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[IPEIICJIOBUE

CHopHHE, mpefjaraeMblii BHHMAHWIO 9UTaTeNs, COMIEP-
JKUT BIIEDPBLIE IEPEBEIeHHBIN HA PYCCKUil A3BIK TEKCT U3BECT-
moro poraana I'mms6epra «MaremaTndeckie mMpo6IeMED, mIpo-
maEecernoro ma 11 MemmpyraponaoM HoHErpecce MaTeMaTaKOB,
npoxopusuiem B Ilapmxe ¢ 6 mo 12 asrycra 1900 r. B pa6ore
Komrpecca mpursaio ysacrume 226 uwemosek: 90 dwemoBer us
@parnun, 25 na Fepmanun, 17 us Coepunennrix Illtatos, 15
u3 Wtamnun, 13 us Bexsrun, 9 us Poccun, mo 8 u3 Asctpuy u
Ipeiinapum, mo 7 w3 Anrnwuu u lsenmm, 4 us Janwmu, mo 3
u3 Tomnammuu, Wcenapmn m Pymeamy, mo 2 us Cepbum u
IMopryramumu, 4 us IOxmEo0lt AMepwku, IO OfHOMY [eJieTary
npucnayy Typumsa, I'penmsa, Hopsermsa, Hamama, Anonus
n Mexcnka. OcHosEBIME a3miKamMu HomTpecca O aHIImit-
cruil, (parnyscruil, Hemenknit u uranegEcKuil. Ilpencena-
tesem Homrpecca Gmin usbpan Avpu Ilyamkape, moweTHHIM
npejcenareneM — orcyrcrpoBasmmii Illapns Ipmur (1822—
1901), sune-mpencenarenavu — E. Uybep (Bema), K. Teir-
sep (Lwopux), II. Topnar (dpnarren), A. I'pmaxunn (Jlos-
pon), JI. Juanenéd (Fembcumrdopc), @. Jimupeman (MioH-
xen), I'. Murrar-Jle¢dnep (Crorroasm), orcyrcTBOBABIIMIL
3. Myp (Yuxaro), M. A. Tuxomamppunkmii (Xapbkros),
B. Bonsreppa (Typnu), T'. Ileircn (Komenraren), cexpera-
pavu HKomrpecca — W. Bemmgurcon (Croxromem), A. Ka-
neqnu  (Heamons), I'. Mumkrosckmit (Ilwpux), M. Jl.
Hramumruit  (ITerepGypr), orcyTcrsopasumit A. Vaiirxep
(KomGpuyizx). TemepanbERIM  cexperapeM Homrpecca Obut
usbpan 3. Iwmopr (IMapmx). PaGorano mects cexmuii:
1) apudmeruru u anrebpm (mpepceparens JI. Tunnbepr, cek-
petapes J. Kapran), 2) anamusa (npencegarens II. Tlemmese,
cexperapps #H. Apamap), 3) reomerpmm (upescemarenb
I'. Nap6y, cexperaps B. Hupenrmopckuit), 4) Mexanukm 1 Ma-
Temarndeckoit uswru (mpemcenarens . Jlapmo, cexperaps
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T. Jlesn-Uneura), 5) ucropnu m Ombinmorpadum MaTeMaTH-
kn (mpencemarens mnpurn Pomamn Bomamapr, cexperapb
‘M. Oxamp), 6) npenogapaHMs ¥ METOTOJOTHH MaTeMATHKH
(mpencepatrens M. Kamtop, cexperapp III. Jlesam). 5-1 m
6-1 cernum 3acefaiu BmecTe. B menb oTkpeiTmA Homrpecca
Ha OOmeM 8aCeNaHmu COCTOAJIOCh [BAa HYACOBHIX [OKJIana:
M. HKamropa «O0 mcropmorpaduy MaTreMaTHKm», B KOTOPOM
oH cpexan 0030p pabor mo mcTopmH MaTeMaTHKH, HAa9MHAA C
#. Montokna u 1. Jlu6pu, n B. Bombreppa 0 Hay4dHOM
nesrenpnoctn 9. Berrn, ®. Bpmockr m @. Hasoparn. 3a-
TeM HaUaJIuCh CEKITMOHHEIE 3aCeflaHns, Ha KOTOPHIX GELIO Cjie-
nauo 46 coobmenmii, B Tom uucie JI. lukcormom, I'. Murrar-
Jlepdpaepom, JI. TunsGeprom, . Amamapom, A. Hamemim,
N. Opepronbmom, W. BemgukcomoM, B. Boawreppa m pp.
Pycckas wMartematmra Omua mpepcraBiena Ha Horrpecce
enuHCcTBeEEEM cooOmenmeM M. A. Tuxomammpmmxoro «06
ncyesHOBeHMN QyHKNUE H HecKoIbKHX mNepeMeHHEX». Ha
3aKII0uNTeNBHOM obmeM 3acemapmu BecTymmiw I'. Mmrrar-
Jledduiep, KOTOpHIT paccKasal o MOCIEIHHX ToAax JKH3HH
Beitepmrpacca mo ero mucsMam kK C. B. Kosanesckoii,
m A. Tlyarsrape, crenasmmii fokiay «O poianm MHTyuOu® H JIO-
roKu B MateMature». Tak mpoxomun HoHrpecc, Ha KOTOpOM
8 aprycra Ha COBMECTHOM 3acefiaHmn S-if W 6-fi cexumit
II. Twas6epr mpountald cBoil noxian <MaremaTudeckne mpo0-
nemery. Kag mmmer JI. Cuunos !), «cooGmenme I'mip6epra
BHB3BAJO pAfN B3aMEYAHEA €O CTOPOHE IIPUCYTCTBOBABHIMX,
yKasaBIKX, 4T0 HEKOTOPHe W3 IepeuncieHHnX I'mibbeproMm
3ajadY BIOJHE WIW OTIACTH UMM paspemensn ?). K Tomy Bpe-
menn T'misGepr, 38-merHmit rérrmHreHCKMil mpodeccop, GBI
ysKe ITMPOKO M3BeCTeH CBOMME paboTaMu IO T€OpHH MHBApH-
aHTOB M Teopmy amrebpamdeckux wmcena. B 1899 r. prmiu B
cBer ero sEaMeEMTHe «OCHOBaHWA TEOMETPHH», COCTABUBIIVE
BII0XY B OCHOBAHMAX MATEMATHKML. ¥ IMBHTEJbHAS Pa3HOCTO-
ponmocTs U obobmaromas cnia japopanmsas [manGepra mos-
BOJISIIM @My JIeTKO OPMeHTHPOBATHCA B PA3IMIHKX 001acTAX
MATEMATAKE, IIOYTH B KAKIOM B3 KOTOPHX OH IONYYMI BEIIAI0-
mpecsi pesyJIBTATH W TOCTABWI Dsfi BAKHEX HpoGieM.
Han6oxee maTepecHsle, mo MHeHMI0 I'mnpbepra, mpobGie-
MBI, (HCCIe0BAaHNEe KOTOPHX MOKET 3HAUMTEIBHO CTHMYJIU-

) I. M. Cuexos, Bropoii MexTyHapofHEIl MaTeMaTHIeCKHit
korrpecc, Ou3.-matem. maykdm (2) 1, Me 5 (1901), 129—137.
) BepoarHo, 9EciI0 Ipo(uieM B IepBOHAYANBHOM TEKCTe HOKIaja

OpeBHIIAN0 [ABafHaTh TPH.
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poBaTh HaibHeiimee PasBUTHE HAYKM», OH M NPEJOMMI Ma-
teMaTuKaM B cpoeM pokmame. G Tex mop Npomuio yike naBse
tpetu Bera. IIpoGnemst I'minGepra B TedeHme BCEro BTOTO
CPOKA He TepsIM aKTyalbHOCTH, K WX pemeHul0 GHUIN IpH-
J0/KeHEl YCWIMS TAJNAHTIHBEMIINX MaTeMaTnKoB. Passwrue
wieil, CBABAHHHX C CONePKaHMeM YKasaHHKX mpobieM, co-
CTABWJIO BHATMTENBbHYIO YacTh MateMaTurm XX B.

Tlepesoy OCHOBHOH YacTh IoKJIaja (HCKIIOYas TeKcT 15-it
m 23-it mpobnem mn 3aruodernsn) ocymectsier M. I'. Illecto-
maj ¢ TeKcra, momeueHnoro B Gottinger Nachrichten (1900,
253—297), m mpocmorper WM. H. Bpormreitnom m H. M.
frnoMoM, KOTOpHE BHECIN B HEr0 psAM pPefaKkImUIOBHEX IO-
mpaBok ¥ wameneHwit. Texcr 15-it u 23-it mpobiem, a Takke
BaKITIYMTENbHOR JacTu oKIana nepeseseH A. B. Ilopodeesoii.
B mnepesoj BHeCeHE [ONOJNIHEHN:, credaHHbe [uinsGeproM
i WM3MAHNA JIOKJIAZa, IOMEIIEHHOr0 B TPETHEM TOME ero
Co6parna counnennii (Gesammelte Abhandlungen, Berlin,
Springer, 1932—1935),— B TercTe OHH 3aKJIIOUEHH B KBaJl-
paTHEIe CKOOKM. IlepeBon GBLI CBepeH ¢ aHIIHACKAM NEpeBo-
mom (Bull. Amer. Math. Soc. 8, N 10 (1902), 403—479),
Tar;Ke ¢ MEePeBOJIOM, OCYINECTBIEHHHM B KabuHETe MCTOPHU
MateMatnkn u MexaHmkn MI'Y A. B. ITopodeeroit m M. B.
Yupurossm 1). W3BecTHyl0 TPYAHOCTH COCTABIAT TEPEBO
HEKOTOPHX CTAPHIX MaTeMaTHUECKIX TePMAHOB. B HEKOTOPEX
CAydYasgX PAJOM C ICPEBONOM B KPYIVIHX (KOGKAX ITOMeIeH
HEMEIKNil TePMHUH, a B OJHOM ciyvae tepmun (Polarenpro-
cess) ocrapien 6e3 nepesona. IlepeBoyumKy HemMamo mOTPyRH-
JVCH HaJ| TeM, 9TOOH JIOHECTH JI0 PYCCKOr0 UPTATeNs CBOe-
o0pasHEIl, MecTaMu Jajke MATETHICCKHH S3ER raasbep-
TOBCKOTO JOKJIa/la. ABTOPH KOMMEHTAapmeB K mIpobieMam
M00e8HO COrMACHINCH IPOCMOTPETH IIEPEBOMEL COOTBET-
CTBYIOMAX NPO6IeM ¥ BHECIH DPsAJ CYNeCTBeHHHIX HCIpPAB-
JIeHII,

Ouenutsk T0 BHAIOMmEeCs 3HATEHNC, KOTOPOE CHIIPAT JIOK-
nag I'mipbepra jpua marematmkm XX B. MO3BOJAT, KaK MEI
HajieeMcsa, KOMMEBTAapHA K Ipo0iieMaM, COCTABJAIONIAE BTO-
pyio gacte cOopEuka. CosmaEue TakuX KOMMEHTADHEB, CO-
Fep;KAIMX 0030p OCHOBHHIX DPE3yJIbTATOB, NOCTHUTHYTHX B
HalpaBJeHMy pemeHns Tuib0epTOBCKUX HpobieMm, yike

') Oror mepesox mocnyskmn mauamoM paboTH o HCTOPIKO-MaTeMa -
TIIecKOMy aHanu3sy gpobirem Fmibbepta, mpoBogmMoil B KaGHEETe MCTO-
]6)1m MaTeMaTHKY  Mexanuku MT'Y noy pyxosogctsom mpod. K. A. Pu-

HEKOBA,
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[PeAIpPUENMAJIOCH OT/eIbHEIMY aBTopamu !). OnHaxo paGoTa
TAKOTO POJa ¢ IPHUBICICHIEM M3BECTHEIX CIIENHAINCTOB 1O CO-
OTBETCTBYIOIIEM 06IACTAM MaTeMaTHRH OCYINECTBJIAeTCA, Ha-
CKOJIBKO HaM M3BECTHO, BIIEPBHE.

BEIXO/Iy B CBET 3TOii KHHUTH B 3HAYMTEJBHOU Mepe cocob-
CTBOBAJIM BHUMAHHE H IIOMOML CO CTOPOHHL OY€Hb MHOIHUX
JAI, Cpenu KOTOPHX Heo6X0qmMO OTMETHTH YYACTHHKOB Ce-
MEHapa X0 HCTOpEH MaTeMaTHrM M Mexammku MI'Y, B oco-
GeHHoCTH er0 pyKoBomuTesneir npodeccopon 1. I'. Bammaxrosy,
K. A. Pu6uukosa, A. II. JOmxkennua, noxoiryo C.A. flnos-
CKyI0, a Takme COTpynHMKAa MareMaTH4eCKOro HHCTUTYTa
mvenn B. A. Crexmosa AH CCCP A. H. Ilapmmna, coBeTH
H IIOMOIIH KOTOPOr'0 BO MHOI'OM MOMOTJIM YJIy4HIATH U3[IAHAE.

C. C. Jemudos

1) 1. Bieberbach, Uber die Einflu von Hilbert Pariser
Vortrag iiber «Mathematische Probleme», auf die Entwicklung der
Mathematik in den letzen dreifig Jahren, Naturwissenschaften 18
(1930), 1101—1111; C. C. Temn g o8, K mcropmm npoGuem I'miae-
Gepra, MU, pum. 17, Hayxa», 1967, 91—121.



HECKOJIBKO CJIOB O ITPOBJIEMAX TUJLBEPTA

Ha Mesxgynaporom MaTemMaTuaecKoM KoHrpecce B llapm-
sxe B 1900 r. phjaromuiics HeMenkmii MateMmarmk JlaBmp
T'unb0epT BHICTYNWI ¢ HOKIamoM Iojf HaspammeM «Marema-
THuecKre npobmeMen. JloKiram aToT OLUI 3aTeM HECKOJIBKO Pas
ony6JIMKOBaH B NOMJIMHHNKE ¥ B NlepeBopax !); mocienHee u3s-
JlaHye NOJIMHHENKA HAXOLNM B TPETHEM TOMe COOPAHNA COYH-
geruit ['mnnGepra 2).

Ha Bmsxecaegyiomux CcTpaHEANAX IEYATAETCA PYCCKHM
mepeBop pmowiaama ['misGepra.

Hwn no moxnama I'miasGepra 1900 r., Bx mocJie 3Toro mokia-
12 MATeMaTAK#, HACKOJBKO 5 3HAI0, He BHCTyNAlH ¢ HAYIHE-
MH COOOIMEHUsAMM, OXBATHBABIIMME HPOGNEME MAaTeMATHKE
B neiaom3). Taxmm oOpasom, moriayn I'mnsGepTa oraseBaer-
CA BIOJHE YHHWKAJBHEIM fABJICHHEM B HCTOPUH MaTeMaTHKHU
H B MaTeMaTudeckoil amreparype. W ceifuac, mourm uepes
70 ner mocxye Toro, Kar I'munGepT cmenan CBOW [MOKIAj, OH
COXpaHsAeT CBOM MHTEpEC W 3HAYCHNE.

1) Buepsrie nanedatan B Archiv f. Math. u Phys., III cepus, 1
(1901), 44—63, 213—237.

3D, Hilbert, Gesammelte Abhandlungen, t. III, 1935,
290—329.

3) lokaan amepuramckoro matemaruka J3%. ¢oum Hedima ma ma
MexayEapogHEOM MaTeMATHIeCKOM KOHTpecce B Amcrepfame B 1954 r.
He ABJIsAETCA ONPOBEPHOHNEM STOr0 YTBEP:K/EHAA: UPaBJa, NoKIaj PoH
Hei#tMana HasuBajca «HepemeHnre npoGiieMel B MaTeMaTHKeY, HO
JOKJIaIYAK HA49aJl CBOM MOKJAJ BEICKA3HIBAHHEM, 9TO CYHTAn On Gesy-
MEeM B NoApakanme I'miabGepTy roBoputh 0 mpo0ieMaxX MaTeMaTHKH B
IlesIoM, a IPefIIoaraeT OrPAHMYATHCS JHMD NpobjieMaMH B HEKOTOPHRIX
obnacTAx MaTeMATHKH (TMABHEIM 06pa3oM B o6jacTsax, GrIuskux k PyHK-
InoransEOoMy aHaymay). Jloknag ¢om H e it M a 5 a onybnuxoBam He
6n — enmHCTBEHHOE, YTO 0 HeM HamedaTaHo B TpyAax AMCTep/jaMCKOTO
KOHI'pecca,— 3TO TO, 9TO PYKONMCH LOKNA/ia He OhUIa [JOCTYIHA H3faTe-
JAM; O-BALMMOMY, ee He cymecrByeT. IloaTomMy 06 9TOM mOKIALE MOFK-
HO B HacTosAmee BPeMA CY/IMTH JIMIIL MO BOCIIOMIHAHHUSAM JIAI, CIyIIaB-
Wux ero.



Ha Bce pasBmTHE CcOBpeMeHHOil MaTeMaTuiky Iuiasbept
0Ka3aJl BJISTHEEe HCKIIUYHTENbHOE, OXBATHBAIIEe II0YTH BCE
HaNpaBiedusa MAaTEeMAaTHIeCKOR MBICIM; DT0 00BACHAETCA TEM,
yro I'mianbept ObLI MaTeMaTHKOM, B KOTOPOM CHila MareMa-
THYECKOH MBICIHM COEIMHAJIACh ¢ PeHKoil IMUpOoTOoil M pasHo-
CTOPOHHOCTBHIO. PasrocTOpORAOCTE 5Ta Obijla, eCJIM TAK MOYKHO
BHIPA3UTLCH, BOOJHE CO3HATENbHOI: I['mibbepT IOCTOAHHO
Jejaer yImop Ha TO, 9TO MaTeMaTWKa € J{ I H a, 4T0 pas-
JIVYHEE €6 YacTH HAXOIATCH B IMOCTOSHHOM B3aWMOJECTBIN
Mesgy co60H M ¢ HAyRaMu O IPUPOJie I Y4TO B HTOM B3aHMO-
jieficTBMH HE TOJBKO KJIY K MOHHUMAHHUIO CAMOIT CYIIHOCTH
MaTeMaTUKA, HO ¥ JydUillee CPe[CTBO IPOTHB paCIieilileHHs
MaTeMaTHKY Ha OT[eJbHEIE, HE CBASAHHHLIE [PYT ¢ APYrOM dac-
TH,— ONACHOCTH, KOTOPAfA B HAUIC BPEMs OTPOMHOTO KOJIi-
YeCTBCHHOTO POCTA M YCTPANIAIomeidl CHenualnsanin Mate-
MaTHUeCKHX HCCJIENOBAHUN IIOCTOAHHO 3acraBiser O cebe
nymatb. C Gonpiroil cuiroil u yGesxueHHOCTHIO ToBOPUT I'mib-
Gept, 0cO0CHHO B KOHI|E CBOEI0 3aMeYaTeNIBHOIO [OKJANa,
0 MEeIOCTHOM XapaKTepe MaTeMATHKy KaK OCHOBE BCEro To4-
HOTO eCTeCTBeHHOHAYYHOro Ho3BaHuA. KEro y0e:xieHHOCTh B
3TOM CJY;KUT B 3HAYUTEJNBHOH CTEeNeHM M ITYTE€BOIHOIl HUTHIO
BCEro MOKNaja B IEJOM M, HeCOMHEHHO, BO MHOTHUX CIydasx
pyKOBOIIIIa aBTOPOM IPM 0TOOPE BBHIIBHIAEMBIX MM MaTeMa-
TUYECKUX 3a7a4.

Jlowiay, maumuaeTcda ¢ uMATEpecHO, A Ohl CKasad BJOXIO-
BEHHO, HAIHCAHHOM o0mieit BBOXHON dWacTy, B KOTOPOH TIo-
BOPUTCA HE TOJHKO 0 3HAYCHHMH JJIA MATeMaTHKH (XOpPOINO
TOCTABJIEHHOIY COeIHa bHON MpolieMbl, HO M BHICKA3BBAIT-
CA CY/KIEHUS O MAaTeMaTH4eCKOH CTpPOTocTH, O CBA3M Mare-
MATHRH € €CTeCTBO3ZHAHMEM U O JpYyruxX Bemax, OJu3KUX
BCAKOMY AKTUBHO JyMAoOHmEMy O CBOEl HayKe MaTeMaThmky.
B sarmodenne aToil BBopHOR TacT I'MinbepT ¢ mopaskalomneli
ciroit v y6eskaeHHOCTHI0 BHCKA3hBAET CBOI OCHOBHOM Te3HC,
(QRCHOMY» O Pa3penimMOCTH B ITHPOKOM CMBICJe CI0BA BCAKOM
MaTeMaTVHecKoll 3a5a4mn — Te3uc, CofiepKaHneM KOTOpPOoro AB-
JAsioTca TiayOoKas YBEPEeHHOCTH B HEOTPAHMICHHOM MOTY-
WecTBe 9eJ0BeYecKOro LO3HaHUsl 1 HempumMupmmag 6oppba
CO BCSAKNM arHOCTHIU3MOM — ¢ HelenbMm «Ignorabimus» 1),
Kax TopopHT B pmpyroM Mecre ImunGepr.

1) «Ignorabimusy (nat.) — «vel He GyfeM 3HATLY — OJHA M3 K3~
pecTHWX pedcli $uanonora J. [lwbya-Pefimona KoRYajachk (B IpIMeHe-
HIM K HEKOTOPHIM HEBBISICHEHHBIM HAYUYHEM BONPOCAM) BOCKIHUAHUEM:
«lgnoramus et ignorabimusy — Mel He 3HaeM u He Gyme sHATH!

8



Janee myyr camn npobnemsl. OEn HAYMHAIOTCA ¢ TEOPHK
MHOKecTB (ROHTHHYYM-IpobiemMa) M oGoCHOBAHEA MaTeMa-
THKY, TEPEeXONAT [ajiee K OCHOBAHUAM TeOMETPHHU, TEOPHH
HeTIPepLBHEEIX T'PYII (3EaAMeHHTas wnaATas mpobiema o oc-
BoBOKIEHAN TIOHATHA HENPEPHBHOH rpyunns ot TpeGosamma
muddepeHNEPYEMOCTH), K TeOpHU 9mces, anrebpe m aarebpa-
IT9eCKOl TeOMEeTPHI B 3aKAHYMBAIOTCA aHANIm3oM (nuddepen-
IIaJbHEe YDaBHEHUA, 0COOGEHHO C YACTHEIMH IPOHM3BOJ-
HEIMH, BapuarnuoHHoe ucuunciernne). Ocofoe MecTo 3aEWMaeT
mectas upobieMa — 00 aKcHOMAaTHKe Teopuy BEPOATHOCTEH
# MEXaHNKH.

ITo croemy xaparrepy mpoGinemu I'miunGepra oueHp pas-
HoponHE. VHOrzAa 5T0 — KOHKDETHO IOCTABJIEHHEHIA BOIPOC,
HA KOTOPHII MIETCA OJHOSHAYHHI OTBET — Jia WIHX HeT,—
TAKOBa, HAIpUMeD, FeOMeTPUYecKasd TpeTbs NpolGieMa mMiiu
apudmeTmdecKkas cexpMag npobmeMa O TPAHCIEHXEHTHEIX
quciax. VIHorma 3amada CTaBuTCS MeHee OIpefieleRHO KAk,
HaupuMep, B ABeHaymaTol mpobieme (eit 'munGepr npupasan
0co00 Ba;KHOe 3HAUEHNE), B KOTOpo#l Tpefyerca HafiTy Kak
camo o6obmenne teopems HpoHexepa, Tak m COOTRETCTBYIO-
muil Kiaace QyBRUuil, KOTOpHE [OJKHE 8aMEeHATH ITOKA3a-
TeJBHYI0 ¥ MOLYJIADPHYIO.

IlaTHapmaTas npoGieMa ecTh, B CYIHOCTH, HpoGiIeMa 060c-
HOBAHMs BCeil Teopuy asireGpamuecKux MHOrooGpasmii.

Nrorpa mpo6iema mOp HaHHEIM HOMEPOM B [eHCTBHTENb-
HOCTH COIEPKUT B cefe HeCKOJIBKO Pa3iMUYALIX, XOTA W TECHO
CBABAHHKIX MEKAY coGoit 3agauy. HakoHern, mBajuaTh TpeThs
npobiema ectb, B CYIHOCTH, IpoGieMa pambHemero pas-
BHUTHA BapUANUOHHOr0 HCINCICHUS.

Ceitwac, MHOro JeT mocxe Toro, kax I'minGepr mocTaBun
CBOM TPOGIEMH, MOJKHO CKAa3aTh, 9TO OHU OBLIM HOCTABJIEHE!
xopomo. OB oKasasWch MOIXOAMAM OOHLERTOM JUIA TOTO,
9TO0Hl COCPESOTOYUTH BOKDYT ce6st TBODYECKHE ycnnusa
MaTeMaTHKOB pa3NUYHHX HAyYHHX HANPABICHUA M ITKON.
HaroBsr Gbuim s™ yemms u x karmm pesyiabTaraM oOHHU
pUBeNd, KaKkWe W3 TIMmiIb0ePTOBCKHUX IPOOJEM pPelleHH, Ka-
Kue eme HeT, — 00 9TOM, XOTA ¥ He ¢ MCUePHHBAIOMEH HOJ-
HOTOH, 9MTATENH MOMET Y3HATH W3 KOMMEHTAPHEB K DTHM
mpobiemam.

Xapaxrep atnx KOMMEHTapHeB HECKOIBKO HEOJHOPONEH
(uro B sHaumTENLROM Mepe IPOAWKTOBAHO XapPaKTePOM CAMHX
1po6ieM) — HekoTOpHIe M3 HIX MOryt OBITL TIOHATHH 9H-
TaTen0, 3HAKOMOMY ¢ MAaTeMaTHKO#l B O0heMe MEePBEIX JABYX
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KypPCOB MEXaHHKO-MaTeMaTH9YeCKHX WJIH (U3HKO-MaTEMATH-
yecKuXx (GaKyIbTeTOB YHHBEPCHUTETOB WM TeJaroru9eCKHX
HHCTATYTOB, A HOBHMAaHUA [Opyrux Tpebyercss HOBOJIBHO
-BEICOKAsI MaTeMaTHdecKas KyJibTypa. JlyMaio, BO BCAKOM Cly-
9ae, 910 YATATENh OymeT GiaromapeH aBTOpaM KOMMEHTADHEB,
CYIIECTBEHHO O0JerYMBIIEM O3HAKOMJIEHHEe C TeM MefCTBH-
TEeJBHO BHIAOIINMCS IIPOM3BENeHreM o0meMaTeMaTHIecKoil
IATEPATYpH, KAKUM gBIfeTCA AOKIay ['miusbepra; Kpome
TOTO, 13 KOMMEHTapHEB MOJKHO, KaK MHE KajKeTCs, MOHATH I
NpOU3BEeHHOE STUM JOKIAOM BO3JeiicTBE Ha IaJbHeHInee
PasBHTHE MAaTEMATHKH.

Cunmraro, majee, HeOOXOIMMEIM OTMETUTEL CAaMOOTBEPHKEH-
Hu# Tpyn pemakropa sroro mapamus C. C. Jemumosa, Ges
KOTOPOTO OHO €nBa JH OEJIO OB B0OOINE OCYIECTBIIEHO.

II. C. Asaercandpos



NABU]l TUJILEEPT
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Kro u3 Hac He XoTes OH IPUOTKPLITH 3aBECY, 38 KOTOpOU
cKpHiTo Hawe Gy/yiee, 9r00bl XOTh OJIHMM B3TJSAIOM IPOHUK-
HyTh B IIPEJCTOANIHE YCIeXH HAIero 3HAHMA M TAHHE €ro
passutusa B Gnmxaiimwe cronerua? KHaxosm Oynyr Te oco-
GeHHHIC IeIH, KOTOpPHE IOCTABAT cebe Beymiue MaTeMaTHue-
cKme yMbl 6nmsKaiimero noxonenna? Haxue HoOBEIE METOLB M
poBHe (PakTHl OyAYT OTKPHITHL B HOBOM CTOJIETHH Ha INIIPO-
KoM H 6oraToM Iojie MATEMATHYECKOH MbICIaU?

HcTopust ydur, 4To pasBuTHe HAYKHU DPOTEKAET HENPEPHIB-
HO. MBI 8HaeM, 970 KayKALI BEK MMeeT CBOM ITPOOJIEMH, KO-
TOpHE HOCHefyIomas 5I0Xa NAM pellaeT, MU OTOBUraeT B
CTOPOHY Kak GecIIONHEE, YTOOK 3aMEeHUTh UX HOBHMH. UTO-
Ob1 mpencTaBUTh cebe BO3MOKHEIA XapaKTep PasBHTHA MaTe-
MATHYEeCKOTO 3HAHMA B OuIpKaimieM OymyIieM, MBI JIOJKHEL
mepeGpaTh B HaileM BOOOPaKEHHE BOIPOCH, KOTOPHE eIme
0CTAXOTCA OTKPHITHIME, 0603peTh HpOOIEMbI, KOTOPKIE CTABHUT
COBpEMEHHAsA HAayKa, U PEIIeHUs KOTOPHIX MH JKOEM 0T Oy-
pymero. Takoi 00630op mpobiieM KasKkeTcs MHe CerojHs, HA
pybesxe HOBOTO croieTHs, O0COOGEHHO cBOeBpeMeHHHIM. Bemp
Gonplive JaThl HE TOJNBKO 3ACTABJIAIOT HAC OLVIAHYTHCA HA
mpomejiiiee, HO ¥ HAUPABJAIT HAILY MBICIb B HEH3BECTHOE
Gymymee.

HepoamoskHO oTpunmaTs riryGokoe sHAUYEHHE, KAKOE MMEIOT
OINpefieIeHHBE DTPOONEME I MPONBIKEHNS MATEMATHIYECKOH
HAYEW BooOIe I BAKHYI PpOJIb, KOTOPYK OHH HTDAIOT B
pabore oTmeNBHOrO wucciaenoBaTensn. Bearaa HayuHas 06-
JIacTh KU3HECNoc00Ha, MMOKA B Hel M30HTOK HOBHX mpobiem.
HepocraTok moBrix mpobneM osHauaeT OTMUpaHMe HJIH IpEK-
paieHye CaMOCTOATENBHOr0 passmTus. Hax BooOme Kaskmoe
dJelloBedecKoe HAUYWHAHNE CBA3AHO C TOW WMIAKM HWHOH IEJbIO,
TaK ¥ MaTeMaTWYeCKOE TBOPYECTBO CBSI3AHO C IMOCTAHOBROU
npobnem. Cuna mccnenoBaTeNsi MO3HAETCA B PCHIEHHY IIPO-
Gurem: om HaxomuT HOBHE METONH, HOBHC TOYKU BPEHHSA, OI
OTKpHIBaeT GoJjiee ITUPOKUE U CBOOOJHEE TOPUSOHTH.



Tpynmo, a 9acTo M HeBO3MO;KHO 3apaHee MPABHIBLHO OlLE-
HUTh SHAYEHWC OT[EIbHOIl 3aladM; Bellb B KOHEUHOM CUETC ee
IEHHOCTh OIpEeJeIHTCA NOJb30H, KOTOpYH0 OHA IPIHECET
Hayke. OTciofla BOBHHMKaer BOIIPOC: CYIIECTBYIOT Ju oOmue
NpU3HAKU, KOTOPHE XapaKTepH3yI0T XOPOmIyln MaTeMaTH-
YyecKyio Ipobiemy?

Onue crapeil ¢pannysckuii matemaTmk crasan: «Mare-
MaTHYECKYH TeOpHI0 MOKHO CYMTATH COBEPIIEHHON TOJBKO
TOrZIa, KOIJla THI CHeNall ee HacTOABKO fACHOHM, uro Gepeurbca
H3J0UTHL €€ COJleP:HaHNe MepBOMY BCTPEYHOMY». ITO Tpe-
GoRaHMe ACHOCTH W JETKOW J[OCTYDHOCTH, KOTOPOe 3[CCh TAK
PEe3KO CTABMTCA B OTHOIICHUY MATEMATHIECKOI Teopuy, s OH
IIOCTABMJI eIe pesye B OTHOWICHWKH MATEMATHYCCKOil mpobie-
MK, €CJI OHa IpeTeHAyeT Ha COBEpIIeHCTBO; Beb ACHOCTH W
JlerKas JOCTYOHOCTh HAC IPUBJIEKANT, a YCAOKHEHHOCTH H
3aIyTAHHOCTh OTHYTUBAIOT.

MaremaTnueckasa mupobiema, panee, NOMKIA ObTbh Ha-
CTONBKO TPYAHOH, YT00H HAC TPHUEBIEKATH, K B TO K€ BpEMs
He COBCEM HENOCTYMIHO, 9T00Bl He [enaTh OesHaIe/KHHIMUI
Halll YCHAHWA; OHA [OJIKHA OLITh IYTEBOJHBIM 3HAKOM Ha
3allyTaHHEIX TPOIaX, BeXYIMUX K COKDPHTHIM HCTHHAM; U OHA
8aTeM [OJLKHA HATPAIKIATH HAC PajoCThi0 HAWJIEHHOrO pe-
1MeHnA.

MareMaTHKM OpPOUIIOro CTOJETHS CO CTPACTHLIM PBEHHCM
OTHABANKCH PENIEHUI0 OTIEeNBHBIX TPYAHBIX 3a/1a4; OHU 3HAIHN
IeHy TPYyOHOH sajave. fl HAIOMHIO TOJBKO MOCTABJIEHHYIO
Woramsom Beprynnu sadauy o aunuu Guicmpetiiuezo nadenus.
«Kar mokaswiBaeT oOIHT,— roBOpuT BepmHynnm, omopemas
0 cBoOEH 3afave,— HUYTO C TAKOH CUIOi He MOGYIKAaeT BHICO-
Kue yMH K pabore Haj oGoramieHuWeM 3HAHHA, KaK IMOCTAHOB-
Ka TPY[OHOII W B TO ke BpeMaA HonesHo# samaTmy. Il mostomy
OH HaJleeTCA 3aCIYKUTh GIIaTONaPHOCTH MATEMATHYECKOTO MU-
pa, ecau OH,— cllefys IpHMepy TaKux MysKeil, Kak MepceHH,
IMackans, ®epma, Busmasu ®m papyrme, KoTopee (10 Hero)
IOCTYHANHN TaK jKe,— IPE[JIO/KUT 3a]a4y BHIJAOMMMCA aHa-
JUTHKAM CBOETO BpeMeHM, yToObl OHE MOTJM Ha Hell, Kak Ha
npoGHOM KaMHe, HCOHTAThH J0OCTOMHCTBA CBOMX METOJ[OB U H3-
MepHTh CBOM CHIBL. JT0il 3amave Bepmynnau u gpyrum ada-
JIOTHYHBIM 8371a4aM 00A3aHO CBOMM 3aPOFKACHIEM BaPUAIMOH-
HOE WCYHCHEHUE.

WNapectHo yrBepsenne ddepma o TOM, UTO MOPAHTOBO
ypaBueIme

xn + ylL e Zn
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Hepa3pellluMo B LENHX umeniax z, y, z, eclim He CIATATh W3-
BCCTHHIX OYCBM[HBIX HCKIIOTeHmit [Ipobaema Odorkasament-
cmea 9moli Hepaspeuumocmy, SBIAET pasuTelIbHLIA IpuUMep
roro, Kakoe Ho0ysKiapiiee BIUAHME HA HAYKY MOKeT OKa-
3aTh CIEUAJbHAS K HA NEPBbIi B3TIA] MaJ03HAYNTEIbHAS
opoGrema. MGo, mobyssnennnil safaueit @epma, Kymmep mpn-
meJ K BBeJEHMIO UeaJbHLIX 9yicedl U K OTKPLITUIO TeOpeMBbl
06 O7lHOBHAYHOM PA3JIOEHUI YMcell B KPYTOBHIX HOJAX Wa
nreanbHbie ITPOCTHE MHOMKMTENN — TEOPeMH, KOTOpas Te-
nepb, Onaroapsa oGobmieENAM Ha J100y10 anrebpamdecKyio
gncioByl0  obmacts, HonyueHEEM lepgexummmom u Hpome-
KepoM, ABIAETCA UEHTPANBbHON B COBPEeMEHHOI TEOpHU THCel
1 BHAUYEHHE KOTOPOU BHIXO[UT JAJEKO 33 IpPEJieE TEOPHH UH-
cel B oOmacTh anreOpH U TCOPHK (YHKI[HIT.

Hanomuio eme 06 omHOM WMHTEpecHOU mpobieme — 3a-
dave mpex mea. To obcroaTenserBo, uro Ilyamkape mpen-
OpUHAT HOBOE PACCMOTPEHWE K SHAYATEJBHO IPOJBHHYJI
3Ty TPYMHYIO 3afady, IPUBENIO K IJIOFOTBOPHHIM METONAM M
faJeKo WIYIMUM IPUHITAIIAM, BBEICHHRIM 3THM YJIEHHM B
He6ecHYI0 MEXaHWKY, MCTOJAM W HOPHHIUIAM, KOTOPHE ceil-
gac MPHSHAIOTCA W HPUMEHAIOTCA TAK/Ke H B IPAKTHICCKOH
aCTPOHOMUM.

OGe ymomamryTsie mpobGieMsl — mpobiaema MepMa m Ipo-
fumeMa Tpex Tell — SBAAITCS B HAIEM 3amace mpobieM Kak
0Ll TPOTHBOLOIOMHEKIME IIONIOCAMHU: IlepBasg IpEACTaBIACT
cBo6o/[HOE JIOCTIKEHWE YHCTOTO DAasyMa, IpHHAKIeKamee
obxacTy aGCTpPaKTHOM TEOPUM 9NCEN, BTOPad BHABHHYTA acT-
poHOMEeH 1 HeoOXofuMa [is IIO3HAHUA IPOCTEHININX OCHOB-
HEIX ABJEHHI IIPUPOJIHL.

Yacro, of[HaKO, CIYYAETCA, YTO OJHA U Ta jKe CHEenMalb-
Hag mpoGiceMa MOSIBISAETCS B BEChMa PABIMIHHIX 00JacTAX
MaTeMaTUKK. Tak, npobaema o kpamuatiuell AUHUL WIPaeT
BOKHYI HCTOPHIECKYI0 ¥ IPUHOUIMAIBEYI0 POJH OFHORpE-
MEHHO B OCHOBAHHSIX TCOMETPMH, B TEOPHH KPABHX H IOBCPX-
HocTeil, B MCXAHHKE U B RAPIAIMOHHOM HCINCIEHUH. A Kak
y6emurennvro memoncrpupycr @. HieitH B croeit kuure o6
urocasnpe 1), npobaera o npasutbHLIL MHO202PAHHUKAL UMC-
eT BayKHOE BHAUCHWE OJHOBPEMEHHO [JIA 3IeMEeHTapHON reo-
MeTpWH, TeOPUM TCPYLI, Teopum anredpamdecKuX W TeopHu
anHeiHbx  muddepeRIATHHEX ypaBHeHW!

) F. K 1 ein, Vorlesungen iiber das Ikosaeder und dic Aullésung
der Gleichungen von fiinften Grade, Leipzig, 1884.— [lpum. ped.
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Yro0Bl OCBETHTB BAMKHOCTEL OT/EJIBHHEX TPOOGIeM, s HO-
sBoio cebe eme cocaatkca Ha Beliepwrrpacca, cumrasmero
Gonpmoii ynadeit nus cefs To cTedeHue 06CTOATENBCTB, KOTO-
poe IO3BOIWIO eMy B Hadajle CBOeil HAYIHON HeATeNbHOCTH
33HATLCA TAKOW BHAYNTEIBHON mHpobmeMol, KaK npobaema
Arobu 06 0bpawenuu sasunmuyeckozo UHMeZPALA.

ITocne Toro Kar MH paccMmoTpesnu ofImee 3Ha4YeHHe HpPo0-
JIeMB B MaTeMaTHKe, 06paTHMCA K BOIPOCY O TOM, U3 KaKOTO
HCTOYHHKA MaTeMaTmKa depmaer cBom mpobmemsr. Hecom-
HEHHO, 9TO IlepPBble U CaMEe CTaphe Mpo0ieMsl KaRAOH MaTe-
MaTHIeCKO 001acTH B3HAHAA BO3HUKJIK K3 ONLITA H IOCTAB-
JIeAH HAM MHPOM BHeMHNX siBiaeHuil. Ilaske mpaBuia cuema
¢ yeavmi wucaamt, OHUTH OTKPEHITH Ha HTOM IYTH eIle Ha PaH-
Hell CTyHmeHN KYJBTYPHOTO Pa3BHTHS UeN0BEYECTBA TAK JKe,
Kak X Tenepb peGeHOK I03HAET HPUMEHEHMe DTHX IIPABUI M-
OUPUYECKUM MeTOfoM. To ke OTHOCUICA K nepeum npobae-
Mam zeomempuy — IMPUINENIINM K HAM K3 JPEBHOCTH 3a/layaM
yEBoeHHst Ky0a, KBAIpPATypH Kpyra, a TAKKe K CTAPEHIInmM
npo0ieMaM TeOPHH UNCIEHHHX YPABHEHWi, TeOPHH KPUBHIX,
nuddepeENuadbHOT0 M WHTErPaJbHOTO HCUYUCJIEHWi, BapHa-
IMOHHOI'0 WCYMCIeHus, Teopuu pAnoe Dypbe m Teopmy IO-
TeHmuana, He TOBOPA YiKe O Bcem GorarcTse mpoGieM cobcT-
BEHHO MEXAHHKH, ACTPOHOMWY U (U3HKH.

Ilpur pmanepHeiinmieM pasBUTHR KaKOH-IuG0 MaTeMaTHIECKOM
OUCIHILIMHE YEJIOBEUeCKUH yM, OOHAJeKEHHBIH yHadaMu,
OPOABIAET YIKE CAMOCTOATENHLHOCTH; OH CaM CTABUT HOBEHIE
¥ ILIONOTBOPHEE HNpOOIeMbl, uacTo 6es 3aMETHOTO BIIMAHUA
BHEITHET0 MHPA, C IIOMOIIBI0 TONBKO JIOTMYECKOTO COIOCTAB-
JleHnsA, 0600merHns, Crenualn3ipOBaHnA, YAATHOTO pacdie-
HeHHs ¥ I'PYyIOUPOBKYU IOHATUI W BEICTYIAeT 3aTeM CaM Ha
HePBHH ONAH KAK OOCTAHOBINUK 3afad. TaKk BOSBHKIH 3a-
dana o npocmux wucaaxr W pyrue 3agaun apndMeTHEH, Teo-
pus Tanya, Teopus anre0pamdecKnmX WHBAPHAHTOB, TEOPHA
aGesileBEIX ¥ aBTOMOPQHKX (YHKIWHA M Tak BO3HAKAIM BOOO-
1e HOYTH 6ce MOHKUE 60NPOCH. COBPEMEHHOU Meopull Uuces
u meopuu PGyYHEYULL.

A Menmy TeM BO BpeMs OeHCTBHA COBHIATENBHOM CUIEL
YNCTOrO MBINILICHHA BHEIIHMUIT MUD CHOBA HACTAMBAET HA CBOMX
mpaBax: OH HAaBA3HBAET HAM CBOMMH pPEANbHEIMEH (PaKTaMu
HOBHE BOIIPOCH ¥ OTKpPHBAET HAM HOBHIE 0GJIacTH MATeMaTH-
gecKoro smaumsa. VI B mponecce BRINYEHHsT THX HOBHX 00-
nactell sHaHASA B IApCTBO YUCTOW MBICIH MBI 9acTO HAXOIMM
OTBETH HAa CTapee HepemeHHhe Npo0JeMs M TAKIM IIyTeM
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pauaydmvM 06pasoM HPOJBATAEeM BIEPEN CTaphe TeOpHu.
Ha 2T0ii MOCTOAHHO TOBTOPAMEACA W CMEHSIONEHCH urpe
MEEIY MEHIIUTEHWEM U OHNBITOM, MHE Ka;KeTCHA, M OCHOBAHEI Te
MHOTOUHCJICHHLIE ¥ IOPAKAIOMFe aHAJOTUY M Ta KarKymasacs
IpeNycTaHOBIEHHASA TaPMOHNSA, KOTOPHE MATEMATHK TaK 4ac-
TO OOHADY)KMBaeT B 3a7a9aX, METONAX M MOHATUAX pPasiny-
Hex obnacreit 3HAHMA.

OcTanoBuMcA eINe KPATKO Ha BONPOCE O TOM, KAKOBE MO-
ryT Ouith o0IMue TPeGOBAHMWA, KOTOPHIE ME BIPABE IPENbs-
BUTH K pemeHmi0 MareMaTwiecKoil mpobmemsi. fI mumero B
BHIY Hpeue Bcero TpeGoBaHms, Orarogaps KOTOPHIM yjia-
eTcA yOeIWThCA B HPABUIBHOCTH OTBETA C IIOMONIBI0 KOHEd-
HOTO YHCNIA 3aKIIOYEeHNH W HPATOM HA OCHOBAHUU KOHETHOI'O
9Ucia HPeAIoCHIIOK, KOTOpHe KIANYTCA B OCHOBY KAaKEOM
3a1aYU M KOTOPHIE [OJKHH OHTL B KAKEOM CJIYyY4ae TOUHO
cpopmynmpopaHs. J10 TpebOBaHMe NOTHYECKON NeNyKImd C
IOMOI[bI0 KOHEYHOTO YMCJIA 3aKIIOUeHU ecTh He 4TO WHOe,
KaK TpeGoBaHME CTPOTOCTH HPOBENEHHS NOKA3ATeNbCTB. [leit-
CTBUTENBHO, Tpe(OBaHNE CTPOTOCTH, KOTOPOE B MATEMATHHE
y;Ke BOILIO B IIOTOBOPKY, COOTBETCTBYeT o0ueit gmmocoderoit
NOTpeGHOCTH HAIIETO PadyMa; ¢ JPYroit CTOPOHEI, TONBKO BHI-
NOJNHEHHE 3TOT0 TPeGOBAHHA NPUBOAUT K BHABICHUIO IOJ-
HOTO 3HAYeHHA CYINECTBA 3a8/au¥ U ee IIOmoTBOpHOCTH. Ho-
BafA 3a/{aya, 0COOEHHO €CIII OHA BHI3BAHA K KU3HH SBICHUAME
BHEIIHET0 Mupa, momo6HA MONOAOMYy mobery, KOTOPHH MO-
JKET PACTH W OPHHOCHUTH ILIOMHI, JIMINb eciam oH Oymer 3aGor-
JIWBO ¥ IO CTPOTMM IPABIIAM WCKYCCTBA CAMOBOMCTBA B3pa-
muBaThCA HA CTAPOM CTBOJE — TBEPHO OCHOBE HANIET0 Ma-
TEMATHYECKOT'0 BHAHMUA.

Byner Goapimoit omunbKoil gyMaTh Ipy 5TOM, 9T0 CTPOTOCTH
B JI0Ka3aTeJbCTBE — HTO BpAr IPOCTOTH. MHOroumCIeHHEIE
apuMepH y0esKmaoT HAC B IPOTHBOMONOKHOM: CTPOTHE Me-
TOAB ABJIATCA B TO jKe BpeMA HpocTedmmma u Hauboiee
rocrynasMu. CTpeMieHHe K CTPOTOCTH KaK Pas B HPUBOLAT
K OTHICKAHWIO HPOCTEHIINX TOKA3ATENBCTB. ITO jKe CTpeMIeHHe
9acTO MPOKIANEIBAET HYTH K METONAM, KOTOPHE OKA3HBAIOTCH
follee MIONOTBOPHBIMU, YEM CTaphle MeHee CTPOTHME MEeTOJHL.
Tar, Teopus anreGpamdecKux KpuBHX Giaromapsa Gosee cTpo-
TAM MeTONAM TeOPH¥ (YyHKOHUi KOMILIEKCHOTO IIePEeMEHHOTO U
nenecooGpasHoMy NPUMEHEHUI0 TPAHCIEHIGHTHHX CPENCTB
3HAYNTENHHO YIPOCTHIACh ¥ mpmoOpena OONBIIyI0 IENB-
HOCTh. Jlamee, MOKAa3aTeNbCTBO NPABOMEPHOCTH NpPHMEHE-
HOA 4YeTHpeX 3/6MEHTAPHHIX apHPMeTNIeCKHX MeHCTBMIl K
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CTEmeHH M PSAAAM, a TAKKe IOLIeHHOTO0 JnddePeHnIPOBAHNA I
HHTETPUPOBAHUA 3TUX PANOB U OCHOBAHHOE Ha HTOM IpH3HA-
HOe CTelneHHOro psAma [Kak MHCTPYMEHTAa MaTeMaTHYeCKOI'o
apanmusa — I1. A.], HeCOMHEHHO, S3HAUWTEIBHO YIPOCTYLIH
BeChb AHANU3, B YACTHOCTHW, TEOPHIO HCHKIOYECHHS H TEOPHIO
nudpdepeRnMANTBLHEX ypapHeHUWE (BMecte € ee TeopeMaMu
CYIIECTBOBAHNSA).

Ho ocofenHo pasuTenbHEIT OpEMep, HINIOCTPUPYIOMKIT
MOI0 MHICIB, TIPeJCTABIAET BapuammoBEHoe wcuwcierue. M-
cllefloBaHye IEePBOIl M BTOPOH BapHamuil OIpefeNeHHoro HH-
Terpala NOPHUBOAKIO K KpailHe CIO/KHEIM BBIYUCICHHSIM,
a COOTBETCTBYIONINE HCCICHOBAHMA CTAPHX MATEMATHKOB OBLIH
nmnens geobxomuMoil cTporoctu. BeifepmTpace ykasan HaM
nyTh K HOBOMY W BIOJHE HAJe;KHOMY O0OOCHOBAHHMIO Bapua-
NUOHHOro mcumcienusa. Ha mpmMepe HpocTOro ¥ ABOMHOro
HHETErpajia A BKpATOEe HaMeuy B KOHIIE MOEro [OKIafa, Kak
clenoBaEne HTOMY IyTHM HPMBOTUT B TO e BpPeMA K HOPasm-
TENBHOMY YIPOMIEHA BAPWAIMOHHOTO NCYMCIEHWS BCIC[-
CTBHE TOTO, UTO [NA YCTAHOBJIEHNA HEOOXORMMHIX U NOCTa-
TOYHHX KpPUTEPHEB MAKCHUMyMa ¥ MHHUMYMa CTAHOBHTCS
W3IUIIHEM BBHUUCJIEHNE BTOPOIl BapUALWK W Jaske JacTHIHO
oTHagaeT HeO6XOIUMOCTh B YTOMUTEJIBPHEX YMO3aKIIUEHAAX,
OTHOCAIIMXCA K NepBoit Bapuanmn. fl yixe He TroBOpI 0 Tex
IpenMyInecTBaX, KOTOPHEe BO3HHKAIOT OTTOrO, 4TO WCYe3aeT
Hago6HOCTh PACCMATPUBATH JIHINb T€ BAPWALAH, NI KOTOPHX
3HAYeHKA MPOM3BONHHEX (YHKIUI MeHATCA He3HATIUTEIHHO.

IlperbABIAA K HONHOMY PeIleHHI0 MpoGiemel TpeGoBaHUe
CTPOTOCTHU B JIOKABATENBCTBE, A X0TeX OB, ¢ APYTroil CTOPOHEL,
ONpPOBEPrHYTH MHEHNE O TOM, UTO COBEPHICHHO CTPOrue pac-
CYMIeHHs NPIMEHEME TONBKO K MOHATHAM AHANHN3A NI fajKe
opHON mumb apudmernku. Tarkoe MHeHme, HOI/EpPIKUBaEMoOe
WHOTA ¥ BEIAAIOMIEMNCS yMaMH, A CINTAI0 COBEPIICHHO JIOMK-
HEIM. Takoe OfHOCTOPOHHGE TONKOBaH¥ME TPeGOBAHHSA CTPO-
FOCTH GHCTPO NPHBOMUT K UTHOPUPOBAHHIO BCEX HOHATHI,
BOSHIKIIEX W3 IeOMeTpUM, MeXaHUKW, QH3MKH, IPHOCTaHAB-
JTEBaeT MPuUTOK [B MaTematury — II. A.] moBoro MaTepmaia
¥3 BHEITHETO0 MHPa 1, B KOHIE KOHIOB, IIPUBOIHT Jasyke K
OTGpACHBAHHI NOHATUA KOHTHHYyyMa M HPPanUuOHAIBHOIO
gpcna. A cymecTsyeT Jv 0ojiee BAasKHBIA JKMBHCHHbBIA HEDB,
YeM TOT, KOTOPLIl ORI GH OTpe3aH OT MATeMATHKH, CCJIM W3
Hee W8'BATH TeOMETPHIO I MaTeMatmiecKylo ¢usuky? fl, Ha-
OpOTHB, CUMTA0, 9YTO BCAKMI pa3, Korja MaTeMaTHiecKue
HMOEATHA 3aPOMAAIOTCA CO CTOPOHH TEOPHV MO3HAHKSA HIHN B
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feoMeTpuY, MW B €cTeCTBEHHOHAYYHLIX TeOPHHX, mepen Ma-
TeMATUKOH BOBHHUKAET 3a/a4a MCCIeTOBATh HNPWHIUIEL, Je-
jKAIIe B OCHOBE STUX NOHATHH, U TaK 0060CTOBATEH 3TH IOHA-
THs ¢ IOMOINBIO IOJHON M IPOCTOH CHCTEMBI aKCHMOM, 4TOOBI
CTPOTOCTh HOBHIX HOHATHH M MX HPEMEHAMOCTh K JeNyK-
Lny HU B Kakoit Mepe He YCTyHajla CTAPHM apu@MeTHIeCKHM
HOHATUAM.

I HOBHIM IOHATHAM OTHOCATCA TAKIKE HOBLIE 0003HAUCHNS .
Msr mx BriOMpaeM TakmM 06pasoM, 9TOOH OHE HAOMHHAJM Te
AIBJICHUA, KOTOPHE HOCIAY;KMIN HOBOAOM QI 06pasoBaHHS
3Tux moHATui, Tak, reoveTpwdecKue QUILYPbl ABIAIOTCS
obpasaMm 1A HAIOMHHAHIAL NPOCTPAHCTBEHHHIX IIPEJICTAB-
JeHN M B KaYecTBe TAKOBLIX HPUMEHHITCHA BCEMH MaTeMa-
TrEaMH. HTO He cBA3KBaeT ¢ ABYMs HepaBeHCTBaMu @ > b >
> ¢ Mexy TpeMsa BenmuwHaMu @, b, ¢ 00pas TpoHKM IPAMO-
JIVUNefiH0 PACIONOKEHHHX U CIe[YIOIUX APYT 3a APYLoM TO-
YeK B KAUCCTBE TeOMETPUYCCKOI I1THTEepIpeTanuy HOHATHA
«wvessgy»? HTo He mombsyercs o0pa3oM BIOKEHHEIX IpPYT B
Ipyra OTPesKOB M IPSAMOYTOJBHUKOB, €CJIM HY;KHO IIPOBECTH
ICJHOE H CTPOroe OKA3aTeNbCTBO TPYIHOM TEODEMH O He-
TPEPHIBHOCTH QYHKIMI MIN CYIeCcTBOBAHNA IIpefileIbHON TOU-
ru? HTo MoskeT 06GoiiTieh Ges UrypH TPEYTONBHRAKA, ORPYIK-
HOCTH C 3a/IaHHBLIM ICHTPOM wiu 06e3 TPOMKK B3auMHO IepIeH-
nukyaApeEEX oceit? Wnu K10 XoTesn OB oTKasaThCcsa 0T 06pasa
BEKTOPHOr0 HOJA WX CEeMeHCTBA KPHBBIX, MK IHOBEPXHOC-
Teil ¢ mx orubammeil — MOHATHII, KOTOpPHE HTPAIOT TAKYIO
CYIIECTBEHHYIO pOxb B pauddepeHnuaIbEON TeoMeTpuu,
B Teopun pauddepeHNNATHPHEX yPaBHEHMH, B OCHOBAX BapHa-
IIOHHOI0 WCIUCIEHWS W B JPYCHX YMCTO MATCMATHYECKHUX
ofacTaAX sHAHUA?

ApmdMeTmuecKye SHAKM — 9TO 3alMCaHHLE IEOMETpH-
4eckwe (QUTYpH, a reoMeTpuuecKue (QUIyps — 3TO HAPHCO-
BaHHbe QOPMYJIIH, 1 HUKAKOI MATEMATHK He MOT GH 060HTUCEH
0es 5THX HApHUCOBAHHEIX (OPMYJI, TaK ke KAK U He MOT OH
OTKABATHCA IPH cYeTe OT BAKJIIOYEHHA B CKOOKHM HMIH HX pac-
KPHTUA WIW NOpUMeHeHWs JPYruX AHAIUTHIECKHX 3HAKOB.

Ilpumenerue reoMerpudeckux guryp B KagecTse CTPOTOTO
CpeficTBa JOKA3aTeNbCTBA IIPENIONaraeT TOTHOE SHAHNE U HOJI-
HOE BIIaJleHNe TeMH aKCHOMaMu, KOTOPHE JeKaT B OCHOBE
Teopud 3THX QUTYD, ¥ DO3TOMY [JIA TOr0, YTOOH 3TU reoMeT-
prieckue GUrypet MosKHO GBLIO BKITIOIHTH B OGIIYIO COKPOBHLI-
HUITy MAaTeMaTnUCCKUX 3HAKOB, HCOOXOMMO CTPOroe aKCHOMa-
TAYECKOC  MCCHE[oBalifle HX HATJUALHOTO  COJEPIKAHMS.
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(Iomo6GRO TOMY Kak HpH CHOJKEHHHA MBYX 9uces HENL3A IONIN-
CHIBATh LUl CIaraeMEX B HEBEPHOM IOPALKE, a HYKHO
CTPOTO CJIE[0BAaTh HPAaBUIaM, T. €. TeM aKcuoMaM apufMe-
THKH, KOTOPHM NONYMHEAITCH apudMeTHYecKHe NeHCTBUA,
TAaK B OHePAuV HAJ TeoMeTpHYeCKEMHM 00pasaMu Ompenensi-
IOTCAI TEMH aKCHOMaMu, KOTOpHIE JiesKaT B OCHOBE T@OMeTpu-
YeCKHX HOHATHI H CBA3eH MEMIy HIMM.

CxopcTBO MeMly reoMeTpUYeCKHM u apuMeTHYECKEM
MEIIJIEHReM IPOABIAETCA TAKYKE M B TOM, 4TO B apudMeTHye-
CKIX HCCHEJOBAHAAX MBI TAK JKe Majlo, KAK M OPU IeOMeTpn-
YEeCKUX PaCCMOTPEHHAX, IPOCTE;KUBAEM 10 KOHIA Ielh Jio-
I'I9eCKIX pPAacCy:ieHuH, BILIOTL 70 aKCHOM. HampoTus,
B 0COGEHHOCTH ITPH IIEPBOM IIO/[XO0/iE K ITpobieme, Ml U B apud-
MeTHKe, COBEPIIEHHO TAK jKE KaKk ¥ B TeoMeTpuH, CHayala
NoNb3yeMcA HEKOTOPHM MHMOJIETHHM, OeccO3HATENBHEIM, He
BIIONIHE OTYETIWBEIM KOMOMHMPOBAHHEM, OIHpPAINUMCH Ha
HoBepme K HEKOTOPOMY apuMeTHUYecKOMy dYyThIO, K JeHcT-
BEHHOCTH apuQMETHYeCKNX 3HAKOB,— 0e3 Yero Ml He MOTIH
0K OpOABUraThCA B apuPMETHKE TOUHO TAK 3Ke KAK MBI He
MOKeM IPOJBUIaThCA B F€OMETPHE, HE OMUPAACH HA CYJIIH Teo-
MeTpuYeckoro BooGpaskeHusa. OO6pasmoM apudMeTHYECKOH
TEOpHUH, ONePUpPYIONiel cTPOruM o6pasoM ¢ reoMeTpPHIeCKUMHE
NORATHAMYE H 3Hakamu !), MoskeT cnykuTh pabora MmHKOB-
croro «leomerpusi umcem» 2).

CrenaeM eme HECKOJNBKO 3aMeYaHHMil OTHOCHTENBHO TPY/-
HOCTeH, KOTOPHe MOI'YT HPENCTABIATh MAaTEeMAaTUYECKHE IIPO-
GieMsl, ¥ 0 IPEOONEHUN ITHX TPYLHOCTEH,

Ecnim maM He ynaercd HaiiTé pemeHne MaTeMaTHUeCKOH
npoGieMEl, TO JacTO OPMYNHA BTOTO BAKJIKYAETCS B TOM, ITO
MH He OBJAeNN €Ie JAOCTATOYHO oOmed TOYKOii B3peHnud,
€ KOTOPOil paccMaTpuBaeMas IpobieMa MpefcTaBiAeTca JINIIb
OTHENBHEIM 3BEHOM B I[eIU PopcTBEHHKIX mpobieM. OTHCKAB
BTy TOUKY 3PEHus, MH JaCTO He TOJBKO JieiaeM Gojee HOCTYyII-
HOIl [IIA NCCIEROBAHNA JAHHYI HpoblieMy, HO W OBIafileBaéM
MeTO[[0M, OIPHAMEHIMEM B K pOfcTBeHHHM Ipobmemam. Ilpm-
MepaMu MOTYT CIY’KHTH BBefeHEoe Holnn B Teopuro onpejielien-
HOTO WHTETPAasiia MATETPHPOBAHNE 10 KPUBOJMHEIHOMY NYTHU
u ycranopienne KyMvepom oHATHA mpueajia B TEOPUU UHCeN.
IToT myTh HAXOMAeHus o0IMux MeTonoB Haubonee ymoOHEBIH
¥ HaJeKHEIR, 100, ecau uIlyT 00IMue METONE, He NMES B BULY

1) ABTOp C03HATENLHO I'OBOPHT TO 0 TeOMeTpHYECKHX (Arypax,To
) reoMeTpuuecKux «3Haxax» (Zeichen).— HIpum. II. A.
2) Leipzig, 1896.

20



Kaxkyo-HuOyab OmpejeleHHyI0 3afady, TO 9TU INOMCKM, HO
Gonplieil 9acTn, HaIIPacHHI.

Ilpm wmcciefoBaEMM MaTeMaTHYECKUX HPOOJIeM CIenHa-
JuBalUA UI'PacT, Kak g Oojaraio, eme 0ojiee BajKEYIO DPOJib,
gem o0o00menne. BosMoxHO, yTo B OOJBIIMHCTBE CJyYaes,
KOTJla MBI HAaIIpaCHO MIIEM OTBETa Ha BONIPOC, IpUYMHA Hamlei
HEYJIaud 3aKIIOYaeTcs B TOM, YTO eme He PaspemieHEl iU He
IOJHOCTHIO PEHICHE (0Jiee POCTHIE ¥ JieTKHe Mpo6aeMbl, deM
namBag. Torna Bce eno 3akiioyaeTcss B TOM, 9TOOH HaHTH
atn Ooliee Jierkue npoljeMbl U OCYLIECTBUTh HX PeHIeHye Hau-
Gojice COBEPIICHHKME CPEICTBAMH, NpM IOMOINY HOHATHH,
HOAIAIOIMXCA 0000me 0. IT0 TPAaBMJIO ABIACTCA ONHUM M3
CaMBIX MOINHBIX PHYAroB JJA TPEONOJEHUSA MAaTeMaTHIECKHX
TPYIHOCTEI, M MEE KasKeTCs, 9T0 B GOJIBIIMECTBE CJ1y9aeB 9TOT
puiYar ¥ IPHUBOAAT B AeHCTBUE, mopdac 6eccO3HATENBHO.

BuMmecTe ¢ TeMm OniBaeT M Tak, 9TO MEL JI0OHBACMCH OTBETA
UpU HETOCTATOYHHIX IPEIUNOCHIIKAX, MIM UAA B HEHPaBHIb-
HOM HAIPaBICHMYU, U BCIEICTBHE TOTO HE JOCTUraeM IelH.
Torja BO3HMKaeT 3sajaga /OKasaTh Hepa3PeIIEMOCTh JaH-
HOH MpOoOJeMBl Py HPHHATHX HPEANOCHUIKAX ¥ BHOGDaHHOM
HallpaBJCHHM. Takue [0KasaTelbCTBA HEBO3MOKHOCTE IPO-
BOIMJIMCH CINE CTaphiMH MaTeMaTHKaMK, HalpuMmep, KOIZa
OHN 0GHApPY/KHMBaJIHM, YTO OTHONIEHHEe IMIOTEHY3hl paBHOGEN-
PEHHOro TPAMOYTOJBLHOTO TPEYTOJbEOKA K €T0 KaTeTy CCTb
HppanuoHajipHOe Yucao. B Bopeilmein maTeMaTnKe AoOKasa-
TeJLCTBA HEBO3MOKHOCTH DPEIICHHMII ONpE/eJIeEHBX mpolieM
HrpalT BHJAWNIYIOCA POJb; TaM ME KOHCTaTHpyeM, YTO
TaKkWe cTaphe ¥ TPYAHHE HpO0JeMbl, KaK J[OKa3aTeIbCTBO
aKCHOME O HapajJieNIbHEX, KaK KBaJpaTypa Kpyra Wwim pe-
HIGHNG ypaBHEHWA NATOIl cTeleHn B pafiUKajiaX, MOJYYHIIM
BCC 3Ke CTPOroe, BUOJIHE YIOBIETBOPAIOMICE HAC PeIeHYE, XOTA
¥ B [PYroM HampaBJIeHWH, YeM TO, KOTOPOe CHagaja IpEjIo-
J1arajiock.

9roT yuBMTENBHEI (QaKT HapAmLy ¢ ApYyrEMH (uiocod-
CKUMH OCHOBAHHUSIMH CO3/1aeT Y HaC YBEPEHHOCTH, KOTOPYIO pas-
JejifgeT, HECOMHEHHO, KaKIBIi MaTeMaTHK, HO KOTOPYIO /{0 CHX
OOp HUKTO HE HOATBEPIMI [OKA3aTeJIbCTBOM,— YBEPEHHOCTH
B TOM, 9TO KasKmas oNpefieliecHHAA MaTeMaTHYeCKas MpobieMa
HepeMeHHO [IOJKHA OBITH OCTYHHA CTPOTOMY pemeRHio )

1) 970 cronb ompepeNAlONiee Ui BCero HAYYHOTO MUPOBO33PEHES
T'unb6epra yTBepIKACHNE MBI CINTAEM HYIKHEIM IPHBCCTH B IOJJIHHEEKE
«...die Uberzeugung, dass ein jedes bestimmte mathematische Problen.
einer strengen Erleitung notwendig fiahig scin miissy.— Hpum. II. A.
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Wi B TOM CcMLICie, 4YTO Y[aeTcf NOJYIATH OTBET HA
IIOCTABJIEHHBIA BONPOC, WIN e B T0M CMEcCJIe, 49710 Oymer
ycTaHOBJIeHa HEBO3MOKHOCTD €€ PemeHus M BMECTEe ¢ TeM Jio-
KasaHa Hen30eKHOCTp HEy[a4l BCeX INONBITOK e PEIIUTh.
IIpepcraBuM cebe kKaryw-nu60 HepemeHHYI0 IpoGieMmy, CKa-
7KeM, BOIPOC 00 MppaumMoHAIBLEOCTII KOHCTaHTH C Jitiepa —
MackepoEH miIM BODPOC O CYImECTBOBaHWH OEGCKOHEYHOTO
gmcna OpocTeix gucen Bupa 2" - 1. Kak EM HepoCTyHHBIMH
NPeACTAaBAAIOTCA HaM 3TH npobieMbl M Kak HE 0OECIIOMOIIHO
MBI CTOMM ceifyac Iepes HEMI, MBI MMEEM BCe 3Ke TBepjoe yoesx-
JIleHye, 9T0 MX PEIEeHNEe ¢ OOMOINbI0 KOHEYHOIO 9iCia JIoru-
9eCKIX 3aKITI0YEHUA BCE JKE JIOIIKHO YIaThCH.

flpnsierca nu 974 aKCHOMA PA3PENIMMOCTH KayKIoi JaHHOMl
mpo6lieMH XaparTePHOH O0COOEHHOCTBI0 TOJBKO MaTEMAaTHUe-
CKOTO MHIILICHWA WM, OBITH MOJKET, MMECT MecTO OOIuii,
OTHOCAMUICA K BHYTPEHHeH CYIHOCTH HAIlero pasyMa 3a-
KOH, II0 KOTOPOMY BCE BOIIPOCHI, KOTOPHE OH CTABUT, CIIOCO0-
Hel OHTH UM paspemnmu? Bcerpewalorcs Benp B npyrmx of-
JacTAX BHAHUA CTaprie Hpo6iemMsl, KoTOphe OBUIH CaMBIM
Y/IOBJIETBOPHTEIBHRKIM 00pasoM 1 K Bejmdaiimeil Mmoib3e Hay-
KH paspemieHsl OYyTeM JOKa3aTelbCTBA HEBO3MOKHOCTH HMX
pemcHusa. fl BemomMmHaw npoGiemy o perpetuum mobile
(peunsni pBuratean) 1). Ilocie HampacHHX MONETOK KOHCT-
PyupoBaE¥Ms BEYHOro jBUTaTedsi cranu, Hao0OpOT, MCCIEHO-
BaTh COOTHOWMCHMS, KOTOPHIE JOJIKHE CYMECTBOBATH MEKIY
CHIIaMu TPUPOAEI, B MPEANOJNOoKeHny, 40 perpetuum mobile
HeB03MOkHO. U 3Ta mocTaEOBKa O0OpaTHOM 3ajadm IIPHMBEIA
K OTKDHTHIO 3aKOHa COXpaHEEms SHEDPIHMM, U3 KOTOpOii I
BEITEKAaEeT HEBO3MOKHOCTH perpetuum mobile B mepBoHauanb-
HOM HOHVMMAaHUM €rQ CMBLICJA.

910 yOeskeHNe B paspemnMOCTH KaKaoil MaTeMaTiH4ecKoH
TPOGIEMH ABJIACTCHA IS HAC GONBIIUM IOACIIOPHEM B pabo-
Te; MHl CJHEIIMM BHYTPH ceOf DOCTOAHHLIN HPH3HEB: B O T
npobueMa,vmu pemeBune. T MoKemp Hai-
TH €T0 C HOMOImMBbI YHCTOTO MBIIEHHA;
n6o B MaTeMaTuHnKe He cymecTBYyerT Ignora-
bimus! ?).

1) Cp. HHL Helmh ol tz, Uber die Wechselwirkung der Natur-
krifte und die darauf beziiglichen neuesten Ermittlungen der Physik,
noxnan B HemmrcGepre, 1854 (pycckmii mepesop: «O BaanMopedcTBRK
cun npuporsy, B ¢6. I I'ex b MT 0 o1 b 1t, [lonynsapHEe peun, H3f. 2,
g, I, CI1G., 1898.— Hpum. ped.).

. *) Cm. crOCKY Ha cTp. 8.— I pus. ped.
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HewsMepnMo MHOJKECTBO TpoGieM B MaTeMaTHKe, W KAk
TOJBKO OIHA IMpo0iieMa pelieHa, Ha e MeCcTO BCILIHBAKT 6Gec-
yncleHHse HOBEEe TPpobieMel. Paspeniute MEe B HaibHENIIEM,
Kak Obl Ha mpoly, Ha3BaTh HECKONBKO ONpPEHEJACHHBEIX NPO-
6eM M3 PasIMYEBIX MaTeMaTHYCCKUX IMCIUIUINH, mpobieM,
HCCJIEIOBAHNE KOTOPHX MOJKET 3HAYUTENHLHO CTHMYJIHPOBATH
JlajpHEmee pasBATHE HayKH.

OfpaTuMca K OCHOBaM aHanm3a u reomerpun. HambGoiee
3HAUYETENHHIMNA ¥ BaKHEIMK COOBITHAME MOCJIEIHEr0 CTOICTHS
B 97Ol 00JACTH ABJAITCA, KAK MHE KajyKeTcs, apu@MeTmyge-
CKOC OBJaficENe IOHATHEM KOHTMHyyMa B paborax Kommn,
Bonenano, HamTopa ¥ OTKpHTHE Hee6KAUD060iI TeOMET-
pun I'ayccom, Boiisiu nn JIoGauercknm. fI npusiexaro noatomy
Bame sEmMaHNe K HEeKOTOPHM mpoGieMaM, MpHHAJJIEKAIIIM
K 9TEM 06JIacTsM.

1. TPOBJIEMA KAHTOPA O MOIMHOCTN HOHTHHYYMA

KarTop HaseBaeT gBe COBOKYIHOCTH, T. €. [BA MHOKECT-
Ba OOHIKHOBGHHHKIX BEHMECTBCHHHX dwceN (MIK TOYEK), 9 K-
BABAJACHTHHME WIN PaBHOMOMNMEEMH, €CIH
OHM MOTYT OHITH IIOCTaBIEHH B TaKOe COOTBETCTBHE, LpH
ROTOPOM Ka’KNOMy 9HMCIY OJHOTO MHOKECTBA COOTBETCTBY-
€T ONHO M TONHKO OfHO OINpEJIeNeHHOe HYHCIO [PYTroro
MHOJKECTBA.

HccenenoBarus 5THX TOYEYHHIX MHOKECTB, OCYIIECTBICHHEIC
KarTtopoM, fe1aiT BechbMa BEPOSTHON CIIPABEINBOCTD HPC/-
JIOJKEHMA, OKA3aTeNhCTBO KOTOPOTO, OJHAKO, HMKOMY CIIE
[0 CuX IOop He y[aloch HONYYHTh, HECMOTPS Ha CaMbie Hac-
Toitumsrie yemnuss. ComepiKanue 5TOr0 NpeIIOKeHNA 3aKII0-
9aeTcA B CIEAYIOMEM:

Kasxgas OeckoHeYHas COBOKYOHOCTh YHCEI, T. €. KaiKioe
OecKOHEUHOE UHCIOBOE (WM TOYCTHOE) MHOMKECTBO, HKBUBA-
JEHTHO 100 MHOKECTBY IEJLIX HaTypaJabHHX uncer 1, 2,
3, ..., 1u00 MHOKECTBY BCEX BEMICCTBCHHEIX YMCEJ, a CJICI0-
BaTeJIbHO KOHTHHYYMY, T. €. DKBMBAJCHTHO TOYKAaM OTPC3KA;
C TOYKY 3PCEHHA DKBUBAJNCHTHOCTH B O 3-
MO HH TONIBKO fBa Tula (GeckomeyERX — Ped.)
YA CHTOBHX MEOJKECTB. CI€ETHOE MHOKECT-
BO M KOHTHHYY M.

W3 sroro mpepnoKeHHs BHTEKANO0 Ol HEMeIJeHHO, 4TO
MOIDHOCTH KOHTMHYYMa €CTh OnwKaliad MOINHOCTH K
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MOIIHOCTII CYETHOT'O MHOHEecTBa. HOH&E}aTeJII)CTBO 9TOH Teo-
PeMBl TPOTOKIIO0 OBl HOBEIL MOCT M€KLY CYETHEIMU M KOHTH-
HYaJIbLHBIMI MHOKECTBAME.

CymecTByeT eme OmHO 3aMedaTeiibHOE HPeJI0KeHNE, BH-
ckasagnoe HaHTopoM, KoTopoe TecHeilmrmM — o06pasoM
CBA3AHO ¢ YIOMAHYTHIM NPEIJIOMKEHNEM ¥ KOTOPOE, BOBMOK-~
HO, ¥ COIEPKUT KII0Y K JOKa3aTeNbCTBY 9TOI0 MPe/I0/HEHNA.
COBOKYIIHOCTh BEIIGCTBEHHBIX THCEN Ha3hBaeTcs y I O P A-
N OYeHHOHM, ecJM M3BECTHO MPABHIO, MO KOTOPOMY [id
NI06EIX IBYX 9HCEN 3TO COBOKYITHOCTH MOKHO YCTAHOBUTH,
KOTOpOE M3 THX YHCET IPEImecTBYCT APYTOMy M KOTODOE 32
JAPYTAM CJIeIyeT; P 5TOM IPABHIO AOJIKHEO OHTH TAKHM, UTO
€CJIM 9UCJIO a UpefinecTByer uncay b u qucno b mpefmecTsyeT
qucdy ¢, TO YHCIO @ IpPefmecTryerT guciy c. EcTecTB e H-
HHEM YyOOPAJOY€HNEM COBOKYIHOCTH UYWCEI HyCTh
HA3HBACTCA TAKOC, OPH KOTOPOM MEHBINEE WCIO0 MHOKECTBA
npenmecTByer GoabuieMy, a Gonbmiee cIefyeT 3a MEHBIIWM.
Kaxk serxo, ofEaKo, HOHATH, CYmECTBYET eme OecumcieHHoe
MHOKECTBO JPYTHUX CIOCOGOB YNOPAMOYMBATE MHOMKECTBA
quced.

Ecam paccMoTpeTh KakKoe-HHOYAh YHOPAMOYEHHOE MHO-
JKECTBO UMCEJ M M3 HEero BHEJIHUTh KAKyo-HUOY/b Y4acTh, TaK
HasHBaeMoe IOIMHOKECTBO, TO 9TO MOJIMHOKECTBO TaKme 6y-
ner ymopsimoueHHeM. HaHTOop paccMarpmBan ocof6oro copra
YIOPANOUCHHEE MHOMKECTBA, KOTOPHE OH HAa3HBAal B II O JI-
HeynopfAZOoYeHHBH MH') I KOTOpHE XapaKTepu3oBa-
JIWCh TEeM, 9TO He TOJHKO BO BCEM MHOIKECTBE, HO B JIOOOM
€ro IMOJMHOIKECTBE MO’KHO yKasaTh mepBuili siement. CoBo-
KYIIHOCTb IenHX uncea i, 2, 3, ... B 9TOM CBoeM €cTeCTBCHHOM
HOpsAKe IpencTaBiseT coboil, 0YeBUIHO, BIOJIHE YIOPANO-
geHHOe MHOKECTBO. MeKNy TeM COBOKYIIHOCTH BCEX BEmECT-
BEHHEIX YHCEN, T. €. KOHTHHYYM, PacCMaTPUBAeMb#l B CBOEM
€CTeCTBEHHOM IIOPsIKe, He SBJIAETCS BIOJIHE YIOPALOYEH-
HhIM. J[efCTBETEIBHO, €C/IH MBI B KAUeCTBE ITOIMHOKECTBA_ TOYEK
BHIJ[CJIVM TOYKM KOHEYHOrO OTpe3Ka 6e3 ero HayaJbHOR TOUKM,
TO 3TO MOJMHOKECTBO HEPBOro dieMeHTa He mmeer. IIpu srom
BO3BHIKAET BOIPOC, HEJb3f JIN KaKUM-EMOYLb OPYTUM CIIO-
cofoM yIOPANOYUTH COBORYIMHOCTh BCEX BEIMIECTBEHHLIX YH-

1) Cm. G. Cantor, Grundlagen einer Mannigfaltigkeitslehre,
Leipzig, 1883; pycckmnit mepeBon: I'. K a B 7 0 p, OCHOBH yYeHIIst 0 MHO-
roobpasmsax, Hoshe moen B Matematuke, Ne 6, CII6., 1914, crp. 8,—
fTpum. peo.
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cel Tag, Trolnl Kamjioe CTO TOLMHOMKECTBO WMMCJIO TepBHIi
HIEMEHT, T. €. HCIb3A JAHM KOHTMHYYM TAKi€ paccMaTpHBaTh
KaK BIOJHE YOOPALOYeHHOE MHojkecTBo. HaHTop mpexpmosa-
rajf, 4T0 Ha 9TOT BOIPOC [OJKEH CYINECTBOBATH MOJNOKUTENb-
B orBer. MHe Kasanoch OH YPESBHYANHO ieJATENHHBIM
noayuumos npamoe O0KA3AMEALCMEO 3M020 3AMEUAMEAbHO20
npedaoxcenus Kawmopa, T.e. [eACTBHTENILHO YKasaTh Ta-
Koe 3((eKTHBHOE YNOPANOYEHUE MHOKECTBA YHCEN, IIPH KO-
TOPOM B KasK[0M €ro yacTi MOKHO Ohio Obl yKasaTh IEPBHI
3JIEeMEHT.

2. HENPOTUBOPEYUBOCTDL
APUOMETHYECKHNX AKCHOM

Horpa peus mjier o ToM, 9ro0GE MCCIENOBATH OCHOBAHMS
Karo#i-HnOy/b HAyKH, TO CIE[yeT YCTAHOBUTH CHUCTEMY aK-
CHOM, COJ(epyKaIiMX TOYHOE ¥ IIOJHOE ONUCAHHE TeX COOT-
HOIEHWII, KOTOPHE CYIMECTBYIOT MEIKIY dJiEMEHTAaPHBIMU I10-
HATHAMHI 3Toli HayKH. JTM aKCHOMH ABISAIOTCA OIHOBPEMCH-
HO OIpENeJEeHNAMU ITHX DIEMEHTAPHHX HOHATHUiil), M ME
CUNTaeM NPABUIBHBIMU TOJBKO TAKNE BHICKA3HBAHUA B 00-
JlacT¥ HAYKH, OCHOBAHHUSA KOTOPOM MEl MCCIelyeM, Kakue I10-
JIY9aI0TCA M3 YCTAHOBJICHHEIX AKCHOM C IOMOIIBI0 KOHETHOro
Y¥cia JIOTHYECKMX yMosarkiwdenui. Ilpu Gomee Onmskom
PacCMOTPEHNH BOSHHKAET BOIPOC: HE AGARIOMCA AU HEKOmMOpbe
U3 9MUT GKCcUOM sasucawumu dpye om dpyea, He codepacam
AU HEKOMOp®E U3 MU akcuom o6wue uacmi, KOmopbie
caedosano Ov. useAmb, ecal cmasumsv sadauy 06 ycmawoeae-
HUU CUCTEMBL OKCUOM, NOAHOCIMbI) He3A8UCUMBLL Jpyz om
dpyza?

W3 MHOroYmcIeHHBIX BOIPOCOB, KOTOPHE MOTYT OBITH IIO-
CTABJICHH OTHOCHTEJIBHO CUCTEMBI AKCHOM, MHE XOTEJIOCH OBl
IpEKIe BCEro YKasaTh Ha BajKHEHINy0 Npo6ieMy, UMEHHO
ne  QoKA3AMEALCINEO 020, WMO CUCMEMO AKCUOM HEnpo-

1) B XIX B. aKCHOMB MATeMaTHYECKOH TEOPHH pacCMaTPHBAJIHCH
KaK BRHIPa’KeHHsl CBOKCTB ee eCTeCTBEHHOH METepIpeTanuu (HampuMmep,
AKCHUOMBI I'eOMETPHH KaK BHIDA;KeHWe HEKOTOPHX CBOWCTB LPOCTPAH-
CTBa), B HelIOCPEICTBeHHOH CBASH ¢ KOTOpoil paccMaTpHBajiach cama
Teopua. CorsacEO Kommemun I'mibGepra akcHOMBI — HefIBHEE OI-
peflelleHHsT  OCHOBHKIX CBOKMCTE MaTeMATHYeCKOHl TeOpUH, a ILOTOMY
ee HHTepOpeTalUed MOKeT CAYKETH JAI00as COBOKYHDHOCTh OGBEK-
TOB, CBONCTBAa KOTODHX YJiOBIETBOPSIOT PaccMATPHBaEMOH CHCTeMe ak -
cuoM. — [lpum. ped.



Mmueopewéa, m. é. WN0 HA OCHOBQHUW JMUL GKCUOM HUK020d
HEAb3S € NOMOWDIO KOHEUH020 HUCAL AOZUMECKUT YMO3a-
KAIOHEHLTL NOAYHUMb pesyabmamu, npomueopeiauue 0pye
dpyey.

* JloKa3aTeabCTBO HEIPOTHBOPEYMBOCTH AKCHOM IeoMeT-
puH [OCTETAETCA TeM, YTO CTPOMTCH COOTBETCTBYIOINAA 9WC-
jgoBasa 06nacTh TaK, 4TO TEOMETPUYECKUM AKCHOMAM COOTBET-
CTBYIOT AHAJOTHYHHIE COOTHOIIGHMA ME;KAY YHCIAMM 3TOMH
ofiacTy; TeM caMbIM Kajkpoe NpOTHUBOpedHme, IOJNYYCHHOE B
CIE[CTBUAX M3 AKCHOM TeOMETPUM, MOJIKHO OHITH 00HADPYIKEHO
Taryke B apupmernre 3toit umcmoBodl obGmactm. Taxum 06-
pPa3oM, FKENATCILHOE [0Ka3aTeIbCiBO HEIPOTHBOPEYHBOCTH
aKCWOM TeOMEeTpPMM CBOJIUTCS K IIPEJICKEHHI0O O HEIpOTHBO-
PeUMBOCTH AKCHOM apHPMETHKH.

Hamporus, HeIPOTHBOPEYUBOCTH AKCIOM apHPMETHKHA Tpe-
fyeT HpSAMOro JOKa3aTelbCTBa.

CucreMa akcmoM apuMeTHKH, OO0 CYIIECTBY, IpeficTaB-
1s1eT cobofi He UTO WHOE, KAK WBBECTHHE IIPABWiIa AefcTBHM
gMecTe C aKcuoMolf HermpepsBHoCcTH. fI HemaBHO M3JOKHI
3Ty CMCTEMY ') M 3aMEHMJI YIpH 3TOM AKCHOMY HEIIPEPHBHOCTH
AByMsa Goyee MPOCTEIMI aKCHOMAaMM, MMGHHO, M3BECTHOM aK-
citoMoit Aprumeda W HOBol aKCHOMOl, cOfiepsKaEMe KOTOPOi
3aKI0YACTCA B CICTYIOMEM: 9HCIa MNPEICTaBIAIT COBOKYI-
HOCTh TAKHX DIICMEGHTOB, KOTOPHE HDPH COXPAaHEHMH BCEX
OCTANBHEIX AKCHOM He [JONYCKAIT HWKAKOr0 pacIIUpeHUs
(axcmoma mommorkr). fl yOeskmen, 4To yAACTCSA HaWTH HpsAMoe
[OKA3aTeIBCTBO HEOPOTHBOPEIMBOCTH AKCHOM apUPMETHKH,
OCHOBHIBAfich Ha H3BECTHHIX METOHaX JOKa3aTelbCTB TEOPUU
P PAIMOHANbHbIX IUCEN, eCIU 9TH METOAE COOTBETCTBYIOIMUM
06pasoM MoAMPHUINPOBaTH B IPUMEHEHMH K IOCTABJICHHOI
1eJIn.

YTo0H oXapaKTepusoBaTh 3HAUEHME 3TO#l HMpolJieMbl eme
¥ ¢ Apyroii ToUKM 3peHUsdA, s XoTes Ol 006aBATH Clexyrolece
saMeuarne. Ecin karoMy-gul0y[p MOHATHIO NPUCBOCHEI IIPU-
8HAKH, KOTOPHE ApYT APYTY OPOTHBOPEYAT, TO 5 CKayKy: 9TO
noHATHEG MaTeMaTWUecKw He cymecTByeT. Tak, mampumep,
MaTeMaTH4ecKy He CYHMIECTBYeT BeIECTBEHHOE UMCIO, KBAJI-
par wKoroporo paser —I1. Ecam ke ynaerca p[oKasaTh,
9Yro CBOHCTBA, KOTOPHME 00jafaeT HEeKOTOpOe LOHATHE, HH-

1) Jahresber. Dtsch. Math.-Ver. 8 (1900), crp. 180. [Hameyatano
B KauecTBe 6-T0 IPHIOMKenns K Kuure «OCHOBaHMA reoMeTpum», u3fl. 7,
1930. (. I'ma b 6 e p T, OcHoBamms reomerpun, I'ocrexmsnar, 1948,
npunoskerne VI: «O0 momsTum wmenar, 315—321.— Hpun. ped.)].
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Kor/ia He NPWBENYT, C TOMOIBI0 KOHEYHOIO UMCIA YMO3AK-
JIOUEHUN, K MPOTHBOPEYHIO, TO I CKAIKY, YTO CYIIECTBOBAHHUE
3TOF0 MATEMATHYECKOr0 NOHATHA — HAlpPUMED, UMCIA WIN
QyHRIUT, YOOBIETBOPAIOMIET0 ONPEEICHHEM YCIOBUAM,—
mokasano. B paccmarpmBaeMoM caywae, rie peds mpeT 06 ak-
CIOMAX apuPMETVKN BEIIECTBCHHEIX YWCEN, N0Ka3aTeibCTBO
HEeIPOTHBOPEUNBOCTA STUX AKCHOM PaBHOCHIBLHO [OKA3ATEINH-
CTBY MaTeMaTH4eCKOT0 CYMECTBOBAHWS IOHATHS BEI[ECTBEH-
HBIX YMCEJ HWJIH KOHTHHyyMa. B camom jexe, ecim ypmacres
HOJHOCTHIO [I0KA3aTh HENPOTHBOPECYMBOCTH JTUX AKCHOM,
TO BCe COOGDaKEHMS, KOTOPHE IOAYAC NPMBOIMINCH MPOTHR
CYIIECTBOBAHNS NOHATHS BEIIECTBEHHBIX YHCEN, TEPAIT BCHA-
Koe ocHoBaHwe. IIpaB/ia, TOHATHE BemeCTBEHHBIX 9YHCeN, T. €.
KOHTHHYYMa, IIpefcTaBiAAeT c000# IpHU BHIICHU3IOKEEHON
TOYKE 3PCHUA He IPOCTO COBOKYIHOCTh BCEGX BO3MOKHEIX Iie-
CATUYHKIX DPa3NO/KEHMII MIM COBOKYIHOCTH BCEX BOBMOKHEIX
3aKOHOB, II0 KOTODHIM MOTYT CJE[0BaTh BJIEMEHTH KaKoro-
nmu6o ¢pyHIaMEHTaNbHOrO PAfa, HO CHCTEMY SIE€MEHTOB, B3a-
UMHbBIE COOTHONIEHMS MEKIY KOTOPHIMH YCTaHABIMBAIOTCH
CHCTEMOit aKCHOM U /I KOTOPHIX CIIPABEJIJIMBH BCE T ¥ TOJb-
KO Te NOJIOKeHHUsA, KOTOPHEe MOFYT OHITh TMOJY4eHH W3 3THX
AKCHOM KOHETHEIM 9HCIOM JIOTMYECKHX YMO3aKJIIOYCHMI.
Toanko B aTOM CMBICIE, IO MOEMY MHEEHIO, MOKET GHITH CTPOTO
JTOTMYECKA OCMBICIICHO NOHATHE KOHTHHyyMa. JleiicTBEHTEID-
HO, 9T0, KK MHE KayKeTCH, COOTBETCTBYET TaK/ke HAYIIYUYIINM
o0pasoM TOMy, 9T0 HaM HAIOT ONKT W HATJISIHEE TpPejCcTaB-
nesusa. Torpga w moHsTHE KOHRTHMHYYMa, a TaK:Ke MOHATHE CVi-
CTeMHl BeeX YHKINIA, CYIMECTBYET TOYHO B TAKOM jK€ CMBICJIE,
Kak M CHCTeMa ILEJIHX PANMOHAIHHLIX YMCE] MM KAK KaHTO-
POBHI KJIACCH W MOIIHOCTH BHCIINX NopankoB. MGo a yGesx-
ACH, 4YTO CYMECTBOBAEWE IOCHEIHUX B YKA3aHHOM MHOIO
CMBIC/Ie, TAK € KaK W CYMECTBOBAHNE KOHTMHYYMAa, MOKHO
Oyfer mokasaTh, B IPOTUBONOIOKHOCTH CYMECTBOBAHUIO CH-
CTEMEI BCEX MOIIHOCTEH BOOOMe MM Takske BCCX KAHTOPOBEIX
anedoB, miA KOTOPHX, KaK 3T0 MOMKHO IIOKAasaTh, HENb3S
TOCTPOUTH HENPOTHBOPEUIUBYI0 CHCTEMy aKCHMOM B MOEM
CMEICJIC W KOTOpHIE, CJIE0BATEIbHO, B MOMX TCPMUHAX SABIISI-
10TCHA MOHATIEM, MAaTEMAaTHYECKN HECYIIECTBYIOMIM.

W3 obnactu ocHOBaHMII reoMeTpWu s XoTed OBl IIperkye
BCEro yKasaTh Ha CIeIYIIYI0 MpobieMy.
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3. PABEHCTBO OBHLEMOB [IBVX TETPA3[POB
C PABHOBEJIUKUMU OCHOBAHUAMU
M PABHBIMH BHICOTAMU

T'aycc ') B nByx cBomx mmcpbMax K I'epiamery Beipaskaer
COKaJICHHE II0 TOBOY TOT0, 9TO HEKOTOPHE M3BECTHEIE II0JIO-
JKEHHA CTePeOMeTPUM B3aBHCAT OT MeTOofa WCYEePILIBAHN,
T. €., TOBOPA COBPEMEHHHFIM ST3EIKOM, OT AKCHOMBI HEIPEPHIB-
HOCTH (AN OT aKCHMOMH ApXmMera).

Taycc cmemmannHo orMeuaeT TeopeMy EBwmmpa, coriac-
HO KOTOPO# 00BEMH TpPEYTOJhHEIX IUpaMui, WMEIUX
paBHBIE  BEICOTH, OTHOCATCHA Kak IUIOM@M KX OCHOBA-
guii. AmajormgHag  3ajava TJaHVMETPUHE HEHE HOJ-
gocThio  pemena 2). [Pemenmme  Bamaum A TUIIOC-
koctw 6puio monyuemo PaprameM Boitsm (1832 r.) =
II. Tepeumom (1833 r.). — IHpun. ped.] Tepamary ) ynanocn
TaKsKe [O0KA3aTh PABEHCTBO 00BEMOB CHMMETPHYHBIX MHOTO-
rPAHHMKOB TIpH NOMOIIM pasbueRna HX Ha KOHIPYDHTHI C
9aCTH.

TeM He MeHee, Kak MHe KaskeTcs, B 00IIeM ciyuae Jo0Ka-
3aTeNBCTBO YIOOMAHYTON TeopeMsl EBknmpa oTHM  CI10CO-
GoM IIpoBeCTH HEBO3MOJKHO ¥ 3TO, MO-BHIUMOMY, MOIKET
GHITH IHOATBEP/KIEHO CTPOTEM JIOKAa3aTEIbCTBOM HEBO3MOM-
HOC TIL.

Takoe /OKa3aTeJILCTBO MOKHO OBLTO OB MONYYHTD, €CAL
6 ydasoce yrasamv makue déa mempasdpa ¢ paAsHLMU 0C-
HOBAHUAMU U PAGHBLMU 6BICOMAMU, KOMOPHEe HUKGKUM Cno-
cobom He mozym O6vimb PASA0KHCEHB HQ KOHEPYIHMHbE MEmpa
90psL U KOMOpble MAKHCE He mocym Gump O0noAHEH KOHEDY
SHMHWMU mempaddpartt 00 MAKUT MHO202DAHHUKOE, ona
KOMOPH PABAONCEHUE HA KOHZPYIHMHbLE MempPasdpsl 603MOs -
Ho ).

1) K. F. Gauss, Werke, T. 8, ctp. 241 u 244,

2) Ilomnmo Gomee paHmeit JuTepaTypsl, M. D. Hilberty Grund-
lagen der Geometrie, Leipzig, 1899, ru. 1V (pycckmii mepeBof:
O. TuansbepT, OcHoBaHMA TeoMeTpHH, Toctexmapmar, 1948,
ra. IV.— IHpum. ped.).

3) K. F. Gauss, Werke, 7. 8, cTp. 242,

4) [[ocne omybamKoBamms BTOH NPOONEMH ee JOKa3aTeIbCTBO
ynanocs npusectn [l e Hy. CM. ero craTbio

Uber raumgleiche Polyeder, Nachr. Ges. Wiss. Gottingen, 1900,
34?——254,] a makmke Raumteilungen, Math. Ann. 55 (1900),
465—478. oo
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4. TIPOBJIEMA O IIPAMOII KAXK O KPATYANTIEM
COEJJUHEHUN IBYX TOYER

[TocranoBka mpyroit 3ajjaum, ¢ KOTOPOIl Mh BCTpEYaeMes
B OCHOBAHMAX TreOMETPHH, COCTOMT B cliexyiomeM. Korma Mut
n3 Beeil cmcTeMbl aKCHOM, HEOBXOIUMEIX [UIsi IIOCTPOCHHUSA
OOHIKHOBEHHOII eBKIHIOBOIl reoMeTpmu, OTOpacklBaeM akK-
CHOMY O I1apaJlJIeNbHBIX W TPHHUMACM, YTO BCE OCTAJILHLIE
aKCHOMbI BHIIONHAIOTCSA, & 3Ta HE BHIONHAEGTCA, TO MEI,
KaKk W3BECTHO, NpuXomuM K reoMerpum JlobGauesckoro (ru-
nep6onmdaeckoil reoMerpuu). Mbl MOsKeM 1103TOMY CKasaTh, YTO
9Ta TeOMeTPHA B HEKOTOPOM CMEICHE ABJIAETCA OIMKaimieit
k reoMerpunr EBwimpa. Ecam M morpeGyeM pasee, aTo0bl
He BBIIOJIHAJACH TAKIKE AKCHOMA, COrJacHO KOTOPOil M3 Tpex
TOYCK HA IPAMOI OHA M TOJBKO OfHA JIEKHUT MEKIY IBYMA
IOPYFUMH, TO MEL UDPHJEM K reoMeTpru PuMana (siuinnTrgeckon
reoMeTpHH), KOTOPYI B BTOM ;K€ CMEICIE MOYKHO paccMaTpH-
BaTh Kak Oamraimryio K reomerpmu Jlo6auenckoro. Ecam
MBI 3aXOTHM IIPOBECTH AHAJIOTHYHOE 110 CYMECTBY MCCICIOBA-
HUE [0 MOBOLY aKcHoMH ApxuMesa, TO, UPUHAB, YTO Ta aK-
croMa He BBIOJNHSETCH, NPUIEM K Heaprumedostim TeoMeT-
puAM, Korophle OBIM wmcciaeoBambl Beporese m MmO Y).
Bounee o6muit Bonpoc, BosHUKAOMMI TPY 3TOM, 3aKIH0UYAETCA
B CIeJyOI[eM: BO3MOJKHO JM €M ¢ JPYTHX IJIOLOTBOPHEIX
rOYeK 3PEeHNA IOCTPOMTH FEOMETPHMM, KOTOPHE ¢ TAKHM SKE
IpaBoOM MOIJIH OB cUMTaThCA ONWMKANIIUMYI K OOLIKHOBEHHOMI
esrin/0Boit reoMerpun. [Ipu sToM s xoTen Obt oGpaTuts Bame
BHMMAaHHEe Ha OfHO IIPe/JI0}KeHME, NPUHNMAEMOE HEKOTOPH-
MH aBTOPaMH JIasKe 38 OIPEJeNICHNe HPAMoli JIMHIT, COrIacHO
KOTOPOMY HpAMas JMHAS €cTh KpaTdaillee COeIUHCHUWE OBYX
Touek. Copep:kaHue STOro BHICKA3HIBAHMA, II0 CYMECTBY, CBO-
OUTCA K npepjioxeHEmo EBKImga 0 TOM, 9T0 CyMMa JBYX CTO-
POH TPEYroJabHNKA BCEraa Gonbiie TpeTheil CTOPOHK; KaK Jer-
KO BHJIeTb, T€OPEMa 9TA OCHOBAHA TOIbKO Ha BJIEMEHTaPHHX
NOHATUAX, T. €. TAKHX, KOTOPHIE HEIIOCPEACTBEHHO MOJIYIaI0T~
CA K3 aKCHOM K I09TOMY BIIOJHE [OCTYIHBI JIOTWYECKOMY HC-
caefoBanmio. EBranp pokasan sTy TeopeMy O TpeyroibHHKE

1) MmeoTca B BHAY mCcienoBanus B e p o H e 3 e «Fondamenti di
geometria a pit dimensioni ed a pili specie di unita rettilinee esposti in
forma elementare», Padova, 1891, n semeyymue B 1899 T. mccaeoBaHEA
I'uxn6epra «Die Grundlagen der Geometries. Bonee mojpobuo o
IEePBHX MCCAENOBAHUAX 0 HeaPXHMe/IOBEIM IreoMeTpusaM c¢cM. B. @. K a-
r a B «OcroBaEuA reomerpumy, Onecca, 1907.— Hpux. ped.
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¢ TOMOIBI TEOPEMHI O BHENIHEM Yriie, WCIONb3YA TCOPEMH
0 xomrpysmTHOocTH. Herpynmo, onuako, ybenwibcs B TOM,
qTO IS [OKA3aTENBCTBA DTOH EBKIMIOBOII TeopeMul H € I{ 0-
CTaTOoYH O TeX NPeJJIOKeHUl 0 KORTPYIHTHOCTH, KOTOPHE
OTHOCSITCS K OTKJIAJLBAHMIO OTPE3KOB M YIII0B, a HeoOX0mMa
eme TeopeMa O PABEHCTBE TPEyroibHUKOB. TaxkuM ob6pasom,
BOSHUKAET BOIIPOC O TAKOH reoMeTpuu, B KOTOPON BEIIOIHSA-
10TCH BCe AKCHOMH OOHKHOBEHHOW E€BKIWIOBOW I'€OMETPUN H,
B YaCTHOCTH, BCE AKCHOMH ROHIPYIHTHOCTH, 32 WCKIIOUEHHEM
OJlHOIl AKCMOMH 0 KOHTPYPHTHOCTH TPEYTOJIBHMKOB (UIH 32
HCKJIOUCHNEM IIPEe/IIO}KEHNsI 0 PaBeHCTBe YIJoB IpPM OCHOBA-
HAM PpaBHOGEIPEHHOr0 TPEYrONBbHHKA), W B KOTOPON, CBEPX
TOro, NPHHUMAETCA OT/E/IBbHAS AKCIOMA O TOM, UTO BO BCSIKOM
TpeyroJbHUKE CyMMa [BYX CTOPOH GOJbINE TPEeThHEW.

