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IPEMCJ/IOBHE

HacTosmun#t c60pHUK cOCTaB/eH Mg GUBUKO-MATEMATHYECKUX DAKYAb~
TETOB NeJarorMyecKux MHCTUTYTOB. I CuMTaro, 4TO €ro MOXHO HCIOJb~
80BaThb W CTYIEHTaM MEXaHHKO-MaTEeMaTHYECKUX, (PH3HYECKHUX M (PU3HKO-
MaTeMaTHYeCKUX (GaKyAbTETOB yHUBEPCUTETOB. 3a1a9H, TOMeUIEHHbIE B C60Op-~
HUKe, NPEe1/1arajuch MHOIO Ha MPAaKTHYECKNX 3aHATHUAX, KOTOPLIMU 1 PYKOQ-
Boaua ¢ 1932 r. Ha pusnueckom dakynbrere MockoBckoro opieHa JleHuHa
rocynapcTeeHHoro yHusepcuteta um. M. B. Jlomonocosa. Mmesa B Buay
B OCHOBHOM GyIyINEro Yy4uTess, s CTPEMHICS Pa3HOOODAa3UTh 3a1auk H CO
CTOPOHB HMX COINEPXKAaHMS H CO CTOPOHBI METOAOB peureHus. Tak, Hanpumep,
B COOPHHMK BKJIIOYEHH 3a1ayH, CBA3aHHbIE CO CMEXHLIMH IMCLHUIIMHAMHE
C MaTeMaTHYeCKUM aHaAu30M, (GPU3UKON, TeOPEeTHYECKON MEXaHUKOH (3aLaun,
CBSI3aHHbIE C [BWXEHHEM MaTepHaJbHOH TOYKH MNOA AEHCTBHEM WLEHTPajlb-
HOM CHJIbI, IBHKEHHE 3JIEKTPOHAa B MAarHMTHOM MOJIE, 3aayd O pYJ/eTTax,
O paBHOBECHH HHTH, 3aJayd O KayCTHUKE, HEKOTOPhHE BOMPOCH MIOCKO-
napajjiebHOrO ABHXEHHs W T. A.). Takux 3amay CPaBHHUTENBHO HEMHOrO,
HO OHM yKaxyT OyAylleMy YYMTEN0 Ha BO3MOXHhIE NPUJIOXEHHd mud-
¢epeHLnaNbLHON reOMETPUM K TeOpeTHYeCKHM BOMPOCaM CMEXHHIX IuC-
wdmiH.  YTto Kacaetrcs METOZOB pellleHHs, TO B pEUIeHHAX 3anad
npeo6/agaloT B OCHOBHOM aHANMTHYECKHE pelleHHs (YTO COOTBETCTBYET
CcOBpeMeHHOMYy mnpenonaBaHuio AuddepenunansHoli reomerpun). OnoHaxo
K HEKOTODBIM 3a7ayaM JaHhl U CHHTETHYECKHE pellleHHs. DTH pelleHus
NOCTPOEHH Bceraa Ha 6a3e M3BECTHHIX YHTaTeNq0 (PAaKTOB U3 Kypca mMare-
MaTMKM M HHUKOrAa He G6asupyOTCS Ha TYMaHHBIX HHOHHUTE3UMaJbHBRIX
coo0paxeHHusx.

MHe kaweTtcs, YTO CHHTETHYECKHe MEeTONbl pellleHus MOMOTYT yCTaHO-
BHTb CBSI3b MeXIY OTIeNbHbBIMH (aKTaMH Kypca M TeM camaiM OynyT
cnoco6cTBOBaTH 6osiee rAyGOKOMY €ro yCBOEHHIO.

Béabuias yacTe 3aAa4 OTHOCUTCS K JIUHUM (NJIOCKO# M MPOCTPAHCTBEH-
HOIl); Mbl He UMeeM B Hailefi y4eOHOHN JUTepaType CneunanbHOro 10CTaTOYHO
nosHoro cOOpHHKA 3aJay MO STOMY pasfeny B NyXe COBPEMEHHOro mpe-
NOJaBaHUs TEOPHM JHHHUH (2 UMEHHO, C HIMPOKHMM MCNOJb30BaHHEM GOpMya
®pene). Yro kacaercs 3amay Ha NOBEPXHOCTH, TO NOMOJHHUTENBHO K Ha-
crofiuleMy cOOpPHUKY i B mepBYIO ouepelb pexomeHaoBaa Onl <COopHuk
sagau mo Beiciiel reometpun» (Kutomupcku#t, JIbBoBCcku#t, MumuHckuf,
u. [[), B koTOpOM pa3smen TeOpuM nNOBEPXHOCTEH NpEACTaBJIEH BecbMa
NoJHO (paMKH 3afa4yHMKA BBIXOIAT 32 npeaesbl NPOrPaMMhl [IEAUHCTUTY TOB
H, NOxany#, yHUBEPCHTETOB).
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K GonbliMHCTBY 3alau HaHul yKa3aHWs W PElIEHHd, K 4acTH 3ajay —
TOJAbKO OTBETH. 3alayd PacKJAACCHPUUUPOBAHbL NO CTENEHW TPYAHOCTH.
3a1aun NOBLIIEHHOH CTEmeHM TPYAHOCTM OTMEYEHHl SHAKOM ¥, samaud
HauGonee TpyaHble — 3HAKOM **,

Jlas peiieHust 4acTH 3a1a4 HEOGXOMMMO 8HaKOMCTBO ¢ AuddepeHuranb-
HHIMM ypaBHEHHSIMM; YYMTBIBAS MECTO MOCJEIHEro Kypca B yueGHOM mJaHe
MeIMHCTUTYTOB, i BO BCEX TAaKWX CJyvyasdx NAl0 B yKa3aHUAX DelleHUue
€OOTBETCTBYIOUIEr0 AM(depeHunansHOro ypaBHeHHs.

Hakounen, vacts 3amau (Hanpumep, yacTh 8a4ay Ha OruGaiollne) HMEET
addunHO-muddepeHImatbHbIE xapakTep. B peueHusix 3THX 8a1ay MCNOJb-
Byercs noHATHE aPUHHOrOo mpeoOpa3oBaHUsi U ero CBOUCTB.

Ilpu cocTaBaeHny HacTosIero cOOPHUKA MHOIO MCMOJAb30BaHbI CAELyIO~
e yyeOHUK u:

Browrenc, dudpdepeHunansas reomerpus.

Jy6uoB, OCHOBB BEKTODHOrO HCUMUCJEHHS.

XKXurtomupcxkuil, JibBoBcku#l, Muaunckull, CoopHuK 3amau
MO BHICIIEA reoMeTpuH.

F'ontep u Ky3ssmun, COopHHK 3azay no BbicuieH MaTeMaTHKe.

Pawescku#l, Kypc muddepeHunansuoit reomerpuu.

Baswke, NubdeperunansHas reomerpus.

Mununckui, JduddepeHunansHas reomerpus.

Uind ¢, CoopHux 3amau no BeicuIe# MaTeMaTHKE.

51 BrIpaxcato ray0oKyto 61aronapHOCTb penakTopy c6opHuka npod. Hop-
nedy A. Il. 3a npocMOTp M HCOpaBJeHHs, BHECEHHble B DYyKOMHCb, 3a
yKasaHus M COBeTh, a Takxke npod. Mapkywesnuy A. H. u C. H. HoBo-
CENOBy 3a NPOCMOTP PYKOMHCH M 3a CHeNaHHHe 3aMeyanus. Yeprewmu
K 8amayaM suinojHeHnl H. A. ATabekoBbIM; eMy s Takke Bblpaxaio 6na-
FONapHOCTb 3a XOpOIIee HCHOJHEeHHe 4Yeprexxed W 3a NOMOUIb, OKa3aH-
HYI0O KM IIpH 4X pacuyérax.

Monenos IL. C.
Mockna, 23 ok1a6ps 1948 r.



FTABA I

BEKTOP-®»YHKLHS CKAJIPHOIO APTYMEHTA

Ykaszanus

IMycts kawmoMy uuciay ¢ H3 HEKOTOpPOro MHoxectBa I uncen
MOCTABJIEH B COOTBETCTBWE BEKTOP 7. Toraa rosopsT, 4TO Ha MHOMXECTBE
I 3amaHa BEeKTOP-PYHKLUHUA CKaNAPHOrO apryMeHTa, M yKasaHHylO 3aBH-
CUMOCTh 3aMHUCHIBAIOT B BUIE:

r=r(f.

MHoxectBo I HasbiBaeTCs 00JAACTbIO ONpeleseHus BeKTOP-QYHKUMH 7 ().
Mbi Oynem npexnoJjarath lajnee, YTO MHOXECTBO ) ABJIAETCS CErMEHTOM
[a, b] unu uHTepBanom (@, b) (MMM MOJTYHHTEPBAJIOM).

dyukuna r(f) Ha3pIBAETCS HENPEPLIBHOH B TOUKe f==£,, €C/U OHa
onpeneneHa B HEKOTOPOH OKPECTHOCTH 3TOrO 3HAyeHus f==f u ecau
ans mo6oro ¢ >0 Hahimérea 8 >0 rakoe, uto |r () —r(t,)|<e npu
BCEX [, yIOBJETBODPAIOUIMX HepaseHcTBy |f— £, |< 3.

Ecmn ¢ynkunu r(¢), (), R(¢), ) (f) HenpepuiBHb npu f==£{, TO
NpH TOM e 3HaueHun ¢ OyayT HenpepbiBHb CAeqylomue QyHKUMM:

\rl, r+p, r—ep, Ar, rp, r Xp, Irl, [rel, reR.

Ecin r=r(f) u t=1=(s), npuudM ¢yHKuus f(S) HempepuIBHA MpH
§=s5,, a QyHKuusa r (f) HempepuiBHA NpH {=£(S,), TO CIOKHAs PYHKLHA
r{¢(s)} HenpepsiBHa mpu s ==S5,.

3ameuanue. Mp OygeM IIMPOKO MOMB30BATHCH ABYMS ONMEPAUMIMU
Hall BEKTOPAMH OPHMEHTHPOBAHMHOH MJIOCKOCTH. MCEBJOCKAMAPHBIM [IPOU3-
BeneHueM r X p ¥ nbBopoTOM BekTOpa Ha — 90°, [r].

IlceBROCKaNsAPHBIM TMPOM3BEACHHEM JBYX BEKTOPOB F U p, JEKaIMK
B OpHEHTHPOBAHHON MJOCKOCTH, B CJydyae, €CJAH OHH HEKOJJIHHEApHbl,
HA3bIBAETCA 4YUCJAO, abCOMIOTHas BENIMYMHA KOTOPOro paBHa NJ0WIAAd
napannejnorpamMa, NMOCTPOEHHOTO Ha BEKTOPAax 7 M P, OTJOMEHHBIX OT MpO-
M3BOJILHON TOYKHM [MJIOCKOCTH. DTO YHCAO MNOJONKHUTENbHO, €CAM pernep
r, p— npaBblfl, 1 OTPULATENBHO, EC/IH 3TOT penep aAeBwit. Ecau sextopnt 7
¥ p KOJMIHHeapHe, TO no onpenerenuo r X p=0. B koopmuHarax:

rX P:l ? 2 I, rae r=1{a, b} n p=/{c, d}. Bektop, noiyyeHHblii U3
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JIanHoTo ReKkTOpa 7 nosopotom Ha - 90°, mul Gymem 0603HauaTh Tak: [r].
B koopaunatax (B IEKapTOBOH 1pSIMOyroJioHO# CHCTEMe KOODIHMHAT):

[rl={—0b, a}*\.

Mp OylzeM TOBODHTb, YTO BEKTOD @ SBJAfETCS MNPENEJOM BEKTOp-
¢yukunn r=r (f) B TOuKe {={,, eciu BeKTOP-PyHKLHUs 7 ({) onpeneseHa
B OKPECTHOCTH f==£,, KpOMe, ObITb MOXET, STOr0 3HaUeHHs f = [, ¥ €CJIH
ans niodoro € >0 Haradres 8 >0 Takoe, uto |r (f) — a|<e npu Beex
t £ ty, ynosaeTBOpsIOWMX HepaBeHCTBY |f— £, |<3.

Ecau Bektop-dyHkuus r (f) uMeer npegen @ B TOUKE f={f;, TO MH
6yneM mucath:

lim r () =a.
= to

Mycts dynkunn r(f), p(¢), R(#) u X (f) umeror npenensl B TOuke f==£,.
Torna B TOH e TOYKe WMEIOT MIpelednl caefyiouine QYHKUMH:

\rl, r+p¢, r—e, A, rp, r X, I7l, Irel, 7eR,
NpHYEM:
dim |r|=|lim r|,
t=t, t=ty
lim (r + p)_ lxm r-|— lim p,
t=1o t=ty
lim (r —p)= lxm r— 11m p,
t=1, t=1t, =
lim (Ar) = lim A hm r,
t—to t=1ty t="tg
lim (rp) = lim r lim p,
t=1tg t—=ty t=1q

lim (r X p)= hm r)( lim p,

t=ty t=1tg
lim [r] = [hm rl,
t=1p t=ty

lim [rp] = [lim r lim p],

t=1y . t=1ty t=t,

lim (rpR) = lim r lim p lim R.

t=to t=ty t=to t=1g

Ecan dywkuns £=1£(s) umeer npexen B TOuke S=§,, a dyukunsa r (f)
uMeeT npenen @ B Touke f=t£(s,), T0 oyHkums r{f(s)} umeer npezes,
PaBHH @ B TOYKE S =S,.

IlponssonHo#t BekTOp-®OyHKUMH 7 (f) B TO4YKe f=1, Ha3bIBaeTCq Cle-
Ayouuit npenes:
r)—r,)

lim Fa— .

t=ty

*) Cm. y6808B i. C, OcHoBH BekTopHOro Hcuucaenus, [TTH, 1939 r., u. I;
Baxsanos C. B, MOIIEHOB I. C,, MapxomMeHnko A. C., CGOpHBK
8anay no aHaAMTHYeCcKOH reometpu, [ocrexuanat, 1948 r.
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Hponsaonnyro dyukunu r(f) 6ymeMm 00603HauaTh TaK: r'. Avanornuso
BBOlIHTCﬂ [OHAATHE MPOU3BOIHBLIX BbLICUIUX MOPAAKOB: r’ ) f‘ yees

Ecnu BexTtop-QyHkuMs r(f) umeer npu f=£f, NpOU3BONHBIE AO MNO-
panka n - 1 BKIIOYUTENbHO, TO HMEET MECTO q)Opmyna Tetinopa ¢ ocra-
TO4YHBIM u4JeHOM B ¢opme Ileano:

r(t)-—r(to)+<t—to)r )+ e+ 4
+ L o) +R,,

raoe
=)ty . _
R,= (n+ 1)! {r( (t0)+¢}, tl;n:oa_o.
Ecau orknanbiBaTh 3HauyeHUs BeKTOP-PyHKUMH 7 (£) OT qauxcupoaanuon
Touku O:

OM=r(t),

TO MHOXECTBO BCEX TO4YeK M, COOTBETCTBYMIOUIMX BCEM 3HAYeHUsIM f U3
obmactn onpeaeneHns GyHkuuu 7 (f), HasbiBaeTcs romorpadoMm BeKTOp-
dysrunu 7 (¢).

Ecau Bekrop-pynkuus r==r (f) onpeleneHa M HUMEET NPOU3BOLHYIO
r' () Ha cermenTte [a, b], npuuém 3Ta NPOM3BOAHAA HE OGPALIAETCS B HYJb
npu BCEX ! W3 3TOrO CErMEHTa, TO roaorpad BEKTOP-PYHKUMH 7 = r (f)
€CTb [JIafKas JHHHA.

Ecan BexkTop-dyHkuus r(f) omnpeneneHa W uUMeeT NpPOU3BOIHYIO Ha
cermente [a, b], npuuéM B HekoTOpOH Touke t=¢,, a<t,< b, npous-
BonHas 7' (¢)) oramuna ot Hyas: 7' (¢,) 7 0, To BekTOp 7' (£)) KOMIMHEapeH
KacaTeqbHOW K rogorpady BEKTOD-GYHKUMK 7 (f) B TOUKE, COOTBETCTBYIO=
we#t sHauenuio {==¢,. Ecan xe npu {=1£, Mbl uMeem:

Ft)=r"(t)=...=rE=1(t) =0, r(t) 0,

10 BekTop r{¥)(f,) KOMMMHEapeH YKa3aHHOM KacaTeabHOH.

Ecmu kadmo#i nape uncen (2, U) U3 HEKOTOPOro MHOxmecTBa I map
uuce] MOCTaBJAeH B COOTBETCTBHE BEKTOP 7, TO TOBOPAT, YTO Ha MHO-
wectBe M 3amaHa BekTOp-QYHKUMS 7=r (4, .V) IBYX apryMeHTOB &, V.
Muoxectso IR Mu waule Bcero GyleM mpeanoaaratb <IpsAMOYrOALHUKOM>:

alulb clvd.

IMpenens
A —r(u,
lim ru-4 u,/v) r(u, v)
Bu=0 su
H
Ap) —
lim r(u, v+ Av)— r(u, v)
Av =0 Ay

HA3LIBAIOTCS COOTBETCTBEHHO YaCTHHIMU MPOU3BOAHBIMU OT BEKTOP-DYHKIUMUH
r(u, v) 1o # ¥ v U 0003HAYAIOTCH TaK:

or . or
du dv*



IMoustne mubdepeHmpyemMoil GYHKLUMM ABYX apryMEHTOB yCTaHaBJH-
BaeTCsl aHAJOTMYHO TOMY, KaK 3TO [elaeTcd B KypCaX MaTeMaTH4ecKoro
aHa/M3a.

§ 1. BekTop-yHKNHA CKAJAAPHOTO apryMmeHTa

I« Hatitu npoussoaHbie no ¢ ot caenyiomux gyukunit: 72, 72 7' X r",
(rF'r'1, rFe'r", V 1rr'l:, V' r* (r=r(t); wtpuxom 0603HaueHo muddepen-
uuposaHue no f).

2. JlokasaTb, 4TO €CAM B HEKOTOPOM HHTepBane (%, 4y), || = const,
TO r_| 7. BuifcHUTb reOMETPHYECKHHl CMBICA 3TOro yTBepxaeHus. BepHo
An 0GpaTHOE NOJOMEHHE P

3. JlokasaTb, 4TO ecaAM B HEKOTODOM HWHTEpBaje (t,, t3) Bexrop-
dbyukuus r=r (f) UMeeT NPOU3BOLHYIO, PABHYIO HYIIO: r' =0 npwu Bcex
t€(t), ), T0o B 3TOM MHTEpBate r==const. Bepno s obpatHoe mono-
weHue ?

4. O603HayuM 4epe3 @ Yroa OT BEKTOpa @ 4O E€IMHUYHOIO BEKTOpa
r® OpHMEHTHPOBaHHON NJIOCKOCTH. JlOKasaTb, 4TO

aw _ [7°].
de

5. Tlonaras r=rr'(|r’|=1) wu cunuras, yto r=r(f) ecTb 3aKOH
IBWXEHHS TOUKHM, HAafiTH CKOPOCTb ¥=7" ¥ yCKOpeHHe @ =—r" B 10OASp-
HbIX KOOpIMHATaX; HalTH TAKKE U U wW.

6. MOXHO /M yTBEp¥IaTb, 4TO

) [r =],
2) rr=rr?

7. JlokasaTb, 4TO ec/M B NMPOCTPAHCTBE ABHXKYTCH 1IBE MaTepHa/bHbIE
TOYKH, PACCTOSHME MeX Y KOTODLIMH MOCTOSHHO, TO MPOEKUHH CKOpPO-
cTefl 3THUX TOYEK Ha HAaNpPaBJEHUE NPAMOH, MX COEUMHSAIOIIEH, — PaBHBI.

8. OTpe30K MOCTOSHHOM MAMHBI CKOMb3UT CBOMUMHM KOHNAMH MO ABYM
nuHuaM r==r (z) u p=p (v). Halttu nanpas.aenue xacarenbHON K JHHUH,
ONMHUCHIBaEMOHl CepelduHON OTpesKa.

9. Ilnockas aunus C 3amana ypasHeHueM r=r(f). ®yukuus r (¢)
onpeneineHa M HenpepbiBHa Ha cerveHrte [a, b]. Touku M, (a) u My (b)
JIeXKaT N0 pasHblie CTOPOHBI OT HEKOTOpPOH npsiMo#t /. JloKa3aTh, YTO JMHUS
C nepecekaet npsamyio /.

10. BekTop-dynkuuns 7 (f) onpeneneHa Ha cermeHTe [£, £,], HenpepbiBHA
Ha HEM M MMEET OTJMYHYI0 OT HyJAs MNpPOU3BOAHYIO 7' (f) B HHTEpBaJIe
(ty, &), npuudm r(t))=r(f;). Ilpumenurs k dyHKRUMH ar (@ ==const)
teopemy Poans M 1aTh reoMeTpH4YecKOe HCTOJKOBAHHWE pe3yabTata.

11. Bextop-dynkums r(f) onpeneseHa M HMMEET OTJIMYHYIO OT HYJs
Npou3BOIHYI0 Ha cermeHte [f,4,)]. Bexktopul 7 (%)) u 7 (¢;) HEKOMIMHEADHBI.
[Tpumenuts Kk dyHkuuu r(t) r(t) r(t;) Teopemy Poans ¥ MCTONKOBATH
pe3yabTaT reoMeTpHYecKH.

12. IInockass JauHuA 3agaHa ypaBHeHueM r=r(¢); yHxuus r (%)
onpelencHa Ha cerMeHTe [f;, f,], mMpM pa3HbIX 3HAa4YeHUAX ¢ M3 3TOro
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cermeHTa (OYHKUMA NPUHMMAET pa3Hble 3HAYEHHS M HMMEET NPOU3BOAHYIO
B untepsane (¢, ¢,), npuuéM r'(¢)) 70 npu Bcex £¢(t,, t5). Ilokasats,
yro cymecrsyer Touka M(E), §€(#,%), KacatenmbHas B KOTOPOH K
JNaHHOW JIMHWM napajjenbHa Xople, npoxoaduel uepes Ttouku My (f) 4
My (25)-

13. Ilycts F; n Fy— dOKycH 311unca, a M—l‘lpOHSBOJ!bHaSI TOUKa,
nexamas Ha stoM ammunce. [lomowum FiM=r,, F‘,M_r‘_,, F,Fg_k
Toraa ry = k- ry, r; + ro=2a (a — Goabwas nomyocs sammnca). Mcxoas
U3 3THX COOTHOILUEHHUH U CuMTad, 4T0 7y =7r; ({) ecTb BEKTOpHO-NMapaMeTpH-
4YeCKOe ypaBHEHMEe 3JUIMnca, HalTH cnoco6 NOCTPOeHHs HOpMamiu K
JIUNCY.

14. JokasaTtb, 4TO €cCn¥ MNY4YOK JyueH, BbHIXONLIWX W3 TOUKH F,
nocne orpaxeHus or junuu C coOupaercs B Touke Fy, TO JHHHS eCTb
anaunc ¢ ¢okycamu Fy n F,.

15. Pewmnth 3azauy, aHaJlOTH4HY!O 3adade 13 mas runepSoibl.

16. IIyuoxk nyuett c ueHTpoM F,; mnociae oTtpaweHus ot auauu C
ocTaércs MNy4yKOM pacxoadmmxcss ayyeft ¢ ueHrpom F,. Jlokasath, 4TO
aunus C — runepbona.

17. Kakoe 3akmoueHHe MOXHO CIeaaTh O ABYX CEMEHCTBAX 3JUIHNCOB
u runepfon ¢ obumMu (OKyCaMH, eciM MCXOIMTb U3 Pe3y/NbTaTOB 3a4ay
13 n 15?2

18. IMpuMenss Mmeron peileHus 3anad 13 u 15, ykasath Ha cnoco6
TOCTPOeHUs HOpManu K oBaly Kaccumm ryry = const.

19. [pnHuMas 3a Ha4amoO paANyCOB-BEKTOPOB (POKYC napabo/bl, MOXKHO
3anucartb €€ ypaBHEHHE B BHIE

=p—+ri
rre {— BexTOp KosnvHeapHo#t eé& ocu (|i|=1). Cuuras r = r (¢), HaliTn
cnocod MOCTPOEHUs] HOPMaJM M KacaTelbHO# K napafoJe. :

20. Jloka3aTb, YTO eCAd NYYOK Jyued, OTPa3UBLIACh OT JIMHHH, CTa-
HOBMTCS MYYKOM MNapa/lieNbHBIX Jydedl, TO JNMHUS — napabouna.

21. [Tonaras r=/{rcosecosb, rsingcosb, rsinb}, roe r, ¢, 6 —
ToJIspPHO-CpepUUecKue KOODIMHATHl TOYKH B NPOCTPAHCTBE (cp—nonrma
6 — winpora). Haittn CKOPOCTH r', Moaynb ckopoctu |7'|, yckopenue 7'
H MOLYJb YCKODeHus |7"| B noAspHO-ChePHYECKOH CHCTEME KOOPIMHAT.

22. Ha#itu B monmsapHO-cHEpHUHECKOll cucTeME KOOPAMHAT CKOPOCTb ¥
M MOAYJb 3TOH CKOPOCTH AJS TOUKH, ABHKYIIEHCS 0 NOBEpXHOCTH wIapa
pamvyca r.

23. Touka nBWKeTCAd N0 MOBEPXHOCTH cdepbl TaK, Y4TO NEpeceKaer
BCe MepHIMaHbl MOA OJHHM M TeM xe yraom A. Ha#itu coorHowexue
MEXY IIAPOTOH M NOArOTOH ABMKYLLEHCS TOUKH.

24. [Tonaras r =/{rcos ¢, rsin¢, 2}, rae r, ¢, 2 — NOJsAPHO-UNIMHIPHU-
YecKHe KOOPAMHATHl TOYKH, HAHTH CKOPOCTb 7, MOAyJAb cKopoctu |r'[,
yckopenne 7' M MODyab yCKOpeHHs |7 | B MOJSPHO-LMWIHHIDPHYECKOH
cHcTeMe KOOpPIHHAT.

25. Touka aBmKeTcs MO NOBEPXHOCTH KPYraOro UMJHMHIPA, nepecexas
BCe ero oOfpasyoulie MOJA OIHUM M 'TeM ke yraoM A. Ha#tu coornoue-
HHE MeXIy IUUPOTOH ¢ M «BbICOTOH» Z ABHKYULEHCS TOYKH.
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26. ViMeer /M MeCTO I BeKTODP-(DYyHKLUMH CKaJspHOTrO apryMeHTa
dopuyna Telsopa ¢ OCTaTOYHHIM YWIEHOM B HHTErpaabHOH dopme?

27. Bekrop-dbyHkuus r=r (f) onpeneneHa B udtepsane (t;, f3) U UMEET
B 3TOM HHTepBale IMPOMU3BOLHLIE 10 TPETLErO MOPAIAKA BKJIHOUYATENBHO.
[Mycts s=s(f) — MOHOTOHHAs, HempepbiBHas M TPHKIbl AUPPepeHIH-
pyeMmas ¢yukuMst OoT ¢ B wudrepsaie (£, f), a f=1(s)— oOpaTHad
dyukuns. [TpousBecTd 3aMeHy apryMeHTa B CHELYIOWMX BbIPAMEHUAK:

r, r" r',ort (e, r><r re'r'",

[ [~'r11, 3f"(r XY —r (¢ X
IITPUXOM O%03HaueHb NPOU3BOIHbIE NO .
28. Jlana BexTop- (pyHKuml ABYX aPryMEHTOB: r=r(u, v). [Ipoussectu

3dMEHY apryMeHTOB. L == u(u v) v—v(u 'v) B CJEIyIOIMX Bbipaxe-
HUAX:

or or
2 ExaE
2 (Zrorory (rorory (e ondr)e
ou? du dv 072 0u dv oudv duodv) °

29. Ucxons w3 3akoHa HeioroHa F=—=ma (F— cuna, m — Macca,

@ — YCKOpEHHEe) IBUKEHUs MaTepHaJbHOM TOUKH, BHIBECTH COOTHOLIEHHE:
2
d <T§—) =Fd",

rae 9 -— CKOpocTb, r=r (f)— 3aKOH [BMXXEHHUS MaTEepPUANLHOH TOUKH.

30. [IycTtb r = r () — 3aKOH NBMKEHHUS MaTEpHaNbHOH TOukH. HasoséM
[rr']=0¢c cekropHanbHOH CKOPOCTBIO TOYKH OTHOCHTENbHO BBHIGPAHHOrO
Hayalna paaMycoB-BeKTOPOB. J[loka3aTh, 4TO ecnM 3Ta CeKTOpHaabHad
CKOPOCTb MOCTOSIHHA, TO CHJIA, MOX BANUSHUEM KOTOPOH ABMXKETCS TOUKA, —
LleHTpa/NbHast, ¥ OOpAaTHO: €CAH CHJa LEHTPaJbHas, TO CEKTOpHabHas
CKOPOCTb OTHOCHTENbHO LEHTPa — MOCTOSHHA.

31. KomnuectBOM IBMXEHUS MaTepHaNbHONW TOUYKM HAa3biBaeTcs MNpPOUS-
BelleHHe e€ Macchl Ha CKOPOCTb. MOMEHTOM KOJMYECTBA IBHKEHHUS MaTe-

puanbHOR Touku M OTHOCHTENbHO TOUKH O, Ha3bIBAETCS BEKTOPHOE NPOU3-
—_——
BeleHue paauyca-sektopa OM =—r Touku M Ha KOJIMYECTBO ABHKEHMS.

MowmenTtoM cunbl F otHocurenbHO TO4KM O Ha3blBaeTCcsl BEKTOPHOE NPOH3-
BelleHWe palMyca-BeKTOpa TOUYKM M mnpuaOXKeHHsT CHIbL Ha 3Ty CHIY.
JlokaszaTb, 4TO NpOM3BOIHAs MO BDEMEHH OT MOMEHTAa KOJMYecTBa IBH-
MEHHs] TOYKM OTHOCHTENbHO KAaKOH-MMOO TOUKH DaBHa MOMEHTY CHJIH
OTHOCHUTENbHO TOH X€ TOYKH.

32. JlokasaTb, 4TO NPOM3BONHAA MO BPEMEHH OT CEKTOPHAIbHOH CKO-
pPOCTH paBHa MOMEHTY YCKODEHHWs OTHOCHTENbHO TOH MKe TOUKH.

33. Touka mBuwercs mo maocKkocTH. HasoséM cexTopuanbHOW CKO-
POCTBIO TOUKH OTHOCHMTENbHO Hauala paluyCOB-BEKTOPOB — MPOW3BEICHHE
r X r'. HallTu BbipaxeHHe CEKTODHaNbHOA CKODOCTH B MOJSPHLIX KOOP-
IMHATAX.
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34.* IlokasaTh, YTO ecqd Ha HEKOTOPOM cermeHre [¢,, £,] BexTop-
Gbyukuus 7 (f) HenpephiBHa BMECTE CO CBOEH MPOM3BOIHOH 7, mpuuéM
r|| 7, vo r'#0 u r#0, T0o ronorpad BexTop-dyHkuun r=r(f) ectb
OTpPEe30K npsMO# VIMHHUH.

35.* IlokasaTh, 4TO eC/IM Ha HEKOTOPOM cermeHte [f;, ¢;] BekTOp-
GyHkums r=r(f) HenpepniBHa BMecT€ CO CBOUMH [1ByMs NepPBLIMH
NPOMSBOHBIMA 7 M 7', ec’d 3TH NPOHUSBOAHBIE OTAMUHBI OT HyaAs NPH
Bcex f¢[t;, t)] u ecnm OHH KoMMMHeapHbi: 7' || 7" npu Bcex € [t, 4o,
TO rogorpadoM BEKTOP-QYHKUMH 7==r (f) #ABAAETCS OTPE30K mpsMOH
AuHuK. JlaTh KMHEMAaTHYECKYI0 MHTEpIpPEeTaluo.

36.* Ilnockas nuuus sanana ypasHenneM: r=={¢(f), tp(f)}. Ilpu
KaKOM yC/NOBHH 3TO YpaBHEHHE ONpPENeNseT NPSAMYIO JHHHIO P

87.* Hatitu dpynkumio 7 =r (¢), 3Has, 4TO 3TO YPaBHEHHE B NOJNSIPHHIX
KOOD/MHATAX Ha MJIOCKOCTH OMNpenelsieT MpsAMyio JHHHMIO.

38. Jlunua 3amaHa ypaBHeHueM

={9 ), te ()}

Hatitn Heo6xonumoe ycnosue Touek meperuba (r' X 7" =0). Kak 6yzer
BLI/IIETh JOCTaTOYHOE YCJIOBHE TOYKH meperunda

rxr'=0, rXr"#0?

39. lnockas muHuA onpenensercs ypasHeHueM r=r (f); dyHKuna
r (¢) onpenencHa, HempepbiBHa M IBAMbl muddepeHunpyemMa Ha cerMeHTe
la, b], npuuem

rxr"' 1
(r,g)a/, =k—=const.
Hoxasats, uro ypasHenne r=r (f), OMpenenseT OKPYKHOCTD.

