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IIpejaucaoBue

B monorpadun nzjioxKeHbl HECKOJILKO PAazjie/ioB reoMeTpuie-
cKoit Teopur (PYHKIMIA, B paspaboTKe KOTOPHIX aBTOD IMPUHUMAJT aK-
TrBHOE ydacThe. OCHOBHBIM HCTOUHUKOM 1POOJIEeM JiIst HAC ObLIN BO-
POCHI, BO3HUKAMOIIMC TPU U3YUCHUM KPACBBIX 33141 MATCMATHIC-
CKO (PUBHKIL.

[napa 1 mocesimeHa pasBUTHIO KJIACCHIECKOTO HUPHUIIUHA COOT-
BETCTBUS I'PAHUI ¢ YIETOM TTOTPeOHOCTEH KpaeBbix 3a1a4. OHa CBd-
3aH4 C TOMOJOTUUECKUMU TEOPUAMA CTEIEHU U HAKPBIBAIOIIIX 0TO0-
pazkeHuii, CoJIepKUT 110J1ydeHHoe 1aMil 00001eHne TeopeM Ajlamapa
u Baraxa-Maszypa o Jioka/JibHO 1oMeoMOp(hHbIX 0TOOPAYKEHHSIX.

B rmaBe 2 ommcalbl MCTOALI TTOCTPOCHES TOCTATOMHBIX YCIO-
BUiT OHOJUCTHOCTH anajuTuidcckux gyukiuii. Hanbosee riybokue
pe3VABTATHI CBA3AHBI ¢ TeopemMamu 3. Hexapu o mBaprmane. OHn
npumensinch JI. Anbdopcom, T'. Beitiem u JI. Bepcom jiist siBHOTO
OTIICAHHST KBAZHKOH(MOPMHBIX MPOJOJKEeHUI 1 mpocTpaHcTB Teiix-
MIOJIIEPA, ITO CTHMYJTHPOBAJIO JAJbHeAIIe HCeaeI0BaHuSI.

B riaBe 3 pacemarpuBaercsd (HpyHKIMOHAILHO-IEOMETPHICCK Uit
MOXO/ K MOCTPOCHUIO KJIACCOB OAHOJNUCTHBIX U P-TUCTHBIX 0TOOPa-
JKEHUIT. 3aBepIIaroleil T1acThIo 9TOM TVIABLI ABJISICTCS MTPEIIOKEIITas
HAMIT TEOPU JOIMYCTUMBIX (DYHKITMOHAIOB.

lnaBa 4 nocesitiiena obpaTHBIM KPaeBbIM 3aja9aM. 3J107KeHbI
TEOpPeMbI CYIIECTBOBAHUS, YCJIOBUS OJIHOJIMCTHON PA3PEITUMOCTH Psi-
Jla 3a/1ad, B TOM 4ncie u npuk/aHbiX. K orum 3ajadam npuodiimi
menst JI. A, Axcentnes, korjia st OBLT erie CTY/eHTOM Kazamckoro
TOCYTapCTBEHHOTO YHIIBEPCITETA.

naBa 5 coepKUT HECKOJIBLKO CAMOCTOSTETHLHBIX CIOXKETOB, 00b-
€/IMHEHHBbIX Ujleell UPHMEHEHHsI FeOMeTPHIECKOH Teoprr (OYHKITNH B
KpaeBbIxX 3a/adax. Kparko nanararorest HeCTaH IapTHbIe UPHMEHEHHST
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HEEBKJIMJIOBBIX METPHK, pelierne Kiaccuieckoit 3a1aun Cen-Benama,
OTIMCAHBI TAKYKE JIBE 3ajla4l TEOPUH KPbLIa, IPE/ICTABIEHbI Pa3JInt-
HBIC OICHKHU B POCTPAHCTBAX SUIMYIIA 1 Biioxa, a Takzke nccie/i0-
BaHWA HO TAPMOHNYECKUM W OUTAPMOHUIECKUM OTOODArKEHHIAM.

[Teproe mzanne MoHoOrpaduu B0 B 1996 roay Tupaxxom 110
SKIEMILIAPOB W CTAJO MPAKTHICCKH TEeTOCTYIIIBIM IITHPOKOMY KPYTY
quTaresiei.

Hacrosiiiee Bropoe nzjiaHue BO3HUKJIO U3 TONBITKH BOCCO3/1aTh
SJIEKTPOIITYI) BEPCUIO KHUI'M. 3aMeHa CTHIeBoro (aiijia npupeia K
TOMY, UTO MHE MPHILIOChL «IIPUUIecaThy, BECh TEKCT. Kpowme Toro,
B KHUTY BKJIFOUEHBI HEKOTOPDIC JOHOJTHCHNS, & UMCHHO, HOJIHYHKTHI
3.3.4, 5.4.1, 5.4.2, 1 0bHOBJICH CINUCOK JUTCPATYPDL.

OcHoBHOW MaTepua KHUTH ocTajicst mpexkauM. [Ipn pegakTi-
POBAHTITT TIAMIT JTO0ABJIEHBI OT/ELHBIE CJIOBa U MOSCHSONTIE (DPasbl,
IO/IIPABJIEHbl HA3BAHHs TVIAB W HaparpadoB, HEKOTOPhIE CTPOIHBIE
GOpMYJIBI CIe/IaHbl BRIHOCHBIMH, M3MEHEeHbl 0003HAYEHUST 0DJIacTei:
crMBOJT I 03HAYAECT CTAHJIAPTHRIA € IMHUYHBIN KPYT, 8 CUMBOJI £ YI10-
Tpebigercs i obosnadcud ob1acTH B ODIICM CIyvac.

[TogiBetimeM 9Toi KHUTH 1 00341 TPEXK/IC BCETO MOCH KeHe
[Turre Bacuibesiie, caenaiieit opurniai-maker B IXTEX mepsoro ms-
Janns. OHa MoMoryia MHE W B TIO/ITOTOBKE HACTOSIIET0 n3/aHus. Bia-
rojapro Takxke P. B. Makaposa u P. I'. Tlacubysirna 3a mmoMors B
MO/ITOTOBKE OPITTHAJ-MAaKeTa HACTOATIETO U3TaHUS.

Pabora nojyiepkana Poccniickum naydibiM - (DOHJIOM, HTPOEKT
Ne 18-11-00115.

Kazanckuit gpegepabiniii
yHuBepcuret, apryct 2019 roga @. I'. Asxajucs
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I'maBa 1

Pazpurue npunnuia

COOTBETCTBUA I'DAHUIL]

Kaaccuveckuis npurnyun coomeememeus 2panuy, ymeepxcdaem o0-
noaucmmnocmy gynryun f(z) 6 acopdanosoti 0dnoceasnoti obaacmu
QCC, ecru

1) f(2) anarumuuna 6 €2,

2) nenpepvieha 6 €2,

3) f(Q) C C u omobpasicenue floq : 0Q — f(OQ) Acasemen
20MEOMOPPUIMOM.

XOpOITIO U3BECTHO, YTO STOT PE3YJIbTAT UMEET TOHOJOITIECKY O
HPUPOJLY ¥ CHPABEINB TaK:Ke JIIT OTKPHITHIX W 30 HPOBAHHBIX
(T. e. BHyTpeHHUX) oTOOpazkenuii. /fokaszaresberBo sToro akra u
ecTecTBeHHDbIE 00600IeHnsT n3nokenbl B MoHorpadgusx C. Crowmmosa
[85] u M. Mopca |69]. Teopust HaKPBIBAIOIIUX BHYTPEHHUX 0TOOPazKe-
mnit C. Cronmosa u obiiast Teopema o Hopgakax (ummekcax) M. Mop-
ca u M. Teiinca HAXOAAT pasHOOOpA3HBIC HPHIOKEHHS B KPAEBBHIX
3a/1a7ax.

InaBa 1 copepKuT pernienne HeCKOJLKUX 3a1a49. U3ydatored cu-
Tyalldy, BO3HUKAIOIIUE B KPAEBBIX 3a/a4aX ¢ HEU3BECTHBIMU I'DaHU-
MAMH, KOT/[a UPHMEHEHHE CYTIeCTBYFOIIUX TeoPHit JInb0 HEBO3MOXKHO,
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b0 sarTpy/HATETHLHO. MBI HHTEDECYEMCsI, IVIABHBIM 00Pa30M, KOH-
bopMHBIME 0TOOpaAKEHUSMU ¥ AHAJTUTHICCKUMU (DYHKITUSIMEI KOM-
HJIEKCHOI'O HepeMeHHOI‘O C Ky(fOL[HO—l‘JI&,’LKHMM l‘paHl/lL[HblMI/l 3Ha4de-
HUAMHA.

[Tepexoj1 K BHYTpeHHUM 0TOOpaKeHUAM 00YCJIOBIIEH €CTeCTBEH-
HBIMI UPHUXHAME: 9TO HE YCIOKHACT JIOKA3ATC/ILCTB U PACIIUPACT
001aCTD HPIIOZKCHIIA,

Ocoboe mecto 3anumact HynkT 1.1.3; HOCBAMCHIIBI 0000ITICIHH-
sam TeopeM Anamapa u Bamaxa-Maszypa o jiokaibio romeoMopdIbix
oTobpazkenmsx 0baacTeil eBKANZOBA HpocTpancTa R™ mpu n > 2.

KiroueBpivMu pesyibTaTaMi IIaBbl 1 apagrorcsa TPH CICAYHOINX:

meopema 1.1.2, obobwarowas meopemy Adamapa v Banaxa-
Masypa (unmepecro, u 6aotcHOL 0Af NPUAOKHCERUT €6 YACTIHBLE CAY-
yau, Ko20a

K= f(T) = {oo}, n=2 wuw n=23),

— meopema 1.2.1 00 odnospemernotil pauuonasviot napamem-
PUSGUUL KOHEWHO20 YUCAL OPUEHMUPOSAIHHIT KEG3U A0KAADHO NPO-
CMBLET KPUBHLT;

— pemma 1.3.1 0 mounwx ouenxaxr undexca [lyanxape 6 3a6u-
cumocmu om undexca Yumnu U 0pyaur 4ucA08ulT TaAPaKMepucmur
BPAULEHUS KPUBOT.

1.1 BnayrpeHnnue orobpakeHus

Pacemarpusarores saytpentne B embicsie C. Crounosa (T. €. OTKpPbI-
TBIC 1 W30 UpoBatbie) otobpazkenus f @ ) — C obmactn {2 pacru-
pennoit miockoctn C. OcHoBHAZ 3a1a9a — OHHCAHHE CBAZCH MEHKLY
YUCIOM KOPHeil ypaBHeHust f(2) = a U JIOKaJbHBIMHU, & TAK¥kKe Ipa-
HUYHBIMU XapakrepuctukaMu Gyrxinn f(z).

9



B IIpOCT(*)I/UIHH/IX CJlydadx IpegaroJaratoTcd 3ajiallllbIMIL:

— JloKaJbioe nosejieriie f(z) B {) 3a MCKITFOMEINIIEM KOHETHOrO
UG OCOOBIX TOYCK

{tk:} =1 C Qv f(tk:) = 0

rpaHuvHBIE YCA0BUA THHa yeaoBuit M. Mopca na xKaxaoit n3
KOMHOHeHT cBszHocTH (0€2) \ T

1.1.1 TI'panuunbie ycjosus M. Mopca

[Iycrs 0 — v - ceoasHast objacth B C, orpaHnyeHHas 3aMKHYThIMHI
)opjtaHoBbiMu Kpusbivmu Ly C C, k = 1,..., v. Ciejys M. Mop-
cy [69], ¢.103, orpeenM rpanITHbIC YCIOBUS I BIY TPCHIICTO 0TOO-
paxenus f : 2 — C apyma TpeboBanusaMIu:
a) dns M060t eparunmott mouku t € 0K cyuecmesyem KoHeHoL
uAu beckoneunvll npede
lim f(t), ze€Q,

z2—t

m. e. gaxmuvecku onpedeaeno omobpasicenue

) = C;

o~

f:

6) daa M060t epanunot mouru t € O cywecmseyem OmEpPLIMAL
ceaznan dyea I C O) maxan, wmo t € I u omobpasicenue

Fll:1l=f()cT

20MEOMOPPHO.
Host muozkectBa X C ) uepes p(f, X) obozHaunM MakcuMa/ib-
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HOE YHC/I0 JUcToB orobpaxkenust f | X, T e.

pUf. X) = sup #{z € X : f(z) =W},

WweC

rae #Y 03HauYaeT YucIo TOYeK MHOXKeCTBa Y .

IIpennoxenmne 1.1.1 I[Tyemv dynxyus f(z) mepomopdra 6 obaa-
emu ) C C u ydosaemeopsAem yYKasannvim 6bUe 2PaHULHbLM YCA0-
susam Mopca a) u 0).

Tozda f(z) asaaemea KOnewHoAUCMIOT 6 3aMKNYMOT 06AACTU

Q2

m. e.

7

p(f, Q) < o0,

6 wacmnocmu, f(z) umeem KOHEwHOe YUCAO NOACO8 6 S).
Kpome mozo, wucao xopuets ypasnenus f'(z) = 0 e (2 maworce
KOHEUNO.

Joxasamenvcemso. Ecan f(z) He ABAAeTCS KOHEYHOINCTHOH B
2, TO CymIECTBYeT CXOJSINasIcst K HeKOTopoit Touke ¢ € JS) noce o-
BATETHLHOCTh HECOBITAIAOIIIX TOUYEK

LEQ j=12...,
TaKHux, 4TO
f(zj):w0:00n3t667 7=12,....

[lycrs wy # 00, [ — jiyra u3 rpannaioro ycjiosusi 0) Jijid TOYKHM ¢
I, — oTKpBITas cBaA3Has jyra, Takas, ato t € L u [, C 1. Iycrs,
nagee, [, — KopaaHoBa JIyra, JjexKaliad BHe () 1 COeTUHSIONAass KOH-
IIbI OTKPBITON CBaA3HO ayrH ;. [Tyers € — objacTh, orpanntiennas
kpuBoit | U l,. Tormza Q, N Q = 0.

Nspectro (cm., wanpumep, [69], ¢.106), aro romeomopdusm

f | 11 Moxker GBITh HPOJIOJIZKEH JI0 HEKOTOPOIO COXPAHSIFOIIEr0 OpII-
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CHTAIIIIO TOMEOMOP(I3Ma f Beell TIOCKOCTH na cebsd. DyHKIms
F(z)={f(2), z€Q; fl(z), z€Q U}

ocytecTrsgeT BuyTpennee mo C. CTOMIOBY 0TobpayKeHrne 0bIacTi

[

!
I

5N
-~
C

=
C
[
o~

1o Teopeme F0. FO. Tpoxumayka [87], ¢.84, npuuem t € Q.

[To reopeme ejiHHCTBeHHOCTH, F'(2) = wy BCOJY B Q, caejo-
BaresibHo, (yHKIUsA f(z) = const B NPOTHBOPEYUH C IPAHUIHBIM
VCJIOBHCM 0).

Coyaait

wy = f(z;) = 00

CBOJIUTCS K M3YUelomy 3aMeHolt fi(z) = 1/f(z).

[Ipennonoxkny renepn, 4To ¢ € OS) ABAACTCS MPEACTOM IIyJIeit
z; mpousBofnoit dynkimn f(z), j = 1,2,..., npudem z; # 2z, 1pn
J#k
Bes orparnmienis obmHOCTH MOXKHO cHUTaTh, 9T0 f(1) #£ 00.
B nekoropoit okpecraocru Uy C Q rouxn ¢ sanumem npejcTraB-
acnue C. Cromiosa:
F(z) = glw(2)),

rjie w — romeomopduam Uy na cedst, g(w) anamurnana B U,

Yeaosue f'(z;) = F'(z;) = 0 Bieuer 3a coboit HEOAHOINCTHOCTD
F(z) B m0b0it OKPECTIOCTH TOUKH 2;, CJACIOBATCILIO, ¢(w) Heom-
HOJIMCTHA B JI000f1 OKPECTHOCTH TOUKH w; = w(z;) npu z; € U,
[osromy ¢'(w;) = 0, 1o

lim Wi = W(t) S U().

j—o0

Toma 10 TeopeMe €JIUIICTBEHIIOCTN JIJId aHaJIUTUYICCKUX beHKHHﬁ7
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g(w)=08Uy, T e f(z) = const B Q. Iomydentoe HpoTHBOPETHE
3aBEPIIAET JTOKA3ATETBCTBO.

['patHHTHOE YCIOBHE B CISIYIONIEM YTBEPKJACHHH TPEICTABIAET
coboit yacTHbI ciaydail yeaosuii Mopcea, ecii JOHOJIHUTEILHO HPEJI-
HOJIOKUTD, 9T0 f(2) anajntudna B obaacTh ().

IIpenjoxenune 1.1.2 I[Tycmo ) u QO — swcopdanosvr obaracmu 6 C,
L =01, L= 0Q".
Ecau oxpansaiowee opuenmanuio snympenee omoopasicenue
f:Q—=C
NeNPEPLLEIO NPoIOAANCUMO 1a §) U

J(L)yc L, flz) # const,

a) f(z) asaaemes xonewnoruemnot 6 €, f(Q) = Q*;

J

6) cyweemsyem uesoe wucao p > 1, maxoe, wmo oas m06020
a € (2 ypaswenue f(2) = a umeem p xopued 6 ) u wucao npoobpaszos
mouex semeaenus f 6 2 pasno p —1 ¢ yuemom xpamiocmu, Kopret
U NOPAJKOG MOYUEK BEMBACHUA,

6) npu MoHoOMonHOM deusicenuy mowky t 6doav L 6 noaostcu-
meavhom nanpasienut, mowka f(t) MOHOMONHO 6 HECTNPO2OM CMbIC-
A€ 06xodum L* 6 mounocmup pas 6 nosodHcumesvHom nanpasAeHul.

Hoxasameavemso. Tlockosbry f(z) # const, o f(Q) — 06-
JIACTh, OATOMY U3 YCJIOBHIL TEOPEMbI CPasy CJIEJLyeT, 1o



[Tycrs
w:2=>C n o:Q0"=>C

roMeoMopdu3MbL, iprieM @(2) — 0o u $(w) — 0o npu cTpemie-

HUM 2 U W COOTBETCTBEMHO K I'PAHMYHBIM ToUKaM (2 1 2*.

Orobpazkernne
g—dofop

sipasiercst BHyTpennuM B C, npuuem g(¢) — oo npu ( — 00. Cie-
JIOBATE/IbHO, ¢ TOINOJIOTHYECKU SKBUBAJEHTHO OTOOPAsKEHHI) C OMO-
b0 Hekoroporo nosmuoma P(z) (em. [85], ¢.163). TTosromy yrBep-
KJCHUA O HoBeAcHur orobpazkenus f B € CACAYIOT U3 TPOCTBIX
CBOICTB OTOOPAKCIHS BCCH TJIOCKOCTH Ta ¢eOsi ¢ MOMOIIBIO TOJTH-
noma P(z) # const, Ipu 9TOM THCIO P ONPEACTACTCA KAK CTCICHD
nosuroma P(z).

J11st m3yveHusi IPAHUTHOIO TT0BejieHns f(2) BOCHOJIb3YEMCsT 11DE/T-
crapiennem C. Crowioa. Umeem f(z) = F(1(2)), ryie ¥(z) — romve-
omopduzm € na cebsi, F'(¢) anasuruiauna B objactu €.

Orobpazkenme F' @ Q — QF g9pagerca p - AUCTHLIM, IPUTICM
F (1) 10KaJIbHO OJHOMICTHO B 3aMbIKAHWUW () 06JIACTH, 38 MCKITIOUe-
HIEM MHOKECTBA,
Xo={U1,..., 1}

KPHUTHICCKUX TOUCK, T. €. TeX TOUEK, JJist KOTophix F'(1)) = 0.

Kpowme toro, B cuity kopjanosoctu 2 u 0*, orobpaxenne F
OyJleT HelpephIBHBIM 1 JTOKaJIbHO oHosmeTHbIM B \ X|) 110 Teope-
ve Kapareogopn  [47], ¢.46, nostomy ¥(z) = F7'(f(2)) ssaserca
HENPepPBIBIBLIM B ().

[TockoJIbKY TPAHUTHOE COOTBETCTBUE MIPH OTOOPAYKEHUN aHATII-
Tudeckoit gpyukimeit F'(1) onpejenserca Ha ocHOBe TeopeMbl Kapa-
TEOjI0PII, TO JIJIsT 3aBEPIIEHUsI JIOKA3ATEThCTBA, JIOCTATOYHO M3YIUTh
I'PaHUYHOE COOTBETCTBHE JIjTsi ToMeoMopduaMa 1. bes orpaHudeHmsi
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ODIIHOCTH JIOCTATOTHO PACCMOTPETh e/IMHIIHBIH KPYT
D={z:|z| <1}
BMecTo obstactu (2. [Tosib3ysich MOJSPHBIMU KOOD/IMHATAME, 0O03HA-

UM

V(e") = explit(f)], —oo <t <oo, —o0 <0< o0

Crpaseminpa

Jlemma 1.1.1 Omobpasicenue
exp(i0) — exp(it(0))

ONUCHLEAETM, 2PUHUNHOE NOBEJEHUE HEKOTNOPO20 HENPEPLIGHO20 6 D U
COLPARANUELO OpUEHMAUUI0 20Mmeomopdusma v @ D — I mozda u
moavro mozda, xoeda Gynryua t(0) asiisemen nenpepusHot, Heyool-
6aWEl U YIoBAEMBOPAEM, YCAOBUIO

L6 +2m) —t(6) =2r

oas 06020 sewecmeennozo 0.

Joxasamenvemeso. HeobxoamMocThb YKa3aHIbIX CBOCTB ¢(6), HyK-
mas HaM A/ 3aBePIICHus J0Ka3aTeILCTBA Mpeatokennda 1.1.2, mo-
ITH OUEBU/IHA.

JeHcTBATENBHO, eCIi ¥ — HeNpephIBHLIT B I roMeoMopdusm
D na cebst, 10 (D) = D 1 us coornomerst

b(e”) = explit(0)

cpazy cjiejyer CylecTBoBane HenpepbiBHOM (hyHKImn t(0), yiosie-
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TBOPSIOLICH YCIOBUSIM:
t(0 + 2m) — t(0) = 0 (mod 27)
ISt J1H060T0 BEIICCTBEHHOr0 @, npuieM
{t(0) : 0 <0 <27} Do, 27 + af,

T. ¢. t(#) # const.

Oynkims t(0) 6ygeT MOHOTOHNON B HECTPOTOM CMBICIC T
|t(0+2m) — t(0)| < 2m,
TaK KaK CCJIH
0, <0y <0 <2n+0,, V(") =),

u [ — xopza, coeaunsiomas Toukn et u e to onpepensgemulii [ Kpy-

FOBOI CErMEHT, CoAepyKallliil Ha IpaHulle TOuKy e

, OTOOpazKaeTcst
¢ TOMOIIIBIO 1(2) Ha JKOP/aHOBY 00J1acTh ¢ rpanunei ¥(1) u, cieno-
BatebHo, 1(e) = 1¥(e), 1. e. t(0) = t(0,) ans Beex O € [0, 65).

Takum obpasom, t(f) MOHOTOHHA B HECTPOTOM CMBICIIE 1
L0+ 2m) — t(0) = 2.

Curydail OTpUIATETLHOTO 3HAKA HEBO3MOYKEH B CHUJTY TOTO, UTO 1 CO-
XpaHsieT OPUEHTAIHO.

JlOCTaTOYHOCTD JIOKA3BIBAETCA KOHCTPYKTHBHO. [lyeth 2 = re'
u(r,0) — dyuknus, rapyonuveckas B Kpyre D u menpepbishas B DD,
ABAAIONIALACA PElenueM 3a/laun Jupnxsie B Kpyre Ipn rpamndnom
YCJIOBUU

u(l,0) =1t(0) -0
¢ HenpepbiBHOI (dbyHKImeit ¢(0) — 0.
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DyHKITHS

m) il0+u(r0)]

Y(re") =re

ABJISCTCS HelPEPLIBHON B 1D H 0HOMMCTHON B 1D, Tak Kak mpu (uK-
cuposantoM 1 € (0, 1) dyHKIus

s(r,0) =0+ u(r,0)

MOHOTOHHO pacreT Ho 0. JleficrBuresbHo, Jyist jiroboro 6, € (0,

i

27)
pyHKIHSI

up(r, 0) = s(r,0+ 0y) — s(r,0) = Oy + u(r,0 + 6y) — u(r, 6)
ABJIACTCA HEIPepbiBHoil B 1D, rapMonuiceckoii B 1), 1o
ug(1,0) =t(0 +0) — t(0) = 0, wo(r,0) £ 0.

CaemoBarespio, npu 0 < 7 < 1 HO HPUHIUHY MaKCHMyMa OyaeMm
uMeTh ug(r, 8) > 0 mast moboro 6, ato n TpeHOBATOCH JOKA3ZATD.

Cayyaait p = 1 nipejyioxkenus 1.1.2 gaeT ciieyiomiee yTOUHEHNE
KJIACCUYECKOT'O IIPUHIUIE COOTBETCTBUS I'DAHMUII,

CaencrBue 1.1.1 ITyemo dynryus f(2) anarsumusna 6 acopdamno-
6oti obaacmu S, nenpepuisna 6 2, u nyemv L = 050

Ecau LY — nexomopasa 3amMxnymas scopoanosa Kpueas u ume-
em mecmo exovenue (L) C L*, mo f(z) 6ydem odnosucmmoti 6
NPU GHNOANECHUL 001020 U3 YCAOBUTL:

1% dynryus f(z) aoxarvro odnoaucmmua 6 €;

20 cyweemeyem xoma Ov, odna mouxka t € L, das xomopot
ypasrenue f(z) = f(t) ne umeem wa L xopred, omauunoz om t.

Sameuanue 1.1.1 Ecau omobpasicenue f — sruympennee, mo 6 caeo-
emeuu 1.1.1 moorcno ymeeporcdamo odnosucmmoems f(z) auwn 6
omxpuimot obaacmu §2.
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Sameganue 1.1.2 [Ipsamot ananoe caedemeus 1.1.1, dasce npu 00-
nospementom cvmoanenuy yeaosud 1° v 2°, ne umeem mecma, ecau
Q) — MH020¢c6A3HAA 00AGCMD UAU €cAU §) 00HOCEAZHA, HO YHKUUA
f(z) obpawaemesn 6 Geckoneunocems 6 ) uau na ee 2panuye.

[TpusejieM PoOCTON KOHTPIPUMED.

IIpumep. Pacevorpum dynkinio 2KykoBekoro

fer =5 (=+3)

B JIByCBSA3M0I objtactu ), orpanutcnioil KpusbiMu Ly u Ly ¢ ypan-
HCHUSAME
Pyt =9, 2P+t =1

coorBeTcTBeHHO. DyHKINS 2K YKOBCKOI0O aHAJUTHUHA 1 JIOKAJBHO OJ1-
noJmcrha B €2, rak kak 0 ¢ € u nysu npoussojinoii =1 € Ly. Kpusbie
f(Ly) m f(Ly) mpocTsl, oToOOpazKenme

F109 00— £(09)

— romeomopdusm. Ho p(f,2) = 2, Tak kak obiacts f(€2) orparm-
wena kpusoit f(Ly), mpuaem toukn, BayTpentme K f(Ly), TOKPHITBI
JIBAZKJIBL.

1.1.2 HaJunmune ocoObIX TOYEK

n p-JIMCTHDLIE OTO6pa)KeHI/IH

Ham norpebyercst cyMMapHas XapaKTePUCTHKA TeX TOUEK, B KOTOPBIX
otobpazkenne f : () — C He gBISETCS JOKATLHO OJIHOIHCTHBIM.
s X C Q noaaeaem

V£ X) =D lp(z, £,9) — 1), (1.1)

zeX
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2de p(z, f,Q) — aoxarvnan aucmmocmo f 6 mouxe z € 0, m. e.

(e £.5) =l sup G €T 2 F(Q) = w, S[z,¢) <<

weC

Slz,¢| — epepuuecroe pacemoanue mencdy mouramu 2 u C.
Kpome Toro, Mbl BBOJAUM B PACCMOTPCHHE MHOZKCCTBO 0COOBIX
TOYEK

Teopema 1.1.1 ITycmo Q — xoneunoceasnas obaacmv 6 C, ozpanu-
YEHHAA 3AMEHYMBMU AHCOPIGHOBHMU KPUSHLMUY, T — KoHewHoe uu
nycmoe mroscecmeo movex uz S, Ipednososicum, wmo omobpadice-
nue f 1 Q — C A6GAACMCA HENPEPUEHbIM 6 CHEpUNeckoti Mempure
6 Q, enympennum no C. Cmourosy 6 Q, npuuem

f@\T)cC, f(T)={oo}.

Eeau 0771/06]7(10/067“1,6 f UNBEKMUGHO NG KaAHcOT U3 KOMNONECHM MHO-

arcecmea (OQ\T', mo seauvuna V( f, Q) xoneuna, enpasedausa oyen-
Ka

V(f,Q\T) —m+2—apr >max{m +ap,2 —m—ar},
omobpasicenue  xoneunoaucmmo 6 2, npuvem
p(f,Q\T) < V(f7§\T) —m+2—ar npu ar>0, (12)

p(f, Q) SV(LQ/2+1 npu ar=0, (13)

ede m = H#QNT — wucao mouex uz T, seorcawgux 6 () (m. e. wucao
noaocos f(z) 6 € 6ez yuema ux KpamMHOCIU), Qp — HUCAO 2PAHUY-
HOLL KOMNOnerm obaacmu §2, umerowur obuue mowku ¢ 1.

Joxazameavcmaeo. bes orpanndenvsi 061IHOCTH OyjleM CUUTATD,
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qro 00 € (). JleficTBUTEIbHO, MBI MOXKEM TPaHChHOPMUPOBATEL 00-
JIACTh OlpejlesieHnst (byHKIUU ¢ OMOIIBIO JIPOOHO-JIMHEIHOTO 0TOD-
pazkenust F'. TIpu atom pesyiistupytoiiee otobpaskenue f(F ') nveer
Te Ke XapaKTePUCTUKU, 4TO U ucxojnoe. Coxpanum Jijis obaactu u
orobpazkenus npezxuue oboznadenusd. Cxema JajbHEHIINX PACCY K-
JEHNi COCTOUT B CJAEAYIONIEM: €CI (v > 1, TO CYTIECTBENTO Tepe-
cTpouM 00J1aCTh onpeieeHns MYyHKIMN f ¢ TIOMOIIBIO CIEINATBHOTO
orobpazkenns . Ecmm ke ap = 0, 10 mosaraem ¢(z) = 2.

[Tpn ar > 1 npeobpasyem obstacTh () ¢ HPHMCHEIICM 0TOO-
pazkerns @, romeoMopdnoro B ) \ 1’ I «CKICHBAIOMIEr0» TOUYKH
1}, roe 1 HemycToe Tepecederne 1 ¢ HEKOTOPOH KOMHOHEHTO
00, j=1,...,ap. locrpoerue ¢ MOKHO TPOBECTH 338 KOHEUHOE

HUCJIO IIaros, OIIIIeEM j—IL/'l [rar, To4dHee, OIIIIIeM 11pe06paz303amm,

CBdA3aHHbIC C j—[/l l‘paHI/ILIHOFI KOI\r’IHOHeH'l‘Ol?’l7 l/ll\"lel-()lll’epl HEIlyCcToe 11e-

pecevenne ¢ 1. Ilycrs L; — 3aMKHyTast »KopjlaHOBa KpUBasi,
L,coQ, T,=TnL;,

rae §); — oanocpasnasg 0b61acTh ¢ rpammieit 0§2; = L;, oo € 2, T. e.
QCQ;, 00N, =1L,

[Tycrn vb; — xomndopumoe oTodpazkenue oaocBA3NoN odmacTn {2; ma
00J1aCTD

D ={¢ : [¢]>1}

¢ HOPMHUPOBKOIt 1;(00) = oo. Torsa
V(1) ={e", ... e}, b <ty <o <ty <t +2m.
Hasee, crpoum orobpazenne ¢; : D™ — C, nosaras

¢=re’ = 9i(¢) = w = wle”,
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lw| = |¢;(re”)| = (r — 1) + min (6 —t,)*.

1<n<k

Jlerko 11p01aepﬂe'1‘05{, 410 ;01); romeomopdHo Ha 2\ 7}, Kpome ToroO,

0i(;(T5)) = {0}
Cy[lepllosmmﬂ MOCTPOENIIbIX oToOparkenuii jyist j = 1,..., ar
JaeT 0TOOpasKemme
o : Q1 —C,
HpUvIeM
p(o0) = o0,

©(¢) nenpepnisna B Q \ {00}, oauomcrua B Q \ 7,

o(T;) = {a;} — omuorouetHOE MHOXKECTBO IpH j = 1,..., ar
(em. pue. 1.1).

Oboznaunm 0 = @(£2) nupu o > 0 1 onpejiesinm orodpazkeHue

fo=foe!':Q =C,
kotopoe Henpepeisro B 0\ (1), foly = {00}
Kaxas komnonenra 27, j = 1, ..y Jo, Muoxkecrsa C '\ 92

ABJIACTCA OJIHOCBA3HON AKOPJAIOBOil 00/1acThio, cyzenue fo ma 087
HILeKTUBHO. Kpupast

fol08))

SBJIIeTC 3aMKHYTOH xxopianosoit kpusoii B C mwmm B C. Cuejosa-
Tebio (oM., Hanpumep, |69, ¢.106), cyiecrByor roMeoMopdu3Mbl
fi : C— C, opuenTnpoBaHHble TaK e, KaK U fj, I Takue, 4To

Orobpazkenne
F:C—C,
onpegeisemoe pasencrsamu F'(z) = fo(z) upn z € Q" u F(2) = f;(2)
upu z € 0, j = 1,..., jy, ocymecrsisier Buyrpentee no C. Cron-
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noBy orobpaxenne C, Tak Kax ckieiika fo(z) u fi(z) Broms 0Q;
BO3MOXKHA B cuity u3BecTHOH Teopembl 10, HO. Tpoxumuyka [87] ¢
yuerom npoctothl fo(9€; ).

@w—@V @

f\ f/
"»< P
o Y

Puc. 1.1: ®akropusaiius f

[To dbopmyne Pumana-I"ypsura
V(F.T) =2[p(F) - 1],

rae p(F')  €HCI0 MCTOB KOMAAKTHON PIMAIOBOM HOBEPXIIOCTH, FO-
Jgydaemoii kak o6pas C npn orobpaxennn F (cem. [85], [86]).

ITo nocrpoenuto,
p(f.Q) <p(F)upnar =0 n p(f,Q\T) < p(F)apras > 0.

[Ipn ay = 0 onenka (1.3) caejyer uz toro, 4ro

V(Fa@) = V(f(bﬁv) = V(f* 2)
22



Paccmorpum ternieps ciydait ap > 0. Mmeem
V(£.O\T) + V(E,@(T) = 2[p(F) — 1].

ITo nocrpoenuto, # (1) = m + oy — uncno nomocos F(w) B C,
p(F) — cyMMa MopsaKoB Beex MoocoB F'(w), mostomy

cje10BaTe/IbHO,

9TO BJI€YeT OIeHKy (1.2).

Tak Kak
V(,Q\T) <2[p(F)=1] 1 p(z f,9) < p(F)
st mroboit Toukn z € O\ T, o

VILQ) S VFQNT)+ > p(t, £.Q) < 2+ #1) p(F) < .

teT

Jlajiee, 1epaBencTBo
s =V(,AO\T)—-m+2—ar>2—-m—ar

BLITeKaeT n3 neorputareasnoctu V(f, Q\ 1), Hanee, p(F) < s, no
p(F) > m+ ap no nocrpoennto T', o3TOMY S > M + ap, T. €.

s > max{m + ar,2 —m — ar}.
Taxum 06pa3oM, BCe YTBEPZK/IEHNS TeOPEMBI JIOKA3aHbI.

Caeacrue 1.1.2 B npednonrooicenuar meopemos 1.1.1 omobpaoice-
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nue f odnoaucmmuo 6 Q\ T moeda u moavko moeda, xo02da 6uINONHA-
emes 00HO U3 YCA0GU:

19 ap = V(f,Q) =0;
ar—1=m=V(f,Q\1)=0.

Heotxomumocts 1° mmm 2° nina oqunommctunoctn f ogesuana. do-
crarounocts 1° wim 2° ciepyer ns reopembr 1.1.1.

Tpebopaius CICACTBUA IPCACTABIAT UHTEPEC TCM, UTO OfI-
HOJIMCTHOCTH OTOOPAsKeHNs YTBEPKIaeTCs, Ha TEPBBIfi B3IJIs, IPH
HEJIOCTATOIHON TMTHQOPMATTITIL.

Tak, B cayuae 2° ne Tpebyerest gokambhoit ognomuctaoctn f(z)
B 0COOBIX TOUKAX (T. €. B TOUKax MHOKecTBa 1'), Ba2KHO JIUIIb TO, YTO
[ (o0) =T B cayuae 1° He 3ajaeTcst, HAHPUMED, YUCIIO MOJHOCOB.

[Tonepkuem Takzke, 110 B Teopeme 1.1.1 u ciepcrsun 1.1.2 mer
HUKAKUX allPHOPHBIX TPeOGOBaHnil Ha B3aMMHOE PACIIOIOKEHNE 00pa-
30B pasnudHbIX KommoreHT (9€2) \ T'.

[TpuBeem crie oJiuI TacTHbIN CTydail.

Iyemo Q2 = Q(LET) — dsyceasnan obaacmv (kpusosunetinas
noaoca ¢ «uprot» ), a uMenno:

o0 =L"UL UT,

2de I' — samxnyman ocopdanosa xpusas 6 C, LY u L™ — beckoneu-
nole Kpusuie ¢ ypasnenuamu y = v=(x), npuuem Y=E(x) nenpepuisiio
Ha 6cetll ocu x u eszde

vi(x) > (x), z=x+iy.

ITycmo, danee, 6 naockocmu w 3a0anve 3AMEHYMAA HCOPIAHOEH, KPU-
sas I, u dee Geckoneunvie 06obwenno scopdanoso, kpuswvie LT u L]
(m. e., no onpedeacnuo, xpusvie L v LT aicopdanosu 6 C).

B a1rux 0603HAUEHUSX CHIPABEINBO
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Cnencrsue 1.1.3 ITyemo Q2 = Q(L*,T). IIpednoaoocum, wmo omob-
PadceHue
f:Q—=C

nenpepuicio u aokaavio odnoaucmno 6 )\ {oo}, u
f(z) 200 npu RNz — +oo.

Eeau
fILYckLl, f(L7)cL;, fI)cCfl.)

u das mexomopoi mouku t € T ypasuenue f(z) = f(t) ne umeem
na ' xopned, omauvwnvir om t, mo dynxyus f(z) odnosucmna 6

0\ {oo}.

Hoxasameavemso. Ilycrs O — romeomopdusm oTKpbITO# 1110C-
KocTu w ua cebs, nepepojismmii L na semecrseniyo ock. Toryia
pyHKIHS

b.(2) = (0 ()

nenpepbiBia U JOKAJTBHO B3AUMHO OJHO3HAYHA JJIsT BCEX T U, KPO-
Me toro, ¥.(x) — oo upu x — +oo. IHosromy 9, : R — R —

l‘Ol\/IeOl\/IOp(l)I/ISM n, cjeoBaTe/ibHO,
JILY) =L,

orobpazxkenne f uHbekTUBHO Ha L.
Anajoruano nojydaeM nirbektusrocTs f na L7, a takxke na I
nprIem
fIL)y=L,, [fIN="r.
Ocraercs yuects, uro V(f,Q\ 1) = 0, u upumenuts Teopemy 1.1.1
[IOCJIC HOAXOJAIICH 3aMeHbl He3aBUCUMON HepeMeHHOM.

CxeMaTHIHO [OCTPOEHHST B JIOKA3aTeILCTBE TeopeMbl 1.1.1 MoK~
HO H300pasuTh Juarpammoii (em. puc. 1.2)
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rie
f=foow, p(f,ONT) =p(fo.Q \Ty) < p(F).

[Togo6HBIE TTOCTPOEHHST OKAZAINCH MOJE3HBIMI U IIPUMEHSIITICDH
HAMII TIPU PEMIEHII psijia 3a/1a4 00 OleHKe JIUCTHOCTH MPH TOTIOJIOTH-
YeCKHX WJIM PeoMeTpuUecknx orpaindenusx. [Ipusejem 3/1eck b
JiBa yrBep:k/ieHnst. [lepBoe U3 HUX OTHOCHTCS K CTaH/IAPTHON 3a/1ade
06 onenke Besmaunbl p(f,{2) B ToM citydae, Korjia 3ajaH0 110Be/ie-
mne dyukinn f(z) Boausn Beex Touek uz 1’ = f~'(00), a BeunIDbI
p(z, f,Q) B Toukax Q \ 1" HeH3BECTHLL

f() F(C)

Puc. 1.2: Cxema npojioinkennii

[Tycrh BhINOJIHEHBI Yea0BUS Teopembl 1.1.1.

