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TMPE JUCJIOBUE

Hacrosmas kuura nocssiieHa OJHOMY M3 pasfesoB MaTeMAaTHKH,
3HaHUE KOTOPOro MNpejCTaB/]AETCS BeCbMa CYLUIECTBEHHBLIM A/l HAYUHBIX
pabGOTHUKOB U HH)XEHepOB-UCC/IefoBaTe/lelt, UMEIOLUX HeJ0 C MaTeMarTH-
YeCKMMH pacyeTaMu.

Kuura comepxur cucreMaTHueCkKoe H3/I0XeHHE OCHOB TEOPUM BawHeH-
IIMX CheuuadbHBIX (QYHKUMRA, a TakKe HeKOTOphle MNpPUIOXKEeHUS STOR
TEOPHM K KOHKDETHBIM 3aJ1ayaM MaTeMaTHYeCKOH (U3MKH U TEXHHUKH.

Ilpu oTGope MaTepuana, BOWIEAINEr0 B KHWUTY, CTABHJACH lEeJb HU3J]O0-
KHTb C JOCTATOYHOH MOJHOTOH Te BOMPOCH, KOTOpHIE NPEICTABJIAIOT
HauOOMLIIMA WHTEpPeC C TOYKH 3peHHs MPUJAOKEHHH, YTO eCTECTBEHHBIM
00pasoM INpuBEJO K H3BECTHOMY OFpPAaHMYEHHI0 HYHCTO TEOPeTHYECKOH
4acCTH; 3HAYMTEJbHOE BHHMAaHHe YIe/eHO TeXHHKE BBIYUCJEHHH, OMUCAHHUIO
CYIIECTBYIOIUUX TaOaUL, ¥ T. A.

Hexoropuie cBoficTsa paccmanuBaemux ¢yHkUHit, KOTOpHiE He BKJIO-
YeHbl B OCHOBHOM TEKCT, HO fBJASIOTCS MOJIE3HHIMU B MPHJIOMKEHUAX, MPHU-
BeIeHBl B NMpHMepax, NMOMEIUEHHbIX B BHAE yNpaxxHeHUH K COOTBETCTBYIO-
LUIUM TJ/1aBaM.

Kuura paccuntans Ha uuTartesss, 3HaKOMOTO C OCHOBAMH TEOPHH (PYHK-
UMH KOMIJIEKCHOTO NepeMeHHOro, Ge3 NMpHUBJeYeHUS] KOTOPOH# HEBO3MOXKHO
CKONbKO-HUOYAb TayOoKoe H3yueHHe CHeuuasbHHIX ¢yHKuu#. OnHako
C 1eJbl0 06/erynTb MOJAb3OBAHUE KHUTOH HeMaTeMaTHKaM aBTOp CTpe-
MHJICS MO BO3MOXXHOCTH OrPaHHUUMTHLCH JIMIIb HEMHOTMMU CBeNEHUAMH M3
TeOpHU (QYHKUUH KOMIIEKCHOrO mepeMeHHOro. B wacTHocTu, 310 06CTOS-
TeJbCTBO 3aCTaBUJO aBTOPA OTKAa3aTbCi OT MNPHHSATOTO B HEKOTOPHIX
MOHOrpadusx NOpsIKa H3JOMKeHUsi, TPH KOTOPOM ONpeleeHus psaia
CnelHaNbHBIX (QYHKUMH [RAIOTCA Yepe3 KOHTYpHble MHTerpajinbl, HanboJee
YAOOHBIE 1Js NpencTaBieHHs 3THX (QyHKuUuH,

O6beM cBesenuit no Teopudn GYHKUMHA KOMIIEKCHOTO MepPEMEHHOrO,
KOTOPHI# He06X0AMM /I MOHUMAaHHA OCHOBHOIO TeKCTa HACTOslLe# KHHUTH,
NEepeKpLIBAETCA COMepxKaHMeM = nepBol M TpeTbelt raaB BTOpOH dacTH
TpeTbero ToMa ,Kypc Boicime#t marematuku“ B. M. CmupHoBa, npuuem
HaufoJee CYIUECTBEHHLIMH SIBASIOTCS Pas3fetbl TEOPHH, W3JIOKEHHBIE
B § 1—7, 9—21, 55—59, 64—67 u 70 xypca. OcoGoe BHHMAaHHE
clenyeT oOpaTUTb HAa TaKMe BOMpPOCH, Kak kJjaccuduxauus PyHKuuft,
KOHTYpHO€ HHTerpupoBaHHe, UCC/AeLOBAHUE CBOHCTB QyHKUMH, onpenelieH-
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HBIX TOCPEICTBOM pANOB WM HHTErpajoB, M aHAAUTHYECKOe NPOINOJIKe-
HHe.

AHaMMTHYecKas Teopusi JuHeHHBIX JHddepeHLHalbHBIX YpaBHeHHH
He TpeAnoJaraeTcs H3BeCTHOH, OJHAKO B3HaHMe ITOH Teopunm B OObeMe,
HanpuMep, § 95—99 UMTHPOBAHHOrO BHIUE Kypca TpeLCTaBJseTCA
BECbMa KeJaTe/JbHBIM..

O6nactTb mpuMeHeHHS MAPYTHX pasfelioB MaTeMaTHYECKOTO aHa/lH3a
(MareMaTHuecKas ¢M3UKa, MHTerpajbHble Npeob6pa3oBaHus W T. 1.) orpa-
HUYMBAETCH HUCKJIIOYHMTENbHO OTIe/lbHBIMH [pPHUMepaMH, OTHOCHLIMMHCS
K TPUJIOXKEHUSIM CllelHaJbHBIX (QYHKUUH, W OTCYTCTBHE NeTaJbHOrO 3Ha-
KOMCTBAa C 3THMU pasleJaMi- He SIBASeTCS CYILECTBEHHBIM IPeNnATCTBHEM
K YTEHUIO HacToAlue#l KHHTH,

[TpeanonaraeTcs, YTO YMTaTeJb BCTPEYAJICA HAa NMPAaKTHKe C He06XO-
IUMOCTbI0 MCMO/B30BAaHUA CHEUUANbHBIX (YHKUUHR, MOITOMYy B psge cay-
yaeB OTCYTCTBYeT MOTHUBMPOBKA Lie/iecOOOpPasHOCTH MX BBeleHHUs; MO TOH
e TpUYKMHe aBTOP cYeJ BO3MOXMHBIM NpH BhGOpe cnocoba onpeneneHus
¢yHKuu# ¥ MeTOLOB TNOJYyYeHHS MX CBOHCTB pPYKOBOACTBOBaThbCA B Iep-
BYI0O ouepelb CTpeMJeHHeM K NMPOCTOTe H3JMOXEHHS, a He UCTOPUUECKHMH
WM HHBIMH COOOpaXKeHUAMH.

Pacnonoxenue Martepuaja Mo rjaBaM MOINYMHEHO CTPEMJIEHHIO CleJaThb
OTHe/NbHble YaCTH KHMIM B M3BECTHOH CTeleHHM He3aBUCHMBIMU ILpYr OT
Apyra ¥ IaTb BO3MOXHOCTb u3yuaTb GoJiee NpPOCThie KJACCH (YHKLHH
6e3 3HaKoMcTBa C Teopuei ¢ynxuud Gosee obuiero Tuna. Kax npumep
yKaxeM Ha BbeseHHe MOJauHOMOB JlexaHnnpa m ¢yHkuu#t Beccens nenasix
HOMepOB H3 OOllefi TeOpHH cGhepHUYECKHX M UMJIHHAPUYECKUX GYHKUHUH,
a TaKxke Ha NOCTPOeHUe TeOpHH cdepuueckux ¢yHkuuit Ge3 HCMOAb3O-
BaHHMSl COOTBETCTBYIOLIMX CBOHCTB I'MIepreoMeTpuyeckoft ¢GyHKIUH.

Bribop npuioxeHu#t npecienyer, rjaBHbIM 06pa3oM, LeJb HIMOCTPH-
pOBaTh pas3iuyHble CTOPOHBI NPHUMeHeHUS CrelHaJbHBIX QYHKUHH K mpob-
JeMaM (U3UKH M TeXHUKM M He CTaBHT 3ajayy JdaTh CKOJbKO-HUOYZIb
nonpobHoe ocBellleHHe COOTBETCTBYIOLIMX pPa3fes]oB MaTeMaTHYeCKOH
¢u3uxn. Haubosee noapo6HO paccMOTpeH BONPOC O NMPHMEHEHUH LHJIHHI-
PHYECKHX U 0COOeHHO cdepuuecknX ¢GYHKUUH, HEAOCTATOYHO OCBelleH-
HBIA B OTEUECTBEHHOH JauMTEpaType.

Bo BTOpOM u3NaHMM KHHUTM B DS pasiejoB BHECEHH Ppas3/H4HbIE
JONOJIHEHUS! U M3MeHeHHS,

B uerBepTOff riaBe nNpensiOMeH HOBHIH yJy4LIEHHBIH BapUaHT NOKa-
3aTe/IbCTBA  TEOPeMbl PAa3JOXEHUsi MO NMOJMHOMaM DPMHUTA, NO3BO/AOLIHH
pacmpocTpaHUTL STY TeopeMy Ha GoJee wupoku#t kaacc ¢yukuuit, Kpome
TOT0, YBENMYEHO 4YHCJIO NPUMEPOB, NEMOHCTPUPYIOILMX TeXHHKY pasjo-
*enuss QyHkuuit B page no noaumHomam SDpwmura, Jlareppa u Ap.

B nsatyio raaBy BBefeH paslel, MOCBALIEHHHH Teopun (yHkuuft dtpu,
WrpaolIMX BAaXHYI0 POJb MPU MOJYYEeHHH ACHMOTOTHYECKMX MpeNCTaBlie-
HM# MHOTHX cneuHaJbHHIX (QYHKUMHA H 4acTO BCTPEYAIOIMXCA B MareMma-
THYeCKOR ¢usuke,



10 NPEIUC/IOBUE

[ToanocTbio - mepepaboTaHa AeBsiTas IaBa KHUTH, COLEpKAlUasds M3/10-
JeHUe TeOpHH THIepreoMeTpuueckux GyHKkuud. ABTOop Hazeercs, uTO
B HACTOSIIEM BHIE 3Ta I/aBa OKAXeTCH MOJEe3HOH (uaHKaM-TeopeTHKaM
U IPYTUM CHELUaJuCTaM, CTaJAKHBAOLIUMCS ¢ NPUMEHEHHEM TUIIepreoMer-
puueckux GYHKUMH, M 4acTHYHO B3amoJHHT MNpobes B JuTeparype mno
9TOMY BONpOCY. _

YBeauyeHO YUCIO 33124, NPelJIOKEHHBX B KaUyeCTBe YNpaxHeHu# U co-
IepKalUX NOJNe3HbI!t JONOMHUTEe bHbI MaTepuan, He BOleA Ui B OCHOB -
HOM TekcT. OJHOBPEMEHHO HCKJ/IOYEHB OTHeJ]bHbie MPUMepHl, He INpel-
cTapjsoMe GOLUIOTO MHTEpeca.

OG6GHOB/IEH CNUCOK UMTHPOBAHHBIX paboT.

Aptop BHpaxaer ray6okyio npusHaTenbHocTh K. I1. Ckaabcko#t sa -
flOMOlIIb B MOArOTOBKE HACTOSLLETO W3AAHHA.

Ma# 1962 r. | H. H. Jle6edes



'TABA 1
FTAMMA-®YHKLUS

§ 1.1. Onpenenenne ramMma-gpyHKUMH

K uucay HauGosiee MPOCTHIX M BaXHHIX CleLMaJbHEX (YHKUMHE OTHO-
CUTCAl raMMa-(YHKUHUs, 3HaHHe CBOWCTB KOTOPOH fBJseTCS HeoOXoauMo#
NPEANOCHIKON I/ H3YYeHHsh MHOTMX JIDYTHX CHeluatbHBIX (YHKIHH,
HaNpuMep UMJIMHIDHYECKUX, THUNEpPreOMeTpHYecKOd W T. K.

Teopus raMMa-QYHKUHH paccMaTpuBaeTcd B KypcaxX aHaausa W TEOpUH
¢yHKuUMH KOMIJIEKCHOTO TlepeMEeHHOro; MNO3TOMY B MHaHHOW rjaBe Mbl
OrpaHHYUMCS JHUIb ee KPaTKUM 00630pOM, OTChlIas YHUTaTe/si 3a pasiuy-
HBIMU JeTajlsaMH K CYylUecTByIOlle#t JuTepatype *).

Famma-¢pyukuus I'(2) ang moObIX 3HayeHMH KOMIJIEKCHOrO IepeMeH-
HOTO 2, BelleCTBEHHas 4aCTb KOTOPHIX MOJOXHTE/NbHA, ONpene/seTcs Mo
¢dopmyne

oo}
P(z):f e~'t*7Vdt, R(z)>0. (1.1.1)

0
Wurerpan (1.1.1) MoxceT OBITb 3anHCaH B BUAEe CYMMBl HHTErpasoB:
1

I‘(z)=fe"t"’dt+f e at=P(2)+Qk), (1.1.2)
1

0

nepBbiff U3 KOTOPHIX CXOIMTCS abCOJIOTHO M PAaBHOMEPHO OTHOCHTEJIbHO 2
B obaactd R (2) >3 > 0, sropo#t — B o6aactu R (2) < A <00 *%), Tak
kak f (¢, z)=e"’tz'1——~HenpepbeHaﬂ ¢byukuusa ¢ v ueaas QyHKUUA 2
npu 0 < £ << oo, TO U3 PABHOMEPHOH CXONMMOCTH MHTErpasoB Cjaelyer,

#) Cwm., Hanpumep, B. U. CMupuoB [1], Yurtexep nu Barcon [1].
#+¥) B paHHbIx o6jacTax uHTerpaibl P (2) u Q (2) MaxopHPYIOTCA CXOAALLH-
MHCSl HHTErpalaMu

1 oo
F:fe“’ta‘l dt, 'Q—_-fe-’tA-ldt.
0 1
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uyto ¢ynkuuu P(2) u Q(2) peryaspHbl B yKasaHHbX ofaactax *). Ilpu-
HHMas BO BHUMaHHe, YTO O MOXeT ObiTb BHIOPAHO NPOU3BOJILHO MAalbiM,
a yucio0 A —Kak YrogHo O6OJbINMM, NPHUXOIAMM K BHIBOLY, Y4TO (YHK-
uus P(2) peryaspua B noaymiockoctd R(2) >0 u Q(2) ectb uenas
¢dyHkuus.

Takum o6pasoM, I'(2) npencrasaser QyHKUMIO, peryaspHylo B 06.a-
cth R(2) > 0.

3HayeHHe raMMa-QYHKUMH B OCTaJbHOM YacTH NJIOCKOCTH KOMILIEKC-
HOTO MepPeMEHHOT0 [O0JKHO OHTb HaftleHO MyTeM aHaJAUTHYECKOro TMpo-
LO/MKeHHs QYHKUMH, onpelesieHHOR paseHcTBoM (1.1.1). Ilas storo 3ame-
HHM TIOKas3aTeJbHYI0 (YHKUMIO B HHTerpate P (2) ee pasJoxeHnueM
B CTeNeHHOH Pl M BHIOJHUM IOUYNEHHOe, HHTErpuUpoBaHue. Toraa
NOJy4nM '

: 1 1
n Nt k st k
Po— [ riay G e = NED [t g
0 k 0

=0 k=0

A e (L13)

NpHYeM 3aKOHHOCTb H3MEHEHHS MOPAAKA HMHTerpHPOBAHUA M CYMMHpPOBa-
HHSl BBITEKaeT M3 abCOJIOTHOH CXOLMMOCTH **),

Unenol psna (1.1.3) npeactaBiasior peryispHble (QYHKUHH OT 2
npu z=+0, —1, —2, ..., W psil CXOLMTCA PABHOMEPHO B 06.JacCTH

*) Mnbl moab3dyeMcsa ciaenylomed o6umelt TeopeMoit:
Heco6cTBeHHbl HHTErpan

b
F(z)= f f(t, 2)dt,

B3ATHH MO KOHEYHOMY HJHM OGeCKOHEYHOMY HPOMEXYTKY (a, b), ecth QyHkuusa
KOMILIEKCHOIO NepeMEeHHOro 2, peryJaspHas B 06aacta D, ecau BBHIIOJHEHBI YClO-
Bus: 1) f(f, 2) — HempepbiBHas QYHKUMS JBYX NEpPEeMEHHbIX NpH 2z, NpUHALJe-
swameM obaactd D u a <t <b; 2) f(t, 2) — peryaspHas ¢yHkuus 2 B 06aa-
cti D mpu BCAKOM f, NpuHaJIexKaUeM OTKPBITOMY NPOMEXYTKY (a, b); 3) uHTe-
rpaj CXOZMTCA PaBHOMEPHO OTHOCHTENbHO 2 B obaactu D.

HOasi co6CTBEHHBIX HHTErpajioB TeOpeMa BepHa NpH BbINOJHEHHH NEepPBBIX
IBYX YCIOBHH B 3aMKHYTOM npomexytke (a, b). (Cm., Hanpumep, B. 1. CMup-
HoB [l], cTp. 257—260.)

*¥) JleHcTBUTEAbHO, BHIpAaXKEHHE

1 [os)
fltz‘lldt}:
0

k=0
cxonutes mpu R (2) > 0.

k 1 =) tk 1
=D t"‘: [ro-1a Y = [ tmO-1 4
) 0 k=0 0
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|z+k| >8>0 (=0, 1, 2, ...; 3—npOU3BOJLHO MaJOe YHCJIO),
TaK KaK B 3TOH 06/1acTH OH MaXXOPHPYeTCd CXOISLIUMCA PSAOM

©

E 1
k'3 °

k=0

Bocnosb3oBaBuinch TeopeMoit Befiepurtpacca u yuHTHIBasi NPOM3BOJIb-
HOCTb B BHIGOpe 3, 3akmouaeM, uTo cymma psana (1.1.3) ectb Mepomopd-
Has GYHKLMS C NPOCTHIMM TNoJcaMd B Toukax z=0, —1, —2, ...
[MonyuenHas ¢yHkuus cosmafaeT ¢ uHTerpasoM P (2) npu R(2) > 0,
C/llelOBaTe/NbHO, SIB/SAETCS €ro aHaJUTHUYECKUM MPOJOJIKEHHEM.

dyukuusa I'(2) orauvaercs ot P(2) Ha caaraemoe Q(2), KoTopoe,
MO JOKAa3aHHOMY, ecTb Uesas ¢ynkuus. Taxum oGpasom, I'(z) npexn-
CTaBJseT MepOMOpPOhHYI0 (GYHKLUHMIO KOMIJIEKCHOTO HepeMeHHOro Z ¢ mpo-
cThiMU moJiocamn 2 =0, —1, —2, ...

AHanutnyeckoe BhipaxeHue I'(2), npuronHoe BO Bcelt obaacTu ompe-
IeneHuss 5TOH (GYHKLHMH, MMeeT BHI

" 1 /‘ ~tga=1
I‘(z)__zo - T+ dt, z+0, —1, . (1.1.4)
k
Ha (1.1.4) BhiTexkaeT, u4TO B OKpeCTHOCTH Togioca 2= —n(n =0, 1,
.) ¢dynkuus I'(2) nonyckaer npencrasieHue
M= 1 oG4n (1.1.5)
- — nl z+4n ’ o

rie (2 n)— npaBuabHasg 4acTb,

§ 1.2. ®PyHKUHOHAJAbLHBIE COOTHONIEHHS AJS ramMma-yHKIUH

l'amma-¢ynkuus I'(2) yaosnersopser TpeM ¢YHKUUOHAALHBIM COOT-

HOLICHUAM:
'z+1 =zI‘(z), (1.2.nH
T(T (1 —2)= <", (1.2.2)
92z-1p 1\ '2
(z)P(z+-2—)—7t T'(22), (1.2.3)

UTPAIOLIMM BAXHYI0 POJb NMPH PasTMYHBIX NpPeoGpasOBAHHAX M BHIUUCIE-
HUAX, B KOTODBIX BCTpevaeTcs 3Ta (GYHKLHA.

Jlns [oKasaTe/qbCTBA NEPBOr0 W3 YKA3AHHHIX COOTHOIIEHWH Mpeimno-
JOXHMM, 4TO0 R(2) >0, ¥ BOCMOJb3yeMcH MHTErpaJbHBIM MpelcTaB/e-
HueM (1.1.1).
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Huterpupys no uyacTaM, HaxomuM

1‘(2—;-1)'=fe"’tzdt=~e“tz +z [e'F1at=2T ).
0 0 0

CnipaBef/IMBOCTb MOJAYYEHHOrO pe3yabTaTa A JMIOOBIX KOMILIEKCHBIX
2+ 0, —1, —2, ... BbTeKkaeT 43 MNPHHLHMNA AHAJIMTHYECKOTrO MPOLO.I-
XeHUs *), Tak Kak 00e CTOPOHB PacCMAaTPUBAEMOrO PaBEHCTBA OCTAOTCA
peryasipHbIMH (YHKIMAMH 2 HAa BCe#t MIOCKOCTH KOMILJIEKCHOrO Mepemel-
HOTO, 33 BbIYETOM YKA3aHHBIX OCOOBIX TOYEK.

Uro6bl BbIBeCTH (QYHKUHOHANbHOE cooTHoweHnne (1.2.2), npumeM
BpeMeHHo, uT0 0 < R (2) < 1, u cHoBa Bocnoab3yeMcs paseHcTBOM (1.1.1).
Mp noayuum Torua

@1 —2)= [ [e-trts—sr-lasat,
0 0

WM, ec/d BBECTH HOBbie IepeMeHHble (#, ), MOJOXHUB

u=s-t, fu:—z—,

TO
o

dudy v?! n

F(Z)P(I———Z):-f/8_"‘02—11+y-——' md‘v———‘—m
0 0 0

Ha OCHOBaHUM U3BeCTHOH (HOPMYJIbl TEOPHUH OMNPENeeHHBIX HHTErpaaoB **),
B cOOTBETCTBUM C NPHHLUHUIOM aHAJUTHYECKOTO MNPONOJKEHHS MOJY-
YeHHOE PABEHCTBO COXPaHAeT CUJIY Ha BCel MIOCKOCTH KOMIJIEKCHOrO
MepeMeHHOro, 3a MCKJoueHueM Tovek z2=0, *£1, £2, ...
Y1066l n0kasaTh cooTHoumeHue (1.2.3), u3BeCTHOE I0OJ HAa3BaHHEM
¢GopMyabl YABOEHUS, TNpPeLNoJaoKuM, 4T0 R(2) > 0. Torma, Ha ocHoBa-
Huu (1.1.1), umeem

223'1P(z)1*(z+%)=f fe—<s+t>(2 Vi) T gs at =
0 0

= 4/ /'e—(a’+.29)(2ap)2’_1adadﬁ,
0 0

*) CorsacHo 3TOMY NPHHLMIY, KOTOPHIM Mbl 6yleM 4YacTO MOJb30BAThCH
B lajbHeilieM, DAaBEHCTBO f(Z) = ¢ (2), YCTaHOBJEHHOE AAf HEKOTOpOH ofJa-
ctd D naockocTH KOMILIEKCHOTO NEpeMEeHHOro, COXpaHseT CHly B GoJee IIHpO-
ko#i ob6aactu D*, Bkaoualomeirt D, ana koTtopoit obe yacTH paccMaTpHBaeMOro
PaBEHCTBA OCTAKTCA PEryaapHBIMH (QyHKIuAMH. TOT e pesyJbTaT UMEET MECTO,
€CAH DPaBEHCTBO BLINOJHAETCS Ha KaKOM-IM60 OTpeske, NpHHajjexaueM D¥,
Cwm., nanpumep, B. U. Cmupunos [1], crp. 67.

#¥) Cwm., nanpumep, B. M. Cmupuos [1], crp. 232,
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rie HOBHE NepeMeHHHE (a, B) CBS3aHB CO CTAPHIMH TNEpPeMeHHBIMH (S, f)

cootHomenusmu Vs =a, V£ =8.
Ecau nomenats B noayueHHo#t d¢opmyne o u B Mecramu u cnommbj
3aTeM 006a paBeHCTBA, TO NpHIeM K 60/ee CHMMETPUYHOMY MPeNCTABJIEHHUIO |

2”"I‘(z)r(z+§)=2f / e” P (208 (a4 B) dadB =
0 0

=4f fe’(“”f@”(za@)”'l(a+p)dadp,

@)

rle MHTErpPUPOBAHUE TPOMIBOLMTCA NO CEKTODY 0La<<oo, 0B Ka.
BBoasi HOBble nmepeMeHHble (#, U) No ¢opMmyaam

u =a2—|—B2, v = 20,

HAXOLRM:

2*-Ip (z)l"(z—Jr-;—) = ./.0002"1 dv /‘OVL_u—— du=

0 uUu—v

o]

1
=2 f -v¥ 1l g / e dw = =T (22).
0

PacrnpocTpaHenue pe3dyabTaTa Ha J0Gble KOMIJIEKCHEE 3Haveuus 2 = 0,
—3 b=
1{na aHaJMTHYECKOTO MPOLOJIKEHHUS.

[IpuMeHUM BhIBeleHHBIE (DYHKIIMOHANbHEIE COOTHOLIEHUS IJISi BHIYHKCJIE-
Hus I'(2) NpH HEKOTOPHIX YACTHHIX 3HAYEHUAX HEPEMEHHOro 2.

Bocnoavsosasmucy (1.2.1) u sameuas, uro I'(l)=1, naxonum no
MHLYKUMY

.. NPOU3BOILMUTCH, KAK M BHILIE, C TNOMOIIbIO NPHH-

I'n+1)=n), n=0,1,2, ... ; (1.2.4)
Danee, noaaras B (1.1.1) z=é, HoJiyyaem
1 —t "';" 2 - .
r(-Q-)—_— et Tdt=2 [ e~ du=Vr, (1.2.5)
0 0 A

u npumenenue dopmyan (1.2.1) naer:
p(n_{_%)_l 35, (2”—1) Ve, n=1,2 ... (1.2.6)

H T. IO

B sakmioueHMe HOKaxeM, OCHOBhIBasicb Ha pasencTse (1.2.2), urto
dyuxuus I'(2) He uMeeT Hy/elt HA MJIOCKOCTH KOMIIEKCHOTO NePeMEHHOrO.
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B caMoM meme, ToukM 2=n (n=0, *1, £2,...) He aBasworcH
uyasaMu ¢yHkund, Tak Kak '(n) = — D! (n=1, 2, ... ) uI'(n)=oc0
(n=0, —1, —2, ...). Iag ocraibHbX 3HauYeHMH 2 cnpasensusa ¢op-
myaa (1.2.2), oTkyna HemocpeiCTBEHHO cJefyeT TpeGyeMHIR pe3y.bTar,
TaK KaK, NOMYCTHB, YTO TOYKA 2 =2, ecTb Hya b I'(2), Mbl mpumau 6l
K 3aK/IOYEHHIO, YTO paccMaTpuBaeMas TOYKA SBJAETCH MOJMIOCOM (YHK-
wun I'(1 — 2). '

BaxHBIM  CleIcTBHEM YCTAHOBJIEHHOTO CBOHCTBA raMMa-pyHKIHH
aBjasieTcs BbiBOL, uto [I' (z)]'l eCTb LeJas QYHKUHUA.