OKa3zpIBaeTCsA, TaKasg reoMEeTpHs NeHCTBUTENBHO CYIIECT-
BYeT W 9T0 HE YTO WHOE, KAK FeOMETPHHA, KOTOPYIO YCTaHOBII
MunroBcknit B cBoeit kKuure «[eomeTpus umces» 1) u KOTOPYIO
OH TIOJOKUI B OCHOBY CBOMX apH{METHUYECKUX HCCIC/IOBARHMUIL.
Taxum oGpasom, reoMerpuss MUHKOBCKOro ABISETCA TAKKe
omHOMl W3 GmWwxadmmx K OOBKHOBEHHOH EBKIU0BON Treo-
MeTpuu. B 0oCHOBHOM 3Ta TeoMeTpuA XapaKTePU3YeTCA Ciie-
IYIOIIAME OCHOBHHIME IOJNO;KeHHAMH. Bo-TepBHIX, COBOKYI-
HOCTh TOYEK, DaBHOOTCTOSIIWX OT ompesieleHHOlt Toukm O,
1306 paskaeTCA BEIIYKION 3aMKHYTON MOBEPXHOCTHIO B OOBIK-
HOBEHHOM CBKJINIOBOM IPOCTPAHCTRE ¢ LeHTpoM B Touke O.
Bo-BTOpHIX, IBa OTpe3Ka HA3KBAIOTCA PaBHEIMU JIpyr APYTY
TAKKE U B TOM CJydae, ecld Of¥H U3 HIX MoskeT OEITH COBMeE-
ImeH ¢ JpYruM [apajielbHEM IIePEHOCOM EBKJIMIOBA IPOCT-
paHCTBa.

B reomerpuu MUHEKOBCKOT0 HMeET MECTO aRCMOMa 0 apaji-
JeNbHKX. B OJHOM HCCIE0BAHNY, IOCBAMEHHOM BOIPOCY
0 HpAMoil NHHNY KaK KpardailieM cOeUHEHNH [IBYX TOUCK 3,
MHE yJaJ0Ch MOCTPOUTH TeOMETPHIO, B KOTOPOH He B B I O I~
HaeTCd aKCHOMa MapallieIbHOCTH, B TO BPEMAa KaK Bce
oCTaJBHEE aKCHOMHI reoMeTpur MUHKOBCKOrO BLINOIHAIOTCH.
Mae mnpencTaBisgeTCs OUEHb JKEIATENBHHIM ROCIMPpOeHUe U
cucmemamuueckoe uccaedoeantie 6cex G03MONCHBIE 30ecb eco-
Mmempuit BBUAY TOro OONBLIOr0 3HAYEHUsI, KOTOpPOE WMEEeT
mpepJioykeHne 0 IPAMON Kak KpaTdaillleM COeJIMHEHWM IBYX

1) H. Mink owsk i, Geometrie der Zahlen, Leipzig, 1896.

2) Math. Ann. 46 (1895), crp. 91. (Cy. Taxse JI. TmanGep T,
OcuoBanus reomerpmn, I'octexmayiar, 1948, mobasmerme 1, crp. 195.—
pun. ped)
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togex ¥ (110 CYmCCTBY €My SKBMBAJICITHOC) IpeJyioikeHHe
EBriuja o croposax TpeyroJbENKAa He TOJBKO B T€OpHH TH-
cell, HO TaKKe W B TCOPUM IIOBEPXHOCTEil ¥ B BAPMALHOHHOM
ucunciesmu. I nymaw, uwro ofcroATenrHOE WcCIeOBAHUE
yCIoBUl CymecTBOBaHMA STOTO NPENNOKEHNs NPOJTLET HO-
BLlli CBeT W Ha TOHATHE PACCTOSABNSA, a TAKKe Ha Jpyrue
JNeMeHTapHBIe MOHATHS, KAaK, HAOpUMep, HOHATHE HJIOCKC-
CTH X BO3MOJKHOCTH €€ ONpEIeleHHus ¢ MOMOMBI0 IOHATHA
TPAMOIL.

B ciyuae nnocrocTH, eciin IPUHATH B AKCHOMY HeNpepHIB-
HOCTM, yKazagHad upobxeMa NPUBOAMT K 3ajaue, NOCTABJEH-
noit [Jap6y '): H a fi T ¥ Ha IIIOCKOCTH BCe BAPUALMOBHELIC 3a-
fiaYd, pelieHMAMI KOTOPHX MBISIOTCHA BCe NPAMBIEC JIMHMI
Ha IJIOCKOCTH. 9Ta IMOCTAHOBKA BOLPOCA KAayKETCSA MHE Peajihb-
Hoii B Goraroil manero mpymumn oGoCmenusmu 2).

5. IOHATHUE HENPEPLIBHO
FPYINE IPEOBPASOBAHUN IIM, BE3 NPETIONOKEHUA
JMOOEPEHIIMPYEMOCTY @ YHKIM,
ONPEAEJAIOMUX I'PYIIY

Hax mapectro, Jlu, onumpasck Ha NOHSTHE HeOpepHBHOM
rpyuns npeo6pazoBaHmii, OCTPOMI CHCTEMY AKCHOM TeoMeT-
PuUM U Ha OCHOBAaHHM cBoeil Teopum rpymnn npeoGpasoBaBuit
[IOKa3aJ, 970 9Ta CHCTeMa AKCHOM JOCTATOYHA [Js IOCTPOe-
musa reomerpuu. Ilockonnbky Jlum, passmBas cBoio Teopwmio,
Bcerja UpWHMMaer, 9T0 QYBRIUY, oUOpefeisiomue TPyIidy,
MomHO fTHPPepeEUPOBATD, TO B TUX HCCIETO-
BaHUAX JIM ocraeTcsi HEBHISICHEHHHIM BOIPOC, ABJSAETCH N
TpeGopaBde nupPepeENUPYEMOCTH HEOGXOIUMEIM JJisi TOCT-
PoeHUsI aKCUOM FeOMETPME WJIN OHO He Gollee Kax CIeICTBHE
TIOHATUSA FPYNNH I OCTAJBHBIX T€OMETPUUYECKAX aKCHMOM. OTH
o6cToATENBCTBA, & TAaKKe HEKOTOpHEe NPoOIeMEl, CBS3aHHBIE
¢ arcuoMaMu apu(pMeTHKH, OPMBORAT Hac K Goxee oGmemy
BOIIPOCY: HACKOAbKO NOHSMUE HENpepLeruL epynn npeobpaso-
eanuil Ju oraxcemes npuzodntim OAs PeueHUs ROCIMABAEHHOT
sadauu, ecau omrasamocs om mpebosanus dugdeperyupyemo-
cmu PYHEYUE, onpedeasiowux epynny.

1) G. Darboux, Legons surla théorie générale des surfaces,
T. 3, Paris, 1894, erp. 54.

2) Cp. wHTepecHne mecnemosarmg A. Hirsch, Math. Ann. 49
(1897), crp. 49 m 50 (1898), crp. 429.
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{ax ussectHo, Jlm oupejesisier KOHEWHYIO HENPCPLIBIYIO
rpynny mnpeofpasoBaHMII Kak CHCTeMy NpeoGpasoBaHMil

Z= [y (T1y e e ey Tni G1yee, Or) (t=1,2,...,n),

o6lajlalomuX TeM CBOMCTBOM, 470 B pe3yJjipTare IIOCJIef0Ba-
TeJIBHOro BHIOIHEHAS [BYX IMPOM3BOJIBHEIX IpeoGpasoBaHMil

x; :f‘l(xls- R TR al‘)’
&y Fo&y ey T b D)

cucTeMH Tolydaercs npeobpasopanue, OpivajijleKamee 9TOH
JKe CHCTeMe, KOTopoe, TAKMM 00pasoM, MOKHO IPeICTaBHTh
B BHJI@

z; =fi(f(z, @), ..., fu(w, @) by, o0y b)) =
= fi( @1 ey T3 C1y e e ey O

Tfie €y, ..., Cr OPECTABIANT coboil onpefeseHHEe QYHKIYHA
OT Qq, evey G Wby, ooy by

I'pynmosoe cBO#CTBO HAXOAMT, TAaKHM o0pasoM, CBoe BEI-
paskeHme B cucTeMe (YHKIMOHAJbHLIX yPaBHEHHH W He Tpe-
6yer or QYEKOUIL fi, ..., fa, €1, ---, €, HAKAKUX 00aBOTHBIX
orpaaudenuit. OpHako, [lalibHeHIIMe METO/B MCCIeJOBAHMS
JIn sTMX QyHKIMOHAJBHHX ypaBHeHMII, a WMEHHO, BEIBOJ| H3-
BECTHHIX OCHOBHHIX IuddepeHnuanbHEX ypaBHeHuil, ¢ HeoG-
XOJMMOCTBIO IIPEIIONaraT HelpepHBEOCTh U jmpdepeHiy-
pyeMocth (YHKOUII, ONpefelsiOmuX TPyNmy.

Yro kacaeTcsi HEIPEDPHBHOCTH, TO OT dToro TpeGopaHusl,
MO-BUJAMOMY, OTKasaTbcf HENB3A, XOTA OH B OTHOINEHUM
reoMeTPHYECKHEX U apuPMeTHIeCKUX IPUIIOKOHUI, B KOTOPHIX
HeIPepPHBHOCTh PAacCMATPUBAEMEIX (QYHKIMA SBIAETCHA CIefi-
CTBHEM aKCHOM HempepmBEoctH. Hauporms, puddeperiu-
pyeMocTh (YHKIUH, OUPefeIANuX rPYILy, COIePHUT Tpe-
f6oBaHEUe, KOTOPOe B rEOMETPUIECKHMX aKCHOMaX BHIPAKaeTCHd
TOIBKO BEechbMa HeeCTeCTBEHHEIM H CIOKHHM ob6pasoM. Ilpm
5TOM BOBHHUKAeT BOIPOC, HEJb3fA JIK BBEJEHWEM HEKOTOPHIX
OofXoAsAmuM o0pasoM BHODAHHBIX HOBHX IEePEMEHHBIX M
napaMeTpoB Tpeofpa3oBaTh TPYOINy B TaKylo, B KOTOPOM BCE
ompefiensonue PyERIME OKasanuch Ou nuddepeHmupyeMeMu,
WM 1o KpaiiHell Mepe HeJib3#A JU NPHCOEAUHUTH HEKOTOPLIE
oIIpejieJIeHHEIe TP OCTHIE IONYINeHUs, KOTOPEIe CAeJAI0T BO3MOMK-
HEIM B COOTBETCTBYOIUX TPYHIax IpUMeHeHHE MeToj[0B IM.
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CoryiacHO 71eopeMe, BBICKAZAHHOH Jlu ) W noxasammoir
IlTypoM %), mpuBejileAMe K ama s u T 1 YecKo# rpynme
BOSMOHO TOTTIA, KOI/[a TPYIIA TPAHSHTHBHA 1 KOTJIa mpef-
[I0JIaTaeTCsl CYIeCTBOBAHHME [EPBHIX I HEKOTOPHX BTOPHIX
HPOMSBOJHEIX 0T QYHKIMIA, onpeemnsiomx rpymiry.

HUccnenosanne COOTBETCTBYIOIEI0 BONPOCA, KAK MHE Ka-
JKETCST, TIPENICTABIACT WHIEPEC M [l GecKOmeyHL X rpymnm.
Mot npuxonuM BooOme K obmupHoit u HeOesHHTEePecHO 06-
nacTM QYHKINUOBAIBHEIX YPaBHeHMil, B KOTOPOil 10 cux nop
B Oonbinmucree BOIIPOCOB mpeflioraraiacy muddepennupye-
MOCTH PACCMATPUBAGMBIX (yHKI(mii, Memxny rtem ¢ynrmmo-
HAJILHBIC YPABHEHUS, B MCCJIE/0BAHN KoTOpHX Abexs ¥) upo-
FIBUI TaK MHOTO OCTPOTH yMa, PasHOCTHBIE YPaBHEBUA U JIPy-
I'me ypaBHeHHUs, BCTpeyaommecs B JHTeparype, He CopeprKaT
B cebe HUYEro raxoro, wro Tpe6oBano Gul nuddepenrypyemo-
CTH BXONAMEX B HUX QyHKmmit. A npu UBYYEHUN HEKOTOPELX
TOKa3aTeabCTB CYIECTBOBAHUS B BapHANMOHHOM UCIUCHEeHUT
MHE IPEJCTaBlIsAeTCA WHTEPeCHOH 3anmaua Hoxasars pudde-
PEHIIPYEMOCTD  PacCMaTPUBAEMEIX Gysrnmit, mexomsm ms
CYMECTBOBAHNA PA3HOCTHOrO ypaBHeHEms. Bo BCEX ITHX CIy-
1asiX BOBHHUKAET BONIPOC, HACKOALEO pesyavmame, noayuennue
8 npednosodcenun Ouggbepenyupyemocmu paccmampusaemux
Pynryuii, ocmaromes e cuse npu Hoewx ycaosusxr, 6es amozo
npednoaosncenus.

Caenyer sameruts, uro MunkoBckuit 8 ynomanyroir «I'eo-
MeTPUM YUCeN» UCXONUWN |3 dyuEnUORANBEHOrO HepaBeHCTBA

f(z T Tt ) <Fln ., 7)o, ce Yn)-

Ornpasnsigcs or sroro HEpaBeHCTBA, eMy HeHCTBUTeTbHO yia-
JI0OCh [IOKa3aTh CyImecTBOBAHUE OPOM3BONHLIX BXOAIAX R
PaccMorpenve ¢ymrimi,

C npyroii croponn, s ofpamai BEEMamme Ha To obcros-
TEIbCTBO, YTO CYMECTBYIOT BIoJIHe AHAMUTHICCKIE QYHKIHO-
HaIXbHbIEe YDaBHEHNS, OT/IeIbHEIME PelIeBEnAMY KOTOPEIX ABIA-
1orcs HepuddepeHnUpyemte dyurnmm. Mosxno, Hanpumep,
HocTponsh  opHo3HAUHYIO, HEUPCPEBAYI0 1 Henuddepenu-
pyemyio ¢yurmuo ¢(x), roropas sBisercs €IMHCTBCHHBIM

)S. Li e, F. Engel, Theorie der Transformationsgruppen,
. 3, Jleiimur, 1893, §§ 82, 144.
%) Uber den analytischen Charakter der eine endliche Kontinujer-
liche Transformationsgruppe darstellenden F unktionen, Math, Ann.
41 (1893), 509—534.

%) Werke, . 1, crp. 1, 61, 389,
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pereHreM JIByX (QYHRI[MOHATBHBIX ypaBHEHMI:

¢z +a)—g(z) = f(2),
¢+B)—o) =0,

rae o U [} — JBa BeliecTBEHHHIX THCHA, a f (Z) — peryiApHas,
aHaNTHIeCKad M OJHO3HAYHASA (PYHKOUWS, oNpefelleHHAS IS
BCeX BeIleCTBeHHBIX 3HaYeHUil Z.

Taxrnme QyHRIUU IPOIIE BCETO MOKHO THOJTYIUTH ¢ HOMOINBIO
TPUrOHOMETPUYECKUX DPAJIOB, MONL3YACH TE€MH ke coobpaske-
HUAME, Karkue Bopenp TmpmMeHH:T K HeJaBHEMY Pe3yIbTaTy
ITuxapal) o mocrpoeHUN [BOAKONEPHOAMIECKOr0 HEaHAIHUTU-
9eCKOTO pemeHuA OnHOTo AuddepeHNUANLHOrO ypaBHeHUs B
9aCTHHX IPOM3BO/IHHX.

6. MATEMATUYECKOE H3JIOKEHUE AKCHUOM ©®U3NKH

C Hccle0BaHHsME 110 OCHOBAHNSIM reoMeTpUI OJIU3KO CBA-
3aHA 33/1a9a 06 GKCUOMAMUNECKOM NOCMPOCHUL NO 3MOMY Hce
o6pasyy mex gusuneckux Gucyunauk, 6 KOmopux yxce menepsb
MAMeMAMUKA Uzpacn 6uld0iowyyiocs poab: Imo 6 nepeyio oue-
pedb meopus eeposmHOCMeR U MeXGHUKA.

Y7o KacaeTcs aKCHOM TeOPHH BepOsTHocTei?), To MHe
Kazamoch OBl KejaTeabHBEIM, YTOGH UapallelhbHO € JIOTHUe-
CKVIM 0GOCHOBAHUEM DTOM TeOpHH NII0 PyKa o0 PyKy cTporoe u
V/OBJIETBOPUTEIbHOE Pa3BHINEe MeTOfa CPeHUX 3HadeHUN B
MaTeMaTHUeCKoll (U3UKe, B TACTHOCTH B KHHETHUECKoll Teo-
pUE Ta30B.

06 ocHOBaAX MeXaHUKU WMEIOTCS 3HATHTENbHEe HCCIERO0-
BaHHA ¢ TOUKH 3peHusi (PUamdecKoil. YKaKy Ha COUMHEHUS
Maxa 3), I'epna ?), Borsnmarsa °) m @oxpxmanna ©). 1pu arom
Oblio GBI OYeHD JKelaTebHo, YTo0H M MaTeMaTHKU B3fAIUCDH
3a mcciefoBanme ocuoB MexaHukm. Ha sty Melicab HaBopuT,

1) Quelques théories fondamentales dans 1’analyse mathématique,
Conférences faites & Clark University Rev. gen. des Sciences, 1900,

crp. 22. )
2) Cp. G. Bohlmann, Uber Versicherungsmathematik, Jlex-

mqut Kneiwa mPuxkke (Vorlesungaus Klein undRiecke:
iiber angewandte Mathematik und Physik, Leipzig und Berlin, 1900).
3) Dje Mechanik und ihrer Entwicklung, 2 Aufl., Leipzig, 1889.
4) Dije Prinzipien der Mechanik, Leipzig, 1894,
5) Vorlesungen iiber die Prinzipe der Mechanik, Leipzig, 1897.
¢) Einfirung in das Studium der theorctischen Physik, Leipzig,

1900.
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ganpuMep, KHHra BorbrmMaHHa 0 OpuMHUMIIAX —MeXaHHKH,
B KOTOPOIi CIIe/[0BaJI0 OBl CTPOTO MaTeMaTHIecKH 000CHOBATD 1
[POBECTH T€ M3JIOKEHHbIE B Hell IPOLECCH NPeMlebHOro Hepe-
X0fia, KOTOPBIE BEIYT OT aTOMUCTHIECKOr0 MOHUMAHUA K T€O-
puu JBEKEHWS TBeP/oro Tea. C APYrod CTopoHk, MOKHO Gbl-
710 GHL HONBITATHCA IOJYIUTH BCE TEOPEMBI O [BUMCHUN TBEp-
JI0TO TEJA ¢ OMOIIBIO JTPefielbHOTo epexofia W3 CHCTeMBI aK-
croM, KOTOPHE OCHOBAHDI HA IIPEJICTaBJICHNH O HEPEePHIBHO U3~
MEHSAIOIEMCA COCTOARNN (OMpesieaseMOM KaKUM-HUOY b Tapa-
MeTpOM) MaTepuu, HeIpepslBHO 3all0NHAIENR Bee I[POCTPaHCT-
po. Bompoc o ToM, HaCKOIbKO PABHONUPABHE PA3INIHBIE
cUCTEMBl aKCHOM, NPefCcTaBiAeT TOKe NyGoKo MPUHANATHAANb-
HEI HMHTepec.

Il Toro 9ro6GH mocTpoeHMe QUBMUECKUX aKCHOM IIPOBe-
¢t 1Mo o0pasmy awKCHOM TeoMeTpuU, clenyeT IompoGoBaTh
cHagaja HeCOJIbUINM KOJTUIECTBOM aKCHOM OXBATUTH BO3MOK-
po Oonee ofmuUit Kiace (U3WIECKUX SBIEHUU, a 3aTeM LpU-
coeflUHEHNEM KasKIoil clemymolell aKCHOME TpuiTH K Goiee
cHeNUATBHKM TEOPHSIM, 4 7TOrla, BO3MOYKXHO, BO3HHKHET
OPHHENED KIaccuUKANUN, KOTOPHIM CMOKeT MCIO0JL30BAaTh
ray6oKyI0 Teopuo GeCKOHEYHBIX IPyNI mpeobpasoBanmii Jim.
HpoMe Toro, MareMaTHK [I0/IKEH, TIOHOGHO TOMY KaK 5TO C/Ie-
JIaHO B reoMeTpHUM, IPUHUMATh BO BHUMAaHNE HE TOIBKO (aK-
TH PealbHON [eHCTBUTETBHOCTH, HO U BCE JIOTUYECKM BO3-
MO}KHEIE TeopUH U OCO0EHHO ObITH BHUMATEIbHEIM K TOMY,
qTo0H MOIYIUTH Hanbonee MomH 0630p COBOKYIHOCTH cllefl-
CcTBUIl, KOTOpHE BBEITEKAIOT U3 NPHUHATOH CHUCTEME aKCUOM.

Haiee, ®poMe (UBMYIECKMX METONOB M3yUeHHS 3aJadH,
nepen MaTeMaTUKOM BCAKHI pa3 BOSHHKaeT 3agada — TOIHO
JOKa3aTh, UYTO BHOBEL IIPUCOETHHEHHAS AKCHOMA HE HAXOMHTCS
B OPOTUBOPETHN C TPeRHUMHI akcmoMamn. Dusuk dacTto Ha-
XOOUTCA BO BJACTH PE3YJBTATOB CBOEI'O YKCICPHMEHTa,
C IIOMOIIBIO KOTOPOTO T 60 GPEMS KOMOpP020 OH BLIHYKIEH
B PasBUTUM CBOEIl TEOPUU eI aTh HOBbIE MONYINEHN; IPU 9TOM
B OTCYTCTBUM TPOTMBOPEYHS BHOBEL IPUHATOTO JONYIIEHUS
C MIPE;KAMME ero yOesK/1aeT TONLKO Wil CaM SKCIEePUMEeHT, WK
HeKoTopast (QusmyecKas MHTYUNRUA — 00CTOATENBCTBO KO-
TOpoe NpPH CTPOro JIOTMYECKOM HMOCTPOECHHH TEOPHU HEJoIryC-
THMO. JloKaszarenbCTBO HENPOTHBOPEIUBOCTH BCEX HPHHATHIX
flomymieHni Kaskercd MHE OYEHDb BAKHEIM, MOCKOJIBKY CaMO
CTpeMieHMe NPOBECTU TaKoe JOKAa3aTeNbcTBO Hamboliec Jieii-
CTBEHHO MOOyKaaer HAC K TOYHON (HOPMYIHPOBKE AKCHOM.
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Mir [0 ¢MX HOP BaHMMANNCh TOJALKO BONpocaMu o0 o c-
H 0 B & X MareMaTHyecKUX orpacieil sHanus. JleiicrBurensHo,
3aHATHA OCHOBAMHU HAYKHU HUMEIOT 0COOYI0 IPHTATATEJbHYIO
€Uy W M3YYCHHE DTHX OCHOB BCEr/ia HPHHAJIERUT K Haubo-
Jee IOYETHHIM 3ajjayaM WCClefoBaTels.

«Koueunas menp,— Tak cKasall ofHa)K/IH BeiiepmTpace,—
KOTOPYIO HY;KHO BCerja mMerTh B BHy (im Auge bechalten),
COCTOMT B TOM, ITO0BI IOCTUYHL IPABHILHON TOUKU 3PEeHHA HA
$yHIaMEHT HAYKH...».

«Boobmie, uToGH MPOHHKHYTH B HAYKy, Hem30e;KHO B3a-
HATHCA HEKOTOPHIMEH OTZEeNBHBIME ee mpobmeMammy. B camom
nene, [JIA NIONOTBOPHOIO HCCIENOBAHWSA OCHOB HayKHM HeoO-
XoquMo riry0oKoe MOHMMaHNe ee Creuanbubix reopuit. Toab-
KO TOT CTPOMTEIb B COCTOSIHUM HPOYHO YJIOKHUIHL (yHIAMEHT
3/laHUA, KOTOPLIA caM Tiiy6oKo NMOHWMaer CHerUalbHOe Ha-
3HAYCHNE JTOTO 3[[AHMS. JalMeMcHA Teneph CIEeNUAILHBIMI
upoGaeMaMi OTeIBHHIX BeTBell MareMarHkyW M olparuMces
upemge Bcero k¥ Apupmerure u Anrebpe.

7. UPPAIIMOHAJILHOCTH
¥ TPAHCUEHJIEHTHOCTH HEKOTOPHX YUCEJI

Apudmernaeckue TeopeMbl OIpMHUTa O IIOKA3aTesbHOW
¢yHKIMU U UX pasBHTHe, BHIIONHeHHoe JIMAneMamHOM, He-
COMHEHHO, OCTAHYTCH YAUBHTEIBHLIMH [ MaTeMATUKOB
Becex Torojenuit. Ho ceifgac ke mogBjsiercd sajiada — MOUTH
110 TPONOYREHHOMY IIYTH [aJjibliie, Kak 970 yke chenan [yp-
BHI B CBOUX IByX UHTEPECHHIX mcclaefoBanuax «006 apudmern-
qeCKEX CBOMCTBAX HEKOTOPHIX TPAHCIEHJeHTHEX QyHKImily 1),
fI xoTen GH MO3TOMY yKasarh KiacC 3ajay, HA KOTOpHE, Mo-
MoeMy, ciefioBaro o0paTHTh BHUMaHUe Kak Ha Gimxaiimue
B »TOM HampasieHmu. Horpga Msl ysHaeM, 9T0 HEKOTOpPHE
cHeruaIbHbBC TPAHCIEHIeHTHbe QYHKITINN, UTPAIoIfe B aHa-
JU3€ CYIMECTBEHHYIO POJIb, NPHHEMAOT UPH ONpeJelleHBBIX
anre0pamdecKuX SHAUCHUAX apryMeHTa aarefpamdeckue jxe
3HAUEHNs, TO 2T0 OOCTOATEIBCTBO RaKercss HaM ocoGeHHO
YIMBUTENBHEIM ¥ JIOCTOMHBIM JIaJbHEHIIero WMCCiIe0BAHNUA.
ME BCerma sKAeM, Y10 TPAHCIICHIEHTHHIC (PyHKIUN IPH ajre-
OpandyecKHX SHAUEHAAX APTYMEHTOB MPUHIMAKT, BooOmie

1) A,Hurwitz, Uber arithmetische Eigenschaften gewisser
transcendenten Funktionen, Math. Ann. 22 (1883), 211—224; 32 (1888),
583—588.

36



roBOPA, TPANCLEH/CHTHLIE BHAYEHMsI, ¥ XOTS HAM XOpOLIO
H3BECTHO, YTO CYIECTBYIOT JlasKe TAKHE Ije/ible TPAHCHeHIeHT-
uote QYHKIMU, KOTOPHe JUIA BCeX anre0panduecKuX 3HAYEHUM
apryMeHTa NpPHHMMAIOT DPaNUOHAJbLHEE BHAYCHNHS, MHl BCe
JKe CUHTAaeM OYeHBb BEPOSTHHIM, 9YT0 TaKag (YHKIMsA, KAak,
HalpuMep, IoKasaTenbHas €™, KoTOpas, OYEBWIHO, LA
BeexX PANMOHANBHBIX 3HAYCHWI apIyMeHTa Z MPUHUMAET ajire-
OpamdecKie 3HaYeBHsA, C JpYToil CTOPOHEI, Gy/leT Beerya mpu-
HUMATh JUIA BceX anre0paudecKMX UppanuoHAIBHBIX 3HAYE-
puil z TPAHCIEH/eHTHHE 3HAYEHHA. JTOMY BHCKa3HBAHMIO
MOKHO IIPHMATh M reoMerpudecKmii o0nHK ciaemynommM oGpa-
soM. Ecau 6 pasroGedpernom mpeyeoibruke oMHOWEHLE Yaad
nRpU OCHOBAHUY K Yeal NP 6EPULUHE ECMD GA2e0DAUNECKOE, HO He
PAYUOHAALHOE HUCAO, MO OMHOUEHUE OCHO8AKURL K 00K080U
cmopore ecmb mparcyendenmuoe wucao. HecMoTpsa Ha mpo-
CTOTY 9TOr0 WPE/JIOMKEHNA, a TAK/Ke HA €ro CXOMICTBO C 3aja-
9aMu, PeIleHHLIMM JpMETOM ¥ JIMHIEMaHHOM, €r0 [OKasa-
TeNBCTBO IIPEJICTABIAETCSA MHE ¢ UCKIIOUYUTEIHFHO TPYIHEIM,
TaK jKe Kar W [[0Ka3aTellbCTBO TOT0, 9TO0 CMenenv of npu as-
200paUMECKEOM OCHOBAHUL 0. U aA2e6PAUNECKOM UPPAYUOHAALHOM
nokasamene B — kax, nanpumep, wucao 2V® yay er = i %H—
ecmo 6ce20a uAu MPAHCYEHOEHMHoe HYUCA0, UAU TNo Epalikel
mepe uppayuorasvroe. Moskao ObiTh yBepeHHBIM, TTO perre-
HEe 9TO# ¥ aHAJOTUYHBEIX ITPOGJIeM [OKHO IPHBECTH HAC K
HOBBIM METOJ[AM ¥ HOBBIM TOYKAM 3PEHHsI HA CYMECTBO CIie-
OEAJBHEIX HPPAIMOHANBHEIX M TPAHCIEH/IGHTHHX THCEN.

8. TMMPOBJIEMA TIPOCTHIX YHUCEJ

B reopum pacnpesieneHnsi TPOCTHIX YHCEN B IIOCIeIHEE
BPeMsI C[ENAHH CYIIecTBeHHble c[Burm Apmamapom, Bamne-
IIyccenom, Manronbarom u npyramu. {ns noisoro pemeHms
mpo6neMsr, IOCTaBIeHHO# B mccienoBanmn Pumana «O gucie
OPOCTHIX YHCEJ, He UpPeBHINAOIIUX [IAHHOW BeJHIHHBN 1),
HeOOXOJMIMO IpeJKAEC BCEro J0KasaTh CIPaBEIIHBOCTH MC-
KIOYNTeIBHO BayKHOTO YTBep:KieHna PuMana: ece nyau ymr-
yuu L(s),” onmpenensiemoil psmoM

Us) =14 tgs F ot eees

1) Monatsber. der Berl. Ak., 1859 (pyccknii nepeson: B. Pumam,
Counmenusa, Tocrexusyiat, 1948, 216 — 224, — Mpum. ped.).
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UMEIOM 8€U{eCMBEHHYI0 UACb, DAGHYIo Y/, eciyw He cuauTarh
W3BECTHHIX OTPHIATENBLHBIX Ilenounciennnx myieil 1). Hax
TONBKO 9TO [OKA3ATETbCTBO Oyer Moayueno, To JadbHeimasn
sajaga Oymer 3aKJII0YATLCH B TOM, 9r00hl MCHOAL30BATH 0EC-
KoHeunwlil psax Pumana pguna Gomee ToYHOrO —oOIpeesenus
qucyia MPOCTHX 9Hces M B 0COOEHHOCTH gbacHUmb, O6ydem au
PasHocmy MmeHcdYy UUCAOM RPOCMBLT uUces, MEHbULUT OaHH020
yucaa T, U UHMezpasvHuM 102apudmon om x deiicmeumenvio
He éblle NOA0GUHH020 NOPAOKA NPU HE0ZDPAHUNEHHO 603PACMAI0-
wiem x %); panee, mefictBurenbHo N Te Wienk (gopmynn Pu-
MaHa, KOTOPHE B3aBUCAT OT MEPBEIX KOMIJIEKCHBIX HYJen
dyarmun { (s), 00yCIOBIMBAOT TO CTYIEHHE NPOCTHIX THCEJ,
KoTopoe o0HAPY:KeHO NPHU MoficUeTe YUCJIA IIPOCTHIX THCEN.

BoaMokHO, YTO II0CHEe HCUYEPIHIBAINEr0o WUCCIeNOBAHMST
dopmynbsl PuMama mjisi mpocTHX 4YMCea HACTYIHT, HaKOHeI,
TaKoe MOJIOYKeHNe, RO MOYKHO Oy/eT 1aTh CTPOroe perienne
npoGaemsl 'ompa6axa®) «kaskmoe YerHoe IMCIO MOMKHO Ipef-
CTABHTL B BHJIEe CYMMHL [IBYX IPOCTHIX dmcel» ), a Takke OT-
BeTUTh HA U3BECTHBII BOIPOC: CymMecTByer Jiu OeCKOHETHOE
MHOKEeCTBO Iap NMPOCTHIX THUCEN ¢ PAasHOCThIO, PABHOH 2,— H,
HaKoHer, pemuTh eme Oonee o6myio mpobieMy: Bcerna Ju
paspempMo B NPOCTHIX UHCIAX JHHeHHoe AIOGaHTOBO ypas-
HeHue

ax+by+c=0

C AHABIMY IEJIBIME ITONIAPHO B3AUMHO NPOCTHMU Kod{duimen-
TaMu &, b, c.

OpgEako He MeHee, 4 BOSMOYKHO ¥ Oosee, MHETePECHOR Hpefi-
cTaBJseTCS MHE 3aada — NePeHecmU Pesysbmamul, noay-
Yennble Oaf pacnpedeacHus PAyUOHAALHEE RPOCMUE YUces, Ha
meopuio pacnpedeqcHus NPocmMuly UOeanos 6 3a0GHHOM UUCLO-
som noae k — 3amaga, KoTOopasg BOSHUKAET NPH M3yYeHHN

1) B1896r. Agamap (Bull. Soc. Math. France 24 (1896), 199—
220)m Il J. Banme-Il y ¢ ¢ e H (Ann. de la Soc. scien. de Bruxelles
20 (1896), 183—256) mHesaBmcMMO JpPYr OT JApyra JlOKasaud, Y10
{ (ot it) me mMeer HyJeil Ha HpAMEX 6 = 1 B ¢ = (. OHn HOKazanu, 49TO
9TO SKBUBAJEHTHO ACUMITOTVYECKOMY 3aKOHY paclIpefielleHns HPOCTEIX
aucen: 7w (z) ~ i z (2 - o0).— ITpum. ped.

2) [Cp. H. v. K o ¢ h, Math. Ann. 55 (1902), 441—464.]

3) Cp.P.Stackel, Uber Goldbachs empirisches Theorem,
Nachr. Ges. Wiss. Gottingen, 1896, 292 — 299u E. L an d a u, Uber
die zahlentheoretische Funktion ¢(r) und ihre Bezihung zum Gold-
bachschen Satze, tam ke, 1900, 177—186.

4) X. Tonpubax chopMyIuHpoBaJ ee B CBOeM HmchbMe K Jilmepy ot
7 wionsi 1742 v.— Hpum. ped.
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GyHRIVHE, NPEHALIEKAMENd TUCTIOBOMY IIOJIO

1

-
gh‘ (S) - B ’

Z’”(I)s

T/le CyMMa DAcCIpPOCTPAHAETCA HA BCE HMEAIB j HAHHOrO 9UC-
noBoro monaA k, a n(j) osmavaer HOpPMy Hpeaya j.

fI mazoBy eme Tpu cHemumanbHBE POGIEME U3 TEOPUH
qmcell, HIMEHHO: OfiHa O 3aKOHe B3AMMHOCTU, BTOpas O [HO-
daHTOBHIX ypaBHEHMAX M TPeTbsg u3 o0iacTH KBajpa-
THIHBIX $OPM.

9. TORA3ATEJIbCTBO HAUBOJIEE OBI[ET'0 3AKOHA
B3AUMHOCTHY B JIIOBOM YHMCJOBOM IIOJIE

T'pebyemca Ookasamev 3aKOH 63aUMHOCTIL DA CTENCHHELL
gviuemos l-20 nopadka e awbom uucaosom nose, ecim [ — He-
9eTHOE IIPOCTOE YUCIO ¥ eCl¥ [ ecTh IeJas CTeleHb duciia 2
HIN CTelleHb HedeTHOTo MPOCTOro YMCHA. YCTAHOBIEHHE 9TO-
ro 3aKoHa, a TakyKe U OCHOBHBIE CPeACTBA IJIf ero MOoKasa-
TeJBCTBA, 5I JAYMAal0, OUPENeNATCH, eCHAUM COOTBETCTBYIOIHM
o6pasoM 0600mUTH U3NOIKEHHYI0 MHOI0 TEOPHIO IOJIeH KOop-
Hell /-l cTeNEeHN W3 eMHMIEL '), a Take MO0 TeOPHIO OF-
HOCHUTeIIbHO KBaJPaTHYHOrO IOINH 2),

10. BATAYA O PA3BPEMUMOCTH
JUO®AHTOBA YPABHEHUA

Ilyers sapanmo nuodantoBo ypaBHeHMe ¢ IIpOMSBOIHHBIME
HeM3BECTHRIMU M IENbIMU PANMOHAIHHEIMU THCIOBHIME KO3(-
$uuuenramm. Yrasame cnoco6, npu nomowu KOmopozo 603-
MOHCHO nocae KOHEUH020 HUCAG Onepayuii  Ycmamosums,
baspewsumo AU MO YpasHEHUE 6 Yeawr PpPAyUOHALLHYLT
uucaazx.

1) Uber die Theorie der algebraischen Zahlkorper, Jahresber. Dtsch.
Math .-Ver. 4 (1897) [Haneuatamo 8 Gesamm. Abh., I, Ne 7).

) Math. Ann. 51 (1899), 1—127 u Nachr. Ges. Wiss. Gottingen,
1898, 370—399 [1mnu em. Gesamm. Abh. » I, NeNe 9,10, ®pome Toro, cpapm.
€ N0ABUBIIeiicA BCKOP® JIOKTOPCKO jnccepranueit G. Rickle, Got-
lingen, 1901, D. V. N 13]. '
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11. KBAJIPATUUHDLIE ©OPMElI C TPOM3BOJBHLIMUI
AJTEBPAMUYECKNMY YHKCIOBHIMU KOOOUIIUMEHTAMU

Hame coBpeMenHoe 3HAHUE TEOPUM KBALPATHYHBIX YUC-
JIOBLIX 1OJielt 1) MO3B0JIAeT HaM JCREuHO PACCHAMPUBAND Meo-
PUIo K6adpamuinbly opi ¢ RPOUSEOALHbIM YUCAOM NEPEMEHHBT
U ¢ NPOUSEOALHBMU A12e6DAUNECKUMU HUCAOBMU KOIHPHUYLEH-
manu. OTCiOfa ME, B YACTHOCTH, IPHXOJUM K HMHTEPeCHOil
3afaue: JaHHOE KBAZPATHYHOE yPaBHEHHE ¢ NPOM3BOIBHBIM
YUCaIOM HEPEMEeHHBIX ¢ anrebpamuecKUME THCIOBHIME K03(-
¢unuenTaMu paspemmTb B [ENbIX MIM B APOOHBIX 4MCIAX,
HpPUHAUIEKAIMEX  olpesielileHHoll  anrefpawdeckoir obmacTu
paIMOHATLHOCTH, KOTOpasi ompefieasercd Koadduumenramu
ypaBHeHUA.

Cessyiomum 3BeHOM ¢ aire6poit m teopmeil QynKimit Mo-
MeT CAYRUTH CAefyImas BaKuas IpobieMa.

12. PACOPOCTPAHEHMWE TEOPEMDLI KPOHEKEPA
OB ABEJIEBLIX IIOJIAX HA NPOM3BOJLHVYIO
AJITEBPANYECKYIO OBJIACTH PALIMOHAJIBHOCTHU

KponekepoM JoKa3aHa TeopeMa ) o ToM, Tr0 Kajzioe abe-
JIeBO TUCJIOBOE 10JIe B 06IaCTH PALMOHATBHBIX YACEI BRIALI-
paercs B HoJle KOPHEH M3 eTUHUIB. OT0 OCHOBHOE IIPe/JioiKe-
HHUe TeOpUH UEJIOIMCICHHHIX yDPABHEHHIl CONEP:KHT [IBA YT-
BepyKIeHNsI, & MMEHHO:

BO-TePBH X, U3 HEro IOIYYaercs, oTBET Ha BOIPOC O
CYyIMeCTBOBAHMM ¥ 0 YHCIe ypaBHEHUWI 3aJaHHOU CTeleH ,
sajaHHoit alenmeBoll TPYNIH ¥ 33JaHHOTO [UCKPHMHUHAHTA
OTHOCHTENbHO obsactu PAlMOHAJNBHBIX YHCeN M,

BO-BTO P Bl X, MOYKHO [IOKa3aTh, YTO KOPHY TAKUX ypaB-
HeHMIT COCTABIAIT 061acTh ajre0paniecKHX 4mceX, Koropas
B TOYHOCTH COBHAJIaer ¢ 00,acTpio, KoTopas HONYyIHTCH, eCiH

1y D. Hilbert, Uber den Dirichletschen biquadratischen Zahl-
korper, Math. Ann. 45 (1894), 309—340; Uber die Thcorie der rela-
tivquadratischen Zahlkorper, Jahresber. Dtsch. Math.-Ver. 6 (1899),
88—94 u Math. Ann. 51 (1899); Uber dic Theorie der relativ Abel-
schen Korper, Nachr. Ges. Wiss., Gottingen, 1898 [mmu D. H i l-
bert, Gesamm. Abh., I, Ne 5, 8, 9, 10].

2) Ber. der K. Akad. der Wiss. zu Berlin, 1853; ibid., 1877. [loxa-
sateaberso Kponexepa ne monno. Ilonnoe 10Ka3aTelbeTBO TeOPEMbL Al
I'. Be6ep,Acta Math. 8 (1886); 9 (1887).— I punx. ped.
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p DKCIOHEHIMATBHYIO QYHKINIO ¢i*? oT apryMeHTa z BMECTO
foCTeHero IOCIe/[OBATeNbHO MOACTABATE BCEBOBMOKHBIE
paIORAIBHEE THCTOBLIE BHATCHN.

Tl ep B oe yrBepsjieRNe CBA3AHO C BOPOCOM o0 ompepe-
JTeHUY HEKOTOPEIX alTefpamieckuX qucen nx rpynnoil ¥ BeTB-
[eHMeM; DTOT BOIpOC, TAKMM ofpasoM, CBA3AH C W3BECTHOM
npobreMoii 06 ompe/enennn anrefpandeckoit QyHRIEHE HA
3ajiaEHOl PUMAHOBOIl OBEPXHOCTH. B T 0 p 0 € yrBepsKenNe
BBOJUT TpeGyeMble Inciia TPAHCIEH/IeHTHEIM cnocoboM, a UMeH-
HO © TOMOIIBIO SKCIOHEHIMATbHON $yHrIuN einz.

Tak rag mpocTeiimeil mocie obacTy panuoHaNBHBIX TH-
cell SIBIAETCS KOMIUTEKCHAA KBaJipaTninas dncjIoBad o6acth,
10 BOSHAKAET 3ajiada [AOKa3aTh M I 9TOTO CIy4uasd TeopeMy
Kpomerepa. lpomexep caM BHCKA3aI yTBepiRTenne, 4ro abe-
JileBH yPaBHEHHA 33JIal0TCHA B 06nacT KOMILTEKCHOTO KBaJl-
PATWYHOTO TOIS YPABHEHVAMI npeoGpasoBaBEus IIWOTHIE-
cxux QyHKIEIA ¢ 0COOBIM MOJyNeM, Tar ¥ro poip BRCIIOHEH-
nuadbHofl YHKIWH B NPEIByIeM clydae siech wurpaet dI-
nunTwueckas QyErmuA. [loKasaTelbCTBO MpeIIoIIo K eHUA
Kpouerepa j1o cux mop He maiineno. TeM He MeHee A CUHUTalo,
4To OHO MoeT OHITH IpoBefieHo Oes 0COoOHIX Tpy/HOCTeil Ha
OCHOBE TEOpWH KOMILIEKCHOTO YMHOMCHVHA, passuroit  Be-
GepoM '), W C y9eroM [IOKABaHHHIX MHOIO qucTo apudMeTn-
gecKHX TeopeM o Kiaccax nioneii.

11, sakoHell, WCKIKUNTENbHOe BHAUEHNe s HPUAL0 pac-
MPOCTPAREHNIO TeoPeMbl Hporexepa Ha TOT ciry4ait, koeda emec-
mo o06aacmi PAYUOHAALHBE HUces Ul KOMNACKCHOTL Keadpa-
MmUuHOi 064acmU 6 0CHOBY Kaademcs npouseosbHoe anzebpati-
wecKkoe UUCA060e noAe 6 Kauecmee 004acmu PAYUOHAALROCTIL.
flcumTam BTy TpobGuaemy ofHoil U3 maubo-
nee rnyOGoOKUX M falexo BejgymuXx np o
GneM TeopuUW §yHEKIMIL

[Ipo6eMa dTa IpPeACTABIAETCA JOCTYIHOI ¢ PasHHX CTO-
pon. BaskHeilimuM KI0U0M K Denentio apndMeTHIeCKON Tac-
TH NpOBIEME i CYnTalo OOmyil 32RO B3ANMHOCTH cTeneHHD:X
BEIGEeTOB [-T0 MOpSAJKA BHYTPW NPOM3BOIBHO 3a/IAHHONO qyIC-
J0BOro HOIL.

Uro KacaeTcsi TeopeTHKo-QYHRIWOHAIDHON 1YacTl npob-
JeMBI, TO WCCHe[OBATENI0 clieflyeT [OWTH 110 OYeHb NPUBIIEKa-
TeJILHOMY DyTH TOIl nopaswTeNbHoOll  amagorum, Karasd

18911) Elliptische Funktionen und algebraischen Zahlen, Braunschweig,
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8aMETALTCA Me(ly TeopHeit anrebpanyeckux GyHERIuIL OT OHOMN
HE3aBYCHMOi MePeMeHHOl I TeopHeil anreGpamTeckux umce.
Ha amaror pasmomenus amreGpamweckoit dyHRIIIM B creneH-
HO# DS/l B TeOPHMH anrefpamdeckmx wgmce ykaszan Iemn-
3enb ') m mccuemoBan ero. Amaior Teopemn Pumana — Poxa
paccMorpen  JlamjcGepr ?).  Bpocaercs Takme B riasa
AHAIOINA MeK[y IOHATHEM pofla pPHMAHOBOH  IOBepX-
HOCTH Y1 IIOHATHEM YMCiia KJIACCOB YHCIOBOTO WoNf. ey ME
PAcCMOTPUM, 9YTOOH BATPOHYTH TOIBKO npocTeiimmil ciydaii,
PUM3HOBY IOBEPXHOCTE popa p = 1, a ¢ ppyroit cro-
POHBI, THUCII0OBOE IOJIe ¢ IMCIOM KJIACCOB h — 2, To /oKaza-
TEIBCTBY CYMECTBOBAHMA BCIONy KOHEYHOro WHTeIpajia Ha
PUMaHOBO# IIOBEPXHOCTH COOTBETCTBYET I0KA3ATENHCTEO cy-
TIECTBOBAHNA MEJIOr0 IMCHA ¢ YUCIAOBOTO IO TAKOFO COpPTa,

aro umcio o MpecTaBIseT OTHOCHTENbHO Hepa3BeTBJICHHO®e
KBa/IpaTHIHOE [olie HA/ OCHOBHEIM moneM. J[Ia joxasaresh-
CTBa BTOM PMMAHOBOIl TEOPEMH CYIIeCTBOBAHMS B Teopuy aj-
refpamyeckux QyHKnmil, Rax MBBECTHO, IPUMEHSEeTCS MEeTO
387129 ¢ TPAHMYHEIMU YCIOBHAME. B Teopum umcsioBrix momeit
MOKA3aTeNBCTBO CYM[ECTBOBAHUA YHOMAHYTOTO UMCIA ¢, TaK-
e IpecTaBisfeT HaMOONBIINe TPYAHOCTH. DTO MOKABATENH-
CTBO OIMPAETCA CYIMECTBEHHO HA IPENNONOMKeHNe 0 TOM, 4TO
B IMCIIOBOM I0Jie BCEI/Ia CYMECTBYIOT IPOCTHE Weallkl ¢ 3a-
RaHHEM BhdeToM. Ilocmepmmee ofcrosrennctBo  sBisercs,
TAKUM 00pasoM, TeOPETHKO-YHCIOBHM AHAIOTOM IS Kpae-
BHIX 3ajad.

Hax umspecrro, ypasmemme Teopems: AGensi B TeOPHUM ajI-
rebpaudeckux $yHKnmil Brpaskaer HeoGxommMoe u JlOCTATOY-
HO® yCJIOBHE TOT0, 9TO COOTBETCTBYIOI[HE TOYKA PUMAHOBOI
HOBEPXHOCTH SBIAITCA HYIAME anreGpawdeckoil Qymrmum,
IpuHafesKameil MoBepXHOCTH. TOUYHHIM AHAJOrOM AaGeIeBoil
T€OpeMbl B TeOPMM YUCIOBHIX IOMe#l ¢ YHCIOM KJIACCOB
h =2 sBaserca ypasmeHHe KBaJpaTHYHOTO BAKOHA B3AMM-

HOCTH 3)
(3)-+1.

1) Uber eine neue Begriindung der Theorie der algebraischen Zah-
len, Jahresber, Dtsch. Math.-Ver. 6 (1899), 83—88 [a Tarsxe Uber die
Entwicklung der algebraischen Zahlen in Potenzreihen, Math. Ann.
55 (1902), 301—336].

%) Math. Ann. 50 (1898), 333—380, 577—582.

?) Cp.D. Hilbert, Uberdie Theorie der relativ Abelschen Zahl-
korper, Nachr. Ges. Wiss. Géttingen, 1898 [mmm Gesamm, Abh., I,
N 10].

42




ftoTopoe yTBep:Kjiaer, 4To Hfiead j Torga m TOALKO TOrfA fAB-
JisieTcsi TIABHLIM WJeajoM YMCJIOBOrO WOIA, €CiH 9T [UCIIO
o, TMeeT OTHOCHTEJBbHO Hjeana j MO J O KM Te b HE it
KBapPATHYHEI BEYET.

Kakx M BUIUM, B BHUIEIPHBE/IEHHON 33jiaue TPH OCHOB-
Hble BeTBH MaTeMaTHMKH — WMeHHO, TeopHhs Tucel, anrebpa
u Teopusi (PYHKIUI — HAXOJATCA BO BHYTpPeHHeil B3aMMHOI
cpasu. f1 y6esieH, B 9aCTHOCTH, 9TO TOPVs aHATUTUICCKAX
$yHKI@MA MHOTHX MepeMeHHHIX JIOCTUIIA OBl CyIIeCTBEHHOTO
oboramenus, ecin OH yaanoch Kaumu u uceaedosamo marKue
PyHEYLL, KOMOPHE UzpaAl Gbl MAKYl0 Jce poab 6 npousséont:
HOM Q12e6PAUNEcKOM HUCA060M NOAE, KAKYI U2paiom KO-
HEHYUAALHAA PYHEYUA 6 noAe PAYUOHAALHUL Huces W SALUI-
muneckas ModYsapHasL PYHEYUS 04 KOMNACECHO20 Keadpamui-
H020 YUCA08020 NOAS.

Teneps mepeiieM & anrebpe. fl HasoBy fasee OjHYy TpPO-
GneMy W3 TeOPUE ypaBHeHUI U OiHY, R KOTOpOil MeHA NpuBe-
#a Teopms anrefpamuecKUX WHBAPHAHTOB.

13. HEBO3MOKHOCTh PENEHWS OBIMETO YPABHEHMWA
CEJIbMOM CTEIIEHU C IIOMOIIbIO OYHRIOUN,
3ABUCAINX TOJIBKO OT JIBYX API'YMEHTOB

Homorpadmsa ) mMeer cBoeil 3ajaueil peniaTh ypaBHeHUA
¢ IOMOMBbI0 HAUepPUCHHHIX ceMelicTB KPUBHIX, 3aBHCAMUX OT
0 L H 0 T 0 IpousBoibHOro mapamerpa. Orciona cpasy BUAHO,
qT0 WAKIHH KOpeHb ypaBHEHMs, KodQ@UIMEHTH KOTOPOro
3aBUCAT TOIHKO OT IBYX IIApaMeTpoB, T. €. Kampuas QyHKIusa
0T JIBYX HEe3aBHCUMEHIX HEPeMEHHBIX, MOKeT OBITH TIpefcTaB-
JleH MHOTMMHE cHocofaMd ¢ TOMoHibI0 3TOro IpWHIHUHA, Jie-
jkamero B ocHoBe HoMmorpadum. [lamee, 09eBH[HO, MOKHO,
HpEMeHAS TOJHKO STOT NPUHNAL K He NPUBIEKAs HO[BIKHbIX
DJIeMeHTOB, DPECTABHTH GOJNBIIOH Kiace QYBRIEH, 3aBUCH-
OUX OT TpeX M OONbINEro 9YWcja NepeMeHHEIX, UMEHHO BCE
Te (QyHKOUH, KOTOPHE MOKHO HOJY9IUTH, o0pasysa cHagaja
$yHRKIMIO OT JBYX apryMeHTOB, 3aTeM KOO W3 BTHX apry-
MEHTOB BHPA3UTh CHOBa QYHKIUEH [BYX apryMeHTOB, Haik-
IOHIl U3 KOTOPHIX jlallee BHIPASUTCA CHOBA dyHKIUEeH ABYX
ApryMeHTOB, U T. Jl.; IIPH 9TOM JONyCKAETCHA m060e KOHEeTHO®

1) M. 'O ca g n e, Traité de Nomographie, Paris, 1899.
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U@CcI0  cynepmosuriMii  YHRIWI jBYX aprymenrtoB. 'Taw,
HampuMmep, Ka;gias pannonasbuas QYHKIVA 0T IPOU3BOILHO
GONbIIOTO ¥MC/IA APTYMCHTOB NIPHHAMIEKUT K RIaccy Tex
$yHRIMiI, KOTOPEIE BOBMO}KXHO NMOCTPOHMTH C MOMONIBIO HOMO-
rpamm, m6o TaKas QYHKIHA OCYIECTBISIETCH TIOCPEICTBOM
olepanuii CIO}KeHUs], BHYUTAHUA, YMHOMEHVS W J[eJeHU,
a Kajkjlasg TaKadg olepamus INpeacTaBiser QYHKINI0 TOIBKO
ABYX apryMmeHToB. Jlerxo Bujieth, UTo K paccMaTpUBAEMOMY
Kaaccy GyHROWE NpUHAIeKAT TaKsKe KOPUM BCeX TeX ypas-
HEeHWil, KOTOPEE Pa3pemuMel B 00 IHON 061acTH PalBoHAND-
HOCTH C IIOMOHIBIO U3BJICYEHNUA KOPHS, TaK KaK 37leCh K YeTH-
PeM OCHOBHEIM OHePanuAM IPHUCOEIMHAETCH enie JUNIb olle-
panusi W3BJedeHUs KOPHS, KOTOPYI MOKHO PaccMaTpuWBaTh
Kak $yHKIUIO o H o if HepeMeHHOR. Amaiormamo obmue
YpaBHeHHA OATOM M IecToll cTeneHeil PaspennMel ¢ TOMOIMIBIO
COOTBeTCTBYIOmMUX HOMOrpamM; mbo B pesynprate mpeoGpa-
sopanmil ‘Imprraysena, roropre co cBoeil cTopoHH Tpebyror
TONBKO U3BJIEICHUA KOPHSI, 5TM ypPaBHEHUS MOYyT OLITh mpH-
BeJleHLl K TAKOMYy BUJy, Ife Kos@UIUeHTH 3aBHCAT TOILKO
0T [BYX IapaMerpos.

BepostHO, kopens ypaBHeHma cegbMoit creneHu mpes-
craBisier coboii Tarkyio QyHKIMO oT ero rosdduuenToB, Ko-
TOpas He OTHOCHUTCS K YUOMAHYTOMY KiacCy QyHKIHiA, T. e.
He MoMeT GHTh ToJydeHa KOHEUHEIM UHCJIOM CyMepIo3HiHii
dyBKmuUil 1Byx aprymenTtoB. UtobHI 5TO 00HAPYHATH, NMpH-
wioch OF MOKA3aTh, UTO YpasHeHUe cedbmoil cmeneni

P +azf +yf 42f +1=0

HEPASPeLLUMO € ROMOLYDI0 KAKUT-AUOO Henpepuenux gyHkywiL,
BABUCALYUT MOALEO om deyx apeymeHmoe. Uto cymecTByoT
BooOme amannTndeckue PyHKIUE OT Tpex apryMeHTOB Z, Y,
Z, KOTOPHE He MOTYT OHITh MOJIYYEHH ¢ IMOMOIMIBIO MENOYKN U3
KOHEYHOTO 4YHCHa 3BeHReB — (YHKIUHA, BaBHCAMNX TONBKO
OT IByX apryMeHToB '),— B aToM 51 yGenumncs (A xoren Gpl ot-
METHUTH 37T0) ¢ IOMOIILI0 CTPOTOYO PACCYHIEHHSA.

[C npuBneYenmeM emle  IOJBIKHLIX DIIEMEHTOB HOMOIPa-
¢us momygaer BOBMOMHOCTD IOCTPOWUTD TaKike PYHKINH, 3a-
Bucsinue Gonplle 9eM OoT IBYX apryMeHTOB, KaK HeIaBHO MO-
kasan JI’Oxkamp ?) mo moBopy ypaBHeHMSA cebMoii creneH. |

1) Vuerorest B BHAY, MO-BHAAMOMY, AHAIWTHIOCKHE dyHKOUE AByX
aprymenToB.— ITpum. ped.

?) [Sur la résolution nomographique de I'équation du septidme de-
gré, C. r. Acad. sci. 131 (1900), 522—524.]
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14. JIOHABATEJIBCTBO KOHEYHOCTH
HEKOTOPO I10JIFIONT CACTEMDBI O YHELIIUN

B Teopum anrefpamiecKMX MHBAPHAHTOR, KaR MHe Ka-
sxeTcsi, 0coGoro MATEpeca 3aciysRUBAI0T BOIIPOCHI, CBA3AHHEIE
¢ KOHEUHOCTHIO TOJNHON  CHCTEME! dopm. Maypepy h
HeaBHO Y/Anoch PacipocTpaHuTb poraszaHubie joppaHoM
1 MHOM TeopeMH KOHEIHOCTH B TeOpHH UHBAPUAHTOB HA CINY-
qail, KOra WHBAPUAHTEHL OMPEJIeNsioTCs HE obnieil TPOeKTHB-
goil TpyUnIo#, Kak B OGLIKHOBEHHOH TeopuM WHBAPUAHTOR,
a TPOU3BOJIBHOI ee TIOArPyIIoi. CymecTBeHHLIl IIar B
pTOM HAIpABIEHHA C/lelajl CHauaja T'ypeur 2), eMmy yna-
J0Ch ¢ TOMOMBI0 TIIYOOKIX coo0paskeHHil TPOBECTH obmee
[0Ka3aTellbcTBO KOHEYHOCTH OPTOrOHATBHHX HHBAPHAHTOB
NPOM3BOIBHOM OCHOBHOH (OPMEL.

Vlayuenue Bompoca O KOHETHOCTH cmcteMEl MHBAPHAHTOB
[puBeno MeHS K HPOCTOH npo6ieMe, KOTOpasd BRIIOUAET 3a-
a9y 0 KOHEYHOCTH WHBAPHAHTOB KaK gacTHHIL Cirydail | A
peleRnsi KOTOPOil HEe00X0MMO, BEPOATHO, 3HATATENHHO 60-
Jlee TOHEOE, M 9TO OBUIO [I0 CHX TOp, U3YYeHNe TEOPUH HC-
FULOUEHHA M CHCTeMH ajiredpaudecKnx Mopyneil Kporexepa.

Ilycts faHno HEKOTOpOe WHCJO /m IEJHX paruoHaNbHBIX

dymrmuit Xq, ...y X OT B DEePeMEHHBIX Ty, -+, In'

Xl - jl(xl') O PR xn)vw

Xo= fo (21, X2y . - - Z,),

’ ’ ’ ’ ()

X'm: fm (xl, Ty v xn)-
Besakas menas parpOHAIBHAA CBS3H MEHTLY Xy Xoy ooor X
eCIIH B Hee BHECEHBI TH WX BHAUEHWS, OUeBHIHO, TOxe HPei-
cTaBiseT IeNyio DAHOHATBHYH QYHRIUIO OT Ty, ..-r Lo
Broosee, ofHaKo, MOTYT CYyHECTBOBATDH ApoOHEE PAanUOHATb-
ape PyHKIEE 0T Xy, --v X ., KOTOpHE ToCHTe TOJCTAHOBKA
(S) mpusegyT K 1€ T B M QYHKIUAM OT Ly, ---s Tn- Hasxpyio

1y Cp. Sitzungsber. der K. Akad. der Wiss. zu Miinchen, 1899,
147—175 [a raxmke Math. Ann. 57 (1903), 265—313).

2) Uber die Erzeugung der Invarianten durch Integration, Nachr.
Ges. Wiss. Gottingen, 1897, 71—90.



TaKyl0 panuoHaNRHY Pyukimo or X, Xy, ..., X,,, KoTopas
Tocyie MOAICTaHOBKY 3Ha4YeHui () mpejicTaBisier menyo PyHK-
UHIO OT %y, ..., Zpn, A OyLy HA3LIBATE OTHOCHTE N b HO
I e o i pynrnueii ot X, X,, ..., X,,. Kaxnas nenas $yHK-
mua ot X,, X,, ..., X,, ectb, 0YeBUIHO, W OTHOCHUTEILHO
flesrast; KpoMe TOro, CyMMa, PasHOCTh M NPOM3BEJIEHVE OTHO-
CUTeJIbHO 1elHX QYHKIOWiA ecThb CHOBA OTHOCHTEIBHO IelIas
PyHKIMS,

Hpobuema saxmouaerca B crnepyiomeM: yemanosumo, eces-
00 AU 603MONCHO HAWMU MAaKYI0 KoHeuHYI cucmemy OmHocu-
meavro yeawr Pynryuii om X, ..., X,,, uepes xomopyio kasic-
das. Opyeas OMHOCUMEALHO Yeaas PyHEY UL eLipadcaemes yeatim
U payuoHaabHbL 06pasom. ITy MPodieMy MOMKHO eme Ipolie
$opmynuposars, ecnum BBeCTH TOHATHE K 0o He W H 0 i 0 O-
TacTH DeJdocTHOCTHn. HoHeunoil 061acTei0 menoct-
HOCTH A Oyay HasniBaTh TAKylo cUCTeMy QYHKIUI, 13 KOTOPOil
MOKHO BBEITENINTH KOHEUHYI 4acTh QyHKLWi, Yepes Korophie
ocTalbHble (QYHRIAM BHPAyKAIOTCA IEJIHM PALHOHAIHHBIM
obpasom. Torya Hama mpoGmema ceserca K TOMy, 9TOObI
HOKa3aTh, UTO COBOKYIHOCTDL BCeX OTHOCHTEIBHO IENBIX PyHE-
omit B Jg06oii 06MACTH PaNMOHANLHOCTH BCEINA COCTABISAET
KOHEeYHYI0 00IacTh IeJ0CTHOCTH.

A Temepn MOMHO JTETKO YmouHUMb NPOGAEMY ¢ Meopemu-
KO-HUCA060T MOUKEU 3PEHUS, €CIH TPUHATH, 9T0 KoddPuUImeH-
TaMI JaHHEX QYHROUA fi, ..., f,, ABIAOTCA Hemsle panmo-
HAQJIbHEIE 9HCJIA, ¥ 1IOJ| OTHOCUTENLHO IEeNLIMU QYHKIHUAME OT
Xy, ..., X, NOHHMATH TOIBKO TAKNe paIjHOHATHHHE $yHKITIN
9THX APTyMEHTOB, KOTOPHE IIOCIe IOJ(CTAHOBKH B HUX BEIpa-
sennit  (S) UPeBPANIAIOTCA B Lelbie PAHOHATIbHNE QyHKIUL
OT &y, ..., Ty, C MENLIMA PANWOHANLHEIME KODPPUITAEHTAMIE.

OcoGenno mpocroit ciydail 91oft yTouHeHHON mpOGIeMb!
cnejryronuii: IIycTh naHs m panmoRanpHEIX dyurmumit X,, ...
.-+ X p, OJ[HOM NIEPEMeHHOIT Z ¢ MEeNTBIMH ParuoHaTbHEIME K03~
¢punmenTaMu u, Kpome Toro, mpocroe umcno p. PaccMorpmm

CHCTEMY TAKUX TeJbX pPanuMoHAIBHHX (YHKIHA oT z,
G(Xy, ..., Xp)
KOTOPLle MOMHO TPEACTABUTH B BHjle ——— ="  pre

G — nenasg panmuoHanpHAs QYHKUUA ApPryMeHTOB X 19 ees
«oes X, ap" — y0bas crenens npocroro uucma p. Mz mpeskuux
MOMX WCCJie[loBaHuii') HEHOCPEeJICTBEHHO BHTEKaeT, 4To BCe

1) Math. Ann. 36 (1890), 485 [a Takske D. Hilber t, Gesamm,
Abh., II, Ns 16].
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Tak@e BHPAKeHUs\ PN ONpPe/eIleHHOM MOKA3aTeI]e h obpa-
3yI0T KOHEeJHYIO 061acTh MeI0CTHOCTH; BOIPOC 3aRIIOYAETCH
B TOM, CIIPaBEJIMBO IIK BTO IPeJITiofeHne [ BCEX MoKa3sa-
reseit b, T. €. MOMKHO JIl W3 BHIPaKeHMIl STOTO BAJA BuiOpaTh
HeKoTOpoe KoHEeTHoe WX YHCJIO0, 1epe3 KOTOPEe BCe apyrue
BHPasReHHUSA DTOTO BHIA NP a060M IoKasarelie h BEIPAKAIOT-
¢s TEJHM B PAUOHAIBHEM 00pPasoM.

s oGmacreii, [PAHUTHEIX MesK/1y anreOpoil u reomerpuei,
s xouy Hasparh e mpobmemsl. OpHA U3 HUX OTHOCHTCH K
medmcaRTensHoi reomerpun (abzihlende Geometrie), a BTopas
K TONOIOIWHM ANreGpamdeckuX KPHUBHX ¥ TOBEPXHOCTeH.

15. CTPOTOE OBOCHOBAHUE
VCUUCIUTEIBHON TEOMETPUM MYBEPTA

[poGieMa COCTORT B TOM, umobs Cmpozo 060cHO8aAMb, YKA-
306 MOUHE 2DAHUYHL UT NPUMEHUNOCIIL, Me CAMbLE 2e0Ment-
puueckue uucaq, Komopele 6nepeuie onpedeaua IMy6epm *)
HO OCHOGe MAK HO3BEAEMBL NPUHYUN08 CReyuaibHozo 1oro-
HCCHUS Ul COTPAHEHUS UUCAQ € CO30QHHOM UM UCUUCLCHUL 2.,

Xors cospeMemHas anre6pa obecmeduBaer B IPUHIMIC
BHIIOJHEUMOCTD Tporecca WCKI0UeHuss, HO [ J0KasaTelb-
cTBA 3aKOHOB MCUMCIHNTEeTbHOH reoMerpmm TpeGyercsi 3HATH-
TebHO GoNblle, WMEeRHo, HeoOXOoZWMo IHPOBECTH MCKI0Ye-
HuWe B Ciyuae, KOrjla ypaBHEHHs MOCTPOEHB! TAKUM 0COORIM
06pasoM, TT0 3apaHee 3a/1aeTCs CTeNeHh OKOHIaTeIbHEIX ypaB-
HeHWil ¥ KPAaTHOCTb WX PeleHuid.

1) Kalkiil der abzéhlenden Geometrie, Leipzig, 1879.

2) I'. [y6GepT A3I0KUI CBOI0 MCYNCAATEIPEYI0 TEOMETPHIO Ha 330
CTpAHWTIAX  COYMECHHA, YKAsaEHOro B  CHOCKe 1);  BHmOCIefCT-
BHU OH PACIIMPIJI U yCOBEPIIEHCTBOBAN cBoit cmmBonuaM. I'. IlyGept
BBeJT MEOr000pasKs, HOCSIIHe HEHE 6ro MMs, ¥ BEICHII, YTO LpE/CTaB-
AsieT coboii mepeceTeRne TAKWX MHEOr000pasuil B 9ACTHBIX CIYIaIX, Ipu
arom IIyGepT HEAOCTATOIHO 0GOCHOBAN CBOIO IEOMETPHIO, ¥MTO ABHMIOCH
npuumHOH O3keCTOTeREON moyeMuKkd. OCHOBHLIM IYRKTOM, BHSBABIIAM
0CO0Ee BOBDANKEHNA MHOTHX MaTeMaTHKOB, OBUI TAK Ha 3HBaeMbId IIPHH-
nurr 1lyGepra, Koropsii B ofnieM CIyTIae OKasallCsa HeBepHLIM. Vicropm-
TeCKYIO CIPABKY I KPATKOE H3I0HeHNIe OCHOBHEIX MO OEHMH FCINCIIN-
TebHON reoMerpun 1TyGepTa MOMKHO HAHTI B KEUTC I.Coolidge,
A history of geometrical methods, Oxford, 1940. — Ipunm. ped.
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16. IIPOBJIEMA TOIIOJIOTVIM AJITEBPAMUYFCHKMX HKPUBBIX
" IOBEPXHOCTEU

MaxcmmanbHOe YHCIO 3aMKHYTHX H OT/EIBHO PACIONo-
JREHHNX BeTBeil, KOTophle Moy{eT HMeThb ILIOCKas anredpan-
decKasd KpUBasA n-To Iopsjixa, OBI0 onpefeneHo I'apra-
koM ). Bosmmraer jampmeiiniuili BOIIPoc 0 B3aUMHOM pPaciio-
JI0}KeHHH 9THX BeTBell Ha MioCKOCTH. UTO KacaeTcsi KPHBHIX
[IecTOro MmopsAjKa, Tof, — MPaBfa, Ha JJOCTATOTHO CIOH{HOM
nytn — y6epmics 2), aro Te 11 BerBeil, KOTOpHe MOTydaIOTCS
no 'apHakry, HUKOIJ]A He PACTIONOEHE BCe BHE [IPyT JPyra;
BCer/la cymecTByeT OlHA BeTBb, BHYTPH KOTOPOI COJlepPKHUTCA
eife o0Ha M BHe KOTOPOHl HAXOJATCS OCTANBHLIE Jessimb, UK
Haobopor. MHe npedcmasasemes OueHb UHMePECHM OCHO6A-
MmeAvHoe U3YueHue 63aUMHO020 DPACROAOHCEHUSL MAKCUMAALHOZ0
uucAq OMOeAbHBLT 6emeeti, Mak xe Kak U COOMGemcmeyolyee
uccaedosanue 0 uucae, raparmepe U PACROAOHEHUL omdenb-
KL  NOAOCTED aA2eOPaUNecKOl NOBEPIHOCMU 6 RPOCMPaH-
cmee; Befib [10 CHX IOP ellle He YCTAaHOBIeHO, KAKOBO B leficTBH-
TEILHOCTH MaKCHMAaJIbHOE 9HCI0 MoJocTell TOBEePXHOCTH
4eTBepPTOro MOPAKA B TPeXMepHOM IPOCTpaHCTBe °).

B cBssu ¢ sroil gucto anreGpamdeckoid mpobieMoil s sa-
TPOHY €mle OfMH BOLIPOC, KOTODHI, KaKk MHe KajKeTcH, J0J-
/KeH OLITh PeIcH ¢ IOMOMbI0 YIOMAHYTOTO MeTOfla HellPePHIB-
HOro m3MeHeHNs KodQQUIMEHTOB W OTBET HA KOTOPHIH HMeeT
BajKHOe B3HaueHUEe IS TOMOJOIHU CeMeilcTB KPWBEIX, OIIpe-
nensieMex udpdepeHIUATLHEIMA yPaBHEHUAMN, a WMeHHO,
BOXIPOC 0 MAKCUMAALHOM UUCAE U O PACROLON EHUIL NPeeAbHbLT
yuraoe (cycles limites) Ilyanrape das dugdepenyanvrozo
YPasHeHUus nepgozo nOPAJKA U Nepeoil cmenenu euda

dy Y
de X

rne X, Y — menkle pan@oHANbHEIe (YHKIUU n-ii cTeleHR
OTHOCWTEIIbHO Z, I, WIH B OJTHOPORHON 3amucw,

dz dy dx dz dy dey

1) Math. Ann. 10 (1876), 189—192.
2) Uber die reellen Ziige algebraischen Curven, Math. Ann. 38

(1891), 116—138.
3) Cp. K. Rohmn, Flichen vierter Ordnung. Preisschrift der

Fiirstlich Jablonowskischen Gesellschaft, Leipzig, 1886,
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rie X, Y, Z — melisle panuoHANBHLIE OJHOPOJHLIE (hyHK-
muu n-il creneHd OTHOCUTENbHO I, Y, Z, KOTOPHE W HY{HO
ollpejleUTh KaK QyHKIUH napaMerpa L.

17. IIPEJICTABJIEHUE OINNIPENEJIEHHLIX ®@0OPM
B BUJIE CYMMEI KBAJIPATOB

llenasi panuonanbHas QyHKNWA, WIN GopMa, 3aBHUCAIIAL
OT MPOU3BOIBHOTO YHCIA NepeMeHHEBIX C BelleCTBeHHBIMH KO-
sdpunmeHTaMu, HasLIBaeTCA oIpefelleHHoll, eclim HH IIpH
KAaKNX BeIIeCTBEHHHX 3HAUEHWAX JTHX HepeMeHHLIX OHAa He
MoeT NPUHNMATH OTPHIlATe bHHX sHauYeHuil. COBORYIHOCTD
BCeX oIpe/[elleHHHX (QYHKIMIT ABIAeTCA UHBAPHAHTHOH OT-
HOCHUTEILHO ONepaluil clioyKeHnusl I YMHOKeHNA; HO TaKe U
YacTHOe J[IBYX ONpeeseHHBX (QYHKIONWH, ecIH TOIBKO OHO
npefcTapisger Meayw (QyHKIIHI0O OT apryMeHTOB, ToxKe eCTh
onpenenennas dopma. Kpagpar xammoil npomssoibHOM dop-
MHl €CTh, OUeBHAHO, onpenenenHas dopma. Ho, xax s moxa-
san '), He Kajasa omnpejeneHHEas gopMa MokeT OHTH IIpeji-
cTaBjieHa B BUge CyMMol KBajparoB ¢opm. llosromy BosHU-
KaeT BOIPOC, HA KOTOPHIA s DOJYYWI YTBEepIUTEeIbHHI OT-
BeT %) B OTHOIIEHUY TepHAPHHIX QOPM: He moxcem Al KajcOas
onpedesennas gopma 6umov npedcmasiena 6 sude uwacmHo20
cymm keadpamoe gopa.

B To i%e BpeMsa Mg HEKOTOPHIX BOIPOCOB, CBA3AHHEIX C
BO3MOJKXHOCTBHIO HEKOTOPHIX TeOMeTPUIECKIX TTOCTPOSHMI, 7Ke-
JaTenbHO B3HATD, JOIDKHL Tu K0dQHPUIUEHTE UCIONH3yeMbIX
$OopM BCera IpUHAITEKATH TOI jKe 06IaCTH PAIIHOHATBROCTH,
KOTOpPO#i TPHHAJIeKAT KOAPPAIMEIITE pasiaraeMoil opms %).

f1 masoBy eme O[lHY TeoMCTPHWUYECKYIO 3ajiady.

1) Math. Ann. 32 (1888),342—350 [unu D. Hilbert, Gesamm.
Abh., 1I, No 10].

2) Acta mathematica 17 (1893), 169—197 [wm D. Hilbert,
Gesamm. Abh., II, \e 20].

3) Cp. D. Hilbert, Grundlagen der Geometrie, Leipzig, 1899,
1. V11, B gacraoctu § 38 (pycexmii nepesof: 1. Tman 6 e p T, OcHo-
Bannsa reomerpun, I'ocrexusar, 1948. — Hpum. ped.).
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18. TIOCTPOEHHUE TPOCTPAHCTBA 13 HKOHIPY3HTHBLIX
MHOT'OI'PAHHUKOB

Eciii HOCTABUTEH BOIPOC O TARUX IPYNIAX [BHKeHUIl Ha
[IOCKOCTH, IS KOTOPHX CymecTByeT §yHIaMeRTajbHask 00-
AacTh. TO OTBET OyleT, KaK W3BeCTHO, 3BY9YaTh MO-PASHOMY,
B 3aBICHMOCTH OT TOT0, Oy/eT In paccMaTpuBaeMas IIOCKOCTD
PUMAHOBOI (3ITIMNTHIECKOI), EBRIN/OBON WIH ILIOCKOCTDHIO
JloGauerckoro (runepommaeckoii). B crygae BINUITHIECKOIL
IIIOCKOCTH CYINECTBYeT K O H e T H O e 9HCIO CYMECTBEHHO
pasImMYHEIX BHAOB (yHaMeHTaIbHAIX obnacreil U JOCTATOUHO
KOHMEUHOTO UACHA DK3EMILIPOB KOHIPYSHTHHX 00-
nacreit, 9To6H MOKPHTH MMH BCIO MIOCKOCTH (es MPOCBETOB:
rpynna CoCTOMT TONBKO W3 KOHEUTHOTO THCiIa IBMKeHNI.
B caydae runepGoImdecKoil NIOCKOCTH HMeeTcs GecdHc-
TeHHOe MHOKECTBO CYMECTBEHHO DAsIHIHEIX BU0B QyH-
aMeHTaIbHNX ofiacteil, a MMEHHO H3BECTHHE MHOIOYIOJIb-
muku Ilyankape; juisi HOKPEITHA Beeil ITOCKOCTH Ges mpobe-
7T0B HeoGXoguMo G e c KO HedYHOoe 9HCIO0 JK3eMINAPOB
roHrpyoHTEHX obmacteit. Ciryuait eBKINI0BOI TIOCKOCTH
saHUMAeT MPOMEKYTOYHOe IoNoyieHne, MO0 B DTOM Ciydae
EMeeTcd TOJMBKO K O HEe W H O e 9YHCIo CYMecTBeHHO pas-
JMYHNIX THIOB TPYNN JIBIKEEMil, AMEMUX QyHIaMenTalb-
HyI0 001acTb, HO JUIsi HOKPHTHS BCeil MIOCKOCTH Ges npobe-
0B HeobXopmMo 0 e CKoHedHOe MHOMECTBO JH3EMI-
NSIPOB KOHFPYSHTHHIX obmacreil.

B rognocTH coorBeTcTByONne HaKTLl UME0T MeCcTo TaKKe
B TpeXMepHOM IIPOCTPAHCTBE; CYINeCcTBOBaHHe KOHe4HOMH rpyn-
W5l JIBIGKEHHIT B DIUIMITHYCCKOM IIPOCTPAHCTRE €CTh HeloCpe/i-
CTBEHHOE CJIE/ICTBHE OCHOBHOI TeOpeMBl #Koppana'), cornacHo
KOTOpOIl WHMCJIO CYI[ECTBEHHO Pa3IMYHEIX TUNOB K O H € d-
H B X IPyII JHHEHHBX TOJICTAHOBOK 12 TEPEMEHHEIX He IIPe-
BOCXOJIHT HEKOTOPOI OTpesieleHHO KOHEYHOil I'PABMIILL, 3aBH-
cameit ot n. I'pyIIsI IBAKEHHII PyrnaventanbHOil 061aCTHIO
B rHHepOOTMIECKOM NPOCTPAHCTBE MCCIELOBAHH @pure u
KefiHOM B JIEKIHAX II0 TeOPHH aBTOMOPYHBIX §yHRIMIT 2,
a satem Menopos?), Iéndmuce *) 1 B HocIeHee BPeMs Poon®)
MOJYIIIN JOKA3aTeIbcTBO TOro, 9T0 B EBRIMIOBOM TPOC~

1) J. de Math. 84 (1878) u Atti della Reale Academia di Napoli,
1880.

2) Leipzig, 1897; cM. B_0COGEHHOCTH pas]l. 1, rir. 2—3.

3) Symmetrie des regel mésigen Systeme von Figuren, 1890.

1) Krystallsysteme und Krystallstructur, Leipzig, 1891,

5) Math. Ann. 53 (1900), 440—449,
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TPAHCTBE CYIECTBYET TOJIHKO KOHEYHOE HUICIO CymecTBeHHO
pasIUIHBIX THITOB TPYIIT J(BHEHUH ¢ QyHIaMenTanbuoi o6-
7acThi0. B TO BpeMs Kar pes3yJibTaThbl [ METOLLI MCCJIEOBAHNS,
MOJITYYEHHEIe I 3N HITUIeCKOro ¥ runepeonudeckoro TpocT-
paHCTB, HEIIOCPEe/[CTBEHHO PACIIPOCTPAHAIOTCS HA IPOCTPAHCT-
BO 1 usMepenwuil, 06001eHre COOTBeTCTBYIOMErO MPEJIJI0KeHUs
Ha clIyuail eBRIMI0BA IIPOCTPAHCTBA BCTPEUYAET, MO-BHIMMOMY ,
3HAYMTEbHEIE TPYIHOCTH M IIOTOMY IIPECTABISAETCA jKelia-
TeABHHIM WCCIENOBATE BOIIPOC, CYULECINGYem Al MAKNCE U €
N-MEPHOM E6KAUD060M RPOCMPAHCNIGE MOALEO KOHEUHOe HUCAO
CYWECMBERHO DPUBAUNHBLL MUnos epynn Jeuscerull ¢ Pyrda-
MEHMALLHOTL 004aCTMbI0

OynanaMentanbaasg 00IacTh KaMKOH TPYIIH [BU;KEHUMH
BMecTe ¢ ROHIPYIHTHBIMH eil 06iracTsaMu, OIpejesIseMbIMu 3TOH
rpyINIoi, aeT, OYEeBUHO, MOKPHTYE IpocTpaHcTBA 6€3 Ipo-
6esioB. BosHuKaeT mpu BTOM BOIIPOC, CYLLECMEYOM AU, KPOME
moeo, makue MHO202DAHHUKU, Komopule He aeafwmces PyHoa-
MEHMAALHBMUY 00AGCMAMU eDYRNYL QBUNCEHUT U ¢ NOMOUJLIO
KEOMOPBLL 6C€ ce BO3MONCHO 3ANOAHUMb 6CE NPOCIMPAaHcmeo 6es
npobenog coomeemcmeyWUM YKAAOUBAHUEM KOHSPYIHMHbLL
IKBEMNARPOE IMUL MHO202PAHHUK06. Sl yRamy 3pech HA CBs-
3aHHBI ¢ DTUM BOIIPOC, BAKHEIK JIS TEOPUN THCEJ, a BO3-
MOJKHO, HOJEe3HHH B OyaymeM jlaske A1 QUBNKE M XWUMUAK,—
KaKk MoHO Hambojiee ILIOTHHIM 00pPasoM pacIONaOKOTE B
npocTpancTBe GECKOHEUYHOe MHOKECTBO OMUHAKOBBIX TeJ 3a-
MaHHOM (OPMH, HAUPUMep, MAPOB 3aJaHHOTO PafUyca NIK
HIPaBUIBHEX TETPAsPOB € JAHHEIM peOpoM (Wi B Tpejnu-
CAHHOM IIOJOKEHMH), T. €. PACHOIOKHTH TaK, ITOGH OTHO-
IIleHre BaTONHEHHOH 9YacTy NPOCTPAHCTBA K HE3AMOJHEHHOI
OBLI0 10 BO3MOKHOCTH HAMGOIBIIUM.

O6o3speBas pasBuTHe Teopmu QYHKIWA B HOCTETHEM CTO-
JNeTUM, MBI TIPE}KNe BCEro 3aMedaeM OCHOBHYID POJb Kiacca
TeX (YHKIW{A, KOTOPHE MBI Telleph HA3HIBAEM AaHAJIUTIAYE-
CKIMI, — Kjacca QyHRIMII, KOTOPH, HECOMHEHHO, €Ie JI0Ji-
ro Oyjer HAXOJUTHCHA B IEHTPE MATEMATH%ECKHX WHTEPECcOB.

Mur MoskeM, WCXOJ[I M3 CAMBEIX PaSHBIX TOYEK 3PEHUs, BHI-
TIeJSITh W3 MHOJKeCTBA BCEBO3MOKHBIX (YHKIWI Takue wux
KJlaccel, KOTOpee TPebyIoT 0coOGeHHO riryGoKOro WccliieroBa-
Husa. Haupumep, paccmMorpuM Kiacc Tex QYHKIHI, K O T O-
PHe MOMHO XapakKTepusdoBartb pudOe-
PenimalbHHMHE yPaBHEHHAMM, 006K KHO-
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BeHHHMHZ UAHN B YACTHH X M POU3BOJIHEA.
I{ag Mu 9T0 ceffvac yBWUM, B 2TOT KIAcc He BXOAAT PyHEK-
M, KOTOPHIE HOPOMKIAITCA TEOPHUCi 9mMce] U MCCHe0BaBue
KOTOPHIX JITIA HAC YPE3BHYANHO BAa}KHO- Haunpumep, yuomMany-
tag yxe ¢yHrnua { (s) He ymoBieTBopsAeT HUKAROMY aire-
Opauuccromy ruddepeHIuaIbHOMY YpPaBHEHWIO, KaK 3TO
JIETKO YCMOTPeTh M3 MBBECTHOrO COOTHOIIEHWS Mexiy G (S)
u L (1 — ), H0nB3YsACH MpeIoKeHneM, lokasanHuM L'énbyie-
pom '), o rom, wro pyrEnEA I' () HE yi0BIeTBOPsIET HAKAKOMY
asnre6pamyeckomy ruddepennuanpHOMy ypapHenmo. [lanee,
$yHRIEA OT JIBYX IEPEMEHHHX S ¥ z, omnpepengeMas Gec-
KOHETHEIM PAIOM

z2 3 a4
C(S,x):x+2—s+—?)?+zs“+---,

KOTOpasi HAXOjWTcA B TecHOU cBssu ¢ Qymknmed [ (s), Be-
POATHO, HE YIOBIETBOPAET HUKAKOMY airefpaniecKoMy ag-
depeRnUANTEHOMY yPaBHCHMIO B YacTHLIX Tpomsposmuix. Ilpu
MCCIE0BAHUIL HTOr0 BOIPOCA IPHJIETCs WCIIOAB30BATh PyHK-
[UOHAIBHOE yPaBHEHHE

at (s,
x —cg—m—)—zg(s-—i,x).

Ecoiu MBI, ¢ [pyroii cCTOPOHEL, MICXOJs U3 apuPMeTHUIeCRIX
WM TeoOMeTPHIECKHX COOOpaKeHMil, OrPAHAINMCA KIACCOM
Bcex TeX (YHROHI, KOTOPpH e HeNpPEepPHBHE H
HeorpanmmuenHoe amcno pas fuddepesn-
OUPYeMEH, To P IX HCCJIE/[OBAHNY HAM IPUJETCH IIpe-
Hebpedb TAKUM YIOOHEIM OPYKHCM, KaK TeOpus PANOB, a
TaKkyke M TeM OOCTOATeNbCTBOM, 9T0 (QYHKINMA IIOIHOCTHIO
ompejiesIAercs SHAYCHNAMN, KOTOPHE OHA HPHHAMAET B Kaik-
Ji0ft CROAB yropmo Maioi obiaacru. Takum o6pasom, ecin yKa-
3apgHOe Boie orpammdenue obiactd QyHKOumiA Obino ciwmi-
KOM y3KWM, TO PacCMaTPUBAaeMOE Teneph— CIMIIKOM I YOKO.,

B TpOTHBOLOJOKHOCT DTOMY IOHATHE A HA NI W T U 1 e-
¢ K 0 it pyHROEE BKIoUaeT Bce GorarcTBo QYHKIMIA, BAKHEIX
[ HAYKH, He3aBHCUMO OT TOTO, BOSHWKAIOT JM OHH M3 TE€O-
pun umcen, wa Teopuu udepeHnnaIbHEX ypaBHeHull WIH
anrefpayueckux (QYHKIUOHAIBHBIX yDaBHEHWN WIH jKe H3
reoMerTpuy Wi MateMarmieckoit ¢usuru. [losromy amanmTn-
veckme QYHKONW 110 IpaBy obnanaroT HeOrPAHWIEHHBM TOC-
HOJICTBOM B mapcTBe QYHKIUI.

1) Math. Ann. 28 (1886), 1—13.



19. ABJIAIOTCH JiW PEIIEHUA PET VJSAPHOU
BAPUAIIMOHHOM 3AJIAUM
HEOBXOAVMMO AHAJHATHUYECKUMU?

OpamM w3 manGoslee 3aMedaTeNbLHHIX OOCTOATCIBCTB B
OCHOBAX TEOPWH AHAIMTHYCCKUX QYHKIOWUHA f CUMTAI TO, UTO
cymecTByT pupdepeHNUaIbHbIe YPABHEHNA C YACTHHIMHA
IPOUBBOJHAIMK, BCE WHTCTPANL KOTOPHIX HEOOXONWMO SB-
IAIOTCA AaHAJNHNTHIECKHUMHE (YHKIEAMH CBOMX He-
3aBHCHMBIX TIEPEMEHHHX; KOPOYe TrOBOPSA, HTH ypPaBHEHMA
JONYCRAIOT TONBKO aHaIWTWdeckwe pemenud. Hawubonee
usBecTHBE Mu(PCpPeRnuanbHLe YPABHEHIA B YACTHHIX IPOUB-
BOJIHLIX 9TOr0 POfla — 3TO ypaBHEHHE MOTeHIHAlIa

a2f ”2f
dz? + oy 0

¥ U3BECTHHE JuHejiHsle nuddepeHnuaibame ypaBHeHus, WC-
cuenosannsie Ilukapom!), kKpome 7toro, juddepenuuannroe
YpaBHEHNE

e

922 | B2 ’

rndepeHITaibHOe YPABHEHUC B 9ACTHEIX TPOMBBOIHBIX MH-
HUMAJIbHEIX HOBepXHOCTeH m jipyrme. [lopmoCubie juddepen-
IWAaJIbHEE YPABHEHUS B YACTHEIX MPOMBBOIHEIX IMEIOT MEK]TY
coboit 10 obmee, 4ro OHE ABNAITCH JM(dePEHIHAIBHEIMMT
ypaBHeHuAMN Jlarpamska s usBecTHO! BapMALMOHHON 3ajia-
4y, a IMEeHHO JUIs Cliefylomeil samad:

§§ 7. g, 2,2, )z dy — minimum [p = 22 4 -Z].

rie F — amamurmueckas QYHRINA, YOBIETBOPAIOMA Hepa-

BEHCTBY
OF &F ®F \2
opr 6(12'*(610641) >0

JJIS BCEX 3HAUEHHIl BXONANIMX B Hee aprymentoB. Takyio Ba-
PHANMOHHYIO Bajauy Mel OyzieM HABHIBATH PETr y I A P H 0 i
BapUaAMOHHON 3aadesi.

Bapuanuonmsie sajjaum, KOTOpHE HrpalOT HEKOTOPYIO POIh
B TreoMeTpHH, MeXaHHKe M MaTeMaTHYecKoll ¢usnke, sB-
JAI0TCA TPEHMYMIECTBEHHO PEryJisipHBIME  BapPHANMOHHEIMI

1) Journ. de 1'Ecole Polytechnique 60 (1890), 89—105.



sajiuamil, ¥ BOSHEKAET BOTIPOC, IOJKHEL JIE OBIT BCe Pefleniis
peryJispHOHl BapPUAIMOHHOM 3ajault neobXojmMo a H a I u-
THYecKuMHu QYEROuAME, T.e€. obsadaem au Kaxcdoe
Quppepenyuanvroe ypasnenue JlazpaHiIca 6 HacmMHBL npoUs:
600HBL 045 pe2yaapHOil 6apUAYUOHKOL 3sadauu mem C60U-
CMeoM, umo oHo JORYckaem moabko QHAAUMUNECKUE UNMeZpa-
awl), masie eciit, Kak B ciydae sajiaum [lmpmxie, rpanmTHEE
3HAUCHUA HEIPepHBHEE, HO He AHAIHTHICCKUE.

3ameuy eme, YTO CYIMECTBYIOT, HAIpuMep, TIOBEPXHOCTH
[OCTOAHHON O TP MI{AaTe J b H Ol rayccoBoil KPWBUSHEL,
KOTOpHe MOryT OhlTh IPEefCTAaBICHE HEIPEPHIBHBIMA M HCOT-
parudcHO uddepeHmUpyeMpiMu, HO He aHAIWTHICCKIMU
PyHKmusaME, B T0 BpeMs Kak Kakjiad MOBCPXHOCTH IOCTOSH-
HOII HOJM O UTE A b H O M rayccoBoii KPUBHBHEL, BEPOST-
HO, HEOOXOINMO (OMKHA OHTL AHAJWTUYECKOW IIOBEPXHO-
¢Thi0. VI3BeCTHO, YTO HOBEPXHOCTH IOCTOAHHOI TONOMM-
TeNBHOW KPUBWSHB TAKMKe TECHO CBA3AHE C peryisapHOi
BAPHATMOHHOIl 3ajadeit O IPOBEJCHAN Uepes 3aMEHYTYIO
NMPOCTPAHCTBEHHYI0 KPUBYIO IOBEPXHOCTH HalMeHbIed ILI0-
Mas¥, KOTOpas BMecTe C [AHHON HOBEPXHOCTHIO, MPOXOZs-
el yepes Ty jKe IPOCTPAHCTBEHHYIO KPWBYIO, OTpaHuMu-
Bana 6Bl IPOCTPAHCTBO 3aJaHHOr0 obBeMa.

20. OBIJAS 3AJIAUA O TPAHUYHDIX YCI0BHUAX

OnuO#l W3 BaKHKIX 3aad, TECHO CBASAHHBIX C IPHBE/(EH-
HEIMY BLIIIE 3ajadaMy, fBIAETCA 3aada 0 CYMecTBOBAHNU
pemennit mudepeHnHANBHBIX yPaBHEHWIA B IaCTHHX IIPOM3-
BOJHLIX C 3alaHHHMU T'DAaHWYHEIMK yCJIOBUAMMU. OcrpoymMHEIE
meropst [lIBapua, Heiimanna u Ilyankape OpuBesiu B OCHOBHOM
K PemeHmio DTOW 3ajjauyl [Jia cly4das maddepeHnuaIbHOTO
ypaBHeHHs IOTEHLUAJa; TeM He MeHee Ty MeTO/bl He MOryT
GHITH HEmOCpPeJICTBeHHO 0006 entl Ha cJIyuaii, KOrjiA Ha rpaHu-
nax Bajiaps 3HAUYEHWS! IPOM3BOJIHEIX HMJIW COOTHOLICHHA MEHi-
Ay OTHMH 3HAUCHHAME W 3HAUCHUSMU HCKROMOH (QYHKIWM,

1) C. H. BeprmTe il E B cBoel crathe «06 marnbanuy moBepx-
mocreiy (1905) (em. Cobp. cod., T. 3, crp. 16) mmmer: «Korga s copocmit
Tmnpbepra, KaKOBL 00mue COOOpasKeHHs, KOTOPLE HPHUBEIH Cro kK
IPEJUIOFKEHHIO, {0KA3aHHOMY MHOK BIOCIEJICTBIM, O TOM, TITO BCe pere-
HUS peryispHLX 3ajad BapUalMOHHOrO HCTHCICHIA AHATUTHIHL, SHA-
MEHWTHI1 TeOMeTp OTBETHJ, 9TO OH CIHTAET, YTO PELICHUS BCEX eCTe-
CTBEHHO IOCTABIEGHHEIX 33/[a1 MOIKHH OHTL AHAJIMTHIECKIMID). —

ITpun. ped. o
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MV HA YA, eCiiM Pedb UJieT He 0 NOBEPXHOCTH MOTeHITANA,
a, HampuMep, O HOBePXHOCTH HAMMEHBINEH ILIOMAJM WK O
II0BEPXHOCTH IIOCTOSHHOM rayCCOBO# KPUBUBHEL, KOTOPAs 1Ipo-
XOOWT Yepes 3aJlaHHy0 NPOCTPAHCTBEHHYI0 KPMBYIO MM J10Ji-
JKHA HATATHBATLCA HA [AHHYIO KOJIBIEBYI NOBEPXHOCTD.

H yGesxen, uTo 9TH JI0KAa3aTeNIbCTBA CYIMECTBOBARUS MOJK-
HO Oy/leT mpoBecTH ¢ IIOMOIIbIO HEKOTOpOoro olIuero OcHOB-
HOT'O I0JI03{€HNs, HA KOTOPOe YKaskBaeT NPUHUN Jlnpuxie u
KOTOPEIH, BEPOATHO, MPUOSMBWT HAC K BONPOCY O TOM, He
donycrkaem Ju pewernue Kaxcdas peeyaspHas 6aPUALUONKAS
sadaua, ecar moavko G OaKHble 2DAHUNHNE YCAOBUSL HAAOMNC e~
HYL onpedeerryle JOnyuyeHus , HAPUMED, HePePEHBHOCTD WK
KycouHas udepeHnupyeMocTs [0 OUpesieleRHOr0 MopsiKa
QymKnmit, ouperensOmuXx ycunoBus mHa rpaHunax,— u ec-
AU 6 cayuae HeobToOUMOCTNU camomy ROHAMUID PeuleHUS npu-
dame pacwiupennoe moakoeanue ).