Yepes Ly, ..., L,, oboznadum komuonentor (9€2) \ 1. Kpusast
L; cunraerca opuenTHPOBAHHON TaKUM 00pa3oM, 4To HPH ee 00X0/1e
obitactb () ocraercs cjesa.

[To ycnosusgm Teopembl 1.1.1, Kpupast

Ly =TF(L) = {f(L;) wm [(L;)U{oco}}
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SIBJIICTCSL 3aMKIYTO# »kopaanosoil B C i B C. Byzem cauraTh, 4To
f(L;) umeer opreHTAINIO, HHIYIUPOBAHHYIO ¢ HoMoIpio f. Ecim
L; C C, o onpejiesien yriopoii nopsjiok (nwjexc Yurun) W(LY)
sroit Kpusoit (cuM. [69], c. 83).

[ycts t € TNOSY, Ly ayra us (00) \ T', nMeromas HauaIoM
TOUKY t. BBeJeM 4ncioBoii napaMerp p, € [(), 1]7 XapaKTePUBYIOITNIL
KPUBY O L’; 3 00 cieyronuM obpasom. Kpupasi Lj‘. JIGJIUT [JIOCKOCTh

Ia JiBe HbeckoHeuHble 0baaCTH. Ty U3 11X, KOTOpas JIEXKUT ClipaBa

npn obxoe L, bysiem obosnauars uepes - (L7). Ecin cymecrsyror
nocrosinnag p € (0, 1] m obacts (yros)

Alo, prywo) = {w 1 2mar < arg(w — wo) < 2m(a 4 p)} D Q° (L)

TO

py = inf{p : Q7 (L]) C Ala, p,wo)} € [0,1); (1.4)

oL,Wo

L, =1 B Apyrux ciydadgx, (1.5)
T. €., HO olpejieienuto, (1, = 1, ecim Q’(Lj) HE MOYKET OBITh OMe-
[IeHa B O}LMOJ][/IC'I'IIbII/Ul yroJ.
Js kaxkmoro t € 1T'N OS) B OTYOKPECTHOCTH
Ut(t,e)=Qn{z : S[t,z] < e}

IPI HEKOTOpOM € > () OyjeM TpejrnojaraTh CIPaBeTHBBIM IPE/I-
cTaBJIeHUE

f(2) = plz, )[4 §(z,1)], ze U'(t,e), (1.6)

npudeM (bYHKIUE — p, @, O  HelpepbiBHbI B U+(t, e)\{t}, pu
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© BEIECTBEHHO3HAYHbBI, 0 KOMILJIEKCHO3HAaYHA, p > (),

|1mp(z t) = o0, lin} §(z,t) =0, zeU'(t,e)\ {t}. (1.7

z—t
O6osnaunm (z € U'(t, e))
| - .
p, = —lim[sup ¢(z,t) — inf p(z,t)]. (1.8)
2T =0 4 z b
C ncnobsoBanneM 3THX 0603HauYeHUI cHOPMYJTPYEM ClejLyrolee

yTBEPzK/IEHHE.

Ilpennoxenne 1.1.3 [lycmv swnoanenv, ycaosus meopemv, 1.1.1
ons erympennezo omobpascenud |, corpansouieeo 0_7)ue'm‘n,au,u&().
Hpednonoorcum, wmo W (L3) = —1, ecau L C
Ecau das xaocdoti mouxu t € 1M 0L cnpa@edmueo npedemas-
aenue (1.6) co ceoticmeamu (1.7) u ) < 0o, mo

p(fONT) <nloo, )+ Y (). (1)

teTNos2
ede n(oo, f,Q2) — cymma nopadkos nomocos dynryuu f(z) 6 L.

Joxasameavemeso. [lyers F'(z) — yuximys, nocrpoeiast mpu
Jlokazarenberee Teopembr 1.1.1. Mveem:

p(f,Q\T) < p(F) = n(oo, F,T).

Ho, o mocrpoenmto,
— QVT J—
n(oo, F,T) = n(co, f,Q) + > _pla;, F,T).
j=1

[Tpu sToM MBI yH1 TO, UTO A7 canydast L Z 0o nomoc f;(2) mesxnT

BHe (27 (cM. obosHaueHns B jlokaszaTebcTe Teopembl 1.1.1) B cny
*)

yenosus W(L;) = —
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Yucsio paj, F, C) paBHO KPATHOCTH MOKPHITHS OKPECTHOCTH TOU-
ki F' = 00 npu orobpazkeHHH OKPECTHOCTH TOUKH a; (hyHKI[Heil
F(z). Oxpecrrocts F' = 00 hopMupyeTcsi, HO MOCTPOEHUEO, CKJIeHBa-
nieM ofno/meTHex obsacteit 27(L5) m obpasos U™ (t, &) npn o1o6-
paxkennn gyukuueit f(z), z € U'(t,e), yriosas Mepa KOTOPHIX

orpanmuvena BomM3n GeckoneanocTH ucaamu 27 . Takuwm o6paszow,

> play, F.C) <> (g +p),

4To u Tp€6OBaJIOCb AOKa3aTh.

CanenctBue 1.1.4 B ycaosusax npedaosicenus 1.1.83 omobpasicenue f
oydem odnosucmuvim 6 Q\ 1T, ecav ar =1 u

n(oo, f,Q) =0, D +pf) <2 (1.10)

terl

OuesujiHo, u3z (1.9) upn rpebopanusix (1.10) ciejyer onenka
p(f,Q\T) <1 c yuerom nenouncienmoctu p(f, 2\ 1),

Coornomerust (1.9), (1.10) 1103B0JIsIFOT 3a1IHCATH MHOKECTBO PH-
3HAKOB OJIHOJIMCTHOCTH 11 p-jinetHocT byhkimn f(2), ecim 3ajiaBarh
KOHKpPCTHEIE 00s1acTn () 1 yTodHenHoe nosecHne f(z) BOIM3H TOUKN
tel.

Ha ocnore (1.10) mosytaroTcst, HAHPEMED, APYTHE TOKA3ATE/b-
cTBa M3BCCTHBIX pesyianTaros A. 1. Mapkymesnta [66] u JI. A. Ak-
cenTnena |34].

B [66], 1.V, mmozectro 1’ coctont m3 ogmofi Toukn t, Q7 (L) —
HOJYHJIOCKOCTD, To9TOMY (1~ = 1/2, 1 B cuaty (1.10) Bompoc cBoauTes
K TIPOCTOi MpoBepKe tepasercta put < 3/2.

B 34| MuOKeCcTBO 1" COCTONT U3 ABYX TOUEK ti U ty, KPOME TO-
ro, py = py = 1/2. Hepasencrso p| = pui < 1, tpebyroreecs st
BbiHOsIHeHNsT (1.10), npoBepsieTcss HETPYJ/IHO 113-3a TOTO, YTO B Jieii-
crBuTesbHOCTH [ = pf = 0.
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PacemoTprm Tereph (OrpaHIIeHHY 0 W HeOTPAHITIEHHY0) 00-
gacth ) C C, rpaHuiia KoTopoii pasdbuTta Ha PA3OMKHYTBIE KODa-
HOBBI MM 000011eHHO KopjlaHobbl jiyrn Lj;, 7 = 1,....m. Ilycrs
T ={by,... by} — MHOXKECTBO TOUYEK CTHIKA ITUX JIYT.

Broipezan B obstactu 2 «JIbIpKH»  BJIOJIb 3AMKHYTBIX KOP/IAHO-
Boix B C kpubix '), v =1,..., n — 1, npespatum () B N-CBA3HYIO

00J1aCTh, KOTOPYIO 0003HAYNM depe3
Q=Q(L,T).

[Tycts f @ QQ — € coxpaHstoliee OPUEHTAIITIO BHYTPEHHEE 0TOD-
paskenne (), nenpepbishoe B Q\ T, f(T) = {oo}.

IIpe oozknm, uro Jtodast Koneutas yacthb f(L;) sBisercd riaji-
Koit, 7 = 1,..., m. Torja juist siobbIX JIBYX TOUeK &y 11t 113 Ly, 11 <ty
(T. e. ¢y caemyer 3a ¢y COIVIACHO OPIEHTAII L) OIPeesieHo Bparte-
e

Y(ty,ta) = Var, i, arg df ()

obpasa jiyru y(ty, ty), coBHajatoNmee ¢ U3MeleneM yria BHelefl
Hopmain K f(L;) B Touke f(t) upn JBIZKEHIN TOUKH ¢ OT Ty JI0 ¢y
B0 Lj.

Bynem rosoputs, uro wpusaa f(L;) ydosaemeopaem ycaiosur
Kanaana — VYmedsasw, ecau daa mobvix mover ty uty uz L, maruz,
ymo t, < to, CNPAGEIAUBO HEPAGEHCTNEO w(tl, ty) > —.

[Tpu 5TUX UPETHOTOAKCHIAX CIPABC/THBO
Ipenoxenue 1.1.4 Jlokavio odnoaucmuoe ¢ Q\ 1T omobpaoice-

nue f 6ydem odnosucmnvm ¢ Q\ 1, ecau
a) ons mobozo v (v =1,...,n — 1) omobpasrcenue

fIr, T, = f(I)

20MEOMOPPHO;
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6) das moboeo j (j=1,...,m) xpusas f(L;) ydosaemsopsaem
yeaosuro Kanaana — VmedzasoL.

Jokasamesvemeso. peanonoxkum, aro dynknns f(z) meogno-
anctHa B () \ 1. Torma, B cuty Teopembl 1.1.1, CymEeCcTBYIOT TOYKN
ty mty, ty < 1y, JexKamme B L; 178 HEKOTOPOro j U Takue, 4TO
f(t) = f(ta) # oo

MozKHO CUUTATD, YTO
v = f({t € L] : t] j t j tQ})

— mpocTad HeTd, T. ¢. 7y — 3aMKIyTasd KOpJalloBa KPUBad.

[Tycrs () — obaacts B C, orpanuderniias Kpupoit . [13 pe-
syabraros T. Ymemsasel [164] ¢ yuerom Toro, uro f(L;) 1oKaabHO
npocta it f(t)) = f(t2), caenyer: [1(ty, t2)| > 7. Tlo mo yemosuto Teo-
penxbl Y(ty, ty) > —7, CileJI0BATEIbHO, €C/IH Y — HPOCTasl HeTs, TO
P(ty,ty) > 7. TeoMeTpUIECcKH HOHSITHO, YTO 9TO HEBO3MOXKHO B CILILY
JokasbHoit ojiosnernocri f(z) B Q\ 1. Tokaxem 310 nojapobhee.

MirozkecTBO BeeX TaKUX HMPOCTBIX IICTEIb JJld BeeX L MOXKIIo
JACTHYHO YIOPSJIOYUTH €CTeCTBEHHBIM 00Pa30M:

T <Y = Q1) C Q).

B cuity nenpepsBHOCTH 1 JIOKATBHOI 0/THOMNCTHOCTH f(2) HA MHOZKe-
cre 2\ T kaxiast yOBIBAIOIIAST OCIE[0BATEBHOCTD {7y, } POCTBIX
neTeb orpanniena CHA3Y, T. €.

NQ(y;) # 0.

[Tosromy 1o nemme opna cymiecTByer MunuMadbiasg HETId 7o, Ta-
Kas, 4TO JiIs JH00# IPOCTON HET/IH 7Y YCI0BHUE

Q(y) € 2y0)
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BredeT 3a coboit paserctso (2(y) = (7).

[Iyctsb v aBasercs obpasom ayru ly C L, ¢ wagamo, t)
KOHeIl IyTH [y, Iprudem

Jw)) = rs), o) =
u f uabekTuBHO Ha [y U {t)}.
Eciu ' cBasnag gayra uz 0f), Takas, 9T0
=
JU) CQv), FIENT) C o,
TO f (l’) HEe UMEET CAMOIIePEeCceUYeHUl B CUJTY JIOKAJLHON OJHOIUCTHO-
cri u nenpepbisioctd f B €\ T 1 MHHIMAJIBLHOCTH 7.

OueBn/IHO, MHOXKECTBO JIyT THHA [’ He Oojiee, yem cderHo. [1po-
JokuB GyHkio f(z) yepes see takue jyru [ HOCTPOMM obJtacThb
Q O Q u joKaIbHO romMeoMopgHoe B Q orobpazkeHue f TaK, 4ToOb

!

QO = [ n muoxkectso f(99) e umeno Touek BryTpi (7).

[Tockoiibky f sioKasbHO ojtromerHa B )\ T, coxpaHsier opuet-
TAITUIO U
V() 1)) >

10 Q70) N f(Q) # 0. Crenosaresno, f Q)] cocront u3 KoHeu-

HOTO UG8, OJHOCBASHBIX 00jacteit, gexamumx B ). [lycrs €y — Ta
U3 HUX, I'PAHUIR KOTOPOit cojiepkut jiyry ly. Torja f (2) ojosmncria
B {Jy B cuy ciegcrug 1.1.1 npeggoxkenus 1.1.2, JOKaJbHO OJHO-
ancTHa B (), CIEI0BATENIBHO, JA0JAKHA OBITD OJIHOINCTHON B (), 4TO

nporusopeunt pasenctsy f(t]) = f(£9). JokazaTeaneTBo 3aKOMICHO.

OrmeTnM, 4T0 Bparmenne ¥ (¢, ty) MOZKeT OBITH AaKKYPATHO OIIpe-
JICJICHO T JIJIA KYCOUHO IVIAJIKUX JIYyT TaK K€, KaK 9TO JeJIacTCsd TP
00001eHnsax Teopembl [aycca-Borre. CripaBe/iTiBO U COOTBETCTBY-
tortiee 0bobIenne npejiokenust 1.1.4.
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1.1.3 O6obmienus Teopem Agamapa
n banaxa-Ma3ypa o JOKaJIbHO
roMmeoMop(HBIX 0TOOPaXKEHMSTX

Teopembl 5TOr0 MyHKTa SBJSIIOTCS HOBBIMU M JIjisl aHAJUTHYECKIX
(DyHKIMI, 3a/1aHHBIX B [IJIOCKUX 00/1aCTsIX, HO (DOPMYJIUPYHOTCSI U JI0-
Ka3bIBAKOTCSI JIjisl JIOKAJIBHO TOMEOMOP(HBIX oTobpazkeHuii obacreil
w3 R” = R" U {oo} rae R" — n-MepHoe eBKINI0BO MPOCTPAHCTEO,
n > 2.

Hara ocHosHast Teopema 1.1.3 sBijistercst 060011IeHIEM CJIETYHO-
mux Teopem Aamapa |137| n Bammaxa-Masypa [112] o gocrarotnbix
VCJIOBUSAX TVIOOAIBHON OHOJMUCTHOCTH JIOKATBHO OTHOJUCTHBIX 0TO0-
parKeHuii.

Teopema (cm. 2K. Agamap [137], 1906 r.). Jlokavio 20-

meomopgnoe omobpasicenue f: R" — R", obaadarowsee ceoticmsom
lim f(z) = oo,
T—00

ABAAECNCA 2200a00HbM 20Me0MOpPusmom, npuiem f(R") = R".

[Tpuseerias GopMyIUPOBKA MPCACTABILACT OO XOPOIIO U3-
BCCTIYIO TOHOJOTHUCCKYIO BEPCHIO TeopeMbl Atamapa. B opurunasinb-
Hoit pabore [137] pacemarpusatorcest gud epeHnupyemMbie 0Todpazke-
HUS C TIOJIOZKUTENbHBIM STKOOUAHOM.

VKazKeM eTre O/IHY TOMYAAPHYI0 BEPCHI0, OTHOCATIYIOCT K UPO-
CTPAHCTBEHHBIM 0TOOPaZKEHUsIM ([IPU 7 = 2 KOHTPIPUMEPOM CTY KT
byuxuust f(z) = 2%)

Teopema Apamapa AJisi TPOCTPAHCTBEHHBIX OTOOpaKe-
auii. [Tyemo n > 3. Henpeposnoe omobpasicenue f - R" — R",
A0KaA0H0 20meomopProe 6 R™ \ {0} u obradarowee csoticmsom

lim f(z) = oo,
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ABNAECNCA 2000006HbM 20Me0MOpPusmom, npuvem f(R") = R".

Teopema (cm. C. Banax u C. Masyp [79], 1934 r.). I[Tycmw
Q CR" — obaaems, u nyemov omobpasicenue f 1 — R aoxaavho
2OMEOMOPPHO.

Eeau f(Q2) — odnocesasnasn obaacmo u f - Q — f(Q2) — cob-
cmeennoe omobpasicenue (m. e. npoobpas f~(K) aoboeo xomnaxma
K C f(Q) asasemea womnarmom, aeacauum 6 obaacmu §), mo
f:Q—= f(Q) — 2omeomoppusm.

OTMeTHM, ITO MBI IPUBCIN JIHIIL OJINH U3 BaPUAIITOB TCOPC-
mol Bamaxa-Masypa. B pabore |112] Teopema fokasatia nMu jiist Jo-
Kajbio romeomopdnnix orobpaxkenuit f @ X — Y, e X nuY —
MeTpUIEeCKHe UPOCTPAHCTBA.

Nwmeercst unrepectast Mmonorpadgust T. TMapracaparn [156], mo-
CBsATIeHHasT pasBuThio n npuMenennio treopem 7K. Ajgamapa, C. Ba-
rnaxa n C. Magypa. O JlaJibHEAIINX UCCIeI0BAHUSIX CM. TAKAKE CTATHH
M. Kpucrea [124] u [125], onybimkoBatnbie Hosxke.

3

Caenytomue mmzke Teopembr 1.1.2 — 1.1.4 u npeiozxenne 1.1.5
JOKA3aIbl TaMIl B cTaThe 9. B mesom MoKHO CKa3aTh, ITO MBI MO-
JIeTUPYeM HEKOTopbIe TPoOJIeMbl, BOZHUKAIOIIHE B KPAEBBIX 3a,/1a9aX
¢ TIeM3BECTIIBIMU TPAHUIIAMI, U U3ydaeM TaKoe Pas3sBUTHE MPHUITNHA
COOTBETCTBHUS T'PAHMUI], KOT/Ia allpuopHas WH(MOPMAINS 0 MHOZKECTBE
F(Q)N f(O2) wim 06 opuentanuu f(9) orcyreryer. B uacrnocru, B
oriimane or reopembl Banaxa-Masypa 1 € anasioros, Mbl He Tpebyem
AIIPHOPHOI UITOPMAIIIHE O TOM, UTO 0TODPAYKCHIE 0OIACTH IBISICTCS
COOCTBEHHBIM.

Crpaseinsa

Teopema 1.1.2 I[Tycmv Q — npouscosvnan obaacms ¢ R”, n > 2.
Jlokanvno 2omeomopdroe omobpasicenue f : Q — R" acagemea
UNBERMUSHOM 6 (), eCAU OHO UHBEKMUBHO HA KAHCIOT U3 KOMNO-
HEHM, 2DAHULDL.
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Sta TeopeMa ABISETCA YaCTHBIM CIydaeM cie/ytoreit osee 06-
meit Teopembl 1.1.3, jyist hOPMYJIMPOBKE KOTOPOIT Ham HoTpedyercst
craHjiapTHoOe ompejielierne pejesbioro Muoxkectsa f(T) jist 0mo6-
paskerma f @ Q\ T — R™:

f(T) ={y € R" : cywecmeyem makas nocaedocamesvnocms
() CQ\T, wmo lim,, oo ¢, = € T wlim,, o flx,) =y}

Orvernm Taxzke, uro B caydae T = @ B caeayromeii Teope-
Me tpebosanie 6) uzsmiie (HopMaIbio OHO BYJIET BBIMOJIHCHO J1Ist
caydas, korga K = ().

Teopema 1.1.3 [Ipednonooicum, wmo ) — npoussorvnasd obaacmo

6 R, n > 2, T — samrnymoc muosceemeo 6 §) (6 uwacmuocmu,
T=0) Q\'T — obracmo.

IIpednoaoscum, dance, wmo omobpascenue f = Q\ T — R?
HENPEPHIGHO 6 CHEPUUECKOT MEMPUKe.

Omobpascenue [ oydem unsexmusnom 6 2\ T, ecau sunoa-
HEHbL YCAOBUA:

a) 6 chepuneckoii mempure f aoxarvno 2omeomopdro 6 \ T

U UNBERMUBHO 1 Kascdot us Komnonenm muooncecmesa (0€2) \ T;

6) cywecmeyem samrnymoe mrooncecmeo K C R™, makoe, wmo
(T CcK, KnfQ\T)=90
u R\ K — odnoceasnas obracmo.

Hoxasameavemeso. Tlpn obocHOBAHIIT TeopeMbl 0e3 OrpaHIde-
1Hg OGIIHOCTU MOKHO cuntath, uto Q u f(2)  xommakTibe B R”
MHOZKeCTBa. JefIcTBUTEIbHO, K 9TOMY CIIyHar0 MOKHO IPINTI BEIOpa-
coiannem u3 2\ T MajbIx MapoB, He MEHSIONIM YCIOBHiT TeOPEeMBb,
1 HPHMEHEHHeM JIOHOJTHUTELHBIX roMeoMopduamos R” na cebst.
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Hasee, MOXKHO CHUTATDH, YTO Pa3MEPHOCTb 1 JIOCTATOTHO BETH-
Ka. JlelicTBUTEbHO, €ClN YCIOBUS TEOPEMbI BEPHBI Tl JIAHHBIX

0, T, K, f

TS PABMEPHOCTH N 11, KpoMe Toro, muoxkectsa ) u f({)) — koMmmak-
HBI B R™, TO 7151 HOBBIX JIaHHBIX

O =QxR, T, =(TxR)U{oc},

K, = (K x R)U{oo}, fi(x)=(f(z').a"") e R"",

rjie
7 = (.T(l),. B ,f[)'(”)) c R”, T = (x/,x(llll)) c R™ 1‘

BepHBI yestoBust Teopembl B R a nnbextusrocts fi B \'T) Brever
nubekrusiocts f B Q\ T,

st moboro muozxkecrsa X C R? uepes X 0603HaAUHM €rO 3a-
MBIKanue B R

TaxknM 06pasoM, MOKHO CUNTATh, 9To () 1 f (ﬁ) KOMTIAKTHBI B
R™, a 4uCI0 N JIOCTATOUMHO BEJUKO, Hapumep, n > 5 (no cywecmsy,
ML U30E2aEM CAYMGA N = 3, OAf KOMOPO20 He Npoxodum odun u3
IMan06 6 JaNbHETUUL NOCTPOCHUAT U3-3G MO020, YMO HE GCAKAA
samrnymasn scopdanosa kpusaa 6 R® asaaemea epanuuets monoao-
euneck020 JuCka).

Uraxk, nyers Q u f(€Q) komuaktael 8 R” 1 n > 5. Ecom f ne
siBJsiercst nabekTHBHBIM B () \ T, 10 B cuity yesosuit Teopembr 1.1.3
1 usBecTHbx (bakTon Tonogoruu 38|, ¢. 215, cymecTByer npocras

ayra
ICQ\T,

romeoMopduasi 3aMKHYTOMY OTPE3KY U COeJIMHSIONIAs HECOBHA,1at0-
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e TOYKKM 1 U o u3 2\ T, mpudem

flay) = f(bz)

u f|(\{z}) wuHbEKTHBHOE OTOGPaKEHNE, KPOME TOTO, KPUBAs
f(l) = ODy,, — rpanuUIla TOHOJOTHICCKOTO AncKa Dy, 3aMbIKaHue
koroporo Dy, C R"\ K.

[Mycrs V
Jyist Koropoit umeem | C OV'; obosnaunm: g = f | V.

TaKast CBsi3Hast KoMHoHeHTa MHOKecTBa (D),

Muoxkecrso V' ¢ unjiynuposaHuoit u3 R” ronojiorveil sBjisier-
Csl OPUCHTUPYCMBIM JBYMCPIBIM MIOT000Pa3UCeM €O CUCTHON Ha30i,
KpOME TOro,
lCco=0nNn9V.

[To anajornu ¢ miocknM ciydaem (em. [86], ¢. 103) Mbl MOxkeM 110-
crponts nocjeoBarebHocth (V) nojmuoroo6pasuit Vo koHEUHOro
poja, TAKNX, YTO
Vv —=Ux, v,

rpatniia OV; coCTOUT 13 KOHEUHOI'O YMCJIa POCTBIX 3aMKHYTBIX KPH-
BBIX.

Pacmnpss, eciin 3ro neodxoinMo, 1ojmuoroobpasue V;, MoxHO
canTath, uto | C OV, aaa seex j = 1,2,..., n, 6oee Toro,

[ Co;=0V;NoV Co=UZ 05, o0;Cintoj,

uV;\ o; CVjy ana Beex j.
Orobpazkenne g mneoanoancTio B V; mpn moboM j, Tak Kak

lCO'j7 Ej Ca‘/]7 CUl,CUQEZ.

I B CHIY JIOKAJBLHON OHOJIICTHOCTII ¢ 00PA3bl HEKOTOPLIX OKPECT-
HOCTel (OTHOCHTENIBHO V) TOUeK &1 U Xy PN OTOGPAKEHUH ¢ HAJA-
ratoTest Apyr Ha JIpyra.
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Jlasiee, eciin 4nC/I0 M JIOCTATOUHO BEJIMKO, TO 0TOOparKeHue ¢
OyJleT HHBEKTUBHBIM Ha Kazjoil KoMuoHente (OV,) \ o,,. Jdeiicrsu-
TEJIbHO, €CJIn 9TO HE TakK, TO CYHECTBYIT 110C/eJ0BaTE/IbHOCTHU (ll
komuonent (OV;) \ o; (371cch oj — KOpAAHOBa Jyra HIN 3aMKIYTas
JKOPJIAHOBA KPUBAsA) I TOUCK '), Tg; U3 (j, TIPHTICM

g(fﬁlj) = 9(952,7)7 J=12..., lim zy; = 2y, lim @y = xg.

ITo IIOCTPOCHNUIO, UMeeM BKJIIOYCHMA
f(V]) C f(V) - ﬁ101) C R” \ K: f(T) - K:

HOITOMY 1 11 Tgg € 0\ T. Ho torya &1y # Ty B CILLY JOKAIBHO
romeomoproctu orobpazkerust f B\ T.

JLitst OC/Ie/I0BATE/ILHOCTH () CHEIHA/IbHOE 1IPEJIEbHOE MHO-
KCCTBO
Lsaj={r : lim inf dist(z,a;) = 0}
J—=0
sBJIsIeTCsT KORTHHYyMoM (M. [63], § 47, Teopema 6). C apyroit cro-
POHBI, HO HOCTPOEHHIO HOAMHOroo6pasuii V; MHOKeCTBO

Lsa; C (0V)\ o C (02)\ T,

T. e. Ls a; nexur na komnonerre (0€2) \ T, mostomy cooTronenst
19 7# Too, f(210) = [(Xe0) TPOTHBOPEUAT YCAOBHIO &) TECOPEMBL.

Wrak, MbI nMeeM JIOKaIbHO ToMeoMopdgHoe oTobparkenue g opu-
EHTUPYEMOI'0 JIBYMEPHOTI'0 MHOT000Opasust V ,,, OrpaHuueHHOr0 KOHE -
HBIM 9HUCJIOM KOP/IAHOBBIX KPUBBIX, TPUYCM

Q(Vm) C D[op: Q(Um) C aDtop-,
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g UH'BCKTHUBHO Ha K&?K,ELOI/UI N3 KOMIIOHCHT MHOXKCCTBa
(avm) \ Om;s

n
g(x) = g(xz2), 1,22 €1 C 0opy.

B cuity ussecrhbix dakros [38| 6e3 orpannuenust obuHocT Oyjlem
cunTaTh, uTo V,, — KOMIAKTHAs OPMEHTHPOBAHHAS jIByMepHasl HO-
BCPXHOCTD ¢ Kpaem B R? | a Dy, — KPyr Ha IVIOCKOCTH, TAK KAK HTOr0
MOZKHO JIOOUTBCS UPHMCHCHHEM JIOMOJHUTEILHBIX TOMEOMOP(MU3MOB,
HE MCHAIONINX CBOHCTB g.

[Tycth 3aMKHYTas KOPJAHOBA, KpUBasd 3 0jiHA U3 KOMHOHEHT
OV,,. B cuny yemoBuit Ha oTobpazkenue g, Kpusas ¢(3) ABiisgeTcs Jo-
Ka/ibHo 1pocToit, g(B) C Dy, g(B) e nveeT Touek camoliepeceyeH sl
BHYTpU D).

Takum obpaszom, 6o g | 8 : 8 — g(B8) — romeomopdusm u
g(B) — KopjamoBa Kpusasd, JuO0 Kpusas [ COCTOUT 3 KOIHCHHOTrO
anciaa ayr f,. .., 0, Takux, uro g | B; + B; — ¢(B;) — romeo-
Mopdusm, ¢(B;)  mpocTas Jyra ¢ KOHI[AMH, PACHOJIOKEHHBIMI Ha
OKPYZKHOCTH.

Paccyzxkjiast Tax ke, Kak U 1pH jloKa3aTeberse Teopembl 1.1.1
Mbl MOZKEM TPOJIOJKUTE Vi, 1 g | Vi, 710 jiByMepHOil opueHTrpo-
BAHHON HOBEPXHOCTH V[ ¢ KpaeM M, COOTBETCTBEHHO, JIO JIOKAJIHHO

romeomopdHoro otobpaxenus gy : Vo — Dy,p, HpHUEM
90(8%) = a]D[upe 9o | va =g | va.

Toraa g JsokaabHO roMeoMopdHO oTobpazkaeT Vi Ha OJHOCBAZHYIO
061acTb Dy, T. €. OTHOMUCTHO (CM., HAIPUMep, Teopemy Danaxa 1
Masypa B [112]). Ho 510 nipotuopednt paBeHcTBY go(x) = go(a).
Teopema jiokazaHa.
Teopema 1.1.3 npejicrasisier unrepec B caydae (9€) \ T # (),
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T. e. ecom O # O m 02 # T.

Ecim ke 99 = @ wim 9Q C T, 10 Hallle yTBepyK/IEHIE HEHO-
CpeJICTBENHO ciiejiyeT n3 Teopembl Banaxa-Maszypa.

OrMmeTnM TakzKe, UTO MpUBEJentoe B cTathe 92| yTBepK teHe
FO. 1O. Tpoxumuyka — A. B. Uepnasckoro mpejicrasisier coboii npu-
3HAK CYIIECTBEIO WHOIO THHA, Tak Kak B |92 3apanee Tpebyercs
mycrota nepecetermg f(2) N f(99Q).

DopmanbHo Teopema 1.1.3 (gaxe B ciydae T = () sHauuTebHO
yeussaer teopemy JI. J1. Kyjpsisuesa [59], [60].

Bonee toro, B Teopeme JI. 1. Kynpsasmera zapatiee 3aj1aHa Opu-
erranyst f(0S2), 1 9T0 M03BoOMISAET OGOOIIUTE €€ ¢ COXPAHEHIEM METOJA
JIOKA3aTeTbCTBA HA BHYTPEHHIE OTOOPAzKeHHUsI (T. €. 0TKA3aThCs OT
JokabHoi Tomeomopduoctn f B €)). Takoe 060061IeHIE TPOBEIEHO
9].

HaMH B

B jiByx cileJlyolux yTBEpK/JICHUAX PACCMaTPUBAETCs YCJI0BUE,
CBsI3BIBaOIee 0OPas3hbl PAHUIHBIX KOMHOHEHT 6e3 TpeboBaHusT MHb-

CKTUBIIOCTH ITIa 9THUX KOMIIOIICIITaXx.

Omnpenenenue. Iycmv Fy — sadannwidi 2omeomopdusm R™ na
ceba, u nyemv Fy(0) = 0, Fy(oo) = oo, Ky — nenycmoti xomnarxm
us R"\ {0}. Jlas yeavr wucea m uepes FJ" oboznavum umepauuu:
FY — moowcdecmeennoe omobpascenue, F) = Fy,

F(‘)m%l — E o Dm

s 1100020 UeN020 M. HyCWLb GOINOAHEHDL COOMHOWERUA!

lim F)'(z) =00, lim F*(z)=0

m—+oo m——o0

pasromepno no x € K.
Jist ioKasIbo pocToii opuentupoBartioi kpusoit L uepes W (L)
0bo3HauNM e¢ yrioBoii mopsiok [69)|.
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Teopema 1.1.4 [Tycmo
Q=Q(a,b)={z a<|z|<b} CR", 0<a<b<oo.

Eecau omobpasicenue f o 2 — Ky aokaavio 2omeomopdno 6 €2, f u
Ey coxpansom opuenmayuio, umeem mecmo pasencmeso

Fo(f(ag)) = f(bE)

dns ecex & € {x = |x| = 1}, mo npun > 3 omobpasicenue f uno-
exmueno, a npu n = 2 dynxuua f ne 6oaee wem p-aucmna 6 €1,
npuvem wucno p = |W(L,)|, 2de xpusas L, onpedeasemes xax ao-
KAALHO 83AUMHO 00HO3HAUHWLG 00pas oxpyscnocmu {x @ |x| = a}
npu omobpasicenuy f.

Joxazameavcmeo. Oupejiesium it f npojiozkenne
¢ R — R

COOTIIONHICITNAMU
D(2) = F(f(@"b ")

mpu @b < x| < a Tt mo = 0,41, £2,. .., B(0) = 0,
P(00) = 0.
Orobpaxenne ¢ menpepeisro 8 R” \ {0} B ety cooTHormenust

Fy(f(ag)) = f(bE), n

lim®(xz) =0, lim &(z)= 00

z—0 T—00
¢ yaerom cpoiicts Fy. JlefictBurtennho, ecin (x,) — HEKOTOPas IO-
CJIEJIOBATETLHOCTD TOYEK, lim, o &, = 00, TO JJIsd KayKj0ro v Cylie-
cTBYeT Takoil Homep m(v), 4To

a" by, € Oa,b), lim m(v) = oco.

V—00
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Torsia y, = f(a™bMz,) € Ko u d(a,) = F'"(y,) = oo upn
v — 00, TaK Kak
lim F"(y) = 0o

V—00
paBHOMepHO 110 i € K. AHAJOTHYIHO [OJTYIUM HEHPEPBIBHOCTD (D(.’lf)
B Touke x = (.
Hanee, npogomxenne ¢ gokaabHo TomMeoMopduo B R” \ {0} HO
Jgiemme 1.1.2, npuBojinMoit 1mxe.
Ecmn n > 3, To UITbeKTUBIOCTEL 0TOOpazkenust O creyer, Ha-
npumep, u3 Teopemsl 1.1.3 npu

Q=R"\ {0}, T ={0,00},

tak Kak O(T) = {0,00} u R"\ ®(T")  oamocsssuas 06J1acTh.
Ecmmn =2, 10

p(0, 9, R) = ploo, &, B?) — [W(L,)|

o Teopeme M. Mopca u M. Xeiirica o mopskax |69], n yrsepzkaerme
cJiejlyeT, HaHpuMep, u3 Teopembl 1.1.1.
OrMeTM, 9TO IPU 1 > 3 J0KA3ATCILCTBO TCOPCMBI MOXKIIO Obl-
JI0 3aBEPIIITD MO-APYTOMY, CCIN YICCTD e ayromuit pakT (cM. |88]):
npun > 3 uzosuposannvie mouxu 0 u 00 He Mo2ym Guimv moy-
KAMU GEMBAEHUA, U, caedosamervho, omobpasicenue O oxazwsaemes
NOKAABHO 20MEOMOPPIHLIM 6 R

Ocraercst IIPpUBECTU JIEMMY O CKJIelKe.

Jlemma 1.1.2 [Tycmo Q) u §2y — nenepecexarowuecs obracmu 6 R”,
S — OMEPLIMOE NOOMHONCECMEO Hekomopozo (n — 1)-mepHozo nces-
dommnozoobpasus [38], npuuem cacdyiowee obsedunerue

Q=0 UsU,
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ABAACNCA 00AGCTIDI0.
Ecau omobpaocenue f; : 2; Us — R" a0kaavio 2omeomopdino
6{;Usnpuj=1uj=2, cnpasedauco pasencmeo

f’l|5:f2|57

omobpasicenus fi u fo odunarxoso opuenmuposans, mo omobpasice-
nue f o 2 — R™, onpedessemoe pasencmeamu

FIHUs)=f, 7=12

AOKANDHO 20MEOMOPPI0 6 S

Hoxasameavemso. Orobpazkenue f sBjisiercss OTKPbITHIM U 130~
quposanisim 1o Teopeme 0. FO. Tpoxumrayka 88| ostomy (cu. [92])
JOKATBIBIN UIICKC ¥(z, f) ompeeren By B () M COXPATSCT 3HAK,
Pa3MEPHOCTD MIOZKCCTBA Sg TOUCK BETBICHUS f HE TIPCBOCXOAUT 1 —2,
T. €. §\ Sy BCIOJIy TJIOTHO B S.

Ecsin MHOXKeCTBO Sy HE IIyCTO I Ly € Sp, TO CYMIECTBYET MOCJIe-
JI0BATEILHOCTD

() C s\ sy, lim x, = x,.
m—r
IIpu jocrarouno Majom € > 0 uMeem:

V@o, f) = d(f = flx0), U),

vie U = Ulxy,e).

Biech d(g, G) — Bpalenue BEKTOPHOIO HOJIsi, OIPEJICJICHHOE
B |57, to1. 1, ama orpammdvennoit obmactn G C R™ u HEmpepbIBHO-
ro orobpaxenus g : 0G — R" \ {0}.

Ompefiesienrie JTOKaIBHOTO HHAEKCA Y(Z, f) U €ro HpHMEHEHHST
cM. Takxke B [38], ¢.574, u B [57], ¢.51, [77].

B cuity u3BeCTHBIX CBOMCTB BpalleHns BEKTOPHOTO HOJISE, C yde-
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TOM HENPEPBIBHOCTH f, MOXKHO YKA3aTh My, TAKOE, YTO HPH M > My
nMeeM

d(f—flze), U) = d(f = fl@n), U) =Y vz, f), X =UNf"(zn).

reX

Ho |v(zo, f)| > [v(zm, f)| = 1, unjexkc y(x, f) snaxkonocrosite, cJe-
JIOBATCIILIO, CYIICCTBYCT OTIHIIAdA OT X, Touka z, € U N f~(x,).

m
TaK[/lM 061)8301\/[./ CylILeC'l'B‘\/’l‘(’)'l1 ,’LBe [lOCJ[e)LOB&'['@J[bHOCT[/l TOYEK
(Zp,) Csu(x

!
my

) C €2, mMerormue odmuit mpejien xy € ), mputaeM

xmk # ‘17:”;',7 f(xmk) = f(a:;nk)

Ho 9t coortnormenus mpoTuBOpetaT JOKAJLION TOMCOMOPMIOCTH
X0Ts OBl 0111010 U3 oTOOpazkenuii fi u fo.

Jlemma 1.1.2 u Teopema 1.1.4 moKazaubl HOJHOCTLIO.

Ciiestytoriiee yTBEP:K/ICHUC aHaI0ru4dino Teopeme 1.1.4, 1o oTHo-
CUTCS K APYTOfl TOHOJTOTMICCKON cUTyallnu. MBI Tofn3yeMes Koop-
JMHATHOW 3aITUCHIO

o= (W, 2y e R (2, 2™) e RY,

O’ nauasno koopjunar B R" 1 f = (fi,... f,).

IIpennoxenue 1.1.5 [lycmo
Q={(" 2" eRrR": -1 <2 <1},
C — NOAOAHCUMENLHAA NOCMOAHHAA, OMOOPANHCEHUE
f O\ {c} = R"

HENPEPOIBHO U AOKAADHO 20MEOMOPPHO, COTPAHAETM, OPUEHMAUUIO, U,
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Kpome mo2o,
I f(@) = o0, || fu(a)lla = sup /(@) < oo.
Ecau dan ecex ' € R swnoaneno pasenemeo
S, 1)) = f{a', —1)) + (0", ¢},

mo f unsexmuseno.

Dyukiust P, oripejiesieHHasi paBeHCTBaAMU
() = f((«, 2™ = 2m)) + (O, me)

npu2m—1 < 2" < 2m+1, m = 0,£1,£2, ..., 6yJeT HeIpepLIBHOi
B R”, KpoMe TOro, mMeeT MecTo pasenctso $(oo) = o0o.

B cuny jgemmbr 1.1.2 orobpaxkenne & : R" — R™ jioKa/bHO
romeomopdno B R” 1 umeer mecto paserctBo $(0o) = 0o, U910 1

BJICHCT UII'LCKTUBIIOCTDL 9TOI'O OTO6]D?1‘1KCHHH O TeopeMe AA,I[&M&])?I.

1.2 Pa3BerBjieHHOE I'PaHUYHOE
COOTBETCTBUE

[Tyers f(z) — dynkims, Mepomopduas B obractu 2 C C, uin ke
f Q2 — C  BHyTpeHHee oTOOparKeHMe.

