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NPEJUCIOBHE TUTYIbHBIX PEJARTOPOB

Hacroaniee naganue «C60pHERa 3a1a' 110 MaTeMaTHEE JJIA BTY30B»
[NOABEPIAOCH 3HAYHUTCILHON NePECTaHOBKE IIaB U UX PaCHpCHEIICHHIO
1o TomMaM. B pesyanrare mepsriit Tom comepRuT anrebpandeckue pas-
Ieskl Kypca BpICHIEH MATEMaTHUEM, B TOM YHCJIE BEKTOPHYIO anrebpy u
AHAIHTHYCCKYIO T€OMETPHI0, OMPEnEIUTCIH U MATPHUILI, CUCTEMb] JIH-
HelfHBIX ypaBHCHHMN, JuHeNHy10 anrefpy u HOBBIN paszen — ofuIyo
anrebpy.

Bropoit ToM IOMHOCTBIO MOCBAIIEH H3MOMEHUIO OCHOB MaTEMAaTH-
YeCKOTO aHaau3a, JU((epeBNuanbHOMY M HHTErDaJALHOMY HCYHCIe-
HUAM QYHEDMH OTHOH M HEeCKOJILKHX NMEPEMCHHBIX, a Takme mudde-
pPeHUHAALHBIM YPaBHEHUAM.

B 1perbeM ToMe cobpamsl clienualbHEIE PA3feNbl MATEMAaTHYe-
CHOT'O AHA/IN3a, KOTOPBIE B DAa3NMYHEIX Habopax H obbeMax uayvaiorca
B TeXHMYeCKMX By3ax u yHusepcurerax. (1oza orHocATcA Takme pas-
JeJIsl, KaK BEKTOPHBIN aHaNM3, JIeMeHTLI Teopuy QYHKIWH KOMITTeRc-
HOM ITepeMEeHHOH, pAIEI H UX NPUMCHEHHE, OIePATUOHHOE HCTHCIeHYe,
METOALI ONTUMU3ANNY, YDABHEHHA B YACTHBIX IPOU3BOSHBIX, A TAKKE
HHTEr palbHbIE YPABHEHUA.

Harouen, werseproni TOM COZEPARUT TEOPETHICCKHUE BBENEHNUA, TH-
noBhie IMIPHMEPBI ¥ UHMKIBL 382a49 II0 TEODHH BCPOATHOCTEH M MareMma-
THYECKOH CTATHCTHRE.

Yra3aHHBbIe BHIIE H3MEHEHHA COCTABIAIOT JUIIb CTPYKTYPHYIO Ile-
pepaborky CoopHmka, HuKOMM 06pa3oM He 3aTpParHBasd HMU PacHojome-
HHA MaTepHUada BHYTPH COOTBETCTBYIOMIEH INaBki, HA [OCAEIOBATCIIE-
HOCTH HYMeDaIlHX NpUMEPOB U 3a1at.

B cMBICIOBOM OTHOIIEHWH ABTOPLI BHECAHM TOILKO CIACIYIONINE U3-
MeneHuna. Bo scex pasmenax CHopHHEA MCRIIOUEHBI TEOPETHIECKUE
BBCAEHUA H HUKJILI 3303, CBA3AHHKIC C YHCIEHHLIMA Meronamu. [leno
B TOM, 4YTO B HacTOAIIEe BpeMA CYIIeCTBYeT HeAblil pAx IpOorpaMMHLIX
0bonoier, KamIaA U3 KOTOPBIX PeaTHsyer ZOCTAaTOYHO IOMHEIN Habop
CTAHNAPTHBIX METOAOB NPHOMMMEHHOT0 PCUIEHHA 3aKa4, 8 0CHOBHEIE
HABBIKH PabOTBI ¢ KOMIBIOTEPOM MOKHO TPUOODECTH Y7&Ke B IUKOJIE.
ABTOpHI OCYMTANN TAKKE HEOOXOMUMBIM HOGABHTH OAMH HOBLIH pas-
men «OcHoBb1 061melt anrefphly | NpeIORHTE UK 32134 II0 TEH30PHOM
anrebpe B pasnene «Jlunefinaa anre6par B nepsuiit, «anrefpandecruit
tom C6opaura. ITO CBA3AHO C TeM, YTO KPYr Huelt U METozoB 00Imeit
aarebpel Bce raybme NPOHMKAET B HAYKOGMKHEC OTPACTIH IIPOMBINLICH-
HOCTH H, CIEX0BATENBHO, CTAHOBATCA HeobxomuMol JacTsio obpasosa-
HHA H MOArOTOBKH CIENWAMUCTOB [0 HHAECHEPHBIM CIENHANLHOCTAM.

Kpome orMevemHoro Bsime, aBTOpaMu BBINOAHEHA CTaHKapTHasA
TeXHUYCCKAd pabora Mo WCHPABJICHHUIO ONIMOOK, OMMCOK W IPYrUX He-
TOYHOCTEH, YYTEHBLI TAKMAC BCE 3aMEYaHWA, BO3HHKABIINE B Ipomecce
paborsi ¢ npeaninymuMy uaganunMu CoopHuKa.

A. B. Edumos, A. C. Ilocneaos



U3 IPEJUCIOBHA K HEPBOMY H3JAHHWIO

Unea cosnauua «CHopuuka 3agad mo MareMaruke AJIA BTy30B», CO-
IeprRalero 3aKavyd 1o BCeM pasaedaM Kypca MaTeMaTHKI HHKEHEePHO-
TeXHUYEeCKHX CenuanbHoCTelt By3os, npunamnemur b. 1. lemunosu-
uyy. Oznakro npemueBpeMenHan cmeprs npodeccopa b, II. lemunosuya
noMelTana eMy ocymiecTBUTE 9ty patdory. Hacroamuit «C6opuur sa-
Iat, MOATOTOBIEHHbBIN aBTOPCKAM KOJLIEKTHBOM, HMemuM 6ombmoit
IexaroruYeckuil omert paboThl BO BTY3aX, — BOILIOMIEHHE B RHU3HD
uneu b. II. lemunopuua.

O6mana crpykrypa «COopumra 3amays IpefomeHa PEIAKTOPOM
A.B.E¢umoBsIM 1 oTpamaer coxepmaHue NIPOrPaMMbl TI0 MaTeMAaTHRE
IA MHAREHePHO-TeXHUIECKUX CHeRMalbHOCTEH BY30B, pacCYNTAHHON
Ha 510 1acos 1 yrBepmRICHHOM! YueOHO-METOIHIECKHM YIPABIEHHEM TI0
BhicireMy ofpazoBanuio Munsysa CCCP 14 maa 1979 r. Ipu cocra-
Bnenun «COopHHKa 3agawy Hawen oTpakeHHe W ONBIT NIPENONABAHUA
KypCa MaTeMaTHRH B MOCKOBCKOM MHCTHTyTE SIERTPOHHON TEXHUKH,
paccaurausoro Ha 600-700 wacos.

B cbopHIE BRIIOYEHBI 3a5aYV H IPHMEpBI 10 BCEM PasinenaM BTy-
B0BCKOr0 Kypca MareMaTurd. ( IedpI0 3aKpemIeHHA MaTepHalaa
IIKOJIBHOI NPOrPaMMEI B HeM, KPOMe TOr0, IpHUBeReH PAN 3ajad, Io-
BBONAIOMUX 60xee yraybaeHHO NOBTOPHTH OCHOBHBIE Pa3iefbl aHa-
7H3a ¥ BEKTOPHOMN aarefpbl, U3yIaeMEie B IITKOJE.

Oxmolt u3 ocHOBHBEIX OCOGEHHOCTEl HAcTOAIIEro COOPHHMKA ABIA-
ercfl BRIIOYEHHE B GOMBIIHHCTBO TIAB LHURIA pactierHbIx 3ajad, pe-
mIeHHe KOTOpLIxX Tpebyer mcmonbaopauua IBM.

Hpennaraemaa nepsasa gacts cboprura «Jluneitnana anrebpa u oc-
HOBBI MATEMATHIECKOT0 AaHAMTN3a» BRAKYAET T€ PA3Aellsl MATEMATHRH,
KOTODBIE KaK NPaBHIIO, U3YJAIOTCA Ha mepeoM Kypce. (iona orHocaTca
BEKTOPHaA anarebpa ¢ 9IeMEeHTaMHU aHATMTHYECKON! TeOMETPUHM, TUHeH-
Hang anredpa, a rakme guddepeHnUansHOE HCYUCHEHHE DYHKOUE 0f-
HOIf H HEeCKOIbKUX NEPEeMEHHBIX M MHTETPANLHOe NCYUCICHHe (DYHE-
nui onHoM IepeMeHHol.

Ramppiit pasmen c6opHura 3anau cHabmeH KPATKHM BBCIEHHEM,
COIEPRAINUM KaK HeoOXONMMBbIe Teoperndeckye CBeneHHA (onpexeme-
HHA, QOPMYIIEI, Teopembl), Tax 1 GoabIIOe YMCIO TIOAPOOHO pazobpan-
Heix mpumepos. Hawamo pemenusa nmpumepos u 3a1ad oTMedeHO 3Ha-
koM <, a xoHer, — 3HaroM [>. H 3amauam, HOMepa KOTOpLIX MOMEYEHEI
COOTBETCTBEHHO ONHOM WX IBYMA 3BE3X0YKAMM, YRABAHUA MIIH pelne-
HHUA AaroTca B paszene «)TBerst u yrasaHudy.



'nasal

BEKTOPHAA AJITEBPA
U AHAIUTHYECKAA TEOMETPUA

§ 1. Berropran axrefpa
1. Jlunetinmie onepanym HaX BeKTopaMu, Bexmopos (2eomempuueckusm
8EKMOPOM) A HA3HIBACTCA MHOMKECTBO BCEX HANPABIEHHBIX OTPE3KOB, UME-

LMK OAWHAKOBYI0 IIMHY M nHanpaniexue. O scarom orpeare AB uz storo
MHOZECTBA T'OBOPAT, 9T0 OH NPEACTABIACT BCKTOP A (HOAYYEH IpHIIOAe-

HneM BexkTopa a k Toune A). Iauna orpeska AB naspiBaerca daunot
(modyaem) BerTOpa a K 0603HAYACTCH CHM-

BosioM |a| = |AB|. Bertop Hymesolt panHbI 7 b

HA3BIBAETCA HYIEBbIM BEKTIOPOM U 0003HA- a

waeTca cumpoaoM 0. c
Bekroper a u b HazpBalOTCA pasHbLIMU A a+b

(a = b), ecaiu MHOEecTBA IPEICTABRAI-

LMX MX HADPABIEHHLIX OTPE3KOB COBHAAIIT. Puc. 1

B pane 3amau wacTo ObiBaer ymoOHO He
pa3aIHYaTh BEKTOP M KaroH-1ub0 mpencrasnAmINMi erc HanpaeieHHBIH O0T-
pe3or. HMenHo B 3TOM CMBiC:1e, HAPHMED, CAENYeT HOHHMATh BhHIpAREHUE
¢HOCTPOUTEH BEKTOP».

Mlycts HanpasneHHbI 0TPE30OK AB') OpeICTABNAET BERTOP a. IIpUiomuB K
Toyke B 3amanusIit sBexTop b, monyauM HeroTopwnilt HaMpaBAEHHBEIR OTPE3OK

BC. Bertop, npeactasasgeMblil HanpaBIcHHBIM 0Tpe3roM AC, HasbiBaeTcA
cymmoti BEKTOPOB a n b u ofoznagaerca a+ b (puc. 1).
- Ipouseedenuem sexmopa a na delicmeumensnoe wucao A Ha3LIBACTCH
BEKTOp, 0603HaTaeMbIi Aa, Takoli, 1To:
1) |Aa| = |A| - [a];
2) BeKTOPHI @ 1 Aa COHAmpaBleHsl Opy A > 0 ¥ IPOTUBONOIOKHO HANPa-
BreHsl mpu A < 0.

1.1. JJorasars, 1T0 omepanmA CAOMEHUA BEKTOPOB 06JIANAET CIELY-
OIMMH CBOMCTBAMM:

a)a+0=a;

6) a; + ap = a + a; (KommymMamuerocms);

B) a3 + (ag + a3) = (a1 + ap) + a3 (accoyuamusnocme);

r) Va3lb (a+b=0)
(BerTop b HasLIBaeTCA BEKTOPOM, MPOMUBONOLOHCHYIM BEKTOPY A, U
0603Havaercn CHMBOIOM —a);



8 I'n. 1. BexTopnad airce6pa ¥ aHATHTHIECKAA T'€OMETDHSA

11) Va, a Hag (a1 +az = a2)
(perTOp a3 HABEIBAETCA PA3HOCTIBI0 BEKTOPOB Ay M &1 H 0603HaYaercA
CHMBOJIOM ag — a; ).

1.2, JlokazaTth papeHcTBA:

a) —a = (—1)a;

6) az — a; = ag + (—a1);

B) a = |a|ag, rme ag — opm BexTOpa &, T.e. BEKTOP eNMHUTHON
IVTAHBI, COHAIIPABIEHHEIH ¢ BexTopoM a (a # 0).

1.3. B napannenenunene ABCDA'B'C'D’ serropel m, n, p mpex-
CTaBJIeHbI pebpaMm :4—§, /Tﬁ, ﬁ coorsercrsenHo. IlocTpOUTh BER-
TOPEI:

1 1 1
a)m+n+p; 6) gm+t 50 =P B) ~m—n+§p.

1.4. Tansr sexropsr a; ¥ ay. llocTpouts Bekropsl 34, —2—a2, a; +
1
+ 232, -2-8.1 — as.

1.5. Jlorasats, 49To:

a) olepanyA YMHOMKEHHA BERTOPA Ha YHCIO obIamaer cleny oMK
CBOMCTBAMM:

0a=X0=0, (MA)a=A(ra);
6) omepanuy CIOREHHMA BEKTOPOB M yMHOMKEHMA UX HA YUCIA CBA-
3aHBI CTEAYIOIIHMHE ABYMA CBOMCTBAME JucmpubymueHocmu:
Aar +a) =Ada;+ray u (A +A2)a= Aa+ a.
1.6. Norazars pabedcTsa:

a) a+—;—(b—a)=—;—(a+b);

1 1
6) a-— —2—(a+ b) = —2—(a— b).
Karoe nx reoMerpugecruit cMpica?

1.7. .II_D), ﬁ u ‘C'_}? — Mmeauanbl Tpeyroasauka ABC. oxraszars
pPaBeHCTBO Iﬁ + _B_Ei + 6’75 =0.

1.8. AK u BM — wmenmuanrt tpeyronbiura ABC. Bripasuts
1epes p = AR u q= BM BEKTOPbI Zg, BC u CA.

1.9. B napannemorpamme ABC D oGosuauensr; AB = a, AD =b.

Beripasurs wepes a u b sexropsl MA, MB, MC = MB, rie M —
TOYKA mepecevYeHud NMaroHaielf napalierorpaMmma.




§ 1. BexTopnas arrebpa 9

1.10. B rpeyromsuure ABC ?17\7} = am u m = ﬁCTAZ. Tlo-

marad AB = a u AC = b, sbipazuts AN u BN uepe3 BexrophI
aub.

1.11. ABCDEF — upasuilbHblit II€CTHYTOIBHAK, IPHIEM A_é =
=p, —358 = q. BripasuTh wepes p U q BeKTOPHI E'B, DE, l—i’?, 17“2,
AC, AD u XE

1:12. M — rouxa nepecedeHua Menuau rpeyronsuura ABC, O —
NpOM3BOAbHAA TOYKa NpOCTpaHCTBA. Jokasarb paseHcrso OM =

=%(—0—fi+5§+58)

1.13. B mpocrpancrse sanans rpeyroneuuse ABC u A'B'C'; M

u M’ — rouxu nepecesenusn ux memvaH. Beipasurs Bexrop MM’
_opec

uepes sexropbt AA', BB’ n cc.
1.14. Touru E 8 F — cepenunnt cropon AD u BC uerbipex-

yromuura ABCD. [lorasars, 1To EF = -;—(:4_3 + 53). Brisectn

0TCIONA TEOPEMY O CpexHel! JHHHUA TPaleHuH.
1.15. B rpanenun ABCD oruoutedne naunst ocHosanua AD k

nausne ocHosanua BC pasmo A. Ilonaran AC = a u BD = b, sripa-
3UThH Yepes a u b serToprr AL, Ba

CD u DA.
1.16. B rpeyronsnure ABC /_UT/} = am u Zﬁ = BE.

a) Ilpu raxom coorHomennu Memay a u S Bexropsr M ﬁ uB
KOILIMHEaPHBI.

6) Ilycte o u B Takosel, 90 BerTOpEl M N ¥ B(' nexonnuneapusi.

Ilonaraa Bz’ = p 1 MN = q, BbIPa3UTL BEKTOPLI AB 51 Aa Jepes
pPHuqQq.

CucreMa BeRTOPOB @y, ..., By HA3BIBACTCA AUHEUNO 3GEUCUMOL, €CIH
CYLIECTBYOT 9NCAA Af, ..., Ay TAKHE, ITO XOTA ObI OMHO U3 HUX OTIMYHO OT

HyIA 1 A1y + ...+ Apa, = 0. B npoTusHoM ciaydae cUCTEMa HA3BIBAETCA
AUNEUNO HE3ABUCUMOT.

1.17. llorazars caenymolipe FeOMET PHYECKUE KPUTEPUM JTIMHEWHOH
33aBHCHMOCTH!

a) cucTeMa aj, Ay IUHEHHO 3aBMCHMAa B TOM M TOJBKO B TOM CIIy-
qae, KOTJA BEKTOPBI 8] U &3 KOAAUNEAPHbl, T.e. HX HaNpaBICHHA
COBIAJAXT WM NPOTHBOIOIOMHEL;

6) cucreMa aj, ag, az JMHEHHO 3aBUCHMA B TOM M TOIBKO B TOM
cly4ae, KOTla BEKTOPHI 41, 4 U a3 KOMNAGHAPHGL, T. €. NapalAeNbHDI
HEROTOPOH IIIOCKOCTH;

B) BCAKAA CHCTEMa H3 7 > 4 BEKTOPOB JHHEHHO 3aBHCHMA.
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1.18. Ha cropone AD mapamnenorpamma ABCD ormomen BekTop

AR |R | = %|E|, a ua quarosann AC — sexrop AL nnusst

|/ﬁ| = %LK&] orazars, 4T0 BERTOPHI KL u LB KOJUTHHEeAapHbI H

HaWTH A TaKoe, 4TO ITL) =X L_B)

1.19. Pasnomurs BexTop S = a+ b + ¢ 0 TpCM HeKOMINIAHAPHBIM
BekTopam: p=a+b—2¢c, q=a—b, r=2b + 3c.

1.20 Haitty nuueiinyio 3aBHCHMOCTE MeRIY NAaHHBIMH YeTBIPEMA
HelOMIIaHAPHBIMM BenTopaMu: p=a+b, q=b—-c¢, r=a—-b+c,

s=b+§c.

1.21. Jlaus1 uersipe Bexropa a, b, ¢, d. Borumcnurs ux cymmy,
€CJId M3BECTHO, yTo a + b+ ¢ = ad, b + ¢ + d = fa u Bexrops! a,
b, ¢ HeroMmIaHAPHLL

1.22. Joraaars, 410 IaA MOOBIX 3aIaHHLIX BEKTOPOB &, b u ¢
BekTophl & + b, b + ¢ 1 ¢ — a KoMInaHapHLL.

1.23. Jausl TpHM HekOMINIAHAPHBIX BeKropa a, b u ¢. [okasams,
470 BeKTOpHL A + 2b — ¢, 3a — b + ¢, —a + 5b — 3¢ roMIuTanapusl.

1.24. [Tanbl Tpu HeKOMINIAHAPHBIX BEKTOpAa @, b 1 ¢. Burvucants
3HAYEHHA A, IPH KOTOPLIX BekTopsl Aa+b+c, a+Ab+c, a+b+Ac
KOMILIaHAPHBIL.

1.25. Jlaubl Tpu HEeKOMINTAHAPHBIX BEKTOpa 4, b u ¢. Berancants
3HAYEHHMA A\ U [, IPH KOTOPHIX BEeKTOphl Aa + ub +cua+ Ab+ uc
KOJNTAHEAPHBI.

2. Baauc ¥ KoopIHHATEI BEKTOpa. YHOPAMOUCHHAA TPolika HEKOMITaHap-
HBIX BEKTODOB €1, €2, €3 Ha3BLIBAETCA 0A3uCOM B MHORECTBC BCCX TeOMe-
TPUUCCKHX BeKTOPOB. BeAruil reoMmerpryeckuit BEKRTOP a MORET ObITE €NMH-
CTREHHBIM 06Pa30M NIpeNCTaBIEH B BHIE

a= X e; + Xseg + Xzes; (1)

auena X;, Xo, X3 naswBawIcA koopdunamamt BerTopa a B Oasuce B =
= (e, eg, eg). 3amucn (1) Has3LIBAIOT TAKRE Pa3IOREHMEM BEKTOpA a IO
Hasucy B.

AHamorMuHO, yHOpPANOYeHHAA Hapa €;, €y HEKOIMHeapHbIX BEKTOPOB
HasnIpaercA 6asucoM B = (e;, €2) B MHORECTBE reoMeTpUIeCKHX BEKTOPOB,
KOMILTAHAPHLIX HEKOTOPOH MI0CKOCTH.

Haxonen, scArutt Henymenolt pertop e ofpasyer 6asuc B = (e) B Muo-
RECTBE BCEX FeOMeTPUYeCKUX BEKTOP OB, ROMIMHEAPHBIX HEKOTOPOMY Halpa-
BIEHHIO.

Ecau pexrop a ects aunetinas xombumayus BEKTOPOB aj, ..., ap C KO-
shbnnreHTaMu Ay, ..., Ay, T.€.

n
a= Z Akak,
k=1
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TO KamIaA koopoumHara X;(a) BEKTOpa a paBHA CyMMe TIPOMBBENEHUH KO-
9 PUIMEHTOB A1, ..., A, HA ONHOMMCHHLIE KOOPOMHATHEI BEKTOPOB aj, ..
. an:
seey An

Xi(a) = MXi(ar), i=1,2,3.
k=1

Basuc B8 = (e, €2, €3) HA3BLIBACTCA NPAMOY204bHbIM, CCITY BEKTOPEI €1,
€2 U @3 TMONAPHO OEPHEHIMKYIAPHL! X MMEIT eRUHHYHYIO AMHy. B stom
caywae OpUHATHI 0003HAYEHUA

e = iy €z =j7 €3 = k. (2)
Ipoexyued BeKTOpa & HAa BEKTOP € HA3LIBAETCH YKUCIO Np.a = a| cos ¢,
rne = (&, ) — yroa memny sekropamu a u e (0 < ¢ € 7).

Kooppuuater X, Y, Z Bexkropa a B pAMOYroanHOM §a3uce COBNARAWT C
OPOEKIHAMM BEKTOPA & Ha 0aducHule OpTH i, j, K COOTBercTREHHO, a MIMHA

BEKTOpa & paBHa
la| = VX2 + Y2+ 22 (3)

Yucia — X
cos = cos(a, 1) = VXZiYit 22
Y

: cos = o8 (. J) = g
__z__
VX2+Y2 4+ 22

HA3bIBAIOTCA HATNPAGARNUUMY KOCUHYCAMU BEKTODA &.
Hanpasaaroimme KOCHHYCHI BEKTOpA COBOAfANT C KOOPHMHATaMy (TIpo-

CO8y = COS (ﬁ() =

eRIHAMHK) Erg OpTa ap = ~—Aa

la
1.26. 3anau rerpasop OABC. B 6asuce u3 pebep O—_/i, —O_ﬁ u O_é’
HafiTH KOODIHMHATLI:
a) BEKTODA 1_)—1_*5, rae D n E -— cepepunnl pebep O__/i 171 E&
6) pesropa OF, rape F — T0YKa NEpecevyeHns T MEIHAH OCHOBAHHUA
C. :

AB
1.27. B rerpasape OABC memnana AL rpaun ABC nenurca To4-
kot M B ornomennu |[AM|:|ML| = 3:7. Halit xoOpauHATHI BEK-

TOpa 5?\2 B basuce u3 pebep OA4, OB, 53

1.28. Bre mrockocru napamnenorpamma ABCD Baara Touxa O.
B 6asuce us sexropos OA, OB n OC Haliti KoODIMHATHL:

a) BEKTOpa Oﬂ, rae M — Touka mepecedeHHA DUArcHAJICH na-
PaILICIOrpaMMa;

6) sextopa OK, rme K — cepenuna cToporst AD.
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1.29. B Tpaneunu ABC D u3BecTHO OTHOMIEHHME TJINH 0CHOBAHUIA:

l_%l = ). Ha#iTi moopaMHATHI BEKTODA —C_é B 0asuce U3 BEKTOpOB
|CD|

4B n AD.

1.30. B tpeyroasuure ABC m = a;l_ﬁ, ZI_V) = ,Bﬁ (a, B #
#0,1; af # 1), O — touxa nepeccuenna CM u BN. B basuce u3

BexTopoB OM u ON wHaliTu KOODIMHATLL:

a)** BexTOpa ()__/i;

~ 6) BexTOpoB E, B? u C'_A)
1.31. B tpeyronsuure ABC 71?{) = am, W = ,51—3_6, 0_7 =

= 'yC__/i. Ilyers P, Q u R — touru nepecevenua npameix BF u CK,
CK n AM, AM u BF coorsercrbenno. B 6asuce us sexropos A

u AC nairu roopruHaTs! Bekropos AP, BQ) u CR.
1.32. Jlan npaBumasBemi ustuyroavauk ABCDE. B 6asuce us

BexT0poB AB u AE HaliTh KOODIMHATHL:
a) sexropos AC u AD;
6) BerTOpOB 1—3—6, CD u DE.

2 - 3
1.33. Jaur tpeyronsrurx ABC, m = g;l_ﬁ, Aﬁ = 5@ pn-
mag M N nepeceraer BC B Toune K.
‘aé HattTu moopmmHaThl BEKTODA 717{) B 6asnce M3 BEKTOPOB ﬁ
u AC.

6) HoxaszaTh, YTO BEKTOPLI P = AB + KN , q = 1—3—6 + NM

ur = CA+ MK xoinuHeapHn! M ONpeNeauTh KoddPHUMEHT 7 B
PaBeHCTBE P = (.
1.34. B rerpasape ABCD DM — mennaua rpaun BCD u Q —

HEHTp Macce 310l rpaHu. Haitu xoopamHaTel BexTopoB DM u 716 B
basmuce E, R it ;173

B masnpuettiieM, ecaut He OrOBapUBAaeTCA HPOTHBHOE, BEKTOPHI HpencTa-
BJIEHEI CBOMMY KOOPHOMHATAME B HEKOTODOM IPAMOYIrOILHOM 6asuce. 3amuch
a={X,Y, Z} oaHauaer, 4T0 KOOPRUHATHI BekTopa a paBunl X, Y u Z, 1.¢.
a=Xi+Yj+ Zk

1.35. 3anaun! Bexropur a; = {1, 2,0}, ap = {3, 1,1}, a3 =
={2,0,1} ma=a; —2a; + 38 Brrauciamts:

a) |a;| n woopnmMHATEI OpTa A1 0 BEKTOpPA A1;
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6) cos (a1, j);
B) woopnuHary X BEKTOpa a;
r) mp;a.

1
1.36. 3anans! BexTOpHI € = {—-1, 1, 5} n a= {2 -2, -1}

Y6enurhcd, 4TO OHYM KOJJIMHEApHBI, ¥ HAlTH Pa3jOAeHHe BEKTOPA &
o 6asucy ‘B = (e).

1.37. Ha mnockocTy 3afasel sewTopsl € = {—1, 2}, e; = {2, 1}
u a = {0, —2}. Y6enurnca, uro ‘B = (e, ep) — 6asuc B MuOmeCTBE
BCEX BEKTOPOB Ha IIocKocTU. IocTpOMTh 3aiaHHLIE BEKTOPHI B HAHTH
pasiomeHHe BeKTOpa a 1o 6asucy B.

1.38. Iloxazats, uro Tpoitka sexropose; = {1,0,0}, es = {1,1,0}
n ey = {1, 1, 1} ofpasyer Gasuc B MHOMECTBE BCEX BEKTODPOB NpO-
CTPAHCTBA. BBIYMCANTL KOOPXMHATHI BexTopa a = —2i — k B Gasuce
B = (e], e, €3) M HANMCATL COOTBEICTBYIOLIEE PA3I0KEHHUE Io Ha-
3uCY.

1.39. 3agannt BexToput & = 2i+3j, b= -3~ 2k, c=i+j~- k.
Ha#iru: :

a) KOODAMHATEI OPTA &p;
» §) KOOPIMHATHI BEKTOPA & — §b +c¢;

B) paanomenue sexTopa a + b — 2¢ no 6asucy B = (i, j, k);

r) np;(a — b).

1.40. Haitte woopawHATLI 0pTa ag, ecau a = {6, 7, —6}.

1.41. Hantrr Z(a), ecenn X(a) =3, Y(a) = -9 u |a]| = 12.

1.42. Halitu miamHy ¥ HaUpaBIAOIINE KOCHMHYCHI BEKTODA P =
=3a—5b+c,ecima=4i+7j+3k, b=1i1+2j+k, c=2i-3j-k.

1.43. Haittu BexTOp X, KOMIMHEapHbIH BexTopy a = 1 — 2j — 2k,
o6pasyromuit ¢ oproM j ocrTpeii yron u mMeromui naury |x| = 15.

1.44. Ha®itu BexTop X, 06pasyiomumit O BCEMH TpeMA 0a3HCHBIMH
OpTAM¥ paBHBIE OCTPHIE YIubL, cciu |x| = 2v/3.

1.45. Haittu BerTop X, o6pasyfommit ¢ oproM j yroa 60°, ¢ oprom
k — yroa 120°, ecim |x| = 5v/2.

1.46. Ilpu xaxux 3maveHuaAx « u O sexropel a = —2i4+3j+akn
b = Si — 6) + 2k nonauneapss1?

1.47". HaitiTi BeKTOp X, HANPABJIEHHDI 110 OMCCEKTPUCE JTIIa MEARIY
serTopamu & = 71 — 4j — 4k u b = ~2i — j + 2k, ecun |x| = 5V/6.

1.48. 3amams! BexToper: a = {1, 5, 3}, b = {6, -4, -2}, ¢ =
= {0, -5, 7} n d = {~20, 27, —35}. Tpebyerca nonobpars uucia a,
B w vy Tax, 4Tobe1 BEeKTOPHL a, [Fb, yc u d 06pa3eBRIBANU 3AMKHYTYIO
JOMAHYI0 JMHHUIO, CCIM HAYAIO» KAAIOTO MOCTENYIOINero BEKTOpa
COBMECTHTD C «KOHIOM» IIPEIbIAYLIETO.
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1.49. B rerpasape OABC maockpe yribl TPeXTPAHHOTO YIJIA ¢
pepmuHo# O — npamele. Touxa H — ocHoBaHWe mepHeHIMKYIAPA,
nposenenHoro u3 BepimHel O k nuockoctu rpann ABC. Haittu ko-

opauuatsl Bextopa OH B Gasuce uz sexropos OA, OB n O_é’, ecian
|04| = a, |OB| =b, |0C| =c.

3. Jexaproesl NpAMoyToJIbHbIE KOopaUHaTh] ToUKX. IIpocretimme 3agawn
aHAIMTHYE CKoM reoMeTpHH. 10BOpAT, YTO B TPEXMEPHOM HPOCTPAHCTBE BBE-
neHa Jexapmoes NPAMOY204bHaA cucmema Koopdunam (O, B), ecau 3a-
HAHLBI:

1) uexoropaa Toura O, HA3LIBAEMAH HGUALOM KOOPIUHAN;

2) HewoTOpLI mpaMoyrodeHulfl 6azuc B = (i, j, k) B MHomecTBe BCEX
FEOMETPUYECKHX BEKTOPOB.

Ocu Oz, Oy u Oz, nposeneHurie yepes Toury O B HampasiicHuy 6a3uc-
HEIX OpTOB i, j 1 k, HagnBawTCA K00PIUHGMHBIMY 0CAMY CHCTEMEI KOODIM-
Haré , B) = Ozyz.

ci M — NpOMBBOMILHAA TOUKA MPOCTPAHCTBA, TO HANPABIEHHLIN oTpe-
30K m HazbIBaeTcA paduyc-sexmopom touxu M. Koopdunamamy mouxy

M B cucreme (O, B) HasnIBaloTCA KOOPAKHATEI e€ panuyC-sexropa OM Rak
rCOMETPHYECKOro BekTopa B Gasuce B,

o(M) = X(OM), y(M)=Y(OM), z(M)=Zz(OM).
Ecan Mi(z1, y1, z1) u Ma(z2, y2, 22) — LBE HPOU3BOIBHLIE TOIRU B
HPOCTPAHCTBE, TO KOOPIUHATHI Bekropa M My paBHbI

X=zo—1, Y=yp2—y1, Z=2—2z. (4)

Orcroma Ha ocHopaHuu (3) PACCTOAHYME MEMIY TOUKAMH BLIPAKACTCA (POPMY-
Jo#

p(My, My) = |Mi M| = /(2 — 21)? + (2 —31)? + (22 — 21)%.
Ilpn perenuu 3apa9 aHAIUTHYECKOH TEOMETPHY TENeco0BpasHO MaKCH-
MAallbHO KCHONIb30BATLE METONXBI BEKTOPHON aire6puI.
Mpumep 1. 3anamsr sepummmnr A(l, 0, —1), B(2,2,1) u Touka

E(-1, 2, lg' nepecedenna meauad rpeyroaniuka ABC. Ha#ttin KoopouHAThI
pepumssl C.

< Tak rKak KOOPXHHATH! BEpIUMHLI A 3aKaHbl, TO IJIA BLIYMCICHHUA KOODZH-

HaT Bepiybl C' 10CTATOYHO HAWTH KOOPRUHATEI BEKTODA AZ?‘. Ilycts BEF —
MEeXHaHa, nposefeHHan w3 Bepiiudnt B. Toraa

R=2ﬁ=2(ﬁ+ﬁ)=2(/ﬁ+%ﬁ) (5)

(smech wcHONB30BAaH TOT arT, uTo TOYKAa E pmenur menwady BF B oTHO-
menun 2:1). Janee, ua ycnosu#t 3agaun ¢ momombio dopmyast (4) BbIuu-

CliAeM KOOpZHMHATLI BEKTOPOB 4B = {1, 2,2} u BE = {-3, 0, 0}, orkyna
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Ha ocHoBaHuu (5) moayyaem AC = {=7, 4, 4} u, HaroHen, BHOBL HCHONE3YA
dopmyay (4), HaxomuM KoopauHaThl TOURU C'

#(C) = 2(A) + X(AC) = ~6;
y(C) = y(4) + Y(AC) = 4
2(C) = 2(A) + Z(AC) = 3. >

llyctt wa mpamott | 3aganer Touxu My, Mo u M, npuuem M, # M.
Paccmorpum sexropnt My M u M M,. Tax kak oHM KOMTHHEAPHEI, TO Hal-

HCTCA TaKkoe meHCTBUTEILHOE YHCI0 A, 4TO Mlﬂ = XA MM, Yucmo A
HA3LIBAETCH OMHOULEHUEM, B KOTODOM Toura M [eluT HampaBiecHHLIR oTpe-

30k MjM,, IpuUeM OHO HOIOMMTEILHO, eCaM Touka M HAXonUTCA BHYTDH
orpesra My Mo, orpunarensso (1 X\ # —1), ecmu M uaxomurca sue My M,,
u paeHo 0, eciu M = M.

Mlpumep 2. 3uaa Koopaunarst To2ek My (z1, y1, 21) # Ma(2a, Y2, 29)
U OTHOUIEHHE A\, B KOTOpOM TouKa M mesuT HampasieHHBIH orpeaon My M,
HaliTH KOOpIMHATEI TOUKKM M.
< Myers O — navamo woopgunat. 06o3HavmM: OM1 =1, 0M2 = Iy,
QM =r. Tak rar

Mllq =r-r;, MMy=ry;-r,

TO
r—r; = Ary —r),

orxyna (1ak Kak A # —1) LA
_n T2

1+ A
Toaygennan QopMyna ¥ [a€T pELIEHHE 3anady B BeKTOpHOH gopme. Ie-

pexonsa B 9roft OpMyIe K KOOPAMHATAM, HOJIYINM
T A A n+ A
_ 1+ 152’ y=y1+ y2, 4= 1+ 22.[> (6)
14+A 1+ A 1+ A

1.50. Touxa M (1, —5, 5) 3anaHa CBOMMM KOODIMHATAMU B NEKAp-
TOBOM IpAMOYroabHOH cucTeme koopautar (O, B = (i, j, k)). Haliu
KOOPAMHATLI gro#t Towku B cucreme (O, B' = (7', §, k), comu:

)OO’ =2i+j-k ui'=i j=j k'=k;
6) =0 ui=-jj=k k=i

= 1 1 '
B)OO' =j un i=-—=(+]),j=—72(i-j), K=k
) J \/5( i) \/5( ),

(npenBapuTensHo y6enurhed, 4ro B’ — npamMoyroapHbIi Gasuc).
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1.51. Jaus: Tpu sepmuser A(3, —4,7), B(-5,3,—-2) n C(1,2,-3)
napanaenorpaMma ABCD. Haittu ero uersepryio Bepiuusy D, mpo-
THBONONOAHYI0 B.

1.52. Janp! aBe CMeAHbIe BEPIIMHEI Hapadreaorpamma A(—2, 6),
B(2, 8) u Tousa mepecedenus ero amaroHane# M (2, 2). Haiitu nse
IpyTHE BEPIIMHLL

1.53. Onpegenuts KOOPAMHATHI BEPINKH TPEYTOALHHKA, BCIH W3-
BECTHBI cepenuust ero cropor: K (2, —4), M(6, 1), N(-2, 3).

1.54. Ha ocu abcumce uaiitit Touxy M, paccToAHHE 0T KOTOPO#H A0
tousn A(3, —3) pasno 5.

1.55. Ha ocu opaunar HaiTi Touky M, paBHOyIaJdeHHYIO OT TOYEK
A(l, -4, 7) u B(5, 6, ~5).

1.56. Hausr sepavust Tpeyroabrusa A(3, —1, 5), B(4, 2, —5) u
C(—4, 0, 3). Hatitu nauay MeIHaHBI, IPOBEIEHHON M3 BEPIIKHLI A.

1. 57 Orpesor ¢ xoHamu B Tourax A(3, —2) u B(6, 4) pasneier
Ha TpH paBHble yactu. HaliTu KOOPIMHATHI TOYEK NeIeHHA.

1.58. Onpezenuth KOOPAMHATHI KOHIOB 0TPE3KA, KOTODPBIR TOYKAMHU
C(2, 0, 2) u D(5, —2, 0) pasneneH Ha TPH PABHLIE YACTH.

1.59*. 3amamm Touxm A(l, 2,3), B(2,-2,1), C(3,0,3) u
D(16, 10, 18). E — touxa nepecevenua miockocty OAB (O — Ha-
43710 KOOPAMHAT) ¢ IPAMoH, IpoBeneHHo yepes Toury D napaanennso
npamo#t OC. Haittu xoopaunath Touxu E.

1.60*. 3amams! Touku A(2, 5, 2) u B(14, 5, 4); C — touna nepece-
YeHHA KOOPIUHATHON miuockocTH (OZy ¢ MpAMO#, NPOBEJEHHOH dYepea
rouxy B mapamnensno npamoit OA. Haittu woopamuatst Touru C.

1.61. JTaus: sepmunn Tpeyroasuura A(l, —1, —=3), B(2, 1, —2)
u C(-5, 2, —6). Bulumcauth IAMHY GMCCEKTPUCHI O BHEYTPEHHETO
yra mpu BepuInHe A.

< Haitpem pasnomenne BEKTOpA ZI_% no 6a3ucy U3 BEKTOPOB /ﬁ u /_18
Hycn, e = %— ey = —? — OpThI BEKTOPOB /ﬁ u ;18 Torna

BERTOD AE COHANPABIIEH C BEKTOPOM e = €; + 2 (cp. ¢ 3apmaueft 1.47), T
cywecteyer guciao A > 0 taroe, uTo

AB  AC
Zﬁ:Ae:A(Iﬁ—l+®). @)

€ mpyro#t cropousl,

AE = AC +CE = AC + uCB = AC + p(AB - A0) =
= uAB +(1- wAC, p>0. (8)
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@opmyan: (7) u (8) npencrasadior Coboll mBa PalIoREHHA BEKTOPA AE

no 6asucy us BekropoB AB u AC. B cuny emuHCTBeHHOCTH paamomeHus
BexTopa no 6a3ucy nMmeeM

A A
=Uu B =1~ . 9)
8| e (
Peman cucremy (9), Haxonum
_ ! _ 1B\ [AC|
1/[AC| +1//4B| ~ |AB| +|AC)
Tak 4to dopmyia (7) npuHMMaeT BUR
AC|_ o3, _ 148
|AB| + |AC| |AB| +AC|
W3 ycnopuft 3amauu Haxonum:
AB={1,2,1} u |AB| = V6, AC ={~6,3, -3} u |AC| = 3V,

n Ha ocHopanun (10) monywaem

T3 e
AE = {-—§ 0} u |E|=—

4’

(10)

ofkyna

1.62. TpeyroapHux 3amaH KOOPOUHATAMH CBOMX BEPIIHH
A(3, -2, 1), B(3, 1, 5), C(4, 0, 3). Berumcaurs paccrosHye OT Ha-
YaJa KOOPIMHAT JI0 TOUKH MEpECEYCHUA MEIMAH ITOTO TPEYroIbHUKA.

1.63. Naumr Bepmmue! TpeyromsHura A(1, 0, 2), B(1,2,2) u

C(5, 4, 6). Toura L nemur orpesox 713 B OTHOILEHHH \ = -;—, CE —

MenMaHa, nposefeHHas u3 sepmuHel C. Halitu xoopausaTs! TOYRM
M nepecevenua npameix BL u CFE.

4. CraxApHoe IpoH3BeleHHE BekToPoB. CKaAipHbiM Npousdeedentem He-
HYJEBLIX BEKTOpPOB @) ¥ a2 HAALIBAETCA YHCIIO

(ay, a2) = |aj||ag| cos (a7, a3).

Ilna craIApHOro NpOH3BeneHuUA HapaAny ¢ obosHauenuem (a, az) MCHOILIY-
eTcAa TakMme 00o3nageHue a a;.

Teomerpudeckue CBOACTBA CKATAPHOTO NPOM3BENEHNA:

1) a3 L ap & aja; = 0 (yciosue Nepnendukyasprocmy 6€xmopos);

2) ecum ¢ = (a7, a3), TO
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Anrefpandcckue CBOKCTBA CKAIAPHOTO IPOUIBCIEHILA:

1) ajas = aq4a,

2) (Aap)ag = A(ajay);

3) a(b1 +b2) = ab; + abs.

Ecan sextopet a3 = {X1, Y1, Z1} u ap = {X,, Y3, Z»} npeacrasacunt
CBOMMH KOODOMHATAaM{ B TPAMOYTOILHOM 6asice, TO CKallApHOe OpOH3BeIe-

HMe PABHO ‘aay = X Xo + ViYa + 21 2s. (%)

H3 sroft QopMynbl, B 9aCTHOCTH, CIERYeT (HOPMYIA MIA OUPEXEICHMA KOCH-
HyCa yria MeRRy BEKTOpaMu

aja; X1 Xy + 1Yo+ 212
lasflasl  /XZ+VZ+Z2 /X2 +YZ + 23

cos (&7, az) =

1.64. Baas ¢opmyry (x) 3a onpeneneHue CKAJIAPHOTO NPOU3BENE-
HuA, JOKA3aTL COPABEIIMBOCThL aarefpaudeckux ceoitcTs 1), 2), 3)
CKAaIAPHOr0 NPOU3BENCHUA.

27

1.65. |a1] = 3, |ag| =4, (&7, a3) = T BoryucanTs:

a) a? = ajay;

6) (3a; — 2322)(8.1 + 2as);

B) (a1 + a3)°.

1.66. |a;| = 3, |ap] = 5. OnpemeanTs, NPy KaKOM 3HAYEHHU &
BEKTODEHI &1 + aay U &) — aay GyNyT NepHEHAMKYAADHBL.

1.67. Berumcauth nMHY THATOHAJNCH NMapajiesorpaMMa, NocTpo-
eHHOTO Ha BEKTOpax a = p — 34, b = 5p + 2q, ecan u3BeCTHO, YTO

r— T
[Pl =2v2, lo| =3 u (5,9) = 7.
1.68. OnpenennTsh yron MemIoy BEKTOPAMH & W b, eciid U3BCCTHO,

aro (a —b)? + (a+2b)2=20wu[a| =1, |b| = 2.
1.69. B tpeyronnuure ABC AB = 3e| — 4ey, l?é’ = e + Ses.

BEIYHCINTL IIMHY €r0 BBHICOTHI Cﬁ, €CaI1 M3BECTHO, YTO €] U €y ~—
B3aMMHO NEPNEHIUKYIAPHEIE OPTHL.

1.70. Berumcauts np,,,(2a — b), ecan |a| = |b| = 1 u (a, b) =
=120°.

1.71. UssecTtHo, uro ﬁ = 2e; - 6ey u Zﬁ = 3e; + €9, Te
€ M €3 — B3aUMHO TMEePNeHIHKYIApHBIC oprbl. OQupemeauTs yriant
Tpeyroasuuka ABC.

1.72. Ha#tru yroa, o0pazoBaHubili eIMHUITHLIMKA BEKTOPAMU € U
€9, ECJHM M3BECTHO, UTO BEKTODH & = €] + 2e; u b = 5e; — de,
NepUEeHINKYIADHEL.

1.73. Hafitu yron o npu BeprinHe PaBHOOEADEHHOTO TPCYTONIL-
HUKAa, 3HAA, YTO MCIUAHLI, NPOBEIEHHLIE H3 KOHIOB OCHOBAHMNA 3TOTO
TPEYTOALHMEA, B3AMMHO HEePIEHAUKYIADHLE.
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1.74. K BepmmHe ky6a nPUAOAEHSI TPH CUIILI, PABHBIC 110 BEJIMYAHE
1, 2, 3 1 HanpaBneHHLIE NO THATOHAJAM rpaHed Ky6a, mpOXOAIIUM
yepes 2Ty Bepiuuny. HaliTy BenuyuHy paBHOIEACTBYOIIEH 9THX TpeX
CHIIL.

1.75. 3anan npamoyroasuuk ABC D u BHe ero npon3BoabLHAadg TOY-

xa M. lorasars pasencrso MA-MC = MB-MD. Brisccru orciona,
uto |M |2+|MC'|2 [M§[2+1Mﬁ[2
1.76*. ABCD — pasuobounaa tpavenua, AB = a — ocHosa-

™
HUE, AB = b — 6oxobaa cTopoHa, yron memny AB u AD paBeH —.

Brrpasuts uepe3 a 1 b Bexropsr 53, 6’73), Xé H _ﬁg

1.77. 3uan, uro |a| = 3, |b] =1, |c] =4ma+b+c=0,
BeIunCauTs ab + be + ca.

1.78. Nauur sexropu a3 = {4, —2, ~4} u a; = {6, —3, 2}. Bn-
UHCIIHTh:

a) ajay; 6) (2a; — 3ay)(a; + 2a2); B) (a; — a3)?%;

r) |2a; — azf; @) mp,, a2; €) mpy,ay;

&) HANPABJIAIOLINE KOCHHYCBI BEKTOPA &)

3) HPa1+a2(31 — 2ap); m) cos (&7, ap).
" 1.79. Jaus Tourm A(2, 2) u B(5, —2). Ha ocu abcuucc napiru
Taryo Toury M, utober AMDB = g

1.80. Haitti mauubl CTOPOH ¥ BeJHYMHLI YIJIOB TPEYTOJILHHKA C
sepmunHamu A(~1, -2, 4), B(—4, -2, 0) u C(3, -2, 1).

1.81. lna 3agaHHLIX BEKTOPOB &, b U ¢ BhIuncauTs np.(2a — 3b):

a)a=—-14+2j+k, b=3i+j+k, ¢c=4i+3j;
6) a=1i-2)+3k, b=-3i+2j—k, ¢c=06i+2j+3k.

1.82. Jloraszarh, 910 YeThIpexyroibHEE ¢ sepungamu A(-3, 5, 6),
B(1, -5, 7), C(8, -3, —1) u D(4, 7, —2) —- wBazgpar.

1.83. Haittu rocuryc yria @ memny auarosanamu AC u BD na-
pamienorpaMma, eciu 3agaHsl Tpu  ero BepmmHbn  A(2, 1, 3),
B(5, 2, ~1) u C(-3, 3, —3).

1.84. Buiumcants pabory cuiet F = i 4+ 2j + k npn nepemerre-
HHUW MAaTepuaanHOi Touku u3 modomenua A(—1, 2, 0) B momomenne
B(2, 1, 3). )

1.85. Taun: sewtopet & = {1, 1} u b = {1, —1}. Hattru rocunyc
yIiIa MeAKXY BEKTODAMHU X U Y, YOOBICTBOPAOUIMME CHCTEME ypaBHe-
Huit 2x4+y =48, x+ 2y =b.

1.86. Berropsr a, b 1 ¢ UMeI0T paBHEIC MIMHLL 1 00pasyioT monapHo
PABHEIC YIJIDL Hattra KOODAMHATLI BEKTOpA C, ecii a =1+ j, b =
=j+k
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< Ecmu ¢ = Xi+ Yj+ ZK, 10 u3 yCioBHA 3amauM CIEAYeT, YTO BEKTOP C
YIOBJIETBOPACT CHCTEMe ypaBHeHu#

ca=X+Y =ab=1,
cb=Y+Z=ab=1,
lef? = X2 +Y? + 2% =Ja|* = b = 2.

4 1
Pemras ary cucremy, HaxomuMm X; = ——, V1 = -, Z; = -3 wit Xo =1,

3’ 3
Y2 = 0 Zg =1b
1.87. JIytm [0A), [OB) u [OC) ofpasyioT monapHo pasHbLIE YTJILL
BeJNHYHHLI —. Haittu yron Memny Guccesrpucamu yros ZAOB u

ZBOC.

1.88. HaitTi xoOpAMHATHI BEKTOPA X, KOVIMHCAPHOTO BEKTODY & =
= {2, 1, —1} 4 y#OBIETBOPAIOIUETO YCAOBHIO aX = 3.

1.89. Bexrop X nepneHImMkyiarpeH Bextopam a; = {2, 3, -1} u
a; = {1, —2, 3} u ynosnersopsaer ycaosuio x(2i—j+k) = —6. Hatttu
KOOPIMHATHL X.

Ecnn 3apaH HekOTODBIH BEKIOp €, TO 0PMo2oHaabiol cocmasasouel
IPOM3BOILHOr0 BEKTOPA & 67004b 6€XMOPAG € HA3LIBACTCA TAKOK BEKTOD Ae,
xsoroKmﬁ KOJIIMHEApeH €, a PasHOCTh a — A HepHEeHIHKYIAPHA BEKTODY €.

HAJIOrNIHO, 0PMo20HatbHol cocmasaaoujetl BEKTOpa a 6 niocKkocmu
P nazpiaerca BERTOp @p, KOMILIAHAPHBIY DAOCKOCTH £, IpHUYeM pasHOCTh
a — ap HepHeHIUKYJIApHA 3T0H MIOCKOCTH.

1.90. JIna sexropa a = {—1, 2, 1} HaliTH OPTOrOHANLHYIO COCTA-
BJAIIIYIO BIOAL §a3MCHOr0 0pra j U OPTOTOHAJILHYIO COCTABIAIOIIYIO
B II0CKOCTH BexTOpOB 1 1 kK.

1.91. 3azaus: sexropst € = {1, 1, 1} ma = {-1, 2, 1}. Hanm:

a) OPTOrOHANBHYIO COCTABJIAINIYIC BEKTOPA & BAOJIb BEKTODA €;

6) OPTOTOHANLHYIO COCTABIAIOLLYIO BEKTOpa & B WwocKocTH P, mep-
NEHAUKYAADHON BEKTODPY €.

1.92. 3axaun! BepmuHeL TpeyronsHusa A(—1, -2, 4), B(—4, -1, 2)
un C(-5, 6, —4); BD — ero sbicoTa, npoaeueHHaﬂ 4epes BepmnHy B.
HaiiTu woopomHaTnl Tousu D.

1.93*. 3anansr BexTopr! €; = {1, —2,0}, e = {1, 1,1} na =
= {—2, 0, 1}. Haitti OPTOrOHAJIBHYI COCTABIAIOLIYIO A¢, o, BEKTOPA
B INIOCKOCTH BEKTOPOB € U €.

Ecnu Gaswuc B = (ey, s, e3) — OpAMOYrOALHLIH, TO KOOPIHHATEI MPO-
H3BOJILHOTO BeKTopa a = Xje; + Xaes + X3e3 B 370M 6Hazuce MoryT OLITh
BRIYMCJIEHEI IO GOpMYyIe

X;=ae;, 1=1,2,3. ' (11)
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B wactrocTy, dopmyna (11) mossoaser aerko HafiTH CBA3L MEMIY KOOD-
IVHATAMM OHOTO U TOrO 7Re BEKTOPA B PA3THMYHAIX NPAMOYTOMBHEIX Gasncax.

Mpumep 3. Ilycts Gasuc B' = (i, j')
noayser w3 Gasuca B = (i, j) nosoporom mo-
caeqHero Bokpyr Touru O Ha yrox ¢ > 0 (Mut
cumraeM, 410 ¢ > (, eciay IOBOPOT MPOU3BE-
JeH DPOTHB Yacosolt crpeakd, u ¢ < 0 B mpo-
TUBHOM Ciyyae) (puc. 2). YCTaHOBMTH €BA3BL

Memny KOOPAUHATAMYU BEKTOPA & B oasucax B
u ‘B

< Myers a = Xi+ Yj. Toraa Puc. 2
X' =al = Xii'+Yji', Y' =a) =Xij'+Yjj. (12)

C mpyroff croponsi, UMeeM:

najf waf ™ .
i =cosyp, ji' =cos 3% = sin g, ,

“af L3 . sef
it} =cos(-§+cp)=—-sm<p, JJ = cos .
Tosromy dopmynnr npeobpasosanua woopiuHar (12) npuHEMaIT BHL

X'=Xcosyp+Ysing,
Y'=-Xsing+Ycosyp. D>

1.94, BrsecTu GhopMyist mpeobpa3opanya KOOPANHAT TOYEK ILIOC-
KocTH mpu Depexone or cucteMs koopamnar (O, B = (i, j)) &k cucreme

(O, B = (i, §')), ecatu 00" = z¢i + yoj, a 6asuc B’ momyyen us 6a-
suca ‘B moBopoToM Ha yrod ¢ > 0 Bokpyr Touru O.

1.95. Hammcats ¢opMynsl npeoOpa3oBaHWA KOODIMHAT BEKTODOB
npu nepexoge or 6aszuca B = (i, j, k) x 6asucy B’ = (¥, i/, k'), ecan
i’ =cosp-i+sing-j, j=-sinp-itcose-j, k' =-k

1.96. B mpamoyroannoM 6Gasuce B = (i, j, k) mextop a mmeer
pasaomenue a = —2i + j — k. Ybeaurpca, 4T0o Tpo#ika BEKTOPOB

1 1 ' 1 1
o s N . ! .
i=i =—j—-—=k, k'=—%j+-—=k
rarme ofpasyer mpamoyroasrbii 6asuc B = (¥, j', k'), u natitu s
5T0M 0a3uce KOOPIHHATLI BEKTOPa .

1.97. Iposepurs, yro Tpoitka mextopos e; = {1, —2, 0}, e =
= {0, 1, 1} n e3 = {1, 2, 2} obpasyer (xocoyromprriit) 6asuc. Bripa-
3UTH CRANAPHOE IPOM3BENEHHE BEKTOPOB &1, 82 Y€PE3 MX KOOPAHHATHI
B 3T0M 0asuce, ecau

a; = XVe; + xVey + xMey u a7 = XPe; + XPeg + XPes.
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5. BexTopHOe NpOH3EeJdeHHe BeKTOPOB. YNODAINOUYEHHAA TPOMKA HEROM-
IUTaHAPHLIX BEKTODOB €), €2, €3 HA3LIBAETCA NPasotl, ecntu Habnomaresnto,
HAXONALIEMYCA BHYTDH TENECHOTO yIva, 00Pa30BaHHOIO 3THMH BEKTOPAMH,
KpaTuallIHe IOBOPOTHI OT € K €2 H OT €2 K €3 KARYICA NPOUCXOXAIMMHE
IpoTHB uacosofl crpeaxd. B mpoTHBHOM ciydac Tpofika e, €2, €3 Ha3bl-
Baercd #eaotl.

Bexmopubim npou3séedenesm BEKTOPA a; HA BEKTOD &y HA3BIBACTCHA BEK-
TOp, 0603HauaeMbIll CUMBOJIOM (a3, ap] (MM a; X ag), onpenensdemsiii cie-
OYIOLIMMH TPEMA YCROBHAMH: .

1) anuua BewTOpa [a;, ag] paBHa IIOmMAIH NApaIIENOrpaMMa, HOCTPO-
eHHOTO Ha BEKTODAX &, W ag, T.e. |[a;, az)] = |a;||az|sin (a7, a2);

2) Bexrop (a1, ay] nepneHAMKYRAPEH MIOCKOCTH BEKTOPOB a; H ag;

i"? yHOpAJOUeHHAA TPolika Ay, ag, [A;, ay] npasas.

3 ONPEeNENeHHA BeKTOPHOTO IpOM3BENEHNA CICAYET, YTO

a |laz & [a;, ap] = 0.

Anre6panueckie cBOHCTBA BEKTOPHOTO MPOH3BEICHMA:

1} [ay, az] = —[ag, a;1];

2) [/\al, 32] = ,\[al, a2];

3) [a1 + ag, b] = [a;, b] + [az, b].

Ecmu a; = {X1, Y1, 2} m as = {X,, Y3, Z5} — Bewtopst, 3aaaHHbIE
CBOUMM KOODIMHATAMH B MPABOM NPAMOYTOJbLHOM 0asuce, To PA3NOMEHHe
BEKTOPHOIO NPOMBBENEHHA [a;, Az} B TOM e 6a3uce UMeeT BUIX

[a1, ag) = (V122 = Z1Y2)i + (21 X2 — X120)j + (X1 Y2 — Vi Xo)k,

HAM, B CUMBOAMYECKOH 3anucH (C HCHOALI0BAHHEM NOHATHA OLPEREeNHTeNs
3-ro mopanka; cM. §1 ra. 2)

i j Kk
[al, a;_)] = X1 Y] Z] . (13)
Xy, Yo Zy

— 2
1.98. |a;| =1, |ap] =2 u (a7, ap) = 2T Boramcanrs:

a) |[a1, a2]]; 0) 281 + &g, a; + 2ag)f; ) |[a; + 3a, 3a; — as)|.

1.99. HaxoMmy ycaoBHIo ZOJNRHLI YAOBJICTBOPATL BEKTOPSL ) M a9,
1100bI BEKTOPEI 8] + &2 U 8] — A2 OLLIH KOIIMHEAPHLIT

1.100. YupocTHTh BHIDAKEHUA:

a) [i, i + k| —[j, i+k]+[k, i+]+k|,

6) [a+b+c,c]+[a+b+c, b]+[b—c,al,

8) 2a+b,c—a]+[b+c,a+b]

r) 2ifj, k] + 3j[i, k] + 4k{i, j].

1.101. JoxasaTs, ato [a—b, a+ b] = 2[a, b| u sL1ACHETL reome-
TPUYECKUAN CMBICT 9TOr0 TORIECTBA.
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1.102. |a] = |b| = 5, (5:\13) = % Boruncanrs nuomazs Tpe-

YIONBHYEKA, NOCTPOEHHOTO Ha BexTopax a — 2b u 3a + 2b.

1.103. Berxropn a, b u ¢ ceazanel ycaosueM a + b + ¢ = 0.
Joxasars, yro [a, b] = [b, ¢] = [c, a]. Kaxo reomerputeckuii cMpica
9TOTO pe3yanTaTa’l

1.104. Jlorasats, yro npu ai00bIX BEKTOPAX &, P, q ¥ I BEKTOPEI
[a, p], [a, q] u [a, r| KoMmIaHADHEL

—— via
1.105. |a| =2, |b| =5, (a, b) = 5 BrIpasuTh uepes BERTOPbI
a ¥ b cIMHWYHEIN BEKTOD Co, NEPIEHIVKYIAPHLIA BexTopaM a u b u

TaKoH, ITO:

a) rpoiira (a, b, co) npasas;

6) rpoiixa (b, cg, a) nesasn.

1.106. 3amamnr sexrops: a1 = {3, —1,2} u ay = {1, 2, —1}.
Haiity woopauHaTLI BEKTOPOB:

a) [81, 82]; 6) [281 + ag, ag]; B) [281 —ag, 2a; + ag].

1.107. BeraucanTs muomansb TpeyroisHuka ¢ sepiurHamu A(1, 1, 1),
B(2,3,4)u C(4, 3, 2).

1.108. B rpeyronsuuxe ¢ sepmudamu A(l, —1, 2), B(5, ~6, 2)
C(1, 3, —1) naitry BercOTY h = |§B|

1.109. Omupenenuts, Npy KAKHX 3HAYEHHAXx & U [ BeKTOp ai +
+ 3j + fk 6ymer xomnuHeapes Bextopy [a, b], ecn a = {3, —1, 1},
b={1, 2, 0}.

1.110. [na samauHsix sexropos a = {2, 0, 3}, b = {-3, 5, 4},
¢ = {3,4, ~1} sbrumcaurs mpoexnmio Bexropa [a, b] ma BexTOp
(a, b)e.

1.111. Jlna 3amamnsix sexropos a = {2, 1, —1}, b = {1, 2, 1},
c=1{2, -1, 3}, d = {3, =1, 2} BBIuHCAUTD NPOEKUHMIO BEKTOPA &+ C
Ha Bextop (b —d, c|.

1.112. Haiitu sexop [a, a+ b)+[a, [a, b]], ecniu a = {2, 1, -3},
b={1, -1, 1}.

1.113. Hatiti sexrop [Z_B) + R, [B_é, Zg]], ecin A(2, 2, 3),
B(1, 0, 4), C(2, 3, 5).

1.114. T'pu HeHyneBHIX BekTOpa &, b ¥ € CBAZAHLI COOTHOINEHUAMH
a=[b,c|, b =]c, a], c =[a, b]. Halttu xauxsl 31X BEKTOPOB M
YIJIBI MERIY HAMH.

1.115. Cana F = 2i — 4j + 5k mpunomena x Touke A(4, —2, 3).
Onpenenuts MOMeHT 910#t CHibI OTHOCHTENbHO ToukHl O(3, 2, ~1).

1.116. Jaus: tpu cums:: Fy = {2, —1, -3}, Fo = {3,2, ~1} »
F3 = {—4, 1, 3}, npunomennsie k Touxe A(—1, 4, 2). Onpezenurs
BEIHYHHY U HANPABIAIOIINE KOCUHYCHI MOMEHTa DaBHONEHCTBYOIICH
aTHX cual oTHocuTensHo Toukd O(2, 3, —1).
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1.117. Borumcnurs oiomans napannelorpaMMa, THarcHaaiAMK Ko-
TOpOTO CIYRAT BEKTOPBI 2€1 — €2 U 4e; — dey, rhe €] U ey — CNUHUY-

e —
Hule BeKropsl U (€1, €2) = T

1.118. Ha#it xoopIHHATLI BEKTOPA X, CCIU U3BECTHO, YTO OH mep-
mennuKxynApen sexropaM a; = {4, —2, —3} n ay = {0, 1, 3}, obpa-
3yeT ¢ oproM j Tymol yrox # |x| = 26.

1.119. Hatitit KOOPIMHATHI BEKTOPA X, GCIH OH NEPHEHIUKYIADEH
Bexropam a3 = {2, —3, 1} u ap = {1, —2, 3}, a rarme ynonrersopaer
yeaosmo x(i + 2j — 7k) = 10.

1.120. Ilpu waxux ycroBuAx ypasHeHue a; = [ay, x| umeer pemte-
Hue orHOcHTeabH0 X7 CroabKO cymecrtsyeT pemenuit?

1.121. Ha#ita coctasnaomyio sexropa a = {—1, 2, 0}, nepnennu-
KyIAPHYIO0 IocKocTh Bextopos e; = {1, 0, 1} mex = {1, 1, 1}.

1.122. Kax uamenurca sbipamenue (13), ecinm koOpAMHATHI Bek-
TOPOB 3aZaTh B JIEBOM IPAMOYroabHOM 0asuce? Bymer nu BepHa 313
dopMmyna B ciydae KocoyroasHOro 6azuca’

1.123*. Bexrop [a, [b, c]] HazbiBaerca deotinbim exmoprbLM NPO-
usgedenuem 3aNAHHLIX BeKTOPOB. [J0KA3aTh, UTD CIPABENIHEC PABEH-

CTBO
[a, [b’ C]] = b(aa C) - c(a, b)

6. CMemanmoe npomaBemeHMe BeKTOPoB. CMewanubiM Npoussedenuem
yIOpANOYeHHON TPOMKY BEKTOPOR Ay, ag, a3 HazdeipaercaA vucao ([a;, aqz], a).

TeoMerpuyecKHe CBOKCTBA CMEMIAHHOTO OPOU3BEICHHA:

1) ecan V — obnem mapanienenunesa, I0CTPOEHHOTO Ha BEKTOpax ap,
as # ag, TO .
V, ecmm tpoitka (a3, ag, az) npagad,

[21, 22]as { —V, ecau rpoftxa (a;, ay, az) nesan;
2) nnA Toro 4rofbl TPU BEKTOPA a3, a2, a3 OBIIM KOMIUIAHADHEI, HE0D-
XOIVIMO ¥ JOCTATOYHO BHLINONHEHHE ycaoBuA [a;, azlag = 0.
OcuoeHoe anreGpandeckoe CROACTBO CMEIIAHHOTO IPOU3BENEHHA COCTONT
B TOM, YT0 DMKIMYECKAA [IEPECTAHOBKA BEKTOPOB HE MEHAET €r0 BEeJIW'THHLI,

1€ [a1, az]ag = [ag, agla; = [a3, aj]a,.

910 CBOACTBO MO3BOMAET BBeCTH 0603HaueHUe [a;, aplag = ayazaz {peaymn-
TAT He 3aBUCUT OT TOTO, KAK PACCTABHTEL KBAADATHBIE CKOOKH B MPaBOH ua-
cy). CMmemaHHOe IpOU3BENeHHE Yepes KOGPIHHATE! BEKTOPOB B NP aBOM IIpA-
MoyroiabHoM 6azuce 3amuchHIBAETCA B BHIE

X zZ
ajazay = (X2 Yo Zof.
X3 Y3 Zs

1.124. Bewropot aj, as, a3 00pa3ylOT IPaByl0 TPOMKY, B3AMMHO
mepmeHpuxyIApHE U |a1| = 4, |ag| = 2, |az| = 3. Brryucaurs
ajasag.
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1.125. Bexrops! a, b, ¢ o6pasyior nesyio Tpoitwy, |la| =1, |b| =2,
fe]=3m (;,\b) =30°% c L a, ¢ Lb. Haiti abc.

1.126. 3anans: Bexropsr a1 = {1, —1, 3}, a2 ={-2,2, 1} uaz =
= {3, ~2, 5}. Boruncauts ajaza3. Kaxosa opuenTanua Tpoex:

a) (81, ao, 83)', 6) (-ag, aj, a3); B) (a-l, ag, a2)?

1.127. Ycrauosurh, 00pa3yioT JH BEKTOPH! a1, a2 H a3 Gasuc B
MHO/RECTBE BCEX BEKTODPOB, €CIH:

a) a1 = {2, 3, -1}, az = {1, -1, 3}, a3 = {1, 9, -11}

6) ay = {31 —23 1}1 az = {2$ 11 2}1 ag = {31 -11 “2}'

1.128. Jloxasats, uro |ajagasz| < |ajl|azl|as); B warom caygae
HMEET MECTO 3HAK paBeHcTsa!

1.129. JNoxasatb, yro opu aw0bnix a, b u ¢ Bexroper a —~b, b —¢

M C — & KOMIUIaHapHEI. HaKoB reoMerpuyeckuil CMbICH 910r0 (axra?
1:.130. Joxazare TORIECTBO

(a+b+c)(a—2b+2¢c)(da+ b+ 5c) =0.

1.131. Jlorasars, wr0 eciu afa, b]+ g[b, c]+7[c, a] = 0, nputem
xora 651 OXHO U3 YHcen ¢, B ¥ -y OTIHYHO OT HyAA, TO BEKTOPHI a, b
¥ C KOMILTAHAPHEL.

*

1.132. Boruucauts o6bem rerpasopa OABC, ccam 53 = 3i + 4j,
OB = —3j +k, OC = 2j + 5k.

1.133. Briuucaurs 06beM Terpasipa C BEPIIMHAMH B TOYKAX
A(Za _3’ 5)1 B(Oa 21 1)’ C(—2’ —21 3) u D(Sa 2’ 4)

1.134. B rerpasape ¢ Bepmmuamu 8 Togxax A(l, 1, 1), B(2, 0, 2),
C(2, 2, 2) u D(3, 4, —3) BeluncauTs BBICOTY h = ]E—El

1.135. IpoBepuTh, KOMIUIAHADHDI XA TAHHLIE BEKTOPHI:

a)a=-2i+j+k, b=i-2j+3k, c=14i —13j + 7k;

6) a=2i+j—-3k, b=31-2j+2k, e=i—4j+k

1.136. Ipu xawom A sewxropwr a, b, ¢ 6yAyT KOMIIaHApPHBI?

a)a={A, 3 1}, b= {5, -1, 2}, c={-1, 5, 4};

6) a={1, 2\, 1}, b={1, A, 0}, ¢ = {0, A, 1}.

1.137. Joxaszars, wro uermipe Tourn A(l, 2, —1), B(0, 1, 5),
C(-1, 2, 1) u D(2, 1, 3) nemat B OXHON ILIOCKOCTH.

1.138. Haittit xoopnuuaTs! yerseproft BepiunHsl Terpasapa ABCD,
ecJd W3BECTHO, 9TO OHA Aemur HA ocu Oy, a obbeM Terpasapa pa-
BeH V:

a) A(~1, 10, 0), B(0, 5, 2), C(6, 32, 2), V = 29;
6) A(Oa 11 1)1 B(41 31 *3)1 0(21 -1, 1)1 V=2
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1.139. Joxazats, uro 00beM mapaalencnunensa, NOCTPOEHHOTO Ha
NHATOHAJNAX IpaHeil NaHHOTO TAapajJiclenuNend, PABeH YIBOSHHOMY
06beMy TAHHOTO Napalierenunena.

1.140. JoxazaTh TOMIECTBA:

a) (a+ c)b(a+b) = —abc;

6) (a —b){(a —b — c)(a +2b —c) = Jabc;
8) (a + b)(b + c)(c + a) = 2abc;

r) Va, 8 (ab(c + aa + b) = abc).

§ 2. /IunetiabIE reoMeTPHYECKHE 00BEKTHI

1. lpaman ua mwnocroctu. HpaMaa Ha MIIOCKOCTH B IeKapTOBOH NpAMO-
yronoHoft cucreme woopauHat Oy Momer ObITh 3a0aHa YpaBHEHHEM OIHOTO
H3 CIeAYIOMIHX BUIOB:

1) Az + By + C = 0 — obuwee ypashenue npamot;

2) A(z —x0) + B(y — yo) = 0 — ypaBHeHHe npAMOH, IPOXOBALIEH depe3
toary Mo(Zo, Yo) NEPUEHANRYAAPHO Hopmasbromy BekTopy n = {A, B};

T—z - ,
3) 0o _ Y% ypaBHeHHe NpAMOH, npoXonAmiel 4epe3 TOIKY

My (20, yo) napamieasHo nanpasamowemy sexmopy q = {l, m} (xanonu-
wecKoe ypasnenue UPAMOL);
T=xq+1t
4) o + ¢ty
Y=1Yo+ mly
IpAMO, KOTOpLIC B BEKTOPHON (OpME HMEKT BHI

t € (—00, +00) — napamempuuecKue YPAGHERUA

r =rg+ qt,

rme ro = {Zo, Yo} — pasuyc-sexrop touku Mo(Zo, ¥o), 9 = {I, m} —
HAIPABIAIOMINA BEKTOP IPAMOI;

5) §+% = 1 — ypanHen#e npAMON 8 oMPe3KaT, rue a v b — BeTHYHHLI
HANIPABJEHHLIX 0TDPE3KOB, OTCEKABMBIX NPAMO# Ha KOOpOMHATHEIX ocAx Oz
u Oy COOTBETCTBEHHO;

6) zcosa + ycosf — p = 0 — nopmasbuoe ypasuenue TPAMON, TIE
COS & ¥ €08 3 — HAUPARIAIIME KOCHHYCHI HOPMAIBHOI'O BEKTOPa N, Hapa-
BJIEHHOr0 M3 HAYAIA KOOPAHHAT B CTOPOHY mpAMol, a p > 0 — paccToAHHe
0T Hauaja KOODAHHAT H0 IPAMOH.

O6mee ypasHenue 1) IpHBOAHTCA K HOPMAnIbLHOMY BHIy 6) myrem yMmHo-
RCHHA HA HOPMUDPYIOIMHA MHOMHUTEND

sgnC
VAZ + B2

Ecau npaman L 3anana ypasnennem suma 6), a M (z, y) — HekoTopan Touka
ON0CKOCTH, TO BLIPAKEHHE

(M, LYy=zcosa+ycosf—p

sagaet omwaonenue mouxu M om npamot L. 3uar §(M, L) ywaasisaer
Ha B3AMMHOC pacmojomeHue Toukd M, upamoit L ¥ Hawaja KOOpOHHAT, a
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MMEHHO: eciiM TOUKka M ¥ HA4an0 KOODIMHAT JeRAT N0 PA3HLIE CTOPOHHL OT
npamott L, ro (M, L) > 0, a ecint rousa M 1 Havano KOOPAHHAT HAXOOATCA
mo onHy cropouy ot npamoi L, to (M, L) < 0. Paccroanne p(M, L) or
rousu M no npamoit L onpeaennaerca pasencrsom p(M, L) = |6(M, L)|.

Npumep 1. Hamncars ypasuenne npamoft L', napanaensnolt nsyM 3a-
maHHbIM OpAMBIM Ly: 24+ 2y — 1 =0, Ly: z+ 2y + 2 = 0 # npoxonamweit
nocepeaHHe MeEIY HHUMH.
< 1-#t meron. Taw war sexrop n = {1, 2}, HOPManbHBIA K 3aTAHHBIM
IPAMBIM L; u L, ABNACTCA B TO M€ BpeMd HODMAILHEIM H K IPAMO
L', to gocrarouno Ha#ty Kakyw-uubyns Touky M', nemamyw Docepeanue
vemny Ly u Ly. U3 ypasuenuit gna Ly u L, Haxonum nwofble gBe TOUKM
M, € Ly u My € Ly, nanpnmep tarue: M; (1, 0) u Mo(—2, 0). Torna rouxa-

o
M! 3 0}, nenawmaa orpezok M; Ms nononam, neEUT OCEPEIMHE MERIY

Ly u Ly. Nlosromy ypasuenue npamoft L' umeer sun

1

2-#1 meron. Ilpousponsuaa Tousa M npuxamgnemur L' B TOM u TONBKO B
TOM caydae, korna p(M, L)) = p(M, L), 1.e.

|8(M, Ly)| = 16(M, La)). 1)

Jéta Toro 9T06BI CHATH MOIYAM B STOM COOTHOLIPHMH, YCTAHOBMM HOJOHKEHHE
Hava/Ja KOOPIHHAT OTHOCHTETLHO 3a0aHHbIX NpAMLIX Ly # Ls. HopMmansuoe
YDABHCHMA STHX OPAMBIX TAKOBBI:

1 2 2

L L T+ 2 y 0 u L ! iz Yy
10 =T+ —F=y——== 97 = Y — — =
vV VB VB VB V5 VB
Tax gak HOPMaJH N; ¥ ng U3 Toukr O B cropouy L u Ly OpOTHRONOIOKHO
Hampas/eHbl, TO Touka O HaXoouTCA B noiaoce Memay Ly 1 Lo.
Tlosromy coornomtenue (1) npunumaer sux §(M, Li) = 6(M, Ly), unu

1 1 2 2

1 2

=Tt =y - == =T - —=Y — —=,

VYA - Y LAY
T.e.L’:x+2y+%=0.D

" B zamauax 1.141-1.143 tpebyerca:

1) HanucaTh ypaBHeHHe NpAMON, NPUBECTH ero K 00leMy BUIy H
HOCTPOMTH NPAMYIO;

2) mpusecty obmiee ypasHeHMEe & HOPMAIBHOMY BHIY ¥ yka3arth
PACCTOAHME OT HAYAJNa KOOPAMHAT IO TMPAMOH.

1.141. Hpamaa L sanana touxoit My(xzo, yo) € L ¥ HOpMATbHBIM
sexropom n = {4, B}:

a) MO(—']-a 2)1 n= {2’ 2}1
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6) M0(2, 1)’ n= {21 0}’
8) Mo(1, 1), n= {2, —1}.
1.142. Tpamas L samana touwoit My(zg, yo) € L u nanpasasio-
muM BexTopoM q = {I, m}:
a) MO(*]-’ 2)1 q= {3a _1};
6) Mo(1, 1), q= {0, -1}
B) Mo(-1 = {2, 0}.
1.143. HpﬂMaﬂ L 3ajana ABYMA comMM rtouxamMu Mi(z1, y1) u
Mz(wz, ya2):
a) Mi(1, 2), Ma(-1, 0);
6) Mi(L, 1), Ma(l, —2);
8) Mi(2, 2), Mal0, 2).
1.144. 3agansr npaMaa L u Touxa M. Tpebyerca:
1) soramcnurs paccroanne p(M, L) or Tousn M mo opamoit L;
2) mamucats ypasHeHue npamoll L', mpoxonameit wepes Touxy M
NepIeHIUKYIAPHO 3agaHHol opamoit L;
3) manucars ypasneHue npamo#i L”, npoxonamest wepes rouxy M
napannelnHo 33gaHHoN npAaMoit L.
Hcxonnrie nannsre:
a) It =2z +y—1=0, M(-1, 2);
6) L: 2y +1=0, M(1, 0);
B) Li z+y+1=0, M(0, -1).

Ilycrs samaus: nse npAMsie L) u Ly, BozMmomus! ABa cayyad HX B3auM-
HOTO PaCTONOMEHHA:

1) L; u L; — napanneinbHbIe NpAMbIE, B 4aCTHOCTH, OHH COBIAIAI0T;

2) L; u Ly nepecexaroTcA.

B sagauax 1.145-1.149 mccienoBaTh B3aUMHOE DACIOIORCHEE 3a-
maHHBIX npaMbix L; u Lo. IIpu atom B cayvae 1) Haifitu paccroanue
———
p(L1, Lg) memny npaMbIMH, a B caysae 2) — wocunyc yraa (Ly, Lo)
4 ToYRy M) nepeceyeHHA NPAMBIX.
1.145. Ly : -2z +y—1=0, Ly: 2y+1=

=1 gy ST+2 oy

1.146. L, : = =71 Ly: =0
1147. Ly: z+y—-1=0, - Ly: 2z-—-2y+1=0.

1

1148. Ly : s 4+y—1=0, Lzzg-:ﬁ-i—.

1.149. Ly : —z+2y+1=0, Lo: 20 —4y—2=

1.150. Tpeyronsuur ABC 2agman HOODAMHATAMH CBONX BCDIUHH.
Tpebyerca:

1) HamucaTs ypaBHeHHe cTopoHsl AB;
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2) manucaTthk ypaBHeHMe BhIcOTE! C'D ¥ BBIYHMCIHTH ee LIUHY h =
|CD|; ‘

3) maittit yron ¢ Memny Burcoroli CD u Menuanoit BM;

4) manucath ypaexenusn bruccexrpuc Ly n Ly BHyTpeHHero i BHeIn-
HEro yrioB Opu sepiinue A.

Hcxonsnle maHHEIE:

a) A(lv 2)1 B(2a _2)v 0(61 1)’

6) A(Qa —"2)a B(6a 1), C("23 0)

1.151. Tloxasarn, wro toura M(—1, 2) opunagnemur upamoi L:
z = 2f, y = —1 — 6¢. Haittu coorsercIBylomee sTofl ToUKE 3HAYECHHE
mapamerpa t.

1.152. Beruucauts paccroanme or toukd M (1, 1) mo npamonr L:
r=—-1+2t, y=241t.

Ecmu npaman sanaHa o6umumM ypanreuueM Az + By + C = 0 1 opd sroM

B # 0 (r.e, npaMaa we napasnensHa ocu (Oy), TO 3T NPAMAR MOMET OHITH
ONHCAHA YpasHenuem ¢ yaioevlm xosdduyuenmon suna y = kz + 0.

Mpumep 2. Hanucars ypasHenue npamoi L', npoxonsaiueis gepes Toaxy
M(2, 1) non yrnom i npamoit L: 2z + 3y+4=20. '

< Yrnom Memmy npAMeME L u L' Ha3plpaeTcA HaHMeHbIIUN H3 IBYX CMeER-
HEIX YIJI0B, 06pasoBaHHLIX 3TMMH npAMeIMH. 1loaToMy (cM. zapmady 1.156)

o k+2/3
. tg (L, Ly) = |——o | =1,
gL, Lo) =\ T35 Ay
rae k — yraosolt koaddumuent npamoi L'. W3 sroro ypasHenua Haxomum
k= 5 ko = —5, CnegoBaTensHo, 3a;1a4a HMeeT gpa pewreHda. Hcnonssya

KOOPIMHATE! TOUKH M, MBI MOZREM 3aNHCATSH AJIA KARIOIO CIYYan yPABHEHUE
C YIJIOBBIM KO3 PHUHEHTOM:

y:—z+§, y = -5z + 11,

HJIH B 00LI1EM BHIE 5 5
z~-5+3=0, bx+y—-11=0. >

1.153. HanucaTts ypaBHeHHe IpAMOil, NPOXONAINIEil uepe3 TOYRY
My(2, 4) n orcroamets or Touxu A(0, 3) Ha paccroaume p = 1.

1.154. Hanucarer ypasHenwe npamolf, npoxonxdAmieil uepe3 TOYKY
My(1, 2) u ynanemno#t or touku A(—2, ~5) BIBOE manbuie, 4eM OT
rouxu B(1, 8). :

1.155. Hanuncats ypasHeHue IpAMolt, OPOXOIAIIEH Ha PACCTOAHKHI
V10 or Tousn A(5, 4) nepnexnuxynapHo mpamol 2z + 6y — 3 = 0.

" 1.156. Jprasats, aro eciau upaMeie L) 4 Lo 3a1aHb] ypaBHEHUAMH

¢ yriaIoBBIM k09 GHIHECHTOM,; TO

——— ko — k
tg (L1, Lz) = |———

14+ kikg
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1.157. U3 touru M(5, 4) BHIXOZMT JIyd CBETra HOX YIOM =
= arctg2 x ocw Oz u orpamaerca or Hee. Hammcars ypasmenua
TMAMAIOIIErD U OTPAAREHHOT0 Iydet,

1.158. Haittu ypaerHeHnue npamoil, orcexatome Ha ocu abcumce ot
HaJyaJ1a KOOPDIMHAT OTPe30K ANKHEI 2 1 obpasymwmieit ¢ npamoi 2z —
—y+ 3 =0 yrox 45°. '

1.159. B ypapsenuu npamoit 4z + Ay — 20 = 0 mogobpate A Tak,
wrobBI yros Memoy sro¥t mpamoit m opamo#n 2z — 3y + 6 = 0 pas-
unca 45°.

1.160. B pasuobenpennom tpeyroabuuke ABC 3amanb! BepInuHa
C(4, 3), ypasuenue 2z — y — 5 = 0 ocxosanua AC u ypasHeHue T —
— 1y = 0 6oxoBoit cropoust AB. Hanucats ypasHenue cropoun: BC.

1.161. Hanucate ypaBHeHMe mPAMON, KOTOPAA OTCTOHT OT TOIRHU
A(—1, 2) ma paccroanuc p = /34 u cocrasiser ¢ ocvio O yroi,
Basoe Gonnmui yraa, cocrasasemoro ¢ oceio Oz npamoit 2z — 6y +
+5=0.

1.162. CocraBuTb ypaBHeHUE NPAMOMN, KOTOPAA NPOXOTHT Uepe3
rousy M (8, 6) u orcexaer 0T KOOPAMHATHOTO YIJIa TPEYTONLHUK C 1LJI0-
1I1agblo, paBHoit 12,

1.163. Hanucars ypasnenue npamoil, DapalicinHOl IByM 3amaH-
HEIM NpAMBIM Ly 1 Ly ¥ npoxonameil nocepernHe Memay HUMH, €CIIH:

-1
a)Li: 3z -2y—-1=0, Lg:w2 =%_—5;
1/2 1/2
6) L1: 32— 15y —1=0, Lo: $+5/ =y+1/.

1.164. Hanucats ypasHeHHe npAMoil, IpoxogAineil depe3 TOUKY
M (2, 1) non yraom g wupamoit Lt c=1+1t, y=-2— -?;t.

1.165. Jlans! a8e nporuBonoNoAHLIE BepiInHb! kBagpata A(l, 3) u
C(-1, 1). Haiiti roopauHaTsl ABYX €ro IPYrdX BEPINMH X HANKACATH
yPABHEHHUA €rd CTOPOH.

1.166. ssecTHBI yparHeHue 0qHON B3 cTOPOH KBagpara T + 3y —
— 3 = 0 u rTouxa nepecevenns nuaroHaneit N(—2, 0). Hamucats
yDaBHEHHA OCTAJBHBIX €r0 CTOPOH.

1.167. Toura A(5, —4) aABNAeTCA BEPINMHON KBAXPATA, TMATOHAIb
KOTOpOro JemuUT Ha upiamolt £ — 7y — 8 = 0. Hanucars ypasnenus
CTOPOH U BrOPO¥ THArOHAJNM ITOr0 KBAApaTa.

1.168. Hanucars ypasHeHus ctopoH TpeyroasHuka ABC, ecan
3agaHa ero sepmuHa A(1, 3) u ypasHenusa nByx mMeguad 1 —2y+1 =0
ny—1=0.

1.169*. oxazats, uro npamas 2z + y + 3 = 0 nepeceraer orpeason
M1M2, rue Ml(—5, 1) H M2(3, 7)
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1.170. Hamucarh ypaBHeHue mpAMON, mpoxonAuied yepes TOUKy
My(-2, 3) na ommHakoBbIx paccroanmax or rtowex Mi(5, —1) m
M, (3,

1

7).

.17 1. YcraHoButs, memar au Tousa My(l, —2) u Havamo KRoOpIM-
HAT B ONHOM YIile, B CMEKHBLIX MIN B BCPTHRAIBHLIX yriax, o6paso-
BAHHBIX NCPECEKAIMMHACA npAMEIMA L1 u Lo, ecan:

a)L1: 2z ~y—~5=0, Ly 3z+y+10=0;

6) Li: t —2y~1=0, Ly 3z—-y—-2=0.

1.172. YcraHoBMTH, KAaKOH M3 YINOB — OCTPBIM WAM TYIOH, —
06pasoBaHHbIX TpAMBIME 32 — 5y —4 = 0u z+ 2y + 3 = 0, conepmur
touxy M(2, —5).

1.173. HanucaTth ypaBHEeHHA CTOPOH TPEYTOILHUKA, 3HAA ONHY €ro
sepuinHy B(2, 6), a takme ypaBHeHusa BbICOTBI £ — Ty + 15 = 0 n
6uccerrpuckt 7z + 9y + 5 = (), IPOBCAEHHBIX K3 ONHOMN BEPLINHBL.

1.174. Hanucats ypasHEHHUA CTOPOH TPEyrOAbHHUEA, 3HAM OLHY €ro
BepumnHy B(2, ~7), a rakme ypaBHeHus BbICOTHE 3T + Yy + 11 =0 u
MeIuaHsl T + 2y + 7 = 0, npOBEIeHHBIX U3 PA3NUYHLIX BCPIIMH.

1.175. Hanucarr ypaBHeHMA CTOPOH TPEYTOILHUKA, 3HAA OIHY €ro
Bepuiuay A(3, —1), a tarsme ypasueHus duccerrpucet  —4y+ 10 =0
¥ MenuaHLl 6z + 10y — 59 = 0, upoBeneHHLIX U3 PABIMYHLIX BEPIUIMH.

1.176. lamwr ypaBuenua bz + 4y = 0 u 3z — y = 0 Menuan Tpe-
YPONLHAKA M KOOpIMHATHEI (—5, 2) onHo# U3 ero sepmiud. Haitru ypas-
HEHHA CTOPOH.

1.177. Jaust ypasnenua y +4 = 0, Tz + 4y + 5 = 0 6uccerrpuc
ABYX BHYTDCHHUX YIJIOB TPEYTOILHUKA M ypasHenne 4z + 3y = 0 cro-
POHBI, COETUHAIOMICH BCPUIMHBI, U3 KOTOPLIX BLIXOHAT TauHsie Guc-
cexrpuchi. Hammcars ypasHeHusa IByX OPYrUX CTOPOH TPEYrOMbHHKA.

1.178. a) [lorasath, uro Tousa H mepeccueHuA BLICOT TPEYrOib-
HUMKA JICAUT HA OTHOH mpAMOi ¢ Touko#t M mepeceueHusa ero MeInaH
¥ ¢ ueHTpoM N OIMMCAHHOM ORPYMHOCTH.

6) IlposepuTh yTBEPKIEHUE 1. @) ILIA TPEYTOALHHKA € BEPUIMHAMU
B Toukax A(5, 8), B(—2, 9), C(—4, 5). Onpenenuts, B KaKOM OTHO-

meHun A Tousa H OequT HaupaBleHHbIH OTPE30K M
1.179. B rpeyromsaure A(-—3, —1), B(1, —5), Aﬂ

= 3JMB, AN = 3N c. [loxasars, 4T0 TOUKA nepeccqenml IPAMBIX
BN u CM nemvr Ha MeIHaHe, npOBeneHHOﬁ U3 BepmiuHpl A.

2. llnockocrs ¥ nmpAMaa B mpocrpascTse. Ilnockocts P B menaproBoft
TOPAMOYTOJLHOR cucTeMe koopauHaT Ozyz MOmeT OhiTh 33]aHA YPABHEHHEM
OIHOTO M3 CJAEAYIOIUX BUMIOB:

1) Az + By + Cz + D = 0 — obwyee ypasnenue IIOCKOCTH;

2} A(z — z0) + Bly - ys) + C(z — 20) = 0 — ypaBHCHUE ILTOCKOCTH, |
npoxonawe#t wepes toury Mo(zg, Yo, Z0) TEPOCHIMKYIADHO HOPMAALHOMY
sexmopy n = {A, B, C};
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T Yy =z
3) -+ B + p = 1 — ypaBHeHue ILIOCKOCTH 6 0Mpesxaz, rae a, b, ¢ —
a
PEJIMYMHE! HAPABJEHHLIX OTPE3KOB, OTCEKAEMBIX ILIOCKOCTBI0 HA KOODIM-
HatHEIX 0cAx Oz, Oy, Oz coOTBETCTBEHHO;

4) xcosa+ ycosB + zcosy — p = 0 — HOpMasbROE YpasHerue MWIOC-
KOCTH, TIe COS(, €083, COS+y — HampaBIAIOIINe KOCHHYCHI HOPMAbHOrO
BEKTOPa N, HANDABJEHHOr0 M3 HAYalla KOODIMHAT B CIOPOHY IJIOCKOCTH, a
p > 0 — paccTofAHye 0T Ha¥ajla KOODOMHAT A0 MIOCKOCTH,

O6mee ypasuenue 1) npusoaUTCA K HOPMAJLHOMY BUmy 4) myTem yMHO-
MEHUA HA HOPMHPYIOMINY MHORHTEND

4 sgn D
VAZ + B? 4 C?
Ecau miockocts P 3ajaHa HODMAalbHRIM ypaBHEHHEM BHIA 4), a
M(z, y, z) — HeroTopaa TOIKa OPOCTPAHCTBA, TO BRIPAMEHME

O0(M, P)=zcosa+ycosB+zcosy—p

3amaer omxaonenue mouxu M om naockocmu P. 3uar 6(M, P) yxager-
BaeT Ha B3AHMHOE pachmojokeHHe Toukd M, miaockoctu P u mHawama koop-
OMHAT, a UMEHHO: eCau T09xa M U HAvaJo KOODOMHAT JIEARAT N0 PasHLIe
CTOpOHLI 0T WocKocTd P, To (M, P) > 0, a ecnu M ¥ navano KoopmuHaT
HaXONATCA N0 OfiHY CTOPOHY or miockoctu P, o §(M, P) < 0.

Paccroanmne p(M, P) or toaxu M 1o maockoctn P oupemenderca paseH-
creoM p(M, P) = |6(M, P)|.

IIpaman L B npocrpaHcTBe Momer OblTh 3amaHa:

1) obwumy ypasnenuany

{A127+B1y+012+D1 =0,
A21+Bzy+sz+D2 =0,

roe Kosddunuentsr A;, By, C1 He mponopmMoHanbLHb Koad bunuentam A,,
2, C3, YTO PABHOCHJBLHO €8 3aTaHUI0 KaR JINHHH IepeCcedeHHMA NI0CKoCTely;
2) NapaMemPUNECKUMY YPABHEHUAMY

T =xz9 + 1,
y=y0+mt;
z = z9 +nt,

unu B BewTOpHOH dopme r(t) = rg + qt, rme ro = {To, Yo, 20} — pamuyc-
BEKTOD HEKOTOPOM TO4KHM, HpUHAnNemamed upamodt, a q = {l, m,n} —
HanpaBJIAIOMINA BeKTOp npAMOl;

3) KAHONUUECKUMY YPAEHEHURMY

T—T _Y—¥Y _2—2

l m n '’

YT0 PABHOCHJILHO 3aNaHHIO NPAMOY KAK JIMHMM NEpecedeHNd TPeX II0CKO-
crel, IpOEKTHPYIONIMX 9TY OPAMYI0 HA KOOPIMHATHEIE WIOCKOCTH.
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Hpumep 3. Hamucarh ypasHeume mnockocTH P, npoxondiel uepes
rouru M;(1, 1, 1) u M,(0, 2, 1) napannennto sextopy a = {2, 0, 1}.
< 3agava uMeeT eMMHCTBEHHOE pelueHue, Tak Kak BexTopsl My Me = {1, 1, 0}

ua={2,0, 1} neronanueapHs!. B KauecTBe HOPMAILHOrO BEKTOPA K ILIOC-
KOCTH MOReET OBITh B3ATL BEKTOP

i j k
n= (MM al=|-1 1 0l=i+j-2k
2 0 1

Ypasuenue mockocty umeer sug (z — 1) + (y — 1) — 2(z — 1) = 0, uan
T+ 1y~ 2z = 0. Tar Rak B TOCIETHEM YPAaBHEHUM OTCYTCTBYeT CBOOOIHEIN
YIEH, TO MJIOCKOCTh NPOXOXUT YEPE3 HAYAJI0 KOODOMHAT.

lipyroti cnoco6. Toura M (z, y, 2) npuHamIERNUT NcKOMOl mIockocTn P

—
B TOM M TOJBKO B TOM ciydae, korma sextopsl MiM, M;M; n a rommia-
Hapusl. CregoBarensbHo,
z—-1 y—-1 2-1
Mqu -]M1M2-a= -1 1 0 =0,
2 0 1
oTKyma r +y — 22 = 0. >
Ipuwmep 4. lIpamaa L 3apana o6luMMK yPABHEHUAMU
T+y—2=0,
2c—y+2=0.

»

Hanucars KaHOHUYECKUE YPABHEHUA 37O ODAMOM, a TAKMKe YDABHEHUE ee
TPOERIUM Ha KOOPIMHATHYIO miaockocts Oz,

< Toura M (0, 2, 2) ynosaersopsaer o6muM ypasHenuaM npaMo# (aposepsre!)
, CJICIOBATEABLHO, JCARUT Ha aTol npamolt. B kavecTse HampaBAAIOIIErO BEK-
TOpa TPAMOR MOKET ObITh B3AT BEKTOP q = [nj, mp], rme n; = {1, 1, -1} u
ny = {2, —1, 0} — HOpMaAbHLIE BEKTOPRI LIOCKOCTEH, JIMHUEEN TIEp eCEIeHUA
KOTODBIX ABJAETCA 3aMaHHAA npaAMAad. TakuM obpazom,

i j k
g=1 1 -1}=-i-2j- 3k,
2 -1 0

T y—2 z-12

-1 -2 =3
HonyyeHHas TPONOPIKMA YKBUBAJICHTHA CUCTEME TPEX YDaBHEHHH
“2r+y-2=0,
~3dr+2-2=0,

~3y+2z+2=0,
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ONMHCHIBAIOLINX TPU MIOCKOCTH, IPOEKTUPYIOIIME IPAMYI0 HA KOOPIMHATHbIE
mnockocty Ozy, Ozz 1 Oyz cOOTBETCTBEHHO (YpaeHenus NPamotl 6 npoex-

yuaz). B gactHocTH, ypaBHeHue —3z + z — 2 = 0 eCTh ypaBHEHUE 1P OEKIUM
3aganHOl mpAMoR Ha maockocts Ozz. >

IlpuMmep 5. 3amaHEl CKPEIMBAIOLINECH TPAMBIE

z+1 y+1 2-2
1 - 2 7 -1

Hatttu paccroanue p(L;, L) MemAy TPAMBIMM U HanucaTh YPABHEHUA 06-
IIEro TepOeHIMKYIAPa [ ¥ 9TUM OPAMEIM.

<) Hatimem ypasHenue naockocry P, npoxonameit yepe3 npamyo L) mapan-
nenpHO npamolt Ly (puc. 3). Touwa M;(0, 1, —2) aemur Ha npavoit L, u,
CJIENOBATENLHO, TPUHAMICKUT UCKOMOMN
niaockoctu P. B kavecTse HopManbHOro

Lz:

BEKTODA K 3TOH MI0CKOCTH BO3bMEM BeK-
TOp
n=[q;, g} =
i j k
={-2 0 1|=-2i-j-4k.
1 2 -1
YpasHenue miaockoctu P:
Prc. 3 —2z—-(y—1)—-4(z+2) =0,

iy, B o0meM Buge, 2z +y+42+7 = 0.
Paccroanue p(Li, L2) paBHo paccToanu:o ot moGoft Touryu opamoft Lo,

Hanpumep, oT Touku Ma(—1, —1, 2), no miockoctn P. HopmannHoe ypas-
HeHMe TII0CKOCTH P umeer Bun

2 1 4 7
- - — = =0,
TR TR ;T G

OTKY I3

fel 2y L& 7|
Clvel vl varo V2| Vet

laa Toro 4Tobe1 cOCTAaBUTH ypaBHEHHA 00ILero neponeHmuKy1apa L, Hai-
OEM ypaBHEHHA miockocTeRt Py u P», mpoXomdAmux uepe3 3aJaHHLIE TpH-
Mbie Ly u Ly cOOTBETCTBEHHO U NEPOEHIMKYIAPHBIX miaockoctd P. Umeem:
M;(0,1,-2) € P un; = [qu,n) =i~ 10j+2k L P, orxyma Pi:

P(Ll, L?) = |6(M21 P
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x — 10y + 2z + 14 = 0. Anamornuno, Ma(-1, -1, 2% € Py uny =g, n] =
= —-01+6j+3k L P, orxyma Po: 3z -2y — 2z + 0. CnenosatensHo,

- 10y + 2z + 11 =0,
d3c— 2y—- z+ 3=0

— ofume ypasuenua npaMoit L =P NP >

1.180. 3anannt naockocth P w rousa M. Hamucars ypaBuenue
mnockoctu P’, npoxonameit wepes TOTRY M napaniensHo nI0CKOCTH
P, 1 BRIMUCIUTEL PACCTOAHME p(P P'), ecnn:

a) P: 2z 4+y—2+1=0, M(1, 1, 1);

6) Prz—y—1=0, M(l, 1, 2).

1.181. Hanucars ypasnenue naockoctu P/, npoxonAmeit sepea 3a-

mdaHHbIe TOYRU My u Mo mepneHIMkyIAPHO 3aNaHHO# mIOCKocTH P,
eciu:

a) P:—z+y—-1= 0) Ml(l, 2, O)a M2(23 111)3

6) P: 2r —y+2z+1=0, M(0, 1, 1), M2(2, 0, 1).

1.182. HanucaTh ypasHCHHE IIOCKOCTH, IPOXOIAIIEH 9epPe3 TOURY
M napaanennsHo BBKTOpaM a; u ag, CCam:

a) M(1, 1, 1), ={0, 1, 2}, ap = {-1,0, 1};

, 6) M(0, 1, 2), ={2,0, 1}, az = {1, 1, 0}.

1.183. Ham«xcarb yDPaBHCHHE TIOCKOCTH, IPOXOAAINEH Yeped TOYKH
M, v My napannennbHO BEKTOPY @, CCIM:

a) Mi(1, 2,0}, M(2,1,1), a={3,0, 1};

6) Mi(1, 1, 1), My(2, 3 ), a={0, -1, 2}.

1.184. Hamucats ypaBHEHHE HIOCKOCTH, npoxonﬂmeﬁ gepes TpH
sananHsble Touxd My, My u M3, ecom:

a) Ml (1’ 23 0)1 M2(21 ]-1 1)1 M3(33 Oa 1)1 ,

6) Mi(1, 1, 1), My(0, -1, 2), Ms5(2, 3, —-1).

lycrs 3amans mee maockoctd Py u Po. BosMmomHBI mBa ciydas uMx B3a-
MMHOI'0 PaCcIOJIOREHMH:

1) Py || P, B vacTHOCTH, IIIOCKOCTH COBNANAIOT,

2) P; u P, mepeceraoTcA 0 HEKOTOPOH HPAMOH.

B zagavax 1.185-1.188 uccnenoBaTs B3auMHOe PAcHONOKeHHE 3a-
naHHbIX Wwiocrocrel. lIpu sToM B cnyyuae 1) natita paccroauue p( Py, Py)
MeRAY NIOCKOCTAMH, a B CIy4ac 2) — KOCHHYC yIia MemIy HUMH.

1.185. Py: —z+2y—2+1=0, P: y+3z—1=0.

1.186. P;: 22 —y+2-1=0, Pp: —4x+2y—-22-1=0.

1.187. P: z —y+1=0, Py: y—z+1=0.

1.188. Pj: 22 —y—2z+1=0, Po: —dr+2y+22-2=0.

1.189. Briuncaurs o6beM nupaMunsl, OrpaHMYEHHON TI0CKOCTHIO
P: 2z — 3y + 62z — 12 = 0 u KOODIMHATHLIMM ILIOCKOCTAMH.
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1.190. Hanucars ypaBHeHue INIOCKOCTH, DPOXONAIICH yeped TOIKy
My(1, 7, —5) u orceraromeif oT oceif KOODIMHAT HONOKUTEILHBIE U
PaBHBIE OTPE3IKH.

1.191. Tpu rpanu terpasnpa, pacnoJ0AEHHOIO BO BTOPOM OKTAHTE
(z <0, y >0, z>0), coBNanawT ¢ KOOPIXHATHLIMH ILIOCKOCTAMH.
Hanwucart ypaBHenue verseproit rpasy, 3Has NIuHy pebep, ee orpa-
muguBapumx: |[AB| = 6, IBB\ = /29, |AC| = 5, u matttu naumny
Boicorsl OH rterpasimpa.

1.192. Hanucars ypaBHeHuA IockocTel, IENAMNX NONOIAM IBy-
rpaHHble yrinl, 06pasoBaHHbIE WIOCKoCTAME Py u P, ecan:

a) Prz—-3y+22-56=0, Pud3z-2y—2+3=0;

6) P: 2c —y+52-3=0, P 2x—-10y+42-2=0.

1.193. Hamucarh ypaBueHue ma0CcKOCTH, PABHOYIAJEHHOR OT OBYX
3aJaHHBLIX MIOcKocTedt P u Po, ecnn:

a) P: 4z —y—-22—-3=0, Prdr—-y—-2z-5=0

6) Pi: 5z —3y+2+3=0, Py 10z—-6y+224+7=0.

1.194. Yeranosuts, nemar am toussr M (2, ~1, 1) u Ms(1, 2, —3)
B ONHOM YIJie, B CME/RHBIX WK B BEPTHKANBHBIX YIVIaxX, 06pa30BaHHbIX
nnockocTaMA Py u Po, ecan:

a)P:3z—-y+2:-3=0, Prz—-2y—z+4=0;

6) A: 2z —y+52—-1=0, Po:3x—-2y+62—-1=0.

1.195. Wapecrss! roopauHarel BepmumH terpasapa: A(2, 0, 0),
B(5, 3, 0), C(0, 1, 1), D(—2, ~4, 1). Hanucats ypaBHenud ero rpa-
Hefl.

1.196. CocTaButh ypaBHeHHE IIOCKOCTH, MPOXOIAILIEH Yepe3 TOUKY
A(1, 1, —1) 1 nepneHIUKYAADHOM K mAOCKocTAM 22 —y + 52+ 3 =0
nr+dy—2z—-7=90

1.197. Tlpamaa L 3azana obmumMu ypasueHuamu. Hanwmcars mna
97Ol mpAMOM KAHOHHMYECKHUC YDABHEHHA U YDABHEHUA B NPOEKIUAX
(cm. mpumep 4), ecmu:

J2r-y+22-3=0, Jz+2Y—-32—-5=0,
a)L'{x+2y—z—1=0; G)L'{2x—y+z+2=0.
1.198. Hanucars xaHOHHMYECKHe ypaBHEHHA IPAMOH, npoxoaAmed

yepes Toury My(2, 0, —3) napannensuo:

a) Bextopy q = {2, —3, 5};

: z—1 y+2 241

6) mpamoit 7 5 1

B) ocu Oz; r) ocu Oz;

“ 3r—y+2z—-T7=0,
B) IPAMOR 3 4 | 3y — 25— 3 =

: 1
e) mpamo#t z = —2 +t, y = 2t, z=1—~2—t.
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1.199. Hanucars ypasueHud npAMOMN, IPOXOAAIIEH ycpes ABe 3a-
naHabie Tousd My u Mo, ecan:
a) Ml(]-a —23 1)3 M2(37 13 _1)3
6) M,(3, -1, 0), Ma(1, 0, —3).
-1 1
z 21‘—1/=z-g u roura M(0,1,2) ¢

1.200. 3azans npamMan L:

¢ L (uposeputs!). Tpebyerca:

a) HAOMCATh YPABHEHHC IIOCKOCTH, IPOXOAALIel Meped IpAMYIO
L n toury M;

6) HanucaTh ypaBHEHHE IIOCKOCTH, MpOXonAnIcit depes Toury M
NepUeHIUKYIAPHO npaAMoit L;

B) HANWCATh yPABHEHHUA NCPHEHIUKYIADA, OMYILIEHHOr0 U3 TOYKU
M ua npamyro L;

r) BeIyHCauTh paccronruce p(M, L);

1) HaltTH mpoexuuio Touku M Ha mpamoit L. :

1.201, 3agaust maockocrs P x4+ y —~ 2+ 1 = 0 u npamaa L:
z 5 L = % =Z _; 1, npuveM L ¢ P (nposeputs!). Tpebyerca:

a) BeImmcauTs Sin (P, L) ¥ KoopauHATHI TOYKH NEPECeYeHU TIPA-
MO} H HNIIOCKOCTH;

»6) HamucaTL ypaBHEHHME MIOCKOCTH, IPOXoAAIelt geped npAmMyo L

OEPIEHIUKYIAPHO K IIAOCKOCTH P;

B) HaNMCaTh ypaBHEHHA NPOeKuMH npaAMoi L Ha nnockocrs P.