21. NORABATEJIBCTBO CVIIECTBOBAHWA JIMHENH BIX
LAUOOEPEHIIUAIIBHBIX VPABHEHUU C SAIAHHOU
I'PYIIIION MOHOIIPOMUU

U3 rteopum numeitmrix nuddepeRnuanbaRIX ypaBHEHWI ¢
OfiHOM HE3aBHCHMOI HEpeMeHHOH z f XoTesn Ol yKasarh Ha
OfHY Ba;KHYI0 IpobieMy, Haj| KOTOpOIi, O-BUIMMOMY, pas-
MBIMIIAN eme Pwmam um comepskamme Kortopoii cocrour B
TOM, 9T00E HOKa3zaTh, uTO écezda cywyecmeyem auneiinoe dug-
Peperyuarvroe ypasnenue Pyrcoea muna ¢ 300aHHUML 0CO-
bumu moukamu v 3adannoii 2pynnoi MoHodpomuw. B sanaue,
TakuM o6pasom, TpeGyercs Haiitw n yHKIwmi TIePCMCHHOK Z,
PETYISPHBIX HA BCeH KOMIIEKCHOM IJIOCKOCTH Z, 3a HWCKJIO-
UeHNEM, GBITh MO{eT, NAHHEIX OCOBHIX TOUEK: B HTWX TOUKAX
OHM MMEIOT MOJIIOCH TOJBKO KOHEYHOTO IOpPsjiKa | Tpi 00-

1) Cp. mMow sexnuio o upnEmwIe Jupuxmne: Jahresber. Disch. Math.-
Ver. (1900), ctp. 184 [miu Gesamm. Abh. III, N\e 3].

(IepBriit npuMep Takoro oforameRus MORATHS PelleEus MLl HaXO-
mmM B paBore P uMa Ha «OcHOBH 00meit TeOpHH QYHKIMIA OJ[HOM KOoM-
IeKCHOE mepemermoin» (1851 r.) (em. P uma m, Coummenus, TocTex-
majiar, 1948, crp. 49—87), B KoTOpOIt BBOMITCA HOHATHE obobenns pe-
Inenns ypastenns Jlamwraca. Unen Puvama n I'map6epra oTHOCHTCNBHO
PACIMUPEHAOrO TONKOBAHINS MOHATHS PCIIeHHsT JiidepeHImam bEOro
YPAaBHCHHSA OKasaiich IUIOTOTBOPHEIMIL I UPHBeId B XX CTONETIH K
LOCTPOEHUIO TCOPHH 06OOTNEHHLX )y KT (C.J1. Cobouer, JI. MBap). —
Ipun. ped.)
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X0Jleé B IJOCKOCTH Z BOKPYT DTHUX TOYeK 3TH (YHKIMM II0)I-
BCPTrarTCsA JIMHCHHON momeranosre. O CymiecTBOBAHHH TaKUX
nuddepeHuaTbHNX ypaBHEHIl, BEPOSITHO, BO3MOKHO 3aK-
JIOUHTH IyTeM Mojcuera KOHCTAHT, OJIHAKO CTPOroe JloKasa-
TEJIBCTBO DTOTO IPEJIOKEHUA YIANOCh [I0 CUX TI0P IPOBECTH
TOJBKO JIJIA 9ACTHOTO chydasi, KOr[ia KOPHU XapaKTepPUCTH-
JeCKHX ypaBHEHWII BajamAniXx Npeobpa3oBaHWil IO MOIYJIO
PaBHH ejuHurne. I1o rokasarenbcTBo mnposen JI. IlnesmH-
rep!) Ha ocHoBamMEM npuHAjNe;kamed Ilyanrape Tteopunm
{-pymrnouit Oyxrca. Teopus nwHeiHBIX jUdPepeHITEATBHBIX
ypaBHeHu#t nupuobpena Osr Oonee 3aKOHYCHHLIA BHJ, €CIIH OB
yramzochk obiiee uccieioBaHne yKa3aHHOH TPOGIIEMBI.

22, YVHUDOPMUSALIUA AHAJIUTUYECKUX 3ABHUCUMOCTEN
C IIOMOINbIO ABTOMOP®HKBIX O VHKIINN

Kar powrasan mepssim llyamkape, snioboe asreebpauneckoe
COOTHOIIEHNEe MeR[y JBYMA IepeMeHHEIMU MOKHO YHUQOp-
MH3UPOBATL € IIOMOLIBI0 ABTOMOPHEIX (QYHKIMI OT OJIHOM
nepeMeHHoil: ecan zanano n0boe ajreGpawdecKkoe ypaBHeHUe,
CBSI3HIBAIOINEC J[BE TEPEMCHHEIC, TO BCEr[d MOKHO HAUTH Ta-
KHe OTHO3HAYHEIE aBTOMOPdHKEe QYHKIWU OT OJ[HOM IepeMeH-
HOW, MOJ[CTAHOBKA KOTOPLIX B JlAHHOE ypaBHEHWe oGpamaer
e€ro B TOMKIECTBO OTHOCWTENIHHO 9TOW IepeMeHHO#. Brocnep-
creum [lyamrape?) Bamsics o6GoOmenueM droro ¢ymma-
MEHTAJNbHOr0 WPE[JIO}KeHus HA Ciydali me anrebpamiecko-
ro, a UPOW3BOAHHOTO AHANHUTHUIECKOT0 COOTHOIIEHWA MEKTY
[BYyMs TEePEMEHHHMM; IIpW DTOM OH IIOIIell TI0 COBEPLIEHHO
HOBOMY OyTH, OTJIMYHOMY OT TOTO, KOTOPHIl LPHBEJ €ro K
pemenuo nepsoii 3afagn. s norazarenscrsa [Iyanrape Bo3-
MORHOCTH YHHQOPMUBWPOBATL IPOUBBOIBHOE aHAJIUTHYE-
CHKOe COOTHOIIEHWE C [BYMA IepeMeHHHMN He clefiyeT, O[Ha-
Ko, [lenaTh 3aKII0UeHre 0 TOM, IT0 ITH OJHO3HAUHLEe QYHK-
OU¥ HOBOW INEPEMEeHHOH MOKHO BHIOpaTh TAKEM 06pasoM,
4yTo6RI IpU WBMEHEHWH 3TOH MEePCMEHHO# B 06JacTH peryJsap-
HOCTH 06eux QYHKIUH MOKHO OBLIO HOIYYHTH IIOJHYIO COBO-
RYIHOCTH B C € X PeryJfgpHEIX TOUeK BSaJlaHHOI aHaIMTHIe-
ckoit obaacti. Bonee Toro, s uccnemosanwii [lyankape Buj-

1) Handbuch der Theorie der linearen Differentialgleichungen, Bd.
2, Teil 2, Ne 366, Leipzig, 1898.
2) Bull. Soc. Math. France 11 (1883), 112—125.
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H0, YTO, KPOMe TO4eK PasBeTBJICHIA, M3 HAHHONW aHAIWTHYE-
ckoil o0acTV HYXHO WMCHKJIIOUUTH APYTHE TOUKH, KOTOpLIe
06pasyior, BoubIre roBops, GecKomeyHoe JIuc KpeTHoe MHOMKeCT-
BO U BOBHHKANT KaK IPEJICJIbHbIC 3HAYEHUA OpPW WPHOIIKe-
HUW HOBOrO MEPCMEHHOro K rpadmie obnactu. MHe kasaaocv
Ovl UCKATOUUMEADHO HCEAATNEALHVLM POSBACHEHUE U DA3PeULERUC
amoii mpydrocmu, NPUHUMAS 60 SHUMAHLE HYHOAMEHMAALHOE
aHaueHUe, kKakoe umeem nocmawnoska eonpoca Ilyankape.
B cBsasm ¢ ar1oii 11pobieMoil ecTecTBEHHO BOBHUKAeT IPoGiieMa
0 PaspenmMOCTH ajareGpauuyecKoro Mi¥ HPOW3BOJIBHOTO aH-
JUTHIECKOr0 COOTHOWIEHHMS MEKILY TPeMs WIH MEskupy G0Oib-
IIMM YHCJIOM KOMILIEKCHBIX IIePEMEHHBIX — TpobieMa, KOTu-
pas, Kak W3BECTHO, PA3pelIMMa B MHOT'OUHCJEHHBIX YAaCTHHIX
coydafx I IpU pelleHuyu KoTopoil ciexyer y1uecTh HoBeinme
ncenenoparusa IImkapa !) 06 anreGpawdecKnx GyHRIUAX OT
IBYX IlepeMEHHEIX, KaK BechbMa TeHHBIE W 3HAUNTENBHEIC.

23. PABBUTHE METONOB BAPUAIIMOHHOI'O HNCUHUCJIEHHUA

Jo cux 1op s HazwBal, BooOmE roBOPs, MO BO3BMOHHOCTH
Gosee ompejielieHHBIe H CIENUAJbHEE NPOOIEMbI, TPHANMAL
BO BHEMaHMe, 9TO KaK pas 7arue mpobaeMn Hac Ooibme Bce-
ro DpPUBJEKAIT ¥ OT HAX YaCTO MCXOMUT TPOIOIKUTENbHeH-
Imee BAWSHWE HA BCIO HayRy. OmHARO s X0Uy 3aKOHYHTH 00-
med TnpobieMoif, A MMEHHO, YHKa3aHWeM HA JUCIUILIHHY,
KOTOpAsA yiKe MAOr0 pPa3 yIOMHHAJACH B MOEM JOKJIAJie ¥ KOTO-
pasi, HeCMOTPsA HA BHAYNTENbHHH TObEM, WCIHITAHHHIL €10
B mociaefHee BpeMsa Oxaropaps Befiepuirpaccy, onHako He
HOJB3yeTcA B MHUPOKUX KPyrax TeM yBasieHHeM, KaKoe eif,
o-MoeMy, Homo0aer,— s WMe0 B BHIY BAap U a Il U O H-
Hoe mcaumcunernne?). [Tem smaumrenpmee Tor (axr,
aro Kuesep %) B HepaBHo MOSBUBIIEMCSA COUMHEHHN IIPELCTa-

) Cm. E.Picard, G. Sima rt, Théorie des fonctions algebri-
ques de deux variables indépendantes, 7. 1, Paris, 1897.— Hpumx. ped.

2) VuebHble IOCOOHS 110 BapHALIMOHEOMY McancieRnio: M o i g n o,
L. Lindeldf, Legons du calcul des variations, Paris, 1861 u
M. Kneser, Lehrbuch der Variationrechnung, Braunschweig, 1900.

3) [Braunschweig, 1900. lna XapaKTepHCTHRE CONIEPHKARNs 3TOr0
I POMBBEICHUST HeOOXOIMMO OTMETUTh, 9T0 [{Hesep BHIBEN ]|OCTATOWHLIE
YCIOBHA 3KCTPEeMyMa JJis IPOcTeMIIcl 3a/laul B cIyuae, KOrja MeHIOT-
Cs1 TPaHMI(bl HHTCIPHPOBAHMA, M HCIONH30BAJ OrMOAIONIYI0 ceMeHCeTBa
KPHBLIX, YKOBICTBOPSIOMUX JUQGepCHIMANLHDIM yPABHEHNAM 3aj1a7H,
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B BADMANUOHHOE MCYMCIEHME ¢ HOBOH TOYKW BPEHMS M HA
COBPEMEHHOM YPOBHE CTPOTOCTH. ]

Bapuanuonnoe iucuucienwe B MMPOKOM CMEBICIE — 970
y4eHne o6 HBMeHCHHM QYHKIMII, I B KAUCCTBE TAKOBOLO OHO
OKABBLIBACTCA CCTECTBCHHRIM IPOJOJieHeM muddepennualib-
HOro ¥ MHTerpanbHoro ucuucnenuda. ITpu rakom nommManumu,
HampuMep, ncciefosanvs Ilyankape o npoGieme Tpex ten 06-
Pa3yioT 1viaBy BapHAIMOHHOTO UCTHUCICHNS, NOCKOJIbKY B HHAX
Ilyarxape us msBecTnix TpaexkTopuii, obiafarmux HEKOTO-
PBIM CBOLICTBOM, ¢ IOMOMBIO ITPUHIUNIA BAPLUPOBAHM IOy~
i) HOBLIE TPAGKTOPUM, 006Naaollue CXOIMHMME CBOHCTBAMMT.

K ofmum sameuanusm o BapuanuonmoMm HCUHCIEHNN, CHe-
JaHHLIM B HAUajle MOEero [OKIaja, si NPHCOBOKYIUIID BJIECH
KOPOTKOE [OKAa3aTeNbCTBO.

IIpocreitmas mpo6aema cobGerserno BaPHANHOHHOTO WC-
JHCJIEHIS, KAk M3BECTHO, COCTOMT B TOM, 9T00Bl HaiTh QyHK-
MU0 y OoT x TaKylo, 9ro0hl OIpefeJeHHE MHTEerpa

Ib

d;

a

HuMeJ MUHHMAaJjIbHOE 3HAYeHHEe IO CpPaBHEHIIO C TeMu 3HauYe-
HUAMK, KOTOPEIE OH IIPUHUMAET, €CJIH MBI BMECTO Y noacTaBuM

JULsT IOKasaTeNnberBa HeoOX OIMOCTH YCI0BHs fIRO6H s cylqecTBoBa-
Hua sKerpemyma. Jlasee HeoGXopmMo momaeprEyTH, 9T0 KAesep B cBoeM
yueOHHKe IPAMeHMI Teopwl Beliepmrpacca tamsse k Bompocy of 3K-
CIpeMyMe BENHIUH, OUPe/eJIsIOMEXCS JuPdepeHINaTbREME  ypaBHe
HEAM. |

(UT061I crieaTs HOHATHON BEHICOKYIO OIleERY, fannyio I'misGepTom
pabore Kmesepa, oxapakTepusyeM KpaTko HCTOPHIECKYI0 00CTaHOBKY;
CILOHUBIIYIOCA B TO BpeMsA B BAPUALMOHHOM UCHMCIEHUM.

BeilepmTpacc paccMoTpen npoctefmryio 331a1y BapUalLOHHOrQ
HCIUCIeHUs 00 YKCTpeMyMe MHTEIPajia ¢ BaKpeILIeHHEIMI TPaHALAMH,
BBATOr0 BAIOJIL WIOCKOi Kpunoil. B korie XIX B. mosBuiock 6oIbImoe
THCIO CTaTel, yueOHMKOB, MCCEPTALMl, B KOTODHX pasBHBATHCH M
ofo6manuck ero mien. B pesynbrate Ghula cospama TeOPHA IONA SK-
CTpeMaJieil, HpeJICTABISIOMAA coGoit ruOKME MeTof [s HepeHeceRys
pesyanratoB Belieporrpacca ma o0Iue BapuwalHOHHEe 3afaum. Cpenu
paboT 3TOro HALPABIICHUA BLUEIAETCH T'eOMeTpHYecKas Teopusi Hue-
36pa, OCHOBAHHAH HA IUIOJIOTBOPHOH MEICAM DPACIPOCTPAHUTE HA 06-
Ijge BapHaIMOHHEIE 33a/1a9M NOHATHA W 3aKOHH TEOPHM reOf[esmIecKIX
JMEAH HA HOBEPXHOCTH. AHAJOTUYAO TayCCOBOI KPHUBOIMHCHHONK CH-
CTeMe KOOP/IMHAT Ha IoBepXHocTm Hmesep BBex B paceMorpenme monis
SKCTpeMasied U TpaHcBepcasieit. Tak BHepBEle GELI COBMlaH ammapar s
peImenus 3a/1a7 00 BKCTPEMyMe UHTETPAIIOB ¢ HOBIKHEMY I'Da HALAMH, —
{Ipun. nepes.)
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§ Hero apyrue QyHKIUM OT %, NPUHIMAIONUC HA KOHMAX OT-
pe3Ka MHTETPUPOBAHMS T€ }Ke 3HAUYeHWs.

OGpamenne B HyJb NepPBOil Bapuanud B o0LINHOM CMECJE
8J — 0 maer puis mcKoMoi (yHKIWME y u3BecTHOE nudepen-
[UajbHOE YPaBHEHHE BTOPOTO IOPAIKA

dF oF or -
Yy o . _ e
dz _—ﬁy40 [F?Ix_ayx,Fygay . (1)
Yro6r JleTaTbHO MCCIEL0BATH HeoOXO[MMbIe M J(0CTATOT-
HEle KpUTepud HACTYIUIeHus TpefyeMoro MuHuEMyMa, paccMoT-

PEM UHMe2Pas

b
I =\ + = p) Frydo
a
oF (p, y, =
[F=Fp,y.0, Fp—2G00
M COPOCHM, KAaK BHOpPaTh yHKIHIO p OT
wy aroGu 3Hauenme uuTerpanaJ He 3a
BHCENOo OT BEIOpamuHOTro NyTH, T.€. OT BBH-
6opa ¢ymkmnum y or z. HMmrerpan J° mMeer ¢opmy

b
7 —\(4y.— Byda,
a
rme A m B me conepsar y,, B ofpamenye B HyJb IepBoii Ba-
puarum 0J* = 0 B cMeiciie, Koroporo tpefyer HOBad MOCTA-
HOBKA B3ajadn, [[aeT ypaBHeHNe

A o
T 0

T. €. MBI II0JIyuaeM Jisi yHKOHEN p OT £ B § yPaBHEHNE B YacT-
HEIX IPOM3BOJHLIX IEPBOT0 HMOPALKA

oF, . d(pFp—F) .

e ()
uddepernnanbroe ypaBHeHEe Broporo mopsiika (1) u Toib-
Ko uTO HalileHHOe ypaBHeHHE B UaCTELIX IPousBOmHbX (1%)
TECHO CBH3AHEL. OJTa CBA3L CTAHET HEIOCPEJICTBEHHO SICHOM
6J1aro;ri:)apﬂ clefyonemMy IpocToMy IpeobpasoBaHUIO:

87 =\ (F,0y + Fyp + (8 — 8p) Fp + (y— D) OF} du =

a
b

=S {F By + 8y F, + (yx—p) OF } dv =8J +

a

(Yx—p) OF y da.

Qe o
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A uEMeuHO, MBI BHIBE[[EM W3 DTOTr0 CIEHYIOLee: eCIy Mbi
HaifieM karoe-HHOYNbL 00nOnapamem puueckoe ceMeiicTBO TH-
TerPajbHBIX KPUBHX [uddepeninadbHoro ypaBHEHUs BTO-
poro nopsazKa (1) u 3atem oGpasyeM juddepernuaabHoe ypas-
HeHIe IepBOro HOpsAIKa

Y =D (.Z‘, y)v (2)

PeIIeHUAMH KOTOPOr0 fABAAKTCA DACCMATPWBAaeMEIe WHTE-
rpajibHble Kpusnle, T0 QyHEUUA p (%, y) Bcerma OymeT mHTe-
rpajloM ypaBHEHWUA B YaCTHHIX IIPOVBBOJHEIX MEPBOro MOPAL-
ka (1%*); u obparmo, eciu p (z, y) oGo3Hauaer Kakoe-HHOYTIH
pellleHHe YPABHEHWsI B 9acTHHIX IHpoM3BOmHEIX (1%), To Bece
Beocobnie pemenus auddepeHInaNbHOr0 ypaBHEEHN TepPBOro
HnopsjKa (2) ABIAITCH OFHOBPEMEHHO pemeHnavu audde-
PeHIuaJbHOr0 ypasHeHus BTOporo mnopsnka (1); miu, Kopo-
4e roBOpA, eciu Yy, =— p (z, y) — nnddepennuanbHoe ypas-
HEHNC IepPBOro MOpsAjKa, ABIAKIINEeCA HHTerpasnoMm udde-
PEHIMANIBHOTO ypaBHEeHUA BTOpOro mopsapka (1), to p (z, y) —
HHTEI'DAaN YPaBHEHUA B YACTHBIX UpomsBofHmx (1*), m 006-
PaTHO; mHTaK, UHTErpaibHee KpuBLe anddepeHnuaibLHOro
ypaBHCHEA BToporo mopsApka (1) ojHOBpeMeHHO ABAAIOTCA
XapaKkTePUCTHKAME yDAaBHCHHA B YACTHBIX IPOW3BOJHEIX IIep-
Boro mopsnka (1*).

Tor sxe pesynbTaT MH HOIYUMM TAKHE IOCPENCTBOM IIPOC-
TOTO BLIYMCACHHA, & MMEHHO, K BTOMY pe3yibTary Hac IIph-
BonsAT nufpdepenimancasie ypaBEeHus (1), cooTBeTcTBEHHO
(2) B sBuEe ymFyxyx + Yulyy + Fy x— Fy =10, coorper-
CTBEHHO (p. + ppy)) Fpp + plyy + Fpe— Fy, =0, rhe mms-
HHE WHJEKCH O3HAYAI0OT, KAK JIerKO IIOHATHL U3 3alH-
cH, JacTHEE IIPOM3BOIHEIE 110 Z, Y, P, Y. OTCIONA BUIHO, TTO
BHICKA3aHHOE YTBEPKJEHWE CIIPABEJIMBO.

Pagee ycramoBmenHas w TONBKO uTO [OKasagHAA TeCHAS
cBA3L MeKIy juddepeHnvaibHEIM yPaBHEHHEM BTOPOTO IIO-
parKa (1) ¥ ypaBHEHMAME B 9acTHHIX TPOH3BOJHLIX IIEPBOLO
mopsanka (1¥), Kak MHe KajykeTcsI, WMeeT JIJis BaPUALMOHHOTO
HCYMCIIeHHsA OCHOBOIoJiarajpmiee 3HadeHue. J[eficTBHTENLHO,
M3 He3aBMCWMOCTH HHTerpasa J = oT MyTH HHTerPUpPOBAHMS BEI-
TEeRAET

b b
VOFy+ D) Fy () = F (5 da, (3)

CCIM CUMTATH, YTO WHTErpan clleBa B3AT BJOJb HEKOTOPOM
KPHUBOIi y, & HHTerpajl cIpaBa — BJIOJb HHTEIPAILHON KPHBOK
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§J ypaBHeHms
y @) =p @ 5.
C moMownnio ypasaenus (3) moxydaeM popMyny Bedlepmrpacca:

b b b
\F () ds—\ F (g do =\ E(yi, p) d, (%)

rge E — suepensoe BeilepmitpaccoM BelpakeHne, 3aBHCAIIEE
OT YeTHpex apryMeHToB Y., P, Y, &:

E (Yx, P) = F (yx) — Fp—(yx— P) Fp (p).

TlockonbKy 37ech BCe [eli0 TOIBKO B TOM, YTOOH yIOMAHY-
TYI0 WHTETrPAJbHYI0 KPHUBYI § OKPYHUTh B ILIOCKOCTH XYY
OJTHO3HAYHEIM M HEOPEPHBHLIM 00pasoM SHAUYEHHAMH COOT-
BercTBylomeil gynuuuu p (x, y), TO TPOBEfieHHEEC PaccMOT-
PeHHUA HENOCPE/CTBEHHO TO3BONAIT — 003 IpPHBICYCHHS
BTOPOM BapHAIlMH, a TOJNbKO HpIMeHeHmeM Polarenprozesses
® pufdepernmarbHoMy ypasmeHmio (1) — ycraHosurh yC-
nosme flkoOm m oTBETHTH Ha BOIPOC, B KaKoil Mepe 3TO ycio-
BHE B COBOKYNHOCTH ¢ yciosueM Beitepmrpacca E > 0 Heo6-
XOJMMO M JOCTATOYHO VI HACTYIJICHHMS MIHMMyMa.

Vrasapase paccMoTpenns ) 6e3 rpoMO3TREX BHYHCICHHN
MO;KHO TepeHecTHn Ha ciay4ail gByx u Oosnee QyHKnmit m Ha
cy4ail MBOMHOrO W MHOUOKpaTHLX MHTerpanos. Tak, Hanpm-
Mep, B cjydae [BOMHOTO WHTErpajia, B3ATOro B objactu o,

0z 0z
J= SF(ZJC’ Zy, 2, X, ?/)d(') [Z'x: B Zy:'%] )

1) «TeopeMoil 0 He3aBUCHMOCTHY, ¢HOPMYINPOBAHHOA B JIBaJlaTh
Tperbell npobieme, I'munsbepr mpomomkaer uccrenopanusa Kuesepa mo
YIpomeHyo 1 0006mennio MCTOOB BAaDPHATUMONIION0 HCIHCIeHus, pas-
puBaer Teopuio monsa. B 1903 r. A. Maitep (A. M ay er, Math. Ann.
58 (1903)) pacmpocTpanmi TeopeMy HesaBHcmMocTH I'mnbbepra Ha ciry=-
wail QymKIuil MHOrUX nepeMcHHLIX. IIpu 3TOM OH paccMoTpen cemeli-
cTBA JKCTpeMalieil B IPOCTpaHCTIBE, TAaKk HashBaeMble monsA Maiiepa.
OGo0Iennio TeopeMbl HE3aBICHMOCTH nocBsmena pabora I'minnbepra
(D. Hilbert, Zur Variationsrechnung, Math. Ann. 62 (1906)).
ITponomkenuem pabor Maiicpa u I'mipbepra sBunack craTbs Bomsna
(0. B olza, Trans. Amer. Math. Soc. 7 (1906)). Meron, Bonsna ocuo-
BaH HA M8y4YeNnI 1ois SKeTpeMasncil. McclenoBanns 110 OTHICKAHMIO He-
O0GXOMIIMBIX M JOCTATOYHHX YCJIOBIL SKCTpeMyMa Juisi Bee Oomee 001mx
BapUANMOHABIX 3alad COCTABUIL TAaK HA3pBACMOC (KIACCHYECKOE»
HAIIPABJIEHHE B BapualmoHROM ucuucaenm. OcHOBA 3TOr0 HAPABIEHUA
6uta cospana Kuesepom u TmnsGepron, paspaGoraBuuMy TeopuIo IO
axcrpeMayieit. — [Ipum. nepes.
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obparicime B HyJIh TIePBOil Bapualuy, IOHAMAEMOC B 0OLITHOM
cMbICIe,

& =0

JaeT W3BECTHOE YPaBHEHNME B YaCTHHX TPOH3BOIHLIX BTOPOIO
IOPARKA A HCKOMOM (YHKIWH Z OT & U Y
[dF,,  dF

I-” - o . o
dzx dy — F,=0 [sz o

oF - or oF
Iiz —_— N Fz:—a—z~:|.

0z, * ~ *w 0z,
)

C mpyroit cTOpoHE, PaccMOTPUM MHTEI P a il
Ti={F 4+ (ca— D) Fy + (5y— @) F o} do

[F:F(p, g, 2, %, Y), szajg%i_w

?

F o 9F(pg. Z,x,y)]
q dq

HCOPOCHM, KAaKBHOpPAaTh QYHKOHE p M q OT
z, Y, 2, dT00bB BHAUYEHHE 3TOTO MHTETpama
HEe 3aBUCEITO0 OT TOBePXHOCTH, MPOXOHA-
meid 4epes JAHHYKO 3AaMKHYTY©O KPHBY I,
T.€¢. 0T BHOOpPA QYyHKI UK Z H€EPEMEHHH X &
ny. Warerpaa J* umMmeer dopMy

J*=\ {4z, Bz,— C}do
u ofpalienne B HyIb MEPBOi BapuUamun
6J*% = 0,

HOHEMAaeM0€ B CMBICJIE, KOTOPHII IMKTYETCS HOBOW MOCTAHOB-
Koil Bollpoca, [aeT ypaBHEeHHE

0A 0B ac
ox oy ' 9z

T. €. /Ui QyHKUWil p ¥ ¢ TpeX NepeMeHHHX %, I/, 2 MBI 10Xy~
YaeM ypaBHEHHe B YACTHHIX IPOM3BOJIHEIX IIEPBOro IOPAIKA

0F,  OFq | 9(pFp--qFq—F) -

Fr a2 =0. (I%)
Ecaw Mp K 3ToMy ypaBHEHHIO TIPUCOEVHUM €Ile ypPaBHEHNE
B YaCTHLIX I]pO]/IBBOJJ,HHX

Py + 4Pz = 4« + PGz (I*%)
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moJydammeecss 13 ypaBHEHmil
Zy =P (I’ Y, Z)v zy =q (11 Y, Z)1

TO yPaBHEHNE B YacTHLIX NPOM3BOAHEIX Broporo mopsaka (I)
7715 QYHKITNE Z IBYX MEePEeMeHHEX X B § U CHCTeMa IBYX ypaB-
HCHUH B YaCTHHX TPOH3BOMHEIX Inepsoro mopspka (I*) m
(I**) gns pByx QVHKIME p B ¢ Tpex NepPEeMeHHHX I, U, 2
HAXOIATCH MeKIY co0ofi B TAKOM 3ke OTHOINEHHH, Kak B CIy-
4ae OMHOKpPATHOro mHTerpasa ypasHeHus (1) m (1%).

W3 nesasucmmoctn uaTerpasa J* or Bebopa MOBEPXHOCTH
WHTETPHPOBAHNSA Z CJIe[lyeT

$7 (0, )+ (22— ) Fo (P, @)+ (2,— @) Fo (p, @)} do =
= S F (2, Ey) do,

€CJIM TPeNIoNoKATh, 9TO WHTErpasi, CTOSANIMI cIpaBa, B3AT
II0 MHTErPAJIbHON TOBEPXHOCTH Z yPaBHEHHII

Ex:p(xv y1;)1 Zy: Q(xv yaE),
TO € IOMOMILIO BTOH GOPMYJIB MBI IOJy4aeM ToTYac ke (op-
MyIy
(7 (20, 2)d0 —\F (2, 7)do =\ E (2, 2,, p, 0) do,

E (20 0) =
=F (24, 2y) — F (P, Q) — (2a—DP) Fp (P, 9) — (2,— @) Fo (P, 9),

KOTODPafA A [BOWHOrO MHTETPAIa MIPAaeT TY 3Ke POJb, UTO
dopmyna (4) B mpepmyIneM ciydae, B ¢ IMOMOMMBI0O KOTOPOi
MEL OIATH MOJKEM OTBETHTH Ha BOIPOC, B KaKoil Mepe ycioBHe
fArobu B coeguHenmm ¢ ycioBueM Bettepmrpacca E > (0 me-
00XOMMO T [OCTATOMHO [JI HACTYILUICHHS MEHUIMYMA.

Hassanmsie mpobmeMu — 3T0 TOJNBKO 06pasusl mpolieM ;
HO WX [I0CTATOYHO, 4ToOHI IoKasath, Kak Oorata, MHOroo0-
pasHa M mEpoKa MaTeMaTHYeCKas HayKa yike celiyac; mepej
HaMu BCTAeT BOIPOC, IIPEJCTONT JH MATEMATHKe KOIJa-HH-
Oyjb TO, 4TO ¢ APYTUMH HayKaM# MIPOUCXOAHT C JABHUX IOP,
HE PacIajieTcs JiK OHa Ha OTIeIbHEE YaCTHHE HAYKH, MPeicTa-
BHTENHM KOTOPHIX OyIyT efBa IOHMMaTh APYT Zpyra M CBA3L
MERIY KOTOPHME OyIeT I03TOMY CTAHOBHTHCA BCe MeEHbBIIE.
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f1 me Bepwo B 910 M He xoty 3roro. MaremarTuueckas HAYKA,
Ha MO BBIJIAJ, IPECTABIACT HEJENUMOe Ilel0e, OPraHn3M,
FKUBHCCIOCOOHOCTD KOTOPOro 00YCTOBIMBACTCA CBABHOCTLIO
ero uacreii. Bexb upH BceM pasmmuMu MareMaTHYeCKOro Ma-
TCPHAJIA B YACTHOCTSIX MII BCE 7K€ QU€Hb SICHO BH/UM TOIECT-
BEHHOCTDL JIOTMYECKMX BCUOMOFATEIBHLIX CPENCTB, POJICTBO
o0pa3oBaHEA HeH B MareMaTHKe B IeJI0M M MHOTOUHUC/ICHHEE
AHAJOTMM B ee pasnmuHLix obsacTaX. Mpl Takike 3aMeuaeM,
4TO, 9eM [ajblIe PasBUBAETCS MATEMATHUCCKAS TEOPHS, TeM
rapMoHUYHee ®W Oomee emHHO OQOPMISIETCS €€ COOPY;KeHHe
M MEKILY /IO CHX IIOP Pas/ieJIeHHBIMU 00JIacTAME OTKPHIBAIOTCH
HeomjaHuble cBA3U. Taxk mosyvaercs, 9ro MpH pacIiMpCHAR
MaTeMaTHKU ee eJWHEI XapaKTep He TEPACTCS, A CTAHOBHTCH
Bce 0osee OTIeTIMUBHIM.

Ho — cmpocuM MBI — TIpH PACIIAPEHNH MATEMATUYECKOTO
3HAHUA HE CTAHOBUTCH JIU B KOHIE KOHIIOB HEBO3MOYKHBIM [[JIs
OTZENHHOrO WCCIE0BATENSI OXBATUThL BCe ero uactu?! B Ka-
gecTBe OTBETa fi X0YY COCJIATHCA HA TO, YTO CYMECTBO MaTe-
MaTHYECKOK HayKM TaKoBO, UTO KaJKABIH JelicTBHMTEINLHBIN
yermex B HEd mier pyka o0 PyKy ¢ HaXo3<geHHeM (olee CHilb-
HEIX BCIIOMOTATCIBHEIX CPECcTB W 00jiee IPOCTHIX METOLOB,
KOTOPLIE OflHOBpeMeHHo 006jerdanT uoHHMaHue Oolee pamH-
HUX TeOPRI M yCTPAEAIT 3aTPYIHUTEIBHHE CTaPhle PacCyk-
JIEeHWsI; TOSTOMY OTAENBHOMY ucclejoBaTento, Oaaropaps
TOMY 4TO OH YCBOUT 3TH 0(ojiee CUJIbHBE BCIOMOIraTeIxbhHBIE
cpencrsa u 00Jee IIPOCTHE METOAH , YIACTCA JIerde OPHEeHTHPO-
BaTbCA B PAsNMUHEIX 00JaCTAX MATGMATHKE, YeM 5TO MMeer
MecTo I KaKoi-HMOY b IPYroil HAyKHU.

Epuaniit xapaktep MareMaTuku 00YCJIOBIEH BHYTPEHHUM
CYMECTBOM 570l HAYKM; BeJb MATEMATHKA — OCHOBA BCEro
TOYHOI'0 €CTECTBO3HAHMsA. A 7SI TOro uToOH B COBEPIICHCTBE
BHIIIOJNHUTD 5T0 BHCOKOE Ha3HAYEHWEe, NYCTh B TPAIYIEM CTO-
JIeTHH OHA 00PETeT reHHAJIbHHIX MacTePOB 1 MHOI'OYHCICHHEIX
UHLIAIMIX OJaropoHLM PBEHHEM IIPUBEPIKeHIeB 1).

1) B mojiimEEMKe 3TN cioBa 3BydaT tak: «Der einheitliche Charakter
der Mathematik liegt im inneren Wesen dieser Wissenschaft begriindet;
denn die Mathematik ist die Grundlage alles exakten naturwissen-
schaftlichen Erkennens. Damit sie diese hohe Bestimmung vollkommen
erfiille, mégen ihr im neuen Jahrhundert geniale Meister erstehen und
zahlreiche in edlem Eifer ergliihende Jiingerly — pum. ped.
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K NIEPBOV NPOBJIEME TUJILBEPTA
A. C. Ecenun-Boavnun

Uro0sl chopMynmpoBaTh 5ty NpobieMy, HAllOMHUM OCHOB-
HBle TOHATHS KaHTOPOBCKOH TEOPHMH KapHHHATBHEIX THCEI
(MomHoOCTEIH).

TepMun mHoxNCeCME0 03HAYAET TO K€, UTO K «COBOKYIIHOCTEY.
OODBeRTH, U3 KOTOPHX COCTOUT MHOKECTBO WK COBOKYIHOCTB,
HA3BIBAIOTCA 4EMEHMAMY DTOTO MHOKECTBA; OOBITHO Ipef-
ToJIaTaeTcs, YTO MOYKHO pPacCMaTPHUBATh MHOKECTBA OOBEK-
T0B jo0oit npupossl. Ecim Kaskaeiii aeMeHT MHOKecTBa X
ABJAETCA BIAEMEHTOM MHOKecTBa Y, TO MHOKecTBO X HABH-
BAGTCHA uACMbI0O WIHM nodmHoxcecmeom MHomectBa Y (0003-
pagaercsa: X — Y). Ionarue esaumuo 00nosHauH020 coom-
gemcmaeus, B OOBIYHOM (HAVBHOIY TCOPHN MHOIKECTB HE OI-
penensierci W pacCMaTpuUBaercs Kak mepBouadanbHoe. Cum-
TAETCS, YTO OHO BHPAKACT HEROTOPYI0 WHTYHTHBHO ACHYIO
We0, a UMEHHO: MeKy NaTbI[aMH JeBOH W IpaBoll PYyK He-
HMCKAJIEUEHHOr0 YeJoBeKa MOJKHO YCTAaHOBHTH B3aWMHO Ofi-
HOBHAYHOE COOTBETCTBHE, COIOCTABMB C JIEBEIM MUBHMHIIEM IIpa-
BHII MESHHEIT, C JIeBRIM Oe3BIMAHHLIM aJNbIeM —IpaBhil 6esni-
MsHRALI majgern u . 1. Memxay BceMu HaTypalbHEIMA YHCJIAMHA
U Memy BCEMH YeTHHIMI HATYPAILHHME UICIAVHE TaKiKe
MOYKHO YCTAaHOBHTDL B3AaHNMHO OJ{HO3HAYHOE COOTBETCTBHE, CO-
MOCTABHB BCAKOMY HATYPATBHOMY YHCIY K YETHOE UYHCIO0 2.

J[Ba Muos;ecTBa HABHIBAIOTCH IKEUGAICHMHHMU WIH pas-
HOMOUJHHMI, €CITH CYMECTBYeT B3aMMHO OJHO3HAYHOE COOT-
BETCTBHE, COMOCTABNIAINEe KajKoMy B3IeMeHTy JIio6oro ms
BTHX MHO;KECTB HEKOTODH (e[[MHCTBEHHBI) DIIEMEHT JIPYroro
MHO3KecTBa. O [BYX SKBHBAJCHTHHIX MHOKECTBAX TOBOPAT

TAXIKE, UTO OHU HMEIOT 00UHAK08YI MOUHOCMb, 3amuch X =—

=Y osHauaer, uTO MHOMeCTBA X WM Y MMEIOT OHHAKOBYIO
MOIMHOCT.
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I'oBopsT, uro MomHOCTL MHO#ecTBa X MeHbLULE, YEM MOII-

HOCTH MHoskecTBa Y (M mmmyt X << Y), ecmm MHOKecTBO X
SKBHBAJIEHTHO 4acTH MHO;KectBa Y M NPUTOM MHO;kecTBa X
n Y He 3KBUBaJIGHTHEL.

Harypanpeeiit pag uncen 0, 1, 2, ... sABugerca MHOMKECT-
BOM, ¥ BCHAKOE MHOKECTBO, SKBUBAIEHTHOE HATYPATLHOMY pPS-
7y, HasLiBaeTcs cuemHum. MOIIHOCTH CIETHOI'O MHOKECTBA
o6osradaerca N,.

MomrocTh MHOKECTBA BCEX [eHCTBUTENBHBIX YICeJ Ha-
3HIBAETCHA MOWHOCbI0 KoRmunyyma. Yacto oHa oGosHauaeTcsA
yepes €. OueBmpHO, 9o N, << €.

Eme Kanrop mokasas, 970 MHOKECTBO BCEX PAI[MOHAIB-
HHX 9HCeJ CUeTHO, 4 MHOYKECTBO MOIHOCTH KOHTHHYyMa He-
c4eTHO. MHOeCTBO BCeX TOYEK ILIIOCKOCTH MM TPEXMEPHOI'O
TNPOCTPAHCTBA MMEET MOIIHOCTh KOHTHHYYMA.

B 1878 r. Hamrtop BBICKasan rumoresy') oToM, 4TO He
CYMECTBYET MHOKECTBA, MOI[HOCTh KoToporo Owura Obl IpoO-
MexyTounHOoi Mexny N, m €. 9ra rmmoresa HaspBaeTcH Iru-
nore3oil KOHTHHYYMa (WM KOHMUHYyYM-2unomesoil). B xom-
Ile Ipomuioro Beka KadHTOPY OfHO BpeMs Kasajsoch, 9TO OH
MORET [I0Kasarh 9Ty THIOTe3y %), OHAKO Ha CAMOM fielle eMy
370 He yrnamoch. G Tex mop BosHUKIA Npo0seMa KOHTHHYYMA,
COCTOSIBINAA B JOKA3ATENLCTBE WM ONPOBEPIKEHWHN KOHTH-
HyyM-runore3nl. OdYeHh MHOTHE YYGHBHIE — B TOM YHCIE K
KpyOHedInye cHernasucTsl B 00JacTy Te0pUN MHOKECTB —
3aHNMAJIWCh 3TOH NMpoOJeMoil, HO OHa oCTaBajach HepelleH-
HOM BIIOTH jio HemaBHMX pabor II. Kosma, mokasaBmero
(B M3BeCTHOM CMEICJIE) KAK Pas ee HepaspemmMoCTh.

T'oBopsa 0 BaYKHOCTH KOHTHHYYM-THIIOTE3HI, 9acTO yTBEp-
JRIAI0T, 9T0 OHA jiasa Obl BOBMOKHOCTDH BO MHOTOM YIIPOCTHTH
IOCTPOCHHKE TEOPHH JIEHWCTBUTEIBHBIX YHCEN, & TaKyKe TeoP!H
(OYHRIEA [1elicTBUTEIHRHOTO MEePEMEHHOT0; M3-32 OTCYTCTBHS
ee B yucse NPHHATHX TMPEIJI0KEeHITl B 3TUX TEOPHAX, a TATGKC
B TONOJOTHWN BO3HUKAIOT CHENMUANbHHE HPOOJEeMBl, BHBRAH-
Hble HEOOXOIWMOCTBIO OTIMYATL MOIHOCTH KOHTHHYyMa OT
«HAUMEHLIOIEH HecYeTHOH MOIMHOCTIN.

1 G. Cantor, Gesamm. Abh., crp. 132.— ITpum. ped.

2) Kanrop He pas o0eIlajl B CBOMX cTATHAX COOOIMTH PellieHre KOH-
THHYYM-TIpOOJeMEl B OfHOM M3 clefylomuXx IyOornxkanuil; HaxkoHeI,
0H paske 06aBmi o ee pemenmu (cM. G. Can tor, Gesamm. Abh.,
cTp. 244). IMoppobHEYyI0 cmpaBRY IO mcTopHU 3TOro Bompoca B XIX ¢ro-
JIETUII MOKHO TonyInTs B KaEmre ®. A. M e 1 B e 11 e B a «PasBurue teo-
pun vaoxkects B X IX Bere», M., 1965.— ITpum. ped.
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o, X0TA 370 U BEPHO, POIb KOHTHMHYYM-THIIOTE3E IIPOSi-
BHJIACH CKOPCE B KAvecTBe OHOM W3 TiaBHEIX Ieleid MHOrmX
HCCICMOBAHTIA, YeM B KAaUeCTBE CPEJCTBA JIIIf MOCTPOCHUSA T€0-
puii. (ITo ®ToMy 1OBOAY YMECTHO BCIOMEHHWTH, 4YTO KOIJa
yhaeTca MCKIIOUNTH U3 NMOCTPOCHWA KaKoro-mmbo ¢parmenta
TeOPHH, HANMpHMep, axkcmoMy BeiOopa (cM. Hmie) me Gomee
MOpOroil TeHoil, YeM Ta, KOTOPOH MEl pacILraunBaeMcs 3a
HeIPUATHE KOHTUHYYM-THIIOTE3Hl B YIOMAHYTHEIX 00macTax
MATEeMATHKH, TO TOBOPSAT, YTO 5TOT PPAarMeHT Teopuu, Io Cy-
OIeCTBY, HE 3aBUCHT OT aKCHOME! BHOOpA.)

MuosxectBo X HA3BIBAETCA AUHEIHO YhopadoueHHBLM, ec-
U CYNIeCTBYeT HeKoTOpoe oTHOoImeHme R Takoe, 4UTo AJA JBYX
pasanuHAX 31eMeHTOB ¢ U b MHoskectBa X nmO0 ¢ HaXOWUTCA
B orHomennn R k b (B cuMBonax: aRb), nubo b Haxonwres B
oraomennn R & a (bRa), npudem us aRb u bRc cuegyer alRc,
KAKOBEL O HM ObLIN 3JIeMEHTH &, b u ¢ MHo;kecTBa X. Yuops-
Jl0UeHHOE MHOKecTBO (C ero ommuoweHuem nopadka R) mHa-
BHIBAEGTCHA 6NOAHE YROPAOOUECHHBLM, €CIIM BO BCAKOM HEIYCTOM
MHOKeCTBE Y, SBJIAIONIEMCA YacThi0 MHOKeCTBA X, MMeercs
TaKoil 2yeMeHT @, 4ro aRb nif BCAKOTo OTIHYHOIO OT & Bie-
menta b mHOKecTBa Y. (Ilycmulm mHOdCecrneom HA3HIBAETCH
MHOIKECTBO, He cojleprKamiee HU OfHOTO 3IE6MEHTa, CRazKeM,
MHOKECTBO BCEX YHCEJ, SABJIAIOIUXCA ONHOBPEMEHHO YETHHI-
MH 1 HeYeTHHIMH.)

Besakoe KoHEYHOE MHOKECTBO MOKHO PacCMATPHBATL KaK
BIIOJIHE YIODAJOYEHHOE, TAKMKE W HATYDPANLHBI P ABIA-
eTcsA BIIOJTHE YIOPSLOYCHABIM MHOKECTBOM (3a oTHOmeHme I
MOJKHO IPUHATL OTHOINEHEE « < »).

B Tcopum MHOMKECTB HMeeTcsl 1I0CTYJaAT, MMEHYeMHH ak-
cuonoii eubopa. OH COCTOMT B TOM, 4TO JIJIA BCAKOHW CHCTEMBI
90 HEIYCTHIX MHOKECTB, TOIAPHO He UMEIOMIUX o0IuX dIeMeH-
TOB, CYIECTBYET MHOKECTBO [V, NMEIIIEe ¢ KayKIHIM MHOKECT-
BOM cuCTeMBI S} B TOYHOCTH OJIHH-C{UHCTBEHHbIT 00IIi DIIEMEHT.
Hax morasan lepmero, u3 3Toil aKcmoMH BHOOpPA cuegyer,
YT0 BCAKOE MHOKECTBO SKBHBAIGHTHO HEKOTOPOMY BIIOJIHE
YIOPALOYCHHOMY MHOKECTBY (BePHO B 00paTHoe yTBePsK/IeHNe).

ITpoOneMa KoHTHHYYMA TECHO CBs3aHA ¢ POOIEMOiT 0 TOM,
MOKHO JIM BIOJHE YIOPSAMOYHTD MHOFKECTBO JefCTBUTEIHHEIX
gmces, He Dpuberas K axkcmoMe BhiGopa (T. €. MOJKHO JiH, HE
npuberas K 9TOH aKCHOME, ONPEIENUTh B 3TOM MHOIKECTBE
TaKoe OTHOIIeHHe mopsjka R, mpw KOTOPOM 5TO MHOKECTBO
SIBIAETCA BIIOJIHE YIOPAJOYCHHEIM). ITa mpobiemMa Takske
1o TocsiejHeT0 BPEMEHN ocTaBallach HEPEIleHHOMH.
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Jlerxo jloxaspiBaeTcs, YTO MOIIHOCTL KOBTHHyyMa B~
JSIeTCH MOI(HOCTBI0O MHOKecTBa BCeX dacTell HaTypalbHOTO
pana. Momuocth MHOKecTBa Beex yacreil MHOkecTBa M 00603-
aagaercs gepe3 2M (ecam M KoHeuHo, TO 570 0003HAUEHNE CO-
rJaacyerca ¢ TeM, YTO BCAKOE MHOKeCTBO MomupocTu M peiict-
puTenbHO mMeer 2M wgacrteif). CoriacHo mMUWPOKO M3BECTHOMH
Teopeme Kartopa, Bcerga m << 2M, rme m — MOIDHOCTH MHO-
swectBa M.

O6o061eHHaAs KOHTHHYYM-THIIOTE3a COCTOWT B TOM, YTO
ecJIT MOIHOCTL /M HE SIBJIAETCH MOIHOCTHI0 KOHEUHOTO MHO-
FeCTBa, TO MKy MOIHOCTAME m u 2M He mMeercss HUKAKON
ITPOME?RYTOYHOI MOIHOCTH.

Cepruacrmii B 1947 r. u Illnexxep B 1952 r. flokasanu, 910
3 0600IeHHoll KOHTHHYYM-THIOTE3H CIIyeT AKCHOMa BHI-
Gopa. Bcmepmcreue 0GesycmernmHOCTH HOIEBITOK PEHICHUS KOH-
THHYYM-TIPo0IeMEl BOSBHKIIO TPEMIIONOKEHNE 0 ee Hepaspe-
NIYMOCTH, ¥ B HAIE BPeMsi IOCTAHOBKA IPO0JIEMEI COCTOUT B
JIOKa3aTeNbCTBe HEBOBMOJKHOCTH [IOKA3aTh WM OIpOBepr-
HYTh KOHTHHYYM-TUIIOTe3Y B TOH WK HHOU CHCTEMe aKCHOM
i TeopwE MHOKecTB. Vjest Taxoro popa BosHHKIA y I'mib-
GepTa.

Ilepsoro Gonninoro ycmnexa B 9TOM HANPABICHUH J0OMI-
ca Hypr I'énenn, xpyuHelnmil #3 COBPEMEHHBHIX yYEHLIX
B 00acTH MaTEMaTHYECKON JTOrmKu. J[Id HEKOTOPO# CUCTEMEI
akcmoM 2 oH mokasan ') (B 1940 r.), 4To ecau sma cucmema
HERPOMUBOPEUUBE, MO K Hell Mo%cHO npucoefunumv 6es npo-
mueopeuus arcuomy ewbopa u 0606WenHy10 KOHMUHYYM-2U-
nomesy. B 1963 r. Monosoit amepuwkanHckmit yuemstt Ilayn
KosH 2) mokasan ¥ He3aBHCHMOCTh AKCHOMEI BEOOpa M KOH-
THHYYM-THIIOTE3H! A CACTEMEL 2, T. €. UTO ecAl 9ma cucmema
HENpOMuUEOpe s, mo k Hell MONCHO 6e3 npomusopeuus npu-
coedunUIMb OMpPUYyanRte AKECUOMBL 6u60pa U OMpUyanue Koh-
MUHYYM-LUROMESBL, & MAKIEe AGKCUOMY evbopa U ompuyanue
kowmuHyym-sunomess.. (Bmecto X HosH paccmarpubaeT
nocratoudo Gnuskyo K Heil cueremy’ Ilepmeno — Dpen-
Kend.)

Yto0sl [maTh HEKOTOPOe TpecTaBiIeHuEe O Pe3yabTaTax
Ténens m Kosna, Hajo cra3aTh HECKOILKO CIOB 00 06X NPHH-

1) Ann. Math. Studies Ne 3, Princeton, 1940, erp. 66 (pyccrmii
mepeon: YMH 3, Ne 1 (1948), 96—149.— IIpun. ped.).

2) Proc. Nat. Acad. Sci. USA 50, Ne 6 (1963) i 51, Ne 1 (1964)
(pyceunit nepesop: Marematnka (c6. mepes.) 9, Ne 4 (1965), 142—155.—
IIpun. ped.).
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nunax TOCTPOCHHMA aKCHOMATH3HPOBAHHON TEOPHH MHO-
sRecTB 1),

Beskas cucremMa akCHOM JIIA TEOPHU MHOMKECTB COJI@PHKUT
AKCHOMBI CIEIYIIUX BHIOB:

1) IprEM "0 CBepPTH BAaHMA, COTJIACHO KOTO-
poMy IUISL BCAKOTo CBoOiicTBa P cymecTByer MHOMKECTBO, CO-
cTosllee W3 TeX M TONBKO TeX IpPeaMeToB, KOTopLle 06IanaoT
cpoiicreoM P. Ilpm srom P Moyxer ObITh THOGHM CBOHCTBOM,
KOTOpPO€ MO;KHO BHIPA3UTh C IIOMOIBI0 JIOTMYECKHX oOIlepa-
TOPOB «ECJIM..., TO...», €U», (HIWY, CHEY, (IJIsI BCAKOTO», IS
HEeKoToporo» m ortHomennit X =Y u X & Y (umraercs:
«X ecrp anement Y»). Jlus kaskmoro rtakoro csoiictBa P
9TOT NPHMHIHUII 6T arcuomy ceepmuisanus (mis storo P).
ITpermonaraercst, 970 B opMyaupoBRy P He BXOLUT MMsI TOTO
MHOKeCTBa, KOTOPOe BBOJMTCA 3TOH aKCHOMOIL.

2) AkcmomMa 06BeMHOCTH, COMIACHO KOTOPOI
IBa MHOKeCTBa PaBHEH (T. €. COBNAJAIOT), €CIH OHE COCTOAT
U3 OHMX W TEX K€ BJIEMEHTOB,

3) AkcunoMa 0o cymecTBuUBaHHHE becKo-
HEYHOTO MHOJECTB a.

4 Axcmoma BH G 0pa (ecau ToTbKO OHA TPUHEMA-
eTcsl B paccMaTpHBaeMoil cucTeMe).

Taxoif mepeueHb aKCHOM IPENCTABIAETCH OUYCHH €CTECT-
BEHHBLIM 1 BIIONHE [OCTATOYHEIM /UJIsI TEOPHH MHOKeCTB, HO
fefa B TOM, 4To Yyike IPWHIMI CBePTHBAHES, 063 KaKHX-
mubo KanpHENmMX aKCHOM, IPHBOAHUT K mpormBopeunsam. Ha-
npuMep, ecld B KadecTBe cBoiictBa P BriOpaTh cBoiicTBO «X
He sBIfAETCA dIeMeHTOM X», TO IOXYYHTCS M3BECTHEHIH I1apa-
nokc Paccesa (MMeHHO, ecin Y 03HAUaeT MHOKECTBO TeX MHO-
mecTs X, KOTOpHIE HE SABIAIOTCA dIeMeHTaMu caMux cebs,
TO Y ABJIAETCS DIEMEHTOM Y B TOM X TOJNBKO B TOM cliydae,
ecny Y He sIBIAETCHA DIEMEHTOM Y, OTKyHa Ciefyer, uTo ofl-
HOBPEMEHHO Y HABISETCA U HE SBIAETCS DIEMEHTOM CAMOTO
cebsa). Beugy »TOT0 M HEKOTOPHX IPYIHX TapagoKCOB IPH-
XOOMTCsA OTPAHWYUTh IPUHIVL CBePTHIBAHWSH, T. €. IOCTYJIH-
PoBaTH aKCHMOMELI CBePTHIBAHNA He [UIA BCEX CBoOiicTB P, ofi-
HaKO BCe JKe [UIA;HaCTOJIBKO MUPOKOr0 KIacca 3THX CBOMCTB,
9T00E ¢ IIOMOMBI0 COOTBETCTBYIONUX CBOMCTBAM 3TOT0 KIAC-
Ca aKCHOM CBEPTHBAHWA MOYKHO OBLIO IIOCTPOMTH TEOPHIO
MHOKeCTB B o0beMe, JJOCTATOUHOM /il BCEX TEOPeTHRO-MHO-
JKECTBEHHLIX PAas[elI0B MaTeMaTHKH.

1)Cv. BaeE Xao nP.Max-H or o B, AKCHOMATIIECKITE CHC~
TeMEl Teopuu MHOzKecTB, UJI, 1963.— Ipum. ped.
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9. Hepmeno yrasan maubosee ECTECTBEHHYH COBOKYII-
HOCTB aKCHOM CBEPTHIBAHUS, KOTOPAS BMECTE ¢ akcroMaMu 2),
3) obpazyer Tar HasoiBaeMyo cucmeny Ilepmeso. Vimenno, B
9ToIl CHCTEMC MMEIOTCS CIELYIOmue TPH aKCHOMBI CBE PThIBAHMA:
AKECUOMA CYUECME08AHUS napyl A06ux 0syx mHoscecms (IpH-
ueM Mapa CUMTACTCH Toyke MHOKECTBOM), AKCUOMA CYULECME08a-
HUS MHOJNCECNEA, f6adloupeeocs 06-veduneHuen 1100020 MHOdNCe-
CIM6a MHOHCECNE, U AKCUOMA CYUECIME08AHUI MHONCECEA 6CET
ROOMHONCECNE DAL NPOUIBOALHOZO MHONCECMEE; KPOMC TOTO, B
9TOIl CUCTEMEIIPUHATAC X € M4 A KCHOM BE J[e Jd 6 H U 1,
T. €. aKCHOM, COCTOAIUX B TOM, UTO [Jf BCAKOIO MHOKECTBA
X ¥ BCAKOTO cBOHCTBA £ BRITEONUCANHOIO BH/IA CYMECTBYET
MHOKeCTBO Beex sieMeHToB X, olOnapmamomux cBoiicrBoM [,
ITH aKCHOMLI CBEPTHBAHUS BMeCTe ¢ aKcHmoMaMu 00BbeMHOCTI
u Gecromegnoctu n o6pasylor cucreMy llepmeno (rodsmee, ne-
PEUYCHD €€ (HeJOTUUECKUX» aKCHOM). XOTs 3TOU CHCTEMSEL J10C-
TATOYHO JJIs IOCTPOEHNA Teopun QYHKIHIT M [PYTUX Pa3esioB
RIaccHYecKoil MareMaTumKM (KpoMe TeX CIyuaeBs, KOrfa Tpe-
Gyercst mpuBIeUeHNe aKCHOMEL BEIGOPA), 1isi CBOOOIHOTO IOCT-
POEHUS TeOpHHU TOPATKOBEIX YmMceJ W MommuocTeil Tpebyet-
cd, Kak puepere yrasan A. DOpeHRenb, NOMOJHUTEIHHASN
cXeMa aRCHOMMNOJCTAaHOB K H, COCTOAIIaN B TOM,
9TO [JIA BCAKOrO O/(HO3HaUHOro orobpaskenma P (I, z) (mpep-
CTaBHMOro (GOopMyJOl paccMaTpPHBaEeMOWl CHCTEMEI, COJlepiKa-
meit cBobo/IHEe IepeMeHHEIe [ U Z; O[{HOSHAYHOCTh BEIPayKaer-
cf B 9TOH CXeMe YCIOBHEM: [JiA BCAKOro [ CYI[ECTBYET HE
6osiee ofHOTO Z cO cBoiicTBOM P (£, z)) W ISl BCSKOTO MHOKe-
crBa X CyH[eCTBYeT MHOKECTBO BCEX TAKUX Z, [JIsi KOTOPLIX Cy-
mectByer ¢ & X co cBoiictBoM P (¢, z). CMBicT 5THX akcmoM
COCTOHNT B TOM, 4YTO O[HOBHAUHLI# 06pas moboro MHomecTBA
«ABIAETCSA MHO/KECTBOM, KOJNb CKOPO caMo 3T0 oToOpaskeHue
BEIPA3WMO B S3BIKE CUCTEMED); AKCHOMLI BHIJIENEHNA CIEIYIOT
%3 aKCHOM CBepTHBaHuA (6e3 MOMOMHM NPYTHX AKCHOM HTOMH
TEOPHH), & HOTOMY MOTYT OHTh HCKIIOUEHH H3 IepeuyHsa aK-
-CHOM, copeprRamero akcuoMms! nopcranoskm. Cmcrema, moinry-
gaeMasi m3 cmcreMsl llepMerro 3aMeHO# aKCHOM BHIIEIEHMUS
AKCHOMaMu IOACTAHOBKH, HA3EIBaeTcs cucmemoir Ilepmeao —
@penreas (ZF); nompcrmit MaTeMaTHK MBIEIbCKUE ToKa3aI
HEJIABHO, YTO AKCHMOMAa IapH SBJISETCSA B HTOW CHCTEME CJefi-
CTBHEM OCTAIbHHX AKCHUOM, & HOTOMY MOKeT OBITH MCKIIIO-
geHa u3 NepeuHsi akcuoMm ZF,

Yuomsauyras cmerema 2 L'épgenss nmub HecymecTBeHHO
ornuuaercs or cHcTeMH ZF (uMeHHO, Hapsigy ¢ MHOKECTBAMH
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B Hell UMEIOTCH KIACCH MHOMKECTB, 0GJIaIaiomuX IPOU3BOIb-
HBIM CBOMCTBOM, BHIDASUMHIM B sizkike ZF u MorymmM, KpoMme
TOro, B3aBHCETH, KaK 0T HapaMeTpoB, oT APYIUX KIAcCOB;
9TO TO3BONsIET 3aMEHWTH CXEMy HONCTAHOBKH OfHOH aKCmo-
Mol W OTPaHUIUTECA B (POPMYIUPOBKE CHUCTEMEI KOHEUHEM
9ECAOM (HENOrMYecKuX» akcmoM). Hampas ws cucreM X
u ZF wsenporuBopeumBa, €CIH HELIPOTHMBOpPEYWMBA Jpyrasd,
7 pesyabTars ['énenst n Kosra, Oyayus HoXyduens [JIA ofHOI
W3 DTUX CHCTeM, JIeTKo IepeHocsTcs Ha apyryio. Merom T'é-
JIeIst COCTONT B TOCTPOEHHH (CPEJiCTBAME €ro CHCTeMH X))
HEKOTOPOHM «Mopiem», T. €. CHCTeMH 00BEKTOB 3TOH TeopuH,
YAOBJIETBOPSIOMEl aKCUoMaM X, a TaKe aKcmoMe BHOopa
u o0ofmenHoil KOHTHHYYM-THnoTese. TeM caMBIM yCTaHAB-
JHBAETCSA OTHOCUTENbHAS HEMPOTHBOPEUMBOCTH AKCHOME BEHI-
Gopa m 0600IMeHHOM KOHTUHYYM-TUIOTe3H ANA Kayk[0d m3
cucreM ZF mnm X.

Cucrema ZF (rark u X) obnagaer Toit 0coGeHHOCTBIO, UTO
DJeMEeNTaMi PacCMaTpPHBAEMBIX B HEH MHO;KeCTB (WIM MHO-
JKECTB M KIAacCoB) MOTYT OHITH TONBKO MHOMKECTBA. ITO HE
corimacyercsa ¢ oOLMM IyXoM KaHTOPOBCKON TEOPHHN MHOKECTB,
B KOTOpOil paspemaoch NONHOCTHI0O a0CTPAaTHPOBATBCA OT
IPHPOILI BIEMEHTOB H PaccMaTpUBATh MHOKECTBA OGBLEKTOB
m000it NPHPOALI, B TOM YKCJIEe W HE SBIIOMUXCI MHOMKECT-
Bamu. Taxne oOBEKTHI — A HA3HBAIO WX UHOUSUOYYMAMU —
MoryT OLITH BBEJEHHI B CHCTEMY, YTO INPUBOMHT K HE3HAUH-
TEIHLHOMY M3MEHEHHN0 ee OPMYIHPOBOK.

C ngpyroit croposrH, B cucteMunl ZF 1 ¥ uyacTo BHKIIOYAIOT
akcHOMY QYHIHEDOBAaEHH s, COTIIACHO KOTOPOI JIf0-
Goe memycToe MHOMKECTBO CONEPIKUT 3JIeMeHT, HellepeceKalo-
muliics ¢ 3THM MHOKecTBOM. VI3 3To#l akcmoME (C IOMOIIBIO
OCTaIIbHEIX aKcuoM ZF) BHTeKaeT aHAIOTMIHOE yTBEP/KACHNE
JUIS HEeMYCTHX KIIAacCOB, W 3TO JaeT BO3MOAKHOCTH J0Ka3aTh
npefyioskeHNe O TOM, YTO NPOM3BOIbHOE MHOKecTBO X 00-
najaer cBoiicTBoM P (BHpasmMEM B sspike ZI7), myreM cBoe-
ofpasHoil MHIYKI(INY, OCHOBAaHHON HA IOCHUIKE: KOJb CKOPO
BCAKWUH 9J€MEHT IPON3BONBHOTO MHOecTBa Y obOmxamaer
cBoiictBoM P, To n Y obnagaet ceoiicteoM P. (M3 aroit mockn-
K¥ COIJIacHO TOJHKO UTO BHCKA3aHHOMY YTBEPSKIEHHIO BHITE-
KaeT, 4To BCAKoEe MHOKECTBO oOnagaer cpoiictBoM P. Ilpm
HaJIm9iyu UHAMBHIYYMOB K 5TOH IOCHUIKE ClefyeT 00aBHUTEH,
9TO BCE MHEMBHAYYME! 00raaoT cBoiicTBOM P, a TaKiKe COoOT-
BETCTBEHHO PACIIHPHUTH IHOHATHE (IEepecedeHHsSA» B aKCHOMe
QyHIUpOBaHNA, pACOPOCTPAHHB €ro Ha WHJUBHIYYMEL)
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WNupyxnus, o KoTopoii uaet peds, oTcyTcTBOBAIA 3|r HKanropa, Ho
OHA BEIPAJKAET TY MHICIhL, 9TO B TEOPWH MHOMKECTB paccMart-
PUBAIOTCA JHUIb MHOH{ECTBA, KOTOPHE MOI'YT GLITH BBEIEHLI
(xora OB TyTeM TpaHCPUHEHTHON HHIYKIME) TPH TOMOMIX 0~
CIIeNIOBATE/ILHOTO 00PA30BAHMA MHOMKECTB YiKe BBEICHHLIX
BIIEMEHTOB (HaUMHASA C IIyCTOT0 MHOKECTBA HIIH C ITyCTOT0 MHO-
FKEeCTBA U WHANMBHIYYMOB), 8 HUKAKHUE [IPYIue MHOMKECTBA [JIA
KaHTOPOBCKOW TeOpPHMU He HYKHE. (JTH MHOKECTBA HAa3BIBa-
10T «pyHuposarEkMmy.) WmspiMu ciosamum, akcmoMa $yH-
JHMPOBAHUS COCTOUT B TOM, YTO B TEOPHM MHOKECTB PacCMaT-
PUBAIOTCA JIMIIb TAKHCG MHOKECTBA, KOTOPHE MOTYT BO3HUK-
HYTh B  XOJIé TEOPETHKO-MHO}XECTBEHHHX  IIOCTPOEHHIL.
AxcmoMoit GyrIpoBaNIs cpasy MCKII0UAIOTCA MEOKecTBa X,
pug woropeix X & X, mapm X, Y, aaa woropux X &Y
nY & X, nr o J[[nsa arcuoMs GpyHINPOBAHNSA ee HEPOTH-
BOPEUHMBOCTH OTHOCHUTENBHO OCTAINbHLEIX AKCHOM THIIA % WIH
ZF Oputa pnowasama eme ¢om HeiiMaHOM, KOTOPHIT ¥ BBeX
ary akxcmomy. (Dom Heiimarm Bsen B 1925 r. cBowo cmcteMy,
CXO[HYIO ¢ ¥ ¥ DaBHOIEHHYIO eii B CMEICIe HeIpOTHBOPEYN-
Boctn, cM. A. A. O penkens uw U. Bap-Xuanume i,
OcnoBamms Teopum MHoxecTe, «Mup», 1966, cHocka Ha crp.
129'), npns aroit cmcTeMBI OH W paccMaTpPHMBAm BONPOCH 06
axcmoMe (GyHIMPOBAaHMA, HE3ABHUCHMOCTH KOTOPOIl TaKsmke 10-
RaszwiBaerca Ges Tpyna.)

Uro xacaercs He3aBHCHMOCTH aKCHOMH BHOOpa, TO st
CHCTEMBl ¢ HHIMBHIYYMaMI oHa OBRUIA JIOKa3aHa DOIBCKUM
yaeEsM A. MocrosckuM B 1939 r. (upmuem cxopmbie upen
puickaseiBal A. Dperkens eme B 1922 r.). Bomee Toro, mm
[IOKa3aHO, UTO K CHCTeMe ¢ MHIMBHIYYMaMHI Mo3KHO 6e3 mpo-
THBOPEYNA IPHUCOCIUAMTHL OTPHIAHKE AKCHOMHL BHOOpa H B
TO 3Ke BpPeMA aKCHOMY O TOM, UTO BCSIKO€ MHOKECTBO MOKET
OLITh YIOPANOYEHHO; B IPYrux paborax BMecTo DTOMl MOCITE[-
Heil aKCHOMBI HAPAY C OTPHUIlaHNEM aKCMOMEL BHGOpa B He-
IIPOTHBOPEUYHUBYI0 CHCTEMY BKIFOUAETCS AKCHOMA O CYINECT-
BOBAHUHN TAK HAa3HIBAEMOTO «Jedexundosa muoxncecmear, T. e.
GeCKOHEYHOTO MHOKECTBA, HE COJEPIKAIMET0 HUKAKOTO CYeT-
HOI'0 MOAMHOMeCTBa (WIH, 4T0 TO jKe, HE YKBHBANCHTHOTO HIH-
KaKoll cBoell mpaBmibpHO# Jactw). B cmny ynomsmyToro pe-
syasrara CepnmHCKOro, B 3TOM CHCTEMe HapymaeTcs u 0006-
MeHHAA KOHTHHYYM-THIIOTE3A.

1) B oroit kumre, a Takme B KHure KosHa, 0 KOTOPOIl pean moiifer
HIDKe, nMeercst obmmpras 6nbnuorpadma. — Hpun. ped.
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P{OHequ,l ey TIPH BTOM HOeT 0 HeIPOTHBOPEYMBOCTH IIO-
TyYeHHOM CI{IETGMH OTHOCHTE I bHO HEKOTOPOI mHC-
XofHOH cucTeMbl, KoTopasi B paGore MocToBCROTO CopepmmT
GeCKOHEUHOe L!F:Iomecmo UHANBHAYYMOE, & B 0CTalbHOM MOMKeT
CUMTATHCA OCTATOYHO Onm3Ko#M k& cucreMe X miam ZF (1. e.
€CcIIM HEIPOTHBOPEYMBA WCXOJHAS CICTEMA, TO HEeIpPOTHMBOPe-
quBa U HONYYeHHA).

Kak Tégens, Tak u MocToBcEMI BRJIKYAIN B CBOH CH-
cTeMEl akcuoMy ¢yHmumposanusa. B cBomx paGorax Mocros-
CKHil 0YeHb CYImEeCTBEHHO TONb30BAICHA HMHIUBIAYYMaMH, HO
MOYRHO OBLTO OH Jrerko oboittuck u Ge3 HUX, OTKAa3aBIIUCH OT
aKcIoMst QyHAMpoBaHuUA. ITO CBA3AHO C TeM, 4To, IPH OT-
Ka3e 0T aKCHOME ()Y H/MPOBAHUA, JIeT'KO 3aMeHITh UHIHBULYY-
MBL £ TAaKUMY MHOKECTBAMH ¢, KOTODHIE OTOM{ECTBISIOTCS C
{x} (B pesyubrate wuwero {x} oroxpmecTBiserca ¢ {{x}}
7 T.[T.; {x} 03HAUAET MHOKECTBO, COCTOAIEE U3 OJHOI0-CJiMH-
CTBEHHOT'O JJIEMEHTA ).

Kaxk 6110 ormeucno, paGorst MocToBCKOTo CYIECTBEHHO
3aBICAT OT HCIOJb30BAHUA MHIUBHIYYMOB HIHM TAKHX MHO-
#KeCTB, KOTOPHIE IO CBOEIl HPHUPOJe TyH bl HeJsAM KIacCHie-
CKoll MAaTeMaTUKH. JTO HE 03HAUAeT, YT0 ¥ BOIpoc 00 MX BRIIO-
YeHNH B CHCTEMY Yy3K[ 9TuM IexsaM. Ho KOETHEYyM-THIloTe3a
0 CaMOMy CBOEMy CYINEeCTBY oOTHocHTcs K obmactm ¢yH-
IMPOBAHHEIX MHOKECTB, TakK 4r0 To ee obolmeHue, HeJoKa-
3yeMoCTh KOTOPOT0 [I0KaskBACTCA MeTooM MoCTOBCKOT 0, MOFE-
HO CUMTATH CIAMIIKOM fajiexo upymuM. Tak mim nuade, mocie
paBorer Mocrosckoro 1939 r. mocuemosan psj apyrux pabor
B 3TOM HallpaBjieHWH (BasKHeilme M3 KOTOPLIX IPHHAJIeKaT
onaTh MoctoBCKOMY), HO o0HapysmiIoch, YTO OT HHOX eIle
0YeHb JalleKo 10 [oKa3aTelbCTBA He3aBUCUMOCTH KOHTHHYYM-
runoressl. [IpuHIINaAbHAS TPYIHOCTE, IIPEOIONCHHAS JINID
KossoM, cocTosia B ToM, 9TOOHI HONYYHTH MOJENb [Jf 2
wiu g5 ZF, B Koropoil mMennch Ol MHOKECTBA, CYHEecTBeHHO
OTIHUHBIE OT TeX, KOTOpPHe HMEITCS B YIIOMSHYTOH MOJeln
I'énens (oHU HaskhBawTCA «KOHcmpykmusHulmuy). OUeHb BajK-
Ho OBlI0, uTOOH B 9TOW MOJENTH BHIOIHANNCH AKCHOME (yH-
mupoBanmsa ¥ 4rToCbl KiIace WBIAMBUAYYMOB OHUI B Hell BIIOJIHE
yuopsimouer (uero He Gpino y Mocrosckoro). Ilocnenmee yc-
JI0BHe, ¢ TOYKHU 3PEHHS BO3MOIKHOCTH MOJENH, IO CYIIECTBY
He OTIWdYaercs 0T Toro, YTOOHI 3TOT Kjacc ORI MyCT.

Iedepncon moxasan B 1951 r. reopemy (B Heckonbko Go-
nee o0meil popMe IOJYyYEHHYIO OKOJIO TOTO K€ BPEMEHH aB-
TOPOM 3THX CTPOK), COTIIaCHO KOTOPOHl Takasi Mojenb (c
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HEKOTOPHIME OFOBOPKAaMME, OTIANAOMMME JIJIsI C]ZlOTeMLI ZF nupm
HaJUIe;KameM YTOYHOHMM HOHATHS (MOReNIN») [loiKHA OHTh
«HecrmanOapmHoiy, T. €. Kilacc ee MOPANKOBHY 4YHCeN, YIIO-
PATOYEHHHN OTHOIIEHNEM «MEHbBIIE» DTOH MOMe/iN, He MOMeT
OBITH BIOJHE YHOOPAMOYEHHHIM IO OTHOIIEHHI0 K TOM (MCXOJ-
HOW» CcHCTeMe, CPeJICTBAME KOTOPOl CTPOUTCH MOeNb.
Koneuno, Tarkas «HecTaHJAaPTHOCTHY BO3MOKHE TOJBKO 0Jaaro-
Iaps TOMY, 9TO He BCe MHOKECTBA TOPSIKOBEIX YHCEN Moje-
I¥, WMemuwecd B (HCXOAHON»  cmcreMe, OyAyT Mpef-
CTABISITRCH MHOKECTBAME MoOfenu. XOTS (HeCTAHIAPTHBIE)
Mopienut OBLIH JJABHO M3BECTHHI (110 CYINECTBY, OHH OBUJIM OT-
kpuTol CromeMoM enfe B Hauane 20-X rojioB), MOCTPOEHHE (HE-
craHmapTHOU» MOeNH, B KOTOPOH WMEHHO B CBSI3H C €€ (He-
CTaHJAPTHOCTHION IMENHCh OB (HeKOHCTPYKTHUBHEIE) (B CMEICIIE
I'énens) MEOMKECTBA, W BHBHIBAIO Te TPYIHOCTH, KOTOPEIE BIIepP-
BHE (IpaBia, APYIHM IyTEM) YAAJI0Ch IpeonosieTs uMeHEO Ko-
suy. (Mopmenp I'émenss Goima craHmapTHOIL) ’
Kax ye ckasamo, B 1963 r. Ilayn Kose pmokasan, uro
eciiI HelIpoTHuBopeuuBa cucreMa ZF, To K aToil cucreMe MOKHO
0e3 NPOTHBOPEUMA IIPWCOEAWHHTH OTPUIAHNE KOHTUHYYM-
runoressl. Hod® paccMmarpmBaer cucteMy ZF, Ho, Kag m B
cayuae ¢ paboroit I'éunesisi, ero pesyanbraTh nepeHoCcsATCA HAY .
Pesynbrarer IHopHa pachpocrpaHsioTcsi W HA CHECTEME ¢
axcmoMmoil BEOOpa, ¥ Ha CHCTEMEI ¢ OTPHIAHNEM aKCHOMEl BEHI-
6opa, O[HAKO IPU OTCYTCTBHH aKCHOMHEI BEHOOpa caMa IocTa-
HOBKAa KOHTHHYYM-TIPOGJEME yTPAauUMBAET CBOIO OHO3HAY-
HocTh. Jlemo B ToM, 9TO M3 aKCHOMEL BHIOOpPA BHITEKAET HKBU-
BAJEHTHOCTH CIELYIOIMUX [BYX CYKICHHMI: 0.) HE CYIecTByeT
MomEoCTell, IpPOMEeAyTOYHHX MexAy No 1 €, m f) mom-
HocTh € coBmamaeT ¢ HamMeHBIIEH MOIHOCTHIO §N; Hecuer-
HOTO BIIOJHE YHOPSZOYEHHOr0 MHOsKecTBa. 1losroMy KomTH-
HyyM-runore3y uacto ¢opmynupywor B Buje € =—= N, nan
2% — N HO IPH OTCYTCTBHN aKCHOME BHOOpPa BO3MOIKHO,
470 5Ta POPMYINPOBKA HE DKBUBAICHTHA C.) U Q) TAKIKE MOMK-
HO HAa3HBarh KOHTHHYYM-Tmunore3oii. HesaBumcmMmocts KoH-
THHYYM-THIOTe3E B ¢opMe P) Oruta moxkasama KosHoM eme B
1963 r., HO U3IOKEHNE COMIEPIRANO HEKOTODPHE HESICHBIe MeC-
Ta; ofgHAKo ero Oonee mospEaAd nyGamranus (Proc. Nat.
Acad. Sci. USA 50, Ne 6 (1963) m 51, Ne 1 (1964)) Buecna sic-
HOCTB B BTH BOLPOCH (X0TA (opMalbHO B Heil paccMaTpmBa-
JIaCh JNHIIb MOJENh [ CHCTEMH ¢ aKCHOMOH BEIOOpa, HO MO~
HO OBLIO MOHATH, KAK YTOUHAETCS ero mpepsaymas pabora u
B 9aCcTH, Kacamolelicd oTpumanms 9roil axcuoMsl). B 1966 r.

76



pumna kanra) K o 2 B a «Set theory and the continuum-hy-
pothesis», N.IY., 1966. B neii cucremMaTuuecky PACCMOTPEHEL
pce pesynbrafe, Kotopiie I{0sHy ymanock monyuyurh ero me-
tomoM. B wactmocTn, s cucreMsl Ge3 arcHoMEl BEIOODa JlOKa-
3aHa HeNpoTHROPeuUuBOoCcTh (0THoCUTEIBHO ZF) Toro yTBEpHK-
JeHNs, YTO KORTHHYYM COZEDKUT AeJIeKHH/I0BO OIMHOKECTBO
M. Orcioma cagryer m Hapymerwne ), n60 MomHOCTE N, -+
1 9 mosskEa OpITh npomesyrounoit Mexny No n €. (Oue-
BHIHO, No <N, +M<C€; paserctBo Ny =N, + M
HEBO3MOYKHO, TAK Kak MHOteCTBO M ¢ YKA3aUHLIM CBOHCTBOM
HC MoykerT OLITh BHOJHE YIOPSA0YeHO, a PaBeHCcTBO N, -
+ M = € pmeposMoskHO, Tak Kark 0c3 akcmoMnl BLbopa Jio-
raspiBaercs € + € =€, no (No + M +(No +M) =me
skBuBaNeHTHO N, -+ M. ITo mociesHee yTBeP;RIEHWE Her-
KO BEITEKAaeT U3 YKa3aHHOTO cBoiicTBa M u To0rT0 darra, 4To
Ges oMo axcaoMbl BEIGOpa [oKaskBaeTcsi, 4To a1060e MHO-
JReCTBO HKBHBAJIEHTHO CBoell TpaBIIbHOM 9acTH B TOM H TOXb-
KO B TOM CJy4ae, KOra OHO CONEP:KHUT CUETHOe IIOIMHOKECT-
Bo.) Taxum o6pasoM, u BOIIpoC 0 HE3aBUCHMOCTH KOHTHHYYM-
rumoress B popMe o) Gt parTrueckn pemer B paborax Hos-
pa. (Cregyer saMeruthb, uTo caM HosH oTMeuaer He CTOIBKO
HapyIIeHue &), CKOIbKO TO 06CTOATENLCTBO, YTO KOETHHYYM BO-
BCce He MoykeT ORTH BIIOJHE YHOPSA0YEH; 9T0 HEMOCPEICTBeH-
HO BEITERACT U3 HAJINYUA B HeM [[eeKMHIOBA IOIMHOKecTBa. )

Itm pesysbTATH (KaK OTMEYATH yiKe IX aBTODPH) IepeHo-
CATCA M HA PaCIIHPEHUS CHCTEMH X, HoJyiaeMEe IIyTeM IIpH-
COeIMHERNsI AKCHOM O CYIECTBOBAHUU TAK HA3BIBAEMEIX He-
docmusicumuix kKapiunasvhbixr uncen. Ilpu sToM pesyaaprumu
Ha3BIBAIOTCsI TAKWe ajedr, T. €. MONIHOCTU BIIOJNHE YIIOPSO-
YeHHHIX MHOKECTB, KOTOPHIE He IPECTABUME B BHIE CYMMbl —
WM, YTO TO K€, Ipefiejia — MEeHBIIero YWCJIa MEHBIINX MHO-
JKECTB; IpeeNbHEIMI HA3KBAIOTCA aledr, He WMEIOmue He-
. MOCPEAICTBEHHO IIPeIIeCTBYIOMUX UM (0 MOIHOCTH) anedos;
HEJIOCTI;KUMBIMI HA3HBAIOTCH NIPENENbHEE PeryJsipHEe aje-
$rr > No-

AKCHOMEL 0 HEJOCTIKHUMEIX YHCIaX PONCTBEHHBI AKCHO-
Me GecKOHETHOCTH WM MHOTJIA HA3HBAIOTCA (CHIHHBIME aKCHO-
Mamm 0 Oecroreurnoctmy. VX He3aBHCHMOCTH JEIKO [IOKa-
SEHIBAETCSI, HEIPOTHBOPEUYMBOCTh JKE COCTABISIET OfHY U3
rayGokux OpoGieM OCHOBaHHI TeopmH MHOKecTB. (AKcumo-
Ma OeCKOHEUHOCTH MOKeT OpTh WpejcTaBieHa, HAIpHMep,
Kah aKCHOMAa O CYMEecTBOBAHNU MHOKeCTBA BCeX HATY PaibHBIX
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1uceN, W B TAKOM CIydYae OHA CTAHOBHTCS aHCHOMOI CBep-
THBAHNA. MOMKHO NPHCOSMHEATH MHOTO AKCHOM PasHOM CUIIH
0 CYWECTBOBAHMN HeJOCTIKUMLIX 9YMCeJ, M II0 [KpaiiHeil Mepe
npocreiflune M3 HEX MOKHO WPEJCTABIATH B| BHE AKCHOM
CBEPTHBAHUSL. )

 WMssectras TeopeMa 0 CUETHOCTH CyMMBI CYETHOI'O MHOKE-
CTBA CUETHBIX MHOKECTB 3aBICHT OT aKCHOMH BoriGopa. Iosm
B CBOCII KHNI€ OKA3EIBAET HEPOTHBOPEUNBO¢TH YTBEP K ICHMIIL
0 TOM, 4TO §N;, & TaK/Ke KOHTHHYYM MOTYT GHTB TPe/CTABICH
B BHjle CYMMBl CUYETHOIO MHOJKECTBA CYETHHX MHOKECTB.
Taxmy obpasom, mpm orcyrcrBum awcmomur BrGopa N, Mo-
eT OLITh HEPErYIsIPHEIM.

B 1964 r. momopoit wemcxuit yuenstii ITerp Bonerka npes-
JORUII HOBLII CI0CO0 NMOCTPOGHMSI MOTENEHl [ CHCTEMEI 2,
TO3BOJISIOINIT, TOMUMO IIPOYEr0, 3aHOBO IOIYUUTH PE3YIIh-
rarel Hoona. Ilpu aToM ykasaHHOe yTBepkeHIe o IPOMesKy-
TOUHBIX MOIGHOCTSX (JUIA CHMCTEME! ¢ axcuomolt BmiGopa) jio-
KasaHo M Jisi OOBIX TaK Has3HBaEMHIX «pPETyISPHEXY N,

7. €. Mesny No o 28% B HekoTOpOIl MOTTeTITIIMEETCST MEOT O mpo-
Me;KyTOUHBIX MOmHOCTel. Jlokasano, Taxske (mus roit xe cu-
CTeMBL), 4T0 2¥° Moker OHTh HEJOCTHKHMBEIM KapIWHAIbHBIM
TUCTIOM, eCIi TaKHe YHCIIA CYIEeCTBYIOT. (JTOT pesyrbTaT nMe-
eTcA U B ynomsuyroil knure Kosma.)

C pnpyro#i cropomH, aBTOpP OTHX CTPOK eme B
1959 r. B cBABM O CBOEH YIBTPAMHTYHIHOHEHCTCKOM Iporpam-
Moil obocHoBamms cucteM ZF u X (T. e. IporpaMMoi, HaIpaB-
JIEHHOE HA [IOKA3aTENbCTBO HEIPOTHBOPEUMBOCTH JTHX CH-
cTeM) IIOKasal, 9T0 ero cmocoG 0GOCHOBAHMA 3THX CHCTEM
OONYTHO NPHUBOAUT K [[OKA3ATEIbCTBY HE3aBUCHMOCTH AKCH-
oMil BHOODA W KOHTHHYyM-THIOTe3H B (opMe a.) (cM. cbop-
mnk Infinitistic methods, Warszawa, 1961, 201—223; roro-
BUTCHA K ONyOINKOBaRMIO 06IIMpHOE NBI0KeHNe TepecMOTpeH-
HOI'0 BapHaHTa 3TOH TEOPHH, CO[eps;KaIiee MOKa3aTelbCTBO
Henporupopeunsoctu cucreMs ZIF). Ilo mosopy BsammoorHO-
ImeHuil MesKNY @) u f) cieqyer 8aMeTHTh, YTO OCHOBAHHOE HA
akcuoMe BHOOpa OTOKIECTBICHHE 3THX (POPMYIMPOBOK HC-
NONb3yeT HE CTONBKO CaMy aKCHOMY BEIOOpPAa, CKOJBKO ee
caencrEe Ny <X 2%. Hepokasyemocrs aroro cnepcrsus (B
cmeicire IJepmenio — Dperkens) Ges MOMONM AKCHOMBI BEIGO-
pa foxasana B ymomsHyroil kmure II, Hosma.

Bonerra noxasan taxie, 9o 1715 J06HX PeTYIsSPHEIX aje-
doB Ny m N, rakux, aro N << N, paBercTBO 2% — N). He-
IIPOTUBOPEUMBO OTHOCHUTENIBHO X € AKCHOMOH BrGopa; K X
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MOJKHO TIPH 5foM [{00aBIATH JOOBE AKCHMOMEI O HEIOCTHRE-
MIX UHCIax.

Mmeercs cymecrsensoe pasimume Mesiny paGoramm Hos-
ga u Bonesru, Ho2H cTpomT cTaHAapTHEE MOJIEJH; €0 JOKa-
3aTelIbCTBO HEYPOTMBOPEIMBOCTH OCHOBAHO HA IOCTPOCHHI
MojieIel, B KOTPPHX BHIIONHAETCH JIHIIE NPOU3BOIBHOE KO-
HeuHoe MHositecTho akcuoM ZF, ero, BIIpo4eM, MOCTaATOTHO A
meneil oKasarelpcTBA HEIPOTHBOPEUABOCTH BCEU CHCTEMEL
(ubo NPOTHBOPETLE BHTEKAILO OBl M3 KOHEeYHOTO uicja aK-
cuom). Jlas Toro ugo0hl MOMYIHTH MOJENb sl BCEH CHCTEeMbI
p menoM, Hosmy T\1pnxonnTCH 10TH30BAThCS OFHOM J0MOJ-
HETEIbHON aKcHoMoli (0 CYmMECTBOBAaHHMHI CYETHOM CTaHIapT-
Hoit Mopenu mus ZF), Koropas Moyker GHTH BEHBEJEHA W3 aK-
CHOMEL 0 HEeLOCTI:HMMOM gucie. b oabiero o c0 CBOUMM CTaH-
JTapTEEIMH Mofie/isiMi He Mor OB [0CTHYB B CHJY TEOPEMEI
Iledepycora. s = o BoBCe He MOT OBl IOCTPOMTH MOJIENN
(¢ METEPECYOMIME ero CBOCTBAMH) CpefcTBaMi X. Bomnen-
Ka JKe CTPOUT HecTaH[apTHHIE MOJelH, ¥ eMy yJaeTcs Moiy-
yuTe Monenb A Y (C YKasaHHHIME CBOHCTBAMM) CpejCcTBa-
Mz 3. Jlns goKasaTeqbCTBa HENPOTUBOPEUMBOCTH 9TO HE [aeT
HIKAKIX CYIECTBOHHEX NPEHMYINECTB, HO 9TO ABJIACTCHA BKIA-
7loM B Teopuio Mopeseil. Bompock HENpPOTHBOPECUYUBOCTH N Ha-
JMUTIST MoJlenH CBSIBAHBL Meskyy coboll TaxmM obpasom, 4TO
KaK/IBII M3 MHX MOYKHO CYHMTATDL JHIN(b CPE/ICTBOM [JI pac-
CMOTpeHusT J(pyroro, a Jif MOjienell BCerja CyHiecTBeHHO,
KAaKIMH CpejicTBaMu OHH mocTpoensl. IloaTomy Henhas HTHO-
pmpoBaTh pesyibraTh BoneHKn: ToIbKo Ha TOM OCHOBAHWH, 1TO
OHI ObLTH 70 5TOT0 MoayueHs Ho9HOM,— 3T0 OTOMIeCTBICHHEE
KacaeTcd BOIPOCOB OTHOCHTEIBHOH HEIPOTHBOPEYHBOCTH,
HO He BOOPOCOB OCYINECTBEMOCTH MoOJelieil 3apanee yKasaH-
HEIME cpeficTBamu. IIpaBja, B THILOEPTOBCKOM Tporpamme
peub 1lijia 0 HEeNPOTHBOPEIMBOCTH, HO HMEIOCH B BHJly JIOKa-
3aTh, B KOHEUHOM CueTe, HEIPOTHBOPEUMBOCTL BCE MaTeMa-
THKHW,— 37leCh K€ PaccMaTpPUBAIOTCA JIHUIIb BOIPOCH OTHO-
CHTeJILHOH HEIPOTUBOPEIHBOCTH, & BOIPOC O HEUPOTHBODEUN-
BOCTH meXOnHOR cucremy ¥ mnm ZF paxe He crapurcd. ITpm
TAKUX YCIOBHAX TPYIAHO OTAATh Ipe/illoYTeHne OJHOMY H3
BTHX BH(OB Ipo6ieM (HEPOTHBOPETMBOCTh W MOfieNn) Hepes
JIpyImM.

Kax yixe ykassmanoch, Bomenka Jjokasal, 910 ecai N =
> N, N\ — mempesienpHas HIN  HEJIOCTIKEMAaA MOIMHOCTH
u No — HeJOCTIRIMOE KapAUHHATbHOE YHCIO UIN HEmocpe/-
CTBEHHO CJeyeT 3a IPYroii MON[HOCTHEIO B PsAJE MONHOCTEN
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BITOJIHE YNOPAMOYCHHHX MHOMKECTB, TO HEIPOTEBOPETHBO Pa-

sercTBo 2% — N). Uro racaercss cmeTeM ¢ TOCTYRUMBIMI
YuCIaMHu, TO 10 KpaiiHeil Mepe [JIsi KOHEYHOID UHCIA TAKHX
qncesl MX HeNpOTHBOPEeYMBOCTD MOKET OHTH JOKasaHa yJbT-
pampTynnumorncTcku. Hosr morkasamr (1963—1964 rr.) we-
NIPOTHBOPEYHBOCTE PpaBencTBa 2N — 2¥: (B uyeM cocroAna
runoresa Jlysuma 1)). /

IIpm Bceit BayxHOCTH BTHX HOBeiimux NPCTIZKEHMH HEIb3s
3a0KIBATH 0 TOM, YTO OHM OTHOCATCH K OIIpefielieRHbIM opManb-
HEM cucteMaM Tina ZF mmm . Memxpny tem KarTtop ocHoBan
¥ 3aBemas HaM TeOpHIO MHOKecTB He B Buue ZI', m mMenHo B
9TOoi NepBOHATANIbHOI, «(HAIBHOI TEOPUH MHQKECTB BOSHUKIIA
KOHTHEYyM-IpoOieMa. HampHasi Teopusi Obiila IpOTHBOpEdH-
Ba U HY)Kfajachk B 3aMeHe HENPOTHBOPEYHBOH (opMATHHOH
cmcreMoil, HO, HECMOTPSL Ha TO, 4To cmcreMa ZF moctaTtoduna
Iif HOPMAIbHBEIX MaTeMaTHUeCKHX KOHCTPYKIMH M A JOKa-
BBIBAI0 €€ HEeNPOTHBOPETIMBOCTL, I CUMTAI0 HEOOXOIWMEIM
HallOMHUTH © TOM, uT0 IpoGireMa ortokmectBienns ZF —
IIu ppyroit momoOHOU cHCTEeMBl — ¢ Teopmeil MHOKECTB OT-
HIOfb HE TPUBHAIbHA.

Mexpy mpoumM, Teopus mpanc@urummubx pexypeuil o
cux mop eme craGo mayueHa. BechMa mnpasjonopobeO, uYTO
g ZF MoxHO yKasarh pa3yMHEIE CXEMHBI ONpefieJieHAsl PyHK-
ouii myreM Toil wim mHOE QOPMH TaKOH pPEKypPCUH, KOTOPHIE
HEBO3MO;HO 0060CHOBaTH TocpenictBoM ZF, mpwaeM cerofgss
ele HET TeopeM, MNOBBOISIOMUX YTBEPIKIATH JOCTATOUHOCTH
TOIOJIHUTEIbHOW aKCHOME 0 HEeJOCTH/KHMOM UHCIe i ¢op-
MaImu3yeMoCTH STHX peKypcmii (paccMaTpHUBaeMBIX XOTH O
IO OTHONIEHWI0 K HepacmmpeHHou oOnactm). ITosromy He
OIPOBEPrHYTO IMpejmoNoKeHne 0 ToM, uTo ZF mypaerca —
JJISI eCTECTBEHHOIO TIOIOJHEHNS aKCHOMAaTHUYeCKoH Teopun —
B UPHCOCIUHEHMM IIOBEIX, IIOKA €Ile HEeM3BECTHLIX AKCHOM.
B cBsasum ¢ RaskgpIM TaKUM pacHIIpeHEneM BOIIPOCH O HENpPOTH-
BOPEUNBOCTY U HE3aBHCUMOCTH KaK aKCHOMEL BLIOOpPA, TaK
¥ KOHTHHYYM-THIIOTE3E [PUAETCS CTaBUTh 3aM0BO, I CINe HCT
OCHOBAaHHII yTBep/OaTh, uTo Merojn L'énens u HosHa oka-
JRYTCA IpPH 3TOM HTPUMEHHMEIMHU.

T'énenn oTMevaln, 4To ero pesyibrarhl 06 OTHOCUTEIBHOM
HeIPOTHBOPEUMBOCTH MOJKHO [0Kas3arh I IIA Goiree crabbix
cucreMm (Llepmeso m Teopmy THIIOB), HO IORPOGHOTO M3JIO3e-

1) H. I[ Jly 3 um, CoGp. cou.,T. 2, Usn-Bo AH CCCP, 1958, crp.
565.— Hpum. ped.
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HHSA JIOKA3aTe]beTB 10 CUX 1M0p He moaBmiIoch. Ilpasmounomos-
HO (BCJIe;mTBIBE HemaBHUX pesynabraroB lllmexkepa o cBssm
MeRy Teopueii Tumos u cuctemoit New Foundations Kyaiina),
YTO ITH PE3yNbTATLI MOMKHO MEpPEHeCTH M Ha cuceTeMy New
Foundations. (Peur mwier o6 axcmoMaTmueckodi Teopun MHO-
smecrns, mpepmozkennoil B 1937 r. Kyaiivom m mamo moxoxeil
Ha cucremy Llepmesro — @penrens. AxcruomMa peHOoOpa B ee
obmieit opme Ovuta st 910l cucTemsl omposeprayra Illmex-
KEpOM, a IOTOMY PE4b MOKET MATH JNIb 00 OTHOCHTEIHLHON
HCIIPOTABOPCYUBOCTY ee¢ orpasmueHHEX (opm.) Tpynuee yr-
Bep;EmaTh (XOTs mPaBnomoioGHO M 3TO), 9TO BCE DTO MOMKHO
OpUMEHATH 1 K pesyabraTam Hosna.

B nmpurAnume ciepgyer cTaBUTH MONOGHEE BOIMPOCH [
A00RX CHCTEM aKCHOM, COTepIRAINuX JUIMb AKCHOMH CBEPTHI-
BaHHA U 0GBEMHOCTH (M JOTMYECKMe MOCTyJIaTs). Takue cu-
CTEMLI eCTECTBEHHO Ha3HBaTh «kanTopobckmmm. I1. C. Hosn-
KOBY IPHUHAIIEKUT MPOCTOE OKA3AaTEABECTBO TOTO, YTO €CII
B KaHTOPOBCKOI CHCTeMe [IOKasyeMoO CYIecTBOBaHME ITyCTOTO
MHOReCTBA, TO B Hell Jjiokasyema u Jiobas opmysia Buma
Jy Vzze=y ~Tzes2& ] A) =A (tne A He comepssuT
cBoGOJIEO y u 7). JleBasg YacTh 3TOH SKBHBAJIEHTHOCTH SBIIS-
eTcsi aKcuomoi csepreBaHmA. OTCIOfA JETKO ciejyeT, 4To
ecimit A (HanmpwMep, KOHTHHYYM-THIIOTe3a JUIM e OTPUILAHIIC)
HeOpOTUBOpETNBa OTHoCcHTeNbHO ZF, T0 mMmeercss HENMpOTHBO-
peuanBoe KaHTOpoBCKOe pacmuperme ZF, B roropom 4 fo-
KasyeMa.

JlorasareIbCTBO TOJBKO UTO YKA3aHHOH YKBUBAJIEHTHO-
CTH OCHOBAHO Ha TOM, 4ro mapamorc Paccera mcemoxssyer
JMIIEL OJ{HY aKCHOMY CBepThBaHuA: JYVz(zEy~ | 2z D z),
C KOTOPOH eCTEeCTBEHHO CBsI3aHA JieBasg 4YacTh DTOIl BKBHU-
pastentHoCTH. G JIIOGHIM [pyrEM Mapaji0OKCOM MOMKHO aHAJO-
THUYELM 00Pa30M CBSI3aTh COOTBETCTBYIOLIVE AKCHOMEL CBCP-
ThIBannsl, moJydaembie upucoenuHennmeM «& T | A» K mpa-
BHIM YaCTAM OKBMBAJIEHIHOCTEH, BXONAIIUNX B T€ AKCHOME!
CBEPTLIBAHUA, KOTOpPHE HCIOONB3YIOTCS B 9DTOM IApajlOKCe.
Iloatomy o kamnoit dopmyne A, HETPOTHBOPEYHBOCTH KOTO-
poii orHocurenbHo ZF joKazaHa, MOMHO YTBEPIKIATb €€ J10-
KasyeMOCTh B HEKOTOPOI KAHTOPOBCKOM CIICTeMe , HeIIPOTHBOPe-
quBoil oTHOCHTENHEO ZIF, m mpurom B m060il Taroil cucteme,
TOJBKO YTO YKABAHHEKM 00pasoM CBASAHHOH € IapajlOKCaAMM.