§ 1.3. Jlorapupmuueckas npou3BogHas raMMma-¢yHKUHH

Teopusi raMMa-¢GyHKIHM TeCHO CBfi3aHa C TeOpueH ApYroit creumnab-
HO# ¢yHKUMM ¢ (2), KOTOpas mnpeicTaBiaseT COGOH JOrapudMuyecKyio
npoussosuyo I'(2), 1. e.

I'(2) y
Y@ =77 - (1.3.1)

Tax kak I'(2) — MepoMopdHast dyHkuus u He uMeeT Hyae#, T0 §(2)
He MOXeT MMeTb JPYTMX OCOOBIX TOYeK, KpOMe MOJIOCOB TaMMa-QyHK-

wn 2= —n (n=0, 1, 2, ...). Ua (1.1.5) caenyer, 4o pas;ioxeHue
$(2) B OKPECTHOCTH TOYKH 2 ==— 7 HMEET BHUL
1
bY@ =— g7 +2¢C+n, (1.3.2)

nostToMy ¢ (2) ecTb MepoMop¢Hast GYHKIHS C MPOCTHIMU MomocamMu 2 =0,
—1, —2, ...

dyukuus $(2) yaosjaeTBOpsAeT (PYHKIUOHAMbHLIM COOTHOLUEHHSM,
KOTOpHe mnoJyyailoTca u3 paseHcts (1.2,1 —3), ecam B3ATb OT HHX
JorapupMuyeckye NpPOU3BOAHbIE, DTH COOTHOLIEHHA HMEIOT BHA:

P+ 1)= %+q»(z), (1.3.3)
Y1 —2)—¢ (@) =rcignz, (1.3.4)
b2+ 4 (eg)+21n2 =24 22). (1.3.5)

TMonyyeHHrle paBeHCTBA MOTYT GHITb MCMOJbL30BAHHl JJIA BHUHCAeHUS § (2)
NpU CnelHaJbHBIX 3HAYEHHAX Z.

O6o3Hauas
pH=T)=—r, (1.3.6)

rie 17— nocrosHHas ODRaepa, -f=0,57721566 «e., ¥ OpuMenss ¢op-
myay (1.3.3), Haxomum

Yot h=—1+ N+ a=12 ... (1.3.7)
k=1
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Ilanee, noaaras B (1.3.5) z:-—-—;—, noJyyaem

v (é.) =—1—2In2, (1.3.8)
u ¢opmyna (1.3.3) maer

n
1 - 1 ’
qa(n+7)=—7—21n2+2k21—2~k—:1—. n=1,2 ... (139

dynxund (Y (2) OONycKaeT NPOCThie HHTErPajbHbE NpelNCTaB/AeHUS
B (opMe ompele/ieHHBIX HHTErpajoB, COLEePXALIUX NMepeMeHHOe 2 B Kaue-
CTBe NapaMeTpa.
Yro6bl BHIBECTH 3TH MNPEACTABJAECHHS, 3aMETHM MpeXAe BCEro, uTo
B Ccuay paBHOMepHO# cxoiaumoctu unrerpana (1.1.1) mpoussoanas ramma-
¢ynkuun npu R (2) > 0 Buipaxaercs: dopMmyJIo#
oo}
IV (2) = f e~"t*"1int dt. (1.3.10)
0
Ecau 3ameHuTb noraputpm B TONBIHTErPaJbHOM BBIPAXKEHUH yepe3

unrerpan epyananu *)
(o]

lntzf-e—_i%e—:ft—dx, R®>0, ° (1.3.11)
0

TO npuieM K npeictasienuto IV (2) B ¢popMe 1BOHHOTO HHTErpajsa, KOTO-
pHifl, KaKk HeTPyAHO NOKa3aTb, OyleT abGCOMIOTHO CXOAAUMMCH MpH
R(2) > 0. TIlostoMy Mb MOXeM H3MEHHTb NOPAAOK HHTErpHPOBAHHUS
M HanucaTb

I"(z)—f ""f( “F— e~y el dt =

[o ] (o]
— f %—[e"“‘l‘(z) — f e—t<x+l>t’*‘dt].
0 : 0

BBoas HOBOEe mNepeMeHHOe HHTerpupoBaHus # ==t (x-} 1), Haxonnm,

YTO 3HaueHHe HHTerpana B KBalpaTHHX cKoOKax Oymer (x—+1)"?I'(2),
OTKYJa HemoOCPeNCTBEHHO BHITEKaeT IiepBOe W3 WHTErpajbHEIX NpelcTa-

BaeHult naa ¢ (2):
(>

v@= [~ . R@>0. (1319
0

*) Cwm., Hanpumep, I'. M. @ uxteuroann [1}, n® 458,
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Uro6bl MOAYYHTH BTOPOE UHTErpanbHOE MpeicTaBieHue Nas ¢ (2), sanulieM
dopmyay (1.3.12) B Bune

_.x 1 ﬂ_ . Ooe_':f . 3 dx
LP(z)_'sh-':noo [ —(x+1)"] x —JL‘,“O[J ¥ ax af(x+1)"‘2x]

W 3aMEHMM BO BTODOM MHTErPafe MEePeMeHHYI0 HHTErPHpOBAHHS, MOJIO-
wuB X -1 =e’. Mu noayunm rtorza ‘

Lp(z)__on_)mo[ff;—dt— f 1 ':z dt]

H In (1+9)
o ‘t 3
- —fz ~t
=}m[ f (it———le _t)dt— / i—dt].
820010 (4o —¢ in (1+3) ¢
Tak KaK BTOpOH HHTerpan CTpeMuTcs K Hymo, xoraa 8 — 0, To
et e
q;(z):f(———-———t')dt R(2)> 0. (1.3.13)
J ¢ 1—e-

L ]
[Tosmaras sgecb 2==1 W BBHIYHTAA MNOJyueHHOe paBeHcTBO u3 (1.3.13),
HaxXOIUM

¢(z)=_1-|-f—e—_1t-—:—f{tidt, R@)>0,  (1.3.14)
0 .

WM, €CH BBECTH HOBYIO NeEPEMeHHYI0 HHTeGPHPOBAHMA X = e~'

1 .
q)(z)=—1+fl—_1:__iz;—dx, R@>0.  (1.3.15)
J

V3 ¢opmyan (1.3.15) MOXHO BHIBECTHM HOBOE BaXKHOe MpelCTaBjeHUE
Aas ¢ (2) B BHIe aHAIUTHYECKOTO BHIPAMEHHH, HMMEIOIIETO CMBICA NpH
mo6uX 3HayeHusx 2=+ 0, —1, —2, ..., T. e. BO Bcel o6aacTu, rie
onpefeseHa 31a ¢yHKuUuA, DTO MNpelcTaB/]eHHe MNOJyyaeTcs, ecid pas-
aoxuts (1 — x)~l B pSN MO BO3PACTAIOLIUM CTENEHAM X U BHIOJHHTD
3aTeM NOYJIeHHOe HHTerpupoBaHHe *). Mbl uMeeM TOria :

o=t () 08
. n=0

*) 3aKOHHOCTb 9TOil OmepalHH MOXKeT ObThb JErko 06OCHOBaHa.
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Psn (1.3.16), uJeHB KOTOPOro CyTb peryJaspHsle npu 2+ 0, —1,

—2, ... ¢yHKUMH, CXOAMTCH PABHOMEDHO OTHOCHTENbHO 2 B KpYyre
| 2] < a npoussoabHO GONLIIOTO paiuyca @, TaKk Kak ajaa n>N>a
| 1 a+1
n+l  niz < n+1)(n—a)

H pan

Z a + 1

- wF+Dn—a)
CXOAUTCH.

TosToMy, 3a MCK/IOYEHHEM MPOM3BOJBLHO Masoit OKPeCTHOCTH MOJTIOCOB
z=0, —1, —2, ..., nesag u mpasas uacTu pasenctsa (1.3.16) cyTsb
peryJaspHbele (YHKIMM M TepBOHauaJlbHOe orpaHuueHue R (2) > 0, npu
KoTOpoM Obla JOKa3aHa 3Ta (OpMynaa, MOMXKHO - OTOPOCHTb COTJIACHO
NPHUHLUNY aHaJIuTHYecKoro mpono/kenus. Ecau samenuts B (1.3.16)
2z Ha z-} 1, npouHTerpuMpOBaTL MOJYUYEHHBI pAIL MexAy mNpereaMu
(0, 2) u mepefiTn 3aTeM OT JOrapudMOB K 4YHCJAM, TO NOJYYHM M3BECT-
HOe pa3/iokeHHe raMMma-QyHKUMH B OeCKOHeyHOe npousBeleHue Beftep-

urrpacca: .
LR = S z
D = He n(1+n), (1.3.17)

KOTOpOe, CO CBOeft CTOPOHHI, MOXeT OBITb MOJOXEHO B OCHOBY TeOpHH
paccMaTpuBaeMoft (GpyHKIHH,

B sakJjioueHHe YKaxeM Ha HeKOTOpHle (OpPMYJH, CBA3aHHBE C TO-
CTOSHHO# 7, BBENEHHOH Bylllle, '

[Tonaras B (1.3.12—13) 2=1, umeeM no onpeneneHnio

T=6f(1_;x—e—x)%=6 (ltle—_—t——-—i-)e“dt. (1.3.18)

Danee, us (1.3.10) caenyer

o]
=—fe“lntdt, (1.3.19)
0

OTKYZa, WHTETPUPYS MO YACTSIM, HAXOLUM
(o]

1 o] 1
—e—t . -t
1= flntd(e"-——l)—{—/lntde-’:/.l—t_edt_/ Zt_dt,
0 1 0 i »

1
Wi, ecau 3aMEHUTb BO BTOPOM HHTErpaje f Ha 7’

1 1

ot t
f —¢ =° (1.3.20)
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§ 1.4. AcUMNTOTHYECKOE npescTaBaeHHe raMMa-(yHKILHH
Aas GoJbUIHX |2 |

Ilas Ttoro uro6el onucatbh NoBejeHHe 3ajaHHOK ¢ynkuuu f(2) npu
12|00 m a<Cargz P, BO MHOrMX CAyyasX LOCTaTOYHO HaHTH AJA
Hee BBIpaXceHHe BHUIA

F@Q=e¢@I[l+r )] (1.4.1)

rie ¢(2) — Hexoropas ¢ynxuus Oonsee mpocTo# CTPYKTYpH, ueM f (2),
a r(z) B mpelejax paccMaTpMBaeMOro CeKTOpa MJIOCKOCTH KOMIIJIEKCHOTO
NEepPeMeHHOT0 PaBHOMEPHO CTPEMHMTCS K Hy/o, KOraa |z|—>oo.

dopMy/bl YKA3aHHOTO THNA HOCAT Ha3BaHHE ACHMITOTHYECKHX Mpej-
craBaenu#t aaa ¢ynxkuuu f(2) npu |2| — oo.

U3 (1.4.1) cnenyer, uto oTHolleHHe QyHKIul f(2) U ¢ (2) CTpeMuTCAa
K eIWHULle NPH HeOTPaHWYEHHOM BO3PACTAHMM |Z|, T. €. BHITEKAeT acHM-
NTOTHYECKOE PaBEHCTBO 00eHX (pYHKILUM:

f(z)u% ?(2), a<Largz <B. (1.4.2)

| =» o0

OueHka MOLYJS OCTATOYHOTO YJjeHa r (2) AaeT BeJHYUHY OTHOCHTE/b-
HO# owHOKH, NOmyckaeMo# npu 3aMeHe f(2) Ha ¢(2) npu GOJbIIMX,
HO KOHeuHhx [2z].

Bosnee TOuHOe onucanue mnoseseHus ¢yHKUMH [ (2) npu |z|—> oo,
yeM TO, Kortopoe paaercs ¢opmyao#t (1.4.1), MoxeT OHITb MOJYYEHO,
ec/iM yInaeTcs yCTAHOBHTb PaBeHCTBA

N
f(z)=<P(Z)[ZOa,,z‘"+rN(z)], a=1, N=0, 1, 2, ..., (1.4.3)

rae zNr 5 (2) paBHOMEPHO CTPEMHTCSH K HYJIO NpH | 2| — 00, a L arg 2 < §.
YACTHBIM CJy4YaeM KOTOpHIX, cooTBercTBylowuM N =0, saBasercs ¢op-
myaa (1.4.1).

B rtakoMm cayuae numyt

f)~9e(2) Zoanz“‘”, |z2] >00, a<argz<B, (149

M Ha3bBAlOT NPAaBYI0 YacTb aCHMITOTHYECKHM psinoM Aas f (2) npu 6O.b-
wux |2]. ' .

Crenyer 3aMeTHTb, YTO B JAHHOM ONpejle/ieHHH He COLEPIKUTCH Tpe-
60BaHus, uTOOBI paccMaTpuBaeMbiit pal CXOAMJACH B OOBIYUHOM CMBICIE,
HanpoOTHB, KaK NPaBWJO, OH OKa3biBaeTcs pacxoisiumcad. TeM He MeHee
NOJyueHHBI aCUMNTOTHYECKMHA Ppsll  BecbMa IOJe3eH, TaK Kak, B3sB
KOHEYHOE WYHCJO YJIEHOB, Mbl MOJAYYHM NJIs AOCTATOYHO GO/BIUMX |Z|
CKOJIb YroJAHO TOYHYIO annmpokcHMauuio ¢ynxuun f(2).
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B Hacrosiue#t KHHre uyuTaTeJb HaHAeT O0OJblIOE YHCJIO NpPUMEPOB
ACHMNTOTHYECKUX NPeACTaBJIeHUH M PANOB pasiauyHbix ¢yHkuu#t (§ 1.4,
2.2, 3.2, 4.6, 4.14, 4.22, 5.11 u 7. 1.). O6was Teopus acUMNTOTH-
YeCKHX DPSO0B p2cCMATpUBaeTCcsd B Kypcax aHaiusa *).

Yro6Bl MOJNYuHTb ACHMATOTHYECKOE INpeicTaBleHHe AJs raMMa-QyHK-
uun TI'(2), ymoGHO HauatTh ¢ BHIBOJA COOTBeTCTBYIOWEH dopMy Bl Aas
aorapudMa 3To#t QYHKUMH.

[pennonoXUM BPeMEHHO, YTO 2 €CTb KOMIJIEKCHOe YHCJIO, BeliecT-
BEHHas 4acTb KOTOPOrO MNOJIOXHTe/NbHAa, M BOCHOMb3YeMCS HHTerpaJbHbIM
npencraBieHneM (1.3.13). 3amensa B sTolt dopmyse 2 Ha 2 1, uMeeM
TOXAECTBEHHO:

S8 .
I"(z—l—l)_/‘ e~t  ef2 df —
T+ J ( t e'-—l)

(o 0] (o o] [o ]
- e~t etz 1 [ —tz [ 1
__f__*t dtty [ ear— (2
0 0 0

WJM, Ha OCHOBaHuM paBeHcTBa (1.3.11),

1 )e"z dt,
—1

oo

M+l 1 1
T(z+1) nz+ 2z 6/ (2

n 1)e“'zdt.
e —

WHrerpupys nocJjenHee paBeHCTBO Mexny npenenamu (1, 2) ¥ npu-
HHMasg BO BHHMaHHe, 4TO

Inl'Gz+1)=InT'(2)+1Inez,

HaxoauM **):

1nI‘(z)=‘(z-— —;—)Inz—z—kl—-}—

e R

et —1 t

rie R(z)> 0.
3amMeTuM, uTO QYHKLHS

(i1, 1y
ro=(z =7+ (1.49)

*) Cm., Hanpumep, B. W. Cmnpuoa [1], ctp. 394—397; VYutrexkep
nBarcon [1], ra 8 dpueitu [1].

*¥) Bpi6op myTH MHTErPHPOBaHMA HE MMeEET 3HaueHHs. 3aKOHHOCTb HHTErpH-
pOBaHHA MOJ 3HAKOM HHTErpala BHTEKaeT H3 aGCOMOTHOH CXONMMOCTH.
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KOTOpas BXOLUT NOJ 3HAK MHTerpaJja, HempepriBHa npu £ > 0 u f (0) = 1—% )

B YeM Jerko yOeduTbCsl, Pas3/oKuB f (f) B CTENEHHOR pAL B OKPECTHOCTH
Touku ¢=0.

Yro6el ynpoctute ¢opmyay (1.4.5), Heoéxonumo BBIYHCJINTL 3Haye-
HHe HHTerpasa ‘

1=ff(t)e-‘dt. (1.4.7)
0

Hocnenﬂee MOXET 6blTb BBIIIOJIHEHO TIpH NMOMOILK CJaeAYIOLIEero HCKyCCT-
BEHHOTO INpHEMa.
TTonoxum

N t
J=[ f@ye 7 at (1.4.8)
0

Torga uMeeM

-J—I::fe [f(t)———— — fw(

OTKyAa
ol _t
e 2—et et | odt
I=U—n+i= [ ["‘—T“’—T]T—
0
o ...i _t _L o
d|e 2—et e~t—e 2 e 2 —et
:6/[_??( 7 )“” % }‘”z‘"‘t— +
0

1 [ ot—e? 1,1 1
+§0e/‘——t——~—dt_—§+7ln7. (1.4.9)
: .
2

C apyro#t cropousl, noJaras B (1.4.5) 2=

1 1
J——!=-2—1n1c——-7, (1.4.10)

y HaxoouM

N103TOMY , 1
I=1——Q—ln2w. . (1.4.11)

[IpuHUMas BO BHHMaHHe IOJYYEHHHIH Pe3yJbTaT, MBI MOXEM mpej-
cTaBuTb Qopmyny (1.4.5) B crepywlueM BHle:

In I‘(z)=(z-——é—)lné—z—|——é—ln mtw(z),  (1.4.12)
rae

m(z)=ff(t)e—tzdt, R(2)> 0. (1.4.13)
0 .
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IMonbaysicb HageHHHIM BuipaxexneM (1.4.12), HeTpyAHO MOJYyuHTb
acuMnTOTHUecKoe mpeictapienne Aaa I'(2). ITpeanonoxum, uto [2[>> 1,

x :
|arg 2| < 5 Wnrerpan (1.4.13) ocraercs npd 3TOM elle CXOASAIUMMCH,
W, MHTErpupys no 4acTaM, Mbl HaXOAUM

m(z)zé-[f(0)+p/'f’(t)e”zd;]. ©(1.4.14)
0 .

Ilpu Bo3pacTanun f QYHKLUMS f (f) MOHOTOHHO YGbiBaer *), MOITOMY
<0, |f/)) =—f"(t) u Mb umeem

1 ; 271(0)
lo @< —,[ (0)—-/f(t)dt] L0

Iw(z)|<6|lzl, [2]>1, |agz| <5 (1.4,15)

MMorenuupys pasenctso (1.4.12), naxomum

1 1
--5) Inz—2+< In2

P(z):e(‘ 2 11 (), (1.4.16)
[2]>1, |argz| <

rae :
r(@=e®—1,
U3 ouenku (1.4.15) crenyer:
r@| < li . o (1.4.17)
rae C — Hekoropast aGcoJIOTHAsA MOCTOSHHAsA,
TakuMm o6pasom, ¢opmyaa (1.4.16) naer HCKOMOE aCHMNTOTHYECKOe

npeacrasaenue I'(2) B.cexTope |argz]\<—2-, NpUYeM OCTaToOK 7 (2) ecTb

*) 9T0 HeNmOCPEeACTBEHHO CleAyeT H3 pasnoxenus f(£) Ha wacTHbie ApoOH:

, NN 1
f(t)=22mn2—k”

KOTOpOE MOMKeT 6mb nonyqeﬂo TaKKe anememapﬂum o6paaoM (CM M. ®ux-
Tenroann [1], n° 501.)
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BeJHYMHA MOPAAKA [z!’l npu |z|—> 00 *):
-1
r@=0(|z]""). (1.4.18)
Yro6bl MOAYYHTb ACHMITOTHYECKOE MpEeACTaB/JeHHe Jf raMMa-¢pyHK-
MK, TIPUTOLHOE B IPYTHX CEKTOPaX IJOCKOCTH KOMILIEKCHOTO NepeMeH-
Horo, BocnoabayeMcs ¢opmyoft (1.2.2). [Ipeanonoxum, 4to % Largz K
< ®—39, rle 3&— MpPOM3BOJIbHO Majoe (PUKCHPOBAHHOE MOJOXKHUTEJIbHOE
W N
uucao. Torma arg(—2)==argz—m= u — 5 Larg(—2)<—239. Ha
ocHoBanuH (1.2.1 — 2) nmeem
'e)=

T
(—2a) T (—2)sinnz’

(1.4.19)

npUYeM, COrJacHoO paHee BhiBeleHHOH Qopmyne (1.4.16),

1 1
-(z +5) (Inz=wi)+ 2+ In2n

T(—z)=e [1+0(]2/7)] @1.4.20)
C npyroit CTOpOHH, B pacCMaTpUBAEMOM CeKTOpe
inz __ e—iﬂ:z e-—iﬂ:z i
sinmz = 5 =—— (1 — 22y =
-iuz 1 —i-n:z _
= — (1 — 4 zes) = — S [140( 12 )], (a2

TaK Kak 2ze? 'z orpaHuyeHo.

Moxncrapass (1.4.20—21) B (1.4.19), npuxoauM cHOBA K (opMYyie
(1.4.16).

AHaJOTHYHBI Pe3yabPaT MOJAyYaeTcd M/ CeKTopa

--(1:-—-8)<argz<—%.

TakuM 06pasoM, Aajs MoGHX [2|>>>1, |argz|<®—3 umeer MecTo
aCHMNTOTHYECKOE NpPeNCTaB/eHHE:

-1-) In z-z+% In 2n

r(z)=e("2 [t+o(z]™) (1.4.22)

[TyTeM HEKOTOPOrO YCHIOXKHEHWS NPHUBELEHHBIX Bhillle PACCYKAeHHH
MOXHO BhIBecTH GoJsiee TOuHYIO GOpMYyIy:

1 1
P(z)==e(z-g)]nz-ﬂimzn[l‘{ 1;2 l
+ s —smam+0(1217)] .429)

*) f(2) ectb BeauumHa ¢ (2) npu 2> 2o, f (‘2 (¢ (2)), ecan B OKpecT-
HOCTH 2, BHIIOJHAETCH Hepaneﬂcmo If@ 1< Ale () |, rae A— HekoTopas
HOCTOSIHHAS.
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Eciu 2 ==X — BeleCTBEHHOE MOJOXUTENbHOE UHCAO0, TO (HOpMyJa
(1.4.16) Moxer ObiTb 3amicaHa B BUAE

1 ’
T(x)=V2=x Ze~*[14r(x)l, (1.4.24)

u 1ast r(x) noayuaercss Gosee TOYHAs OLEHKa, 4eM Ta, KOTOpas paercs
nepaseHcTBoM (1.4.17). JeficTBuTebHO, npu Z2=x > 0 MB HMeeM

1w(x)|<f(0)f e—xfdt=—12—1;, (1.4.25)
0
OTKYyJAa cJnenyer .
1
[r(x)| <er —1. (1.4.26)

B saksiodeHne YKaXeM Ha acUMNTOTUYeckylo ¢dopmyay nis ¢axro-
puana nl!, KoTopas HeNOCPeNCTBEHHO BhITeKaeT us Qopmya (1.4.24) u
(1.2.4): ‘

1
i~ Vorn" Ze-n, (1.4.27
)

n-»co

§ 1.5. OnpenenenHnsie HHTErpajnl, CBA3aHHbHE C raMma-gyHKunHed

Knacc uHTerpaioB, KOTOpbie MOTYT ObITb BHIPaXeHb uepe3 ramma-
GYHKUMIO, OYeHb OGIUMpPEH, M MBI OrPAHMYMMCS 3LEChb JHIIb HEMHOTOYHC-
JIEHHHIMH TIPUMEPAMH, MMes B BULY T[JIaBHBIM 0OPa3oM NOJYYHTb HEKOTO-
peie (OpMYJibl, HeoOXOAuWMBIE B PA3JIMYHBIX pa3lesaX HacToflled KHUTH.

Onnoit 13 HauGo/ee MPOCTHIX M BaXHLIX GOPMYJ STOrO THHA ABAAETCS

PaBeHCTBO
[ee]

fe“"‘ tz“ldt_—_-_%(?—, 1.5.1)

rie R(p)>0, R(2)>0, xoropoe /nerko N0KasbiBaeTcs LIS NOJOXHU-
TeAbHBIX p, €CJM TPOM3BECTH 3aMeHYy NepeMeHHOH HHTerpupOBaHMs, MNO-
JOXHMB §=pf, U 3aTeM BOCMHO/b30BATbCS MHTETrPaJbHEIM MNpELCTaBJie-
nuem (1.1.1). PacnpocrpaHeHue mnoOJyueHHOro pesyJ/bTaTa Ha JOGHe
KOMILIEKCHble 3HAuYeHHs p, BelleCTBeHHAds YacTb KOTODHIX MOJOKHTENbHA,
OCYLIECTBJACTCH C TOMOILbI0 TPHHUHKIA AHAJTHTHYECKOTO MNPOLOJKEHUS.

B kauecTBe BTOPOrO BaXXHOrO KHTerpasja, KOTODbIHt MOXeT OBITb Bhi-
paxeH uepe3 raMMa-(QyHKLUHIO, PacCMOTPUM HHTerpat

1
B (x, y)=ft”“(1—t)yf‘dt, R(x)>0, R(»>0, (1.5.2)
0

M3BECTHHIH B JHTepaType NOJA HasBaHueM OeTa-(yHKUUH.
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Jlerko BHIeTb,.  YTO TPH YKa3aHHOM orpaHuyeHuu -uHrerpast (1.5.2)
CXONMTC M TpeiCTaBifeT cOOOH peryaapHyio (YHKLHMIO KaxA0ro ua3
NepeMeHHHX X U Y.