1.202, Ilycts 3amaHbl gBE DpAMBIeE:

T—Ty Y- 22 T—T2 Y—~lY2 2z2—2
Ly = = U Ly = =

L my ny lo ™My )

lorazars, uro npamMeie Ly u Ly nemar B OQHOM NAOCKGCTH B TOM K
TOJBKO B TOM CJYYae, €CIH BLIIOAHEHO YCI0BHE /

To—Z1 Y2—WNn 22—2
ll my (251 = (.
Iy Mo n2

1.203. Hcmoussysn pesynsrar 3amasu 1.202, y6enurtsed, 4ro mpa-
mele Ly u Ly npuHamiesRaT OMHOM IIOCKOCTH, ¥ HAMUCATH YPABHEHUE
sroff miuockocT. Hexonneie naHHbie:

z~1 y+2 2-5 =7 y—2 z-1

L: = = . = = N

a) I =5 3 - 3 2 —2
~2 1 z-— - —2

6)L1:x _yt+l =z 3 L, T 1=y =z+3'

3 2~ g ¥ T3 2 —9
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1.204. Haiitu paccroauue MemIy HapaileibHBIMHA DPAMBIMEA

z-2 y+1 =2 " zt—7 y—-1 2z-3
3 4 2 3 4 2
1.205. Hatitu paccroauue or touku A(2, 3, —1) no saganHo# npa-
oft L ){2x_2y+z+3=0’ 6) 523:+5’
M - S = 2t,
3r — 2y + 22+ 17 =0 = 9% — 95
1.206. [orasarb, YTO NpAMBIE
J2z+2y—-2-10=0, z4+T y=5 z2—9
Ly: {x—y—z—22=0 m Lo 3 -1 4

napajjaensbHbl u Hatitu paccrosauue p(Ly, Lo).
1.207. CocraBuTh ypaBHeHMA mpAMo, MpOXonAmies YCped TOUKU
nepeceveHud WIOCKoeTn £ — 3y + 22 + 1 = 0 ¢ nmpampiMu
z—-5 y+1 2z-3 " t—3 y+4 2-5
5 0 -2 -1 4 -6 2
1.208. IIpn xaroM 3mavcHuu A maockocts 5 — 3y + Az +1 =10
Oyrer mapamnenbHa npAMOH
r—4z—-1=0,
y—3z+2=0.

T
1.209. Haittn ypasuesuna mpoesnuy nmpamoit 3T 5 1

Ha IJIOCKOCTb T — 3y — 2 + 8 = 0.
1.210. OnpenenuTs yrom Memay mpaMoi

r+y+2-2=0,
2z+y—2—-1=0

W IJIOCKOCTHI0, mpoxomamedf wepes touwum A(2, 3, —1), B(l1, 1, 0),
c(0, -2, 1).

1.211. Hanucats ypaBHeHHC INIOCKOCTH, IPOXONANIEH Yepes TOUKY
My (7, 1, 0) mapannensuo nmockocty 2z + 3y — z — 15 = 0 u nepece-

" z y—1 =2-3

Kaomeil TpAMYyIo 1 1 7

1.212. Hanucars KaHOHWYCCKUE ypaBHEHUA MPAMOM, KOTOpadA npo-
xonuT yepes Toury My(3, —2, —4) napamrenbHo mockoetu 3z — 2y —
r—2 y+4 =z-1

3 -2 2

1.213. JlorasaTh, 9T0 pacCTOAHKME MERIY CKPEIABAIONTUMHUCA IIpA-

MmbiMu Ly: r(t) =ry +qit 8 Lo r(t) = ro + qof Momer 6uiTh BBIYU-

— 3z — 7 = 0 u nepecexaer npAMyo
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CACHO N0 (popMyle
|(r2 — r1)quqy|
(L1, Ly) = R2——LL52
lla1, gl

Haa saparnnix npameix Ly u Lo Tpebyerca:

a) II0KA3aTh, 1TO IPAMLIE HE JIE/RAT B 0JHOH II0CKOCTH, T. €. ABIA-
I0TCA CHPENHUBAIOIINMUCH,

6) HammcaTh ypaBHeHHE IJIOCKOCTH, NPOXOUAIIEH Yepesd IPAMY0
Ly napannensso Ly;

B) BBIMMCANTH PACCTOAHHE MERAY MDAMBIMU;

I) HaNUCATh ypaBHEHMA 00LIEr0 MCPIEHNMKYAApPA K NpAMBIM L
u Lg.

z+7 y+4 z2+3

1.214. Ly:
W L = 4 —2
r—21 y+5 =z2-2
Lo: 5= 1 - 3
z—-6 y—3 2+3
1.215. . = =
18 I = -2 4
L_:r+1_y+7_z—-4
, 3T 3 8
oz _y-9 z+2 =2 y  z+7
1.216. L;: 1= 1 = 3 Ly: 5 =13~ %
z+7 y-—-4 z-4
1.217.L2 = = -
R TR 3
L_:z~1_y+8_z+12 \
S T T

1.218. Ky6 ABCDA'B'C'D' 3anan csoumu sepumuamu A(0, 0, 0),
B(1, 0, 0), (1, 1, 0), D(0, 1, 0), A'(0, 0, 1), B'(1, 0, 1), C'(L, 1, 1),
D'(0, 1, 1). BeinomHuTh CIENyIOIIME 3aJaHuUA:

a) manucats ypasuenud upamuix A'C u BC';

6) BoramcauTs paccroanne memay npamoeivu A'C u BC';

B) HANKCATL ypaBHEHHA 00LIEro mepneHnusynApa & npaMmsiM A'C
u BC';

I') HamMCATh ypaBHEHHE IJIOCKOCTH, mpoxonAmeit weped Touxu P,

1

—
Qu H, rne P — nentp rpanu ABB'A’, Q nemnr BC' B orHOmenun 3

u H pacnonomena Ha pebpe BB’ rar, 4yTo nauna sexropa Pﬁ +H a
MHHUMAIbHA;

1) ONpENemnTb Yrol MmNy NONYYEHHOH B N. T) IIOCKOCTHIO M
nuaroHagso kyba BD'.
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§ 3. Kpurrie Ha miaockocTH

1. Yparuenue xpuBoli B JekapToBoli cucTeMe KeopmuHat. ['oBopAT, uTO
rpusada ' B cucreme woopamuat Ory MMeeT ypaBHEHUE

F(z, y) =0, (1)

ec/Iu BRIOOMHEHO CIenyromee ycaosue: Touka M {x, y) npuHALIemUT KPUBOH
' B TOM ¥ TOJBKO B TOM CJIydyae, KOIla €€ KOOPIMHATBL T U Y YOOBICTBOPAIOT
coornomenuio (1). Ecan, B wactaoctn, F(z, y) = f(x) —y, 10 ypaBHenue
(1) Momer GBITH 3anMCaHO B BUIE

y = f(z), (2)

u B 3TOM Ciydae xpusad I' coBmamaer ¢ rpadurom ¢yuxuuu f(z).
B macroAmem naparpade u3yJaeTca CBA3L MERIY FeOMETPHUYECKUMMU CBOI-
CTBaMH KPHUBOH U €€ YDABHEHMEM B HEKOTOPBIX HAUGOIEE MPOCTHIX CAYIAAX.

llpumep 1. Hanucats ypapHeHue kPUBOH, CyMMa KBAaZDATOB PacCTO-
AHUM OT KamNOK TOukm KoTOpOK mo Touer A(-—a, 0), B(0, a) n C(a, 0)

pasHa 3a®.
< Hycte ' — wpuBan, yaosnersopatolias ycaosuaM 3agaan; Mz, y) € I's
TOM ¥ TOJBKO B TOM CIYy4Yae, KOIIa

p*(M, A) + p*(M, B) + p*(M, C) = 3a?,

HJII/I.
(z+a)l?+y?+2>+ (y—a)? + (z — a)? + 92 = 3a>.

2
Hocue mpocTeIx npeobpasosanuit noaydaem 2 +y2 — 3w = 0, uiy, BEIIENAA

NOJHBIN KBagpar,
2

“a(-2'-5

910 U ecTh NCKOMOE YPABHEHUE KPUBO#H, ABJIAIOIIEACH OKDYRHOCTHIO PATHYC2

a a
3 C HEeHTPOM B Touke My (0, §) >

B samauax 1.219-1.232 rpebyerca ycTaHOBUTSH, KAKHE KPHUBLIE ONpe-
IENATCA 3a0AaHHBIMKM YPABHCHUAMHY, M HOCTPOMTH STH KPUBBLIE.

1.219. z + Jy| = 0. 1.220. [z} + y—z = 0.
1.221. 22 — 2y = 0. 1.222. 2y +y%2 = 0.
1.223. 22 — % = 0. 1.224. zy = 0.

1.225. z -9=0. 1.226. 22 — 2 — 6 = 0.

1.227. 2%y — Tzy + 10y = 0. 1.228. 2% + %2 = 4.

1.229. 22 + (y +3)* = 1. 1.230. z2 + 2y% = 0.

1.231. 222 4 2 + 2 =0. 1.232. 22 + |y? - 1| = 0.

1.233. Hanucars, ypaBHeHue KDMBOM, KamIad TOYKA KOTOPOH Ha-
XOLUTCA HA ONMHAKOBOM paccroaHuu ot touex M;(3, 2) u Ma(2, 3).
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1.234. Hanucars ypaBHeHue KpUBOM, Da3HOCTh KBaIpaTOB pac-
CTOSHMY 0T KAMION TOUKM KOTOPOH o Tover Mq(—a, 0) u Ma(a, 0)
paBHa c.

1.235. HamicaTs ypaBHeHne KpMBOM, pacCTOAHHKE OT KaAL0H TOYKY
Koropoit xo ocu Oz BaBoe Goisme paccroanua 1o ocu Oy.

1.236. Hamucars ypaBHeHue KpuBOii, CyMMa KBafpaTOB PaCCTO-
AHUA OT KamZO¥ TOYKK KoTopoit mo Towex M) (—3,0) u M»(3, 0)
pasua 50.

1.237. Hanucats ypaBHeHMe KPUBOM, PACCTOAHME OT KamIoH TOYRH
KoTopo#t mo touxu M;(—1, 1) BOBOe MeHpIUE PACCTOAHMA A0 TOTKH
Moy(—4, 4). _

1.238. Hanucars ypaBHeHwe KpHUBOi, CyMMa PacCTOAHHIA 0T Kak-
ot TouKM KOTOpo# Ko Touek Fi(—2, 0) u Fy(2, 0) pasna 24/5.

1.239. Hanucars ypaBuenue KpuBo#i, MOLYIL Pa3HOCTH PacCTOA-
HUM OT KamIOR TOYRM KOTOpOH Ao Touex Fi(—2, —2) u Fy(2, 2) pa-
BeCH 4.

1.240. HanucaTs ypaBHeHHe KPHBOM, KamIad TOYKA KOTOPOM Ha-
XOIWTCA HA OAMHAKOBOM PaccTOAHMH oT Touxd F'(2, 2} u or ocu Oz.

1.241. YcTaHOBHTE, 4TO KAKIOE H3 CACAYIOINMX YpaBHEHHR Ollpe-
IeJAeT OKPYMHOCTh, HalTH ee nentp ¢ M paguyc I

a) 22 +y2 -4z +6y—-3=0;

6) z% + y* — 8z = 0;

B) 2 +y? + 4y = 0.

1.242. HanucaTs ypaBHeHne OKPY/KHOCTH B KasKIOM U3 CJIEIYIOLIHX
ciyaaes (06oaHaueHo: C' — menrp onpysHocTH, R — pamnyc, M, M,
My, M3 — TOYKH HA OKPYKHOCTH): !

a) C(2,-3),R=T;

6) M(Za 6)’ C(—'ls 2)7

B) M1(3, 2), Ma(—1, 6) — KOHUBI AMAMETPA ORPYARHOCTH;

r) C(1, —1), upamaa 5z — 12y + 9 = 0 — KacaTenbHAA K OKDYHK-
HOCTH;

x) M(1, 2), oRpymHOCTL KACACTCA KOOPAMHATHAIX Ocel;

e) My(3, 1), My(—1,3),CeL: 3z —y—2=0;

m)* Ml(—'l-» 3)1 M2(07 2)} M3(1a —'1)'

1.243. Hanucars ypaBHeHME IMAMCTIPA OKPYRHOCTH z? +y2+4$ -
— 6y — 17 = 0, nepnenaurynApHOro mpamMoi Sz + 2y — 13 = 0.

1.244. Buruncauts KpaTgaiiiiee paccroauue or Tounn Moy 00 OH-
pymuocTu I', ecan:

a) My(6, —8), I: 22+ ¢y =9;

6) My(—7,2), T: 22 +y? — 10z — 14y — 151 = 0.

1.245. Onpenenurtsh, KaKk PacHOIOKEHA OPAMAs OTHOCHTENILHO OH-
PYZAHOCTH — ICPECeKaeT, KACAETCA HJIKM NPOXOZUT BHE ee, €CJAH IpA-
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Mafl ¥ OKpYAHOCTL 3all8aHbI YPABHECHUAMH.
a)2r—y—3=0, 22 +y* -3z +2y— 3 =0;
6)x—2y—1=0, 22 +y*> -8z + 2y + 12 =0;
B)r—y+10=0, 22 +y?> - 1=0.

2. Anrebpamueckre Kpunbie BToporo mopanka. Aqazedpauveckol xpueot
6mopozo Nopadxa Haawsaerca wpusas [, ypapHeHMe KoTOpOit B NEKapTOBOM
CHCTEME KOODAMHAT HMEET BHI '

Az? + 2By + Cy* + Dz + Ey+ F =0, (3)

rae He see koapduunentht A, B u C paBHLI 01HOBPEMEHHO HYTIO (B IPOTHB-
noM cayyae I' — mpAMan, T.e. aarebpandecKas xpusaa NePsoro HOPARKA).

B ofiieM Ciiydae MOeT ORa3aTLCH, 4TO ypasHeHue (3) ompenenser Tak
HAZLIBAEMYIO BbLIPONcIennyr0 Kpusyio (HyCTOE MHOMECTBO, TOYKY, NPAMYIO,
TIapy TPAMBIX).

Ecnu me sprsas I HeBRIPOMIEHHAA, TO 1714 Hee HallieTcAa TarKad geKap-
TOBA NPAMOYTOJLHAA CHCTEMA KOODPAMHAT, B KOTOPOH ypaBHEHNE ITOM KPHBOY
MMEET OfMH U3 CJACHYIOUIMX TPCX BUNOB (Kxanonuuecxoe ypasnenue):

2 2

%#;-2:1, a>b>0, )

2 g2

;5—55:17 a>b>0; (5)
v =2z, p>0. (6)

Hpu arom mpumas I' HA3KIBAETCA COOTBETICTBEHHO IAAUNCOM, 2unepboaotl
HUIH napaloaot, a caMa CHCTEMa KOOPIMHAT, B KOTOPOH ee ypaBHEHME HMeeT
sun (4), (5) uau (6), HaabipaeTca kanonuveckol cucmemotd xvoopdunam niA
3anaHHON KpHUBOH.

Hpusenenue o6ier0 ypapHEHWA KPUBOH BTOPOr0 MOPANKA K KAaHOHHUE-
croMy BHEY moXpobHo paccmarpumaerca s m. 4 §3 ra. 3. Ueanio macros-
LIEr0 OYHKTA ABJIAETCA U3YIEHNHE 0CHORHBIX T€OMETPHYECKHX CBOMICTE HEBLI-
POMIEHHBIX KPUBLIX BTOPOrO MOPAAKA HA OCHOBE UX KAHOHMYECRUX yPaBHe-
HIH.

2?2y
JANHNC C KAHOHUYECKUM YPABHEHHEM ) +iz = 1, a 2 b > 0, umeer

o

dopMy, HaobpameHHyIo Ha puc. 4.

Mapamerpst a u b nasviBatoTea noayocamy snaunca (Goabiuod ¥ Ma-
Jiof cooTmercTeeHHO), Touxd Ay (—a, 0}, A2(a, 0), B1(0, —=b) u By(0, b) —
Br0 sepuiunamu, ocH cummerpun O 1 Oy —— 2408MbIMYL 0CAMLU, 3 DEHTP
cumMerpuu O — yenmpos HLIRKICA.

Tounm Fi(~—c, 0) u Fy(c, 0), rne ¢ = Va? — b* 2 0, naawmarorca goxy-
camu dumanca, sextopel Fy M u Fos M — doxassnsimu paduyc-sexmopary,
a gucna 1y = ]Flﬂ| Ury = ngﬁl — oxaavnviny paduycomu Touxu M,
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npuHanIemawedt sannncy. B sacTaoM cayuae a = b doxycw Fy u F, cosna-

HAKT € NEHTPOM, 3 KAHOHHYECKOE yPAaBHEHHEe UMeET BN — + 5 = 1, uan
o a

x? +y? = a2, T.e. OmMCHIBAeT OKPYMHOCTh PANMYCa G C NEHTPOM B Hayase
KOOPIMHAT.
yh
D, D,
B
M(x, y)
.
b LA
2
Ly
Ay f; 0| a 2 X
By
Puc. 4
¢ b?
» Yucao e = 2= 1- ) (0 € € < 1) BasuLIBACICA aKcuenmpucume-

oM LIANCA U ABIAETCA Mepol ero «comocHyrocrus (apu e = 0 saqunc
ABJIACICA OKPYRHOCTHIO).

a
llpamste Dy: €= —— u Dyt 2= —, DEPICHINKYIAPHBIC [J1ABHOH ocu
e e

U OPOXOIAIIME HA PacCTOAHNM — OT NCHTDA, HA3LIBAHTCA 0upe'rcmpucamu
e
anica.

1.246. Hocrpouts smnmnce 922 + 25y = 225. Hatiru:

a) mostyocu; 6) KOOPIUHATHI GOKYCOB; B) SKCUEHTPUCHUTET; I') YPAB-
HeHHdA NHUDEKTPHC.

1.247. Hauucath KaHOHUYICCKOE yDPABHCHME BJIIMIICA, €CJIH:

3 .
a)a=3,b0=2;6)a=5 ¢c=4; B c=3, ezg; r) b =235,
12

13’

I) ¢ = 2 ¥ pacCTOAHWEe MEKAY RHPEKTPHUCAMH PaBHO J;

e) e= 2 H PACCTOAHME MERIY AHPERTPUCAMH PaBHO 32.

1.248. Hanucarts ypapHEHHE SIUIMICA ¢ HONYOCAMH @ ¥ b H HeHTpOM
B Touke C(zo, yo), €CINH U3BECTHO, YTO €r0 rAABHBIE OCH AP AILIEILHbI
KOODAMHATHLIM OCAM.

1.249. YcTaHOBHTEL, YTO KAKHOEC H3 CIENYIOIIHX ypaBHEHWI oupe-
JeJIfIeT 9IIHIC, HalTH ero neHTp C, monyocy, SKCHCHTPUCHTET B ypaB-
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HEHHA JUPEKRTPUC:
a) 5z% 4+ 9% - 30z + 18y + 9 = 0;
6) 1622 + 25y* + 32z — 100y — 284 = 0;
B) dz% + 3y — 8z + 12y — 32 = 0.

1.250. JorazaTs cexyOLUIMe YTREP/KICHUA:
72

y
a) Ecnu M(z, y) — mpon3BosibHAA TOYKA SILTHICA —5 5+ 13
a?

2= b

> b, T0 QoRaANBHbIE PAXHYCHI STON TOYKHM PABHBI
riM)=a+ezx, ro(M)=a—ex

(cm. puc. 4). Orcroga, B YaCTHOCTH, CIEAyCT, ITO IIA BCAKOH TOYKH
M sanunca BLINOIHAETICA PABEHCTBO

ri(M) + ro(M) = const = 2a.

6) Iycts samamnr touwu Fi(—c, 0) u Fy(c,0), ¢ > 0. Torma
MHOACCTBO Touer M, ynoBnersoparouux ycunosuio |[FiM| + |FoM| =

= const = 2a, ccTh aHUIC — %2— =1, rme 8 =a? — 2.
1.251. Iorasats cnenymmne YTBED/RICHUA:
2 2
x
a) Ecru M(z, y) — npou3BoNbHAA TOTKA SIAMNCA — + zQ =

=1, a>0b, ri(M)ury(M)— dorannusie paguycsl BToﬁ TOYKH, a
o(M, Dy) u p(M, Dy) — ee paccTOAHUA X0 AUPEKTPHC, TO BHIIOIHA-
€TCA PABEHCTBO
n(M) _ ro(M)
P(M, Dl) P(M, DZ)

= const = e.

6) llycts 3apans rousa F(c, 0) mupamaa D: z—d =0, d > ¢ > 0.

|FM|
Torga MHOKeCTBO TOYEK M, YIOBJETBOPAIINUX YCIOBHIO ———r =
. p(M, D)

= const = e < 1, ecTn anmrmc - 52— =1,rmea=deub? =a’—c%

1.252. Jnuuunc, raaembie ocn Eoroporo COBNIANAIOT C KOOPAMHAT-
HBIME OCAMH, IPOXOgAT yepes Toaxu M;(2, v/3) u My(0, 2). Hamu-
caThb ero ypaBHeHHe, HalTH HOKAILHLIE PAAUYCHI TOUKU M) u paccTo-
AHHUA 9TOH TOUKH A0 AHPEKTPHC.

1.253. Ha smmance 9z2 + 25y° = 225 HaliTy TOUKY, PaCCTOAHHE
ot ®0TOpo# 10 doryca F» B werhIpe pasa Gouble pacCcTOAHHA 10 Go-
Kyca Fj.
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1.254. Hanucars ypapHenue KpHBO#, 10 KOTOPOM IBMKETCA TOYKA
M, ecim cymma paccrosrmit or Hee go Tower Fi(—1, —1) u Fy(1, 1)
0CTaeTCA IOCTOAHHON H pABHOIN 2v/3.

1.255. Hanucars ypapHeHue KpuBOi, 00 KOTOPOM IBHIKCTCA TOYKA
M, ecan paccroanue or mee o touru F'(3, 0) ocraerca B aBa pasa
MeHbIIle PacCTOAHMA [0 upaMoit = + ¢y — 1 = 0.

1.256. OupencnuTs, Kak PacUHONOAEHA NPAMAA OTHOCHTEILHO 91-
JIHICA; UepeceraeT, KAacaeTcA MM NPOXOZUT BHE ero, eciy IpAMad !
SIIIHIC 33JaHLI yPABHEHUAMH:

$2 y2
a)2x—y—3—0,1€ —9——1,
2 y?
-1 0, —+==1;
6) 2r+y—-10= 9 +4 ;
2y
B) 3z + 2y — 20 = 0, E-l_ﬁ 1.

v

1.257. Hanncars ypaBHeHHe KacaTesbHON K JLIUICY —5 + B2

=1
B ero Toare Mo(zo, Yo)-

< Iycrs cuawana yo # 0, T.e. Touxa My He coBmapgaer HU C OgHOH u3
2
, x
sepunl A;(—a, 0) u Az(a, 0). B srom cayzae ypasHenue —; + %2— =1
a?
HCABHO ompenenaer byurumo y = y(z), —a < r X a, rpadur xoTopoH
opoxoauT wepes Touxy Mo(xo, yo) ¥ COBIAZAET € COOTBETCTBYIOmEH (BepXHeit

npu yo > 0 nau HI/IH’{HCi’I npu yg < 0) nonosuHofi samunca. Juddepesunpys

z
10 T TORIECTBO — + b(2 ) - = 1, maiimeM, 4r0 npoussogHan y'(xo) pabHa
o2
b2.l‘o
]
To) = — .
Y ( 0) a2y0

O1crona ypasHeHue KacaTe bHOM k 3iumncy s Toure Mo(To, Yo) UMEET BUIL

0
Y Yo = a2 0(:5 wO)v
2§ v
HIIH, C YIETOM PaBE B-—-+ =1,
y4eTo pBHcraa b2
ToZ  YolY _
PERTE @

Ecan e yo = 0 (u, ciaegoBarensHo, To = £a), T0 YPaBHEHHA KacaTelb-

HEIX K JUIMACY UMEWT Bug £ = *a, T.e. ¥ B 3TOM caydae dpopmyna (7)
ocraercd BepHOH. D>
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2 2
z
1.258. CocraruTh ypaBHeHHA KAcATENLHBIX K DIUIHICY —— + ¥

10~ 5/2
= 1, napanneasnHsix upamoit 3z + 2y + 7 = 0.
1.259. CocTaBuTh ypaBHEeHHA KacaTeNBHLIX K summncy z2 + 4y? =
= 20, nepoeHIURYIAPHLIX mpaAMoil 2z — 2y — 13 = 0.
2 2

1.260. JorasaTh, ITO KacaTeNbHbIE K YINIHNCY — + i 1, mpo-
a
BEACHHDIE Ye€pe3d KOHILI OOHOr0 M TOr0 Ke AuaMerpa, napaJiiejJdbHbI.

1.261. HanucaTth ypaBHeHUA KacaTeNLbHbIX, NPOBEJAEHHBIX H3 TOY-

10 5 2yl
B A (?’ 5) K QLMICY gb— + _yg_ =1.
22 P2
1.262. Ha smrumnce s + g = 1 maiitu Toury M)y, bnmmatiyio k

npamoii 2z — 3y + 25 = 0, 1 BEIYMCIUTL PACCTOAHKE OT TOYKH My 10
9701 IpAMOH.

-1.263, JlorazaTts, 4TO KAcATENHLHAA K SIUIKICY B €0 IPOU3BOILHON
rouke M COCTABNACT PABHLIE YIALI ¢ HORAMLHEIMHE PATHYC-BERTOPAMH

FiM u F) M sro#t Touru.

2 2
¢ 1
1.264*. 3 neBoro goxryca sinmmnca e + ?‘26 =1 nog TyusM yraom
a & ocu (OJr HampaelIeH Jyy cBera, npuieM tgoa = —2. Hamnmcarts
ypaBHeHHE IPAMOIi, Ha KOTOPO JeMHUT JIyY, OTPasKeHHbINA OT SINKIICA.
2y
I'nmep6ona c KaHOHMYECKHM yDaBHEHMEM ;2-2— T =1, a,b>0,
nMmeer GhopMy, u300pamkeHHyI0 Ha pHUC. 5.
Y
D 13
2 Mx, y)
4] r2
K ) 1 N5 B x
1
Pyc. 5

TlapameTpsl @ u b HA3LIBAIOTCA noayocamu runepboasy, Tounu A, (—a, 0)

u Aa(a, 0) — ee sepuiunamu, ocu cummerpun Oz u Oy — deticmeumeabnot
u Muumot ocamu, a nenrp cummerpun O — yenmpom runepbolsl.
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b
lIpsaMste y = £+~ ABIAIOTCA ACHMITOTAMH THIOEPGOLI.
a

Touxu Fy(—c, 0) u Fy(c, 0), rne ¢ = va? + b2 > 0, masnBarorca doxy-
comu runepboast, sextopet F1 M u Fy M — doxaabubimu paduyc-eexmopa-

My, 3 uucna ry = (M| u ry = [FoM| — doxasvubisu paduycemu To9kH
M, npunanaemainet runepborne.

c b?
Uncao e = == 1+ — (1 < e < 400) Ha3EIBACTCA IKCUENMpPUCUME-
a

moMm THIEPOONBL U ABIAETCA MEPOH €€ «CINIICCHYTOCTH». B wacTHOM caydae
a = b runepbona Ha3LIBAaETCH pasrocmoponnedl; e BRCUEHTPUCHTET PaBed

b3
e=+?2, a YIOa MEmIY aCUMIOTOTAMM pPaBeH 3
a a
Npamuie Dy: = —— u Dy z = ~—, nepneHAMKyIApHbIE ReHCTBH-
e e

a
TENHHOY OCH M TUPOXOAAINHE HA PAacCTOAHHU — OT ee UEHTpa, Ha3bIBAKTCA
€

Jupexmpucamy runep6ois.

1.265. Tocrpouts runepbony 1622 - 9y? = 144. Haitu:

a) mosyocu; 6) KOOPAMHATLE (OKYCOB; B) SKCUEHTPHCHUTET; I') yPaB-
HEHUA aCUMUTOT; X) YPABHEHUA RUPEKTPHC.

1.266. Mocrpouts runepbony 1622 —9y? = —144 (conparcennyio &

runepbose 3agagu 1.265). Haropa kKaHOHKHYECKAA CHCTEMA KOOPIHUHAT
aya 9ol rumepbonni? Hairu:

a) noxyocy; 6) KOOpIMHATEL QOKYCOB; B) SKCUEHTPUCHUTET; T') ypas-
HEHHA aCHMITOT; X) YPABHEHHA THPEKTPHUC.

1.267. Haunmcarh RauOHHYecKOC ypapHeHHE THUEpOONLI, €CIH:
a)a=2 b6=23 6)b=4, ¢=5; B) c =3, ezg; r) a =8,
4
3

~T; e)e=—Hu

B W

5
e= 1 n) ¢ = 10 ¥ ypaBHeHHA acHMuTOT Y = =%

pacCcTOoAHIE MERIY TUPERTPHCAMN DAaBHO ?3—

1.268. Hamucats yparHeHHe rumepboint ¢ HOIYOCAMH G ¥ b H HeH-
TpoM B Touke C(Tg, yp), €CIIM M3BECTHO, UTO ce NeHCTBATCILHAA M
MHHMAaA 0CH TapalnensHsl 0caAaM Oz ¥ Oy COOTBETCTBEHHO.

1.269. YcraHoBUTE, 4TO KAZENOE U3 CIEAYIOLINX YPAaBHEHHI ompe-
menser runepbony, HAMTH ee HEHTD, MOIYOCH, SKCUEHTPHUCHATET, YPaB-
HEHHA AaCHMUTOT H AHPERTPHUC:

a) 1622 — 942 — 64z — 5dy — 161 = 0;

6) 922 — 16y? + 90z + 32y — 367 = 0;

B) 1622 — 9y? — 64z — 18y + 199 = 0.
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1.270. Jlorazats cienywiuie yTBEDEICHUA:
2,2
a) Ecau M (z, y) — npousBonbHan TouKa rHnepdoIbt printviie 1,
T0 (oKaNBHbIE PATHYChHI BTON TOYKHM PABHBI

ri(M)=a+ezx, r2(M)=—a+er,
ecan Toyka M JIeRWUT Ha NPABOH BeTBH runepboibi, H
ri(M) =—-a—ez, m(M)=a-ez,

€CJIH 9Ta TOUKA NEKHUT HA ee jeBol sersu. Orcroxa, B YacTHOCTH, Cile-
gyer, 9T0 miA BCAKOH ToYEM M runep6oibl BLINOJHAETCA PABEHCTBO

|7 (M) — ro(M)| = const = 2a.

6) llycts 3amansr Tounn Fi(—c, 0) u Fy(c, 0), ¢ > 0. Torma muo-
mecTBo Tover M, ymommersoparomux yciaosuwo ||[FiM| — |[FoM)| =

T
= const = 2a, a > 0, ecTs runepbona — — 2= = 1, rae b = & — a?.

¥
a2 b2
1.271. [lora3aTh CAAYIOLUME YTBEPMRACHHA:
2,2
a) Ecniu M (z, y) — npousBoasHas TouKa runep6ois %2— — %2— =1,
(M) u ro(M) — toranpHble paguycst sTo¥t Touxm, a p(M, D)
u p(M, Dy) — paccTOAHMA OT Hee N0 TUPEKTPHUC, TO BLITIOIHACTCA
PaBeHCTBO
ri (M ro{M
1(M) = 2(M) = const = e.
P(M, Dl) P(M, D2)

6) ycts, 3dgaust Touka F(c, 0) u npamaa D: z—-d =0, ¢ > d > 0.
[FM|
2 2

p(M, D) ~
)

= const = e > 1, ecth rumepbona Z TR =1, tmea =den
b =% — a2

9
1.272. Y6egupiumcs, 110 Touka M (—5, Z) JeRUT Ha runepbone

Torma MuOmecTBO Touek M, yROBIETBOPAIOLIAX YCIOBHIO

2,2
T
Ig - ?_{9_ = 1, ma#¥iTu QoKANLHBIC PAZHYCHI 9T0M TOUKY H €C PACCTOAHUA
0 BEPEKTPHC.
22 2
1.273. Haitti Touku rumepbosint 316" 1, HaxonAmMeca ua

paccToAaHHH 7 oT dokyca Fi.
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1.274. Hanucars ypaBHeHHe runepboinl, ecay M3BECTHO, ITO €€
(oxycamu apaaiorca Tourn Fi(—3, —4) u F5(3, 4), a paccroanue
MeKIy THPERTPHCAMH PaBHO 3,6.

1.275. Hanucats ypaBHeHue TunepGoanl, €CJHM H3BECTHERI €€ FKC-
nerTpacHTeT € = /5, Poxye F(2, —3) 1 ypaBHEHHEe COOTBETCTBYIONIEH
muperrpucht 3z — y + 3 = 0.

1.276. lloxazaTn, yro KpuBad, 3agaHHaA ypaBHCHuEM Ty = 1 wiuu

Yy = —, eCTh paBHOCTOPOHH:AA runepbona. Hamucarts ee xaHOHMYeCKOE
z
YpaBHeHHE, HAWTH YKCUSHTPHUCHTET, HOKYCHI H yPABHEHHA OTHPERTPHC.
2
1.277*. Hanmcars ypapHeHue KacaTensHOM k runepbone — — =
a
=1 B ee Touxe M()(:B(), y()).
2 2
1
1.278. CocTaBuTh ypaBHEeHHA KAacaTeNLHEIX K runepdone 16 64 =
=1, napamncasrHeix upamoit 10z — 3y + 9 =0.
2 2
\ Ty
1.279. CocTtapuTh ypaBHEHHA KaCATEJILHBIX K THIEP6OJIe 05 =
= 1, nepueHIUKyJIAPHbIX npaMoit 4z + 3y — 7 = 0.
2 2
» 1.280. Jorazats, uTo KacaTenbHbIC K runepbosie a2 1, opo-
o

BelleHHLIe Tepe3 KOHIULI OZHOTO ¥ TOr0 ke AHAMETDA, HapallieibHbIL.
1.281. HanucaTtr ypaBHeHKA KaCATEIbHLIX,
npoBeneHHLIX u3 ToukH A(—1, —7) K runep6oie Y o(M, D)

2~y = 16. 22 0 — Mix, y)

Y
1.282. H 6 w— — = =1 mair
282. Ha ruumep6ose 21 18 HaliTH r

Toury My, 6numaiiayio R upamoit 3r+2y+1 = —>
= (), 1 BLIYMCIHUTL paccToAHUE OT ToIkH My 30
3T0H HPAMOM.

1.283. [lloxazath, YTO KacaTelLHAA K CHIED-
Golle B €e TIPOU3BOALHOM Touwke M cOCTaBAAET D
PaBHLIE YIJIbE C QOKANBLHBIMU PAZNYC-BERTOPAMH
F\M u FoM stoit Tourm. : Pnc. 6

2 2
1.284*. W3 ppasoro doxyca ruuepbont 5L 1 monm yruom

3
a(r<ac< é‘ﬂ') 1 ocu Oz HanpaplieH Jy4 CBera, upuyem tga = 2.

Hanmcars ypapmenne upaMoi, Ha KOTOpPOH JIEKUT Jy4, OTPasKeHHBIN
OT ruIepd oLt

S

(=3
|
e

Mapa6ona ¢ KAaHOHWYECKHMM ypaBHeHMeM y° = 2pz, p > 0, umeer
thopmy, #30bpamerHyio Ha puc. 6.
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Yucio p Ha3bIBAETCA NapaMemposm napaéoasi, Toaxa O — ee sepwunoil,
a ocy Oz — ochi0 Hapabost.

Toywa F (g, 0) Ha3EBaeTCA Poxycom napabolibi, BEKTOP F_A/-} — do-

KQAbHLIM PAOUYC-6ERMOPOM, 3 TUCIO T = IFMI — doxaapnbim paduycos
tourku M mapaboisi.

Mpaman D: z = —g, UepUeHANKYIAPHAsA 0CH K TPOXONAIAA HA PACCTO-

AHUK 12—) 0T BEpIIMHELI HapaboiLl, HasblBaeTcA ee dupexmpucot.

1.285. TlocTpouts caenyrommue mapaboasl B HAWTH UX NapaMeTphL:

a) y2 = 6z; 6) 2% = 5y;

B) y? = —dz; 1) 2= —y.

1.286. Hanucarsr ypaeHeHue napabosini ¢ BEPHIMHON B Havale Ko-
OPIHMHAT, €CJH H3BECTHO, ITO:

a) mapa6oia pPacmoioKeHa B JeBON HOAYIIOCKOCTH CHMMETPHYIHO

OTHOCHTEJEHO ocH Oz U p = 2

6) mapa6Gona pacmonomeHa CHMMETPHTHO OTHOCHTENLHO ocH Oy U
npoxonutT gepes Toury M (4, —8);

B) doryc mapabonst raxogurea B Toake F(0, —3).

1.287. Hauncars ypaBHeHMe napaGoinsl, €CiaM H3BECTHO, YTO BEp-
HIMHA ee HaxomuTcA B Touke A(zg, yo), IAapaMerp paBeH P, OCh ma-
pannensHa oc Oz u mapadosna pacHoOmeHa OTHOCHTENLHO IpPAMOM
T = Ip:

a) B IPaBOY HOIYIIOCKOCTH;

6) B JeBOM MONYIIOCKOCTH.

1.288. YcTaHOBUTE, 9T0 KAKIOE U3 CIELYIOLUHX YPaBHEHHH onpe-
menger uapabony, HaliTH KOOPOWMHATHI ee BEPUIMHBI A H BeJIWYHHY
napaMerpa p:

a) y* =4z - §; 6) z2 =2~ y;

B)y =422 -8z + T, r)y=—%w2+2$—7;
| .
me=-7y+y e r=2"-12+14

1.289. Jlorazatn caemyioinue yTBEpP/KIEHHA:

a) Eciu M(z, y) — npomasonsuaa Touka mapaboast y° = 2pr,
(M) — ee doransusiit pamuyc, a p(M, D) — paccTOAHHE 0T TOYRH
M mo mupexrpucsi (cM. puc. 6), TO BRINOIHACTCA PAaBCHCTBO

r(M)

———~—_ = const = 1.
p(M, D)
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p
27

6) Ilycrs 3amambt Toura F ( 0) u npamaa D: ¢ = —g. To-

FM

IIa MHOKECTBO TOYEK M, yIOBIETBODAIOIIMX YCIOBHKIO
p(M, D)
= const = 1, ects mapabona y? = 2pz.

1.290. Borumcamts GoKanbHbIM pamuyc Toukn M mapaboas: y° =
= 12z, ecnm y(M) = 6.

1.291. Hamcate ypaBHenue napabonsi, €CIM MBBECTHLL:

a) doxyc F(4, 3) u mupexrpuca D: y+1 = 0;

6) doryc F(2, —1) u mapexrpuca D: z —y—1=0.

1.292. Hanucars ypapHesHe kacaTelnHod k mapabone y? = 2pz B
ee roure My(zg, Yo)- _

1.293. Hanucars ypaBHeHue xacareabHol k mapabome y? = 8z,
napajuieasHol npamoit 2z + 2y — 3 = 0.

1.294. Hanucats ypaBHenMe nacareanHod k mapaboxe z2 = 16y,
NepHeHIUKYNAPHOM npaMolt 2z + 4y + 7 = 0.

1.295. HamucaT ypapHerma KacaTelsHBIX K mapaGore y? = 36z,
IPOBENCHHBIX M3 TourM A(2, 9).

1.296. Ha napatoxe y° = 64 maptu Tousy Mg, 6ammakimyio K
gpamoit 4z + 3y — 14 = 0, ¥ BLIYMCAUTL paccToAHME OT TOYKH My no
3TOH IIpAMOH.

1.297. lorasarts, 4To KacaTeanLHaA K napabolie B €€ NPOU3BOILHON
TouKke M cocraBider paBHBIE YraLl C (ORANBHBIM PALAYC-BERTOPOM
rousd M ¥ ¢ ay4oM, MCXOmAIMM u3 To4RM M M COHAMpPaBICHHBIM C
0Ch0 NMapabodsl.

1.298. Mz doryca mapabonst y? = 122 nox OCTPHIM YIIOM (¢ K OCH

Oz HanpaBieH Jyy CBeTa, NpuueM tgo = i Hamucars ypaerenne
IpAMOM, Ha KOTOPO JNEAMHUT Ny, OTPAREHHLIN OT mapaboJsl.

3. YpaBHenme xpuBoll B NonApHoH cucTeMe KoopmuHAT. [0BOPAT, 9TO HA
IUIOCKOCTH BBENEHA MOIAPHaA cucTeMa kKoopaouar (O, u), ecau 3aiaHsl:

1) uexroTopaa Touka O, HA3LIBAEMAA NOMOCOM;

2) HEKOTOPLIH Iy u, ucxonAwul ud Toaku O ¥ HAa3LIBACMBIN N0AAPKROTY
ocwI0.

Tonapuniu koopausaTamy Toakr M # O Ha3LIRAIOTCA OBA MMCIA: TO-
aapuorth paduyc r(M) = |OM| > 0 n noasprwvii yzoa (M) — yroa, Ha
KOTOPHIH CleAyer MOBEpHYTh 0Ch U JJIA TOr0, 9T00LI e HATPARIEHHE COBIAIN0
¢ Hanpasieuuem Bexropa OM (upm srom, kar ofvrano, (M) > 0, ecan
MOBOPOT OCYILECTRIALTCA NPOTUB YacoBolt crpenky, U (M) < 0 » nporus-
HOM ciayvae). 3anuck M(r, ) o3uauaer, uro ToYka M MMeeT mOIAPHBIE
KOODEMHATHL I' M Q.

Hounapusit yron (M) uMeer GecKoredHO MHOIG BOSMORHLIX 3HAYCHUR

(oTnM™aomIMXCA ApYT OT OPYra Ha BCAMYMHY BMEa 27n, n € Z). 3HayeHue
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NOJIAPHOTO yIila, YEORJIeTBopAmee yeiaosui 0 ¢ < 27, Ha3bIBAETCHA 24G6-
KoM, B HEKOTODBIX CIIyyaAX INIABHBIM 3HAYCHMEM IOJAPHOrO yIVIa HAa3LIBAKOT
3Ha4YeHHe , YIOBIETBOPAIOIEE YCIOBHIO —7 < ¢ £ 7.

Nlycrt Ha mOCKOCTH BBeleHbI NPapad NEKAPTOBA NPAMOYrOJIbHAA CH-
crema roopauzar Ozy (T.e. takas, YI0 KpaTdafimul noBopor or ocu O &
ocu Oy mpoucxonuT NPOTHB JacoBoll CTPEIKK) U nodApHaa cucrema (O, u),
NpHUYeM NOJIAPHaA 0Ch COBNAAET C NOIOEMTEIbHON moayockio abenuce. To-
TIa CBASH MEMRLY NEKAPTOBBLIMM NPAMOYIOILHBEIMA U NOIAPHLIMM KOOPAMHA-
TaMy NPOM3BOILHON ToukH M # O naerca GpopMmyiamMy

z=rcosp, y=rsing;, 1r=+/2%+y? tg(p:i—. (8)

YpaBHeHHe KPHUBOH B MOJADPHBIX KoopnuHartax umeer eup F(r, ¢) = 0
wm 7 = f(p). OHo Momer 6bITh moiIydeHo 160 HEmOCpencTBEHHO, HCXOMMA
M3 TeOMETPUYECKMX CBOMCTB KpMBOR, 1160 nepexomoM k HOJAPHBLIM KOODAH-
HAaTaM B yPaBHEHUM TOH KPHBOH, 3a1aHHOM B JeKapPTOBBLX IPAMOYTOALHBIX
KOOpPIOHHATAX.

Ipumep 2. llocTpouTh KPUBYIO, SaMAHHYIO ypaBHeHMeM T = 6 cos .
< Ilpemne scero saMeTuM cienyloinee: ecay Touxa M (r, ) nIpuHARIERUT

3a1aHHOY KpHBOH, TO AaA 9TOH TOUKH cos = — > 0, u, cienosaTensHo, BCA

6
7
KPHBaA PaCHOI0KEHA B CXTOPE —3 ¢ < 5
Ina toro wTo6EI MOCTPOMTH KPHEBYIO, mepefineM B ee yDaBHEHHH K Je-
KapTOBBIM KOOPIMHATAM. YMHOMKUB 00€ 9acTy ypaBHeHMA 7 = 6COS( Ha T,
nonysaeM 12 = 61 cos , OTKyma Ha OCHOBaHMM dopMYI mepexoia (8) uMeem
22 + y? = 6z, wu (z — 3)2 + 32 = 9. Tarum o6pas3oM, 3a1aHHAA KPUBAA —
OKPYARHOCTE Paguyca 3 C LeHIPoM B roike Mp ¢ KoopauHataMu Tg = 3,
yo=0unurg=3, oo =0.p

IIpumep 3. Boigectr ypaBHeHMe NpAMOH B NMOJAPHOH CHCTEME KOOPIH-
HAT.
< Eciy npamana L npoxonur gepes3 NMOIKC M ee yLIOBoit KoadGHUMEHT TIo
OTHOILIEHMIO K NIOJIAPHONA 0CH paBeH k, TO YDapHeHye 3TOH IpAMoll uMeer BUI
tgp =k.

Ilycre Tenepn npAaMaa L ne npoxonut gepes nomoc. HamumieM HopMans-
HOE ypaBHeHHE 3TOH IPAMOH B NEKAPTOBOH MPAMOYTOJAbLHOH CHCTEME KOOpIH-
Har

zeosa+ycosf—p=0

U nepefineM B 9T0M yPapHEeHMH K MOJAPHBIM koopauHaTaMm. Ionywaem (yau-
ThIBadA, 9710 o8 § = sin a):
rcospcosa+rsingsina—p=0, rcos(p—a)=p,
win
r=—"> (9

" cos(p - a)
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Ypasrenue (9) ¥ ecTh MCKOMOe ypaBHeHYe IPAMOI B MONAPHOH cHCTeMe
koopanHaT., OHo MomeT ObITb MOJYIEHO M HEMOCPENCTBOHHO M3 CIEAYHOILEro
ouesnnHoro hakra: M € L & np,r = rcos (¢ — a) = const = p (puc. 7). >

¥ A
D M

M(r, 9}

=
oty
*
Y

Puc. 7 \ Puc. 8

lIpumep 4. llycts I' — sanunc, serss runepbonst wiay napaboga, F' —
toxyc sTolt Kpusolt, D — CooTBEeTCTBYIOLIAA OUPEKTPUCA. BLiBecTH ypaBHe-
Hue kpupofi I’ B monApHoH cucreme KOOpIMHAT, HOIIOC KOTOPOH COBIAgaer C
(OKYCOM, a8 DOJIAPHAA OCh CoHanpapieHa ¢ 0CbI KpHUnolt (pnc. 8).

< O6mee crOMCTBO HIAMNCA, THIEPGOILI M Napa6oMbl COCTONT B CIERYIOWIEM
{(em. samaum 1.251, 1.270 u 1.289):

’ p(M, F)
o(M, D)

TIe e — 3BKCHeHTpHcHTeT Kpusok (e < 1 mua snmunca, e > 1 gna runepbomnst
1 e = 1 gaa mapabonsi).

Mels = const = e, (10)

O6o3naunm paccronHue oT QOKyca DO TUPEKTPHUCHT YEpes 4 (p — napa-
MeTD KPUBOH, HAZLIBAEMbIN TOIY(HOKAALHBIM JHAaMETPOM). To?na u3 puc. 8
crenyer, ato p(M, F) = r u p(M, D) = L + rcosy. llomcramnaa stu
Bripamenun B (10), nomyuaem ¢

]
ple+rcosy
OTKyna
p
=— 11
r 1—ecosyp (11)

Ypaeuenue (11) u ects MCKOMoe ypapHeHWe B MOJIAPHOH CHCTeMe KOOD-
OuHaT, oblee A4 3aaunca, runepbodrt ¥ napabonasr. >

Janucars ypaBHeHUA 33aJAHHBIX KPUBLIX B HOJAPHBIX KOOpPIMHA-
ax:
1.299. y = . 1.300. y = 1.

1.30L.z4+y—-1=0. 1.302. 72 + ¢ = a2,
1.303. 72 — 3% = a2, 1.304. 2% + 42 = az.

T
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danycarh ypaBHEHHA B33TAHHBIX KPUBBIX B NIEKAPTOBBIX IPAMO-
YTOABHBIX KOOPAMHATAX M HOCTPOUTDL 3TH KPUBBIE:

1.305. r = &.
1.307. rcosp = 2.

1/v/2
1308, r = — V2 _

cos (p + w/4)’
1.311. r = 2a cos .

1
1.313. siny = T
1.315. r?sin 2¢p = 24°.

1.306. tgp = —1.
1.308. rsinp = 1.

V2
1310, r = ————,
sin (¢ + 7/4)
1.312. r = 2asin .

1.314. sinr = 3"
1.316. r? = a? cos 2.

1.317. HanucaTh B NOAAPHBIX KOOPAMHATAX YPABHCHMUA:
a) mpAMoH, MEepIEHIMKYIAPHONK MONADHOR OCH M OTCEKalome Ha
Hel 0TpPe30KR, paBHLDY 3;

T
6) Jiy4a, MCXOOALUETO U3 MONIOCA MOX YoM 3" noJApHOH# ocy;

B) npAMOM, MPOXONAMIEH YEPe3 MOMIOC NOI yIAOM il K IOJIAPHOK
0eH. 4

1.318. HamicaTth B monAPHLIX KOOPIMHATAX YPABHEHME OKDYKHO-
CTH, ECIU:

a) panuyc R = 5, OKDYRHOCTb IIPOXOTUT Yepesd IOIIOC, A €€ HEHTP
JIERUT HA MOJAPHOH 0ocH;

6) panuyc & = 3 ¥ OKPyZ&RHOCTL KACACTCA B NOJIIOCE NONAPHOH OCH.

1.319. Onpegenuth MONAPHBIE KOOPIMHATHI HCHTPA K PalMyC Ka-
AI0l U3 CIENYIOIINX OKPYRHOCTEM:

a) r =4cosp; 6) r=3siny; B) r = —5siny;
7 . T
r)r—ﬁcos(g— ), n)r—831n(<p—§),

. (T

e)r= 831n(—— )

3

1.320. B noaaproi# cucTeMe KOOPIUHAT BLIBECTH yPABHEHUE OKDY -

HocTH pamuyca R ¢ mentpom B toure C(rg, q).
2

1.321. Odas snnunca % + % = 1 manucaTs NOJNAPHOE ypABHEHUE,

CYMTafA, YTO NOJAPHAA OCh COHANDABJIEHA C OCHIO abcuuce, a IOMIOC

HAXOIUTCA:
a) B jaesoM Qokryce; 6) B npasoM Qoxyce.
2

1.322. na upasoit Bersu runepsoast —1—6 -9 = 1 Hanucath no-

JIAPHOE ypaBHEHHC, CIUTAA, 9TO HOJISPHAA OCh COHANMPABJIEHA C OCLIO
abcomec, a moJIoC HAXOOUTCA:
a) B aeBoM oryce; 6) B nmpaBoM doxyce.
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1.323. Ilan mapabonsr y? = 6 HamMcaTs NMOJAPHOE YpaBHEHHE,
CUMTasA, YTO NOJAPHAA OCh COHANpAaBJeHA ¢ Ocklo abcuuce, a MOJIOC
HaxomuTcA B Qoryce napabonsl.

1.324. Hanucats KaHOHMYECKME YPABHEHMA CIEIYIOIMX KPUBHIX
2-ro mopanka:

9 . _ 3
4 —5cosp’ PTET —cosp
72 yz
1.325. BriBecTs monApmoe ypapHeHHe HIIMICA — 3+ 3 b2
YCJIOBHY, UTO NMOJAPHAA OCh COHANPABIEHA C OCHIO O:c, a HoJI0C HAXO-
IMTCA B NEHTPE HIIMICA.

a)r= 5—4c03(p;

=1 opu

2 2

1.326. BuisecTn monApHOE.ypaBHEHME IMIEpGOLI % - z—z =1
OpH yCJAOBHMM, YTO IOJAPHAA OCh coaanpameﬂa ¢ ocsto Oz, a moaroc
HaXOOMTCA B NEHTDE rUnepbodbL.

1.327. BriBecTH monApHOE ypaBHeHMe napabonabt Yo = 2px npn
yCJIOBMH, 9T0 MOJIAPHAA 0ChL COHANpaBieHa ¢ ochio O, a monc Haxo-
IHTCA B BEpIIMHE napaboJsl.

4. llapamerpugecke ypapuenud xpusofi. llycrs sananer GysHrumm ¢(t)
¥ (t), HenpepbiBHbIe Ha HEKOTOPOM IpoMeRyTke J wucnoBolt ocu (mpoMe-
myToR I MoeT 6bith MHTEpBaIOM (@, b), orpeskoM [a, b], a Takme onHuM u3
nosIynHTepBa1os (a, b] win [a, b), npudeM He MCKANYAIOTCA CIIy4ad, KOITA
a = —0c u (umam) b = +00). YpasHeHuA

T = ‘P(t)! y= ¢(t)a tel, (12)

HA3BIBAIOTCA NAPAMEMPUYECKUMU Ypaskenuamy wpusoll I' B mexaproBoft
OPAMOYTOAbHOHN CHCTEMe KOOPOMHAT, eCiiH BEINOJHEHO CIAERYIOUIee yCIO0BHE:
1A BCAKOrO 3HadenuA napamempa t € I tousa M (p(t), ¥(t)) npunan-
nemuT xpueott I u, Haobopor, miA BcAwo#t tourm M(z, y) wpuso#t I' cy-
IIeCTBYeT Takoe 3HaweHue napamerpa t € I, ato = = (t) u y = ¥(t).
Hckatouennem napamerpa t ua (12) ypasueHve xpuBoft MomeT ObITh mpem-
crasileno B Bune F'(z, y} = 0.

AHa0rYHO ONpenenaArNTCa napaMeTrpHUecKie YpasHeHUA KPUBOY B m0-
JAPHLIX KOOPIMHATAX.

lpumep 5. MoxasaTh, 4T0 NapaMECTPUYECKHE Y¥PaBHEHHA
T =acost, y=asint, t€][0,2n),
ONPEeNeNIAIOT OKPYA&HOCT T2 + 2 = a?.
< Ecau touwa M (z, y) raxoBa, 910 T = acost U ¥ = a sin ¢ AAA HEKOTOPOro
anageruna t € [0, 2w), To
22 +y? = a%cos?t + a’sin’t = a?,

T.e. Touxa M (z, ) npuxamremut okpymuocT: 2 + y2 = a’.
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BepHo u ofpatroe: ecau Touxa M (T, y) IPUHAIIEANT OKPYMHOCTH T2 +

—————

+ y? = a2, To, nomarad t = (aﬁ, i), t € [0, 2x), nonyaum z = acost u
y =asint. >

IIpumep 6. Kpupaa I' samama nosnApHbIM ypaBHeHueM r = 2Rsin .
CocrasuTs mapaMerpuyeckMe ypapHeHHMd STOM KPHBOH B HOJAPHBIX W IHe-
KapPTOBLIX NPAMOYrOALHLIX KOODIMHATAX, BHIOMpaa B nadecTee mapaMeTpa
NOJIApHBIR YTOI .
< Herpyano y6emutnca, uTo 3amaHHafd KpuBad — OKPYRHOCTL pamuyca [2
¢ venrpouM B rouke C(0, R). Ilapamerpuueckue ypaBHCHHA 3TOH KPHBOH B
TMONAPHEIX KOOPAMHATAX !

r=2Rsint, p=t, tel0,n).

IMapamerpuyeckue ypaBHEHMA B OeKAPTOBLIX NMPAMOYTOILHBIX KOOPIMHATAX
HOAY4YaloTCA, eCaIu B GOPMYJISI IIEpexoia £ = rc0Sy, y = rsing sMecro
T H  NONCTAaBUTb MX BHIPAmEHMA B BUAe HyHKUmMH mapamerpa . B uTore
MOAYIUM

z = r(t) cos p(t) = Rsin 2t,
{y =r(t)sing(t) = R(1 —cos2t), te€l0,n). >

1.328. Cocraputh napaMeTpuYeckue YPaBHEHHA JIyUa

I'={(zylz-y+1=0y3>0},
NPHHUMAA B KaYECTBE NapaMerpa:

a) abcumcey x; 6) opamHaty v;

B) paccroauue p(M, M) or Touru M € I’ no sepmumnnsr My nyua;

T') HOJAPHBIH 'YrOd, €ClIM NOAIC COBNARAET ¢ HAYAJ0M KOODPIMHAT,
a MOJIAPHAA 0Ch COHANpaBieHa ¢ ocelo OF.

1.329. CocTaBuTh mapaMerpuYecKHe yPAaBHEHHs OTPE3KA C KOH-
mamu B toukax M;(l, 1) u My(2, 3), npunuman B KavecTBe mapa-
Merpa:

a) paccroauue p(M, M;); 6) paccroanue p(M, Ms).

1.330. CocraBurh mapamMeTrpuyecKHe ypaBHEHMA OKPYMHOCTH pa-
nuyca R ¢ neurpom B Touxe My(zg, Yo), OpUHHMAn B KayecTBE Ma-
pamerpa t yroa Memny ockio Oz u BexktopoM MoM, orcuuThIBaEMBbIi
IOpOTHB 4acoBOH CTpEIRH.

1.331. CocraBuTh UapaMeTPHUECKHE YPABHEHNA OKPY/AHOCTH T2 +
+ y? = 2Rz, npuHUMan B KAYECTBE MApaMeTPa MOIAPHLIN yrod, eCIu
NOJIAPHAA 0Ch COHAmpaBIeHa ¢ ocbio O, a MONIOC HAXOXUTCA:

ag) B Hayale KoopnuHar; 0) B NEHTPE OKPY/RHOCTH.

B 3amauax 1.332-1.340 rpebyerca nckntouenneM napamerpa t HalTH
YPaBHEHMA 33JaHHBIX KPUBBLIX B Bune F(z, y) = 0 u mocrpouts atm
KpUBBIE.

1.332. 2 =—1+2t, y=2—-1t, t € (~00, +00). .

1.333. 2 =12 -2t +1, y=t—1, t € (—o0, +00). ‘
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1.334. £ = -1+ 2cost, y = 3+ 2sint, t € [0, 27).
1.335. = acost, y = bsint, ¢ € [0, 2x).
T

1.336. £ = 1 +2sect, y = —1 +tgt, t € (Jﬁ, 5)

a 1 b 1
1.337. z = i(t-i-;), y—~2-(t—2>, t € (0, +o0).

1.338. © = 2Rcos?t, y = Rsin2t, t € [—g 32[)
1.339. z = Rsin2t, y = 2Rsin’t, t € [0, 7).

T
1.340. 7 = 2pctg?t, y = pctgt, ¢ € (0, -2-]
- 2 2
1.341. Cocrapurs napaMeTpudeckue YPAaBHEHNA DILIANCA % 2o
A a
= 1, NpuHMMAaA B KaYecTBe mapaMerpa t yroa memny oceio O H

5

pamuyc-BerropoMm OM, 0TCYMTHIBAEMBIH IPOTHUB YACOBOI CTPENRH.
2

T
1.342. CocTaButh mapaMerpMYeCcKUe yPABHEHWA rUNepboinl — —

a2
2
i 1, npuHUMaA B KavecTBe mapamMerpa t yroia memay ocvo Oz
L
M Pamuyc-BEKTOPOM OM, OTCYMTBLIBAEMEIY MPOTHB YaCOBQJ CTPEIKH.

1.343. Cocrasurs mapaMerpuueckie ypasHeHua mapabonspr y° =

= 2pzx, NpUHMMAA B KayeCTBE NapaMerpa:
a) opruHATy Y;

6) yrosn memny ocsio O 1 BEKTOPOM OM , OTCYMTLIBAEMEIH IPOTUB
YaCOBOM CTPEIRM,

B) yroa memny ocbio OF ¥ (HOKAILHBIM PATHUYC-BEKTOPOM FM,
OTCYUTHIBACMBIN IIDOTHUB YacOBON CTPENKH.

5. Heroropble KpHBbIe, BCTPEYAIONIHECH B MATEMAaTHKe M e¢ NPHIOHEe-
HHAX. B HacToAleM TyHKTE, HMEIONIEM CIPABOYHEIH XapaKTep, NPUBEedeHbI
YyPaBHEHHMA ¥ YKAa3daHbI OCHOBHBIE TeOMETPHYECKMe CBOMCTBA DPANA CIEHH-
aJIbHBIX KPHBLIX (adreGPauvecKux ¥ TPaHCUEHIEHTHLIX), BCTDEYAHOMUAXCA
B IIPAaKTHKe HHREHEPHBIX PAcyeToB. BBIBON ypapHEeHUH 3TUX KPMBBIX MORET
6BITH DpenioReH B Ka4eCTRE 3314 MOBLIIIEHHOH TPYZHOCTH OpH M3yueHUH
Kypca aHaauTudeckod reomerpun. JoCcTaTOIHO OeTanbHOE M3yYeHHe (OPMBI
KPHMBEIX MOeT GbIThL BBHINOIHEHO C NPUBIEYCHHEM METONOB xub (PepeHnHaIb-
HOTO MCYHMCIEHMA.

1. Cnupaaw: cnupaab Apzumeda v = ap (puc. 9), zunepboauvecxos
a

cnupaayr v = — (puc. 10), sozapudmuneckar cnupaar v = a® (puc. 11);
p

CTpesKolt yKa3aHO HanpapieHue 06xoda KPHBOM, COOTBETCTRYIOIIEE BO3PACTA-
HHIO .
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Puc. 9 Puc. 10

a> 1

Puc. 14

=y
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2. Jemnucxama Bepuyaau (22 +y?)? = 2a2(2? —y?) (puc. 12), w12 =
= 2a? cos 2y (momoc nomeiner B Todxy O). XapaxTepHUCTHYeCKoe CBORCTRO:
|m“F2 | = const = a?, rae Fi(~a, 0), Fi(a, 0).

3. Huccouda (2R — z) = 2% (puc. 13), unu r = 2R tgpsin @ (nomwc
noMenred B Touky ). Xapakrepuctvyeckoe CBOHCTBO: RAA BCAKOTO JIyda

T
e (e (50 )) ot =1act
4. Cmpodiouda mz((z +a)? + yz) = a’y® (puc. 14), mmu r = cos g +

+ atgy (momoc momeinen B Toury A(—a, 0)). Xapaxrepuctuuecsoe crofic-
7w
TBO: [JIA BCAKOTO JIy4a { = g (tpu € (—5, 5) |BM|=|BN|=|0B|.
a
5. Konzouda z%y* + (z+a)2(mf -b?) =0 (puc. 15), mmu r = —— £ b
Cos
(noaroc nomemrer B tousy A(~a, 0)). Xapaxtepucruueckoe croficTso: miaA
T
BCAKOTO JIY4a © = gy (gog € (—5, 5)) |BM| = |BN| = const = b.

6. Yaumxa Hacxaas (22 + 52 ~ 2az)? = b*(z? + y?) (puc. 16), mu r =

= 2q cos £ b (nomroc momewsen B Toury O). XapaxrepucTuuecsoe CBONCTBO!

T oW

T2l BCAKOLO JIyYa @ = {Pp ((,oo € (-—5, -2—)) |BM| = |BN| = const = b.
s 7. Yembipezaenecmxosas poza (z° + y2)° = 4a%z%y? (puc. 17), wm
r = a| sin 2¢| Eomoc nometlieH B Toury (). XaparrepHcTHYeCKOe CBOHCTBO!
BCAKAA TO4Ka M 3TOH KPUEOH €CTb 0CHOBAHHUE NEPIEHLMKYIAPA, ONYIIEHHOTO
U3 Havalla KOODPIMHAT Ha oTpesok AB mocToAHHON miMHE 20, IBUAYWHCA
TaK, YT0 KOHIBI €r0 BCE BPEMA HAXONATCA Ha KOOPAMHATHLIX OCAX.

8. Acmpouda x = acos®t, y = asin’t, t € [0, 27), wm £%/3 + y?/% =
= a?/3 (puc. 18). Xapaxrepucraueckoe CBOACTBO: BCAKAs Touka M sro#
KPHUBOH ecTh OCHOBaHME nepueHmurynapa PAM x orpesky AB nocroasHoit
DIVHbI Q, IBMAYIIEMYCA T4K, YTO KOHIbI €r0 BCE BPEMA HAXONATCA HA KO-
OPAUHATHLIX 0CAX.

9. Jeoaveenma (paseepmxa) oxpyxcrwocmu x = a(cost + tsint), y =
= a(sint — tcost), t € [0, +o00) (puc. 19). XapaxrepucTuueckoe cBOKCTRO:
KamJaA T04Ka M 9TOH KPHMBOM €CTh KOHEU HUTH, KOTOPAA, OCTABAACH HATA-
HyTOlt, pa3MaTLIBAETCA C OKpymHOCTH T2 + y? = a? (B HawAALHLIM MOMEHT
Komel HHTH HaxomuTcea B Toase A(a, 0)).

10. Huxaoude z = a(t ~ sint), y = a{l — cost), t € (~o0, +00)
(puc. 20). XaparTepucTHIeCKOe CBOUCTBO: KPHUBaA COBNANAET C TPaesTopuels
Toyku M OKPYRHOCTH pammyca a, KOTOpaA KAaTUTCA §e3 CHOMLMEHUA 110 0CH
Oz (B HaZanbHBIA MOMeHT Touka M HaXomdTcA B Hagajle KOODIMHAT).

a+b

11. Snuyukaouda z = (a + b) cost — acos . t, y = {a + &)sint —
. a+b
— asin

t, t € [0,4+00) (puc. 21). XaparrepucTHuecKoe CBONCTBO:
a

KPMBAA COBNAZaeT C Tpaexropuedl Touxy M OKpYRHOCTH paguyca a, KOTOpaA
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A (~a, 0)

Puc. 15 Puc. 16

Puc. 18
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Puc. 22

»

Puc. 24

X

4
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KaTuTcA Ge3 crOnmeHuA 1o OupymHocTy T2 + y2 = b%, ocraBaacs Bue ee (B
HAaYalbHLI MoMeHT Touka M maxommrcea B nomomenuu A(b, 0)). B gactHoM
ciyvyae @ = b COOTBETCTBYIOIIAA KPUBaA HA3LIBAETCA Kapduoudot.

b—a

12. Munoyuraouda t = (b — a) cost + acos " t, y=(b—a)sint —

b—a
a
KPHBasA COBNANAeT ¢ TPackTopuelt Toury M OKpyRHOCTH pamuyca a, KOTOpas
KaTHTCA 6€3 CKOMbAEHUA N0 OKpYRHOCTH Z2 + y? = b2, ocTaBanch BHyTpH ee
(8 HavanbHEI MoMeHT Touka M naxomurcs B nonomenmu A(b, 0)). B gact-

— asin

t, t € [0, +o0) (puc. 22). XapakTepuCTHYECKOE CBOKCTBO:

HOM ciiydae a = Z 9Ta KPpUBaA COBNamaer C aCTPOHIIOﬁ.

13. Hoayxybuuecxas napaboaa y3 = ax® (puc. 23).

14. ITemaesas napaboaa ay? = z(z — a)? (puc. 24).

15. Jexapmos auem z3 + y* — 3azy = 0 (puc. 25).
3

16. Joxon Anvesu y = (puc. 26).

z2 + 4a?

§ 4. lloBepxHOCTH M KDHUBBIE B IPOCTPAHCTBE

1. YpapHeHMA TOBEPXHOCTH H KPUBOH B Jerapronoli mpAMoyroasHol cu-
cTeMe KoopmuHat. [0BOpAT, YTO NOBEPXHOCTL S B cucreMe KoopouHat Ozyz
HMEeT ypaBHEeHHC

F(IE, Y, Z) = Os (1)

eClIH BBINOJHEHO clenyiowiee yciosue: touka M(z, y, z) npUHALIERUT no-
BCPXHOCTH S B TOM M TOJLKO TOM CJiy4ae, KOFIA ee KOOPAMHATEI T, Y U Z YO0~
BaeTsoprioT cooTHomenuo (1), Ecny, 8 wactaocty, F(z, y, 2) = f(z, y)—2,

10 ypasHeHue (1) Momer GLITH 3amMMCAHO B BHOC

z= f(z, y), (2)

U B 3TOM CJIydae DOBEPXHOCTh S coBRajaeT ¢ rpadMKoM GYHKOMH IByX DEpe-
menHnix f(z, y).

Kpusaa I' B mpocTpancTee B 00meM ciyuae OmpelenAeTcA KAK JIMHHA
nepeceYeHus HCKOTOPBIX mosepxHocTelt S1 u Ss (onmpemenAeMbIX HEOTHO-
3HATHO), T.€. 3a[AHHEM CHCTEMbI IBYyX YPABHCHHH

Fi(z,y,2)=0, Fa(z,y,2)=0. (3)

Mpumep 1. BrubBecTu ypaBHeHue MOBEPXHOCTH, KamIad TOYKA KOTOPOH
pacnonomena sasoe Guime k Touwe A(2, 0, 0), yeM K Touwe B(—4, 0, 0).

<1 Ecnu S — noBepxHOCTh, 3alaHHAA yCIOBHUAME 3anauy, to M(z, y, 2) € §
B TOM ¥ TOIBLKO TOM caydae, korma p(M, B) = 2p(M, A) unn

\/(a:+4)2+y2+z2=2\/(a:-—2)2+y2+z2.
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O1crona momyuaem
(z+4)2 492+ 2% =4((z ~ 2)? + 42 + 22),
322 -~ 24z 4 32 +322 =0
HJIH, BRIIEJAA NOJHLH KBALDAT B CJAAraeMbliX, CONEPRAIMX T,
(z~4)?*+y*+22=16. (4)

Ypasuenue (4) u ecTh HCKOMOe YpaBHeHHE nosepxHoctH. W3 Hero supHO,

9T0 3ajaHHaA 1OBEpXHOCTH S ects chepa pagMyca 4 ¢ NEHTPOM B TOUIKC
Mo(4, 0, 0) >

Npumep 2. Heenenosate Gopmy wpuBoit I', 3agaHHON ypaBHEeHHAMH

(z ~ 1)? + % + 2% = 36,
{y+z=0. )

Onpenenuts BHA ee npoexnud Ha maockocTs Oy.
< Kpusaa I' 3anana xak auHus nepecevenua chepsr (z — 1)% 4 y? + 22 = 36
¢ miocKkocTeio ¥ + z = 0 H, clremoBaTeNsHO, CTh OKPYMHOCTE. Tak Kak

uentp cohepur C(1, 0, 0) mexur B nnockoctu cevenust ¥ + z = 0, To nenTp
OKPYMHOCTH corazaer ¢ Touxoi C, a ee pamuyc paBeH pamuycy chepel, T.e.

YeranosuM ¢(opMmy npoeruuH oxkpymHocTi I Ha maockocts Ozy. He-
-~ 1)2
rioIad z u3 cucremsi (5), moaysaem (z — 1) + 2y% = 36, unm (z - ) "
2
Y

+ = 1. OTcioma 3ara09aeM, 4T0 HCKOMAA MPOEKIUA -— HLIHOC, FIABHLIC

0CH KOTOpOro coHampasaessl ¢ ocamMu O u Oy, TEHTP HAXOMUTCA B TOYKE
C'(1, 0), a monyocu paeHsl @ = 6, b= 3v2. >

YcTaHoBUTDH, KaKHe reOMeTpUIecKue 06pas3sl ONPENeNAIOTCA 3aaH-
HBIMH YpaBHEHUAMH!

1.344. 2 +5=0. 1.345. 2 -2y + 2~ 1 = 0.
1.346. 22 4+ y° + 2% = 4.
1.347. (z - 2)2 + 4% + (2 + 1)? = 16.

1.348. 222 + 4% + 322 =0. 1.349. 1% + 422 = 0.
1.350. 22 + 292 + 222 4+ 7= 0. 1.351. 22 — 422 = 0.
1.352. zz = 0. 1.353. zyz = 0.
1.354. 2 — 4z = 0. 1.355. xy — y° = 0.

1.356. Brieectu ypaBHeHMWE IIOBEpXHOCTH, DPas3HOCTL KBajupa-
TOB PacCTOAHUMN OT Ka/ENOH TOYKU KoTopod mo Touek F1(2, 3, —5) m
Fy(2, ~7, —5) pasna 13.

1.357. BuiBecTu ypaBHeHUE NMOBEPXHOCTH, CYMMAa KBALPaTOB pac-
CTOAHUH OT KARMOH TOIRU KOTOpoOH 1o Tovex Fy(—a, 0, 0) u Fy(a, 0, 0)
paBHa NOCTOAHHOMY uucay 4a2.
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1.358. BriBecTH ypaBHEHHE IOBEPXHOCTH, CyMMa DaCCTOAHHI OT
KAmI0H Touyku Koropoit no Touer Fi(0, 0, —4) u F»(0, 0, 4) pasna 10.

1.359. BrisecTu ypasHeHue IOBEPXHOCTH, MOIYIb Pa3HOCTH pac-
cToAHMIH 0T KaMmIol TOURK KoTOpol 1o Toer F (0, —5, 0) u F5(0, 5, 0)
paseH 6.

1.360. Ycramosuth, YTO Kajaoe U3 cledyIOIIUX ypaBHeHui ompe-
measer chepy, naiitu ee uentp C u paguyc i

a) 22 +y? + 22 — 62 = 0;

6) 224+ y? + 22~ 4z -2 +22-19=0.

1.361. CocTaruTh yparHeHue cepsl B KAKIOM U3 CIENYIONINX CIIy-
yaes (o6osmaveno: C' — meHtp chepsl, B — pamuyc, M, My, M,
M3 — rouku Ha chepe):

a) C(-1,2,0), R=2; 6) M(2, -1, -3), C(3, -2, 1);

B) M1(2, =3, 5) u M2(4, 1, —3) — roHuEI AHaMeTpa chepsl;

r) C(3, —5, —2), nnockocrs 22—y —3z+11 = 0 racaerca cdepsy;

x) Mi(3,1, =3), Ma(-2,4,1), M3(-5,0,0), CEP: 2z+y —
-z4+3=0.

1.362. Cocrasuts ypasHenume cgepnl, UEHTDP KOTOpOM JEeHRUT HA
npaMoi

2z +4y —z -7 =0,
{4x+5y+z—14=0

¥ KOTOPaA Kacaercd mwiockocTed z+2y—2z—2 = 0u 2+2y—22+4 = 0.
1.363. CocrasuTh ypasHeHue cdepsl, BuucanHoli B TeTpasap, obpa-
30BAHHBII NII0CKROCTAMU

3r—2y+62—8=0, =0, y=0, z=0.

1.364. CocranuTs napaMeTpudecKHe ypaBHEHHUA quaMerpa cdepsl
22 +y?+ 2% — 22 — 6y + 2z — 11 = 0, nepreHTHKYAAPHOrO K IIIOCKOCTH
Sr—y+22—-17=0.

1.365. Ha coepe (z—1)2+(y+2)24(2—3)? = 25 nattru Toury My,
Gnwmaiiiryio k miockocTu 3z —4z+19 = 0, u BeIUMCANTL pacCTOAHHE
OT 3T0if TOYKH IO MIOCKOCTH.

1.366. OnpepmenuTs, KAk PpacHoONOMEHA IIOCKOCTh OTHOCHTEILHO
ciepn1 (nepecenaer, KacaeTCA HIH OPOXOIUT BHe €e), €ClIH IIOCKOCTh
U cepa 3agaHbl YpaRHeHUAMH:

a) z=3, 224+ y? + 22 — 6z + 2y — 102 + 22 = 0;
) y=1, 22 +9y?+ 22 +4x -2y — 62+ 14 =0,
Bz =05 22 +y?+22-2c+4y—22—-4=0.
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1.367. YcraHoBUTL, Kakue KDUBLIE ONPENENAIOTCA CJELYIOLINMHU
ypaBHEHUAMHU:

z—5=0, % + 9% + 2% = 49,
a) {2-1—2:0; 6) {y::(];

) 2 4+ 2 + 22 = 20, ) z? + y? + 2% = 49,
z2-2=0; o+ y? +22—42-25=0.
1.368. Haﬁm IIeHTp U pamuyc OKpY/RHOCTH:

a) z? +y + 22 = 10y,
T+ 2y+2:-19=0;

6) (x—3)2+ (y+2)%+ (2 - 1)% = 100,
2r -2y —2+9=0.

Yrazanue. lenTp okpymHOCTH €CTh NPOBKNHUA UEHIPA CQepsl HA ILIOC-
KOCTb.

1.369. Hattru npoernuio Ha mwiockocth z = 0 cevenus cdepst 2 +
+ y% + 22 = 4(z — 2y — 2z) nnoCcKOCTHIO, IpOXONAIIEH Yepe3 WEHTP
cheprl ¥ nepneHAUKynApHON k npaMoli z =0, y + 2 = 0.

1.370. Touru A(3, -2, 5) u B(-1, 6, ~3) aAsaAmrca KoHUAMU
IuaMeTPa OKPYRHOCTH, npoxonﬂmeﬁ wepes tousy C(1, —4, 1). Co-
(TAaBUTL yDABHEHWA BTOH OKPYAHOCTH.

1.371. CocrauTh ypaBHEHNA OKPYRHOCTH, HPOXONAIIE) Yepes TpH
toursu M; (3, —1, ~2), My(1, 1, ~2) u M3(-1, 3, 0).

2. Anrefpaude cKye HOBEPXHOCTH BTOporo nopAnka. Aazebpauuecxot no-
6EPTHOCTLI0 BMOPO20 NOPpAJKE HA3LIBAETCA NOBEPXHOCTE S, ypaBHEHHE KO-
TOpOH B NEeKapTOBOR NpAMOYroALHOH CHCTeMe KOOPAHHAT uMeeT BUI

Aa:2+By2+C’z2+2D:cy+2Ezz+2Fyz+Ga:+Hy+Iz+K;—0,

rie He Bce K03(Q GUIIMCHTEI IPH YIEHAX BTOPOro NOpALKa OMHOBPEMEHHO DABHEL
HyJ0 (B NPOTHBHOM ciy4ae S — ajrefpauyeckad MOBEPXHOCTH DEPBOTO TI0-
PAIKa, T.e. MIOCKOCTD).

Momer OkazaThCs, 4To ypasHeHHe (6) oupenender Tak HA3LIBAEMYH 6bl-
PONCAEHHYI0 IOBEPXHOCTE (IIyCTOe MHOMECTBO, TOURY, II0CKOCTh, 1apy II0C-
rocredt). Ecau me noBepxHOCTL mesbipodcdennas, TO IpecbpazopaHHeM Te-
KapTOBOH MPAMOYTOJLHON CHCTEMEI KOOPIMHAT ee ypasHenue (6) MomeT 661Th
NpPHBEIEHO K OMHOMY M3 YKA3aHHRIX HHMKE BHIOB, HA3LIBAEMBLIX KAHOHUYE-

CKUMU ¥ ONPENENAOIIMX THI NOBEPXHOCTH.
2 2
zt oyt oz
1. Jaauncoud: — + =5 mtaE= 1 (puc. 27).
2. I‘unepéa.noud
2 2 2
a) odnonoaocmuvith — + = —

ZtE T E = 1 (puc. 28a);
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Puc. 30
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z4

L -
[
71
4 y
X
a
z4
i S
\\\\ V
\\\\ ////
s
X
[<] /
Puc. 31
g2 2 22
6) deynoaocmmbii = + g ~1 (puc. 286).

2y 22
3. Konyc emopoeo nopadxa: = + oA 0 (puc. 29).
4. Hapaboaoud:
2 .2
a) sasunmuueckud: = + ¥ = (puc. 30a);
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.zt Y
6) eunepbosunecxul PR (puc. 306).
5. Huaundp smopoezo nopa&;ca
a) sasunmuueckud: ) + z—2 =1 (puc. 31a);
ozt gt
6) 2unepboanvecrkuts: ol 1 (puc. 316);

B) napaboaunecxut: y? = 2pz, p > 0 (puc. 31a).

O6mue MeTonbl TpHUBENEHNs ypaBHeHHA (6) K KAHOHHTIECKOMY BHLY OIM-
PAlOTCA HA TeOPHI0 KBALpaTHIHEIX GOpM H paccmaTpusawTca B . 4 §3 ron. 3.
llens HacToAmero myHKTa COCTOMT B M3yueHHH OCHOBHBIX FeOMETPHYECKHX
CBOMCTB HEBBIPOAIEHHLIX NOBEPXHOCTEH BTOPOro nOPANKA C HCIOME30BAHHEM
UX KAHOHHYIECKHX YDaBHEHHIH.

OmHuM M3 OCHOBHBIX METONOB MCCJIeN0BaHUA (OPMBI MOBEPXHOCTH 10 €6
YPABHEHHIO ABIACTCA Memod ceuenuyl.

Mpumep 3. Meromom cevenuft uccnenosats GOpMy M HOCTPOHTE LO-
BEPXHOCTH, 320aHHYI0 YpaBHEHHEM

z=2-2Z L (7)

<1 B ceyeHHHU nOBEpPXHOCTH FOPMBOHTANLHON INIOCKOCTEIO 2 = h HMEeM Kpu-
gyi0 [, mpoesnna koropoit Ha mnockocTh Oy onpenensercA ypaBHEHUEM

2:2 y2
h=2—-——~=—
16 25’
UM
z2 y2
'1—6+§g— - h. (8)

Ypasnense (8) npu h > 2 He uMeeT pemIEHHH OTHOCHTENBbHO (T, y). 910
03HAYAET, YTO COOTBETCTBYIOLIEE CEIeHUe MYCTO, T.€. pacCMaTPHBAEManA 1o
BEPXHOCTH HEJHMKOM pacnojiomeHa Hume mwiockoctd z = 2. Hpu h < 2 ypas-
menue (8) ompemenser amaunc ¢ monyocamu ¢ = 4/2~h u b = 5v/2 - h,
BRIpOROarOIHiica B Touxy £ = y = 0 mpu h = 2. 3ameruM, 410 BCE 3~
JMOCHI, NONY4alOUIHecA B CEYeHHAX NOBEPXHOCTH MIOCKOCTAMH 2 = h £ 2,

a 4
NoI00HBI Memny coboit (3 = const = 3)’ npUYeM ¢ yMeHbIIeHHeM h uX

HOJYOCH HEOrpaHMIeHHO U MOHOTOHHO BO3PacTaloT.

Tlonyuersolt MHEGOPMALHHE JOCTATOYHO, YTO6LI MOCTPOUTEH ICKH3 NOBEPX-
mocru. Janpmefiniee yrousenue ee GOPMBI MOKHO NOJAYYHTE, ECAH PAaccMo-
TPETh CEYEHHA KOOPAMHATHBIME WIocKkoCTAME Ozy 1 Oyz. Cevenue naocko-
cteio Ozz: y = 0 naer spusyio x° = 16(2—2), T.e. napa6oy ¢ mapaMerpoM
p = 8, pepmunoft B Toyke T = 0, z = 2 M BeTBAMHM, HANPABJEHHLIMH B
cropony y6nisaunA 3naveHult z. Hawowen, cevenue mnockocteio Oyz: z =10

25
naer mapaboay y? = 25(2 — z) ¢ mapamerpoM p = 2 BEPUIMHON B TOYKE
y =0, z =2 ¥ aHaNOrMYHO HANPABJIEHHLIMH BETBAMI.
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BrmoaneHHoe HCC/IEI0BAHHE TO3BO/IAET TENEPh NOCTATCOIHO NETAIBHO H30-
6pa3uTs 3alaHHYH NOBEPXHOCTH (puc. 32).

|
x2=16(2~2)! y2=25(2-12)
Puc. 32

3anaHHAA MOBEPXHOCTb eCTh AMIMITHYeckuit mapabonoun. Ilpeobpaso-

BaHHE KOOpOIWHAT
!

=z 4y =y =2-z

(roropoe ceomurea K caBury Hagana B Toury (0, 0, 2) — sepuny napa6osno-
una u ofparreHuo HanpasieHua ocd Oz) MPHBONMT ero HCXOMHOE yPaBHEHHE
{7) v xanoruIecKoMy BUIY

GO T B

YeTaHoBHTL THI 3a1aHHBIX HOBEPXHOCTEH U nocrpomb HX:
72 2 2 r2 2

AN A T y__z__
1.372. 9+4+25 1. 1373 16 T~ 35
2 z2,

1374, 22+ y2 - 22 = —-1. 1.375. z
1.376. 22 + 9% = 20z, a #0. 1.377. z° —y —-2az,a#0
2

1.378. 27 = 22 + & 1.379. 2% = 2az, a # 0.

7
2 2

1.380. z = 2 4+ z2 + 2. 1.381. T 6z.

1.382. 22 + % — 22 = 4. 1.383. 2 — 32 + 22 + 4 = 0.

1.384*. JloxasaTs, 4TO ypaBHEHME z° = Ty OUNpENENAeT KOHYC €

BEepIIINHON B Hayaje KOOPIMHAT.

1.385*. Jloxkasats, 4To ypaBHeHue z = Ty Onpegensaer runepbonu-
yeckuit napabomoun.

1.386. HaspaTt u nocTpouTh noBEpXHOCTH:

a) 22 = 2yz; 6) z—a = zv.
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1.387. Cocrapurh ypaBHEHMA HpoeKnuil Ha KOOpIMHATHBIE ILIOC-
KOCTH CEYCHHUA LIMITHYECKOro napabomnomna y2 4 2% = & mnockocThio
r+2y—-z=0.

1.388. YcraHoBHTbL, KAaKUEe KPUBLIC ONPENENANTCA CAENYHIINMHI
ypaBHEHUAMM:

2 2 2 2
¢y ¢y
{3 6 6)q 4 3
3r—y+6z2—14=0; r—2y+2=0.
1.389. HaitTir Toury mepeceyeHud NOBEPXHOCTH U IPAMOIL:
2 2 2
Y z z—3 y-—-4 =z+4+2
AT AT | = = .
Vet te =l " 3 =% =4
2
y _Z T Y z+2
6 ———=1 — === —
)16 9 ! YT T T
z° _y___ z+1 y—-2 z+3
5 % = 3~ 7 S R g

Yrazauue. llepefiTt K mapamMerpUIecKkMM ypaBHeHHUAM IPAMOH.

1.390. JloxazaTh, 4TO B KaAKOM U3 yKa3aHHBIX HHUMKE CIyyaeB 3a-
HaHHLIE HOBEPXHOCTh U IIOCKOCTh MMEIOT ONHY 00IIyI0 TOYKY, HAHTH
ee KOOpAUHAThL

2?2 22
a)-g—+z-2y, 2z — 2y — z — 10 = (;
22 g2 2
6) = + L — = =—1 = 0;
)3+4 5 , 9z +224+5=0;
2 yr 2
T L 2oy 4e- —54=0.
B) ST 369 1, z—3y+12z—-54=0

1.391. Joxasats, uTO miockocts 2z — 12y — 2+ 16 = 0 mepeceraer
runepGonmyeckult mapabomoun z2 — 4y? = 2z mo UpAMOIMHEHHBIM
obpasyrommm (T.e. OPAMEBIM, NEJIAKOM JIEFRAIINM HA STOH NMOBEPXHO-
cru). CocraBurh ypasHeHHA 9TUX 06pasyroIINX.

1.392. JJoxa3ats, 94TO HJI0CKOCTE 4§—5y—10z—20 = 0 mepecenaer
OXHOIONOCTHLIA runepboons — + g—l— — — =1 1o npaMoanHeHRIM

25 4
oopasyromumM. CocTasHTh ypaBHeHI/IH smx ofpasyronmux.

3. Bnaceudnramua nmopepxuocrell mo Tumy mpeolpazosanmii mpocTpaH-
crea. Brigenarr Tpu kiaacca mosepxHOCTEN: DHIMHIPHYECKHe, KOHMYECKHe
H MOBEPXHOCTH BPAILEHHMA,— HHBAPDHAHTHRIX OTHOCHTEJLHO NpeoGpasoBa-
HHH COOTBETCTRYIOLIEro THHA.
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Huaundpuueckotli noseprnocmbro (Yuaundpos) HASLIBACTCA IHOBEDX-
HOCTb, MHBapUAHTHAA OTHOCHTENBHO NpeolpasoBaHull NapalieabHOTG nepe-
doca 1'(tq), oupenendeMsix moOLIM BEKTOPOM, KOIMMHCAPHBIM HCKOTOPOMY
sexropy Q = {l, m, n}. Ha sroro onpenenenuda cuemyer, 4TO €CIM TOYKA
I — Tp

l

Mo(zo, Yo, 7o) UPMHANIERUT MUIMHAPY S, TO M BCA IpAMAA
Y—% z—20

TAKe NPUHANISRUT ITOMY LHIMHIDY.

m
HpHHHTa caenyomad TepMHHROJOIUA: BCAKAA IIpAMad, KOAAHHeapHas
I — Ig

l
0
, Mo(zo, yo, 20) € S, uenuxoM IpHHANAERALINE [U-

BeKTOpy q = {l, M, n}, HA3KIBACTCA 0Cb10 NUAMHApPA S; NpAMBIE
Y=Y _ 22
m

AMHAPY, HASHIBAIOTCA €r0 o6pasynowumy; BCAKaA xpusan I, acmauman Ha
OWIHHAPE W NePEeCeKANIAn BCe er0 00pasyloniue, HadkIBACTCA HANPAB.ARIO-
wetl 3TOr0 DUIMHADA.

Iycrs q = {I, m, n} — moGo# BEKTOP, KOAIMHCAPHBIA OCU WMAMHADA
S, a nanpapnaowas [ 3agaHa ypaBHEHHAMHU

Fi(z,y,2)=0, Fz,y,2)=0.

Touxa M(z, y, 2) NpUHALIERHUT WHAUBAPY S B TOM M TOABKO TOM CJIydae,

KOTZIA CYIIECTBYeT YMC/0 ¢ TaKoe, YTO TOUKa C KoopauHaTamu z + tl, y+tm,

%+ tn nemuT Ha obpasyrowent I', 1. e
Filz+t,y+tm, 2 +1tn) =0, (10)
FB+th,y+tm,z+tn) =0

Uckmouan napamerp ¢t us cucrempt (10), momyuusm cooTHolmeHue BUXa
F(z, y, 2} = 0, KoTopoe M ABIAETCA YPABHEHUEM 33JaHHOIC LHIHHIDA.
Hpumep 4. Hamucars ypaBHeHwMe nMAMHIPA, 0CH KOTOPOTO COBIANAET C
KoOpauHATHON ocbio Oz, 4 HANPABIAOIIAA 3aNaHa ypasreRuaMmu F(x, y) =
=0, z-h=0.
< Honaraa q = k = {0, 0, 1}, noayaum cucremy (10) B Bune F(z, y) = 0,
Z+t~h = 0. 3roT peayasTar 03Havaer, 4T0 TouKa M (z, ¥, z) NpUHANICKUT
HWIMHIPY B TOM H TOAbLKO TOM CAydae, KOrAa ee KOOPAHHATHL T U Y YNOBJe-
TBOpAIOT ypasueHuo F(z, y) = 0 npu DpOH3BOILHOM 3HAYEHHU KOOPIUHATEL
2. CaemosaTensro, ypasrenue F(z, y) = 0, onucniBaioliuee npoexuuio Ha-
NpasisAomed #a naockoers Oy, U eCTh ypaBHEHHE 3aNaHHOrO UMAMHIpa. >
HocTponTs 3anaHHLIe TUAMHAPHYIECKUE TOBEPXHOCTH:
2 2
T Y
1.393. y2 + 22 =4 1304 — - =1
v 16 9
1.395. 22 + 2 = az. 1.396. 22 = 62.
1.397. z =4 —z%  1.398. 2% —zy = 0.
1.399. z2 — 22 =0.  1.400. y* + 22> = 0.
1.401. zz = 4. 1.402. 4% + 22 = —2.
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1.403. CocraBuTh ypaBHEHMA TpeX IHIMHIPHYECKHMX TOBEPXHO-
creif, OMMCAHHLIX OKOJO cepsl z? + y2 + 22 -2z =0c¢ 0CfAIMH,
naparensHBIME coorBercTBersHO: a) ocu Oz; 6) ocu Oy; B) ocu Oz.

1.404. Haittu ypaBHerue MUIMHIDA, IPOEKTHPYIOUIET0 OKPYAHOCTD

{:v2+(y+2)2+(x—~1)2=25,
2+ yt+22=16

Ha mockocts: a) Ozy; 6) Ozz; B) Oyz.
1.405. Hafitn ypaBHeHue mpOEKIUN OKPYARHOCTH

{(w+1)2+(y+2)2+(z~2)2:36,
2+ (y+2)2+(2-1)2 =25

ga naockocts: a) Ozy; 6) Oxz; B) Oyz.

1.406. CocraBuTh ypaBHEHME OBEPXHOCTH, KARAAA TOUKA KOTOPOH
ONMHAKOBO yAaleHa or mpaMmolt £ = a, y = 0 u mmockoctu Oyz.
IlocTpouTh MOBEPXHOCTE.

1.407. CocraBuTh ypaBHEHUE NHIHMHIPA, €CIH:

a) och KomTuHeapHa BekTopy q = {1, 2, 3}, a HampaBaAroman
3anama ypapHeHuaAMu y° = 4z, z = 0;

6) ocs wommmHeapHa Bexropy ¢ = {1, 1, 1}, a HampaBuaroman
33/aHA yPaBHEHHAMH 22 +y? =4z, 2=0.

1.408. Cohepa z2+y?+2% = 4z ocpemmena nyyaMu, napajIeIsHbIMM
mpamoit ¢ = 0, y = z. Hatttu dpopmy Tenn cheps! #a mnockoctu Oxy.

1.409. IocrpouTs Texo, OrpaBMYEHHOE MOBEPXHOCTAMU Y2 = I,
z =0, z =4, r =4, u HanmucaTh ypaBHeHWe IuaroHameil I'DaHH,
nemaielf B mrockoct & = 4.

Konuuecxotd noseprnocmbio (K0MYycom) HAILIBAETCA IOBEPXHOCTH, HH-
BapHaHTHAS OTHOCHTENLHO npeofpasosanutt romorern H(k, Mp) ¢ npoua-
BOJBLHBIM K03 GumuentoM k U neHTpoM B HEROTOpoH Touke Mp(zo, Yo, zo0),
HasbiBaeMOM eepwunot Romyca. W3 sroro ompemeneHms ciiemyer, 4TO eciy

r—1I
Touka Mi(zy, Y1, 71) NPUHANIEAUT KOHYCY, TO BCHA mpAMag ——— =
I1 —To
Y—-n Z—2
= = , OPOXOJAIUAA Yepe3 3Ty TOuxry M BepuimHy Mo u ma-
Y1 — Yo 21 — 20
anIBaeMas 06paayrowett KOHYCa, MEIMKOM JERHUT Ha KoHyce. Beaxaa Kpumas
I', remamasn ¥a KoHyCe K NePECERAOIIAA BCe ero o6pasyromue, HA3LIBAeTCH
HANPABARIOULEL DTOPO KOHYCA.
Iycrs aanan wonye S ¢ sepmmnolt My(zo, Yo, 20) ¥ HampasisIOLIEH

Fl(xa Y, Z) =0a
Fz(.’ll, Y, Z) = 0.
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Toura M(z, y, z) npuHamIemuT KOHYCYy S B TOM U TGIBKO TOM CIydae, KO-
INa CyLIecTByeT uMcio ¢ TaKoe, YT0 TOYHA ¢ RooDAUHaTamu z + t(z — To),
¥+ t(y — yo), z+1t(z — 20) nemur na obpasywmets T, r.e.

{Fum+uw—nxy+dy—mxz+ﬂz—m»=0, (1)

Fy(z + t{z — 7o), y +t(y ~ yo), 2 + t(z — 20)) = 0.
Uckarouan uapame'rp t ua cucrems! (11), moryduM ypasHeHte KOHYCA B BULE
Flz,y,2)=

HpnMep 5 Hanucars ypaBHeHHe HOHyca, BEpIIHHA KOTOPOr0 HAxX0-
murca B roure Mo(zo, yo, zof 3 HANPaBIAIUAA 330aHA YPABHEHHAMU
F(z,y)=0, z—-h=0.
< Cucrema (11) TPH STHX YCAOBUAX IPHHHMAET BHX

F(z +t(z ~ 20), y + Hy — y0)) =0,
z+t(z—2)—-h=0.

-2z =(hv—zo)—(z-—zo) _h-2

H3a Broporo ypassenus t = —1, a0
poro yp Z—-2p z—- 2 z—2p ’
NOC/e NONCTAHOBKM B IEPBOE YDABHEHUE AT
td
r—2x 0
F(%"'(h“zo) 2 4o + (h 'Zo)y v ) =0. (12)
2z -2y — 20

Ypaprenwue (12) 1 ecTb ypaBHEeHHMe 3aNAHHOPO kOHyca. B gacTHoM cuy-

yae rp = Yo = %o = 0 (BeplIMHA KOHYCA HaXOXHTICA B HAaYaje KOOPAMHAT)
yDABHEHUE KOHYCa NPHUHUMAET BHI

F (h% h%) =0. (13)

JameruM, uTo ypasuenue (13) oduopodno oTHOCHTENLHO T, Y M Z (T. €.
He MEeHAETCA OPH 3aMeHe T, ¥ M z Ha tz, ty U {2 npu npoussoabHoM t # 0),
a ypaBreHue (12) 01HOPOIHO OTHOCHTENIBHO X — To, ¥ — Yo H Z — 2p. D>

1.410. Hycre pymxuma rpex mepemeHHnlx F(z, y, z) omHOponua
OTHOCHTEIBHO I, Y U Z, T. €.

Vt#0 3s e R: F(tz, ty, tz) = t'F(z, y, 2).

NoxazaTe, yTo ypasHerue F(z, y, z) = 0 onpenelsaer KOHYC ¢ BEpUIIU-
HOM B Havale KOOpmUHAT, IpHYeM AJ1 Joboro h Kpusad

F(% % 1):0, 2—h=0

€CTh €ro HampaBJIAIOIIAA.
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1.411. CocraButh ypaBHEHMEe KOHyCa, BEpPIIMHA KOTOPOr0 HAX0-
IUTCA B HAYaje KOODIMHAT, 8 HAPABIAKINAA 3a1dHA YPAaBHEHUAMH:

2.2 _ 2 2 e ,2
) {:z: + 9% = a?, 6) {x + (y — 6)% 4 22 = 25,

z=h y=3

2 2

Y L2 4 22 —224+1=0,
B) b2+62 1) 1=0

T =a: y—-z2+1=0.

HocTpouTh COOTBETCTBYIOIIHE KOHYCHL.
1.412. CocTaBuTh ypaBHeHHMe KOHYCA, CCIM 3aJAHBI KOOPRXHHATHI
sepmuHbl My u ypanuemm HanpaBJaAOIeit:

a) Mo(0, —a, 0), 2% = 2py, z = k;
12 P
6) My(0, 0, ¢), = b—2=1,z=0;
B) Mp(0, —a, 0), 22 +y% 4+ 22 =a?, y+2=q;

r) My(3, -1, —2), 24+y2-22=1, 2~y+2=0.
NocTpouTsh COOTBETCTBYIOIINE KOHYCHL.

1.413. [TocTpouTs KOHYC, ONPENENHUTE €r0 BEPIIMHY U HANPABIAKO-
IIYI0 B INIOCKOCTH 2z = h, €ciu KOHYC 3agaH ypaBHEHUEM:

a) 22+ (y —h)2 — 22 =0; 6) 22 = 2yz.

1.414. CocTaBuTh ypaBHCHUE KPYyrOBOI'0 KOHyCa, IJIA KOTOPOTrO OCH
KOODIMHAT ABIAIOTCA €I'0 00pa3yromumM.

1. 415 Coccram'm ypaBHeHnﬂ npoemmﬁ NHHUY TepecedeHu cdeprl
z? +y +22=a%c KOHYCOM 2 +y = () Ha KOOPIUHATHLIE ILIOC-
KOCTH:

a) Ozy; 6) Oxz; B) Oyz.

1.416. Mcrourux cBera, Haxonammiica B rouxe My(5, 0, 0), ocse-
maer chepy 22 + y? + 22 = 9. Haittu ¢opMy TeHM Ha IIOCKOCTH
Oyz.

Hoeepamocmbm 8poU,eHUA HA3bIBACTCA NOBEPXHOCTL, HHBAPDUAHTHASA 0T~
HOCHTCNLHO moBopoToB R{p, u) Ha mololt yron ¢ BOKDYr HEROTODOH $HEK-
CHPOBaHHDI OCH u. ITa NDBEPXHOCTL MOKET
Ob1Th noJiydeHa BpalleHUeM BOKPYD OCH U KpH-
BOM, TIONYYAKOIENCA B CEYEHUH HOBEPXHOCTH

Ja000t NI0CKOCTBIO, HPOXOIsINIeH depesd 3Ty
OCh.

HIpumep 6. BeiBecTu yparHCHME HOBEPX-
HOCTH, 00pa30BaHHON BpamleHMeM KpUBOH
F(z, z) =0, y = 0 Boxpyr ocu Oz (puc. 33).
<1 CeyeHne HOBEPXHOCTH NPOM3BOJILHOH 1I0C-
ROCTBI0 Z — Zp €CTh OKPYRHOCTH C HEHTPOM
B touse C(0, 0, z3) panuyca zo, mpuuem
F(zo, o) = 0. TostoMy mra mpousBonbHON
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Touku M (x, y, z) sToft oxpymeocTH HMeeM: 2 =20 U p(M, Oz)=+/a? + y? =
= zg. JloacTaBuana 9Tu paBeHCTBa B cooTHOLeHUE F (o, zp) = 0, noayaaem

F(\/z22 + 42, 2)=0. (14)

Ypasuenue (14) 1 ects ucKoMoe ypaBHeHME 3aXaHHOYN NOBEPXHOCTH Bpa-
mesud. >

1.417. CocTaBuTh ypaBHEHUC IOBEPXHOCTH, 00pPa30BaHHOM Bpame-
HueM kpuBoit 2z = 2, y = O

a) Boxpyr ocu Oz; 6) Borpyr ocu Oz.
Hocrpouts 06e moBepxHOCTH.

1.418. CocraBuTh ypaBHeHHE MOBEPXHOCTH, 00pa3oBaHHOH Bpamie-
HUEM mpaMoit 7 =y, = = O

a) Borpyr ocu Oy; 6) sokpyr ocu Oz.
Hocrpours obe moBepxrOCTH.

1.419. CocraBurh ypaBHCHHE IOBEPXHOCTH, 00pasoBaHHON Bpame-
HueM Bokpyr ocu Oz:

a) rpupoit z = %, y = 0;
6) wpuBolt z = —, y = 0.
) ®p Y

dlocTpouTs 06 MOBEPXHOCTH B JIEBOH CHCTEME KOOPAMHAT.
2 2 2
¢ Yy +z
1.420. lloxazars, 910 — +~—5—
a b2
CTH BpalleHuA ¢ oceio BpamwenuAa Oz. Hamucats ypaBHenue kpuBoit
B mIockocTH z = (), BpameHueM KoTopoif MOAYYEHa 3Ta HOBEPXHOCTS.
xz + y2 z2
— 5 = 1 ecTh yparHeHUE HOBEPXHO-
a c
¢ty Bpamenud. Haiitu ee och BpamieHuA H ypaBHeHUA KaKkoi-Hubyan
KDHBOH, BpamieHueM KOTopoit 06pa3oBaHa 5Td TOBEPXHOCTE.

= 1 ecTh ypaBHEHUE OBEPXHO-

1.421. Jlorazars, 10
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OINPEIEIUTEIHN U MATPUIIGI.
CACTEMLI IUHENHBIX YPABHEHUH

§ 1. Onpenennrenn
1. Ompenemrens 2-ro u 3-ro mopanros. Keapparuana rabauna

A= a1i a1z _
azy 422
COCTABICHHASA H3 YeTLIPEX AHCTBUTEILHEIX (MM KOMIVIEKCHEIX) YHCEJ, Ha-
3LIBAETCA Keadpamuoil mampuyed 2-20 nopadke. Onpedeaumeaem 2-20

nopadxa, COOTBETCIBYIOIIMM MaTpune A (maM mpocTo — onpedeaumenes
Mampuybt A), Ha3LIBAETCA THCIO

a;y a2
a2y Qg2

det A = = 110429 — Q12071 .

Awpanormyno, eciu

ain a2 13

A=laxn axp ax

a3y Q3z a33
— KBaZpaTHAd MaTIpPHNA 3-T0 HOPAAKA, TO COOTBETCTBYIOMM el onpedeau-
meaesm 3-20 NOPAJKG HA3LIBAETCA TUCIIO

a1 a2 a3
3

det A = {as a2 ag3|=
a31 as2 ass
= Q11022033 + G21a32013 +
+ 12623031 — 13022031 —

— @12a21a33 — @11G23032. (1
a + 6 =) 1)

Oupenmenurenn 3-v0 nopagka O6LIYHO Bbl-
YHCIAKYICA C UCIONb30BAHHEM CIIENYIONIEro
npaeuna Cappioca: 0NHO U3 TPEX Cia-
raeMuIx, BXOI/IINX B OPaByiO yacTh (1) CO 3HAKOM IUTIOC, ECTh IIPOMIBEIE-
HUE SJIEMEHTOB 2406K401 [MaroHalH MATPUILI A, RAEI0e U3 AByX APYTHX —
NPOM3BENCHHE 3IIEMEHTOB, JACKALMX HA NapajjieNu K 3T0l IUATOHAIH, M

Puc. 34
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371eMEHTa M3 NpPOTUBOMONORHONO yraa Marpunst (puc. 34a), a cnaraemnie,
sxonamue B (1) co 3HaKOM MUHYC, CTPOATCA TAKMM He 00paaoM, HO OTHOCHU-
TEnbHO BTOpolt (nobounoi) auaronaan (puc. 346).

BoryucauTh OnpenenMTenu 2-ro nopagkKa:
~1 4 a+b a-b

cosa —sina
2.1. -5 2l' 2.2. a—~b a+bl’ ‘lIsina  cosc
9.4, a4+ bi b 1 o cosa 4 isinw 1- . .
20 a-—bi 1 cosa —isina
- 1-¢ 2
2.6, 2sinpcosp 2sin“p—1 ) 9. 1+ ‘f‘;‘tg -
2cos?p—~1 2sinpcosp 21—t
1+ 14142
Pemmuts ypaBHeHuA:
r z+1 cos8z —sinbdz
2.8. ~4 r+1 =0. 29. sin8z cosbHz =0.

2.10*. JoxasaTh, 4yTO IpH NEHACTBUTEILHBIX @, b, ¢, d KOpHU ypas-
a—z c+di
$1eHun . = 0 meliCTBUTEILHEL.
c—di b—zx

2.11. Jloxasats, YTO MJIA PABEHCTBA HYIIO ONPENEIHTENIA 2-T'0 10-
pAXKA Heo0X0MMMO ¥ HOCTATOIHO, YTO6RI ero CTPOKY ObIIH Ipomopnm-
OHAJBHB! (T.€. YT0OLI BAEMEHTHI ONHON CTPOKM NMOJYJAIHCH U3 COOT-
BETCTBYIOIUX SJIEMEHTOB NPYro¥ CTPOKHM YMHOMEHUEM HA OTHO M TO
e yucao). To me BepHO 1 1IA cTOXOLOB.