B obmieit Teopeme o mopsakax (ummekcax) M. Mope [69] upes-
HOJIaraet, uTo () KOHEUHOCBSI3HA I OIPAHUYeHa YKOPIAHOBBIME KPH-
BbIME, (DyHKIWsT f(Z) HENPePbIBHO HPOJOJIZKIMA Ha OS) U CyzKeHue

Floo: o0 —cC

onpeJjiesideT JIOKaJIbHO HPOCThIE KPUBBLIE i, ..., V-
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XoTs JJOKAJBHO MPOCTBIE KPUBBIE COCTAB/IAIOT BECbMA ITIPOKHUIT
kiace, (opmyiast M. Mopca TepsoT CMBICT Jijisi MHOIUX HPOCTBHIX
KYCOUHO-TJIAIKIX KPUBBIX, BCTPCUAIOIIMXCH B UPHIOKCHHAX, HAIIPH-
Mep, B cJaydae, KOTJia ¥ — JBayKJIBl OOXOIMMBIN OTPE30K, MpaMad,
OKPY’KHOCTB ¢ OTPOCTKOM TI T. TI.

Kak ormeqaror @. /1. Taxos, 10. M. Kpukymos [46|, ama npu-
MeTlenii B KPAeBBIX 3a/1avdaX yKeJTaTeJbHbI TaKe aHaJoThn (hOpMYyJI
M. Mopca, KOTOpBIe B KauecTBe Y, JOIyCKau Obl JH0OBIe KyCOuHO-
rnagkue B C kpusbie. B cratbe [46] paccMoTpenbl KpuBBIe ¢ 0COOBIME
TOYKaMH, HOPOKaeMble I'DallMYlIbIMU Sl1avdelAMN aHAJIUTHYECKON
dbyukimu, korjia f(t) = oo B Hekoropbix Toukax t € T C 9 ¢
38/IAHHOI aHAIMTHYeCKH acUMITOTHKOM f(z) BO/M3KM ToUKM 2z = t.

B OTJIIHYIIE OT 9TOI'0, HUZKE 1IPE/JlalraeTCd reoMeTpu yecKui 11O/~
X0/, CBABaHHBIN C BBEJICHUEM HOBOI'O KJlaCCa KPHBbIX "\/// B E B3aMeH
JIOKaJIBHO 11POCTBIX. E(f'l‘e(f'l‘BeHHO7 KPpOME€ JIOKaJ/JIbHO 1IPOCThIX 3TOT
KJIACC JOJIZKCI COACPZKATD I BCe Kycouno rajakue kpusbie 5 C. Bos-
HUKACT BOTIPOC O MOIXOAIICM OIPEICICHIIT HIHJICKCOB: OIPC/ICICHITA
JIO/IKHDBL OBITH UHBAPUANTHBIMA O OTHOIICHUIO K PASIIIILIM TTapa-
METPU3AIIAM.

1.2.1 PamnmoHaJjapHasi TapaMeTpu3anmus KBa3n
JIOKAJIBHO ITPOCThIX KPUBBIX

[Toji kpuBoii v ByjieM HOHUMAThL HElPEPBIBHOE 0TOOpazKeHne
z : 0D = C,

rje 0D OKPYZKHOCTE. [IBe KPHUBLIE Y| U Y, CINTACM COBIATAOIINMH,
ecin
21(¢) = z(7((), ¢ € 0D,
rje 7 0D — 0D — romeoMopdusM.
Bce KpuBBlE M UX JIyTH B 3TOM IYHKTE IIPEIIOIArATC OPII-
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E€HTUPOBAHHBIMU, €CJIM HE OrOBOPEeHO MpoTuBHOe. Yepes vy~ Oyiem
0003Ha4aTh KPUBYIO 7y (MJIH JIYT'Y 7y HEKOTOPOH KPHUBOIi) ¢ IIPOTHBO-

MOJIOZKION opuenTanucii, || — nocuresn 7.

Onpenesienune. Kpueyio v, onpedeasemyro omobpasicenuem
z : 0D — C,

HA306EM K643U AOKAALHO NPOCMOt (K6a3u A. n.), ecau:

a) omobpasicenue z A0KaALHO 20meomopdro 6 OD \ T(v), ede
T(v) — Hexkomopoe Koneunoe uau nycmoe nodmuoscecmso OD;

6) dan mobot mouru € € T(y) cywecmeyrom & > 0, namy-
pasvioe wucao n(e', ) u eomeomopduzm

w:|t—et+e] =, CC,

maxue, 4¥mo
w" e () = z(e') + const

nput —e <17 <t+e.

BaJlaHubIM ITapaMeTpaM t u € > () MOIyT COOTBETCTBOBATE, BOOO-
e rOBOPst, pasinuHble 3nadenns n(e, ), yjIoBjaeTBOpsIoNIIe yCa0-
Bt 6). Munuvasbioe n3 Beex BO3MokHbIX n(€', €) obosHatnu yepes
no(e, ).

Omnpenenenue. /[aa xpusots ¥ “ucao
it T it
n(e";v) llir(l)no(e ,€) (1.11)

nazo6em undexcom 0coboli Mok, onpedeadcmoti 3HaueHuem napa-
mempa t uau mouxod e € T(7y).

Ouesnmno, n(e;v) = ng(e',e) npu 0 < & < &, ecan IUCIO
g0 = &¢(t) BRIOpaHO jlocTaTouHO MajbiM. Ecjm e — Touka JIoKaibHOl

HHBEKTUBHOCTH 0TOOpaskeHus z, To 1nojozkum n(e’; ) = 0.
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0Obo3HAUYNM:

T(a,v) ={¢ €D : 2(C)

K(y)= Y nl¢v), Klay)= > n7), (1.13)

CeT () cel'(ay)

a}, wlay) = #1(a,7),  (112)

e sesmnia n((;y) onpenenena B (1.11). W3 onpeenerus kBas3u
JI. M. KPUBON HEHOCPEICTBEHHO CHEJTYET, UTO

H((L’Y) < o0, K(’)) < 00, K(aﬁ’) < 0.

[Tpuseentoe Bhile onpeenenne nano B [28|. Panee B (8| 6bL1
BBEJIEH KJIACC 0D0OIIEHHO JI. [ KPUBBIX, KOTOPBIH SIBJISETCS MOAKIAC
COM KBa3H JI. II. KPUBBIX 1 COBIAJAET CO BCEM KJIACCOM B TIPEJIIOJ0-
JKEIMH KYCOUHOM [J1aJIKOCTH KPUBBIX.

[Iycrs o u B — jBe pasomMkHyThle Kpubbie B C, olpe/essie-
MbIE COOTBETCTBEHHO KaK oTobpazkenust z, U zz orpeska [0,1] B C,
npudeM zq(1) = z5(0). oy nponssejennem a8 GyjeM, Kak 00bIUHO,
HOHUMATL KPUBYIO, OIPCACAACMYIO 0TOODAZKCHICM
[0,1] 3¢ — 2(t) = {za(2t), 0 <t < 1/2 25(2t —2), 1/2 <t < 1}.

Ecin z4, 25 0D — C 3aj1a10T 3aMKHYThIE KpuBble o 1 (3,
zo(e™) = z5(€") g mekoropoit HapbI t, ty, TO NpousseaeHne f
ONPEJICIACTCST OTOOPAZKCHUCM 245, TIPUICM

IN

Zag(e") = {zo (XTI 0 <t <y zy(eX ) <t < 2r)

s oot opee/IeHHOCTII IIPOU3BeACHus af My>KHO YKa3aTh B
STOM CJlydae TOUKHU t U ty, Tak Kak MHoxkecrBa T'(a,«) u T(a, )
MOLYT COEPKATEL DoJIee OJHOM TOYKH.
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Ompenennm teneps ungexc [lyankape ind,y, a ¢ || (nHgekc
TOYKH OTHOCHTEJIBHO KPUBOI Y UM TOPSIOK Y OTHOCUTEIBHO TOUKH
a) m ungexe Yuran W (y) a1 KBasu 1. 0. KPHBOI 7.

Ecmn v — J0Kaablo mpocTad KpuBagd, onpejeadcMas oTodpa-
xenneM z = z(e''), To nosaraem (cm. [69])

ind,y = / d Arg[z(e") — a,
oD

W(y) = hm / d Arg[z(e'"*%) — z(e")].
Onpenesienue. [Tycmov v — x6asu 4. n. xpusas 6 C, o
nexomopas dyea 7y, & — Hexomopas 0yea o, KOHULL ¢ AGAAOMCA
srympernumy movkamu o . Eeau dyea o aeasemes npoemot, mo
NOAYORPECIHOCTIVIO OY2u ¢ GY0eM HASUEAMD 0OHOAUCTIHIIO HCOPIa-
Ho6Yy 0baacmy §), YO06ACMEOPAIOULIO YCAOSUAM:

o~
o~/

00 ¢ €,

o) =0,

N (o

epanuya Q) Asasemes npouscedenuem dy2u o« u NEKomopoti npocmoti
dyeu B, npunem opuenmayii o undyyupyem nosoiCUmesbnylo opu-
enmayuio 05), oo ¢ 3.

Eeau o u o codepoicam odiy ocobyro mouxy undexca n(C;y) >
0w a® asasemes 06pazom npocmoti dyz2u o, npu 0mobpastcenuL 6uda

2z =w""" + const, n=n(;7), (1.14)
mo noCmpoumM noAYoxpecmuocms L, npocmot dyeu v, coomeem-
emeyrowed dyze «, 6 naockocmu w mak, wmo 0,00 ¢ Q, u moavko
odna u3 movex w = 0, w = oo aexcum wa 9,. B amom cayuae
NOAYOKpECTVHOCMBIO dy2u o naswsaem ne 6osee wem [1+ n((;y)]| -
AUCTVHYIO 0OHOCEAZHYIO PUMAHOGY NOCEPTHOCTNY, ACAAOUYIOCA AHA-

aumueckum oopasom S, npu omobpascenuy ( 1.14). Omobpascenue
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(1.14) onpedeasem 6 amom cayuae nexkomopyio dyey B kak A0KaALHO
83aUMHO 00HO3HAUHbIG 00pas (O€,) \ (.

Puc. 1.3: [TosyokpectnocTs Jiyru o

Omnpenenenue. Lydem 2060pumsv, 4mo kpucas y* nosyena us3
v 6dasausaruem 6Joav dyeu o, ecat Y NoAYwera U3 vy 3amenot dyau
o dyeoti B, npuvem B doascna Gvims marot, ¥modvl CYUECmseosaia
HEKOMOPAA NOAYOKPECTIHOCTD JY2U O, 02PAHUNEHHAA KPUusol af.

Omnpenenenue. [lycmov v — HEKOMOPAA K6G3U A. N. KPUBLA 6
C, a — mouxa, ne sesicawan na y. o onpedeaeruro, na y umeemcs
ne Goaee, 4em KOHEUHOE “wucAo mouek, das xomopuxr n(C;y) > 0.
Kpome mozo, k(00,7y) < 00, m. €. 7y KONEWHOE YUCAO Pa3 Nporodum
wepes mouky z = 00. oamomy ¢ nOMOUBIO KONECHUHOZO YUCAL 60AG-
AUBAHUTE ML MONCEM NOAYHUMD U3 Y AOKAADHO NPOCMYIO0 KPUBYIO
Ve, aearcaugno 6 C. [lpednorooicum, Wmo noayoxpecmmuocmu, ¢ nomo-
ULBIO KOMOPHLL OCYUWLCMBACHDL BIAGAUBAHUA, MAKOGDL, WMO MOUKG G
ACACUM, BHE UL NPOEKUUT Ha naockocmy. Tozda nososcum

ind,y = ind,7., W(y)=W{(y.). (1.15)



KoppekrHocts orpeenennit (1.15) Boimekaer u3 Teopem Mopca
u Xefirca o JomycTHMBIX jgedopManusx [69].

Haitie ocHOBHOE yTBep:K/IeHIe — CJIeIYIONIasl TeopeMa o Cyle-
CTBOBAHUU OJIHOBPEMEHHOM HapaMeTpusalii KOHEYHOI'O YMC/Ia KBa3!

JI. I.KPHUBLIX I'PAHUYHLIMK 3HAYCHUAMMN p&HHOHaI{I)HOﬁ CbYHKHHH.

Teopema 1.2.1 a) Ecau L — samxnymasn owcopdanosa kpueas 6 C,
R(z) — payuonarvnas dynryus, mo omobparcenue R | L onpede-
ASEM. HEKOMOPYIO KBA3U A. N. KPUBYIO.

6) Ilyemo vy, ..., 7Y, — OPUEHIMUPOBAHHVIE KEA3U A. . KPUSHLE
6 C. Tozda cywecmeyom v-ceasnas obaacmo ), 02panuMennas 3a-
MEHYMOLMU ocopdanosumu kpusvmu Ly, .. . . L,, u pauyuonasvras
pynryua R(z), maxue, wmo omobpascenue R | L; onpedeasem wpu-
6y10y; ons6cerj =1, ..., V, NPULEM NOAOHCUMEALHAA OPUECHMAUUA

i 3

O undyyupyem 36001110 OPUEHMAUUIO KPUBHLE Y1, -« « + 5 V-
Jloxazameavemeo. YTBepzKICHAC a) 09eBUANO. 11 T0Ka3aTCIb-
CTBa OCHOBHOTO YTBEPIKJIeHNs () HAM HYZKHA

JlemMma 1.2.1 ITycmo x6a3u 4. n. xpusas y onpedeasemes omobpa-
2ICENUEM

z=f(e"), 0<t<o2r

IIpednonoocum, wmo n(1;v) =0, Ty, — sadannoe xKoneunoe mmoice-
emeo us (0,27, maxoe, wmo T 6xaouaem 6 ceba napamempol, 6Cexr
mouex ¢ nenyaesomu undexcamu, m. e. Ty O {t : n(e';y) > 0}.
[Tyemo, danee, das xaorcdoti mouru t € 1 3adano namypasvroe wuc-
20 m(t).

Toz0a cyuwecmayem COTPAHAIOULE OPUEHMAUUIO GHYMPEHHEE
omoGpasicenue [ 1exomopozo koavua

D(ry, ) ={C :r <[C| <r}, 1 <1<y,

ol



maxoe, wmo cnpasedauso pasencmeo f = f | {|C| =1}, omobpasice-
nue f AOKAALHO 0OHOAUCTIHO 60 6CET TNOUKAL MHONCECTNEA

ri, o)\ {e : t €T},

Kpome mozo,

:A

ple, £,Q) = m(t)[n(e";v) + 1]

oas ecex t € I, 2de f.Q) — aoxarvnas aucmnocms omobpa-

p(z,
arcenus obaacmu 2 = D(ry, ry).

J10Ka3aTCABCTBO JICMMBI COCTOUT B JIOKAJBIOM <IOIHATHNY KPH-
BOI 7y MA HJICMCHTLI PUMAIOBOH MOBEPXIIOCTH U TTOCICTYIOMEM CKJIC-
UBAIUH 9TUX 9JICMCHTOB.

B cmty n3BecTIbIX PE3yIbTATOB O HPOIOIZKCIIN TOMCOMOP(MU3-
MOB JyT (em., manpmmep, [63], ¢. 527) u ompejesernng KBasn JI. H.
KPHUBOii /15t J1E060r0 7 € (—00,00) CYICCTBYIOT ncio € = (1) > ()
u takas yukiys g(.;7) 1 C — C, uro

gle;7)= f(e") npn t€[r—e,1+¢,

2 = ¢(C; 7) mpu mo6oM DUKCHPOBAIITIOM T OTIPe/IeJISET COXPAHSIONIee
OPIIEHTAIII0 0TOOpazKeHue, JOoKaIbHO oHomcTHOe B C \ {e', 00} u
TOHOJIOIHHECKH 3KBHBajenTHOe crenentomy (¢ — e )7 e

p(7) =m (7)n(e™y)+1], mir) ={1,7 € [0.2e\13: m(),7 € 1}}.
Byjiem cuutarh, 4TO

p(r)=p(r +2m), gle’;7)=g(e"; T+ 2m)
JUIS BCEX BENIECTBEHHBIX T U ¢,

co(T) = £(7)/2,
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rje E(7)  TouHAS BepXHdAS I'DaHb BCeX BO3MOXKHBIX 3HaUYeHUiT £(T)
upH ukcuposantom 7 € [0, 27| (1. e. ipu 0 < £(7) < E(T) BO3MOKHO
nocrpoerne g(¢;7) ¢ yKasaHHbIME CBOHCTBAMM).

Bribepem Terneph (hukcupoBantoe £y > 0 Tak, uto 2y < £¢(T)
np Jjrbom 7 € 17, MPOMEKYTKH [T — £o, T + €] IOMApIO He Tie-
pecekarTed HpH pasandnbix 7 € 17 u obbeguicnne 1y unrepBaion
(T — €0, T+ &9) 10 BeeM T € 17 neskut B unrepsade (0,27), 1. ¢.

Ty = Urer, (T — €0, 7+ &9) C (0,2m).

[Tycts Tereps €1, 0 < €1 < €, TAKOBO, 4TO 261 < €o(T) sl BCEX
T € T3 = [0,27] \ T3. CymecTtBoBamne €; cIegyeT U3 KOMHAKTHOCTH
T; v toro dhakra, 4TO yC/I0BHE

!

7€ (1 —&o(7), 7+ &o(7))

JUIst JTIF0OBIX HAp ToueK T U 7' u3 1y Bjeder HepaBeHCTBO

¢ yuerom Bbibopa go(7) = (1) /2.

Bosbmewm paszbuenme
=7 <M< <7, =21, Tog=Ti1 — 2T, T =T+ 2T,

TaKoe, ITo 0001 HHTEPBaJ (Tj, T;11) AU00 COBIATACT C HHTEPBAJIOM
(T — €0, T + &) Juist HekoTOporo 7 € Ty C Ty, nubo He UMeer o6IIX
TOYEK C T2 no< Tj+1 — Tj < ég;.

Iyers 7 — dukcnpopannas touka (7;,7;,1), j = 0,1,...,k,
npuyem 77 € 1Y, ecnu (75, 7541) N1y = @. o nocrpoennio,
s
e(rj) > |mj1 — 7.

o3



ITycts 0 < €5 < min,; |7, — 7j|, €3 — AocTaTOMHO MasIOE TOJIO-
JKATEJBLHOE YICIIO.

Ob6pasyewm Jmneftnbie Muozxecrsa A}, A7, A; = A7 U AT
Ay ={re" cr=1t—7] <& wm t=1—ey, |r—1] <ey},

Al ={re" :r=1t—7| <ey mm t=1+ey, |r—1] <eyl.

[To nocrpoenunto, oTobparkeHus g(T]’) n g(.;7;_) romeomopdHbl B

HeKO'['OpOM O'['Kpbl'l‘()l\/l 1\/[HO)K€C'I‘B€, CO,’Lep)‘KaIILel\'] AI
9(G1) = 9(G7 ) = fIQ) V=€) |t—7] <en
[TosTomy 181 TOCTATOMIIO MaJIoro €3 > () CyIICCTBYCT TOMCOMOPGhU3M
gl.m) - C—=C,
y,Z[OBHCTBOpH}OH_[HIU/I }/CJ'IOBHHM:

9(¢Gm) =9(Cm) npn (€A

n
G(¢;m) = 9g(¢: T]') npu (€ A;’.

Tpebyemoe B jiemme 1.2.1 orobpaxkenune f npu r; = 1 — &3,
9 = 1 4 £5 OlIpeJleIUTCs Teleph 113 PaBeHCTB

Flre') = g(re"; 7)), Ti—lde<t<Ti—g, |r—1]<e;

£ (il ~ it. —

f(re ):g(re ) Tj)v |t_/j|§€27 |7”—].|S€3.
JlokasbHasg ToMeoMoppHOCTE f Ha JUHUSIX CKICHKI 0TOOparKeHuil g
U § BBITEKAET U3 TOTO, UTO ¢ U § COXPAHSIOT OPHEHTAIIIO0 U JIOKAJIHLHO
roMeoMOphHBI Ha ITUX JUHUAX (CM. jemmMy 1.2 pu n = 2).
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Ormerny, qro 1o nocrpoernto f(e) = f(e'), u f mveer Toukn
BeTBJIEHNUsI JIUIIb B 00pasax Touek ¢ € {e : ¢ € 11}, upuuem

ple’, f,Q) = m(t)[n(e;y) + 1.
Jlemma 1.2.1 nokazaHa.

ITposio/kM jlokazare/beTBo Teopembl 1.2.1.
IIycrs v =1 u v = v, upumennm jemmy 1.2.1.
B kovibiie D(ry, 79) BoO3bMEM JIBE 3AMKHY ThI€ KOP/IAHOBBI KPUBBIE

By u Bs, JiexxKaline HO pasHble CTOPOHBI OT OKPYZKHOCTH

B=A{¢ [l =1}

1 pa3ic/idmomue Irpallnviblic KOMIOICHTLI, o6pa3b1

Bi=f(B) u Br=Ff(B)

KOTOPDLIX ABJIAIOTCA PCTYIAPHLIMU allaJATHICCKUMHA KPHUBLIMH.

Kpusnie 8, u 8, pasbupator miockocts C 11a Tpu obgacta ),
Qy, Qy, mpuaeM

Ky =Py, 0h=70, 00=0UBy, |B]CQ.

[Tpumenns Teopemy M. Mopeca m M. Xeitrca [69], ¢. 95, moctporm co-
XpaHsSIIne oOpreHTano BHyTpennne B cMbicie C. Crouiosa 0Tob-
paxenns f; @ ; — C, j = 1,2, rakue, uro f;(() = f(¢) na g,
J = 1,2, npuiuem f; nokanbno romeoMopdno B Toukax f3;, nmeer
JIUIIB KOHEUHOE YHC/I0 KPUTHIECKUX TOUEK U He Hosiee 0jiHOTO MOJIH0-
ca.

Orobpazkenne R : C — C, onpejieasemoe (opmyiamn

RO =4{f(0), C€Q, 1=1,20 f(C), C €W},

o
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apigercd BayTpennuM HO C. CTOHJIOBY M TOHOJIOIHYECKH 3SKBUBA-
JEHTHO OTOBPaKECHUIO ¢ TOMOIBI0 parmonanbioil dynkiun R(().
Toumee, mo Teopeme C. CTomnoBa 0TOOParKCIHE R(C) ¢ TOUHOCTDLIO
JI0 TOHOJIOTHYECKOTO TIPEOOPA3OBAHNS APTIyMEHTa, MmepeBodiero dh
Ha, HEKOTOPYIO 2KODJAHOBY KPHUBYIO L, COBIAJIACT € PAIMOHATLHOl
dyukrmeit R(C), ato  TpeboBaIoCh.

[Iycts Temeph v > 2 W jaHbl OPHEHTIPOBAHHBIE KBa3H JI. II.
KPUBbIC 71, .. .,7,. PasopsaB 7; a1 Kaxuoro j = 1,...,v B HeKo-
TOPOIf TOUKE JIOKATBHON IIPOCTOTDI, IPEACTaBUM (DOPMAJIBIIO 7Y, KaK
Pa30OMKHYTYIO KPUBYIO, HAYAJI0 W KOHEI] KOTOPOH HAXOAATCT B OJIHOM
1 Toit ke Touke a;. Touku ay, ..., a, OyjeM cuuTaTh PAsIUYHbIMI.

ITycts g, ..., — TPOCTHIE JIYTH, UMEIOIIHE 00IIee HAYAJO B
TOYKE @, & KOHEIl &¢; — B TouKe a;, j > 2. Jlyru o MozKHO BhIOpaTh

'l'aK, Ll'['()()b[ l[pO[/lBBe)LeHMe
v =7 [[ e
j=2

OLLIO KBA3MH JI. M. KPUBOM, JOKAIBHO MPOCTOH B TOUKAX CTHIKA YT
+ or
Q" T PA3OMKHYTBIX KPHBBIX ;.

[To nokazaHHOMY BBIIIE, CYIIECTBYIOT YKOPJaHoBa 0b6jacTh ()
¢ OpHeHTHPOBaHHOI rpanuneil 0§ = L u palmonaibHas (DYHKIIH
R(C), makue, aro 7y, onpejensercst orobpaxkennem R | L.

ITycrs € V-CBsi3Mask 001aCTh,

v i

00, =L, U---UL,

L; — zamxnyTbie »kopjanosbl kpusbie. [Iposens paspessr Iy, ..., 1,
B (), coeauustontue Ly ¢ Ly, ... L, (I; — npocras ayra, l, ... .1,
B3AMMHO T1€ TIepeceKatores B §),), 00pasyem oanocssasnyto obaactns )

C T'panuteit
Ly [ ULt
j=1
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B cuy reopembl Pumana 0 KoH(POPMHBIX 0TOOpazKEeHHIX 1 TeopeM
0 UPOJIOJIZKEHHH roMeoMopdusMos ayr [63], ¢. 527, cyiiecrsyer ro-
Meomopusm @ o Q — QY

v

HEIPEPBIBHO K JIOKaJ/JIbHO OJHOJIMCTHO
o 0O e = A1
HPOIOJZKIMBILE Ha () 1 Takoii, 4ro oTobpazenune R o ™' | L; omnpe-
. g A1 + .
JieIAeT KPUBYIO Y;, oTobpaenus R o ¢~ | [F onpejenaior Kpupbie
£ -1 GEDETAY DARHERE .
o, smadenma R(¢ ™' (w)) ma pasubix 6eperax paspesa [; coBmaiaor.

Torpa R (w) = R(p™'(w)) ocymecTsager BoyTpeniee oToopa-
JKeHne v-CBA3HOM obmactu (), mpudeM oTobparkeHue R* JTOKaIbLHO
romeoMopduo Ha J),, 38 UCKIIOYEHHEM KOHEUHOIO YHUCIa TOUEK,

* / y
R*| L; onpenensier v, j = 1,...,v.

Nnmeem
N v —1
C\Q, = U’I £,

rae (), — oxnocsssas 06;1acTh ¢ rpanunci 9, = L;. B cumy memmbl
1.1.2 mpu n = 2 u AOKA3aMHNOTO BLIMC caydad ¥ = 1 Teopembr 1.2.1,
CYIIECTBYeT COXPAaHSIOIlee OPUEHTAINIO JTOKATBHO FOMeOMOPgHOE, 33
HCK/IIOUeHNeM KOHEYHOTO YHC/Ia TOYeK, 0TOOparKeHHe

R; - 5,/, — C,

Takoe, 4To

R:

)

L

J

onpesieIsIeT KPUBYTO 7, , CpaBe;nBo paserictso Rj(() = R(C) ara
Beex ToueK ¢ € L;. Torma, obpasoas dbynKmo

R(Q)={R(Q), C€Q R, CEQ, j=1,2,....v}

1 npuMeHNB cHoBa Tipejcrapienne C. CroumjioBa Jijisi BHYTPEHHUX
oToOpaKeHuit, moJyanM 1o, 4To nykuno. Teopema 1.2.1 jjokazana.
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1.2.2 Teopewmbl 0 cBsi3u uHaeKcoB Ilyankape
n YUTHHA

HamomMHaMM, 9TO 9T WHIEKCH OMPEAETEHBl B MPEIBIYIIEM TyHKTE

JUTS JTF000H KBa3H JIOKAJLHO TPOCTOi KpuBoil . Harmmelt ocHOBHOMN

HEJIbIO SIBJISIETCs] U3yUeHre CBsi3ell U OleHOK il nH/jekca [lyaHkape

ind,y u unjekca Yurau W (7y), 1 MPHMEHEHHsS] STUX OIEHOK B CUTY-

alluK, KOIjla KBa3H JIOKAJIbHO 1POCThle KPUBbBIE [TOPOXKJIAI0TCH I'Pa-

HITYHBIMIT 3MAYCITHAME MEPOMOPGHUOro oTodpazKkenus od1acTu.
Haunem ¢ nunTepecHoro HabJito ieHMs .

Samevanue 1.2.1 B cuay aemmo, 1.2.1 dynxuyuo R(z) & meope-
me 1.2.1 6) moocno nocmpoumo maxum obpasom, wmo R(z) oxa-
ACEMCA AOKAALNO 00N0AUCTINOT 6 Mmovkax JS), COOMBEMCMBYIOUUL
MOUKAM NOKAADNOT NPOCTNOMBL PACCMAMPUBLEMDIT KPUBHLT, O 6 MOY-
kax OS), coomsememsyouus 0cobvim moukam undexca n(z;7y) > 0,
AOKAAOHAA AucmHrocms R(z) moocem Goimo eubpana pasrol wucay
n(z;7v) + 1. Ipu maxom ewbope Q u R(z) marve sdasiusarus OS)
ONPEJEAAIOM HEKOMOPBIE 60ABAUBAHUA 7Y, NO3BOAANOULLE OM. 7Y NEPeti-
MU & 02PAHUNMERHOT A. M. KPUBOL 7., npudem sunoansomes (1.15).

C yuerom 9toro samedaimg u onpefetenuit (1.15) u3 Komed-
HOJIMCTHOCTH paruonaibHoil dyukiun B C, MPHUIMIA apryMenTa u
TCOpeMEI 1.2.1 HCHOCPEICTBEIIO BLITEKACT

Ipemtoxenne 1.2.1 Jaa aoboli keasu a. n. xpusotiy 6 C

sup |ind,y| < oo. (1.16)

aglv|
Cyma mo smreparype, HepaBeHcTBo (1.16) He GBIIO M3BECTHO 110
Hamel paboThl 1 /I OTPAHITICHHBIX JTOKAILHO TPOCTHIX KPUBLIX.

Jlutst lokazaTe/ibeTBa CIIe/IVIONEro npejiokenus 1.2.2 vaM 1o-
Tpebyercs Jjiemva. KoHeuHble TOYKHM KPUBOM, JIJISI KOTOPBIX HHJEKC
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n(¢;y) = 0, 6ygeM Ha3BIBATH OOBIKHOBEHHBIMMI, OCTATbHBIE TOUKHA
0COOBIMU.

Jlemma 1.2.2 [Tyemov wy u we — padauynovie mouxy 6 C,

a, Ay, a3

— opuenmuposanivie dyau, udyuue us3 wy 6 wy. Hyemo v = aqos,
V1= 00, Yo = G G — KGA3U AL T KPUGLLE, MPUMEM oYKUY CIMBIKA
dye oy, Qa, Qi3 ABAAIOMEA 0OVIKNOBEHNDLMU OAA Y, Y1 U Yo, JY2a i3
aearcum 6 C.
Toeda
ind,y = ind,y; + ind, 7y,

s M060T MOUKY @&, He ACHCAWET 1a O, Oy, O, U
W(y) = W(m) + Wi(y)+d,

npuvem 6 = —1, ecau dyea az nodrodum x 0beuUM MOUKAM Wy U Ws,
ocmasaacy <caesas om vy, 6 =1, ecau nodrod «cnpasas , u 0* =0,
ecat nodrod K wy U Wy NPOUCLOOUM € PA3HLIL CINOPOH.

OTMeTnM, 4TO B CUJTYy YCJIOBUS HA 7Y, Y1, Y2 B TOUKAX CTLIKA YT
Qvj MAJIBIC HOAIYTH vy, (a, Ovg BOJIH3M HAMAIBHOMN M KOHCTHON TOUEK
HE UMEIT JIPYTUX TOYeK IepecedeHns, KpoMe Wy WU Wy, TTOITOMY
MIOJTXOMBI (3 K 7Y ONPEJIesIEHbl OTHO3HATHO.

YKazKeM JIHIIh CXeMY JIOKA3aTeIbCTBa JeMMbl. Kein kpusas v 1
Jyra O SABJSTIOTCS TVIAJIKAMHE, TIPUYIEM (3 TOJIXOJUT K 7y TI0JT TPSMBIM
yIJIoM, To TpebyeMble PABEHCTBA JIEMKO YCTAHABJIMBAOTCS, HCXOJ(HA
I3 TEOMETPUICCKOTO CMbICIA UHeKCoB. OOl cydail cBOIUTCA K
STOMY € TIOMOIIBIO KOMEUNOr0 UNC/Ta BIABIUBAHUI, He MEHSIOIIX
SHAUCHNI MHACKCOB.

Onpejienienne (1.15) ungekcos ind,y u W (7y) ecrecrsernio B Tom
CMBICJIE, YTO €CJIM KBa3u JI. 1. KPUBAs Y sIBJISETCST T10JI0KUTETHHO
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OPUEHTHPOBAHHON I'paHulel ojHocBsizHON objtactu 2 C C, 1O
W(y)=1, indy={lacQ 0,a¢Q}

Ho s O6IIL6M CJ/lyHdae OKa3bIBacTCsl IHOTEPAHHBIM CBOMCTBO HEYETHOCTH

UHJIEKCOB IIpHU CMEHE OPpUEeHTallun 7.

IIpennoxenne 1.2.2 /s keasu a. n. kpuscoty 6 C u mobot moy-
wua ¢ ||
ind,y + ind,y~ = K(00,7) + K(00,7), (1.17)

W)+ Wy ) = —K(y) + 2K (00, 7) + 2r(c0, 7). (1.18)

Beauvun, 6rodauiue 6 npasyro “acmo pasencme, onpedeacHv
6 (1.12), (1.13), samknymuoie Kpusvie ¥ U Y~ OMAUNAIOMEA AUUDL
opuenmayuet.

Hoxasameavemso. Ilycts o — jloctaTouno majias jyra, cojiep-
JKaIast Oy n3 0CoOBIX TOUCK 7, ¥ = oy, . Ecnn paserncrsa (1.17)
u (1.18) ByayT mMOKA3AHBI JJIsd KPUBOM Yy = (ty (v, TIOTYUCHITON BIAB-
JMBAHMEM Y BJIOJIb (v, TO B CHJTY JeMMbl 1.2.2 coornomrerst (1.17)
u (1.18) GymyT Beprbl u jiist 7. CileJ0BaTeIbHO, OCYIIECTBUB KOHE-
HOE 9HUCJI0 BJABIMBAHUI, MBI HpujeM K tomy, 9ro (1.17) u (1.18)
JIOCTATOYHO 0DOCHOBATH JIUIIL B JIBYX CHEIHAIBHBIX CJYYasiX:

1) 7 He umeer 0coOBIX TOUEK;

2) 7y COIEPIKUT OjIHY OCOOYIO TOUKY M SBJISIETC 0OPA3OM 11PO-
CTOf KPUBOIi 4 ipu 0TobpazkeHnn crenentoi dbyukrmeit (1.14), mpu-
qeM v = 0, 2, — ogmosncTasg 06JacTh, e COACPIKAIAa BHYTPH
ToUeK w = 0, w = 00.

B nepsom ciayuae K(v) = K(00,7v) = k(00,7v) = 0, i Tpebye-
Mbl€ COOTHOIIEHUSI

Wi(y)+W(y7)=0, ind,y+ind,y~ =0

XOPpOoHIo U3BECTHHI.
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Paccmorpum BTOpOit ciyuail.

[Mycrb a0 — pocraToduHo Magast jyra 7y, cojep:kariasi 0cobyro
Touky. OnpejiesinM orpanndernble Jjl. 0. KPUBBIE Y| U 7Y, BJlaB/IMBa-
HUSAME Y U 7Y~ COOTBETCTBEHHO BjIOJIL (¢ U (¢ TaK, ITOOBI MPUMEHs-
eMble TIPH 9TOM TMOJYOKPECTHOCTH JYT (v U ¢~ HE COJIEPKATH TOUEK,
JIeXKaIX Ha/l TOUKoil z = a. Obo3HAUNM:

Yo=v\N, Y =70 =78 e =7 e

riae By u By - Ayru, onpejeseHnble BiasmBanueM. B cuity onpese-
gennsg (1.15) u gemmpr 1.2.2 GyaeM UMeTh

ind,y + ind,y~ = ind, 5,5,

W) +WiyT) =Win) + W) = 1+ W(Bi5,).

Eciu n(¢; ) — wumueke ocoboit Touku b = z(¢) € |a] C |v|, 1o
pasercta (1.17) u (1.18) m71st v cIeAyioT B citydae 2) U3 Toro, Iro

W(B6:) =1+n(C;vy), ind,sB:=n(; ) upu b= o0;
W (B:18:) = —[1+n(;v)], ind,1B; =0 npu b +# oco.
[Ipeptoxkenue 1.2.2 10Ka3aHO.

Bynem nmmcatn

! = Y2,

T. €. 7y HOJUNHEHA Yo, €CJN Y| TTOJYUEHA U3 Yo € MOMOIIBIO KOIeY-
1oro uncjia Biasausanuit. 113 onpejenennii (1.15) u jemmbr 1.2.2
HEHOCPEACTRCHHO CJIETYCT

IIpennoxenune 1.2.3 [fycms v u 7y, — %¥6a3U A. N. Kpusvie, ¢ €
C\ |7 Uma|. Ecau vy < v, mo W(y) = W), ind,y; < indgvys.

[Tpusejiem 6e3 jloKa3aTeNbCTBA, €1e O/HO YTBEDXKIeHHe, T101-
YePKUBAKIIee PDAHUILY CBOWCTB MHJIEKCOB JIJIsi OIPAHUYEHHbBIX W JIjTsl
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HEeOorpaHM4€HHbIX KPHUBbLIX. HyCTb Yo U 71 — JIOKaJILHO IIPOCTBLIC KPH-
BbIC B @ C UpejcTaBjIcHHAMN

z=zo(e"), z=2z(e"), 0<t<2m,
COOTBETCTBENTO. PaceMoTpnm siedopManiio (ToMOTOHIIO )
s=F(t,r), 0<t<2m 0<71<I,

rae F(t,0) = zy(e"), F(t, 1) = z(e"). Cueays M. Mopey u M. Xeitn-
cy [69], dedopmayuro F' nasosem donycmumots, ecau

a) das mobozo T € (0,1) kpusas 7y,, onpedeasemas napamempu-
weckum npedemasaenuem z.(€') = F(t, T), asasemes o2paruuernnot
A. M. KPUGOT;

6) cywecmeyem maxoe wucao § > 0, umo aobas dyza o Kpusol
v, npu 0 < 7 < 1 asaaemes npocmoti dyeot, ecau chepuveckud
duamemp o 1ne npesocrodum J.

Coxpanus yeaosue 6) u onyemus 6 Ycaosuu a) mpebosanue
ozparnuvennocmu v, npu T € (0,1), noaywum Goaree obuyul Kaace
dehopmaruti, xomopuie bydem nasveams donyemumvimu 6 C.

Uzsecrnas teopema ['payrireiitna—YurHu o0 HHBAPUAHTHOCTH
YIJIOBOIO 110psijika (MHjeKca YHUTHE) TajKoil KPUBOI 11PU TIAjKHX
JgedopManusax SBAFeTCA OAHNM U3 QyHIAMEHTAIbHBIX (PaKTOB TEO-
pun KoMbuHATOPHON U b pepeHIraIbHOl TOMOMOTHN (CM., HATTPU-
mep, Momorpaduio B. B. TIpaconosa [74]). M. Mopc u M. Xeitnc pac-
MPOCTPAITUIIN 3Ty TeopeMy Ia ciaydail jornyctumbix B C gedbopmarinit
JIOKAJTBHO MPOCTHIX KPHBHIX, Jexkanmx B C (em. [69], c. 84). B ciyuae
JiechopMariuit, JTOMyCTUMBIX JIj1s TEOIPAIHIEIIBIX KPUBBIX, JIEZKAIIX
B pacimpenoii mockoet C, cutyarnsa yejaoxusercs. TeM ne Meree
CIPaBe/IUBO CJEIVIONIee YTBEPK/IeHNE.

IIpennoxenne 1.2.4 [Tyemv v u vy, — 4. n. xpucsie 6 C.
1) Jonycemumasn dedopmarus vy 6 1 cywecmseyem mozda u moavko
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mozda, roeda W (vy) = W(v) (mod?2) u
—2k(00,71) < W(v) — W) < 2k(00, ).

2) Jdonycmumasn 6 C deopmanusn vy 6 v cywecmeyem mozda u
moavro moeda, xoeda W () = Wiy1) (mod 2).

JloKazaTesbeTBO aHAJOTUIHO JTOKa3aTe beTBY Mopca n XeliHca.
(:)'['J[HL[HG COCTOMT JIMIIIb B TOM, 4YTO €CJIA ,’Le(l)OpM allusd «lePeKU IbIBa-
€T» KPHUBYIO 4Yepes TOYKY 2 = OO, TO MHJIEKC N’Iﬂl'l'Hl/l TEPIUT CKadOK,
paBHbIin £2.

[Tpu sTOM MBI TOIB3YCMCA TCM, UTO BAABJIUBAINS Y WIH Y~
PC/ICTABIAIT OO0 TaCTHRII Caytail gedopmarmii.

B crenyromeit Teopeme 1.2.2 ncrmonb3yoTesd Takue 0603uaderns.

[Tycrb £ — v-cessias objactb B C ¢ 1HOJI0KUTETHHO OPUEHTH-

POBaHHOI I'paHuIei
o=V, Ly,
rae L; — 3aMKHYyTBble KODJIAHOBBEI KPUBBIE.

