasi (GyHKUMS He onpenesieHa npu x=1 u
lim f(x)=-+ oo, lim f(x)=— oo,
x> 1 x=>1
<1 x> 1
1
43
lim f(x)= lim —=—L
x=> 4o X=>to _] _l_?

Ha pue. 103 Ha ocHoBaHMH 3THX AGHHBIX IOCTPOEH cX@-
maTuyeckufi rpaduk ¢ysxuun f.

i
Puc. 103

Mpumep 3. Hapucorars cxematuueckue rpabuku ¢yix-
i
1y 24 x-4+1; 2) x*—5x+4+6; 3) —xt+4x+2;

x—1, x3 5x2

§ 6.5. Teopemel o cpentem

Huxe Mbl IoKa3biBaeM TeopeMbl, HMelomue G6oJbLIOe 3HayeHie 2
anajause—rteopeMy Pouans u Teopemy Jlarpawxa. Hx HaswBaioT 7eo-
peMaMn o cpeiHeM. C NOMOIbIO 3THX TeopeM JaerTcs (OpMasbLoe
0GOCHOBaHHME YTBepXKAeHUH, JoKa3aHHHX B m. 6.2 u m. 6.3

Teopema I (Poauas). Iyemo ¢ynkyus f Henpeposra ra ome-
peske [a, b], umeem npoussodnyo Ha unmepseare (a, b) u npuHuUMCeR
pashvie sHadenus Ha konyax ompesxa [a, b] (f (@)={f (b)). Toeda na un-
mepsaae (a, b) eécezda Haidemcs mMaxkas mouxka ¢, 4mo 8 Hed NpPOU3600-
Has om [ pasna Hyato:

.II(C)':O: a<c<b.,
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Ha puc. 104 u 105 n3oGpaxenst rpaduku ¢pyHkuuit f, yAoBjerso-
PAIOWHEX yCAOBUIO TeopeMbl Posnst. ¥ mepBoit QyHKUHMH UMeeTCs. OfiHA
TQYKa M8 MHTepBaia (a, b), B KoTopoit ee NPOM3BOAHAS paBHa HyJIO.
(F"(c)=0), y BTOpO#t — MMeIOTCH JIBe TakHe TOYKH c¢i H .03 (f'(c1) =
= [" () =0).
“ lokasaTeabcTBo. [IycTh xj U X3 CYTh TOYUKH, B KOTOPHIX f
JROCTHraeT Ha oTpe3ke [a@, b] COOTBETCTBEHHO MHHUMyMa M MaKCHMyMa.

4 d

.\

el @ e 6@ P4 g o b o=
_Puc. 104 Puc. 105

- Ecau' f(x1) < f(a), To Touka x; npuHafJMeRUT OYEBHAHO HH1ep-
Bajy (a, b) u B Heit ¢yHKuuA [ JocTuraer JOKAaJbHOrO MHHHUMyMa.
Ho ‘torma, kax Mol 3HaeM, f' (x{)=0 ® MOMXHO CYHTaTb, 4TO C=X;.

_Ecau f(x2) > f(a), To Touka x3 npuHajJMeKHT HHTEpBady (a, b)
H B Hell (QYHKUUA f ZOCTHTaeT JOKaJbHOTO makcumyma, Ho torpa, kak
MBI 3HaeM, [’ (¥2)=0 H MOXKHO CYHTaThb, YTO C=Xj. C

Ocraercst eme cayudait, Koraa f(x;) =f (xz). Ho Torza, ouesuguo,
RJIs BCeX X M3 oTpesKa [a, b] ¢yHkuus f(x) paBHa ORHOM M TOH.Ke
koHcTante C=f(a). B aToM ciyuae B kayecTBe ¢ MOXKHO B3fTb JIOGYIO
TOYKy HHTepBaia (@, b)—B Heit [ (c)=0.

Teopema 2 (larpauxa)., Mycms ¢yuxyus [ umeem npous-
600nyto na ompeske [a, bl. Toz0a na unmepeare (a,b) Haddemes mouxa ¢
maxas, wmo 8 Heil npoussodnas om [ ydos-

gy Aemeopsem pasencmey
O-TO_po @<e<n @

Uiy, 4mo mo e camoe, pPAsEHCIMGY

fFO)—F(@=F () (6—a) (@<c<b).
- (6)
Teopema Jlarpauxa nMeer mpocroil
reoMeTpuyeckuii cmuica (puc. 106). Jlesas
yacTh paBeHCTBa (D) eCThb TaHIEHC yIJia Ha-
KJIOHa K OCH X XOpJIH, CTArHBalomef ToukH (a, f (a)) u (b, f (b)) rpaduka
¢yukuuy y=F{(x), a mpaBasg uacTb ecThb TaHIe€HC YIJIa HAKJOHAa Kaca-
TeJbHOH K rpaQuKy B HeKOTOpoHl TOuKe ¢, MpHHaMIexawmel K (a, b).
Teopema Jlarpanxa yTBepiJaerT, 4TO eC/JH KpHBaf ecThb rpaduk QpyHx-
1M, MMeloled NpOH3BOAHYIO Ha [a, b], To Ha 3Toif KpHMBOH cymecT-
ByeT TOYKa, COOTBETCTBYyIOLIas HekoTopol abcuucce ¢ (@ < ¢ < b) ra-
Kas, 4YTO KacaTeJbHAafl K KDHBOH B STOi TOUKe MapaJ/lieslbHa XOpZe,
craruBatowell KOHUB KpuBoi (a, f(@) u (b, f (D). -
HokasareabcTno. PaccmotpuM dyHKuHIO

F)=[f(O)—f @] x—(b—a)f (x). -
OHa uMeeT mpoMsBoAHYIO Ha [a, b], paBHyio

F' ()=[f ®)—F(a)]—(b—a) ' (x).

0 a ¢ b
Puc. 106
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Kpome toro,
F)=—](a)b+af(b), F(a)=af ()=](a)b,

H, cnefopatenvho, F (@)= F (b). Ho Toraa no teopeme Poans no/KHa
CYWeCTBOBAaTL Ma uHTepBaje (a, b) Touka ¢, aas xoropoit F!(c)=0,

T. €.
[F ) —fi@)—(b—a)f' (=0 (a<ec< b),
OTKyHa caenyer (4).

NMpumep 1. Oynxuna f(x)=) ¥ mHenpepuBHa Ha OTRE3Ke
{0, 11, 2 mponsBosnyl0 HMeeT ToabkO Ha moayHHTepBade (0, 1]. K ned
nIpuMeHHMa TeopeMa Jlarpanxka, NOTOMY 9TO AJf €e BHIOJHEHHS Npo-
#3BOLNAs OT f JO/KHA cylecTBOBaTb Ha HHTepBane (0; 1),

JoxaxkeM Tenepb TeOpeMy, KOTOpasi AaeT 0GOCHOBaHHE YTBEPKHe-
ansaM 1) v 2) § 6.2.

Teopema 3. Ecau Henpepwenan Ha ompeske [a, b] ynkyus
umeen NoAOKHUMEIbHYO (OMPULAMENbHYIO) NPOUIBOOHYI0 HA UHMmMepsase
(a, b), mo ona eo3pacmaem (ybeiscem) na [a, b]. Ecau owe npouseodran
passa moxcdecmeenno nyaw 1.a [a, b], mo f(x)=C, 20e C— nocmosnnas.

ITopyepkHeM, uTO B TOYKaX X=a U X=2>0 INPOH3BOAHAA MOXET HE
CymecTBOBaTb HJH GHITb PaBHOH HyJIO.

HoxasateabctBo. Ilycth Xf, Xp,— NpOU3BOJbHHIE TOUKH,
yEOBJIETBOPAIOUINE HEPAaBERCTBAM a<< Xy < xp << b. Ilo Teopeme Jlar-
panxa, TpHMEHeHHOH K OTpesKky [xy, xo], HalijeTca Ha (xy, x3) taxds
Touka ¢, 4t0 f(xs)—f (x1)=F" (c) (xa—x1) > 0, moTomMy uTO WO yCJO-
Buio [ (¢) > 0. Ho Torna f(x;) < f(xz), uTo noxasmBaer, uto f Bo3pa-
craer Ha [a, b]. B cayuae xe, xorpa f'(x) <O ma (a, b), noayunm
F)—f(x)=F (c) (xa—x1) <0, T. e. f(xa) < f(x), a 370 pnOKa3u-
Baer, uTo [ yOmBaeT Ha [a, b]. _ o _

Ecan xe f' (x)=0 na (a, b), 10 f(xo)—f(xa)=F {¢) (ra—x1)=0
U f(x))=F(x2) ana mob6uix xy U xp u3 [a, b]. 3adurcupyeMm x; n Gy-
JIeM CUMTATh Xg= x NepeMmeHnol; torna f(x)=C, rae C=f (x).

HakoHeu, JoKaxeM TeopeMy, KoTopas AaeT 0GOCHOBaHMe IOCJeR-
HeMy yTBepxJjeHHIo § 6.3. ; )

Teopema 4. Ecau ¢ynxyua f umeem Ha [xo—08, x4+ 0] noao-
ocumenchyro (ompuyamenvryw) npoussodnyr [’ emopoeco nopadka u. 8
mouke x, nepsyto npoussoduyro, pasuyro nyato (f' (xe}=0), mo & smod
mouke f Oocmucaem A0KAAbHO20 MUHUMYMA (Makcumyma). .

HoxasateabctBo. Ilycte f7(x) >0 na [xg—8, x+8] n
f' (x0)=0. Tak kak BTOpasg NpOM3BOJHAA eCTb NepBad MPON3BOjHaA
ot nepBofl mpousBogHo#: f’ (x)=(f' (x))’, To Ha OcHOBaHuu Teopemul 3
¢yukuna f’' (x) Ha oTpeske [xo—O8, xo-+ O8] Bospacraer. Ho [’ (x)=0.
ITostomy

f'(x) <0 na [x—39, x)

FF(x) >0 nHa (xo, xo-l—'(S].

[Mpumensiem ‘Tenepp Teopemy 3 K f. Tax kax ¢yukuns [ Hempe-
pHiBHA Ha oTpeske [¥o—O8, xo] ¥ mMeeT OTpHLATENLHYIO NPOH3BOLLYIO
Ha uHTepBale (Xo—0O, Xx¢), To oHa yGhiBaer Ha oTpeske [xy—0&, x,l.
Tak kak, fanee, GyHKuUHus f{x) HenmpephBHAa Ha OTpe3Ke [xy, Xo-¢] M
HMEeT NOJIOKHTEJNbHYI0 IPOH3BOAHYIO Ha HHTepBasle (xo, X+ 8), 1o
OHa BO3pacTaeT Ha OTPe3ke [Xg, Xo-+O]. Ho 310 noxasmBaer, urto dynk-
uusi f(x) uMeeT MHHUMYM B TOuke Xo. IlonOGHLIM o6pasoM JHOKa3Lita-
erca Teopema B ciayuae f’(x) < 0, TMpPHBOAAMIEM K MaKCHMyMy B Xge

H
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YOPAXHEHHUA

1. Cdopmynupyitte Teopemy a) Pouais, 6) Jlarpanxa.

2. O6bsicHHTe 3TH TeopeMBl Ha rpadukax.

3. IToxaxuTe ¢ MOMOIbIO TeopeMbl Jlarpanxa, 4yto ecan (YHKIUA
HMeeT Ha oTpesKe [a@, b] MPOHM3BOAHYIO, TOXKIECTBEHHO paBHYIO HYJIIO,
TO OHa ecTb mocrosiHHas (f (x)=0¢). '

4. IlpoBepuTh CHpaBeXJIHBOCTb TeopeMbl Pouna aas yHKUHH

y=(x—1)x—2) ma [1, 2].

5. MHorouseH p (x)=x*—x3--x2—x umeer kopen» x=1. Jloka-
3aTh, YTO MHOroYJIeH p” (X) HMeer NeHCTBHTeNbHBIf KOpDeHb Ha HHTep-
BaJse (0, 1).

6. ITpoBepUTh crnpaBeAUBOCTL TeopeMbl Jlarpanxka A1 GYHKUHH
y=14x+4x2

7. JoxasaTb HepaseHcTBO €¥ > 1%, xE&(0, ).

8. OnpepesiuTh NPOMEXYTKH MOHOTOHHOCTH (BO3pacTaHHnsg, yGLBa-
uHA) PyHKUHHA

a) y=384-x—x2, 6) y=4x—x2.
9. Haiitn nauGosibliee H HaHMeHbllee 3HauyeHHe (YyHKUHU
a) y=2% na [0, 5], ©) y=x+-xl- Ha [-;—, 10].

10. HajfiTn npomexKyTKH BBHITYKJOCTH H TOYKH Iepern6a ¢yHKuuu

a) y=23x2—x3, ) y=e"x3.

11. Jloxasatb HepaBeHCTBO e*==1-}-x AJas J060ro x (BHIACHUTD
3HaK MPOH3BOAHOH PyHKUHH Q(x) =e¥—]—x, yuecTs, uto @(0)=0).



IJIABA 7
MHTEMPAJIBHOE HCHUCJIEHUE

§ 7.1. HeprooSpasnas

Mg 3nHaeM, yTo nocrosiHHoe unesao C, paccMaTpuBaeMoe
KaKk QYHKHHA OT X, HMEET NPOHM3BOJHYIO, DaBHYIO HYJIO
TOXKJECTBEHHO (T. €. PaBHYIO HYJIO JJISl BCeX X).

O6paTtHoe yTBepxIeHHe TaKxke BEpHO: ecau npo QyrHK-
YUI0 U3BECIKO, YMO ee RPOUSBOOHAS PABHA HYMO MONCOeCH-
genHo, f' (x)=0, mo ona ecmb nocmosuras.

M3 mexannuyeckux cooGpaKeHUH 3TO NpOCTOE YTBEPKIe-
HYe COECIIeHHO oueBiAHO *). B camom jese, mycTb (yHK-
unsl §=7f (f) BLIpaxaeT 3aKOH ABUXEHHS TOYKM MO NpAMOI,
LPHYEM €e CKOPOCTh TOXKJECTBEHHO paBHa HyJo: v=f" (f)=0.
Torza Toyka CTOMT Ha MeCTe M pPACCTOSHME S €e IO Hauadb-
Holt Toukn O pasHo nocTosiHHOM mpn JiofGom f. Tor dakr,
YTO B 3TOM PACCYKAEHHH MBIl X 3aMEHMJIM Ha £, He HMeeT
3HAYEHUs: BPeMSl TOXe MOMHO O0O3HAYUTH uepe3 X.

PaccMoTpuM NpPOHM3BOJNBHYIO HellpepbiBHYIO (YHKUIHIO f,
3aJlaHHyi0 Ha MHTepBaje (a, b), T. e. Ha MHOMXeCTBe 3Haue-
HHHA X, YIOBJISTBODPSIOWIUX HepaBeHCTBaM a < x < b.

®ynkuusa F HasbiBaercs nepgoobpaswou Ans [ Ha MHTep-
Basie (a, b) **), ecin Ha HeM mpousBopHas or F paBHa f:

F' (x)=F (x).

OGueBupHo, yto ecan ¢ynkuusa F ecrb 1nepBoobpasias
pia [ Ha (a, b), a C—nocrosiiuas, To Qyrkmus F(x)+C
€CcTb TaKiKe nepBooGpasHas Aas f, IOTOMY YTO

(F)+C) =F (0)+C'=F (x)=][(»).

*) dopMasbHOe AOKA3aTeNbCTEO: CM. TeopeMy 3 § 6.5.

**) AHaJOrHYHO ompejlensfieTcsi mepBoo6pasHas xaa f Ha oTpesxe
[a, b), T. e. MHOXeCTBe 3HaueHHH X, YIOBJETBOPSIOMHX HEPABEHCTBAM
a<<x<<b. HyxHO TONbKO mNOA NMPOU3BOAHOH B TOUKE a@ MOHHMATH
npaByI0 MPOHU3BOAHYI0, 2 B TOYKE b— JieBYI0O NPOH3BOJHYIO:

F’ (a)=hlimo _’i(iﬂ'hl:‘ﬂ‘?l , F (b)=hlimo Fo+h—F @)
- -

h
h>0 h< O
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O6parno, ‘eciu F u Fy——nepsoobpasheie s f(x) Ha (a, b),
TO OHM HEOGXOMMO OTJHYAKTCA NPYr OT Apyra Ha BCeM
mn'epnane (a, b) Ha HEKOTOpYIO HOLTOS{HHYIO Cy

Fi()=F )+ ()

B camom geste, (F; (x)—F (x))' = F{‘(x)— Fr(x)=f(x)—Ffx)=
== 0. Ho Torza, kak oTMeuasoch BHIlE, CYIIECTBYeT TaKoe
(nocrosnHoe) uucyo C, uro Fi(x)—F (x)=C Ha (a, b), oT-
Kyza cuenyer (1).

Uraxk, NO/B3YACh MeXaHHYECKUMH cooGpaKeHHSIMH, MBI
yCTaHOBUMH BaxHBIA (akt: ecau F ecmv kaxas-aubo nepeo-
obpasnas:om [ Ha uxmepsase (a, b), mo 6cesoamoscrele nep-
8000pastbie om [ HA IMOM UHMePBAne BoLPANCAIOMC POPMY -
#0ii F(x)4+C, ede emecno C moxcro nodcmasums aeboe
4UCA0.

-§ 7,2. HeonpepgeneHHusl#t HHTErpan

Hapum Tenepb ciefyioliee OMpefeeHHe:

Heonpederernnoim unmeapasosm OT HeNpepbIBHOA Ha HH-
TepBasie (a, b) OyHKuMM [ HasbiBaeTc MNPOM3BOJbHAA ee
nepBooGpasHas QyHkuus. Heonpenesennniéi uuTerpan o6o-
8HAaYaeTCA TaK;:

{Foax.

N3 ckasannoro cienyer, uro ecau F ecmb Hexomopas
onpedeseHHas nepsoobpasnas dyukyus 048 [ Ha unmepsase
(a, b), mo Heonpedesennoid uHmezpar om [ Ha smom un-
mepeane paser

§fwde=F (0+C, @

2de C —nocmosntas.

Ecnn f,, f,—HenpepnuiBHEIE Ha HHTepBaJe (a, b) byHKuUUM
u A, A,—INOCTOSIHHBIE, TO HMEET MECTO CJAELYIOllee paBeH-
CTBO, BBIPArKAIOLIEe OCHOBHOE CBOKCTBO HOTIPE/Ie/IeHHOr0
HHTErpana:

(a0 + Aufe 0 dx =4, § i dr+ 4, § fu (0de+-C,
| 3)
rie C ecTb HeKOTOpas ROCTOSIHHAS. |

B camom ferie, mo onpefiesIeHHIO HeoNpeieJIeHHOro HHTET paJia
cneBa B (3) CTONT Kakasd-TO OfHA U3 MepBOOOPA3HBIX (YHKUMi
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ot A, f; (x)+ A,f; (x). CApyroi CTOPOHEI, NIMEET MECTO PABEHCTEO

(4§ h@atafn@a)=
= A, (§hean) +4,(§ f.0dx) = Af 0+ Af 0,

NOTOMY YTO HHTErpaJbl Sfl dx, andx 00603HayaloT COOTRET-

CTBEHHO HCKOTOpble NepBooOpasHble (YHKUUKW OT f, u f,.
Ilostomy mpaBas yacty (3) 6e3 nocienHero unena C ecTb
Takxe neppoobpasuas ana A,f, (x)+ A,f, (x¥), Ho Torga ona
OT/IMYaeTcs OT JeBOH YacTH (3) Ha HEKOTOPYIO INOCTOSIHHYIO.

CeroiicTBo (3) no MHAYKIMM pacmpocTpaHsieTcs Ha awo6oe
KOHeulloe YUCJIo Henpepbmnux Ha (a, b) yukuni fi, ..., f,

W noctofinHbix A, ..., A,

S (;;1 A,fy (x)) dx-—-ig A; S f;(x) dx+C. (4)

Kak cnencreue npu-A;=1, A; =41, n=2 nonyuaem: pa-
BEHCTBO

(o fyde={fiavx (faetc,

anpu A,=A u A,=0, f,=[—paBencrso
(Afax=a{jax+c.
ITpumepw.
Sx"“dxa%"—l-c (n=1, 2, ...),
(cosaxdxzsmax-l—C awk(,

531naxdx-—m——ax+c a0,
B camom pene,

(Z) =t ) =2,
(ﬂ’iﬁf)'-%(sinax)‘z%acosax=cosax.

!
(—- = ”") = — - (cosax)" m= 81N GX.
a a
Vs (4) clienyeT, YTo HeonpejeNeHHBIA HHTErpaJ OT MHO-
n

rouena P, (x)mga,,x* CTeneHd 7 (d,—NOCTOsIHHbIE) PaBeH

Spn(x)dx-ﬁa,,’g-}-z-c
0
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[lpuBeneM OCHOBHYIO TaG/iHlly HeEONpeJeNeHHBIX HHTErpa-
JOB, COCTABJIEHHYIO HENOCPEICTBEHHO H3 (popmy.n pOU3BOJ-
HBIX OT 3JeMeHTapHbXx (yHKHui (cMm. § 5.5—5.12);

Sx“dx— X2t —l—C Scos xdx=sinx+C,
(@ —1), Ssec*xdx:tgx-|—C,
—"lﬂle‘C*): T/—ldi—xz=arcsinx+6=
Sa"dx=m+C = —arccosx+
@1, a>0), +ci(ci—C=g),
Sexdx=ex+C, gl_l- _ —arctg x+C.

S sinxdx=—cosx+C,

B kaxJoM U3 3THX paBeHCTB NPOH3BOAHAs OT MNpaBoi
UacTH paBHa MOJBIHTErpaJbHON (PYHKLUU B JeBOH.

YIOPA)XHEHHA

Boiyucauth HHTEr pajsl **)
1. (Vxax 2.5 &3 (4,

%2
- S (w—5)de 5 S cEey

{(@sinx—3cosxydr. 7. {tgrrar. 8. (ovdr

9. Sxe —* dx. 10, nyi dx.
x_—

§ 7.3. 3ameHa nepeMeHHO

Ipu BbiYMC/AEHHU HeONpENeJeHHBIX HHTErpajioB Hepeaxo
NIONIb3YIOTCS Memo0OM NOOCMAHOBKY WITH 3AMEHbL NepeMeHHol.
On cBoautcsi K dopmyJe

(Flomle (de= ( f@dustc, 5)

rae f(u)—HenpepeiBHasg GyHKUHA, a U= (x)—dyHKIUd,
HMelollasi HelnpephBHYIO NPOU3BOAHYIO.

*) Oasg x > 0 umeem (In|x])' =(In x)’=%, agnax <0 (Injx])'=

1 1
= [ll‘l (— x)]’=—-(—_75=.-?.
**) Pewenne sagay 5, 10 MoxkHO OTI0OXKHTL 10 § 7.3.
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1o Hajgo noHuMarb Tak. Ecau momeiHTErpasibHOe BbIpa-
KeHHe WMHTerpasa yJajoch NpPeJCTaBHTb B BHIE

F(x)dx={[o (x)] 9’ (x)dx,

TO MOXHO B 3TOM HHTerpase yucto (opmaJbHO MPOU3BECTH
saMeHy u=q(x), du=@q’(x)dx, NpOHHTerpHpPOBATbL MOy~
yeHHOe BblpaxkeHue f(u)du mo nepeMeHHofl u, a 3aTeM 3ame-
HUTb « Ha @(x). Bolpaxenwe du=¢’(x)dx HasbiBaeTcA
Oougeperyuarom pynrxyuw @ (x). OHO nMeeT B aHaJU3e caMo-
CTOATEJbHOE 3HAYeHHe, HO Mbl B 3TOH KHHIE MOJIb3yeMCS HM
TOJbKO KaK 0GO3HaUeHHEeM.
IMosicuum Qopmyay (5) Ha mpumepe

S cos (kx)kdx = S cosudu=sinu-4 C=sinkx+C.

Me! eenany NOACTAHOBKY U = kx, du = (kx)' dx=kdx, B cuny
KOTOPO# Haill WHTerpaj npeBpaTu/cs B TaGJHUHBLA.

Yro6sl nokasaTb GopMyay (5), Hamo yGeAHTbCA B TOM,
YTO MPOM3BOJHAS MO X OT ee JIeBOH YacTH paBHa INPOH3BOA-
HOd 10 X or mpaBoit yactH. B camoMm geae,

(§Flomle (de). =Fle®] e’ (),
(Srw ), =(§Fdu), w,=F@ e ()=Flo®e .

/

an/IBe}.IeM HECKOJIbKO MPHUMEPOB HA INPHUMEHEHHUE METOAR
IIOJACTAHOBKH:

ekx

- +C

Il

Se"”dx=S_e’%—dt=%—Se’dt= ! e+ C

=|

(noxactaHoBKa kx=¢, otkyaa kdx=dt);

d ——
Tfﬁ=“5‘”=“’+c=—lfﬁ—xﬁ-+c
<ﬂ0)1CTaHOBKa t=V a*—x?, oTkysa df =— xdx >;
Vaa—x

S Var—idy= S V a*—a?sinfuacosudu=

2 )
=aﬁgcoszudtz=aﬂsli-‘—:;sﬂdu=% (u—l— sm22u) +C =

=%2(u+sin ucosu)+C =%5‘l (arcsin '2""?)‘%' Va—*—x*)—l—a
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(noncTanoBKa x==asinu);

Scoskxdx=—;-scoskxkdx=—l];Scosudu=

=1 smu—} C——-smkx-}-C

SV1+x”xdx——SVl+x’ 2x dx ZSV”d”_

ud/2 2)3/2
(14 x?)
___S 2 372 + _._+C

(momcranoBka u=14 x*, du=2xdx);

x 1 2x dx 1 du 1
&ﬁ?“=?'ﬁ?=7f—=3mWHC=

= In|1+4x]|+C

(moacranoBka u=1-+ x2, du=2xdx).

YIOPAXHEHHWS

BhlyHC/IUTD MHTErpasbl:

2x+1 :
1. Sjﬁ%dx. 2. S(x’—i—])!'xdx. 3. Stgxdx‘

4, Se“xdx 5. Se"“xzdx 6. Scos’xdx. 7. Se”"dx.
8. ycos.'ixdx. 9. §

dx
e 10, j——wz_xz.
11. jV"f" .12 jex-lxdx.
a-—x

§ 7.4. Mpo6aema nmerpuposahuﬂ 3JieMeHTapHbiX GyHKUHUIA

Kak BHIHO M3 npuMepoB, MeTOl 3aMeHbl NepeMeHHLIX
SHAYNTEJIbHO PAcCIUHpAET KJacC TeX 3JeMeHTapHBIX (PyHKUHH,
KOTOpble MBI Tenepb MOXEM NIPOHWHTErpHpOBaThb, T. €. NOJY-
YATh AJA HUX NepBooGpasHble, ABJASIOLMECS CHOBA 3J€MeH-
TapHeIMH QyHKuMAMH. OJHako Hajo uMeTb B BHAY, 4YTO
C BLIYHC/IHTEIbHOA TOYKHM 3PEHHS C HHTeTPHPOBAHHEM OBCTOMT
Jenio, Boobue roBops, ropasio Xysxe, uem ¢ auddepennnpo-
BaHHeEM.

U3 ra. 5 usBectHo, yTO nNpousBojHas OT MmoGOH 3JeMeH-
TapHOH (YHKLHMM €CTb CHOBa 9S/1€eMEHTapHaa (QyHKUHA, KOTO-
PYIO MOXHO TOJNYYHTb COBEpIIEHHO S(PPeKTHBHO, BOCNOJB3O-
BaBIIMCh TNpaBunaMu nuddepennnposanus. Ho ofpaTthoe
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yTBepxAeHHe, BOOOIEe FOBOPs, HEBEPHO, TAK KaK CYIIeCTBYIOT
TaKHe 3/eMeHTapHble (GYHKLUUH, HeolmpeJesNeHHbE HHTErpaJH
OT KOTOPHIX He fBJIAIOTCA B CBOIO OYepelb dieMeHTapHbIMH
¢ynkuuamu. Hanpumep, TakuMu QyHKIUAMH ABJIAOTCA e~*,

#; 312—"- W ap. Jns nonydeHus MHTErpasioB OT HUX [PH-
XOIUTCS MOJIb30BAThCA NMPUGIUKEHHBIMA METOAaMU H BBOIUTH
B OOHXOJ HOUBble ()VHKUHH, He CBOAHMAEIC K 3JI€MEHTapHBIM.
Mer He UMeeM BO3MOXKHOCTH 3aJep:KHBATbCA Ha-3TOM BOMpoce,
3aMETHUM TOJIBKO, 4TO y2Ke B 3/1eMEHTapHOH MaTeMaTUKe MOXKHO
HaiiTH MHOTO NPHMEpOB, KOrja npsMmas Onepalus BHIOJHHMA
B HEKOTOPOM KJacce 4YHcCesd, . B TO BpeMs Kak oOparHas
el orepauus B 3TOM 2Ke KJlacce He BBINOJHAETCS; TaK, KBaApar
/MO6Oro palHOHAJBHOTO 4YHCJIAa €CTb CHOBAa PALHOHANbHOB
9HCJI0, HO KOpeHb KBaJpaTHbI M3 DaUMOHAJbHOrO 4ucsa
Ja7leKO He BCerza ABJAETCA PALUOHA/JIBHBIM YHCJIOM.