, : - ¢ '
Ecau BBECTH NepeMeHHO® WHTETPHDOBAHUS- & = y—-» TO A4 Gera-

t
(YHKLUHM NOJYyYaeTCs HOBOE BbIpaXeHHE:

[oo]

B(x, y)= du, R(x)>0, R(y»)>0. (1.5.3)

/v w1
J A+uy

Bocnonbayemcss Tenepb ¢opmysaoft (1.5.1) u mosoxuM B Helt p=
=1-+u, 2=x-4y. Toraa Haxonum

[o2]

! ! /e’“*”"t”"'l dt, (1.5.4)
: A

A+~ T(x+y)

OTKYZAa, mocie mnoicTaHoBku B (1.5.3) M mepeMeHH mMopsAxKa HHTErpupo-
BaHHUA, NOJAYYaeTCs:

, 1 —t ety- —ut x- .
B (x, y)=—r—(mofe ety ‘dt(;/e “r -ty —

__TW® [ ity TOTO)
—r(x+_y)5 e Pt =5 (1.5.5)

3aKOHHOCTb TNepecTaHOBKM OGOCHOBHIBAeTCH MNyTeM JOKa3aTe/bCTBa
a6eoMIOTHON CXOLMMOCTH JBOHHOro HHTerpana. Takum o0pasoM, CBf3b
¢yukuuu Gera c ¢yHKuUue#t raMMa. ycTaHaB/iuBaercs (Gopmy/aok

B (x, y)=—rl-%2£%)—, (1.5.6)

no/b3yschb KOTOpOR JIerko BhiBecTH Bce cBolicTBa B (x, y).

§ 1.6. Ceegenus o tabauuax raMma-gyHKLHH

IOna dyukuun I'(x) u casaHHBIX ¢ Helt dyHKuuRt cyimecTByeT 60.b-
IO YHC/IO pAa3/JHYHBIX TalJHul, U3 KOTOPHIX Mbl Ha30BeM, B KauecCTse
HanboJiee NOCTYNHBIX U HOAPOOHBIX, ClAenylouiue TabJHIH.

1. Ceran B. U. u Cemennsen K. A., TlaTu3HauHble MaTeMa-
tnueckue Ttabauun, Msa. AH CCCP, 1959: '

I' (%), x==1(0,001)2, v 5 nec. 3u.
I'n+1), rn=1(1)50, . 6 3H. ..
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(Coxpawennas samuch x.=1(0,001)2 o6osHauaer, 4TO aprymeHt x
uaMensercs or 1 1o 2 c unrepsaiom B 0,001.).
2. luke E. u Omne &., Tabauus ¢yHxuu#t ¢ ¢opmynaMmu u
kpubiMu, Pusmarrus, 1959: o .
P'(x-+4+1), x=0(0,01)4, 4—5 38H. 1.,
d(x—+41), x=0(0,01)1, 4 nec. 3H.
3. Winuabpeiin . H., tur. pen., Tabauupl crnenyarbHbIX QYHK-
uuit, TTTH, 1934
I'(x), x=1(0,002)2, 5 mec. 3H,
4, Xatnawu (Hayashi K., Fﬁnfstéllige Funktioflentafeln, Ber-
lin, 1930:

I'(x), x=-—5(0,01)1(0,001)2(0,01)5, 5 nec. sH.
5. British Association for the Advancement of Science. Mathema-
tical Tables, vol. 1, Cambridge, 1951:
I'(x+1), x=0(0,01)1,
db(x—+1), x=0(0,01)1, 12 nec. 3H.
; x=10(0,1) 60,
6. A6pamos A. A., Tabauun InI'(2) B xoMnIeKCHOH 06JaacTH,
Hsn. AH CCCP, 1953:
Inl(x-4iy), x=1(0,01)2, y=0(0,01)4, 6 nec. sn.
7. Table of the Gamma Function for Complex Arguments, Natio-
nal Bureau of Standards, Applied Mathematics Series, Ne 34, 1954:
InIlx—+iy), x=0(0,1)10, y=0(0,1)10, 12 gec. su.
Bu6auorpaduueckie cBeleHHs O APYruX Talbauuax raMma-QdyHKUUM
MOXHO Halith B crnpaBouHukax A. B. Jle6emesa u P. M. deno-
poso#[l], H. . M. Bypynosoit [1], daeruepa, Muanepa u

Posenxena[l], colepxauux BecbMa MOJHOE ONMUCAHHe TAOIHL CIELH-
anbHHX (GYHKUUH, ManaHHex p0 1959 r.

Ynpaxcuenusn

1. Jlokasatb, 4TO IPH BEIIECTBEHHOM Y
11

TP = P54+ = oy
yshzy’ 2 ~ chmy”

2. Bocnoabsosasmuch (1.5.6), npoBepuTh PaBEHCTBO

f ch2yt . gee2 T(x+ 9T (x—y)
(Ch t)?X I‘(2x) ’

R(x)>0, R(x)>IRMI
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_ 3. INokasars, uTO .
2 2 Vs r(v—é—l)
fcos”6d6=Jsin“ﬂd0= RN A R >—1,

T'(5+1
0 0 (2 )
xz
2 I'I, p.—é—l I,(v—{Q—l\)
fcos*‘ﬂsin“ﬂd(i:—g— > )
P r(“’;"-;-l

R(u.)>-—1, R(™>—L1

4, TMoayunth GYHKUHOHAJNBHOE COOTHOLIEHHE

3z——1—
’ I‘(z)l‘(z—{—-;l}—)l‘(z-l—%)

T(32) =

(B. U. CmupHoB [1], cTp. 272).
5. BbiBeCTH (GYHKIHOHAJbHOE COOTHOLIEHHE

@) =4 @ +4(z+5)+ (= +3)+3m3

Y kasaunue. Boluncaurb norapudMuuecKyo NpoOU3BOAHYIO OT 06eHX uacTeit

paBeHcTBa mpumepa 4.
6. Ioayunth HHTErpajibHOE NPEACTABJEHHE IS KBAJpara raMMa-QyHKUUH

r2(z)=2?-22f 21K () dt, R(2) >0,
; ‘

rie Ko () — dynkuus Maxzonaasna (§ 5.7).
Yxasanue. Bocnoabsosarbes dopmynamu (5.10.23), (1.5.1) u unterpanom

npumepa 2.
7. TMonyunth acHMNTOTHYECKHE (HOPMYJIbIL:

(z+a-——;-) In z—z+% In2r

T(z4a)=e 140 2™),
Ll+a) _ g (@—B)(@+p—1) -2
e [1+ 2 +0(]2| )],

| 2| >> 1, largz| < =" —3, a, § — npousBoJbHbIE (UKCUPOBAHHBIE YHCHA.
YkazaHnue. Bocno.nbaosarbca pesyabratamu § 1.4.
8. IMoayuutp acuMnrToTHYECKYI0 BopMyay

Yyl 1
. m— X5 .
[P+ =V2me > ly[ *[l4r(x 9l
rae r(x, y)—>0 npu |y|-—>oc0 paBHOMepHO B noJgoce | x | < (af-cpnxcuposau-

HOe tmc.no)
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9. Ipu nmoMouM KOHTYPHOrO HHTErPHPOBAHUS MOKA3aTh, YTO AJs MOOHLIX 3Ha-
YeHHH KOMIIEKCHOTO NEPEMEHHOro 2 CNpP2BelJAHBO MHTErpaJbHOE MPENCTABJEHHE

1 1 ty—z
r—(zr‘z;?é[” o

rae t"¥=¢e — 7 < arg ¢ < m K KOHTYp C COCTOMT U3 OTPE3KOB (— 00, — a),
(— 00, —a) HHXHero u BepxHero OeperoB paspe3a (— oo, 0) v 3aMmbikalomei
HX Jyru Kpyra |¢|= a npouspoibHoro paauyca a (B. U. Cmuphos [1], ctp, 274).

10. Henoanas raMMa-¢yHkuusa v (2, a) u ee nonoasenue I' (2, o) onpenensiorcs
TIpH MOMOIIM GopMYya:

—zlnt
’

a
1(2 a)=fe“t"‘1dt, R(2)>0, |arga| < w;
0
[os]
(2, o) = fe“tz”‘dt, larga| <,
o
CcJie/I0BaTelbHO,

. 12 o)+ T (2, a) =1 (2).

[Mokasarb, uto mpH - puKcHpoBaHHOM o I'(2, a) —uesas QYHKUMS OT 2 H
(2, @) — mepoMopdHas GYHKIHA 2 C MOMOCaMH B TOYKax 2 =0, —1, —2, ..,
11. MoayuuTth HYHKHUOHANLHBIE COOTHOLIEHHS:

141 a) =27(2 o) —e %a?,
T(@+1, a)=21(z o)+ %~

12. Moayuuts npexncraBiaenne (z, @) B Bujae psja

QY (—1)F gk F?
’X(Z, a)?—:z(—k!—()k—_’_—:zj‘*, 2#0, -*1, —2,...
k=0
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Cnpasounuku: Tpanmreiin M. C. n Poikuk U. M. [1}; Maruyc n OGepxer-
THHrep [1].



FTATABA 11
UHTErPAJl BEPOSITHOCTH H CBSA3AHHBIE C HUM &®YHKLHUHU

§ 2.1. UHTerpan BepoOATHOCTH H €ro OCHOBHbIE CBOMCTBA

Hurerpanom BepositHoctd @ (2) HasbiBaeTcsl GYHKIMS, KOTOpas AJs
MoOLIX KOMIJIEKCHHX 2 OnpelenseTcd NMPH IOMOLIH PaBEeHCTBA

| @(z):v%/e-t’dt, | @.1.1)
0

rie UHTerpUpOBaHHE NMPOHM3BOIAMUTCH MO NMPOM3BOJLHOMY NYTH, COELHHSAIO-
LieMy Hayajgo KOOpIAMHAaT ¢ TOYKo# ¢==2. Taxk Kak mNOABLIHTErpajbHOe
BhIpaXKeHHe ABJsfeTCA Leao#t (pyHKUMeH KOMMIEKCHOrO NMepeMeHHOro £, BUIL
NyTH UHTETPUPOBAHHSA He MrpaeT POJH, U MOXHO CYHTaTh, YTO HHTEIpHU-
poBaHHe NPOU3BOIUTCA BAOJAb OTPe3Ka INpAMON, coelUHdOIER TOUKH
t=0 n t=2z. Ilo u3ssecTHO#t TeopeMe P (z) npencTaBiaseT Leayl0 GYHK-
110, KOTOpas MOxeT OBITb pa3/iokeHa B CTeNMeHHOH psl, cxoasuiufics
npu JIOOBIX 3HAYEHHAX MepeMeHHOro 2 *). JI/f TOro 4ToOb MOJYYHTb 3TO
passioxeine, 1OCTaTOYHO MOACTABUTH B (2.1.1) cooTBeTCTBYyIOWMH pAL 115
nokasaTe JbHOH (pyHKuuu u npouHTerpupoaaTb €ro noueHHo. ~Mbl Ha-
xomm Torna . : :

oo

9 1) 2k 1yt 221
@)= /2( - 2 (2k+1) (2.1.2)

l2] < oo,

z

*) Hurerpan ¢ (2) = f f(t) dt, B3aTHIt NO MPOM3BOJIBHOMY NyTH, MpPHHAM-

a
JexameMy OAHOCBA3HOH obaactu D, B koTOpO# f(f) peryaspua, ectb peryasp-
Hag ¢QyHkuua B 3TOi ob6aactu. Cm., Hampumep, B. 1. CMmupuos [1], crp. 25

u 27—28. Teopema cnpaBenJuBa U B TOM cJayuae, Korna f(@) =00 um a = co,
npH YCJIOBHH, YTO HECOGCTBEHHBIH MHTErpan CXOLHUTCH.
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TAK KaK.TpPOHEeCC MHTerpUPOBAHHUS CTENEeHHOTO PSAA SBJ/AETCH 3aKOHHBIM.
Vs dopmyas (2.1.2) caenyer, uto @ (2) — HeueTHas ¢yHKuus or 2.
IIpu BewmeCTBEHHHIX 3HAaueHuAX aprymeyra @ (2) npencrasaser cobo#t
BELIECTBEHHYI0O MOHOTOHHO BospaCTaIOU.l}’lO ¢yHkuMio, rpadux KOTO-
poit u3obpaxen Ha puc. 1.

jo@
20 -
as}

1 4 . L I ) A x
0 G5 10 15 20 25 30

Puc. 1.

3uauenne ¢ysxuun npu uyae @ (0)==0, a npu BO3pactaHuu 2 GHICTPO
npubankaeTcs K npeneibHoMy 3HadeHuio @ (co)=1, ubo

oo

'/.‘e-t’dt=[2£. ' ’ 2.1.3)
0 .

Pasuuua mMexay @ (2) u sTuM npefe/bHLHIM 3HaueHHeM MOMeT GHITh mpen-
CTaBJ/ieHa B (opMe

5 z e}

2 [ e-rat— e-Pdt =2 [ e-fat. (2.1.4)

V= 5 Vn o LI
Vnterpan BepOATHOCTH BCTPeYaeTCsl B Pas/iMyHBIX pasienax NMPUKIAL-

HOM MaTeMaTWKHM, B YAaCTHOCTH, B TEOPUM BePOATHOCTEH M TEOPUHM OLUH-
0ok, B MaTeMaTHYeCKOH TeOPHH TEIIONPOBOAHOCTH H B IPYrUX pasfienax
MaremaTHuecko#t usuku (§ 2.5—2.6). B nureparype, Hapsiy c uHre-
rpanom epostHOCcTH P (2), yacTo paccMaTpHBAIOTCA POACTBEHHBIE eMy
GYHKUMH, UMeHHO (YHKuuMs OwuGOK
z

Erf (2) = /‘e'“dt:—
0

1 —d(2)=

H €€ [OomnoJIHEeHHe
5]

Erfc (2) = _fe—tzdt V“ L1 — ().

r
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Muorue nHTerpans 6osiee C/0XKHOTO BHAA TaKKe MOTYT ObTb BHIpa-
KeHbl uYepe3 HHTerpan BepoaTHOCTH. Tak, Hampumep, MeTOLOM Audde-
PEHIHPOBAHHA MO MapaMeTpy Jerko MokasaTh, uto Aad R(2) >0

%6/ rpa=rli—o(Vz)

§ 2.2, AcuMnTOTHYECKOE NpeiCTaBJeHHE IS HHTerpana
BEPOSITHOCTH NpH GOJbIIHX 3HAYeHHAX |2 |

Ilas TOro yToOb MOJAYYHTb ACHMNTOTUYECKOE NpeACTaBaeHHe (YHK-
uun @ (2) npu Goabux 3HaYeHHAX |2 |, BocmoabayeMcs dpopmyroit (2.1.4)
1 npeo6Gpa3syeM onzmumﬂ B Hee MHTerpal C NOMOLUBI0 HHTErpHpOBaHUA
N0 4acTaM.

MBb HaxoIMM NOCJeN0BaTeJbHO:

~ —-2? . —t2 -22 -2
e % 1 /' e _ e e
./ e~tdt = 2z 2 I at = 2z 2223 +
z z
1.3 et , -3 1.3.5
+ 2 ./ tt di=e-* [Qz 2223 + 2325 T T 4T + ..
t4
0 tz
1.3 (2n—1) +11:3...@n+1)
. +(*U"W]+( ) —2,‘,T‘_ t2n+2 dt,

OTKYAa CJAeLyeT:

1-@(z)—7_—[1+2,( )kl-”—W"Jrr(z)] @2.1)

rae
oo
2

-t
ra@)=(=1)"™" L 3—f‘3’1i1—’zez*f gt (2.2.9)

t2ﬂ+2

T .
[Mpeanonoxum, uro |argz|< 5 — 3, roe 8 — mpousBOJbHOE Manoe

TNO/I0KHUTE/bHOE YUC/IO, U BHGEpeM B KadecTBe IMYyTH WHTErPHPOBAHHSA
B (2.2.2) noaynpsMyio, HauMHAIOLYIOCA B TOUKe f==2 M NAPaJJIeNbHYIO
BellecTBeHHOH, ocu *). [Tonaras z2=x 41y =re'®, Mu umeem, uro Ha

*) BoaMOXHOCTb Takoit AedopMmaiy NMyTH HHTErPUPOBAHHA CJE]YET H3 Teo-
peMb Komrn.
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paccMarpuBaeMolt mpamoit f=u—4iy (x L u < c0),

I el’-—t’] Y I ¢ ,—(2ﬂ+3) < I 2 ]"(2’1'("3), Itl <‘Il sec o,

MOITOMY H3 OLEHKH MO MOAYJIO CJeiyeT:

1-3... @n41 - 1.3... @n+1
Ifn(z)l<Wsec?,[ex "“d“:ﬁz)—n;‘—)sec?-
X

Taxkum o0Opasom, uMeeM:

1-3...@2n41)
lr,(@]| < ——-——————(mzl?)nﬂ sec

[MonyuenHbit pesy/abTaT MOKA3BIBAaeT, 4YTO NpOM3BeleHHe 22°r, (2)
B paccMaTpMBAEMOM CEKTOPE paBHOMEPHO CTPEMUTCAs K HYJ0, KOria
|2|—>co, T. e. psn, crodwu#t B npaBoft 4acTH paBeHCTBA

s et % —
1—®(2)~ :/;z 1-1-2( )’*‘—3—(2—(2)’:—1) ,

g L3 @nt])

@21z sind

(2.2.3)

larg 2| < —-8 o (2.2.9)

aBAseTcd acumnroTuueckuM mas ¢yuxkuun 1 — @ (2) (§ 1.4). Beauuuna
owru0GKH, KOTOpas LOMYyCKAaeTcs, eC/H AaNnnpoKCUMHPOBATH paccMaTpuBae-
Myl0 (QYHKUMIO CyMMOH KOHEYHOrO YHCJa YJEeHOB JAHHOrO psiaa, BbIpa-
#aeTcs Gopmyaoit (2.2.3), npuueM NJ9 KauIOro 2 CYLIeCTBYeT CBOe
ONTHMaJbHOE 3HayeHHe n, 4JA8 KOTOpOoro owmnbka Oyjer HauMeHblueR. Jlis
BELECTBEHHEIX TOMOXKHTENbHEIX 2 -OWHMOKA He NPEBOCXOAMT BeJHUHHDI
MepBOro OTGPOLUCHHOTO 4YJeHa.

Acummomqecxoe npeacTaB/eHHe /19 MHTEerpaga BepOSATHOCTH B CeK-

3n
TOpe T hiLargz <7—8 MoxeT ObiTb moayyeHo u3 (2.2.1) ¢ mo-
mompio cootHowenus @ (2) =— @ (— 2).
k1
HOCTpoeHue aCHMMNTOTUYECKOTO TNpeiCTaBJeHHs s CcexTopa -——8<

Largz K —|—8 TpeGyeT OTAeNbHOrO paccyxienus (cp. (2.3.5)).

§ 2.3. UHTerpaa BepOSATHOCTH OT MHHMOrO apryMeHTa.
dyuxuua F(2)

B npuioxeHHsx, HapsLy ¢ MHTerpajJoOM BepPOSTHOCTH OT BellleCTBeH-
HOrO apryMeHTa, BCTPEUYaloTCs TaKke CAyYad, KOTAA apryMeHT QYHKLUH
npeAcTaBifeT KOMIUeKcHOe uuciao. OpnHuM u3 HauGollee NPOCTHIX H
MHTEpPECHBIX Cpel HUX SBISETCS cayd4ai 4YMCTO MHHUMOrO apryMeHTa
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2= 1{x, X — BellecTBeHHO. BOCMNO/Ib30BABLUINCL ONpeje/eHHeM HMHTerpasna
seposTHOCTH (2.1.1) u BLIOpaB B KauecTBe MYTH MHTErpUPOBAHHA OTpe-
30K MHMUMOH OCH, NMOJYYUM IOCJ]e NMOACTAHOBKU [ =iu:
. X
@ (xi 2
26 ¢4 du. (2.3.1)

i V‘Eb

VHterpat B NMpaBo# uacTH HEOrPaHMYEHHO BO3pAacTaeT NMPH X —> OO,
N03TOMY B NpPHJIOXKEHUAX yaoOHee pacCMaTpuBaTh (YHKUMIO
2
F(z)=e'z’fe“’ du, (2.3.2)
. 0
KOTOpAs OCT4eTCHA OTPAHUYEHHOH TpH MOOHIX BelleCTBEHHEIX 2. B obuiem
c/lyyde KOMIIEKCHHIX 2 (yHkuusa F (2), onpeneneHHas paBeHCTBOM (2.3.2),

F@

0477 45 @ 10 20

Puc. Z.

6yner ueno#t, U BLIOOp NMyTH HHTErpuUpoBaHus B (2.3.2) sBAgETCS BIOJHE
Npou3BOJbHLIM. /1 TOrO yTOOHBI MOJMYYUTb PasioxeHue 3TOR (YHKIHH
B CTemeHHO#t paAn, 3aMeTuM, u4TO F (2) y@OBJETBOPSET JIUHEHHOMY Hu-
¢depeHLMAIbHOMY YPaBHEHHIO

F’(2)+22F (2)=1 (2.3.3)

¢ HauaibHBIM YycaoBueM F (0)=0. Iloacrasiass B 3TO ypaBHeHHE psi
[oe]

F(z)=2akzk, noJjyyaeM NyTeM CpaBHeHUS KO3(pdHULUEHTOB NPU OIU-
£=0

HaKOBHIX CTeMeHiX 2 peKyppeHTHhle cOOTHOWeHHs a,=0, a;=1

(k4 1)a, 1+ 2a,_, =0, 0TKyna nocjae NPOCTHX BHIYKUCAEHHA HAXOMUM.

Fy= Y 2

~T3 @D |2| <oo. (2.3.4)
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Ilnsg oueHku noBefeHust F (2) NpH BEILIECTBEHHHIX 2Z~>0O0 MOMNHO
BOCMO/b30BaTbCA NpasuaoM Jlonurans, NMOBTOPHOE NMPHMEHEHHE KOTOPOro
K (2.3.2) maer lim 2zF (2)=1, oTkyla c/leiyeT acCHMOTOTHYeCKas Gpop-

2> 0 . .

Myaa:
F(z)%%, Z—>00. (2.3.5)

Fpaduk ¢ynkuun F(2) nas BewlecTBeHHHX 2> 0 wusoGpameH Ha
puc. 2. Maxcumym @ynxuuu pocturaetca npu 2=0,924... u paseH
Frmax=0,641 ...

dynkuus F(2) BcTpeyaeTcssi B TEOPUM DAaCpPOCTPAHEHUS 3JEKTpPO-
MarHUTHHIX BOJH BJOJb 3eMHOH TNMOBEPXHOCTH W B IPYrMX 3ajayax Mare-
MaTHuecKOH (U3UKH,

§ 2.4. Unrerpan BepoaTHocTH oT aprymenrta x)/ .
Hurerpaasl Ppenens

JIipyroft HHTepeCHBIt C TOYKM 3PeHHs NpPUAONKEHUR cayyakh mnpen-
cTaBisier COOO# MHTerpan BepPOSTHOCTH C KOMIUIEKCHLIM apryMeHTOM

: X ,
z2=xV ;:l—/:{(l—}—t), X — BELECTBEHHOE MOJIOXKUTE/IbHOE YHCJIO.
Buibupas B kauectBe nytu HHTerpuposanus B (2.1.1) orpesok Guccekr-
PHCHl KOOPIMHATHOrO yria M BBOAS HOBOe BeLIECTBEHHOE NEepPeMeHHOe #

no ¢opuyne f=u)/ i, MBH MOXKEM NpENCTABHTb BHAYeHHe MHTerpana
BEPOATHOCTH IJd STOrO Cayyas B BHIe.

X X X

(D('ﬂ_/i)=—2—_ /e—“"duz——?: /cosquu—t 2_ [sinuzdu.
VL' V= o V= g ) "5

(2.4.1)

Vuterpansl B npaBo# yacTH MOryT ObiTb BHIpAXeHBl yepe3d (yHKLUHU

z z

C(2)= fcos,%tfdt, S(z)—_—.fsin = at, 2.4.2)
0 0

rfe MHTErpUpOBaHUE IPOU3BOJAUTCA MO MOGOMY NYTH, COELHHSIOLIEMY
HAyaJo0 KOOPAMHAT C TOYKOH f=2.

dyuxkuun C(2) u S (2) HaswiBaoTcs unHterpanamu Ppenens. Tak Kax
NOAbIHTETrpaibHble BhHIpaxeHus B (2.4.2) cyTb ueable QYHKUHH KOMIJIEKC-
HOrO MepeMeHHOro f, ublGOpP MYTH HMHTErPUPOBAHHMA He HMeeT 3HaueHHs,
u o6e ¢pyukuuu C (2) u S(2) npercrasasior coboft Leible QYyHKUUK OT 2.
[Ipu BelecTBeHHOM 2 HHTerpaasl $peHesns BelleCTBeHHb. ['paduxu sTuUX
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GyHKuu#t i sroro ciayuyas uzobpaxens Ha puc. 3. O6e dyuxuun obpa-
waioTcs B Hydb npu 2=0 u uMmeioT KoxebaTeapHb#t xapakrep *), Hau-
6oabiie u3 MakcumyMmoB Oyayr coorsercrBenHo C (1)=0,779893,

10
85| ca)
Stx)
0 = 0 20 F/aa

Puc. 3.

S(ﬁ)=0,713972. .. Ilpu z2-—>o00 kawpas u3 GYHKUMA CTpeMHUTCH
K npezeny:

C (o) =S(c0) =+,
TaK KaK Ha OCHOBAHUM H3BECTHBIX (opmyn **)

[o0) o

fmt?dt: fgint?dt:—_ V= C(2.4.3)
: : 2V

Pasnaras TpuroHoMeTpuueckue GYHKLMH, CTOSILME TMOL 3HAKOM HHTE-
rpaios (2.4.2), B crenmeHHble pSAB M UHTErpUPYs UX MNOUJEHHO, MOJY-
yaeM NMpeJCTaB/eHUs A UHTerpaioB PpeHesd B BUIE PSLOB, CXOLALIUXCS

*) IMpousBoauble paccMaTpUBaeMblx (YHKLHME BhpaxmaloTcs dopMmyaamu

n2?

2 ’

n2?