Ipeionozxkum, uro orobpazenne f : ) — C apisercs BHyT-
pentM B () 1 COXPAHSIONINM OPHUEHTATINI, HEIPEPBIBHBIM B chepi-
"eckoil Metpuke B (), oTobpakenne f | L; onpefenger Kpasm J. I,
KPUBYIO ;, 7 C C,j=12,...,v.

Yepes T 0bozHaunM Bee Te ToIKN OF), KOTOPBIM COOTBETCTBYIOT

TOYKH OJIHOI U3 7y; ¢ HEHYJIEBBIM HHJEKCOM, j = 1,2,... 1.

Yepes nfa, f,Q) obosnaunm ducio a-rouck f(z) B () ¢ yuerom
KPATHOCTH, T. €.



Hanomnum, uro

VD) =Y [p(z £.9) - 1.

z€Q)

Onpedeaum ewe wucro p*(z, f, ) caredyrougum obpasom.

Eeauw z € Q\ 1", mo noaoorcum

p(z, [.Q) = p(z, [.Q).

[Tyemo

zeTNL;, n(zvy) >0,
Ulz,e) — oxpecmnocmvy mouxu z ¢ nexomopvim € > 0. B cuay
UBBECMHUDIT PE3YALMAMOG 0 NPOJOAINCECHUY 20MEOMOPPHUIMOB Y2 U
mpebosanus 6) 6 onpedecnuy K643 A. M. KPUGOT CYWECMBYEM Co-
Tpansouee opuermayuro u omeomopgroe 6 Uz, €) omobpascenue
¢ : Ulz,e) = C, maxoe, wmo

FO) = f(O) =[O 4 const  dasa scexr ¢ € LyNU(z,¢e).

HOJL(LZ(I/&M, wmao

2de

FO={f(0.¢Ce f(Q).CeUlze)\ Q.

Tozda, ouesudno,
p'(z, f,8) = p(z, f, ).

Ilo onpedeaenuio,



V() =D (= £,0) - 1.

2€Q

Ormernm, uro eciin 2 € Ly u n(z;7;) = 0 upu nocrpoenun f,
TO MMeeT MecTo pasenctso pi(z, f, Q) = p(z, f, Q).

Teopema 1.2.2 Jlasa omobpasicernus f cnpasediuss, coommuowenus

VAL Q) =20 (00, f,Q) = v =2 W(y;), (1.19)
J=1

n*(oco, f,Q) —n*(a, f,Q) = Zindﬂj, (1.20)

j=1

2de a — npoussonvnas mowra uz C\ UY_ |y,
W(y")==-W(y) - K(y)+2K(c0,7)+2k(c0,7), v="r;, (1.21)

ind,y~ = —ind,y + K(00,7) + k(c0,7y), v =" (1.22)

Obpammno, ecau V>0, n >0, v > 1, W — sadannvie ueavie
YUCAT, NPUHEM
V-on=v-24+W,

MO CYWECMBYIOM. V-C8A3NaA dHcopdarosa obaacms S ¢ epanuyet
Lyu---uUlL,
u ynkyua f(z), mepomopdran 6 ) u nenpepuienas 6 chepuveckoti

mempure 6 S, makue, wmo cyscenue f | L onpedeasem xeasu a. n.
KPUGYIO 7Y U GONOANAIOMCA PAGEHCMGA

VAL =V, nioo £,0)=n, > W(y)=-W.

Hoxasameavemso. 1o nemme 1.2.2 cyiecTByer Takoe BUyTpen-



Hee TIpoo/Kenne f* oTobpaskenus f Ha 06macTb (0 D ), uTo
(2, £.Q) = p(z, f*, Q) ama Beex Touek z € (U

fi(2) #oom fi(z) Zanpuz € Q \Q plz, f,Q0) = 1 ana
Beex z € 0\ Q.

['panmanpie kommnonenter (2° mosyuatored paasausanmem L,
9TO HOPOZKJIACT € HOMOIIBI0 0TOOpazKenus f* BAaBIUBaHuA ;
T. €. MOXKIHO CUUTATD, UTO

o = L,

orobpaxenue [* | Lj OmpeJiesisIeT KPUBYIO 7y, HpUIeM 7y, HOJy-
YeHa KOHEIHBIM THCJIOM BIABINBAHULL 7; , 9TO COXpaHAeT 3HAUCHN
UHIEKCOB!

Wiy ) =W(vy;7), indsy;

Y = ind,,,”/;*.

VMCHDLIIHB, CCIH HyZKH0, 064acTh (2°, MOXKIO CYATATD, ITO

orpanmyennbie J. u. Kpusbie. Ho Torja
Wi(yi7)==Wl(v;), indyy;” = —ind.y;~,

cooTHOTIeHust Ji7Tst f* mosydarores u3 gopmyt Mopea [69], ato maer
(1.19) u (1.20) ¢ yaerom cBazeit Mexy f u f*.

Pasencrsa (1.22) u (1.21) Beitekator nenocpe/icrsento us (1.17)
u (1.18).

Jltst 0boCcHOBAHMST BTOPO# YaCTH TEOPEMBI TTOCTPOUM HYKHOE
BHYTpeHHee orobpaxkenne [ obsactu (), nzobparkennoii na puc. 1.4.
3aMeTnM, 9To
Q C Ul U Dy,
Dyys={z : |z| <1+6},

I ={re" : 1+ <r<1+39,

t— tl\| < 5/?}7
). = <1 + 2(5>€”k.
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Puc. 1.4: Tlponeciiep

[Mosoxum fi(z) =
wenue fo otobparkenus f; Ha objactb Dy Tak, 4ro orodparkeHue

JemMme 1.2.1 noctpoumM mpojioJi-

f2 moxamnno romeomopdno B Dy 5\ {1} n
p(1, f2,D1ys) =V + 1.

Ecan n = 0, To orpoctku 11, otdpocum.

Ecmn > 1, To k Dy 5 uprcoeautmm n oTpoctkon [1j, mpu sToM
€, > 0 BeIOEpEM Tak, 4TOOBI OTOOPaKEHHE

f2 | lk, rjie lk = {(1 -+ 5)6” : |t — tk| < 8@},

OBLIO TOMEOMOP(HBIM.

CHOBa BOCIIOJIB3YEMCsl M3BECTHBIMI (DAKTAME O HPOJIOJIKEHHN
rOMEOMOP(HU3MOB JIyT: CYLIECTBYET [HPOJOJIKEHUE fop OTOOPAZKEHIs]
fo | I, makoe, 410 fo, : € — € romeoMopduaM, coXpansonil
OPHMEHTAINIO, f%(ak) = 0.

Torja oupejieaum

f3(2) = {f2(2), 2 € Dy JE%(Z), z € ﬁk}'
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Ecm v > 1, to u3 Q \ {1, a;} BeOpacsBaem (v — 1) mMambix
KpyxKoB D;, 7 =1,...,v — 1, Takux, uro f; | D; — romeomopduoe
orobpazenne, 2 = O\ UD; — v-cBasuas 06JacTb.

ITo Teopeme 1.2.2 umeem

V-2n=v-2-— ZVV(“/]),

W==> W),

TaK KaK

V= V(f,0),

0<j<v,n=n(o0, fg,g*) MO TTOCTPOCHUIO.

[Tepexoj ot f3 kK MepoMopdHOH DYHKITIH BO3MOXKEH B CHITY TEO-
pembt C. CronstoBa 06 yirdopMu3aIi.

Teopema 1.2.2 gokaszaHa.

Canencrsue 1.2.1 Feau 6 yeaosuax meopemul 1.2.2 donoanumenvro
npednoaoorcums, wmo f(0Q) C C, mo

V(f, Q) §2n(oo,f,§)+u72—i:W(7;). (1.23)

JeftcTBUTETHHO,

n*(oco, fﬁ> - n(oof7§)

B cuny yeaosus f(9€)) C C.

Caencrsue 1.2.2 Ecau das deyx omobpaocenud f; = §; — C,
Jj = 1,2, epanuunvie snauerus onpedeasiom 00HY U My Hce Cucmemy
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xreas3u A. N. KPpUGHLLX, Mo
V*(f1v§l> - v*(f‘Z:QZ) (mOdz)

IIpumep. Pacemorpum orobpazkenust g @ D — ) 2z — f(z2) =
ed? Q) obmactb, uzobparkeHHas Ha puc. 1.5, ¢ OJHOJMCTHOE
kordopmioe otobpazerune kpyra D ma €, g(1) = oo.

2m

é R 7
o\ _|-2m

Puc. 1.5: Kourpnpumep

€ D)

o

Oburactb € cOCTOUT U3 MOBTOPSIONUXC (hparMeHToB. AcHo, 9TO

e’ n e“/? ne 6osiee, ueM JIBYJUCTHBL B (), IIpHUeM

p<e(w7 Q) = p(elv/z7 Q) = 27

1o e/ onnonmerna B obsactu ).

[To Teopeme Kapateomopu o rpanmanom cootserctsun [47] hyHK-
must  f(z) menpepeisia B D. feno, uto cyxenne f | OD onpemessier
HEKOTOPYIO KBasH JI. 1. KpuByto 7. [To mocTpoennio,

n(a;y) ={0,a € oD\ {1}; 2,a = 1}.

Mveem taxxe p(1, f,D) =2, no p*(1, f, D) = 3.
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[Tpumep mokasbiBaer, 9T0 B (1.23) BO3MOXKEH 3HAK CTPOIOTO
HEePABEHCTBA.

CanenctBue 1.2.3 Ecau 6 yeaosuar meopemui 1.2.2 donoanumenvno
npednoaosICUms, wmo y; — A. . kpusue 6 C, mo

VL) = 2n(o0, £,0) — v = 2= 3 W),
j=1

1.2.3 K zajgaue Ilukapa-JIéBHepa
0 IMOCTPOEHNU PUMAaHOBOII HOBEPXHOCTU
110 3a/JJaHHOII IpaHuIle

Teopema 1.2.1 maeT moAnoe PeIICHne OO0 MPOOICMDBI O CHCIIHAID-
HOM BJIOYKEHUU 33 aHHON KyCOUHO-TVIQAKON KPUBOH Y B KOMIIAKTHYIO
puMaHoBY noBepxHocTh R(7y) poga o > 0. 3amucy R = R(7) npemno-
Jlaraer, 4To 10JI0KUTejIbHas opueHTalus OR UHyUpYeT 3a/[aHHY 10
OPHMEHTAIUFO 7.

[TojiobHast 1pob/ieMa BOSHUKAET 1IPU UCC/IE/I0BAHUK 0DPATHbBIX
KPACBLIX 384 118, PUMAIIOBBIX HOBCPXHOCTIX II OIMHUCAIA B CTATHIX
®. /1. l'axosa u FO. M. Kpukynosa [46| (1956 rox) u JI. A. Akcern-
theBa [31] (1964 rox). Ormernm, UTO Ui MIAIKOH B eMmblcae Jlsmy-
HOBa KPUBOH 7y ¢ TPAIICBEPCAJIBITBIMU CAMOIIEPECEUelsIMU BOITPOC O
ITOCTPOENNH ONPATTMYEIIION PUMAIIoBOii roBepxHocTH R(7y) nccieno-
pasicst K. 11, Turycom [163] (1961 rog). Kax ykaswisaer Turyc, sToit
3a/1aucii unrepecosasucst 9. Iukap [157] u K. Jlésnep. Ilecaeona-
nust Turyca Obuin npogoszkenst M. JI. Mapkcom [149] , I K. @pen-
cucom [129], X. Jlesn [145] u npyrnvu matemartnkamu. [lassamme
«zamaqa [Inkapa-JléBuepay B3saTo maMo u3 cratbu Ppercuca [129).

Bagada moctpoerns R(y) o 7y ABIIeTCA TPAKTITICCKIT BAZKHOI
I BCTPEYALTCs JIJIsl KPUBBIX YaCTHOTO BHJIA BO MHOTHX 3a/[adaX Me-
XaHWUKH CILJIONIHBIX CPeJI.
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MpbI orpanuauMcs 3/1eCh STUME OTPLIBOTHBIME CBejleHusMu. [1o-
JIPOOHYIO HCTOPHEO TTPOOJIEMBI U JTATHHEHIITNE PE3YIbTAThl MOAKHO Hall-
T B Monorpadgun C. P. Hacerposa [71], m3gamnmoii 8 2008 rosy.

Sameuanue 1.2.2 Teopema 1.2.1 onpedeasem pumanosy nosepr-
noemo (p. n.) R = R(vy,...,v) kak anasumuseckud obpas npu
omobpascenuu obaacmu ) payuonarvnot gynrkyued R(z). Cnpased-
AuB0 boaee obwee ymeseporcdenue, dokaszannoe Hamu 6 [29], meope-
M 1, 8 MEPMUHAT MeoPUU PUMAHOBHLE noseprrocmed. He npueods
30ect H9M020 YMBEPNCICHUA, OCTNANOBUMCA HA NOCTNANOGKE 0010T 30~
davu U ee peuwenuts OAs CReyUAALHO20 KAGCCH KPUGDHLE.

[ycrs 0 = o(R) — poji, n = n(0o, R) — 4ucio JHUCTOB Ha/l
Toukoit z = 00, V. = V(R) — cymMa KPaTHOCTCH TOUCK BCTBJICIINS
p- 1. R. TloctaBum Caeayionyio 3ajamdy:

no 300aHHOT CUCTIEME KPUSHLT Y1, . . . , 7Y, ONPEdeaumsv 00aAacms

!

T donyemumuvir 3navenutd napamempos

(Q?’ni V) e R:{?

(o(R),n(o0, R),V(R)) €T,
u o6pamno, ecau (0o, ng, Vo) € T, mo cywecmeyem p. n.
R=R(v,.... %)
npuyem

Q(R) = Qo H(OO, R) = Ty, V(R) = Vb.

Hajinm adbekTnBHOE pertieHne 9Toi 3a/1a4n JIJIst 0JIHON KPUBOi
~, IpUHaJJIeXKaIel crernnaabHOMY TOJIKJIACCY JI. 1. KPUBBIX.
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Omnpenesteane. Kpusyiwo v Hasosem 36e30000pasnoti nopadka
m, ecau Yy 3a0ana YpasHenuem 6udd

2(t) = 2o + |2(t) — z| explid(t)], 0 <t <2,
ede |z(t) — 2o

snavenuamu, 0 < |z(t) — z| < 0o, B(t) monomonno sozpacmaem om
0(0) do 6(27) = 0(0) + 2mwm, 2de m — HAMYPAALIOE YUCAO.

, O(t) — nenpepuienvie YHKUUL € BEULCTNEEHHDLMU

CripaBejuiiBo CJIejIyIoliee yTBepKIeHHe.

IIpepnoxkenne 1.2.5 [Tycmo v — xpusas, 36e30000pa3nan nopaAdra
m > 1. Pumanosa nosepznocmo R = R(7y) ¢ 3adannomu caparme-
pucmukamu V>0, 0 > 0, n(oo) > 0 cywecmesyem mozda u moavko
moeda, xo2da

V =2(n(oo) +0) — 1+ m, (1.24)

3a uckmovenuem cayyas m = 1, n(oo) =0, V. =2p > 0.

Joxasamervemso. llyets o, n(oo), V' — mesable HeoTpHIIATE b
Hble eI, yaosaeTBopsonme (1.24), u cayqait m = 1, n(oo) = 0,
V =20 > 0 uckjtoden.

Kpusyto v MOKHO TIPEICTABATL (BOOOIIE IOBODPST, HEEINHCTBEH-
HBIM 00Pa30M) B BHJIE TPOU3BEJECHUS ¥ = Q3 . . . (ty, KOPJATIOBBIX
METENb (i, . .., &y C TOUKAMUA CTBIKA G, .. ., Gy .

Ilycrs R(a;) — oanosmctiias objacTb, orpalnderiiag neieit

aj,7=1,...,m. Iycrs a € {a1,..., 0,1}

apna;, k#7.
Paspexenm R(ay,) n R(oy;) BI0Ib HEKOTOPO# AyrH

TOYKa CThIKa IIeTe/Ib

o C R(ay) N R(oy),

nexofgeii u3 To9kn a. CKICHB MPOTHBOMOIOKHBIE Gepera paspe-
308 R(ay) \ |oo] 1 R(oy) \ o], mosyuny p. . R{agey;) ¢ oaHO# ToU-
Koit Berssiennst. [Tpojiesias a1y onepanuio ¢ Kazxoil 13 m — 1 ro-
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YEK CTBIKA TITCND (Vf, . . . , (tyy, HOTYIUM OAMOCBABIYI0 KOHCIHYIO P.H.
Rlajay ... ap) = Ri(7), ajst Kotopoit

V(R))=m—1, n(oo,R) =0, o(R;)=0.

JobGasuB n(00) HAP HOBBIX TOYEK BETBJIEHHsI, UPUKPEHUM K 1) ()
B TOUYHOCTH 1(00) MOJNHBIX JIUCTOB I10ckocTH, [lojydenuas p. u.
Ry(7y) mMeer cieiyrorue XapakTePUCTHKI:

o(Ry) =0, mn(oo, Ry) =n(o0), V(Ry)=2n(co)+m —1.

[Tosepxiocts Ry(7y) gBiasicTes HCKOMOIE p. 11, B cayaac ¢ = 0.

Ecmm ke ¢ > 1 n uck/toden caydait
m=1, n(co)=0, V=20>0,

o m + n(oo) > 2, nosromy V(Ry) = 2n(oo) + m — 1 > 1. Cre-
JloBaTeIbHO, HA/J| HEKOTOPOH 0BJIACTHIO JIeXKAT 110 KpaliHeil mepe JiBa
JIUCTA, Rz(y), U Mbl MOYKEM BBECTH HOBbIE @ HAp TOYEK BerBjieHus. B

pe3yIbTATe TPUXOANM K D. 1. Ry = R3(7), ama KoTopoii
V(Ry) = V(Ry) + 20 = 2(n(00) + g) — 1 +m,

UTO U NYZKHO OLLIO A0Ka3aTh.

Hokaxkem obparnoe. Ilycrs R(y) — nekoropas p. n. naj C,
orpanunyernas v. 13 dopmya (1) u (2) crarbu |28 caesyer, uro

V —2n(oco) —20 = -1+ W(y) — 2ind.7.

[ocieee coornomenue pasnocuibio (1.24), tak kak W(y) = m,
ind,y = 0.
Eciinm = 1, n(o0) = 0, 1o 7 — xKopjlaHoBa Kpubast. 113 npHuiiu-

Ha apryMeHTa BhITeKaeT Torja, 410 R(7y) gB/sieTcs 0J[HOCBAZHOM 00-
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gacToio, T. e. V = 2¢ = 0. Takum obpaszom, cayuaait m = 1, n(oo) = 0,
V =20 > 0 ae#icTBUTETBHO NYKNO UCKIIOUUTD.

[Ipepitoxkenue 1.2.5 goKa3zato.

1.3 IlpumMenenus rpaHu4HoOro BpallleHUs
1 KpuBbix Pagona

Ps moctaTtovnnix yeaoBuit OIHOMUCTHOCTH U P-JIUCTHOCTH JIJIA MC-
pomMopdoit B obractn € gyuxnuu f(2) BoIpaxKaeTcesd Yepes npocTbie
XapaKTCPUCTUKH YIJ1a KacaTeaphoi K f(0€)) B npeIHoIOKeHIH, YTO
f(092) — wycouno-rnagkme kpubble. Hanbosee cHIbHBIM Pe3y/IbTa-
TOM B 9TOM HAHPABJICHUH SABJIFETCS CICTYIONIEE YTBEPAK ICHHE.

Teopema T. ¥Ymenzasst [165]. [Tyemo Q2 — odnoceasnaa 06-
aacmo 6 C ogpanusennas npocmot anasumudeckot xpusot; f(z)
anasumuuna 6 Q, f(2) # 0 na epanuye 05,

dargdf(z) = 2wk > 0, k=W/[f(0Q)]. (1.25)

[2}9]

Ecau dns mobvx p1 63aumno nenepecexarouyuzes dye Cy, ..., C),

u3 OS) GUINOANACTNCA HEPABEHCMEO

i “ dargdf(z) > —pm, (1.26)

=1 7Ci

mo f(z) ne bosee uem p-aucmna 6 L npup = (k+p—1).

N3 yenosust (1.25) caeyer, 9To cymMMa KPaTHOCTeH KpUTHYe-
ckux Touek f(z) B ) pasaa n(0, f',Q) =k — 1.

Pacemorpuy obrmmit corywait |7), xorga obmactn (2 MHOTOCBI3-
Ha, GyHKIUA f(2) nMeeT KOHEUHOe THCTIO TOTIOCOB I KPUTHICCKIX
TOUYEK, BBINOJIHEHBI TpeboBatns Bija (1.25) u (1.26) Ha Kaxjoil n3
KOMHOHEHT T'PaHuIlpl obsiacTu. [IpuMeHnMocTh reoMeTpruiecKux Ho-
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crpoennit T. YmejzaBbl B 00111eM ciydae HesdcHa. Ho yjaercs Hepe-
Jlokazarh Teopemy T. YMej3aBbl, CBejisl ee K OlleHKaM nHjlekca [Tyan-
kape ind,y, v = f(09), B 3aBucumoctu ot unjekca Yurau k = W ()
n xapakrepuctukn 1. VYMea3aBot 4 = (i(7y) U PACIPOCTPAHUTE TAKO#
OJIXO/1 Ha CIyUail MHOTOCBAZHBIX 00/1aCTCil.

JIBe Apyrux 0coOEHHOCTH CJIEVIONTIX HIKe TeopeM 1.3.1 1 1.3.2
— ocaabaenue Yeaosut 2aadk0CU 2PAHUYHILE 3HAYERUT U Neperod K
SHYMPEHHUM OMOOPANCEHUAM — NPEICNABAAIOMCA CYULELCTNEEHHDL-

MU, HO NPAKTMUAYECKU HE BAUANM HA CTEMY dOKA3AMEALCMEA.

BBG,ZLGM HEKOTOPhbIC OIIpeac/ICHMAg.

Iycrs cHavasia v — rilajikast OpUEHTUPOBAHHAS 3aMKHYTas KU~
Bast, onpejiesieHtas orobpazkernem [0, 27| 3 ¢ — z(t). Dyukiuto z(t)
OyICeM MAa3BIBATL TAKAKC YpaBicnueM Kpusoii . Cunracem, ato z(t) me-
PUOAMYICCKH TPOIOIKCHA Ha BCH YHCIOBYHO 0Ch, 2'(t) HenpepbiBHa 1

mmryie e obparmacted B 1yib, 2(0) = z(27), 2/(0) = 2/(27).

Yepes @(t) n w(t) = w(t;a), ecan Touka @ He JEKIT HA 7,
0003HAMHM HEKOTOPBIE OJIHO3HAUHBIE HEIPEPbIBHBIE (DYHKIHH, OlPEe-
JesisieMble 113 coorHomenuit w(t) = Arg[z(t) — al n o(t) = Arg 2/(t).
WzBectho, uto

2rind,y = w(2m)—w(0) =2mn u  ©(27)—p(0) = 27W (v) = 2rk.

[Tycers k — mesoe duciIo, omindHoe or Hyid. Henpepuwsnyio opuen-
MUPOBAHHYIO 3AMEHYMYIO KPUBYIO Y (M. €. 0mobpascenue ompesra
[0, 27] npu nomowsu nenpepuwsnot dynryuu z(t), z(0) = z(27) ) nazo-
sem svinykaot muna k u sanuvwem y € (k;0), ecau cywecmeyem no-
caedosamenvrocms (7y;) MAKUT 2A00KUL OPUEHTIUPOEAHHOLL 3AMKHY-
mur KpuswiT ¢ ypasuenuamu 2 = z;(t), 0 <t < 2w, wmo das a06020
J dynryua p;(t) asaaemes MOHOMONHOT U GUNONHENDL YCAOBUA

0i(2m) — ;(0) =27k wuw lim max |2(t) — z;(t)] = 0.

]
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[yers k u g nesible aucia, (4 OTIUIHO OT HyJis. [aadkyo opuen-
MUPOSAHNYIO KPUBYIO HA306eM NoWMU 6vinykiol muna (k; p) u 3a-
nuwem vy € (k;p), ecau W(y) =k u cpedu mobwz || unmepsanos
Ay, Ay euda

A/ = (t2j71-, tz_/‘)-, tl S t2 S e S t2[/1\7 0< tQ\u\ - tl S 271_7
natidemes xomsa 6w, odun unmepeas A;, maxot, wmo
P(tyy) — plty1) > —m npu p>0, (1.27)

O(ta) — @ltyjm1) <7 npu p<0. (1.28)
Henpepuishyio opuenmuposannyio 3aMERYMYy0 Kpusyro vy ¢ ypaske-
nuem z = z(t) naszosem nowmu sunykaol muna (k; ) u sanuuwem
v € (kip), ecau cywecmsyem nocacdosamenvnocmo (7y;) marxux
enadkux wpueur v; € (ki p) ¢ ypasnenuamu z = z;(t), wmo

lim max |z(t) — 2z;(t)| = 0.

J—o0

Bameuanue 1.3.1 Jocmamounvim Yeiosuem cnpasedausocm cooms-
nowenus (1.27) uau (1.28) (mownee, npunadaeacnocmu y € (k; i))
npu > 0 uau p < 0 AGAACMCA NEPAGENCTNGEO

L

-

ing

<
Il
—

[p(ts)) — pltaj1)] = —mp,  p >0, (1.29)

UAU
|1l

D leltyy) — pltain)] < wlul,  p <0, (1.30)
j—1

COOMBEMEMBEHHO OAA A000TE CUCTNEMDL B3AUMHO HENEPECEKAIOULUT-
ca unmepeanos A, Ny, .o Ay, 0 <ty — t1 < 2w, Tpebosanue
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T. VYmedsasw (1.25) npedcmasasem coboti nepasenemeso euda (1.29)
das vy = f(ON).

[Tycrb €2 — v-cBa3Hast 06J1aCTH € MOJOKUTETHHO OPUEHTUPOBAH-

Hoft rpanuieit 9§ = U Lj, rje Lj — 3aMKHyTast 2K0p/laHoBa KpUBast

Vol , . - s - _ TN

B C. Ecm f @ 0Q — C nenpepeiHo, To uepes v; = f(L;) Gyjem

0003HaYATH TENPEPBIBAYI0 OPHEHTHPOBAHHYIO 3aMKHYTYIO KPUBYIO,

onpegeiAeMy 0 otobpaxennem w = f o z;, rae z;(t) — ypasiemne
Kpupoit L;.

1BOI k- UM XADAKTEDHCT +(~) pa-

Huist kpusoit v € (k; ) onpejiesium xapakrepuctuku ¢ (y) pa

BEHCTBaMH
g (V)=k+p—1, ecmmp>0, k — awboe mueioe;

q" () =k, ecim =0, k>0
g (V) =1kl -1, ecmmp=0, k<O,

1 XapakTepucTuku ¢ (7y) paBeHCTBAMM
g (v)=k+p+1, ewmpu<0, k — aw0bdoe 1eI0€;

q (v) =k, ccm =0, k<O0;
¢ (v)=—-k+1, eump=0, k>0

Teopema 1.3.1 Iycms omobpasicenue f @ Q0 — C asasemcea euym-
pennum 6 S, corpanaem opuenmavuio, Henpepucio ¢ () 6 clepuric-
cxoti mempuxe, f(0Q) C C. Hycmo das wagcdozo j = 1,...,v
UMeEEM YCA06Ue
Vi = f(Ly) € (kjipy)
¢ sadannotmu anpuopu wucsamu ki w i, j=1,..., .
a) Ecau sce p; > 0, mo das mobot mouku a ¢ f(0S2) umeem
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ouenKyY

14

n(a, f,9) < nloo, £,Q)+ ) _a"(v). (1.31)

Jj=1
6) Eceau ece w; < 0, mo das 410600 mouku a 08)) umeem
Hi = U,
oOUEHKY

nla, f,9) = nloo, f,Q)+ > a (7). (1.32)

j=1

Joxasamenvcmeo. Ha 0CHOBaHUN UPHUIUHA apryMeHTa (CM., HAHPU-
Mep, [69], Teopema 20.2, ¢.94) cripaBeyTHBO PABEHCTBO

n(a, f,Q2) =n(oco, f,Q) + Z ind, ;.
j=1

[Tockoabky ind,y A7 pUKCHPOBaHHOI TOUKHI ¢ He MEHAETCS TP Ma-
JIBIX JlehopManysix 7y, To Jiis JIoKa3aTe/IbCTBa TeOPEeMbI JIOCTATOUHO
obocrosarh HepasencTso ind,y; < ¢'(7;) upu p; > 0 1 HEpaBEHCTBO

ind,y; > ¢ () upn p; < 0 114 DIaJIKUX KPUBBIX.

Orenky UIIeKca I TIAIKOH KPUBOI, IMCIOIIC U CAMOCTOSI-
TCABLHBIN UHNTEPEC, BLIACANM B BUAC OTACIBHLIX YTREPIKICHNI.

Jlemma 1.3.1 I[Tyemo v — 2n00kaa 0pueHMUpPoOSannas 3aMKEHYMaA
kpusas ¢ ypasrenuem z = z(t), z : [0,2r] — C. ITycmo a — mouka
6HE 7,

n=ind,sy, k=W(y).

Ecrun —k > 0, mo cywecmeyem cucmema ud . = n — k
B3AUMHO HENEPECERAOUULCA UHMEPBAN0E (tgj_l,tgj), 1<j<p, ede

t1<t2<"'<t2#,1 <t2’u, 0<t2’u,—t1 §27'l'7

marux, 4¥mo
Ay = plty) — plty1) < -7
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ons ecex j=1,..., 1.
Eeau orce n — k < 0, mo anarozuvmoe ymeeporcdenue cnpaseod-
au60 Oan ji = |n — k| unmepeanos ¢ nepasencmsamu Ap; > T,

oxazamenvcemeo memmbl  1.3.1. Obo3HATNM

rit)=1z(t)—al u Vv=9¢—w,

rjgpe ¢ u w QYHKIMN, BBEJCHHBIE DU OHPEACIeHUT k W n s
JIaJKOM KPUBOI.
[Ipojddepernmponas HO t TOXKIECTBO

2(t) = a + r(t) expliw(t)],

HOJYYHM

explivs()] = ’;((f)) ”Mt(j:/)(t)’ olt) = |2(8)] £0, |t < co. (1.33)

[Tycts p=n — k > 0. Toraa
»(2m) — Y(0) = 2r[W(y) — ind,y] = —27p.
Kpusast v, onpejessieMast 0ToOparKeHneM
w: 0D —=0D, ID={C: |[¢|=1},

nepeBojigainM Touky €l B Touxy e obxoauT okpyskHocTh |w| = 1

B TOUHOCTH [t = 1 — Kk pa3 B OTPUIATEILHOM HAHPABJICHWH.
FeoMeTpuyecKn OUEBUIHO U HETPY/IHO 000CHOBATE CYIIECTBOBA~

e 7 — k PasImIHbIX JyT ), KPHBOI 7y, TAKHIX, UTO Y, ONpe/IeiiseTcs

oToOpaKenueM

e = explivi(t)] upn t €A,
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upuieM 'y,i JICZKUT B UM2KHCH HOJIYIJIOCKOCTH, HMCECT HAaYaJl0M TOUKY
w = 1mn gormom — Touky w = —1, 7 =1,..., 4.
ApyruMn coBaMu, CyMIeCTBYIOT Takue Toukn t;, 1 < 7 < 2pu,
qTO
b <ty <. <y, 0<ty, —t <27,

'U"(tzj) — U‘J(t‘zj—l) - =T, sin ﬁ’(t2j,1> = sin @L’(ta) == O (134)
sin(t) <0, vVt e A, (1.35)

s BeeX J = 1,. ..,y Ay = [taj_1, toy].
Nz (1.33) u (1.35) cacayer

siny(t) = r(t)w'(t)/o(t) <0,

T e w(t) <0ma A;. How'(t) # 0 na A, Tak KaK HHatUe PABEHCTBA
(1.34) m ToxectBo siny(t) = 0 ma A; MpoTHBOPEYAT HEHPEPHIBHO-
cru Y(t). CaenoBatensno, Aw; = w(ty;) — w(ty—1) < 0 1 modTOMY

410 11 TPebOBaJIOCh.
Bropoii ciyuaii siemmbl, Koryia b = n — k < 0, cBojiuTCcd K

pazobpaHHOMY BbIIe CMEHON OpHEHTAIMK 7Y Ha UPOTHUBOHOJIOAKHYO.

Bameuanue 1.3.2 Jlemma 1.5.1 npedcmasasem cyuecmeenHoe ycu-
AeHue coomeememeyrowezo peaysomama T. Vuedsaso, [165].

Jetiemeumenvno, T. Vmedzasa cyuecmsenno ucnosvb3osa.n mo,
YMO 7y ONPeeNFEMCA 2PAHUNHLMY 3HAYEHUAMU GHAAUMUYECKOT 6
odnoceaznoti obaacmu Q dynxyuu f(z), m. e. v = f(0Q). Taxum
06pa30M, HA 7Y HAAOHCEN PAD MONOAOLUMECKUL 02PAHUMENUT, He mpe-
oyemvir 6 aemme 1.3.1. Hanpumep, ecau v = f(OQ) v f(2) anaru-
mumna 6 €2, mo no npunyuny apeymenma n = ind,y > 0 daa 060t
mouru a & ||, a 6 aemme 1.3.1 Hem makuz anpuopHoLL 02PaHUYE-
Hudl o ind,y.

80



CaenctBue 1.3.1 Ecau vy € (k; ), mo das moboti mowxu a ¢ ||

’

ind,y <k+p-—1, ecau >0, (1.36)

indyy > k+p+1, ecau p < 0. (1.37)

JleficTBUTE/IbHO, B CHUJTY BBEJIEHHBIX OIPE/Ie/IeHII Mbl MOXKeM
OrPAHUYUTHCs PACCMOTPEHHEM JIIIb kol Kpuboit v € (k; u), a
TOIY[& MOXKHO UCIOJIb30BaTH JemMmy 1.3.1.

Ecnn nist romagkoit kpusoit v € (k; p) onenku (1.36) wmm (1.37)
HEBCPHBI, TO ¢ YICTOM HEIOUUCACHHOCTH K, (1, 1 = ind,y moyanM

n—k>p upn p>0
WK

n—k<p mpn p<O0.
[To siemme 1.3.1 cymectsytor Torjia |p| nenepecexatornmxes uHTepBa-
JI0B

Aj = (ty; 1,t;) cycaosuem Ap; < —m upu p >0

(coorBercTBenno, ¢ ycaoBueM Ag; > 7 upu pu < 0) 11 Beex j =
L,...,|ul. A sto mpotuBopeunt yeiaosuto v € (k; ) (eM. TpeboBarms
(1.27) i (1.28) onpejenenust Kiacca (k; )).

MozkHo nokasaTh Ha npuMepax, 9o orerkn (1.36) u (1.37) tou-
HBI, T. €. He MOI'YT ObITb yCHJICHBI 0€3 JIOIOJHUTE/IbHBIX Orpallnyernii
118 KPUBYHO 7.

Jlemma 1.3.2 [Iyemo v € (k;0), k > 0. Toeda dan aobot moukuy a,
He NeAHCAWET 1a 7,

—k+1<ind,y <k, (1.38)

max ind,y — minind,y < k. (1.39)
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Ouenru (1.38) u (1.39) mouno.

Puc. 1.6: DkerpeMaiibHasi Kpupast

Hoxasamenvemeo aemmu, 1.8.2. Ha ocuoBannn HAINUX OHPee-
JIeHU T BBITYKJIBIX U [TIOYTH BbIITYKJIbIX KPUBbIX UMEEM

Y

ve (k0)=~ve (k1)

nosromy orenkn (1.38) soirekaror usz (1.36) u (1.37) upu pp = 1 u
= —2k.

Hoxazewm nepaserctsa (1.39). /1715t 57010 10CTATOTHO PACCMOT-
peTh JIAIIL CIy4dail 1vajKoil KpUuBoi v € (k; 0).

[Tycte @ 1 b jiBe pasjimdnble TOUKK BHE 7, HPUUIEM
n; = ind,y = maxind,y, ns = indyy = minind,y.
w w

Bes orpammueniig OOMIHOCTH MOZKHO CIUTATDL, YTO @ U b BCIIECTBEH-
Hbl, @& < b (3T0ro0 MOKHO J106UThCsT aDUHHBIM TTPe0dpasOBaHUEM
IIJIOCKOCTH ).
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W3menenne 3navenns ind,,y, Korjia w npoberaer HEKOTOPBI HY Th,
CBSABAHO C HEPECEeUEHUsIMI 9TOr0 HyTH ¢ 7 (eM., Hanpumep, [69]). Tak
kak ind,y = 0 npu |w| jocrarodro 60bIoM, 10 Ny < 0 < ny, 1 Kpu-
Bad vy MCPECCKACT MO MCHBITCH MCPC

Ny pas HHTEpBAT (—00, @)

ny — Ny = n; + |ny| pas — unrepsad (a,b),

|ns| pasz — unrtepsar (b, 00).

UTak, 0b11iee TUCTO0 TOUEK TIEPECEYCHNS Y ¢ BEIIECTBEHHOH OCHIO
paBHO

N >2(n; + |ny

).

Omenum Tenepnb ancao N cepxy. Ilyers z = 2(t), 0 <t <27
— ypasuenue 7y, ¢(t) — HeupepbiBHast BerBb Arg 2'(t). o yeiosuio,
p(t) — MoHOTOHHAsI Bo3pacTatolasi (PYHKIUsI, TaKasl, 4To

©(2m + ) — p(ty) =21k > 0.
Bribepewm ty € [0, 27 Tak, 1o
p(ty) = arg(b—a) =0 (mod 27).

[Tocko/ibKy (t) HelpepbIBHA, TO, OUYEBHJIHO, CYIIECTBYIOT TOUKH

ty <ty < -+ <ty =19+ 2m,

TakKue, 410

Jst Beex 7 = 1,2,...,2k.
Kazkias Bbllyksiag jiyra «y; ¢ ypasieniem

z=2(t), ti <t<ty,
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ABJIACTCA BBITYKJION B HAIIPABJICHUN BEIICCTBEHHON OCH U, CJI¢/I0BA-
TCJILHO, MOZKCT UMETD He 6oJiee ool 0d1Ieif TOUKI ¢ 9T0H 0Chio Ipn
7 =1,2....,2k. Ho rorna N < 2k, nosromy

2(ny + |ny

) < N < 2k,

T. €. Ny — Ne < k, 9TO PABHOCHJILHO J0Ka3bIBACMOMY HCPABCHCTBY
(1.39).
B rounoctn orenok (1.38) u (1.39) MoxKIO YOEAUTHCA Ha IPH-

Mepax byHKIuit
exp(ikt), exp(ikt)—aexp[—i(k—1)t], 0<t<2m, a€(0,1).

3aBepiinM Terephb JI0Ka3aTe/bCTBO Teopembl 1.3.1.

Ecin v € (k;p) juist nekoroporo g > 0, o ind,y < ¢*(y) B
cuaty (1.36), ccomm ke p < 0, To ind,y > ¢ () B ety (1.37).

Ecin v € (k;0), o ind,y < k npu k > 0 ma ocrioanmu (1.38),
ecim xe k < 0, 1o ind,y < |k| — 1. [ocneamee caepyer m3 JeBOro
HepaBeHcTBa B (1.38), MpHMEHEHHOTO TIPU CMeHe OPHeHTAIN Y Ha
MPOTHBOHOJIOKHYI0. ANATOTHYNO MOJTyYINM OINEeHKH WHJIEKCA CHU3Y.
Teopema 1.3.1 jiokazaHa.

Cdopmysnpyem HEKOTOPBIE YTBEPZKIeHUs JiJist (DYHKIMI, Mepo-
MOP(MHBIX B KPYTIOBbIX 00J1aCTSAX, HEHOCPEICTBEHHO BbITEKAIOIIIE U3
teopembr 1.3.1 u mepasernctsa (1.39). Ilyers 0 < 7 < R < 00, 060-
BHATUM

D™ ={z:|z| > 1}, D(rR)={z:r<|z| <R}

Oz f) =1+ 2f"(2)/f'(2).
Caenctsue 1.3.2 [Iyemo dynxuyua f(z) mepomopdra 6 obaacmu
D™, cywecmesyem wucao o > 1 maxoe, wmo D(1,14) ne codeporcum
noarocos f(z) u nyaed f'(z).
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FEeau

r2r
RO(re?; £)do — 27k > 0

J0

RO(re; f) >0

npu 1l < r <1y umobom 0 € [0,27], mo daa moboi mouru a € C
—k <nla, f,D7) —n(oco, f{,D7) <k —1.