40*. JlokasaTb, uTo eciu roxorpad BeKTOp-OyHkuuu r=r (t), onpe-
JENEHHON W uMelolled MPOU3BOIHKIE N0 YETBEPTOrO MOPSAKA HA CErMeHTe
[t1, t5), aBnsieTcs coepudeckoli nuHuett (T. e. STOT roorpad PacnoNONeH
Ha coepe), npuuém BexTOpHl 7', 7", r" HexoMNMMHeapHh npU BCEX
te [ty ty), To: »

1) panuyc-BekTop LeHTpa 3TOH cdepbl ONpenenserTcs COOTHOUIEHHEM

1 ! mn_ e ’ " "e_t 1 e U
_—_;T,r,,—,{(rr) " -y [ 4 @rr' 4 rr")y [Fr);
2) BeKTOp-pyHkuns r (f) yaOBAETBOPSET COOTHOUIEHUIO

(Fr ey Br - 4 r S VY - (Fr) (P Y
+ () (V) - B ) (P V) =0

41. Bextop-dynkuus r=r(f) onpeneneHa Ha cermente [{; Zy] u
WUMEET Ha 3TOM CerMeHTe HempepblBHble NpousBogHme 7, r', r"; npu
Bcex (€ [t; t4] aTM mpousBomHBIE KOMNAaHapHH, HO 7' M 7. JlokasaTs,
4TO0 ronorpad BekTop-dyHKuMH 7 ==r () eCTb nJIOCKas AuHUA. BepHO 1M
ofpaTHOe noJjoxeHue?

42. lloxasaTh, 4TO TOYKa MOa EHCTBMEM LEHTPAJbHOH CHJAW OMH-
ChiBaeT MJIOCKYIO TPaeKTOPHIO.

a
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43. Jluuus 3amana ypaBHeHueM r=—r(t). Bekrop-dyukuns r(f)
onpeseJeHa ‘M HMMeeT NPOM3BOIHYIO Ha cermeHre [f;, Z3]. B Hekortopo#
Touke f,, ;< f, <ty umeem: r'(f,) % 0. Jlokasath, uyTO CyulecTBYeT
Takasg OKDECTHOCTb 4HCJa £y, 4TO AAs BCeX f W3 3ITOH OKPECTHOCTH,
MeHblINX, 4eM f,, BekTOp Ar=r (t)—r(¢,) o5pasyer ¢ BekTOpoM 7’ (f,)
Tyno# yroa, a ans Bcex { M3 3TOR OKPECTHOCTH, OOAbINUX £y, — OCTPbIA.

44. Tlnockas /WHUS 3alaHa ypaBHeHuem r=r (t). PyHkuus r()
onpeseneHa u OBaxcanl auddepeHuMpyema Ha cermente [a, b], npuuém 7’
HekosauHeapHo 7. JlOKas3aTh, 4TO B QOCTAaTOYHO MaJOH OKPECTHOCTH
Toukn M, (¢,), a<ty< b Mb nMeem:

{7 (t) X 7" ()} {7 (29) X Ar} >0

45 *, Tlnocko-napanienbHOE IBMXKEHHE Ha MJIOCKOCTH 3alaHO 3aKOHaMH
memkennss r=r,(t), r=ry(f) KkoOHUOB TBEPAOro cTepxHs. Haiitu
YpaBHEHHE HEMOJBMXKHOW LEHTPOWAB (NPOM3BOJbHAA TOYKA LEHTPOHIbI
ABAAETCH TOYKOH MepeceyeHus MpsMbIX, NPOXOIAIUX 4Yepe3 KOHilbl
CTEepXHS [IePNEeHIUKYAIPHO K HanpaBJEHHSM CKODOCTEH ero KOHIOB).

46 *, TTogBmKHOH ULEHTPOUAOH B MJIOCKO-NApaMeJbHOM IBMXEHHH
Ha3bIBaeTCS MHOMXECTBO MFHOBEHHBIX 1IEHTPOB BpAllleHHs OTHOCHTENbHO
ABMXKyuerocs crepwus (cM. npeasiayuyio 3agady). CoctaBuTh ypaBHeH#e
TIOJBUMHON LEHTPOUILI.

47 *. JlokasaTh, 4YTO JHUHeliHas CKOPOCTb ¥ TOYKM B JI000M MJIOCKO-
napaanens,HOM JIBUEHHH OMNpenensieTcs COOTHOUIEHHeM ¥=o [r], rze
r — paluyc-BeKTOp paccMmarpusaeMoit TOuku A (R) OTHOCHTENAbHO MCHO-
BEHHOrO UeHTpa BpalleHus (cMm. 3anaun 45, 46). Beipasure © uepes
r, ¥ r; a Takxke HaliTH ckopocTh @ Touku M (R).

48. Ha wmartepuanbHyio TOuKy A neficTByeT HbIOTOHMAHCKas Cuaa
¢ uentpom nputskenus O. [lycts 7 — paauyc-sektop Ttouku M. Torna

r
EAMHMYHbIA BEKTOP, UMEIOWMHA TO Ke HampasieHHE, PaBeH —. Tak kak

k
MOIyJib HbIOTOHHAHCKON CHJBI paBeH ;;(k>0), a cuna F wnanpasiaeHa
or M k O, T0

¢ IPYroH cTOpOHbI, MO 3akOHYy Hbiorona F=ar" (a = consf, r'' — ycxo-
peHue), 3HauuT guddepeHLnalbHOe ypaBHEHHE [IBMXEHWUR TOYKH TaKoBO:

" )\
r'=—-r(>0).

‘HMcxons ¥W3 3TOro COOTHOIUIEHMS, [0Ka3aTh, YTO TOYKA MOBHKETCS MO
JVHUM BTOPOro MOpsKa.

49 *. PaccMOTpuM [BMXEHHe MaTepualibHOA TOYKH MOX AEHCTBHEM
uentpaabHol cuas: F=Fr’. Ha ocHoBaHuu pesyabrata 3anauun <42
IBHKeHne Oyl1eT NMPOMCXONNTb B HEKOTOPOH QUPENENEHHON MJIOCKOCTH.
CocrasuTh ypaBHeHWe ABMXEHHS B 3TOH MJAOCKOCTH B MOJSPHBIX KOOp-
IiHaTax W COCTaBuTh AuddepeHinalbHoe YypaBHEHUE TPAEKTOPUM B
MOJMSIPHLIX KOOpAWHATax (¢dopmyna bune).
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PaccMoTpeTs cayuau HbIOTOHHAHCKOW CHIMBI

Fee—plIn _ __ km

0
= "

50 *. JlBmkeHHe 3/1eKTPOHa B MOCTOSHHOM MAaTHHTHOM TNOJe Onpeje-
nsetcs cAenyouwnM auddepeHuraNbHbIM YpaBHEHHEM:

r'=[r'H), H=const.

JlokasaTb, UTO TpaeKTOPHS — BUHTOBAsS JHHUA.
51 *. JInddepeHunansHoe ypaBHEHHe ABIKEHHS 3JEKTPOHa B MoJe
MarHUTHOrO 110J1i0Ca HMEEeT BHI:

r'= —:? {rr'] (\ = const).

JokasaTe, UTO TPaeKTOpUS eCTb reole3uyecKas JHHUS KPYTJOTro KOHyca.
62 *, Hafitu suHuH, onpenensembie NuddepeHLHANTbHHM YDPABHEHHEM

r = [or].
53 *. Hatitu aunuu, onpenensiemsle nuddepeHIHatbsHEM ypaBHEHHEM
r'=/lelre]],

flle e — NOCTOSHHLIA eqUHHUYHBbIR BEKTOP.
64 *. Haiitu nuuny, onpeneisemule nuddepeHLUanbHbBIM Y PaBHEHHEM

r'=ae—[er],
rue
a=const, e=const.

65 *. Hailitu nunum, onpenensembie guddepeHUHaNbHHM YpaBHEHHEM

, 1
r=- r*e—r(re),
rIe

e=const u |e|=1.

56 *. Tlycts r=r; (f) u r=ry(f) — 3aKOHb IBWKEHHUS NBYX TOYEK
TBEPAOrO Tesna, MMEIOWEro OIHY HEMOIBIKHYIO TOUKY, KOTOpas MpHHATA
3a HayaloO pamuycoB-BeKTOPOB. HallTu yrioByio CKOPOCTb © MPOU3BOJb-
HOlt TOoukn M (7) mBHXYLIErocs Tesla B MPOU3BOJbHLIE MOMEHT BPEMEHH.

57 *. CBoGoaHOE nBMKEHME TBEPIOrO Teaa 3a/1dHO 3aKOHAMM IBHXeE-
nun r=ry(¢), r=ry(t), r=ry(t) Tpéx ero TOuYeK, He JENKAMX Ha
onHo# npamoii. CKOpoCTb @ A060H TOUKM TeNna C/laraeTcs U3 MTHOBEHHOH
JMHEHHOR CKOPOCTH, BHI3HIBAEMOH BpallleHHEM Tejna OKOJO HEeKOTOpO#
OCH, W MFHOBEHHOH CKODOCTH CKOJbXEHHS BIOJb MTHOBEHHOH OCH
Bpailenus. Ha#iTu MrHOBEHHYIO yra0ByI0 CKOPOCTb ®, CKOPOCTb .CKOJb-
XeHUs BJIOJNb MTHOBEHHOM OCHM BDallleHH M ypaBHEHHE MTHOBEHHOH OCH
BpallEHuA.

58 **, Tlnockan’ AuHusg 3ajana ypasHeHueM r=r (f), roe GyHKuHAs
r(t) ompemeneHa M UMEET HENPEPLIBHYK MPOM3BOIHYI0 HA CErMeHTe
[21, ta). PaccmoTpum kakyio-HuOynb TOuKY M (1,) 3TOMH JMHuM, B KOTOPOH
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npoussonuas ' (¢,) He paBHa Hymo: r'(¢,) # 0. Tlycts M K — nipous-
BOJbHasi mpsiMas, NpOXodsimlas uvepe3 TOuKy M, M OTAMYHAs OT Kaca-
TenbHOH B TOuke M,y K paccmatpusaeMoit auHuH. JlokasaTb, uTO Cyuie-
cTByeT uHtepBan (ty— 8, ty— 8) Tako#, yro mobas mpsmas, napannesb-
Has mnpsMo#t MoK, nmepecekaeT Ayry HaHHO# JHHHH, COOTBETCTBYIOULYIO
IaHHOMY HMHTEpBany, He 6ojee YeM B OHOM TOuKe.

69 **, Jlunus 3anaHa ypasHeHueM r=r (t); dyHxkuus r (f) onpene-
JeHa u neaxias AuddepeHunpyema Ha cermeHte [t,, ¢,]. B Hekortopof#
Touke M, (t,) umeem r' (t,) 1k 7" (¢,). Ilokasartb, uTO.cCyuiecTByer Takas
OKPEeCTHOCTb (£y— 3, ¢4+ 0), 4TO KacaTedbHas K AuHMM B TOuke M,
MMeeT ¢ Ayrofl JWHMHM, COOTBETCTBylowme# uurtepsany (f,—39, £, 3),
TOJIBKO OIHY O0ulyio TOuky M,.

60 **, [lnockan auHMA 3anaHa ypasHeHueM r=r(t); dyukuus r(f)
onpeneneda, Asaxcabl OuddepeHUnpyema Ha cermeHte [a, b] u npu pas-
HbIX 3HaueHuax f¢ [a, b] mpuHUMaeT pa3Hble 3HaueHud. Byxem 3Ty aunuio
Has3bIBaTh BHINMYKJOH, ecau TpeyronbHHk ¢ BepiuuHamu M;-(¢,), M, (2,),
M, (t;) uMeer BMOJIHE ONpeNeNEHHYI0 OpHEHTalUuI0 npu Jp0oM BbiOOpe
ty, ty, t, TaKux, uTo ’fzst1<t9< ty=<b. JlokasaTb, YTO JHHHAA Bbli-
nykaas, ecan r X r' >0 npu Bcex £€ [a, b] u ecam CymecTByer
no KpaiHed Mepe yeToipe NPSIMHIX PasNHYHBIX Hampas/JeHHWH, KOTOPbIM HeE
napaanenbHa HA OJHA M3 KAacaTeNbHBIX K JaHHOW JIMHHH. .

61 **, Tlnockas nuHWA 3anaHa ypasHeHueM r=r (¢f). dyukuus r(f)
onpeseneHa W HUMEET HenpephHBHbE NPOM3BOIHHE r' U F' Ha CerMeHTe
[a, b]; 7' wu r" Hexoanuneapuoi npu Bcex € [a, b]. IlokasaTs, 4TO
ecau t,— no00e yucao u3 MHTepBanda (a, b), To

1) mo6as npsmas, napajieibHas KacaTeJdbHOR K JUHUM B TOuke M,
pacnosnoxeHHas MO ONpeleNEHHYI0 CTOPOHY OT KacaTeJabHOHW Ha 10CTa-
TOYHO OJM3KOM paCCTOSHHM OT KacaTe/lbHOH, mepecekaer AYry daHHOK
MMHHM, COOTBETCTBYIOUlEH HekoTOopoMy uHrepsany (fy—3, £, 3),
B ABYX Da3JIMYHbLIX TOYKAX.

2) Cyutectsyer wuntepsan (—h, k) Tako#i, uro nwobas mnpsamas,
npoxonsnilas yeped TouKy M, M HaKJOHEHHAA K KacaTeJbHOH B TOuke M,
Hayron @€ (— h, k) (¢ 7% 0), nepecekaetr Hyry JHHHH, COOTBETCTBYIO-
uyio uHTepBaay (f,—3d,7,-+8), Toabko B OIHOH TOuke (He cuwmTas
TOuKH M,).

62 **, Jlunug 3anaHa ypaBHEHHEM r—-r(t) d>ym<um| r(f) omnpe-
HefeHa W MMEET HelpephiBHpie NPOU3BOIHbLIE 7 W 7' HA cerMeHTe [a, b).
Ilycts B HexoTOpo#t Touke M, (¢y), a<ty< b mbl umeeM

r(ty) X r'(ty) # 0.

IlokasaTb, uTO CYLIECTBYeT OKpecTHOCTb (¢, — 8, £, -+8) Takas, uro
Ayra auiud r=r (¢), et COOTBETCTBYIOIAs, MOXET ObITh 3a/laHa MOJAsP-
HbIM ypaBHeHHeM 7 =T (¥).

63 **. Ilnockasd AMHHA ONpelieieHa yPaBHEHHEM r—-r(t) d>ym<um|
r(¢t) onpeneneHa W WMeET HENpephIBHbie NPOM3BOAHBIE 7 U I Ha
cermenre [a, b]. B uexoropo#t touke M,(t,), t,€(a, b) BekTOpH 7'
u r' uexoanuHeapHws: r' (fy) k7" (¢,). JIlokasaTb, 4TO B HeKOTOpO#
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okpectHocTH (¢, — 8,y +8) umcna £, dyukums r (f) u cooTBeTCTBYIOMIAR
et nyra C auHuu OOManaloOT CJAENYIOUIMMH CBOHCTBaMH:

1) 7' (#) X r" (t) # 0 upn Bcex t¢ (¢y—3, £, 9).

2) Tpeyronbuuk M, M, Mz c sepumuHamn M, (¢;), M,y (tg), M, (L,),
rne ty,—d=<t, <ty <ty <ty 3, uUMeeT BNONHE ONpEIEeNEHHYI0 ODHEH-
TalHIO HE3aBUCUMO OT BbIOOpA ty, fy, fy (MuuIb Obl 3TH uMCAa yHOBIE-
TBOPAJIM YKA3aHHbIM Bbille HEPABEHCTBAM).

. 3) Jliobas mpsmas nepecekaeT nayry juinn C He Gonee ueM B ABYX
TOYKaX.

64 **, [Inockad /aMHMS 3a1aHa ypaBHeHueM r=r(f); oyHkuus r(¢)
onpejesieHa, NpPH  Pa3HLIX 3HAUEHMAX ! NPUHUMAeT pa3Hble 3HAYCHUT M
nsaxan auddepeHuvpyema Ha cermente [a, b]. Ilycts Ttouku M, (£,),
My (ty), My(ty), a<<t,<ty<ty= b newar Ha onHOW mpsMOH U cyue-
CTBYIOT 1O KpafiHell Mepe 1Ba HanpaBJieHHs, KOTODbIM He MNapaJJesibHa
KacaTeabHad. JlokasaTb, 4TO B MHTepBane (a, b) cymecTByeT uucao §
Takoe, 4To BeKTOpbl ' (£) u 7" (§) KOAMMHEapHBI.

66 **. [Inockas JnuHHA 3a1aHa ypaBHeHHeMm r=r(t). Pyukuus r(f)
ompeneneHa W nBaxael IuddepeHunpyema Ha cermexte [a, b], npuuEMm
r)Xr'(t)#0 npu scex t¢(a, b). CymectsyiorT no kpaiiveli mepe
JlBa HAmpaBJEHHs, KOTOPbIX HE MMeeT KacarelbHas K JAHHOH JIMHMH.
Jlokasartb, yro n00as mpsAMad nepecekaeT AaHHYIO NHHUIO He OoJsee ueM
B JIBYyX TOUKAXx.

66 **, [lnockas nuHUS 3ajaHa ypasHeHHeM r=r (f). Pyukuusd r(f)
onpeneneHa M aBaxabl auddepeHunpyema Ha cermente [a, b], npuuém
r' X r'" coxpaHser 3HaK Ha yKa3aHHOM CErMeHTe.

Kpome Toro, cymecrsyer HampasieHHe, KOTOPOrO He HMeET HH OlHa
M8 KacaTeMbHbIX K gaHHOH nuHmu. Jlokasate, uto 7' (f,) X r'(¢5) umeer
onpenenéHHbli 3HaK NpPH YCJAOBHHU

a<<t, < ty=<b.



FTABA II
IVIOCKAS JIMHUSA

YpaBHeHHe KacaTedbHOH K MJOCKO# nuHUM 7=r () nueTcs TaK:

R=r-\r,
ecn r's£0 mn
R=r-+ AP,
ecau
'=r'=...=rk0D=0, rP£0.
B napametpuueckoit ¢opwme:
X=r+1\x,
Y=y N
B Gonee obumem cayuae:
X =x- rx(®),
Y=y 4yt
YpasHeHue HOpMaau:
R=r-[r]
HIu
R—r)r=0;

B KOOpﬂHHaTaXZ )
X—x)x'4+(Y —y)y' =0,

Han B OoJnee ofumeM cayuae:
(R—r)r®=0.

Ecan u3 Touku O onyCTHTb nepneHIUKyAsipH HAa KacaTedabHue K nuHuu C,
TO HX OCHOBaHWA 05pa3yoT, BOOOWlEe rOBOps, JHHHIO, Ha3hLIBAEMY0
noaspo# auuun C orHocurenbHo Touku O. AHTHnomspo#n aunuu C
OTHOCHTENbHO TOYkM O HasbIBaeTCH JNMHHUSA, MOAPa KOTOPOH OTHOCH-
TeabHo Toukn O ecTb qmuus C.

Ecau nnockas nuHMs 3anaHa ypaBHeHueM r=r (), To aas1 noctpoe-
HUA € MOWHO NPUIEPHUBATbCA CAeAyolled MOCneN0BaTENbHOCTH Aeh-
CTBHI:
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[. Haxonum xopuu ypasuenus 7' X r'"=0. [lycts ¢=£F,— omue
n3 Takux kopHe#. Eciu

ry)=r'{t)=...=rk=V()=0, r® () #0,
FR (o) X r & (£) = rB) () X r#* (L) =. . .=r® (¢,) X 7™ (£,)=0,
k) (t)) X r (t,) # 0

n ecnu:

1) £ — HeuéTHOe; S—uéTHOe, TO TOuka M (¢)) — OOBIKHOBEHHaS,;

2) k — HeuéTHoe, S— HeuéTHoe; Touka M (¢)) — Touka neperuda;

3)_k —uéTHoe, s — HeuérHoe, Touka M (t,)— Touka BoO3BpaTa
IEPBOTO pO/a;

4) k — uétHoe, §—u&rHoe; Touka M (f,) — Touka BO3BpAaTa BTO-
poro poia.

[Ipy BCEX OCTaAbHLIX 3HaueHusx ¢ Oyzem wumerb 7' X r" £ 0; Bce
TOYKH JMHHH, COOTIBETCTBYIOLIME 3HAYEHHsM f, Mpu KOTOpHX 7 X r' He
ofpautaercs B HyJIb — OOBIKHOBEHHbie (B =1, s=2).

1I. 3HaueHus f, COOTBETCTBYIOUIME TOYKAM, B KOTODBIX JiHHS BOHYTa
«BBEpX» (T. €. B CTOPOHY BekTOpa j):

xl (xlylf _— xl!yl) > 0;
ycJa0BHE BOTHYTOCTH «BilpaBO» (T. €. B CTOPOHY BeKTopa i):
yr (xyylr —xuyv) < 0.

Iil. Touku nepeceueHus /NUHWUM C OCAMM KOODAMHAT haKaéM, pas-
pewas ypasHeHus x(¢)==0 (u3 3Toro ypaBHeHus Ha#aém 3HauyeHus f,
COOTBETCTBYIOIIME TOYKAM MNepeceyeHus JuHUM ¢ ocbio Oy) u y (f) =0
(otctona Haliném 3HaueHus [, COOTBETCTBYIOUIME TOYKAM IlepeceyeHus
JUHMK ¢ ocblo Ox).

IV. Ecin x' £ 0, y' =0, To B Touke M () xacaTesnbHas napaieibHa
ocu Ox, a ecnmu x' =0, y' # 0, To ocu Oy.

V. Ecin limx=oco u ecau lim Y ==£& (uucao!), lim (y — kx)=0>,

t=t, , t=t, X t=t,
TO npsamaf y=—=~kx -4 b aBaserca acuMnroTod naHHoH nuuuu. Ecau
lim y=oo u lim x =m, To npsMai X = m eCTb aCUMITOTA AAHHOW NUHUH.
t=t, =ty

VI. MHoraa BLIFONHO mnpOM3BECTH 3aMeHy MNapamerpa, mepefiTu
K MOJAApHBIM KoopauHatam. [lone3Ho o5paTuTb BHUMaHHE, €CAH 3TO
MUMEET MeCTO, Ha NEePUOAMYHOCTb GYHKUMK 7 (f) uaM Ha e8 OrpaHuueH-
HOCTb, Ha MNEPHOIMYHOCTb MJM OrpaHHYeHHOCTb GyHKuuh x(£), Yy (f)
HT. I

Hakoneu, mas Oosee TOUYHOro BHYepuMBaHUd rpadvka MONE3HO
NOCTPOHTL AN OOBIKHOBEHHBIX TOYEK JMHHMH, COOTBETCTBYIOLIMX Pa3Jn4-
HbIM 3HAueHHAM £.

Anre3jpanueckolt numHWel Has3blBaeTCs JIMHHA, ONpeleaseMas ypaB-
HeHHeM:

F(x, y)=0,
2 II. C. MogenoB 17



rae F(x, ¥) —uenas paunoHanpHas ¢yHxkums or_x u v. Ilna nocrpoe-
HHS W WCCJeNOBaHMA anreOpaMyegKOf JIMHMM CJIEAYyeT HMETb B BHAY
crenyollee:

1) Afcumcchl TOueKk mnepeceueHus JauHHM ¢ ocblo Ox onpejensrorcs

U3 ypaBHEHus:
F (x, 0)=0.

2) OpauHaTB TOYEK nepeceyeHus JUHUM € ocblo Oy OlIpeNensoTCs
U3 ypaBHEHMS:

F (0, y)=0.
3) B Toykax, KOOpAMHATH KOTOPHIX yﬂOBneTBOpmor yC/IOBHIO
oF
i =0, F= O, oy ¢O

KacaTenbHas napaniensHa ocu Ox.
4) B 10uKax, KOOpAHHATbl KOTOPHIX YIOBJIETBOPAIOT YCHAOBHIO

or

o OF—O-—;‘:O

KacaTennHan napaanensHa ocu Oy.
5) KoopauHaThl 0COObIX TOYEK yﬂosneTBopﬂmT COOTHOIIIEHHUSIM:

F=0, ——0 =0,

npuuéM AR WCCAENOBAHMA XapaKTepa TOYKH  (Xg, Vo), KOOPIMHATH
KOTOPOH yIOBJETBOPAIOT YKa3aHHLIM COOTHOIIEHHAM, MOKEM MOCIyMHTb
TaK: pasNOKuTh (QyHKUMI0O F (X, y) no CTeneHaM x—X, U Y — Y.
Iyctb

F(x, J’)=%[(x—xo) 505 +O—y0 T%]kp(xo» Yo) +

+(E—:;:'131[(x xO) ax +(y 0) %JIH-]F (%0, y0)+
+. .. .. .. . e
+-;},—[ Lo a),]"F (%00 Y0)

roe k= 2. PaccmoTpuM nepByio Heucuesawoulyio hopmy:
0 0 1«
[(x—'xo)’a—x + =) 5’;]IF(x0» Yo)

OTHOCUTENBHO X — X, W ¥ — V,. Jra (popMa pa3;araerci B npoussene-
HUE MHOXUTeJeH Buaa

a(x— xo) + B (Y — ¥o)-

Ilycts p — uncno MHOXHM1eNEH JMHEAHO-HE3aBUCHMBIX C NeHCTBUTENbHBIMI
KOS(MHUIHEHTAMH, UMEIOILUX HEUETHYI0 KDAaTHOCTb,d g — YMCJO YKa3aHHhX
MHOXUTeNeH ¢ JefcTBUTENbHBIMH KO3buuMeHTamMn (g =p). Toraa uepes
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TOuKY (Xo, Vo) MPOXOOMT HE MeHeé p W He 6ojee ¢ MPOCTHIX AHANUTH-
ueckux Ayr *), KacaTenhHble K KOTODHIM MOMY4MM, TDUPABHUBAA HYJIO
dopmbl @ (x — X))+ B (¥ —¥o) ¢ 1eHCTBATENbHLIMH KOI(DHLAEHTaMHU.

6) Ecim B HeKkOTOpOH TOuKe BHLIMOJHEHH ycnoBust: F (X, Vo) =0

Fy? (xg, Yo) Fiex (%45 Vo) — 2F o, J’p) Fy (X0 ¥0) Fiy(X, Yo) +
—+ F% (%4, Vo) Fy (%0, ¥9) =0,
FJ¥ (%0r ¥o) Flix (%00 Vo) — BF3? (%0, Vo) Fie (X4, Vo) Fiday (X0 Vo) +
- 3Fy (X0, ¥o) Fi? (X0 ¥) Fiyy (X0, Vo) — F32 (x4, o) Fyyy (%00 Vo) # 0,

npuuém Fy (X, ¥,) 4 Fy(X, ¥,) ONHOBDEMEHHO He paBHbl HYJIO, TO
TOuKa (Xy, V,)— Touka neperuda.

7) B Toukax nuHuUM, TIE BHIMOMHEHO YC/IOBHE
Fxx FX'V Fx|
va F\N FV
F

X v

A=F >0

v

MWHKA BOTHYTA -«BBEPX», a B Toukax, rae A< 0, — «BHU3>.
8) Heobxonumoe W 10CTaTOYHOE YCAOBUE BOTHYTOCTH <BIPAaBO»:

Fxx va Fx
Fx va Fvv F\' >0’
X v

9) Mycte F,(x,y)— dopmMa HauBbICLWIEH CTereHH, BXOLsuUladt B COCTaB
F(x, y). Tlyctb ky, kg, ...— npocTbie KOpHu ypasrenus F (1, &) =0.
Torna ypasnenns

y— o Las B
'a’;F,,(l,k)

— ypaBHeHust acumnTtoT; F,_y (X, ¥) — dopma crtenewu n — 1, BxoIAmas

B cocraB F(x, y). Ecam ypasHenue F,(x, 1)=0 umeer mnpocroi
HyJ1eBOH KODEHb, TO ypaBHEHHE

L 01
e =
J .0,

onpenensieT acHMMITOTY, mapaanenbHyo ocu Oy.

B 'ka»IOM OTAeNbHOM CJAyuYae NPUMEHHMbl M Apyrue coobpawenus,
Hanpumep: eciu F (X, V) — QyHKUMA 4ETHA OTHOCHTENbHO Y, TO JIMHHUA
CHMMETPHYHA OTHOCHTENbHO ocu Ox, a eclv OHa YETHad OTHOCHTENbLHO X,
TO JIMHAS CHMMETpu4Ha OTHocuTenbHo ocu Oy. Ecmu F(x, y) — Heuér-

.¥) Ecan ¢yuxums r(f) pasnaraetcs B OKpPeCTHOCTH moGOH TOUKH HHTepBara
(a, b) B pan Teitnopa, T. e.
1 1
FO=F (L) 47 (1) (¢t — Lo~ 57 " (80) (E— 1o ...+ op 70 () (E—Lo) ...
(CyMma psna onperensieTcs TdK e, KaK M B KypcaX MaTeMaTHYeckoro aHaansa),
TO FOBOPSAT, UTO ypaBHeHHE r =7 (f) onpejenseT aHANUTHYECKYIO JIHHHIO.
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Has (w1 4&THas) OYHKUMS MO OGOMM apryMeHTaMm, TO JHHHS CHMMET-
pHYHa OTHOCHTENbHO Ha4ana KoopamHaT; ecmu F (X, y) — cUMMeTpHYHaA
_byHkuma, To nunua F (x, y) = 0 cuMMeTpHYHa OTHOCHTEIbHO MpsaMoit x =}Y.

WHorna ynmaércs paspelunTb ypaBHEHHE OTHOCHTENBHO Y HIAM X,
MHOr/1a BHLIFOJHO MEpefTH K NMapaMeTpuyecKHM YpaBHEHHAM, K MOJAPHOMY
ypaBHeHHI0, TpPOU3BECTH TO WIX uHHOe adduHHOE mnpeodpas3oBaHue,
ynpouaiouee ypasHeHue F(x, y)=0, 0 1. L

Muorue u3 coofbpaxeHul, yKasaHHbIX 151 MOCTPOEHHa anrebpau-
4eCcKUX JUHHHA, 6€3 BCAKOro MU3MEHEHHs NMEePEeHOCATCA W Ha JoOhle JMHUY,
8alaHHble ypaBHEHHEM:

F(x, y)=0.

JvckpuMuHaHTHasd JuHUA ceMeficTBa JMHUH, 3afaHHLIX yPaBHEHHEM:
r=r(u, v)

(v—napamMeTp J/MHMM B CceMefiCTBE, U — napaMeTp TOYKH Ha JIHHUH
ceMelficTBa) onpeAensercs TaK: COCTaBAsEM ypaBHEHHE

or
u X g =0
WK
| 0x l}
ou ou =0
dx oy |
‘ 0v Jv

Ecnu a1y 3aBucuMocts Mew1y u W v 1pSACraBUTb B BHAE:
u=u(t), v=nuv({)
amu v=f(u) wm u=¢ (v), TO ypaBHEHHUE
r=ri{u(t), v(@)}
wm r=r{u,f(u)} wim r=r{¢(v), v} U ecTb ypaBHEHHE TUCKDPHMH-
HaHTHOW JINHUH. Ecnn npu u=u (¢), v=1uv(f) 4acrHas nponseonﬁaagg

He 006palaercs TOXIECTBEHHO B HYJb, TO ANCKDHUMHHAHTHas JIMHHSA —
oruGarouas. Ecau xe ykasaHHas QYHKUMS OT [ TOXIECTBEHHO paBHa
Hy/l0, TO Halo HaliTh nepByl0 He O0paillajollyi0 TOXIECTBEHHO B HY/b

k
MPON3BOIHY 10 37; npu u=u(t), v=ov(f) ¥ cpaBHUTb NOJAYYEHHbIA BEK-

TOD C MPOM3BOMHON 7', B3ITOH M3 ypaBHEHUs MMCKPUMWHAHTHON JIUHUM.
Ecau

’
7,
TO IHMCKPUMUHAHTHAA JNUHUS — orudamowas, a eciu

( orr 7,

—— L
duk> u=u(t), v="1(t)

()
duk u=u(t), v=v)

TO IMCKPUMMHAHTHas JUHUA — HE Ormdarouas.
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Ecm ceMeficTBO /MHMM 3aMaHO ypaBHEHHEM
F(x, vy, v)=0,

TO MHOMXECTBO TOYEK MJIOCKOCTH, KOODIHHATbl KOTOPbHIX YIOBIETBOPAIOT
YPaBHEHHUsAM:

OF
‘ov

F(x, y, v)=0 0,
HA3bIBAIOT TaK¥e NMCKPHMHHAHTHON /uuueil. Eciu B TOUKax mMCKpUMH-
HaHTHOH JIMHMK YaCTHble NMPOU3BOMAHbLIE

oF  oF
ox oy

ONHOBPEMEHHO B HYJb He OOpalIalOTCd, TO MUCKPUMHHAHTHAA JHMHUSA
ABAfeTca orubaroulell AaHHOrO ceMeHcTBa JHMHHMM.