Beruncaurs onpenenureny J-ro mopanka:

1 23

3 4 -b at+zr =z z
2.12.14 5 6|.213.18 7 ~2|.214.| =z b+z =z
7 89 2 -1 8 T z c+z
a?+1  af wy sina cosa 1
215. ( a8 B*+1 By 2.16. [sin8 cosf@ 1i.
ay By r+1 siny cosy 1
1 1 ¢ 1 1 1
2.17. |1 1 €2, 218. (1 8 B,
e2 ¢ 1 1 8 B8
2 . . 2w 7 ., 4w
TIe € = coS — + i8in —. roe 8 = cos — + isin

3

3

3 3
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Pewuuts ypaBHeHHA:

3 T -z T z+1 x4+2
219.| 2 -1 3|=0220.|]z+3 z+4 z+5/=0.
z+10 1 1 z+6 z+7 z+8
Pemmnth HepaBeHCTBA:
3 -2 1 2 z+2 -1
221. |1 =z -2i<0. 2.22. |1 1 -2|>0.
-1 2 -1 5 -3 =z

2.23. JlokasaTh ciaenyolne CBOACTBA OMPERENNUTENA 3-T0 NOPALKA,
HCIONB3YA ero ONpenejieHue:

a) eciiM CTPOKM MAaTpUIBI ONpeNe]uTeNdA caenath croabmamu c
TEMH me HOMepaMH (T.€. MPAHCNOKUPOBAMb MATPHUIY), TO OIpe-
IeINTENb HE N3MEHUTCH;

6) ecau Bce smeMeHTHI CTPOKK (CTONONA) YMHORHUTE HA OQHO M TO
e 9UCJI0, TO ONPeneTuTe]b YMHORUTCA Ha 9TO IUCIIO;

B) €cJM NEepecTaBHTh ABe CTPOKM (cTonbua) ompenenuTend, TO OH
M3MEHHT 3HaK; B YaCTHOCTH, €CJIM JBE CTPOKM (cronﬁna) ompenenu-
TeaA PaBHBI, TO OH PAaBeH HyIIO;

I) ecH KamALIA SIEMEHT HEKOTOPOH CTPORM (cronﬁna) onpeneny-
TeJA UPeACTaBieH B BUAE CyMMbI JBYX CJIAaraeMbIX, TO ONPENEIATEND
paBeH CyMMe [BYX ONpeAeauTesell, y KOTOPBIX BCe CTPORHM (cTombupi),
KPOME IaHHOM, IpeRHNUE, 8 B JaHHOMN cTpoke (cTo6me) B mepBoM Ompe-
IeITENe CTOAT NepBLie, a BO BTIOPOM — BTOpLIE CJIaraeMbie;

&) eciu O@Ha CTPOKA (croaben) ABiasgerca JuHeRHOH KoMOuHanmeit
0CTaNBHBLIX CTPOK (CTOAGLOB), TO ONpeNeNUTENs PABEH HYIIO.

Hcnons3ys cBoitcTBa onpenenurensa 3-ro NOPAIKA, NEePEIHCICHHEIE
B 3amave 2.23, HOKa3arh CJEAyIOUINE TORIECTBA (onpenennrenn He
paanep'rbmam) :

a1 +bhiz a1 —-biz ¢ a; b ¢
2.24. lag + boz agy —box co| = -2z |az by cgf.
a3+ b3 az—biz c3 a3 b3 c3
a1 +biz az+b o a; b ¢
2.25. lag +bax @z + by co| = (1 - :1;2) as by cal.
az + b3:1: azx + b3 C3 as b3 C3
1 a a 1 a a?
226*. (1 b W{=(a+b+c)|l b b%.
1 ¢ & 1 ¢ ¢
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BeraucauTs caenyrouye onpeneruTeny, UCH0AL3YA CBOHCTBA onpe-
neJauTend 3-ro NOpAgKa, MepeJuciIeHHbIe B 3agave 2.23:

z+y 2z 1 (a+1)? a>+1 a
227. ly+z = 1|. 228 {(b+1)2 v*+1 b|.
z+z y 1 (c+1)? c2+1 ¢
sina cos2a cos?a sina 1 cos?a
2.29. (sin?B cos28 cos?B|. 2.30.[sin®?B 1 cos?pg|.
sin?y cos2y cos?y sin?y 1 cos?y
1 1 1
2.31. IpoBeputs, uTO Ompemeaurens |T Y 2| meaurcA Ha
T—Y, Yy—2ZUZ—T. 22 y? 2

2.32. llposepurs, 4TO ONpEEIUTEND

T Y z+y
] T+y T
r+y r ]

NEeIVTCA Ha T + Y u Ha z° — zy + Y.
2.33. locrpours rpadur Gpynrnun

z z2 1
1 2
y=¢—_lo o 1] (a#b).
b v 1

2. Onpepesmremm n-ro mopamka. Bearoe B3anMHO OxHO3HayHOE 0TOGpa-
menue m MHomecTsa {1, 2, ..., n} nmepBrIX N HATypalIbHLIX YHUCen Ha cebA
HAa3BIBALTCA N00CMAK06K0Y 11-20 NOPAIKG.

Bcakaa nogcTanoBKa MO&eT OLITH 3amucaHa B BUOE

11 2 ... ip
T= 2
(a,-l Qi ... O )’ (2)

n

rme a;, = m(ix) — o0pa3 3neMenta i € {1, 2, ..., n} upu orobpamenuu
w. Jna buxCcHpOBaHHON! MOJCTAHOBKA T CYLUECTBYET MHOrO Pas3iMYHBIX CHO-
co6or sanmcu Buna (2), OTIMYAIOIIMXCA Hymepauueld 3J7eMEHTOB BepxHelt
cTpoku. B gactHoCTH, 3amuch BMIA

1r=(1 2 ... n) 3)
a; a2 ... Qp

Ha3LIBAeTCA KaANOHUUecxotl.
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Topopsar, uto napa smementos (¢, j) o6pasyeT uneepcui’ B NONCTAHOBKE
- m,ecmn i < j, HO a; > . YUncno s(7) Bcex MHBEPCHBIX map onpenendAer
YeTHOCTh NONCTAHOBKM: IOACTAHOBKA HasblBaercd uwemuoil, ecnm s(mw) —
YeTHOE YMCH0, U Heuemnotl, eciu $(T) — YuCiIo HeYeTHoe.

Ilpumep 1. Onpenesmts 9ETHOCTHL MOXCTAHOBKH
(13524
"=\2 35 4 1)
< Hepettnem k KaHoHMyeckoH 3amucu (3)
(123 45
"™l24315
u noncyuraeM yucino unpepentt. Tak kak musepcuu obpaayior mapw (1, 4),

(2, 3& (2, 4) (3, 4), To s(7) =4 u ™ — 4YeTHaA NONCTAHOBKA. D>
npedeaumenem n-20 nopadxa, COOTBETCTBYIOLIMM KBaApPaTHON MaTPHUE

a; a2 ... Qin

a: a a
A= | ax 2n

Qn1  Qn2 Qnn

(amu onpedeaumenem mampuybt A), Ha3LIBAETCA YUCIO

aiy aiz ... aln
a a N

det 4= | %2 o0 %n = 20 ara) - 0wt
Qnl Qn2 Ann

rae cymma GepercA no BCeM HONCTaHOBKAaM 7 N-TO HOPAAKa.
JIA ONPENEMRTENA N-T0 IOPANKA BRIUIOIHAIOTCA OCHOBHbIE CBOMCTBA, aHa-
soruuHbIe CBOMCTBAM a)—x) K3 3amaunm 2.23.

2.34. Ha muomectse {1, ..., 6} naditn nogcranosxy «, ecnu m(k)
ABJIAETCA OCTaTKOM OT fedleHuA umcia 3k Ha 7. Onpenenuts ee ger-
HOCTb.

2.35. Ha muomectse {1, ..., 8} Haltru noacranoBky w, ecau (k)
AIBIIAETCA 0CTAaTKOM OT nenemm 9HCIa 5k Ha 9. 0npenennn. ee ger-
HOCTb.

OHPSJICJIKTB YeTHOCTh IMOIXCTAHOBOK:

524 3 1 3465 21
2'36'(3 1 254)' 2'37'<143256)'
2n 2n—-1 ... 4 3 2 1
2.38. (2n—l ;... 341 2)‘
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2.39.
n n—-1 ... n—-k+1 n-k n-k-1 ... 2 1
E k-1 ... 1 n n—1 e k+2 kE+1)°

i
BBIHCHHTI), KaKHe U3 NpUBEICHHLIX HUAE NPOoU3BeIeHUl BXOJAT B
onpenenuTeN I COOTBETCTBYIOMINX NOPAIKOB U C KAKMMH 3HAKAMH.

2.40. a43Q021035012054. 2.41. Qp1a23045036012054 .
2.42. a37a36051a074025043062. 2.43. a33016072027055061044.

2.44. BuiGpats 3HayeHuda ¢ u k Tak, yT00BI NpOU3BENEHUE
G620i50330k4046321

'BXOIMJIO B HEKOTOPBI# OmpenesuTeNs CO 3HAKOM MUHYC.
2.45. Bribpars 3uauennd ¢ u k Tak, yro0bl npousBeneHue

4706301i05507k02403}

BXOZMJIO B HEKOTOPLI ONpexenuTesh CO 3HAKOM ILIIOC.
2.46. Hatitu uneHs! onpeenureia

52 1 2 3

T z 1 2

1 2 z 3)
1 2 2z

conepmamue 4 u 23,

IIOJII)3)’FICB TOJILKRO OIpereJIeHWueM, BBIYHCIIUTH CJenylouiue onpe-
OEJUTEIN: -

O oo 0 O al,n
0 e 0 a2,n-1 G2,n

247.1 0 ... azn-2 G3 -1 G3n|-
Qn,1 ... Gpn-2 Qnn-1 G0ann

a;; a2 Gz a4 ais
G2y G272 023 024 Qa25
2.48. lag; a3z O 0 0
a41 Q42 0 0 0
asy as2 0 0 0
2.49. Kax maMeHUTCA ONpeneauTeNnhb, eciu:

a) K Kamaol cTpOKe, KpOME mOCienHel, mpUGaBUTH IOCIENHION
CTPORY;




82 T'n.2. Onpegemnrenn u MaTpuusl, CHCTEMBI JHHOHHBIX yDABHEHHH

6) U3 KamIOR! CTPOKM, KPOME IOCJeNHeH, BLIYECTh BCe MOCIenylo-
IIye CTPOKM,

B) M3 KamOolt CTPOKH, KPOMe NOCJHenHe, BLIYECTh I0CIENyIOIIyIO
CTPOKY, U3 mocjeqHe CTPOKH BBIYECTh NPERHIOI NEPBYIO CTPOKY;

r) ero MaTpuny «I0BepHYTs Ha 90° BOKPYT HEHTpa»;

I) NepBbIit cTON0EN IepeCcTaBUTh Ha NOCIeLHee MeCTO, 8 0CTAIbHBIE
nepeNBUHYTH BJEBO, COXPaHAA UX DACIOJOREHHE.

3. OcHoBMEIE MeToIIbI BEIYHCICHAA onpegemmrenelt n-ro nopamka. Merox
NOHHMEHUA NOPAJKA ONPENENNTENA OCHOBAH HA CJELYIOIEM COOTHO-
meHnu (¢ PUKECUPOBaHO):

n
. det A=Y ayA®H, (4)
k=1
roe

[273] Qi k~1 ay, k+1 Qin

AR (_1)¢+k ai-1,1 .- @Gi-1,k—-1 Qi-1,k+1 ... Qi-1,n (5)
@i41,1 oo+ Qip1,k—1 Qitl k41 o-- Gi4l,n
Qni cee Qn, k-1 Qn, k+1 cee Qnn

Ha3bIBaeTCA M866PGHMCCKHM aOﬂOnNCH‘UCM IEMEHTAa Q) U NPEenCcTaBJIAET
cofoft (c TouHOCTBIO MO 3Haka (—1)*+*) ompenennrens (n — 1)-ro mopamxa,
HOIYQAIOMMHCA N3 UCXOMHOTO ONPENENUTENIA BLIYEPKMBAHUEM -1 CTPOKU K
k-ro cronbma, Ha mepeceyeHNM KOTOPBIX CTOMT BJEMEHT Gik.
Coornomrenve (4) Ha3BIBACTCA PA3A0NHCENUEM Onpedeiumeas no
i-d cmpoxe. AHAIOrMYHO ONPENENACTCA PA3A0NHCENUE ONPEJeAUMEs NO
" cmoabyy. Ilpemne weM OPUMEHATH METOHN HMOHUMAREHUA MOPAMAKA, NOJE3HO,
HCHONB3YA OCHOBHKIE CBORCTBA ONpenenuTend, 06DaTHThL B HYIb BCe, KPOME
OIHOTO, IEMEHTHI ero HeKoTOpO# cTporH (cToNbnA).

IIpumep 2. Beruucaure OnpeneanTeNsb

87 2 10
82 710
D=|4 4 4 3
0 4 -3 2

< VI3 nepBoft CTPOKM BHIYTEM, a8 KO BTOpOM MPUGABMM YOBOEHHYIO TDETHIO.
TlonygennpIt onpeneanTens pa3nomuM 0 nepomy croabmy. MMeem

0 -1 -6 0
-1 -6 0
D= 2 12 12 22 =(-1)*3.4./10 15 20].
4 -3 2

0 4 -3 2
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Hanee onats ofpaiaeM B HyInL BCE 3€MEHTHI IEPBOrO CTONOMA, KpoMe 9iie-
MEHTa B JIEBOM BEPXHEM YIVIy, W 3aTeM BBIYMCIAEM ONPENEINTEN:L BTOPOTO
nopAAKa:

-1 -6 0
D=4| 0 —45 20 =4:(- (1) [T 2°|_
0 —27

= —4(—90 + 540) = —1800. >

t

Mertox npuBelieHus K TPeyroAbHOMY BHIAY 3aKIIOY3ETCA
B TakOM npeobpa3oBaHUM ONpenenuTe]A, KOra BCe 3JEMEHTSHI, Jemallue 10
OOHY CTOPOHY OXHOM W3 ero AMaroHajell, CTAHOBATCA PAaBHBLIMK HYIIIO.

Mpumep 3. Boluucaurs onpenenurenn

. 101 1 1
1 -1 2 2
D=h 1 -1 3|
101 1 -1
< BrlumTan mepeyio CTPOKY M3 BCEX OCTANLHBIX, NOTYYaeM
11 1 1
0 -2 1 1
D=l "o _5 ol=-80»
0 0 0 -2

MeTon peKypDpPEHTHHIX COOTHOIICHHN IO3BOJIAET BLIPA3UThH
IAaHHBIN ompenennTeNsb, npeobpasya u paanarad ero no CTpoKe MU cTonbmy,
gepes onpeneuTeNn TOro /&e BUAA, HO Gosee Hu3Koro mopanka. Iloxyuennoe
PaBEHCTBO HA3LIBAETCA PEKYPPEHTHEIM COOTHOLLEHMEM.

Mpumep 4. Boruncnuts onpedeaumeas Bandepmonda

1 1 ) I 1

a) as asz ST Qn

D,=|a} a} a} a2
i e

< HorameM, uto npu moboM n (n > 2) ompenemurens BaHzepMoHpa pa-
BeH NPOM3BENEHUIO BCEBO3MOMHBIX pasHocTe#t a; —aj, 1 < j < i £ n.
HoxazaTenbCTBO NPOBENEM IO MHAYKIMH, HCHOAL3YA METON PeKyPPEHTHBIX
COOTHOIIIEHMH.

HeticTeuTenbHO, mpu 1 = 2 UMeeM

1 1

D2 =
ay a2

=a3 —ap.
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Tlycres name yTeepmieHvie nOKa3aHO nJA ompenemurenedt Banmepmonna mo-

pagka n — 1, T.e.
Dn—l = H (ai - aj).
1€j<ign~1
lipeofpasyem ompenenurens D, caemyromnM o6pasoM: M3 mocaenHedt n-f
CTpoku BhiyuTaeM (n — 1)-10, YMHOREHHYIO Ha a; M, BOODlIe, MOCIENOBa-
TEeNbHO BhIuMTaeM ud k-# crpoku (k — 1)-1o, yMHOmeHHyIo Ha a1. Ioaysaem

1 1 1 . 1

0 as — @y az — ay anp — a1
D,=10 a}-aa a} — a1a3 a —ajan

0 al '—aial™? al'-aaf? ... a®!-qua??

PaanomuM nocnenHutt onpenenurens 0 NEPROMY CTONOLY ¥ BEIHECEM U3 BCEX
cron6mor o6wue MHomurean. OnpenennTens NPUHUMAET BUL

1 1 1 .. 1

a2 as a4 (1%
D, = (a2 —a1)(as — a1)...(an—a1) | a2 a? a? ... al|=
g @ et L o

= ((12 - al)(aa - al) e (an bt al)Dn—l-

Tonyunnu pexyppenTHOe cooTHOweHre. Hcmonbaya npenmonomxenye HHOYK-
OUH, OKOHIATEIHHO BBIBOIUM:

D, = (az—a;)(az—a1)...(an—a1) H (a;—aj) = H (a;—aj). >

2€jikign 1<ji<ign

Boiyucauth onpemenurenu, UCNONb3yA NONXOAAINEE Pas3jIOMEHHE
110 CTpOKe My cToabny:

1 0 2 -1 5 2
2.50. |0 2 0. 251.{ 0 7 0Of.
2 0 3 1 20
210 9 10 11
252,11 2 1], 253. 11 1 1}.
01 2 2 3 4
2 -3 41 5 a 2 -1 al 11
.14 -2 3 2 4 b 4 -3 b 01 1
2'54'a)a bcd’6)2 c3—2;B)c 1 01
3 -1 4 3 4 d 5 —4 d 110
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Brruncaurs ompengennresu:

4

-3
-1
1

2 3

2 1
6

2.56.

~1
3

1 2
2

0
3

~ N N AN

™m0 O ©

2.55.

2,57,

~
44 $44
8 8.3 2D
8] )
oY
33 $33
: R
OO0 O W i
N N (5]
W ODO oo W —~ o I N
8 84 &8 o
VO oI O
8 8 P
o™ U vwHoo B aw S
O U W e~ O OO ™ r v o~ v
=] 3 e
<« = <«
o~ o~ -~
. OO - =~ B
=N vo o .
__ — e e O mm e se
L R R R B
TTOC ===
. — e o 8
SO VR
| — o - O B O
O 8V N o v R — OO
o - o
n <= <
& o o

0
of
a+p ...

of
1 a+p

(67

0 1

2.65%.

1 a+p

af 0
a+fB of
a+p

a+pf
2

1

2.66.

1" a+p

0
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Boluncaurs onpenenuresnu NOpPAZKAa 7 NPUBEJEHHEM HMX K Tpe-
YCOJLHOMY BHAY:

1 2 3. n 3 2 2 . 2

-1 0 3 ... mn 2 3 2 2

2.676 —1 —2 0 a0 . 20680 2 2 3 2
-1 -2 -3 ... 0 2.2 2 ... 3

2.69. Bbmncnnm onpenennrem,, 9JIEMEHTHI KOTOPOro 3agaHbI yCJIO-
BUAMH a;; = min (1, j).

2.70. ﬁm‘mcnnrb onpenenuTelb, 3JIEMEHTEI KOTOPOr0 3a1aHsb1 YCII0-
BUAMH @;; = max (4, j).

Berunciaurs onpenenurens NMOPANKA N METONOM PEKYPPEHTHBIX
COOTHOLIIeHUH}:

01 1 ... 1 210 ... 0
1 a 0 ... O 121 ... 0
271.{1 0 a ... 0]. 272.10 1 2 ... 0.
1 0 0 ... a, 000 .. 2
2.73. Beraucaurs onpenenurein
a?"l ag"l ag“l co. a1 »
& & & ... &
ai a2 as Qan
1 1 1 ... 1

2.74. Jloxasarh, 910 ZiA 1060r0 onpemenuTeNsa BLINOJIHAETCA CO-

OTHOLICHUE n .
Za A(k’J) — det A, k= 2,
L 0, k#i,

rne A7) — anre6pamuecroe momomnenue snementa ag; (cm. (5)).

§ 2. Marpuus:

1. Onepaupau Hax mMarpumamu. Mampuyeti paanepa m x n unu (m x n)
Mampuueﬁ Ha3BIBAETCA NPAMOYTONbLHAA Tabiuua u3 unucen a;j, i =1, 2, .
- m, J - 1 2) o N,

a1 Qa2 Qin

_ | @21 Q22 Q2n

- )
Qml Am2 ... Qmn

COCTOAILIIAA U3 M CTPOK ¥ 7 CTOJOIOB.
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Cymmoti A+ B (m x n)-mampuy A = (aij) u B = (b;;) nassibaerca
marpnua C = (c,-j) TOI0 K€ NMOPANKA, KamIbIA 3JEMEHT KOTOPOH paBeH CyMMe
COOTBETCTBEHHBIX 3/71eMeHTOB MaTpuu A u B:

c,-j=a,-j+bij, 1=1,2,...,m, j=1,2,...,n

Ipoussedenuem aA mampuytr A = (a;j) na wucao o (AeHcTBATEND-
HOe WX KOMIUIEKCHOe) HadniBaercA Matpuna B = (b;;), nonywaromanca u3
MaTphnbl A YMHOMEHHEM BCEX ee 9NIEMEHTOB Ha qi

b,~,-=aa,«_,,~, i=1,2,...,m, j=1,2,...,n

Hpouseeaenuem AB (m x n)-mampuyst A = (ai;) na (n x k)-mempuyy

= (bi;) naspisaerca (m x k)-matpuma C = (ci;), 9MeMeHT KOTOPOR’ Cij,
crormmﬂ B i-#t CTPOKe M j-M cTOnbUe, PaBeH CyMMe IIPOM3BeNeHM COOTBeT-
CTBEHHBIX 3JIEMEHTOB 1-# CTpOKH Matpumbl A ¥ j-ro cronbua Marpuns: B:

n
=> auby, i=1,2,...,m, j=1,2,..,k

2.75. JlorazaTe ciemyolrde CBOMCTBA ajrebpaMdecKHX OmEpamdit
Haj MaTpULAMHU:

a) A+B=B+A, A+ (B+C)=(A+B)+C;
6) (a+0)A = aA+BA, a(A+B) = aA+aB, (af)A = a(BA);
8) A(BC) = (AB)C, A(B+C) = AB + AC.

Brrunenurs nuueitinsle koMbuHauuu Matpun A u B:
21 -1 -2 10
2.76.3A+ 2B, A= (0 1 _4), B = (_3 9 2).

2.77.(1+i)A+(1—i)B,A=G _:) B=( v i)

)
BerguenauTs:

SENE) w6
w02 0

ol

i

1 -3 2 5 6
3 -4 1 2 5
2 =5 3 3 2

2

1

1

3 25
4 -1 3).
9

6 5
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6

50 23\ [,
283. {4 1 5 3|7
31 -1 2

4 .
3 3
1 1
2.84.2) (40 —231)|-1|; 6) [-1]@o -23 1.
5 5
2 2

2.85. 2 2
2 2 3 11
3 3 4

1 -2\3 1 a
aae . 4) % 1)

: n
288 (* 1), Aer 2se (0 TSne)
0 /\ sina cosa
Hattru 3Havenne MHorouwneHa f(A) or MaTrpunsr A:

21
— a2 _ -
2.90. f(z) =3z°%—4, A (0 3).

291 f(z) =22 -3z +1, A= (__i g)

o f1 =23
2.92. f(r) =322 -2z +5, A= (2 —4 1) .
3 -5 2
Breraucaure AB — BA:

(1 2 2 -3
s a=(y 3) 5= )
2 3 1 1
204 A=(-11 0|, B=|0
1 2 -1 3

111 /T 5
295.A=101 1), B=|0 7
0 1 00

- N
—_ N
\—/

o W

N1
SN——

o
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Matpunst A u B Ha3LIBalOTCA nepecmanosounvimt, eciu AB = BA.

Haittu Bce MaTpuubl, NIEPECTAHOBOYHLIE C JAHHOM: i

310
2.96. G i) 2.97. (g :g) 2.98. {0 3 1
00 3
2.99. HaitTu BCce MaTpHUBI 2-I0 NOPALKA, KBAAPATHI KOTOPLIX PAaBHLI
00
HyneBo#t Matpuue O = 00

2.100. HaktTu Bce MaTpHubl: 2-r0 NOPANKA, KBAaZPaTHI KOTOPBIX

01
2.101. Kar uamenurca npoussenenue AB marpun A u B, ecau:
a) IepeCcTaBUTH I-10 ¥ j-I0 CTPOKK MaTpumbl A,
, 6) K i-# cTpore MaTpunbl A npuGaBUTH j-10 CTPORY, YMHOREHHYIO
Ha YHCJIO O,

B) NEpeCTaBUTh i-# U j-# cTonbusl MaTpuns: B,

r) K ¢-My croabny Marpunsl B npubaButs j-# croxben, yMHOmEH-
HbIH Ha qucao a?

0
DABHEI eNMHHYHON Marpune E = ( )

Marpuna AT uasniBaerca mpancnonuposanuoil K Marpume A, eciu BhI-
HOMHAETCA YCHOBUE G = Gji A BCEX 4, j, THE Gij W Gj; — BIEMEHTEI
marpun A u AT coorsercrsenHo.

2.102. JlorkasaTs caenyomue COOTHOMICHHA:
a) (AT)T; 6) (A+B)T =AT+BT; 8) (AB)T =BTA".
Borumciaurs AAT u AT A nna 3amaHHBIX MaTpHI A:
1 21 3 -1 1 -1 1 -1
2.103. (4 -1 5 _1). 2.104. 2 0 2 0 2
0 -2 0 -2 0

Ksanparas maTpuna B Hasmmaerca cummempuunoil, ecmu BT = B.
Kpanparnaa marpuna C nasuisaerca xococusmmempuunotl, ecmu CT = —C.

2.105. Joxasars, 9ro mobyro MaTpuny A MOAHO IPENCTABHUTE, U
NpH 9TOM EXMHCTBEHHHIM 06pasoM, B Buge A = B + C, rne B —
cumMerpugHad, a C — KOCOCHMMETDPHIHAA MaTpPHILL

2. O6paruaa marpuna. KanpatHaa MaTpuna A Ha3HIBAaeTCH 6bIPOdCIEN-
notl (ocobenrotl), eciu ee OmpeneaMTENL PAaBeH HYIIO, W He8bipodcdennot

(neocobennoil) B mporusHom caydae. Ecim A — nespIpomneHHan MaTpHUna,
TO CyLIECTBYeT M IPUTOM eAMHCTBeHHad MaTpuna A~! rakasa, 4To

AA' = A"'A=E,
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roe E — egunuynaa marpuna (T.e. Takad, HA IIaBHOM IMArOHAJIH KOTOPOH
CTOAT ENMHUIbL, a BCe OCTAIBHELIE SIIEMEHTHI PaBHBI Hym0). Marpuma A~!
Ha3bIBACTCA o6pamuou & Marpune A.

YKameM OCHOBHEIE METOMb! BBIYKCIEHUA 00paTHOM MaTpHILL.

Meton mpucoenuueuHo# matpunsl. IpucoenunHernaa maTpuna
AV onpenennerca Kax TPAaHCOOHMPOBAHHAA K MATPHUIE, COCTABICHHOMN U3 all-
refpanyecKux MOMOMHEHU! COOTBETCTBYIOLIMX 31eMeHTOB Marpuisl A (cM.
dopmyny (5) us §1). Taxum obpasom,

A(ly 1) A(z, 1) e A(”’ 1)
PO D R TR
A(ll ") A(z) n) Ve A(nv ")

CnpasensiuBO PaBEHCTBO
AVA = AAY =detA . E.
Ozciona caenyer, uTo eciiu A — HEBLIPORIEHHAA MATDUIIA, TO

-1 _ 1 \

T detA

Ipumep 1. Meromom npucoenuseHHO#M MaTpuns! Hatity A~!, ecin
P )

1 2 -1
A=1(3 0 2
4 -2 5
< HUmeem det A = —4. Hatinem anrefpauvueckue JONOIHEHHA COOTBeTCTBY-
IOIUX HJIEMEHTOB MaTpuLbl A:
0 2 2 -1 2 -1
(1,1) = = (2,1) = = — (3,1) = =
A —g 5|=% 4 '—2 5' 8 A lo 2' 4,
3 2 1 -1 1 -1
(1,2) = — = — (2,2) = = (3,2) = — = —
e T A R I
3 0 1 2 1 2
(1»3) = = — (2’3) = - = (3’3) = = —
A l4 _2l 6, A l4_ _2’ 10, A |3 0' 6.
TlosTomy

4 -8 4 . -1 2 -1
A=-7 9 -5) wAt =4 =(7/4 -9/4 5/4]. b
-6 10 - 3/2 -5/2 3/2
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MeTon snemeHTapHBIX npeoGpas3oBaHuM. OIeMeHTaPHLIMH
npeo6pa3oBaHUAMU MATPUILI HA3LIBAIOTCA ClEXYIOLIME:
1) mepecranoBka cTpoK (cTon6uoB);

2) yMmHOmeHue CTPOKH (cT0a6Ia) Ha YKCIO, OTIMYHOE OT HYnH;
3) npubaBieHue K 37eMEHTaM CTPORM (CTOI0LA) COOTBETCTBYIOIIUX 576-

MEHTOB APYro# CTPOKM (CTOn0UA), IPeIBAPUTENLHO YMHOMEHHBIX HAa HEKO-
TOpOE YUCIIO.

Ina nanuo#t marpuus! A n-ro DopAgka HOCTPOUM IPAMOYTONBHYI0 Ma-
tpuny 'y = (A|E) pasmepa n X 2n, npunucsisad K A CipaBa eauHUYHYIO
Mmarpuny. Jlanee, ucrons3ya saemeHTapHbIE IpeoGpa3oBaHuA Hal CTPOKAMH,
npusogum marpuny I, & Buny (E|B), 4ro Bceraa BO3MORHO, ecau A HeBbI-

pomaena. Torma B = A~L.
Mpumep 2. Merogom siemenTapusix nmpeobpasosauuit Hatitu A~! mia
3 21
A=|4 5 2
2 1 4
< O6paayem matpuny I'4:

3 2
Ta= 4 5
2 1

O6oauauus uepes i, Y2, 3 CTpoku marpunsl ['4, npousseseM Haj HAMU
ciremyomue mpeobpa3oBaHud:

10
01
0 0

N

0
0
1

1 2 1

"= W=mM=5% W=1H-5%,
4 3 1

Yo =2~ 3N Y2 = :(:"ré, vy =y - Evé',

2 1 7
B=mW-3N W=t 77’2, 7= 5

pe3yiasTaTe nociaenoBaTeIbHO NOayJIaeM

B
3211100 1 2/3 1/3| 1/3 0 0
(452 010)4(0 7/3  2/3 -4/310)-»
214001 0 -1/3 10/3 ]| -2/3 0 4
1 0 1/7| 5/7 -2/7 0
—>(01 2/7 | —4/7 37 o):
0 0 24/7| -6/7 17 1
0 0| 3/4 -7/24 -1/24
1 0f -1/2 5/12 -1/12
0 1| —1/4 1/24 7/24

i
NN
OO =
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CrenosaTenbHo,
' 3/4 -7/24 -1/24
Al=|-1/2 5/12 -1/12|. >
~1/4 1/24 7/24

Meromom npucoeIVHEHHON MaTpPHUUbI HalTH 06paTHbIE LA CIELy-
IOIIMX MaTpPHIL:

1 2 3 4 cosa —sina
2.106. (3 4). 2.107. (5 7). 2.108. (sina cosa)'

2 5 7 3 -4 5
2109. |6 3 4]. 2110. {2 -3 1}.
5 -2 -3 3 -5 -1

111 1 1 1 1 1
011 .. 1 1 1 -1 -1
2111 |0 0 1 ... 1|. 212 |} _; o o
\0 0 0 ... 1 0 0 1A
/1 1 1 1
3/vV6 1/VE -1/vB -3/v5
2.113. :
1 -1 -1 1
k1/\/5 -3/v5 3/V5 -1/v5

MeronoM ameMeHTapHBIX npeobpasoBaHuit HaliTu o6paTHEBIE NJIA
CJIEAYIOIMX MaTpHIL:

2 7 3 1 2 2
2114. [3 9 4. 2115 (2 1 —2].
15 3 2 -2 1
1 1 1 1 3 3 —4 -3
1 1 -1 -1 06 1 1
BTN A R 2
1 -1 -1 1 23 3 2
110..0
01 -1
011 ..0 83} A
2.118. oo 10 SR ST P
000 ... 1 122 -1
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100 ..01 )
020 ..00

2.120. [0 0 3 00
000 ... 0n

Peuints MaTPHYHbIC YDAaBHEHUA:
1 2 3 5 3 -2 -1 2
s 2)x= (2 9) amx. (3 )= (] 2)

3 -1 5 6\ (14 16
2.123. (5 —2>’X'(7 8)=(9 10
2 -3 1 -3 0
2.124. 2 —4|.x=[10 27|
R
0
0

5 3 1 -8 3
2.125. X - 1 -3 -2|={-5% 9
-5 2 1 -2 15

2.126. Ilonaaa{b CJIEAYIONIME PABEHCTRA:

a) (ad)™! = ;A'l;

6) (AB)"! = B4,

B) (A7H)T = (AT)™.

Boraucaurs 3navenune Gynrmuu g(x) npu = A:

11
2.127. g(z) =z? -3z +2z7 ' ~x72, A= (0 1).

[CIRLE

2 -1 0
2.128. g(z) =z — 8z~ ! + 16272, A=|0 2 -1].
0 0 2

011
2.129. g(z) = (z2 - 1)7! — (z2 + 1)7, A=(1 0 1).
110

§ 3. IpocTpancTBO apmdMeTHUIECKHUX BEKTOPOB.
Paur marpuis:

1. Apujmerrgeckue BexTopsl. BeAran ynopAmouyeHHas COBOKYIHOCTH M3
7 DeACTBUTENBHBIX (KOMINIEKCHBIX) YHCET HA3bIBATCA OetCmeumesbrbis

(xomnaexcuvim) apudmemuueckusm 6eXmoposm 1 0603HAYAETCA CHMBOIOM

X= (mla T2y ..o mn)'
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Yucna 1, To, - .-, T, HABBIBAIOTCA KOMNOKEKMAMU aPUGMETHIECKOrO BEK-
TOpa X.
Han apudmeTuyecKuMy BEKTOPaMU BBOSATCA CIELYIOLIME OIEpanum.
Caoxcenue: ecau

xz(xl,.’llz,...,ﬂ!n), y=(y17y2)“"y_n)’
TO
X+Y=(-’B1+y1,$2+y2,---,$n+3ln)- ‘ (1)
Ymnoxcenue na 4ucao: eCad A — qucao (JeHCTBUTENBHOE MIH KOM-
nnexcHoe) u X = (z3, 2, ..., Tn) — apuQMETHIECKUN BEKTOP, TO
Ax = (Az1, Azg, ..., AZy). (2)

MuomecTBo Beex XeHCTBUTENBHBIX (KOMIEKCHBIX) apudMeTHIeCKUX N~
KOMIOHEHTHLIX BEKTOPOB C BBENCHHLIMM BhILIE onepanuAMu ciomenus (1) n
YMHOMREHHMA Ha 9uCa0 (2) HA3LIBACTCA NPOCMPAHCMNEOM GPUPMEMUUECKUT
6exmopos (COOTBETCTBEHHO MEHCTBUTENbHBIM MM KOMIVIEKCHBIM). Bcromy
B JanbHeHIeM, eC/in He Or0BaDPMBAETCA IPOTHBHOE, PacCMaTPUBAETCH JefCT-
Bmeixxx;noe NPOCTPAHCTBO apu(pMeTHIecCKUX BEKTOPOB, 0603HAYaEMOE CUMBO-
aom R™.

Cucrema apupMeTHYECKUX BEKTOPOB {Xi, ..., X, } HasnIBaeTcA Aunetino
3a68UCUMOT, €CIM HAaMIyTCA 9UCHAa Ay, ..., As, He pPaBHBIE OXHOBDEMEHHO
HY/I0, TakKe, 9T0 \X1 + ...+ AsX; =0 (rne 0 = (0, O, ..., 0) — uyneso#t

BekTop). B mporuBHOM Ciryuae 8Ta CuCTEMA HA3LIBAETCA aunelno HE3a6UCU-
Mo,

Ilycts @ — mpousBOMLHOE MHORECTBO apudMerndeckux Bexropos. Cu-
crema BekTopos B = (ey, ..., €,) Ha3LIBAaeTCA 6a3ucos B (), ecau BEHINOI-
HEHBI CIEAYIOLIME YCIOBUA: .

a)e,€Q, k=1,2,...,5;

6) cucrema B = (ey, ..., €;) IMHENHO HE3aBHCUMA;
B) nad moboro Bexropa X € Q HaltAyTCA YMCaa Ay, ..., As TaKkHe, 4TO
8
X = Z Akek. (3)
k=1

Mopmyna (3) HAa3BIBAGTCA Pa34odHcenluem BEKTOpa X 1o 6azucy B. Hosg-
(OHLOUEHTEI Ay, . . ., A; ODHO3HAYHO OOPEJeIAIOTCA BEKTOPOM X ¥ Ha3BIBAIOTCA
K00pJuNAMAMYU ITOr0 BeKTOpa B Oasuce B.

CropaBenuBEI CTeQyIOIINE YTREPRICHHUA:

1) Beakaa cucrema BexTopoB ) € R™ mMeer mo MeHbiueff Mepe OQMH
6a3uc; mpyu 9TOM OKa3LIBAETCH, YTO BCe 6A3UCHI HTOM CHCTEMBI COCTOAT U3
OIMHAKOBOr0 YKCJ4 BEKTOPOB, HA3bIBAEMOr0 PAH20M CHUCTEMH @ ¥ 0Go3Ha-
waemoro rang Q wu 7(Q).

2) Panr scero npoctpadcTra R™ paseH n 1 Ha3bIBA€TCA PAIMEPHOCTILIO
9TOr0 NPOCTPAHCTBA; IpU 9TOM B Kayecrse 6asuca R"™ MOmHO B3ATH Caemyko-
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LIYI0 CHCTEMY:

€ = (la 0, 0’ ’ O):
e2=(0,1,0,...,0),
e3=(0,0,1,...,0), (4)

....................

dror 6a3uc OPUHATO HASKIBATH KANONUNECKUM.
3agurcupyeM npoussoabHbIR 6asuc B = (ey, ..., €,) B IPOCTPaHCTBE
R". Toraza BCAKOMY BEKTOPY X MOAHO HOCTAaBMTh BO B3aUMHO ONHO3HAYHOE
COOTBETCTBUE CTOADEN ero KOOPAMHAT B 9T0M Gasuce, T.e.
Ty

T2
x=1€1+...+Ipe, & X =

Tn
3ameuanune. Heobxopumo pasnuuaTs KOMOOHEHTHI BEKTOPA M €r0 KO-
OpOMHATHI B HEKOTOpOM Gaamce. Mpl McHOMB3YeM A HUX ONMHAKOBOE 060~
3HA4YE€HNE, XOTA CledyeT NOMHHUTh, 4YTO KOOPDOMHATHI BEKTOpa COBHANAIOT C
ero KOMIIOHEHTAMH TONLKO B KaHOHUYeCKOM Oazuce.

Junentupre onepanuu (1) u (2) Han apu@mMeTHIeCKUMU BEKTOPAMH B KO-
OpAVHATHOK G OpPME BRITIARAT CAEAYIOMINM 00pa3oM:

z2=x+yZ=X+Y (©zx=zr+y, k=1,2,...,n),
y=Xx&Y=Xx-X (& yr = Az, k=1,2,...,n).

2.130. JloxasaTs, w0 nuHeinbie omepanuu (1) m (2) obnaparor
CIEAYIOIIMMH CBOMCTBaMHM:

la)x+y=y+x;

16) (x+y)+z=x+(y +2);

1) x + 0 = x; -

Ir) Vx,y 3z (x = y + z) (BexTop z Ha3LIBAETCA PA3HOCMbIO
BEKTOPOB X M y ¥ 0003HaYaeTcA TaK: Z = X — Y);

2a) A(px) = (Ap)x maa aobeix wncen A u y;

26) 1-x =x;

3a) A(x+y) = Ax+ )y;

36) (A + p)x = Ax + px.

3anansl apuQMeTnIecKue BEKTOPLL:

a =(4,1,3, -2), a; =(1, 2, -3, 2), ag = (16, 9 1, -3),

as=(0, 1,2 3), as = (1, —1, 15, 0).

Hatitu ciaexyomue IuHeHHbIe KOMOMHATUN:

2.131. 3a; + bay —ag. 2.132. a; + 2a; — a4 — 2a;. .

1
2.133. 2a; + 4a3 — 2a5. 2.134. '2-31 + 3az — %&1 + as.
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3angaHb! Te e, ITO U BhIile, apuPMeTHIECKIE BEKTOPHI 81, 82, &3,
a4, a5. Hatitu BeKTOp X M3 ypaBHEHMA:

2.135. 2x +a; —2a; — a5 = 0.

2.136. a; — 3as +x+a3 =0.

2.137. 2(a; —x) + 5(ag +x) = 0.

2.138. 3(a3 + 2x) — 2(as — x) = 0. :

2.139. oxasaTs, 9TO MMHEXHO 3aBHCHUMAa BCAKAA CHCTEMa BEKTO-
poB:

a) comepaILad IBAa PaBHBIX BEKTOPa;

6) comepmawian ABa BEKTOPA, PA3MHIAIOLIMXCA TUCIOBEIM MHOKH-
TENeM;

B) COEpRAILAA HyJIEBOK BEKTOP;

T) COHEprRAILAA JUHEHHO 3aBHCHMYIO IONCHCTEMY.

BrIACHUTEL, ABIAIOTCA I CIAEIYIOLINE CUCTEMBI apU(OMETHIECKUX
BEKTOPOB JMHEIHO 3aBMCUMBIMU MM JTHHEHHO HE3aBHCHMBIMM:

2.140. x; = (-3, 1, 5), x2 = (6, —3, 15).

2.141. x; = (1, 2, 3, 0), x2 = (2, 4, 6, 0).

2.142. x; = (2, -3, 1), x2 = (3, -1, 5), x3 = (1, —4, 3).

2143. x; = (1,4,2—1,3+1), xa=(1—1, 1 +14, 1 — 31, 4 — 24).

2.144*. Ilorazats, 9TO cUCTEMA apU(PMETHIECKUX BEKTOPOB

e = (1’ 1: 17 1, 1); € = (O, 1’ 1) 1, 1)’ €3 = (07 O’ 1, 11 1),

€4 = (O, 0, 0, 1, 1), €5 = (0, 0, 0, 0, ].)
obpaayer 6asuc B RS,

Haitti KoopaHHATEI 3aKAHHOr0 BeKTOpa X B 6asuce B = (ey,...,es5)
u3 3amagu 2.144:

2.145*.x = (1,0, 1, 0, 1).

2.146. x = (5, 4, 3, 2, 1). .

2.147. Jlorkasats, 9T0 €C/I¥ BEKTOPHI &1, &2, 83 JUHEHHO 3aBUCUMEI

M BEKTOp 83 HE BBIPAMRAETCA JNMHENHO 4epe3 BEKTOPHI 4; U 82, TO
BEKTOPEI 8) U 8y PA3IMYAIOTCA JHUINb IUCIOBHIM MHOKHTEIEM.

2.148. Jloxa3zaTs, 9TO €CIM BEKTOPHL @), 82, . .., 8; JUHEHHO HE3a-
BHCHMEI, a BEKTODHI a), &2, ..., 8k, b JHUHEHHO 3aBHCUMEI, TO BEKTOD
b nuHetHO BrIpamaeTcA 4epe3 BEKTODHI &1, a2, ..., ak.

2.149. Jloxa3ars, 9T0 yHOPANOIEHHAA CHCTEMa BEKTOPOB ap, a3...
..., 8p, HE COHEPARAIIAA HY/IECBOT0 BEKTOPA, JUHEWHO HE3aBUCUMA TO-
rfla ¥ TOJABKO TOrZKa, KOrNa HY ONMH M3 9TUX BEKTOPOB HE BBIPARAETCH
JUHeHO Jepes IpeabIayIIue.

2. Paur marpuugi. Ilycts B matpune A pa3mepa m x n BribpaHs! mpo-
u3BOMBHO k ¢TpoK u k croabuoe (k € min (m, n)). neMerTsI, CTOAIIME HA
[6peCceYeHUH BLIOpaHHEBIX CTPOK U CTOI6H0B, 06pa3yroT KBAIPATHYIO MATPHUILY
nopnruu«jl4 k, onpenenurens KOTOPOH HA3LIBAETCH MUKOPOM k-20 nopadra Ma-
Tpunsl A.
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MaxrcuMaabHbIN MOPANOK 7 OTAWYHEIX OT HYJIA MUHOPOB MAaTpumsl A
HA3bIBAETCA €€ Pan20M, a 000 MUHOP HOPANKA 7, OTIXWYHBIA OT HylA, —
6G3UCHBIM MUHODOM.

Crpoxu (cronbusbr) MaTpunmsl A pa3Mepa m X 1 MORHO PacCMaTpHBAaTh
Kak cucTeMy apudmeruveckux sexropos u3 R” (coorsercrBenno R™).

Teopema o GazucuHom MuHOpe. Pane mampuysl pasen pane
cucmenst ee cmpox (CmMoabyoe); NPy IMOM CUCTNEME CTIPOK (cmo.n6u,oa3l
Mampuydbl, codeprcawas 6a3ucnbiti munop, obpazyem 6u3uc 8 cucmeme
acez cmpox (cmoabyos) 3moti mampuybl.

" IlpuBenem OCHOBHBIE METOIBI BLIYUCICHUA PAHra MATPULLI.

MeTon okatimaArwmux MuHopos. llycrs B MaTpune Hatinen mu-
HOp k-ro mopAnxa M, oTMuHEBI# OT Hynd. PaccMoTpuM JIHIE Te MHHOPBHI
(k + 1)-ro nopaaxa, KoTopble cogepxaT B cebe (OKafMaAOT) MUHODP M: ecan
BCE OHH PaBHEI HYIII0, TO DPAHr MaTPUOLI paBeH k. B npoTuBHOM Ciiydae cpenut
OKANMIIAIOIIMX MUHODOB Haltnercd Henynenoit MuHop (k + 1)-ro nopanxa, u
BCA IPOLENyPa MOBTOPAETCA.

Mlpumep 1. Haittu panr marpuns:

2 -4 3110
Aot m2o 14 2
Sfo__1 1) 31
4 -7 4 -4 5

<) QurcupyemM MHUHOD 2-T0 TMOPALKA, OTIMYHBIA OT HYNA:

-4 3
M, = _9 1| #0.
Mumnop 3-ro nopazaxa |
.12 -4 3
M3 = 1 -'2 1 y
0 1 -1

oxafiMmuAromut MUHOp Mj, Takme ornuueH oT Hyad. OmHaxo o6a MuHopa
4-ro nopaAnka, okatimaAromue M3, paBHBI HyIIO:

2 -4 31 1 2 —4 310

1 -2 14 1 -2 112/
0o 1 -1 3% Jg 1 1170
4 -7 4 4 4 -7 4 5

Ilostomy panr A pased Tpem. >

Meron saeMeHTapHBIX npeofGpa3oBaHUP OCHOBAH HA TOM
(axTe, 4TO 3MEMEHTapHbIE Npecdpa3osaHua (cM. m. 2 § 2) MaTpuubl He Me-
HAIOT ee panra (cMm. 3anauy 2.158). Hcnomssya stu npeobpasosaHus, Ma-
TPUIY MOAHO IPUBECTH K TAKOMY BUMIY, KOrJa BCe €e DIEMEHTEI, KPOME a1,
a22, ..., @y (1 € min (m, n)), pasus! Hymo. ClenoBaTenbHO, PAHT MATPHUILL
paBeH 7.
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IIpumep 2. Haftti panr mMaTpuns

0 2 -4

-1 -4 5

A= 3 1, 7
0 5 -10

2 3 0

< llpoussond noCienoBaTeNbHO JlIEMEHTapHEIE IPe00pa3osannd, 6yneM UMETh

0 2 -4 1 4 -5\ 1 4 -5
- -4 5 2 3 0 0 -5 10
3 1 T[—=}(3 1 7|—-10 -11 22| -
0 5 -10 0 5 -10 0 5 -10
2 3 0 02 -4 0 2 -4
1 4 -5 100
01 -2 010
=101 -2]1-51]0 0 0
01 -2 0 00
01 -2 0 00

Panr nocmenHeft MaTpunsl paBeH OBYM, CJIENOBATENIHHO, TAKOB KE M PAHT
MCXOAHOHN MaTpulbL. >

Ha#ttu paHr MaTpuusl METOIOM OKAKMIAIOIIMX MHUHOPOB:

2 -1 3 -2 4 /;?g‘i
2150. {4 =2 5 1 7). 2151 T
2 -1 1 8 2 5 1 -1 7
\7 7 9 1
3 -1 32 5 /123 4
5 -3 2 3 4 2 345
2.152. (1 3 50 7| 2185 .
7T -5 14 1 \4 5 6 7
1 -1

230
2154. |0 1 1 1 O
3 41

+i 1-i  2+3i
i1 2
2ASS- f gy 1-i 32
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Yemy paBeH paHr marpuusl A OpH PA3AUYHBIX 3HAYEHUAX A7
31 14

1A -1 2

21s6. 4= 210 M aasna=f2 -1 a5
o 1 10 -6 A
2 2 43

2.158. Tlokasatsb, YTO BaEMEHTAPHbIE IPE06PAIOBAHMA HE MEHAIOT
PaHra MaTpHIbL.

Beruncauts panr Marpﬁubx METOIOM 3JIEMEHTapHLIX npeobpa3oBa-
HAH:
25 31 17 43
75 94 53 132
75 94 54 134
25 32 20 48

47 —-67 35 201 155
2.160. | 26 98 23 -294 86].
16 —428 1 1284 52

(24 19 36 72 —38)
49 40 73 147 —80
73 59 98 219 118
\47 36 71 141 —72)

17 —28 45 11 39
24 -37 61 13 50
2.162. {25 -7 32 -18 -11
31 12 19 —43 55
\d2 13 29 -55 —68)

2.159.

2.161.

( 1 2 3 -1 3 3 -4
4 5 6 4 -7 -2 1
2.163. 7 8 9 2.164. 3 5 1 0
\10 11 12 -2 3 0 1
BoruncauTh paHr MaTpHIbL:
13 -1 6 0 1 10 3
71 -3 10 2 0 4 -1
2.165. 17 1 -7 2] 2.166. 6 4 5 9

3 4 -2 10 8 -1 6 -7
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(0 0

110
L1000 01 3 0 31
2167. [0 1 0 1 1|. 2.168.
21 0 0 11
10100 -1 2 -1 -1 -1 1
00110
(2 2 1 5 -1
1 0 4 -2 1
2 1 5 0 1
2160. | 1 5 o ¢ 1
-3 -1 -8 1 -1
1 2 -3 7 -2 ‘
0 -1 0 1 3 1
1 0 -2 0 -1 -1
0 1 0 1 0 0
210. | | o o 1 1 1

-1 -3 -1 2 2 0
3 2 -1 -1 -1 -1
2.171. JlorkasaTtb, 4TO €Cau npousseneHue MaTpuu AB ompeneneHo,
t0 rang (AB) < min {rang A, rang B}.
2.172. Tlycts A — HEBBIPORIEHHAA MATPHNOA, a8 MATpPUIbl B u
C raroBbl, yto AB, CA onpenenenst. Jlokasarts, uro rang (AB) =
= rang B u rang (CA) = rangC.
2.173. JoxasaTb, 9to ecau cymma matpun A + B onpenesneHa, To
rang (A + B) < rang A + rang B.

Tonarue paHra MaTpuubl HCHOIb3YEeTCA IJIA MCCJIEN0BaHUA JHeHol
3aBUCIMOCTH CHCTEMBI apu(pMeanecrmx BEKTOPOB.

Mpumep 3. BoiacHuTh, ABIAETCA U cUCTEMA apUMETHIECKUX BEKTO-
pos a; = (2, -3, 1), ap = (3, —1, 5), ag = (1, -5, —3) nunueitno 3asucu-
Mot mnu auHeltno HezaBucumot. Hafttu ee panr u xaxoit-HuGyns 6asuc.
< 3anuurem matpuny A, Bekrop-cTonbLaMu KOTOPOR ABIAIOICA a;, Az, a3:

2 3: 1
A= (a-lri a;l" a;r) = (=3 _-_]'.Jl 5.
1 5 -3

Panr A, Kax HeTpyIHO BHIETh, paBed 2. CiienoBaTelibHO, MCXOIHAA CHCTEMA .
apu(pMETHYEeCKMX BEKTOPOB JHMHENHO 3aBMCHMA, M €€ PAaHr Tak:Re paBeH 2
(mo Teopeme o0 6asucHoMm MuHOpe). Musop 2-ro nopanka

2 3

Mz = ’—3 -1

-
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JIMYEH OT HYJA M NOTOMY MOMKET OblTh NpUHAT 3a Gasucubilt. Otcioma
crenyer, 4To apudMeruyecKue BEKTOpPBI a; M az 06pasyror 6asuc ucxomHoh
CHCTEMBI.

BLIHCHPITI:, ABJIAKTCA JIX ClIeNyIoliye CUCTEMbl BEKTODOB JuHeHHO
3aBUCHMMbBIMH UM JUHEHNHO HE3aBUCHUMBIMM:

2174, x, = (1, 1,1, 1), x3 = (1,~1,-1,1), x3 = (1,-1,1,-1),
X3 = (1, 1,—1,—1).

2.175. x; = (4, 5, 2, 6), x2 = (2, =2, 1, 3),x3 = (6, -3, 3, 9),
X4 = (4, —1, 5, 6)

Ha#ttu panr cucTeMsl BEKTOpOB:

2.176. a; = (1, —1, 0, 0), ap = (0, 1, —1, 0), a3z = (1, 0, —1, 1),
ai=(0,0,0,1), as = (3, =5, 2, -3).

2177, a; = (1,4, ~1,~i, 1), ap = (1, —i, —1,4, 1), a3 =
= (1) -1, 1, -1, 1)’ ay = (33 -1, -1, -1, 3)

Haittu Bce 3HaYeHMA ), NpH KOTOPHIX BEKTOP X JMHEUHO BLIpa-
MaAeTCA Yepe3 BEKTOPHI a1, ag, a3:

2.178. a; = (2,3,5), a, = (3,7,8), a3 = (1, —6,1), x =
= (77 _2a >‘)

2179. a; = (3,2,5), ap = (2,4,7), a3 = (5,6, ), x =
= (1a 3, 5)’
2.180. a; = (3,2,6), ap = (7,3,9), a3 = (5,1,3), x =
. = (>\’ 2’ 5)'

Haittu panr u xaxoit-uubyns 6a3uc 3anaHHON CHCTEMbI BEKTOPOB:

2.181. a; = (5,2,-3,1), ap = (4,1,-2,3), a3 = (1,1, -1,-2),
as = (3,4, -1, 2).

2.182. a; = (2, -1,3,5), a; = (4, -3, 1, 3), a3 =(3,-2,3,4),
- ag = (4,-1,15,17), a5 = (7, -6, -7, 0).

2.183. a; =(1,2,3,-4), a; = (2,3,-4,1), ag = (2, -5, 8, —3),
ay = (5, 26, -9, —12), a5 = (3, -4, 1, 2).

Ha#ttu padr u Bce 6a3UChl CCTEMBEI BEKTOPOB:

2.184. a; =(1,2,0,0), a, =(1, 2, 3,4), a3 = (3, 6,0, 0).

2.185. a; = (1,2,3,4), a, = (2,3,4,5), a3 = (3, 4,5, 6),
a4 = (43 5, 6, 7)

2.186. a; =(2,1,-3,1), ap = (4, 2, —6, 2), a3 = (6,3,-9,3),
a; =(1,1,1,1).
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§ 4. CucreMul MTuHEHHLIX ypaBHeHMI

1. lpasmno Kpamepa. Ilycts 3amana cuctema n auHeNHBIX ypaBHEHHH C
7. HEeU3BECTHBIMY BHIA
a7 + a19T2 + ... + @1y = by,
a21Z1 + @22%2 + ... + Q2p Ty = b, 1)

.................................

a1 ape ain 1 ;;1
T
a a a 2 2
A= 21 22 2n , X = , B = ;
an1 QAp2 ... Qpn Tn bn

lpasuno Kpamepa. Ecau B cucreme (1) detA = A # 0, t.e.

matpuna A umeer obpathyo A™!, 1o cucrema (1) umeer, u npuTOM emMH-
CTBEHHOE, pelleHue

X =A"1B,
I/IJII/I, B NNOKOMIIOHEHTHOU 3anucH,
A;
$i=-A_,' =1, 21 y 1,

rne A; — onpenenurens, NOAy9aeMbIll U3 onmpemeiauTeda A 3ameHoft i-ro
cToabna Ha croaben cBOOOXHBIX YJIEHOB.

MMpumep 1. Peumnts cuctemy ypapHeHult
3r) + 222 + 73 =5,
2r1 — T2+ 3 =6,

1 + 579 = -3.
3 21
< Marpuna A= |2 -1 1| uepsipomnennadn, Tax kak det A = -2 # 0.
1 50
Mlpucoenunennana matpuna AV umeer Bun
-5 5 3
AY = 1 -1 -1
11 -13 -7
CnemoBartensHo,
1 -5 5 3
1=l 1 -1 -1
A 2 )

1 -13 -7
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1 -5 5 3 S 1 —4 2
X=A"'B=_=_ 1 -1 -1 6| = —= 21 =1-1 ,
2\n1 -13 -7/ \=3 2\ 2 1
re =2, 29=-1,z3=1.p>
Crenyromye cucTeMbl peluuTh no npasuiy Kpamepa:
2.187. 3z ~ 5y = 13, 2.188. 3z — 4y = —6,
2z + Ty = 81. 3z + 4y =18.
2.189. 2ax — 3by = 0, 2190. 7z 4+ 2y+3z=15,
3az — 6by = ab. 5z — 3y + 2z =15,
10z — 11y + 5z = 36.
2.191. 2z +y =5 2192. z+ y—2z=06,
T + 3z = 16, 2z + 3y — 7z = 16,
5y — z=10. 5z +2y+ z=16.
; 2.193. 2.194.
L 4zxy + 49 + 5x3 + bxy = 0, 2z — z9+ 3x3 4+ 224 =4,
: 214 +3z3 — x4 =10, 3y + 3zo + 323 + 224 = 6,
: 1+ x2 — 5x3 =-10, 3zy — z9— T3— 214 =06,
A 3zo + 223 =1. 3z, — z9+3xz3— x4 =06.

2.195*. JloxasaTb, 4TO A M00LIX PA3IMYHBIX YMCEN Ty, T2, T3
. ¥ JTIO0LIX YHCEN Y1, Y2, Y3 CYIIECTBYET, M IPUTOM TOJBKO OXUH, MHO-
. rowieH y = f(z) crenenw < 2, naa xoroporo f(z;) =i, 1 =1, 2, 3.
. Korna cremens groro maorounena < 2 (pasua 1, pasna 0)?

Ilo 3amaHHbIM ycaoBuAM HalTh MHOroweH f(z):

2196, f(1) =1, f(-1)=9, f(2)=-3.
Fo 2107, filzi) =6ij, 4,5 =1,2,3, &; -_—{

Pewnts cucreMs! ypaBHenwmit:
2.198. 5z, + 8z + 3 =2, 2.199. 21 — 3z0 + z3 = -7,

T

1, i=j
0, §#J.

3z — 2z9 + 6z3 = T, zy +4z9 + 223 = -1,
2r1 4+ z3— 3= -b. T, — 4x9 = -85.
2.200. 2.201.
22y +2x9 — 23+ z4=4, 2x1+ 322+ 1lx3+ 524 =2,
4z1 + 329 — T3+ 224 = 6, Ty + zo+ Sx3+ 224 =1,
8y + 5x9 —3x3 + 424 =12, 22y + 290+ 3z3+ 224 = -3,
3z + 3z9 — 223 + 224 = 6. 1+ zo+ 3x3+4x4 = -3.

2.202. 2z; + S5z2 +4z3+ x4 —20=0,
T+ 3o+ 2234+ z4-—11=0,

2z + 1029 + 923 + 924 — 40 =0,

311 + 8z9+9z3+ 224 — 37 =0.
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2.203. 311 +4z2+ z3+224+3 =0,
3z1 + 510 + 323 + 524 + 6 =0,
6z1 +8r2+ z3+5x4+8=0,
3z, + 519+ 323+ 724+ 8 =0.

2. Pemenye npousBomsEsix cucreM. IlycTs 3amana cucrema m auHEHHBIX
ypaBHeHult ¢ n Hem3BECTHBIMHU 0DLIEro BuIa

a11T1 + a12T2 + ... + Q1pTy = by,
9171 + a22%g + ... + GgnZy = bo,

(2)

se s e s ar s e s aset st ar et

Am1®1 + Q2T + ... + GmnZn = b,

niIM, B MaTpUgIHON dopme,

AX =B, 3)
a; a2 ... Qin 1 21
T
(1} a 8 a 2 2
A= 21 22 2n , X = , B = ; .
Am1 Qm2 -.. Omn Tn bm

Ecau B = O, 10 cucTema Ha3bIBaeTcA 00%0podnoti, B IPOTHBHOM CIIy4ae
0HA Ha3bLIBACTCA He0dHOPOIHO.

Peurenuem cucteMnl (2) Ha3bIBAETCA BCAKUN N-KOMIIOHEHTHBIN BEKTOD-
cronfen X, obpamaiomuil mMaTpugHoe ypaeHenue (3) B paBeHCTBO (COOT-
sercTByrommumit pernenuo X apudmerugeckult BekTop X € R™ raxme Gymem
Ha3bIBaTh peIeHueM cuctems! (2)).

CucreMa Ha3LIBAETCA COBMECTIHOY, BCIIH ¥ HEE CYIIECTByeT o KpaltHelt
Mepe OIHO pelIeHye, B IPOTUBHOM CJIy4ae OHA HA3bIBAETCA HECo8MeCHOl.

IIBe cucTemMbl HA3BIBAIOTCA IKBUBAAEHINHBIMY, €CIIN MHORECTBA UX pe-
mIeHnH COBIANAIOT.

Teopema Kpounexepa—-Ramennu. Jas mozo wmobvt cucmema
(2) 6va cosmecmuoi, neobrodumo u docmamouno, ¥mobot

rang A = rang 4, 4)

2de A = (A|B) — PAGCUUPENNKAR MAMPUYA CUCTEMDL

Ilycrs rang A = rang A = r, 1.e. cucrema copmecrHa. He orpanuausan
of6IHoCTH, OyIeM CIUTaTh, 9TO O6A3MCHEBIN MMHOD pPacIo/IaraeTcA B NEpBLIX T
(1 £ r < min (m, n)) crpokax u cronbuax marpunst A. Orépocus mocuen-
HUe M — T ypaBHeHuMt cuctems! (2), 3aIMLIEM YKOPOUENHYIO CUCTEMY:

a1121 + ...+ 01pTr + A1 p41Tp41 + ...+ ATy = b1?

................ PR TR, (5)

KOTOpaA 9xBuBaJeHTHA ucxonHo#t. Hasosem HeusBecTHnle 1y, ..., T, 6a3uc-
HbLMU, @ Tril, +.., Tn C60600NLLMU M IEPEHECEM ClIaraeMele, CONEpRaIIMe
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cBOGONHLIE HEU3BECTHLIE, B NPaByl0 4dacTh ypasHenuft (5). Ionyuaem cu-
CTeMy OTHOCHTEIHHO 6a3MCHBIX HEM3BECTHLIX:

a1121+ ...+ 01,2, = by — 01,741%r41 — ... — Q1 Ty,

a1 T1 + ...+ QppZp = by — Qrr41Zr41 — ..o — QrpTp,
KOTOpad AJA KaRIOr0 Habopa 3HAYEHUHN CBOOOTHBLIX HEM3BECTHBIX Tpp) =
=01, .. Tn = Cp—p UMEET ENUHCTBEHHOE pemenve T1(C1, ..., Cner), - -
..y = (€1, ..., Cn—y), Haxomumoe o npaemay Kpamepa. Coorserctry-

I0llIee pellleHre YKOPOYEeHHOH, a ClexoBaTesbHO, U UCXOMHON CUCTEM MMeer
BUR

$1(Cl, ) Cn—r)

Xty oy eamr) = | 0o enr) | ©)

Cn—r

(Mopmyina (6), BeIpamaoan IPOU3BOILHOE PELIEHHE CHCTEME] B BUIE BEKTOD-
GYHRIUM 0T n — T CBOOOXHBIX HEM3BECTHBIX, HABLIBAETCA 00UJUM PEULEHUEM
cucremst (2).

Mpumep 2. YcraHOBUTL COBMECTHOCTH M HaliTu o0iuee pelieHue cu-

CTEMBI
21+ 90— T3 -—-3x4 =2,

4z, + 23— Tzg =3,
2z, — 3x3+ x4 =1,
2z1 4 39 — 413 — 224 = 3.

<} BoimuieM 0CHOBHYIO M PacIiMPEHHYI0 MAaTPHUIBI CUCTEMBI: .

2 1} -1 -3 2 1 -1 =3} 2
1405 1 -7 - [40 1 -7|3
A=1o72 3 1] 4=lo2 -3 11

2 3 -4 -2 2 3 -4 -2 3

Tak wak rangA = rangA = 2 (npoeepnre!), T0 McxoaHaA cucrema co-
BMECTHa.

A 1
BribepeM B ragectse 6asucHoro MuHop Mo = 4 ol Torna HemssecT-

HbIE I;, To — 0asucHwe, T3, T4 — CBOOONHBIE, 2 YKOPOYEHHAA CHCTEMA

MeeT BUI
2z1 + 29 = 2 + 23 + 324,

4z, =3 - z3+ Txzy.
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llonaraa 3 = ¢1, T4 = C2 ¥ pelIad YKOPOYEHHYI0 CHCTEMY OTHOCHTENHHO
6a3nucHBIX HEU3BECTHAIX, NOAYydaeM

T = § - lc + zc
1= 4 1 1 4 25
L + 3(-
= -4+ =1 — zCo.
T2 3 T3t~ 3%
CrenoBarennsHo, oiee pereHne NCXOTHOM CUCTEMBI UMEET BHI
§ -c1 + —¢
4 37y
1 3 1
X(ey, €2) = 3 + 501 - 562 . D
&1
C2

I/Icc.nenoxaarb COBMECTHOCThL ¥ HakTH obiee penIeHue Caeayoinx
CHUCTEM!:

2204. 'z—V3y= 1, 2205 vbz— b5y=+/5,

V3z — 3y=+3. z—Vby= 5.

2.206. 2z — y+ z=-2, 2207. z+2y—4z= 1,
z+2y+43z2=-1 2z + y-—5z=-1,
z-3y—-22= 3. T— y— z=-2

2.208. 2.209.

3r1 — 229 —bz3+ T4 = 3, Ty + 9 —6x3—4z4 = 6,

22y —3x9+ 23+ 524 =-3, 3r1~—~ Z9—6x3—4x4= 2,

T1 + 219 —4xy =-3, 2x1+3x2+9234+2x4= 6,

Ty — T2—4x3+914 =22. 3z + 2722 + 323 + 824 = 7.

2.210. 2.211.

2y + 722 + 323+ z4=06, 3z; — 5z9 + 223 + 44 = 2,

311 + 5x9 + 223 + 214 =4, Ty —4xz9 + 3+ 374 = 5
921 +4x2 + z3+ Tz4s = 2. 521 + Txg — 4x3 — 64 = 3.

2.212. 2.213.
91y — 3z + 523+ 6z4= 4, 3z1+ 222 + 273 + 224 = 2,
6r; — 222 + 33+ dz4= 5, 2x; +3z9 + 223+ 524 = 3,
3zy — 29+ 3z3+ 1424 = -8. 921+ 9 +4x3— D14 = 1,
2z1 + 222 + 3x3 + 424 = 9,
71+ 9+ 623 — z4=1T.
2.214. 1+ 22+ 3xz3 ~ 234 + 325 =1,
2z1 4+ 220 +4x3 — 74 + 375 = 2,
31 + 329 + 523 — 214 + 325 = 1,
2z1 + 2z9 + 823 — 324 + 925 = 2.
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2.215. 221 — zo+ z3+2x4+ 3x5 =2,
6x1 — 3z2 + 223 + 424 + bz5 = 3,
6z — 3zy + 43 + 8x4 + 1325 = 9,
4zy - 2x9+ 23+ T4+ 2x5=1

2.216. 12z; + 14x9 — 1523 + 2414 + 2725 = 5,
16z + 18x2 — 22x3 + 2924 + 3725 = 8,
18zy + 20zp — 2123 + 32z4 + 4125 = 9,
10z; + 12z9 — 1623 + 20z4 + 2325 = 4.

2.217. 24z, + 14z9 + 303 + 40x4 + 41z5 = 28,
36z + 21z + 4523 + 61lx4 + 6225 = 43,
48z1 + 28z9 + 60x3 + 82x4 + 83z5 = 58,
60z; + 35z2 + 75x3 + 9974 + 10225 = 69.

HccnenoBath coBMeCTHOCTS ¥ HaltTy obliee peiieHue B 3aBHCHMO-
CTH OT 3HAYEHHA MApaMerpa A:

2.218. 2.219.

521 — 312+ 223+ 4z4=3, Ar1+ 20+ T3+ T4=1,
41 =2z +3z3+ Tx4=1, zZ1+Aza+ 13+ T4=1,
8r1 —6x2— z3— bxz4=9, 1+ zTo+ A3+ z4=1,
721 —3x0+ T3+ 1724 = A. 1+ z9o+ z3+ A14=1.

2.220. 221 — T2+ 3z3+ 44 = 5,
4ry — 229 +5z3 + b4 = T,
6x; —3zo +7z3+ 8z4= 9,
Ar1 — 429 + 923 + 1024 = 11

2.221. (1 4+ M)z + T2 + T3 =1,
21+ (1 +A)z2 + T3 =1,
T+ o+ (1+N)z3 =1

3. Omuopomusie cneremst. Onnoponnana cucrema AX = O Bcerma co-
BMECTHA, TAK Kak uMmeer mpusuaqavhoe pemenve X = 0. Hdaa cymectso-
BAHUA HETPUBUAILHOTO DPELIEHUA OJHOPONHOH CHCTEMBI HEOOXOXHMMO M MI0-
CTaTO4HO, 9T00bI r = rang A < n (Ipu M = n 310 yciOBUE 03HAYAET, YTO
det A = 0).

Mycts Q@ C R™ — MHORECTBO BCeX pelIeHH OTHOPOXHOM CHCTEMBI.
Bcearutt 6asuc B MHOmeECTBE () COCTOUT U3 1 — T BEKTOPOB €], ..., €nr.
CoorBercTByloman eMy B KaHoHudeckoM Gasuce (cM. (4) u3 §3) cucrema
BexTop-cTonbuos E, ..., E,_, HaspBaerca giyndamenmaavnot cucmenoti
pewenut, Obuee pememxe OIHOPOIHON CHCTEMBI UMEET BUI

X=caE1+...+envEn_,

rOe C1, ..., Cn—y — IPOU3BOJBHBIE IOCTOAHHBIE.

Basucuste pemenun Ey, ..., E,_, MOryT ObITH HOJMY9EHBI METOAOM, U3-
JIOREHHBIM B II. 2, ecii CBOOOAHBIM HEM3BECTHBHIM NPUIABAThL [OCYEPENHO
3HaueHue 1, monaras ocTanbHble paBHBIMY (.
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Dpumep 3. Halitm dynmaMeHTadbHYIO cCHCTeMY pewreHMit u ofulee
pellieHue cienytorell OQHOPOAHOM CHCTEMb!l ypaBHeHMHA:

3z, + 13— 8z3+ 2z4+ 25 =0,
2ry — 2z — 3x3— Trg+ 235 =0,
ry + 1123 — 1223 + 3424 — 525 =0,
Ty — 529+ 2z3—16z4+ 325 =0.

< Matpuna ko3¢ bunuenTos
3 1] -8 2 1
2 -2 -3 -7 2
1 11 -12 34 -5
1 -5 2 -16 3

uMeer paur 7 = 2 (nposepsre!). Bribepem B KauecTse 6a3UCHOI0 MUHOD

3 1
=l Yo

Torna YKOpOYEeHHAsAA CUCTEMa MMeeT BUI

3z + x9 =8x3 — 214 — x5,
2z) — 2x9 = 33 + Tx4 — 225,

OTKyZa, NOJarad T3 = €}, T4 = C3, T5 = C3, HAXOOUM

Ty = —1—'961 - §62 + 1C?,
8 8 27
7 25 1
Ty = —gcl + -8—62 - 503.
Ob1mee pereHue cucTeMsl
19 3 1
—§-01 - 562 + 503
7 25
X(Cl, c2, €3) = —gcl + ?cz - 503
C1
C2
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W3 ofero persenua HaxonuM GyHIAMEHTANLHYIO CHCTEMY pereHul

Ey

-19/8
-7/8
=X(1,0,00=| 1 |, E;=X(0,1,0)=
0
0
1/2
-1/2
E;=X(0,0,1)=| 0
0
1

-3/8
25/8
0 ’
1
0

C ucnonb3o0BaHHeM QyHIaAMEHTAILHON! CUCTEMBI 00IIIEE PelleHe MOReT ObITh

sanucaHo B Bune X(cj, ¢z, ¢3) = 1 E1 + c2E3 + ¢c3E3. >

2.222. Jlorazath, 94T0 BCAKAA JUHEHHAA KOMOMHANKA peleHnt on-
HOPORHOM cHCTEeMBbI YPABHEHHUI TaKKe ABIAETCA €€ PEeILleHNEM.

Haittn dynnaMeHTanbHy0 cucteMy peuieHuil M obiuee perrenue
CIIENYIOIIUX CHCTEM:

2.223.

2.225.

2.227.

Ty + 29— 23 =0, 2.224. — 229 — 3x3 =0,
221 + 929 — 323 = 0. —~2x1 + 429 4+ 623 = 0.
3ry + 229+ z3 =0, 2.2268. 2z — 3z + z3 =0,
2xy + bxg + 323 =0. T+ 29+ 23=0,
3z1 + 49 + 223 = 0. 3x; — 2z9 + 223 = 0.

2.228.

21+ 2x2+ 4xz3— 3z4=0, 22 —4z9+ 533+ 324 =0,
3x; + 529 + 623 — 44 =0, 3x; — 629+ 43+ 224 = 0,
4z + 519 — 2z3+4+ 3z4 =0, 4z —8x9+ 1723 + 1124 = 0.
3xy + 8z + 2423 — 1924 = 0.

2.229.

2.230.

2.231.

3ry + 229+ z3+ 3x4 + 525 =0,
6xy + 49 + 3z3 + Bxg + 725 = 0,
9z, + 6z + by + Tx4 4 925 = 0

3y + 25 4+ 4xz4 4 8z5 = 0
T + z3 + 5 =0,
Zo — T4 +zg = 0,
T1 — T + x5 — 26 = 0,
To + 23 + 1z =0,
Ty — T4 + Ty =0

S5ty + 6z9 — 273 + Tzg + 475 = 0,
221 4 3z — z3 4 4x4 4 225 =0,
Tzy + 929 — 33 + 5z4 + 625 = 0,

521 4 929 ~ 3x3 + x4+ 625 = 0.
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2.232. 3z; + 4z + z3+ 274+ 375 =0,
5r1 4+ Tzo+ z3+ 314+ 425 =0,
4z1 + bdxg 4+ 2x3+ x4+ Sx5 =0,
Tz1 + 10x5 + x5+ 614 + 525 = 0.
2.233*. BoiAcHUTL, 06pa3yioT MM CTPOKH K3RION M3 MaTPUN

30 —24 43 50 -5 4 29 -20 -3
A=|9 -15 8 5 2| B=[1 -11 2 13 4
4 2 9 —20 -30 9 -15 8 5 2

byHIaMeHTaNLHYI0 CHCTEMY DEINeHUH UIA CHCTEMBI ypaBHEHuUH

3y +4z3+ 223+ z4+ 625 =0,
521 + 923 + Txg +4z4 + Tz5 =0,
4z + 322 — z3— x4+ 1125 =0,

z1 + 623 + 8x3 + 524 — 4z5 =0.

Onpenenutsh 3HaYeHUA NapaMeTpa G, NP KOTOPLIX CHCTEMA HMEer
HETPHUBUAJLHbBIC DellleHuA, N HallTh 9TH pemieHuA:

2.234. a®z; + 325 + 223 =0, 2.235. 221+ x5+ 323 =0,
ary — 9+ z3 =0, 4z) — 9+ Tx3 =0,
8r1 + x2+4z3=0. 1+ axy + 2x3 = 0.

Ecau sanana Heomgmoponuaa cucreMa AX = B, 10 ee obuwee pelneHue
MoxeT ObITh HaltIeHO Kak CyMMa O0IIero pereHuA COOTBETCTBYIOIIEH OITHO-
ponso#t cucremsl AX = O 1 NPON3BONLHOIO YACTHOTO PeILieHUA HEOOHOPOL-
HOM CHCTEMBI.

Haittu ob1ue pereHNA HEOZHOPOIHBIX CHMCTEM, MCIOAL3YA (YH-
IaMEHTAIbHYIO CUCTEMY DElIeHHI COOTBETCTBYIOIIMX OXHOPOXHBIX:

2.236. 2x1 + x9— T3— T4+ z5=1,
T1— o+ T3+ x4 — 275 =0,
3z + 319 — 3z3 — 324 + 425 = 2,
4x1 + 5x9 — 53 — By + Tx5 = 3.

2.237. 22y — 220+ zZ3— T4+ x5
T1+ 229 — z3+ T4— 2z5

4x1 — 10x9 + 523 — 5x4 + Tx5

2z) — 14z + 723 — Tz4 + 1125

2238. z3— 19+ Z3—x4+T5—25=1,
21y — 229+ 223 + T4 — x5+ x5 = 1.
2.239. 1 + 29 + 3z3 + 434 + 5x5 = 0,
T — 2x9 — 323 — 4:1:4 — bxy = 2,
229 + 3x3 + 4x4 + 525 = —1.

)
]

b

e u

ek ek et b
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4. Meron mocaemoparensHbIX Mekmoverwit Moprana—Tayeeca. C momo-
LIBIO BJIEMEHTAPHBIX Mpeofpa3oBanuit Hall CTPOKAMH U IepecTaHoBKoH cTonb-
LI0B PAaCIIMPEHHAA MATPUIA cucTeMbl (2) MomeT GLITh MpuUBEneHa K BUIY

10 ... 0 a\,yy ..o aly b:I
01 ... 0 6,41 --- a3, b
00 ... 1 @),y ... aly| b . (7
00 ..0 0 .. 0]b,
00 ...0 0 .. 0l

Matpuua (7) sBaserca paciuupeHHOH MaTpuIel CHCTeMBbl

! ! —_ N

x) + al r4+1Tr+1 +...4+ A1, Tpn = bl’
!

1’2 +02 r+lxr+1 +.~-+a2nxn = Ug,

...... . Pt e e e Vessceentaenae

T, + a,. r1Zrt oo + a‘rnxﬂ = ;" (8)
0=1bryy
0=t

KOTOPAf C TOYHOCTBHIO 10 oGoaﬂaqunn HEH3BEeCTHBIX SKBUBANEHTHA UCXOIHON
cucTeMe.

Ecmu xora 611 om0 u3 uncen b, ,, . . ., b}, ONIM4HO OT HYJIA, TO CHCTEMBI
(8), a crenoBaTenbHO, U MCXORHAA cucTeMa (2) HECOBMECTHEL.

Ecmu me b, = ... = b, = 0, T0 cucTema cosmecTHa u opmyns! (8)
HAI0T [0 CYIIECTBY ABHOE BRIPAREHHE MJIA GA3UCHBIX HEMSBECTHBIX 7, ...

.y Ty Uepes cBOOONHbIE HEUBBECTHBIE Try1, - .., Tn.

Npumep 4. Meronpom Mopmana-Taycca nattu 06mee pelueHue Ccu-
CTeMEI

Ty — 219 + 14 =-3,
3zy — 29— 2a3, = 1,
271+ 29— 223~ 4= 4,

Ty +3z2 - 223 —2x4 = T.

< Ilpoussona 3i1eMeHTapHbIe npeobpa3oBaHUA Ham CTPOKAMHU pacmnpermoﬁ
MaTpUURI, HOTydaeM

1 -2 0 1] -3
-1 -2 0 1
1 -2 -1 4
3 -2 -2 7

A=

il )
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4 1

1 -2 0 1| -3 10 -5 5|1
0 5 -2 -3| 10 2 3

2lo 5 2 3|0 |?]°%! 5 5|2

0 5 -2 -3 10° 00 0o o1lo

060 0 01}0

Heparle nBe CTPOKM MOCTeqHe! MaTpuUObl COCTABIAIOT PACIIMPEHHYH Ma-
TPUIY CHCTEMBI

x——éz—-lx =1
1 53 54“;
x—gz -—ga: =2
2 53 54—;

sKBuBaZleHTHON Mcxomuo#t. Cumrasa x;, To 6a3UCHLIMU HEM3BECTHHIMHM, a I3
¥ x4 cBOOOOHBIMM, HONMyJaeM 06lee pellleHHE B BUIE

1 4 1
71 + -5-61 + 502
T2 _ 2 3
X(er, ) = z3 |~ 2+ 561+5‘02 - B
T4 €1
C2

Meronom Mopnanma-T'aycca wmccnemopaTth COBMECTHOCTh M HaTH
ob1riee pelreHue CIENYIOMUX CHCTEM:

2.240. - 2.241.

3+ 2x2+4 3z3+ 4dxy= 0, z1+ 22 = 1,
Txy + 1419 4+ 2023 + 27x4 = 0, x3 + T2 + 3 = 4,
5z7 + 10z9 + 1623 + 1924 = —2, To+ T3+ T4 = -3,
3z, + S5z9+ 6x3+13xz4= 5. T3+ T4 +25= 2,

: T4+ x5 = —1.
2.242. 1056x; — 17529 — 31523 + 24524 = 84,
90z, — 15023 — 270z3 + 210x4 = 72,
75x1 — 12bx9 — 225zx3 + 175x4 = 59.
2.243. 2.244.

8z, + 1211)2 = 20, Tz1 — 52)2 - 2.’133 - 4274'-'—- 8,
14z + 21z = 35, =31+ 222+ x3+ 234 = -3,

973 + 11lz4 = 0, 2z — T2 — z3— 224 = 1,
16x3 + 20z4 = 0, - T + z3+24z4 = 1,
10z5 + 12z¢ = 22, — Zg+ 3+ 214 = 3.

15z5 + 18z6 = 33.



I'masa 3
TAHENHAA AJITEBPA

§ 1. Junelnrie npocrpaHcTBa
M TPOCTPAHCTBA €O CKAIAPHLIM IPOH3BEXCHHEM

1. lmettioe npoctpancrBo. Muomecrno £ Hasbiaerca wunetinoim (8ex-

TOPHYIM) NPOCTPAHCTNEOM, €CIU BLIIOIHEHS! CeNYIOMmIHe YClOBUA:
.1. B £ BBenena onepauuA CI0REHHUA 31EMeHTOB, T. e. VX, y € L onpe-
IesieHo oTo0paReHne

(x,y) 2> z2€L

(o6o3Hauenue: z = x + y), obaagaiomee CIenyIOLMMK CBOMCTBAMMU:
lay x+y=y+x; 16) (x+y)+z=x+(y+2z); 18)30e L Vxe L
(x + 0 = x) (3mement O HasmBaerca nyaeswvim); 1r) Vx € £ 3I(-x) € £
(x+(—x) = 0) (aneMeHT —X HA3BIBACTCH NPONUBONOAOHCHbIM HIEMEHTY X).
2. B £ BBemeHa omepamvA yMHOMEHHUA 3JE€MEHTOB HA NeHCTBUTeNbHELIE
(noMnnexcHsre) yucia, 1. e. YA € R (A € C), Vx € L ompeneneno orobpa-
ReHue

Mx)2yel

(o6o3nagenue: y = Ax), obiaxaomee cBOACTBAMU:

2a) 1-x =x; 26) Mpx) = (Au)x.

3. Onepanuy COREHVUA BIEMEHTOB ¥ YMHOREHMA X HA YMCIA YIOBJe-
TBOPAIOT 33KOHAM IMCTPHOYTUBHOCTH:

3a) A(x+y) = Ax + Ay; 36) (A + p)x = Ax + px.

QaeMeHTHI JHHEWHOro MPOCTPAHCTBA HA3LIBAIOTCA 6eKTnopamu. lpo-
cTpaHcTBo L HasniBaeTca Oeticmeumedbnbim, ecid B L onepanua yMHOme-
HMA BEKTOPOB HA YMCIO0 ONpeneleHa TOAbKO IJIA NeHCTBUTEeNbHBIX YHCETd, U
KOMNAEKCHbIM, ECITH 9T ONEPAnUA ONpeNeNeHa LA KOMIVIEKCHBIX YHCeI.

IlpoBeputsh, 4TO CiemyroOHIEe MHOARECTBA ABAAIOTCA JIWHEHHBIMH
OPOCTPAHCTBAMM:

3.1. MuomecTBO V3 BCEX reOMETPHYECKHX BEKTOPOB (ONepanuy Hax
reoMeTpPUYECKAMM BeKTOpaMu onpexneneHs! B § 1 riu. 1).

3.2. Muomecrso R" Bcex apuMeTnyecknx n-KOMIOHEHTHBIX BEK-
TOPOB X = (Z1, ..., T,) (ONEpanKMyU Hax aAPUDMETHIECKUMH BEKTODAMHU
oupenesxensi B §3 ru. 2).

3.3. MuomecTso P, BCeX MHOr04/IEHOB

p(t) = an_1t" 1+ ... +at+ag
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crenend € 1 — 1 ¢ ecrecTBeHHBIM 06pa3oM BBEJEHHBIMH ONEPAKMAMHE
CIIOAEHNA MHOIOWIEHOB M yMHOMEHUA MX Ha YHCIA.
3.4. Muomecrso Cj, ;) Bcex dynrnuuit f(t), HenpepriBHbIX Ha OT-

peske [a, b], ¢ ecrecTBeHHBIM 06Pa30M BBENEHHLIMH ONEPANUAMHU CIIO-
MeHHA QYHRUUH ¥ YMHOMEHUA X HA IHCHA.

3.5. MuomecTBo M, , BCex MaTPHI pa3Mepa m X n (omepamuu
Hal MaTPHUAMH ONpenesieHsl B § 2 ri. 2).

BuiAcHHUTD, ABIAIOTCA U CJAERYIOIIME MHORECTBA AHHERHBIMM IPO-
CTPaHCTBAMM:

3.6. MuomecTrO V; BCex reoMerpudYecKHX BEKTOPOB, KOIMHEap-
HbIX OMKCMPOBaHHOH mpAMOMH.

3.7. MuomecTBO BCeX reoMeTpUYECKMX BEKTOPOB, MCXONALINX H3
HAYaJla KOOPOWHAT, KOHILI KOTOPLIX JE€RAaT Ha (PUKCHDPOBAHHOHA mpA-
MO,

3.8. MHOmecTBO BCex reoMeTpUieCKUX BEKTOPOB, YAOBIETBOPAIO-
mux ycaosuio |x| > a, rne a > 0 — QurCHpOBaHHOE YHCIO.

3.9. MHOKeCTBO BceX CXONAIIMXCA MOCIEROBATELHOCTEN.

3.10. MHomecTBO Bcex PaCXOAAIUXCA IOCIENOBATEILHOCTEH.

3.11. MuomecTBO Bcex GyHKUMI, HHTETPUPYEMBIX Ha oTpe3ke [a, b].

3.12. Muomectso Bcex mpeobpa3oBaHuMil MOBOPOTA TPEXMEPHOLO
OPOCTPAHCTEA TeOMETPHIECKHX BEKTOPOB BOKPYT (QMKCHPOBAHHOM OCH.

CucTeMa BEKTODOB Xi, ..., X C L HasbIBaeTCA Aunelino 3a6ucumot,
eClM HaMJYTCA YMCAA Ap, ..., As, HE PABHBIE OXHOBDEMEHHO HYII0 ¥ TaKue,
910 A\iXj + ...+ AsX; = 0; B NIPOTUBHOM clydae 3Ta CHCTeMa Ha3hIBAETCA
aunetino nezasucumoi.

Tlyets Q C £ — npousBolbHOE MHOMECTBO BEKTOPOB JMHEHHOr0 Ipo-
CTPaHCTBa. YNMOPANOYEHHAA CUCTEeMa BeRTOpoB B = (ey, ..., e,) Ha3bIBaeTCA
6a3ucom B (0, ecau: ,

a)er€Q, k=1,2, ...,

6) cucrema B = (ey, ..., €;) IUHEHHO HE3ABUCHMA;
B) nna moboro x € () HaltoyTcA TakMe YUCHA Iy, ..., Ty, YTO
8
X = Zxkek. (1)
k=1
Qopmyna (1) Ha3bIBACTCA pPa3qodceEnUEH 6eKTOpa X no 6a3ucy B.
Kosb puumeHtsr zy, ..., s OIHO3HAYHO ONPENEIAIOTCA BEKTOPOM X M

Ha3LIBAIOTCA KOOPIUNQMAMY ITOTO BekTopa B Gaauce B.

Ecinu MHomecTso Q C L obnagaer 6asmucamMu, TO BCE OHH COCTOAT M3
OIMHAKOBOrO YWCIa BEKTOPOB, HA3hIBaeMOro paxzosm () (v ob6osnayaemoro
rang@). B wacTtHocTH, ecam Bce mpocTpaHcTBo L uMeer (asuc, TO OHO
HA3BIBAETCA KOHEeunOMeprbim M obo3Hagaerca L,, rae n = dim L — um-
€J10 BEKTOPOB B J1060M 0aguce, Ha3BIBAEMOE PA3MEPROCTMBIO HPOCTPAHCTBA.
B nporusHOM Cityyae NPOCTPAHCTBO L HA3BIBAETCA HECKOHEUHOMEPHLIM.

lycts £,, — npou3BOILHOE N-MEPHOE IPOCTPaHCTBo, B = (ey, ..., €,) —
¢urcupoBaHHbl 0asuc B neM. Torma BcAKOMY BeKTOpy X € L, B3aUMHO
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OXHO3HAYHO COOTBETCTBYET CTON0en ero KoOpAMHAT B 9TOM Oasuce:
I
Xx=zi€1+...+Tpe S X = | !
Tn
Tlpn 3roM nuHetiHple Onepanyu HaJ BEKTOpaMH B KOODAMHATHON dopMe BI-
IMNIAOAT clienyrommm obpasom:

z=x+ye Z=X+Y,
y=Xx&Y =\

Oycre B = (eq, ..., €,) u B’ = (e}, ..., e},) — nsa pasmuynrrx 6asuca
B L,,. Kamaeitt ua sextopos 6asuca B’ pasnomum no 6asucy B:
ik
e, =tier+...+tmwen @ B, ={ : ), k=1,2,...,n
lnk

Mampuyeit nepexoda Ty, or 6asuca B k 6asucy B’ HasuBaerca Ma-
TPUI3

k-#t cronben xotopoit ects cronben Ej xoopaunar Bekropa e) B 6a3uce B.

Ecnu x — npousponbHbi sextop U3 Ly, X 1 X' — cronbusl ero KoopauHaT
B 6asucax B u B’ cOOTBETCTBEHHO, TO UMEET MECTO PAaBEHCTBO

= (Tpow) X (2)

(bopmyna npeobpasosBaHUA KOOpDAMHAT OpH npeobpa3oBaHuy a-
3uca). \

Ipumep 1. Haitra KoOpIMHATHL reoMeTpUYECKOro BexTopa X = —i +
+ 2j + k B Gasuce B, cocTommeM u3 BexTopoB €] = i+ j, e, = j+ k,
e; =i+k.
< Bemmmem KoopaMHATHI BEKTOPOB e}, €5, €5 B MCXONHOM baguce B =
=(i, j, k):

1 0 1

Ei=\|1], E=|1}, E=10

0 1 1
Otciona marpuua nepexona Ty MMeeT BUA
1 01

Tpoaw=(1 1 0
011
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O6pamaa matpuny Ty, ¥ ucnoabaya dopmyny (2), HaxozuM

Lf 11 -1y /-l 0
X'=(Tpsg) ' X =5 (-1 1 1)[ 2)=]| 2,
1 -1 1)\ 1 -1

T.e. T = 2ej — 3. D>
3.13. lycts Q — npomnssonsHaa cucreMa BexTopos u3 L. oncu-

creMa ey, ..., €5 C () Ha3bIBAETCA MAKCUMAALHOT AUNETHO HE3a6U-
cusmot nodcucmenoti 8 @), eciu ey, ..., €, — JUHEHHO HE3ABUCHMAA
CHCTEMA U BCAKAA PACLIMPEHHASA CHCTEMA €1, . . ., €;, X, [Ie X — Ipo-

U3BONBHLIA BeKkTOp U3 (), NuHeRHo 3aBucuMa. [[0Ka3aTh, 9TO BCAKHUL
6a3nc B () eCTb MAKCUMAJLHAA JUHEHO HE3aBUCHMAA MOLACUCTEMA B
Q, 1 HaobopoT.

3.14. Ecau 3anaub! nponsBoibHbIE k BEKTOPOB X1, ..., X, TO U3
HUX MO/RHO IOCTPOUTHL He Gonee k MMHENHO HE3aBUCHUMEIX KOMGUHa-
nuit. Wcnomnaya sror pesymbraT, mokasath: eciau B u B — nsa
pasauuHLIX 6asuca B cucTeMe (), TO OHY COCTOAT U3 ONUHAKOBOIO 4H-
Ciia BEKTOPOB (T.€. MMEeT CMBICH MOHATHE PaHra cucTeMsl ().

3.15. B npocrpancrse V3 3amaHbI BEKTOPHI

e,1=i+j, e,2=i‘j7 egz—i+2j_k
Hoxasats, uro cucrema B’ = (e}, e), e}) — 6asuc B V3, u Hamucats
Matpuuy nepexona Ty o, rie B = (e; =1, e2 = j, e3 = k). Hatttu
KOODIMHATEI BeKTOpa X = i — 2j + 2k B 6asuce B'.

Hycre B = (i, §, k) u B’ = (I, j, k') — npamoyronnueie 6a-
3ucel B V3. B 3agagax 3.16-3.18 maittu maTpuuny nepexoxa Tig_ o 1
BBIMMCATHL CTONOEL KOOpAUHAT BeKTOpa X = 1 — 2j + k B 6asuce B'.

3.16. Basuc B’ nonyuen naMeHeHHeM Ha IPOTHBOIONOAKHOE HAPA-
BIIEHME BCeX Tpex 6as3ucHbix oproB ‘B.

3.17. Basuc B’ nonyyen nepecranosro#t i’ = j, j =k, k' = 1.

3.18. Basuc B’ noxyuen nosoporom 6asuca ‘B Ha yrom ¢ BOKDYT
opra i.

3.19. Hatitu panr m rawof-Hubyab 6a3uc cucTemnl reoMerpudye-
CKHX BEKTOPOB X; = —i+ 2j, x2 = 2i — j+ k, x3 = —4i+5j — k,
x4 =31—-3j+k

3.20. B npoctpancree R* 3anmamer sewropnt €] = (1, 2, —1, —2),
e, =(2,30 -1), e =(1,2,1,4), e = (1, 3, -1, 0). [orasars,
uto cucrema B’ = (e, €}, e}, €}) — 6asuc 8 R*, u namucats ma-
tpuuy mepexona Tiy_,e, re B — KaHOHMueckwuit 6asuc B R (cm. §3
ra. 2). Haittu oopnuuats sextopa x = (7, 14, —1, 2) B 6asuce B’

3.21. Jorazarh, uT0 cucTeMa apHQMETHIECKHX BEKTOPOB X =
=(1, 2,0, 4), x2=(-1,0, 5, 1), x3 = (1, 6, 10, 14) nunettxo 3asu-
CUMa, U HANHCATh KAKOE-HUOyIb HETPUBHAILHOE COOTHOLUEHHE BUIA
A1X1 + A2xg + Azx3 = 0. Hatitu panr u Bce 6a3uChI 9T0H CUCTEMEL.
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3.22. Jlokazath, 9T0 cucTEMaA MATPHI BUAA

0 000 0
0 000 ..0 ol o
Aag= |0 010 0fa Gy 00
0 000 0 v
0 000 0
s

obpasyer 6a3uc B mpocrpaHcTse M, n BceX MaTpum pasMmepa m X
X n, u, crenopareabro, dim My, , = mn. Yemy pasnel KoOpIMHATHI
npon3soibHol Matpuusl A = (a;j) € My, , B oM Gasuce?

3.23. Joxasars, uTo cucTeMa MHorowrenos 1, ¢, 2, ..., t"~! obpa-
3yer 6a3uc B NPoCTpaHCTBE P, BCEX MHOTOWIEHOB CTeNEeH:U < 1 — 1 H,
caenoBarelbHo, dim P, = n (310T 633HC HA3LIBAETCA KAHOHUUECKUM).
Hatte xoopaunaThl:

a) Muorowtena —3t%+1 B kanouuecroMm 6asuce mpocrpaHcTsa Ps;

6) MHorowrena t? — 2t B KaHOHMYECKOM 6asuce mpocTpaHcTBa Py

3.24. loxazaTh, uro cHcTeMa MHOrowieHoB 3 +¢2+t+1, 12 +t+1,
t+ 1, 1 nuHeHHO He3aBUCHMA.

3.25. Jlorasath, 9T0 CHCTEMA MHOTOWIEHOB 2+ 1, —t242t, t2—¢
obpaayer 6asuc B npocrpanctse P3. Brinucats B s10M 6azuce croaben
KOOPIMHAT MHOrOwIeHa —2t% 4+t — 1.

3.26. JloxaszaTh, YTO NPH MPOM3BOJILHOM t) CHCTEMA MHOTOYJIEHOB
1, t—tg, (t—t0)?, ..., (t —t)""! obpasyer 6azuc B P,,.

3.27. Haiitm marpuuy mepexoma OT KaHOHHMYeckoro G6asumca 1, t,
t2, ..., t" ! k Gasucy 1, t —to, (t —t0)%, ..., (t —to)" ! B Pp.

3.28. Haittu roOpauHATEI MHOTOWIEHa t2 — ¢ + 2 B 6asuce 1, t — 1,
(t—1)2

3.29. Jlokasath, uTo MPOCTPAHCTBO P BCeX MHOrOYIEHOB 6eCKOHed-
HomepHo. BriBectu orcrona, uro mpocrpanctso Ci, p Gynsmuit f(t),
HenpepLIBHLIX Ha oTpeske [a, b, Takme GeCKOHETHOMEPHO.

B sapagax 3.30-3.34 B npousBoabHOM mpocrpaHcTBe L, BEKTOPHI
€}, €}, ..., e}, KX 3aaHkI CBOMMM KOOPAMHATaMH B HEKOTOpPOM Gasuce
B. Jlokasarsb, uto cucrema B’ = (e}, ..., €],) — 6asuc B L,,, u HaliTn
cronben X' woopmuuar BexTopa X B 3TOM 6asuce.

1 1 1 6
330.,Ei=(1]|, Ey=(1}, Ef=1|2], X=|9
1 2 3 14
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2 3 1 6
3.31. B} = 1),E§= 2|, By=(-1],x=[ 2
-3 -9 1 -7
1 2 1
s2.5= | 2|, m=| 3|, B=|}]
-2 -1 4

1
3.33.Ei=< ) By =

-1

1-i i
1+z')’ X = (—m)‘

1 0 -1 1
334.E =10}, Ey=\(i|, Ey=|1-i)], X=1{1
0 0 1 1

3.35. JloxazaThb ciemyromue yTBepRIEHUA:
a) marpuna nepexoga T3 o BCerna HeBbIPOMRIEHA, U Tig/ 5 =
— -1,
= (Tpom)
t11 ... tin
6) ecmu T = [cvvevecnenns — HEBLIPORJEHHAA MATPHULIA U
tnl oo tnn
B = (eq, ..., €) — HEKOTOpHI! Gazuc B mpocrpancrse L, TO CH-
CTeMa BEKTOPOB

! .
e; =te1+...+ten, t=1,2,...,n

taxme obpasyer 6asuc B L.
3.36. dorazars, uro eciu B, B’ u B” — 6azucw B Ly, T0 cupa-
BEIIMBO MAaTPHYHOE PABEHCTBO

Tgspn = Tpsp - Toprm
B samawax 3.37, 3.38 B TPOM3BOALHOM NMPOCTPAHCTBE L, BEKTOpPBI
ey, ey, ..., €, U €], €, ..., €, 3aqaHbI CBOMMH KOOPAMHATAMH B HEKO-
ropom Gasuce. Tpebyerca mokasars, uro cucremsl B = (eg, ..., €,)

u'B = (e, ..., e},) — 6asucs B Lp, 1, NCNOALIYs PEIYILTATHI 32129
3.35 u 3.3}5, HamucaTh MaTpuly nepexona Tig_ .

1 2 3
331. E1={2), E:2=1{3])], E3=1|T7];
1 3 1
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3 5 1
Ei=[1), Ey=|2], Ei=] 1
1 1 —6
1 1 1 1
1 2 1 3
3.38. E1= 11 E2= K E3= 2> E4— D) )
1 1 1 3
1 ~2 2 ~2
0 -3 2 -3
Bi=|s|> Be=| 5| B=|s5] Ba=|_4
3 —4 4 —4

Tycrs £ B £' — nBa nedcTBHTENLHBIX (MM KOMILIEKCHBIX) JMHEHHEBIX
TIPOCTPAHCTBA. Orobpamenue ¢: L — L' npocrpancrsa £ Ha NPOCTPAHCTEO
L' HagrBaerca uzoMmopPusmon, ecau:

a)  B3aMMHO OJHO3HAUHO;

6) p(Ax) = )sgo(x) np(x+y)=px) + p(y) ana mobeix x,y € L n
aia moboro uucaa A

Ecau cymecmyer M30MOpQHaM L ua L', o npocrpancTea L u L' naawl-
BAIOTCA u30MopPubimu: L =~

B zamauax 3.39-3.41!) ycranouth, ABIAETCA MM M30MOPHHUIMOM
sanmanHOe orobpamenue V3 Ha R3.

3.39. p(zi+ yj+2k) = (22— y, 2z, z + y + 2).

3.40. p(zi+yj+ zk) = (z +y — 1, 2z, 3y).

341. p(zi+yj+ zk) = (z +y, —y + 22, z + 2y — 22).

3.42. Orob6pamenne : L, — R" npousBoasHOro NpOCTPAHCTBA
L, na npocrpanctBo R" apubpmernyecKux BeKTOPOB MMeET BUI

ail ... GQin
O(T1€1 + ...+ Tnen) = (B, ooy Tp) [ rrrevrreeonns :
anl .- Qnn
roe B = (eq, ..., ;) — Hexoropri#i Gasuc B mpocrpancree Ly, a

A = (ai5) — Henmpomnenﬂaﬂ Marpuua nopaaka n. JokasaTth, 4TO0

910 0TO6paKEHHe — M30MOPOH3M H, CiIeloBaTeabHo, 4T0 L, ~ R".
3.43. JlokasaTn, 4T0 MHOMRECTBO BCEX KOMILIEKCHRIX YHCENT ¢ 00bI4-

HEIM CIOMREHNEM M yMHOKEHMEM Ha AeHCTBUTENLHBIE uicia obpasyer

JuHelHOe MPOCTPaHCTBO, M3oMmopdHoe mpocrpancrey R?. Hanumcars

1y lna 0603HaueHMA KOODAMHAT reOMETPHIECKHX BEKTOPOB B NPAMOYTOILHOM 6a-
suce (i, j, k) youropumca B 9TOM riape Mcnoan3oBaTh CTpouHble GymBM! T, Y, 2z, B
OTIIMINE OT HPONUCHHIX OYKB, HCHONB3YEMBIX B Iil. 1, Tak Kak 3eCh MPONHCHBIMHK
Gyxpamu Mul OymeM 0603HAYaTH BEKTOP-CTOJOUEL.
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MaTpuny nepexona or 6asuca B = (1, i) & 6asucy B' = (1+14, —i) B
9TOM NPOCTPAHCTBE, M A uucia —2 + 3¢ HAMUCATh PABIOKEHUE IO
6asucy B'.

2. Monupocrpaucrsa u mHefinnle MHOroobpasud. Ilodnpocmpancmeon
nuHeftHOro mpocTpaHcTBa L HasblBaercA Takoe noamHomectso L' C L, Ko-
Topoe obiagaer cBoficTBaMMu:

a)x,yel =>x+ye/l;

6) x € L' = Ax € L' aaA BcAKOro wucia A.

Ecnu £' — uexoropoe nonnpocTpaHcTeo B £, TO MHORECTBO BEKTOPOB

L'+ xp = {x € L|x = x' + xg, x' € L' nna neroroporo xp € L}

HA3BIBAETCH AUNETHbIM MH02006Pa3UeM, IOTYIEHHEIM CABUIOM NONNIPOCTPaH-
crBa L' Ha BEKTOp Xp.

3.44. oxasarb, 4T0 BCAKOE moxmpocTpancTBo L' muHeHHOro mpo-
crpancTBa L Takme ABIACTCA JMHEAHHIM IPOCTPAHCTBOM (IIpHU 3TOM
dim £’ € dim £).

B zamauax 3.45-3.49 TpebyercA ycTaHOBUTH, ABIAIOTCA JIH 3a4aH-
HbIE MHORECTBA NOAMPOCTPAHCTBOM B COOTBETCTBYIOIIUX NPOCTPAH-
cTBax. B ciayyae moomUTENLHOr0 OTBETA HAWTH MX Pa3MEPHOCTb.

3.45. MuO®eCTBO BCeX reOMeTpHYECKMX BEKTOPOB U3 V3!

a) KOMILTQHAPHBLIX (QMKCHPOBAHHON MIIOCKOCTH;

6) ymosiaerBopsaomux yciaosuio (x, a) = 0, rae a — duKcupoBan-
HEIN BEKTOD; .

B) YHOBJETBOpAIOIINX ycloBuio [x| = 1.

3.46. MuomxecTBo Bcex Bexropos u3 R" puzna:

a) X= (Oa z2, 0, x4, s, ..., xn);

6) x = (1, 22, 1, 24, T5, ..., Tp).

3.47*. MuomecTBO BCeX BEKTOPOB IPOM3BOJLHOr0 HPOCTPAHCTBA
Ly, KOOPIHHATLI KOTOPLIX B QMKCUPOBAHHOM 6a3uce yXOBJIETBOPAIOT
YCIOBHAM:

a) Ty =1op; 6) T1+2Z2+ ...+ 2, =0; B) 21 —z2 = 1;

r) a11z1 + ... + 4y =0,

am1Z1 + ... + apnTn = 0,
wiyu, B MmaTpuuHoit popme, AX = O, roe A — 3agaHHAsA MaTpUIA
pasmepa m X n.

3.48. MuomecTBo BCcex MaTpun A NOpANKa 7, YIOBIETBOPAIOMIUX
YCIOBHAM:

a) AT = A (cummerpuaisie Marpunsr); 6) det A = 0.

