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IIpeauciaoBue pegakTopa nepeBoaa

Yurarenio npennaraerca nepeBoj KHUru «TeopuA BepoATHoOCTeil» Be-
auKoro ¢paniysckoro marematuka Anpu Iyankape (1854-1912). Boiuen-
man B cBeT B 1912 rofy, aTa KHUra ctana yue6HbIM nocobueM 1A MHOTHX
MaTeMaTHKOB, a TaK#e CIelUallCTOB B Pa3dUyHbIX 00JacTAX HayKU, MH-
CTPYMEHTOM HCCIeOBaHUI KOTOPBIX CTall TeOPETUKO-BEPOATHOCTHBIE Me-
Toabl. OyeBUHO, YTO B JBaAAllaTOM BeKe TeopufA BepOATHOCTEH cylecTBEH-
HO MpPOABUHYJAach BIepel Kak B HAyYHOM, TaKk U B METOJUUECKOM HalpaB-
nenunx. [loskanyii, He UMeeT cMbIcia MepPeYUCIATL OTPOMHOE KOJIUYECTBO
Y4eOHMKOB, B KOTOPBIX H3JI0EHbI COBPEMEHHbIe KOHIENIUH TEOPUH BEPO-
ATHocTell. B KamaoM M3 HUX MOM#HO HaliTH TOYHbIe ONpe/eleHUA U CBOM-
CTBa MaTeMaTHUUYECKUX MOHATUN BEPOATHOCTH, CIydyailHOU BeIMUYUHBI, ee
YUCJIOBBIX XapaKTePUCTUK — MaTeMaTU4eCKOTo OUAAHUA U NVCIIEPCUU.
Onnako, yBilekasAch (popMalbHO-IOTMYECKUM ONMcaHHEM NOHATUI Teopuu
BEpOATHOCTEl, aBTOPbl KHUT 3a6bIBalOT O NMpUpPOJe MOABJIEHUA CclydailHOC-
TH, O IPWIOKEHUU TeX TEOPETUUECKUX PE3YNbTAaTOB, KOTOPbIE MU IONYy Ue-
Hbel. B mpoTtuBononoxuocts 3TuM yuye6HuKaM A.IlyaHkape B cBoeil KHUTe
He JlaeT TOYHBIX ONpeleleHUIl HEKOTOPLIX NMOHATHUH, ocTaBiaAeT 6e3 CTpo-
TUX JIOKa3aTelbCTB HEKOTOPbIE Pe3ylIbTaThl, OCTAHABIMBAACH B OCHOBHOM
Ha UX UJeifHOM 060CHOBAHUM W MOJTBEDHAEHUU B NpuiomeHuAx. Taroii
HOAXO0/J AaeT BO3MOKHOCTh M3YUeHUA TeOpPUH BEpPOATHOCTeil, He Tpebyio-
I[ero OBJIafleHUA TAMENbIM MaTeMaTHUeCKUM annapaToM, YTO AelaeT 3TY
KHUT'Y JOOCTYIHOH 1A HOCTAaTOYHO HMIMPOKOIo Kpyra yuTaTels.

He mMeHnee BamHBIMM ABAAIOTCA duinocodpckre Bo33penusa Aupu Ilyan-
Kape, U3J0#€eHHble BO BBeJJeHUH 3Toi KHUTru. Pa3BuTue Teopuu BepoATHOC-
Tell Kak MaTeMaTH4eCcKoil HayKH, U3y Yalollleil 3aKOHOMEPHOCTH CIyYaiiHbIX
ABIIEHUIl, B KOHIle AeBATHAJUATOr0 BeKa ObLIO NpeJonpelelNeH0 cepbe3HbI-
MM TpeGOBaHUAMHU CO CTOPOHBI €CTeCTBO3HAHUA M 0OLIECTBEHHOU MpaKkTH-
KU. Y MHOTHX HccllefoBaTeneil TOro BpeMeHH BO3HUKAI Bompoc o ¢yHaa-
MeHTalbHOI HaTypduiaocodcKoit poiu Teopuu BepoATHOcTel. Boiee Toro,
npu3HaHNe 00BEKTUBHOCTU CTATUCTHYECKUX 3aKOHOMEPHOCTEN MOJHUMAIO
Bonpoc 00 U3y4YeHUH ycnoBuil nx Bo3HUKHoBeHUA. [logaBasmomee 601b1IMH-
CTBO YUeHbIX TOTO BpeMeHH UCXOJUIN U3 JanlacoBckoil kapTuHbl Mupa. Ta-
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KUM 00pa3oM, BO3HUKJA NOTPeOHOCTH MOCTPOEHUA TAaKOWl KapTUHbBI Mupa,
B KOTOpOI1 00beKTUBHbIE CTATUCTUUYECKUE 3aKOHbI, MaTeMaTUUecKue NOHA-
THA BEPOATHOCTHU U clly4yaitHOIl BeIMUMHBI He NIPOTUBOPEYUIN ObI 0CHOBHBIM
NPUHLUIIAM KOHLENLUH JalljacOBCKOro JeTepMHHU3Ma.

Peman sty 3anauy, A.Ilyankape kak ¢uinocod TBepao npujepHuBaeT-
cA netepMuHu3Ma. [lnA Hero ciyuail ecTh NPOU3BOAHAA OT HeONpeJeleH-
HOCTU B CUJIYy OT'PDaHWUYEHHOCTU 3HAHWUA JAHHBIX. AHaIU3UpPyA pealbHYIO
npakTURY HaykH, A. [lyankape BeifendeT TPy OCHOBHbIE IPUYUHBI, KOTOPbIE
TpeOyIOT UCNoNb30BaHUe MOHATHA 00bEeKTUBHON cinyuaiitHocTU. Bo-nepBbIx,
3TO OrpaHMuYeHHasA TOYHOCTb M3MepeHUA, He Jaiollasd BO3MO¥HOCTb TOUYHO
yragaTb pe3ylbTaT 3KCIepUMeHTa B TeX CUTyalMfAX, Korjaa Maible BO3MY-
IleHUA BbI3bIBAIOT Oosbllile cileAcTBUA. Bo-BTOPBIX, CI0MHOCTb MOCTPOEH-
HOW MoJesM 3KCIlepUMeHTa, Korja pesyJabTaT ollpejeldeT Takoe 6oJblioe
KOJIMYECTBO Da3dUYHbIX INPUYUH, YTO HCCIel0BaTeNl0 CTAHOBUTCA HEBO3-
MOKHBIM JOCTOBEPHO ONpeJeluTh ero. B aToM ciyuae, ynpomas Mozelb,
UccleoBaTelb BHOCUT HEONPEeeNeHHOCTb B 3KcIepuMeHT. B-TpeTbux, To,
yto A.IlyaHrape Ha3bpIBaeT «HeBemeCTBOMy. TaKoro poga NpUYUHBI BO3HU-
KaloT B TeX CUTyalufX, Korja uccieloBaTelb B CUIy OTPAHUUYEHHOCTU CBO-
UX 3HAHWUI He MOKeT NpeJolpellelUTh pe3ylbTaThl CBOEro 3KCIepUMeHTa.
A.IlyaHkape cuuMTal, 4To ero paccy:/jeHuUA 000CHOBBIBAIOT HalU4He CIy-
4yallHOCTH B MHUpe, B KOTOPOM HUUTO He NPOUCXOAUT IPOU3BOJIBHO, NOJUHU-
HAACH JEHCTBUIO OJHO3HAUHBIX 3aKOHOB. OH BHIelN, UTO HayKa Bce Goablle
obpallaeTcsa K BePOATHOCTHO-CTATUCTUYECKUM HJAeAM, IIPU 3TOM, He BCTYy-
nafg B IPOTHUBOpeuHde C NpejcTaBleHUAMHU 00 OJHO3HAYHON JeTepMUHUPO-
BaHHOCTHU AABJIEHUIl 1efiCTBUTEIbHOCTH.

[lonnMas BamHOCThL Pa3BUTHA TEOPUM BepPOATHOCTEN Kak MaTeMaTH-
yecKoit Hayku, A.Ilyanrape B cBoeil KHUre NMpuUBIeKaeT rIyGOKUI aHATIH-
TUYECKUIl ammapart AJd pelleHUdA 3agay. 31eCb MOMHO HAUTH MeTOIbl MO-
MEHTOB U XapaKkTepUCTHYeCKUX (YHKUMI [IpU JOKasaTelbCTBe LeHTpalb-
HOIi IIpeJeNbHOI TeopeMbl, MeTO/Jbl HAUMEHBIINX KBAAPaTOB U Hauboblle-
ro npaBJonoJo6uA Npu cTaTUCTUYECKON OlleHKEe HeU3BECTHbIX TapaMeTpOB,
BbIUKCJIEHUe BepoATHOCTel MeToJoM npousBoaAumux ¢yHrnuit. CTouT BbI-
JelUTh OpUTrMHalbHOE NI0CTPOEHNe U3JI0OHEeHNA MaTepualla B KHUre u 60Jb-
oe KoJMYecTBO 3ajay U3 JPyrux pasfielloB MaTeMaTUKU TaKUX, Kak Teo-
pud yucen, anrebpa, MmaTemaTudeckasa pusnka, HebecHaAa MexaHUKa, QyHK-
LJUOHANbHBIN aHanus, JuddepeHnalbHasd reoMeTpusd.

KoHeuHo, BCIo KHUT'Y Helb3f Ha3BaTh JErKOi 1id 4TeHUA. BBeeHue u
IlepBble HECKOJIbKO IJaB N0/l CUJIY NpOYuTaTh N11000My MHTepecyloleMycH



8 IIpeducaosue pedarmopa nepesoda

Teopuell BEPOATHOCTEN YUTATEN0, TOCKOILKY OHU He COJIep#aT CKOJbKO-
HUbYb cepbe3HOro MaTeMaTHuyecKoro anmnapata. [locienyioiiue riaBbl 6o-
Jee TPYOHBI A YTeHUA U TPeGyIOT 3HAHUA OCHOBHBIX MOHATHI MaTeMa-
THUYECKOr0 aHalu3a, B YaCTHOCTH, NUd(depeHINaTbLHOr0 U UHTErpalbHOTOo
ucuncienuit. Bennko 6b110 UCKYIIEHUE 1A peakTopa AaTb UCTOPUYECKY IO
U HaYYHYIO OLEHKY KakJoro ¢akTa, NpuBefleHHOT0 B KHUure. OqHAaKO B 3TOM
cilyJae MpHILIoch GbI epenucaTh BCIO KHUTY. PeiakTop 1 nepeBoJUUK KHU-
T'Y PElIUIN OTKa3aThCA OT 3TOr0 U B L[ENOM II0CTapaluch COXPAHUTb CTUIb
usnomenua A.lIlyankape, 4ToGbl YuTaTeNb MOT CAMOCTOATENbHO OIEHUTh
U3AIIIHOCTb ¥ BEPHOCTh pacCy:#JAeHUIl BEIUKOr0 MaTeMaTuKa.

HecomHeHHO, 3Ta KHUra OTKPOET JJIA MHOTUX YUTaTeledl, B TOM YUCiIe
U MaTeMaTHKOB, HOBbI! B3IJIfi[l HA TEOPUIO BEPOATHOCTEH, HA €e UCTOPUIO
u Ha poib A.IlyaHkape B ee pa3BUTHUH.

A. B. lémuukos



BBenenue!

I. Cayuyait

«He 6ynmer nu ype3aMepHOi CMENOCThIO pacCy#/JaTh 0 3aKOHAX ciiydan?
He sBnsieTca nu ciydaii MpOTUBONMOJO#HOCTBIO M06oro 3akona?y Tar mu-
met BeprpaH B Hauane cBoeil «Teopuu BepoaTHocTeily. BepoATHOCTD mpo-
TUBOIOJIOKHA OINpPeJeJIeHHOCTH; 3TO TO, O YeM He 3HAIOT; CllefoBaTelbHO,
MOKET MOKAa3aTbCA, UTO BEPOATHOCTb Helb3fl BHIUUCIUThL. BOT Kak MUHU-
MYM OHO OUeBHAHOE NPOTHUBOpeYne, 0 KOTOPOM Yike MHOTO HalKCaHO.

Kpome Toro, yto Takoe cayuaii? JIpeBHUe paziauyaiyu ABIEHUA, KOTO-
pble, MO-BUJUMOMY, IOBUHOBAIUCh FADMOHMYECKUM 3aKOHaM, yCTaHOBIEH-
HBbIM eJJMHO bl U HaBcerJa, U ABIEHUA, PUNNCbIBaeMble ClIyyaio; UMEHHO
Te, KOTOpbIe Helb3A ObLIO NpeJBUAEThb, T. K. OHU He NMOAYMHANNUCH HUKAKO-
My 3akoHy. Hu B oqHO# 06;1acTy TOYHbIE 3aKOHBI He ONpeeNsiu BCero, OHU
JUIIb OYePUYUBAIN Mpefelbl, B KOTOPBIX A03BOJAIOCH NPe6GhIBaTh CIyvalo.
B pamkax »Toif KOHIENUU CIOBO «Cly4aily UMeNOo TOYHBIN, 00BEKTUBHbIN
CcMbICI: TO, YTO ABIAJOCH clydaeM [JA OZHOrO, OCTaBajloCh clydaeM U AJaf
Ipyroro, u 1jf o6oux cpasy.

Ho mp1 Gonbuie He mpujep:uBaeMcA 3TOM KOHLUENIUHU; MBI clena-
duch abCoNIOTHBIMU AeTepMUHUCTaMM, TaKMMH, KOTOpble, #enafd coxpa-
HUTb 3@ YeJOBEKOM IpaBa cBoOOAHOro ap6uTpa, N03BOJIAIOT JeTEPMUHU3MY
10 MeHbleil Mepe Ge3pa3felbHO NPaBUTh B HeopraHuuyeckoM mupe. Jlro6oe
ABIleHNe, KaKUM Obl MalbIM OHO HU OBLIO, UMEET NPUYUHY, U OECKOHEYHO
MOIIHBI} pa3yM, 6eCKOHEUHO XOPOIIO 3HAIOU[MI 3aKOHbI NPUPOABI, CMOT Obl
npeABUETh BCe, OT Hauana BekoB. Eciu 661 moJoGHBIN pa3yM cylecTBOBAl,
MbI He MOIJIH OBl UTPATh C HUM HY B KaKYIO a3apTHYIO UTpPY, MbI ObI Bcerja
IpPOUTPBIBAIH.

JleficTBUTENbHO, ANA HEro clI0BO «cilydail» He UMeso 6bl cMbIcaa, TOY-
Hee, clydas He cyllecTBoBano 6bl. TolbKO MO NMpUuYMHe Haulell cnabocTu
U Halllero HeBejecTBa clyuvail cyuiecTByeT A Hac. [laike eciu He TOKU-
JaTh Npefelbl Hallero craboro yejgoBevyecTBa, TO, YTO ABIAAETCA ClydaeMm

1310 BBemeHUe B3ATO U3 raaBsl «Cayyaity Moeit paboTe! «Hayka u metoay («Science et
Méthode», Flammarion). — [pum. asm.
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IUIAl HeBEMIbl, y#e He OyleT TakoBbIM A yueHoro. Ciyuait — He Gonee
yeM Mepa Harmiero HeBexsecTBa. CiyuaiiHble AIBIEHUA — II0 ONpeJeNeHUuI0
Te, YbUX 3aKOHOB MBI HE 3HAeM.

Ho Gynmet nu 3T0 onpepeinenue BnoiHe yAoBieTBOpATH Hac? Korna mep-
Bble XallJelicKie NacTyXU cleJUU 3a JBUMeHUeM 3Be3[], OHU ellle He ObLIU
3HAKOMBI ¢ 3aKOHaM{ acTPOHOMMM; NPUILIHM JU OHU K BbIBOAY, UTO 3BE3[bI
OBUYTCA caydaitno? Ecau coBpeMeHHbIN GU3UK M3ydaeT HOBOe fIBIEHUE
U OTKPBIBAET COOTBETCTBYIOMINII 3aKOH BO BTOPHUK, CKa3ajl Obl OH B MOHe-
JIelNbHUK, YTO 3TO fIBIeHUe ciyuaiiHo? Boiee Toro, npeackasbiBag Kakoe-ToO
fIBlleHNe, He cChblIaloTCA JM 4YacTo Ha To, YTo BepTpaH Ha3bIiBaeT 3aKOHOM
cnyuyaa? Hanmpumep, B KUHETHYECKOI TEOPUU ra3a Mbl HAXOJUM U3BECTHbIE
3akoHbl MapuotTta u I'eii—Jlioccaka, o6A3aHHble TUNOTe3e, YTO CKOPOCTH
MoJleKyJ ra3a U3MeHAeTCA HeperylfApHo, T.e. ciydaiiHo. Bee ¢usuru roso-
PAT, YTO JaHHble 3aKOHbI OKa3anuch Obl KyJa cloiHee, ecli ObI CKOPOCTHU
HOAYMHANUCEH GbI KAKOMY-HUOY b 3eMEHTapHO MPOCTOMY 3aKOHY, eclu Obl
MOJIEKY bl ObLIU, TaK CKa3aTh, 0P2AHU306aHbl, €ClU Obl OHU MOTYMHAIUCH
Karoi-HubGyn» aucuuninHe. Toabko Guaromapd ciydaio, TOIbKO Gaarogaps
HallleMy HEeBEKeCTBY MbI MOMeM YCTAHOBUTb BTH 3aKOHBI; HO €ClI CJIOBO
«ciydaiiy — JHIb TPOCTON CHHOHUM HeBe#ecTBa, To 4yTo 3To 3HauuT? Hamo
JM 3TO NOHUMATh CIeyIOMUM o6pasom?

«BbI TpeGyeTe 0T MeHA IpeJiCKa3aTh HEKOTOPBIE ellle He TPOU3OoUIe e
ABneHud. Eciu Obl, K HecyacThblOo, i 3HANI UX 3aKOHBI, TO A HE CMOT GbI
peluTh Bamly 3agauy 6e3 HeoCyIeCTBUMBIX BbIYKCIEHUN, U MHe NPUIILIOCH
Obl OTKa3aTh BaM; HO TaK KaKk A UMeIO cYacThe He 3HAaThb UX, A BaM ceiiuac
e oTBeuy. U, uTo camoe HeoObIUHOE, MOIl OTBET GyIeT BepeH.»

Urak, Hago npusHaTh, UTO CIOBO «ClIyYaiiy He COBIAfaeT C TeM UMEHEM,
KOTOpO€ MBI IaeM HallleMy HeBeeCTBY, UYTO Cpedu ABIEHU, YbH IPUIUHBI
HaM HEU3BECTHbI, Mbl JOJ#HBI Pa31uvaTh ABIEHUA CIydailHble, 0 KOTOPBIX
Mbl IpeJBapUTeNbHO Y3HAeM B TEOPUU BEePOATHOCTEMN, M HeclIydailHble, O
KOTODPBIX MbI He MOKeM CKa3aTb HUYero, T. K. MbI ellle He ONpeeNuIn 3aK0-
HbI, KOTOpbIe ObI ynpaBaaaun uMu. OUeBUAHO, UTO 1A NePBbIX, COGCTBEHHO
cly4vaiiHbIX AIBIeHUI, cBeleHUA, TOcTaBIfAeMble Teopueil BepoATHOCTel, He
nepecTaHyT ObITh BEPHBIMU B TOT JleHb, KOTJja Mbl Jy4llle U3y UM ABIEHUA.

JupeRrTOp CTPaxoBoii KOMIIAaHUY, 3aHUMAIOLINIICA CTPaXOBaHUEM HU3-
HU, He 3HAeT, KorjJa yMpeT KasAblil U3 ero KINEHTOB, HO OH BeJEeT pacyeThl
Ha OCHOBE TEOPUU BEPOATHOCTEN M 3aKOHA GONBIINX YKceld, U He omubaeT-
cfl, ¥ yCIeNIHO paclpefendeT OUBUJEHAbI cpeld CBOMX aKLHUOHEPOB. ITH
JUBHAEHIbl He Mcye3dn Obl, ecid Gbl OJHamAbl KaKOH-HUOYAb CIUIIKOM
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HpOHPI].IaTe.TIbeIfI 1 OONTIAUBBLIA MEIUK peumuga ¢ BegoMa MNOJUUIHUN IIPOUH-
Q)OpMI/IpOBaTb OUPERTOopa O maHcax Ha MU3Hb ero 3dacTpaxoBaHHBIX. JToT
MEIHK paccedl Obl HeBeJleHUe AUPpERTOopa, HO He UMeIl ObI HUKAKOT0 BJIWA-
HUA Ha JUBUEHbI, KOTOPbIe, OUYeBUJHO, HE ABJIAIOTCA Pe3yJbTaToOM 3TOI'O
HeBeIeHUA.

I1. Onpenenenue cayuas

Yrob6bl HaliTH Haulyulllee onpejeleHHe clyuyaf, Mbl pacCMOTPUM He-
KOTOpble cOGLITUA U3 TeX, YTO NPUHATO CUUTATh CIy4vailHbIMHU, cOGBITUA,
K KOTOPBIM KaeTcA MPUMEeHUMON TeopusA BepOATHOCTell; 3aTeM MbI BbIAC-
HUM, KaKOBbI UX 0OlIue cBoiicTBa.

[lepBrIit mpuMep, KOTOPLIN MBI BbiGepeM, GyleT CBA3aH ¢ HeyCTOWYU-
BBIM paBHOBeCHEM; MbI XOPOILIO 3HAeM, UTO €ClIU KOHYC NMOCTaBUThL Ha Bep-
MIMHY, TO OH cpa3y ke ymajeT, HO MbI He 3HaeM, Ha KaKkoil OOK; KakeTcH,
YTO BTO MOKeT PelIUTb TOJAbKO ciayuail. Ecnu 6b KOHyc Obl1 COBEpIIEHHO
CHUMMETPUYHBIM, ecli Obl ero ocb Gblia COBEPIIEHHO BEPTHKANbHON, eclu
Obl OH He TIOJUMHAJICA HUKAKOH ApPYTroiil cuie, KpOMe CHIIbI THMECTH, OH GbI
BooGie He ynaia. Ho maneiimuii nedeKT cUMMeTPUU 3acTaBUT €ro Jerko
HaRJIOHUTLCA B OJHY WU JPYTylO CTOPOHY, a8 KaKk TOJbKO KOHYC HaKJIOHUT-
cA, OH COBEpIIEHHO yNajleT Ha 3Ty e CTOPOHY, Kak Obl HU GbLI Mal 3TOT
HarJoH. [laxe eciy cUMMeTpHA COBeplIeHHA, OJHO OYeHb Jlerkoe Kouaeba-
HUe, OJHO JyHOBEeHHe BeTpa CMOMET HAKJIOHUTbH ero Ha yrol B HECKOIbKO
CEeKYyHJ; 3Toro 6yeT JOCTaTOYHO, YTOOLI BRI3BATh MajeHue, U HalpaBleHUe
najJieHuA COBNAJET C HalpaBleHWEM HAyalbHOI'O OTKJIOHEHUA.

OueHb MelKas, yCKOJNb3alOIlasA OT HaC IPUYMHA BbI3bIBAET 3HAUUTEIb-
Hoe cle[[cTBUe, KOTOPOe Mbl He MO#eM He 3aMeTUTh; TOTAa Mbl [OBOPHUM,
YTO 3TUM cle[CTBHEM Mbl 06A3aHbl ciyyaio. Ecau 661 Mbl TOUHO 3HaNU 3a-
KOHBI IPUPOJIbI U cocTofiHUe BeeneHHoll B HayanbHbIII MOMEHT BpeMeHU, Mbl
ObI MOIIM TOYHO Ipejcka3aTh COCTOAHME 3ToH ke caMoiil BeeneHHoil B mo3 -
Heiimuit MmoMeHT. Ho naske ecnu Obl 3aKoHBI NpUPOAbI Goiblle He GbLIU ce-
KPETOM [ Hac, Mbl BCe PaBHO He CMOTLJIH Obl 3HATh COCTOAHNME MUDa HUHAYe,
yeM npubauszumeasvro. Eciu 3To mo3BoiAeT HaM NpeJBHAETb JalbHEHIIYIO
CUTYALUIO C MeM dHe CaMblm NPUOAUNCEHUEM, MBI TIOyYaeM Bce, UTO HYHHO,
U TOBOPUM, YTO JaHHOE ABJIeHUe ObLIO MpeJBUIEHO, YTO OHO yIpaBiAeTCA
HEKOTOPHIMH 3aKOHAMU; HO Tak ObIBaeT He Bcerga, MOKET CIyUYUTHCA, YTO
HeGonblllMe pa3inyuiA B HaYalbHbIX YCIOBUAX NMOPOMIAIOT OUeHb OOMbIIYIO
pasHUIy B KOHEYHbIX ABIEHUAX; MajeHbKafd oMK1OKa B IePBbIX IPOU3BOAUT
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Gonbiryio omubry B mociequux. [lpefckazanue cTaHOBUTCA HEBO3MO#HBIM,
U MbI UMeeM ciyuaiiHoe coObITHe.