Ecau orce )
R

RO(re?: £)df = 27k < 0

0
[

RO(re”; f) <0

npul <r <ryu.mobom € [0,27], mo das mobot mouru a € C
k—1<na, f,D") —n(co, f, D) < —k
B oboux cayuasx
111(?x7z(a,f, D7) — 111(}1171(&,]”,@’) < |k|.
[Ipu BBIBOIE HYZKHO YIECTD, UTO 06pa3 JIH000i OKPYKHOCTH
2| =7 € (1,m0)

npu otobpazennu f — kpubast v, € (—k;0), a reopema 1.3.1 npume-
ustercst B obsact Q= {z : |z| > r}, r € (1,ry).

Caenctsue 1.3.3 [lyemo gynxuua f(z) mepomopdra 6 obaacmu
D(q, 1), nenpepuena ¢ D(q, 1), 3a uckamonenuem nomocos, v, — Kpu-
cas ¢ ypasnenuem w = f(re?), 0 < 0 < 27, r — durcuposanoe
wuceao uz [q, 1.

Ecau vy € (ky;p) ¢ mexwomopoim o > 0, 7y, € (ky; 0) ¢ nexomo-
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pom k, > 0, mo daa wucaa aucmos f(z) 6 Q= D(q,1) cnpasedausa
ouenka
p(f. Q) <nloo, f.Q) +k +k,+p— 2.

[Tpn BeiBOjte criejictpua 1.3.3 nonoxum {v;} = {y1,7, } T e
B KadeCTBC KPUBOH 7Yy MPHUMEM KPHBYIO ¥, CO CMCHOIl OPHCHTAIIH.
[osromy ky = —k, < 0, n B onenkax TeopeMet ¢*(y1) = ki +p — 1,
Fl) —
q' () =k — 1

Canencrsue 1.3.4 B ycaosusx caedemeus 1.5.8 npednoaoscenus om-
HOCUMENDHO KPUBBIT Y1 U Yy 3AMEHUM CAEOYIOUSUMIU:

Y € (kpp) npu r=1 u r=q.

Tozda cnpasediusor ymeeprcoenus:
ecau g >0 u pg < 0, mo

p(f, Q) <nloo, f,Q) +ky +k,+ py — py — 2;
ecau oice py < 0 u py >0, mo

nla, f,Q) > n(oo, f,Q) +k, — ky + pg — p + 2
onsa € C, QQ=0D(q,1).

[puBogumbie B ciaepcreusax 1.3.2 — 1.3.4 dpaxThl ObLTH U3BECTHLI Pa-
Hee B HEKOTOPBIX YacTHbIX ciydasx (em. [21], 47|, [164], [165]).
Ommemum 0dun neosrcudarnod caywat. Feau

n(oo, f,2) =0, k=k,=k>0

(m. e f'(z2) #0680 =D(1)), p=1, mo credcmeue 1.3.3 daem
OUEHKY
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smecmo oocudaemozo p(f, Q) < k.
Ho noayuennan namu oyenra p(f,Q) < 2k — 1 mouna daorce
npu donoanumenvrom npednososicenuu, wmo vy, € (k;0).

JeitcrBuresibHo, byHKINSA
flz)=2F —a®71 /2% ac(0,1),
VJIOBJIETBOPSIET HEPEUUCIECHHBIM TPeOOBAHUSIM 1TPU
ca<qg<a, & =1-1/k,

110 punuMacT siadenne w = 0 B Toukax z; € D(q, 1), apaaroniuxcs

pemennsavu ypasuennst 230 = o7 j=1,... 2k — 1.

IIpennoxenue 1.3.1 [Tycmo nenpepvieroe omodpasicerue

ff

—C

o~/

ABAACINCA BHRYMPEHRUM 10 C. O?'I’L()UJL()G:U 6 ) u
80 = U/ L.

Ilyemo das wascdozo j = 1,...,v xpusasn v; = f(L;) acasemca
enpamasemots kpucot Padona ¢ noanot eapuavued yeia xacamenv-
noti ¥ y;, pacnod o(7;).
Ecau n; — namypaavioe wucao, yooeAemeopaowee nepace-
cmay
olv;) < 2m(n; +1)

s j=1,...,v, mo das moboeo snauenus a ¢ f(AL)
n(a, f.Q) = nico, f,Q) < n,.
-1

Jloxazamenvemeso. HelpepbiBHYIO 3aMKHYTYIHO KPUBYIO 7y (CM.
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|76]) maspiBaror kpuBoit Paoma, eciti v cipgamiigeMa i ee ypaBHeHUe
IPECTABIMO B BUJIE

S
w(s) = w(0) +/ explip(o)]do,
0
rae s gyrosag abermcea 7y, 0 < s <[, ¢(s) — BelecTBeHHO3HAT-
Hag (DYHKIWA OTPAaHMYEHHON Bapualn, TpudeM JjIsd JT000i TOIKN
s € (0,1) sesblit 11 npasblit npejiesibl ¢(s_) 1 @(s,) yJIOBJIETBOPSIIOT

HEPpaBEHCTBaM!:

lp(sy) —pls )| <7, pls) — (s )]lw(s ) — @(s)] > 0.

[yers a ¢ |y, w(s) = w(s; a) — nenpepsiBhast Bersb Arg [w(s) — al,

Touka z(l) e aBuseTcs Yoo, T. ¢.
o(0) = (0,), @) =¢(l-), @(0)=(l) (mod 2r).
Torzga, 110 onpeaeacHno,
0
el9) = [ lde(s)l

B Teopun moremimata n3sectio nepasernctso Pagoma  [76]

.l

|deo(s)

/1
J0 JO
OTKY/da IeMeAJIeIIo cjae/iyeT

27lind,y| < o(v).

Onsrh HCIIOJIL3YEM DPaBEHCTBO

n(a, f,Q) = Zindavj + n(oo, f, ).
j=1
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Mmeen: |ind, ;| < o(v;)/(27) < n; + 1 qua moboro j. Orcroga B
CHITY [ETOIACIEHHOCTH MHJEKCa MOy InM nepasenctso ind,y; < nj,
UTO U TPEDOBATOCD.

[Tpu v = 2 npeioxkenne 1.3.1 yenaupaet u 060011aeT PE3YJ/Ih-
rar C. Oxzakn u T. Vvemsaser (em. [119], |164], Teopema 3).

[Ipn v = 1 nostydaem cjeiyroruii pesyssrar, KoTopbiii 00b-
ejHsier coorercrBytoime yreepxienns B. ITaarepo, C. Ojzakmy,
T. Ymeszassl, B. I1. Mukkn (em. [21], §5), yveranosiieHnbie nMi pa-
Hee JIPYTUME MCTOTAMIL.

Caenctue 1.3.5 [Tyemo dynkyua f(z) mepomopdra 6 xpyee D =

{z ¢ |z] < 1} w umeem mam KoHEwHOE HUCAO NOMOCOE U HYAel
npouscodnot. Ecaun — yeaoe wucao u

P2 "
‘ z
ImlHl/ (2)
J0

R (1 + z—) ‘ df <2rx(n+1), z=re’ (1.40)
mo f(z) ne boaee uem p-aucmna 6 D npu p = n + n(oco, f,D).

f'(z)

oxazamenvcmeo. TlyeThb 7, — KpHUBas ¢ ypaBHEHUEM
w= f(re”), 0<60<2r, rel(0,1).

Torna o(7,) < 2w(n+ 1) mist Beex r € (0, 1), mocTaToqHO OJUBKUX K
1, B custy HepaseHetsa (1.40) u paBeHcTBa

de =R+ 2f"(2)/f(2)]d8, z=re",

e ¢ = Arg dw/96. Tlo upeiokenuto 1.3.1 dyukius f(z) Gyuer ne
ostee, uem n+n(oo, f,D) - smcrnoit B D, = {z : |z| < r}. [epeiiua
K TIPCJIC/Ty TIPI 7 — 1, HOJIYIHUM YTBCPIKJICHIE CJIC/ICTBHS.

Sameuanue 1.3.3 Ecau xpusas Padona v Aeasemces A0KAAOHO NPO-
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cmm’l, mo MOJNCHO NoKa3ams, 4mo
Wy)=k=vy€(kim), ;1 >0, v € (ki) pa <0,

ede
py = min{p g — yeaoe, 2w > o(y) — 2wk},

te = max{p : p — uyeaoe, 2wp < 2wk — o(y)}.

Lloomomy 6 amom cayuae npedaosicenue 1.5.1 moorcno svisecmu u3
meopemol 1.5.1.

ﬂaJ[bHeﬁlllMe pesyJbTaThl 110 HIPUMEHEHUAM KPUBbLIX P‘d,jLOHa MOZK-

o nafiti B cratee W. P. Karomosa [34].

Omnpenenenue. Yepes (), 0603nauum cuemio-c6asnyio 00aacms
uz C, nos0jCumenvno opuenmuposaiias, 2panuya xomopoti npeo-
cmasuMa 6 eude

_ o0
e = UZ LU A,

ede L; — opuenmuposarinvie 3aMKIymole 91copodaosvl Kpueole, Mio-
2lceCmBo

A=A{ay,...,a,}

npedcmagasem cobotd COGOKYNHOCMG GCET PASAUNHBIT MOYUEK, C2YUE-
nus epanuinor kpusoir { L}, npuvem

AN(UE, L) = 0.

Tounee, xpusaa L; u mouwa a € A — xomnonenmor Oy

Toury a nazosem mouxoti ceywenus {L;}, ecau mobas oxpecm-
HOCTNG MOYKU @ UMeem 00UUE MOYKU ¢ OECKOHEUHDIM NOOMHONICE-
emeom us {L;}.

Teopema 1.3.2 [Tycmv nenpepuienoe HenocmoAnHoe 0moopastcene

e~

b, —+ C
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ABAAEMCA BHYMPEHHUM 6 (o, COTPAHAEM. OPUEHMAUUIO, U
floQ) C C.

IIyemw v; — wpusas, onpedeaaeman omobpascenuem

[Iyemw, dance,

aub0 v; € (kj; i) ¢ nexwomopoim > 0,

Aubo y; orcopdanosa, u f | L; unsexmueno,

aubo y; = f(L;) aeocum na paspese, m. e. na nexkomopoti npo-
cmot dyee.

Toz0a Oas a0600 mouru a, ne aeorcawet na f(0y), umeem
MECTO 0UEHKA

n(a, f,Qx) <nloo, Q)+ > g () +p",

. / N ;. . X 3
ede Y " cymmupyem no xpucvm 1-20 muna v; € (kj; i), p

’

— YU
ocopdanoeul kKpueolr 2-20 muna v;, das xomopor W(~y;) = 1.

- . H t ,
Hoxazamenvemeso. Ecrm y; € (ky; i), To indyy; < ¢'(7;) B ety
(1.36); ind,y; < 1, ecsm 7, sxoppanosa u W(vy;) = 1, nind,y; <0
B OCTABIIHIXCSI CJYYasX B CHJIY XOPOIIO N3BECTHBIX CBOICTB MHJIEKCA
[Tyankape. Tpebyemast olieHKa CiejlyeT Tellepb U3 CJIeAyIOIIeil JeM-

MBI
Jlemma 1.3.3 [Tycmov nenpepuisroe omoodpasicenue f o S — C

AGAACNCA GHYMPEHHUM 6 00aacmu (y, COTPARAECT OPUEHMAUUIO,
[(0Q4) C C. Tozda das a & f(OS)) umeem pasencmeo

Z indtﬂ/j = TL(CL, /i Q) — TL(OO, [ Qo)
i1
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Joxazamenvcmeo. Bes orpanudenust obIHOCTH Oy/ieM CUUTATH, 9TO
(0, C C, 1 € TOUKH @y, ..., a, KoHeuHbl. [TycTn

>0, Uyle)=4z:|z—a,| <e}, U!le)=Unle) N Q.

m

Badukcupyem € = £y HACTOJBbKO MaJIbIM, 9TOOBI BHITOJIHSIINCH TPe-
boBanusd:

1%) kpyru Up,(g), m = 1,...,q, HOHAPHO He MEPECEKAIOTCA;

2%) anst oboro mo= 1,...,q muoxecrso f[U!(g)]

JICKHUT B
HEKOTOPOM KPYTe, He cojiepzKalieM Boibpantoi Touku a ¢ f(9€,).

[TockosbKy MHOKECTBO KpuBbIX {L;} He HMeeT JApyrux Touek
CI'YIIEHUs, KPOMe TOYeK ay,. .., 4,, TO Bce Kpubble L, 3a UCK/IOYe-
HHUCM KOICYIIOrO YMCJI8 KPUBDBIX, JICZKAT BIYTPU MIIOXKCCTBA

U;In 1 UIIII (60)'

MHOZKECTBO HCKIFOUHTEIBHBIX IPANHYHBIX KPUBBIX L (11X Komednoe
anco0) obosnadum uepes L', [lyers L(e, m) — opuentuposaiiias 3a-
MKHYyTas yKopjlaHoBa KpuBag, Jezkarias BayTpn U,! () n okpyzKaro-
mast Bee e Lj, koropsie jexar B U} (gg), npuaem

m
ind,, L(ey,m)=—1, m=1,...,q.
Pacemorpnm KoredHoCBs3HY 10 00J1acTh (' = Y (gy) C )y ¢ rpanumieit

8Q, = Uq L(E[), m) UI,JEE’ LJ

m=1

[pumenns k dynkuun f(z) upnunun aprymenrta 8 Q' ([69], ¢.93),
nMeeM

q

Z 'ind,y; + Z ind, Y’ = n(a, f,Q) — nloo, f,),

m=1
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e
721 = f[L(an m):|.,

\ - ’
a » ' cymmmpyer 1o vy; = f(L;) naa L; € L.

Otcropa caeayer TpebyeMoe B IeMME PABCHCTBO, TAK KAK B CUITY
ceoiicts 1° u 2° mpu BoIGOpE £ > 0 HMeeM:

n(a, f,Q) = nla, f,), n(oo, f,Q%) =n(oo, f,Q)

1, Kpome 1oro, ind,y0 = 0 mpu 1 < m < g, ind,y; = 0 a1s Kazkioro
— !
v = f(L;) mpn Ly € L'
JlokazaresibeTBO JIeMMbl M TeopeMbl 1.3.2 3aBeplleHo.

Bameuanwue 1.3.4 Jannove 3decv ouenku seaununse nla, f,Q) o
mexarom us ouenox ind,y; daa wascdozo j 6 omdeavnocmu. Tloamo-
MY NPUMEHACMBLE OUEHKU UHOCKCH MOHCHO KOMOUNUPOGAMD ¢ IPYeU-
MU, Ymo u nposedeno 6 meopeme 1.5.2 ¢ UCNOALIOBANUEM TOPOULO
ussecmuur ouenok ind,y; 0as ocopdanosuir KpusHIT UAU PAa3PE306.

Bameuanue 1.3.5 Jaa mozo, “mobve npecpamums oueHky unoex-
ca n(a, f,Q) npu a ¢ f(OQ) ¢ ouyenru aucmuocmu p(f,<Q), nyorc-
Ha donoanumervian ungopmauus o mom, wmo f(O2) — nuede ne
naommoe muodcecmeo. Hanpumep, 6 cayuae xoHeuwnoceasnot obaa-
emu docmamouno npednososcums, wmo f(O€) cocmoum us keasu
AOKAALHO NPOCTLIT KPUGHLL.
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I'maBa 2

JlocTaTouHble ycJoBUd

rJI00aJIbHOI OJTHOJMCTHOCTH

IIpoBepka ¢BOFICTBA OAHOMNUCTHOCTH AHAJUTHICCKOH dynknnn f(z)
— TpyaHasg 3ajada, gaxke ccan f(z) 3agamna gBHoil (popMyso, 1o
e COACPKUTCA B CIIPABOUNUKAX MO KOH(POPMIBIM OTOOPAZKCHHIAM.
JeiicTBuTenpHo, HEOOXOANMO yOENThCS, 9TO ypaBHeHHe f(2) = a
nMeeT He 060Jiee OJTHOTO KOPHS B obtacTu {2 ipu Jitobom a € C.

HacTo 0Ka3bIBAKTCS TTOJE3HBIME YCIOBUSA OJTHOJUCTHOCTH B BH-
JIe HepaBeHCTB Ha (PYHKINI U ee TpousBojiibie. [lepBoe HeTpuBnain-
HOE, T. €. HE CBOJIAIIEECH K ITPOCTBIM MEOMETPHICCKIM JIOBOJIAM, YCI0-
Bre ojroauctroct nosydeno 3. [exapm [151] B 1949 roay. Cdopmy-
JIUPYEM €0 OCHOBHOI pe3ysbTaT B hopme, VA00HO# 11t 00 bscHeHIsA
HCCITEYEMBIX 3aJ1a4.

[Mycrs Q =D — kpyr |z| < 1, M(D) — MHOKECTBO MepoMOpPG-
HbIx B Kpyre D dyukiumit f(z) # const,

I(f) = (L = 121)*{f. 2}lp -

e




— mBapiuan Gysxnun f(z) u

lo(2)llo = sup |p(z)].
z€D
Teopema 3. Hexapu yTep:jiaer ciejyoliee:
ecau f € M(D), I(f) < 2, mo dynxuyus f(z) odnoaucmua 6 edu-
nusrom xkpyee D.

Pacemorpum teneps Tpoiiky (€2, M, ) B upeanooxkenn, ato )
obmacts B R, M = M(£) — HEKOTOpOe MHOKECTBO OTOOPaZKeHMit
f:Q— R
et —I(f)

— ynkimonaz co snatenusayu u3 [0, 00).

Omnpenenenne. Qynxyuonar I+ M(Q) — [0, 00| bydem Hazol-
6amMb ONYCIMUMBLM, €CAU CYWECTEYEM MAKAL NOCMOosHHaA Kk > 0,
UMO YCAOBUA

feM@), I(f) <k

eaparmupyrom odroaucmruoems f(z) 6 obaacmu Q. Huomu caosa-
MU, AOPO PYHKUUOHAAL HE COJePHCUM HEOTHONUCTHBLL PYHKUUT U,
boaee moeo,

k(1) =inf{I(f) : fe M), p(f,Q) >2} >0.

Haubosiee TpyIHbIMEI OKAa3BIBAIOTCS CJICTYIOITHE BOIPOCHI.

3anada 1. Janw Q u M. Kax yesenanpasaeio KoHcmpyupo-
samov donycmumoie GYHKUUOHANDL?

Bamaua 2. [eomempuuecku onucams MHodicecmeo obaacmer
G(I), maxoe, wmo

I donycmum das M 6 )= Qe G(I).
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3decv npednoaazaemesn, wmo M u I xoppexmuo onpedenerol das A0-
601 00.AGCTU UMY UWUPOKO20 KAACCH 00AGCMET U 3600HDL.

Bamaga 3. Janv 2, M u donyemumorti dyrnxuuonan I. Kax
nocmpoums donycmumoe npodossicenue I* npu nepexode om M x
boaee wupoxomy Kaaccy omobpasrcenut M*?

He cymiectByeT yHHBEPCAIBIOrO OTBETA A BOIPOC, MOCTABJICH-
LI B 3a7aue 1.

Bajada 2 TUmUUNa A Teopun (DYHKINA: Ofa BLIPAKACT I10-
IBITKY PACTPOCTPAHEHUST Ha BBIMYKJ/BIE, a 3aTeM Ha Oojiee obime
obsactn () CBOMCTB, YCTAITOBJIEIIIBIX CHAYAA JJIsT KPYTa W HOJY-
uiockocTH. TTofobHbI# 1poriece ylaeTcs JI0BECTH 10 KOHIA JIHAIIb B

pe/iKux ciydasix, 00001eHnbii Gyukiponass 3. Hexapn

Io(f) = lldist*(z, 00){ f. 2}l

OKa3aJiCd B UX HUCJIEC:

ecau ) konewnoceasna, mo G(ly) — mmoscecmeo 00nopoOHvLL
obaacmets (m. e. comp I — aubo mouka, AubO KA3UKONPGOPMIQL
Kpu6as,).

Homycruvocts Iy s Q0 € G(1) mokasana Jjis OJHOCBA3HBIX
obacreit JI. Anndopcom mJI. Bepcom, mma miorocssasunix — O. Map-
to u 1. Capsacom, @. Tepunrom n B. OcryaoM, HEBO3MOAKHOCTh
JIAJTBHERTIIero pacimpenns Kiaacca obsacreit yeranosiena @. Iepun-
rom (em. [130], [133], [148], [154]).

D1oT r1yOOKHUiT U KPACUBbII PE3y/IbTaT HMEeT BEChbMa CePbe3HbIe
1oc/1e/1CTBIs Jiyis norpedureeii: yeaosus 2 € G(Iy) u Io(f) < k(1)
BiekyT npunaiexinocts f(Q) € G(I), 1. e. comp f(9Q) — smbo
ToUKa, 100 KBasukondopMuas Kpusasd. CjenoBaTebio, 0000IIeH-
Hoe yesoBue 3. Hexapn, ero anajorn u ¢jie/iCTBUsT CTAHOBATCA MaJIo-
COTIepKATELHBIMI, ecin Ha Tpamutie () unn f(2) mMerorcs HyJeBbie
YIJIBL. 3/1eCh 1 Jlajiee Mbl HA3bIBAEM 3aMKHYTYH KODJIAHOBY KPHBYIO
L C C xsasuron@opmuot, eciin OHa siBJISIeTcs: 00pa3oM OKPYKHOCTH
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P HEKOTOPOM K -KBAaZUKOH(MOPMHOM 0TOOPAKEHUH BCE MITOCKOCTH
Ha cebsi. B jimreparype Takue KpUBbIE HEPEJIKO HA3BIBAKT KBA3HO-
KPYKHOCTSIMH.

Ham y1a710¢h MOCTPOUTE HECKOIBKO MTPOCTHIX JOTTYCTUMBIX (DYTIK-
UonanoB, 3(hEKTUBHBIX B UPHIOKEHHSIX, 1711 KOTOPBIX G () BKIIHO-
qaeT 00JIaCTH € «JIOBUPOBAHHBIMUY HYJIEBBIMHU YIJIAMU. DTOT 10-
1eK (pakTHUIecKy MpuBest K 3ajade 1, 0000IeHHbI 110/1X0/1 K pelle-
HIUFO KOTOPOH M3JIOZKEH B 110CJIE/HEM TTYHKTE cjiejiytorieit ryapbl. Mbl
paccMaTpuBacM P-I0MyCTUMBIC (DYHKITHOHAJBI, ONPCICIACMBIC CCTC-
CTBCIIILIM YCJIOBHCM

k(1) = f{I(f) : f €M), plf,Q)>p+1}>0.

OO6BIvHO HO 33/1a9€e 3 MCCIeIyeTes KOHKPETHBIH BOMTPOC: KAK PACTIPO-
CTPAHUTL PE3YJIBTATHI O TIO0ATBHON OJHOIICTHOCTI KOH(POPMHBIX
0TOOpaXKeHN ! IBYMEPHBIX 001acTeil Ha cayuail muddepeHnnpyeMbx
orobpazkenuit objiacreit U3 eBKJIMI0Ba 1pocTpancTea R™, n > 2.

OT™MeTnM, 4TO 10 YCJAOBHAM TI0OAIBHON O/THOJNCTHOCTH 0TO0-
pazkenuii umerorcs 06zopel M. Beprarku [119], asropa n JI. A. Ak-
cenrbena [21], T. Tapracaparu [156], asropa, JI. A. AkcenrbeBa u
A. M. Emusaposa [22], B. A. Bopuua [168] u JI. A. AxcenrbeBa 1
I1. JI. Illabasmma [95].

2.1 IlIpocreitmne yHKIIMOHAJIBI

Hawm niorpebyercst crejiyrornee yTBepAKJIeHHeE.
Teopema B. C. Poroxuna ([79], 1958 r.). IIycmo

0() € |()7T].

Q — obaacmov 6 C, obaadarowan c60tCMGOM:
Mobvle d6e MOUKU 21 U 29 U3 ) MOKHCHO coedunums maxot 2aad-
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Kot dy2ot Y(21, z2) C (2, Kosebarue yeaa Kacamesvrot x Komopot ne
npesocxodum By < .

Ecau dynruus f(2) anarumuuna 6 Q, f'(z) #0 u

z)| < (7 —0y)/2

ons mobot mouku z € ), mo f(z) odnoauemma 6 §).

JeficTBUTENIBHO, TIYCTh 2 = 2(S) — ypaBHeHUe IyTH
A/<Z1: 22) C Q

oT HaTypasibHoro napamerpa s € [0,1], 21, 2o € Q. Io onpe,zLeﬂeHmo

CcyIecTByeT BellecTBerHoe unciio 0, Takoe, uro |arglez’(s)
Torja [
r )
|f(z2) = f(z1)] 2 ;/ R ["f(2(5))(5)] ds >
Jo

/|f | cos F +arg f'(z(s))| ds > 0.

Ecian Q) — soinykias obaactsb, 1o 6y = 0, u nosydaercs: Jocra-
TOUYHOE ycjoBue ojnosucruoctu Hocupo—-Bapiuasckoro.

OynKITHonAJT

'(2)] (2.1)

L) = llare f'(2)][ 0 = sup
A

UMeeT CMbICJ U i (DYyHKIMHA, MePOMOP(HBIX B HEODaHHYEHHbBIX
0bJIACTAX MM B MHOI'OCBSA3ZHBIX 00JIACTAX, B UPEJIHOJOKEHHH OJIHO-
snaanoctu dbynxiuu In f'(z) B obiaactu Q (B acTHOCTH, €cin 00 € €,
10 f(2) MOMKIIA IMETD TPOCTOI HOJTIOC B 9Toi Totuke). Ho Torma teo-
pema B. C. Poroxuma nenpuMennMa yzKe jijig BHCITHOCTH KPYTa, TaK
KakK B 9ToM ciydae 0y = w. Cosjaercd BredaTieHue, ITo (PyHKIHO-
Haust I) Hejronryerum B € ipu 0y = 0,(€2) > . Ho, kak OyjieT nokasaHo
HIYKE, TAKOE MHEHUE HEBEPHO.
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ApryMenT npousBojiHOM XapaKTepusyeT BpallieHue 0ToOpazKe-
HUsl. FcrecTBeHeH BOIPOC: TapaHTUPYeT Ji TVIOOAJIBbHYIO OJIHOJIUCT-
HoCTh f(2) B () OrpaHMYeHHOCTH NCKAYKEHMUSI, T. €. YCJIOBHE BU/Ia

M
m < |f(2)] < M, — < q(Q) & [F)lall/F ()] < al€), (22)

e

L7 1L/ 7l = Ei—m

Honycrmvocts dyuximonana || f'(2)||q |11/ f/(2)]|, 6pt1a yeramnosite-
ma @. Jxonom [140| B 1969 1. jjst ciaydas, korjga 0 =D eauHId-
Helit kpyr, f(z) anasurnana B D, u asropom 2], [3] B 1970 1., Koryia
() — BHeNHOCTH eJIMHUYHOrO Kpyra, f(z) uMeer 1pOCTOil HOJIOC B
TOYKE 2 = OO.

Orpanmiennocts dynknnonaia u3 (2.1) wm u3 (2.2) osmata-
eT MPUHAICKHOCTD 3natdermit In f'(2) mekoTopoit mosoce. D1o mo3-
BOJISICT MHTEPIPETHPOBATL UX CAUHLIM 00PA30M KaK CIICHHAILIBIC
ciydan byHKIonasa MUHKOBCKOTO OOIIEro BUJIA, OMPEIEIAEMOrO
00J1aCTHIO 3HAYEHWH JlorapudMa, TTPOU3BOTHOIM.

2.1.1 Pazssurne metonon JI. Anbdopca, I'. Beiins
u ®@. J/Ixxona

Teopema 2.1.1 I[Tyemo D = {z : |z| < 1}, n — yeaoe wucao, n # 0.

Iyemo dynryus f(z) anarumusna 6 D\ {0}, umeem nyav uiu
noaroc nopadka |n| 6 mouke z = 0, mounee, 60.AU3U HYAA CRPAGED-
AUGHL COOTMHOUEHUA

limz7"f(z) =1, f(z) = 2" = O(|z]"™) + const. (2.3)

z—0
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DQynruyua f(z) 6ydem |n|-arucmmuoti 6 D, ecau das a06020 z € D
m < | ()2 < M, 2.4)
ede m u M — nocmosannie, npuvem
M/m <e’? npu n>1,

M/m <e’* npu n<—1.

Hoxasameavemeso. B cuy (2.3) n (2.4) cymectByer onosnad-
nag Betsb In[f'(2) /2", snadenus sroit sersu g(z) = In[f'(2)/2""!]
JIEYKAT B HEKOTOPOH BepTUKAIBHON TTOI0ce MPUHBT 2a = In M —Inm.

CueloBaTeIbHO,
20 1+ p(z , da 2) _
g(z) =—1In 7@) + const, ¢ (z) 9/ ( (20)
i —¢(2) mil— ()

e |o(2)] < 1w ¢(z) anamurnana B D, ¢(0) € D npu n > 1,

©'(0) = "(0) = -+ = Q" V(0) = 0

npu n < —1. Tak Kak

g(z) = ["(2)/ f(z) = (n = 1)/z,

To Jyist Jit0boro z € D no unsapuantHoii dhopme semmbl Hlsapua u
nepasenctsy I M. Tosysuna [47|, rar. VIII, Gyzem nvern

f"(2)

Zf’(z) —n+1‘ §(4a/71')1%|2|2 npu n > 1,
f(z) | 12"
zf’(z) - (8a/m) 1= e mpu n < —1. (2.6)

100



OTCIO,ZL& CJAeyeT YTBCPDAKJICHUEC TCOPCMbBI, TaK KaK CIpPpaBC//INBa

Jlemma 2.1.1 Tyemo f(2) anasumuyna npu 0 < |z| < 1,n — yeaoe
wucno, n # 0,

lim[z ™" f(z)] # 0.

2—0

Qynrxyua f(z) 6ydem |n|-aucmnot 6 D, ecau

< Inl. (2.7)
D

I(f) = H<1 e (% i)

IHocmoanmnas |n| 6 npasoti wacmu (2.7) mouna: npu mobom e > 0 cy-
weemeyem 2|n|-aucmnan ¢ D gynryua f(z) us ykasannoezo xaacca,
ons womopoti I(f) < |n| +e.

Aoxazameavemeo aemmo. Llyers r € (0, 1), Pacemorpny dyHK-
mmio g(z) = f(rz) B kpyre D n 3amumeM B sBHOM BUJC C¢ TPOJIOJ-
JKCHHC

9(z) ={g(2). ol < 1; g(1/2)+(z"=1/2")g'(1/2)/(nZ"™"). |2] = 1}.

[Ipu n = 1 npoposKerng Takoro Buja uemoab3osamm J1. Ambdope n
I". Beitn [94].

N3 anaguruanoctn g(z) npu |z| < 1 u nepasencrs I(g) < |n|,
g'(z) #0mpu 0 < |z| <1, eaeayer, aro g(z) nenpepwisua B C \ {0},
skoOMan ¢ Henpepbised u nojoxuresed npu 0 < |z| < 1w upu
1 < |z| < oo. YuursiBas jgokajnbHoe nosejenue f(z) Boausu Tou-
ku z = 0, npusickasa geMmy 1.1.2 o ckJeitke J718 TJIOCKOTO ciydast
u teopemy C. Crommosa [85], mosyumu, aro oTobpazkenue § TOHO-
JOTMUCCKH 9KBUBAJICHTIHO OTOOPAKCHUIO ¢ TOMOMILIO ByHKImH 2"
Crenosarenpho, dyukims f(rz) 6yaer |n|-muerHoit 8 D. A 910 Haet
|n|-smeraocrs f(z) B D ¢ yaerom npoussojibHocTH 7 € (0, 1),

[Tpu n = £1 nocrarounocts yesosust [(f) < 1 st oguosmer-
nocru nokasana 1. Bekkepou [113], [116] ¢ upumMeneninem ypasHennst
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Jlépnepa-Kydapesa. C menbIimMu, 1eM 1, HOCTOSHUBIMEI aHAJTOIY-
HBIE YTBEPrK/IeHHsT OBUIH TI0JIYYeHbl paHee JIPYTUMHI METO/[aMI: 11PN
n=+1— II. JI. Troperowm, I". C. Ianupo n A. JI. HInscom [126],
npu n = +1 — asropom 2], [3].

Kak nokazam 1. Bekkep u X. Iommepernke [117] ¢ ncnoisso-
BarmeM oguoro mpuMepa P. Mane, I1. Cana u JI. CamnuBana [147|
(em. makxe [162]), eccom n = £1 mwe > 0, To cymecTByeT GYHKIHST
fi(z;e), ana koropoit I(fL) <1+e, p(fi,D) > 2. Tounocts |n| B

ciydae |n| > 1 nokaswbiBaet, ouesnsHo, npumep fi(z":¢e).

Caenctaue 2.1.1 (cm. 2], [3], [19], [21], [132], [140], [141]) [Tyemo
Q — odna uz mpex obaacmeti; Kpye Konewro20 paduyca, GHEUNOCMb
Kpyea uau noynaockoemo. Dynxyua f(z) anaaumuuna e 2\ {00},
umeem npocmoti noawe 6 mouke z = 0o, ecau oo € . Tozda
f(z) 6ydem odrnoaucmnoti 6 2, ecau || f'(2)|al|1/f(2)]la < q(S2), 2de
q(Q) = €% daa xpyea u noaynaockocmu, q(QL) = e™* daa enewno-
emu Kpyea.

1 Kpyra u BICHINOCTH KPYTa CJCACTBUC MOTYIaCTCA IPU 1 =
1 wm n = —1 npeobpaszopannem Bujga w = az=' + b. Heopmosmcr-
HOCTh (DYHKIME f(2) B HOMYHIOCKOCTH {) PABHOCHIIbHA HEOHOIUCT-
Hoctu f(z) B KakoM-mbo Kpyre u3 (), MOITOMY YTBED:KICHUE JIJIs
MOJIYILJIOCKOCTH CJIejIyeT 13 ciydas, Koryia (2 — KpyT.

Ipennoxenne 2.1.1 [Iyemv D™ = {z : |z| > 1}, dynxyua f(2)
anasrumusna u f'(z) £ 0 6 D™\ {oo}, f(2) umeem noaoc nopadra
p > 1 6 mouke 2 = 00, 680AU3U KOMOPOT

f(z) = az" + O(|z|™") + const, a # 0.
Ecou || arg(f'(z) /2271 ||p- < 7/8, mo dynxyus f(z) p-aucmna 6 D™
Hediersurennho, i GyHKIumn

g(z) = iln(f(z)/z""),
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rae
fl(z):f(l/z)/ |Z|<1/ n=-=p,

Mbl mMeeM (2.5) u (2.6) ¢ nmocrodmioit ¢ = w/4, uto BjCUCT P-
aacTHocTh fi(z) B D HO semme 2.1.1.

[Tpepoxkenne 2.1.1 npu p = 1 noxkazsizaet, 1To pyHKInoHAT 1|
m3 (2.1) MozeT BBITH JOMYCTHMBIM B 00TACTSX, I KOTOPBIX XapaK-
tepuctuka B. C. Poroxuna 6, 6onbine nin pasHa 7. Ilouck Bcex
TaKuX 00JacTell MPUBOJNT K CrermasbHOMy Kiaccy G* objacteit
Q) C C, yJIOBJETBOPSAIOIIMX HEKOTOPOMY YCJIOBHIO C PACXO/IAIMMU-
Cd JIydaMUu.

Onnmem kiace G*.

[Tycrs 0 — obsacth B C, orpaHuuyeHHas KOHEUHBIM YHCJIOM
KycouHO-TUIa IKnX B C KPUBBIX, T. €. JUIsd KazK/10il KOMHOHEHTHI L, Ipa-
nurbl Of) KacaTeabiasg K KPUBOil L, SBIACTCH KyCOUHO-ICHPCPBIBIOI
byukIimeit TOUKN, COXPAISIONICH 0IHOCTOPOHHION HEIPCPBIBIOCTD B
OKPCCTHOCTAX TOUCK PA3PLIBA.

Omnpenenenue. bydem nucamo ) € G* uau 2060pumo, wmo
obaacmo §2 ydosaemeopaem Yeaosuo pacrodumocmu Ayyed, ecau §2

KOHEUHOC6A3HAA 00aacmb 6 C ¢ Kycouno-2aa0xot panuueti u 6vi-
NOAHAIOMCA MPEOOBAHUA:

) AUb0 KarcIas epAHUNHAS KOMNOHEHMA 06AaCmY ) ABAAEMCA
3AMEHYMOT Kycouno-24a0x01 scopdanosots kpueot 6 C, aubo becko-
HEUNO YOANECHNAL MOUKA AeoHcum 1a epanuye ooaacmu. Tozda

oo € L,

2de L,— Purcuposannas KOMNOHEHMA 2PAHULDL, MAKAA, YMO KAHC-
dasa xomnonenwma (0N2) \ L, asaaemes 3amrxnymot xycouno-2aa0k0
arcopdanosoti kpusoti 6 C, a mnoscecmso L, \ {oo} npedemasaaem
c0001 Koneunoe 006eIUHEHUE B3AUMHO HENEPECERUOUUTCA KPUGHIT
LY, maxuzx, wmo LI U{oo} — samxnymasn xycourno-zaadkas scopda-
nosa kpusas 6 C;
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6) obaacmv ) He UMEEM HA 2PAHUUE HYAEBHT BHEUNULT Y2008,
u, kpome mozo, aubo na (052) \ {oo} nem mouex sozepama, suto
6) nycmo z1, ..., z, — 6ce mouku 6osspama na (092) \ {oo},

Ii={z:z=z+wt, |lwj|=1, 0<t <0}

Y, NPOBEJEHHIIT U3 Z; 6 HANPABACHUY, ocmpus, nputem I'; aeaa-
emes 00HOCMOopoHHed Kacameavrot k obeum dyeam OS), nodrodsuyum
K mouwke zj, j =1,..., .

Tozda

b)) ;NI =0, w; 7wy npu j # 7,
by) T;NQ = {z}, j=1,..., I,

bs) 6 cayuae, xoeda

€L, Cco zeltclL,

ayu T ne asasemes kacameavnot x LY 6 mouxe z = 0o, m. e. ota
npedeavhoir snauenun (z — z;)/(wy|z — z]) npu z € Lk, z — oo,
OMAUNNBL O, COUHULDL.

CoKHOCTB onpejleiennst MHOzKecTBa G* obj1acTeil ¢ KycodaHo-
NVIaJIKHMH I'DaHUYHBIMWU KOMHOHEHTaMKW KOMHEHCUPYETCA CJIE 1Y HOIIUM

KpUTEPUEM JIONYCTUMOCTH (DYHKIMOHATA SUp, ¢ | arg f'(2)].

Teopema 2.1.2 [Tyemv Q0 — xoneunoceasnan obaacmo 6 C, ozpanu-
wennas xycouno-aaaoxumu 6 C xpucwmu, My(Q)) — xaace 6cex me-
pomopdrmix 6 0 dynruyud f(2), dasa Komopwx modco onpedeaumo
(0dnosnaunyio) semen ln f'(2) 6 Q2. Qynxyuonan

L(f) = llarg f(2)ll o = sup |arg f(2)|

asaaemes donyemumoim daa Mo(Q) 6 obaacmu 0 moeda u moavko
mozda, xoz2da 2 € G*, m. e. obaacmo ) ydosaemeopsem ycao8u0
paccodumocmu Ayued.
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JlokazaTesibeTBO TeopeMbl 2.1.2 IpuBejieM Hoc/Ie Toro, Kak chop-
MYJIUPYyeM U jloKaxkeM Teopemy 2.1.3. [lyist 3T0i TeopeMbl U JlaJibHel-

iero U3Ji0zKeHusi HaM HYZKHbI HEKOTOPbIE HOBBIC OPEAC/ICHUA.

Omnpenenenue. [Tycmv ) — obaacmy 6 R", () # R™.

Bydem 2060pumuv, wmo nexomopoe ceoticmeo (1) cnpasedauco
6 obaacmu () 66.au3u ee epanulb, OS), ecat CYUEeCMByem 3aMKHYMOE
mnooicecmeo K C R, makoe, wmo K C Q u ceoticmeo (1) eepro
Od Kacdoti us Komnonenm ceaznocmu mroxceemsa 2\ K.

B wacmuocmu, enpasedausocms c6oticmaea das aob0ot napv mo-
wer &' u 2" us Q 6bausu O osHavaem, no onpedeseHuro, Ymo Ccy-
weemeyem K = K C Q, npuuem (T) cnpacedauco das amoboti napw.
mouex &' u x" us £, sescowur 6 00HoT U MOT JICe KOMNONEHME
Q\ K.

Yepes v = (2, ") Gymem 0603HAYATD TPOCTYIO CIPSIMITSIEMY O
Jyry, coepnHsgtonyio Toukn ' u &, [ = (a', 2") obosHauaer aanny
ayrn vy = y(2', z").