YIOPAXHEHHUA

1. Uro Takoe mepBooGpasHaf QyHKUUS IJMs HaHHOM
byHKUUM? ' ) o

2. Uro TaKoe HeONpeje/eHHb HHTErpaj OT (PYHKIMHP

3. 3anomuute dopmyast (3) u (5), BbIpaKaliolIUe OCHOB-
Hble CBOHACTBA HEONpPEeJeNeHHOTO MHTerpaja, H OCHOBHYIO
TaGIUIy HeONmpeleJNeHHBIX HHTerpasoB (cM. § 7.2).

4. TlpuBenure TpU IpHMepa MpPHMEHEHHS METOJA 3aMEHBI
nepeMeHHBIX B HeEONpPeJe/IeHHOM HHTerpale:

§ 7.5. Maowans kpuBonMHEHHOH (UTypHL.
OnpepeneHHblit HHTEFpaN

3agapum Ha orpeske [a, b] (@ W b—KoHeuHble wucIsa)
HeOTpHLATeNIbHYIO HenpephiBHYIO ¢yHKumio f(x). I'paduk ee
usobpaxen Ha puc. 107. IlocraBum 3amauy pasyMHO orpe-
IeJHUTb MOHATHE MJOMAAH (HIYpBl, OrpaHHYEeHHOH KPHBOH
y=7{(x), ocblo X, NPAMBIMU X=a U X=0b, U BHIYHCIHUTL 3Ty
niomanb. [TocTaBjaeHHYIO 3aJa4y €CTECTBEHHO peIUTh TaK.

ITpousBenem pasbuenue orpeska [a, b] Ha n wacreit ToU-
KaMu

a=x<x65<...<x,=b, (6)
BhIOepeM Ha KaxkIOM M3 YACTHUHBIX OTPE3KOB

[ &raal - (=0, 1, ..., n—1) G
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no NponsBOJBHOM Touke &;, onpenenum snavenua f(§;) ynk-
IHH f B 3THX TOYKaX M COCTaBHM CyMMY

n-1
S,= % f (gj) Ax;  (Ax;= xj+i'—xj)’ (8)

KOTOPYIO Ha3HIBAOT UHMe2parbHoil cysxmoti U KOTopas, oue-
BUAHO, DaBHA CyMMe IIOWIaJiell 3alITPHXOBAHHBIX MPSAMO-
yrOJBHHKOB (puc. 107).

Byzem Ttenepb crpemuth Bce Ax; K HYJO, H NPHTOM TaK;
4TOOB MAKCHMaJbHBIH (CaMblii GOJIbINON) YaCTHUHEIA OTpE3oK
pasbueHusi cTpemuncs K Hymo. Ecnu npu stoM BennuuHa S,
CTPEMHTCA K ONpeJle/iecHHOMY Npefieny S, He 3aBHCSUIEMY OT
7 ' . crnocoba pasbuexus (6) u

y=ra@ , BEI6Opa Touek §; Ha uac-
THUYHBIX OTpe3Kax, TO Be-
JIMUUHY S HasLIBAIOT N./i0-
wadsro Ganuol Kpusosl-

¢ Helinod  gueypss, TaxnMm
obpa3soum,
N S= tim e
. . = lim g3 A%,
T w5 b =, brs 270 & max 4%; > 0 G
Puc, 107 (9)

Wrtak, Mbl Janu onpelenenyue momlafd KPUEOJIHHEHHON
(urypnl. Bosaukaer Bompoc: MMEET NH KamJad Takas Qurypa
nJomaap, HHaye roBOpS, CTPEMHTCH JH Ha CaMOM JC/e K Ko-
HeYHOMY TIpefie]ly ee HHTerpajbHas cymMa S,, Korua
max Ax; — (0? J1oT BOmpOC pelllaeTcs NOJIOKHINbHO: Kaxdas
OnpedefeHHaR Bblue KPUBOAUHEIHAR (hueypa, coomeeincmeyro-
was Hexomopol Henpepeigrioli yuxyui f(x), delicmeumendbro
umeemn naowade 8 CMbICAe YKAOHHO20 OnpedereHus, 6bipe-
HaeMYl0 3a8UCALLUM om 3mol (ueyper wuciom S.

Ipyroit BO3HUKAIOWMUA 371eCh BONPOC—HACKOJbKO €CTECT-
BEHHO JIaHHOE onpeJeJieHHe IJIOIALH,— KaK BCerla B TaKUX
caydasx peliaercss NPakTHKOH. Mel cKaxeM TOJNbKO, YTO
NpakTHKa MOJHOCTBIO ONpaBAaja 3TO ONpeneseHue.

Ho o6patuM BHuMMaHue Ha polpamende (9). OtBiekasch
OT 3aJaul HaXOXJEHUA NJOWAJH, Mbl MOXEM Ha HEro CMot-
perb KaK Ha HEKOTOpYyI0 ONepauuio, NpH MNOMOWM KOTOPO
no naHHoH OyHKuuu f, 3anaHHOH Ha [a, b], onpenensercs
upcao S. OHa HaswIBaeTCs onepayuell uxmezpuposanus HyHk-
nuM f Ha (KoHeyHoM) orpeske [a, b], a pesysbTar ee, ecan
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OH CYLIECTBYET, HA3BIBAETCA ONpedefeHHbIM UHMe2pAsoMm OF f
Ha [a, b] n sanuceiBaeTca Tak: L

n-1 b
S=_lim Y fE) Ax,=Sf(x)dx. (10)
j=0 a

maxij—»O

B stom onpegmenennu ¢yHKUMA f(x) He 0GsA3aTeNBHO IO~
JoxurtespHasd Ha [a, b]. OHa MoxeT ObiThb OTpHLATENBHORX
HJIH MeHATh 3HaK Ha [a, b).

Hrak, onpedesennoim unmeeparom om pynxyuu f na om-
peske [a, b] Hasvieaemcs npeden uxmeeparvHoOl Ccymmo (1(_)&
K020a MAKCUMQAbHBIL dacmuyHolli ompe3ok pasbueHus ( i
CIMpemMumes K Hyao. ’

B Teopuu onpeneseHHOro MHTerpasa AOKa3BIBAa€TCs, HYTO
ecakas HenpepoisHas Ha ompeske [a, bl dynrkyusa unmezpu-
pyema Ha Hem, m. e. 041 Hee npeden (10) cywecmeyem. Otciona
U cleayer ynoMsAHYTHIH (akt, uTo Besikasi GHrypa paccMot-
penHoro Beie THma (cM. puc. 107) mMeer miomans.

[Tpumep. [Tnowane S, orpannyenHas napaGosoh y = x?,
ocpi0 x, npaMoii x=1, Kak Jokasano B § 3.1, paBHa

n-1
1 B\z 1
S= lim - (—) =L,
n_,wnkz:% n 3

n-1
Tor ¢akr, uro cymma 20 (%/)*Ax;, cooTBeTCTBYIOLIAS

npousBosbHOMY pa36uenuio [0, 1] U mpousBoJbHOMY BHIGOPY
Touex &, npuHamnexamuX OTpe3KaM [X;, X;.;], CTpPeMHTCH

K R Korjga max ij~—>0, HEIMOCPEeACTBEHHO JOKa3aTh 3Je-

MEeHTapHBIMH MeTOJaMy He TaK YK MHpocTO. D10, OXHAKO,
c/lellyer M3 YIOMSIHYTOTO YTBEPXKIEHHUS, YTO ONpeJeseHHbIH
HHTErpaJjl OT HeNpepbBHOH Ha (KOHEYHOM) OTpesKe (YHKLHUH
BCeria CYILIeCTBYeT.

§ 7.6. PaGora. Macca crepxus

TlpuBezem Apyrue mpumephl NpakTHUECKUX 3aJay, peLle-
HHE KOTOPBIX CBOJUTCSl K BBIYUCJIEHUIO OMpEJeIEHHLIX HHTer-
paJios,

Pa6ora. Ilycrs kK aBmKymlie#ics no mpsiMoil TOuKe MpHU-
JIOX€HA HaNpaBJICHHas BHOJIb 3TOH NpPAMOHA nepeMeHHasi CHJa
F=f(x), rae f(x) ectb HenpepbiBHast (yHKuua or x— a6c-
LHCCHl ABMXKYIIeHca Toukd. PaGora cuapt F npH  OepeaBH-
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JKEHMH TOYKH OT a Jo b paBHa

n-1 b

W= lim 2 f(x)Ax,= S f (x) dx,

maxij-b 0j=0

ae a=x <5< ... <x,=b, Ax;=4x;,;—x;. B camom
Zene, B CHJY HeNpepHIBHOCTH f Tpoussenenne f(x;)Ax;
61M3KO X MCTMHHOH paGore Ha [x;, X;,,], @ cyMMa Takux
npouseefieHuR 6aM3Ka K HCTHHHOMN paGote Ha {a, b}, 1 npuioM
TeM OnMke, 9eM MeHble max Ax;.

. i .

Macca cTepxHA nepeMeHHON NJAOTHOCTH.

Bynem cuurath, uto oTpesok [a, b} ocu x nmeer maccy ¢ me-

pEeMeHHOH JiMHeHHOM MJOTHOCTLIO P (x) = 0, rue p (x)—Henpe-
poiBHas Ha [a, b] ¢ynkumua. Ofwas Macca 3TOro orpeska

n=-1 . X b
M= lim 020p(xj-)Ach=Sp(x)dx,

max Ax ;=
7 a

The a=x, < x, < ... <x,=b, Ax;=x;,,—x;.

§ 7.7. Teopema HuioTona — JleiiGHnua

HenocpeacTBennoe BhIuKC/I€HHE ONpeLeeHHOrO MHTerpaJa
no dopmynae (10) cBszaHO ¢ TPYAHOCTAMM: HHTerpajbHble
CYMMBbI CKOJIbKO-HHOYJb CJIOXKHBIX (PyHKIMH HMMEIOT TpoMO3J-
KHi BHJA M 3a4aCTylO HeJlerKo npeo6pa3oBbIBaTb X K BHAY,
yAOGHOMY ANl BblUMCJeHMs npelenoB. Bo BcaxoMm ciyuae,
Ha 3TOM NYTH He YJaJochb C03JaTh OCIHX Me1010B. Hure-
PecHO OTMEeTHTb, YTO BNEpBHe 3aJayy 3TOr0 poOAa PewHJ
Apxnmen. Ilpu nomom paccyKaenuii, Koropbie OT4aJeHHO
HaNoOMMHAIOT COBPEMEHHBIH MeTOJl TNpelesoB, OH BBIYHCJHI
nJowaAb cerMenTa napatoJibl. B nanbHeiieM Ha npoTaKeHHH
BEKOB MHOI'M€ MaTeMarHKH pelIMJIH 32Jayd Ha BbIYHC/EHHE
nomaneir ¢uryp u obbemos Ten. Bee ke emme B XVII Beke
MOCTAHOBKA TAaKMX 3ajay ¥ MeIOAb MX pelleHHs HOCHJH
cyry6o uactHolii xapaktep. CylNecTBeHHBIH CABMT B 3TOM
onpoce BHecad Heioron n Jleii6uuu, ykasabmue o6umui
MeTOJ pelleHHs TakuX 3afay. OHM nokasany, 4YTO BHIYHCJEHHE
OnpeleIeHHOTO MHTErpaja OT ()yHKUHH MOXeT ObITb CBEJEHO
K OTHICKaHHIO ee nepBOoOGPasHOM.

Teopema Hoiotona—Jleii6uuna. Iycmo 3adana
Henpepoieran Ha [a, b] ¢ynryua f(x) u nyeme F (x) ecmb ee
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nepsoobpasrias. Tozda cnpasedruso DpaseHcm8o
b
{ Fyde=F () —F (a). (1)

a

~ @opmyna (11) mokassiaer, 4yto eciu M QyHKuuu f
M3BeCTHA e nepBooGpasHas F, TO BbIYHC/EHHE OMpeNesen-
HOTO HHTerpana or f Ha [a, b] cBoauTCA K MpOCTOM MOACTE-
HOBKe uucen @ # b B F. Jlamum npocroe MexaHudeckoe
TOJIKOBaHHe 3Toi Teopemsl. Bynem cuutarth, 4TO X ecTb BpeMa,
a ¢ynknua y=~F (x) Bblpa:kaeT 3aKOH ABHXXEHHA TOUYKH MO
NpAMOH, T. €. Y eCTb PacCTOAHHE C COOTBETCTBYIOLIUM 3HAKOM
B MOMEHT X IBHKYLIeHCH TOUKH 10 3aKpenyieHHOH HyeBoRk
TOUKH. . . - .

[Tyte, DpOHAeHHBI TOYKOA 3a MPOMEXKYTOK BpEMeHH
a<<x< b, oueBHgHO, paBeH *)

A=F (b)—F (a). (12)

C npyroft cTOPOHBI, OH MOXKeT ObITb BBIYUCJIEH HHTELPUPQ-
BaHUeM cKopoctH f(x)=F"'(x) TouKu: '
n-1 b _
A= lim X F(e)Ax={ () dx. (13)
max Ax Tiud 0/=0 a .

Mol pasgenmsin npoMexyToK BpeMenu [a, b] Ha uactu
TOYKaM# @ =1x, < X; < ... < ¥,=0b. B cnay HenpepnBHOCTH
¢yHKUHM f CKOPOCTb TOYKH ‘Ha OTpe3Ke BpeMeHH [X;, X;..]
MOXKHO CYMTaTh NPUOGJIHIKEHHO IOCTOSIHHOM, paBHO# qucay f(x;).
Torma nyTb, NpOHAEHHBIH TOYKOH HA 3TOM OTpe3Ke BPeMEHH,
Oyzser npuOIMKeHHO paBeH f(x;)Ax;, a Becb nyTb Oyzer

n

NpUGMHKEHHO PaBeH CyMMe f (x;) Ax;. Ecin max Ax; — 0,
i=1

TO 3Ta CyMMa CTPEMHTCSI K YHCJY, PAaBHOMY HCTHHHOH BeJH-
yuHe MyTH, MNPOHIEHHOrO TOUKOH 3a MPOMENKYTOK BpeMeHH
[a, b]. B TO e BpeMmsi 3T0 YMCJO €CTb, OYEBHIHO, OMpeje-
NIGHHBIA HHTerpaj oT QyHKuuH f(x). B mpexenax or a 1o b.
Ho Torma u3 (12) u (13) canemyer (11).

O6biuno numyT, gro F(x) I:=F (6)—F (a).

*) Brnpouem, TepMHMH «myTh, MNPOAJEHHBHIA TOYKOMA», He COBCEM
TOYHO ‘BEIpaxaer RaHHOe siBjJeHHe. Ec/u, HampuMcp, 3aKOH JBHXKEHHST
TAKOB, YTO TOYKA CHAyaJa NPOABHHYJACh BIPaBoO, NPONAR. NyTh Ay,
a 3aTeM BJIeBO, MPOHAA NYTb Az, TO A=A;—Ag.
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Ipumepsn.
b b
- xn
an 1dx=7L=-H(b"—a"), n=0,
a A
b o ‘
Sin o) o .
Scosaxdx=‘—a—t|a=;(smab—smaa), a0,
a

YOPAXHEHHUA

1. BeluHcanTe miOWAaAb, OrpaHHYEHHYIO CHHYCOMAOH
y=sinx Ha [0, ] ¥ oceio x.

2. Onpenesurte maOWAjb, OrpaBuyeHHyl0 napabodoli
y=4x—x* U OCbIO X.

27
3. BrluncauTte HHTErpaJ S sin xdx.
0 :

4. BblupgcauTe IJOWanb, OFPaHUYCHHYIO CHHYCOHMIOMH
y=sinx Ha orpeske [m, 27] u oceio x.

5. Boiyucante nyTh, NPOHAEHHBIA CBOGOLHO 11aJAIOLIHM
B NyCTOTe TeJOM 3a TepBble T CeKyHA JBHIXKEHHS, ecJH
H3BECTHO, YTO CKOPOCTb CBOOOJHOrO MajeHHS B MyCTOTE
V=0, gf, rhe f{—BpeMsi, g— YCKOpEHHE CHJBI TSKECTH,
U,—HayaJbHas CKOPOCTb.

6. Ilpu pacTskeHMH TNpPYKHHBI B Npefesax ee yNpyrocTu
cHJla CONpPOTHBJIEHHS, BO3HHMKawuas B HeH, paBHa [ =kx,
TAe X— yIJMHEeHHe INPYXKUHBI, a k—Ko3(puuneHT, Xapakre-
pPM3YIOUHH cBOiicTBA NMPY:KUHBL. Briuhcaurte paGoTy, KOTOPYIO
HaJo 3aTpaTHTb, 4TOOBI B pe3yJbTaTe HOJYYHJIOCh YAJH-

HeHue [.
1 1

7. Briuncanute HHTErpalsl S xdx u S x*dx, napucyiite
-1 21

rpadbnkn GyHKIHA x2 U x® U OOBSACHHTE pe3y/bTaThl.

8. Uro Takoe onpejesieHHEI HHTerpas oT GyHKUuH f(x)?

9. Kak BounciseTcss onpeiesieHHBIH HHTerpand or (yHK-
uun f(x) Ha orpeske [a, b] uepes mepBooGpasnyio ot f(x)?

10. B uem 3akmouaeTcsl CBf3b MeXAY ONpeleseHHLIM
HHTErpajoM M IIOUaAbI0 COOTBETCTBYIOWIEH (Urypn?

11. Kak Bhuncisierca pa6oTa CUJB NpH NOMOUH OINpe-
JeNIeHHOTO HHTerpasap? A

12. Cpopmyaupyiite teopemy Hoiotona—Jlefi6unua.
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§ 7.8. JloxasatenncTBo dopmyssi Hbrotona — Jleii6uuna

ITycte f(x) ecTb HenmpephiBHAs NOJNOXHTeNbHasi (yHKIHMS
Ha orpeske [a, b] M nycTb u e€cTb NpPOM3BOJIbHAfA . TOYKA
uHTEpBaNa (a, b) (puc. 108).

OnpejeneHHEI HHTErpan

n
O (u)= S f(x)dx

a

or ¢ynkuun f(x) Ha orpeske [0, u] ectb nuowany 3aTyiue-
BaHHOH (ORHOH IITPUXOBKOH) ¢urypsl. Ecin pepxHuit npenen
UHTerpana ecTb nNepeMeHHas BeaH- ¥
yyHa #, To uHTerpan @ (u) ectb '
(GYHKUMS BepXHero mpefeJa.
Ipupamenne @ B TOUKe 4, CO-
OTBETCTBYIOllee  MNpHpalleHuio A
(h>0) aprymenta u, ecTb mJO-
maap GUrypol, 3aTylleBaHHOH ABOH-

HOMl LITPHUXOBKOH: Puc. 108
u+h u u+h
D@ut+n—0w= § fwde—{fmde= § fx)dr.

OGo3HayuM uepe3 m MHHHMaJbHYIO OpAMHATY, a uyepe3 M —
MaKCHMaJbHYIO opAuHaTy rpaduka y={f(x) Ha oTpe3Ke
[u, u+ ). OueBunso,

mh<O®u-+h)—0@u << Mh
HIH

m< [q’(“_*‘h’)l;?i‘i)_ <M.

Ecan h crpemutsh K HyJo, To m — f(u), M — f(u), cnenoa-
TeJbHO, CYLIECTBYET NpPOM3BOJHAA

lim Q@+N—@ W _ qy (&) = f (1).
h—>0 h

Mbl J0Kasann, 4TO nPoU3LO0HAR UHMe2pasa, Kax (QyHKYUU
éepxrezo npedesa PasHa NoObIHMeZPAAbHOU (PYHKYUL:

5§ fode=f@.

Takum oGpasom, @ (x) ectb nepBooGpasHas Ans1 (PyHK-
uun f (x). JlioGas apyras neppooGpasHas F(x) orinyaercs
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OT ‘Hee Ha MOCTOFHHYIO!
F(x)=®(x)+C.
Ho

' a

® (@)= fdr=0

a

H
b +
S_} f (%) de=.6) = © () —D (@) = (F (8) + ) —
—(F (@) +¢)=F (b)—F (a),

u Mbl poKasanu dopmyay Hbtorona —Jleit6uuua
b

{ Fde=F () —F (a).

a

§ 7.9. CpoiicTBa OnpeleieHHbIX HHTErpajios

‘OcHOBHBIE CBOHCTBA OMpELENEHHOTO HHTerpaja Bbipa-
XKaTca GopMyaMu

b [4 b

§ fde={ Foadet§ £ ds, (19
3 b
S Af(x)dx=A Sf(x) dx, rae A—nocrosuunas, (15)
b b b
(Fo+omdr={fwatfomas, (16
b @

(rlo 10" (de="{fuydu, e c=0 (), d=0@). (I7)

a 4

CsotictBo (14) (mast caydas a < ¢ < b) BugHo u3 puc. 109;
nJolass KPUBOJMMHEHHOH Tpanmeuuu Hapg [a, b] paBHa mio-
wamu Hap [a, ¢] nmoc mrowaxs Han [c, b].

CsoiicTBo (15) BEIpaxkaer, 4TO MJOWANb KPUBOJHHEHHON
TpameuuH, onpefensieModl QyHKuueir f(x), yBeqHUUBaeTCH
B A pas mna ynkuuu Af (x).



§7.9. CBOACTBA OINPEAEJEHHBIX WHTEIPAJIOB 165

CpoiicTBo e (16) BBIpaxkaer, yTO NJoWAaAb KpHBOJHHEH-
HOJ Tpameumny, onpenensemoil cymmod f(x)-+ ¢ (x), paBsa
CyMMe mJaouiaziel, COOTBETCTBYIOMIMX CJAaraeMeM f(x) n @ (x).

Koneuno, B 3THX NOSICHEHMAX J
MBl HESBHO NpeAnoJaraiy, 4To
¢ynkuun f(x) 1 @(x), Tak ke
KaK ¥ uucao A, HeOTpHlATesb-

Hele. * Benp ecan, Hanpumep,
{}(x)<0 Ha [a, b], To mMATerpaxn

Sf(x) dx papen naowamu cooteer- 7. @ ¢ 6 2
a Puc. 109
CTBYIOWIE!l KPHBOJVHENHON Tpa-
TIellH, B3fATOH cO 3HaKoM MuHyc. Ho ¥ B sTOM M BoOGlIe B
Jpyrux cayyaax ceoiicta (14) — (17) BepHHL.

Uz (15) cnenyer

b b
S1—f@1ar=—{fedx,
b ! ¢ b ‘ b
§[Af () + Bo ()] dx = § 4] (x)dx+ § Be (¥ dx=
[ ] a a
=A{f@de+B o

rae A 1 B—noCcToSHHbIE,

[Mocnensee paBEeHCTBO ME€TKO MO HHAYKUMH pacnpocTpa-
HHTL Ha JM060e KOHEYHOe uueJjo cjardeMeix. Hanpumep,
1 1 I 1

S (*—2x+4+ 1) dx= S x*dx—2 S xdx+ S ldx=

0 0 0 b
x3 1 x| 1 1 1
=73, 27| t*,=z—I+1=73,
/2 n/2 /2
S (2cosx+3sinx)dx=2 S cos xdx—+3 S sinxdx =
0 0 0

=25inxl::/2 —3cos xljom =2+4+3=5.

B ¢opmyae (17) @ (x) ecTb BenpepuBEO nudapepexuupy-

eMasi Ha [a, b] hiynkuus, ans kotopoi @(a@)=c, ¢ (b)=d. Ecau
F (u)—nepBooGpasnas nas f(u), T0

(Flo D=1l () ¢’ (x),
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103TOMY

d ) b

{ () du=F (@)—F (©)=F 9 (6)]—Flo (@)= flo(x)¢’(x)dx.
I[Ipumenp.
/2 11

RS
=5+ 1)=1

n
S sin 2G=-%-“S sinudu= ;—(-—'cos 1)
0 0 0

(mozcranoBka u=20; 0=0, u=0; 0=mr/2, u=n).

VYIIPA)KHEHH A
Beryucauts HHTErpasin
3 1
X -
L {(—3x+2)dr. 2. S i )
1 -

/2 1

3. S (cos2x—sin3x)dx. 4. S(e"'x—!—e"‘)dx.
0

2n

1
5. S (cos3x+sin2x)dx. 6. \e*'xdx. 7. S e¥* dx.
3

Ot ©

/2

Sy ©

8. sin-g—de. 9. S cos?xsinx dx.
0
/2 vl /2
10. S cos®xdx. 11. S(x2-+1)3xdx. 12. S tg x dx.
0 0 0

§ 7.10. Maowaawp kpyra

Ypasuenne okpyxuoctu (puc. 110) pamuyca R ¢ ueni-
poM B Hayaje KOODJMHAT X, Yy HUMEET BHJ

x4y =R

CrnejoBaTe/ibHO, YpaBHEHHE €e YacTH, PACMOJIOXKEHHOH BhIIIE
OCH X, 3alHChIBa€TCS B BHAS

y=VR—x* (—R<x<R).
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Ho Toraa naowazs Kpyra paxuyca R paBHa (NOsICHEHHs HUIKE)

R /2
82 { VR TRdx=2 | VRI—R?Sin"0 Rcos0d0 =
-R

-T/2

2 /2
e= QR S 05?0 df = 2R? S 1eos 29 g
-q/2 -/2

= 2R? [—;- O-{—-i-sin 26]

Bo BTOpOM paBeHcTBe 3TOH Lenu cjenaHa 3aMeHa nepe-
MEHHOH

0=n/2

=2R*Z =qR®.
0=—m/2 R 2 R

x=Rsing, —Z<O<F,

H HcroJb3oBana dopmyna (17), HO mpuMeHeHHas B 06paTHOM
fiopsaxe. Ilpu Bospacranum nepemenHoit 8 or —m/2 1o /2

Ip

Pre. 110 Puc. 111

nepemenHasi ¥ Bospactaer of —R 1o R. Ilpu stom
dx = R cos 0 db.

§ 7.11. lnuna OKpPyXHOCTH

IMnowanp KpKra ecth pyukuusas S=nR? or R. [lpunanum
R .npupauenne AR > 0. Torza cooTBETCTBYIOLIES PHpaLIEHHE

AS=S(R+AR)—S(R)

Gyner npencTaBaATb co60I0 MOMWAAL SALITPHXOBAHHOTO KOJIb-
ua na pue. 111. inuna oxpyxuoctn L (R) ectb Tome ¢yHK-
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must or R. OueBuzuo,
L(R)AR < AS < L(R+AR)AR,

nosTOMYy
L(R) < <L(R+AR)

[Tepexona K npeneay B 3TUX HepaBeHCTBaX MpH AR =0,
yUYHuTBIBasA, 410 QYHKUHA L(R) HEMpepelBHA, MONy4YaeM .

Al’;lllo A_R- =L®),

L(R)=S'(R)={nR*»' =2naR,
M Mbl [OJYYHJIM (HOPMYJY. ATHHBL OKPYKHOCTH.

T. e

§ 7.12. O6bem Tena BpaleHHS

[Tycte T' ectb KkpuBasA, onuceiBaeMass B npamoyro.nbﬂoﬁ
CHCTEMe KOODAHMHAT X, y HENpEpBIBHOH MOJIOKUTEJNbHOH pyHK-
el y = f(x) (a<t<b) Bolyucaum obvem V Tena Bpa-
I{eHHsA, OrpaHHUYEHHOro Mo-
BepXHOCTLIO BPAILEHUS KPH-
BoH I' BOKpyr ocu x u mjo-
CKOCTSIMH, TPOXONALUMH Ye-
pe3 TOYKH X =a, Xx=> nep-
NEeHJUKYAAPHO OCH X (CM.
puc. 112).

[TpousBenem pasbuenue
otpeska [a, b] Ha wuwacrtu
TOUKaMH @ =X, < X; <. .. <
< x,=b n GyneMm cuurarh,

Puc. 112 yTO 3/71eMeHT o6bemMa AV, Te-

Jla BpalleHusi, OrpaHHYeH-

HBfl [JIOCKOCTSIMH, MPOXORAUIUMH uYepe3 TOUKH X, H X,y

nepneHAUKyJIspHO OCH X, NpPHOJHMEHHO paBeH o0beMy ILiH-
JIMHAPA BBICOTHl AX, =X, —X, U paluyca y,=[(x,):

AV, = g, =1 (x0)* A,

Ho torma o6veM V moxer ObiTh 3amucaH NpU TOMOMIM MpU-
n-1l

6/IMXKEHHOro paBeHcTBa V & m 20 (f (x2))? Ax,. UtoOm mojy-
k=

YUTh TOYHOE PAaBEHCTBO, HaJlO B3AITb npenen

V=_lim ng ¢ (xk»wk—ns (F (2) d,

max Axk—ro
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U MH TonyyaeM ¢opmyay Ans ofbeMa Tesa Bpall€HHs:
b

V=n{()d. (18)

a

§ 7.13. O0bem wapa
O6vem V wapa paguyca R pasen
4
V=—3-J'[Rs.
B camom nene, kpyr pamuyca R B niockoctd xQOy umeer

ypaeHeHue
x*+y*=R?,

a BepXHAa noayokpyxHrocTs I' HMeer ypaBHeHHe
y=+VR—x (—R<x<R).
Ecan Bpamath T BoKpyr ocux, TO nosyyuM NoBepXHOCTh Ha-
wero wapa. Ho Torza coraacuo gopmyie (18)
R R
V=n S VR=x)dx=n S (R*—x?)dx =
-R -R
3\ IR 4
=n(Re—%)[[ =R (9

§ 7.14. Naomwanp NOBepXHOCTH wWapa

O6bem mapa ioameca R
V(R)=- nR?

ectb (yHKIMA oT R. ‘
IMnomane S(R) NOBEPXHOCTH 3TOrO. 1lapa MOXHO IOJY-
YUThb KaK IPOU3BOJHYIO:

. V(R+AR)—V(R) (4 ’
= 1 == -—:l'l:]?8 =4 Rz_
S(R) = fim S = (R ) =t

Tosicnum stu BhiKAanku. Ilpupaiienue o6bema luapa, COOT
BeTCTByIoLlee NpHpaieHnio AR,

AV =V (R+AR)—V (R),

OYEBHJHO, PaBHO OGBEMY CJ/10s, OrPaHHYEHHOTO H3HYTPH Ilia-
POBOJ TNIOBEPXHOCTHIO painyca R 1 H3BHE LI1apoBOi NMOBepX-
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HocTbIo paaryca R +AR. Ecmu S(R) ectb niiomanb noeepx-
HOCTH 1Iapa paJHyca R TO, OYEBHIHO,

S(R)AR < AV < S(R+AR)AR
HIH

S (R) <AR < S(R+AR).
[Tosromy, yuurbiBas HempepsizHOCTs S (R), noayuum

SR)= lim 55=V"(R).