3.49. Muomecrso Beex ¢ynrumst f(t) € Clg,p (cM. 3amawy 3.4),
YIOBIETBOPAIOMUX YCIOBUAM:

a) f(to) = 0 naa mexoroporo ity € [a, b);

6) f(to) = 1 nna nexoroporo tg € [a, b;
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B) f(t) = an—1t"" ! + ... + a1t + ag, T.e. f(t) — MHOrOwWIeH
cTemneHy He BoIe 71 — 1.

Mlycrs Q — npomM3BobHAA CHCTEMa BEKTODOB M3 JHHENHOro npocTpaH-
crea L.

Junetinot o6oaouxoil cucremsl () HA3bIBARTCA MHOMKECTBO BEKTODOB

L£(Q) = {x|x = x1 + ...+ XsX;, X1, ..., X, € Q}.

3.50. JoxazaTn, uto

a) £(Q) — nomnpocrpancrso B £;

6) dim £(Q) = rang Q, npuueM B Kavecrse Hasuca B L(Q)) Momuo
B3ATL 10608 6azuc cucreMsl ().

3.51. Haittu pasmepnocts JuHeHHOA obomounu L(X), X2) apud-
Meruueckux BexTopoB Xx; = (1, 0, 2, —1), x2 = (0, —1, 2, 0). Ioxa-
3ath, uro x = (1, —1, 4, —1) € L(x1, x2).

Hatitu pasMepHOCT: U Kakoi-HMOyns OGasuc jauHeiiHOl 0607104KK
3alaHHON CHCTEMbI apH()METHYECKUX BEKTOPOB:

3.52. x; = (1,0,0, -1), xo = (2,1,1,0), x3 = (1,1, 1,1),
X4 = (la 2a 3a 4)’ X5 = (0, 1’ 2, 3)

3583.x1=(1,1,1,1,0), xo=(1,1, -1, -1, —1)
x3=1(2,2,0,0, -1), x4 =(1, 1, 5, 5, 2), x5 = (1, -1, -1, 0, 0).

3.54*. llokazaTs, yTo JuHeHHAA 000/I09Ka CUCTEMBI MHOrOYJIEHOB

—3t2—1, 2t>+t, —t coBmanaer c mpocTpaHCTBOM P3 BCeX MHOTOWIEHOB
creneHy < 2.

b
)

Ilycts V — npouasosibHasA CHCTEMa TEOMETPUYECKUX BeKTOpoB. [eose-
mpuyeckusm 06pa30om CUCTEMBI V Ha30BeM MHOAKECTBO TOYEK, ABIAIOIIMXCA
KOHIIAMM BEKTOPOB M3 V', UpM yC/IOBMH, 9TO BCE BERTOPHI HCXONAT U3 Havaja
KOODIMHAT.

3.55. HamucaTs ypaBuenune reoMeTpuyeckoro 06pasa JuHeHHOM 0060~
JtI)O‘IRH L(a) n muoroobpasua L(a) + b, ecm a = -2i+j—kn

=2i—j.

3.56. HammucaTs ypaBHeHue reoMeTpuyeckoro obpasa anHeliHo 060-
noaxu L(a;, ag) u Mmuaoroobpasus L£(a;, az)+b, ecim a; = —i+j+k,
aa=2—kub=i+k

3.57. 3amana cucrema ypaBHeHui:

T1+ Zoa—3x3— T4+ x5=1,
3y — 9+ z3+4z4 + 35 = 4,
Ty — bx9 — 923 —8x4 + z5=0.

a) JloxazaTh, YTO MHORECTBO PEIEHUH ITOH CUCTEMBI eCTh JIHHel-
Hoe MHoroo6pasue B mpocrpanctse R,
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6) CzBuroM Kakoro MpOCTPAHCTBA MOJYIAETCA BTO JMHEHHOE MHO-
roobpasue? Haittu panr ¥ karoit-umbynn 6asuc 3TOr0 IMORMPOCTPAH-
CTBa.

B) Hatitu raroit-Hnbynb BEKTOp CABMrA.

3. Opocrpancra co ckaaApHBIM DpousBeneHueM. JelicTBUTENLHOE JIH-
HeMHOe NMPOCTPAHCTBO £ HA3LIBAETCA €6KAUJO6BIM NPOCMPAHCMEOM, €CIH
KamI0H Imape BEKTODOB & M Y M3 & NOCTABJIEHO B COOTBEICTBHE OEHCTBU-
TEJBHOE YUCJI0, 0603HAYAEMOE CUMBOJIOM (X, ) M Ha3bIBAEMOE CKAAAPHbIM
npouseedenuesm BEKTOPOB X U Y, NPUYEM BLIIOAHEHK! CICAYIOIINE YCIOBHA:

1) (x, y) = (y, x);

2) (x1 + %3, y) = (x1, ¥) + (X2, ¥);

3) (x,y) =Ax,y), AeR;

4) (x, x) 2 0, npugem (x, x) =0 x=0.

Aunotl BEKTOPA X HA3bIBAETCA YHCIO

x| = V/(x, x).

BexrTop x, n/Ha KOTOPOro PaBHA EANHHIE, HABIBACTCH HOPMUDOGAHHDIM.
Jlna mroGRIX BEKTOPOB X, Y €BKANIOBA NPOCTPAHCTBA CHPABEMIMBO He-
pasedHcrBo Komun-ByHakosckoro

I(x, ¥)I” < (x, x)(v, ¥),

KOTODOE [O3BOJAET CJIENYIOLIMM 06DA3oM OUPENeJHTh YLOJ MEMIYy HeHyse-
BbIMH BEKTOpaMH:

X
cosyp = _(_’_Y_)_
x| - Iyl
Henynesblie BeKTOpHI X, y € £ Ha3bIBAIOICA 0PMO2OKAAbNLIMY, eClH (X, ¥) =
Bazuc B = (ey, ..., €,) N-MEPHOr0 €BKIMAOBA NPOCTPAHCTBA &, HA3BI-
BAETCA OPMONOPMUPOGAHHbLM, ECTH
o) =b,= {0 i
iy €5 ij 1, i= ]
Ecnu 8 mpocrpancrse €, 3aman npomssoabHbl Gazuc (fy, fr, ..., f,), To

BEKTOPbI

k-1
e =1, ek——-fk—Zcfk_l)ei, k=2,3,...,n,

i=1

re ¢~V = (fx, i) ’
(ei’ ei)
(npouecc oproronaausdauun MMunra).
Komunexcuoe muueftHOe nPOCTPAHCTBO [/ HA3LIBAEGTCA YHUMADNLIM, ECTH

Kam[I0M Mape BEKTOPOB X, Y M3 [{ NOCTABIEHO B COOTBETCTBUE KOMILIEKCHOE
9UCI10, 0603HAYAEMOE CUMBOJIOM (X, ¥) M Ha3bIBAEMOE CKAAAPHLIM NPOU3EE-

006pa3y1oT OPTOroHAIbHLIM 6331C B 9T0M NPOCTPAHCTBE
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denuem BEKTOPOB X ¥ Y, IDUYEM BBINOJHEHBI CIEAYIOUIME YCAOBHA:

1) (x, y) = (v, x);

2) (X1 + X3, y) = (X], Y) + (X2, Y)i

3) (x,y)=Ax,y), A€

4) (x, x) > 0, npuvem (x, x) =0 & x =0.

B yumTapHOM OpPOCTPAHCTBE HE OMPENENAETCA YTod MeAAY BEKTOPAMH.
Onnaxro Bce ocTa/lLHBIE ONPEIENEHHA U Pe3yiIbTaThl, CHOPMYIUDP OBAHHBIE BhI-

e AJ1A eBKIMN0BA IPOCTPAHCTBA, OCTAIOTCA CIPABENIUBLIMY M IAA yHHTAD-
HOr'0 IPOCTPaHCTBA.

EBkaunooesl ¥ yHUTapHBIE HPOCTPAHCTBA B AajbHEHINIEM Ha3bIBAIOTCA
NPOCMPAHCTNBAMYU CO CKAAAPHBIM NPOUIBEICHUEM.

3.58. loxazath ciexyiouue CBOHCTBA CKAIAPHOTO IPOM3BENEHNUA B
YHUTAPHOM NPOCTPAHCTBE:

a) (xa Y1 +Y2) = (x1 yl) + (x’ y2)7 6) (xa )\Y) = A(X, y)’

B) (x1 — X2, ¥) = (x1, ¥) — (x2, ¥); 1) (x,0) =0.

3.59. Jlorazarth, uro Gasuc B = (e;, ..., €,) B YHUTAPHOM IPO-
cTpaHCTBE Uy ABIAETCA OPTOHOPMHDOBAHHLIM B TOM M TOJBLKO TOM
ClIy4ae, KOria BBINOJHEHO JM060e M3 CIEAYIOLINX YCIOBUA:

a)ecn X = zr1€; +... + Tpe, 1Y = y1€1 + ... + Yn€yn, TO
(x,y) = 7171 + .- . + Tn¥p;

6) eciu X = 1€ + ... + Tpep, TO Tk = (X, €), k=1, ..., n.

3.60. Jorazath, uTo n100aA cUCTEMA TONAPHO OPTOrOHAIBHLIX BEK-
TOPOB JUHENHO HE3aBUCHMA.

3.61. Monnsyscy mepaBencrBoM Homw-Bynaxoscroro, mokasathb
Clexylome HePpaBEHCTBA TPEYTrOJbHHUKA:

a) [x +y| < x|+ |yl 6) lIx| —Iyll <[x+yl.

3.62. a) Horazats, uto B npocrpancrse R" ¢popmyra

(xy)=x1p1+...+ ZTnyn,

roe X = (1, ..., Tp) By = (Y1, - - -, Yn), 3aHAET CKANAPHOE NIPOMIBE-
menue (mOy4aeMoe €BKJIMAOBO IPOCTPAHCTBO apH()METHYECKMX BEK-
TOPOB B faxbHedeM GyneM Takmke 0603HayaTh cuMBOJIOM R™).

6) Ilokasars, 4TO B €BKIMAOBOM mpocTpancTse R" xaHOHMYECKMI
Gasuc (cM. §3 1. 2) ABIAETCA OPTOHOPMHEPOBAHHLIM.

B) Hamucats nepasercrso Homu-ByHAroBCkOro mis eBrampoBa
npocrpadcTsa R".

r) HanucaTs HepaBeHCTBA TPEYroJAbHMKA B €BRIMI0BOM IPOCTPAH-
cree R”.

3.63. lycte x = (z1, T2) ¥ Yy = (Y1, Y¥2) — NPOUIBOILHEBIE BEK-
TOpBI apudMeTndeckoro npocrpancrsa R2. IlokaszaTs, 4TO CKaIApHOE
mpouzsenenue B R? MOAKHO ONpenenyTs CIACMYIOUIMME CIOCOGaMH:

a) (x, y) = 27151 + 572y;

6) (x,y) = T1y1 + T1y2 + T2y1 + T2ya.
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BeruucauTs crazApHOe npomusBeseHue BexkTopoB X = (1, —=2) my =
= (5, 1) KamObIM U3 yKA3aHHbBIX CHOCOGOB.

3.64. JlokazaTe, 4TO B mpOCTPaHCTBE P, MHOTOWIEHOB CTENEHU
< n — 1 cranApHOE NPOU3BENEHHE MHOTOWICHOB

p(t) =ap+ait+...+ ap_1t"7!

=

q(t) = by + byt + ...+ bp_1t"!

MOZRHO OIpENeUTh crocobamu:
a) (p, g) = agbo +a1b1 + ... + an-1bn-1;
n

6) (p, ) = 3 p(tk)g(tr), t1, ..., tn — MPOMBBOMBHBIE NONAPHO
k=1

pasinyYHbIe HeACTBUTENbLHBIE YUCIA.
BLINMCIUTL CKAIAPHOE NpOM3BENeHHe MHOTOWIEHOB p(t) = 1 + ¢ + t2
u q(t) = t — 2t? + 3t ramupIM w3 yrazauHbIX cnoco60B (n = 4), ecan
Bciydae 6) t; = -2, tp=-1, t3 =1, t4 = 2.

3.65. a) lowasars, 94TO B IPOCTPAHCTBE C[a,,,] COOTHOLIECHHUE:

b
(f, ) = / F(t)g(t) dt

3a4aeT CKAJIADPHOE NMPOU3BENEHHE.

6) Hamucatr nmepasenctBo Komm-ByHAkroBckoro miasa sroro mpo-
CTPAHCTBA.

B) Hanucarth HepaBeHCTBa TPEYToOJAbHUKA MJIA 9TOT0 NPOCTPAHCTBA.

IIpuMmenuTs HmpoOmECC OPTOrOHAIM3AUMM K CIENYIOLIUM CHCTEMaM
BEKTOPOB E€BKIMIO0BA mpocTpaHcTBa R™ (CO CKaXAPHLIM mpouaBese-
Huem u3 sagaun 3.62a):

3.66. f; = (1, -2, 2), £, =(~-1,0, -1), f5 = (5, -3, —7).

< Tonaraem e; = fi = (1, —2, 2). Bexrop € mmem b pune e; = £, — cie;.

) el) 1
Tak war (f2,e;) = ~3, (e, e =9TOC(1)=(’ = —=. Cne-
(2’ 1) 3 ( 1, l) s 1 (81,81) 3

2 2 1
NOBATENILHO, €3 = ~3 "3 "3/ Haxonen, BexTop es HaXomuM B BUIE
ciIenyrowelt TuHeiHo! romMOuBannu: ez = f3 — c?)el - ng)ez. Beraucnaa
cragApHbie npoussenenud (f3, e)) = -3, (f3, e2) = 1, (eq, e2) = 1, Haxo-

@ _ (f5,e1) 1 (g _ (f3, e)
INM 3HAYEHHUA K03 MIINEHTOB C ===, =2 =1
b U = e e) - 32 T (e e2)

CaemoBatesnbHo, e3 = (6, —3, —6). >
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3.67.f1 = (1,1,1,1), f=(3,3, -1, 1), f3 = (-2, 0, 6, 8).

3.68. f, = (1, 2, 1, 3), f=(4111) fy = (3,1 1,0).

3.69. f; = (1, 2, 2, —1), fz—(, -5,3), f3 = (3, 2, 8, —7).

3.70°. f; = (2,1,3,-1), £, =(7,4,3, — )3=(1,1,—6,0),
fy=(5,17,71,8).

IIpumenaAn npouecc OpTOroHANN3ANMUY, TOCTPOUTH OPTOrOHAILHBIN
6a3uC MONMPOCTPAHCTBA, HATAHYTOTO HA HAHHYI0 CUCTEMY BEKTOPOB B
eBKIMIOBOM mpocrpanctee R™:

3T fi=(1,2,2 ~-1), f,=(1,1, -5, 3), f35=(3, 2, 8, =T7).

372.f,=1(2,1,3,-1), £ =(7,4,3,-3), f3 =(1,1, -6, 0),
fs=(5,7,1,8).

poseputs OpTOrOHANBLHOCTHL CHENYIOLIMX CUCTEM BEKTOPOB B
eBRJIUI0BOM mpocTpaHcTBe R™ ¥ HOMNOJHUTH MX IO OPTOTOHANLHBIX

6a3ucosn:
3.73%.e1 =(1,-2,1,3), e2=(2, 1, -3, 1).

3.74. €, = (1 1,1,1,1), eg= (L, 0,0,1, -2),
es=(2,1, 1,0, 2)
21 2 12 2
3. e1={3 33 ‘(3” 3’ "5)‘

3.76.e; =(1,1,1,2), e2=(1, 2, 3, -3).

3.77. llycrs L — nuneiiHoe mommpocTpancTso B &,. [lokasars,
4T0:

a) 106011 BeKTOp X € &, OMHO3HAYHO NPENCTABUM B BUIE X = y+12,
rie Yy € L # z oproronanen K L (y Ha3bIBaeTCA 0PMO20HAAbHOU
npoexyueti BEKTOpa X Ha L, a z — opmozonaabnoli cocmasasiowel
X orHocuTensHO L);

k
6) ectu B = (eq, ..., ) — basuc L, To y = ) c;e;, rue Ko-
i=1
sddumuenTst ¢;, 1 = 1, 2, ..., k, 0OIHO3HAYHO HAXOOATCA U3 CHCTEMBI
ypaBHEHuUit
k

Z(eja ei)ci = (eja X), 7=12,...,k,
i=1
az=x-Yy.

Ucnonsaya pesyaprar 3agaun 3.77, HaliTH OPTOrOHAILHYIO MPOEK-
M0 Y ¥ OPTOrOHAILHYIO COCTABIAINYI0 Z BEKTOPA X HA JHHENHOe
nommpocTpaHcTBo L eBraumoBa mpocrpauctea R™:

3.78.x = (-3, 5, 9, 3), LHaTﬂHyTO Ha Bexroprl: €; = (1, 1, 1, 1),
e;=(2,-1,1,1), e3 = (2, -7, -1, —-1).

3.79.x = (4, -1, -3, 4), LHamHyTo Ha Bexropsr: €1 = (1, 1, 1, 1),
€y = (1, 2, 2, -—1), €3 = (1 0 0, 3)
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3.80. x = (5,2, —2,2), L natanyro Ha BekTopsl: €; = (2,1,1,-1),
e2=(1,1,3,0), e3=(1, 2, 8, 1).

3.81. loxazaTh, 4T0 B NeHCTBUTENBHOM EBKINIOBOM IIPOCTPAHCTBE
cnpasepiauBa Teopema lludaropa, a taxzke el 0bpaTHaA: JBa BEeKTOpa X
¥ y OPTOTOHAJbHBI TOTNA W TOJBKO TOTAA, Korma [x —y|? = |x|? +|y[%.

3.82*. Jlokasars, uTo Teopema Ilnparopa ocraerca cnpaBenausoit
M B yHUTAPHOM OPOCTPAHCTBE: €CIH BEKTOPHI X U y OPTOTOHAJBHBI,
10 |x — y|? = |x|? + |y|*>. Ioxasars BMecte ¢ Tem, uro o6paTHOE kK
teopeme Iludaropa yreepmneHue B 3T0M CJIydae HEBEPHO.

§ 2. Tupefiurie omepaTopsl

1. Airefpa muuelturix omeparopoB. Junelinbim onepamopom B ITuHel-
HoM npocTpaucree L HasmiBaerca pcAkoe orobpamenue A: £ — L mpo-
crpaHctBa L B cebs, obnanarolee cBofCTBaMU

A(Mx) =AAx n A(x+y)=Ax+ Ay.

Ilycts A — nuHefHBIN OmEPATOP B KOHEYHOMEPHOM HPOCTpaHCTRE L, H

B = (e, ..., ©,) — HEKOTOPHI (MKCUpPOBaHHENA Gasuc. Pazmomum Ber-
topul Aey, k=1, ..., n, oo 6asucy B:
Aer=ajxe; +...+ane,, k=1,...,n.
Torpa marpuna
an a2 ... Qin
A= Az G2 ... Q2n
aAn1 Qpn2 ... Qun

Hag3wIBaeTCA Mampuyell onepamopa A 6 6a3uce 8. Matpuny oneparopa 6y-
IeM HHOTa 0603HauaTh TaKmke cuMBoioM [A] mwin [A]sg, ecan cymecTsenHo,
0 KaxoM Oasuce uper pevs.

3angaHueM MaTPHUIL! ONEPATOP ONPEAENACTCA OQHO3HATHO, 3 MMEHHO: ec-
my =Ax,10Y = AX, rae X, Y — cronbusl koopauHAaT BEKTOPOB X, Y
u A — marpuua oneparopa A B 6a3uce B.

HMycts X u A' — marpuns: omeparopa A B 6asucax B u B', a T =
= Ty’ — MaTpuma nepexona or basuca B B Gasucy B'. Torna popmyna
npeoGpa3oBaHuA MaTpUmbl OmepaTopa mpu npeobpasoBaHuM Gaszuca UMeer
BHUJL,

A' =T AT 1)

pumep 1. B 6Gaauce B = (i, j, k) manucars matpuny omeparopa
npoexrupoBanua P, Ha MIOCKOCTh @: T+ Y + 2 =
< OnepaTop HPOEKTHPOBAHHA HA INIOCKOCTH ¢! ONPENeAErcA PaBeHCTBOM
ﬁax = Xg, I'lle Xo — OPTOCOHAJBHAA HPOEKLMA BEKTOPA X Ha MNIOCKOCT .
MeeM

n n, x
Pax=x—xn=x—npnxm=x-—-(ll’l—|2)-n,
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rne N — HOPMaJbHBIA BEKTOp miockocTH o. B paccuarpuaaemom caIyvae
=1+ j+ k u, ciexoarensHo,

. _2, 1, 1
Pyii=i 3n-—31 33 3%,
A | 2, 2, 1
P(,,J—_]—gn—-—‘gl'fg §k’
1 1, 1, 2
Pak—k—gn——gl—‘g‘]'*‘gk,

OTKyZa
2/3 -1/3 -~1/3
Pa=1-1/3 2/3 -13]. >
-1/3 -1/3 2/3

Han nuueitnpivu oneparopamy, nefCTBYIOMMMH B GUKCHPOBAHHOM PO~
crparcTBe L, BBOJATCA CJIELYIOMIME ONepammiu:
Aa) %xomenne oneparopos: (A + B)x = Ax + Bx; npu srom [A + B] =
= + b
EB YMHOREHHe omepaTopos Ha wucaa: (AA)x = A(Ax); npu stom [AA] =

b)
B) ymHomenue onepatopos: (AB)x = A(Bx); npu stom [AB] =
Obpamuein & omeparopy A HasmiBaercA onmeparop A~! Tako#t, uro
AA"1 = A~ 'A = E, rre E — edunuunniil oneparop, peanusyromuit T0-
RIECTBEHHOE oroﬁpameune Oneparop A umeer obpaTHbIH (U B 9TOM Cayqae
Ha3biBaeTcA NeBblpOQ’CdeNHblM) B TOM H TOJIBKO TOM Cjlyyae, KOrhja ero Ma-
Tpuna A HeBeIpOmIeHa (B irobom Gasuce); npu srom [A~1] = A~1,

B zagagax 3.83-3.89 ycraHoBHTH, KakHMe U3 3aJAHHLIX OT0oOpame-
HUN NpocTpaHcTBa V3 B cebA ABIAIOTCA JWHEHHBIMU ONEPaTOPaMIU;
BBLIMKCATH UX MATPUILI B NpAMOyrossHoM 6azuce B = (i, j, k).

3.83. Ax = Ax, A — dUKCHPOBaHHOE YHCJIO.

3.84. Ax = \x + a, A ¥ & QUKCHPOBaHLI.

3.85. Ax = (x, e)e, rie € — 3aNaHHbIA eIHHHIHBIN BeKTop. BoI-
AICHUTH €OMETPUIECKHUN CMBICI 3TOr0 0TO0paKREHUA.

3.86. Ax = [a, x|, 8 — (QuUKCHDPOBaHHEIN BEKTOP.

3.87. Ax = (a, x)x, a — QUKCHPOBAHHBIN BEKTOP.

3.88**. U(e, p) — orobpameHne, COCTOALIEE B MOBOPOTE HA YroJa
( BOKPYT OCH, 33IaBaeMOM e{UHUYHBIM BEKTODOM €.

3.89. Eciu x = zi + yj + 2k, To

Ax=(y+2)i+ (2z+2)j+ 3z —y + 2)k.

B 3amauax 3.90-3.95 ycranoBnTh, KakMe U3 3a7aHHBIX OoToOpame-
HHUH TpocTpaHcTBa apudMernyeckux BekTopos R® B ceba mpaarorca
JMHEAHBIMH ONEPATOPaMH; BBLINHCATH UX MATPHUILI B KAHOHHYECKOM
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6asuce:

3.90. Ax = (z2 + z3, 271 + 3, 371 — T2 + T3).

3.91. Ax = (z1, T2 + 1, T3 + 2).

3.92. Ax = (O, T2 — T3, 0).

3.93. Ax = (21 + 229 + 223, —3z2 + T3, 221 + 3z3).

3.94. Ax = (3!1?1 + 9, T1 — 279 — T3, 3T2 + 2.’123).

3.95. Ax = (3z; + 5z3, 71 + z3 + 1, 3z2 — 63).

B mpocrparcree R® 3amansr npa stumeftnnix onepaTopa A u B.
Haitru matpuny [C] numefiroro onepatopa C = AB — BA u ero
ABHbIA BUA B KaHOHMYeckoM basuce R3:

3.96. Ax = (229, —2z1 + 312 + 223, 421 — T2 + 523),

Bx = (—3z; + z3, 212 + 73, —T2 + 3z3).

< Tax wax Ae; = (0, -2, 4), Ae; =(2,3, -1), Ae3 =(0, 2, 5) u Be; =
= (-3, 0,0), Be; = (0, 2, -1), Beg = (1, 1, 3), 10

0 20 -3 01
A=|-2 3 2|, B=| 0o 2 1}.
4 -1 5 0 -1 3

0 4 2 4 -7 5
AB=| 6 4 7|, BA=|0 5 9.
~12 -7 18 14 -6 13

-4 11 -3
[Cl=AB-BA=| 6 -1 -2].

-26 -1 5

o onpeneneHuI0 MaTPUOBL JUMHEHHOr0 ONEPATOPa B KAHOHUYECKOM Oa-
suce R™ ee cronbup! apnAwrcAa HabopaMu KOMIOHeHT 06pa3oB 0as3uCHbIX
BEKTOpOB, T. €.

Ce, = ("'4) 6, '26); Ce; = (11’ -1, _l)a Ce; = (—3) -2, 5)

Hanee,

Tosromy

Orcrona HaxoOUM: s

Cx = C(z1e1 + z2€9 + 23363) =1,Ce; + 22Ces + 23Ce3 =
= (—4z; + 11z — 3x3, 621 — 22 — 223, —~26x; — 22 + 5z3). D

3.97. Ax = (71 + 4z3, 425 — 923, 37; + T2),
Bx = (z2 — 6z3, 3z; + Tz3, 21 + T2 — Z3).

3.98. Ax = (22, — =2 + 5z3, x1 + 4z2 — 73, 371 — 522 + 223),
Bx = (z; + 4z2 + 3x3, 2z + z3, 322 — z3).
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3.99. Ax = (3.’131 + Iy — 21123, 3.’171 - 2.’172 + 4(173, —3(111 + 5.’L'2 - :133),
Bx = (2z; + 29, 71 + T2 + 223, —1 + 222 + T3).

3.100. Ax = (3z1 + z2 + z3, 221 + T2 + 273, T1 + 222 + 3T3),
Bx = (z1 + 23 — 23, 221 — T2 + T3, T1 + T2).

B sapmagax 3.101-3.105 maiitm MaTpuubl yKa3aHHBIX JHHEWHBIX
onepaTopoB A, HeMCTBYIOIIMX B mpocTpaHcTBe V3, B 6asuce B’ u3
3amaun 3.18.

3.101. Ax = [a, x|, & — QHUKCHPOBAHHBIH BEKTOP.

< Nycrs a = a,)i + a2j + ask. Torna marpuna suneftnoro omeparopa A B
6asuce B = (i, J, k) umeer sux (cm. 3anagy 3.86):

0 —as as
[A]tB = ag 0 —ay
—ag ai 0

Marpuna nepexona ua 6asuca ‘B B 6asuc B’ Obl1a Haitnena B 3agauge 3.18:
10 0
Tesp =0 cosp —sing|.

0 singp cos ¢

* Tax Kax

L 1 0 0

' Tgl_)m, =1{0 cosy sing |,
0 —singp cosy

» T0, uCnoab3ya dpopmyay (1), Haxomum

7 [Ale =Tglp  [Als - Teom =

1 0 0 0 ~as3 a» 1 0 0
=|0 cosp —sinyp as 0 ~a 0 cosy sing | =
0 sing  cosp —ag a1 0 0 -—sing cosy

{ 0 —azcosp + azsing azsiny + az cos
y = a3 Cosy — azsing 0 - . D
—az sin — az cos a 0

e

3.102. Ax = Ax, A\ — (urcUpOBaHHOE YUCJIO.
3.103. Ax = (x, e)e, rne € — 3aKaHHBIN eAUHUIHBIA BEKTOD.

3.104. Ax = (a, X)X, a — (UKCHPOBAHHBIA BEKTOP.
3.105. A = U(e, yo) u3 3amaunu 3.88, @y = %; cosa = cos 3 =

= cOS7y =

Sl-
w
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3.106. B £, 3anan auueiHbIN onmepaTop A, MaTpHIa KOTOPOro B
HexoropoM 6asuce B = (e, €2, €3, €4) paBHa
12 01
3 -1
A=l 5 3
1 1

N OvO
W o= N

Haittrz MaTpuny sroro oneparopa B 6a3ucax:

a) %I = (el) €3, €2, e4);

6) B! = (el, e; +e e +ex+e;3 e +e+e3+ey).

3.107. B L3 3amaus1 nsa 6asuca:
B': €] = 8e; — bey + Te3, €5 = —16e; + Tex — 13e3, €} = 9e; —
— 3eg + Tes. :
B": e’{ =e; — 2e; + ez, e12/ = Je; — ez + 2es, eg’ = 2e, + ez + 2e;3.
Haitru marpuny oneparopa A B 6asuce B”, eciu ero marpuna B 6a-
auce B’ umeer Bun

1 -18 15
A=|-1 -22 20
1 =25 22

3.108. B mpoctpancrse L; oneparop A B 6asuce B': e] = e; +2ez,

3 5
e, = 2e; + 3e; umeer mMarpuny (4 3). Oneparop B B 6asuce B

4
e/ = 3e; + ey, €] = 4e; + 2e; umeer marpuny (6 g) Hatttu

matpuny oneparopa A + B B 6asuce B".

3.109. Mycrs p(t) = ap—1t™ ! + ... + a1t + ap — HeKoTOpbIA
MHOrowreH u A — nuxedtHbIi onepatop. Pacemorpum onepatop p(A),
OIIpeNesIAeMblii PaBEHCTBOM

p(A) = a1 A" 4 4+ a1A + ggE.

.

Hattter MmaTpuny onepatopa p(A), eciu p(t) = 3t% — 2t+5, a oneparop

A 3anaun Marpuuei A = 9 _4)

3.110. B npocrpancree P, 3axaH auHelnsiit onepaTop aud depes-

nupoBanua D = e Haittu marpuny sroro onepatopa B 6asuce:
a) 1,t, 12, ..., "7}
t — to)? t —to)" !
6) 17 (t - tO)) ( 0) ( 0) to € R.

o 7 Tm—1)
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k.

Jlorazats onepatoproe pasencrso D, = O (O — wuyuesoti oneparop:
Ox = 0).
3.111. B nmpoctpanctee P, 3agano orobpamenue

1
Ap(t) = / K(t, 1)p(r) dr,
0

rne K(t, T) — MHOroOwIeH OT IBYX NEPEMEHHBIX, CTENEHb KOTOPOro
no t ve npesocxogur 3. Jlokaszatb, 4ro A — JMHeHHBIN omepaTop
B Ps; HaliTu ero Marpuny B 6asmce 1, t, 2, t3 naa ciydas, Korga
Kt r)=t+T.

3.112. B mpocrpaucree P4 3amano orobpamenue

raie h — Heroropoe ¢ukcupoBaHHOe wmcio. Jlokaszath, 4T0 Aj —
JMHEHHBIA ONepaTop, M HalTu ero Marpuny B 6asuce 1, t, t2, 3.

3.113. B upocrpancree Qyurumii, muddepeHupyeMeIXx Ha Bcelt
ocu, 3agansl oneparop xud dpepennuposanua D = i onepatop A =
= e ymHOmeHMA Ha QyHKUMIO e
AD = )A.

B samawax 3.114-3.119 tpebyerca ycTaHOBHTL, KaKWE K3 3aIaH-

. TIposeputs paBencreo DA —

' HBIX NTHHEHHLIX ONEpPaTOPOB B V3 ABJIAKTCA HEBLIPOARIEHHBIMH, W
' Ha¥lTH IJA HUX ABHLIM BuN 06paTHBIX oneparopoB (e — GHUKCHPO-

BaHHBIY BEKTOP eNMHHYHOM JUIMHBL a X = i + yj + zk).

3.114. Ax = Ax, A — QuKcupoBaHHOE YHCJIO.

3.115. a) Ax = (x, e)e; 6) Ax = [e, x].

3.116. a) Ax = x — (x, e)e; 6)* Ax =x — 2(x, e)e.

3.117. Ax = (y+ 2)i+ 2z + 2)j + 3z — y + 2)k.

3.118. Ax = 2zi+ (z — 2)j + (2z + 32)k.

3.119. A = U(e, ) — oneparop noBopora Ha yrox ¢ BOKPYT OCH,
3aaHHOH BEKTOPOM e.

YcTaHOBUTH, Kakue M3 BaNAHHLIX JMHeHHBLIX omepaTopoB B R3
AIBJIAIOTCA HEBBLIPOARNCHHLIMM, M HAUTH ABHLIM BUI 0OPATHBIX OIe-
PaTopOB:

3.120. Ax = (z; — z9 + 73, 73, T2).

3.121. Ax = (z9 + 223, —%9, 229 — T3).

3.122. Ax = (z; + 229 + 273, 221 + z2 — 223, 221 — 2T + T3).

Muomecrso T, Bcex BexTopoB AX, X € L, Ha3bIBaeTCA 06pa3om ome-
patopa A. Muomectso N, Bcex BexropoB X € L, njA koropuix Ax = 0,
HaabIBaercA adpom onepatopa A. 06pa3 ¥ AXpo AMHEHHOrO onepaTopa ABIA-
1orca nognpocrpadcreamu B £. Ilpu aToM pasmepHocTs 06pasa 74 = dim T,
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HA3bIBAETCA PAN2OM, a Pa3MEPHOCTb Anpa n, = dim N, — defexmon one-
paropa A. CnopasemiuBo PaBeHCTBO T, + Na = N, TOe . — Pa3MEPHOCTD
npocrpascTsa L.

3.123. Onucats 06pa3 u AXPO CIETYIOMIMX JUHEHHBIX ONEPaTOpOB,
nefCTBYIOUIUX B NPOCTPAHCTBE V3!

a) Ax = (x, e)e, |e| =1; 6) Ax =[x, a], a#0.

3.124. Onucats 06pa3 u Axpo oneparopa nuddepesuuposanna D,
IeMCTBYIOLIEr0 B IPOCTPAHCTBE P,.

B zapawax 3.125-3.127 mna yxasaHHbLIX JHUHENHLIX OIEPATOPOB,
neficreyromux B npocrpaHcTse R3, ompememmTs pamr m medexr, a
Taxmxe matitu 6a3ucer ob6pasa u Ampa.

3.125.. Ax = (z + 222 + z3, 1 — T3, T1 + T2)-

< Ina npencrasinenua apugMeTHYECKHX BEKTOPOB M 33a0AHHOrO JHUHEHRHOrO

omepaTopa BOCHOJIb3yeMCA KaHOHH4YecKuM Gasucom B R3. B srom Gasuce
MaTpuna onepaTropa UMeeT BUI

1 2 1
A=1|1 0 -1
11 0

Ilo onpepmenenuto y € T4 B TOM ¥ TOMLKO TOM CiIyuae, KOrfa Haitmerca
BEKTOp T € R3 rakott, g0 ¥ = Ax unu, B KOOPAMHATHON 3amucH,

1 2 1 T 1 2 1
Y =AX = 1 0 —1 T2 =T 1 +$2 10 +$3 —1 . (2)
11 0 T3 1 1 0

PaBencrso (2) o3Hauaer, uro 06pas T, COBNanaeT ¢ JIMHeRHO 0601049K0MH
cucteMn! cTonbuos Marpunbl A. CrenosarennHo, paur omeparopa A comna-
IaeT C pAaHrOM ero MaTpPHIBL, T.€. PaBeH OBYM, a B KauecTe 6asuca T, Momer
ObITh BHIOpaH J:060# 3 6a31cOB CUCTeMbI CTOIONOB MaTpunbl A, HanpuMmep,

1 2
El= 1 ] E2= 0
1 1

Ananoruuno x € N, B TOM ¥ TOJBKO TOM Ciy4ae, Korma Ax = 0, uiu,
B KOODAMHATHON 3amucy,

1 2 1 Ty 0
AX=|1 0 -1|[z]=(0]. 3)
11 0 I3 0
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Ozcrona cnemyer, uro Agpo N, COBNafaeT ¢ MOAOPOCTPAHCTBOM pelleHUH
OnHOPONHOH cucteMsl (3), T.e. medexr omepaTopa A pPaBeH Ny, =N — T4 =
=3 -2 =1, a B xauecrse Oazuca 8 N, MomeT ObITb BbIOpaHa hyHZaMeH-

1 .

TaJpHaA cucTeMa perueHuit cucremst (3), Hanpumep, E= [ -1 ]. >

1

3.126. Ax = (2.’1)1 —T9 — T3, Ty — 2T9 + T3, T} + T2 — 2:1,'3).

3.127. Ax = (z1 + z2 + z3, 21 + T2 + T3, T1 + T2 + T3).

3.128. JloxaszaTh, 970 OmepaTop A HEBLIPORIAEHHLIN TOrIA X TOJILKO
TOrRA, KOTAA €ro Ae(eKT paBeH HYIIO, a CIeN0BaTeJbHO, PAHT COBIA-
IaeT C pa3MepHOCTHIO IIPOCTPAHCTBRA. ,

2. Co6cTBeHHbIe MMCAa M cOGCTBEHHbIE BEKTOPH! JUHeHHOro oneparopa.
Mycte amcno A u Bextop X € £, X # 0, TaKoBsl, 4TO

Ax = Ax. 4)

Torma 4uca0 A Ha3LIBACTCA COGCMEENHBIM YUCAOM THHEHHOrO onepaTopa A,
a BEKTOP X — COOCTBEHHBIM BEKTOPOM 3TOTO ONEPAaTOpa, COOTBETCTBYIOLUM
cobcTBeHHOMY yuCay A.

B roneynomepHoM npocTpancTse £, BEKTOPHOE paBeHCTBO (4) 3KBUBa-
JIEHTHO MATPUYHOMY DaBEHCTRY

(A-AE)X =0, X#O. : (5)

Orciona caemyer, 9T0 4MCI0 A ecTh COOCTBEHHOE YMCIO0 onmeparopa A B ToM
U TOABbKO TOM ciydae, xorda det (4 — AE) = 0, T.e. A ecTb KOpeHs MHO-
rounera p(A) = det (A — AE), Ha3bIBaEMOI'0 ZaPEKMEPUCTIUNECKUM MHOZ0~
waenom oneparopa A. Cronben koopaunar X r000ro coGCTBEHHOrO BEKTOPA,
COOTBETCTBYIOLIEr0 COGCTBEHHOMY YHMCIy A, €CTh HEKOTOPOe HeTPUBUAIBHOE
pelLeHye OTHOPOTHOK cucTeMsl (5).

IIpumep 2. Haittu coGcrBeHHble yucaa u COOCTBEHHBIE BEKTOPLI Ore-
patopa Po., npoexrupoanuna Ha maockocts Ory B mpocrpaHcTse V.
< 1. leomerpuyeckoe peurenue. Pasencrso Pogyx = AX, x # 0, o3Hauaer,
9TO OPTOrOHAILHAA NPOEKNMA BEKTOpPa X HA WIOCKOCTh Oxy KONIHHEapHa
caMOMy BekTopy X. Ho 3T0 BO3MORHO JHIIL B ABYX CIy4aAX.

a) Bexrrop x # 0 womnaaHapes miockocty Ozy. Em BCEX TaKUX BEK-
10poB PogyX = X, T.€. BCe OHH ABNAITCA COGCTBEHHLIMU BEKTODAMH OIle-
paropa Po.,, cooTsercrryromumMu co6cTBEHHOMY 9MCay A; = 1.

6) Bexrop x # O oproronanen nnockoctu Ozy. [InA Bcex TakuX BEKTO-
pos Poyyx =0 =0 x, T.e. BCe OHM ABNAIOTCA COOCTBEHHBLIMY BEKTOPaMH
oneparopa Pog,y, coorsercrrytomumu cobcTBeHHOMYy uucay Az = 0.

B pesyabrare nmoayuaem, uro omeparop Po,, MMeeT mBa COOCTBEHHBIX
gucna: A\; = 1 u Az = 0. Coorsercreyromire UM COOCTBEHHEBIE BEKTOPLIL:

A o=1 xO) =zi4 g5, xP1) £0,
A2 =0: x(X2) = zk, x(*2) # 0.
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2. Ananutuueckoe pemenue. Matpuna oneparopa Pog, B IpAMOyron-
HoMm Gasuce B = (i, j, k) umeer sun

1 00
P=|0 10
0 00
XapaKxTepucTHUECKOE yPaBHEHHE:
1-x2 0 0
det(P-AE)=| 0 1-X 0|=-x1-)N%=0,
0 0 -

oreyda A\; = 1 u Ay = 0 — cobcTBeHHbIE YKCIA OnEpaTOpa.
Haitmem co6CcTBeHHBIE BEKTOPHI, COOTBETCTBYIOIIME COOCTBEHHOMY YHCITY
A1 = 1. IIpu A = 1 cucrema (5) npunumMaer Bup

0 0 O\ /= 0
(P-E)X=|00 O0)J[y]=]0
0 0 -1 z 0
(QDyHzaMeHTanbHAA CUCTEMA PeLIeHMIA:
1 0
E2 =10 , E2 =|1 ,
0 0
a of1iee pemreHue:
z
zE1 +yE2 = |y
0

Orciona 3akm09aeM, yT0 COOCTBEHHBIE BEKTOPHI, COOTBETCTBY IOLIUE COOCTBEH-
HOMY 4uciay A\, = 1, uMelor Bug

x*) = g + 5,

roe £ ¥y — NPOU3BOJbHBIE YUCIA, HE PABHBIE OMHOBPEMEHHO HYIIO.
Ananoruuno paccMmarpuBaerca ciyqai A = 0. Ilpu sToM momyumm

x2) = zk,
rae z — HPOM3BOJILHOE YHCI0, OTIAMYHOE OT HylAA. D>

B 3amagax 3.129-3.133 matitu cobcrBeHHbIE 9HCaa B COGCTBEHHBIE
BEKTODBI OnepaTopoB B V3. PemrnTh 5Tu 3a1a4u reOMETpUYeCKH, T. €. B
HHBAapUAHTHOH G opMe, He CBA3AHHOMU C BLIGOPOM Kakoro-au6o 6asuca B
V3 (cm. mpumep 2, reomerpudeckoe penrenre). Ilocae sroro B 3agagax
3.129-3.131 npoBecTH aHAIUTHIECKOE DEHIEHUE.

3.129. Ax = ax, a — QUKCHPOBAHHOE YUCJIO.

3.130. Ax = (x, i)i — onepaTop npoexruposanua Ha ocr Oz.
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3.131. Ax = [i, x].

3.132. A = U(e, @) — omneparop noBopora Ha yroi ¢ BOKPYT OCH,
33IaHHOI BEKTOpOM e.

3.133. Ax = x — 2(x, €)e — onepaTop 3epKaJLHOr0 OTPAKEHUA B
IJIOCKOCTH C HOPMAJbHBEIM BEKTOPOM €.

B 3apayax 3.134-3.143 maiitu cobcTBeHHbIE YuCiIa U COOCTBEHHBIE
BEKTOPbI JUHEHHBIX ONEPATOPOB, 3alaHHBIX CBOMMY MAaTPUIIAMHU.

2 -1 2 010
3.134. A= 5 -3 3]. 3135.A=[-4 4 0
-1 0 -2 -2 1 2
4 -5 2 1 -3 3
3136. A=(5 -7 3 3137. A=|-2 -6 13
6 -9 4 -1 -4 8
1 -3 4 7T =12 6
3138. A=|4 -7 8 3139. A=(10 -19 10
6 -7 17 12 =24 13
1 00 —15
3.140. A = 1 21 3.141. A =
-1 0 1
1 -3 1 , 0
3142. A=|3 -3 -1]. 3143. A= 1 1 -—2
3 -5 1 \-1 -1 0

3.144. B npocrpancTse Vo reoMerpudecKUX BEKTOPOB HA INIOCKO-
cru 3amaH omeparop mosopora U(p) Ha yroa 0 < ¢ < 27 BOKpyr
Hayajga KoopauHaT. lIpoBepuTh (reOMETPUYECKM M AHAIUTHYECKH),
910 1pU @ 7# 0, 7 STOT ONEPAaTOp He UMEeT COBCTBEHHDBIX THCeN, JTOT
IpUMeD NOKA3bIBAET, YTO JIMHENHLIH ONepaTop B AeHCTBUTENLHOM IIPO-
CTPAHCTBE MOZKET HEe UMeTh COGCTBEHHBIX IUCel (M COGCTBEHHBIX BEK-
TOPOB).

3.145. B wommiercHoM npocrpasctee L, omepatop A = A(yp)
3agaH MaTtpuueit

(c?S(p s1n<p> , 0 < 2m.
sin ¢ cos
Haittu ero co6erBenHble 9ucia U cobcrBeHHbie BekTopbl. (CpaBHHUTH
MOJIyYeHHbIE Pe3ylbTaThl C pesyabraTamu 3amagu 3.144.

3.146*. Ilycts omepaTrop A, meCTBYIOIIMI B KOMILUIEKCHOM IIPO-
crpaHcTBe L, 3a1aH B HEKOTOpOM 0asuce MaTpHUEi C HeHCTBUTENb-
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HpIMHM 371eMeHTaMu. JloKa3aTh, 9TO: _

a) ecix A — co6CTBEHHOE 9MCIO, TO A — TaKme CobCTBEHHOE
9HCII0;

6) ectu X — cronben xoOpAMHAT COGCTBEHHOro BEKTOPa, COOT-
BETCTBYIOLIEr0 cOOCTBEHHOMY 4mciay A, T0 X — croaben KoopnuHaT
COBCTBEHHOr0 BEKTOPA, COOTBETCTBYIOIIEr0 COOCTBEHHOMY YMCIY A.

3.147*. B xommiencHoM npocrpaHcTse L3 HaHTH COGCTBEHHBIE TH-

cjia 1 coOCTBEHHBIE BEKTOPLI JHMHEHHOr0 0IepaTopa, 3aJaHHOro Bele-
CTBEHHOI MaTpuileit

4 -5 7
A= 1 -4 9
-4 0 5

3.148. Iloxazatb, 4TO eciid X — COOCTBEHHBINA BEKTOP OIEPaTOpa
A, coorBercTBymOUIMH COOCTBEHHOMY 9HCJIY A, TO OH ABIAETCA c0b-
CTBEHHBIM BekTopoM oneparopa p(A) = an_1 A" 1 +.. . +a1A+aoE,
COOTBETCTBYIOIIXM CoGCTBEeHHOMY ymciy p(A).

3.149. Jlorasatn, uTO:

a) omeparop A mmeer 00paTHLIH B TOM M TOJLKO ‘B TOM CJIydae,
KOTJa OH HE MMeeT HYJEBbIX COOCTBEHHBIX JHCEl,;

6) ecu omepatop A umeer obpatHbt, To A 1 A~ umeror oy u
Te me cobcTBeHHbIe BekTopbl. Kak cBA3anbI MemIy co6oit cobcTBEHHbIE
9MCJIa TUX ONEPaTOpOB?

3. Nunetinnie omeparopbl B IPOCTPAHCTBAX €0 CKAJAPHHIM NP OM3Beme-
mueM. IIycts A — nunefiHpiit onepaTop, AeHCTBYIOLIMIE B IPOCTPAHCTBE CO
CKaAPHbIM npouaseneHueM (X, y). Juxeituei#t omepatop A* HasniBaercA
conpaxcennbim x onepamopy A, ecin na mobbIX BEKTOPOB X, Y BbINOIHA-

eTCA PAaBEHCTBO
(AX, y) = (X, A‘Y)'

IIna Bcakoro onepaTopa A conpsaKeHHbIN OnepaTop A* CyLIeCTBYeT U enuH-
CTBEH.

Ecau oneparop A B 0pTOHOPMUpOBAHHOM 0asuce umeer martpuny A =
= (aij), TO conpAmeHHpI#t omepatop A* B TOM me 6aguce uMeer MaTpUNy
A* = (a};), rme a; = @j; (Marpuna A* Ha3bIBAETCA CONPAKEHHOR K MaTPH-

‘e A). B gactHOM caydae eBknunoBa mpocrpancTa A* = A7.
Mpumep 3. Tuneitnniitonepatop A: €3 — &3 B 6asuce B’ = (e}, e}, e})
UMeer MaTpUny ,
11 3
[Alg =0 & -1
2 7 -3
HssectHo, uT0 €} = €; +2e;+ €3, €y = e; +ex+2e3, e =€, +ez u
0asuc B = (e1, ey, e3) oproHopmuposad. HaiTu MaTpuny ConpAmeHHOr0
omepaTopa A* B.6asuce B'.



§ 2. JIunennnle onepaTope 137

<1 Tar rak 6asuc B’ ne opronopmuposas (nposepsre!), T0, 4T00LI BOCIOND-
30BaThCA YTBEPAIEHHEM O CBA3M MaTpHI omepaTopoB A u A*, HeoGxomuMmo

Halttu matpuny [A]g. HmMeem
-2 2 0
1 -1 1},
3 -1 -1
CJ1e10BaTEeabLHO,

2 -3 7 2 6 6
[Aly =Ty, {Ale T om=|6 ~4 6], [A]g=|-3 -4 —5}.

6 -5 5 7 6 5

D=

111
Tpom ={2 1 1), Top,p=Tgp =
1 20

Orcronma OKOHYATEJbHO IoJy4aeM:

-36 -37 -15
[A')g =Tl - [A*]s - Toow = 30 30 14].p
26 27 9

3.150. Jorazath, uro onepanua * mepexoxa or omeparopa A K co-
OpAmeHHOMY A* obiamaer CIeNyIOIIMME CBOMCTBAMM:
a) (A*)* = A.

< 3anuuieM nencyKy paBeHCTB, BEPHLIX MJIA 100bIX BEKTODOB X U Y,

(Ax, y) = (x, A'y) = (A*y, x) = (y, (A*)*x) =
= ((A*)*x, y) = ((A*)*x,y),

1.e. (Ax,y) = ((A*)*x, y). Otcrona, B cCuy IPOU3BOILHOCTH BEKTOPOB X,
y, nonysaem A = (A*)* (nokazats moppobuee!). >

6) (A + B)* = A* + B*; B) (AB)* = B*A*; 1) (eA)* = GA*;

1) (A~1H* = (A*)71, eciu A HeBmIpOMmIEH.

Jlunetinoiit omepaTtop A B Gasuce B’ = (e}, ..., e|,) umeer ma-
rpuny A. Halitu maTpuny conpameHsoro omeparopa A* B Tom me
6asuce B’, eciiu BEKTOPHI €], ..., €], 3amaHbl CTOAOLAME CBOUX KOOD-
IMHAT B HEKOTOPOM OPTOHOPMUpOBaHHOM 6asuce B = (ey, ..., €,):

(1 2 , (1 . (1
sasta= (0 2), 5= (1), 5= 1)

11 3 1 1 1
3152. A= |0 5 -1|, Bl =|2], E,=|1}, BL={1
2 7 -3 1 2 0
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111 ) 0

3153 A= |1 ¢ €|, e=e/ E ={1|, E,=[1],

1 € ¢ 1 1
1
B=[1].
0

B npocrpascTBe MHOrouIeHOB P3 3aaHO CKaJIAPHOE IPOU3BEIeHUe
(f, 9) = aobo + a1by + a2bs, (6)

e f(t) = ag + a1t + ast?, g(t) = bp + byt + byt?. Haitty mMaTpuus
d

oneparopa\ nud pepenuuposanna D = m M COIPAAREHHOTO 0NepPaTopa
D* B 6asuce B:

154, B = [ =12 — Zt, 2 — 1, =2 + =¢ ).

3.154. B (2t ot 8= 1,5t + ot
3, 1

155. B = (1,¢ =¢2— = ).

3.155. B (1,,2t 2)

3.156. HaiiTu conpameHHbIH onepaTop LJA HOBOPOTa €BKIUIOBOM
ILIOCKOCTH Ha YroJ « BOKDPYI Hadalla KOODAWHAT IPOTHUB 4YacoBOi
CTDEJIKH.

3.157. Ilycts Ozy — newaproBa HPAMOYTOJIBHAA CHCTEMA KOOP-
IVHAT Ha INIOCKOCTH M A — OnepaTop mpoeKTupoBaHuA Ha ock Oz
napautenbho npamoi 1 az + by = 0 (a # 0). Haiitu marpuny
CONPAKEHHOro omeparopa A*.

3.158. Ilycts Ozy — nexapToBa NPAMOYTONBHAA CHCTEMa KOOD-
IVHAT Ha IJIOCKOCTH ¥ A — 0mepaTop OTPamEeHUA TOYEK MIOCKOCTH
oTHOCUTeNbHO npaMoii 1 ax+by = 0. Haittu maTpuuy oneparopa A*.

TouAaTie CONPAREHHOrO ONEPaTopa MOMKET OBITH MCIONbL30BAHO NP KC-
CJIeNOBaHMH COBMECTHOCTH HEONHOPOTHOM CHCTeMbl JUHEHHBLIX yPaBHEHHI.
Ilycte AX = B — MaTpuuHaA 3a0uCh TaKo¥ CHCTEMEI, OpUYEM M = n.
Torna X v B — cToa0usl KOOPAMHAT COOTBETCTBYIOIIMX 2PUPMETHYECKHX
BEKTOPOB B KaHOHMYeCKoM Daszuce eBranmoBa npocTpancrea R™, a kpagpar-
HoY MaTpuue A B 3T0M e 6a3uce COOTBETCTBYET HEKOTOPLIH JTUHENHBIH omne-
parop A: R® — R”. Cucrema A*X = O, rue A* — MaTpuua CONPAREHHOTD
onepaTopa A* B KAHOHUYECKOM 0asrCe, HA3BIBACTCA CONPANCENHOT OOTHOPOI-
Ho cucTemot. Bepua caenywmaa Teopema Openronanma: das mozo
wmobut cucmema AX = B 6viaa cosmecmua, neobTodumo u docmamouno,
wmobbl sexmop-cmoabey B 6bia opmozonasen Ko 6cem peuenuAm COnpa-
acennoti 00nopodKot cucmembl.

3.159**. llokazats Teopemy Dpearoabma.
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Hcnmons3aya teopemy Openronbma, UCCIeH0BATh COBMECTHOCTD Clie-
IOYIOIIUX CHCTEM JMHEeHHBIX ypaBHEHMIL:

3.160. 3z + 229+ z3=-1, 316l zy+z9+23= O,

Tz + 622 + 5z3 = 5, Ty +To+23= 1,
5zy +4zo+ 323 = 2. Ty +T9+x3=—1.
3.162. 2z + x29-2z3=1, 3.163. 2y + 29+ 23 =1,
Ty — 229+ z3=1, Ty +T9+x3 =1,
-2+ 9+ z3=1. 1 +x9+ 23 =1.

3.164*. lokasats ansTepHatusy Dpearoabma: aubo cu-
crema AX = B coBMectHa npu Jio6oit npasoit yacru B, aubo compa-
meHHaAa ogHoponHasa cucreMa A* X = ( uMmeer HeHyIeBbIe DEIlEHUA.

3.165. Karue u3 cucrem auHeHHbIX ypaBHEHU}, yKa3aHHBIX B 3a-
madax 3.160-3.163, coBmecTHrl npu 000l npaBoit yacTu?

Jlunettunt oneparop H B npocTpaHcTse co CKaJAPHBIM IPOH3BEICHHEM
HaawIBaeTcA camoconpanxcennvim, ecix H = H*. CamoconpameHHwi ome-
PaToOp B YHUTApPHOM (eBKIMIOBOM) NPOCTPAHCTBE HA3LIBAETCA TAKMKE JPMu-
moevim (cummempuynviu). A toro urofnt omeparop A OLuT BpMHMTO-
BbiM (CMMMETPUYHBIM), HeOGXOMUMO M HOCTATOYHO, 4TO0BI B J:06OM OpTO-
HOpMHpoOBaHHOM Gaduce ero Matpuua A = (a;;) yZOBIETBOPAJA COOTHOLLIE-
HUIO @;; = @j; (@aij = aj;). Tarkue MaTpuubl HaSBIBAIOTCA IPMUMOBbLIMU
(cummempuunvimu).

Jluneinnitt onepatop U B yHuTapHOM (€BKIMZOBOM) NPOCTPAHCTBE Ha-
3LIBACTCA YHUMAPHbIM (OPMO2ONAILHBIM), ECIIH

UU*=UU=E, re U =UL

Ilna Toro uTobs! onepatop A 6b11 yHUTApHEIM (OPTOTOHAJLHEIM) HE00X0OMMO
M IOCTAaTOYHO, YT0OBI B J1:000M OpTOHOPMHpOBaHHOM (a3uce ero MaTpuUUa

A = (a;;) ynosaersopana coorromrenmio A~! = A* (A7} = AT). Taxue
MaTpHULI HA3LIBAIOTCA YHUMAPHbIMY (0PMOZOKAAbHBIMU).

3.166. loxazaTs crenymornye cBOKCTBAa CaMOCONPAREHHOIO ONEpa-
TOpa:

a) coOCTBEHHBIE YNCIA NEeUCTBHTENBHEI;

6) cobcTBEHHBIE BEKTOPLI, COOTBETCTBYIOIIME Pa3INIHbIM COOCTBEH-
HBIM YHCJIAM, OPTOrOHAJLHEL.

3.167. [loxazars cienywoouire CBOKCTBA YHHTAaPHOrO ONEpaTOpa:

a) coGCTBEHHBIE YMCJA [0 MOLYII0 PABHbI eXUHUIE;

6) maa roro 4ToGsl AMHENHLIH onepaTop O6bLI yHUTAPHBIM, HE06X0-
IHMO ¥ JOCTATOYHO, YT00BI OH IIepeBOIMJI OPTOHOPMUPOBAHHEIH 6a3uc
CHOBa B OPTOHODMUPOBaHHbBIN 6a3uc; .

B) YHUTADHBIA ONEPATOP COXPAHAAET CKAIAPHOE NPOM3BENEHHUE;

) yHUTADHBIH ONEpaTop COXPAHAET IJIHHbBI BEKTOPOB.
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3.168. Tlokasats, 4T0 B IPOCTPAHCTBE V3 CIERyIOLIKE OIEPATOPHI
ABJIAKTCA CUMMETPUYHBIMU:

a) Ax = Ax, A\ — (QUKCUPOBAHHOE YUCJIO;

6) Ax = (x, e)e, |e|=1;

B) Ax = x — (x, e)e, |e|] =1.

3.169. Tloxasars, 4T0 B IPOCTPRHCTBE MHOTOWIEHOB P3 CO CKajNAp-
HbIM npoussefeHueM (6) caexyrouive omepaTOpbl ABIAIOTCA CAMMe-
TPUYHBIMMU:

) 1)~ 70 0 70 =7 ().

3.170. Ilorasats, uro B mpocrparcTse V, oneparop Uf(e, ¢) moBo-
POTa Ha YTroi ( BOKPYT OCH, 3ajaHHON eIMHUYHBLIM BEKTOPOM € (eM.
sanauy 3.88), ABaAercA OPTOTOHATBHBIM.

3.171. IloxazaTts, aTo omeparopsl 3amauu 3.168 AsnAroTca oproro-
HAILHBIMU.

4. NlpuBenenme MaTpyihl THHe#HOT0 OHEPaTOpa K JHArOHAILHOMY BHIY.
Ecau onepatop A, meficTeyomu#t B npocrpancTse L£,,, HMeeT N JUHEHHO He~

3aBUCHMBIX COGCTBEHHBIX BEKTOpDOB €y, €3, ..., €,, COOTBEICTBYIOIUX C00-
CTBEHHBIM YHCIAM A1, Az, ..., Ap, TO B 0a3uce U3 3TUX BEKTOPOB MaTPHUA
onepaTopa A uMMeeT HHarOHAJILHBIN BUR
A1 0
A2
()
0 An

Mpuwmep 4. lipuBecTn MaTpuny A nuHeRHOr0 ONEPaTOPa K AMArOHAL-
HOMY BHUAY ¥ HAWTH COOTBETCTBYIOIIMY ba3uc, ecan

1 2 0
A= 0 2 0
-2 -2 -1
< XapaKTepuCTH4YeCKoe ypaBHEHHe
1-X 2 0
det(A-ME)=| 0 2-2X 0 [=(A=-2)0-A)=0

-2 -2 =1-2

MMeer KOpHH A\; = 2, Ay = 1, A3 = -1 Cnenona'renmi:o, MaTpuLa Mo-

mer ObITh OpuBeneHa K guaroHaabuoMmy Buay. Haxommm coorBercrmyromue
cobcrBenHble BeKTOpHL. Ilpu A = 2 cuctema (yB) NPUHUMAET BUL
-1 2 0\ [z 0
(A - 2E)X = 0 0 0 TIo =10 ;
-2 -2 -3 T3 0
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1381071
-z + 219 =0,

—2:01 - 2.’!!2 - 3.’1?3 =0.

QynnaMeHTalIbHAA CHUCTEMa DPelIeHM COCTOMT M3 ONHOTo BexTopa Fy =
= (2,1, -2)7. Ananoruuno, npu A = 1 cucrema (5) npunuMaer Bun

0 2 0\ [z 0 . o
_ . 2 — Y
| (A-E)X = _g _; I o) 8 » W 92, - 205 — 203 = 0.

U3 aro#t cucTeMsl HAXOMUM BTOPO#H cobcTsenHbit Bektop By = (1, 0, —1)7.
Haxonen, npu A = —1 u3 cucremst

2 2 0\ [z 0 ot 220
A+E)X={ 0 3 0)[z]|=|0], um 3::0’
-2 -2 0/ \a3 0 2T

" HaxomuMm Tperu# cobereennbit Bexrop Ez = (0, 0,1)7.

Hattneunsre sexroper Ey, Ea, E3 06pasylor uckoMbilt 6a3uc, B KOTOPOM

' MaTpHua A JuHeHHOro mpeo0pa3oBaHUA HMEET CIENyIOIUH IuaroHaJbHbIN

s e e

T e e ¢

e T e vy
\

BUH:

20 O
01 0f.p
00 -1

B zamagax 3.172-3.179 BbIACHUTH, KaKuHe U3 3aMAHHBIX MATPHIL
JNHEMHBIX ONEPaTOPOB MOARHO AMArOHAJIU3NPOBATL NEPEXOAOM K HO-
BoMy 6asucy. Haittu sror 6as3uc 1 COOTBETCTBYIOIIYIO eMY NAATOHAL-

HY10 (GOpPMYy MaTpPMIBLL

112 3 010 0
022 4 001 0

3972 |0 o0 1 o 3B | o o0 0
000 2 -6 1 7 -1
111 2 -1 2

3174 [1 1 1 3175. | 5 -3 3].
111 -1 0 -2 .
1/2 0 1/2 -1 3 -1

3.176. | 0 1 0 |. 3a77. | -3 5 -1
1/2 0 1/2 ‘ -3 3 1
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1 1 1 1 0001
1 1 -1 -1 00 1 0
3478 [ 1 1 1| 31 |0 1 o 0
1 -1 -1 1 1000

3.180*. Brruucians A™, ecan:

94=(p 2)i9 (3 )

BerancanTs:
6
17 —6\% 4 3 -3
3.181. 35 _12) - 3.182. |2 3 -2
4 4 -3

Marpuna A camMOCOIPAREHHOr0 ONEPaTOpPa BCErNa NPUBOOUTCA K IHAro-
HanpHOMY Buxmy. llpu 9TOM, MCHONB3YA NOHATHE yHUTAPHOIO ONEPATOPA, €€
MOJRHO IIpeICcTaBUTh B BUHAE

A=UDU™,

roe U — Matpuua yHUTapHOTO OmepaTopa, OCyILECTBIAIOLIET0 NEPEXON OT
ucxonsoro 6asuca k 6a3ucy u3 cobGCTBEHHBIX BeKTOPOB oneparopa A, a D —
muaroHaabHaA Marpuna suna (7).

Hatity oproHOpMUpOBaHHBIN 6a3uC U3 COOCTBEHHBIX BEKTOPOB U
MaTpumy B 9ToM 6asuce NiA AMHEWHOTO OHEpaTOpa, 3aXAHHOIC B He-
KOTOPOM OPTOHOPMHUDOBaHHOM 6asuce Marpuue#t A (MckoMBIf 6a3uc
OIpenesieH HeONHO3HAYHO):

T

11 2 -8 17 -8 4
3.183. A= 2 2 10]. 3.184. A=} -8 17 -4

-8 10 5 4 -4 11

3 -1 0 ‘ 11 2
3185. A=z 3 0}. 3.186. A={1 1 2

0 0 4 2 2.4

Ina nanxo! MaTpunsl A HaltTh TuaroHanbHyio MaTpuny D u yHu-
TapHyio (oproroHambuyio) matpuuy U Tarue, uto A = UDU!:

3 242 3 2-i
3.187.A=(2_‘2i ] ) 3.1ss.A_(2+1. . )
.
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1 44 0 3 2 0
3189. A=| -4 1 0]. 3190.A={(-2 4 -2
0 0 1 0 -2 5
2 2 =2
3.191. A= 2 5 -4
-2 -4 5

§ 3. Buinunelinnie u KBagpaTuuHble (OPMBI

1. Mvmetiusie dpopmel. [oropAT, Y10 B AEHCTBUTENLHOM JMHEHHOM IpO-
crpaHcTee £ 3agaHa Aunetinas giopma, ecimn KamaoMy sextopy ¢ € L mocra-
BIIEHO B COOTBETCTBHE YUCIO0 f(X), IPHYEM BBHINOJIHEHBI yCIOBUA

fx+y)=fx)+f¥), xy€eL,
Fax) = Af(x), xeL, AeER

Joxasats, uto B mpocrpauncree L dyuruua f(x), x € L, asnaerca
auneitHOR G opmoii:

8.192. f(x) = [z(t)dt, L = Clg y}, x = z(t).

Q
3.193. f(x) = z(to), £ = Clo,p)» X = z(t), to € [a, b].
3.194. f(x) = (x, a), £ = V3, a € V3 — purcuposaHHEI} BEKTOP.
3.195. f(x) = abx, £ = V3, a,b € V3 — ¢durcuponannsie
BEKTOPBL.

3.196. f(x) =z'(ty), L € C[(‘:’)b], x = z(t), to € [a, b].

3.197. Iycrs B upocrpancrse £ purcuposan 6asuc B = (ey, ..., €,).
Hycts, nanee, f(e;) = ai, 1 = 1,2,...,n, rne f(x) — nubeiinan
tdopma B L.

a) loxazate, uro f(x) = a1z1 + ... + anZp, THE T, ..., Tp —

KOODIMHATHI BEKTOpA X B 6asuce B.

6) O6ossaunm L* MHOKecTBO AuMHEHHBIX GopMm f(X), B KoTOpOM
BBEICHBI ONEPALUH CJIOMEHHMA ¥ YMHOMREHUA HA YUCIO CIELYIOIMM
obpazom:

g=fi+f2, ecm Vx € L(g(x) = fi(x) + fa(x));
h = Mf, eciu  Vx € L(h(x) = Af(x)).

lorazars, 90 L* — auHeilHOE TPOCTPAHCTEO.

B) Jlokasats, uro dim £* = n (mpocrpancrso L* Ha3kIBaeTcA Co-
npadxcennbim K npocrpancrsy L).

3.198. Jloxaszars, 4To:

a) ectu x € R*, x = (z1, ..., Zn), T0 dopmyna f(x) = z; onpe-
IeaAer JUHERHYI0 GopMmy;
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6) BCAKYIO HEe PABHYIO TOMRAECTBEHHO HYII0 nuHenHyo dhopmy f(x),
x € R", mammemamuM BbiOOpoM 0a3uca MOMKHO IPUBECTH K BHUIY
f(x) = 1, rne ; — mepBaa KOOPAMHATA BEKTOpPa X B 5TOM Ga3uce.

2. Bummetusie dopmer. Yucnosaa dpyrruua A(x, y): £ x £ — R, za-
IaHHAA Ha DeACTBUTEILHOM JMHENHOM NPOCTpaHcTBe L, HasbIBaercA 6uau-
netinott opmotl, eciu npu GUKCUPOBAHHOM y OHA ABJIAETCA JUHelHOH dop-
Mot 110 X, a IpH PUKCHPOBAHHOM X — JnHeHHo! Gopmoit mo y. Bwn»meﬁnaﬂ
dopMa HaseBaeTcA cummempuuecxol, ecin A(x, y) = A(y, x), x,y € L.
Ecnu 8 mpocrpancrse L, guxcupoBan Hekoropsit basuc B = (eq, ..., e,),
10 Matpuna A = (ai;), aij = A(ei, e;), HasbIBaerca mampuyel Guiuned-
nott gopmvt A(x, y) s 6azuce B.

Jlokaszats, uro B npocrpascrse L dynkmua A(x, y) Asnaerca 6u-
JuHeHHOH ¢ opMoik:

3.199. A(x, y) = fi(x)f2(y), tme f1, fo — nuneitanie popmbr B L.

b b
3.200. A(x, y) = [ [ K(s, t)z(s)y(t)dsdt, tne L = Clq ), X =
a a
= z(t) € Cla,p), ¥ = y(t) € Clq,), K(s, t) — neroropaa menpepois-
HaA QyHKRUMA IBYX TepEeMEHHBIX.

n
3.201. A(x,y) = Y ajziyj, e L=R", x,y e R*, A=
i,j=1
= (@ij) — Heworopaa MaTpHIa.

3.202. Mycts B mpoctpancTBe L, 3amaH 6asuc B = (ey,...,e,),
A(x, y) — Ounnnetnaa dopma B L, u A(e;, €;) = a;j. Jloxasats,
9710 :

n
a) A(X, y) = Z GijTiYj, The T4, Yy ('L, .7 = 11 2a ceey n) — KO-
i,j=1
OpAMHATHI BEKTOPOB X U Y B 6a3suce ‘B;
6) ecmu A’ = (a;};) — marpuna 6mmunetsol hopmer A(X, y) B 6a-
auce B’ = (e}, ..., €,), 10 A' = TTAT, rze T = Tig_,» — Marpuna
nepexona or 6asuca B k 6asucy B'.

Iycrs B npocrpanctee R 3amama 6unmmmetinan dopma A(x, y).
Haittu ee matpuny B 6a3uce B = (e, ez, e3), ecau:

3.203. A(x,y) = z1y1 + 2z2y2 + 3z3y3, €; = (1,1, 1), ex =
= (11 1) _1)$ e3 =(17 _1) —1).

3.204. A(x,y) = T1y2 + Toys + z3y1, € = (1,0,0), ey =
= (11 1, O)a €3 = (17 1, 1)
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B nmpocrpancrse R™ 3anana bununeiinaa popma A(X, y) B Gasuce
8. Hatttu ee marpuny B 6azuce B’, eciu:
3.205. n =4, A(x,y) = z1y2 + T2y3 + T3y,

1 1 1 1
1 -1 1 -1
Tpow =117 1 1 1
1 -1 -1 1

3.206. n =2, A(x,y) = z1y1 + T1y2 + Toy1 — Tayo,

1 1
T%—)%' = (1 _1) .

3.207. Jorasath, 4TO CKAIAPHOE NPOU3BEAEHME (X, Y) B eBRIUAO-
BOM mpocTpaHcTBe & ABIAercA OuaMHeRHOK HopMoii.

3. Esanparwuansie gpopmel. Iycte A(x, y) — cumMerpuaeckan Guiuneit-
Haa dopma. Qopma A(x, x), Koropaa moaydaerca u3 A(X, y), ecau monao-
RUTh y = X, HagbiBaerca xeéadpamuunot. Ilpu stom A(x, y) HasbiBaerca
oumuHeHOK popMolt, noasprot Kk KBagpaTuuHo#t hopme A(x, X).

Ecnu B peficTBuTensHOM JuHeHOM npoctpaHcTee L, GUKCUPOBaH He-
KoTopsl# 6aguc B = (e, ..., e,), To KBagpaTuuHaa popma A(X, X) B 3TOM
6a3uce umeer Bun

n

A(x, x) = Z Qi T, (1)

i, J=1

roe A = (a;j) — MaTpuna KBaUPaTHYHON QOPMBI M X = 1€y + ...+ Tnpep.
llycts B HeworopoM Gasuce pripamenue (1) kBagpaTmamo#t GopMe He
CONepRMT IpomaseneHuit z;z; (i # j), T.e.

Alx, x) = i Aix?. (2)
i=1

Torna Bripamenue (2) HasbIBAETCA KAHOHUNECKUM 6UCOM KBAZPATHIHOH
¢opmer. B gactHOocTM, ecam A; = 1,0, i = 1,2, ..., n, To noayyaem
HopmaabHbill 6ud KBagpaTuuHoi dopmbr A(X, X).

Jlna Bcaro#t KpanpaTUuHOA hopMBI cymiecTByeT Takoit 6asuc B, B KoTO-
POM OHA MMeeT KaHOHW4YeCKU (4 HaRe HOPMAILHBIN) BHI.

Metons! npuBeneHuA KBAOPATHIHOK GOPMBI K KAHOHMYECKOMY BHAY.

Meron JarpaH&a BoiZeJeHHA NONAHBIX KBaJpaTos. llycts
kBagpatnuHan dopma A(x, x) B Gasuce B umeer sun (1). Ecau sce xoag-
$unments a;; (mpu KBagpatax x2), i = 1,2, ..., n, DaBHE HyIO U B TO
#®e BpeMA ¢GopMa He pPaBHA TORIECTBEHHO HYJI, TO OTIHYHO OT HYIA XOTA
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6bI OOHO IpOM3BeNEHUE, HaOpUMeD 2a;21T2. BHINOAHUM Npeolpa3oBaHMe
0a3uca, IpH KOTOPOM KOOPIMHATHI BEKTOPOB B CTapOM M HOBOM ba3mucax CBA-
3aHel popMyTaMu
z, =z} + Th,
— ! ]
Ty =T — T,
=g, 1=3,...,n

2 2 2
Torna 2a12T1T2 = 2a12(a:’1 — ) 2a122)" - 2a12w’2 , ¥ TaKk KaK, 10

IPennoomeHUI0, aj; = agz = 0, T0 KO3 QuIMEeHT npu xl OTJNYEH OT HYJIA.
Taxum obpasom, Bcerna Haﬁnerm Tako#t 6azuc B, B KOTOPOM B 3anucH
(1) xora 6u1 0nMH KO3( GULUEHT NPU KBaZpaTe OTIIMYeH OT Hme
B nanpueftiieM cuuraem, uto a1y # 0. (Ecam a;; = 0, to ormuuen
0T HyaAa K03 uIMeHT npu KBagpaTe KaKoM-HUOYOb Opyro#f KOOPAMHATHI, M
K paccMaTpPHBaeMOMY CJIYydYard MORHO IPHNATH, HHAYE 3aHYMEPOBaB BEKTOPBI
ey, €, ..., €, 9TO TaKKe ABIACTCA HEKOTOPHIM HpeobpasoBaHueM Gasuca.)
PaCCMOTpnM 9acTh KBAIPAaTHYHOM (GOpPMEI, CONEP/RALLIYIO T1, T. €.

oy = anxf +2a127122 + ... + 2010 x1 Tp-

omonuuM 3Ty cyMMy 10 HOJHOTO KBampaTa:
2
o1 = —(a11%1 + ... + QnZp) —
al

IOe 7y ecTb ajarebpamyeckasd CyMMa WIEHOB, He 3aBHUCALIMX OT ;. Ecau
Tenephb CAENaTh 3aMeHy

2
B nmonygenso#t (popme BbIZENEHO CllaraeMoe —-) , a 0CTABINAACA YacTh Aj
aii
ABnAercA KBagpaTuyHoi Gopmo#t B L,,_1. Janee paccymneHua moBTOPAIOTCA

naA KBagpatuaHo# Gopmer A; (X, X), u T. 1.

Ipumep 1. Merogom JlarpaHmka npUBecTH K KAHOHUYECKOMY BHIy KBa-
IpaTU4Hyo QopMy

2
A(x, x) = 23129 + 47123 — 5 — 8z2.
< 1-e nmpeobpazoBaune: T1 = x5, T2 = i, z3 = z§. Torna nomyaum

A = ".’L‘ + 2$1$2 + 41'2133 - 81:
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2-¢ mpeobpazosanue: i = —zi + x5, 74 = x4, =§ = z§. Noayuum
HOBOE BhIDAREHUE IJIA KBaLPATHIHON (QOPMEL:

"2 "2 " "2
A = -—2:1' + Ty +4l’g(€3 - 81?3 .

3-e npeobpazosanue: i’ = zf, =4’ = z¥ + 224, =4 = z¥Y, u dopma

NPUHUMaeT KaHOHMIECKUH BUI:

2 2 2
Alx, x) = —z{"" + 24" — 1225,

Hpu srom

"o
Ty =T — 2o,

Ty =14 + 2x3,

.’E;’;' = T3. D

Meron cobcrBeHHEIX BeKTODOB. DBymem paccMaTpuBaTh KBa-
mparuunyio Gopmy (1) B eskaumoBoM mpoctpaHcte R™. Tak kak ee Ma-
tpuna A = (@;j) CHMMETpMIHa, TO OHA MOKeT OBITh NPENCTaBIEHA B BHIE
A = UDU7, rpe D — nuaroHaibHAad MaTpuma, Ha OMAaroHadum KOTOpOH
CTOAT cobcTBEeHHBIE umcia MaTpunbsl A, a U — OpTOroHalbHaA MaTpuna
(cM. nn. 3 u 4 §2). Croabusr MaTpuust U ABAAIOTCA KOOPAWHATAMH HEKO-
TOPOro OPTOHOPMHUPOBaHHOTO 6asuca B' = (ey, ..., e,), B KOTOPOM MATPMLA
A umeer guaronansusilt Bug D, u, crenoBaTensHo, KBafgpaTudHaa GpopMa —
HCKOMBIN KaHoHuueckul Bun. Coorsercryromee npeoGpa3oBanie KOOPAM-
HAT OOpeneaAeTCA COOTHOIIEHHEM

T3 T}
Ty - \z,

NMpuwmep 2. Hatitu oproroHassHoe npeobpa3oBanne, IPUBOIALIee KBa-
npatuunyio opmy A(x, x) = 627 + 523 + 7z} — 4z, 75 + 47,23, 3amaHHyI0
B eBKIMEOBOM mpocrpancree R3, k wanomnueckomy suay. Hamucats sror
KaHOHWYECKUH BUL.
< Marpuna ksagparrdHO! HOPMBI HMEET BUE,

6 -2 2
A=1|-2 5 0
2 07

(Obpatuts BHHMaHNe, Kak MOMYYAIOTCA IEMEHTH a;; (i # j) W3 ABHOTO

Buga KBagpaTuyHoi ¢dopmer!) CoGcTeeHHBIE YnCaa ITON MAaTPHILL CYTh Ay =
=3, A2 =6, A3 = 9. CoorBercrayouue oproHOpMIPOBAHHEIE COOCTBEHHbIE
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BEKTOPHL:

L (2 2 1
€ = ( '?;, ga _5) s
, (1 2 2
e, = (_ga g; g) 3
, (2 1 2
€3 = ( 3 Ty §) )

H, CIIeI0BATEIBHO,

1 2 -1 2 1 2 2 -1
v=z|2 2 -1), UT=z(-1 2 2
3\-1 2 2 2 -1 2
B Gasuce B’ = (e}, €}, e}) 3anaHHaA KBagpaTHyHaa (HOpPMA HUMEET BUX

2 2 2

A(x, x) = 3z{" + 6z + 925, a coorsercrByiomee npeobpa3oBaHue KOOP-
HHAT:

8 2z} - zb + 27}

gy = 21" % 3

3 )
2z 4 2xh — xh
R
—z! + 2z} + 2z,
25 = 21 32 3 o

3.208. Joxasath, uT0 BcAKaA KBajpaTuuHad Gopma A(X, X) B eB-
KIMI0BOM mpocTpaHcrse &, Momer ObITh 3anucaHa B Buze A(x, x) =
= (Ax, x), rme (X, y) — cxaaapHoe npousBenenue B £, u A —
HEKOTOpLIH onmepaTop. '

3.209. Jloxasarth, 4To mojApHaA GuiuneidtHasa gopma A(x, y) oxn-
HOBHAYHO ONpeNelAeTcA cBoel KBanpaTuuHOM dhopmoit A(x, x).

MeronoMm Jlarpanma HaifiTH HOPMANLHBIH BUI ¥ HEBLIPOMICHHOE
JuHeltHoe npeobpa3oBaHue, IPUBOAAILEE K 9TOMY BUIY, IJIA CJIELYIO-
INUX KBAaAPAaTUYHBIX (opM:

3.210. z? 4 523 — 423 + 2z, 2 — 421 73.

3.211. 129 + z23 + T371.

3.212. 42:% + :r:% + a:g —4x129 + 4x123 — 3T9T3.

Haittu oproroHannHOe npeobpa3oBaHue, NIPUBOLALLEE CJAETYIOLIUE
(hOPMBI K KAHOHUYECKOMY BHAY, ¥ HANUCATh 9TOT KAHOHMYECKUHN BUI:

3.213. 11z? + 523 + 2% + 167175 + 42123 — 202273
3.214. a:% 4+ x% + 5:5% — 6z1x9 + 22123 — 2Z9X3.
3.215. 22 + 23 + 22 + 42172 + 47175 + 42073,

3.216. 1756% + 14.’13% + 14:13% —4x129 — 42123 — 8227 3.
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Keagpartuunaa dopma A(x, X), onpeseneHHad B feHCTBUTEILHOM M-
HeWHOM NpocTpaHcTBe L., Ha3BLIBAETCA NOs0XcumMessno (ompuyamessro)
onpedeaennot, ecru nia BLAkoro X € L, (x # 0)

A(x,x) >0 (<0).

Ilycts A = (a;;) ~— MaTpuna KBagpaTUaHOHK GopMel A(X, X) u

ay a2 ... Qin
apy a2 asy Q2 ... QG32n
Dy =ayn, D2 = s eeny Dp=
a1 Q2’77 feeceeeciiiiiiiieiaen
an1 Qnp2 QAnn

— IOCJIeN0BaTENbLHOCTh TIABHBEIX MHHOPOB MATpUUbL A.

KpurepueM nonomuTensHoH onpeneneHHOCTH KBaIpaTU4HON (OPMBI AB-
anAerca crepyomee yreepmxaenve (kputepu#t CuanBecTpa): dasx mozo
umobol xeadpamuunas dopma A(X, X) 6bita noaoHcuMewHo onpedesen-
notl, neo6zodumo u docmamouno, umobbl 6ce 2AABHbIE MUHODbLL €€ Ma-
mpuybt A 6viau nosowcumeavnvt, m.e. D >0, k=1,2, ..., n.

3.217*. Jlokasars: mnA TOro 4Tobhl KBagpaTuuHaa dgopma A(x, x)
0bLIa OTPUIATENLHO ONpeleNeHHONM, HeoOX0aMMO U T0CTATOIHO, ITOOLI
umenu Mecto Hepasercrsa (—1)¥Dy >0, k=1,2, ..., n.

B zamagax 3.218-3.224 onpesenuth, Kakue KBagpaTUIHbIe GOPMEI
ABIAIOTCA NOJO/AUTENLHO JIU60 OTPUIATENLHO ONpeNeleHHBIMH, a Ka-
KHe Her:

3.218. 22 + 2623 + 10z, z5.

3.219. ~z? + 2zyz, — 473, !

3.220. 2?2 — 1523 + 47129 — 27173 + 6273,

3.221. 12z1x9 — 122123 + 62923 — 113:% - 611:% - 61:%.

3.222, 92:% + Gm% + 6x§ + 122129 — 102123 — 2227 3.

3.223. 223 + 7175 + 7123 — 2273 + 27014.

3.224. 22 + 423 + 4z% + 822 + 8z274.

3.225. JlokasaTh, 4TO KBampaT IIMHEL BEKTOpa |X|°> B n-MepHOM

eBRIMI0BOM NPOCTPaHCTBE &y, ABIAECTCA NOJOARUTEILHO ONPeNeIeHHOM
KBagpaTHYHOH GOopMOi.

4. EpuBrie ¥ moBepXHOCTH BTOpOro nopAgKa. ['unepnoseprnocmsio 8mo-
po2o nopadxa B eBKIUIOBOM npocTpaHcree R™ HasbiBaeTcA MHOMECTBO TO-
9eK, KOOPOMHATHI KOTOPHIX YIOBJIETBOPAIOT YPaBHEHHUIO

n n
A(x, x)+2(b,x) +c=" Z ai;TiT; + 22 brrr +c=0, (3)
i, j=1 k=1

T€ B JIEBOY 9aCTH CTOMT MHOrOWIEH BTODO! CTEMEHU OT 71 NEPEMEHHBIX T,
T2y ovoy Ty
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3agaua KracCUPUKANUK UIEPIOBEPXHOCTEH BTOPOTO NOPAIKA COCTOMUT
B HAXORIEHHH TAKOrO 6a3uca B ]R", B KOTODOM JIEBaA 4aCTh yPABHEHUA B
HOBBIX NEPEMEHHBIX I}, T, ..., &, MMeeT Hauboaee npocrtolt Bum. [lna
9TOr0 CHAYaja MILETCA TaKoe opTomHaanoe npeoﬁpaaonanne, YTO B HOBBIX

nepeMeHHbIX KBagparuuyHad Gopma A(X, X) Z 0§ T;T; UMEET KAHOHH-
Yj 1
gecku#t Bua. B HoBoM 6asuce ypasHeHue (3) 3anMCHLIBAETCA CIEYHOIUM

obpasom:
Z/\kx +ZZbkxk +c=

TpUYeM He Bce Ag, ¢ = 1, 2, ..., n, paBHb Hymo. Ecau A; # 0, 10 nepeno-
COM Hayana KOOPOUHAT MOKHO YHUYTORUTL JIUHEHHLIN 4JIeH:

b} n_ b

b
/\kxk + 2bkxk = A (:L‘k + k) -
Ak

Tlocste srux npeobpagopannit momyyaem (MSMEHAA HyMEpanuio nepeMeHHbIX,
eca 310 Heo6xomMMo)

u2

A1y A2 4 by Ty +bpzn + " =0. (4)

VYpaeHenue (4) HAZEIBACTCA KGHOHUUECKUM YPAEHEHUEM TMIEPIOBEPXHOCTH
BTOPOrO NOPAIKA.

Muomecrso Tower naockoctu R2, ymopnersoparommx ypaemenuio (3),
HAa3bIBAETCA KPUEOt 6mopo20 nopadxa. B aToM ciyyae kaHOHHYECKOE ypaB-
Henue (4) MOmeT NPUHMMATH OIMH U3 CIEAYIOLIMX BUIOB (B NEpEMEHHBIX

z, y) '
D) Mz + Xy +c =0 (Mg #0);
2) Mz2+by=0 (A #0)
3) Mz2+4+c =0 (A #0).

Ipumep 3. Hanucarh KaHOHMYECKOE ypaBHEHUE KPMBOH BTOPOro mo-
pAnKa:

3z2 + 10zy + 3y® - 2z — 14y — 13 =0,
OnpenenuTs €e THI U HallTu KaHOHHYECKYH CUCTeMY KOOpIHUHAT.
35
< Marpuna kBagpaTHYHOM 9acTH MHOTOYJIEHA BTOP Ol CTENEHH paBHa (5 3) .

Ee cobcreennnie yucna: Ay = 8 u Ay = —2; coGCTBEHHDIE BEKTOPBL: € =
1 1 1 1
—, — |, ea = | —, ——= |. Bemoanaa npeobpazopauue
(ﬁ’ ﬁ) ’ (ﬁ ﬁ) peop

1,
\/-(w +19), y=—\/-§-(-'v-y),
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HoJay4aeM
2 16 T+

12
R TR

Taﬂ KaK A; M Az OTIMYHBI OT HYJA, TO N0 KAAIOK U3 HOBBIX NEPEMEHHBIX T’
u ' MOMHO BLINEIUTL NOJHLIA KBANPAT:

12

8" -2y y' -13=0.

COOTBETCTBYIOILEH CIBUTY IO Ka/RIOH M3 KOOPIMHATHBIX OCEMN, MOJIyYUM

2 2 2 2
8" 2// -8=0, um z"°—=y"

=1
4y

Mocnennee ypaBHeHHe eCTh KAHOHUYECKOE ypaBHeHue rumepbosbi. Pesynn-
THpYyIoLee npecbpa3oBaHNe KOOPOUHAT MMEET BUI

1 1 "
z=—7(z + +2,
A&+

1 n n
= —(z" — —
Y ﬁ( y")

a KaHOHMYeCKaa cucrema woopmuHat — (O’ e, eq), rne

0'(2, -1),

1, 1, 1, 1,
= — —}, = —1—- —=1. D

e ﬁl + \/5'] e; \/51 \/§J

B samauax 3.226-3.231 manmcaTh KAaHOHUYECKOE ypaBHEHUE KpH-
BOIl BTOPOro HOpPANKa, ONPENeIUTh €€ TN U HAaWTH KaHOHUYECKYIO
cucTEMy KOODOMHAT.

3.226. 922 — 4zy + 6y + 16z — 8y — 2 = 0.

3.227. 22 — 2zy + 4% — 10z — 6y + 25 = 0.

3.228. 5x2 4+ 12zy — 22z — 12y — 19 = 0.

3.229. 422 —4zy +y? — 6z + 3y —4 = 0.

3.230. 222 + 42y + 5y — 6z — 8y — 1 = 0.
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3.231. 22 —4zy + 4y° -4z -3y -7 =0.

3.232. KpuBaa BTOpOrO mopAmKa onpemeiaerca ypaBHEHUeM:

a) 22— 2y + Ay? - 22) =0; 6) 22+ 2 zy +y*> — 1 =0.
OnpegennTs ee TMI OpY M3MEHEHHMY NApaMeTpa A 0T —00 A0 +00.

MHomecTBO Touek eBKIMIOBa npocTpancTea R?, ynosnersopaomux ypas-
HeHuio (3), HA3LIBAETCA NOBEPTHOCMBIO 6MOPO20 Nopadka. KaHoHuueckoe
ypaeHenue (4) B 3TOM CiIy4yae NPMHMMAET ONMH U3 CAEAYHOIUX BUIOB (B ne-
PEMEHHEIX T, Y, 2):

1) /\1{1:2 + )\2y2 + )\322 4+¢=0 ()\1)\2/\3 ;é 0),

2) Azl + /\2y2 +bz=0 (A1A2 #£0),
3) A1$2 + A2y2 +c=0 (/\1/\2 # 0),
4) )\1.’1:2 + by =0 (Al 75 0),
5) /\1$2+C=0 (/\1 #0).

IlosepxHoCcTH THIOB 3)-5) ABAAIOTCA NMIAMHAPAMY (JAIUNTHYIECKUM, FH-
nepﬁonuqec)nuM M T.A. B 3aBUCHMOCTH OT THIA KPHBON B CEYEHUH IJIOCKO-
cTeio 2 = 0).

Ipumep 4. Hamucars KaHOHHYeCKOe ypaBHEHHME NOBEPXHOCTH BTOPOrO
nopAnxa

422 + 4y® — 82% — 10zy + dyz + 42z — 162 — 16y — 82+ 72 =0,

orx];fvelenenmb €e THI U HafiTH KAHOHMYECKYI0 CUCTEMY KOODHMHAT.
< MaTpuna KBagpaTHYHOH YaCTH MHOrOYJIEHA BTOPOH CTENEHU PaBHA

4 -5 2
-5 4 2].
2 2 -

Ee cob6creennsie gucna: Ay =9, A2 = -9, A3 = 0, a cOGCTBEHHLIEC BEKTOPHIL:

TR RN S
1= \/i’ \/5, y ©2 3‘/513\/57 3\/5’3 3'3°3/)"
Brimonuue npeobpasopaHue

—=( 3¢'+ y' +2v22),
y=—=(-3¢'+ ¢ +2v22),
p=gr( -4+ VR,

noJay4aeM
9z'% — 9y — 722/ +72=0.
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IIpeoGpasosanue capura HeOGXOOUMO BBHINOIHMTD JIMIIL N0 HEpeMeHHoH z:
-722' + 72 = -72(' - 1) = -722".
Bropoe npeo6pa3oBaHie KOOPIMHAT UMEET BUI
" =g, yH:yI, z":z'-—l,

OTKYIa OKOHYATENHHO [10Iy4yaeM KaHOHMYECKOe ypaBHeHue runepb onuyecKoro
napabonouna

"2 n2
T y "

—_— =

8 8
Peaynsrupyiomee npeobpasopaHue KOOPAMHAT TAKOBO:

1 " n n 2
- b) Z
T 3\/5( 32"+ y +2fz)+3,
2

y=§\17_§(—3x"+ v +2v2") + =,
_ 1 A " l
z_-——3\/§( 4y+\/§z)+3,

a KaHOHWYeCKaa cucreMma woopauHatr — (O, e;, ez, e3), rne

2 21 1 1
(4 & 1 - _ 2
*(553) == (50
2 = 3\/5, 3\/5’ 3\/5 3 3 33 3) 3 .

B zamawax 3.233-3.240 HamucaTh KaHOHWYECKOE YPABHEHHE IO-
BEDPXHOCTH BTOPOTO IOPAAKA, ONpEeNelNTh €€ TUI ¥ HaliTH KaHOHWYe-
CKyI0 CHCTeMy KOODIMHAT.

3.233. 722 + 6y2 + 522 — dzy — 4yz — 6z — 24y + 182 + 30 = 0.
3.234. 222 —Ty? — 422 +4zy+20y2—1622+60z—12y+122—90 = 0.
3.235. 222 + 2y? — 522 + 22y — 2z — 4y — 42+ 2 = 0.

3.236. 222 + 2y2 + 322 + dzy + 2yz + 220 — 4z + 6y — 22+ 3 = 0.
3.237. 42?4+ y? + 422 — 4y + dyz — 822 — 28z + 2y + 162+ 45 = 0.
3.238. 222 + 5y? +222 — 2zy —4z2+ 2yz 4+ 2z — 10y — 22 — 1 = 0.
3.239. 22 + 5y + 22 + 22y + 2yz + 622 — 2z + 6y + 22 = 0.
3.240. 22 — 2y% + 22 + dzy + 4yz — 1022+ 2z + 4y — 102 — 1 = 0.
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§ 4. JmeMeHTBI TeH30pHOH aaredpnI
1. Honarue rensopa. ByneMm paccmMaTpuBarh BhIpaKEHHA BHMA 4, bj», cfcj
U T.H., THe UHAeKCH 1, j, k npuHuMarT 3HaveHud 1, 2, ..., n. Bciony B
3TOM naparpade, eciu B BbIpameHHH Karko#-Iub0 MHIOEKC CTOMT BBEPXY W
BHU3Y, TO OyleM HpEeNnoaaraTh, YTO NPOMIBORUTCA CYMMHUDPOBAHHE IO 3TOMY
uHnexcy. Hanpumep,

ai=al+ad+...+al,
] - Pk ki af
1 —_— (a3 —_— @ —
jik = Zl baks @by = Z%’bm Cijk = Zﬁcaﬂk
a= o a,

n 1. 1. (coxpauennvie 0603HAUEHRUA CYMMUPOBANUR).

Yepes L, (uau npocro L) Gynem o603nagats MMHEMHOE NPOCTPAHCTBO
PaaMepHOCTH 7 HaJ HOJeM AeHCTBUTENbHBIX uucen R wiu Hax moneM kom-
nnexcHprx yucen C. HanomeHve B 370M maparpade NpOBOAMTCA [JA MOAA
R. Bce paccymmenua pua nona C Takme COpaBemIMBBI U yCTAHABIMBAIOTCA
aHajornyso. Marpuny

Oynem o6o3Havats (a;;) unu ||a|].

Mlycts.B = (ey, ..., ep,) u B’ = (e}, ..., €},) — nBa pagnuunbix Gasuca
B L. Yepea S = Syp_,p’ 0003HaUNM mampuyy neperoda or Gasuca B kK
6asucy B’', 1.e. MaTpuLy

st ... st .
— —_— 1
Smomy = (oo ") = lsil
31 Sn
n .
riee; =sle; +...+ste, = ). slej, i=1,2,...,n.

j=1
duements1 06paTHOH Kk S Marpuust S~! o6osnaumm 5%, T.e. S~! = ||}
Berrtop. Mycrs x € £ — npoussoanHbi#t Bekrop. KoopauHarter Bek-
Topa x B 6aguce B = (e, ..., e,) obosunauum ', z%, ..., " (amech MEI
OHilleM MHIEKCH BBEPXY, 8 HE BHU3Y 1A ynoOCcTBa, YT00LI MOKHO OBLLIO NpuU-
MeHATh COKpallleHHbIe 0003HAYeHUA cyMMupoBanuA). Pasnomenue Bexropa
1o 6azucy B 3amuchIBaeTCA B BUIE X = z'e; (cymmuposanue mo i). B npyrom

Gasuce B' = (e}, ..., €},) umeem: x = 7 e; (30eCH HA CaMOM mere cieno-
BaJI0 ObI MMCATH €}, HO BTOPON MITPUX HE MUUIYT IVIA YIPOINEHMA 3AIMCH).
dopMyas! npeobpa3opaHKUA KOOPAKMHAT NpPX nepexose 0T Gasuca B k 6asucy
B’ B CoxpaleHHbIX 0603HaYEHHAX UMEIOT CIENyIOIIMM BU:

1 4

o =5 g Q)
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. ! .
(smech nmpenmonaraercA CyMMUpOBaHME IO i, a ° of03Havaer i'-10 KOOpIU-

HaTy BEKTOpa X B 6asuce ey, ..., e)).
IIpuBenenHbie BoIllIe PACCYRIEHUA OKA3BIBAIOT, YTO BEKTOD MONCHO PAC-
cMamMpueamy Kax cosoxynrocmy nabopos wucea (z', %, ..., z"), 3adan-

HBLT 6 KaHCAOM 0a3UCE U UBMERAMOWULCA NPYU Neperode om ba3uca x 6azucy
no zaxony (1).

Jlunettnaa ¢opma. HanomuuMm, uro auHeliHo!t HopMolt Ha3bIBaeTCA
orobpamenue a: L — R, nuneliHoe B 0OLIYHOM CMBICJE, T. €. YIOBIETBOPAIO-
wee paseHcTBaM a(Xx+y) = a(x)+a(y) u a(Ax) = Aa(x) npu cex x € L,
A€eR Ecmu®B = (e,-...,e,) — 6a3uc npocrpaucrsa L, TO NOJOKUM
a; = a(e;). Beugy nuHeltHOCTH o uMeeM:

a(x) = a(zle +...+z"e,) = zlaler)+...+2"a(e,) = ayz' +. . .+ anz.

B coxpamennsix 0603HaYeHMAX CyMMMpOBaHMA nomydaem: o(z) = o;zt.
Hrak, nuuetinaa gpopma B kammoMm Gasuce 3agaercA cTpodrolt (ay, oy, . . ., Qg).

Ilycts B' = (e, ..., e],) — npyro#t 6asuc npocrpancrea L. Toraa, mo
OmpereNeHuI0 MaTPHUIbI Iepexoaa,

ey = s::,e,-. (2)
Orciona a; = a(ey) = a(she;) = sha(e;) = sh oy, 1. 0.
oy = sf,a,-. (3)

TaxuM 06pa3oM, JUHEAHYIO HOPMY MONCHO PACCMAMPUBAMb KAK COBOKYN-~
nocmoy cmpouex (ai, 02, ..., On), 360aNHLIT 8 KadcOoM 6a3uce U UBMENA-
VUUTCA NPU UIMeRenuy 6a3uca no 3axony (3).

Onpeneaenwue. Ilycts B kammoM 6asuce B auHEWHOro NPOCTPAHCTBA
L, 11a HEKOTOPHIX HEOTPUNATENLHBIX YUCEN P, ¢ 3aaH yHOPANOYEHHBIN

na6op T us nP+? snementos T} /¢ € R (mnm C), rae unmexcsr uameHAoTCA

or 1 ngon. Torna T = (Ti’l‘.:"’i") HAa3LIBACTCH P PA3 KOBAPUAHMMNbIM U ¢ Pa3
KORMPABAPUAHMHLIM Men30pos (umu mensopom muna (p, q)), ecmu mpu
nepexore or 6asuca B k Gasucy B’ uucna T} ;" mamennrorca no saxony

iP
le“'jq — i1 ‘:P “4;

~Ig i1
e itdg
il... ‘Ip Sjl..-Sj Til s (4)

e dp
(HanoMHMM, 4TO mpaBad 4acTh TOTO PaBeHCTBA NpencTaBaAer coboft cymmy
0 MHACKCAM 11, ..., Ip, J1, .. Jq.) UHCHA Ti]:.'.'.'ii“ HA3bLIBAIOTCA KOMNONEH~-
mamt (niu xoopdunamamu) TeHsopa T

3ameuanue 1. Qopmynst (4) MORHO HHTEPIPETHPOBATL KAK HE3A6U-
CUMOCTIL MEN30PA OMm 8blO0pa Oa3uca 6 aunelnom npocmpancmee.

3ameuanue 2. Qopmyna (1) momyuaerca ua obielt popmyan: (4) mpu
p =0, g = 1, 103TOMy 8eXMOP MOICHO PACCMAMPUBATb KAK TNENIOP MUNG

0, 1).



156 [n. 3. Jlunennas amre6pa

3ameuanue 3. Qopmyrna (3) nomyuaerca us obiuett dopmyast (4) npu
p =1, ¢ = 0, nosroMy auneinyio Gopmy MONCHO PACCMAMPUBAMb KAK
men3op muna (1 0). Taxue TeH30DHI HA3HIBAKT K06EXMOPAMY.

Ilpumep 1. Bemucars Bce craraeMmuie, ONUCHIBAIOINME U3MEHEHHUE KO-
OpAMHAT TEH30pa Ak B NBYMEDHOM NpOCTpAHCTBE Lo.

I

<1 U3 popmyn (4) momyuaem: Ak, = sk.A i Tak kax n = 2, T0
1t UL N sl gt
.A;c,J = 3} 311 S}CIA%I + 311 gz S%IA%I + E‘i g‘g 8115114%2 + E‘i g% SZ!A;2

!

+§1231 SklA2 +S2sl sk'A2 +8282 3k4A1 +8282 Sk1A2 .

Ipumep 2. Jlokasars, 4T0 AMHENHDIHA OEPATOP MOMKHO PACCMATPUBATD
Kak TeHsop tuna (1, 1).

< Tyers A: £ — £ — numeftnit oneparop u ||a|| — ero matpuua B 6asuce
e, ..., e,. Tpebyerca norasars, yTo Tabauua ”ajH IIDH epexone K APyroMy

6asucy menaerca no 3axony (1). Bocnomnayemca Tem, aro A' = S™1AS, rme
S — Mmarpuna nepexona, a A n A’ — MaTpunsl omeparopa B CTapoM M HOBOM
6a3ucax. Torma

i _ -1y . . - S I I S 1
a'jv —_— Z(S )1'3(A)1](S)JJ' —-— si aij: - Si Sj/aj,
i,
4YT0 U TpebOoBaIoCh HOKa3aTh. >

Mpumep 3. Mycre A: LX L — £ — nuHeHOE N0 KAMKIOMY aPryMEHTY
orobpameHue, T.e. 0Tp0pameHUe, YIOBIETBOPAIOLLEE YCIAOBHAM

A(X +Yy, Z) = A(X, Z) + A(y) Z)’ 'A(X, y+ z) = A(x’ y) + A(X, z)’
Ax, y) = M(x,y),  A(x, Ay) = M(x, y)
OpH BCEX x, ¥,z € L, A € R. Jokasars, yro A — renazop. Kaworo tuma

3TOT TEH30D?
< Ilycrs ey, ..., e, — Gasuc npocrpchma L. Paznomum Bextop A(e;, €;)

o 3TOMy 6a3ncy Ae;, e;) = af ;ek. lonamewm, aro (a .} — Tensop THna
(2, 1). JeticTBuTenBHO, B HOBOM 6a3uce Ales, ejr) = ak j+€k’, @ BHAUMT,

&' - — i J I | b d ok
agjier = Aler, ej) = A(sj e, sje;) = sps Ale;, e;) = sy s} ajjer.
~! : ] ~p!
Tar nar ey = 5% ey, T0 ak P ‘.s’,afjsz e . Beumy nuxeftHOH He-
K iJd sk k
3aBHCHMOCTH BEKTOPOB €, ..., €, NOmydaeM: af; = 8587 5% afj, 4TO M

TpeboBanoCs NOKa3aTh. D>
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3.241. Jlokasars, 4T0 KBagpaTudHad dopma f(x) = aij:nixj ABJIA-
ercA Ten3opoM tuna (2, 0). ‘

3.242. Jloxasars, g0 6mauHeitHas dopma B(x, y) = bijwiy] ABJIA-
ercA TeH3opoMm tuna (2, 0).

3.243. Ilycts T: L x L x L - R — mpuaunetinas gopma, T.e.
dyusuua T(x, y, Z) Tpex BEKTOPOB, AMHEHHAA N0 KaMmAOMY apry-
MeHTy (HanpuMep, IMHEHHOCTH IO IEPBOMY apTYMEHTY 03HAYaeT, 4T0
T(utv,y, z) =T(u,y, 2)+T(v,y, 2) s T(Ax, y, z) = AT(x, y, )
npu Bcex X, y, z, u, v € L u A € R). Jorazars, aro T — TeH30p.
HKaxoro tuna sror rensop?

3.244. B ra6nune npuBeIeHbI KOOPIMHATEI TeH30pa H' ;x B Oasuce
e, € (unmerc k o603HavaeT HOMep 2 X 2-MaTpPHUIIbL, 1 — HOMED CTPOKH,
] — HOMep cronﬁua) Ha#ttu KoopauHaThl 9TOr0 TEH30pa B Gasuce
€] = e; + 2ey, €}, = 3e; — 2ey.
j=1ljg=2j=1}j3=2
i=1 0 1 1
1=2 -1 2 2 1

3.245. Ilycts AY — Ttensop tuma (0, 2). Wcnonnsys marpumy
nepexona S ot 6a3uca k 6asucy, Beipasurs MaTpuny A’ sroro Tensopa
B HOBOM 0asuce uepes Marpuny A B cTapoM Gasuce.

3.246. Cxonpko KOOpIMHAT MMeeT TeH30p THnHA (P, q)7

2. Onepamyvu Hax TeHzopaMu. A ¢uKCUPOBAHHOTG JIMHEHHOrO OpoO-
" cTpancTBa L Pa3MEpPHOCTH N PACCMATPUBAIOTCA BCEBO3MOMHBIE TEH3O0PHI.

CnomeHue TeH30pOB U yMHOMEHHEe Ha cKaaap. Ecmu A
u B — Ttensopm omHoro Ttuma, 0 ux cymma C = A + B ompenennerca

bopmyaoft drode _ giteda 4 pited
1--Jq __ 1.--Jq 1-..Jq
Cola =45 +Bi
T.€. B KaRIOM 6asuce CHKJIANBIBAKOTCA COOTBETCTBYHOIME KOOPIUHATHI 3THUX

renaopoB. Teuszop C' umeer tor me tui, 910 A u B. Eciu A € R — ckaanap,
TO MO&HO NOCTPOuTH TeH3op D = AA Toro me tuna, uro A, no Gpopmyne

Dyl = ML
Tenzopsi opHoro Tuna (p, q) 00pas3yroT AWHEHOe NPOCTPAHCTBO PAa3MEPHO-
ctu nPte.
Tensoproe npouaseneHue. Ilyctb A 1 B — TEH30pbI THIOB
(p, @) u (s, t) coorercTrenno. TensopubiM npoussenesuem C = AQ® B
HA3bIBAETCA TEH30pP Tuna (p + 8, ¢ + t), KOOPAMHATHI KOTOPOTO B KamIOM
6asuce onpenenAorca (popmynamu

11 JaJatiee-Jatt __AJx Ja , glatieJatt
-ipipti.ipts <ip  Tipt1.dpta’
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Mpumep 4. Iycts x — BekTop (T.e. Teuszop tuma (0, 1)), a ¢ —
rosexrop (nmuuettnan dopma). Torma A = a ® x — Tensop tuma (1, 1), T.e.
JUHEHHEIN onepaTop. BeiACHUTH, Kak meicTByer omepaTop A Ha MPOH3BOJIL-
HBI BeKTOp y € L.