Onpegenenne. [fyemv A >0 u o € (0,1] — durcuposanioie
nocmosmmvie. Obaacmv Q€ G (A), ecau 0 C R u das w060
napve mouex x' u x”, ezamuxr 6 ) ebausu OS), cyuecmeyem dyea
v =z, 2") CQ ¢ daunod l(z',2") < A

Hepes d = d(comp 0f2) 0603HaAMMM HAUMCHDBIITYIO TTOCTOSIIIYIO,

="

0018TAIOIITY CBOHCTBOM: HpH JH0OOM (DHKCIpoBanmoM & > 0 jjist
moboit mapbl Todek x' 1 x” n3 2 Boam3n JS) cupape;jINBO TepaBer-
crBo |’ — 2| < d +e.

Ouesmino, d(comp 0Q) € (0,00) cymecTByeT TOrJa 1 TOJILKO
TOrj1a, Korjia Deckonedno yjajeinas Touka oo ¢ oL,

OTMernM TakzKe IPOCTHIC (PAKTHI:

a) ecanr 0o ¢ €2, to d(comp 02) = diam €2;

6) ecim 2 € G,(A), mpuaem a < 1, To 0o ¢ 99

B) d = d(comp Of)) paBeH TOUHOI BepxHEil TDAHN JTHAMETPOB
I'PAHUYIHBIX KOMHOHEHT 06j1acT €.

Omnpenenenne. [Tycmv A >0, B> 0, a, 8 € (0,1] — nocmo-
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annote. Banuco Q€ Gy 5(A, B) 6ydem osnavamo, wmo daa obaacmu
Q€ Go(A) npu mobvr &' u " uz Q) ebauszu 05 cywecmeyem dyea
v =(a, 2") CQ, dan Komopoil, kpome ycro6us

Iz, 2") < Alx’ — 2|,
CNPABEdAUBO €Ue U HEPABERCNEO
[z, 2, 2") < Bdist’(x, 09),

ede x — aobas mouka v = y(z', "), lx, o', ") — munumarvras us
daun deyx dye, na xKomopwvie y deaumces moukot x,

dist (z, 0Q) = lir{;}% |t — x|.
col

Sameuanue 2.1.1 [lodotnvie onpedeaenus scmpevaiomes 6 pade pa-
6om no meopuu dynryui. O6pamum SHUMGHUE HA HEKOMOPDIE 0CO-
bernnocmu npusedennovir 3dech onpedesenudl, 6b3GAHHBIC CNEYUPU-
Koti uccacdyemolr 3adav. Jas xonxpemnot obaacmu 0 C R" npo-
GEPKY HEPABEHCNGA

z - | (2.8)

Iz, 2") < A

6 cayuae Go(A) uru nepasencme

l(xl, :U”) S A|J;I _ a://

“ lx, 2, 2"y < Bdist®(xz,00), Vo € v, (2.9)

6 cayuae Gy 5(A, B) nystcno nposodumo auwn das mover x' u x”,
npunaosexrcawus 00rot u mot sce xomnonenme 2\ K, npedsapu-
MEAVHO 30046 HEKOMOPOE MHOHCECTNEO

K=Kcq.

Ecau onpedenenue xaaccos c6a3ams ¢ nposeprots HePaGeHcms
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(2.8) uau (2.9) das ecex nap mouex, m. e. npu K = 0, mo dan
a < 1 6ce obracmu 2 5 00 oKka3aaucy 6ol 6He ONPEJCAEHNDLT NAMU
xaaccos obaacmeti. Ouesudno, ecau 0o € 0 u

K={zeR":|z|>r}cQ, Q=0n{z:|z|<r}=0\K,

mo us nawux onpedeaenudi caedyem: ) € Go(A) uau Q) € G, 5(A, B)
npu yeaosuu ' € Go(A) uau Q' € G, 5(A, B) coomeememeento.

3ameuvanue 2.1.2 Feau
OO¢ Q) U QEGH(AB),

mo §2 aeasemes (a,b)-odnopodnoi obaacmuvio 6 cmuicae O. Mapmuo
u H. Capsaca ¢ nexomopvimu a u b (cm. [131], [148]).

O6pamnoe ermovenue eepiuo 6eezda: ecau S asasemen (a,b)-
odnopoduot, mo 2 € Gy1(A, B), npuwem A <2b, B <b/a.

Bgesiem erne 0110 otnpejiesierne. Ilycrs obiacts € G (A) nim
e Gup(A, B).
Onpegenenne. Yepes

Q) =Qy;a, A) wau Qy) = Qv «, 8, A, B)

bydem 0bo3navams 0dny u3 maxux nodobaacmets (2, wmo npu onpe-
deaenuu npunadaiescrocmu S Kaaccy

Go(A) wwu G,p(A,B)

coomsememesenno mpebosanue y(x', x") C 2 donycrkaem sameny mpe-
bosanuem y(x',x") C Q(y), m. e. oxaszveaemes docmamouHvM 3a-
nac dye, aescauur 6 27y).

Ipumep. Ilycrs ) = {2z € C : |z| < 1}. [punajieknocrs
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Q € G1(1) Baeuet, 0I€BUIHO, DABEHCTBA
Qo(y) = Qolvy;1,1) = Q.
Ecuit zxe pacemotpets ciydaii g € G(m/2), T0 sicHO, 9T0 B KauecTBe
() = Qv 1, w/2)

MOZKIO B3ATh KOJIbio { 2 r < |z <1} ¢ mobeiv r € (0, 1).

Teopema 2.1.3 ITycmw obaacmo Q C C maxosa, wmo Q) € Gy ,(A, B),
U nycmo

V(.q)={w: [Ru|<qtU{w: [Sw[ <0}

— obsedunenue deyx noaoc, 20e ¢ > 0 u d > 0 — nocmosrnovie.

ITyemuv dynxuua f(z) mepomopdna 6 0, npuuem 6 ) onpedene-
na éemes In f'(z).
Eeauln f'(2) € W(8,q) dan 6cex z € Q u

VI F ¢ < (n/4)(A, B),

mo f(z) odnoaucmna 6 €.

3deco ] o 1
/ﬁ;(A,B):Emax %H—A}
ede ky = 0,6... — Kopenv ypasHenus

1 ;
(1—r)e" = /{,/ exp [Ht'/“’")‘ dt.
0 ]

JlokazaTesibeTBO MPOBOJIUTC HO TOI yKe cxeMe, 4TO U B Teope-
me 2.1.1. TTokaxkem cHavajia, 4To U3 yCa0BHUi TeopeMbl 2.1.3 ciejryer
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®

i lrfff((éicw
W(éa)
ar 7
//

Puc. 2.1: MazkopamTias 061acTh €2

q+ié

x\ﬁ\\\\\

HEPaBEHCTBO

‘ f"(2)
f'(z)

[Iyers z - 3ajiannas Touka (), z # oo. Obosznadnm depes W' BHyT-

dist(z, 00) ro = il'\/é2 + 2. (2.10)
m

Q

pentocth Muozxkectsa U(8, q) (1. e. U apasierca nosocoit npn § = 0
win ¢ = (f, TpuBHANBHLIL ciaydail 6 = ¢ = () HCKJIFOYacM, TaK Kak
torja In f'(2) = 0 u f(z) = 2z + const), ow(z)  MIOTHOCTL THICD-
bosmgeckoit Merpukn obsactu W'

Snauenug QyHKIIT
¢ g(¢) =Inf'[z+ ¢ dist(z, 00Q)]

B Kkpyre |¢| < 1 sexar B V', [To upauiuny runepbonaeckoii MeTpu-
ku (em. [47], v VIIL wom [110])

19'(0)] < 1/0w(g(0)).

Tak Kak

g'(0) = dist(z,00)f"(2)/ f'(z
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TO HaM JOCTAaTOYHO ITOKa3aTb, YTO

11/ 0w (w)|| w =19 = (4/7)\/02 + ¢*.

Bametnym, uto obmactb W nMeer jiBe B3aUMHO HEPHEHIUKY/IAPHBIO
OCH CHUMMETPHH ¥ He MEHSeTCsl [IPH CUMMETPHU3AIMA OTHOCHTETHHO
s1ux oceit. Jliist rakux obsracreit, kKak ato jiokazano JI. [Moia u I". Ceré
([73], c. 211), makcumym KoHhopmuOro pajuyca (W, w) = 1/ oy (w)
JOCTHTACTCS B TOUKC TICPCCCUCHUA OCCH CHMMCTPUH, T. €. B HAIICM
cayaac g = r(V',0). Ilo dopmyre Kprnerobdens-Llsapia, kor-
dbopmrioe orobpaxkerme w = go(¢) kpyra D = {¢ : [(] < 1} na
0b1acTh V' MOKeT OLITL 3aHICAHO B BUIE

- Ge)(1 -Gyt
9o(C 7”0/ \/ ;—t‘) Tt

rie ro = go(0) > 0,
Go(E£1) = go(Fi) = 00, go(Cy) = g +i0, G — €™, 0 <z < 7/2.

Moo cunrarh, uro 0 < x < /2, KpailHHe HOJOKEHUA T COOT-
BETCTBYIOT C/Iydar, Koryia W' — 1oJoca, 11 Moy darTes Mpe/e/IbHbIM
nepexojiom. Ipn 0 < & < 7/2 umeem:

To

lim(1 = C)gh(<) = L= Gl =

. . ! r -
lim(1 +i¢)gy(¢) = 11+ Gl = e

Oynknnst gp(¢) mepomopdra B H060# 0JIHOCBA3HOI 06,1aCTH, HE CO-
Jepxatieit Touek +(y, +(,, B 4aCTHOCTH, B TOYKax +1 oHa MMeer
npocroie nosoca. Torya hyHkius

9o(¢) + erIn(l — ¢) — icy In(1 +4()
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HelpepbIBHA B MAJIbIX OKpecTHOCTSIX Tovek ¢ = 1 H ( = ¢. OnpejiennB
Besmanabl ckadkoB R go(¢) B Touke ¢ =i n F go(¢) B TouKE { = 1,
Oyjiem nmernb ¢ = 26/, co = 2q/7, T. e.

roll — 2| = 85/m, 1|l + (| = 8q/.
Ho |(y| = 1, mostomy
L+ 1P+ 11— =4,

CJIC,Z[OB&TCJII)HO7
ri = (16/7%) (6% + ¢*).

Hepagencrso (2.10) jiokazano, OHO BJIeUeT yTBEPrKIEHHE TEOPEMbBI Ha
OCHOBAHUH CJIEJIYIOIIEH JIeMMbI, yerJmBarorieit 1 obobdiatoreit ama-
goruubiii pesyapratr O. Mapruo u U. Capsaca |148].

Jlemma 2.1.2 Mepomopdnas v aokaivro odnoaucmuan 6 00aacmu

Q C C gynryua f(z) 6ydem odnoruemnoti 6 2, ecau ) € Gy, (A, B)
u

yucao ki = 0,6... yraszano 6 meopeme 2.1.5.

dist(z, 8&2)M

f'(2) A1+ A

1 5 1
< k(A,B)= Enmx{M —},

Q)

JList Tokazare/beTBa JeMMbI 2.1.2 U B JlajIbHeAIIeM H3/I0KEeHII
HaM HYZKHA

Jlemma 2.1.3 [Tyemo dynxyua f(z) mepomopdna 6 obaacmu ) C C
u odnoaucmna ebausu LY. Eeau ussecmna A0KAGABHAA 00HOAUCT-
noemo f(2) 6 Q, 3a uckmovenuem pazee Auwb 000G MOYKY, MO
f(z) odnoaucmmna 6 Q2.

Joxazameavemeo aemmov, 2.1.8. Tlyers zy — To4Ka, B KOTOPOI
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JOKATbHAST OJHOJUCTHOCTE f(z) 3apaHee HensBecTHa. ODO3HATIM

T={z2€Q: f(z)=flz)}

U PACCMOTPUM (PYHKITHIO

ecatnt f(zy) = 00, U PYHKIUIO
fi(z2) =1/ 1f(2) = f(z)].
ecin f(zy) # 0.

B cuny guckperrOcTr 1" 11 N3BECTHOTO YTBEPKIEHUS 00 AaHUPOK-
CHMAITUN HPOU3BOJIBHOM obsacti (eM., Harpumep, [86], ¢. 103) cyre-
CTBYeT HocjejloBaTe/bHOCTL (§2;) KoneuHocsA3HbIX objacTeil, orpa-

HUYEHHBIX 2KOD/[aHOBBIMHU KPUBbBIMHK, HPUYEM

e~

L CQuCQ U0 =0 TN =0

=)

[To ycioBuio JieMMbl cymiecteyer K = K C €, takoe, uTo fi(z) ojmo-
JMCTIA B KazKI0i n3 Kommotent Muozkectsa §)\ K. g gocrarouno
OonbIuX § oToOpazKkenue f; HMHBEKTUBHO Ha KAXKIONH N3 KOMHOHCHT
0f);, ceoBaTEIbHO, OAHOANCTHO B {2; 1o Teopeme 1.1.1, uro u Tpe-
DOBAJIOCD.

Loxazamesvcmeo aemmo, 2.1.2.

Ecin f(2) neojmosmerna B €2, 1o B cuity yeiiosust € € Gy, (A, B)
1 JieMMBI 2.1.3 CyIIeCTBYIOT TOUKI 21 U 2y U jyra ¥ = (21, 22) C €2,
takne, 9to f(z) = f(2) u BhIOAISIIOTCSH HepaBerncTsa (2.9).

Ilycrs z = 2z(s) — ypasuenue 7, rje § — Jyropas abcrumcca 7y,
0<s<l=1I(z),2) Urak, | < A|z; — 2| un

min{s, ! — s} < Bdist(z(s), 082)
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npu Jsoboum s € [0, (] B cunty (2.9), no rora

P(s) =

" /‘I 1
‘J;c,((j((j;))‘ < max{%, T A} (min{s,l —s})” ,0<s <.

[Ipeanonoxnm, ato P(s) < (k;/A)/ min{s,l — s}. Sammmem Toxie-
CTBO

flz2) = flz1) = (22— 21)f / ‘/: f"(z)dz) dc,

[JI¢ MATErPUPOBAKIIC BejeTesa Baob jayru . C yueroM paBencTsa
f(z1) = f(2z2) momyum

(£)d¢

|Zl - Zz|U(5) <

/ Eu(€)P(€)dE + /( _Que)PE)dE,  0<s<l,

rae u(s) = |f'(z(s))]. Beuny npoussosiviocru s € [0,1] mas 1}0”)01”
nenpepeisnoit Gynkimn y(€), 0 < ¢ < [, monoxuresioi na (0,1),
OyJIeM UMCTh

N

|21 — 2| | u(s)y(s)ds < /

0 0

[ "8
y(s) { [ cute Preyae+

rt

N
+/ (l §)U(€)P(§)d§} ds = .//0 b(& y)PE)u(&y(§)dE,  (2.11)

e
o
_% x/ y<€>d§+(l—x)/0 y(ﬁ)d&] (2.12)
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Tax kak u(s)y(s) > 0 na (0,1), To n3 (2.11) cieayer HepaBencTBo

|21 — 22| < sup [b(§, y)P(E)]. (2.13)

&e(0,l)

Oyukiio y = y(§) 6yaeM moabupaTh w3 yeJaoBus

b(&;y)Po(€) = const,

rae Py(é) MazkopanTa P(€). Boluncienns mporie TpoBOJUTL B
durcnposarmom mpomexkyTke (—1,1). Tlomozkmv

—1/2=tl/2, —-1<t<1, y&) =7t).

[Tycrs (t) — nenpepbisuo jud peperimpyerast HeueTHas BO3pacTa-
torast pyHkimst. Nmveem B (2.12) u (2.13)

2

bE:y) = = ln(1) — (0] (1), P(E) < €)= o

Al

(1—lth~
CJIe;/T0BATETBHO,

|z—z|<l—] sup 777() tt)
PO A oy (L=t ()

[Mogoxum n(t) = —n(—t) mpu —1 <t < 0,anpu 0 <t <1

v
r=ry, nt)=mzxe"(l- t)x/ (1—7)" e dr =
0

[
=1+ ze"(1 —t)* ‘/ (1—7)"%"dr —1/z| .
_J0

Bripazkenne B KBaIPATHBIX CKOOKAX HEMOJOKUTENILHO TIPU & = Ky,
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t € (0,1), Tak Kak ypaBHeHHe

1
/ (1—t)edt = 1/
J0

PaBHOCWJIBHO YPaBHEHUTO

S|
/ exp [:ttl/(l”“)} dt = (1 — x)e"/x,
0

onpegegionmemy k. Takum obpaszom, |n(t)| < 1 mupn |t] < 1. Kpome
toro, (1) = 1 u dyukiws 7(t) yaosrersopser auddepeHnnaIbHOMY
YPaBHEHUTO

(1= [thn' = ri(1 —tn),
nosromy 7'(t) > 0 npu —1 < t < 1.

CuiejloBaresibHo, |2, — 25| < /A B cuity (2.14), 90 nporuBope-
qut nepasencry | < Alz; — 2.

[TycTh Teneps
P(s)min{s,l —s} <1/(1+ A).

O6osHaunM w = z(1/2) € |y| u ncnob3yeM H3BeCTHBIE MPUEMBI (CM.
121], §4, a rakxke [148]). Tax kak f(z1) = f(z2), f'(z) # 0 na~,

lexpz — 1] <explz| — 1

upit JitodboM z € C, TO Ha OCHOBAHIII TOXKJIECTBA
[

flz) = flz) = fw)(z —2) + [ [f(2) = flw)]de

Jz

TOJTY YUM

|21 — 25| < K(exp IIn f'(z) = In f'(w)| — 1) |dz|.
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I [f/()/ £ (w)]] < ‘ /l/ ;P@)df‘,

o

CJICAOBATEJ/IbHO,

Y
|21 — 20| < =1+ / exp
Jo

S
j/ K/1+1)nun{§,1-§}]ld§‘ds
1/2
[MocieHuit uHTErPa BHIUUCISIETCS B IBHOM BHjie U paBeH [ + Z/A1
1HHO9TOMY
|21 — 22| <1/A < |21 — 29|
NPOTUBOPEUNE, 3aBePIIatollee JOKA3aTeJIbCTBO JeMMbI 2.1.2 1 Teo-

peMmer 2.1.3.

[IpuBenemM aBa cieacTBUsI TeopeMbl 2.1.3.

CrnencrBue 2.1.2 I[Iyemo Q € G11(A, B), k(A, B) — seauvuna u3
meopemv, 2.1.3. Mepomopdras 6 Q0 C C dynwyua f(z) 6ydem odno-
aucmrnot 6 (), ecau 6unoAHER0 00HO U3 YCA0BUL:

1% eywecmeyem semen In f'(z2) 6 €,

Li(f) = llarg f'(2)llo < (7/4)K(A, B);
20 ||fl(z)||sz Hl/fl(z)ng < exp [(7‘_/2)"5(1473)]'

B cayuae 2° tpeGosanue o cymecrsosanmu setsn In f'(z) uporry-
IEHO, TAK KaK 9TOT (haKT He UCIOAB3YEeTCs N Ipu (hOPMUPOBAIIIN
byHKIMOHATA, TTH MTPU JIOKA3aTEbCTBE TEOPEMBI JIJIsT CIydast, COOT-
sercrByomero 2°.

Sameuanme 2.1.3 Ha ocnosanuu ycaosut U. Bexwepa, asmopa u
P. Kionay mpebosanue

VO T ¢ < (n/4)k(A, B)
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MONHCHO ymo%Humb: d/lﬂr %pyea u n()/L’yn/L()C%‘OC’/nU MOMHCHO 63ATNIb
VO + g2 < /4,

0Af BHEWHOCIU KPY2a U PYHKUUL C NPOCTNYLM NONOCOM HA GECKO-
HEUHOCTNU —
VO + @2 < 7/8.

Kpome mozo, oueeudno, wmo ananroe meopemo, 2.1.83 das D moorc-
HO 3anucambv 0Af Gynryud, paccmompenuvir 6 meopeme 2.1.1, npu
YCAOBUU

In[f'(2)/2"""] € ¥(d,q),

UCNOAL3YA Npu dokazamenvemee aemmy 2.1.1 emecmo aemmot 2.1.2.

2.1.2 ®dDyukmuoHasi MUHKOBCKOTO

[IpuBejiem errie 1Ba MPEIOAKCHNS, KOTOPLIC 0D0CHOBLIBAIOTCS O CXC-
MaM [0Ka3aTeabeTB TeopeM 2.1.1, 2.1.3 1 xapaKTepu3yoT B HEKOTO-
pOIi CTEHCHNU IPAUIBI UPIMCHTUMOCTH TAKOTO TTOJIX0JIA.

[Tycre W — osnocsszHas objiacth u3 C, umerolias He MeHee
JBYX IPAHUYHDLIX TOYCK,

tV={tz:zeW¥}, t>0.
ObpazyeM yHKIIOHAT
I(f; W) =inf{t >0 :Inf'(z) €tV upu.wbom z€ Q}.
[Ipu Takoit 3anmcu Teopema 2.1.3 o3HATAET JIOMYCTUMOCTE (DYHKITU-
onasia I(.; W) ¢ duxcuposanubivn W = (0, q), 3, ¢, 6* + ¢* > 0.

Nwmeer mecto

IIpenjioxenne 2.1.2 Cnpasedausol dsa caedyroujux ymeepircoeHus.
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a) [lyems ) KOMEYHOCBAZHAA 0BAGCTNL ¢ HEGLLPONHCIEHHLMU
eparuinlmy Komnonenmamu, My(€d) — waace mepomopgror 6 €
dynryuts f(z) ¢ odnosnaunwm In f'(2), Q € Gy1(A, B).

Qynxuuonan I(.; V) donyemum das My(€2) 6 2 mozda u moavko
moeda, xozda Kougdopmuoil paduyc (U, W) PABHOMEPHO 02DAHUMEN.

0) Ecou Q2 € Gy (A, B), 1o(¥) = ||[r(V,w)
auemnoemo f(z) 6 Q eapanmupyemes yeaosuem I(f; W) < k/ro(V)

lg < 00, mo odno-

2de nocmosnnan k = k(A, B) yxaszana 6 meopeme 2.1.3.

Hoxasamesvcmeo. Ecim ro(V) < oo u I(f; V) < k/ro(V), To
In f'(z) € t¥ npu nekoropom ¢ € (0, k/ro(V)), u ojmosmucruocts f(2)
HO-CYHIECTRY CJIeJlYeT U3 JI0KazaTe/ bcTBa TeopeMbl 2.1.3 ¢ yuerom
TOr0, 4TO

r(tW, tw) = tr(V, w) < tre(V)

(em. mepaBenctso (2.10)).

Hawm ocraercst 060cHOBATE JHITL 06paTHOE YTBep:K IeHne. [TycTh
1"0(\1/) = 00. [okazkem, aro npu jrodom t > 0 HalljeTcs HeOTHOTUCT-
nast B ) dbyuknus f(z,t), st koropoit In f'(z,t) € t¥ npn uxcu-
posatHoM t 1 jitobom z € ().

[Iycrs €0 — HekoTopast oHOCBA3HAs 001aCTh CO CBOHCTBAMMT:
QCQ, 00NN =00,

T. e. £ orpannucna ojnoit u3 Komuonent 0, ) C ;. Hepes w =
©(2) 06o3HATIM OFHOMUCTHYIO (QYHKIIN, KOHGOPMHO 0TOOPAZKAIO-
myto 2; na W, u BOCHONBL3YEMCA M3BCCTHBIM PE3YJILTATOM: BOTH3M
rpanuisl ) Gyaxamm dist (z,0Q) n 1/0q,(2) — BeJUIUHBI OTHOTO
U TOTO K€ MOPSI/IKA MAJIOCTH.

[Tycrs cnagana oo ¢ €. Pacemorpum nipu ¢ > 0 dyHKIMIO

O 320 flzt) = /exp[tap(z)’]dz.
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Ecmu f(z,t) omsomucrHa, To, Kak m3BecTHO (cM., HanpuMep, [148]),
alz,t) = |dist (z,00) f" (2. 1)/ f (2, 1) < 4.
Ho ama f(z,t) monydaem, 10 Beandnia
a(z,t) = tdist (z,00)|¢'(2)| = tdist (2, 9)eq, (2)r[V¥, ¢(2)]

HeorpaHWveHa HO z mpu t > 0, T. e. f(z,t) HeogHOMMCTHA B (1), a
3HAYNT, 1 B 00JacTu 2.

Ecin ke 0o € )}, TO MOXKHO B3siTh

ar = lim z[p(z) — p(oo)],  [f(z,t) = exp{t[p(z) — a1/(z — 2]},

Z—00

rae zg € C\ Q, 1 IpeAbLIy e PaccysKICHusT COXPAATCA.
[Ipejuioxxkenune 2.1.2 jiokazaHo.
Wz reopembr 3.3.2, koTopast Oyjier joKa3aHa HUXKe, U UPHUITHA,

l‘Lille})()OJ[[/lL[eCKOl?'l METPUKK HEHOCPEACTBEHHO CJIE/IYET

IIpengioxenune 2.1.3 I[Tycmo 2 — xonewnocsasnas obaacms. [Iped-
noaostcum, wmo 0 C C, Kaocdas 2panuvnas KoMNoHenma obaacmu
Q asagemes k6asuxondopmnot kpucot, W — odnoceasnas 06aacmo,
ro(V) < 00, R(z) — nenocmosnnas payuonasvnas dynxyus. Tozda
PyHKUUOHAN

f'(z)

I(f; U, R)=int{t >0 : lnmet\y npu mobom  z € 2}

ABAAEMCA P-donycmumoim 6 S, npuvem
p=p(R,Q+0):=infp(R,Q),

20€ MOUHAA HUNCHAA 2DaHD OEPEMCs no 6cem maxum obracmsm S,
ymo ) C .
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Cuejiyroliee yTBepzKIeHne IpejicTaB/ister coboil aHagIor yHKTa
6) npejyioxkerns 2.1.2 st CrienaibHOro ciydas, Korja () — Kpyr.

[Tycrs dyukiums fo(z) opposmcerna D =4z : |z| <1} (i B
obmactu D™ ={z : [z >1})n

(o]
L)

fo(z):iakzk, z€D (fo(z):er b—i z €D

k—0 \ =0 ©

Oyukipst f(z) uveer B D (i D) pas/iokKeHns: B Psiji TAKOIO 7Ke
Bujla, ato u fo(z), f'(z) #0.

Ipennoxenne 2.1.4 Qynruyus f(z) oydem odnosucmnoti 6 D (uiu
6 D7), ecau oas duxcupocannoti xomn.aexcnot nocmoanot

A A< 1/,
u mobvir z €D (uru z € D7)

[F(2)/ fiM(z) = 1] < 1-6]A|.

Bemov f(2) npu 2z € D™ durcupyemes yerosuem firoo) =1, 6
cayuae ooaacmu D 6vbop 6emeu NPou3soseH.

Tpebosanust npejiokennit 2.1.3 win 2.1.4 oTHOCATCS K (PYHK-
i (z), onpejensieMoit u3 npejcrapienus f'(z) = R'(z)(z) wim
f'(z) = fiM2)(2). B oboux ciyuasx MOKHO cuuTaTh, uto In f/(z)
pasyiozken Ha cymMmMy «byHKINE 0CODeHHOCTeH» 1 «xopoTieiiy (hyHK-
nun In ) (z). Tpyuoctu nccseioBanus 00yCJI0BICHB TEM, YTO HE BO3-
HUKAET [POCTOr0 aJUIMTUBHOIO pasioxenns camoil Gyukiun f(z),
TaK Kak 3ajatda Boccranosiacnus f(z) mo In f'(2) nesmmneiima.

Ecmn ocobentoctn (hyHKIMN BBIIETEHBI B BUJE CIAraeMOTO, TO
TACTO TAPAHTUPOBATH OJHOJUCTHOCTD HO MOBEJICHUI) MTPOU3BOIHOL
OKa3bIBAETCsI MTPOTIE, YeM B IIPE/IbIIYIIIX Y TBEPKIeHIsIX. 3 KadecTBe
[PUMEPa TPUBEJIEM
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IIpenjioxkenune 2.1.5 Anasumuveckas 6 noayxpyee
Q={z:|2/<1,32>0}
dynryua f(z), umerwasn npedcmasienue

1
f(z)=;—|—ozlnz—i-<,o(z)7 z €, Inl=0,

oydem odnoaucmua 6 S, ecau p(2) Henpepuiena 6 §), AHAAUMUHA 6
Q, ¢'(z) # const u, xKpome mozo,

”99/(2)”9 < 1— <7T/2)|C¥| o < [0,2/%).

Heitcruresnsiio, ceimm 2y u 2o € (0Q) \ {0}, 21 # 2o,
Z(t) =z +t(z —2z), 0<t <1,

10 ¢(2(t)) abcomorio nenpepoisia na [0, 1] u

1 In(
‘f (29) > _aln(z/z) / ()] dt > 0
21— %9y 2129 Zy — 24
TAK KAK
/ )] dt < 1= (x/2)]al

B CIJIY HAJIOXKEHHBIX TpebOBaHWH, 1
|1/(z122) — aln(zo/21) /(20 — 21)| > 1 — (7/2)|cv], V21, 2y € 09,
B deM MOTYT yOejinTh HECJOKHBIE, HO TPOMO3/IKUE BbIMUC/ICHUS .

Oynxuua f(z) 6yaer ognoucthoit B € Ho upeoxennio 1.1.3,
Tak Kak n(oo, f,§2) = 0, jis ocoboit Touku t = () XapaKTepucTHKM
pd = pg = 1/2, cesoarensuo, p(f,Q) =1 1 cuy ouenku (1.9).
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2.1.3 loka3aTeJabCTBO KpUTepus JONYCTUMOCTH
arg f'(z)] g

Cﬂeﬂymmee VYTBEPZKACHUEC OTPazKacT JOTUYECKYIO CTPYKTYDPY JTOKa-

3aTeIbCTBA JIONYCTUMOCTH (DYHKIHOHAJA, PACCMATPUBAEMOIO B OC-
HOBHOI Teopeme 2.1.2.

Jlemma 2.1.4 (o 6ypeproti sone) Hyemv Q0 — nenycmoe mnooice-
emeo 6 C, Qg — nexomopoe nenycmoe noommoscecmso €,

f:QT

3adanmoe omobpasicenue.
Hyemo, dance, Ky, . .., K, — Koneunas cucmema 63aumio nene-
pecexmowuxcs miodcecms 6 C,

O\QyC K U--- UK,

K*— HEKOMOPOE NOOMIOICECTNGO K;, j = 1,...,pu maxoe, wmo
V* C K ¥ 2de

Omobpasicenue [ 0ydem unsexmueHvm 6 ), ecat SLNONHAIOMCA
mpebosaHUA:
I) f unsexmueno 6 Qg u 6 kascdom uz Vy, j=1,..., p;
]])fQ\U" Vi)NK; =10, J=1,. . 1
1) f(vy) C Kj, jg=1,..., IL;
V) f(Qo NVIINKy =0 npu j#7".

Joxasamenvemeso. ¥mectho npormtuposatsh E. M. Hupky (93],
c. 21: «/lokasbIBaTh, 10 CyIIECTBY, Heuero. Beé yrpstano B onpe/ie-
JICHUSA».
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JeficTBUTENIBHO, €Cl 2y U 29 € (), 21 # 29, f(21) = f(22), TO 2
U Zy We MOTYT JICZKATH OQUOBPEMenuo B )y WM B OZHOM U TOM ZKe

‘/l CJIGJLOB&’I‘GJH)HO7 BO3MOZKHbI JIUIIIb CUTYaIlUU JIBYX TUIOB!

a) z1 € Q\ UV, % € V', uro nporusopeunt II) u I1I);

6) z €V), = eV, j#]j, asroscuny ) prever 2, €
Vi\ Vi =V;Ny, 2 €V}, aro upotusopednt 1V).

Jlemwma 2.1.4 nokazana. [lepefinem K 10Ka3aTeIbCTBY OCHOBHOM
Teopembl 2.1.2.

[Tycrs ) € G*, nokaxkeM JOMYCTAMOCTD (DYHKITMOHATA,

L(f) = llarg f'(2)llq -

PacemoTpum uerhipe ciyvas.

1. oo € Q. Ilo oupejiesiennro G*, B 3roM ciydae Jitobast KOMHO-
HenTa Of) SIBJISIETCS KOP/IAIIOBON KYCOUHO [VIa KO KPUBOIT 6e3 ToueK
BO3BpatTa, T. €. {) orpaHnueHa KOHEUHbIM YHC/IOM KBA3UKOH(MOPMHbBIX
kpusbix. Ilo Torma (em. [39], 48], [131], [148]) Q@ € G11(A,B) ¢
HCKOTOPBIME HOCTOANHBIME A U B, 1109TOMYy TpebyeMoe yTBEpPrKIc-
HHe TMOIYIAeTCd 113 caeaAcTBud 2.1.2 Teopembr 2.1.3.

2. ITosmocTbio aHATIOTHICH IPEBIIYIICMY CIytail, Kor/aa Jiobdasd
rpannviasg KOMIOHCHTa ABagerca Kopaanopoit B C i C, a ma 05
HET TOYEK BO3BpaTa.

3. Tlyers 0o € €2, na Kommonente L rpaHumpl O§) NMEOTCs [ TO-
9EK BO3BBDATA 21, . . . , 2. DTO BO3MOKHO JIUIIL TOTAA, Korjia L siBiisi-
ercs ogHoBpemenno rpanuteit comp (C \ ) 3 co. T3 pacxogumocTtn
ayueii (onpejenenue G*, rpeboBatins 6), B)) cje/lyer TakzKe, UTo Ha
JPYTUX KoMIonenTax 0f) Touek BO3BPATa 11eT, & B TOUKaX 2; 001acTh
Q) umeer BIyTPEIIme MyJIeBbIe YIJIbI, TAK KAK COOTBETCTBYOIIUE JIy 11

Ii={z:z=z4+wit, |w|=1 0<t<oo}, j=1....p4
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He JIOJIZKHBI UMeTh 0BIIUX Todek ¢ €.

[TpoBejieM HOCTPOEHMS, TTO3BOJILIONIAE IPUMEHUTD JjeMMy 2.1.4
0 OydepHoit 3ome.

I/IS 'l‘pe()OBaHMH pPacxXoanMoCTH leLlelL;l CJIeIyET, 4TO CYHEeCTBYOT
KOHYCBI

K;=Kj(e,8) ={2: 2= zj—yw;+w;te’”, 0 < t < 00,

7-| < 52}7

e
j=1...,n, € €(0,1), e&€(0,1),

T e _ . .t - T s -

rakne, uro ;N Ky =Qupu j # j', 2z, € K;\0K;, V, = QN K;

0JIHOCBsI3HAsI 00J1aCTh.

Kpome Toro, gncia ey u €, OyjIeM CIUTATL HACTOJBKO MAJIBIMU,
4TO IpH J0doM j = 1,..., p arobble aBe Toukn 2’ u 2" € V; MOxHO
COEJIMHUTB IVIaJKOI jiyroit v = (2, 2") C V; ¢ napamerpudecknm
npejicrapienneM z = z(s), 0 < s <[, npuuem

dz/ds = explif(s)], maxf(s)—minfd(s) < b, < 7.

Torjia ycioBue

L(f) < (m—8y)/2
rapaHTHPYeT OJHOJIUCTHOCTD f(2) B KazKA0M U3 V; COIVIACHO TeopeMe
B. C. Poroxuna.

Obosmarm 2} = 2; — (€1/2)w; n

K] = Kj(e1/2,e0) ={z 1 2=z +w;te, 0 < t < oo,

T| < 52}.
[Tycrb g5 > 0 TakoBo, 4TO
Vi=Qn{z:|z—z| <&}

Jexkuart crporo sayrpu K 5 =1,..., . U, KpOMe TOro,
Kz, 1 ., ,

’ ’
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Puc. 2.2: K nyukry 3 jlokasarejibcTBa

a) 0 <egg < (g,/2)siney, u
|arg [w; (2" — )]l < &2/2

=
ana moboit Toukn 2" € Vi \ {z},

6) nia moboit Toukn 2’ € V' cymectsyer Touka 2" € QN IV},
TaKasd, 9To

gl [ F(QdCl| < 1) +2/2

HOCJIG/LHee [/lepaBeI/IC’l‘BO MOXKHO y}LOBJIe'l‘BOpM'I‘b B I/’lpe}LHOJ]O‘}KQHHI/’I7
4TO Il(f) +€2/2 < 7T/2

Jastee, BBEIEM B PACCMOTPEHNE MHOMKECTBO
— IV

YVMeHblIast, ecjim 3T0 HeoOXO MO, ducyio €y > 0, OyjeM cauTaTh,
410 00/1aCTh ()9 OrpaHuteHa MPOCTHLIMU KYCOUHO-TIQJIKUMEI KPUBbI-
mu. Torma nmmeem

Q€ Gi1(Ay, By)
¢ HEKOTOPBIMHU TI0JIOZKUTELHBIMI HOCTOSTHHBIMU Ao 1 By.
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ITycrs

2 €8, F(2) =20+ [f(z) = fl2)] ) ['(20)].

TOT/TA

'

F(Z(J):ZO: |F (ZO)|:]-7 -[1(f):I(F)
[Tokazkem cyiecTBoBaHue 1ocTosHHol £ = k(§2) > 0, Takoit, 4ro
upH I)(F) < K Bbinosiasitorest tpeboBatust jeMmbl 2.1.4 jyist 01o6-
I)&)}(eH[/lH F " [lOC'l‘pOGllllle BbIITII€ MHOZKECTB

Q, K;, K. V. V.

J

Torna F(z), snaunt, u f(z), 6yayT ogmosucTusivu B obaacta €.

ITo nocrpoennto V;, dbyukims F(z) Oyjer ojjposmcerHoit B V; HpH
YCJIOBUH
0<k S K1 = <7T — 90)/2

Hagtee, 10 Teopeme 2.1.3 dyukimst F(z) Gyjer oHOIMCTHOR B () TTp1
YCJIOBUH

0< kK S KRy — TF/(SA()BO).

Kpome Toro, Kax moka3aHo IpH J0Ka3aTe/IbCTBE TeopeMbl 2.1.3, mMe-
er MecTo nepaserncto (eM. (2.10))

|dist (z, O F"(2)/ F'(2)||q, < (4/m)(F).

Orcrojia mostygaeM, 4to jijist J60ro €5 > () CyIIecTBYeT MoCTOsIHHAST
k3 > 0, Takas, 910 HepaBeHCTBO [1(F') < K3 BileUeT HENPEPBIBHOCTh
F(z) B Qy 11 onenky

|F(z) — z|lq, < =3

D70 OlEeHKa 11 HelpepbiBHOCTH (yHKINN F'(2) B () gBJIsIFOTCS CJTe/1-
cTBUSIME JieMMbl  3.3.4, jloKasbiBaeMoil mike, npu R(z) = z.
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Bosbumem g3 = min{ey, &5, 66}, tiie e4 = (1/m)eq(e1/2 — €9) > 0,

g5 = (€1/2)singy > 0, g5= _e&n,f/ﬂ dist (z, Kj).
~ J g

[Iyete 0 < Kk < Ky. Torma B cury BEIOOpA MOCTOAHHON € BBITOTHA-
ercst Tpebosanue 1V) jgemmbr 2.1.4. [lasiee, ecoin

Iz o

z € Q\U\V;, weK;
JlIst HEKOTOPOI'O J, TO CIIPaBejiINBO HEPaBeHCTBO |z - w| > €5, Cclle-
JIOBaTeJbHO, ClIpaBeyInBO YCJI0BUE H) jgemMmbl 2.1.4. Ocraercst 110/1-

TepauTh csofictso II). Ilyers 2 € V. Vvenbmms B ciydae 1neob-
XOJUMOCTH K3, OYJeM CIUTATD, YTO

0 < Ky < e3/2.
[lo mocrpoenmnio V', cymecrsyer Touxa
2" e Qnov; C 0%y,
JLJIL KOTOpOit
|arg{w;[F(2") — F(2")]}| < L(F) +¢e3/2 < &9,

KpOMe TOTO,
Y/

|arg[w; (2" — 2})]| < &2/2.
[ToAb3YACh COOTHOUICHUAMI

|F(z") —2"| <&,  F(2)=F(2")+[F(2) - F(2")],

12" — 2j| > €1/2 — &,
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onennv §* = arg(w;[F(2') — zj]). Uveem

F( — 2" 7
F(2)—2 = (2" —2)) |1+ # FIF(Y) — F(2")].

[Tosromy
|07 < max{ ey,89/2 4 (7/2)e4/(e1/2 — €0) } = &9,

T e F(Z) € K73, aro u tpebosanock. Taknw obpaszoM, ¢ymnkrms
F(z) ommommerna B €2, ecim toanko [1(F) < k = min{ Ky, Kq, K3 }.
Caenosarenbuo, dpyukuuonan I gonyeruM B ) B caydae 3.