Ham BTopoit npumMep GyneT oyeHb MOX0# Ha MEPBbI, Mbl MO3aUMCTBY-
eM ero u3 Meteoponoruu. [loueMy MeTeoponoram ¢ TaKUM TPYIOM yIaeTcA
npejckasath noroay 6oiee-MeHee ToyHo? [loyemy HaMm KazkeTcH, YTO TUBHU
U naxe Gypu OPUXOJAT ClIydaiiHO, TAK YTO MHOTHe JIOJU HaXOIAT COBEp-
[IEHHO eCTEeCTBEHHBIM MOJMTLCA O JOM/JEe WU AICHON moroje, B TO BpeMA
Kak OHU COYIU Obl CMEIIHBIM HPOCUTh B MOJUTBE 0 3aTMeHuu? Mbl BUAMM,
4yTo HauGolblINe NOTPACEHUA NMPOUCXOJAT IIaBHBIM 00pa3oM B Tex obuac-
TAX, rje aTMocdepa HaXoJUTCA B HEYCTONUYNBOM paBHOBecHH. MeTeopoio-
I'd XOPOILIO 3HAIOT, YTO 3TO PaBHOBeCHe HEYCTONUYMBO, YTO I'Ie-TO JOJHEH
BO3HUKHYTh IIMKJIOH, HO OHU COBEPUIEHHO HECIOCOOHbI CKa3aTh, I'/le MMeH-
HO; OJHOI1 IecATOl rpaayca B Kakoi-HUGYAb TOUKe 6oJbllle MU MeHbIIe —
U [UKJIOH pasparkaeTcA 3/lecb, a He TaM, U MPOU3BOJUT OMyCTOLIEHHE B
MECTHOCTU, KOTOPYIO Hon:eH ObLi 6bl MomaauThb. Ecau 6b Mbl BHIUYNUCIUIU
3TY [ecATYIO OO rpagyca, Mbl Obl CMOIIH Yy3HATh O LUKJIOHE 3apaHee,
HO HabGmI0/IeH|A He ObUIM HU JI0OCTATOYHO TOYHBI, HU JOCTATOYHO MHTEHCUB-
HbI, ¥ U3-3a ATOrO Bce KameTcA 06A3aHHBIM BMeIIaTelbCTBY ciydaf. 3[1ech
MBI CHOBa HaXoJUM TOT #€ KOHTPAacT Me#Ay MeNKOH, He3aMeTHO! AlA Ha-
GarofaTend NMPUYMHOM M 3HAYUTEILHBIMU CIEJCTBUAMH, KOTOPble HUHOTJA
060pauyMBalOTCA YKacHbIMU OeICTBUAMMU.

[lepeiinem k apyroMy npumepy, Kk pacnpejieieHUIO MalbIX IJaHeT B I10-
fice 30[1aKa. 3HAYEHUA UX HAYalAbHON HOJTOTHI MOTIHU GBbITH JIOOBIMU, HO
UX CpeJIHHe CKOPOCTH GbLIM Pa3iUYHbI, U 3THU IJIAHEThI HAXOJWIUCH B JIBU-
JKEHUU HACTOIbLKO JIONT0, UTO ceifuac Mbl MOMEM CUMTATh UX pacHpejeneH-
HBIMH BJI0JIb 30/1MaKa ciyyaiiHo. OueHb MaleHbKHe HauyajlbHble Pa3iuyuf B
paccrosnuu o CoiHIa WIK B CPEJHUX CKOPOCTAX Jajld OUPOMHYIO pasHu-
Iy B UX HbIHEIIHel J0AroTe; JeHCTBUTENbHO, U3NUIIEK B OJHY THICAYHYIO
CEeKYH/IbI IIPU CPEJHEM INepeMeleHUH 3a JeHb JacT OJHY CEeKYHIYy 3a Tpu
rojia, OIWH r'pafyc 3a JeCATb ThICAY JET, MOJHYIO OKPYKHOCThL 38 TPU HIU
YyeThIpe MUJIMOHA JIeT, a8 YTO Gy/eT M0 UCTeYEHUH BpPeMeHH, MpPOIIe/liero
¢ Tex Mop, KaKk Malble IJIaHeThl OTOPBAINCh OT JNamnacoBa obnaka? Bor emte
OJVH NPUMep Majloil MIPUYUHBI U GONBIIOTO CIEeJCTBUA, TOUHEE, MalleHbKUX
pasnauyuii B IpUYMHE U GOJbIIUX Pa3NuyUil B CIEICTBUHU.

Hrpa B pyneTKy yBeJeT Hac HEMHOTO B CTOPOHY, T. K. OHA HEMOX0*a Ha
npeapiaymuii npumep. [lpeanonomsum, 4To cTpenka, KOTOPYIO MOHO MOBO-
pauyMBaTh BOKPYT HEKOTOPOil ocu, HaxoAuTcA Ha udepbaate, pa3neleHHOM
Ha 100 cekTOpOB, KpacHbIX M YepHbIX NonepemeHHo. Ecau cTpenka ocraHa-
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BIMBaeTCA HAa KPaCHOM CeKTope, IapTUA BbIUIpaHa, eciii HeT — IpPOUrpaHa.
OueBHIHO, BCe 3aBUCUT OT HAYalbHOTO UMIYJIbca, KOTOPBIN MbI COOOIIUM
crpenre. fI mpegnonarar, 4to crpenka caeraeT 10 unm 20 o6opoToB, HO
OHa MOeT 0CTAHOBUThCA 0oJlee UM MeHee GbICTPO B 3aBUCUMOCTH OT TOTrO,
TOJKHYI A Oojlee wiu MeHee cuibHO. JlocTaTouHO, YTOGBI UMIYNbC U3Me-
HUJICA BCero Ha OJIHY WJIHU [iBe ThICAUYHBIX, — U MOA CTpeJKa OCTAHOBUTCA Ha
YepHOM CeKTope, WM Ha clefylolleM, KOTOphIil okameTcA KpacHbIM. Myc-
KyJbHOE YyBCTBO He B COCTOAHUU OLleHUTh 3TH Pa3j]nuyulf, OHU YCKOJIb3HYIU
Obl [Jaske OT 0YeHb TOHKUX UHCTpPyMeHTOB. Tak, A He Mory npeaBUIeTh,
YTO CcellaeT CTPeNKa, KOTOPYIO fi TOIbKO YTO TOJKHYJ, BOT [OUYeMy Moe
cepAille 6beTcA, U A Nojaraioch Ha ciayyvail. PasHuna B npuunHe HeollyTu-
Ma, a pa3Hulla B CleJCTBUU UMeeT JJIA MeHd oueHb OosblIoe 3HaueHue, T. K.
peub unieT o060 Bceli Moeil cTaBKe.

111

IToroBopum Temnepb 0 APYyruX MpUMepax, B KOTOPBIX MOABATCA HEMHO-
ro WHbIEe cBoiicTBa. 3aliMeMcA cHayala KHHeTHYecKoil Teopueil rasa. Kak
cileqyeT MpelcTaBIATh ceGe 3anonHeHHbIN rasoM cocyn? Becuucnennbie Mo-
JeRYNbl, HajleleHHble 60NbIIMMUA CKOPOCTAMMU, IEpeceKkaloT ero Bo BCEX Ha-
NpaBleHUAX; KamJoe MITHOBEHNE OHU yIapAIOTCA 0 CTEHKY cocyJa Wiu JpyT
0 Jpyra, ¥ 3TU yJAapbl NPOUCXOAAT MPU OYEHb Pa3HbIX yCJIOBHAX. B Tarom
clyyae Hac oco0€HHO MHTepecyeT He MajoCThb NPUYUH, & UX CJIOKHOCTh.
Kpowme Toro, 31ech NpucyTCTBYeT U NepBafd 0COOEHHOCTh, OHA TO}€e UrpaeT
BakHYIO poib. Eciu GbI 0HA MoJIeKyJa OTKJIOHUIACH OT CBOEM TpaeKTOpuu
BIIPaBO WM BJIEBO Ha 0YEHb MalleHbKYIO BeIUUYUHY, CPABHUMYIO C paJiyCcoM
B3aUMOJIelicTBUA MOJIeKyJ ra3a, oHa Obl u36enana ygapa Wiu ucnbitana Obl
ero B IpYyrUX yclIOBUAX, U HalpaBlleHUe ee CKOPOCTHU Iocie yaapa U3MeHu-
Jock 661 Ha 90° uau, Bo3mMoskHO, 180°.

U 510 eme He Bce. MbI TONBKO YTO BUAETH, UTO IOCTATOUYHO OTKIOHUTH
MOJIEKYy Ha OECKOHEUHO Malylo BeJIWUMHY [0 yAapa, 4ToObl mocie yjaapa
OHa OTKJIOHUJIACh Ha BeIMYUHY KoHeuHY10. Eciiu s#e MoleKkyia HCIbIThIBAET
[IBa NoclieloBaTeNbHBIX yaapa, To lepe] NePBbIM U3 HUX JOCTAaTO4YHO OyaeT
OTKJIOHUTb 3TY MOJIEKYly Ha 0eCKOHeYHO Malylo BeIUYUHY BTOPOTO IIO-
pALKa, 4TOOLI IOCJe MEPBOT0 CTOJIKHOBEHUA Mbl UMeld 6€CKOHEUHO Malylo
MepBOro NopAjKa, a Mocjie BTOPOT0 CTONKHOBEHUA — KOHEUYHYIO BEIUYUHY.
Ho monekyna He moiBepraeTcA Bcero JHlllb ABYM yJapaMm, OHa UCHbIThIBaA-
eT o4yeHb 0O0JbIIOe YUCIO YAapoB 3a cekyHOy. U eciu nocie nepBoro yaapa
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BellMYMHA OTKIOHEHUA YMHOMAETCH Ha KaKkoe-TO 04YeHb Gonblnoe uucio A,
TO MOcCJie 7 YJapoB OHA YMHOMUTCA Ha A™; OTKIOHEHHE OKaMeTCA OYeHb
GoNbIIMM He TOIbKO U3-3a TOro, UTO A BelUKO, T.e. U3-3a TOr0, YTO Mallble
NPUYUHBI IPUBOAAT K GOJBIIUM CIeJCTBUAM, HO U IOTOMY YTO IIOKa3aTelb
CTeNneHu 7 BelUK, T.e. IOTOMY UTO y/Japbl 04eHb MHOTOUMCIEHHBI 1 TPUYH-
HBI 3TOTO CIOHHBI.

Iepeiinem Ko BTOpoMy HpuUMepy; MOYeMy BO BpeMf ITUBHA KAy J0H-
Il KaMyTCA HAM pacnpefieleHHbIMU ciyyaiiHo? KoHeuyHo, 13-3a CIOMHOCTH
NpPUYUH, ONlpeelAlomuX ux obpasoBanue. [IpencraBum ce6e HOHBI, paccedH-
Hble B aTMocdepe; JoIroe BpeMA Ha HUX JefCTBYIOT HOCTOAHHO MEHAIONIH-
ecd NOTOKY BO3/lyXa, OHM BOBJIEKAIOTCA B BUXPU OUEHb MallbIX pa3MepoB, U
UX KOHEYHOe paclpejelieHrie He UMeeT HI4ero o6iiero ¢ HayalbHbIM. Bapyr
TeMIepaTypa CHUMAeTCH, BOJAAHbIE Mapbl KOHAEHCUPYIOTCA, U KamIblil U3
3THX MOHOB CTAHOBUTCA LEHTPOM OJHOU No#iaeBoi Kamau. [Iasa Toro 4To6sl
3HaTh, KAKUM OKameTCHA paclpefielieHle 3TUX Kalelb U CKONbKO MX ynaaeT
Ha Kam/Ayl0 MOCTOBYIO, Mal0 U3Yy4YWTb HadyalbHOe pacipejelieHre HOHOB,
TpebyeTcA MOACUUTATh BO3AEUCTBUA THICAYM BUXpeil BO3AyXa, MEIKUX U
Kalpu3HbIX.

[Ipousoiiner To e camoe, eciu Mbl OyJeM paccCMaTpUBATb YaCTHIbI
MbLIY, B3BellleHHbIe B BOJe; COCY[ IOJOH TeYeHUil, X 3aKOHbI HAM HEeu3-
BECTHbBI, Mbl 3Ha€M TOJIbKO TO, YTO OHM OUYEHb CIO#HbI; B KOHI[e KAKOr'0-TO
NpoMeyTKa BpEMEHHU YacTHlbl GyyT pacupe/eleHbl clydaifHo, T.€. paB-
HOMEpPHO, [0 BCEMY COCYAY, IpUYEeM MMEHHO M3-3a CIOKHOCTH ITUX Teue-
Huil. Ecniu 6b1 Bce OHM NMOBHHOBalNCh KaKOMY-TO IPOCTOMY 3aKOHY, €CIU
Obl, HaNpUMep, cOCyZ BpaljajicHd U TeYeHUA HUPKYIUpOBanu Obl BOKPYT €ro
ocU, ONMHUCHIBaA KPYTr'd, TO KApTUHA Obli1a Obl COBCEM OPYToil, T.K. Kamaaf
yacTHUIla coXpaHuia 66l CBOIO HaYalIbHYIO BbICOTY U HavalbHOE paccTOAHUE
JI0 OCH BpalleHuA.

MoHO HpUITH K TOMY e pe3ylbTaTy IJId CMecH ABYX MUAKOCTel
WU JBYX TOHKO Pa3dMOJOTHIX NOPOUIKOB. B KauecTBe Gonee rpy6oro npume-
pa Mbl MOEM PacCMOTPETh TO, YTO IIPOUCXOAUT NP TACOBAHUU UTPATbHBIX
KapT. [Ipu KamaooM [JBUMEHUU KapThl MOABEPraioTcA HEKOTOPOil mepecta-
HOBKe (aHAIOTMYHON TeM, KOTOphIE COCTABAAIOT MpeIMeT TeOpUH MOACTa-
HoBOR). Karas u3 sTux nepecranoBok ocymecrutca? fl yreepspgaio, uyto
BEPOATHOCTD, C KOTOPO#A JIOJ#HA MPOU30NTH MMEHHO JaHHafl epecTaHOBKa
(nanpuMep, Tarkaf, KOTOpasA MOMeINaeT Ha N-0€ MECTO KapTy, U3HadalbHO
3aHMMaBIIYI0 MecTO (p(n)), 3Ta BEPOATHOCTh 3aBUCUT OT IPHBBIYER MI'PO-
Ka. Ho ecnu urpor Gyser TacoBaTh KapThl JOCTATOYHO JOJIT0, IPOU3ONHIET
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6oNbIIIOe YHCIO TOCHEI0BaTEIbHBIX NEPECTAHOBOK; B UTOTe KOHEYHBIH MO-
PAMOK KapT GyHeT onpeenAThcA TOIbKO CIy4aeM; f X0Uy cKa3aTh, UTO BCe
BO3MOMHbIEe TIOPAJKU OyIyT paBHOBepOATHLI. TaKoil pe3ynbTaT BO3HHKAET
u3-3a 6ONBIIOr0 YUcia MoclefoBaTelbHbIX IePeCTaHOBOK, T.e€. U3-3a CIOH-
HOCTU fIBJIEHUA.

HaroHen, HeCKOIBKO CJIOB 0 T€OPUHU OMUOOK. 3AeCh IPUUUHBI U CIIOK-
HbI, U MHOrouuciaeHHbl. CROJbKO NOBYIIEK NoAcTeperaeT HabiaionaTelnsd, aa-
K€ BOOPYKEHHOTO HaWIy4IIUMU HHCTpyMeHTamu? Hano mo Bo3aMomHOCTH
3aMeuaThb HaubGonee rpy6ble U3 3TUX JoBylIeK U u3beratb ux. K Hauboiaee
rpy6bIM OTHOCATCA NpeJe BCero Te, KOTOPhIE MOPOMAAIOT CUCTEMAaTHYec-
kue omnb6ru. Ho naske eciu Mbl fonycTUM, YTO HaM yJAaloch U3bexaThb UX,
ocTaeTcA MHOT'O MEIKHX JOBYIIEK, KOTOPbIe, IPU CKOIIEHUU UX IOCIEICT-
BUif, MOT'YT cTaTh omacHbIMU. IMEHHO OTCIOJa NPOHCTEKAIOT CIy4YailHble
oun6KM; MbI NIPUNKUCHIBAEM UX CIyyalo, T.K. UX HPUYUHBI CIUIIKOM CJIOH-
HbI. 3ech CHOBa MMeIOTCA Maible IPUYNHBI, HO Ka#aaA U3 HUX MPUBOIUT
JUIIb K He3HAUUTENbHbIM CIeJCTBUAM; TOJIbKO M3-3a UX O0beAUHEHUA U
13-3a 60JbLIOr0 KOJMYeCcTBa 3TUX NPUUUH UX CIeJCTBUA CTAHOBATCA YIpo-
JKaIOMUMU.

v

MoHO NPUHATH ellle U TPEThIO TOUKY 3PEHUA, KOTOpasA He TaKk Bamk-
Ha, Kak JIBe MpeJblAylliNe, U Ha KOTODPO#l A Obl HacTauBan MeHblle. Korpa
MbI cTapaeMcAl peABUETh KaKkoe-TO cOObITHE U U3Yy4YaeM Bce, IpeJIIecT-
BYIOIllee eMy, MbI JOJKHBI UCCIENOBATh MPEBIAYIIYIO CUTYalUI0; HO MbI
He MOKeM cJelaThb 3TO Bo Bceil BceneHHO# u ygoBieTBopAeMcH 3HAHUEM
TOT'0, YTO IPOUCXOAUT 1O COCEACTBY C T€M MeCTOM, I'ie JOTHHO CIYUUThCA
Hallle coObITHe, UM TOro, YTO, MO-BUAMMOMY, UMeeT KaKkoe-TO OTHOLIeHUe
K 3ToMy cobbiTuio. HMccneqoBanyie He MoeT ObITh NMOJHBIM, 3[echb Hajlo
yMeTb BbIbMpaTh. OQHAKO MOMET CIYUYUThCA TaK, YTO Mbl OCTaBUM B CTO-
poHe o6cToATeNbCcTBa, KOTOPble M3HAYalbHO NMOKaMyTCA HaM COBEpPLIEHHO
Yy IbIMU OMUJAEMOMY COOBITHIO, KOTOPbIM MBI HUKOTJa 6bI He mogyManu
NPUNKCHIBATh KAaKOe-TO BIMAHNUE HA HETO U KOTOPbIE, MEMIY TEM, BOIPEKU
BCEM OKUJAHUAM, CHITPAIOT BaKHYIO POIb.

YenoBek uaeT Mo yauie M0 KAKMM-TO CBOUM JelaM; KTO-TO, HaXO[A-
MUicA B Kypce 3THX Jel, MOr Obl CKa3aTh, M0 KaKON NMpPUUYUHE OH BHIIIEN
B 3TOT 4ac, nouyeMmy oH uzaeT no yiauue. Ha kpoie paboTaeT KpoBelbIINK;
HaHABIINI ero npeAnpuHUMAaTelb Mor Obl B olpejelleHHON Mepe IpeiBU-
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IeTh TO, UTO OH chenaeT. Ho mpoxosuil mouTH He TyMaeT 0 KPOBeNbIIUKE,
KaK U KPOBEJIbUIUK O IIPOX03KeM; KameTc, UTO OHU NpUHAANeKaT JBYM CO-
BEPIIEHHO YY:KABIM JIPYT ApYyry Mupam. W Bce-Taku KPOBENbIIUK POHAET
yepenuuy, KoTropad youBaeT IPOXO#ero, U, He KonebiACh, FOBOPUT, UTO 3TO
ciayyaii.

Harua cnabocThb He mo3BosisAeT HaM 06bATH Belo BeelleHHY10 OMHOCTBIO,
Mbl BbIHY#/I€HbI JeMUTh ee Ha yacTU. MblI nbiTaeMcA cielaTh 3TO KaK MO#-
HO MeHee UCKYCCTBEHHO, U TeM He MeHee BpeMd OT BPeMeHHU clly4aeTcs, YTo
IBe TaKNX YacTH B3auMoOJeicTBYIOT Mexay coboit. U Torna nocinexctBus
3TOr0 B3auMOJeNHCTBUA KamyTcA HaM 00A3aHHbIMU Clyyalo.

Byner nu aTo TperbuM cnoco6oM NoHATE cayyvaii? He Bcerna. B neiict-
BUTEILHOCTU OH BOCXOJUT K MEPBOMY UM BTOpoMy crnocobam. Bearuii pas,
Korjla JBa MUpa, B o0lleM Uy#ue APYT AJdA Apyra, BO3AeicTBYIOT OpPyr Ha
Jpyra HeKOTOpbIM 00pa3oM, 3aKOHBI 3TOI'0 Bo3/elicTBUA 00A3aTebHO Oy 1y T
OYeHb CJIOMHbI; ¢ JPYTroil CTOPOHBI, XBATUJIO Obl 0UYeHb MajleHbKOT0 U3MeHe-
HUA HayalbHbIX YCIOBHUI B 3THUX JBYX MHUpax, 4ToObl UX B3auMoJeiicTBUe
BooOIIe He UMelo MecTa. Kak Mano 6bl moTpeboBanoch, YTOObI MPOXOHUI
npolles OJHOW CeKyHZIOM No3xe UIM 4TOObl KPOBeJbIIMK YPOHUI CBOIO Ye-
penuuy cekyHpoit paubiie!

V. 3aKoHbl ciyyas

Bce BhimeckasaHHOe elle He 00BACHAET HaM, MOYEMY ciaydail MOgYM-
HAETCA KaKUM-TO 3akoHaMm. JlocTaTOYHO 1M HAM HAWTU He3HAUYUTEIbHbIE
WU CIIOMHbIE TPUYUHBI, YTOGLI NPEIBUIETb €CIU HE TO, KAKOBBI OKaMyT-
cA pe3yibTaThl 8 Kaxydom cayidae, TO, KAK MUHUMYM, KaKOBbI OHU OYyIyT
8 cpednem? YToObl OTBETUTH HA 3TOT BONPOC, JNy4Yllle BCEr0 BEPHYThCA K
KaKkoMy-HUOYIb NPUMepY U3 PacCMOTPEHHBIX paHee.

fl Hauny c npumepa c pynetroil. Kak ye 6blI0 cKazaHo, MecTo, T'ie
OCTaHOBUTCA CTPEJKa, GyeT 3aBUCETb OT COOGIIIEHHOI0 €if HaYalbHOT0 UM-
nynbca. C Kakoil BepOATHOCTBLIO JaHHBI MMIYIbC UMeeT Ty WIU UHYIO
Beanuuny? fl HuYero He 3HalO 06 3TOM, HO HJIA MEHA ecTECTBEHHeN Bcero
IOIYCTUTDb, UTO 3TA BEPOATHOCTD NPECTaBIAECTCA HENPEPLIBHOM aHAIUTH-
yecKoit ¢yHKuueid. BepoATHOCTL TOro, YTO UMIYIbC 3aKIIOYEH MEHIY @
U a+ ¢ 6yaeT, TakuM 06pa3oM, IPaKTUYECKU paBHA BEPOATHOCTU TOTO, YTO
OH 3aKJIOUEH MEMAY a+€ U a+ 2¢ npu ycaoeuu, 4mo € 04eHs Ma.no. ITo 006-
1[ee CBOWCTBO BceX aHaNUTUYeCKUX GyHKIuil. Mainble nu3MeHeHUA GYHKIUU
IPONOPIHOHAILHEI MalbIM U3MEHEHHAM NE€PEMEHHOM.
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Ho MBI mpeamomnouiy, 4To oYeHb Majoil pasHHUIBI B UMIYyibce Oy-
JeT JOCTATOYHO [JIA U3MEHEHHUA IIBeTa CEKTOpa, Ha KOTOPOM OCTAHOBHUTCH
crpenra. OT a 0 a + € OH KpacHbIii, OT a + € 10 a + 26 — YepHBIil; BEPOAT-
HOCTb IOJYYUTh KPacHbIil CEKTOD COBNAJET ¢ aHAJIOTUYHOI BEPOATHOCTLIO
IUIAl cllelyIOIIero 3a HUM YePHOro; I03TOMY MOJIHAA BEPOATHOCTb KPAacHOTo
paBHa MOJHOI BEPOATHOCTH YEPHOTO.

B sroit 3agaue HaM [JoidiHa ObITh 3ajJaHa aHaluTHYeckad QYHKUIUA,
npejcTaBidionasa codoit BepoATHOCTD ONpe/elleHHOr0 HayalbHOr0 UMIYIb-
ca. Ho TeopemMa ocTaHeTcA BepHOil, Kakoil 6bI HU Obli1a 3Ta GYHKIUA, T. K.
pe3ynbTaT 3[ech 3aBUCHUT OT OOGIEro CBONCTBA BCEX AHATUTHYECKUX GYHK-
nuii. ITO 03HAYAET, UYTO MbI He Hy#1aeMCA HU B KaKUX JaHHBIX.

Bce, 0 yeM MBI roBopuUIM B ciiyuyae ¢ pyJeTKOU, TaK e MOMHO IpU-
MEHUTb U K HNPUMepPY ¢ MalbIMu IuaHeTaMmu. MbI MomeM paccMaTpuBaThb
30[MaKk Kak FMraHTCRYIO pyJleTRYy, Ha KoTopylo Co3paTenb Gpocuil oueHb
fonbllloe YUCIO MaleHbKUX IIApOB U cOOGIIMA UM pasiuyHble HayalbHble
UMIIYJIbChl, MEHAA UX NIPU 3TOM II0 KakoMy-To 3akoHy. HeiHelHee pacnpe-
JeleHue NJIaHeT PaBHOMEPHO U He 3aBUCUT OT DTOT0 3aKoHa MO TeM ke
NpUYMHaM, 4TO U B NpejblayleM ciyyae. ITak, NOHATHO, MoYeMy Ipouc-
Xofflllee IOBUHYETCA 3aKOHAM CJIy4Yas, Korja MajleHbKHUe pa3iuyuf B MpU-
YUHAX JOCTATOYHBI JJIA BOSHUKHOBEHHUA GOJBIION pasHUIbI B CIeJCTBUAX.
MozkHO cunTaTh, YTO BEPOATHOCTHU 3TUX MaleHbKUX Pa3iuvuii NpoHopIuo-
HaJlbHbl CAMUM pa3lUYUAM, U UMEHHO OTOMY, YTO 3THU pa3iuvuA Malkbl, a
Malble NpupalleHNA HelpepbIBHON (GYHKINHN MPONOPIHOHATILHBI MpHpalle-
HUAM apryMeHTa.