< HOycts ||aj-|| — marpuna oneparopa A. Torna aj~ = a;z*, a 3HawmT,
Ay = ajy’e; = a;7'ye; = a;y’ - 2'e; = a(y)z.

Takum o6pasoM, (a ® x)y = a(y)x. >

Cseprra rensopa. llycrs T} "7 — rewsop tuna (p, g). Buimenmm
Kakoi-m60 BepxHu#t U Karo#-mM60 HURHMIE MHIEKCHI, HAIPUMeED, ji M i;.
Torma MomHO mocTpouTs TeH3op tvma (p — 1, ¢ — 1), monaraa B KamaoM
6a3uce L Kin i

]2...Jq —_ ]2...]q

Uiyip = Thigi
(B mpaBoit wacT — cymmupoBaHue 00 k). ITOT TEHIOp HAILIBAETCA CEEPT-
xotli mensopa T no undexcam iy, j. '

Ecm T = T,’,ff, TO CBepTKO TeH3opa T mo MHOEKCAM j B M ABIAETCA
rensop Uik = T,'J"c (cymMMupoBanue no MHIEKCY j).

Tensop Tuna (0, 0) — 310 uKBapuanm, T.e. IUCIO0, IPUHKEMAIOLIEE OXHO
M TO e 3HaYeHHe B KamaoM Gasuce mpocrpancrsa L.

Hycrs @} — aunestusiit oneparop. Ipoussenem ceopaunparue sT0ro0 TeH-

30pa 10 MHOEKCaM i ¥ j, T.e. MOJORUM
— i ol 4 a2 n
b=aj(=a;+a;+...+a}).
Torna b 6yner Aasnarsca TensopoM tuma (0, 0), T.e. uHBapHAHTOM.
Yucao b — 370 CyMMa IMArOHAIBHBIX JJIEMEHTOB, T.€. C.4ed MAaTPHUIILI

||a;'.||. Orciona BeBOR: caten tr A Marpunur A = ||a§-|| AuHeMHOro omepaTopa

He 3asucuT or G6asuca npocrpanctea L.
Ilycrs

6; _ {(1), ec.rmzZ:y:,

, ecan i # j.
(9Tor obBexT HasbBaeTcA cumeoaom deavma Kponexepa). Ilowamem, uro
&% — Temsop tuna (1, 1). Jlna atoro Hano noxasars papencrso §f, = 37 32,6;3.
HpeoGpa3yem mpasy:o wacTh 310r0 paBencrsa. Tak kak 0 = 0 npu i # j, TO
MBI MOREM CYMTaTh, 410 i = j. Torma

P I R SR T AR G -1y i g
8; Sjl‘sj = 8; Sjl&i = 8; sjl = (S S)]' = EJI = ‘SJI

(3mecs E obosnauaer equHu4Hyio Matpuny). Herpyaso sumers, 9To Ma-
TpUIA TeH30pa d; B JMo6OM 6asuce ABIAETCA eauHNIHON MaTpunest E. Ecnu

measty Kponerepa MHTepmperupoBaTh Kak JHMHEHHBIN omeparop A, TO 3T0
Gyner TOROECTBEHHEIH OmepaTop, T.e. AX = X IJIA BCEX BEKTOPOB X.
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3.247. Tycte X — BeKTOp, 8 @ — KOBeKTOP (NMHeiHaA popMa).
Uro coboit mpencrasader cBepTKa TeH30pa & @ X

3.248. Ilo maruM nmapaM HHIEKCOB MORHO OCYIIECTBUTb CBEPTRY
TeH30pa A;kl?

3.249. [lorasaTs, uro eciiu MaTpuna Tensopa T;; B karoM-aubo 6a-
3uCe HEBLIPOANEHA, TO MATPHUIA HTOT0 TEH30PA HEBLIPOANEHA B JTH060M
6asuce. BepHo 1u maHHOe yTBepmRIEHHE IJIA TEH30DPOB T;, T497?

3.250. Hycts AY — rensop Tuma (0, 2) Takoit, 9T0 B KAKOM-IHG0
6asnce (a sHaumT, M BO Beex 6asucax) marpuna ||AY || nepnipommena,
u nycTb B;j — snements! obparroit Marpunsl. Jlorasats, uro By; —
Ten3op tuna (2, 0).

3.251. Hlycts , B — noeexropel. Torna B = a ® B — Ouauneit-
nana Gopma. Bripasuth B(x, y) uepes X, y ¢ momomeio o, 3.

3.252. HasoBem 6usexmopos B¥ rensopuoe NPOU3BENCHUE IBYX

BEKTOPOB X M y. BrIpasuts koopauHaTh! Tensopa BY uepes woopnu-
HATHI BEKTOPOB X U Y.

3.253. Hycts A — rensop tumna (0, 2), u ero marpuna ||AY|| B
KakoM-au60 basuce ABmsAerca cuMmerpuueckoit. Ocramerca au Ma-
TPHIA 3ITOr0 TEH30pPA CUMMeETpUYeckoit npu uaMeHenuu 6azuca? Ot-

BeTUTL HA 9TOT BONPOC IJIA TEH30POB B;, Ci; mumos (1, 1), (2, 0)
COOTBETCTBEHHO.

3.254. Tenaop A;g 3aJaH CBOMMHM KOOpIMHaTaMH B basuce ej, eg,
e3 (cm. Tabmumy). Hairu woopmumatst Tensopos B' = AY u C7 =
= A7 B 6asuce ey, ey, e3.

j=1|j=2|j=3|j=1]j=2|j=3|j=1|j=2]j=3
i=1] 2 1| -3 31 1 | -1 1| -1 | 3
i=2] 0 o 1] -2 o0 1 2| 2] o
i=3| 1 2 | 2 o| 3 4 1| o =5
k=1 k=2 k=3

3.255. Koopnuuars! Tensopos AY u Bi;; B basuce e, ez, ez onpe-
nejgeHnl MaTpunaMu A 1 B cOOTBETCTBEHHO, re

12 3 111
A=|-13 4|, B=[-13 1
021 105

HaitTi KOOpIHHATHI TEH30DOB C} = A% By;, D§- = A B\ B 6asuce
e1, ey, e3. Boruucaurs ceeprru S = AYB;;, T = AYBj;.
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3.256. Paur MaTpuubl TeH30pa HA3LIBAETCA pPaH20M- MeH30Da.
Mycts A — Tensop tuna (2, 0), (1, 1) mam (0, 2). oxasats, w0
MaTpHuna TeHsopa A B kamnoM Oasuce UMeeT OXMH U TOT Re PaHT.

3.257. Haittu panr rensopa:

a)e;®e; —e2®e; +e;®e; —eyQey;

b) e;®e;+e2®e; +e2®er.

3.258. Mlycts A — Tensop tuna (p, q), tue p+q = 2. Haittu ycao-
BHe, KOTODOMY NOJ/KHA YHOBJETBOPATh MaTpuma TeHsopa A, urobsl
Ten30p A MOA&HO 6LLIO IpenCcTaBUTL B BUIe npouasenenua P ® () ren-
3opos P, () mpyroro Tuma.

3. CuvmMerpHpoBaHKe M aXbTepHUpoOBaHWe. BrimeanyM y Tensopa Tfl ‘f; -Je

Kaxpe-aub0 k HUMHUX MHIEKCOB, HANPUMED, i}, i3, ..., ik. wauempupo-
6anue N0 MHAEKCAM 81, ..., i — 9T0 HOCTPOEHHE HOBOTO TEH30pa

J1:--Jq _ J1---Jq
T(i]...ik)ik+1...ip - k! Z Ta O thy---ip? (5)
Q1yeeey O
rfe CyMMUPOBaHUE HPOU3BOAUTCA MO BCEM nepecranomsaM ay, ..., O HUH-
OEKCOB &1, ..., 1x. KOOPOMHATHI TEH30pa T(z. u,)m,; i, B aoboM 6azuce

CHMMETPHUYHBI 0 MHIOEKCAM %1, ..., ik, T.€. He 3aBHUCAT 0T HEPECTAaHOBKU
9TUX WHIEKCOB. Anbmepnupoeauue 0 MHAEKCAM 14, ..., i COCTOMT B HO-
CTPOEHUM TEH30pa

J1--dq - = 1lel Jl Jv
T[il...ik]ikﬂ...i,, - k! Z ( ) T Okt (6)
(s STy 79
1 <. 1
e CyMMHUPOBAaHUE IPOU3BOIUTCA IO BCEM IEPECTAHOBKAM 0 = ( all a,; )
WHIEKCOB %1, ..., ik. OueBumHo, ciaraemoe B (6) Gymer B3ATO CO 3HAKOM

«INTIOC», €CTM MOACTAHOBKA 0 Y€THAA, U ¢MUHYC», ECJIM OHA HEYETHAA. Aua-

JIOTUHO ONPENENAOTCA TEH30PHI T(Jl ’"‘)”““ Jay Tlll” JImlimtrda

1]
Berpasum xoopauHaTBI TEH30POB Akl , B[klm] uepes Akl, Bk,m cooT-
BercrBeHHoO. Ilo onmpenenenuio umeem:

AW = (A |+ ALY,

tj

1 .
[kim) = ( Hm — Bt + Bl = Bil + By — B2 ).

Ecan T — rensop tuna (p, 0) nan (0, ¢), 10 Sym T uan AltT — sro
TEH30p, NONyJeHHbIN U3 T CUMMETPUPOBAHMEM MM aJbTEPHUPOBAHHEM IO
BCEM HMHIEKCaM.
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3.259. BripasuTth KOOpPIMHATHI TEH30POB A(kl), Blisk ], Cijk) 1epes

KOOpXMHATHI Akl, B” % Cijk coorsercraenso.
3.260. Haitru marpuns! Tensopos Sym A, Alt B;; B basuce ey,
€3, €3, eCIIM 3aIaHbI KOOPAMHATLI TeH3opos A, B;; B aroM 6Ga3uce:

- -13 2 1 3 2
las = 0 1 4], IBsl={-1 4 0
21 -3 1 5 4

3.261. Tensop A;jx 3aman koopauHaTaMu B bazuce e, €3, e3 (cM.
tabmuny). Haitru noopaunats Tensopos Bijk = Ai(jk), Cijk = Afij)s
Dijlc = A(ijk) B DOazuce e, €2, €3.

i=1lj=2|j=3j=1|j=2]j=38|j=1]j=2]j=3

t = 2 1 3 2 3 1 1 -3 2

t=2] =1 4 2 5 0 0 -1 4 5

i = 6 -4 1 -5 4 1 4 -1 3
k=1 k=2 k=3

4, Compamennoe mpocrpaHcTso. TeHszop xak momumHelnan gyHRIMA.
Ilycrs £ — nuueitHOe mpOCTPAHCTBO Ham NOJIEM OeMCTBUTENLHBIX YHCE.
Conpancennoim npocmpancmeom L£* HaskIBAETCA NPOCTPAHCTBO BCEX JU-
Heftupix dopm a2 L — R. Ecau ey, ..., €, — 6asuc npocrpancrna L',, TO
B mpocTpaHcTBe L MOMHO MOCTPOUTb CONPANCEnHbil basuc g, ..., e"
KOTOpOM KOBEKTOpHI &' ONpPENEIAIOTCA paBeHCTBaMA €'(e;) = 6’ npn Bcex i,
j. Tenaop T tuma (p, ¢) MOMHO PacCMaTpPUBATEL KAk nonunuueduym gﬂymc-
yuro T: LX...x LXL*X...x L* = R 0T p BeKTOPOB U ¢ KOBEKTOPOB

N e N———— e

p q
(no.nu.nnnennocn 03HAYaeT JUHEKHOCTh [0 KARIOMY U3 P + ¢ apTYMEHTOB).

"KoopaunaTts T’ 1’: TeHaopa B Gasuce ey, ..., €, npocrpancrea L ompene-

ngerca GopMynaMu TJl "‘ =T(ei, ..., €i,, €, ..., e09).

Mpumep 5. Hpencraamb JUHENHBIN omepaTop B BUAe OMIMHEHHOM
(DYHKLUM OT BEKTOPA U KOBEKTOPA. .
< Dyers A: L — £ — numuednsit oneparop, [laj]| — ero maTpuua B

6asuce e;, ..., €,. BoapmeM mpousBonbHBIE BEeKTOp X € L M KOBEKTOp

& € £*. PaanomuM X 0o Gaaucy ey, .-, €, a § — 10 compAmenHoMy 6asucy
el, ..., e" x =1lej, € = &€t onomum y = Ax. Jumeiturtit onepatop,
kax Tensop tuma (1, 1), apaaerca ¢oyuxuume#t T'(x, £) 0T oaHOrO BEKTOpa U

" omHoro xosexropa. llostomy o = T'(ej, €*). Umeem: ,
T(x, &) = T(c'e;, Gie') = I&T (e, €') = wia) =
= &i(aj2) = &y’ = €(4x). >
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3.262. llpencrasuts Bentop X € L B Bume dyuruun T'(§) roBek-
topa § € L*.

3.263. Ilycts A: Lx L — L — 6ununeitnoe orobpamenune, paccMa-
TpuBaeMoe Kak TeH3op tuna (2, 1). Ipencrarurs A B Bume dyHKRUME
OT BEKTODPOB M KOBEKTODOB. B

3.264. HanucaTts Marpuuy JuHelHOro onepatopa € ® €' — 2e; ®
® €3 + 3e3 ® ¢! B basuce ey, ey, €3.

Ipumep 6. Briectu dhopMyny, BRIpaAaOIYI0 3aK0H H3MEHEHHUHA BEK-

TOpOB CONMpAmeHHOro O6asuca €', ..., €" npu usMeHeHUM O6asuca
ey, ..., €, IpOCTPaHCTBa L.
< Jlna Beaxoro xoeekropa o € L* MMeeT MeCTO PaBEHCTBO @ = q €', Te
-1 1
a; = afe;). Monaraa o = € (3mech € — BEKTOpP HOBOrO CONPAMEHHOTO
6asuca), moayInM:
e = (e))el =" (F ej)et =5 e (ej)e! = 6ie’ =51 ¢
= 1 - i ]/ '—ie ]E—-Si jle—-sie.
Taxum o6pasom,
i _ il i
e =8¢ > (N
Ilycts e;, €3, e3 — 6asuc nmpocrpauctsa L, a €', €2, €3 — conpameHHbIN

6asuc. BriACHUM, Kax M3MEHHTCA CONPAMEHHBIH 6A3UC, ECIM B IPOCTPAH-
cree £ mepeiitu k 6asucy f; = e; +2e; —3e3, f = e; +eq, f3 = 2e; —e3.
ycrs nt, n?, 3 — 6asuc, conpamenustit ¢ 6asucom f;, fy, f3. Tax xax

1 1 2
(fl fz f3) = (e1 €9 e3) 21 0 ;
-3 0 -1
TO MaTpULa Imepexona or 6azuca e k 6asucy f pasna
11 2
S = 21 0
-3 0 -1

Ilo dopmynam (7) momyuaem:

7! et (11 -2\ /&!
7’2 = S_l €] == 2 5 4 e?
n’ e? 3 =3 -1/ \g3

TaxuMm oGpasom,

1
nt = 7(-(—:1 + &2 — 2¢3),
1
n? = 7(2(—:1 + 5e2 + 4e?),
nd = ;(351 —3e2 - &%),
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3.265. HanucaTs BhIpameHusA BEKTOPOB HOBOro b6asuca e}, €}, e}
npocrpancTsa L 4epe3 BeKTODLI €1, €2, €3 cTaporo 6asmca, eciau co-
OpAKEHHLIN 6a31C M3MEHWICA CAeRYIoIUM 00pa3oM:

(e = 2e! — €2 + 3€3,
(e = ¢! +2¢3,
(€')3 = —e! + 42

3.266. Haitn snavenme T'(x, &) temsopa T = ¢! @ e3 + 262 ®
® (e3—3e3)+e3®(2e1—ez), rme x = e +4ex—e3, & = el —2e24+3¢3.

3.267. Haitru 3nauenve rensopa AQ B— B®A ot nabopa (u, v, w),
rne A =e!®e2+2e2®€e3, B=23e?2-4e%, u=-e,+e3, v=-ey—3e3,
w=e; +e;+e;3.

3.268. Haitru 3navenue renzopa AQ B+ B®A or nabopa (a,3,7,6),
rme A = (e; +2e2)®e3+e; Qey, B=(ez3+e3)Qe; +2e; Q ey,
a=¢cl, B=cl+e?+e, y=0=¢-¢

3.269. Haitru xoopmusarst T}, T3% tensopa Tj),  » Gaauce

1 2 -2
(1€ €)= (e1e2e3) {0 1 3],
0 0 1

" ecnu B basuce e, ey, €3 BCE €r0 KOOPAUHATLI PABHLI 2.



I'masa 4
9JAEMEHTbBI OBIIE# AJATEBPHI

§ 1. Bunapusie orHOmeHMA M amrefpauYecKHe OMepanyUM

1. Bunapunie orHomeHMA U Mx cpofictBa. Jexapmosvim (MM RPAMbILM)
npouseedenuvem MHOmecTB Ay, Ag, ..., A, Ha3BIBAETCA MHOMECTBO

A1 xAsXx... XA, = {(al, az, ... ,an)l(al €Ay,a2 €A, ...,a, € An)}

Bunaproim ommowenues o Ha MaOmecTBe A HasblBAaeTCA MOIMHOME-
creo muomecrea A X A {0 C A x A). Ecau snementd! z, y € A cBA3AHLI
OTHOLIEHUEM 0, TO OUIWYT (T, §) € 0 WIK TOY; €CIM HE CBA3AHLI, MULIYT
(z,y) ¢ onu z ¢ y.

Bunapuoe orHolIeHne 0 pedaerxcueno, eCId 1A n060ro a € A nmeer
Mecro (a, a) € o; cummempuuno, eciu 1iA mobbix a, b € A us (a,bd) € o
caenyer (b, a) € o; anmucummempuyno, eClId HY OAA Kakux a, b € A,
re a # b, HEBO3MOMKHO ONHOBPEMEHHOE BHINOJHEHHE ycaoBuil (a, b) € o
u (b, a) € o; mpanaumueno, eciu aua awbeix a, b, ¢ € A u3 ycmosuit
(a, b) € o u (b, ) € o cunenyer (a, c) € 0.

Mpumep 1. Beiacuurh, KaxuMM M3 OCHOBHBIX CBOKCTB (pediexcus-
HOCTb, TPAH3UTUBHOCTh, CHMMETPHUYHOCTE, aHTUCHMMETPHUYIHOCTE ) 06;1anaer
OTHOLIGHHE mepHeHRUKynApHocTd (L), 3amaHHOe Ha MHOMECTBE BCEX HpA-
MBIX Ha IJIOCKOCTH.
< Ornomrenne 1, 3a0aHHOE Ha MHOMECTBE BCEX HPAMBIX HA IUIOCKOCTH, HE-
peduexcuBHO (TOBOPAT Takme: UPPEQICKCHBHO), Tak Kak a [t a miA Jo6ok
OpAMOM a; CHMMETDHYHO, Tak Kak 1A JMo0bIX OpAMBIX a © bus a L b
caenyer b L a; HeTpaH3UTUBHO (TOBOPAT TAKMKe: MHTPAH3UTUBHO), TAK KAK
1A 11006bIX OPAMBIX a, b U ¢ Ha mIockocTy U3 ycmoBui @ L bu b L ¢ ue
(I;nenyeT a 1 c; HeaHTHCHUMMeETPUYHO, Tak Kak U3 a L bu b L a me crenyer

=a. D>

Mlpumep 2. Jlokasars, uTo U3 ycaoBuit pedIeKCMBHOCTH U CUMMETPHUY-
HOCTH OMHAPHOrO OTHOLIEHHA HE CJIEAyeT er0 TPAaH3UTUBHOCTD.
<1 lna nokas3aTensCTBA HOCTATOYHO PUBECTH IpUMep pedIeKCUBHOTO U CUM-
MeTPUYHOro GHHAapPHOro OTHOLIEHUA, He ABIAIOILIErOCA TPAHSUTHBHLIM. B ka-
YecTBE IpYMepa pacCMOTpUM GMHAPHOE OTHOLUEHHE g, 3aJaHHOE HA MHOMe-
cree R crenyroumm obpasom: acb < |a — b| < 1. OrHourenne o pedues-
CHBHO, TaK Kak aoa 0ad arboro a € R (Beupy toro, yto la—al=0< 1), u
CMMMETPHUYHO, Tax Kak |a — b| = |b — a| naa ar6eix a, b € R. Onnaxo o ue
ABJACTCA TPAH3UTHUBHBIM, Tak Kak 102, 203, Ho 1 4 3. >
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B sapmauax 4.1 u 4.2 BninucaTh BCe 9I€MEHTHI J€KaPTOBa MPOU3BeE-
IEeHHA YKAa3aHHbIX MHOMRECTB.

4.1. M, = {—1, 2}, M, = {a, b, C}‘
4.2. M1 = {1, 3}, M2 = {51 6) 7}a M3 = {a}

B 3amauax 4.3-4.9 onpeneanTh, KAKUMH U3 OCHOBHBIX CBOHCTB (pe-
(IeKCUBHOCTD, TPAH3UTUBHOCTL, CUMMETPUYHOCTEL, aHTHCHUMMETPH -
HOCTb) 00JIaNA0T OTHOLLIEHUA O;, 3aNaHHBIE HA MHOKECTBE HATYypalb-
HBIX YHCEJ:

4.3. mon, eciu m ¥ N He UMEIOT O0IMUX IPOCTBIX REJIUTENeH.

4.4. moyn, ecau M AeIUTCA Ha N2,

4.5. mosn, ecia m? = n.

4.6. moyn, eciu m < n.

4.7. moyn, eciu m < n.

4.8. mogn, eciu m—n = k, rne kK — QUKCHPOBAHHOE 1EJI0€ YUCJIO.

4.9. mo7n, ecnu m —n geaurca Ha k (k — ¢urcuposanHoe nemoe
9UCTO0).

Ecan muomectso A xomesno, t.e. A = {ay, ..., a,}, T0 KamIOMYy 6u-
HapHOMy oTHOwmeHHI0 ¢ C A X A MOMHO CONOCTAaBUTH MAaTpUIy pasMmepa
N X 1, Ha3bIBAEMYI0 Mampulell omuowenus, B KOTOPO Ha HepecedeHuy -
CTPOKH u j-ro croabua crour 1, ecau (a;, ajs € 0, n 0 B IpOTHBHOM CJIyJae.

4.10. Iycts A — noHeunoe muomectso, 0 C A X A — GuHapHoe
ornomenue Ha A. Yro coboit npencTasiser MaTpUNa OTHOILEHUA O B
Ci1yyae, ecad OHO:

a) pedaexcuBHO; 6) CUMMETPHYHO; B) AHTUCHMMETPUIHO?

4.11*. Jloka3aTs HE3aBUCHMOCTD IPYT OT IpYyra CBOHCTB GMHAPHOro
OTHOIIEHUA: OBITh pedeKCUBHLIM?, «ObITH CHUMMETPUYHBLIMY, «BBITDH
TPaH3UTUBHBIM».

2. Bugn1 6uHapHbIX orHomeHw#. BuHapHOe oTHOUIEHHE HA3BIBACTCA OT-
HOIIEHHEM 3JK6UEALEHIMHOCTIY, €CIU OHO pPeQIEKCMBHO, CHMMETPHUYHO U
TPaH3UTHBHO. ‘

Ilycte 0 — oTHOmIEHME 3KBMBaIEHTHOCTH HAa MHOmecTBe A. JIna xam-
- moro a € A ompemenuM xaacc Ixeusasenmuocmu K(a) ssemenma a, mo-
aaraa K(a) = {z € A|(z, a) € 0}. Paxmop-mnodxcecmeom muoxcecmea
A no omnowenuro Ixeusasienmuocmu o (0603Havaerca: A/o) HasbiBaerca
MHO/RECTBO BCEX KJIACCOB SKBUBANEHTHOCTH Aot Afo = {Aa|la e I} (I —
HEKOTOpOe MHOEECTBO MHIEKCOB). BniGepeM B KamuoM Kiacce 9KBUBANEHT-
HOCTH A, HO ONHOMY 97€MEHTYy ao. MuomectBo {ay|a € I} HaswiBaerca
MHoJcecmBom npedcmasumened KIaCCOB SKBHBAIEHTHOCTH, a CaMH Hie-
MEHTHI G, — NPEICTABUTENAMU KIacCOB. B kayecTse npencrasuTend xiacca
MORET ObITH BBIOpaH 000 ero sJIeMeHT.

Ilpumep 3. Mlyetb A — mHOmecTBO Beex npaAMbIX Ha miockoctu. Ha
A BBEJIEHO OTHOLIIEHNE 0 Takoe, 4T0 acb, ecau al|b (cuuraerca, uto alla mua

awboit a € A). Hokasars, 410 0 — OTHOLIEHHE 9KBUBaneHTHocTH. Hatitu
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(anTop-MHOmECcTBO A/0 1 Karoe-11M60 MHOAECTBO MPEICTABUTENEH KIIACCOB
9KBUBAJCHTHOCTH.

< OtHomenne o AeBnAeTcA pedIEKCUBHBIM, CUMMETPUYHBIM U TPAH3UTUB-
HeM (TmpoBepAercd HemocpeacTBeHHO). (JeNoBaTenbHO, 0 ABIAEICA OTHO-
[IEHHEM SKBUBAJEHTHOCTH. 3adUKCHPyEM HA IIOCKOCTH KaKyI0-IMG0 TOUKY
O. Kamnaa mpamaa a, npoxonAiias yepes 1ouxky O, 3alaer KIacC SKBUBA-
JIEHTHOCTH, B KOTOPBIA BXOIAT BCE NPAMLIE, MAPAJIENbHEE G. ITH KIACChHI
o6pasytor A/o. MuomecTB0 HpAMBIX, IPOXONAIIKX yepes Touky O, ABiAeTcA
MHOMECTBOM OpencTaBUTeNell KIAaCCOB S9KBUBAJECHTHOCTU. >

BunapHoe oTHOIUEHVE HA3LIBAETCA OMHOWEHUEM NOPAJKG (HIA OMHO-
WEHUEM YACTRUNNKO20 NOPAOKGR), ECIH OHO PE(IIEKCHBHO, TPAH3UTHBHO U
AHTUCHMMET PUTHO.

Bunapuoe orsowmenue ¢ JuromomuuHno, eciu maA nwbbix a, b € A
(a, b) € 0 unu (b, @) € 0. IuxoroMUYHOE OTHOIUEHME JACTUYHOrO MOPANKA
HA3bIBAGTCA OMHOULEHUEM AUHETHO20 NOPAIKG.

MuomecTBo, Ha KOTOPOM 3aQaHO OTHOLIEHME YACTUYHOro (WM JuHel-

HOT0) HOpANKA, HA3BIBAETCA uacmuuKo (WIH Aunedno) ynopadouenHvim.
Ecnu mHomectBo A 4aCTUYHO YHOPAZOYEHO OTHOIIEHHWEM <, TO HOJAraem
a<becmag<bua#b Kpomeroro,a>2b&b<a, a>bsb<a.

Maxcusmasbnvidi s3semenm JaCTUYHO YNOPANOYEHHOI'O MHOKecTBa P —
TaKoM 3JeMEHT z, YTO LA J000ro £ € P U3 T > 2 CIeAyeT T = 2; MUHU-
MATbHBLL daemenm — TakoM BJIeMEHT u, 4To AJidA aboro £ € Puz z S u
clenyer ¥ = u; nauboabwull dsemenm — Taxkol IEMEHT P, YT0 T K P HId
a0boro € P; naumenvuiud saemenm — Takoit 3MEMEHT ¢, YTO & > ¢ AJA
Jioboro z € P.

4.12. Kaxue us orgomennit o; 3amau 4.3-4.9 aABiaA0TCcA OTHOIIE-
HUAMM SKBHBAJICHTHOCTH, 8 KaKHUe OTHOIIEHWAMM mopAnka’

B szamasax 4.13-4.16 O6unHapHble OTHOLIEHWA 3alaHbI HA MHOME-
cTBe BCeX 0ECKOHEYHBLIX MOCIENOBATENLHOCTEH HATYPANLHBLIX YHCEI.
Kaxue u3 unx asnaiorca orHomexnuaMu nopanka? Hanwme asamorca
OTHOIIEHUAMY 3KBHBAJICHTHOCTH?

4.13. (a1, az, ...)o1(b1, b2, ...), eciu Vi €N a; < b;;

4.14. (a1, ag, ...)o2(by, b, ...), ecim An:Vk >n ar = by;

4.15. (a1, as, ...)o3(by, b2, ...), ecim An: Yk > n ay < by;

4.16. (a1, ag, ...)oa(by, b, ...), ecim mubo Vk ar = by, aubo
dn:Vk#n ap < by

4.17. IIycts n — HaTypaiapHOe 4mMciI0. BBemem Ha MHOmecTBe Z
OTHOLIEHHUE o, CUUTadA, 4To acb, ecniu a — b meaurca ua n € N Ges
ocratka. Haiitu (arrop-mMHOmecTBO Z/0 M Karoe-1ub0 MHOMECTBO
IpEeNCTABUTENEH KIACCOB SKBUBATEHTHOCTH.

4.18**. JloxasaTs, YTO BCAKOE OTHOIIECHHE YKBUBAJEHTHOCTHA O HA
MHOmecTBe A onpenenser pasbueHme MHOmecTBa A Ha Hemepeceka-
omueca nmogMuomecTBa. Haobopor, BerAkoe pasbmeHHe MHOMeCTBA
A ecth pasbueHHe HA KIACCHI HEKOTOPOIO OTHOIIEHWA SKBUBAJIEHT-
HOCTH O.
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Ilycts 0, 7 € A x A — Ounapuble OTHOWIEHMA. Brirouenue 7 C o
03HAYAET, UTO BCE HAphl, MPUHANJIERALIME T, IPUHANLICHAT U T.

4.19. PaccMOTPUM MHORECTBO BCEBO3MOAHLIX OMHAPHBLIX OTHOILIIE-
HUi Ha MHORecTBe A X A, 9aCTUYHO yIOPANOYEHHOE MO BRIOYEHHIO
C. Orserbre Ha MOCTAaBIEHHLIE BOIPOCHL. B myHKTax I) u €) orpa-
HUYbTECH CIy9aeM KOHEYHOr0 MHOMRECTBA.

a) Karoe 6unapHoe orHomeHue ABaAerca Hau6GOIbIAM?

6) Kaxoe 6unapHO€ OTHOLIEHKE ABAAETCA HANMEHBLIINM?

B) Hakoe orHOmIEHHEe SKBMBATEHTHOCTH ABIAETCA HAMOONLIINM
(nammenbmuMm)? Karosbr pasbuenna Ha kiaccol HaubGoabmero (Hau-
MEHBIIIEr0) OTHOLIEHHUH 3KBHBANEHTHOCTH

r) CymecTeyer au HaUMEHBIIIEE OTHOLIEHYE MOPAIKAT

n) Cymecrsyer a1 Haubomnblree OTHOUIEHHME MOPALKAT

e) CyuiecTByer 1M MaKCHMAalabHOE OTHOLIEHUE IOPAXKA?

4.20. OTHOIIEHME 0 HA MHOAECTBE NEHCTBUTENbHBIX YUCEN Ompe-
HesAeTcA IpaBuioM: (T, ¥) € o < z—y € Z. Jlokasars, 9410 0 — 0T-
HOIIEHKE BKBUBATEHTHOCTH, IT0 mpencrapaaor coboi KIaCCh 9KBA-
BAJIEHTHOCTH 9TOT0 OTHOLIEHUA?

4.21. llycts M — MHORecTBO Bcex GYHKUMI, ONpeneJeHHbIX HA
orpesxe [a; b]. OTHomenus o u T onpenenaATCcA clexyroumm obpa-
som: fog, ecim f(a) = g(a); frg, ecnu paa Beex z € [a;, b] f(z) <
< g(z). HorasaTh, yTO 0 — OTHOIUEHWE BKBHUBAIEHTHOCTH, 8 T —
OTHOLIEHUE NOPANKA.

4.22. JlorazaTth, 4TO B YaCTUYHO YHIOPANOYCEHHOM MHOMKECTBE HaHU-
GoMbILMIA BIEMEHT ABIAeTcA MakcMManbHBIM. IIpuBecTH mpumep va-
CTHYHO YIOPAXOYEHHOI0 MHOAKECTBA, B KOTOPOM MaKCHMAJbHbI aJe-
MEHT He ABJIAETCA HauGOJbLIINM.

4.23. Ha muomecrse N\ {1} BBenem ornomenue R: aRb, eciu b
neautca Ha a 6e3 ocrarka. [JoxaszaTs, 410 K — 4acTHUYHBIN DOPANOK.
EcTh 11 B TaHHOM MHOKECTBE HAUOONbIINN, HAUMEHBIINHA BJEMEHT !
EcTb ¥ B HEM MaKCUMAJLHLIE i MUHUMANbLHbIE BIEMEHTHI (OTHOCH-
TeasHO R)7

I'pacdurueckolt MHTEpOpPETANKE HA IIOCKOCTH OTHOLIEHUA O, 33IaHHOIO
Ha xouedHoM mHOmectBe A = {a1, ay, ..., an} (uHaUe epadom oTHOLIEHUA)
Ha3bIBAeTCA AUarpaMMa, B KOTOPOM 3EMEHTH a1, G, . - ., Ay U300PAKAIOTCA
TOUKAMHM, 0003HAYAeMbIX TEMU e OYKBAMH, YTO U 3JI€MEHTHI MHOKeCcTBa A,
IpH 3TOM HaNPAaBJIEHHAA CTPE/IKa U3 a; B a; u3obpamaerca, eci (a;, a;) € 0.

Hanpumep, orsomenne o = {(1, 2), (2, 3), (1, 4), (3, 3)} na muomecrse
A={1,2,3,4, 5} usobpamaerca ciexyromum rpadom (cMm. puc. 35).

Eciu oTHOIIEHYE 0 CUMMETPHYHO, TO BMECTO ABYX HANpaBIeHHbIX pebep
(a, b) u (b, a) o6sraH0 pucyior oxHo (a, b) 6e3 HampasieHnA.

IIpu usobpamenuu rpada OTHOLIEHNA MOPALKA, 3aJAHHOTO0 HA MHOKECTBE
X, npu & < y TOYKY T PACHONAraioT HUKe TOUKH ¥. ECIN UMETCA THHUY OT
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X KYHUOT Y K 2, TO IMHUIO, COENUHAILIYIO £ U 2, HEC DUCYIOT. Ananoruuso
NOCTYynarT U OJA 6oJiee IMMHHBIX UENOYEK HJIEMEHTOB.

{a, b, c}
{a, b} / {b,¢}
R 2
{a} } 0 4 {c}
1 3
50 4 P
Puc. 35 Puc. 36

IIpumep 4. Nocrponts rpad orHomeHna prioIeHUA C Ha MHOMBECTBE
BCEX MOOMHOKECTB MHORECTBA {a, b, c}.
<! MHOmecTBO BCEX NOAMHOKECTB MHOReCTBa {a, b, ¢} comepmuT BOCEMB e~
mentos: @, {a}, {b}, {c}, {a, b}, {a, c}, {b, ¢}, {a, b, c}. B coorserctauu c
3aMeyaHMEM 2 B NENOYKAX BKJIIOYEHUN He M300pamaeM auiunue pebpa. Tax,
@ C {b} C {a, b} C {a, b, c}, Ho muHUM or B K {a, b} u {a, b, c} onyckaem.
Tonygenuwitt rpad orHomenua n3obpamed Ha puc. 36. >

4.24. Tiyers A = {1, 2, ..., 10}, R — oTHOLIEHHEe JeIUMMOCTH HA
MHOmecTBe A, BBegeHHoe B 3agave 4.23. Ilocrpouts rpad sroro orHo-
menna. Hality MakcuManbHble B MEHHMAIbHEBIE 3ieMenTsl A (oTHO-
curensHo R).

4.25. llycts A = {3, 4, ..., 10}. BBenmem orHOweHue o, cuyuTad,
uro 1iA a, b € A aob, eciu cymecrsyer Hexoropoe ¢ € A Tawoe, 9TO0
a u b genarca Ha c 6e3 ocrarka. IlocTpouTs rpad 3TOr0 OTHOINEHHUA.

4.26*. JloxazaTh, 4T0 BCAKMY YaCTUUHLINA NOPANOK T HA KOHEYHOM
MHORECTBE MOKeT ObITb IPONOJREH N0 JMHEHHOro (T.e. CyIIeCTByeT

TaKol TUHERHBIH mopAnok 7', aro T C 7). s

Mlyctb MuomecTBO A = A} X ... X Ay, IpUYEM Ha KamkIOM U3 MHOMKECTB
Ay, ..., A, 330aHLI OTHOINEHHA YACTUYHOrO mopAnka. Ha mHomecte A
MORHO ONpENeNuTh OTHOMICHUA NOPANKa < U =:

a) (a1, ..., an) < (@}, ..., al), eciu Vi q; < al;

6) (a1, ..., an) =X (ai, ..., a}), ecmu 6o a; = af, ..., ai—1 = al_,,

a; < @) IIA HEKOTOPOro ¢, AMb0 a; = @} IJA BCeXx i.
Tlopanox < na MHOmecTBe A HagbIBaeICA sexcuxozpagduueckum (0 Ta-
KOMY NPHHIMIY YIOPANGYEHHI CJIOBA B CIOBape).

4.27. JloxazaTs, 910 OTHOIIEHMe < HAa MHOmecTBe A = A1 X... XA,
ABIAETCA OTHOLIEHVEM YaCTHYHOIO IOPAIKA.

4.28. JlokasaTs, 4T0 OTHOIIEHME < HAa MHOmecTBe A = A1 X... XA,
ABIAETCA OTHOLIEHNWEM YaCTHYHOI'O MOPALKA.
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4.29. Jloxazats, uTo ecau Bce A; MuHeHHO ynopamoyeHsl, To A
OTHOCHMTENHHO OTHOINEHUA X TaKKe JVNHEMHO YHOPARXCYEHO.

4.30. Tloctpouts rpadsr orHoweHuit u3 3amaz 4.27 u 4.28 mia
MmuomectBa Ay X Ag, rme Ay = {a, b, cla<b<c}, Ao ={u,v|u<
< v}

3. Onmepamym Han 6vuapHeIME oTHowreruAMH. Ilycts 0,7 C A X A —
OuHapHsble oTHOweHHA. Tak kax GMHApHbIE OTHOILUEHMA ABJIAITICA NOIMHO-
mecTBaMU MHOmecTBa A X A, T0 MomHO Gparh ux mepecegenue o N 7, 00L-
enuHeHHe g U T U pa3HOCTh 0\7'

Obpammnbim OMHOUIENUEK K GMHApPHOMY OTHOUIEHHIO 0 Ha MHOmecTBe A
HaseiBaerca orHowernne o' = {(y, z) | (z, y) € o}.

IIpomusonososcrsism omuowenuem & GMHAPHOM omomeamo 0 Ha MHO-
mecTBe A Ha3bIBaeTCA OTHOIIEHHE F = (A X A)lia 9eBunHo, (a, b) € 7 &

& (a, b) ¢ 0.

ﬁpouseedeuuem bunapnbir omuowenut ¢ U T HA3BIBAETCA OTHOLICHUE
or = {(z, y)|32: (z, 2) € 0, (2,9) € 7}.

O6oanamim vepes A orHomenue papencrsa Ha A, 1.e. A = {(a, a)|a €

€ A}.

4.31. llokasaTs cnegyiomue CBOMCTBA omepauuit Hax GMHADHLIMHU
OTHOLIIEHUAMM: -

) (Uea)o =Ulrao)i 6) (Na)o € Neao).

4.32. Beipasurts ¢ mOMOWIBIO Omepanuft o7, 0! ¥ oTHOIIeHHA
C cuenyroumue cBoficTBa 6MHADHBIX OTHOLIEHMH: a) pPedIeKCHBHOCTE;
) CUMMETPUYHOCTb; B) TPAH3UTHBHOCTL; I') AHTHCHMMETDPHYHOCTb.

Mpumep 5. BoiACHUTL, ABIAETCA U TPAH3UTUBHBIM OTHOILEHHE, KO-
TOpOE OMHOBPEMEHHO CUMMETPUYHO M aHTUCHMMETPHYHO.
< Ilycth 0 — cHUMMETPUYHOE W aHTUCHMMeETDHYHOe oTHomieHue. CumMe-
TPMYHOCTh OTHOIIEHMA O PABHOCHMIBHA YCJIOBMIO 01 = ¢, a aHTMCHMMe-
TPUYHOCTD — YCJIOBHK ¢ o1 - A. U3 arux OBYX YyCJAOBMHM Cjemyer, 4To
o C A. Haronen, 02 = 00 C Ao = 0, 003TOMy ¢ TPAaH3UTHBHO. D> _

lpumep 6. Hatttu xarkoe-HuGYOb TPAaH3MTUBHOE OTHOILEHHE O TAKOE,
uro 02 C o (1.e. 02 C o uo? # 7).
< Hago Haitty aneMeHTHI a, b Takue, uto (a, b) € o, HO He CYLIECTBYET TAKOro
z, aas woroporo (a, z), (z, b) € 0. [lpumMepoM MOMmET CIyRUTH OTHOLLEHHE
< Ha MHOmecTBe nenbix aucen. OHO TpaH3UTUBHO U 1A Hero (3, 4) € o, Ho
(3,4) ¢ o2 >

AOG(ﬁHaan gepes §) ynusepcaabroe omuowenue Ha MHomecTse A: () =

=Ax A.

Mpumep 7. Hycts A — oTHOIIEHME paBeHCTBA HA MHOKECTBE A, a 0 —
NpPOM3BOJLHOE OTHOIIeHue. YeMy paBHEI npousseneHuda Ao, ol, Qo7
< 3ameruM, ut0 (a,b) € Ao & 3z (a,2) € A, (z,b) € 0 & a = =z,
(z,b) € 0 & (a,b) € 6. 3nauur, Ac = 0. AHaTOrMYHO IOKA3LIBAETCA,
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uro 0 A = ¢. HeTpynono Buzers, 4TO €CJIM B 0 €CTh XOTA ObI OOMH 3/IEMEHT
(a, b), To orHOWIEHME Qo) comepmuT BCe mapwl (z, y), rne z, ¥y € A. Takum
obpa3om,

Q, ecm o7 # G,

QaQ:{Z, ecmm o =d. >

Ipumep 8. Jloxasars, uro ecmu 0~} C o, 00~ ! = 0.
< Tak gak 0! C g, 10 (671)"! C o7}, 1.e. 0 C 0~}. CuenoparensHo,
-1
ot =0.D

4.33. a) Byzmer nu nepeceyerre OTHOLIEH M JKBUBAICH THOCTH TAKIKE
ABIATHCA OTHOILIEHHEM HKBHBAJEHTHOCTHU!

6) Bymer nm ofbenuHeHue OTHOLIEHHI YKBUBAJIEHTHOCTH TAKAKe
ABIATHCA OTHOLIEHHEM HKBUBAJICHTHOCTH

B) Bymer nm nepeceuenue oTHOLIEHWI NOPANKA TAKME ABIATHCA
OTHOILIEHNEM MOPAIKAT

r) Bynmer nu o0nenwHeHHe OTHOLIGHHMH NOPANKA TAKKE ABIATHLCA
OTHOIIIEHHEM TopAnka’

x) Bymer mm npousBemeHwe IBYX OTHOLIEHWI SKBUBAJEHTHOCTH
TaK:Ke ABIAThHCA OTHOLIEHWEM JKBMBAJIEHTHOCTH?

e) Byner nu mpousseneHue ABYX OTHOIUEHHN MODALKA TAaKAe AB-
JAATHCA OTHOIIEHUEM IOpANKa?

Tpan3umuenvim 3ambikanuesm o' GUHADHOrO OTHOIIEHHA 0 HA MHOMe-
crBe A HA3BIBAETCA HAUMEHbLIEE TPAHIUTUBHOE OTHOLIEHHKE, COLNEp/RALIee o.

4.34. Jlokasats cienymoInue CBOHCTBA TPAHSUTHBHOIO 3aMbIKAHUA:

a) o' — mepeceveHMe BCeX TPAH3HTUBHLIX OTHOINEHUM, CONEDHA-
LINX O,

6) ot =o0Uc?Uoc%U...;

B) (a,b) €0 ey, ..., cn € A, 910 (0, ¢1) €0, (cp, b)) Eom
(ciyciy1) €Eompui=1,...,n—~1.

B 3amavax 4.35-4.37 mokasatb, uTO JA M00BIX OTHOLIEHHH p, O,
T Ha ONHOM U TOM K€ MHOKECTBE CIPABEINIUBLI YKa3aHHbIE PABEHCTBA
nub0 BRIIOYEHUA.

4.35**. (po)r = p(oT). 4.36. (po) "l = o lp7L.

4.37*. p(cUT):= poUpr, plocNr) C poNpr. llpusectn npumep
OTHOILLEHHH, 1A Koropbix p(o N T) # po N pr.

Npumep 9. Nycrs 0 — orHomwenne Ha MuOmecTse R, onpenenentoe
ycaosueM aob < ja — b = 1. Yro u3 ceba mpencraBiAeT TpaH3UTHBHOE
3aMBIKAHUE OTHOUIEHHUA 07
< Ycnosue (a, b) € o' paBHOCHIBHO CYIIECTBOBAHHUIO 3JEMEHTOB T1, T3, ...
..+, Tp TaKUX, 970 |a— 21| = |21 — 22| = ... = |z, —b| = 1. Takum obpazom,
(a, b) € o* B TOM U TONBKO TOM Cayuae, Korna a — b € Z. >
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4.38. JJoxasaTs, YTO TPAH3UTHMBHOE 3aMBIKAHME OTHOINEHHUA 0 —
9T0 HAMMeEHbIlee TPAH3UTHUBHOE OTHOLIEHWE, COep/Rallee ¢ B Kade-
CTBE IOAMHOAECTBA (MM, YTO TO /Ke CaMoe, IepecedeHre BCeX TPaH-
SUTHUBHBIX OTHOLIEHUH, CONEP/RALIMX O ).

B 3amauax 4.39 u 4.40 HaliTu TpPaH3UTHBHOE 3aMBLIKAaHME 3aTaH-
HBIX OTHOIIEHMI: )

4.39. zoy, ecn £ = y — 1 (1Ha MHomecTBe Z);

4.40. zoy, ecmn y = kz, rme K — mpocrtoe uuciao uam 1 (Ha
MHomecTBe N).

4.41. JloxazaTh cienyoiue paBeHCTBA IJIA OTHOIEHHH Hapajliiellb-
HOCTH ¥ NEPHEHAMKYIAPHOCTH, 33JaHHLIX Ha MHOMKECTBE BCEX IIpA-
MBLIX HA IJIOCKOCTH (IPH 3TOM CYMTAETCA, YTO J06aA mpAMad napad-
neabHA caMoii cebe):

It =1, L7'=L, f-ll=L L=, |-Ll=L, L-=L.
Kakxue u3 3TMIX PABEHCTB OCTAIOTCA CHPABEMJIHBBIMHU A IPAMBIX B
npocrpaHcree?

4.42. Ha puc. 37 usobpamen rpad orHomesua o. Ilocrpouts
rpadp! OTHOIMEHHH 0’1, 02, oa“l, 0"10, at.

4.43. Karue nuuuyn HymHO 100aBUTH K rpady OTHOLIEHHA J, U30-
6pamenHoMy Ha puc. 37, urobbl momysmica: a) rpad peduaekcus-
HOro orHomenud; 6) rpad) CHMMerpHMYHOr0 OTHOLIe-
HuA; B) rpad) TPAHSUTUBHOIO OTHOLIEHHUA?

4.44. Jlorazatb, 4T0 IJIA M060r0 OTHOUIEHNA O OT-
HoureHua 0 1o u 0o~ ! — cuMMerpmuHbe.

B sapawax 4.45-4.47 ¢, T, p — OTHOIIEHUA 3KBU-
BaJeHTHOCTH HA OZHOM M TOM K€ MHOMECTBEe, 0 V T Puc. 37
o603HayYaeT HaMMeHbIIEe OTHOILIEHIE SKBUBAJIECHTHOCTH, CONEp/RAILIEe
o u 7. Jlokasath npuBeleHHLIE PABEHCTBA.

445.0Vv7 = (cUT). 446. pN(ocVT)=(pNT)V(pNT).

447. pV(on7t)=(pVT)N(pVT).

4.48. lna nByx DaHHBIX OTHOLIEHHII SKBUBAJEHTHOCTH O ¥ T OIpE-
IeJHUTh, ITO c060} NPenCcTaBAAIOT KIACCHI OTHOINEHUH SKBUBAJIEHTHO-
cti 0 N7, oV T u3 3amagm 4.45.

[IBa 9aCTMYHO YNOPANOYEHHBIX MHORECTBR UFOMOPPHHbL, €CIH MEmIY
HUMHM CyUIECTBYET B3AMMHO OJXHO3HAYHOE COOTBETCTBHE, COXPAHANIIEE OT-
HOLIEHUA MOPANKA.

4.49. Tlepeuncants Bce HEM3OMOP(QHBIE YACTMYHO YIOPAXOYECHHBIE
MHOKECTBA, COCTOAIIME U3 2 UIK 3 HNEeMEeHTOB.

4.50. PaccMoTpHM KOHEYHOE MHOMRECTBO U3 71 3aeMeHTOoB. CKONbLKO
HAa 9TOM MHOKECTBE MOKHO BBECTH:

a) Pa3IMYHBIX OMHADHBIX OTHOLICHUI;

6) petuiercuBHBIX GUHAPHEIX OTHOILCHUI;
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B) CUMMETPHYHBIX OGMHAPHBIX OTHOIICHUIA;

) AaHTMCHMMETPHYHbIX GMHADHBIX OTHOILEHMIL;
I) OTHOLUIEHUH NUHEHHOro NOPALKA;

€) OTHOLUEHHH YaCTHYHOro mopaaka (n = 3);
/) OTHOIIeHHM} 3xBUBazeHTHOCTH (N = 3)7

4. Asrebpamyeckue omepaumy M Ux cBofictBa. Aazebpauuecxoti onepa-
yuetd Ha MHOmRecTBe A HasbiBaeTcA orobpamenne A x A - A. Ecau npu oro-
GpameHuu aeMeHTaM a, b € A CTaBUTCA B COOTBETCTBUE 3JIeMeHT ¢ € A, T0 ¢
HA3bIBaeTCH npoudsedenuem dnementos ¢ u b. Hcmonnayerca sanuce ¢ = ab.
TepMuH «pousBeeHHe» HOCHT YCJOBHBIH XapaKTep: OH MOKET O3HA4aTh
«CyMMY», (Da3HOCTb», «PE3YIBLTAT MOCIENOBATENBHOTO BHINONHEHUAY (mpe-
ofpagosanuti) u r.1. IIpoussenenwe snemeHTOB @ M b 0603HAYAT Takme
a-b axb, a+b aob, aNbu 1.1 Muomecrso A, Ha KOTOPOM 3amaHa
omepauua *, IPUHATO 0603HaYaTh (A, *).

Omepamiio Ha xoneunom MHomectse A = {ai, az, ..., @n} MOMHO 3a-
mate mabauyet Kaau, B KOTOPOH Ha NMEPECEYCHUH CTPOKH JIEMEHTA @; U
CTO/I0IA 37EMEHTa @; CTOMT JJIEMEHT Gk = Q; * ;'

a1 aj Qan
a
a; ak
Qn

Onepauuna xommymamuena, eciu a * b = b a 1na scex a, b. Onepanua
accoyuamueéna, ecau (a x b) x ¢ = a * (b * c) nua scex a, b, c.

3IIeMEHT u HaA3LIBAETCA 4e60t edunuell, eClM u * @ = a IJA BCEX a;
npagotl edunuyet, ECIN @ * U = @ IJIA BCEX Q; AE6bLM HYAEM, ECTH U*Q = U
IJIA BCEX @; MPa6biM MyaeM, ECIU @ * . = u AJA Beex a. Edunuye (wam
deycmoponnas edunuya) — 3IEMEHT, ABIAIIIUACA OMHOBPEMEHHO NpaBoi
u nesot emusuuet. Hyav (umu deycmoponnutl myab) — 3iEMeHT, ABJIAIO-
LIMACA OXHOBPEMEHHO MPABBIM U JIEBBIM HYJEM.

pumep 10. Ha muomecree A = {1, 3, 5, 15} 3anana onepauun axb =
= HOI (a, b) (HauGoabumit o6wm# nemurens aucen ¢ u b). Ilposepurs
KOMMYTaTHBHOCTb M aCCONMATUBHOCTH 3T0H omepamuu. Cocrasuth Tabiaumy
Kanm srott onepannu. Hatttu emvuuus: U Hymm.
<t Tabnuua Kanu umeer Buz:

1135115
11111} 1 ‘
3 11131} 3
5 1111|561} 5
15)113}15]15
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Tax wax HOI{a, b) = HOI (b, a), To onepauna * kommyratusHa. Onepa-
umA * acconuaruena, nockoasky HOI(HOM(a, b), ¢) =HOI (a, HOM(b, c)) =
= HOH(a, b, ¢). Tax xax HOI(15, a) = a u HOHA(1, a) = 1 naa Bcex a € A,
10 15 — enunuua B A, a 1 — Hyas B A. Jpyrux eqvHun u Hyne# Her. O

4.51. a) Cronpko pasmuyuHbIX ajgrefpanmdeckux omepanuil MOMHO
BBECTH Ha MHOmecTBe M3 1 saeMenToB? 6) Ckonpko m3 mux Oymyt
KOMMYTaTHUBHBI!

4.52. a) Jlorkaszath, 9TO ecau B MHORECTBE €CTh IIPABAA U JEBad
eIMHUIL], TO OHM COBIALAIOT, U 3TOT DJIEMEHT ABJIAETCA ABYCTOPOHHEH
eIVHUIEH.

6) JJokasaTh aHAJIOrMYHOE YyTBEPARICHUE IUIA HYJIEH.

B samagax 4.53 u 4.54 nocrpoutrs Tabauust Kanu yrasauHbIx MHO-
/RECTB C 3afaHHpIME onepauuamy. Halitu Bce neBoie (npaBbie) enu-
HUIBL, J€Bble (IpaBble) HYIH. _

4.53. M = {a, b, c,d}, zxy=x nuascex 2,y € M.

z+y+1l, ecnu z+y<4;
454. M ={1,2,3,4}, z+y= yTo YS
z+y—3, ecm x4y >4
4.55. Kar no rabmuue Kamu KOHEYHOro MHOKECTBA ONPENEIUTSH,
ABIAETCA JIM ONEPaUA Ha 3TOM MHOMKECTBE KOMMYTATUBHON?
4.56. TIpoBepuTh ACCOMUMATHUBHOCTL ONEPALVH, 3ATAHHON CIEXyIO-
et Tabauneit Komm:
a{blcid

a a a a

[~ G~

o

[ [ [+ c

dla|clala

Onepanua Ha MuomecTBe A o6pamuma caeea, eciv ypaBHEHHE
xa = b paspemmMo 1A Bcex a, b € A; obpamuma cnpasa, ecan
ypaBHeHue ay = b paspemmmo naa Bcex a, b € A. Omepanua co-
XPOMUMG CA€68a, ECIH AT = ay = & = Yy IJA BCeX a, T,y € A;
coxpamuma cnpasa, €CIN Ta = ya => £ = Y IIA BCeX a, T, Y € A.

4.57. Kak no tabnune Kamu koHeuHoro MHOmecTBa ONPENENUThH,
ABJAETCA JHU ONEPalyA HA STOM MHOMKECTBE:

a) obpatumoit (cieBa muu cupasa); 6) coxpatumoii (ciaeBa miam
cipasa)?

4.58. lIpuBecTn npumep anredpandyecKoll Onepanuu:

a) KOMMYTAaTHBHON, HO HEaCCONHUATUBHOIM;

6) accoUMATHBHOMN, HO HEKOMMYTaTHBHOM;

B) acconMaTHBHOM, 00PATHMOMH cieBa, HO HeoOpaTUMON CIpaBa;

) aCCOUMATHBHON, COKPATHMON CleBa, HO HECOKPATHUMOM CIIpaBa.
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B samagax 4.59-4.66 nnA 3amaHHBIX onepauMii BHIACHUTB, OymyT
X OHYM aCCONMATHBHBI, KOMMYTATHBHbI; HaliTH BCe JeBble (IpaBhbie)
eIMHUILI, HYIH.

459. axb=a—-0b (a, b€R).

4.60. a xb=a’ (a,bER; a,b>0).

4.61. a *b =HOI(a, b) (a,beN).

4.62. a * b = HOK(a, b) (HOK — maumenbuee o0imee KpaTHOE
qucen a u b (a, b € N)).

4.63. axb=+vVa2+ b (a,bER; a,b>0).

4.64. (a, b) * (a1, b1) = (aay, ab; +b) (#a muomecrse R x R).
4.85. (f *g)(z) = f(9(z)) (s1a MHOmecTBe OTOGpamenuit X — X).
4.66. axb=a+b—ab (a,beR).

Bsenem na muomectse Z, = {0, 1,...,n — 1} ocrarkoB or meneHus
uensix uncesl Ha n € N onepauuy caoicents U YMHONCEHUA N0 MOOYA0 T.
Inaa, b € Z,, Beipamenun a+b (mod n) u a-b (mod n) o6o3naqaror ocratku
OT NIeleHHA Ha n yucen a + b u a - b coorBeTcTBEHHO.

llpumep 11. [Iokazars KOMMYTATUBHOCTH M ACCOMMATHBHOCTL OmEpa-
unu ¢ + b (modn) Ha MuOmecTBE Zp,.
<1 Yro6e! passUauTh Onepanuy 00BIYHOTO CIIOMEHHA U CIOAREHUA 10 MOIYIII0
n, 6ymem ux B 3TOM mpumepe 0603HadaTh + u @. OQuesupgHo, a ® b = a +
+ b (modn) maa scex a, b € Z,. KomMyTaTMBHOCTH OmEpanyvu OYERHIHA.
HIpoBepum ee accoumarusHoctb. Ilycts a, b, ¢ € Z,,. Torma (a @ b) ®c =
=(a+b)dc=(a+bd)+c=a+(b+c)=a+(bDc)=ad®(bPc) (modn).
Taxk kak (a@b)dc=a® (bdc) (modn) u 0ba wucna (a®b) e, ad (b c)
npuHagnemar Z,, 10 (a®b) Gc=a® (bdc). >

B samawax 4.67 u 4.68 nocrpouts Tabmunsr Kamu Muomectsa Zg
¢ ykasaHHbIMH omepanuAMu. Halitu Bce neBble (IpaBble) eNUHUIBI,
nepbie (IIpaBble) HyIH.

4.67. Onepanua CIOREHUA 1O MORYIIO 4.

4.68. Onepanua yMHOREHHA O MOIYIIO 4.

4.69. JloxazaTb KOMMYTATMBHOCTb M aCCONMATMBHOCTH OHEpanuM
a-b (modn) Ha MHOmecTBE Znp.

Iycte a — snemenT MHORecTBa A ¢ onepauueit *. Tornma mo onpenenesHuio
a™ = a" }xa, rne n € N. Jnement a — udemnomenm, eciun a? = a. Hycrs
muomectso (A, *) nmeer Hyns 0. Torma @ — Huabnomenmubll dIeMeHT,
eciu a™ = @ npu HexoropoMm 1 € N.

4.70. HaiiTu Bce MOeMIOTEHTHI M HUILIOTEHTHBIE 3JIEMEHTHI MHO-
mectsa: a) (Zsg, +); 6) (Zs, -).

TomomopPusmom muomecrsa (A, *) Ha MHOmecTBO (B, o) HasbIBaercA
orobpamenue ¢: A — B, ynosiersoparouiee ycaoBuio p(z*y) = ¢(z) o p(y)
Vz,y € A
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Bsanmuo ommHo3HauHOE oToOpameHue @, ABIAIOMEECA TOMOMODP(HU3MOM,
HasbiBaerca usomopduamon. Muomecrsa (A, *) n (B, o) usomopPuut, ecnu

CYLIECTBYET M30MOPOM3M MemIy Humu. B srom caydae muuiyr (A, *) =
= (B, o) nmu A = B.

Mpumep 12. Mycrs P(X) — MHORECTBO BCeX HMOIMHOMRECTB MHOMC-
crea X. Jlokasarnb, yro MHomecTBa ¢ onepaumamu (P(X), U) u (P(X), N)
H30MOP(QHEI.
< IlpoBepumM, utO oro6pameuneM, OCYLIECTBJIAIIMM M30MOP(U3M, ABIA-
ercA p3ATMe HomoiHeHuA. A umenHo, nycte @(A) = A mia A € P(X).
flcro, gro orobpamenue ¢: P(X) — P(X) 3anmuo onnHosHauxo. Haxouen,

©(AUB) = AU B = AN B = p(A) N p(B), nosromy ¢ — nzoMopdhusm. >

Mpumep 13. U3omopdubr 1u MHOKECTBA (Z +) u (Z, *), eciu onepa-
uMA * onpenendAercA gopMyiaot a xb=a+b— 27
< lycrb e — epununa B (Z, ). Torna ana Bcex 37MeMEHTOB T 3TOC0 MHOMKe-
CTBA BBINOJHAECTCA PABEHCTBO €T = T, uiu e + £ — 2 = . Taxum o6pasom,

= 2. 970 06CTOATENLCTBO HABOOUT HA MBICIL, YTO U3OMOP(U3M MHOKECTB
(Z +) u (Z, *) nonyunrca, eciu K KaKAOMY 31emeHTy npubasasats 2. Ilpo-
sepuM 9t0. lycrs : (Z, +) — (Z, *) Taxoso, 4r0 @(z) = z + 2 OaA BCEX
z. flcHo, uro ¢ B3amMHO oxHO3HadHO. Kpome Toro,

plz+y) =z+y+2=(2+2)+(y+2) -2 = (c+2)*(y+2) = p(z) *p(y).
CnepoBarensHo, ¢ — n3oMophuaM. >

4.71. Kaxue MHOmecTBa C 3a0aHHBIMM OMepauMAME U3 3a1ad 4.53,
4.54, 4.67, 4.68 usomopdHbI?

4.72. llycts M = [a, b]. Tonomum z Ay = min(z, y), zVy'=
= max (z, y). UsomopdHuer au (M, A) n (M, V)?

4.73. Ha MuomecTBe Z uenpIX YKCel BBEIEHA ONEPAUHA a * b =
= a + b+ 3. Jlokasats, uro (Z, x) = (Z, +).

4.74. Ha muomecTse R sBenem onepanuio T +y = /z3 + y3. Ipo-
BepuTh, 40 (R, *) = (R, +).

4.75. UsoMopduet au Muomectsa (Z, +) u (Z, -)?

IIpamoim npoussedenuem muoxcecms Ay, Az, ..., An ¢ onepayuimu
HasbIBaercA MHOmecTBO A; X Ay X ... X A,, B KOTOPOM OmEpauuA Ompene-
JAETCH TLOKOMTLONENINHO:

(al,az,...,an)'(a'l,afz,...,a%):(al-a’l,az-a'z,...,an~a;1).

4.76. BoiAcHuUTL, IpU KAKKX YCIOBUAX HA MHOmecTBa (A;, <) Toab-
KO 4TO BBeAEHHAA omepauuda B A; X Ag X ... X A, Oyner: a) Kommy-
taTuBHOH; 0) accounaTHBHOH.

4.77. Kaxue sneMeHTHI MHOmecTBA A7 X ... X A, OTHOCHUTEILHO
BBEJEHHOM BBIIIE ONEPALMM ABIAIOTCA: a) (I€BLIMM, NPABHIMM) eXu-
Huuamy; 6) (1eBbIMM, npaBbiMM) HyrAamu?
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B 3amagax 4.78 u 4.79 BeIACHUTH, H30MOP (DHEI JIM YKA3aHHBIE MHO-
/RECTBA.

4.78. (Zy x Zo, +) u (Z4, +). 4.79. (Zy X Z3, -) u (Zy, *).

4.80. TIycrs A = {2, 3, 4, 5}, B = {2, 4, 5, 10}. Ha mHomecr-
Bax A, B onepauuu OGBITHOTO CIOMEHHA W YMHOKEHUA ABIAIOTCA
YACTNUYHBIMY ONePayuimMu (T.e. OIpedeNeHHbIMY He LA Jo0bix nap
anemenToB). Ilocrpouts Tabmuunt Kemu ciomenua u yMHOmEHHMA HA
muomectsax A u B. Ilokasars, uto (A, +) = (B, ).

§ 2. I'pynnex

1. Noayrpymmi. Henycroe MHOmecTBO S ¢ 3aKaHHOM HA HEM aCCOLMMATHB-
HO¥ onepauueli HasbiBaercA noayepynnoi. Henycroe monmuomectso H C S
HasbIBaercA nodnoayepynnotl, eciu miA Jnoﬁmx anemeHToB a, b € H ux
npousseneHue ab € H.

IIpumep 1. Buiacuurs, aABnAwTca a1 nonyrpyrmamn yKa3aHHBIE MHO-
mecTBa S C 3aJaHHBIMH Ha HUX omepamuAMu: a) S = Z, onepauud — BLbI-
unranue; 6) S — muomecrso Marpun 4 = flaj;|l (4,5 =1,2,...,n), rme
@;j — HEOTPHMUATENbHbIE NeJble YUCIA, C ONepaluelf MATPHIHOLO YMHOMeE-
T+Yy

5
< a) B o6uiem cityuae (a—b)—¢ # a—(b—c) (upusenure npumep), Tax 9T0
onepauus BEIYUTAHMA HEACCOUMATHMBHA, 3HauuT, (Z, —) — He moayrpynna.

6) HenocpencrsenHo npoBepAeTcH, 94T0 NPOU3BENEHHE MATPHIL C HEOTPH-
HATEJILHBIMM JIEMEHTaMH TaKKe ABIAETCA MaTpHULeH ¢ HEOTPHUATEIbHBIMU
aneMeHTamMu. Kpome TOro, M3BECTHO, YTO NMPOM3BEIEHHE MATPHI acCOUUA-

tueHO. [l09TOMY HaHHOE MHOKECTBO ABJAETCA NOMYTPYIIOH.
B) Hmeem:

rp)sz=(2@+1))rz=1 (a4 5y+2) = 2o+ 2y+ 32
2 2\2 2 4 4 2

1 1 1 1 1 1
T*(y*z)= (m+(y*z))=5(z+§(y+z))=§z+zy+zz.

Taxum 00pasom, (z *xy) * 2 # z * (y * 2). Ilosromy (S, *) — He moxyy
rpyona. &

Ipumep 2. Mycrs Ng = NU{0} ={0, 1, 2, 3, ...}. Boiacuurs, asaa-
IOTCA JIM YKa3aHHbIE MHOMECTBA NOANOJIYTPYNNAMH IOJYTDYINEL (NO, +):
a) A={0,1}; 6) B={0,2,4,6,...}; B) C =No\{0, 1, 2, 5}.

< a) Tak wak 1 € A, HO 1 + 1 ¢ A, T0 A ue aABAerca nonnonyrpynnoﬂ.

6) Daementsl u3 B umeror Bun 2n, roe n € Ny. Tar rak 2m + 2n =
=2(m+n)€ B npn m, n € Ny, 70 B — nognonyrpynna.

B) Ouesnano, C = {3,4} U {nA’ > 6}. NloxameM, uro a + b € C npu
a,be C. Ameem: 3+3 =6 € 3+4 = 7€¢C,4+4=8¢C, a
ecau xoTa ObI OXHO U3 9Mcea a, b 6onbme uin paBHO 6, To Takme a+b € C
Crnenoparenbro, C — mogmonyrpynna. >

uud; B) S = [a, b] — orpe3ok 4MCIOBON MPAMOl, ONEpALMA: T * Y =
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Mpumep 3. Jokasars, aro MHOmecTBO I = [a, b] (a, b € R) ¢ onepa-

nuedt T Ay = min (z, y) ABIAETCA NONYIPyNNoH, U HANTH BCE ee MOANOJY-
rpyNNbL.
< IlpoBepum accouuarnsHOCTh onepanuu. Ilycrs z, y, z € S. Torna

(z Ay) Az =min ((z Ay), z) = min (min (z, y), z) = min (z, y, z)

z A (y A 2) = min (z, (y A 2)) = min (z,min (y, 2)) = min (z, y, 2).

Takum obpasoMm, (£ Ay) Az = z A (y A z). CnemosaresnsHo, (S, A\) —
noJyrpynna.

Jokamem renmeps, 9ro dw60e HenmycToe moagmMuoEkecTBo I' C S aBnaerca
nopnoayrpynnofi. JenicreurensHo, nyctb £, y € 7. Ecmz <y, 7oz Ay =
=z €T,aecmuz 2y, T0oxAy=y€T. losromy z Ay € T nna a0bbIx
z,y € T. 3naaur, T — nomnosyrpynna. t>

B samauax 4.81-4.83 BeiACHMTE, ABAAETCA JM NOJYTPYNIOH yKa-
3aHHOE MHOKRECTBO.

4.81. Muomectso N c onepauneit a * b = HOll(a, b).

4.82. Muomectso S = [a, b] c onepanueir z V y = max (z, y).

4.83. MHomecTBO Bcex MaTpHIl BUAA

a,d>0.

B 3agavax 4.84 u 4.85 BHIACHUTDH, ABIAIOTCA JU HONIOJYT PYNIAMHA
nosyrpynnst (Z, +) yxasaHHbIE MHOKECTBA.

4.84. Muomectso {5, 8, 10} U {n|n > 12}.

4.85. Muomectso {11, 14} U {22, 24, 26, ...}.

4.86. B nonyrpynne S = {1, 2, 3, 6} c onepauueii axb = HOK(a, b)
HaliTH BCe MOINOIYTPYNIbI, COTepRamye 6oee ABYX 3IEMEHTOB.

4.87. Ilycts X — mpou3BONBLHOE MHOMECTBO, By — MHOMKECTBO
Bcex OMHAPHBIX OoTHOINEHMM Ha X C omepauueil yMHOMREHHA OTHOLIe-
uuit. Jlokazats, uro By — momyrpynna. Haiitu (neBsie u mpasbre)
eIVHHULbI ¥ HyJIH HOJyrpynnsl Bjy.

4.88. Ilycts Tx — mHOmecTBO BCex orobpamennii X — X c ome-
painueli IoCIeN0BaTENLHOr0 BhinonHeHuA. JJokasars, 4to T — mouy-
rpynna, Haiitu ee enuHuIbI ¥ Hym. flBaserca iu T mommonayrpynnoit
noayrpynnst By ?

4.89. Croabko Bcero cyuiecTByer HeM30MOP(HBIX IOJYrpynn u3
IByX DJIEMEHTOB (OIpeleieHHe HM30MOpP(PU3Ma MHOMKECTB C Olepauu-
amu cM. B §1)7

4.90. JoxasaTn, 9TO mepecedeHHe JIOO0T0 MHOMKECTBA IIOAIOIY-
T'PyIIN, €CIM OHO HEIYCTO, ABIAETCA IONNOIYIPYyNION.

4.91*. JloxazaTs, 9YTO BO BCAKOM KOHEYHON IONYrpymme Haiizerca
udemnomenm (T.e. TaKol BIEMeHT e, 4TO €2 = e).

d),rnea,b,c,dean
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2. I'pymss. Muomectso G ¢ onepanuelt HaswBaerca 2pyniol, eciy Bbl-
NOMHAKICA YCAOBUA:

(1) (ab)c = a(bc) nas Beex a, b, c € G,

(I'2) cywecrayer nefiTpaabHbIl (eXHHUYHEIN) 5aeMeHT e € G Tako#, 410
ae = ea = a 0jA Bcex a € G;

(I'3) mna moboro a € G cymecrsyer b € G rtaxoe, uro ab = ba = e.
DaemenT b HasbIBaeTcA obpamubiM K o 1 obo3Havaerca a” .

Iyctb o — anement rpynner G. lonaraem a® = e n a™™ = (a™)~! upu
n € N. Yucno sneMeHToB Ipynnsl Ha3bIBAETCA €€ 10, azémm u 06o3Hauaerca
|G|. Eciiu G — becroneunan rpynna, to nuweM |G| =

Ecan onepanua rpynnsl ABAAETCA KOMMYTAaTMBHOM, TO rpynna Hasbia-
eTCA KOMMYMAmuenol unm abeaesoti.

B samauax 4.92-4.95 mpoBepHTh, YTO CIELYIOUIME MHOMKECTBA C
3agaHHO!t HA HUX oHepanvei, ABAAIOTCA TPYNIaMH.

4.92. Muomectso R (Z, Q, C) c onepauueit cnomenua. OO Ha3bI-
BaercA addumuenoti 2pynnoti TeACTBUTENLHBIX (UENbIX, PALUOHAIL-
HBIX, KOMIUIEKCHBIX ) 9HCEIL

4.93. MuomectBo Zj, ¢ onepanueii ciomxenua 1o Mmouymio n (2pynna
8bI4EM08).

4.94. MuOReCTBO KOMILIEKCHBIX yucen Uy, ABIAIOIIMXCA KOPHAMHA
n-# cTemeHW U3 eTUHUNLI, ¢ 00BIYHON omepanuelt YMHOMREHUA KOM-
IIEKCHBIX wucel (epynna ecer xopued n- cmenewu u3 eGuruybl).

4.95. MHOmeCTBO Beex ABUMEHUHN IIIOCKOCTH, NEPEBONAIIMX Pa-
BUJLHBIA N-yrOJbGHUK B ce0d, OTHOCUTEIHLHO ONEpanuy KOMIIO3MLUH.
9ty rpymmy obosuavaror D, (epynna dusdpa).

4.96. Joxazatsh, uro B m0boit rpynme G:

a) eMMHUYHBIA 31E€MEHT eIMHCTBEHHBII;

6) nna mo60ro a € G 0BPATHEIM BIEMEHT G~ ! eTMHCTBEHHBII;

B) A J00bIX 91€MEHTOB a, b € (G chnpaBeliuBO DPaBEHCTBO
(ab)~! = b~ la™;

r) aaa awboro a € G u moboro n € N peImonHAETCA PaBEHCTBO
(a—l)n — (a")_l.

4.97*. llokasats, 410 ecau G — rpynma u a? = e paa mo6oro
a € G, 10 G KOMMyTaTHBHA.

4.98. Jloxazarn, 4T0 Bo BCAKON I'pylne Kakj0e U3 ypaBHeHU axr =
= b, ya = b umeer exuHcTBeHHOE peueHune. Hanucath BhlpameHua
uyuepe3 au b

B 3amavax 4.99-4.101 a, b, ¢ — u3BeCTHLIE 3MEMEHTLI I'PYNIAI,
T — HEM3BECTHBIN 37eMeHT. Peliuts ypaBHeHMSA:

4.99. azb =c. 4.100. z a1 =b. 4.101. az"'b=c

B samauax 4.102 u 4.103 norasars, 4T0 HOAYrpymma S ABAAETCA
IPyInoi B Ka;RAOM U3 CHEXYIONTUX CIydaes.

4.102*. Ypapuenua ax = b, ya = b umeror pemeHuA naaA I06bIX
a,beSs.
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4.103. YpaBHeHue axb = ¢ uMmeer pemeHue i aw0bbix a, b, ¢ € S.

4.104. llycts G — rpynna. Beemem na G HOByIO onepanuio, moJa-
ras a * b = ba. Jlokasats, yto (G, *) — rpynna.

4.105. Nposeputs, uro MHOKecTBO nap (a, b), rie a, bE R u a #
# 0, ABIAETCA TPYNIOHN, eCiIM ONepPANMA 3a1aHa CAedyIolHUM 00pa3oM:

a) (a, b) * (a', V') = (ad', ab' +b);

6) (a, b) * (', b') = (ad', ab' + ba);

B) (a, b) x (a’, b') = (aa’, b+ V).

4.106. llycts G — MHOmecTBO Beex Tpoex (a, b, ¢), raea, b, c € R,
a # 0, ¢ # 0. JHoxasars, uaro omepamua (a, b, ¢) * (a/, ¥, ) =
= (ad', ab’ + bc, cc') npespamaer G B rpynmy.

4.107. Mycts X — upomssonsHoe MHOmecTBO, P(X) — MHOmecT-
BO Bcex ero nopMHuoxects. Jlokasdats, uro (P(X), A) — rpynna, rie
AAB = (A\B) U (B\A).

4.108*. llycts G = (—c, ¢) — uHTepBan yucioBo mpamol. [o-

a+b 1y

a+ab/cz "
4.109. Tlokasars, YTO MHOKECTBO BCeX HPOOHO-TMHEMHBIX (YHK-

ar +b
nuﬁf(m)=cm+d

OTHOCHTEJIBHO Onepauuy cynepnodunuy. flsiaerca au sra rpynna koM-
MYTaTHBHON?

4.110. Ha muomectee H = {1, —1, 4, —1, j, —J, k, —k} (su1ementn1
KOTOPOT0 CJIefyer PacCMaTPUBAaTh Kak (JOPMAIbHLIE CHMBOIIbI) BBO-
IHTCA OIlepalnA, IIPA KOTOPOIT 3neMeHThI 1 U —1 meiicTByIOT Ha 0CTAlbL-
Hble OGBLIYHBIM 06pA30M M, KpOME TOro, 42 = j2 = k? = —1, ij = k,
ji = —k, ki = j, ik = —j, jk =1, kj = —i. JlosasaTh, uT0
H — rpynna (oHa HassiBaercsa epynnot keamepnuonos). HocTpouts
tabnuny Heimu yMHOmeHuA 9T0# rpynust.

Ka3atb, uto (G, *) — rpynna, eciv a * b =

, e a, b, ¢, d € R n ad—bc # 0, obpasyer rpymmy

Hpamvin (nau dexapmosoin) npouseedenuenm epynn Ai, ..., A, Hadsl-
Baerca MHORECTBO Ay X ... X Ap = {(a1, ..., an)|a1 € Ay, ..., an € Ap}
c omepanwuett {(ai, ..., an)(b1, ..., bp) = (arby, ..., apb,). Ecau onepamua s

Kampott ua rpymn A; (i =1, 2, ..., n) — clOmeHue, TO rOBOPAT O NPAMOTL
cymae rpynn ¥ ouuyt A; & ... 9 A,.

4.111. Jloxasats, uro eciu Ay, Ag, ..., A, — rpymmsl, 70 A X
x Az X ... X A, — Tarme rpyuna.

4.112. Mlycts A u B — MHOmecTBa ¢ omepanuamy, ¢: A -+ B —
roMoMOppu3M (OmpeneseHue roMOMOPHU3Ma MHOKECTB C ONEpamuen

1) Dra onepanma npencrapafer cobolt npasuao cAoHcenus cxOpocmet 6 cneyu-
GAbKOY MEOPUL OMKOCUMEALHOCTIY.
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cMm. §1) A va B. [lokasats, yro eciu A — rpynma, 10 B — rakme
rpymma. ’

4.113*. JlorazaTts, uro ecitm @: G — G' — romomopduaMm rpymm,
10 @(e) = € u (a!) = p(a)~!, rae e, ¢ — emununs rpym G, G’
COOTBETCTBEHHO.

4.114. Haittu Bce roMoMopdu3Msel rpynms! Z B cebA.

4.115. Ilycts G — rpyumma, ¢ — ¢uxcupoBasubil saemeHTr G.
Ompenenum apyroe ymuomenue B G, nojaraa « *x y = Tay. JloxasaTs,
uro (G, *) = (G, -). '

4.116*. Jlokasarts, 410 ecid X — KOHEYHOE MHOKECTBO U3 71 3JIE-
MEHTOB, TO rpynna u3 3amauu 4.107 usomopdua Zg X Zy X ... X Zs.

n pas
4.117. Jlora3aTh, 4To:
a)* (R, +) = (R4, -), roe R, — MHOKECTBO BCeX NOIORATEILHBIX
HeACTBUTENLHBIX THCEIT;
« 6)* (Q +) # (Qy4, ), rme Q; — MHOKECTBO BCEX NOJORHUTEIH-
HbIX PAMOHAILHBIX TUCE;

B) G1 = Gy, roe G} — rpynna MaTpun BuIa (g l{) (a, b ER,

a # 0) c onepanueit ymuomenua marpun, Gy — rpynna U3 3agauu
4.105 a);

b
r) G1 = Gy, rae G| — Tpymlla MaTPHI BUIA (g C) (a, b, ceR,

a, ¢ # 0) ¢ onepaune#t yMHOKeHusa MaTpul, Go — rpynna U3 3a1add
4.106.

Henycroe nopmmuomecrso H rpymmsr G masbiBaerca nodepynnot (06o-
sHavaercA H < @), eciu OHO caMO ABAAETCA IPYONOH OTHOCUTEIBHO TOM
me onepauuu. B rpymnme G HanMensiuaa nogrpymna — {e}, Haubonpuian —
G. 9TtH nmoarpynnbl HA3HIBAIOTCA MPueuadbubismy. (OcTalbHBIE HONCPYNIOBL
{(ecnu OHM CYILECTBYIOT) HA3bIBAIOTCA HEMPUEUALLHOLMY.

4.118. Jlorasatb, 410 Hemycroe mogMuomectBo H C G asaaerca
NOArpymNmo# rpynnst G B TOM U TOILKO TOM CI[y4ae, €CJIM BbINOIHEHLI
yenosusa: ab € H ua~! € H npu Bcex a, b € H.

4.119*. JlokasaTn, 4TO MOOMHOMKECTBa BHUma nZ, tne n € Z, u
TOIIBKO OHM, ABJIAOTCA NOATpyNNaMu rpynist Z (3necs nZ = {nk|k €
€ Z}).

4.120. Jorazats, uyro nepecedenue (| H, moxrpynn H, saBaserca

[e3
HOATPYINIOA.

4.121. Momer mu rpynna 6piTh 06bEIMHEHUEM ABYX CBOUX HETPH-
BHAJBHBIX NOATPymI?

4.122. Hycts G — MHOMRECTBO BCeX HEHYIEBBLIX KOMILUIEKCHBIX YH-
cen, A — MHOKECTBO HOJIORUTENBLHEIX AeACTBUTENbHBIX Yucel, B —
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MHO/RECTBO KOMIUIEKCHBLIX YHCEN, M0 MOxyaio paBHuix 1. Jloxasars,
YTO OTHOCUTEJILHO 00bIYHOro yMHOMKeHua G — rpynma, A u B — ee
noarpymnsl, npuyem G = A x B.

Ilyers M — nonMuomectso rpynnst G, Torma cumsoaoMm (M) 6ynem o6o-
3HAYATH IepecedeHue BCeX NOArPYI, CONepRAMUX MHOAKeCTBO M. 910 MHO-
JRECTBO HA3BIBAKT nodepynnot, noporcdennol muoxcecmeom M: (M) =
= (1 P. Muomecrso (M) cOCTOMT B TOYHOCTH U3 TEX BJIEMEHTOB, KO-

MCPLG
TOpBIE MORHO 3aOICATh YEPE3 3IeMEHTH u3 M, NCHOAbL3YA ONepanuy YMHO-
REHUA U B3ATUA 00paTHOro snementa a”!. Losopar, uro M noposxcdaem
nonrpymy H, ecin (M) = H.

4.123. B rpynne Z2 ¢ onepanueit caomennsa no Moayiw 12 nalitu
ykasauuyio moarpynny: a) (3); 6) (4, 9).

I'pynna G naapiBaeTcA yuxauwecxkod, eCIu CymiecTByeT aneMeHr a € G
takolt, 4t0 (@) = G. llpu 9T0M @ HA3LIBAETCA 06PA3YIOUUM I4EMEHMOM
rpynns! G.

IIpumep 4. BoiacHuTts, Kakue 51eMeHThI ABAAITCA 00pa3yI0ILIUMH 3J1e-
MEHTaMU TPynnsl Zp.
< llycts a € Z,. JoxameM, uTO 31eMEHT @ ABNAETCA 00pa3yIOIINM 31eMeH-
TOM rpynoe!l Zy, B TOM U TOJBKO TOM CIydae, €CIM @ B3aUMHO LPOCTO C 7.
lIpexnonomuM BHAvale, YTO a ¥ 7. B3aMMHO npocrel. Toraa ax + ny = 1
IpY HeroropeIX T, y € Z?). Momno caurars, uro £ > 0. Tan xax n = 0
B rpynne Zy, T0 B 3104 rpynne a +a + ...+ a = 1. Takum 0b6pazom, ckaa-

—————

T pa3

OBIBAA HJIEMEHT G C CaMKUM cODO0H HEeCKONBKO Pa3, MORHO NOIYYUTH HIEMEHT
1. Orciona caemyer, 4T0 U3 ¢ MORHO HOAYYUTH JI000H 371eMEHT rpyunst Zy,.
CrepoBarensHo, ¢ — obpadyromuft anemeHT. Temeph NpemnonomuUM, 4YTO a
¥ N HE ABAANTICA B3auMHO mpocteiMH. IIycts d > 1 — ux Haubomsmut
obumt menurens. IlocrpouM HocnenOBaTENBHOCTH BIAEMEHTOB rpyunbl Zn,
CKJIaIBIBAA 3JEMEHT @ ¢ caMuM coboif no monyato n: a, a+a, a+a+ta, ...
Ecan a — obpaayromuft 3aeMeHT, T0 NOCTPOEHHAA HOCAEN0BATENbHOCTD CO-
OEpRUT BCE 31EMEHTHI rpylnsl Zy,. Hosromy ka = 1 (mod n) npu Hexoropom
k. Orciona caenyer, uro ka + tn = 1 npu nexoropom t € Z. OpHako 3T0
HEBO3MOMRHO, TaK Kak ka + tn meaurca Ha d. D

B samauax 4.124-4.127 ompenenuTth, Kakyie HIIEMEHTHLI ABIAITCA
06pazyomuMi B YKa3aHHOU Ipymmne.

4.124. Zyp. 4.125. Zyo.  4.126. Zy4. 4127, Zys.

4.128. Nlokasath, uro U, — nuniInyeckasa rpymnma, ¥ HalTHA ee
Karoi-HUOY L 00pasyowmit sneMent (cM. 3amawy 4.94).

4.129. JlorasaTts, 4TO BcAKAA NMUKIMYECKAd IPynma u3oMopdHa
mubo rpyune Z, nu6o Z, npu Hexoropom n € N.

4.130. Jloxasats usomMoptuam rpynn Z, u U,.

%) Teopema B Teopuu uncen. Ecau d = HOI(a, b), To cymecTsyior Takue z, y €
€Z,uroax +by =d.



182 I'n. 4. JnemenTsr obien aare6per

Hycts (. = exp -2—7;—191) — saement rpyunel U,, £ =0,1,...,n—-1

(mposepsbre!). HasomeMm (i npumumuenvin (miu nepeoobpasnviu) koprem
n-i cmenenu u3 edunuyst, ecmu (' #lmpum=1,2,...,n-1.
IIpumep 5. JJorasars, YT0 NpOU3BeneHHEe IPUMKTHBHEIX KOpHelt 3-i n
4-#1 cremenu u3 1 ABIAETCA MPHMUTHBHBIM KopHeM 12-if cremenu us 1.
< Nlyers o — npuMHTUBHBIE KOpeHs 3-11, a § — NPUMUTHBHBIN KOpeHb 4-4
crenesu u3 1. Ecau (aB)* = 1 maa mexoroporo k € N, 10 (af)%* = 1,
BBUAY TOTO, 4T 0 = 1, monyuaem %% = 1. Cnenoparensko, 4 | 3k, a anauur,
4|k. Amanoruyno mokasbiBaercd, uro 3| k. CnemosarenbHo, k memurcA Ha

12. 9tu paccympmenun mokassiBawor, uro (of)! # 1 npu 0 < ¢t < 12, T.e.
af3 — NpUMHTUBHBIN KOpeHs 12-# cremenw us 1. >

4.131. Haittu Bce obpasymouiue smemeHTsI rpynnst Uyg. ,

4.132. B xawoMm ciaydae HpPOM3BeIEHUE NPUMMTUBHBIX KOpHEH
m-~#t ¥ n-it creneHu u3 1 ABIAETCA NPUMUTUBHLIM KOpHEM mn-it cTe-
neHu u3 17

4.133. llorkasats, 9TO BCAKAA MOATPYNNA UMKIMYECKOH TpPyHIbI
ABIAECTCA IUKINYECKOMH.

lycrs G — rpynna c emvsnnedt e u a € G. Iopadox o(a) anemenTa a —
370 HAUMEHbLIIee HATypaasHOe 71 (€€ OHO CYIIECTBYET), OJA KOTOPOro a™=e.
Ecau o™ # e mpu Bcex m, TO TOBOPAT, YTO & — ILEMERM OECKOKEUNO20
nopadxa, u nuuyr o{a) = 0.

Topanok snemenTa 06nanaer CIENYHOIIAMEH CBOUCTBAMHE:

a) o(a) — neaurens |G|, ecan |G¥ < 00;

6) o(g~ag) = o(a);

8) o(a™') = o(a);

r) o(a) = [{a);

1) o(ba) = o(ab);

m

e) ecmu o(a) = m u d|m, 10 o(a?) = —;

=) ecan HOT[(k, o(a)) = 1, 10 (a*) = (a) u o(a*) = o(a);

3) ecmu o(a) = m u aF = e, 0o m | k;

H) NOPANOK 31eMeHTa a = (ay, ..., ap) rpynnbt A = 4; X ... x A, pasen
HauMeHpLIEeMy o0ieMy KpaTtHoMmy yucen o(a;), T.e.

o(a) = HOK(o(a1), . . ., o(an)).

Npumep 6. Hatitu nopAnsy KamOoro U3 51eMeHTOB IPynnsl Zg.
QZe = {0,1, 2, 3, 4, 5}. Iopanxom saeMeHTa @ 3T0# rpynmsl OyneT ABIATHCA
HaMMEHbIIEe HaTyPaAbHOE IMCI0 M TaKoe, 90 ma = 0. QuepnaHO, 371eMeHT
0 umeer nopanoxk 1, r.e. o(0) = 1. Jlanee, HauMeHblIee IUCA0 M, NJIA KO-
toporo m - 1 = 0, pasno 6, nostomy o(l) = 6. Paccymmaa amasorudso,
nomyaum: o(2) = 3, 0o(3) =2, o(4) =3, o(5) =6. >

4.134. JlokasaTs CBOMCTBA a)-#) MOpAIKA 3A€MEHTA.
4.135. Jokasarts, uro rpynna G HOpANKA N ABAAETCA NUKIAYIECKON
B TOM W TONILKO B TOM CJIydae, €CIHM B HEH €CTh SJEMEHT IOPANKA 7.
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4.136*. Yemy pasus! nopagku saementos B rpynne R\ {0} ¢ ome-
panueit 06bIYHOr0 yMHOREHUA?

4.137*. llycts @ u b — [Ba 91eMeHTa KOHEYHOTO HOPANKA TPYIILI
G, npuuem ab = ba u HOMI(o(a), o(b)) = 1. Haittu o(ab).

4.138. Ilycts a u b — snements: rpynnel G, npuuem ab = ba,
o(a) = 4 u o(b) = 10. Haittu o(ab).

B 3amagax 4.139-4.141 naitTu Bce 371€MEHThI YKA3aHHOTO MOPALKA:

4.139. Hopanka 8 B rpynne Zgg. '

4.140. Tlopanka 8 B rpynne C\ {0} c onepauneit ymuomenus.

4.141. Nopanxa 10 B rpynme C\{0} c omepauuest ymuomenusn.

4.142. JlorazaTs, 4o B rpynne Z, KOIAYECTBO 3IIEMEHTOB NOPALKA
n pasHo p(n)?).

B 3apauax 4.143-4.145 B rpynne C\{0} c onepauwueit ymuomenus -
HAUTY KOJMYECTBO 3IEMEHTOB YKA3aHHOTO IOPALKA.

4.143*. Tlopanra 28. 4.144. llopanka 60. 4.145. Hopaxxa 100.

B zapauax 4.146-4.148 waitty nopARsM KamkIOr0 U3 IIEMEHTOB
yKa3aHHBIX TPYHI.

4.146. Zw. 4.147. ZQ X ZQ.

4.148. I'pynna keatepuuioHoB (cM. 3amavy 4.110).

4.149. Yemy paseH nopaAnok aneMentTa a B rpynne Z,? (OrBer mats
B BUE HOPMYILI, conepmaiet a u n.)

B 3amauax 4.150-4.153 HailTi KOAMYECTBO IEMEHTOB MOPALKA 17
B rpyume G.

4.150. . = 6, G= Zg X Ly X Zg.

4.151. m = 10, G= Zy X Zg X ng.

4.152. m = p*, G = Z,s (p — npocroe wucio, o, B € N).

4.153. G = Zy,.

4.154*. lorasats, uro eciiu HOI(m, n) =1, 10 Zmp = Zpy X Zp,.

4.155. Jlokasarth, yr0o eciu G — rpynna, a, b € G, ab = ba n
(ay N (b) = {e}, 10 o(ab) = HOK(o(a), o(b)).

4.156*. Jloxasarb, 4TO B Tpymme HOPARKA 7 ypaBHeHue ™ = q
Pa3peLuMo i Jiboro a ¥ Joboro uesoro m, B3AUMHO IPOCTOrO C 71,

3. I'pynnex moacranoBok. llycts 7 — nodcmanoexa, T.e. B3aMMHO OHO-
anadHoe orobpameHue mHomectsa {1,2,...,n} Ha ceba (oupememenue cM.
ra. 2, §1, 0. 2). IIpoussedenuen (xomnosuyueti) o IOICTAHOBOK T U 0 Ha-
3bIBAETCA Peay/ibTaT MOCAENOBATEAbHOI0 BEIOJHEHUA CHAYala 0To6pameHuA
7, anoroMm ¢ ).  O6pammnas nodcmanoexa m—! monyuaerca us m mepeme-
Hott crpok. COBOKYNHOCTH BCex HONCTAHOBOK MHOmectsa {1, 2, ..., n} c one-
panueft komMno3vnuy orobpameHutt 00padyer cummempuueckyo epynny n-i

%) Bmecy p(n) — Pynnyus iepa (KOIUYECTBO HATYPATBHEIX THCEN, MEHBIIUX
7. ¥ B3AHMHO IPOCTHIX C 7).

4) Huorga OpOM3BEJEHMEM 7O HA3HIBAIOT PE3YNHTAT NMOCIENOBATENbLHOI'0 BBLINOJ-
HeHHd CHadajla o, IOTOM 7.
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cmenenu S,. Herpymno sumers, 4rT0 TORIZECTBEHHOE 0TOOpameHUe MHOKE-
crea {1, 2, ..., n} Ha ceba aBaAeTcA edunuyel B rpynne S,. Beakaa moncra-
HOBKA rIpymnmel S, MOmeT ObITh 3aOMCAHA B KOHOKUWECKOM. BUIE

1 2 ... n
T = (i i i ] T. €. C HaTypaJbHBIM DAcIOJOREHHEM YHCEI B BEPX-
1 %2 ... In
Heft cTpoke.
IloncTaHoBKa, B KOTOPOH HEKOTOPBIE CHMBOJBL Oy, Qtg, ..., Ok € {1, 2, ...

..., N} MOCIENOBaTeNLHO OTOOpAMAIOICA OPYT B Apyra, T.e. a3 — Qz —
— ... ap = Q;, a OCTaIbHbIe CHMBOJIbI IPY 3TOM OCTAIOTCA Ha CBOMX Me-
CcTax, HAa3LIBAETCA YuKAOM (IIMHBL k) ¥ KODOTKO 3aIMCHIBAETCA CAELYIOIIMM
obpaszoM: (@jas...qx) (3amUCh nMKIA MOKHO HaYMHATL ¢ Jdi06oro a; (1 =

=1, 2, ..., k)). Beaxaa noncranoska o Momer 0bITh 3anMCaHa B BUOE P OU3-
BEIEHMA HElepPeceKaloIuXcA IUKI0B, T.e. 0 = (@, ..., ax)(B1, ..., B1)--.
.. wr, ..., wy), Toe MHORecCTBA {1, ..., Ak}, {B1,.. B}y oo {Wis .. we}

IIONAaPHO HE IEpeCeKarTCA.

uka nnuss! 2 HadeiBaeTcA mpancnoduyuet. Bearyo moncTaHoBKy MOXK-
HO IPENCTABHTL B BUIe NPOU3BeneHuA TpaHcnounutt. Kean noncranoska sa-
MUCaHa B BUNE MPOM3BENEHUA HEMepeceKaOINXCA MUKIOB, TO IJA NPencTa-
BJIEHHA €€ B BUMe IPOM3BENEHUA TPAHCIO3ULMY KARABIA U3 UUKIOB HYRHO
Pa3nomUTh B OpOW3BENEHME TpaHcmoaunuit (Hampumep, (ajag...qx) =
= (arok)(arak—1)(ar-10k—2).. .(a3a2)(a201)). Takoe pasnomenne He
€IUHCTBEHHO.

Ipumep 7. llpencraButh nonCTaHOBKY

(12345678
™\6 5812473

B BHIE NIPOM3BEIEHUA HENEPECEKAMINXCA IUKJIOB ¥ B BUIE [POU3BEICHUA
TpaHCHo3uiHui.

< loncranoBka ¢ meticTByer Ha 97eMeHTHI MHOmecrsa {1, 2, ..., 8} caeny-
oM obpagom: 1 -6 2421, 2522, 3282377,
MO3TOMY B BUME IPOH3BENEHHMA UUKIOB MONCTAHOBKA LPENCTABIAETCA CIemy-
romym o6pasom: 7 = (164)(25)(38), a B BUAE mpOM3BENEHHA TPAHCHOBULHIA:

= (14)(46)(25)(38). >

Ipumep 8. lycts a = (163)(25)(48), B = (142)(85). Boruucauts af.
<1 Paccmorpum, kak neficrsyer nopcraHoska af = (163)(25)(48) - (142)(85)

Ha saemenrsl {1, 2, ..., 8}. Jlaa sroro, B3aB smemenr a € {1, 2, ..., 8},
HatioeM ero obpas a, mop nmeicTBUeM «, a Janiee OJA a, Hakmem ero abpas

aop ToR neticteueM B (@ — aq £, 0og), T.€. a b, aq3. Haunem
cl1-5%6"266-93533-5154 4258255,
5 —a—) 2 AN llosryuuay, 4T0 nogcradoBka of3 cogepmut uuun (16345).
Hanee monysaem, 9ro moacraHoska af conepmur makia (2 8), Tak Kak 2 —

25 —?ﬁ 8, 824 —ﬁ—) 2. U, naronen, 7 ~— 7 —ﬂ) 7. CaepoparennHo,
af = (163)(25)(48) - (142)(85) = (16345)(28). >
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Ipumep 9. Pemurs ypasuenue: (135)(26) - = - (23675) = (12).
< llopcranoeku a = (135)(26), z, § = (23675) u v = (12) asaatorca sae-
Menrtamu rpynnst S, (n 2 7). Pewenue ypasxenua oz = -y B rpynne (cm.
3amauy 4.99) maxoputca mo gopmyne z = a~1yB~1. Cnemosarensmo, r =

= ((135)(26)) ~*-(12)-(23675) ! = (153)-(26)-(12)-(57632) = (176)(235). >

Ipumep 10. Hafttu mopAnok Kammoro U3 saeMEHTOB rpynnst Si.

< Bce 120 snemenToB rpynmsl S; MMEIOT OOMH K3 CJAERYIOLIHX BHIOB: €
(rompecrBenHana moncraHoBka), (ab) (wukn mauHs! 2), (abc) (muka AMHBD
3), (abed) (uuka mavust 4), (abedf) (umka pauHb 5), a Taxme (ab)(cd) n
(abc)(df), rnea, b, ¢, d, f € {1, 2, 3, 4, 5}. llopAnok saemeHTa rpynIL! HOA-
CTAHOBOK, MPEICTABJIEHHOTO B BUAE IPOM3BENEHUA HEmepeceKaloluXCA Lu-
KJIOB, PaBeH HauMeHbLueMy 061ieMy KPaTHOMY [JIMH 3TUX MUK/OB (I0KamUTE
camocroaTensHo!). ClenoBaTenbHO, MOPADKA 3MEMEHTOB IPYNNbI Sy PaBHBL:
1,2,3,4,5,2,6. >

4.157. Haittu obpaTHbIe NOACTAHOBKY K 3aJaHHBIM:
)<123456> 6)(123456)
541 2 3 6 24356 1/°
4.158. Ilyctn
1 23 45 1 23 45
a=(3 5 1 4 2)’ ﬂ=(1 5 4 2 3)'
Haiitut: a) af; 6) Ba; B) ofa; t) a”1f3; 1) o®; e) o233 =) B~125.

4.159. llpencraBuTs ciemyiomue NONCTAHOBKM B BHUIE NPOU3BEIE-
HH{A HelepeCceKaroIuXCcA MUKJIOB:

1234567 (1234567
Als 417362) Y(316752 4)

1 23 4567
Dla367152)

4.160. 3anucath B KAHOHHMYECKOM BHJE CIAEIYIOIIME NOICTAHOBKH,
3amaHHbIE KaK IpoM3BeneHue nukiaos: a) (135)(2467); 6) (147)(2356);
B) (123)(46).

4.161. Haittu mpousBexeH#e MOZCTAHOBOK, 3alMCAHHBIX B BHIE
TMPOM3BENEHUA MUKIIOB:

a) (135)(2467) - (147)(2356); 6) (13)(57)(246) - (135)(24)(67).
.162. HaitTi nopapnok wasmoit 13 clieIyolyX MOICTAHOBOR, IPel-
CTaBPIB €€ B BUJE MPOU3BEICHUA Henepecenamnmxca LUYKJIOB:

. /1 23 456 12345678\
2" lo 135 4 6) 8 613257 4)°
2
2

1 3456 7
B) |3 1546 7)°
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4.163. IlpexcraBuTh ciexyromue MONCTAHOBKY B BHIAE NPOU3Bene-
HUA TPAHCHO3UNUH:

1234567 612345678
)5614372 )86543127'

4.164. BrmmucaTth BCe 3A€MEHTHI IPYNNbI S3, BLIPA3WB UX dYepe3

3JIEMEHTHI
(1 23 o (L 23
=19 3 1) ® °l2 1 3/

Hattt mopanox kammoro ua sneMenToB S3. CoctaButs Tabnuuny Hamu
YMHOREHUA 3JIEMEHTOB 9TO# IPYNIILI.

4.165, BoiacHHTE, KaK#e MOPATKYA MOTYT ObITEH ¥ 3J€MEHTOB IPYNIILT
S4, ¥ CKOIBKO B S4 MMeerca JIEeMEHTOB 3aJaHHOI0 MOPALKA.

4.166. Haitty mopaAnoOk yka3aHHOrO SJE€MEHTA B rpyume Sp:

12345 12345
a) (23 1 54)’"‘5’ 6) (52 134)’”:5’

123456 e
B lg 3451 6) =6

4.167. Kax meHnaerca yerHocTsh (ompemenenue cM. 1a. 2, §1, m. 2)
IIOACTAHOBKM IIPU YMHOKEHHH €€ HAa TPAHCIO3UIUIO?

4.168. /lorxasath, YTO weTHbIE NOACTAHOBKU 00pa3yioT IOATPYIIY
A, rpynnsl S,. Yemy pasen nopamor sroit rpynnsi? Brmmucars Bce
3J1eMEHTHI rpynnbt Ay.

Tomomop puaM, oTobpamaroruit rpynny Ha ee 06pa3 B3aMMHO OHO3HAYHO,
HA3BIBAETCA USOMOPPHLIM 6AONCEHUEM.

4.169*. JlorazaTh, 4T0 KAKIAA KOHEIHASA IPyINa H30MOP(HHO BRIIA-
IObIBAETICA B TPYIIY MOICTAHOBOK.

B samagax 4.171-4.173 u3oMopdHO BIORHTL TAHHYIO TPYNImy B
YKA3aHHYIO IPyNNy HOICTAHOBOK.

4.170. (Z3, +) B S3.  4.171. (Zy X Z3, +) B S4.

4.172. I'pynny wBaTepHUOHOB B Sg.

4.173*. llorazaTh, 9TO rpylna IOACTAHOBOR S, M30MOPGHO BRIA-
ObIBAaeTCA B TPYNNY HEBHIPOARIEHHBIX N X N-MaTpul. BrisecTu orciona,
YTO BCAKAA TPYNNA IMOPANKA 7. BKIAALIBAETCA B TPYNNY HEBLIPORIEH-
HBIX 72 X N-MaTpHIL.

Jeusicenuem mI0CKOCTH HadsiBaerca otobpamenue @: R? — RZ, _coxpa-
HAIOLEE PACCTOAHUE Memny m0bbIMM ByMA Toukamu, T.e. M'N' = MN

maa mobsix M, N € R%, tne M' = p(M), N' —go(N) Ecmn ¢: (z, y) =
= (', y'), T0 aBUmEeHME MOKer OBITH 3aNUCAHO B BUIE

[ — !
{xl =ar+ by +p, i (z‘,> =A(x + (p) ’
y=czxt+dy+gq y y q
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b .
roe A = (Z d)' Marpuua A oprorosansuas (T.e. AT = A™1). Bumenue

¢ Ha3bIBaercA deudicenuesm 1-20 poda, ecu det A = 1, u deuacenuem 2-20
poda, ecmn det A = —1 (mpyrux 3Havennft det A npuHuMarb mHe Momer).
ITpumepamu neumenuit 1-ro pona caymar napaaiesvrbiil nepenoc:

{f=w+m
"=y+q

U N060POM BOKPYT HAYajda KOOPHMHAT HA yroa Q:

z' =zcosa —ysina,
y' =zsina +ycosa.

TloBopor Ha yroa a BOKpYT TourH (o, Yo) 3amaerca GopMyaamu

z' = (x — zp)cosa — (y — yo) sina + zo,
Yy = (z — zo)sina+ (y — yo) cosa + yo.

K mBumenuaM 1-ro poga oTHOCUTCA, B YaCTHOCTH, CUMMETPUA OTHOCUTEILHO
MmpaAMOit.

1A KBYREHUN NIOCKOCTH MMEIOT MECTO yTBepPRIEHUA:

1) Bcaroe nBumeHUe 1-r0 pona ABIAETCA NPOUIBENCHUEM N1aPalNIeibHOTO0
HEePEH0Ca ¥ IOBOPOTA BOKPYT Hamepen, 3aJaHHOi TOYKM;

2) BcaAkoe mBumenve 1-ro poma aeaAercA Aub0 mapaIeqbHBIM LEPEHO-
coM, aub0 MOBOPOTOM BOKPYT HekoTOpolt Touku (meopema Ilans);

3) BcAKoe mBumeHue 1-ro pona ABAAETCA NPOU3BENEHUEM IBYX CHMMe-
Tpult (OTHOCHUTENBHO IPAMEIX), a NBUREHHE 2-r0 pPONa — NpOU3BENEHMEM
TpEX CUMMeTpufl;

4) BcArOe aBuReHME 2-r0 POJA MOMKET ObITh MPENCTABIEHO B BUMAE NPO-
U3BEeIEHUA CHMMETPUN OTHOCUTENbHO HEKOTOPOH IpPAMOKM M MapalienbHOro
repenoca BOOJAb JTOH IpAMOLL,;

5) maa moberx touex A, B, A', B' € R? rakux, wro AB = A'B’,
CYLIECTBYIOT POBHO OBa INBUMEHUA MI0cKocTH, nepesomamue A B A', a B
B B'; omso us uux 1-ro, a opyroe 2-ro poaa.