C’ (2) = cos S’ (2) = sin 5

nOsTomyE(z) UMEeeT KCTPEeMyMbl B TOUKaX 2 = +V2n +1, S (2) —B TOUKax
z2=+Vo% (n=0,1,2...).
**) Cu., Hanpumep, I'. M. Puxrtenroany [1), n° 484.
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npu /MoOBIX 3HAUEHHAX 2:

Y (,__1)k Etz o 031 (-l)k T \2R Zik+1
C@)—O/L ORI ) dt = 24 ~op (7) RFET

k=0

S@= / 2 (Q(k_-ll—):)' (Eﬁ)ml dt == (2.4.4)

a (—1* 7w \2k+1 p4k+3
0(2k+““1)z(“2‘) mrs |2l <ee
k=

Casisb uHTerpanos. PpeHesss ¢ MHTErpajsoM BePOSTHOCTH YCTAHABAU-
Baetca QopMmynamu:
V= o
inf? in

— e T gt =1/ 2 57 gy
C2)+iS(2) Ofe T 4t — ‘/ 3 j e~ dy =

in — in
:712—e 4(1)(1/%257), (2.4.5)
OTKYZa CJenyer:

1 l:l_n: — i _in — in |
C@)=—=|e® ]/——ze 4 e 10 ]/——ze7 ,
@ 2Y2 < 2 + 2 _

| [lj — & i o (2.4.6)
= _{ed®d ]/—-ze LI A} ‘/——ﬂ—zeT .
%Y 2 < 2 2 J
HOJIb3y51Cb HaWdeHHBIMU COOTHOLUIEHUAMM, MOXHO BHIBECTH cBo#icTBa
paccMarpuBaeMbiX GYHKUMB M3 COOTBETCTBYIOLIMX CBOMCTB MHTerpana

BEepOATHOCTH. B 4YacTHOCTH, BOCMOJb30OBABIUUCH pedyabTataMu § 2.2, mno-
JyyaeM CJAelylolHe acCHMNTOTHYECKHe NpencTaB/ieHusi uHTerpanos Ppe-

HeJl, MPUrofHbe A1 GOJbIIMX 3HAueHu# |2z| u ]argz|<%——8:

C(2) ——l—[B (z)cos—’iz-z——— A(2)sin fz—z],

2 2

(2.4.7)
S(2)= v [A () cos————i—B (2) sm——]

l
— (\’Jl'—‘

rne

A(z>~), e 4 0 (|2]-sv-9),

2)2k

22)2k+1

N
B(z)=2%—“’—”ﬂ+0(!zl-w-ﬁ), ty=1.3 ... @k —1) ay=1.
k=0
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Wurerpant dpeHens BCTPeyalOTCs B PA3AMUHBIX 00/acTAX (HUBHKH M
TEXHHKH, HAanpuMep B TeOPUM AUQPAKLMH, TEODHH NONepeuHbX Ko.aeba-
Hu# C’l‘ep}KHﬂ ¥ T. X. MHorue uHTerpajbl 06o0Jjee CJIOXKHOIO BHIA MOTYT
6biTh BHIpaweHH uYepes ¢ynkuun C(2) u S(2)*).

§ 2.5. Mpuaokenne K TEOPUH BEPOATHOCTEH

MycTs x — cayuafiHas BeJUUYMHA, OTKJOHEHHE KOTOPOH OT CpelHero
SHaYeHUsd X MOIYMHEHO B8akoHy Iaycca, T. e. BEpOATHOCTb MNOSBJIEHHS

OTKJIOHeHHH, JekalluxX B uuTepsajte (X — X, X — X—dx) BhIpaxaercs
¢opmyoh
1 _r—xp
202
sy —— 1 dx, 2.5. 1
aVon ( )
e 6—HEeKOTOpas MOCTOSHHAS, HAa3bBaeMast CTAHAAPTHEIM OTKJIOHEHHEM *¥),

Torza BepoOSITHOCTb TOTO, YTO OTKJIOHEHHE X — X OyldeT HaXOAUTbCH
B uHTepBate (@, $), AaeTcs PaBeHCTBOM

B+x

(x—x)
W< x—x<B)=—ie Ty =
el x—x< BGVQT:“;! e X
s V72 ) ] .
Ve / "”‘”=5[‘D(cﬁ)_@(av§)]’ @52

rie @ (x) — uHTErpan BepOSITHOCTH.

B uacrHocry, ecan a==—o00, B=co, T0o W =1, Kak u cienoBano
OXHIATh.

INonaras a=—38, § =3, nosyyaeM BEPOSTHOCTb TOTO, YTO OTKJOHE-
HHE X — X TIO a6como'rﬂomy 3HAYEHUI0 He MPEeBOCXONHUT 3alaHHOH Besu-
YUHH O:

W(|x—5£|<a)=q>( (2.5.3)

77

*) CM., nampumep, Fpagmrefin WU. C. u Pumxuxk M. WM. [1].
**) CM., nanpumep, Y uttekep u Po6buncon [1].
Ecau n3BecTHbl Pe3yJbTaThl 7 U3MEPEHHH BEJHUMHBI Xi X, Xy, ..., X, (n—

Gonbuioe '-IPICJIO), TO 3HayeHHs IMOCTOSAHHBIX X H ¢ MOryTt GBITh Bbl‘lHCJleHb[ no

dopmynam;
1\ LN (3
X ;:2 c’z;d(xi—x)’.
i=1 i=1
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Torna BEPOATHOCTL TOrO, YTO OTKJ/JIOHEHHUEe 10 a6COJIIOTHOMy 3HAYEeHHUI0
GoJbuie 3, Gymer:

W(x—x >a)=1—®(
3HaueHue O ==0,, IJf KOTOpOro : .
W(|x—F|<)=W(x—x|>?),

Ha3bIBaeTcs BepoATHOR omwubko#. U3 (2.5.3—4) cuenyer, uTo 3HaueHue
9TOM BEJMYMHBI ONpelelseTcs ypaBHeHHeM

3 1
o{s)=1
sV 2 2
OTKYyIa, BOCIIONb30BABIIUCH Ta6ﬂl/luaM[/l AJa UHTerpa/ja BepOATHOCTH, Ha-
X04uM:

- :/5) @54

: 3, = 0,67449.

B Buie npumepa NpUaOKeHUs ITUX (GOPMYJ BHUUCAUM BepOSTHOCTDb
TOr0, 4TO JJHMHA JeTajH, U3rOTOB/SEMOH Ha aBTOMate M MMelolie#t cpex-
Hiolo aauHy 10 ca, cO CTaHAAapTHHIM OTKJOHeHHeM o =1 MM, OTK/O-
HReTcd OT cpelHelt He Gosee ueM Ha 1 mu.

Mbl uMeeM

1
V2
T, €. Takoe OTK/IOHeHue Oyser y 689 musroroBiaseMbix Heratelt, Bepost-
Hasg omubKa cocTaB/iseT B JAaHHOM cayuyae =~0,7 ma.

W(|x-—101<o,1)=c1>( )=0,683,

§ 2.6. HpuaoxeHnne K TEOPHH TeNJONPOBOAHOCTH.
OcThiBaHHE NJOCKOH NMOBEPXHOCTH HAarpeToro TeJa

PaccMOTpUM 3alayy TeOPUM TEMJIONPOBOLHOCTH 06 OXJaXIeHHH TeJa,
3aMOJIHAIILEr0 MOJYNPOCTPAHCTBO X >> 0, HarpeToro jo TeMmeparypsl 7T,
¥ U3JIYYalolLero Temao €O cBOelt MOBepXHOCTH X =0 B OKPYXaWILyI0
Cpely, HaXOLsWLYIOCS NPH HYJeBOH TeMmepatype.

Ecin o6osHauuth 4epes T ==T(x, f) TeMnepaTypy B MpPOH3BOJbLHOH

k A
TOYKE X TeJa B MOMEHT BpPeMEHH f H TOJIOXHTb = h=—kl’ rie

k, ¢ ¥ p—K03h}ULHEHT TENJONPOBOJHOCTH, ylesbHas TeMJIOeMKOCTb M
MJIOTHOCTh Tesa, A— KO3(ULHEHT TeNMJIOOTAAUH, TO pacCMaTpUBaeMas
3ajaya CBOJMTCH K HMHTErPHPOBAHUIO YpPaBHEHHS

oT  o°T - '
o X’ 2.6.1)
ﬂpH Ha4a/JbHOM yCJIOBHH
B To=T, (2.6.2)
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H TpaHHYHBIX YCJ/IOBHAX
oT
O——_thx=0=0’ Tl

P —T,. (2.6.3)

X => oo

Peulenue 3agauyd JIerKO MNOJyuaeTCs NyTeM NpuMeHeHus npeobpaso-
BaHus Jlannaca ¥). Miesa sToro Merola COCTOMT B TOM, 4TO BMecto T

HaXOOUTCsl cmepBa npeobpasdosBanue Jlannaca or sto#t ¢yukuuu 7T, cea-
3aHHOoe ¢ T COOTHOLUEeHHeM

T= f Te~Pdr, (2.6.4)
0

rfie p — Hapjexalie BHIOPAHHOE KOMIJIEKCHOE YHCHO.

Ypasuenus n4s onpejenenus T =T (x, p) NoayyaioTcsi U3 HCXOLIBIX
ypaBHeHu#t (2.6.1—3), ecim yMHOXMTb TepBOe M TpeTbe M3 3TUX YpaB-
HeHH#t Ha e~ P® W NPOMHTErpupoBaTh No mnpomexyTky (0, co). Mu Ha-
XOIMM TOrza:

a:T =
o =pT—T,
;o B . (2.6.5)
. T — 1T le=0=0, Tleso—>22,
OTKyIla nocne ﬂpOCTle BHIUUCJIEHUH uMeeM
T=_°[1-__—_e—an], 9.6.6
P h+Vp ( )

rae R(Vp)> 0 npu R(p)>0.

Pelwenne sagauu moJyuaerca Tenepb ofpalleHueM paseHcTsa (2.6.4),
YTO MOXeT GbTb BEHIIOJHEHO C NOMOILbIO CYLecTBYlOIMX Tabauu, co-
Jepxkalux npeo6pasoBanus Jlanaaca pasiauuHbIX GYHKUME **), wian nyrTem
npuMeHeHus: GopMmyasl obpauenus Pumana — Mesnuna

1 -, pt
T:W / Ter~dp, (2.6.7)
(L)

rie MHTerpupoBaHHE NMPOU3BOAUTCA MO npaMofl (L), napanne’ibHOR MHHU-
MO# ocu u BhIOpaHHO# TakuM 00pasoM, uToOGE ocoOnle Touxu T jexann
CleBa OT Hee.

HauGoabmuit MHTEpeC npeicTaBiseT BHIYUCJAEHHE TeMMepaTyphl Mo-
BEPXHOCTH TeJa, ‘

*) Cwm., nanpumep, M. A. Jlaspeuntpben u B. B, lla6art [1], ra. VL
**) Cwm., nanpumep, B. A. Iutkun uil U. Kysunenos [1], dpneiin,
Marunyc, O6epxetrunrep, Tpukomu [2], 1. L
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TMonaras B (2.6.6) x =0, MH uMeeM

Ty, o[ 1 A 1
V?W?+w—J4p—m p—h2 V?I @58

W nepexon K nepeuuHo#t ¢yHkumu T |,_, OCYLLeCTB/SETCS NMPOLIE BCEro
C NOMOLIbI0 TeOpeMbl YMHOXEeHUS *).

?,x=0 ==

Bribupas 71:%' f2=;—_1—7ﬁ, HaxonuM u3 Tabauu f(t) =

fo(r) ==, u npuMeHeHHe 3TOH TeopeMbl Haer:

—
==

s hVT
Tlez0=To [eh%_ -’/"l; /eh2 (T—t)_%jl = Toe | 1 ——W '/‘ e=%ds |,

0

OTKYyZa
T o= Toe" [l — @ (2 V")) "(2.6.9)

rie @ (x)— uHTErpan BepOATHOCTH.
W3 acumnrotnyecko#t dopmyan (2.2. 1) clelyeT, uTo cnanaune TeM-

nepaTypsl MOBEPXHOCTH NpH GOJMbLIMX T MPONOPLHMOHAMLHO *:_2:

T
T|,_g~—=2 T —> 00. 2.6.10
lx—o hm ’ ( )
3HayeHHe TeMMepaTyph B JI06OH TOuKe TeJa TaKkKe MOXeT ObTb
BHIDAXEHO B 3aMKHYTO# ¢opMe uepe3 MHTerpaj BePOATHOCTH.

§ 2.7. MNpunoxenne X Teopuu KoseGauuil.
TMonepeunbie KoJeGaHHA GECKOHEUHOro CTepKHA
nojx jgelicTBHEM BHE3amHO NPHJIOKEHHOH cocpgnoroqennoﬁ CHABL

[TpeanosoxuM, yTo B Touke X =0 GeCKOHEYHOTO CTePKHS B MOMEHT
t=0 BHe3amHO NpHJOXeHa cHJIa Q, 3HaueHHe KOTOPOH B MadbHehiueM
0CTaeTcs NMOCTOSHHLIM.

Ecin o6osHauure ueped p, E, I NJIOTHOCTD Ha eNMHULY IJHHBI
crepxHs, Moiayar IOHra ¥ MOMEHT HHEpPUHH TNOMEPeYHOTO CeyeHHd

*¥) 314 TeopeMa yTBEpXKAaeT, UTO eca f, (v =1, 2) — npeoGpa3osanus Jlan-
Jaca ot ¢ynkuuit f, (t), To nepBuunas ¢yHkuusa aas f= f| f; 6yzner

1= [AOAC—D .
0

(M. A. JlaspenTtben u B. B. lla6ar [1}, cTp. 412).
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CTEPXKHS, TO CMElIEHHe & B mpousBOJbHOH toyke x > 0 onpexeautcs
H3 ypaBHeHu# *)

0%u 0tu

Zat o =0
ou
#og=3- 1=0='0. 2.7.1)
ou _ Pu) _ Q ou
x|, =0 ol T a0 | 0

EI
rie TepeMeHHOe T MPOMOPLHOHAJNLHO BPeMEHH f£, 'c—_:‘/__

Pelrenne 3anaud MOXeT ObiTb naiiieHO NyreM NpUMEHeHHs Npeobpa-
sopanus Jlansaca (§ 2.6). ITonaras

U= f ue—v (g, 4 2.7.2)
© 0

noayyaeM AJjs ONpeleNeHH U YPaBHeHUR:

422 - A
o + pQu =0,
du| Fom _Q "
dx |g=0  Ax% |yoo QEIp’ (2.7.3)
du
u =z
l.x—)oo_)(); d.x x_)%'_>0!
OTKYZA TOC/Ie HECHONKHBIX BHUMC/eHHH Ciefyer
- Q [ e~V =pl —xVﬁ] .
U= 775+ — , 2.7.49)
4EIp% V~pt Vi

rie R(V_:Eﬁ) > 0 npu R(p) > 0.

Ilns OTHICKAaHWA 4 TO HM3BECTHOMY 4 YAOGHO BOCMOJB3OBATHCA TeO-
peMOit YMHOXeHHs,

ITonaras
}__ Q - 7 1 [e-xV—pt e—xVﬁ]
VU2 YT Ty T T vm |

HAXOUM C MOMOUILI0 Tab/HLL **)

f1—251 fz“‘r—- [51“ T TCos g 41] |

*) CM Hanpumep, A W lepbe 1
**)B. A. Jutkun u I Kysluleuos .
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OTKyJa Ha OCHOBAHHHM YKa3aHHOU TeOopeMbl

T

=§E9]72:"6/‘ (sin aF 1cos 4t> ':V__t dt = gg;f(z;;{) (2.7.5)

rae

x2

1— =

f(x)= /(sm y2—+cos y?) y dy. (2.7.6)

dyuxuua f (x) MoxeT ObITb BhIpaxeHa 4epes uurerpansbn Ppenens C(2)
n S § 2.4).
[puMeHsss JABaxXAb (GOPMYNYy HHTerpPUPOBaHHS IO YACTAM, HAaXOAUM:

re=(1+32) 3y Z+)]-
BISLANN

b [0+ -2 ] @

§ 2.8. CBepenus 0 Tabauuax HHTErpaja BepOSTHOCTH
H POACTBEHHHIX eMy (YHKuui

WUurerpan BepostHocTH ® (X) mpuHamiexur K uucay xopoumo Taby-
JAMPOBAHHHIX GYHKUMH. YKaweM, HanmpuMep, Ha Clefyoliue TaG/HILb.

1. Ceran B. U. u Cemennsgen K. A., HﬂTﬂaﬂa‘lele MaTteMa-
Tuyeckue tabauus, Wsn. AH CCCP, 1959:

®(x), x=0(0,001)2,5(0,01)3, 5—7 nec. 3H.

2. Iuke E. u dmpe &, Tabauun ¢yuxkuut ¢ dopMmynamu u
kpusbimu, dusmarrus, 1959:

®(x), x=0(0,01)3, 4—6 nec. 3H.

3. Wnuabvpettu d. H., Tur. pen., Tabauub crneuuaibHbIX QyHK-

uuit, I'TTU, 1934:
®(x), x==0(0,001)1,5(0,01)2,9, 4 nec. 3H,

4, Xattamu (Hayashi K.), Fiinfstellige Funktionentafeln, Berlin,
1930:
D (x), x=0(0,01)3, _ 5—6 mec. 3H.
5. Tables of Probability Functions, National Bureau of Standards,
vol. 1, 1941:
®(x), x==0(0,0001)1(0,001)5,6, 15 nec. 3H.

1—®(x), x=14(0,01)10, 8 aH. W
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3uauenns ¢yHkuun F(x) (§ 2.3) MOoxHO Haltth B Tabauuax:
6. fuke E. u dmue ., Tabmuun oyukuuit c copmynamu u
kpuBbiMH, PusmaTrus, 1959:

F(x)er, x=0(0,01)2, 3—4 nec, 3H.

7. Teppuan u Ceeunnu (Terrill H. M. and Swenny L.),
J. of Franklin Inst., 237, 495—497, 1944; 238, 220—222, 1944:
) F(x)e¥, x=0(0,01)4, 6 mec. 3H.

8 Munnep u Toprnon (Miller W. L. and Gordon A. R.), J.

Phys. Chem., 85, 2785—2884, 1931:
F(x), x=0(0,01)4(0,05)7,5(0,1)10(0,2) 12, 6—9 nec. 3H.

3HayeHUsl MHTerpasa BepOSITHOCTH M DPOALCTBEHHBIX (YHKUUH OT KOM-
MJIEKCHOTO apryMeHTa MOXHO Haiitu B Tabauuax Kapnosa K. A., Han.
AH CCCP, 1954, 1958, danneeso#t B. H. uTepeﬂTbeBonH M.,
Wan. AH CCCP, 1954,

M3 Ttabauu cnenuanbHeIX QYHKUUH, cojepkaliux HHTerpansl PpeHens,

MOTYT GHITb OTMeueHHl CJelyloliHe:
9. Tabauub wunrerpanos $penens, Msn. AH CCCP, 1953:

S(x), C(x), x==0(0,001)25, . 7 nec. 3H.

10. duxe E. n Omae &., Tabauuw ¢ynxuuit ¢ ¢dopmynamu u
kpunmu, dusmarrus, 1959:

c(]fg) S(V?) x=0(0,1)1(0,5)50, 4 nec. .

11. Batcon I'. H. [I]

c(VE) s(Y ). 5=0001055, 6 . on

12, Xa#tawn (Hayashi K.), Fiinfstellige Funktionentafeln, Berlin,
1930:

c(]/?-?) S(‘/g) £=0(0,02)1(0,5)50, 5 mec. .

13. Ban Bunrapnen u llun (Van Wijngaarden A. and
Scheen W. L.), Tables of Fresnel Integrals, Amsterdam, 1949:

Cx), S(x)) x=0(0,01)20 5 nec. 3H.

CsefieHust O ApYrux TabAMLAX MHTErpaja BePOATHOCTH M POLCTBEHHBIX
¢yHkuuit comepxarcs B cnpaBodyHukax A. B, Jle6enesa u P. M. de-
aoposoh [1], H M. bypyunosoi# [}], PneTuepa, Muaaepa
u Posenxepa [I].
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Ynpaoxcnenusn

1. INokasate, uto QyHKIHUA ¢ (2) = __Q_n_ P ) y;[OBJ[eTBOéﬂeT nubdepen-

IMaJbHOMY ypaBHeHul0 ¢’ — 22¢ = 1, U TMOAYYHTb OTCIONA pasioxeHue

(222"
e @)= 213 “@nFn [Fl<e

2. Bocrnoab3oBaBmuch pe3yabTaToM npumepa 1 u dopmyaoit (2.4.5), BeiBecTH
~ pasJioxeHus uHTerpanos Ppenens:

C(x)=x[a(x)cos£2£2—+ﬁ(x)sin i;i],

S(x)=x[a(x)sin lér—z-—gi(x)cos -7%1],

rae
=)

— 1 ey W (= 1)F (mary
“"‘)=E T3 @y PO= E_T NTEER

3. Nurerpupys 1o yacTsM, K0KasaTth, 9TO
|
®(x)dx=xD(x) f ——= e ¥ +C.
[ee @+ e+
4, Tokasatb, uTo ecau f— npeobpasosanne Jlamnaca ot dyuknwu f(x):

F=| f(x)e~P¥dx,
J

TO
p!

== (3]

5. [Toayuntb HHTErpajbHble NMPEACTaBJCHHS

[ee)

F(2)= f e~ sin 224 at,
0
[ee)
2 _p sin 2z¢
(I)(Z)—';’/’.e -——'?——dt.
0

YV KkasaHue. 3aMEHHTb sin 22f CTeNEHHLIM PAJOM H BHOAHHTb MOUYJEHHOE
MHTETPUPOBAHHE.
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6. HOle‘lHTb HHTEerpaJjbHbie NPEACTaBJCHUA IJd KBaJapaTa HHTerpasja Bepo-
ATHOCTH:

—z’(1+t’)
2 =] —_——
2 (2) 1 / 1 +t2 dt, ’

=2 (1417 ’ n
[1—<I>(z)1=—f L, lagz| <

Yxasauue. llpexcraButsh ®?(2) B Buje ABOHHOTO MHTerpaia no o61actu
(0 {s <2 0t 2) 1 mepeHiTH K MOJSPHBIM KOODAUHATAM.
7. Bhisectn cbopmym,x

1—'1>(z)=V—2; e“z’/ e~ -2t g4,
o

4 _on —£2-22t V2
M—®@)P=-—=c¢ e @ (¢) dt.
]/n Of

Yxasauue. Bropas ¢opmyna noayuaercs H3 HepBOH MOCKe mepexona
B JBOHHOM m—nerpane 1o obaact (0 < s < 00, 0L £ S) K HOBBIM NEpEeMEHHBIM
a=s5-41 B=st
8. JlokasaTb paBeHCTBa
1. w22
sin —— (1x22)

1522

2

C2(2)+£8%(2) = = dt.

9, IMokasare, uTO

C(;;):%/‘J__l(t)dt, S(x)=%/ J1 (9 dt,
0 2 0 2

rae J, (x) — dynknua Beccens mopsaxa v (§ 5.8).

JIMTEPATYPA K I'JTIABE 1I

Hunbcen [2]; Opneitn, Marnyc, O6epxertunrep, Tpukomu (1], 1. 2; JIdm u
Lo6auk [1].

Crpapounnku: [pagmreétn M. C. u Peokux M. M. [1]; Marnyc u O6epxert-
Tunrep [1].



FTABA I
UHTETPAJIbHAS NTOKA3ATEJIbHAS ®YHKLUS
W POJACTBEHHBIE Efl CNELUWAJILHBIE &YHKLIUH

§ 8.1. UHTerpasbHas nokasaTeabHas (yHKIHA
H ee OCHOBHLHIE CBOicTBa

UnterpanbHas TokasateabHas ¢ynkuua Ei(2) onpesenserca kax
MHTErpait:

Ei (2) = f—e;-dt, |arg (— 2)| <, 3.1.1)

B3ATHIM MO TPOU3BOJLHOMY NyTH L B MJIOCKOCTH £, paspe3aHHOH BHOJb
TIOJIOXKHUTEILHOR BellecTBeHHOH ocu (puc. 4).

z

_/

Puc. 4.

B nonyuennoi#t takuM o6pasoM ONHOCBS3HOH ®6JaCTH NMOABLIHTErpalb-
HOe BhHIpaXKeHHe MpPeNCTaBAdeT PETyJNAPHYI0 (YHKIHIO KOMIIEKCHOrO repe-
MEHHOTO f, NO3TOMY 3HaueHHe HHTerpaja He 3aBHCHT OT BHIAA NYTU M
B COoOTBeTCTBUH C oOwe#t Teopemoit Ei(2) sBasercs pery.'mpﬂoﬁ ¢QyHK-
nHeR 2z *).

*) OTMeTHM, 4TO B KayecTBEe NyTH HHTerpupoBaHHus B (3.1.1) MOXHO B3ATb
TaKKe OTPe3oK MpaMoit —oo < R (f) < R(2), I(t) =1(2), npoxonsumeit uepes
TOYKY 2 H mapaiiefbHOH BeleCTBEHHOH OCH.



48 UHTETPAJIbHAAL TOKA3ATEJ/IbHA &Y HKLUA [ra. m

Ecan 3aMeHuTs 2 HA — 2 U £ Ha — ¢, TO ¢opmyna (3.1.1) npuHu-
MaeT BHIL

—»Ei(—z)zf—q;dt, largz| < m. (8.1.2)

dynkuus — Ei(—2) perynspHa B IJIOCKOCTH C pa3pesoMm (— oo, 0).
TCpadpuk srTo QyHKuUMM Ang 2==x > 0 u3obpaxeH Ha puc. 5; paccma-
TpuBaeMass (YHKUUA MOHOTOHHO YOBLIBaeT
-£it-z) or 3Hayenus — Ei(0)=--co n0 3HaueHus
—Ei(—o0)=0%),
. Jas Toro 4to6Ll MOAYYUTH Pa3/iOKeHHe
1oy B DAl HHTErpaJbHOH moka3arejbHOM (YyHK-
LMY, NperCcTaBUM paBeHCTBO (3.1.1) B BHIE
-1

Ei (2) = / S dt+ f Va4

-0
z
f__
of e [
0 -1

M 3aMETHM, YTO CyMMa MNepBBHIX JABYX HHTe-
rpajioB ecTb HeKOTOpas aGCoJIOTHAas MOCTO-
AHHAfA, KOTOPYI0 MH 0603HaunM uyepes C.
[Tosaras B mepsBoM HHTerpajte ¢=——u~1,
a BO BTOPDOM f!==— i, HaXOLUM:

1

L~ T
C———%% 735+~ c= [l—e;—"’—— du, (3.1.3)
Puc. 5. 0

oTkyna, Ha ocHoaHuu (1.3.20), caenpyer, uto C cOBnajaeT ¢ MOCTOSH-
Ho#t ditnepa: C=7=0,5772157... TakuMm 00pa3oM, Mbl uMeeM *¥)

. ' ze‘—l
Ei@)=1+In(—2+ [ L5 at, |ag(—2)|<r (.14
0

-X

*) [IpousBonHas i‘;— (—Ei(—x))=— ¢ <o npu x > 0.