Ecnn me nuuuu uMeroT OOWYI0 TOUKY (X, V,), OOHAa W3 IuHuii
onpe/enieHa ypaBHEHHEM

F(x, v)=0,

Apyias — ypaBHEHHAMHA

x=x (1), v=y(¢),

eC/IM TOuKe (X,, V,) COOTBETCTBYET 3HaucHWUe mapaverpa f==/, U ecau
F)=9"(t)=9"(te) = ... =P (t,) =0, pk+(t,) #0,

)=F{x@®), y()},

TO B 1aHHOW TOUKE JIMHUKW HMEIOT COMPUKOCHOBEHUE k-ro nopsaaka.
Kpnaus:—xa JAUHHU onpeaenserTcss COOTHOLUEHUEM:

rae

. Ixrvlr_xllyll _ Irl X ru|

T T oy

¥ pasHeHHEM

2
r

R=r+ 57 Irl
HAM yPABHEHHSMH:

B S MV
X——x"")’_——‘x,v,,_x,,y—,'
2 ”?2
S A Y
— X ———F
Y=y + T — Xy

onpenesisercs 3BOJMIOTA NAHHOW nuHMKU r=r (f).
yra (umu KpuBOMMHENHas abcuUMcca, WA HATypandbHHP apamerp)
NMHMK r=r () onpelnensieTCs COOTHOLIEHHEM:

t’ t
S= f ]/fjdfz Jv l/x’{-i—y’s dt.
ty to
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Dopmyati

BbIpAXKaloLUI¥e NPOM3BOMHBIE OT E€IMHMUYHOrO KacaTeNbHOLO BeKTopa f H
€IMHMYHOrO HOPMAaNbHOrO BEKTOPa M MO0 HATYpPaAbHOMY MNapaMerpy,
HasbiBaloTcd popmynamu Ppene. OHH UrpalOT OCHOBHYIO POJb (pH M3Y=
yeHuu AuddepeHunanbHblX CBOHCTB MJAOCKHX JHHHM.
CooTHouieHne
f(R, s)=0

[z, 8)=0,

CBSI3bIBAONlEe KPUBHU3HY W AYry, HA3BIBAETCS HATYpPa/JbHBIM yPaBHEHHEM
auHuM. Ecaum Ha uHMM  (PUKCHDOBaHa TOYKa M HanpaBJAeHHE OTCYETa
HAaTypaJbHOrO NapaMeTrpa, TO JHHHA MMeeT BIMOJHE Onpener&HHOE HaTy-
panbHOE ypaBHeHHe He3aBUCUMO OT €€ MOJOXKEeHHs Ha MJIOCKOCTH, M
o0paTHO: ecau maHO ypasHeHue f(x, §)=0, TO Ha MJIOCKOCTH HMEETCH
MHOXECTBO JIMHUA, KOHIPYEHTHbIX (T. €. HaJIOXHUMbIX APYr Ha Opyra) u
TAKMX, YTO Hayano OTCY&Ta W HamnpasJeHHe OTCYéTa NVIU TaKKE COBMe-
CTATCA MPH HaJOXEHUH JUHHUMH.

Hns oTbiCcKaHWs MapaMeTPHYECKUX ypaBHeHu# JuHu#A 10 e HaTypanb-
HOMy ypaBHeHuto f(x, s)=0 caexyer pewnts cucreMy auddepeHLU-
aNbHbIX YpaBHEHUH

HIH

s = Ccos a,

dy .

75 = sina,

rie a-—yroa OT eIMHHYHOro BekTopa ocu OX 1O eINHUYHOrO BEKTOpaA £,
KacatenbHOro K JaHHOW JMHHM B TPOM3BONBLHOH TOuke. Ecau x=x(s),
TO M3 MEpBOro COOTHOWIEHHS HaHaém a=a(s), a TOrAa IBa MOCJEIHHX
onpesensit X U y B GyHKuuH S. BO3MOXHO peilleHHe W ¢ NPOM3BOJbHLIM
napaMeTpoM.

§ 1. KacarenbHas u HopmaJp

67. CocraBuTh ypaBHEHME KacaTeJlbHOH H HOPMaIH K CAELYIOWUM
JMHUAM:

1) r={acost, bsint} (samunc),

2) r= { %-/ ), -g— <t —%) } (runep6ona),

3) r={acos®t, asin®t} (acTpouna),

4) r={a(t —sint), a(l —cost)} (umknaonza),



5) rz{%tﬂ——l—t‘ ~;—t‘-‘—}—lta} B Touke £ =20,

" 6) r—={apcose, apsing} (cnupanp Apxumena).

68. CocTaBuTb ypaBHeHHE KacaTeJbHBX W HOpMaJdedl K CAeayioLuM
JUHUSAM:

1) X*(x-++y)—a*(x—y)=0 B rouxe (0,0),

2) 2x* —x%?* — 3x—+4y+7=0 B Touxke (1, —2).

69. Moxer au KacaTenbHasi K KyOuueckol napaGone y=—x® cocras-
aib ¢ ocblw Ox Tyno#t yroa?

70. B kako# TOuke KacarteibHas Kk mnapaboae y=—=x® o6pasyer
¢ ocbio Ox yroa B 45°?

71. B kakux Toukax c onHO# u TOW we abcuuccofi KacartenbHbie
K AuHHMaM y=x? u y=—x® napannenpHm?

72. Hafith kacatenbHy K napaosne y = x?, napaniensHyl npsMon
y=4x —5.

73. Yepes ¢okyc mnapaboab mpoBeneHa Xopuaa, MNEPHEHINKYNspHas
ocu napa’doasl. [lokasaTb, 4TO KacaTeabHble K Mapafofae, MpoBeABHHbIE
B TOYKax MepeceyeHus 3ToH xopaml ¢ mapaso/ao#, — B3aUMHO-NEPLIEH AU-
KYJASDHBI.

74. CoctaBUTb ypDAaBHEHHS KacaTe/bHbiX K JHMHHH

- 1
y=x—=
B TOYKax mnepeceueHust e& c¢ ocbio Ox.
75. CocTaBuTh ypaBHEHHE HOPMAld K JMHHH
Xy —x*+3x—6=0
B TOuke ¢ afcuMccott x=3.

76. JloxasaTb, YTO TOJMBKO ONHA HOPMa/lb JUHHH ¥ = X" (n — uenoe
NONIOXUTENbHOE YMUC/IO) NMPOXOAUT YePe3 Haya/l0o KOOpUuHaT.

77. llon xakuM yrjaoM NepecekaloTcs JUHUK

x?4y* =38, y?=2x?
78. Ilon KakuM yrjioM NepeceKkaroTcss NUHUA

X yi=8x, =

79. ITon KakuM YrjaoM MNEPECeKaloTCs NMHUK

xs
2—x

?

8
x*=4dy, y=m?

80. Jloka3zaTh, uTO AMHA OTPE3Ka KacaTesNbHOW K acTpouie
2 2 2
%34 y3 =
3aK/MIOYEHHOIO MEXIY OCSIMH KOOPIMHAT, PaBHAa a.
81. [lokasats cnenynouum cnocod MOCTPOEHNUS KacaTenbHOH K Uen-

HOU JMHMH Yy = —- (ea —}-e “) Ha opauHate MN Touku M, Kak Ha
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IMaMeTpe, CTPOUM MOJMYOKDPYKHOCTb, OOpAlEHHYIO BBIMYKAOCTBIO K OCH
OPIMHAT; HAXOIMM Ha 3STOH MONYOKPYXHOCTH TOYKY AP TaKyio, 4TO
NP = a; npamas MP — xacatenbHas K UenHo#t JunHuu B Touke M.

82. [lokasars, YTO OTPE30OK KacaTeNbHON K TPAaKTPHCCE

aZ— x2 -
ai]/——&—_——_x. —1/a“—_x2,

3akMouBHHbIl  Meway ocbio Oy M TOYKOW KacaHHs, MMEeT MIJIUHY,
paBHyIO a.

83. Jlokasath, 4TO JHHHS Y ==eF*sin mx KacaeTci KawIO# W3 JHHHUN
y=—ekF* u y=—ek* Bo Bcex OOWHMX C HUMH TOHYKAX.

84. JlokasaTtb, u4TO. mig J050# TOukn Al paBHOCTOPOHHEH rumep-
Gonbl x? — y®=—a® orpesok HOpManu OT TOYKM M .10 TOUKH mepeceye-
Hus ¢ ocblo Ox pased oTpz3ky OM.

s ‘o
85. Jlokasats, 4To a5 mapaGoasl 7= asec? ¢ o Cymma yraos, obpa-

30BaHHbIX» KacaTeJbHOM € paxMycOM-BEKTOPOM u ¢ TMoasipHO# OcCblO,
pasHa 180°. Mcmonss3oBaTb 3TO CBOHCTBO a1 reoMeTpHICCKOro crnocoba
[lOCTpO“HHﬂ KacaTeNbHON K mapajone.

opro-

ro|-6

L. @ 9
6. ﬂOKa3aTb, 4YyTO Hapaﬁo.’lbl r—asec- —2‘ H 7r==acosec”

FOHAMbHbLK _
87. /lOkasaTh, UTO KapaMOHIbI:

r=a(l--cosg), r=a(l — cos¢)
OPTOTOHAJIbHBI.
88. JIuHus 3amaHa napaMeTPUYECKHMH YPaBHEHHAMH

r=r(t), =< ()

B MOJsAPHLIX KOOpAMHaTax. Halitu TaHreHc yrna Mewny KacaTeabHOH W
paMyCcOM-BEKTOPOM TOYKH KacaHms.

89. JlokasaTh, YTO HOPMaJb K UHMKJOHIE B MPOU3BOJbHON e Touke M
NPOXONMT Yepe3 TOUKY KacaHds P ,TNpOM3BOLAALIEr0 Kpyra“ c mpsMoOf,
N0 KOTOPOW KAaTUTCH 3TOT KPYT.

90. ITnockas aumuua C B -Touke M, umeer kacarteabHyw. Ilycts
MMy — cekyuwasi, npoxonsias wepes Toukd M; u My nunun. Moxwuo
JU YTBEPKIaTb, YTO NpEneJbHOE MonoxeHue mnpsamot MM, npu yciro-
BUH, . YTO TOYKM M; u M, HeorpaHuueHHO npudamxarTcs no auHun C
Kk Touke M,, ecTb KacartesnbHasn K quHum C B Touke M,?

91. Ecan Ha npoONO/KEHHSX PalnyCOB-BEKTOPOB AMHUH C OTNOKHTb
OTPE30K 3alaHHOH [/IMHBI, TO KOHUbl OT/NOXEHHbIX OTPE3KOB OMMLIYT
JMHUIO, Ha3wiBaeMylo KoHxouaoH suuuu C. COCTaBUTb YPaBHEHHE KOH-
xounsl C* gnmaun C M HaHTH BEKTODP, OMIPENENAOWHAN KacaTeabHYIO-
K auHuu C*.

92%, CocraBuTb ypaBHEHHE JHHHHM, M3 TOYEK KOTODOH HaHHas Mapa-
6on1a BuAHA MOX JAaHHHIM yraoMm a. Paccmorpers cayua#t a=—;—.
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93*#%, Hafttn auHui0, 051anaoulyi0 TeM CBOHCTBOM, YTO KacaTelbHHIE,
npoBeéHHbie M3 JMIOG0H TOYKM 3TOH JHHHM K JMHHH BTOPOro MopsiiKa

a3 X* + 2a19%Y | Qgy® +- 20,4+ 285y +a =0,

ofpasylor yroa ¢. PaccMOTpeTh uyacTHbie cayuyaw:

1) AMHHMA 33a71aHa KAaHOHMYECKUM YPaBHEHHEM;

2) o=090°. -

94. IInockas JauHHS 3amaHa ypasHeHueM r=—r (t); d¢yHxuas r(¢)'
ompeuencHa Ha cermeHte [a, b]. IIpum HekoTopoM sHauexuu f € (a, b)
HMEIOT MeCTO COOTHOLIEHHS:

rit)=r"({t)= ... =r*=N(t)=0, r® () #0.

IlokazaTb, uto BekTOop r*)(f)), KOMIMHeapHbIfi KacaTeabHOH K JHHUM
B TOuke M,, HanpaBJeH B CTOPOHY pocTa napamerpa, T.e. 7 (¢)) Ar >0
‘upn Beex ¢, 66abmMX fy U JIOCTATOYHO OJAUBKUX K f,.

95%#%, Ha3opiM nuHUell B3aMMHO-QIHO3HAYHbIA M HenpepslBHbIA 0Ipas
orpeska. Kacatenstott [ k smuun C B Touke M, Ha3oB&M MNpsMyio, npo-
XOI4IYyI0 uepe3 TOuKy M, ¥ 00nanaoulyio CJIELYOUHUM CBOACTBOM:
‘ecan uepes TOuUKy M, TPOBECTH JBe pasiMuHble TpaMble & U f§, O1/H4Y-
Hble OT MpsMO#t /, TO BCE TOYKHM HEKOTOPOH 4acTW Myr¥ JMHUM B OKPSCT-
HocTi Toukn M, (kpome camoil Touku M,) monamyt BHYTpb TOH napsl
BEPTHKAMbHLIX YI/I0B, O5Pa3OBaHHbIX MPAMBIME o M 3, "B KOTOPBIX MPO-
XOMAT npsaMas /.

1) Hoxasats, uto ecan auHus C B TOouke N, MMEET KacaTelbHYIO,
TO TOJbKO O/HY.

2) Yro os3nauyaet ¢pasa; «auHus C: B Touke M, HE HMeEeT Kaca-
TEN>HOM» ? ‘

3) HoxasaTb, yro ecnu ayHus C 3anana ypaBHeuueM r=r (), rie
dyHKuMs r (¢) onpeneneHa Ha cermenTe [a, b] n npu sHauewnn £ =1£y€ (a, b)
MMEIOT MECTO COOTHOLICHHS: . ,

Ft)=r"(t)= ... =rk=0()=0, r®(t)) # 0

(8 uactHoctn r'(t,) # 0), To muuus C B Touke M, (f)) UMeeT Kacartenb-
HYI0 M 3Ta KacaTeJbHas KOJnuHeapHa Bektopy rk)(f.).
4) JokasaTb, YyTO KacaTeNbHOH K JIMHHM B Havyaje KOOPIMHAT

x? sin l—, ecan X # 0,
yr_—. X
0, eciu x=0,
spaserca ock Ox. .
5) [lokasaTb, 4TO JHHWS, ONpPeNENseMas ypaBHEHUEM

.1 .
S —= CJIH
y— xsin—, e x#0
0, ecan x=0,

B Hayaje KOOPAMHAT, He MMEET KacaTe/bHOM.
96. [Mycts MT — kacareashas k nunun C B Touke M. Jlokasatp,
yTo ecan npoussectH moboe apduHHOE mnpeoIpasosaHue, TO 06pas MT
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KacatenbHo#t Gyner kacatbcst ofpasa C' nuumu C B Touke M (M' —
obpaz M). IIpuMeHHTb 3TO mnOJOXEHHWEe K MOCTPOEHUI0 KacaTenabHOH
K 3JaHncy.

97. Tlnockas nuHus 3allaHa ypaBHeHHeM r=r (f); ¢yHkuus r(¢)
onpeneneHa B OKPECTHOCTH TOYKH [ =£,, nNpuuém

Flt) =r" (t)= ... =rk=1(t,) =0, r®(t)) 0,
P (L) X P () =ik (2,) X PED (8 = ...
cee = (E) X P (t) =0, K (t) X P9 (2) 7 0.

JlokaszaTb cienyloulee MnOJ0XKEHHE:

Pacnonoxenne auunun C B Io-
CTaTOYHO MaJOd OKPEeCTHOCTH
ToukH M, OTHOCHTENbHO JH06OR
npamom, npoxoidiled depe3
Touky My U OTIMYHOH OT Kaca-

Pacnonoxenne aunun  C B Ro-
CTaroyHO MaJoOf OKpecTHOCTH
Touku M, OTHocHUTe/]bHO Kaca-
TeabHoO# K aAuHuM C B Touke M,

k s TeabHo@t K aunruu C B Touke My
Heuéruoe  yérHoe 10 OIHY CTOPOHY NEepexoiuT C ONHOH CTO-
POHBI HA LPYryio
HeuéTHOE HeuyéTHoe nepexonutT ¢ OJIHOF’ CTO- nepexonuT ¢ OLHON CTO-
pOHBI HA APYrYyMo POHBI Ha APYryIo
uéTHOE HeY8THOE  [EPeXOLMT C ONHOH CTO- 10 OJIHY CTOPOHY
POHBI Ha APYTYIO
4&THOE yéTHOE N0 OfHY CTODOHY M0 ONHY CTOPOHY

3ameuauue. Mu Oyzem rosoputh, uto aunusi C B TOuKe M,

pacnoJsioxeHa

N0 OAHY CTOPOHY OT MnpaMO# v,

npoxounsule#t uepes

Touky M,, ecau Bce TOYKM Ayru auHun C B JOCTATOYHO ManOé OKpecT-
HOCTH TOuUKM M, 3a HCKIIOYEHHEM CaMOH TOuYKW M, pacrONOKEHL MO
OIHY CTOPOHY OT mpsMo#l v. Mpl 6yzem ropoputb, utos nunuss C B TOuke
M, nepexomut ¢ ODHOH CTOPOHBI MPSMOE YV Ha APYryl0, €Cl¥ BCE TOUKH
JIMHUM B IOCTATOYHO MaJOH¥ fMEBOH OKPECTHOCTH TO4kH M, 3a UCKIO-
ugHHEM CaMol TOuku M,, paCroJO¥eHbl MO OOHY CTOPOHY OT MPSAMOH. YV,
a BCeé TOYKH [IOCTATOYHO Ma/noil MNpaBOH OKpeCcTHOCTH TOukM M, 3a
MCK/IOYEHUEM CaMOW Touku M,, pacrnosoMeHbl MO APYryK CTOPOHY OT
1IpAMO# v. ’

§ 2. Touku nepernGa. BuimykJaoCTb M BOrHYTOCTH

98. Haiitu Toukn neperuGa nuHuM
y=ux*—12x* 4 48x* — 50.

99. dokasaTb, YTO JUHHUA
. _x+1

RrTES

WMeeT TPH TOYKH NeperuGa, PACMONOKEHHble HA OZHOH MPSMOH.

100. JlokasaTb, 4TO €CAM JWHUs 3agaHa ypaBHeHueM ¥ =—f(x) u
B TOUKAX X ==X, X=X, (x;<Xy) (yHkums f(x) NpUHUMAaeT 3KCTpe-
MajbHble 3HauyeHus, TO cyuwecrByeT §, Xx;<§< X, Takoe, 4TO TOYKa
(¢, f(§)) sBnserca Touko# neperuba maHHOH auHuH. PyHkumsa ,f(x) uMeeT
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npoussoausie f (X), f" (x), npudyem f” (x) oOpautaercs B Hy b Ha paccmar-
PHMBAEMOM CErMEHTE B KOHEYHOM 4YHMCJIE TOYEK.
101. [oxa3aTb, 4YTO TOYKM mneperuNa JAUHUK

__sinx
Tx
Pxt 4 4) =4

102. Ha#itu' Touku neperu6a JAuHuu

JeXKaT Ha JIMHHUH

x=—sint, y=—cos2t.
103. Ha#itu Touku neperunba JauHuH
x=¢, y=sint.
104. Hatite touxku neperu0a yJauTKu:
r=a--bcose (>0, b>0, a#b, a;ﬁ:2b).

105. [aockas nuHMA 3amaHa ypaBHeHueM r=r(f); ¢yHxuus r(f)
onpeneneHa M ABawabl aud@pepeHUHpyeMa* Ha CerMeHTe [a, b], npuuem
r X 7' 0; oSe npoussoaHsie # u r'' HempepuiBHbI Ha cermexte [a, b).
[lycTh @ — NpPOM3BOJbHbIA, OTAMuHbLIA OT Hyas Bektop. OTi0XUM ero
oT Touku M, (¢,) AaHHOH NUHUM.

1) ITpu KakoM HEOGXOAMMOM M JIOCTATOYHOM YCJIOBMM KOHEl OT/NO-
EHHOrO BEKTOPa yNaaéT B CTOPOHY BOFHYTOCTH AaHHON nnHHMH B TOUKE M,
T. €. B Ty MOJYIJIOCKOCTb OT KacaTeNbHOH K HaHHOH NMHMM B _TOUKE M,,
rae pacCrnonomeHa HOCTaTOYHO Manasi 4acCTb AYrH MaHHOH NMHMHM B OKDECT-
HocTu Touku M.

2) PaccMoTpeTh uyaCTHbi€ CiAydyad BBITYKJAOCTH M BOrHYTOCTH 1O
OTHOIIEHHI0O K MaCluTaGHbIM BEKTOpaM i H j.

3) JlaTb OTBeTh Ha MNOCTAaBJEHHLIE BHILIE BOMPOCH B TOM Ciyuvae,
ecnu nvHWs 3afJaHa ypaBHeHueM y = f (X). _

106. [lnockan JauHWS 3adaHd ypasHeHueM r=—r(t); oytHkuus r(f)
onpeseneda u aBaxas AuddepeHuupyeMa Ha cermenre [a, ], mnpuuém
rXr'#0 npn Bcex t€(a, b). Jlokasath, uTQ EIMHHUUHbLIH BEKTOP
HOpMaad K JMHUM, HanpaBleHHbfi B CTOPOHY €€ BOTrHyTOCTH, OMNpene-
JIeTCSi COOTHOLIEHHEM:

[r1(r'xr"
| xre)

n—

107. VccnenosaTh BOTHYTOCTb JIHHMH Y ==Sin X «BBEPX» W (BHU3)-

108. [iockast JMHMA 3aJaHa ypaBHeHueM r=r(t); OGyHkuusa r(f)

oupenenena Ha cermente [a, b]. Ilpu nexotopom 3uauenun £y€(a, b)
umeeM: 7 (ty)=r"'(t)= ... =rE=V(t) =0, r®(t,) #£0,

P& (1) X Pk (t) =r®) () X rE+A ()= ... =

=r® (t) X rs=D (t)=0, r® (t,) X r® (t,) # 0, npuuém s— uérHoe.

[Ipy kakom He0OX0AMMOM M [NOCTATOYHOM YCNOBHMM KOHEL, BEKTOpa
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@, OTNOXEHHOro OT TOouku M, (fs), ynamér. B CTOpPOHY BOTHYTOCTH HaH-
HOW Jauuuu? PaccmoTpetb cayuall, * Korma JMHUS 3alaHa ypaBHEHHEM

y=F(x), npuagm f(x)£0, f () =f" () =" -=F () =0,
f(” (¥) 20 n s— uértHoe. .

109. Ilnockas nunus 3anama ypaBHEHHEM r=rt) cpnyuvm r (%)
onpesieneHa W MMeeT 'HENPEpLIBHLIE MPOH3BOIHbBIE r v r" Ha cermenre
[a, &) npuudn r' X r" 40 npu scex t€ [a, b). Tlycts [ — npoussoib-
Hast npsMas, He npoxoasulas yepe3 Touky M (¢) mauHO# amnuu, MP | [,
Touka P newut Ha npsmo#t /. Bysem rosoputb, uto nuHus C B Touke M
BbIYKJA K NMpsiMO# /, ecnu TOYKa P JNEHUT CO CTOPOHBI BHLIMYKJIOCTH
audun C B Touke M.

1) Tlpy KakoM HeOSXOOMMOM M [OCTATOYHOM YCJOBMM NaHHAA JH-
Hus C BbiTykna K npsiMof /, 3anaHHON ypaBHEHHEM

p=1po+ua?

2) Paccmorperh yacTHbE cayuam:
a) annus C 3a1aHa ypaBHeHueM y = f (), npuuém /' (x)£ 0, £ (x)# 0;
b) npsawas /—ocp Ox;
¢) npamas /— ocp Oy.
110. Mccae1oBaTh BLIMYKAOCTb M .BOTHYTOCTb CHHYCOHMAB Y == Ssin x
Kk ocam Ox u Oy. .
111. Kak usmenarca BeIBOAW 3ai1auu 109, ecan mnpavas [ 3ajiaHa
y paBHEHHEM
Ax -+ By +C=0?

112. Jlunns 3anana ypasHesuem F(x, v)=0. ITpu kakou Heofix0-
OMMOM M [OCTaTOYHOM YCJAOBHM, K 3Ta JHHMA B TOuke (X, V) BOrHyTa
B CTOpPOHY BeKTopa a, ,BBepx“, ,BHusz“, k ocu Ox, Kk ocu Ov?

113. Tlpy KaxkoM HEOHXOIMMOM M J[OCTA104YHOM  YC/IOBMW JIMHHS,
onpeiensevas ypasHenuem F (x, y)= 0, BOrHyrta K HpsMO#

Ax—+4 By + C==0?

114, Jlunaus 3anana ypasHenuew y =.f(x), roe dyukuus f(x) onpe-
IeNeHa Ha CerMeHTe |@, b] M mveeT B KaxXIOH TOYKE 3IrOrc CErMeHTa
NPOU3BOAHYI0 NOpsAnKa k==2, orauynywo OT Hy.ad. [lokasaTs, uUTO Ha
JAMHHM HET TOueK -BO3BpaTa. Kak OThICKaTb TOYKM meperusa?

115. [lyctb auHus 3a1ana ypaBHenuem y = f(x), rae yukuus f(x)
onpeleneHa Ha CcermeHte [a, 4] ¥ uMeeT B KamIo# TOuke 310r0 cer-
MEHTa MPOM3BOIHYI0 NOPAAKA B ==2, OTJMYHYIO OT Hyxs, npuuéMm 3Ta
¢yHkuus onpenensietcss ypaBHeHWeM F(x, y)=0 u B OKPECTHOCTH
uccaeayemMon TOuku (Xo, Vo) Gyukums F(x, y) nsawae nuddepeHun-
pyema; kpome toro, F(x, Vi)=0, F, (X yo) unn Fy(xg, Vo) % 0, 1
TOYKa (X, yo)—roqxa neperuda;, ToOraa F (%4, Vo) Frx (X, Vo) —
—2F (x(h yO)F (xOs yo)ny(xo, yﬂ)_J_F (xor )’O)Fvy(xo, yo)—O
(Heo0xoouMbI#i MPHU3HAK TOYKM Meperula).

116. Ilycts nuHus 3anana ypasHedHueM v = f(x), rae dyukuus f(x)
onpeneseHa Ha cerMeHTe (a4, ] W MMEET Ha 310M CErMeHI€ NMpOW3BOA-
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Hble IO TPEThero MOpsAIKa BKAouuTensHO. Ilycts 3Ta dynxums f(x)
HaxomnTcs u3 ypaBHeHusi F (x, y)=0, rme ¢yukuus F (x, y) TpmxIsbl
nuddepeHLMpyemMa B OKPECTHOCTH TOUKH (X,, ¥,), npuuém F (X, y,) =0,
HO Fy (%y, ¥,) wma Fj(x,, y,) 7~ 0. IIpeanonoxum, yto

Fy? (%, ¥o) Frx (X, ¥0) — 2F x (%4, ¥,) Fy (%4 ¥,) Fiy (%, 3’0) +
+ Fi (%9, ¥o) Fyy (%4, ¥0)==0, F;‘ (x5, ¥o) Frxx (%9, o) —
—3F (%, ¥o) Fi(x, ¥o) Fiddy (%o Y+ |
3y (X 30) FE (X, 90) Fiiy (%o, ¥0) — Fi (%3, 99) Fiyy (%o, ¥0) # 0.
Torna Touka (x,, y,) ABAfAETCS TOUKQH mepernda JHHHUM.

§ 8. Uccaenosanue U MOCTpoeHHe JUHHI

117. Wccnenosats munuio r={t*-4t—6, 4 3t — 4} wa ocodue
TOYKH, HA BBIMYKJOCTb M BOTHYTOCTb: a) ,BNpaBo“, b) ,BBepx, c) K OCH
Ox, d) Kk ocu Oy.

HallTu TOukM nepeceyeHHs JIMHMM C OCAMM KOOPIMHAT, TOYKH, B KO-
TOpbiX KacaTeabHas mnapaanensHa ocu Ox, ocn Oy u 1. n. [locrpounrs
JIMHHUIO.

118. Hccnenosars auHuio P==/{¢?, t‘—]—t‘*’}

119. MHccnenosath MuHMIO r._{

uenom. ITocrpouts eé.

} B LIEJIOM.

"‘l

IToctpouts €8, o
120. UccaenoBath NUHUIO
r={a -} byt 4, at -+ byt - c,}.
121. UccnenoBath AHHHIO
r={f 15¢*4-8¢#%}
# nocTpouThL ed rpadux.

122. HecaenoBaTs JHHUIO 7 == {%—:{:%2, t-+ 1—_:_—?2},

123. VccrenoBath MHHUIO-
2 -3 2 -3
’—{t2‘+ r ip +—1‘}
124. ViccnenoBaTh JIMHHIO
F={—5t" 28, — 324 23},
125. HccnenosaTh JTHHHIO
t—1 -
"‘{'1+t2 ’ ,L+t2}'

3anucath ypaBHEHHME 3TOH JHHMM B HEsBHOM BHIE, a TAKKE B MOJAAP-
HblX KOOpIWHATAaX.
126. .ViccnenoBars JHHUIO

r_{ £ t
I R 19—1}-
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127. VccnenosaTth JMHHUIO

|G, 422}

128. HccaenosaTh JAMHHIO

o ta—2e
"—'{1-—12’ [ —& }

129. Ha#itu acuMnTOTHl CAELYOUUX JUHHUHA:

a3

1) )’==C—|—(—;:1,—)g,

2) ¥ =a®—x?,

3) (- 1)=x"(x*—1),

4) Y3 = 6x} x3,

5) 2y (x -+ 1)P=x3,

6) xy® - x’y =a?,

7) y(x* —3bx 4 2b*) = x® — 3ax? | a?,

8) x (4 yH)=ay’,

9) (x‘z___ye)a_2a2(x+y)2_2b2(x_y)2=0,

10) (* —y?)r=a®(x*+-y?),

11) 2x*— x¥y 4 x¥y? — xy® — y* — 8x3 | 247y —
— 8xy? 4 2y3 - 8x* 8y — 4 =0,

12) 6x3y 4 5x%y? — 6xy3 - 12x% — 6x%y — 2xy?
41293 —32x% - 126y — 16y? — 16x 48y 79 =0.

130. Hafitn acumMnToThl caedylouux JuHUH, 3a1aHHBIX YDPaBHEHHAMH
B NOJMAPHBIX KOOPAMHATAX:

1) rp=a (runepGosuuecKas crnupajs),

2) rkp=—a? (,xesn"),

3) r=a sec 2¢.

131. Mccnenosath caepytoune anre6pandyeckue JHHUM U NOCTPOUTH
ux:

1) x8— xt -} y2=0, 7) x4 y3—3xy=0,

2) x3—27(x—y)!=0, 8) xt — x’y +y¥=0,

3) x*— v 1=0, 9) ¥+ xt—xy?=0,

4) xt— vt —4x?y =0, 10) x* — 6x%y 25y —16x*=10.
5) xt—4yt —2xy =0, 11) y*(x*—4)+ (x*+ 4y —4)*=0.

6) x‘—}—y‘——x"—y*:O,

§ 4. Tlonapn

132. Hafitu momspy 3J,/urnca OTHOCHTEIbHO €ro LEHTpa.
133. Hatitu nonspy runep0o/bl OTHOCHTENbHO €€ LIEHTpa.
134. Ha#ttu monspy mapabonbl oTHOcHTenbHO €€ (okyca.
135. Ha#itu nomspy 3nnunca OTHOCHTENbHO ero (okyca.
136. Haiitu momspy runepGonbl OTHOCHTENbHO €€ (oKyca.
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137. CocraBuTh ypaBHEHUE MOTIPH JHHUN
xﬂ 1
oIS A
a o
OTHOCHMTENbHO Hayaja KOODIUHAT.
138 . JlokasaTb, YTO ypaBHEHue MOA3Pbl JUHUM r—=—r ({) OTHOCH-
TEe/bHO Hayaja PajJuycOB-BEKTODOB MOXHO 3amucaTh B BHIE:

p=(rn)n
HIHU
?:-—:r :52" [ ’]y

FI€ 1 — eNUHUYHBIH BEKTODP HOPMaju JaHHOH JIMHHH.
139. CocrasuTh ypaBHEHME HOA3PH JNMHUH Y =f(X) OTHOCHTETLHO
Hauya/la KOOpPIHHAT.
140*, [lokasaTtb, 4TO ypaBHEHHE aHTUNOAIPHl JAHHHM 7 = r(f) MOXHO
3anmucath B BUIE:
rt

1) p.—_—r—-’?l[r],
2) p=r—+ I,

rle ¢-—eINHUYHbI BEKTOD KacaTeiabHo#, a n = [f].
2 2

141. CocraBuTb ypaBHEHHE AHTUMOA3PHI annnncaz—,—i—y-b—z =1 oTHO-
CUTENLHO ero (Qokyca.

142. Ha#itu antunoaspy runep60oJbl OTHOCHTENbHO €€ LEHTpa.

143. Ha#ttu antunonspy napabGosnbl OTHOCHTENbHO €& BEpIUHHBI.

144. CocTaBuTb ypaBHEHHE AHTUNOAIPHl JUHUU Y =f(X) OTHOCH-
TeJbHO Hayajla KOOpPIAHMHAT.

145. Haiit aHTHNOA3DPY 3/JMICA OTHOCHTENbHO €ro LEHTpa.

§ 5. Oru6aromue

146. Hafitn orubawomyio cemeficTBa NpSMbIX, COEIMHAIOUIMX KOHUb
nap CONPsKEHHLIX AMAMETPOB 3JJIMIICA.

147. Ha#itu orubaroumyto cemeficTBa NpPSMbIX, OTCEKAalOUIMX OT CTO-
pOH MpPAMOro yraa TPeyroJbHUK HEH3MEHHOW MJOulaiH.

148. Ha sanunce GepyTcs napbl TOYEK TAaKMX, 4TO, COEIMHHB HX C
UEHTPOM 3JJIMMCA, NOAYUYHUM IIUATHYECKHH CEKTOp 3alaHHOH Maoulany S.
Hatitn orubaromyto cemeficTBa npsMblX, MPOXOAANIMX 4EPE3 YKasaHHbIE
napbl TOYEK.