Ilepeiinem K coBepleHHO APYTOMY NpHUMepy, B KOTOPOM IOBCIOAY BO3-
HUKaeT CJI0#HOCTh NPUYMH; A [peJronarai, 4To Kakoii-To UI'POKR TacyeT
KapTbl. Kamabpiil pa3 oH MeHAeT MOPAAOK KapT, a U3MEHUThb €ro MOMKHO
MHOTruUMHU crnoco6amu. [I1A IpoCcTOThI U3N0MEHUA PACCMOTPUM TONbKO TPU
KapThbl. KapThl, KOTOpbIE 10 MepecTaHOBKY 3aHUManu Mecta 1 2 3 cooTBeT-
CTBEHHO, 0CJIe epecTaHOBKU CMOI'YT 3aHATH MecTa

123, 231, 312, 321, 132, 213.
Ka}l{}laﬂ M3 3TUX WEeCTU r'unoTed BO3MO# Ha, U OHU UMEIOT BEePOATHOCTU

D1, P25 P35 P4s P55 De

COOTBETCTBEHHO.
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CymMa 3TuX IIecTH YKcel paBHa 1, U 3To Bce, UTO MbI 3HAaEM; BCe IIE€CTh
BEepOATHOCTEN, eCTECTBEHHO, 3aBUCAT OT MPUBBIYEK MTPOKA, C KOTOPHIMU
MbI HE3HAKOMBI.

IIpu BTOpOI1 U clepylomuX NepecTaHOBKAX Bce HAaYHETCA cHavana, B
TeX e YCIOBUAX; i XOUy CKa3aThb, YTO Py, HAmpuMmep, Bcerja Gymer pas-
Ha BEPOATHOCTH TOrO, YTO TPU KapThl, 3aHUMAaBIIUE IOCIe 7-il U mepen
(n + 1)-it nepectanoBkamMu Mecta 1 2 3 COOTBETCTBEHHO, 3TH TPU KapThl
3aiimyT Mecta 3 2 1 nocne (n + 1)-it nepectanoBku. U 3to npaBuio Gymet
BepHBIM JJIfl MI00OOr0 Yucia n, T. K. IPUBLIYKYM UTPOKA, ero MaHepa TacoBaTh
KapThl, OCTAHYTCA TEMHU IKe.

Ho ecnu konuyecTBO NepecTaHOBOK OYeHb BEIUKO, TO KapThl, 3aHUMaB-
1IMe mepej NepBoil mepecTaHOBKOI MecTa 1 2 3, mocie mocieqHell nepecra-
HOBKHM CMOTYT 3aHAThH MecTa

123, 231, 312, 321, 132, 213,

U BEPOATHOCTh DTUX LIECTU UNoTe3 OyAeT NPaKTUUECKU OJHOU M TOU e
U paBHOI l; 3TOT pe3yabTaT OCTAaHETCHA BEPHBIM A JIOOLIX Pi, ..., De,

KOTOpble HaM HeU3BeCTHbI. Boiblloe YUCIO MepecTaHOBOK, T. €. CIOMHOCTh
NpPUYUH, TPUBOJUT K PABEHCTBY BEPOATHOCTEN.

TouHo Tak e MOMKHO paccysKIaTh B cilydae, Korga umeercd Gonee
TpeX KapT; HO Jlane IJIA TPeX KapT paccy:kJeHuf GyAyT CIUIIKOM CIOMHBI,
1 A y0BOILCTBYIOCH CIyyaeM BCero Jullb ABYX KapT!l. Y Hac ecTh TONbKO
IBE THIIOTE3bI

12, 21

C BEPOATHOCTAMU p1 U pp = 1 — p;. [IycTh ecTb n mepecTaHOBOK; A BBIUI-
poiBaio 1 ¢paHK, eciu B KOHILle KapThl 3aliMyT NepBOHAYalbHBIN MOPAMOK,
U npourpeiaio 1 dpaHk, ecid B KOHIle OHM NOMeHAIOTcA MectaMu. HTak,
MoOe MaTeMaTHYecKoe OHAaHUe PABHO

(p1 — p2)"™.

PasHocTb p; — p2, pasymeercd, MeHblIe 1; TakuM 06pa3oM, NIpU OYeHb
OonbIIUX N MOe OmuAaHue OyJeT HyJNeBbIM, U HaM He HYMHO 3HAThb p;
U Pa, YTOOBI BBIACHUTDb, UTO Urpa yecTHasa. U Bce-Taru 37ech nMeeTcA 0f-
HO HMCKJIOYeHUe, KOT/la OJHO U3 YHCell p; U P2 paBHO 1, a BTopoe Hym0. Ho

1Bonee TNMOJHbIE BBIYUCIEHUA CMOTPUTE B IrilaBe «PasnuuHbie BOIPOCHI». — Hpu/n. asm.
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amom cayiail HeeepoameH, M. K. Mo20ad HAWU HAYAAbHblE 2UNOMedbl Gblal
Obl cAUWKOM Tpocmbl. ITU coobpaxieHuA MPUMEHUMbI He TOIbKO K Taco-
BaHUIO KapT, HO U KO BCeM IlepeMelluBaHUAM MOPOIIKOB M MUIKOCTEH, U
Jaxe MOJeKYyN B KUHETHYeCKoi Teopuu rasa. Bo3epamasach K 3Toil Teopuu,
npejacTaBuM ceGe ra3, Yby MONEKYIbl He MOTYT CTAIKUBATLCA APYT C JAPY-
roM, HO OTpaKaloTcA IPU yAape OT CTEHKU cocyla, B KOTOPBIil 3aKII0YeH
ra3. Ecau ¢opma cocyga HoCTaTOUHO clI0#HA, TO paclpejeleHrue MoOJeRyl
U UX CKOpOCTeil CKopo cTaHeT paBHOMepHbIM. Ho aTOro He ciyuurcd, eciu
cocyn chepuyeckuii uau umeet GopMy NPAMOYTOILHOTO Mapalienenunesa.
Ilouemy? IloTomMy YTO B MEepBOM ciyuyae MOCTOAHHBLIM OCTAHETCH PACCTOA-
HUe OT LeHTpa cdepbl 0 NPOU3BOJILHOI TPAaeKTOPUM; BO BTOPOM clyyae
MOCTOAHHOM GyeT abCcoMOTHAA BeIMYMHA yTlla TPAEKTOPUH CO CTOPOHAMU
napaiienenumnesa.

Urar, BUHO, UTO cllefyeT MOHUMATH NOMA CAUWKOM NPOCIBLLMU YCIO-
BUAAMU; 3TO yCJIOBHA, KOTOPbI€ COXPAHAIOT YTO-TO HEU3MEHHBIM, MO3BOJA-
IOT CYIIeCTBOBATb KaKOMY-TO UHBapUaHTy. ByayT nu nuddepeHnuanbHble
YPaBHEHHA B KaKOH-TO 3ajaye CIHMIIKOM IPOCTHI JJIA NMPUMEHEHUA 3aKo-
HoB ciyudas? Ha mepBblii B3TIAL 3TOT BONPOC KameTCA JUIMIEHHBIM TOYHOI'0
cMblIcia; HO Tellepb Mbl 3HaeM, 0 YeM pedb. YPaBHEHUA CIULIIKOM IPOCTBI,
€Clli OHU YTO-TO COXPAHAIOT, JONMYyCKAIOT OJIMHAKOBBIN MHTErpail; MOHATHO,
YTO ecii Kakoe-To HayalbHoe ycloBHe ocTaeTcA HeM3MeHHbIM, TO KOHeUHas
CUTYyaluf y:ke He CMOMeET He 3aBHCeTb OT HadalbHOM.

[lepeiinem, HakoHen, K Teopuu omn6oK. Mbl He 3HaeM, U3-3a YEro Mpo-
UCXOMAT clydaiiHble ONOKU, 1 UMEHHO U3-3a HaIllero He3HAHUA MbI 3HaeM,
4yTo OHM OYIYyT MOOUUHAThCA 3akoHy ['aycca. TakoB mapagokc. Ero momHO
OOBACHUTHL MPUMEPHO TaK e, KaK B MpeAblAymux caydaax. Ham HysHO
3HaTh TOJBKO OJHO: YTO OUIMOKU OYEHb MHOT'OUYUCJIEHHBI, UTO OHU OYeHb
Malbl, YTO KamIaA U3 HUX MOKeT ObITh KaKk OTPHUIATEILHO, TaK U MOJO-
suTenbHoll. Kakasa KpuBad uzobpa;aeT BEPOATHOCTh Kamaoil u3 Hux? Hu-
yero He 3Haf, MbI NIpejoJaraeM TOJIbKO TO, YTO 3Ta KpUBad CUMMeTpUYHa.
Torma MosHO f0Ka3aTh, UTO UTOroBad ouMbKa nmojuuHAeTcA 3akoHy ['ayc-
ca, U 3TOT UTOrOBbIil 3aKOH He 3aBUCUT OT HEU3BECTHBIX HaM yacTHbIX. Tak
ellle pa3 NpocToTa pe3yibTaTa MOPOHJaeTCA CI0HOCTbIO caMUX JaHHBIX.
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VI

Mpsi mocTapanuch JaTh onpefeieHue cliydas, U Telnepb cleayeT 3a1aTh
cebe oguH Bompoc. Ecnu Mbl cMorau onpenenuTs ciydvail, To 6yIeT Ju OH
uMeTh 06BEKTUBHbIN XapakTep?

Mbi MoseM chpamuBaTh ce6s 06 3ToM. fl roBopusn o mpuYMHAX OYeHb
MallbIX MU O4eHb cioxHbIX. Ho pasBe oueHb Manoe 1Jif OJHOTO HE MOMET
GbITh GOJBIIUM JJIfi APYTOr0 M TO, YTO KAMETCA OYEHb CIOMHBIM OTHOMY,
He MOeT TOKa3aTbCA NMPOCTbIM ApyromMy? YacTHUHO A y#e OTBETUN Ha
3TOT BOIPOC, T. K. BbIIIE GbLIO COBEPULEHHO MOYHO YKA3aHO, B KAKOM ClIyYae
nuddepeHnuaibHble YPaBHEHUA CTAHOBATCA CIUUIKOM MPOCTHI JJA MpPUMe-
HeHMA 3aKOHOB cinyuaf. Ho 3Ty npo6ieMy cieayetr U3yuuTb HEMHOro Gonee
nopo6GHO, T. K. 3€Ch MO#HO HPUHATH €lle U APyrue TOYKU 3PEHUH.

Uto o3HavaeT BbIpameHue «CIUIIKOM Maino»? Jlnf Toro, 4To6bl NOHATH
3TO, JIOCTATOYHO coclaThbCA Ha cloBa, cKa3aHHble Bbllle. Pasnnune oueHb
Malo, UHTepBajl OUYeHb Mal, Korja B INpejenax 3TOro MHTepBala BepoAT-
HOCTb OCTaeTcA NpaKkTHYeCKH NOCTOAHHONW. A MouyeMy 3Ta BepOATHOCTH
JONKHA paccMaTpUBaThCA Kak [IOCTOAHHAaA Ha naHHOM uHTepBane?! [lotomy
YTO MBI JIOMyCKaeM, YTO BEPOATHOCTHBII 3aKOH MpejcTaBleH HelpPephIBHOM
KPHUBOIl, 1 He TOJbKO HENPEPHIBHON B aHAIUTUYECKOM CMbICIe CIO0Ba, HO
U npaxmuvecku HeNPepbIBHOH, Kak y#e 0OBACHANOCH Bhbllle. ITO O3HaAYa-
eT, YTO Yy KPHBOI He TONbKO HET TOYEK pa3phiBa, y Hee Takme He Gymer
CIWIIKOM KPYTBIX WU CIUIIKOM PE3KUX MOJBEMOB U CNaJ0B.

Ho yTo mo3Bonder HaM BbIABUraTh Takylo runotedy? KRar 6bL10 cka-
3aHO BBbILEe, IPUYMHA B TOM, UYTO OT Hayala BEKOB B MUDEe €CTh CJIO#HbIE
3aKOHBI, He NpeKpalnaplye JeficTBOBaTh Bce ellle B OJHOM M TOM e Ha-
npaBleHUH, U 3TU 3aKOHbI OCTOAHHO 3acTaBIAIOT MUD JBUTaThcA K OQHO-
o6pa3uio, Tak YTO OH HUKOraa Obl He cMOI' BepHyThcA Haszad. BoT mouemy
NOCTeNeHHO MOHUKAIOTCA NOABEMBbl M YMeHbIIAIOTCA cnafibl, U U3-3a 3TOr0
Hallll BepPOATHOCTHbIe KPUBbIe BO3pacTaliOT U yObIBalOT OYeHb MeJJIeHHO.
3a MuIIMapabl MIJLIHAPAOB BeKOB OyJeT clleaH ellle OAUH ar K eAuH0006-
pasuio, U UHTepBalbl BO3pacTaHUA U YObIBAHUA KPUBOIl pacTAHYTCA ellle B
JeCATh pa3: CpefIHUIl yyacTOK Hallell KPUBOIi cTaHEeT B eCATh pa3 Goublle.
1 Torpa Ta anuHa, KOTOpasA He KameTcA HaM OYeHb Majoil, T.K. Ha Hamleil
KPHUBOIl Oyry TaKOil NJIWHBLI HENb3A CUMTATh NPAMOJUHENHHO, B Ty 3IOXY
cTaHeT, HA060pPOT, paccMaTpPUBaThCA KaKk OYeHb MalleHbKaf, T. K. KpyTH3Ha
noabeMa YMeHbUIUTCA B JeCATb pa3 U AYry TaKkoil AMMHbBI MOKHO Oyner
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NpaKkTUUYEeCKU 3aMEHUTh NMPAMOIi JTUHUEH.

Hrak, cioBa 06 04eHb MajloOM OCTAIOTCA OTHOCUTEIbHBIMU; HO OHU OT-
HOCUTEIbHbI He JIJIA OJHOIO U TOI'O e UYeloBeKa, a [IJIA COBPEMEeHHOro Cco-
CTOAHUA MUPa. ITH CJIOBa CYIeCTBEHHO U3BMEHATCA, KOr'Ja MUDP CTaHeT elle
6osiee ogHOOGpA3HBIM, TaKk 4TO Bce elle OGonblie cMmemaeTcA. Ho Torga, 6e3
COMHEHUA, NIOJU HE CMOT'YT G0JblIE #UTh, UM IPUAETCA 0CBOOOJUTH MECTO
IUIA APYTUX CYIIECTB; MOJMeH JU A cKa3aTh, Jyulmux uiu xyamux? B Tom
cMblciie, UTO Halll KpUTEPUIi ocTaeTCA BEPHBIM [JIA BCeX JIOJIeil, OH ocTaeTcH
00'b€KTUBHBIM.

C Ipyroii CTOpOHBI, UTO O3HAYAET BhIpazkeHUe «oueHb cioxHoer? f yxe
Jlall OAHO pellleHue 3Toil npobieMbl, TO, Ha KOTOPOE A coclalicA B Havale Ha-
miero naparpada, Ho ecThb U Apyrue. Mbl TOBOpUIIU, UTO M3-3a CIOHHBIX TPU-
YUH BO3HUKaeT Bce Oojiee U Hollee TeCcHOe MepeMelIMBaHNe, HO Yepe3 KaKoe
BpeMsdA 3TO MepeMelninBaHue ynoBieTBopuT Hac? Korpa HakonuTca gocta-
To4HO cioxHocTeii? Rorga kapThl 6yyT HocTaTOUHO NepeTacoBaHbl? Ecnu
Mbl CMelIMBaeM [JBa IMOpPOIIKa, 6Genblii U rony6oil, To HacTynaeT MOMEHT,
KOrjla IBeT CMeCH HaM KamKeTCHd OJUHAKOBbIM, HO 3TO INPOUCXOAUT MU3-3a
HeCOBepUIEHCTBA HAIIUX YYBCTB; LIBET y#e KaskeTCA OJUHAKOBHIM [JalbHO-
30pPKOMY, T. K. OH BbIHY#/IeH CMOTPEeThb U3JajleKka, HO OH BCe ellle HEOJIMHAKOB
A 6nusopykoro. I Korja nBeT cTaHeT OJHUM U TEM iKe JUJIA BceX B3TIfA-
JIOB, Mpejed elle MOKHO OyeT OTOJABUHYTh C MOMOIIbIO MHCTpYMeHTOB. Hu
Y OJIHOT'0 YeJlOBeKa HeT IIaHCOB pa3iuyuTh 6eCKOHeuHoe pa3dHooOpa3ue, Ko-
TOpOe, eclid NpaBa KUHETUUeCKasA TEOPHUA, CKPbIBAaETCA MOJ 0JHO0Opa3HOI
BHEIHOCThIO rasa. OmgHako, eciu NpUHATHL uaen ['yu o GpOYHOBCKOM OBU-
#MEHUM, He OKaKeTCA JU, UTO MUKPOCKOI cloco6eH MpoJeMOHCTPUPOBATh
HaM YTO-TO aHaJOTHYHOe?

ITOT HOBBLIN KPUTEpPUl TaK e OTHOCUTENEH, KaKk U NEPBbIii, U eClU OH
coxpaHfeT 06beKTUBHbBI! XapaKkTep, TO OT TOI'0, YTO BCE JIOJU UMEIOT NpakK-
TUYECKU OHU U Te € OpPraHbl YyBCTB, 8 BO3MOMHOCTU UX UHCTPYMEHTOB
OrpaHuyYeHbl, a U UCIOJb3YIOTCA OHU HEe MHAYe KaK B UCKIIOUUTENbHBIX
clyyaax.

VII. BepoATHOCTh B ryYMaHHUTapHbIX HayKax

To e caMoe NPOUCXOAUT U B T'yMaHUTApPHBIX HAayKaX, 0COGEHHO B HC-
Topul. cTOPUK BLIHY#[€EH JelaTh BbIGOP MemAy COOBITUAMH H3Yy4daeMoit
BI0XH; OH paccKa3bIBaeT TOJbLKO O TeX U3 HUX, KOTOpble Ka:KyTcAd eMy Hau-
6onee BamHbIMU. Tak, HanpuMep, OH AOBOJILCTBYeTCA U3NOMEHUEM JHIIb
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HauboJsiee 3HAYUTENbHBIX coObITHIl X VI Beka U caMbIX 3aMeTHBIX (HaKTOB
u3 uctopuu XVII Beka. Eciu mepBbIX oKkasbIBaeTCA JOCTATOYHO IJIA 06b-
ACHEHUA BTOPBIX, TOBOPAT, YTO 3TU COOBITHUA «COOTBETCTBYIOT 3aKOHAM HC-
Topuny. Ho ecniu npuunHoit Karkoro-to kKpynHoro coobiTua X VII Beka oka-
3bIBaeTcA MelKkoe npoumiecTBre X VI Beka, 0 KOTOPOM He cOOGIIUI HU OJUH
HCTOPUK, KOTOPBIM INpeHeOper Becb MHUP, TOrja rOBOPAT, YTO 3TO cOObI-
THe 06A3aHO0 CBOMM IPOUCXO#/IEHUEM clyydalo; CJI0OBO «cly4dail» UMeeT TOT
#e CMbICHI, UTO U B TOUHBIX HayKaX; OHO O3HauyaeT, YTO Malble NPUUYUHBI
npousBenu 60JbIlIOE Cle/icTBUE.

Campbiit Gonblioil ciyyail — 3TO posJeHUEe KAKOTro-HUOY[Ib BEIMKOI0
yenoBeKka. ToldbKo cilydyaiiHO MO#eT NPOU30iTH BCTpeya JBYX IOJOBBIX Kie-
TOK pas3HOro noJja, cojiep:alux, Kaaad co CBOell CTOPOHbI, B TOYHOCTHU Te€
TauHCTBEHHbIE 3JIEMEHTbI, Ub€ B3aUMO/IeICTBHUE J0JHHO IPOU3BECTH T'EHUA.
Bce cornacHbl, YTO 3TU 3JI€MeHTbI ABIAIOTCA OYeHb PEJKUMHU, a UX BCTpeya
noiHa GbITh emle Gonee penkoit. Kak mano TpebGyeTcaA A TOro, 4ToObI
OTKJIOHUTh HECYIIU 3THU 3JeMEHTbI CIEPMATO30HU /] C €ro MyTH; A0CTaTOUYHO
OTKJOHHUTH €ero Ha JeCATYIO N0 MUIIuMeTpa — U HamnosieoH He poguicsA
Obl, U CynbObl KOHTHUHEHTa ObLIU Gbl MHbIMH. HU oquH mpuMep He MOKeET
Jyd4ille 3acCTaBUTh HAc MOHATh HACTOAIIUN XapaKkTep clIydas.

Eie ogHo cioBo 0 mapajokcax, BO3HUKAIOUIUX NMPU NPUMEHEHUHU Teo-
pUU BepOATHOCTEH B TyMaHUTapHBIX HayKaX. BbII0O ToKa3aHo, YTO HU OJHA
najaTa HUKOTAa He cojlep#alia HU OAHOro jemnyTaTa OT OINMNO3ULUHU WU,
o KpaiiHeil Mepe, Takoe co6bITHe GbIJI0 Obl HACTOIbKO HEBEPOATHBIM, UTO
MO#HO 6Gb110 Ob1 HE KOJe6AACh CTaBUTh HAa 0OpaTHOE U CIIOPUTh Ha MUJIMOH
npoTuB ofHoro cy. Kongopce nocrapaica BBIYUCIUTE, CKOIbKO MOHAA0OUTCA
NPUCAMHBIX IJIA TOro, 4ToObl cyneOHble OMUOKU cllelaluch NpPakTUUYECKU
HeBO3MOHbIMU. Ecau 6bl pe3yabTaThl 3TOr'0 BbIYKCIEHUA OGbLIM HCHOJb-
30BaHbl, MbI Obl, KOHEUHO, UCNBITATHN TO € pa3oyapoBaHue, KOTOPOe KAET
Hac B CIIOpe, Korjja Mbl JoBepAeMcA NojcuyeTaM, FrOBOPAIIUM, UYTO ONNO3ULIUA
HUKOT/la He UMeeT CBOUX IpejcTaBUTeNell B nanare.

3aKoHbI clyyad HEpUMEHUMBI K TaKUM BonpocaM. Jase eciu nmpaBo-
cyAue He Bcerja coBepllaeTcA MO JAOCTONHBIM MOTHBaM, TO OHO XOTA ObI
He JIoBepAeT MeToqy Bpuaya; Bo3MoskHO, HampacHo, T. K. JUIIb cly4YailHble
cyneOHbIe OMUOKY MOTJIU GbI 3alllUTHThL Hac oT cucTeMbl KoHmopce.

YTo 3meCh MO#HO cKa3aTb? MbI CKIOHHBI IPUIIUCLIBATh CIy4aiO cOOGbI-
THUA 3TOUN NPUPOJBI, T. K. UX IPUYUHBI TEMHbBI; HO 3TO He HAaCTOAIIUI ciaydaii.
KoHeuHO, MpUYMHbI HEU3BECTHBI HAM U Jae CI0#HbI, HO OHU CIIO#HbBI HEJI0-
CTaTOYHO, T. K. COXPAHAIOT KOe-YTO HEM3MEHHbIM; Mbl BUENHU, YTO UMEHHO
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3TO OTJIMYAET (CIUIIKOM NpocThkley npuuyuHbl. Korpa moaum crankuBaioTcA
IPYT C APYrOM, OHU YiKe He BeAyT ce0A clIydJailHO U He3aBHCHUMO [pPyT OT
IpyTa; OHU BO3JEUCTBYIOT APYT Ha Apyra. MHOrouyucieHHbIe IPUYUHBI IPU-
XOAAT B fAelicTBUe, OECNOKOAT NIOfell, YBIeKalOT UX HalpaBO U HaleBO, HO
€CTb Belllb, KOTOPYIO 3TU NPUYUHBI He MOT'YT Pa3pylUTh, 3TO HAIlU NMpU-
BbIuKH Ilanyprosa cragal. OHH COXPAHAIOTCA B HEM3MEHHOCTH.

VIII. Pa3auuHble pa3sMblllIeHUA

MoseT BO3HUKHYTH M MHOTO APYTHX BONPOCOB; A ObI XOTel 3aTpo-
HYTb HEKOTOpbIE U3 HUX, NpeH#ie YeM BbIIEIUTh Te, KOTOPbIMU fl 3aiiMyCh
6onee moapo6Ho. Korga mMbl KOHCTaTHpyeM KaKoO-TO NPOCTOil pe3yibTaT,
HampuMep, HaXOAUM KpPYTJOe YKCI0, MbI F'OBOPUM, YTO NOJAOOHBINA pe3yib-
TaT He MOeT ObIThb clAyuyallHbIM, M IbITaeMcA OGBACHUTH €ro MPUYHUHbI
Hecly4aiiHpiM o6pas3oM. [leificTBUTenbHO, CyllecTBYeT JUlIL OUYeHb ciladbas
BEPOATHOCTD, uTo cpeau 10000 uucen cayyail BbiOepeT KpyTioe, HAIPUMep,
10 000; 3To Bcero auib oguH manc u3 10 000. Ho umeercsa He Gojee ogHOTO
maHca u3 10000 BbIGpaTh Apyroe, He Ba#HO KaKkoe YMCIO; OJJHAKO TaKoi
pe3ynbTaT He YAUBUT HAC U He OTHUMeET KellaHUA TPUIIKMCATD ero ClIyyvalo;
TOJBKO M3-3a TOTO, UTO OH KaeTCA MeHee MOpPa3sUuTelbHbBIM.