YIIPAXHEHHUA

1. Bpiyucaute 06beM KPYroBoro UuJMHApPa BhICOTH H H
paauyca OocHOBaHHS R.

2. BpyucauT, 06bEM Tesla BpalieHUs, OrpPaHUYEeHHOro
MJIOCKOCTbIO, NpPOXOAfAIIEH yepes TouKy x==1 ocu x nepreH-
i JMKY/IDHO K Hed, H TIOBEPXHOCTHIO

o, BpallleHUst OKOJIO OCH X KPHBOIi:
g=a 1) y=x* (puc. 113); 2) y=ux%
3) y=Vx

1z
§ 7.15. PaSora anekTpHULCKOro
3apsana

[lycre ¢ u ¢'—pBa sapsna, Haxo-
Puc. 113 JdAluidecss Ha TNPAMOH Ha PpacCTOSHHH
r ipyr ot apyra.Cuna B3aumoneicteus F

: o a
MeXK1y HHMH HanpaBJieHa BAOJIb STOH NpAMOA U paBHa F=_3

(a=kec', rae k—nocrosHHas). Paéory W aroii cuaml, Korja
3ap5m ¢ Henozumx(eﬂ a sapsan ¢’ nepelBUraercsl mo OTPESKY
[Ri, R,], MOXHO nojcuMTaTb, pa3buBas orpesok [Rj, R,] Ha
yactu AnauHel Ar;. Ha KaxJo# M3 HHX NpUGINAKEHHO CUH-
TaeM CHJY [OCTOSIHHOH, Torja pafoTa Ha TaKOM yd4acTKe

a

pasHa — Ar,. Jlenasa dactuubl pa3buenus Bce Gosee MeJ-
ri

KiMH, yOexnaaemcs, yto paGora W paBHa uHrerpany

R,
W=lim$ Sar={ Sdr  (0<R<R).

Ar—>0 R,
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3ror HHTErpaja Mbl Cpa3y HaxoJiudM, NpHHHMass BO BHHMaHHe,

4To
a _ a\’,
A=\"7)

R,_a( 11 )
R, Ry R, ‘
B wactHocTH, pa60Ta, BBINOJIHEHHaa cuJjol F,npH nepensu-

MEHUH 3apsja c¢’, HaXOAUBLUETOCs CHaya/la Ha PAaCCTOAHHH
R, or 3apsana c, Ha GecKOHeuHOCTb,  paBHa

W--llma(R1 ﬁl;)=Ri1 (0 < Ry).

R0

oTrcroaa

Mpu ¢’=1 Mbl NmoJyYyuJad MOTEHUMA] 3apsfa ¢ KaK (yHK-
uuo ot R.

§ 7.16. JaBjieHHe KHIAKOCTH Ha CTEHKY

Baccefin BeicoThl H/ HamosiHeH BOROH. Brlyucanth nasie-
HHe BOJIBI Ha NPSIMOYToJIbHYIO CTeHKY OacceifHa, C OCHOBa-
HHEM NpSIMOYTOJIbHUKA, PAaBHBIM 4.

Ilenum BBICOTY Ha paBHble MaJable yactH Ah. Crenka pas-
JeJIATCS Ha «3J1eMEHTh» (OAHH H3 HHX 3aLUTPUXOBaH, puc. 114).
Tak kKak KyGoMeTp BOJbI BECHT TOHHY, TO JaBJIeHHe CT0/10a KuJ-
KOCTH BBICOTHI h; M, HMeroLiero ceyenre 1 M?%, paBHO h; TOHHaM.
IlaBnenue ke BOIlbI Ha 3JIEMEHT,
Haxojsmuiica Ha ryGuue h;, pas- h
HO NpOU3BeNeHHI0 A; Ha NJOWALb az Z
anemeHta: h;a Ah. Benuunna nasne- &
HHUS Ha CTeHY NpUGJIHKEHHO paBHa

z .
Puc. 114

a
\

P~ 21 ah; Ah=a Zlh, Ah,

e cyMma paciapoctpaHeHa Ha Bce Ak, ToyHoe ke ee BhIpaxe-
HUe paBHO HHTErpany

H

P = llmaZh,Ah aShdh a -+

Ah—>0 i=1 2o 2
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§ 7.17. Uentp TsxKeCTH

I_[eHTp TSI2KECTH CHCTEMbl MaT€pHUaJIbHBIX TOUYEK
(xi1 yl)) (xzv ya)’ ey (xN, yN)

¢ MaccaMH my, My, ..., My COOTBETCTBEHHO HUMeeT KOOpAu-
HaThHI

N
2;. myy

=5
2’"/
1

N
12 mjxy

- N
S

Xo y Yo

D1 HOPMYJIE PacpoCTPAHAIOTCH HA HENPEPHBHO pac-
npezeJieHHble 110 NJIOMA A1 Macchl. Posib KOHEUHBIX CYMM HIpaioT
TOTJia HHTErpasbl.

Haiizem nentp TsixecTn cermeHTta napatoss y=1—x2 ¢
pPaBHOMEDHO pacupeje/eHHOH Mo HeEMy Maccoil, OrpaHHYEHHOT0

cHu3y ockio x (puc. 115). s
7 atoro orpesok [—I1, 1] ocu x
pasjneuM Ha n paBHBIX 4a-
creii amunel Ax. Opna Takas
YaCTh 3alUTPHXOBaHa Ha pHC.
115. Beuny ManoctH Ax MOXXKHO
CYHTaTh, YTO Macca 3alTpH-
-7 g .7 &  XOBaHHOTO 5J/IEMEHTA CErMeHTa

Puc, 115 ‘PaBHa
of (x;) Ax=py; Ax

H OHa CKOHLEHTPHpPOBaHa B TOYKe (xi, y?‘) . 31ecb p— nJIoT-

HOCTb pacnpefiesieHuss Macchl.
BBuzny cuMMerpnu cermeHra afcumcca €ro HEHTpa Tskec-
TH paBHa x,=0. Opaunary ke MOXXHO NPHOIMKEHHO 3allH-
caTb B BHJE
n . n
P2 L yinx y2hx
Yo i=1 — 1

n
P vibdx
=1

TI€ CyMMa pacnpocTpaHeHa Ha BCE YACTHYHBIE OTPE3KH JeJe-
wusa [—1, 1].

i

1

tol-—-

M=

Yy Ax

i=1



§7.17. LEHTP TAJKECTH 163

Tounoe BeIpakeHHe /st OpAMHATHI LEHTPA TAKECTH Hallel
Gburypel mosyuuMm, nepeiing k npeaeny npu Ax— 0:

o= lim 55— =5 5—, (20)
X v bx Sydx
i=1 P
rie B JaHHoM caydae a=—I1, b=1. Takum obpasoy,
1
. S (1—x)2dc 8 g =r@
5 5__ 2
Yo=—F——=7=73F
S (I—xdx 3

Bripaxenue (20) MoXKHO
paccMaTpuBaTh  KaK OGO T ok 116 o6 @
(opmyJaly AN OpAMHATHI LEHT- )
pa TsKecTd GUrypbl, H3o0paxkeHHOH Ha puc. 116, ¢ pasHo-
MepHO pacnpejeseHHoii no Heit maccoil. CooTBeTcTBYloLIas
dopMysa AN X, MMEET BHJ

.

VIIPA)KHEHUA

1. B GacceiiH ¢ BojoH onyluieHa NOJYKpyI/as IJacTHHA
paguyca R Tak, 4TO ee AHaMeTp HaXOAWTCS HAa YPOBHE BOABI
(puc. 117). Onpenenntb naBjeHHe BOABI Ha OLHY U3 CTOPOH
[JIaCTHHBL.

2. Hafitn xoopaunaThl LEHTpA
TAXECTM BepXHero MOJyKpyra <7
y:VRz——x%.
© 3. HaiiTH KoopAuHATHl LEHTPA
TSKECTH cerMeHTa napaboJibl y =
= x?, OTPAaHHYEHHOTO CBEPXY Mps- Puc. 117
moil y=1.
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4. Cusa TOKa B NpPOBOAHHKE €CTb (YHKLUHST BPEMEHHI
y= 1+ t2. Kakoe KOJHMYECTBO 9/I€KTPHYECTBA NPOXOAHUT Yepe3
ceyeHHe NMPOBOJHMKA 34 NPOMEKYTOK BPEMEHH ogt,gs?

5. Uemy paBHa Npou3BOZHAs ONpeJeJEHHOrOo HHTErpaJa
OT HelpepbiBHOH (YHKLUHH IO BEPXHEMYy MNpeReny?

6. ChopMynupyiTe U 3anumiute OCHOBHEIE CBOHCTBA Ompe-
JeJIeHHbIX HHTEerpaJioB.

7. Yemy paBHBI a) MJIOWAAL Kpyra, 6) A/MHHA OKPYKHOCTH,
B) ofbeM luapa, I) IJOMAAb MOBEPXHOCTH IlIapa.

8. 3anummute dopMyay ais obbema BpaieHus. O6bACHH-
1€ ee.

9. 3anumure dopmyay

a) JJIA LeHTpa TAMXKECTH CHCTEMBl MaTepHaJIbHEIX TOYEK;

6) AJIA KOOpAMHAT LIEHTpA TAMKECTH CHCTEMBI MaTtepualb-
HBIX TOYEK;

B) AJS KOODAHHAT LIEHTPA THAMKECTH, BEIDAXKEHHBIX Yepes
MHTETpaJibl.



[JIABA 8
AN PPEPEHUHAJIBHBIE YPABHEHU S

§ 8.1. OxnaxpeHue Tesa

Teno, umeromee Ttemneparypy 6,, nomemeno B cpeay c
remnepatypoii 0° (0, > 0). TpeGyercs HaiiTu 3akon 0 (f)
H3MEHEeHHsl €ro TeMNeparypbl B 3aBHCHMOCTH OT BpemeHHU f.

M3 kypca (u3HKH H3BECTHO, YTO CKOPOCTb OXJIaXIAEHHS

TeJla 7 NPONODUMOHANIBHA PASHOCTH TEMNEpaTyphl Tesna H

OKpyxalolleii cpefbl. YuuthiBasi, uTo pyHKuus 0 (f) yobiBaio-
mad, 1oJjy4yaeM PaBeHCTBO

do
o =— k8, (1
rae A—Ko3pdULHeHT NpPONOPLUHOHAJIBHOCTH. Mbl MOJNYyYHIIH
ypaBHeHHEe OTHOCHTEJbHO HeH3BecTHOH (yHKuuu 0 =0 (¢). OHo
HasblBaeTCA Oughheperyuarsroim ypasHeruem, THOTOMY YTO B
Hero BXOAUT HEH3BECTHAas INOJ 3HAKOM IPOU3BOJHOIL.

DTOMy ypaBHEHHIO YJOBJIETBOPAET (DYHKIHMSA

0=Ae*, 2)
rae A Moxer GpITh Ji0GO# moctosiHHOH. B camom nee,
do -
a?=——kAe ke, (3)

Moxcrapasis Beipaxenusi (2) u (3) B ypasHenue (1), moiay-
4hM TOXJECTBO, T. €. DABEHCTBO, BepHOe JyiA Jioforo ¢.
®opmysa (2) paeT GeCKOHEUHO MHOTO pelleHHH MOCTaBJIEHHOA
3324, COOTBETCTBYIOIMX PAa3HEIM 3HAYeHHSM MOCTOSHHOH A.
s naweit sagaun 0 =0, npu ¢t =0, orkyra A=0(0)=6, u
pelleHye JaHHOHA 3aJauyd HMeeT BHJ,

0'=0,e-%,

U3 nonyuennoit dopmyJsl BHAHO, yto 0 =0, mpu =0,
3aTeM C yBeJHYeHHeM ¢ temmeparypa O 1esa pecbMa GBICTPO



166 rJ. 8. JMOOGEPEHLUANIBHBIE YPABHEHUS

ymenbiaercsi. IIpn ¢ — + oo oHa crpemutcs K Hymo (6—0
npu t— o). ‘ :

3ameuyanue 1. [uddepennuansbHoe ypaBHenue (1)
MOXKHO paccMaTpHBaTh KakK ypaBHEHHe PaJHOAaKTHBHOIO pac-
naga. B asrtom ciywae 6=0(f) ectp Macca BeliecTBa, MOA-
BeplbalOllleI‘OCﬂ pacnany, a 8,—ero macca B MOMEHT BpeMeHH
t=0.

3anava. Halitu ofuwee pewenne audxpepeHunasbHOrO
ypaBHEHNsl M 4YacTHOe pelleHHe, ofpallaroleecs B Y= Y, NpH
t=0: )

d d d

§ 8.2. Haxoxnenue 3aKoHa ABHIKEHMS TeJa
N0 €ro CKOpPOCTH

Touka JBMNKETCH TO ocH X. Ee CKOPOCTb — 3a/laHHas
¢yuxuus Bpemenu v=f(f). Hamo nHafiTh 3aKkoH nBHXKeHHSA
TOYKH, T. €. 3aBHCHMOCTb €€ KOODAHHATBl X OT f, WJH, KaK
FOBOPAT, 3aBHCHMOCTb NYTH OT BPEMEHH.

Pemenne. IlycTb HCKOMBIA 3aKOH IBHKEHHS onpeje-
asiercs Gopmysoli x = F (¢). Ilpousponnas or x no ¢ paeua
v=f(), 1. e.

F'@)=i@. ©)

Mul nosyunan auddepeHnHaNbHOE YpPaBHEHHE OTHOCHTENHHO
HeH3BEeCTHOH ¢yHKuun F (f). Ero pemmuth HeTpyaHO: OHO
NoKasbiBaeT, 4T0 F (f) ectb nepBoo6GpasHas or f. Cnenosa-
TEJIbHO,

Fiy={fwdt+c, (5)

rae C—npousposbHas mnoctosHHas. Yrto6w Haifitu C ans
KOHKDETHOrO 3aKOHa, Hal0 3HATb JOMOJHHTEJbHO, Ile HaXo-
AWJIaCb TOYKA B HEKOTOPLH! MOMEHT BpPeMeHHM {, HanpUMep Npu
t=0.

YIIPAXKHEHMHW A

1. Touka JBHKETCS MO OCH X CO CKOPOCTBIO

a)v=3, 6)v=a, B)u=2¢,T)v=at, v=C0st, A) U=COS ¥,
e) v=el.

HaliTu BO3MOXHble 3aKOHBI ee JBuWKeHHs. OnpenesnThb
CpPeAH STHX 3aKOHOB ToT, AJs Kotoporo x=0 npu ¢=0,
a TaKxke TOT, /s Kotoporo x=1 npu {=1.
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Pewenune. a) x= S 3dt+C=3t+C. Tlpu ycnaoBun
t=0, x=0, monyuum C =0; c/JemoBaTeJbHO, B 3TOM Cjyyae
SaKOH JBHKeHud umeer Buf x = 3¢. [Ipu ycaoBuu £ =1, x =1,
nonyyuM 1 =34 C, 1. e. C = —2. 3aKoH umeeT BuJ X = 3t —2.

§ 8.3. PaBHOMepHO ycKOpeHHOe JBHKEHHE

Touka ABHMKETCS MO OCH X PaBHOMEPHO YCKOPEHHO C ye-
KOpeHueM, paBHbIM a. HaiiTu 3akoH ee JBUMKEHHS. ,

Pemenue. Ilyctb HCKOMBII 33aKOH JBHIKEHHS OINpeJe:
asercsi pynkuuelt x = F (f). [lo ycJjoBuio Bropasi ee Mpous-
BOJHAs paBHA a:

F'(t)=a.

‘Ho' nepBas npousBopHaf ecTb nepBooOpasHasi OT BTOpOHi,
[I03TOMY

F'()=(adt+bo=at+o,

rae b—npousBosbHas mnocrosHHas. Mckomasa xe (yHKuuA
F (t) ectb mnepBooGpasHas ot F’(f), mostomy
at?

F(t)=S(at—|—b)dt—|—C=T+bt+C.

Hrak, o6yl 3aKOH JABHKEHHS BblpakaeTcs (OpMYJoi

x=F(@t)=%+1vt4C, ©6)

rae b u C—npousBosbHble nocTosiHHble. TakuM o6pasom,
HMeeTcsl GECKOHEYHO MHOTO 3aKOHOB JBHXKEHHMs, PeIlalomuX
3ajauy — KaJ0i nape 4yuces b H ¢ COOTBETCTBYET CBOH KOHK-
petHbift 3aKoH. UTOOH HaHTH 3aKOH, COOTBETCTBYIOLIHH JaH-
HOMY JBHXEHHMIO, HajJo, HalpUMep, 3Harb, TJe HaXOIUJNACh
TOYKa B HEKOTOpHI MOMEHT BpeMeHH [, W KakoBa Obuia
CKOPOCTb U, €¢ B 3TOT MOMEHT.

3agaua. Y3 BUHTOBKM BeICTpeauan BBepX. Hanummure
3aKOH JBHXKEHHSl MYJH, CUHTas, YTO yCKOPEHHe 3eMHOTO MpH-
rsskenusi 10 M/c, CKOpOCTb BblieTa nyJsu u3 BuHToBKH 800 m/c.
ConpoTHB/IEHHEM BO3jlyXa NpeHeOpeyb.

Pemenune. Ocb x HanpaBUM BepTHKaJbHO BBEpX, ee
Hayaj0 CYMTaeM TOYKOH BEIIeTa MYJHM, 3a €JUHHLIY - JJIHHBL
npuMeM MeTp. YCKOpeHHE CHJbl TSXKeCTH HampaBJeHO BHH3
pMecTe ¢ cuiioi Tsxkectd. [loaToMy B HalIMX pacyeTax Hajao
CuuTaTh YCKOpeHHe paBHbIM OTpHUaTedbHOMYy umcay —I0.
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Ha ocHosauuu Qopmyssl (6) 3aKOH IBHXKEHHS BhHIpaXa-
ercst (pyHxiyelt x =—>5(24-af +C. Tak Kak nyJsi B MOMEHT
t =0 umena koopausary x=0, To 0=0+0-+C nm C=0,
1103TOMY

x=—bi2+ at.

Y106kl onpefennTb @, BO3bMEM NMPOH3BOAHYIO OT X 1O fi
dx
Ft = —lot +‘a.

Ilpn ¢=0nponsBoiHas paBHa ckopocTH BblieTa nyan 800 m/c.
[ostomy a=800, u 3aKOH NBHXKEHHUS HMeeT BHJ

x = —512 4 800¢.

YINPA)XHEHHM

1. Hapucyiire rpadux ¢pyuxunu x = —>5¢2+ 800f u onpe-
JlesIuTe  HanGOJbLIYI0 BBICOTY MOCTHXKEHHs INYJIH, MOMEHT ee
JOCTHXXEHHS, MOMEHT MaJileHHs Ha 3eMJII0 H CKOPOCTb B MO-
MEHT NajcHusd.

2. MarepuanbHas Touka nagaer ¢ BbicoThl 1000M. Uepes
CKOJIbKO BpEMEHH OHa ymajleT Ha 3eMJII0 H € KaKo# CcKo-
pocteio? CornpoTHBJIeHHeM BO3JyXa INpeHeOpeub H 3a YCKO-
peHHe 3eMHOro NpHUTsxKeHus mpHHATL 10 m/c.

3. Ha Beicote 2000 M OT 3eMJIH BBHICTPENHJIH H3 BHHTOBKH
BBepx. Cxopoctb Buiiera nyau 800 m/c. Hamucath 3akon
JBHIKEHUS MyJH, HapucoBaTh ero rpapuk. Kakoit HanGosb-
el BEICOTHl JOCTHTHET NYyJs U Yepe3 CKOJNbKO BpeMeHu?
UYepes Kakoe BpeMsl MyJsl ymafeT Ha 3eMJI0 H C KaKOH CKO-
poctbio? ConpoTuBJeHHeM BO3LyXa NpeHe6Gpeub U 3a ycKope-
HHe 3eMHOro NpHTSXKeHUs npuHATb 10 M/c.

4. B npenuipymedl 3anave cuuTaTh, YTO BBICTpEJ Hamlpas-.
JeH BHH3. Uepe3 Kakoe BpeMsi NyJs JOCTHIHET 3€MJH H C
KaKOH CKOpOCTBIO YNaJeT Ha 3eMJo?

§ 8.4. KoaeGanne npyKuHbI

Buusy Kk Bucsuled npyxuHe npukpenaeH rpys m. Ocb x
HanpaBJieHa BIOJIb NPYXKHHBI BHH3 (puc. 118). B nemoasux-
HOM COCTOSIHHH Tpy3 HaXoJuTCs B Hauaje ocH x. BbiBenem
NPYXKUHY H3 DABHOBECHS, CXaB WJH PacTSHYB e€e, U Ipejo-
cTaBHM caMOH ce6e ¢ Momenta Bpemenu t=0. I'pys 6yzer
KoJie6aThCsi B BEPTHKANbHOM HanpasJjieHud. ITyctb x = x (f)—
KOOpAHHATa Ipy3a B MoOMeHT f. UrtoGhl HaliTH GyHKuUMIO X (f),
HanuineM ee AuddepeHLnaNbHOE ypaBHEHHe,
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Ilo sakony HbloToHa B M0G0t MOMEHT BpeMeHH mpoli3-
BeJIeHHe MacChl rpys3a Ha €ro yCKOpeHHe /. PaBHO CHJIe, jefi-
CTBYlOWle# Ha rpys B STOT MOMEHT. ITO CHJIa YNpyrocTH,
paBHas mo 3akoHy 'yka mnpousBeneHHIO HEKOTOPOro mocro-
SIHHOTO KO3(b{UIMEHTa @ Ha BEJHYHHY OTKJIOHEHHUs rpysa OF
nosnoxeHus1 pasHoBecus. Cuaa 3ta, TakMM 06pasoM, paeua
—ax. 3HaK MHHYC BO3SHHKA€T U3 CJEAYIOUHX COOBPaKeHiili.
Ecmu x > 0, To npyxuHa
(puc. 118) Haxomutcs B
PacTSIHYTOM COCTOSIHHH H
CHJla YyIpYyrocTH AeHCTBY-
€T Ha IPy3 CHH3Y BBepX,
T. €. OHa OTpHLaTeNbHa;
ecan xe  x < 0, To npy-
XHHa cXaTa M cHJa yo-

DUAAAAAARRARRA
WWIWWWWY

K] (z<8)

)

PYroCTH MOJIOXKHTEJIbHA. J ; (2>0)

Urak, mx"=—ax umm- - 4
I 22

X"+kx=0 ( — ) . r

Puc. 118

Mo nonyunnn auddepeHIHaNbHOE YypaBHEHHE BTOPOrO
nopsiika, NMOTOMY 4TO Heu3BecTHas (YHKLHS B HEM HaXOIHT-
c TNOA 3HaKOM BTOpPoH mpousBogHOH. PyHKHuM sinki H
coskt SABJAIOTCA pelIeHHsIMH ypaBHeHHs (7), NMOTOMY 4TO,
HanpHmep,

(sinkt)" + k?sinkt = — k?sinkt + k*sinkt =0.
Ho Ttorpa ¢ysknus Bupa
x(t)= A sinkt + B cos kt, (8)

rge A n B—mo6ble npoyu3BOJIbHLIE NOCTOSIHHBIE, €CTh TOXK@
pewienne ypaBHenus (7). Bemp ecnm y—pemenne, 10 Ay
€CTb TOXE pellerue;

a Takxe, €CJH y H 2—pelleHHs, TO H y--2 ecTb pelue-
HHe:

(92 + 1 (g +2) = (¢ + B%9) -+ (2" + k) = 04 0=0.

Buixoaur, uto audpepeHunanbHOe ypaBHeHHe (7) HMeer
GeCKOHEUHO MHOIO PeLIeHHUH, COOTBETCTBYIOIUX IIPOH3BOJIbHBIM
napam uncen A u B. Kaxznoe KOHKperHOe ABHXKEHHe Haxo-
JUTCS 3aJlaHHeM JBYX HadasbHbIX yciouil. OObYHO B Ka-
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yecTBEe 3THX Haua/bHBIX YCJOBUH 3aJal0OT JBa YKCJHA X, B Xo,
rie X,—OTKJIOHEHHe Ipy3a B MOMeHT Bpemenu (=0, a xp—
CKOpOCTh, cooflleHHass rpy3y B MOMeHT {=0.

Hanpuwmep, nycts xo=0 n x,5=0 npn t=0. Torma u3s
dopmyael  (8) caepyer, uro x,=B, x'({)y=kAcoskt—
—x,ksinkt u 0=kA umn A =0. Ilosromy rpys Koneber-
cd 10 3aKOHY

X (§) =x, cos kt.

Mer 3HaeMm, uto cdopmyJy (8) MOKHO 3amucatb B BHAE
x=Ccos(kt—a) (C>0). 8"

Uncno C HaswiBaeTcsi amnaumydoti Kojebanusi. OTKIOHEHHE
rpy3a x(f) or Touku O yJOBJIETBOpPSAET HepaBREHCTBAM
—C < x()<<C, ¥ npu 3TOM CyLIECTBYIOT 3HaYeHHs f, /IS KG-
topplx X=C u x=—C. Uucno k HaswBaetcs wacmomoi

. 2%
xoneGanus. QPynkuua (8) umeer nepuop, paBbii —-. 3a
2n k o
€IMHHIlYy BPeMEHH MPOMCXOAMT l:5~ = 5— Konebanuii. Ha-
KOHell, YHCJ0 o HasblBaercsl (hascil Koaebanus.
3ameyanune. Popmyna (8') Mogennpyer nmpouecc Kose-
GaHHs TPYXHHB HETOYHO M DPHFOJHA TOJMBKO JJIs JACCTa-
TOYHO MaJjioro oTpeska BpemenH .[0, #)], npH ee BbBoJe He
yuTeHBl TPEeHHs, BO3HHKAIOlUMe NpH KOJeOaHWH TPYXUHB, U
COTNPOTHBJIEHHE BO3JYyXa.

YIIPAJXHEHHUA

1. Hanucate ypaBHeHHe ONHCAHHOrO BhIllle JBHXKEHHSA
rpysa NpH yCJOBHH, 4TO HayanpHoe (npH {=0) ero ortko-
HeHHe X, H HadaJbHas CKOPOCTb X, PaBHAIOTCH

a) x,=0,01, x;=0; 6) x,=0, x=0,01.

2. Hanumute nuddepeHuuanbHOe ypaBHEHHE i TeMrie-
patypel oxsaxjaiouierocs Tesna. Hanumure obmyio dopmyny
pelLeHHs1 3TOro ypaBHeHHS. MHOro Jiu pelleHHH HMeeT 3T0
ypaBHeHue? Kak MOXKHO BHIAEJHTDH YacTHOe peinenue? [louemy
3TO ypaBHEHHE Ha3blBaeTCs YpaBHEHHEM IIepBOTO MNOpsifKa?

3. Hanuiuurte auddepeHuynanpHoe ypaBHEHHE, BbIPaXKalo-
ee CBA3h MeXJY 3aKOHOM [BHXKEHHS TeJla M CKOPOCTbIO
aprxkeHnsi. KakoB mnopsigok storo ypasHenus? - Hanummure
ofmyno ¢GopMysay pelleHHs! 3TOrO YypaBHEHHSI.

4. Hanuwnte auddepeHnnanbHoe ypaBHeHHe )i 3aKOHA
PaBHOMEpPHOIO YCKOPEHHOro ABHKeHHsA. KakoB ero mopsijok?
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Hanuumute o6y gopmyJy pelueHns storo ypaBHeHus. Ot
CKOJIbKHX NIPOM3BOJILHBIX TOCTOSIHHEIX 5TO PEIIEHHE 3aBUCHT?
Uro Hamo 3HaTb, 4TOObl ONpEeNe/HTh KOHKPETHHE 3HAYEHHS
STUX NOCTOSHHEIX [/ NaHHOIO YaCTHOT'O pelleHHA?

5. Hanmuunre auddepeHunanbHoe ypaBHeHHe KoJeOaHHA
ToykH npyxuHel. O6bscHuTe ero. Kakos ero nmopspok? Ka-
KOBO ero ofuiee pemeHne? OT CKOJLKHX IIPOM3BOJIBHBIX MO-
CTOSIHHBIX OHO 3&BUCHT? Kak HX HaxolST Ha NpakTHKe?

6. Hns nnddepeHnas-HOTO ypaBHEHHS

x"+4x=0
HafATH

a) obuee peleHue; _
6) uacTHble pellleHHsl, YJAOBJETBOPSIOIME HayaJbHbIM yC-
JIOBUSIM:

' t=0, x=2, x'=3;
t=0 x=2, x' =0;
t=0, x=0, x =3.