*%) B naHHOH KHHre mOX 1Nz NHOHMMaeTcsd OJHO3HauHasg BeTBb (YHKIHUH,
ompefenseMas PaBeHCTBOM

Inz=In|z|+4iargz, |argz|<m.
Ananoruuno dyHkuus 2° (v — npousBoabHoe) obosnauaer e’ M7 u 1, 1.
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VinTerpan B MPAaBOH 4YacT¥ TMOC/EIHEro PaBeHCTBA, MNOIBIHTErPa/bHOE
BLIpaXkeHHe B KOTOPOM eCTb lieJas QYHKIUSA, NpeacTaB/iseT cobolt ueayio
GYHKUMIO KOMIJIEKCHOTO MEePEMEHHOTO 2, KOTOpas MOxeT OHTb pasio-
»eHa B CTemeHHOH psin, cxonsuwuBcs Ha BCelt miockoctu. YTo6nl nonyuursb
3TOT psf, AOCTATOYHO Pa3/NOKHTb MOABIHTErpaNbHYI0 (QYHKUHMIO MO CTe-
neHaM £ W NPOMHTErpMpOBaTh MOYIEHHO. MBI HaXOAMM TOTAa

z z

ef —1 Sl SIS ‘
/ 7 dt:f Srdt= Yy 2l <o
k=1

0 0 k=1

OTKYla CJeLyeT, 4TO MCKOMOE Pas/okeHHe HHTerpaibHOH MoKasaTenbHOH
¢yHkuuu 6yaer

I:Ti(z):~(—{—1n(—z)—l—21| %kk—, larg (—2)| <= (3.1.5)
' : k=1

PassioxeHne CHpaBelJHBO BO BCSKOH TOUKE MJIOCKOCTH, pa3pe3aHHOM
BIOJIb TOJOXUTEJbHOH BellleCTBEHHOH IMOJYOCH.

Us ¢opmyast (3.1.5) BuTexaer, 4to 3HayeHus ¢ynxuuu Ei(z) Ha
BepXHeM M HUXHeM Oeperax paspesa OyLYT COOTBETCTBEHHO

Bi(x £ i0)=Ei,(x) g =i, x>0,

rae Ei; (x) — BewecTBenHas QYHKUHMA, ONMpenenseMas PaBeHCTBOM

Eiy () = o [Bi (¥ 10)+-Ei (x — i0)] = 7 In v 37, x>0,
k=1
(3.1.6)

Ei;(x) HasmiBaeTcd MOLHGUIMPOBAHHOH HHTerpajbHO! MOKa3aTenbHOH
dhyHKMel *). ,

WurerpanbHas nokasaTe/bHas (YHKUMA 4YacTO BCTpPevaeTcsl B NPUJIO-
KEHHSIX, HalpUMep B TEODUU W3JyUeHHs PAAMOBOJH aHTEeHHOH W B LPYrux
3ajayax (M3WKH M TeXHUKU. MHOrue uHTerpajnl 6oJjiee CJHOXHOIO BHIAA
MOTYT OBITb BHIPaXEeHBl Yepe3 MHTErpa/bHyI0 NMOKasaTe/lbHYI0 (yHKUHAIO.
Tak, HampuMmep, HHTerpain

f e*f (2) d,

rie f(2) — npousBosbHAas pauMOHa/NbHAA (QYHKUUS, MPEICTABJIAETCT B KO-
HeuHOM Bule uepes ¢yuxumo Ei(2) u o/nementapHeie QyHKmuu **),

*) Wuoraa aas stoit pyunknun coxpanserca o6o3nauenne Bi(x), 1. e. mpu-
uumaercs, uto Ei (x) =Ei, (x), x > 0.
**) CM. ynpaxueHus, npumep 9.
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§ 3.2. AcumnroTHueckoe NMpeACTABJEHHE HHTErpaJjbHOi
NOKa3aTeabHOH QYHKUHH AJA |2| — oo

Ilng TOro 4yTOGH NOJYYHTb ACHMNTOTHYSCKOe npencraBreHue Ei(2),
TIPUrofHOe I/ annpoKCUMauuy 3TOR GYHKLUU NPH OOMbILUX IO MOLYJIO 2,
Bocnoab3yeMcsl dopmyaofl (3.1.1) u npeobpasyem ee ¢ NMOMOLUBIO MHOrO-
KPAaTHOTO MHTErpUPOBAHUS MO YACTAM.

Mbl uMeeM TOrma

z

¢4
ef i et
f‘r‘”~7+ sz‘”='z
—0

~00

z
1 1 1.2 1.2...n o
:ez[;+gf’+7+---+—zr7Jrl—’2J+l 2. (n4-1) [tTr? at
OTKYyla

Ei ()= 2%‘+rn(z) : (3.2.1)

rie
z

r,@)y=mn-+1Dlze"* '/It—::;,‘,—dt, larg (—2)| < = (3.2.2)

—o0

JInd OleHKM BeJMYMHBl OCTATOYHOTO ujeHa r,(2) 3aMeTHM, YTO HHTe-
rpUpOBaHUE MO NePBOHAYA/JIbHO U3OPAHHOMY MYTH MOMXET GHITH 3aMEHEeHO,
B cuay teopembl Komm, wuHTerpupoBaHueM mo npsiMoft, mapasienabHOH
BelleCTBEHHOH OCH, NPOXOLsLUeH uyeped TOUKY f==2.

[IpeanonoxuM, uto |arg(— 2)|<®—28 (3 — npousBOJILHO MaJsoe
MOJIOXXUTEJIbHOE YMCJO0) U IOJOKUM z-_x—[——iy Tornpa Ha nmyTH uHTe-
rpuUpoBaHual t =0y (—oo <o x) u |et~?|=e°~*, |t|>|2|sin3,
N03TOMY

X

r (Z) <_~ﬁ_L_ ’ea—xdc:M[Z —n—1=0( 2 —n-—l).
1722 |

IZ |n+l (sin B)IH"Z (Sil’l B)n+2
(3.2.3)
HonyquHaﬂ OLEHKA IIOKa3bIBaeT, UYTO MUHTErpaibHad Mokasate/bHasd

dyHkuua Aa8 GOMBIIMX 3HAYEHHH |2| AomyckaeT acCHMATOTHYECKOE MNpel-
CTaBJ/IeHHE:

Ei ()= 2 "‘+0(|z]-n |, |arg(—2)| <m—3. (3.2

k-O
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Hs (3.2.4) cnenyer, uto pacxoasuuica psaa

sgngerca acuMnrotnueckum ans ¢ynxumu Ei(2) B cexrtope |arg (— 2)| <
< m—23.

™
3aMeTHM B 3aKJIOYeHHe, UYTO €CJH ]arg(—z)|<7 (r. e. mpm

R (2) <0), nas Monyas r,(2) nonyuaerca Gosee TOYHad OlleHKa

1
7, ()] < ("4[;31'- | (3.2.5)

Owubka, ‘nonyckaemas npu anmpoxcuMauun ¢yHkuuu Ei(2) cymmo#t
KOHEYHOTO YMCJA YJ/IeHOB pAcCMATPHBAEMOrO psla, B 3TOM Ciyuae He
NPEeBOCXOJUT N0 MOAYJIO BeJUYHHB NEPBOTO OTOPOIIEHHOrO Y/eHa.

§ 38.3. UHTerpanbHas mokasareiabHas (yHKUUSA
C MHMMBIM aprymMeHtoM. UHTerpajbHpie CHHYC H KOCHHYC

Ecnu apryMeHT uHTerpajbHo#t ¢yHkuuu Ei(2) ecTb MHHUMOe 4HCHO
z=uxi (x>0), paccmarpuBaeMas (YHKUMS MOXeT OHITb BHpaXKeHA
yepes nBe BeliectBeHHble QyHkuuu Si(x) u Ci(x), usBecTHHE B JuTepa-
Type IOJ Ha3BaHMEM MHTErPAJbHOTO CHHYCa M HHTerpajbHOTO KOCHHYCA.

A1d GYHKUME, MMelOlMe TakKe OOJbIIOE CAMOCTOSITE/bHOE 3HAYEHHE,
B O0LleM Ciayuae KOMILIEKCHOTO apryMeHTa ONpeleJsioTcs npu TIOMOLLH

dopmy
z z

31(z)=[s“;‘dt; Ci(z)=/°°:"dt. largz| < (3.3.1)
0

o]

rie B MEePBOM HHTerpaje BHIOOpP MYyTH MHTerpipoBaHHA SBJASETCS BIOJHE
NpOU3BOJbHLIM, BO BTOPOM — OrpanuyeH TpeGoBaHueM, 4TOOb KpuBas L,
BIO/b KOTOPO! NMPOM3BOAUTCS MHTErPUPOBAaHHe, NMPUHALJIeKANA- NIOCKOCTH,
paspe3aHHOM BIOJIb OTpHILATE/IbHOM BelleCTBeHHOH mnoJayocu (puc. 6).

CoraacHo ofmelt Teopeme *), Si(2) — uenas ¢ynkuus 2, Ci(2) —
GYHKLUA, pery/aapHas B MJIOCKOCTH C Pa3pe3oM BLOJb MOAYOCH (— oo, 0).

*) CM. CHOCKY Ha cTp. 24.
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52
[lpu BewieCTBeHHOM 2=Xx >0 o06e (YHKUHU BeLIECTBEHHH U UMEIOT

KoJeOaTe bHBI XapakTep *),
z .
\

Puc. 6.

[penenbHble 3HAaueHHs paccMaTpuBaeMbiX (GYHKUMH npu OOJbLINX ©
MajablX 3HayeHUAX apryMeHTa JatoTca GopMmynamu:

Si (0o =—£; Ci(co)=0, :
(0= (@) (3.3.2)
Si(0) =0; Ci(+0) = —oco0.
Ipaduxn oynkuuit Si(x)y u Ci(x) usoOpaxens Ha puc. 7.

Si@

Puc. 7.

Ilag tToro yToGH YCTAaHOBMTb CBsI3b Mexay ¢yHkimamu Ei (xi), Si(x)

1 Ci(x), nonoxum B ¢opmyne (3.1.1) 2= xi(x > 0) u nokaxem, uTO

*) [Ipn x <0 Si(x)=—Si(|x|), ¢yuxuus Ci(x) He onpenesena. Kone-
GaresbHbI XapakTep caeayer us ¢opmya: p

sin x
) -a—;;Sl()C): L —Z;Cl (x).._
0Ka3bIRAIOIKE, 4T0 Si (X) AOCTHraeT SKCTpeMyMa B Toukax x =nn (n=1,2,...),

Cos x
X

Ci (x) ~ B TouKax X = n+7 n(n=0,1,2,..).
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HHTErpUpOBaHME NO NepBOHAYa/NbHO M3GPAaHHOMY mnyTH L MOXeT ObiTb
3AMEHEHO HHTErpUPOBAHMEM BLOJb MHHMO# ocd. [lis J1OKa3are/bCTBa

¢

e
PacCMOTPHM HHTerpan OT GYHKUMM —, B3ATHH MO 3aMKHYTOMY KOHTYpY,
cocrosiemy u3 nyru Cp kpyra paauyca R, ONMCaHHOrO M3 Hauana KOOp-

Rt

b
)

Puc. 8.

nuuar, orpeska Lp xpuso#t L (puc. 8), HaxoAfulerocs BHYTPH STOTO
kpyra, u orpeska (x, R) muumo#t ocu. ITo Teopeme Koummu umeem

Ri

L}{+ | +CRf=o.

Xi

[lpu mepexome K mpeleny npu R—>oo murerpan no Ly crpemutcs
k Ei(xi), a unrerpan no Cp ucuesaer ¥), nostomy
ico X X X
t iu H
s e . e cos u . sin u
El(xz)-——f tdt_/ u.du—-f ” d“"r"f—“‘.u du,
[ee) oo

xi =)

n T
*) Ha nyre C, ¢=Re%, = <0 <=, nostoMy, npuHuMas BO BHUMaHue
R 9 y, np

H3BECTHOE HEepPaBeHCTBO sin ¢ > —%— ¢, cnpasegauBoe mpu 0 LY << -725— , HMeeM:
id i
n 2 2
2R
t - —p—R
[Fal< [ atan [erag [T g- g5
CR k3 0 0

2
OTKYJZa BHITEKaET, YTO f -»0, korga R-»co,
C R '
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OTKYyJZa C/lelyeT HCKOMOE€ COOTHOLUEHHE: ’ .
Ei (xt)::Ci(x)—i[%—Si (x)]. x>0, (3.3.3)
AHanornunbiM 06pasoM moJayuyaeMm
Ei (— xi)=Ci (x)—}—i[%—Si (x)], x> 0. (3.3.4)

dopmyas (3.3.3)— (3.3.4) nmokasanm pa1 x >0, opHako ¢ mo-
MOLIbI0 TMPHUHUMNA AHAMMTUYECKOTO NPOJLOJIKEHUs Jerko INOKasaTh, UTO
paccMaTpuBaeMbie COOTHOLIEHHs CrpaBeluBhl B Go/ee WKPOKOH 0BxacTH,
HMeHHO *)

in

Ei(—ze_T) =Ci (z)—-l[;——Sl (z)], —_ % Largz < =

in (3.3.5)
Ei(—2e7)=Ci (z)—}—t[;——Si (z)], —n<largz < —121
M3 (3.3.5) BLITEKAlOT MOJIE3HEIE PaBEHCTBA:
in ) _dn
Ci(e) = -;—[Ei (—-zeT) +Ei(—ze 2 )] ,
(3.3.6)

Si (2) = %——%L.—[Ei (—zei_;) —Ei(—ze—%‘)],
|arg 2| <—;—,

Jaloliue TNpeicTaB/leHUus QYHKLuR Ci(z) n Si(2) uepes MHTerpajbHYIO
TIOKa3aTeJGHYI0 QYHKUMIO,

dynkuun Si(2) u Ci(2) moryt 6bITb npecTaBJAeHE PASAMU NMPOCTOroO
Buna. Passnoxenne Si(2) nosnyuaercs myteM noicraHoBku B (3.3.1) cre-
NEeHHOrO psAfa IJf Sinf ¥ MOWIEHHOrO HMHTerpupoBaHMa. Mbl HMeeM:

2z

o (=DEp (—1)k 22041 -
Sx(z)—éf o =}‘ G rTTeRTTy 12 <o (3.3.7)

BriBop coorsercTylowero pasaoxenus aas Ci(z) TpebyeT HeckoJbKO
6osee CJIOMKHBIX pacCyxueHUM.

*) lleficTBUTENbHO, 06€ CTOPOHH paBeHCTB (3.3.5) MpeACTaBAAIOT PEryaspHbie
$yHKIMH 2 B yKa3aHHBIX CEKTOpax, CoBmajaioue nmpu 2= x > 0.
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IMpowe Bcero BOCHO/B30BaThCA COOTHOLIEHHEM MeX1Y (QYHKUUSMH

L1

Ci(2) u Ei(—zeiT) u paseHcTsoM (3.1.5). Mb mnosnyuum rorma *

C1(z)——~{+lnz+2(_222; ,  Jargz|<m. (3.3.8)

Vs ¢opmyan (3.3.8) B yacTHOCTM BBITEKAeT, YTO 3HAYEHHA (PYHK-
uun Ci(2) Ha BepxHeM W HuKHeM Geperax paspesa (— oo, 0) nawrca
COOTBETCTBEHHO PaBEHCTBAMM:

Ci(—x £i0)=Ci(x) £ =i, x>0. (3.3.9)
Acumnrotuueckue npencraBaeHus ¢yukuutt Ci(2) u —g—-—Si (2) nas

Gombmux |z| u |arg 2| <% MOryT ObITb BEIBeNeHB U3 ¢opMmyn (3.2.4)
u (3.3.6). Mb Haxomum

Cl@="3% P —22Q@.

(3.3.10)

T cos 2

5 —Si()="22P(5)+-22 Q)

rae

p(z) E ("1) (Qk)! (Izl-Qn—2),

Q(2)= 2 (——1): 2k 4 1)! +0 (lzl —211—3)'

2R+1
k=0

§ 3.4. Hurerpaavuuii Jorapupm

C wuHrerpanbHO#l nokasaTeJbHOM (YHKUMed TeCHO CBf3aHAa Japyras
creuuanbHas (YHKLUHA, Urpalolias BaXKHYI0 pOJb B aHaJu3e M M3BeCTHas
noJ Ha3BaHHeM HHTerpanbHoro Jjorapudma li(2). dta ¢yHKuus onpene~
JSeTCA NMpPH MOMOLIM DPaBeHCTBA

R :
ll(z)=/%, largz| <, |arg (1 —2)|<m, 3.4.1)
0

ki1
*) IMepBOHauaJbHOE OrpaHUYeHHE |argz|<—2- JerKo ycTpaHdeTcs C Mo-

MOLUbI0O NPHHLUMIIA AHAMHTHYECKOro NMPOAOMKECHHH.
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rle uurterpan OGeperTcs BAOMbL NMPOM3BOMLHONO NyTH L, npuHas/exaiiero
TIIOCKOCTH C paspe3aMu IO BelueCTBeHHOH ocu (—oo, 0) u (I, oo0)
(puc. 9).

Ha ochoBanuu oOwefl TeopeMb *) HHTerpaibHeIl Jorapudm npen-
ctaBisier coOOft pery/spHylo (YHKLUIO B PacCMaTpUBaeMOH paspesaHHOMH
niockoctH. Ecaum BBeCTH HOBOe MepeMeHHOe HHTerpupoBaHHs u=Int,
Jerko BBHIPA3uTb 1i(2) 4epea HHTerpa/qbHYI0 MOKA3ATENbHYIO (YHKUHUIO,

Puc. 9.

JeticTBUTeIbHO, HCXOAHAA 004acTb f npeoGpasyeTcsl Ha TJIOCKOCTH #
B nosocy |/(#)|<<® c pa3pe3oM BHOJb MOJONKHTENbHOH BelleCTBEHHOH
noayocu # uHrerpan (3.4.1) mepexoiuT B HHTerpan

Inz

1l (2) == f < au, (3.4.2)

B3ATHIA 1O NPOM3BOJLHOMY INYTH, MpHHAHJe)auleMy sto# obaactu. Ilo-
C/eflHsAs COCTaBJsfeT 4acTb 06/JAcTH, B KOTOPO# Omnpele/ieHa MHTErpalb-
Hasi TnokasaTesdbHas ¢ynkuus (§ 3.1), mO3TOMY, COrIacHO NAHHOMY Bbille
onpejeseHuio STOR (YHKUMHM, HAXOLUM

1i (2) = Ei(In 2), (3.4.3)

rae gorapudM uMeeT CBOe TJIaBHOe 3HaueHHe,

[Moabaysacy coorHomenueM (3.4.3), J1erko BHIBeCTH CBOHCTBA MHTer-
paibHOro Jorapudma M3 COOTBETCTBYIOUMX CBOMCTB MHTErpajbHOM IOKa-
sareqbHOM ¢ynkumu. Tak, Hanpumep, u3 dopmyan (3.1.5) cuenyer
¢dopmya

li (2) = Y 4 In (— In 2) 2 (‘gfg . (3.4.9)

k=1

*) CM. CHoCKy Ha cTp. 24.
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Tae 2 NPHHANIENUT MIOCKOCTH ¢ paspedamu (— oo, 0) u (1, co), u n0-
rapudM Bcskuft pas 060sHAayaeT r/aBHOe 3HAueHHE ITOH YHKLMH.

Us (3.4.4) BuiTekaeT B 4aCTHOCTH, 4TO 3HaueHus li(2) Ha BepxieM
¥ HHxHeM Oeperax paspesa (1, co) 6yayT

li(x £i0)=1li;(x) F =i, x>1, (3.4.5)
rie yepes lij(x) oOosHaueHa BeLieCTBeHHass QYHKIHA:

liy () = 5 [1i (2~ 10) 4 1i (x — i0)] =

(n x)"

_1+ln1nx+2 . x>1. (3.4.6)

dyukuua li; (x) HasbiBaeTCs” MOAUGPUUUPOBAHHBIM HHTErpajbHHM J0-
rapudpmom *). M3 (3.1.6) caenyer, uro sra ¢yHKuUMA CBfi3aHa C COOT-
BETCTBYIOIeH MONMPUUMPOBAHHOX HHTErpajbHOR MOKa3aTelbHOH (YHK-
uue#t Ei; (x) cooTHOuICHHEM

1, (x) = Ei, (In x). (3.4.7)

®yuxuua li; (x) uyacTo BCTpevyaeTCs B aHanu3e, B YACTHOCTH Mrpaer
BAXHYI0 pPO/Mb B TEOPHM UYHCeN-*%), :
B 3akaouenue yKaxeM Ha BbiTekaiollee M3 (3.2.1) acHMNTOTHYeCKOe
npeicTaBlieHue ’
n

k! ’
li(2) =2 §W+rn(z) , lagz|<m—3,  (3.4.8)

rae |r,(2)] =0(|In z["""l) Aas GonbWMX 3Hauenut |[lnz|.
B wactHoct, npu [2|< 1

Ira (@] < DL

[lnz |n+1 *

§ 3.5. Mpuaoxenue K paguorexHuxe. Hsayuenne aunefinoro
NnOJIyBOJHOBOTO BHOparopa

B kauecTBe MPOCTOrO NMpHMepa NPUJIOKEHHS CHelHaNbHHX (YHKIuH,
U3YUeHHBIX B HacTosille#f riase, PacCMOTPHM 3a1auy 00 H3JIy4YeHMM ONH-

HOYHOro nuHefiHoro subparopa (cM. puc. 10) mauHB 21=% (A — nauHa

*) UHorza coxpansor nas 9ToH GyHKIMM HasBaHHe M O0GO3HAUEHHE HHTeEr-
panbHOro Jorapudma, HCMOMb3Ys TO OGCTOATENLCTBO, 4TO Jad 2 = x > 1 pac-
cmaTpuBaeMad GyHKIHUA He onpexeseHa paBeHCTBOM (3.4.1).

**) Cm. nanpumep, Murawm [1].
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BOJIHBI), MO KOTOPOMY TeyeT.MepeMeHHb#t TOK YacTOThI m_——_%ﬂ-c-, pac-
npefe/eHHblt BOAb NPOBOAA TO 3aKOHY
4 !
]=Iocosm—cosmt. — LKL (3.5.1)

Ecnn 0603Ha4UTb 4Yepes E” u H? Bexropms ssekTpuueckoro u mar-
uutHoro moaet, E u H—uX KoMIJeKCHbIE aMIINTYHbl, CBA3AHHBIE
C NMepBLIMH COOTHOLIEHUSAMH :

E® = R(Ee™), H"=R(He™'), (3.5.2)

TO CpelHAs MOLLHOCTb SHEPTHH, H3JyyaeMOH BUOpaTOpOM 3a mepuoi,
onpeneisercs GopmyToH

P=R { = (gf (EH"], ds } (3.5.3)
)

rae (S)— npousBoJbHas NMOBEPXHOCTb, OXBATHIBAILIAs BMUGPAaTOp, N —
BHelHsin HOpManb K mnosepxuoctd, H*— conpskennoe sHauenue Bek-
topa H *).

Puc. 10.

B paccmarpuBaeMoM cayyae BekTopul E u H uMeoT B cdepuyeckoft
cucreme koopaunat (r, 0, ¢) xomnonentn (E,, Ey, 0) u (0, 0, H), u
B KayecTBe MoBepXxHOCTH (S) yA00HO BhIGpaTh cdepy r==p NPOU3BOILHO
60JbLIOrO pajuyca p.

*) Cwm., nanpumep, CtpaTton [1].
3aMeTHM, 4TO CONPSKEHHBIM B3HAaueGHHEM KOMIIeKCHoro Bextopa H, cocra-
BASIOIIHE KOTOPOTO CYyTh KOMILIEKCHble uucaa (H,, Hy, H,), HasbiBaeTcs Bek-

& #* *
top H* ¢ cocraBasiomuMu (Hx, Hy, Hz), HpeCcTaBAfoUKUMH CO60H KOMINEKCHO

. =
conpskeHuble uncna H, = H,, H; =H, H,=H,
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dopmyna (3.5.3) npuHuMaeT Toraa BUJ
P=R -fi—z—fEeH*sinOdG 5 (3.5.4)
0

rie NMOL 3HAKOM MHTerpajga MOXHO 3aMEeHUTb TOYHBle 3Hauenus Ey, u H
UX aCHMNTOTHYECKHMU BbIPaXKEHHSIMHU.

Bocnosb3oBaBIKCh U3BECTHHIMU GOPMYJIaMK JJIs COCTABSAIOIMX 3JEK-
TPOMArHHTHOrO MO/ 9JEMEHTAPHOIO LUIMOAA M MHTerpupys no &, Ml
JIErKO MOoJyuaeM, 4YTO NpPU JOCTATOYHO OOJIBILOM P

1 T
H=~E~ lgék e—ike sin 6 /cos—g%e’k““”dc = 2£gi e~tke = (?mcgs 0),
-1
rie k—_:-‘;i, OTKyJa chaepnyer
i 5 cos? ('TQi cos 0)
P=-C—f——sm—6—~———d6. (3.5.5)

TMocnenuuft uHTerpan MoxeT ObITb BbipaKeH Yepe3 HHTErpajbHbIA KOCH-
Hyc Ci(x) (§ 3.3).
BBoas HOBOe NMepeMeHHOe MHTErpUPOBAHHA X == cOs 0, uMeeM:

¢ 1—x2

1 1

](2) 1+C031UC Ig 1+cos1|;x

P=%) T == [ gt
0

1

1 2

2

14 cos nx _ 1k /'l—cosny /‘ 1— cos ny

R e el a2 Bl B Bt
0 1

2r

2
](2) 1—cosny 13 1—cosz
=7c—,/._y—_—“dy=2_c./. — dz. (3.5.6)
0 0

Ecau Bocnonbsosathest Tenepb Qopmysoft npumepa 3, crp. 61, no-
Ay4aeM OKOHYATENbHO:

2
P=g’c— (Y +1n 2% — Ci (27)], (3.5.7)

rae Ci(x)-— unrerpanbubift KOCHHYC, Y— NocTosHHas dfnepa.

Metoa pacuera wus;yueHus, H3IOXKEHHHH B HactosuleM naparpade,
MOXeT OBITb NpUMEHEH K aHTeHHaM G6oJee CNOXKHOR KOH(Urypauuy,
npuyeM B3aMeyaTelibHBIM SBASETCS TO OGCTOATENECTBO, YTO M B 3THUX
ClyuasX MCKOMBIH pe3yabTaT BBIPAKAETCS YePe3 MHTErpPanbHble (YHKLHHU,
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§ 8.6. CBepenns o taGaunax
HHTErpaJbHON mokasarteabHON ¢yHKuHN
H APYTHX POACTBEHHHIX el ¢yHKuuii

Ins (dyHKUMA, PACCMOTPEHHBIX B HACTOfLIEH riaBe, CYLIECTBYeT Pl
NOAPOGHLIX TaG/Hll, M3 KOTOPHIX Mbl YKaxeM Ha ClelyloLiue:

1. TaGauupl uHTerpaibHoft nokasareabHo#t dynkumun, Msx. AH CCCP,
1954:

Ei (x), —Ei(— x),
x ==0(0,0001) 1,3 (0,001) 3 (0,0005) 10 (0,1) 15, 7 3H. 1.

9. TabJauubl WHTErpaJbHOrO0 CHHyca M KkocuHyca, Msa. AH CCCP,
1954:

Si (x), Ci(x),
x = 0(0,0001) 2 (0,001) 10 (0,005) 100, 7 Zec. 3H.