Byner nu aTo npocTo Hamleil uino3uell, UIK ecTh IPUMepPhBI, KOTa Ta-
Koii cnoco6 BHIeHusa onpasaad? Hano najgeaTbes, 4To Oa, T.K. HHaue Bce
HayuHble HccIeJoBaHUA cTaiu Obl HeBO3MOMHBIMU. UTO MBI fenaeM, Korja
XOTUM NPOBEPUTH KaKylO-HUOYAbL runoredy’ Mbl He MO#eM NMPOKOHTPOIH-
poBaTh Bce ee Cle[CTBHA, T. K. UX 6y1eT 6eCKOHeUHO MHOT0; MbI yI0BJIEeTBO-
psAeMcA NPOBEpPKOit TOIbKO HEKOTOPBIX M3 HUX, U, €ClIU dTO HaM yjaeTc,
Mbl OGBABIAEM, UTO T'MIOTe3a MOATBepAuiach, T.K. TaKOH ycneX Helb3A
06bACHUTEL ciyuyaeM. I 3ToT cnoco6 J1eUT B OCHOBE BCEX pacCyAeHUM.
Ceifyac A He cMOr'y IOJTHOCThIO 060CHOBATD €ro, T. K. 3TO 3aHANO0 Obl y MeHA
CIMIIKOM MHOTO BpeMeHH; HO A MOTY, 0 MeHbIleil Mepe, CKa3aThb Clelry-
Iolllee: Yy HaC ecTb JBe TUIIOTEe3bl, T. K. HAll pe3yJbTaT MOKeT UMeThb JTU6GO
OJHY TPOCTYIO NPUUUHY, TUOO0 COBOKYNHOCTb CIOHBIX, KOTOpble MbI Ha-
3bIBaeM ciaydaeM. Mbl cuuTaeM ecTecTBEHHbIM NpeAnojaraTb, UTo nepBaf
runoTe3a AOJMHa NIPUBOJUTH K IPOCTOMY pe3yibTaTy, U eclyd Mbl NoJIy4Ya-
eM IpocToli pe3yabTaT, HalpuMep, Kpyrioe 4iclIo, TO HaM KaieTcA Golee

1Tonna GeccmbIcneHHBIX TofpaskaTeneii (u3 pomana ®. Pabne «l'apranTioa u [lanrtar-
ptoanby). — Ilpum. nepes.
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NpaBIONOAOOHBIM IPUNKCATb €ro NPOCTOU MPUUYUHE, KOTOpad MPUBOAUT K
3TOMY pPe3yJbTaTy NMOYTH TOYHO, YEM CIy4Yalo, KOTOPBIIl MOeT JaTh HaM
ero Toibko ¢ oAHUM maHcoM u3 10000; HO B AeiicTBUTENbHOCTH y NPOCTOMH
NPUYNHBI He 6oJblile IIAHCOB IPUBECTU K 3TOMY pe3yJbTaTy.

B manbueiimem Mbl yBUIUM, HOYeMy B Tabnaule JorapudMoB JeCATHY-
Hble 3HaKM KamyTcA paclpeleleHHbIMU COOTBETCTBEHHO 3aKOHaAM clIy4as.
Tot e Bompoc MOKHO 3aJaTh O JeCATUYHBIX 3Hakax uuciaa w. Ho sTor
ciayvaii 6yseT 6ojlee TOHKUM.

JomycTuM, MbI 3HAaeM, YTO YUCJIO T HaXOAUTCA MemaAy 3 u 4, u pac-
cMaTpUBaeM MepBble N JeCATHUYHBIX 3HAKOB; BO3bMEM IENyI0 YacTb YHUC-
aa 10" (7w — 3), ona aemut mexay 0 u 10™; us 10™ uenabix yucen, 3aKiIio-
YeHHBIX B 3TUX IIpeJenax, BhIOHMpaeM ciiydailHbIM 00pa3oM OHO; HAXOIMM,
CROJBKO Yy Hero OyaeT uudp 7 u 5 U HACKOIbKO MEPBOE YKCIO MpPEBBIIIAET
BTOpoe. IlycTh aTo mpeBbimieHue paBHO e. Ilpenamonoxum, 4To cpenu Ha-
mux 10" yucen ecTb N TaKkuX, y KOTOPbIX OTHOIIEHHE % MeHblIe €.

3aKoH 00JbIINX YKCeT TOBOPUT HaM, YTo N -10~"™ cTpemuTted K 1, Kor-
na n 6eckoHeuHo pacTeT. UTak, ecniu Mbl BoIOMpaeM 4ucio, Jeallee B 3THUX
npepenax cayaiino, To BEpOATHOCTb TOTO, YTO NpeBLIIIEHUE e U BCce aHallo-
TUYHbIE NPEBBIIEHUA OYIYT CPaBHUTEIBHO Mallbl, T.€. BEPOATHOCTb TOrO,
YTO JeCATUYHbIE 3HAKU GyAYyT paclpeeneHbl paBHOMEPHO, CIlIy4YailHbIM 006-
pas3oM, oKaskeTcA oueHb 6JM3Ka K BePOATHOCTHU JAOCTOBEPHOI'0 COGLITUA.

Ho noueMy Mbl HMeeM IpaBo paccy:kJaTh TaK, Kak ecau Obl YUCIO T
BbIOUpainoch ciayyaitHo? Ecnu 661 BMeCTO m MBI paccMOTpelIu IMPOCTYIO pa-
[IMOHANbLHYIO Op0o0b, UbA 3alUch B JecATHUYHOI (hopme MopozkjaeT Mepuo-
JUYecKylo Jpo0b, TO pe3ynbTaT BoBce Obl He ObLT BepeH.

[lo-BuauMomy, uncio ™ KameTcA HaM BbIOpAHHBIM cly4aiiHo, T. K. ero
IPOUCXOMIEHNE CI0MHO, U MbI OHeCCO3HATENbHO paccyskjaeM 06 3TOM YuC-
Je TaK e, KaK O CIeJCTBUAX, BOSHMKAIOUINX U3 COBOKYMHOCTH CJIOMHBIX
OPUYHH.



I'masa 1
Ol'lpe,ueJIeHI/Ie BGpOHTHOCTeﬁ

1. IloyTu HEBO3MOKHO OaTh YIOBIETBOPUTEILHOE ONpe/eTeHUe 8epo-
amuocmu. O6bIYHO TOBOPAT, YTO BEPOATHOCTh COOBITUA paBHA OTHOIIEHUIO
YHUCJa UCXO0J0B, 6IaronpUATHBIX JJIA 3TOT0 COOBITHA, K YUCITY BCEX BO3MOK-
HBIX MCXOJOB.

Tak, eciiu nepBoe 4uClIO paBHO 7, a BTopoe N, TO BEPOATHOCTDL OyeT

paBHa %, B M3BECTHBIX ClIy4dafdX 3TO OlipelejieHrMe He BbI3bIBA€T HHUKAKUX

cioHocTeil. BepoATHOCTD BRITAIUTEL KOPOJA U3 KOJIOABI B 32 KapThl paB-
Ha Y35, T. K. NI0JHOE YKMCIO0 BCEX BOZMOMHBIX UCXOMOB, T.e. KapT, PaBHO 32,
U CpelU 3TUX KapT ecTb YeThIpe KOpOIfA; moidydvaercA, uto N = 32, n =

= 4. KRorga 6pocaioT KocTb, BEpOATHOCTD IOJIYUUTDb 4 paBHa %, T.K. N =6

U n = 1, I0OTOMY YTO KOCTh UMEET LIECTb rpaHeii, U3 KOTOPLIX TOJbLKO OJIHA
comepkut 4. U3 ypHbI, cofep:kalieil n 6eabIX U p YEPHBIX HIAPOB, BEITACKU-
BalOT OJIMH IIIap; BEPOATHOCTh TOI'0, YTO OH OKameTcA GenbIM, paBHA

n
n+p’

2. PaccmoTpuM HeMHOro 6ojee clo#HbIA npuMep. JBe ypHBI, Hepas-
JAMYKMMEbIe BHelIHe, CoJepar: epBad — n 6elbIX U p YepHbIX, BTopad — n’
Genplx ¥ p' yepHbIX mWapos. IlycTh Hafo BHITAIMTL OJMH LIApP; CIpPAlldBa-
eTcf, KaKoBa BEPOATHOCTh BBITAUTH Genblii. Mo#HO 6bLIO ObI CKAa3aTh,
4yTO Oblllee YUCIO UCXOJOB paBHO m + n' + p + p', a BEPOATHOCThL paBHa

n+n'
n+n +p+p
CTaBUThLCA JBa UCXOJa, T. €. BLIOOD MepBoii UM BTOPOil yPHbI; BEPOATHOCTh

. B To mxe BpeMA MOMHO CKRa3aTb, UTO CHadajga MOr'yT npen-

npeAnovecTb IepBYI ypHY paBHA 1, BTOpPYIO — TOe %, T. K. UMeeTcA

2
CTOJIbKO #€ [IaHCOB MPOTAHYTh PYKRY K OOHOI ypHe, Kak U Ko BTopoii. Ec-
JU i OMYyCTUJI PYKY B I€pBYIO YPHY, TO BEPOATHOCTb TOr0, YTO, BhIOpaB

NepBYyIO YpHY, fl BoiTally Gelblil 11ap, paBHa #p; aHalorUyHad BEpOAT-
!

HOCTb [JIi BTOPOIl ypHBI paBHA 1. %
2 n'+p
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!
Cymma 1. n + 1. _n u OyJeT NpaBUJbLHOI OLIEHKOH Tpebye-
2 n+p 2 4y
Mol BepOATHOCTH, U JBe HaiifleHHbIe OLEHKU COBINAafyT TOJbKO B YaCTHOM
! !
cryudae, Korga —— = —%— t.e. 2 = . OTKyna BbITeKaeT 3To pac-
n+p  n+p p P

xoaenue? Jleo B ToM, 4yTo n + n' + p + p' McxonoB He GyayT 00uHaKo060
BEPOATHBI.
Tak, npegnonoxuM, 4To B IEPBOil YpHe IAapoB B JBa pa3a GoJiblie:

n +p = %(n—i—p).

BeposaTHOCTh TOro, 4YTo A BHIHY OJUH JaHHb IIap U3 3TOU ypPHBI, paB-

1 o 1
a4 —;a BepOATHOCTb BbIHYTb €ro U3 BTOpOun Hbl Oy/leT paBHa
3m 1 p) 2P y POt ypHbI GyJIeT paBHa - ——

Taxkum o6Gpas3oM, B ompejeleHUe BepPOATHOCTU HAJ0 A00OABUTBL: NMpHU
YCIOBHH, 4TO BCe UCXOAbI 00uHak060 npaBronono6usrtl),
IIpuBeneM ABa Apyrux npumepa, npuHagie;kamux BepTpany.

3. 3amaua o Tpex mIKaTy/JlkaX. B Kamaoil U3 Tpex oJAMHAKOBBIX
mraTynok A, B, C ecTb nmo ABa AMUYKA, o U (3; KamIbIil ANIMYEK B IIKa-
Tynxe A comepmuUT 3010TYIO MOHETY, B B — cepebpAnHyio, a B C' oiuH U3
ANIUKOB COJEPHUT 30J0TYIO0 MOHETY, OIpyroii — cepe6GpAHYIO:

A B C
a 3010TO cepeOpO  30JI0TO
[ 3omoTo cepebpo cepebpo

Yemy paBHa BEpOATHOCTb TOr'0, YTO, OTKPBIB CAyYaiHBIM 06pasom
OAWH W3 IIECTH ANIMKOB, MbI Haiigem 3o0i0Tyio MoHeTy? IllecTh wucxo-
noB Aa, AB, Ba, BB, Ca, C3 6ynyT paBHOBEPOATHbI; U3 3TUX LIECTH HC-
xomoB Tpu: Aa, AB u Ca — GraronpuATHBI A 0OHAPYKEHUA 30J0TOMU

MOHETBI. HT&H, BEPOATHOCTb paBHa %

Ecnu wmbl BbiOMpaeM OJHY W3 IIKATYJIOK ClydyailHO, TO BEPOATHOCTh

BeIGpaTh C coBmager ¢ %

fl oTkpbIBalo HayTaj OJHY M3 HMIKATYJIOK U HAX0My TaM 30J0TYIO MO-
HeTY; KaKoBa BEPOATHOCTh TOr0, UTO BTOpad MOHeTa GyjeT cepeOpAHOIi?

Mue nonanacek nu6o mratrynka C, 1160 mratyika A; B IepBoM ciyuae
BTOpasA MoHeTa OyleT cepeGpAHOil, Bo BTopoM — 3oioToil. RameTca, 4To

BEPOATHOCTb paBHa % Ho 3T0 3akniouenue HEBEPHO.
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Ilepen Tem Kak OTKPBITH MIKATYIKY, A 3HAN, YTO HAWAY 30J0TYIO WIU
cepe6GpAHYIO MOHETY C OJMHAKOBON BEPOATHOCTLIO, T. €. C BEPOATHOCTLIO %;

Me#Iy TeM fi MOTY HallTH 30J0TYIO MOHETY B Tpex cayuyanax, Aa, A3, Ca,
U M3 3TUX TPeX UCXO0[0B auilib oanH C'« GraronpuATCTBYET 0OHAPYHKEHHIO
cepe6GpAHOIl MOHETHI BO BTOPOM fIIIUKE.

KOFZ{E] MBI B HepBbeI pa3 oeHUJ/IM BEPOATHOCTHb KaK %, aBa pacCMOTpeH-
HBIX McXo0da He ObIIU PaBHOBEPOATHBI: HCXO0J A coorBercTBOBal Aa u Aﬂ u
ObLI BABOE BepoATHee, 4YeM HCXO0J C, ROTOprfI cooTBeTcTBOBaN ToAbKo Ca.

4. 3agaua 06 urpe B mapbl. J[[Ba 0JUHAaKOBO MCKYCHBIX UTDOKa,
IIbep u Hoab, urpaot B mapsl; [Ibep gonmen 6pocuTh ABa mapa, [loap —
OIVH, U TOGEAUT TOT U3 HUX, Yell Iap oKameTcA GIUzKke BCEro K Lelu.

Yemy paBHa BepOATHOCTBb TOro, 4yto Berurpaet [lons?

Hycte A u B — mapsl [Ibepa, C — map Ioas; ecan ynopAgoYuTh
maphbl M0 UX GAMIOCTH K LEIU, TO MbI IOIYYUM IIECTh BO3MOMHBIX COOBITHUIA:

ABC, BCA, CAB, ACB, CBA, BAC.

ITH WeECThb COOBITUN PABHOBEPOATHBI; KOJIUYECTBO COOBITHI, 00€ecneYnBar0-
mux nobeny Ilbepa, paBHO YeThIpeM, JBa co6bITHA 0GecneynBaOT nobeny

[Tonsa; urak, Ilonb BHIUTPLIBAET C BEPOATHOCTHIO %

MosHo 6b110 Gbl paccysaaTh uHaue: map [lbepa A MomeT okazaTheA
Jganbiie oT nenau, yem C, uau Hao60POT.

A>C wm A<C.
To e BepHO 1JA mwapa B:
B>C B <C.
NTaK, BO3MO#HBI YeThIpe CIydan:
A>C u B>C,
A<C u B>C,

A>C un B<C,
A<C n B<C.

Tonbko 0oMH MCXO, MEPBbIii, Gnaronpuatel niudA Iloas, T. K. ero map B 3ToM

cnyyae 6ausie K neau, yeM A u B; BepOATHOCTD MONyYaeTcA paBHO %
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Ho sTu YeThbIpe UCXoJa He PaBHOBEPOATHEI.

A > C u B > C coorBercrByioT aByM coyetanuam CAB, CBA,
A < Cu B> C coorBercTByIOT ogHoMy couetanuio ACB,
A > C u B < C cooTBeTCTBYIOT 0iHOMY coueTannio BCA,
A < C u B < C coorBercrByioT aByM coyetanuam ABC, BAC.

5. Tarkum o6Gpa3oM, IOITHOE ONpejeleHne BEePOATHOCTU BRIIOYAET B
cebA HEKOTOpOe 3afABJIEeHUE O MPUHIHIAX, IO KOTOPLIM Paclo3HAIOTCA BCE
paBHOBepOATHbBIE HcX0oAbl. MaTeMaTUUeCcKoe oNpefieleHle 3[leCh HEBO3MOH-
HO; HaM NIpUJeTCA B KamJOM clyuae 3aRJIIOYUTL HEROTOpOe coaiduieHue
U 3afABIATh, YTO MbI OyJeM paccMaTpUBaTh KaKkhe-TO MCXOJbl KaKk paBHO-
BepoATHbIE. JTU corjianieHua He GyAYyT COBepIIEHHO NPOU3BOJLHBIMM, HO
OHU YCKOJIb3alOT OT MaTeMaTHUYeCKOro yma, U MaTeMaTHK He JOJeH HX
U3yyaTh, MOCJIe TOr0 KaK OHU YK€ NPUHATHI.

CrnenoBaTenbHO, BCcAKaA BEPOATHOCTHAA 3ajladya pellaeTcA B JIBa 3Ta-
na: HepBBIif, TaK CKa3aTh, MeTadU3UUECKUIl, 0G0CHOBbIBAET TO WU HHOE
corjaieHye; BTOpoif, MaTeMaTHUyeCcKUil, TpUMeHAET K 3TUM corjalleHuAM
KaKHe-TO JHC/IeHHble 3aKoHbI(2)

6. Mse1 Gygem rpynnupoBaTh BONPOCHI, KOTOPbIMU coGHpaeMcA 3aHU-
MaTbcA, 10-pa3HOMY B 3aBHCUMOCTU OT pa3HbIX TOYEK 3PEHMA; cHavana
paccMOTPHUM BCe BOIPOCHI C TOUKU 3PEHUA BO3MOHHBIX MCXOMOB.

K mepBoit rpymnie Mbl OTHeCEM Bce Te 3afayuu, I'e YUCIO BO3MOHLHBIX
UCXOJOB KOHEUHO U He NMpPEBLIIIAET ONpeeleHHbIe MPeeNbl; 3TO 3aa4u 06
asapTHBIX UI'pax U MpOCThIe 3aJayl KOMOMHATOPHOI'0 aHalu3a.

Ko BTOpOIi rpynne oTHOCATCA 3a/jJau, B KOTOPBIX YKMCIO MCXOJ0B OCTa-
€TCA KOHEUHBbIM, HO CTAaHOBUTCA OYeHb GOJBIINM; 3[€Ch MOKHO NMOJIYYUTh
AL NpUbIMAEeHHbIe OLIEHKY BEPOATHOCTH, MCIONb3YA 3aKOH GOJIbIINX YH-
cen, TeopeMy BepHyninu u T.A. T 3aJayll COCTABIAIOT MPEIMET CTaTUC-
TUKH.

B TpeTheil KaTeropuyu 4MCcI0 BO3MO#HBIX UCXO/I0B GECKOHEUHO.

Taxr, ecin MbI 6pocaeM WMLy Ha JUCTOK Gymaru, Ha KOTOpOM Hadepue-
HbI NapallieNbHbIe TMHUH, TO BEDOATHOCTD, C KOTOPLII UIila HepeceyeT OHY
U3 3TUX JUHUI, 3aBUCUT OT GECKOHEYHOTO YHCIa BO3MOMHBIX UCXOJ0B.

HMeHHO B 3TOM mOCHelHEM cilyyae 0COGEHHO Ba#HO OYEHb TIIATEILHO
OIpEJIeNUTh NPeABapUTENbHbIE COTNAIIEHUA.

IIycth, HanpuMep, U3BECTHO, UTO JPOOHOE WM MPPAlMOHATLHOE YHC-
10 x 3ariaioyeHo Mmexay 0 u 1, u TpebyercA y3HAaTb BE€POATHOCThL TOTO,
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4YTO T JeUT Memay 0 u %; KOJIMYeCTBO BO3MOHBIX UCXO0B 6ECKOHEUHO.
XouetrcA ckasaTh, UTO 3Ta BepOATHOCTL paBHA %; OJHAKO TOYHO TaK ke
MO#HO CKa3aTh, 4To ecid 0 < = < %, TO ero KBajpat, 0003Ha4uM ero y,
nexut Memay 0 u i

Eemu 22 = y, a x nesut Mempay 0 u 1, To noaydaem, uto 0 < y < 1.
BaaronpuaTtueiMu 6yayT Bce ciyuau, korga 0 < y < %; eclid MbI Ioje-

JAM UHTepBal, 3aRJII0YEHHbBIN Memay Owu 1, Ha 4YeTbIpe paBHbIe YaCTH, TO

BEPOATHOCTb TOr'0, UTO Y NeKUT Mexay 0 u i, Oyner paBHa %
OpgHako 6b1710 6b1 T'Py0OOIi OMMOKOIN OllEeHUBATh B 7 BEPOATHOCTH TOroO,
YyTo T NeRUT Mexay 0 u 5

leficTBUTENbHO, B NepBBI pa3 Mbl CUMTAIUd PABHOBEPOATHBIMU JIBE
TUNOTEe3bI:

ro<r<xogt+e U T <xr<w+e,

rgpe € — OJHO MU TO Me; BO BTOpOﬁ pa3 MBI CUUTaIN PaBHOBEPOATHLIMU
T'UnoTe3bl

:1:3<:1:2<x(2)+5 u xf<x2<xf+s,

U 3TH [Ba COIAlIeHUA MPOTUBOpeYaT APYT APYTY.

31ech £ — NPOU3BOJbHAA KOHCTAHTA; BhIllle, B 3agaue 0 OPOCAHUM UT-
Jbl, UMEJUCh TPU MPOU3BOJbHBIE KOHCTAHTHI: KOOPAUHATHI CEPEIMHbBI UTIIbI
U ee HampaBjeHue. B Ipyrux BepoATHOCTHBIX 3ajauvax eiie 6ojblie Ipous-
BOJIbHBIX KOHCTAHT W/ Jae [POU3BOJbHBIX 3aKOHOB. Hampumep, ¢pyHK-
uuA y = f(xr) MomeT KazaThcA Gollee BEPOATHON, UeM [pyrad Takad e
(QYHKIHUA; 3TO IPOUCXOAUT MPH UHTepnoiAnuu. TaKue 3aauu Mbl OTHECEM
K weTBepToil rpymme®),

7. Ilpumem ApYyryio TOUKY 3peHUA.

Bomnpoc o BepoATHOCTH BO3HMKaeT TOJILKO M3-3a HAIllero HEBeMecTBa:
eciy Obl y Hac GbLIM Bce AaHHbIe 0 IpobieMe, TO He UMeNo Gbl MecTa HUYero,
KpoMe omnpefgeneHHocTd. C Ipyroii CTOpOHbI, Hallle HEBEECTBO HE JOJHKHO
ObITH IOJHBIM, HHAaYe MbI Obl BOOOIE HE CMOIIU HUYEro oneHuThb. [loaTomy
MO#HO KJIaccu(UIUPOBATh BEPOATHOCTHBIE 3aJaud B 3aBUCUMOCTH OT TOTO,
Gonbllle UK MeHbllle MTy6HUHa Halllero HeBeKecTBa.

Hanpumep, BepOATHOCTDL TOr0, UTO IIECTON AECATUYHBINA 3HAK MPOU3-

BOJILHOTO YMcia U3 TabaUIIbI JIOl"apI/I(pMOB paBeH 1IeCcTu, a pI‘iOI‘i coBniajgaeT

Cc ]fl_(); B IeICTBUTEIbLHOCTHU BCeE yciaoBufa B 3TOH 3ajave onpeneleHbl, U eClIu
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ObI MBI XOTeNH INOTpaTuTb BpeMA Ha IoACYEeThbl, MbI ObI Y3Haiau 3Ty Bepo-
ATHOCTb To4yHO. To e camoe InojiydaeTCA IPU UHTEePNoJAIUN, BbIYUCIEHU U
HHTerpajoB nmo MeTony Koteca unu Faycca u T.nOo.

B ¢usuyeckux 3agauvax Haile HeBeMeCTBO CTAHOBUTCA Oojblle; pedyb
UgeT o NpeABUAEHUU COOLITHUA, T.e. 0 KAKOM-TO GydyIlneM fBJIEHUHU, KOTO-
poe, C OHOI CTOPOHBI, 3aBUCUT OT ABJIEHUA MPEeIbIAyLIero, ¢ APyroi cTopo-
HbI, — OT 3aKoHa, 06’beINHAIONIEro MpeAbIAyIre ¢ Mociaeayomum. MozxkeT
CIYUYUTCA TaK, YTO MbI 3HAeM 3TOT 3aKOH, HO He TNpeblaylliee ABIEHUE; C
KaKoil BEPOATHOCTHIO MPOU30iieT mocaeayiomiee?

JomycTuM, HaNpUMep, YTO MbI 3HAEM 3aKOH IBUMEHUA MOJEKYI; eClu
Obl MBI TOYHO 3HAIU UX HaYallbHOE pacIolo#eHne, Mbl ObI CMOIJIM CKa3aTh,
rie oHu 6yoyT HAXOOUThLCA B JaHHBI MOMEHT; BEPOATHOCTD, C KOTOPOil 3TU
MoOJIeRyIbl 3aliMyT ollpefielleHHOe KOHEeUHOe ToNoseHue, 0y1eT 3aBUCeThb OT
BEPOATHOCTHU, KOTOPYIO MBI N0 002060peHHOCMU TPUIMLIEM TOW WIU WHOUN
HavyalbHOU mo3uuuu. B kamaom ciayuyae HeobXoAMMa KaKaA-TO OTJelbHafd
runoresa.

TaR, Korjga umyT BEepOATHOCTb TOI'0, YTO KOMEThI UMEIOT JJJIUIITHYeC-
KHe 0p6I/ITbI, Hago 3aK/JIOYUTh coryaueHue, npeamnojaratb, 4To Ha 60JbIIOM
paccToAHUU OT ConHila 3T HeOecHbIE Tella pacnopeelieHbl B IPOCTPaAHCTBe
paBHOMEpHO, TaK #ie KaKk U HallpaBJeHHUf UX CHOpOCTeﬁ.