Tarwe KaHTOPOBCKIE CHCTEMH eCTECTBEHHO HASHBATH «Ila-
panokcanvHEMmY, Jlasme B ciyyac CBOell HCNPOTHBOPETHBO-
CTU OHM, IO-BHOMMOMY, Tleé MOT'YT CYHMTATHCHA CCTECTBEHHBIMU
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pacummpenusmu cucteM turna ZF. EcrecTnenHo moaToMy uc-
KJII0OYNTH WX W8 paccMorpeHns. IIpum sToM BQ3HHKAeT MHOTO
BOIPOCOB O XapaKTepe OrpaHMYeHNi, BBOJVIMAIX Ha aKCHOMBI
CBEPTHIBAHUSA B CBABK C 3TOH «IpobieMoil 1apajoKCaibHO-
cti». Hampumep, Gpocaerca B T71a3a OTCYTCTBIE BCAKOI CBS-
am vacreii | A ¢ ppyrmmum wacramu gopmyan JyVz(z € y~
~Tze& z4& T A) uectecTBeHHO CTaBUTH BOIPOC O HAIOKE-
HUF HA aKCHOMH KAaHTOPOBCKHX CHCTEM OTPAHHYEHIS (CBA3-
HOCTID (COCTOAITEro, rpy6o ToBOPs, B COSMUANMOCTH JTIOOHIX
IBYX «aTOMapHBIX» dacTell Buja u & v IeNoOYKaMu TaKUX dac-
Tel Kask/oli akCHOMH, MpmdeM JObe aBa COCEJHAX 9IeHa
IeIOYKK JIOJZRHEI HMeTh OfI(y1o mepeMeHHYy). Bompoch o
IOKAa3yeMoCTH KOHTHHYYM-THUIIOTE3H! W €e OTPHIAHWMA B KaH-
TOPOBCKIX CHCTEMAX C TAKMMH OIPaHNUYeHHAMH CJeyeT BRIIO-
4aTh B OOMYI0 MPOGIeMAaTHKY KOHTHHYYM-IIpOGIeMEl (n aHa-
JMOTMYHO [ APYIuX mpobiem).

Ho »T0 — Bompocw, oGpaineHHbe K Hayke OynyIIero.
Ceroiis 0 HUX cJeyeT TOBOPHUTH JWIIb B 1EJIAX HX IOCTAHOB-
KN I i TOro, 4To0H u30esKaTh Ype3MepHOTO CaMOJI0BOJBCT-
Ba GJICCTANMIMM PesyJIbTaTaMU HAINNX JiHEH.

HonTtunyym-mpo6ieMa 9ncCanTcA IEPBOH B HCTOPHYCCKOM
ruIIbGEePTOBCKOM Ilepeude mpoOieM, oOGpailleHHEX K MarcMa-
TuraM Hamero pera, OJHAKO ¢ JIOTHMYECKOH TOYKU 3PEHUS
BOIIPOC O HEIPOTHBOPCUHEOM IIOCTPOEHHWH TeOPHH MHOFKECTB
(BRIOYAINUIT B Ce0H BOHPOCH O HENPOTHBOPEIHUBOCTH CH-
cremst Ilepmeno — (Dpenrens, New Foundations m 1. 1.
cucTeM), KOHeuno, HamHOro BaskHee n rayGwe. II ecnm I'mire-
fepT He BKJKOYAJI 9TOU TpoGIEeME. B CBOK IIPOTPAMMHYTO
pedb, TO 5TO MOIKHO OOBACHUTH JIMITH TEM, YTO TeOpHs
MHOKCCTB IOjIBepIiIach akcuomarmsanmmu yixe mocie 1900 r.,
u B cmoeil peun 8 aBrycra toro ke roga I'mianGepr Bmy-
sKIeH OBIJI YUOMSHYTL JAKe 0 IPOTHBOPETHBOCTU HCOl'DaHH-
YeHBON TeopUll MHOIKECTB,



KO BTOPOI MPOBJIEME TUJILBEPTA
A. C. Ecernun-Boavnun

Ha rpasn XIX n XX BB. apufMernra cTana akcmoMarn-
ueckoil Haykoii. IleaHo BBeN I apHPMETHKM ClenyOnyio
cucremy axcuom *) [umemo O n omepaius  (osHavaomas mepe-
X0/l K (4HCIY, HEINOCPEICTBeHHO CJEYIOMEMY 32 Z») ABIA-
10TCA MEPBOHAYATLHLIME MOHATHAMY]:

1) xaxopo O BE GrTo THCIO @, gncno a’ = 0;

2) xaxopw 6w Hu Gniim uncia a M b, u3 a” 5= b" cuexyer
a b

3) raxopo OB Hu GHLTO CBOMCTBO P, BLIpaskaeMoe B Tep-
MHHAX NepBOHAYANHHLIX MNOHATUIN ¢ IOMOIILIO JOTHMIECKIX
onepartopos, ecnu uncino O obxajaer csoiicteoM P w s
ao6oro umeya n U3 TOro, 4TO0 n obnajaer cnoiicTBOM P,
cienyer, uTO M 4ucio n’ obmapaer csoiicTBoM P, TO BCAROe
9nCIo o6rasaeT cBOHCTBOM P («IPUHIMI [ONHOH WHIYK-
num).

HoneuHo, TepMUH «9UCJIO» OTHOCHTCSA 3]IeCh TONBKO K Ha-
TypaibEBM umcsiaM. OB He paccMaTpuBaercs Kak HepBOHA-
HaJbHOE MOHATHE IIOTOMY, YTO, KpOMe (HaTypalbibiX) 9micel,
B 9TOil aKCHOMATHYECKOH TEOPHH HeT HWKAKHX JPYTHX 065-
€KTOB.

IlospEee Okasasoch, 4TO /IS BIOOJHE CTPOTOTO IOCTPOE-
HAsA apuQMeTHKH HATYDAJIBHHIX Ynmceld HeoOXOONMO BBECTH
B KauyecTbe [OICJHUTEIHHHX NEePBOHAYAJILHLIX IOHATHII

1) Cucrema arcuom Ileamo Gbina omyGumwosama B 1891 r. (Ri-
vista di mat., Turin, v. I, 1891). 3a Tpr roga zo artoro (8 1888 r.)
8HATOIMYHASA cHcTeMa Obma IpemiomeHa P, Jenexungom  (Ge-
samm. math. Werke, II, 359—361, Braunschweig, 1932).— Ipun.
ped.
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Onepamm CIOJKEHNA N YMHOJKEHHA € aKCHUQMaMmu:
a—I—O_——a, d—l—b”:(d—l—b)', a - O::O,
a-b=a-b-+ a,

re ¢ 1 b 03HaYA0T TPOU3BOJILHEE TUCITA.

B cBasu ¢ aT0it cucTeMOl aKCHOM, KaK M B CBA3H CO BCAKOM
JApyro#l cmcTeMoil, Bo3HHKaeT OpoOieMa ee HEIPOTHBOpEYH-
Boctr. OcobeHHOCTh MOCTAHOBKY, 9TOM IMpo6IeMEl B IPUMeHe-
HuM ¥ apu@MeTuKe HATypalbHBIX GUCEN] COCTOUT B CIENYIO-
meM: HeIIPOTHBOPEUNBOCT, MHOTHX JpYTIX Teopuil, HaIpH-
Mep TeOPUM HEJILIX I PANHOHANBHLIX Yyucex, Moyker OLiTh cBe-
JIeHa K HelUpPOTIBOPEUMBOCTH TEOPHN HATYPAILHLIX ‘THCET
IOCPEJICTBOM IIOCTPOEHHS NCKOTOPOH «HMHTEPUPETAIUAY WL
«openmy. Ho g apudMeruky HaTypalbHHEX 9HCEN YiKe He
cymectsyer Gosee mpocToit Mojenu. Ilosromy mempormBOpe-
YUBOCTh apUQMETHEM HATYpPaJIBHSIX wices (KoTopyl f Oymay
B JadbpHEHINeM HA3LIBATh IPOCTO «apu(METHKOIN») IOJkHA
OHTH JJ0KA3aHA HEIOCPEJCTBeHHO.

C oot menpo (a Tare uMest B BIIY Oojiee TPYAHYIO 3ajia-
qy yCTAHOBJEHNS HeIPOTUBOPEYMBOCTH AaKCHOMATUKU TEOpHU
MHOKecTE) I'misbepr mocTpows cIeualpHYI0 TEOPHIO JOKa-
3aTeNbCTB. JTA TEOPUsI OCHOBAHA Ha TOM, 9T0 BCSKOE IIPeIo-
sReHMe apu(MeTHKM MoKeT OBITH B3aINCAaHO B BuE (OPMYIE
HEKOTOPOr0 CIEeNUAILHOTO JOTHKO-apu@MeTNIeCKOro A3BIKA.
Kaskmoe yMo3ariI0oueHne U3 YNUCiIa TeX, Ha KOTOPHIE paclaja-
ercsa a0boe JOKA3aTeNBCTBO, SIBISETCS IEPEXOIOM OT OFHHX
IpeJoeHni (IOCHUIOK) K APYTHM (3aKJI0UeHHsAM), H DTOT
mepexoy IPOUCXOAuT IO HpaBmiIaM (GOPMaJIbHOH JIOTMKI.
A 5TO 3HAYMT, YTO €CIM TMOCHUIKK ¥ 3aKJIIOYEHMs 3aINCATEH B
Buye_POPMYJI YIOMAHYTOFO ASHIKA, TO TOT QaKT, YTO OHH [Ieii-
CTBHTENLHO SABJISIOTCSA MOCHUIKAMY 1 3aKJTIOYCHMSIMU, MOKET
OLITh YCTAHOBIEH ¢ MOMONIBIO COBEPIIEHHO YETKHX IIPHEMOB,
OCHOBAHHEIX HA PaCcCMOTPEHHH CTPYKTYPH BaIucu 91ux ¢op-
myia. CorsacHo Teopuu IOKasaTeabCTB Ha QOPMYJH (B UacT-
HOCTHU Ha T€, KOTOPHIE BLIPAKAIOT HA HTOM JIOTHKO-apHPMeTH-
YECKOM SISBIKE AKCHMOMSBI apU(MeTHKM WY JOTUKH) CJIeLyeT
CMOTpETh KAaK HA IIPOCTHE DA/ 3HAKOB, I B TeDMIHAX TOJb-
KO YTO YIOMAHYTHIX (MeTKIX IPHEMOBY MOKHO cHOPMYIMpPO-
BaTh, IPH KaKNX YCJIOBUAX IIOCIE/[0BATEIBHOCTE (HOpMyd
npepcTasiszeT coGoil «IoxazaTenscTsoy. IIpn aTOM IpoTHBOpE-
uyye mpencTasisier coboit mapy ¢opmys, M3 KOTODHIX O[HA
SIBJSIETCA «OTPHIlaHmEM» Opyroit. I{pome TOrO, MmO mpaBUIaM
TOH JIOTHKM, KOTOpas IOApa3yMeBaeTcAd B 3TOll aKCHOMATH-
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qecKoil apuMeTHKe, 3 IPOTUBOPEUYUS MOKHO BEBECTH JIIO-
Goe IIPeMJIOIKEHIIe BTOH TEOPHH, B WaCTHOCTH, IPeJJI0MKCHIE
0=1 (rme 1 ectv coxpainenHoe o6osmauemue gucia ().
TaxuMm o6pasoM, HEIPOTHBOPEYMBOCTh APUPMETHRU 03HAUAET
HEBOSMOJKHOCTH ITONYYHTh B Hel [OKA3aTeJILCTBO MPeJio-
sweana 0 = 1.

9710 MOHATHE IMPOTUBOPEUNIA SIBISIETCS JJOCTATOYHO YOTKIM
IUIsA TOTO, yTOOBI CUMTAThH, YTO MpoGiieMa JOKasaTerbCTBa He-
MPOTHBOPEUINBOCTH COCTOUT B [JOKA3aTENLCTBE HECYMECTBOBA-
Husi obpexTa [OCTATOYHO SCHON mpmponsl. Takoe morasa-
TEALCTBO OyJleT IpecTarjifATh LEHHOCTH JJIA 0GOCHOBAHMA
apudmMeTnKir, eciuu ouo Oyyer ¢BOGOIHO OT HEKOTOPHIX TPHH-
LUIIOB, KOTOPHE CUMTAIOTCH CIIOPHLIMH.

B mawaue aroro crosetns, Korga sapokganachk ruibOepTon-
CKas TEOPHs [OKA3ATEIHCTB, CIIOPHBIM CUMTAIOCH yrmoTpedie-
Hye mjen OeCROHEYHOCTH, B OCOOEHHOCTH B TOM BHJE (aKTYy-
aJbHOM 0ECKOHEYHOCTH», B KAKOM IIOIpasyMeBajiach 3Ta UJesI
npu 0GO0CHOBAHUI 3GKOHG UCKAIUYEHH020 MPembez0, BEpaskae-
Moro axcuomoii: «4A unm ge A». Iloatomy I'misbepr nbiTanCcs
HAWTH TaKOE [OKA3aTeNbCTBO HENPOTHEOPEUMBOCTI apud-
METHKH, KOTOPOE BOBCE HE MCIOIH30BaN0 OB HmoHATHS Oec-
KOHEYHOCTH (B 3TOM COCTOUT CYMHOCTH «HUHHTHCTCKOrO»
nogxona I'mianbepra).

T'mip6epTy u €To yueHMKAM yOaioch MOJIYYUTh PSIJ| MHTE-
PECHEIX Pe3YJBTaTOB B 9TOM HAIPABJICHUN; OJHAKO BCE BPEMSI
Ta WIN WHAS 9aCTh TPYNHOCTEH OCTaBaJiaCh HEIPeojI0eHHOIL.
B 1931 r. Kypr I'épens QarTnueckn nokasal HEBO3MOKHOCTh
TIOJIO}KUTEIBHOIO PEINIeHNsI 3aJadyu O HEIPOTHBOPEYUBOCTH
apudMeTHKH THIBOEPTOBCKUMY (UHUTHEIMA METOaMH.

Ho, nockonsky rirapHbM O0BEKTOM KPHUTHKM OCHOBAaHIH
apuMeTHRY ABJISICA 3aKOH HCKIIYEHHOTO TPETHEro, MOYKHO
6buI0 cuuTaTh, uT0 I'énens B 1933 r. pemun 3agaty oGocHoBaA-
Hus apudMeTuru. VIMeHHO, OH 0Ka3aJ1, YTO €CIM Henpomueo-
peuusa unmMyuyuoHucmckan apugmemura (T. e. apupMeri-
Ka, B KOTOpPoH He IIOCTYJIMpPYeTCA 3aKOH HCKIIOUYEHHOTO
TPETHETO), MO HENPOMUEOPELLEA U KAACCUNCCKAS, apUPMemUKQ
(c 3aroHOM HCKIIOYEHAOTO TpeThero). Jlokasarenscrso I'énens
CpPaBHHTENBHO HECIOKHO (cM., Hanpuvep, K o u mu, Buepe-
Hne B Meramarematmry, HWJI, 1957, § 81) u monyueHo Ha
nyTu, eme pampme HamedeEEOM A. H. Hommoroposwiv.

B 1936 r. Tenmnen moxasan HENPOTHBOPEYHBOCTH KJIACCH-
4eCKON apu@MeTHKH, He TIOJb3ysCh IPEIOOIOKeHIEM O
HEIIPOTUBOPEYNBOCTH HNHTYHIHOHUCTCKON  apuMeTukn, a
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TaKke 3AaKOHOM WCKJIIOUYEHHOT'O TPETHET0, HO 3aTO JCIIOIb30-
paB Ipyrue CPejicTBa, BEIXOJAN{He 3a IIPEJIeILl TeX, KOTOPEIMHE
xoren moab3opatbea I'muwsGepr. B 1941 r. I1. C. Hopuros
nojygua ToT sie (a dakTHuecKn Goiyee CHIBHBIN) peayJibrar,
MOJb3ysch, OJIHAKO, eme 6ojiee CUWIBHBEIMU CpPECTBAMIIL.

Ilocite aToro mpobiema 060CHOBAHUA KIACCHIeCKOI apud-
MeTHEM cunrayach pemennoii. Ciaemosano 6o, OgHAKO, BHIpa-
FRATHCSI OCTOPOJKHEE, TAK KaK IPEONOJIeHH OBUIM TOJBKO M3-
BeCTHHIE TPYAHOCTH, CBASAHHLIC ¢ HOHATHEM OeCKOHEYHOCTU.

Ho mmerorcss B oCHOBAaHUAX apuMETHRHU M TaKue TPYIHO-
CTH, KOTOPEIE BOBCE HE CBABAHEI C HTHM IIOHATHEM OCCKOHEU-
HocTtu. Ha Hux B cBoe Bpemsa yrasueanu bopeas u A. [Tyaakape
(ynomunapiumii B cpoeil kaure «Hayra u meromy, 1908, o Tom,
YTO MHOTME MCCJEe0BATeNN BCTPEYAH IOPOUYHble KPYTH MU
TMONBITKAX OOOCHOBAHIL IIPHHIMIIA TOJHOM WHIYKIUH),
a B 1956 r.— Ban-Ilaniur, paGoTa KOTOpOTO HA3LIBAETCS:
«Ansercst i wncno 1010 xomeunwm?».

YuoMmsiayTHE 3/1€CH TPYHHOCTH CBSI3aHEL C T€M, YTO BO3MOJK-
HOCTEH QKCHOM O CJO{EHHHM 1 YMHAOKEHHH HE IIPEe/CTaBJIAETCS
OUEBUJIHOH, €CJIM TO[l HATypaJbHBEIMH YHCIAMA IIOHEMATH
anementsr 0, 07, 07", ... Kak 1o kK a 8 a T b, 4TO B HTOM pPHAY
comepuuTes umcao, papHoe 10'*? Ouesupno, Yo HU OfuH
YeJIOBEK He B COCTOSTHHI [OCUMTATH N0 HTOTO YMCIA, M CAMO
5TO YNCJO JIAaHO HAM BOBCE He Kak 3ieMeHT 9Toro psaja. Ho B
TAKOM CIIydae, Ma KAKOM OCHOBAHUHI MOJKEM MHI IIPHHSTH B
OpuUMENeHUY K STOMY HUHCIY NPUHNUI TOJHONW WHIYKIUH,
T. €. BEIBOIUTH U3 MOCTYJaTa O MOJHON mEpykmui, aro 1012
o0JaziaeT ONVICAHHEIM BHIIIe cBoiicTBOM P?

Jlerko IOHATH, 9TO BCE €CTECTBEHHEIE TOILITKH JOKA3aTh
«CyIIecTBOBaHWEY B HATypaJbHOM psiny uucia 101% oxaskiBa-
0TCS HEeYIAYHBLIMU I3-32 IOPOYHOI'O KpPyra, HMEHHO BCEe OHII
B Toil mnu mEOH Qopme mcmonwaywT uucso 1012 (Hampumep,
B BHJle CCBUIKM Ha 3T0 «umcio» maroB). IlosToMy — Koib
CKOpPO Bo0OINE MEICIMM HATY pasIbHE psaj ¢ ancirom 1012 — mur-
CJIIMMBL Pa3JIMYHEIe HATYPAIbHEIE PAJEL, B TOM YHCIE KAK COj/leP-
JRalIe, Tak U HEe COMEPIKAIUe TOJIbKO YTO YKASAMHOI0 YNCJIa.

B 3T0M O0TEa3e 0T TPaJUI{HOHHOT 0 TOIYIIEHNs O eIUHCTBEH-
HOCTH HATYPaJBbHOTO DS S BHIKY HMCXOMHHI IYHKT HOBOI
KPHUTUKY OCHOBAHMII MaTeMaTHKM, KOTOPYIO 51 HABLIBAIO YIIbT-
pamaTynnuonucrckoil (cM. Infinitistic methods, Warszawa,
1961, 201—223). Hapsany ¢ sTuM [JOnyINMeHueM, KOTOpoe i
obosuauy ceituac gepes T1, sra Kpurtmra pacnpocTpaHsercs
M Ha Jipyrue, TCCHO ¢ HHM cBg3aHHHe, lle odepmiumo, Haunpu-
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Mep, 9TO BCAKWiT HaTYypPaJBHEIN PSAM «peryisipeH», T. €. M30-
mopder n1000ff KOHQYUHAIBHON eMy IIOCJIEZOBATEIHHOCTIL.
JTOT BOIPOC HYJKIAETCH B JaIbHEMUNX YTOYHEHHAX BBHIY
04YEBHIHOI PACIUTBIBYATOCTH IOHSTHS (IIOCIEI0BATEIHHOCTIIY
(RaTypaNBHSIX 4HCEN) — ACHO, 9TO 9Ta NpoGlIeMa PONCTBEH-
Ha KOHTHHYYM-TIpoGieMe I3 Teopuw MHokecTB. Jlamee, ecian
patypassanii pan copepskut wncaa 10 u 12, vo He wncio 1012,
TO OH B JIETKO OIPEJENSIEMOM CMBLICJIE «HE3aMKHYT» OTHOCH-
tenpHO cTenenn. Jlonymerne T2 coctont B T0M, 9TO «MMEETCI»
XoTA OB OMH HATYpPAJIbHHU psji, «3aMKHYTHI OTHOCHTEND-
HO M0007 NMPUMITHBHO PEKYPCUBHON QYHKIMI; TaK KaK 9TO
mocierHee MOHATHE CaMO BaBHCHUT OT IOHSITHA HATYpPaJIbHOTO
qiciia, BOSHUKAKT PasiUMYHbe 0000IEHIsI DTOT0 HMOHATHS K
monyimenusas T2. HesasucuMmo ot sTux o6006meHnii ns onpee-
JeHHsI HATYPAJIbHOTO DPsa BHTEKAET 3aMKHYTOCTH BCAKOIO
HATYpPAJbHOIO Psfa JUllb OTHOCHTENbHO QYHKNUN ¢(n),
npm jg1060M # W8 3TOr0 HATYPaNBHOIO PAfA Y/OBJIETBOPAIO-
mux HepaBeHCTBY @(r) < n +1. lna Bcex ppyrux ¢yHEKINA,
B TOM 4HCJIe M UiA M -+ nu gaye mia n -+ 2, pomyme-
mue T2 myskpaercst B 060CHOBaHNH.

Yepes T3 s o0o3naualo NPHHIUN WHAYKIMH OT N K
n -+ 1, a wepes T4 — «IpuHNUD JTORAILAOCTH JJIA [OKasa-
TEJBCTBY, COTIIACHO KOTOPOMY, KOJb CKOPO BCE AKCHOMBI MC-
THHHBI, a IPaBIJia BEBOJIA COXPAHAT MCTHHHOCTH, [OJIKHA
OBITH MCTHHHON W KayKjlasi Te0OpeMa paccMaTpPHBaeMoOil aKCHO-
marnueckoii reopun. Ouepnpgao, yro T4 mpuauMaercs Ha oc-
HosaHun 13, a mHTymruBHOe oGocHoBamwe T3 mcmomssyer
T4 B Toit e Mepe, B Karoil 9TOT NPUHLUI JIOKAIBHOCTH
BCETHa TOJ[pa3yMeBAJICS IPHHATHIM B JOIMKO-MareMaTHde-
CKUX TeopHAX. 3[ech CHOBA HANMIO IOPOYHHIH KPYT, IO-
Gysiraoninii MeHst 0OTKasaThes Kak or 13, rak u or T4 (pasy-
MeeTCs, PeIb HjeT MU 00 0TKase OT HTHX TMPHHIUIOE B Ka-
qecTBe AIPHOPHHX; IPH HAJIHYMK JIOCTATOYHOTO OCHOBAHUA
X HA[IeAnuT NPUHATH, HO HE HIMpe, YeM B TeX IpeJeNax,
Ha KOTODHlE BTO OCHOBaHHE Oy/eT PacHpocTPaHATHCA). ITOT
OTKa3 O3HAYAET HEIPHEMIEMOCTh AKCHOMATHYECKOTO METOMa
IIPU MCCIIEIOBAHIH TeX ITyGOKHX BOIPOCOB, ¢ KOTOPHIMY HMe-
eT [elo yJIBTPAaWHTYHUIMOHUCTCKAsT Kpurtuka. llwTasch ee
NpeofoaeTs, s CTPOI HOBUTHBHYK IpOrpaMMy, KOTOPYIO
HaseBAK0 TOME (YIBTPAHHTYWIMOHHCTCKOIY. BaskHaa n
TpynHasg mpo6ieMa COCTOMT B YCTAHOBJIGHHM YJIBTPAMHTYH-
IUOHICTCKOTO TOHATHA [OKA3aTelNbCTBA, NPHTOJHOTO JUIA
neneil 060CHOBAHNA MaTeMaTuku. Bvuny otkasa or T4 s npu
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HTOM OTKA3BIBAIOCH M OT aKCMOMATHYECKOT0 MeToma, HO 3TO
HE O3HAYaeT OTKA3a OT AKCHOM M IPABHI BHIBOJA KAaK TaKO-
pux. Homeurno, mpeixEme 060CHOBAHHA HTHX (IOCTYIATOBY
OymyT B3aMeHEHS! HOBHIMH, VYWTHBAIIMH IOTpeGHOCTH
ONINCLIBAEMOM KPUTUKK. (II0 OTHOIIEHUI0 K OGLIYHKIM MOCTYJIa-
TaM HHTYULIHOHUCTCKOTO MCYMCJIEHHS MPEJIUKATOB, HO HE K
T3, ato ypmaercs). Ho rnasHoe 6ymeT cOCTOATD B PEBH3ML
CaMOTO IIOHATHA «0KasaTenscTBa». Ilpeykume Iormueckme
4KCHMOMBI U IpaBIJa IO CYIECTBY COXpaHATCA, XOTA m O0y-
Iyr HapiaexamuM o6pasoM yTounensl. Ho B cuiIy oTKasa oT
T4 ¢urypa, monyueHHast m3 akcmoM IO IIPaBMIAM BHIBOJA,
yie He OyneT HaSHBATHCA TOKA3aTENbCTBOM. 51 HABHIBAIO
TaKyl0 QUIypy «IeMoHCTpomyioi», a B Gosee oOmeM ciIyuae,
Korja HapsAagy ¢ aKCHOMaMM B BHIBOJIE MOTYT YIaCTBOBATH
IIPOU3BOJIBLHEIE HCXOmuse GOPMYIIbI, sI HA3HBAI0 €¢ I'e BEBO-
TIOM, & «IeIYKITHONOoMW» (I8 BTHX MCXOAHEIX gopmyin). asa mo-
Jy9eHOA W3 OeIYKIHOMIH ([IeMOHCTPOHM/EI) «HACTOSMINETO»
BHEBOMIA (/I0OKasaTeIbcTBA) TpedyeTcsa (M CUmMTAeTCHA 0CTATOY-
HHIM) HAJIHYMe HEKOTOPOH «KOHCTATAliM yOe[nTeIbHOCTHY,
TpencTaBisIomedi coboHd MOKasaTeNbCTBO TOrO, YTO NAHHAS
JNEeJYKIWONa KOPPEKTHAa He TOJBKO IOKATBHO», T. €. B
KasyK/[0M y3Jie Toil IpeBoBUIHOIl UTypH, KOTOPYIO oHA CoGOM
NpefcTaBisgeT, HO U «UHATETPAIBHOY, T. €. B I[JI0OM. JTa KOH-
craTanya y6eJuTe bHOCTH MOJKET B CBOIO OuYCpelb OHITH ie-
MOHCTpPOMJIOM € KoHcTaTarumeil yOenUTeIbHOCTH,— HO [JIsI
1070, YTOOH BTOT TpOIECC OOPLIBAJICSA, HYKHBH HEKOTOPHE
IepBOHAYAJBHEE TIPHEMBl JI0KA3aTeIbCTE, MUMEHYEMEE (IIpo-
TOJIEMOHCTPALMAMID. JTH INPHEMH YePHaloTcs u3 00JIacTh
TeX, KOTODHIE IPEJIIecTBYIOT SHAKOMCTBY € HadajaMu Tpa-
JUIMOEHON MAaTeMaTHYeCKOR Jormru. BaskHefdmuM u3 3THX
IIpHeMOB ABJIAETCA (HEeIOCPe/ICTBEHHOE) IPUMEHEHNEe OIpeje-
JeHni, T. e. mepexon oT ompenenenus «A oGosmauaer B»
K «4 ects By min k «B ectb A» (T CBsI3Ka «eCTHY TOMKYCTCSI
B TepMmHaX 0003HAYCHMII).

JTpn paccMOTpeHNU CYIMECTBEHHO pAa3JHYHEIX HATypalb-
HBEIX PAJOB CPa3y BOBHUKAIT HEKOTOPHIe MPOOIEMBI, HE3HAKO-
MBle TPafAUIIOHHON MaTeMaTMIeCKOH JIOTWKE TONHKO TMOTOMY,
4TO OHA TepecKoumsia yepe3 HUX IYyTeM HEeSBHOTO MPUHATIA
HEKOTOPHIX JONMYINEeHMIT B CBOUX ocHOoBax. H wmcny sTux jio-
nymenuii, noMmumo T1—T4, cienyer ornectn pomymenue TH
06 00BERTIBHOM XapaKTepe TOMIECTBA I Pa3iNuds paccMarT-
pusaeMux oGvexToB. Cunraercs, 4T0 OTHOMIEHIE TOKIECTRA
KaK OBl HMEeT CMLICI, He 3aBUCAIIMIL OT BHITOIHAEMBIX OTOK-
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JleCTBIIEH T, XOTA €O BpeMeH I'epakiuTa H3BECTHO, C KAKMMU
TPYHHOCTHMI/I OBLIO CBsIBAHO TOHATHE «TOKJ[eCTBa» B Teopun
Ho3HAIMA. JTH TPYAHOCTM oxuBaior mpu orkase or T1.
Hanpumep, ecoun N; ecTh HAaTypaJIbHBA DAL, COMNEpPIKAINMil
amcno 20, a N, — paAx, He copepsramuii aToro umesna (Bosce
HeT HajoOHOCTH B TOM, YTOOBI UHCIIO, He BXOJsINee B HEKOTO-
pHil psam, 6euTo cTONb BeNHKO, kKak 10%%), To mpm HaupHOM
OTOKIECTBIIEHNN «paBHOBeIMKHX» wumcel N, m Ny psag N,
OKAJKeTCS MOTPY/KEHHHIM B KOHEUHEHI 0Tpe3ok [N; M B HEKOTO-
poM cumuicsie N, yTpaTuT Opu ITOM CBOO GeCKOHEYHOCTh HIn
JKe DTH OTOJKIECTBJCHHS (BHOCATY OCCKOHEYHOCTH B HEKOTO-
pulil BIIOJIHE KOHEYHHH OOBEKT, a HMEHHO B IepeYeHb 4HCes
0,1,..., 20 m3 N,. Huxakroro «IpoTupopedus» B CTPOTOM
CMEBICJIC CJioBa 3J/leCh HeT, TaK KaK He O6H3aTe.I[I)HO cuuTaTh
Kasi/[blii Pa3 BEINOJHEHHBIMI DTH OTORIECTBICHHUA M, KpOMe
TOTO, 06'BEKT, KOHEUHHI B OJHOM CBOEM BXOK[eHHIH, He 00s-
3aTeIBHO OJYKeH CIUTATHCS KOHEUHHIM ¥ BO BCAKOM IPYTOM.
(«KomeunocTp» 08HAYaeT (BOBMOKHOCTH OKOHYaHUAY, &
«0eCROHEUHOCTEY — (HEBOBMOIKHOCTH OKOHUAHUA» MIMW, B
APYTOM CMBICJIE, <(BOSMOKHOCTh HEHACTYIUIEHWA KOHIAY,
HO BOBCe He Hajuume A1000T0 «OTPOMHOrOY» UncJja JacTei Mmiid
a11eMeHToB.) Eciiu IOIKTaThCA BEIIOMHHTD HPOCTEHIIYI0 MaTe-
MaTHIECKYI0 KOHCTPYKIMIO — PAacCMOTPeTh IIOCJIE0BATeNb-
HoCcTh IN,NV,, mostyuenryio u3 N, u N, myTeM uepeioBanus ee
wIeHos: by, o, by, @y, byy @oy..., THE G4y Gy,... W bg, by,...
mpepicTaBiaaioT coboit Ny u N, cooTBeTcTBEHHO U B IV, HeT H
me Oyper by, — M MONBITATBCS YKA3aTh BXOMMICHHE dg0 B
N,N,, T0 0ueBH/HO, YTO 9TO 3a[aHHE HEOCYIIECTBIMO (maie
OpH HAJIHYIHM dsg B INV,) UB-82 Rpensmcmeus, COCTOAINEr0 B
«sanemrersnmy N, sa NV, (1 mame oTpeska [Vy, IOPOKEHHOTO
DIEeMEHTOM dgq, 38 N,). MHOTWe oTOK[ecTBICHUA (eCam Tpe-
Oyercs, 4TOObl UX BBHIOJHANN («CTPYKTYDPHO», T. €. CJIOJKHBIE
00'5EKTHL OTOKIECTBIILIICH TOJIBKO IOCJIE TOTO, KK BHIIOITHEHBI
BCE OTOJKHECTBIICHHS COOTBETCTBYIOIUX gacTei, H 8T0 06CTOA-
TEIHCTBO (KOHCTATHPOBAHOY) OKA3HIBAIOTCSA HEBO3MOYKHEIMU
u3-3a 3alelieHnil.

ViIbTpauETYMIHOHNCTCKAs IporpaMMa Tpefyer SBHOTO
m3yueHuA Gosee IIHPOKOHN TaCTH €CTECTBEHHOTO A3HIKA, Y€M
TpaJNUNOHHAS MATeMATHIeCKas JIOTHKA, H, CBepX Toro, Go-
nee TayGOKOro, YeM 3Ta IOCJeHAsA, IPOHNKHOBEHNA B CeMUO-
muxky, T. €. HayKy 0 3HaKax BooOme. IIpuxogurca sBHO M3y-
9arh BaKOHE Meopul modasvrocmeli (B TOM YHCIE X (EOHTH-
YeCKHX» MOJAJBHOCTEIl «paspemaercsy ¥ «TpedyeTcs», Ha
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KOTOPHIX OCHOBAHO CAaMO TOHATHE TIPABILIA) H 24a204bHbLT
épemer.. Henpssi ceppesHo mayuaTh GECKOHETHEIE IPOIECCHI,
UTHOPHUPYA Ppasiuune Me;xgy OyayluMu U yiKe HaCTYIILB-
wumMn cobrtuaMu. IlocKonbky 0OYEbIC MIPERIOKeHNs ABHIKA
MaTeMaTHYeCKOM JIOTMKY He COfepyKaT SHAKa [iA Gymymero
BPEMeHH, OHH MOTYT CHITATHCS OCMBICIIEHHEIMHI TOJIBKO B IIpe]-
HOJIOEHN O HACTYIUIEHWK B H3YYA€MBIX IPOIECCAax BCEX
TeX COOBITHI, KOTOPHE 0G03HAYAIOTCA MMEHAMI, BXOAIIMI
B 3TH Ipe[iIoKeHns. TOMBKO B 3TOM IIPEAIOJIOMKEHU OHU U
MOTYTBXOJINTH B COCTaB ieryKumony. HenbssorommecTsiasiTb—
0e3 omacHOCTH MyTaHMI(E X NPOTHBOPETMH — HACTYIUBIIEE ¢
TEeHACTYNMBIINM, TaK YTO CAMU OTOKIECTBICHUA BTHX COORITMIL
(¥ MX MMeH) MOKHO BHIIIOTHATH JIILE IO Mepe MX HaCTYILICHH.
Orkas or T3 BHAEY!K/aeT BePEYTHCA K 06ImeMy Ipasiry Gec-
KOHEYHO! WHIYKIUM, TO03BOJAKMEMY UpHHATL VzA(x) B
npeamosiokenun 06 weTHEHOCTH Kamgoro A(n) (rme n —
OPOMBEOJIBHOE 3HAUCHNE I), & (MCTHMHHOCTBY TONKYeTCS MPH
9TOM KaK «BO3MOKHOCTR» (T. €. Hajwime cmocoba) moxasa-
TenbeTBa. Taxum ofpasoM, B aHAJIN3 IeIyKIHON I KOHCTA-
ranuu yoeAuTeNbHOCTH BXONIAT Hpo0JIeMEl, CBSISaHEEE € 3a-
NEIUIeHUAMY, BO3HUKAIOMNMHN IPH OTOMIECTBIEHHAX. Takr
KaK B DPHMHINIIe MOKHO HCKYCCTBEHHO BBONUTH B PaccMOTpe-
Hpe HEeKOTODHIe 3allellJIeHnsi, He CBASAHHBIC ¢ aHAIMB0M Jie-
JYKOUON, BO3HUKAET IpobiieMa YTOYHEHNSA TeX NpaBmi, II0
KOTODHIM MHOJKHB IPOCIE;KUBATBCS CBSISHM, W pPa3peniaercs
npeReGperaTs IOCTOPOHHEMMY o00BeKTaMu (B TOM uucie 3a-
nemneansaMu). TaxuMm of6pasoM, B mporpaMMy BHIIOYAETCS
meopus peaeéanmiocmy (T. €. IPHHIMIOB CBASK WM OT-
HOCHMOCTH, a TaKKe IpeHeOperkeHus), TPHYEM BHACHIETCI
3ajKHasg PONIb 9TOH TeopMu M IpPH IOCTPOEHHM PasINIHBIX
HaTypaJbHHX pAAoB. Teopusa peleBaHTHOCTH NOJKHA IIpel-
1IeCTBOBATH IOCTPOCHUIO apHQMETHRY ¥ 000CHOBAHMIO 0OBIY-
HBEIX JJOTHYECKHX [IOCTYJIATOB, & IPUHIIAI, paspemaromuii mpe-
HeOperars TOIBKO IIOCTOPOHHMM (T. €. T€M, YTO 3aIIPeIeHo CUm-
TATh CBSA3BAHHEIM), OKA3HBAETCA B TEOPHUK PEJIEBAHTHOCTH OC-
HoBomojaraomuM. IloaToMy ypaercs IpH mOCTpoeHUM HaTy-
PAJBHHX DPALOB OOBABIATH MOCTOPOHHMMH ¥ HMCKIIOUATH U3
paccMOTpeHHns Jo0He HaTypaslbHEI® YHCIA > 2, OTKy[a
CIenyeT BO3MOKHOCTE BeCbMa KOPOTKUX HATYPANLHHX PSA/OB.
(U3 ompepenerns HaTypaIbHOIO Psja CIELYeT — W TO JNIIb
mocyie HaJJIeKamero YTOYHeHsa 9Tor0 HOHSTHA B MOJAIbHOM
OTHOIIEHWH,— 94T0 B HeM Oymer umcio, ciemyromee 3a 0,
7. e. 1, a Tarke, 9TO B IpexmosomeHny 0 HacTyuieHnn 1 Oy-
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netr 2,— HO 9310 MpeJNOJIoKeHNe Helb3d BEBECTH N3 TOTO,
gro 1 «6ymem; cy:xmeunme «Oymer Tak, uTo Oymer A» HysKHO
yMeTh 0TImYath oT «Gyner A», Mo KpaiiHeit Mepe B mpolecce
ofCcy:KIeHns Boupoca O HeoOXOHUMOCTH HacTymieHms 2.)
C [pyrofl CTOPOHEI, CEMHOTHKA K TEOPHA OTOKIECTBICHUI
OCTABJIAIOT THOKME IPaBHIa, MO3BOJAIIINE BBOJUTH CKOIb
yrogHo GoJbIinme HATypaJbHBIE YACIA, B3BECTHEE B TPajH-
OMOHHOI MaTeMaTHKe, IYTeM (HEONpeJeeHHEIX yHKa3aHmiiy
HAa PaHee BBEJCHHEIE TAKHM jKe 00pasoM OOBEKTH W WX pas-
JHYeHUiT B HOBHIX M CTaphIX BXO:Rmenmsax. Ha sToM ocHoBaHA
OHMOA02UNECKAs, MeopUs HATYPANLHEIX YUCEN; 2eHemuueckast
meopus, MHCKPETHHIX MPOIECCOB HMEeT [elI0 ¢ YTOYHEHHEM
MOHATHS KOHCTATAIWH yOEqWTETHHOCTH W TeM CaMBIM yIbT-
PaMHTYHIIMOHACTCKOLO MOHATHUA J[OKasaTenbcTBa. B menom
reHeTHYECKAA TEOPHA TOPASHO CIOKHee OHTOIOTMIECKOH (1 9TO
CBAIBAHO C TEM, YTO IOHATHE (MATEMATUIECKOTO J[OKa3aTellb-
c¢TBa», B 00IMEeM, HAMHOTO CIIO}KHEe MOHATHSA HATYPaJbHOI'O
gnesia); ONHAKO B NPUHIMIE NI TOHATHA JOKA3aTeNLCTBA
HMEeTcH CleyMas NCXOMHAA SKCILITUKAINA: (JOKa3aTeJbCT-
BOM CY’K/GHEH HA3LIBAGTCH BCAKWII YECTHHIH IIpmeM, Giaro-
JapA KOTOPOMY 9TO0 CY:KIeHHNEe CTAHOBHUTCA HECOCIOPHMBIMY.
Hax monbsopaThea 3TOH M APYTHMH 9KCILIMKAUMAMY, ITOOLL
MONY9YUTh CBASHYIO TEOPHIO YIBTPAMHTYHIMOHHCTCKHEX OKa-
3aTeNbCTB,— 9TO BOIPOC, BO MHOTOM CBSIBAHHEIH ¢ meopuell
yesell, KOTOpafg TaK/Ke CHCTEMATHIECKH pPaccMaTpHBAeTCs
YIABTPAMHTYUIMOHHCTCKOH mporpammoit. Takum o6GpasoM,
9Ta WPOTPaMMa CONEP/KUT PAL (TeCHO IepemIeTarllnxcs)
«npomomeopuity — meopul. Mmodarvrocmell, yesel, aaazoab-
HBLE 6PEMEH, Pene6anMHOCIILL, 0mosclecmereHull UL pasiuuuil,
CeMUOMUKY W Tp.— «IeHTPalbHOE HAApo», CcOCTOoAIlee H3
OHMOA02UYECKOl, B 2eHemudeckoli Teopmil. EctecTBeHRO, 4TO
B 9TOM KPATKOM KOMMEHTapmu moupobHee OCTAHOBHTHCA Ha
HAJI0eHHN BTHX Teopuil Hepoamo;rHO. Ocraercs 3ameTuth
IHIIb, 970 HE TOJBKO 51 apuQMeTUKY, HO ¥ IS CUCTEME!
arcuom lepmeno — @OpeHKENs I TEOPHA MHOKECTE (1 IpH-
TOM ¢ HEJOCTHKMMBIME KapAuHANBHEIME YHCJIaMH) B HACTOS-
Iee BpeMA HANIEeHO MOKA3aTeNbCTBO HETIPOTWBOPEYMBOCTH,
ecild W He BIOJHE «a0CONITHOE», To 0ollee HAEKHOE, IeM
Kaxkoe-TmG0 W3 J[OKA3aTelhCTB TPAMWIIHOHHON MarTeMaTmde-
cront jornku. OcralpImuecss HePemeHHBME BOIPOCH IpaHmIaT
¢ 000CHOBAHEEM BAaKOHHOCTH TAKMX MOJAJIBHO-CEMNOTHIECKAX
MPUEMOB PACCY/KICHN, KOTOPHIMII #BHO W HESBHO OBLIH
IPOHMBaHb, N0 CYIHECTBY, BCE HMSBECTHHIE JOKA3ATEIHCTBA.



K TPETBEN INPOBJIEME TWJILBEPTA

B. I'. Boamsawnckuii

YueHne 0 MUIOMAMAX B JIEMEHTaPHOIl TeOMETPHE OCHOBHI-
BaeTCA HA CJENYOIMUX YeTHPEX MOJOKeHIAX:

1) Ilnomany KOHIpYSHTHHX (HIYpP PaBHEL

2) Ecmm ¢urypa pasGurta ') Ha mBe wacTh, TO ee ILIOMANb
paBHA cyMMe HJIOMAel o0enx gacrteil.

3) Ecnm ¢urypa X umenmroM pasmemaercs B ¢urype A4,
T0 TIIOmMans ¢urypst X He HPEBOCXONUT IUIOman Qurypr A.

4) ITnomans kBajgpata, CTOPOHA KOTOPOLO ABJIAETCS €fA-
HUIeU NJIMHE, PABHA €IHHNIE.

ITonosxenne 3), win paBHOCUIBHOE €My yTBEp:KIEHHE O
TOM, 9T0 IJIOMANE JI060i QUryps HEOTPHIATEIHHA, W JEHUT
B OCHOBE MeTOJAa HNCYEepPINHBAHUSHM, KOTOPHII B
OJHOM W3 CBOMX BapHAHTOB MOKeT OHITH c(HopuMyImpoBan
caenylonum o6pasom: ecaut X, X,,...—TaKas MOCIEI0BATEIh-
HOCTH QUTyp, PAcIOIOKEHHBIX B OJHOI M TOii ke ¢urype A4,
9T0 TacTh QUrypH A, He samosHeHHasn Purypoii X, nemaercs
Mo MOy BCe MeHbIIe M MeHbIIe 2), 10 lim S(X,) = S(4),

n=>C0
rie S osHauaer miomanb. Meron ator, Gyay1n CBA3aH ¢ INO-
HATHEM NpeoelbHOr0 Iepexona, Heaaemenmaper. Ilonbso-
BAaHNMEC METOIOM HCYepIHBaHhsl (MM KAKHUM-Tn00 SKBUBA-
JICHTHBIM €My METOA0M) Hem30e;KHO IPH CTPOrOM IOCTPOCHHH

1) MsI aiech He YTOUHAEM, 9TO TaKoe «(PUrypa» M 49TO TaKoe «pas-
6ueHyey GUrypol Ha 9acTH, TAK KAk HIDKE Peub WHET TONBKO O MHO020-
Y20AbHUKAZ.

2) Jlaisi Toro 9To6n1 yOeuThCeA, YTo IIOMAb 9TOH YaCTH [[eJIaeTCH BCo
MeHBIlle U MeHbI®, I IOML3YIOTCA CHOPMYIRpOBAHELIM BHIIE IONIOKe-
HIIeM 3): 3aKJII0YAI0OT 3TY 9aCTh B Y3KYI0 MOMOCKY IIPOCTOH OPMEI, 1110~
IManh KOTOpoii Jerko HaliTH. B KadccTBe Takof «momockm» o0BIHO Ge-
PYT 9acrb IUIOCKOCTH MeKIy <BIINCAHHOIY I «OmuCcaHHOIY (urypamm
TmpocToit POPMEL
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yucHUA 0 mromanax. JloctaTouno ckasarb, UTO BTOT METO|
reo0X0/uM y3Ke TS BEIBOIA GOPMYJIsl MI0INai IPAMOYTOIDb-
pEEa (IpH mMepexome 0T IPSAMOYTOTbHHKOB ¢ PATMOHAJIBHE-
MHI CTOPOHAME K HNPOH3BOJIBHEIM NPAMOYTOJLHHKAM).

Opuako ecam QopMmyla IIOMANH HPAMOYFOJBHHAKA Yike
yCTAHOBIIEHA, TO ILIOMAAN 41066z MHOTOYTOJBHUKOB yiRe Ha-
xonATCsl 0e3 MpuUMEHEHHA MeTofa wWcuepNHBaHmA. Taxoe Ha-
XOsKJIeHHe IUIOIasell MPOBOJUTCA C IOMOIIBI0 M e T O /1 O B
paséneHwss W [NONOJIHEHHSs, OCHOBAHHEIX Ha
YKA3aHHHIX BHIIE MOTOKeHUAX 1) 7 2): ecin [Ba MHOTOYTOIIb-
HHKA PAaBHOCOCTABIEHHI, T. €. €CIY MX MOKHO PasOuTh HA CO-
OTBETCTBEHHO KOHTPYSHTHEE TPEYTOJIHLHHKM, TO OHM MMEIOT
OIITHAKOBYIO TIIOIIA;b (PABHOBEJIMKHN); €CIU [IBA MHOLOYTOJIb-
HUKA MOMKHO JIOTIOJHHTE COOTBETCTBEHHO KOHTPYSHTHBIMHI
TPEYTONBHUKAME [I0 IByX PAaBHOCOCTABIEHHHIX MHOTOYTOJIb-
HUKOB, TO MCXOJHEE MHOTOYTOJHHHKE paBHOBenumkm. IIpn-
MepaMu MPHUMEHEHHSA HTUX METOJ0B MOTYT CIYKHTH TEOPEMEI
0 WIOma[u MapajuieiorpaMMa, TPEeyTOAbHUKA, TPAMeIrun
H T. M. B KypCaXx 3JIeMeHTAPHON T'eOMEeTPHH.

Urak, ecitn npuHATh GOpMyIy WIOMMALK TPAMOYTOJNBHH-
Ka MBBECTHOHM, TO BCe y9YeHWE O INIOMANAX MHO020Y20AbHUKEOS
CTPOMTCA HA OCHOBE 3IeMEHTAPHO-TeOMETPUYECKHX METOIOB
pasbuenusi m JOMOMHEHMs1, 0e3 NPUMCHEHHS HedIeMeHTap-
HOTO METOJla WCYepPNEBAHAA (KOTOPHII BHOBD OKa3hBAETCH
HEOOXOIUMBIM JIMITh HPY BETHCJIEHWH IUTOMANeidl KpHBOJIH-
HelHEIX (uryp, HAOpUMep IUIOMANum Kpyra m ero dJacreir).
3ror PaKT co Beeil MOTHOTOH yCTaHABIMBAETCA CIeMyIoIel
teopemoii  Boiian — TepBuBa: dsa MHozoyzoaviuka mozda
I MoAbko mo2da pasHoGeAUKU, K020 OHU pPAsHOCOCMAGAEHbL
(em. [11, [2]).

OO6pamasich K TeOMETPUM B HPOCTPAHCTBE, €CTECTBEHHO
IOCTABUTH CIEMYIOMuH BONPOC: MOKHO U, HMEH B CBOEM
pacuopsprenny gopMyny o0beMa MPAMOYTOIBHOTO Hapallie-
sernmmiena (WM [aske TOXBKO Ky0a), ompenennTh 00BHEM JIIo-
GOro MHOTOTPAHHMKA ¢ TOMOINHI0 TOJILKO MeToma pasbumeHns
(unu momosHeHus), 063 WCHOOIB30BAHUA METOfA HCIEPIEIBA-
Hna? Hak usBectHO, ydueOHAg JmTepaTypa BCerja HCIOJb-
syer namGo METO] WCYCPIEIBAHUA («4ePTOBA JIECTHMIAY),
nnGo KaKoW-HHOYnh YKBUBAIEGHTHHN eMy Meroy (HampuMep,
npuanun Hasanbepn mim kakoe-mGo MHOE 3aByalHpPOBAaH-
moe unrerpuposamme). ITo cymecrsy mm sro? Tak Kak sTH
HesJIeMeHTapHBle METOMEl IHCIOJB3YIOTCA B Kypce BJieMeHTap-
HOH TeOMEeTPUN TPH BHYHCIEHHN 00GHeMOB MHOTOIPAHHHKOB
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AulL 00UH pas, a IMEHHO [Jf JI0Ka3aTelbCTBA TOr'0, 9TO IBA
TEeTPasfpa ¢ PABHBHIMW OCHOBAHIAMH W PABHLIMU BHICOTAMI
PaBHOBEJNUKH, TO CTAHOBUTCS NMOHATHOI mpobiema I'mianGep-
Ta: anbble Al dea mempasdpa makozo euda pasHococmaenerisi
UL QONOAHAEMB, DASHBIMU uacmAMlL 00 DPAGHOCOCMAGACHHBLL
MHO202PAHHUKO0E?

Kaxr ormewaer I'manGepr B cBOEM IpHMeYaHHW, OTPHIA-
TeJIbHOE pellleHWe 3Toil mWpoGieMsl Obuio maHo llenom, Koro-
PHIl IIOKAa3al, 9UTO CYIIECTBYIOT MHOTOTPAHHNKE, WMEIOIIHE
paBHBEle 06BEMEI, HO He PaBHOCOCTABJCHHEEe. B wacTHOCTH,
Ky0 W OpaBIVIBHEIA TeTPasAp OJUHAKOBOrO 06heMa HepaBHO-
cOCTaBJIenE (M He JJOIOJHAIOTCA PABHEIMI 4aCTAME [0 PABHO-
COCTABJICHHLIX MHOTOrpaHHnkoB). CymecTeyror Tamsie mepas-
HOCOCTABIIEHHEIE TETPA3ZPEl ¢ DPABHBIMH OCHOBAHHAME ¢
BeIcOTaMu. TeM caMBIM GBHIJIa CTPOrO YCTAHOBJEHA HEOO-
XONIMMOCTh TIPMBJICUCHHS HedJeMEHTAPHBIX METONOB B TEOPHH
065eMOB.

HoxrasatensctBa leHa, oueHb cIosHBE M, HANO CKA3aTh,
TNOBOIBHO IyTaHBIE, OLUIH CYIECTBEHHO YCOBEPIIEHCTBOBAHEL
B. ®. Haranmom?!). [To-Bugumomy, HanGonee mpoctoe mokasa-
TeJILCTBO TeopeMH JleHa, ocHopniBaImeecs Ha wuIeAX CoBpe-
MEHHOHl WIBeHIaPCKOH reoMeTpuIecKoil mikomel (Xapsurep
u 1p.), mpusesieno B kuure [2]. TaM jke uamnoskens HEKOTOPEe
AANbHCHIINEG Pe3ylIbTaTH, OTHOCAINMECH K PacCMAaTPHBAEMO-
My KDPYTY BOIPOCOB.

JIUTEPATYPA

[f]Karam B.®., O npeobpasoBarun MHOrorpanHnkoB, I'TTH,
1933.

[2l Boarsmcruit B. I, PapHOBeIHKIC B PaBHOCOCTABIICH-
HHe ¢urypol, I'ocrexmanar, 1956.

1) Math. Ann, 57 (1903), 421—424.



K YETBEPTON NMPOBJIEME TNJILBEPTA
H. M. Aeaom

Yerpepras mpobicma I'mibOepra, T€CHO CBSI3aHHAA C €ro
HCCIIEOBAHUAMN TI0 OCHOBAHHAM T'€OMETDHH, CTABUT 3a1ady
00 wsydeHuu reoMeTpumii, «GAMBKUX» (B MBBECTHOM CMEICIIE)
K OOHKHOBEHHOU eBRINOBOI 1). B 9TuX reoMeTpusx JOIKHEL
BHITOJIHATHCH BCE €6KAULA06b, AKCHOMEL COeMUHEHKS 1 OPASIKA,
a Takae ocJabJeHHEE aKCHOMLI KOHIPYDHTHOCTH, HE BRJIIO-
yaomue cuibEy10 akcwoMy 111 runbGeproBoil aKCHOMATHKNA

1) 3meck «0aU30CTEY TEOMETPHI K EBKIIILOBOH OIpenelseTca CXOn~
CTBOM ee AKCHOMATHKH ¢ akcuoMaTukoun ITuunnbepra
CBEKIUTOBOH reoMeTp H M CDTOH TOYKN 3peHHs MccleloBa-
HIisl, CBfA3aHHBIE ¢ YeTBEPTOH MPoGieMoil, MPOROMmKaoT My Th, IPHBe A
KOTKPHTHIOH e e BRI U OoOBoHreoMerpruJlobageBeckoOr O,
aKCHOMATHKA KOTOPOM OTIHYaeTcsi oT axcuoMaturd I'misbepra mumb
oL HONW axcmoMmoi. K coBceM MHEIM TeoMeTpHAM MOKHO IPUHETH, BY-
JOM3MeHsIST APYIme CHCTeMEl AKCHOMATHIECKOr0 O0OCHOBAHUA €BRIU-
ooBoit reomerpuu. Tak, HampuMmcp, «<axcHoMaTuHKa Beiam
CBRIMAOBOH  TreoMeTpHH OLpefelfeT eBRJIHIOBY IUIOCKOCTL — Kak
JBYMepHOe BeKTOpPHOe NpOCTPAaHCTBO, B KOTOPOM CBSISb MeMKTY TOY-
KaMM M BEKTOPAMU OIIp eJleJIsieTCA BO3MOKHOCTBIO OTKJIAI[LIBAHUA BEK-
TOpa OT TOYKHU (Kasi[bIM [IBYM TOYKaM A ¥ B oTBedaer e/MHCTBEHHEIT
BEeKTOp AB; Rask[oMy BEKTOPY @ 1 Touke A oTBedaeT €[IWHCTBEHHAS
touxa B takad, uto AB = a) m Tem,ato AB 4 BC = AC pnsa miobnix
Tpex ToueK A, B u C; KpoMe TOro, 3ech J0IKHO CyIIeCTBOBATDL CKaJIAp-
HOe TrpousBefieHue ab ¢ ofpaHBMU cBoiicTBamu. C TOYRN BpeHMA ITOM
AKCHOMATHKH TeoMeTpuel, «Onmskaitmeiy K eBriaujoBoil, Oyner Tar
HazmBaeMasg (ICeBIOEBKITHUJgoOBa reomMeTrpusa Muas-
K OB CKOT 0» (He IIyTaTh € COBCeM APYToil reoMerpueii MEHKOBCKOrO,
0 KOTOpO#l YOlfeT pedb Hske!), aKCHOMATHKA KOTOPOH OTIWYAETCA OT
aKcIoMaTHKU reoMerpHu EBrinpa samMeHol TpeOoBaHWSA (IO OFHATEND-
HO¥ OTIPEJleIeHHOCTIY CHAJSPHOr0 Ipomspeserus (a? > 0 mug moboro

@) Tpe(oBaHNeM CyIeCTBOBAHHS BEKTOPOB ¢y, IUIsl KOTOpHX @} >0, u
2
BEKTODOB @y, [N KOTOPHIX @, <_ 0.
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(«cakcmoma o0 paBeHCTBe TpeyroJbHEKOB»; cM. [1]), Ho
BXIlOUapmuc G6oxee orpaHmuyureshbHoe TpeGOBaHEE O TOM,
4TO KasKiasg CTOPOHA TPEYroJIbHWKA HEe IPCBOCXOIUT CYMMEL
IOBYyX APYTHX €r0 CTOPOH (sKBHBalleHTHOE, OUeBIHO, Tpebo-
BAHMIO: OPAMAs eCTh Kparuaiiniasa JUHHUA, COEUHIONAL Be
roukn). Hanmuwe oOBMHBIX akCHMOM cOeUHEHHS K TOPAIKA
(¥ axcuoOM HenpepHBHOCTH, IPHCOENMHEHNE KOTOPHIX OCTaB-
IfeT emle JOCTATOYHHIH IPOM3BOJ B BHOOPE COOTBETCTBYIO-
IuX TeoMeTPHH) IIO3BOJAET PACCMATPHUBATH TOYKY ¥ HPAMEE
Hameil TeoMeTPMH KaK TOYKH M IPAMEE EBKIMOBON (Mim
adPuHEOIl) MIOCKOCTH (3116Ch MBI OIPaHIYNBACMCS, NI IPOC-
TOTEL, BOIIPOCOM O IBYMEPHELIX TeOMETPUAX,, yAOBIETBOPAIOIX
IOCTaBIEeHHEIM |'mab0epToM TpeGoBaHWAM); COOTBETCTBEHHO
JTOMY 3a7ja9a CBOAUTCH K TOMY, 9TOOKl TAK ONPENENHTH Pac-
CTOSIHHE MESKIY NBYMS TOYKAMH IIOCKOCTH (MIH KaKoi-1u0o
ee o6iacTu), 4TOOH IpAMasg ABUIACH KpaTdailmimM paccTos-
HyeM Me;RIy nByMs ToukaMy. OgHEy BO3MOIKHOCTE TAKOTO pofia
JIOCTaBIACT HeeBKAMJOBa reoMerpusa Jio 6a-
9 e BCK 0T 0, KoTOpyIo corsiacHo upee @O. KieitHa Mo:kHO onu-
caTh Tak!): paccMOTPpUM BHYTPEHHOCTH EIHHUYHOTO KPYyTa
(mTH IPYTOT0 KOHMYECKOTo cedeHns) K 1 mpuMeM 3a paccTos-
AHe MeELy ApyMs 1Touxkamu A m B norapudM JBOMHOI0 OTHO-
meHus, B KOTopoM 10Uy A u B genar orpesox PQ, rue P
n () — TouKm mepeceueHus npsimoii AB ¢ orpaHRIMBAIOMEH
K mmnaneii X:

AP A P B
dap = log (4,B;P,Q)= log [“347’ %J = log—BA—I; + logzg
)

(puc. 1, a). H. TmnnGepr samermi, 970 3Ty KOHCTPYKIMIO
MO3KHO emie 0600muTh, 3aMeHuB K OPOH3BOIBHOU GBNYKAOIL
o6nacteio (D, orpanmgennoil kpupoi ¥ (pume. 1, 6; cM. TecHO
cBABAHHOE ¢ yeTBepTOU IMpobGaemoii 'unpGepra IloGasmerne 1
K Keure [1]); HOIydYeHHY0 Ha BTOM IyTH TEOMETPHIO YacTO
HaselBAaOT reomerpuneit I'mawr6eprTa. Ipyroit
TPEMEp TeOMEeTPHH, YAOBIETBOPAIONMEH MOCTABIEHHEM [ Min-
0epToM yCIOBHAM, [OCTABIAET TAK HABKBAEMAs T € O M € T-
Pua MUHEHKOBCKOT O, BKOTOPOH KOHIIE OTJIOKEHHEIX
u3 ool Touku O «egUHIYHBIX OTPE3KOBY 00PasyoT HEKOTO-
Py IEHTPalbHO-CHMMCCPUYHYI) BBIIYKIYIO KpUBYH A 1

1) Math. Ann. 4 (1871), 573—0625; 6 (1872), 112—145; pyccruii
nepesof: c6. «O6 ocvoBaHMAX reomerpm» I'ocrexuspat, 1956, 253—303.
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JIMHA NPOM3BOJIHLHOrO 0Tpe3ka A B mpmHuMaeTcsa paBHOIl OT-
vomennio AB:OFE, rne OF — «equuugHbiD 0TPE30K TOTO 3Ke
manmpasienus (puc. 2, a). llocaemuiorn cxemy MoKHO eIlle He-
CKOJIBKO 0600IuTh, He TpeOys, 4T00H KpuBad \ mMesa B T0Y-
ke O nenrp cummMerpumu (CM. pmc. 2, 6); mpu 3TOM MEI IPH-
xomuM K obuamarmomedl OAH3KUMH CBOMCTBAMH (T@OMETPHH

K

z

a) 7)
Puc. 1.
A B
A 3 14 5 A
i F Z 7 g,
@) o %)
Puc. 2.

MUHKOBCKOTO ¢ HECHUMMETPHIHHM PACCTOSIHUEM», T/ie, O/Ha-
KO, TEeph yiKe JInHa oTpeska AB He paBHA gimHE OTpPE3KA
BA; taxk wa puc. 2, 6 jg1. AB = AB:OE,, a gn. BA =
= BA:OE,. Opmakro 3pech HO-IIpe;KHEMY JUisi JIOGHX Tpex
tTouek A, B u C mmeem: pnu. AB < pn. AC -+ pan. CB (sato
«HEepPaBEHCTBO TPEYT'OJbHHUKA)» OKA3bBAECTCA 3IKBHBAJEHTHBIM
TpeboBaHuio BHIykIocTH KpmBoit A). Ilompo6uee pacemort-
peHme reoMeTpHii, YIOBIETBOPSOIINX IOCTABICHHBIM ['MIIL-
Geptom ycmosuaM (M, B 9acTHocTH, reomerpuii Muukos-
CKOT0 ¢ CHMMeTpPHYecKoili Mmerpukoil m I'minbepra), comep-
sKuTesi B kHure [2].
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Pemenne (B ompesielieHIOM CMEBICAE) Y€TBEPTOH IPOOIEMHBI
Yuns6epra Ovuno, MO-BHAMMOMY, HaliieHO paHbme permeHnd
BCEX IPyTUX HPo6IeM, — CUNTAETCH, YTO OHO COJIEP/KANOCEH
B nuccepranuu ydennra I'manpGepra I'. I'amens, mpepcrapieH-
Ho#t B I'érrumrenckuit yauBepcureT yske B 1901 r. [lomygen-
BHHe ['ameseM pesyisTarThl OBLIH MBIO0MKEHEl B OGIIMPHOM Me-
myape [3], manegatarroM B 1903 r. 113 atux pesyuabraToB 0CO-
60ro BHUMAaHMA 3aciy:KuBaeT dpQeKTHAA TeopemMa o TOM, 9TO
npu 4060l Mempusayuy 6cely
RPOCKMUGHOT, NAOCKOCIU  UAU
kakoii-aubo ee uacmu O, npu
KEOmMopoll. npamvie A6ASIOMCS
Epamuaiiiuumy AUHUSMY, 4160
DO ecmw 6ca npoekmueHas nNA0C-
KOCinb U 6ce npamvle S6ASI0MCs
BAMEHYMBLML AUHLAMY , UMEI0-
WM 00HY U My sice (KOHEUHYIO)
Oauny (Tak 06CTONT [EJI0 B CIY-
gae, KOT/ia IPOEKTUBHAA II0C-

Pue. 3. KOCTh PacCMATpPUBAeTCH KaK
DNAMNTHIECKAA DIO-

CK.0CTh; B3TO MOMKHO IIOHNMAThH TaK, YTO 33 PacCTOAHME
MesKTy [nBymsa toukamMu A u B mmockocTu I MpUHUMAaeTCH
yron AOB, rtme O — (uxcmpoBaHHasg TOYKA EBRIUOBA
MPOCTPAHCTBA, He IPHHAJICIKAINAS ILIOCKOCTH JU, [HOIIOJIHEH-
HOil «0ECKOHEUHO YIAJEHHEIMH TOYKAMK» [0 IPOEKTHEHOMH
INIOCKOCTH, — CM. pHC. 3), aubo D ecmb ewnyraan 06aacme ag-
PurHot naockocmi, (MOKeT OKITh, — BesA apPuHHASA IIOCKOCTD)
U npaMble (YCMPOoeHv» KAk eckaudose. npsamve (B TacTHOCTH,
UMET 0eCKOHEYHYIO IHHY; ¢ BTHM CJIydJaeM MBI BCTPEUaeMCsl
TpH paccMoTpeHuu reomeTpuit MunkoBckoro n I'unwsGepra).
Tem camerv Tamenb ycraHoBmiI, YTO reoMerpmu MmHKOB-
cxoro n I'minpGepTa ABIAIOTCA, B KAKOM-TO CMEBICJIE, (THIMI-
HEIMH» TPHMEPAMHU TeOMETPHil, YIOBIETBOPAKIMHAX TpeGoBa-
HusaM ['mnnbepra: Tak, HApHEMeEp, «IMOJTEM [EHCTBHUA» TaKOM
reoMeTpuH MOzKeT OBITH JuIh B afuHHAA (MU eBKIKI0BA)
MIOCKOCTh, Kak B ciyuae reomerpum MuHKOBCKOro, mu60
BEIIYKJIAs ee 9acTh, Kak B ciiyuae reoMetrpuu ['minGepra ).

1) Ocobpilt KTace ¢MeTPMIECKMX reoMeTpmil rmiabbepToBa THIAY
COCTABJIAIOT METPUBAIMN BCell MPOEKTHBHON ILIOCKOCTH (MM IIPOEKTHB-
HOTO TPOCTPAHCTBA), Ile NPUXOOWTCHA BUTOM3MEHATH TAKAKE AKCHOMEI
IOpANIKa eBKIMIOoBOW reoMeTpun (06 stom ymomumuaer u I'mabbepr B
TEKCTe 4eTBepToit mpobmeMsr),
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OpHAKO 4YHCJO PasiNYBELIX MeTPH3aIuil, YIOBIETBOPAIOIHUX
nocTaBieHEsM 'miap6epToM yC/I0BHAM, OKa3HBAGTCH TOBOIb-
po OorpmimM; Tak, HampuMmep, reoMerpmi MHEHKOBCKOro ¢
PA3HBIMH «MHIMKATPUCAMM [JIHHY A [alT IPHMEDPH Pa3HEIX
MeTpU3anuil eBKINMOBOI HNIOCKOCTH, OCYIIECTBJIAEMEIX C yC-
J0OBUEM BEIIOJIHEHWS [OBOJBHO JKECTKUX OrpaHHYeHHii, IO-
CTaBIEHHHX B 9verBeproil mpobuaeme I'mibbepra; mpm atoM
MHO}KECTBO TAKHX NPHMEPOB MOKET OBITh €INe 3HATHTEeNHHO
yBeamdgeHo (cM., HaopuMep, § 11a kuuru [4]). 1o o6erosaTens-
CTBO 3acTaBmio aMepwkaHckoro reomerpa I'' Bysemama
[0] cumrars gase OOCTAHOBKY 4YeTBEPTOH  HPOGIEMEI
T'mnp6epra HeoHpaBAAHHO MIMPOKOI: [OCTATOYHEIA ITPOCTOP
0CTaeTCH 37ech eIle WM MPU HANOKEHAW HAa PAcCMATPHBAEMYIO
reoMeTpuI0 TeX WM KHHIX JOMOJHUTENBHEIX yCIoBuii (Tak,
Hampumep, TpeGoBaHWe HHBAPMAHTHOCTH PACCTOAHMI OTHOCH-
TENbHO TApaJIeTbHEIX HePEeHOCOB IPHUBOJUT K TeOMeTpH:
MuHKOBCKOTO).

Pa6ora T'amens, pasymeerca, He WCUEpIaga BCETO, 49TO
MOKHO CKasaTb o ueTBeproit mpobueme I'minGepra, mpyrme
MOJXO/El K KOTOPOH HEOMHOKPATHO IPEMJIAralluch W II033Ke.
YnoMsaHEeM 3pech, HampuMep, o6 HCCIEHOBAHMU HEMEIKOTo
Mmaremarnka II. @ y u k a [6], B roropom, B wactHOCTH, BH-
JUMO, BIIEPBEIE OBITH PACCMOTPEHb M HECHMMETPHYHLIE MeT-
pukn. II. Oyrr npenmosxun oupenennTs PAacCTOSHAE B orpa-
HINYCHHON BHIYKI0H KpuBoil A obmactn (0 apdmumoit mmoc-
KOCTH (HJM HpoCTpaHcTBa) PopMyraMu

AP BQ @)

dap =log g5,  dpa=log—%

rie P u Q) mMeIoT ToT e eMEIC, 9To ¥ B fopmyue (1) (puc. 1, 6).

Hawubomnee ceppesasiM pederToM wmccnenopammii  [aMess
SIBUIIOCH TO 0OCTOSATENBCTBO, 9YTO OHN Ga3MPOBAJIUCH HA MAJO
YMECTHHIX B MCCJIE/[OBAHWAX II0 OCHOBAHUAM T'EOMETPHH aHa-
NTUTAYECKUX MeTofax (MeTosax BapHMAIMOHHOLO UCYMCJICHWS),
HCIOJL30BaHNE KOTOPHIX NOTPeGOBANIO OIMPEICNCHHHX Oro-
BOPOK THIa TpeGoBaHmil nuddepeHUpPYEMOCTH, He CBI3aH-
HEX C CYIIECTBOM 3ajadm.

{llnpoxuit anasus BCETo KPyra BOMPOCOB, CBA3AHHBIX C YET-
BepToil mpobuemoil I'mnnbepra, GBI MpPEIUPHHAT B TOCIE/I-
HUE JIeCATHICTHA yiKe YIOMHHABIIVMCS BEIIE aMepPUKAHCKEM
reomerpoM I'. BysemamoMm. 9ta mpobieMarnka 3amEmMaer
Goxbmoe MecTo B ero Momorpadmm [7]; yraskem eme ma we-
croambko Gomee mospHio pabory [8], B Kortopoit amammsm-
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PYIOTCH TreoMeTpudecKHe HPEeNIoCHUIKM, HeoOXOommMEe s
TIIOCTPOEHUSA COOTBETCTBYINUX reoMeTpuit. B pansHeiimewm
Dyseman mpumesn k Meicam o 1eecoo0pasHOCTH M3BECTHOTO
ocnabienns HaloyKeHHBEXx ['mibGeprom TtpeGoBammit; mmpo-
KuM 0600ImenneM reoMerpuii, 0 KOTOPHX TOBOPHTCH B UeT-
BepToii mpobieme I'mnnGepra, ABIAITCH Tak HABHBAEMEE
«reoMerpun reopesmueckux» (G-mpocrtpancrsa) I'. Bysemana,
KOTOPEIM moceAmera Mouorpadus [4]. ([To mosomy crmyuas
HECHMMETPHIHOro paccrostuus cM. kamry E. [faycr m B-
cxkoro [9])

Cu. taxsxe o6zop I'. B y3ema u a [5], cnenmanpHo mmo-
CBSAMEHHEI geTBeproil mpobieme I'mapbepra.
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K IATON IMPOBJEME 'MJILEEPTA
E, I. Craspenro

INorsrue Tonosormyeckoil (MayM HENPEPHIBHON) IPYIIIL
BO3HHUKJIO B MATEMATHKC B KOHIIE LIPONIIOrO CTOJETHS B CBA3H
¢ PasBUTHEM TEOPETHRO-TPYIIOBHX NPUHIUIIOB B TeOMETPUMN,
npuaagaeskamux B ocEoBHoM (O. Kueitry u C. JIu. Eme B
1872 r. @. Kueitn npemioRui paccMaTpHBATH PasiHIHEIE
reoMeTpHUeCKMe TeOPHM KaK TEOpUH HHBADUAHTOB TeX WIH
MHBIX Tpyni npeobpasoBanuiil). B amamorugnoii poau merpe-
PHIBHBIE I'DYNOE HCIONB3YyI0TCA U B uccaenoBarusax C. Jlu,
ocHOBarens Teopum rpymi JIm. Ogmaxo pasBuTHE TeOPHH
TOMONOTMYECKHX IPYNIL, & TAKKe IIOCTPOEHHe OCHOB dTOH Teo-
pHHE Hagaxuch ropasyo mos;ke — B Koure 20-x u magase 30-x
rogos XX B. Boakioe BIusHIe HA pa3BUTNe TEOPHH TOMOIO-
rugecKUxX TPYIO oKasaja 1stas mpobmema [minGepra.

TormosioruyecKke IPynnsl MOABUINCH TEPBOHAYATBHO KaR
HEeITPepPHIBHFIE TpyIinl npeoOpasosanmit. [lpu atoM odens
4acTO HeNpPEePHBHHIEC IPYIILI YHOTPEOIAINCH COBCEM He B TOM
CMHICIIe, KOTOPHI IpUIaeTcs 3TOMY NOHATHIO ceiidac, a JIMIIb
Kak JORaJbHGBIEe rpymnsl npeobpasoBamumii. Tax, B paborax
C. Jim wmenpepeiBEEIe TpyIIE 1npeo0pasoBaHUil — BTO
JOKAIBPHO EBRIMOBE JIORAJNBHEE TPYNINE riafKuXx Ipeobpa-
30BaHMIL o0iacteil €BRIUIOBA YPOCTPAHCTBA, B KOTOPHIX
TPYOIOBEIE OMEPAIUN OMPENENSIIOTC OCTATOYHOe YHCI0 Pas
mudpdepernupyeMpMyn  QYHROUAME. B IokanbHOM CMEICIE,
OYeBHIHO, TPYINH mpeoOpasoBaHUl NoEMMalTCs H 1'Mib-
GeproM B ero usToil mpobieMe. 3amauy, NOCTABIEHHYIO

1) Cm. ©. H 1 e it n. CpapEnTenbHOe 0603peEne HOBefimmx reo-
MeTPHYEeCKHX HCCeloBaHMA («JpIaHreHCKas IporpaMMa), IiepeB.
J. M. CumnoBa, B c6. «06 ocHoBaHEAX reomerpmmy, I'ocTexmspar,
1956, 399—434, — ITpum, ped.
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I'munGepToM, Kparko MOMKHO cHOPMYINPOBATL TAK: MOJKHO JIM
BEIGpATh KOOP/IMHATH B IOKAIHHO €BKIUOBOH TpyIme mpeol-
pasoBaumii M B Toil obmacTu, HaJ KOTOPOHl COBEpIIANTCH
npeobpasoBanus, TakuMm o6pasoM, 4roGn QyHEIME f,,...
«ves Tns €15---, €, OLIPENENAIOIIME TPYIILY HPeoGPa30oBaHMiA (CM.
TeKcT npobaemsr I'misGepra) B TOH cuCTeMe KOOpjWHAT, GHI-
an  uddepeHnupyeMEME  (ANH JlKe AHATUTHYECKUMH),
€CJIM W3BECTHO IHIIb, YTO B HEKOTOPON CHCTEMe KOOPIMHAT
Gynkrmu, samanmume sTy Ipynmy, ABIAITCA — HEMpPePEB-
HEIME?

B nambmeiinrem HapALy ¢ MccieoBaAHMAMY, B KOTOPHIX TO-
HOJOTMIeCKHe TPYIIH PAacCMAaTPUBAIOTCA IIPerMyIlecTBeHHO
KaK CPynusl NpeoGpasoBanuit, Bce Goibllee 3HAUECHME NPH-
obperatoT paGoTsl, B KOTOPHX 3TH TPYIIE BHCTYIAIT U KAk
CaMOCTOATENbHH 00BeKT M3ydeHnsA. ITO MBI BUJINM, HANPHU-
Mep, B paborax Bpayspal) (1909—1912 rr.), B KoTopsx
OH MCCJIeyeT TPYINE Ipeo0pasoBaHUIl IPSAMON M eBKIHMIO-
BOIl IIIOCKOCTH (Ifie, B 9ACTHOCTH, MM IOCTPOEH IpIMep Ipe-
00pa3oBaHNsA MIOCKOCTH 06e3 HeNMoMBIDKHHX TOUYEK, HE TOMEO-
Mopdroro obuiamoMy ciiBHTY); B paGorax Bpayspa 6ruro dax-
THYeCKU [IAHO oOIpejlelieHue TOLOJOIMYIeCKOH TPYINIE B TOM
CMEICJIe, B KOTOPOM OHO Telleph CYMTaeTcsi oOUIeNPHHATEM, K
OBLIO0 TOKA3aHO, 9T0 KAHTOPOBO COBEPIIEHHOE MHOMKECTBO
ABJIIAETCHA IIPOCTPAHCTBOM HEKOTOPOI TAKOIl I'PYIIIEL.

OKoHYaTeNIbHO OTHONIEHHWE K TOINOJOTHYECKHM TPyINaM
KaK K CaMOCTOATEILHOMY M B;KHOMY OOBEKTY HCCIeoBa-
Husg BeIpaborasnock B koHme 20-x m mauame 30-X TopoB.
K sromy BpeMeHM 0THOCHTCS BOBHMKHOBEHME IIEI0C0 HOBOTO U
CaMOCTOSITeILHOTO  pAasfiesia MaTeMATHRH, 3aHUMAIOI[EroCH
H3y4YeHUeM PasnuyHoro pora anrebpamdeckux oOpasoBaHMil,
HajleJIeHHLIX TOIOJIOTHEell, — TPYNN, KoJiew, Tex u fip. (He-
CKOJIIBKO 11033ke 3Ta 06IacTh MaTeMATHKY IOXyYAeT HA3BAHUE
TOMOJIOTHYeCKoi asireOpsl). Boabinoe BiusHme Ha pasBuTHe
TOIOJIOTHYECKOH anreOprl oxasama paGora A. H. K o 1 M o-
r op o B al3l, B KoTOpOIl MM JaHA AKCHOMATHKA NPOCTPAHCTB
NOCTOSIHHO# KPUBM3HEI, OCHOBAHHAS HA XapPAKTEPUCTHKE MX
TOIOJIOTHM U TPYIINE! JBMKEeHNI, a Takke pabora JI. C. I o B-
TpArHHEa [4] o Tomomornaecku-anre6pangeckoii xapaxTe-
PBCTHKe TomoNormIecKBX Tel. I[locienoBaBime Beden 3a
9TEM OCHoOBomoxaraiomue paborst dor Hestmama ([6],

1) Cu. Math. Ann. 67 (1909), 246; 69 (1910), 181—203
u np.— Hpux. ped.
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[HhulJl.C.HOorrparunma (8], [9], [10] u np.) wocay-
JRILIE OKOHYATEIbHBIM TOJIYKOM Jiisi OYPHOTO PA3BUTHUA Teo-
pUB TOMONOTMYECKNX TPYII ¥ Beeil TonomormyecKoil anret-
pHI, IPUBEIIET0 B KOHEYHOM HTOTe U K PeIleHnio NATON Hpo6-
nembl 'mianGepTa.

IpumepHo B TE K€ TOJE MPOHMCXOJAT CONBIINE CABUTH K
cobcTBerHO B Teopuy rpynn Jlu (T. e. JOKaIBHO eBKINMIOBEIX
IPYII, IPOCTPAHCTBA KOTOPHX ABIAIOTCA TIaJKUMU MHOTO-
ofpasuaAME, a omepanuu He TOJBKO HeNpPepHBHL, HO W Ju@-
deperrupyemst). B paborax 9. HKaprama (cM., Haupmmep,
[21), T. Beiiss ¥ p. aBTOPOB B 3HAYNMTENHHOI CTENEHN GhIIN
pccieoBaHbl TroGalbHass CTPYKTypa Ipynll Jlu m HX CBA3B
¢ NOATPyNIaMH IpyIn JuHeiHHX npeoGpasoBammii. 9. Hap-
TaH, J0KA3aB BO3MOKHOCTH IIOCTPOEHMs TPymuel JIm mo so-
Goit anre6pe JIu, mokazas TeM caMBIM, 4TO J00as JOKAIbHAS
rpynna Jlu w3oMopdHA OKDPECTHOCTH eIMHMIILI HEKOTOPOi
raobanpHoil Tpynner Jim.

BMmecTe ¢ pasBuTHEM TEOPMHE TONOJOTHYCCKHUX IPYII H TeOo-
pun rpymn JIu oTHOITEHNE MATEMATHKOB K TPAKTOBKE 3ajadl,
roctapieHHoll ['HIbGepToM, mocTemeHHO maMeHHMIoCch. IIpo6-
nema I'mipGepra crama paccMaTpuBaThCcs B GosbIneil crenenn
IS CAMHX TOMOJOTHUECKHX TPYIl (JTOKATBLHO €BKJIMIOBHIX),
yeM JIf TPYNI npeo0pasoBanuil, IpEIeM TOPeUMyIICCTBEHHO
ISl TOMOJOTHYECKUX TPYNM B 1EJI0M, & He [JIA JIOKAJIBHEIX
rpynn. TpajmnuorHo#t crana ciaepyiomas (opMyJIHPOBKA
naroit npobiemsr I'manbepra:

Heasemes au 2pynnoii JTu awbas aokaavho eekaudosa mo-
noaozuueckas zpynna (npu nodrodauem evbOpe AOKAALHYL
Koopdunam)?

Yro KACAeTCH COOTHOIIEHNS MERIY JIOKAJBHBEIMH M 00BIY-
HEIMH TOWOJOIMYeCKUMHE IPYIIIaMH, TO 3[eCh, KaK 0TMEeYasIoch
BEIIIIE, TOJIO/KEHNE 0KA3aI0Ch BIIOJNHe SCHHIM B ClydYae TPYII
Jlu — Bearas nokanpHAA Ipylma Jlu sABIfeTca YacTblo He-
KoTopoit rio6anbHoll rpynns JIlm. Bonpoc o Tom, cupasejin-
BO JIM HTO yTBePsK/EeHHE [ MPOU3BOJLHHIX TOINOIOTHYCCKHX
rpyn, 6sut nocrapier [I. CMuronm [12] m JI. C. I o 1 7-
paruuHMI[13], B paorax KoTopsx GbuIM BIEpBEE Y€TKO
CUCTEeMATH3NPOBAHK ONpe/eleHNsI BceX NMOHATHIM, OTHOCHAIUX-
€A K JOKAJIbHEIM TolloJormyeckuM rpymnam. OTBer Ha BTOT
Borpoc Grur momyden A. 1. M a o b 11 e B 1 M [15], mokasas-
MPM, 970 HE BCAKAA JOKAJIBHAs TPYINA ABIACTCA YACTHIO
HEKOTOPOH TONOJIOIMYECKOl TPyNILl; B TO ’Ke BpeMsA
A. U. Manpnes Hames HEKoTopoe anrebpamdeckoe ycioBue,
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HEeoOXoUMOe 1 JI0CTATOTHOE IS TOT0, YTOGH JOKAIBHYIO TPYI-
Ty MOKHO GHLII0 BKIIOYNTH B HEKOTOPYIO TONONOTHIECKYIO IPYII-
ny. OpHaKo HeACHO, M BCAKON JHM JIOKAJIBHO €BRJIIOBOI
JOKAJIbHOH TPYNIH CYIIECTBYeT JOKAJBHO M30MopdHAsA eif
o6BIYHAA TONOJOTMYECKAs IPylNa, MpHYEM 3Ta 3a7ada, Io-
BU/IEMOMY, OYeHb clI0;kHA (CM. 06 dTOM, HampmmMep, B o630pe
A. I. Mansmesa [18]).

Hecronpko samevannit k Toli wactu npobiaemer I'mnnGepra,
KoTopas oTHocHTCA K TrpynmaM mnpeoOpasopamwii. Ilpoctme
IIPUMePHI IOKA3hIBAIOT, WT0 HEIlpePEHBHOE [IeidcTBre Tpynns JIn
MoskeT He OHITh AHAJIMTHYECKHM HH IIPH KaKoM BEIGOpe Koop-
JIMHAT B IIPOCTPAHCTBE: HAIIPEMEDP, MOKHO ONpPEe[eNnTh meii-
CTBHE QIETVBHOI I'PYNIE JIeHCTBUTENbHEIX YKHCEI HA €BKIM-
JOBOH ILTOCKOCTH, HPH KOTOPOM 3aMKHYTHII KPYT SABIAETCH
MHO;KECTBOM HeTO[[BIVKHEIX To4YeK (KaK W3BeCTHO, TP He-
TPUBUAJIBHOM AHAIRTHYCCKOM [elfiCTBHM MHOKECTBO HEIOJI-
BIUKHEIX TOYEK He MO;KeT CoJlepiaTh BHYTPEHHHX TOYeR).
B xomne 30-x rogoB JI. MorrTromMepu wu JI. I[muo-
n u 8 [14] norasannm, 9ro BcAKAs KOMIAKTHAA CBS3HAas TPYM-
na, spderTtuBHO MeHCTBYIOMAs HA TPEXMEPHOM eBKJINIOBOM
npocTpaHcTBe, fABJIAeTcA NGO Trpynmoi Bpamenuii SO(2),
1100 rpynioii co0CTBEHHHX OPTOTOHAIBHEIX NpeobpasoBaHuil
TpexMepHoro npocrpancrsa SO(3), mpuueM ee [CHCTBHE BK-
BUBAJEHTHO CTAHJAPTHOMY [eMCTBMIO COOTBETCTBYIOMICH
rpynnst. Ilonoxenne pesko MeHseTCsA, €COM PacCMaTPHBATEH
HECBABHEIE I'PYNNH WMIM yBeIHYHTh PasMEPHOCTH HpPOCTPAH-
crea. CpasaurensHo HenasHo (B1952 r.) P. B unr[23] noct-
poui MOOONHTHEI OpHMep [JeHCTBYUSA NUKINYECKON TCPYIIIE
BTOPOTo IOPSKA HA TPeXMEePHOM eBKINIOBOM IIPOCTPAHCTBE,
He 3KBUBAJIGHTHOIO HHUKAKOMY TIJIAJIKOMY [eHCTBUIO.

B 1954 r., ucrionpays Te sxe upen,9rou buar, Mom T T 0-
Mepu u [uunnun [28] nocrponnun npuMep peiicTBus
SO(2) Ha deTHIpEXMEPHOM EBRIHIOBOM IPOCTPAHCTBE, HE
ABIAOMETOCA TIAIKAM HE IIPH KAKOM BEIGOpe TIa/(Koil CTPyK-
TYpLL HA 3TOM IPOCTPAHCTBE; OYEBH[HO, MOYKHO OIIPE[IeIHuThH
aHAJIOTHYHOE [eiicTBUe AJIUTUBHON IPYIIE [IeHCTBUTEIbHEIX
gucen. WaTepecen Ttarske HemaBHHE pesynbrar J[. M m a-
Bopa uM. X upua [31], mokasaBumx, 9To Ha KaKmoii
cepe pasmepHOCTH > 8 cCymecTByeT KYCOUYHO JIMHEHHAS
HHBONIONNA, KOTOPAs HE JKBUBAJIEHTHA HHKAKOU TIJIajKoif
uuBomonuu. VM xors Teopus rpynn npeo0pasoBaHUil yie
HMeeT CBOW MCTOPMIO (OTMETHM, YTO MHTEHCHBHOC DPa3BHTHE
TOMOJIOIMYECKUX = acleKTOB TEOPHH TIpynm npeobpasoBammil
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gagasochk B koHne 30-x romos u B 40-e ronpl M He ocnabeBaeT
[0 CHX IOp), Mall0 4TO M3BECTHO O HENPePHBHEIX JeHCTBH-
ax rpynn Jlu, ecim B9TH [eHCTBMA He NPEINOJIaralTCcsa
raagKuMu ).

Isatas mpo6IeMa OTHOCHTCS K YNCIY PEINEHHKX Ipobiem
Twisbepra: cHopMyIHPOBAHHEIA BEHIITE BOIPOC peIIaercs
MOJIOYRUTEILHO — BCAKASA JOKAJIBPHO EBKINI0OBA TONOJOTHYe-
cKaf rpymna ecth rpynua JIu. Pemuenue aToii nmpo6ieMEl ABU-
JI0Ch CIECTBHEM OYeHb [UIUTEIHHOT0 M CJIOKHOTO Hpolecca
MOCTPOEHMSA IIYOOKO#W TeopPMU JOKATHHO OHMKOMIAKTHHIX TO-
TOJIOTHYECKUX TPYNIl, MCClIefoBaHMA MX ainrebpamdecKoil 1
TONOJOTHYECKOl CTPYKTYPHl (HepeqKo OCHOBAHHOIO HA I0CTH-
FMEHUSIX Teopul rpyinin Jlu) 1 BHACHEHUS CBs3eil, cylecTByIo-
mMyX MY JOKAJbHO CMKOMIAKTHRIMEA IPYNOAMHM M Fpynma-
mu Jlu (B uwacTHoCTM, NWHEHHLIMM rpynmamu). MaremaTtmtie-
CKEUil ammapaTt, CO3NaHHLIH B TEOPUHN JOKAJIBHO OMKOMOAKT-
HHX TPYON [Jif pemreHmsi mAtoil mpoGiemsl I'mionGepra,
IO3BOJILT IAThH [TOJIHOE ONMMCAHNE JTI0HX (& He TOIhKO JOKAJIb-
HO ©BKJIM/IOBEIX) JIOKAJbHO OMKOMIIAKTHHIX I'PYIN. JTOT jKe
anmapar, ¢ APYroil CTOPOHEL, OJ(HOBPEMEHHO 1aeT JoKasaTelb-
CTBO CJEAYIOMEro IPeJJIoKeHusi, HHTePeCHOTO ¢ TOYKM 3pe-
HUA TeopuH rpynm Jlu: pacirupesue rpymnnt Jlu ¢ moMombio
rpyuns Jlu Beerja sBasercs rpymmoit Jlu 2).

Pemenune mpoGiemer I'mipbepra 4YeTKO paclajaercsa Ha
nBa srana. Ha nmepBoM srame, 3aKOHYMBIIEMCS B OCHOBHOM X
1935 r., naraa npobirema I'manGepra Grua pemeHa ausa Ou-
KOMIIAKTHEIX W KOMMYTATHBHEIX JOKAJbHO OMKOMIOAKTHEIX
rpyan. J{is GUKOMUAKTHEIX TPYNI [0KA3aTeabcTBO OBLIO [ia-
Ho o H e it M a 1 o M [6]. Heckoxnbro nos:xe JI. C. Il o u -
parun [8 momHocTsio mccie0BaN CTPYKTYPY KOMIAKT-
HHIX TOHOJIOTMYECKMX IPYIN, J0Ka3aB NMPH 3TOM, 4TO BCAKAs
KOMIIAKTHAA JIOKAJIbHO CBfA3HAA HKOHEYHOMEDHAA TCpynmna
asnaercsa rpynnoit Jlu. Pemernune nmpoGiemsr I'manGepra Aiis
KOMMYTATHBHBIX JOKIHHO OWKOMOAKTHHIX TPYNH [aHO
J.C.HHornrparvuaum (9.

Anmapar JTWHeHHHX NPE/CTABIEHMI, CO3IAHHENL s Om-
KOMIIAKTHHIX M KOMMYTATUBHBIX JOKAIbHO OGUKOMIAKTHBIX
IPYNI ¥ CHIPABIINI PeIIAlIyio Polb NPH H3YIeHUU CTPYK-
TYPH OTHX TPYIN, OKA3aJICS HENPUMEHHMHM K JIOOHM J0-
KaJbHO OuKOMIAKTHEM rpynnaM. Ilomckn myTei, ¢ mOMOIIBHIO

1) Cm. emxe o6 2(¢eKTHBHLIX TPaHSHTHBHEIX [(eHCTBHAX.
2) Dror pesyavrat npubagiekur K. UBacasa [19]mA. T'ou-
comy [22].
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KOTOPBIX MOKHO IOJY9IMTH OKOHYATEILbHOE pelleHue IifToil
POGIeMBL, COCTABIAIOT COMIEPsKAHIE BTOPOTO aTana, 3aBepPIInB-
nrerocA nunis B Havane 50-x romoB. B 1941 r. K. lllesanme
[16] maer pemremme npoGremsr I'mnb6epra nus paspemmumbrx
rpymn. B 1946 r. A. U. M a npmen[17], HCCIeTy s JTOKAb-
HYI0 CTPYKTYPY DpaspeliuMHX JOKaJIbHO OUKOMIAKTHEIX
rpynm, MOKa3kIBAeT, YTO BCAKAA CBA3HAA JOKAJIBHO CBSI3HAS
PaspernMast JIoOKAIbHO GHKOMIAKTHASA TPYNIA KOHEUHOH pas-
MepHocTH ecTh rpymna Jim. Hawomen, B 1952 r. okomua-
TenbHoe pemenne npobiaemsr ['manGepra s m06EX IOKAID-
HO OMKOMIAKTHLIX IPymn Opuio monyyeno A. TanucorOM
(24l m . Montromepn wuJl. Ouunuonumom [25]
B 1953 r. Amace [26], [27] YCOBEPIIEHCTBYET M Hec-
KOJIPKO ympomaer mocipoenus [imcoma; ero wmeron mos-
BOJAET MONOHTH K NIOGLIM, a He TONbKO KOHETHOMEPHHIM,
JOKATBbHO OHKOMIAKTHHM IDYINAM, 9TO [AET BOBMOIKHOCTE
MCCIENOBATH CTPYKTYPY JIOOBIX JOKATHHO OMKOMIAKTHEIX
rpynn 6e3 BCAKMX OrpaHHYeHMi.

s rpynn npeoGpasoBanmii METO/(El, UCTIOIAh3yeMEIe MpH
pemennn nsToir npobaemer I'minGepra, naior CIENYIYI0
TeopeMy (saTa Teopema mpmHammesut J[. MoHETT o M e pu
nJl. Munnwuny [29]): Beskan nokanbEO GuroMmARTHAS
rpynna mpeoGpasoBaHuil HEKOTOPOro KOHCYHOMEPHOTO Jo-
KRAJpHO KOMIIAKTHOTO M JIOKAIBHO CBA3HOTO TOILOJIOTHIECIOTO
npocrparctBa X (HAIpPUMep, TONMOIOTHUECKOTo MHOT 000 pa-
8us1) sBIseTcA rpynmoit Jlu, ecau oma neiicTByeT sderTnB-
HO 1 TPAH3UTUBHO; WP STOM CaMO NPOCTPAHCTBO X aBTOMA-
THIECKH 0Ka3EIBAETCHA (aKTOP-IPOCTPAHCTBOM DTOi TPYLIIH |,
CJIEl0BATENBHO, AHAIUTHYECKUM MHOTrooGpasueM. (Hamomanm,
q9T0 [eficTBUe T'PYIINH HASKIBACTCH sQPeKTHBHEM, ecin Kayk-
ABUA OTIWYHEIH OT eMHMIE HJIEMEeHT 310l TPYHIL! eHCTBYeT
HeTPUBNANLHO; [ICHCTBHE HA3HBAETCH TPAH3MTHBHBIM, eCJI
AJLSL BCAKIX [IBYX TOYeK Z, y & X mMeercsi mpeoGpasoBamue,
nepesojisimee 2 B y.) J[1a KOMIAKTHHIX TPYIN J0KA3ATENHCT-
BO 3T0if TeopeMsl Gelio moxywero JI. C. Honrpsarunemy !
(1936 r., cm. [18]), a mus paspemumbix rpynn 8 1946 r. oma
6rna oxkasama A. I. Man s me B M[17].

TnasasiM umcTpyMentoM npn HUCCJIE0BAHAN JIOKATLHO
OMKOMIAKTHAIX IPYII BIACTCH NPUMEHeHNe WHBAPHAHTHOLO
MHTErPMPOBAHHs (T. €. WHTETPMPOBAHWA 1O WHBAPMAHTHORM

1) IlepBoHauaILHOE JI0KasaTeIberBo, nonysennoe J[. MorTromepn
n JI. ImmrwoMm  mesasnenmo npyr or npyra, Takmke OLUIO maHO AnA
KOMIIAKTHLIX PYIIIL.
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Mepe) Ha »rux Irpynmax. Mepa Ha Ipynlle HasHBaeTCH WHBa-
PpUAHTHOM, eCcJll 1A BCAKOT0 MHOkecTBa [\ M3 TPYIBI U 10~
Goro aiemenTa ¢ Mepa Muoxectea Mg pasna mepe M (uHBa-
PHAHTHOCTH cIipaBa). VIHBapHaHTHoe WHTCTPHPOBAaHME Ha
rpymnax Jlu ycramaBimBaeTcs HOBOIBHO NPOCTO; BIEPBLIE
ono Owmuno npuveneno @. [Terepom m I'. Befimewm
[1] eme B 1927 r. A TOCTPOEHUS TONHON CUCTEMBI JIHHEN-
HHIX TpescTaBienuii Komnaxrtaux rpymn Jlu. B 1933 r.
A. X aap [5] onpenenun umBapmanTHYH Mepy Ha JOOBIX
JIOKAJIhHO KOMIOAKTHLIX TPYINax, y/IOBJIETBOPAIOIINX BTOPOI
arcuome cuernocTu. Heckoxpro mosske (B 1934 1.) dor H e ii-
M a H [7] npennomun Gosee coBepmieHHBI 1 NpAMOR cmocol
MHBAPMAHTHOTO WHTETPUPOBAHNA HA KOMIAKTHHX Tpyrmax’).
Komcrpysnus ¢orn Heiimama 6rna satem ynpomera B pabo-
tax JI. C. lomTparuma ([8],[13]), xoropeii mocTpoms
¢ ee IMOMOIIBIO IOMHYI0 CHCTeMY JTMHCHHEBIX TIpe/icTaBIeHIMA 114
n106011 GUKOMIIAKTHOH T'PYIIILL.