149. Haittu orubaromyto cemeficTBa MPAMbIX, OTCEKAIOUIUX OT [aH-
HON napaBonbl CerMeHThl J1aHHOW MJOMLANH.

1560. /3 naHHO! TOYKY MON PasHLIMH YrJlaMH K FOPU3OHTY C OIHOH
H To#t ke (Nno Moayato!) HayanbHOH CKOPOCTbIO BBLIOPACHIBAIOTCA MaTe-
puanbubie Touku. Hafitn orudaromyto Ttpaekropuit (mapadona OGesollac-
HOCTH).
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151. Ha#ttu orubalouryio cemeiicTBa nuuui
r={u'+v, v’ 4o}
(u —napameTp TOYKM Ha J/IMHHM CeMEACTBA, U — MapaMeTp JUHAH B

cemeficTae).
152. Ha#itn oruGaoutyio cemefcTBa JUHHH:
r=1{u+v, u?},
(1 —napaMeTp TOYKM Ha JIMHMM CeMelCTBa, U -— MapamMeTp JHUHUH
8 cemeficTse). ’

153 *. Hatitn orufarofiiyio cemeficTBa NpsMblX, OTCEKAIOWUX OT CTO-
POH 1aHHOrO yria TPEYroJbHUK IaHHOTrO MepUMETpa.

154. Hatitn orubatomyto cemeficTBa OKpy#HOCTEH, NOCTPOCHHBIX,
KaK Ha IuaMeTpax, Ha NMapaulel]bHbIX XOPZaX HEKOTOPOH: OKPYKHQCTH.'

155. IIpousBonbHbIfl paguyc OKDYXHOCTH NPOEKTHPYETCs Ha 1Ba €&
B3aMMHO-NEPNEHIMKYIIPHbIX IMaMeTPa M Ha MPOEKUWsiX, KaK Ha Mo.ay-
ocax, crtpoutcs 3aaunc. Ha#itw orubarmouyo nocrpoeHHOro cemeficTsa
3JUTMICOB. . ' .

156 *. Ilpou3BOAbHBI!I pamuyc-BEKTOP 3JMNCA NPOEKTUPYETCS 10
HAMpaBJeHUI0 IBYyX KaKMX-HUOYIb €ro CONPsKEHHLIX IMAMETPOB Ha 3TH
JMaMeTpel W Ha MPOEKUHMAX, KAK HAa CONPSKEHHBIX MOJYIMAaMETPAX, CTPOUT-
cq aaaunc. Hafitu oruGamouiyio mocTpoeHHOro CeMelcTBa JUIMICOB. .

167. Ilycte O — ueHTp CHMMETPHHM paBHOCTOPOHHeAd 'runepboJbl, a
M — npousBonbHas TOuka, Jexaulas Ha runepSoae. Orpesok O.U
MPOEKTHPYETCS HA dCUMNTOTH runep6obl, ' HA MPOEKUUSAX, KaK Ha moJy-
0cax, cTpoarcs 3ajunchl. Hafitu orufarmouyio nocTpoeHHOro cemefcTsa
3JIMICOB.

168 *. [lycts O — ueHTp runepSoabl, a M — npousBosbHast €€ TOuYKa.
ITposeném uepes Touky M mnpsmble, napajjienbHble acCUMNTOTAM rHOep-
6076, KOTOpblE OTCEKYT Ha acumnrorax otpe3ku OP u OQ. Ilocrpoum
Ha orpeskax OP u OQ, KaK Ha CONPAKSHHBIX MOJNYIMAMETPAX, 3JJIHIC.
Hatitu orufalouyo noCTPOEHHOro0 CEMEHCTBA 3JUIMICOB.

159. Hatfitu orudatouyio cKkopocTefl TO4eK NPSMOJHHENHOro CTepXHS
fIpY MrHOBEHHOM BPAUIEHHWHM 3TOr0 CTEPXHS BOKPYT HEMONBMIKHOH TOYKH.

160. Hafitn orubaiouiyto CKOpocTefi TOYEK OKPYMKHOCTH IPH MrHO-
BEHHOM BpaueHun €€ BOKPYr TOUKH, Jexaulefl BHYTPH OKDYXHOCTH.

161. Hatitn orudamoouiyr0 pasnvuyHBIX MOJIOXEHHH QUaMeTpa OKpYX-
HOCTH, Kartdulefics 6e3 CKOJbXEeHHs Mo NpsMoii.

162 *. Haiitn oru6amouyio CKOpPOCTefi TOYEK CTEPHHS MPOHU3BOJbHOM
$OpMbl NMPH MTHOBEHHOM BPAlleHHH 3TOrO CTEPXHS BOKDYr HEKOTopoh
TOYKH.

163. Paccmorpum okpyxHocth C WM BHYTPH 3TOH OKDYXHOCTH —
Touky F. DBymem neperufarb OKDYXHOCTb Tak, 4TOObl ,meperHyras“
4YacTb AYTM OKPYWHOCTH npoxoauna Obl uyepe3 TOuky F; HafiTu orudaio-
myio ,auHuf cruba“ (npsiMble JUHHK).

164 Jlanel nBe KOHLEHTPHYECKHE oxpyxmocm paauycos a u b.
Crpoutcs ceMefiCTBO OKDYyXHOCTefl, LLEHTPbl KOTODHIX DacnoOXeHbl Ha
OKPYXHOCTH pamuyca b, a pamuycsl paBHbl a. CTpouTCs BTOpOE CeMeii-
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CTBO OKPYXHOCTe#, LEHTPB KOTOPBIX PacrnojiOXeHbl HAa OKPYWHOCTH pa-
aWyca a, a pamMycel paBHbl b. JlokasaTh, 410 073 CeMeHCTBA OKDYMK-
HOCTEHl HMMEIOT OJHY M Ty € orubamomlyio M HalTh 3Ty orubarouiyo.

165. OTpe3oKk HeM3MEHHOHW ANMHBI / CKOJb3HT CBOMMH KOHLAMU MO
JIBYM B3aHMHO-NEPNEHAUKYISPHRM npsmbiM. Ha#ith orubaromyio cemefi-
CTBa NPSMbIX, HA KOTOPBIX DaCNONOXeHbl OTPE3KH.

166. Hatfitu orubarouwyto cemeticrsa SJUIMMCOB, HMEIOUIMX oburue
r71aBHble OCH M 3aJ3aHHYIO CYMMYy noOsyoceh.

167. Ha sepkano, umeioutee chepuyeckyio ¢GOpMy, naiaer nyyok na-
pananenbHblx ayveft. Hafith orubaromyio OTpax&HHHX ayye# (KaycTHKa).

168. Hatitn orubatouryto cemeificTsa 3JJIMINCOB, HMEIOUIMX 3a4aHHY!O
nomanas ¥ ObuMe r7aBHHE OCH.

169. Haiitn oruGamoulyio ceMeCTBa 3/MMNCOB, HMMEIOIMX 331aHHYIO
IVIOaAlh M 1Ba OOWIMX CONDSKEHHBIX JAHaMeTpa.

170. Hatitu -oruGatouyio ceMeficTBa OKPYXHOCTeH, MPOXOAAMIMX Ye-
pe3 sepiuMHy napaboas x®=—2py u HMeoulMX LEHTPH Ha 3TOH mnapa-
Goe.

171 #. Ha#itu orubamomyio cemeficTsa oxpymﬂomeﬂ HMEIOLIUX LEHTPH
Ha 3JUIMICE M NPOXOIALMX 4epe3 OAMH W3 €ro (OKycoB.

172 *, Haélm orubaionlyio cemeficTBa OKpYXKHOCTe#i paguyca a €
LCHTPaMKU Ha MuHuM r=r(v).

173 *. Ha#itu orubarmouryro Hopmaneﬁ nuHun r =r (v). Bektop-dyHk-
uusa r (v) onpesneneHa, HelpephiBHa M aBaxIel auddepeHUMpyeMa Ha Cer-
mente [a, b]. B kawmo#i Touke 3TOro cermeHTta 7' nr"” HeKONIHHEapHH.

174. Ha#itu orubatoulyio cemeficTBa NpAMbIX, KaX(las W3 KOTOPHIX
NPOXOIUT Yepe3 OCHOBAHHSA MEPNEHAMKYAsPOB, ONyIIEHHBIX H3 MNPOM3-
BOJIbHOW TOYKM napaGossl Ha e OCb CHMMETDHM, W KacaTelbHYIO B Bep-
HirMHe.

175. Ha#ity orubatouiyto nyue#t, OTpPaXEHHLIX OT OKDYXHOCTH, €CIH
CBETALASICS TOYKA HAXOMHTCH HAa OKPYXHOCTH.

176 *. Ha pamuycax-sekTopax JUMHUM r=r (), KAK Ha AHAMETpaX,
NOCTPOeHbl OKpYXHOcTH. JlokasaTh, 4T0 orufapoulas 3TOr0 CeMedcTBa
OKpYXHOCTE#l eCTb NO/J3pa MaHHOH JHMHUK OTHOCHTENBHO Hayana paauy-
COB-BEKTOPOB.

177 #. CocraBuTb YypaBHeHue oOrubaiomefi cemeficTsa HOpMaie# K
NaHHOW JIMHMH, B3SB ypaBHEHHE CEMEHCTBa B BHIE:

R—INIr=

178. Haiitu orubarontyio cemeicTBa OKPYXHOCTEH, MOCTPOEHHBIX, KaK
Ha [uaMerpax, Ha XOplax napabonb H npoxomsuux uyepes e& Pokyc.

179. Ilpsamas Bpautaercs C MOCTOSHHOA yri0BOH CKOPOCTbIO BOKPYT
TOYKH, DPaBHOMEPHO ﬂfmmymeﬁca no npsiMofi. Haittn orubaromyro.

180. Ha#itn orubaowmyro cemMefiCTBa OKPYXHOCTEH, NOCTPOEHHbIX HA
(OKanbHBLIX PaduyCax-BEKTOPAX [TAHHOTO 3JUIAMNCA.

181. Ha#itn orubamouyto cemeficTBa OKPYMHOCTEH, NOCTPOEHHbLIX,
KaK Ha JMaMeTpax, Ha GOKaJMbHBIX PaaHyCax-BEKTOPax AaHHOM runepOoml.

182. Haiitu .orubarouryto cemMeiicTBa OKPYXHOCTeH, NOCTPOEHHKIX,
KaK Ha QuaMeTpax, Ha (OKalbHbIX PaaMyCax-BeKTOPax AaHHON napaboiul.
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183. Ha#itu oruGaromyio cemeficTBa NMPAMBIX, OTCEKAIOWMX OT ABYX

B3aMMHO-NEPNEHINKYISPHBIX NPAMbIX [Ba OTPE3Ka, CyMMa IJIMH KOTODbIX
3anaHa.
" 184 *. B onHOH NNOCKOCTH .pacnosioXeHs aBe ocu koopanHat Ox u
Oy. Hatitn orubamouyio cemeficTBa mpsIMbIX, Kama1as H3 KOTOPBIX MpO-
xondT uepes Toukn M u M', nexauive cOOTBETCTBeHHO Ha ocax Ox
Oy ¥ uMmelolle PaBHblE KOODJMHATHI:

M(x), M), x=y.

185 *. Ha#itu orubaiomylo cemMeficTBa mnpsAMBIX, MNPOXOAAIIMX Yepe3
N
Toukn M B M' nBYX OKpyMXHOCTEH — Takux, 4to pasHocts ayr O'M' m
N’
OM —onxa v Ta we A1 BCeX NPAMBIX CeMmeHCTBa.

§ 6. ConpukocHOBeHHe NJOCKHX JWHHI

186. BepiusHO# AMHHM Ha3bIBa€TCS TOYKA, CTALMOHApHAs 1/ Paavyca
COMNpHKacaoUeics OKPYXKHOCTH (B YaCTHOCTH TOYKA JIOKAJNbHOrO 3KCTpE-
MyMa paauyca compHkacawouilefics okpyxHoctd). Hafitu sepuinHy nuxun
y=Inx.

187. Hafitu conpukacamoulyiocs OKPYXHOCTb PaBHOCTODOHHEH rumep-
6onbl xy =1, paauyc KOTOpO# MMeeT MHHHUMAJbHOE 3HAuEeHHE.

188. Boluncaute paguyc conpHkacaioulefics OKDPYWHOCTH B MpPOU3-
BOJLHO! TOYKE JIMHUM BTOPOro MOpsAKa:

ay3x% 4 2a,9xY + ag9y? + 2a,x+ 20,y +a=0.

189. IMycTe M — TOYKa UMKJIOMAB, @ P COOTBETCTBYIOMIAsl TOYKa
«IPOU3BOISALLEr0 Kpyra»; mNpoaoMmKuUM OTpe3ok MAP Ha paccrosHue
PC= MP; pokasarb, uro C—lLeHTpP COMNPHKACAIOUIEHCS OKPYKHOCTH
UMKJIOMAN B Touke M.

190*. lokasarb, 4to npu adPUHHOM CABUrE MIOCKOCTH OTHOCHTENb-
Ho kacarenpHofi MT k nuuum C B TOuke M MBI NOJYYHM HOBYIO JH-
uio C', numeowyio' B Touke M Ty e CONPUKACAIOULYIOCS OKPYKHOCTb.

191 *. HMcenenosaTh H3MeHeHHe CONpPHKacaiollelics OKPYKHOCTH B
touke M nmnun C npu adHUHHOM CKATHH FTOH JNMHMHM K KacaTeNbHOH
MT, nposenéunoél k nuvun C B Touxe M.

192. Tone3yscy pesynbraToM npenslayiied sagaud, HafiTH NOCTPOe~
HHEM UEHTPbl CONPHKACAIOUIMXCH OKDPYMHOCTEH I 3//1Mnca B ero Bep-
IHMHAX.

193 *. Tonb3yscy pesynabrarom sadau 190 u 192, wHafith nocrtpoe-
HHe lEHTpa CONpHKAaCaoWEeHCss OKPYMHOCTH B NMPOU3BOJBLHOR TOuke 3=
Junca.

194}. Buiuncnnts pammyc conpukacaromeficss OKpY¥HOCTH runep6oin
2
;—:;-—yF=l B ee BepIIMHE M IaThb IeOMETPHYECKHH Cnoco6 NOCTPOeHHs
LIeHTpa COMpHKacaiouleiics OKPYXHOCTH. PaccmMOTperh uaCTHHf crydah
PaBHOCTOPOHHeH runeploan x* — y? = ai,
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195 *. Ha#itu reomerpuyeckuit cnoco6 MOCTPOEHHS LIEHTPA COMPHKa-
caowefics OKPYXHOCTH B NMPOM3BOJBLHOH TOYKe runepbOobl.

196. Briuncaute paauyc conpukacamoulefics OKPYXHOCTH Napabosnl
B eé BeplIMHE W [aTb FeOMETPHYECKHH Crnoco® MOCTPOeHHs HEHTpa CO-
npuKacatoulefica OKpYHHOCTH.

197 #. JlaTb reoMeTpuyecKkuil cnoco0 MOCTPOEHHA LEHTpPa COmpHKa-
carouleficsi OKPYXHOCTH B MPOU3BOJLHONH TOUYKe napabosbl.

198 #. Jlunua C naHa ypaeHeHuem r=r (f); Bekrop-pyHkuus 7 (f)
onpesneneHa u TPWwkAbl AuddepeHunpyema Ha cermeHte [a, b], npuuém
r' X r'+0 npu Bcex t€ [a, b). HasoBém Bextop vy=3r"(r' X r")—
— r'(r' XX r'") BektopoM adduHHO# HOpManu muuun C B Touke M,. Jlo-
KasaTb, YTO €CJAH 3TOT BEKTOD He MEPNEeHAMKYspeH KacaTeJbHOH K
munan C B Touke M, TO compukacawoumanca OKpPyXHOCTb auhun C B
Touke M, nepecexaer auuuio C.

199 ®. Jlokasatb, uto ecau junus C 3agaHa ypaBHeHueM r=r(t),
¢yukuns 7 (f) uMeeT NMPOM3BOLHBIE 10 YETBEPTOrO MNOPSAKA BKAIOUHMTE/b-
HO Ha cerMente [a, b], npuuéM B TOuke M, BHLIMONHEAH ClelyIOLIKE
ycJI0BHS: :

roXry 0, rv=0,
vy=3r) (ro X r) —ro(ro X ro’”"),

(ro X r6") (4rore’ + 3ry%) — (ro X r) rg? # 0,

TO COMpPHKACAIOWAACs OKPYXHOCTb He mepecekaer aumvuu C B 10CTa-
TOYHO ManOH OKPEeCTHOCTH TOUKH M.

200 #. ITycre saunus C samana ypaBHeHueM r = r(f); ¢yukuus r(f)
onpeleseHa W MMeET NPOW3BOAHbIE IO TPETHETO MOPSAKa BKJIOUUTEILHO
Ha cermente [a, b], npnuém 7' X r" £ 0 npu Bcex t€ [a, b). Ilycts R —
paaunyc conpukacatoumefica oxkpywHoctn aunun C B Touke M. Jlokasats,

d
4TO ec.rm—R # 0, to muHua C B Touke M nepecekaer CONPHKACalOULyOCA

OKPY)KHOCTI:.
201. Ha#itu BekTOp adduHHOH HOpMa.u

v — 3’_!! (rY >< rll) —rl (r! >< rlll)
I CNAELYIOIMX JNHHHMT:
1) r=/{acost, bsint} (3n1unc),
a 1 b 1
2) r= {—2—-(t -|--t—) , T(t ———t—)} (runep6oaa),
3) y=uax® (napaGona),
4) y=Inx

M ONpelenvTh Paeno/NOXeHne COMpuKacaouehcs, OKDYXKHOCTH OTHOCH-

TE€IbHO JHMHHU B KaXAOM Clydyae.

202. Iloka3aTb, YTO OKDYXHOCTb (x—a)’—l—(y—a)g-—g% —0n

napadona y/ 3x 41/ 3y =21 a umeor B roqxe( T —3—) CONpPUKOCHO-

BEHHE TPETLEro MopsIKa.
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203. [lana moayokpyxHocTe AKB, umeouias uedtp B Ttouke (a, 0)
v paauyc r. CoeanHuTp Hauano koopauuar O u B napa6osofl Tak, 4TOOH
OKPYWHOCTb ¥ mapa®o.a B TOUKe B umenn Obl CONMPUKOCHOBEHHE HAWUBbBIC-
wero nopsaka (cm. yeptéx 85 K. OTBETY 3TOH 3adaum). :

204. ‘Haiitu runep60sy, Kacaloulyocs BepUIMHON JHHUH Y = 1 — cOS X
B Havaje KOOPAMWHAT W HMEIOULYI0 HaMBLICUIMA MOPSLOK COMPHUKOCHO-
BEHHSI. ,

205. Hafitu sanunc, Kacarouiuiics BEpPUIMHON  LMKJIOMALI
r={k(t —sint), k(1 —cost)} u umelowu B TOYKEe KaCaHHs HAMBBIC-
wuil  NOPSIIOK COMPUKOCHOBEHHSI.

206. Jlunus y = f(x) kacaerca ocd Ox B Hauajae KOOpAMHAT. PyHK-
unsg Yy =f(x) npu x=—=0 uveeT NPOMU3BOIHBEIE MNEpPBOro U BTOPOro MO-
psaka. CocTaBuTb ypaBHeHue mapaboJbl, Kacaloulefcss QaHHOW JMHUM B
HauaJle KOODIMHAT M HMMeIoUlell HauWBBbICUIMH MOPSAOK - CONPUKOCHOBEHHS.

207. CocraBurb ypaBHeHHe MapaboJbi, Kacalolehcs BEPUIMHOH KO-
cuHycouabnl Yy =cosx B touke (0,1) u uMmeloulefl HauBbICIIMA MOPSLOK
conpukocHoBeHus. OnpeaenuTb 3TOr MOPSILOK CONMPHKOCHOBEHHS.

208 *. CocraButh ypaBHeHue mapabosbl, Kacalomehcs NuHul Yy = In x
B touxke (1,0) m umerowie B 3TON TOYKE C MAHHOW JIMHMEH COMpPUKOC-
HOBEHHE Haupbicliero nopsiaka. OnpenenuTb 3TOT MOPSIAOK.

. x®
209. [okasaTth, 4YTO JMHUM Yy=—sinx H Y_—:x‘*—F -+ x umeror

B Hauaje KOODJHMHAT CONPHUKOCHOBEHHE TPEThero MOPSIKa.

210. Hatitn nuHmio y =a,—+ ayx 4 apx® 4~ ...+ a,x", umeiomyio ¢
naHHOW nuHuelt ¥ = f(x) B touke (0, f(0)) cOmpuKOCHOBEHHE n-ro MO-
psaxa.

211 **, Ha#itu nuHKMIO, Ha KOTOPOH pacmoJoXeHs (GOKych mapadou,
KacalowHXcs JaHHOW NMHUM B JaHHOM TOYKE M MMEIOIHMX B 3TOH TOUKe
€ [NaHHOH NHMHMEH COMPHKOCHOBEHHE BTOPOrO MOPSIKA.

212 #*, YpaBHeHue BCAKOW mapabo.ibl, Npoxojsuiefl 4Y€pes Hauano
pa/MycOB-BEKTOPOB, MOXHO 3alucaTbh B BHIE:

(rxXa))+2rxXb=0,

rie a - &. Vcxons us 3TOro ypaBHCHHS, COCTaBUTb ypPAaBHEHHE COMpH-
Kacamoulelics napadoanl K AMHUM r==r (f) B NaHHO}# Ha He#l TOUKe, Cuu-
Tas, 4TO 3Ta TOUYKA SIBASETCS HAYa/JOM PaauycOB-BEKTOPOB. PyHuxuus r (f)
ompeneneHa W Tpuwabl auddepeHuMpyeMa Ha cermeHte [a, 6] u
r' X r' 70 npu Bcex f€[a, b].

213 #*, [lycte nuHUA r=r (f) NPOXOAMUT yepe3 Hayano0 pPadUyCOB-
BEKTOPOB; (PyHkuus r (f) onpeseneHa ¥ UMEET MPOU3BOAHbIE 1O 4ETBED-
TOro MOpsiAKa BKJIIOYMTENBHO Ha cermeHre [a, b]. PaccmoTpum ypaBHe-
HME JIMHMM BTODOrO nopsika

@11%6* - a19%Y - a9y ¥ - 2a,x - 20,y =0,
TaKKe MPOXO[sulel uyepe3 Hayajl0 KOOPAMHAT. IDTO YyPABHEHHE MOKHO
nepenucaTth Tak:
X (@ %+ a19Y) 4V (ag1X + ageV) + 2 (a1 +ayy) =0
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win r®r-42ar=20, roe Dr — auxeliHas BexTOp-PYHKUMA BekTOpa
r=/{x, y}, &r={a x -+ a;,y, ay X+ ayv}. Hcxoms u3 ypaBHenus
rér -+ 2 ar—=_0 nuxun BTOPOro NOpsiKa, HAUTH JNMHUIO BTOPOrO MOPSIKaA,
MMEOILYl0 C [aHHOfi B Hayaje paAHyCOB-BEKTODOB COMNPHKOCHOBEHHE
HauBLICLIErO0 TNOpsAIAKa.

214. Kak onpelenuth xapakTep CONpHUKacawooulefica JAHUHUM BTOPOro
nopsiika B MPOU3BOMALHON TOuke JMMHMKM Y = f(x)? PyHkums f(x) ompe-
IejieHa, HENMpepblBHA W MMeeT NMpPOM3BOAHLIE IO YETBEPTOrO TOPSAAKA Ha
cermeHre [a, b]; npu arom f' (x) 7= 0.

215. OnpenenuTs THMbl COMNPUKAcalouledcs JMHUA BTOPOro MOpsaKa
B TPOM3BONMbHON TOUKE CIELYIOWMX JMHUH:

1) y=sinx (cunycownna),
2) y=Inx,
3) y::—;— (runepbomna),

4) y=x",rne n =0 u n=£1,
X

5) y__—.:% (e7+e—“) (uenHast mmHuUs).

216. OmnpenenuTbh THN CONpPMKAacalowieiics JMUHMM BTOPOrO MOPsiIKa
B MPOW3BOJNLHON TOHKE CAEAYIOUMX JUHMH:

1) r={a(t —sint), a(l —cost)} (uuknonna),
2) r=/{a(cost-}tsint), a(sint —¢cost)}
(2BONIbBEHTA OKDPYMHOCTH),

3 a t2 LA dt) g
) r= {V_z yo COS -5 V@y sin 55 } (kmoTouna).

217. Jlunus 3amaHa ypaBHeHMEM r —r (¢) B MOJSIPHbLIX KOODIMWHATaXx.
Onpenemts THN cONpuKacaloulefcs JAMHWM BTOPOro MOPsiAKa IJAs 3TOR
JUHUM B MPOU3BOJNLHON €€ Touke.

218. Omnpeneauts THUN compuKacawooulecs JUHUM BTOPOrO MOpPsiAKa
B NPOW3BONLHON TOUKE CRAMpanu ApxuMmena: r= ae.

219. Omnpezaenuts TUN CONpHKacarmoulefics JUHAM BTOPOro MOpsIKa
B MPOM3BOJNbLHON TOuke kapauouas r=a (1 - coso).

220%. CocTaBUTb ypaBHEHHWE JIMHUH, KOTOPYI0O 0OpasyloT UEeHTPH
COMPHKACAIOUIMXCSl JIMHAA BTOPOro MnoOpsaka /s JIMHHM, 3aJaHHON ypas-
HeHueM r—r(f); odyHkuus r (f) omnpenencHa U HMeeT MPOU3BOJIHBIE IO
4eTBEPTOrO MOPANKA BKJIIOYUTENBHO Ha cermeHte [a, b]; npu 3ToM
rxr'+0.

221%. Hafitu oru6aouyo adpduHHbXx HOpMmaned * junuu r=r(?).
®yukums r(f) onpeneneHa M MMEET MPOW3BO/IHbIE IO YETBEPTOroO MOpsIKa
BKJIIOUNTENHHO HA cerMeHre [a, b].

222%, Jloka3aTb, YTO NMPOM3BOIHAS OT paluyca-BeKTOpa

—r r? "
p—— errH r]

= Addunnoit HopManbio auHnu C B Touke M Ha3mBaeTcd npsaMas, MOPOXO-
nsiuas uepes Tquy M n umeoumlas HanpaBjieHHE BeKTOpa a(QUHHOH HOPMATH
saudun C B Touke M (cm. 3amauy 198).
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LeHTpa CcOMpHKacaloouleiics OKPYMHOCTH JauHUM r = r ({) onpexensercs
COOTHOILIEHUEM:
N i I R |
P - V"T’E { r! X ru .

223**, TInockas nuHuUs 3alaua ypasHenueM r=r (f). Pyuxkuus r(f)
onpesneseHa Ha CerMeHTe [a, b] W MMeeT HAa ITOM CerMeHTe MPOU3BOIHLIE
110 TPETbEro NOpsiAKa BKAOUNTENbHO.. Kpome TOro, BO BCEX TOUYKax 3TOro
cermenta 7' X r' 7 0 U pa1uyc conpuxacamomeics OKPYKHOCTH ABAAETCS
MOHOTOHHOH (yHkuMeR ot f. Jlokasatb, 4TO M3 ABYX JIOGLIX COMpHKa-
CaloUIMXC OKPYXHOCTEH OnHa BJIOXEHa B IPYTyIio.

224. CocTaBUTb yPaBHeHHE CONMpPHKACAIOUIEACs JTHMHAM BTOPOrO MOPsiIKa
I TMHUK, 3a0aHHON ypaBHeHueM y = f(x).

225. CocTaBUTh YpaBHEHHE CONPHUKAcalOUeHCs JMHUKA BTOPOro mopsiika
79 LENHOW JIMHMU

X

y=3%@E"+e 9

B eé BepluuHe, T. €. B Touke (0, a).

226. Ha#ty aunuio, adduHHLIE HOPManHW KOTOPOH MMEIT Hen3MeHHOe
HamnpasJIeHHe.

227*. Jloka3aTb, YTO UEHTPL JMHUH BTOPOro MNOPSIAKA, HMEIOUINX
C IOaHHOW nuHWEH B IJaHHOW TOYKE CONPUKOCHOBEHHME TPETbEro MOpslKa,
pacnosoxeHsl Ha a@uUHHON HODManM JUHUM B pacCMaTPUBAEMOH TOUKe.

228. CocrasuTh ypaBHeHHe mapaboJbl, OCb KOTOPOH mNapaJienbHa:
1) ocu Ox, 2) ocu Oy, n Koropasi ¢ OKpysHOCTbIO X% y?=15 umeer
B Touke (1,2) CONPUKOCHOBEHHE BTOPOro MOpsiKa. )

229%, HafiTn nAuHMIO, HA KOTOPOH pacmonaratoTCs LUEHTPHl PaBHOCTO-
POHHHX Trumnep6Oa, MMelulXx B JAHHOW TOYKE C JAHHOW JIMHHEH COmpH-
KOCHOBEHHE BTOPOro MOPsIKa.

230%. Jlunus y = f(x) xacaercs ocu Ox B Hayalne koopauHar. Co-
CTaBUTb ypaBHEHHE PAaBHOOOYHON runepsHosnl, MPOXOAsiled uepes Hauano
KOODAMHAT M HMelouled ¢ NaHHOW JvHHER B NAHHOW TOUKE COMPHUKOCHO-
BEHHE TPETbEro Mopsaka.

231#%, Hasos&m kacartenbHolt okpywHoctbio K JuHuu C B TOuke M
OKPYXHOCTb, Kacawoutytocs B Touke M kacarensHo#t MT k nunuu C
8 Touke M. Compukacawoweiics okpyxHoctbio aunuu C B Touke M Haso-
BEM KacaTtembHyl0 OKpywHOcTb S (paamyca R) k munuu C B Touke M,
ofmagaloulyo CAenyoulMM CBOWCTBOM: eclu mpoBecTH naBe MoObie Kaca-
TelbHble OKPYXHOCTH K audun C B Touke M —omny pamuyca R, <R,
apyrywo paauyca Ry >R ¥ pacnonoxeHHnle M0 Ty #é CTOPOHY OT
KacaTeJMbHOH, YTO M OKPYWHOCTb S, TO [AOCTaTOYHO Manasi-yacTb MyrH
auHun C B OKPECTHOCTH TOukH M Gyner JexaTh BHE OKDYXKHOCTH paauyca
R, v BHyTpH OKpyXHOCTH paiauyca R, (touka M uckmouaercs!). Mexons
M3 3TOr0 OmpejeneHus, 10Ka3aThb:

1) eaudcTBeHHOCTH (T. €. MOKasaTh, 4to ecaud B Touke M nunHus C
MMEET COMPHKACAIOULYIOCH OKPYXHOCTb, TO TOJNbKO OIHY);
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2) HallTH KOOpIHMHATH 1IEHTPA COMPHUKACAIOWEHCS OKPYKHOCTH H ed
pamMyc, mnpelnojaras, YTO YPaBHEHME JHHWH 3a1aHO B BEKTOPHO-Napa-
MeTpuveckom Buue: r=r (£); GyHxkuus r(f) onpeneneHa W HUMEET MPOU3-
BomHble 7 u r' Ha cermedte [a, b], npuudm £ X r' 7~ 0 npu secex
t€ [a, B];

3) nokasath, 4YTO NpsiMas JauHAS B JIOGOH CBOEH TOYKE HE uMeeT
conpuKacaioeics OKPYXHOCTH; .

4) nokasath, uTo AuHMA y =}/ Xx* B Hauale KOODIMHAT HE HMeeT
conpukacatouencs OKpy¥HOCTH;

5) noxasath, uto moban auHugs C B TOuke mneperuGa W B TOYKE BO3-
BpaTa MEepBOrO pola He MMEeeT COMpHKacalouledcs OKPYMHOCTH.

§ 7. Kpususna

232. Buiuncauth panuychl KPHUBH3HBI CAEIYIOIIMX JUHUHI:
1) y=sinx B BepuinHe (CUHycOuna),
2) x=a (1 -+ m)cosmt—amcos(l 4+ m)t,
y=a(l -+ m)sin mt — amsin (1 + n) ¢ (3nuuUKKIONNA),
3) y=ach —'3 (uenuas nuHUs),
4) x%y*=(a*—y?) (b+y)* (xonxouna),
5) r*=1a%cos2¢ (nemuuckara),
6) r=a(1 <+ cos®) (xapmuonia),
7) r=ae (cnupans Apxumena),
8) r=1{acos®¢ asin®t} (acrpouna).
233. Hatitu kpususuy runepGonast xy =4 B Touxe (2,2).
234. Hatitu xpususny mapaSonbt y?==8x B TOuKe <% , 3) .

235. Ha#itu kpususay Juuuu (y — x)*=x® B Hauane xoopaumar.
236. Haiitu KpuBM3HY CAEIYIOWMX JHHUA

1) y=—Incosx,

2) x=23£, y=3t—£ npu t=1,

3) x=ua(cost-+tsint), y=a(sint—ftcosf) npu t=

4) x=a(2cost—cos 2f), y =a (2 sin ¢t —sin 2¢).
237. JlokasaTb, 4TO paauyC KpMBW3HbI mapaboan x?=2py paseH

P

v 7

14

“oa [me a—yron KacaTenbHol#t Kk mapaGose ¢ oceio Ox.