JIpyroit anamoruuHbiii Bonpoc: 6ygyT JU cay4dailHbl HpoOenbl, BO3HU-
Kalolue B pAAY Manabix miuaHeT?! X HayanbHOe pacHonokeHue ONAThH HEU3-
BECTHO, HO aCTPOHOM 3HaeT 3aKOH UX OBU;keHHMA. Kakue coriameHus 0THO-
CUTENbHO UX HavalbHbIX MO3ULHUI cleJyeT BbIOpaTh B 3TOM ciydae?

Co#HO caejliaTb 3TO, He Bllagafd B IIPOMU3BOJI. OIlHaHO €CThb I'MIoTe3kbl,
KOTOpPbI€ RaxyTCA COBEPHIEHHO HEBEPOATHBIMU: HEJIb3A OJONMYCTUTb, YTO Ha-
YajJbHble CKOPOCTHU TaKOBbI, UTO BCe Opﬁl/ITbI HUMeEIOT OJVH U TOT e IKC-
OHEeHTPUCUTET.

C npyroit cTOpOHbI, MOKET CIYUYUTbCA TaK, YTO KAKUE-TO Pe3yNbTaThbl
OKaKyTCA B ONpeJelieHHOl Mepe He3aBUCUMbBIMU OT NMPUHATOrO 3aKOHA, CO-
eJUHAIOIIEro mpebiayllee ¢ NocleayoiuM. PaccMOTpuM oueHb GOJbIlOe
YUCI0 MallbIX IUIAHET € Pa3iMYHBIMM CPEIHUMM CKOPOCTAMM; MX paguyc-
BEKTOpPHI, MJIHHbI, HaYajlbHble CKOPOCTH paclpeleleHbl 10 KaKoMYy-TO 3a-
KoHy. Uepe3 oueHb GONBIION MPOMEKYTOK BpPEMEHU 3TU Maljble IIAHETbI
pacnpejeiAaTcA paBHOMepHO 1o BceM jgoiaroram. Ux yucao 6yneT oguHako-
BBIM B paBHBIX CEKTOpax.
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8. Haxonel, MoeT CIyUYUTLCA TaK, YTO B JPYyTUX 3aJadyax Halle He-
BEKECTBO OKaMmeTcA elle GOJIbIINM, U CaM 3aKOH YCKOJIb3HET OT Hac. B aTom
ciyyae olpelelnTh BEPOATHOCTh pakTHYeCKN HeBO3MoHO. Eciu, Hanpu-
Mep, T — HeusBecTHaA GYHKUHWA OT ¢, TO Mbl He 3HaeM TOYHO, KaKylO
BEPOATHOCTb HAJ0 M3HAYAIbHO NMPUIKCATDL BeJUYUHE Tg, YTOOBI HAUTHU

t1
/ x dt.

to

Torma Mbl yacTo no3BoideM cebe MONOMUTHCA Ha HEKOTOpPOE CMYyTHOe
YYBCTBO, KOTOPOE OUeHb CUIbHO B HAac; MbI HE YMeeM olpaBiaThb ero, Ho 6e3
Hero B JI000M cliyyae HEBO3MOKHa HIUKakasA Hayka. CaMble TOUHbIE 3aKOHbI
BO3HUKAIOT U3 OTIENbHbIX 3KCIEPUMEHTOB, UbU PE3yIbTaThI cleayeT 0606-
maTb. Korga Kennep BriBogua cBou 3akoHbl u3 Habmropenuit Tuxo Bpare,
KTOo-HUOYb MOT Bo3pa3uTh emy: «Tuxo Bpare He Bcerjja cmoTpen Ha Hebo,
He MOTJIO JIU CIYYUTCA TaK, YTO, KOr[]a OH ero He Ha0/M0/1ajl, 3aK0H, KOTOPbI
BbI UIIEeTe, UBMEHAICAT»

Koneuno, Kennep Hamen 6bI 3T0 Bo3paskeHUEe CMeENIHbIM, OH GbI OTBe-
TUI: «JTa TUNOTe3a COBepIIeHHO HempaBaonogo6Hay. Tem caMbIM OH Obl am-
NeaupoBal K 3TOMY ILIOXO ONpeeleHHOMY YyBCTBY BEPOATHOCTH.

9. 3ajgauM Ha yCJIOBHYIO BepOATHOCThb! 6yAyT Golee TOHKUMHU, YeM
3aJaydl 0 BEPOATHOCTH CJIeJCTBUA.

Roraa mMbr TonbKO YTO pemanu 3ajady o6 ypHe, Mbl 3HAIU, UTO B HEl
OblI0 1 GeNbIX U p YEepHBIX IIAPOB; KOrJa Mbl HCKald BEPOATHOCTH BBI-
TamuTb Oenblil mWap, MpuYMHA Gblla M3BECTHA: MPUUYUHON Oblia ypHa C n
6eJbIMU U P YEPHBIMH LIapaMH.

Ho moskHO moctaBuThH 06paTHYIO 3ajavy, Korjga fi 3Hai0, YTO B ypHe
Bcero n + p IIapoB, HO He 3HalO, Kak OHU paclpefeleHbl. fI BbITackUBaIO
YepHBII [Iap; YeMy paBHA BEPOATHOCTb TOr'0, UTO YEPHBIX IMIapoB GoJblIle,
yeM Genbix? ATO U €CTh YCIOBHAA BEPOATHOCTh.

Mpb1 NOCTOAHHO NPOBOAMM MNapaiienu ¢ GUIUKOIL; 3aKOHBI M3BECTHBI
HaM TOJBKO MO UX CJIeJCTBUAM, KOTOpble MbI HabmogaeM. [lpiTaTbeA BbI-
BECTH M3 CIEJCTBHI 3aKOHBI, Kacalolluecd NMPUYUH, U O3HAYaeT PEIUThb
3aflayy Ha yCJIOBHbIe BEPOATHOCTH.

1B opurunane ucnonssyercAa TepmuH Probabileté des causes, T.e. BepoATHOCTb mpHu-
unH. — Ilpum. nepes.
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10. He nacrauBas Godblie Ha MeTapU3UYECKOH CTOPOHE BEPOATHOCT-
HBIX BOIIPOCOB, C €JUHCTBEHHOI 1elbl0 NOGYJUTh K Pa3MbIIUIEHUAM Ha 3TY
TeMy, A 3aMedy ellle, YTO BePOATHOCTb MOMKET ObITb CyObeKTUBHOM. MoM#HO
MMeThb KaKkhe-To JUYHbIe OCHOBAHUA BePUTh, YTO OJHA TMIOTEe3a BEPOATHEE
Ipyroit.

BepoAaTHoCTh MoeT ObITb 00BHEKTUBHOI, HAaNpuUMep, B CTAaTHCTHUKE,
KorJa UIIYT BepOATHOE 4YKCIo Jiofeil, KoTopble YMPYT B TedeHUE Toja;
OJHAKO 3TO YMCJIO HEMHOTO cKaueT. B KakuXx mpejaenax Hally MpeJBUACHUA
noarBepmxaaoTca? U mouemy?

JTO HEMHOI'0 TAWUHCTBEHHO, HEJOCTYIIHO MAaTeMaTURY.

HKak 6b1 To HU GbLTO, B MaTeMaTHYECKOM W3JOMEHUU TEOPUU BEPOAT-
HocTell A 6yay NpUAepKUBaTbCA MOPAAKA, 06G03HAYEHHOr0 BhIIIE.

fl HauHy c 3a7a4, B KOTOPBIX YKCIO BO3MOMHBIX HCXOH0B KOHEUYHO; 3a-
TeM, B cllydyae o4eHb GOJBIIOro YKCia UCXO0I0B, A U3y4y TeopeMy bepHymnau
U ee ClelCTBUA, YCIOBHbIE BEPOATHOCTH, 3aJaud, I'le BO3HUKAIOT IPOU3-
BOJIbHbIE KOHCTAHTHI; B MPEANOJIOMEHNUH, UTO YKCIO UCXOA0B GECKOHEYHO, f
U3JI0Y TEOPHIO OIUOOK, OUeHb BasHbLIN pasfel; HAKOHEI], A MOKaMYy, Kak
MO#{HO HaXOAUTb 3aKOHBI, T.€. MPOU3BOJIbHbIE QYHKIUU.



I'taBA 2
CiaosxeHue U YMHO:;KeHUe BEepOATHOCTeEM

11. BrruucieHue BepOATHOCTEN OCHOBLIBAETCA HA IByX TeOpeMax: Te-
opeMe CJI0#EeHUA BEPOATHOCTEN U TeopeMe YMHOMEeHUA BepOATHOCTEIA.

Nmen nBa cobbiTua A U B, MO#HO CTaBUTh pas3inyHble BEpOATHOCT-
HbIe 3ala4l B 3aBUCHUMOCTH OT TOTO, CKOJIbKO COGBITUI HOMMHO NPOU30MTHU:
0[HO, 006a UM HU OJHOTO.

JIu6o A n B npoucxoadat oba — rumnoresa, KOTopyio f HazoBy ADB.

JIu6o A npoucxogut, B HeT — runoresa, KoTopyo A HazoBy AB’.

JIu6o A He mpoucxoauT, B MPOUCXOAUT — TUIOTE3a, KOTOPYIO A HA30-
By A'B.

JIu6o Hu A, Hu B He NPOUCXOJAT — TUIIOTe3a, KOTOPYIO A HasoBy A’ B’.

[pennonaraem, uro AB peanusyeTcA B o pasiuuHbIX ucxopax, AB’
peanusyeTca B (3 pasnuuHbix ucxonax, A'B peaiusyercA B -y pasinyHbIX
ucxonax, A’ B’ peanusyercs B  pazinyHbix ucxopax. O6iee 1CI0 BO3MO-
HBIX MCXO[0B paBHO « + [3 + v + §; 3apaHee mpejanonaraeTcA, 4TO UCXObI
PaBHOBEPOATHBI.

PaccmoTpuM pasnuunbie BepoATHOCTU. BepoATHOCTb Toro, uto A mpo-
u3oiifer, paBHa

a+p
Pr=107 B+vy+6’ (4)
rje GaaronpuATHLI ucxonasl AB u AB'.
BeposaTHocTb Toro, uto B mnpousoiifeT, paBHa
a+y
= -7 B
P2 = o7 B+y+46’ (B)

a BEPOATHOCTH TOT'0, YTO IPOU30MAET KAK MUHUMYM OJHO U3 JBY X COOBITHIA,
paBHa
a+pB+7y

P L (A nau B)
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rje 61aronpUuATHLI TpU NepBbixX uexoga AB, AB' u A’ B. BepoAaTHoCTb TOro,
4yTo 06a COGBITUA MPOU30IAYT, paBHA

_ 8]
L P & (Au B)

rie GrnaronpuATHAa TONbKO ojHa rumnore3a AB. Eiie Mbl 101 HBI paccMoT-
peTh BEPOATHOCThL TOro, 4To A mpousoiier, ecau mpousolio B:

a A
= ecau B).
Ds a+ ’Y’ ( 9 )
MkbI 3apaHee 3HaeM, YTO B Mpou3oIio, I03TOMY YUCJIO BO3MOH#KHBIX UCXO/I0B
COKpPAaTHUIOCh, KaK U YKUCIO0 OGJaronpuATHBIX.
BeposaTHocTh Toro, uto A npousoitaer, eciu B He mpousonnio, paBHa

g

Pe = EwE (A, ecau B'),

rae 3 + 6 — 4YKCIO BO3MOMHBIX HCXOIOB.
BepoaTHocTh TOro, uro B npousoiiger, eciau npousouuio A, paBHa

pr = aiﬁ. (B, ecimu A)

BepOHTHOCTb TOro, 4To B npouaoﬁueT, €CJIu U3BEeCTHO, YTO A e npo-
H3011J10, paBHa

pg = ﬁ (B, eciu A")

12. BrllieynoMAHYTbIE TEOPEMbI CBOJATCA K NPOCTHIM TOMAECTBAM.
PacemoTpum p1, pa2, p3, ps. AMeem

P1 + p2 = p3 + p4,

«a __a a+y
a+fB+v+0 a+y a+B+y+9
aHaJOrU4yHO Py = P71 * P7.

Hrak, cymMa BepoATHOCTel Toro, 4To npousoiger A, v Toro, 4To mpo-
usoiiger B, paBHa cyMMe BepOATHOCTEH TOro, YTO MPOU30UIET XOTH Obl
OJHO M3 HUX, U TOTO, YTO 06a OHU MPOU3OHAYT:

(A) + (B) = (A umu B) + (A u B).

Pa = = P2 Ps;

13,[[6(:]: u Jajiee UMeeTCA B BUY CyMMa U yMHOE€HHe COOTBEeTCTBYIOIINX cpopmyn.
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BeposatHocTh Toro, uto A u B o6a npousoiiayT, paBHa BEpPOATHOCTHU
TOr'0, YTO IPOU30iiAeT B, yMHO#EHHO HAa BEPOATHOCTDb TOr'0, UTO MPOU30ii-
neT A, Korja u3BecTHo, 4To B mpousoriiio.

Nnu, nao6opor, oHAa paBHa BEPOATHOCTHU TOTo, YTO A MPOU30MIET, YM-
HOKEHHO! Ha BEPOATHOCTh TOT0, YTO B Npou3oiieT B NpeaNooKeH’ , YTO
JOMHO TpousoiiTu A

(Au B)=(B)-(A, eciu B) = (A) - (B, ecau A).
13. IIpeamonoxum, B 4yacTHOCTHU, 4YTo a = 0, oTKyAa ps = 0; Torja

P1+ p2 = ps3.

HKorpma nBa coObITUA He MOTYT MPOU30OUTHU OJHOBPEMEHHO, BEPOATHOC-
™ A u B paioT B cyMMe BepOATHOCTb TOr0, YTO KaKOe-TO OJHO M3 HUX
npousonaer.

Tagr, Korga coGbITHE MOMET MPOU3ONTU ABYMA pa3HbIMU crnocobamMu,
NpUYeM 3TU [Ba crnocoba He MOTyT BCTPETUTCA OJHOBPEMEHHO, BEpOAT-
HOCTb HacTYIJIEHUA JaHHOr'O cOObITUA paBHA CyMMe BEpOATHOCTH TOr0, UTO
OHO NPOU30IAET MepBbIM crocob6oM, U TOr'0, YTO OHO MPOU30IHIET BTOPHIM
crnoco6oM.

JTO U eCTb TeopeMa C.A0¥HeHU seposmHocmell.

14. MoskeT cny4yuTbes, UTo py = pp. Toraa

a a+p
aty a+pf+y+46’
OTKyJa

at+ty a+fB+y+0

a a+p
gl Y+

1+5 =1

ta +a+ﬂ’

a+fB y+46

a T Ty
149

1+g=1+%,

=R ol
S
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Korpa BeimoiHAeTcA 3TO IOCiegHee ycClOBHe, UMeeM pi; = ps; TaK
e p; = pg, €CIAU MOMEHATh MecTaMu « ¢ (3 U 7 ¢ J; KpOMe TOTO, Py =
= pr, TAK KaK p; MEHAETCA HA Po, @ Ps HA Pr; U AHAIOTHUYHO Py = Pg.
Wrax,
P1 =Ps5 = Pe, b2 = pr = Ps-
Nuaue roBops, BEpOATHOCTL TOro, 4To A mpousoiifeT, ocTaeTca OQUHAKO-
BOi, U3BECTHO JH, UTO B Mpou30ILIo, MU U3BECTHO, YTO0 B He MPOU30IIIO;
IpYTUMHU CIOBaMU, BEPOATHOCTh A He 3aBUCHUT OT B.
l'oBopAT, 4TO 3TH JBa COOBITUA HE3aBUCUMBI.
U3 ps = p; nonyyaem
P4 = P1* P25
BEPOATHOCTb TOT'0, YTO 00a HE3AaBUCUMBbIX COGBITHUA MIPOU30HIYT, paBHA IIPO-
U3BeJIeHUI0 BEPOATHOCTEH Kam/0ro U3 HUX.
JTo TeopeMa 06 yMmHOMceHUU 6eposmHocmell.

15. U3 romogel B 32 KapThl OTHOBPEMEHHO BHITACKUBAIOT 2 MITYKH.
BepoaTHocTh TOro, UTO NepBasA KapTa — KOpPOJb, paBHa

_ 1.
p1_8?

BEpPOATHOCTb TOr'o, 4YTO BTOpafd KapTa — KOpPOJIb, paBHa

1.
p2_87

BEpOATHOCTb TOr'o, 4YTO o6e BbITallleHHbIE KapTbl — KOPOJIH, paBHa

4 x3
Pa= 35531

Cpenu Bcex pa3MelleHMI KapT Ho JBe, TO ecTb 32 X 31, umem Te,
KOTOpble 61aronpuATCTBYIOT HaleMy coObITHIO: UX OygeT 4 X 3, Tak Kak B
Konojie 4 KOpoJifi, U U3 HUX MO#HO cHOPMHUPOBATH CTONBKO #€ pa3MelleHn it
no 2, ckonbko u3 4 6ykB. BepoATHoCThL TOro, 4To cpeau 2 Kapt GyaeT Kak
MHUHUMYM OJUH KOPOJb, paBHA

— Dy Dy — _ 8x31—-12
D3 =P1 T+ P2 104—732)(31

Henbza TOBOpPpUTb, UTO BEPOATHOCTb HAJIUYHUA XOTH 6bI OJTHOTO KopoJAa
paBHa y):[BOGHHOfI BEepPOATHOCTU TOr'o, YTO €CThb OJAUH KOPOJIb.
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YpHa cogeput K mapoB, 3aHymMepoBaHHbIX oT 1 10 K. Eciu uckathb
BEpPOATHOCTDb MofBieHuA No 1 1mpu 0O[HOBPEMEHHOM J[OCTaBaHUU JBYX Iia-
poB, To N& 1 Mo#eT cTOATH 1160 Ha epBOM Iiape, 1160 Ha BTOPOM; 3TU 1Ba
coObITHA HECOBMECTHBI U TOJNHAA BEPOATHOCThL PaBHA

_2
P1+p2—K~

BepHeMcA K KOpoJIAM M3 KOJOAbI KapT. ByayT nu Haimu coGbITUA He-
3aBucuUMbI? HeBepHO, UTO py = p1 - P2 HO Py = Py * Pr-

O6painasfch K 3HaYEHUIO Py, BUJUM, UTO eclii epBoe cobbiTue A mpo-
U30I1J0, TO OCTAIOTCA TOJLKO 3 KOposA U 31 KapTa, 1 BEPOATHOCTh HACTYII-
neHuAa B paBHa

Hrak,
_ 4x3
P4 = 39531

JIpyroii npuMep He3aBUCUMBIX COOBITUI: A Gpocalo JIBe UrpaibHble Koc-
TH; KaKOBa BEPOATHOCTHL TO'0, YTO Ha Kamaoil Bbinaaetr 67

BeposaTHocTh TOro, uTo Ha nepBoil Brinaget 6, paBHa % BeposaTHocTb
TOro, YTO Ha BTOPOIi BhINajaeT 6, paBHa .

BeposaTHOoCTb TOro, YTO Ha 06eux BbimageT 6, paBHA %, TaKk Kak 3TH
IBa COGBITUA HE3aBHCHUMBbI.

16. VYcioBre He3aBHCHMOCTH He BCerjia Tak #e OYeBHUIHO, U TEeOpeMy
YMHOMEHUA MOMHO NMPUMEHUTh HENPaBUIbHO, YTO U CIy4aeTcA HOBOJbHO
yacTo.

lonycTuM, A MIY 3aKOH paclpejeleHUA NoNafaHuil npu crpenbbe U3
NUCTOJeTa; Y MEHA HeT JaHHBIX HU O CTpelike, HU o nucToieTe. [lonyyaetca
Bomnpoc B cTuie: «RakoB BodpacT KanuTaHa?»

Tem He MeHee Bo3bMeM [Be OCH KOOPJUHAT C HAyajoM B IIEHTpEe MH-
IIEHN: NYCTb & U Y — NPAMOYTOJNbHbIE, @ p U W — HOJNAPHbIE KOOPJUHATHI
Touku M.

3ajgaua ocTaeTcd HeolpejeleHHOH, Hame eclid Mbl CYNTaeM BepOAT-
HOCTb HoNaJaHUil ONMHAKOBON BO BCeX HaIpaBJEHUAX.

BeposaTHocTh TOro, uro M HaXxoAMTCA B MajloOM 3JeMeHTe MOBEPXHOC-
TU do, MO#HO 0003HAYUTHL KaK

f(z, y) do.
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Cnenyet onpenenuts f(x; y); 4ToGHI BEPOATHOCTD OCTABajlach OJIUHA-
KOBOI BO BCeX HalpaBleHUAX, 3Ta QYHKUMA JOI#HA 3aBUCETb OT p; TOrja
3Ta BepOATHOCTD 3amuinercA Kak f(p) do. Haligem BepoATHOCTB TOro, 4TO
abclycca TOUKU NONANaHNA JIeKUT MEMIY & U - + d; OHa IpeCcTaBIAeTCA
Kak

o(x) de.

Tar #e BepOATHOCTbL TOrO, UYTO OPAMHATA TOYKHU MONANaHUA JEMUT
MemaAy y u y + dy, IpeacTaBiAeTcA Kak

Y(y) dy.

Ho uyT06bI BepoATHOCTD OCTaBalach OHON U TOii #e BO BCeX HalpaBlie-
HUAIX, clleqyeT MPeANnoJo#UTh, UTO ¢ U ) PABHBI; TOra BO BTOPOM clIyyae
umeeM @(y) dy.

Tenepb npoBeeM HelmpaBUIbLHOE paccy#ieHue: HaiileM BepOATHOCTh
TOro, 4to M HaXxoAUTCA B MajloM IPAMOYTOJbHUKE cO CTOpoHamu dx u dy.
Jlon#HbBI OJHOBPEMEHHO NMPOU30MTHU ABa COOBITHUA:

1° abcuucca AeHUT MeRIY © U T + dx;

2° opauHaTa JeMUT MEeRAY y U y + dy.

B cuny TeopeMbl 06 YMHO#EHUN BEPOATHOCTEN MCKOMAanA BEPOATHOCTh
Oynet

o(z) - p(y) dz dy.

C npyroii cTOpoOHbI, 3Ta BEPOATHOCTL BhIpaaerca uepes f(p) do; urax,

uMeeM

o(@) - (y) = f(p)-
Bo3bMeM NpPOU3BOAHbIE OT JOrapipMOB 06€MX dYacTell MO MepeMeH-
HOit x, oMHA, uTo p? = 2% + y?; nomyuum

') f(p)

o)~ flp) P

Hrak,

U, aHaJIOTUYHO,
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JleBbIe yacTu Kamaoro u3 aTux ypaBHEHI/Iﬁ 3aBUCAT OT * U Yy COOTBET-
CTBE€HHO; OHU pPaBHLI MEH Y C060171, cjlegjoBaTeJbHO, 3TO KOHCTAHTHI.

o)
- p(x)
Inp(zr) = hT:BZ +InC,
ha?
ple)=C-e 2 .

JTo paccy#/JeHre HEBEPHO: Mbl MPUMEHUIN TEOPEMY 00 YMHOMEHUN
BEPOATHOCTEl, TO €CTh MPEANONOMUIN, UYTO COOBITHA He3aBUCUMbI; NHaUe
rOBOPA, MOJNOMEHNe My OTHOCUTEIbHO OCH abCIUCC He 3aBHCUT OT ee I10-
JOMEHUA OTHOCUTEIBHO OCH OpJUHAT.

OmnuiieM 4eThipe OUHAKOBBIX OTHOCUTENbHO do 061aCTH BOKPYT YeThI-
pex Bepmiud A, B, C; D npAaMoyroibHHKa CO CTOPOHAMU, TapajielbHbIMU
ocAM koopauHaT. HaszoseMm a, 3, 7, d COOTBeTCTBYIOIIe BEPOATHOCTHU TOTO,
uTo M monajfer B KamIbIil U3 3THX 3I€MEHTOB MOBEPXHOCTH.

fI mpemnonosun, 4To opauHaTa myau Oblia oguHakoBa And B u D,
pacroioxeHHbIX Ha napaiienu k ocu O X, uTo ee abenucea oquHakoBa qia A
U B, pacmoioseHHbIX Ha OJHON mapainenn K ocu Oy; WHayYe TOBOPA, YTO
% = %, HO 5Ta THIOTe3a coBepIIeHHo GecrnousenHal?),

17. MakcBelur JOMyCTUI Ty #e OMMOKY B Teopuu rasa. PaccmoTpum
ras, o6pa3oBaHHbIl OYEeHb GOJBIIMM KOJIMUYECTBOM MOJEKYI, HaleleHHbIX
pasHbIMU CKOPOCTAMU; Kak GyayT pachpeleleHbl 3TU CKOPOCTHU y Pa3HbIX
Moneryn?

BriGepeMm TpexMepHYIO PAMOYTONbHYIO CUCTEMY KOOPIMHAT U MOMeC-
THM B €€ Hauyajo BEKTOp, MPeJCTaBIAIOIUI MONAPHBINA paauyc, MKUPOTY U
IOITOTY CKOPOCTH MOJeKyibl. OeHMM BepOATHOCTb TOr0, YTO KOHEUYHAasf
To4yka M 3Toro BeKTOpa HaXOOUTCA B MaloM 3jeMeHTe oObema dT.