AnanoruuseiM 06pa3oM onpenesATcA JBUAeHnA TpexmepHoro (p: R® —
— R®) u n-meproro (¢: R™ = R™) npocrpancrsa.

Mycts & — durypa Ha nnockocti uau B npocrpancree. [ pynnoi deu-
acenut (unu epynnot camocosmewenut) G(P) dueypui ® HasviBaeTCA MHO-
ARECTBO BCeX IBUMREHUN (, non meficTBHeM KOTopeix ¢urypa ® B3aumuo op-
HO3Ha4HO 0T00pamaerca Ha ceba, T.e. p(®) = &.

B 3apmauax 4.175-4.178 omucars rpyuny msumeHuit G(®) durypor
®, npencrasuts rpynny G(®P) nogcranoBramu.

4.174**. ® — npaBUALHLIN TPEYTONLHUEK.

4.175. ® — xBagpar.

4,176. ® — pomb, He ABIAIMACA KBALPATOM.
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4.177. ® — npasuibHLIA n-yroapuuk (rpynna G(®) B stoM ciayuae
Ha3pIBAeTCA 2pynnot duddpa u obosHavaerca D).

B samauax 4.179 u 4.180 HaiiTu mopAIOK Ipynnbl aBumeHuit Gu-
TypBI.

4.178. Ourypa — Kyb.

4.179. Qurypa — npasmiIpHbLIN TETpasap.

4.180. Jlokasarb, 4TO MHOKECTBO BCEX CaMOCOBMeLueHMit Kyba,
OCTABJIAKIIUX HENOABUAHON HEKOTOPYI0 OMKCHPOBAHHYIO BEPLIHHY
Kyba, ecth rpyuna. OQuucarh 31y rpymmy.

4.181**, Ilycts G — rpynna msumeHu#t miockoctu. Kakue sie-
MeHTHI Ipynnbl G UME0T KOHEYHBIN NOPAIOK?

4. Gagrop-rpyma. llyctk G — rpynna, H — ee noarpynna. na a € G
onpenensaiorcAa Ha = {ha|h € H} — npaeviti cuesxcnvili xaacc u aH =
= {ahéh € H} — aeeviti cmexcnbiti xaacc rpynnst G no moarpynne H.
Ecnu G npenctasnena B Bune 00bENMHEHHMA NONAPHO HENEPECEKalOLIMXCA
CBOMX TPaBBIX KAACCOB IO H. :

G= UgaH,

a€l

TO TaK0€ pa30MeHUE HABLIBAETCHA NPABbIM padaoncenuem 2pynnvi G no nod-
epynne H. Muomectso {g,|a € I} HasbiBaerca mnoxcecmsom npedcma-
sumesetl cMeRHBIX Kiaccos N0 H. Anajoruuso onpenenderca Jiesoe pas-
aoscerue epynnvt G no nodepynne H. Yucno cMEMHBIX KA4CCOB B KamIOM
w3 pasnomenutt G no H naswiBaerca undexcos monrpynnst H B rpynne G.

Ipumep 11. Mocrpours pasnomenue rpynmer Sz no moarpymnme H =
= {e, (12)}.
< S; = {e, a, o2, B8, aB, a®B}, rne a = (123), B = (12). Herpyaso upo-
seputh, ut0 Ba = o?B. llocTpoum npasoe u NI€BOE Pa3JIOMEHUA TPYNIEI S3
no moarpynoe H.

Ilpasbre cmemnsle kaaccel rpymnsl G: He = H, Ha = {e, 8} -a =
= {a, Ba} = {a, &?B8}, Ha? = {e, B} - o* = {o?, aB}; npasoe paanome-
aue: G = HeU Ha U Ho?.

Jlessie cmemknbie kaacesl: eH = H, aH = a-{e, B} = {e, af}, o*H =
=a? - {e, B} = {a?, a*B}. Jleoe pasnomenune: G = eH UaH U o?H.

Herpynuo 3ameruts, uto Ha # aH, no3roMy npasoe u 1eBoe pasiiome-
HUfA HE COBIANANOT. [>

4.182**. JlokasaTb, 9TO M100bIE OBA CMEKHBIX KiIacca (IPaBbIX MK
nesbix) rpynnsl G mo moarpynme H mu6o He mepecerarorcd, aubo cos-
IafaloT.

4.183* (Teopema Jlaepansca). JokazaTh, 4TO MOPANOK M HHIEKC
HOATPYNIbI KOHEYHON IPYNNbI ABJIAIOTCA HEJIUTEIAMM MOPAIKA CaMON
rpynIbL

4.184. Jlorazats, ur0 ecit G — KoHeyHaA rpynna, 1o |G| nenurca
Ha o(a) nuA xammoro'a € G.
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B 3amavax 4.185-4.187 naitTi BCe NOArpyNNbl YKA3aHHBIX TPYHI.
4.185. Zyo. 4.186. Zo x Zp. 4.187. Z,.

B samavax 4.188-4.190 ompemenuTh 4MCIO MOATDYNN YHA3AHHOMN
TPYLIBL.

4.188. Zy x Zy4. 4.189. Z, X Zy, (p — npocroe).

4.190. Z,» (p — mpocToe).

4.191. CroabKO MOATPYNN M3 YeThIPEX BIEMEHTOB MMEET TPyIna
Zo X ... %X ZLa?

n pas

4.192. [lokasats, 4TO BCAKAA rpynna mopAika 6 maomopbHa aubto
Zg, 1ubo Ss.

4.193**. Tlokasats, uto eciiu G — rpynna u |G| = p — npocroe
guciao, To G — nukamdeckad rpymna (t.e. G = Z,).

4.194*. Jlorasats, uto eciu G — rpymma u |G| = p? (p — mpo-
croe), T0 G = Zy» uimu G = Zy X Zy.

4.195. Jlorasarts, yTo nonMHOKEeCTBO K rpynnsi G ABIAETCA CMeR-
HbIM KJIaccoM (IPaBbIM WJIH JIEBbIM) MO HEKOTOPOM MOATPYNIE B TOM
¥ TONBKO TOM CJIydae, eciu JiA awbbix a, b, c € K ab™lc€ K.

4.196. Jloxa3ats, 4TO mepecevyeHue ABYX JEBHIX CMERHBIX KJac-
coB o moarpynnam H; u H, eciu 0HO HEmycTo, ABIAETCA CMERHLIM
KJIaccoM 1o moarpynne Hy N Hj.

4.197**. Pasnomuts rpynmy Z no moarpynue nz.

4.198. Haittu mepeceuenne CMEARHBIX KIACCOB B rpyunne Z:

a) (2+5Z)N(3+8Z); 6) (5+6Z)N(7+9Z).

4.199. Tiyers G = S3, H = {e, (12)}, H' = {e, (123), (132)}.
HOCTpOfITL pasnomenua rpynnsi G (mpaBoe ¥ JieBoe) IO MOATPYHIAM
HuH'.

4.200*. Ilycte A, B — KoHeunble nmoarpynns! rpynnst G, AB =
= {ab|a € A, b € B} (AB — He obazatensHo noarpynna). Jlokasats,

14] - |B|
AB| = .
wo |AB = T E
4.201. NlorasaTs, uro eciu H — monrpynma rpynmnet G u g € G,
10 g~ Hg — TOme moxrpynna.

4.202. MocTpouts pasnomeHun rpynnsl Zig B CMERHLIE KIACCHI IO
Kam oot U3 ee moNrpymi.

4.203. TocTpouts JeBoe pasnomenue rpynmsl A4 mo nmoarpymme
{e, (123), (132)}.

liycts H v K — nonrpynus! rpynnel G u g € G. Jeotinbim cMeHcHbiM
xaaccosm HgK naswisaerca mHomectso {hgk|h € H, k € K}.
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4.204*. Jlorasats, yro rpynna (G ABIAErcA HeEIEpPeCceKaIOUINMCA
06beqMHeHIEM ABOMHBIX CMEARHBIX Kiaccos mo moarpynmam H u K °).

4.205. B ycnoruax mpemeigymieit 3amaud NOKa3aTh, YTO KOJIMYe-
CTBO 3JIEMEHTOB MBOMHOI0 CMERHOIO0 KJIACCA MOKET ObITh BBIYMCIEHO
o ¢popmyne |HgK| = ————.

4.206*. B rpynne S5 BHIACHUTH, KAKHE U3 CIEIYIOIIMX MHOKECTB
ABIAKTCA CMEAHBIMUA KJIACCAMM M N0 KAKUM IOATPyNIaMm:

a) {(234), (1234)}; 6) {(12), (123), (1234)};
s) {(12), (152), 34)}; - 1) {e, (1234), (13)(24), (1432)};
n) {(12), (13), (14), (19)}.

Tonrpynmna H rpynnnt G HasbisaeTcd Hopmaavnot (o6osmauaerca:
H 4 G), ecntu ¢H = Ha naa moboro ¢ € G. Ecan H — HopmansHan
noxrpynna rpynnoel G, TO MHOMECTBO BCEX CMemHEIX KiaaccoB aH c onepa-
nuelt aH -bH = abH asnserca rpynmo#t. Ona Hasniaerca gaxmop-2pynnoi
rpynnst G no nogrpyune H u 0603nagaerca G/ H. lycrs ¢: G — G’ — romo-
Mopduam rpynn. Torna keryp = {g € G|¢(g) = e} — adpo romomopdusma
v, a Imp = p(G) — o06paa 3roro romomoppusma.

Teopema 06 naomopduame. Ecau p: G - G' — 2omomopdusm
2pynn, mo kery — nopmaabras nodzpynna epynnvt G u umeem mecmo
u3omopPuam

G/ keryp = Imep.

Ilpumep 12. Joxazars, uro Z/nZ = Zy,.
< TlorameM, uro Z/nZ = Zy, AByMA cnocobamu.

1-1% cnoco6 (HemoCpenCTBEHHAA NPOBEPKA). JIeMEHTHI HAKTOD-TPYHIILL
Z/nZ — cmemubte knacchl Buga @ + nZ. Cneposatemsno, Z/nZ = {0 +
+nZ,1+nZ,...,(n—1)+nZ}. Ecin a + nZ u b+ nZ — nsa CMERHBIX
wiacca, 10 (a + nZ) + (b+nZ) = (a+ b) + nZ, upuaem npu a + b 2 n
BLIpameHue a + b MomHO 3aMenuTh Ha @ + b — n. Taxum obpasoMm, npu
CJIOMEHNM CMERHBIX KaccoB a + nZ u b + nZ ux upencrasureau a u b
cknagnsaiorcd mo Moxyawe n. CiemosarensHo, orobpamenue k — k + nZ
fABfAeTcA n3oMopdusmom rpynn Z u Z/nZ.

2-1% cnoco6 (npumenenne Teopemsl 06 usoMopduame). Paccmorpum oro-
Gpamenue @: Z — Z,, KOTOpOe KamHAOMY k € Z CTaBUT B COOTBETCTBHE
ero ocrarok or aenenusa Ha n (p(k) = kK modn). Herpymuo nposeputs,
9710 3T0 OTODpameHue sApiagercA romoMoptomsmoMm. fmpom aroro romomop-
(dusma apiagerca nogrpynna nZ. U3 reopemsl 06 usoMopduaMe claexyer, 4To
ZInZ =2 Ly >

Mpumep 13. Ilycrs G — rpynna HeBLIPORIEHHBIX N X N-MATPUI C
HeMCTBUTENLHBIMA jIeMeHTaMH, a H — MHOMeCTBO BCeX MAarpul C oupe-

*) B ornuume oT 0GLIYHLIX CMERHBEIX KIAcCOB (NPABBIX M JIEBLIX) ABOMHLIE CMER-
HEIE KJACCHl MO OJHOM NMape MOATDYNI MOIYT COAEPARATh PA3NUYHOE KOAUYECTBO 9IIe-
MEHTOB.
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nenureyeM, pasdbeiv 1. Jlokazath, uwto H — HopMannHasa moarpynna, u
BLIACHHTD, 970 U3 ceba npencrasiader paxrop-rpynna G/H.

<« Pacemorpum orobpamenue ¢: G — R\ {0} Takoe, uro p(A) = det 4
(onpenenurens matpunnl A). Tak xak det (AB) = det A - det B, 10 ¢ —
romoMopduaM. flxpom 3TOro romomopduaMa Kak paa CIymHUT Hoarpynna H.
3uauur, 1o Teopeme 06 ndomopduame H < G u 8 /HZR. >

4.207. Jloxazats, uro npoussenenue H; Hy 1ByX HOPMAJILHBIX MOI-
TPynn — HOPMallbHaA HMOATDYNHA. ‘

4.208. Jorazatb, uro noarpynna H rpynnsr G AsiAercd HOpMaJib-
HOM TOTAA M TOJLKO Torma, korna Vz € G 7 'Hz C H.

B zamauax 4.209-4.212 BriACHMTH, KaKHe MONTPYHIbLI ABIAITCA
HOPMAJIbHLIMH B YKA3aHHBIX TPYIIaXx.

4.209. S3. 4.210. S4. 4.211. I'pynna KBaTepHUOHOB.

4.212. 'pynna nsumeHut KBagpaTa.

4.213*. JloxasaTth, 4TO mepeceyeHue 060N COBOKYyIHOCTH HOP-
MAaJIbHBIX NOATPYII ABIAETCA HOPMAJbHON MOArpyNmOlA.

4.214*. Jloxazatb, YTO B TPyNIe ABU/AEHUN MJIOCKOCTH IapaJLielb-
Hble IEPEHOCHI, 4 TAKMAE BPAINEHUA BOKPYT GMKCUPOBAHHOMN TOYKH CO-
CTABIAKT MOATPYINLI, IEPBafA U3 KOTOPLIX HOPMAJAbHA, a BTOPAA HET.

4.215*. Ha npumepe rpynubl nBuKeHHM kBampaTta (CMm. 3amady
j14.212), NOKAa3aTh, YTO M3 coorHomenuit A < B, B < C He cuaexyer

< C.

4.216*. Jlowxasath, uto eciu A u B — nonrpynmer rpynnet G u
A < C, o npoussenenue AB ABiIAeTcA NOATPYNNON, IPUYEM B CIydae
A, B < G umeer mecto takme AB < G.

4.217. B rpynne KBaTepHHOHOB HANTH:

a) BCE HOPMAJIBHEIE NONTPYIIEL;

6) darTOp-rpynnsI IO BCEM ee HOPMAILHBIM MOATPYIIAM.

4.218. Ilycts G — rpynna nsumeHnit wiockocty, G — moarpynna
naparensHeIx nepexocos. Oumucats daxrop-rpynny G/G.

4.219. Ilycts n — HaTypaabHOe YHCI0, d — €ero Aeiurens. Omu-
catb GarTop-rpynny Zp/dZ,.

4.220*, Mlycte, T obosuHayaer Tpynny KOMILIEKCHBIX YMCEN, IO MO-
aymo paBHbix 1. JlorasaTs, yto R/Z = T (R u Z paccmarpusanTca
KaK TPYNILI IO CICKEHHMIO).

4.221*, llycts A, B — moxprpynns: rpynusl G u A < G. Jlokasars,
yuro ANB < Bu AB/A= B/(ANB).

4.222*. llyets A; < G; (1=1,2, ..., n). lokasats, uro A; X ...
e XA AGL X .. XxGru (G X ... XGR)/(A1 ... X A,) =
>~ (Gl/Al) X ..o X (Gn/An)

Ilycts G — rpyuna, a u b — ee saementor. HazoseM a u b conpascen-
nowmu, ecmu b = g~ lag naa mexoroporo g € G. Monrpynnst H u H' nazosem
conpascennvimu, ecnn H = g~ Hg nna uexoroporo g € G.
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4.223. Jlokasath, YTO OTHOIIEHHWE CONPAREHHOCTH IJIA DIEMEHTOB
IPYNIbI ABJIAETCA OTHOLIEHUEM BKBMBAJIEHTHOCTH.

4.224. [lokazaTb, YTO OTHOLIEHME CONPAREHHOCTH NOATPYII IAaH-
HOI IDYIIIBI ABJIAETCH TAKAE OTHOIIEHHEM YKBMBAJIEHTHOCTH (HA MHO-
ARECTBE BCEX MOATPYNI 3TOHM rpynmeI).

4.225*. Karue sj1eMeHTEI B rpynne S, CONPAMKEHLI IPYT C APYyrom?

5. AGenesn rpymmsL. ['pynna A Haseisaerca afeqesott (Mam xommyma-
musnot), ecim ab = ba pna seex a, b € A. [lna abenepblx rpynm daiie
HCHONB3YeTCA addumusias 3anuch, T. . ouepanusa 0603HAYaeTCA CUMBOJIOM
«+». nemeHT o aGeneBoH rpynnbi A Ha3bIBaeTCA nepuoduuecKuM, eciu
na=a-+...+a =0 nia uexoroporo n € N.

L

n pas
Muomecrso A ® B = {(a, b)|a € A, b € B} c onepauneit (a, b) +

+ (a', V') = (a+a’, b+b') HasniBaerca (enewneli) NpAMOI CyMMOl abeeBBIX
rpyna Au B

Ananoruuno A, & ... A, = {(a1, .. ., an)\lal € A .. 50, € An}e).

Toopar, uro moarpynner B, ..., B, a6eaesoti rpynnst A o6pasytor
NPAMYIO CYMMY, €CIU KaARIbIH 37MeMeHT Z,€ Bj + ... + B, odnosnauno
NpeNncTaBiAercd B Buge £ = by + ... + by, roe by € By; ...; b, € B,. 310

BHYTDEHHHAA NpaAMasg cyMMa. Tak e, Kak ¥ BHELIHAA, BHYTPEHHAA UPAMAd
cyMMma obo3Hauaercd By © ... ® By,

Ecan p — npocroe uucno, 10 npumapnott xomnonenmot A(p) abeae-
80t epynnvi A HA3LIBAETCA MHOKECTBO BCEX IEMEHTOB, HOPHIOK KOTOPBIX
fABIAETCA cTeneHnio yncaa p: A(p) = {z € A|p™z = 0 upu HexoropoM m}.

Teopema 1. Bcaxas xoneunas abeqaesa 2pynna A6AAECMCA NPAMOTU
Cymmoti c80UT NPuMApHBIz Komnonenm, m.e. A = A(p1)D...® A(pr), 2de
|Al=pi" ... p3".

Ilpumapnas yuxauveckas nodepynna — 370 UMKIXYECKAA IPynna mo-
pAnka p®, roe p — mpocroe 9Mcio, T.e. o(a) = p™.

Teopema 2. Ilycmv A — Koneunasa abese6a 2pynna, wUCL0 p —
npocmoe, agasoweeca deaumenenm |A|. Tozda A(p) = A1 @ ... A,, 2de

Aj — npumapnbie yuxauuecxue, m.e. A; =7 p;.

Teopema 3. Beaxas xoneunan abeaesa epynna A (JA|= pi*-...-p2=)
ABAAEMCA NPAMOL CYMMOT CEOUT NPUMAPHBIT YUKAUUECKUT NOJ2PYnn:

A=i411@...@Aﬂ@él@...@Azkz@...@@@...@Ankn/,

Alp) A(p2) A(pm)

ede A;; = pr‘.j, NPpuUYEM IMO Pa3AoHCENUE eOUNCTNBEHHO C MOUHOCTIBIO

00 u30MOPPUIME U NEPECTMAROBKY CAG2AEMBIL.

Mpumep 14. Omnucare Bce (C TOYHOCTHIO m0 M30MOpOHHU3Ma) aGenesbl
rpynnel nopanka 20.
< Taxk xak 20 = 22 .5, 10 B cooTBeTCTBHH C TeopeMaMu 1-3 Bcaxaa abeiena
rpynna uopanka 20 usomopdHa aubo Zy & Zs, au60 Zg ® Zs & Zs. dtun

%) Mpamoe nponasenenue aGeneBEIX IPYMN M30MOPYHO MX MPAMOH CyMMe.
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Tpynnsl MeRgy cobolt HensoMOp(HBI, TAK KAk BO BTOPOH U3 HUX LA JA1060ro
a srinosiHAeTcA yciaoBue 10a = 0, a B meproit 370 He Tak. 3aMeruM, 4TO
Ziog 2724 D Zs. >

MIpumep 15. Hatitu Bce romoMopduamsl rpynnst Zis B Zos.
< Oycte @1 Zyo — Zos. Ecau a € Zyo, 10 b = p(a) € Zas. Tak nax
12a = 0, o 12b = 0. Kpome roro, nockoiuky b € Zos, 10 256 = 0. Umeem

126 =0,
256 =0.

Ho HOI(12, 25) = 1, nosromy 12z + 25y = 1 njs HeKOTOpHIX z, Y € Z.
Ozcroma nosmygaem

b= (12z + 25y)b = 12bz + 25by =0+ 0 = 0.

Hraxk, ecTs TOABKO ONMH r0MOM0pqm3M — HyaeBoH. D>

4.226. Mlycts A — abenera rpymma, B;, By — ee moprpymmsl.
oxasars, uro cymma B + By mpAMadA Torga u TOJABKO TOTMA, KOraa
BinNBy =0.

4.227. Nllycts A — abenesa rpynna, By, ..., B, — ee noarpynusi.
JoxaszaTs, yTo 1ia Toro, yrober cymma B; + ... + B, Gouia npamas,
Heo0X0IMMO M JOCTAaTOYHO, YT00BI HiA dwboro ¢ = 1, 2, ..., n BBIDOI-
HAnoch yciaosue BiN(By + ...+ Bi-1+ Biy1+...+ B,) =0.

4.228. Jlokasats, uto A(p) # 0 Torma m TO;BKO TOrZa, Korxa |A|
neautcd Ha p (p — mpocToe).

4.229. Haittu BCe mpUMapHbIe KOMIIOHEHTHI IPYIIbE A:

a)™ A=1Zy; 6)A=1Zy; B)A=ZLon.

4.230. Oupenenuth KOJIMYECTBO 3JEMEHTOB:

a)** mopanka 10 B rpynne Zg @ Zs ® Zs;

6) mopanka 18 B rpynne Zs @ Zy4 & Zs ® Zy.

4.231. BoinucaTs Bce 31€MeHThI mopAnKa 6 rpynusl Zo @ Zg @ Z3.

4.232. Haittu Bce roMoMophU3MbIL:

a) rpynnsl Q B rpynny Z; 6) rpynnst Z,, B rpynny Zi.

4.233. Onucars Bce (C TOYHOCTHIO IO U30MOP(hM3Ma) aGeleBbI PPYNIbI
yKa3aHHBIX IOpAAKOB: a)* 36; 6) 200; B) 96.

4.234. Jloraszatb, 410 Zpy ® Zp = Ly, ecin HOO(m, n) = 1.

4.235*. JlokasaTh, 4TO MHOKECTBO BCeX roMoMopduamoB y: A— B
(A, B — abeiesnl rpynnb1) ABIAETCA abeIeBOIM rPYNNOH OTHOCHTEIHLHO

onepanuu (p + 9)(a) = p(a) + ¢(a).

Ipynny scex romomopduamos A — B ¢ ykasaHHoi onepanueit (cM. 3a-
mauay 4.235) o6oanavaior Hom (A, B).

4.236. Yro coboit mpencTaBIAIT I'DYNOLL:

a) Hom (Z1s, Z2); 6) Hom (Z, Z);

B) Hom (Z, A), rme A — abenesa rpynna; r) Hom (Zy,, Z,)?
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4.237. Jloxasars, uro rpynna Hom (Z X Z, Z X Z) waomopdHa
rpynne maTpuan pasmepa 2 X 2 Haxg Z.

4.238. Ilycts Z; — muomectso Beex wncen u3 {1, 2, ..., n — 1},
B3AMMHO IPOCTBIX C 72, OTHOCHTEIHHO ONEPANMH YMHOREHHA IO MO-
LYIIO 7.

a) Joxasars, 4T0 Z) — Tpymna.

6) Mocrpouts Tabmuust Kaay rpynn Z3,, Zg.

B) Yemy msomopdusl rpymnst Zj, u Zg?

4.239. OunpenenuTsh KOJMYECTBO 3IEMEHTOB YKA3aHHOIO NMOPAIKA B
3aJaHHON rpynme:

a) mopanxa p* B rpymme Zpn;
6) mopanka p B rpynne Zy2 O Zy;
B) mopAnKka p? B rpynne Zy2 & Zy.

§ 3. Komsna u moaa

1. Kombua. Ilycte R — MHOMRECTBO, Ha KOTOPOM 3ajaHLl Ase OuHAp-
Hble OHepanyMy + U :, YCHOBHO HA3LIBAEMBIE CAONCEHUEM U YMHONCEHUEM.
Muomectso R HasbIBAaeTCA %0.4bYO0M, €CIIM BBINOJIHEHLL CIENYIOLINE YCIA0BUA
(axcuombt Koabya):

(K1)Va, b, c€ R (a+b)+c = a+(b+c) — acconuaTUBHOCTD CIOMEHNA;

(§2) 30 € R Ya € R a+0 = a — cywecrsopaHue HY1€BOr0 31€MeHTA;

(K3) Ya€e R3b € R a+b =0 — cymecrsobaHue IpOTUBONOJIORK-
HOTO 3JIE€MEHTa; JEMEHT b HA3bIBAETCA NPOMUBONOAOHCHLIM K G U 0003HA-
qaerca —a;

(K4) Va, b€ R a+b=b+a — KOMMyTaTUBHOCTH CIIOKEHHH;

(K5) Ya, b,c € R (a+b)c=ac+be, c(a+b)=ca+ cb— nucrpuby-
THBHOCTH (4€6a4 U npasas).

I'pymna (R, +) naseiBaerca addumuenot epynnot xoasua R.

Konemo R HagbiBaerca:

— KommymamusnbiM, ecii ab = ba naa scex a, b € R;

— accoyuamusnbim, ecitu (ab)c = a(be) naa Beex a, b, ¢ € R;

— xoabyom c edunuyet, eciu B R ectn edunuunbii saemenm, T.e.
Tako#f sieMent 1, yTo A Bcex a €ER a-1=1-a =a.

IIpamvim (mim dexapmosbvim) npouseedenuenm Ry x Ry X ... X R, xoxen

Ry, Ra, ..., R, Ha3bIBAaeTCA MHOKECTBO CTPOUEK (A1, G2, - - ., Gp) C NOKOM-
TIOHENTNHBIM CIIOREHMEM M YMHOKEHUEM:
i ! ! —_ ! ! !
(a1, agy ..., an) + (@}, @5, ..., ap) = (a1 +ai, a2 +ah, ..., ap +ayp),
li ! ! —_ ! ! !
(al, azy --. an) - (a1, LTI a'n) - (alal’ A2G3, .., anan)’

Huorna woneno Ry X Ry X ... X Ry, Ha3uIBalOT npamot cymmotl Komen
Ri, Ry, ..., R, uobo3nauaror R ® Ry @ ... D R,,.
k]

B sapauax 4.240-4.242 npoBepuTh, YTO yKa3AHHBIE MHOMRECTBA
ABIAIOTCA KOJbIAMH.

4.240. MuomecTBO nensIx yucen Z ¢ 06bIYHLEIMY ONEPALUAMHE CJIO0-
AREHUA U YMHOREHUA. ITO KOJIbLO HABBIBACTCA KOALYOM YCAbIT HUCEL.
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4.241. llpoussonsuan abenepa rpynna A ¢ yMuomenueM a - b = 0
A Bcex a, b € A. 9TO KOJBLO HA3BLIBAETCA KOALYOM C HYALEELLM
YMHONCEHUEM.

4.242. JloxazaTh, 4TO MHORECTBO Z, C ONEPAUUAMH CIOREHUA U
YMHOREHMA 110 MOAYJIIO 72 ABJIAETCA KOJbIOM. JTO KOJIBIO HA3LIBAETCH
KOALYOM BbIYEMOB.

B zamavax 4.243-4.252 BoIACHNTH, ABIAITCA JM KOJbLAMH Clie-
AYIOIIME MHOMECTBA.

4.243. MuomectBo N HarypambubIx uncesn ¢ 0OLIYHBIMU OmEpamu-
AMY CIOKEHUA ¥ YMHOMREHUHA.

m
4.244. MuomecTBO Yucesl BHIA o rne m € Z, n € N, ¢ 06nry-

HBLIMH OIEPANUAMHM CIOKEHNA U YMHOMREHUA.
4.245. MuomectBo T,, BepXHUX TPEYrOJLHBIX MATDHI, T.€. Ma-
TPHIl BHIA

ai; a2 ... Qin

0 ayp ... ao
?

0 0 ... apn

rae a;; € R, c omepanuAMY MATPUYHOTO CIOREHHA ¥ YMHOMEHUA.
4.246* . MHOmecTBO BCEX TPUTOHOMETPHYECKMX MHOIOYIEHOB BHAA

ag + a1 sinx + azsin2z + ... + a, sinnz,

tmen €N, g, € R (2 =0,1,...,n) c onepanuaAMH CIOKEHAA U
YMHOKEHUA QyHRIUN.
4.247. MHomecTBO BCEX TPUTOHOMETPUYECKUX MHOI'OUICHOB BHIA

bo + b1 cos z + by cos 2z + ... + by, cos n,

rmen €N, b € R (1 =0,1,..., n), c onepauuAMH CIOKEHAA U
yMHOmeHNA QyHRIUH.

4.248*, Muomectso P(X) Bcex mOOMHOMRECTB MHOKECTBA X , eCiIu
' clomeHHEM CuMTaTh ofbbenuHeHume U, a yMHOMeHHEM — Iepecede-
HuEe N.

4.249. MuomecTBo BCEX CMMMETPHUYECKHMX 70 X N-MaTpPUl C nel-
CTBUTENHHBLIMHE MM KOMIUIEKCHEIME Kosddumuentamu (T.e. TAKUX
marpun A, uto AT = A) 0THOCHTENBHO 06LIYHBIX MATPUYHBIX OIEpa-
nuH.

4.250. Muomectso P(X) Bcex monMHOKeCTB MHOEECTBA X, €CIH
YMHOZEHHMEM CYMTATh mepecedeHue N, a CIomReHNneM — CHMMeTpuye-
ckyi0 pasHocTs A (HamomumM, 9to aAB = (A\B) U (B\A4)).

4.251. Muomecrso C[a, b] Bcex meficTBHTENbHBIX (YHKIMM, He-
IpepsIBHLIX Ha OTpeske [a, b] (C 0OBIYHBIME ONEpALMAMMU CIOREHUA U
YMHOmeHUA GyHKUUHA).
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4.252*. Muomectso C[a, b] HenpepsiBHBEIX (QYHKUMA ¢ OOBITHON
omepanuef CIOREHUA, eClIM B KAYeCTBE YMHOMEHUA B3ATH CYNEpIO3y-

mio dyuxmais: (f * g)(z) = f(g(z))-

4.253. Boenem na rpynne (Zs, +) yMHOmeHe T0 HOPMYIE @ * b =
= 2ab (upoussenenue GepercdA mo MOLYIIO 5).

a) flsnaerca au (Zs, +, *) xombmom?

6) Karoit seMeHT ABIAETCA B 9T0M MHOKECTBE eIUHHULEN [0 YMHO-
AeHn?

ZII pumep 1. Berauciurs auavenue Bripamenua (3 + 5+ 9)199° g xonn-
ne Zp-.

< Tak kak 3+5+9 = 7 (mod10), 7o 3+ 5+ 9 = 7 B Zy0, HO3TOMY
(3+ 5+ 9)1999 = 71999, Paccmorpum crenenu uucna 7 B xomsne Zig (T.e.
mo Moaymo 10): 71 =7,72=9, 7*=3, 7" =1, 7®* =7 Tak wax 7* =1,
10 71999 — 7449943 — 73 — 3 5

B 3amauax 4.254-4.259 BrIYuCINTL 3HAYEHUE JAHHOTO BHIPAKEHUA
B YKa3aHHOM KOJIBIIE.

4254.1-2-3-4-...-17 B vonvue Zs.

4.255.14+2+3+...4+9 B koubue Zoy.

4.256. 32001 g konpme Zog.  4.257. 3! B Kombme Zogg.

4.258. 272001 g konpme Z;s.

4.259. (1 +p)~' B Komsne Z,s (p — mpocroe).

B sanmauax 4.260-4.269 nposeputh, uTo HpH p > 5, rme p — mnpo-
CTO€ YMCJIO, B YKA3AHHOM KOJBIE CIPAaBEIIMBLI IPUBEIEHHbIE PABEH-

CTBAa.
4.260. 12+ 22+ ...+ (p-1)2 =03 Z,

—1\2
4.261. 1% +22 + ... + (”—2—> =08 Z,.

* 1-~2 -2 p—1 -2
4262% 172427 4 4 (T =08 Zy,.
4.263*. 1714+ 271 + ...+ (p—1)" =08 Zp.

1
4.264*. Y —==031%Z,
o<i<j<p ¥ .

Ilycte R — acconuaTHBHOE KOJIBLO C €WHHUNEH. JaeMeHT a € R, mna
KOTODOTO CYIECTBYeT 06pamubili diemenm a~ ', Ha3BIBAETCA 06PaTNUMbLM
SACMERTIOM.

Mpumep 2. Haitru o6paTumele (10 yMHOKEHHIO) 371EMEHTHI B KO/IbIE Zg.
< Ecan a — ofpatumeiit anemeHT Kojibna Zg, To ypasHeHue gz = 1 paape-
mumo B Zg, a 3HaUMT, ypaBHeHue axr = 1 + 6y paspemnmo B Z. Umeem:

az — 6y = 1.
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Ecau @ nenurca na 2 niu Ha 3, TO JIeBas 4acTh 3TOT0 YPABHEHHA NEIUTCA
Ha 2 iy Ha 3, a Tak Kak NpPaBad 4acThb HE JEMUTCA, TO ypaBHEHUE HE UMEeT
pewenuil. Eciu a He nenuTca HM Ha 2, HM Ha 3, TO @ B3aMMHO mpoCTO C 6,
no3ToMy ypasHenue az — 6y = 1 paspemmnmo. Hrak, obpatumeiMu AnaAw0TCA
sjeMeHTh! U3 Zg, B3auMHoO npocreie ¢ 6, T.e. 1 u 5. >

B samauax 4.265-4.267 uaiitu o06paTUMblie 10 YMHOAREHHUIO 3JIe-
MEHTHI B YKAa3AHHOM KOJbIe.

4.265. B roasue Zi4. 4.266. B roapue Zog.

4.267. B xoasue Cla, b].

4.268. Cronpko 06paTUMBIX 3IIEMEHTOB B KOIbIe Z,3 (p — mpo-
croe)?

Ipumep 3. Peuuts ypasHeHHA B yKa3aHHOM KOJbLE:
a)2z+4=082Z¢ 6)6x+5=082Zg; B) 2+ +6=08 Z5.
< a) CocraBum Tabmuuy:

z |0)1|2]314]5
2r+4 1410|214 (0]}2

Orciona 2 = 1 wim £ = 4. IT0OT UpUMep MOKA3LIBAET, YTO B KOJILHE Aunetinoe
ypasnenue ar + b = 0 modcem umemp 6oaee 001020 peuwsenuA.

6) Eciu 6z + 5 = 0 B Kosene Zg, 10 6z + 5 = 8k B woneue Z. Orciona
6z — 8 = 5. Ho 910 paBeHCTBO HEBO3MOMKHO, TAK KAK B JIEBOH €ro 4acTH
CTOMT YeTHOe 4MCJI0, a B npapoft HederHoe. TaxuM 06pasoM, ypaBHeHHe
6z + 5 = 0 He umeer pewreHnit B Koanue Zg, xo1d 6 7 0. 3Hauur, B KOABOE
ypasnenue ax + b =0 npu a # 0 Moxcem ne umemv nu 00H020 pEUWERUA.

B) Cocrasum Tabmuny:

T o1112{3t4)5]6]|71819l10]11
z2+z+6|6(8(0|6l2|0}0|2]6]0] 8] 6

Orciopa nonygaem: z; = 2, £ = 5, 3 = 6, ©4 = 9. Tarkum ob6pasom, B
KOJIBIE Keadpamhoe ypasuenue moxcem umems 6oaee d6yr peutenud.

B 3amauax 4.269-4.274 pemnTs Cienyolue ypaBHEeHUA B YKA3aH-
HOM KOIbIIE.

4.269. 3z + 7 = 0 B wombue Zis.

4.270. 3z + 7 = 0 B rombue Zogg.

4.271. 6z + 4 = 0 B rouwue Zg.

4.272. 22 + £ + 4 = 0 B Kombme Zg.

4.273. 322 + 6z + 9 = 0 B KoaBHe Z3g.

4.274. 2* = —1 B xombne Zaq. ‘

4.275. [IpusecTn mpuMep Koubla 63 eqUHMILL.

4.276**. IlpusecTy mpuMep HEACCONMUATUBHOrO KOJbIA.
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4.277*. Jloxasars, 410 ecau R — KOJIBIO C eXUHUNEH U ypaBHEHHe
Z + z = 1 uMeer pelleHue, TO 9TO PEIIEHHE €TUHCTBEHHO.

4.278. Ina Kakux KoJlen C efMHUIEN COBNANAIOT HYJIEBOH M exu-
HUYHBIH 371EMEHTBI?

Ilycre R u R’ — woasna. Orobpamenue ¢: R — R’ HasbiBaerca 2osmo-
MOPPU3MOM, €CITN BHIOTHEHEI YCIOBUA:

oz +y) =p@) +0y), ely)=e@)e(y)

naa BCex T, y € R. Ecim ¢: R — R' B3auMHO ofHO3HauHOE 0TOGpamenue
R ua R', 0 ¢ HaabiBaerca usomopguamom. Eciu cymecrsyer usomopduam
¢: R = R', To roBopar, uto xonena R u R' uszomopduni, u obosnauaror
3TOT (aKT caepyromum obpasom: R = R'. U3 onpenenenusa romomopguama
crenytor pasencrsa: (0) =0, ¢(—a) = —p(a).

Tpumep 4. llokazars, uto orobpamenue @: Z — Zy,, ¢(a) = a (modn)

(ocTaTOK OT mesleHMA a HA M) — rOMOMOP(U3M KOJIE.
< Tax xak

pla+b) = (a+b) (modn) =a (modn) + b (modn)
(cnmomenue oo MOIYIIO ) U
p(ab) = (ab) (modn) = a (modn) + b (modn)

(ymMHOmeHHE IO MOIYIIIO 1), TO  — FOMOMOPGhU3M. B>

4.279. lloxazatb, uro 06pa3 KOMMYyTAaTHBHOIO KOJbLA IPHU TOMO-
Mop(dU3Me ABJIAETCA KOMMYTATUBHBIM KOJBIOM.

B zamauax 4.426-4.429 npoBeputh, 9TO cieqyiomue orobpameHusa
ABJIAIOTCA TOMOMOPGHBIMHU 0TOOPaREHUAMHU KOJIEL.

4.2so.f:{(‘; Z) a,belR}——HR, f(‘; Z)=a——b.

4.281.f:{(z Z) a,bEQ}—-)Q, f(‘; Z)=a+b.

4.282. flsnserca am orobpamenne Cla, b) = R, f — f(a) romo-
MopbuaMoM Kousren?

B 3amauax 4.283 u 4.284 Haiithn Bce rOMOMOPGU3MEI KOJEI.

4.283. Z — 2Z. 4.284. 27 — 27.

4.285. Beenem Ha rpynne (Z, +) ymHomeHue no dhopMyie a x b =
= — ab. Jlorasats, uro (Z, +, *) — KOAbLO, H3OMOPGHOE KOJBLY
ueanrx gucen Z.

4.286*. Jlorazarb, 910 Zpmp = Zy & Zy, npu HOI(m, n) = 1 (8
IpaBoi YacTH — HOPAMAaA CyMMa KOJeln).
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4.287*. llycts X — MuOmecTBO U3 1 BaeMeHToB U P(X) — MHome-
CTBO BCeX ero noaMHoOmRecTB. B kauecte ciomeHusa Ha P(X) BodbMeM
cuMMmerpudeckyto pasocts AAB = (A\B) U (B\A), a B kauecTse
yMHomenua — nepecevenue A N B. Jlokasats, uro (P(X), A, N) —
KOJIBLO, U30MOp(HOE KonbLy Zo @ ... @ Zs.

N

n pa3
4.288. lloxazarth, YTO BCAKOE KOJBIO M3OMOD(HO NOTKOJIBIY HEKO-
TOpPOr0 KONbIA C eXVIHUIEH.

2. Mona. Mlycts F' — MuomecTBO ¢ OByMA OMHApHBIMM OnepanuAMY +
U -, KOTOpble MbI GYIEM YCIOBHO Ha3bIBATh CAONCENUEM U YMHONCEHUEM.
MuomecTo F Ha3bIBa€TCA 7NO4eM, €CIN BHIIOMHEHLI CIEXYIOUIME YCJIOBHA
(axcuombr noas):

(M)Va, b, c€F (a+b)+c = a+(b+c) — acconmaTuBHOCTL CIOKEHNUA;

(12) 30 € FVa € F a+ 0 = a — cyuecTsoBaHue HynA; snemeHt 0
Ha3bIBACTCA HYLeM;

(I3) Va € F 3b € F a+b = 0 — cywmecrsoBaHue DPOTHBOIOIOM-
HOrO 3JIEMEHTa; 3JEMEHT b Ha3hIBAETCA NPOMUBONOAOHCHBIM ¥ a 1 0003HA-
vaerca —a;

(M4) Va,b€ F a+b=>+ a — KOMMYTaTMBHOCTL CJIOKEHUA;

(I5) Va,b,c€ F (a+b)-c=a-c+b-c— nuctpubyTBHOCTD;

(16) Va, b,c€ F (a-b)-¢c=a-(b-¢) — accouMaTUBHOCTD YMHOMEHUHA;

(M7) Va,b€ F a-b="b-a — KOMMYTaTUBHOCTb yMHOKEHUA,;

(I8) 31€ F Va€e F (1#0ua-1=a)— cymecTsoBaHue eqHUIEI;
sneMent 1 nasmniBaeTca edunuyer;

(M) Va€ F (a#0=3be F a-b=e) — cymecropanne 06paTHoOro
3]€MEHTa; BIeMeHT b Ha3kIBaeTCA o6pammubim K a 1 0603Havaerca a L.

W3 onpeneneHuA BUAHO, YTO NO €JOAREHUI0 BCAKOE IOJE ABIAETCA abe-
nesott rpynnoit. ['pynna (F, 4+) Hasbisaerca addumuenot epynnod nona F.
Muomectso F* = F\{0} nenynessix snemenros nona F apaAerca rpynmoi
mo ymuHomenuto. ['pymma (F*, -) HasbIBaeTca Mysbmuniuxamueénol spyn-
not mona F.

Mpumep 5. Jloxa3ats, YTO YuCIa BUAA a + bv/2, rae a, b € Q, otHOCH-
TENBLHO 00BLIYHBIX ONEPaLUi CIOREHUA M YMHOREHUA 06pasyoT mole.
< Nlepexn npoeepxolt akcuoM clefyer y6eOUTHCA B TOM, YTO IPUMEHEHUe one-
panuit COMEeHUA ¥ yMHOREHUA HE BEIBOAAT 33 NPeNensl JaHHOI0 MHOMECTBA.
Mycts F = {a+bv2]a, b€ Q}. Ecuz =a+b/2uy =c+dv2 —
MPOM3BOBHEIE 3neMenThl M3 F (3neck a, b, ¢, d € Q), To ux cymma

z+y=(a+c)+(+dV2
tarkme npunagnemut F. llpoussenenue
zy = (a + bV2)(c + dV2) = (ac + 2bd) + (ad + bc)V/2

TaKme upuHanemRuT F, Tax kak ac + 2bd € Q u ad + bec € Q. Bemmoauenne
axcuom (I11)—(118) oueBumHo; AcHo, uto 0+0v/2 ARnAeTCA HyneM, a 14+0/2 —
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emuuuneit 8 F. Ocranocs nposeputs axcuomy (119). Ina storo Ham ciemyer
y6enutsca B oM, uto npu a + bv'2 € F\ {0} Bcerna momuo Hatitu Tanue
T,y € Q, uto (a + bv2)(z + yv2) = 1 + 0v/2, T.e. Hamo moxasath, 4TO
cUCTeMa ypaBHEHUH

{ az +2by =1,

br+ay=0
paspemuma B Q. Onpenenurens

Z 22‘ = a? — 2

He MomeT paBHAThcA 0, Tak Kak /2 — uppanuonansHoe uucto. Ciemosa-
TEeNLHO, CHCTeMa paspeniuma u akcuoma (119) Boimonuaerca. 3uauut, F' —
nonae. > .

4.289. loxasarsb, YTO B MPOU3BOIBLHOM N0J€ F' BHINOIHAITCA CJIe-
OYIOLINE YTBEPRICHUA:

a) Hyas B mosie F' eMHCTBEHHBIH;

6) IPOTHBONOJOAHBIA BIEMEHT —a Il JaHHOTO a € F' onpenens-
eTcA ONHO3HAYHO;

B) exuHuna B nose F ompenenserca eXMHCTBEHHBIM 06pa3om;

r) obparHEIA sneMeHT a”! K amementy a # 0 OmpeReNAETCA eNMH-
CTBEHHEBIM 06pa3omMm;

x) naa mwboro a € F a-0=0;

e) B [0JIe HEeT HEeHYEeBLIX NeauTeael Hyis, 1. e. 1ad 106X a,b € F
u3 paBeHcTBa ab = 0 cxenyer a = 0 umu b = 0.

B zamauax 4.280-4.283 mpoBepuTh, YTO yKa3aHHBIE MHOKECTBA
AIBJIAIOTCA TOJIAMHU.

4.290. MHomecTBO panuoHaALHbIX yuces (Q ¢ onepanuAMy ciaozme-
HUA M YMHOREHUA (N04€ DAYUOHAALHBIT YUCEA).

4.291. MHuomecTBO meficTRUTENBEHBIX 4Kcea R ¢ omepanuAMu Cio-
AREHUA M YMHOREHHA (nose deticmeumeabrbir wucea).

4.292. MuomecrBo woMmnekcHIx yucen C ¢ omepanuAMu ciome-
HUA ¥ YMHOREHUA (1046 KOMNAEKCHVIT wuce).

4.293. MuomecTBO Zjy, TIE P — INPOCTOE UUCIO, C ONEPATUAMU
CTIO&REHUA ¥ YMHOAREHHUA 10 MOLYIIO P (no4e 6biuemos).

Mnozousenom nad nosem F Ha3biBaeTCa BBIpAMKEHUE BHOA
f(z) =anz" +...+ a1z + ao,

roe ag, ---, @, € F — ros¢pduuuentsr mHorouneHa. Iipm a, # 0 uucno
7. Ha3LIBAETCA CMmenenbio MHorowiera f(z) u obosnauaerca deg f. Crenens
MHOTO4JIeHa, BCE K03( QUIMEHTH! KOTOpOro paBHb! 0, yRo6HO CUUTATh paBHOM
—00. BwunenpupeneHHaa dopMa 3amMcH MHOTOYJEHA HA3bIBAETCA KAMOHU-
yecKol 3anuchio Mhozousena n-t cmeneny, kK03QGUIMEHT a, ~— cmapwum



§ 3. Koabna u moas 201

KoaPPuyuenmon, ag — €6060dnblM Uienom. MHOrOUIEH HABHIBACTCA YNU-
mapHbiM, €CIN a,, = 1.

4.294. Tlycts F — mone. O6o3Hayum F[z] MHOReCTBO BCex MHOrO-
YWIEHOB ag + a1Z + . . . + apz™ ¢ ko3¢ PunMenTamu ag, ay, ..., @, € F,
a, # 0. Cromenne MHOrOUNEHOB a9+ a1 Z+...+a, 2" ubg+byz+. ..
v+ + by z™ ompemenuM mpaBHIOM

(a0+a1x+...+anx")+(b0+b1.'z:+...+bma:m)=
= (ag + bo) + (a1 + b))z + ... + (ax + by)z*.

(3mecy k = max(m, n), a; = 0mpu i > n, b; = 0 mpu j > m).
YMHOMEHME OIPeReTuM TPABHIOM

i J

k

rne ¢ = 9, aibj. Jorasars, uro Flz] — kombmo. 9T0 KOIBLO
i+j=k ’
HAasbIBAETCA KOAbYOM MHO20UeH08 Had noaem F.
4.295. [lorasath, 4TO MHOKeCTBO F(Z) BCEBO3MOKHBIX Apobei
T
BUZA i%——;— rae f(z), g(z) € Flz] u g(z) # 0, orHocuTENBHO 06BIYU-
g(z

HBIX onepaxmﬁ CJIOREHNA N YMHOREHUA ABIACTCA MOJEM. Ono Ha-

f(z)  filz)

3BIBAETCA NOJLEM PAYUOHAMHLIT Pynxyud. IIBe xpobu —— u

. 9(z) = gi(=z)
cuuTaloTcA paBHBIMH, ecau f(z)g;(z) = g(z) f1(z).

4.296. [oxasars, 9T noboe moNe ABIAETCA KOIBLOM.

4.297. llycts F — none. O6o3nauuM uepes F, (zpyroe oGoznaye-
uue: M, (F)) MHOmeCTBO BCeX KBaOPaTHLIX M X N-MAaTPHUIl C HJIEMEH-
ramMu u3 moad F ¢ 06bIYHBIMY ONEpanUAMHE MATPUYHOIO CIOAKEHUA U
ymHOmenuda. Jlokazarh, yro F,, — KONBUO. JTO KOJBLO HA3HIBAETCA
Koabyom mampuy (Hax nomem F).

B zamauax 4.298-4.301 ompenennTs, 06pa3yroT Ju IONE YKa3aHHbIE

9JIEMEHTEL.

4.298. Yucia suna a+b¥/2, tne a, b € Q, orHOCHTENBHO 06BIYHBIX
onepanuil CIOREHNA N YMHOREHUA.

4.299. Yucna suna a+ b2+ c¥4, rae a, b, ¢ € Q, oTHOCHTENLHO
QRBIYHBIX OIEPANVi CIIOKEHUA U YMHOREHUA.

4.300. Yucna 0, 1, 2, 3, 4, 5 c onepanuaMu CNOREHUAA X YMHOKEHUA
o MOZyaio 6.

T
4.301. Marpuns: Buna (2y g), rae z, y € QQ, oraocurensHO one-

panuil MaTPUYHOrO CIOAREHUA ¥ yMHOREHHUA.
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z
4.302. Boisichuts, npu kakux n € Z, MaTpUuLl BUAA (ny Z)’

rae z, y € Zyp, ABJAIOTCA NONEM OTHOCKTENLHO ONEPANUit MATPHIHOTO
CIOREHUA ¥ YMHOMREHUA.

IIpumep 6. Beruncauts 3uavenue spipamenna (2-3+3-4)10 s none Zs.
< Tak kar 2-3=6 =1 (mod5), 70 2:3 = 1 B Zs. AHANOrUYHO TOAYIAEM:
3-4 =23 Zs. Crenosarensuo, (2-3+3-4)1% = (1+2)1°=310=(32)5=
=95 = (-1)® = —1 = 4. 3necs ucnonb3osano 10, 4o —1 = 4 (mod 5), a
3Hauut, ~1 =48 Zs. >

B samagax 4.303-4.306 BhruMCIMTH 3HAYEHUE BHIPAREHHUA B YKa-
3aHHOM MOJIE.

4.303. (2-6 + 3-5)!9 5 mozte Z7.

4.304. (1+2-3-4)"2 B mone Zy;.

4.305. (7 +37!-4)"! B mone Z3.

4.306. 171 + 271 + ... +(p—1)"! B noze Z,.

Ipumep 7. Pemints ypaBHeHHe B yKa3zaHHOM mOJIE:
a) 3z +4 =0 B none Zy7; 6) 222 + 5z +4 = 0 B none Zy;.

a) B noae ypasnenue az +b = 0 npu a # 0 umeem eduncmeennoe
pewenue: T = (—b)a”!. B Z;; —4 = 13, 37! = 6. Cnenoparensuo,
z=13-6=10

6) Bocmoanayemea 06bruHoM GOpMyNON KOpHEH! KBaIpaTHOrO ypaBHEHUA
-bx D

az® +br+c =0, a umenno, T;,2 = g s THe D =b?>—4ac”). B none
Z11 muckpumumant D =52 —4.2-4 = 25— 32 = —7 = 4 = 22, nosromy
z12=—5:t2=—5:!:2.
’ 2.2 4
Ozcrona
poTBR_ T 4 hen o3 8,
4 4 4 4 4 4

B 3amawax 4.307-4.313 pewurh cienyiomye ypaBHEHUA B yKa3aH-
HOM MOJIE.

4.307. 3a:+7 0 B mone Zi7. 4.308. 5z + 11 = 0 B mone Zgq.

4.309. 4'_1; +2z2+2=0 B none Zr.

4.310. 2.'1: +4x+ 1 =0 8 mone Zs.

4.311. :1: +-’E+2—0BIIOJI€Zs

4.312. :1: + 323 + 42 + 5 =0 B mone Z.

4.313. z* = —1 B noze Zy7.

) ®opmyna kopHelt xkpaxpaTHOro ypasHenus ar’ +br +c=0,rnea, b, c€ Fu
a # 0, cnpasennusa B moboMm noae F', B kotopom 1+ 1 # 0.



§ 3. Koubua u moas 203

B samauax 4.314 u 4.315 pemnth cucTeMy ypaBHEHWM B yKasaH-
HOM II0JIE.

4314, 3z + 4y =1, 4z + 5y = 6,

Sz +3y="7 B2z 4315 {7x+3y=1

4.316. Haittu obparHyo marpumy anAd MaTpuubl A, 3a)aHHON B
YKA3aHHOM HOJE:

B Z11.

125 "1 i\
a)A=14 0 1] (manZ;); 6)A= 100 1 (mazn Zsy).
312 111 1)

4.317. Halttu panr 3agaHHOit MaTpUObl B YKA3AHHOM HOJE:
2 3145 12110
1 206 3 210 21

a) 3350 2 (nax Z7); 6) 19292 1 1 (nax Zs).
24435 0010 1

4.318**, Jlokasars maayio meopemy Pepma: a? = a mia scex
a € Zy.
4.319*. Haittu KonuyecTBo saeMeHTOB @ moad Zp (p > 2), man

KOTOPBIX YDaBHEHHE T2 = @ PasperIumo.

4.320*. Ilycrs p — mpocroe 4uCio, a, b, ¢ € Zy u a # 0. Cronbko

Da3IMYHBIX 3HAYEHHUH TPHRUMAET KBANDATHBIA TPEXWIeH az+bz+c?
4.321*. JlokazaTb, 4TO €CIM p — MPOCTOE YUCNO M p — 1 He ne-

JUTCA Ha 3, TO ypaBHEHUE I3 = @ uMeer efMHCTBEHHOE peleNne AJIA
KamIoro a € Zy.

4.322. Ilycts F' — mone yncen Buga a + b2, rze a, b € Q. Pas-
pemnMo i B F' ypapuenue 13 = 27

4.323**. BoiacHuTL, ABIAETCA JIY NONEM IPAMAaA CyMMa IBYX IO-
neit.

Mlycte F' — mome n 1 — enununa mona F. Ecnu cymectsyer n € N,
s koroporo 1 - 1 = 0, T0O HaUMEHbUIEE U3 TAKMX 7T HA3LIBACTCA Iapax-
mepucmuxot nona F u o6osuauaerca char F. Ecau n -1 # 0 nmpu Beex
n, 10 m0 ompeneneHnio cuuraerca char F = 0. Hampumep, charZ, = p,
charR = 0, charC = 0. IHodnosen P nona F nasniBaerca mogkoinuo B F,
caMo asaawpomeeca mojeM. HauMmeHbluee noamose ZaHHOrO NOJA HA3LIBACTCA
€r0 NPoCcMmbiM NOINOAEM. .

Mpumep 8. CymectByer au raroe-nub0 mosme XapaKTEPUCTURM 2, 0T-
augHoe ot nonsa Zo?
< llycts F' — ucxomoe none. Tak kax no ycnosmio char# =2, tou+u =20
ana moboro u € F u, 8 yacrHocru, 1+ 1 = 0. Beibepem HexkoTopbiit 31eMEeHT
a€F, a#0, a# 1 npaccmorpum sanements: 0, 1, a, a + 1 moaa F. Cao-
/AREHUE STUX 3JEMEHTOB ADYT C APYTOM HE BHIBONUT 33 Mpeesibl MHOAKECTBA
{0, 1, a, a + 1} (upoBepbre!). Beemem ymHomenue. aa aToro mocraTouHO
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onpenenuTh mpoussenenue a - a. Ecim a2 = 0, a? = 1 uau @® = a, 10
nonyyaeM MPOTHBOPEYME C aKCMOMaMH monAa (Kakumu?). 3HaA4UT, BO3MO-
MEeH TOJBKO ONMH BapuaHT, xorma a® = a + 1. Ocraerca npoBeputs, uTO

{0, 1, a, a"}, rme a2 = a + 1, apnaerca nonem. IlpoBepka oCyUIeCTBIAETCA
HenmocpenacTBeHHo. >

Mpumep 9. lycts F — none umcen suna a + bv/2, roe a, b € Q. Yro
u3 ceba npencrasaAer npocroe noxmone Fy sroro mona?
< Enuuaunest nona F apnaerca 1+ 0v/2. Haumensiuee mone, conepmaruee
1 + 0v/2, cocrour u3 snementor a + 0v/2. Tawum obpasom, Fy = {a +
+ 0v2|a € Q}. Ono cosnanaer c nonem Q. >

4.324*. JloxazaTh, YTO XapaKTEPUCTHKA NOJNA, €CIY OHA He PaBHA
HYJII0, ABJIAETCA NPOCTBIM YHCJIOM. ‘

4.325**. Jlokasats, uyro, ecau p > 0 — xapakrepuctuka nona F,
TO RAA Kamuporo a € F' umeer mecro paBeHncrso pa = 0.

4.326. Jloxasarh, 4TO B KasRIOM IIOJIE COXEPARUTCA LIPOCTOE MOX-
nojie.

4.327**, Jloxasatb, uro ecau Fy, Fy — nBa mona u Fy C Fy, to
char F| = char F;. :

4.328. Ilycrs F — mone u Fy — ero mpocroe moxmone. Jloka-
3aTh, 4TO:

a) ecau char F = p > 0, o Fy = Zp;

6) ecau char F =0, To Fy = Q.

4.329**. Nloxasarp, yTo eciu F' — mosne xapakTepucTaku p, TO

'3 n n

1A mobbix a, b € F uMeer Mecto paBeHctBo (a + b)P = aP + bP
(n € N). '

4.330. Pacrpbith Cr0o6EM U ynpocTuTh BhIpamenue (a + b))%, ecnn
a, b — sJeMeHTHI mONA XapaKTEPUCTHRH 2.

-b a
rme a, b € Zy, ¢ 00bIYHEIMM OTIEPANMAME MATPUUHOTO CIOAREHHA U yMHOMe-
HUA ABaAerca nojeMm. CKOJBKO 3aeMeHTOB comepmuT noae F?7 Yemy paBha
char £'7 Yro ua ceba npencrasnAer npocroe nopnone Fo?
< Bce axcuomer nona, 3a uckmosenuem (119), nna F mposepatorca npocro.

_Z 2), a # 0. Torna a u b ne

pasuel 0 omnospemenno. IIpocteiM nepebopoM ybempaemca, uro deta =
=a? + b? # 0 B Z;. Orcroma cienyer, 4TO cymecTsyeT 06paTHas MaTpHua

a~!. Umeem: .
a™? ! (a —b) e F.

b
Mpumep 10. Horazarb, yro muomecrso F Marpun o = ( N ),

Mlposepum axcuomy (I19). Hycts o = (

=deta b a

Taxum o6pasom, F — none. Quesumo, |F| = 7% = 49. Tax kax Ta = 0 nua
BCex a € F, to char F = 7. Haxonen, npocroe nogunone Fy 310ech COCTOMT

a O
u3 MaTpull BHAA | g S
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a b
4.331. flBnAercsa au MoIEM MHOARECTBO BCEX MATPHUI BULA (_ b a) )

roe a, b € Zs, ¢ o0bIYHBIME ONEPAaUMAMY MATPUYHOLO CIOREHHA U
YMHOMREHUAT!

a b
4.332. lorasaTn, yro MHOEecTBO F' Bcex MaTpun Buna (2b a)’

roe a, b € Zs, ¢ 06bIYHBIMM ODEPANMAMU MATPHUYHOrO CIOAREHUA U
yMHOMeHHUA asaaerca nonem. Hanru |F|, char F', Fy.

3. Muorounens: Han moaAmu. JMejdesye MHoOrowieHoB. JiaeMeHT o € F
Ha3bIBaeTCA Kopres MmHorounena f(r) € Flz], ecau f(a) = 0. Kopens o
uMeer xpamuocmb m, ecnu f(x) npencrasum B Buge f(z) = (z — a)™g(x)
n g(a) # 0. Kopens a npocmotl, ecnn m = 1, u xpamnbui, ecniu m > 2.

Hycts f(z) u g(z) € Flz], rne F — none. T'oopAr, uro MHOrowIeH g(Z)
deaum f(z) (o6os3uavator g(z)| f(x)), ecau cywecrsyer h(z) € F|z] Tarof,
uro f(z) = h(z)g(z). B aroM cayuae roeopar tawme, 4To f(x) meaurca Ha

g(x), n sanucwBator 810 B BUmE f(Z):g(Z).

Teopema. Iyemo f(z), g(z) € Flz], ede F — noae u g(z) # 0.
Tozda f(z) moncem Goimb eduncmeennbim 06pa3om npedcmasten 6 sude
f(z) = g(z)q(z) +r(z), 2de q(z), r(z) € Flz], u degr(z) < deg g(z).

Muorounen u(z) Ha3BIBAIOT uacMHbIM, @ T'(T) — OCMAMKOM.

Mpuwmep 11. Paznenuts muorounex f(z) = 6z* + 523 — 1122+ 10z -8

- Ha mMHOrowten g(z) = 3z 4+ 4z — 5 ¢ ocTaTKOM.

i
I
{
;
i
f
!

¢
y

R

< Bocﬂoﬂb3yeMCﬂ METOOOM IOeJeHUA MHOrO4JIEHOB «yI‘OJmOM»:
6zt + 5% — 1122 + 10z -8 | 322 +4z -5
6z* + 82° — 1022 222 -z 41
-3z% -~ 2?4+10z-8
-32% — 4z% + 5z

3x2 + 52 -8
322 4+4z—5
-3

Taxum 06pa3om,
6z +52° — 1122 + 102 - 8= 322 + 4z - 5) (22> 2+ 1)+ (z - 3). >
g(=) r(z)

Teopema Beay. [Ipu desenuu mnozouena f(z) na dsyuaen (x—xo)
0CTAMOK PABER IHAUEHUI MHO20UAERA NPU T = To, M. e. T = f(Tp).

Cxema T'opuepa. C moMommio 3T0H CXeMbI MORHO OCYILIECTBUTH Oe-
TeHHe MHOrOYIeHa Ha apyuneH. IlycTs manel MHorounen f(z) = apz™ +...
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..t az+ag (@, # 0, n > 1) u mByunen (z — a). Torma f(z) =
= (z — @)q(z) + r, rae ocrarok r — MHorouneH cremend < 1 (t.e. 7 =
= f(a) € F no teopeme Beay), a HEmonHOe YaCTHOE — MHOTOY/IEH CTENEHN
n—-1 q(x) = bp—yz™ ! 4+ ... + iz + by. Bricrpoe Haxomnenue ro3¢-

(unueHToB MHorowieHa ¢(x) W ocraTka r OCYIUECTBAAETCA N0 ClIEmyroILeH
cxeme:

Roa prnm- an Gn-1 e a1 ao
enTH f(x)
o bn-1=an | b2 =bp-1a+ | ... | bo=bia+ | r = boa+
+0n-1 +a1 +ao

3anonHenye Tabnunsl IPOM3BOAUTCA CJ1€Ba HANPABO.

Mpumep 12. HatiTu yacTHOe 1 0cTaTOK OT fHENeHUA MHOrOYIeHa f(z) =
= 223 — 3z + 5 na muorounen g(z) =z — 4.
<t Bocmoanssyemca cxemoit Topuepa:

210 -3 5
412829 | 121

CaenoBarensHo,
f(z) = (z —4)(22? + 8z + 29) + 121. >

Ipumep 13. Haitrn 3auavenue muorounena f(z) = z* - 223 +22 4241
opu & = —-3.
< Ilo Teopeme Besy anauenue mHoroanena f(—3) paBHO 0CTAaTRy OT HeNeHUA
f(z) Ha £ 4+ 3. CocraBum Tabauuy:

11-211 1 1
-3 |1} -5/|16{ —47 | 142

Orciona
£(=3) = 142. >

B sanauax 4.333-4.336 nas muorowrenos f(z), g(z) nan nomrem F
paszenuTs ¢ ocratkoM f(z) Ha g(z).

4.333. f(z) = * +323 - 52° + 67 +7, g(z) = 2>~z +3 (F =R).

4.334. f(z)=2°-1, g(z) =2 -1 (F=R).

4.335. f(z) =224 + 323 + 42+ 1, g(z) =32° +z+2 (F = Zs).

4336, f(x) =2 +23+z+1, g(z) =23 +z+1 (F =Zy).
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4.337*. Heworopeiit MHOrowneH Hapg moineM R npu meneHuu Ha
(z — 1) naer B ocraTke 3, a mpu meneHuu Ha (z + 2) Kaer B ocTaTke
—7. Hattti ocrarok ot gemeHua sToro Muorowiena Ha (z — 1)(z + 2).

B 3apavyax 4.338-4.340 nna mMHorowrena f(z) max monem R natitu
YaCTHOE M OCTATOK OT JEJEHHA 9TOr0 MHOTOWIEHA Ha ABYWIEH T — Zg.

4.338. f(z) = 24 — 223 + 422 — 62 + 8, zp = 1.

4.339. f(z) = 2z° ~ 523 — 8z, Ty = -3.

4.340. f(z) = 3% + 2* — 192% — 132 - 10, zo = 2.

Hauboavwun obuwum deaumenen (f(z), g(z)) muorounenos f(z) u g(z)
Hap moneM F wagbiBaerca MHOrouneH HaubGoubluell CTeneHM CPemu MHOTO-
wienos, geaamux f(z) u g(z). Jaa a06bIX XBYyX MHOTOYI€HOB, HE PaBHBIX
om-xospememio Hyn10, Hanboapluuit 001Ut genuTens CYIIeCTBYEeT W OIpene-
JIeH OIHO3HAYHO C TOYHOCTBIO A0 NMOCTOAHHOrO OTANYHOrO 0T () MHORUTENA.
W3 Bcex HauGonbmux mexutened MHorowrieHos f(z) u g(:l:gI 06b19HO BHIOU-
PaeTCA TOT, y KOTOPOro crapiuimit Kod¢dduuueHt pasex 1. Isa MHorowieHa
HA3LIBAIOTCA 630UMNO TPOCTILLKL, ECIU OHM He MMEIOT 06X memHTenelt,
KPOMe KOHCTaHT (MHOLQYJIEHOB HYJIEBOM CTEmnenu).

HaubGonsimit o61uuit fenuTens AByX MHOTOYJIEHOB HAXOMAT TEM Re CIO-
coﬁoéu, KOTOPBIY HUCIONb3YeTCA AJA ABYX HENLIX uucen, — aazopummom Es-
xauda:

f(z) = g(@)q1(z) + r1(x), degri(z) < degg(z);

g(z) = r1(z)ga(z) + r2(z), degra(z) < degr(z);

Tr—2(2) = re—1(x)qr(z) + re(z), degri(z) < degri—i(z);
Tk-1(T) = 7% (2)gr+1(2)-

Ha wampom Imare cTerneHb MHOTOYIEHA, ABIAIILETOCA 0CTATKOM, MEHBIIE
creneny memnrend. I0CTeHUA OTIMHELH OT HyAA 0CTATOK Tk (T) U ABIAETCA
. AICKOMBIM HaubombluuM ofluuM nendreneM MHorowseHos f(z) u g(z), T.e.
re(z) = (f(2), 9(x)).

Hauboavwui obwud deaumeasr (fi(z), ..., fa(x)) MHOroUReHOB
fHi(z), ..., fa(z) — 370 MHOrOUREH HaubOAbILEN CTENEHH, HA KOTOPLINX ne-
AA1CA MHOrouieHs! f(z), ..., fn(:c). Ero MomHO onpenenuTs MHIYKTUBHO:
(.fl(m), . .fn ) = ((fl .’L‘) ) fn—l(x)), fn(x))

Hoaumenvuece o6uee xpamuoe MHOrO4ReHoB fi(z), ..., fa(z) — 310
MHOrouwieH M (z) HaumeHbIneH CTENeHH, KOTOPBIX NEAUTCA HA MHOLOWIEHBI

fi(@), .., fal2).

4.341**. Jloxasats, uT0 7 (Z) — HawmboAbLIIMHE 061U AETUTEND
MHorowieHoB f(z) u g(z).

4.342**, Jlorkasars yTBEPARIEHUA:

a) ecu f1(z), ..., fn(Z) — HeHyneBbIe MHOrOWIEHBI Haf moteM F
u d(z), d1(z) — ux naubonbuue obmue zenureny, To d(z) = Ad; (z)
npu HeKoTOpoM A € F, A # 0;
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6) nambompiunit obwuti nemmrens d(z) muorownexos fi(z), ...
.+vy fn(z) momuo mnpencraButs B Bume d(z) = fi(z)gi(z) + ...
oo+ fn(z)gn(z), roe gi(z), ..., go(z) — HeroTOpBIE MHOTOUNEHEL.

Mpumep 14. Joxasars, 4T0 ecau mna MHorodnaenos f(z), g(z), h(z)
omoaHenst yeaosua h(z) | f(z)g(z) u (f(z), h(z)) =1, 10 h(z) | g(z).
< Tax xak (f(z), h(z)) = 1, 10 f(z)u(z) + g(z)v(z) = 1 ma HexoTOpEIX
u(z), v(z). YMHORHUB Ha g(Z), HOMYIUM:

9(z) = (f(2)9(2))u(z) + g(z)h(z)v(z).
Cnenosarensno, h(z)|g(z). >

4.343**. [loxasarh yTBEpRIEHHUA:

a) HauMmeHbllee obwee kpaTHoe M (z) mHorouwnenos f(z) u g(z)
fIBJIAIETCA [eINTeNeM I1060ro 0611ero KpaTHoro; A

6) ectu M (z) n d(z) — coorBercTBeHHO HanMeHb1Iee obiiee Kpat-
Hoe ¥ HauboupIKH 061uit nemuresph MEOrowieHos f(z) u g(z) ¢ Koad-
¢uumentamu u3 mona F, 1o f(z)g(z) = AM(z)d(z) npu nexoropom
AEF, M#£0.

B 3anagax 4.344-4.348 nattti Hanbonpuni 6Kt teIUTENb MHO- |
rowienos f(z) u g(z) Hax 3afaHHLIM IOJIEM.

4.344**. f(z) = 2° — 222 — 2 — 6, g(z) = 2% + z — 2 (man R).

4.345. f(z) = z* +22+1, g(z) = 2t + 23 + 222 + £+ 1 (man R).

4.346. f(z) = z*+223+4z+1, g(z) = ¥ +423+22+4 (nan Zs).

4.347. f(z) =2 +223 + 222+ 1, g(z) = ' + 23 + 222 +z + 1
(HaJI Z3).

4.348. f(z) =z™ -1, g(z) = z™ — 1 (nan R).

B 3anagax 4.349-4.351 Hatitu Hanbonpuni 06K nenurens d(x)
MHOrowieHoB f(z) u g(z) Hax 3aKaHHBLIM IOJIEM, A TaKMe TaKHEe MHO-
rowtenst u(z) u v(z), aro d(z) = f(z)u(z) + g(z)v(z).

4.349*. f(z) = z*+223 -1?—41-2, g(z) = 2* +2® 22 -22 -2
(max R).

4.350. f(z) = 28+ 3z + 23+ 22+ 3z +1, g(z) = z*+ 223+ 2 +2
(max R).

4.351. Muorowrens! u3 3anaan 4.346.

4.352. Haiitn MHOrouneH HauMeHsIued creneHy Hax moneM R, ma-
IOIIM B OCTAaTKE MHOTOWIEH 2T NPHU JeeHHuy Ha MHorowneH (z — 1)2
¥ 3z npu merenuu Ha (T — 2)°.

4.353. Hatitu Bce A € C, npu xoropsix Muorounens! f(z) u g(z)
uMeroT 0bwuit KOpeHsb:

a) f(z) =2 — Az +2, g(z) =22+ Az + 2;

6) f(z) =23+ Az2 -9, g(z) =23+ Az - 3.
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4.354. OnpenenuTs, JeNMUTCA U MHOTOYIEH (m+1)2n -z —2z~1
na 273 + 322 + = (uan nonem R).

4.355. IIpu kakux n muorowren 1 +z2 +z% +. .. + 222 penurca
na muorowten 1+ +z2 +... + 2"} (nan nonem R)?

B 3amagax 4.356 u 4.357 BHLIACHWTDH, NpH KAKKUX G, b MHOrowieH
f(z) nenurca Ha g(z) Hax 3amaHHBIM MOIEM.

4.356. f(z) = 2% +az®+222 +bx+3, g(z) = 222 +z+1 (nan Zs).

4.357. f(z) = 22* + 32 +az’ + 4z + b, g(z) = 32>+ +1
(Han Z'z).

B 3agagax 4.358 u 4.359 natiTy HauMeHbIIee obIIee KPATHOE MHO-
rowieHoB f(z) ¥ g(z) Hax 3amaHHBIM TOJIEM.

4.358. f(z) =23 +42° + 42+ 3 u g(z) = 23 — 22 — 2 — 2 (nan
noneMm R).

4.359. f(z) =z +2® + 22 +1ug(z) = 2° + 22+ + 1 (man
nonem Zs).

MuorousneH, nmpencTaBUMLIY B BUOE NPOU3BENEHUA MHOIOYJIEHOB MEHb-
mux creneredt (¢ xosdpuumueHTamMu u3 moaa F), HasniBaeTca npusodumbis

Han monem F. B nporusnoM ciyyae muorowneH f(z) Ham monem F' HaswiBa-
eTCA Henpueodumbim. IIPHMBOIMMOCTD MHOTOWIEHA 3aBUCUT OT PaCCMAaTPHUBa-

emoro nonA. Tax, Muorowren 2 — 3 Henpusoaum Hax noisem Q, Ho ABIAETCA
npuBouMbIM Hax moneM R, tax kak 22 — 3 = (z 4+ v3)(z — V3).
Teopema I'aycca (ocuosHaa Teopema anrebprr). Beaxutl muozouaen

cmeneny > 1 ¢ xomnaexcuolmu Ko3@GPuyrenmamy umeem KoMnIexCHbLl
KOpexb.

4.360. Jorazats crenyroniue CBOMCTBA HENPMBOIMMEBIX MHOr04JIe-
HOB Hal MPOM3BOIBHLIM moieM F:

a) BCAKMY MHOTOWIEH IIEPBO} CTENEHN HENPUBOIKM;

6) ecnu MHOrowieH f(z) HENPUBOAMM, TO HENMPHUBOXUMBIM byneT u
BCAKMH MHOrowieH cf(z), rae ¢ — OTAMYHBIN OT HylA 31eMeHT u3 F;

B) echn f(z) — mpoM3BONBLHBIY MHOrouaeH, a p(r) — HempuBoO-

mum, To mmbo f(x) memurca Ha p(z), mubo f(x) u p(z) B3aumHo mpo-
CTHI;

r) ecin mpoussenenne MHorowieHos f(z) u g(z) meanTca Ha He-
NpUBORMMEIN MHorowreH p(z), To aubo f(z), mubo g(z) memmrca
Ha p(z);

I) BcAKUY MHOrowieH f(z) cremeHu n, rae n > 1, pacKkIanbIBaeTcaA
B IPOM3BENEHUE HENPHBOTMMBIX MHOrOWIEHOB ). :

4.361. ycts f(z) = pi(z)p2(z)...px(r) — pasmomenue MHoro-
anesa f(z) € F[z| B mpousBeneHue HeNPUBONMMBIX MHORHUTENEH M

%) Henpuponumpi#t MHOTOWIEH TPH 9TOM CIWTAETCA NPOM3BeneHueM k HenpuBoLU-
MBIX MHOro41€HoB upn k = 1.



210 . In. 4. DnemeHTH 06mer atre6psl

9HCia C1, C2, - - ., Ck M3 MOJA F' TAKOBBI, 9T0 MX MPOU3BENEHME PABHO 1.
Torna f(z) = [c1p1(z)] [cop2(2)]. - - [ckpr(z)] Tanme Gymer pasmome-
HHEM MHOT'OWIEHA B MPOM3BENEHHE HENPUBOXUMBIX MHOmuTenel. [lo-
Ka3aTh, YTO 9TMM HCYEPIBIBAIOTCA BCE Pa3iomeHna MHorounesa f(z).

4.362. Jloxasats, 910 Han nmoiaeM C HempHBOOMMBIMH ABIAIOTCA
MHOrOWIEHBI IEPBO CTENEeHH M TOJBKO OHM.

4.363. Jloxazath, 9To Ham mosieM R HEnpHBOXUMBI MHOTOYJIEHLI
nepeodt crenenu Az + B u npamparuble Tpexunenst Az + Bz +Cc
anckpuMuHanToM D < 0, mpyrux HempuBoguMbIX Han R MHOroume-
HOB HeT.

4.364. Iycts maus! pasnomenna mHorowieHos f(z) u g(z) Ha He-
npusopuMsle MHomuTenn f(z) = bpy'(z)ps?(z)...p%(z) u g(z) =
= cpfl (:1:);1)g2 (z)...p5m (z). Noxasats, wro:

a) Haubonbmmi obmuit geaurens d(z) muoroaneHos f(z) u g(z)
Mozer 6bITb BbITucaeH 1o gopmyie d(z) = pl* (z)p3? (x). . .p7* (), rae
¥ = min (o4, B;);

6) nanMeHblnee obmiee KpaTHoe AByx MHorowreHoe f(z) u g(z)
Mozer 6bITh BbIgmMCIeHO Mo GopMyre M(z) = p'{‘(x)pg2 (z).. .pf‘(z),
rie §; = max (o, (;).

Mpumep 15. Pasnomuts Muorowren z4 4+ 1 Ha HeMPHUBONMMBIE MHORH-
TeMM Han noneMm Zg.

< Y6enumca B ToM, 9T0 MHorowieH z* + 1 He umeer xopueft B none Zs.

zr |[0]1]2
zi+1 1212

3naunTt, MHOrowrex ¢ + 1 He meMMTCA Ha MHOrGYJIEHbI EPBOH CTENeHH

4 eCiM pas3jaraeIcAd B MPOU3BENeHUE HEeNPHBOAMMBIX MHORHMTENEH, TO 3TO

MOTyT OBITH TOJMBKO MHORUTENH BUma T2 + ax + B, rue a, § € Zz. Nna ux

gaxomnenna BOCHONb3YEMCA MEMOJ0M Heonpedeseunbis Koafduyuenmos.
aTuIeM

*+1=(@+ar+b)(2®+cx+d), a,bc,deZs
U, IEPEMHOKMB MHOI'OYIEHb]I B HPABOH 9aCTH PABEHCTBA, IOMYIUM
' +1=2'+ (a +¢)z® + (b +d + ac)z® + (ad + be)z + bd.
PaBencTBO MHOrOWIEHOE B JIEBOM W OpaBod YaCTAX PABEHCTBA 03HAYAET

coBnameHue K03QdUIMEHTOB NPK OOMHAKOBLIX CTeneHAX z. CemoBaTembHO, -
moJIy4aeM CMCTEMY ypaBHEHHUH:

a+c=0 (ko3 pumment mpu z3),

b+d+ac=0 (xoaddunment npu z2),

ad+bc=0 (xo3ddunwenT mpu z),

bd=1 (xoadhdumment mpu 1). ,
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W3 pasencrsa bd = 1 cneayer, yro mubo b = 1, d = 1, aubo b = 2,
d=2. Ecm b =1, d =1, T0 3HaYeHMA @ ¥ ¢ YOOBJIETBOPAIOT CHUCTEME

ypaBHeHUH
a+c=0,
ac=1.

Cucrema ne umeer pewenntt. llpu b = 2, d = 2 nonyaum

a+c=0,
ac = 2.

Orcionaa =1, ¢ =2 unu a = 2, ¢ = 1. CrenoratensHo, pasnomeHue UCXON-
HOr'0 MHOro4JieHa Ha HENPHUBOOMMBIE MHORMTEIN HAM mOJeM Z3 nMeetr Ul

t+1=(?+22+ 2 +z+2). >

B 3amagax 4.365-4.376 pasdnmomuTh cremyromue MHOTOWIEHBI HA
HENPMBOAMMbIE MHOKRUTENHN HAX 3aTaHHBLIM HOJEM.

4.365. 23 — 222 — 13z — 10 (uan R).

4.366. z* — 622 + 7z — 6 (zax R u C).

4.367. 2" — 1 (nag R u C).

4.368. z* + 23 — 522 + 2 — 6 (man R u C).

4.369. z* + 2® + 222 + z + 1 (man Zs).

4.370. 2% + 222 + 4 (nan Zs). 4.371. 7% + 2 + 1 (uan Zs).

4.372. 2% + 223 + 22 + 6 (nan Z7).

4.373. z* + 4 (nax R). 4.374. z° + 1 (man Zs).

4.375. 2% + 27 (man R).

4.376. 2P~ — 1 (nan Z,, p — mpocToe).

B zapawax 4.377 u 4.378 maiitm MmuorouwreH f(zr) HaumeHbImel
creneHy u3 Zs[z], yaoBr1eTBopAIOmMY 3aXaHHBIM yCIOBUAM.

4.377. f(0) = f(1) = f(4) =1, f(2) =F(3) =3.

4.378. f(0) = f(2) =f(3) =2, f(1) =1, f(4) =3

B samagax 4.379-4.384 ompenennTh, ABIAIICA IV HENPHUBOIH-
MBIMM MHOTOWIEHbI HAX yKA3aHHBIMM NOJAMH.

4.379. z° + 222 + z + 1 (naxn Zg).

4.380. z* + 223 + 22 + 2z + 1 (nan Z3).

4.381. 25 + 22 + = + 1 (mwan Zs). 4.382. % +z + 1 (nan Z,).

4.383. 23 — 2 (nan Q). 4.384. z* — 2 (man Q).

4.385. Jlorkasats, 9T0 MHOrowIeH 2-# uan 3-i creneHy Ham MOJIEM
F uenpusoa¥M TOrza ¥ TOIBKO TOLZA, KOLNA OH He MMeeT KOpHelt B

F. Tlokazars Ha mpuMmepe, 9TO 9TO HEBEPHO IJIA MHOrodjieHoB 6omee
BBICOKMX CTeineHelt.
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4.386™*. JlorasaTs, 9T0 HaX J00OBIM HOJEM CYLIECTBYeT becKrOHEYHO
MHOT'0 HENPUBOOMMBIX MHOIOYJIEHOB.

Hazosem MHorouseH ¢ neasIMi K03QPUUMEHTAMU NPUMUMUSHbIM, ECITH
HaubonbIMY 00IuMit menuTens ero ko3dguuueHToB papex 1.

4.387*. Jloxazarb semmy I'aycca: npousBeneHHe NPUMUTHBHBLIX
MHOrOYJIEHOB fIBIAETCA NPUMUTUBHLIM MHOTOWIEHOM.

4.388*. JloxazaTh, 9T0 MHOTOWIEH C UEJBIMH K03 hHIHeHTaMu He-
npusonuM Hax noseM (Q Torma u TONBLKO TOrNA, KOTAa OH HENPHUBOLUM
Hax KoJbUOM Z (T.e. He PACKIAAbIBAETCA B MPOM3BEJEHHE MHOrowie-
HOB MeHbIIIeH CTeneH: C HeJsIMH K03 hunuenTamu).

4.389*. Jlorasats xkpumeputi IJlUsenwmeting: MHOTOWIEH C Ile-
abivu K03 duumeHTaMu f(z) = apz™ + ... + 1T + ap HEUPHUBOAMM
Hag moseM (Q, ecay miA HEKOTOPOrO MPOCTOrO P BHINOIHAKTCA YCJIO-
BUA: a) G, He NeJUTCA Ha P; 6) ap—1, ..., 41, Gy AENATCA HA P; B) ag
He NeJUTCA Ha p°.

B 3amagax 4.390-4.399 moxasats HempuBozuMOCTL Ham moieM Q
CIEAYIOUIAX MHOIOWIEHOB.

4.390*. 73 — 2. 4.391. 24 - 3.

4.392. % — 8% + 1272 — 6z + 2.

4.393. z° — 127 + 36z — 12.

4.394. 1+ +z%+... + 27! (p — mpocroe).

B 3amagsax 4.395 m 4.396 Halitm Bce MHorowieHsn! 3-i cremeHwu,
HeNpUBOIMMBIE Hal YKA3aHHBIM IOJIEM.

4.395. Han momem Zg.  4.396. Han monem Zs.

4.397. Hatttn Bce MHOrowiess! 4-# creneHu, HENPDUBOAUMBIE HAX
oseM Zs.

B 3amauax 4.398-4.401 onpenenuts, npu Kakux a MHOrowreH f ()
HeNmpNBOIMM Hax nonem F.

4.398. f(z) =z +z+a, F=1Zs.

4.399. f(z) =z +a, F=1273.

4.400. f(z) = z* +a, F =Zs.

4401. f(z) =ar* +z+a, F =1Zs.

4.402. Haittu kaxo#~n11b0 MHOrodieH 6-ii cremeHu, HEIPHUBOIM-
MBI Hanm moiaeM Zsg.

4.403. Jlorasats, 910 ecau MHorowreH f(z) Hax noxem Z, ynoBie-
tBopAer paseHcTy f(z + 1) = f(z), To ero cremeHs menMTCA Ha p.

4.404*. Jloxazatsb, 9T0 MHOrowIeH P —r+a npu a # 0 HenpuBOTUM
Hax noxeM Zp.

Teopema. Ilyemb R — accoyuamusHo-KOMMYMAMUBHOE KOAbYO.
Ecau R ne umeem nenyaesvix deaumeaeti nyas, mo R moxcem 6bimb 6.40-
HCEHO 6 noae, m. e. cyuecmeyem noae F maxoe, wmo xaxncdvii snemenm
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z € R npedcmasasemca ¢ eude = ab~! npu nodzodawuz a, b € R (t.e.
B BUOE Jpob6u C uuCIuTeNeM M 3HaMeHaTeaeM u3 R).

Tlone F uasniBaercAa noaesm wacmusiz xoabya R.

Ipumep 16. Bpiacuurs, yTo M3 ceOA mPENCTABIAET HOJIE YACTHBIX
xonbua Z{z).
< Beakutt muorownexn ¢(z) € Q[z] mocne mpuseneHna ero ko3¢ puumen-

TOB K 00mIeMy 3HAMEHATeNqI0 MOxeT ObITb NMPENCTABJICH B BUIE —u(x) rae

f(z)

m € Z nu € Z[z]. CnepopaTenbHo, MHORECTBO Opobelt Buma ——-, rie

g9(z)
u(z)

f, g9 € Q[z], coenamaer ¢ MHOmecTBOM IpObeit —(-S rme u, v € Z[z]. Cne-

HOBATEJHHO, OJE YACTHBIX KOJbLA Z[r] COBIAmaeT C moJeM PAalMOHAIBHBIX
dyuxoust Q(z). >

B 3amagax 4.405-4.407 onpenennTs, 9T0 npexcTasader coboit noae
9acTHbIX Koabua R.

4.405. R = F — moze.

4.406. R = 27 — KOJbIO YETHBIX IHCE.

4.407. R = {a+bi|a, b€ Z, i? = -1} — xoabyo yeaniz 2aycco-
8bIT Huced.

B szamagax 4.408-4.410 onpemenuTh, IMEIOT JIU I0JIe JACTHBIX YKa-
3aHHbIE KOJBIIA.

4.408. Konsuo Cla, b] Bcex QyHRumH, HEnpepbIBHBIX HA OTPE3KE
@ 8.

4.409. Komsuo R @ R.

4.410. Konsuo F[z, y] Bcex MHOrOY/IEHOB OT IBYX NEPEMEHHBIX HaL
moneM F.

Hpobs Buna (( )) , e p(Z) — HempMBOZMMBIH HaJ moneM F' MHOTOYIeH
u deg u(z) < degp(z), naspiraerca npocmetiwet. Jpobs ‘;—E%)- — nPasub-
nas, ecu deg f(z) < deg g(z), n nenpesuabras B IPOTHBHOM CIy4ae.
Teopema. Bcaxyw npasusbnyio dpobv i—% MOKHCHO DPA3A0HCUMD
z
na npocmetiutue, m.e. npedcmasumb ee 6 sude f(2) =3 s ), 2de
( ) i,J p‘:(-’lf

pi(z) — nenpusodumvie mrozouaenst nad noaesm F u deg u;;j(z) < degp;(z).

Mpumep 17. Pazaomurs Ha npocrefunne npobu Hax moaeM R ciemyro-
myo apobb:
2z +3

— 423 4+ 822 —~ 16z + 16’
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< Pasnomum sHaMeHaTenb Ha HenpuBoguMble Ham R Muomurenn. Jame-
MM, 970 T = 2 — ero xopesb. (nemoBarennHo, no Teopeme Bedy nauubrit
MHOro4JIeH jenutcd Ha ¢ — 2. Paspmenus, moxyaum:

7t~ 423 + 822 — 162 + 16 = (z — 2)(z® — 22° + 4z - 8).

Muorounen Bo BTOpo# crobke Tanme uMmeeT kopeHb r = 2. Pazmenus ewe
paa, MoJyqauM:

zt — 42% + 822 - 16z + 16 = (z — 2)(z — 2)(2? + 4) = (z — 2)%(2? + 4).

CnenosarensHo, pasmomeHue npobu Ha mpocrefiimne (IOKa C HeOmpeneleH-
HBEIMH KO3 QUOMEHTaMK) UMeeT BUI

2z +3 4 LB _ Cz+D
74— 423+ 822 - 162 +16 -2 (z—-2)2  22+4°

Tlocne npuBenenna k o6iueMy 3HaMeHaTeM0 CyMMBI Opobett u orbpackiBanuA
3HAMEHATeNA NOJYIUM TORIECTBO:

2z + 3 = A(z ~ 2)(z® + 4) + B(z® + 4) + (Cz + D)(z - 2)~.

PaBeHCTBO MHOrOY/IEHOB 03HAYAET COBOAIEHHE K03 GUIMEHTOR DU KaMION
crenenn z. CnenoearelbHO, MBI IMEEM CHCTEMY ypaBHEHHUH:

0=4+C (xo3chpumment mpu z°),
=-2A+B~4C+D (xosddunuent mpu z?),
2=4A+4C —-4D (ro3ddunuent mpu z'),
3=-84+4B+4D (roaddunment mpu z°).
Pewns 31y cucremy, momyuum: A = —%, B = %, = 116’ D = —%.
TaxuM obpasom,
2243 __ 316 78 | @/16z-1/2
x4 — 428 + 822 - 162 +16 -2 (z-2)2 22 4+4

B zanmauax 4.411 u 4.412 peimenuTs unenyro 9actb npobu Han 3a-
JAHHBIM II0JIeM, T.€. HPENCTaBHTHh Ap0bb B BUIE CYMMBI MHOTOYJIEHA
¥ DpaBUILHON xpobu.

i+ z+3 274
411, ——— R). 4.412, ————— Zs).
441 ar:2+2ar:-—1(ﬂan ) 337:3-i-a:+4(mlI 5)

B 3amauax 4.413-4.416 mpexcraBuTh panMoHANBHYIO Ap06L B BUIE

cymmpl npocrehiminx Han moneMm C.
T
413. . 4.414. .
4413 —— M~
z? T
4.415. . 4416, ———.
(z=1)(z+2)(z+3) (zt ~1)2
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B 3apmavax 4.417-4.420 npexcraBuTh palMOHANLHYI0 Ip06L B BHIE
CYMMBI npocTeimux Hap nojiem R.

1 z
3 -1 BT
1 \ z
4419, ———. 4.420. .
(x4 - 1)2 (22 +1)2(z + 1)
B 3agagax 4.421-4.424 npencraBuTh panMoHaIbHYI0 Gpo6b B BUOE
CYMMB! IPOCTEHIINX HAL YKA3aHHBIM TOJNEM.

1
4.421. Zy).
s@ R rar) "l
3 +22+1
4.422. Zy).
z2 (2?2 4+ +1)(z+1) (wax Z)
4 3 2
'tttz +r+1
4.423. Zy).
Sioiyl k)
242z +2
4424, — S T2E2 7).

z(z2 +2)(z2 + 1)

B 3amauax 4.425-4.428 pasnomuTs Ha mpocTeiiiine 1podu Hag yKa-
3aHHBIM II0JIEM.

1
4.425. .

T
- (man Zp). 4.426. e —) (wan Zp).

1 T
4.427 1 (a) man C; 6) nax R) 428 P} (mag C)

B 3amauax 4.429-4.431 BLIpasuTh Yepes ¢() yKa3aHHbIE CyMMBI,
rae p(z) = (x —z1)(z — 22)...(T — zn).

1 L T; 1
4.429. —.  4.430. —.  4.431. —
,..Zlaz T; i._.z:lx-—:vi E (z —z;)%’

4.432. YrazaTh Kakoe-1ub0 6eCKOHEIHOE IOJIe XapaKTEPUCTURY 2.

Tipoussonuaa mMuorowrena f(z) = apz™ + ... + a1 + ap Ham monem F
onpene:merca cienyowumM obpasom: f'(z) = nanx" Li(n—-1ap_12" %+..

.+ 20.21‘ +ai.

Mpumep 18. Haittu npoussonmuyo muorodnena f(z) = z* + 23 + 2% +
+ z + 1 Hax nosem Zq[z].
4 fi(z)=42*+322+2z+1=22+1. >

Teopema. ITyemv F — noae u f(z) — mnozouaen ¢ xosdduyuen-
mamu u3 F. Muoezousen f(z) ne umeem xpamumz xopretd nu 6 Kaxom

pacwupenuu noax F 8 mom v moavxo mom cayuae, ecau f(z) u f'(z)
830UMHO TLPOCTRLL.
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Mpumep 19. Hatttu xaxoit-rubyas muorowneH f(z) Ham moaem R, He
uMerommuit KpaTHbIX KopHed B R, naa xoroporo (f(z), f'(z)) # 1.
< TaroepiM sABnAercA, Hanpumep, MHorowrer f(z) = (22 + 1)2. Tak xax
fi(z) = 2(z® + 1) - 2z, 10 (f(z), f'(z)). = 2> + 1 # 1. Tlporueopeuns c
npenbiaymelt TeopeMoit 3Mech HeT, TaK Kak MHOrOWIeH f (), X0TA ¥ He uMeer
ropHett B R, Ho uMeer kpaTHbIe KOPHU B 101e C, ABIAIOLIEMCA PACIIMDEeHNEM

mona R: (22 +1)? = (z +4)*(z - i)%. >
Iud depenunporanne MORHO IePEHECTH C KOAbNA MHOroueHoB F'[z] Ha
NoJIe PanMOHAILHEIX GyHKuuit F(z), nomomus

(f(x))' _ f'(@)g(z) - f(z)g'(z)
9(z) 9%(z) ’

Mpumep 20. Hatiu npoussonsyio dyurumu ¢(z) = 3_3%2—:; us Z3(z).
1 (23 +2z) — 1- (23 + 2z)' ~3z2 -2
! —_— — —
< ¢ = (23 + 2z)? T x84 4zt 422 T
1

z8 + 24 + 22

IMpumep 21. Hattru xparsbie kophu MHorowrena f(z) = zt + 223 —
~ 5z% ~ 6z + 9 u3 R[z].
< Hatinem mpouseonHyio:

f'(z) = 42® + 62% — 10z — 6 = 2(22% + 32 — 5z - 3).

3atem watinem d(z) = (f(z), f'(z)). Maa sroro npumenum anropurm Es-
xiuma k MHorodreHaMm f(z) m f'(z). B pesyabrare moayunm: d(z) =
=22+2 -3, a f(z) = (2% + = — 3)%. 3maumr, f(z) umeer ABYKpaTHBIE
~1++/13

— >

4.433. JlokasaTh CBOWCTBA IPOM3BOLHOYM MHOrOY/IeHa Haj MpOHU3-
BOJILHBIM ToneM F':

1) (f(2) +9(2) = f'(z) + ¢'(z);

2) (\f(2)) = M\f'(z) (\€F);

3) (f(@)9(z) = f'(2)g(z) + f(2)g' (=);
1) (f(9(2)))" = f'(9)d' ().

4.434. Jloxazars, 9710 A mo6oro noaa F' u pauvoHambHOM (QyHK-
¢'(z)
¢*(z)

KODHH Ty, 2 =

!
uun ¢(z) € F(z) BepHO paBeHCTBO (—-—1 ) - -
o(z) ) -
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B 3amagax 4.435 u 4.436 ompeneanTh KPaTHOCTH KOPHA T( MHOIO-
anena f(z) 3 R[z].

4.435. f(z) = 2% 52t + 728 — 222 + 42 -8, zo = 2.

4.436. f(z) =325 + 42 + 2% - 102 - 8, 7o = -1.

B 3amawax 4.437 u 4.438 HaiiTi KpaTHbIE NENCTBUTEILHBIC KOPHU
MHOrowIeHos u3 R[z]. :

4.437. 25 — 102 — 2022 — 15z — 4.
4.438. 6 — 245 — 24 — 228 + 522 4+ 4z + 4.
xn

r z?
Sortet g
n!

4.439*. loxasats, yto B mose R mMuorowien 1+ T + 51
He MMeeT KPaTHBLIX KOpHelx. T
4.440. Haittu rpatHOCTS KOpH#A a MHorowreHa f(z)~f'(a)(z—a) —

- % f"(a)(z — a)?, rne f(z) — muorowren u3 R[z] cremenu 3.

4.441. TIpn KaKMX COOTHONIEHMAX MEMRIY G ¥ b MHOrOWIeH T° +

+ az® 4+ b umeer B mone R AByKpaTHBIA KOpeHb, OTIMYHEIH oT 07
4.442. Hatity Bce a, npu Koropsix MHorodneH f(z) us Rz] umeer
KPaTHBIN KOpEHb:

a) f(z) =2® -3z +a; 6) f(zr)=2'-4z+a.
4.443. Tipu raxom a Muorowren z° — az’ — az + 1 w3 R[z] umeer
9iCaI0 —1 KOpHEM KpaTHOCTH, He MeHbluel 27

4. Qaxrrop-roasmo. Hemycroe monmuomecrso A xombua R uHasbiBaerca
N00K04bY0OM FTOTO KOIBLA, €CIIM BHIOIHEHbI YCIOBUA:

(k1) Va, b€ A a+be A4

(Mx2) Vae A —a € 4

(NIx3) Va,be A abe€ A.

Nlepsoie iBa U3 9TUX YCIOBMII OBHAYAIOT, 9TO MONKOJIBIO ABIAETCA MOACDPYH-
no#t apmurueHOH rpynmst (R, +) (o e HaoGopor).

Henycroe mommuomectso I Kojibiia R HasbIBaercA udeaqaom Koabna R
(06o3ravaerca: I < R), ecnu BEITONHEHBI yCIOBUA:

(M1) Va,bel a+bel;

(A2)Vael —-acl;

(M3)VacIVreR racl,arel.

Jesviti udeaa — uenycroe nogMuomecTro I, maa woroporo I + I, —1,
RI C R; npaswiti udeaa: I+ 1, ~1, IR CR.

Bo BcaxoM roabue R ects mpusuaabubie udeaabt: 310 0 — HauMeHbLIMH
unean u R — unaubonpmntt unean. Koasno R HaselBaerca npocmbim, eciu
OHO HE MMEET HeTPMBHAIBLHBIX MIEAJNOB.

Cymmot 1yx mopmuomecTe A u B koapna R HaspiBaeTcA MHOMRECTBO
A+B = {a+b|a € 4, b € B}, npoussederuem DOIMHORECTB — MHOBECTBO

A-B={Zaib,~|a.- €A, b,-eB}.

Mpumep 22. Hatttu obmmit Bun upeanoB koiba R = R @ ... ® R,
rne R; — wonbua Cc equHUne.
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< JowameM, uTO Mueaasl Koabua KB — 3T0 B TOYHOCTM MHOMKECTBA BUAA
Le..ol,rmel; aR; (:1=1,2,...,n). flcho,uro ; &...® I, 4 R,
ecin I; <4 R; naa seex ¢ (nowammre!). Ocragzocs mowasaTs, 4T0 BCAKHMI
nneaa umeer rakoit sun. Ilycts I < R. O6o3HaunM yepes m; roMOMOpPGU3M
R — R;, onpenenennslit npaBuioM m(zy, Tg, ..., Tn) = &; (npoexyus R Ha
R;). Tomomum [; = mi(I) nna i = 1,2, ..., n. Illposepum, uro I; < R;.
Mycts z,y € I; n r € R;. Momowum e; = (0,...,1,...,0) («I» Ha i-M
mecre, «0» — Ha octampHbix). (QueBnaHo, e? =eune+...+ep=1—
enquauna xoasna R. Tak kak z, y € I;, 70 T = e;T, y = e;y, CIeN0BaTEILHO,
—z=ei(~z)€l;, z+y=ei(z+y) €L, re =1 e;x = e;(rz) € I; u ana-
aoruuHo zr € I;. 3uauur, I; < R;. Ecau renepr a — npousBOILHBIN Hi1e-
menT us I, 10 @ = (ay, ..., Gp), F€ @; € R;, CIENOBATENLHO, @ = €101 + ...
...+enan € [ +...+ 1, (12K Kak a; = e;a € I;). Yreepmuenne nokasauo. >

Mpumep 23. Joxasars, yTo KOABHO F), BCex n X nm-MaTpUn HAx HOJIEM
F ue nuMeer HeTpHBHAJBLHBIX MIEAJIOB.
<Q Mycre I < Fp, u I # 0. Tornma cymecrsyer Mmatpuna A = |la;;]| € T
TaKad, 4to a;; # 0 npm Hekoropuix %, j. Ilycrs Ej; o6o3navaer mMarpmuy,
y woropoit Ha (k, [)-M mecre crour 1, a Ha ocrambHnix Mectax 0. Tak
wax I — wmpmeam, 10 EsiA(Aai_lejt) € I npu Bcex A\ € F n mobnix s,

t. Ho EsiA(/\ai’lejt) = MAE,. Hrak, Bce marpuusl AE,; npunaniemar

1. Ho rorma mob6aa marpuua npuHamitexnT I, Tak kak ecau B € F,, To
B =Y bsEs € I. CnenoBatensno, I = Fy,. >
s,t

Mpumep 24. Cywmecrsyror au B womsiax Z, R, F, noaxonbua, He
ABJIAIOIINECA HIeaJaMH?
< Eciin A — nmonrpynna rpynnet (Z, +), 10 A = nZ npu nexoropom n. flcHo,
y10 nZ — ugeas koapua Z. CrenosaresanHo, B Kosbue Z HET He TOJILKO M-
KOJIel, HO ¥ aNOUTHBHBLIX NOATPYII, HE ABJAKINMXCA uieatamu. B Kombue
R ects» nonkoasuo Q, He ABaAromeeca nneanoM. B womabue Matpun F,, npu
n > 2 eCTh MOOKOJbIIA, HE ABJAIIIMECA uieajaMu. llpuBeneM HECKOJILEKO
NPUMEpOB: ) HOAKOILNO Ty, BEPXHUX TPEYrOABHBIX MATpHI; 6) HOTKOILIO
OMArOHAJLHBEIX MATPHIl; B) NONKONBLUO CKAAAPHLIT MATDHI, T.€. MATDHIl
suna A\E, rne A\ € F, a E — eguuuynada mMarpuna. D>

4.444**, JlorasaTs, YTO B [0JIe HET HETPHBHUAJLHBLIX WAEAJIOB.

4.445. JloxasaTs, 94TO CyMMa ABYX MIEAJIOB ABJIAETCA UIEAJIOM.

4.446. [Jorasarnb, 4T0 NpON3BeeHNE IBYX UIEAJI0B aCCOMUATHUBHOTO
KOJILIIA ABJIAETCA KIEeAJIOM.

4.447. Tlpusectn npumep nonronen A u B womsua Flz] (F —
moJie), OJA KOTOpbIX cyMMa A + B He ABIAeTCA MOOKOIBLLOM.

4.448. Byner nu npoussenenue AB nByx nonkomnen A u B accouua-
THBHO-KOMMYTATHUBHOI'O KOJbLA TAaKKe ABIATHCA MOXKOILIOM?

4.449. Tlepeuncauts Bce upeannbl Koabua Zgg.

4.450. JloxasaTs, 4To eciau B Kouslle R a? = @ 1mia Bcex a € R,
70 R KOMMyTaTHBHO ¥ a + a = (0 11a BCex a.

4.451. ]Jlna uneanoB koabua Z BEITUCIUTH:

a)** mZ+nZ; 6)mZNnZ; B)mZ-nZ.
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B 3amagax 4.452 u 4.453 HaifiT cyMMy yKa3aHHBIX HIEAJIOB.

4.452. 47 + 10Z. 4.453. 8Z + 6Z + 15Z.
B 3amagax 4.454 u 4.455 naliTu nepecedyeHne yKa3aHHBIX UIEAJIOB.
4.454. 4Z.N 10Z. 4.455. 8Z N 12Z.

4.456. Haittu Bce uneann! xoasua Zy @ Zog.

4.457**. JlokazaTn, uto eciu F — mone, F'|[z] — xoxsuo muoroune-
HoB Hax F, To Bcaxuit unean I xonsna Fz] umeer sun I = f(z)F(z),
rae f(z) — nexoropeiit anement F[z].

4.458. JlorasaTs, uto ecnu F — mone u f(z), g(z) € F(z], To

f(@)F(z] + g(2) Fz] = d(2)Flz], tne d(z) = (f(2), g(=)).

4.459. JloxazaTh, YTO MHOMRECTBO BCEX N X M-MaTPHUILl Haj IOJEM
F, y xoropeix nepBbIil croxben cocToumT u3 Hyxel, obpasyer jeBbIi
upean koinua Fy,. flBnaerca nu o mpaBbM upeanom?

Ilycts R — accounaTuBHO-KOMMYTAaTHUBHOE KoJbuo ¢ enunuumedt. laa
Kamuoro a € R MuomecTso aR ABIAETCA MIEaloM. IT0 HAMMEHbIUHN Haeal,
comepmamuit 9jeMeHT a. OH HAa3bBIBAETCA 24a6HbIM UIEALOM.

4.460**. [loxasaTb, 9T0 B KOJIbUE Z LEJLIX YHCEI BCe UNEAb] [IaB-
HbIe.

4.461**, Haittu Bce unmeansl Koasua Z,. Kaxue U3 HUX ABIAIOTCA
riaaBHBEIME?

4.462. JlorazaTs, yT0 B Koable Z[T] He Bce Uneansl TIABHLIE.

2

JneMeHT e Koabua R HasbIBaeTCA udeMnomenmonm, eciiu e* = e.

B samauax 4.463-4.466 mokasarh yrBepmpmeHua, ecam R — acco-
IUATUBHOE KOJLIO C efuHuneH.