238. B kaxnmo#t Touke HeKOTOpOW JMHHM 3aJaHa MPOU3BOIHAS %:
= (X, y). Boluucaute paavyc KpuBH3HBI NMHHM B MPOU3BOJNBHOH TOYKE.

239. JluHus 3agaHa ypasueHuem F (x, y)=0. Briuncautb e€ pamuyc
KPUBH3HBI B MPOKU3BOJABHON TOUKe.

240. ITo kako#t opmye cienyeT BLIUHCIATL PaAUyC KPUBU3HBI HHHUH,
83aNaHHOM ypaBHEHHEM B MOJAPHLIX KOODAMHATAX: 7==T(P)?

241. Ilo kako# opmyne cienyer BLIUMCIUTb PaAnyC KPUBH3HBI JMHUH,
8a/1aHHON MapaMeTpuuecKUMu YypasHeHusMu r=r(t), ¢ =¢ (f) B noasp-
HBIX KOQODAMHATax?
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242. HaliTu KPUBHSHY CJENYIOWMX JWHWA, SaNaHHBIX B MOASAPHBIX
KOOpIMHATAX:

1) r=as,

2) r=ag*,

3) r=a*® B Touke ¢ =0.

243. Jloka3aTh, YTO KPHBHM3HA JEMHHUCKATH: 7®=qa?%cos 2 mnponop-
LIHOHATbHA T.

244. BepuwivHo# 71MHMM Ha3BIBAETCY TOYKa, B KOTOPOH KPUBM3HA MpPH-
HHMMaeT 3KCTpeManbHOE 3HauyeHWe; HalTH BepLIMHbl CAE1yIOWUX JMHUA:

) Vx4 Vy=Va,
2) y=e*,
3) r=asin® %.

245. 3anavo none: p=1{X(x, ¥), Y (x, ¥)} BekTOpOB, KacarenbHbIX
K JMHUAM OJAHOMapaMeTrpuieckoro cemeifictsa (anddepenuunanbHoe ypabHe-
Hue cemefictea: Xdy — Ydx = 0). Halitu paanyc KpuBu3sHbl auanu cémeit-
CTBA; MPOXOAsille#l yepes TOuKy (X, y). )

246%. Hafttu pamuyc-BekTOp p UEHTpPa KacaTelbHOH OKDYIKHOCTH
K aunun r==r (f) B Touke M (¢), nmpoxonsuie#t yepes Touxy M, (¢ 4 Af),

u Hatith lim p. B 3ananno#t touke £’ XX r" £ 0.
At=0

247%%, PemnTbh NpelbAyllylo 3amavy, npearnoJsaras, YTo B Touke M
HMEIOT MECTO COOTHOIIEHHS:

F=r'=...=prk=D=0, rB£0.

248+%#, J[lokasaTb, YTO €C/IM JMHHUsS 3alaHa ypaBHeHueM y—f(x) n
B HEKOTOPOH Touke f'' (x¥)=0, TO B 3TOH TOYKE HE CYMIECTBYET COMpPH-
Kacatoulecsl OKPYXHOCTH B CMbiC/Ie Tpeabayuied 3anauu (ecau 2k=s,
TO corpukacamulefics OKPYKHOCTbIO OyleM Ha3hBaTh OKPYXHOCTb, UEHTP
KOTODO# coOBManaer KOHIIOM BEKTOpa

(rRyE  (2R)!
7R ¢ 2R 2(k 1)

OTJIOXEHHOro OT Touku M).

249%, [lnockas sMHMS 3alaHa ypaBHeHueM r =r (¢); yukuus r (f)
onpeseneHa ¥ HMEET HENMpPEpbiBHbie MPOU3BOMHBIE 7/ U rF' HAa CerMeHTe
[a, &]. Haiitu octpuifi yron o Mexay KacaTeNbHbIMM K JHHMM B TOUKAxX
M(t) u M(t—+Af) n noxasato, uTO

® _1r’><r”|_n

(~*7,

lim =
At =0 MM, e

(* — xpuBM3Ha JMHHH B TOouke M).

250. Ilnockas »nuHMA 3amaHa ypasHeHueM r—=r (f); dyHkuus r (f)
onpeleneda ¥ ABaXabnl OuddepeHunpyema Ha cermedte [a, b]; mpousson-
Hoie 7' u r" HenpepniBHbl Ha 3TOM cerMmedte W 7' X r" 7 0. Ycnosumcs
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CYNTaTh, YTO [aHHAs JIMHUS B TOYKE HMeeT NPaByl0 OPHEHTALHMIO, €C]H
penep 7', —npassif (1. €. ecan ' X 7' ™>0), 1 1EBYI0 B IPOTHBHOM C1yYae.
Bynem Ha3biBaTh OPHEHTHPOBAHHON KPHUBUBHOH % MaHHOH auHuUM B TOuKe M
4ucao, abcosoTHas BeIWYUHAa KOTOPOro paBHAa KPMBH3HE NMHUM B TOuke M
H KOTOpOE MOJIOXUTENbHO, €CIH JUHUA B TOuKe N UMEeeT npaBylo OpHEH-
TalMIO, ¥ OTPHUIUATEJIBHO B NMPOTHBHOM CaydYae; ecnd KpususHa auHun C
B Touke M paBHa Hy/mMo0, TO ycaosuMcs cuutath x = 0. Haiitu dopmyny,
Onpesesnsioulyi0 OPMEHTHPOBAHHYIO KPUBH3HY X% aHHOMW auHuu. JaTe pas-
AWYHBIE TEOMETPUYECKME HHTEepNpeTaluy MOHATUS OpHEeHTAalUuu JHUHUU
B naHHOH Touke. Kako# Bua npuHumaeT $HOpMyna IS OPHMEHTHPOBAHHON
KPWBH3HbI, €CM JIMHUSA 3alaHa ypasHeHueM y=f(x) (pynxuus f(x)
onpeeneHa, HenpepoiBHa U ABaX bl TuddepeHunpyemMa Ha cermenre [a,b ])?

261. [Inockas suHus 3aldaHa ypaBHeHueM r=—r (f); QyHxuusa r (f)
onpeneneHa W MMeeT npoussonaHsie 7, r', r'" Ha cermexte [a, b], npuuém
B HeKOoTopo# Touke M, (¢,) umeem:

r(t) X r'(t) =0, r'(t) Xr"{)F0.
[Tpu xakoM HEOGXOIMMOM M HOCTATOYHOM yCAOBUH auuus C vMeeT mpH
t<t, npaByl OpHEHTauWIO, a npu ¢t >f — neByl0 (WMeeTca B BUIY
JIOCTaTOYHO Majasi OKPECTHOCTb 3HaueHus =—t,)?
252. HafiTu OpHEHTHPOBAHHYIO KDHBH3HY JHHHH:
1) r=/{a(t—sint), a(l — cost)},
2) r={z, £},

3) y=rsinux,
4) y=1Inux,
5)y=ach—';i,

§ 8. dBoaoTa M 3BOABLBEHTA

253. CoctaBuThb YpaBHEHWs 3BOMIOT CJAEAYIOUIMX JUHMH U CHENaTh
YyepTemu:

1) r=/{acost, bsint} (3naunc),
2) r={x, ax? (napaﬁboaa), )
a
3) "={7(t+ti) s —2—<t——7>} (runep6oaa),
4) y=sinx (cuHycomuza),
5) y=Inx,
6) y=e~,
7) r=oa(l 4 cos¢) (kapmmouna),
8) r=/{a(t—sint), a (1 — cost)} (uukaonna),
9) r={acos®t, asin®¢} (actpouna),

10) y=uach % (uenmHas JsMHHMSA),
11) (%% - y%)? —a? (x* —y?) =0 (nemHuckaTa).

2564. Jlunvs 3a1aHa NONAPHLIM ypaBHeHueM r = r (¢). CocTaBuTh ypas-
HeHHsi e€ 3BOJIOTHI.
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255. CoctaBuTbh ypaBHEHHs 3BOJIIOTHI JHHHHM, 3aNaHHOW MapaMeTpHue-
CKUMM yDaBHEHUAMH r=r(t), =9 {(f{) B MOJAPHBIX KOOPAHHATAX.
256%. CocTaBuUTh ypaBHEHHE 3BOJIOThbl JMHUH

t
R=r——]:—,|J‘[r'|d1‘.
0

257. CocTaBuTh ypaBHEHHE KDyra KPHBH3HbI VISl JIMHUW

(* 4y x — 2ay*=0
B Touke (a, a).
258. JlokaszaTb, 4TO 3BOJIOTAa JIOrapU(pMHUYECKOH CrMpamy r=—a® ecTb
T4 We CINMpatdb, HO MOBEPHYTAas Ha HEKOTOPHIl Yros BOKPYr MOJIOCA.
MoxHo nu noio6pate a Tak, uTOOB 3BOMIOTA COBMaJda C AAHHOH JMMHUEH P
259. Hafitu anuny Bcelt 9BOMIOTHI 3JIMIICA C MOJNYOCSAMH a W b.
260. CocTaBuTb ypaBHeHHE 3BOJMIOTH CnUpadd Apxumena r=— aq.
261%#. lccaegosaTb YMCIO HOPMaled, KOTOPhHIE MOXHO NPOBECTH U3

x2 oy
TOUKK P (x,, Vv,) K MmMICY 55—*—1,?:1-

262+%#, lccmenoBaTh 4MC/IO HOpMajiefi, KOTOpbIE MOXHO MPOBECTH W3
2 2

naHHo# Toukm P (x,, v,) kK runepSone %—’Z—zz 1.

263##, lccmenoBaTth 4MCIO HODMaJell, KOTOPHIE MOXHO MPOBECTH W3
JaHHOH TOYKM Kk mapaboJe.

264. Ckonbko HOpMasell M3 JaHHOW TOYKHM MJIOCKOCTH MOXHO Mpo-
BECTH K 3BOJIbBEHTE OKPYMKHOCTH?

265. Mccrenosath uMc/o HopMasneil, KOTOpDble MOMXHO MpPOBECTH U3
IaHHOW TOYKHM K KapIuouue.

266+*. HafiTh palnyc-BeKTOP TOUKHM nepeceyeHus HopManaed K JMHHUH

r=r(t) B 18yx eé¢ Ttoukax M (t) u M (t- Af) u 3arem nafitu lim p.
At=0

bynkuus 7 (f) onpeneneHa u aBaxasl auddepeHUHpyeMa Ha CerMeHTe
la, 8),- npuudm 7' X r" # 0 npu Bcex f€ [a, B].

267. CocTaBUTb ypaBHEHHE 3BOJILBEHT OKPYXKHOCTH.

268. Ha#tn ssonbBedTn mapabonst x* = 2py.

269. HafiTn sBo/bBEHTY LEMHOHN JMHHWHK, (IPOXOIAILYIO YEPE3 BEPUIMHY

LEMHON NMUHUU
= t a
r—= {a Intg <T+7> , m}.

270. Hatitu sBonbBeHTH cnmpanu ApxuMena r=ag.

§ 9. Maunna nyru

271. Beruncaute nyry claemylomux JuHUHA

1) y=ach§,
2) y=x",
3) y=xt,
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4) y=Inx,

5) r=a (1l -+ coso),

6) r=/{a(t —sint), a(l —cost)},

7) r=/{a(cost | tsint), a(sint —1 cost)},

8) r= {% (2 cos t + cos 2¢), %(2 sin £ 4~ sin 2t)},
9) r=/1{acos®t, asin®¢},

10) y =e*,

11) r={a (ln ctg—;———cost) , asin t},

979##, Harn 1lim 1271 —1 85
As==0 | As

273. Ha#ttu npesen npu As=—0 OTHOWEHHsS pPAacCTOAHHS & OT TOUKH
M’ (s - As) nuuun 10 KacateabHo! K 3Tof MuHUH B TouKe M (s) K KBapaTy
N
oyru MM'.
274. Hatttn aamny ayru umcconan Y% (a — x)=x* or Hauana xoop-
IMHAT 10 KaKOW-HUOyAb e€ Touku (X, ¥).
275. HaltTu anvHy nyrd omHoro 3aBMTKa cnupyin Apxumena r=aQ.

X
276. IoxasaTtb, 4uTO m/is UENHOW JIMHUM Yy —a ch; NpoeKkuys Opau-

HaThl KaXIOH e& TOUKM Ha KAaCaTeJbHYIO B 3TOH TOuKe PaBHa IJUHE AYTH,
orcuutaHHo#t oT BepuwnHel (0, a).
277. Hafitu LAuHy nyru nuHUM

x=—f (2)sina— f" (a) cos a,
y=7f (a)cosa—f" (a)sina.

§ 10. HatypanbHsle ypaBHeHHs

278. CocTtaBuTh HaTypajbHble YpaBHEHHs JIUHUH, YyKa3aHHBIX B
sanaue 271.

279. Hatitn napameTpuyecKue ypaBHeHHs JNWHHH, 3HAsg HUX HATYpPalib-
Hble yPaBHEHHs:

P R=as,
2) %"I—;ﬁ‘—‘ 1,
3) Rs=a’,
9 R=a+,

5) s+ 9R? = 16a?,
6) §* - R*= 16a?,
7) R? — 2(13,

8) R*f-a'=na%

82
280#. 3Has HaTypajJbHOE ypaBHEHHE R=a+—a— uenHo#t JIMHWH, CO-

2
a.

CTaBHUTb HAaTypPa/JbHOE ypaBHeHHE €€ 3BOJIOTHI.
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281%. 3Haa HaTypaJbHOE ypaBHEHHE CJEAYIOLIHUX JHHHH, COCTABUThb
HaTypaJbHOE yDaBHEHHE 3BOJIOT 3THX JAHHHH:

1) R-—as (norapudMuueckis cnupads),
2) = —[—-‘; =1 (3nMuMKIOUIA),

3) Rs=a? (xaortouna),

4) s*+ 9R?* =16a* (ynurKa),

5) s+ R?=16a (uuxnouna),

6) R*=—2as (3BO/NbBEHTa OKPYMKHOCTH),
25

7) R*+a®=a% ¢ (tpakTpucca).
dR

282%. Mcxons u3 COOTHOWIEHUH p=— s’ 6= R, CBA3LIBAIOWHX pa-
IWYC KDHUBHM3HBl p 3BOMIOTH M €€ AYyry G C pPaIdycoM KpPHBH3HB R
3B0JbBEHTH U €& ayroft s (cm. Ne 297), cocTaBUTh HaTypaJbHOE ypaBHEHUe

3BOJIbBEHTHI MO HATYPa/JbHOMY YPAaBHEHHIO 3BOJIOThI:

1) p=C (Opr)KHOCTb)
2) p=a +— (uenHas nuHHA),

3) p?+4? :a“ (uukaounna),
4) p=ac (morapudmuyecKas CHHPaJb),
5) po=a? (knorouza).

283. JlaHo HaTypa/ibHOe YypaBHeHue JauHuM: o= f(p). CocTaBuTh

HaTypaJbHOE ypaBHEHHE €& 3BOJILBEHTHI.
20

284. Jlana aunus a? +p?=e® (tpaktpucca). Mcxoma us pesyib-
TaTa Npenbiayuledt 3a1a4d, COCTaBUTb HaTYPalbHOE yYPaBHEHHE €€ 3BOJIOTHI.

285%. CocTaBUTb HaTypajbHOE yDaBHEHHE BTOPOH 3BOJIbBEHTH OKPYXK-
HOCTH.

286*. Hatitu nauHuio r=r (S), 3BOJNIOTON KOTODPO# ABJIAETCS JHHHUS
p=Ir]. .

287##. CocTaBUTb HaTypaJAbHOe YypaBHeHHE JUHUM r=r(S), 414
KOTOPO#l 3BOJIIOTa OMpelensercs ypaBHeHueM p= [r] ¢

288#%%, JlaHO HaTypasbHOe ypaBHeHue S§=—s5 (%) auHuu. COCTaBHUTb
HAaTypa/ibHOE ypaBHEHWE JIMHUM Q=7 - am, <«lNapaajieibHOll» NaHHOMH,
cuuras, 4to 1 —ax >0.

§ 11. lIpumenenue cdopmya dpene

289%#, B3gB ypaBHEHHE 3BONbBEHTHl NMHUM F=r (S) B BUle p =1 — St,
IOKa3aTb, YTO 3BOJIbBEHTa BCTPEYAET 3BOJIOTY TOYKO# BO3BpaTa NEPBOro

poua.

290%#, Ecan B HEKOTOpOfi TOYKE 3BOJNBLBEHTbH PanMyC KPUBU3HBI R
d d2

orauveH OT Hynas: R 7= 0, 3atem d_§=0’ HO ng 0, TO 3TO# TOYKE Ha

3BOJIIOTE COOTBETCTBYET TOYKA BO3BpDATA MEPBOro pouaa.
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291#%%, TTycTp B HEKOTOPOH TOYKE 3BOJILBEHTHI %, =0, i«.o # 0% (Touka
neperuba). JlOKasaTh, YTO HOPMajib K 3BOJIbBEHTE B 3TOM TOUKE CJYMKHUT
aCHMNTOTOH 3BOJIOTHI.

292#%%, JlokasaTb, YTO €CJHH B HEKOTOPOH TOUKE 3BOMOTH %, =0,
x, 7= 0 (Touka mneperu6a) ¥ ecaum 3TOH TOUKE 3BOMOTH 7 ==7r(S) COOT-
BETCTBYET TOYKAa Ha 3BOJIbBEHTE P=—r — St, B KOTOpO# §=s§, £ 0, TO
3Ta TOYKa fBJAETCS TOUKOH BO3BpPaTa BTOPOro poia.

293*. DBO/MbLBEHTA BCTPEYAET 3BOMIOTY B TOYKE neperunba nociegHeh.
JlokasaTb, YTO 3Ta TOYKA BCTPEYHM SBJASETCA TOYKOH neperuéa W 3BOJb-
BEHTHI.

294%#%, JlokasaTh, 4TO TOuKe.nmeperuba aumuuu (x, =20, ¥y 7 0) coot-
BETCTBYET Ha, e€ noJA3pe TOUYKAa BO3BpaTa NepBOro poa.

295*%. Mccaenosatb 0OcoOble TOYKM NMHHH p =7 - an (a = const),
«MnapaJyieIbHOH» NMHUK F =17 ().

296%. Buipasutb Kpuusny maunuu C,, ONHCHBAEMOH KOHIOM €IHHMY-
HOrO KacaTeNbHOrO0 BEKTOpa ¢ K auHum C, uepes KpuBusHy aunuu C.

297%, BblpasuTb KPHUBH3HY 3BOJIOTH AUHUM C 4€PE3 KPUBUSHY BBOJIb-
BEHTHI.

298%. Jlunua sanaHa ypasHeHueMm r = r(s). E€ sBomora onpenensercs
ypasHenuem p=r - Rn. CoctaBurb ypaBHEHHE BTOPOH 3BOJIIOTH (T. €.
YPaBHEHHE 3BOJIIOTHl NHHUU p=r -} Rn).

299%. CocTaBUTb YpDAaBHEHHWE TpPETbeH 3BOJIOTHI.

300*. Ha#ttn xpususHy BTOpOH 5BOMOTH (CM. 3anauy 298).

301%. HaiTu paamyc KpHUBHU3HB TPETbEH 3BOJIOTHI.

302#. [lana nunua r=r(s). Paccmorpum nunnio p=r -} at. Jloka-
8aTh, 4TO MpsMad, COeAUHAIOUAsA TOUKY P (g) C COOTBETCTBYIOIUMM LIEHTPOM
KPUBU3HH JIHHUM 7= (S), ABJIAETCS HOPMAJbIO K JHHUH p="p (S).

303*. [lycts M — npousBoiAbHAs TOUKA JUHMM r==r(S), P — coOT-
BETCTBYIOIAs1 TOYKA €€ BTOPOH 9BOMIOTH, Q — LEHTP KPUBU3HBI JuHUU C
B Touke M, a S— cepeanna orpeska MQ. JlokasaTb, 4TO KacaTesbHas
K JIMHWM, ONKMCBIBAEMOH TOYKOH S, OpPTOroHadbHa npamoi MP.

304%. Ha muuuu C B3data Touka M. TloCTpOEH COOTBETCTBYIOIIMH
UEHTP KpuBU3HbL K M OT HEro OTJOWEH B ONPENEEHHO BHOPaHHOM
HanpaB/JeHWH OTPe30K KPP, nponopuuoHaibHbli (¢ MOCTOSHHEIM KO3 p-
(PULHEHTOM NPONOPUUOHANLHOCTH) PafnyCy KPUBH3HH JuHuK C B TOuke M.
Koraa touka M nemxercs no nuumm C, Touka P onucwiaeT auuio Cy.
Jlokasats, uto KacarenbHas, nposeagHHas k auuuu C, B TOuke P, npo-
XOIMUT uepe3 Touky M.

305*%. IlycTp p — paccrosHMe OT Hayalna paauycOB-BEKTOPOB 10 Ka-
carembHot Kk aumHuM C B Touke M, a r— paccrosuue OT Touku O 10
Toukn M. Hokasatb, uto

x|
rdr

306*. B unexoropo#l Touke auHMM r=r(s) umeem: x, 7 0, %, % 0.

d» . _dr
as’ r—%.
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B3s  ypaBHenwe  compukacaiomencs OKDYXHOCTH B  BHJE:
(e —r,— Ryn,)*=Rj, nokazaTb, 4YTO COMPUKACAIOWAACT OKPYMKHOCTD
nepeceKaeT NaHHYIO JUHUI0 B OKPECTHOCTH YKa3aHHON TOYKH.

307%. B HEKOTOpO# TOUKE JMHUM BBIMONHEHB ycaoBus: %, % 0, %, =0,
%, 7 0 (3KCTpEMyM KPMBH3HbI, BepiuHHa). JloKas3aTh, 4TO CONpPHKACAIOWAAC
OKDYXHOCTb JINHUM B 3TOH TOYKe He MepeceKaeT Ayrd JMHHM B 1OCTa-
TOYHO MaJIOf OKPECTHOCTH PAaCCMATPHUBAEMON TOUKH.

308#. [lokasaTbh, YTO €C/IM Ha HHTEpPBaNE a=<S=<< b, 3—: Han ?g co-
XPaHAOT 3HaK (PalMyC KPUBU3HBI M3MEHSETCSH MOHOTOHHO), TO [BE JNIOOBIE
COMNpPHKACAIOUINECH OKPYKHOCTH BJIOWEHBl OLHA B APYrylo.

309. Ha Hopmansix naHHON JMHMM OTK/AAAbIBAETCS OTPE30OK HEH3MEeH-
HOM IIMHBI (OT TOYKM JHMHWM, CKAa}eM, B CTOPOHY BOrHytocTu). Jloka-
3aTh, 4YTO JIMHHS, ONMHMCHIBAEMas KOHLOM OTJIOXEHHOrO OTpe3Ka, HMeeT
HOpMa/lb, OOILYI0 C NaHHON JAUHHEH.

310%. JlaHa rnagkas 3aMkHyrtas auHus C, SBASOLIASCS HENpPepbIB-
HbIM ¥ B3aMMHOOJHO3Ha4HBIM O0pa3oM OKpyxkHoOcTH. ITycte C; — nuHug,
«napanJesnbHasy v Haxoadwascsa Ha paccTosHud a oT jauHuu C. Beipa-
3uTb AAMHY ayrd auduu C; uepes mauMHy ayru auHun C 0OpU yClOBHUH,
YTO OpHUEHTHPOBaHHas KpuBHU3Ha auHHM C yIOBNETBOPSET HEPAaBEHCTBY
1 ax>0.
~ 311#%, Bolpasuth miolladb, OrpaHuyeHHyilo aunueit C; (CM. mpenbl-
LYULYI0 3ajfauy), 4epes3 mioulajab, OrpaHuueHHylo aunuedl C, uepes MIMHY
auaun C W yepe3 WIMPHHY NOJOCH, OrpaHuyeHHo# amHusmu C u Cj.

312. Jlokasatsb, 4TO rdx =20.

313%. CocraBuTh ypasHeHue cOmpuKacaiomeiica napaGoas (7 X @) -+
+2(r X 8)=0 auauu r=r(s) (Ha4ano paauyCOB-BEKTOPOB MOMEILEHO
B HCCJIENYEMYIO TOYKY).

314%. Haiitu sexktrop vy=23r"(r' X r'")—r' (r' X r"") apdunno# Hop-
MaJiM JIMHUM, 3aNaHHOW ypaBHeHHeM r=r (S).

315% Kakoi#i- BuI TpPHUMET ypaBHEHWe cOnpHUKacarouehcs 11apabobi
(329X - %,V)* — 18%,%y =0, ec1 3a MacliTaOHbIE BEKTOPH MPHUHATHI BEK-
Topnl £, W v0_3ncn‘,——x £y

3]6" Hatitu ranredcsl yr.noe 06pa30BaHHLIX KacaTeJbHON K AMHAR
r =r(s) B KaKo#-1150 eé TOouKe ¥ aPpPUHHON HOPMA/bIO B TOW HKeE TOUKE.

*817#. Haiitu auHuMIO, B Ka¥aOA TOYKe KOTOPOH adduHHas HOpMaib
COBNajaeT ¢ OOLIYHOH HOPMA/bIO.

318*, Hatitu sauuuio, adduuHas HopMaldb KOTOPOH COCTaBjseT MO-
CTOSIHHBIA yTOJ C KacaTelbHOH.

319*%, CocraButh ypasueHue r®Pr--2ar=0 conpukacamouwencs
JAUHWM BTOPOrO NOPSIOKAa IAs JWHHM, 3aJaHHOH ypasHeHueM r=r(s)
(HauYdJI0 PalMycOB-BEKTOPOB IMOMEIUIEHO B HCCAEAYEMYI0 TOUKY AaHHOH
JUHHHU).

320%. Kako# BuI mpuUMET ypaBHEHHE CONpPUKAaCaioUIeACs JUHUU BTO-
poro nopsiuxa, €CaM 3a KOODIHHATHHIA Delep NpUHATH

Ly, v, = 3nbmy — wyty.
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321#*, Jloka3aTh, 4YTO CONpPHKAacamouwascs JHHUS BTOPOro MOpsUKa
B JaHHOH TOuke MMHHH x =x(S){um R =R (s)} Oyler >samuncom,
ecmu 8 =9x§ — 5x§ - 3«,x, >0, runepGono#, ecan 3 <0, u napabonoh,
ecmu 8 =0. JlokasaTb, YTO BMECTO YKa3aHHOIO Bbill€ BbIPaXEHUs MOMHO
paccmarpuBath caenyiowee: 9 - Rf— 3R R,.

322%, Hafitu nuHMIO, ONMCHLBAEMYIO LEHTPaMH conpnxacaxoumxcn -
HUH BTOPOro nopsiaka IAs JAUHUH r=r (S).

823*. Haittu oruGaiomyo adouHHbXx HOpMade# JAuHHUM 7=r (S).

324*%, ByneM HasbiBaTb 3JMJAMNTHYECKON TOYKOH JIMHHH TaKYI0 €€ TOUKY,
B KOTODO{ COMpHKAcaiouascs JUHUA BTOPOro NOPsAKa ABAAETCS JIUICOM,
runepGOMMYECcKON, €eCclu CONPHKACaioLlascs JHMHHS BTOPOro MOpSAKA —
runepdona, ¥ napabOMMUECKON, ecau CONpHKAcaoasncs JUHUI — napa-
6ona. OnpenenuTh XapakTep TOYEK CJEAYIOMIMX JHHKHA, 3aJaHHbIX CBOMMH
HaTypaJbHLIMW YPaBHEHUAMHU:

1) R=a +% (uenHas auHUA),

2) s+ R?*=16a (uukmnouna),

3) R?=2as (3BO/bBEHTa OKPYXHOCTH),
4) R=as (norapudmuyeckas cnupasb),
5) Rs=a? (knorouna),

R 8
6) ;1 z =1 (snuumkionna).

325. [Ipeo6pa3oBaTb BbIpaxeEHUE

e=3@X F)(’r><%——5(?)<'r‘)*+12('r><i‘)§?>< 7).

326. Jlano ypaenenne R=f(a), rie R — panuyc KpUBHSHBHI JIHHVH,
a o — yrom OT MOCTOSHHOrO BEKTOPa @ IO KacaTelbHOrO K JIMHUK BEK-
Topa ¢. CocTaBuTb NapaMeTpHYECKHE YPAaBHEHUS JIMHHH.

327. Ilano ypasnenne a = f(R) (cM. npemmayutyo sanady). Cocra-
BUTb MapaMeTpUyYeCKue YpPaBHEHHs JIHUHHH.

328. [lanw ypasHeHums R =R (¢), a=a () (cM. 3apauy 326). Cocra-
BUTb NapaMeTPUYECKNE YPABHEHHS JIMHHH.

329. CocraBuTh napameTpnqecxne YPaBHEHHS JHMHMH, 03 KOTOPHIX

D R—co”a’ )R—sm"a’ 3) R=ae,
4) R=aa, 5) R=asinma, 6) R=asina,
7H"R=—P2 _ (em. sagauy 326).

(1 —e? cos* a)™/2

330. JlaHo ypaBHeHHe s= f(a), rne s— nyra, a @ — yroa OT no-
CTOSIHHOTO BEKTOpa @ [0 BeKTOpa ¢, KatarteapHoro k amuuu. CocraBuTb
napaMeTPUYeCKHe YPaBHEHHs JVHHH.

331. llano ypaBHenume a=f(s) (cM. mpelniayuiyio 3aaauy). Cocra-
BUTb 1lapaMETPUYECKHE ypaBHEHHUs JIHHUH.
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32. Jlausl ypasHeHus s =-s(f). a =a(f) (cM. 3amauy 330). Cocra-
BUTb NapaMeTPUYECKHe YpPaBHEHWs JHMHUU.
333. CocraBuTb NapaMeTPHYECKHE YPABHEHUS JUHHH, ;111 KOTOPhX

1) s=aa, 2) s=atga, 3) s=ae?
4) §= 5 l aa’, 5) s=a.cosa, 6)s=acosma (cM. 3agauy 330).

334. HyCTb M — npousBo/bHas TOYKAa JWHUH, a P — COOTBETCTBYIO-
mas TOYKa €€ MNol3phH OTHOCHTeNbHO Hadana O paanycoB-BEKTODOB.
OGo3Hayass Yepe3 & yroJ OT MPOH3BOJLHOIO BEKTOpa € 10 KacaTeJbHOro
BeKTOpa ¢ K JaHHON /JuHuM B TO4ke M, a uepe3 ¢ — Ayry NOA3pHI,
nokasaTb, 4T0 do=rda, rone r=OM. -

835%, IlokasaTb, 4TO HOpMaJb K MOA3pe B TOYKE P HenuT MNOomojaaM
orpesok OM, rae O —Touka, OTHOCHTEJNbHO KOTODOH CTPOMTCS MOA3pa,
a M-—TOuKa aHTUNOAIPHI, COOTBETCTBYyOUlIas TOYKe A.

336%. Ecmu B Hexoropo#t touke M, autunoaspm x,=0, 2,70 u
KacaTenbHass K aHTHNOA3pe B 3TOM TOYKE HEe NPOXOJHT 4Yepe3 Ty TOuKY,
OTHOCHTENBHO KOTOpPOH Oepércs moaspa, TO TOouke M, aHTUNOAIDH
COOTBETCTBYET TOUYKA BO3BPaTa MEepBOro poda Ha MOI3pe.

337+%%. [lo nuuuu C (OCHOBaHME pYJETTH), 3aldaHHOH YpaBHEHHEM
r=r(s) (s— myra), karurcsi Ge3 CKOJNbXEHHS JHHUS 3, ypaBHe-
HHe KOTODOH B HayasibHOM MOJOWeHHM: p=p (0) (¢— ayra). CocraButh
yDaBHEHHE JuHMM (py/eTTa), ONMCHIBAEMOH TOuKOH A (@), HEnsMeHHO
CBsI3aHHON C JMuHUeR Y, (mpousBoOAsUIasi PYJIETTY).

338%. PewnTb OpeabAyuLyi0 3amayy, cuurasi, yro mauHus C 3adaHa
ypasHeHueM y = f(x), a nuHHA Y, — ypaBHeHueM Y =F (X); npu 3TOM
muiun C u Y] KacaloTca (B HX HayaJbHOM TMOJIOXEHHMH) B TOYKEe C
aGcumccolt x==x, Pynerra onuchiBaercs Touko#i (a, B). OTHOCHTENbHO
{IIOCKOCTH, B KOTOPO#t 3alaHa MHHuA Y = f (X).

339#. Ilokasdarb, 4TO HOpMajdb K pyJerTe MNPOXOIUT Yepe3 TOUKY
wacanust muHui C u Y (cM. 3amauy 337).

340%. [Tapa6oaa ¥ —aX® katurca no ocu Ox. CocTaBuTh ypaBHeHHE
JMHHH, KOTOpYIO omnuchiBaetr (POKyc Karsulefics nmapaGossl.

341*. Ilo napa6one y =—ax® xarurcs napa6ona Y =—aX*. Cocra-
BUTb yDaBHEHHE JMHUM, ONMHMCAHHOM BEpIIMHOH KaTsulefics napabobl.

342%#, Jlumus Y, Karurca 6es ckonmpbienus no aunuu C; touka M (a),
cBA3aHHas C JuHMed ¥, OMHACBHIBAET MM ‘STOM PYJETTY.