3. fluke E. u Omae &., Tabauubn oynkuu# c q)opmynamn ¥ Kpu-
BbiMu, Pusmarrus, 1959: .

—Ei(—x), x=0(0,01 1 (0,1)5(1) 15,
Ei; (x), x=10(0,01)1(0,1)5 (1) 15, ]
Si(x), Ci(x), x==0(0,01)1(0,1)5(1)15(5) 100 (10) 200 (100) 103 !
4—6 sH. 1.

4. Tables of Sine, Cosine and Exponential Integrals, National
Bureau of Standards, vol. I—II, 1940:

— Ei(— x), Ei(x), x=0(0,0001)2(0,001)10(0,1) 15, }

Si(x), Ci(x), x==010,0001)2(0,001)10(0,1)20 (0,2) 40
9—10 zec. 3H,

5, Kapnos K. A. u Pasymosckutt C. H., Tabauus wunre-
rpanbHoro norapudma, Msi. AH CCCP, 1956:
li(x),
x=10(0,0001)2,5(0,001)20(0,01) 200 (0,1) 500 (1) 10 000 (10) 25 000
7 3H. L.

IMpu x > 1 noxn li(x) noHuMaercs rjaBHOe 3HAYeHHe HHTerpana, PasHOe
1y (%).

JlaHHble O ApYTHX TalOJULAX NpUBefeHbl B CNPaBOYHHMKAX, yxasauﬂblx
Ha cTp. 27.
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Ynpaxcuenus

1. MMonyynth uHTErpajbHOE NPBACTABICHUE

[oe]

—-Ei(——z):e"za mdt |arg 2| <

2. Moayuuth HHTErpajbHOE NpPENCTABAECHHE I KBaJApata HHTErpaibHo# mo-
Ka3aTeJbHOH (QyHKUUM

a

_2—-

- o 1n(1420) n
i 22 t e
[Ei (—2)]2=2e ./‘e 2 7 dt, argz| < 5
0

Yxaszanue. [IpencraButb JeByi0 CTOPOHY B BHIE HIBOHHOrO HHTErpasa
no obaacth (0<Ls<<oo, 0LES) U BBECTH HOBHIE NEPEMEHHBIE o = § 47,
B = st.

3. MMoayuuth HHTErpanbHOE npencmsneuue

Cl(z)—1+|ﬂ2—/}—ﬂ£dt, |arg 2| < .

4. Vicxons us (3.1.1) u onperneneHns MOAMGMHUMPOBAHHOH HHTErpajJbHOH MO-
kasateapHOR ¢yHkuuu Ei, (x), mokasarp, 4TO

N ot xet
Ei, (x) = lim /Tdt+[—dt , x>0,
e>0 e . t

- 00

. p
1. ¢. uto Ei; (x) ecTb riaBHOE 3HaueHME HMHTErpana >y dt.
.
—00

5. HOleqHTb HHTErpajJbHOE npeﬂcraBAeHHe

f—1 4

Ei, (x)_14~1nx+f

Vkaszauue. Paszioxurb nu'rerpan B paAjA MO CTENEHAM X ¥ BOCMOJb30-
Bathca (3.1.6).
6 [NpumeHss mpaBuiIo J]OI'HTaJlﬂ NOKa3aThb IOCAEJOBATENbHO
lim e~*Ei, (¥)= lim xe—*Ei (x)=1
X =>+co X =>+o0
U MOAYYHTb OTCIOZA aCUMNTOTHYECKYI dopmyay
: o
Ei, () =~ —.
x>+4c0 X
7. Bocnonk3oBaBmHKCh pe3yabTaToM npuMepa 6 u cooTHomeHueM (3.4.7),
BBIBECTH aCHMITOTHYECKYIO (OpMYTy
; X
i (v) ~ +——,
X>4c0 11X

)

Urpaomyo BaXHYH pPoJb B TEOPHUH UYHCE.
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8. Moayuuts dopmyay

I—e X
. dt dt
0

1+

Ykasanue. BocnoabsoBarbes cooTHomenueM (3.4.7) U pe3yAbTaTOM Npu-
mepa 4. :

9, Nurerpan f f(x)e*dx, rne f (x)-—nponsaomauaﬂ' pauuoHaibHas (yHK-

oY H OyTh HHTErPUPOBAHMA HE NPOXOAMT UYepe3 0COGble TOUKH, MPHBOXHTCH
yepe3 BhIeJeHHe Lenoi wacTH f(X) M pasJoxeHHe OCTaTKa Ha npocrefimue
Ipo6H K HMHTerpalaM BHIa:

@ f stetdx, () f -z—)z—f—fa—)n—dx,

rje n— Ileloe MOJOXHTENLHOE YHCJIO.
Ilpu noMomy HHTErpHPOBaHHA MO wYacTAM uHTerpas Tuna (I) MoxmeT 6mTh
BbIpaxeH yepe3 sJeMeHTapHble GyHkIuH, a unterpan (II) — npusenen k uHTerpany

e* . o -
f —a dx, KOTOpBIH MOACTAHOBKOH U == X — @ CBORHUTCA K HHTErpajJbHOH Io-

Ka3aTeabHOH (QyHKUHH (BOOGIIE roBOps, OT KOMILIEKCHOTO apryMeHTa).
[IpyMenss oNMHCAHHBIH METON, NMOKa3aTh, 4TO NMpu X < 0

X

f.——et dt = £ 9Ei(x)+ e Ei(x— 1)
2E—10) """ x -

-0

10. Ecin f— npeoBpasoBanue Jlamaaca ot ¢yHxkumu f (ctp. 45, npumep 4),
TO J0Ka3aTh, YTO

Si(xi=~’}—arctg)}—, ——Ei(—x)=%ln(1+p),

Tl€ apKTaHreHc u .vlorapndm HUMEIOT CBOM I'JdBHBI€ 3HAYEHHA.

JIMTEPATYPA K TJIABE 1II

Humbcen [1]; dpaeitn, Marnyc, O6epxerrunrep, Tpukomu [1], 1. 2; JIgw u
[o6aux [1].

Cnpasounuku: T'pagureitn M. C. u Poixux M. M. [1]; Marnyc u OGepxer-
Tuurep [1]. :



''TABA IV
OPTOr OHAJIbHBIE MOJHHOMbDI

§ 4.1. O6wue 3ameuannss 06 OPTOrOHAJbHLIX MOJHHOMAX

Cucrema oynxuntt f,(x) (n=0, 1, 2, ...) Ha3bIBAETCA OPTOTOHA/b-
HO#i B mnpomexytke (@, b) ¢ BecoM p(x), eciH NpH BCAKOM m = n
MMeeT MEeCTO DaBEeHCTBO

b
[ P® fn(0) frxyax =0, (4.1.1)

rae p(x)— HekoTopas PUKCHPOBAHHAsA HeOTpHUATe/]bHad QYHKUHA, He 3a-
BUCALaA OT HHIEKCOB m U n.

IMpocTeffliuM NPUMEpOM OPTOTOHAJbHOM CHCTEMBl SBJSETCS CHCTEMa
TpUroHoMeTpuueckux ¢yHkuu# f,(x)=cosnx, KOTOpas OPTOrOHaJbHA
B npomexyTke (0, m) c BecoM p(x)=1, ubo npu m =£n

k4
f cosmx cosnx dx =0,
0

OpToroHajpHble cUCTeMbl GYHKUUH HrpaloT O60J/bILYI0 POJb B aHa-
Jiuse, TJABHEIM 00pa3oM B CBSI3M C BO3MOXHOCTbIO DAa3/IOXEHUs INpou3-
BOJIbHHIX (YHKUHH, NpPUHALJEKAIUNX K BeCbMa UIMPOKHM (PYHKIIMOHA/b-
HBHIM KJaccaM, B pSAB MO OPTOrOHANbHBIM (GYHKLHSM, NMPUMEPAMH KOTO-
PHIX MOryT cayxuTb psanbl Pypoe, pann Pypre — Beccens u T. .

BaxHBIl KJIaCC OPTOrOHAMbHBIX CHCTEM GYHKUHH COCTABJSIOT OPTO-
rOHaJbHbIE TIOMMHOMEL f, (X) == p, (x) (n — CTeneHb NOJMHOMA), K KOTOPbIM
OTHOCATCA TaKHe 4YacTO BCTpevaloUidecs B INPUJIONKEHHSAX CIelHaabHble
¢ynkuun, kak noauHoMel Jlexannpa, Opmura, Jlareppa, UYeOwiluesa,
flko6u u np. IlepeuncieHHBle OpTOTOHAJbHBIE TOJMHOMHE 006.aaioT,
Hapsly cO CBOHcTBaMH opToroHaabHocTH (4.1.1), panom Apyrux obmux
cBoiicTB; Hanp@Mep, OHM SIBASIOTCA HHTerpasaMu JAuddepeHInaIbHBIX
ypaBHeHHt NPOCTOrO BHIA M MOryT OHITb onpefesieHH Kak Ko3dpdu-
LMeHTHl PAa3JOXeHHs MO CTerneHSM f HEKOTOPOH COOTBETCTBEHHO BHIGpaH-
HOM yHKUUH w (X, £), KOTOPaA Ha3bIBAETCA NMPOU3BOAsALIEH QYHKUUEH,
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OproronajbHble MOJNUHOMBl HTPAIOT BAXHYI0O POJb B MaTeMaTHYeCKOM#
¢dusuKe, B TeopuU annpoKcUMauuu QYHKUHH, B TeOpHH MeXaHMYECKHX
KBaApaTyp 4 T. I.

Teopuu OPTOrOHA/JbHEIX MOJIHHOMOB NMOCBSILIEHO OYeHb GOJbLIOE YHUCAO
paboT, cpeld KOTOPHIX BHIHOE MECTO 3aHHMAIOT WCCJENOBaHHS BhLAA-
owuxca pycckux martematuxos II. JI. Ye6nimesa, H. M. Conuna,
B. A. CreksoBa, A. A. Anamosa, U. B. Ycnenckoro, C. H. BepHurrefina,.
H. U. Axuesepa u ap.

B nacrosume#f raase paccMaTpuBaeTcsl Teopus moiuHomos Jlemawnpa,
Opmura u Jlareppa, uMeolux Haubc/ee MHOTOUYHC/IEHHBIE NPUJIONKEHUS
B (usuxe u TexHuke. KpaTkue cBeleHHS O APYTMX THUIIAX OPTOrOHAJb-
HBIX TIOJIMHOMOB JaHB B YNPaXXHEHHAX K NaHHOH riase (nmpumeps 21—22),
JIlna ynoGcTBa uuTaTess, HHTEPeCYIOLLEroCs NpeUMYLIECTBEHHO NPHKJal-
HOH CTOpOHOH BOmpoca, u3/I0XKeHHe CBOHCTB Ka:uJAOro KJacca MOJHHOMOB
LaHO He3aBUCHUMO OAHO OT Apyroro. JIuI, HHTepeCcYOLUXCS H3yYeHHEM
TEOPHH OPTOTOHAMBbHBIX NMOJUHOMOB C Gosiee oOule TOUKM 3peHHUs, MbI
oTchIaeM K MoHorpagusm JlaspentreBa M. A. u Ila6ata B. B. [1],
Hoxexcona [1], Cere [1], Dpmefin, Maruyca, OGepxerrunrepa, Tpu-
koMu [l1].

§ 4.2. Noaunomu Jlexanapa.
Omnpenenenye M npoussoasmas ¢yHKuus

Monunome Jlewannpa P, (x) Aaf MOOBLIX BelieCTBEHHHIX WJIH KOM-
MJIEKCHBIX 3HaueHu nepemeHHoro X ONpeseasioTCs PH MOMOLLY POPMY H

P (%) = w77 2nn, dx,, (2—1y", n=0,1,2, ..., (42.1)

OTKYyla HeNnoCpeACTBEHHO CJelyerT.
Py(x)=1, P(x)=x, Py(x)=-5@Bx2—1),

Pa(x)=%(5x3—-3x) MoT. L

O6uiee BHpaxeHue Aas noJauHoMma Jlexanipa n-ro mopsaka nouay-
vaetca u3 (4.2.1), ecau BOCMO/Mb30BaThCS QopMysiof GuHOMA

n
(x2—1)" = (=1*n! x2n—2k

T RT(n—R)T
4yTO JHaeT -
I
Pn(x)SE 2"13(!—(-22—(/3)”!(:%)2}e)1 xn=2#P (4.2.2)

rie [v] oGo3HauaeT uesyl0 yacTb uYHCaA V.
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Huxe (§ 4.5) Gyner nokasaHo, uto NOJHHOME Jlewauapa o6pasyior
OpTOTrOHA/MbHYI0 cucTeMy ¢ynkuu#t Ha npomexytke (— 1, 1) c Be-
coMm p(x)=1%),

Cpoftictea nonuHoMoB JlexaHapa MoryT ObTb BhIBEJEHH BecCbMa
NPOCTHIM CHOCOOOM, ecid NpeiBapHTe/]bHO AOKa3aTh, YTO (QYHKUHS

w (%, ) = (1 —2tx 4 )7,

rle 3HaueHue KOpHA npu £=0 BHOpaHO paBHBIM elHHHUlle, SBJSETCA
npousBoduiedi GyHKuMe#H A ITUX NOJUHOMOB, T. €, IJd JOCTaTOYHO
MaiblX |f| uMeeT MecTO pasioxkeHHe

[oe]

1
w (x, )=(1 —2tx 413 T= Y, P, (x)t". (4.2.3)

n=0

gl

Tak xak w(x, f), paccMarpuBaeMas Kak ¢yHKuus £, peryjaspHa B Kpyre
|t| <r, pammyc r KOTOPOrO paBeH MeHblueMy H3 MoayaeH KopHeft
KBaIpaTHOrO YypasueHus | — 2fx 4 #2=0%**), 10 u3 o6wel Teopuu
ClelyeT, YTO CYLIeCTBYeT pas/OkeHHe B

w (%, t)= (1 — 2bx 412~ T 2 L <

n=0

¢ koapduuueHTaMu ¢, (X), KOTOpEe MOryT OHITb BEIPAXKEHH Yepe3 KOH-
TYpHble HHTSTPaJb!

1
¢, (x) =2—1‘u. / (1 — 2x—+2)" 2 g-n-1g¢, (4.2.4)
C

B3fATHE 1O INPOM3BOJLHOMY 3aMKHYTOMY KOHTYpPY C, OXBATHIBAIOLIEMY
Touky £==0 u npuHaniexaueMy 006JacTH PeryJaapHOCTH W (X, £)s
1

[pu nomowyu mnoxacraHoBku (1 —2fx %2 =1—+tu paccMmarpu-
BaeMble MHTerpajbl npeo6pas3yloTcs B HHTerpajsl OT PaLHOHAJIbHBIX
dyHkunui

2_1 n
ey ()= 5oy f Qn((‘; __x)),m du, (4.2.5)

*) 910 CBOHCTBO MOXHO YCTAHOBUTb TaKie, MCXOAA HEMOCPENCTBEHHO U3
ompefesenns (4.2.1). 3aMeTuM eure, YTO €CaH P, (X) — NPOU3BOJbHAA CHCTEMA
NOJIMHOMOB, OPTOrOHaJbHBIX Ha mnpomexyTtke (— 1, 1) ¢ Becom p(x)=1, 10
Pn (x) = 4P, (X), TIe |, HEe 3aBHCHT OT X.

*¥) B Hanboce Baxiom Aas TMPHIAOKEHHH c.uyqae, KOTAA X €CTb BEwecT-
BEHHOE 4uCJIO, MpuHajJexaumee npomexytky (— 1, 1), r = 1.
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M0 3aMKHYTOMY KOHTYpY C’, OKpYyXaiouieMy TOYKY # ==X *), U MOryT
GLITh BHIYMC/EHBI C IOMOLUbIO TEOPUH BHYETOB, [IpUMeHsst XOpoLIO UsBeCT-
HBle NPaBH/Ia, HAXOLHM

1 rdn@e—1my
0 ()= g [ g |, =Pa ()

YTO W NOKa3hiBaeT CNPaBeMJIMBOCTb YTBepxKAeHUs, BHICKa3aHHOTO BEHILIe,
B kauecfBe mpocToro npumepa NpH/IOKeHUs NPOUBBOAsALEH (YHKLHMH
K BHIBOLY CBOHCTB mo/iMHOMOB JlexaHApa yKaxeM Ha TMOJYYeHUe PaBEHCTB

. 1.3...(@2n—1
P,()=1, P,(—D=(—1% Pp@=(—1y 35 &=D
Py, .1 (0)=0, (4.2.6)
HeNMOCPEACTBEHHO BHITEKAOWMX U3 (4.2.3), ec/M NMOMOKHTb TaM X paB-
oM 1 uau O u 3aTeM pasNoOXKUTh JEBYI0 YaCTh MO CTENeHsM f.
[ToauHoMbl Jlexxanapa, = oOnpeje/eHHBE Bhille, MIPAT BaXKHYI POJb

B DAa3JHMYHBIX TNPHJIOXEHHAX, B YACTHOCTH B MaTeMaTH4YeckoR dusuke
(rn. VIII, § 3, 4, 7, 8, 13, 14).

§ 4.3. PekyppeHTHble COOTHOMEHHS U AnddepeHnHanibrHoe ypaBHeHHE
Jas noauHomoB JlexaHapa

Jpyroft npumep ucnoab3oBaHus pasnowenus (4.2.3) npencrasaser
BBHIBOL PeKYPPeHTHHIX COOTHOLIeHu# A/ nosuHOMOB Jlexannpa. YroGui
NOJNYYHTb MEPBOE M3 STHX COOTHOIIEHHH, BOCNOJb3YeMCS TOKAECTBOM

(1 —2xt 0% L (t—x)w=0

M noacraBuM B Hero pan (4.2.3). IlpuHuMas BO BHHMaHHe, uTO CTe-
MeHHOH PN MOXHO IuddepeHUpOBaTh MOY/IEHHO, HMeeM

(1 —2tx—+8) D P, (x) "1 (t—x) P, (x)t"=0, -
n=0 n=0
OTKY/la, NpUpaBHUBAsA HYMO KO3¢puLUeHT ripu t", HaxomuMm

(4-1)Ppi1 (%) — 2xnP, (X)4-(n—1) Py (X)4-Ppoy () —XP, (%) =0,
ni

(1) Py () — @14 1) Py ()4 1Py () =0, n=1,2, ...
) (4.3.1)

*) Touxe £ = 0 cOOTBETCTBYET TOUKA & = X M 3aMKHYTOMY KOHTYpY C — 3aMK-
HyThiH KOHTYp C’, Tak kak nocie 06x0Aa BAOAb C KOpeHb NPHHHMAET CBOE
npexuee 3HaueHue,
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PapencrBo (4.3.1) npencraBiaser co60#f peKyppeHTHOe COOTHOLIeHHUe,
cBsigbIBaIOlleE TPH NOCJAeNOBaTeJbHHX MNoJHHOMa Jlexxanapa. 310 pa-
BEHCTBO MOXET ObITh HCIOJb30BAHO JIJIsi MOC/ELOBATE/JIbHOTO BBLIYHC/EHHS
paccMarpuBaeMbiX MOJHHOMOB.

AxanornyHeIM O6pa3oM M3 TOXIECTBa

(1 —2xt+ )92 _ =0
noayuaem *)
(1 — 2xt 4 £7) 'go P’ (x)— gtnﬂpn (x)=0,
OTKYZa CJaeiayer
Pii () —2xP) (x)+ Py () — P, (x) =0, n=1,2,... (43.2)

Ouddepennupys (4.3.1) M uckmoyas M3 TNONYYEHHOrO PAaBEHCTBA

u (4.3.2) omun pa3 Py_;(x), apyro#t — P, (X), HAXONMM IBa APYTHX
PEKYPPEHTHBIX COOTHOLIEHHUS **):

Pri1(x) — xPr(x)=@n—+1)P,(x), n=0,1,2, ... (4.3.3)
£Py(x) — Pp_y (X) = nP, (x), n=12, ... (4.3.4)
CkuaaaeiBas 06a paBeHCTBA, NPUXOAUM K Gosiee CUMMeTpHUHOR dopMmye
Pry1 (2)— Py (%) = (2n—+ 1) P, (%) (4.3.5)

Haxonen, samenus B (4.3.3) n Ha n— 1 ¥ UCK/IOUMB U3 HafleHHOTO
4
ypasHenus u (4.3.4) Pp_;(x), Haxo1uM

(1 — %) Pp(x) =nPp_1(x)—nxP,(x), n=1,2,... (4.3.6)

*) Jlna 06OCHOBaHHA BO3MOXHOCTH IOYJeHHOro avdbdepeHnHpoBanus pana
(42.3) no mepeMeHHOH X HIOCTAaTOYHO yGeAMTHCH B PABHOMEPHOH CXOIZMMOCTH
3TOr0 psjga B 06aactd | x| < a (@ — nmo60e KOHEUHOE UHCIO), NpPH JOCTATOYHO

manbx |£]. Ilycts |£] < b, rne & =V a*F1—a. Torna, cornacio § 4.2, pan
[ee]

. 1
2 f-’-"i-f,‘-’fl [#|* cxomurea x (1 —2a|¢|—|¢[?) 2.
n=0
PaBHoMepHas cxonuMocTh psana (4.2.3) mpu [ x| < a, || < b caenyer Tenepsb
M3 HepaBeHCTBa

P, (ia
PO PR
BHTEKawlero U3 (4.2.2).

**) CnpaBelIMBOCTb JAJbHEHIIHX COOTHOIIEHHH IS HECKOJbKHX HepBHIX
3HaYEHHH 7 B HEKOTOPHIX CAYYasX He BhITEKaeT u3 O6ImuX paccyxkIeHuH; OXHAKO
npsamoit moxcTaHoBKOA Py(x) =1, P, (x) = x, ... 71erko y6efuTbCs B TOM, YTO
®TH COOTHOIIEHWA COXPAHSAIOT CHIY H JJf TaKHX 3HaueHuil n.
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[Toc/iennsst ¢popMy/a NO3BOJSET BHIPASHTh NPOUIBOIHYIO OT MOJHHOMA
Jlexxanapa uepes 3T noauHoMbl. Ecau npoanddepenuuposats (4.3.6)

N0 X U CHOBAa HMCKJIOYHTDb P,',_l(x) ¢ noMowpio (4.3.4), noxayuum
[ —x)Pr(x)] +n(r+1)P,(x)=0, n=0,1,2,... (43.7)

CoorHouienne (4.3.7) nokassiaet, 4To noJanHOM Jlexannpa u = P, (x)
AB/SIETCA YAaCTHBHIM HHTErpajioM JuHe#HOTro Aud¢epeHUUaIbHOTO ypaBHe-
HHA BTOPOTO NOpsAAKa

[(}—x"’) W) +nn+Du=0. (4.3.8)
TMoayyeHHOe ypaBHeHMEe BCTpEYyaeTcsi B MareMaTHYeCKOH (uauke
M WrpaeT BaXHYI0 POJb B TEOPUM NOJUHOMOB JleaHapa.
[Ipy nOMOINM B3aMeHbl NEPEMEHHBIX Jerko NOJAYYMTb PAl APYTHX
ypaBHeHHH, HMHTErpajbl KOTOPHIX MOTYT OBITb BbHIPAXeEHb Yepe3 MoJu-
Hombl Jlexxanapa. Tak, HanpuMep, ypaBHeHMIO

1 ad (. du?
—Si—no-ﬂ(mﬂ—d—l;)—l—n(n—{—l)uzo (4.3.9)
ynoBieTsopsier ¢yukuus u:= P, (cos0), ypaBHeHuUiO
n
d%u 1\2 1
70‘2‘+[(”+'2‘) + s =0 (4.3.10)

1
— ¢ynkuus = (sin )z P, (cos ) u t. I.

§ 4.4. UnTerpaabHbie nNpeacTaBJeHHs M noauHoMoB Jlexanapa

[MonuHoMBl JleaHapa NOMYCKAOT NPOCTHe NMPeLCTaBAEHHUs C NOMOLLbIO
onpejeseHHBIX WHTErpajoB, COLEPKAlUMX TNepeMeHHOe X KaK MapaMerp.
Yro6sl NOJYYHTb NEepBOE U3 ITHX MpefCTaBIeHHH, NPEANOJOKUM, YTO
X — BellleCTBEHHOe MWJIH KOMILIEKCHOE 4YHCIO, M BhiOepeM B Qopmyie

1

(4.2.5) B KayecTBe MyTH MHTErpUPOBaHKa Kpyr pamuyca | x2— 1|2 ¢ uent-
1

poM B Touke u = X *), IIpu sToM 4 =x | (x2 — 1)2 &¥? (— n L o),

H ¢opmyna (4.2.3) npuHuMaeT BHJI

L1 _L n
2 ,i i
Pn(x)=§l; x24-2x (x2—1) e?-);(xz—l)e”—l de.
-® 2(x2—1)2 eiv
OTKYyla
1 [ : i
P,,(x)=;f[x+(x2—- 1)2 cos (p] de. 4.4.1)
0

*) Mo teopeme Komu samena kourypa C’ mo6biM ApYrMM IpPOCTHIM 3aMK-
HYTbIM KOHTYDOM, OKDYXAIOIWMM TOYKY ¥ = X, HC H3MEHSAET 3HA4CHHA MHTErpana.
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dopmyana (4.4.1) HaswiBaercs murerpaioM Jlannaca. BuGop smauenis
1

KopHA (x2—1)? 3jecb NPOMSBOJIEH, TaK KaK I0C/Ae BO3BEIEHHS B 1-I0
cTeneHb U NOWIEHHOTO MHTerDUPOBAHUS HeueTHBle CTeNEHH KOpHs
BHIMANAIOT. |
U3 (4.4.1) BbiTekaeT OZHO IOJE3HOE HEPABEHCTBO [HJs MOJHUHOMOB
Jlexxannpa., IlycTh X — BellecTBEHHOE YHUCJIO, YLOBJETBOPSAIOIIEE YCJO-
. 1 1

Buio—1 < x < 1. Toraa | x~4(x2—1)2 coso|=[x24-(1—x2)cos2¢]2 < 1,
OTKy 12

[P (0)]<1, —1LxKL.
(4.4.2)

Ipyroe BaxHOe MHTErpa/bHOE
npeicraBJeHue  LJF  NOJUHOMOB P
Jlexxanapa MoxeT OHITb BhIBEIEHO
u3 popmyarl (4.4.1), ecau mpexano-
JOXHTb, YTO X — BEIIECTBEHHO WU
3aKJI0YeHO B nipenenax — 1 < x < 1. 8 c

[Tonaras B 3TOM CJyuyae x =—= Ul
=cosl (0<<O<< ™), Mu MO¥eM ‘
3amucaTh paccMaTtpuBaeMyl ¢op-

MyJ1y B Bule

P, (cos )=

:'IE f (cos 0+ i sin 6 cos ¢)" do, Puc. 11.
0

OTKy[la, €CIM BBECTH HOBOE KOMILIEKCHOE MepeMeHHOe WHTEerpApOBaHHUs
t=cos 0 isinfcosg, caenyer:

o0
1 t" dt o
Pycost) = i/(: e Ty (4.4.3)
-

rie uHTerpan GepeTcs MO MPAMOJHMHEHHOMY OTpesky AB, coeauHAOEMY
Touku t==e*" (puc. 11), u BHOOP BeTBU KODHs Omperessercs u3 ycao-
BYfl, YTO €ro 3HaueHHe B Touke f==cosb pasHo sinf.