? b £ v

4. Tlycte o0 € L C 0f), L — rpannunag kommonenta (2. llo
ompeaesieHno Kiaacca G*, Ha rpaHuie () TOUKHI BO3BPATA

21,...,2,€C
BOBMOZKHBI Jiniib Ha L. Jlpg aux mocrponm muoxkectsa K, K, V),
Vi j=1,..., 1, KaK I B OPEIBLIYIIEM CJTyvae.
Hanee, ecoim e; > 0 0CTATOYHO MAJIO, TO B CHJIY KYCOIHOM
T IKOCTH [, MHOYKECTBO

QN{z: |z >1/er }

COCTOUT U3 KOICYIIOTO YHC/Ia OANOCBA3SHBLIX objacreit

KAazKJ1asl I3 KOTOPBIX OFpaHnyeHa KopAaHoBoil B C KpUBOil, IPOXOs-
el 9epe3 TOUKY 2 = 00. YUHUTBLIBAs KyCOUHYI0 TTaAKOCTD TDAHHUIIEI
U OTCYTCTBHE Y 00JJACTH BHEITHUX HYJIEBBIX YIVIOB, MOKHO MPOBECTH
CJIeJIyOUUE TTOCTPOEHUSI.

128



Bo-miepBbix, 110;100path €7 > () HACTOJBLKO MaJIbIM, YTOObBI, KaK
1 B IIyHKTE 3, CyllecTBoBajo dncio Oy € (0,7) u ycjiosue

L(f) < (m—6)/2

rapaHTHpoBasio ojuoincrnocts f(z) B Vi(er), j=p+1,..., w4 v

Bo-sropeix, nocrpours mHoxecrsa Kj, K7, Vj, V' s Beex
J=p+1,..., u+ v caejgyomuM odpazom:

‘//"'j:‘/;l*i‘j( )_S)mKﬂ\l jzl,...,V,

=1z Ver <z < oo, argwu(z — 2, )l < @uis}

;:\1 ={z:2/e; <|z] <00, Wyyj(2 — z;u)” < Quij — s

C HEKOTOPbIMHU

€C, ¢u;€(0,m), es€(0,1),

/lI/

IIpu4cM
QONK, ‘/;H»j (87/2>7

wtj

K, NK, j=0upuj+#j, mnun

arg [Wy5(z = 25,)| = F(Purs — )

HE SIBJISIFOTCS KacaTe/JbHBIMU K L B TOUKE 2 = 0C. KpOMe TOTI'O, II0-
JIOZKUIM
o . ~ IGRA VLS
V;,”—{Z. ]z|>1/c9}ﬂV,,+j, Q[)—Q\U V
IIpuyeM BbI60p €9 > 0 IIOAYNIHACTCA Tpe6OB&HHHM, AaJIOrMYHbIM
YCJIOBUAM Ha &p B IIYHKTE 3. ﬂaﬂbHeﬁmee JOKa3aTeJIbCTBO IIPOBO-

JIUTCS TOYHO TAK 7Ke, Kak 11 B IIPEeIbLIYIIEeM ITYHKTE, ¢ ITPIBJIeYeHITeM
muoxkecrs Ky, K7, Vi, Vi g = 1,00, p+ v, naesmubt 2.1.4. Mbi
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OrpaHUYIUMCA 3TUMHN YKa3aHUusIAMU.

Urak, ecrm 2 € G*, to dyuxnumonan Iy gomycrmm. ITocTpo-
eHHeM Dsijla KOHTPIPHUMEPOB JIOKAayKeM 00paTHoe yTBepzKjieHue. A
MMEHHO, ecjin §) — KOHEeUHOCBsI3HAs 00JIaCTh, OTPAHIYeHHAsT KyCOUHO-
MIaJIKIMK KpUBbIMH, 11§ ¢ G*, 1o I} He dBJIgeTcs JIOMyCTHMBIM, T. €.
CYIIECTBYCT TOCACA0BATEALHOCTE (f,) neognomncranix B €2\ {oo}
anamTnaeckux dynxnuit f,(2), z € Q\ {oo}, ¢ oxnosHAUHBIMHI
In f)(2), n1st KOTOPBIX

lim I,(f,) = lim |Jarg f)(2)]| = 0.
V—00 V—0o0

Hapyrennst tpeGosanuit a) wim 6) onpeenenns G* 0TCeKaTCst
npoire Beero. JeficTBUTeIbHO, IYCTh 2 U 25— HECOBIAIAIOIIIE TOU-
Kn, €y — obsacTh, nosydaeMas 13 C yuajeHueM HeKOTOPOil IPOCTOi
PasOMKHYTOMN KyCOUHO-IJIAJIKOM JIyTH Y(2), 23) € KOHIIAMU B TOUKAX 2
1 2. Ipu v =1,2,... paccMOTPUM HEOHOMUCTHBIC B $)) (PyHKIMH

\ AN
. -1 1+1/v 1+1/v

C=fulz;21,22) = (21 — 22) (w / —i—l/) / (w v — 1/).

e w = (z — 21) /(2 — 2), BeTBb Bblje/eHa yeaosneM w' '/ =1 npu

Z =00 €& 52();

C = flz;21,00) = (z — z;)' /7.

Naeem
| arg f(z; 21, 20)|lq, < (1/v) const — 0

1pH v — 0.

C apyroii CTOPOHbI, OUEBH/IHO, ec/ii () He yJIOBIeTBOPSAET VCI0-
BUSIM &) min 6) ompegenernsa G*, To, B39B TOUKH 2| U 2y B OTHO 1
Toit ke kommornernre C \ (2 U {o0}), Mbr momyuanym €y D Q. [pu stom
dbyukimn f,(2; 21, 25) OKAXKYTC HEOTHOINCTHBIME He TOJBKO B (2o, HO
i B (), eyl z; U Zy BbIOpaHbI TaK, 4T00BI TOUKA 2y (WK Zy) COBIAJIA
¢ BEPIIHHON MYJIEBOrO BIIEIIIIEro VIVIa P HapyIienun TpedboBaHis
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6) ompenenenus G*. A mpu mapyrmernun npoctotsl comp (0€2) \ {oo}
TOUKH 2; 1 2y BBIOPAIDI TaK, ITOOBI TOUKA CAMOICPECCICIIN KOMITO-
mentol (052) \ {00} mezkama ma (2, 22).

st obactu ), yJA0BACTBOPSAIOIICH VCIOBUAM a) 1 6) oHpejie-
aernst G*, ocraercs 060cHOBATH TpeboBaHus by ), by), bs).

Hokaszarenbersa CBOMCTB b;) HPOBOAATCA 10 ¢AHIOI cxeMe. A
MMCITHO, MPC/IOJ0KNAB TPOTHBHOEC, TOCTPOUM HCKOTOPYHO 00JaCTh
(g D (), HCOAMOIICTHRIC OTOOPAYKCIIS

¢ oanosHauneMi n f)(z). Tlokaxkewm, urto f,(z) neogmonucTisl B €2,
Q, = f,() cxomsares k Qy xkax K aapy (B embicsie K. Kapareogopn),
nprdenm |larg f,(z)|l,, — 0 mpm v — oo. Pacemorpnv nogpobuee
O/IMH 113 CJIyHaERB Il OSCHUM JIPYIHE.

[TycThb, HAHPUMED, CYIIECTBYET KOHEUHAS TOUKA BO3BpaTa 2| €
OQ, tie () nMeeT HYJIEBON BHYTPEHHUI yroJl, ipudem Jjiyd '] umeer
obmyto ¢ 2 Touky zy. Iyers (y — oamocssasmasi 06J1aCTh €O CBOJ-
CTBAMU: IIPH JIOCTATOYHO MAJIOM € > ()

QNU.=QoNU., U.={z:|z—z|<e}

3

0,2 €8y, QCQCC,

Oy = Ly — 3aMKHYyTasi KOPJIAHOBA KPUBAsT, TVIAJIKAsT, 38 UCKJIHOUe-
HUEM TOYKH 2 = 2. Jlajiee Mbl OCTPOUM EO/IIONUCTIIBIE 001aCTH
€2, mexonst u3 €y, «BBITATUBAHNEM OCTpHs». Be3 orpanndenus oO1l-
HOCTH MOKHO CUHTaTh, uTo 27 = 0, 2] = 1, [} — mosioxkuresbhas
nostyoch abcruce, Boanzu z = 0 jgyru L'(g), L"(e) kpusoii Ly napa-
METPU3YIOTCs HenpepbiBuo jnddepeniupyeMbiMu HOyHKIUAMEI

y=hi(z), 2'<z<0,  y=h(x), 2"<z<0,
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npuiaeM hy(z) > ho(x), hi(0) = A,(0) =0, 5 =1,2.

s / £t
: /n{% / , ~~0 1

/

Puc. 2.3: Octpue 10 u 10c¢jI¢ VIUICH

[Tycrs 2, < 0 TakoBo, uto lim,_,. 2, = 0,
Nhi(@) w0 < 1/ve A (@) < 1/ve 51,2, v—12,....
[TocTponM 3aMKHYTYIO W TVIAJIKYIO, KPOME OJIHOM TOUKU, KPUBYI)
L,=LyUL, UL, L,=Ly\[L'(e)UL"(=)],

rjie L) 1 LY onpejiesisiioTcst COOTBETCTBEHHO HENPePBIBHO JiidhdepeH-

HIPyeMbIMIT (DyHKIUSIMHI

y=hy(x), <zl y=hy(z), 2'<z<l,

obJIaJIAIOIIMMU CJIS/TYFOIIUME CBOHCTBAMMU:
V) hly(m) = hy(z) n h2,,(x) = hy(x) mpu z < x,;
1) hay(1) = ho(1) — 0, By, (1) — Fl (1) — 0
v3) hi(x ) > hy(x) > ho(x) > hy(x) mpu x, < x < 0;
vy) hyy(z) > 0> hyy(z) mpu 0 < z < 1;
)

vs) [ (@)l < 2/w, [, (2)

nHJiekc v € N.

< 2/v, e j = 1,2, a
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[Tycrs €2, orpanmdeHHast OTHOJUCTHas OOIACTD (<«KJIHH» ),
rpaHnia KoTopoii obpaszoBana rpadukamu (hyHKIHi

y=nhiz), z,<x<0, y=nhylx), =z <zl

Tak kak 1 € Qy u 1 € 092, o npukperus 2, K Qy Brosb L'(e) u
L"(g), nojiyunm HeoiHOJUCTHYIO 001acTh ), 6€3 TOUeK BeTBJIEHU.
[To nocrpoenuto, g C €, upu yobom v, (§2)) u (€,) — nocsiejona-
TEALHOCTH YOBIBAIOIINX 00/1aCTeil, IPHIIeM

CreoBaTeno, MOCACA0BATCABIOCTD obaacTeit (€),) cxoauTesa K 0b-
jactu (g Kak K sjpy.

PacemorpnM KotidpopMHbie 0TODParKeIIs
1o Qo —Q,  filoo) =00, f,(0)=1.

Iycrs g, (w) = f7'(w) — obpatioe oTobpazKenue, OHOZHATHO OIPe-
neserroe pn w € (Y. Ilo Teopeme Dappestst (M. ToUHYIO GOPMY-
JAUpOBKY 1 060bmenust B [65]), g,(w) — w npu v — 00 paBHOMEPHO
arg f(z)|lq, — 0 mpnn v — 00 ¢ yuerom

B (), 4TO JAeT |
pasHOMepHOro Ha [0, 1] crpemnenus hj,(x), h;,,(x) K HYJIIO TIPH
v — 00,
roragikoctn (9€) \ {0}, (0€2,) \ {1},
HopmupoBku f,(0) =1,
HeHpephiBHOCTH arg f1(2) B (g M ero reoMeTpuyeckoro CMbIc/Ia.

Tax Kak
0€0Q, 1€Q  f0)=1, lim ||g(w)—w|pe =0
V—0Q

st kpyra D(r) = {w @ Jw — 1| < r = dist (1,09)/2}, To npn
JI0CTATOUHO GoJIbINX v jijist Beex f,(z) umeem f,(0) =1, f,(z,) =1
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¢ HEKOTOPBIM z, € D(r), 1. e. f,(2) byaer neognomucrHoit B 2. Ho

lim I,(f,) =0,
V—o0
cJIeJIoBaTe/IbHO, B 3TOM ciiydae (pyHKIMOHAJ [| He sIBIsIeTCs JIONy-
CTUMBIM B (), ITO U TPcHOBAJIOCH JOKAZATD.
Ecau 6yayT HapyleHbl Apyrie cBOWCTBa 13 TpeOOBAHUS B), TO
{2y ¥ HEOIHOMUCTHBIE 00/1aCTH {2, CTPOSITCA AHAJIOITIHO PA30OPAHHO-
MY CIYYalo.
Ecimn, manpuvep, mapymteno yeaosue I'y N Ty = @ opu j # 7,
TO HyZKHO «BBITATUBATL» Bioab ['; m I'y 1Ba octpna B TOUKax z; 1
zp 1 nopMuposats f,(z) Tax, 4To0bl YIiIOBBIC TOUKH () HEPCILIA B
yryioBele Toukm €),. Cama 0bjacTh (g B 3TOM ciydae HepeTcst coB-
najarorieit ¢ {2 B MasIbIx OKPeCTHOCTAX TOYeK z; U 2, {1y C C, 09

e £
arg f,,(z) ||Ql)
IIPHU B9TOM I'eOMETPUYECKN OHEBHHa 1 CJIEJIYET U3 U3BECTHBLIX TEOPEM

nMeeT ABE YIVIOBBIE TOYKU. CXO;[II)r'IOCTb K HYJIHO HOPpMBIL |

0 CXOJIMMOCTH KOH(POPMHBIX 0TODpasKeHnit TPy YCJIOBUHU, 9TO M10OC/Ie-
JIOBATELHOCTD (), MOHOTOHHO yOBIBASI, CXOUTCs K () KAK K SIPY.

Wrak, Teopema JoKasaHa.

2.2 llIBapuman
1 O6JIn3K1Ue eMy MHBapPUAHTHI

Ecin gy P(z) u Q(z) anamuruanst B obiactu  C C'u cpsi-
3aHbI CO MIBAPIHATOM

{f. 2= (1) = 2117 = £ F = B )

mMepomopdnoit B £ dyukiun f(2) cooTHoleHneM

2Q(z) — P'(z) — (1)2)P*(2) = {f, 2}, z2€Q, (2.15)
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TO OAHOJUCTHOCTDL f(2) B {2 OKA3LIBACTCS PABHOCHIILHOI HeKostehIe-
MOCTH perenns AuddepeHnaaIbHOro ypaBHeHI

w" + Pw' + Quw = 0. (2.16)

B cnygae
P(z)

0, Qz) ={f z}/2

5101 (hakT OBLT 3ameven u ucnobsonai 3. Hexapn |151].

SICHO, YTO MOZKHO HCCIIEIOBATH OJIHOMUCTHOCTL (byHKIMN f(2) B
repMuHax Ko3( buienToB ypasherust (2.16), 4To M03BOJMUT €JIUHBIM
00pazoM paccMOTPETh Kak YCJIOBHs 110 MIBAPIUAILY, TAK U YCJIOBHS 110
ornormenuto K npeampaprmany f”/ f'. Takoit moaxos HeTpyaHo ocy-
MICCTBUTD /11 (DYHKITHIA, 38 IAIIBIX B KaHomuicckux obaactax. [lpn
MCPEXO/IC K MPOU3BOIBIBIM 00IaCTAM CUIBIH MOAX0 IPUMCHIM e
BCET/Ia: CYIECTBYET, HAIPUMED, 00/1acThb (2, JIJIs KOTOPOH (PyHKITHO-

Haat ||{ f, 2} momycrum, a dyukimonar || f7(2)/ f'(2)||, ne saBisercs
TakoBbIM (CM. ke Teopemy 2.2.3 npu 1/3 < o < 1/2).

MbI o-TipezKIeMy MoJib3yeMcs CympeMyM HOPMOii, T. €. 000311a-
YeHHEM

||745(Z)||5'2 = Sup |U‘(Z)|
2eQ)

Kaxoe ( P, Q )-ycioBue npejicrapisier coboil ceprio JI0CTaTouHbIX
VCJIOBHI OHOJICTHOCTTI, TaK KAk (2.15) BBITOJIHEHO TP TPOU3BOJIH-
HOM BBIOOpE MepoMOpdIIoit hyHKIN ¢(2) B PABEHCTBAX

")
f'(z)

uin dynkiun g(z) B paBencTBax

P(z) = 2¢(2) Q(2) = ¢(2) + ¢*(2) — (z)

P(Z):_ ) QQ(Z):{]CVZ}_{Q:Z}'
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Hanbojiee mpocThIMU SIBJASIIOTCS TPU YACTHBIX CJIydast:

1) Plz)=0, Qz)={f2}/%

2)  Plz)=—f"(z)/f1z), Qlz)= o;

3) Plz)=—qlz,20) = —["(2)/['(2) = 2(z — )™,
Q(2) = q(2,20)/(z — 20).

Ormernm, 9t0 ¢l 2o, 29) = 0, ecin 2z € €.

2.2.1 O06o0buieHnsa TeopeM
3. Hexapu u 1. Bekkepa

Ecrecrenno paccMOTpeTh CHadaJla CjJayHal, Kol'jla obJiacTbio onpe-
JCJICITHNA Cb}/HKLH/HU/I ABJIACTCA KPYT WJIA BIICHIIIOCTDL KPYTa.

Teopema 2.2.1 ITyemv Q) = Q(a, r) — xpye ¢ uenmpom 6 mouke
a € C paduyca r € (0,00) uau s#e BHEWHOCTL IMO20 KPY2a.
[yemo gynxyusa f(z) mepomopdna u A0kaAv1HO 00nOAUCTING 6
Q, dynruyuu P(z) u Q(2) anasumusno 6 Q u ydosaemeopaiom s
scex z € ) ypasnenwo ceasu (2.15), pa(z) — xoofduvyuenm zunep-

boaunecroti mempuru obracmu €2, m. e. po(z) 2 —al?.
Ecau daa mobot mouxu z € €
|2 - a :
|P(2)] +1Q(2)| /palz) < palz), (2.17)

mo f(z) odnorucmmna 6 €.

Joxasamervemeso. I3 anamututieckoii Teopun aud gepenimab-
HbIX ypaBHeHI/Iﬁ U3BCCTHO, YTO CYIICCTBYIOT alaJdldTUICCKHUC JUHEHHO
HEe3aBUCUMDBIC PDCIICHUA Wy U Wo YPaBHCHHUA

w” + P(z)w' + Q(z)w =0,

TaKne, 4ro
f(z) = wi(z) /wn(2)
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Uz jindpdepernnaibHOrO ypaBHEHUS JIJIsT W CJeJIyeT, 9To

Moy o ol /0N AN ]
W wy — W Wy wiw, — wiwy

P(z) = Qlz) =

wiw,y — wiwh’ Wiwy — wywh

[TogcTaBuB B 9TH TOXKIACCTBA JOKAJLHBIC PA3JOKEHHs B Psijl wy(z) 1
wy(z) B ) u yauThBas aHATUTHIHOCTH QyHKINH P(2) 1 Q(z) B (2,
nostyanm, 4to byHkimn wy(2), wy(z) MOryT UMeTh JIHIIbL HECOBIIA,1a-

FOITIHe HYJIN U wiwy — wiwh # 0 B €.

Bes orpannuennst obiiHoctn Hyjem cuurarh, uro ¢ = 0, r = 1,
T. ¢. ) — CAUNUYINDLIA KPYT WIH ero BHCIIHOCTH. Ilyerh mapametp ¢
— duxcnposarnioe ancao, t € (0,1) mus cayaag kpyra, ¢ € (1, 00)
JUTS BIICIIIIOCTH KpyTa. Beegem dyuximm

g(z) = f(tz), Pilz) =tP(tz), Qi(2) =1"Qltz), v(z) = w(tz),

IS KOTOPBIX CIIPABEIIUBLI BCE Te COOTHOIIEH S, YTO U /1 (PyHKIIi
f(z), P(2), Q(2), w(z) B ). AHAIOT OCHOBHOTO TPeGOBAHHST (€ YIeTOM
npeHoMoKeH s ¢ = 0, r = 1) uMmeer BiJ

(|z2P(2)] + (22 = 1)Qu(2)]) |22 -1 <1, VzeQ,
1 I1oJydaeTcd ¢ y4eTOM HEpaBeHCTB

272 = 1| > ||z =1, |l =t > [|2]* = 1],
CHpaBe/THBBIX TPH JTH060M 2 € () ¢ yueToM Bhibopa mapamerpa t.

Haitee, Bocriosibayemcst npojtoszkennem JI. Ansdopea n 1" Beii-
st |94, nostoxKuB

fz)=1{f(z), z€Q Flz), z€T\Q},
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e
n(z)+ (1/Z — z)v

1
vo(2) + (1/Z — 2)0}

F(1/7) = zeqQ.

()
(2)’
Dyukiust F(2) HetpepbiBHa B cheprtieckoil MeTPHUKe B CHILY COOTHO-
1eHnst v\vy — v # 0. Beruncsenust jator

OF(z) ViU, — U1

0z v+ (2 —1/Z)w)”’

oF(z)  OF(z
oz 0z

CurejtoBaTesibHO, B OKpecTHOCTH Ji06oit Toukn z € C'\ §) akobuan

)|,z222(1 — 22)P(1/2) — 2*2 %1 — 22)*Q.(1/7)].

otobpaxenust F' (ecim F'(z) # oo) mim 1/F' (ecin F(z) = 00) nenpe-
PbIBEH 1 110/102K1UTejIeH, T. €. pyHKIust F'(2) JIOKa/IbHO 0JIHOJIMCTHA 1
COXPAaHSET OPUEHTAIIHIO.

[Tpusiiekast cHoBa Jiemmy 1.1.2 o ckileiike 1Ipu n = 2, HOJyYUM
JTOKAJIBLIIO TOMCOMOPIIOE, CACIOBATEILIIO, U TVIODAILIIO TOMCOMOPDd-
1oe orobpazkerme f 1 O — C, 9T0 BIACUCT OMHOMNCTHOCTD f(2) B ()
B CIJTY TIPOUBBOJIBHOCTH t.

B wacTHbIx caydagx npu P(z) = 0 qubo Q(z) = 0 Teopema
2.2.1 jaeT yKazaHHBIE BhIIE pesyibTathl 3. Hexapu n 1. Bexxepa.

IIpengnoxenne 2.2.1 Mepomopdnasn 6 noaynaockocmu H = { z
y =Sz >0} dynkyua f(z) 6ydem odnosucmnot 6 H, ecau ana-
aumuneckue 6 H gynwuyuu P(z) w Q(z) 6 mobot mouke z € H
ydosaemesopaiom coomnowenuam (z =x +1iy € H)

2Q - P =P 2={fz}, |P(2)]+2y]Q(z) < (2)7". (2.18)

[Ipeptoxxenne 2.2.1 MoxKHO 0DOCHOBATH JOCJIOBHBIM HEpeHece-
HHEM Ha CJIyYail HOJIYHJIOCKOCTH MTPEIBITYIIEr0 J0KA3aTEbCTBA € 3a-
MeHoit 2’ = (2 — 1) /(z + 7).
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MozKro Takzke 3aMeTuTDb, 910 (2.18) Bieder (2.17) B m060M KpPy-
re Qa,r) C H, cregoBarenbho, Ho Teopeme 2.2.1 dyukimus f(z)
ojiHoIMCTHA B (@, T) U B HOJYHJIOCKOCTH

H=U{z:l|z—iv|<v},

T. e. lpejyiozkeHue 2.2.1 — cjejicTBue Teopembl 2.2.1.

Ecin dyukiust f(z) anagurundana v ojHosmctHa B H, 1o u3
nepapercrsa JI. BuGepbaxa [47], ¢. 52, 3aMeHOll HEpeMEHHbIX 1101y~
qaeTcsi COOTHOIIEHNE

lyf () F @l <3, y=I2>0.

W3 npepoxenns 2.2.1 npu P(z) = —f"(2)/f'(z) nim

P(z) = =f"(2)/f'(z) = 2/(z — 2)

IIOJIy4uM

CaenctBue 2.2.1 (em. [6], [117], [143]) a) Ecau f(z) anaaumuyuna
6H={z:y=82>0}, fl(z) 40 u

uf"(A/f @y <1/2, y=Sz2>0,

o

mo f(z) odnosucmmua 6 H.
0) ITycmo dynryus f(z) anaaumuuna 6 H \ {20}, umeem npo-

cmoti noaoc 6 mouke zo € H, w daa moboti mouxu z € H

‘f (2) 2

f'z) 2 =2

Toeda ¢ynruus f(z) oydem odnoaucmnot ¢ H.
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B semme 2.1.1 6bLI0 YCTAHOBJIEHO JOCTATOUHOE YCJIOBHE |n|-
JIHCTHOCTH B BHAC HEpaBCHCTBa

2f"(2)/f'(z) =n+ 1 < [nl/IL= 2], ]2 < 1.

[Tostyunm ero anajor B TepMHUHAX IHMIBapIUAHA.

Hanomunm cnadada, 4To Jyid euuudnoro Kpyra D 1 jlokaJbHo
ojosuctHoit dhynknmn f(z) nzsecrnoe yeiaosne 3. Hexapu sanumer-
¢ B BHJE TiepaBencTsa (mosydaemoro u3 (2.17) mpn P(z) = 0)

{f. 2} < ﬁ 2| < 1. (2.19)

E. Xuiowm [138| jiokazana TOUHOCTb HOCTOSIHHOM 2 B JIOCTATOY-
HOM yCJI0BHH ojtHoJcTHoCTH (2.19).

-JIACTHa BOIN3K Hadasla Ko-

[Tycrs f(z) Mepomopdua B8 D u |n
OD/MHAT, T. €.

limz™"|f(z) — ¢ = a #0.

z—0

Toria
n*—1

(ot =-"

Takum ()()I)‘(Lii()l\/l7 BOIN3HM HAUATIA KOOpJAHAT OI'paHUYCHa CyMMa

+0(1), z—0.

{f,2}+ " = 1)/(22%).

Crpapeyuius citejiyronuit anajgor jemvbl 2.1.1, obobimaronuii
veaosue (2.19) na |n|-merasiii ciyyaii.

IIpemnoxenne 2.2.2 [Tyemw f(z) anaaumuyna npu 0 < |z| < 1, n
— yeaoe wucao,

n# 0, limz™f(z)] = 1.
Qynruyus f(z) oydem |n|-aucmnot 6 xpyee D = {z € C : |z| < 1},
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cCAY

n

I(f)H(l—|z]2|”|)2z_2”|‘2({f.z}+ : 1>Hng2n2. (2.20)

222

Hocmosnnan 2n* 6 npacot wacmu (2.20) mowna: npu motom & > 0
cyweemeyem p-aucmian 6 D dynryus f(z) us yrxasannozo xiacca,
dasa xomopotl

I(fy<2n*+e, p=p(f,D)>2n|.

JoKa3aTe/IbCTBO OTIINIACTCH OT J0Ka3aTC/IbLCTBA JeMMbI 2.1.1 1
TeOpeMbl 2.2.1 TOJBLKO TEM, UTO TPH HOCTPOCUNN UPOJOIKECHUST MBI
TOJTb3YyeMCsT (POPMYTaMU

flz)={ft2),|z| <1, F(2),]2| > 1}, te€(0,1),

1(2) + (1/Z — 2)vi(z)/ (n2"")
2(2) + (1/Z = 2)uy(2)/ (nzn)

e vj(z) = wj(tz), wy uw, — JUNCHNO HE3aBUCUMDBIC PCIICHHF YPaB-

F(1/7) = Z

HeHmst
w' + (1/2){f, z}w = 0,

51

* / n—1 )
'(UJ- =VZz 'LUJ.

Kak u B temme 2.1.1, TOU0OCTE TPOBEPSAETCA CBEJICHICM K ITPO-
BCPKC TOUIHOCTH TTOCTOSAMIION B OIIOIICTHOM CIIytac: ecin g(z) yao-
BreTBopseT (2.19) ¢ mocrosimoit (2 + €) 1 1HeoAHoMICTIA, TO (DYIK-
st f(z) = g(zI"l) yaownersopsier (2.20) ¢ nocrosunoit (2 + €)n? u
p-smacTHa, p > 2|n|.

Ormernm, 1aro obpatueiit mepexon ot (2.20) k (2.19) 3amenoit
[EPEMEHHBIX, BOOOIIE TOBOPs, HEBO3MOMKEH, Tak Kak jiisd (DYHKIHK
f(2) ns npepiokenns 222 dynkuus g(z) = f(z") ne obsszana
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OBITH OJHOBHATHOM.

2.2.2  VYcjaoBusi OJHOJNUCTHOCTH
B HEBBIHYKJBIX 00JIaCTSIX

OHI)G,HGJIHM KJIaCCbl HEBBIHYKJIBIX objracTeit ¢ YHCJIOBLIMH XapaKTe-
PHCTHKaMH. ECTGCTB@HHO, 9TH KJIACCHI BKIIOYAIOT B cebs 1 BBIITYKJIBIE

00Js1acTn Kak YacTHBINA cJryyail.

Onpegienenue. [Tyems 0 u d — dukcuposanmvie nocmosmmvie,
(6,d) € (0,2m) x (0, 00).

Yepes Ry(0,d) obosnavum waace obaacmed ) C C, maxux, wmo aro-
bole dse Mokl 21, 2o € ) MOKHCHO coedunumo aexcauseti 6 obaacmu
Q dyeoti oxpyorcnocmu (21, z2) ¢ daunot dyeu

l(Zl, ZQ) S d

u paduanioti mepot
oz, 22) < 6.

Omnpenenenne. Cemeiicmeo R(6,d) osnavaem caedyrougud xaace
obaaemers €1

Q C C, mobue dse mouku z, U zy u3 ) MOHCHO COCIUHUMD
2na0%01 dyeotiy(zy, 29) C Q¢ dnunod l(zy, 25) < d U MAKCUMAADIOIM
Koaebarnuem yeaa xacamesornot < 6.

Kiace R(6,d) Bratouaer, oueBnno, kiaace Ry(6, d), 1o okasbi-
BaeTcs 9hEKTUBHBIM, Kak yoemumes Huzke, aumb opu 6 € [0, 7).

Ouenn/iHo, eciin 0b1acth () BbITYyK/a U OrpaHrtieHa, To

) € R(0,diam ).
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Omnpenenenne. Jas odnoceasnoti obaacmu Q C C ¢ wycouno-
eaadkoti epanuvet L wepes A = A(L) oboswawum marxyro nocmo-
ARHYI0, Mo aobvie dee mouky 2y U 2y u3 L moorcno coedunumo
aesrcaweti 6 Q dyzoti y(z1, 2,) dauno

1(2]722) S 44<L)|Z] — Zo|.

Ouesno, Q2 € G1(A(L)).

[IpuBeeHnbIe 3/1€Ch KIACCHI 00IaCTell BCTPEUAIOTC B PAJIe Pa-
6or (cM., mampumep, |78], [79)]).

Hamomuny obosuadere: |

U(2)lle = sup.eq [P(2)]-

Teopema 2.2.2 [Tyemo ¢gynrwuyuu P(2) u Q(z) anasumuynse 6 €
U c6A3aHbL coomuoweruamy (2.15) ¢ mepomopdrot 6 0 dynruu-
et f(z). Qynryua f(z) bydem odnosucmmnol 6 ), ecau uNOAHEHO
0010 U3 MPET CACOYPOWUT YCAOBUL:

19 Qe R0,d), (6,delo,r) x(0,00)

2

”P(Z)”Q +dr! ||Q(Z)||sz < md™ cos(6/2);

2°. Qe Ry(b,d), (0,d)€ (0,2m) x (0,00)

’

2d ||P(2)]l + 4d*(2m + 0) 7 | Q(2)]l < 27 — 0;
3% P(2) u Q(2) anarumurnw 6 Q, Q odnoceasia u ozpanuena
Kycouno 2aa0k0l xpusot L, das xomopoi A = A(L) < 0o, u

/|P(z)dz| +AdiamL/ |Q(2)dz| < 2/A.
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Ham motpebyercs caeyroriee 3aMedaTeIbHOE YTBEPIKIEHHIE (CP.
c [21], § 6).

Jlemma 2.2.1 [Tyemo dynwxyua f(2) mepomopdna na nexomopot npo-
cmots dyee y(z1, z2), npudem

f(z) # const,  f(z1) = f(z) # 00,
Toeda daa mobvix anarumuyeckur na y(z1, z2) dynwuui P(z), Q(z),
ydosaemsopmowur (2.15), natidemes anarumuseckan na (i, z3)
Pynryus w(z), aeimowacs pewenuem ypasnenus (2.16), npuiem

w(z) = w(z) =0, w(z) £0.

Jlemma HAOKa3bIBaCTCA HPEAbABICHHEM Cl)yHKLIHH

w(2) = 1)~ fa)) (1y/7) ) exp | (-1/2) [ Pleids).

B ey (2.15) taxast dymkImsa yaosiaeTBopsger yeaosnio (2.16), kpome
Toro, w(z;) = w(z) = 0.

B03MOKHOCTE BBIIEACHES OHO3HATHON BeTBI w(2) BAOJIL KPH-
BOM (21, 29) caeayer u3 toro, 9to f'(z) He WMeeT HyJjeil U MOKeT
MMeTh HOJIFOCHI JIUIIB BTOPOTO TOPSIIKA, TaK KaK BBUJY cBs3u (2.15)
IBApIaH aHAJTUTHIEH, 9TO, KAK U3BECTHO, BJIEYET JIOKAJTbHYIO O/1-
HOJUCTHOCTE f(2).

JlokazaTesbeTBO TeopeMbl 2.2.2.

1°. Ecou f(2) neognommetia, T. e. f(z1) = f(2,) ana necosnaga-
FOIIUX TOYUEK 2y U 2o u3 (), TO 10 jieMMe cylecTByer pyHKIusa w(z),
w(z) Z0, w(z)) =w(z)=0u

w” + Pz)w' + Q(z)w =0, 2 € y(z1, 22).

YMHOKUM 0be 9acT 3TOro TOXK/eCTBa Ha W dz W POUHTErPUPYeM
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oT 2 10 2Zo. llociie HeC/I0yKHBIX TPeobpazoBaHNil HOTYIHM

[Cwraz= [ P+ [ Qe

1

B kavecTBe HYTH MHTEIPUPOBAHNS BO3bMEM Ty TVIAJIKYHO KPUBYIO, O

KOTOPOIl HJIeT pedb B omnpesetenun §) € R(0,d), 1. e. z = z(s), tjae s
— jyrosag abcincea, 0 < s < [,

dz/ds = explia(s)], | <d, maxa(s)— mina(s) <0.

[Tocie nogcTanoBrn 2 = 2(s) HOJYIIIM

U dw
A — st
ds

JO

2 L g l o
e—m(s)dSZ /Pﬂwd8+/Q|UJ|Ze“‘(s)d8. (221)
0 dS J0O

o

[Tokazkem, 1ro (2.21) HpoTHBOPEUNT UPEIHOI0KeH M. [leficTBrTE -
10, IO TeopeMe BefieprmTpacca o cpenem

N 2 0
|A| = |C*|/ ds > cos—/
0

2.Jo
rje C* HEeKOTOpasd TOYKa, JexKallasd B BbIHyKJIOfI 000JI09Ke MHOYKE-

2

dw
v ds,

@
ds ds

CTBa 3HAUYEHUH PYHKIHN

C(s) = e

A
w
[N

CJ'IeLLOBELTeJleO7
a <arg( <y, wm—o <0<,

u, nodtomy |C*| > cos(0/2). C npyroit croponst, B cuiy (2.21)

o
8]~ Qo [ fuwlds+
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1/2

@2
ds

z V2o
PG, ( / ds) ([ tutas)

Hadee, ncniosibsyst nepaserctrso ( [90], ¢. 222 wan [151])

/ lw|*ds <

a Takzke Tpebopatme 1Y TeopeMbl, 10Ty IM

Hdwl?
ds

ds, w(z)=w(z)=0, (2.22)

Hdw
ds

Hdwl?
ds

12
A = <||P||sz— n ||c2||o—) s,

ds < cos(6/2) /

J0O

Jo

HEeM M 3aBepIlIaeTcCd J0Ka3aTe/JbCTBO.

2" Tlpeanogoxus, uto f(z)) = f(zy) Ayisd ABYX HECOBIAIAKONIUX
Touek 21,2y € 0\ {00}, npujem K ypasuenuto

w" + Pi(z2)w + Qi(z)w =0, z € y(z1, 22), (2.23)

KOTOPOeE 110 JjieMMe nmeer pererne w(z) # 0, obpaimatonieecs: B 1yJib

B TOYKAX zi 11 Zg, €CJIH
2Qi(2) — P(z) — PHz)/2 = {f. 2}
VI0BAETBOPHM 3TO COOTHOIICHUE, TI0I0ZKIB
P=(z—a)'"+P, Q=-4"2-0a)?+2"2-a)'"P+Q,

rJe @ — KOMCTanTa, OTIHIHAS OT 2| U 2Zy. Llomoknm w = w(z) B
cooTHOIeHNN (2.23), YMHOKIM 06€ TaCTH HOMYICHHOTO TOKIECTBA
Ha (2 — a)W(z) dz u npouHTerpupyem BIoJb Y(zy, 2;). [omyaum

/‘22(2 —a)|w'|’dz = j/i){w@[(z — )P = 1]+ [wl(z — a)Qui}d.
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3a myTh WHTCrPUPOBAIINA BO3LMCM TY JYTY OKPYZKHOCTH, CYIICCTBO-
BaHue KOTOPOH upesnoaaractes B onpejencnnn () € Ry(6, d).

[Tycts a — menTp 91oit okpyzkaOoCcTH. Torma
z—a=2z(t)=re" (2, = 2(0), 20 = 2(7)), 0 < 7 < 0 < 2,

rie | = r7 < d. Obosuauns y(t) = w(z(t)), y(0) = y(r) = 0,
[OJTY IiM

*T

T
A= ly/|*dt = / [ire" Pyy' — (r*e®'Q +re" P/2 — 1/4) |ly|?)dt.
0 0
HOCJIG/LHee COOTHOIIIeHHue HeCOBMEeCTHUMO C )/'(?'JIOBI/IHI\/]I/'l 20 'l‘GOpGMbl.
JeiicTBuTesibHO, pUBjIeKast HepaBeHcTBa Bijla (2.22), nMeem

\ 1/2

rT . /2, pr ,
s=rlPlo ([Cwea) ([ lopa)
0 Jo J
+ (2 1Qllo + 1Pl /2 + 1/4) / |2t <

< |:r7'7r_l 1Pl + (7”2 1@l +7 1Pl /2+ 1/4) 7'27"72] A.

Bblpamenme B CKOOKax epei 1ocJje/IJHuM MHTerpajJoM MeEHbIe 1 Ho

YCJIIOBUIO, YTO HEBOSMOZKHO.

3" Tyers f(z1) = f(22), 21 # 22, 21 1 25 € L. Bosbmen (2.16)
upn w = w(z), w(z) £ 0, w(z) = w(zy) = 0, upudeM ypasierne
(2.16) u w(z) MOXKHO CHUTATDH 38 JaHHBIMH BCIOTY B Q. Unmeem st

HEKOTOPOI TouKkU 29 € L,

@l = (), e L

/& w/(C)dC‘ < A|w'(z)|diam L.

lw(z)ll = max
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Cre1oBaTeIBIIO,

/ " (2)dz2| <

/ ' : / )
< |w'(20)] (/L |P(z)dz] + Adiam L / |Q(z)dz|/) : (2.24)

BHaK paBeHCTBa UCK/IYEH, TaK KaK PABEHCTBO BO3ZMOXKHO JIUIIH TO-
ria, Korjia w'(z) = const nan P(z) =0, Q(z) =0, re. {f, 2z} = 0.
O6a ciydasi HEBOBMOZKHbBI H3-3a HPEJIHOJIOKeHHH w(z)) = w(zy) = 0,
f(Zl) = f(Zz), 2 # 2.

Hamee, nMeeM

(1/2) [ u(2)de] > wmax fuf () — w/(2)] 2

z€0Q -

|,ﬁ(;,.;2) w'(z0) — ”LU/(Z)WZ‘ = 2z [ (=) - |w'(zo)]

N .[‘,(,:..,:2) |dZ| B l('Zl:ZZ) o ‘4

[ocieee coorHommenne u (2.24) nporusopeuar tpeboanunto 3° Teo-
pembl. [Tosromy otobpazkenue f uirbekTunio na L. Tak Kak mBapim-
ant { f, 2z} anamuien B Q u, caegosateabio, Gynkmus f(z) moKaib-
1o ojmonctha B Q\ {oo}, 1o gemme 2.1.3 MBI HOJTYUUM YTBEPZKACHHC
TeopeMbl B caydae 3Y,

OrMmeTnM, 9TO HEPABEHCTBO (2.24) MOTyUeHO MO cXeMe PaboThI
3. Iexapu [152], rje wecmeoBaH BOIPOC 0 HEKOJCOMMOCTH PEITCHHST
JUHERHOTO AnddepeHunaIbHOro ypaBHeHus MOPsIKa 1 B BRITYKJIOMN
obsactu (6e3 00CYKIeHNsI CBSA3eH ¢ OHOMICTHBIMIT (DYHKIUSMHA).

st Bomykinx obmacredt (0 =0,  d = diam Q) mynkr 1° Teo-
PeMBI I

P(z) =0, 2Q(z) = {f,z}
aaer pesyiasrar K. Pouib-TIlapisesckoro  [159).