TJIABA 9
®OPMYJIA TEHJIOPA

§ 9.1. Moustue dopmyan Teitsopa

[Mycte dynkuua f(x) uMeeT NpPOM3BOAHYIO Ha OTpe3Ke
[0, a]. Terma ans moGoro ee 3HaueHHA BhiNoNHAETCA (Op-
MyJaa Jlarpamxa (cMm. § 6.5):

FxX)—F ) =xf (o),

rjie ¢c—HEKOTOpoe YHCJO, IJis KOTOPOro BHIMOJHAIOTCA He-
paBeHcTBa 0 < c¢ < x. IOty dopMyJy. MOXKHO 3anucaTth TaK:

FO=FO)+xf () 0<e<x). (1)

[Tycts Tenepn ¢yHkums f(x) umeer Ha orpeske [0, a] He
TOJILKO MEpBYIO, HO ¥ BTOPYIO NpousBoiHyio. Torma nns Hee
BepHa (opMmyJsa, KOTOpYIO HasbiBaloT gopmysoti Teliropa:

Fo=tO+ILxr L@ O0<e<n, @

LJ1s1 mo0oro 3HayeHus x u3 orpeska [0, al.

BooGuwe, ecmu dynkuua f(x) umeer Ha orpeske [0, a]
NPOH3BOAHbIE JIO MOPAAKA 7 BKJIOUHTENLHO, TO A JIOGOro
X M3 oTpe3Ka [0 a] BLINOJIHACTC PaBEHCTBO

o) =f0) 419 x+f © gy, 4 En 1)1;?) 4R,
3

rae
R,=21F"(@) (0<c<x) (4)

H C—HEKOTOpOE YHUCJIO, 3aBHCHINee OT X U .

D10 paBeHCTBO HasblBaeTcst ghopmyroti Tedropa ¢ ocrar-
KOM n-it cTeneHd. Beauunny R, HasulBaOT ocmamxom U
ocmamoutibim uucsom gropmyser Tedropa ™).

*) Moxer 6riTh a<0, 1 Torga cumsoa [0, a] Ha camom fese 0603Ha-
yaer [a, 0] u dopmyanr (1) — (4) ocraioTcs BepHbIMH NpH a<x<c<O.
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Me1 He 3HaeM TOYHO, YeMy DABEH OCTAaTOK, IOTOMY 4TO MpO
YHCJIO ¢ TOJIBKO H3BECTHO, YTO OHO HAXONHMTCA TAE-TO MEXKAY
0 u x. He n arofi undopMaunu GbiBaeT AOCTATOYHO, YTOGHI
GopMysa Te#siopa umena npaktuyeckoe 3HaueHue. [Ipakra-
uecKUi cMBIca dopmyasl Tefnopa 3ak/iouaercs B TOM, HTO B
psilie CayyaeB yJaeTcs 3aKJIOYHThb, YTO €€ OCTAaTOK MaJ Ha-
CTCJIBKO, YTO UM MOXHO TpeHe6peub, M TOTAA OJYUHM DpH-
6J11KeHHOe PaBeHCTBO

fr (n=-1
O+ L a4 20 0y

KOTOPOE RAET BO3MOMKHOCTb BBIYMCJHUTDB [ (X), €CJIH MOXKHO Bbl-
upeante gneaa f(0), f(0), ..., f~(0).

Jas npumepa BuiBesem Qopmyay Teiliopa ¢ ocTarkoM BTOpoi
CTCneHH, T. e, dopmyay (2).

3agaanm x u3 orpe3ka {0, a]. Hailzem rakoe P, 4TOOH BLINO.LA-
JIOCh PaBEHCTBO

Fx) =7 (0)4F (Q) x+x*P. ©®

MoxHc 6bl0 Gbl peiliiTh 3TO ypaBHenHe OTHOcHTesqbHO P. Ho Hnac
HHTepecyer ApYroe—Mbl XOTHM HeH3BeCcTHOe P BEIpasHTb Yepe3 BTO-
pylo mpousBoIHY OoT QyHKuMH f(x). Has sToro Gyzem paccyxkiars
caenyouumM o6pasom.
Kaxpoe sazaHHoe 3nayenHe X ompefeJisieT NMPH NOMOUY PaBEHCTBA
(5) uncao P. BBegeM (yHKUHIO OT nepeMeHHOH u, 3alaHHYIO Ha OT-
peske [0, x]:
F=fw+@x—u)F @)+ (x—u?P. (6)
EyneM MOMHHTB, 9TO 8AeCb X H P—(QHKCHPOBaHbl 4 3TO BblpakeHHe
eCThb (PYHKUHA OT mepeMeHHOH u. Pynkuusa F (u) uMeeT Ha oTpeske
{0, x] OpousBOAHYlO, MOTOMY 4TO MO YCJOBHIO f(4) HMeeT BTOpy'o
TPOH3BOJHYIO H, CJIEOBATEJbHO, MOXKHO B3Th POHSBOAHYIO ije TOJIbLKO

or f(u), o u or f'(u). Kpome Toro, ¢ynkuus F (u) uMeeT pabHble
3nauenna wa KoHuax orpeska [0, x]. Bexp

F (0)=1 (0)+xf' (0) 4 x2P =] (x)
{cM. (5))-u F (x)=F (x). [Tostomy cormacuo teopeme Poaas cymecr-

BYET TOYKa ¢, YAOBJeTBOpsiomasn HepabeHcTBaM 0 < ¢ <X, B KOTOpoit
npousBojHas or ¢yHkuud F pasua ny.ato:

F’ (¢)=0.

Ham ocraercs JHmb, n0Jab3ysck ¢opmyJoi (6), BHYHCAHTL mpo-
u3BoZHylo F!(u) ¥ MOJOXHTb B Helt x==c:

Fr=F@—F@+@Ex—uf (u)—2(x—u) P;,
(K —0) P ()2 (x—c) P=0, ['(c)—2P=0, P=L§(ﬂe

[loxcraBasAs 570 sHagenue AaA P B paBeHCTBO (5), NOJY4HM HCKO-
myio dopmyay Teitnopa (2).
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§ 9.2. INpumepn

Mpumep 1. Paccmorpum dynKImIO y=s,in x. Hanumem
st Hee ¢opmyay Teiisiopa npu n=>5. Hmeem

f(x)=sinx, f'(x)=cosx, f(x)=—sinx,
fl(x) = —cosx, fV(x)=sinx, [Y(x)=cosx,
f0=0, f(O)=1, f(0)=0,
f10)y=—1, fV0)=0, fV(c)=cose.

ITostomy

. X3 cosc _p COSC _g
sinx=x—"r+R; (%), Ry (¥)=—5— %" =—55 %"

Jnsi sHaueHu# x, yAOBJETBOPSAWMHUX HepaBeHCTBaM 0 <Cx <<

n
<'4_’:

1 [\ 1
[ Rs (%) | <155 (T) < %"

CnenoBaTesIbHO, HMeeT MeCTO NpUO/IHKEeHHOe PaBeHCTBO
. x3 XL
Siny ~ x—r (0<x<7)_
¢ ToyHocThIO A0 1/400.

Eciu B pasnoxenun sinx mo ¢opmyne Tefinopa B3sTh
6oJiblLile YJIEHOB, TO TMOJIYYHM MHOrouJieH 6oJiee BHICOKOH cTe-
neHu, NpHOMUKAWIMNG Sinx elle TOYHee.

3ameuyanue 1. Ilpy oneHkax-OCTaTOYHBIX YJIEHOB CJle-
JyeT yyecTb, 4r0 |cosc|<<1 npu moGoM c,

e<e mpu 0<e<yx
el mpn x<c<0;
1

m<l npH 0<c<x,

Jlna oTpUIATENbHBIX X HEH3BECTHOE YHCJO ¢ TOXKE OTpPH-
IlaTebHO M TMOC/NefHAs OlLeHKa He mnpoxoxut. Ha cayuait
OTpHUATEbHBIX X L1 dyHkuud (14 x)” u In(1 4 x) umeror-
ca apyrue (GopMyJiel OCTaTKOB, MO3BOJISIIOLIKE CHENATh HYXK-
HBle OLEHKH.

Sameuanue 2. Bouncrnenus, cBssaHHsle ¢ GopMyJoi

(3), B HacTOsMuee BpeMs NMPOM3BOAAT HA MUKPOKANbKYJATO-
pax.
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YVIMPA)XHEHUS

1. Tlokasartp, uro dopmynn Teftiopa nis ¢yHKUuH cosx ,
e*, In(14x), (14 x)” npu n=>5 umelor Bug

cosxml—-;‘Tz-F%—}— R, (x),
e=1+5+ 5+ 3 +ar R (),
In(1+x0)=x—% + 5 — 3+ R, (x),
(1 +ommlfmy BEZD oy O D0 4oy

4 (m—1) (”L-2) (m—3) 1+ R, (x).

2. Ilna GysKOuA cosx OUEHMTb R, (x) ans 0<x<%.

8. Ins ¢yHKuMH €* OLEHHTb ocTaToK R, (x) ana 0<C
<r<7.

45. Hanucare paccMorpenHbie B 3ajaye 1 GopMyJnH npu
n=35.

1 1
5. BbiyucaHTB UHCTIa e, el®, COS 155 » sinm C TOYHOCTbIO
g0 10-¢% VYran BssiThl B pajuaHax.



TJIABA 10
NEACTBUTEJIbHOE YUCJIO

§ 10.1. JdecaTn4nbie Pa3fioKeHUs PALMOHAAbHBIX YHCEN

—

[Tyctb 3ajaHO MOJMOXKHTEJNbHOE palUHOHANbHOE  YHCJIO
-;i (p >0, ¢g>0). Tpebyerca npeBpaTHTb €ro B AECATHUHYIO
Jpo6b.

Haunem ¢ camoro mpoctoro cayuyas, Korja ¢ He HMeeT
JApYTHX NpOCTHIX jerajed, kpome 2 u 5. Bor mpumepsn

7 7.2 28
75 = e == 00028,

3 3.125 375
355 = e = 1ov = 0,00375.

Mmb BUJAHUM, 4TO (IPOH3BOJIbHOE [OJIO2KHTEJNIbHOE panuo-

HaJIbHOE YUCJIO0 g-, e g He UMeeT APYrHX AejuTesied, Kpome

2 u 5, pasnaraeTci B KOHEYHYIO JECATHYHYIO APOGb:
P
7 =00 % el Oy (1

3jech o, —Lejioe HEOTPHLATENbHOE YHCHAO, & Gy, Oy, +as —
uudphl, Kaxaas H3 HHX MOXKeT NPUHHMAaTbh OJLHO H3 3Haye-
it 0, L, 2, ..., 9.

Ho u ofpaTHoe yTBep:kieHHe BepHO, NPOHU3BOJIbHAs KO-
HeyHas Apo6b @, G ... @, €CTh PALHOHANBHOE YHCIO;

Aoli ... Oypy

Oy Of o0 Q)= 107 .

31ech ay, Gy ... O, —IleJ0e YUCI0, COCTOSILIEE U3 O, EAHHHUIL,
®,-1 HECSTKOB, O, _, COTEH, ...

Mbl 0Kazanu, 4YTo 048 mo2o 4mobel NOAOHCUMEAbHOE
PAYUOHAAbHOE 4UCA0, 6bLPANEHHOE HecoKpamumol Opoboro

%, pa3aa2anocs 8 KOHeHYo Qecamudtyo 0pobe, Heobxodumo

1 QocmameHno, 4mode. 3HAMEHAmenb ee q He umer Opyeux
npocmoix Oeaumeneti, Kpome 2 u 5.
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OctanbHble apo6u —;1 MOTyT HMETb TOJILKO GeCKOHEYHble

JECATHYHLIE PA3J/IOKEHHA o,, A&, ..., T. €. TaKHe, YTO AJIA
Jto00ro HaTypaJabHOro k Hafinercsi HatypaneHoe [ > k TaKoe,
yto a, > 0. '
[Tpon3BoJIbHYI0 KOHEYHYIO HECATHYHYIO APOOD Gy, O ...
. &, (a,>0) Mpl GyzeM 3anuchiBaTh elle B BHJE

Qgy Qg oo Op=0, G ... O, 000 ...
a4 B BHJe GecKOHeUHOH NeCATHYHOH APoGH
Ogy O oo Gp=0, G ... G, 1(a,—1)999 ... (2)
Hanpumep, 6ynem nucatb
0,2365 = 0,2365000. . . =0,2364999. ..

YuraTeap cam NPOBEpPHUT, JA€JA YHUCJAUTEJb HA 3HaMeHa-
T€JIb «YTOJIKOM», CJieAyIoLiHe 6eCKOHeUHble AECATHUYHBIE pas-

JIOXKEHHUS: 7
2 =0,55... =0,(5),
I=0,777... =0,(7),
2 —0,2323... =0, (23),
A=0,7171...=0,(71),
7

gg5 = 0,007007. .. =0, (007).
Bce 3To—nepuoauueckue pasdoxenus. Hanpumep % €eCTb,

KaK TOBOpAT, HyJb LEJbIX H 5 B mepuoge, a %—Hynb ue-
Jblx U 71 B mepHoze.
Boofie, HMeeT MecTO paBeHCTBO
Of ... 0
9...9
N e’

m pas

=0, (“1' eee a,,,).

17
Bhisichum ero cnpasevIMBOCTb Ha NpHMepe APOCH g5 . Bylem

Jgeauth 17 Ha 99 no M3BeCTHOMY INpaBMJy; OAHAKO MPHIIH-
mweM K udcay 17 cpasy nsa nHynas. Hwmeem

1700 =17 (99 + 1) = 17-99 4 17.
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CrejoBatenbHO, TOCTE BTOPOro 3Tana jeseHusi 17 Ha 99
MOJIyYUM TaKY0 KapTHHY:
17 | 99
1700 10,17,
17
T. e. B uacTHOM nosyuyaercss 17 u B octaTke 17. Temepsb
CHOBAa K OCTAaTKy NpHNHIIEM ABa HYyJA ¥ MOcJe AeJeHHs Ino-

JIyuUM CHOBA B yacTHOM 17 u B ocratke 17. Tak Haw mpo-
yecc OyAET NPOJO/KATLCA NEepHOJUYECKH 0e3 KoHua:

17 99
10,1717 . ..

CJie10BaTENBHO, §-§ =0,1717..

Huxe nmpuBOASTCA NpPHMEPH NECATHYHBLIX NEPHOLHYECKHX
ApoGeil Gosiee CJIOMKHOTO BHa:

1,21353535. . . —121(35)—f§é+0 00(35) = 15+ 55 * 105 -

2(371) 2 | 371

0,2(371) ==~ =15+ 5090
313, 4 313
3,13(4)= 10(()) o5+ 55

Mbl BHIUM, UTO NPOU3BOAbHYID OeCAMUMHYIO nepuoduse-

ckyto 0poby o, oy ... o, (B, ... B,) moxHo paccmampu-
samb Kax GecAMUYHOe PpA3AONEHUE HEKOMOpP020 PAYUOHANb-

HO020 4ucaaq.
§=ao, o o.. o, By ... By 3)

Ho u ofpatHO, Oecamuuroe pa3nodceHue NpoussosbHOZ0 MNo-

NONHCUMENbHO20 PAYUOHAALHOZO HUCAQ % Heobxo0umo nepuo-

duueckoe. )
B camom pene, 6yneM IeJHTb p Ha ¢ OOBIYHBIM CIOCO-
6oM:
p_| q
i lo‘o» Oy oon QXglsyy. 4
Bs
ﬁs+l

LI
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[TycTs Ha s-m sTame sTOro mpouecca MNOJYYHJICA OCTATOK f3,
H Bce IHbpH uHcia p OKa3ajHCh yXKe cHeceHHEIMU. Pacemor-
puM ocraTkd P, PBsi1y -+, Psig-1- KosuuectBo ux ¢, u
KaxIblii U3 HuX MeHbue ¢. Ho Torma kakue-to ABa M3 HuX
o6sA3aTe/IbHO JIOJDKHEL ObiTb paBHBl. Ilycte paBuul B, u f,
B,=8,; m < n). Iro nokasbiBaer, uTOo npolecc (4), Hauu-
Has C M-TO 3Tana, CTAHOBHUTCS NEPHOAUUECKHM (Gpyy =0y q,
Optg=Cppgy - -)-

Hrak, xaxOomy noaroscumessHoOMy payuoHANbHOMY 4UuCcAYy
p

-b—coomaemcmeyem e20 GeckoHeuroe Oecamuyroe nepuoduttecxoe

pasaodicetiue suda (3). 1o pas3soKeHHE NONYYaeTCs MPH MOMO-
M npouecca (4), AomoJHsieMoro B ciyuyae (1) mporeccom (2).

G napyrofi CTOpOHBI, nPOU3BOAbHOE GECKOHedHOe nepuool-
ueckoe pasnoscerue (suda (3)) coomeemcmeyem, maxum o6pa-
80M, EOUHCMBEKHOMY NOAOHCUMENbHOMY PAYUOHANOHOMY YUCAY.
OTpuuaTte/IbHOMY palHOHAJbHOMY YHCJY —% NPHBOAAT
COOTBETCTBHE GeCKOHEYHOe JeCSTHUHOE pasJioKeHHe uHcJa
, B3fITOE CO 3HAKOM «—».

YQucay Hyass (OHO TOXKE pPAIHOHAJNILHOE) ECHMECBEHHO npu-
eecmu 6 coomeemcmeue pasaoscerue 0= + 0,000 ... =
=—0,00.... =0,00 ...

B
P
q

§ 10.2. JdecaTnuHble pa3JioxeHUs!
HPPAaLMOHAJLHBIX YHCeJ

Kpome mepHOAMYECKUX HECHTHUHBIX APOGEH CYLIECTBYIOT
HenepHoJuYecKHe, HalpHuMmep:

0,1010010001...; 0,121122111222. ..

Bor eme npumep: ecan H3BJeKaTb KOPeHb KBajipaTHBIH
M3 2 1O H3BECTHOMY NpaBMJy, TO MNOJYYHM HeNepHOaHYe-

CKYI0 GeCKOHEUHyIO JecATHYHyIO Apo6b: V2 =1,41... Oua
ornpejeseHa B TOM CMbICJE, YTO JIIOOOMY HAaTypPaJbHOMY YHCIY
k cooTBeTcTBYyeT omnpefesneHHas uudpa a, k-ro paspsga

wicna V2, ONHO3HAYHO BhIUMCJsSEMAas COIJIACHO MpaBHAY
U3BJIEYEHHA KBaJPATHOTO KOpHS.

Ec/n Ham yHTaTeJb He 3HAeT 3TO NPABUJIO, TO OH MOXET, YTOOHI
HOJIYYHTb  JeCATHYHOE pAa3JIOXKEHHe YHCJsIa V' 2, paccyxaatb Tak.
CHauajla HaXOAUM HaHGoJbllee LeJOoe YHC/I0, KBaXpaT KOTOPOTo MeHb-
me 2. 10, Oo4YeBHAHO, yucao 1. 3aTeM HaxoAMM HaHGOJblLIee YHCIO
Buzia 1, aj, KBajpaT KoToporo Menbile 2. 310 ecTb uHcJyo 1,4. 3atem
HaXeJAHM HauGoJbliee YHC/IO BHAA 1,4 ap, KBaApaT KOTOPOTO MeHblue
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2. dro ectb uyncao 1,41. M paccyxkzaa Tak MOKHO NUAYYHTH OZHO-
3HayHO JI060e uucao nHpp Mocie 3anATOH NECATHYHOTO pas/IoKedus

yHCaa V2 .

Maremaruyeckuil aHaau3 JaeT MHOIO Nyredl BbIYHCACHHS
gucaa T ¢ JilofoH Hanepei 3aJaHHOH TOUHOCTBIO. 31O APKEOC-
JUT K OnpejieJleHHOMY GeCKOHEYHOMY NeCATHYHOMY pasJjoe-
HHUIO I, KOTOPOE, KaK OKasblBaeTcsi, He JSIBJAAETCH TUePHOIHU-
YeCKHM. )

Iagum Tenepb ONpeliesicHHe HPPaIHOHANBHOIO YHCAA,
MOKa YHCTO (opManbHOe. M ppayuonaronsizs HUCAOM HAE3bl-
BaeTcsi NPOM3BOJIbHAA GeCKOHEYH2st HelepuoauvecKasn Apodb *)

a= 4G, 0&0,. .., (5)

rje o,—lLeJ0e HeOTPULaTe/IbHOe UHeno, o, (R=1, 2, ...}—
IHQpbl, 3HaK e paBeHCTBA BHIPAXaeT, YTO MBI O0O3HAUMIN
npaBylo 4acTb (5) uepe3 a. Brpouem, yno6HO rOBOPHTB, 4TO
npaeasi 4actb (5) ecTb NeCATHUHOE Pas3sIOKEHHe YHCAA 4.

PanyoHanbHble M HppalUOHANbHEE YHCJHA HA3BBAKOTCA
Oelicmeumenbroimi (UM 6eULCMBEHHEIMU) QUCAAMUL.

U3 ckasanHoro chaenyer, 4TO BCSIKOE HE pAaBHOE HYJIO
JeHCTBUTENbHOE YHCJIO MOXeT ObiTh 3amUCaHo B BHJe Gecko-
HeyHOil jaecaTHYHOH Jpo6H (5). Ecam oHo papuoHadbHO, TO
€ro JecsITHYHOE pas/ioKeHHe ecThb OecKOHeuHasl JeCSATHYHAs
nepuoauyeckas apobp. B npoTHEHOM cayd4ae, COracHO Ha-
IeMy onpejieJIeHHI0, BhIpaxeHHe (5) camo ompegenseT Hppa-
LIMOHAJIBHOE YHCJIO.

JlecsiTHyHas He paBHas HYJMIO APOOh MOMET GLITh KOHEY-
HO#. B cuny coryauienys, BHPaXXeHHOTO paBeHCTBOM (2), OHa
MoXeT ObITb 3aMeHeHa PaBHOH ei GecKOHe4HOH mnepHvojMye-
CKOH ApOObIO.

Unceno a, rie He Bce @ PABHEI HYJIO, Ha3LIBAETCH . 10.0-
HCUmenoHoIM UIH  OMPUYQMEAbHBIM B 338BUCUMOCTH OT TOTO,
6ynetr s B (D) OHrypHpOBaTb «-» HJH «——»; NPH 3TOM,
Kak OObYHO, «-» OyleM onyckKaTth.

- HeiictBuTesbHEIE uMca ONpelesieHb! NoKa (opManibHoO,
Haj0 ellle Onmpeflesilh apHdMeTHYecKHe ONnepallH Haj HHUMH,
BBECTH I/l HHX TNOHSAITHE «>» H NPOBEPHUTb, YTO 3TH oOnepa-
UMM M TOHATHE «>>» COIVIACYIOTCH C yIKe HMEOIUMHCs
COOTBETCTBYIOUIMMH ONEpalHsiMH H TIOHATHEM «>» AJs pa-
IMOHAMIbHBIX YMCEJl, a TaKXe YHOBJIETBOPAIOT CBOHCTBaM,
KOTOphle MHl NpPELbABASIeM K YHC/IaM.

*) KoneyHo, 3HaKy «--» COOTBETCTBYET OJHO YHCJAO (IOJIOXKH-
TeJlbHOE), a 8HAKY «—» Apyroe (orpuuarenbnoe),
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§ 10.3. CpaBHeHue AEHCTBUTENbHBIX YHMCEN

ITo OINpEeACJCHUIO ABA 4YHCJaA
a==40y, 0QO..., b==%p, Bf,...,

pas/ioxeHHble 06a B GeCKOHEYHbIe, HO He HMeloLlHe Mepuoia
9, WM KOHeuHble HAECSATHUYHLIE ,upoéu PaBHBI MEXAY coGoi
TOrja M TOJNBKO TOrAa, KOTJa MX 3HAKH ONWHAKOBLI U

=B, (=0, 1,2, ...). (6)

s Tex e NOJIOXKHTENbHBLIX UHCeJ @ H b 1O onpee/ieHuio
a<b, ecsim oy, <P, HIH ecnu HaififlercAd TaKOH HHIEKC (ue-
JIoe HEOTpHLAaTeJbHOEe YHCHO) [, 4TO

ak=ﬁk (k=0, l, DR l) H al_,_i < ﬁ[‘i’i' (7)

D10 onpeneneHne roauTcs AJf KOHEYHBIX H GECKOHEUHBIX
pas3/ioxeHHH, He HMelomUX mnepuosa 9. UToOBl NpUMEHHTDH
3TO onpefesieHHe K JIECATHYHBIM Apo6AM ¢ mepuoioM 9, Hano
IpeBpaTHTh HX B KOHEYHble JecATHYHble JpoOH. Bnpouewm,
yACGOHO mHUcaThb

Ogy OOy, o Qg Uy .. 0,99, . =0y, Xy, .., _i(a,+1),
XOTsl NPOMEXYTOUHBIA YJieH B STOH Lend He o0s3aTeJsieH.

Mexay mByMs’ HefiCTBHTEJbHBIMH YMcJaMH @ U b (a < b) uMeercs
pauMoHaabHOe YyHCJO 7 (@ < r < b), pasnaraioueecsi B KOHEUHYIO Re-
cATHURYO Jpobb. Ecam a < 0, b > 0, 1o MoxKHO cuutaTh r=0,

Myctb 0<a<bn

a=0a,, 010y .::, b=fy, Pif2 ...

— GecKOHeuHEle AecATHyHble Apobu. Ecau oy < By, TO

a<<oy, 99...=0p+1<<Po < Bo, Bi «:- Br < Bo, BibB2 ... =0,
roe’ k takoe, uto P > 0. D10 noKasbiBaeT, 4TO B JAHHOM CJyuae
MOXKHO MOJOXHTb r =P, Br ... Bz
Ecau xe oy=Py, TO npH HeKOTOpoM [
O‘s:ﬁs (S=0, 11 LEEE) l’_l)’ o < ﬁl;
MO3TOMY ’
a<<oy, G ... 07 99...=0g, &f ... 01 (1)<

<PBo, Bi .. Bi=1Bs < Bos B1 ... ﬁzﬁu‘i e Br<
< Bo, BufBe ... =0b Bz >0),

H, ClIelOBATeJbHO, MOXKHO cuutaTh r=Po, Bi ... Bg.
Cayuait @ < b < 0 cBOAUTCA K NpeAbIAYIIEMY.
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YOPAXHEHNA

1. Mexny uucnamu .
0,(78) u 0,935050050005 ...

HafiTH: 1) pauHoHaNbHOE YuCJa0, 2) MpPpalLHOHAJIbHOE YHCJIO,
3) pauuoHa/lbHOE M HppallOHa/JbHOe YMcao, 4) 1Ba panuo-
HaJbHBIX YHCJa, D) ABa HPPALMOHANbHEIX HHCJA.

§ 30.4. HecsiTnuHoe npuOaMKeHHe
BeACTBHTENbHOTO HHCAA
3ajaauM NpPOM3BOJNLHOE IOJIOXKHTEJNbHOE YHCJIO
a=0,, 00,0 ...
B BHjJe JecATHYHOH apo6u. Umcao
aV=ay, a, ... a, ((n=01,2 ...)

6y11eM Has3HBaTb N-M OCCAMUYHLIM npu6/tuolcenueu wucra a ¢

Hedocmamxom.
CnpaBefJiBbl HepaBEeHCTBA

aP <aLa™ 410" (n=0, 1, 2, ...). (8)

B camom pgene,

aM=a, a; ... 0, <K&, AUy ... <
<o, O «v. &, 9... =0, 0y ... @, +10""=
=a™410-7,

Uncno a'™ -+ 10~" Has3bIBAIOT n-M NPUOAUNCCHUEM HUCAQ

a ¢ usboimxom.
CnpaBenjnBbl HepaBEHCTBa

a(l) <a(,2) < a(s) < cees

T. €. a® Lo (=1, 2, ...).

B camom pene,

AW =0y, A0, ... A<, O b.. Q0= aPtH,

HMeloT Takke MeCTO HepaBeHCTBa

aW 4 10-1 > q® 4 10-2 >a(§’ + 10-3 >...,
T, €.
a™ 107" = gm0 10" @+ (p=1, 2‘, o).
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B cavom jpene,

a0 =g ay L. 0,0,y 999 <K
Loy, O ... &, 99, =0y, a; ... &, 4+ 10" =qa"™ 4 10-7,

Mul BuauM, 4ro yucaa a'? He yGBIBAIOT NPH  BO3pacTa-
HUH 1, OcTaBasichb Bce Bpems He GO/bLIMMH uucaa a. Yucna
e a' -+ 107" ue Bo3pacTaloT, OCTaBasiCb HE MeHBIUHMH
uiicna a. Kpome Toro, pasHoctb

@ 410" —a™ =107 —0, 71— oo

T. €. CTPEMHTCHA K HYJIO NPH 1 — 0o,

Yucaa o™ u a'™ +; 107" —paunoHajbHble, K TOMYy Xe
CHH pas/jiaralTcsi B KOHeuHHle JecATHYHble Apo6d. CoBpe-
MEHHLIE CYETHBIE MalllMHBI NPHCNOCOG/EHbl K BBHIYHCICHHSM C
JECATHYHLIMU JpOOAMH *).

B npakTyuecKHX BBIUMCIEHHSX ~TOYHBIE 3HAUEHHS YHCeN
3aMeHAI0T NPUOJIHIKEHHBIMH, B YaCTHOCTH NPHEIUKEHHAMH
a(ﬂ) u a(")__l__ 10-11‘

y -

§ 10.5. YwuchoBan npamasn

3ajanuM OTpPe30K, KOTOpHIH OyJeM cuuTaTh eiMHHYHbIM—
uMetomuM JJMHY 1. Mbl XOTHUM onpelenuTb NMOHATHE IJIMHLI
[POK3BOJILHOTO OTpe3Ka AB OTHOCHTeNbHO BbIGPaHHOH efu-
HULB! (eAHHUYHOIO OTpe3Ka).