CymecTBoBaHe MHBAPMAHTHON MEpH IO3BOJsAET ITHLOKO
HCII0IB30BATL MeTo/ibl PYHKIMOHAIHHOTO aHAIM3a U, B 4acT-
HOCTH, TEOPHI0 MHTETPATBHLIX ypaBHeHHUi. B ciyuae Gurow-
NAaKTHOM TPYINH ¢ MOMOUIBIO 3THX METOJ0B HETPYAHO IoO-
CTPOUTH MOJHYIO CHCTEMY JHHeMHEIX npeicTaBienyii. B camom
nene, jus moGoil HeXpepHBHOH QYHKIVK [BYX HNepeMeHHBIX
K(z, y), onpenemennoii Ha rpymne G u CUMMeTpUYHOH

(K (z,y) = K(y,2)), onepa'rop‘\ K(z, y){(y)dy cummeTpuuen n
¢
BIIOJIHE HEempPepHIBeH, M03ToMYy Juis jifoboro A == ( npocTpancT-
Bo H(A) cobctBenuEbix (yHKIMIT 5TOr0 oIepaTopa ¢ cobcTBER-
HEIM 3HaUeHHeM A KoHeunomepmo. Ecim K(z, y) uMeer BHJL
k(z™y), e k(x) — HenpepHBHAsA (QYHKIUA OJHOTO TepeMeH-
HOro, To nipu fewcteuu G Ha H(G), onpeneneHHOM 1o dopmyie
g(N(z) = f(g'z), Bce mopmpocrparcTBa H(A) TmibGeproBa
npoctpasctea H(G) cymMMupyeMbIXx B KBajpare QyHKIME Ha
G spinawortes nuBapuaTERMH. TakuM o0pasoM, MMCIOTCH
npepcTaBieruda G B IPYINH JUHEHHBX NpeoOpasoBanuil Ko-
HeYHOMePHEX BeKTopuuX npocrpancts H(A). Hycrs g 5= ¢ —
moboii  snement rpynnel G m U — Takad OKpPeCTHOCTL
equENIE e, 9ro U? He copepsxut g. Bospmem B kauecTBe k(T)

1) Mepa ¢or HefimaBa (Kak 0 Mepa Ha rpynnax JIn) nHBapHaHTHA
¢ IByX CTOpOH; ONHAKO OHa SKBHBaJleHTHa Mepe Xaapa (9TO ciefyer
U3 TeopeMbl eJIMHCTBCHHOCTH NHBAPHAHTHOH MepH Ha OMKOMIAKTHEIX
IPyIIax; elMHCTBEHHOCTH MePHl X aapa Ha 11000ii JIOKa1bHO KOMIAKTHOM
rpynne 6biia oxazasa ¢or Hefimamom B 1936 r.).
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bymkumo h(z) + h(z™), tne h(z) — HenpepsbHas HeoTpiA-
TelpHAsA (QYHKIMSA, DaBHAs HYJI0 BHE OKpecTHoctH U/
IpuHpMaromas 3Hadenne 1 B Touke e & G. Torma ans Pynk-

non f(z) —_—Sk(x‘ly)h(y)dy umeeM g(f)(x) == f(z). Pacruapm-
G
Bas Qynkmmo f(z) B pag Oypve Mo co6CTBEHHNM (yHKITHAM

oneparopa \ k(z7'y)e(y) dy, yOGessmaeMcss B ToM, 4TO BieMeHT
c

g ollperiesisieT HeTPHBUANBHOEe IpeoGpasoBaHume XOTsA OB Ha
OTTHOM 13 COGCTBEHHBIX IIOfIPOCTPAHCTB; 5T0 B 03HAYAET, YTO
OmpefieNieHHas BLINC CHCTEMA JMHEWHBIX NpPeICTABICHUN sB-
IfeTCA TOJHOM.

Vcnonraya cymectBoBaHme WONHON CHCTEMBl JMHEHHEX
IpeficTABIeHNI, HETPY/IHO I0Kas3aTh, uTo B 06O OKpecT-
HOCTH e[IMHMILI TPYNNEl (G CymecTByeT GMKOMIAKTHHIN HOP-
MaJbHENL flennTens Y T1axoi, uro parrop-rpymna G /Y ects
rpynna Jlu. Jro osmagaer, uro rpymma G ¢ n06oil CTeNeHbI0
TOYHOCTH MOKeT OHITh ANNpPOKCHMMHPOBAHA Tpynmamp Jlum.
CrencrBueM aToil anmpoOKCHMAIMHM  SBISETCH cIenyonan
cTpykTypHas teopema ([13]): Besikas GmkommartEAs Tpymma
KOHEYHO!l PasMEPHOCTH 1 JIOKAIBHO PAclajiaeTcsi B IPAMoe
ponsBefieHNe n-MepHOIl JOKanbpHO# rpynnel JIm u cBoero
HYJIBMEPHOr0 OMKOMIAKTHOrO HOPMAlIbHOTO neiutens. O1-
CI0fla HeMeJIIEHHO BEITEKAeT, 9TO0 KOHEYHOMEPHAA JOKAIBHO
CBA3HAs OWKOMNAKTHAsi TIpymna (HANPHEMEpP, JIOKAJILHO
eBKIN/(0BA OMKOMIIAKTHASA TPyNIa) ecTh rpymma Jlm.

JluneitaEle npencTaBienns mrpamor CYIEeCTBEHHYIO POIH
U NpY PacCMOTPEHMM KOMMYTATHBHHIX J0KATLHO GHKOMAAKT-
HEIX rpymn. [lpasma, ¢ gopmanbHOl Toukn 3pemus perreHne
ATl Hpobnemsl I'mibGepra /Ui KOMMYTATHBHEIX JIOKAIBHO
OMKOMIAKTHBIX TPYNI MOKHO BEIBECTH W3 ee peireHus s
OuKoMmakTHHX Tpynn. B camoMm pene, karx moxasan JI. C.
Hormrpsarme [13], BeAarasm KoMMyTaTHBHAS JOKANBHO
OHKOMIDaKTHAs Tpynma GHKOMIIAKTHOTO npoucxoKmenus 1)
HAKPEIBACT HEKOTOPYI0 OMKOMHAKTHYIO Ipymiy (JoKasaTelb-
CTBO BTOTr0 YTBEPIK[IEHHsI HECIOKHO: CIepBa MOKA3KBAETCH,
4TO IMKIMYECKas WOATPyNIa, IOPOKEHHAS IIPOM3BOIHHEIM
9JIE€MEHTOM KOMMYTATHBHOIl JIOKaJIbHO GHKOMOAKTHOW TCpyIl-

1) Tpymmoii GHKOMIAKTHOrO TPOHCXOIEHAS HAZHBAETCH TOLOLO-
IM9eCKasl IPyma, KOTOPas IOPOMKaercs HeKOTOPOH GHKOMIAKTHOLN
OKPECTHOCTBIO eJJMHNNE; B NIO00H JIOKAJIBPHO OMKOMIAKTHOI rpynme
HMEeTCHA OTKPHITAs MHOATPyINa OHKOMIAKTHOLO IIPOMCXOEJIGHNA,
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h), mmbo iMeer GiroMmAKTHOE BaMbRaHNe, anbGo saMriyTa o
[MpKPETHA; 3aTeM C TOMOMIBIO 3TOr0 ¢arra ycTraHaBIHBAETCH,
qTO B KOMMYTATHBHOIl I'pYIIC OUEOMIIAKTHOTO TPOMCXOKAC-
pug EMeeTCs [MCKperTHas WOATPyNma ¢ KOHEHHBIM YHCIOM
obpasyiomux, (akrop-rpynma o KoTOpoil GHKOMIIAKTHA);
raxmM 06pasoM, JTOKAIBHEIE CBOMCTBA 3THX [BYX IPYIH UIeH-
THYHEI, ¥ €CcJH BTOpas U3 HEX eCTh rpymmna Jlm, To rpyumoi
Jlu sBaserca Takke mo6oe ee HAaKpPHTHE. OTcroma Jerxo
BHITEKAET, UT0 BCAKAA JOKATHHO eBKIMI0BA KOMMYTATHBHAR
rpynma ecTs rpynna JIm.

OnHAKO TaKoe peleHie MpolieMbl I'nnpGepra JIA KOMMY-
TaTUBHKX T'PYIN COBEPIIEHHO HE BCKPHIBACT cnenqupuKry HX
cTpyxTypHL. Penrerne a10it npo6remsr, panHoe JL. C.ITonT-
parmauM [9], Be saBucur OT jocTIsKeHuit B 001acTH
GUKOMIAKTHEIX TPYNN M SBISETCA CJEJCTBUEM NOCTPOCHHOM
MM TEopHH KOMMYTATHBHEIX JIOKAIBHO OMKOMIIAKTHHX I'PYIII.

TIpesxjie BCETo, OKABHBAETCH, YTO B KOMMYTATHBHOM CITy-
gae MOMKHO OFPAHIUNTHCA JIHIND IPEJCTABIEHUAMI B TPYIITY
BpANeHNii  IJIOCKOCTU SO(2), xoropeie 06pasyrT HOIHYIO
cuctemy. Tak xax SO(2) — KoMMyTaTHBHAS rpynua, To MHO-
secTBO G BCeX TAKMX IPeJCTABIEHII TAKKE ABIACTC (rom-
MmyTaTHBHOI) rpynmoii. Boxee Toro, G¥ — TomosoruyecKas
TORAIbHO OMROMIIAKTHAS TPYNIA HO OTHOIICHMIO K KOMIAKT-
HO OTKpPEITOH TOMOJIOTMM HA MHOMKECTBE G*. TlpencTaBieHus
rpymms G B SO(2) Ha3hBAIOTCA xapaKTepaMu TpPYNIBL G,
a rpynmna G* — rpynioi xapaxkrepos IPyIIIb] G. OxraspiBaeTcs,
qro ecrecTBeRHOE oTOGpasenne G — G** ecTb (Tomonmormue-
ckuit) maoMopduam. Taxmm ofpasom, rpynns G u G* ABIA-
J0TCH [BONCTBEHHEIMH JPYI K Apyry — rpynna G He TOJBKO
onpepensier G¥, HO 1, B CBOIO 0Y€Pe/lb, TOJHOCTBIO OIPENie-
nsercs rpymuoi G*. Otciofa cliefiyet, 9T0 pasiuyHOro pojia
yCIOBHAM, HAaKJIAJEIBAGMBIM HA G, COOTBETCTBYIOT (BOWMCT-
BeHHEIEY YCIOBHA ISl TPYNTH G* M 910 B TeX CIYUasiX, KOT/Ia
3To TMeecoobpasHo, Te MM HMHEBIe 3a/[a9d, OTHOCAIIMECSH K
KOMMYTATHBHAIM JIOKATHHO CHKOMIAKTHBM IPYIIAM, MO;KHO
TOMEHATH (IBOHCTBEHHEIMID) 3ajladaMi. OpHENM H3 CAMBIX CY-
[MeCTBEHHHIX (PaKTOB, OTHOCAIIHXCS K 3TOil TEOPUHU [BOMCTBEH-
HOCTH, SIBJIAETCS CIEIYIOMNii pesyJbTar: AHCKPETHHE u 6n-
KOMIIAKTHEIE TPYING! JBOMCTBEHHEl ADYT IPYTY (1. e. rpym-
ma xapakTepos J00o0i GUKOMIAKTHOII TPYINIE AUCKPETHA H,
HaoGopoT, Tpynna XxapakTepoB [NCKPeTHOii TPYNIBl BCETAA
GuxoMnakTHA). IIpH 9TOM MHOIMM TOT OJOTMTECKUM cBoiiCT-
paM rpymnu G (TakuM Kak CBA3HOCTE, BIIOJIHE HeCBAZHOCTD,
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TOKRANBHAA CBABHOCTh, KOHETHOMEDHOCTD, CBOMCTBO MMETH
MaHHH TONOJOIMYeCKHil BeC W IP.) COOTBETCTBYIOT NBOMCT-
BEHHLIC anrefpamdeckme cpoiicTBa rpymmm G*. Iampumep,
PasmMeprocTh G coBmafiaeT ¢ paHroM TpyIIH G*, a joKaln-
Has CBA3HOCTE G DKBUBaJIeHTHA TOMY, 9TO KaJi[0e KoHEeYHoe
IOMMHOMKECTBO B (¥ MOMKHO BKIIOUUTH B noarpynny H c
KOHEUHKM 4yiCIoM 06pasyonux, /s KoTopoil daxrop-rpymn-
na G* / H He uMeer oTiHaEBX OT HYJIfl 9IEMEHTOB KOHEYHOIo
HopsaKA.

Omypascy Ha aTu pesynsrarth, yiKe HeTPYNHO IMOKa3aTh,
9TO JUIA KOMMYTATHUBHOHN JIOKAIDLHO €BRJIMI0BOH KOMOAKTHOI
rpymmet G rpynma G* uMeer KoHedHoe gmciro obpasyomux.
Hpencrasum tenepy G* B pune IPAMOIL CYMMbI CBOGOIHOM 1
KOHEYHOIl Tpymnm. YumreiBast, uto basnoxenuo G* B rRomeu-
HYIO HIPAMYI0O CYMMY COOTBEICTBYIOT IBONCTBEHHOE pasio-
/RCHIE B NPAMYI0 CyMMy Tpymmel G — G** a tamme ugro
A mo0oi  KoHeuHOH aGereBoii rpynoer /' rpymna H*
usomoppua H u uro SO(2) nBoiicrBenAa GecroHeYHOM BRI~
9eCKOll rpymme, OpumeM K CIelYIOIeMY BaKIIOUEHHUIO:
KOMITAKTHAsL KOMMYTATHBHAS JOKAILHO eBKII0BA 1) rpymmna
M30MOPPHA MPAMOMY IPOM3BE/ICHMIO KOHEUHOT0 9HCIIa DK3EMII-
a1fpoe rpynnst SO(2) u HeKoTOPOil KoHeUHO TPYIINEL

Brime y;ke ormeuanacs CBfA3b, CYUIECTBYIOIIAS MEKIY
TOKATBHO OMKOMIIAKTHHIMU M GUKOMIAKTHEIME KOMMYTaTHB-
HHMI Tpynnamu. Hemonssys ary cBaA3b, JI. C. Ilomrparme
TIOKA3al, YTO BCAKASA IJOKANBHO CBABHASN KOHeYHOMepHAas
KOMMyTaTUBHAA JORAIBHO OUKOMIIARTHAS rpymnmna OuroM-
HAKTHOTO IPOMCXO3K/IeHUS PACIIALACTCH B KOHEUHOe Npou3Be-
AléHMe bieMEeHTAPHEIX TPYNN, T. e. TPYII THIA SO02), »t
(ammuTHBHAA TpPYNNA elcTBUTENbHLIX uancen), Z (ammurms-
Hag rpynna mensx qucen) n Z" (IHKIRYeCKas rpynma KoHed-
HOIO TIIOpsifKa).

Kak Bugmo m3 tombko wro IIPUBEJIEHHBIX PACCYIKIeHMIT,
MeTo/pl, ¢ MOMOIIBID KOTOPHIX ITpobiieMa FunsGepra Grura
PEIIEHA I KOMNAKTHBIX I KOMMYTATHBHEIX TPYIIN, CyuIecT-
BEHHO 3aBUCAT OT CHeNUPUKN CTPYKTYPH 2TUX TPYII B Kask-
7IOM M3 pacCMaTPMBAEMbIX YaCTHBIX CIIydaeB. Yixe BCKODe moc-
me pabor ¢or Heitmana u Hourpsrmaa cramo SICHO, ITO I
OKOHYATENLHOrO perennus: natoil npobuaemsr I'minGepra me-
06X0IMMO MCKATH HOBLIE IyTH. JTO CBABAHO NPEIKIE BCETO C

1) CxoBa wIOKambHO CBIJINJIOBa», Kak OOLITHO, MOKHO 3aMeHHTD HA
(KOHEYHOMEDHASA JIOKAJBLHO CBAZHAM).
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Tep, Y10, KaK BHACHIIOCH, CYIECTBYIOT JTOKATBHO GUKOMITAKT-
Hble TOMOJOTHIECKHAE TPYNNBl (M cpefu HUX JlajKe CBASHBIC
rpynus JIn), Be obiaparomue TOJTHON CHCTeMON JIMHEeHHbIX
npescTaBiennil (cM., HAUpHUMep, {11]). 1 xora onMH K3 HAH-
Gosiee TPUBMUIHAATBHLIX PE3YJIbTATOB, ¢ MOMOIBIO KOTOPOTO
BCKpHIBAETCA JORANbHAA CTPYKTYpa GHKOMIAKTHLIX TPy, —
yTBED/[eHAe O TOM, UTO B J000i OKPECTHOCTH = eJMHHUIb
rpynmst G cymecTByeT GHKOMIaRTHBI HOPMAINBHEIH eTUTeNH
Y, darrop-rpynna mno KOoTOpoMy G /Y ecry rpymna Jlnm, —
ocTaercss CHOPABENIMBHIM NPAKTHUECKH [ n0uX  J0-
KaJgbHO OMKOMOAKTHREIX Tpynil), B cayuae TPOM3BOJBHEIX
J0KATbHO OGMKOMIIAKTHEX IPYII STOT Pe3ylbTaT CKOpee MOik-
HO OTHECTH K CIeJCTBHAM BCETo almapara, ¢ HOMOINbIO KOTO-
poro Oniiia peieHa msaTas npobiema, YeM K CPELCTBAM JIA
ee penieHnd.

TomosnornyecKkasg TPyINIa, y KOTOPOH HMMEITCA MOArpyll-
TibT B KasKJ0ll OKPECTHOCTH ee eHHUIEI, HA3hBAeTCA Tpynmnon
¢ MaJILIMM HOATpyHnaMi. X oporio N3BECTHO, ITO BCAKAA TPyIi-
na Jig — oTo rpymnna (e3 MainX HOATPYIIL. O6mas unesa pe-
menus npobiemsr, fansoro A. ImmconoM, [. MonTromMepu
JI. I{unnnHOM, COCTOHT B CJIEYIOmMEM. Crauasna DOKa3BIBaeT-
cfl, UTO BCAKAA JOKAJbHO KOMIAKTHAfg Tpynia fe3 MaJyBIX
moxrpynn ectb rpymma Jlm (sToT pesyabrar OB HOJyYeH
A. I'mucomown [24] nna KoHedHOMEPHBIX TPYII, IIOCie
wero M a6e [26], [27], passusas mpeu A. I'nmcoma, no-
Kazan 9TO yTBep/KIeHNe (e3 TPEnoIorKeHNs KOHETHOMED-
HOCTH). 3areM HCCJIe[yIOTCA JOKaJIbHO OUKOMIIAKTHHIE TPYyl-
msl, obajarmue MajbMA TOATPYNTAMHE. B paGore [25]
O. MomnTroMepn u JI. Il w o nuH HoKasLBaIT,
YTO BO BCAKOH KOHEUHOMEDHOU JOKaJIbHO OGUKOMIIAKTHON
rpylme ¢ MaJbMi HOATPYIIAMHE NMeeTcs OTKpPHTasA HoATpyr-
na H, yjoBierBopsiomasa CilefypomeMy yCJIoBHO: B 0o
OKPECTHOCTH e[MHHUIB IPYHIIbl H mMeerca Taroil GHKOMIAKT-
HE( HOpPMANBHEG jlenmTensb X, 4T0 Tpynna H/X ue mmeer
MaJIBIX TOJTPYII H, CJe[l0BATelbHO, ABJIAETCH rpyunoit Jln
(8 paborax [26], [27] I M a 6 e moKa3kBaer, 910 dTO cripasefi-
JMBO Taryke W Ul GecKoHedHoMePHHIX Tpymnn). Jloxanbmo
GUKOMIIAKTHEIE TPYMIHI, y KOTOPHX B KaKJ0il OKPeCTHOCTH
eMHANH WMeeTcs HOPMAJNbHEIL [enuTelb, ($arTop-rpymnma
0 KoTopoMy ecTh rpymna JIu, M3BeCTHEl TOJ| HasBaHHEM

1) Bo BeAKoil JM0KaNHEO OMKOMIAKTHOH rpymie MMECTCS OTKPHITas
IOAIrpynua, MJis KOTOPOil 970 yIBep:leHHe BepHO.
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TPOEKTUBHO-TMEBHX IpynH (wirk 0Go6MmEeRHrx rpynn Jln);
9TH TPYNIB GBUIN WCCIeSOBAHK HEe3amoiiro o paGor [24] u
25] K. MBacasa [19] u A, F'mucomom [22],
U3 PC3yNbTATOB KOTOPHX, B UaCTHOCTH, BHITEKAET, UTO DTH
TPYNIH Be SBIAITCA NOKATBHO eBKIHOBIMI (a Taxme, uro
B KOHEYHOMEDHOM cIlyuae 3TH TPYNOH HE SBIAIOTCS nasie
TORATLHO cBA3HBIME). Takum o6pasom, peutenue npobieMs
I'mnvGepra ecrs ciencreume Beex TePevncIeHHEX BHIIe yT-
BePKICHMIT.

OcranoBuMes Brparme ma OCHOBHEIX MOMEHTaX IOKa3a-
TeIbCTBA 3TUX yTBeDsIeHNit. Pemenme npobiemer Twib6epra
JUIA TPYNT Ges MaJIHIX WONTPYNN OCHOBLIBAETCS HA CJIeayIo-
meit upee. Ilycre E™ IPOCTPAHCTBO KAacaTeNbHHIX BEKTO-
POB B equHune rpynns Jiu G; nerxo BHJIeTH, 4T0 (G oOiagaer
KaHOHMYECKMM JIWHeHHLIM TpejgcTaBleHmeM B rpynmne rnpeo6-
pasoBaHmil mpoctpamctBa E" — 310 npencTaBiIeHne WHIY-
HUpYeTCA BHYTPEHHUMI aBTOMODPYUIMAMU rpymust G. Kaw
HU3BECTHO, B rpynne Jlu G O/IHOTIApaMeTPUIECKHe (JToKanbHLIe)
HOArpYHOeL (T. e. TMOArPYNNEH, TOKAaIbHO U30MOPHBIE ATH-
THBHOU IpyIme feficTBUTeTbHEIX qUCeN) TETUKOM 3amoNHMI0T
HEKOTOPYIO OKPECTHOCTH eMHUIH; IPU BTOM HeTPYIHO ycTa-
HOBHTH B3aUMHO OJHOSHAYHOE COOTBETCTBHE MeXIYy BeeMu
OIHOTIAPAMETPHICCKUME TOATPYIIAMA T BeKTopamMu wm3 K7,
[pPH KOTOPOM YMHOKEHHMI0 BeKTOPOB HA wicina Gymer co-
OTBETCTBOBATH MOJXOMAINEEe JUHEHHOE npeo6pasoBaHUe Mapa-
MeTpa Ha  COOTBETCTBYOIMX MOAIpyHNax. OxassiBaerca
(¥ 970 NTerKo MOKazaTH AJA TOATPYTN THHEeWHBIX IPYNI), 9To
1A MoGHX IBYX OAHOTIAPAMETPUYECKHMX Togrpynn x(t),

m
y(t) mocpegcrBoM mepexona npeneny lim (x ( ;nt—) -y ( %))
OILPE/ISNIACTCS ONePALUS, COOTBETCTBYIOMAS ollepagym Ccio-
HEHUA BeKTOpOB B K". Takmm obpasom, Bmecro E™ MOJKHO
baccMaTpuBath JuHeiHoe mpocTpamECcTBO OfHOIapaMeTpHude-
CRUX monrpynm. B csoeit paGote [24] A. T nc om CTpOUT
Taroe IpefcraBleHMe A NOKAIBHO KOMIAKTHOM TPyIIIEl
0e3 MauLIX Woxrpynm u ¢ TOMOINBIO BTOTO MPeJCTABICHUS [0-
KaseBaer, 4ro G ectb rpymma Jlm.

OrmernM, uro yixe cam daxrr cymecrsoBanms O/lHOHIAPaMer-
PUIECKUX IOATPYIN B IPOU3BONBHOMN JIOKATHHO OMKOMIAKTHOMH
rpynme (cM. A.Tancon [20]) poxasmiBaercs IOBOJIbHO
CIIOKHO | (O GMKOMOAKTHEIX T KOMMYTaTUBHBIX JOKAJIBLHO
OMKOMITaKTHEIX  rpynm CYIECTBOBaHYE OJIHOIAapaMeTpu-
9IeCKHUX MOJIPYHON BHITEKaeT w3 COOTBETCTBYIONUX CTPYKTYp-
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HBIX TeopeM). Eme G0npmme TpygHOCTE BCTAKOT NPH MCCIEIO-

BAaHUN BO3MOMKHOCTHM TIPefefbHOrO Tiepexofa ¢ TOMOM{bIo
t t\\™

NOCJe/[0BATeTbHOCTH (:c(7> . y(—’;l-)> . TeM He MeHee owa-

3HIBaeTcA, 94ro ecqm G — rpynma 0es MajeX NOACPYHI, TO

A JIOOHX [BYX OfHOTApaMeTPUYecKuX HOAr Py z(t),y(t)n

nI00BIX 3HATEHWH TlapaMerpa ¢, s Kotopwx z(f), y(f) Haxo-

OATCA B IOCTATOTHO MaJIOW OKPECTHOCTH e[VHUIH, CYIeCTBY-

eT TaKas IOMNOCJIe[0BATeIbHOCT UYHCeN M, UYTO Hpeje.
. ¢ £\ o
lim (x(a) . y(r-l-l) ) (mooaTol MOJIOCIE0BATENILHOCTH) CY IIIECTBY €T

U ABIACICA OfHONApaMeTPHIECKON Woprpynnoit rpynns (.
Jtor npenen oGozHaunM 4epes z(t) - y(f). Onepanua cioske-
HUA (KOTOpas OKa3sBAaeTCs KOMMYTATHBHOM) BMeCTe C ome-
pandeit yMHOMEHUsA Ha JeiicTBuTenbHble dmcna (A « z(f) =
= z(Al)) MpeBpamaeT MHOKECTBO BCEX OTHONAPAMETPUTCCKIX
HO/IFPYNH TPYNIs G B TOMONOrNUECKOe BEKTOPHOE IPOCTpaH-
ctB0 K, KorTopoe oxassBaeTcsa J0OKAILHO KOMIAKTHHM W,
CJIeTIOBATeIbHO, KOH@UHOMEPHBIM.

Herpynro mupoBepurh, 9T0 BHYTpeHHHE aBTOMOPHUIMEL
rpynns G onpepenAoT IuHEHHOe NpecTaBlieRne G B rpyIIy
npeoGpasosarmii  mpocrpamctsa F. W3  cymecrBoBaEms
TAKOTO IIPENCTaBJIeHUs BHTeKaet, 4ro G/H ecth rpynua Jln,
rjne I — anpo aroro npencraBnerna. I'pynmoi JIu okassiBa-
ercs u Anpo H, TaK Kak, ¢ ofHOHA cTopoRH, H He mMeeT Malbix
HOArpyNN (KakK NoArpynna 8 G) M, ¢ [pyroil CTOPOHEI, KOMIIO-
HeHTa eJMHMIEl 3TOi rpynnsl KomMmyrtarusHa'l). KpoMme toro,
HOpMaJibHB mennTens [/ oxaspiBaeTcs MEHTPAIbHEIM, €CIH
rpyntia G ceassa. Takum ofpasoM, B G uMeercs NeHTpa bHBLA
HOPMaJbHLIHA fienuTent I , Asaaomuiics rpynmnoit Jin, garrop-
Tpynna mo KoTopoMy Takske ects rpyuna Jlm. Momao moxa-
3aTh, 9TO IIPH 3TUX yCJIOBHAX caMa (7 aABiasercd rpymnmoi Jlu
(B raxoil Qopme Buepsre 5To Jokazamo K ypaHHmcCH
[21]; cm. rawswe [19)).

IIycts Temeps G — rpynma ¢ MajpMM HOATPYHIaMH.
C nomMome10 npuMepHO Tol He TeXHMKY, KOTOPas IPUMEHAIACH
Il oKa3aTelhbCTBa CYIIECTBOBAHMA ONHOIAPAMETPHUECKUX
MOATrPYNI, MOKHO NOKasaTh, uyTo B xioGoil okxpectroct:m U
eMUHUIEL Trpynnsl G cymecTByer Takad OMKOMIAKTHAsA

1) Orcropia m w3 ynomusagmiefics Teopemsr U BacaBa — o m-
coHa (cm [19], [22]) o pacmuperusnx rpymnu JIn yiKe BHTeKaeT, ITO
G ects rpynma JIn; ofiHaKo caMa 3Ta TeopeMa ABJIACTCHA CIEJICTBIEM (Gop-
MyIHPYeMOro HEke MeHee CHJIBHOrO YTBEDIKICHUA,
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moprpynna Y, uro Bce «IOCTATOYHO MAJBIe) MOATPYIIbl IPYL-
oul G (T. . TOArPYINEL, cofepsKamuecs B JOCTATOYHO MaJjioi
oxpecrroct V < U) nesxar B Y. Jlanee yixe HeTpy/iHO IPHil-
TH K cleqyomeMy: B G mMenTcsa TaKasd OTKPHTaA MOJrpynna
H m raxkas OuxomMmakrtHas mnojrpymna Y < H, wro Y
ABNAeTCA HOpMambHEIM nenmreneM B H, upmiem H/Y
He HMeeT MaJeXx moprpynn. Jlpyrumum ciosamm, G copnep-
JREUT OTKPHTYI IpOEKTHBHO-THeBylo UHoxrpymny H. Hax
nokasaiu K. U sacasa [19) w A. T'muconr [22],
IPOEKTHBHO-THEBH TPYINHL NPEeJCTaBIAITCA B BAje 06paTno-
ro mpejesia rpynnJin (K TaKEM rpynnaM DpPUMeHHM M MeTO[|
anmpokcumaruu JI. C. Ilom T p ar u H a [13], paspaboran-
HEH UM [ia OMKOMHAKTHEIX TPYII). JTO MO3BOJAET UCCIe-
7I0BaTh IOKAABHYIO CTPYKTYPY TaKUX IPYIN M IoKa3aTh, B 9a-
CTHOCTH, UTO OHH He ABIAIOTCA JOKAIBHO eBKINIOBEIME (OKOH-
vatenbEbi pesyabrar (cM. [30]) ruacmr, wro B mi0boi mpo-
eKTHBHO-JIBEBOM TPYNIC MMEIOTCA CKOIb YrojHO Malible OH-
PeCTHOCTH eNMHUIL, paclajaliuecs B IPAMoe IpOU3Be-
IeHne JOKaJbHOM IPynnH JIn 1 GHKOMIAKTHON IOATPYUIIH).
OrpanuumBasch 3THM KPATKUM ONIBCAHAEM O0JIBIIOro Kpyra
ujell, NPHBOAAMUX B KOHEYHOM MTOre K TOJIHOMY PEIIeHWIO
npoGaemsl I'mnpGepra [JIA TOKANIBPHO KOMIIAKTHBIX I'DYMNIl, OT-
cplnaem upTarens K cratbe B. M. ' x ym % o B a [30], B Ko-
TOPO# W3JOKEHHL IOKa3aTeIhCTBA BCEX YTBEPsKIeHHi, OTHO-
CAIMMUXCA K 3TOH NpoblieMe B K CTPYKTYPe JOKATbHO OHKOM-
nakTEHX rpynn. Pemrerme npoGmems ['manGepra ans Oum-
KOMIIAKTHEIX W KOMMYTAQTHBHBEIX IIOKAJIbHO OMKOMIAKTHBIX
rpynn manoskeno B kumre JI. C. llomrparuma [13].
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K IMECTON IMPOBJEME T'MJILEEPTA
B. B. I'nedenko

‘AKCHOMaTHgecKoe IOCTPOCHNE OCHOB pAfa pasnenoB Qu-
3WKM MHTEDECOBANO M WHTepecyeT MHOTHX BLIAIOIMUXCA yUe-
HBIX. B HacToAmee BpeMA CymECTBYeT OONbBINOe YUCIIO TAKHX
U3JI0/KeHRIl OCHOB KiIaccHuecKoil MeXaHUKHA, KBAHTOBOH Qu3n-
KH, CTaTUCTHYeCKo# ¢uanmkm u T. 1. 1). 9T0 BaykHOe Halpasie-
HUE WCCIeOBAHMH Baciy/KMBaeT ClENNalbEOr0 ® 00CTOs-
TelbHOTO0 0030pa. 31ech MBL KOCHEMCSA IRIIb BOIPOCOB,
CBA3AHHBX ¢ AaKCHOMATHYECKHM IIOCTPOGHHOM  Teopnu
BEPOATHOCTEH.

3acaymuBaeT yIOMHHAHEA TO, 4To AN I'mibGepra Teopus
BepoATHOCTEIl ABIsETCS TiaBod (U3WKM, B KOTOPON MarteMa-
THUeCKHMe MeTOAn urpaiorT wepawomyiocs ponb. Ceifuac sra
TOUKA 3PEHUsl yyke He MMeeT TAKOTO paclpocTpaHeHus, KOTo-
PLIM OHA I0JIb30BaJach Ha PyOeske IBYX CTONETHIl, TOCKOIBKY
¢ TexX TOP JIOCTATOUHO OIPEfielIeHHO BHIABHUIOCH COOCTBEHHO
MaTeMaTH4ecKoe cojlepsanue Teopuu BeposATHocTed. Temepn
y’Ke He BLI3LIBAeT COMHEHHA TO, YTO CO3JI@HHLe B HEW LOHI-
THA W METOAE MCCJIe[OBAHNSA, a TaK:e IOJYyYeHHEE Pe3yilh-
TaTH MMeIOT oOnleHayuHOe 3HAUEHe, JlalleKo BhiIXOofAlee 3a
npejienn QUAMKH U Jlaske BceTo ectecTBospaEmAa. K ToMy ke
¥ MEeTO[0JIOTHYeCKH He0OOCHOBAHHO CUATATh TEOPUI0 BEPOST-
HOCTell 4acThl0 (PMBHMKYU MIH JlajKe JacThbl0 eCTeCTBOSHAHUA.
JleiicTBUTENBHO, KajKAas  €CTeCTBEHHOHAYYHAs [MCIMILIA-
Ha HMeeT CBOIl MaTepUajbHBIA OODBEKT MCCNE/0BAHUA H €

1) B kawectBe mpmMepa MoKHo mpuBectH paGorpt I. Tamens m
P. MapkoiOEro II0 AKCHOMATHSALMH MEXAaHHKH, HejlaBHue paboTHl
B. Hora mo 060CHOBaHAI0 MeXaHIKH CILIOMEHX cpeyi, pa6orer H. Ha-
paTeoiopd 0 akcHoMaTHzaimm  TepMojumEamukw, JI. I'misbepra,
JI. Hoppxaiima, JIik. ¢or Heitmana m I'. Bupkroa mo KBaETOBOH Me-
xagnke.— [fpum. ped.
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tofiepsanne ompemenisieftst npuUponon Tex peadbHLk sBAe-
HUH, KoTopee oHa m3ydaer. He MeTon mccieroBaBHusA, a Ma-
TePUANBHEI TipeMeT MCCIeJIOBAHUA SBIAETCHA ONPEIesisaio-
MEM A KaKMofl HayKU o Ipupoje. AKyCcTHKA HMeeT CBOH
ollpefiesIeEHbI 00BEKT HCCIIE[OBAHWS, W HUMEHHO OH, a HE
MeTOfl, KOTOPHIM M3y9JalOTCS aRyCTHMYECKWe SBICHHA, Ipes-
onpepensner, Gyjer U NaHHOE WCCIEJOBAHNE  OTHOCHTHCA
K9TOH obnactm ¢usuru. Teopus jxe BeposATHOCTEH M3yuaer
o0mye 3aKOHOMEPHOCTH CIyJYalHLIX fBIEHWH HE3aBHCHMO OT
TOro, OTHOCATCS OHM K (U3WKe, XWMHH, DKOHOMHMKE, OHO-
JOTHY WU JIVHIBHCTHUKE.

CoBpeMeHHOEe pasBHMTHEe TeOPUW BEPOATHOCTEH B 3HAUM-
TEJIbHON Mepe HaXOMUIOCH IO/ BIUAHNEM O0IUX Hfieil Teopun
MHOKeCTB M Teopu¥ QYHKIUH [efACTBUTENLHOTO MePEeMEHHOrO.
ViMeHHO 9TH Wjeu MO3BOMIWIN TEOPUHU BEPOATHOCTEH OCO3HATDH
cebf KaKk MaTeMaTHUECKY JMCUMIUIMHY W paspaboraTb B
Heil UYeTKYl cucreMy UOHATHH ¥ 0cBOGOIUTH ee OT 4H-
CTO WHTYMTUBHHX IIpeficraBiieEWil m sariwueHuil. Honeu-
HO, CKasaHEHOe COBCEM He O3HAYaeT YMaJeHUSl POJH ecTe-
CTBO3HAHWA ¥ TEeXHWKH, B HePBYIO ouepenb PU3UKU, GHOIO-
TUH, TEOPHUH CBA3W, OPTAHMBALNH IPOU3BOJCTBA, B GopMUpPO-
BaHNM OCHOBHBIX €€ TOHATHH ¥ HANpaBieHWil mccieno-
BAHUA.

ITonBITKE aKCHOMATHIECKOTO H3JIOKEHHS TEOPHH BEPOAT-
HocTell LN TpeJpUHATH B Hauase Hamero sexka I B o 1 -
MaH oM (cM., EanpuMep, [1]). Ograro ero paGorm panern
oT Tay0OKOro peleHns CTOABHICH Tiepes HUM 33jaduH, Ii0-
CKOJNIBKY B HUX He OBLIO JaHO HU aHANIN3a OCHOBHHIX TIOHATHIH
TEOPUH BePOATHOCTeH, HU JOTHUECKH CTPOHHOTO M3JI0KeHHUs
HaKOIJEHHLX B Hell paKkToB, HU CBA3EH ¢ OCTATBHON 9acTbIO
MaTeMaTHKM W TOCHOACTBOBABIIAMM B HEH HpeCcTaBICHUAMI.
Tonbro B 1917 r. nossunack cratba C. H.BeprmrTeii B a
[2], B xoTopoil GLuIO [aHO COBPEMEHHOE M Pa3BEPHYTOP AK-
CHOMATHYeCKOe IIOCTPOGHWE OCHOB TEOPHUH BEPOSTHOCTEN.
Hosmuee 90T TOmXon GHUT MOAPOGHO MBNOAEH B W3BECTHOM
ero kHure [3]. Cucrema axcmom C. H. Beprmreiina ocHoBana
Ha KavYeCTBEHHOM CPaBHEHUHW CJHyYalHBIX COOBRTHHA IO HX
Gonbureit wim Menbmeii BepoaTHocTH. COBOKYHHOCTH BCEX
cobuTHii paccMarpuBaiach Kak OyneBa anrebpa. IlosmHee
Gonee HonpoOHOE M3NOKEHWE DTOH CHCTEMBL B3TJIALOB OLLIO
naro B. W. I'nusenro u Kynmanom.

C mpyrux nosumuit K 0GOCHOBAHUIO TEOPHUHM BEPOATHOCTEN
HDofomen B psime pa0oT, KOTOpHE Hadanu NyOIHKOBATHCH,
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c1918r., P. Muszec (cm. [4], [5], [6]). Hun mHero Teo-
pusA BepOATHOCTEH SABJIAETCA €CTeCTBEHHOHAYYHOM [THCIIMII-
JHHOH H 1I03TOMY B OCHOBY IIOHATUA BEPOATHOCTH CAyUaiiHO-
TO COCHITHS OH IOJIOMKMJI Pe3yJAbTaT M/eaJn3uPOBAaHHOTO
BKCIIepUMEHTa, 3aMEHWB pEANbHYI0 CTATHCTUYECKYI0 COBO-
KYNHOCTb, 0O HeoOX0[UMOCTH KOHEYHYI0, HEKOTOPHM
OeCKOHEUHBIM pAMOM M MOTpeGOBAaB OT 9TOTO PpAKA BEIOJ-
HEeHHUsA [IByX CBOHCTB — CYIIeCTBOBAHWA IIperena dYacTo-
TH ¥ upperyispHoctn. RoHnmenmua P. Museca BcTpeTmia U
BCTpeYaeT MHOTOUYMCIEHHBIX  BOCTOPJKEHHBIX IIOCJEN0Ba-
TeJel M CePhe3Hbe KPUTHYeCKHNe BO3PayKeHHUs 1O CYI[eCTBY
ero B3rusAnoe (cM. o6 srom paGorer A. fI. X mEvYuEaA
[7] u [8).

9. Bopenp, BHCKA3aBIIMI MBICID O CBA3H TEOPHH BEPOAT-
HoOCTEil ¢ Teopueil Mepwl, ABUIACA OCHOBONOJORHHUKOM OUYCHBb
II0JIOTBOPHOTO KpyTa mieii. B HaMeueHHOM mM HanpaBiieHUY
Hagany paGorTaTh MHOTOUYMCIEHHbIE WCCJIEOBATENHN, W IIOMEI
He 3acTaBmiy cela mwaath. ¥Yxe B 1923 r. Geura onybnmKoBaHa
npesocxonHas pa6ora A. JloMmEunnkoro [9], B kKoro-
poii [OCTAaTOYHO CHCTEMATUIECKN ¥ IPONBUHYTO W3Jaraioch
aKCHOMAaTHYecKOe TOCTpOeHue OCHOB TeOPHH BepositHocTell Ha
0aze TeOPEeTHKO-MHOJKECTBEHHEIX KOHIIeNIN.

Har #u Bemwmrm GBUIH [OCTUTHYTH yCHOEXW, IPOBEISH-
HBIE€ HCCIeI0BAHNMA JOJKHE paccMaTpUBaThCA JWIIL KaK Ha-
q9aJI0 aKCHOMATHUYECKOr0 IOCTPOEHWS TeOpUM BEepOSITHOCTENH.
Psapg ocHOBHBIX 3a7ad ellle He TOABKO He OBLT pelleH, HO Jlake
M He TMONyTIHsl YeTKOW MaTeMaTHYecKOH (QOpMyJIMpOBKU.
31ech B mEPBYI0 0Uepe/lb CIeIyeT YIOMAHYTh BOMPOCH aKCHO-
MaTH4YeCKOro 0GOCHOBAHMS CYETHHIX Ollepamuil Hay cOOHTHAA-
MU ¥ WX BEPOATHOCTAMHM, ONpelelleHHs Takumx ¢yHIaMeH-
TANbHBIX JJIA TEOPUH BEPOATHOCTEN MOHATHI, KaK clydJalHas
BeNIMYMHA, MaTeMaTH4YeCKoe OKuWIaHHe, YCJIOBHAS BEPOAT-
HocTh. HeoGxonumo GpLTO TaK)Ke CO3[aTh MPEIUOCHUIKH JJiA
BOSHIKABIIEH TeOpUH CAYyIAHHBIX IPONECCOB. JTH 3afadu C
ycmexoMm Geutu pemieHn paboramum A. H. KoaMoropo-
Ba [10], [11].

Axcuomarnra, mpemioskerHas A. H. Hommoropossm u
Gasupynomaacs Ha KOHIENUUAX TeOpPUM MHOKECTB M TeOPHUH
MepEl, ¢ JOTHYECKO# 1 (UIoCOPCKO¥ HO3HIMIA He ABIAETCH
HY €JAHCTBEHHO BO3MOJKHOW, HU IPHHNUNNANBHO Golee co-
BEPHIEHHOH 110 cpaBHeHnIo ¢ npyrumu. Ee ycliex o0bacHAETCA
psgoM 00CTOATENBCTB, CPEAM KOTOPHX YHOMSAHEM JHIIbL Cle-
OyIomme: OHA COOTBETCTBOBaJa o0mieMy JIyXy MaTeMaTHKH
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TOT'0 BPEMeHH, TeCHO CBA3aJa TeOPHUI0 BEPOATHOCTEH ¢ MeTpH-
4JecKoil Teopuell PyHKIWI M TeM CaMbBIM OTKpHLIA Ilepen Heil
Oorareilinmii apceHaJ XOpomo pPas3paGoTAaHHKIX METO[I0B WC-
cJIefl0BaHNA, T03B0OJInJla OXBATUTE €/[MHON NPOCTON cXeMoi He
TOJABKO KIaccuuecKme TJIaBHl TEOPUU BEPOATHOCTEH, HO W
BHOBb BO3HUKAaOINUE €€ IOHATHA M TPOOIIEeMH.

Otmerum, uro B paGore B. . 'muBe K 0 [12] yna-
JIOCh [I0Ka3aTh, YTO TWOJXOM K AKCHOMATH3AaIMW Teopud
BepoaTHocTell, upemnoxennei C. H. BepHmreiiHoM m ot-
HOCANMHUACA K PpACCMOTDEHWI TOJHEX HOPMUPOBAHHLIX
OyneBuix anre6p, cosmajgaer ¢ axcuomatukod A. H. Kou-
MOTOpOBa.

NccnenoBanus Mo 0CHOBAM TEOPUU BEPOATHOCTEI MPOI0JI-
JKAIOTCA HENPEPHIBHO. 3a MOCIeHNe TONBl OLIIN TPeNio/KeHb
MHorme soBbie rongxonsl — A. Pemvu, A. H. Koamoroposrim
U PAIOM APYTHX ucciesoBateneil. B ocHOBY HOBEIX akcmoMa-
THYECKUX TOCTPOeHWH TIPeNJIaraeTcs B3ATH pasiidfLie Muc-
XOfHble NOHATHA — HNOHATHA WHHOPMAIWH, CIIOKHOCTH M T. II.

CoBepIlieHHO ACHO, 4YTO JKUBas MaTeMaTHYECKas JMCI{UII-
JIMHA ¢ O0YeHb IIHPOKMMH CBA3AMH OyKBaJlbHO CO BCeMH 00-
JacTAMHN 3HAHWA Beerga OymeT tpeGoBaTh TH[ATEIBHOTO W3-
JeHUs ee OCHOB C PasimuHEHX Ho3urnuii. I Kax Ok xopomio HI
Obiw paspaGoTaHH AKCHOMAaTHYECKHE OCHOBH MaTeMaTHdec-
KOM [UCHWIIWHB, HOKA OHA pasBHBaeTcA, OyIyT IPOmOI-
JKATHCA MOVUCKHW MHBIX METOJOB €€ JOTMIeCKOro 000CHOBAHHSA.
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K CEJJbMON NPOBJIEME TUJILBEPTA

|A. 0. I'eavgbond)

AnreGpanyeckuM umcioM HaspBaeTca JN000H KOpeHD
anreGpawvyeckoro ypasHeHWs a, -+ ayz-+ ... + a,z” =0,
e ao, @q,..., 8, — Uease uncia. Bcesaxoe neanreGpamue-
CKO€ YHCJI0O HAsHBAeTCA TPaHCHEeHAeHTHHM unciaoM. Cymect-
BOBaHHE TPAHCUEHIEHTHEIX WUHCEJI CTPOro OBWIO [[OKa3aHO
K. Jnyeumnem 1) B 1844 r., no eme Jl. diep ux cymecrro-
BaHme cumMTaj 0e3yCJIOBHEM, XOTS BIOJHE CTPOIOro OIpere-
JICHHA TPAHCUEHJIEHTHOTO 4YMCia y Hero, IO-BHIWMOMY,
He 6nuIO.

Ilepprie ofmme yTBepsueHUSA OTHOCHTEIBHO apupMeTH-
4eCKOI IPMPOEL Imces Mu HaxopuM y JI. diinepa, KoTopwi,
HanpnMep, YTBepIKIal, 9to wncia a¥®, Tae a mppammomais-
HO, a b — memoe, HO He KBajpaT, He TONBKO He PalHOHAJBHE,
HO flasKe He (HPPanmoHAJBHLD, YTO B HAUIEH TEPMHHOIOTHE
BHAUUT «TPAHCIEHTCHTHED.

B cosmanum m passuTHm MeTONOB JOKAa3arTelbCTBA TPAHC-
HeHJeHTHOCTH qucen 3a 60 ser, IpoIIeIInX cO BpeMeHH II0-
craHoBKY mpobnem [|. Tmnsbepra, OHIM HOCTHIHYTH CyIle-
CTBEHHHIE yCIIEXH W OCHOBHas mpoliema, IocTaBleHHas
L. Tunp6eptoM, Geuta pemeHa & obieM Bupe. J[Ba OCHOBHEIX
MeTOofia I0Ka3aTenbCcTBA TPAHCHEHIEHTHOCTH, KAK BTO M OBUIO
npenmonoykerno J[. I'mnp6epTom, oCHOBaHE Ha HCCJIEJOBAHUH
apuMeTHYECKUX ¥ aHAJMTHYECKUX CBOICTE (yHKInm, 3Ha-
4eHHeM KOTOpPOoii sBisgerca npu anrefpandecKoM 3HAUYCHHHU
aprymMeHTa wmccienyemoe uucsio. MEL OCTAaHOBHMCA TOJNBKO Ha
OCHOBHBIX 9TallaX PasBHTUs BTHX METOJOB.

1) C. r. Acad. sci. 18 (1844), 883, 910; J. math. pures et appl. 16
(1851), 133.— ITpun. ped.
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leomeTpuueckas mpoblieMa TPAHCIEHJEHTHOCTH OTHOIIE-
HHA OCHOBAHHMA K OOKOBOIl CTOpOHE PpaBHOOEIPEHHOIO
TPEYroNbHMKA, OTHOINEHNE YIJIO0B KOTOPOro 6ymer Hppanuo-
HaJbHBIM aJreGpamvecKHM YmCIOM, CBOJUTCA K TpaHCIEH-
IeHTHOCTH 4mMcya e™* = i 21* mpu ajare6pandecKoM M IeHCTBH-
TensHOM o. TpaHcmeHgeHTHOCTH umces Buaa &'V 9, e @ =
=0, 1 — anareGpangeckoe gmcIio, a ¢ > 1 memnoe, 6BlNa JoRas3a-
Ba A. O. Teandorgom B 1929 r. 1) ¢ momompio mcce-
JOBAHWA POCTA M apuPMETHUECKUX CBOUCTB KOS(PPHINEHTOB
pasnomenua QYHKOUH OF B HETEPHONANUWOHHHE papy Hero-
TOHA ¢ y3jJaMH WHTepHOJAOHM BHUOA = + iVqy,rme x m Yy
npo0erawT Bce melbe 3HAYEHHsI. JTOT sKe METOX OB B Hajb-
Heiimem ncmonnsosad P. 0. KyssmunnM 2) 1i1s qokasaresnbeT-
Ba TPAHCHEHJEHTHOCTH YMCeJ BUAa o' ¢ IpW TIPE;KHUX Ipey-
MOJIOYKEHNAX OTHOCHTENLHO O M ¢ W JTOLOTHUTEILHOM YCIO-
BUW WPPanHOHATHHOCTH ]/q u K. JI. 3urenem jus morasa-
TENBCTBA TPAHCICHICHTHOCTH XOTsI OBl OJHOTO u3 IEPHOJOB
annunTHaeckoi Pynrmun & (z), ymosmerBopsiomein mudde-
PEHOIMATLHOMY yPaBHEHHIO

[ (2)]? = 48 (v) — 826 (#) — 83

npu anreOpawvyecKuX SHAUeHWUSX WHBAPHAHTOB &, M £3.

TpaHCIEHAEHTHOCTh YNCEN BHOA O° NMPH anre0pauvdecKoM
a, @ =+0, 1, u p arreGpauueckoM HPPATNOHANLEHOM (K BO-
npocy o6 apuMeTHYECKOIl MPHPOJe TAKHX UHCEN K CBOINTCA
npo6aema JI. I'mnnGepra) Goura Bmepssie JokasaHa B 1934 r.
A. O. Teandorom 3) ¢ OMOIE Goyiee ITYyOOKOTO HCCIENO0-
BaHOs apuMETHYECKHX W AHAIMTHYECKHX CBOHCTB IIOKasa-
tenbHEX (yHrnuii. Heckonrko mospBee sTa Teopema Oniia
mokasama T. Illmeiimepom %), ROTOPHI TakKe HCHOIH30BAJ
metron A. O. Tennorga nns HoKasaTelbCTBA TPAHCIEHOEHT-
HOCTH KQKIOr0 M3 IEPUONOB 3ILINITHIECKOH (YHKIUU npu
anrefpanyeckux UHBapHaHTaX, & TAKKe TPAHCIEHJeHTHO-
CTH MHOruX IIOCTOSHHBIX, CBfISAHHHEIX C 3JJIHITHYECKUMH
¢yaxquavn. TpaHCHEHAEHTHOCTE Iuces BUa o.f SKBHBANIEHT-

Ina
HA TPaHCIEHAEHTHOCTH OTHOLIEHUA JOrapugMosn mp 1PH
anrebpamuecKkux o u f, OTKyJa, B YACTHOCTH, CJIEAyeT, 4TO

1) C. r. Acad. sci. 189 (1929), 1224—1228.— ITpum. ped.
2) HNAH CCCP, cep. Ma'reM 3 (1930), 585—597.— Ipun. ped.
3y JAH CCCP’ 2 (1934), 1—6; MAH CCCP, cep. ¢ms.-mateMm. 4

(1934), 623—630.— ITpum. ped.
4) J. reine u. angew Math 172 (1934), 65—63.—IMpum. ped.
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Bce Jorapudmel, npubIu/KeHHble 3HAYEHAA KOTOPLIX IIPHBO-
gsTes B Tabaune HeCATHYHHIX JOTapu(MOB, — WIJIM PAIio-
HaJILHEIE WM TPAHCHEHEHTHHE YHCJIa.

O6mas mpobreMa OTCYTCTBHSA asire0pand4ecKuX COOTHOIIe-
Huil ¢ OeJTHMI Ko3QPUIHeHTAME MEKY YACTAMH BUA o° IpH
MPEKENX IIPEIIIONOIKEHAAX OTHOCUTEILHO o W [ He pemeHa
[0 HACTOSAIIEr0 BPEMEHH.

Hexoropne wacTHHE CIyuam 3TOH MPOGIEMEI ¢ HOMOIILIO
CYIeCTBEHHOTO YCHIEHAs IIPESKHUX METOMIOB OBUIK PelneHH B
1949 r. A. O. TensdpormoM. B gactHOCTH, GBIIO [OKA3aHO,
4TO TAKHUX COOTHOLICHWIT HET MEIKIY YHCJaMH a* | a*, T7e
a =+ 0, 1 — anreGpanyueckoe 4ucI0, a o0 — KyOmueckas wmp-
panuoHaIbHOCTE. He pemieHa Takske NIpoGlieMa OTCYTCTBUSA
anre6panvecKuX COOTHOIIEHHH C TEIHMHE KO3(QPHImeaTaMn
Mexy JorapupmMamu  anre6pamuecKuX UHCEN, HCKJIIOUAs
caydaii ONHOPOLHOTO COOTHOLIEHHSI MEKIY IBYM:A Jorapmd-
Mamu. 9Ta mpoGieMa NPENCTapiserT OOJBIION HMHTEpec ¢
TOYKH 3PEHUA BOSMOKHEIX HPHJIOKEHNN B 06HaCTH IPyrux
YHCITOBHX 327129, B UACTHOCTH PEIeHAsA yPaBHEHWI B [EJBIX
qHCaax.

OTmeTum ele pas, 4ro BIEpPBEE IPO0JEMa TPAHCIEeHTEeHT-

In
HOCTH 4MCeN BHAA o MId n B6hma B 4acTHOH (OpPMyIHpOB-

ke moctapiena JI. Jitnmepom (Bremerme B amamms, T. 1,
1738 r.).

Bce umcna, 0 TPaHCHEHAEHTHOCTH KOTOPHIX MK TOBOPMITH
BHIIE, ABIAKTCA 3HAYCHHAMM AHAINTHYECKNX (YHRIMUIL, 06-
NagaioIiuX TeM CBOMCTBOM, UTO 13 IPE/IOI0KEeHAA airebpamy-
HOCTM OJIHOTO €€ SHa4YeHus HpH aire6pamvyecKoM 3HAUCHIHT
[IePEMEHHOr0 CJeayeT anrefpavyHOCTh 3HAYCHMIT HAa OTEHB
IVIOTHOM MHOJKEeCTBe 3HAa4YeHHil aprymMeHTa BMeCTe € yMHO-
JKEHHBIMI Ha KAK0e-TO YHCJIO 3HATCHHAMHU nponsBommx.

Hanpumep, pmusa ¢yHRmnm ¢(z) = a* Bce umena - (P(’ )(z)

npn z=m -+ nz, Oynyr anrebpamuecKumu, ecnn a, 2z,
I @ — anrebpawdecKue WU 2, — HPPAIMOHAIBHOE YHCIO,
ak>0,m unn— nense uncna. K gpyromy runaccy npo6-
JeM TPAHCHEHAEHTHOCTH OTHOCHTCS TPAHCIEHIEHTHOCTH
sHaveHnii yHKIMII, pa3iarailuxcs B XOPOIIO CXOIAIIMECS
cTeIleHHHE DA ¢ aarcOpamdyecKuMn Ko3(pPuOuUeHTaAMH W
VIOBIETBOPAIONMMUX JMHENHEM JuddepeEnuanbHEM ypasHe-
HHAM C HoJmHOMHAIbHEIME Koaddunuenramu. Hpocreiinm
npuMepoM Taxux QYHKOuil ABigercA (QYHKIuUA e, Ihoe 4uco
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¢ — OCHOBaHWEe HATypPaJbHHX JorapudMoB, Tak Kaw

co ”n

K d
e* = — ——ef = €%,
S n!? dz ¢

Tarkne ¢yuxmum K. 3urenr Hassan E-QyHERmusamm.
B 1873 r. Ill. 9pmur moxasan TPaHCHEHAEHTHOCTH YHCIA
e 1), aB 1882 r. Jinagemann 2), 06o0mas MeTo IpMATa, HOKA-
n

san, uto coorHomenne Yy Ae% -=( HEBO3MOMKHO UPH aiTel-
k=1

pamdecKHmX HE pAaBHHIX HYJI0 B COBORYIHOCTH A, ¥ anre6-
pandecKNX ¥ PasiHyHHX Z;. OTnM OBJIA JOKa3aHa TPAHCHEH-
MEHTHOCTh I, TaK EKar €°° = 1, uro Gbur0 OhI HEBO3MOKHO,
ecaw OBl 7T, a TEM CaMBIM ¥ 271 OBLI0 OB anreGpaud4ecKuM quc-
nom ¥). TpaHCTeHIeHTHOCTE 7T, KaK M3BECTHO, BJIEUET 32 COGOM
¥ OTPUIlAre)bHOE pelleHre NPoOJIEeMH KBaZpaTypsl Kpyra.
TpascnenyeHTHOCTE I alireGpauueckass He3aBUCUMOCTH 3Ha-
yeHnii E-QyHRiui, yposmetsopsiomux guddepeHmanbHEM
YPaBHEHUSM BTOPOT0 MOPALKA IpH ailrebpamvyecKux sHade-
HUAX aprymeHTa, Obiia qoKasaHa BuepBue K. 3urenem %) B
1930 r. ¢ nomMompio paspaboramroro mM obmero metona. Ha-
mpuMep, uM Oblia MOKaszaHa TPAHCICHAEHTHOCTH YNCEN BHIA
[e]

an

lenpn anrebpamaeckom a, a 5= 0, u, Gomee obmio, BHA-
n=

geHwit pyHKnmit Beccens miu muimAgpuiIecKHX (QyHKI[HI.
B campie mocnenHIe TOOE 049€HEL CYIECTBEHHOE TIPOIBU/KEHIE
B 3TOM HAIPABIEHHN, B M3BECTHOM CMBICJIE CII0BA MCYEPIIaB-
1mee ecTeCTBeHHYIO IpoliieMaTURy 3Tol o0aacTu, OBIIO cre-
mago A. B. llngmoseknm. OH gokasas, UTO €CaHW CHCTEMA
E-pyarnuii npencrapisgeT co60H pemeHne CUCTEME! JTHHEHHBIX
audepeHManbEEX yPAaBHEHNI ¢ MOJMHOMUANBHEIME KO3(-
dunuenTaMu, YHCIOBbIE KO3(P@UINEHTH KOTOPHX ABIANTCSA
anrefpam4ecKMMu 4YUCIiaMu, TO W3 aile0pamuecKoil HesaBu-

1) C. r. Acad. sci. 77 (1873), 18, 74, 226, 285.— ITpun. ped.

2) Math. Ann. 20 (1882), 213.— Ipux. ped.

3) Bompoc 06 apnpMermgeckoii mprpofie GUce e M 7 IMeeT IJIUTeIb-
myio ucropmio. B 1767 r. JlamGepT foKkasanx, 9To umcaa 7 M e (rge m
PaIMoOHATBAGE) He ABIAITCA parmoBanbEEME (Mém. Ac. Berlin, 1761
(1768)). Jmysuuas B 1840 r. (J. math. pures et appl.) mokasaxn, aro HE
e, B e HE MOrYT SBIATHCA KBaJ[DATHIHEIME HPPAHOHANBHOCTAMM, —

IIpun. ped.
4) Abh. preuss. Acad. Wiss., N 1 (1929—1930), 1—70.
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cumocTy 3TUX (YHKIHI B IOJe pannmoHabHBX §yHRITHI ce-
nyer ajrebpamuecKas HE3aBHCHMOCThL MX 3HAUCHHH B panH-
OHATLHOM II0Jle IIpH ANreGpamyecKnx 3HAUCHHAX apryMeHTa,
KpoMe, KOHEYHO, OTHEILHHX TPUBHAJLHEX WCKJIOUEHWI.
B wactHOCTH, HampuwMep, WM [OKazaHA TPAHCIEH/EHT-
[oe]
7

a
HOCTE 4YHCeJ BHIA 2 P
n—1 [»1]

Koe, a ¢ > 1 — penoe umcJo.
Ormernm Taxske oueHb KpacuByio Teopemy K. Mamepa o
TPaHCHEHIEHTHOCTH 4Yucia o

a = 0,123456789101112...,

IPYTHMH CJIOBAMM, JECATHMYHOW WM ¢-WIHOH mpodu, B KOTO-
poit mocie 3amATON BHIIUCAHH TMOJPAM BCE YMCIa HATYpANb-
HOTO psga, uwin, 6oiee 001mo, nudpH MOCTe0BATENLHEX 3HA-
YeHHHl [EJI0YNCIeHHoro MHorowrena P(n), n=—1,23,...
ITOT pesysbTar MOJyIeH ¢ momoinkio Teopemsr 1. IllHedgepa
o npmbiamxennn ajareCpanvyecKHx 4UHCEN pPaNMOHAIHLHEIME
ApOGAME M ABUIICA IPAMEIM CJHEICTBHEM HOJTyYeHHON TMO3IHEee
TeopeMbl Pora.

IloMnMO HEROTOPHIX TeOMETPHUECKHX NPMIIOKeHn# ¢anta
TPAHCHEHIEHTHOCTH T€X WM MHHIX THCET, 0 KOTODPHIX MBI YiKe
roBopmim, GOJBHLIOE MPUKIafHOe 3HAUEHHE NMEET TAK Ha3H-
BaeMasi Mepa TPAHCHEHISHTHOCTH WK aJIre0pamyecKol Hesa-
BHCHMOCTH UHCENl, U3YYEHHUI0 KOTOPOIi MOCBAIIEHO MHOTO pa-
6or. Ecam P(z,,..., x) — MHOTOWIEH ¢ LEJHIMH K03(PErmu-
€HTaMu, He HMEe0IuMu O0IIero nesnTens, BePXHAA IPAaHb MO-
Oynst KoTopeix H, a cTeneHm IO OTHONIEHHUIO Iy, ..., s OYAYT
Ny, ..., By, TOTIPH TIOOHX TEHCTBUTENHHEIX BHAUCHUAX Ty, Tg,-..
veey X OTH KODQPUWIIMEHTH, OTIMYHBIE OT HYJS, B COBOKYII-
HocTH MOTYT OBITH BHOpAHB! TAK, 9T0 OyH€T BHIIOIHATLCS

HepPaBeHCTBO
[P (@1, . .., @) | < H T 7 g0,

Te & — NpOM3BOJBHO Majas TOoCTOAHHasgA. Mepoii TpaHC-
MEHJeHTHOCTY WMIIY B3aWMHOW TPaHCIEHIEHTHOCTH YHCEN O,
C,..., @, HazusaeTcd ¢yErmus O(H, n,,..., n,), onpexneasae-
Masg COOTHOLICHHEM

OH,n,..., ns):inf_[P(ocl,..., o) | > 0.

B sToM HanpapieHEr® MHOTOYNCIIEHHALIEC 1 WHTEPECHLIE Pe3yiIb-
raTel mpmEague;kat K. 3wremo, Hoxema, K. Maxepy,
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1. Ilonrkerny, H. ®enspmany, A. Iwposckomy, A. Tenn-
douny, A. Beiikepy m gpyrum asropam. O6mume MeTomsi
omeEKn ¥ MuHorme pesyibratet H. . @enpgvana OGoiim B
[albHEHIEM WCIOIb30BAHL B pPAge paboT 9TOro HampaBie-
HuAg. MH OCTaHOBHMCA 3[jeCh TOJBKO HA JABYX DPe3ylbrTaTrax,
AMEIONUX NpsMoe orHomeHne K npobieme [I. T'misGepra.
Bonee tpummatm ser masam A. TenndoHn jloxasanm Hepa-
BEHCTBO

[ty Ina 4 £, InB| > e, g >3, t>t,

rge Iy u f, — nenele Gmena, |4 |<<t, |t |<t, aoamfP —
anrebpandeckue 4mcla, JOrapuPMe KOTOPHX JHHEHHO He-
3aBUCMMH B paIMOHAJBHOM IoOle. TaKoe HEPaBEeHCTBO MO-
jKeT OBITH MONYYeHO, eCJIN B JOKA3ATEILCTBO YHCTO KAYECTBEH-

Ina
HOI'0 YyTBEPIKJI€HUA TPAHCHEHIEHTHOCTH m BBECTHU 3JIEMEHT

OLEHKH TNPHOMUKEHHs TAKMX THCEN PAIHOHAIBHBIMII 1po0s-
MH. JT0 HePaBeHCTBO OBIIO HCHONL30BAHO B PALE TEOPEM
AHAJUTUIECKOH TEOPUN TUCeT M B HEKOTOPHIX 337aUaX TeOpHHU
nnodaHToBHX ypasHeHnii. B camom romne 1966 r. Beiikep ¢
IIOMOIBI0 BECHEMa OCTPOyMHOro ycmnenus meroma A. Iens-
¢doua mokasan obmee HePaBeHCTBO

| 3 et > e, g1, nl<t sy,
k=1

rge o, — ajre0pamyecKne 4HcIa, WX Jorapudmel JUHEHHO
HE3aBHCHMBL B PAiMoHATIBEOM TOJE 1 {, — merse, 2|1, | > 0.

B camoe nocnenree ppemsa H. V. Menpimarom HepaBeHCT-
Bo Beiikepa Obu10 BeckMa cymiecTsedHo yemieHo. OH [oKa-
3a7, UYTO WMeeT MECTO HEpPABEHCTBO

|3 Botna| > 7,
k=1

rae H — MaxcumanpHAg BEHICOTA anrefpanmdeckux umces Py,
oy — anrepamyeckne, ¢ JUHEHHO HE3aBUCHMEIMH JOTapudp-
Mamu, a y or H He saBucwur.

Hepasenctro Beiikepa, B KOTOpOM, TaK K€ Kak W B 9acT-
HOoM ero cayuyae HepaseHcTBa A. I'enbdompma, mpm sanammbix
Oy,eees®s U ¢ MOKHO 3P(PeKTHBHO YCTAHOBUTH, ¢ KAaKOIO f
oHO GyzieT BepHO, MO3BOJIAET yKa3aTh 9QPEKTHBHYI0 IPAHMIY
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1A BeJIWINH pewmennii ypasuerns A. Tys, numenHo P(z,y) =
— ¢, rae P(z,y) — OOHOpPOAHEIH MHOTOYJIEH CTENEHH n > 2
¢ mennMu koaQ@uIMenTaMn, a ¢ — IeJsoe Ynciio. 9Ta mpo6-
jieMa CTOsIjla MHOTO JIET U CYHTAaNach OTHON M3 TPYymHeNNInX.
Bce cBefieHNs 0 JuTeparype I0 BOIPOCaM TPAHCHEHNEHTHOCTH
Mo:xHO Hajitn B crathe H. U. ®easgmarma um A. B.
Mupganoscroro «Paspurue m COBpeMeHHOE COCTOSIHHE
TEOPMH TpaHCIEeHTeHTHHX unceny, YMH 22, Ne 3 (1967).
Ecny manpasnenme B 06lacTH TEOPHH TPAHCIEHIEHTHHIX
ancen, HayaToe paGoramm dpmura w JImHnemaHHa, oforaru-
aock B paGorax A. B. Illngosckoro oueHsr OOLIUMI Pe3yib-
TaTaMu, TO HaIpaBiieHHe, HAYaTOEe BHICKASBIBAHMAMM IJilne-
pa u 'map6GepTa, moka o6IajfaeT TeopeMaMl ¢ HE CIHIIKOM
mupoxumMu GopmyruposramMu. Hampumep, HHZero He U3BECT-
HO [[asKe O JIMHEHHOH He3aBHCUMOCTH UHCENl BHIA 0" Fk=1,...
...y N, TJIe O, — pasNUYHEEe MppaUOHAJBHEE anrebpamdge-
cKme gucia, a ® == (0, 1 — anrebpamueckoe ¥mClIo, B IONE
pamuoHAIBHEIX 4MCel, KpoMme cinydad o, = 1, a,—= a, a3 =
=a?, e a—KyOuueckas nppannoHaTLEHOCTS (CIydail KBagpa-
THYeCKOll MppPaAT{iOHATBHOCTH O €CTH CJe/CTBUE TPAHCLEH/ICHT-
s

=

HOCTH ®©%), W, HAKOHeIl, TPAHCIHEeHIeHTHOCT YHUCIa H m;k

k=1
upu ainreGpamueckux o, n o, (Beiikep). Umcna Ino,
JNHHEHAHO HE3aBHCUMEI B PAaNUOHAILHOM IIojie. AHaIOrMYHAS
3ajaya He peureHa W JJiA JorapmdMoB airefpamuecKux du-
cen — sajlaga 00 mx aarebpamuecKoli HE3aBUCHMOCTH, KpO-
Me ciydas HeBOSMO;XHOCTH OJHOPONHOI CBA3H ABYX Jorapudg-
MoB. [lanee Hmuero TMOKa He MBBECTHO 00 apudMeTnuecKoi
mpupoje IOCTOsHHONM Jitmepa u umcen E(2rn 4+ 1),
rme E(s) — ¢yErnus Puvama — Oinepa, a n > 1 — nexse
aucia. HakoHer, I0-BHIUMOMY, HOJIKHA MMETH MECTO Teope-
Ma 0 TOM, UTO €CJIM HEIIOJHEE YAaCTHHIE PA3JIOIKeHHA Incia B
HellpepHBHYI0 TPo0h OrpaHNYeHH B eciu APo0h GeckoHedHa,
TO DTO YMCJHO ABIsETCA JubO0 KBaJpPaTHIECKOH MppanrOHAIb-
HOCTBI0, Nu0O0 YHCIOM TPaHCICHIEHTHBIM.



K BOCEMOV MMPOBJIEME T'MJILBEPTA
I0. B. Jlunnur

Wccnenosarua 1o rumoTese PuMaga Npofo/Raluch M Npo-
JOIKATOTCA TI0 CHMe BpeMs, HO IOKa IOJNYy4YEHHI Pe3yILTaTH,
BECHMa JIAJIEKHe OT OyKmyaeMoro. Mesxny TeM yOemeHHOCTS
MaTeéMaTHKOB B TOM, YTO T'HUIIOTE3a BepHa, BO3pacTaer, 0CO-
GeHHO 3a IOCJeJjHee BpPeMsi, KOIyja ¢ MOMONBI0 GHICTPO/IEHCT-
ByIOIell CueTHOH TeXHuKHN OOHApYKeHO, 4TO KOMIIeKCHEIe
(Tak HasHBaeMbe KPUTHYECKHE) HYJH, MHUMAasg YacTh KOTO-
PHX He IpPeBOCXOnUT 110 alCONIOTHON BeJW4YNHE JOBOIBHO

. . 1
GONBIIOI KOHCTAHTHI, JIE3KAT HA HPAMOM 0 = — . Hocnegane

pe3ynbTaTH B 9TOM HaupasieHmu noxydesn H. A. Me n-
mepowm [1] Ha GumerpomeiictByiomein mamune «Crpesay
B Bruncnunrensuom neatpe AH CCCP; us Bux, B uacTHOCTH,
clefiyeT, YTO HyJIH C TOJOKUTEIBHON MHHMOII YacThi0 U HO-
mepamu ot 15 000 1o 35 337 nesxar Ha mpamoiic = 1/ 2. Ilox-
TBEPH{ICHNEM IuIoTe3nl PuMaHa CIY/KAT Takxce BasKHAA TEO-
pema, joxasaEHasg B 1942 r. HODBEKCKMM yuyeHHM ATie
Cen6eprowm |2]. Ecain o6osmaunm N(7) umcio KpHTH-
gecKux Hyne# 0 — o -+ it mpu yenosun || < T, a N(T)
— uypcao TeX W3 HuX, KOTOPHE JjeykaT Ha mpamoil 0 = 1/2,
To THmoTesa Pmmama Mosker OHTH cQOpPMyJaHMpoOBaHA TaK:
No(T)/ N(T) =1, ecnu N(T) > 0. A. CenGepr joxasaiu, 9ro
No(T)/ N(T) > &, > 0 mpr N(T)>0, rne 6, — HexoTopas
(moBonbHO Maias) KOHcTaHTa. I'mmoresa o ToM, UTO ANA HY-
et p = o + it ameeM ¢ << o, << 1, THE @, << 1 — Kakas-
smbo woHeTanTa << 1, HaswmBaeTcs ocliabieHHON THUIIOTE30it
Pymana. Ty rEIOTE3y TaKKe HE YAAN0Ch JOKA3aTh, HO HEKO-
TOpOe HpPOJBHKEHHE B 9TOM HampaeineHun uMmeeTcsi. Orasa-
J10CH, 9YTO ONEHKA [efiCTBUTENHHOI YacTn ¢ Hylel p — ¢ -+ il
sapycnT 0T oneHKu BesmuuBH |{(1 4 if) |. Ilocnenmsana sagaua
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CBORMTCSI K OLEHKAM TPHTOHOMETpmYeckmx cymm. Ilocie
nzobperenns . M. Bumorpanossm cmoco6a omeHEN HYKHEIX
cymm (I. M. Burorpapgos [3]),s 1936 r. H. I. U y-
K a K 0 B [4] monyumn ma ocHOoBe Meroma M. M. Bumorpagosa
cunbHYI0 onenky |§(1 + if) |, B pesynprate yero emy ymasocs
YKa3aTh OLEHKY CBePXY WA 0: 0 < 0,o(f) =1 — (), rue n(t)
XOTs B MEITIEHHO, HO Bee ke crpemutes Kk O mpu | £ | — oo. Buoe-
Te[ICTBUA STH WM PasBUBAJNCH MHOIMMM aBTopamu. Hau-
Jyqmme pesyJibTaTh B 9TOM HANpaBJieHNH IoaydeHH B 1958r.
N. M. Bruaorpagosmum [5] w H. M. Kopo6o-
BuM [6]: n() > A(ln &)™ [ -pyrrnum anreGpanyecrux
nojiell HM3yYalych ¥ M3YYIATCA; WTOJOREEHE C AHAJIOTaMU
runoressl Pumama smeck He nyume, dem mia {(s). Opmaxo
I HEROTOPHIX aHAJIOTOB {(S) — Tak HasHBAEMHX KOHTPYDHI[-
L -pysxmmit — Argpe Beifianw [7] B 1941 r. ypmamocs
NOOUTHCS PEIIMTENBHOr0 ycHexXa — [0KasaTh aHAJNOr TIUIlo-
Te3st Pumama. Ilpmeemem mpocTeiimmii mpmvep KOETpYSHI-
L-pysxumn m amanora rumoTesst Pumama. Paccemar-
puBaeM UENOYNCICHHEI NOJMHOM f(Z) IO MPOCTOMY MORYJIIO
P, HEUPUBOJMMEI 1 ¢ IePBHIM Ko3dduipenTom 1; mycrs 6, =

= 2 X ((f, g)) —cymma, pacmpocTpaHeHHas IO BCEM IIOIIMHO-
g

MaM g CTeNeHHU V II0 MOLYII p €O cTapmuM KoagduiueHToM 1;
specb (f, g) — pesynbranmT f m g; y — xapaxTtep (mod p).

o9
L(f,x,s)= 2 s.,p™ (Re s > 0) 6yner komrpysun-L-QyHr-
v=0
nueii (sacTHoro BUa). Bcee ee Hysm (kpome, MoskeT GHTS,
=0) nesxaT Ha mpAMOiio = 1/2, T. e. 715 Hee BePeH AHAIOT
ronoresst Pumana. Wsyuemwe cesasm Meskny KOBrpysHI-
L-pymrmuamu u oGnuHON n3eTa-GyHKIueit SBISETCS OXHAM
¥3 IUIOOTBOPHEMIIEX M MHOTOOGEIAIIUX HANpaBleHMil B
8TOIl oGaacTH.

A. TuanGepT BEHICKasan MHEHHe, YTO TOCJE NCYEPIBIBAIO-
mero m3yvenusi gopmynsl Pumama OyneT HaimeH HOOXOm K
pemwennio npobnemsl I'onpn6axa u BooOle ypasHeEns ax -
+ by + ¢ = OB npocTsix uncnax z n y. [locaenHee ypasHenme
He peuwleHO W B HACTOAINEe BpPeMs; YCJOBHOE pPEINEHHE ero,
ecany NpuHATH runoresy Pumana, rarxe me ynaercsa. HauGo-
Jiee JlaJeKo MAyliue PesylNhTaThl B HampasieHHu 5Toi 1pol-
Jembl Obuim TomydeHn Burro BpymHom mo mertomy pemeta
dpaTocdena. IToT mMeTos PaspabATEHIBANICA MHOTEMM aBTOPA-
Mu; OffMH W3 HOCJENHAX DPEe3YJHTATOB B 9TOM HAIpABIEHHH
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nonyser A. I. BurEorpagoBuM [8]: Bce Gombmiue
qeTHEIe THCIA NPEICTABIAT cOGOil CYMMBI [BYX CIAraeMeix,
pMeomnX Kaskoe He Gosee Tpex MPOCTHX MHOYRUTEICI.
' Tepmnapras mpoGrema Toapnbaxa, T. €. ypasHeHHE Z -+
+y + z— d=0 B NPOCTHX UNCNAX T, Y, Z B cayuae HedeTHO-
rO JOCTATOTHO GONBIIOr0 ¢ TMOJHOCTHIO pemena B 1937 r.
M. M. Bumorpagosnsm?)[3]; ypasBenue az + by -
+ ¢z — d =0 B IPOCTHX UMCIAX DPEHIAETCA aHaJIoTMYHO.
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1) TIpobGuema, MOCTABIEBHAS meTepGyPrCKIM aKafeMAKOM X. l'oxb-
n6axom B ImceMe K Oilrepy or 7 moEs 1742 r., ¢dopmyampoBasack
crenyommy  06pasoM: JJ0KasaTb, €TI0 BCAKOE eoe amciao > 6 ecTh
cymMa Tpex mpocthix. Meropma BODPOCE wanoKena B paborax:
L. E. Dickson, History of the Theory of Numbers, 7. 1, Washing-
ton, 1934, 421—425 (101923 1.) H H. T. Yynaxos, O npoGieme
Tomsnbaxa, YMH 4 (1938), 14—33. Teopema, joKazaEHas Bumorpa-
moeM B 1937 ., AaBaja peutenne 1pobIeMbl Tonnnfaxa s K0cTaTod-
HO Gonpmmx HederHEIX dmced. B 1946 r. 10.B. Jlymmnk (Marem. c6.
(m. c.) 19 (61), N1 (4) (1946), 3—8) momyami Apyroe JI0Ka3aTeNbCTRO
TeopeMil BuBOrpajioBa ¢ IPHBIETEEHEM MeTOLOB TeOpMH aHaJIATAIeC-
pux ¢ymrmmit. K npobiemMaTike 3a1aTn Tonpa0axa TeCHO HNPUMBIKAET
pesyabTar, monygermsdt B 1930 T. JI. T. Ulmmpensmarom (Mse. JI0HCK.
nonurexs. uE-1a 14, Ne 2—3 (1930), 3—28): rampoe BaTypaJbHEOE IHC-
g0 N, KpoMe e[JMEMIEL, €CTH CyMMa BE Gomnee uem C IPOCTLIX 4ucen, Tl
C or N me sapucur. ¥ camoro [lmmpenbmaHa ¢ = 800 000, Tpymamu
MHEOTHX MATEMATHKOB BEJIIIMHA 9TOH KOBCTAHTHL noBmkeHa 10 2

(T. Hlamrpo u [I. Bapra, 1950).— ITpun. ped.



K ,I[EBHTOPI INPOBJIEME ''MJILBEEPTA
H. K. ®addeec

1°. Bamon esaummnocmu Iaycca. CaMBIM TPOCTEIM IIPOSBIE-
HVIEM 3aKOHA B3aNMHOCTH ABIAETCA CIE[YIONIH (PaKT, GHIB-
muit nasecTHEM eme II. Mepma. Cpenm npocTrix MHEOKUTEIElH
umces z° + 1 OpPY TeNsIX 2z HOABAAIOTCA BCe TMPOCTHE 9HCIa,
aeRamue B mporpeccun 4k + 1, u orcyTeTBYIOT IpoCTEHE
suna 4k 4 3. Tak, 22 +1 =5;8 4+ 1=5.13; 42 +1 =
=17; 12> +1 =05 - 29 u 1. x. Hpyrumu crosamm, cpaBHe-
mne 22 + 1 = 0 (mod p) mo mpocTomy Moyrysio p paspemrimo
B TOM M TOJBKO B TOM Cjy4ae, Korna p=—2 wmwium p = 1
(mod 4). 9rtor ¢Parr obobmaercs caexyomuM  06paszoM.
Ecnu nesnoe umesro ¢ He KBaJipat 1esoro, T0 MPOCTHE JeINTeIN
uiices z2 — a, KpoMe 2  jesnreneii @, yKIaIHBAIOTCA POBHO
B IIOJOBVMHY NPVMHUTHBHBIX KJACCOB BHUETOB 110 MOJYIIO
4a (1. e. apudMernieckux mporpeccmit 4ak +b, 0 << b <4a,
b BzauMHO mpocTo ¢ 4a). XapaKTepuCTHKA KJIACCOB BHI-
9eTOB, COJCP/KALMX IPOCTHIE [EJUTeNH €HMCe] 22 — @, CO-
CTaBJIsieT OCHOBHOE COJlep:KaHue 3aKoHA B3amMHocTh Laycca.

Breyiem TepMums! 1 06o3HaueHus 1A GopPMyIIPOBKE 8TO-
ro 3axosa. Ilenoe uncio @ BasmBaeTcsa KBajpaTHUHEM BHIUE-
TOM II0 UPOCTOMY MOAYJIO p == 2,eciiu a He JIGIUTCA HA p
n cpapuenne 2> —a = 0 (mod p) paspemumo. Ecianm sxe
cpasrenne 22 — ¢ = 0 (mod p) He wmMeer pemremuii, To @
Ha3BBAETCA KBaAPATUYHHM HeBeueToM. CorJacHo «MaJoil
reopeme Depma», muA n0GOr0 IEIOT0 ¢, He AEIALIErOCS Ha
p, BHOOJIHAETCA cpasHeHMe aP!' =1 (mod p), orryna

P P1
(a 2 —»1)(@ 2 —H) =0 (mod p), u, cienoBaTeNRHO, MIN
1 p-t
a? =1 (mod p) mm a? = —1(mod p). Oxass-
BaeTeA, — ¥ 9T0 COCTaBAAET COfepKaHpe TAK Ha3hIBAEMOTO
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Kputepus Oiljiepa, — IepBoe CPaBHEHWEe BHIIOIHACTCH,
€CII @ eCThb KBAMPATHIHKIIL BHUET, BTOPOE— €CIN & eCThKBaJl-
paruuEsit HeBrdeT. CBoiicTBa KBafpaTHYHEIX BHYETOB R He-
BEIeTOB yNo6HO (OpMANIM3YyTCS IPW TOMOINH CHMBOJIA

a o -
Jleswannpa (—’7>‘), KOTOPHIH ABIseTCs PyHKIHeH 0T IPOCTOTO

p ¥ TEIOTO a, He [ieJAIerocsa Ha p, €0 3HaueHEuAME 1 nman
—1 B 3aBHCHMOCTH OT TOTO, sIBJISIETCSH UACJIO @ KBagpaTHI-
HEIM BEYETOM Wi HepwuetoM. llpocreiinmme cBOHCTBA KBaj-
pATHYHHIX BHYETOB U HEBHUETOB MAlOTCA (OpPMyJaMm:

1) (%) = (%), ecin a = a,(mod p), Tak uTO (% Kak
$yHRIMA OT @ OPH PUKCHPOBAHHOM p WMEeT IIePHON p.
p—1

2) (—a— —a ® (mod p) (xpurepmit ditnepa).

aa a a. o
3) ( lp2> = (T;) (—;—) 910 cBOiicTBO 0G0O3HAYAET, WTO
npousBejieHue IBYyX KBaJI[paTHYHHIX BRIYETOB WJIH [BYX HEBbI-

YeTOB €CTh BHUYET, & IIPOM3BEJIEHNE BHYCTA HA HEBLIYET €CTh
HEBHYET.

a
Wccaenopanme IOBENEHUS CHMBOJA (;) KaK QyHRIUN

0T p TpH (UKCHPOBAHHOM @ Ipercrtapisier coboiil Bompoc,
TOKNECTBEHHEIT ¢ BOPOCOM 00 OINCAHWH YPOCTHIX JeuTeled
72 — a. OrBer Ha Hero jaercsi 3aKoHoOM B3amMmHocTu L'aycca.
OH COCTONT A3 OCHOBHOM ()OPMYJINPOBKN H JABYX JIOIOJIHEHN:

1) Eciu p m ¢ — [iBa HEMETHEIX NPOCTHIX YKUCJIR, TO P A
g 1 q nus p Gy yT OJHOBPEMEHHO KBA/[PATMIHEIMY BHYETAMH
HJTH HEeBHYETAMH, €CJIU X0TsA Ovl OHO M3 3THX Yncel CPaBHU-
Mo ¢ +1 mo momymio 4. Ecam sxe ofa cpasuuMu ¢ —1
(mod 4), To OfHO W3 HMX — BHYET JI BTOPOTO, BTOPOE —
HeBHYET JUJIs IIEPBOro.

C momompio cmMBoia JleskaHgpa 5TO BalmImieTcsi Tak:

71 o1
()07 ()
-1

- ) =(—1) ® . Bra dopmyua oGosHagaer, uro —1

2) (———
P
ecTb KBaJpaTWankii BEruer aus p = 1 (mod 4) n BeBEveT s
p = —1 (mod 4).

1) dror cumeon BeefieE A. M. Jlesxamnpom B 1808 r.—Ipun. ped.
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2 =1

3) (T) =(—1) 8 . 3ra ¢opmymna pnaer, uTo 2 ecThb
Kpanparmuasii Beaer pua p = -1 (mod 8) m memwvuer s
p = -+ 3 (mod 8).

BrisscHuM, Kak 3aKOH BBAMMHOCTH peIIaeT 3a7ady o
SHAYEHWAX (%) upu QUKCHPOBAHHOM 4. Bynmem cumrarh, 4TO
a cBoGOJHO OT KBajJpaToB, 4YTO He Hapymaer OGITHOCTH.
Ilyets a = (— 1)*28qy...qy, a = 0, 1; B = 0,15 ¢4, ...,qx —
HeYeTHEIEe IpocThie. Torma

)=GVENE)-- ()

p p/\p/\p; "\ P/

dHavenme mepBoro MHokuTeds (npm o = 1) saBmemT OT
KJacca p mo Mopyo 4, Broporo (upu f§ = 1) — or rmacca p
no mopnyaio 8. Caexyiomue MEOKATENH (%) B CHIY PaBeHCTBA

g ke |
(—’%) = (Tp)(—i) 2 ? 3aBmCAT OT Kjacca p MO Mo-
i

nymio 4q;. Iloatomy, ecim Ham m3BeCTEH KIIaCC BHYETOB, KO-
TOPOMY IPHHA/JIFKHT p 0 MOLYJII0 4-2F qy...qy =4 |a |, 10 Gy-
AyT U3BECTHHI 3HAYCHUS KasKI0T0 MHORUTENA N 3HAUCHNA CIM-

BOJA (—j—,) . Hanpmmep, (-—;75) = (:51—) (-%) — (—1)”2;1 (%) ’
OTKy7la JIeTKO MONYyYdTh, UTO (%) =+1mpup=13,7,9

(mod 20) = (‘75)= —14 mpn p = 11, 13, 17, 19 (mod 20).
Taycc cnpaeemmeo npHmaBal 04eHbL GOIBIIOE 3HAYCHME
JOKAa3aHHOMY MM 3aKOHY B3aMMHOCTH M 1aJI HECKOJIBKO €ro J10o-

KasaTeJIbCTB, OCHOBAHHLIX Ha COBEPINEHHO PA3JIUYHBIX HIOEAX

[1] ).
Jnsa MHOrEX meneil, B 9aCTHOCTH A JaJbHEHMIHX 0600-
IeHnii, oKaskHBaeTca ypo0HOH HecKoJIBKO Gosee o0mas dop-

1) KpafipaTnuHBI 3aKOH B3aHMHOCTH Ohu1 ycraHOBNeH JI, Diie-
pom B 1772 r. (omybnmxoBal (6e3 nokasatenbcTBa) B 1783 r. B 1 ToMe
CABQINTUIECKEX COYMHEHHN®) W Hes3aBUCHMO oT Hero A. M. Jlemasa-
poM B 1785 r. (omy6nmkoBaB B Mém. Ac. Paris, 1785 (1788) u B «OmriTe
Teopun wucen» (1797—1798). JlesxaBp IPNBOAMI TIOKA 3aTEILCTBO 3aK0HA,
KOTOpOe SABIANOCH HENONHLIM. BIepBHe HOTHOE JI0KAa3aTENbCTBO KBAj-
paTHYHOrO 3aK0HA B3amMHOCTH Oputo momyseno K. I'ayccom. Jipa mo-
KasaTenmbcTBa omybnukoBaBEH M B 1801 r. B 4-M ormenme «Apudmeru-
9eCKUX HMCCIeMIOBAaHUIY (Bcero HM ORUIO HAaWJIOHO CeMb TAKHX JOKasa-
TeascTB). — Tpux. ped.
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Ma 3aKOHa B3amMHOCTH, cBA3aHHadA ¢ cuMBosioM fAxo6m. Cum-
a
BoaI fIKOGM (?) OIpeeNsAeTCA [l HEeUeTHOTO IOJOKITEIb-

HOro b m B3amMHO mpocToro ¢ HuM Tesoro a. Ilo ompererne-

g
umo, ecim b = ¢;' ...gk" — KaHOHmuecKoe pasiosieHme b,
a \ [ a\n a \%: .
o\ ) T\ ) (T - Cumpoax fAxoOm obnanaer cBOii-
’ k/
CTBAMHI MYJBTHILINKATHBHOCTY IO YHCINTENIO I MO 3HAMCHA-

TEeJI0:
Gty \ [ &1 aa n a\_f[a a
b /] \b b bibs) T\ b1 by )
3aKOH B3aHMHOCTH, cHOPMYIUPOBAHHLI B TePMUHAX CHMBOJIA
Axrobu, He oTmiIuaeTcs mo ¢opMe OT 3aKOHA B TEPMUHAX CITM-

Boaa Jleskamjgpa m jpaerca TpeMaA ¢opMyJaMm: (%) =
b1 /9 1 a b a1 b1

= (=07 ;5 ()= s () (F) ==
(IpM HEYETHEIX LOJIOKUTEJBHHX B3aMMHO HPOCTHX a u b).
2°. O6o6uenus saxona esqumnocmu. llonaTye KBajpaTy-
HOTO BHIYETA ecTecTBeHHO ofolOuaerca. Umcio a, B3aumMHO
pocTOe ¢ HATYPaJbHHM YHCIOM 7, HA3BIBAETCA BEIUETOM

CTENeHH 1 IO IIPOCTOMY MOJYJTIO p, €CIH CPAaBHEHHE ' =
(mod p) mmeer penierne. Pazymuoe 0600menne 3aK0Ha B3aUM-
HOCTII Ha BEIUeT R-H CTeNneH¥ OKABBIBAETCH BOBMOKILIM IIPH
nepexope oT apuMETVKN I[eJHX PAINOHAIBHLIX YMCeNk K Teo-
pun anreGpamiuecknx wumces. ApuMeTHKA IEJBX uucesa B
HoJle KOHETHOI CTemery HaJ II0JeM ParuoOHAJLHEX qucesa @
B OCHOBHOM IIOXO;Ka Ha apu(MeTHKy LEeJHX PalMoHAIbHEIX
unces ¢ [BYMA CYIECTBEHHLIMM OTamuuAMyu. Bo-mepBeix, B
KOJIbIle TeNLIX anreGpamuecKux HUices IoJsa mMeeTcss GecKo-
HETHO MHOTO eIIHNII, T. €. 9Icel, IeJRX BMecTe ¢ 00paTHEIMA
(3a mCKII09EHYeM KBaJipaTHIHEIX MHUMEIX TTOJIeH). JTO 3aCTaB-
JISIeT B BOIIPOCAX IeJUMOCTH «CRIENBATHY YHCIA, OTIMYATONHe-
cA eMIHIYHEIMY MHOKHTENSIMH, B OJUH OOBEKT — «TIaBHELT
TuBHU30p». BO-BTODHX, JIA CHACEHHA TEOPEeMH 00 OJHO3HAU-
HOM PA3J0KeHAH Ha NPOCThe MHORUTEIN IIPEXOJUTCA IIO-
IPy3uTh MEOKECTBO [JIABHBIX JUBIB0POB B (OIbIIee MHOFKECT-
BO BCEX JIMBU30POB («MIeaTbHHX guceI»). YHCiI0 KIACCOB /IH-
BI30POB OKABLIBAETCA KOHEUHELIM, ecil O0BenHNTE B KIACCH
OUBM3OPHI, OTJIHYAIOIIFecs Ha TIJIaBHBEE. HiaccH BHYETOB
0 WPOCTOMY AUBUAOPY P 00pasynT gOHETHoe WOIE, AR~
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meecss KOHEYHEIM DPaCITUpPeHneM HoJis BLIYETOB IO IPOCTOMY
4pciIy P, NENHTENeM KOTOPOTO SABJIAETCA MPOCTOiH JHBU30P
p. CremeHsb f BTOr0 pacIIMpeHns HABHBACTCA CTENEHBIO (MIH
nopsazkoM) p. Umeao p/ wiaccoB BrueTOB HazHBaeTCs HOP-
moit b, Np = p/. Hmeer mecro amamor Tteopemsr (Depma:
a1 =1 (mod p).

Ilpu o0000IIeHMM 3aKOHA B3aMMHOCTH HA BEUETH n-il
CTENEHN HY/KHO IPEANOJAraTh, YTO IIOJE CONEP:KAT IPHMH-
THBHEL KOpeHb § crenern 2 us 1. B atom npemmonokennn, s
OPOCTHX ), He nenamux n, Gyper Np =41 (mod n). A=asor

cumBona Jlesxannpa ompesesnserca Opu TOMOINY CpPaBHERHS
1

(%) =tk =an (e (mod p).
Cumpox, amamormummii cmvpony flkoGm, ompepessiercs

no gopumyre (%) - H(p%)m", ecin (b) = Hp;ni Ia ma-

pHl IenHX 9ncen @ m b, mpugem b B3auMHO MpocTO C an.

3axoH B3amMHoCTH 1 1 = 4 B noxe Q(i) 61 ycTaHOB-
2mi

aeH eme 'ayccom [2], pua n=3 B moze Q?) —
Jditsenmredinom [3]. Jiisenmreiiny [4]npu-

HAJUICKHUT TaKMKe 3aKOH B3aMMHOCTH IIpH OPOCTOM 7 B IOJIe
2ni

Q (e ™) musa maps yucen, ofHO K3 KOTOPHX paIuoHAIbHO. Of-
IMuid 3aKOH B3aMMHOCTH [JIA NPOCTOL CTeleHH 7 B mOJe

omi
Qe ™) 6ur ycramosmrer Ky mme p o [5].
Qopmyna Hymmepa taxosa:

( B )( ) ' - Cll( N 1(5)-12(“)1 L"Z(B)-r...—l".-l(ﬁl)ll(B).
a8
oni

3mech o u B — neunsie ancna mons Qe ™ ),

H
=0

a=B=1(mod (L—1)), I (a) — [ilgdfvﬁ]

rae f(f) — monmHoM crenesm n — 1 Takodl, uto o — (o),
) =1.

HKymmep nokasan sakon samvHOCTH 151 CaIyaas peryusp-
HOTO MPOCTOro 7 (T. €. eC/IM IHCII0 KIACCOB WBH30POB IIOJ
Q(%) me pexntcs Ha n), Brocaencremn T a K a T u [6] ycrano-
BII, UTO 3TO OrpaHHYCHNE M3JIUIIHE.
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3°. Teopus I'uavbepma. Ilpasas gacts B dopMyse 3aro-
Ha B3auMHocTH I'aycca m Hymmepa saBmenT immb oT BLIYETOB
mo Moxyauio 4 uucen a u b (jua sakoHa I'aycca) u 0T BHYETORB
no moxyaio (§ — 1) uncen o m f (gnsa saxoma Kymmepa).
CaoiicTBa 4uces, 8apucAINue JHIOb 0T COMEPKAIIHX HX KJIAC-
COB CPaBHEHWH II0 MOAYJII0 [IOCTATOYHO BBHICOKOH CTENEHH
IPOCTOT0 AMBH30DPA P, HA3KIBAIOTCA JOKAIBHLIME II0 OTHO-
IICHUI0 K YTOMY MUBHBODPY. TarkuM o0pasoM, mpaBas d9acTh
3aroHa B3anMHocTH 'aycca n Hymmepa uMeer moka bHHI Xa-
PAKTep IO OTHOIIEHHIO K IPOCTHM MENUTENIAM 4ucia R.

I'mas6epry nmpuBafIesKuT 8aciyra IOCTPOCHHA TEOPHH,
obwacHsaiomeit 10 Asierne. CavmM I'miunGeprom sTa TEOpUsA
ObLIa MOCTPOEHA 10 KOHIA He B IOJHOM OGIIHOCTH (NJf pery-
JnApHOTo Kpyrosoro mois [7] m poa n = 2 [8] misa xoMiuiexc-
HOro NoJsA anrefpanmdecKHX 9mces, MMEero HeyeTHoe Imc-
JI0 KraccoB [uBu3opos). B dopMyanposke meBaToi npoGieMsr
I'mapGepr BEIpaskaeT HALEKAY, UTO €@ pelmeHme OyneT IOIy-
9eHO MMEHHO Ha IyTH Pa3BHUTHS €T0 TeOPUM.

Nsnoxkmm Brpatme teopmio 'mibpbepra B IpHMeHeHHH K
OpocTeiimedl CHTYyanMu BaKkoHa BaamMmeEocTH laycca. [as
KayK[[0T0 IPOCTOro 4HCJia p W IeJHX dncel @ ¥ b BBOMHTCH

a, b
«CHMBOJI HODMEHHOTO BHIYETA» (—;) co 3HadeHmAMH -+1 u
—1 B 3aBHCHMOCTH OT TOro, paspemHMO CpaBHeHUe z? —
a, b
— ay?® = b(mod p*) npu mo6om k wam Ber. Cumson (T)’

TaKuM 06pasoM, 3aBUCHT JUINE OT JIOKAJBHOrO Y0 OTHOIIEHHIO
K p uosereRmA 4uncex ¢ m b. I18 ompepeneHEms scHO, 910

(a,b) (ba) (a, blbg) (a, bl)(a, bz) (a, —a)
=|—], = n = 1.
P p P P 4 P

U3 Gostee noipoGHOro aHAIIN3A CIIEAYOT, YTO eCJI p HeueTHOe,

a, b .
a ® b He pmenArcs Ha p, TO )= 1. Hanee, pisa mewér-
HHX a u b

a-1 b~1 a’~1

(B =077 (%) ==nF .

a, b
TlosroMy npm PurCHMpPOBAHHEX ¢ w b CHMBOJ (—7) npu-

HuMaer 3HaUeHNe |1 npu Bcex 3HAYEHHAX P, KPOMe, MOFKET
OHTb, p =— 2 u jenurened a u b.
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Jlns HeueTHHIX MOJORHUTEABHHX a 1 b Gyner
a b b\ . a, b\ _fa
N =@ 0=
P'a p'b

TaK 9T0 3AKOH B3aWMMHOCTH B TepMHHaX cuMBoia fIKoGm mpe-
obpasyercs B popMyIy

fH(“—pll)=1 (%)

9ra dopmyna ocraercs BepHOi A MOOHX HedHX ¢ u b,
13 KOTOPHX XOTA OH ONHO IOJOKUTEIHHO, M OHA PaBHOCHIIb-
Ha ‘3aKOHY B3aNMHOCTH BMeCTe C HOIOJHWTeAbHEIME (op-
mynamu. IIpm pacupocrpamenmn ee Ha io0ue mease @ u b
MY#KHO n00aBHThL K JIeBOil dJacTu emje ONUH COMHOKKTENb

sgn a—1 sgn b~1

(&.’i)z(__1’_z_ 7

Poo

3aBUCAINMI 0T BHAKOB 4Yucel a m b.
Taxum 06pasoM, coriacHo IiaHy, HaMmedeHHOMY I'wmib-
feproM, s permesms npoGieMmel Tpe0oBaloch AaTh HajIe-

a, b
JHamee oIlpeneieHne CHMBOJIA HOPMCHHOI'O BHIFETA (—p—)

ang ao6oro n W a06oro IONs, COAEpsKaliero KOpeHL n-it
creneEn m3 1, ycramosurs ¢opmyny (#) [l MDOCTPOEHHOTO
CHMBOJIA M JIaTh SABHEE (QOPMYJIH [AJsA BHYACACHUs 3SHaYe-
HIil CUMBOJIA.