Ecau A ecTecTBeHHbIM 00pa3oM Mpe.roJaraw, 4YTo CKOPOCTH MPaKTH-
YeCKHU OJIMHAKOBBI BO BCEX HAIPABIEHUAX, TO 3TAa BEPOATHOCTL GyaeT Ipe-
CTaBIAThCA Kak

flr)dr.

BeposaTHocTh TOro, 4To NMepBasA KOOpAMHATA JIEHMUT MeMAY T U & + d,
3anuiercA Kak () do; BEpOATHOCTH TOr0, UTO BTOPaA KOOPAUHATA NEHUT
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Mexay y u y + dy, 3anumerca kak p(y) dy; BEpOATHOCTH TOTO, YTO TPEThA
KOOp/IMHATA JNEMUT MemIY 2 U 2z + dz, 3anumerca Kak ¢(z) dz.

BeposaTHocTh Toro, uto M HaxoAuTcA B MajoM IMapaijelenunene co
CTOPOHAMH, IMapalulelbHbIMK OCAM KoopAauHaT, paBHa f(r)dx dy dz. Ecau
6bI TeopeMa 06 YMHOMEHUU BEepPOATHOCTEN ObLia NPpUMeHNMa, MbI Obl Cpasy
MOy YHITH

a 9TO HellpaBUJILHO.

18. 3anaua o BbiGopax. JTa 3ajaya IoMycKaeT U3AI[HOE PelleHue,
npuHaiesaiiee r. Auapé. Umerorca nBa kauaugaTta, A u B; xopoiio ocBe-
JOMJIEHHbBI M30bupaTteih 3apaHee 3HaeT, yTo A GyneT umeth m, a B — n
ronocoB, rae m Goiasblie n. TpebyeTca HAllTH BEPOATHOCTH TOro, 4to A 6y-
IeT UMeThb GOJILUIMHCTBO B TeYeHUe Bcell Npoley phl moJcueTa GloiieTeHeil.

YToGbl OLIEHUTDb YUCIO BO3MOMHBIX MCXOIOB, 3aMETHM, 4TO 1N OrONIe-
TeHelt A u n 6o/eTeHeit B MOr'y T TOABIATbCA B TAKOM KOJIMYECTBE PA3HbIX
MOPAJKOB, CKOIbKO €CTh MIEPECTAHOBOK C MOBTOPEHUAMHU U3 m OYKB A u n
O6ykB B, To ecTh

(m + n)!
m!n!

fI pazgenio Bo3Mo#iHbIe HCXOABL HA TPU I'PYMIbI.

B nepByio A nomemnty Te ucxobl, Korga A uMeeT 60NbIIMHCTBO B Haya-
Je ¥ coxpaHfieT ero Bce BpeMmsf, ycThb 3/ech UMeeTcA N1 61aronpuATHBIX
HCXO/I0B.

Bo BTOpy!O rpynmny A momenry Bce UCXOIbI, KOTJla MepBbIil GIOJIETEHb
npuHagneuT B; To ecTb A TepsAeT GoNbIIMHCTBO B Hayvale; 31ecb Ny Oia-
TONPUATHBIX MCXOJOB.

B TpeTbio A momelnny Bce ucxonnl, Korga A umeeT GOJBIIMHCTBO B Ha-
yane, HO 3aTeM TepfAeT ero, YTo6bl BOCCTAHOBUThL K KOHLY; 37ech N3 Gia-
TONPUATHBIX MCXOJOB.

Hmeem
(m+n)

N; + Na+ N3 = o
m!n!

9

Ny
N1+ N>+ N3*

OnenuBaem N: IepBblil BCKPBITHIN OlojeTeHb NodaH 3a B; yb6epem
ero, u ocranerca m Groomtereneit A u (n — 1) 6onnereneit B. Yucno Bos-

TO €eCTb HaJ0 noagcyuTaTb
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MOHBIX HCXOJ0B PABHO
(m+mn—1)!
m!(n—1)"

YTO JaeT HaM BelnuuHy Ns.
fI xouy noraszaThb, uTo N3 = N,.

Jlemma 1. * [lpednoaoscum, 4mo Ha 6b160PAT 2040CA PAIEAUAUCH NO-
posHy: nodano q Gioasemenet 3a A u q — 3a B. Jonycmum mawxxce, umo
8 Haate A umeem GOALUWLUHCIMBO 2040C08 U COIPAHAEM e20 00 nocaednezo
O1aremens, 4 NOMOM Mmepsaem, MaK KAk 6 KOHUe 2040¢a 0eAMcs NOPOSHY;
nocaednutl Gloasemens, makum oo6pazom, codepycum uma B. Bydem seckpoi-
s8ambv ur 8 o6pamHom nopadke, mozda B nomepsem GoabwWuHCMB0 MOALKO
¢ nocaedHuM GloanemeHen.

B rakoii-To onpepeneHHbIl MOMEHT I'0JIOCOBAaHUA BCKPHITO a GlojieTe-
Heit A u b Gloaneteneit B U U3BECTHO, YTO ¢ > b, Tak Kak GONBIIUHCTBO
ronocoB y A. OcTaercA BCKPbITEL q — a O10nneteneit A u q— b 6ionnereneit B.
IIpu o6paTHOM mMOpAAKEe rol0COBaHME yie MOKa3aao Obl, YTO

q—b>q—a,

T.e. y B 6b110 6b1 60JALIIUHCTBO.
JlorasaB 1emMMy, BepHeMcA K Halleil 3agaye.
PaccmoTpuM KOMOMHANMIO (v U3 TPEThENl IPYIIIbL:

AABAB|BABAA. (@)

3necb A MMeeT MpPeUMYIIECTBO BIUIOTh JO Y€PThI, 3aTEM, CO CIedyIO-
muM GroJiieTeHeM, TepAeT ero B HepBbId pas.

Ilycts cieBa ot yepthl y A ecTh ¢, y B ectb ¢ — 1 Gro/iereneit, T.e.
Bcero 2q — 1 61o/eTeHeil.

PaccmoTpuM Apyryio koMOMHAaNUIO, KOTOPYIO Ha3oBeM IPOU3BOJHOI
oT a:

BABAA|AABAB.

OHa nonyuyaeTcs, eciii B3ATh U3 ( NOCJeJ0BaTeIbHO OIOMIETEHU C MECTaMU
2q,2qg+1,2¢+2,..., m+n,1,2,...,2q9—1,

T.€. IepeHecTH HajleBO OT 4YepThbl TO, YTO Ob1J10 CIipaBa, U HaOﬁOpOT.
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Ecau 2¢-i1 6romnerenb Gyger Mo onpeneieHuo MepBbIM, rae A noreps-
eT GOJBbIINHCTBO, TO KamJaA KOMOUHANUA ¢ OyJeT UMeTh eIUHCTBEHHYIO
HPOU3BOAHYI0 KOMOMHALHUIO.

Teneps paccMOTPUM KOMOMHALUIO 3 U3 BTOPOIi IPyNIIbI; OHA HAYKMHA-
eTcA ¢ B:

BABAAABA; (B)

K KOHI[y GOJNbITMHCTBO uMeeT A.

O6pasyem romOunauuio (' cledymomuM cnocoGoM: cHavala MepBbIii
Glo/neTeHb ¢ UMeHeM B, 3aTeM mocieqHuit 6ionierens u3 (3, 3aTeMm npen-
MNOCNeAHUN U T. M., TO eCcTh GloineTeHd (3 B 06paTHOM TOpAJKe BIUIOThH [0
BTOpPOTO:

BABAAABA; (8

flcHo, uTo cnepBa B uMeeT GOJbIIMHCTBO ONOCOB, HO K KOHIY TepfAeT
ero.

MpeanonomuM, uTo 2p-ii GlonNeTeHb B MEPBbIil pa3 OTHUMAET ero y B
GONbIIMHCTBO. B HameM npuMepe oH BTopoit no cueTy. Kom6unanusa 3’ ciy-
MUT UIA ONpe/lelleHU A Yucia p: B HAlleM NpPUMepe 3TO eIUHUIA.

Bronnerens, 3annMaromuii B 3’ 2p-e mecro, B 3 3aHuMaeT (m +n+
+ 2 — 2p)-e mecTo.

fI momeury B § 4epTy mepej 4lIEeHOM, 3aHMMAIOLUIMM 3TO MECTO:

BABAAABIA. (B)

PaccmoTpuMm, HakoHell, cleqyONy0 KOMOMHALUIO, KOTOPYIO A 0603Ha-
4y -y U Ha30BY NPOU3BOJHOM OT [3; A HAUHY ¢ GlONIeTeHell, CTOABIINX CIpaBa
OT 4epThI (B IPUMEpe OH TOJIbLKO OJ¥H), a 3aT€M BO3bMY Te, 4TO ObLIH ClleBa:

A|BABAAAB. y)
Bronnerenu (3 B3ATHI B mOpAIKe
m+n+2-2p,...,m+n,1,2,... ., m+n—2p,m+n+1-—2p.

fI zaaBnAIO, 4TO 3Ta MPOM3BOJHAA Beerja INPUHANICHUT K TpeThbei
rpynme.

Bo-BTOopbIX, (M + n + 2 — 2p)-it GloaeTenb gonxeH 6biTh A, T. K. B 3’
OH OTHUMET y B 60JbIIMHCTBO; UTAK, ¥ HaunHaeTcA ¢ A.

Kangugar A He Gyner Bce BpeMA COXPaHATh GOJbINMHCTBO. JeiicTBu-
TeNbHO, epBble 2p GlonneTeHell Y — 3To nepBbie 2p OloiuieTeHel (', B3AThIe
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B 00paTHOM IMOPAJIKE; a COrIaCHO NMPENOJ0HEHUIO, TOC]Ie BCKPBITUA 3TUX 2P
OronneTeHell 06a KaHUAaTa UMEIOT PaBHOE YHCIO I'OJI0COB.

Hrak, B v rauaugatr A TepfeT GONbIIMHCTBO, M 7y MPUHANICHKUT K
TpeTbel rpyimne.

Tarum obpasom, Kanaad KOMOMHALIMA U3 BTOPOi I'PyMNIbl UMEET, IPU-
yeM eJUHCTBEHHYIO, IPOU3BOJHYIO, IPUHAJEKAIIYIO K TpeThell rpynne.

fl 3aaBAAIO, UTO €cliU JJ1A KAKON-TO KOMOMHAINYU (¢ U3 TPEThel I'PYIIbI
A o6pasyio ee IPOU3BOAHYIO 3, a 3aTeM — MNPOU3BOAHYIO OT (3, TO A BEPHYCh
K Q.

IlokameM, 4TO ¢ B @ COOTBETCTBYeT p B [3.

JleficTBUTENLHO, 0Gpasyem (3':

BBABAA|AABA. (8"

Eciu s Gepy 2q mnepBbix GromiereHeit us (', To 3To B TOYHOCTU 2q
HepBbIX Glo/IeTeHel U3 o, BCKPBITHIX B 06paTHOM IOpPANKe, U 10 JemMMe B
norepsAeT GOJbHIMHCTBO TOJBKO K KOHIY; ¢ APYI'oil CTOPOHBI, Mbl 3HaeM,
yto B 3 Kaugupar B norepsAeT GOJbIIMHCTBO TONBKO C 2p-bIM GHOJIETEHEM;
UTaK,

r=gq
u npousBojHad oT 3 GyneT a.

Eciu s coctaBndio kom6uHanuio 3, A Moiydao u3 Hee MPOU3BOJHYIO Y3
9TOH e NpousBogHOl oT B 6ygeT a.

MosHO cKa3aTh, YTO KOMOUHAIIMN BTOPOW I'PYIIbI CONPAMEHBI C KOM-
OuMHaUMAMU U3 TpeThbel Tak, 4TO KamJaad KoMOuHauud OyaeT pOU3BOAHOM
OT CBOeli CONpAMEHHON U3 NpYroil rpynmnsl.

Urak, Ne— N
3 = V23
(m+mn—1)!
Mot e =2 -
No+Ns 2

N1 +N2+N3 T m4+n’

JTto BepOATHOCTb TOr'o, 4TO A He Bcerjga nMeetr 60J1bIJ.II/IHCTBO, a

N, 2n m-—n

—_  =1- == ——
Ni + Ns + N3 m+n m+n
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19. 3amaua 06 urpaabHbIX KOCTAX. bpocaloT n Kocreil u cupa-
MKUBAIOT, KAKOBA BEPOATHOCTDb TOT0, YTO 06IIee YNCI0 0YKOB paBHO K.
[Ipeamonoxkum cHayana, 4To KOCTe! TOJBKO JBe; AIA KamO0i U3 HUX
BO3MOHBI IECTh Pa3HBIX UCXOJOB, 8 BMECTe OHU JaayT TPUALATh IMIEeCTb
KOMOMHaNuii:
11
12 21
13 22 31
14 23 32
15 24
16 25
26

N3 3Tux KomMOuHaNMii:

oJlHa cooTBeTCTBYeT uucity K =2,
2 COOTBETCTBYIOT YUCITY K =3,
3 COOTBETCTBYIOT YUCITY K =4,
1 cooTBeTCTBYeT YUCITY K =12.
BepoAaTHocTh monyuuTh 2 paBHa %,
B 2
€pOATHOCTh NONYyUYUTh 3 paBHA 367
3
BeposAaTHocTb monyuuTh 4 paBHa 367
3aiimeMcA o01eil 3afaveit 06 n KOCTAX, 3[ech IMOJTHOE YHUCIO BO3-
MOMHBIX McXxoJoB 6"; melicTBUTENbHO, NYCTh (1, (g, ..., Qy — OJHA U3
KOMOMHaNWil, Kamgoe U3 4Yucel (¢ MOMET NPUHUMAThb LIeCTh 3HAYEHUIA:
1,2,3,...,6; Torga uCKoMoe YUCJIO — 3TO KOJIUYECTBO cOUeTaHUl ¢ Io-

BTOPEeHUAMHU U3 6 6YKB 10 n, TOo ecTh 6™.
OG61ee YKCIO OYKOB JON#HO PaBHATLCA M3HAYAILHO 3agaHHOMY K,

ar+as+...+a, = K.

PaCCMOTpI/IM OWH U3 6" BO3MOMHBIX HCXO0O0B M IIOCTaBUM €My B CO-
OTBeTCTBHE OOHOYJIEH

(631 a2 (e
11492 g2n,
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CoctaBUM U3 3TUX ofHOWIeHOB cymMmy I, MeHAd a;, as, ..

1o 6.
M=ttt

4YTO MOMHO IepenucaTrb Kak

.,apoT1

O=(t+8+...+ )t + 8B+ + 1) (tn + 5 + ... +15).

JTo0 Ipou3BeieHue n COMHOPRHTeJIeﬁ; IojaraeM B HEM
ti=ty=...=t, =t

OnHouneH IpUMeT BUJ

vtan _ 4K
t011+012+ +an _ t ,

a MHorouieH II BLIPpOMOaeTCAd B
(t+t"+... + 15"

HyCTb N — uucino 6JIaFOHpI/IﬂTHbIX HNCXO0J0OB; UMeeM N OJHOYJ/IEHOB,

paBubix tX . u ux cymma pasna Nt¥, u, ecnu cocraputs cymmy S NtX mo
BCEeM BO3MOHBIM 3HaueHUAM K, TO

ZNtK =1L

N1
Hcromas BEpOATHOCThL paBHA s

Beauuuny N nerko cocuuTarThb.
JTO M-A cTeNeHb CyMMbI YJI€HOB FeOMeTPUYECKOl IPOrpeccuu:

n=(=5) =0 a-o

(t—t")" u (1 — t)~™ MomHO Pa3omKUThL Mo hopMyie GUHOMA; HaiilA Mpo-
u3BeJleHMe JBYX paslomeHuil, A noxryuy koddouuuent npu tX, to ects N.
BepHemced & ciayuato AByx kocteii. [lomyuaem (¢t —t7)%(1 —¢)~2 u

(t—t7)2 =12 — 268 + 114,
(1—-t)2=1+2t+3t>+....

1Meron BhIUMCIEHNA BEPOATHOCTEN TakuM 06pa3oM cefiuac U3BECTEH KaK MeToJ Ipo-
U3BOJbHBIX QYHKIUH.
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Onenum ko3d¢uuueHT npu tX B NpousBemeHHM 3TUX ABYX pasiose-
Huii. Bo-nepBoix, K He mpeBocXoauT 12; 3aTeM MbI paCCMOTPUM [JBa Clydas:
KOrjJa YHCJIO OYKOB JeMUT OT 2 10 7 U Korja OHO JIeKUT oT 8 10 12.

Ecau uucno K paBHo, camoe Goabliiee, 7, T.e. K < 7, To B IepBOM pas-
JNoeHUU He Hamo 6paThb HHU t8, Hu t'%, U npumeTca paccMaTpuUBaTh TONLKEO

2+ 265 + 3t + ...+ 61,

Urar, nna 3Havenuii 2, 3, 4, ..., 7 BeruuuHa N coOTBETCTBEHHO paB-
Hal, 2,3,...,6.

Eciu K paBHO unu mpeBocXomuT 8, TO He HAJ0 paccMaTpPUBaTh
U NpUJETCA COCYUTATh TOILKO

14
s,

B +2t+.) =281+ 2t +...).

Kosddumuent npu t¥ B neppom ognounene 6ymer K — 1.
Kosodunuent npu t® Bo BTopoM oaHouneHe 6yaeT — 2; npu t° — 4;
u T.1.; npu tX — 2(K — 7).
Hrak,
N=K-1-2(K-7=13-K.

1A n > 2 BblpasKeHUA OKaMYyTCA CIOMHEE.

20. 3agaua o JoTepee. B ypHe nMeeTcA i 1IapoB, 3aHYMepOBaH-
HbIX OT 1 O p; U3 HUX JOCTAIOT N IITYK; KAKOBA BEPOATHOCThL TOTO, 4TO
cpenu HuXx 6yner K 3apaHee oTMeueHHbBIX MAapoB?

[Iycth m u3BIEYEHHBIX IIAPOB UMEIOT pa3Hble HOMepa, NPpHHUMAIoIIe
3HaueHudA ot 1 10 p.

Eciu nopaAnok u3BievyeHUA MApOB YUYUTHIBAETCH, TO BO3MOMHbBIE UCXO-
IbI COBIAAIOT 10 KOJMUYECTBY C pa3MellleHUAMHU U3 f1 GYKB 1O n:

!
(1 —n)!
Korpa ocraerca p — ¢ + 1 mapoB, y KamI0ro U3 HUX CTONBKO e IIaH-
cOB ObIThb M3BJI€YEHHBIM M3 YPHbI, KaK U y OPYyTHUX; MbI NpeArojaraeM Bce
BBIOOPKYM PABHOBEPOATHBIMU.

Ecnu ne y4uThbiBaTh NOPAAOK, TO YHUCJIO0 BO3MOMHBIX UCXOAO0OB He IIpe-
BOCXOJUT 4Yucia cOUueTaHuil u3 H 6yHB no n,

!
(p—mn)n!
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f1 6onbie He cyMTAaI0 Pa3HBIMU 'MIOTE3bI, KOTOPbIE OTIANYAIOTCA TONb-
KO [IOPAJJKOM U3BJIeYeHUA mwapoB. ByayT nu Bce coueTaHus, Kak U pa3Melle-
HHA, paBHOBEPOATHHI? Jla, T. K. Kam/JOMy COOTBETCTBYeT n! pa3zMmelleHuii.

Uyicno GiaronpuATHRIX MCXOJOB PABHO UUCIY TEX COUETaHWil, B KOTO-
pble BXOAAT K oTMeueHHBIX LIApOB; 3a UX BbIYETOM B yPHE OCTaeTCA [ —
— K mapos. Torga uncio 61aronpuATHEIX HCXOA0B PaBHO YUCIYy coyeTaHU
us 4 — K 6ykB o n — K:

(1 — K)!
(n—=mn)!(n—K)!

BepoaTHocTh nonyuynts K oTMeueHHBIX HOMEPOB B JIOTepee paBHa, Ta-
KUM o6pasom,
(p—K)!n!
w'(n— K)!

21. 3apaua 06 urpe ¢ BeixogAauumMm. Tpu urpora A, B, C urpa-
0T 10 cieayomum npaBuiam: A u B urpaiot Bmecte; C' He urpaert. [lpour-
paBiuit Beixoaut u ero 3ameinaet C. [locie ka0l napTuy npourpasuiero
BHOBb 3aMeHAIOT. Irpa 3akaHuYnBaeTCA, KOrJa OANH UTPOK BBINT PBIBAET ABa
pasa mogpan.

EcTecTBeHHO npeqnonoMuTh, UTO UI'pa a3apTHad, 1 BEPOATHOCTH BbI-

urpaTh napTuio paBHa % oJIA KamJaoro urpora.

Hanpumep, MO#HO MOSYYUTh:

1-1 maprtusa AB; A Beiurpan;

2-11 naptua AC; ecnu A Bbiurpain, o nobeaun; eciu C' BeIMrpani, Bo3-
BpaiaeTcA B;

3-a naptua BC; eciu C Bviurpan, oH nobeaurtens; eciu B Bwiurpain,
Bo3Bpamaerca A;

4-a maptua BA; u Tak panee.

JlonycTuM, uTo A BhIMrpan nepByio naptuio. TpeGyerca HaliTu Bepo-
ATHOCTb TM06e[bl JMA KamJoro u3 UrpokoB. IlycTh 3TH BepOATHOCTU paB-
HbI X, Y, 2 1A A, B, C cOOTBETCTBEHHO.

CHayanla BO3MOKHbI JiBe runotesbl. Eciu A BeIMrphIBaeT BTOPYIO map-
THUIO, OH M0OEJUT, 1 BEPOATHOCTHU T0oOebl AJA TpeX UTPoKkoB cTaHyT 1,0, 0.

Ecau A npourpsiBaet, oH yctynaer mecto C', B HaX0OUTCA B yCIOBU-
Ax A, C — B ycnoBufx B; BEPOATHOCTU CTaHYT Z, &, Y.

[IpyuMeHUM TeopeMbl CIOMEHUA U YMHOKEHUA BEPOATHOCTEN.
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Hrpor A mosker noGequTh MpH JBYX TMIOTe3aX, UCKIIOYAIOMUX APYT
apyra:

1° BhIMIpaB paccMaTpUBaeMyo MapTHio;

2° mpourpasn ee.

HNrar, BepoATHOCTD MoGeabl qia A

1.1
$—2X1+2XZ.

Hrpok B MoseT mo6eiuTh TONbKO OAHUM cloco6oM: A MpourpsiBaeT
paccMaTpHUBaeMylo NapTHIO, U 3aTeM B cTaHOBUTCA MOGEAUTENEM.
1

y=§ﬂ').

Ananornuto gisa C' BepoATHOCTDb GyaeT

OTCIOJlaa?:%; y:%; z=%.
3aMeTuM, 4TO T + Y + z = 1; Korjla ecTh MHOTO BO3MOM#HBIX COOLITHIA,
U TaKHUX, YTO OJHO U TOJLKO OJHO U3 HUX HeMpeMeHHO HACTYIHT, cyMMa
WX BEpPOATHOCTeH paBHa 1, HO 37ech Mbl He UMeeM B TOYHOCTH 3TOT CIy-
yail, T.K. MapTHUA MOMET MpoJonxaThcA GeCKOHEeUHO. 3[Jechb Halla cyMma
paBHa 1, IOTOMY UTO BEpOATHOCTh 6€CKOHEUYHO H0Jroil mapTuu pasHa (.
Mb1 npeamoiioxuian, uto A BeIMrpad nepByo naptuio. Ilepeitzem k Ha-
yajly Wrphl; mepe] nepBoit naptueit C' BHe UTPBI.
EcTh aBe runoressr: Boiurpaetr A unu Beiurpaer B.
Ecnu A, To B Bbixogut, C' BCTynaeT B UTPY, U BEPOATHOCTH MJIA KazK-
JOr'0 UTPOKA CTAHYT
4, 2
7 7
4 2
T
Hrpor A MoeT noGequTh, XOTb BLIUI'PAB MepBYIO MapTHIO, XOTb MPO-
urpae. BepoATHOCTh NepBOM I'MIOTE3bI MOJYYaeTCA YMHOMEHHEM BepOoAT-

HOCTHU OJA A BLIMI'DaThb INEepBYIO MapTUioO U BEPOATHOCTHU nob6eaIuThL mocie

9TOro, To eCThb 1 X % BepOHTHOCTb BTOpOﬁ runoTe3bl aHajJOrmuyHo pasB-

9 2
HA 5 X =

= ==

Ecau Briurpaer B, oHU CTaHyT
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Tenepb cknagbiBaeM BEPOATHOCTH:
14, 1.,1_ 5,

flan A, 5 x 74+ 5% 7 =173

IIna B TouyHO TaK:e, %;

lIna C, 6e3 nanbHeWmMX BbIYUCIEHUI, ﬁ.(@

49



I'nmaBa 3
MaTtemMmaTuueckoe o;xugaHuie

22, IlycTe B KaKoii-TO ompe[eleHHbII MOMEHT UIDPhI UTPOK HMEET
BEPOATHOCTh BBIMTPaTh, PaBHYIO p; CTaBKa paBHA q.

Ilo onpenenenuio MaTeMaTUUecKoe O#ugaHue paBHO pa. [IpuHATo cuu-
TaTh, YTO €CAU (¢« — NPOUTPHIII, TO pa OTPULATENBHO.

Ecau pasHble THUIOTe3bl ¢ COOTBETCTBYIOMIMMU BEPOATHOCTAMU Pi,
P2, ... , Pp TIPUBOJAT K BBIUIPHINIAM Q7, (3, ... , Oy COOTBETCTBEHHO, TO
onpefieneHueM MaTeMaTUUeCKOT0 OkUAaHuA OyJeT cyMma

P11 + P22 + ... + PpQy.