Orpesox AB HasbiBaeTcsl cousmepumbim C eLUHULEH
(c eX¥RMYHBIM OTPE3KOM), €CJH 'CYIIECTBYIOT HaTypaJbHbE
yhcla p U ¢ Takde, 4TO €CJH ¢-I0 4acTb €JMHHYHOTO OTpe3-
Ka OTJIOXMTb p pa3 oT A B HamnpaBleHMH K B, T0 npu-
JeM B TouyHoctd B Touky B. [Ilpo Takofi oTpe3ok rosopsr,

uToO OH UMeemn OAUHY %.

ITpumMepoM oTpe3ka, He COM3MEPHMOrO € €IMHHMIEH, BJIs-
eTcsl THNOTeHy3a NPAMOYTOJIbHOTO TPEYroJIbHMKa, HMEIOLIEero

efUHHYHbBle KateThl. IIJIMHA 3TOro OTpesKa paBHA V.

He cousmepuMmbix ¢ eIuHMUEH OTpPe3KOB Hmeercsi Gecko-
HeuHoe MHOXecTBO. JaauM oOmWuMA MeTOA  HU3MepeHHus
orpesxcB. Hac wuHTepecyer uucTO TeoperHYecKas CTOpOHa
Bonpoca. Mnl ormaem ceGe oryer, 4YTO JJIHMHY OTpe3Ka
(con3MepHMOro HJIH He COHSMEPHMOro C e[HHUIEeH) NpaKTH-
YeCKH MOXXHO MOJYYHThb TOJBKO NPHOJIHKEHHO, HO MBI XOTHM

%) BnpoyeM, Ha caMOM Je/le LIHPOKO NPHMEHAETCA TaK HasbiBae-
MO€ JABOHYHOE HCYHCJ/EHHE,
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npeACTaBHTh cefe, KaK 3TO MOXKHO CHesaTb TEOpPETHYECKH
TOYHO.

3anaaum npsaMyio L, 15 KoTopoit BHIGepeM MOJIOXKHUTENbHOe
HarnpasJ/ieHHe (YKa3aHO CTpesKoH, puc. 119), equnnuHbIi oTpe-
30K 1 HauaspHyl0 TOYKY O.TaKylo npsAMYIO HasbIBalOT YUCA080L

1 1 A

7 7 e
Puc. 119

ﬂpﬂMOlj MOTOMY, YTO €€ TOYKH MOXKHO paccMaTpHUBATh KaK HJLIO-
CTpauuu JIEHCTBUTEJIbHBIX YHCeJ. Ka}momy TNOJIOXKHTEJIbHOMY

pallOHa/JIbHOMY YHCJIY % nprBeJeM B COOTBETCTBHE TOUKY

npsMoil L, HasbiBaeMylo TOYKOH %, Jexanyio cnpasa ot O

Ha DPacCTOSIHUH % or 0. KaxjpoMy ke OTpHIlaTeNIbLHOMY pa-

HOHOHAJbHOMY '-XHCJ'Iy—-% NpHBeJEM B COOTBETCTBUE Ha L

TOYKY (’1‘0‘[Ky—%>, CHMMETPHYHYIO TOYKeE % OTHOCHTEJIbHO

0. Yucay 0 nmycrb coorBercTByeT Touka O.

Bynem HasbiBath A Ha L payuonasoroil WIM uppayuo-
HAAbHOU mouKkol B 3aBHCHUMOCTH OT TOro, GyJeT JIH OTpe3oK'
OA, coepuHsowuil ee ¢ Toukod O, COM3MEpUM UJIM He COH3-
MepHM C eIMHHIEH.

- Mur ykasanu crnoco6, B CHJYy KOTOPOrO YCTaHaBJIHBaelcs
B3aKMHO OJHO3HaYHOE COOTBETCTBHE MeX]Iy palHOHAJbHBIMH
YyucJaMH U palHOHAJIbHBIMH TOYKaMH mpsiMoil. Byaem nosb-
30BaTbCA 3THM COOTBETCTBHEM, 4TOOLI pelluTh 6oJiee CJIOKHYIO
sajauy o6 uaMmepeHun orpeska OA, rae A—uo6as TouKa
npsamoit L. :

3ajaiuM Ha TOJOXHTeJbHOM Jyde L, npsmoit L npowus-
BOJIbHYIO TOYKY A (paluOHaJbHYIO MM HPPALHOHAJbHYIO).
Urto6el onpenennts aauHy |OA| orpeska OA, paccyxnaem
caenyrouuM  obpasoM. IlomGepeM nesoe HeoTpulaTeNbHOE
YHCIO &, NpHO/IHKatomee 1audy |OA| ¢ TOYHOCTBIO JO -
HHIBl C HEJOCTAaTKOM (CHM3Y). DTO 3HAYMT, YTO TOYKA
ayua L, snn6o cosnagaer ¢ A, auGo Haxoautcst Jesee A,
O/IHAKO TOUKa @, 1 Haxomurca Ha L, mnpasee A.

OTpe3ok [a,, @+ 1], coenuHstomUE TOUKH oy U oty -1,
0603Haun° yepes o,=|[a, a,+1]. Ou obaanaer cienyio-
LMK CBOACTBAMH:

a) Touka A mnpuHaanexur o, (A €0,), HO He fABJseTCH
NpaBLIM KOHUOM OCy: ’
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6) LIMHa 0, paBHa eluHuUe: |o,|=1.

IMpu6nusum Tenepb AauHy |OA| CHH3y ¢ TOYHOCTBIO A0
ONHOM JecsiTOd. DTO 3HAYMT, YTO MBI MOAGMpaeM LHUIPY o;
(r. e. onHo u3 wumcen 0,01, ..., 9) TaK, uro6bl TOuKa
oy, o; ayua L, su6o coBnana ¢ A, mu6o O6blia JieBee A,
HO NpH 3TOM 4YTOObl TOYKA &, O;-10~! Gpia mnpaeee A.
BBegeM orpesok '

S o= [, s o, @4 10-1],

KOTOpBI, CUEBHAHO, O6JajaeT CJAeNYIOUHMMH CBOACTBAMHU:

a) Touka A NPUHANJIEXHT O;, HO He SBJISETCS NPaBbIM
KOHLOM O7; o

6) ajuHa o; paBHa |0;|=10"1 _

[MpuGaunxkaeM  manee anuHy |OA| cHH3Yy ¢ TOYHOCTBIO A0
OJHO! COTOM, T. €. HaXxOfuM LU(PYy @, TaKyi, YTO OTPe30K
0, =[a,, a,a,; o, oo+ 107%] 6yner conepxarh B cebe A,
npasblii ero KoHel He coBmajaer c¢ A. JliunHa |0,|=10-2
OueBHJHO, 0, NMPHHANIEKHUT O;. ITOT TMPOLECC TPOLOIKHM
HeorpaHuyeHHO. B pesysbrate NOJMYYHM IOCJIELOBATEIBLHOCTD
uncen

Uy 000 .. .0 (R=1, 2,...),

TJie o, — HEeOoTPHIATe/IbHOE Lesoe Uucio, aay; (j=1,2, ..., k)
—undper. [Ipy atoM aasi 06oro HaTypaabHOro k OTpesok

o, =[a a; ... ap g o ... o+ 107#]

coliepUT B ceGe TOuKy A, mpaBblil €ro KOHel He CQBMajaer
c A, mmua |o,|=10"% (k=1, 2, ...), U 0, NPHHANIEKUT
Opy.

Wrak, Touka A npuHHAAJNEXHT BceM OTpe3KaMm o, (k=0,
1, 2, ...) ¥ JVIMHBEL X NPH HEOrpPaHHUEHHOM BO3PACTAHMH
k, oueBHAHO, cTpeMATCS K HY/O: |0,| = 0, & — oco.

OnpefenyM Tenepb 4YHCJIO a NpH NOMOLM AECATHYHOrO
pa3JioxKeHus

a=0a,, 00,0 ...,
TIe O, Oy, Oy, . .. —HaHJeHHble Bhie Yucaa. Yucno a ynos-
JIETBOPfET HepaBeHCTBaM _

o, U ... Ap<<a <Oy G ... O+ 107F 9
npu Jio6om k=0, 1, 2, ..., a Touka A npu JsmoGoM yKa-
3aHHOM k JieHT Ha L, MeXAy TOuYKaMu o, O; ... Oy U
oy, ®; ... O+ 107k DTO NOKasblBaeT, YTO HMEHHO YHCJO

a ectb anuHa |OA| orpeska OA: a=|0A|.
Hmax, kascdoti mouke A ayaa L, npu nomouwyu paccmom-
pernozo npoyecca (1) npueodumcs e coomsemcmeue noA0HU-



184 rJ. 10. AZEACTBUTEJbHOE 4YHCJIO

npeACTaBHTb cefe, KaK 3TO MOXKHO CJesiaTh TeOPETHYECKH
TOYHO.

3anaguM npsaMyto L, 1y KOTopoii BeIGepeM MOJMOXKHTEIbHOE
HanpaBJieHHe (YKa3aHO CTpesikol, puc. 119), equHnYHBIH OTpe-
30K ¥ HauasbHYyI0 ToukKy O.TaKkylo npsMyIo Ha3HBAIOT 4UCA0680L

’
[
S

1 1
J 7

Puc. 119

ﬂpﬂMOLf MOTOMY, YTO €€ TOYKHU MOXKHO paccMaTpuBaTh KaK HJLIIO-

CTpauuy HeHCTBHTE/bHBIX uuces. KakioMy NMOJIOXKHTEJIbHOMY

palloHaJ/IbHOMY YHCJITY % [pHBeJEM B COOTBETCTBHE TOUYKY

npsamoil L, Ha3biBaeMyto TOYKOM %, Jexaymo cnpasa ot O

Ha pacCTOSTHUH -;l or 0. KaxjgoMy ke OTpHILATEJbHOMY pa-

LOHOHaJbHOMY ‘-IPICJIY—% NpHBeAEeM B COOTBETCTBHE Ha L

TOUYKY (’1‘0‘{Ky—%>, CUMMETPUYHYIO TOYKeE {Il OTHOCHTEJIbHO

0. Uucay O mycrb coorBercTByer Touka O.

Byznem HaseBathb A Ha L payuorasvroll wid uppayuo-
HaAbHOU mouKoli B 3aBHCHMOCTH OT TOro, OyJeT Jii OTpe3oK
0A, coepunsouil ee ¢ Toukoi O, COM3MEpUM HUJIM HE COHM3-
MepHM C eAHHHIeH.

_ Mul ykasanm crnoco6, B CHJY KOTOpPOTrO ycCTaHaBJ/IHBaelcs
B3aMMHO OJHO3HAaYHOE COOTBETCTBHE MEXJY PpalHOHAJbHBIMH
yucJaMH M PalHOHAJIbHBIMH TOYKaMH npsiMoii. ByaeM nosb-
30BaThCSl 3THM COOTBETCTBHEM, YTOOBI PeLIHThb GOJiee CIOKHYIO
sajayy o6 uamepeHun orpeska OA, rae A—uo6as Touka
npsmoi L. :

3ajaauM Ha NOJNOXKHUTEJbHOM Jydye L, mpamoii L mpowus-
BOJIbHYIO TOYKY A (palMOHa/IbHYIO WJIM HPPALHOHAJIbHYIO).
Urto6bl onpenennts njauHy |OA| orpeska OA, paccyxuaem
caepylomuM obpasoMm. IlomGepemM nesoe HeoTpullaTesabHOE
YHCJIO @, TpHOIHKalowee JiuHy |OA| ¢ TOYHOCTHIO O enH-
HHIBl C HEJOCTAaTKOM (CHH3Yy). DTO 3HAYMT, YTO TOYKA
ayuya L, nm6o coBnajgaer ¢ A, JjuGo Haxomutcs Jesee A,
O/IHAKO TOYKa o, -+ 1 Haxonaurcs Ha L, npasee A.

OTpesok [a,, G+ 1], coepuHsIOMUE TOUKH @y U oty 1,
o6o3HauuM uepes 0, =|a,, @+ 1]. Ou o6nagaer ciaeayio-
LUMH CBOHCTBaMH:

a) Touka A mnpuHaanexur o, (A €0,), HO He sABJIseTCS
NpaBLIM KOHLIOM G :
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6) nJuHa 0, paBHa emuHHUE: [0,]|=1.

IMpu6nusum Tenepp amuHy |OA| cHH3Y ¢ TOYHOCTBIO 0
OIHO! JecsATOi. STO 3HAYHT, YTO MBl moAGMpaeM LUDDY o;
(. e. onHo u3 wumcen 0,1, ..., 9) rak, uyro6bl TOYKa
oy, o; ayya L, mu6o coBnana ¢ A, qu6o OGblia seBee A,
HO NpH 3TOM YTOObl TOYKa a,, ;- 10-! Gbuia npaeee A.
BBezem orpesok ’

oy =[o, o o, o;41077],

KOTOPHIA, GUeBHJHO, 06JajiaeT CJELYIOUMMH CBOHCTBAMH:

a) Touka A NpHHANJIEXHT O;, HO He SBJSETCA IPaBbHIM
KOHIIOM Oy; '

6) ajuHa o; paBHa |o;|=10"1

[Mpu6Gauxaem. nanee anuHy |OA| CHH3Y ¢ TOYHOCTBIO 10
OJHOIl COTOH, T. €. HaXxOAUM LH(pPY @, TaKyl, YTO OTPE3OK
0, =[a,, a,a,; o, aa,+ 10~%] 6yaer cogepxarb B cebe A,
npaebiil ero KoHen He copnajaer c¢ A. JlmuHa |o0,|=-10-2
OueBHAHO, 0, NPUHANIEKUT O;. DTOT MHPOLECC TPOLOIKHM
HeorpaHHYeHHO. B pesysbraTe HOJY4HM IOC/IEI0BATENbHOCTD
uucel

Oy 00 ... .0, (R=1, 2,...),

TJie o, — HEOTPHIIATe/IbHOE LeJIoe ucio, aay, (j=1, 2, ..., k)
—uucpsl. Ilpu sroM ans mo6oro HaTypasbHOTO & OTpesok

op=lag a; ... oy o O ... o+ 107#]

COLEpXKHT B ceGe TOUKY A, mpaBHI €ro KOHell He COBMaJaeT
¢ A, amHa |0, |=10"% (k=1, 2, ...), H 0, NPUHANIEKUT
Oy—s-

Hrak, Touka A npuHAIJMeXHT BceM oOTpe3KaMm o, (k=0,
1, 2, ...) ¥ JJIUHBl WX TIpPM HEOrPaHWYEHHOM BO3PACTAHMH
k, oueBHAHO, cTpeMATCA K HYMO: |06, = 0, & — oco.

~OnpezenyiM Tenepb YHCJIO @ TNpPH NMOMOUH AECATHYHOIO
Pa3sJIoXKeHus

a=0,, A0%,d;3 ...,
The o, o, O, ... —HaHJIeHHble Bhille YyHcaa. Yuenao a ynoe-
JIETBOPSIET HepaBeHCTBaM '

Cyy Xf oo Op<TA <0 O ... O+ 107% 9)
npu mobom k=0, 1, 2, ..., a Touka A npu moGom yKa-
3aHHOM k JeXur Ha L, MeXay TOUKaMH Oy Oy ... O U
oy, G; ... @+ 107% ITo noKasbiBaeT, YTO MMEHHO HHCJIO

a ectb aauHa |OA| orpeska OA: a=|0A|.
Hmax, kancooti mouke A aywa L, npu nomowyu paccmom-
pernoeo npoyecca (1) npusodumes 6 coomeemcmeue noAOKHU-
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meavtoe uucao a=|0A|. Ilpu smom, ecau kaxas-aubo dpyzas
mouka B aywa L, HaxoOumcsa npasee A, mo el coomsemctn-
syem 6oavuioe wucao (b > a). Yucao a Haseisaemcs KoopouHa-
moti mouku A Ha npamod L.

Hago yuects, uyto pa3 Toyka A Haxoxutes Ha L, T. e. JexHuT
Ha L npasee Toukn O, To B npouecce (9) mpH AOCTaTOYHO GOJIBLIOM 7

OKa)ercs, uTo Oy, A&f ... %y > 0, oTkyza a > 0.
Hanee, ecin Touka B Jjexut Ha L, mpaBee ToukH A, 10 mpu JHo-
CTATOYHO GOJIBIIOM 7 OKaMeTcs, 4TO0 O, O ..: O+ 1077 < By,

Bi ... Bn, oTkyma a < b=Bo, Pifs ...

[NoctaBum o6paTHyi0 3ajauqy. 3alaHO MOJOKHTEJNbHOE
YHCJIO
aA=0, 0;0,..."%)

CnpawmuBaercs, cymecrtsyer au Ha L, Touka A Takas, 4ro
a=|0A|? Ha ocHOBaHMH CKa3aHHOrO 3TOT BONPOC MOXHO
BHIPA3UThb ellle Tak: cyllectByeT nu Ha L, Touka A, opmo-
BpEMEHHO NpHHaJJ/exallas BCeM OTpe3KaM

o= ... 0 %, A ... ap+107F)
(=0, 1, 2, ...)? (10)

Peutenne 3toro Bompoca OTHOCHTCS K reomerpuu. I'eomer-
pusi pelllaeT ero MOJIOXHTEJbHO, T. €. OHa YTBePXKJaeT, YTO
cywecmeyem wa L, eduncmeennas mouxa A, npunadiexcaujas
ecem- o, (R=0, 1, 2, ...). ‘

310 yTBepxKIeHHe OOLIYHO MpejJaraercsi B BHIE OIHOM
M3 aKCHOM TeOMEeTPHH (MPHHLHIMA BJIOXEHHBIX OTPe3KOB, CM.
10.6), n160 OHO €CTh CJEACTBHE APYTHX HCXOAHBIX aKCHOM.

3aMeTHM, YTO eCcJH

a=

)

=0, Ujallg s

eCTb palHOHa/JbHOE MOJOXHTeJbHOe YHCJIO, TO €My COOTBETCTBYeT Ha
L, pauuonajgbHas TOYKa p/q. DTa TOYKA TNPHHANJIEKHT BCEM OTpe3-
KaM Op ayya Ly (cm. (9)). Ee xak pa3 MBl M DNOJNYYHJH, NpPUMEHSS
paccMOTpeHHBIH Bhillle nmpouecc. BeAb cyulecTByeT TOJMIBKO OJHA TOYKa,
npHHajAJexalas BCeM Og. :

Touke O npunuceiBaerci B KauyecTBe ee KOOPAHHATHI
yucao 0, a mpousBosbHOM Toyke A’ oTpuuaresbHOro Jyua L_
NPUMHCEIBAEM YHCJIO —a, TJAe a—KOOpAMHAaTa TOYKH A,
cuMMeTpuyHOH A’ oTHOcHTeabHO O.

9*) Mbl cuiiTaeM, 4To 9TO JeCATHYHOE PA3NOXKEHHE He HMeeT NepHo-
Aa J,
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Ha ocHoBaHHH cKa3aHHOTO Mé’may OeticmeumervHoimu 4uc-
AaMU U movKaru npﬂMOli L umeem mecmo 6saumro 00HO03HauHoe

coomeemcmaue. [lpu smom payuorarvHee wucaa i-fll nepe-

X00Am 6 payuoHaAbKbe MOYKU —_l-§ u obpamnuo. anee,

ecau mouka B HaxoOumcs nHa L npasee mouku A, mo coom-
8eMCMBYIOUAUE UM HUCAQ b U @ HAX00AMCA 6 COOMHOWeHUU
a < b, u obpamno.

§ 10.6. IlpuHUMN BJOXKEHHBIX OTPE3KOB

ITycmo no Hexomopomy 3aKony 3a0ana nocaedosamesbHocb
ompesKos8 0,, GCj, C,, ..., Aexawux Ha npamoti L u o6.ia-
OJarowyux ceoticmeamu:

a)} ompesKu G, BAONMCEHbL; HMO 3HAYUM, HYMO NpPu Mo6oM n
0mpesox ©, i npunadiexum K 6, (6,.i <0, n=1,2, ...);

6) npu HeoeparuueHnom o3pacmanuu n Oauna | o, | cmpe-
mumea g Hyao (o, | — 0, n— oo).

Toeoa na L cywecmeyem, u npumom edurcmeenHas,
mouxa A, npunadiexcaujan écem ompeskam o, (n=0,1,2, ...).

Orpeskn 0,, 0 Kotophix waa pedsr B § 10.5, Kak pas
ABJISIIOTCA BJIOXKEHHBIMH, H 1719 HUX |0, |=10""— 0, n — oo.

[TpuHLHD BNOXKEHRBIX OTPE3KOB YTBEPKAAET CYU4ECMEOsar e
TOYKH A, NpuHajJexalued BCeM G,, U ee eQUHCMEEHHOCMb.

10.7. Apudmernueckue peiicTBus,
LeHKH nNpHOIMIKeHun#

Baﬂ,aﬂ]’lM JABa TNOJIO2KHUTEJDbHBIX YHCJa
a=a, o0 ..., b=p, BB, ...,

ONpe/ieIEeHHEIX KOHEUYHbIMH MJM GeCKOHEUHBIMH JECATHYHBIMH
JpOOSIMHU. '

UuraTesb XOpowo 3HaeT, KaK CKJaAblBalOTCS KOHEYHBIE
lecsiTHYHble Apo6H. OH Jerko jporajaercs, KaK 3TO CAeJsaTh
B CJlyyae CJIOXEHHS KOHeYHOH JecATHYHOH Apo6H M 6ecko-
nHeqHoH. Ecam e o6a cnaraeMblx uMeloT GeCKOHeYHEIe Jecs-
THYHbiE Pa3JIOKEHHS, TO BO3BHHKAIOT 3aTpyiHeHHs. ITH 3a-
TPYAHEHHS MOXHO TPEOAOJIeTb— MOXHO YKa3aTbh TNPaBHJIO
cJIOXeHHUs1 ApoGell ¢ GeCKOHEUHHIMH XBOcTaMH. Bnpouem, 370
NPaBHJIO HOCHT YHCTO TEOpPEeTHUecKMH XapaKTep—oOHO Npak-
THYECKH HEOCYIIeCTBMMO A0 KOHLA, TIOTOMY YTO MpeACTaBJsieT
co00H HEKOTOpHIli GecKOHEeYHbIH NpoLecc.



183 [J1. 10. AEACTBUTEJIBHOE YMCJIO

Ha npakTiKe NpUXOAMTCA uucaa a B b 3aMeHATb UX MpPH-
GHKEHHAMHU

ax~a, bab,

OGBIYHO KOHEUHBIMH NECATHYHBIMH 1pOGsMu a, b. Cymmy a - b
CYUTAIOT MPUOJHIKEHHEM TEOPETHYECKOH cyMMmbl a -+ b:

a+bmatb.

Ho Torpa BosHuKaer Bonpoc 00 OUEHKe NOrpelHOCTH MpH-
6avxenuss. OQHaKO W I/ TEOPUH, M /ISt MPAKTHKH BaXHO
oTAaThb ce0e OTUET B TOM, YTO CyMMa IPOM3BOJIbHBIX JeHCTBH-
TEJbHBIX YHcesq @ U b MOXeT OBITb onpejlesieHa NMyCTb Teope-
THYeCKH, HO TOYHO. Torja TOJbKO HMeeT CMBICJ TFOBOPHTb
0 npuOHKEHHH KaKoro-au6o uuc/ia, B JAHHOM cJlydae yucJja
a-+b, Korja Mbl yBepeHbl B TOM, YTO OHO CYILECTBYET,

Cxa3aHHOe MOXKHO pacHpOCTPaHHTb H Ha PasHOCTb, H HpO-
H3BeJieHNe, U YacTHOe YHCeJI.

Huxe MBI HaeM mpeicTaBjeHHe O TOM, KaK MOXHO YHCTO
TEOPETHYECKH OMNpeJeJHTh apHpMeTHYeCKHe JeHCTBHA Hajg
yrciamu. OpHako 3TH cooOpaxeHHs NMOJe3sHbl W JJif TNpak-
THKH BBIYHCJIEHHH, MOTOMY YTO OHM NOKasblBalOT, K&K COOT-
BETCTBYIOIIME NEACTBUA HafO MNPOM3BOAUTH NPHOIHIKEHHO H
Kakue B STHX CJydYasX BO3HHKAIOT OLEHKH IOrPeUIHOCTH.

ITonoxkum

am =0, 0 ... Q,
bW =B, By ... B, (r=0,1, 2, ...).

[lpu HeorpaHHyeHHOM BO3pacTaHMM n uuciaa @' cTpe-
MATCA K @, He yObiBasi:

a® <’a<n <a?<...<a, (11)
a uucaa a'® -+ 107" —He Bospacras:
aV 4+ 107t >0 41072 > ... >a. (12)

Cymma a-+b onpejensercsi Kak 4HCIO, MJISI KOTOPOTO
YIOBJIETBOPSIOTCS HepaBeHCTBA

a(n)_l__ bim < a_|_ b < (a(n) _]_ lo—n) + (b(n) _[_ lo-rx). (13)

414 BeeX n=1, 2, ... uIH, BHIPakKaschb IeOMETPHYECKUM
A3LIKOM, a-+b ecTb YHCJI0, KOTODOMY Ha YHCJOBOH MNpsAMOH
COOTBETCTBYET TOYKa, MpHHAJ/eKallash BCeM OTpe3KaM

G, =[a™ 4 b, g 4 biw 9. 10",
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Takas Touka ectb, ¥ NIPUTOM EIMHCTBEHHAsi, TIOTOMY YTO
JEBble KOHUBl O, He YOBIBAIOT, NpaBhle K& HE BO3PACTAIOT
M, CJELOBATe/IbHO, OTPE3KH O, BJOXKEHH (0; D0, D ...).
Kpome Toro, |6,|=2-10"" —0 (7 — o).

Ha camom gene, ecam Obl Hajgo OBbIJIO CJOXKHTD a U b
NpaKTHYeCKH, MHl OBl CJAOKHIH a'™ u b mpu jocratouno
6OIbIIMX A U CYMTAJH Obl, YTO yuca0o a'™ b ectb mnpu-
6suxenne a-+b. IlorpemHocTs W,, KOTOPYIO MBI IIpH “3TOM
JonyckaeM, He mpeblaer 2-1077:

B, <<2-1077,

ITonoGHEIM 06GpasoM pasHOcTb a—b (a > b) onpenensercs
Kak YHCJO, YAOBJIETBOpSIOee HepaBeHCTBaM

a(n)_'_(b(n) _|_ 10—11) < a___b < (a(n) _|_ 10'”)—b("). (14)

DTOMy 4YHCJHY COOTBETCTBYET TOYKAa HAa YHMCJOBOH NpsMoii,
NpHHAJJIeKAIasi BCEM OTpe3KaM

on=[a‘”’—(b‘"’—|— 10'"), a(u)+ lo—n_b(u)]
n=1, 2, 3, ...).

Taxkas Touka cyllecTByeT, M €NMHCTBEHHAs, MOTOMY YTO
|o,|=2-10"" —~0, n— o0, a OTpPe3KH G, BKJIAJAHLIBAIOTCSI.
Hapno yuectp, uto a® ne yGbiBaer, a b+ 10~" ue pospa-
CTaer, cJejloBaTeibHO, a'® — (b - 10~") He yGuiBaer. [lanee,
a™ 4 10~" He Bo3pacraer, a b'™ He yG6bBaer, OTKyAa
a'™ 4+ 10~"—bH'™ He Bo3pactaer.

Eciu B3ATh B KauecTBe npuOAMKeHHH a—b uucso
a™—p™ 10 norpemwHocTh He mnpeBbicuT 21077, notomy
410 TOYyka a'® —b'™ npUHANJIEXKHUT O,

EcrecTBeHHO nasnee omnpepenuTb npousBeseHHe ab  Kak
YMCJIO, YHOBJIETEOPSIOIIEe HepaBeHCTBaM

a‘mpm g ab < (a(n) _I_ lo-n) (b(n) + 10-”) (]5)
aag Beex n=1,2,3,... WIn Kak 4UCIO, KOTOPOMY COOT-

BETCTBYET TOYKA Ha YHCJIOBOH NpsIMOH, MpHHALJIEKALLAA BCEM
OTpesKaM

o, —_ [a(n)b(n), (a(n) -+ lO-n) (b(n) + 10-:1)]
n=1, 2, ...).
dro onpenesqicHue KOPPEKTHO, IIOTOMY YTO OTPE3KH O, BJIO-
KEHBI H
lo-nl =a(n)10—n+ b(n)lo—n+ 10-2n <
<(%+1)107"4 (B, 4 1) 1077+ 1072* — 0, 1 — oo.
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B naHHOM c/lyyae OLieHKa NPUO/IHMKEHHST 3aBHCHT HE TOJLKO
OT 1, HO U OT O,y H P,
a
Haxonen, ugacTHoe - (@ > 0, b > 0) onpenensierca Kak
YHCJI0, YINOBJETBOPSIOLICE HEPABEHCTBAM
'™ a am410-7

T < < —pm— (=) (16)

dro ompejeieHe ToXe KOPPEKTHO, NMOTOMY YTO OTPE3KH

am an 4 10-n
O0p= [b(n)_|_1()-n ’ FCl ] (n=1])

BJIOXKEHBI H

_am410-n am  m[Q=n{ pm[0=n 4 10-2n

|0l =—Fm ——Fmr107r = 5 EmF10-m)

<(O‘o+1)10—"+(ﬁo+1)10'"+10_2"_)0
(B2 10-2 ’

n—oo (n>=1)
(17)

Yucso [ ecTh HaWMeHbIllee LieJioe HEOTpHIAaTeJbHOe, MJf KO-
toporo f, > 0. Takum o6pasom, sm6o B, > 0, 6o P,=0
(k=0,1, ..., I—1)u B, >0.
a
Mer BHMM, 4TO B KayecTBe NPHOMMKEHHS - MOKHO B3SITh
atn)
7o UDpHHAL/eKAllee, OYEBHAHO, K O, C OLEHKOH

o Ta
npubankenus, ykasanHod B (17). Ho na npakrtuxe + (Tak-

quCJI0

y n
Ke Kak ab) npuOIHIKAIOTCS BbIpaXKeHHSAMH % y (ambm),
rie n U m OnpejensioTcsl CTPYKTypo# a, b.