[Mynkrer 19 12° gator snaunrensroe yensenne yeaosns B. C. Po-
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roxuia |78|:
1£(2)/ (2]l < (7 = 6)/2,

MOJIYICHIOrO TIM B Hpenonokentn ) € Ry(6, d).

Boijiesinm etre HeKOTOpbIE HaCTHBIE CJYUYAN B BUJIEC CJICJICTBUS.
CaenctBue 2.2.2 Qynxyusa f(z) # const, mepomopdnan 6 obracmu
Q, 6ydem odnosucmnod 6 (2, ecau uNoANENHO 0010 U3 YCA0BUT

o) Qe RO, d), ||f"(2) /f'<z>||Q < (w/d) cos(8/2);

6) Qe R0, d), If"(2)/f'(2)|l, < (7 —0/2)/d;

6) L e R(O, d), ||[f"(z) /f (2) +2(z = 20) ']z —20) g <

< m?cos(8/2)/(m + 1)d?.

Ormernwm, uro yeaosus suga [[{f, 2z}, < & u yenosue 3° Teo-
peMBbI 2.2.2 TIPUTOTHBI KaK [T aHa U THICCKUX (DYHKITHIL, TaK U JIJIs
byHKIM, IMEIONIX MPOCTOl TOMIOC B TPOU3BBOJBHON TOUKE 001aCTH
Q.

Veqosust a) uin 6) ciegctBust 2.2.2, a TakKe B) mpu zg ¢ ()
BJIEKYT aHauTuIHOCTh hyHkimu f(2) B (1.

Ecin zy € Q, 10 yenosue B) upejHosaraer, uro f(z) umeer
IIPOCTO#H TOJIIOC B TOUKE Zg, TAK KaK TOT/Ia

fz)=alz—2z) " +ap+a(z—2)+..., a#0,
BOJITI3I 2y, IOITOMY
2)/f(2)+2(z —2)" = —(a1/a)(z — 2) + ...,

T. €. YCJIOBUC B) ABJIACTCA COACPZKATC/ILHLIM.

Sameuanme 2.2.1 Oepanuvenus 0 < m u 0 < 27 daa Kaaccos
R(0, d), Ro(0, d) coomeemcmeenno A6AMOMCA €CMECTNEEHHOLMU.

Jleticmeumenvho, cayuati 0 > 21 das Ry(6, d) auwen cmoicaa
das obaacmed.
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Eeau oice 8 > w, mo moorcno yrazamo obaacms 0 € R(6, d),
6 xomopot dynryuonanv || f"(z)/ ' (2)|lq. I{f, 2 g He asamomea
donyemuMvLMU.

a) 6) B)

Puc. 2.4: Tpu npumepa

[Tycrb, nanpumep, 2 neBbIMyKJIasi 0JIMOCBA3HAS 00J1aCTh, I'Da-
HUIA KOTOPOH COCTOUT U3 JIyr ¢ ypaBuenusivu (puc. 2.4, a):

2 (t) = €", —r<t<m

2(t) =08, |t|<7/2+a, «a=arccosd, 0<d<I;
za(t) = =1+ te™™, 0<t<cosa.

st sroit obaacrn 6 = m + 2arcsin . Oynkuus fo(z) = 21, Bersn
KOTOpOil purcnposaia ycaosueM fo(l) = 1, aHagInTHIHA U HEOTHO-
auctha B {2 ipu € > 0. C aApyroif ¢CTOPOHHEI,

1o (2)/ fol2)l = le/zl <€/6, |{fo, 2} < (26 +67)/(26%), z€.

[Ipu mobom dukcnposannom 6 € (7, 27) MazKopaHTa £/ 1 MazKo-
panThl (26 +¢7)/(26%), 6 = sin[(6 —7)/2], MOrYT ObITh C/IeJIaHbI CKOJIb
VIOJIHO MaJIbIMH 3a cueT Bbibopa € > 0.
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Bameuanue 2.2.2 O. Mapmuo u H. Capsac [148], ne 3nan, no-
sudumomy, cmamuvu asmopa [5], o6ocnosany 6 ceoeli pabome npusna-
ku odnoaucmuocmu suda || f"(2)/ f'(2)|lg < & w ||[{f 2}, < &, wo-

mopoie 6 YCuNeHHOM Gude BLMEXAIOM U3 nyrwrma 30 meopemul 2.2.2.

B crarbe [5] nynxr 3% reopembl 2.2.2 pacipocTpaHeH Ha cirydali
KOHCUHOCBABHBIX 00JIACTEl.

2.2.3 Jluneiino mHBapuaHTHBIE (DYHKIIMOHAJIBI
B 00JIaCTIX CO CJOXKHOIT TeoMeTpueit

ByjieM HCHOJB30BATL 0€3 TOSCHEHWUN ONpee/eHus KJIACCOB 0bJia-
creit Go(A), G (A, B) 1 9ncioBbIx XapakTepuceTnk obmacteit d =
d(comp 0%2), Q(7), JaHHBIe B pebIyIeM naparpade mepes Teope-
moit 2.1.3.

Oboznaanm

Ga - UA>UG(M (A)

i

Y
Gu.ﬁ - UA>(],B>()(7(1,,"3<A7 B)

Tpebosanusi reopembl 2.2.2 B Tepmunax P u @) jaor orpa-
HUYCHHS OJIHOTO U TOO K€ BUJIA JIjIst MIBAPIMAHA U JIJTs JIKHEHHO
niBapuanTioro gynkiponata f”/ f'. Okazanoch, 4ro CyIecTByOT
1, 2}l momyorm, &
| f"(2)/ f'(2)|l, e aBagerca takoBbiM. Bosee Totmno, mveer mecto

Takue obsactu (), B KOTOPBIX (DYHKIHOHAT

Teopema 2.2.3 ITycmwv obaacmy 0 C C, d = d(comp d8) < oo,
Q€ G, (A). Dynryusa f(z), mepomopdnan u A0KAALHO OOHOAUCTIHAA
6 (), bydem odnoaucmmuoti 6 §2, ecAU BLINOAHEHO 00RO U3 MPEOOSAHULL:

<

10) QS |:1/2= 1],- I‘Z(f) - H?'éj A220-1"
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1 2 .
2de nocmoannas ko = 0.854... — xopenv ypasnenus 2k [ e dt = €";

#) aclfsll B = IHF2Hlo < g

Ecau d = d{comp 982) = 0o, mo dynryuonasv I, u Iy ne asasomca
donyemumvimu 6 2. Huosrensasn epanuva o = 1/2 6 mpebosanuu 1°
(a0 = 1/3 6 mpebosarnuu 2°) mouna 6 Mom cMbiCAE, WIMO CYULECTNEY-
em obaacmo S, € G, ¢ npoussosvno sadannvm o < 1/2 (o < 1/3),
ons komopot I (I3) me seasemesn donyemumoim. Tlocmosnuyio Ko
HEAL3A BAMEHUMD Ha boavuyto, wem /8, a nocmosmnnyo 16 — na
272, ¢ CoTpanenueM YmeepiHcOenUs.

Joxazameavemeo. 1°) daa sagannoit gynkiun f(z) Boibepem € > 0
HACTOJILKO MAJIbIM, YTO

L(f) < droA(d + )™, a€[1/2,1].
Ecmr Q € G,(A), T0 HeHOCPEICTBEHHO U3 OIPe/IeIeHIH cieiyer
Qe G (Ad‘;*‘”)

npu JboM « > 1/2, dy = d + €. Tlosromy npu 060cHOBAHIN OTHO-
mucrHoctr f(z) B {2 HAM JIOCTATOYHO PACCMOTPETH ciaydail a = 1/2.
Urak, jgokaxeMm OJHOJUCTHOCTH (byHKINK f(2) 1pu TpebOBAHMSIX:

Q€ Gip(A), L(f) <A4reA™

[Tpenonoxkum cHavaia, aro f"(z)/f'(z) #Z const. Eciu f(z) Heon-
HOJMCTHA B ), TO OHA HEOJHOJMCTHA BOJIM3U IPAHUILI B CUJTY JIEM-
Mbl 2.1.3. Paccy:k/iad Tak e, Kak U [1pH jIOKa3aTe beTBe JieMMbl 2.1.2,
MBI 1I0JTyanuM cootnotenus (2.11) — (2.13), npudem

P(€) < drgA™2, Ve € 0,1,
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BBUTY Tipeanoaoxkenns f(z)/ f'(z) Z const u IPUHITAITA MAKCHMY MA.
Tak ke, kak 1 B emme 2.1.2, 3 (2.13) TOTyIUM COOTIIOMIENTIe
Kol>  2n(1) — 2tn(t)

— sup ——, 2.25
A? te(—1,1) 77'@) ( )

|Z| — 22| <

TJIC 2 U Zp — IICCOBIIIAIONTHE TOUKHN (),
G
[ = Z(Z'“ZQ) S A|Z[ — ZQ|1/2,

n(t) — mpomsBobias nenpepsiBuo Auddepentmpyemast QyHKITHS,
i kKoropoit 1)/(t) > 0 npu t € (—1,1). Oyukius

rt

n(t) = exp(—rot?) // exp(ror)dT
Jo
VII0BJIeTBOPsAET [ dEPEHITATBHOMY YDABIICIIIIO

1/ko — 2tn = 0’/ Ko,

npuyem
()] < n(1) = 1/(2k),
kpowme toro, n'(t) > 0 npu t € (—1,1).

CreoBatenbiio, (2.25) IPUBOANT K TEPABEIICTBY
|Z1 — 2'2| < Akzlz S |Zl — ZQ|7

910 HeBO3MOZKHO. Takmm obpasom, dynkimsa f(z) momKma 6bITH O/
HOJIUCTHOM B €.

Eciu e f"(z)/ f'(z) = ¢ = const, 10
f(z) =afo(z)+b, a=const#0,b=const, fo(z)=-exp(cz)

u, BBIY MepoMopdHocT f(z) B €, 310 MOKeT CJAVIUTHCSA JIUIIb B
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ToM ciaydae, korja oo ¢ (). Ho torga us tpebosanuii
Qe Gl//z(A>7 IQ(f) S 4H0A_2
CJIeTyeT, UTo
diam Q) < A%, || < 4koA2,

T. e. |e|diam 2 < 27, mosromy fo(2) Gyaer ogmosmernoii B €.

20, AHAIOTMYHO IIPeBLIYIIEMY CAY9alo HaM JOCTATOYHO 060C-
HOBATH OTHOJUCTHOCTH (byHKImE f(2) B () IpH TpebOBAHUIX:

Q€ Giu(A), IL(f) <1647

Cuyuait { f, z} = const ousiTb HIPUBOJIUT K U3YUEHKIO OJHOJIICTHOCTI
yHKIHN

folz) = exp(cz)

mpu |¢| < 4v/2A%? B obmacTu §) mpu yeaoBusax
O € Giu(A), oo ¢
Jia takoit obnactn diam Q) < A¥? torna
|c|diam 2 < 27,

u f(2) ogmosmerna B (L.

st pacemorpenus odiiero ciyuas {f, z} # const u B jiajin-
HEIIIEM M3I0KCeHUN HAM MOTPeOyeTca

Jlemma 2.2.2 [Tyemo ¢gynwuuu P(z) u Q(2) anasumuuno, @yrns-
yus f(z) mepomopdna na npocmot cnpamanemot dyee v = (21, z),
f(z) # const u

2Q — P' = P*/2 = {f.z}
na 7y. Myemo z = z(s;7) (0 < s <1) — ypasrenue ¥ om HAMYPaLL-
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HO20 NAPAMEMPAQ.

Ecau f(z1) = f(z9) # 00, Mo cywecmeyem aGHAIumMuUYeckas Ha
v dynruyus g(z), maxaa, wmo

g(zl) = 9(22) - 07 g(Z) 7_é 07

u danr mobozo s € [0,1] enpasedauso nepasencmeo

.g .l

2= zllu(s)] < [ €ale i+ [ (- alguide.  (220)
2de u(s) = g(2(s;7)),

als;u) = | P(=(s:7)1u'(s)] + [Q(=(s: 1) u(s)]. 2.27)

Joxasamenvemeo aemmoi. 1o memme 2.2.1, cymectByer QyHk-
st g(z) £ 0, g(z1) = g(zy) = 0, yAOBACTBOPAIOIIAS YPABHCHHIO

g"+P(z)d +Q(z)g =0, zZE€". (2.28)
[Tycrs ¢, — nepemennble, w — (hUKCHPOBaHHAS TOUKA Ha 7.

[TpounTerpuposas ToxECTBO (2.28) JBazK bl B/I0JIb KPUBOI ¥ ¢ yue-
ToM paBeHcTB §(z1) = g(z2) = 0, noayunm

gw)z =z~ [ { [1ewge +qu FQUgld g (229)
[Tomoxum w = z(s;7) mast wekoroporo s € (0,1), a Takxe
u(€) = g(z(§7), 0<¢<L

Torya [v' (&) = |g'(2(&; 7)), u

(2.29) Biteuer HEpaBEHCTBO

a—zllioll < [ do| [ 1PEE DO+ QAE M|
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91O IPUBOIAT K (2.26), (2.27) mocie m3MEIenns MOPAIKa ITHTCIPH-
poBalns.

13 (2.26) caemyer mepaBencTso

|21 — 25| < max {/0[ sb(s)ds, A[(l - s)b(s)ds} : (2.30)

b(s) = |P(2(s; 7)) + Us) [Q(2(s:7))] . U(s) = min{s, | — s},

& TaKzKe CJIeJlYI0IIee OCHOBHOE HEPABEHCTBO: |z — 25| <

&) IP(E )|+ [ [, 1Q(z(s:7) | 2" (s)ds|
< sup ]

2.31
T o<e<l z(€) ( )

rac x(€) — mpomsBobiias dyikus, neipepbpiasg ma (0,1), momo-
JKUTeJBbHAS HOUTH BCIOJAY U UHTerpupyemast Ha [0,

§/ s)ds + l—f)/ x(s)ds.
Jo
O6ocnyem (2.30). Tlyers |u/(0)| — makenvaiibhoe 3nadenue [u'(s)|
mpir 0 < s < [. Tak kax
0<|u'(o)| <oo, wuls)<|u(o)min{s,l— s}

v oboro s € [0,(] B ety paBencts

|u'(0)| = |g'(z(o:v))],  u(0) =wu(l) =0,

TO 13 (2.26) ceyer orenKa

l

5 -zl < 0l0) — [ ebiende+ [ (- epie)de

40 o
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Ho v'(0) = (20 — 1) b(o), mosTomy

|21 — 25| < Imax v(o) = max{v(0),v(l)},
9ITO PABHOCHILIO (2.30).

st obocHoBanust (2.31) uponurerpupyem obe dacru (2.26) Ho
s € [0,1], upejpapHrenbHo yMHOKUB ux Ha dyHkimwo z(s) > 0.
M3MeHuB B npaBoil 4acTu HEPaBEHCTBA [10PSJIOK HHTErPUPOBAHUSI,

[IOJIy1HUM

y I
|21 —zgl/ x(s)|u'(s)|ds < / a(& u)x*(€)dE.

OTcrofia ¢ y4eTOM HepaBeHCTBA

)l < { [wlas o<e i [ wslas, 12 < < ]

HalgeM OICHKY

ol rl &
2= 2l [aoliods < [ @) (1Pl | [ Qs
Jo Jo Jiy2

) dé.

[Tocaeamee Baeaer (2.31) BBUIY MOTOKUTETBHOCTH X(€) U YCIOBHUSI
u(€) # const.

BaBepimM Tenepb J0Ka3aTe/IbCTBO MYHKTA 2 TeopeMbl 2.2.3.

Ecoun { f, 2z} # const u f(z) neojosucria B {2, 70 B CHILY JIEMMBI
2.1.3 u ompegencnus kiaacca Gy /3(14) CYIIECTBYIOT HECOBIIAIAFOIITIE
TOUKN 2y, 2y 113 (), Takue, 910 f(z1) = f(2) # 00, U coenungAIOIIAL
21 1z ayra vy = v(z1,2) C Q mveer gy [ < Alzy — 2|3, Tlo
aevve  2.2.2 umeeM (2.26), ciie0BaTeIbHO, BBITOJHSIETCS YCIOBHE
(2.30), uto ¢ yueroM cooTroremnuii

P =0, Q) —{f.2}/2 max|{f, 2| < 16/4°
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IIPpUBOAUT K OLICHKE

121 — 2| < 8Ad/0 El(€)de = 18] A%,

HOJ]yL[l/lJ[l/l HIPOTUBOPEYUE, 3aBepllatolee JJoKa3aTe/bCTBO ITYHKTa 20
TEOPEMBI.

Ocraercs 060CHOBATDL JIONOJHUTEILHBIC YTBEPKJICHUSA O TOTHO-
CTU YCJIOBHIT TeopeMbl 2.2.3.

Ecmn d = d(comp 0Q2) = o0, T. ¢. 00 € 9, TO CYIMECTBYIOT
OCTICAOBATCABHOCTH 21, 11 Zg, TOUCK B {2, TAKUX, UTO |21, — Zo,| — 00
npu v — oo. Torjaa dyHKIMN

f(2) = explc,2), ¢y = 2mi /(21 — 2),

oyayr neopuoquctabivu B 2. Ho L(f,) = |e| — 0w L(f,) =
le,?/2 — 0 npu v — oo. Cuegosarenbho, GyHKimoHaNbBl Iy 1 I3
He SIBJISIIOTCS JIONYCTUMBIME B ob/tactu ), 4ro u TpeboBasioch JT0Ka-
3aTh.

st obocroBannst TounocTn nokasareseit o« = 1/2 n a = 1/3

(puc. 2.4, 6).
[lycts 0 < o < 1/2, Torga B €2, pacecMoTpuM (DYHKIIHHO

BBeJIeM 0bJ1acTh §2, € G, CACAYIONICTO BHIA:

Qu=1z:17| <1}\{z : ERZS(),(%ZS R 2"

foz)=z—¢e2*"", f(1)=1-—c¢,
rjie a — (PUKCUPOBAHHOE YUCIO U3 IIPOMEKYTKA,
(0,1/a —2) N (0, 1),

YUCJIO € — MaJIbIi TTOJOKATETHHBIA ITapaMeTp. /Z[JIH JIOCTAaTOYHO Ma-
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abix ¢ = Rz < 0 na rpaunte Q, umeem: x + i|z|/* € 09, a taxke
S fo(z 4 d|x]) = —esin(ra)|z)*T + O(Jz[*™) < 0,
S fo(x — i|z]Y) = esin(za)|z*'* + O(jz*') > 0,
R f(x £ ilx]") = x — e cos(ma)|z[*T + O(|z[*T).

[Tosromy f.(€,) MBaZKIBI HOKPBIBAET HEKOTOPYIO YaCTh OKPECTHOCTH
HyJIs1, T. e. f.(z) HeomHo/mcTHA B €, ipu &€ — 0.

C apyroii croponnt, L(f) < 6le|/(1 -3

&
c

) = 0mpn e — 0,

CJIC/IOBATEIBIO, TpeboBarine

||f"(z)/f,(z>||sz{, <K

HII TIPH KakoM k > () He rapaHTupyeT ofHoJucTHOCTH f(2) B (1,,
a<1/2.

Toumnocrn 1/3 [IOJIy1acTCdA alaJIOTHIIIO U3 PACCMOTPCIINA beHK—
O
z— 523 ta

B obstactn €, npu awbom « € (0,1/3) n pukcnpoBaHHOM 3HAUEHHN

napamerpa
ae(0,1/a—3)N(0,1).

[TokazkeM, HAKOHEI, 9TO MOCTOAHHYIO Ko HCIL3A 3aMCHHUTDL Ha,
(14 &)m?/8 npu moGom & > (. {1 3T0ro paccMoTpum (yHKIIIO
gg(z> =z

B obJytacTi
Q={z:RNz>0, 1<z <1+¢e}
(em. puc. 2.4, B).
JlBe ymobble TOUKK 2| U Zy 00J1acT ) MOXKHO COEJTUHUTh JIYTOH
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OKPYZKIOCTH C HEHTPAIBIBIM YIJIOM, He TPEBOCXoaAnM 7. [Tosromy
Q€ G1(A), A= r/2. Kpome rtoro, diam Q = 2(1 + ). IIpu srobom
e > 0 gyukuus g.(z) neopnosucria B 2. C Apyroii cropoHsbl,

L(g.) A%d/4 = (1 + )8,

4YTO U HYZKHO OBLIO TIOKA3ATE.

[Mpumep dyukimmn f(z) = exp(rz/r) 8D, = {2z : |2| <1}
[OKa3bIBAET, 9TO MHOKHUTEAL 16 B onenke dynkimonana Iz Heab3a
3aMEHNTD Ha 272 + &, € > (), TaK Kak

d=diamD, = 2r, D, € Gy;5(A), A= 4r?)'?  AYf 2} =2

Teopema 2.2.3 jiokazaHa 110JHOCTHIO.
[13 ee jloKa3aTE/ILCTRA, TTOTYIAEM

Canencrsue 2.2.3 Mepomoppran 6 ooaacmu $) pynxuus f(z) bydem
odnosucmnot 6 S, ecau f(z) Z const u ewnosnaemes 00Ho u3 06yx
CACOYIOUUT YCA0BUL:

19)Q € GualA) u || f'(2)/ £ ()l < dro/ A2
20) Q€ Gu(A) u|{f, 2}l < 16/A4%

Bameuanme 2.2.3 Ha ocrosanuu meopemuv, 2.2.8 0asn xaacca 6cex
MEPOMOPPHLIT 6 00aacmu ) dynruul noaywum

Qe Gyp=1 donycemum 6 €Q; (2.32)
Qe Giys=1; donycmum 6 €. (2.33)

[Iprvepsl, mpuBeAenIble TPH 000CIOBAIIIN TEOPEMBL, I HEKOTO-
phIe JIpyrue HpUMephl HO3BOJISIFOT BbIJIBUHYTH I'MIIOTE3Y O TOM, YTO
uMIuTKAIIN B (2.32) n (2.33) MOYKHO 3aMEHNTD 9K BUBAJTEHTHOCTSIMH.
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[MTojruepKrHeM, YTO HAITKA IPUMEPDI JIAKT 0OpATHBIE UMITITUKAI[UHT
B (2.32) 1 (2.33) suib OpPU JIOTIOJIIUTE/BIBIX TPEJITOJIoZKenusxX: Of)
COCTOUT U3 KYCOUHO-IVIAJIKUX KPUBBIX U HMeeT Clielha/bHOe [10Bejle-
HUC B YIVIOBLIX TOYKAX.

Teopema 2.2.4 [Tycmov f(z) mepomopdna u AOKGALHO OOHOAUCTIHA
6 obaacmu ) C C, Q € G, 3(A, B). Cyuecmeyiom noaoscumenvruie
NOCMOANHBLE Ky = Ko(Qt) U K3 = Ra(@v), 3asucaugue auwn om o, ma-
wue, umo gynxuyus f(z) oydem odnosucmmoti 6 (2, ecau 6bNOAHEHO
0010 u3 caedyrouur mpebosanut:

19 6=p802-1/a)€]0,1],

L(f,8) = |dist’(z, 00 "(2)/ 1 (2

25— B3 1/a)e 0,2,

< fale) (B\”‘“

Li(f,6) = Hdlst 2, 00{f, 2} ) w) < Z}

Hoxasameavemeso. dns napbl Touek 2z, U 2z, BOMI3N O§) de-
pe3 v = v(z1, 22) Oyjem oboznavars Ty jyry ns 2(y), o KoTOpOii
uiaer peus B ompegenennn ) € G,s(A, B). Ilyers 2 = z(s;7),
0 < s <[, — ypaBuenue 3Toil Iyrd OT HATYPAJILIOro HapaMerpa,
I[(s) = min{s,l — s}. Torma, o ompenernenmio, | < Alz; — 2|* u
I(s) < Bdist’(z,00) aus moboit Toukn z = z(s;7), T. e.

1< Alzy — 2%, 1/dist?(2,00) < BY17/5(s). (2.34)

B cuity gemybt 2.1.3 u onpegesenns kiaacca G, 5(A, B), Kak 11
IPII JI0KAa3aTeIbCTBAX JeMMBl 2.1.2 1 TeopeMbl 2.2.3, 1Jid 000CHOBa-
aug opHosmcrnoctn f(z) npu yenosugax 1° wim 2° reopemsr 2.2.4 nam
JIOCTATOYHO OTPAHHYUTHCST POBEpKoil HepapencTsa f(z)) # f(z9)
JUISL TOHEK 2y 11 25 YKA3aHHOT'O BhIIE THIIA, T. €. [PI HAJIIYIIL JIyTH
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(21, 22) C Q) co coitcTBavu (2.34).

MOKIO TakzKe CauTaTh (310 oTHOCUTCA K cydaro 2°), aro

flz1) = fz) # o0,

Tak Kak eciin f(z]) = f(z) = 0o, 1o cymecrByor 6/u3KMe K 2] 1 2,

TOUKH 2] U 25 C COBIAJIAKONIUMKI 00pa3aMu.
Wrak, 1mycrs
21 # 29, 21,20 €8, v =7(21,20) T Q)
1 BEJUIHHDI
l=1(z1,22), Us)=min{s,[— s}

VIOBJICTBOPAOT yeaoBusM (2.34), Beinossiercst tpebosarue 1° i
tpebosanme 2°, no f(z1) = f(z3) # oo. [okaxkem, 9TO A/ HEKOTO-
poro Ky(a) > 0 win Kz(a) > 0 970 HEBOBMOZKHO.

(U . § -9 _ ‘ ] ]
19 Tak xak 6/8 =2 — 1/a > 0, Ha jiyre 7 UMeeM OIEHKY

f/’( ( . )) fiz(a) a—2/ . s
['(a(s; v))‘ St s, v<sst (2.35)

[To memme 2.2.2 mosymm onenku (2.26) u (2.31). 13 (2.31) npn
z(s) =c=const >0, z*(s)=2es(l —s),
P(z) = —f"(2)/f'(2), Q(z) =0,
Oy/iem umets ¢ yuerom (2.35): |z — z2| <

2§(l — 5)52(05) < [V ,(1 - a)l/ufl.

Q%Q(a)—ﬂ/aa

Lo =

< su
—U<581 Al/(ll‘z—]/()(é) —
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)
— 2| < 2ky(ar)—, =1.
|21 — 2| < Hz(CX)A, 0

HOJ]yL[eHHble HEpaBE€HCTBa 1IPOTUBOPeYaT 11EPBOMY COOTHOIICHHUIO B
(2.34) npu
0 < mola) < 20(1 — )7, 1/2<a<1 (2.36)

(1 @ = 1 3naticnne MazKOpPAnTBl /T Ky(l) mosyaeTes Kax mpe-
JICITBIOC BHAYCHIC).

Hepagemncrso (2.36) maeT SBHYIO ONECHKY UIA Ko(Qv), [JIA BTO-
POro yTBEPZK/IeHNs TeOpeMbl MbI OI'PAHMYMMCS JIHIIb 0D0OCHOBAHIEM

cymectBoBanus K3(a) > 0, nzderast CJIOKHBIX BbIUHCJIEHNI.

2°. B stom ciywae 6/8 =3 — 1/a > 0. Ionoxus

P(z) =0, 2Q(z) = {f,=},
Ha 7y UMeeM

A—l/(y,{:;(a)ll/u—.?(s) 2 2

Q(z(s:7))l
u coryacto (2.31)

Ks(a) ‘f/jz :L'*(s)ll/““3(s)ds‘

— 2| < =L qup
2A! 0<é<l x(€)

|21

rjie

f/ s)ds+ (I —€) /Efc(s)ds.

J0

Bamena (GyHKIUE 1 HEPEMEHHBIX

w(f) =), &=11+1)/2, te[-11],
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IIPpUBOAUT K COOTHOIICUUIO

oy — 2] < PN/

sup
Alla —1<i<1

L (") = m(r)
77/<t) /() (1 — |7' )371/(.&'

(npeanosaraem, ato 7(t) — HedeTHast HeHPEPBIBHO AnddepeHnpye-

dT‘ (2.37)

Mag pyukiust ). U3 cpasrennst (2.34) u (2.37) mogyaum J0mycTHMbIE
npejiesibl Juist Ka(a):

21/(k

0 < Kzla) < , k=inf sup

T —1<i<1

»

L (1) — ()
n'(t) /0 1—|r )31/(1617". (2.38)

B orpammiennocrn Besmannsl £ B (2.38) serko y6euThes, MOI0KAB
nt)=1 mpn 1/3<a<]l,

"
() =0 =)™ mpu a=1

OTMETHM, ITO TaM JOCTATOUHO HAJMIN CBOHCTB: x(€) = 7' (1) menpe-
poiBia mp ¢ € (—1,1), #'(t) mogoKuTEIBHA TTOUTH BCIOAY T HITC-
rpupyema ma [—1, 1].

Teopema gokaszama.

[pn o = B =1, 7. e. st OAHOPOHBIX ObJIacTeil, Teopema 2.2.4

nepecekaercs ¢ pesyabratamu B. Ocrysa [154], O. Maptuo u 1. Cap-
Baca [148|, ®@. Tepunra u B. Ocryna [131].

Onpepnenenne. I[Tycmo ) — obaacmo 6 C, w(z,Q) — nenpe-
PoLeHAA U nosootcumenvrad 6 2 gynruua. [Tycmo, danee,

A>0, B>0, a,fel0.1]

— NOCMOAHHDLE.
Bydem nucamov 2 € G¥ (A, B), ecau das mobvir movex z, u

w3

2o u3 ), eaamur sbausu 05, cywecmeyem dyea v = y(z1, z2) C 2,
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npuvem

l(Zl.Zz> S 4

21— 2|% Uz, 21,2,) < Bw’(2,Q), Vzenv. (2.39)
Bamics 2 € GY 4(A, B), 09eBIIHO, TIPH yCIOBUT
w(z, Q) = dist(z, 0Q)

osHauaet, 4o ) € G, 5(A, B).
Hokazaresbera JieMMbl 2.1.2) Teopem 2.2.3 u 2.2.4 HeHoCpe/I-

CTBEHHO I1IOKa3bIBatOT CIPaBE/JINBOCTL CJAE/YIOIICI'O YTBEPAKJICHNUA.

Ipennoxenne 2.2.3 Ecau f(z) mepomopdina, r0kaavno 00nosucm-
na 6 obracmu 2 € G2 4(A, B), mo f(z) 6ydem odnorucmmnoti 6 2 npu
BUNOANENUY YCAOBUSA.

f"(2)
f'(z)

<=
Q)

1/a
§=pB(2-1/a)cl0,1], Hw”(z,sz) (B\ ,

1)

ede Ky(a) — ma orce nocmosmnas, wmo u 6 meopeme 2.2.4.

Sameuanne 2.2.4 U3z doxasameavcmea meopemvl 2.2.4 ACHO, Mo
MOACHO NOAYHUMD COOEPHCAMENLHBE YMBEPAHCICHUA NPU YCAOCSUAT
) <0< B2—-1/a)u0 << B(3—1/a) coomeememeerno s
dynryuonanos I(.,0) u I3(., ). Ho mozda masncoparmo, daa @yrs-
UYUOHANA0E Ycaodenames u 6ydym sasucems maxoce om d(comp OS)
(em. meopemy 2.2.3).

[Iycro € — obaacth B C, ), — cTamgapTHas aHHPOKCUMUPYIO-
Imast MOCICA0BATC/IBHOCTD:

O=U> Q. Q,CQ

npu Jr0boM v 0071acTh (), KOHEUHOCBSI3HA W OI'DAHUYEHA CIIPSIMJIs-
eMBIMI ZKOP/IAaHOBBIMU KPUBbIMH. B Takoil cuTyaruu MoKHO 000C-
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HOBATDL MPU3HAKHI OHOJUCTHOCTH, XaPAKTCPUIYEMBIC UPUUAICAKIO
creto f"/f" wim {f, 2z} xmaccam Xapau, ma ocHose jemmbr 2.1.3 u
CJIEJIYIOIIErO Y TBEPZAKJICHUS.

IIpemnoxkenne 2.2.4 [lyemo f(z) anaaumusig u A0KaA1H0 0010-
AUCTING 10 NPOCOT 3aMEHYMOT cnpamasemot kpusot I” C C', npu-
wem I' € G (A), wmo no onpedeaenuio oznavaem caedyouee:

s MOBOT napol movek 2, U zy ud ' cywecmeyem coedunaou,as
ux dyea y(z1, 29) C T, dauna xomopoti ne npesocrodum Alzy — zo|®
¢ durcuposannvmu nocmosnnwmu A >0 v a € (0,1].

OQynruus f(z) oydem unsexmusnol na I, ecau swnosnsemcs
0010 U3 YeA06ull:

10 aeL/20) £/ F )0 < mala)/AVe, 2o

qg=0a/2a—-1), myla)=[1-a)/2a—1)]"""ecll,2

2 ae1/3,1/2, IS 2 g, m) < 2ms(a)/AVS,

2de q=a/(3a— 1) u
] ) .l//Q ] . .
m;;(a) _ {(1 o 20[)21/(172(1) + / [Qf(l . x)|o'/(1720')dx}1/u72.
J0

s 3adannozo a yrasannoe 6 1° (uau 2° ) snavenue q aeasemes
mownvim: das « € (1/2,1] (o € (1/3,1/2]) u exoav y200m0 marozo
e > 0 dymwyuonan || f'/ f'| . npuq = o/ 2a—1)—¢ (dynxyuonan
I{f: 2} |0 npu g = o/ (3 — 1) — ) ne asanemes donycmurvim,
I',=09,¢€G (A), A>0.

Yepes |||z, obosnadena cranjapTHas HoOpMa B Kiacce (yHK-
1pit, uHTErpupyeMbix Ha I’ €O CTeleHbro §:

([1eteiiaet)
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Joxazameavemeo. 1°. Oboznaunm P(z) = — f"(2)/ f'(z). Iycrs
21,29 € I, npuuem z; # 29, no f(z1) = f(zz) Torma wma jyre
Y(z1,29) C ' ¢ mmmoit [ < Az — 25|% cupaBe/yinBO HEPABEHCTBO
(2.30) ¢ yrasanmsiM P(z) 1 Q(z) = 0. [Ipumerms nepaserncrso esnb-
Jepa K J0boMy U3 JIBYX BbIpaKenuit B mpasoit gactu (2.30), 6yaem
UMETh

[LHL/p 1/q J1+1/p
-l < s ([ 1PGIas) < o 1P

+ 1 l/p D + 1)1/;)

ST0 COOTHOIICHNC TIPU

Up+1/g=1, ¢=a/(2a—-1), 1/p=1/a—1

nporusopeunt Tpebosanuo 1° u yeaosuo I' € GY(A). Ocracres or-
MeTHTD, uT0 my(a) = (p + 1)'/7 € [1,2], mockonbky a € [1/2,1].

2V, Tpennonioxkus cHosa f(z1) = f(z), 21 # 22, 21,2 € T,
OJTY UMM Takzke 13 HepaseHctsa (2.30) mpu P(z) = 0,2Q(z) = {f, z}

|21 — 2] < (/o[ 57’01’(5)(13) ” (/Ol |Q(z)|qd3)]/q <

‘]/2
< (/2 I{F 24, 52'1/"I22"‘1/(2p+1)+/0 2'(1 — w)da]',

OlICHKY

41O NIPOTHBOPEUNT yeaosuio 2° B cuity Toro, uto | < Alz — 2|
Tounoctsb ¢ B 06OUX CiIyUasiX MOSYIAETCA W3 TOTO K€ HPUMEpa,

q10 1 B Teopeme 2.2.3. A mverno, dyHKIs

folz) =z =0z f(1):=1-6, 0<1/a—¢g <1/a,
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SABJISIETCS HEOIHOJMCTHON B 00/1aCTH
Qu={z: |l <1}\{z:Rz<0,S2 < [R2""}

u Ha [',, = 90, vpu jmobom o > 0, & — 0.
B6smsu z = 0 na ', nveem |dz| = dx = d|z|, u, kpome Toro,

|£1(2)] fol2)| = |22 0(6),
{ fo. 2}| = 0]z]/*=270(6).

pAk) b
Gg=a/a—-1)—c wu ¢=a/(3a—1)—=¢

MOXKIO T10106path &5 € (0, 1/a) Tak, 4TodbI
2—1/a+e)qa <1 wpu (3—1/a+ey)qg <1,

COOTBETCTBCHIIO, ToTyIa 008 (bYHKIHONAI OYIYT OMPE/ICICHbl U CTPe-
MSATCS K HYJTIO JUTs (PYHKITAH

g(z; 0, 61) = folz + 1)

apu 0 <, — 0,0 < d — 0.
C apyroit croponbl, g(z; d, 0;) aHAIUTUYHA U JOKAJLHO OJHO-
J[I/IC'I‘H&7 HO HE MHbEKTHUBHA Ha F HpH JTIOCTATOYHO MaJIbIX 5 n 51.

HO,LIpO()Hbl@ BbIYUCJ/IEHUA Mbl HE IIPHUBO/IMM.
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I'maBa 3

O06001IeHUS O01IIyCTUMbIX

P YHKIINOHAJIOB

TeopeMbl TPEABLIYINCH TIABBI MOKA3BIBAIOT, ITO (DYIKIHONATIBIILIC
YCJIOBHS OJIIOJINCTIHOCTH TCCHO CBAZANDL ¢ OOTACTIMU 3HATCHII 1TPO-
u3BoHON f'(2) anamurideckoit ynkimit f(z), eé mpaprmana { f, 2}
wim upepmBapiaana f7(z)/ f'(z). Tor dakr, aro gomycrumbre QyHK-
IOHAJBI cojiepKar f'(2), 00bsICHIeTC s TPOCTO:

ecau gynryuonarvroe yeaosue suda I(f) < Kk eapanmupyem
2000aM0HYI0 0OHOAUCTIIHOCTNG GHAAUMUNECKOT dynkuuy f(z) 6 Hexo-
mopoti obaacmu, mo yeaosue I(f) < Kk doasrcro obecnewumy asmo-
mamusecky nepasencmeo f'(z) # 0, m. e. neobrodumoe yciosue A0-
KAALHOT OOHOAUCTIHOCIU OMOBPAIHCENUA.

Ipu 1nceneosannn riobajbHoil ojHOMMCTHOCTH T depeH -
pyeMbIX oTOOpazkeHnit 06JacTell Ha MIOCKOCTH TPIAMBIM aHATOTOM
yeaosust f'(z) # 0 asaserca tpebosanue |f,| — |fz| > 0, uro pas-
HOCHJILHO TIofoKuTeAbnocTH axobuana J(f) = | f.1* — | fz|* andde-
peHIpyeMoro oTodbpaxkenusi f.

Mbi pacemarTprBaeM Takzke 0600IIEHNsT HEKOTOPBIX PE3YJIbTATOB
IpeJibLIyIel DiaBkl Ha caydail uddepeHnnpyeMbx 0TodpazkKeHuii
UPOCTPAHCTBEHHBIX objacreit 3 R™ npn n > 2.

[TynkT 3.2 nocBsiinen TeopeMaM KOMOITHITPOBAHIIS (DYHKITTOHAb-
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HBIX U TeoMeTpuyecKknx TpeboBanuil na orobparkenus. TpeboBaHus
reOMEeTPUYIECKOI0 XapaKTepa Ha 0TOOpayKeHUs MOZKHO MHTEPIPETH-
poBaTh Kak HeKHe YCJIOBHs, KOTOPble (DOPMUPYIOT KJIACC 0TOOpazKe-
HUN 1 3aMeHsoT cobOi TOUeUHbIe HOPMUPOBKU THHA

OOBIMHO IPUMEHSICMBIE JI7Ts BbIICCHHS KJIaCCOB AHAINTHICCKNX (DYHK-
nuit B Kpyre.

B nociieyinem nyHkTe 3.3 n3iiozkeHa Teopust p-J101yCTUMbIX Dy K-
I[TMOITaJIOB. Or1a Teopusd dBJjidercd OJI[HUM N3 BOSMOXKHBIX BapuaHTOB
perieniug 3a7auu 1, cdopmysupoBannoil B Hadaie riasbl 2. g
VA00CTBA YUTATEIA HAHOMHUM ITY 3aJa1Y.

Bamaga 1. Janw 2 u M. Kax yeaenanpasaenio Koncmpyupo-
samo donycmumuie GyYNKEUUONANDL?

3.1 YcjoBus OJHOJUCTHOCTH
audppepeHmpyemMbiX 0TOOpaXkeHuii

Jlocrarognbie yeI0BUsT OHOMUCTHOCTH D (hEPEeHITIPYEMbIX 0TOOPa-
JKEHNIT B TEPMUHAX TIEPBBIX 1 BTOPBIX YaCTHBIX MPOUZBOHBIX 0000-
[arT COOTBETCTBYIOIINUE YC/JIOBUA JIJIA AHAJNTUIECCKON (l)yHK[LHH