Hrpa cnpaBennunBas, Korja MaTeMaTUUECKOE OKU/JaHUe OJUHAKOBO A
BCEX UI'POKOB.

YTo6bl yOPOCTUTD pellleHre HEKOTOPLIX BONPOCOB, YAacTO AOTrOBapuBa-
IOTCA 0 BBeJIeHNH (GUKTUBHBIX UI'POKOB, U OLIEHUBAIOT UX MaTeMaTHYecKoe
oKUJaHUe.

IIycTsb ecThb aBa coGuiTusa, A u B.

BepoaTHocTh HacTymienusa A paBHa p;.

BeposaTHocTh HacTynineHus B paBHa ps.

BeposatHocTb HacTynenua A uinu B paBHa ps.

BeposatHocTb HacTymienud A u B paBHa py.

31ech

P1 + p2 = p3 + pa.

Ecau 3Ty aBa co6bITUA HECOBMECTHBI, MOXyYuM py = 0, T. €. TeopemMy 0
cJI0MeHUU BePOATHOCTel; Ho A Oyy npejmnoiaraTh, 4To 3To He Tak. [lycThb
BBIUTPbILI cocTaBiAeT 1 ppaHK, eciau npoucxogut A; Touno taks;xe 1 ¢ppaHk,
eciy npoucxoaut B.

[lonHoe MaTeMaTHUecKoe OMUJaHUE IPU PAacCMOTPEHUU 3TUX JBYX CO-
ObITUil OyHeT p; = pa.

Nrak, coBMecTHBI cOOBITUA UM HET, IOJHOE MaTeMaTUyecKkoe OMuja-
Hue OyleT CyMMOI YyacTHUYHBIX.
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Ecau 661 npousoniu o6a co6bITHA, UTPOK ObI MOJNyuna 2 ppaHKa.

Bonee cnosHbIil ciyyail: BO3MO#HO ONpe/elleHHOe KOIUYEeCTBO COObI-
tuit Ay, As, ..., Ay; BEPOATHOCTB TOr0, yTO A; mpousoiier, paBHa p;, Be-
POATHOCThL TOTO, YTO OJHOBPEMEHHO mpousoitayT A; u Ay, paBHa Dk, Be-
POATHOCTB TOI'0, YTO OJHOBPEMeHHO npousoinyT A;, A; nu Ay, paBHa piy.

Urpory obemaioT 3am1aTUTh 1 ¢paHK 3a Kakoe Npousoliesniee coobl-
THe; eclid UX Oy/leT n, OH MOAYy4YUT n ¢ppaHkoB. Ero nonHoe maTematnyeckoe
omujaHue OyleT cyMMOIl Tex, KOTopble o0ecleyeHbl KamAbIM COObITHEM,
T.€. Y. Dj.

IIycTb emy ofemaroT cTONBKO (PpaHKOB, CKONbKO OyJeT coueTaHUil Mo
IBa B pAAy cobbiTuil. Ecniu npoucxofaT 2 coObITUA, OH Noay4aeT 1 ¢ppaHK;
ecau npoucxonAat 3 cobbitusa A, B, C, — 3 dpaHnka, T. K. eCTh TP coyeTa-

uua AB, BC, CA'; ecniu n cobbiTuii — w

Rorpaa npoucxoaar asa cobeiTuda A; u Ay, 3Ta KoMGUHANKUA obecnedn-
BaeT eMy 1 ppaHK, MaTeMaTHUecKoe O}sUaHUe PAaBHO P;r, a TIOJHOE MaTe-
MaTUYecKoe OuaaHue —

Zpik-

Ecnu npoucxonaT n cobbiTuit M Urpoky aanoT 1 ¢paHk 3a rpynny us

n(n —1)(n —2)
TpeX, OH IOJY4YUT W

(ppaHKOB.

(ppaHHOB, " ero MmaremMaTu4decroe oxxujaa-

Zpijk-l

Teneps 6ymem urpats 1o clegyOUUM NpaBmiIaM: A miavyy 1 ¢paHk 3a mpo-
u3olleamiee cobbITHe; UT'POK MIAaTUT MHe 1 ¢paHK 3a couyeTaHUe JBYX CO-
ObITuil; A emy niaady 1 ¢paHk 3a coueTaHue TpeX coObITHI; OH MHe — 1
(¢paHK 3a coyeTaHNe YEThbIpeX COGBITHI U T. 1.

Hue OyneT

CoOpiTHA . . . 1, 2, 3,
Boiurpeim urpoka 1, —1, 1, —1,

Ero monHelil BEIMTPHIII
nn—1) n(n—-1)(n—2)
1.2 '~ 1.2.3

g =n—

!B nopnuHHMKe cTOAAM OUIMGOUHbIE HOPMYIIBI:

n(n2— 1) Zpik " n(n —1)(n —2)

T 2.3 Zp,-jk — IIpun. ped.
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eciii OCYyIeCTBIAETCA N COOBITHUIA.
Eciun =0, 0 =0.
B o6iem ciayyae monydaem
nn—1) n(n—1)(n—2)

—g=1-= _ — _1\n
l-o=1-n+—7 Ty =AD"

Urag, mpun > 00 = 1.

Takum oGpa3om, Korja HU OJHO COGbITUE He MPOUCXOOUT, UT'POK He
nosnyvyaeT HUYero, Korga coObITHIl 1, OH Bcerja noayuaetr 1 ¢paHk.

Ero matemaTuueckoe oxujgaHue

PZZPi—EPik-i-Zpijk—-n-

Tenepb Mo#HO chopmynaupoBaTh 00001IeHe TEOPEMBI CIOMEHUA BEPOAT-
HOcTeil: BEpOATHOCThL TOr'0, YTO NpoOU30iiaeT XoTA Obl 0lHO coObITHE, paBHA

Zpi _Zpik +Zpijk e

23. 3apaua o coBnajgeHuH. B ypHe ecTb pu MapoB, 3aHyMepOBaH-
HBIX OT 1 0 p; A BbITaCKUBAIO UX OJUH 3a JPYT'UM, I0OKA ypHA He OIyCTeeT.
CoBnajgeHye MpOUCXOIUT, €CIU B i-if pa3 A BRITACKMBAIO IIap ¢ HOMEPOM .

Haitnem BepoATHOCTB Toro, 4To 6yAeT Kak MUHUMYM OJHO COBIaJileHHUE.

Bo-nepBrix, BEepOATHOCTEL COBNajleHUA B i-ii pa3 paBHa % HNeiicTBU-

TelbHO, UCX0J0B Oy JeT CTONbKO #€e, CKOIbKO eCTh TepecTaHOBOK U3 (i OyKB,
T.e. pu! CKOIBKO U3 HUX GIaronpuATHBIX? ITO Te, Y KOTOPHIX - [Iap CTOUT
Ha {-M MecTe; 3/leCh A MOT'Y IEPECTaBIATD i — 1 OCTalIbHBIX IAapOB, 3HAUUT,
Oynet (4 — 1)! 6raronpuaTHBIX HcxonoB. BepoaTHocTh paBHa

pim B DE 1
¢ ! ®e
Niuiem BepoATHOCTDb coBNafeHuA B - u k-it pa3. [IBa mapa 3aHUMaOT
olipelieJleHHOE€ MeCTO: eCJIU MbI llepecTaBlfieM [ — 2 ApPYyrux, To BUUM, 4TO
YKo GraronpUATHLIX UCXOHOB paBHO (p — 2)!; BepoATHOCTL paBHA

1

Dik = —F— -
p(p—1)
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AHajoru4yso
1

plp—1)(p—2)

Bce p; paBHBI; Bcero MoeT ObITh {4 COBNAJEHUN, I03TOMY

Zpi =1L

YT0o6bl BBIYKUCIUTH zpika 3aMedaeM, 4YTO BO3MOMHO€ KOJIHUYECTBO

plp—1)
1-2 -

Dijk =

IBOWHBIX COBIIaJeHUN paBHO

u(il' 2 *Pik = szk - %
AHajloru4so

plp—1)(p —2)(p —2) 1
1-2-3 pijk=zpijk=—1.2.3'

Ecnu s obemaio Urpoky CTOIbKO (PpaHKOB, CKOIBKO NMPOUIOLLIO MpPOC-

ThIX COBHaZ[eHPIfI, ero MmaremMaTnuudecKoe oxujgaHue 6y,£[eT ].; OHO 6y,£[eT paB-
1
57
NOJNYyYnuT 1 Q)paHK 3a coyeTaHue Tpex COBNaJeHui, u T. [I. A ¢ Kaxroi Bepo-
ATHOCTBIO H[L)OI/I3OI‘/'I}:[6T X0TA ObI OJHO COB]'[a,I[eHI/Ie? JTo TO, YTO MBI TOJBKO

4yTO HaszblBanu P.

HO €CJIA OH MOJYYHuT 1 (ppaHK 3a coyeTaHue ABYX COBIIaJIEHUI; %, €CJIM OH

1 1,1 1
P={i=gitg—®op

HocJeJHUN YlI€eH COOTBETCTBYET CIydar [ OJHOBPEMEHHBIX COBIAJEHUIA.
Cnaraemble B P — 3T0 y TepBbIX 4eHOB B pasiomeHuu 1 — e”1, a aror
PAI CXOOUTCA ¢ OONBIIOI CKOPOCTHIO. HO]"peIJ.IHOCTb HACTOJNbKO e Mala,

HaCKOJBbRO BEJIUKO [, U 0JIA [ = 20 oHa MeHbIlle —— , T.€. HeCylueCTBeHHa.

20'
HckoMas BepoATHOCTh paBHa 1 — e L.

24. BepoatHble 3HayeHHA. IlycThb p; — BEepOATHOCTb TOrO, 4TO
Kakaf-To JaHHafA BelUYMHA @ PaBHA aj.

HyCTb P2 — BEPOATHOCTH TOI'o, YTO 3Ta BeJIMWYHWHA a paBHAa asz.
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HyCTb Pn — BEPOATHOCTHL TOro, 4TO 3Ta BeJIMYMHA a paBHA ay.

BepOHTHOB ?:Ha‘{E!HI/Ie1 a PaBHO IIO oIpeaelIeHnIo

a1p2 + a2p2 + ... + GpPn;

3T0 MaTeMaTHYecKoe OKUJaHUe UTPOoKa, KOTOPOMY ofOeljaliu cyMMYy, paB-
HYIO a.

BeposTHOe 3HaueHue a?> HU B KoeM clyyae He COBNAajaeT ¢ KBajpa-
TOM BepOATHOro 3HaueHus a. [lo onpejenennio BepoATHOe 3HaUeHue a paB-

2
HO Y a?p;, Torja KaK KBaJApaT BEPOATHOTO 3HAYEHUA @ PaBeH (Z aipi) .

Ilycts b — BepoATHOe 3HauYeHue AadA a?, ¢ — NIA a.
Hveem )
b—c = Zpi Za%pi - (E U'ipi) )
T.K. Y, p; =1

MbeI nepenuieM npaByr 4acTb C IIOMOIIBIO TOMOECTBa

a2y (ZXX’)2 - %Z(XY' —YX')?,

rae Bce Y — 310 X, B3ATHIE C IPYTUMU HHIEKCAMU.
ITonaraem
X = /pi,
X'=a;pi
orryga X X' = a;p; n
2XT=) i
2
DXT =) dipi
> X7 = Y a
CriemoBaTelbHO,
1
b—c =5 (VhiaryPr — VPraiVpi)’,

b—c* = %Epipk(ak - a;)*.

1Besne manbme nox BepoATHBIM 3HaueHueM A. IlyaHkape MoHMMaeT MaTeMaTHUeCKoe
o)kUOaHue BelU4uHbl a. — [Ipum. ped.
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Yucna p; U py HON0MUTENbHbI, H03TOMY b — c? GoNbllle HYJIA U BEPOAT-
HOe 3HauyeHUe KBajJpaTta a Bcer/ia 60ibiiie KBaJpaTa BEpOATHOr0 3HAYEHUA a,
UCKIIOYad ciyyail ay = a;, T.€. KOTJa @ MOMeT NPUHUMAThL TOIbKO OJHO
3HaYeHUe.

flcHO, YTO BepoATHOE 3HAYEHUE CYMMBI IBYX BbIpaxeHUil paBHO CyMMe
BEpPOATHBIX 3HaYeHU!l 3TUX BbIpameHuil. HanpoTus, BepoATHOe 3HauyeHUe
NpOM3Be/IeHUA ABYX BbIpaskeHHil, BooOllle TOBOPA, He PABHO IIPOU3BEEHHIO
UX BEPOATHbBIX 3Ha4yeHuUii. Bece, 4TO MbI TOILKO YTO MOBOPUIHN O BEPOATHOM
3HAaYeHUU KBaJpaTa, BIOJIHE 3TO JIOKA3bIBaeT.

IycTb, ogHako, f u ¢ — ABe He 3asucAujue APYT OT Apyra GYHKIKU.

Ilycts p; — BepoATHOCTB TOro, uTO f = f;, @ @)y — TOrO, YTO © = V.

Tar kak 3Tu ABe GYHKIUU HE3aBUCUMbI, BEPOATHOCTb TOr0, 4To f =
= f; ¥ O IHOBpEMEHHO ¢ = @k, GYAET P;qk, B CUIY TeopeMbl 06 YMHOMEHUU
BeposaTHocTell. Torga BepoATHOe 3HaYeHUe Mpou3BeJeHUuA fo paBHO

ZPiQkfiSDk = (Zpifi) (kaok)a

TO €CTb IIPOU3BEJEHUIO BEPOATHBIX 3Ha4yeHuM f u QO(G)

25. Ilycth urpoky oGemaioT (Kak oObIYHO, BhIHMMAasA Ge3 BO3Bpalile-
HUA 1apbl U3 YPHbI, colepsanieit y MapoB) NIaTUTh 1 GpaHK 3a KamabIi
(ToKaNTbHBIN) MAKCUMYM B CIIUCKE, KOTOPHIA MOMYYUTCA, €CU 3alUChIBATh
HOMepa IIapoB B HOpAJKe UX NoABIeHUA. YeMy paBHO MaTemMaTUUeCKOe
oskujanue?

[Ipeanono#umM, MAKCUMYM €CTh Ha 4-M Ilare; Mbl BLITALIMIN TPHU IIapa,
a, b, ¢, (i — 1)-i, -it, (i + 1)-i1, u, T. K. 3T0 MakcuMyMm, a < b > c.

Ects p! Bo3MoOmHBIX ucxogoB. He Tporad ocrainbHble miapel, A Ie-
pecTaBifiio a, b, ¢ Memay co6oii; BO3MO*HbBI 6 KOMOMHANUN, U3 KOTOPBIX
aBe, a, b, c 1 ¢, b, a, 6yayT 61aronpUATHBI.

B 310l rpynne BepoATHOCTL MaKkcUMyMa paBHa, TaKUM 00pasoM, %
1
Mexay TeMm ecTh % TaKUX T'PYII, COOTBETCTBYIOIIUX {-My WIary, U 0as
2Mo20 waza MaTeMaTUYeCKoe OUIaHNe PABHO %

[lonHoe MaTemaTuuecKoe oxuAaHue GyieT CyMMON YaCTUYHBIX; C IpY-
roil CTOPOHBI, €CIU HET ClelHalbHO JOrOBOPEHHOCTH, a A ee He Mpejrnoia-
raio, H4 NepBbIil, HU NOCHENHUN 1Al HEe MOTYT IPUBECTHU K BhIIIATE.

-
T

I/ITaH, IIoJTHOe MaTeMaTH4YeCKoe OoxuJaHrue paBHO
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26. IlycTb y KamkI0ro U3 n UTPOKOB €CTb UTr'PAlbHAA KOCTh U Kam IbIil
Jenaet cTaBRY B 1 ppaHK; TOT, KOMY BhIagaeT camoe GOJIbLIOE YHCIO OUKOB,
3abepeT n QpPaHKOB; U eclid caMoe 0OJbIIOe YUCIO BhINAAET y HECKOIbKUX
UT'POKOB, OHU NOJENAT 6aHK MemAy coOoit.

Ilycts y mepBoro urpoka A Bbinaio K 04KOB; KAKOBO B 3TOT MOMEHT
€ro MaTeMaTuyecKoe oxuanue?

BepoAaTHoOCTE TOro, 4TO y KaKkoro-TO JPYroro ONpeleleHHOr0 Urpoka

Beinaino K OYHKOB, paBHa l MeHbllle, 4YeM K OYKOB, BbINajJ0 C BEPOATHOC-

o K1 6
=1,

KakoBa BepoATHOCTb TOro, 4to A geaut 6aHk ¢ i — 1 JaHHBIM Urpo-
KoM? ATU ¢ — 1 UTPOKOB HON#HBI UMeTh K OYKOB, n — % OCTalbHBIX —
MeHbIle, yeM K. MlckoMmaA BEPOATHOCThL paBHA MPOU3BEIEHUIO BEPOATHOC-

i—1 net
TeH, (l) Ha (%) .
6

UTak, BepoATHOCThL TOro, uTo A fenut 6aHK ¢ ¢ — 1 JaHHBIM UT'POKOM

(K —1)""

6n—1

ecTb coyeTaHuit u3 n — 1 6yKBbI 0 ¢ — 1, T.e.

paBHa . U3 ¢ — 1 M0#HO cOCTaBUTb CTOJNBKO #e rpyuim, CROJIbKO

(n—1)!
(i —D(n —0)!
RKasgoe u3 3TUX coueTaHuil naeT WUrpoky A HaiileHHYIO BbIllle Bepo-
ATHOCTb, 8 COOTBETCTBY IO BbIMIPHIII PABEH %; MaTeMaTH4ecKoe Ou-

nanvie A paBHO

(n—1)! (K-1)"" N (E-1"

(i —1)!(n —4)! 6n—1 i il(n—i)! gn—1

CrneayeT HaliTU cyMMY 3THUX MaTeMaTHUYeCKUX OHUAaHUIl oT ¢ = 1
00 ¢ = n, B OCIeHeM clydyae 6aHK JIeluTcA MOPOBHY Memay BceMu. Takr

KaRr .
) n  (K-1)"
in—i) 6!

€CThb pasjo:eHune 6ruHOMa

1+(K-1)"
gn—1 ’

(K -1"

3a UCRIIIOYEeHHeM 4YlieHa, COOTBETCTBYIOIIEro = 0, T. €. 1

, MaTema-
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TUYeCKoe OHUIaHNe PaBHO

K" — (K — 1)
gn—1 :

27. Cankrt-IleTep6yprckuii napagokc. Teopusa maremMaTHuecko-
ro OMWUJaHUA NpHUBeia K BO3HUKHOBEHWIO 3TOT0 3HAMEHHUTOr0 Mapajokca.
ITons 6pocaeT MoHeTy; ecnu BhImajgaeT open, oH maatuT [Ibepy 1 ¢paHk u
napTuA 3aKaHYMBaEeTCA; eClU pelllka, MOHeTYy GpocaloT cHoBa. Eciu Bo BTO-
poii pa3 Beinagaet opel, [lbep nonyuaer 2 ¢paHka U mapTUA 3aKaHYMBAET-
cfA; ecliv pelllka — HauyMHaeTcA cHoBa. B Tpertwuiit pa3 nmu6o Ilbep nomyuur 4
¢panka, 1u60 mMapTUA NPOAO/KUTCA, U T.A. Ecau pemka BeimagaeT n pas
noapan, a B (n + 1)-it pas 6yner opei, oab nuatut 2" GpaHKoB.

Rakyio cymmy noassen otaath IIsep Ilonio B Havyane urpsel, 4ToGbl UTpa
Gbina crnpaBemianBoii? MHave roBopf, KAKOBO MaTeMaTUYECKOEe OUAaHUE
Bhiurpeima [Isepa?

BepoAaTHoCTE BhImajieHudA opia B NepBHIi pa3 paBHA %, COOTBETCTBYIO-
llee OMUJaHUE TOHe %

BepoATHOCTE BhINajeHudA pellkd B IepBbli pa3, a opja — BO BTOPOIt

paBHa Npou3BeleHUIO BepOHTHOCTeﬁ, T.€. %, T. K. 9TO He3aBUCUMbIe COObI-

tuf. MaTeMaTuyeckoe omuaaHue paBHO % X 2= %
B Tperuii pa3 oHo paBHO % X 4= %
i 1 n_1
B n-ii pa3 2n+1><2 =3

Bce unensr pAda paBHbI %; MaTreMaTHu4eCRoe oK JaHre BbIMI PhIIIa IIve-

pa 6ecKOHEYHO: OH HUKOT/]a He OIJIaTUT CJAUIIKOM JIOPOroe MpaBo Ha yyacTue
B Urpe.

JTOT mapafiokc cTapaiuch OGBACHUTH pasHbIMH crocobamu. ['oBopu-
au, uto [lonb He GecKoHeuHOo GoraT: MyCThb, HAPUMED, €I'0 COCTOAHNE GONb-
me 2P, Ho Menbe 2P*1; ecnu B (p+1)-it pas Brinagaet oped, llonb gonxen 2P
(hpaHKOB M CMOKET 3alIaTHTb; HO €CIM Opel BhINAJeT B CleAYIOUUil pas,
Monb Gymer mommen 2PT1 ¢pankoB u owamercs GankpoToM. HTak, Ilnep
MO€eT TOJYYUTh TOIbKO 2P paHKOB; ero MaTeMaTUUeCKOe OUIaHNe CTa-
HOBUTCH

1,1 1

1.1 1 1 gpy 1 9p, 1
X2ty oty S

S2P
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Psaj npespaiaerca B

+...+l+l+l+...;

1
2T 2T1713

DO | =

p + 1 craraemMbIx IpeBpamjamTCA B %, ocTalbHbIE JAIOT B CyMMe %; MaTe-

MaTHu4eCKoe oxHuaaHue 6y,£[6T paBHO

p+1
2

p+2

1 _
t97

Ecnu cocrosanue Ilonsa paBHO, HanpuMmep, OAHOMY MUJIIUAPIY, MOMHHO
cyutath p = 30, u maTtemaTuueckoe oxunanue [Ibepa Oyger 32—2 = 16.

BupHo, yTo OHO 3aMeTHO YMEHBbIIUIOCh.

Eme MmoxHO ckazaThb, uTo yaoBoabcTBHe Bhiurpatsb 1000 ¢paHkoB 601b-
Ile I TOT0, Y KOr'o TIOKa HUYero HeT, YeM Il MUJIMOHEpa; 4YTO yAOBOJIbCT-
BHe YIBOUTb COCTOfIHWE He 3aBUCUT OT pa3MepOB COCTOAHUA.

Ecnu KTo-TO 06n1amaeT coCTOAHUEM &, YOOBOJLCTBHUE OT BHIUTPHIIIA
CyMMBbI h uamepsaeTcA Kak

logx;th.

MaTemaTuueckoe oxkujjaHie 3aMeHAETCA Ha MopalbHoe.
Ecau pj, — BepOATHOCTb NMONYUUTDH BHIUTPBIN h, TO MOpalbHOE OU-

JaHue paBHO
h
PIURTES

Liggatl, 1y z+2
5 log + ; log +...+2n+1

nin

n
log$+2 +...

nna Cankt-IleTepGyprckoro napagokca. 9To pAl, 0YEBUIHO, CXOAUTCA.

28. Pasopenue urpoka. J[IBa urpoka, y ofHOro u3 KOTOpbHIX, A,
ecTb m (paHKOB, a y Apyroro, B, — n ¢paHKOB, UrpaloT napTui Ha 1
(paHK U NPOJO/KAIOT UTDPY, NOKA 00UH U3 HUX He pazopumca. BepoATHOCTh
HACTYILIEHUA 3TOro coObITUA Oyner ¢yHKUUeH OT m U n, T.e. @(m, n), u
eclii cCyMMa COCTOfIHUI, M + n = s, — KOHCTaHTa, TO  OyneT QyHRUUe
OT S U n, T.e. oT n. HazoBem ¢(n) BEPOATHOCTL TOr0, YTO B KOHI[E KOHIIOB
pasoputca B; 3nech Mbl OyleM npeanonaraTb, UYTO YCJIOBUA UTPbl Hecnpa-
BeJIUBBI.
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Ecin A B Kammoil mapTuu BbIUTPBIBAET C BEPOATHOCTBIO p, TO B —
¢ BEPOATHOCTBLIO 1 — p.

IIycTb HauuHaeTcA HoBad napTufA. MelOTcA ABe MUMOTE3bI: BHIUTPhI-
BaeT A, u'y B ocranerca (n—1) ¢dpauk; Beiurpaer B, u 'y Hero 6yzner (n+1)
(ppaHK.

Dyuruua p(n) BbIpamaeT BepOATHOCTb TOro, 4to B, mpourpaB sty
napTuio, B KOHIle pa3oputcs, T.e. p - p(n — 1), a Takme BEPOATHOCTDb TOTO,
yTo B, BHIMIpaB 3Ty e caMylo HapTHIO, BCe PABHO II0[ KOHEI pa3opUTCA,
T.e. (1—p)-p(n+1).

p(n) =p-p(n—1)+ (1 —-p)-p(n+1). @

JT0 peKypeHTHOE COOTHOLIEHUE U CIYKUT Ui onpeneienud o(n). Kpo-
Me TOr0, HaJj0 3HaTh T'PAHUYHbIE YCIOBHUA.

Eciu n = 0, To B yme pasopen; ecniu n = s, m = 0, To y A Huuero
uetr. Urak, ¢(0) =1, p(s) = 0.