TeM caMHIM BTOT TUIAH IPEIBOCXUTI YACTO MPUMEHAECMEL
B HacTOAMee BpeMs IPHHIUI pasjeieHua NPoOJeME Ha /iBe
9acTH — JIOKAJBHYI0O M IiI00albHyio. 37iech LepBas COCTOUT

a, b
B onpe;ueJIemm U HCCJeNOoBaHHH CHMBOJIOB (—p—-), BTOpasA—

B ycramoBleRErn (GopMyJsl (*).

Passurie Teopun moxa kiaccoB (Taxarm [9], Xac-
c e [10]), yeramoBneRume saroHa B3amvMEOCTH AprmHA (A p-
T u B [11] ) u cucremarnueckoe NpuMeHeHRE METOJA MOrPYsKe-
HAA 10iA anrefpardecKuX UWCeN B IMONHBE JOKAJTBHBE NOJIA
(momoaHeHNA MOMA aareGpaHvYecKuX Hmcell M0 apXHMeIOBEIM
¥ HeapxmMmenoBHM MeTpukam) (Xacce) IpuBeln K peaimsa-
nnu nnana [mian6epra, OnHAKO (e3 yCTaHOBIGHUA ABHHX
dopMyn pmiaa cuMBoja HOPMEHHEIX BhrteroB. Hambomee co-
BepureHHEHM Ha 9ToM srane (X a ¢ ¢ e [12] ) crepyer cumrarh
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a, b
onpeseleENe CUMBOJIA (T) gepes HMHBAPHAHT ajreGph

k(A, B) ¢ TaGnnneit ymuo;keHnsn A" — a, Br— b, BA = AB,
rie { — NpmMHTHBHLIL KOpeHb n-ii cTemenw u3 1. D10 ompe-
JeJieHNe 3KBUBAJICHTHO 60.]188 COBpeMeHHOMy onpe)le.nenmo
B TCPMWHAX TEOPHH KOTOMOJIOIWil B rpynuax. Ilpn raxom on-
penenennu dopmyna (*) orasasach BepHOil 0e3 BCAKHX OI-
PaHU9EeHMIIT.

, b
9t cnoco0E onperieNieNHs CHMBOJIA ( ap ) HE [a10T,

OIHAKO, ABHHIX (OPMYJI [l BEIUCICHMS ero 3HaAUYeHUH, TaK
aro npobaema I'mas6epra o sproit hopMe 3aKoHa B3AMMHOCTH
B BHUJe BHpa:KeHmil Tuna gopmyn aycca w Kymmepa ocrasa-
Jach OTKPHITOH.

4°. 3akon esaumnocmu Magapesuna. s nocrpoeHns sB-
HO#l (OPMYJIEl [/ 3aKOHA B3aMMHOCTH CTETEHHEX BHYETOB
CTENCHH 7 [I0CTATOYHO OrPAHHYATHCA CilIydyaeM n = p*, p

mpocToe, M aTh ABHYK GOpMyITy (‘“—f—) IUIsT TPOCTHX [H-

BU3OPOB P, meisumux p. Taras Qopmyna Obula moaydeHa
U. P.lladapenmuaenm s 1948 r. [13] u onybanropana
B paborax [14] m [15]. Ilpm ommcarmn ¢opmyas Ilagapesn-
92 MBI JIOJKHEL DOJH30BATHCA IPOCTENIIMME (AKTAME TEO-
PHH JIOKAJBHEX MOJEH.

Hycts N — crenenn mokanpHOro moms ky Haj momem
p-ajwiecknx qucen (,, N = ef, rme f — crenenn mHepum,
€ — CTEeICHb Pa3BeTBJICHNA W0 ky. Bearuil sxeMenT a mons
ky moumyckaer pasnosxeHNE @ — n™w®), rme T — NpocToi
BJIEMEHT NOJA, ® — NPUMATHBHLI KopeHb cTemenm p' — 1
13 1, = 1 (mod p). Uncna 7 HasHBaOTCA TIaBHEIMH efy-
Aunamu. U, P. IMadapesmu wmexomur ma IONYIeHHOTO HM
KaHOHNYECKOT0 PA3JIO/KEHUA TJIABHBIX €JMHMUIL

n=F@)[]E (e, ).

3nech o ¥ a; — messe uMCIa MAKCHMAJIBHOTO HepPasBer-
BJIEHHOTO Noaonsa & mosus ky; ero cremeHs OTHOCHTENBHO Op
pe
p—1
qncesl STOTO MHTEpBata, jeasmmuxcsa Ha p. Uncaa E(o,,7’)
ABIAIOTCA 3HAYCHUAMH CHenuanbHOH QyErmmm E(a,r) =
= exp(az + a® p™zP 4 @ )p=2r* + |.)), ompeyeneHHoi
Aaa BeeX neanx o & &K m z = ky, = 0(y). Cmmso-
noM o(P) o6o3HAUEH pesyabTaT MPUMEHEHHA ABTOMOPPHS-
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ma @pobernyca k uncny o & & Uucao E(x) umeer eme
Goee CIOKHOe ommcampe. Bampo mopuepkHyTh, uTo E(0)

pcerja mpmMapHO, T. €. TaKoe, YTO moJe kp(p';/ E(c)) He pas-
peTBIeHO Hajy ky. IlpmvapHbie 9icia, paccMaTpuBaeMbe C
TOGHOCTBIO 0 p’-X cTemeHeil, 06pasyioT IUKIITIECKYIO IPYH-
my wopsaxka p®. 3amuck upmmapuoro uucaa 6 B Buse E (o)
3aBUCHT OT BEIOOpa B moJe ky IPUMATHBHOIO KOPHA ph-it
crenenn u3 1, opHako umcno yE(o) = [SP(*) 3aBHCUT TOIBKO
0T caMmoro npmMapHoro guciaa 0. Muoscurens E(ct) B KaHOHN-
YeCKOM DaB3JIOKeHNH TIABHOI eMHHIp 1] MosKer OHITh Has-
BaH OpHMAapHOIl DpoeKIMed umciaa 1.

Kasnoit mape o6ucrtos A = w0’ E(@) [[E (¢, «) =

p=mn'w’E(P) [[ E @B, ni) COTIOCTARISIETCSI MpUMapHOe TICI0

h,  w=E@p — ba + v) = (EP)* (E(@)™ E(v), rne

E(v) — nmpuvapHas NPOEKIUA 4HC]Ia [[E(iai[i i, ). Cum-
i,

BOJ HOPMEHHOrO BHYETA (M oxasmBaercsa paseH Y (A,u).

@opmyna mis (h,p) aHajzormuHa QopMmyJie BEITHCICHU
peuera abenesa mudepeHnuana pdh.

Nccnenopanue cpoiicTB cmmBoia (A, p) m ycTaHOBJIEHUE
er0 CBA3M ¢ CHMBOJOM HOpMeHHoro Brruera gano M. P. aga-
pesmuem (upw i = 1) IpsAMO m3 ONpe/eJNCHNsA ero CIMBOJIA,
fe3 MCIONb30BAHAA M3BECTHHIX PaHee CBOMCTE CIMBOJOB HOP-
MEHHBIX BLIYETOB. OTO OTKPHUIO BO3MOKHOCTH JUIA HOBOIO
060CHOBAHMA TOKAJIBHOM Teopmu moia xiaccos. OCHOBHYIO
TPYIHOCTD B HCCIENOBAHNN IPENCTABIIIO [OKA3aTe/IbCTBO HE-
sapucmMocT cuMBoia (A, p) oT BHGOPA IPOCTOro HIEMEHTA .

s n = p" npu mo6om k oxasarenbersa Opmu npoBeze-
Bst A. 1. JI a mu 6 & M [16] mpsAMo u3 onrpenenennsa CAMBOJIA
[agapesmua m M. K uesepow [17] ¢ ncnonssopannem
cpoiicte cmMBoia HopmenHoro rhera. A. W. JlanmH
[181, [19] ocymecTBmn Tak;Kke 0GOCHOBAHNE TEOPHH MOJIS KIAC-
coB Ha ocHope 3aroHa BzanMHocTH Iladapesnua.
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K I[ECHTO]?I TIPOBJIEME THUJILEBEEPTA
10. H. Xnmenescruil

Tlecaras mpobmema I'mubGepra OTHOCHTCA K OJHOA W3
CAMBIX [PEBHIX 00JacTeit MaTeMATHKM — PemeHu:o anredpan-
MeCKUX ypaBHEHHWil ¢ HeJsMy Kod§@uIneHTaMu B eJbIX THC-
nmax. Taxwe ypapHeHWs HasHBAOT IHO(GAHTOBHIMU B IIAMATH
rpedeckoro marematuka Jlmoanra, paccMOTpeBINEro HEKOTO-
psle u3 Hux. ['misCepr ciaepyromuM ofpasoM ¢opMyiupyer
aTy mpobiemy.

«10. Permenne mpoGieMsl pagpemuMoCTy JIIIf IPOM3BOJIbHO-
ro juodaHTOBA ypaBHEHHA.

IlycTs mano mpousBOJbHOE HO(AHTOBO YPaBHEHNHE € IPO-
WM3BOJNBHBIM UFCJIOM HEH3BECTHRIX ¥ C IEJEIMH pPaiuOHAIbHEI-
My KospdunmeHtamm; Tpebyerca yKasaTh o0IMuI  MeToJT,
ciieiysi KOTOPOMY MOKHO ObLTo Obl B KOHEYHOE YHCJIO IIAroB
y3HATh, MMEET JIAHHOe ypaBHEHFEe pelleHre B IEJHX Palio-
HAaJIBHBEIX YNCIAX MK HET).

dyspamenrtanpueii Tpyx L. E. Dickson, «History
of the Theory of Numbers» 1. 2, «[luodanToBrl ypaBHEHNA,
JaeT NpeICTABICHNE O TOM, KAKOW WHTEPEC MWCHOHTHBAIK
MaTeMaTHKHI BCeX BPeMeH K permeHui0 1roaHTOBHIX ypaB-
HeHUnH.

IleouncieHEEIME pelIeHuHAMYU ajire0pamiecKux ypasHe-
HYil MHTePeCOBAJNCH €Ile AHTUYHEIe MATeMATHKH; HaIpHMeD,
B ceusn ¢ Teopemoil Iludaropa oHm paccMaTpuBaiu ypasHe-
mue 22 + y? = 22; Epxump (II1 B. mo H. 3.) mpmBOpWT ¢op-
MyJH, NO3BOJSIONUE HAHTH BCe LEJIOYMCIEHHLe pemeHys
aroro ypaesemua. OT/eibHEE BHJE YPaBHEHWI M CHCTEM
ypaBHeHumit BTOPOil CTeNeHN ¢ [[BYMsi HeMB8BECTHEIMH paccMart-
puan Jmodpasr (III B. =H. »5.). Hamnpmmep, oE pac-
cMoTpen ypasHeHme az® 4 bx 4+ ¢ = y® m pemmia ero s
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HEKOTOPHIX YaCTHHIX ciydacs. PaGorst [lnodanTa Emocnencaum
nersuw B ocHoBy pabor Depma, Jitnepa m [PYTHX MaTeMaTH-
KOB IO TeOpyu 4wmces 1),

U B smoxy passurus ananmsa juodaHTOBL ypaBHEHIS
IpuBJIeKanM BHUMaHWE BLyfapomuxcs ydeHoix. MDepma, IJif-
nep, Jlarpamx, ['ayce BHecir cBoit BRiam B Teopu rrodan-
TOBHIX ypaBHeHNil. B wactHoctn, MepMa BHABMHYI 3HAMEHN-
TYI0 TUIIOTe3Y O TOM, YTO ypaBHeHue z" + y" = z" nupu n > 2
He nMeeT IeJI0YMCICHHHX pemeHumit. Hambonbmero ycmexa
nobmics Jlarpamsx. Buarogaps Ttpymam ®Mepma, Bamruca,
Jditnepa u sipyrux Jlarpamxy (1768 r.) ynanoce moxHOCTBIO
ACCJIeJI0BATH BONPOC 00 OTHICKAHNY IEIOYHC/IeHHEIX PerieHyil
71060T0 ypaBHEHNs BTOPOIl CTENEHN ¢ [BYMS HCH3BECTHBIMIL.
Tosnmee npyroe usmoseEme pesymnrata Jlarpamsa mai
Faycc [1]

B XIX B. pasnmunbie yuemble MpeImpHHUMAIN HONHITHE
pemesysi [MOQaHTOBHX ypaBHEHUIl CTENEHW BHIIE BTOPOI,
B YaCTHOCTH, B CBsA3H ¢ npobiaevoit Mepma. OpHAKO CROIBKO-
HuOy/p O6IMUX pPesysibTaToB 3€Ch IONYYEHO He GHUIO; pac-
CMATPHUBAIKCH JIMINb OTAEIbHEe BHE yPaBHEHMIl, s pernre-
HyA KOTOPHX NPHUAYMBIBAJICA KaKOH-An00 CIemuanxbHbl
apueM. lo-Bummmomy, i cam T'minsGepr nmTanca HafiTn moji-
XOJ[bl K peIleHnio J(Mo(PaHTOBLIX ypaBHEHHIT.

Takmm o6pasom, HeCMOTPA HA YCHIHA MHOTHX ITOKOJE-
HIIl MaTeMaTHKOB, IpoGieMa peleHns AuOGaBTOBEIX Ypan-
HeHmii ocTaBanach OTKpPHTON. BMecte ¢ TeM Gruto sicHO, 9To
NpojBUKeHNe B 3T0if 00nacTy HEMs0EKHO CBABAHO € COBJA-
HIEM TyGOKMX Teopmil, 38HAYeHHE KOTODHIX, MO-BIHMOMY,
He OrpaHMYuBAIOCh OB TOJIBKO JMOQAHTOBLIME yPAaBHEHUAMM
(rmaccmueckuit MpuMep: mccieoBaBna Kymvepa mo mpoGie-
Me (Depma, IpEBeIIME ero K BayKHOMY IIOHATHIO mjeaia).
B arom, BosMokHO, onHa ns npwamH, nobyauemux Cnin6ep-
T2 BRIIOYNTH HOPo0ieMy JMO(AaHTOBHIX YypaBHEHmI B WUHCIO
Hambosee RasKHBIX mpoGiem, kotopele XIX B. ocraBmi jBa-
nnaromy. TakmMm o06pasoM, eCiuM paccMaTPHBATH BaMEICEI
I'nnb6epra mocTaTovHO IMPOKO, TO [eCATOH mpoGIeMoit
I'mnbGepr manenuBam MaTeMaTUEOB Ha Hccliellc Banue uodas-
TOBBIX ypaBHEHHH.

1) ITo aromy moBoxy cm. paborst MU. . Bamma k o B o it Jlnoe
danT u Depra (K UCTOPAN METO/]a KACATEIBHBIX 1 sxcrpemymoB), UMU,
Bam. 17, «Haywa», 1966, 185—204 u «Diophante et Fermaty,
Rev. histoire sci. XIX, 1966, 289—306.
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-t oINS

Yry racaercsa (POpMYIHPOBRHA aToii 1pOOIIeMEL, TaHHOMN
cavuy ' TmipGeproM, TO 3/leCh HAuO CKas3aTh caemyIomee.
T'unpGepr Tpebonasi OTHCKAHMS «o0imero Merozia» A pere-
Hust EO(AHTOBEIX yPaBHEHNII. Ilo-BunMoMy, OH CUUTAN, ITO
TaKoll MeTO][ PaHO IUIN IO3/HO Gynmer HaiijjeH; BO BCAKOM
coryuae, B TIPUHI[AIE TAKOi METOJL CYMECTBYET, HAI0 TONBKO
ero mairTu. Bompoc 0 TOM, YTO TAKOIr0 METO/a poo0re He Cy-
mecTByeT, BO BpeMeHa Tunp6epra BPAM M MOT BOZHMKHYTD:
TOUHOE TOHSATHE anropudma IOoABHIOCH B MaTeMaTUKe IO3JI-
gee. Tenepb TogHOE IOHATHE asnropugMa ABIACTCSA IPEMETOM
m3yueHHs HOBOH 06macTH MaTeMaTHKRI — TeOpHH AIropuf-
MoB. BMmecte ¢ yrouHeHWeM MOHATHUA anropudMa IOSBIIACH
OpMHENANNATBHAs BOBMOKHOCTD paccMaTpuBaTh BOOPOC O HE-
CYIIECTBOBAHMY AJTOpHYMOB, 0Ga@omEx ompe/[eleHEBIMI
cpojicTBaMu. B HacTosiee BpeMs pasBUBAlOTCHA METOJEL [0~
Ka3aTeqbCTBA Te0peM 0 HEeBOSMOKHOCTH TOX WM HHBIX aJro-
pumoB. Vmetorcss TpAMEPHI MACCOBEIX MATEMATIUECKIX IPoG-
JeM, IS KOTOPHX HEBO3MORHEL anropu@MB, HCKOMbIE B
arux mpoGaemax. «O6muit METOL», O rotopoM rosoput I'mib-
Gepr, MBl Telepb IOHMMAaeM Kak anropugm. Ecam NOTOHTH
Temeph K mpobieme T'unsbepra ¢ auropu@MHUIECKOi TOUKA
BPeHms, TO €6 MORHO CHOpMyIHpOBATH cIeiyomuM 06pasom:
«CymectByer qm anropugm, KOTOPHIA 10 JAHHOMY MHOTO'IE-
BY P(Z4,..) Tn) C TEIBIMI koa¢unumeETaMu PacIio3HaBall ORI,
mMeer ypapHeHme P = 0 pemmeHust B IEJBIX YHMCIAX MIU HE
yMeeT>. AIPUOPH BOSMOKHO KAK IOJIORMTEIHLHOE (mocTpoe-
Hne anropudma), TaK M OTPUIATETHHOE (mokasaTenbCTBO He-
BO3MOKHOCTH anropmgma) pereHne mpo06eMbl T'musbepra.
Bo spemera I'minbepra, Kak MBI yiKe oTMeyualy, TOYHOTO
HoHSTHE axropudMa He CyIIECTBOBAJO, M pEUb Morjia WATH
TOIBKO O ITOJIOYKMTEJIBHOM DeIIeHuI npo0bieMsl.

Bcerope mocie Toro, Kak Tuas6ept cgopMyInpopal CBOIO
poGieMy, IOABIIACH OJIHA M3 CaMBIX 3aMedaTeabHHX paboT
5 ofnactn nuodaHTOBa aHaTm3a (TaK HASHBAIOT WHOT/Ia MC-
cieoBaEAe AMOPAHTOBBHIX ypaBHEHHiI) — pabora A. Ty»o
[2]- Vicnompays HOIyUeHHYIO MM ONEHKY Jyisl HpHOIvKEeRns
anre6pamuecKNX THCENX paruOHaIbHBIMIL, Tys nokasai, 4TO
ypasuenue f(z, y) = ¢, TMe ¢ — 1esoe Iucio, f — HempHuBo-
mumasi Qopma 1) crenmeHm > 3, He MOKeT MMETh 0eCKOHEeIHO

1) Qopmoil HasHBAeTCS MHOrowiIeH, y KOTOporo BCe cjlaraeMure
IMeOT OMHAKOBYIO CTEIleHb. HenpusojuMEil MHOTOWIeH — 8T0 MBO-
rouTeH, KOTOpH He pasiaraercs Ha MHOKATEIH C nexHME ko3P u-
IHEHTAMM.
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MHOrO TenouncieHnsx penreHmit. OmmEaxo mm meroy Tys, Hu
Goiiee MO37IHIe METO/(K HE JaBAIM BEPXHAX OLEHOK JUIf rpa-
HPI, B KOTOPHIX [O/KHE Jexath pemerusa. ([IpormBopeune
IIoJy9aeTca M3-3a TOTO, YTO penieHWil OeCKOHEYHO MHOTO,
HO He H3-3a TOTO, YTO peIneHus o4eHb Goxbmme.) B cury moc-
JemHeTo 06CTOATENBCTBA U3 TeopeMbl Ty? He BHTEKaeT airo-
pudM 1A pemeHmsi ypasHemns f(x,y) = c. K Hacrosmemy
BPEMCHH anropuM HEmsBEeCTeH [asKe s CIydYas, Korja
creneHb MHOTOWIeHA f papHA TpeM, XxoTs emie B 1922 r. Ilemo-
me gokasaxr ([3], crp. 302), uro mumodamToBO ypaBHEHHE
az® + b’y + cxy® -+ dy® = 1 umeer He Goiee mATH pemme-
Hui, ¥ IPeJIoKuI HEKOTOPHIl ¢ocol paciio3HABaHNS, WMe-
eT Ju ypaBHeHMe XoTsi GH omHO pemenue. OmHako joxasa-
TeIbCTBA TOTO, UTO BTOT CI0CO0 [IAET OTBET BO BCEX CIYIASX, IO
cux nop me 6vuro. Hetasuo Beiikep (Phil. Trans, Roy. Math.
Soc., London, July — August 1968) namen sepxuioro rpagmy
BEJIMYMHEI PeIeHnii ypaBHeHA f (2, i) = ¢, TIe c—I[elioe Iacio,
f— menpuBozumas ¢opma cremenu > 3. Tem cameIM Ji7Is
YPaBHEHHIl YKa3aHHOI'0 THIA IIOCTPOEH PAa3PemlaloN(uii anro-
pucpm,

B 1938 r. CromeMm @npenIosmiI  [TOBOIBHO  0OmMImil
MeToJi meClleJ[0BaHNA AuoQaHTOBEX ypaBHeEmWdA Bujma P(x, ,...
sy &p) = 0,716 P — HenpmBOIMMBIA MHOTOWIEH, pasjarao-
muicA B HEKOTOPOM pACIIMPeHUH IIOJA PANUHOHAJILHBIX UW-
cesl B IIPOMBBEJleHNe M > h JIUHEHHEIX MHOMKMTeNeil (Hemol-
Hasg pasiokpMas (opMa) M YIOBIETBOPAKMUI HEKOTOPHIM
nonosHuTenbHbM yciopusiM. Meron Cxomema usinosken B [4].

Jlo mosiBII€HAST TeOpPHMH aAropPUPMOB KCCIEIOBAHHA IO
npobiaeme I'mapGepra BeJNCh, €CIM TAK MOKHO BBIPA3HTBCH,
B O[HOM HampaBIeHHN: HAUTH airopuM, KoToporo Tpebo-
Baa I'mas6epr, X014 GBI 1718 HEKOTOPHIX YACTHHIX KIACCOB JHO-
danroBex ypaBHeHuii. OpEarko yyxe mpolnema pemeHms
YPaBHEHHI ¢ JBYMA HEW3BECTHBIMA, HECMOTPSA Ha KJIACCH-
JecKuii pesyibraT 1yas, He MO/IaBajach HUKAKEM YCHJIHSIM.
(s ypaBHeEmIl ¢ OFZHNM HEMSBECTHLIM paspeMalolmil aJj-
ropuM BechMa IPocTO BHTEKaeT us Teopems! Besy.)

B cepeppre 30-x romos (1935, 1936 rr.) B maremarmue-
CKOHl JIOTHKe YCTaHOBHIOCH TOYHOE HOHATHE ajropmpma u
OHIM TOAY4YeHb MEpBHE NpWMEPH HEPAa3PeIlMBIX AJT0-
pudpMuueckux mpobieM, cHavama B o0nacTH MaTeMaTH-
geckoit soruku (Yepu, Triopnur, 1936 r.), a mosmmee n aix-
re6pa (IToct, A. A. Mapxos [5], 1947 r). B 1952 r.
II. C. HoBuxoBsM ObiiIa IOKa3aHA HEPaspeIIEMOCTh BaKHOI

144



\
anropudMmIecKoil NpoGieMsl TeOpHH TPYII — TaK Ha3hHBae-
Mol TMpoGIeMB TOYKIECTBA CIIOB.

9Tt WpuMepsl, ¢ ONHOW CTOPOHEI, I TPYIHOCTH, CBI3aH-
HBle ¢ pemeRumeM [MOYaHTOBRX YPaBHEHHMU, C IPYroi CTOpO-
HH, BHISBAJH IpPEIOJNOKeHne, 9T0 anropudma, KOTOPOTO
tpebosan I'misGepr, He cymecTByer. ITO IIpe/IIOJIOKEHHIe
BMECTE C PasBUTHEM CaMOH TeopHu: airopudMoB CTUMYIHPO-
BAJIO peasibHble MOUHTKE [JaTh OTPUIATEILHOE PeIleHNe [ecs-
Toit mpoGuemsrt I'masGepra. Haumpas ¢ 1953 r., mossn-
nace cepma pabor amepuraHCKuX Matemarmkos [6]—[10],
aBTOPaM KOTOPHX Y/AJI0Ch TOKa3aTh HepaspeImnMoCcTh HEKO-
TOPHX aNropuMuuecKnx npobiem ma obiactw apmMeTHKH,
B YaCTHOCTH TPOGIIEME PA3PEIIMOCTH NOKAa3aTeNBHO-J10-
danToBHIX ypapHeHWIT, GIu3KoI MO PopMyIupoBKe K Ipobiie-
me 'mianGepra.

OnumeM B 06mux geprax Mero][, KOTOPHI IPUMEHAETCH B
HTUX MCCIEROBAHUAX.

SameruM cHaTana, 9TO W3 TeopPeMH Jlarpanrka o mpefcTan-
jeHyy J00r0 HATYpPaNbHOTO YMCJIa CYyMMOIl 4eTEHIpeX KBajl-
PaTOB IEJHIX THCeNl BHTEKAeT, YTO €CIH €CTh aaropudm s
OTHICKAHUS TEJIOUMCIIEHHHX pemenuil 1oaHTOBHX ypaBHe-
Huil, T0O OH €CTh W [Nl OTHICKAHMA HATYPATbHHIX peIIeHuil, 1
Hao6opoT. B cmny 9Toro mpm paceMOTpeHHE TPOOIIEME
T'mnnbepra [0CTATOYHO MHTEPECOBATHCS pemieHNeM muodaH-
TOBHX YPABHEHHH B HATYPAJNBLHHX YMCIAX.

Bymem paccMaTpmBaTh MHOKECTBA HATYPAIBHEIX THCEN.
MuosxectBo M HaspBaeTcA paspemmMEM, €CIu CYIMEecTBYeT
asropuM, pacmosEaomuil Do M0OG0MYy HATypalbHOMY qHC-
ny, NPUHAUIEKNT 9TO IMCIO MHOMKeCTBY /M mim He NMpHHAJ-
ae:xut. MEOKecTBO M HasbiBaeTcs NepPeUWCINMEM, eCIH CYy-
MEeCTBYeT BHYMCIUMas apudMerndecKas QYHRINA, MHOKECT-
BO 3HAUeHHii KoTopoii comuajaer ¢ M. B teopun anropudmosn
HOKA3HBACTCA, UYTO MOMKHO IOCTPONTH IIEPEUNCIHMOE MHO-
JKeCTBO, He sBigioneeca paspemumbiM. C Ipyroil CTOPOEH,
BCAKOEe MepeuncinMoe MHOYKecTBO M MOKHO 3aaTh apudme-
tTrueckoit gopmynoit 1) @ (z) ¢ oxHOE cBoGOHOM TEepeMeHHOIT
B TOM CMBICIe, 9To x & M Torya nm ToJIbKO Toraa, Korga O(x)—

1) To ecTh (popMyJIOH, KOTOPAA HONYIAeTCA ¢ HNOMOIIBI0 JIOTHIEC-
KuX cBAsoK & (@), \/ (wim), D (ecin...; To...), | (He) H KBaHTOpPOB
Vz (maa ao6oro z), dz (cymecTByeT z), OpAMCHSACMBIX K yPaBHeHUAM
Bijla P = 0, rjge P — mEOrowIeH ¢ Ienumn Koaddunmenramu. ITepe-
MCHHBIG, Ha KOTOPbHIe HE PACIPOCTPAHACTCA [eliCTBHE KBAHTOPOB, Ha3kl-
BAlTCA CBOOOJHEIMH.
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nermEHas ¢popmyina. Ha sseike MaTEeMATHYECKOH /IOTHRH
570 3AIMCHBAETCA B BIIe DKBHBAJICHTHOCTH T & M= O ().
‘BosEuxaer BOIPOC, HeJb3sA JH 33/1aTh moGoe ImepeguciIuMoe
MHOJKECTBO, HCIONB3Ys He BCE CBABKH 1 KBAHTOPH, & TOIBKO
HekoTOpHle u3 HEX. MHOKECTBO M HaTypaJbpHHX YHCEN
HasHBaeTcA IOQPAHTOBLIM, €CJH MOKHO IIOCTpONTDH MHOTO-
qien ¢ IeasMu Kosd@urueHTaMu P(t, Zyyeees Tn) TaKoil, 4TO

te Moz .. 3o (P(t, 21, - o 20) = 0)- (1)

Ilpyramn cioBamu, /M ecTb MHOFRCCTEO TeX 3HAYeHHi
mapaMeTpa i, OpPH KOTOPHIX ypasHEHNE P(t, 2y,..e, Tn) =0
PaspemmMo B HATYPAJIBHBIX TNCHAX Ly,.. -5 Tn- Ecan OB oKaza-
JI0Ch, 4TO BCAKOE IepeunciImMoe MHOFKECTEO SIBIIACTCA JIHO-
$aHTOBBIM, TO B CHILY CYINECTBOBAHNA HepaspeImmuMoro mepe-
QMCIEMOro MHOYKECTBA MBI MOLIH GBI IOCTPOUTDL M Hepaspe-
muMoe [o(aHTOBO MHOFKECTBO, T. €. MBIl MMEJM 6B MHOTO-

wnen P(t, Zy,-.., Tn) TAKOMl, UTO HE CYIIECTBYET anropudmMa,
PacIIo3HAIONIETO 10 [AHHOMY [, MMeeT JH pemeHne ypaBHe-
mue P(t, zy,..., n) = 0. Taxum o6pasom, mpoGrema I'mib-

Gepra Gpuia Gl HepaspemuMa yie M MHOTOYJIEHOB BHJIA
P(0, z4,..e, Zn)y P(L, Z15eers z), P2, Zi,-ees Tn)seee W TEM
Gomee JIA BCeX MHOTOYICHOB. Wrar, eciu O BCAROe Iepe-
qHCIIMOe MHOJKeCTBO OBLIO IPeficTaBUMO B BHJIE (1), To mpo-
gnema I'mupGepra Ghuia ObI HepaspemrnMa.

Agtopam pabor [6]—[10] ymamock moxyduTh DA IPe/-
CTABJEHNIl IEePeTHCIMMBIX MHOKECTB C IIOMOTIBIO apudgme-
Tngeckux (OPMYJN CIEIUAJBHOrO BUj[@ W N3BJIEUD 13 TUX
[peJICTABTICHA CIIEJICTBUA 0 HEBOBMOFKHOCTH HEKOTOPBIX all-
ropu¢MOB B TEOpPHU IHCEIL. OpenM m3 HauboJiee WHTEPECHBIX
pesysbTATOB ABJIAETCS HEBO3MOMKHOCTD anmropuma Jjuia pe-
IIeHmA TAK HABHBAEMBX IT0KA3aTeIbHO-HO(AHTOBEIX YpaB-
HeHui. DT0 — ypaBHEHHsT BHJIA P=0Q, rne P, Q — BH-
paskeHnsi, HOTYUEHHbIe M3 HATYPAJILHEIX HHCET I nepeMeHHBIX
¢ NOMOIBIO CIOEHNS, YMHOIKEHHMS W BO3BEJEHWA B CTe-
mesp. leBuc, lyTmaM n Po6uucoH[7] noka-
3aJIH, YTO BCAKOE IEPEeuncinMoe MHORECTBO IPEJCTABUMO B
pupie (1), ecam gOMyCTHTE B IpaBoil 9aCcTH, IOMUMO CJIOFHEHIA
1l yMHOKEHNS, ele W JielicTBie BO3BEjIeHNA B CTENEHD, H OTCIO-
Jla BHBEJIH TeopeMy O HEBO3MOFKHOCTH anroprdMa, pacnosHa-~
1ero 1o JaHEOMY MOKa3aTeabHO-THO(aHTORY yPABHEHNIO, NMe-
eT OHO pelleHne B 06:1aCTH HATyPaIbHEIX TUCe Wil He HMEET.
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Vcmoypays HECKOJIBKO WHOE IpeJCTABIEHNEe Iepednciii-
merx MHOskectB, IlytHaM [8] mokasam, urto He cymecTByeT
anropudMa, pacmo3HAKOMEr0 IO [AHHOMY MHOTOWIEHY ©
OeIdHMIL Ko3gduiueHETaMn, IPEJCTAaBIsIeT 3TOT MHOTOYJEH
BC¢ HATypaJbHBE umcia mim Her 1).

P.P o6 nHcoH[9] qoKkasalm, 4To BCAKOE NEPEUACINMOE
mHOkecTBO M mpepncraBuMo B BHe (x & M) < Jyuyz <L Y
Jay... A2y (P(z, Yy, 2, Zyye.., 24) = 0), THE P — MHOrOWIEH
¢ nensMa kosdmuuentamn. OTcrofa ciexyer, 4To0 HEBO3MO-
ateH aiaropuM, pPACHOBHANINMI IO [JAHHOMY MHOTOWIEHY
Py, z, 24, x,, 23, 7,) ¢ mectsio (!) Hem3BeCTHLIMY, CYINECTBY-
eT JIM TaKoe Y, uto ypasHernue P(y, z, 24,..., z,) = 0 paspemmnmo
OTHOCHUTENBHO X, Ly, L3, L, IPH BCAKOM 2z, 0 < z < y. [ e-
Buc u Ilyrnau][10] rorkasann Taxs;ie HepaspemnMoCcThb
caepyiomeir mpobaemnl. O6osHaumv ueped R KoJbI0 MHO-
TOWICHOB OT OfHOW mepemennoii. Hesosmoyken anropud,
PaCIo3HANIMI 10 JAaHHOMY HosuHOMY P(z,...,z,) ¢ K03-
¢uumentamu us R, wmeer ypapHeHme P = (0 pemerua B R
wiv He mmeer. HenasHo [ e B u ¢ [11] momyumn caemyrommuit
WHTEpeCHHl pesyiabrat. PaccMorpum pmodadToBO ypaBHe-
HHe 23 — zy3 = 1. Ecuu musa mwo6oro k£ > 0 cymecrtByet
pelieHne 5Toro ypasHEHWs, TaKoe, 9T0 z > zF, TO mecsrTas
npobaema ['miunbepra HepaspemuMa. JI:0GOUHITHO, 4TO eIe
B 1916 r. T e 1 o0 B e [3] morkasan, uro upu PUKCHPOBAHHOM
z ypaBHeHme z3 — zy3 = 1 mmeer, kpome pemenus (1, 0),
He 0oJiee OJHOTO pemeHmA B HMedbix 4uciax. OJHAKO KaKuX-
au00 KOJIMYECTBEHHLIX ONEHOK, YKA3BIBAIOI(HX 3AaBHCHMOCTD
Z OT 2z, MBL HE HMEeM.

OctpoymuniM paccysspeEmeM Il y rEam [8] mokasar,
910 BCAKOe THOPAHTOBO MHOKECTBO COBIAJAeT ¢ MHOKECTBOM
HATYypaNbHLIX 3HAYEHHH HEKOTOPOr0 MHOroWIeHa (MIH C
MHOJXECTBOM IEJNHX 3HAYCHWH HEKOTOPOHl PAIMOHAIbHOI
npobu). Orclofia ciefyer, 9To eciiu BCe IepeuHCcInMble MHO-
JKECTBA ABIAIOTCA AHOQAHTOBBHIMI, TO BCIKOE IEPedncImMOoe
MHO;KECTBO €CTh MHOKECTBO HATYpPAJNBHBIX 3HATEHUI HEKOTO-
poro MmorowieHa. B wactHocTH, TakuMm OYIyT MHOKECTBA
BCeX IPOCTHIX 4Mcel, BeceX umcesn Bupa r!, 2" m 1. m. ITH
«MaJIOBEPOATHBIE)Y PEe3YJIBTATH MOTYT PACCMATPHBATLCA KaK
«ITOBOIED IIPOTUB TMIOTE3El O TOM, YTO BCAKOE MEPeYmCcInMOe
MHOKECTBO SMBIAETCSA HMO(paHTOBEIM.

1) Muorowien P (zy,..., &p) OpefcTaBifeT 9ACIAO @, ecli# ypaBHe-
uwe P (zy,..., ;) = a HMeeT LeJOIHCICHHbEe PeOleHnd.
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Jpyroii momXox K oOTPUIATENbHOMY pENnIeHHI0 JecsATol
npo6iaemsl I'minGepTa, He CBABAHHELNT ¢ [MOQAHTOBEIM IIpei-
CTaBIIEHNEM IIePeUUCIMMBIX MHOMKECTB, OBUI IIPE[JIOKeH
A. A. MapkoBHM. IT0OT mOJXOJl OCHOBAH Ha CBA3H Muodam-
TOBEIX YPaBHEHUH ¢ ypaBHEHHAMHM B CBOOOJHOM rpymme win
noxyrpynne. YpaBHeHHss B CBOGOJHOH Ioxyrpynme (mnm,
Kopode, YPaBHEHHA B CJIOBAX) OIPENEIAIOTCH CJIENYIOIIHM
o6pasom. Ilycte (ay,..., a;), (@15..., Ty) — Hemepeceramompue-
ca andasute. PaBenctso @ =¥, rge ®©, ¥ — cuosa B
andasure (ay,..., @y, Zy,..., L), HA3LIBACTCH ypaBHeHHEM B
CJI0BaX C 7 HEMBBECTHLIMH Zy,..., Zp. PEINeHUCM ypaBHEHHA
@ = ¥ masmBaercsa Taroit Habop (X,,..., X,) c1oB B andanu-
Te (al,..., ay), 910 TOCIe MOJICTAHOBKM c0oBa X, BMecTo He-
usBecTHOM Z; B ciosa O, V" momyunm rpaquecmn paBHEIE
cmoBa. MsBectHo [12], 9T0 COBOKYyNHOCTH MATpHI] BTOPOTO
mopAjgKa ¢ HATYPANBHBIMU dleMeHTaMu u omnpefennTteneM 1
obpasyer CBOGOMHYI TONYIPYHIy ¢ ABYMSA 00pasyiomMMK

A — (é ;), B = (1 ?). HCXO}IH U3 3TOr0, HETPY/THO BCHKOIUI

cucteMe 2 ypaBHeHuil B CIOBaX COIOCTABUTH JIMOQAHTOBO
ypaBHeHHe P = 0 Tak, uto cucreMa 2 mMeeT pelleHus TOT/A
H TOJBKO TOIJa, Korja ypaBHeHue P — ( paspemmmo B Ha-
TypadbpEEX umcaax. OTciofa ClemyeT, 4To eCim eCTh aliro-
pudM s pemeHns auodaHTOBLIX YpaBHEHHil, TO OH €CTh U
M penieHuA ypaBHeHwmil B cioBax. Ecun ke anropudma s
pelleEns ypaBHEeHUil B CI0BaxX HeT, TO ero HeT ! A auoQaH-
TOBBIX ypaBHeHuil. AHAIOTHYHASA CBA3L CYIECTBYET MEmIy
In0QaHTOBHIME YPABHEHUSAMH U YPABHEHHAME B CBOOOIHOI
rpynme B cuiy pesyiabrata [13], cormacEo Kotopomy coBoryIm-
HOCTb MATPHI[ BTOPOr0 MOPAJKA € IeJ0YNCICHHLMY dJeMeH-
TaMK u onpeseiureneM 1 o6pasyer cBoGomHYI0 IpyImy € ABY-
12
01
HeHuif B CBOOOJHOH Ipynle u MOJIYrpyINme 3aHAMAJICH P
aBropos. Hano crasare, 970 HOJYUEHHLIE B€CH PESYJIbTATHL
HMEIOT IOKa IoJoKuTeJNBHBIH Xapakrtep. us ypanHeHmit
B CIIOBAX C /ByMA HEHW3BECTHBIMI DPaspellalonmii airopudm
nocrpoma A. A. Mapros, nosuree (1966 r.) 10. U. Xwmemes-
CKUIl Hammes ajropudm [isl penieHus YPABHEHHWH B CI0Bax C
TpeMda HemsBecTHeiME. CHCTEMB! ypaBEEHWH C ONHAM Hem3Be-
CTHEIM B cB0GOfIHOiT rpymme usy4ain Jlopenn. OB mamesn pas-
pematonmyii [anropudM ® USYyIAnm CTPYKTYPY permeHmit
Takpx cuereM. OpHaKo yske [Jjisi yPaBHEHWH C IByMs Hems-
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BECTHLIMI B CBOGOMHON IpymIle He CHeJaH0, IO CYIEeCcTBY,
HHYErOo.

Ilo moBonmy mccaeoBanmit MpoGaemsr I'anGepra B moso-
JKUTEJIFHOM HaNpPaBJIEHHH IIPEIOCTaBMM CioBo JlaBeHIOPTY.
On numer [19]: «BepositHO, Hu ofiHa w3 o6IacTeil TEOPUN YH-
cesl He CTAJTKUBAETCHA C TAKMMH TPY/HOCTAMH, KaK TeOpPHUs
puodanToBEX ypaBHeHmil... [Ipu Germom Barisiie Ha obmup-
HYI0 JIHTEPaTypy CO3[aercs BIEYaTieHWe, UTO YCTAHOBIEHO
¢ TOMOIIBI0 Pa3JIMYHHLX MCKYCCTBEHHHX MPUEMOB MHOTO pe-
3YJIbTATOB, CBSA3AHHHIX C OTIEIBHEIMH YPaBHCHUSME; Ka-
JKETCST BECHhMA BaTPYHUTEIBHEM 00Be{HENTE 9TU Pe3yIbTaTH
B o0uyw Tteopumio. MHorpa, pemusB ypaBHEHHE WCKYCCT-
BEHHHIM IPHEMOM, YJaeTcsi CO3JaTh OOMIylo TEOPUI0, CBS3aH-
HYI0 ¢ Haii[[eHHHIM pemeHneM, PasyMHO OODACHSIOMIYIO BO3-
HUKHOBEHHE 3TOT0 pEIIEHNs ¥ IOKa3HBAIILYI0, HACKOIBKO
HaiijlegHoe pemerne MosiHo 0006muTs. Ho BHYTpeHHME TPy~
HOCTH TIPEMETA HACTOJBKO BEJIWKH, 4YTO 00JacTh IpHMeHe-
HES TAKOH Teopuu 00LIYHO oueHb orpaHuueHa. Ecim ypaercs
PasBuTEH JIOCTATOYHO IIIYOOKYI0 Teopuio (uHOGaHTOBHIX ypaB-
HeHmil cHenuajbHOT0 BHAa (HaIpuMep, TEOPHI0 KBajpaTHi-
HHX (OpPM), TO TaKasg Teopus IOIydaeT IPaBO HA CaAMOCTOA-
TelnbHOE CcymecTBoBaHme». Bee sie matemarmram XIX—XX
BB. y[alioCh HaliTw obIme MeTOIHl /Uil pemeHust auodaHTo-
BHIX ypaBHeHmil nepBoil u Bropoii cTeneru. (Cm. mo aToMy Io-
Bogy [14]. Tam sxe wmmeercss oGummpHas Gmbmrorpadms.)
CoGeTBeHEO ypaBHeHHA NEPBOIl CTEICHH YMEIM pemarb H
paspmme (bame, XVII B.), a BoT peimienue ypaBEeHII BTOPOK
crenenn — saciayra MatematukoB XIX u XX Be. Ussecten
TAKKe anropmM IS pPeIIeHHsi B LEIBX YNCIAX CHCTEM
ypaBHeHuMi uepBoit crtemeHm (cM. [14]). Oppako yixe pus
cueTeMsl  ypaBHeHmit 22 + ay? = u?, 2 — ay® = * [0
CuX T1Oop HemdBecTen asropuM, pacIosHaMui o JaH-
HOMY [EJIOMYy ¢, HMEeT CHCTeMa IeJIOUACIeHHBEe penreHus
WIH HeT.

B cBsasu ¢ mosouresibEBIM penicHueM Tpobiembl ['mib-
6epra [iis VpaBHEHHH NEPBOH M BTOPOU CTENeHM HHTEPECHO
OTMETHTH, YTO PEIleHHe NPOHM3BOJIBHOrO [uodaHTOBA ypaB-
HeHHsl CBOJINTCS K peImeHHI0 JuodaHTOBHIX YpPAaBHEHHUU dUeT-
Beproii crenenu. s sToro, BBOJA HOBhe HeN3BeCTHEE, CBO-
IuM IpOW3BOIbHOE ;imo(aHTOBO ypaBHeHue K cuCTeMe, CO-
cToAlllell W3 ypaBHEHWH Buma & -y = A, 2y = A, 0 = A,
a 3aTeM CBEPTHIBAEM 3Ty CHCTeMY B OJIHO ypapHeHue, MOJb-
3ysich TeM, 4TO cmctemMa ypapHemin P; =0 (i=1,..., m)
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m

SKBUBANEHTHA YPaBHEHUIO Z P?—=0. Mp woxyumM ypas-
i=1

HeHHC YeTBOPTOH CTEeNeHH, KOTOPOe HMeeT IEIOYHCIICHHBe

pelmeHns TOYJiA M TOJBKO TOIJa, KOTj@a HX MMEeT nepBoHa-

dJajpHOe ypaBHeHme. Ilpm 3TOM B HOBOM YPaBHOHUM Ka-

jias  HemsBeCTHAsA BCTpeuaercsi He (ojee 4UeM BO BTOPOM

CTeIeHy.

TaxmM o6pasom, jusi pemenus upoGremn L'minGepra
0CTAaeTCsl PEIMTh YPABHEHHs TPETheil ¥ IeTBEPTOil CTEIeHH.
O TPY[HOCTAX, CBSIBAHHEIX C PCINCHHEM TAKWX yPABHOHMIT,
yike TOBOPHIOCH. B mocie/iHee BpemMsi LONyYeH PAJ HHTEPeC-
HHIX DE3yJIBTATOB, OTHOCAIMXCS K PCIIEHMIO [HO(AHTOBEIX
ypasrennit P(z,..., z,)= 0, e P — ¢opma oT n TepemeH-
Huix 1), OmHa W3 OCHOBHBIX TI'MIIOTE3 TEOPWI 1mo(paHTOBEIX
ypaBHEHH{ COCTOMT B TOM, YTO €CIM YHCIO TePeMEHHLIX JI0-
CTATOYHO BEJNKO II0 CPABHCHHIO €O CTemeHnio dopmbl P(zy,...
«.ey Z,), T0 ypasHeHEEe P = 0, BoOOIIE rOBOPA, UMECT HETPU-
BuanpHOE (T. €. HeHyieBoe) pemenue. Bojee TOYHAA TIHIO-
Tesa ApruHa yTBepsiaer, 4ro GopMa HEUETHOH CTEIeRH d ot
7 YepeMeHHHIX MMeeT HeTPHBHANbHEI HyIb, €ClIH I > d2.
I'mmotesa ApTmHa [OKazaHa IOKa TOIbKO ana d= 2.
B e p u [16] moxasai, uro ¢opMa HeYETHOH CTEINEHN HPe-
cTaBifeT HyJb, €CIN YHCIO €e IePeMeHHHIX [0CTaTOTHO
BEJINKO IO CPABHEHMIO €O CTeleHplo. /[[aBeHMmMOPT [17]
Jl0Ka3aj, uTo BeAKas KyOmueckas ¢opma oT IIecTHajma-
TH ICpEMEHHHX WMeeT HeTpuBHMANBERN Hynb. Bepu
[18] paccmaTpmBaer TaKke BOIPOC O HMPEICTABJICHUM HYJISA
cicTeMoii popm crerieBn d, B KOTOPEIX YHCJIO IePeMEeHHbIX BeJIH-
KO 110 CPaBHEHIIO CO CTENEHBI0. Y IOMSAHYTHe Pa0oThl CBA3AHb
¢ upepcrapaesmem Hyis ¢opmavu. Bompoc o mpescrasie-
HUM Hyjs MHOTOWIEHAMH CTEIeHW BLINE BTOPOH M3Y4eH
cocem mamo. {asermopt u Jlbpiouc [15] paccmar-
puBaiW ypaBHeHEme TpeTheil cremeru P(ry,..., n) = 0 s
HpeIIoso;KeHuy, YTo (opMa TPeTheli CTEeIeHH, BXO/[AIAs B
P, sBusietcsi cyMMoii pousneseHmii $opM IepBoM it BTOpOH
cremeEn. Psjg aBropoB 3aHUMAETCs HMCCIELOBAHECM KOHKpeET-

1) PemmeRne TAKNX yPaBHEBWH CBA3aHO ¢ JPYTIM Ba/KHLIM HAIpd-
BlleHHeM [Uo(aHTOBA AHAJIM3A — pPeIleHIeM ypaBHeHNH B pPauuOHAIb-
anx grcnax. OThICKaHne paruoHaJbHBIX pelieHNi THOPAHTOBEIX ypaB-
HeHNA Kak pas CBOAUTCA ¥ OTHICKAHUIO I(CNBIX pellleENi ypaBHCHHSA
P =0, rge P — dopma c rersMe (ML PAMOHAIbHEMY) K03(Qu-
HHeHTaMH.
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HHIX [WOQAaHTOBEIX YPABHEHWI CTeIleHW BLINIC BTOPOIL.
(Cm., mampnmep, [26]).

B mocienpee BpeMs HosyueH pPsAJ PesysnbTaToB ajropud-
MHUYECKOTO XapaKTepa, OTHOCAMMXCSI K PENICHUI0 Heollpeje-
JeHHLIX ypaBHeHNUH HaJl IIOJeM p-aidecKMX 9ucel. JTo Mpej-
CTaBJIAET W3BECTHEIH MHTepec 1 JI7iA AN0QaHTOBHIX ypaBHeHMIT,
HOCKONBKY MeERNy [uOQaHTOBRIM ¥ pP-aJUYECKUM AHAIH30M
nMeeTcs ompesesneHHas cBAsb. OHA COCTOHT B CleqyIOmeM.
Pacemorpum pmodanToBO ypasmenue P(zy,..., z,) =0 =
cpasuerne P = 0 (mod m). Ecnu ypasHeHue umeeT penieHIe,
TO cpaBHeHNe paspemuMo Npy sgwobom mopyie m. O6paTHoe,
BooOme ropops, HeBepHO. Ho mHOrIAa BepHO M o0paTHOE, Ha-
npuMep, ecau P — mBagparnusan win auneinas @opma.
Taxum obpasom, Bompoc 0 ToM, Korja cpapHenme P =
(mod m) paspemnumvo Ipu BeexX m, UMeeT 3HAYCHNe JIJf BHIAC-
HEeHHs BOIpoca O TOM, Korma ypasmerne P — O umeer peme-
Hue. B wacTHOCTH, B CBA3W C mecsaroii mpoGuemoii I'mib-
f6epTa WHTEPECHO, CYIIECTBYeT Ju anropudm, pacmosHalo-
oyii 0o JaHHOMY MHorowieHy P c¢ uenbivm xosdummeHTa-
mu, paspemumo cpasHerne P = 0 (mod m) mpu Bcex m
Wiy HeT.

B 1906 r. T'ensens BBesr p-ajuuecKwe Ymciaa W JOKasal,
uto cpaBHerne P = ( (mod m) paspentumo Ipu Beex m TOTHA
¥ TONBKO TOrjja, Korja ypaBHenme P — () paspemmMo B
p-anMuecKuX 4YWciax Ipu BeceX p (p — mpocroe wmcio). B
cBsi3u ¢ 3TnM uHTepecHo [20], uTo cymecteyeT anropudm, pac-
HO3HAIININ [0 JaHHOMY MHOroujeHy P ¢ medsMm Koagddi-
[UeHTaM¥, MMeeT Ju ypasHeHme P — ( p-ajmueckue pemre-
nus. Bomee Toro ([21], [22]) cymecTeyer anropugm, pacmosna-
omuit o nroboil apudmernyeckoii Qopmyse, WCTHHHA 9Ta
gopmyna B mome p-ajumdeckux umcen (IpM UKCUPOBAH-
HOM p) mwiu HeT. B wacTHOCTH, 5TO OTHOCHTCA K (OpMysaMm
Bupa Jzy,..., Iz, (P(zy,..., 7,) = 0), Bupaskalomum pas-
PermuMocTb JUOQAHTOBEX yPaBHEHHH B p-afiHuecKUX UICIaX.
Opnako BOIIPOC 0 TOM, CYIIECTBYeT JIH alropudM, PacIosHa-
IO 110 IAHHOMY MHOTOWIeHy P ¢ meneMu KosddumuenTa-
MH, paspemmmo JIu ypaBHeHwe P — 0 B p-agwdeckux dmc-
Jlax mpu BCeX p, OCTaBajcA OTKPHTHM. CylnecrBoBaHMEe Ta-
Koro_ajropufma nokazano HejaBHO Arcom. (Cm. J. A x, The
elementary theory of finite fields, Ann. Math. 88, N\: 2 (1968),
239 —271.)

Has coBpemMeRHOro mopxona K nmodaHTOBEIM IPoGieman,
B 9acTHOCTH K Ipobieme I'mianGepra, ¢ MomoKuTebHON TOYKT
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3peHHsA BooOmIe XapaKTepHH IMUpPOKas IOCTAHOBKA B3amad,
BEIXOZl 3a Ipeleinl 06iacTu NEensX YHCel, HCIOIb30BaHUe
HoOBelmux wuieir anreGpsl, Tomosorun, avanusa. O6cysKneHwe
moaHTOBEX MPo0JIeM B HTOM ILIaHe MOJRHO HAllTh B JIORJIANE
Mfamumra [23] n 0630pHoit cratee JI e BT a [24]. O mepc-
IIeKTABE IIPUMEHEHHsA HOBHX METOM0B B [MO(aHTOBOM aHAIM-
3e rosoput taxke /| »e o HHe [25].
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K OOUHHAIITATON IMPOBJIEME TUJILBEPTA

I0. H. Manun

QopmynupoBEa 310t poGIeMbl MOKET OBITH UCTONKOBAHA
B y3KOM CMEICJI®, KK 3a/lada IepeHecTH Ha HoJid aiareGpamde-
CRUX YHCeJ Pe3yJNbTaTHl TeOpHUH KBaJ(PATHYHBIX (opM Haf
TmoxeM pamuoHanbHLEIX umcesn, usBectHoie K 1900 r. Bomee
MUPOKOe TOJKOBAHWE BBHIHYK/IA€T OTHECTH K KDPYI'y BOIPO-
COB, CBA3AHHEX ¢ OWHHANIATOH IPOOIEMO, BCIO CEPHIO pe-
syapTaToB Xacce, I'ekre, 3urens (HasmBasg IUIIb MeHTPATb-
HHE ¥MeHAa) Io apuMeTHuecKoil I aHATWTHYECKOH TeopHH
KBaIpaTHIHHX (opM HAJ] YUCIOBHIMH HOJSIMU K BX COBPEMCH-
HyI0 HETepIperanuio ¥ 0006INeRue, CBA3aHHLE C BBEIEHUEeM
apeneit u umcen Tamarapa. IlIpuHAB 9Ty MOCTENHION TOYKY
3peHmsi, MH OKashBaEMCA Tepen HeoGXomuMocThio 0603peTh
Gonbmoi 1o 00BeMy M TEXHMYECKH CIOKHBII Marepual IO
apupmeTHKe arrefpawvdecKmX Trpynn, B 0COOeHHOCTH OpPTO-
TOHAJIBHON I'DYINNH!, HAKOIEHHHIN K HACTOAILIEMY BpeMeHH:
IloaTomy, BaBejoMo KepTBYSI HOJHOTOH, MBI ONUilleM IHIIb
HeMHOTYe IleHTpajibHble MOHATUA U Pe3yJbTATH, HE IEHTAsich
O0BACHUTh UX J0Ka3aTeIbCTBA.

ITycts k — mexoTopoe moxe anrebpandeckux gmcer, f, g —
KBagpaTtuuHse ¢opMer Hax k. QopMul f u g sksusasermubl
Hay k, ecy OfHA TIePEBOAMTCA B IPYTYI0 HEBLIPOKIeHHOM TH-
HeilHO# mosicTaHOBKOH. Ymeno a &k  npedecmaeasemes
dopmoit f, eciu ypaBHeHue f— ¢ paspemmumo B k. DKBuBa-
JeHTHEIE (OPMEI, 0YeBUHO, IPECTABISIOT OHY ¥ Ty 3Ke CO-
BOKYIHOCTDb 9MCEJ U3 £; KIACCUYECKHEe IOCTAHOBRE 3ajad
COCTOAT B Kiaaccupuranuu (HopM ¢ TOUHOCTHIO JI0 BKBUBA-
JIGHTHOCTH M B ONVCAHUN MHOKECTBA YWUCEN, IPEICTABUMEIX
nauHoii ¢opmoit. O06a aTH Bompoca ABIAIOTCH YACTHRIMU
CIy4YasiMi BOIIPOCA O «npedcmasumocmy Gopmet  dopmoiin:
CYIIeCTBYeT JIM JIMHEeHHAsA IOJ[CTAHOBKA, IepeBoisAmasn f B g?
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OyrnaMeRTanbHLIT  pesynbraT Xacce 1) (moaroToBien-
gHH Oonee pamdumu ucciefosamusavu Jlarpamwxa, Munkoz-
CKOr0 W JAPYrnx) pgaer CIeIYOINUH OTBeT HAa 9Ty 3a7ady.
PaccMorpum moronueHns k, HOXA k O BeeM (apXWMeIOBEIM
n HeapxumeyoBbiM) MerpukaM v. CymnecTryer odeBmjHOE He-
o6xoUMOe yCHOBPe NPEACTABNMOCTH ¢ ¢ NOMOIIBI0 f: OHA
JIOJAKHA UMeTh MEecTO BO BceX IoJAX k,. Xacce mokasaji, 4To
aTO ycuosue n pocratouHo. Cmeics 8TOH pemyKiumm riaobaib-
HoII 3a1aun K HaGopy JOKANBHEIX COCTOUT B TOM, YTO B HOJAX
k, apufmernra 3HAYUTEILHO IpOIIE.

Ecianm B ommcaHHoii IOCTAHOBKE 3aMeHHTH Iole k Koib-
IOM IEeNLIX 4Ymcen 0, paccMarpuBasg (OpPMEI, OKBUBAJEHT-
HOCTH U IIPEJCTABMMOCTE € Ko3ddumeATanu B 0, TO HO-
noskeHne ycnomusgerca. Vs toro, uro zse (OPME BCIONY
JIOKANLHO IeNOYNCACHHO SKBUBANEHTHEL (T. €. Haj IOI0J-
HeHHLIMYM KOIBLAMEH O, /[Jf BCeX ?), €le He Cclenyer,
YTO OIM 9KBUBAJEHTHH HaJi 0. MHOKECTBO BCIOY JOKaJLHO
1eJIOUNCcIeEH0 DKBUBANCHTHbX (opM — pod ¢opm — pasbu-
BaeTCA Ha KOHEUHOC YHCIO Kaaccoé GOPM OTHOCUTCIBHO 3K-
BuBanenTHOcTH Haz 0. G ipyroii ¢cTOPOHE!, BOIIPOC O Hpencra-
BHMOCTH MOkeT OBIThL B 9TOM C€Iydae 3HAUNTENLHO YTOUHEH:
HaIlPUMep, [ ROA0HUMEAbHO onpedeteHiioli KBajpaTHIHON
dopmur f vayg Z w #1000T0 IACHA @ € Z MBI MOKEM CHPOCHUTD,
ckoavko peutenuti uveer ypapeenue f==a. K. Smrexns
B paborax [9], [10] ycramoBmn psaj 3amMeuaTenbHEIX pe3yJb-
TATOB O CBA3K YHUCJA [EIOYNCIENHLIX W JOKAJIBHBIX pelleHHuii
sajaun o IpeacTaBieHuu. Msul onmineM ceiiuac opgHy M3 €ro
$OpMYJI, OTHOCALIYIOCA K CIydalio II0J0KUTeIbHO OIpe/eeH-
Bex gopm Ham Z. PaccMoTpuM HEKOTODHIM POJ KBajpaTHd-
HEIX QOpM, I MyCTh (f;) — IpecTaBUTeINN BCEX KIAaccoB (GopM
B 9TOM poje. Bymev paccMarpuBaTh IIpefcTaBjeHHIe HEKOTO-
poit gopmbr g dopmamu f,. OGosraunv vepes E(f;) mopsamox
I‘pynnm IEJTOIMCIEHHEIX aBTOMOP(IJIIBMOB $opMEL fl, uepes

A(f;, £ — KOIMIECTBO IENOYNCICHHBIX NPEACTaBIeHni dop-
MH £ Popmoil f;. BasemenHoe cpeprnee uncen A(f;, g), BasaTOE
II0 BCEMY DPOAY:

w(t9) = (S AU 1 E @) [ (DUE W)

1) J. Crelles, 153 (1923), 113—130; Jahresber. Dtsch, Math.-
Ve;., Teil T, 37 (1920), 1—o5; Teil la, 36 (1927), 233—311.— Hpum.
peo,
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HaspBaeTcA «Mepoil mpescranieHms ¢opmer ¢ popom (f;)»
U ABJIACTCA PASYMHOH 3aMeHOH NOHATHA «YMCIO Tpe/cTaBiie-
muil fopmer Popmoiiy. HeoOXoZmMOCTE yCpeHEHUsI IO POJY
BEITEKAeT U3 CYIEeCTBa [leJia: eCJiW MEL XOTHM BHIPa3HTh YHCIO
Ipe/ICTABIEHUIl B Y¥CTO JIOKAJIBHBIX TePMHUHAX, TO Mbl HEW3-
fe;XHO yTpaATHM pasinume Me;ay KJaccaMu B JaHHOM DoJe,
a OHM JeliCTBUTeNLHO MOTYT [ABATh PasHble YuUClia MpPe[iCcTaB-
JeHni.

JlokanpHLIE «MepH IIPECTABIEHUA» BBONATCA CJeIyIO-
muM o0pasoMm.

Ilycre crauana v — p-agudecKass merpura. OGozmaumM
uepes A e (f, g) IUCIO NpeaCTaBIeHuil g ¢ MOMOIIBIO f B KOJIb-
ne Z/ p°Z u nono;um, o0o3Hauag depes n, m, paHrH g, f
COOTEBETCTBEHHO:

7 (n+1)

mn
op(f, 8) = hp(p?) * Ap® (1, 8),

e A,=1 mpun>muk,=1/2 mpu n=m.

MHOKUTETh, COOTBETCTBYIONIMI apXuUMe/[0BOH MeTpuKe,
Ao (f, §), onpepieasiercs Tak. Brenem B mpocTpancTee Y dopm
Hay R u B mpoctparctBe X mpeoGpasopanuil f B opMEI panra
n uang R cornacoBaHHbe WHBapHAHTHEE MEpHI; TOrfa f oTo-
Gpaaer X B Y; Koo(QUINEHT UCKaKEHHA 00BEMa B TOUKE
Y, COOTBETCTBYIOIIeH £, M paBeH Co (f, ) (MIn 2 oo (f, g) npH
m=n - 1).

B omucaHEHX o6o3RauenyaX gopmyna 3UTess BHIIJIALAT
TaK:

P’(fv g) = Ho‘v(f, g)7

rie v npo6eraer Bce MeTpuku mons Q.

B nocaenyromux paGorax 3ureinb IepeHec STOT Pe3ylib-
TaT HAa cIydail HPOMBBOJNBHBIX YHCIOBHX IOJNEH, & TaKKe
0606mum ero, paccMaTpuBas He TONLKO IOJIOKUTEIBHO OMpe-
mesenHLle PopMEL. B aTOM Ccilyuae HyskmaeTcs B Iepeorrpere-
nenmn gucxo p(f, g); He ocTaHABIMBAasACH Ha HONpoOHOCTAX,
yKaskeM JTHIIb, YTO ycpe/iHeHUe 1o POy IepecraeT OHITH He-
00XOUMEM, IOTOMY YTO MepH HpeJCTABIeHHA I BCEX
KIIACCOB OKA3LIBAIOTCA ofmHaKoBEIME (cM. K mesep [6] u
IMTEpaTypy, YKasaHHYIO TaMm).

B xmnre 9 i x 1 e p a [5] mogBeJieHL UTOTM MCCIEIOBAHMIT
mo Teopuy KBajparwyHbX gopm mo 1952 r. m mocienoBarens-
HO IpopefieHa reoMeTPHYECKas KOHIemius, 9p@exTnsHO mC-
ponp3oBanEas B urtTowM [13]. C reomerpmueckoil TOUKH

156



3peHHs TeOopWsA KBaJpaTUYHHX ¢QopMm Haj moiemM k£ — 3To
TeOpHsA abCTPAKTHHIX (METPUYECKUX IPOCTPAHCTBY — JIHHEH-
HBLIX IPOCTPAHCTB HaJ k, cHaG/KeHHHIX CKaJAPHHEIM IIPON3Be-
nenneM. IlomATnsA, cBs3aHHBIE ¢ KOIBIOM, €CTECTBEHHO IIO-
ABJIAIOTCA HPH PACCMOTPEHNM (PeIIeTOK» B TAKOM MeTpuuec-
KoM mpoctpancTtBe. Ha meperiil mnam npm takoM MaioskeHUn
BBIXO/UT OPTOTOHANBHAA TIPyNIa aBTOMOPYUBMOB MeTpmde-
CKOTO IIPOCTPAHCTBA, KOTOpPAsg € anreGpo-reoMerpuuecKoit
TOUKY 3peHysd IpefcraBiser cooil rpynny %k Touek HeRoTO-
pOIl NTWHeHHOI anrefpanyecKoil TPYHIL, onpejereHHo Hay /.
ABanus peaynbTaToB 3Uressl ¢ H5TOH TOYKH 3PEHHS IPHBEN
nesasucumo T. Tamarasa u M. Huezepa k nepegopmynupoBke
TEOPeME! SUTelsl, KOTOPasi CTAJIa HHTePIPeTHPOBATHCH KAK BEI-
q¥CcIeHne MHBAPHARTHOTO 06heMa akTOp-IPoCTpaHCTBA IPyII-
LBl afeseil OPTOrOHANBHOH TPYHIEL IO TUCKPETHON IMOArPyI-
Ie IJIaBHHX afielleidl — TaKk HAa3HIBAEMOTO «amcia Tamarasay.

HMonpobuee, mycts G — HeKkoTOpas cBA3HAA JIWHEHHAH
anreGpamyecKas rpyImna, cKaskeM, Hajl IOJeM PAIMOHAIBHEIX
uncest (). PaccmoTpum ¢uKcHpOBaEHHYH JeBOMHBAPHAHTHYIO
puddepeHnuanraEyo opMy o crapmieii pasMepHOCTH HA G.
Ee «unrerpiposanues ompenensier Ha6op UHBAPUAHTHEX Mep
®, HAa JOKAILHO KOMIAKTHHX rpymnax G(Q,) Q,-rouexr rpym-
nst G (TONBKO YCIOBHE WHBAPMAHTHOCTH ONpe/eNfeT JOKAIb-
HYI0O Mepy JHUITh ¢ TOYHOCTBIO /IO MHOKHTENS u3 Q,; BHOOp
@ JlaeT BO3MOM{HOCTH COIJACOBATH 3TH MEPEH, OTPAHUYNE
npomsBox 1o o0mero Muoxutens us k). OGosmauuM uepes
G4 rpynny apesneil rpynms G; 970 —IIOATPYIHA IPOU3BEICHUS

HG(Qv), COCTOIIAA U3 BEKTOPOB, TOUTH BCce KOOPIMHATHL KO-
v
TopwX mensie. I'pymma G(Q) puaromanbEO BKIAnLIBaeTcd B
G 4. Ilpm meroTOpHIX ecTecTBeHHKX ycnoBuAX Ha G (BHIOI-
HAIOMUXCA 51 OPTOrOHANLHLIX TpyIm) ofbeM (arTop-mpo-
crparctBa Ga / G(Q) komewen. Hak cruemyer ms «popmyms
OpomsBeJienysy, OH He B3aBHCHT OT BHIGOPAa . JTOT 00HeM
HasniBaetcA yucaom Tamazasa rpynus G u o6o3HAUAETCA Yepes
7(G). Teopema 3urens opManbHLIM I HECIOKHLIM MOICIETOM
CBOJIUTCA K YTBeDIKJEHUIO O ToM, uTo T (G) = 2, ecniu G —
(cobeTBeHHAsT) OPTOrOHANLHASA IPYHIA.

Omnpenenernne wncen TamaraBsl HeMeTeHHO TEPEHOCHTCH
Ha IAPORUI KJIAcC JWHEHHLIX anrefpamueckux TpyOIL, Me-
TOABL WX BHYNCIEHUSA Oninu paseutel A. BefimeM u

T. O mo B paborax [71, [8], [11].
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Campie mociennue Wiew B HT0H 00JaCTH OTHOCATCS K BO-
IPOCY O BO3MOJKHOCTH liepeHecTH ompefesenue ducen Tama-
raBbl ¥ HAfiTH aHANOIYW Pe3yibTaTOB SHIENs B clydae, KOrja
G sBusierca abeneBwM MuHorooGpasmeM. PesynbraTii B oTOI
o6nacTy eme BechbMa OTPHBOYHEI, HO PSJ{ TOYHBIX M IIIYOOKHX
runores Omn Brickazad Bepuem, Cymnnaepronom-Jlaiiepom u
ToiiroM; ¥MX BHYTPEHHAS] COTACOBAHHOCTD U MOATBEDIRIA0-
Ui ¥X DPOBENeHHHIT HA BHUNCIUTEILHBIX MamWHAX MPO-
cuer GOIBINOro Y¥CIIa YACTHRIX CIYIAEB [eNaiT 3TH I'HI0Te3Hl
BeChbMa 3aMaHYMBOW Tenbo HccaefoBanumit. Jlmrepatypa o
aToMy Bompocy — cratsu [2], [3], [4].
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R ILBEHA,HHATOVI [POBJIEME TWJIBBEPTA
IO, WM. Manun

Teopema Kponexepa — Bebepa yrBep:jaer, 110 MaKCH-
ManbHOE afeneBo pacmmipenue A Mo PAHOHAIHLHBIX -
cenr Q TMOPOFKIEHO BCEMA KOPHAME U3 eJIHHUIE (upeitHO WpO-
gpagHOe ¥ HIEMEHTapHOe JORasaTexbCTBo HPUHATIERAT
U.P.Magapesnnuy [10]). Ws sroro pesynprara Ho-
Me/ICHHO IIOJIydYaercsi OINICAaHWe TIpYIIIbI Tanya Ag/ Q;

oHa M30MOpdHA H U,, tne U, — rpynna p-a[[i9ecKuX e[i-
P#Poo

pyr. JleficreurensHO, ecim § — OPUMATHBHBIH KOpEHb U3

1 crememm m, To rpynma lamya pacmupeHNH Q(t) / Q mao-

mopua (Z / mZ)*,ulim (Z /| mZ) * = H U, Bomee netann-
—
P#Doo
HOe MCCIIeIoBaHNe BTOr0 H30MOpdUaMa IO3BOJAET HPHIATH
ABHYI0 (OPMY 3aKOHY B3AaMMHOCTH M HOIYINTH noypoOHEe
cBenenus o6 apuMeTnKe moJieil, COOTBETCTBYIOIMX pasind-

HEM moxrpymmam rpynme amya. I'pynna H U , nzomopgua
P#Poo
¢daxTop-rpynne KIaccoB npeneit Jg / Q* 1m0 ee CBABHOM KOM-
momerTe. B oT0il (OPMyIHPOBKE PE3yNbIaT NEPEHOCATCH HA
IpoOM3BOJIBLHEE MO K, [k:Q] < oot mus 110060T0 TAKOTO IONT
rpynnma T'arya MaKCHMaJbHOIO abenesa pacuupenus Ay
nons k msomopdHa (arTop-rpynie RIaccos upeneir J / k¥
mons k mo ee craAsHOil KommoneHTe. Iloprpymna, cOOTBET-
cTByIOMAs abeneny IMOJII0 K O &, noposkjeHa xiaccaMyt HOPM
uneneit monsi K. IlpusenenHas ¢opMyampoBKa OCHOBHOTO
pesyibTaTa COBLEMEHHOI TEOPHU roJieii KJiaccoB BRIKPUCTAI-
JmsoBaTach NOCTENeHHO B pesyiaprare pafor camoro Tuns-
Gepra, Tararu, YeGorapesa, Apruna, Xacce, 1llesamnie,
Harasma, Xoxmmirbza, A. Beitna, Teitta m paAjga APYIrUX
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uccaegoBatenei. CIMCOK IJHTEPATYPH CIHIIKOM JIJINECH,
9TO00BI HMPHUBOJUTH €ro 37ech. ViTOru HOABOJAAT [Be KHWTMH:
Xacce [3]n sanucku cevumapa A pruHa U THHTa
[1]; B oG3ope Xacce ects noppoOHas Gubauorpagma pador,
BunonHeHHHX 50 30-x romos. PasyMeercsa, Teopusa moneil
KJIaCcCOB CONEPIKUT Topasno Oosbnrie, YeM [JOKAa3aTedbCTBO
®TOH TeOpPeMbl; B YACTHOCTH, €e KOoroMojormueckas ¢op-
MYJUPOBKA IO3BOJAET TONYYUTh BECHMa TOYHEE CBEJICHNA
0 KoroMojormsx rpymm L'amya He 00s3aTelbpHO afeseBEIX
pacuimperuit (cp. Ce p p [7]). JlokanpHasn Teopus moxeit
RJIaccoB mopo6HO manoxena B kuure C e p p a [6] ).

1Ipu Bcem TOM Bompoc O SIBHOM ONMUCAHUM IONiA Ay, Kak
B Teopeme Kpomerepa — BeGepa, mo cux mop [0 KoHIA He
pemen. Mopensio [t mocienyomux pabor B aToil ofnactu
cayuT mpenyrajgamaas Hpomekepom m 3aBepmerHas Bebe-
pom, Taxaru, a satem Xacce u Jloiipuarom Teopus, oTHOCA-
mascsa K Cayvao MEMMOTO KBajapatuusoro moias k. Pacemot-
PUM TOPANKK TaKOro IonsfA; J000H Hyeas Takoro MopAKa
ABISAETCA PENeTRON B KOMILIEKCHOM IIOCKOCTH M (aKkTop IO
HEMY eCTh KOMIUIEKCHBIH TOD, T. €. HIIUITHYECKAsi KPHUBAA.
JlBe KpmBLIe M30MOPQHEI, €CIE MX pEIIeTKY IPUHAJJIeIRAT
OJIHOMY U TOMY K€ KJIAcCy UIealoB (OTHOCHTENBLHO IMOPSAMIKA,
KOTOP®Iil siBAsieTcsA OOmMUM KOJHIOM SHAOMOPPUBMOB TaKUX
KpuBHX). OrpaHnunMcsi, B YacTHOCTH, KPHBEIMH, KOTODHE
COOTBETCTBYIOT MaKCHMAallbHOMY MOPAIKY. Torma abcoxior-
HBI{l MHBaPUAHT j x ni000il Tako#t KpuBoit X Nopoxgaer MaK-
cuManbHOE alesreBo HePA3BETBJIEHHOE PACIINpPEHHNe HONA A.
Jlist Toro 4T0GH MONYYUTEH Bee moie A, HyKHO paccMoTperh
kpusyo X' = X / Aut X u no6aButh & k(j x) ROOpAAHATH 00-
Pa3oB Bcex TOYEK KOHEYHOTO mopsnka ma X. AHaTuTHYecRas
TEOPHA HIIHITHYECKUX KPUBHIX ITO3BOJIsAET HepedopMyaupo-
BaTh 3TOT Pe3yAbTAT B TEPMMHAX [IeleHUA apTyMeHTa CIle-
nuanbHex QyErnuil. (Boxee moppo6HEE ¢GOPMYIHpPOBKY,
HoKasaTexbeTBA M OmOiuorpaduo MOMKHO HANTH B 3aMuCKax
cemmHapa [2].)

drta crapad Teopusi KOMINIEKCHOTO yMHOKeHUA B pabora
I'e k k e [4] n0 mociilemHero BpeMeHHM COCTABISIN BCe, UTO

1) Cm. Taxske cOopEmr Algebraic number Theory, London, 1967
(uop, pex. J. W. S. Cassels’a m A. Fréhlich’a), pyccknii mepeBojt RoTo~
POro ckopo BmiijleT B c¢BeT. OH CONEPIKUT TeOPHIO Ioiell KiIaccos, JO-
KaJBHYI0 W I[00albHYI0 TEOPMI0 KOMILIEKCHOrO YMHOOMKeHHSA, WCTO-
puveckmii ouepk, HamucaHHHH Xacce u ap.— Ipum. ped.
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6110 M3BECTHO 0 BTOpoi9acTu mpobGaeMel ['man6epra. B 1955r.
mosipuamch paboret A. Beina, I'. Ilumypw u U. Tamusamm,
B KOTODBHIX TeOpUs KOMILIEKCHOTO YMHOKeHHA o6obmaiach
Ha MHOTOMEDHHIN cilydail abeleBHX MHoroo6paswuii ¢ «6oib-
muEM» KolbIoM sHpoMopdmsMoB. Touree ropops, nmycts K —
BIOJIHE MEHAMOE KBa[PATVIHOE PACIIUPEHNEe HEKOTOPOTo BIIOJI-
He BemecTBeHHOro HoJisa ajirefpamdeckux gmcesn. MomHO mMO-
crpouth abeneBo MHorooOpasme A, KOJABNO 5HIOMOP(YH3MOB
KOTOPOro M3oMopQHO HeKoTopoMy Mopsanary moas K. llons,
T0JIy9eHHbe IPUCOeINHeHIeM BHAYCHNH «MOyJiei» MHOT006-
pasua A ¥ KOOPAMHAT TOYeK KOHEYHOro IOpsjKa, BooGmie
ropopsa, ABIAKITCA abelesrMHU He Hay K, a Haji, HEKOTOPHIM
KOHEYHEIM PpacimuperueM K ¥; Juimp B offHOMEDHOM ClydYae
peerga K ¥ = K. Kpome Toro, Tak Iojiydaemnie IoasA He
HCYepIBAIOT BceX abeleBHIX pacmupeHuit mons K¥, m, Kak
0TMeYaJIoCh BHIIE, CaM Kiacc monxei K oBoapHO y30K. TeM He
MeHee 3Ta TEOpPHUs BeChMa HHTePECHA U HMEET BayKHbIE CBASH C
reopmeii (-Qyurnmit abenesBrix MHOrooGpasmii m aare6pau-
yeckux Kpushix., OHa uanokeHa B kumre MluMmypu =
Tammamu [8]

B sToii cBASK HY?KHO OTMETUTD erme CTaThoJl o O mHa o
Taiita [5], rme morasado, 9To musA NoOKAIBHEEX Toteit k
cOBEPINeHHO 06ImaA TeopUa KOMIIEKCHOTO YMHOMKEHUA IOIy-
9aeTcs, eclIu 8BaMEHUTH a0eseBEl MHOTro06pasusa oHOMEOPHHMHE
dopmansHEIME rpynnaMu. Beerna cymecTByior Takue TPy,
KOJBI0 5HAOMOPYHU3MOB KOTOPHX M30MOP(HHO KOJBIY TEIEIX
quced B k, ¥ NpUCOe[UHEHNE TOUEK KOHEIHOr0 MOPANIKA K MAK-
CUMalbHOMY HepasBeTBICHHOMY PACIIMPEHMIO IIodd & ocTaB-
JsieT ero MaKCHMaJbHOe abelieBo pacmupenne. 3aKOH B3aWM-
HOCTH B 3TOH M3ANIHON MOJ(€JIM HMeeT OOLIYHEIN BMI: 3JIE€MEH-
el Tpynnel l'anya meficTBYOT Ha TOYRN KOHETHOTO IOPSAMKA
gepes SHIOMOP(USMEL.

T'unpbepT mpuaeT HCKINYUTEIbHOE 3HAYCHNUC AHAJIOTUU
MesKy anrefpamdecKuMM TUCIAME H alreGpandecKuME G yHK-
IUAMH U Ipejiiaraer HCKaTh HA STOM NyTH obmymo Gopmynu-
POBKY 3aKOHa B3aUMHOCTH i l-X cremeHeil. 9rta 3amada
Onna pemerna M. P. lladapenmuenm B paGore [10].
O=m ofHapy:xmi, B 9acTHOCTH, 4TO JJA CUMBOJA HOPMEHHOTO
BEYeTa CYMIECTBYET YAMBUTENbHAS ABHASA KOHCTPYKIUA, aHa-
JOTWYIHAA KOHCTPYKIHM BhUeTa [uddepeHnuanta Ha pPUMAaHO-
BOll MoBepXHOCTH. MH eme [ajeku oT MOHNMaHAA UCTHHHOIO
MeXaHHW3Ma 3Toro AsieHusa. Hexortopnie VKasamm CM. TAKKe B
xkmure Ceppa [6l
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K TPUHAIIIATON ITPOBJIEME T'MJLBEPTA

A. I'. Bumywrun

Tpurapmaras npobiema cBfA3aHa ¢ ofHOU W3 Hamnbolee
OPEeBHUX 3a/lad MaTeMAaTHKM (PaspelIuMocTh aJre6panvdecKux
YPaBHEHUH), © OSHOBPEMEHHO OHA YJAYHO HEPeIIeTaeTcs ¢
coBpeMeHHO#l npoGiiematuroil. B cBasm ¢ aroit mpobnemoi
NONy4eH PAN KPYIHEX Pe3ynbTaroB B anrebpe u amaiuse.
Brickasarnaa [[. I'unbfeproM KoHEpeTHas THIIOTe3a, Kak
noxazanu A. H. HomnvoropoB u B. W. ApHonba, okasaliach
omuGognoirn. Onaako anreGpamdecKoe AAPo 3TOH 3ajadd Iio
CYIECTBY OCTAJIOCH HE3ATPOHYTHIM.

C momompio mpeoGpasosammsi UmpHrayseHa !) ofmee
anre6pandeckoe ypaBHEHUE n-il CTEIeHH INPUBOIUTCH K BUIY

" at™t ... Fapat+1=0.
B uwactHOCTH, ypaBHeHUE CelbMoil CTeNeHU IPHOGPETAeT B[
ftaf+yff+2f+1=0. (1)

JlanpHeiimue HOOBITKY anreGpanucrop MPUBECTH 3TO ypaBHe-
HHe K Gojiee IPOCTOMY BHUIY IO HACTOAMIEE BPEMA OCTAIOTCH
OesycnemBeMu. B cBomx «Marematudeckux mpobieMaxs
H.Tuanws6epr [1] mo-HoBomy momomen k sToit 3amade,
chopmynmpoBas ee nox Ne 13 rak mpobieMy 0 HeBO3MOKHOCTH
pemeHnsA o0mero ypaBHeHHA Ce[bMOil CTENeHU MPH HOMOIIH
$yHEMU TONBKO [BYX INepeMeHHHX. (/A IToKasaTeibcTBA
atoro npepioxesua J[. I'mapbepr cumrTan HyKHEIM IOKa-
3aTh, 910 QyEKUA f = f (2, y, z), ABNAKMAaACA pelleHNeM
ypasresusa (1), He mpesicTaBUMa CyNepHO3WI{HEl HEIMPEPHIB-
HHX (YHROWHA ABYX IePeMEeHHEIX.

1) Acta Eruditorum, 1683.— Hpux. ped.
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EcrecrserHoi mesibio ABIAETCA WM ¢ HOMOMIBI0 airebpan-
HeCKUX I0JICTAHOBOK CBECTH perneHue ypasHeHus (1) K pemre-
HUI0 anre6pandecKuX ypaBHEHUH ¢ ABYMS HapaMeTpaMu, T. e.
moKasarb, 910 QyHKOHA [ (z, Y, z) ABIAETCA CyNePIO3HIMel
anrefpanveckux YHKIHA ABYX HePEMEHHHEIX, WU Ke JoKa-
8aTh, UT0 pemeHue ypasHenus (1) He ABIAeTCA CyHepHO3W-
nueit arrebpandeckuX (QyHKOWHE [BYX IePEMEHHEIX.

T'nisbepr omwupasn, 910 ypaBHEHWE CEeIbMOH CTeleHH He
paspenmMo fiaske B HENPEePHBHBIX QYHKIUAX ABYX IepeMeH-
mux. PaGorr A. H.KonmMoroposal6l,[8luB. . Ap-
Eoabpma [7] onpoeepraor chopMynmpoBaHHYI0 THIOTE3Y
. T'map6epra. OgHARO paccMarpuBaeMas mpo6ieMa 1o cy-
mECTBY 0CTAETCA OTKPHITOH, TAK KAK OCTAETCH BOSMOMKHOCTH
JIOKABKIBATh HEPA3PEIIUMOCTh YPAaBHEHWA CEIbMONl CTeNeHH
B KaKoM-Imbo ApyroM wiacce QyHKImil [ByX IepeMeHHEIX,
cojiepxameM see ajrebpandeckne  YHKIMH IBYX epeMeHHEIX.

CdopMynmpyeM Tenlepb OCHOBHEIE Pe3YIHTATH, NMOJIYdeH-
HEle B CBA3H ¢ TpUHAmmaToil mpobmemoit [[. T'misGepra.

I. CYIIEPIIO3UIIUN AHAJIUTUYECKUX ©YHKIINN

JloxazaTesbCTBO CYIMECTBOBAHAA AHAIUTHICCKUX (Y HRIUiA
n mepeMeHHHX (n > 2), He IpeJicTaBIMEIX B BHUJie CYIEePIO3H-
VMY QHAJIATUIECKUX (PYHKIUI MEHBINETo 9HCia MepeMeHHHX,
MOsKeT OBITH IOJIYYeHO PAa3INIHEIME criocobamu. Dopmynupys
rpurannaryio npobiemy, . Tuwaw 6 e p t [1] npubasuser,
9T0 OH «PACHONIaTaeT CTPOTUM JIOKA3aTeIbCTBOM TOTO, UTO
cymecTByeT aHajnuTHIecKas QYHKOMA TPeX IMepPeMeHHBIX, KO-
Topasg He MomeT OLITH IOJy9eHa KOHEYHOH Cyleprosuiueir
QVHKOEI TONBKO ABYX apryMeHToB». He ykKasmBasi TowHO,
0 Karux (yHKOUSAX [ABYX apryMeHTOB HjeT peds, I{. ['unsGepr
3/lech IMeJI B BUJY aHAIUTHIECKHE (PYHKIUH JBYX IepeMeH-
HBIX.

Boee cunbHEE Pe3yiIbTaTsl B 3TOM HAPABJICHUH IO YINJI
B1920r. A.Ocrposcruit [2], koropu#, B YacTHOCTH,
JOKasall, YTO AHANWUTUIECKAs (PYHKIUA JBYX apryMeHTOB

[eo] xn
C(x, y)= 2, o He fABIAeTCA KOHEYHOU Cymepuosummei
n=1
Oecroneuro mudpdepeHINPYEMEX PYHRIUHA OTHOTO ICPEMEH-
HOro W ajrefpamueckux ¢yHKRnuwi mgwo6oro umeia mepe-
MEHHBIX.
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II. TIPOBJIEMA PE3OJILBEHT

AnreGpauveckue ypaBHEHHUA 10 9eTBEPTOM CTEIEHH BHIIO-
9UTEIHHO PA3PEIIUMEL B PATHKANAX, T. 8, KOPHH 3TUX ypaBHE-
HEi Kak QYyHROUU KO3(UIUEHTOB IPECTABIAKNTCA B BUME
cynmepruosunuu apr@MeTNIecKuX onepanuil u GyHKIHI 0HOTO

epeMeHHOro BUIA V t (n = 2, 3). O6mee ypasHenue nATOMH
cTelleHW B pajukanax HepaspemmMo. Ho mockonnky ofmee
ypaBHEHME TATOM CTENeHN aire6pandecKuMy IMOACTaHOBKAMEA
npuBonuTCA K BUy 2 -+ fzx -+ 1 = 0, coflepsrameMy ofuH ma-
pamerp £, TO MBI MO}KeM CKasaTh, ITO KOPEHb 00Mero ypasHe-
HUA OATOM CTeNMeHT KaK YHKIUA K03 PUITUEHTOB TaKKe Ipefi-
CTaBIAETCA B BUJIE CYNEPIOBUIINY apUQMETHISCKUX OIepanuii
¥ anrebpamdecKux YHKRIUHA OJJHOTO HepeMeHHoTo.
TIpoGieMa pe3osbBEHT B TEPMUHAX CYIEPIO3WIIHI MOKET
OBITh cOpMyIUpoBAHA CIENyoOmuM o0pasoM: yKasaTh s
a060ro n Takoe HaWMeHbIEE THCIO /, 9TO KOPEHb o6mero
ypaBHEHHUA n-ii cTeleHn Kark (yHKIUA KodpPUIEEeRTOB IMpe-
CTaBJACTCA B BUJIE CyIePHo3UNNu anrebpandeckux GyHKnmii k
nmepemennnix. B pa6ore [3] II. T'unp6epT BECKa3ad HPEIONoO-
sKeHue, 910 [ n, paBHHX 6, 7, 8, uucio & cooTBETCTBEHHO
paBHO 2, 3, 4. TeM Gosee HEOKUJIAHHKM OKA3AJICA PE3YILTAT
O.Tuns6epra [3] (1926 r.), nonyuenanit mna ypagme-
HUA JI@BATOY CTEIEHW: KOPeHbh o0Imero ypaBHCHHUA [eBATOH
CTEIIeHNU TPEJICTABIAETCH B BUJE CYNEPIO3UNNN ajrebpaundec-
Kux QyHENmiT Yetnpex mepeMeHsunix. A. Buwma m [12], 06-
obmas pesynbrar [[. I'miasbepra, IoKasan, 970 IPH BCAKOM
n > 9 mmeer Mecto HepaseHCTBO k < n — 5. KHax samermn
H.T.9eGorapés [13], Tem sxe MeTomoM MOKHO JOKa-
sath, wroian > 21 k< n — 6,apman >121 k< n — 7.
TIpoGneme pesoapBeHT O TOCBAmMEH TaKmke nuka pabor
H.T.YeG6oTapésa [14]. Ogmako moKasaTeabecTBO oC-
HOBHOTO pe3ylbTara oKasaloch ommboanmM (cM. [15]).

III. CYIIEPIIO3UIUN TJAOKUX OVHKIIUN

B pa6ote [4] 6ruto moxkasaso, WTo B Knacce Bcex p pas
HenpepHBHO IU(PEPeRNUPYEMEX QYHKIUNA 1 IePEeMeHHEX
CYImEeCTBYIOT TaKHe, KOTOPEE He MOT'YT OHTEL IPEeCTaBJEeHE B
Bujie xoHeUHOU cymepHosunyuu QYHKIOWI, [JA KOTOPHX OTHO-
imeHue 4mcia apTyMeHTOB K 9HCAY MMEINMYXCA y HEUX mud-

J n
{hepeROUANOB CTPOTrO MEHBIIE, eM - .
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JdTa TeopeMa, IO CYmMECTBY, IOKA3EBAET, YTO XapaKTe-
PHCTHKOIl CHOKHOCTH p pas pupdepeHnUPyeMux QYHRIUR

n
1 TePEMeHHEIX MOIKET CIYKUTh OTHOMISHHE —-. ITepBonagann-

HOE [OKA3aTeJIBCTBO 3TOH TEOpPEeMH HCHOIB30BAJO TEOPHIo
MHOTOMEPHEIX Bapuamuit muomects (cM. [16]). A. H. K o x-
MoropoB [5] norasam, 9To TOT K€ pe3yNABTAT MOMKHO IIO-
JIy9ATh, OCHOBHBAfCH JUINb HA ONEHKAX YHCIA 3JIEMEHTOB
e-ceTell (QYHKIMOHANBHEIX KOMIAKTOB.

Itr paGoTH MMEIOT HHTEPECHEe MPofoKeRud B paborax
Pa3JIMYIHEIX aBTOPOB IO OIEHKAM CJIOKHOCTH aJITopH(MOB.

IV. CVIEPNIO3UIIMW HEIIPEPHIBHHX ©VHKIUN

Kpaiine meosmupannoit Geta orHocamadca K 1956 r. pa-
gora A. H. Hoxmoroposa [6], B koTopoit mokassiBa-
Joch, 9TO BCAKAafA HeNpepHBHaA (YHKIUA n IepeMeHHHIX
MpefcTapuMa B BUje CYNepHO3HIAN HeNPEePHBHEX §yHKIuit
Tpex mepeMeEHEX. B 1957 r. B crynmenueckoit paGore
B.U. Aprounspy [7] yranock cHu3uTH UHCIO IEpeMeH-
HEIX B 9TOU TeopeMe [0 ABYX. 3aBepIlaeT TOT IUKI TeopeMa
A.H. Koamoropos a [8] o mpencrasnennn Henpepss-
HHX (QYHRIUA r HepeMeHHHX B B

an-H1 ,

f(@y, 2o, . .., 2p) = Z (Pik

i=1

3 %,5()) 2)

j=1

rne Bce QYHKIMM HENPEPHBHE, a BHYTpeHHNe QYHKIAN
o;,; (x;) BapaHee (UKCHpPOBaHEH, T. €. He 3aBUCAT OT pasjara-
eMoll ¢yHKIUE f.

TTo Teopeme B. J1. ApHonbja peineHEne ypaBHEHUA Celb-
MO¥il CTeNeHW NIpeCcTABIAETCA CyHeprIosunueil HeNpepPHBHEIX
¢$yEEIEA JBYX mepeMeHHHX. Hak yKe yHOOMEHAJIOCH, 3TOT
pesyubTaT omposepraer runotesy [[. I'miabGepra.

Caeqmyer oTMETUTH, OTHAKO, YTO YIACTBYIOMME B 9TOM IIPefi-
crapieHnd QYHKOVY 3aBeJOMO He ABIATCA ajdrebpandecKu-
MU, IOCKOJIBKY OHH fake HemuddepeHIupyeMHl.

B 1930 r. B cBasu ¢ npobaemaruron pagos Oypee H. K.
Bapum [17] mokasana, 94To BeAkaa HempepLiBHAA (YHRIAA
ofHOT0 TepeMeHHOTO f (f) MoKeT OLITH IpefcTaBieHa B BUIE

F@&) = hHh(e @)+ f2 (92 (D) + 5 (@s(2)),
roe Bece pyErmum {f;} u {@;} abcos0THO HENPEPEBHEHL.
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M3 reopemn A. H. Konmoroposa m teopemsr H. K. Bapm
BLITEKAET, 970 KKIYI0O HENPEPHBHYI (YHKIUIO n IepeMeH-
HBIX MOJKHO IPEJCTABUTH B BUJE CYIEPIHO3UIEM a0CONITHO
HENPEPLIBHHX (YHKNEH OHOI0 NEePEeMEeHHOr0 MU OIepaIuH
CIIOHEHUA.

Nmeetcst pag pesyabraroB (cm. [18] — [24]), momoanmsio-
mux teopemy A. H. Koamoroposa. Otmernm 3necy, 1o B. JI.
DpuaMas B cTylenYecKoil paGoTe mokasasi, ITO B KOHCTPYK-
muu A. H. Konmoroposa suyrpename ¢yarnunm {a;; (z;)}
MOTYT OHTH BHIGPAHEL YHOBJIETBOPAMUME yciaoBuo Jlumm-
muIa.

IIpu paccMOTpeHEME CyHepHO3UNUIl riagrux QYHKIIi
XapaxTep pesyibTaToB CYIECTBeHHO MeHsercsA. OnuH w3 Ta-
KuX pesyabratoB 6ot ykasad B 1. 1I1. Eme omuu pesyunprar
CBA3AH C PACCMOTPEHMEM TAK HABHBAEMHX JUHEHHEIX CyIep-
Ho3UIUil.

V. JUHEMHEIE CVYIIEPIIO3UIUN

OpHoit m3 HauGolee NHTEPECHHIX 33/1a9 B TEMATHKE Cymep-
MO3WIMH B HACToAmee BpeMsA IIPeJCTABIAETCA Cleyiomad:
CYImecTByeT I¥ aHAIUTHIECKaA QYHKIMA JBYX IepeMeHHEHX,
He IPe/ICTAaBUMad B BHJIe KOHEYHO! CYHepIos3UIMK HeNPepHIB-
Ho nuddepeEnUpyeMux QYHKIUI 0fHOr0 IePeMeHHOTO 1 olle-
panuy  CIOMKCHUSA.

JIluHeiinke CYNEePNO3UIUY OABIAIOTCA B PE3yJbTATe CJe-
mylonmx paccyspenmit. Ilyers $pyHEOUA ABYX mepeMeHHEIX
f (z, y) sBuIsieTcA cymepUo3UNUed HEKOTOPHIX IIagKuX QyHK-~
nuil ofgHoro mepeMenHoro {f;(f)} m omepanmmu cloKeHUs.
IIposappupyeM 5Ty CYHNEpHOBWLUIO, T. €. PACCMOTPUM CY-
NepPIO3UITIIO 7(35, ) TOTO 3Ke BUJIa, HO COCTABJIEHHYIO U3 (yHK~-
muit {f; (£) + @i(f)}, thme {¢i(f)} — MamEe BO3MymeHHA,
KOTOPEIE TOKE ABJIAIOTCA IIIaKUMU QYHKIHAMEA OIHOTO Iepe-
MerHoro. Torja pasHOCTE STHX CyNEPHO3UIMH MOKHO 3aIlU-
caTh B BHJE

~

N
1@ 9)— 1@ y) = 21p;(z, 1) 9,(q;(z 1) +
+o(maxsup[g,(1)]), ()

rie dyEENEE {p; (¥, y)} BHpaskaoTed depe3 UCXOMHEBE HyHK-
IUu ¥ ¥X MPOU3BOJHEIE, & IIOTOMY OPO HAX U3BECTHO JWIIb TO,
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YTO OHU HENPePHIBHLL; z BEIPaXKaIoOTCA TONbKO Teped
i » Y

¢yuarnuu {f; (f)}, ciegoBarensHO, OHE HEIPePHBHO nuddepeH-

HUPYeMH; OCTATOYHHIH YJIeH ecTh 0CCKOHEeTHO Masras BeJInIiHA

II0 CPaBHEHMIO C max sup |pi(2)], ecyim TonbKO PYyHRITUT { }

AMesoT Hexowopx.m q)mccuponarmmn MOAYJBb HeNnpepHBHO-
CTH.

PagercrBo (3) maer HeKoTOpYIO HAfEKLY HA cBefeHNe 00-
el 33/[aY¥ 0 CYHEPUHOSHOUAX INIAJRUX QYHKIUU K OTLICKA-
HUI0 AHAJUTUYECKHUX (DYHKIUII, HE IPEICTABUMBLIX CYIepIo-
SUUAMHE BHUIA

N
2 P, (z, ) 9, (g; (x, ), (4)

i=1

rne {p; (z, y)} — Hamepepy ¢UKCHpPOBAaHHEE HeIpPePHBHEE
¢yurnun, {q; (z, y)} — Hameper, PUKCHPOBAHHbE HEIPePHIB-
Ho nuddepernupyemMere yHEKIUN, a {¢; (f)} — TPONUBBOIBHEIE
HellpepLIBHEE (YHKIUN OTHOTO IEePEeMEeHHOIO.