Ha apudmernueckux neHcTBHAX C yHCJaMH JI060T0 3HaKa
Mbl CrellMaJbHO He ocTaHaB/iuBaeMcs. Kak uutartenp 3Haer,
OHH CBOJATCA K HAJIEXAIIMM IeHCTBHAM Haj MOJOXHTEb-
HbeIMH yucamd. Hanpumep, 4toGbl c/IOXKHTH ABa YHcaa a H b
pasHBIX 3HaKOB, Tle |a|>>|b|, Hago MNONOKHTL a-+ b=
= F (la]—|b|), rme BbiGHpaeTcs 3HAK, OJMHAKOBHIH CO
3HAaKOM Q.

§ 10.8. CpoiicTBa ACHCTBHTENbHLIX uHCe

IMepeuncaum cBojicTBa JEHCTBHTENILHEIX WHCEN, KOTOphlE MOTyT
6bITb 0GQCHOBAHEl MOTOAAMH, MPUMEHABIIHMHCA Bblle, STH CBOHCTBA
pasfenensl Ha 5 rpynn (I—V),
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K rpynnam I, II, 11l otHocATCS 06biuHEIe 2aeMenTapHbBIe cBOkCTBA
€ KOTOpPBIMH HaM BCErjJa NPHXOAHTCS HMMETb JeJO NpPH BHYHCACHHSX
H NpH CPaBHEHHH uHCeJ.

I'pynna IV cocTouT H3 ofHOro CBOHCTBA (apXHMenOBa).

Fpynna V ToXe COCTOHT H3 OAHOTO CBOHCTBA (HempepsiBHOCTH
MHOXKEeCTBA JeHCTBHTEJbHbIX 4HCeJ).

Mel IpHBHIKJIH K TOMY, 4TO palHOHaJbHHE YHCJA YAOBJETBOPSIOT
cpoiictBaMm I, II, 1II, IV. Ceiiuac yTBep:kAaaercsi, yTo cBOicTBam I —IV
YAOBJIETBOPSIIOT HE TOJIbKO palHOHaJIbHBIE YHCJI3, HO H Boobwe Bce
JlefiCTBHTE/IbHEIE YHCJA.

UYro kacaercs cBoiicTBa V, TO MHOXECTBO OAHHX TOJBKO pamuo-
HaJbHHEIX 4YHCeJl eMy He YJAOBJETBOPSE€T— OHO HEAOCTATOYHO MOJIHO.

I. CBoiicTBa nopsnka

Ii. Ons xaxnIo#l napbl HEACTBHTENbHBIX WHCEN @ U b MMeeT MecTo
OJHO H TOJIbKO OJHO COOTHOIIEHHE: '

a=b, a>b, a<b.

I,. UIs a< b u b< ¢ caepyer a< c.

Is. Ecan a < b, To HajijleTcsi Takoe pAalMOHAJbHOE YHCJIO ¢, yTO
a<c<hb. -

II. CBoficTBa feHCTBHMH CAOXMEHHS H BHIUHTAHHSL

IIy. a4+-b=b-+a.

Ily. (@a+b)+c=a+(b+0).

II3. a4+ 0=a.

II4. a4 (b—a)=0".

1I;. U3 a < b caenyer, uto a-tc¢ < b-}c¢ aas mo6oro c.

III. CBoficTBa JAeHCTBHH YMHOXEHMST M LeNEHHUS

11l;. ab=ba.

III,. (ab) c=a (bc).

g. a-l=a.

11, a-—Z—:b, a#0.

IlI5. (a-+b)c=ac+be.

Illg. Us a < b, ¢ > 0 caenyer ac < be.

IV. ApxuMeRoBoO CBOHCTBO

KakoBo 6b HH OHJIO yncJa0 ¢ > 0, cywecTByeT HaTypaJbHoe n > c.

V. CBOACTBO HenpepHBHOCTH MHOXECTBAa feHCT-
BHTEJbHHX 9HCeJ

Ilycts sagmaHa mnoOCJIENOBaTeNbHOCTb BJIOKEHHBIX OTPE3KOB (MHO-
JKECTB YHCEJ X, AJA KOTOPHIX a, << X< bp)

°n=[am bn] (n=ly 2’ 00-)1

T. €. TaKHX, 4TO Op4+i C0p (B=1, 2, .:.), ¢ AJAMHAMH, CTPEMSALIH-
MHCA K HYJIO:

dp=by—ay—0  (1—> o).

Toraa cymecTByeT, H NpPHTOM €RMHCTBEHHOE, YHCJO, NpHHALMe-
Kamee BCEM Op.

C reoMeTpHYeCKHM aHaJOTOM cBojicTBa V Mbl TNO3HAKOMUJNChH
B § 10.6. Tam O6mIO CKasaHO, uTO 3TO CBOHCTBO AJS HaTypaJbHBIX
OTpPe3KOB O, HAa NpAMOH B TreOMETPHH NPHUXOAHTCS MNOCTYJHPOBATDb.
3pech 1OJ OTPe3KaMH NOHKMAIOTCS COOTBETCTBYIONHE MHOXECTBA MHCeJI,
H B 9TOM cJIyyae CBOMCTBO NMpoBepsieTcs (AOKa3biBaeTCs) Ha AECATHYHBIX
Pa3JOKEHHAX YHCeJ, TaK JKe Kak BCe oCTajbHHe cpoiictBa I—IV, |
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§ 11.1, Yucao C*

TlpousBeseHne HaTypasibHBIX Yuces OT 1 O # Ha3bIBaKO?
n-hakmopuasom U 0GO3HAYAIOT TaK:

1.2.3...n=nl!
B uvacTHOCTH,
1N=1.
[To onpenenennio cyutawT, 410
0l=1,

xoTs caM mno ceGe cumBos Ol He HMeeT HMKAKOro CMBbICJa.
3ajgaaMM HaTypasbHOe YHCJIO M, W OYCTb B eCTb OfHO

us uucen k=0, 1, 2, ..., n. Ilo onpenenenuto
o n! _n(n=1) ... (n—k+1) . .
Ci=4 BT k! k=0, 1, ..., n).
(1)
B wactHOCTH,
“n! n!
CG=dmr=1 Ci=7pr=1! @)

(npu k=0 BTOpEIM paBeHcTBOM B (1) MO/MBL30BaTbCA HeJb3S).
W3 nepsoro paseHcrBa (1) HemocpeicTBEHHO cCJ/efyeT

dopmyaa

Ci=Ci*  (k=0, 1,2, ..., n). ®)
CnpaBennuBa Takxe (hopMmyJa
Ci4+Ckr=Citt (=9, 1,..., n—1). 4
B camoMm jpede,
nl
Ci+Ci= k!(n—k)'+(k+l)l(n—k—l)!
n! I 1 ] as k+1+n—*k
T H(n—k=1) [(n—k) + k-[—l Rn—k—1) (n—F) &+1)
___nl(nt+lH (n+1)! =Citl.

R Vo | ) (P Y = m )
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Bor npumepsl uucen C%
n=2;

-

’

B
, 4,1
10, 10, 5, 1;

e o e e o e o o o »

’

-B.OON)

-

(®)

Pt P ek
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3
4:
5:

S 38
I
&

’

Mel BupuM 37ech 3aKoHOMepHOCTb. B kaxaom psany (5)
ynca Cf pacroioeHbl CHMMETDHYHO OTHOCHTEJIbHO CepeiHHbI
psaaa—3To chaepyer u3 Gopmysast (3), a MO KpasM CTOST
C€IUHHIB —3TO caenyer u3 (2). B kaxiaom pany uucna C%
BO3pacTaloT [0 CepeidHHbl psAAa, 3aTteM YObBAIOT (CM. B KOHIle
naparpada sagauu 2, 4).

YIOPA)XHEHHUA
1. Hanucate uncna C: gna n=6, 7, 8.

§ 11.2, ®dopmyna 6ruHoma HbloToHa.
Meron MHAYKUMH . .
®opmyna 6unoma HploToHa umeeT Buj
(a+x)n=an_l__ C;lan-lx_i_Cﬁan—zxz_l_czan-sxs_l_ e
e+ Ctaxr " Xt (n=1, 2, 3, ...). (6)

CnaraemMble cymMMbl B NPaBOH YacTH Ha3bIBAIOTCA 4AeHAMU
pasaoncerus, ounoma Horomona. Unen a® Ha3bIBAIOT Hy.esoim
4AeHOM pasrodcenus gopmyre Horomona, panvie upyt nep-
Bblfi, BTODOH M T. A. YJeHbl [0 f-TO BKJIOUHTEJbHO (pas-
HOro x"); k-fi unen 6unHoma HbioToHa uMeeT BUX

Ctan-kxt (=0, 1, ..., n). %)

®opmyna (7) B cuay cBoictBa (2) roaurca M aaa k=0,
u k=n. Popmyay (6) MOXKHO 3amHcaTh elle TaK!

(a+x)"= kgo Clar—kxk, (6"

IIpaBas yactb (6°) unrtaercst Tak: cymma ciazaemoix Cha»=*x*,
pacnpocmparennas Ha yeasie k om 0 do n. Yucna C% Hasb-
BAOTCA OUHOMUQAbHOIMU KOIhUyUeHmamnu.

Hokaxem dopmyay (6). Ilpu n=1 ona BepHa: a+x =
=a-+x. [lpy n=2 TOXE OHa BepHa:

(@+x)2=a%+ 2ax + x2
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Oua Taxxe BepHa TpH n=3:
(@a+ x)*=a®+ 3a’x+ 3ax?+ x?

(cm. Taba. (5)).

Has pokasatenbctBa gopMmyJset (6) B obiiem Bujae (npu
Mo6oM HaTypanbHOM n) GyIeT HCNOJb30BaH TOT (aKT, YTO
oHa BepHa npu n=2. bynem paccyxnatb Tak. lonyctum,
yto ¢opmysa (6) BepHa NpH HEKOTOPOM HATypaJibHOM n;
JOKaXeM, YTO OHa TOrAa HecOXOIMMO BepHa M mnpH n- 1.
B camom nene,

(@-+ %) = (@+ %) (a + 0" =
=q"*t1 | Clanx 4 Cla"~ 2+ ...+ Clax" +

4+ Clarx+ Chan~ x4 ... 4+ Chlax" - x" 1=

=a"* 14 Cp 0" x + Crpaa™ x4 L 4 Chyaax™ -+ xn L

Mbl HapouHO BO BTOPOM paB€HCTBe clpaBa BTOPOH pAX
C/BHHYJIM Tak, 4To6bl B CTOJOLAX CTOAAM NONOGHBIE YJEHBI
¢ OIMHAKOBHIMH NpOH3BeleHUsMH a"~kx®*+1. Cymma Koaddu-
LIHEHTOB NPH HUX BBIYHCJIAETCH N0 dopmyae (4).

3ameuaHue Mpl npUMeHHNH NIpH BbIBOJE (opmyJnl (6)
Memod NOAHOL Mamemamu4eckol UHOYKYUU. DTOT METOXR
3akJioyaercs B caepyomeM. ITycTb Halo f0oKasaTb HEKOTOpoe
yTBepKAEHHe I/t Jo6oro HaTypajbHoro uucna n. Hampn-
Mep, Hajo HOKasaTb ¢opmyay 6uHoMa HbioToHa asa mpous-
BOJILHOTO HaTypaJjbHOro n. JlonmycTuM, 4TO MBl yOeRuJsuch,
4YTO 3TO yTBepXKJeHHe BepHO NpH n=1, H, Kpome TOroO,
y6enuuch B TOM, YTO YTBEpXKJEHHE BEPHO NMPH HATypPaJbHOM
n-+1, ecan NMpeanosoXuTb, YTO OHO BepHO AJsA n. Toraa
HaJ0 CUMTaTb Halle yTBepXKJeHHe JO0Ka3aHHBIM IJsf Jo6oro
HaTYpaJtrHOro n.

YNOPA)XHEHHUS
1. Hanucatp pasnoxenus no ¢opmyJse 6unoma Heiotona
(@+x)°, (a+x)° (a+x)"

2. Hokasarb, 4o
Cf,“ _n——k
Cﬁ TEFI

3. CpaBuuB apo6b (8) ¢ 1, nokasaTh, YTO NMpPH # YETHOM

1=Ci<C < ... <CP>CP> [ > =1

(=0, 1, ..., n). 8)
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H NPH N HEUETHOM
1=C,<Ci< ... <Co-Va_clp+tie s, | S Cn=1,

4. TMoBropurth BBIBOZ dopmyn (3), (4), (6). 3amomuurb
dopmyast (1) u (6) ¥ yMeTb NPUMEHATb MX /IS YACTHBIX
aHaueHuft n u k. IloBToputh MeTOZ MHAYKUMH.

§ 11.3. IlepecraHoBKH

IlBa snemeHTa (aBe BelM) X; M X, MOTYT OBITb pacroJo-
JKeHbl (3anMcaHbl) ABYMS crocoGaM:

xlv xz» (9)
Xy,  Xp. (10)

Bynem rooputh, uto pacnosoxenns (9) u (10) sBastorcs
%asnuqﬂmmn nepecmanoéKami U3 JBYX 3JIEMEHTOB (X; H X,).
aKuM 00pa3oM, M3 JBYX 3JIEMEHTOB MOXHO COCTaBHTb JBE
(pa3nMuHble) MepecTaHOBKH.
M3 Tpex aneMeHTOB X, X,, X3 MOMHO COCTaBHTb LUIECTh
NepecTaHoBOK:

xll xz, X3,
Xi, Xy Xy
x29 xl' X3,
X2y xs» X1y
xm X1, xzv
X3, Xy, Xi.

Jpyrux nepecraHoBOK Her.
Paccmotpum Tenepb n sjeMeHTOB

X1y Xoy evey Xp

OHM pacrosioxeHbl B MOPfJKe BO3pacTaHHs HOMEPOB H
3TUM 00pasyloT onpejeseHHYW mepectaHoBKy. IIpu mpyrom
pacrnoJioxKeHuH, HanpuMep, Korja HoMmepa yGLIBAIOT

Xpy Xp—1y ooy Xi (n>2),

OHH 06pasyioT yxke JPYryio NepecTaHOBKY.

[TepectaHOBKa M3 1 3/EMEHTOB—3TO OMNpeEJe/IEeHHOe pac-
nomoxenue Hx (B paAn). Takum obGpasoM, pasiudHele nepe-
EMAHOBKU U3 N 3NEMEHMO08 COOMBEMCMEYon  PA3AULHbIM
pacnonodsiceruim (8 pad) n' asemernmos. KonuuecTBo BO3MOXK-
HBIX NIePECTAHOBOK M3 7 3JIeMEHTOB 0003HAYalT CHMBOJIOM P :
RepecTaHoBKa no-¢paHity3cku — permutation.
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[Tokakem, uTO
P,=1.2.3 ... n=nl (11)

B camom nene, npu n=1 dopmyna (11) oueBuaHa: 13
OJIHOTO 3JIEMEHTa MOXHO COCTaBHTh TOJbKO OJHY IepecTta-
HOBKY. Tenepb, paccyxjias nmo HHAYKUHH, JONYCTHM, HTO
c¢opmyna (11) BepHa pias P,; nokaxem ee BepHOCTb AJs P, ;.
Yro6El MOJYYUTh BCEBO3MOXKHBIE [1€peCTAHOBKH.H3 3JIEMEHTOB
X1y Xy «v., X4, [OCTaBHM Ha [i€PBOE MECTO 3JIEMEHT X,
a 33 HHM OCTa/IbHble A 3JIEMEHTOB, pPacHOJIOKEHHBIX JIIOObIM
oGpazom. KosnuecTBo Takux pacnosioxeHHH (MepecTaHOBOK
M3 n 3JeMeHTOB) paBHO P,=n! Tak KaK KOJHUYECTBO 3Jie-
mentos x; (j=1,2,...,n-+1) paBno -1, TO KOJHYECTBO
BCeX NEpecTaHOBOK M3 n-+ | 37eMeHTOB paBHO, OYEBHJHO,

Pryi=(n+1)nl=(n+ 1!
Otnm dopmyaa (11) nokasana ans a06oro HaTypasabHOro 1.

YNPA)XHEHUSH

1. Bunncatb Bce nmepecTaHOBKH M3 3J1EMEHTOB @y, Gy, A, 4.
2. Cko/sbKHMH crnioco6amu Mox<HO paccaauTb 10 yesioBex
Ha 10 cTysabax?

§ 11.4. Pa3mewenus

[lycte n u k—wHatypanpHble uncaa u k<<n. Pasmewe-
HUuem U3 OaHHLIX N NeMEHmMOo8 no k Hasvieaemcs Kakas-aubo
epynna u3 k ssemeHmos, 83amolx U3 OAHHOIX N INEMEHIMO8,
onpedeaeHHoiLm 00pA30M pacnosoxcenHas (8 pao).

Hanpumep, nycTb 4aHo Tpu (n=3) 31eMeHTa X;, X,, Xs.

Huxe nepenncaHbl BO3MOXHbIE pa3MelleHHs NaHHBIX TpeX
3/IEMEHTOB 110 J1Ba:

xi’v X2,
KXay X1y
X1, X3,
x89 xlv
Xoy X
- X3, Xy

Hpyrux pasmeluenvit HeT. Mbl BHAMM, YTO 1Ba pasMelleHHA
OTJIKYAIOTCA JIHGO XOTA Gbl OAHMM 3JIeMEHTOM, JHGO pacnosie-
MEHHEM BXOJALIMX B HHX 3JEMEHTOB.
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KoanuecTBO BO3MOMKHBIX pasMellleHHH H3 JAHHBIX N 3Jie-
MeHTOB 10 k& (kR <Cn) obo3Hauyaercsi cumBosoM Af: pasme-
meHde no-ppaHuyscku —arrangement.

CnpasensuBa ¢opmyna

Ab=n(n—1) ... (n—k41). (12)
B camoM gese, npu k=1 oHa oueBHAHA:
Al =n.

Paccyxnaa no wuHaykuud, Oyjaem cudTath, 4to op-
myaa (12) ans k BepHa. JlokaxeM, 4TO OHa BepHa A k- 1.

[TpousBosbHOE pa3MmelleHHe U3 AAHHBIX 7 3JIEMEHTOB MO
k41 Moxer ObITH moJyueHO caepyiomum obpasom. Ha nep-
BOM MeCTe pasMelLUeHHs CTaBHM 3JIEMEHT X;, a 3a HUM pacro-
JlaraeM BCEBO3MOXKHbIE pasMellleHHst H3 ocTaBLIuXcsi n—1
SJIEMEHTOB Xj, ..., Xj_i, Xj41, ++., X, M0 K; KOJIMY4ECTBO MX
paBuo Af_,.

HraK, KOJHYECTBO BO3MOXKHBIX pasMellieHHil U3 JAHHBIX N
3/IeMEHTOB 10 k- |, HMeIomuX Ha NMepBOM MecTe 3/eMeHT X;,
paBio A%_,. Ho Tak Kak j MOXeT MNpPUHHMATb 3HAYeHHs
j=1, 2, ..., n, TO KOJMYECTBO BceX pa3MelleHHUH H3 HaH-
HBIX 1 3jeMeHTOB MO k-1 paBHO

Aitr=nAk_ =n(n—1)(n—2) ... (n—1)—k+1)=
=nn—I1) ... (n—(+1)+1).
dtuM dopmyna (12) mokasana aas Jooro k> 1.

YIOPAXHEHHUA

1. Boinumute Bce pasMelleHHs U3 JIEMEHTOB Xy, X, Xs,
x, no 2.

2. CKONbKHMH BO3MOXHBIMH CIOCOGaMH MOXKHO NPHCYIHTD
CeMH JHnaM TPH NpeMHH pasHOrO 3HauyeHHs (NepBYIO, BTO-
py!o u Tperbio)?

3. CKOJIbKHMH BO3MOXHBIMH CIOCOGaMH MOXHO pacrpe-
JeNUTb MeXJy IUeCTbIO JIHIAMU IBe pasHble MyTeBKH B ca-
HaTopH#?

§ 11.5. Coueranus

Couemanuem u3 OanHbix n 3aremenmo8 no k Hasvisaemces
KAKas-aubo epynna, cocmoawas u3 R 9mux - asemenmos
(e<n). ‘
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Hanpumep, n3 Tpex 3JIeMEHTOB Xx,, X,, X3 MOMHO cOCTa-
BHTb CJI€AYIOIME COYeTaHHs MO ABa:

X1y xzv
Xi, X
xz: xs

)lpyrnx coueTaHHH H3 paCCManHBaeMHX Tpe€X 3JIEMEHTOB MO
aBa Het. Bor ele coueraHus mno TPH U3 YEThIPpEX 3JIEMEHTOB
X1, xZ) xa» x43

xz: X3, xdr

xl’ xa, x41

xh xz: x«h

X1, Xa X3.

[Topuepknem, uto noHsATHe coueTaHus 9Bﬂ3aHo ¢ pac-
MoJIOXKeHHeM (MOPSAKOM) 3JIEMEHTOB. Ecmn B’ JaHHOM coye-
TAHWU NePecTaBHTb KaKHUM-IHG0 06pasoM €ro SJ/IEMEHTEI, TO
OHO (KaK cOYyeTaHHe) He H3MEHHTCH.

KosnnyectBo couetanuii w3 n ajgeMeHTOB no k (k<<n)
oGo3HauaeTcsi cuMBOJIOM Ck: coueranne noO-ppaHIy3CKH —
combinaison.

CnpaBensuBa ¢opmyJia

v An _ n(a—=1)...(n—k+1) _  nl
C"_P_,,_ ] TR (n—A)L" (13)

B camoM jpene, B KaAOM COYETaHHH H3 NI 3JIEMEHTOB
no kK MOXHO NPOM3BECTH BCEBO3MOXKHBIE mepecTaHOBKH. Kosu-
yeCTBO WX paBHO P,=k!, a KonMuecTBO BCeX COYETaHHUM
paBHo C%. OueBHjiHO,

Aﬁ = Cﬁpk,

OTOMYy 4TO mepefHpasi BCe COYETAHMAA M CAeNaB B KaXiIOM
U3 HUX P, NepecTaHOBOK, MNOJYYHM BCEBO3MOXKHBIE Da3me-
HIEHHA M3 n 3jJeMeHTOB No k. ItuM dopmyaa (13) nokasana.

YIOPAXHEHHKA

1. BuinuuuTte Bce coueTanuss M3 3MEMEHTOB Xj, X,, Xg,
X4, Xs 1O JBA.

2. CKONbKHMH BO3MOXXHBIMH CNOCO6aMH MOXKHO NMpPUCYIHTD
CeMH JIHIAM OJMHAKOBble NpeMUH?

3. CKOJbKHMM BO3MOMHBIMH CHOCOGaMH MOXHO pacrmpe-
DeJIHTb MEXAY LIeCTbi0 JMLaMd ABE OJHHAKOBble NYTEBKH
B CaHaTOPHM? -
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§ 11.6. CBA3b ¢ GHHOMHMAJbLHBIMH KO3((HLUHEHTaAMH.
Hpyroii BoiBoa dopmyanst 6uHoma HbloTona

Yucna C; Mbl HasBanu B 0. 11.2 GUHOMHAIBHBIME KO3()-

¢dHIHeHTaMH, NMOTOMY YTO OHH BXOJAT B pas3/oxeHHe GHHOMa
Hbiorona

(a+x)"= k§0 Cran—kx* (14)

Kak KO3hHLUHEHTH npu a™ Fxk.

Koneuno, gopmyny (14) MOXHO BbIBECTH KOMGHHATODHBIM
nyteM. [l aroro mpeacTaBuM ee JIEBYIO 4YacTb B CJeAyio-
HieM BHJE:

(@+x)@+x,) ... (@a+x,), (15)

rie OTIeNbHBIM X, BXOASLIUM B TpPOM3BeleHHe, NpHIHCAH
OTHeNbHBII HOMEp, HEeCMOTPA Ha TO YTO BCe OHH paBHbI
X=X, =...=X,=X.

Packpoem B (15) ckoGku

@+xr=@+x)...(a+x,)=
=a"+a* (XX ...+ x,)+
a2 (X X+ XX+ X x,)
Far (X Xyt v Xy Xpaa X)) e Xy L X, (16)
3amMeHUB Bce X, Ha X, NOJYUHM
(@t+x)r=a*+Cra"" x4+ Cha"~ 22+ ... + Cix",

T. €. dopmyay (14).

B camom Jese, KOMIHYECTBO C/1araeMbiX B NepBbIX CKOOKax
(npaBoii wactu (16)) paBHO n (Kaxjaoe cjaraeMoe PaBHO X).
Cnaraemble BO BTOPHIX CKOGKaX CyTb BCEBO3MOXKHBIE COYeTa-
HHSl W3 N 3JEMeHTOB X, ..., X, MO JBa, KOJMYECTBO HX
paBuo C% (kaxpoe u3 HuX paBHO x?). Cnaraemble B TpeTbuX
CKOOKaX CyTb BCEBO3MOXKHBIE COUETAHHS U3 YKa3aHHBIX N 3Je-
MEHTOB 1O TPH (Kax10e U3 HHX PaBHO x°) W T. A.

§ 11.7. BeposiTHOCTb COOBITHS

[NpuBegeM npuMepbl, Ha KOTOPBLIX Mbl BBISICHHM IIOHATHE
BEPOSITHOCTH.

lpumep 1. M3 amuxa, rae 6biio 2 uepHelX u 5 Ge-
JLIX 1DapoB, BLIHYT Hayraa onue map. Huxe mbl BBOAMM
YHCJI0, KOTOPOE HA3blBAETCA BEPOATHOCTbIO TOTO, YTO BHIHYT
YepHLIH map.
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Ins yno6eTBa pacCyKAeHHsl NpeacTaBuM cebe, 4TO LIApHI
B siliiike nepeHyMepoBaHbl. Bo3MOXKHBI 7 pa3/IMYHBIX CJy4aeB:
MBI MOTJIM BBIHYTb NepBblil 1rap, Ju6o Bropoi, gu60 TpeTHH
¥ T. 1., Ju6o, HakoHen, ceibMoH 1wap. Bce a3t cayuyan
PaBHOBO3MOXHEI, M OJIMH M3 HHUX JIoJuKeH mpousofitd. [Tosromy
FOBODSIT, YTO OHM PAaBHOBO3MOXHBI M €IHMHCTBEHHO BO3MOXHHI.

C zpyroit CTOpPOHH!, TOMBLKO 2 M3 7 yKasaHHbIX (paBHO-
BO3MOXKHBIX M €IHHCTBEHHO BO3MOXHBIX) cJy4aeB O6JaronpH-
ATCTBYIOT COOLITHIO, 3aKJ/IOyalomeMycss B TOM, 4YTO BBEIHYT
gepHbifl wap. OrHoweHue 2 K 7 U Ha3bIBAETCS 86POAMHOCTIbIO
yKasanHoeo cobbimus.

TaknuM 06pasoM, BEPOSTHOCTb TOro, YTO NPH YKa3aHHBIX

- o 2
06CTOATENECTBAX BEIHYT YePHBI wwap, paBHa P == .

[Ipumep 2. M3 gmuka, rie 6ui10 3 uepHux U b Genbix
[apoB, BHIHYTO Hayraj ABa lapa. KakoBa BepOATHOCTb, YTO
o0a mapa yepHble?

Pemenune. ChoBa ana ymo6etBa GyneM cYUTaTh, YTO
Waphbl B sllHKe NepeHyMepoBaHbl KosnyecTBO BCeBO3MOMKHBIX
crnocoGoB BHIEMKH M3 flMKA JIBYX LIAPOB PaBHO YHCJY COYe-
TaHul U3 8 sJeMeHTOB no 2:

_'_ 2_8‘7_
n=C_C =13 28.
VYKa3aHHble CNOCOOLI PaBHOBO3MOXHBI M €IMHCTBEHHO BO3-
MOXHBI.
3.2

Tonbko m=C%= Wi 3 M3 yKasaHHBIX Ccroco6oB Giaro-

NPUATCTBYIOT COOBITHIO, 3aKJIOYalOUEeMycs B TOM, WTO BHIHYTHI
Ha camoM JeJle 1Ba YepHBIX wiapa. Hanpumep, ecmu cuutats,
YTO uepHble lIapbl HMetoT HOMepa 1, 2, 3, TO 3TO CcrOCOGHI,

cooTBeTcTBYlone covetanuam (1, 2), (1, 3), (2, 3).

Uuceno P=%=2—38 M Ha3blBaeTCsl BEPOSITHOCTBIO TOTO, YTO
MPH yKa3aHHBIX 06GCIOATENbCTBAX BLIHYTO 2 YepHBIX luapa.

[Tpumep 3. B mepBoM psany Teatpa cHIAT 3 KEHIUIUHBI
u 27 myxuuH. KakoBa BepOSITHOCTb, 410 BCE TPH KEHIIUHBI
CHIAT PsAOM?