4.463. Eciin e — umemnoreHT, 10 1 — € — TOMe UAEMIIOTEHT.

4.464. Eciu e, f — unemnorents u ef = fe, 10 ef — uzemno-
TEHT.

4.465. Ecnu e, f — unemnorentel u ef = fe, o e+ f —ef —
HIEMIIOTEHT.

4.466. Eciu ey, ..., &, — opmozonaavhbie udemnomenmsi (T.e.
e;ej =0 mpu ¢ # j), T0 €y + ...+ €y, — HIEMIOTEHT.

4.467. Tlycts R — acconmnatuBHOe KONLIO U X — MHOKECTBO €ro
unemnorenToB. Jokasath, uyro E 6Gymer 9acTU4HO yHOPAXOYEHHBIM
MHORECTBOM, -€CIu I0I0/EuTh €  f & ef = fe=e.

4.468. Ilycts R — acconuaTuBHOe KOJBLO C exuHUne u e € R —
yenmpaavnvil udemnomenm (r.e. €> = e u er = re mIA Becex
r € R). Joxasatb, uro R pasnaraerca B mpamyio cymmy koxem: R =
=eR® (1 -e€)R.

B 3amawax 4.469 u 4.470 B xonbue R HafiTH HeHylI€BbIE OPTOrO-
HaJXbLHBIE UIeMIoTeHTEI € U f Takue, uroe+f = lu R = eR®(1—e)R.

4.469. R = Zog. 4.470. R = Zys.
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Ilycts R — woabuo, I — ero unean. O6pasyem daxrop-rpynny R/I, pac-
CMaTpUBad JUIUIbL ONEPANMIO CIOAKEHHA. OJEMEHTHI (hAKTOP-TPYNIbLI UMEOT
Bufl @ + I u cknansiBaorca no npasuay (@ + 1)+ (b+1) = (a+b) + 1.
Bsenem ymuomenune na rpynne R/I, nonaraa

(a+D)b+I)=ab+1.

MuomectBo R/I c BBEemEHHBIMM onepauuAMU ABaAeTcA KoasuoM. OHo
Ha3bIBAETCA Paxmop-xoabyom xoavya K no udeasy I.

Hpumep 24. Mycrs F — mnone, Flz] — wonsuo Muorounenos Han F
n f(z) — muorounen cremenn n > 1. Torma snemeHTH! (HaKkTOP-KOMBLA
F[z]/f(z) F[z] Moryt 6b1Th npencTaBiaeHs! B Buie ao+a1T+. . .+Qpn-13" " +
+ I, rne I = f(z)F[z], a ap, 1, ..., @n—1 € F.
< Je#tcrurensno, mycts g(z) + I — anemenT dakxTop-rompua. Pasmemum
g(z) Ha f(z) cocrarkom: g(z) = f(x)g(z)+r(z), roe degr(z) < n. Orcroma

noygaem:
9(z) + I = f(z)q(z) + r(z) + I =r(z) + 1,
tak Kak f(z)g(z) € I. >

4.471. Haitru obmuit Buo 3i1eMeHTOB (akTOp-wOmbma A =
= R[z]/(2?® - 22% + 4)R[z].

4.472. Jlorazare caenyromyio teopemy. Ilycrs F — none, Flz] —
KOJILLO MHOrowieHoB HaA F' u f(z) — nenynesoit muorounen. Torna
darrop-ronbuo A = F(z]/f(z)F|[z] ABaaerca moneM B TOM M TONLKO
TOM Clydae, eciy MHorowieH f(z) Henpusonum Han moiem F.

Ilycts ¢: R — R' — romomopduam kosen. Ompenenum sdpo ker o u
o6pa3 Im ¢ roMomopdusMa ¢ caenyromuM o6pasom:

kerp = {z € R|p(z) =0}, Imyp=p(R)={p(z)|z € R}.

Teopema 06 ndomopdusame gna koneu. Hyemvp: R — R —
2omomopdudm xoaey. Tozda ker ¢ ssasemea udeasom xoavya R u umeem
MECTNO U30MOpPHu3m

R/kerp = Ime.

IMycts R — womemo u I — ero unean. I'omomopduam R — R/I, cra-
BALIUM B COOTBETCTBHME KaMIOMY 37IeMeHTY a € R cmemunit kiace a + I,
HA3BIBACTCA ECTNECTMBENNLIM 20MOMOPPUIMOM.

Mpumep 25. Ilyctb n € N u d|n. JHowazats, ur0 dZ, < Z, u
Zy/dZ,, = Zg.
< Onpenenum orobpamenue ¢: Z, — Z4 npasunoM: p(z) = z modd. 910
oTo0bpa/ReHue OmpeeIeH0 KOPPEKTHO, Tak Kak eciin £ = y (modn) ud|n, to
z = y (mod d). llpoBepka Toro, 4T0 ¥ ABIAETCA rOMOMOP(QHU3MOM, OCYLIECT-
BIAETCA HEMOCPENCTBeHHO. fInpo 0T06pameHuA ¢ COCTOMT U3 DJIEMEHTOB,
woropeie = 0 (modd), r.e. keryp = dZ,. Cnenosarensno, mo Teopeme 06
nsoMopusme dZy, < Zy, v Zy,/dZy = Zy. >
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Dpumep 26. [oxasath, YTO M30MOPGHBI IPYT OPYTY M ABJIAKTCA
nonamu komsua Ry, Ry m Rz, rme Ry = Rz]/(z? + DR[z], R =

b
= {(_Z a) la, b€ R} ¢ OOBIYHBIMK OMEPALHAMH CIOMEHHA M YMHOKe-

nua marpun u Ry = {(a, b)|a, b € R} c onepamuamu (a, b) + (a', ¥') =
=(a+a,b+¥), (a b)a, V)= (aa -, ab’ + ba’).

< 9nementst w3 Ry umeror sun ax + b+ I, roe I = (22 + 1)R[z]. Monaran
z+ I =0, nonygum: !

Ry ={af+bla,beR, 6*+1=0}=R[g].
CoorsercTBuA

(a, b) = (_‘Z Z) ~ab+b

Memny tumu wombiamu (R3 — R — R;), oueBMmHO, B3auMMHO OOHO-
3Haynbpl. CoxpaHeHHe Omepanuit IpH 3THX COOTBETCTBHAX NMPOBEPAETCA He-
nocpeacteenHo. CirenosarennbHO, koabLa u3oMopdHbl. Tak kak R, = R[f] —
nosne, To R u Rz — rakme moia. Jtu noasa udomopdusl nomo C komnexc-
HBIX YHCEJ. D> -

Mpumep 27. [oxasats, uto ectu F — none u f(x) — MHOrousneH
nepso# crenenn Han F, 10 umeer mecro udomopousm Fz]/f(z)Flz] = F.
< Honomum I = f(z)F[z]. dnementst dpaxrop-romsua F[z]/] umeror Bug
9(z) + I, rne g(z) € Flz]. NipencraBuTenn CMeAHBIX KIACCOB MOTYT GBITh
Bbifpanbl TakuMm o6pas3oM, ure degg(z) < deg f(z). 3maumr, Flz|/I =
= {A+ I|)\ € F}. HerpynHo noxasatb, 4TO COOTBeTCTBHE A — A + F

B3aMMHO OJHO3HAYHO M COXDAHAET ONEPamMyl, 8 3HAYUT, ABIAETCA H30MOp-
¢uamom wonen F u Flz]/I. >

4.473**. lloxasats, 9r0 Z/nZ = Ly,

4.474. BoinucaTts BCe 91€MeHThI (hakrop-Koabua Zg/4Zg.

4.475. Qupegenurs n3oMopdHeIe 06pa3bl 3aJaHHLIX QAKTOP-KOJEI:
a) Z12/2Z12; 0) Z4s/6Zas.

4.476. Haittu Bce uneans! komsna Q[z]/(z® — 1)Q[z].

4.477. Tiycts R = F[z] — wonbuo MHorouwieHoB Han moixem F,
p = p(z) — HempuBogumelit Hax F' Muorounen. Halitu Bce uneansr
ronbna R/p"R.

4.478. Jlokasats, uro eciiu R — accounaTuBHOe Konblo u I — ero
unean, 10 Koabuo R/I Taksme accONUATHBHO.

4.479. Tiycrs R — wonbuo u I — ero unpean. Byner mu R rommy-
TaTUBHBIM, eciu ] u R/] KOMMyTaTUBHBI?

4.480**, Tlyctn Ry, ..., Ry, — wombua u Iy, ..., I, — umeanst
oTux Kosen. JlokasaTh, 91O

R®..0R,/L®..0L,=(R/I)®...® (Rn/I).
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4.481**. Ilycte R — acconMaTUBHO-KOMMYTaTUBHOE KOIBIO C eXU-
Hunet, a © b — ero snements 1 R = aR + bR. JlokasaTtn, 4To0
R/abR = R/aR @ R/bR.

B 3anauax 4.482-4.450 onpenenuts, 9eMy u30Mop(HLI YKA3aHHEIE
(harTOp-KOJIBLIA.

4.482**. R[z]/(z® — 1)R[z]. 4.483. R[z]/(z? + z + 2)R[z].

4.484. Q[z]/(23 - 1)Q[z].  4.485. R[z]/(z* — 1)R[x].

4.486. R[z]/(z* + 1)R[z].  4.487. Zs[z]/(2? + 4)Zs][z].

Eciu R — woavmo u I — ero upean, To 6ynem nucath @ = b (mod I) B

cyqae, eciv @ — b € I (apgecs a, b € R).
Kuraiktickaa Teopema 006 ocrarkax. IchmbR—accouuamua—

HO-KOMMYMamuenoe £04b4o ¢ edunuyeti, Ay, ..., Ap — e2o0 udeaavt maxue,
umo A; + Aj = R npui # j. Toeda das M106HIT T1,..., Tn € R cywe-
cmeyem maxoe T € R, wmo T =z, (mod 4,), ..., £ =z, (mod 4,,).

Hneanst A, B ¢ ycnosueM A + B = R Ha3bIBAIOT 63aUMHO NPOCTNLLMU.
Ha teopeMbl HEMOCPENCTBEHHO CJIEOYeT, YTO CUCTEMA CPABHEHUH

{ =, (modn,),

z =z (modny)

MMEeT pelleHVe B KOJbUE IeTBbIX YHCEN, €CH YMCIa Ny, ..., N HONAPHO
B3aUMHO IPOCTHI.

z = 3 (mod5),

Mpumep 28. PemnTh CUCTEMY CPABHEHMY { + - oveevrres

z =1 (mod8).

< Nmeem:
c=34+5m =1+ 8n,
rae m, n € Z. Orciona
5m — 8n = -2.

YacTtHoe peieHue 3TOr0 ypasHeHUA: mg = —2, ng = —1. O6wee peueHue:

m = -2+ 8t n= -1+ 5t rnet € Z. Takum o6pazom,
z=3+5m=3+5(-2+ 8) = -7+ 40t.

OxonuarensHo moaygaeMm: T = 33 (mod 40). >

Mpumep 29. Cymecrsyer mu Muorounex f(x) € R[z] raxo#t, uro f(z)—=z
nemurea Ha (z — 1)2, a f(z) + 3 nemmrea Ha 27
< Muorowrens: (z — 1)2 u x? B3auMHO npOCTHI, MO3TOMY CyLIECTBOBAHHE

mHorouneda f(z) crenyer us Kuratickoit reopemsr 06 ocraTsax. Haitnem sce
TaKneé MHOro4/1€HLI. MeeM:

f(z) —z =u(x)(x - 1), f(z)+3=uv(z)z’
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Orciona ¢ + 3 = v(z)z® — u(z)(z - 1)2 (*)

Mpumenum anropurm Eswmmna & muorowtenam (z — 1) u z2. Haxomum:

(z-1)?=21+(-20+1) uwm z*=(-2z+1) (—%x— %) + 411‘

CaenosarensHo,

l=z?4+Q2c+1)(-22-1) =24+ 2z +1)((z -1)? -2%) =
= (2z + 1)(z — 1) + (=22 + 3)z>.

Orcrona

r+3=(z+3)(-2z+3)z’ - (z+3)(-2z—-1)(z - 1)%
SHauur,

vo(z) = (¢ + 3)(-22 + 3), uo(z) = (z + 3)(—2z - 1).
O6uiee peweHne ypaBHEeHHA (*) UMeeT BUX

u(z) = (z + 3)(=2z — 1) + t(z)z?,

rae t(z) — npousBoabHBIN MHOrouned. Takum oGpasom,

fl@)=z+ ((a: +3)(-2zx-1) + t(m)x2)(m - 1)2 =
= —2z* - 323 + 922 - 3+ t(z)2%(z - 1)2 =
= =723 + 112? - 3 + t, (z)z%(z - 1)2.

910 06mIM BUA BCEX MHOrOYIEHOB f(Z), yOOBIETBOPAIOLIMX YCIOBHAM
3amauu. D>

4.488. JloxasaThb, 9T0 B KoJIkUe Z paBeHCTBO MZ + nZ = 7, uMeer
MECTO TOTZA ¥ TOJBKO TOTAA, KOLKA YHCJIA M ¥ 7. B3AUMHO IIPOCTBHI.
" 4.489. Pemnth cucTEeMBI CDABHEHHIA:

~ =2 (mOd 5)5
) {x i 3 (mod 12), 6){z=1 (mod 6),
z = 4 (mod 5); z =5 (mod7).

4.490. Haiite MHOTOW/IEH HAUMEHbIIIEH CTENeHU, KOTOPhIH IpU Ie-
neHnu Ha 22+ 1 maeT B octaTke 3, a IPU NeIEHUH HA T2 1aeT B 0CTATKE
z— 3.

5. Pacmmp exma moaets, liycrs F' — none, p(z) — HenpusoguMseIit Hag mo-

aeMm F' muorouned. Kombuo A = Flz]/p(z)F[z] aBaaerca noxeM. JneMeHTHI
9TOr0 KOJbia UMEKT BH]

a=ap+a1Z+...+ap12" +1,
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THe Qp, Q1, ..., An—1 € F u p(z)F[z] = I. Nonomnm § = z + I. Torna
a=ag+a10+...+0a,_10"'. Bynem oromnectsaats snement a+ I nona A
¢ saeMentoM « noaA F. Teneps Mbl BupaBe cuutath, 4T0 A — paclInpeHue
noaa F, r.e. F C A. Dnementn 1, 0, 62, ..., "1 obpasyor 6asuc nona
A, paccMaTpMBaeMOro Kak JUHedHoe npocTpaHcTso Ham noneM F'. Tak wak
2= (z+DN?=x24+1, 63 =23 +1 uBoobie, g(f) = g(z) + I ana moboro
MHorouneHa g(z) ¢ koaguunentamu w3 F, 1o p(8) = p(z) + I =0+1=0
B konbue A. Mrak, 6 asnaerca xopueM MHorodteHa p(T).

HKaxosrut 661 Hu 66111 noste F' 1 MuHOrOweH f(T) ¢ Ko3d dumMeHTaMu n3
F, cymecrsyer none Fy O F rakoe, uto f(r) umeer xopens B nose F).

Ilna nenpusonumoro Muorownena f(z) NOCTPOEHHOE BRILIE NOJE Fl —
Ha¥MeHbIIEee M0je, cogepmamee note F' u xopews Muorownena f(z). Ilo-
3TOMY TOBOPAT, YTO No4e F1 noayueno npucoedureruem x noaw wopwz
muozouaena f, u muuyr Fy = F[0] (wm Fy = F(9))°).

Ecin F — Heworopoe mome um f(x) — MmHorowred Hax F (HeoGasa-
TEJABHO HeNPHBONUMBIH), TO cywlecTeyer pacumpenue F' moaa F, B ko-
TOpOM MHOrowieH f(r) pasnmaraercA Ha duHelHble MHOmurenn: f(r) =
= Az -a)...(x —ap), & € F', k =1,2,...,n. Haumensiuee noue,
B KoTOpoM f(z) pasiaraercA Ha JUHeHHEIE MHOARUTENN, HA3BIBAETCA NOAEM

pasaoxcenus muozouaena f(r). ITo nolIE MOMKHO TOAYINTE, B3AB B F' nepe-
cedeHHe BCeX MONmoselt, conepmamux nome F' u sjeMeHT oy, . . ., ay,. Hoie,
HOJTYIEHHOE f)ucoennnenuem K nomo F anemenros ay, ..., an, o003HaUNM

F[al, .y Q) (mim F&( , Q)

Iycts F — noae u K — ero nonnone Herpynuo nposeputs, uyro F Asna-
ercda AMHeWHBIM npocTpaHcTBoM Haj K. PasMepHOCTh 3TOrO MpoCTpaHCTBA
dim, F uasniBaerca cmenenbio pacwupenua K C F.

Ipumep 30. Joxasats, uro R[i] = C.
< Ecmn F = R — none neftcrsurensubix uucen u f(z) = z2 + 1. Bsuny
HENPHBOIUMOCTH 3TOT0 MHOTOWIeHa, Koasuo Fy = Rz]/(z? + 1)R[z| asaa-
erca noneM. Ero anementst umeror Bun ¢ = az+b+1, roe I = (22 +1)R[z).
Tonaraa z + I = @, nonyunm ¢ = af + b, rne § — ropens MHorowtena 2 + 1
(8 Fy). Urag, ¢ = af + b, npuuem §2 = —1. Otcrona crenyer, uro noae Fi
udomopgro noao C xomnaexcuur wuces. Taxum obpasom, R[i] = C. >

lipumep 31. Jorasats, uro

Qlz)/(z® - 2)Q[z] = Q[V/2] = {a + b0 + cb?|a, b, c € Q, 63 = 2}.

< Iycrs F = Q — none panuonanbueix uucen u f(z) = 23 — 2. Tak xan
f — muoroanen 3-# creneHu, He uMeromnit KopHeit B Q, To f(z) HenpusonuM
nan Q. Tone Fy = Q[z]/(z® — 2)Q[z] aBaaerca paciuupenuem noaa Q, B
HeM MHOrowes z° — 2 umeer xopeus 6. Taxum o6pazom,

=Q[f] = Q[V2] = {a + b8 + cb?|a, b, c € Q}.

%) O6brano vepes R[] 0603navatoT KonbNO, NOPOmIEHHOE KonbuoM R u anemenToM
o, a wepe3 F(a) — none, mopomuennoe nonem F u snemenroMm a. Onnaro ecin a —
KOpEeHh MHOTOWIEHa ¢ Kosdpunnentamu u3 F, 10 Fla] = F(a).
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Momuo cauTath, T note F; COCTOMT U3 BCeX AHCTBUTEILHBIX HHCe] BUAA
a+b¥/2+c¥/4 rnea, b, ceQ >

4.491. Jloxasatn, uro ecnmu K, L, M — nona, npusem K C L C
(_: M, TO dimK M= th M. dimK L.
B 3apmaugax 4.492-4.496 naiiTu creneHb paCLIKPEHUA.

4.492. Q(¥/5) nax Q. 4.493. R(Y/5) max R.
4.494. Q(¥/1) max Q).  4.495. Z5(+/2) nan Zs.
4.496. Q(V/1) max Q.

B zapauax 4.497-4.499 BuiAcHATL, CHPAaBENIMBLI JM YKA3aHHBIE
PaBeHCTBA.

4.497. V2 € Q(V3). 4.498. V2 € Zs(V/3).

4.499. Q(V1) = (V). '

Hpumep 32. llocrpouts mose u3 4 571eMEHTOB.
< BoabmeM mone Zg; ¥ HENPUBOAUMEIN Hal HUM MHOIOWIEH 2-# cTeneHu.
On omun: 22 + z + 1. Torna A = Zyz]/(z® + = + 1)Zs[z] — none us
yerbipex sneMentoB. OHO cocTouT M3 HiaemeHToB Buna af + b, rue a, b € Zy
n02+60+1=0,71.e 62=0+1. Umeem:

A={0,1,0,0+1}=1{0, 1,8, 6%}

Papencrea 62 = 0+ 1 u 1+ 1 = 0 m03BOAAIOT COCTABUTH TAGIHLBI CTOMEHHA
¥ YMHOMEHHUA HTOr0 HOJIA.

Tabauna caomenusa

+ 0 1 0 g+1
0 0 1 0 6+1
1 1 0 0+1 [
0 ¢ 0+1 0 1
6+1(6+1 6 1 0
Tabnuua yMHOReHMA

. 0 1 ] 0+1

0 0 0 0

1 0 1 0+1

0 0 0 0+1 1 >
0+110)6+1 1 9

19) 3necs &1 osmavaer Taxoe 6, uro § #1u 6% = 1.
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IIpumep 33. Mocrpours mose us 9 3aeMEHTOB, NPUCOEOMHUB K 1010 Z3
KOpeHp § HenpMBOAUMOr0 MHOrOWIeHa T2 +z+2. Brruucauts (0+1)(20+1),
(9 + 2)—1’ (9 + 1)1999.
<1 Hcromoe mome cOCTOMT U3 3M€MeHTOB Buna a + bd, rne a, b € Zz u 2 +

+6+2=0. Orciona §2 = —0 — 2 = 26 + 1. Hcnons3ya 3T0 COOTHOLIEHHME,
HOJTYy4IUM:

O+1)(20+1)=20>+20+0+1=2(20+1)+0+1=4.

Hanee, (0 +2)~! = = +y0, roe x, y € Z3. Tlo onpeneneHuto 06paTHOro
aneMenta (0 +2)(z+y0) =1, 1.e. y0? +2y0+20+22 = 1, nm y(20+ 1)+
+y+ )0 +2x = 1,'umn (y +2)0 + (y + 2z + 2) = 0. Taxk xak 8 ¢ Z3, To
sneMenThl 1 M 6 IMHEMHO He3aBMCUMEI Ham mojeM Zj, CJeN0BAaTeIbHO, Mb
nmeeM cucreMy ypaBHeHu#t y + =0, y + 2z + 2 = 0. Peuus 31y cucremy,
nomyyum: ¢ = 1, y = 2. Taxnm obpasom, (0 +2)~! =1+ 26.

Iycts F' = Z3[0] — nannoe none. Torna F* = F\ {0} — rpynna us 8

anementos. Crenosarenso, a® = 1 naa seex a € F*. Toaromy (0 +1)% = 1.
Paznenum 1999 na 8 ¢ ocratkom: 1999 = 8 - 249 + 7. CnenosarennHo,

@+1)° =(0+1)%* . (0+1)" = (0 +1).
Hanee umeem:
0+1)2=02+20+1=(20+1)+20+1=0+2,
@+1)=0+2)2=0>+40+4=0*+0+1=(20+1)+0+1=2,
@+1)"=0+D*O+1D2O0+1)=200+2)(0+1) =
=202 +2)=20>+1=2020+1)+1=0. bl

B 3apagax 4.500-4.503 nocrpouts mose u3 p" 31eMEHTOB U HAWTH
00pa3yoImuii 3JeMEeHT MYJIbTUILIMKATUBHON IPYIOLL 3TOrO MOJA.

4.500. p=2, n=4. 450l.p=3, n=2. i

4.502. p=5 n=2. 4508.p=3, n=3.

4.504. Tlocrponts mone F u3 49 sneMeHTOB, IPHCOENUHUB K 0TI
Z7 wopens O mMuorowiena 3 + z + 3.

B zamauax 4.505-4.507 npoussecT yrazaHHLIE BLIYHCIECHUA 3
none F = Z5(6), rne 63 +20 +1 =0.

4.505. (302 + 1)(62 + 40 +2). 4.506. (6% +30 + 1)L

4.507. (6% 4 1)2001,

B samagax 4.498-4.500 peruuth ypaBHeHUA B YKa3aHHBIX MOJAX.

4.508. 2 = 2 B mose Z3(#), rme 62 + 0 + 2 = 0. y

4.509. 22 = 3 B none Zs(0), rme 6% = 2.

4.510. z* + £+ 1 = 0 B mome Zy(6), rme 6% + 63+ 1 = 0.
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B 3amauax 4.511-4.513 naiiTu pa3MepPHOCTD II0JA PA3IOKREHUA MHO-
rOYJIEHA.

4.511. z* + 1 man Z;. 4.512. 28 — 22 — 3z + 2 man R.

4513. 23 + x4+ 1wan Q. !

4.514. BeiAcHUTL, Kakue HOAUONA HMEeT Nolie U3 7. BIEMEHTOB,
ectn: a) n=8; 6) n=16.

Mpumep 34. U36aBurhca Or HPPaLHOHATILHOCTH B 3HAMEHaTele Apobu
1
YA+ V242

< 1-1 cnoco6. Paccmorpum mone Q(¥/2) = Q[f], rme 63 = 2. 3amaua
cocrout B Haxompenuu (62 + 6 + 2)~!. Januwenm:

(0* +0 +2)"! =26% + 40 + 2,
roe , ¥, 2 € Q. Orcrona
(0% 40 + 2)(z6 + yb + 2) = 1,

Te 0+ (z+y) + (2 +y+2)0>+ 2y +2)0+22=1,

200 +2(x +y) + 2z +y +2)0% + 2y + 2)0 + 22 = 1.
Hcnoas3ys nuHeiHy0 He3aBUCUMOCTD d1emenToB 1, 0, 62 nan Q, momyuum

CHCTEMY:
y {2x+y+z=0,

niau

2t +2y+2z2=0,
2z + 2y + 2z =1.

1
Pewius ee, monyuum: ¢ = ~3 y =0, z = 1. CrenopareasHo, (V4 + V2 +
1
+2)7 ! = —53/1+ 1.

2-1i cnoco6. PaccMoTpuM MHOrowIeHs! T2 + T + 2 u 3 — 2. Ilpumenum
K HUM aaroput™ Eskmmna:

2 -2=(+z+2@~-1)-z, 2X+z+2=z(z+1)+2
CnenosarennHo,

1=%(m2+x+2)-%z(z+1)=
= %(x2+x+2)—-%((x2+x+2)(x—1)—(a:3—2))(x+1):

Lo 2 1 12,1
-2(:1: )z +1)+ (= +:1:+2)(2 5% +2).

1
Honcrasus = = 6, noxyuum: 1 = 0+ (82 + 0 + 2) (1 - 502) . 3Hayur,

(92+0+2)"1=1—%02=1—é\"/21'. >
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B sapmauax 4.515-4.517 usbaBuTLCA 0T HPPAHOHANBLHOCTH B 3Ha-
MeHaTele apobu.
4
4.515. ——1—‘/—5—4—- 4.516.
2+v2+ V2

V5
2925+ V/5+1
Mycrs F — xoueunoe none. Torma char F = p, rae p — npocToe gucio.

Orompecreum npocroe mognote Fy moaa F ¢ momeM Z,. Torma F Gyner
pacwuperuem noas Ly.

Teopema 1. (a) Ecau F — xonewnoe noae, mo |[F| = p*, ede p —
nPoCmoe HuUcAo;

(6) addumuenas epynna (F, +) xoneuno20o noas uzomopduna epynne
Zp® ...+ Lyp;
| .

1
V-3-v=-3+1

4.517.

n pa3

(8) myavmunauxamuenas epynna (F*, ) xoneunoeo noas aessemca
yuxauvecxod.

Teopema 2. ITycmbv n — Hamypaabroe uUCAO0, G P — TNPOCMOE.
Tozda:

(a) cywecmeyem noae ua p™ Iaemenmos;

(6) wobbie dea noas u3 p" saemenmos uzomopPuvt dpye dpyey;

() ecau F — noae ua p" asaemenmos, mo cywecmeyem Henpueo-
dumvil nad noaem Z, mnozouaen f(z) cmenewu n maxol, yumo F £
= 7, [z]/ £ (2)Z,lz).

ITome u3 p™ anemexToB Ha3biBaeTcA nodem I'aaya u obosnavaerca GF(p").

Teopema 3. ITycmv p — npocmoe wucao, n — wamypasvnoe. Toada

K0AUNECMB0 Y(N) YHUMAPHBIT MHO2OUAEHOB, HENPUEOJUMBT Had Tosem
Z,, svivucasemca no Gopmy.e

¥(m) = = 3 u(d)p/ ).

d|n

Hpumevanue. Ecnu B sT0# QopMyne 3aMEHUT P HA ¢ = P, HOMYIHUTCA
qpopmgna KOIMYECTBA HENPUBONUMBIX MHOTOWIEHOB CTEHEHH 1 HajA IIOJeM

GF(q

Mpumep 35. Haittu xonuyecTso 1)(n) YHUTADHBIX MHOTOYIEHOB, CTe-
IEeHU 7, HETPUBOAUMBIX Haj NOJMeM Z,, IPY 330AHHBIX 3HAYEHUAX P U N.

a)p=2,n=2; 6)p=2,n=4 B)p=3, n=6.

Y u(n) — Pywryus Mebuyca 5
() = { (-1)*, ecam n=pips...pr, TNe P; — PA3THUHbIE NPOCTHE, . |
# 0, eCaIM T JEMHTCA Ha p°, p — mpocToe.
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1 1
<a)¥(2) = '2'(11(1) 22+ p(2)-21) = 34-2)=1 ‘
3HauuT, Hax noaeM Zy eCThb TONbKO OOHH HENPHUBOAUMBII MHOT'OWIEH BTOPOH
cTemeHy. JITo MHorowied z2 + z + 1. .

6) (4) = i(p(l) b u(2) P4 2) = (16~ 4+0) =3,

Taxum obpasoM, uMeeTca posHO 3 HENPHBOAMMBIX MHOrowileHa 4-#t creneHu
nag nonem Z;. drozt +z+1, 2t +2¥ +luzt + 28+ 22 + 2+ 1.

) Y(6) = 5 (1(1)- 35+ u(2) -3+ u(3) -3+ u(6) - 3") = é(729—27) -

1
- 6(9 +3) = 116.
CnenosarenbHo, uMeercA poHO 116 yHHUTApHEIX MHOTOWIEHOB IIECTOR CTe-
HeHH, HeOPUBOIKUMEIX Hap nojieM Zg. D
Ecau & nomo G F(q) npucoequHUTh KOPEHb HEIPUBOOKMOTO MHOTOW/IEHA

k-7t cTeneny, TO HOMyYeHHOE paclipeHye OyIeT comepmkaTh KOPHHU BCEX He-
OPUBOOMMEIX MHOI'OWIEHOB k-# cremenu (MM, HO-IDYroMy: BCAKOE HEMNpPHU-

BOOMMOE ypapHeHue k-t crenenu GyneT pelIaTheA B 3TOM PACIUMPEHHH).

Mpumep 36. Hocrpouts nome GF(81). Haitru obpasyiowuit sneMent
MyJAbTUNIUKATUBHON I'DYNNBI 3TOr0 HOJA.

* Q Tak kak 81 = 3%, To 1A MOCTPOEHMA NOMA HAmO HANTH MHOTOWIEH 4-#

CTENEeHH, HENPUBONUMEIA Han mojeM Zsz. Ha mepBoift BarAn KamercA, 4T0 B
KaueCcTBe TAKOTO MHOrowIeHa MOmHO B3ATh T + 1. OnHako 3TOT MHOrOWTEH

. npusopuM Han Zj, Tak kak =t +1 = (22 + £+ 2)(2? + 2z + 2). PaccMorpum
: rtorpa Muorowten f(z) = z* +z+2. 9ror MHOrOWTEH He UMeeT KopHe#t B Zj.

e ~ n

Eciu npennomomuTh, 4T0 3TOT MHOrOYIEH NPHUBONUM, TO €0 Pa3iOReHUE
sanumerca B pume r + z + 2 = (22 + Az + 1)(z? + Bz + 2); cocrapus
.cucreMy ypasHeHuit maA kodh¢unuentoB A u B, ybemuMcA, 4TO OHA HE
uMeeT pelueHuit, clenoBaTeabHO, MHOTOYJIEH i+ +2 HenpuBonuUM Haf Zs.
K3 senpusoguMoCTH CienyeT, YTO

GF(81) = Z3[z]/(z* + = + 2)Zs]z).

Honomum I = (z* + 2+ 2)Z3[zr) u = z + I. Torna 6% + 6 + 2 = 0,
orryna 6% =26 + 1. .
Hapo natitu B rpynne GF(81)* anement nopanxa 80. Oupenenum nopa-
' nok amemenTa 0. Mmeem:
5 =0-04=202+0, B =00)Y=020+1)2=6%+0+1,
916 = (2 +0+12=...=20°+0+2, 010 =('6)2.08=...=2.

‘TipocTeie menurenu yuciaa 80 — 310 2 U 5. 3HAYUT, MAKCUMALHLIE NEJIH-

80 80

* remu uncaa 80 — 310 5 = 40 u 5= 16. Tax xax 64 #1u 8% # 1, 10

6 — smement nopAnka 80, a 3HauMT, 06pasyOUMit 3TEMEHT MYJIbTHIIUKA-
TUBHOHI rpynner. D

Mpumep 37. Hakttu wakoit-uubynn MHOrOWIEeH 3-# cTenmeHu, HENPHBO-
ouMsblt Hag nodeM GF(4).



230 I'n. 4. SaemeHTH 06mmeH aare6pel

< llone GF(4) npencrapum B Bune GF(4) = {0, 1, a, a+1},rre a? = a+1.
Joxamem HenpuBoxuMOcTb MuOrowteHa f(z) = z°+x2+1 nan nonem GF(4).

Tak kak deg f = 3, TO LIA HTOr0 TOCTATOYHQ NOKA3aTh, uTo f(Z) He MMeer
xopueit 8 GF(4). Umeem: f(0) = f(1) =1#0,

fl@)=a®*+a’?+1=a’a+(a+)+1=(a+1a+a=a’=a+1#£0

ufla+l)=(@+12+@+1)2+1=a#0.

3aMeTuM Takme, YTO HEIPUBOOUMOCTL MHOTOWIeHa f(Z) MOKHO BHIBECTH
u3 Gosee 00LIMX COOOpaKEHUA: €C/IM MHOTOWIEH ¢(Z) CTENeHH N HENPHBO-
mum Han nonem Z, u HOJI(n, k) = 1, 10  nenpusomum nan GF(p*). >

;I pumep 38. Paspeummo mu B none GF(625) ypasuenue z° +3z+3 =
< Muorounen z3 + 3z + 3 e uMeer xoprett B Zs (370 IPOBEPACTCA Hemocpe-
creenHo). Eciu 661 aTor MuOrounen umen xopens 6 & none F = GF(5%), o
noine F' = Z5(6) 6v110 661 mognonem nona F. Ho 5T0 HEBO3MOMHO, TaK Kak

F' = GF(5%), a aucno 3 ue apnaerca nenuteneM uuciaa 4. Taxum 06pasoM,
HaHHOE ypaBHeHue Hepasdpewmumo B none F. >

4.518. Jlorasars, 4ro naa aroboro mpocroro 4ucia p u ixo6oro
HaTypaJIbHOTO 7 CyIIIeCTBYeT HeNPMBOIMUMBIiX Haj oseM Z, MHOTOWIEH
CTeNEeHH N.

4.519. BriacHuTH, CymiecTByeT Ju moJe, KOIUYECTBO SJIEMEHTOB B
KOTOPOM PaBHO yKasaHHOMY 4uciy: a) 32; 6) 36; B) 125; r) 243.

B 3amauax 4.520 u 4.521 Haiitu kakoii-uubyns obpasymomuit sae-
MEHT MyJIbTUILNIMKATUBHOM IPymNbl YKA3aHHOTO NOJA.

4.520. GF(25) = Zs[6], tne 62 = 46 + 3.

4.521. GF(27) = Z3[f], rne 6° = 6 + 1.

Ipumep 39. Mocrpours n3oMopuam nonei
F = Z3[$]/($2 + l)Zg[IE] u F= Z3[$]/($2 +z+ 2)Z3[x]

< Ouepunno, Fy = Z3[6], rme 62 = 2, a F, = Zs[w], roe w? = 2w + 1.
Ilna mocrpoenus usoMopduaMa Hamo Haittu B mone F) smemeHT, ymosie-
TBOpAIOILMY ypapHeHuio T2 = 2z + 1, T.e. wHalttu Tarue a, § € Zsz, 40
(a + B0)? = 2(a + B6) + 1. Pemenuem apaaerca, B wacTHOCTH, a = § = 1,

T.e. 6 + 1. 3Hauur, orobpamenne w — 0+ 1, aw+ B+~ a(d +1) + 8
ABIAeTCA n3oMopduamom Fy — Fy. D>

B samavax 4.522 u 4.523 BBIACHUTEL, U30MOP(HLI J¥M YKAa3aHHBIE
napsl KoJen.

4.522. Zs[z]/(z? — 2)Zs[z] u Zs[z]/(z? — 3)Zs5(z].

4.523. Z3[z]/(z* + 1)Z3[z] u Z3[z]/(z* + z + 2)Z3[z].

4.524. Jloxasats, uto Zs[z]/(z* + 1)Z3[z] = GF(9) ® GF(9).
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B 3amauax 4.525-4.531 HaliTH KOAMYECTBO MHOIOYWIEHOB 3a1aHHON
CTENIEHM, HENPUBOOMMBIX HAJl YKAa3aHHBIM IOJIEM.

4.525. 5-#1 crenenu Han Zsa.

4.526. 6-it crenenu Han Zs.

4.527. Yuurapubeix MHorowieHoB 4-it cremenu Han Zg.

4.528. YuuTapHbIX MHOTOYWIEHOB 5-# cTeneHu Han Zs.

4.529. YHuTapHEIX MHOTO41€HOB 2-it crenenn Hax Z, (p — moboe).
GF!(1.§30. YHUTAPHBIX MHOTOYIEHOB 3-if CT€NEHH, HEIPUBOXUMBIX HAL

9).

4.531. YuurapHbIX MHOrOUJIEHOB 4-1 CTeNeHH, HEIPUBOAUMBIX Hal
GF(4).

B zamavax 4.532 u 4.533 Haitty xaxoi-HHUOYIL MHOTOYJIEH 3aXaH-
HOY CTemeHW, HENPUBOIUMBIN HA YRA3aHHBIM IOJIEM.

4.532. 2-#t crenenu nan GF(9) = Z3[d], 02 =6 + 1.

4.533. 4-#1 crenenu nax GF(4).

6. Anre6ps1 Han noseM. MuomecTBO A HasbiBaerca a4zelpotl Had nosem
F, ecn 0HO ABIAETCA JMHEKHLIM NPOCTPAaHCTBOM Han F' M B HeM 3amaHa
OmepanuA YMHOMEHUA, IPUYEM BHINOIHEHB! aKCHOMBL:

(Axl) (a +b)c = ac+ be, c(a+b) = ca+ cb;

(An2) (Aa)b = a(Ab) = A(ab) naa Bcex a, b,c€ A, A€ F.

4.534. [loxaszatsb, yro nosne F' aBaserca aarebpoit nax F. Onpene-
JIUTh PasMEPHOCThb 3TOH anredpsl.

4.535. Jloxasarb, yro nose C KOMINIEKCHBIX 4MCel ABJIAETCA aj-
rebpoit Hanx moneM R meficTBuTentHuIx uucen. Haiity pasmepHOCTH M
yKa3aTh KakoU-aubo 6azuc 3ot anrebpol.

4.536. JloxasaTb, 4TO KOJILIO MHOTOYJIEHOB F[:z:] ABIIAeTcA ODecKo-
HewHOMepHo# anrebpolt Hax momem F ¢ 6asucom {1, z, 2, 28, ...}.

4.537. Jloxazathk, 410 KOABUO F,, BCEX 1 X N-MaTpPHI HAX MOJEM
F — acconuatisHaa ainrebpa ¢ exuHumeit, npuyeM B KauecTBe Ha3uca
370 aaredpbl MORHO B3ATL MATPUUHLIC eNMHUNbI E;j; (snemeHT Ha
nepeceYeHHH - CTPOKHU U j-ro cToabuna paBeH eguHHIE, a 0CTAJIbHEIE
pasubl Hymo). Onpenenurs dimp F,.

lycrs G = {g1, 92, .-, 9n} — KoHeunaa rpymnma, F — mone. Pac-
cMoTpuM MHO®ecTBO F'G Bcex BhIpameHME BHIA Ai1gr + ... + Angn, Toe
“Aly -+« An € F, B KOTOPOM ClIOREHUE ONpEneiAeTcA O00LIYHLIM 06pa3oM, a

| YMHOKeHUE 10 IpaBuiy
D oXigi- Y wigi =Y Ainigigs
i J ¥

(3mecw gig; — mpOM3BENEHHE IEMEHTOB g; U g; B rpynne G).

4.538. JlorazaTth, uro FFG — anrebpa Han nonem F ¢ 6asucom
g1y -+« On-
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Aunrebpa u3 3amaun 4.538 HasnipaercA 2pynnosold aazebpotl u 0603Ha-

vaerca FG. DuemeHTs gq, ..., gn 06pasyior 6asuc amredper F'G, mosromy
dim FG = n. '

Mlycrs S — nomyrpynna, F — nome, F.S — MHomecTBO Beex dopMais-
HBIX KOHEYHBIX CYMM A181+...+AnSp, THE A1, ..., Ay € F, 81, ..., 8, €S

4.539. JlorasaTn, yto F'S Gynmer anrebpoit Hax moxem F', eciu mo-
JORUTD

S isit > pisi = (itp)si, Y Nisie D pisi = D Ajf;sisi.
i i i i j ¥

Anrebpa F'S us 3anauu 4.539 nasnisaerca noayepynnoeot aazebpoti.
Ecmu A — n-mepuaa aarebpa Hag noreM F, umeromaa 6asuc ug, ug, ..
++ 4y Up, TO OIPOU3BENEHUA U;U; MORHO PA3IOKHUTD IO 3TOMY Ha3ucy:

n
k , .
u;uj = Z’Y‘(J )uk (2’ =1, 2, LR n)' :
k=1

Cosoxynsocts n® 3memenToB 'yff Ve F , Ha3BIBAEMEIX CMPYKMYPHbLIMU

KONCTANMAMY, ONHO3HAYHO OUPENeIAeT YMHOReHHe B aarebpe A, Tar Kak
eciu a ¥ b — MpOM3BONBHEIE 3TEMEHTHI U3 A, TO IPU HEKOTOPEIX a;, B; € F
MbI UMEeM @ = QiUj + ... + Quply, b = Biuy + ... + Bru,, a 3HaunT,
ab= Y aiﬂj'ygc)uk.
i,k

Hpumep 39. Hoayuutb ycaosus xKommymamuenocmu aarebpsl, 3a-
NaHHOR CBOMMM CTDYKTYPHBIMH KOHCTAHTaMH.
< JokameM BHayajle, 9T0 KOMMYTAaTHBHOCTH aarefpel A paBHOCHIBHA Ie-
PECTAHOBOYHOCTH APYr C OPYIOM 6asuCHBIX 3JIEMEHTOB, T.€. BLINOJHEHHUIO
PaBEHCTB U;U; = uju; Upu Beex i, j. [efcreurensHo, ecau 6a3ucHbre 3ie-
MEHTbI IEPECTAHOBOYHBI M @ = 0q Uy + ...+ Qnlp, b=Fiui +...+ Bpun —
IPOUBBOJILHBIE 3IEMEHTHI U3 A, TO

ab = E oy - Zﬂj“j = Za;ﬁju;u,- =
i J i ]
= Z aiﬂjujui = ZﬂjUj . Z a;U; = ba.
i, ] J i

B TepMuHaX CTPYKTYDHBIX KOHCTAHT 3TO O3HAYAET, UTO fy,(]k ) = 'y](f ) npu

BCex i, J, k. D

4.540. JlorasaTh, 4TO aCCOMMATUBHOCTL airebpel A paBHOCHIbLHA
BEIIOJHEHHUIO COOTHOILEHHH acCOMMATUBHOCTH A Ga3UCHBIX BlIeMeH-
T0B, T. €. (ujuj)ux = u;(ujug) Ipu Beex 4, j, k.

Mpumep 40. Oycts F — none, f(z) — muorounen Hap F' (ue obaza-
TenbHo HenpuponuMselit) u A = F[z]/ f(z)F|z]. Torna A — xoneuHoMepHaa
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acconuMaTHBHO-KOMMyTaTUBHaA axredpa Han F. Haitu xaxoit-uubynn Gasuc
3To# aarefpLl ¥ MONMyYUTH NpaBUIa YMHOREHHA Ga3HCHBIX 3IEMEHTOB.

< Qyers f(z) = 2™ + a12™ L + ... + ap—1Z + a,, (K03Qdumment npu "
MO&HO cauTath pasubim 1) u I = f(z)F[z]. Tormaep = 1+1, e; = z+1,.

, én—1 = 2"~ + I — Gaauc anrebpnr A. Ilpasuna ymuomenun 683KCHBIX
31IEMEHTOB MMEIT BHA: eiej = €ipj MpU i1+ J < N, ejep_) = €€p_3 =
= —apep — Ap_1€6] — ... — G1€,_; ¥u T.1. Hanpumep, ecmu f(z) = x% +
+ 222 + 3z + 5, 0 A = Flz)/f(z)F[z] = L(ep, €1, e2), rne eg = 1 + I,
e1 =z+1I, e =22 + I (cumBon L 0603HagaeT TUHEHHYIO 06OMOUKY, CM.
¢. 121). Beruucaum npousseneHuA 6a3uCHBIX 3IEMEHTOB:

erez =% + 1= -222 -3z — 5+ 1 = —5ey — 3e; — 2e,;

esep = (—5eg ~3e; —2e3)- ey =
N~ - —_— s N
z4+7 347 z+7

= —561 - 382 - 2(——580 - 361 - 282) = 1060 +e; + e2.

Tabmuna yMHOmeHuA 6a3UCHBIX MTEMEHTOB UMEeT BUX

€g ey €2
€g €g ey e2
el e1 ez —580 bl 361 _ 282
ez | ea | —beg — 3e; — 2ez 10eg + €1 + €2 >

Aunre6pa A nasbiBaerca aazebpot ¢ deaenuem (MIH Mmeaom), €CIHU OHA
acconMaTHBHA, MMEET ENWHUIY M KaRAblll €€ HEeHYJIeBOH 3IIEMEHT HMeeT
ofpaturilt, T.e. YVa #03b ab=ba =1.

4.541**. Jlorazath, YTO KOHEYHOMEDHAA ACCONMATHBHAA aarebpa
A 6e3 HeHyIEBbIX NeJNUTeNe HylA ABIAETCA TEIOM.

4.542. BriacuuTs, ABnAercd au acconuatusHo anrebpa A = Ra +
+ Rb co caenyomeit Tabnunest yMHOKEHHUA Ga3UCHBIX IEMEHTOB:

a b
ala+b|0

4.543**. llycrs G = {1, a, a?} (a® = 1) — nurauwgeckana rpymna.
Haittu Bce nneans! rpynnoso#t anredper R

, 4.544*. Briacuuth, accomuatuBHa a4 aare6pa A = F + Fa +

+ Fb (F — npousBoabHOe mone) co cienyromelt Tabauuelt yMHOREHHUA
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083UCHBIX SJIEMEHTOB:

Ilald
1|11talbd
alajal|b

0

4.545. Briacuutb, uMeer Ju enuHuny aarebpa A = Fa+ Fb+ Fc
(F — mone) co cuenyrowe#t Tabnuuelt yMHOKEHNA 6a3UCHBIX BIEMEH-
TOB:

C

b
ata+bi|b a+c .
b 0
c| 2 |c}2a—-b+c

a

4.546. Ilyctb A — KROHeYHOMEpHAA acCcOnMUaTHBHAA anarebpa c exu-
Hune#t u a, b € A. Jlokasath, yro ecint ab = 1, 10 ba = 1.

4.547. Tloctponts Tabauuy yMHOmeHUA 0a3UCHBIX 5J1E€MEHTOB all-
rebpnt A = Flz]/z3F[z] (3a 6asuc B3ars 1 = 1+ 1, a = 3+ I,
a?=z?+1).

4.548. BriacHuTh, acconuaTueHa au aarebpa A, saganzasa 6azucom
4 Tabnunel yMHOReHHUA 0A3UCHBIX BIEMEHTOB:

a)

a b c
al0 a b
bla|a+d
claja+c |0

—t
—
[~
ol o

-b-c¢

-b—=c |1 ]| -b—-c

al-1-a

[

ol 8

o
o
o
5]
—
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4.549. Haittu emununy amrebpst A = Rp + Rg + Rr, sagannoin
Tabaumeit YMHOKEHHA:

p q r
Pp{p+3¢g+3r|2q+r | g+2r

3q q q
r 3r r r

4.550. Haititu Bce mneans: rpynmoBoit aarebpwt FG, ecim F —
mone xapakrepucturd # 2, a G = {1, g} — nurauyeckaa rpynna
nopanka 2.

4.551. [loxasaTs, 9ro 144 moboro noad F anrebpa Flz]/(z"—1) F|z]
u3oMopdua rpynnosoit anrebpe FG, rne G — muramdyeckaa rpynma
HOpANKA N.

4.552. JloxasaTh, 4TO HEHTP TeJa ABIAETCA mOJEM 12).

4.553. Ionyrpynna S = {a, b, ¢} sanana rabauuet yMHomeHuA

Ilycts F — mone, F.S — monyrpynnosasa anre6pa. Kaxoit snemeHT
ABIACTCA eguHuUnel aare6per F.S7

4.554. Jlorazars, yTo Han a006biM moneM F' nBymepHbie aaredpni
Fa+ Fbu Fc+ Fd co crienyrommmy tabunaMy yMHOKEHUA

alb ctd
alalbd c|O
alb dlcl|d

naoMop(pHi;[ Ipyr Apyry.

12} lentp Z(R) xonsma R ompenennerca crexyiomum o6pasom:

Z(R)={a € R|Vr€R ra=ar}.
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4.555. Ilycte F' — mnpoussonbHoe none, A — aare6pa Hag F ¢
fasucoM a, b 1 yMHOREHNEM, OnpenenaeMbIM Tabnuneit

a b
a a+b a
aa + (b | ya + b

Ilpu wakux a, B, v, 6 anrebpa A accoumaruBHa?

Auazebpoi xeamepnuonoe H nasvipaerca wernIpexMepHaa aarepa Han
moJeM JeHCTBUTEAbHBIX gmcesd, uMerowaa 6asuc 1, 4, j, k, npuuem i =
=2=k¥=-1,ij=~ji=k, jk=—kj =1, ki = —ik = j. Dnements
q = a+ Bi+7j + 6k aTolt aareGpn1 HAa3BIBAIOTCA K6amepruoKamy. Anredpa
H acconuarubHa, HO HEKOMMYTATUBHA. )

Modyab (umu wopma) KBaTepumoHa ¢ = a + (i + vj + 6k onpepena-
erca 1o popmyne |g] = /o2 + G2 + 42 + §2. Conpaocennviti Keamepnuon:
@ = a — Bi — vj — 6k. Jlerko mposepAlorcA paBeHcTBa g = gq = |q|?,
OTKyIa CJefyeT, YTO BCAKUMA HEHYJIEBON KBATEPHHUOH MMeeT 00paTHbIH (1o

1 _ .
I = Wq. Hanpumep, ecmu ¢ = 2 ~ i — j + 3k, 10
1
1= —(24i+j - 3k).
q 15 (2+i+j - 3k)

Anrefpa KBaTEpHHOHOB ABJACTCA YETHIPEXMEPHOH anz2ebpoii ¢ deaenuem
Hajl 10/eM AeHCTBUTEILHEIX YHUCEll, WIN Mmeaom (Meao K8amepHuonos).

Teopema Dpobenuyca. Cywecmeyom poBHO MPU ACCOYUAMUGE-
Hble KOHeuHOMEpHbLEe aa2elpbl ¢ deaenuem nad nosen R dedemeumensublz
yucea. Imo R, C u H. Aueebpa R odnomepra, C — deymepna, H —
wempipermepra. Aazebpor R u (LP Kommymamusuvl, aszebpa H nexommy-
MAMuUsHa.

YMHOREHHIO): ¢~

4.556. [IpoussecTy BhIUMCIEHUA B anrebpe KBATEPHUOHOR!

a) (2—1i+75)(j +2k); 6) (1-2i+j)%

B) (1+i+j+k)% 1) (3+2i—j)L.

4.557. JloraszaTh, 4TO 1JA JI00BIX q, q1, g2 € H u A € R umeror
MeCTO PaBeHCTBA:

) \g=Xg; O)qi+t@=0+T B ©=07 0.

4.558. Pemuth ypaBHeHMA B aarebpe KBaTE€PHUOHOB:

a) i+ kzr=1+2j; 6) (1 -5zl +:) =k; 8) 22 ="=1.
zi+yj =1,
zk —y(i +j) = i.
4.560. Momuo au anrebpy ksarepuuoHoB H = R + Ri + Rj + Rk

cyurath aarebpoit Haxg moneM C = R + R: ¢ 6asucom 1, 57
4.561. Yro coboit mpeacrasiAer UEHTDP ajire6pbl KBATEPHUOHOB?

4.559. Pemnth cucreMmy:
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Tnasa 1

1.8. E: 3q,§6—§p+ q,é'_z——gp—-gq 1.9. MA =

=--(a+b "’Z‘}:—(a—b)_é ~MA, MD = —311025?—
_aﬂa+(1-,6)b W%aﬂ—la-i—(l—ﬂ)b 111.CD = q - p,

ﬂ
110.5 = 2p + §q + %r. 1.20. 3p —4q — 3r — 2s = 0. 1.21. 0. 1.24. 0,
1,2. 1250 = p = 1. 1.26.a) {~1/2,1/2,1/2}); 6) {1/3,1/3,1/3}.
1.27. {7/10, 3/20, 3/20}. 1.28. a) {1/2 0,1/2}; 6) {1,-1/2,1/2}.
1.20. {1, —1/, —=1}. 1.30. a) {E—i’i o1 9 O4 = 4M + MO =
= aAB - W*a(2ﬁ+ﬁ)—-0_1\/}_a(m+0—ﬁ)+aﬁ (ﬁ?}—
= a;la + a—O_I—V) + a,\5ﬁ O__ﬁ Orcloza Haxomum A_O) a(l ha /\)'O_ﬁ -

- i—_———éﬁ Anasornuno paccy:paa, noaydaem 718 ﬂ(l + ”)O—IV} —

“1-3 ﬂ_N)' 3necs NB =)ON u MC = um . B cuny enuHcTBEHHOCTH

1 1
pasnomeHua N0 Ga3ucy Torma mMeem E = a——IOW + ——0_1\} . D>

DE = -p, BF =-aFi=p-q 4 —p+q,m—2q,)\A_ﬁb

=2q-p. 113 MM = —(AA'+BB'+E’3) 1.15. 4B = a—+:\—
a+b —-a

BC = T 53 1+A DA = (@ +b). 116.a)a =

=p 6 A (Bp - q),ﬁ— ﬂap q). 1.18. ) = 5.

1 _f 1-8
0 48 = {15 amm ) B = {mrey ais } oA -
= {—ﬂ-(l—-l:—(ﬁ, -l—i—ﬂ- . Yxasauue. Bocnom3osaTsca pesyasTaTroM 3a-

naunm 1.30a).
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_fell=7) 1(1-0) 20 -a- 4 f(l-a)
1'31'ﬁ~{1—a7’ 1-ay },E@) { 1-af '’ l—aB}

58 = {ﬂfl_—ﬂ? 2ﬂ;_g-7}. 132. a) 4C = {(V& + 1)/2,1},

B = (1,(/5 + 1/2); 0 BT = (v - 1/2,1), TB = {(5 + 32,
(V5 + 3)/2}, DE = {~1, (1 - v5)/2}. 1.33.a) {2/5,3/5); 6) —9/5.
1.34. DM = {1/2,1/2, -1}, AQ = {1/3,1/3,1/3}. 1.35.a) |ay| = V5,
a0 = {-1/v5, 2/v5,0}; 6) cos(ar, i) = 2/v5; ») X(a) = —19/3;
r)mpja=Y(a)=0. 1.36.a= —2e. 137.a= - %el - e 1.38. a =

= —2, + e; —e;. 1.39.a) ap = {2/V13,3/V13,0}; 6) a— %b +

+c=d={311/2,0}; B)a+ b—-2c = —2j r)np(a—b)=

= 6. 1.40. {6/11, 7/11, —6/11}. 1.41. £3v/6. 1.42. |p| = v/154, cosa =

=9/v154, cos 3 = 8/v/154, cosy = 3/v/154. 1.43.x = —-5i + 10j + 10k.
5 5

144.x =2i+ 2j + 2k. 145.x= £5i+ —j— —=k. 146. a = —1,
? TRV

5, .
=4 147.x = 5(1 + 7j + 2k). Yrasanue. x = Aag + by), rme
ag u by — oprhl 3amaHHLIX BekTopoB a M b. 148. a =2, § =3, v =5.

149 ab?c? ba%c? ca?b?
T 1 a?b? + b2 + c2a?’ a2b2 + 52c? + c2a?’ a2b? + b2c® + c?a? |
1.50. a) (3, =6, 6); 6) (5, 5, 1); 8) (=5/v2, 7/v2, 5). 1.51. D(9, -5, 6).

1.52. C(6, -2), D(2, —4). 1.53. A(-6, —2), B(2,8), C(10, —6).
1.54. My(7,0) u My(—1,0). 1.55. M(0,1,0). 1.56. 7. 1.57. (4,0) u
(5,2). 1.58. (1,2, 4) u (8, -4, -2). 1.59. (~19, 10, ~17). Yrasa-
uue. Pasnomurs sexrop OD no Gaaucy ua sexropos OA, OB u 58
1.60. (10, —5, 0). ¥ xa3anue. Pagnomurs sexrop 6§ 10 6asucy U3 BEKTO-
pos i, j, OA. 1.62. V182/3. 1.63. (11/7,10/7, 18/7). 1.65.2a) 9; 6) —61;
5) 13. 1.66.a = +£3/5. 1.67.15, /593. 1.68.27/3. 1.69.19/5. 1.70.1/2.
1.71. LA = /2, LB = arccos% £C = arccos —\}_—5 1.72. (&1, €3) =

—7r/3 1.73. a.rccos%. 1.74.5. 1.76. DC = I lal—Ibl, 7B = 'b| b,
Zé | a + b, 53 =a-b. Yrasauue. CHagana HatTu Bek-

TOp _A? rne K — Takas TOYKa OCHOBaHUA, 9TO l;l_l_()l = IE{ 1.77. —-13.
1.78. a) 22; 6) —200; B) 41; r) V105; n) 11/3; e) 22/7; =) cosa = 2/3,
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cosfB = —1/3, cosy= —2/3; 3) —84/v129; u) 11/21. 1.79. M,(1, 0)
n My(6, 0). 1.80.|AB| =5, |BC| =5V2, |AC| = 5; LA =n/2, LB =
= /C = n/4. 1.81. a) —41/5; 6) 73/7. 1.83. 1.84. 4. 1.85. —4/5.

7V/85'
1.87. arccos5/6. 1.88. {1,1/2, -1/2}. 1.89. {-3,3,3}. 1.90. a; =
=2j, agx = —1i+ k. 1.91. a) {2/3,2/3,2/3}; 6) {-5/3,4/3,1/3}.
1.92. (-2,0,2). 1.93. -i + %j - %k. Yrazauune. Bekrop ae, o, MMEET

BUR 8¢, e, = A1€1 + Az€g, TE KO3QQUIUEHTHI Ay ¥ Mg MOTYT OhiTh HalmEHbI
U3 YC/IOBUA MEpPHeHAMKYIAPHOCTH BEKTOPA @ — A, e, IJOCKOCTH BEKTOPOB

et ey 1.94. 7' = (z —z0)cosp + (y —yo)sing, ' = ~(z —zo)sinp +

+ (y—yo)cosp. 1.95. X' = Xcdsp + Ysing, Y' = — Xsing + Y cosp,
3

Z'= —Z. 196 {-2,v2,0}. 197.aa; = Y XPXPew, =

sxIx® 4 oaxPxP + 9xMxP® - 2(x{‘;’;{§2’1 + xPx®y -
- 3(xOxP + xPxP) 4 4xPxP + xPxP). 198, a) V3

6) 3v/3; B) 10v/3. 1.99. [ar, a5] = 0, T.e. ay]|ap. 1.100. a) 2(k - i);
6) 2[a, c]; B) [a, c]; r) 3. 1.102. 50v/2. 1.105. a) -;—[a, b}; 6) —-5—[a, b}.
1.106. a) {-3,5,7}; 6) {-6, 10, 14}; B) {-12,20,28}. 1.107. 2V6.
1.108. 5 1.109.a¢ = —6, 8 = 1.110. —103/v26. 1.111. /6.
1.112. {-20, 7, —11}. 1.113. {5, 16, 7} 1.114. |a| = |b| = |¢| = 1; Bexr-
TOpHI MOMApHO mepmeHmuKylapEsL 1.115, —4i + 3j + 4k. 1.116. /66;
cosa = 1/V66, cosf = —4/V66, cosy = — 7/v/66. 1.117. §\/5
1.118. {-6, —24, 8}. 1.119. {7, 5, 1}. 1.120. a; 1 a;; 6ecxonednoe MHO‘
mectBo pemennit. 1.121. {-1/2,0, 1/2}. 1.122. HoaBuTcA 3HAK MMHYC
Iepen OOpemeNuTeNeM; B CIy4ae KOCOYyrounHOro 6asmca Gopmyna HesepHa.
1.123. Yxas3auue. BoluMcanTs KOOPAMHATHI BEKTOPOB B 00€MX 4acTAX M
y6emMTHLCA, YTO OHH PaBHBI. BBIYMCIEHHE KOOPIMHAT yHOOHO IPOM3BORUTH
B CHENYIOLIEM CIEnualbHOM 0asuce: opT i cOHampasieH ¢ BekTopom b, opr j
NeRUT B IIOCKOCTH BekTopos b m ¢. 1.124. 24. 1.125. —-3/2. 1.126. 7.
a) Jlesas; 6) npasas; B) mpapaa. 1.127. a) Her; 6) ma. 1.132. 17/2.
1.133. 6. 1.134. 3v/2. 1.135. a) Ja; 6) ner. 1.136. a) —3; 6) mpu mo-
6om A. 1.138. a) (0, 0, 0); 6) (0,1, 0). 1.141.a) 2(z + 1) + 2(y — 2)

O6uiee ypasnenue: r + y — 1 = 0. Hopmaanuoe ypasuenne: ——-:1: +

V2
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1 1
+—=y—-—7==0;,p= 6) 2(z —2) = 0. O6wee ypasuenue: £ —2 =0,
vV2© V2 f

npamas napanienssa ocu Oy. Hopmanbhoe ypasuenune: ¢ —2 =0; p = 2.
B)2(z—-1)~(y - 1) = 0. Obmee ypasnenue: 2z —y — 1 = 0. Hopmaxs-
1 1

1 z+1
—=ZT 0 = —. 1.142, =
HOE ypaBHEHUe: \/_ \/_y \/.5. p 7 a) 3
= Q—_—lg O6iuee ypasuenue: x + 3y — 5 = 0. HopmanpHoe ypaBHeHuMe:
1 3 5 5 _z-1 y-—
Tz~ - =0;p= . 6 =
TR AR, AR Y. T M A
une: —z + 1 = 0, npaman nmapamnensua ocu Oy. HopmaasHoe ypaBHeHwue:
z+1 y—1
z-1=0;p=1 1) 5 = o O6mee ypaBuenne: y — 1 =
= 0, opaman napa:memiﬂa ocH O2x. Hopmanshoe ypasnenue: y — 1 = 0;
p = 1. 1.143. a) =¥== O6mee ypasuenne: z —y + 1 = 0.

-2 -2
1 1 z-1
HopmaasHoe ypaBHenue: — = —

1 1
—r+ ——=y——7=0; p=
V2T R TR T A Yo
y—1
= g O6iee ypasuenne: z — 1 = 0, npamaa napamneasHa ocu Oy.
Hopmaannoe ypasuenwe: £ —1 =0; p = 1. B) =Y a 2. Obuzee

ypassenue: y — 2 = 0, npamaa napannenssa ocu Orx. Hopmanssoe ypap-

. Ofuee ypabue-

. P ~_3_ LT+l y-—-2
Henue: y —2=0; p= 2. l.l44.a)p(M,L)-\/5,L. 5 =T
D -2z + 1)+ (5 -2) =0 0) pM, L) = 1/2, It =1 = L,
L. 2y:0; B) p(M,L) = 0, L' %: -—-—-—y'i-l, L' zx + y + 1 =

=0. 1.145. lepecexatorca B Toane Mo(—3/4, —1/2); cos (I::Tg) =1/+/5.
1.146. Hepeceraorca B Touse Mo(1, 0); cos(L,, Lg) = 2/\/5 1.147. Na-
pamneastny; p(Ly, Ly) = v/2/4. 1.148. Napamnensusr; p(Ly, Ly) = /2.

1.149. Cosmagaror. 1.150. a) AB: le = Qiz, CD: ””_'46 = ?./:_ll

z-1 y—2

19 19
h= —o cosp = —mo—, Ly:
s P T iree ! \/§6+5\/— —4\/_ s L

(V26 + 5v/TT)(z~1) + (—4VZ6—VIT)(y—2) = ==t ’; ,
s+2 g 1 s—2  ya2
CD: h=4, = —, L -
3 T -1 o= M AT 3 vE

(4-2V5)(x—2) + 3+ V5)(y +2) =0. 1.151. t = —1/2. 1.152. .4/\/'
1153. 2+ 1=0, y—2=0. 1.154. 13z + y—~11 =0, 15z —y — 13 =
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=0 1155.3z-y—-1=0,3z~y-21=0. 1.157. y — 22 + 6 = 0,
y+2xr—-6=0 115683z + y+6 =0, z -3y +x2 = 0. 1.159. 20,
—4/5. 1.160. 7z —y — 25 =0. 1.161. 32 ~ 5y + 47 =0, 3z — 5y — 11 =
=0,3c+5y+17=0, 3z + 5y —41 = 0. 1.162. 3z — 2y — 12 = 0,
3x—8 +24=0. 1163.2)3z—-2y—7=0; 6) g —5y—7/6 = 0.
1164. 7 — 5y + 3=0, 5z + y — 11 = 0. 1.165. B(1, 1), D(-1, 3), AB:
z-1=0,BC:y-1=0,CD: 2 +1=0, AD: y-3=0. 1.166.3z—y +
+1=0,2+3y+7=0,3x—y+11=0. 1.167. AB: 3z +4y+1=0,
BC: 4z -3y~7=0,CD: 3z +4y—24=0, AD: 4z -3y —-32=0,
AC: Tz +y—31=0. 1.168. 2 + 2y-7=0,z—-4y-1=0, z -y +
+2=0. 1.169. Yrazauue. Orxnonenun 6(My, L) u 6(M,, L) umeror
pasubie gHakd. 1.170.4z + y + 5 =0nmm y ~3 = 0. 1.171. a) B ognom
yry; 6) B BepruranbHeix yraax. 1,172 Tymot. 1.1738. 4z - 3y + 10 =
=0, 7t +y—20=0, 3z + 4y—-5=0. L174. 2 -3y —23 = 0,
72 + 9% + 19 =0, 4z + 3y + 13 = 0. 1.175. 2z + 9y — 65 = 0,
6x —Ty—-25=0, 18z + 13y —41 = 0. 1.176. x — 6y + 17 = 0, 8z +
+3y—17=0, 7z + 9y + 17=0. 1L177.4z -3y =0, 12z + 5y + 16 = 0.
1178.6) A= —2/3. 1180.a) 2z —y +2—-2=0; 1/V6; 6) c ~y =
= 0, II0CKOCTS napajtensta oct Oz ¥ NPOXOXUT Y€pe3 HAYal0 KOOPAMHAT;
1/V2. 1.18L.a)z +y—3=0; 6) = +2y—2=0. 1.182.a) z-2y—2z = 0;
6) ~r+y+2:2-5=0. 1.183.a) ~x +2y—32-3=0; 6) 2z -2y — 2z +
+1=0. L184a)z+y-3=0;6)2r—y—1=0. LI85. Hepece-

KaIOTCA, COS (m) = —————-2 /\1/1_5 1.186. Nlapaanenwust, p(Py, Py) = 2—/3%
1.187. Ilepeceratorca, cos (.E:_\PQ) = 1/2. 1.188. Cosnamaror. 1.189. 8.
1190.  + y + 2z~ 3 = 0. 1.191. 35z — 6y — 4V5z + 12v/5 = 0,
45/V161. 1192, a) 4z -5y + 2—2=0mu 2z + y— 3z + 8 = 0
6)3z~-6y+72-4=0uz+4y+32—-2=0. 1.193.a) dr—y—22—-4 =
=0; 6) 20z — 12y + 4z + 13 = 0. 1.194. a) B cmemunix yraax; 6) B ogHOM
yray. 1195. 2 —y +32-2=0,z—-y—-2=0, 52 — 2y + 122 - 10 = 0,
S50~2y +212-19=0. 1.196.2z~y—2-2=10. 1.197.a) q = [n1, n2] =
4z + 3y - 5 =0,
= —3i + 4j + 5k, ypasueHun B npoexnuax: { 5xr +3z—-7=0, 6)q=

Sy—4z+1=0;
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Tz —y+1=0,
= [n;, ny] = —i—7j-5k, ypasHenuna B mpoexkmuax: { 5z —z —1 =0,
S5y —T72-12=0.
z-2 'y _z+3 -2 'y z+3 T-2 _y _
1.198. a) = = =i 6) = i =t
=28 22 vy 243 p2-2 y 243 4022 9
B 03’ 0 011:r2 -4 8 103’ +11“2
zZ+ T - ] z— T - ] z
= . 1.199. = = 3 0 = —.
Tijp M998 3 3 = 9 73 1 -3
r-2y+2=0,
1.200. a) z -2y +2=0; 6) 2c +y~ 1 = 0; B) i
2r+y~1=0,
%: g_;_{ = —-——; r) 18/v/30; m) M'(3/5, —1/5, —1). 1.201.a) 1/v15,

z+y—z+1=0,

3xr—y+2:-1=0.
1.203. a) 2z — 16y — 132 + 31 = 0; 6) 6z — 20y — 11z + 1 = 0. 1.204. 3.

1 —o -
1.205. a) 6/v/5; 6) 21. 1.206. 25. 1.207. xj; ~y-2_z-3

M(1,—6,-4); 6) 3z —y + 22—1 = 0 B){

-1 = =5
z—15 y 2—23 .3

1.208. —11. = = = . 1.210. arcsin —=.

7 1 . 3 7 2 4 ) 27
z-7_y-1_ =z -3 _y+2 z+

1.211. 57 = 38 = 70" 1.212. 5 =6 =9 . 1.214.6) 4z +
54x ~ 44y - 7z + 181 = 0,

+ 3y+122-93=0; 8) 13; r) 1.215.6) 4z +

—45z — 76y + 34z + 497 = 0.

53z — Ty — 482 — 429 = 0,
105z — 23y — 44z + 136 = 0.
17z + 16y + 272 -~ 90 = 0,
31z + 58y + 62 —20 = 0.

1.217. 6) 2¢ — 3y — 42 — 74 = 0; 8) 4v/26; r) gts _y-1_ =z

+ 12y + 3z + 76 = 0; B) 127/13; r) {

1.216.6) 6z — 3y — 22 + 2 =0; B) 7, r){

T2 -3 -4’
g_y_z-13z-1_y_z. y+z2-1=0,
e f=f =25 55 =i = ){m+y—2z—1=0;

5
r)z +y + 32 ~2 =0; o) arcsin —=. 1.219. Cm. puc. 38. 1.220. Cm.
) y ) V33 P

puc. 39. 1.221, lpamere z = O0mz ~y = 0. 1.222. llpamere y = 0 u
s+ y=0 1223 Tpampre c —y =0uz + y = 0. 1.224. Ipamere
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z=0ny =0 1225 llpamere y = +3. 1.226. llpamsie z = — 2 u
z=3 1227.Mpamere y =0, x =2 n z = 5. 1.228. OxpymuocTs paguyca
R = 2 c nesTpoM B Havane xoopauHat. 1.229. OxpymHocTs pamuyca R =1

b/}
x+y=0 Yy

x—y=0 y=2x,

Puc. 38 Puc. 39

¢ nentpoM B Touke C(0, —3). 1.230. Havamo xoopamnar. 1.231. Ilycroe
muomectso. 1.232. Tourn (0, +£1). 1.233. 2 —y = 0. 1.234. 4az + ¢ = 0.
2
1.235.y = +2z. 1.236. 22 + ¢% = 16. 1.237. 22 + y? = 8. 1.238. ?-5— +
2
+y2 =1 1.230. 2y =2 1240.y= %—z+2. 1.241. a) C(2, —3),
R =4; 6) C(4,0), R =4; 8) C(0,-2), R =2. 1.242.2) (z - 2)*+
+y+32=49;6) (z+ 1)+ (y—-22=258) (z—-1)2+ (y—-4)?% =
=& ) E-1 2+ W+’ =40FE-1)+@E-1)°=1um
(-52+(y—-52=25¢€)(z-2?%+ (y—4?%=10; =m) (z + 4)?* +
+ (y + 1)? = 25. Ykasanue. Hanucats ypaBHenue MCKOMON OKPYAMHOCTH
B eune 22 + y2 + Dz + Ey + F = 0, 00ogcTaBuTL B HEro KOOPAMHATEI
Kampo¥ ToukM u sateM Haktw D, E u F. 1.243. 2z — 5y + 19 = 0.
1.244. a) 7; 6) 2. 1.245. a) llepecekaer; 6) racaercs; B) HPOXORMUT BHE

onxpymHoctu. 1.246.a) a = 5, b = 3; 6) F1(—4,0), F»(4,0); B) e = 3.

5’
25 25 2y 2 g2
r)Dl z= - Dpo=T 1MLa) 5+ =56 -+ 5 =1
o2 22 2 2 2 2 2
¥y _ A A VRN R _"‘f_ ¥ _
) +16 11“)169+25 1,11)5+1 =1; e) +48 1.
(z - :z:o)2

1.248. + b2y°) =1. 1.249.a) C(3, -1), a =3, b= /5,
e =23, Db 2a;+3—0 Dy 22 ~15=0; 6) C(=1,2), a =5, b=
=4, e=3/5, Dy: 3z + 28 =0; Da: 22 —22 =0; 8) C(1, —-2), a = 4,
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2
b=2V3, e=1/2 D;: y +10=0; Dy: y—6 = 0. 1.252. TE*
2

+ "14— =1, =423, pi2= %(4 +/3). 1.253. (—15/4, £1/63/4).
1.254. 222 —2zy + 2% -3 = 0. 1.255.7x%—2zxy + Ty?>—46z + 2y + 71 = 0.
1.256. a) [Ipamana nepecekaer 3aunc; 6) IPOXOAUT BHE ILIMICA; B) KacaeTca
smunca. 1.258. 3z +2y—-10=0n3z+2y +10=0. 1.259.z + y~5 =
=0uzr+y+5=0 126l 2z+y—-5=0nmz + 4y—-10 = 0.
1.262. Mp(-3, 2), V13. 1.264. 2z + 11y~ 10 = 0. Y ka3anue. Bocnons-
aoBaThCA peaynbTaToM 3agadu 1.263.. 1.265. a) a = 3, b = 4; 6) F1(-5, 0),

F(5, 0); B)6=§'; r)y = :!:ft-a:; m T = ﬂ:g. 1.266. a) a = 4, b =

3 5
5 4 16
= 3; 6) F1(0, -5), F5(0,5); B) e = 7 Ny =+ 3% my = =+ T
2 y? 22 y? 2 y? 2 2
1267.2) T -G =LO0 gL -5 =g 5"
N N (z—70)® (y—yo)?
=Ln) - =he) - =l l26s e - PR =

=1, 1.269. a) C(2, -3), a = 3, b = 4, e = 5/3, ypasHeHua acHMNTOT:
4r — 3y — 17 = 0wu 4z + 3y + 1 = 0, ypaBueHnun mupertpuc: 5r — 1 =
=0ubdzr—-19 =0; 6) C(-5,1), a =8, b = 6, e = 5/4, ypapHenua
acumnror: 3z + 4y + 11 =0 u 3z ~ 4y + 19 = 0, ypasHeHuAa mEuUpeKTpPHC:
z= —-1l4dnz =14; 8) C(2,-1), a =4, b =3, e = 5/4, ypasuenun
acumnror: 4z + 3y — 5 = 0 u 4z — 3y — 11 = 0, ypaBHeHHUA IUDEKTPUC:
y= —42uy = 2,2, 1.2712. r, = 9/4, r, = 41/4, p(M, D) = 9/5,
p(M, Dy) = 41/5. 1.273. (-6, i4\/§). 1.274. 7y? 2+ 242xy - 144 = 0.

1.275. 722 — 6y — y? + 26z — 18y — 17 = 0. 1‘.276.%—9—=1 e =2,

F(-V2, ~v2), Fo(V2, VD), Dig: z +y+vZ=0. 1277 2 — vy -
=1. Yrasauue. Cm. 3amauy 1.257. 1.278. 10z -3y —-32 =0, 10z -3y +
+32=0. 1.279. 3z -4y—-10=0, 3z—4y + 10 = 0. 1.281.5x—-3y~16 =
=0, 13z + 5y + 48 = 0. 1.282. Mp(—6, 3), p = 11/1/13. 1.284. 2z +
+ 11y + 6 = 0. Ykasaunue. Bocnoss3oBaThea pesynsraToM 3agaum 1.283.
1.285.a) p=3; 6) p = 5/2; B) p=2; r) p = 1/2. 1.286. a) y* =
= —1; 6) 22 = —2y; B) 22 = — 12y. 1.287.3a) (y ~ y0)? = 2p(z — To);
6) (y —y0)? = - 2p(z — zo). 1.288. a) A(2,0), p = 2; 6) A0, 2), p=
= 1/2; 8) A(L,3), p = 1/8; r) A(6, -1), p = 3; &) A(l"2)’ p =2
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e) A(-4, 3), p=1/4; 1.290.6. 1.291.a) y = %zz -z +3; 6) % + 2Ty +
+y?—-6z+2y +9=0. 1.292. yoy = p(z + o). 1.293. z+y +2=0.
1294. 2r —y - 16 = 0. 1295. 3z ~y +3 =0u 3z -2y + 12 = 0.

1.296. My(9, —24), p(Mo, L) = 10. 1.208.y — 18 = 0. 1.299. tgyp =

= 1. 1.300. rsing = 1. 1.301. rcos ((p-—%) =1 1302r=a

V2

. 1.304. r = acosyp. 1.305. Oxpymuocts 22 + y? = 25.

a2
1.303. 72 =
cos 2¢
1.306. IIpaman y = — z. 1.307. Ipaman z = 2. 1.308. llpamana y = 1.
1.309. Hpamaa z —y — 1 = 0. 1.310. Ipamaa ¢ + y —2 = 0. 1.311. Oxpy=m-
wocts (z — a)? + y® = a?. 1.312. Oxpymuocts 22 + (y — @)? = a2
1.313. Ilapa aydeit £ = £ 2y, y > 0. 1.314. CeMeHCTBO KOHOEHTPHYECKUX
OKpYRHOCTEH PAamUyCOB Ty = (-1)"% +7n, n=0,1,2,... 1.315. Tunep-
2

6oma zy = a®. 1.316. Jemuucsara Bepuynmu (22 + y2)? = a?(z? — y?).
1.317. a) rcosp = 3; 6) ¢ = 7/3; B) tgyw = 1. 1.318. a) r = 10cos y;
6) r = x£6sinp. 1.319. a) C(2,0), R = 2; 6) C(3/2,n/2), R = 3/2;
B) C(5/2, ~n/2), R = 5/2; r) C(3,n/3), R = 3; n) C(4, 57/6), R =
= 4; e) C(4, —w/l%), R = 4. 1.320. 7?2 — 2rprcos(p — @) = R29— r3.

132l a) r=———: ) r = ————. 1.322.8) 7= — ———
ar 5—3cosy’ )T 5+ 3cosyp a)r 4—5cosyp
6) r = 9 13231'-——3—- 1324a)£+£—1-
T 4-5cosp T 1-cosp 7 25 g 7
6):-5—2-—'11—2-1-13)2—630 1825, 12 = — 0 13262 =
6 g oMY =0 AT = 1-e2cos2¢
b? 2pcos @
= ———. 1L327.r = . 1.328. =1 =t
e2cos? g — 1 r sin? o a) T » Y +
+1,te[-1, +o0);0)z=t—1, y=1t te€0, + o) Bz =
\/5 \/5 \/-2- cost
= —1+—2—t,y— 2t,t€[0, + 00); r)x_7cos(t—31r/4)’
V2 sint T 1
= ¥e__ 9P ye [-n Z). 1.320. =1+ —=t, y =
y 2 cos(t—3n/4) € [ 4 4) a) @ t NG y

=1+ %t, t € [0, v5); 6)a:=2——‘}—5t, y=3—‘/igt, t € [0, v5].
1.330. ¢ = 70 + Rcost, y = yo + Rsint, t € [0, 27). 1.331. a) = =
= R(1 + cos2t), y = Rsin2¢, t € [-n/2,7/2); 6) z = R(1 + cost),
y = Rsint, t € [0, 27). 1.332. lpaman = + 2y — 3 = 0. 1.333. MapaGona
y?> = z. 1.334. Orpymuocts (z + 1)2 + (y — 3)2 = 4. 1.335. Jmmunc
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2 2 -1 2 1 2

z + Y -1, 1336 NlpaBana Bersn rumep6oiLI (= 1 ) - (yi ) =
2 2

= 1. 1.337. llpasan BerBn runepbosILI %— g S 1. 1.338. Oxpymuocts

(z—R)? + y* = R?. 1.339. Onpymuocts 22 + (y— R)? = R%. 1.340. Bepx-

bcost
HAA BerBh mapabomsl y? = 2pz. 1.341. 1 = 22 Ly =
Va2sin®t + b; cos? ¢
i t
= absint ,telo2r). 1342z = ab cos ,
VaZsin?t + b2 cos?t V6% cos? t — a2sin? ¢
absint

y

b b
= , roe t € | —arctg —, arctg — } 114 npasoif Be-
\/b2 cos?t — a?sin’t a a

b b
TBA U t € (1: — arctg o + arctg ;) naa nesolt sersu. 1.343. a) z =
t2
= 2 y=1t te (-0, + 00); 6)x = 2pctg’t, y = 2pctgt, roe
t € (0, 7/2) nna Bepxmeit sersu u t € (37/2, 2m) nnA numuelt Bersy;

B) T = gctg"’ %, y =pctgg, t € (0, 27). 1.344. Mnockocts 2 = — 5,
napajieasHaa nnockocty Ozy. 1.345. IlnockocTh ¢ HOPMaALHBLIM BEKTOPOM
n(l, -2, 1). 1.346. Cdepa pamuyca R = 2 ¢ neHTPOM B Hagaje KOOPAUHAT.
1.347. Cdepa paauyca R = 4 ¢ neurpom B Touke C(2, 0, —1). 1.348. Hagano
roopauuHar. 1.349. Ocs Oy. 1.350. Ilycroe muomecreo. 1.351. ITapa mepe-
CeKaloUmXCA miockocTe!t ¢ — 2z = 0 u ¢ + 22 = 0, mapannensunx ocu Oy.
1.352. lTapa xoopauuaTHbIx WIockocrelt Oyz u Ozy. 1.353. Tpoiika koopou-
naTHeIX niockocrelt. 1.354. Ilapa mnockacrett z = 0 u z = 4. 1.355. llapa
miockocret y = Om y = . 1.356. 20y + 53 = 0. 1.357. x2 + 2 +
PRI IR A P T IE  L Y)
9 9 25 6 9 16

1.360. 2) C(0, 0, 3), R = 3; 6) C(2, 1, —1), R = 5. 1.361. a) (z +1)>+
+y-22+22=46) (-3 + @y +2°+ (z-1)?=18; B) (z—3)2+
+y+ D)2+ (z-12 =21 1) (-3)2 + (y + 5)% + (z + 2)* = 56;
D (z-12+@y+22+(2-32=49. 1.362. (z + 1)2 + (y - 3)2 +

4\? 4\? 4\* 64
—3)2 =1. 1.363. [z —= bl -] =2
+ (2 -3) 1. 1.363 (:1: 9) + (y+ 9) + (z 9) 3

1364d. 2= —-1+5t, y=3-¢, 2= —% + 2t. 1.365. Mp(—2, —2,7), p= 3.
1.366. a) Hlepeceraer; 6) kacaerca; B) npoxonur BHe chepsbr. 1.367. a) llpa-
Mad, npoxonAmas gepea rouxy (5, 0, —2) mapannensuo ocu Oy; 6) OKpym-
HOocTb B miaockocTd OT2, UMEIOMIAA HEHTP B Hadalle KOOPAMHAT M PamuycC
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R = 7; B) oxpymuOCTS, Nemaman B MIOCKOCTH z = 2 ¢ IEHTPOM B TOUKE

C(0, 0, 2) u panuycom R = 4; r) OKPYRHOCTb B ILIOCKOCTH 2 = 6 C lleH-

Tpom B Touke C(0, 0, 6) u panuycom R = +/13. 1.368.2) C(1,7,2), R =
(£-2° , (y+4°

= 4; 6) C(-1,2,3), R = 8. 1.369. dnaunc + =1

.’17—12+ '—22+ -1 —36,

2r—2-1=0.

—2)2 4y 4 (2-3)2 =27,
1.371. (22 49"+ (z-3)

z+y—-2=0.

1.372. Qunnuncoun. 1.373. Oguonomoctheit runmepGonoun. 1.374. Isymo-
nocTauif runepGononn spamenua. 1.375. Kouyce. 1.376. IlapaGomouna spa-
wenna. 1.377. Tunepbonuueckuit napabonous. 1.378. dnnuntuyeckuft na-
pabomonn. 1.379. Mapa6onuueckuit munuunp. 1.380. Ilapabonoun spawue-
Husa ¢ sepiuunoft (0, 0, 2). 1.381. Cunep6onuveckuis napabomonn. 1.382. Ox-
HOMONOCTHRIA runep6onoun spamerusn. 1.383. Isynonocrusit runep6omnonn
ppamenus. 1.384. Ykaszauue. Bocnons30saThcA 0MHOPOTHOCTEIO ypaBHe-
Hua. 1.385. Yrasanwue. Ilepeitty k HOBO# cucTeme KOODIMHAT IIOBOPO-
ToM ocett Or u Oy soxpyr ocu Oz wa yron w/4. 1.386. a) Kouyc sroporo
HOpANKA C BepIUMHOM B Hauane kooppuHar (cM. 3amady 1.384); 6) rumep-
Honuueckust napabonoun (em. 3amauy 1.385). 1.387. Ha mnockocts Ozy:
z? + 4ry + 5y? — z = 0; ma mnockocts Ox2: 2° — 222 + 522 — 41 =
= 0; ma mrockocts Oyz: y° + 22 + 2y —z = 0. 1.388. a) dnaunc;
6) mapabona. 1.389. a) M;(3, 4, -2) u M2(6, -2, 2); 6) M(4, -3,2) —
IpAMad KacaeTCA IOBEPXHOCTH; B) IPAMaA H MOBEPXHOCTL HE HMMEIOT 00-
omx roses. 1.390. a) M(9, 5, —2); 6) M(3, 0, —10); B) M (6, -2, 2).
{2z—l2y—z+16=0, {2x—12y—z+16=0,
1.391.

r—-2y+4=0, z+2y—8=0.
y+22=0, 2z ~ 5z =0,

1.392.
z—5=0, y+4=0.

1.403.a) 32 + 22 = a?; 6) 2?2 + 2? = 2az; B) 2° + y? = 2az. 1.404.2) 22 +
+ 542 -8y —12=10; 6) 472 + 522 + 42-60=0; B) 2y — 2 -2 = 0.
1.405. a) 822 + 4y? — 36z + 16y -3 =0, 2=0; 6) 2r —22 -7 = 0,
- y=0; B) 4y + 822 + 16y + 362 — 31 =0, =z = 0. 1.406. y?> = 2ax — 2.
1.407. a) (3y — 22)? = 12(3z — 2); 6) (z — 2)? + (y — 2)? = 4(z — 2).
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1.408. YpasHenme npoemnpyromero mwmEnpa: 222 + (y —z + 2)% = §;

22
KOHTYP TEHH — 3JJIIMIC _Z + (y-; ) =1 1409.z =4, 2ty = 2.
2 2 2
Larna) T - 2o g v ) =1t n) -5+ L4 S =0y

¥ ®
2
r) 22 + y? — 22 = 0. 1412. a) h2z? = 2pz(h(y + a) — az2); 6) 35 +

2 2
# (-9
tET e

+ 10zz — 2yz ~ 4z + 4y — 42 + 4 = 0. 1.413. a) sepumnna (0, A, 0),
HaNpaBiIAOWAA — OKpy&HOCTL T2 + (y — h)2 = h?, z = h; 6) BepumHa
(0, 0, 0), manpasnaroman — napabona z2 = 2hy, z = h. 1.414. zy + zz +

=0; ) 22 + 22 = z(y + a); r) 3% — 5y? + 72% — 6zy +

+ yz = 0, ocb KoHyca DPOXOmUT B 1-M U 7-M OKTAHTAX; TY + T2 — Yz =
= (), oCb KOHyCa OpOXONMT BO 2-M U 8-M OKTaHTax; zy — 2z — Yz = 0,
0Cb KOHYCa OPOXONMT B 3-M M 5-M OKTaHTax; zy — 2z + yz = 0, ock Ko-
Hyca mpoxonuT B 4-M u 6-M oxramrax. 1.415. a) Onpymumocts z? + y? =
= (a/v2)?; 6) otpeskn z = +a/v?2, —a/v2 < = < a/V/2; B) orpeskn
z= +a/V2 —a/V2 <y < a/V2. 1.416. Ypasuenue npoerTHpyIOLIEro
kouyca: 922 — 16y? — 1622 — 90z + 225 = 0, KOHTYp TE€HM — OKpy&-
Hocts 2 + 22-= (15/4)%. 1.417.2) z = 22 + 3% 6) /42 + 22 = z2.
1.418. a) 22 + 22 = y% 6) 22 = 22 + y2. 1419.a) z = e~ (=" +v7);
2 2

4 T Y
6) z = m 1.420. = 4+ = = 1. 1.421. lloepxnocts ofpa3oBaHa

b2
2 2

T z
Bpamennem runepbonsr — — — =1, y = 0 Boxpyr ocu Oz.
a ¢

T'nasa 2

2.1.18. 2.2.4ab. 2.3.1. 2 4.(a—b)%. 2.5.0. 26.1. 2.7.1. 2.8.2; = _
=-4, 5= -1 29. 2= 3 + 1r3k ke Z. 2.10. Yxasauue. llorasars, “
q9T0 IUCKPMMHHAHT COOTBETCTBYHOILEr0 KBaJPAaTHOro TpeX4ieHa HeoTpunare-
men. 2.12.0. 2.13.0. 2.14. abc + z(ab + bc + ca). 2.15. % + B2 +~% + &
+ 1. 2.16. sin (e ~ B) + sin (B — ) + sin(y — a). 2.17. -3. 2.18. 3V/3i.

2.19. -4 +/22. 2.20. (—00, + 00). 2.21. (4, + 00). 2.22. (-6, —4).
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2.26. Yrasaunue. [lokazars, 4To mocaenuuit cronben NCXOKHOIO ompe-

a? a?
neauTenA MOAKHO mpencrasuts B Bume b2 | = (a + b + ¢) | b* | —
e c?

a 1
—(ab+ ac+bc) | b| + abc |1, n BOCOOAL30BATLCA ITMM NPEACTABJE-
c 1

Huem. 2.27.0. 2.28.0. 2.29.0. 2.30.0. 2.33.Iapabona y = (z—a)(y—0b).

1 23 45 6 1 23 45 6 7 8
2.34. , HegerHanA. 2.35. s
3 6 25 1 4 516 273 8 4

gerdad. 2.36. Hesernaa. 2.37. Hewernaa. 2.38. YernocTb nomcTaHoskM co-
BIaNaer ¢ 9eTHOCTEIO . 2.39. Eciu n HewerHo, T0 moxcTaHOBKA 9eTHAA uLpu
mofoM k; eciu 1 9eTHO, TO YETHOCTh HOACTAHOBKYM COBHANAET C YETHOCTHIO
k. 2.40. Bxomut co 3Hakom munyc. 2.41. Bxonur co smarom mmoc. 2.42. He
Bxonur. 2.43. BxomuT co 3Hakom mmoc. 2.44.1 =5, k =1. 2.45.7i =6,

n(n—1

n(n=1)
k = 2. 246. 10z* - 52°. 2.47. (-1)" 2, a1p020-1.--Gn1- 2.48. 0.

2.49. a) He usmenurca; 6) He U3MEHUTCA; B) 0OPAaTUTCA B HYIb; T) YMHO-
n{n-1
mutcA Ha (—1)~ 2 ; &) ymHomurca Ha (—1)"~1. 2.50. —-2. 2.51. —14.

2.52. 4. 2.53. 0. 2.54. a) 8a + 15b 4 12c — 19d; 6) 2a — 8b + ¢ + 5d;
B) 20 —b—c—d. 2.55.0. 2.56.48. 2.57.223. 2.58. 9v/10(v/3 — v2).
2.59. (be—cd)?. 2.60. (b—c—d)(b+ ¢ + d)(b—c + d)(b + c—d). 2.61.394.
2.62. 665. 2.63. 2% —z* + 23 4+ 22 -2z + 1. 2.64. 2z%y(y —z)®. 2.65.a".
Yrasauue. JoxazaTb, 9T0 UCXONHLIA Oompenenutens Ap(a) MOKHO mpen-
crasuth B Bune Ap(a) = alA,_i(a). 2.66. a™ + f". 2.67.n!. 2.68.2n +

+ 1. 2.69.1. 2.70. (—1)"‘1 -n. 2.71. —ayas.. .0, (—1— + —1— + ...+ i)
a; as an

(n—1) 2 5.-3
2.72.n + 1. 2.73. (—l)n 2 - JI (ai—ax). 2.76. ( )

1<k<ikn -6 7 -

2+ 2 0 5 2 00 20
2.77. . 2.78. . 2.79. . 2.80. .
0 2-2 0 00 0 3

-
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1 5 -5 11 -22 29 56
281. 13 10 0. 2.82.| 9 -27 32. 2.83. |69 |. 2.84.a) (31);
2 9 -7 13 -17 26 17
120 -6 9 3 ;
40 -2 3 1
15 13 14
6) -4 0 2 -3 -1]|. 285 . 2.86. .
25 21 -22
20 0 -10 15 5
35
8 0 -4 6 2

1 na . fA" pArl cosna —sin na
2.87. . 2.88. . 2.89.
0 1 0 A" sinna cos na

21 -23 15
8 15 -3 2
2.90. . 2.91. . 2.92. -13 34 10
0 23/ -1 -1
-9 22 25
4 1 9 0 00
4 -8
2.93. ( ) 2.94. -2 -6 3}. 2.95 0 00
12 -4
-8 -9 2 00 0
a 2b a
2.96. , The a u b — mwbure uncma. 2.97.
3b a+3b -5b a+ 9b
a b ¢ _
roe a 1 b — mobere uucma. 2.98. |0 a b, roe a, b u ¢ — mobbie
0 0 a

qucia. 2.99. ( ), roe a, b, ¢ — Dpou3BONBHEIE YKCIIA, YAOBIETBOPA-
c -a

a b '
romme cooTHourenmo a? + be = 0. 2.100. £E; ( ), rme a® + be = 1.
¢ —a

2.101. a) i-A u j-A CTPOKM DPOUIBENEHUA NOMEHAITICA MeCTaMu; 0) K i-#
CTPOKe NPOM3BENEHNUA MPUOABHTCA j-A CTPOKA; yMHOKEHHAA HA ; B) i-H U
Jj-# CTONOUEI IOMEHAIOTCA MECTAMY; T) K i-My CTOAOMY NPOU3BEEHUA MpPU-
6aButca j-# cronben, yMHOREHHBIH Ha Q.



OTBeTH M yKa3aHHA 251
5 -2 21 -1
5 —6 —4
15 4 -2 5 -3 7
2.103. ; 2.104. | -6 12 0|;
4 43 21 -3 26 -2
-4 0 8
-1 7 -2 10
5 -1 5 -1 5
-1 5 -1 5 -1
-2 1 7 —4
5 -1 5 -1 5. 2.106. . 2.107. :
3/2 -1/2 -5 3
-1 5 -1 5 -1 '
5 -1 5 -1 5
1 -1
cosa sina
2.108.( . ) 2.109. | =38 41 -34
—sina cosa
27 -29 24
-1 0 0
-8 29 -11 0 1 -1
2110. | -5 18 -7 2111. o 0 1 0
1 -3 | 0 2 S
0 0 0 1
(1/4 1/4 172 0
1/4 1/4 -1/2 0
2112, | Y/ / /
1/4 -1/4 0 1/2
\1/4 —1/4 0 -1/
(1/4  3/20 1/4 1/20
1/4  1/20 -1/4 -3/20
2113, |/ / / /201
1/4 -1/20 -1/4 3/20
\1/4 -3/20 1/4 -1/20
(-7/3 2 -1/3 /9  2/9 2/9
2.114. | 5/3 -1 -1/3]. 2.115. | 2/9  1/9 -2/9
\ -2 1 1 2/9 -2/9 1/9
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1 1 1 1 -7 5 12 -19

11 1 -1 - 3 -2 =5 8
2.116. - . 2.117. ,

411 -1 1 -1 41 -30 -69 111

1 -1 -1 1 -59 43 99 -159

2118. |0 © 1 -1

................................

2.119.

/1 0 O 0 -1/n
0 1/2 0 0 o
2120. J1o 0 1/3 ... 0 O
\0 0 o0 0 1/n

1 2 2 1 2\ .
2125. |4 5 2.127 (“ —1>. 2.128. [0 2 1
7.8 -1 00 2/’
-7 5 5
2.129.%( 5 -7 5| 218L (1,4,-7,7). 2182 (4,6, -35 ~1).
5 5 -7 X

2 1
2.133. (70,40, —20, —16). 2.134. (51, 26, %Z, ——;) 2.135. (-—5, 1,3, 3)~
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2.136. (-17, -13, 41, 5). 2.137. (-8/3,-7/3, -16/3, ~11/3).
2.138.(—23/4, —29/8, 27/8, 9/8). 2.140. lluneitno nezaBuCcHMa. 2.141. -
ueftuo 3asucuma. 2.142. Jluneiino nesasucuma. 2.143. Jlunelino zasucuma.
2.144. Y xa3auue. Pacnucas BeKTOPHOE PABEHCTBO (1€ + Q2€3 + azez +
+ a4eq4 = 0 TOKOMIOOHEHTHO, NOKA3aTh, YTO MONYYAIOMIAACA CUCTEMa YeThI-
pex ypasHeHul (OTHOCUTENBHO @i, (2, i3, Oi4) MMEET SIUHCTBEHHOE pelle-
HHE 01 = a2 = a3 = a4 = 0. 2.145. < lonomum €, + Tze2 + T3€3 +
+ T4e4 + Tses = X U pacnullleM 3T0 PABEHCTBO MOKOMOOHEHTHO: I; = 1,
Ty +22=0, 5y +22+z3=1 2y +20+234+24=0, 7 + 22 +
+ z3 + T4 + z5 = 1. Pemaa sty cucremy, Haxomum 77 = 1, 2o = — 1,
z3 =1, 24 = -1, g = 1, Utak, Xx = €} — ez + e3 —eq + e5. D>
2.146. 5e; — e; —e3 — e4 — e5. 2.150. 2. 2.151. 3. 2.152. 3. 2.153. 2.
2.154. 2. 2.155. 2. 2.156. 2, ecu A = 0, u 3, ecim A # 0. 2.157. 3 npu
mobom A. 2.159. 3. 2.160. 2. 2.161. 3. 2.162. 2. 2.163. 2. 2.164. 2.
2.165. 2. 2.166. 3. 2.167.5. 2.168.4. 2.169. 3. 2.170. 6. 2.174. Jlunetino
HeaaBucuma. 2.175. JIunetino sasucuma. 2.176.3. 2.177.3. 2.178. X = 15.
2.179. X # 12. 2.180. Hu npu waxux A. 2.181.r = 3; B = (a,, ag, ay).
2.182.7 = 3; B = (ay, az, a5). 2.183.7 =3; B = (a;, as, a4). 2.184.7 =
= 2; B; = (aj, az), Bz = (az, a3). 2.185.r = 2; B; = (a, az),
By = (a1, az), Bz = (ai, a4). 2.186. r = 2; B; = (a1, a4), Bz =
= (ag, a4), B3 = (a3, a4). 2.187.2 =16, y =7. 2.188.xr =2, y = 3.

2189.z2= —-b, y= —(2/3)a. 2190.2=2, y= -1, z=1. 2191l.z =
=1, y=3 2=5 2192.z=3,y=1 2= -1 219z =1,
g = =1, 23 =2, 24 = —2. 2194. 2y = 2, 23 = z3 = x4 = 0.

2.195. CTenens MHOTOWIEHA MEHBIIE ABYX, €CJIM BLITOIHACTCA COOTHOLICHUE
k= (y3 — y2)(z2 — 1) = (y2 — y1)(z3 — z2); ecnmt k # 0, To cTenens pasHa
enuHuue; eciu me k = 0, TO cTeneHs paBHa Hymo. Y Ka3aHue. JlokasaTs,
4TO ONPENENTUTENh CHCTEMbl YDaBHEHHMH y; = ax? +br; +¢,1=1,2,3
(c HeM3BECTHBIMH a, b, ¢) oTmuuen or Hyra. 2.196. f(z) = 22 — 5z + 3.
2.197. fl(x)‘-"- (x — 1132)(:E - .’273) , fz(fl?) - (12 - fl:l)(-’ﬂ — 3:3) f3(-'17) —

(z1 — z2)(z1 — 23) (x2 — z1)(22 ~ 23)’

N G2 Gk ) . 2198. 2y = -3, 22=2, 73 =1. 2199.2, = -1,
(z3 -—:Dl)(m’a — T3)
x2=1,$3="‘2’ 2.200.:1;1:1’3;2::1,.’1:3: --'1, -’B4=—-1.

2.201. z; = - 2, Ty = 0, T3 = 1, Ty = — 1. 2.202. T = 1, Ty = 2,
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.’B3=—‘2, 124;:-'0. 2.203..’171:2, Z'2=~'2, 123:1, £B4=—1.
2.204. (1 + v/3¢y, ¢1)T. 2.205. Cucrema mecoBmecTna. 2.206. Cucrema

HecopmecTHa. 2.207. (=1 + 2¢1,1 + ¢1,¢;)'. 2.208. (-1,3, =2,2)7.
2.209. (0,2,1/3,-3/2)". 2.210 —3+—1—c 3, L5, +—1—c
-209.(0,2,1/3, el T oo T

T
1, cz) . 2.211. Cucrema HecoBmectHa. 2.212. (c1, —13 + 3¢y, -7, O)T.

6 8 1 13 15 6 T
2.213. (—? + 761, ? - 77-61, 7 - ?Cl, Cl) . 2.214. CucTema HECOBMECTHA.

2.215. (c1, ¢2, 5 — 8¢y + dep, =3, 1 4 2¢; —¢3) .

T
2.216. (29- +c - Ec é - §c1 + §c2, —l + 262, 1, cz) .

9 9 3 2776”979
17 5 7 1\
2.217. (—5 - Ecl - ch - gca, c,c2, 1 - 503’ 63) .
2.218. Ecmu A # 0, 10 cucrema uecoBmecTHa; ecit A = 0, TO
3 5 13 7T 7 19 T
X = (—5 - §c1 - ?cz, -3 501 - ?Cz, ¢, cz) . 2.219. Ecnu
(A—l)(/\+3)760,T0X—/\ 3(1111)T,ec1m)\-~—3 T0 Cu-

crema HecoBMecTHA; ecit A = 1, 10 X = (1 —¢; — ¢z — €3, €1, Co, c3)
2.220. Ecmu A = 8, 10 X = (c1, 4 + 2¢; — 2¢3, 3 — 2¢2, ¢3) -; ecom A # 8,
0 X = (0,4~ 2¢1,3~2¢c;,¢1)7. 2221 Ecom A(A + 3) #0, 70 X =

=37 3(1 1,1)T; ecim A = — 3, 10 cucrema HecosmecTHa; ecmu A = 0, TO

X=(0-c ~¢zc1,c2)7. 2.223. ,E1, By =(3,1,5)7. 2.224. ¢ Ey +

+ B, By =(2,1,0)7, E; = (3,0,1)7. 2.225. Cucrema uMeer ToIbEO
TpuBManbHOe pemenue. 2.226. By, E; = (4,1, -5)T. 2.227. q E; +
+ e Fs, By = (8, -6, 1, O)T, E, = (-7, 5, 0, l)T. 2.228. ¢ By, + CzEQ,
E, = (1,0,-5/2,7/2)T, E; = (0,1,5,=7)T. 2.229. c,E; + c2E2 +
+ c3E3, Ey = (1,0,0,-9/4,3/4)T, E» = (0,1,0, -3/2,1/2)7, E3 =
=(0,0,1,-2,1)7. 2.230.¢,E1 + 2By + 3B, By = (1,1, -1,1,0,0)7,
E; =(-1,0,0,0,1,0)T, E3 = (0, -1,0,0,0,1)7. 2.231. ¢, E; + czF»,
Ey, =(0,1/3,1,0,0)7, E; = (0, -2/3,0,0, 1)T. 2.232. ¢, E, + 2By,
E =(-3,2,1,0,0)T, E; = (-5,3,0,0,1)T. 2.233. Crposu marpumsr
A He o6paayior, a cTpoku Marpunsl B obpasyror. Y kasarue. Eciu panr
MaTpuObl K03 GUIHEHTOB OIpM HEU3BECTHLIX paBeH r, T0 HeobXomuMo mpo-
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BEpUTH, 4T0 a) paHr A (coorBercTBeHHO B) pasen 5 — r; 6) CTpoKM Ma-
tpunsl A (cooTBeTCTBEHHO B) ABIAIOTCA pelIEHMAMYN MCXOMHON CHMCTEMBL
2234.0, =2, X =c,E, E1=(1,0,-2)T; a2= -4, X =1Ey, E1 =
= (1, —24/5, -4/5)7. 2.285.a, = —1, X = ¢, Ey, E;, = (-5/3,1/3, 1)7.
2.236. Xo + c1E, + c2E; + c3Es, Xo = (1/3,1/3,0,0,0)7, Ey =
=(0,1,1,0,0)7, E, = (0,1,0,1,0)7, E; = (1/3,-5/3,0,0,1)".
2.237. Xo + 1By + c2E; + c3E;, Xo = (2/3,1/6,0,0,0)7, E; =
=(0,1/2,1,0,0)7, E; = (0, -1/2,0,1,0)7, E3 = (1/3,5/6,0,0,1)".
2.238. Xo + ¢, Ey + c2E» + c3E3 + caEq, Xo = (1/3, —~1/3,0,0,0,0)7,
E =(1,1,0,0,0,0)7, E; =(-1,0,1,0,0,0)7, E;3 =(0,0,0,1,1,0)7,
E, = (0,0,0,~-1,0, l)T. 2.239. Xo + a1Ey + FEy + c3E3, Xp =
= (1, -1/2,0,0,0)7, E; = (0, -3/2,1,0,0)7, E; = (0, -2,0,1,0)7,
E3 = (0,-5/2,0,0,1)T. 2.240. (1, -1, -1, 1)T. 2.241. (6 — ¢, 5 + ¢,
3,-1-c¢,¢)7. 2.242. Cucrema HeCoBMeCTHa. 2.243. (g - gcl ,c,0,0,

11 6 T
g - 302, cz) . 2244, (14 ¢ + 2¢c2, -3 + &1 + 2¢2, 1, CQ)T.