ITo Teopeme Kommu uurerpupoBaHue no AB MOXHO 3aMEeHHTb HHTer-
puposauvem no ayre ACB kpyra eIHHHYHOTO pajuyca, TaK Kak
B 00J/acTH, 3aK/MOYeHHOH Mexay Ayroff m XOpao#, NOAHLIHTerpajibHasd
QyHKUMA pery/spHa. BHIOJHUB 3Ty 3aMeHy M nojaras £ = e¥, HaXOAMM

b ei (n+%—)4)

¢,
V2cos g—2cos 0 L

P,(cos ) = % |
-
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OTKYZa, MOC/]e OTAeNeHHs BeLIeCTBEHHOW YacTH, Cjaelyer:

cos (n + )q;
V2cosy —2cos 0 z,;——?cosﬂ

P(cosﬂ)__—— ay, 0<b<m, n=0,12,.,.

(4.4.9)

dopmyna (4.4.4) u3BecTHa B JIMTepaType INOJL Ha3BaHMEM HHTerpana
Iupuxne — Mesepa ¥ fdaeT MCKOMOE HHTerpajbHOe MpeNCTABJECHHE LA
noauHoMOB JlexaHnpa.

§ 4.5. OproronaasHOCTL nOJMHOMOB JlewaHapa

OnxuM u3 HauGosee BaXKHBIX CBOMCTB MOJMHOMOB JlexaHnpa siBasercs
HX OPTOrOHa/JbHOCTb Ha TpomexyTke (— 1, 1), npexcraBasiowas co6ott
ciaencTsue auddepenuuasbioro ypasHenus (4.3.7). Uro6GH ycTaHOBHTDH
paccMatpuBaeMoe CBOACTBO, YMHOXKHM YyDaBHeHHe NJS M-TO MOJHHOMA
Ha P,(x), ypaBHeHue 145 n-ro noJuHoMa — Ha P, (X) M BEITEM OLHO
u3 apyroro. Toraa noayuum

[(1 — %) Pl ()] Pa(x) —[(1 — £°) Pa ()] Prm() -
“Hm (m—+1)—n (a4 1)] P,y (x) P, (x) =0,
HIu
(=) [P ) Pa(x) — Pr(0) Pu()]} +
4 (m—n)(m—4-n—1) P, (x) P, (x)=0.

Hnrerpupys nocienxee paseHcTBO 1o npomMexytky (— 1, 1) u 3ameuas,
Y4TO HHTErpas OT NEPBOrO CJAraeMoro paBeH HYJ/IO, HaXOLUM

1
(m—n)(m—+n—+1) [ P(x)P,(x)dx =0,
-1

OTKyZa
fP,,,(x)P,,(x) dx =0, m+n. (4.5.1)
-1

®Popmyna (4.5.1) nokaswiBaer, uT0 nNOMUMHOMH JlexaHmpa OpTOTO-
HanbHH B npomexyTke (— 1, 1) ¢ Becom p(x)==1. CBo#icTBO OpTOTrO-
HaJIbHOCTH (4.5.1) mrpaer BaXHYIO POJib B TEOPHM DAa3JOKeHHS QYHKUUH
B palnl no nonuHoMaM Jlexannpa (§ 4.7). B artofi Teopun Heo6xomumo
TaKXe yMeTb HaXONMTb 3HayeHHe uHTerpana (4.5.1) npu m=n. Ilaa
3TOTO 3aMEHWM B DPEKYpPeHTHOM cooTHouenun (4.3.1) n Ha n—1,
YMHOXHM noJjyveHHoe ypasrenue Ha (2n— 1) P, (x), a ypaBrenue (4.3.1) —
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Ha (2n — 1) P,_;(x) u BbiuTeM u3 nepsoro BTopoe *). Toraa moayuum
n@u+1)Pr(x) (e — 1) @n 1) Py (x) Py () —
—(@n+1)2n—1DP,_(x) Pq+l(x)+

+n@r—1)Pi(x)=0, n=2, 3, ...,

OTKYAa, MHTErpupys no npoMexyTky (— 1, 1) u mpuHuMas BO BHHMaHHe
(4.5.1), Haxonum

1 1
2n—1
fP?,(x)dx:TZ-:}_—T 'I/P?,-l(x)a’x, n=2 3, ...
-1 -
[TocnenoBarenbHOEe NpHMeHeHHE 3TOH GOPMyabl laer
1 1
"2 3 2
-1 -1

HenocpencTBeHHOe BbIYMC/AEHHE MOKA3LIBAET, YTO MOJYYEHHBI pe3yabTar
cnpasen uB Takke nmpu #=0 u n=1. Takum o6pasom,

1
2
f Pi(x)dx = T (4.5.2)
-1

1
Us ¢popumyn (4.5.1—2) caenyer, 4To QyHKUUH ‘P,;(-’C)=(n+—é~)2 P, (%),

n=0, 1, 2, ... o00pa3yloT OPTOHOPMHUPOBAHHYI0 CHCTEMY (YHKUHUH
Ha npomexytke (— 1, 1)*#),

§ 4.6. AcuMNTOTHYECKOE npeicTaBJeHHe MOJHHOMOB JlexaHapa
Jas GoJablIMX 3HA4YeHHH HHAEKca 71

[Toaunomul Jlewanapa P, (x)(—1 < x < 1) uMeloT npocTsle acum-
NTOTUYECKUe TNpelcTaB/eHus, YILOOHble IJaA PAaCCMOTPeHHs TOBeleHUs
9TUX (YHKUMK npH #—> 0o. JLJIa NMOJAydYeHUS STHX NpelcTaBjieHUHR MOxer
6biTb MCIOMb30BaH OOwWMA MeTon, mpuHaiiexawu#t B. A. Crek/oBy **#%)

*) Ha srot ﬁpueM HaM ykasaa B. JI. Kan.

**) Cucrema ¢yHkuu#t ¢, (x) Ha3bBaeTCd OPTOHOPMHPOBAHHOH Ha mpo-
Mmexytke (a, b), ecau
0, m=n,
1, m=n.

[t ea ot -{
a

**) Crexaos B. A.[l].
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VcXOIHBIM NYHKTOM JJ TNpPUJNOXEHHS 3TOTO MeTola K IOJMHOMaM
Jlexanapa sBaseTcs nmpq)epeﬂuuanbﬂoe ypasHenue (4.3.10), koTopomy

yIOBJETBOPSAET GyHKUUSA & = (sin 6)2P (cos 0). 3amucas 510 ypaBHeHue
B ¢dopme

1\2 u
(n +7)u=—m (4.6.1)
U TMPUHMMas BO BHHMaHHe HAya/bHbIE YCAOBHS u( ) -P,(0), u ( )—_—.:

=—P,,(0), noJyuaeM, paccMaTpuBasi npasylo uactb ypapHenus (4.6.1)
KaK H3BECTHYIO (PYHKLHMIO:

u(8)=P,(0)cos (n -+ —é—) (% — 6) -+ :,:—(0; sin (n -+ :lz) (”;' — 6) -+
‘ 2

™

/ u (¢) sm(n—l— ) 6—;@) Si[fl(g(?. (4.6.2)

1
_{__,,___
4o +3)s
Vpapuenue (4.6.2) MOXKHO pAacCMaTpUBATL KaK HHTErpajibHOE ypaB-

Henue nas ¢ynxumu #(6). Ecam BocmosbaoBatheca dopmynamu (4.2.6;
4.3.6) 1 U3BECTHBIMH COOTHOLIEHUAMH TeOpUH raMma-pynkuuu (1.2, 1, 4, 6),

TO TMOJYYUM:
T (m -+ %)

V—;m, P2m+1(0)=0 P2m(0)=0.

, 2 (ot3)
Pomy1(0)=(—1)" Vit
OTKyla CJeiyeT, uTo ypaBHeHue (4.6.2) moxer ObITb 3anuCcaHO B BHIE
u(ﬁ):an{sin[(n+%)9+—Z—}+rn(6)}, (4.6.3)
rae o, 0603HAauaeT NMepBOe MM BTOPOE M3 BhIPAXEHHUH:
r(%q-%) or (%-;_1)
] VD)

B 3aBUCUMOCTH OT TOTO, 6yne'r A YETHBIM WM HEYETHBIM 4YHUCJ/OM, U

Py (0) = (— 1)"

__L_l_) !/%u(cp) sin(n+é—)(6—~cp) si‘ﬁ?' (4.6.4)

fn(ﬂ).—.'_
4a,,(n+—§ 0
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[IpexnonoxuM Tenmepb, uTO MepeMeHHOe 0 3aKJIOYEHO B Inpelenax
d < 0 L w—3; 8 — duKcHpOBaHHOE TNOJOXMHUTeAbHOEe uucaI0. OGO3HaunM
uepe3 M, Makcumym Monyuns #(0) B stom untepanse. Torza us (4.6.3)
n (4.6.4) crenyer, uro nas Bcskoro 0O, npuHamexalero 3aMKHYTOMY
uurepsaay (3, ®—9),

M,

le(0)| <o, + G2 e cosec?d,
TN03TOMY

Lo, 5o+ 4(2n+1) cosec?3d,

Pewasa nocnenHee HEepaBeHCTBO OTHOCUTEJbHO Mn’ noaydyaeMm

' -1
M, La, [1 cosec28] , 2n4-1> %cosec%,

R YCT )

OTKYZa CJlefyeT OleHKa

m cosec? d [1

-1 - .
|r, (0)] < et cose(:?‘é] » 2n—+1> 4 cosec?d.

T AT

TlonyueHHbt pesyJIbTaT NokasuiBaet, uto r, ()= O (n~1) paBHOMepHO
BO BceM 3aMKHyToM uHTepBane (8, w—20). [lanee u3 (4.6.3) Buitekaer
acuMnroTHyeckas ¢opmyina

u(6) o, sin [(n _}—%—)e_{_-}] (4.6.5)

nas Beex 00 Lm—20.
Ecin BocnonbaoBatbes dopmysoft Crupauura (1.4.24), 1o nocue
NPOCTHIX BLIYMCJAEHHH HAXOILUM

2
2
aV‘l %(——) N
n->»o0

nostromy ¢opmyna (4.6.5) Moxer OHTb 3amucaHa B 06ojee INPOCTOM
Buje:

u (Bli(%) 1 sm[(n -+ ) —}-%] (4.6.6)

[Moacraass « (0), nonyyaem OKOHuare/bHYIO aCUMNTOTHYECKYIO ¢Gop-
MyJy IJd noJuHoMoB JlexaHzpa:

P, (cos ezfm(ﬁ_fm_e)%sm [(n +%)e+§:], <O Ln—d. (4.6.7)

Bosee TouHbie acUMNTOTHYECKHe NpeNCTABIECHUS NaHB B MOHOrpaduu
To6cona [1].
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‘§ 4.7. Paanowenne GyHkuuil B pAAp N0 noauHomam Jlexanapa

Bo MHOrMX BOMPOCAX, CBA3AHHHIX C PAIMUUHEIMU TNPUTONKEHHUAMH
noauHoMoB Jlexxannpa, BO3HHKAeT HeOOXOAUMOCTb PpAa3JIOKHTb 3aJaHHYIO
Ha untepsate (— 1, 1) dynkuuio f(x) B pan mo mosuHoMam Jlexanapa:

f(x)= goc,,P,, x) —1<x<I1. “.7.1)

KoadduuueHts ¢, 3TOr0 pasnoxeHUs MOTyT ObITb (hOpMajbHO oOmpe-
IeJeHBl Ha ocnoaamm CBOHCTBA OPTOTOHAJNBLHOCTH NMOJKHHOMOB JlexaHipa
(§ 4.5). IlettcrBureabHO, ymuokas pan (4.7.1) va P, (x) u uuTerpupys
no npomexyrtky (—1, 1), moayyaem, npuHuMas BO BHHMaHHe paBeH-
ctea (4.5.1-—2),

'fﬂmpcwm——fEcPuﬂ%uwp~

-1 n=0

48

1
tn [ Pu®Pa@dx = 52 e
-1

(=}

n=

OTKyla ciaenyer, 4ToO

¢ —(n+ ) /f(x)P (*¥)dx, n=0, 1,2, ... (47.2)

Tak Kak 3apaHee HeM3BECTHO, Jomyckaer Ju ¢yHkuus f (x) pasao-
senne B pag Buaa (4.7.1) u 3aKOHHO /M NOUYJNIEHHOE MHTErPUPOBAHHE
STOr0 pfla, BHINOJHEHHOE B mpouecce onpeneneHus KO3POULHUEHTOB C,,.,
Heab3d Ge3 Crelua]bHOrO HCC/INOBAHUS YTBEPKAATb, UTO MOJYYEHHbIH
TakuM 06pasoM psii CXOAUTCS U HMeeT cBoe#t cymmoft f (x).

Cienywouias TeopeMa yCTaHaBJHBAeT MPOCTHIE JNOCTATOUYHBIE YCAOBUS
TaKOK CXONHMMOCTH.

Teopema 1. I[Iycmo f(x)— npou3sossHas sewecmsenHas ynK-
yun, 3adannas Ha uwmepsase (—1, 1) u yoosremsopawouwes ycio-
suAM:

1° f(x) ecms xyco-mo-z/tamcaa PYHKUUS 8 OMKPOHLMOM UHMep-
sase (—1, 1);

2°, unmeepan ff2 (x)dx umeem Konewnoe 3naueHue.

-1
Tozda pao (4.7.1) ¢ Kosghpunuenmamu c,, 864UCAEHHOMU RO FOp-
Mmyre (4.7.2), cxodumca k f(x) 80 8CAKOL BHYmMpeHHeld mouxe
unmepsasa (— 1, 1), Asraoueica moukod HenpepvlgHocmu amou
Pyrryuu.
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JLas poKasaTe/bCTBA TeOPEMEl 3aMETHM Mpei(ie BCETro, YTO U3 YCJOBHH,
HAJIOXKEHHHX Ha f(X), caelyeT, YTO MHTerpaibl, CTOdUIHE B mpaBoft
yacti (4.7.2), cyumecTByioT, MO3TOMY KO3QQHUHMEHTH, €, HAeHCTBHTENbHO
MOryT ObITb BHIYHCJAEHH. B camMOM Jeje, NOABIHTerpajibHOE BHpaXKeHHE
ABASIeTC MHTerpupyemoit ¢yHkume#t Ha oTkpniTOM uHTepBade (— 1, 1)
M B CHIYy OYeBHIHOTO HEPaBeHCTBAa PAacCMaTpPHBaeMbIt HHTerpaj Maxo-

1

pupyeTcs HHTerpaioM f %—[f? (x)+ P2 (x)] dx, KOTOpH# CXOIUTCS
-1
B cuay 2°

OG6oaHauuM uyepe3d S, (x) cymmy m -1 nepsbix ujseHos psama (4.7.1).
[Moacrasagsa 3HaueHus kOSpQUUHEHTOB C,, HUMeeM:

m m 1
Su®) =Y Py =Y (n +5) P [ F )P, dy=
. n=0 - n=0 -1.
1
— [ FOKn(x, Mdy,  (4.71.3)
e -1 .
Ku(x, 9)= 2 (1) Pa(x) P, (9. @“.74)
n=0

3HayeHHe moOcjelHeHt CYMMBI MOXeT OLITb HalteHO MyTeM CJelyIOLIero
npHeMa: YMHOXHM pekyppeHTHoe cooTHowenue (4.3.1) wa P,(y) u
BBIYTEM M3 NOJYUYEHHOrO YPAaBHEHHS TAKOe XXe ypaBHEHHe C MepecTaBlieH-
HbBIMH 3HAYEHHAMH X ¥ y. Ml moayuuM Toria

(n 41D [Py1 () Pp(9) — Py () P ()] —
— [P, (X) Py () —Pr () Py ()] =@n—+1)(x — 9) P, (x) P, (¥).

CyMMupyd NO 7 OT edMHHUB A0 m M 3aMeuass, yto Py(x) =1,
P, (x)= x, Haxonum

(x—y)g<2n+1)Pn<x>Pn(y)=

== (m—l— 1) [Pm+1 (.’C) Pm ()’) - pm+l (y) Pm (‘x)] - (x - y)’

OTKYZa

Km(x’ y)= m;"l . P (x) Pm()’l:?m+l () P (%) . (4.7.5)
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Ecau npouHTerpupoBaTh paBeHCTéo (4.7.4) no y B npenenax or — 1
1o -1, 1o u3 (4.5.1—2) caenyer *), uro

1 .
fK,,, (x, y)dy=1. (4.7.6)
-1

IlpennonoXUM Tenepb, YTO X eCTb BHYTPEHHSIA TOUKA HHTEpBana
(— 1, 1), B xoropoft f(x) HempepniBHA, YMHOXuM paBeHCTBO (4.7.6)
Ha f(x) u Boiutem u3 (4.7.3). Torza moayuum

1
Su()—f = [ Knlx, HIF () —J D1y =
-1

1
=241 P, @) [ Paaete may—

-1

1
____er 2Pyt () / P,(Ma(x, y)dy, (4.7.7)
-1

rie moJoxeHo o(x, )= f(y)_f(x).
y—x
Ilas nanbHeflllero HaM NOHamOGMTCS CJlepylolias Jemma,
Jemma. ITycmv ¢ (X)— npoussosvras Beu,ecmsennas @GYHKGUs,
Y0084eMBOPAIOUASL YCLOBUAM:
1°. @(x) — kycouno-nenpepoisnas BYHKYUSL 8 OMKPLLMOM UHMeEp-
sazre (— 1, 1);

2°, unmezpar f 2 (x)dx umeem Koweunoe 3nauenue. Toz0a
-1

1 1
tim (n -+ -12—) 2 f o (x) P, (x)dx =0, (4.7.8)
1

n-»oo

JIas 10KasaTeNbCTBA JIeMMBI NPeICTABUM pAacCMaTpPUBAEMBIH HHTerpain
B BUIE CYMMbl TPeX MHTErpasos:
1 148

(D) [ o=t 2] [k
-1 -1
1-3 1
+ f e f
—1+3 1-% A
1

v0,n=
*) Tak xak Py(y) =1, 10 /'P,,(y)dy_::{g n—
-1

=T (4.7.9)

1: 29 ceey
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[TpuMeHnss HepaBeHCTBO BYHHKOBCKOFO — llIBapua *) u BOCHOAb3O-
BaBwuch (4.5.2), nonyuaem

1
1 7

L
FARS (n—i—%)%{ /‘Pi(x)dX}2 { fcp2(x)dx} <
1-3
1 1 % 1 %
\<(n+-§-)v{fpi<x>dx} {fq»?(x)dx}
-1

U aHaJIOTHYHO

-1+3
|Jll<{f cp%x)dx} :

-1

M3 9THX OLEHOK M YCJHOBUSA 2° JeMMBI CllefyeT, YTO MOXHO BLIGpATh
TaKoe He 3aBUCALEe OT /L 3HaueHHe 8, uTO OYAYT BHIMOJHEHH HEPABEHCTBA

1 1
’]1‘ < 33, |J3| < ‘33, (4.7.10)

rlie € — Harepej 3aJaHHOE NOJOXHUTEJbHOE YHCJIO.
Cunrast, uto 8 (GUKCUPOBAHO TaKuM 00pa3oM, H BOCMOJMb3OBABIINCH
¢dopmyJont (4.6.3), umeem

1 1:—5‘

Jy= (n -+ —é—)—f / ¢ (cos 0) sin 6 P, (cos 6) db =

=(n+—;—)—;—a —2——%—61:/—.61cp(cosﬂ)(sm6)2 sm<n+ )ﬂdﬂ-{—
-8
42 2 f <p(cosO)(sm0)2cos(n+ )0a’6+

n—8 -3

-+ [ cp(cosﬂ)(sin6)2r (9)(1e

rae nonoxeHo 9, = arccos(l —?3).

b 2 b b ]
g t jreew dx} < [reax [e@ax

Cwm., HanpuMep, I'' M. @uxtenroabn [l], n° 447,
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1

Tak kak, coraacHo ycnosuio 1° nemmel, ¢ (cos 0)(sin 6) 2 —kycouno-
HenpepuiBHas (QYHKLWSA, MepBble Ba HMHTErpaja CTPeMATCA K HYJMO NpH
n—> oo ¥); nocaeIHWR HHTerpaj TakxXe CTPeMHUTCS K° Hymo, u6o
r,(0)= 0 (n"!) paBHoMepHO BO BceM npoMexyTtke (3;, ®—3;). Hanee,

1

2\7
—TI:— ’
Korga n-—»oo, nosroMy Jo,—0 npm n-—>00 H, ClenoBaTeJbHO, NpH
Hapuexauem BeiGope uucaa N = N (g),

1\7
COT/IACHO 3aMeyaHHio Ha cTp. 73, NpOUsBeleHHE n+~2- a, —>

1 < 5 e @4.7.10)

ans Bcakoro n > N. Takum oOpasom, B coorsercTBuu c (4.7.10—11)
Ni+h—+h <e n>N,

YTO ¥ [LOKAa3bBAaeT JeMMy.

3aBepileHnHe NOKAa3aTeNbCTBA TEOPeMBbl He NpeACTaBJ]feT Tenepb GOJb-
IOro Tpyna.

JleficTBATeIBHO, U3 yCaOBHS 1° TeopeMmml BhITekaer, uto 9 (X, y),
paccMarpuBaeMas Kak (YHKUMS NepeMeHHOro y, OyleT KycCOuHO-Hempe-
pHIBHOM B OTKpHITOM uHTepBate (—1, 1), a u3 ycaosus 2° cienyer, 4To
HHTerpasi OT KBajipaTa 3TOH (yHKuuM, B3ATHH NO nmpomexyrtky (—I1, 1),
MMeeT KOHeyHOe 3HayeHue **). [TosToMy, Ha OCHOBAHHH JIeMMHI,

1

tim (m +%)?

m-» oo

1
f Prielx, ydy=

i

m-» co

-
= lim (m—l—%)Q me(y)cp(x, y) dy=0.
-1

TpunnmMas BO BHHMaHHMe, uTO, corjacHo (4.6.7), kaxnoe u3 npous-
BeleHuH :

(m+1) P;n’(}c), m+D _p (x)
2(m+3) 2(m+1)?

*) Cm., HanpuMep, I'. M. ¢ uxrtenroann [1], n° 656.
**) KycouHas HempephiBHOCTb ¢ (X, y) NpH BcikoM — 1 <y < 1, oTauuHom
OT y = X, AIBJMETCH CACJCTBUEM KYCOYHOH HempepeBHOCTH f(y) B 3TOM HHTEp-
BaJie; KyCOUHas HenpephBHOCTb BO BCEM OTKPHITOM HHTepBaJe (—I1, 1) BeTekaer
M3 KYCOYHOH TIJajiKOCTH, Ha OCHOBAaHHH KOTOpPOH ¢ (¥, x —0)=f’ (x—0), ¢ (x
x+40)=/f’ (x-0) B nmpeanoNOKEHHHU, UTO y = X TOUKA HENPEPHIBHOCTH f(y).
KoHeuHocTb HHTErpaja OT KBaipaTa ¢ (X, y ) fABAfeTCA CACICTBHEM 2°.
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OCTaeTCqd OrpaHHYeHHBIM NpH m —> O, MOJYYaeM, 4TO npasas yactb (4.7.7)
CTPEeMHUTCH K HYJI0, kKorja m —> oo, Takum o6pasowm,

lim S,,(x)=f (%), (4.7.12)

YyTO W HOKa3HBaeT Teopemy 1.

C TeopeTHyecKOM TOYKM 3peHHS NPENCTABASET HHTEPEC TaKXKe CXO-
nuMocTs psna (4.7.1) B Touke paspniBa f(x). MoXHO mokasarb, 4TO
NpH BHINOJHEHHH YcJIOBHH TeopeMnl 1 pan (4.7.1) cXoAuTcs U B 5TOM
cayuae, TpuyeM ' '

lim S, (=7 fG+0+F(—0L @713

B sakmoueHne ykaxeM, 4ro ycaosus 1°—2° teopemn 1, pocrarou-
HbHle IS BO3MOXHOCTH mpeAcTaBieHuss ¢yHkuuu f(x) pssoMm (4.7.1),
MOTyT GHITb 3HAYUTeJbHO CMAryeHnl. Teopema pas;oxeHus, CrpaBelHBas
Ans 6oJjee LIMPOKOro KJjacca q)yl-n(uvm JokasaHa B Monorpaduu ['06-
coHa *),

§ 4.8. Tlpumepnl pasaoxenuil GyHknufi B pagnl N0 NOJHHOMAM
Jlexanapa

Paccmorpum HEeCKOMbKO MPOCTHX MPUMEPOB, MOSCHSIOWMX TEXHHKY
pasioxeHus ¢YHKUM# B psAnb no noauHoMam Jlexauapa.
MMpumer 1. Ilycts f(x) — noaHHOM m-# CTemeHu:

fx)= 2 a,x".

n=0

Pasnoxeunune (4.7.1) npuHuMaer B 3TOM Ciayuae BHIL

FO =Y, e,Pp(x). - (4.8.1)
n=0

Ilnst onmpeneneHus K03(GULHEHTOB ¢, HET HEOOXONUMOCTH BBIUHCJATH
uHTerpanbl (4.7.2) u npoile HaiTH MX U3 CHCTEMH JHHeHHHIX ypaBHeHuH,
noxyudaiouefica nyrem noacraHoBku B (4.8.1) saBHEIX BuipaxeHuff nad
no;MHOMOB JlexxaHapa M TNpPUPaBHUBAHUA KO3((ULUUEHTOB NMPU OLUHAKO-
BHIX CTeNeHAX X B JeBOR M mpaBoff uyacTdx.

Hanpumep, Mbl uMeeM

x2 = ¢oPy () €,P1 (X) 4¢Py (x) = ¢y F-¢1x +- 0 —5— e _1

*)»Tob6¢con [1), ra. VI,
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2 1
OTKYlla ClelyeT Co=-g, (== 0, ¢o=-, TaK uro
2

X = 5 Py () + 5 Py ().

" MrpuMePr 2. Tlycts f(x) onpemenena paseHctBamu: f(x)==0
api— 1 Lx <oy f(xX)=1nmpn a < x 1.

Io Teopeme 1 paccMmarpusaemas yHkuus pasaaraercs B pag (4.7.1)
¢ KoadduunentaMu c¢,, onpenenseMstMu GopMyaamu:

c,,=(n —{—-;—)‘/}P" (x)dx.