Taxue cynmeprosunuu 6y/eM HAsHBATH JUHEHHLIMH, IO[-
gepruBad 3TEM, 910 QyHKIUH {p; (z, y)} ¥ {q: (z, y)} Purcu-
poBaHLI, a oT HepeMeHHBIX QyHKUUE {@; ()} cynepuosurms
3aBUCHUT JUHEHHHM 00pazoM. OTMeTHM 3[I€CH e, UTO CyHePIo-
sunmun A. H. KoaMoroposa (2) Tax:ke nmHeilHble, IpuIeM

n

Bee p,=1, a ¢; = Zoci,]- (%) i =1,2,...,2n +1) asus-
=1

0TcA UKCHPOBAHHEIMA HenpepsBHLIMY GyHKMuaMu. Oxasa-
nock (em. [9], [10], {11]), gro MHOKECTBO Cyneprosnnmii BUIA
(4) ABnseTCA 3aMKHYTHM ¥ HUT/E 1le IUIOTHLIM B IIPOCTPAHCTBE
BCCX HENPEPHBHHEX QYHKOWI ABYX nepemeHHEnx. OTciona,
B 9ACTHOCTH, CJIE/yeT, YTO CYLIeCTBYeT jlayke MHOTOYJIEH, He
mpefcTaBUMLIil cymepmosunueil Bupma (4).

YT0 KacaeTcsa BOSMOKHOCTH CBE/ICHUS 33J[AYU O CYIEPITO-
SUNUAX FAAAKNX QYHKOUA K 3aade o JUHEHHLIX CyNepHo3u-
IUSX, TO OHO YIACTCSA B CIIyTae «YCTOHIMBLIXY CYHePIOSHIHIA.
Ha stom nmyTu B03MOIKHO JIoKa3arh, Hampumep (em. [24]), uro
HeIb3s MpPeCTaBHTh BCe aHAIMTNIECKAe (YHKIIAN 1 IepeMeH-
HHIX CYHepHo3unusMH HempepoBHO [uddepeEnupyeMnx
$yurumit ot & nepemMeHHIX (k< r) Tak, TT005 MATHIM U3MeHe-
HUAM (B paBHOMePHOH MeTPMKe) pasiaraeMelX GyHKITHA cOOT-
BETCTBOBAJIM CTOJIb YK€ Majke WBMeHEeHUS QYHKIWI, cOCTaB-
AANMAX CyNepIo3HInIo.
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K YETHIPHAIIIATOV ITPOBJIEME TI'MJILBEPTA

0. H. Marun

CoBORYIHOCTP 3aj]a4, TOCTABIEHHEX I'mabGeproM B 3TOM
9aCTH ero JOKJaja, 00s13aHa CBOMM BOBHMKHOBEHHEM CIIC/IYI0-
meMy BoIipocy B Teopuu maBapuanToB. I[lyers k [y, ..., 2,] —
KOJBI[0 MHOTOUJIEHOB Haj moseM /k, G — Heroropas TpyIma
k-aBToMOp(uaMOB sTOTO KOabIA. [IMeer gu KOHEYHOE YHCJIIO
obpasyromux Hay k MOLKOIBIO G-MEBAPHAHTHHIX MHOTOWYIe-
OB k 7y, ..., 2,]? (B mepBoHAYaNBHOU IOCTAaHOBKE k sB-
IfeTcA MoJeM KOMILIeKCHBIX guceln, a G—HeK0oTopasd MoJrpyii-
Ila DpoeKTHBHON rpymns.) OGosHavas yepes L mome WEBapH-
AHTHEIX »IeMeHTOB, mMeeM k lz;, ..., 2,)¢ = L N klzy, ...
..., Zp]; ecTecTBeHHOE 0000LIEHKE 3a1a Y, KOTOPOE IIpefiIaraer
T'unn6epr, cocront B T0M, 9T00H B3ATH B KadecTBe L mpoms-
BOJIBHOE mopuoxe B % (x, ..., &), comepsramee k. Bapmant
5TOrO BOIPOCA IONYUYAETCH, €CJIH 3aMEHHUTH 106 k& KOJBI[OM
Lenbx guced Z.

Jlna npepcraBienuil paga KiIaccHIecKux rpynn G BoIpoc
pelnen IOJOKUTENBHHO 1); TeM Goilee HEOKHITAHHHEIM GELI pe-
aynbrat Haratw [3], obbaBrnenunit Ha IIuHGYPICKOM
MEEIYHAPOJHOM MaTeMaTHIeCKOM KOHTpecce, COTIACHO KO-
TOPOMY HaJ[ «[OCTATOTHO GONBIINM» IoJeM & (Hampumep, HaJ|
mojieM KOMILIEKCHEIX umcen C) cymecTByeT IIpecTaBieHue
OpaMoil cyMMbl G KOHEYHOTO 9HCJIa affUTHBHHX rpynn ki B
Kosbre MEOrowneHos k [z, ..., z,] Taroe, aro k [z, ..., 2,16
He WMeeT KOHEYHOTO Yrcia 00pasyoiuX.

Ipesxne gem ommcriBarh mpumep Haratsr Gomee mompo6-
HO, YKayKeM Ha BAKHYI0 anre0po-reoMeTpHYecKyI0 HHTepIpe-
ramuo # o0oOmeHHe 3ajyagy, IpUHAIe)Ramue 3 a P U C-

1) Ina mpoeKTHBHOHR rpymnu 570 Obro clemaHo I'min6GeproM. —
IITpun. ped.
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rRowMmy [1]. Bapuckuit 3amMensieT KOJBI0 MHOTOWIEHOE HPO-
U3BOJBHEIM IEIO3AMKHYTHM KOJNBLIOM KOHEYHOTO THUIIA HAa[
moJieM U 3aMedaeT, 9TO B 3TOM BapHuaHTe mpolieMa JoIycKaeT
CIeYIOMYo0 reoMerpuieckyo ¢opmynupoBry. [lycts V —
HOpMaibHOe anirefpawveckoe MHOToOOpasme Haj moieM k,
D — V — ueroropmit gusmsop. QGosmaumm wuepes R [D]
Konbmo QYEKIUN Ha V, He uMenmux momiocos Bee D, fIBns-
erca mm R {D] roxpnom roreunoro tama? B paGore [1] 3 a-
PHCK Uil aHATU3UPyeT anreGpo-reoMeTpuvecKue TPyHIHO-
CTH 3aJIa4¥ U pelnaer ee MONOKUTENBHO B ciaydae dim V =
=1,2. Berateax [2]1 u [3] H a r a T a oGo6maer sy Teopemy
3apucroro, samenus R [ D] nponsBoIbHEM HOPMAIbHBIM KOJIb-
IIOM, IIOJI€ YACTHHIX KOTOPOTO MMEeT PAasMEPHOCTH 2.

OnmmmeM Teneps Brparme npumep Haratw, paromuit orpu-
MATEIHHOE pelleHre YeTHpHAAmaTod  npobmemer I'mis-
Gepra B ee IMEPBOHAYAIBPHON ITOCTAHOBKE.

Ilycre r > 0 — meroTopoe nesoe ancio (oo Gyer BEGpa-
HO 1I03e), & — OCHOBHOe 1oJie J10060¥ XapakTepHCTHRH,
CTENCHD TPARCICHICHTHOCTH KOTOPOTO HAJ IPOCTHM IOIII0JIEM
ne menbmre Jr. Illycrs a;; &k, i =1,2,3;7 =1, ...,r, —
DJICMEHTH W3 k, anrefpandyecKd HE3aBHCHMEIE HAJ IPOCTHIM
nojnoneM, V — r-MepHOe JrHeiHOe MpOCTPAaHCTBO HAL k C
¢urcupoBanHEEM GasucoM, V* (CC V — (r — 3)-MepHoe ofIpo-

r

CTPaHCTBO, cocTosNee M3 BeKTopos (b;) Takmx, q'roz a;b; =
i=1
= 0 mnpu i = 1, 2, 3. O6ozraunmM epes G aIUTHBHYIO IPYIi-

ny V*. G pjeiicteyer B KoxbIle MHOTOWIeHOB k [z, ..., Z;
Ly ..., t,] caenyiomuM oGpasom:
s(t) =1, s(z;) = ; -+ bity,
TIe
s=(by, ..., b).
Teopewma. Kowyoklxy, ..., x,, ty, ..., 1,16 He umeem

KOHeuH020 uucia obpasywowux Had k.
HaGpocox pgoxasatTexnbceTsa. Illomomum

»
u==1ty ..t vp=ult;, wy=vixy Y;= z, a;w; Hemo-
=1
CPEICTBEHHKIN IIOJ[CUEeT IOKA3KBAaeT, UTO
. G X .
k(e ooy @ty ooy 6,)" =k(Yr, Yo, Uss b1y oo oy b))
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ITostomy
J = k[x]_,c.., ir-;it17' ey tr]
:k[xlv"'yxr; t11"'1 tr] ﬂ k[yl,yZ; y3; t11""1 tr]’

G

I

Jl1oGoii ameMenT m3 J II0BTOMY MOKHO 3aIlUCaTh B BUJIe
— ~i
N€iy,.ni, (Y15 Yoo ys)ty 'L, 1)

e iy € Z, ci,,....ir EF [41s Ya» ¥5]. MBI ceffuac onmmmeM ycio-
BHsI, KOTOPHIe HAKJIAIBIBACT HA KOO(PPUIMERTH C;,,..., i, TPUHAT-

nesxmocth aiementa (1) x J.

OGosmaumm uepes p; C k [y1, Yas y5] omEOpOIHEIL IIPOCTOI
upean, COOTBETCTBYIOINIT TOUKE (@1, Cais a;) HA TIPOEKTHBHOMI
mrockoct. Wmeanr p; INOPOMKIEH MHOTOWIEHAMH  dyilfy —
— GgiYy, WyilYs — G- TLOTOMIAM

Miy,..i, = Pi‘ n...Npr

Tl e M M a. aemenm (1) npuradsescum J 6 mom u moabEo
mom cayuae, ko20a 045 6cex Qs over b7

Ciy,.oriy, & My, i

([TorazaTenrbCTBO MEL OLNYCRAEM.)

IIpenmomnoxuM Telephb, IT0 KOIbIO J TOpoEIeHO KOHET-
HEIM UICTOM 37eMeHTOB. MOKHO CUUTATDh, 9TO BCE OHH HUMEIOT
B Ci,..... 1, (U1» Y2s Us) th ... t~ir. JIerro BAJIETH, ITO TOTJA BEI-

pasKeHne
dego,,....i,

8(Cinni) =FF 0

THe Cj,,.... 7, & Mi, ..., i, TPAHEMACT HYKHIOI TpaHEb CBOUX
3HAYEHMIt, KOTJIA € | Jq, ..., ]r MEHFAIOTCAH. TeomeTpmIecKas HH-
TepHpeTaiya YCIOBHA Cj,..., i, E Mj, ... j, COCTOUT B TOM, 970
gpuBas ¢ = 0 B IPOERTHBHOM ILIOCKOCTH IIPOXOJHT yepea
TOURY (@yiy Ggir @si) © KPATHOCTAMH > j;. Ecnm

-
@+neE+2) jalait+1)
R R

TO TaKAA KpUBas cTeNeHn d CymecTByeT; npH fi==Jr=1]

3TO HEPABEHCTBO IPEBPAMAeIcA B @+3>r G+
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Bubupas d n j pmocraroumo Gompmmmm, sromy HEpPaBEACTBY
d
MO}KHO y[OBIETBOPHUTH, CHENAB OTHOMIEHHE ——= —
YR PHATE, I: T A
CKOIb YyrofiHo 6am3keM k —=. IToaTomy

Vr
. 1
infd(c)<<—=.
r

CpaBHEBas 3TOT Pe3ysbTaT ¢ OPEHIYIEM, ME TIOIYIaeM,
9TO OCHOBHAsI T€OPEMa BHITEKAET M3 CIEYIOMEro yTBepIK-
JIeHHs:

OcmoBmasa newmwma. Iycmv npu dannom r Kpueas
C cmenenu d npoxodum uepes mouru (ay;, Gy, ag), i = 1, ...
.oy Iy € KPamuocmany > J;. Tozda

d

1
R ik

Harara noraskiBaer sty memMmy npu r = s, s > 4, TOTb-
3yAch aIre0po-reoMeTPHUECKEME cOoGpaxkeRMAMU. Baumy
TOTO, ITO JIaJibHEWINNe JleTalyl H3JI0KeHUs HABJIAOTCA HOCTA-
TOUHO TeXHUYECKUMH, MH UX OIMYCKAaeM, OTCHLIAS TATATENS K
opuruBanbHON pabore [5].
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K TIATHAJNUATON ITPOBJEME TUJIBEEPTA

I0. H. Manur

9ra mpobireMa TunnOepra, B OTIHINE OT mpenplymei, He
ABJIAETCA YETKO HoCTABIEHHON MATeMAaTHIeCKOR zapagei,
JOIyCcKAOIEil OTBeT, KOTOPHI MOKHO cHOPMYJIHPOBATD B BHUTIE
TeopemMsl. Pedb HjeT CRopee O He06XONUIMOCTH IIOCTPOEHUA
pAla TeXHUIECKUX CPE/ICTB, C JIOMOIIBI0 KOTOPHIX BEIIACICHISA
TllyGepra Moram Or GHTH IPOBE/IEHEI Ha TBepyoil OCHOBE B
NocTaTouHo $OPMATH30BAHHOM CHCTEME. Husxe MB 10 HE0OX0-
IMOCTH OYeHb KPATKO ONMINeM pesyJbTaThl COBPEMEHHOM ai-
reGpamgecKkoil TeoMerpuu, KOTOPLIE cayxar (yHIaMEHTOM
JUTSA e «MCUHCIUTENBHOIY TacTH. Ho mpesxjie Bcero MPOTATH-
pyeM Hauayo BTOPOii FIaBEl MecTOro romakEurn b e i K e p a
[1], B KOTOpOM [AHKI KPaTKHE M HedopMaTbHbLIE KOMMEHTAPUN
k ncuncaeruto 1lyGepra: «9T0 HCIUCIEHNE OCHOBAHO Ha TOM,
4T0 KayKIOMY YCIOBHIO, ROTOPOMY IO/IHHEH HEKOTOPHIY ajre-
Gpamueckuii 0OBEKT, CTABATCH B COOTBETCTBHE OIIpejleeHHEI
anreGpamdeckuil cuMBoa. Torja HATOMEHNE X0TA OBl OJHOTO
¥3 OBYX HE3aBUCHMBIX ycaxoBmil yoGHO IPe/ICTABIATE CYM-
MOii CHMBOJIOB DTHX YCJIOBUI B mo6oM nopsajgxe. OnHEOBpEMEH-
HOe HAJTOJKeHIe IBYX YCIOBHi IIPe[ICTABIACTCSL Ipou3BeNIeHIeM
CHMBOJIOB DTHX YCIOBHil B JT000M MOpATKE. VMHOMEENE 110/~
q@HseTCA OMCTPUOYTHBHOMY 3aKOHY; CIOKEHNE I YMHOKEeHNE
KOMMYTATUBHBL. ..

...Bcerma mompasyMmeBaercs, 9TO reoMerpuieckre 00BER-
TH, paccMaTpHBaeMsie B TeOpUH, OnpeMeNsoTCA 3HAYeHAAMA
HEKOTOpOTOo YHCJTA INapaMeTpoB M ITO ycaoBusA, HARIAIbi-
BaeMBle HA 3T O0OBEKTH, anreOpamunsl. Hiace 00BEKTOB,
ONECHBAEMBIX TaHHOM CHCTEMO 13 m napaMeTpos, uMeeT pas-
meprocTs (freedom) m... Ecim Ha DapaMeTpH HATOKeHO i (me-
3aBHCUMEIX) YCIOBHI, TO MAOKECTBO 00BeKTOR KIacca, yaoB-
JEeTBOPAIOMUX 3THM YCIOBUAM, o6pasyer HOJKIACC pasMep-
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HOCTH m — . B wacTHOCTH, IpH i = M TOT NOLKIACC COCTO=
HT, BoOOIIe rOBOPs, N8 KOHEYHOTO YHCIA 00BERTOBY.

«Teomerpuueckne OOGBEKTH» COBPEMEHHOH TEOPHH — BTO
anre6pamieckne MHOroofOpasms wWiHM cxeMH I'poremmmka.
B saramyememcs mepwoie mepecTpoiikyu OCHOB, KOTODHI Ie-
pesxuBaer ceifuac anreOpawdecKass TeOMeTpHUsi, OTCYTCTBHE
YCTOSABIINXCA KHAT W KYPCOB HCRIIYAET BOSMOKHOCTH OTO-
CIIATh YUTATENIS K KAKOMY-HUOY/(b CTAHIAPTHOMY H3JI0MKEHHIO0.
Mz 6ymem cuntath B anbHeRIIeM, 970 MK pafoTaeM B OJHOM
U3 CIENYI(UX TPeX KATeropuii:

a. Anre6pamteckre MEOT0O6pasna HaL TOJTeM KOMILIEKC-
HHIX YHceN («KIACCHYeCKU ciydaiiy).

6. AnreGpamdeckue MHOrooGpasus HAJ| IPOU3BOJHHEIM
gonem (cxa)keM, B cmuicie B e i s [13]).

B. Cxemur I'poreHpmra (mias copaBemuiMBOCTH PAma pe-
3yJNBTATOB HYIKHO OTPAHMIUTHCSA  PACCMOTPEHHEM  HeTe-
POBHIX Wiu anre6pamvecKEX WM TONBKO IPOEKTHBHEIX
anrebpamgecknx cxem). (Jlureparypa: [4], [5].)

BoamoskHOCTE OIpenenuTh TreoMeTpHYECKHil 00BeKT u3
TAaHHOTO Riacca KOHEYHHIM JMCIOM IIapaMeTPOB BO3HHKAET B
GonpmoM kiacce 3amad. Bor mpocrefimuit mpumep: Kpmpas
CTelleHU 72 Ha NPOEKTHBHOM ITOCKOCTH HAJ MOJeM k 3amaercs
CBONM YpaBHEHHEM, KOTOpoe sBJseTcss (OpPMoOil CTeeHH R
OT TpexX NepeMeHHHX ¢ Kosddurnuentamu B k. MoKHO cunTaTh
HIO5TOMY, 9TO MHOKECTBO TAKMX KPHUBEIX HapaMeTpHU3yeTcs

TOYKaMHu (W—i)ﬂepﬂoro IOPOEKTUBHOTO OPOCT-

paHCTBa K03 PHUIIeHTOB TaKkuX HOPM. «¥ CIOBHE», HAJATaeMoe
Ha TAKYI0 KPUBYIO, 03HAYAET, 9TO COOTBETCTBYIOMAS el TOURA
NPUHAIEXAT HEKOTOPOMY anrefpamdecKkoMy HOIMHOT006pa-
3UI0 mpocTpaHcTBa KoadduimenTos. Hamoskenne aByx ycio-
BHI TAKOTO TUIA OHOBPEMEHHO COOTBETCTBYET PACCMOTPEHUIO
nepeceveHnsA [BYX MHOT000pasuii B MpocTpaHCTBEe Kod(Pumu-
€HTOB, a HAJIOKeHNe «XO0TsA OBl ONHOTO W3 [BYX YCIOBHRY —
obremuenm0 MEOro0Gpasuii. B sToM HedopManbHOM omHca-
HOU CMEIIaHH JiBe CYINEeCTBEHHO PasHbe WEH: BOIPOC O BO3-
MOJKHOCTY BBEJIEHHsI «ECTECTBEHHHIX TapaMeTpoB», ¢ ONHOI
CTOPOHHI, ¥ BOIIPOC O MIOCTPOEHUY «TEOPUY NePecedeHnin BHYT-
PHI 3TOTO IPOCTPAHCTBA, KOTOPOE AMPHOPH MOMKET OHITDH JII0-
OBIM MHOTOOGpPasmeM (WM CxeMmoii).

Haurem ¢ mepBoro u caMoro mpocToro CIydas: ¢ mapaMer-
pHUsanyd anre0panvecKnx NOJMHOT000PA3HIl B TAHHOM IPOeK-
TUBHOM IpoctparcTse P”. JIucKpeTHIIE HHBAPUAHTH, KOTOPHIE
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caelyer 3fech 3aUKCUPOBATH, — HTO PasMEPHOCTH H CTe-
IIeHb TapaMeTpu3yeMHIX IHoxMHEOrootOpasmii. [Ipumep KpuBEIX
HA IJI0CKOCTH MOKA3KEBAET, BIPOYEM, UTO BMECTO MOIMHOT0006-
pasmil ciemyer paccMaTpuBaTrh (osee OOmHE OGBHERTH: Ha-

IpUMep, eCTeCTBEHHO CYMTATH, UTO ypaBHeHme rp x, — 0 ma
WIOCKOCTH 3ajaer o0befUHEeHNe ABYX IpAMEX: z, = 0 u
z, = 0, ms Koroprix mepBas Oepercs «C KPAaTHOCTHIO BAY,
M3-3a 4ero BeA «KPUBasi» U UMeer cTeneHb Tpu. OGobmenneM
9TOT0 B MHOTOMEPHOM CJIYYae CIYRUT HOHATHE (IHKIan:
nuka B P" ectb 31eMeHT ¢BOOOHOM abeneBoil TPy, IOPOK-
HeHHOI (HeMPUBOIMMEIME) TOMHOTOOOpasuaMu B P"; muxI
serTUBEH, ecnd KO5Q(PUNMEHTH NPH MHOrooOpasusax He-
OTPHUIATENBHEI, OHOPOJIeH, 6CIH 6TO KOMIOHEHTH UMEIOT Oy~
HAKOBYK pasMepHOCTh. CTEmeHP NMUKIA ONpeensercd Mo JI-
HellHOCTH, pasMepHOCTh — O¥eBUIHEIM ob6paszoM. B wmaccm-
geCKOH TeopwH mapaMeTpuayiorcs ¢p¢erTHBHEE OTHOPOIHEe
MUKIH [AHHOH CTeNleHW W pasMepHOCTH B P™; KOHCTPYRIHA
IpPOCTPAaHCTBA TAapaMeTpoB («koopnuwHATH Uixkoy») IpHHAT-
aexxut Usxoy u BaH-7iep-Bapieny; cM. ee U3I0KeHHE B KHUTe
Xopgma u Iumgo [12). Hymuo, BOpodeM, OTMETHTS,
a0 3 eKTUBHOE BEIUMCIeRne MEOT00Gpasuit Uixoy mpencran-
aser co6oil HCRIIOUATEIHLHO TPYAHYI 3aady; HampuMmep,
KTaCCHYECKUI BOIPOC 06 ONMCAHWH BCeX HEIPUBOIMMEIX KOM-
IIOHEeHT MHEOT000pasuit UKoy [ KPUBHX B TPEXMEPHOM IIPO-
CTpaHCTBE JI0 CHX IIOD He MMeeT IOJHOTO peneHms.

B reopmu I'porempura paccMorpenwe muxioe B P™ 3a-
MeHAeTcsl PACCMOTPEHHEM B3aMKHYTHX HOMCXEM. 3aMKHYTHE
moncxeMul B P™ HaX0IATCA BO B3a¥MMHO OTHO3HAYHOM COOTBET-
CTBUH ¢ KJIACCAMHE OJHOPOMHBIX HIEANIOB B KOJIBIE MHOTOWIE-
HoB k [z, ..., z;] OTHOCHTENBHO Cle/yIOMEro OTHOITEHMUS HK-
BHBAJGHTHOCTH: [BA Weaja OIPEeNedAi0T ONHY U TY Ke IOJi-
cXeMy, ecJIH HX O[{HOPOJIHEe KOMIIOHEHTHI COBIA/IAOT /1A BCEX
mocTaTounHo GonbInNX creneHeil. J[MckpeTHsIil MHBADHAHT IO~
CXEMbl, 3aMeHAIIIUI CTeNIeHh H PAa3MEPHOCTh MUKJIA, — MHO-
roanen I'mibGepTa COOTBETCTBYIOMETO Mjeana, WaMepsIomuil
JNUHEeHHYI0 Pa3MepPHOCTh OIHOPONHOM KOMIIOHEHTHl HMjeala B
¢yHKNUYU crelleHN 3ToM KommoHeHTH. (Bmpouem, cremens m
pasMepHOCTH HopMEOTo0Gpasua B P™ rtammke yrobGHee Bcero
BHYHCAATH Yepe3 MHEorowIeH I'mns6epra 31oro MEOroo0pasus,
T. €. COOTBCTCTBYIONIEH €My TOoficXeMHl.) ¥ TBepsKieHle O TOM,
910 mosicxeMH B P" ¢ puKCHpOBaHHKM MHOTOUIenoM I'mis6ep-
Ta MOryr GHTb €CTeCTBEHHO IIapaMeTpH30BaHE, mpuobperaer
B Teopuu I'poTeHIMKA COBEPIIEHHO TOYHBIH CMBICT ¥ ABJISAETCS
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OUeHD CUIBHHIM. PaccMOTpUM IPOU3BOIBHYIO ¢CHCTEMY» HOJI-
cxeM B P", mapaMeTPH30BAHHYI0 HEROTODPOM CXeMOi S, 1. e.
IpOUBBONBHEYIO IoficxeMy B P™ X S. HomyctuM, 9T0 3T CHC-
TeMa SBJfeTCH «IUIOCKOi», — BTO CBOMCTBO O3HATAET, rpy6o
rOBOpS, 9TO B CIOAX He IPOMCXOMMT CKAYKOB,— W HUTO HA
BCeX CIOAX HAJ TOUKaMM S HMHIYOUPYIOTCA MOJCXEMEI ¢ IaH-
EEIM MEorowrenoM unn6epra k. ¥ TBepiaeTcd, 910 B RIacce
TAKAX CHCTEM CYIecTBYeT eIUHCTBEHHAS (YHHUBEPCAILHA)
clcTeMa, W3 KOTOPOH BCe OCTAJBHBIE IOJNYYal0TCsA orobpaske-
HusaMu Gashl. Basa 9Toil yEMBEPCAJIbHOM CUCTEME HAa3hIBAETCA
«cxemoit I'musbepra» muas P (roumee, ee 1UacThio,
COOTBETCTBYIOIeil MHOTOWIeHY h). Mamgopy oGHAPYRAI 1O~
pasuTesbHOe 0GCTOATENBCTBO, UTO [laske Hall noem C B P3
cxemsl TmipGepra [T KPEBHX MOTYT He GHITh MHOT000Pa3Hsa-
MH: B CJI0€ CTPYKTYPHOTO Iy9YKa oOmeli TOUKH TAKOM CXEMEI
MOryT OHTb HHIBIIOTEHTHBIE TEMEHTHI.

Tlo-BrMMoMy, HeM3BECTHO, MOKHO I ONHUCATDH MHOT000-
pasus Usx0y ¢ IOMOIIBIO Karoro-in6o yHABEPCATHHOTO CBOM-
CTBA; BO BCAKOM clydae, U3yUEHNE CBASH MEK/Y MHOT000pa-
austvm Uskoy 1 cxemamu I'mb6epra npeficTaBiisieT CymecTBeH-
HEIH WHTEpecC.

O6e 5T KOHCTPYKIUE 0000MAnTCA HA cryuait, xorga P"
3aMEHAETCA IPOMSBOJBHEIM IPOEKTHBHEM MHOr0o00pasneMm
(cOOTBETCTBEHHO TPOPKTUBHOI arreGpamdecroii cxemoit). (JIu-
teparypa: [61, [9].)

Ilepeiiziem Temepb K TEOPHHU nepecedennii. Eif ectecTBeHHO
IpejecTBY0T PYIMIMEHTH TEOPHH PasMEepHOCTH, Ha KOTOPOil
MHI He Gy/IeM OCTaHABIVBATHCA HOIpoGHO: OTPAaHMIMMCA YKa-
3aHWeM, YTO PasMepHOCTh OIpereseTcA KaK MaKCUMyM [IJTHH
rernodYer HeIPHBOJMMEIX 3AMKHYTHIX monMHEOTO06Gpasuil (Ioj-
cxem). OjiuH U3 IEPBHIX Pe3YIBTATOB TEOPHN TiepecedeHuii coc-
TOMT B ONPABJAHAW IPEJICTABIEHUA O TOM, IO «HAJOKCHUE
{ He3aBUCYMLIX YCIOBHil» MOHM)KAET PasMEPHOCTH HA i. Tou-
Has OPMYIANPOBKA B KOHTEKCTE anrebpandeckux MEOT006pa-
sumit: mycts W — anrebpaudeckoe muorooGpasue, U, V — ero
MoIMHOr006pasusl pasMepHOCTEH W, U, ¥ COOTBETCTBEHHO. Ho-
nycrum, aro U () V me mycTo, TOI7Ia 4epes Kaskayio TOURY Ie-
pecedenws, Heocobyio Ha W, mPOXONAT KOMIIOHEHTH, unv,
¥ BCe OHE MMEIT PasMepHOCTh > U -+ U — W. B asxHEIM 10110 -
HEHMeM CJIY/KHAT TeopeMa 0 PpasMepHOCTH CI0EB 0TOGpasKeHI H:
ect U — V — coGCTBeHHOE 0TOGpasKeHne MHOT000pasust U
ga V, o u = v | {, re ¢ — pa3sMepHOCTDH obmero cjog 0TO-
OpajkeHns; HA OTIEIBHEIX pogMHOro06pasuax V pasMepHOCTH

178



CJIOA MOjKeT HOBHIIATHCA; TOYHEEe FOBOPSA, PasMEPHOCTH CIOA
Kak QYHKIEA HA V DOomyHENpepLBHA CBePXY B TOXMOIOTUN 3a-
PUCKOTO. ITa TeopeMa ABASETCS 060CHOBAHMEM RIACCHYECKOTO
npueMa «cueTa KOHCTAHT». B Teopun I'poreHmra s10T pesyiib-
TAT MOXYYIMI JajieKoe Pa3BUTUE B CEPUM TEOPEM O oI yHempe-
PHBHOCTH Pa3IAIHEX KOTOMOJOTMYECKHUX MHBAPUAHTOB CIOS.

Bropas, Gomee ToHKas TacTh TeopuHU NepeceueHMil CBA3AHA
C KOHCTpYKIHell «kparHocTeiy: ecnm B curyamuu U, V < W
vMeeM [JA HEeKOTOPOW HEHPHBOJMMON KOMIOHEHTH X C
c UNV pasenctso dimX = dimU -+ dimV — dimW, 1o
MHOT000pas3uio X MOKHO IPHIMCATH HEKOTOPOE IeJioe THC-
0 — KPATHOCTB, € KOTOPOil OH BXONUT B IepeceuyeHHne
UNV. Ilepsyw moclenoBaTeibHYH TEOPUK KpPaTHOCTEH
TlepeceueHnii B anrebpandeckoil reoMeTpuu pasBui B e it 1 b
B RIaccugeckoil xuure [13]; mocmemyromue paGoTs ero u ero
UIKOJH IIOBBOJNMIN BOCCTAHOBHUTH Ha 3TOH OCHOBE GONBITYIO
9acTh Pe3yNbTATOB KIACCHYECKON aarebpamvyeckoil reoMer-
PHUM M— B CHIY TOTO, 970 T€OPHs TOIHA 17151 JI000TO IO KOH-
CTaHT, —3HAYATEIbHO UX 00600mmTh. CamMrM s¢derTHRM pe-
3yansTaToM Teopun Beiina OnLio, HeCOMHEHHO, [OKA3aTeILCTBO
uM runoTessH Pumama s msera-QyHKIMN KPHUBHX HAJ KO-
HeuHHIMHE moxaMu (cM. B e it 1 s [14]).

B sroit Teopun xpaTHOCTEH CyImEecTBeHHO TPeGOBARNE, ITOOH
UnV Owun B «1ocTaToun0 oGmeM TOJOMEHHH», T. €. UTO-
On nepecevenye U (| V uMeno [OKHYI0 pasMepHOCTH. B ciry-
Jae, KOIJla BTO He TaK, BOSMOKHBIN BEIXOJ TOJCKA3BIBAETCHA
TOYIONIOTHCH: HY/KHO «CABUHYTHY MHOrooOpasusa U, V Tag, uro-
6Bl OHE OKABAINCEH YiKe B 06meM nososennn. EcTecTBeHHO, He
OrPaHNMYMBAACH MOAMHOT000pa3UAMHA, PACCMATPUBATH IUKJILI;
TOTJa ONMCAaHUe «IOMYCTHMHX CIBATOBY (OPMAILHO 03HAYAET
BHJleJIeHNe IO PYIIIE NAKIOB, SKBUBAIIEHTHHX HYJII0, & Teo-
pusa mepeceyeHmil [ONKHA CTPOUTHCS YIKE IS KIACCOB SKBH-
BATEHTHOCTH.

B anre6pamuecroit reoMeTpun €cTh HECKONBKO €CTECTBEH-
HEIX BAPUAHTOB BBEIeHUSA TAKOH SKBUBAJIEHTHOCTH; CAMBII TOH-
Kuil U3 M3BECTHHIX CIIOCOGOB — palioHATHHAA SKBUBAJEHT-
HOCTh — fABIAeTcA aiarefpanvecKMM aHAIOTOM TOMOTOIUHI
(BmecTo [0, 1] cienyer 6paTs npoexTEBHYIO npsamyo). Bo Beex
HOTYyYaIONUXCsA TeOPUAX IepecedeHus anredpandeckoMy MHO-
roo6pasuio X cTaBATCH B COOTBETCTBYE HEKOTOPOE IPaj[yHpo-
BaHHOE Koubro A (X): 0OHO COCTOHUT M3 KIACCOB DKBHBAJIEHTHO-
CTH MUKJIOB (WJIHM Io KpaiiHeil Mepe CONEPKAT TaKMe KIACCH);
CTE€IEeHh TPAJYUPOBKH  ONpefieifgercd KOpPasMepHOCTHIO;
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YMHOKEHNE MHAYNZPOBAHO HepecedeHmeM. B caywae pamio-
HAJTHHOU HKBHBaleHTHOCTH A (X) HasmBaeTcsa KoablioM Uxoy;
KoHCTpYRuusa A (X) cofepsxnarcs B 3anuckax cemunapa I e-
saaxne [10].

Ilocaepsmit mowxsam I'porenpuka Ha TOM ceMHHApe CO-
JICP/KAT HOBYIO TOUYKY 3peHUs HA TeOPHI0 NepecedeHNH, BeChMa
XapaKTEepHYIO ISl Bcero Kpyra ero uaeit. OH paer axcuoma-
THvecKoe onucaHue A (X) kak pyHKTOpa HA KaTeropnn ajires-
pamyeckEx MHOrooOpasmit. Cmcrema arkcmoM I'poTeHrmKa He
onpepensier A (X) omHO3HAYHO, HO CONEPRUT Bce CBOMCTBA,
JIOCTATOYHEIE [ POPMAIBHOTO HOCTPOEHNUs, HanpuMep, Teo-
pun kiaccoB YixeHs anrebpandeckuX PaccioOeHA |, BEPOAT-
HO, VA TpoBefiernsa Ooabuiell 9acT¥ BEIYUCHEHWH «HCYHCIIH-
TenbHOR reoMerpumy. Koucrpyrimn Beitns, a tatoke Ce ppa
[11], naBmero 9pesBrYaiiHO YHAUYHBIL M HOAJAMMACA Jjale-
KOMY 0GOOIEHE0 KOrOMOJOTHYECKHII MeTOJ| BBefeHNA KpaT-
HOCTEll TepeceTenusi, MPeICTaBIAI0TCs B 9TOM CBeTe KaK Teo-
PeMH CymecTBOBAHNUA [J1s1 HEKOTOPHX pyrrTopos Tina 4 (X).
Jpyrzme nprMepr TaKuX QYHKTOPOB JOCTABJISIOT KOJNBIIA ¢KO-
romosioruit Xomray QHP(X, Q%), rne Q! — mydox guddepen-

P

nuanoB Ha X WM — B KIACCHUECKOM CIyYae — KONBIA KO-
romMoJoruii (CKaskeM, CHHTYIAPHEX) B 00EI9HOM Xaycnopdosoit
tomonornu X, WM, HAKOHEI, HAKDHBAOMue KOTOMOJOIUH
I'porergmra m M. Apruna.

TakmM 00pa3oM, «MCIHCIUTEIbEEIEY» METOIE B COBPEMEH-
HOI aJirefpamyecKoil IeOMeTpUM IIOJYYaloT o0OCHOBaHUe,
npespamasick B anrebpamdeckyn Tteopmio koxer A (X).
TpakTuueckne srraucaenns: lllyGepra m MEOTHX IPYTHX Kiac-
CHKOB OTHOCATCA K CIy9al0 pPasHOOGPABHEX CHEIUaJbHBEIX
MHOroOOpasuii X: rpacCMaEWMaHOB MHOT000pasmi (raros,
KacaTeIbHEIX PacCioenuil ¥ T. A. YacTh pesyibTaToB B MOJep-
HU3HPOBaHHOH (opMe H3I0K€HA B CTaThe X O PP OK € a
[8], cm. Tawske GmbGmmorpadmio. Teopmsa kmaccos Uxend B
COBpPEMEHHHIX BapHaHTaX 3THX BHUMCICHNH urpaer ¢QyHIa-
MEHTAIHHYIO POJib; 00BACHEENE 3TOMY COCTOUT B TOM, UTO JJIA
PAaCCIOeHUN ¢ MPOeKTUBEEIM cioeM Y —> X (uam co cioeM —
MHOTr00GpasueM guraros) Konbno A (Y) BHIMCIAETCA B TepMA-
nax A(X) z rinaccos Uskens atoro paccaoenns [10]. Merons
TEOPHH KOTOMOJOTHI KOTePEeHTHHX IIyYKOB NPOHHKIHN B TEo-
puio nepecederuit cHagana ¢ upeeit Ceppa BEYHCIATE KpaT-
HOCTH IePeCceTeHAsA ¢ NMOMOIbI0 gyuETOpOB Tor;; 06o0merne:
5TO# KOHCTPYKIHH, ¢ OJJHOA CTOPOHHI, W HcciefoBaEmil Xup-
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ueépyxa, ¢ nmpyroii, mpusenu ['poremnumka K ero «reopeme
Pumana-Poxa» [2], nump HemHOrme cuefcTBUS W3
KOTOPOH elne PealbHO HCIOJB30BAIKCH B JUTEPAType U KOTO-
pas mpefcrasiser coboil ceiiuac olMH U3 CAMBIX MOIMHEIX 00-
MUX Pe3yIbTaTOB (MCYUCIHTEIBHOH reoMerpummy.
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K IIECTHAILIATON IPOBJEME T'HJILBEPTA
0. A. Oaciinug

Bonpoc 06 uaydemmy B3aUMHOTO DacIoJoKeHHS BETBEH
JeficTBUTENbHON asrefpamdecKoil KpPUBOU HA IJIOCKOCTH,
a TaKyke BOIPOC O YHUCie, XapaKTepe ¥ PacHoNoKeHNH OT/(eJb-
HEIX IIOJIoCTeli anre6pandeckoil IOBePXHOCTH B IPOCTPAHCTRE,
nocrasiensse [|. T'misGepTroM B ero mecTHaAmaTO# Ipobie-
Me, OTKPBLITY HOBEIH Pasfie]l MATeMATHKH — TOHOJOTHIO JieiCT-
BUTENbHHIX anrebpanyecKux MEOroo6pasmii. OTIpaBHBIM IIyHK-
TOM JJIi 3THX BOUPOCOB ITOCTYKHIA B3HAMEHHTAs TeopeMa
A.X apnaxa [1] o MaxcuMaTbHOM YnCIe KOMIIOHEHT J(€¥i-
CTBUTENBbHON NiocKol anrefpamdeckoit kpupoil. VaydeHuio
anrefGpandecKuX KPUBHIX WM HoBepxHocTeil G0 MOCBAIIEHO
Heckoasko pabor camoro JI. Tmas6epTa [2], [3] m
ero yueHnKoB. 1lo3Ke 3aMeUaTebHEIE PE3YIHTATH II0 TOMOIO-
ruu airebpamvecKUX KpUBHX OBUIM HoiydeHE B paborax
N.T.IlerpoBckorol4], [5]; Boupocs Tomonoruu feii-
CTBHTENBHHX alrefpanmdecKux HDOBepPXHoOCTEHl paccMaTpuBa-
suck B paborax I.T.IlerpoBckoro u O.A. Oneitnuk
[6]1, ix. Munuopal7], P. Tomal8]u gpyrux maTemaTn-
koB. Bee s1m paGotsi, HO-BUANMOMY, MOJKHO PACCMATPUBATDH
KaK HaJaJI0 GOJpIIOH TEOPUH — TOMHOJOTUH JefICTBUTeNbHEIX
anre6pamgecKux MuorooGpasmil, KoTopas Oy/ieT cospaHa B
fynymeM m KoTopas [OJDKHA ABUTHCA TOJHEIM PpelleHneM
mecTHANATOMH npobiems MupGepra 1).

ITpo6aema M'man6epra o Tomosoruy anredpanaecKux MEOTO-
o0paswuii BHiBEraer 60J161moe MEOKECTBO BOIIPOCOB, 9acTO HPOo-
cro ¢opMynHpyeMbx, HO pemeHHe KOTOPHX  BHIBHIBAET

1) Tonopa o mectHannartoi npoGmeme I'mibGepra, MBI mOXpasyMe-
BaeM BCIO[y B CTaThe Ty ee 9acTh, KOTOpasg OTHOCHTCA K TOLOJNOIHH al-
refpaudeCKEX KPUBHX M IIOBEPXHOCTEW,
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Goapmmme TpyaHocTH. [[pHMEPH TAKUX IPOCTHX KOHKPETHLIX BO-
IIpocoB GTE yRa3aue 'minsbepToM npu GopMyInpPOBKe mecT-
HAaJIaToi MpobieMEl: KAKOBO B3auMHOe pacnodosxkenue 11 osa-
JI0B alre0panvecKoil KPUBOH II€CTOro NOPALKA, KAKOBO MAKCH-
MaJIbHOE THCJIO KOMIOHEHT (3BAMKHYTEIX KYCKOB) anreGpandec-
KOH MOBEPXHOCTH YeTBEPTOro MOPARKa. Peilepue Takux 9acT-
HHIX BOOpPOCOB TpefyeT NPUBIECYEHHS IITy0oKNX PAKTOB TOMO-
roruu, anre0pH, aHAIM3a W 9ACTO TPHUBOTAT K OTKPHITHO
o0LINX 3aKOHOMEPHOCTEH sl anre0pamdecKux KPHUBHIX HIU
noBepxHocTeil (cM., Hanpumep, [4], [6]). 3ameay, aTo BompoC 0
MaKCIMalbHOM 4YHCJIe KYCKOB alre6pamiecKoil MOBEPXHOCTH
4eTBePTOro MOPSA/KA JI0 CHX IIOP eIlfe MOJIHOCTHIO He PeileH.

Muorue pesyiapTaTel [0 TOUOJOTHH aJire6pamdecKmx
KPUBEIX ¥ YIOBEPXHOCT@H IOJYYEHH ¢ TPUBJIEYCHUEM Teo-
puz M. M o p c a [9] o kpurHdeckux Tourax ¢yHKOuii, 3a-
DaHHEEX Ha MHoroo6pasuu. Buepsrsie 1o G610 ¢jrestano B pabo-
rell.T.IlerpoBcKoToOIl4l

Mo cux mop wuMeerca numb HEGonbimoe Tucsio pabor,
IOCBAMEHHEX  TONOJOFUW  JIeMCTBWTENBHEIX  anrebpan-
JecKUXx MHorooOpaszmit. HeKoToprle pes3yabTaTe 3TOM TEOPHH
HAILTY OPUMEHEeHWS IIPM peIleHd” 3a7ad, OTHOCAIHXCH
K ppyrmM ofmactamM MareMatukm (cMm., Hampmmep, [10]).

Huke Mu mpuBoniuM 0630p paboT, OTHOCAMMXCA K TOIIO-
Joruu feficTBATENbHEIX anrefpandeckux MHOrooGpasuii, 1. e.
anre6paudecKNX KPUBHIX U IOBEPXHOCTell (e3 eicTBUTENh-
HEIX 0co0OBX Touex. HasKnas ma HUX ABJIsAETCA onpeeleH M
BKJIAJIOM B DellleHNe Toii 00me# TpobieMbl H3YYEHHs TOMOJIO-
TUH JefiCTBUTEIHHEX ajlre0pamdecKux KPWBLIX M TOBEPXHO-
cTeil, Koropag mocrapieHa I'mis0epToM B ero ImecTHAIIATOM
npobaeme. BosmoykHo, uTo HEKoTOpHE W3 paboT [0 TOIO-
I0ruyu JiefiCTBUTENbHEEIX alire6panvdecKux KPHBHX H IOBEpPX-
Hocrell 0e3 0CcOOLIX TOYEK OCTANUCH HEW3BECTHHIMU ABTOPY
¥ [03TOoMY He HaNUIM OTPAJKEHUsS B 3TOM o0030pe.

B 1876 r. A. Xapuaax [1] Dokasamr, uro umcrio
3aMKHYTHIX BeTBeil  anrefpamdecKoili  KpuBOH DOpAIKa

o 1
n Ha OPOEKTUBHON IJIOCKOCTH He IIPEBOCXOIHUT —?T(n—l)x

X(n — 2) 1, unocrpoun anrebpandecKue KPUBHE € DTUM
MaKCHMAJIbHHIM YHCJIOM KOMIOHeHT. (Anrebpamdeckoit Kpu-
BOil MOpPARKA rn Ha [[eHCTBUTENHHON IPOGKTHBHON ILIOCKOCTH
(z,y, z) Ha3EIBAETCA MHOMKECTBO TOYEK (Z, Y, 2)d10l IOCKOCTH,

i KOTOpHX zMF (% , —’:—) = 0,rne F (z, y) — MBOTOUIICH

183



CTEIIeHN 72 OTHOCUTENBHO IePEeMeHHbIX , i C eHCTBATeNbHEIMY
rodpurnmentaMn.) AnrebpawdecKyo KpPUBYIO TopsjKa n,
COCTOANIYI0 U3 MaKCHMaJIBHOLO IMCIa KOMIOHEHT, OyjieM Ha-
snBaTh M-KpuBoii. A. XapHak @Norasanl TakKe, 4YTO
M-KpuBas HE UMeET IeHCTBUTENBHEIX 0COOHIX TOUeK. ITO O3HA-
gaer, 910 AuA M-wpmBoit cucrema F =0, F, =0, F,=0
He uMeeT JIeHCTBUTeIbHEIX KOHEYHEIX MU GeCKOHEIHEHIX pelIe-
Huil. BygeM paccMarpuMBaTh TPOEKTHBHYI IUIOCKOCTH Kak
cdepy B TpexMepHOM IPOCTPANCTBE, Y KOTOPOH OTORIECTBIIE-
HBl UaMETPAJbHO IPOTUBOMONOMKHEE TOUKN. AnreGpamdec-
®aa M-KpuBasi COCTOMT U3 OBaioB (YETHHX KOMIIOHEHT) W
HEUETHHX KOMIOHEeHT. OBallOM HA3HBAETCA TaKafd KOMIIOHEH-
Ta anre0pamyeckoil KpUBON HA NPOEKTHBHON IJOCKOCTH, KO-
TOpOit Ha cdepe cOOTBETCTBYIOT JIBé 3aMKHYyTHe Kpubse. Hc-
JIM KOMIOOHEHTe ajreGpawdecKoil KPWBOIl COOTBETCTBYeT HA
cepe TOTHKO Of[HA 3AMKHYTas KPHUBas, TO TAKas KOMIIOHEH-
Ta HA3EIBACTCS HEYETHON WiiM HeHapHHM KycKoM. B mectHan-
maroit mpobiieme I'mnbGepra craBHUTCS, B JacTHOCTH, 3afada
00 HCcIIe[OBaHIY B3AMMHOT0 PACIIONOKeHsT KOMIIOHEHT aJire-
Opangeckoit M -KpuBOH nopAjKa rn Ha HIPOCKTUBHON IIOCKOC-
Tu. [Ipm aTOM, ecTecTBEHHO, mpenumonaraerca n > 6, Tak Kak
[ anredpaudeckux M -KpuUBHIX He BHINE NATOTO IOPAJKA
sra sajada pemaerca Ges Tpyna. OdeBmmHo, 9ro M-KpuBas
YETBEPTOr0 MOPANKA COCTOMT M3 YeTHpeX OBAaJOB, Pacnolio-
JKEHHBEIX BHE APYT fpyra, a M-KpuBas UATOrO IIOPAJKA CO-
CTOUT U3 OHOI'0 HENAPHOr0 KyCKa M IIeCTH OBAJOB, PACIOIO-
JKEHHBIX BHE JIPYyr Jpyra.

B18M r. . Tuansr6epromM B pabore [2] 6mma BH-
CRas3aHa FAIOTe3a, KOTOPYIO OH 3aTeM HosTopmi Ha MexpyHa-
ponuoM MareMarmdeckoM Kourpecce B 1900 r. mpu gopmynu-
POBKe cBoell ImecTHajUaToil HpobGaeMsl, 9T0 anrefpamiecKas
M-kpuBas IECTOTO TOPAAKA He MOKET cocTodTh um3 11 osa-
JI0B, PACIIOIIOKEHHEIX BHe npyr apyra. B mepsoM m BTOpOM
JCCATHIICTHN HAIIEro BeKa GOblI0 HECKONBKO TONEITOK JIOKa-
sath 310 npenmoskenme (cM. [14] — [48]), u mo mocuepmnero
BPEMEHU CUMTAIOCH, 9T0 TIePBOE [OKA3aTeNbCTBO OBIO JaHO
mBefiapckum MatematukoM K. PoomoM B pa6ore [16],
OIHAKO 9TO [[OKABaTeNbCTBO, KaK yKasano B paGore [19],
HernoJjnoe,

H. I'. IleTpoBcKoMY IPHHAJIEKAT FIIy00KOe UCCTEIOBAHAE
TOMOJOTMH anrefpamdecKNX KPUBEIX Ha HPOEKTHBHOU TJIOC-
Koctu (pabots [4], [5]). U3 ero pesynbraToB, Kak BechbMa 4acT-
HBI coryqail, cienyer yrBepskfierne I'mnpbepra o M-KpuBoil
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mecToro mopsaKa, o KoropoM Mol ropopuan uime. W, I'. Tler-
POBCKHM yCTaHOBJIEHO, 4TO aireGpamdecKkasg KpHBas deTHOTO

1
IOPAJKA N He MOFKeT COCTOATH Gosee 9eM u3 - (3n* —6n) +

+ 1 oBanos, pacuonomenasix sHe npyr ppyra. Taxmm oGpa-
30M, runoresa I'mnpbepTa 0 TOM, UTO HE CYMECTBYeT KPHBOM
IECTOTO MOpPANKa, cocTosimeir u3 11 oBanoB, pPacCHONOKEH-
HBIX BHE JPyr [pyra, Oblia BOepBeie JOKazaHa B pabore
N. T. lerposcxoro [4l.

A. X apHar [1]nocrpoun anre6pandecKyio KpHBYIO mIe-
CTOTO IOPAJKa, AMEIOMYIO OJ(IH 0BaJI, PACIOIOKREHHH BEYTPH
HEKOTOPOI'0 [PYTOro oBaJa o, W JIeBATH OBAJIOB BHE IPYT APYra
nppe oana o.. JI. Tua s 6epr B pabore [2] mocTpoms an-
re6padgecKyl0 KpHBYI0 NIECTOTO NOPSJKA, COMEPIKAILYIo
JIeBATH 0BAJIOB BHYTPH HEKOTOPOTO OBaJIa 0. M OJJHH OBAJI BHE 0.

O600menmst  Merorios  Xapuaxka u I'mapbepra pus
noctpoenus M-kpuBHXx ykasamel B paGore [20].

Bonpoc o B3auMHOM pacioioKeHWH KPHBHX IIECTOrO IO-
PAJKA, He MMEIOIMMX JIeHCTBATENBHBIX 0COOBIX TOUCK,, H3YIAICH
raxske B pabore II. A. 'y n ko B a [19]. Kak coobmun Ham
aBTOp, B 9TOH paboTe MMEIOTCA HeBepHLe yTBepikpenmsa. WUx
HCIIpaBiieHNe W HoApobHEIE [0KA3aTeNbCTBA PE3yIbTATOB O
KPHMBHX HIECTOrO TOPs/Ka OyayT ONyGIMKOBAHEL B «YYEHHIX
3aNHUCKax I'OpbKOBCKOr0 TOCY@PCTBEHHOTO YHUBEpPCHTETA»,
Brm. 89, B wactHoCTH, TaM mpmBOjmTCA NOCTPOCHNE ) -KPUBO
OIeCTOr0 MOpHAKA, COCTOAIEeH M3 HATH OBAJIOB, PACIOJIOMKEH-
HEIX BHYTPH O[(HOTO OBaJja o, W IIITH OBAJIOB BHE o, M BHE IpyT
npyra.

Bynem HasHBaTh 0BaJ MOIOMKUTEIBHBIM (OTPHIATENHHEIM),
eCJIM JJIA TOYeK HEKOTOPOU OKPECTHOCTH HTOTO OBAJA, JIEHKa-
mux BHYTpH Hero, F (z, y) >0 (F (z, y) << 0). Teopemy
N.T.MlerpoBcroro [4], [5] orrocuTenvHo amre6pa-
MYECKMX KPUBHIX 9ETHOTO MOPAKKA 1 MOMKHO cHOPMYNMPOBATH
cIegyom@M o0pasoM: MyCcTh p O3HAYAET THCJIO TOJIOHUTEIH-
HEIX OBaJOB U /n — YACIO OTPHIATENBHEIX OBAJIOB ajrefpa-
MIeCKOl KPWBOM YeTHOTo mopaAmka n. Torma

|p—m| <5 (3n?—Gn) 4 1

¥ CYIIECTBYIOT KPHBHIE, [IIA KOTOPHIX 5Ta TPAHMUIIA [OCTHATAET-
ca. Takue anreGpamdeckne Kpusne nmoctpoens B [5] MeTomoM,
npeyioskeBHEIM A. XapHaKOM [ HOCTPOeHHMS N -KpHBEIX.
Uz sroit Teopemsr . T'. Ilerposcroro ciemyer memsrii psjg mpeyi-

185



JOsHeHnil 0 B3AaMMHOM PacHoONOKEHNU OBallOB anrefpandecKoi
KPUBOiIl HA NPOEKTUBHON HIIOCKOCTH. AHAJIOTHYHAA TeopeMa
YCTAHOBIEHA W [Js KPUBBIX HeYeTHOro HOpAfkKa n. Jlerko
IIPOBepPUTH, 9TO p — m JJIA YETHOTO 7 PABHO SiljlepoBoil xa-
paKTEepHUCTHKe 3aMBIKAHWA MHOMKECTBAa KOHEYHHX TOYEK HA
NPOEKTHBHON IJIOCKOCTH, IJST KOTOPBIX

z"F(%,%)}O opu z=1.

B rarkoir ¢opmynuposke Teopema WM. I'. Ilerposcroro
o6obmaerca [6] ma anreSpamueckue moBepxHOCTH JI0GOr0 MO-
PAfKa n B JICHCTBUTENHHOM IPOEKTHBHOM TipocTpaHcTBe P,
a TamKe Ha anrebpamuecKde MPOCTPAHCTBeHHEE KpuBrie [21].

IIycts F (24, ..., %) — MHOTOYWIEH CTENIeHW 1 OTHOCHU-
TEIBEO NEPEMEHHBIX Ly, ..., Ly, C [EHCTBUTENBHEIMHA KO3(-
¢unmenramua. ByneM mpepnosiarark, 4To CHCTEMA ypaBHEeHMI
F=0, F,=0,..., Fa, =0, rie F,, o3Havaer npousBoi-
ByIo o1 F mo z;, He mMeer [efCTBHUTEIBHHX KOHEUHBIX WIH
6CCKOHOUHBIX PEIMeHuit.

Muosxectso I'y Touek (zy, ..., Ty, Tp41) M-MEPHOT'O HPOEK-
THBHOTO JEeWCTBUTENHHOIO MpocTpaHcTBa P, MIA KOTOPHIX
xr1 T
ar F ( e, =2 )=0
M \ Ty Ty ’

npepictapaseT coGoit 3aMKkHEyTOE (1 — 1)-MepHOE MEOr006pasme
(anre6pamdeckyio moBepxHOCTH 6e3 0coOHX Touek). OGo3HA-
gpm uepes E (I')) ero »ilepoBy XapaKTepHCTHKY, T. €.
3 (—1)"p", rme p"—ero r-mepHoe uncao BerTH 1o Moo BA.
B paGore 1. T'. llerposckoro u O, A, OnmeitEuK[6]
JIOKA3aHo, 9TO sl HEUYETHOrO m

| E(To) | < (n—1)" —28 (m, n) +1. (1)

([{nst geTHOrO M, Kak ussecTHO, E (I')) = 0.) 3neck u B ganb-
Hejimem depes S (m, n) 0003HATEHO HYWCIO, paBHOE YHUCIY

m n—1
z; T —1
4JICHOB IOJIHMHOMA H —;——1— , CTeIleHb KOTOPHIX HE Ipe-
N 1 -
=1
mn —2m—n’]
BOCXOIHUT ———2——J, rae [N] obosmagaer menywo Yactb

N. Jlerko mopcumTarh, 9TO

S(2, n) = [-%J (E%]_i)’ 8(3’n):ﬂn_j_1§(rl_ﬁ?)_
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O6o3raanM gepez M, 3aMBIKaHUE B NPOEKTUBHOM IPOCTPAH-
crse P, MHOMeCTBA KOHEYHBIX TOYEK, [JA KOTOPHIX

F< L )>0

xn
L\ Tpgg Zma1
(rEOepnIIOCKOCTS Zy,,; = 0 MEI cuuTaeM GECKOHEYHO yalleH-

Hoit). Torypa npm YernoM r CHpaBeyIMBa ONEHKA

1B < CG — S, m) + (@)

KakoBo Osl HE Obino m. Ecau n medernoe, To

|EM) <L 5 (m, n)+1 3)

IpA BEYETHOM m M

_aym n— m—1
EMo)|< L5 8 mym) + 8D S (m—t,n)1
(4
Opu YeTHOM Im.

2

IIpm m == 2, 7. e. B cIyJae NPOCKTHBHON IJIOCKOCTH, He-
paBsercTBa (2) u (4) paror omerkr U. I'. TleTtpomcKoOT O,
nonydenusie uM B paborax [4], [5]. Hak M yme rosopmiu,
BTH ONEHKH SBISIOTCA TOYHBEIMH B TOM CMEICIE, 9TO CYINEcT-
BYIOT MHOrOWIeBH F (1, Z,), 1A KOTOPHX (2) u(4) Brimoans-
J0TCS CO 3HAKOM paBeHcTBa. 1Ipu m = 3 ¥ n = 4 TarxKe MOs«-
HO YKa3aTh mpuMep MHorodnesa I’ (r,, ,, Z3), [ KOTOPOro
coornomenus (1) m (3) BHIIONHAIOTCS CO 3HAKOM PABEHCTBA.
Taxras anreOpamiecKas NoBepxHOCTH moctpoeHa K. P o-
om oM B pabGore [14]. Ona cocrour us 10 osasor. Bonpoc o
TOM, ABIAKTCA MU ToYHEIME oneHku (1) — (4) mpm mpyrmx
3HAYEHHAX M M 1, OKA 0CTACTCS OTKPHITHM. TpynsocTtn peme-
HOS 5TOT0 BOIPOCA 3aKIIOUAIOTCA B TOM, 9TO JI0 CHX HOP He-
¥W3BECTHBl 00I[UWEe MeTO[Bl IIOCTPOEHHUSA airefpamiecKumx Io-
BEPXHOCTEH ¢ JI0CTATOYHO GONBINUM TUCIOM KOMIIOHEHT. OIleH-
kn (2), (3), (4) cupaBepnMBEL TaKiKe M B TOM clydae, Korja
noBepXHOCTh F = ( mMeeT KOHEYHOE YHCIO IEeUCTBUTEIBHEIX
M30TUPOBAHHEX OCOCLIX TOUYEK.

B189 r. I. Tunw6ept B pabore [2] mccmemosan
TOLMOJIOTMYECKYI0 CTPYKTYPY LEHCTBUTEILHEIX IPOCTPARCTBEH-
HEX anredpamdecKkux KpuBbiXx. OH MOKa3aj, 9To YHMCIO KOM-
TIOHEHT AEeNCTBUTEIBHON NPOCTPAHCTBEHHON anre0pandecKoin
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RpUBOH MOpAIKa n HE npenocxonm%(n — 2 41, ecim n

1
deTHOe, M - (n — 1) (n—3) -+ 1, ecim r HeueTHOE, U IOCT-

POWMII IPOCTPaHCTBEHHBIE allre6panyecKue KPUBLIE C DTUM MAKCH-
MaJIBHBIM YUCIOM KOMIOHEHT. BOIpoC 0 B3aMMHOM pPacIoJio-
YREHWUH Ha anre6pamIecKoil NOBePXHOCTH KOMIIOHEHT JeHCTBH-
TeIbHOM anre6panIecKof IPoCcTpanCTBeHAON KPHBOil, 3a/laHHOM
mepecedeHMeM [BYX ajrefpandecKux IOBepXHOCTEil, pac-
cMorper O. A. Oneitauk B paGore [21].

OGosnaunM yepes I' anreGpamdeckyo MOBEPXHOCTE B Jieii-
CTBHTEIbHOM IIPOEKTUBHOM IpocTpancTse (z, ¥, 2, t), onpee-
IAEMyI0 ypaBHEHHEM

p r Y 2\ __
tF(T)—t,_)—Oy

rpe F (z,Y, z) — MHOro4WIieH CTelleHH p ¢ iefiCTBUTCIbHBIME KO-
sdpdunmeHTamMu, u Hdepes y 0003HATUM IOBEPXHOCTH, OIpejie-
IAeMy0 ypPaBHeHHEM

(5490

rme f (z, Y, z) — MHOTOUJIEH CTENICHMU ¢ C IeMCTBUTCIBHLIMHA KO-
sppunuentamu. Ilpeanonosum, gro I' m y He MMeEIOT eHCTBH-
TENBLHBIX 0COBBIX TOUCK, & TAKE UTO JIEUCTBHUTEILHAA anreGpa-
WUecKas MPOCTPaHCTBeHHas KpuBaa K, ompepenenHas mepe-
ceuenveM I' 1 y, He MMeeT [efCTBUTENIHHBIX 0COOHIX TOUEK, T. €.
9TO PAHT MATPUITH

Fe, Fy, F,
Joo fyo 12

pasen 2 Bo Bcex Toukax K. OGosmaumm uepes N 3aMbika-
HEE B HPOEKTHBHOM IPOCTPAHCTBE MHOKECTBA KOHCYHBIX TOYCK
Ha moBepxHocTH I', JUIf KOTOPHIX BHIOIHAETCA HEPABEHCTBO

f(z, y2) >0, npu t =1.
B patote [21] nrorazano, 4ro ecnm ¢ UeTHOE, TO

1 3 1 7 E (T
|EMD <L 5+ 2 pe + - pPg—p*—pq + £ p +ED
(®)
Iasa E (') umeer Mecto onenka (1). Ilpn m = 3 us Bepasen-
crBa (1) monyqgaem

|E@)I< (p—1) + ZE=JC=2 4y,
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Ecnu g — wmeuernoe yucyo u v, I' m ¢ = O mepecexarTca B Ko-
HEYHOM YUCIE TOYEK, paBHOM o, TO

|E(M)|< +P*+opg+ 4 P0— 5P —5pq+
+54—p+———'E‘P;“°'- (6)

Jlerko Bupmers, 9To UpH p — 1 u m0OOM ¢, T. €. B caydae
IJIOCKUX anrefpamdeckux Kpusrix K, coorromenus (D) u (6)
coBmagaior ¢ omenkamu, moixygesHeiMu WM. T'. Tl et p o B-
ckuM B paGorax [4], [5]. OTu onemku mMeror Bu

3¢2 —6
|[EM)|< %_q__q_ 41 npm g uerHOM,
3 ——-3
8
MEL y3Ke TOBOPHIM, 9TO BTH OLEHKY HE MOTYT OBITH YIIYUNICHN!,
B cnyace p = 2 coornomenus () u (6) umeroT Buj,

|E(M)| < Ipu ¢ HEYEeTHOM.

E(ﬂl)l<-’}q2—~q+1—l——'§—¢)—|, ecim q wetHoe,  (7)

E(M)[<-’Z 2 — q+ —}—-I—?(—F)——Gl, eCsim ¢ HeYeTHOE,

(8)

Ilpu p = 2 Benuuuna F (I') Moxxer paBHATHCA HYIIO0 WIH IBYM.
B paGote [21]1 noxasano, 9ro onenkn (7), (8) Tarke spismoT-
caTounsMu. B ciydae, korpa I'—opuononocTHEL ruriep6oao-
M]1, OCTPOEHE IPOCTPAHCTBEHHDIe anrebpandeckue Kpusrie K,
mist KoTopuiX (7) m (8) BEIIOJHEHHE CO 3HAKOM PaBEHCTBA.
B cnygae, korpa I'— anre6pangecras HoBEpXHOCTH NPOU3BOINb-
HOTO HOPAJKA p, TOCTPoeHn anreOpamdeckue Kpusnie K,
JUIA KOTOPHIX

E(M)= % pg® + C(p), 9)

rpe C (p) 3aBHCHT TOJNBKO OT p. 3aMeTHM, 4TO B omeHKax (5)
u (6) KO3 PUIMEHT IPH cTaPIIEH CTENEHN ¢ TAKOH Ke, KaKk U B
pasenctse (9). W3 omenox (0) u (6), kax ¥ B ciydae MIOCKUX
KPUBHIX, MOKHO IOJYIUTH PAJ TEOMETPMYCCKHUX CIe/CTBUH
[JIS IPOCTPRHCTBEHHHIX aNre0pamIecKhX KPHBHIX.

OpauM u3 nambosiee MHTEPECHHIX BOIPOCOB, IOCTABJEH-
upix ['manbeproM B ero mecrHapmaToil mpobieMe, ABJISIETCH
BOIIPOC O 9NCJ€ KOMIOHEHT aiNre0panvecKoil MOBEPXHOCTH B
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TIPOEKTUBHOM IpocrpancTBe. OTBET HA 3HTOT BONPOC SABUICH
661 o0o6OmenueM TeopeMs A. XapHaka O MaKCMMAJIBHOM
quCciie KOMIIOHEHT anrebpaudeckoil KpHBOH Ha ciydait anre6-
pamYecKUX DoBepxHOCTell JnoGoil pasMepHocTH. HeroTophe
ONeHKN JIisi YHCIa KOMIOHEHT anre0pamdecKoil mOBEPXHO-
CTH cIelyloT U3 pPe3yibTaToB, MONYYeHHEIX B paborax [22],
[71, I8l

Berony B nameHejiniem uepes o (Q) 6yneM 0603HAUATE CyM-
My Bcex ncea Bertu nonwmappa Q, wepes o; (Q) — cyMmmy Beex
ero JYeTHOMePHEIX umceld Bertn u gepes o, () — cyMMy Bcex
ero HeuerHoMepHHX ducesn Bertu. Bee gucna Berru paccMar-
puBaorcsa no Mogymo 2. Ilycte M, m Iy onpepnenens:, Kax 1
BHIDe B HepaserncTBax (1)—(4), ¢ moMombo nonmHOMa F cTe-
meau n. O. A. Oneitamr B pabore [22] moraszama, uTo
€CJIM M W N — HedYeTHBIE YHCJIA, TO

(n— )

5(M0)<(n_“1) + 5 + 2m,

1 )yt

6; (Mo) < [(n—i) —S(m, n)+ ——5— it —]-—Zm] i=1, 2,

Ecau sxe n — mHeverHOE qucao, a m — 9eTHoe, TO

(n—1" , (="t

G(Mﬂ)< -2 _I— 5 +2’n,

61 (M) <+ [(n—1)" — S (m, n) + (n—1)"* —
— S(m—1, n) + 2m], 1=1, 2.
Ecnu n — ugernoe, To mpu moGom m

(n =)™ —(n—1) m(m+1)]
[ = i

[¢) (1’”0)

6; (Mo) <
< 1 [(n—l) —S(m, n)+(n zi)(ﬂ—- (lz—i)+m2+m+2] i—1,2.

Husa aucen Berrn anre6paumgeckoil mosepxuoctu I' ) B mpocrpan-
cree P, oupereiseMoil MEOro4wieHoM F creneHn n, moiyde-

HBl CIENYION[Me OIEHKN.
Ecnu m u n — HeueTHBIe 4uciia, TO

6(F0)<(n—1)m—]— m,
(L)< (r— 1" — S (m, m)+ L =1, 2.

(10)
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ECJIPI n — HeYeTHOE, a m — YeTHoe Hucjo, To

n—1"
2

6 (Do) < (n—1)" -+ m, 6;(Fo) < 5 i=1,2.(11)

Ecau n — gernoe, a m — HeYeTHOE 4HCIIO, TO

AL e
G(Fo)<(n 1)n—z(n 1)"1" D—I—Zm, (12)

61 (Tn) << (0 —1)" — 8 (m, ) + ‘”_ﬁinié'f““ +
+m+Ln_(’n__l).’ ':,1,2. (13)

Ecnu n 1 m — gerpe umcna, TO

63 (To) = 0 (T) = 20 <
[ L

n—2

B cnyuae m = 2 w3 mepasenctB (11) m (14) cmepyioT OUECHKR
9MCIIa KOMIOHEHT II0CKOit anrefpandecKoit KpUBOM MOpATKA 1.,

n—1)2
9ITO 9HCIO HE IPEBOCXOIHUT (—5—) -+ 1, eciz n — HeYETHOE,

1
" (n—1)n 42, ecnu n — vernoe guciao. OYeBELHO, UTO

9TH oLeHKHU Golee rpy6rle, ueM Te, KOTOPHE NAIOTCA TEOPeMOoii
A. Xapnara. Wz mepasercrs (10), (13) monmygalorca Taxxe
OIEHKM 9HCJIa KYCKOB p° meMCTBUTENHHOM airefGpamdecKoit
MOBEPXHOCTH B TPEXMEPHOM IPOCTPAHCTBE:

w< (n— 192 nn— 11)2(" —2 -+ 2, ecim n HedeTHOE,

p0<(n-—1)3 n(n—ii)z(n—-Z) + n(né-l—i) +2,

eclu n 9eTHOe.

OcHoBHEIM MeTofoM Mcciemosanus B pabore [22], Tak xe
Kak u B paGorax [21], [6], [4], [5], nBnsercsa mzyuenune uame-
HeHUs TOIOJNOrMYECKOM CTPYKTYpH aire0pamdeckoil KpHBOI
WIH HOBEPXHOCTH YIpH M3MeHeHHH Kosdduimentos anreGpan-
9eCKOr0 YPABHEHMUS, ONPEJIEIAIIEro alrebpandecKyio KpUBYyO
WK TT0BePXHOCTE. [IpH 9TOM CYIMECTBEHHYIO POJIb HIPAIOT pe-
syabratel M uaped M. M o p ¢ a [9], cBasapHBIe ¢ HccienoBa-
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HineM M3MEHEeHHs TOMOJIOT MY MHOKECTBA YPOBHSA IIPH Hepexone
QyHEIUY uYepes KpHUTHIECKUWEe 3HAUYEHHsA, a TakKe (OPMyIH
diinepa — Srobn [23].

Teopus M. Mopca upumensnach Takmke B paboTax
[7], {8] mua omemrkm umcen Berru anrefpamTecKuX MHOIO-
obpasmit.

B paGore [I'k. Mua s o p a [7] paccmarpusarorcs aire-
OpamyecKue NMOBEPXHOCTH B eBKINOBOM, a TAKIKE B IPOEKTUB-
HOM HpPOCTPAHCTBAX M JAIOTCHA OLEHKH CYMMHl X uucel ber-
tin. o ¢g-M gucinom Bertu momEmMaercs paEr TPYNNEL KOro-
Monoruii H9 ¢ koddPumueETaMH U3 HEKOTOPOro IOJA.

ITycte V — MHOMECTBO B €BRJIMIOBOM mpocrpaHcTBe IR™,
onpesieJieHHOe YPaBHEHAAMHE

fl(xl,...,xm)zo,...,fp(xl,...,xm)so.

Torna, ecayu Kasgplit TOIMHOM f; HMeeT CTeHeHb, He IPEeBOCX0-
JAmYIo 7, TO CyMMa Bcex umcesl Bertm MHOkectBa V He mpe-
Bocxoyur n(2n — 1)™1. Bomnpoc o ToM, HaCKOJBKO DTY ONEH-
Ky MOKHO YIYUMHATH, OCTAETCH OTKPHTHIM.

Ecnm W — xoMnmakTHas runepmoBepxuocTh B R™, HE Co-
neprRamasn ocoOkX ToUeK M ompefienseMas ypapHerueM f = 0,
rje f — HOJMMHOM CTeNeHU © M 1 — YeTHOE YHCIO0, TO CyMMa
ancen Bertm W me mpeBocxopur r (n — 1)™1. Ira oneHka
amaiormaHa omenkaM (12) m (14), monydennsM B paGore [22].

B paGore Mmaxmopa [7] morazama rawxe caeryonas
Teopema. IlycTh MHO3ecTBO V B €BKINOBOM HPOCTPAHCTBE
R™ ompepiensieTcs HEpaBEHCTBAMHE

Hh=>0,..., />0,

»
rye f; — MoJMHOM cTelleHu d;, M IYCTh d — E d;. Torma cym-
i=1

Ma ugucen Bbertm V He mpeBocXopumT
1
F@+2 @+ D™

HKax ciieicTBre yKazaHHBIX BEIIE TEOPEM A €BKIMOBA IPO-
crpagerBa R™ J[k. MunEOp IONyYaeT COOTBETCTBYIOMIHE
OIEHKM B NPOEGKTHBHOM HPOCTPAHCTBE.

B paGore P. T owma [8] morasamo, ocHOBHBasiCH Ha Te-
opuu Mopca, 4ro ecnm A — MHOKeCcTBO HYyJell moTmHOMA CTE-
menm n 8 R™, 10 cymma umcen Bertm A Mmasopupyercsa n™.
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Ecim e A — rommakTHOe WMHomecTso B R™, ompenensie-
Moe ypaBHeHuEeM F — 0, rjie } — HeoTpuIaTes bHbI NOIUHOM
(T. e. DONWHOM, He NPUHEMAKINUN OTPHIATENIBHHX 3HAYCHUIT)
cTemeHu 72, To cymMma qucen Bertu 4 Be mpesocxoput (n — 1)™.
Ecnu A — anre6panmueckas mosepxHoCTh 683 0COOBIX TOUEK B
NPOEKTUBHOM mpocTpancTse P, onpenenseMas ypaBHeHHEM
F =0, rge F — noaunoM ctemenm n B P,,, To cymMMa umnced
B n(n™—1)
eTTH Jiiist A He TPeBOCXO[HT —— -

Ilns anreGpandecKux moBepxHOCTEH YeTBEPTOTO IMOPSKA
mosygersl 00Jiee TOUHBIE Pe3YJILTATEHL.

Anrefpauueckue noBepXHOCTH YeTBEPTOrO IHOPAIKA B TPEX-
MEPHOM IpPOCTpaHCTBe OBLIM MPEIMETOM PacCMOTPeHHA MHO-
rux pabor (cM., manpumep, [3], [14], [16], [24]). K. Poo=r
[24] norasanm, 4T0 mOBEPXHOCTH YETBEPTOTO IOPSIKA MOJKET
coctosTh He Oosnee ueM u3 12 KOMIDOHEHT.

B paGore [14] moctpoens moOBepXHOCTH — 9eTBEPTOrO
mopAfKa B TPeXMePHOM HpoCTpaHCcTBe, cocrofmue u3 10 oBa-
nos. U3 onenxu (2), nonygennoii B pabore O. A. O nei HUK
unlI.I. llerpoeckoro [6], cienyer, aro ecnm ainre-
Opamdeckas IMOBEPXHOCTh YETBEPTOTO MOPAAKA COCTOMT TONb-
KO I3 OBaJIOB, TO UX 9mcio He npeBsimaeT 10. Py naTepecHnx
Pe3ynbTATOB O MOBEPXHOCTAX YETBEPTOro MOPSANKa chopMyIIn-
poBar B paGore [25]. B wacrmoctm, TaM yTBepIEmaeTcs, 9TO
LOBEPXHOCTh 9eTBEPTOTO HOPSNKA MOMKET COCTOATH HE Gosee
qgeM w3 11 KoMnorent. OcTaercs OTKPHITHIM BOIPOC, CYIIECT-
BYIOT M IIOBEPXHOCTH derBeproro mopspaka ¢ 11 xommonesn-
Ttamu. TakuM oGpasoM, OTBET Ha BOIPOC 0 MAKCHMAIBHOM UHC~
JIe KOMIIOHEHT anre0pandecKoil MOBEPXHOCTHM YETBEPTOTO IO-
pAnKa, conepsRamuiicss B opMyIMpOBKe IMECTHA/ATOH 1pob-
qemsl 'minOepra, Bee eine He HailjeH.

Hawm xasmercs, 9T0 HecMOTpa Ha T0, 970 B X X B. TOJYUYCH
PAN BOXKEBIX Pe3YIBTATOB IO TONOJOrHAN airedpamdecKux MHO-
rooOpasuit (M3 HuUX HanOoJee BHAUNTENLHBIMH ABIAIOT-
ca pesyabraTel pabor I. I'. Mlerposcroro [4], [5]),
mecrHamaras ppobnema I'minnGepra mpm Beeit ee mupore
TOCTAHOBKY BOIPOCA ABJISAETCA B HACTOAINEE BPEMs CTOIb 3Ke
aKTyanbHoil, Kak u Ba pybe:ke XX B. HecomHernHo, uTo OHA
emle fonro 6ymer OPUBJIEKATH BHUMaHuWe WHCCJeoBaTeseil.
Ommoit m3 nauGonee MHTEpECHLX W TPYIHLIX 3224, CBA3AHHEIX
¢ 3T0it mpobaeMoil, KOTOPbLIE emie JKIYT CBOETO PElIeHns, fAB-
agercs oCofmenme Teopemnl XapHawka Ha clydail anred-
pamvecKnx mnoBepXxHoCTeH.
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K CEMHAJIIATOIl ITPOBJIEME TUJILEEPTA
I0. H. Manun

@opumynupoBka 3agaun o I'mabbepry caepyomas: nycrsb
JaHA panHoHANbHAS QYHKIWA OT N IePOMEHHEX ¢ BelleCTBEH-
HLIMH KO2(QUIIHeHTaMH, KOTOPAas BO BCEX BEmeCTBEHHLIX TOY-
Kax, IJle 0Ha OIpeiesiena, IPUHNMAaeT HeOTpHIATelIbHbIE 3HA-
yepua. MoKHO JM TpeACTaBUTH €€ B BHUJE CYMMH KBaj-
paTOB PAIMOHATBHEIX (YHKNUIl C BeHeCTBeHHEIMU KO3(PU-
IUeHTaMu (UIU B BUJe OTHONICHHA CYMM KBa/[paTOB MHOI'O-
4IIEHOB — BTO OJHO M TO 3ke)? J. APTHH JaJ IONOMUTENbHOE
pemenmwe 3Toro Bolpoca B paGote [2], KoTopoe Mml ceifdac
ommumeM ).

JlokasaTesnbecTBO ApTHHA OCHOBAHO HA THIATEJBHOM aHAa-
In3e YIOPAMOYEHHLX IIOoNell B CBASH YIOPAMOYEHHOCTH C
MHOKECTBOM CYMM KBajipatoB. LECTeCTBEHHO, 9YTO AKCHOMA-
THYECKO® HM3YIeHHC 38724l MO3BOJAET YCTAHOBUTH pe3yib-
TaT B Oonpmeit o0mmEocTH, YeM OH cHOPMYIMpPOBaH
Tuns6eprom.

Ilycts k — npousBoabHoe more. OHo HaswBaercss gHop-

m

MAALHO BEUJeCMEEHHBLM , €CIIT I3 PABEHETBA 2, a}l=0, <k,
=1

caenyer, aro @; =0 s Beex i. DopMalbHO BemeCTBeHHOe II0-
J1e k 1a3HIBAETCA BEUJECTNBEHHO 3AMEHYMELM, €CITH HUKAKOEe 6ro
cobcTBeHHOe anrefpamuecKoe paciIipeHue Y:Ke He fABJAETCA
$OopMaIBHO BEIIECTBEHHBIM.

YuopsimouenmeM HoJisi £ HA3HBAETCA 38aHWE  IOA-
MHoKecTBa dueMenToB P ( k (UHONORHUTENBHHX B [JaHHOM

1) B uactHoM ciydae mpoGrnema Gouia pemena I'manbeprom. CM.
O Tunn6epr, OcmoBamus reomerpiuy, ocrexmspat, 1948, 187—
188.— IHpunm. ped.
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VIOPAMOYEHUHN), KoTopoe oOlafaeT CIeNyIONUMHA CBOHCT-
BaMI:

a) P 3aMKHYTO OTHOCHTENbHO CIOMEHHS U YMHOMe-
HUA.

6) [ns Besikoro snementa a & k, a =~ 0, nubo a & P,
mmbo — a & P.

B) O £ P.

Ecrecreenno nucars a > b, eciiu @ — b & P,

Jlokasripaercsi, 4T0 y BCAKOTO BemECTBEHHO 3aMKHYTOI'O
TOJA CYHIECTBYeT eINECTBeHHOe yrnopsinodernue (P cocTouT u3
KBa/]PaTOB HEHYJIeBHX BJIE€MEeHTOB HOJIsI) ¥ 9T0 BCAKOE OpMaJiL-
HO BelIeCTBeHHOE IIoJie K& BKJAJBIBACTCA B BEMECTBEHHO
8aMKHyYToe Tmoxe K, OIpefesieHHoe OJHOSHAYHO C TOYHO-
cTbI0 110 msoMopdusma. (Bomee Toumo: m06Goil apToMOpduIM
yhopsiouenHoro mois kc K mpojo/mkaeTcss 10 aBTOMOp-
¢usma K.)

BemecrBerno 3aMknyThie moas o61amaloT o9eHb MHOTIME
CBOICTBAMM OOEIYHOTO IOJS BEINECTBEHHLIX YHCEN, KOTOpHe
JOKa3LIBAIOTCA HECHOKHBIM BIJOM3MEHEHIEM KJIaCCHUECKHUX
paccyRuenuii.

Bor nau6omee cymecTBeHHbE U3 HEX:

1. «Ocnopuas Teopema anrebpe»: Eenm mone k Bermect-

BEHHO 8aMKHyTO, T0 J/ —1 &£ k u k (]/— 1) anreGpauueckm
BaMKHYTO.

2. O6pamenne mpepsinymeit teopemui: Ecoim V —1 e k
u k (V——i) anrebpamdecku 3aMKHYTO, TO k BemecTBEHHO
BaMKHYTO.

3. Teopema IllTypMa B KunaccmuecKodl GopMyTHEpOBKe.

IlepBriit pes3ynpTaT 5T0it M3ANHON TEOPUH B HAIIPABICHHN
npoGaemnt 'imbbepra COCTOMT B OKABaTENLCTBE CIETYOMEH
TeopeMEl: Cymmul kAOPAmMos @ opmasbHo eeLuecmeeHOM nOAe
k — smo ¢ mounocmu me saemenmel, Komopte npu atw-
6om ynopadouenuu k ocmarwomes noaoscumenvhuinu. (Ecam
nose k e apusiercs PopMalbHO BemECTBEHHHIM 1 XapaKTe-
PHCTHKA £ OTIAMYHA OT 2, TO J0GO0M ero 31eMenT ecTh cyMMa

KBa/[paToB
a= () + =0 (2,

m — 1 sBuAercAa cymmoii kKBajgparoB, u060 cymecTByeT
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TOMECTBO

n
E (l?‘ - O’
i=1

Ijie He BCe @; HYyJeBLIe.)

Bor Ha0pocok oCHOBHOTO MOMEHTA B [IOKA3aTCJIBCTBE:
ECAU INACMEHM G ROAONCUMEAeH npl 6cex ynopsdouenusr f,
mo on ecinb cymma readpamos. Ilycrs 10 He Tak. B anreGpau-
UYeCKOM 3aMBEIKAHUH k paceMOTPUM MakcmManibHoe mnopmone K,
B KOTOPOM @ He eCTh CyMMa KBajpaToB (0OHO CYHIECTBYeT IO
aemme Ilopra). Jlerko Buperh, uTo oHO (OpMAIBHO Be-
HmlecTBeHHoe. B meM —a  ABusiercss KBajgpaToOM: wHauYe B

K (]/:3) JOJI3KHO CYIIECTBOBATH LIPe/ICTABIECHHE BH/a
=3 @ +uV —af, u uEK,
OTKYJIa JIeTKO CJIeNyeT, |TO
a=(3 <)/ (1+34)

ABIseTcsT CcyMMoil KBajparoB y:xe BK, — mporusopedne.
3uadur, a = —b?, b & K, 1ar uro a < 0 B mwoboM yno-
panoueHun K, 9To HEBO3MOKHO, TaAK Kak J0boe yuopsmo-
geHue k npofosiKaerca /[0 HEKOTOpOro ymopsamoueHus K.
Teopema poxazana.

Ilnst BeiBopa rumoresm ['mabfepra m3 sToro pesyJibraTta
paccMoTpHM HEKoTopoe mopmodne & (C R mosas BemecTBeHHBIX
qnces; OPeAolokuM, 9T0 k donycraem eduHcmeernHoe Yynopsa-
Oouenue (mpumepst: k = Q, k = R, & — nosne Bcex BemiecT-
BeHHHX anreOpauyeckux uyucen). Ilyers f & k (g, ..., z,);
HasoBeM [ onpedeaenmoil PyHRIuEH, ecau [ (ay, ..., @) >0
npu mo0sx @, € k, ISl KOTOPBIX [ CYMECTBYET.

k
Teopema (Aprun). Ecau f onpedeaena, mo f = 2 g,

i=]

g ek (xy, ..., ).
HJorasartenncrtno. DBes 1pyna uposepsiercs, 4ro
none k (zy,..., z,) popMasibHO BemecTseHHO. V3 BhUnEn3IIO-

FKEHHOTO SICHO, YTO JJIS JOKasaTeJbCTBA TeopeMbl ApTHHA chae-
AyeT HpoBepuTh ciaemylomuit darr: ecau f onpedeacna, TO
[ > 0 npu scex ynopsdowenuszx noas k (zy, ..., &,) Win, nuaye,
uro ecau f < 0 npu xKakoM-HUGYHbL YIOPSTOYEHWM TIOJS
k (x4, ..., Z,), To [ mpUAEMaeT oTpHUIATeNbHbIE 3HAYEHNA (B
CMEICJIe eJUHECTBOHHOH CTPYRTYpPHI NMOpsAjKa B k).
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A

IMocnennee yrBepsxnenne 0THOCUTCA K COBMECTUMOCTH YITO-
pALOYEHUA €O CHEIHAIN3ALUAME W YCTAHABIMBACTCS WHIYK-
nuel no yncny nepeMeHasX n. OCHOBHYIO POJIb B 3TOH HHTYK-
pun urpaer teopema [lltypma s popMalbHO BeNeCTBEHHEX
noneii. Mpl omyckaeM fajbHeHIIme feTald JOKAa3aTelbCcTBa,
OTCBULIAA YATATENA K OPUTHHAIBHEM paboTaM Apraaa u Illpei-
epa mnu K raape 6 kumrn I sxexoG6coma [3].
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K BOCEMHAIIITATON [IPOBJIEME TNJILEEPTA
E. H. Jleaone

[Toutu Bcakroe BemecTBO B TBEePHOU cBoeil ¢ase (kpoMe
JEUBOTHHIX M PACTUTEJLHBIX TKAHEH, CTEK0J U T. /I.) KpHUCTAJI-
JUYHO, T. e. yubo SBISETCA MOHOKPHCTAILIOM (HAIpHUMep,
OJMH KPHCTAJJI FOPHOTO XPYyCTalsi, OfHA IIeCTHHRA caxapHo-
rovecka u T. f.), 1n6o EMeeT MUKPOKPHUCTALIAIECKYIO CTPY K-
Typy, T. €. Kak OH CKiIeeHo M3 MeJbYaiimX MOHOKPHCTAI-
IEKROB (KYyCOK caxapa, cTalib HOKA UT. J.). Bearuit Monorpu-
CTAII TIONYYAeTCsi BHPANMBAHKEM U3 MaJsloit 3aTpaBku. Ecam
€ro MBLICJEHHO BHIPACTHUTH /[0 6ECKOHEYHOCTH, MONYIUM MOHO-
KPHUCTAJLINIECKYIO, WIN HPOCTO KPUCTAIINYCCKYIO, CTPYKTYPY.
Ceiiuac ompejiesieHn cTpyKTYpH okono 8000 wpucramin-
9YeCKHX BeHeCTB, T. . UCCJIEJ0BAHO, KAK MMEHHO, B FeOMeTpH-
4eCKOM CMEICHIe, Kajk[Ioe W3 HuX CJIoKeHo u3 aToMoB. OKas:-
BRETCH, YTO BCAKAA KPUCTAILINYECKAS CTPYKTYPAa «IPaBUIBHAY,
T.e. rpynna G Bcex TeX [BIKeHHIl MPOCTPAHCTBA KAaK IKeCT-
KOTO TIeJIoro, KOTOpHE COBMEINAKT 3Ty CTPYKTYPY caMy ¢
c000i1, THCKPeTHA W WMeeT KOHEYHYI0 (yB/IaMeHTAILHY 006-
nacte. I'pymmna G ppumenunil Ha3HIBaeTcsl [UCKPETHOH, eciam
CYIIeCTBYIOT TaKas TouKa A W Takoe IOJOKUTEIbHOe YHCIO T,
49TO BCAKAaA TOYKA, OTIHYHAS OT A M SKBUBAJEHTHAS TOUKe
A orrocuTensHO G (1. €. TaKas, B KOTOPYIO IEPeXONUT Touka A
JIBIWKeHNeM u3 G), nemxur o7 A me Onmsxe, 1eM HA PACCTOSHIN 7.
OyHpamenTanpHoll 0061acThi0 rpynnil G HASHBAETCHA TaKoe
MHOKECTBO TOUEK HPOCTPAHCTBA, 9To: 1) Bce TOYKM ero He 3K-
BHUBAJIEHTHE IPYT JAPYrY OTHOCHTENbHO G m 2) mobas Todka
NPOCTPAHCTBA HKBHUBAJICHTHA HEKOTOPON TOUKe 8Toll objacTh
OrHOCHTeNbHO G. Besikas puckpeTHas TrpyHma ABUKeHUH
n-MEePHOTO eBKINI0OBA IHPOCTpaHCTBA ¢ KOoHeuHOMH ¢yHIaMeH-
TaJNbHOMN 00/1aCThI0 HASKIBAETCHA (N-MepPHOIL) IPOCTPAHCTBEHHOM
KpucTayiorpaduieckod rpyuIoi.
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HBe Takme rpyims HaswBawoTca (KpucTasiorpaduveck)
OMIUHAKOBHIME, €CIH I HUX MOKHO Tak momo0parth jexap-
TOBBI pPeNiePHl OMUHAKOBRIX OPUMOHTAIMIL, YTO BCE UX [BINKEHUA
B BTHX penepax ONUCHBAKTCA ONHUME U TEMH K€ JUHEeHHRMU
BEpayKeHUusMu. Ecnu MoyRHO HAiTH TaKde periepH TOTBbKO Pas-
HOI opHMeHTAINd, TO IPYUNH Ha3LIBAIOTCA DHAHTHOMOPQHBIMI.
Bruio ycramoBieHo, 4To Ha ITocKocTn mMeercs 17 B aToM
CMBICJIe PasinyBLIX MPOCTPAHCTBEHHEIX KpHCTamIorpaguiec-
RuxX rpymm, a B npocrparcTee — 230, u3 Kotoperx 11 umeror
dHAHTUOMOP(HEIE HAapHEe UM rpynnsl. Taxkum obpasoM, ecan
He pPasanuaTh JHAHTHOMOP(YHBIX CPYII, TO B NIPOCTPAHCTBE
cymectByer 219 pasunix rpymnn. B cuny opHOit, coBceM He
TpUBHMANBHON, TeopeMrr Bubep6axa Bce Kpucramiorpaduuec-
KN pasHsle NPOCTPAHCTBEHHbIE TPYHIH, €CIU OHU He DHAH-
tuoMopduer, abcrpaktao He umsoMopdunl. Bmoxy 230 Tpex-
MEPHHX IIPOCTPAHCTBEHHBIX KPHUCTAILIOrpaduuecKuX IPYII
6Ll HE3AaBHCMMO Jpyl OT APYyra W OJHOBPEMEHHO CelaH B
1890—1891 rr. E. C. ®enoposem u IléHdaucOM.

Ecay K ycloBHAM MUCKPETHOCTH U KOHETHOCTH (GyHIAMEH-
TanbHOH o6nacTu npubaBuTh emie TpeThbe, a MMeHHO TpeGoBa-
aue, yroOn B rpymie G cymecTBoBasa n-Mepuas (ecin G n-Mep-
ga) noarpynmna 7 mapalienbHEIX IEPEHOCOB (Kar 3TO menat
@DeopoB IpH CBOEM BHIBOfIE), TO JIOKABATEIHCTBO KOHEYHOCTH
Y@cyia TAKUX IPYNI IIPU 3a/[aHHOM 1 HEHOCPEeJICTBEHHO BEITE-
Kaer ms OJHOTO COBCeM mpocToro coobpamenua @ p o 6 e-
aEycall]. Torga ocraeTcs KPONOTIHEBEIM TONBKO CaM BHI-
BoJ, IoToMy uTo rpyin G muoro. CymecTBoBaRUe IIOIPYIINIEL
T pusi n = 2 ycranasnuBaerca tTpuBmansno. Ho pisa n =3
noxasartenberso (HIéupame [21, Haccemrays [3])
ysxe tpynsoe. B 1900 r., rorna I'mnbbepT npemmaran cson 3a-
Ja4qu, He ObI0 M3BECTHO [OKA3AaTEeIbCTBO CYUECTBOBAHUSA
noprpynus 7 gasin > 3. Sromceenan Bu6ep6ax [4],
[51, [6], o6o6muB morasatenncTeo Illm¢pamca, m TeM caMBIM
pernin mnepBy0 u3 3amad, chopMyIupoBaHHHX ['HmibbepToM B
TeRcTe TPOoBIIeMHl.

Ougenp RaNKoO, UTO HaKe JUISA N = 3 JOKA3ATEIBCTBO CY-
ImecTBOBAHNA Noarpymnu 7 1pyanao. Brio O BecbMa jkesa-
TeTbHO HAHTH, XOTA OHl A n = 3, NMPOCTOe J0KABATEIHCTBO,
TAK KaK 3Ta TeopeMa, HeCOMHEHHO, SIBJISETCH OCHOBHOH Teo-
pemoii Bceil reoMerpnueckoll Kpucramiorpaguu. Bee manbHen-
Iure TeoOpeMul TeOMEeTPUIECKOH Kpucrajiorpadun yie coBceM
npocto clenyioT us mee. OfHaKO IOKAa TaKoro LpPOCTOrO FO-
KasaTtenbcTBA He HalieHo.
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Boruucaurenpustit anropudm ris pasnLicKaHus BCEX n-Mep-
HBIX Kpuctamnorpadmueckux rpymn jarx B 1947 r. 1 a c-
cenrays [3]. Ho om mpeamonaraer, 4o y<e ®W3BeCTHH!
BCe HEDKBUBAJEHTHEIE KOHCUHLIC TPYIOLI /2-MEPHLIX IeJI01uc-
nenHnXx MaTtpul. [usa n = 2 u n = 3 Bce Takue rpyimns ObLIH
JABHO M3BECTHHI, HO YHOOHOTO anropudma s UX HAAOKIe-
HUA Aisi k> 3 noka Het. Buuto 65 0YCHD KeaTesbHO HANTH
Takoi axropugm.

Tor e [laccenrays [3] gan aberpakTHyio Xxapak-
TePHCTHKY 7-MEPHHIX IIPOCTPAHCTBEHHLIX KPUCTAILTOrpadu-
YecKux rpynn. A mMeHnHo, rpynua usoMopdra TaKol rpynue
TOIIa ¥ TOJIBKO TOTJla, KOTJAa OHA €CTh TAKOe KOHEYHOEe pac-
nmpeHne cBoGopmmoi abeseBoll rpyumnl ¢ n 00pasyoOIEMH,
IIPH KOTOPOM ENMHHYHKIH aBTOMOPYUIM HOPMANLHOTO [eJTH-
TeJsl COOTBETCTBYET TOJBKO EIMHHIHOMY 3JeMeHTY (akrrop-
CPYIIILL.

Ha Bropoit Bonpoc Bocemuamumatoll mpoGuaemnr I'misbepTa
man orpunarenbubii otBer K. Peitmrappot [7]: oka-
3BIBAETCSI, CYMECTBYIOT TAKWE MHOTOTPAHHHKH, KOTOPLIE HE
SIBIAOTCH QYHIAMEHTAIBHEMI 003aCTsSMI FPYNIL JBWKEHAN 1
¢ MOMOMBIO KOTOPHIX, COOTBETCTBYIOMUM 00Pa30M yKIIajbBas
KOHI'DYSHTHLIE IPYT APYTY UX DK3CMILIAPH, MOSKHO 3aMOJIHUTH
IPOCTPAHCTBO. )

KaroBEI Te BHITYKJIbIE MEOTOTPAHHIKE, KOTOPHE MOT'YT OBITh
$yHAaMeHTAIbHEIME 06JacTSIMEI TPYNII ABUMKEHUH Hayke A
TPEXMEPHOT'0 €BKIN0BA IPOCTPAHCTBA, [0 IIOCJIEIHEro Bpe-
MeHn He Onuio msBectHO. B 1961 r. K. Jlen o m e [8] ymora-
3aJI, YTO eclil euie TpeGoBaTh, YTOOL OHM [AaBalId TAK HA3LIBA-
eMoe HOpMaIbHOe pasbmenue, T. €. ObTH Gbl CMEKHBIMI Tie-
neMu (n — 1)-MepHBIME IpaEAMH, TO Ui d06Goro n cymecT-
ByeT TOJBKO KOHEYHOE UHCIO TOHOJOrMIEeCKH PA3HLIX TAKUX
pasbuenuii. Eciu B3aTh rpynny G u IOBTOPHUTH €10 HEKOTOPYIO
TOYKYy A, TO TONydYuTcs NpaBUIbHAA cucteMa Toder {Ag}.
OGaactu Jlupuxire ee Touexk 00pasyoT HEKOTOPOE HPABHIBHOE
pas6uenne [upuxue, cBsasaanoe ¢ rpynmoit G. OO HOpManb-
go. B. lenone mw H. Caumnmgarosa [9] nanu xouneu-
HBlil anropugM, Ho3BOIAIOMUN HANTH Bce Takue pazbueHums
ma paasoro n. Ecim He TpeGoBaTh HOPMAaJBLHOCTH pasbme-
HAfA Ha BHIOYRIneE pyHmaMeHTalnbHbIe ob6jactu rpynnu G, To,
Kak 3T0 HoKasaj Ha mpuMepe 3 aMop3aes [10], rakux
TOMOJIOTUYECKN PasHAX pasOueHuil Moker GHTH 0ECKOHETHO
muoro. OpHaro us Meroma Jlesone Bce ke ciegyer, 4To caMd
cTepeoapsl (MHOrOrpaHHUKM) 2TMX pasOueHmil mus Quech-

202



poBRanHOro n MoryT OnTh (B OTHOIIGHUN TONOJOTVH CeTKH WX
pebep) TMLIL KOHEYHOTO YHCJIa TOMOJIOTHYECKH PasHbIX TH-
nos. Tomonormueckn pasHHXx pas6buenuit Jupuxie mns 1eut-
POB aTOMOB MOHOKPHCTAJLINYECKOH CTPYKTYPHI, ¥ KOTOpO# Ha
OCHOBHOH IDapaJuiejiefline/] INOBTOPSAEMOCTH upHXoaurca h
aToMuB, ne Oosibuie, 9eM HEKOTOPOe YHCJIO, 3aBHCAILIEE TONB-
KO OT h.
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K JEBATHAIIATON U IBAJIIATON [MPOBJIEMAM
I'HJILEEPTA

A. I'. Cueanos

Jeparnannaras m nBajuaras npobaemst I'musGepra, B3s-
THIe BMECTE, COCTABJIAIT OCHOBY IIMPOKOil MporpaMMEl mccie-
TOBaHHI1, 3aBepIleHENe KOTOPO#l u ceifdac HEeNb3sl MPe/BUIeTh.