OfosHauass yepes x u k& KkpuBM3Hn jauHueHd Y, u C B COOTBETCTBYIO-
MAUX TOYKaX, MOKa3aTb, 4TO palAuyC  KPUBM3HH DPYJAeTTH (B COOTBET-
CTBYIOLEH TOYKe) OnpelenseTcs COOTHOLIEHHEM:

A— (k—z)la—pP®
(k—2x)ja—p|*+(a—p)y

343%. [lokasath, 4TO KacareJbHas K .pyJeTTe B TOUYKE BCTpeun ed
¢ muHued C, Mo KOTOpOW KAaTUTCA JHHUA 3, NPOU3BOMAAUlas DYJIETTY,
aBasieTcss HOpMaabio auHun C.

344%, Jluuus Y katurcsa Ge3 ckonbxenus no muuuu C. [lycts My —
TOUKA BCTPEYM ITHX JHMHHH, x, U Ry — KPUBU3HH JuHu# 3 u C B TOuKe M,.
JLioka3atb, uTO eclu %y 7 Ry W 2% 7 k), TO TOYKa M, sBASETCS TOYKOH

3
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BO3BpaTa nepsoro poxa Ha pYJeTTe, KOTOPYK ONHChiBaeT Touka M,
JvHVM Y, npu e& kayeHun no Jauuuu C.

345%%. 3 Hauana DaaMyCOB-BEKTOPOB Ha JHHHIO 7=r (s) naaaer
flyyox csersuxcs Jnyue#. CocraBuTh ypasHeHue orubarmouleft OTpamEH-
HBIX Jyye# (KaycCTHKa).

.346%%, JlokasaTb, YTO KayCTHKa OTHOCHTENbHO Hayada paauyCOB-
BEKTOPOB /I JIMHMK #=r (S) €CTb 3BOJIOTA JWHWH, TOUKA KOTODPOH
flONIy4aloOTCsi CHMMETPHYHLIM OTPAXEHHEM Hayala pajhyCOB-BEKTOPOB B
KacaTesibHbIX K 3TOH JUHUM.

347#. Kako# BHI NPHUMET YPaBHEHHE KayCTHKH JHUHUM OTHOCHTENbHO
Hayala paquyCOB BEKTOPOB, €C/IM yDaBHEHHE JIMHUH [1aHO B Bule r — P (£)?

348%#. [lana munua C. Paccmorpum touky O naockoctu. [Tycts M —
1pousBoibHass Touka aunud C. TIOCTPOMM OKDYMHOCTD C LEHTPOM
B Touke M u pammycom OM. Jokasarb, uto Kayctuka JuHuun C OTHO-
cutenbHO ToukM O ecTb 3BOJMIOTa oOrudaioulefl ykasaHHOrO CeMelCTBa
OKDYXHOCTEN. )

349, Ha nuHui0, 3a4aHHYI0 ypaBHEHHEM r =—r(S), NagaeT My4yOK
flapa/sleibHbiX  JIyyelt, MMelomux HanpasieHHe Bektopa e(|e|=1).
CocraButh ypasHeHne orudarouieit JNy4en, OTpaxEHHbIX OT MAaHHOW JHHHHK
(kayctuka). Paccmorpers ciyuan, KOraa IMHAs 3a1aHa ypaBHeHueM r=r (t)
M KOrja OHa 3ajaHa ypaBHeHueM ¥ = f(x).

350%. CocraButh ypaBHeHHs (MapaMeTpUYECKHe) KayCTHKM JIHHHHU

=f(x), ecnu Ha HeE namaer Nyyox nyyeH, napaanensHeix: 1) ocu Ox,
2) ocu Oy.

. 361#, Ha#ttu kayctuky mnas nyuKa Jyye#l, nepueHAUKYASPHBIX OCH
napaﬁonbl x*=2py + p*

362##*, [Inockas HUTh HAXOMMTCH B CHJIOBOM I[1OJI€; P — CH/IOBasH IUIOT-
HOCTb (,CHa HAa eOHHUUY [IdHb HuTH®), T — HaTsDKeHue HATH. YCTIOo-
BHEM DAaBHOBECHS HUTH C 3aKPEMIEHHbIMH KOHLAMH SBJSETCS COOTHOLIEHHE:

(XOTOpOE 1N1erKO pasbACHUTb, PAaCCMAaTpPUBAsi SMEMEHT HUTH M 3aMeuvas,
YTO OH Haxodutcs B paBHOBecuu nox aehcrsuem cuim: T, —(T-dT)
# pds) (cu. uept. 115 Kk peweHnio). Ha#Tu AuHuIO Nporu6a onHOPOAHOK
HUTU NON [EHCTBHEM CHAK TSXKECTH.

353#*#*, [lo Kako# JIMHMM PACNOJAraeTcsi HUTh, HAXONAIIASCS MOJ neH-
CTBHEM BEPTHKa/AbHOW HArpysKH, PaBHOMEpPHO pacnpeneAéHHOH MO ropu-
SOHTaMH P ‘ :

354%*, 3aMmkHyTas HMTb HaXONHUTCS TOX HeHCTBHEM HODMAAbHO pac-
fIpe/ie/1€HHON  HACPY3KM P, NPONOPUMOHANBHON B KaXIOH TOYKE OpPHEH-
THPOBaHHOW KpWBHU3HE x JuHuM. [JlOkasaTb, YTO HHUTb HAXOLUTCS B
paBHOBeECHH.
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FTJTABA I
NNPOCTPAHCTBEHHAS JIMHHS

Ykasauus

Ecau nunus 3anana ypaBHeHueM r=—=r(f), npuuyéM B HcclenyeMoh
TOUKE BEKTOPH 7 M 7' HEeKONJAMHEapHbI, TO:
1) ypaBHeHue KacaTeIbHOH: .

R=r—+\r
uim
X=x-)x,
Y=y+\y,
=z
2) ypaBHEeHHe HODMaJbHOH MIOCKOCTH:
R—nrr=0
HIn

X=X+ (Y =)y +(Z—2)7=0;
3) ypaBheHue OGuHOpMaIu:
R=r-\[r'r"
X=x+r(2"—y"2),

Y=y r('x"—2"%),
Z=z-Fr(x'V' —x"yY),

WU

4) ypaBHeHHe cOMpHMKacarmouleics NIOCKOCTH:

R—PrFrr'=0
1780
X—x Y—y Z—2z
x’ yl zl — 0;
xll yu z”

5) ypaBHeHue [NIaBHOH HOpMau:
R=r—+w[[r'r"]r]
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2807

- 2 x | XY
X—-x-{-)\{ 2|25, f y (x,.y,, l}
Y:y—_l—);{ x'} xJ. j—z' YE, )}

Xy yz

— vz ] 2'x

Z_z—}—)\{ y l vz x| }

OtMmetuM, 40 BekTOp [[r'#"] '] HanpaBieH B TO MOMYMPOCTPAHCTBO OT
cnpsmasoweli, rae pacnonoxeHa auHus C; NO3TOMY NP OMpeneneHuH
penepa ¢, n, b ®pene anHuu C B Touke A HamO BEKTOp m BHIOHPATh
0.IMHaKOBO HANpaBJieHHBIM C BekTOopom [[r'7"] r'].

6) ypaBHEHHe CNPAMJAIOILEH MIOCKOCTH:

(R—r)r'[rr']=0

Hau
X—x Y—y Z—z
x’ yl zl
’ ' ’ ! ! U 0-
yv'z 2'x X'y
' ' '
y' zl z' xll xllyl'
KpuBusHa aMHMHM BblyucaseTcs no dopmyie:
__ '
g

HiIu

y‘ z’ xlyl 2
VIS T+ 2 T+ 0
(x4 y'2 4 22)%

Kpyuetue Bbluncnsercs no gopmyae:

=

an

o — rr'r
~[rrF
WM B KOODAMHATAX:
xl yl zl
Y
o Ty
e yIzA 2 | zr xl 2 xl yl 2 .
l o ' | 2 || S
dopmynbi:
t—=nun,
n=—xt-+oab,
b= —on,

BbIpaXaloilie MPOU3BONHBIE MO Nyre OT eIWHWUHBIX BEKTOPOB £, 7, b
penepa PpeHe uepes 3TM BEKTOPH, Ha3biBalOTCd ¢Qopmynamu Ppene
(¢ — ennHNMuHbBIH BEKTOD KacaTeMbHOW, M — eIVHMYHBIA BEKTOD [J1aBHOH
HOpMa/u, HafpaB/ieHHpIl B TO MONYMPOCTPAHCTBO OT crpsMisiouled
NJIOCKOCTH, [HE PACHONOMEHA JHUHHMs, U & — €IMHHYHBIA BexTOp OMHOp-
manu, b= [tn]).
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CooTHOWEHN:
x=(s),
a=3(s),

BbIpAXAIONIe KPHUBM3HY K KDyueHWe yepe3 MAYTY S, HA3BIBAIOTCS HaTy-
panbHbIMM ypaBHEHHUSAMH JUHUM. HaTypanabHbie ypaBHEHHS OlPENEeNsioT
JMHUIO C TOYHOCTBIO IO NOJIOXKEHHS B MPOCTPAHCTBE, ONHAKO OTHICKaHHE
JUHUM 1O €€ HaTypajJbHbIM ypaBHeHHsiM B OOIIEM cay4yae NOPUBOIUT
K muddepeHunanbHOMy YpaBHEHHIO Tuna PuKaTTH, M, CJIEXOBAaTeNbHO,
3a7a4a OTBICKAHMS MMapaMeTPUYECKHUX YPaBHEHHH JHMHHM NO ee HaTypPasb-
HBIM ypaBHEHMsM, BooGule roBOps, B KBajapaTypax HepaspelluMa.

Cnpoexrtupyem auHuio C B CONPUKACaIOULYIOCH MIOCKOCTh 3TON JIHHUH,
B3ATyt0 B Touke M. ITycts C* — sT1a npoexkums, a S — conpuxacarouiascs
OKpY¥HOCTb JsuHuM C* B Touke AM; Torma S HasbiBaeTCs comnpukaca-
omefics OKpyxHocTbio K nuHud C B Touke M. Ilpsmas, mpoxoasuias
yepe3 LEHTP comnpukKacawouwehcs oxpyxHoctd S auuuu C B Touke M
NepneHAnKyAsIPHO conpukacawoineics miockoctu auHun C B TOuke M,
Ha3blBAaeTC OCbi0 KPHBUSHH JuHuu C B Touke M.

§ 1. Kacateasnan. 'naBuas Hopmans. Budopmans.
Hopmansnas niockocts. Conpukacaromasicsi NJI0OCKOCTb.
Copsamiasniomas naockocts. KpususHa. Kpyuenue

355. CocTaBuTb ypaBHEHHMs KacaTelbHOW K JauHud 2x% 3y -2% =47,
x?2y* =2 B TOUKE (—2, 1, 6).

356. CocraButh ypaBHeHus KacaTelbHOH K Jaunun x* - y* =27
X=y B TOuKe (X,, ¥,, )

357. CocTaBUTb ypaBHEHUS KacaTeAbHOW K JIMHUU

I L s
’—{z’ ER 7}
B MPOU3BOJLHON TOYKE.
358. CocTaBuTb ypaBHeHus KacaTeJbHOM K JIMHHM, oOmnpelrenseMoft
ypasuenusamu: y*-+22=25 x*-1 y?*=10 s Touke (1, 3, 4).
359. CocraBuTb ypaBHEHHE COMPUKAcCaioUledcs MIOCKOCTH KaXIOoH u3s
CREeNYIOWHUX JTUHUMH:

1) y*=x, x*=2z B Touke (1, 1, 1),
2) y=9(x), z=a9 (x)+b,

3) x*=2az, y*=2bz,

4) =0t y L2 =",

5) r=1{¢, e, ty/2}.

360. CocraBuTh ypaBHEHHs [/aBHOH HOpPMasd uU OUHODMANH JIMHUH
y¥=x, x*=2 B Touke (1, 1, 1).
361. CocraBuTb ypaBHeHHsi r[/laBHOM HOpMaau M OHHOpMAMW JHMHHH

LA A o .
r={—4—, 3 ~2—} B MPOW3BOJBHON TOuKE.
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362. Iokazath, uto auuus r=1{eV? cost, eV % sin#, eV?} newur ua
Kkounyce x? - y*=—=2%u nepecexaer ero oOpasyiouiue mnox yrmom 45°
363. [lana BuHTOBasi JHMHHUSA

r=1{acost, asint, bt}.

CocTaBUTb ypaBHEHUs KacaTelbHOH, HOPMaJbHOH MIOCKOCTH, GUHODMANH,
compuKkacawilefcs mIOCKOCTH, [JIaBHOH HOpManW, cnpsmasouwed nno-
ckocTb. Haiith BekTOopn ¢, n, & penepa Ppene. Boiuncaurb xpuBusHy,
KpY4eHue.

364. [ana nunus r=/{t, ¢3, ¢* - 4}. CocraBuTh ypaBHEHUs KacaTe/lb-
HOM, HOPMAJbHOH MIOCKOCTH, OMHOPMA/aHN, COMPHUKACAKIIEHCS MIOCKOCTH,
[7IaBHOM HOPMajd W CHOPAMASIOLIEH [/OCKOCTM B Touke f= 1. Haiitu
B TOH e TOuKe KPHMBH3HY M KpYueHHe, a TaKKe BEKTOPHbIl pemnep
©pene (¢, n, b).

865. llana aunus r={t* 1—t¢, #3}. CocraButh ypaBHeHus Kaca-
TeNAbHOH, HOpManbHOW MIOCKOCTH, OMHOpMalyu, CoMnpuKacaioulefics mio-
CKOCTH, [JIaBHOM HODMa/H, CHOPAMJISOUIEHl MIOCKOCTH B NPOU3BOJBHON
Touke U B Touke f{=1. Halitu BekTOpH £ 7, & B NPOU3BONBLHOH TOUKE
M B Touke f{=1. HaiTu KpUBU3HY M Kpy4YeHHUEe B NPOHU3BO/BHOH TOYKE
H B TOuKe ¢t==1. .

366. Jlana nunus r={sint, cost, tgt}. CoctaBurh ypaBHeHHs Kaca-
TENbHOH, HOPMANbHON MIOCKOCTH, OMHOpMaad, COMpUKacaiouehcs nao-

z -
CKOCTH, [ZIaBHOW HOPMalu U CHpAMIAIOWERd TAOCKOCTH B TOYKE t=7{-

Hatitu B TORt e Touxe penep '®peHe ¢, m, b, KpUBM3HY U KpPYUeHHe.
367. Ilana munusa x® -4 y* -} 22=3, x® + y* =2. CocraBurb ypasHe-
HUs KacaTelbHOW, HOPMaJAbHON MAOCKOCTH, SUHODMAJH, COMpHKacatomencs
IJIOCKOCTH, [J1aBHOR HOpMaJu, CApSMASIONle! [JIOCKOCTH 3TO#H JIMHUM
B MnpousBonbHO# Touke u B Touke (1, 1, 1). Ha#tu Bextopmw ¢, n, &
penepa ®peHe B npou3sosbHOH Touke u B Touke (1, 1, 1). Beruncaurs
KDHMBH3HY M KDYu€HHe B NDOM3BOJNBLHOH TOukKe ¥ B Touke (1, 1, 1).
368. CocraBuTb ypaBHEHHS KaCaTeJbHOW mNpAMOH W HOPMaJbHON
MJIOCKOCTH A/ JMHUM, 3a1aHHON MepeceyeHHeM JBYX MOBEPXHOCTEH:

F(x, y, 2)=0, ®(x, y, 2)=0.

369. Jluuusg, nmo KoTOpO# mepecekaercs c¢depa ¢ KPYrabM UMAWHADOM,
B [Ba pasa MeHbLIEro paauyca, TNpHYEM UMJIMHAD MPOXONUT uyepes
ueHTp cdepsl, HaswiBaerca auHueit Busnanu. CocTaBuTh ypaBHeHHe
auHnu Busuanu B HesBHOW u nmapameTpuueckoft dopme. Haittu ypasHenus
KacaresnbHOH, HOpDManabHOH RJIOCKOCTH, OMHOpMaNH, CONPHUKACAIOIIEACH
I/IOCKOCTH, TAaBHOH HOpMajin, COpsMAsiouled MIOCKOCTH. Hafitu penep
®peHe ITOH JNuHuU £, B, b, a TakkKe KPUBM3HY H KDYUEHHE.

370. JlokasaTb, YTO NHUHUS:

r=A{a,® 4-b,t ¢, agt’ +bgt +-cq, agt® + bt 3} —

TJIOCKasa, U COCTaBUTb YpaBHEHHUE TOA IVIOCKOCTH, B KOTOpOﬂ OoHa pac-
NOJIOAKEHA.
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371. Buuncauth KpUBH3HY W KpyueHue awHud x® =3y, 2xy=—9z.

372. Hatitu KpUBU3HY M KpyueHue iunun x* — y* 4-2*=1, y*—2x+
—+2=0 B Touke (1, 1, 1).

873. BoiuucauTh KPUBM3HY W KpPYUEHHE JIMHHH

yQ::_x, x‘z:z_

374. OnpenenuTh KPUBH3HY W KPYYEHHE JIMHUU
x*=2az, y?=2bz.

875. Hatitn kpuBusHy u Hpy4eHue ClELyIOUWMX JUHUMA:

l)r_—_-{t—sint, 1-—cost, 4 sin%},

2) r—{e e, ty 2},

3) r=1{2t, Int, t*}

4) r—{e smt e cost e},
5) r={3t 32, 3t -},

6) r=/{ cos"‘ t, sm"‘t, cos 2t }.

376. BoiBectn opMysbl IS BBIYMCIAEHHS KDUBHU3HBI M KPYYEHHH
JNUHWY, 3aJaHHONW ypaBHeHusMn y=—y(x), z==z(x), u HaliTu penep
dpeHe 3TON JMHUH.

877. Joxkasatb, uyto nuuus r={ atgt, bcost, bsint} pacnomoxeHa
Ha JuHefuaTo mosepxHOCTH BTOpPOro mnopsaka. CocCTaBuUTh YypaBHEHHe
3TON MOBEPXHOCTH W [OKa3aTh, YTO NaHHA# JWHHA MepeceKaeT MNpsaMo-
JuHeliHbie 06pasyiouue OMHOH W3 CEPHH MOl MNPAMbLIMA yTAaMH.

378*. Hatitu auuum, nepecexawomue npsmonunefinsle o6pasymoulie
runepGoIHYECKOro Napado/onna Xy = az NOL NPAMbLIM YTJIOM.

379. Jlunus, pacnonoxeHHas Ha cdepe W nepecekamoulas BCe MepH-
auatisl cepsl MOA AAHHBIM YIJOM, HasmiBaercs aokcoapomueit. Cocra-
BUTb ypaBHeHue Jokcompomun. Hatitn Bexktopul ¢, m, & penepa Ppee
3TOW NVHMH B TPOH3BOJLHOH TOYKE, BHIYMCJHTb €8 KPUBM3HY U KDYUEHHE.

380. ana auuna r={wvcosu, vsinu, kv}, rre v=wv (u). Joxa-
3aTh, YTO 3Ta JWHHUSA pacrnosoxeHa Ha KoHyce. Onpeseauts GyHKUuO v (1)
Tak, 4toObl 3Ta JMHMA nepecekana Obl o6pasyioulie KoOHyca mnoi mno-
CTOSHHBIM yriom 0.

381%. B kawgoit Touxe nmuwu r=—r (t) 3axaH KacaTenbHblf BEKTOP
T =T (¢) # 0. Pyukuus r (#) onpeneneHa, HenpepuiBHAa U KIMEET HEMpepbIB-
HYyI0 Npou3BoaHyI0 7' 7% 0 ua cermente [@, b]. ®yuxuus T (f) HenpepsiBHA
Ha cermeHte [a, b]. JlokasaTb, 4TO Ha HaHHOW JMHMM MOXHO BBECTH

TaKyi0 NapaMeTpU3alHio, NPH KOTOPOH —r—T.

382*, Hasosém kacatenbHo#i k sautuun C B Touke M mpsmyio /, mpo-
xolsaumyo yepes Touky M wu obnajgamouyro ciaenyomuM CBOCTBOM:
ecny NoCTpouth M000# KOHyC BTODPOro 1OpsaKa ¢ BEPUINHOH B Touke M,
BHYIDH KOTODOTO NPOXOZMT NpsMas [, TO BHYTpPb 3TOro KOHyca monaér
JOCTaTOYHO Manas 4yacTb ayru suuud C B okpectHoctd Ttouku M. [o-
Ka3aTtb, yTo ecau auhusg C 3amaHa ypasHeHueM r=—=r (f), npuyéM ¢yHK-
uus r(¢) onpeneneHa u auddepenunpyemMa Ha cermeHTte (@, b) M uUMEET
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B Touke M MpPOM3BOMHYIO r', OTAMYHYIO OT Hyns, To nutus C B Touke M
MMeeT KacaTe/NbHYI0 W 3Ta KacaTelbHas KOJUIHHEapHa BEKTOPY 7.

383#. Jluuua C 3anaHa ypasHeHueM r=—r(t); oyHkuus r(f) ompe-
eneHa Ha cermexTe [a, ], mpuuéM B HEKOTOPOH TOYKE 3TOrO CErMeHTa
HMEET MeCTO yC/OBHE!

Fr=r'=...=rk"1V=0, r® £(.

IoxkasaTth, yto auuusg C umeeT KacarenbHyi B Touke M, u cocra-
BUTb eé ypaBHeHue (CM. 3anauy 382).

884#%, Jlunua C onpeneneHa ypasHeHueM r=—r(f); ¢yHuxuus r (f)
onpenenesa Ha cermente [a, b]. B Hekotopo#t Touke A HMeIOT MecTo
COOTHOLIEHUA

r=r'=...=Fk—0=0, p® £0;
PO PEED L || ST L e,
Hanee: sextopbt FE+D ps+2) 0 | p@—1D gomnnaHapuel Bexktopam ()

u r®) Ho sekropu 7R ) p@) — yexoMnaaHapHu. [TocTpoum B Touke M
creqylolMe TPU MpAMBlE: KacaTeldbHYI0 d, MPOMU3BOJbHYIO Tpsmyio 3,
Jexalyo B compukacamooilefics niaockoctd muiun C B Touke M, npo-
XONSILYI0 yepe3 TOYKY M M OTIAMYHYI0 OT KAacaTeAbHOW a, HaKOHeU —
TIPOU3BOJIBHYI0 MPAMYIO ¥, MPOXOAAULY!0 uyepe3 TOuKy M W He nexaulyio
8 conpukacamwouefica mrockoctd. Omnpeneautb pacnojoxenue JauHuu C
B OKPECTHOCTM TOYKH M OTHOCUTENbHO penepa, OOpPa30BaHHOrO Mps-
MeIMH @, B, 7 (B 3aBUCHMOCTH OT YETHOCTH MJIM HEUETHOCTH YHCeN &, S, q).

385%. HauepTuTh MPOEKUMH JWHHH HA rpaHu penepa PpeHe B KaWioM
©3 BOCbMM CJy4YaeB, PaCCMOTPEHHbIX B NpenblAyIled 3amaye.

386%*. Jlunus C B Touke M wumeer KacartenbHylo. Hasos&m kaca-
TeAbHON MJIOCKOCTbIO K auHuM C B TOuKe M MIOCKOCTb, NPOXOASILY O
yepe3 kacarenbHyo K jauHun C B Touke M. Comnpuxacarouweiics: nioc-
koctbio K yuHun C B Touke M Ha30BEM KacCaTeNbHYI MJIOCKOCTb ®
Kk muHun C B Touke M, 06/1afaoILyIO CAENYIOUIAM CBOMCTBOM: KaKOBbI Obl
HU OblJIM [Be pa3nUyHble KacaTeNbHble MIOCKOCTH a v B uxun C B Touke M,
OT/NIMYHbIE OT IMJIOCKOCTH T, BCE TOYKH [AOCTATOYHO Majlof YacTH OyTH
quHnd C B OKpPECTHOCTH TOYKM A paclmosoxeHsl BHYTPH TOfi MNaphl
BEDPTHKAJbHBIX YIJ0B, O6Pa3s0BaHHbLIX MIOCKOCTAMH & H B, B KOTOpOM
NPOXOAMT MAOCKOCTb ® (TOuka M uckiIOYaeTcs).

1) Jdokasartb, uto ecnn auHus C nmMeeT B Touke A COMpPHKacCaIOILyOCT
fl10CKOCTh, TO TOJBLKO OIHY.

2) lokasatb, 4TO ecnu CHPOeKTHPOBaTh JuHui0 C Ha Kakyio-HuGylb
fITIOCKOCTb TaK, 4YTO KacaTeslbHass K AuHud C B TOuke M cnpoexTupyercs
B TOYKY, TO KacaTeJbHOH K Npoekuuu OyleT MPOEKUMs Ha Ty KE MIO-
CKOCTb — CONpHKacaloulefics NMJIOCKOCTH.

3) Yro OsHauaer ¢pasa: «auHns C B TOodke M uMeeT KacaTesbHYyIo,
HO He MMeeT CONpUKAacalouwe#cs MIOCKOCTH» P -

4) Ilokasatb, uro juHus ABC (AB w BC — nyrn aByx OKpyx-
HOCTel, JexaluxX Ha COCEeIHHMX rpaHax Ky6a u Kacaiowmnxcs pe6pa BD
B Touke B) B TOuke B He uMeeT CONMpHKAcaloilefics MNJIOCKOCTH
{cM. uepr. 121 B pewmenusx).
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5) Jluuus C 3anaHa ypaBHeHueM r = r (f); HekoTOpo# Touke M (f) hyHK-
uus 7 (¢£) iMeeT NpoOU3BOAHbIE 7 U r” N 3TH NPOU3BO/IHBIE HEKOJJINHEA PHBbI.
Hoxkasats, uto aunus C B Touke M MMeeT COnpHKacaloLlyCcs MIOCKOCTh —
3Ta NNOCKOCTb NPOXOANT 4epes TouKy M u KkoMNnaHapHa sektopam 7' u ",

387#. JluHus 3amaHa ypaBHeHueM r=—r(t); ¢yukuus r (f) onpene-
neHa Ha cermeHte [a, b]. B Hekortopo#t Touke M UMEIOT MECTO COOTHO-
menus: ¥ =r"'= ... =rt=D=0, r® £ Q;

P || pRED ||| D A ),

Hokasatb, uyto auuns C B TOUKe M MMEET CONPHUKACAIOULYIOCH MIOCKOCTb,
U cocTaBuTh €& ypasHeHue (cM. 3amauy 386).

388*. Jluuusa C 3anaHa ypasHeHueM r=r(t); .dQyHkuus r(¢) onpe-
neneHa W HenpepbisHa-Ha cerMmeHte [a, ). B HekoTopo#t touke M dyHk-
1M UMEET HEKOJUIMHeapHbie mpousBoaHsle # u r". Haittu

[r'Ar]

lim ————
at—o 1L7'ATF]] ’
[r'Ar]
e e€IMHUYHBI BEKTOp, MNEepNneHAWKYNAPDHbIH KacaTeNbHOH MO~

ckoctd K qunun C B Touke M (£), npoxonsuledl uepe3 Touky M, (f - Af).

389*. Jlnuuus C 3amaHa ypasHeHuneM r=r(t); ¢yHkuus r(f) onpe-
Ae/gHa Ha CerMeHte [a,mb]. B nexortopo#t touke M ¢yHkuus r (f) umeer
npoussoaxsie »', r”, 7", npuuiM 3TH NPOU3BOLAHbIE HEKOMIUIAHAPHbI.
JHokasatb, uTO conpuxacammaﬂca naockoctTh auHuM C B TOuKe M nepe-
cexkaer nuunio C.

390*. Jlokasatb, YTO ecJM BCE CONPHKACAIOMIMECH IIIOCKOCTH JIMHHR
NpPOXOASIT Yepe3 ONHY M Ty Ke TOYKY, TO JHHUA MJIOCKas.

391*#, Jlunua C 3anaHa ypasHeHueM r=r (f); dyHxkuus r (f) onpe-
neneHa Ha cerMedte [a, b] ¥ ¥MeeT Ha 3TOM CErMEHTE NPOU3BOIHbIE 7
u r"', npuuém ' YL 7", Ilyers MT —kacatenbHas K JaHHOW JIMHHM
B Touke M. PaccMOTpHM OKpPYXHOCTb, Kacalomytocs npamolt MT
B TouKe M u npoxoasmyio yepes Touky M (t + Af) munum C. Ilycte K —
HeHTp OKPYKHOCTH. HafiTn 1im MK—p Ecau ortnoxurs BexktOp p OT

At=0
TOYKH M, TO ero KOHell OnpeneNuT HEKOTOPYH TOUKY K. OKPYWKHOCTb,
npoxoasaimas uepes TOuky M n uMmeroulas UEHTP B TOYKE K;, Ha3bIBAETCS
comnpukacawouiefics OKPYHKHOCTbIO IaHHOH JuMHMK B Touke M.

892%, Ha3oB&M KacaTenbHbIM KPYLAbIM LMAHHAPOM auHuu C B Touke M
KPYrAbH UMAMHAP, Kacawowuiica 6uHopMaan junuu C B Ttouke M. Co-
NPUKACAIOUIMMCS KPYTrAbIM UMAMHAPOM JuHuH C B Touke M Ha3oBém:
KacatenpHbuit Kpyrapi#t unaunap I auamn C B Touke M, KOTOpHIH 0B~
IaeT CAEIYIOLIMM CBOHCTBOM: €CJIM MOCTPOHTb JBa KacaTeNbHbIX KPYIrAbX
unmnapa I1; w I, xacawuuxcs uiaungpa II BHyTpeHnum o6pasom, —
ommu (II,) pannyca méubwero, uem pamuyc II, apyro# (Il,) paamyca
66abwiero, yem pamuyc Il, To Bce ToukM uactu ayru aunHuu C B OKpecT-
HOCTH TOukM M OyayT pacnonoxeHbsl BHYTPW uumuHapa I, u Bue um-
avunpa I, Jlokasatb, uTo conpukacaiomuiics Kpyrabif umnnnp -
Hun C B TO‘{Ke M nepecexaeT CONPHUKACAIOULYIOCS NAOCKOCTb JuHUH C
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B Touke M moO conpukacamomefics OKpyxHocTH npoekuun C* numuu C
Ha COMPHUKACAIOLLYIOCs MJIOCKOCTb.

393%. Jluuua C sanana ypasHenuem r=r (f); Gyuxuus r (tf) onpe-
neneHa Ha cermedre [a, b]. B uexoropo#t Touke M (f) dyukuus r(t)
uveeT npoussomusie 7, r", r'", npuuém 7 Y. 7. Haittu

dim 8

at—o [82]7 7
rae 8 — paccrosiuie or TOuku M (f | Af) nuuun g0 conpukacaotefics
niaockoctd aunun C B Touke M. PaccMorpers YacTHbI cayuyal, Koraa
JMHUA 3alaHa ypaBHEHUEM r—r (s).

394#*, Halitu HeoOx0ZMMOE M OCTaTOYHOE YCJOBHE, NP KOTOPOM
NaHHOe ceMeficTBO npamMbix = p (1) 4 Ae (1) umeer orubaiomyto, ¥ HalTH
aTy orubGaiomyio (|e|=1).

3956. [lo kako#i nuHMM mepeceKkaroT KacareabHble K OOGBIKHOBEHHOM
BUHTOBOH JIMHUK MJIOCKOCTb, MEPHEHIMKYISPHY 0 K 00pa3yomuM LMAVHADA,
Ha KOTOPOM pacnojoeHa BUHTOBAsi JHMHHS P

396. Ilpn xaxom 3HaueHWH b KpyuyeHHE BHUHTOBOH JHHUH

r=1{acost, asint, bt} (a = const)
HMEeT MaKCHMaJbHOE 3HaueHue?
397. Hokasatb, 4tO ecau B HekoTopoit Touke M nunuu C KpyHueHue

OTJMYHO OT HyJsl, TO CONpHUKacamouiascs nI0ckoctb aunuu C B TOUKEe M
nepecekaer aunuio C.

§ 2. llpumenenue dopmya Ppene

398. Buipasub 7, F, 7 uepes t, m, b, x u q.
399. Jlokasatsb, uto cpopmynbx ¢peHe

t=un, n=—~nt—{—cb, b—=—on
MOXHO 3amnucaTb B BHfE:
t=(wf], n=[wn], b= [wb]-

Hatitu Bextop © (Bektop J[apGy) W BBIACHKWTb €ro KvMHEMaTHUYECKHH
CMbICJI.
400. okasath, uto tHb=o.

401. lokasatb, uTO b"b3=c5<%)'.

. B . o eee c -
402. JlokasaTb, 4TO t¢ t=x5<'{) .
403%*. JlokasaTh, YTO €C/NM [JAaBHbIE HOPMAJIM JWHHM O5Pa3yloT MO-
CTOSIHHbIA YrO/N € HAanpasJeHHeM BEKTOpa e, TO

d x’—}—a“
ds~_ d s d i +G=O’
ds %
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¥ 00paTHO: €C/M BBINOJNHEHO MOCJEIHEE COOTHOUIEHWE, TO [AABHAIE HOD-
Manu JAMHWKM 00pasyloT MOCTOSIHHBI yroJ ¢ HanpaBJeHHEM HEKOTOPOro
Bekropa. Hafitn aror Bexrtop.

404. IloxasaTh, YTO €Cay BCe HOPMaJibHble MJIOCKOCTH JIMHUU CONEPHKaT
BEKTOD e, TO NaHHas JHUHUA WIM NpsAMas, WK IJI0CKas.