Pemenne. Bosamoxubl n=30! pasnuyHbIX pacroJsoxe-
HUH (epecTaHOBOK) YKa3aHHBIX JHI B psAly. DTH mepecra-
HOBKH OyJeM CYMTaThb PaBHOBO3MOXKHLIMH. C Apyroil cTOpOHH,
3 JKeHUIMHBI MOTYT 3aHMMaTb MecTa ¢ Homepamu 1, 2, 3 mu6o
c Homepamu 2, 3, 4 u T. ., Ju6GO, HAKOHel, ¢ HOMepaMmH
28, 29, 30. Bcero takux caydaeB 28. Ho B KaxkjoM U3 3THX
clyyaeB BO3MOXKHBI 3] MepecTaHoOBOK, XapaKTepH3YIOUUX
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pAacroNoKeHHe EHIIMH 1O OTHOWIEHHIO JPYr K Apyry.
Kaxno#i Takoil mepectaHOBKe cOOTBETCTBYeT 27! nepecrano-
BOK MyXYMH Ha 3aHMMaeMbIX HMH Mecrtax. Crenopatesbio,
KosndectBO nepectaHoBoK (u3 30 qmu!), 6saeonpusmuoix 0an
cobbimus, 3aKJIOYAIOUWETOCS B TOM, UTO 3 JKEHILUIHBI CHUAT
PAIOM, PaBHO

m=28.3127! = 3128

Orciofia c/lenyeT, YTo BEPOSTHOCTb yKa3aHHOrO COGBITHSI

pom_3128 6 _ 1
T T 300 ~ 29.30 145° .

3ameuanune. C TOUKH 3peHHUS TEOPUH BEPOATHOCTEH
B JaHHOM NpHMepe PaccMOTPeHO cayuatinoe cobeimue A, 3a-
KJoyaiolieecss B TOM, YTO B NEPBOM psAY TeaTpa Bce TPH
JKEeHIUMHB OKas3aJjHCh CHAALIMMU BMecTe. DTO COBGBITHE MOMKST
MPOU30HTH ¥ HE TNPOU3OHTH 8 DASAUUKBLY B03MONCHBLY CAYMAAX,
KOMmopsle NPeONnOAONCEHb! PABHOBOSMONCHOIMU U eOUHCINGEHHO
803MOJCHbIMU. B JaHHOM npuMepe OTAENbHBIM BO3MOM(HBIM CJIy-
yaeM siBiseTcs nepectaHoBka u3 30 sun. KosnuectBo Takux
PaBHOBO3MOXKHEIX cJyYaeB paBHO n. HekoTtopele M3 3THX
cayyaeB, KakK TOBOPSIT, Oaaeonpuammue. cobbimuro A: ecnu
npousoijieT OAMH M3 HHUX, TO OyJET MMEeTb MeCTO cOObITHE A.

IlycTb m—KOJHYECTBO TaKUX CJy4aeB.

B nanHoM mnpumepe cayvasmu, 6GaaroNpHATHLIMH COOBI-
THIO A, ABJIAIOTCA Te mepecTaHOBKH (pacrnosoxenns) u3 30
YKa3aHHBIX JIML, NpPHU KOTOPHIX BCcE€ TPHU KEHUWHUHLI CHIUAT
BMeCTe.

Mo onpenenenuio sepoammnocmoto P coboimus A HasbiBaetcs
YHUCJI0

m
P=

rje 71— KOJHYECTBO €IWHCTBEHHO BO3MOXKHLIX, PaBHOBO3MOXK-
HBIX CJy4yaeB, a fm— KOJMYECTBO 3THX cJlyuaeB, 6Jaronpusrt-
CTBYIOIUX COOBITHIO A.

Mpumep 4. M3 ypuel, rge Haxoasrcs 10 Geaslx H
10 yepHbIX 1WApoB, BHIHMUMAIOT Hayraj 3 uapa. Kakas sepo-
ATHOCTb TOTrO, YTO GyAeT BblHYTO a) 3 Gesbix mapa? 6) 1 Ge-
JbIi M 2 uepHBIX Wlapa?

Pemenue. PaBHOBO3MOXHEIMU C/Iy4yasMH 3J1eCb OYyRyT
coueranusi us 20 wapos no 3. KosnuecTBO HX paBHO

s _ 20-19:18

n= 20=——3—!——-.
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Cpeau STHX coueTaHuit Gharonpnﬂmux coObITHIO a) 6ymer
10-9.8
Cm-— 3[ ’
OTKyJa

bnaronpuaTHBIX e coObiTHIO 6) coueTaHuil Oyjer
m=10-Ch=10. 152 = 450,

OTKYyZa
p=" 450.6 15

'—_—.._.._.___—__.._.

20-19.18  38°
VINPA)XHEHHA

1. Uemy paBHa BepOSiITHOCTb TOro, 4YTO cJaydYaiiHasi mnepe-
cranoBka u3 nmudp O, 1, 2, 3 obpa3yer uerbipex3HaUHOe
yHcso (T. €. He HauuHaerca c¢ uugps 0)?

2. B rpynne 32 yuyeHuka. JIBoe M3 HHX BBHIOpaHbI COBCEM
c/yyailHO M NocakeHbl Ha nepByio ckamblo. KakoBa Bepost-
HOCTb TOro, 94T0 06a OHH 3HAuarcsi B CIMCKE I'PYMNNbl CPeiH
nepBbIX AECATH YYeHHKOB?

3. INonoxeHne NJIOCKOCTH B NPOCTPAHCTBE OMpeeseTcs
TpeMsi TOYKaMM, He JieXalluMH Ha ONHOH mpsiMofi. CKOJbKO
pas/HUHbIX NJIOCKOCTEH MOKHO MDOBECTH Yepes Kaxible TPH
TOUKH, NMPHHAJJexKallye K 3ajaHHOM cucreMe H3 1) 4 TOuek,
2) 7 Ttouek, 3) 10 Touek, ecii HUKaKHe TPH TOUKH He JieKaT
Ha OJHO# npamoﬁ M HHKaKHe 4 TOYKH He JieXaT Ha OJHOi
TNJIOCKOCTH?

4, 3anoMHHTe ONpefie/IeHHsl NEPECTaHOBOK, pasMeLICHH#
0 coueTaHUH H GOpPMyJabl MX KOJHYECTB.

YCBOHTb NOHATHE BEPOATHOCTH COOBLITHS Ha NMpPHBEJEHHBIX
npuMepax.



TJIABA 12
KOMIUVIEKCHBIE YHCJIA

§ 12.1. TloHsAAITHE KOMMJEKCHOrO YMCIA
Paccmorpum ypaBhenne
x—2x+4=0. N

anMEHHB K HEMY H3BECTHOE IMpaBUJIO HAXOXIEHHSA KOpHCﬁ
KBaJIpaTHOro ypaBHE€HHA, MNOJAYYUM (bOpMaJIbHO BbIpa>KeHud

x1.2=1 :tV_—3, 2)
KOTOpble ellle 3aMHCHIBAIOT CJEAYIOLHM 06pasoMi
X, ,=1x£V3i (i=V=0). (2"

Ho MH He NOJYYHAH JefCTBUTENBHOrO peilleHHs, Benp V —3
He ecTb JeficTBMTeNbHOE uHucso. He cymiectByer jeiicTB-
TEJILHOTO 4MCJa, KBajpaT KOTOpPOro paBeH —3. OjHako
BLIpaXKEHHA BHIA (2) OKasaJuch MNOJESHHMH B MaTeMaTHKe,
XOTA OHH W He SABJIAOTCA NefCTBHTENbHLIMH 4Hcamu. WX
HA3LIBAIOT KOMNACKCHOIMU YUCAAMU. :

ITo onpenenennio KOMNACKCHOLM YUCAOM HO3bIGALMCS 6bLPA-
gHenue

a+ bi, 3)
rie @ U b— nefcTBUTENIbHLIE UHCA, a { — CleNHaJbHBIH 3HAK,
Ipy 3TOM HAJ0 YYeCTb CJeAYIOLlke COrJIAlIeHH:

1) ?=—1, 4)
2) a+0i=a, )]
3) 04 bi =bi, (6)
4) paBenctBo a-bi=c-di, rge a, b, ¢, d— peficTBu-
TeJbHble 4YHCJa, MMEET MECTO TOTAa M TOJbKO TOrAa, Koria

a=c¢ u b=d,
5) ¢ BhipaxeHHsiMH (3) MOXKHO IPOH3BOIAHTL apH(pMeTH-

YeckHue ONepauuy Mo NpaBWJIaM, KOTOphlE MPHHATH AJs Gyk-
BEHHBIX BhIpaXieHUW# B agarebpe.
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Yucnmo O bi=0>bl Ha3LIBAETCHA MHUMbBIM WJIH  HUCHO
MHUMbIM.

Hs cxasaHHOro cJjepyer, 4Yto Jiofoe JAeHCTBHTENbHOE
YKCJIO @ eCTb YacTHBIA cjyuyall KOMIUIEKCHOro uucia. Benb Ha
OCHOBaHHH 2) €ro MOXHO 3anucatb B Buje a =a-+ 0i. B vacr-
Hocth, 0=0-0{, Ho Toraa, ecau a-+bi=0, 10 a4 bi=
= 0407, cneynoBatenbHo,

a=b=0.

Takum obGpasoM, komnaexcHoe uucao a--bi pasno HYyao
moeda u moasko moeda, koeda a=0 u b=0.

M3 cornawenns 5) caepyer, yto npu apHpMeTHYECKHX
JeACTBUAX HaZ KOMIJIEKCHBIMH YHCJaMHM 3aKOHHO JeJaTh
caefyioue npeoGpasoBaHus:

(@a+ b))+ (c+di)y=(a+ )+ (b+4d) i,
(@4 bi)—(c+di)=(a—c)+ (b—d) i,
(@ bi) (¢ + di) = ac+ bei + adi — bd = (ac —bd) + (bc + ad) i,
atbi _ (a+bi)c—di)  act+bd , cbo—ad , )
Fd — erd o=~ aya TEyah ctdis0.

Mbl BHAEM, YTO CyMMa, pasHOCTb, NMpPOW3REJEHHE M YaCTHOE
(rae JenuTeJb He paBeH HYJIO) KOMIJIEKCHBIX YHCEN €CTb,
B CBOIO OYepelb, KOMIJIEKCHOe YHCJIO.
ITpumenp.
Ihi (402 (1—=D42 _,

1—i 1=z — 2

3amertum eme, 4To H3 (4) caepyer:)
P=l=—i *=i%=]1,
P=ii=i, P=i*=—1,...
KomnniekcHble uHc/aa Hepelko 0603HayaloT OXHOH GYKBOM.
[Tuwyt
z2=a-}bi
¥ TOBOPAT: 3aJaHO KOMIJIEKCHOE YHCJO Z.

Yucsio a HasbiBAIOT OelicrmeumenvHol 4acmeio 2 1 0603Ha-
4aloT TaKi

Rez=aq,
YHCJIO K€ b HA3HBAIOT MHUMOU uacmbto 2 B 0603HAYAIOT TaK!
Imz=0;
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reel —no ¢paHuyscku peasbHbIN, JeficTBUTENBHBIN, imagi-
naire —MHHMBIH, BOOGpaXKaeMbli.

Kak Buaute, Hamo pasiuyath TepMMHE MHHMas uYacThb
KOMIIJIEKCHOTO YHCJIa M MHHMMO€ 4HcJ0o. MHHMMas yacTb Komi-
JIEKCHOTO 4Hc/1a a—+ bi ecTb IEACTBHTENbHOE YHCIO b.

Ilo onpenenenuto, ecan z = a + bi ecTb KOMIJIEKCHOE YHCJIO
(@, b— neficTBuTeNIbHBIE), TO a—bi HasbLIBAOT emy Conpa-
OCEHHbIM 4UCAOM W THIUYT 2 =a—bi.

Koneuno, eciu b=0, T.e. ecim Ha camom Jnene 2 ecThb
JeACTBUTENILHOE YHCJIO, TO 2= 2.

Uncna z ¥ 2 B3aHMHO CONPSXKEHb APYT C APYrOM.

YIIPA)XHEHU
1. Tlpusectu K Buny a--bi, e @ u b— feficTBHTE/IbHbIE,
CJeAyIOmHe KOMIJIEKCHBIE YHCJIA:
1 1 1 1
D+, 2 )

i T+i°* =i
5) ' — 22 4i—1, 6)l+ri+ﬁ,
T) &4 2 24t 8 oo,

2. YOenuThCa B TOM, 4TO

a) yucaa % =+ in i YIOBJIETBOPAIOT ypaBHEHHIO X%+ x -

+1=0; 6) uncaa 1 4= { yROBJETBOPAIOT ypaBHeHHIO x*— 2x-+
+2=0. ‘
3. BoluHCAUTD BBEIpaXKeHH

(e+) (x—0), (1—i)*

4. Tlokasatb, 4T0 U+ v=Uu-+0, U—UV=U—70, 1€ UV —
TIPOU3BOJIbHBIE KOMIIJIEKCHBIE YHCJIA.

§ 12.2. YpaBHeHne x2==¢

[MocraBum 3amauy. 3anaHo ypaBHeHHe
x=c, (7)

rje ¢— aeHcTBuTeNbHOE Yics0. TpeGyeTcsl pelnTb €ro B KOMI-
JIEKCHBIX YHCJIaX, T. €. HafiTH BCe KOMIJIeKcHble x=a -+ fi,
KOTOpble YIOBJIETBOPAIOT ypaBHenuio (7).

Bynem paccyknatb, Kak ofbiuHO. JlonycTuM, 4TO CyILECT-
ByeT KOMIJIEKCHOE YHCI0 X =0 + Pl (@ u P— pelicTBUTENh-
Hble), yroBJjerBopswomee ypaBHeHuio (7). IlopcraBum ero B
¢(7) n Gyzem gmenaThb 3aKOHHBIE JIs KOMIJIEKCHBIX YHCE]1
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npeo6pasoBaHu sl
(@+Bi)*=c,
a?—p2+ 2afi=o0.
Tak kak c— JeHCTBHTEJIbHOE YHCJIO, TO
at—fi=¢c, 208=0. 8)

U3 BToporo paseHctBa B -(8) cienpyer, uto mo KpafiHedl Mepe
OIHO M3 yucen o, B paBHO HyJlO.

INycte ¢=0, Torna a?—p2=0n a*=p2=0, T.e. a=P=0.

ITyete ¢> 0. Tak kak u3 BTOpOro ypasHeHHs (2) cJe-
JyeT, YTO OJHO M3 4ucesa o,  paBHO HyJMIO, TO M3 MEPBOro
cnepyer, uyto f=0, ¥ MB NONYYHM ypaBHeHHe a?=C, TJe
Hallo MCKaThb JeHCTBHTEJbHblE YHCJIA C. DTO YPABHEHHE MMeeT
IBa peleHHs (KOpHA):

a==+Ve,

rue VE—- apmbme'm!lecxoe SHau€HHe KBaJApATHOro KOpHA H3 C.

Mu nonyunmu x=+V .
Ecan tenepp ¢ < 0, To npuiercs 3ak/o4uTh, 4to =0,
a fps£0, u Torpa —P2=c umm P2=—c >0, otkyaa

p==xV—c

", clemoBaTesbHO, Xx= 4V —ci.
Mbl pewmsiM NOCTaBJEHHYIO 3ajauy: ecau ¢ > 0, TO ypas-

Henue (7) MMeeT ABa JeHCTBHTeNbHHIX pemenus =4V ¢ u
KOMIIVIEKCHBIX pellleHHd He uMeer, ecad xe ¢ <0, T0 ypas-

venue (7) HMeeT JBa YHCTO MHHMBIX pelleHus =V —ci,
a JIeHCTBUTENIbHBIX pelleHHH He uMeeT; npu c¢=0 HmeeTcs
TOJILKO OJHO pemnenne: x=0.

3ameuyaHnue. Jlio6oe KOMMJEKCHOE YHCJIO X, YIOBJET-
popsiollee ypaBHeHHIO (7), Ha3bIBAIOT KODHEM KBaJpatHLIM

i3 uMcaa ¢ H o6osHayaloT cumBosioM V¢, Mbl jokasanu, uto
0 npy ¢=0,
Ve={+V7e npuc>0,
+V —cinpu ¢ <0,

rae cnpaBa 3Hak V - NOHHMaeETCA B CMbICJIE apnq)memqecxoro
3HayeHHA.
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YNPA>XHEHMHWA

1. PeuuTe B KOMIJIEKCHBIX YHCJIaX ypaBHeHHMs:
1) x*=1, 2) x2=—1, 3) x2=9, 4) x*=—9,
5) x*=10, 6) x*=—10.

§ 12.3. TpuMeHeHHe KOMMJIEKCHBIX YHCeN
B KBaJipAaTHbIX ypaBHEHHAX

Paccvorpum kBanpaTHoe ypaBHeHue B o6iieM BHIe
x4 px+qg=0, 9)

rne p B g—3ajaHHble NeHCTBHTE/IbHBIE UMCJIA.

Bynem HckaTb KOMIJIEKCHBiE peLLeHHSi STOTO ypaBHEHHs.
[Tycte KomnnekcHoe 4YHCNO x=a 4 bi sBAsieTCA peleHHeM
(nn KopHeMm) ypaBHeHHs (9).

Hveem

x2+px+f’;+ (q——”Tz) = (x+'%)2=%2—q,

\

5=V 50

Tle cnpaBa CTOHT J06oe KOMIJIEKCHOE YHCJIO, KBaapaT KOTO-
p?
poro paBen - —g.

“Orciona (cM. 3amevyanue B KoHue m. 12.2)
o 2
x1‘2=_—;'il/.pT_q npu %——q>0’
2 2
x1,2=—-g-j; ]/q—pTz npH -%——q<0.

Mgt nostyuns GopMy bl peleHnsl KBaApaTHOTO ypaBHEHHSI.
2
Urak, xBanpatHoe ypaBHeHue (9) B ciyuae, Koria %—
—¢q >0, nMeer mBa HeHCTBHTeNIbHBIX pelleHHs, a B cJyuvae,
2

Korja pT—q < 0,— 1Ba KOMIIEKCHHIX pelleHHs. B cayuae

(10)

2
e %——q=0 OHO HMeeT OJIHO pellleHHe, paBHOe —p/2, HO
CUHTAIOT, YTO W B 3TOM CJyyae pellleHu#l JBa, HO OHH COBMa-
JIAI0T ¥ Ha3bIBAIOT pelleHHe (KopeHb) ypaBHeHUd (9) kpamHoim.
ITycts x, ¥ x,—KODHM KBajpaTHOro ypaBHeHHs (9).
IMokaxem, uto aas Ja06oro AEHCTBUTEJLHOTO X

(x—x) (x—x,) =x*+ px+q. (11)
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3T0 TOXKAECTBO, T. €. "paBeHcTBo BEpPHOE AJS BCeX X B Cay-
yae, KOrja X, ¥ X,— JAEHCTBHUTEJIbHbie KOPHH, YHTaTeNb, HAAO
nosaratb, 3Haer. Ero HasbBaloT pagerHcmeom (MU meope)uou)
Buema. HosTopuM €ro J0Ka3aTejbCTBO;

(x—x) (x—x) =

(e 2 Y T (e 44V E)-
(e = (V Fa) (e 8 (5 1) -

=x*+px+q.

Ilokaxenm Teneps (11), Kogaa x; u ¥, KOMIJIeKcHble, B aTomM
cayyae
2
xz—-——:!: ]/q——t (q—%— >0).
[TosTomy

(e—x,) (r—x) =

———<x+%—— l/q—%zi> (x+§+ ]/q—-%zi)=
- (x+%)&+ (q——’f}) =x+px+q.

Mul pokasanm Toxzecrso (11), rae p U g—mnpousBoOMb-
Hble JleHCTBUTeNbHbIE YUCAA, @ X; U X, — KOpHU ypasHeHHus (1).

HurepecHo, uyto paseHctBo (11) Moxer ObITh 0GOGUIEHO
Ha MHOTOUJIEHBbl JIIOGOH CTeNeHu: BCAKMH MHOrouJsieH

P,(x)=x*4+ax"" 4 ... 4+a,_x+a,
CTENEHH N MOXKeT ObITb NpEACTaBJeH B BHIAE MPOM3BENEHHUS
P,(x)=(x—x) (x—x)...(x—x,),

TIE Xy, X5y ..., X,—UHCJHA, Boo6m,e roBops, KOMIUIEKCHbIE —
KopH# MHoOrouteHa (P,(x)=0; j=1, ..., n). Ecin koap-
(ULHEHTHI a; lleHCTBHTeJIbeIe T KOMIIEKCHEIE KOpPHH X; 06s-
3aTe/IbHO MOMapHO COIpPSKEHBI.

YVIOPA)XHEHUM

1. PelunTb B KOMIJIEKCHBIX YHCJIaX KBaApaTHbIE YPaBHEHH:;
1) #4x4+1=0, 2) »43x+2=0,

3) x#*—5x+6=0, 4) x’—2x—|—5 0. .
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§ 12.4. TeomeTpuyeckoe u300paxeHHe
KOMTLIEKCHBIX YKCeJ

3aganuM B MJOCKOCTH TPSMOYTONBHYIO CHCTEMY KOOpAH-
Har (x, y). Komnnekcroe uneno z=x- yi yRo6HO H30OpaxaThb
Ha MJIOCKOCTH TOYKOH, C KOOpAHHATaMHu (X, y). DTy TOUKY
Ha3bIBalOT TOYKOH 2.

Mbl BuauM, 9TO MMeeT MeCTO B3aMMHO OJHO3HAYyHOE COOT-
BETCTBHE MEXIY TOUKAMH MJIOCKOCTH H KOMIJIEKCHBIMU YHCJIaMH,
T. €. KaX[IOMYy KOMINJEKCHOMY YHCIy CO- 4
OTBETCTBYeT (yKasaHHBIM Ny1eM) ToYKa
MJIOCKOCTH; JBYM pa3HbIM KOMIJIEKCHBIM
YUC/IAM COOTBETCTBYIOT pasHble TOYKH, H g
KamJas TOYKa COOTBETCTBYET (yKa3aHHBIM )

MYyTeM) HEKOTOPOMY KOMIJIEKCHOMY YHCJY. al - -

B cuay storo coorBeTcTBUS KOOPAH-

HATHYIO NJIOCKOCTh HasbIBAIOT ellle KOM- Puc. 120
NACKCHOU NAOCKOCMbIO.

Ha puc. 120 oTMeueHa Touka z=x- {y. BBenem BekTOp

¢ HayajsoM B Hy.JeBod Touke O u xoHuoM B A. [luHa ero

p=V i+
Ha3bIBAETCS Moay/zeﬁt KOMNAEKCHO20 4uUcaa 2. Yron @, 06§a-

3yeMblil BEKTOPOM OA ¢ nono)uTebHO noJIyocblo X (OTCYH-
ThHIBAE€MbIH MPOTHD YacOBOH CTPE/IKH), Ha3bIBAeTC apeyMer-
mom uucia 2.

Takum oO6pasoM, KaxJoe KOMIIEKCHOE YHCJIO 2 HMeeT
CBOH MOAYJb, KOTOPBIH 3aMUCHIBAIOT TaKi

p=|z|,

H aprymesHr o, 3aNyCHIBAEMBIA TaK:

@=Argz.

Ho aprymeHT onpenensiercss HeonHo3HauHo. Ecan ¢ ectsb
aprymeHr z, To ¢+ 2km, rie k=0, =1, 42, ... ectb TOXe
aprymeHT 2. UroObl BHECTH YeTKOCTb B 3TOT BOINPOC, MOXKHO
MCKaTb apryMeHT 2, yJI0BJIeTBOpsitolIUi HepaBeHCTBY 0l < 2.
Ero o603HayaroT argz M Ha3bIBAIOT 2AA8HbIM 3HAMEHUeM apey-
MEHMA 2 UAH QpeyMeHmom 2 8 NpuseOeHHOM 8ude; argz OJIHO-
3HAYHO ONpeJeJseTcs YUCJAOM 2.

Jlio6oe 3HaueHHe aprymenta z o6o3Hayaercsi yepe3 Argz.
OHo onpenensiercss no popmyJie

Argz=argz+ 2kn,
rpe k—opHo u3 uucen k=0, &1, &2, &3, ...
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OvueBnano,
X=pcose, y=psing,

z=,x+iy=p(cqscp+isinq>). (12)

B cBasu c¢ paseHctBoM (12) roBopsT, uTO KOMNAEKCHOE
HUCAO BANUCAHO 8 MPULOHOMEMPUUecKot gopme.

§ 12.5. loxa3arenabHass ¢opmMa KOMAJIEKCHOTO YHCJA

Bripaxkenne B ckobkax B ¢opmyne (12) § 12.4 oGosua-
YaloT CJeLyIoWHM 06pasoM:

€% = cos ¢ -+ising,
M TOTZA €ro MOXHO 3anncaTb B Go/iee KOMIAKTHOH ¢opme
2=pen, (13)

Ha3LIBAEMOH NO0KA3ameAbHOU (hopMOLl KOMNAEKCHO20 HUCAQ.
OTMeTHM BaKHLIE  CBONCTBA
Y BEJINUHHBL /P ;
|| =|cosp+ising|=
— 2 N2 o —
sepine =V costqtsintp=1
% o=0 npns.qrfxoﬁom Q.
0 TI0KasbBaeT, YTO TOYKa
=¢'® KOMIJIEKCHOH MJIOCKOCTH
HaxoJMTCA Ha OKPYXHOCTH pa-
auyca 1 ¢ neHTpoM B HyJeBOH
TOYKE.,
Pac. 121 Ha puc. 121 enunnumas ox-
pPYXHOCTb pasgieneHa Ha 12 vac-
teii. Ilpu stoM TOuYKa, cooTBeTcTBYIOWAA ¢=0, BXOAHUT
B UHCJIO ToueK JeseHus. Huke npuseseHa ta6muuma Komm-
JIEKCHBIX YHCEJI, COOTBETCTBYIOILUX 3THM TOUKAM.

) 0 /6 /3 n/2 A

w
ol

V3, 1 |4
2

. 3 R 1
iQ LA T — Y 2 i
'3 1 5 —|—2t 2-1— i i

Ecan ¢ HenpepeiBHO Bospactaer oT 0 go 2m, TO KoMmim-
JIEKCHASl TOUKa ‘P HenpepbLlBHO ONMCHLIBAET HAIly OKPYKHOCTD,
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a NpH AajbHellleM BO3PAaCTaHHHM ¢ ToYKa GYAeT MPOAOJKATh
JBHXeHHe N0 OKpyxHocTH. Mmeem
' 219 = (cos @, -+ i sin @, ) (COS @, -} i sin ;) =
=(cos @; oS P,—sin @, sin p,)-4-7 (cos @; sin @,--sinp; cos @,) =
= COS (@5 + @) + i sin (Pi+@s) = el (@+0)
ANS OOLIX .
Mer nokasamu dopmyay
e @1+ 0,) — o0 0l0;

BepHylo - J/1s moOblx ¢; U ¢,. Ho Toraa
€'01 = @i (P1—=Ps+Ps) — ol (P1—P2) plPs

INostomy

itp‘
wMﬂm=£r.

e'0:

IS MOGEIX @; H Q.
3aganuM Temepb JBa KOMIJIEKCHBIX YMCJa, KOTOpBI®
sanucaHel B opMe

2;= €01, 2,=p,e'" (pi, P2 =0).
[Mpoussenenye ux pasHO
2,2, =P, 0,6 @1+,

Tak Kak p,p,2>0, TO MBl MOJNYYHJIH TPHFOHOMETPHYECKOS
NPeJCTaB/IeHHE UHC/IA 2,2,; TIPH 3TOM

[2:2: | =p10. =21 |1 24,
Arg(2,2,) = 01+ ¢, -+ gkn = Argz; + Arg2, + 2km,

rae k—opano us umcen k=0, +1, 42, ...

YTBepxkaaerca, uto cymMa Argz; -+ Argz, oTauyaercs OT
Arg(2;+ 2,) Ha BequuuHY Buaa 2km, riie k— HEKOTOpoe LeJioe
YHCJIO.

[MTonoGHbIM 0GpasoM

A 01 -0, 0
2y P2 € 2 (p2 > )’
ITostomy
| Al _p_ lul
2 Pz |z’

A_rg(%)=(p,—(p2=Argzl—Argz2+ 2k,
rjae k—oaHo u3 uucen k=0, 41, £2,...
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Mbt noKasanu: Mo0yab npPousse0eHus KOMNACKCHBIX HUCER
pasen npoussederuro moOyaeti comHoNCUmenrel, Q apaymenm
npousseder s pasen CYMMe QPeYyMeHImos COMHONCUMenell natoc,
6bimob  modcem, ucao, pasHoe 2km, ede k— o00ro ua wuces k=0,
41, 2, ...

Mbl foKaszann TaKkkKe: MOOYAb 4ACMHO20 KOMNAEKCHOLX
qucen z; U 2, paser 4ACMHOMY MOOYyAel smux wuces, a apey-
MeHM HACHH020 PABeH C MOUHO-
cmoro 0o 2k (k=0, +1, +2, ...)
PASHOCMU QPEYMEHMO8 2, U 2,
(2, = 0).