Bocnonb3oBasiiuch paseHcTBoM (4.3.5) u 3ameuwas, uro P, (1) =1,
HAXOLMM:

tn=— 2 Prs @—P, @] =5 (1—0),

OTKYyla MnoJjyyaeM HCKOMOE pasJ/oxKeHue:

fE =2 —0) =5 NP1 @—Po s @I Py (1), —1<x< 1.
n=1

(4.8.2)

IMokaxeM, YTO B TOYKe pa3pbiBa X ==0 BHIMOJHACTCA COOTHO-
wenue (4.7.13). He#crBurensHo, obosnauas S, (x) cymmy m—-1 nep-
BbIX uJeHOB psia (4.8.2), MH HMeeM

m

Sp@=g(1—a)—5 ¥ [Py @ P, () —

1

— Py (@) Py (] = g — g Pty () Py (9).

Tak kak, coraacio (4.6.7), P,(a)— 0, xoraa n-—>oo0, 10
lim S, @)=g =7 f @+0)+/@—O),

KaK 3TO U CJeAYyeT Hu3 oOuett TEOpHUH.

Merumer 3. INonoxum f(x)—_—l/

PaccMarpuBaeMas ¢yHKUUS YIOBJETBOPSET YCJaOBUAM TeopeMb 1,
c/leloBaTeNbHO, pasaaraeTcs B pan (4.7.1). Jas BeiuucaeHus xosdpduuuen-
TOB €, WUCMOJb3yeM C/eLyIOWUHK NpUeM, NOJe3Hb BO MHOTHX Cayuasx.
YMHOXHMM pasnoxenne (4.2.3) Ha f(X) M NPOMHTErpupyeM MO mpome-

1—x
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KyTtky (—1, 1). Tlocie ajeMeHTapHBIX BBIYMCJICHHH TOMYYHM

1 (1= 14+VE ]
EF[H_H' 2Vt In 1——1/?]_"

1
:‘,\] " f;/l;—’ip,,(x)dx, It] < 1,
n=0 -1

NpHYeM 3aKOHHOCTb NOYJAEHHOrO HHTErPHPOBAHMA CJAELYyeT U3 pPaBHOMep-
Holt cxomumocti psna (4.2.3) B mpoMexyTtke — 1 <l x <1, BuITeKkaw-
we#t u3 oueHku (4.4.2). Pasnaras JeBylo uyacTb NOC/IeJHEr0 paBeHCTBA
B pfL MO CTeNeHsM £, HAXOIUM :

[os) [ee] 1 P
4 3 t" IR =%
’3*—4}41 GT=Ton 3 —20’ /1/ g Pn(x)dx,
n n= -

OTKYAa

1
1— 4
/']/— 2x Py(x)dx =3,
-1

1 :

1—x ° 4 '
[1/ 5 Pa X =— gy
-1

s c¢opmyn (4.7.2) Temepb BHITEKaeT, 4YTO HCKOMOE DasJiOXKeHHe
MMeeT BHUIL

1l—x 2 \ Pr(x)
l/_2_“__3100(:0—221 G h e —l<r<l (483

§ 4.9. Moaunomsl dpmuta. OnpejeneHne W NPOH3BOAALLAS
bynknus

Jlpyroft BaXHBI# KJaCC OPTOTOHANbHEIX TMOJHHOMOB, BCTpPEUYAIOLIUXCS
B MareMaTHyeCKO#t ¢u3uKe U [APYrUX NPHJIOKEHUSIX, COCTABJAIOT NOJHU-
HoMbl JpMuta H, (X), KOTOpbie MOryT OBbITb OIpeleseHbl NPH TOMOLLH
paBeHCTBA *)
d"e™*’

H,(x)= (—1ye" 2, n=0,1,2 ... (4.9.1)

*) Muorounennl 1, (x) 6btau BBenensl [1. JI. UebnimesniM B 1859 r., 3a ue-
CKOJbKO JE€T 10 ONyOJHKOBaHMA PaGOTHl DPMHTA, B CBA3H C YEM HCTOPHYECKH
Goslee MPaBHILHO HA3HIBATL MX MHOrowieHaMu YebbieBa — dpmuta,
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Buinoauus anddepenuuposanue B dopmyse (4.9.1), naxoanm:
Hy(x)=1, Hy(x)=2x, Hy(x)=4x?—2, Hy(x)=8x3—12x, ...
1 BooGuie [_,1
_ (=% nl

H, ()= 2} wm=2my
k=0
rie [v] — uenas yacth umcsaa v. B nanpuefimem (§ 4.13) 6yzer noxasano,
YTO MOJMHOMH JpMHTA 06Pas3yl0T OPTOTOHANbHYIO CHCTEMY (QYHKLM# Ha

npoMexyTke (—.00, c0) ¢ BecoMm p(x)=e~*'. TlommHOMEH Dpmura
MoryT GBHITb MpeiCTaBAeHHh KaK KOI(PQUUHEHTH DPa3JOKeHUs

(2x)n-2%, (4;9.2)

w(x, f)= et — 2 ”"(x) e, |t|<oo, (4.9.3)
n=0
JeBasi YacTb KOTOPOrO Ha3biBaeTcs NpOH3BOAALIeH (YHKLMeH Nag 9THX
MOJIKHOMOB *).
Jlna n0KasaTenbCTBA 3TOrO YTBEPKAEHWS NOCTATOUHO 3AMETUTb, YTO
w(x, ), paccMarpuBaeMas Kak (QYHKIHS KOMIJIEKCHOrO NepeMeHHOro f,
ecTb uesas QYHKUHMS, NONycKaiolias pasinoxenue B pag Te#sopa:

s ()
w(x, = ettt =Y 20 Jizo pn,

n!

[t] < oo.
n=0

anHHMaﬂ BO BHHMAaHHE, 4TO

9w — e[ 9 -ty — n xl(d"e'uz) =
(5‘")t=o”ex{79?’78 v )} e\ ), = Ha (%),

NPUXOIMM K Pa3i0XeHHIO (4.9.3). IMonyuennas ¢opmyaa Moxer OHTb
MCMOJb30BAHA 1/ BHIBOJA Pas/HYHBIX CBOMCTB mosHOMOB Dpmura. Ha-
npumep, nonaras B (4.9.3) x =0 u pasaaras e~ B psL NO CTeneHIM f,
HaXONMM INyTeM cpaBHeHUS Ko03¢duumeHTOB:

Hy (0)=(—1)" (2”)’. H,,, 1(0)=0, (4.9.4)

IpuBeseM ellle OXHO pasnoxeHHe, poicrTeeHHoe (4.9.3),
1 amtwame
Wx, 9 )=(1—1?) %e -8

2”“;‘,?;’, nWyn <1, (4.9.5)

n=0

*) Ctporo rosops, ¢yHuxknua w(x, f) sBAseTcs npousBoisuiel GyHkuueH
noauHoMoB H ; (x) = T Hp (x), OTAMYAOUMXCA OT [IOAHHOMOB JPMHTA NOCTOSH-
HBIM MHOXHUTEJAEM.
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JIEBYI0 4acTb KOTOPOrO MOXHO PACCMATPUBATL KaK MPOU3BOAALLYI0 (DYHK-
LMIO [/ TMPOU3BENEHHS MOJMHOMOB JPMHTA,

Jloxa3aTe bcTBO 3TOH (opmyast Gymer naHo Humxe (§ 4.11).

B wactHOCTH, ecau nogoxuth B (4.9.5) y=x, nosayuaercs

H2 (x)

et <1 (4.9.6)

W(x, x, )= —2) 7 gri =Z

dopMyas (4.9.3), (4.9.5) u (4.9.6) UrpaloT BAXHYI0 POJb B TEOPUH
paccMaTpUBAEeMOrO KJacca NOJHHOMOB.

[TonuHOMBl DpMUTA BCTPEYAIOTCS B MaTeMaTHUeCKOH (u3HKe B CBA3U
¢ MHTerpupoBaHMeM ypaBHeHu#t Jlamnaca m Teabmrosbua B napa6o.uue-
CKOIt cHCTeMe KOOpIHMHAT, B KBaHTOBOM MexaHuke H T. 4. (§ 10.7—8).

§ 4.10. Peuyppeumue COOTHOWEHnd u AnddepeHyHAIbHOE
ypaBHeHHe IJis NMOJMHOMOB JPMHTA

anHPlMaﬂ BO BHMMaHUE TOXIECTBO

) 7]
S —(Q2x—2)w=0

M 3aMeuas, YTO CTeleHHOM pPsN [ONMycKaeT nouyjieHHoe AuddepeHLupo-
BaHHe, MOJyuaeM NoAcTaHoBkoR (4.9.3)

—al

N\ Hao (988 i LAE) t,.+2§ () 1 o,

n=0 n=0

OTKYZa, TpHpaBHUBas Hymo KosdduuueHT npu £, HAXOAUM
H, 1(x)—2xH,(x)+4+2nH,_;(x)=0, n=1,2,... (4.10.1)

PasenctBo (4.10.1) npencraBiser co60ff peKyppeHTHOE COOTHOLIEHHE,
cBsi3blBalOLlee TPH MOC/eNOBATE/NbHBIX NOJHHOMAa JpMHTA. DTO COOTHO-
uleHHe MOXeT ObTb HMCMOMb30BAHO AJA NOC/eLO0BAaTeJbHOTO COCTAaBJEHHUS -
noJanHOMOB [, (X) MO mepBHIM HABYM.

Bropoe pexkyppeHTHOe COOTHOLIEHHe, KOTOPOMY YIOBJETBOPAIOT
paccMaTpuBaeMble MOJIMHOMBI, NMOJYYAETCs AHANOMHYHEIM 06pa30M H3 TOX-
IecTBa

ow

W—?tw=0.
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[Toncraass pan (4.9.3), noayuaeMm *)

2 H, (x) E H, (x) P

n=0
OTKyJa cJjenyer
H,(x)=2nH, ((x¥), n=1,2, ... (4.10.2)

dopmyna (4.10.2) nonesHa TeM, YTO OHa JaeT BHIpAaXKeHHe MPOH3-
BOJHOM moJuHOMa DpMHTA Yepe3 NOJMHOM DpMHTA.

W3 HaliIeHHBIX peKyppeHTHHX cooTHomeHut (4.10.1—2) merxo BLI-
BecTH AuddepeHLHaIbHOE YpaBHEHUe, KOTOPOMY YAOB/IETBOPSAIOT MOJU-
HOMB Dpmura. VIck/ao4as u3 9TMX CooTHomeHu#t H,_;(x), HaxoluM

Hy (%) — 2xH, ()4 Ha () =0,

oTKyla, nuddepeHUpys M cHOBa npuHuMas BO BHHMauue (4.10.2), mo-
JayyaeM

Hp(x)—2xH,(x)+2nH,(x)=0, n=0, 1,2, ..., (4.10.3)

npuyeM CHOpPaBeINHBOCTb 3TOTO COOTHOLIeHHs NpH 7 ==0 noKasbiBaercs
HernocpenctseHHo#t nposepkoit. Ms (4.10.3) BuiTekaer, uto QyHKUUS
u=H,(x) fB]fETCS YACTHEIM MWHTerpajoM nu¢depeHLHaIbLHOrO ypas-
HeHUst

" —2xu’ <+ 2nu=0. (4.10.4)

TIpu moMolM 3aMeHH IEPEMEHHBIX JIErKO MOJyYdTh Apyrue nudde-
peHUUaJbHble YPAaBHEHHUS, HMHTErpaibl KOTOPHIX MOTYT:OHTb BBHIPAMEHHI
yepe3 NMOJMMHOMBI DpMHuTA. B YaCTHOCTHM, HETPYNHO MPOBEPHTb, YTO ya-
CTHHIM HHTErpajoM YpaBHEeHus

+C2n+1—xH)u=0 (4.10.5)
asiseTcd GyHKUUA

-2
u=e ? H,(x)
" T. A ,

*) BoaMoxHocTh moujeHHoro nuddepennuposanus pana (4.9.3) no nepemen-
HOMY X CJELyeT U3 DPaBHOMepHOH CXOIMMOCTH STOrO psjia B o6nactd | x| < a,
a— mo6oe koueuHoe uuciao. JeiictBurenbHo, u3 (4.9.2) BHITeKaeT OleHKa

| H, () | < T2 @D,

pyercs CXONAIUMCS PAIOM

[oe)
2 [¢|" Hp(ai) _ 2a 11+t

, OTKyAa BBITEKaeT, 4TO paccmarpnﬂaemuﬁ pan  Maxopu-

MI0STOMY CaM CXOJHTCA PABHOMEPHO NpH | X | < 4.
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§ 4.11. UnTerpaiabHbingpeacTa BAEHHA AJs NOJHHOMOB JpMHTA

TMonvHOMB DpMHTA Aly CKAOT YIPOCTHE NPENCTABJIEHUA C MOMOLLBIO
Ofpele/IeHHBIX MHTerpasi COAepP»KaluX TNepeMeHHOe KakK TnapaMerp.
Ins BeIBOLA 9THX (OPM) B OCTOJb 3yeMCsl M3BECTHHIM HHTErpajioM *)

[e=3

e~*= -1—3:/ e~ cos 2xt dt, (4.11.1)
T
0

rie x — mo6Goe BelleCTHHIOE WM KOMIJIeKcHOe uwucao. Jnddepen-
uupys (4.11.1) 2z pas wip-MHMMass BO BHMMAHHe OTNpele/eHHe TONMHO-
moB dpmura (§ 4.9), HangAMm

22n+1 (_ l)n ex’l (‘10

H?n ()= V-E

e 1" cos2xtdt, n=0,1,2, ... (4.11.2)

Inddepenuupoanye 101, 3HAKOM HHTerpasa 3aKOHHO, TaK Kak IpH
|x|< a wuurerpan (4.11.) maxopupyercs CXOAAIMMCSA HHTErpPaNOM

(oo}

2
Vs

NO3TOMY CXOLMTCS paBHMepHO B kpyre |x|<a NpOM3BOJIBHOTO pa-
auyca a.

AnanoruyHeiM 00pa3oi T10JyYaeTCAs HHTErpajibHOE MpeiCTaBJAeHHe [JIs
NOJMHOMOB DPMUTA C HERTHLIM MHIEKCOM:

e—t+2at gf,

Q?n-l— 2 (_ 1)n ex’ ey

e /' e~ sin2xt dt,  (4.11.3)
T o

0
n=~0, 1, 2, ...

Hypyy (%)=

3ameTuM, UTO JNOKa3aiHble paBeHcrsa (4.11.2—3) Moryr ObITH 3amu-
caHbl B Buie ONLHOH (OpyyJIB

(o]

A
Hn(x>:?_-(;,2_‘i_ / g~ gy (4.11.4)

/T

— 00

npurofHo# npu MoOOHIX sHavenmusx n=20, 1, 2, ...
[TonyyeHHble WHTErpaibHBIE NPENCTABJIEHHMS MOJE3HH MPU PACCMOTpe-
HUM Da3/JMYHBIX BOMPOCOR TeOPHU TOJMHOMOB DpMHTA,

*) Cwm., nanpumep, I'. M. duxrenroann [1], n° 481
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B kadectBe OQHOroO W3 MpHJOXKeHHH NanuM BHBOXL paBeHcTna (4.9.5).
BOCHOJlb3OBaBlUHCb (4.11.4), Ml umeem mpu |f| <1

2 Hn(x)H (62) t"
n=0

2+y2 . -
=e"'u Z( 1" @ty / !/‘e—u v+2uxi+2vyi(wv) dit do —

036)

-0 ~—00
[es]

n=0
2. 2 ot
(alhid f e~ -v2uxi+20yi gy do 2 =n (2uvt)"

oo ©o
Xty :
— f f e—W-v+2uxi+2vyi-2vt gy do.

T

-0 —co
Ha ochHoBaHuUM H3BECTHOrO paBeHCTBa

© 2

[e—a‘lsh-?bs ds = Kaw—c e—aa, R (02) >0, (4.1 1 5)

3HaueHHWe NBOHHOro uWHTerpajsa B npasoit uvactu pasHo W (x, y, f). 3a-
KOHHOCTb BBHINOJHEHHHX (OPMAJbHBIX BBHIYMCJEHHH ClelyeT NpH 3TOM
M3 CXOLMMOCTH BHIPAXKEHHS

X 2+ y 12 Ao © 9 P
- [ /‘e*""‘”’”wllxlﬂlvl!yldud.v @lujlv]lt])
17

n!
-0 -0 n=0

nna Beex |¢| < 1l.

§ 4.12. HurerpajicHbie ypaBHEHHS AJA MOJMHOMOB JpMHTA

TTonHOMBl DpMHUTA YIOBAETBOPSAIOT UHTEIPAJIbHBIM yPABHEHUAM C CHM-
METPUUHBIMM SAPAMH TNPOCTOro BHHa. YTOOH BHIBECTH STH YpaBHEHHs,
3aAMEHUM B paanomeﬂnu npoussosiedt dpyHkuun (4.9.3) x Ha Y, YMHOKHM

y?
y_._
NOJMyueHHBIH pan Ha e 2 (—oo< x <<0o0) M NMpOMHTErpHUpYyeM IO
NPOMEXYTKY (— ©0, ©0). MBI moJayuum TOria

©co [oe]

. Y ,
fe2yt—t T gy /‘etxy 5 dyZ Hy (y) M —

- -0 n=0

=i_T [eixyﬁygﬂn(y)dy. (4.12.1)
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TlepeMeHa MOpPsIKA MHTErpUPOBAHUA 3aKOHHA, TAK KAK, BOCMONb30BABLINHCH
HepaBeHCTBOM | H, (x)| < i™"H, (| x|i), Mb umeeM ¥)

fl w7, 2 LACTRVAI

[ oSl nan= [rtmmmm,

C/leNl0oBaTeNbHO, UMeeT MecTO aGCOJMIOTHAA CXOAMMOCTD.
Briuucssa uaTerpan B jeBolt uyactu (4.12.1), Haxonpum

[oc]

92 X2
29t —t2 ==+ lxy 242650 — o
/‘e 2 dy: ‘/ 2me 2 =

-Q0

x? ® ~n
=Vzme T Y O p (). @129

n=0
CpaBuenne k03(pduLUYEHTOB NPH ONMHAKOBLIX CTeneHsax ¢ B(4.12.1—2)
IaeT MCKOMOE WHTerpajbHOe ypaBHeHHe I/ NOJUHOMOB JpMHUTA:

[se]

¥
/'eixye TH,(y)dy, n=0,1,2 ... (412.3)

-~ o

X
e * H (x)=

1
inYon

Ecnu paccMoTpeTs OTAeNbHO ciaydalt 4eTHOrO M HeYeTHOrO 7 M npu-
HATb BO BHUMaHWe, uT0 fy, (x) ABageTcss uyeTHoR, a My, ,(x) — Heuer-
HOM ¢yHKuue#t nepeMeHHOro x, To u3 (4.12.3) BhHITeKalOT ABA APYrUX
HHTErpajbHHX YPAaBHEHHS C BelIECTBEHHBIMH SIIPAMH:

0

_x 5 v
e ? Ham(x)=(—1)mf; /e 2 Hy,(¥)cos xydy, (4.12.4)
¢

-2 5 Y ¥
e ? Hzmﬂ(x)——-(—l)’"l/—,; fe 2 Hy,q (9) sin xy dy, (4.12.5)
0

m=0, 1, 2,.

*) 9T0 HEPABEHCTBO BHITEKAET HENMOCPENCTBEHHO M3 (HOPMY bl (492).
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§ 4.13. OproroHaJbHOCTH NMOJMHOMOB JpMuTA

Jlerko mnokasaTb, uTO noJauHOMH Ipmura H,(x) oproroHanbHe Ha
NpOMeXYyTKe (—0O, ©0) C BecoM e~*’, T. e,

-

fe—ﬂHm(x)H,,(x) dx =0, ‘m#:n. (4.13.1)

-0
x2?

He#cTpurenbHo, monaras u,(x)=e _2—Hn (x) ¥ EOCHNOAb30BABLIMCDH
ypasHenueM (4.10.5), nmeewm:

w—4@n4-1—x)u, =0, u +@2m—+1—x2u =0,

OTKYy1a, YMHOXHMB TNepBOe M3 STHUX YpaBHeHMH Ha u,, BTOpPOe —HA u,,
nosyyaem

d ’ ’
E(unum——umun)—]—Q(n—»-m)umun=0.

WnTerpupys nocieitee paBeHCTBO N0 MPOMEXYTKY (—©00, 00), HAXOLUM

oo
(n—m) fumu,,dx::O,
-0
OTKY/Ja HemoCpeJCTBEHHO BhiTeKaeT TpeGyemoe paBeHcTBO (4.13.1).
3uauenne uHTerpana (4.13.1) npu m =n Moxer ObiTb HallLeHO cie-
AyowumM o0pasoM: 3aMeHHM B peKyppedTHOM coortHomenun (4.10.1)
3HAYOK 7 Ha n— 1, YMHOXMM NOJyyeHHOe ypaBHenue Ha H,(x), a ypas-
Henue (4.10.1) na H,_,(x) ¥ BbuTeM OXHO M3 Apyroro. Mnl HaxomuM
Toraa

H7 (%) 42 (n — 1) Hy (6) Hy_y (%) — Hp iy (%) H,_y () —
A —2nH% 1(x)=0, n=2, 3,...
YMHOXaA TNOC/elHEe pAaBeHCTBO HA e~* W MHTErpupys NO MPo-

MEXYTKY (—O00, 00), NOJydYaeM Ha OCHOBaHMH CBOMCTBA OPTOrOHa/b-
Hocty (4.13.1)

fe—*’Hf,(x)dx=2n fe;"sz,_l(x)dx, n=2 3, ...

[TocnenosarenbHOe mpuMeHeHde STOH GOPMYJH HaeT ¥)

fe“’H?,(x)dx:Q”"n!,fe—"’H%(x)dx=2"n!VTc, n=23, ...
*) oo

(o]
f e P H? (x) dx = 4 f e dx =2V =

- -0
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HenocpencrseHHas npoBepka NOKAa3blBaeT, YTO Pe3yabTaT CHpPaBelJINB
raxxke npu n=0 u n=1. Takum o6pasom,

fe""H%,(x)dx:wnxV?:, n=0, 1,2 ... (4139

—00

dopmyast (4.13.1—2) urpaioT BaXHYI DPOJb B TEOPHH PAa3JIOKEHUs
¢bynkuuit B paasl no monunomaM dpmura (§ 4.15). OHH TAKXKEe TOKa3hl-
BAIOT, 4TO (YHKUUK
1

0, (¥) =(2"n1 V=) %e TH,(x), n=0, 1,2,

06pa3yioT OpPTOHODMHUDPOBAHHYIO CHCTeMY (YHKIHH Ha NpOMeXyTKe
— 00, 00).

§ 4.14. AcuMNTOTHYECKOE MPEACTABJEHHE NOJHHOMOB JPMHTA
Aag GOJbIIMX 3HA4YeHHH HHIEKca n

TMosunombl ODpMuTa H,(X) NONYCKAIOT MNPOCThie ACUMIITOTHYECKHE
NpeACTaBleHus, YHLOOHBle N/ W3YyeHHA TOBEIEHMA PaCCMATPHBAEMBIX
¢bynkuu#t npu n#—co. DT mnpeAcTaBieHua OblaM BHepBbie MOMYYEHI
A. A. AxaMOBHIM *) U UTpaIOT BAXHYIO POJIb B TEOPUHU PA3JOKEHHUSA NPOU3-
BOJIbHBIX (PYHKUMH B psnbl MO noJuHoMam IOpmuTa. g BLIBOLA aCHMII-
TOTHYECKUX MPeLCTaBleHUH MOXKeT ObITb MCMOMb30BAH OOLIMA MeTO.N, NpH-
MeHeHHbI B § 4.6 1as pelneHust aHAaJOTMYHON 3ajau¥ B TEOPUHM TOJU-
HomoB Jlexkanapa. IIpu 9TOM MBI ucxonuM 13 nuddepeHLnaTbLHOTO

ypasHenus (4.10.9) naa dyukuuu u=e 2 H (x), KoTopoe MbI 3amu-
weM B Gopme

W (20— 1) u = x% (4.14.1)

¥ TMpOMHTErpupyeM IO MeTOAY Jlarpamwa, cuurag nmpaBylo 4acTb HM3BeCT-
Hon q>yHKuueﬂ [Ipunumas BO BHMMaHHe HavallbHbIE ycnosus u(0)=H,(0),

u (0)_-H (0), monyuum

u(x)=H,(0)cos V2n 41 x -+ H,(0) ﬂf}_/;@c_‘l_
n -1

X

+Wz—l'+:f 5[ yu(y)sin[V2n+1(x —y)]dy. (4.14.2)

*y A, A. Anamos[l].
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Ecan BOCno/b30BaThCA Tenepb COOTHOIUEHUAMHU!:

m T !
Hyp O = (—1ym 2CmED -y (@) =0, Hjn(0)=0,

I(m+41)
, m T@m4-2
Hins1 =2 (— )" Tk

BhiTeKalOWUMH u3 ¢opMya (4.9.4), (4.10.2) u (1.2.1), To nocaeanee
ypaBHeHHe MOXeT ObITb 3aNUCAHO B dopMe

u(x)=a, [cos(VQn-{—l x—%’i>+r,,(x)], (4.14.3)
rae a, 0603HauaeT MepBOe MM BTOPOE M3 CJELYIOLIMX BBIPAXEHHH:
T+l __Z@dh | (4.14.4)
T (7 +1) : T(—2—+—2—)V2n+1

B 3aBHCHUMOCTH OT TOrO, 6yne’r N 4YEeTHbBIM MU HEYETHBIM 4YHUCJIOM, H

aV2 I fy"’u(y)sin[v% 1(x—y)ldy. (4.14.5)

Ilns OUeHKH ocTaTka r,(X) NpH NPOU3BOJLHOM BeLUECTBEHHOM X
BOCTOJIb3YyeMCsA HepaBeHCTBOM DByHsxoBckoro — Ilisapua, IlpuHumas Bo
BHuMaHKe (4.13.2), umeem

1 1
x| 7( 1x! 7
lr,,(x)l<a—-—l_—_~!f y“dy} {f uz(y)dy} <
0

A Von+1 l(')
1
lx| ]7
{ ydy} {fzﬂ(y)dy} =

1 5
@ Vot _jsi =fal <I".
~ Vi V2.¥V5 "
Us dopmyast CTupamHra caepyer, 4TO NpH 72— CO
n+l n n 1

0,~2 % n’e 2, 2nlVwr~2" 2e-nn T .k, (4.14.6)

ra ()=

5
2

1
nosromy npousselenne B, n* orpanuueHo npu MmoOux n>0 u u3 noay-
YeHHOTO BHILE HEPABEHCTBA BHITEKAeT

lra() | <Clx|*n

rae C — HekoTOpas MOCTOSHHAA,

51
74, (4.14.7)