4056%. JloxasaTb, 4TO ec/]HM BCe CONMpUKacaouecs naockoctu aunun C
(C — He npsamas nuHusal) comepxaT OOMH M TOT XK€ BEKTOpP, TO JHHUS
naockas. )

406%+%. Jlokasarb, YTO €CJIM KacaTelbHas K JUHMH oOpasyer MOCTOSH-
HBIf yron c onpenenéHHblM HampaBJeHWeM (NMHUS OTKOCa), TO OTHOLIE-
HHUE KDWBHM3HbI K KDYYeHHI0 MOCTOHHO. OO6paTHO: ec/u OTHOIUEHHEe Kpu-
BM3HLI K KPYUYEHHIO O/ HEKOTOPOH JHHUM MOCTOSHHO, TO KacaTelbHble
K JUHAKM 06pa3yIoT MOCTOSHHBIA yroJa ¢ HEKOTOPbIM onpenenéHHbIM Hampa-
saeHneM. Haittm 310 HanpasieHue.

407+%. Jlokasatbh, yro JamHus x?=3y, 2xy=09z— quHA OTKOCA.
Hatitn BekTop, ¢ KOTOpHIM KacaTeAbHble K JNAHHOH JMHUK O3PasyioT
MOCTOSAHHbIX yTOJ.

- 408%. JlokasaTb ,4TO €CJIM CHPSAMIISIOLINE IFIOCKOCTH JIMHHH COIEPIKAT OAMH
M TOT € BEeKTOpP, TO PaccMaTpuBaeMasi NMHHs ABAAETCA JHMHUEH OTKOca.
HlokasaTb oGpaTHOe MOJOKEHHE W HAHTH BEKTOP, KOTOPOMY KOJIIMHEAPHBI
BCE CHOPSMASIOUIME NNOCKOCTH JIMHHM OTKOCA.

409%. JloxasaTb, YTO ecqi GHHODMAaJH HEMNOCKOH JUHWH OOpasyioT
NMOCTOSIHHBIA yroa C BEKTOPOM e == const, TO AaHHAas JWHUSA SIBJASETCSH
JVHWEH# OTKoca, U O0paTHO.

410%. [lokasaTb, 4yTO rogorpa¢ GMHOpMA/H JHHHUH OTKOCa — OKPYHK-
HOCTb.

411%. JlokasaTb, 4TO €C/AM BCE CHPAMASIOUIME MAOCKOCTH MPOXOIAT
4yepes OQHY W Ty e TOYKY, TO OTHOUIEHHE KDYYEHHS K KDHUBH3HE €CTh:

AMHedHast GYHKUUSA ayrH:
g
> = as + b.

412. lokasatb, YTO ecau b =—const, TO AMHMSA MJIOCKasd.

413. [oka3aTh, YTO €CM COMPHKACAIOUIMECH MMNOCKOCTH JUHUH UMEIOT
ONWH U TOT XK€ HAKJOH, TO JIMHUS MJIOCKas.

414. Jloka3atb, YTO JIMHUM OTKOCa XapaKTEPH3YIOTCH COOTHOUIEHHEM:

415%. JlokasaTp, yto: 1) ecau pas3aMuHble JUHUM HUMEIOT B COOTBET-
CTBYIOLIMX TOYKax oOuiMe OHHOpMand, TO OHM MJIOCKHe; 2) riaBHbE
HopManu JuHuu C saBnstoTcs OWHOpMansmu auuun C*. JlokasaTh, 4TO
x=M\ (x? +¢?%), rme A = const.

416%%, Jlokasatb, uto ecad ase auvud C u C* wumeror obuime rias-
Hble HOpMaiau (nuuuk BepTpana), TO KpuBM3HAa M KpyueHue JjuHun C
(rakxe M auHun C*). cBasaubl JMHEHHOH 3aBHCHMOCTbIO:

M —4po=1
(A= rconst, p.= const).



417%%, JlokasaTb, YTO €CJAM KDHUBM3HA W KDYUYEHHE JIMHHH CBS3aHH
JIMHENHOW 3aBUCHUMOCTHIO:
M+ po=1,

rae A ¥ p — ukcia, -OTJMYHbBIE OT HYJdA, TO CYuUleCTBYeT JuHua C*,
umetoutast ¢ aunuedt C oOiWKe raaBHbIE HOPMaJu.

418. JlokasaTb, YTO JMHHS C MOCTOSHHBIM KPYYEHHEM M KPHUBU3HOH
ecTb OObIKHOBEHHas BHHTOBAst JIHHMS.

419. JlokaszaTb, 4TO JIMHMS C MOCTOSTHHON KPUBH3HOH SIBASETCH JHHUEH
Beprpana.

420%*%, Ha#itu kpaTyafiilee paccTosHHe & Mexay lIBYMﬂ r71aBHBIMA
HOpManaMu JMUHUA r=r (S) B Toukax M, (s,) u M(s) u HalTu

3

lim ———
|$—S8o] *

©§=Sp

421%#, Jlunna C samana ypaBHenueM r—r(s). Pyuxuus r (s) onpe-
JeneHa Ha cermeHte [a, b] ¥ MMeeT Ha 3TOM CerMeHTe [IPOHM3BOIHBIE IO
4yeTBEPTOro MOpsAKa BKJIIOUMTeNbHO; 7 Y. # mnpu Bcex S€ [a, b]. Hafitu
Kparuyaiiee paccTosHue & Mexay GuHopmanasmu aubuu C B Toukax M (s,)

u M(s) u Hatitu
8

lim ——,
[8§—38o |

§=3Sg

422%%. Jlnaus C sanana ypasHeuueMm r=r(s). Pyuxuns r(s) onpe-
leneHa Ha cermMente [a, #] M MMEeT Ha 3TOM CErMeHTe NPOM3BOIHLIE 4O
ueTBEPTOrO MOPALKA BKJIOYATENbHO; npy aToM 7 Y. 7. HalTi kpartuafiiee
paccresnue & MEHIy KacaTelbHBIMH K JaHHOH JIMHHH B TOuKax M, (S,)
u M(s) n HallTw npenen

. 3
lim ———
s=S$, | $— Sol®

423. Buipasuth KkpuBM3HY JuHMM p=r(s) -} A b(s) (A= const)
yepe3 KPHUBM3HY ¥ KDYUeHHe JHMHHUU 7 =r (S).

424%%. HasoBéM 2BOJNBBEHTON HEMNIOCKOH JHMHUH r==r (S) JIHHHIO
p=—r — st. BbipasuTb KPUBH3HY M KPyYeHHe ITOH NMHUM YEPE3 KPUBU3HY
¥ KpyuYeHHe JIMHUM r=r(s). JloKkasaTp, 4TO €cau JjuHuA r=r(s) —
AUHUS OTKOCA, TO JIMHUA p==r — S¢ MJIOCKas.

425%, Cocrasmb ypasHenue nuHun C*, N0 KOTOPOH nepeceKkarnTcs
COMPHKACAIOWAACs MIOCKOCTh NaHHOW nuuuu C B TOUKe M, c kacatenn-
HbIMH K 3TO# qunuM C v HaliTu KpuBUsHY auHua C* B/TO‘{Ke M.

426%%. IlosepxHoCcTb 0Gpa30oBaHa KacCaTeNbHbIMH K auuuu C. Coc¢ra-
BUTb ypaBHeHue JuHHH C*, no KOTOPOH nepeceKaeTrcs 3Ta MOBEPXHOCTh
€ HOPMaNbHOH MIOCKOCThIO K JuHun C B Kako#-nubo €€ Ttouke M,.
Hokasats, 4TO ecu B TOuKe M,, %, 0, o) 7~ 0, TO TOuKa M, ABaseTcs
ansg muauu C TOYKOW BO3BpaTa nepBoro pona 4 KacaTenpHOl K auHun C
B TOuke M, fBnf€TCA rnasHas HOpManb auHuuH C B TOuke M,.

427%%, Jlana nunusa C. IlosepxsocTs II o6pasoBana kacaTenbHEIMH
kK aubum C. Jluuua C* monyvaeTcs npu mnepeceyendu nosepxxoctd 11
crpamagioulell na0CKoCThio auvun C B KakoH-nu6o e touxe M,. [loka-
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3aTh, YTO ecau B Toyke A, KpHMBM3HA M KpyueHwe JuHuM C OTIHYHbBI
OT HyJas, ro rodka M, sasaserca TOYkOW neperuba auuuu C¥*.

428#%%, [loBepxHOCTb 00pa30BaHAa TrJaBHbIMM HOpManaMu JHHHM C.
Jluans C* noayuaercst npu NEPeceyeHuH STOH MOBEPXHOCTH  CONPUKa-
catouieiics nAockocToio auHnn C B Kakoii-mubo eé touke M. Iloxasarb
uTO ;0_:2,’ g5 A€ %, — KpUBH3HA ounmu C B Touke MM, a 'Ko——-KpH-
BU3Ha JuHMM C* B TOH He TOuKe.

429%. Ha#tu lim p, rae p— paauyc-BeKTODP TOYKH [€PECEYCHHS

§=3s
HOpManbHON nnocxoc;n B KaKO#-1uBo Touke My(s)) nuHuu r=r(s)
C rnaBHON HODManplo 3TOH JMHHMM B TOouke M (s).

430**, llopepxnocTb 06pa3oBaHa rAaBHbLIMM HOpPMaNAMH auHun C.
JIuans C* nonyuwaercs npu mepeceyeHHd 3TOH MOBEPXHOCTH C HOPMalb-
HOM na0CKOCTH0 anHuuM C B Kakoil-160 eé touke AM,. Haiitu kpusnsny
mmHun C* B TOouke M,*, coorsercTByiomel rouke M, (touka M* ompe-

n
IeJISeTCs PannyCOM-BEKTOPOM p, == g~ ;ﬂ — CM. Npeaplayllyio 3axauy).
0

Paccmorpers wactHeill cayuaii: annus C umeer NOCTOSIHHYI0 KDHBH3HY.

431%#*, [losepxHocTb OGpa3oBaHa OuHOpMansmu auHuM C. Jluums C*
nonyyaercs MpU NEPECceYeHHd 3TOH MOBEPXHOCTH CONpHKacawlieics
nnockoctbio auHuM C B Kako#-nu0o eé touke M,. [okasaTh, yTO Kpu-
Bu3Hbl auHufl C u C* B TOuke M, paBHbI

432%. Tlyctb C — nPOCTPAaHCTBEHHas JAMHHA, 3alaHHAas ypaBHEHHEM
r=r(s), a C* — e& npoekuUus B CONPUKACAIOULYICA NOCKOCThb JAuHUK C
B KaKOH-HuOy b e€ Touke M. Hafitn sexrop apdunno# Hopmamu anuun C*
B TOuKe M.

433%. [lycrte t,, n,, by— penep PpeHe MHAU F==7r (S) B KaKoOMH-
60 €& Touke M, (sy). CoCTaBUTb ypaBHEHHS NPOEKUMM 3TOH JUHHK Ha
rpanun penepa PpeHe m HccnesOBaTH MX B OKPECTHOCTH TOYKH Mo,
cuutas g 7% 0, oy 7 0.

434%. Jlunnent C', «napaanenasHoll> guann C, HazbiBaeTcs JIMHHA,
uMeowas ¢ auuueit C obuiue HopMadbHble nIOockocTH. COCTaBUTh ypaBHe-
Hne aunvu C', 3Had p=p(s) — ypasHeHue aunun C.

435*. JlokasaTb, YTO UEHTPbl KPHUBH3HH AuHuH C*, «napannelbHON»
auuA C, JiexaT HA OCAX KPUBHM3HB MOCHAeIHed.

436%. PaccMOTpHM OIHOMapaMETpPUYECKOE CEeMEHCTBO HOpManeH:

p()=r()+ 1 {5(s)cos o (s)+ n(s)sing(s) }

aMnvK r=r (s). Onpeneauts QyHKUMIO ¢ (S) TaK, YTOGBl 3TO CeMeHCTBO
HopManelt #meno Obl orubarouiyo (3BOMIOTA).

437+%%, Jloka3ath, uYTO €CAM JMHHA NJAOCKAs, TO /Wi OOHa U3 €&
9BOMOT (cM. 3azauy 436) maockas (MMEHHO Ta, KOTOpas JEXHUT B IUIO-
CKOCTH HaHHOM auHuM). Bce oCTaabHble 3BOJMIOTH  ABAAIOTCA JIHHHUSMH
OTKOCa M pacMoNOWeHbl Ha WHJAMHAPE, 048 KOTOpPOro HampaBJsioulei
ABNSETCA 3BOMOTA AAHHON MuHMUM. TOUKHM 3BOJIOTH MOJYHAKOTCs MpHU nepe-
CEUEHMH 3TOr0 UMJIMHApPA C HOPMANSMH, KOTOpble Mbl MOJNYYHM, MOBEPHYB
OMHOpManu [OAHHOH MJAOCKOW AMHHM OT & K B HAa MOCTOSHHLIR yroa .
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HatiTh Takxe BEKTOp, C KOTODLIM KacaTelbHas K 3BOJIOTE Ofpa3yeT mMo-
CTOSHHBI yrosa, a TaKwe HalTH 3TOT yroa. Buiuncauts Kpuanuy I
KpYy4€eHHE SBOJIOTEHI.

438+%, [lana nsockasa aunus C ypasHeuueMm r = r (s). Ha GuHopmansx
auanu C B O1HOM HanpaBJIEHWM OTKJa/JbiBaloTcs oTpe3kn MAP, mnpo-

NOPUHOHATbHBIE AYyTre MOUM=S. CoctaBuTbh ypaBHeHue auHuu C*, onu-
caHHO!l Touko#t P, HaliTW e& nyry, KpPHUBH3HY M KpyueHue. J[lokasars,
yro C* — MHUs OTKOCAa M YTO OHa Nepecekaer oOpasyloulhe UMIHHIPA,
o5pasoBaHHOro 6uHopmanamu C 1MoL NOCTOSIHHBIM yrioM. Haiith stot yrox.
Haittn penep ®pene auHun C* B nNpPOU3BONLHOH TOYKE U JIOKA3aTh,
4TO rJaBHas HOPMatb JuHMKH C* KONIMHEapHa rMaBHON HOpMaau auHud C
B cooTsercTByouwe#l Touke. JlokasaTb, 4TO KacaredbHble K auHuu C* ne-
pecekaroT nIocKoCTh AuHIA C B TOUKAX 3BOMLBEHIDI MocaeaHel (CM. 4epTéx
K OTBETy 3TOH 3a1auH).

439. [lokasatb, 4To KpuBu3Ha nuHuu C B Touxe M, paBHa KpHUBHU3HE
B To# e Touke M, mpoexuun C* nuunn C B CONpPHKACAIOUYIOCH MIO-
CKOCTb 3TOH JTUHMM B TO4kE M.

440%%, HaliTu KPUBHU3HY W KpYUEHHE 3BOJIOTHI:

p=r—+Rn-| Rctgob
auann r=r(s) (cm. Ne 436).

441%*, Hatitn orubawoutyro ocefl kpuusHsl nauHnu C.

442%, Ha#itm KpUBH3HY W prqel-me orubatouieft ocefl KpPUBH3HH
amun C.

443*. JlokasaTb, YTO €CAU JHHHUSA C eCcTh JIMHUSL OTKOCa, TO Orudato-
mas eé ocefl KPUBM3HAa eCTb TaKWe JHHUs OTKOCA.

444*. Jlokasatb, 410 cyuiectByer JuHus C¥, Kacaowascs MIHOBEH-
Hblx ocell Bpaulenus TpéxrpaHnuka ®Ppene munuu C. CocTaBuTbh ypaBHe-
Hue muHun C*.

445%, PaccmorpuMm aunumio C. Ilycts C* — orubaioiitas ocell KpUBHU3HBI
auann C. JlokasaTsh, uTO:

1) conpukacaiowascs MIOCKOCTb suHuu C mapajienbsHa HOpPMalb-

HO¥ MNJIOCKOCTH JMuHuU C¥;

2) HoOpMaJbHast MAOCKOCTh JuHMM C  9BASETC: CcOmpHKacaoueics
NNOCKOCTbIO JuHuH C*,

446. Haittn pamuyc conpuxacaowefics coepn auumn r=={¢, % 3}
B Touke ¢t =0.

447*. Ha#ith paauyc conpukacamouefics coepn u orubarmomyro oce
KDWUBH3HK BHHTOBOH JnHuM R=—1{a cost, asint, bt }.

448. Haittu paamyc comnpukacatouefics cdepn JTuHHAL

1) r——{e e, 11/2

2) r=/_¢'sint, ¢ cost et

449. JlokasaTb, 4TO COMPHKACAIOULASACS IJIOCKOCTb JHHWUW TEPECEeKaeT
conpukacamoumyiocs chepy 3TOH JHMHUM B TOH ke TOUKE MO COMPHUKACAIO-
ueics OKPYKHOCTH.

450. Onpenenuts pacNoONONKEHUE AUHUM OTHOCHTENIBHO COMPHKACAIO-
weics cepbl 3TON JUHMKM B KAKOH-MMO0 €& TOUKE B OKPECTHOCTH 3TOH
TOYKH.
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TITIABA IV

MNOBEPXHOCTb

Ykasanus

IMoBepxHOCT, MOXET ObITh 3aJaHa ONHHM K3 CHAEAYIOUIMX CNOCOGOB:
1) ypaBHeHueM

2) ypaBHeHHeM

3) ypaBHeHHeM

F(x, y, 2)=0;
z=/f(x, y);
r=r(u, v)

WAW TpeMsi NapaMeTpUYECKUMM YPaBHEHUAMMI

x =x(u, v),
y=y(u, v),
z=2z(u, v);

nocienHu#t cnoco6 3aaaHMs NOBEPXHOCTH Hambosee ynobGeH mas uccie-
nosanus eé nuddepeHLanibHO-reOMETPHYECKHX CBOUCTB.

KacatenbHasi naOCKOCTb K MOBEPXHOCTH, COOTBETCTBEHHO TpPEM CIoO-
cobam e€ 3amaHus, ONpenesercs ypaBHEHWEM:

1)
UIn

2)
rae

3)
HAHU
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(6=

xo)+(‘;—f)ou—yo)+(§§)o (z—2)=0

z2—2zy=p(x— X))+ q (Y —),

P=1rfx(Xe, Yo)» ¢ =1y (%0, Yo);

|
|

(R—r)ry,=0

X—x ¥Y—y Z—:
X, Va 2, '=O.
x‘!l yv zv




Ecnu 3anmaHo ceMeficTBO moBepxHOCTEH
F(x, y, z, a)=0,
TO MHOXECTBO TOYEK, KOOPAMHATBI KOTODPbIX YIOBJETBOPSAIOT YPaBHEHUSIM
oF
F=0, %a

npy (GUKCHPOBAHHOM @, HAa3BLIBAETCH XaPAaKTEPUCTUKON MOBEPXHOCTH ce-
MefCTBa, COOTBETCTBYIOUIEH DacCMaTpPUBAeMOMY 3HauyeHHI0 a. MHOXECTBO
BCEX XAPAKTEPUCTHK HWJIM MHOXECTBO BCEX TOUYEK MPOCTPAHCTBA, KOOPIU-
HaTBl KOTOpBIX YHOBJEIBODPAIOT lIBYM ypaBHeHMHM

F=0, ———O

=0

Ha3blBAETCH JANCKPHUMHHAHTHOH NOBEPXHOCTBIO.
Ecau B TOUKaxX IMCKPMMHUHAHTHOHN NMOBEPXHOCTH HACTHHIE MPOU3BOIHbBIE

0F OF OF
dx’ Oy’ 0z
ONHOBPEMEHHO HE PpaBHbI HYMO, TO NHCKPHMHHAHTHAas MOBEPXHOCTH
saBasieTcs orubarollell naHHoOro cemeficTBa.
MHOXeCTBO TOYEK, KOOPAMHAThl KOTODHIX YIOBJETBOPSIOT COOTHO-
IIEHUAM .
*F
F=0, aa =0, 32=0
HaspiBaeTcd pe6pOM BO3BpaTa QaHHOro cemeiictea. Pe6po Bo3Bpara ka-
CaeTcsi BCEX XAPaKTEePUCTHK.
Hauna ayru auHuv u=u (), v=— v (f), pacnosOXeHHO# Ha NoBepx-
Hoctw r=r (U, ), onpelenseTcs COOTHOLIEHHEM:

4
s_—.:j. V E du® |- 2F dudv + G dv?,

rae 0 2 0z\2
__[9x\? dy z
e=ri=(Gu) +(5i) + (%)

dx 0x , 0y 0y , 0z 0z
F=rsrv=5%, 50" o0 du o0’

== (G +{35) 4 (-

Kpanpar muddepenunana nyru nosepxHoctd r=r (u, v), T. €.
ds* = E du® + 2F dudv + G dv*

Ha3bIBAaETCs NepPBOH OCHOBHOW KBaApaTH4YHOH (OPMOH MOBEPXHOCTHU.

¥ranl mexay HByMst JIHHMSMH [OBEDXHOCTH ONPENEeNsoTCs COOTHO-

HIEHHUEM:
E dudu <+ F (dudv 4 dvdu) 4+ Gdvdv

=+ V Edu® 4 2Fdudv + Gav® V Edi® + 2Fsudv + Gov*

cosby 3=




rae du, dv——nncquepeHuviaﬂu dynkuutt # ¥ v, B34TBIE W3 YypaBHeHui
nepso#t uHuK: u =u, (t), v =19, (¢), a du, dv — nuddepeHuUMans oT u u v,
B3AThlE M3 YPaBHEHHUH BTOPOR MuHUM: & =1, ({), V=10, ().

[Tmowlans 4acTH NMOBEPXHOCTH OMNpeNeNseTcs ABOHHBIM HHTErpajnoM:

c_—_jjl/EG—Fﬂ dud,
D

pacnpocTpaHEHHBIM HAa O0NACTb M3MEHEHHS NapaMeTpoB 4 W U Ha pac-
CMaTPHUBAEMOM KYCKE MOBEPXHOCTH.
Bropas kBagpaTuuyHas ¢opmMa NOBEPXHOCTH MMEET BHI:

Ldu® + 2Mdudv -+ Ndv?,

rre L, M, N onpenensiorcs COOTHOUIEHHSIMU:

L=mr,,
M =mr,,
N=mr

v0?
rae m — eJMHUYHBIA BEKTOD HOpMAamM K moBepxHoctH. Tax kak

—_ (rurs]

TV

— ruur’lr'v
S VP
— Twluls

l/[rurvP ’
— Tvoluly_

C VirrP

l Xau Yuu Zun ‘

m

TO

HJIM B KOOpJHWHATax

Xy Yu 24
X'-,, Vﬂ Z‘U
V EG=F?

' Xuv Yo Zuv ’

L =

xu yll zll

Xy Vo 2
M —_ k4 v T
VEG—F ’
Xyy Yoo 200 ‘

Xy Yu Za
Xo Yoy 249

VEG=F*

IMycts m — envHuuHKE! BEeKTOp HOpPMank K MOBEPXHOCTH B Touke M.
IMposeném uepes HOpMakb K NOBEPXHOCTH B TOYKE N MPOU3BOJbLHYIO
[JIOCKOCTb M NYCTb 9T IMIOCKOCTb PAacCeuéT MOBEPXHOCTb NO Jutuu C.
HopmansHo#t KpuBM3HOH Ha3bIBAae€TCd 4YHMCIO, DPaBHOE MO aGCOMOTHOM
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BequunHe KpususHe JauHun C B Touke M; 3TO uynciao % mMOMOXKHUTENBHO,

ecmu aunusgs C B Touke M BOrHyTa B CTODOHY BeKTOpa M, W OTpHUA-

TenbHo, ecau auHus C B Touke M BbMyKJIa B CTODOHY BeKTOpa 2.
-‘Hopmanbhas kpusu3Ha onpenensercs COOTHOUIEHHEM

5 — Ldu® 4 2Mdudv + Ndv?
~  Edu® -+ 2Fdudv + Gdv® ’

rae du v dv cOOTBEeTCTBYIOT HanpasjeHHl0 npaMoit /, mo koTtopo#t pac-
cMaTpuBaeMas IJIOCKOCTb, MPOXOAAlIas 4epe3 HOPMalb K MOBEPXHOCTH,
paccekaeT KacaTelbHYI0 MJOCKOCTb K MOBEPXHOCTH; MOXHO, HanpuMep,
cuutath, 4to du, dv — KOODAMHATH JMI060r0 BEKTOpPAa, KOJJIHHEapHOro
npamo#t [, B cayvae ecau 3a MacmTaGHble BEKTOPbHI ‘TIPUHSATH . BEKTOPH
r,vur,

Ecau uepe3 kacaTeabHylo B TOYke M mOpAMyl0 K NMOBEPXHOCTH, He
UMeolIell aCHMITOTHYECKOrO HampasJ/eHHsl, MPOBECTH [IBAa CEYEHHS [O-
BEDXHOCTH: OIHO HOPMaJbHOE, APYro€ HaK/JOHHOE, TO MPOEKUHs LUEHTPa
KPUBH3HbI HOPMaJbHOI'O CEYEHHs Ha MJOCKOCTb HAKJIOHHOTrO €CThb LEHTP
KPHBH3HBl HaKJOHHOro cedenus (B Touke M) — Teopema Menbe.

HopmanbHasi kpvBM3Ha MNOBEPXHOCTH B [aHHON Ha He# Touke (He
OMSMJINYECKOI]) DOCTUraeT OOMH pa3 MAaKCHMyMa %;, ApPYro#l pa3 MHHH-
MyMa ¥o. DTH BHAYEHHs HOPMaJbHbIX KDHBH3H [OBEPXHOCTH B JaHHOH
TOYKE Ha3bIBAIOTCH -IVIaBHBLIMH.

B omOunuyecko#l TOuKe HOpMajibHasd KPHUBHM3HAa HMEET OMHO U TO XKe
3HayeHue 7 J1000ro HOpMaabHOro cedenus. B omMOunnyeckoht (M TOJMBKO
B omG6uinyeckofi!) Touke koapuuuentsl kBampaTHuHbix ¢dopm (I u II) —
NPONOPUMOHANbHbI

L M__N
E— F— G
[naBHbIe KPUBMSHH X, U Xy CBS3aHbH C HOPMaJbHOM KDHBHU3HOR JIiO-
60ro ceyeHus COOTHOLIEHHEM:

-~ - ~ . a
*=7%, cos“:p+ % sin? o,
rie ¢ — yron Mexay MIOCKOCTbI0 DPacCMaTPHBAEMOTO CEYEHHS M IO-
CKOCTbIO CEYEHMs, NMPH KOTOPOM B CEYEHWH [ONYYAEM T[NaBHYIO KpH-
BU3HY ;.
[naBHBIE KpPHBH3HB ONpeaensioTcs U3 COOTHOUIEHHM!
- - LN — M2
=Yyl =T s
K=y =" —F=-
EN —2FM + LG
EG —F? ’

OH =5, + 5=

K HasbiBaeTCs MOJHOM KPHUBH3HOH MOBEPXHOCTH, a H — cpemHe#t Kpu-
BM3HOH MOBEPXHOCTH B paccMaTpuBaeMOH TOUKe.

Ecnn koopavHaTHble JAMHWUH u=const W v==const IBALIOTCA AU~
HUAMH KDWBHM3HbI, TO
om Or .~ Om
u’ ov *¥ov
5 h C. MonenoB 65



— dopmyas Oaunne Ponpura.
$opma
dm® = edu® -}- 2fdudv -} gdv®

HasblBaeTCs Tperbell kBaapaTuuHo#t cdopmoft mosepxHocty; I, II, TII kBa-
OpaTuyHbie (GOPMbI CBA3aHbl COOTHOLIEHHEM:

Il —2H -1+ K - 1=0.

Ilycte ™ M 7, — MIOCKOCTH, NPOXOMSIHe Yepe3 HOPMaJb K MOBEPX-~
HOCTH B TOYKe A, KOTOpble MalOT TJaBHbie HODMAJbHBIE CEYEHHS MO-
BEDXHOCTH, a [, U [, — mpsiMble, MO KOTOPLIM 3TH [UIOCKOCTU mnepece-
KalOT KacaTeJbHYI0 MJIOCKOCTb K TOBEPXHOCTH B Touke M.

Ipamble [, u [, Ha3bHIBalOTCH [JAaBHLIMH MPAMBLIMH TIOBEPXHOCTR
B Touke M, a WX HanpaB/IeHUs HA3LIBAIOTCA TIVIABHBIMH HanpaBJleHHAMH
NOBEPXHOCTH B Touke M.

JluHuell KpUBH3HBI MOBEPXHOCTH HA3bLIBAETCS JHHUA, PACNOJOKEHHAA Ha
NOBepPXHOCTH W 00/1a1akonLas TeM CBOACTBOM, YTO KacaTesNbHas K TOH AMHUYA
B KaXIOW TOYKe ABJAAETCA TJIaBHOH MPsAMOA NOBepXHOCTH B TOH e TOUKE.

Ha Bcako# noBepxHOCTH uMeeTCd OPTOTrOHajbHas CeTh JAMHHH KpH-
BU3Hb. [uddepeHunalbHOe ypaBHEHHE 3TOH CETH:

Edu-+ Fdv Fdu- Gdv 0
Ldu+ Mdv Mdu-+Ndv |~

Touku nOBepXHOCTH, B KOTOPBIX nosmHas kpuBusHa K >0, Ha3biBa-
I0TCA JJNNTHYECKUMH; B OKPECTHOCTH S/UIHNTHYECKOH TOUKH MOBEPXHOCTb
pacnosnaraeTcs no OJHY CTOPOHY OT KacaTenbHOH NJAOCKOCTH. ToukH,
B koTopeix K < 0, Ha3wBalTCA rUnepOONUYECKUMH; B OKDECTHOCTH [H-
nepOOANYECKOl TOUKH MOBEPXHOCTb pAacnoJaraercs MO Pa3Hble CTOPOHbI
OT KacaTeJbHOH MJIOCKOCTH; NOBEPXHOCTb HMEET CeIJOBHIAHYIO (HOpMY.
Hakonen, Ttouku, B koropnix K =0, Ha3biBalOTCd napabOJUUECKHMH.
[TpumepoM napaGoaH4YeCKON TOUKM MOXET CAYXUTh Ji00af TOUKAa OOBIK-
HOBEHHOrO UMJIMHAPA. ACHUMNTOTHYECKON JMHMEH MOBEPXHOCTH Ha3bIBAETCH
JMHKS, PACNOJiOXeHHas Ha MOBEPXHOCTH M obJamaiouias TeM CBOHCTBOM,
yTO €& conpuKacalouUascs MJOCKOCTh B JM060# TOuKe fBJAgeTCH Kaca-
TeJBHOH MIIOCKOCTbIO K MOBEPXHOCTH B TOH e TOUKe.

NuddepenunanbHoe ypaBHeHHe aCHUMNTOTHYECKOH JMHMH MOBEPXHOCTH
MMEeT BUI:

Ldu® 4 2Mdudv - Ndv® =0.

B o6aacTd 3MMMNTUYECKHX TOYEK MOBEPXHOCTH aCHMITOTHYECKHX
JVUHHA HET. )

leone3uueckot JsuHMER nOBEPXHOCTH Has3hIBaeTcd JMHMA, [VIaBHa%
HODManb KOTOpOH B Kawao# Touke A coBnamaeT C HOPManabio K nO-
BepxHOocTH B TOH ke Touke. JluddepedunasbHoe ypaBHEHHE reOnesu-
YECKUX JUHUN HMeeT BHI:

(Edu - Fdv) (T'y,,,du® - 2T g dudv
~+ Iy9,0dv*) — (Fdu + Gdv) (T'yy,,du? 4 2Ty, ,dudv + T'gg ,dv?) -
-+ (EG — F*) (dud*v — dvd*u) =0,

3
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riae \

__ Oxox 2y ay 0%z 0z
Tis = Tuao =02 ov + o 0w ds T ow ou’
x 0x | O dy | 0z 0z

Lion = Tuo"a = 3,55 3 T 3uo0 ou T 6udo ou
H T I
HuddepenunanbHoe ypasHeHHE TeONE3HYECKHX JUHUA — BTOpOro
mopsaKa, MO3TOMY OHO HMEeT EIMHCTBEHHOE pelleHHe MpU Clenyto-

du
HIUX HAayaJbHbIX = OAHHBIX: U,, T, ((71_1)“; F€OMETPHUYECKHU 3TO O3HAYaeT,

YTO yepes KaXIyl0 TOUKY MNOBEPXHOCTH B ,IAHHOM HANpaBAEHMH NpO-
XONUT eNMHCTBEHHas reole3uyeckas JauHWs (0O HanpasJeHHeM Ha
NOBEPXHOCTH B [QaHHOR Touke A Mbl noHMMaeM HanpasjeHue J000#
npsaMolt, npoxonsiue#i uyepes Touky M M nexameR B KacaTeAbHOH mJao-
cKoCTH K mosepxHocTH B Touke M). Kparuaiiiee paccroduue aByxX
TOYEK MOBEPXHOCTH MO NMOBEPXHOCTH M3Mepsercs IJIMHOR Ayrd reonesu-
YEeCKON JIMHWMH, NPOXOIduled uepes 3T TOUKH.

Feone3nuecko#t kpususHo#t sauuun C (B Touke M), pacnonoxeHHOH
Ha noBepxHOCTH S, Ha3biBaercs KpWBH3HA B TOUKe Al OPTOrOHaAbHOM
npoekuun C' jaunun C Ha KacaTedbHYIO [JIOCKOCTh K MOBEPXHOCTH
B Touke M. SlcHo, uro nuuns C, reomesndecKas KpHBM3HAa KOTOPO#H
paBHa B KaXJIOH TOYKe HY/I0, €CThb reole3uuecKass JUHHS MOBEPXHOCTH
H 06paTHo.