Yty CymMa KOMNJIEKCHBIX uKces
=X+t hi H  Z=X+ YD
paBHa

0 '7«'": ;-2 TtE, @ 2142, = (%) + i (41 + v.)
Puc. 122 M3 puc. 122 Bupno, uro
panuyc-BeKTOp TOUKH 2;-2,

npencraeaser co6of AMaroHaab napajnesorpamma, NocTpoeH-

HOTO Ha pajMyC-BeKTOpaX ToYeK 2, M 2,. JlJIMHa nuaroHasu
paBHa |2, -2z,|, a LJIMHBI €ro CTOPOH paBHM! |Z,| H |2,|, HO

TOr 1a
|24 2, | <| 2| +] 2],

T. €. MOAYJIb CYMMbl KOMIIJIEKCHBIX UHCEJ He NPEBBIIAeT CYMMBI
HX MopyJefl.

Orciona, Kak CleACTBHE, BEITEKAeT, YTO MOAYJb PasHOCTH
2, U 2, He MeHbllle Pa3HOCTH MOAYJEH z; W 2z,:

|Z, —z, l >|Izll - I%Il-
[Tpumep 1. TlpuBectH KOMMNJIEKCHOE YHCJIO
2=V3+i
K TPUTOEOMETpHUYecKoH ¢opMe.
Pemwenne. Haxonum

121=Y W3+ 1=V T=2.
Ciiej0BaTeNbHO,
SR

Hpn 5TOM CPell: YIJIOB O, YOBJETBOPSIOUUX = HePABEHCTBAM
0<<a<{2m, cyulecTByeT, W MPUTOM €IHHCTBEHHHIH, TaKoH,

4
FAPA
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yTo
V3/2=cosa, 1/2=sina.
OueBugto, a=rmn/6 u ' .
2 =2 (cos (71/6) + i sin (1/6)) = 2e'™/s,
[MTpumep 2. Ipusectu uucso
2=3441

K TPHTOHOMETpPHYECcKoi Qopme.
Pemenune. Haxomum

|2|=V 3+ =5

z=5,(—§-+%i> =5 (cosa -}- i sin o) = Het*

rle o.—yroa, s KOTOPOro
cosa=3/5, sina=4/5. (14)
ByneMm wucKaTb o Cpeiu YNOBJIETBOPSIOMUX HEPABEHCTBY

0<a < 2n. Tak Kak B JaHHOM cayyae coso > 0, sina > 0,
TO 0. HaXOJNHUTCs B nepBoit yerseptu. M3 (14) crenyer: tgo =

T. e. a=arctg=.

o
4
= -3—- )
[Mpuwmep 3. Ilpusectu yucmo

z2=—3(cosa +isina)
K TPUTOHOMETPHYECKOH Qopme.

Pemenune. Ecnu 66l nepes CKOGKOH CTOSJIO I10JIOXKH-
TeJbHOE YMCJIO, TO AAHHOE BhIpaxeHHe M ObuIO Obl TPUTOHO-
MeTpuyeckod (GOpMOH KOMIJIEKCHOrO yHcaa.

Hmeem :

—cosa=cos(n+a), —sin a=sin (v 4 a),
NI03TOMY
—3(cosa +isina)=23(cos (n 4 a) 4 isin (7w + a)) = e (F+a)
¥ Mbl NOJIYYHJIM TPUrOHOMETPHYECKYIO (opMy.

YINPAXHEHUA
1. IlpeacraBHTb B TPUrOHOMETPHYECKOH (opMme uucaal
T

a) 5—4i, 6) 14+2i, B) 4, r) 6i, 1) —2
2. Pemiute B KOMIJIEKCHBIX 9HCJ/aX ypaBHEHHS)
a) x*—1=0, 6) x*+1=0, B) 2?4+ 3x+3=0.



I'JIABA 13
NPHUBJW)XEHHDBIE BbIYHUCJIEHHA

§ 13.1. MouaTtue npubaHKeHHd

Mycts 3agaHo 4HC/IO @ M MaJoO OTIHYaloLleecss OT HOro YHCJIO 4,
KoTOpoe GyjaeM HaswBaTh npubaunceruem 4qucaa a. Byzem npu stom
nucaTh OPHUGIHXKEHHOE paBeHCTBO

axa )

W uNTaTb ero TaK: 4ucA0 a npubAuNeHHO pasno 4ucay a. CHMBOA =~
ecTb 3HaK NpHGIUIKEHHOrO paBeHCcTBa. DyjaeM ewe nucaTh

a—a=Aa
H BeJHYHHY
|Aa|=la—al

HaswIBaTb abcoaromuol nozpewnocmoto npubauscenun (1).
He Bceraa usBecTHO TOuHOe 3HayeHHe a6COJIIOTHOH NMOTPEIIHOCTH 4@,
HO HEpPEAKO H3BECTHO YHUCJO 6, ee npeshialouee,

8 >]Aa|=|a—al, @

HasbiBaeMoe noepewnocmoro npubauscerus (1), HepaBencrso (2) skpu-
BaJIeHTHO JBYM HepaBeHCTBaM

a—8<a<a+ts,

TaK 4TO €CJIH H3BECTHH 8 W @, TO MOXHO CKa3aTh, 9TO @ €CTb HeKOTO-
poe uHcJo, MpHHajJexamee K uHTepBaay (a—90, a+8§).

Ecau H3BecTHO, 4TO a<<a, TO TOBOPAT, 4YTO @& npubausaem a
¢ nHedocmamxom (CRU3Y), a €CJH @a==@a, MO 2080pAMmM, 4Mo a NPubau-
acaem a.c¢ usbeimxom (ceepxy).

Ecau u3BecTHO HepaBeHCTBO (2), To 6yieM TOBOPHTH, YTO MPHGH-
xeHHoe pasencmeo (1) umeem mecmo ¢ mournocmero do O.

[Mpuwmep. [Ipy usmepenun tTemMnepaTypr 60JbHOIO MEHHCK PTYTH
TepmoMeTpa OKasaJcs MexJay oTverkamu 38,6° m 38,7°, Takum o6pa-
som, TeMmnepatypa T ynoBJieTBOpsieT HepaBeHCTBaM

38,6°< T < 38,7°.

Xors TouHOe 3sHayenwe T HeH3BeCTHO, BCe JKe MOXHO HanucaTb NpH-
6/MKeHHble PaBeHCTBa

T~ 38,6°, T 38,79
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€Ka3aB, 4TO OHM HMEIOT MecTO C TOuHOCThi0O A0 0;1; MOXHO eme A06a-
BHTb, 4To 38,6° ecTp npubauxkeHHe CHH3Y, a 38,7°—npuHOJaHMKEHHe
cBepxy uucaa T.
BnpoueM, Ha npakTHKe BMECTO = MHIIYT 3HaK =, T. €. B JIaHHOM
cjlyyae MHWYT
T=38,77 nau T=238,7°

CUHTaA caMo cOBO/ pasyMelOMHUMCA, YTO 3TH PABEHCTBA M HUGIHIKEHHbIE
H NpH TOM B3ATHE C TOYHOCTbIO f0 0,1, T. e, ¢ TOYHOCTBIO O MOCJEA-
Hero sHaka yucaa T.

MMycte a=uay, A102.,, U AJA JI060T0 HATYpadbLHOLO n

aM =0y, Q...
Torpa (cm. § 10.4)
aM<a< a®4 10"
H MOXHO CYHTaTh, YTO MMeeT MeCTO NMpHOJHKEHHOe PaBEHCTBO
ax~a®
¢ ToynocTelo fo 10~7, npu 3TOoM a'™ ecTb NMpPHOGAHKEHHE @ CHH3Y.

MoxHO eme npHOAHKATL JECATHYHYIO ApO6Gb @ C TOYHOCTHIO 10
n-ro 3HaKa ¢ OKpyIJeHHeM. Taxkoe npu6/IHKeHHe ZaeT MOrPewHOCTb

5 - 107m.
Mpumep 1. Caenyomue npuGauxKeHUs
0,(73)=0,7373.,. ~ 0,7, 3)
0,(73) = 0,74, @
0,73651 ~ 0,737 5y

B3ATH C OKPYIJIEHHEM: ecaH mepBas oT6poileHHas nuppa =5, 10 noc-

JejHAfl ocTaBlWwasicd uudpa yBeJHyeHa Ha 1, ecau ke mepBas orGpo-

wexnas nudppa < 5, To ocTaBieHHHE UUOPB He H3MEHEHHI.
Mpu6bamxkenus (3), (4), (5) uMeOT MeCTO COOTBETCTBEHHO € MOTrper-

HOCTAMH 5 * 0,1, 5 0,01, —2-.‘-.)0.001.

§ 13.2. AGconoTHas nOrpewiHoCTh

Teopema 1. Abcoaomnas noepewrocmo npubaudcenud cymmo
U pasHOCmu ulces He Npesuulaem cymmy abCOMOMHbIX NOepewHocmen
npubAUNCeHUd IMux ducen.

JdokaszaTeabcTBO, JlaHb NpUOIHMKEHHA @ ~ a, b ~b. Toraa
npubaHKeHHe

atb~atb
HMeeT aGCOJIIOTHYIO MOTPEMIHOCTh
|A(@+b)|=](a@ + b)—(a+ b)|=]Aa + Ab|<|Aa|+4|Ab],

4T0 H TpeﬁOBaHOCb AOKas3sarTh,
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[Mpuwmep. Jans npubmmxenns a= 3,728, b~ —0,103, ¢~ 2,107
Bce Tpu ¢ TouHocTMH jo 0,001. Torma nmpuGanxenue

a+b+c = 3,728—0,1034-2,107

HMEET IMOrpelHOoCTh ‘
8 << 0,001 40,001 - 0,001 = 0,003.

§ 13.3. OTHOCHTeNbHASl MOTPEeIIHOCTD

OmHOCUMeAbHOL NOZPEUIHOCbIO NPUGAUIEHUS G ~ @ Ha3biBaeTcd
BeJIHYHHA

~

Aa

- a

2a
a

. ©)

Kowneuno, gBa atH uyncaa pasuele. Ho Mbl cunTaeM, uTto STH gHcJIa
HACTOJIbKO MaJjlo OTJHMYAIOTCH APYT OT APYra, YTO MOXKHO OJHO H3 HHX
3aMeHHTb APYrMM. MoXHO elle CKa3aTb, YTO MBI pacCMaTpHBaeM OTHO-
CHTeJbHEIEe MOTPEMHNOCTH HacTOJNbKO MaJble, YTO HX NPOH3BEAEHHAMH
MOXHO npeHe6peuyb. 3TO BHAHC H3 CJELYIOWHX COOTHOLIEHHH:

20_ta_ay, sa .

a a aa a a
Aa|_|Aa||[Ae_Aa)_|Aa |Aa @®
a ] a a a a

TeopeMa 2. OmHocumesbHan noepeluHocms nPubAUNEHUs npo-
U36e0eHUA UAU HACIMHO20 HUCEA HE NPeSbiluaern CYMMY OMHOCUIMEAbHOIK
noepewocmeli npubAUNeHUE SMUX 4licen:

A (ab)

Aa Ab
@ |<| 7 +|T|’ ©)
A (a/b) Aa Ab
ol il +|T|° (10

HDokasateanctBo. [lycts a = a, b~ b. Torga cuntaeM ab=~

a _a
~ab, — = —. Otkyza
b b

A(@h) (a+Aa) (b Ab)—ab_ bAa-aAb-pAadb
ab ab - ab -

Aa  Ab , Aa Ab__Aa |, Ab
=atTtT 3T tT

IMocnexgHee paBeHCTBO HAMHCAHO C TOYHOCTBIO JO TNPOH3BELEHHS
Aa Ab
| a. b

l . CaegoBaredbHo,

A (ab)
ab

el

Aa
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H MB Jokasaan (9). Hanee,

atAa_ a
Aa/t) _b+Ab b _bAa—aAb_bAa—aAb_
a/b a/b a(b+Ab) ab

bAa —-aAb Aa  Ab

ab a [

3zech YeTBepTOE PaBEHCTBO 3aNMHCAHO C MOTPEIUHOCTHIO, OLEHHBa-
eMOll BeJMYHHAMH, KOTOPHIMH MBI YCJIOBHIIHCH npeHe6peqb—npousBe-
JeHHSMH OTHOCHTEJbHBIX NOTpewHccTedl uucea a, b. Bemp
bAa—aAb bAa—-aAb__bAa—aAb( 1 1 >

ab ab a b b
bAa—aAbAb Aa Ab Ab Ab

=222

a b a b b b

§ 13.4. BoluncieHHe npou3BeeHUs M YACTHOTO

B § 10.7 oTmeuasoch, YyTo NpH NPaKTHYECKOM YMHOMEHHH H Je-
JIEHMH JBYX JeCATHYHBIX ApoGeil

=0y, a0z..s, B=Po, Bifs... (12)
B KayecTBe MX NPHOJHxKeHHI GepyT KOHEuHHE JAeCATHYHBE APOGH
a(m)=a07 Agevey Op,y ﬁ(n)=BOr Bl"" Bl,l‘
Ho uyTo6H MOJyuHTb AOCTaTOYHO XOpollHe NPHOIHMKEHHS
a atm)
~ qlm)pn) —_— ———
ab =~ atmpm, 5N T (13)

He 3arpoMoxJasl BBHIYHCJIEHHS H3JHUWHHMH BBIKJafKaMH, Hajo yMeJo
nofo6paTh HaTypaJibHble m H 7 B 3aBHCHMOCTH OT CTPYKTYDHI RAHHBIX
yucen a, b.

Hapo 3HaTh, KakHe UM(pDPHl CJAeAyeT OCTAaBHTb NMPH MPHGOJIHKEHUH,
yTo6Bl NOJMYYHTh ONTHMAaJbHHIN (HauJydwHil) pesyJabTaT, T. €. TakoH,
yToGH NPHOMHKEHHE 6blJIO O BO3MOXXHOCTH TOYHee H BBIUHCJEHHS GblJIH
skoHOMHYHee, TOUHOCTh BHIUMC/IEHH HAXOAUTCH B MPOTHBOPEYHH C TPO-
CTOTOH BBHIYMCJAEeHHS. DOJblias TOYHOCTb CBf3aHa € ymoTpebieHueM
60JibllIer0 KoJinyecTBa IHppP, MeHbwas TpeGyeT yHOTpeGJeHHSA MeHb-
Hlero KoJjuyecTBa UHGP, €CJay BHIYHCJIEHHE NMPOH3BOAUTCA NMPABHJBHO.

Yrto6sl NpaBHJAbHO NMPHOJMKEHHO YMHOXKAThb H JeJHTb YuCJa, Hajo
NpaBHJILHO OKPYIJsATh HX.

Huxe ¢opMyaHpyeTcs NPaBHIO NPHOIHNKEHHOTO BBIYHCJEHHS yM-
HOXEHHS H JeJIeHHS ulceJ, 3afaHHBIX AEeCATHYHBLIMH ApoGsMH. B Hem
ynorpe6/iserca MOHATHE 3Havauwled OUPPH, KOTOpoe O6hJO BBeJEHO
B § 4.7. [ToBTOpUM ONpejesieHHe 3TOrO NOHATHA.

Snavauumu yuppanu e decamuunoi dpoﬁu Hasviearomen ee nepeas
OMAUUHAA OM HYAR yuppa u caedyouue 3a Hewd yugpoL.

Haupumep, B uucae 33000 Bce uudpsl 3Hauamue, B yncae 0,3001
Bce UHDpH nNoche 3anATod 3Havamue, B unciae ke 0,000302 mudpsl,
HauMHasg ¢ 3, 3Hayalulue.

Orcpye/zumb HUCA0 C MO4HOCmbl0 G0 k-U 3Hauaujed yugppo—mo 3xa-
HUM OKpYeAumb €20 C MO4HOCcmor 00 mo20 3HAKA, ede Haxodumcs k-2
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snauawjas yugpa. Hanpumep, caepyiomne npuGAHKeHHA B3ATH C TOY-
HOCTbIO [0 3-H 3Hauawed wuPppH:
235678 ~ 236000, 2,70315 ~ 2,70, 0,002031 ~ 0,00203.
[TpaBuno., Ymobwu evuucaume npubiuscenno npousgedexnue uau
HACMHOZ NOAOHUMEAbHBIX HlUCes € MOYHOCMb0 00 k-t 3Hauawed yugpet,
HAOO 0KpY2AUMb SMU YUCAQ C YKASAHHOL MOYHOCMBIO, NEPEMHONCUMb UAL
pazdeaiimp NOAYHeHHble NPUBAUNCEHUS U PE3YAbMANM OKPYSALMb C MOY-
nocmoto 0o k-G sHavawed yudpe.
- a

a
IMonyyennnie npubauxenus ab =~ ab, -

HMEIOT rapaHTHpoO-

BaHHYI0 OTHOCHTEJbHYIO MorpewHocts 10%-1,
[Tpumep. Iycts a=135,78, 5=0,0068751. Briyncauts npH-
GJIHXKEHHO ab, %, — © TOUHOCTbIO JO TpeTbed 3Hayawed uUGpBL

KakoBbl a6coJOTHBIE MOTPEMIHOCTH 3THX NPHOJHXKEHHIP
Pewenune C noMowsio KajbKyJdsTopa BbHIYHCIHM

ab ~ 136.0,00688 =0,93568 ~ 0,936,

a 136
TR 0,00688=19767'4"' =~ 19800;
b 5] QM8=0,00005058 *)... ~ 0,0000506.
a 136
OrserT. ab= 0,936, % =~ 19800, % =~ 0,0000506 ¢ OTHOCHTE/b-

HeiMH norpewdoctamu 0,01,
B caenyomem naparpage 6yner o60CHOBaHO, YTO, OKPYIJAAA 4HCaa
a, b c TOYHOCTBIO JO TpeTbed 3Hauaumleil UHGPBI, Mbl MOJNYYHM NpHOGIIU-

KeHUSl A~ @, b ~ b C OTHOCHTEJAbHBIMH NOTpEHOCTAMH - 0,01. Ho

TOrfa NPHOIHIKEHHA

-—= a
ab ~ab, — =

Y
QI s

LA
a
6yIyT C FapaHTHPOBAHHOH OTHOCHTEJNbHOH NOrPeHOCTHIO % + 0,01 -
+ -;—- « 0,01 =0,01.

AGCOMOTHbIE MOTPEUIHOCTH 3THX MPHGJHKEHHH OUEHHBAIOTCH Clle-
AyouHumM o6pasom:

|A (ab) | <0,01+]ab| < 0,01-1=0,01;
|A 2 | < 0,01-20000 = 200;

IA %Ig 0,01-0,0001 = 10-6
(0,0000506 < 0,0001).

*) IMocjepuas uuppa 8 HAM HyXHA NI OKpYIJIeHHs; 4TOGH ee
NOJYyYuTb, HaO Ha KaJbKylsaTope pasienuTb 688:135 u nepeasunythb
3anATyIo,
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§ 13.5. OGocnHoBanne npasmia

Jemma. Mycme a > 0— decamuunan Opobs u a—ee oxpyzaenue
¢ moywrnocmero 9o k-i snauawed yugpeor. Toeda npubauserue a ~ a umeem

OMHOCUMEAbHYI0 NOZPEUIHOCME, PABHYI 5 * 10-tk-1);

Aa
a

a—a
a

1
—_— -(k=1)
< 5 10 .

IMpuwmepsn. Crenyomne oKpyraeHHsT YHCeN B3ATH C TOYHOCTHIO
JO HX yYeTBepTOi 3HauaieH nudpLI:

356 273 ~ 356 300, 37,205 ~ 37,21, 0,0020136 ~ 0,002014.

CorniacHo JieMMe OTHOCHTeJbHash MOTPeIHOCTb KaXJOrc H3 3THX
, 1
npuGJaHXeHHll paBHa 5 10-3,

HoxasaTeabcTtBo Jaemmbl. JlaHa JecaTHuyHasa Xpo6b a.
IMycTb ag—ee nepsasi 3Hayamas uudpa. [IpuBeseM a K cTaHZapTHOMY
Buny (§ 4.7). das storo Hago B 1pobGH @ liepeHeCTH 3aMATyIo Tak,
4TOGBl OHa 0Ka3aJaCh HenOCPelICTBEHHO Nocje Og:

a=10ta;, 0gy1Ospane-

3nech 10! —BosHuKaomuii NpH NepeHoce 3amsiTOH MHOXKHTEJb.

Oprrmns @ C TOYHOCTBIO 70 k-ii 3Hauamed LUOPH, NOJYUHM @ =
=10%05, Qgpy-- Qs p-1.

OTHOCHTe/IbHAsl MNOTPEIHOCTh NPHOJHKEHHS @ X~ @ OleHHBaeTcs
CJIeYIOIWHM oﬁpaaoM (MosiCHEHHT HHXKe):

M. a—a 101 0,0.. .0 Asy pOs4ptic.. <
a a 10feag, Olgp1Ossaese
1
— . 1051
T 1 e
< 1 =3 .
1

Mu cokpatuad npo6p Ha 10%; yucsamTesN> He NpeBHIUAeT 7" 10~-1,

Hanee, g, Ogy1Q%sti..» =1, motoMy uto ag==>1 ecTh nmepmas 3Ha-
yamasa uudpa ApobH a. ’
JleMma JoxasaHa.
HepexonnM K oGocHoBaHHI0O mpaBuja. ITycte axda, b, rae

a, b—OKDYIJIeHHs COOTBETCTBEHHO a M b ¢ TOUHOCTbIO ZO k-i gHaya-
weit wagpel. Torpa no Jemme

Aa <—IO (k-1 ﬁb”. <%10-(k-1)
H no Teopeme 2
Iéﬂ _al_l_ _Ab_b < 10~&-D),
A‘:%b) %l_l_ _Ab_b, < 10-¢-D,
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OcTaercsi 3aMeTHTb, YTO y MOJIyUeHHBIX MNPU TMOMOILH MHKPOKA&Jb-
. = a
KyJsaTopa ApoGeil, BblpamamoWux NpHOIHKEHHO ab U —F-' Hajo ocCTa-

BHTb k 3HayauMx IHPpP, a ocTajdbHble UH(PH BeYEPKHYTh, Ecau Hx
OCTaBHUTb, OHH GYAYT TOJNBKO 3arpOMOXJAATb pe3yJ/bTaT, HO HCTHHHOTO
yayuuleHus He AafyT.

YIOPAXHEHHUA

1. OKpyrauTh yucaa:
a=353,803 no 4-it sHavameit undpH,
5=0,003071 mo 3-ii sHavaweh LHpPH,
¢=0,000209 po 2-ii sHayame# wLuPpHI,
d=251672 mo 3-i sHauaueil wuppH,
e=2353803 mo 4-it smavameil nudpH.

a b
2. Boluncauts ab, 7 7 ¢ OTHOCHTeJIbHOH morpeluHocToio 10-2,

c d
8. BuiuHcantb cd, T 7 ¢ OTHOCHTeJbHOH morpemsocteio 0,1,



AONOJIHUTEJIbHBIE YNPA)XHEHUSA

K raase 1, rnase 2

1. ITo uenoukam ¢yHKHMH HamucaTb COOTBETCTBYIOLLYIO
CNOXKHYIO (DYHKLHUIO H, NOJbL3YsACh 0GO3HAYEHHSIMH, NPHBeJIeH-
HeiMU B § 1.2, ykasaTb ofnacTi 3ajaHus 3TOH GYHKLHH;

1) y=cosu, u=2x. 2) y=e*, u=23x.

3) y=¢e*, u=x% 4) y=et, u=-=—=x.

5) y=sinu, u=3x+1.

6) y=u?, u=20"+1, v=x—1.

7) szg, v=14u, u=x2

8) y=Vv, v=1—u, u=x

9 y=Inu, u=V"v, v=1—1t, t=x

2. Kak B npumepax k § 3.9, caenyiomye GyHKUMU npen-
CTaBUTL B BHJE LIeNOYEK NMPOCTEHIINX 371eMEHTAPHRIX (DYHKUUE

1) y=¢**. 2) y=sindx. 3) y=sin(2x+1).

4) y=(@x+1)° 5) y=InVT1—x2 6) y=In®*(14x).

7) y=sin®x% 8) y=¢>**3. Q) y=cos?2x.

10) y=sin®x% 11) y=e®**3  12) y=cos?2x.

13) y= s 19 y=

3. Y6emutbcs B TOM, YTO TNpuUBEIEHHBIE Bbille (YHKIHH
CYTb 3JIeMEHTApHble (PYHKUMH, W, HOJb3yACh OGO3HAUEHHSAMH,
npuBefeHHLIMH B § 1.2, yKasaTh MHOXecTBa, Ha KOTODPBIX 3TH
(yHKUMH onpenesieHsl.

4. YUro Takoe MHOTOYNEH, JHHeHHasdA (yHKIHA, paLHo-
HaJIbHast QYHKLHS, CJI0XKHASA GYHKIMSA, S/1eMEHTapHAas (PYHKLH AP

K raase 3

1. Kakue u3 npuBeeHHBIX HHXKe NMepeMeHHBIX GECKOHEUHO
MaJjble WM €TPeMATCA K npenenay (Toria K KakoMy?), HJH
BOBCE HE HMEIOT npejeJjia?

DY & PR U R QU 5 1
2 fl, Y _%}, {}i [z
3) {1,1; 1,01; 1,001, ...} ={1410-7},
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i )l

5) {_1’ +1' _l’ }_{(_])n

6) {0,1; 0,11; 0,111; ...y =1{0,1...1}.
W/

2. Kakne u3 npuBeleHHBIX HHXKe MepeMeHHbIX GeCKOHEYHO
Gombuve (ctpeMsaTcsl K GeckoHeuroctn)? CrpeMATCsl /M OHH
K 400 HIH —o0?

ces n}.
2) {1, —2, 3, —4, ...}={(—1""n}.
3) {—1, —2, =3, }—{—n}
1, 1 2, 1 3, 1 4 1, ...}

3. Hpnpameﬂue q)yHKImH y xX* B TOYKe X, COOTBETCT-
ByIOlllee NpHpalleHHIo apryMeHTa Ax, BEIYHCSET s 10 opMmyJie
Ay=(x+ Ax)’—x’

[Tpu 3tom saech x u Ax mobble, T.e. —oo < X, X+ Ax < oo.

Boiyncsuth npupaieHne Ay B TOYKE X, COOTBETCTBYIOILEe
npupatieHuio Ax, A CJAeRYIOUX cpynmmﬁs

1) y=x* 2) y=Inx. 3) y=sin2x.

4) y=x® b)) y=arcsinx. 6) y=tgux.

7) y=(2x+3). 8 y=e*. 9) y=-.
YkasaTb HHTEpBaJbl, KOTOPEIM MOTYT NpHHAAMeXaTh X U Ax.

4, Ecmu yskuus y=f(x) umeer HenpepbiBHbIA rpaduk
Ha OTpesKe (MHTepBaJie), TO ee Ha3bIBAOT HENPEPHIBHOM Ha
3TOoM oTpeske (uHTepBasie). Kak sto Bhlpaxaercs 1) Ha si3bIKe
Ax 1 Ay u 2) Ha s3bike mpeaena GyHKuuU?

5. INoab3sysick ¢opmynamu 1)—10) § 3.8, Hanucars,
uyeMy PaBHBI MPEAEJbI:

1) limx® 2)limlnx. 3) lim arcsinzx.

X2 x->1 x->1/2
4) lim (sinx4cosx). 5) limInx. 6) lin(1) (1+e¥4x).
xX—>10/4 X

x-»et
7) lim tgx. 8) limV T—x 9) lim (s‘"").
*—>71/6 x>l s>\ ¥
K raase 5
1. HapucoBate rpaduk (yHKUMH y=COSX Ha OTpe3Ke
(0,277), mpoBecTH B €ro TOYKax x——-23ﬂ, i;-, 0, %, QT“

KacaTeJNbHble M BbIUMCJIHTb HX YIJIOBblE KO3(DHIHEHTSL.
2. BoluMcaHTbL NpOU3BOJHBIE OT (PYHKLHM:

1) y=x*(2x+1). 2) y=x*sinx. 3)_1/-""’1
4) y=xlnx. bB) y=uxe*. 6) —(xz—l)lnx
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S. NIKOLSKII

ELEMENTS OF MATHEMATICAL
ANALYSIS

This popular little’ book «Elements of mathematical analysis»,
which was issued by publishing House «Nauka» (Moscow 1981) with
mass drawing, is sold off. There are its translations on english (1983)
and spanish (1984) by Editorial «Mir» (Moscow).

. Last time author with his colleagues was intersted to the pro-
blems of mathematical school teaching. There are their attempt text-
books in arithmetic and algebra, which now are passing experiments
in the soviet schools. «Nauka» has issued «Arithmetics»' (1988) by
S. Nikolskii, M. Potapov, N. Reshetnikov, A. Shevkin.

Naturally author has made changes in the second editien of «Ele-
ments of mathematical analysis», using these experiences. New every
person with education for 8 classes of soviet school can read the book
free. The first 8 chapters of the book contain object of algebra for
9—10 classes of soviet school. )

To get this aim was introduced the chapter «Trigonometrical func-
tions». The chapter «Exponential functions» was also changed. The
definition of this function for any real numbers is a difficult question
in school teaching. The author though much before to stop on the
defined way of the teaching of this notion.

Style of the account of the mathematical analysis themselves is
preserved as in the first edition. Notion of the limits is given on
examples, without formal definitions. Generally, the properties of
limits and graphics are considered on the intuitive ground. Graphics
and motion themselves are serving as the ground for fundamental
conclusions. Very shortly are given differential and integral calculus
and their application.

The concluding chapters (9—12) are devoted to the elementary
account of some additional facts which also are important for the full
middle mathematical education—complex numbers, Newton's binom,
combinatoric, Taylor’s formula.

In the USSR this book finds oneself usefull for adult pupils and
of the general and technical schools teachers and even for the students
of the faculties with short mathematical programme.

We hope that this book will be usefull accordingly in the foreign
countries.
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