B pemsTmannartoii npobieMe faeTcs MOHATHE PEryJIsipHON
BapHANMOHHOI 33/1a49M, KAK 3aaY0 HA OTHICKAHWE MUIHWMyMa
UHTerpana

J = SGSF(J:, Y, 2, p, q) dzdy,

rge F — apanmtmdeckas (QyHKUWsA, yAOBIETBOPAIONIAA He-
PaBeHCTBY

2F O°F 02F
a2 gz dp oq >0.

B nBapmnaroii mpobieMe cTaBHTCA BONpoC, HE [OMYCKAeT
U KayKas TaKad 3ajlada pemeHde, €CId NOHATHE PelIeHus
pasyMHO pacmmpeHo. B To e BpeMa B [eBATHAANATOH
npobGieMe IpearaeTcs BHISACHUTL, OYAYT JIM PelieHHs Pery-
JIAPHON 38729yl BCETNIa aHAJIUTHYHE, HE3ABHCHMO OT CBOUCTB
[IafKOCTH WM AHAJIUTHYHOCTH TPAHNYHKIX YCJIOBHIL.

B KavecTBe IpHMEPOB YKasHBAIOTCA NpHANMN J[mpuxie
(F = p* + ¢* w Bajgaua Ha olpeJeieHNe MOBEPXHOCTH HAU-
MeHbIeH ILTOmand, orPpaHWYeHHOHW 3amaHHON KpmBolt (F =
=V1i+p° + ).

Qopmynmpya nBagmaryio mpobiemy, I'munbepr Brickash-
Baer ybekaeHNe, 9TO JOKA3aTeNbCTBA CYNIECTBOBAHNA MOMHO
fIPOBECTH € IOMOIIBI0 HEKOTOPOT0 0OMIEr0 OCHOBHOIO HOIOMKE-
HuA, HA KoTopoe ykasweiBaet mpuHnmu [wmpuxae. Ilo-srgmmo-
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My, 31eCh MMeETCS B BHAY TOJYUeHNe PeleHus Kak npejesa
HOCTPOEHHOM OIpeJIeIeHHHIM 00pa30M MUHUMHSUPYONMEH 110-
cnenoBaTenbuoct. VMenHo Ha stoM nmytm l'masGeprTom
[1], [2], Otk gamb pewenne 3apaun J{upuxne jys ypasHe-
uns Jlannaca ¥ 0Ka3aTenbCTBO CYIECTBOBAHKMA KpaTdauiieil
JINHNY HA MOBEPXHOCTH, COENMHAINEH nBe (UKCUPOBAHHEIC
TOUKIL.

Tlpumep F = V1 + p® + ¢ noxassiBaer, ato He Kaxjas
peryisipuas sajiaya MMeeT penreHne, HE3aBHCUMO OT I'JIaIKOCTH
rpaENYHLIX ycaosuil. Takas BO3MOKHOCTh BO3HUKAET, KOTAA
obnacte G He ABIAETCA BBHIIYKJION.

L as pemeBuss TakMX 3amad MOBEPXHOCTh z = f (z, ¥)
clenyeT 3aaBaTh B IMapaMeTpH4ecKoi ¢opMe M CUIUTATB, UYTO
¢ysrnmonan J 8aBUCHT OT TpeX HeW3BeCTHHX (Qymrnuii. Pe-
flIEHKe MOKeT HMETh HECKOJIBKO YUACTKOB, IPOEKTHPYIOMNX CA
Ha OJIHY M Ty 3Ke UacTh IIOoCKocTH (x, y). Tarue mpuMepH ObI10
M3BECTHERI 3370JT0 710 foknana I'unsbepra. UTo6H MCKIOUNTE
CBsI3aHHBIE ¢ HIMN 3aTPY[HEHNS, BBOLAT (THILOEPTOBO YCIO-
BHE@ TPeX TOUEK»: yroJl HAKJIOHA IIOCKOCTH, IIPOXOJIsinieil yepes
a0bie TPH TOYKM I'DAHMYHON KPHUBOI, K MIlocKocTH (Z, V)
OIpaHNYEH MOCTOSHHON, MeHbuiei 71/2Y). MoKHO NOMYCTHUTD,
yro I'murb6epT MMes B BUIY BO3MOKHBIE OTPAHUIEHHS TaKOTO
TuIa, He YKa3aB Ha HuX. Ho 3apma4n, cs3adHbe ¢ BEIPaKeHU-

aMmu Buga @ (z, Y, 2) V1+F p? 4+ ¢%, maloT HaM Takme mpmMe-
pPH HeCYI[ECTBOBAHHSA peIleHNA, KOTOPEHEe Helb3fl MCKIIOUYUTH
HUKAKNM OTFpaHWYeHNeM HA T'paHWYHbIE 3HAYEHWs. ITH IpPH-
Mephl UMEIOT IPUPONY, He BaBHCANLYIO OT PasMepHOCTH 3aja-
up, Jlna nosicHeHNs NpHBeneM (YHKINOHAN I'eOMETPHUYecKOi
ONTUKM:

JO) =\o@ Vit yia =@y Vet
T r

Koadpunuent npenomsnenus ¢ MokeT OHTH 3ajaH TaK, 9TOOH
MHHNMYM He JIOCTHTalcA HHM Ha OJHOH KpHBOH Yy = f (z).
Ho pemenue 370l 3ajjaul B IapaMeTpHuecKoil ¢opMme cyIle-
cTByeT s awboii Henpeprisnoii ¢ > 0. JlokasarenbcTBo
CYUIECTBOBAHNA JIETKO IpoBecTH, cieqysa paGoram ['miebep-
T4, HPEJUIECTBYMHEM ero JOKIany.

OTnpaBnaAsch OT aHATUTHYHOCTH BHIpaskeHms F, mpenmnu-
caguoro I'nanbeprom, C. H. Bepuiureitn npenuonaran, aro F

) ¥Ycnoeme Tpex Touek I'mnbGept BBed, p-ema;{ 3379y HA MUHHEMYM
naterpana || (p2 + ¢?) dzdy.
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pasaaraerca B paj ONHOPOAHBIX OTHOCHTEIBHO (P, ¢) PyHKITIT
A focTaToqHO Gonbmnx p, ¢. Takoit kinacc nupamennii F
Mbl OyjeM HaznBaTh GepHnTeHnoBcKnM. OKasanoch, 4To Juis
TOTr'0, 9TOOb! CYIIECTBOBANO PEILEHHE COOTBCeTCTBYIOMEro aud-
(epeEnmaNTLHOr0 ypaBHeHUs NpW JI00HIX JI0CTATOYHO TIaj-
KHX TPaHWYHBIX /IAHHBEX, HEOOXO/MMO, 4TOGH MOPAOK pocta

o pynkmun F otrocurensuo V p? + ¢ mpn | p |y ¢! — oo Grta

Gonbme 1. Jns pmpawenns F — ¢ (z, y, 2) V14 p* -+ ¢
TOPSIIOK pocTa o pared 1.

Bosppamasce k opMmynnposke nepsiTHamATOR M BAJ-
nartoil mpoGieM, MOKHO WPEJIONO/KNTh, 4TO HMeJ B BIJY
I'mnbbepr, mpeniaras pacliMpHUTh NMOHSATHE PEINEHHS B COOT-
BETCTBUM CO CMBICJIOM 3ajiaun. Hawm mpescrannisercsa maione-
POATHHIM, 4T00H I'miab6epT mpepmaran orkassBaThes OT TJ1aJ-
KOCTU DpenleHNs, HaJesch, YTO IMO3/iHee OyaeT JoKasaHa Cro
TJIQIKOCTh M aHANUTHYHOCTE. OH 3HAJ, 4TO PEryJispHbIE 3a-
[a9y MOTYT HOTPeGOBATE BEEEHNSA b KaUeCTRE PencHnH 00bek-
TOB, TeOMETpUYeCKH 0osee CIORNMBIX, YeM MOBEPXHOCTH BHJA
z=f (z, y), HO IPM HTOM HAJIESAIICA, 9TO JNA AHAIUTHUCCKUX
3a/1a9 H PeleHns J0KHN 06Tk anairtnuansl. Ho cymecTsyer
W Ipyras ToYKa 3peHns, no Koropoit I'minGept, pasbusas neio
npoGieMy OTHICKAHUS AHAJIUTUYECKMX PELIeHuil [Jisi aBaji-
THYECKNX 32724 HA J[Be 9aCTH, YTaJibIBAJ MOCIe/IYIOee pasBil-
THE 3TOI NpoGiIeMaTHRy u Mpeyarail B ABaanaToi mpobaeMe
HCKATh [JOKa3aTeJbCTBA CYUECTBOBaNUs OOGOCIICHHBIX pelle-
HuH, He 3a6orAch 06 nx roapgkoctn. P. Ky pawt [33] cun-
Tak, 4ro auaa samaun Ilmaro B Hemapamerpumueckodl opme
I'mnn6ept slonycran paccMoTpeHne 0BepXHOCTei, KOTOPLIe Ha
HEKOTOPLIX YIaCTKaX He 3allaloics ypaBHeHueM z = f (z, y).
310 paBHOCUIIBHO IIEPEXOy K mapaMeTpuieckoii fopme. Mmen-
HO Taromy HampasieHuio ciegoBan P. Ky paurt™ B cpoen
kHure [34].

B nesatmapnaroit npo6neme TI'mnnGepr, ¢opmynupys mo-
HATHEe PeryispHoil 3ajauy JiUIs IBYX HE3ABUCHMHIX IIePeMeH-
HEIX, TOBOPUT, 9T0 BapHANMOHHEE 34/[a4M, KOTOPHE WTPAIOT
PONb B TeOMETPUH, MEXaHNKe U MaTeMaTUYecKoii Pusmke, sB-
JISIIOTCA MPEeUMYIECTBEHHO peryiasprnivu. Ho B MmaTeMaTmaec-
Koil u3UKe ecTeCTBEHHAs MOCTaHOBKA 3ajaud TpebyeT Tpex
n Oonee HesaBucuMbix mepeMersrx. Horga I'miunGept $opmy-
JApOBAN CBOM HPOOIEMBI, TPYAHOCTH IEPexoja oT ABYX K
GoJbIIeMy YNCAY HePEMEHHbIX He OLITH M3BECTHH TaK XOPOIIo,
Kak ceifgac; CUMTANOCH, UTO [IOCTATQUHO MOIYYHATH PELICHHEe
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ABYMEpHOil 3ajaqy, MNepeHeceHme ke pe3ylbTaToB Ha
n-MEepHHIA cayualli He OPEICTABIHET HATEpeca JJIA MaTeMa-
THHA.

HOna mateMarmueckoii (UBHKI M TeOMETPHM €CTECTBEHHL
BapUAIMONHKIE 3aJla4ll ¢ HeCKONhKAMH HEeH3BECTHHIMH (yHK-
muavu. CoorpercTnyioniie (YHKIUOHAJAB MOKHO 3a/1aBaTh
BRIDOKEHUAME BUIA

J(z)ng(xl,...,xn;z,Jl,...,Jm)dx,

G

T/le # — BCKTOP-QYHKIMA apryMEHTOB Zy, ..., Tn, 8 J; — He-
KOTODHIe BEJHYNHE, 3aBucAmme or Jz,/0r, HaIpumep fAKO-
O1aHbl BEKTOP-PYHKIMH &, OHpee AlIlell NOBEPXHOCTH B Na-
paMeTpudeckoii Gopme, it KOMIOHEHTH TeH30pa fedopMani,
€CJIM # — BEKTOp cMeleHns yupyro 1copMUPOBAHHOrO Tena.
B stEx cayuaax spuyrnocts F otHocuTeninHO {J,} urpaer
Ty 7K€ POJIb B JIOKA3arelbCTBAX CYIIECTBOBAHMA MUHIMYMA,
9T0 ¥ THALOEPTOBO yClIoBHE PEryisApHOCTH IMA (QyHKIHOHA-
JI0B, CojlepssaIqux OfHy HemaeecTHyI0 ¢yHEmmO. UYToOH He
oTHANATLCA 0T mpobaeM, copmynuponranEbXx I'mibbeproM,
MBl OFPAHOUYNMCA B 9TOM Kpatkom o030pe 3ajadaMu ¢ Cf-
HOUl HemspeCTHOH (GYHRIMel OT 1 He3aBUCAMBIX IePeMEeHHbIX
¥ ABYMEDPHLIME PeryispHLIME 3a/lauaMl B IIapaMeTPUIecKoi
¢dopme. :

B marematnueckmx paGoTax W NMpuiio;KeHHSAX peryispunie
3aJa4yu ¢ HeaHAJUTUYECKUMH NOJILIHTEr DaJIbHBIMI BBIpaKeHnu-
SAMA He McHeC BayKMbi, YeM 3aJla4i ¢ AHAJIUTHYeCKUMH BLIpa-
sennavu. VMes B pumy, 4ro B fopMyaupoOBKRAX JeBATHA/LA-
ToH W pamaznatoil mpo6ieM SICHO BHpajkeHO TpeGoOBaHUe
agasuTHuHOCTH F, M BRAIOWHIH B 0030p HEAHANHTHICCKHE
HOCTAaHOBKY JUIIL B TOH Mepe, B KAKOM ORI MMEIOT 3HauYenue
A PEeIeHus 33724 ¢ aHAJUTHIECKHMU BHIPaKeHUAMIU,

3AJIAUU B HEITAPAMETPUYECKOW ®OPME

Pa6orn C. H. Bepumreiina u A. JleGera onpepenunn raas-
HEIE HalPanJieHns, 10 KOTOPHIM PasBuMBAJach NPOrpaMMa, Ha-
meueHHass ['wirnGepToM.

B pa6orax Bepnmreiina ananntuaeckne mpobmemsr I'mib-
fepra TPAKTOBAINCH YHCTO AHAIMTHIECKUMH CPpe1CTBAMIL
Ilpn n = 2 6ui10 [0Ka3aHo, 9TO peINEHNE 3z PeryJAapHOR
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sajaun aHannTIHUHO, ecnnz & Cy 1) (BepamTe it B [3])2).
Jdro Tpebopanme Obio ocnabaeno JlmxTe HIITe ii-
BoMm [6] o zE& C%, 0<<y<<1, A. Xaapowm [7] po
zeCiuMoppu [8] goz & Cy. Ho nane s10T pesyabrar
HE [lal pelleHWs JIeBATHAANATON mpoGieMsl Tpu n = 2,
ubo s peryiasipHBIX 3ajad 00T BHJa BCE M3BECTHEIE CIO-
CO0Bl MOCTPOEHNST MHHNMEBMPYIOIUX IOCIE[0BATEIbHOCTEH

Q0T PelleHwus, MPUHAATE;KHOCTS KOTOPHX Kimacey Cj ycTa-
HOBHTh B TO BpPEMSl HE YIaBaJOCh.

Bce st pe3ynbTarH CBOMIAT NEBATHANNATYI0 MpobieMy K
JOKa3aTeIbCTRY TIANKOCTA PenieHns BapHANMOHHOH 3aadi.
Ho BMecTe ¢ TeM OHH CTABAT pelleHHEe [BAANATON TPOOIEeME B
3aBUCHMOCTD OT PElIeHus JeBATHANNATO! IPo6aeMbl, NGO HEIb-
351 YTBEPIKIATh, 4T0 0000IIEHHOE penieHne OTBeYaeT CMEICIY
3a/laun, ecJii Hen3BecTHo, He Gyjer mu Beskoe 00o0ieHnoe pe-
IeHye IJIaJKuM.

Ins pemennsa npapumartoit mpobnemst C. H. Bep v m -
te# n [5] paseun mMeton mpoposxenus pemesnus guddepen-
OUMAIBHOTO ypPaBHEHUsI 110 HAPaMeTpPy, BXOMALIEMY B YpaBHe-
Hue. 3TOT MeToy IaeT pelleHne BapHaIoHHON 3a1adu TOIBKO
B T€X CJIy4asAx, KOTna PYyHKIMOHAN BHITYKJBIH, HAIPAMep s
peipaskenuit Buma F (p, ¢). [ns taxux BeipaskeHHH yCIOBHO
BumyRIocTH (yHrnmoHana 027 (z, 0z) > 0 pammOCHNBHO
YCIOBHIO DPETYIAPHOCTH.

Iuccepramua Jle G er a [12] comepskama pacmpenne
Krnacca gomyctuMbix QYHKIMH v TPAHUYHHX YCJIOBHIT Bapmua-
IMOHHEHIX 3a7a4. Taxkoe pacuimpeHne, He3aBHCHMO OT €ro ca-
MOCTOATENHLHOTO 3HAYEHHs, HE MMENO NPSMOr0 OTHOIIEHHA K
nmocTapaeHHLM I'minbGepToM 3amadam. ITOT DYTh OCBOOOKIAM
oT TpyAHOCTEH, BameHsisi TpebyeMmble I'mnnbeproM aHaIUTH-
geckue perreHns HexuM cypporaroM. Ilomaranm, uro BBEjEe-
HEre 0606ImenHKX peuleHnii ONpPaBIaHo A 33724 ¢ HeaHaly-
THIECKUME TOfLHTerpanbHbpMu BHpaskeEnsamu. Orasaiocs,
g0 0606mennse pemernsa ObIn HOYBOH, HA KOTOPOH Ipoms-

pocanm  [oKasaresibCTBa  CyIIeCTBOBaHUA aHANINTAYEeCKUX

1) Cf, — COBOKYNIHOCTb (YHRIUH 2 (Zy,..., ), OOIanarmux He-
NpepHBHLIMA IPOMSBOJ{HEIME JI0 MOPAAKA [ BKNIMUHTENBHO, MPHICM
IpON3BOABLe IOPAAKa | y/OBJIETBOPAIOT YCJIOBHIO I'énpnepa ¢ noxasa-
TEAEM 7.

2) PesyapTaT BepHuiTeiina orHOCHICA He TONBKO K PellleHHAM pery-
AAPHHX Bafiad BAPHALMOHHOIO FMCUMCIEHNA, & K fonee o0OmeMy ciy-
qai0: K PeMeHUsM AHAIUTHYECKUX HeJIHHeHHLIX 2JIIMUTHYECKUX ypab-
gerud (n = 2). — Hpun. ped.
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pemennit. O0mue KIacchl ROMYCTMMBIX (yHKIUil TO3BOMMIM
cOPMyTMPOBATE KpPHUTEPIN KOMIIAKTHOCTH. BMecte ¢ TeM Jle-
Ger saMeTu, 9T0 QY HKIHONAIIEl HEKOTOPHX PeryIAPHEIX 3a/a'
IIONyHeIIPpepEBHE CHN3Y. JTOT (aKT OB j[eTallbHO paspa-
Oorarm JI. Tomeunnu [13], [14] cravana pana omwowpat-
HLIX HHTEI'PAJIOB, a 3aTeM M JJs nroitusix. Bruto oGHapyikenro,
YTO €cay He 3a00THTHCS O TIIAKOCTH PElIeHUsI, MOKHO OTKa-
3aTbcA oT TpebyeMoil I'miab6epToM CTPOroil BEITyKIOCTH BEIpa-
senus I' (z, y, z, p, ¢) OTHOCUTENBHO (p, ¢), 3aMeHHB B HEpa-
BEHCTBE, OOpefensIonieM peryifgpHOCTh, 3HaAK > Ha .
Taxwe sagaun Griiy HasBaEH KBasuperyiapasMu. M o p p u
[9] man mpocroe goxasatenbCTBO CYymECTBOBAHKA 0606IEHHLIX
pellennli KBasHperyispHHIX 3ajad Ha MUHUMYM IHTETrpPajioB
obmrero Buzia, onmpasch Ha cnabyo KOMIAKTHOCTh OTpallueH-
HBIX MHOJKECTB B IIPOCTPAHCTBaX (PYHKIHHA ¢ 0000IMEHHKIMU
NPOM3ROAHEIME ¥ HOJYHENPEPHBHOCTH PYHKIMOHAIOB OTHO-
cuteabHo caaboil cxommmoctH. B s10i Teopeme MoHO ye-
MOTpeTh IPHU3PaK «00mero oCHOBEOTO MOJOKeHUs», B CYIMecT-
BOBaHMe Kotoporo mepuwi I'mnsGepr. OmHAKO MCTUHHOE «OC-
HOBHOE II0JIO}KeHme» TpeboBallo 6ojiee CHOIKHBIX CPEMCTB.
I'nagroets oGoGmierHOro pemenns sagaan Il1ato B He-
napaMerpudeckoil dopme, HaiigerHoro JleGerom B 1902 r.,
6rina gokasana A. Xaapom B 1926 r. I'majrocTs HempepHBHEEIX

pemenmii A. Xaapa ans mrrterpanos tmma (§ F (p, q) dady
6nura monmygyena Moppu B 1938 r. [lns kBagpaTwuHLIX MHTEr-
pasioB nosATHEe 06061EHHOr0 PeNieHnA TaK/ke OKa3aloch MpPo-
AYKTHBHLIM, OZHAKO JOKA3aTeNbCTBO AHATUTHYHOCTH PenleHmil
9THX 3a/ja4 He BHIBEIBAJIO 3aTPYAHEHUH, 160 COOTBETCTBYIOM{Te
nupdepeHEnuaIbEble YPaBHEHHs OHIM auHeiHn. J{nsa BEpa-
0z
671',’
n = 2, OBIIH LIOJIyYeHHl J0KA3aTeJbCTBA IIAJKOCTH TIPH TeX
WM MHLIX OTPaHMYeHNAX Ha ['. ITH orpaHudeHus Hapymiajin
€CcTeCTBeHHOE COINacoBaHMe MOPANKOB pocta F m mpoussop-
HEX oT F oTHOCHTENBHO | p |mpH |p|—>00 (MO ppm [9],
Curanos[16],InoTEm K 0 B [22]; gampmeitmyio iu-
TepaTypy cM. B o6zopax [15], [39]).

ITpusemem nonyuennse O. A. Jlanrxerckoit m H. H. Vpa-
apneroil B 1959-—1961 vr. ycaoema raagrocTm 0600MmeEHRIX
pelennii MEOTOMepHEIX BAPNANMOHHEEX 8a7a4 o61ero Buja, He
cojilep;Kalue TAKUX OlpaHWYeHWi.

Jlaa Toro utoGs OTpaHHYEHHAS CTATMOHADHAA (YHKIHA

z & Wa MHOToMepHoit BapuanuoEHoi# sajauu npu F & Cj
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4
TaKsKe nmpuHAmIesKana Kinaccy Cg, I > 2, f > 0, nocrarouso
BHIMOJHEHNA YCIOBHIL:

v(lz])A +|p|) < F(x, z, p)<<ma(lz))A+[pD)5 (D

nupdepeHnIpoBaHne BrlpaskeHnsa I 1o p;. MOHIKAET HOPATKH
pocta ortHocmrenbEO |p | = (Zpi )7+ mo kpaiiEeil Mepe Ha
emnENNY, a audpepeHnupoBaHye MO 7, M z He HOBHIIAET
LDOPAKOB POCTA;

ve(lz])(1 +IP|)°‘“2I§I<ZFpipiEiE;<

<po(lzDA A 1RDTIEL ()

ms mioGoro peiicturesnsroro Bektopa § = (&1, ...y En);
v,, u, — HeyCHBaloN[ue NOXO/KNTEbHEe GYHKIWN. Ecau rpa-
Buna obmactu G ¥ rpaHNYHEe 3HAYeHHSA z JIejKaT B Kiacce Cé»
10 2 € Ci (6).

Venosusa (1), (2) BHOOJHAIOTCS 715 BCEX 3anaY OepHIITe-
HOBCKOTO Kiacca. Vs atoit Teopemsr n teopempr M. T'. Il e 1-
poscroro [21] cmegyer, uro ANA AHAINTHYECKHX F,
ynosnerBopsiomux yexosnsam (1), (2), 06o0merEoe orpanuIen-
moe pemenme z & Weo amamurmano. CranmoHapHOCTL z 03-
pauaer BhIoIHeHme panenctsa OJ (z, 1) = 0.

TakuM o0pasoM, [jisi BCeX 3ajiay, Y/OBIETBOPAIMUX yC-
aosusm (1), (2), IpeanmonoeHns, BHICKa3aHHEIe TunsGeproM B
NeBATHAANATONH W JBajnaroil mpobmeMax, OIpPaBIBIBAIOTCA.
B cBA3Hm ¢ DTHM 3aMeTHM, 9T0 B GOPMYJIHPOBEE JieBATHAANA-
T0i1 TTPOGIeMBI, TOMEMO THIIOTe3bl 06 AHATUTHIHOCTH perennii
peryJIApHBX BAPHAIMOBHEIX 32jlatd, CONEPIKUTCS TaKiKe IH-
moTesa 06 aEANUTHIHOCTH JI00BX pelleHHii COOTBETCTBYIONINX
muddepenHnuaNbHEEX ypPaBHeHHA. YCIOBHE CTalNOHAPHOCTH
ge TpefyeT CYmECTBOBAHWA BTOPHX NPOM3BOJHEIX ¥ Z,
nnosToMy OoHo OysieT Gonee o0mmM, 4eM 002 IpemoI0Ke s
TunxGepra.

VeroBmsi, KOTOPHIM JOJKHO YJOBIETBOPATH F A 10T0,
yro6E CYIMEeCTBOBAJO OTPaHHYEHHOe pereHue BapHAIHOEHON
samaun, cogepsranuch B [16], [11], a Tarxe B [38]. Lare moxn-
HBIH OTBET Ha HTOT BOIPOC B SIBHEIX XapaKTePHCTHKAX JIAHHBIX
3a7a9l HeBO3MOIKHO, MO0 [I71s1 KBa(PATHYHEIX MHTErPAjIoB 9TOT
BOIIPOC CBOJMTCS K ONPE/ENEHNI0 DACTONOREHNA CIeKTPa
COOTBETCTBYIOMEro JIHHEHHOro [u(@epeHnnanbHoro omepa-
Topa mo ero KoagguIyeHTaM.
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He mckmioueno, 410 cpeam perynsipHEHX 3a7ad ¢ aHAJIATH-
geckumn F Ges ocoGennocTell NMEIOTCA M TaKWe, IS KOTOPHIX
pelenne aHaIUTUIHO, HO HMeeT 0COGEHHOCTH, B OKPeCTHOCTH
KOTOPEIX OHO HE OTPAaHMYEHO.

Meropsr mccmegoBaEms rnakocTH 0GOGIEHHBIX peIIeHuil
MO3KHO Pas/lennTh Ha ise Tpynnsl. K nepsoii rpymme otrocATCS
MeTO/b, OHHMpaloluecs Ha ypaBHeHme Xaapa

7 deay =\ (Fpdy—F,dn)
G

Y,
G*

(Xaapl7l, Moppu [8], [9]). Yro6s moxyunts ycnoBus
TIaJKOCTH peIleEMsa 2, HAXOQAT YypaBHeHHme s z' —

2% {z (x 4, y) — z (z, y)}, ananormaBoe ypaBuermo Xaapa,

" HCCIENYIOT MoBeeHne ero pemeHuit npu i — 0.

Bonee mospmame pesynbrarhl MONy4ens MpAMO M3 YCIOBHS
cranmoraproctn 0J (z, 1) = 0. BuiGupas cmenmanbEsM 06-
pasoM GYBKIHIO 1), MOJIYIAI0T HHTETPaNbHEEe COOTHOIIEHNST, U3
KOTOPHIX M3RIEKAIOT OIeHKY MHTEIPAThHBIX HOPM Hen3BeCTHOI
¢yaknmu. Ecnm, HanpnMep, B3ATh =2z 1pn (z, ¥), NexKamei B
obnacTn MeHbIIUX 3HadeHui G, pyrknun z, 1 n=0 sue G, MO~

HO NOJYYUTh OLEHKY [ BLIpameHnHSS[grad 2|*dady = J .

c
Hu¢depernupys J, 10 ypoBHEIO ¢, MOKHO HOJIYIUTh OIEHKHN
pasHOCTH KoseGaHuil pemenus B 06nacTu W Ha ee PpaHMIE,
obofmamomue NPHHOWT MaKCUMyMa Juifl TapMOHUYECKUX
$yHEIIIL.

HaneBeimmil mporpece »TOH TeXHUKH GBI CBA3AH C pa-
Goroir [l e Il :xop usxm [35], koToprii m3yuan nsmenenne
naTerpanos ot |grad z|* mo mepecesenmio o6nactu G, ¢ mapom
pazinyca r B 3aBICUMOCTH OT ¢ M I' B 3a/1a4aX, CBI3aHHHIX C BEHI-
pakenmamMu Bupa I (py, ..., pn)-

HanGonee nonmoro passutns, npuseamero k pesyibrary,
0 KOTOPOM T'OBOPUJIOCH BHIIIE, HTa TEXHUKA MOIYYHIa B paGo-
tax 0. A. Jlagsukencroit w H. H. Vpanenesoit. 0. M o-
s3ep [36] sHec B momyuenne TaKMX ONEHOK ¥EX0 BREEHHA
BCIOMoOraTenbHOil pynKmm. Bonbmoii mATEepec nmpegcTaBisaoT
perylisipHEle 3anaun, B Kotopuix G = R"™, a F (z, z, p) Kak
GYHKIHA 2, 0CTaBAACH AHANNTUYECKOIT, MOKET UMeTh 0CoGeH-
Hocti. Onun Kiace Takux 3a7ad ¢ 0cOGEHHOCTAMMU, CYMMUPY-
eMBIMII B JIOCTATOTHO BHICOKOI cremerns, nmaywen B [411], ru.
IX. Bosee coxune 3ayiaum, He BXOJAMe B 6€pHIITeHHOBCRMIL
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KJacc, B n300MIny MOCTABIsAeT KBAHTOBAas MeXaHnKa. Permenne
OKa3BIBAETCH aHAINTHYECKON GyHKIHell, TOTOMOPPHON B KasK-
Joit Touke, rae HeT ocoOeHHOCTeH, W ceifgac MBI MeeM MHOTO
VHTEPeCHLIX HePemIeHHHX 3ajau Taxoro tmma [20].

3AJAYU B INAPAMETPNYECKO! ®OPME

Ecnun Buipaskenue F ymosieTsopsier yCI0BHIO

mVIt P+ e<FMVTFp+ ¢, (A)

T0 mpeoGpasopaHme QyHENmoHana J (zZ) K IapaMeTpHIecRoi
dopme maer PyHKIEOHAT

71y = {0, 4)du,

ompefeNeHHEil A HENpPepHBHEIX IIOBEPXHOCTEHl KOHEYHOH
nnomamn 7', 3alaBaeMHEX IlapaMeTpUYecKNMH IIPeficTaBle-
auaMn z = f (1), u & 7; sueck A; — TpU AKOOMaHA BEKTOD-
¢yERmn f (). I'mnpGeproBo ycioBHe peryispHOCTH [Jist
F paBrOCHABHO cTpOroii BrmyKiIocTH Bhipaxernsa @ (z, A) or-
HOCHTEJNbHO A.

3amaua Ha oThicKaHme MmEuMyMa J (z) npu ycaoruu (A),
BooOmie ToBops, He uMeeT pemennsa. Ho 3ajaga Ha oTHCKaHNE
mumamvyMa J (1) uMeer pemeHme, ecJu AONYyCTHAMEE TOBEPX-
HOCTE HeNpepHBHE M OTPAaHHMYEHH 33JaHHOI JKODP/AHOBOM
wpupoii I'. Ot @ (2, A) Tpebyercs TOALKO HENMPEPHBHOCTD, a
or I'—TonbKo0, uT0GH OHa OrpaBEMYKNBaJa IIo KpaiiHeil Mepe OHY
HOBEPXHOCTh KOHEUHOW Irommafu. VMeercsi HECKONBKO J0Ka-
satenscTB 9toit Teopemn: Curamos [17], JI. Ye-
sapul24], U. L auwcxunl23],JI. IO ar [25], 10. P e-
mertTHsK [27]. Casp 3agau Ba MuaumyM J (z) u J (7) npu
ycnosma Gonee oGieM, uem (A), mara B [19].

TparToBKa BYMEPHHX PETyJsPHEX 3a74ad B IapaMeTpH-
qeckoit JopMe B Kjacce HENPEPHIBHEIX IOBepXHoOCTeil Oblna
cBA3aHA ¢ TIyGOKWMY MCCIe[OBAHUAMY HOHATHA HOBEPXHO-
C¢TH KOHe4HOH mnomanu. Jl. IOHT gisa moNydYeHHsA TeOpeMHl
cyIlec TBOBAHMA MCIIOIB30BAN HOHATHE 0G006IEenHoll moBepx-
HOCTH, O/IM3Koe MO COofep;KaHmi0 K OCOOIeHHHIM (YHKIHUAM
JI. IIsapia.

Ilpn ® = | A |, 1. e. mpu F = V1 + p® F ¢&, nonyuaem
3amaty o6 OTHICKAHWNM MOBEPXHOCTH HAaMMEHBINeH ILTOMamu,
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orpaEmuenHofi Kpusoil I'. Bmepswie pemenue s710il 3amaum
Oxio monyuero T. Pago [28] u . Myrmacom [31]
B 1930 . O630p npepmecteyonux pabor xam T. P a x o [30].

Pemenue maercs amamuTHIeckuMu QYHKIEAMH, eClH Ha-
pamerTpuYecKoe mpencTaBieHme f () KoudopMHO, T. €. eciu
KoagpdmiuenTs nepBoit nuddepeHnmanpEoit OPMEL YHOBIET-
BOPSIOT PaBEHCTBAM

EfZGf, Fj=0.

B reopeme Pago — Jlyriaca gomycruMeie moBepXHOCTH MMe-
I0T TONOJIOTHYECKUH TUI KPYTa, T. €. 06IacTh N3MEeHEHNA IHapa-
MeTpoR roMeoMophHa Kpyry. OnHAKO H3BECTHE IPUMEPH 3aM-
KHYTHIX sKOPJaHOBBIX KPUBHX I', I KOTOPHX MOBEPXHOCTH
HanMeHbIell Iiomany uMeer Tun ancta MéOmyca, Topa ¢ oT-
BepctueM miu Gosee caoxxunii Tin ([l yramac [32]).

OTeiICKaHNEe MIHHMAJIbHON TMOBEPXHOCTH 3aJAHHOTO TOIO-
JIOTHYECKOrQ THIla, OTpaHWYeHHOM 3aJaHHON CHCTEMO sKop/Ia-
HOBBIX KPHUBHIX, Ha3kBaIoT 3ajaueil J[yriuaca. Yenosma cyuie-
CTBOBAHWS UX pemernil n3noens B kEnre Kypawm m a [34].

O6o6uenne 3amayn Jlyrnaca Ha peryisipHblE WHTETPAJIbI
obmero Buna J (1) nmopuckassBaeTca CAEIYIOMMM IPIMEPOM.

Ilycts @ (z, A) = ¢ (2)-|A|. Mame Korpa rpaHmyHas
kpuBasa I' — oxpymEOCTD, ¢ (T) MOKeT OvITh 33/]aHA TaK, I4TO
HIWKHEAA Ipadb 3Hadennit J (1) Ha MOBEpPXHOCTAX 3aaHHOTO
TONOJOTHYECKOr'0 THIa Oy/eT MeHbInell, 4eM Ha MOBEPXHOCTAX
Gosiee MPOCTHIX TOMOJOTUYECKHX THIIOB.

Suas cBasp J (z2) ¢ J (T), MBI BugmM, 9TO pacIIEpeHUe
MOHATHUSA PeLIeHNs, BKI0YAIONMEee I0BePXHOCTH IPON3BOIBHEIX
TOLOJOTMYECKUX TUIOB, €CTECTBEHHO YKJIAALIBAETCA B MOCTa-
HOBKY jBajuartoii npoGiemsl. CymecTBoBagme pelneHuil mpey-
NHCAHHOTO TOMOJOTMYECKOTO0 THIA WMIW OTPAHNYeHHOTO THIIA
C 3a[AHHON CMCTEMON BaMKHYTHIX KpuBbiX mamo B [18]; mna
skopnagoBex Kpussix JI. IO mr [25] nonyumn pemenne stoi
3371294 ¢ IOMOIIBIO anmmnaparta 06o6IIeHEHLIX MOBePXHOCTEH.

SARJIOYEHVE

B raxkoii Mepe u3i0XeHEFIE BHIIE PE3yAbTATHL OMPABHBA-
0T NIPeAIoNoKeHnsI, BricKasaHuee 'mnbbepTroM B pmeBsATHAf-
naroit m ABajgmaroil mpobaemMax?

Jlns peryiaspHEIX 3a/1a4 B HeapaMeTpudecioi opMe GepH-
MTeHOBCKOTO KJIAacCa MBI MMEEM IIOJIOMKHTEeNbHBIH OTBET Ha
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ofe TUImoTess, ecJi M3BECTHO, 4T0 0GOOIIEHHOe pPeImeHue or-
PAHAWIEHO.

OcTaioTcs MaJIOWM3yYCHHBIMM 3ajlavud, HMEIme 0coOeH-
HOCTH He TONBKO IIPHU p == 00 ; TAKOBH, HAIIPHMEP, BapHaI{UOH-
Hble 3a7[a9M KBAHTOBOIl MEXaHWKH, O KOTOPHIX TOBOPUIOCH
BEHIITIE.

Hnsa 3amau B mapaMerpuuecKoi opMe Bce IIMEOIHECS
PesynbTaTH MOATBEp:;KaT oba mpenmnonoskeHusa I'mipbepTa.
Jlns sasepmeHnsi pesynbTaToB, OTHOCANIUXCS K BHIPAYKEHUAM
o6miero suna @ (x, A), HEJloCcTaET TEOpEM O TIaJ[KOCTI I AHAIH-
THYHOCTH PeIneHnil 3a7a4 ¢ JONYCTHMBEIMH IIOBEPXHOCTAMM
Tuna Kpyra. Murepecnsie reoMerpudeckye ugen Obuin BHCKA-
sampr B aToM Hanpasxenmu JI. IO 5 1 o M [26], ograxo mosnmo-
ro JI0Ka3aTennLeTBa OIyOINMKOBaHO He Ghuto.

B cBasu ¢ y:re mBBeCTHRIMHU pe3yibTaTaMy II0 3ajadaM B
IHapaMeTpmueckoil gopme IpeficTaBlsier MHTePeC CIeAyIoniuil
Borrpoc. MosKHO 1M YTBEPIKIATH, ITO 7151 IBYyMEPHHEIX peryJisap-
HEIX 3aj1a4 ¢ OLHOI 0CTATOTHO TIAIKOIN KOPIaHOBOM I'paHII-
HOII KpuBOW M aHammTHIecKHM BEpasienmeM @ (z, A) Ges
OTpaHHYeHHIl HA TOMOIOTHIECKUH THII JONYCTHMHIX HOBEPXHO-
cTell abCOMIOTHLI MUHMMYM JIOCTHTAeTCs Ha aHAINTHYECKON
TMOBEPXHOCTH KOHEUHOTO TOMOJNOIMYeCKOT0 THIa?
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K JIEBATHAJILIATOM TPOBJIEME TMJILBEPTA

0. A. Oaneiinug

37ech MBI KODOTKO OCBETHM Ty CTOPOHY JeBATHANMATON
upobnemer I'minbepra, KoTopast cBsA3aHa ¢ BompocoM o ud-
¢epennuanpHEIX YPaBHEHHsIX, BCE PEINEHHS KOTOPHX aHAJIH-
taansl. CorsacHo runotese I'miunGepTa sTHM CBOHCTBOM JIOJIK-
HBL 00s18/1aTh YPaBHEHUA, sBISAOMHUCCA TH(GDEPEHI AT HHIMI
ypasueruamu Jlarpamxa — iimepa [is peryispHLX BapH-
anmumoEnbix samad. B 1903 r. C. H. Bepumreitn [1],
[2] yeramosun Gosee oGmee mpeposenne, oH [OKA3AI aHATN-
THUYHOCTH BCEX PEINeHMI HOTHHEHHHX BILINOTAYCCKUX ypaBHE-
HUil BTOPOro MOPs/IKA, 3a[aBaeMEX aHATUTHIECKAMH §yHKITH-
AMHY, ¢ IBYMA He3aBUCUMBIMU IIePEMEHHBIME B IPE/II0N0KeHAN
CYLECTBOBAHAS ¥ OTPAHMYGHHOCTH TPETHUX IPOH3BOIHBIX
y pemenmii. Ilosixe oaror pesynprar Geul yCuiIeH H mepe-
JIORa3aH ApyruMu MateMarukamu. O030p pesyiabraToB o6 aHa-
JUTHIHOCTY PEIUEHMH BJUIANTHYCCKUX YPABHEHHIl, TOIYYEH-
meix 710 1940 1., conepssurcs B ctathe C. . Bep mm T e i-
Ha u U T. Ilerposcxoro [3]. B1937r. B paGorax
N.T. Merposcroro [4], [5] 6emo mamo maumbomee
IOJTHOE U B ONPE[ICICHHOM CMEBICIe MCIePUHBAOINEEe peIleHue
BTOr0 KPyra BONPOCOB, CBABAHHEIX C /ICBATHAANATON mpob-
aemoii I'minbepra; peus mueT o6 omucanuu Kiacca guddeper-
HUAILHX yPaBHEHOH W CHCTEM, BCE JOCTATOYHO TIajKHe pe-
wenust kotophx anammTnuHbl. M. T'. Iletposckmit Beimesm
Kiace cucteM nud@epeHNnuaTbHEX ypPaBHEHHH, KOTODHE Te-
Ieph IPUHATO HASHBATH CHUCTEMaM¥, JITHOTHYCCKUMH IIO
. T'. IlerpoBcromy, obGnamatomuit 3TuM cBoiicTBoM. MMenwo,
W. T. TlerpoBexuil moKasan CIefyoONylo Teopemy:

Hycte pnama cucrema

Fie,w,Du,...,D*u)=0, i=1,...,N, (1)
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oMy

- 1y ?
69:;‘ .. 02
E=(ky, «.., k), |kE|l=1F + --- + ks, ki > 0, opudem B
JIeBHIC 9AaCTH CHCTEMBI BXOJAT IPOUBBOJHEIC OT Uj HOPAIKA
He Bhume n;. Ilycrs F; — anaguruueckue QyHKINM CBOHX
apryMeHTOB B HEKOTOPOH KOMILIEKCHOHl obmacTi u B 5TOH
obmacTi ompenesuTeNh MaTPUIEL

e % = (2y, vy ), U = (Ug, ..., un),Diu=

DT e @)

L
K =n; 3 (D"uy)

OTIHMUEH 0T HYIA s Beex peiicreutensHEX (&, ..., &),
nast Kotopuix | &y | 4 ... 4 [En | =F 0. Ilpm sTux ycnoBusax Bce
JOCTATOYHO IJIaJIKWe PelmeHusd, JejKaliie B paccMaTpuBaeMoil
obIacTy, AHANMTHIHE 10 .

C. mpyToii CTOPOHE, UM IIOKa3aHo, 9T0 y cucTeMs (1) ecTh
pemenus, WMENie HellpepHBHbe MPOU3BOJIHBIC KAaK YTOIHO
BHICOKMX IOPANKOB, HO HE sBJIAIONUEcA aHATUTHICCKHMU
no & QyHRIUAMHA, €CJIH:

1) cymecTByOT pelicTBHTENBHEE &, ..., &, Tarme, 4UTO
[E| 4« + & =0 m A EEX ompesiesuTe b MATPHIST (2)
paBeH HYI;

2) ompefeuTesh MATPHIHE (2) HE pPaBeH TOK/ECTBEHHO
HYJIO MO0 &, ..., &n;

3) F, — nuHeiiHEle (QYHRIUH ¢ TOCTOSHHBIMA KOd(duiu-
eHTaMU OT U; ¥ UX IPOM3BOJHLIX, & CBOOO/IHEIC WICHS! aHANM-
TAYHET 10 2.

Kak moxasuiBaoT mpUMepH!, yCioBue 2) ABJIAETCA CyIle-
CTBEHHEIM.

Jli151 MoKa3aTeNsCTBA TeoPEMB! 00 AHAINTHIHOCTH Penienmil
H. T. IeTpoBcKuil MpofoinKaeT 33a[aHHOE PEINCHNE Ha KOMII-
JIEKCHOE IPOCTPAHCTBO &, TaK ITOOH [ U; YAOBIETBOPSINCH
ypapnernsa Homm — Pumana. [lna ypasHeHus BToporo Io-
PAMTKA WIes TPOJ0IDKEHNUS PEleHNA B KOMILIEKCHYI0 00macThb
JIIA OKAa3aTenbeTBa AHAJMMTHYHOCTY pemeHus OBLIa MCIoJhb-
3oBana paHee B paGore I'. Jlesum [6].

B 1957 r. Moppuu HuperGepr [7](cm Taxxe
[8]) manm ;mpyroe J0Kas3aTeILCTBO AHANUTHIHOCTH JIOCTa-
Togno rnajkux pememmi sununtudeckux mo . T'. Ilerpos-
CKOMY CHCTEM, IIOIBL3YsCh AIPHOPHEIMH ONEHKaMu TIIpo-
HM3BOJHEIX pEIICHWH CHCTEMBI ¥ TeopeMaMi  BJIOFKEHMsI
C. JI. Cobonesa. B aroii sxe pabore fokaszaHa aHAIHTUYHOCTD
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pemmenuit cucTeM, BBe/IeHHRX B paGote l yrrmwca u H u-
perGepra [9] (em. ramsme [10]).

Mnr me wacaemcst smecr Bompoca o6 aOpHoOpHO# MUHEMA-
JILHOM TTIaJIKOCTH pemierus (B 060GIIEHHOM WTH Kiaccmiec-
KOM CMBICJIC), TO3BOJISTIOMEll Cy/uTh 0 €ro AHAINTHIHOCTH.
JTOT BOmpOC oOcBeliaeTcH B npeLIaymeR cratbe. 3aMeruM B
CBIASIL € DTHM, YTO HEJIABHO IOCTPOCHH WHTEPECHEIE IPHMEpPHL
SITHITHICCKAX yPABHEHUH BEHICOKOTO LOPSAKA, ABIIAOMIX-
cA ypapHemmaMu Jlarpamxa — Ditmepa s PeryasipHsIX
BAPUANMOHHLIX  82/12¥, 3a[]ABAEMBIX AHATHTHICCKIME (yHK-
nuAME, 00oCImeHHre pPemeRus KOTOPHX, B OT/IHIHe of pe-
IIeHWH yPaBHEHUIT BTOPOTO HopANKa, HE ABIAKTCS AHANU-
rraeckiMu pyarnmavu. (Cv. T e JT s 0 p sx n 111, B.T.
Maspa [12], 9. Jlmycru u M. Mupaupga
113].) Psax pesynnraros o ITIaJIKOCTH 0006MEeHHEIX  permeHmit
KBasWINHEHHRX DITHITHIECKAX YPABHEHW U CHCTEM nony-
ueH B pabotax Moppw [14]u Hewaca [15].
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K IBAIIIATL IIEPBOW TNPOBJIEME THMJIFBEPTA

Xeavmym Pépav 1)

n

Lean pgama cmcrema -LZ—”? = 2 Rifz)y;, i =1, ..., n,

i=1

JMHEMHEX O{HOPO/HHX uddepeHnuanbHEX ypasHeHMml mep-
BOTO HOPAJKA C PANMOHATBHEIME KOd(QQHIIeHTAMI, TO ee
PeIICHYA He SIBIAITCA, BOoOHe TOBOPs, (QyHKIUAMIY, OHO-
SHAYHEIMI ¥ MEPOMOP(HBIME B PACIINPEHHOI YUCIOBOI II0C-
roctm Pl. KRaxjoe otjeinHoe pemeHue 007IaaeT KOHEUHBIM
IICIOM MB0JNHPOBAHHEX 0COOEHHOCTEH: TAKUME 0COOEHHOCTS-
MH MOTYT OBITH Nomiockl Koaddunmentos R;; (2): zy, ..., z;
¥, BOBMOJKHO, TOYKA T, — oo. Kcau pemenns M, = (Yu (2), ...
ver Uni (2), i =1, ..., n, oGpasyoT $yHIaMEHTAIBHY CHC-
TeMy pelieHuil, T0 IpH 06X0fe BOKPYT 0Co6OM TOYKM Z,, BEK-
TOP 1), IPEBPAMIAETCS B BEKTOP Z‘.ag-”)n j» IpmaeM Marpnms A
HEBBIPOFK/ICHEl U YJIOBJIETBOPAIOT TAK HA3HIBAEMOMY COOTHO-
mennio Puvana A© AW . A —FE . 910 pnMaHOBO COOTHOMIE-
Hye 03HaJaeT He YT0 MHoe, KaK TO, 9T0 KayK/aA yHIaMeHTalb-
Has CUCTeMA 1y, ..., 1), PeIIeHMIl ompejesnsier roMoMopdsM
¢yHnavenTanpHOM rpymuEr mpocrpamctea P! — {z,, ..., z:}
B 00myio mumeitayio rpymny GL (n, C) Haj moseM KoMIIexc-
HEIX 9UCCI.

Yire B 1857 r. B. P um a m [15] mocraniur o6parayo sa-
flady: He CYINECTBYeT IM JJIA KayK[0oro roMoMopuama QyHya-
MEHTAIBHON rpynnsr 3T, (P! — {z,, ..., }), e 2y, ..., Z;
3apaHee jjanl, B rpymry GL (r, C) cucrema u3 n IuHeHHBX
OTHOPOJIHEIX OOHKHOBEHHEIX Am(depeHnuanrLEEX ypaBHeHil

) H. Réhrl, Riemann-Hilbertsche Problem der Theorie der
linearen Differentialgleichungen (Einleitung), Math, Ann. 133 (1957),
1—3; nepesop A. H. Ilapmura. — Hpum. ped.
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NICPBOro MOPAAKA € PAIMOHAJIBHBIMU roaddumuenTamu, 00-
nazaomas GyHIaMeHTaIbHOM CHCTeMOl pelenuil, KOTopas 10~
pornaer auHki romoMopdusm. Ceepx Toro, Puwvan npenmo-
JO3KIIT, 9TO B KadecTse TAKOH cmcteMbl nnd@epeHnuanbubx
ypaBHEHHN! MOJKHO BEHIOpaTh CHCTEMY ¢dykcosa Tvma. B ToM
yce Toxy oH nan [14] momosxuTeNbHENI OTBET HA 3TOT BOIPOC B
caydae k = n = 2 m ykasal gBHBIM obpasoM yHIaMeHTAIb-
HYI0 CHCTEMY, 061aIai0MyT0 HyKHLIME CBOUCTBAMH. B nocae-
nyomee Bpemsa Ipobiemoil PumaHa 3aHIMannch A. Ilyas-
rapel13lnJl.Mlaesuureplll], [18]. HpepmosienHLIE
MM JIOKa3aTelbeTBa 001a/1a10T mpobenami 1 ¢ cOBPEMEHHOM
TOUKYM BpeHns He sABIALTCA cTporuvu. Ila oTo ykasam yse
Huoemensn [12], xoroprii 8 1908 r. man mepsoe cBo6ofI-
HOE 0T BO3pasKeHWil JOKa3aTeILCTBO [11], ropmoe mirst MIOOBIX
kFun.B1900r. I. Tmas6epr [5] Bruouur npobiemMy
Pumana B uncio ceoux «MaTemaTmiccKkux mpoGiiem», BCJe[l-
CTBIIe 4ero B JalbHeieM OHA ITOTyYMia HAUMEHOBAHNE PO~
Guems Pumama — [munbepra; 8 1905 r. 'muasbepr
[61, [7] pacemorpen ciydait n = 2, k IpoOHSBOIBLHO (B ofEOM
qaCTHOM ciydae IpobieMa pacCMaTpHBAJIACh Nepey 9TIM
O. Kexnorowm [8]). Horasarensctso Ilnemens, Kar u
norasatennctBa I'munGepra m Hesurora, OCHOBEIBATOCH HA
Teopurr  (PEArONHMOBCKMX — HMHTETPALHEIX ypaBHEHMI.
B1913r.T. . Bupxro¢ [1]momymmn obmpuii peaynbraT
TLreMensg ¢ MOMOMBIO OHON AIIIPOKCHMANMOHHOM TEOPEMEL;
OJTHOBPEMEHHO OH JIOKa3all paHee BEICKA3aHHOE HMM o6Go0me-
ume mpoGaeme Puvana — Cuisbepra. B 1924 1. O. Xaynor
[21, [3], [4] sammmancs Bompocamm, GIU3KO CBABAHHEIME C
npoGaemoit Pumana — I'munGepra.

N3 momorpaduit, B KOTOPHX TOAPo6HO paccMarpuBaeTcs
npobrema Pumana — I'min6epra, ciefyer yIOMAHYTH TPY/RL
N.A.JJanno-Janunesckoro [9uH. U. Myc-
xexuu Buaun [10]. B [9] 65 paceMoTpeH B 10CTATOTHOM
o6ImMEOCTH BOIPOC O 3aBUCIIMOCTH ¢yHraMEHTAIBHOM CHCTEMBL
0T BHOOPA «TOYeK BETBICHUM).

Baaropapa pesyabrary [Liemesis o6mas Te0pus CHCTEM JIN-
HeHHKX 0THOPONHHX Aud@epeHuaTbHAX ypaBHe NI IePB OT0
nopsAnKa (ykKcoBa THOa ¢ PaniOHATLHEIME rospPumueHTaMK
GBuia, B OIPe/ICIeHHOM CMEICTe, IMOJHOCTBIO BaBepIieHa, Tak
KaK MOJKHO IOJYYNTH HOJHOe IpecTaBieHue O JOKANBIHBIX
1 TI0GANBHEIX TEOPeTHKO-QyHKIMOHAILHEIX CBOMCTBAX pelre-
Hmii. AHAJIOTHYHEIE NCCIeT0BAHNA JJIA CHCTEM JIMHCHHEIX OJTHO-
ponHEX muddepeHnualbERX yPaBHEHHI IEPBOTO LOPAAKA,
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KOIPPIIe L KOTOPLIX ABIAIOTCST M ponopdunin Yynrrmus -
MH Ha IPOM3BOJLHON KOMIAKTHON MM HEKOMIIAKTHOM puma-
HOBOW IIOBEPXHOCTH, 10 CHX IOP OTCYTCTBOBAJIL. Jlokanpnas
Teopwsi, OYEBMIHO, TAKOBA, KAK H B KJIACCITIECKOM crygae.
Tax sxe kak Ha unCIOBOI ILIIOCKOCTH, MOKHO OIIPeJIeINTh MHO-
eCTBO ocoberHoCTelt X’ cucTeMbl penenmii. Raknasn dpymna-
MEHTaIPHAA CHCTEMa IOPOKIALT, KaK M B KIACCIICCKOM cay-
Jae, romomMopdusm QyHTAMEHTANBHOM IPYNIE MHOMKecTBA
X — X’ 8 rpymmy GL (n, C). B a70ii cnTyanuu MosKHO cHOBA
chopmynmposars npobnemy Pumana — I'uasGepra, a Taxxe
CIIPOCUTE KaK 3aBUCAT PEIICHUS OT TOYCK BOTBIICHII? Tpynnao-
CTH, BOSHNKAIONUE IPU IONKITKEe OTBETUTH HA IOOGHEe BOII-
POCHL, TPOXICXO/IAT TJIABHEIM 00Pa30OM OT CYmMECTBOBAHUS He-
Pa30bUBAOMMX IXKIOB.

B pabore [16] o6mas mpoGrema Pumana — T'masbepra s
IPON3BONBHBIX (KOMIAKTHRX HJTH HEKOMITAKTHEIX) PUMAHOBEIX
TIOBEPXHOCTEI PEIIAeTCA B YTBEP/UTENHHOM CMBICIIC, IIpu srom
UCHOTB3YIOTCA KaK METOIH TeOPUH Y HKIIMIl MHOI M X KOMIIJICKC-
HEIX TICPEMEHHLIX, TaK M TEOPHA KOMILIEKCHO aHAIHTIIeCKIX
PACCITOCHINI HA PUMAHOBHIX IOBEPXHOCTHAX. BHCHACTCH 3a-
BHCHMOCTD PeIICHW 0T TOYEK BeTBIeHNs. Kcmt TOYkn BeTBe-
HITsl HSMCHAIOTCA B OTHOCBABHIX U HONAPHO HellePeceKaiomux-
¢ ofmacTax, To cymecTByeT pemrenve npobmemer Puvana —
I'mis6epra, 3aBucsmee o1 Hux MepoMopgHO.
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K IBAJIATH BTOPOM IPOBJEME TJILBEPTA
E. B. llla6am

IIpo6aema yEUdOpMHU3amy aHATUTHICCKUX 3aBUCHMOCTEIT,
CBA3KBAIIMNX BA MEPEMEHHHX, B HACTOAIIEEe BPEMSA B OCHOB-
oM pemena !). Kpome yrasaruoro Ilyarrkape nonxona (¢ ®KoTO-
DPEIM MO’KHO 03HAKOMUTECSA, HanpuMep, no kaure JI. P. @ o p-
n a, Apromopdmpie $ymrmuu, OHTHY, 1936), maiineHs reo-
MeTpHIeCKue MOIXOoiel (CM.,  HampuMep, MOHOTpapuio
P. Hesauuawuna, Yunpopmmsamusa, U, 1955, oco-
6erno § 4 ra. VIII).

SHaUNTEIBbHO XysKe paspaborama mpobieme yHHQOpPMUM3aA-
LMY COOTHOINEHNH Gosiee eM ¢ IByMs nepemMenasvu. 1o sTomy
moBomycM. K. 3 ur e 1 b, AsromMopduse QyHKITUN HECKOTH-
KUX KOMILIEKCHHX mepeMmenmbix, UJI, 1954. 3peck Ha crp. 89
MpUBENeHs TaKyKe HEKOTOpHE Hepemenssie Bompockr. OO
anreGpaniecKuX BOIPOCAX, CBASAHHEIX ¢ HPoGaeMoil yHuPOp-
mu3anum, cM. tesuch mornama M. W. Iarenworo-llamupo u
. P. lladapesuua va Epesanckoit KoHPEPEHIHN TO TEOPHH
amanuTnaecknx Qyurnuit (c6. «CoBpemMennrie IPoOIEMEl TEO-
pum aEagmTnaeckux ¢yErnmin, «Hayra», 1966, crp. 262).

1) TIpobaeMs! YERGOPMAZALNY BORHAKIA W3 TEOPHM aBTOMOPQHEIX
$yErmui, y merokos kotopoii croar K. Tayce u B. Puman, B XIX =,
3HAYATENPHHX yCleXoB B 9Tof obnactw pobmimes @, Kuefin, A, Myan-
wape n J. Murap. Hakorver, [Iyaskape fjoxasan BO3MOKHOCTH yHAQOp-
muzanum 000ft anrebpandeckoll yEKNIEA ABYX HMEPCMEHHHX MOCpeN-
CcTBOM aBTOMOPYHHX (QYHKOUE opHOH HepemeEmOi. I'manbepr craBmr
3aiaqy: pemurh npobaeMy yBEUGOPMMBALAN Fis AHAIUTHIECKNX QYHK-
umit. Onupasch Ha Metonsl, cosfadnEsie K. Hefimamom w I'. IIeap-
wem, II. Kébe (Nach. Ges. Wiss. Gottingen, 1907, c1p. 410) m
A. Tlyamkape (Oeuvres, t. I, Paris, 1916) mnourm O HOBPEeMEHHO
® 1907 r. penrnuin a1y sajaay. II. KéGe paspaboran mammmil Bompoc
B Math. Ann. 67—75 (1909—1914), J. f. d. reinc u. angew. Math. 138,
139 (1910—1911) u gpyrux paborax.— IIpum. ped.
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K JIBAOIIATEL TPETHEW IIPOBJIEME I'MJIBBEPTA

l J. 5. Havceoavy

1. BBEAEHUE

JdTa mpobiema cHopMyIHPOBAHA MEHEE OILPENIENEHHO, TeM
ocraapHble mpobaemer J{. TmnpGepra. B mHeit yrasmBaeTca Ha
HEOOXO0/IUMOCTS aNbHeAImero pPaspUTUA BAaPHAIMOHHOTO WC-
YMCIEHNA, KoTopomy, mo mMEeHuio II. Tmiunbepra, ymensercs
HE[[0CTATOTHOEe BHUMAHME, IPUYEM BAPHAI[MOHHOE WCUUC~
JIEANEe NOHIMAETCA B CTONH MMPOKOM CMBICTE, YTO B ITOM MO-
JKHO YCMOTPeTL MpejiBvjieHne PasBuTHA (PYHKIMOHANLHOTO
aHaJmM3a.

ITocie »Toro obmero sameuanma [I. T'mnsbepr yrasusaer
Ha BO3MO;KHOCTh WOJYUYEHHS [OCTATOYHBIX YCJIOBHMU SKCTPE-
MyMa MHOTHX BApHAIVOHHHX 3aJjad ¢ HOMOIIBI0 MOCTPOSHI
MHBAPHAHTHEIX WHTETPAJIOB, COBHALAIOIIUX HA HKCTPEMANAX
C HHTErpPaJoM, HCCIeIyeMbIM Ha DKCTPeMyM, WM HAZHIBAGMBIX
Tenmeph MHBapuaHTHEIME uHTerpamamm [I. Tuanbepra.

dra wmpesa Owuta passmra B pabore J[. TmibGepra 1)
¥ B [aJibHEHIEM OKasalach BechMa ITO0TBOPHON MpPH HC-
cnenoBaHMy 00Jee CIOKHKIX BAPUANMOHHLIX 32729 HA YCIIOB-
HBIH 3KCTPEMYyM.

Wtax, ocHOBHBIM B jiBajiiaTh TpeTheil HPOOIeMe ABIAETCA
YVKasaHNe Ha OONBINYI0 BHAYMMOCTH Mjell BAPHAMOHHOTO HC-
IUCIEeHMA.

910 yrasamme [I. TminGepra Grecrsame WOATBEPIMIOCD,
TpU9eM JVHAMH3M WAl BaPHAIHOHHOrO ICUMCHCHHS OBLIT
CTOJIb BEeJIHWK, 9TO OHH B 3HAYNTEILHOH MEpe ABHIMCH OCHO-
BOH pasBUTHA (QYHKIMOHANBGHOTO AaHANN3a, MHOTIX pase-

1) Math. Ann. 62 (1906), 351—370.
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0B ¢mauKW, MeXaHWKH u Teopir JuHPPepeHIHATLHLIX yPaB--
HeHHi.

B 31ux KOMMEHTapusX ML KPaTKO OCTAHOBMMCA JIMIIB HA
PasBUTHH COBCTBEHHO BAPHALIMOHHOT0 MCIUCICHNH , He KacadCh
CMEKHEEIX 00JIacTeH.

2. KIIACCHYECKUME METOJbI

K 1901 r. 1) B ocHOBHOM OBLITO 3aBEPIIEHO WCCIE[0BAHUE
OCHOBHEIX HEOOXOIMMBIX YCIOBHH SKCTPEMyMa BO MHOTHMX Ba-
PUAIUOHHBIX 32/]29aX C HEMOJBF/KHEIMIL M TOJBIKHEIMU IPa-
HUIaM¥ ¥ 3a7a9aX Ha yCJIOBHELIT 9KcTpeMyM. B ocHOBHOM TPY-
navu A. M. Jlemannpa, K. fAxo6n u K. Beitepmrpacca 6nnm
HONYYeHH TAKyKe J0CTATOYHHE YCIOBHA SKCTPEMyMa B IIPO-
cTEHIINX BapHAUMOHHEIX 3ajagax. Mccneposanmes sajgaduu ¢
soMaHBME dKcTpeManamu. Hagaro vicciesopanue mOsei BKC-
TpeMael. Brinn Hajinens MHOTHE BapHAINIOHHLIE 33KOHEI
mexaruxy u gusnkn. CpasHuUTeNBHO €120 ObLII HCCTe0Ba-
HEI 3271270 HAa DKCTPEMYM KPaTHHIX MHTECPAIOB, HO YiKe 16TKO
o copmymmpopans: Bospaskernss K. Beiie puiTpa c-
¢ a [8] mo mosoxy mpuemuna Jupuxie (smpouem, yixe B. Pu-
MaH OTIETIMBO HOHUMAJ HEO6XOMMOCTH 000CHOBAHUA BTOFO
OpUENUIA W Jaske INPEJUpPHHAN MONHTKM ero JoKasa-
TeNLCTBA) 2).

B nocuesyione TofAEl  OBIM  TOJTYYEHH  YTOUHAIOILHE U
JIOTIONHAIOMNE PE3YTbTATH BO BCEX YKABAHHLIX HAIPABIe-
HuAx. V3 Oolee 3HAYATENBHEIX pE3YyNbTATOB CIeyeT
OTMETUTH:

1) JleranbHOE H3yueHHe 3a1ad Ha YCAOBHEIH 3KCTPEMYM
BIITOTH 70 HOJNYICHHS HEOOXOMMEIX M JOCTATOYHEIX YCJIOBMH
BKCTPEMyMa B BEChMa 0OIIell TOCTAHOBKE 3ayadn HA YCJIOB-

1) Ycropnn paspuTisA BAPHAIOEHOTO MCUMCIERT IOCBAMIECHE! pa-
Gorer: K. A. P26 B 1 K 0B, IlepBoie 9TAIL PASBUTIIA BaPUAIIOBHOTO
meuncnesuss, UMY, penr. 2, Tocrexmspar, 1949, 355—498; A. B. I o-
podeera, Paspmye BAPHAHOHHOrO ICUHCIEHNS, TAM 7€, BLII. 14,
Dusvarrnz, 1961, 101—180; A. B. Jlopodeena, Bapuaiunos=aoe
neymcaenue Bo BTopoi monosune XIX B., Tam jKe, BHIL 15, duszmar-
rus, 1963, 99—128.— Hpun. peo.

2) 06 wcropui npuErEma Jnpiuxie cM. paGorer C.C. 1l eTp o-
B oii «Ipuwnmm Juprxie B paGorax Prumamay, UMHU, sem. 16, «Hay-
xayn, 1965, 295—340 m «O mpmnsIwFIe JNupnxuen, ¢6. «Vcropust M MeTo-
JOIIOTIIS eCTeCTRCHURX Haywy, W3-80 MI'V, 1966, 200—218.— Hpur.
peo.
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Hutil 9KCTpeMyM — B 3ajlaue O. Boubya: epeu Beex Kycouno-
TIAJIKUX BeKTOp-PyHKuMI HAlTH Ty, HAa KOTOPOil HOoCTHTraer
JKCTpeMyMa (QYHKIMOHAJ
Xy
vly @] = F(z, y, y)dz + g (20, y(20), 71, y (@)
Xo

OpH CBA3AX

¢z, 4, y)=0 (=1, 2, ..., m, m<<n)
H yCIOBHLX HA I'PAHUIAX

Yo(To, Y (Xo), T1, ¥ (7)) =0
(8:11 27 ey p;p<2n+2)

(paborr O. Boaesua, K. Kapareomopu, I'. Bancca, M. Xec-
Tenca, Marmreitna m mp.).

2) Bonbmoe MpofBmKeHEne B HCCIEOBAHME DKCTPEMYMOB
KPATHHIX HHTETPAIOB (3a7a9y ¢ MOABIDKELME TPAHNIAMH, I0-
CTaTOYHEIE YCJIOBMA, 3aia9i Ha YCIOBHHIH DKCTPEMYyM I,
0COOEHHO, TEOPEMEL CYLIECTBOBAHMS DENIeHMIT BAPUAIMOHHEX
sajiaq), B yactHOcTH paborsr J[. Tmanbepra u A. JleGera mo
o6ocuosanmio mpuniuma Jupuxiue, paotsr C. H. Be p B-
mreinma [3], A. Xaapa, JI. Tomemnn, P. Kypanra,
A. T. Curanosa, O. A. Jlagsnxenckoit, H. H. VYpansnesoii.
Muorue u3 9THX aBTOPOB NPVMEHANHN TPAMEIE METOME BapHa-
IHOHHOTO HCUHCIeHHs; cMm. crp. 204—215.

3) Uccnenosanne mpeoGpasosammii, ocTapIsgiomuX QyHK-
IIOHAI MHBAPMAHTHEIM, M UX NPHJIO/KEHNE K BapHAIMOBHEIM
mpurnEnaM (paboter 9. Herep).

4) Teopua woIfA, B YACTHOCTH TEOMETPUUYECKAS TEOPHHA
noss (uponosskenne paGor A. Kresepa m JlapGy).

o) OrmeTnM TakyKe CO3/AHWE TEOPHH BAPHATINOHHEIX 3a-
fad Ha NpOCTPAHCTBAX KYCOYHO-HENIPEPHIBHHX  QyHKIHil
(A. M. Pasmapae [18]).

3. IPAMBIE METOJIBL B BAPWALIMOHHHIX 3AJIAYAX

SHAUNTENHbHEM IATOM B PA3BUTHH BAPHAIMOHHOIO HCUHC-
JIEHNA CJieflyeT CUMTATh COBAHME HOBHX MPSAMHIX METO/[0B U
peabuanTanuio cTaporo KOHEYHOPA3HOCTHOTO MPAMOT0 METO/A
JI. Jitmepa.

IIpamMEIMIT MeTOZIAME B BaPHATMOHHLIX 327129aX HABBIBAOT
MeTO/ibl, B KOTODHIX BapHAIMOHHAA 3a7ada PacCMaTpPHBAETCH

227



KaK npeelsHas IpU 72 — 0o A 3aa4n 06 sKeTpeMyMe QyHK-
NMii KOHEUHOT'O 4MCNa 72 MePEMCHHEIX.

Ecau npefensHiil nepexon He COBEPILAGTCA, TO MONYyIaeM
nprbrmKeHHOe peleHne, ecian # — 00, TO Hpr HEKOTOPHX yC-
JIOBUAX B Ipefiese MOKHO MOJYYUTH TOTHOE penteHue.

Ipsmoii MeToft 6sT mpnvener B pabore [I. T'manGepra !),
LOCBAIMEHHO! mpuENmmy [luprxie.

B 1909 r. B. Put1 [19] onmy6ruroBas cTaThio, B KOTOPOit
Obul paspabGoTaH HOBLI, BeChMa d@PEKTUBHEI, TPAMOL Me-
TOj, MONyduBuUIMil HasBanme Meroga Purma. B otom me-
TOjie IPY MCCIE(0BARMH HA BRCTpeMyM Ppymrimmonana v [y ()]
BHIOHIPAETCA HEKOTOPas MOCHE/I0BATCIABHOCTD (QYHKIMI

wy (z), wa(x), ..., wy(x),... (1)

Pemenue BapumanumoHHOHN 3ajjaum BHa4aje WIMIETCsS JMIIDL HA
MMHENHKX KOMOMHAINAX ¢ TPOU3BOILEEIME IMOCTOAHHEIMA KO-
spdunuenTaME U3 12 IEPBHX QYHKRIUA 5TOH WOCHEIOBATEND-
HOCTH:

n
Yn = Z AWy, (.’E)
k=1

Ilpuz srom $pyHEKIMOBAI
v [yn(x)] = @ (a;, &, -, )

npespamaerca B PyBKIu0 KosPPUIMenToB oy, 1 572 QyHKIAA
HCCIEYeTCsA Ha HKCTPEMYM OOKIYHHIME Metopamu. Haiimenmoe
TAKOM MeTOJOM Y,(¥) sABnsgercd MPHONEKCHHEIM DEHICHUEM
BapHAIOHHOMN 3a7a4M.

Ecan ¢ymrnuonan v [y (z)], mocienoBarensBOCTh $yHE-
umit (1) ¥ TPOCTPAHCTBO, HA KOTOPOM 3afiaH (QYyHKIMOHAI v,
VOBAETBOPAIT HEKOTOPHIM JIONOJHHTENBHEM YCIOBUAM, TO
Yn(2) mpun — 00 CTPEMHUTCH K TOYHOMY PEIIEHNI0 BapHALWOH-
Holt 3ajmaun. CoBepIIEHHO aHANOIMIHO PEIAloTesA BapHal[HOH-
HEIe 3aagd, B KOTOPHX VY () WIH x SABIAKICA BEKTOP-
QYHKIUAME.-

B mpakTHYECKHX BOIPOCAX IPAMEIE METORH OOBTHO Mpwu-
MEHSIOTCA I TPHONM/REHHOT0 HAXOKIEHHA pelleHmil Ba-
PHUAMOHHLIX 3829, OpHIeM g Hambojee JacTO BCTPEYalo-
MEXCA B UPAJOKEENAX QYHKINOHAIOB 1 JIIA 9aCTO IPAMEH -

. 1) Math. Ann., 59 (1904), 161—186.— ITpum. ped.
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foluxcH HoclegoBaTenbHocTel Gyrrmuit (1) Halijens BechMa
TOYHEIe OHEHKW IOrpelrsocTedi, ecau B Metone Purna orpanu-
qurbeA HeGoabmmyM yucioM n (paGors H. H. Boroawtosa u
H. M. Kpsaosa).

ITocae 1909 r. Gmma paspaGoraHa Teophsa pPasIUIHBIX
OPAMEIX METO/IOB, OONBIIWHCTBO M3 KOTOPHIX SBJIAIOTCA MOJH-
¢uxanuamn meroma Pumrna (paGorer JI. B. Hamroposuua,
9. Tpedrna, C. T. Mux xunra [14] u ap.).

B 1936 r. B paGore J1. A. Jliocrepuura u I1. I'. Ilerposeko-
ro ¢ ycmexoM OblI OPUMEHEH HPAMOM KOHETHO-PA3HOCTHEII
Mertoji Oiijiepa, BechbMa PEIKO TPUMEHSBINWICA CO BpPeMeHM
paspaborkm JlarpamxeM Meroma Bapuanmii B 1755 r.

ITOT METOJ] BAKIIIAETCA B TOM, 9T0 YYHKIHEM, HA KOTOPHIX
33/1aH QYHKI{MOHAI,, ONTPEEeNsII0TCA BHAYAE JIUIIb B TOTKAX He-
KOTOPOIt CeTKH, & BHE CETRHU TPO0JIRAI0TCH nuHeiro. Ipu aToM
PyHKUHOHAN WpeBpamaercd B (YHKIUIO 3HAYCHWIT JIHHCINOI
QYHKIHE B y31aX CETKH. ITY (YHKINIO HCCIEIYIOT HA DKCTPe-
MyM H, CI'yIIas CeTKY HPeIeAbHEM HePEX00M, IIPH HEKOTOPEIX
YCIOBHAX IOJYJal0T TOUHOE peuleHme. B mampHeHmIeM 3TOT
MEeTOJi 4acT0 MPUMEHANCH ¢ GOJMbLIMM yCHeXoM.

IIpsamMiie MeTopE OKa3a’mMCh COBEPUIEHHO HEBAMEHNMEBIME
IPH JI0Ka3aTeIbeTBe CYMECTBOBAHUA PENIEHHNA MHOTOMEPHEIX
BADMANMOHALIX 3a71a49.

ITpu a10M y3xe He TpeGoBanoch pemiaTh BCHOMOTATENHHYIO
3a1a9y HA DKCTPeMYM QYHKIUH ¥ 3aTeM COBepImAaTh OGEITHO
BeChbMa CJIOKHBIN TPENEeNbHBIH TWEePexof, a HLOCTATOYHO OHLIO
IAb IOKABKBATH CYUIECTBOBAHNE PENICHUA 32749l HA HKCT-
peMyM QyHKOmN, JOOyCTHMOCTH MPENEeNLHOT0 Hepexofa o
CyInecTBOBAHWE TpemeabHON (ymKmuu. Ha sroM mytu Onuan
JOCTHTHYTH B TOCIEHWE TONH HCKIIOYNTEILHLE yCIeXu
B JIOKa3aTelbCTBE CYIECTBOBAHAA PENICHUI MEOTOMEPHLIX Pe-~
TyJIAPHEIX BapHAOWOHHEIX 3amad (cM. crp. 204—215) u mx
0606mennit; ocoGernno crnenyer ormeturs pabormr A. I'. Cm-
ranosa (cM. [20]) m O.A. JJagmmeHCcKoOM, a TAaKKe
H.H. Ypaasuesoi (cm. [10]).

4, KAYECTBEHHEBEIE METOLBI MCCJIEJOBAHUA

HoBum sTamom Pa3BUTHA BaAPAALAOHHOr0 MCYUCJICHUA ABU-
JIUCh KAQ4YECTBEHHBIE TOIIOJOrMYECKHEe METOAbl MCCJIEOBAHUA
BapuanuOHHEIX 3afad. OcHOBHEIM BOUIPOCOM fABHJIACH OLIEHKAa
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CHIY UMCJA pelleluil BapUalMOHHOU 3314 B 3aBUCUMOCTH
OT CBOMCTE (YHKIMOHAJTLHOTO IPOCTPAHCTBA, HA KOTOPOM
¢yurnmonan omperenes. EcrectBeEHO, UTO BHauaje HaJ(0
OBLIO PEIUTL AHAJOTHMYHYI0, Ho osee MPoCTYIO 3a7ady 06
OIleHKE CHUBY UMCHA KPHTHUYECKUX TOUEK QYHKIWI KOHETHO-
ro 9ucia mepeMeHHHIX (7. €. TOYeK, B Koropwx df = () B
3aBUCHMOCTH OT CBOICTB ee 06;1acTH OIpe/lesIeBMs.

3 reopeMnr Beitepmrpacca 0 poCTHKeHHN HellPEPBIBHOM
OyHRIEeR CBoeil TOYHOH BepxHeil W TOUHON HIKHEl IDaHWIL
ciegyer, 4ro pudpdepennupyeMas (QYHKIEA, 3aJaHHAA Ha
A1060M 3aMKHYTOM MHOT00Opasw#, uMeeT IO KpaiiHell Mepe
[iB€ KPUTHIECKHE TOYKH — TOYKY MAKCHMyMa U TOYKY MHUHM-
myma. Ho ecim Tomosmormueckas cTPyKTypa MHOrooOpasus
CJIOFKHA, TO HTA ONEHKA 0YEHh HETOYHA, HAIIpUMep, Ha n-Mep-
HOH TPOEKTUBHOM ILIOCKOCTH Kaskjad [BasKILl HETMPEPHIBHO
muddepennupyemas $yHKIHs nMeeT 0 KpaiiHedl Mepe
n -+ 1 KpATHYECKUX TOYEK.

B pa6orax 1925 u 1931 rr. M. Mopec (cm. [15]) ¢ mo-
moMotplo umcen Betti mod 2 pan omeHKY w9HclIa aHajm-
THUCCKH PA3JIMYBEX KPATHIECKUX TOYeK QYHKIMH, 3aJaHHOK
Ha 3aMKHYTOM MHOTOOOPA3WH, a TAKsKe IPH HEKOTOPHIX OTPa-
HUYCHMAX ¥ HA 00JacTAX €BRINIOBA IPOCTPAHCTBA.

Oxazanoch, 970 IUCIA0 KPATHYECKUX TOueK YHKLHH, 3a-
NAHHOH HA 3aMKHYTOM MHOT000pasuy, He MeHBIIEe CYMMbl Y-
cen Betti mod 2.

Ilpu sTOM IPeHOIArasoch, UT0 KPHUTHYECKHe TOUKH He
BHPOKJIEHE! (TeCCUAH OTINYeH OT Hyi#d). Pesynsrar pacmpo-
CTpaHscA M Ha BHPOKIEHHLIC KPATHYECKHE TOUKH, HO TOTMIA
IM OPHUNACHBANAch HEKOTOPas KpaTHOCTh. B nanmbneiem
M. Mopc mepenec 5TH Pe3yabrarsl Ha QYHKIMOHANLHLIA CIy-
uaii 1 JaJ OLeHKY UNCIA AHAIUTHUECKH PA3IHUHLIX PENICHUI
MHOTMX BapHAIUMOEHEX 3a7ad.

B CCCP paGoTa B 0CHOBHOM BeJlach B MHOM HallPaBJICHAA —
OIeHMBAJIACH HE CYMMa KPATHOCTeH KPUTHYECKUX TOUEK,
a WICI0 reOMETPUIECKH DPA3NHUUHEIX KPHTHIECKHX TOUCK.

OcHoBoTOIaraoUuUe pPe3yabTaTthl B STOM HAUPaBICHIH
Gorim monyaens JI. A. Jlocrepanrom u JI. T'. Illrnpensmanom
(1927 r.). [lns OmMEHKY CHUBY UMCJIA TEOMETPHIECKH DPasIHd-
HHIX KPHTHYECKMX TOYEK OHH BBEIH HOBHIH TONOJIOTHICCKHIM
HHBADUAHT — FOMOTOMMYECKYI0 Kateropmio MHos;kecTBa. I'o-
MOTOIMYECKOi KaTeropumei catyAd saMKHyTOro MHokectTBa A
OTHOCHTEIBHO COMEPIKAMEro 9T0 MHOMKECTBO MHOI006pasms
M HaszpBaeTcs HAMMEHBIIEE WHCIO 3AMKHYTLIX MHORCCTB U3
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M, cyMMa KOTOPHX cofiepsRuT A, a KaK0e MHOKECTBO MOMET
OHTE CTAHYTO B TOYKY € TOMOIIbI0 HENPEPEIBEOM iedopManun
B M. ¥Ynanock fokasark, 9o catyM OneHWBAET CHE3Y MUHM-
MaJIbHOE UHCI0 KPUTHYECKHX TOUEK (PYHKINW, 3a[aHHOil Ha
MHOTOO0Opasuu M.

Jdra Teopeva Gmua obobmena JI. A. JlocrepnukoM m
JI. T'. IllanpensmanoM HA QYHKIMOHAIBHEL CIyUaii K faja UM
BO3BMOKXHOCTD OICHUBATE 9HCIO PEMICHUI PA3JIAYHHIX BapUa-
UUOHHLIX 32589 W, B YaCTHOCTH, B 1928 r. pemmnts nasecTayio
mpobeMy O Tpex Teojie3MYeCKMX IMHUAX HA MOBEPXHOCTAX
poma 0.

O=nn noxazann (cM. [13]), aro Ha BeARo# TpusKIH HudPeper-
nupyeMoi ToMeoMopdHOH cepe MOBEPXHOCTH CYMECTBYIOT 110
KpaitHe#l Mepe TPH 3aMKHYTHE CAMOHEHEPECEKAIONMECA TIeo-
JesuyecKne NUHUN Pa3lTuIHON [JINHHI, COBHANCHHUE [JIHH KO-
TOPEIX BOBMOKHO JHUIIb TP MOABICHUN KOHTHHYYMa Teofe-
3UYECKUX JTUHUN TOW Ke MJIWHEL.

Urnen JI. A. Jlwocrepanra u JI. T'. lllanpensMana moxydn-
ax pagBuTHe B pafoTax MHOTHX MATEMATHKOB, IpHYeM B
omHOH m3 3THX pador [23] Obur BBeieH HOBHIM, CBA3aHHEIA C
KOJIBI[OM TI€DeCceYeHUil, CPABEUTEIILHO JETKO BHIUMCIIAeMBIi
TOIOJOTHIECKUH WHBAPWAHT — [JIAHA MHOMKECTBA OTHOCH-
TeJILHO MHOroo0pasus. IJTOT HHBAPHAHT OIEHHUBAET CHU3Y
POMOTONIMYECKYI0 KaTeropuio, a CJIefOBaTeIbHO, OICHHBAET
CHU3Y W 9MCI0 KPUTHIECKHX TOUYEK.

B 1941 — 1943 rr. JI. A. JlwcrepEUK (oM. [12]) ¢
momompbio coznarHoit A. H. KomMoropossiM 1 Asmekcammepom
TEOPHN BEPXHMX TOMOJOTIIH TOCTPOMIT TEOPUIO TlepecedeHuii B
GeCKOHEYHOMEPHHIX WPOCTPAHCTBAX N ONPENeNWI B DTUX
MPOCTPAHCTBAX IOHATHE JITHHLI MHOKECTBA.

B 710 BpeMs Kaxk B KOHEYHOMEpPHOM CIy9ae PYNIEL FOMO-
Jorail BepXHOX 1UKI0B (V-IIHKIOB) MOTYT OHTDL BEIPAKEHE
4depe3 TCPYOIE TOMOJIOTWIl HIGKHUX INUKIOB (A-IUKIOB), B
GecKOHETHOMEPHLIX TPOCTPAHCTBAX IPYHITHI BEPXHUX I'OMOJIO-
ruf# [a0T CYIECTBEHHO HOBBIE TOTOJOTHIECKIE NHBAPUAHTEHL,
TMO3BONAIONME M3yIaTh, TAK CKasath, (0o —k)-MepHbIe IUK-
JIEL — ITAKJEL OIOJTHNTENBHOR PasMepHOCTH k.

BuraneanB aniuey HEKOTOPHX (YHKMUOHAJLHLIX HPOCT-
parcTtB, JI. A. JlfocTepEUK MOJAYIMI ONCHKY CHU3Y GHCIA Pe-
IICHAH MHOTWX BAPHAIIMOHHEIX 334124 M, B YaCTHOCTH, J0KA3aJ
CymecTBOBaHNe 7 |+ 1 3aMKHYTHIX CcaMOHEIePeceKATONUXCs
TeoIesMICCKUN  JIHHMIT HA IMOBEPXHOCTAX, TOMEOMOPOHEIY
n-MepHOil cdepe.
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Warepecusic pe3ynbratsl B TOM K¢ HANPaBJIEEAN OHAN IT0-
ayuenst JI. C. Ilomrparmesy, A. I. ®etom (cm. [22]),
C. U. AxsGepom (em. [1]), 3. II. Ceppom, A.C.
IMeapmem (cm. [25]).

5. BOJIEE OBIIAfI TIOCTAHOBKA BAPMALIUOHHEBIX 3ANAY

D YHEKOUOHAJABHE N aHAIA3 0QOPMHEINCA B CAMOCTOATEIHHEI
OT/IeN MAaTEMaTHKY 3HATNTENHHO TO37KE BaPAATMOHHOTO HCTMC-
nennus. MHEorme pasmensl (YHKIIOHATBHOTO AaHAIN3A, 0CO0eH-
Ho B CCCP, passuBamuch Ha 6ase mpeli BapHANHOHHOIO WC-
GUCIIEHUS,

B nanpreiiineM BO3HAKIO €CTECTBEHHOE KEIAHAE BRIOIUTH
BAPHUAIMOHHOE MCYUCIEHNE B KAa4eCTBE OJIHOIl W3 IJiaB B YiKe
OCTATOYHO  Pa3BUBMIANCH (YHKIHOHAJLHEIA AaHAIA3 H
npuaaTe 3agadaM M MeTogaM BapHaIlMOHHOI'O HMCYUCICHUA
OPUCYHYI0 COBPEMEHHOMY  (YHKIMOHANLHOMY  aHANH3Y
OGIIHOCTE.

Ecnu pambine Ha DKCTPEMYM B OCHOBHOM HCCIEIOBAJIACH
OITPEJIBIEHHOr0 BUJ[A MHTETPAIIBI, TO TENEPHh CTATU PacCMaTpl-
BaTHCA JI00ke QYyHKIMOHAIH, 00J1a/JAfONIIe NUITh HEKOTO PHIMU
BECEMa OOIEMU CBOMCTBAMMU, 34/IAHHHIE HA CAMBIX PABHO00-
PasEHX (QYHKIHOHAIBHEIX HPOCTPAHCTBAX.

Ins BosMoskHOCTE 006001€HS OCHOBERX NOBATHII TEOPHH
HKCTpeMyMa YHKIUHA KOHETHOTO 91ciia HePEMEeHH X Ha YHK-
IMOHAJBHEI CAydYail yaime BCero PacCMaTpHUBAIOT JIMHEHHEIE
HNU WO KpaiiHeil Mepe JOKAJBHO JHHEIHEE IIPOCTPAHCTBA U
npepmonaraoT, Ito QyEknuoHan f (x) obaamaer mmddepen-
nuaioM B KaroM-HHOyap oboGmmemHom cmsicae. Hampmmep,
nycrs E — numHeiiHOe HOpMEpOBaHHOe IrpoctpamcrBo, E* —
conpsurenHoe ¥ F mpocrpancteo. Ecim

(F (z), h) = lim w
i—0

(rme kb & E) siBasercsa THHEHHHM OTHOCUTEILHO h $yHRIHO-
HaloM, To ecrectBeHHO cunmtath df = (F (z), k) m omeparop
F (z) masmBath rpajguentoMm f (z). Ecam omeparop F (z) as-
asiercA rpagmenToM f (z), To F (x) HasbBaeTCHA MOTEHIAAI LHBIM
omepartopoM, a f (z) HasmBaerca HoTernuanoM F (z).

Buuny HajimeHEn pasiandHbie HeOOXOJMMEE H JOCTATOYIEe
YCIOBHS IOTEHITNANBHOCTH O1ePaTopoB. TOYKH, B KOTOPLIX
df = 0, masmBampTca KpurtnuccKknMu. PaszpaboTaBEl pasmmu-
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HEIE METOfH [OKA3aTENhCTBA CYIIECTBOBAHUA KPHATHIECKUX
TOUEK W OT|EHKN UX YUCIA, HPHIEM 37I6Ch HEPEIKO BOZHBKAIOT
no6aBoOUHLIe TPYAROCTH H3-38 OTCYTCTBESA JIOKATBHOM KOMIAKT-
HOCTH y MHOTMX B&KHEIX KIIACCOB IPOCTPAHCTB.

B croab o6mem sue MoryT OBTE CPOPMYAUPOBAHEL U pPas-
JUYHBIC 33a9W HA YCAOBHEI SKCTPEMYM, B TOM YHUCIE W He-
KOTOPHIE 3a/1aYi TEOPHUH ONTHMANBHEIX mpoieccos. ITpm stoM
yroaercsi moxasathk 0000CIIEHHOe WPABUNO MHOo;KUTEedein Jlar-
PaHKa 1 HeKOTOpHe 06001ennd npnanuna Makcumyma IToaT-
parmEa (em. crp. 213). B cospamme Takoil aGerparTHOMN
TEOPHM BKCTPEMANBHBIX 3a71adu jOOJDbIIOl BKIAN BHECIN
JI. A. Jlocreprnk, M. M.BaiinGepr (cm. [7]), M.A. K pac-
pocennscrui (cm. [9]), I0.T. Bopucosuu, a B mo-
caegaee Bpema B. @. Hemsuos, E. C. Jlesurur, 1. M. Jlas-
pentseB, B. T. llonax u fap.

* 6. ONTUMAJBHEIE 3AHAYM

3anocuenuane 10—15 ser BapuanuoHHoe NCYUCTIEHNE BHOBD
TePe;KUBANI0 HePAOK OYPHOro PasBUTH: COBJIABAICH HOBHIA
pasjen — Teopus ONTUMAJBHEIX IPOIECCOB.

XOoTS OCHOBHEIE 33129l TEOPUHN ONTHMAIBHEIX HPOLECCOB
$opMyIHPYIOTCA WOUTH TAK jKe, KAK HEKOTOPHIC BapPHAIAOH-
HEIe 337[a90 HA YCAOBHEIMA YKCTPEMYM, OFHAKO J00aBOYHEIE OF-
paHnm4eHnsd, BeTpedapmpecd B TPAKTHYECKHEX 3afiadax
ONTHMAJBHOTO  YHDAaBJIEHUHA, MAENAKT KIACCUIECKHE METO-
OBl PeleHns YacT0 HENPHIMEHNMEIME Nl HedOPeRTus -
HEIMH.

Ilpocreiimas onTAMaNBHAS 327292 3AKI0IAETCH B HAXOJK-
neEnH QYHKIUN (MIN BEKTOP-QYHROUH) u (f), HABHIBAEMOU
yupaBasome Qyarnues, takoil, gToGu (yHKITOHAT

21

Vie@), u®] = F (=), u@)a 2)

to
JoCTHTA DKCTPEMyMa, IPHIEM
z (t) =f (t, x (t)1 u (t))

(3azmaroTcs ente HEKOTOPHIE TPAHUYHbBIE YCIOBHS).

Ha mepewiii B3rasam s7a 3a7a49a He OTIHAYIAETCA OT 0OLIYHOM
327149 HA YCJIOBHHH HSKCTPEMYM ¢ HErOJOHOMHBLIME CBA3AMHI
u MoyikeT OHTHL pemena kaaccmaeckumn meropamu. OpHaro B
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cBoeil MPakTUYECKOl MOCTAaHUBKE OHA COHNEPIKHUT pPsJ| CIeru-
$uuecknx ocobeHHOCTEI:

1) mopmuTerpanbHas QyHkiEs B (2) OOHYHO He copmep-
wur £ (1) u % (f) u, ciegoBaTeIbHO, PacCMaTpMBaeMas 3a7a-
ya ABIAETCHA BHEIPOKEHHON BapHaIMOHHOMU 3ayayeil, KoTopas
7lo HelaBHEr0 BpeMeHH Obiuia u3yTeHa BechMa caabo;

2) yopaBasiomas ¢GyHKuuA u (f) oOBYHO ABIAETCH INLIb
KYCOYHO-HEeIIpe pHBHOII;

3) momycruMmuie ynpaBieHHs ~— OOHYHO  PaCIIONOHteHEI
B 3aMKHYTOH o0jacTu, HampuMmep, HOAYHHEHH YCJIOBHIO
[w ()< M.

C rasky0it M3 9TUX TPYLHOCTeil MaTeMaTHKH yiKe BCTpeya-
THCH HA PA3AUYHBIX HTATIAX PA3BATHA BAPHAIMOHHOTO HMCYHC-
nenus. JleficTBHTENBHO, BEIPOJKTEHHBIE 3a/aUll yHe IO/Bep-
rajmch, IpaBia, He OUeHb [IeTAJbHOMY HCCIEeJJOBAHMIO, KY-
COYHO-HEeNpPepLIBHEIME pelleHuAMH 3aHEMaics eme B 1920 r.
A. M. Pasmapnse (cm. [18]), samrHyrocts ob6macru
ollpefielieHHA BCTPEIaiach B 33/[a9aX HA OJ{HOCTOPOHHUE BapHa-
MU, K TOMY 7K€ B IOCJejfiee BpeMs BO MHOTHX 3a7adax Hay-
THINCH MEePeXOOUTh 0T 3aMKHYTHIX oOnacrell onpeneleHNA K
OTKPHTEM (BO3HUK JlajKe TePMUH «PACKPHTH 001acTh ompese-
nerns»). OnEAKO HATPOMOMIEHHe BTHX TPYAHOCTEH B ONHOI
3ajlaue HACTOILKO €e OCIIOKHSET, YTO KIACCHYeCKHe MeTOJEL
YaCcTO CTAHOBATCS COBEPINeHHO Hed(heKTHBHLIMH.

HanGonee 3HaYMTeNLHEIl BRIA] B TEOPHIO ONTUMATBHEIX
nponeccoB chenanu JI. C. lontparus u P. Bernman.

J.C.MMoraTtparun paspabdoran BeckMa oGyl IpUHITHI,
HA3EIBAeMEH Teleph npuanumoMm MakcumyMma [lomrpsaruma,
MO3BOJIIIOMMIT pelnaTh IMHPOKHE KJIACCH ONTHMAJNLHBIX 3a-
nag, u Bmecre ¢ B. I Boargumcxum, P. B. Tawm-
kpenunsze u E.®. Mumernro (cMm. [17]) pacemorpen
MHOTOUNCIeHHbe IPII0KeHUs M YACTHAIE CIYIal 9TOT0 IPUH-
muna. B pansueimmem muorme apropst (H. H. Hpacoscxmii,
JI. 1. Posonoap, A. M. Jleros, A. I'. Byrkosckuii, T. K. Cur-
pasernunos, 0. B. Eropos, A. A. Qexnsnbaym, A. Opuj-
MaH u Jp.) eme Goiee PacIIMPWIN T'PAHUIE IPHMEHNMOCTH
OPUHIMIA MAaKCHMyMa ¥ JIeTAILHO TCCIeJOBAIHM HEKOTODHe
HHEe TOCTAHOBKH 3374 HA OITUMAIHHOE YIpaBieHHe: CTO-
XacTuyecKre 3aJauM, 3aa4l ¢ OTKIOHAIIUMCA apryMeHToM,
MHOTOMEpHEIE 3a[a49M, 3aJa9d B OAHAXOBOM IIPOCTPAHCTBE
" T. -

P. Bennman paspaGoradl coBepmieHHO MHOM MeTO[ pelme-
HIA ONTAMAJBHHX 33J1a4 — METO[ JHHAMHUYECKOro IPOTpaM-
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MUPOBaHNSA, IPU KOTOPOM PacCMaTpUBAeMbIil Iporecc pastu-
BaeTcs Ha PsAJ| 9TANOB, TIPH HTOM YIpaBJeHWe HA k-M 3Talle
BEIOWpaeTcA B 3aBHCHMOCTH OT €ro BeGopa Ha (k—1)-M sra-
ne. Takol mosramHeii BEIGOpP YIPaBIEHHH JaCcTO OKA3HLIBAET-
¢ BechMa yo6HEM, 0c00eHHO MPU MPUMeHeHIN BbIIICIHTe b-
HAEIX MamuH (cM. [2]).

Henwb3ss me orMernTh eme OfWH BajKHLII KJIACC OIITH-
MAaJTLHEIX 3a/la4 — TaK HaswBaeMble muddepeHnuanbabie
WTPHL.

B o9rmx sapagax rtarkyke HAJ0 BHOHPATH YHPABIAOILYIO
QyHRIMO win BeKTOp-pyHRImO 1 (1) TaK, IT00H QYHKIHOHANT

1y

V =\ Fq), u@), vt)de

t

MOCTUTANl DKCTPEMYyMa IPH HAJIMHNK HEroJOHOMHbLIX CBA3ell
¢ (8) = f (& z (8, u (D), v (1),

HO () yHKIINOHAJ ¥ yPAaBHEHNA CBA3EH 3aBIUCAT €I OT )y HKIMH
WM BeKTOp-QyHKIUHU v (1), KOTopas HEeM3BECTHA I, (oJee TO-
ro, OHa MOJKeT BLIOMpAThCHA HaMMeHee BHITOJHEBIM [ MOCTaB-
JIeHHOH 3a1aui CIoco0oM.

TaxuM 3a/a9aM ¥ WX BHJIOM3MEHEHWSM NMOCBAIEHH, Ha-
mpumep, paborsr [16] u [on. cmmcox, 11.

M=u oxBaTHIH, KOHEYHO, JIAJeKO He BCe IMOCTAHOBKU 3a-
729 TEOPHH ONTUMAJBHBIX IPOIECCOB, HMelomeii cefiuac Mc-
RJII0YNTebHOE TPHWKJIAZIHOE 3HAYEHHE ¥ OTPOMHYIO JHTEepa-
Typy. TpeGoBarneM BpeMeHII, I BO MHOTHX 3a/Iadax yKe oCy-
mEeCTBUMEIM TpeGoBaHHEM, SHBISETCH HE TOIBKO pemieHue
KaROI-HHOYh TEeXHUTECKON WMIH 9YKOHOMHYECKOH B3ajadqil,
HO U ONTHMAJLHOCTH DTOTO PelleHHA. B atom — samor Gyp-
HOTO Pa3BUTHA SKCTPEeMATLHEX METOMIOB B OHKaillline TOJIEL.
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