OTMeTUM MBa CHeuMasbHbIX KJacca MOBEPXHOCTel:

1) nune#uyaras NOBEPXHOCTS:

p=r-va,

roe r=r (u) — naHHas JuHHUA, @ =@ (1) — BeKTOP-OYHKIHKSA, Haroulas
pacnpenenenue npsaMoNuHeHHbIXx OOpa3yloOUMX JMHEHYaTO! NMOBEPXHOCTH;
2) pasBepTbIBAIOLLASCA MOBEPXHOCTb — 3TO MOBEPXHOCTb, 00pa30BaH-
Has KacaTeNbHbIMM K MPOCTPaHCTBEHHON JIMHUM, @ TaKke JI000d KOHYC
WM 11060# UMAMHAP.
JlnnediuaTas nosepxHoCTh p==r -} va@ Oyler passépThiBaioLLelics
TOrA4d M TOJAbKO TOraa, Koraa

dpada=0.

BeKTO bl &1 ﬁf_ ﬂ a_ﬂ_l 0__m
PY 52 Gudv’ 302 u’ Jv
or

oy 1 m. PopMyaH, onpenensioumue 3TO Pas/OKeHHe MMEOT BUL

or
MOXHO pa3/NOWUTb MO BEKTOpaM o ,

’r__
’o_u—s 110u+rugv+l‘m

or . . or
ouov P” ou + 4% v ~+ Mm,

or or
dv’ Pzédu"l'r'a:%'l'/vm



— nepuBaunonnbie Gopmyns [aycca u

om 1 0r 2 Or
= by big
om __ , 0r 2@’_\
a0 —bigp— b5,

— nepuBaunoHnsie ¢opmynsl Beunraprena. Kospuunentsn ] ompenens-
I0TCsl, COOTHOLIEHHAMH:

1__ b8 — bis8a =" bingig + bisguy
= 5 oy U —m——————
811820 — &2 . 811823 —&13

’

rae g;; v b;; — xoadduumentnl 1 u Il kBazpaTuunsix dopm.

§ 1. CoctaBnenue ypaBHeHHil mOBepXHOCTeil

451. CocTaBuTh NapaMeTpHYeCKHe YDPaBHEHUs CHELYIOUMX [OBEPX-
HocTefl:

1) cdepa,

2) aanuncowun,

3) OZHOMNOJOCTHBIY runepHoona,
4) nBynosocTHH# runep6oouL,
5) saauntuyecknit mapa6osoni,
6) runep6osnyeckufl napabosoUL,
7) KoHyC BTOpOro Hopsika,

8) snaunTHYECKUH WHAMHID,

9) runep6onuuecknit UMIMHID,
10) napabonuuyecKu#l UMIUHID.

452. CocTaBUTb ypaBHEHMs LMIMHIDPA, IVI KOTOPOro JMHuA p=p (u)
siBJSeTCS Hanpasasiomefl, a o0pa3yiomue napausiefbisl BEKTOPY €.

453. CocTaBuTb ypaBHEHHe KOHYCa C BEPLIHHOW B Hauajle PaxuycCOB-
BEKTOPOB, IS KOTOPOro JHHHA p=p (1) aBjifeTcs HanpasJjsioulett.

454. CocTaBuTh ypaBHEHHE MOBEPXHOCTH, OOpa30BaHHOH KacaTelb-
HEIMH K JaHHOH auHuu p==p (u). ,

455. OKpyw¥HOCTb paluyca a TMepemellaercs TaK, 4YTO e& LEeHTp
JOBUXKETC NMO 3alaHHOM JuMHMM p=p (S), @ NJIOCKOCTb, B KOTOPOH OH4
pacnonioxeHa, SBJASETCS B KaXIbl# MOMEHT HOPMaJbHOH MIOCKOCTbIO
K 8a1aHHOH auHuu. COCTaBMTb YypaBHEHHE MOBEPXHOCTH, ONHMCHIBaeMOfl
OKDY¥HOCTbIO.

456. Bokpyr ocu Oz Bpauiaercss miaockas JuHus x =¢ (v), 2 =1 (v).
CocTaBuTh napaMeTpuHyecKHe ypaBHEHHs MOBEPXHOCTH BpALIEHHUS, Bbi-
SICHUTb XapakTep KOODAMHATHOH ceTH. PaccMoTperb uyacTHBIft ciyuai,
KOria MepuIMaH 3alaH ypaBHeHueM x = f(2).

457. Bokpyr ocu Oz Bpamaercs OKPYXHOCTb =a-tbcoso,
2="5sinv(0< b < a). CocTaBuTb ypaBHEHHEe MOBEPXHOCTH BpalEHMA
(Top) M BHIICHHTb XapaKTep KOODIMHATHOH CeTH.
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458. Tlpsmass ABMXETCH MOCTYNAaTENbHO € TMOCTOSHHON CKOPOCTbIO,
nepecexas IpPYyryilo NpsMyl0o Nol NpPAMbiM YrJIOM, H ONHOBDEMEHHO Bpa-
WaeTcss paBHOMEPHO BOKDYr 3To# mnpsamod. CocraBuTb ypaBHeHHE no-
BEPXHOCTH, KOTOPYIO OMUCBHIBAET ABHKYUIASICS NpAMast (NpAMON reqnKOuI).

459. CocTaBuTh ypaBHEHHE NOBEPXHOCTH, O6GPa30BaHHON [/aBHLIMA
HOpMaJsIMi BHHTOBOH JIMHUH.

 460. B Toukax /uHMM p=p (1) 3aZaHO BEKTOpHOe mnore: e=-e (u).
CocraBuTb ypaBHEHHE JMHEH4YaTON MOBEPXHOCTH, 1Js KOTOPOH HaHHad
NMHUA SABASETCS HaNmpaBJsiouled, a BeKTOP e (u) HaéT HanpassieHue 06-
pasyowmeil B COOTBETCTBYIOILEH TOYKE NOBEPXHOCTH.

461. CocTaBUTb ypaBHEHHE MOBEPXHOCTH, OO6Pa30BaHHON CeMENCTBOM
HODMaJeil NaHHOH JMHUM P = p ().

462%, Tlpsimas nBwxeTcs Tak, uTO Touka M nepeceuenns e€ c Ok-
PYXHOCTBIO [IBMXETCS MO JaHHOW OKPYKHOCTH, npuuém 3Ta mpsaMas
OCTaéTc B HOPMalbHOH MJIOCKOCTH K OKDYXHOCTH B COOTBETCTBY-
IoeR TOYKE M MOBOpPAauMBaeTcs Ha yrod, pasubi#t yrmy MOM,, koto-
phiti mpoiusa Touka M, ABurasch Mo OKpywHOCTH. COCTaBUTb ypaBHerue
NOBEPXHOCTH, ONHMChLIBAEMOH nBMxylIeficd MPAMOH, cuuTas, YTO Hayasb-
HHIM NOJIOXEHHEM ABuxcywielcs mpsmo#t G6mia ocb Ox, a OKPYKHOCTb
3anaHa ypasseHusmu: x® | yi=at, z=0.

463. Jauel nBe muuun F=r (u) n p=p (V). CocTaBuTh ypaBHEHHE
NOBEPXHOCTH, OMUCHIBAEMONH cepeavHO#N OTPEe3Ka, KOHLb KOTOPOro Jexar
Ha IaHHBIX JIMHUAX (MOBEPXHOCTH MEPeHOCa).

464. Cocrasutsb ypaBHeHne nOBEPXHOCTH,00PA30BAHHOMN BpauleHHeM

LEMHOA NTMHUK y_ach = Bokpyr ocu Ox (KaTEHOHI).

4656. Cocrasursb ypvaBHeHPIe NOBEPXHOCTH, OOPa3OBaHHON BpalLEHHEM
TPaKTPHUCCHI:

p={a lntg(%—l—é)—asimﬁ, a cost}

BOKPYT €& acuMnTOTh. JTa MOBEPXHOCTb Ha3bIBAETCSH‘ NCEBAOCHEPOH.
466. KoHonzom Ha3biBaeTCsl MOBEPXHOCTb, 06pPa3OBaHHAf LABHKEHHEM
nNpsMON NapalienbHO 3aAaHHOM IJIOCKOCTH (Hampasisouie#), TaK 4YTO
abpasyioulas nepecekaeT 3alaHHylo mpaMylo (Hanpasasioutyo). Has 3a-
JaHus KOHOMIA HANO 3alaTb HaNPABJAIOULYIO NPAMYIO, HANPaBASIOULYIO [710-
CKOCTb ¥ JIMHHMIO, KOTOPYIO NEpeceKaeT NBHXKYILAsAcs NpsiMas (Hanpasas-
jomast aunusa). CoCTaBuTb ypaBHEHME KOHOWIA, €C/AM NaHbl: HalpaB/si-
ouas NJI0CKOCTh yOz, HanpaBmuomaﬂ npamas y =0, z=~h u nHanpa-

BJISIOIAS JIUHHS a,—l— =1, 2=0 (sammmc).

467. CocraBuTb ypaBHEHHE KOHOMIA, A KOTOPOrO HarpaBASIOUIHE
npsaMas, MIOCKOCTb W JIMHUA 3az§aﬂu COOTBETCTBEHHO YPABHEHUAMH:

1) x=a, y=0,

2) z=0,

3) y?=2pz, x=0.

468. LlnanHapounOM Ha3biBaeTCs MOBEPXHOCTb, 06PasoBaHHas upA-
MBIMH, Napaj/eNbHBIMH HEKOTOpO# maockocTA. Lluaunapons moxer
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GuiTb 3a1aH ABYMS HAaNMpaBASIOWMMM JUHUSAMH (NeXaWHUMH Ha HEM) W
Hanpasasiollel NIO0CKOCTbI0O (KOTOPOH MapamienbHbl OGpasyrolue LH-
auHapouna). CocTaBuTb ypaBHEHHE LUMIMHAPOWIA, €C/M €ro HanpasJsio-
IUMH SBASIOTCH OKDPYXHOCTH

x24-2?'—2ax=0, y=0
yi-4-22—2ay=0, x=0,

a Hanpapasiouledl INMIOCKOCTbIO ABJseTCS maockocTh xOy.

469. CocraBuTb ypaBHeHHE JHHeHyaTo! MOBEPXHOCTH, oOpasyiouye
KOTOPOH mapajeNbHbl MIOCKOCTH ¥y — z2==0 u nepecekaoT napaGoJbl
Yi=2px, z=0n 2*=—2px, y=0.

470. CocraBuTb ypaBHeHHe JHMHeHiuaTOH MOBepXHOCTH, o6Gpasyiouye
KoTopo# nepecekaioT och Oz, napannenbuu nnockocty xOy u mnepece-
KaloT JMHHUIO XyzZ=a}, x2+y =52,

471. CocraBuTb ypaBHeHHe JauHeHuaTOH noaepxnocm oOpasyioiue
KOTOPO# mnepecekaloT npsamylo r=a - ub, muuio p=—p (v) u nepnen-
OUKYNSDHB BEKTODY 1. )

472. CocraBuTb ypaBHeHHe NMOBEPXHOCTH, 0O6pa3oBaHHOM mpwu Bpaile-
HHM OKDYXHOCTH BOKDYr OJHOH M3 €€ KacaTesbHBIX.

473. CocraBuTb ypasHeHHe JMHEHYaTOR MOBEPXHOCTH, oOpasyomue
KOTODOH MapaenbHbl MIOCKOCTH xOy M nepecekaloT [Ba 3JJIMNCA:

y2 22___ . yﬂ 22 _
I?—I—c_ﬁ—'l’ X =a, C_2+b—2=1’ X=—a.

474. CocrasuTh ypaBHEHHE JMHEHYaTOH MOBEPXHOCTH, 06Pa3OBaHHON
npaMbIME, Nepecekalomumu auHuio p={u, u?, ud}, napannenabHHIMH MIO-
ckoctn xOy un nepecekawomwumu och Oz.

475. CocraBuTb ypaBHEHHE TMOBEPXHOCTH, OOpa3OBaHHOH MPAMBIMH,
napanaienbHbiMH MAOCKOCTH X -y -4 2z=0, nepecexalomumun ocb Oz
U OKPYXHOCTb p==1{b, acosu, asinu}.

476. CocTaBuTb NapaMeTpUUYECKHe YDaBHEHHs MOBEPXHOCTH, o0pa3o-
BAHHOH MpAMBIMHM, NEPECEKAIOWMMA OKPYXHOCTb x*—-2*=1, y=0.u
npampie y=1, z=1un x=1, z2=0. '

477. CocraBuTsb yDaBHEHHE MOBEPXHOCTH, O0O6pasoBaHHON KacaTelb-
HbIMM K BHHTOBOH JHMHUH e={a cosv asinv, bv} (pa3sépThBalouMics
TemKonD).

478. CocTaBuTh ypaBHEHHE KOHMYECKOH# MOBEPXHOCTH C BepUIHHOH
B rouke (0,0, — c¢) u Hanpasasiomwen

(x? _l__yz)a= a? cxz —y9).

479. IlokasaTb, 4TO KacaTeJbHbE MIOCKOCTH K NMOBEPXHOCTH xyZ =—a®
OTCEKalT OT KOOpAMHATHBIX IJIOCKOCTEeH TEeTpasaphl PaBHbIX OOBEMOB.

480. ITosepxHOCTb 3aldaHa ypaBHeHuem r = r (u,v). COCTaBUTb ypaB-
HeHHE e& MOA3Dbl OTHOCHTEJbHO HAauala PaauycoB-BEKTODOB.

481. HailTu monspy 3aauncouna OTHOCHTENbHO €ro LeHTpa.

/
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§ 2. KacateanHass MJIOCKOCTh U HOpMAJb

482. JlokasaTb, 4TO [JIOCKOCTH, KacaTelbHble K TMOBEPXHOCTH
= xf (7‘:—), NPOXOAAT Yepe3 ONHY U TY Ke TOUKY.
483. CocTaBuTh ypaBHEHHE KacaTeJbHOH IUVIOCKOCTH M  HODMaju
K remikouny r={vcosu, vsina, ku}.
484. CocTaBUTb ypaBHEHHE KacaTenHoll MIOCKOCTH K NOBEPXHOCTH

Xy2 = ad.

485. CocTaBuTb ypaBHEHHE KACATENbHOM MIOCKOCTH K MOBEPXHOCTH
xy?+2%==12 B Touke (1,2,2).

486. JlokasaTb, 4YTO KacaTeJbHble MJIOCKOCTH K MOBEPXHOCTH
Vx+Vy-+V/z2=a orcekaloT Ha OCIX KOODAMHAT OTPE3KH, CyMMa
KOTODLIX HEHM3MeHHa.

487. [oka3aTb, YTO MOBEPXHOCTH

x4yt 2 =,

X yr4-2 =Py,

2y 2t =yz
MONapHO OPTOrOHAJMbHBI.

488%. [losepxHocTh 06pasoBana KacaTenbHeMA k auHun C. Jlokasats,
YTO 3Ta MNOBEPXHOCTb BO BCEX TOYKAX OOHON H TOH Ke KacaresbHOU
Kk muunn C MMeeT OIHY M TY XK€ KacaTe/JbHYIO MIOCKOCTb.

489%. TlosepxHOcTb 0(pa30BaHa rJAaBHbBIMH HOpMadsaMu Jsuuun C.
CocTaBuTb ypaBHEHHE KACATEbHOM MIOCKOCTH M HOPMajlu B MPOHM3BOJIb-
HO# TOUYKE MOBEPXHOCTH.

490%. TIpy KakoM YyC/MOBWM JuHeHuaTas MOBEpXHOCTb F =p (1)}
-+Xe(@) (Je|]=1) saBnserca xoHycom? Ilpemnonaras 3TO ycjoBuE
BbIMOJIHEHHBIM, HAaHTH BEPIUMHY KOHYCaA.

491%*. IloBepxHOCTb OOpa30BaHa Tr/IaBHLIMU HOpMansmu Jjuunu C.
IlokasaTb, uTo B Toukax nauHuM C KacaTenbHas MAOCKOCTb K TOBEpX-
HOCTH COBMajaeT C COMpHKacamoulelcs mnaockocTeio auHun C, T. e.
aunnsg C — acUMOTOTHYECKas [/ YKa3aHHOH MOBEpXHOCTH.

492%, CocTaBUTb ypaBHEHHE KacaTeAbHO MIOCKOCTH ¥ 'HOpPMaau
K MOBEPXHOCTH, O0pa30OBaHHOM 6nuopmanmn auann C. /

493%. JlokasaTp, 4TO B ToukaxX auHuu C /19 MOBEPXHOCTH, 06pa30-
BaHHO! OWHODMa/JsIMH 3TOHW JIMHHM, KacaTeNbHas MIOCKOCTh K MOBEPX-
HOCTH COBNajgaeT CO cOpsaMasioliell MIOCKOCThIO AuHuH C, a HOPMAMLIO
K MOBEDXHOCTH fBJAETCA rJaBHas HopMaab auHuu C.

494%. Ha#iTu KacaTeabHYI0 [JIOCKOCTb H HOPMajJb K MOBEPXHOCTH,
00pasoBaHHON OcCsMH KpuBu3ubl JauHuu C.

495%, Ha#itu KkacaTe/lbHy0 MJIOCKOCTb M HOPMalnb K TOBEPXHOCTH,
00pa30BaHHOM MIHOBEHHBHIMH OCfAMM BpallleHHs TpéxrpaHHuka Ppene.

496%. Jloxa3aTs, 4TO KacaTeNbHas MJIOCKOCTb K MOBEDXHOCTH KaHa/Ja:

r=p(s)+v(s)cose+3(s)sing
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napajanienbHa KacaTedbHON K JMMHMM p==p (S) B COOTBETCTBYIOLIEH TOuKe,
a HOpMajisAMM K T[OBEDXHOCTH SIBJASIOTCS HOPMal¥d K [JaHHOW JIMHMH
(¥ u B COOTBETCTBEHHO eIMHUYHbIE BEKTODH F/JaBHOH HOpManau ¥ GHHOP-
Manu JMHHA P). ’

497%. [loxasaTb, 4YTO €CAM BOKPYr ocu [ BpauaeTcs mOcKas
muans C (Mmepuauan!), To Hopmanb MN k 3TOH AMHUM (PacnojQKeHHas
B IVIOCKOCTH 3TOH J/uMHuM) OyZeT HOpDMaabl0 M K MOBEPXHOCTH Bpa-
HIeH#us.

498%*. Bynem paccMarpuBaTbh [MOBEPXHOCTb K&K HENPEPHIBHBIA U
B3aUMHOOIHO3HAuHHIE 06pa3 npsamoyrosabHuka. Ilycts M — npoussois-
Has TOYKa MOBEPXHOCTH, a m — €€ npoobpas. IlycTb CymecTsyer TOMbLKO
O/Ha MIOCKOCTh T, MPOXOAsilas uyepe3 Touky M,  koropas obnazaer
ClenyouuM CBONHCTBOM: KakoB Obl HM OBUI KOHYC BTOPOro mOpsAaKa
C BepIMHON B TOuke M, UMEWHHA C MIOCKOCTBIO ™ TOMLKO OLHY 00-
Y0 TOYKY (MMEHHO TOuKy M), HeKOoTOpas 4acThb MOBEPXHOCTH B OKDECT-
HOCTH TOYKM M nexuT BHe 3TOro KoHyca (nal 4acTbio MOBEPXHOCTH
B OKPECTHOCTH TO4kM M Mbl noHuMaeM o6pa3 mo6Qro Kpyra ¢ LEHTPOM
B Touke m). B TakoM cayuae mMJIOCKOCTb T Ha3biBAETCA KacaTe/lbHOH
NAOCKOCThIO K MOBEPXHOCTH B TOuke M, a moBepxXHOCTh T B Touke M
Ha3bIBAETCS [aNAKOH. . ’

1) HMcxoas u3 3TOro ompejesieHusi, Pa3bsiCHUTb CMbICH (Dpasbi:
«MOBEPXHOCTb T B TOYKe /A He HMMeeT KacaTeNbHOH MIOCKOCTH».

2) Mokasarb, 4TO ecau uepe3 TOuKy M MPOBECTH MNPOU3BOJLHYIO
MIOCKOCTb M €C/M OHa paccevéT mosepxHOCTb no junuM C, a KacaTe/b-
HYI0 MJIOCKOCTb NO npsmof#i /, To npsimMas / ABASETCA KacaTeJbHOH K Jn-
uun C B Touke M.

3) Ilpexnonaras, 4TO MNOBEPXHOCTb 3alaHa YypaBHeHHeM r=—r (u,0),
yro ¢yHkuus r(u,v) muddepeHuupyeMa B TOYKe (1,9) M 4TO 4YaCTHbie

r r
NPOMSBOLHME = W =  HEKOJNIMHEApHBI, IOKA3aTh, 4TO [aHHas MOBEpX-

HOCTb MMeeT KacaTeNbHYI0 MIOCKOCTh B PaCCMaTPUBAEMO# TOUKe: 3TO €Crb
IIOCKOCTh, TPOXO/IAIIAA 4epes TOUKY M, KONIuHeapHas BEeKTOpaM gT: " %;

499. ToBepxHOCTh 0OpasoBaHa KacaTeldbHbIMM K JmhHum C. Hatiru
OpPTOrOHa/MbHLE TPAEKTOPHM MPSIMONMHEAHBIX O0pasyiomuX 3TOH noBepx-
HoctH. Ha#ith KpHBM3HY OpTOrOHaJNBbHBIX TPAEKTODHH.

500. TIycts M — Touka nosepxHocTH S, a ‘M’ — cOOTBeTCTBYIOIIAs
Touka mnoaspnl S oTHocuTenbHo Toukn O. J[lokasaTb, 4TO HOpMAJb
K nosepxHocTd S’ B Touke M’ nenur nomosam orpesok OM.

501. CoctaBuTh OuddepeHUnansHOE YPABHEHWE JIMHUH, deMAIux
[ONOJMaM Yriasl MeX1y KOODAMHATHBIMH JIMHHSAMH [IaHHOW nOBEpX-
HOCTH.

502. Halitu ypasHeHus JMHHH, JeNsIIMX [ONOJAM YIJAbl  MEWIY
KOODAMNHATHBIMHU JINHHSAMHU: .

1) remmkouna r={ucosv, usinv, av};
2) runepSonnueckoro napaSonouna r={a (z-v), b (u — v), uv}.

503. Hatitn Tpoliky BeKTOpDOB, B3aMMHbLIX BEKTODaM F,, F,, M.
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504. Ha Hopmansx K mOBepXHOWH S B ONHOM HAmMpaB/J€HHH OTJMO-
JeHbl OTPE3KH MOCTOAHHOH MMMHH. KOHLUBl OT/JOMEHHHX OTPE3KOB OIlM-
CbIBAIOT MOBEPXHOCTb S*, «mapaaneasHyo» nosepxHoctd S. Jlokasarts,
YTO MOBEPXHOCTH S M S* HMET B COOTBETCTBYIOUMX TOYKax ofuiue
HOpMaJu.

505. Cerp nunmii Ha nNOBEPXHOCTH r=r (1,0) 3amana IUDHEpeH-
LMaMbHBIM yDaBHEHHEM

cPll dll% + 2CP12 dlld‘v + <P2‘2 d'(}e = O.

[Mpy KakoM yCNHOBMH 3Ta CeTb OPTOrOHa/MbHA?
506. Haiitu oprOoroHa/jbHEe TPAaeKTOPHH NPSAMOJHHeAHbX 0oOpasylo-
IMX MPOM3BOJMLHON NMHEAYaTOH MOBEPXHOCTH == p - Ae.

§ 3. Orubaromas. XapakTepucTukd. Pe6po Bo3spaTta

507. Ha#itn oruGaromyio cemeficTBa nosepxHocre#t r—r (2, v, W)
(w — napaMeTp NMOBEPXHOCTH B CeMeHCTBe).

508. lIse napaGosbl pacrnoaOXKeHH B MepNeHAMKYAAPHBIX MJIOCKOCTAX
M UuMeloT OOUlyl0o BepWIHHY M OOIlyl0 KacaTeJdbHYI0 B BepLIHHE.
Ha#ttu orubaiomyio  cemeficTBa MJIOCKOCTeH, KacaTeJbHHX K O0euM na-
paboaam.

509. Haittu orubawomyio cemefictea chep MNOCTOAHHOrO panuyca,
LIEHTPHl KOTODHIX pPAacnoNoXeHbl Ha NaHHOH JMHHUA p=—p (s) (moBepx-
HOCTb KaHaJaa).

510. Ha#itu peSpo BosBpaTa cemeHcTBa Chep MOCTOSHHOrO paauyca
@, UEHTPB KOTOPHIX PACMOJIOMEHb Ha JHHUH p=p(S).

511. Ha#itu orubamouyio u peOpo BO3BpaTa cemeicTBa cdep pa-
ZMyCa @, LUEHTPH KOTODHIX pAaCHOJIONEHbl Ha OKPYKHOCTH

x? -|—y*=b", z2=0.

512. Haittu orubarowyto u pe6po BO3BpaTa cemeficTsa cdep, mpo-
XONAIMX 4Yepe3 HAuano KOODPAMHAT, UEHTPH KOTOPBHIX °*pacno/IOMeHbl
Ha JMHAH

r={ud, du* u}.
1 .

513. CocraBuTh ypasHenue oruGaiomiei u pé&6Gpa Bo3Bpara cemeficTBa
chep, NPOXONSUMX uepe3s Haualo paaMycOB-BEKTOPOB; LEHTPH cdep
pacnonoxeHbl Ha JMHUKM p=p (S).

514. Haiitu orubarouiyo, XapakTepucTuku H pe0po BO3BpaTa cemei-
CTBA COMPHUKACAIUMXCA MJIOCKOCTEH MaHHOW JIMHHH.

515. HaiiTu oruGaioulyio, XapakTepUCTHKH ¥ peSpo BO3BpaTa cemel-
CTBa HODMaJbHBIX MJIOCKOCTER NaHHOH JIMHHUH.

516. Ha#itu xapaxkrepucTuku, orubapowylo H pedpo BO3BpaTa ce-
MefiCTBa CNpSMASIOINX MIOCKOCTeH AaHHOH JIMHHH.

517. Haittn xapakrtepuctuku, orubaroutyro u pebpo Bo3Bpara cemel-
CTBa MNJOCKOCTEHN: .

rm+~-D=0, n=n@), D=D(u), |n|=1.
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§ 4. Mepsas n BTOpas KBanpaTwuusie opmbl. [loanas ¥ cpenHss
KPUBHU3HBI

518. Briuncnuth nepsyio kBagpaTHuHyio (GopMy crenyoLluX noBepx-
HOCTEH# BTOPOro MOpAAKa:

1) r={rcosucoswv, rsinucosv, rsinv} (cdepa).
) r={acosucosv, bsinucosv, csinv} (anuncoun).
1

a 1 b | A ¢
3) r_{—2-<"u—l—»6>cosu, 7<v+-5)smu, 7( _'J)} (onmo-
NOJMOCTHHH runep60a0um).

_ [Luv+1 v—u uy —
4) r—{a v+u’ v4u’ ¢ v+u

5) r={~;—<'v—%>cosu, g<v-——L>smu, 5 (v—f—%)} (zBynoxno-

CTHHIHl runep50./0ua).

} (omHOMONMOCTHBI! TUNEPGONOUL).

6) r={’01/17 cosu, vy gsinu, v—} (3anunTuyecku#t napaGonaounn).

7) r=1{(-+ )/ p, (a—v)/ q, 2uv} (runepGOAnqecxun napa6oJ/oun).
8) r=1{avcosu, businu, cv} (KOHyc)

9) r=/{acosu, bsinu, v} (3AMUNTAYECKHH UMAHHAD).
1 b

10) r = {% (u—{—;), 7(11— %) R v} (runepO0OaMYECKUH UNAUHAD).

11) r={2pu®, 2pu, v} (napaGonuuecku#t UHAUHAD).

519. Boiuucauth  nepBylo  KBaapaTHuHyl (GOpMy  MOBEPXHOCTH
r=p -+ (A —s) %, 00pa30BaHHYI0 KacaTeJbHbIMH K JHHUH §=p (S).

520. Bouucnuth nepByi0 KBaapaTHuHyio (OpMy CleryioLUMX MOBEpX-
HOCTEN:

1) r=p -+ \e, e=const (uumnznp).
2) r—= = Up (s) (xonyc).
3) r=1_p(s)+ he(s) (auHeiryaras nosepxHOCTh),(|e|=1).
4) r=p(s)+v(s)cosep =+ B (s)sine (noBepxHOCTb KaHaia).
5) r={¢ (v)cosu, ¢ (v)sinu, ¢ (v)} (NOBepXHOCTb BpalleHHs).
6) r={f(v)cosu, f(v)sinu, v} (NOBEPXHOCTb BpalleHUA).
7) r={(a—-bcosv)cosu, (a—bcosv)sina, bsinv} (Top).
8) r={vcosu, vsinu, kzz} (MUHUMaNbHBIA TENTUKOUL).
9) r=1p(s)+Av(s) (noeepxnocn rJIaBHbIX HOpMaJje).
10) r=1p(s)+ A (s) (nosepxHOCTb GUHOpMaJei).

521. Hatiru BTOpyn0 xBazpaTHuHyio ¢GOpMYy MNOBEPXHOCTEH, MOJHYIO
M CpEIHIO KPHUBH3HB 1/Jf MOBEPXHOCTEH, 3alaHHbLIX B YCJOBHM 3a-
naun 518.

522. BbluMCAUTL CPENHIOI KPUBU3HY KPYr/JAOrO KOHycCa, y KOTOPOro
yron Mexny OCbio BpalleHusd W oOpasyiomeii pased 0.

523. HMcxoian 43 34BUCMMOCTH

W —2H-Il 4+ K-1==0
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mexxay I, II u Il ksanpatmuupiMu ¢opmamu, BHPa3uTh KO3(HUUMEHTH
1l xBampaTtuuno#t ¢opmm uepes kosbuumento E, F, G, L, M, N nByx
fIepBBIX KBaJApaTHYHRX (HOpM.

524. Jlokasarth, YTO A% JMHEHYaTOR MOBEPXHOCTH NOJIHAs KPUBHU3HA
He nmoaoxwurenbHa (K==0). ’

525. Hafitu rnaBHble KPWBH3HBI MPAMOrO eJMKOMMIA:

r={vcosu, vsinu, ku}.

526. Halitu nosHyio u CpemHIO0 KPUBH3HK THNepOOMYECcKOro mnapa-
6oaouaa: .
Xy =az.

527. Ha#ttu /AMHMIO, HA KOTOPOH pacnoiaralOTCss UEHTPH T[AABHBIX
ceueHu#t runepboNMUECKOro napaGoAOMia XY =az AN PA3NAUYHBIX TOUEK
ocu Ox. .

528. Uemy paBHa nosiHas KPUBM3HA Pa3B&PTHIBAIOIWENCS MOBEPXHOCTH P

- 529. BbluncauTh CpeaHIOn KPHBH3HY Pa3B&PTHIBAIOMWEHCS MOBEPXHOCTH

r=p(s)-4+rz(s)

530. Ha#itu noaHyio M CpelHIO KPWUBH3HH MOBEPXHOCTH, 06Pa3o-
BaHHONW OMHOpPMANAMM NAaHHON JIMHWH.

531. Ha#itu nosHyio u CpelHIO KPHUBHU3HBI MOBEPXHOCTH, OGPA30BaH-
HOW TJIaBHBIMM HODMAJsAMHM JIMHUH.

532. [lokasaTh, 4TO MOXHO YCTaHOBHUTh TaKOe B3aHMOOILHO3HAYHOE
oTOOpaxeHue pa3BEPTHIBAIOLLENACA TNOBEPXHOCTH HA MJIOCKOCTH, NPH KO-
TOPOM /IMHEHHbIE SJEMEHTH WMEOT OAMH M TOT e Bul. Kakyio ceTb
npu 3TOM NpUAETCH BBECTH HAa MJIOCKOCTH?

533. BbipasuTb KpHUBU3HBI KOODAMHATHBIX JHHHHA MOBEPXHOCTH uepes
¥o3¢uunentel I u Il kBampaTHuHBIX (HOPM STOH NOBEPXHOCTH.

6534%. [lpunumaa naa | u 1l kBanparuunbix GopM crenyouime 0503Ha-

YeHus:
I = g1,du® - 2g,dudv - g4,dv?,
I =5,,du® -+ 2b,4dudv - beydv?,

IOKa3aTh, 4YTO KPHMBH3HBI KOODAMHATHBIX JIMHHH ONpENENsioTC COOTHO-
_ LIEHUAMU

V ThPe + Bgn,

Rp = const =— (&n)? ’
V- (Ch)g + 538w
rue Ry = - p
4 = const N @) R

&=8nu&wn— gix
535%*. Boipasute uepes kosduumentst I u Il kpanpatnunbix dopm u
uepe3 cuMBOAbl Kpuctoddens KpydeHHs KOOpAMHATHBIX JMHUA MOBEPX-
HOCTH r=r (&, V).
536%. Boipasute kosguunentn I u Il xBanpatnumnix dopm mnosepx-
HocTH S*, ,napannenbHol“ nosepxHocTd S, uepes Kospuumentn I u II
KBa[PATHYHBIX (OPM NOBEPXHOCTH S. -
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