Tnasa 3

3.6. Ja. 3.7. lla, eciim mpAMas OPOXOOUT 4Yepe3 HAYaJ0 KOOPAUHAT.
3.8. Her. 3.9. Ja. 3.10. Her. 3.11. Ma. 3.12. Her. 3.15. Ty =

1 1 -1 1/2 -1 0 0
=|1 -1 2|, x=|-32| 316Tsom =] 0 -1 o0,
"\ 0 -1 -2 » 0 0 -1
: -1 0 01 -2
X' = 21. 317.Tg4w = |1 0 O, X'= 1
' -1 010 1

1 0 o0\ 1
318. Tp,u = |0 cosp —sinp|, X'= | —2cosp + singp
' 0 sinp cosyp 2siny + cosyp

3.19.7 = 2; 6a3uCOM ABIACTCA, HAIPUMED, CUCTeMa (X1, X2). 3.20.Tp_,p =
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1 21 1 0
2 32 3 2
= , X! = » 321 3% +2xp —x3 =0, 7 =2,
-1 01 -1 1
-2 -1 4 0 2

mobaa mapa BeKTOpPoB obpadyer 6asuc sroft cucremsl. 3.22. Hoopauratsr
MaTpPHIIbI B 3TOM 6a3uce COBOANAKOT C €€ HIIEMEHTAMM.

0
-1
-2
323.a)| 0};6) i 3.25.] 0
-3 ' -1
0
1 -ty 2 -t} ... (=1)»-1gp-?
o7 |0 1 2 3 .. (=1)"2(n - 1)t5~2
0 0 0 0
’ 0
2\ 1 1
2 1 1+ 3
3.28.11]. 330.|2].331.|1].3.32 . 3.33. . , .
1 2L +4) \ —i =2
1) 3 1
2
2\ —-42 -71 -41
334.|1]. 337.Tp.m=1] 12 20 9
1 7 12 8
2 0 1 -1
-3 1 -2 1
3.38. Tgm = . 3.39. fIpnaerca. 3.40. He aBua-
1 -2 2 -1
1 -1 1 -1

©ICA, TaK KaKk HaPYIIeHO yCIoBKe quHeAHocTH oToOpamenun. 3.41. He anna-
€TCA, TAK Kak HapylLeHO yCJIOBME B3aMMHOM ONHO3HAYHOCTH OTOOpameHuA.

1 0
3.43. T = (1 1), ~2 4 3i = —2(1 + i) —5(—i). 3.45.4a), 6) llon-

OpOCTPAHCTBO padMepHOCTH 2, 6azucoM ABIAeTCA mobad mapa HEeKoMIHHeap-
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HBIX BEKTOPOB U3 33JaHHON0 MHOKECTBA; B) HE ABIIAEICA MOXNPOCTPAHCTBOM.
3.46. a) llonnpocTpancTso padMepHOCTH 1 — 2; 6) He ABNAETCA NOXNPOCTPAH-
creoM. 3.47. Muomecrpa, ykasaHHbre B 1. a), 0), r), — moOmpPOCTPAHCTBHA,
a MHORECTBO U3 0. B) MONNPOCTPAHCTBOM HE ABIAETCA. Y KasaHue. YCIo-
BU€, KOTOPOMY YINOBJIETBOPAIOT KOOPAMHATHI B Mrofoli M3 3amad 3To¥ Cepuu,
Momuo 3anucats B Bune AX = O, roe A — HeKoTopaA MaTpHNa, HMEIOIAR
n cronbuos, a X — cronben KoopauHAT B puKCHPoBaHHOM Oasuce. IlosTomy
Pa3MEepPHOCTL COOTBETCTBYIOLIEr0 MONUPOCTPAHCTBA paBHA n — rangA, a B
KayecTBe Gasuca MOMRHO B3ATh NO0YH (GYHNAMEHTANLHYIO CHCTEMY pelle-

Huit cuctemn! ypasuenutt Az = O. 3.48. a) lopupocrpancrso pasmMepHOCTH

1
n? -C2 = &21.-—); 6) me aBnAercA mopumpocTpaHcTsoM. 3.49. a) Becko-

HEYHOMEPHOE NOANPOCTPAHCTBO; 6) He ABNAETCA IOXIPOCTPAHCTBOM; B) IOA-
OpoCTpaHcTBO padmepHocty 7. 3.51. 2. 3.52. 3; onmH u3 6a3ucoB ects,
Hanpumep, B = (X1, X2, X4). 3.53. 3; onun us 6asucos ectb, HANPUMED,
B = (X1, X2, X5). 3.54. Ykasauue. 3amaHHad CUCTEMa MHOTOWICHOB JIK-

HetiHo HesasucuMma. 3.55. L£(a) — mpaman :% = % = —_Ei, L(a) + b —
-2 1
OpAMad z 7 = ‘1—/-;;—— = —z—i 3.56. L(a;, a3) — mnocrocth —3r—y—2z =

=0, L(ai, a2) + b — mmockocts -3z —y — 2z + 5 = 0. 3.57. Muome-
CTBO PelIeHU HeONHOPONHOM CHCTEMBI €CTh JIMHEeHHOe MHOroobpasue, 1oiy-
YeHHOE U3 MONIIPOCTPAHCTBA pasMepHOCTH n — rang A = 3 pemeHust coor-
BETCTBYIOmIEH OXHOPOMHON CHCTEMBI CABUIOM Ha OPOM3BOJBHOE YACTHOE pe-
2
n n n
IIeHHe HEONHOPORHOM cucreMrl. 3.62. B) (Z xiy,») < Y2y v

i=1

n n n
r) Sy X @i+w)? <X 2f + Zly?-
i=1 i=1 i=

3.63. a) 0; 6) —6. 3.64.a) —1; 6) 24.

3.65. 6) ( /b f(t)g(t) dt)2 < ( j () dt) ( j g2 (t) dt);
5) ( /b f:(t) dt)l/z - ( /b 92(:) dt) vy
* b : 1/2 b 1/2 b 1/2
<(Juorama)” <([roe) «([sox) .

a a

n n 2
r - Z Yi

i=1 . i=1

<
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3.67.e; = f, = (1,1,1,1), 2 = (2,2, -2, -2), e3 = (1,1, -1, 1).
3.68.e; =f; = (1, 2,1, 3), e = (10/3, —1/3,1/3, 1), e3 = (~19/185,
87/185, 61/185, —72/185). 3.69.e; = f; = (1,2,2,-1), e2 = (2,3, -3,2),
e3 = (2, -1, =1, -2). 3.70.e; =f; = (2, 1,3, —1), ez = (3,2, -3, 1),
e3 = (1,5,1,10). Yxaszaunue. Cucrema f, f2, f3, f; He asmaerca au-
HeltHo HesaBucuMon (BexTop f3 Momer ObITh IOMYYeH Kak JMHEHHAA KOM-
ounanua sexropos f; u f3). IlosroMy nosmyueHue BekTOpa €3 € MCIOABL30-
BaHueM f3 nmaer B pesynbrare e3 = 0. IlokaszaB 3T0, clienyer McKaTb Bek-
TOp e3 B Bune ez = f4 — c§3) c§3)e2 3.71. B = (e;, e, €3), €] =
=(1,22 -1), eo = (2,3,-3,2), eg = (2, -1, -1, —2). 3.72. B =
= (e, ez, €3), €3 = (2,1, 3, —1), e; = (3, 2, =3, —-1), e3 = (1, 5, 1, 10).
3.73. e3 = (-4,2,-1,3), eg = (2,4,3,1). Yraszauue. [lna onpeneme-
HUA BekTopa ez = (Z1, T2, T3, £4) AOCTATOYHO HAUTH KaKoe-HUOYLL peime-
HUE CHCTEMbI OTHOCUTEJLHO HEM3BECTHLIX T, T2, T3, T4 OBYX JMHEHHBIX
ypaeueHutt (e3, €;) = 0, (es, e2) = 0. [lna onpeneneHun e, aHAIOTHYHAA
cucTeMa COCTOMT U3 Tpex ypasHenuit. 3.74. ey = (1, —-1,1, —=1,0), e5 =

= (0,5, 1, -4, =2). 3.75.e3 = (2/3,-2/3,~1/3). 3.76.e3 = (1,-2,1,0),
eq = (25,4, =17, —6). 3.78.y = (1,7,3,3), z = (—4, 2,6, 0). 3.79.y =
= (1, -1,-1,5), z = (3,0, -2, —1). 3.80..y = (3,1, -1, -2), z =

=(2,1,~1,4). 3.82. Yxaszauue. HUa pasencrsa |x — y|* = lx|2 + |y|?
crenyer, uro (x, y) + (y, x) = (x,¥) + (x, y) =0, r.e. (x, y) — Maumoe

A0 0
yucyo, He 0b6a3aTenbLHo paHoe Hymio. 3.83. flsmaerca; A= [0 A 0
0 0 A

3.84. He asaaerca. 3.85. flznaerca omeparopoM IPOEKTHUPOBAHMUA HA OCh,
3anaHHyio BeKkTopoM e. Eciu e = cosa-i+ cosB-j + cosy -k, o

cos’a  cosfBcosa coSycCosa
A= |cosacos@ cos?B  cosycosf

cosacosy cosfBcosy  cos?ry

3.86. fIBnaerca; ecnu a = a;i + azj + ask, 70 A= | a3 0 -a
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3.87. He aBaaerca. 3.88. flsnserca. < flcko, yto

y=Ul(e, p)x =y + Ya, (1)

IIe Y — COCTABIAIOIIAA BEKTOPa Y BIOJL OCH €, Y, — COCTaBJIALIAA
BEKTOpA Y, KOMILIAHAPHAA IIockocTH . CocTaBiAIOmWaA y paBHa

y =x = (x, e)e. (2)

CocTaBAKIWAA Yo MOIYIAETCA U3 BEKTOPA X4, TIOBOPOTOM IIOCJIETHEr0 B II0C-

KOCTM « Ha yroa . Jl1A HaXOMNEHUA Y, BBEIEM BCIOMOTAaTENbHBIA BEKTOP

le, xo], memammit B mIOCKOCTH O MEPIEHIUKYIADPHO BEKTOPY Xo, MPUYEM

TPOHKA X4, [€, Xo), € — npaBasa. Pasnomum BeKTOp Yo Ha COCTaBIAIOLINE
BIOJIb X U [€, Xqo:

— _)it_ . [e) xa] — . : .
Yo = lxmlcoswlxﬁ‘l + Ixalsmcp—”e’ xell = COSY * Xo + sing - [e, Xq).
3)
Haxonen,
Xq =X — X =X — (X, e)e. 4)

Toncrasnaa (2), (3) u (4) B (1), moayuum
y = (x, e)e + cosp(x — (x, e)e) + single, x — (x, e)e] =
= cosp - X + (1 — cosy)(x, e)e + sinple, x]. (5)

U3 (5) cnenyer, uto oneparop U(e, ¢) npencrasiaser coboit cymmy onmeparo-
" pos 3amayu 3.83, 3.85 u 3.86, MaTPUIEI KOTOPLIX U3BECTHHI. D>

0 11 ' 0 11
3.89. fIpnaerca; A= |2 0 1. 3.90. fIsnserca; A= (2 0 1
3 -1 1 3 -1 1
0 0 O
3.91. He apnaerca. 3.92. fisnmerca; A= |0 1 -1]. 3.93. fiznnaercs;
\0o 0 0
1 2 2 (3 1 0)
A=10 -3 1}]. 3.94. fIpnaerca; A= {1 -2 -1
2 03 \0 3 2
22 13 -37)
" 3.95. He apnaercs. 397.C= | -39 -16 25|,

-1 0 -6
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Cx = (22z; + 13z, — 3723, —39z; — 1622 + 2523, —; — 6z3). 3.98.C =

-15 23 -7

= 2 8 —4|,Cx=(-15z; + 23z,—T7z3, 22, + 8z2—4x3, — T +
-7 1 7

2 3 -2)

+ 23 + 7z3). 399.C =0, Cx =0. 3100.C = |1 0 -4],

5 0 -2

0 0)

Cx = (21, + 3z, — 223,21 — 4z3, 5z; — 223).  3.102. A0
0 A)

A
0
0
cos? a
3.103. (Ey, E, E3), rne By = | cosa(cosBcosp — cos731n<p))

cos a(cos Bsing + cos+y cos @)

cos a(cos B cosp — cosysin ) \
Ey = cos? Bcos? ¢ + cos? ysin® o
cos? 3 — cos?y

3 sin2¢p + cos 3 cosy cos 2¢ )

. cosafcos Bsing + cosvycosy) \
cos? B — cos? vy

E; = — sin2¢p + cos Bcosycos2¢p |,
(cosBsing + cosycosyp)? )
e = cosai + cosfBj + cosvk.
ay 0 0

3204. | 0 @ cos® ¢ + azsin® ¢ -21-(a2 — ag)sin2p

0 %(ag —a3)sin2p  apsin®¢ + azcos? @

2 —(2sinp + cosp) 2cosp —sing
1
3.105. % 2cosp + sing 2— —2-sin2<p —(1 4+ sin? )
1
2sin¢p — cos 14 cos?¢ 2+ zsin2p

2
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1 021 -2 0 1 0
2 35 1 1 -4 -8 -7
3.106.a) A' = . 6) A=
3 -1 0 2 1 4 6 4
1 12 3 1 3 4 71
1 2 2
44 44
3.107. 4" = [3 -1 -2|. 3.108.[A+Bjg = )
—295 —25
2 -3 1
3.109. [p(A)] = 34% — 24 + 5E = oz
el e I T \-22 49/
(0 1
0 1
0 2
0 1
0 3 0
3.110. a) . 6) 0 1 0
0 0 n-1
0 0 1
K 0/
1/2 1/3 1/4 1/5 1 h K2 A3
: 1 1/2 1/3 1/4 0 1 2h 3K
. 3.111. . 8112
| 0 0 0 0 0 1 3h
? 0 0 0 0 00 0 1

: 3.114. Oneparop ofpaTuM B TOM M TOJLKO B TOM Ciaydae, korma A # 0;

; A~ lx = Xx. 3.115. a) OnepaTop npoeKTUPOBAHUA HA OCh, 3aTAHHYIO BEKTO~

* pom e, He umeer o6paTHoro; 6) omepatop He umeer obpaTroro. 3.116. a) Ome-

| PATOp MPOEKTMPOBAHUA HA ILIOCKOCTb, NEPIEHTUKYIADHYIO BEKTOpY €, He

. uMeer ofpaTHoro; 6) omepaTop 3epKaJbHOIO OTPAmEHUA B INIOCKOCTH, Oep-
TeHIMKyJIApHO# BeKTOpy €, obpatuM, mpudem A~! = A. Yxkaszanue. Ilo-

~ cennee caenyer us paseHcrBa A2 = E, KoTopoe reoMerpuuecku 04eBUIHO,
HO MO&eT ObITb M NMPOBEPEHO CIEXyomuM 00pasoM:

A% = A(x - 2(x, e)e) = x — 2(x, e)e — 2(x, e)Ae =
=x—2(x, e)e — 2(x, e)(e —2¢) =x = Ex, x€Vs.
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3.117. A~ x = (~z + 2y — 2)i + (-2 — 3y ~ 22)j + (2z — 3y + 22)k.
3.118. Onepartop ne umeer obparsore. 3.119. U~1(e, ) = Ule, —p) =
= U(~e, p). 3.120. A~! = A. 3.121. Oneparop He umeer 06paTHOrO.
3.122. A~lx = l(:l:; + 2zp + 2x3, 2Ty + T2 — 223, 277 — 222 + Z3).
3.123. a) N, — nmByMepHOe IOXIPOCTPAHCTBO BCEX BEKTOPOB, OPTOTOHAIIL-
HBIX BekTopy e, T, — OIHOMEpHOE IONNPOCTPAHCTBO BCEX BEKTOPOB, KOJ-
NMHEapHLIX BeKTopy €; 6) N, — OmHOMepHOe IOOIPOCTPAHCTBO BCEX BEKTO-
poB, KOTMHEapHbIX a, T, — IByMepHOE MOAIPOCTPAHCTBO BCEX BEKTOPOB,
oproroHanbHbix a. 3.124. N, = Py =R, Tp, = Pp_;. 3.126. 7, = 2,
Gasuc Ty: e; = (2,1,1), e2 = (-1,-2,1); n, = 1, 6asuc N,: e =
=(1,1,1). 3.127.r, = 1, 6asuc T,: e = (1,1, 1); n, = 2, 6asuc N,:
e1=(1,-1,0), eg = (1,0, =1). 3.129. A = a, x(*) — moboit Henyesoit
Bextop. 3.130. \; =1, x(M1) = zi, 2 £ 0; Xy = 0, x() = yj + 2Kk,
x(A2) £ 0. 3.131. A =0, x¥ =zi, z #0. 3.132. llpu ¢ = 2xl, | =
=0, £1, ..., oneparop U(e, ) coBnanaer ¢ enuauunbiM. IlosromMy B 3TOM
cayaae A = 1, a x*) — mobott nenynenott sexrop. Ilpu ¢ = (21 + )7, | =
=0,41,..., =1, x* =qe, a#0, \a = —1, x*2) — mo6ott Heny-
JIeBOYf BEKTOp, MepneHIuKyIApHLIH Bexktopy e. llpu ¢ # wl, | =0, £1, ..,
omepaTop MMeer eIMHCTBeHHoe cobcrsenHoe wucao A = 1, a x(M) = qe,
a#0. 3.133. )\ =1, x(*) — mo6ott HenymeBolt BeKTOP, KOMILIAHAPHBIA

miockocTy orpamenns, A, = — 1, x*2) =qe, a #£0. 3.134. A= —1,
1 1 0
XM =al| 1], a#0. 3138.23=2 XV =q,|2| +a2|0|, 11
-1 0 1
1
@z He paBHBI omHOBpeMenno Hymo. 3.136.)\; =1, X =qa|1];
-\
1 3
A=0 XO) =g 2], a#0. 3137.0=1, XM =qa 1|, a #0.
3 1
1 1
3.138. )y =3, XM =qa|2]; da= -1, XP2) =qal2f, a#0.

2 1
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2 1
3.139. ) =1, XM = |1| + 2| 0], a1, a2 ne pasunr onxo-
0 1 |
3
BpeMenHo Hymo; Ag = — 1, X)) =a |5, a # 0. 3.140. \; = 2,
6
[0\ 0
XM =qal1]; =1, XM =a| 1|; a#0 3141.2= -1,

\0/ -1
(5 -2

XN =a 0] +az] 1]; 2 +a3#0 3142. ) = —1, XM =

\1/ 0
(4

s Aa=2 XM =a|1l; 3=-2 XP)=a|3]|; a#0.
\7 3

2
131430 =2, XV =a| 4|, a #0. 3.145. Tpu mobrrx ¢ # 0, 7
3)

. omepatop A uMeer nBa coGCTBEHHBIX umcaa A1 (p) = cos¢ + ising = ¥,

I

Q
— =
1)

- A2(p) = cosyp —ising = e~*. CoorsercTsyiomme UM COGCTBEHHbIE Bek-

1 1
roper: X1 (¢) = @ ( ) u X (p)=p () , Toe @ 4 3 — Npou3BOIb-
-1

i
. Hble OTIMYHLIE 0T HyIA KOMIUIekcHsle yuciaa. lipn ¢ = 0 u ¢ = 7 onepaTop
A umeer mo oxsoMy cobcrBenHoMy uucay: A(p = 0) = 1, A = 7) =
= —1. B oboux crygaax cobCTBEHHBIM BEKTOPOM ABIAETCA J1060M HeHyme-

T T A e

e

e

BOI BEKTOP U3 KOMILUIEKCHOrO npocrpaHcrsa Lo. 3.146. Yrasanue. K pa-
sencrey (A — AE)X() = O npumennTs omepanmio KOMILIEKCHOTO CONpAme-

v’ 1 3-3i
Dmmn 34T 0 =1, XM =o 2[5 A =243, XM =a[5-3i |;
1 4

TR

PR
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3+ 3
A =2-3, XM = |5+3i|; « € C, a # 0. Yrazanue. Boc-
4
[OJIL30BaTLCA Ppe3yaIbTraToM 3amauu 3.146. 3.149. 6) A, =1/A,.
-83 -59 —45
3.151. ( ] 6). 3.152. | 107 83 67
-t 14 10 3
17 13 13 -3/2 -2 -1/2
3.153. [ -11 e2-8 e¢-8|.8154.D=| 1/2 0 -1/2|,D*=
-11 -8 ¢&2-38 172 2 3/2
-1 11 010 0 2/3 0
= 0 0 0. 3155.D= |0 0 3], D*=1[|1 0 -1/2
-1 -1 1 0 00 0 4/3 0

3.156. llosopor Ha yronm a BOKpYT Havyala KOODAMHAT IO 9acOBOH CTpeNke.

1 0 1 b2 —a® —2ab
3.157. . 3188 ——3 , ecm ab # 0
b/a 0 a?+b° \ —2ab a®-0?

1 0 -1 0
npu a = 0; opu b = 0. 3.159. « IIycts a4, ..., an €
0 -1 01

€ R"™ coorsercrByroT BexTop-cTonbmam marpuntl A. Ilo reopeme Kponexepa—
Kanesmu cucTeMa cOBMECTHA TOIAA M TOJLKO TOTAA, Koraa rang A = rang A,
T.e. BexkTOp b, cooTBerCTBYIOIIMY BEKTOp-CTONONLY B, mpuHANIERUT IUHEH-
HOM 060JIOYKEe BEKTOPOB a;, ..., 4y, KOTOPLIE COOTBETCTBYIOT TAaKMe BEKTOp-
CTpoKaM compAmeHHo#t marpunbl A* (paccMaTpMBAeTCA OeMCTBUTENLHBIN
cayyait). ApudmMeryueckuil BEKTOP X ABIAETCA peLIEHUEM CONPAMEHHON
CHUCTEMELI HO ONPENeIeHHI0 TOCNA ¥ TOJBKO TOrxa, korma (a;, x) = 0, 1 =
=1, 2,..., n, asnauur, u (b, x) = 0. Teopema norazana. B xommmexcroM
cllyyae CTpOKamM Marpumsl A ABIAIOTCA HE BEKTOPHL G1, ..., Gp, @ UX
KOMILIEKCHO-CONPAAREHHbIE, HO OKA3aTeIbCTBO MPOBOAMTCA aHAJIOTHYHO. D>
3.160. CosMmecTHa; obiiee peiuesye CONPAMEHHOH cucTeMsl ce, e =(~1, —1,2).
3.161. Hecosmecrtna; obuiee peieHue CONPAMEHHON CHUCTEMBI C1€) + C2€2,
e; =(-1,1,0), e2 = (-1, 0, 1). 3.162. CoBMecTHa; CONpAMEHHAA CUCTEMA
UMeeT TONbKO TpuBMaibHoe pewmenue. 3.163. ComectHa; obwiee peleHue
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conpAmeHHo# cucrems! Kax B 3anaue 3.161. 3.164. Y kazauue. Bocnomas-
30BaTbcA Teopemott Openronsma. 3.165. Tonbko cucrema ua 3amaun 3.162.

1 0 1 1
0 2 1 0
3.172. E1 - 5 E2 = y E3 = , E4 = , A =
0 -1 0 2
0 0 0 -1,
1000 1 1 1
0100 1 -1 2
= . 3.173. B, = ,E2 = ’ E; = )
, 0020 1 1 4
000 2 1 -1 8
; 1 /1 00 0 .
| -3 0 -1 0 0
E4 = N A = 3.174 E1 = 1 , E2 =
9 0 02 0
1
-27 \0 0 0 -3
E 1 o\ 0
L{: 0, Es = 1}, 4= 0 0]. 3.175. DuaroHaau3upoBaTh
-1 -1) 0
) 1 1 0 [0 0 O)
- HEeJIL3A. 3.176. E1 = 0, E2 = 0 ,E3 = 11, A= 0 0
-1 1 0 \o 0 1
l [ 1 (o\ 1 (2 0 0\
1.-3.177. E; = o, B2 = |1}, Es = |1], A= |0 2 0}].
) \-3 \3) 1 "o o 1)
(1 (1 1 1\
1 0 0 -1
3.178 E1 = y E2 = B E3 = ) E4 = )
0 1 0 -1
o o/ 1 =
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2 0 00 1 0 0
: 02 00 0 1 -1
A= 3.179. E; = , By = , E3 = )
00 20 0 1 1
0.0 0 2 1 0 0
-1 10 0 O
0 01 0 1 2m-1
E, = , A= 3.180. a) :
0 0 0 -1 0o 2m
1 00 0 -1

1 0 2 -1
6) (0 1) IpU 71 YETHOM, (3 2) OpU M HEYeTHOM. Y KazaHue.

3197 -1266
Hcnonsaosats gopmyry A™ = T-1D™T.  3.181. .

7385 —2922
190 189 -189 2/3 1/3
3.182. | 126 127 -126|. 3.183. By = | 2/3|, Ex= | -2/3|, Bz =
252 252 —251 1/3 2/3
-2/3 9 0 0 1/v2 1/V/18
=] 1/3|,D=|0 -9 0{.3184.E=|1/vV2|,E=|-1/Vi8{,
2/3 0 o0 18 0 -4//18
2/3 (9 0 0 1/V2
E; = |-2/3|, D=0 9 0. 318.E = |-i/V2
\0 0 27 : 0
1/v2 0) 2 00 1/V2
= i/\\g),%: 0, D=0 4 0. 3.186. B, = | -1/v2{,
1) 00 4 0
1/v6 000
E, = 1/f (1/\/6 , D= 100 0}. 3187.U =
—1/f 2/v6 0 0 6
2 1+z
= ‘/_. , D= (5 Q). 3.188.U=—1—(2_i _1)
1-i _—_2_ 0 -1 6\ 1 2+i)
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[2/3 -2/3
3.190.U = |2/3 1/3
\1/3 2/3
2 2
_ V5 35
1 4
3.191. U= | ——= —=
Vb 3V5
5
0 —_—
k 3v5
[ 6 0 -4
3203.A=1] 0 6
\-4 2 6
3 -1 -1
1 -3 1
3.205. A' = '
1 1 1
-1 -1 3
3.210. z'2 + 2’2 — 2’2,
xlzzll_ixlz'Fng’
1 1
Q Ty = Ex'z—ax's,
_ 1.,
Lx3“ 3 3

2 2 2
3.212. Z'l + Z’Z - .'Els,
( 1 ! ]

T = 5.1:1 + z5,

< Tz = Z'2+.'L‘§;,

I3 = —zh + 7.

\

i 1
Vi Vi 0
= |1 = ol D = -3
V2 V2 0
0 0 1
-1/3 100
2/3|, D= (o 4
-2/3 00 7
1
g 10 0
3 , D= (0 1
2 0 0 10
"3
011
3204 A= |0 1 2
123
-1
3.206. A' = (2 2).
-3 , 2 -2
-1

12

2 2
3-211. :B'l - Z’z - T 3

— ] ! !
Ty =Ty — Ty — I3,

T2 =) + T5H — T3,

!

I3 = 13.

3.213. 9z'2 + 1822 — Qa:’g,
2 / 2 ! l '
T = gxl + ga:z - §x3,

= —zzi + -2-1’ +ga:'
3 1 3 2 3 3

2 1 2

T3 = 5.’1,"1—§Z'2+§13§.
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3.214. 3z'% + 62'3 — 22'3,

1 ] 1 (] 1 /
T = —-\/-52:1 + 76-1:2 + E.’E;},
2= = etk - =ah + =2k,
V3T VBT V2
1 / 2 !
T3 = —=IT) — —=Th.
V3 V6
3.215. 52'% — o'2 — 2’2 3.216. 92’2 + 18z'2 + 18z'2
«219. 074 2 3 -410. 92"y 2 3
1 1 1
n = %zll + \/693‘2 + \/ixgh T = %xlx - %1"12 + %1"3,
z =-l‘:v'+—1—x'——]:—z' _Zzl 1, 22:/
2 \/51 \/(_32 \/53, $2—31 3332 3t
Ta = _}—.z’ —_— ._2_$, — 2 ! 2 ! ]' 1
3—\/?—)1 \/(—32' 13—§z1+§z2+§z3.

3.218. MonomurenbHo onpemeneHHad. 3.219. OTpunaTesbHO ONpeneleHHadA.
3.220. O6mero suma. 3.221. OrpunarensHo onpemenensasa. 3.222. Ilo-

JA0RUTENbHO onpenenenHad. 3.223. OGmero suna. 3.224. IloromurenpHo
12

onpeneneHsan. 3.226. dmnunc 22—- + y? =1, 0'(-4/5,2/5), e1 =
= (1/v5,2/V5), es = (-2/V/5, 1/+/5). 3.227. Mlapa6ona y'> = 4/2z',
0(21 e1 = (1/v2,1/v2), ez = (-1/v2,1/v/2). 3.228. Tunep6ona

_"i_ - %‘ = 17 O,(la 1)! € = (3/ma 2/\/1—5)7 €2 = (_2/\/E7 3/\/ﬁ)
3.229. Mapamnensusie mpambre =’ = =+ v/5/2, O'(-3/5, -3/10), e; =

= (~2/V5,1/V5), ea = (1//5,2/V5), umm, B Crapbix mepeMeHHSIX,
12 12
2c—y+1=0, 2r—y—4 =0. 3.230. Qumunc =1,

T y
35/6 © 35/36

0'(7/6,1/3), e1 = (2/v5, —1/V5), ez = (1/V/5, 2/V/5). 3.231. lapaona

yl2 - %zla O'(3a 2)1 € = (_2/‘/5a "1/‘/5‘)’ €2 = (1/\/5’ _2/\/5)’

H

2
3.232. a) Ilpir A € (—00, —1) — rumepbona (z — A)? + A (y - %)

3
A +1 :
=5 opu A = — 1 — nBe mepecekarominecA npAMele T — y = 0,

2
a:+y+2=0,npu)\€(—1,0)—-—mnep60na(z—/\)2+)\(y—:1\-)
B+1

== P X = 0 — napa6ona z2 = 2y, mpu X € (0, + o0) — ammumc




OTBeTH H yKa3aHus 269

A A
1= + @+ Ny =1, 00,0, & = (-1/v2,1/V2), & =
= (-1/v?2, —1/v/2), npu A = —1 — niBe mapamiesbHbIe IpAMDBIE T —y+£1 =
=0, mpu A € (-1,0) — smmanc (1 - A)z'2 + (1 + Ay =1, 0'(0, 0),
e; = (-1/v2, 1/v2), es = (-1/2, ~1/V/2), npu A = 0 — oxpymHOCTb
22 +y2 =1, opu A € (0,1) — samume (1 — A)z'> + (1 + Ay'? =1,
0'(0,0), e; = (-1/v2,1/V2), ez = (~1/v2, ~1/V2), npu A =1 — nse
napamiensHpie npAMble £ + y £ 1 =0, opu X € (1, + o0) — runepbona

1-Nz% + Q1+ Ny =1, 00,0, ¢ = (- 1/f 1/V2), e =

2 3 1
(x - A)? + ,\< - 1) = A+ ; 6) mpu X\ € (—o0, —1) — runepGona

= —%, —\}.2_) 3.233. Janunconn —:— + y-; + 5/-5 =1,0'(1,2,-1),
er = (1/3,2/3,2/3), ex = (2/3,1/3, ~2/3), es = (2/3, —2/3,1/3).
3.234. T'unepbonuueckuit mapabosoun a:_; - -y—;i = -2, 0'(1,2,3),
e; = (—2/3,1/3,2/3), e2 = (1/3,-2/3,2/3), e3 = (2/3,2/3,1/3).
3.235. Hnynonocmblﬁrunepﬁonounﬁ + y—ﬂ-— i -1,0'(0,1,-2/5),

475 " 415 4725
= (1/v2, —=1/V2,0), ez = (1/V2, 1N’o ), e3 = (0, 0,1). 3.236.3a-

2

- \/_/4 \/_/2 (—1/40, —19/40, 1/2),
er = (1/v6,1/v6, —2/V6), e = (1/V3, 1/\/5, 1/V3), ez = (1/V?2,
~1//2,0). 3.237. NlapaGonuyeckuti wUIHHAP y? = %z‘, 0'(2,1, -1),

= (2/3,2/3,1/3), e; = (2/3, -1/3, =2/3), ez = (1/3, —2/3, 2/3).
12 12

~ 3.238. QnnunTHyeckut TUAMHID %— + yl =1, 0'(0,1,0), e; = (1/V3,

1/\/§a —1/\/—5)7 € = (1/\/6; "2/\/6; "1/\/6)a €3 = (1/ﬁ1 0; 1/\/§)

2y 2 1 22
3.239. OnnononocTHLIA runep6oa0un A ad =1, 0 <—— —= —)

JunTHYecKuit napadosonn

1/3 1/6 1/2 3’ 3'3)°
e = (1/V3, -1/v3,1/V3), e = (1/v6,2/V6, 1/\/5), 293 =
= (1/v2,0, -1/ v2). 3.240. Tunep6osmyeckutt UAMHAD ;v 7 i/;?’ =1,

0'(1/6,1/3, =5/6), e1 = (1/v/2, 0, =1/v/2), ez = (1//3, —1/V3, 1//3),
es = (1/v6, 2/V6, 1/V6).
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41 11| 11 -111
3.243 Tenzop tuna (3, 0). 3.244. - . 3.245.A' =
8\ -3 7| 7 5

= §-1A(S-)T. 3.246. nP*, te n = dim L. 3.247. a(z). 3.248. i, j),
(i, k), (i,1). 3.249. Ta. 3.251. B(x, y) = o(x)B(y). 3.252. BY = ziyJ,
3.253. Marpuns: Tensopos A/, C;; 0CTAKOTCA CUMMETPUYECKUMIL, @ TEH30pa
B} — neobazatensro. 3.254. B= (60 —1), C = (11 ~7). 3.285.||C}|| =

1 .

2 7 18 6 8 16
= 0 8 221, ||D;|| =16 14 19{. 3.256. Ykasanue. Hcroas-
-1 6 7 3 7 b

aopath dopmyast A' = STAS, A' = §~1AS, A' = S71A(ST)~1. 3.257.a) 1;
6) 2. 3.258. rang A < 1. 3.250. A%, = (4} + A1), Bl = éB,"" -

1 s . - g g 1
_ E(Bltkj L B{zk +B.l7k1 + B{kw ___Blkﬂ), C(ijk) = E(Cijk +Cikj + Cjik) +

-1 3/2 2
+ é(cjk.-+ck,«j+ck,-,-). 3.260.|Sym AY)| = [3/2 1 5/2],
2 5/2 -3
0 2 172
[|Alt Bj{l = | -2 0 -5/21.
-1/2 5/2 0
3.261.
Biyje [J=1|j=2|j=3(j=1{j=2(j=3(j=1|j=2{j=3
i=1| 2 |32 2 | 3/2 -1 2 | -1 | 2

i=2] -1 9/2 1/2 9/2
i=3 6 —9/2| 5/2 || -9/2
k=1 k=2 k=3

ol w
[
-
~
[3V]

Cijr |J=1]j=21j=3j=11j=2]j=38|j=1]j=2]j=3

i=1] 0 0 0 | - 0 0 1 0
i=2{ 0 0 1 0 0 0 0 0 0
i=3| 0 [ -1 o0 1 0 0 0 0 0
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Dy |i=1]i=2|i=3]ji=1]|j=2|j=3]j=1]j=2]j=3
i=1] 2 | 2/3 |10/3] 2 4 |-5/3] 10/3|-5/3| 7/3
=2{2/3| 4 |-5/3 6 0 |83 |[—5/3| 83| 5/3
i=3|10/3 |~5/3| 7/3 || -5/3{ 8/3 [ 5/3 [ 7/3 [ 5/3 | 3

k=1 k=2 k=3
10 0
3.262.7(¢) = £(x). 3.263.7(x,y, &) = §(A(x, y)) 3.264. 10 0 -2
3 0 0

e} = 4e; + e — 2e3,

3.7
3.265. { €2 = ~Be1 —gex+es, 3966 04 3.267. —1. 3.268. —12.

, 11
e;=e; + -2-92 - §e3.

3.269. T)2, = —168, 733, =6.

T'nasa 4

41. My x My = {(-1,a),(-1,0), (-1, ¢), (2, a), (2, b), (2, ¢)}.
4.2. My x My x M3 = {(1,5,a), (1, 6, a), (1, 7, a), (3, 5, a), (3, 6, a),
3,7, a)}. 4.3. Cummerpuyno. 4.4. TpaH3UTUBHO, AHTUCUMMETPHIHO.
4.5. Antucnmmerpuuro. 4.6. Tpansurusno, antucummerpuuso. 4.7. Pe-
(GIeKCMBHO, TPaH3UTUBHO, aHTucuMMeTpuuHo. 4.8. Ilpu & = 0 pednex-
CHBHO, TPAaH3UTUBHO, CHMMETPHUYHO, aHTUCUMMETpUYHO; npu k # 0 aHTH-
cummerpuuso. 4.9. PednercusHo, TpaHsuTHBHO, cummerpryHo. 4.10. a) Ha
[MIaBHOA IMArOHaAM MATPHULLI OTHOLIEHus croAT 1; 6) MaTpuma orHorue-
HUH CHMMETDHYECKadA; B) U3 IBYX 3JIEMEHTOB MaTPHIbI OTHOLIEHUA, CUMMe-
TPUYHBIX OTHOCHUTENLHO INIABHOM AMaroHanu, He Gomee 4eM OOuH paseH 1.
4.11. Y xa3anue. |14 noxasaTensCTBa NOCTATOYHO IPUBECTU IPUMEDSI, 10-
Ka3bIBAIOLLIME HE3aBUCUMOCTh APYT OT APYra CBOKCTB GMHADHOIO OTHOIIEHUA.
Hanpuwmep, na muomectse A = {a, b, c} ornowenue o1 = {(a, a), (b, 0)} —
CHMMMETPUYHO, TPAHSHTHUBHO, UPPEGBIEKCUBHO; Oy = {(a, a), (b, b), (c, ¢),
(c, b)} — pedaercusro, TpaH3uTUBHO, acuMMerpuuHo, 03 = {(a, a), (b, b),
(c, ¢), (a, b), (b, a), (b, ¢), (c, b)} — pedexcuHO, CHMMETPUIHO, UHTPAH-
autueHo. 4.12. g¢ (npu k = 0), 07 — OTHOIIEHHA 3KBUBAJEHTHOCTH;
g5, 0g (nmpu k = 0) — orHowennd mopaaka. 4.13. ¢; — OTHOINEHHe mHoO-
pAnka. 4.14. 02 — orHomeHMe 3xBUBaNEeHTHOCTH. 4.15. 03 He ABJAercA
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HM 3KBUBAJIGHTHOCTbIO, HU nopAnkoM. 4.16. g4 He ABJAAETCA HM SKBUBA-

neHTHOCTbIO, HU mopAmkoM. 4.17. Z/o = {Ag, Ay, ..., An—1}, tae A =
=k+nZ k=0,1,...,n—1; B KayuecTBe MHOKECTBA IpenCTaBUTEICH
momuo B3Ars {0,1,...,n — 1}. 4.18. llycte ¢ — oTHOmEHHE SKBHMBa-

nentHoctn Ha A. Jlna xammoro a € A myers K(a) = {z|zoa}. Tax
KaK ¢ pedruexcusHo, To0 a € K(a) nna wammoro a € A. [oxameM, uroO
rnacesl K(a) nu6o me mepeceratorca, an6o cosmajaror. JleficTBuTeNtHO,
ecim ¢ € K(a) N K(b) u z € K(a), T0 zoa; xpoMme toro, coa 4 cob; us
CUMMETPUYHOCTH U TPAH3UTHBHOCTH OTHOLIEHHUA ¢ CIenyer, 4To Zob, T.e.
z € K(b). Caenosatensro, K(a) C K (b). AHanoru4HO N0KA3bIBAETCA, UTO
K(b) C K(a). 9ru paccymueHud MOKasbiBAIOT, 410 A AsnAerca obnenu-
HeHueMm Henepecekarommuxca kaaccoB: A = {K(aq)|a € I}. Haobopor,
ecn A = {4, | a € I} — pasbuenue MHOmecTBa A Ha HemepecekarmUeECH
nonMHoKecTsa, T0 orHowenue 0 = U {Ay X Ay|a € I} ects orHOwe-
Hue skeuBajeHTHOCTH. 4.19. a) A X A; 6) &; B) Haubonblree OTHOIIE-
Hue sxeuBaientHocTd — A X A, naumenvmee — A = {(a, a)|a € A}
(orHOmeHnue paBenctsa); orHomeHue A X A uMeer onuu Kiacc A, y oTHo-
uresua A Bce KIacChl ONHOBNEMEHTHHI; r) Ha, A; 1) mauboabiuero (mpu
|A] > 1) ner; e) na, aumetinsie nopanku. 4.20. Knaccer skBusaneHTHO-
ctu umeroT Bug a + Z, a € R. 4.22. Ha muomectee 4 = {a, b, ¢}
otromerue o = {(a, a), (b, b), (¢, ¢), (a, b), (a, c)} onpenenser mopamoxk,
OTHOCHTEILHO KOTOPOr0 b M ¢ — MAKCUMAJbHBIE IEMEHTHl, HU ONUH M3
KOTOPBIX He ApnAercA HauboapmuM. 4.23. Ects TonbKO MUHMMANBHBIE 9J1€-
MeHTHI — mpocTbie uncaa. 4.24. I'pagp orxomenua usobpamen Ha puc. 40.
Maxcumanshubie snementsl — 6, 7, 8, 9, 10; MunnManpueit (on me Hau-

Vi

3

Puc. 40 Puc. 41
Menbiiu#) — 1; mHaubonbmero Her. 4.25. I'pad otHomenua usobpamen
ua puc. 41. 4.26. Yrasauue. Ilycts 0 — ortHomenue nopagka Ha A

U sneMeHTsl a, b HecpaBHuMmel, T.e. (a,b) ¢ o u (b,a) ¢ . Torna
T =0U{(az)|(bz) € c}U{(z,b)](z,a) € 0} — ornomenue no-
pAoKa u T 2 ¢. YTBepAIEHUE COPaBEIINBO U MJiA 6€CKOHEYHOr0 MHOAKECTBA.
4.30. I'pacd orHomenua u3 3amaun 4.27 cM. Ha puc. 42a; u3 3amauu 4.28 —
Ha puc. 426. 4.32.2) 0 D A; 6) o ! =o0; B) g2 Co; r)oNo~! CA.
4.33. a) Jla; 6) ue obsAsaTenbHO; B) na; r) He 00A3aTENLHO; 1) B OOILEM CiIy-
4ae OTBET «HeT»; OTBET «[a» TOIAA U TOJBKO TOrma, KOrja o7 = T0; €) ma.
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4.35. < Hycrs (a, b) € (po)7. Torna (a, ) € po, (z,b) € 7 mna Hexoro-
poro z € A. Orciona crenyer, uto (a, y) € p, (Y, T) € 0 ANA HEKOTOPOTO
y € A. C:xenonarem;‘o, (y,b) € or. Tak rax (a,y) € pu (y, b) € o7,
10 (a, b) € p(or). 3uauur, (po)r C p(67). Amanoruyno HoKasbIBaeTcH,

(cv)
(c,w)
(bv)
(b, u)
(a,v)
(a,w)
6

Puc. 42

uro (po)r 2 p(oT). > 4.37. Yrazanue. Ecim p = A x 4, 0 = {a} x 4,
T={b}xAua#b 10 plcN7t)# poNpr. 4.39. zoty, ectu z < y.
4.40. zo'y, ecin y nenurca Ha z. 4.41. Bee, kpome L - L = ||. 4.42. T'padmr
n306pameHs! Ha puc. 43. 4.43. a) lletnu (d, d), (e, €); 6) oyru (e, ¢), (b, a),

a a
e
[ d ¢
oo L

(d, e), (d, b); B) nyru (c, d), (e, e), (a, d), (c, b), (e, b). 4.48. Knacce: or-

HOUEHUA 0\ T — MNOoNapHbIe NepeCceueHNA KIACCOB 0 U T; KNaCChl OTHOILEHNA

(cUT)! nonyuarorca cremyrommM 06pa3oM: Hajo B3ATH Kiaacc A; OTHOIIEHHA

o, 3aTeM o0benuHeHue A, BCEX KIacCOB T, NEPECEKANIUUXCA ¢ Ay, 3aTeM

obbenunenue Az BCeX KJacCoB ¢, mepecekammiuxca ¢ As u T.1.; knaccoMm
[}

Puc. 43

oTHOWEHUA ¢ # T Oyner apnAatbea |J ;. 4.49. Cm. puc. 44. 4.50. a) 2"2;
i=1

A TR

Puc. 44

6) 2'~n; B) 2n(n +1)/2; ) gn.30(n=1)/2; 1) pl: e) 19; =) 5. 4.51. a) n"’;
6) n™n+1)/2 453, a, b, ¢, d — nesbie HynH; a, b, ¢, d — NpaBbIe ETMHMILL
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TaGmuny Kosmu cM. Ha puc. 45a. 4.54. 3 — nByCTOPOHHAA eauHUnNa; Hymel
Her. Tabnuny Komu cM. Ha puc. 456. 4.55. Onepanyua KOMMyTaTUBHA, eCIH

a b ¢ d 1234 +0128 0123
alalalala] 1{3]4]1]2 0[0]1/12]3 0([0j0]0]0O
biblblbl|b 2141723 111]2]3{0f 1]0}]112/3
cleclclcic 311121314 2123|011 2({0}2{0 2
did|d|d|d 412131411 313]0]112 30131271
a 7] a8 P
Puc. 45

TabNyMIa CMMMETPHYHA OTHOCHUTENbHO IiaBHo# muaroHamu. 4.57. a) Ome-
panua obpaTuMa cjieBa, eciid B KamRIOM cTONfHe COmepmaTCA BCE 3JIEMEHTbL
MHOKeCTBa; 0) COKpaTHMa CJIeBa, €CIIM B Ka/RIOK CTPOKe BCe DJIeMEHThI Pa3-

auunbel. 4.58. a) zxy = f_‘%‘_li; 6) yMHOMeHue MATpUL; B) T * § = T;

r) zxy = y. 4.59. Onepanua HeaccouuaTUBHA, HEKOMMYyTaTHBHa; 0 —
npasaa enuauna. 4.60. Onepauna HeacCONWATHBHA, HEKOMMYTAaTHBHA; 1 —
neswlit Hyns. 4.61. Onepamma accomyaTuBHa, KOMMYTaTHBHA; 1 — IByCTO-
pounu#t uHynb. 4.62. Onepamma acconuaTuBHA, KOMMYTaTUBHA; 1 — OByCTO-
poHHAA enuHuna. 4.63. Onepauma accommaTuBHa, KOMMyTaTuBHA; (0 —
IOBYCTOpOHHAA enuHuna. 4.64. Omepanua accondaTUBHA, HEKOMMYTATHMBHA;
(1, 0) — nBycroponuas exuuuna. 4.65. Onepanua acconnaTHBHA, HEKOMMY-
TATHUBHA; TOAIECTBEHHOE oToOpamenue £(r) = T ABIACICA eNUHHULEHN; OTO-
Opamenud ,(z) = a — nesble HynH, npasbix Hyme#t mpu | X| > 1 Her.
4.66. Onepanua acconaTUBHA, KOMMYTaTHBHA; 0 — NBYCTOPOHHAA eIMHMIA.
4.67. 0 — npycroponnAn enquuuna; Hyiett Her. Tabauny Kanu cM. Ha puc. 456.
4.68. 0 — mBycTOopOHHHUH HyNb; 1 —— IBYCTODOHHAA €IMHUNA; HyJe# HeT.
Ta6numy Konu cm. na puc. 452. 4.70. a) unemnorent 0; HUIABDOTEHTHBIX 3/€-
MenToB Her; 0) unemnorents: 0, 1; HumbmoreHTHBIE 3neMenThl: 0, 2, 4, 6.
4.71. WzoMop¢usr MHOmecTBa 13 3amau 4.54 u 4.67. 4.72. Jla, orobpaire-
uue p(z) = a + b — ¢ — usomopduam. 4.75. Her. 4.76. a) Ecim kamnoe
(A;, o) rommyTaTuBHO; 6) ecau kamnoe (A;, o) accounatusxo. 4.77. a) Jle-

Bble (IpaBble) eMMHUIBI — IeMeHTs! Buna (ei, €2, ..., €,), IIe e; — JIeBaA
(nmpaBan) eguuuna B A; mpu ¢ = 1,2, ..., n; 6) nepble (mpaBele) Hym —
At A Bt B,

2 3 4 5 2 3 4 5 2 4 5 10 2 4 5 1
2[alsT-1-] 2[al-1-1-1 2[4]-]-T-] 2[af=T10]-
3Us =1 =1-| 3|=|=]=[=] e[=I=I=1=] 4[=I-1-1-
4 -1=1-1 4| =1=1-1-1 s[=[=[=1=1 s[o[=[-1-
s=1=1=-1-1 sl=l=1=1=] w[=l=1-T-1 10[-1-T-T-
Puc. 46
anemeHTs Buna (6y, 62, ..., 0,), rne ; — nesbi#t (npaBertt) Hynb B A; npun

i=1,2,...,n 4.78. Her. 4.79. Her. 4.80. Cm. puc. 46. 4.81. Jla.
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4.82. la. 4.83. Her. 4.84. la. 4.85. Her. 4.86. {2, 3, 6}, {1, 3, 6},
{1,2,6}, {1,2,3,6}). 4.87. Enununa — A = {(z, z)|z € X} (msycro-
POHHAA); HyIb — & (mBycTOpOHHu#). 4.88. Enmuunma — TommecTBeHHOE
oro6pamenue: €(r) = T m1A M0GOTO T; JEBbIE HYIM — TaKue 0TOOpamMeHMUA
f,uro f(x) = a € X mna moboro z, npasbix uyne#t Her. Ty MORHO CIUTATH
nonnoarpynmo#t By, ecniun B Tx unu B Bx npoussenenun snemeHTOB Gparh
B obpaTtHoM mopanke. 4.89. 5. 4.91. Yxazanwue. llycth S — koneunan
nosiyrpynna u a € S. Torma ¢!t ™ = o' mpu HEKOTOpBIX M, ¢ > 0, a 3Ha-
uut, o'+ 9 = o’ npu j > i. Nokamure, uto (a¥™)? = a¥™ mpu 1OCTATOYHO
bonburom N. 4.97. Yrazauue. 06e wactu pasenctpa abad = e yMHORUTD
ciieBa Ha ¢ W cnpasa Ha b. 4.98.z = a7, y = ba~!. 4.99. z = a~lcb!.
4.100. z = a~ 15!, 4.101.z =bcla. 4.102. Yxazauwue. lycts a € S.
Torpa cymectsyer u € S Takoe, 4To au = L

- " 1 -1 i -i j -j k -k
= a. Tak xaw ypaBHeHme ya = b uMeer VA = ST e T+
pewenxe, To bu = b npu Bcex b€ S. Cme-  _{ 717

IoBaTeibHO, U — mnpasad enuHuna. Ioka- ;i [ [ -,1 ; /: -]k _f‘ f
RUTE, YTO U ABIAETCA Takme jiepod emu- —i|—i| i [ 1|-1|-k|k |j |-f
uune#t. Hamnupe obparsoro snementa cie- /[ =ik k=111 17 |~
IyeT U3 pPaspemnMOCTH ypaBHeHMM Ta = ‘k’ 'kl _Lk f :’J‘ _]i 'il :’1 ;
= U, Gy = U M COBUAjeHMA UX Peme- [T T [ [=i1 111
uutt. 4.108. Yraszauue. Orobpamenue

z = plnz+; (p # 0) ocymectsaaer Puc. 47

u3oMophu3M sro#t rpyonsl ¥ rpynnui R. 4.109. Her. 4.110. CMm. puc. 47.
4.113. Yrazauue. p(a) = p(ae) = p(a)p(e), orvyna p(e) = e'. 4.114.06-
muit Bun romomopduama: p(z) = kz, k € Z. 4.115. Qrobpamenue ¢: T —
+ Za apnAercdA nzoMopdusmoM. 4.116.Yrazauue. Ecmu X ={z;,...,z,}
u A C X, 1o orobpamenue p(A) = (€1,...,6n) &€ =1 & z; € A apanerca
usomopousmom (P(z), A) cZy x ... x Zy. 4.117.a) Yraszanue. Otobpa-
n pas
meHue ¢ — e® ects usomopduam (R, +) u (R4, +); 6) Yraszanue. Eciu
o1 (Q, +) 6bina uzomopdua (Qy, -), To B (Q4, -) 661710 GBI pasperuumMo Jo-
foe ypaBHeHue Buna " = a, uto HeepHo. 4.119. Yraszaumue. Illycts H —
noarpynna rpynnet Z u n — HaUMEHbIIee NOJ0RUTENbHOE YKUCIIO0, IPUHA-
aemamee H. [oxamute sriouenva H C nZ u nZ C H. 4.121. Her.
4.122. Yrazauue. Orobpamenne z — (|2}, e'*8*) — usomopduam G na
Ax B. 4.123.a) H = (3) = {0, 3,6,9}; 6) H = (4,9) = Z;5. 4.124.1,
3,7,9. 4125.1,5, 7, 11. 4.126. 1,3, 5, 9, 11, 13. 4.127. 1, 5, 7, 11,

13, 17. 4.128. w; = exp (2—::—,3) 4.131. wy, ws, wy, wi1. 4.132. lpu

HOO(m,n) = 1. 4.136. Yxasauue. Ypapuenua z” = 1, n € N B 3ro#t
rpynne MOryT uMerb ToibkO mBa pemenuA: 1 u —1. Ilostomy o(a) = oo
naA BCex a, kpome @ = 1 ua = — 1. Quesumno, o(1) = 1 u o(-1) =
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= 2. 4.137. Yrazauue. Ecm ab = ba, 10 o(ab) = HOK(o(a), o(b));

B HaureM ciayuae o(ab) = o(a)o(b). 4.138. Tak war ab = ba, 10 o(ab) =
1t s
= HOK(4, 10) = 20. 4.139. 6, 18, 30, 42. 4.140. z; = —%1 Il

z—_l_iuz 1 4.141. 2; = ex (ﬁ> 29 = ex (@) 23 =
3—\/5 4—ﬁ---1—P5,2—P5,3—

, 9mi
= exp (7—?) ¥ Z4 = exp (%) 4.142. Yrazauue. flcHo, uto B rpynne

Z,, mopAnOK 37€MEHTa a PaBeH N B TOM M TOJBKO TOM CJy4ae, eciu a —
obpasyromuii 97eMeHT, a 00pasyolMy ABAAIOTCA TaKME @, IJIA KOTOPHIX
HOI(a, n) = 1. 4.143. 12. Yxa3anue. HcnonbayiTe MyIbTHILANKATHIB-
HOCTh (yHKnumM diiepa, T.e. p(mn) = p(m)p(n), ecan HOG(m, n) = 1.
4.144. 16. 4.145. 40. 4.146. 1, 10, 5, 10, 5, 2, 5, 10, 5, 10. 4.147. 1,
2, 2, 2. 4.148. o(1) = 1, o(-1) = 2, o(a) = 4 naa ocra’bHLIX 3e-
menToB. 4.149. —HO,ZI(n, o) 4.150. 6. 4.151. 12. 4.152. 1 mpu o =
=0, p*—p*'mpu 0 < a < Bulopu a > B 4.153. p(m), eciu
m|n, 0 B ocranbHbIx caydanax. 4.154. Yrkasauue. Paccmorpers orobpa-
meHue: Zymy = Zpy X Zy, T.e. x = (z mod m, = mod n). Bropoit cmo-
co6: pmorasaTh, 4To 3neMeHT (1, 1) rpynnmet Z,, X Z, uMeeT HOPAXOK Mmn.
4.156. Yxagzanue. BocmonszoBarbea TeM, 9410 mu + nv = 1 npu Hekoto-

1 23 45 6 1 2 3 45 6
peix u, v € Z. 4.157. a) ; 6) .
345 216 6 1 2 45
. 1 2 3 4 5 1 23 45 1 3 4 5
4.158.8) ,6) ;B) ;
4 31 2 5 3 4 5 1 4 3 2
3
)

2 5
2 3 45 1 4 5
;oe) ;
3 1 4 2 1 3 2
1 2
=)
1 2 5

). 4.159. a) (153)(247); 6) (1362)(47); B) (1472365).
1 2 3 4567 1 234567
4.160. a) ;  6) i
3456172 4 3576 21
(1 2 3 456
B

2316 5 4
Yxaszauue. flanaerca npomsseneHneM He3aBUCHMBIX IMKJIOB IJIMHBI 2;
6) 12; B) 2. 4.163.a) (13)(35)(27)(67); 6) (16)(62)(27)(78)(35). 4.164. S5 =
= {e = a® = b%, a, d?, b, ab, a®b}; o(a) = o(a?) = 3, ofe) = 1, o(b) =
= o(ab) = o(a?b) = 2. Tabauny Konu rpynmer S3 cm. Ha puc. 48. 4.165. Onun

BN o W

(%4

4
2
4
4

W W - W

). 4.161. a) (1542736); 6) (15647). 4.162. a) 2.



OTBeTH ¥ yKasaHus 277

3eMEHT mopAnka 1, meBAThL MOpANKA 2, BOCeMb NMOPAIKA 3 U INECTh NO-
panxa 4. 4.166. a) 6; 6) 4; B) 5. 4.167. MennercA Ha IPOTHBONOIOKHYIO.
4.168. |An| = 2 (n22). Ay = {e,(123),(132), (134), (143), (124), (142),
(234), (243), (12)39), (13)(24), (19)(23)}.

4.169. Yrazauwue. llycrs G = {g1, ..., gn}- e _a _a® b ab a%
Kammomy g € G moctasuM B COOTBETCTBHE elelala® biabla®
@ g2 - On alal|d| elab|la®| b
T0ACTaHOBKY 0 (g) = . al @’ elaldbl blab
b| blahlab| e | a?| a
919 929 gng

ablabl b |a®| a | e | &
Orobpamenue g — o(g) ApnAercA BlOmeHMEM DS vy s e ) e e

GrS, 4170.0 > ¢, 1 — (123), 2 o r

— (132). 4.171. (0,0) = e, (0,1) = (12), Puc. 48
1, 0) = (34), (1, 1) = (12)(34). 4.172.i —
— (1324)(5768), j — (1526)(3847). 4.173. Yrasauue. Kamno#t moncta-

11 12 ... in
y Koropo#t (k, ix)-e 3meMeHTh! paBHBI 1, a OCTanbHbIE 9JeMEHThI pasHbr 0.
4.174. QueBuaHo, CyIECTBYIOT POBHO TPH IBHAREHUA 1-ro pona, mepeBoaALIHe
npaBnabHbIlt Tpeyroabuuk ABC B cefa: 910 e — TomImecTBeHHOe oT06pasme-
HUe, @ — N0BOpOT Ha yroi B 120° BOKpYr meHTpa TPEyroibLHUKA, ° — IOBO-
por Ha yroa B 240°. Kpome Toro, uMmerorca TpH OBUMEHHA 2-I'0 POIa — 3T0
CHMMETDPHUM OTHOCHUTENLHO BLICOT TDPeyroabHuka. Ecau omHy u3 sTHX cuUM-
Merpu#t 0603HaUUTL yepe3 b, To npyrue 6ymyr paBHATbeA ab u a?b. Taxkum
obpazom, G(®) = {e, a, a?, b, ab, a®b}. flcuo, uro G(¥P) = S3, u usomop-
¢u3m onpenenserca coorsercteuamu a — (123), b (12). 4.175. G(®) =
= {e, a, %, a®, b, ab, a®b, a®b}, rme a — mnosopor kBagpara Ha 90° BO-
Kpyr ero UeHTpa, b — CUMMeTpUA OTHOCHTENLHO OOHON M3 AuarcHaieil.
Ilpeacrapnenue moncranoskamu: a — (1234), b — (24). 4.176. G(®) =
= {e, a, b, ab}, rne a® = b? = e, ab = ba. G(®) = Z; X Z,. Npencrasnenue
noncranoekamu: a — (12), b= (34). 4.177.G(®) = {e, a, a?, ..., a™"1, b,
ab, ..., a"" b}, a™ = b* = e, ba = a~'b. llpencrapnenye DOICTAHOBKAMU:

ar (123...n), b (2n-1)(3n—2)...(kn—k), roe k = [g] 4.178.|G| =

= 48, G = (a, b, o), mpuuem a* = b! = 0% = e, ba®? = a?b?, b?a =
= a3b?, aba = bab, oga = a3o, ob =bo. 4.179.G = S;. 4.180. G = S;.
4.181. < Ilycts a — neumenue naockoctd u o(a) = n. Eciu ¢ — nBumenue
2-ro poxa, T0 a = bc, rme b — CHMMETDHA OTHOCHUTEIBLHO HEKOTOP O IpAMOMK
[, a c — napannensHbIH nepeHoc BONL 3Tok npaMo. Tak kak a™ = e, T0¢ =
= e, @ 3HAYNT, @ — CUMMETPHA OTHOCHTENbHO npAMoi. Ecnu a — neumeHue
1-ro pona, To 1160 a — mapansenbHbIN DepeHoc, G0 a — MOBOPOT BOKPYT
HeroTopo#t Touku. llapasienbHblt mepeHOC ¢ npu a # € He MOmeT ObITh
9JEMEHTOM KOHEYHOro nopanka. CmenmoBartenbno, a — mosopor. Ilycrs yron

1 2 n
HOBKE 0 = ( ) | mocraBuM B COOTBETCTBME MAaTpHIy 7 X 7,
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noBopoTa paseH . Tak Kak o(a) =n, T0 p = 27r-— roe m, n € Z Tarkum

06pa3oM, 3IEMEHTAaM¥ KOHEYHOrO IOPAAKA B rpynne [BHREHNHA ILIOCKOCTH
ABJIAIOTCA: a) CHMMETPHM OTHOCUTEILHO IPAMLIX (B 3T0M cityyae o(a) = 2);

m
6) NMOBOPOTHI BOKPYT TOYEK HA YIVIBL (p = 27r—7-l-, roe m, n € Z (3pecs o(a) =

=n, ecu (m, n) = 1).> 4.182. < OuepnnHo, NOKAIATEILCTBO J0CTATOYHO
TpOBECTH ML A JEBbIX CMeRHbIX Kiaaccos. Ilycrs aH NbH # o. Torma
cymwecrayer 3emeHT ¢ € aH NbH. Umeem: ¢ = ahy = bhy npu HEKOTOPHIX
hi, hy € H. Eciu z — mo6on sneMeHT ud aH, t0 £ = ahgz, rne hy € H.
Tlostomy = = ahg = ch1 hs = bhah] lhs € bH Bsuny npoussoabHOCTH
anementa T € al mp1 nonysaem: aH C bH. AHanoru4Ho 10KA3BIBAETCA, 9T0
bH C aH. Caenoparensno, aH = bH.»> 4.183. Y kazanue. Bocnonbgo-
BaTbCA pe3yabTaToM Ipensinymuelt 3amaun. 4.185. 0, 2Zy, 4@10, 5Z10, Zyo.
4.186. {e}, {e, a}, {e, b}, {e, ¢}, {e, a, b, c}, ec.rngng_{e a, b, c}.
4.187. dZ,, rne d|n. . 4.188. 8. 4.189. O,Ima — mopAnka 1, ogHa — mopAnKa
p*; p+ 1 — nopanka p. 4.190. Ilo onnoit noarpynne nopanka p” (m < n).

(2" - (21 - 1)
4.191. 3

auuHbit or e. llopAmok sneMeHTa @ ABIAETCA NEIMTENEM HPOCTOTO YUCIA
p, mostomy o{a) = p (pasenctso o(a) = 1 HeBO3MOMKHO, Tak Kak a # 1).
Orciona cienyer, 4To 3JAEMEHTHI €, 4, a2, ..., aP~! pazmuunsr. Iostomy G =
={e, a,a?, ..., a?"'} 2 Z,.>> 4.197. < Tak Kax rpynna Z KOMMyTaTHBHA,
TO NpaBOE M JIEBOE PA3JIOMEHMA COBHAmawT. B rpynne Z omepanueit Asia-
€TCA CJIOREHHE, MOITOMY CMEmHBIe Kiacchl umerr Bun a + H. Cmemubie
raaccsl 0 + nZ, 1 + nZ, ..., (n — 1) + nZ pasnnuHbl, Tak Kak YUCIa
0, 1, ..., n — 1 nonapuo He cpaBHUMBI 110 Momyiato n. (JKa3wiBaercdA, 4TO
APYTUX CMERHBIX KJIaccoB Her. [leficTBurennHo, mycth a + nZ — CMeRHBIN
waacc. Paspgenum ¢ Ha n ¢ ocrarkom: @ = nu + 7, Tie 0 < r < n— 1.
Orcropa mostywaem: a + nZ = nu + v + nZ = r + nZ. Torma paaao-
menne rpynnst Z no noarpynne nZ wmeer sun Z = (0 + nZ)U(1 + nZ)U...

U ((n ~1) + nZ).> 4.198. a) 27 + 40Z; 6) @. 4.199. Paznomenua
o moarpynne H: nesoe: S3 = {e, (12)} U {(123), (23)} U {(132), (13)};
npasoe: S3 = {e, (12)} U {(123), (13)} U {(132), (23)}. Pacnomenne mo
nogrpynne H' (nesoe, mpasoe) S3 = {e, (123), (132)} U {(12), (23), (13)}.
4.200. Y xa 3anue. PaccMorpers orobpamenue A X B — AB, (a, b) — ab.
4.202. ITo noarpynne 0: Zio = {0}U{1}U...U{9}; no noarpynne 2Z1¢: Z1o =
= 2Z10 U {1 + 2Zy0}; no noarpynme 5Z0: Zyo = {0, 5} U {1, 6} U {2, T} U
U {3, 8} U {4, 9}; pasnomenue no noarpynne Zio CONEPAUT onuH kaace Zio.
4.203. A4 = {e, (123), (132)Ju{(134), (234), (12)(34) }u{(124), (13)(24),
(243)}uU{(142), (143), (14)(23)}. 4.204.Y kasauue. Paccymnats Tax me,
Kak B 3anaze 4.182. 4.206. a) (234) - H, rne H = {e, (14)}; 6) e asaa-
erca; B) He ABaAercd; r) Asaaerca noarpynnott H = eH = He; 1) He Asna-

. 4.193. < Ilycrs a — moboit aneMeHT U3 G, or-
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erca. Yxasauue. Mcnonb3osarh pesynsrar samaun 4.195. 4.209. {e},
{e, (123), (132)}, S3. 4.210. {e}, {e, (12)(34), (13)(24), (14)(23)}, As,
Ss. 4.211. Bee momrpymmnt.  4.212. {e}, {e, a, a?, a®}, {e, @?, b, a®b},
{e, a%ab, a®b}, G, ectu G = (a,b), rne a* = e = b?, ba = adbh.
4.213. Yxasaunue. Bocmoms3opathca pesynbraramm 3amaum  4.208.
4.214. HeouepnnHuIM ABIAETCA ML YTBEpAIEHME O TOM, YTO MapaslIeib-
HEIE IIepeHoChl 00pa3yIoT HOpMAaNbHY0 Hoarpynny. JfokazeM 9To oA n-mep-
HOro mpocrpaHcrsa. llycrs @ @ =+ = + @ — mapannenbHLIH IepeHoc, a
B : z — Az + b — npoussonbHoe mBumenue (3nech A — HEBLIDOAIEH-
Haa n X n marpuma). Torna B~ 'aB : z — A™1(A(z — b+ a) +b), 1.e.
B laB: = z~b+a+ A"'b — napannensuert mepenoc. 4.215. Y ka-
sanue. C = {e, a, a?, a®, b, ab, a?b, a®b} — rpynna meumenutt xpampara,
A = {e, a?}, B = {e, a?, b, a’b}. 4.216. < Iycrs z,y € AB. Torna
T =ab y =al,rmeaad € A bb € B. Orciona zy = aba'd =
=a-ba'b"! - bb' € AB, tak rax ba'b~! € A. Kpowme roro, z7! = (ab)~! =
=bla"! = b la~'b-b € AB. 3naunr, AB — nogrpymna. IlycTs Temepsb
A, B < Gugé€G. Torna gAB = AgB = ABg, nostomy AB < G.b>
4.217. a) Ecau H — rpynna wsatepuunonos, H; = {1, —1,1, —i}, Hy =
= {1, _17 ja _\j}a H3 = {ls _11 k1 _k}’ H4 = {1}1 H5 = H; Hg =
= {1, -1} (sce moxrpynus: HopmaibHsl); 6) H/{1} = H, H/H; = Z3 x Z,
(t=1,2,3); H/H = {1}, H/{1, -1} = Z,. 4.218. Yrazauue. G/G,
H30MOP(HA CPYIIe DBMREHHH, OCTABIAIMINX (UKCHPOBAHHYIO TOYKY HEIO-
numuon. 4.219. Z,/dZ, = Z4. 4.220. Uzomopduam ¢: R/Z — T ompe-
menaerca Gopmynont o(z + Z) = e2™%. 4.221. Ykaszanune. Paccmorpers
orobpamenue abA — b(AN B). 4.222. Y kazauue. U3omopduamom rpynn
Gi1x...xXGp[A1%...xA, u(G1/A1)%...X(Grn/Ay) ABnACTICA 0OTOOpameHNe
g(A1 x ... x An) = (9A1, ..., 94n), tre g = (g1, ...y gn) E Gy X ... X Gp.
B3auMuaa 0nHO3HAYHOCTH ¥ COXPaHEHVE ONEPAlMU 30eCh IPOBEPAIOTCA He-
nocpencreenno. 4.225. < Ilycts 0 € S, u kj(0) — KOAMUECTBO LMKIOB
IVIVHB! j B PA3JIOMEHNM 0 B IPOM3BENEHNE HE3aBUCHMBIX UMKIO0B. Ilomcra-
HOBKM 0 W T CONPAMEHbI TOTAA M TOJIBKO TOrAd, korma kj(o) = k;(r) maa
Bcex j.»> 4.229. a) < 24 = 23 - 3, nosromy B rpynne Zo4 GynyT HBe mpuMap-
Hble KOMIIOHEHTEHI: OfHa IVIA p = 2, mpyraa miA p = 3. A(2) — MHOmECTBO
anementos mopanxa 2%, T.e. A(2) = {0, 3, 6, 9, 12, 15, 18, 21}. A(3) —
MHOAECTBO dnemeHTos mopamka 3%, T.e. A(3) = {0, 8, 16}. Zoy = A(2) ®
@ A(3); 6) A(2) = {0, 15}; A(3) = {0, 10, 20}; A(5) = {0, 6, 12, 18, 24};
B) A(101) = Zjo;.>> 4.230. a) < g = (a, b, ¢) — ofmm#t BuI 31eMeHTa
srolt rpynnel. Torma b, ¢ — nro0ble, He paBHBIE HYII0 OXHOBPEMEHHO, HO-
pagsa 5 B Zs @ Zs; a = 4 — eIUHCTBEHHLIK 3J1eMeHT mopAnka 2 B Zs.
Tlosromy umcio anementop mopanka 10 B Zg ® Zs @ Zs pasno 2 - (25— 1) =
= 48; 6) (2% - 1)(32 - 3!) = 42.> 4.231. (0, 2, 1), (0,2,2), (1,0,1),
(1,0,2), (1,2,1), (1,2,2). 4.232. a) p(z) = 0 maa scex z; 6) romo-
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mopduaMm : Z,, — Z, umeer Bun ¢(z) = kz, rae km = 0 (modn).
4.233. a) Yrazaune. Tax rax 36 = 22 - 32, 10 umeerca posHO 4 He-
n3oMop¢HEIe abesnesnr rpynnst nopanka 36. 310 Zy @ Zg, Ly ® Ly ® Ly,
ZyDZLs DL, Lo DLy ® L3 D Ls; 6) Ay = Zg @ Los, Az = Lg ® L5 © Ls,
A3 =22 DLy D Los, Ay =Ly DLy ®Ls ®Ls, As = Loy S Lo D Ly ® Zss,
A =Zy®Zo ® Zo ® ZLs ® ZLs; 8) Ay = Zzo @ Zg, Ay = Z16 ® Zy @ Zs,
A3 =ZLg DLy D L3, Ay = ZLo® Ly DLy D L3, As = LoD Ly DLy DLy Ls,
As =Zo D2y DLy DLy DLy DLz, Ag =ZLo D Lo ® LoD Zs ® Zo ® Zs.
4.236. a) Hom(Z1s, Z320) = Z2. Bce romomopduamsr 13 Zig B Zgg MMEIOT
Bug £ — kz, rne k = 0 man 9; 6) Hom(Z, Z) = Z. 3pmecs ¢(z) =
= kz, k — moboe nenoe; B) Hom(Zp,, Z,) = Z4, toe d = HOO(m, n);
r) Hom(Z, A) = 4; ¢(n) = na. 4.238. 6) Tabmuusr Kemu rpymn Zg u

o CM. Ha puc. 49; B) Z}y & Zy, L = Zy X Ly. 4.239. a) p* — p'7Y;

Z; 1 3 5 71 Zigl 3 7 9

11112157117 111]3]719

313111715 31319117

S{51711]3 717117913

717151311 9(19[713]1
Puc. 49

6) p® — p; B) p° — p*. 4.243. He nnnaerca. 4.244. flznaerca. 4.245. flana-
erca. 4.246. He asaaerca. Y rasaumne. Ilpoussenenue sinkz - sinlz =

= l(cos (k — 1)z —cos (k + l)z) e aBnaerca cymmo#t cunycos. 4.247. flsna-

ercAd. 4.248. He asnaerca. Ywxasaunue. [[poBepurn BBIOIHEHHE AKCH-
omnr (K3). 4.249. Ilpu n > 1 He apaserca. 4.250. flpnaerca. 4.251. flna-
ercA. 4.252. He apnaerca. Y kaszanue. llposeputs BBIMOTHEHHE AKCHOMBI
oucrpubytusnoctu. 4.253. a) flennerca; 8) e = 3. 4.254. 0. 4.255. 18.

4.256. 27. 4.257. 7. 4.258.8. 4.259.p> —p + 1. 4.262. YxazaHue.
-2

B xombue Z, amementnr 172, 272, .., (p—;—-) coBmanaoT (C TOYHO-
p— 2

CTBIO [0 IIEPECTAHOBKHU) C 3IE€MEHTaMHU 12,22, ..., (——2——) . 4.263. Yra-

3aHue. BocmonpzoBathca pasenctsom k! + (p— k)7 = E(;&—I?)— B

kombue Zy2. [Manee, ucnombsya pesyabrar samauu 4.262, nokas3aTs, 40

Y ——— = 0 B xoabue Z,. 4.264. Yxa3zaune. Bocnonn3orarsca pa-
% k(k—p) ,
1\? 1 1
BEHCTBOM | 3. 7 = > zt 2y — B Koubne Z, U peayIpbTaTaMH 3a-
i<j

nmau 4.260 u 4.263. 4.265. 1, 3, 5, 9, 11, 13. 4.266. 1, 3, 7, 9, 11, 13,
17. 4.267. Oyurouu, He ofpamatommeca B 0 Ha [a, b]. 4.268. p? — p?.
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4.269. Pemenutt ner. 4.270. 11. 4.271. 2, 6. 4.272. 3, 4. 4.273. Pe-
wennit Her. 4.274. 9, 15, 19, 25. 4.275. Hanpumep, koabmo 2Z Bcex
4eTHBIX uncel. 4.276. < IToT mpuUMep MOMKHO CTPOMTL MHOTHMHM CIOCO-
Gamu. Hampmmep, tak. PaccMorpmM nsyMepHoe AuHEHHOE IPOCTPAHCTBO
L nag R. Ilycts a, b — Gasuc L nan R. Jnementsr u3 L uMmeror Bum
ca + (b, rme o, § € R. Ha muomectse L yme ecth onepauua ciome-
HMA, BBeneM ollepanuio ymHomenudA. Illomomum piia Ga3UCHBIX DJIEMEHTOB,
Hanpumep, a> = b, ab = ba = 0, b? = a. 3wuan npouzsenenue 6a-
3UCHBLIX BIEMEHTOB, M3 AKCHOMBI TMCTPUGYTHBHOCTY NOJIYyIHMM IIPOU3BENCHHE
mobp1x anementos u3 L: (aa + b)(ya + db) = aya® + Byba + adab +
+ B6b%? = ayb + (éa. ITo KONBIO HeaccONMATHBHO, Tak kak (aa)b =
= a’b = b2 = awua(ab) = a-0 = 0.> 4.277. Yrazauue. lycrs
z+z=1uny+ y =1 YMHOKbTE IIEPBOE PABEHCTBO CIPABa Ha ¥, a
BTOpOE ciaeBa Ha z. 4.278. [InA xoabma, COCTOAIIETO M3 OXHOro 3iemeHTa 0.
4.282. Ta. 4.283. p(n) = 0 mua ecex n € Z. 4.284. p;(n) = n, pa(n) =
= 0 maa Bcex n € 2Z. 4.286. Ykazauwue. llpoBeputs, uro oroGpamenne
k— (k mod m, kmod n) ABIAETCA U30MOPPU3MOM Kosell Zypy — L B Zy,.
4.287. < Eciu mb1 nokamem msomopouam (P(X), A, N) u Zy & ... & Zy,

N’

n pas .

TO IpoBepka akcuom konbna mia P(X) me morpebyerca. Iocrpomm oro-
6pamenue ciemyioumm obpasoMm. Bynem cumrats, uro X = {1,2,..., n}
(sT0 mpenmonomenue He orpaHuumsaer obmmoctn). Naa A C X nonomum
o(A) = (e1,€2, .., €n)yTHe E; = 1npni € Aneg; =0mnpui ¢ A To
€CTh KARIOMy HOIMHOMKECTBY MEI CTaBMM B COOTBEICTBHE CTPOUKy M3 0 m 1;
B wactroctH, @(&) = (0,0,...,0), (X) = (1,1,...,1), »({1,3}) =
= (1,0,1,0,...,0). flcho, ur0 ¢ — B3aMMHO OIHO3HAYHOE OTOGpamKe-
uue. llposepum, aro ¢ — u3omopduam. Ilycrs A, B € P(X) u p(A) =
= (Ela €2y vy En); ‘p(B) = (771’ N2y c0n T’n)i (p(AAB) = (Ch G2y ooy Cn)
Ecmmi € Ani€ B, 01 ¢ AAB, nu Mb1 umeeMm: €; =1; = 1, ¢; = 0.
B srom ciyvae {; = €; + 7;, Tak Kak 1 + 1 = 0 8 Z,. Ananoruuso paccma-
TPUBAIOTCA NpyrHe caydan: ¢ € Au i € B u T.10., ¥ B 3TUX CIy4aAX MbI
Takme nouydaeM (; = €; + 1;. Cnemosatensuo, p(AAB) = ({1, ..., Cp) =
= (€1, .- €n) + (M, -- ) = p(A) + p(B). AHanornyHo I0KA3LIBA-
erca, ut0 p(A N B) = p(A) - ¢(B). 4.298. Her. 4.299. Ta. 4.300. Her.
4.301. Jla. 4.302. IToste momyunTCA, €CIIM N HE ABJIAETCA KBAIPATOM B Zp.
" 4.303. 1. 4.304. 5. 4.305. 10. 4.306. 0. 4.307.9. 4.308. 13. 4.309. 1; 4.
:\ 4.310. Pemenntt ner. 4.311. 4. 4.312. 4. 4.313.2,8,9,15. 4.314. 2 =17,

1 1

/3 4 1
L y=8 4315.2=9,y=5 4316.2) |1 4 6]; 6)
2 6 3

[ = T

1
00
01
10

— O
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4.317. a) 3; 6) 2. 4.318. < Tak wak Z; = {1,2,...,p~ 1} — rpynna
no ymuomenuio u |Zy] = p—1, 10 a?~! =1 naa seex a € Z;. 3nauur,
a? = amnpu a € Z,,, a # 0. Kpome roro, 0P = 0. IHostromy a? = a

+1
mia Beex a € Zp.p> 4.319. Pt — . Yrazaune. Bocmons3aytitecs tem, 4ro

+1
2 = (-z)%.  4.320. T Yraszanue. Bocronbayitech pesyanTatoM

npenwipyuredt sagaun. 4.321. Yrazaunwue. Bocnonbayfitech peayinraToM
samaun4.133 a). 4.322. Her. 4.323. < Ilycrb Fu Fy —nonau R=FOF'.
Monomum a = (1, 0), b = (0, 1). Herpymuo suners, aro a # 0, b # 0.
Bmecre ¢ TeM, ab = 0. CnenosarensHo, R — He mone.>> 4.325. 4 pa =
=a+...+a=a-1+...+1) =a-0=0.> 4.327..< lycts 1 — enu-
p pa3 p pa3
nuna noia Fy. Torma sneMenr 1 asnAerca rakme epuuuuelt nona Fy. Ecaun
n-1=08 F, ton-1 =08 F, u Haobopor. [loaromy xapakrepucTury mosuei
Fy u F, pasusrp> 4.329. < Ilo hbopmye 6unoma Hrtorona (a + b)P = a? +
+ ClaP™'b + C2aP720* + ... + bP. Paccmorpum koaddumment Cj, rae

_pp=1)..p-i+1)

1 <@ < p—1. Tak xak p — upocroe, 10 C; = .

il
memde. Tax xax HOL(i!,p) = 1, 10 (p — 1)...(p — i + 1) menurca Ha
il, cremoBaTeNnHO, C' nemntca Ha p. Tak wax char F = p, 10 C’ =0
B none F, a 3Haqm, (@ + b = a? + b*. [lanee mpuMeHuM m-myrc-

n n— - - p n
o mo n: (a + b)P = ((a+ b)? 1) = (aP gyt ‘) =a" +
+ 07" .> 4.330. a0 + a’fb* + a*b'® + b?0. 4.331. Her. 4.332. |F| = 25,

a 0
charF = 5, Fy = {(0 )lans}. 4.333. q(x) = 2% + 4z — 4;
a

r(z) = — 10z + 19. 4.334. g(z) = 2%; r(z) = 22 — 1. 4.335. q(z) =
=4z 4+ 1; r(z) = 2% + 4. 4.336.q(x) = 2% r(z) = 2% + = + L
4.337. r(z) = —13—055 - —;— Yrazauue. f(z) = g(z)(z - 1)(z + 2) +
+ r(z), rme 7(z) = ax + b. 4.338. g(z) = 23 —2® + 3z - 3; r(z) =
= 5. 4.339. q(z) = 2z* — 62° + 1322 — 39z + 109; r(z) = - 327.
4.340. g(z) = 3z* + 723 + 142% + 9z + 5; r(z) = 0. 4.341. q U3 no-
cienuHelt crpoku anropurMa Epkiauma caenyer, uto 75 (z) | rx—1(z). Moaun-
MafACh HA OOHY CTPOKY BBepX, moayumm: 7i(z)|re—z(z) = rr—1(z)qr(x) +
+ ri(z). Paccympan aHamoru4HO M momHUMasAch BBEpX, OyHeM HOJIyYaTh:
r(2) | rk-3(2), Tk~a(2), .-, 11(2), 9(2), f(z). Tarmm obpasom, ri(z) —
o6muit menurens mHorowieHos f(z) u g(z). IMycrs d;(x) — waroft-nmbo
o6t menutens muorowienos f(x) u g(z). Tax kax dy (z)| f(z), 9(x), 10
di(z)|r1(z) = f(z) — 9(z)q1(z). JBHraace BHH3 1O CTPOKAM AITOPUTMA
Esrauna, 6ymem moayuats: dy(z)|r2(x), di(z)|rs(z), ..., di(z)|re(z).
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Hrak, i () neantca Ha mxo6oft obwuit neantens muorounetos f(z) u g(z),
suaunt, ri(z) = (f(z), g(z)).> 4.342. a) < Jonamem BHauade DaHHOE
yTBEDARIEHHE IJIA NBYX MHOrowreHos. Ilycte d(z), dj(z) — MHOroueHs,
KamIbI# U3 KOTOPLIX YIOBJIETBOPAET ONPENEICHUI0 HauG0IbIIIero 06IIero ae-
aurensa mHorowieHoB f(z) u g(z), a ri(x) — Hanbonpmutt 06w NeIUTEND
9TUX MHOICWIEHOB, IOJYUeHHBIN ¢ momoinbio anroputma Eskiaupma. Torma
di(z) | (z) (cm. 3anmauy 4.341). Tak kak ry u d; onHo#t creneny, 1o d (z) =
= prr(z) npn neworopoM p € F, p # 0. Ananoruuro d(z) = vri(z), roe
v € F, v #0. Orciona crenyer, uto d(z) = (vp~')d;(z). Iaa n MHorouwre-
HOB I0Ka3aTe/bCTBO IPOBOAUTCA MHAyKuKed no n. IlycTh maHbl n MHOrOWIE-

HoB fi(Z), ..., falz) u d, di — ux nauGonbume obmme meaurenn. Torma
d(z) = (u(z), fa(z)), di(z) = (u1(z), fa(z)), rne u(z), uy(r) — Haubonn-
mye 061Me AeTUTeN MHOTOWIEHOB fi(Z), ..., fa—1(z). Ilo upennonomenmio

unnykmun u = Bug, rne f € F, § # 0. 3uaunt, d(z) u d; () — HaubGons-
muit o6wuit nenuTenb MHorowieHos u(z) u fp(z). Ozcioma d(z) = Ady(z)
npu mewxotopoM A € F, A # 0. 6) Ykrazanue. [Jokasath CHa4ajia, 4To
d(z) = f(z)u(z) + g(z)v(z), rae d(z) = (f(z), 9(z)), mBurancs mo crpoy-
KaM anroputma EBrianpa cHusy BBepx; 3aTeM pacCyA&maTh II0 MHIYKIAM. >
4.343. a) < Hycts (f(z), g(z)) = d(z). Torma f(z) = fi(z)d(z), g(z) =
= g1(z)d(z), rne (fi(z), g1(z)) = 1. Homommm M(z) = fi(z)g1(z)d(z).
flcro, uro M(z) — obwee kpatHoe MHorowreHos f(z) u g(z). okamem,
uro u(z) | M(z) naa moboro u(z) ofuwero KpaTHOro MHorowreHos f(x) u
g(z). Tak nax u(z) | f(z), To u(z) | d(z), cnenosarensho, u(z) = ui(z)d(z).
Taxr xar u(z) | f(z), 10 u1(z)| f1(z), mosromy u1(z) = fi(z)v(z). Tar kak
ur(2) | f2(2), 10 f1 (2)0() | fo(z); ysursan, ato (fi(c), fo(z)), nonyaae:
v(z)| fo(z). 3Bmauur, v(z) = w(z)f2(z). Tarnm obpasom, M(z)|u(zr) =
= u(2)d(z) = fi(2(@)d(=) = fi(D)w(2)f2(c)d(z), 1.e. M(z) — Hau-
MeHbInee obmee kpaTHoe muorowieHos f(z) un g(z). 6) Ykazaune. Coxpa-
HAA 0603HAaYeHNA OyHKTa a), noayunm: M(z)d(z) = fi(z)g: (z)d(z)d(z) =
= fi(z)d(z)gi(z)d(z) = f(z)g(z). Iaa npyroro HammeHbIero oburero
" wpataoro m(z) mmeem: m(z) = AM(z) (A € F, A # 0), a 3Hauur,
f(z)g(z) = A\M (z)d(z).> 4.344. <2 - 222 —z2-6=1 (23 +2-2) +
+ (=222 -2z — 4), 2* + z -2 = (0,5 + 0,5)(—2z% — 2z — 4). Tak
Kaw —22%2 —2r -4 = -2z +z+2), 102 + T+ 2 — HahGombmntt
06wt neanTeas MHOrowreHos. > 4.345. 22 + z + 1. 4.346. z% + 2z + 3.

4.347. ¢ + 2. 4.348. 2% — 1, rne d = HOl(m, n). 4.349. d(z) = 2% — 2,
Cu(z) = —z—1; v(z) =z + 2. Yrazanue. [lua HaXOMIEHUA MHOTOIe-
HOB u(Z) # v(z) HBUraThCA IO CTPOKAM AIropuTMa EBKinna CHM3Y BBEpX.
4.350.d(z) =2° + 1, u(z) = -1, v(z) =z + 1. 4.351.d(z) =2 + 2z +
+ 3, u(z) = 3z + 2, v(z) = 2z + 4. 4.352.4z* - 2723 + 6622 — 65z + 24.
4.353. a) 3; —1; 6) +iv/2, +£2iv3. 4.354. Ha. 4.355. llpn HeveTHbIx n.
.. 4356.a =0, b =1 4357.a =1, b = 4. 4358. (2> + o + 1)x
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x(z —2)(z + 3). 4.359. 2% + 2% + z + 1. 4.365. (z + 1)(z + 2)x
x(z —5). 4.366. (z — 2)(z + 3)(z® -z + 1) HanR (z = 2)(z + 3)x

X (m— l—i\/ﬁ) (z+ l—i\/_) nan C. 4.367. ]'I (x——em;tkz) Hal

2 2 k=0

m 2 27k
C; sax R mpu nevernmix n (z—1) [] (= -—2xcosT+1 , THE M =
k=1
- m 2
== l,nnpuqefmmxn (z-1)(z+1) ]I (x2—2zcos—z—k+1),rne
k=1

2
n

m=—. 4.368. (z? + 1)(z + 3)(z~2) man R, (z +i)(z —i)(z + 3)(z —2)

2
nan C. 4.369. (z + 3)(z + 2)(z® + z + 1). 4.370. (z + 1)(z + 3)%
4371 (¢ + 2)°. 4372 (z + 4)(z + 5)(&* + 1). 4373, (2% - 2 + 2)x
x(z? + 2z + 2). 4.374. (a: + 1)5. 4.375. (2% + 3)(z? — 3z + 3)x

x(z? + 3z + 3). 4.376. n (z — 7). 4.377. 2% + 42 + 1. 4.378.2z° +

+ 2z + 2. 4.379. JIa. 4.380 IIa 4.381. Her, z = 1 — wropenn. 4.382. [Ia.
4.383. a. 4.384. [la. 4.386. < Paccymnaem ananornuHo 1oMy, Kak Eskaug
IOKa3bIBaJl GECKOHEYHOCTh MHOMECTBA mpocThiX uucen. Ecau py(z), pa(z),
.+ +y Pn(x) — BCe HepHUBOAKMMEIE MHOTOY/IEHbI, TO MHOTOWIEH Py (z)-p2(z)-. ..
...pn(z) + 1 MeeT HeIPUBOIUMBIN MHORUTENb, ONIUYHLIH 0T p; (2), p2(T),
.y Pn(z), — nporusopeune. > 4.387. Y kazaunue. Paccymnats «veromom
or npornsHoro». 4.388. Ykazauue. Bocnonb3osathca pesynantatoM Ipe-
oeipyweds 3agaun. 4.389. Y xa3aune. Bocons3osathca pesyanTaToM Hpe-
oeipywedt 3agagn. 4.390. Y kazaunwme. Bocnonb3osarhca xpurepueM Jit-
senmretina. 4.395. 23 + z 4+ 1, 23 + 22 + 1. 4.396. f; = 2% + 2z + 1,
=z +2r+2 fa=22+22+2 fa=2+22 42z + 2
2f1, 2f2, 2fs, 2fs. 4397. 2% + z + 1, z* + 22 + 1, z* + 2® +
+ 1 + 7+ 1. 4.398. 2. 4.399. Taxux a mer. 4.400. 2, 3. 4.401. 0.
4.402. Hanpumep, z8 + z° + 1 (cero Takux muorowrenos 9). 4.404. Y ka-
sanue. Mycrs f(x) = 2P —z + a = fi(z)...fm(z), rme fi(z) — He-
npusomuMbl. Y6emutbcAa B TOM, UT0 fi{Z + a) = fi(z) npu HeroTopbIX
i 1 o, ¥ BOCIOJb30BAaTbCA Pe3yIbTAaTOM Ipenbimymed samaum. 4.405. F.

4.406. Q. 4.407. {a + bi|a, b€ Q, i> = —1}. 4.408. Her. 4.409. Her.
~11z+8 z? + 4z
.410. Ta. 4.411. 2% — 21 1 —_—
4.410 i[a 141 xl 2x+§ PR 4.412, 4m+3xi+x+4
i i
4.413. - - - - ]. 4414, - [ -———
4(1:—1 :c+1+:c—i z+1 (a;__(l.f.l)/\/'

1 1
4.415

1 1
RN, x—(—l—i)/ﬁ+z—(1~i>/ﬁ)‘ A1 1

27 1 T
. 4.416. — > -
( a:+2+a:+3) 6 16 (:c—l)’*’-*-(ac-!—l)2
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z z 3 3 3 1
(—-9)? (+i)? z-2 z+1 :c-i+:c+i 4417, 3>
x(:till_zza-:l—-;i-1>' 4418, zll.(zil‘*.:t-l}-l_:czzf—l)'
' 3 3 1 1
4.419.R($+1_$—1+(1’—1)2+(.’II+1)2+Z2L:-1+(36211)2).
4°420'-<1i(_$ -li- 1 :2:-11 (233(::11))2>' 4'421'::1: t j— 1t (z : 1)2 *
+ ﬁ 4.422. ;12 F o mil. 4.423. ;3—%%:_—1 +
R e ¥ 4.424.-3;+x11+$i2+if1f. 4.425.-:§Oxik.
4.426. —:};:11 r’f—zk' 4.427. a) %:E;:lox—wk’ re wi = exp (2—7;&) Hax

C; 6) npu HederHOM N 11 .2 "R/* __zcos(2mk/n) — 1 H
’ nz—1 n 2 22 -2zcos(2rk/n) +1
R: mpm sersiom 1 11 1 1 2727 geos(2mk/n) — 1
’ nz—1 nz+1l n, T z2-2zcos(2nk/n)+ 1"
sa28. 15 ("—+2”—k)1) s.420. 28
NEg=0T — Wk n 6]

' 12 1

4.430. x‘p—(—x)- —n. 4.431. ¢ (z) = wlz)e (a:) 4.432. Hanpumep, ooue

o(x) v*(x)
Zo(z) panmoHanbHBIX GyHKOuNA HAD n0aeM Zg GECKOHEUHO U MMEeT Xapak-
tepuctury 2. 4.435. 3. 4.436. 0. 4.437. £ = —1 — Kopenn KpartHocTH 4.
4.438. * = 2 — peykparHwilt kopenn. 4.439. Yxazauwue. Jowasats,
uro f u f' B3ammuo mpocThr. 4.440. > 3. 4.441. 3125b% + 108a% = 0,
a# 0. 4.442.a) +2; 6) 3. 4.443. -5. 4.444. < lIlyctb F — none, I < F
n I # 0. Boasmem anement a € I, a # 0. Ilo akcuome (I19) cymecrsyer
anmemenT a”!. Taxn wkak a € Iu 1 =a"!-q, 101 € I. Ecin r — mpomz-
. BONbHBIN 3neMeHT M3 R, tor =r 1 € rI C I. Caenosatensno, R = I.>
4.447. Hanpumep, A = {f(z?)| f(z) € Flz]}, B = {f(2%)| f(z) € Fla]};
tar kak z2z3 # f(z?) + g(z®), 10 A + B He ABNAETCA NMOOKONBLLOM.
4.448. Na. 4.449. 0, 2Zsqg, 4720, 5Z20, 10Zg0, Z2o. 4.451. a) < Jlonamem,
¢« 910 mZ + nZ = dZ, rne d = HOlI(m, n). He#icTBurensHo, Tak Kak d|m,
. 10 mZ C dZ. Ananorusno nZ C dZ. Tak kak d — HanGonbmu# o6t ne-
JUTENDb, TO IIPX HEKOTOPLIX Z, Y € Z uMeeT MecTO paBeHCTBO d = mz + ny.
Cnenosarensno, d € mZ + nZ, a 3naunt, dZ C mZ + nZ. Takum o6pazom,
mZ + nl = dZ; 6) mZNnZ = tZ, rne t = HOR(m, n); 8) mZ - nZ =
= mnZ.> 4.452. 2Z. 4.453. Z. 4.454. 20Z. 4.455. 24Z. 4.456. 0 & 0,
Zy®0, 0©Zy, Zy ®Zy. 4457. A Ecn I = 0, 10 I = f(z)F[z] nan

an

-1

, TIe Wy = exp(
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f(z) = 0. Iycrs reneps I # 0. BuiGepem B I HeHynepo#t MHorowex f(z)
nanMenpieit crenenn. Tar kak f(z) € I u I — unean, To BCe MHOTOWIEHBI
f(z)g(z) npu g(z) € Flz] nemar B I, 1.e. f(x)F[z] C I. Ocramocs noxa-
3ath, uto I C f(z)F|[z]. BoabMem mroGot anement h(zx) € I. Pasmenum h(z)
Ha f(z) c ocrarkom: h(z) = f(z)u(z) + r(z), rne degr(z) < deg f(z). Tax
xak r(z) = h(z) — f(z)u(z) n h(z), f(z) € I, 10 r(z) € I. Tak kax f(z) —
MHOrowteH HamMmenbluedt crenenu u3 I\ {0}, o r(z) = 0. 3mauur, h(z) =
= f(z)u(z) € f(z)F|[z]. Beuny npoussonsHoctn snementa h(z) € I mony-
vaem: I C f(z)F|[z]. Tarnm obpasom, I = f(z)F[z].> 4.489. Ilpu n > 1
A He aBnaerca npasmiM umeanoM. 4.460. < Ilycrs I — npmean wkoabua Z.
Torna I aBnAerca noarpynno# rpynnst (Z, + ). Panee 6bw10 mokasaHo, 9To
BCAKaA moArpynna rpynnst Z umeer sun nZ (cM. 3amavy 4.119), roe n € Z.
Cnenosarensho, I = nZ.> 4.461. < Eciu I — upean konbua Zy,, T0 10 CII0-
meHuo | ABNAETCA MOArpyNno#t rpynnsl Zy. Iloarpynmnsr rpynner Z, UMeKT
sunl aZy, tae a|n (cM. 3apagy 4.187). 3uaunt, B xonbue Z, BCe MIeabl
raaeube. > 4.469. Zog = 9Zo4 ® 16Zy4, 3mecs 92 = 9, 162 =16, 9-16 =
=0; 9Zq4 = Zg, 16Zoq = Z3. 4.470. Zys = 10Zy5 @ 36Z45; 10Z45 = Zy,
36Z4; = Zs. 44Tl azx? + Bz +y+ I, mmea, B,7y€R, I = (23 -22% +
+ 4)R[z]. 4.473. < Beakuit unean wonbna Z umeer sun nZ, rme n € Z.
dnemenTH! artop-koabna Z/nZ umetor Bun a + nZ, roe a € Z. Ilpoeepum,
4TO MMEETCA POBHO N CMemHBIX KaaccoB: 0 + nZ, 1 + nZ, ..., (n - 1) +
+ nZ. JeficTBUTENbHO, MYCTh a + NZ — CMemHBIN KIACC; PA3AENUM a HA T
cocratkoM: a =nu + 1, 0 < r < n; teneps @ + nZ = (nu + r) + nZ =
=71 + (nu + nZ) = r + nZ. Cromenue CMEARHBIX KIACCOB OCYLIECTRIACTCA
no mpasuiy (ry + nZ) + (ro + nZ) =r + nZ,rae r = (r; + r2) mod n.
Ananornguo maa ymuomenua: (ry + nZ)(ry + nZ) = r' + nZ, tne v’ =
= (rir2) mod n. QueBunHO, CMERHBIE KJIACCHI MOMHO HOCTABUTH BO B3a-
HMMHO OJHO3HAYHOE COOTBETCTBUE 3IEMEHTaM KOJIbLA BLIYETOB Zy: k € Z, —
— k + nZ. lpu 370M CIIOMEHUIO CMERHBIX KIACCOB Bymer COOTBeTCTBOBATH
CTOMEHHE 110 MOAYIIO 7L B KOJABUE BHIYETOB, 8 YMHOMEHUI0 — YMHOMEHHE
.10 Monymto. n. CiemoBarenbHO, MMeer mecto u3omopouaMm Z/nZ = Z,. >
4.474.0 + 4Zg, 1 + 4Zg, 2 + 4Zg, 3 + 4Zg. 4.475. a) Z,; 6) Zg. 4.476.0,
Qlz]/(«*-1)Q[z], (z~1)Qfz]/(z*~1)Qlz], (2* + = + 1)Q[z]/(z>-1)Q[z].
4.477. p'R/p"R (1 =0, 1, ..., n). 4.479. Heob6azateasHo. 4.480. < Ompe-
memum oTobpamenue ¢: Ry &...@ R, = (R /1) ® ... ® (Rn/I,) no dop-
myre o(ri, ..., rn) = (1 + i, ..., 7y + I,). Henocpencreenno mpoepa-
ercd, 4to ¢ — romomopdu3M m kerp = I} & ... ® [,. Tak rax Imgp =
= (Ri/,)®...® (Ry/1,), To no Teopeme 06 n30MoppuaMe MBI HONIydaeM
Tpebyemoe. > 4.481. < IlocTpoum orobpamenue ¢: R — R/aR & R/bR, no-
naraa ¢(r) = (r + aR, r + bR). flcro, uro ¢ — romomopduam. Hattzem ero
anpo. Ecm p(r) = 0,107 € aRur € bR, 1.e. r = ax = by Npu HEKOTOPKIX
z,y € R. Tak kak R = aR + bR, 10 1 = au + bv npu wexoroprix u, v € R.
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Orciona monywaem: = = aru + brv = ru + bxv = byu + bzv € bR,
a 3HaunT, 1 = az € abR. Mm nmokasamm, uro keryp C abR. flcmo, uTo
abR C kery. Cnenosatennmo, abR = kery. Ilo Teopeme 06 1430M0pqmsme
IOJIy4aeM MCKOMBIH u3oMopdmaM. D> 4.482, PasnomuM MHOTOWIeH 13 — 1
Ha HENPHBOAMMBIE Haf noneM R muomurenn: 23 —1= (z-1)(z® + z + 1).
Muoroq.neum £—1uz? + T + 1 B3aUMHO IPOCTBHI, MOITOMY 3AMHIIEM
Rz}/(z® — 1)R[z] = R[z]/(z — 1)R[z] IR[:L‘]/(:I: + z + 1)R[z]. "3 npr-
mepa 27 sroro maparpada caenyer, uto R[z]/(z? + z + 1)R[z] = R[g],

rne § — kopeHb MHOTOWIeHa 2 + = + 1 (moﬁoia 13 IOBYX, HalpmMep,

= 11—%—@) Tax kak 0§ € R[i] n i € R[], 10 R[] = R[i] =

Cnenosatensho, R[z]/(z® — 1)R[z] 2 R@ C.> 4.483. C. 4.484. Q @ Q[¢],
1413
e ( = ———“-;z\/g 4485. RO R C. 4.486. Cd C. 4.487. Z5 @ Zs.
4.489. a) z = 39 (mod 60); 6) z = 187 (mod 210). 4.490. 2622 + z — 3.
4.492. 3. 4.493. 1. 4.494. 2. 4.495. 2. 4.496. 2. 4.497. Her. 4.498. Ja.
4.499. la. 4.505.6% + 20. 4.506.0 + 2. 4.507.46% + 20. 4.508.+(0 + 2).
4.509. £20. 4.510. 6% + 6%, 6% + 0, 6 + 6% + 1, 6> + 0 + 1. 4.511. 2.
4512 1. 4.513. 3. 4.514. a) Fy = Z, (upocroe mojmose) ¥ camo moje
'F;6) Fp = Zg (mpocroe nonmoine), Fi (mome u3 4 3neMeHTOB) U camo mole

 F. 4.515. (-5 (V8 + 2v2 — 4v/2). 4.516. -1—(—3(93 + 562 + 20 + 7),

e 6 = /=3. 4.517. %76 —-5-9Y5 + 19\/— 4.519. a) Ia; 6) mer;
f B) ma; r) ma. 4.520. Hanpumep, 6. 4.521. Hanpumep, 6% + 1. 4.522. Ja.

b 4.523. Her. 4.525. 6. 4.526. 9. 4.527. 18. 4.528. 48. 4.529. l(pz—p).

4 530. 240. 4.531. 60. 4.532. Hanpumep, z2 + 6. 4.533. Hanpmvlep, 4+
[ +6z +1,rme 6% =0+ 1. 4.534.dim; F =1. 4.535. dim, C = 2; 6a3uc:
1,4. 4.537. dim F, = n?. 4.541. < Ecim a € A, a # 0, T0 a He apxA-
| eTCA menuTelreM Hme, nosTomy orobpamenue A — A, T — za, ABIAETCA
BlomeneM. Baumy roro, yto dim A < oo, Mb! momygaeMm, yro Aa = A.
' AnanmoruuHo gowasmisaercda, 4to aA = A. 3HauMT, ue = a nPU HEKOTOPOM
u € A. Orciona cienyer, 4To Tua = Ta, a MOTOMY Tu = T Ipu BCeX T € A.
 Taxum 00pazom, u — mpasaa enununa. Jamee, zuy = Ty mpu Beex ¥, cile-
HOBATeNbHO, Uy = Y, T.€. u — JeBad enuHMua. PasencTBo Aa = ad = A
' IOKA3LIBAET, UTO BCAKUM anemeHT a # 0 MMeer 00paTHBIH. ITO 03HAYAET,
i ato A — Teno.p> 4.542. Tak wak (aa)a = (a + b)a =a? + ba =2a + b
i u a(aa) = a(e + b) = a® + ab = a + b, To anrebpa A HeacconuarusHa. >

1+ a4+ a?

3 . Herpynso npoBeputs, 4T0 ug = gu = u

' 4.543. < llonomum u =
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1A Beex g € G, a sHavuT, ur = zu 1A secex £ € RG. Kpowme toro, u? = u.

3uaunt, RG = RGu @ RG(1 — u). Hnean RGu — onsomepHasa anrefpa,
usomopduaa nomo R. Mnean RG(1 — u) nsymepusiit, ero 6asuc — v, w, rae
v=1-u, w=a(l~-u). Npusrom v? = v, vw = wv = w (r.e. v —
enununa anrebpst RG(1 — u)), w? = a*(1~u) = Bu~—1—a)(l —u) =
=0-(1-u)—a(l —u) = —v—w. Tabmuna ymHOmeHHA 3TON amrebpbr
BLIIAMAT TaK:

w|\w | -v—-w

DJIEMEHT W yNOBIETBOPAET YPaBHEHMI0 W’ = — ¥ — w, T.€. W — KOPEeHb
muorounena z2 + z + 1. 3mawmur, RG(1 ~ u) & Rlw] = C. Urax, RG =
= RGu ® RG(1 —u) ® R@ C. Orciona crexyer, 4ro rPynnoBaA ajire-
6pa RG nmeer posHo 4 upeana: 0, RG, RGu, RG(1 — u).> 4.544. Jla.
Yraszanue. JocTaTouHO MPOBEPUTH accOmMATUBHOCTh (zy)z = z(yz) maa
z,y,2 € {a,b}. 4.545. u = a — b — enununa amrebper A. 4.547. Cm.
Tabauny:

4.548. a) Her; 6) na. 4.549.p~q—r. 4.550. 0, FG, FGu u FG(1 — u),

rneu=}—_'2—-—‘(’l. 4.553.a + b~c 4552.a=1, 38=0,y=0, d =1

4.556. 2) —1 + 2 + 4j + 3k; 6) —4 — 4i + 2j; B) ~512(1 + i + j + k);
r) 11—4(3 ~2i + j). 4.558. a) Her pemenust; 6) z = —;—(1 + j)k—;—(l —-1) =

1 . ) )
22(1+i—]+k); B)x = Bi +vj + 0k, rme B2 + 4% + 8% = 1.
4.559. z = %(2 -2+ ), y= %(z —J + 2k). 4.560. Hennsa, rak rak
ij # ji. 4.561. R.
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