29. Pemum 6osee obliee peKypeHTHOe YpaBHeHHe
Ap-pn+ K)+ A1 -on+ K —1)+...4+ A1 -o(n+ 1)+ Ay - p(n) =0,

rge Bce A — MOCTOAHHbIE KO3(QPUIMEHTbI. ITO ypaBHEHHE B KOHEYHBIX
pasHOCTAX, IMHENHHOE, C MOCTOAHHBIME K03 QUIIMeHTaMU, [0 PElIeHHIO Ha-
noMuHamlee JuHeliHble AuddepeHiralbHble YPABHEHUA C MOCTOHHHBIMU
KO3 puLMeHTaMu.
Mpeanonomum, yto Hajineno K pemenuit p1(n), p2(n), ..., or(n) Ta-
KMX, YTO
Y Ay pi(n+q) =0.

q

Eie o[iHO pellleHde MOLYYUM, MONOHAUB
p(n) = a1p1(n) + az - p2(n) + ... + arpr(n).

JleficTBUTENBHO, YMHOMUM NPEbIAYIYIO Y, HA (; U CYMMHUDYEM I0-
JTy4eHHbIe BbIpa#eHud Mo .

ZaiEAq‘<Pi(n+Q) =2quai'%("+4) =0.
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Ecau 1, @2, ..., () TMHeHO HE3aBUCUMBI, UX JUHeliHad KOMOUHAUA
6yneT o6mumM pemeHueM. [eficTBUTENbHO, NPEANOIOHKUM, YTO 3TO HE TaK,
TorJa

o(n) =a1 @1 +oeps +...+ap @ + .

fl xouy BeIGpaTH 1, A3, ..., () TAK, YTOOBI BHIMOIHANIACH CleqyIOMaA
cucrema:

K- =a1-p1(K—1)+aspa(K —1)+ ...+ ap - (K — 1),

dtu K nuHeHHbIX ypaBHEHU I OJHO3HAYHO ONPENENAIOT (1, (g, ... , AK
IpU YCIOBUM, YTO ONPeIeNuTelh CHCTEMbl OTIHYEH OT HYIA, 4TO HMe-
eT MecTo, KOTfa @i, P2, ..., @K JUHEHHO He3aBUCHUMBI. B 3TOM ciyuae
P(0) =9(1) =... =9(K — 1) = 0, a Takse BepHO cllefylolee COOTHOIIe-
HUe:

A - Yp(n+ K)+ Ag—1 - v(n+ K - 1) +...+ A1p(n + 1) + Aop(n) = 0.

Ecau n = 0, Bce wiensl, kpome Ak -9(K), obuyasiores; Torga ¥(K) —
HYIb.

Ecmin =1, (K + 1) — Hy1b, 1 T. A.

Urar, 1(n) TomIecTBEeHHbI Hyab, U @(n) CBOOMTCA K aip1+
+ Qs + ... + appg. 3HAUUT, T0CTATOUHO 3HATh K NUHEHHO He3aBUCUMBIX
YaCTHBIX UHTErPAlOB, YTOOBI HAWTU OGIIMIA.

Ilna HaxompeHua K I1MHENHHO He3aBUCHMBIX HHTErpalioB A MoJa-
rato p(n) = ™. Torpa

Ag - B E A - 81 4 4+ 4-8"=0

nin
AKﬁK-FAK_l'ﬁK_l +...+ A4, =0,

oTkyaa umeeM K 4YacTHbBIX 3HayeHuit [ H, ciefoBaTelbHO, K 4YacTHBIX UH-
Terpaios.

CyuiecTByeT UCKIIOUeHHe — ciydail, Korja ypaBHEHUE OTHOCUTEIb-
HO (3 UMeeT KpaTHble KOPHM, HAaNpUMep, ABYKpPaTHbId KopeHb (31 = [Ja;
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MeHfil K03 QUINEeHThI HellpepbIBHBIM 06pa3oM, MbI IefiCTBUTEIbLHO MOKEM
HONYYHUTh JIBa paBHbIX KopHA. Torma y Hac 6onbine He 6yneT K pelieHuii.
BL — B2
B1— B2
U, cleloBaTelbHO, Toxe pemeHue. Rorga 1 crpemuted Kk (y, mpepen, mo
coobpaeHNAM HelpepbIBHOCTHU, Bce elle OyleT pelleHHeM. JTOT Hpepeln
nonyvaeTcA auddepeHIpOBaHUEM MO [3; 000MX YJIEHOB OTHOIIEHUA, UTO

n—1
n .
Jaetr ﬂf
HHUEM.
HpI/I TpeXKpaTHOM KOpHe IIoJIy4YuM, KpoMe TOro, n2 . ,B{L u T.nOo.

Myers BT u B3 — pelenus; — UX JuHeliHaA KoMOHHaUuA

; Toraa n - B! unu, ecnu yroano, n - 3" GyieT HOBBIM pelle-

30. IIpumeHuM 3TO NpaBHIO K Hallell 3ajadve, T.e. K ypaBHenuiwo (I)
naparpada 28.
Monaraem p(n) = B"; nonyyaerca

pr=p-p"t+(1-p)-ptt
nin
B=p+(1-p)ps.
dTo ypaBHeHMe BTOPOro MOPAJKA MMeeT OueBUIHBIA KopeHb ( = 1;

}lpyFOﬁ KOpeHb paBeH lp;p; HNMEHHO 3TO 3Ha4YeHue MbI 6y11eM B JalibHeiileM

uassiBaTh (. [IBa pemenus 3" u 1 naot obuwee pemenue p(n):
o(n) =a-B"+0.

FpaHI/I‘{HbIe yciaoBUuA 3agarOT HaM MPOU3BOJbHBIE KOHCTAHThI:

l=a+0b,
0=apB’ +b;
OTRyJa
_ 1 _ s
a_l_ﬂs’ b_l_ﬂs’
n
_pr=p
So(n)_ l_ﬂs'

JTo BbIpaseHue He onpepeneHo npu 3 = 1.
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Rorpa g =1, p = %; urpa GyaeTr crnpaBeJIuBOU. 3ecb MbI HaiiieM

3HaveHue ¢(n) no npasuiry Jlonuranm:

(n)_n.ﬂn—l_s,ﬁs—l_s_n_ml
¥ - _S,ﬂs—l - s T s

Heo6xo11Mo paccMOTpeTh TPH ClIydas.
1° 8 > 1. Urpa Beirogua gia A, p > 1 —p,

otn) = =L

2° @ = 1. Urpa cnpaBepnuBas, p =1 — p,

3° B < 1. Urpa Beirogna paa B, p <1 —p,

p(n) = %

E] n
BeposaTHocTh pasopenunda B paBHa ﬂﬂsiﬂl
Y1068l HANTU BEPOATHOCTDL pasopeHud A, MeHsAeM Mmectamu p u 1—p; 3

MeHAeTCA Ha %, an Ha m. OTC}OZ[a Haxogum

ﬁ_s _ ﬁ_m

)

b=% -1
TO eCTh
1-p4"
1-p6%°
31. CymMa AByX BepoATHOCTel
pr—pr 1-p
ﬂs — 1 1 _ ﬂs

0B 5Tom ciyuae 1 ABAAETCA KOpPHEM ypaBHEHHA KPaTHOCTH 2.
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paBHa e[MHUIIE, YTO He GbLIO OUEBUAHO a priori. leficTBUTENbHO, BEPOAT-
HOCTh TOrO, UTO NAPTHA NMPOJOI#AaeTCA 6ECKOHEUHO [10Jroe BpeMs, MOMKeT
ObITh MOJOMUTENbHA.

Mpennonoxum, 4To s oueHb Beanko. Korga 8 > 1, 3% oueHb Benuko u
Gynet raaBHBIM 4wieHOM B ¢(n); npegen ¢(n) pasen 1. llpu § = 1 ee npegen
tome 1. lIpu B < 1 B° crpemuted k 0 mpu Bo3pacTaHuu s, U npejel ¢(n)
paBen (3".

3anaouenuve. Urak, ecid s BeNIUKO, a N KOHEUHO, Mbl HaBEPHAKA
pasopuMcA [pU CIpaBeIMBON WM BBITOJHOW IJiA MPOTHBHUEA urpe. Ho
eclli Urpa BBITOJHA JUIA HAac, BEPOATHOCTL PAa30PEHHA TeM MeHblle, 4eM
GoJiblie Hale COCTOAHUE.

IlpodeccronanbHblil UTPOK, GAHKUP, UT'PAET C LEIbIM CBETOM, T.€. C
GeCKOHEUYHO 60raThiM MPOTUBHUKOM, HO YCIOBUA UIPbl 00€CIeYUBAIOT MYy
npeumMyinecTBo. HanpoTus, BRIagunuK, KOTOPbIH Gy1eT UrpaTh GECKOHEUHO,
HABEPHAKA PAIOPUMCA.

32. #K.DBepTpaH BbIUMCIUI 6ePOAMMHbLL MOMEHM €20 PA3OPEHUA.
lIna 6aukupa 3 < 1, BepoATHOCTh GaHkporcTBa paBHa ("; 3 — 3To
COOTHOIIIEHNE MIaHCOB, GIaroNpUATHRIX JJIA BRIaTUYMKa, K MaHcaM GaHKUpa;

19 1
npejnoiouM, 3 = =, T.e. B =1— =.
IIyctb m — cocToAHMe GaHKUpa, eclIM 3a eJUHULY NPUHATHL CTaBRY
B Kam/Jl0il mapTuu; 1JiA 3TOH CTaBKU MMeeTCA MaKkCUMYyM, II03TOMY [JIA 7
TO€e eCTh OIpejeleHHblil MakcuMyM; nycTb n = 1000.

BeposaTHocTh 6aHKpOTCTBa paBHa

()" = (- 3)")

Uiy 6au3ka K e~ , OUYeHb Majloil BeluyuHe.
Ha 3ToM MBI 3aKOHYUM U3ydyeHne npuMepoB, BOSHUKAOIINUX B ITPOCThHIX
3ajaydax KOM6HHaTOpHOF0 aHajnuaa.

50
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TeopeMa BepHyJIJII/I

33. Temepn MbI 3aiiMeMcA BoNMpocaMU, CBA3AHHBLIMH C (GoOpMYJoit
Crupaunra, TeopemMoii BepHyIIn U BepOATHOCTAMHU COGLITHI, BO3SHUKAIO-
XX TIPU MOBTOPEHUM UCHbITAHUIA.

IIpeamonoxum, 4TO ABa IPOTUBOIMOIOMKHBIX cOObITUA A U B umeloT
BEPOATHOCTH P U ¢ COOTBETCTBeHHO. [Ipy KammoM ucnbITaHuU 06A3aTelbHO
HPOUCXOAUT OJHO U3 HUX, U OHU He MOT'YT HPOU30HTH OJHOBPEMEHHO; UTAK,

ptqg=1,

cyMMa BepoATHOCTell paBHa BEPOATHOCTU JOCTOBEPHOI0 COOLITHUA.
HcnbiTaHre NOBTOPAIOT m pa3; B Ka/JOM HUCIObITAaHUHU IPOUCXOIUT Of-
HO U3 ABYX cobbiTuii. Tak, npu 6pocaHuu KOCTH coObITHEM A MOKeT ObITh
=i
Cob6biTre A, Kak U B, mpousoiiieT Kakoe-TO ONpefeleHHOe YUCIO pas.
Hac unTepecyet BepoATHOCTb TOro, 4To A mpousoitaer a, B — m — « pas.
[Ipennonaraem, 4To BEpOATHOCTh OCTAaeTCA OJHOU U TOH e NMPU Kam-
JoM ucnblTaHuU. A urpaibHOl KOCTH BEPOATHOCTH MOIYYUTH 6 OUKOB

BhInajieHue 6, cobbiTueM B — 11060r0 Apyroro yucia o4YKoB; p =

BCerga paBHa % Hal'[pOTI/IB, OJIA KOJIOOBI B 32 KapThbl BEPOATHOCTb BbITa-

u 3% Ipu BTOPOM, B
3aBHCHUMOCTHU OT TOr'0, BBITAIUIN KOPOJA B MEPBbIil pa3 UM HeT.

IIUTb KOPOJIA paBHa % Ipu 1nmepBomM HUCIbITAHUHU, ?:il ni

34. C(Hauvana HaiiieM BEpPOATHOCThL TOr0, YTO COOBITHA CIEIYIOT B
KaKOM-TO OIIpeJieJIeHHOM MOpANKe

AABAABBAB;

BEPOATHOCTU KamJOro U3 coGbITHIl Oy Iy T

ppappqqpq,
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a lIporu3BeaeHne BepOHTHOCTeﬁ — BEPOATHOCTb TOI'0, YTO 3THU coObITUA Ipo-
HNCXOOAT OOJHOBPEMEHHO, — paBHa

p° gt

B o6mem, BepoATHOCTE TOr0, UTO B ONPeJeNeHHO I0CIeJ0BaTeTbHOCTH
NPOU3OUIYT @ coObITHIT A U m — « coGbiTuil B, paBHa

a m—o

p -q
Ona He 3aBHCHUT OT NOpAJKA HACTYIJIEHUA COOBITHIA.

35. Ecau HysHO, YTOGBI M UCHOBITAHUI, B3ATHIX 8 KAKOM Y200HO NO-
padke, IPUBOAUIN K & coObITUAM A U m — @ cobeiTUAM B, TO B cuity npaBu-
Ja cI0#eHNA BepoATHOCTel ICKkoMas BepOATHOCTh 6y AeT CyMMOii CTONbKRUX
claraeMbIX, paBHBIX p® - q™ ™%, CKOIbKO eCTh [lepecTaHOBOK C IOBTOPEHNEM
u3 a 6yKB A 1 m — « 6yKB B; 3T0 4ncio paBHO

m!
al(m—a)l’

BepoAaTHOCTh TOro, 4TO COGBITUA HACTYNAT B KAKOM YTOAHO MOpPAMKE,
paBHa
m—o

!
- LR

Ug = ——————
“al(m—

9TO OJIUH U3 WIEHOB pasnoxenud (p + q)™.
Ecnu A npocyMMmupyio Bce BbIpameHHA, KOTOPble MO#HO MOIYYHUTh,
nojarafd « paBHbiM 0, 1, ..., m, A HallQy

Zua=(p+q)m=1.

CymMa BepoATHOCTel BCeX BO3MOMHBIX HCXOJOB AON#HA PABHATBLCA
eUHHIle, TAK KaK JOCTOBEPHO U3BECTHO, UTO ONUH U TOJbKO OAUH U3 3TUX
HCXOJ0B MPOU30UIET.

36. HKotopas u3 3TUX BepoATHocTell 6yaeT caMoit 6onbIoii?
fl 6yny BRIUMCIATH OTHOLIEHHE MOCIeIYIOMEro YieHa K NpeJbIAyIeMY;

_ m a+l m—a—1
Uu — .
T a1 (m—a—1) L ’
Ust1 _ al (m - a)! 1_m-—a P

Ua  (a+Dim-a-n'? Taxl @
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Tak #me MOMHO 3aMeHUTb o Ha o — 1:

Yo _m—-a+1l P

Uag—-1 a q

IIng Toro 4TOoOBI U, GLLIO MaKCUMAalbHBIM M3 BCeX BEPOATHOCTEM, He-
06x01MMO, UTOObI
Uat+1l < Uy > Ug—1-

Urak,
Ua+1 Ug
U <1l wu Ua—1>1’
TO €CThb
m-—a P m—a+1 p
| q<1 u o q>1‘

dtu HepaBeHCTBa MOMHO IlepenucaTb Kak

(m—a)p<(a+l)g n (m—a+l)p>agq,
mp —ap < aq +q nu mp—ap+p >aq.

Tar rar
ap+ag=alp+q) =a,
nojny4Jaem
mp<a+q U mp>ao-—Dp.

Mbe1 npuxoauM K HepaBeHCTBaM
mp+p>a>mp—q.

Otcioga HaxoOuM BepXHHUN U HIKHUI mpefensl «. PasHuna memny
HUMM paBHa p + ¢ = 1; 3HAUUT, @ NEHKUT MeKIY ABYMA UUCIaMU, BooGIIe
roBopf, JpOOHBIMU, KOTOPbIe OTIMYAIOTCA HA eIMHUIY, U, TAK KaK o —
iesoe YUCIo, 3TU [Ba Ipejela MOoIHOCThIO ONpeenfioT ero.

HcknoueHue cocTaBifeT ciydyail memoro mp + p; Toraa mp — q TOMKe
nenoe. 3ech BO3MOMHbBI KoleGaHUA NMPU BbIOOpe «, TaK KAk JiBa MOCIe0-
BaTelbHBIX YIeHa B pasiomeHud (p + q)™ paBHbBI Memay co6oi.

Ecnu m odeHb BenuKo, OTHOIIEHUE % NeMUT MERIY P + % up-— %;
« ’
TO €CTh 5, GIUBKO K P.

JTo oHA U3 (OPMYINPOBOK meopemvl bBepHyaau.

Ecnu a BbiGpan a Tak, YTOOBI U, ObLIO KAK MOMHO GONBUIMM, OTHOIIE-
HIe KolnyecTBa cOGbITHIT A K KonndyecTBY coObITUit B GyaeT moyTu coBma-
JaTh C OTHOLIEHUEM P U q.
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37. HKakoBa BepoATHOCThL TOr0, YTO (¢ YJAJEHO OT Mp HA paccTof-
uue h? Ilycthb
a—mp = h.

fI uaseiBalo h ywioHeHueM u Gyly MCKATh BepOATHOE 3HAUEHHUE ero
abCoMIOTHON BEIMUYKMHBI, TAK #€ KaKk U BePOATHOe 3HAaUeHUe ero KBajpara.

3aiiMeMCA OIIEHKON BEepOATHOro 3HAa4eHHMA h, BEPOATHOrO 3HAYEHUHA
|h| —monyaa h — u BeposATHOro 3HaveHun h2.

f1 6y1y paccMaTpuBaTh BepOATHOE 3HAYEHHe KaKoil-To BenuuuHsl M,!
T.e. Y. M - uq.

S M- ua—ZM )'p g

BTOpaf YacTh PaBEHCTBA — MHOTOUW/IEH C LeNbIMU K03 dUIIeHTaMU, 0HO-
POJIHbII, MMEIONINi CTeNeHb M OTHOCUTENLHO p U q; A 0603Hauy ero F'(p; q).
[MonbiTaeMcA BbIpa3uThb BepofATHOe 3HAuYeHHe npousBenenud Ma, T.e.

ZM a )'p g

Mbsb1 mepemy oT OJHOTO BbIpa#eHUA K JpPyroMy, YMHOMad Ha o Bce
caaraemMele; fuddepennupya p® - ¢™ =% 1o p, Mbl 661 UMedu « - p* L. g™

HTaK, BEpOATHOE 3HaYeHune Mo paBHO

p-dF
dp

Yucna p u ¢ He 6yAYT He3aBUCHMBbI, TaKk Kak UX cyMma paBHa 1. M1
B3AJIM IIPOU3BOAHYIO TaK, CIOBHO OHM He3aBUCHUMBbI, Beib Mbl AuddepeHu-
poBany No p, cuuTasa q KoHcTaHToil. Bonee Toro, M MoeT 3aBUCeTh OT p,
HOTOMY 4TO h 3aBHCHUT OT p.

fI usberaio 3Toi1 MyTaHUIb! cleYyIOIUM 00pa30M.

BMmecTo p 1 ¢ A BBOxy [Be BcroMoraTelbHble NlepeMeHHble, T U Y, U
paccMatpuBam QYHKIUIO

ZM a)!:r""ym_a.

1Bennunna M 3aBucut oT a. — Ilpum. ped.
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Ilasme ecnu M 3aBHCHUT OT p, Al He 3aMEHAIO P ¥ ¢ HA X U y; TOT1a BEpPOATHOE
3navenue M pasuo F(p; q), a

!
Mo——"1 g gym-a
Z al(m — a)! y

dr
dx’
MbI 3aMeHUM T ¥ y Ha p U ¢ Nocie quddepeHIIpOBaHYA.

paBHO Z -

38. IlpumMeHuM npedpIIylIUe paccyJeHUA K Halleil 3agaye.
Ilyctb cHavana M = 1;

! —Q m
F(x,y)=zmxa.ym =(z+y)™;

eciiy Tenepb £ = p, Yy = ¢, TO

Fp,g)={p+9™ =1,

U felicTBUTENbLHO, BEpOATHOE 3HaUeHUe eMHUIBI paBHO 1.

YroGbl HaliTH BEepOATHOE 3HAUEHUe «, A quddepenuupyio F(z, y) no x
¥ YMHOMAl0 Ha T, 4To JaeT MHe mz - (r + y)™ !; sarem A monaraio
T = p, y = q. BepoATHOe 3HaueHHe o paBHO MP.

YT06bI HAliTH BepOATHOE 3HaueHue o2, A AuddepeHIupyIo wieH ma -
(z +y)™ ! no z, 3aTeM yMHO*al0 Ha T; 3TO JaeT MHe cHaJana

m(z +y)™ t +m(m — Da(x +y)™ 2,

3aTem
mz(z +y)™ ' +m(m — Da?(z +y)™ 2.

Ilonaraa © = p U y = ¢, NONyYalO BbIpa#eHHe A BEPOATHOTO 3Haye-

Hus o?:
mp + m2p? — mp?.

Haiizem Temepb BepoATHbIe 3Hauyenua h u h?. BepoaTHoe 3nauenue h
PaBHO BEpOATHOMY 3HAUEHMIO ( MHHYC BepoATHOe 3HauyeHhe mp, T.e.
mp —mp = (.

HTak, BepoATHOE 3HAUeHHe YKIOHeHUA paBHO 0.

Benuuuna h? paBHa

h? = a? — 2mpa + m2p?;



Teopema Bepuyaau 69
Torja ee BepOATHOE 3HaUeHHe GygeT paBHO
(mp — m?p? — mp®) — 2mp - mp + m*p?,

nin
p(l _p)9

TO €CTh Mpq.

BepoaTHoe 3HaueHue kBajgpata h paBHO mpq.

3aoHO Mbl y6eiuauch, UYTO OHO Goiblile KBagpaTa BEPOATHOI0 3Haue-
HUA h, paBHOTO HYIIO.

39. IlepeiifeM Kk BepoATHOMY 3HaUeHMIO MOAyJA h; HalileM cHauana,
KakuM OyJeT MaTeMaTHuecKoe OMMJaHUe [AJA UIPOKA, KOTOPOMY ILIATAT
eJVHUYHYIO CYMMY, ecli YKIOHEHHe MOJ0OMUTeNbHO, U 0, eclii 0HO OTpHU-
natenbHol.

B cymme Y u, HaZ0 OrpaHUUMBATLCA TEMH CIAraeMbIMHU, Ube yRIO-
HeHHe NOJOAUTENbHO. IlyeTh ug — NMOCHeIHUN WieH Y g, AIA KOTOPOro

YHKIOHEHHUe TO0J0AUTEeNbHO; UMeeM
B>mp nu B-—1<mp,

U MaTeMaThn4deCroe OomHuaaHue MJifl Hallero urpora 6y;(eT paBHO

m, m—1 m! m—p
+ Fot
p™ 11’ q ﬁ(m ﬁ)'p °q s

to ectb F'(p; ¢), ecnu nonoxuth

- ! -
F(x, y)::z:m—i-%xm 1y+...+mxﬁ-ym A,

Ecau Tenepb nmpeanonoMuThb, YTO UTPOKY NPENIOMUIU CYMMY «, €ro
dF
dx

nuddepennupoBanusa). HakoHen, BepoATHoe 3HaueHue GYHKIMY, paBHOM h
qia h > 0u 0 gaa h < 0, 6ymer MaTeMaTHYeCKUM OKUAaHNEM [JIA UTPOKA,

KOTOPOMY INpeAjaraioT « — mp, eclu « > mp; T. €.
dr

T — mpkF.

MaTeMaTndeCKoe oxxHuaaHue 6y,£[eT €T - (38MBHHEM r = p, Yy = q 1ocijie

1(DaHTPl‘{BCKVl 3[1eCb BbIUHCIAETCA MaTeMaTU4eCKoe oxUuJaHnue nHANKaTopa COﬁbITVlﬂ,
COCTOALlero B TOM, 4TO yHKJIOHEHHE IOJOMHUTEeJIbHO. — IIpuM pe(?
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@Oyurnua F' — oqHOPOOHBIN MHOrOY/IEH CTENEHU m OT T U y; Toraa

BblH.Ieyl'[OMHHyTOG MaTeMaTH4eCKoe oidiriaHue MpeBpalaeTca B

ar’ _ dF _ dF
Tde Py — VY dy

nin

ar _ ,dr
g TP G

eciy 3aMeHUTb & = p, y = q nocie guddepennupoanusa. Hmeem cHauana

dF _dF\ .

¢ JIpYToii CTOPOHEI,

dF _ _  m-1 m—2 m! B—1_,m—p
g = m +m(m —1)x y+...+mﬁx y™ P,
aF _ . gmet +m(m —Dz™ 2. y4...
dy
B cymme Ccll—i Ha OJHO ciaraemMoe Godblie, 3TO MOCIeNHee claraeMoe u
. dF _ dF
mpejcTaBIAeT codol - 4y OO0 PaBHo
! 5 P
T L
pt(m — B)!
Urak, MbI IONyYaeM MaTeMaTHUecKoe OMIaHKie HALIero UTPoKa:
pogo—— e m-s B ml s mep g
B m — ) P~ Bi(m— B!

Jto npou3BelieHue ,Bq u ug, nocjeaHero cijaraemMoro, COOTBeTCTBYIO-
mero InoJosruTeJlbHOMY YRKJIOHEHHIO.
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40. IlycTb urpoky npeanaraioT CyMMYy, paBHYIO aGCOMIOTHOI BelnYn-
He YRJIOHeHHUA: mycTh F — ero MmaTeMaTu4eckoe omugaHue MPU yCIOBUU,
YTO eMy HOJHHBI INIATUTh TOJIbKO 38 NONOMAUTENbHOE YRIoHeHe, ' — npu
YCIOBHUU, YTO €My JOJHBI [NIATUTh TOJNbKO 338 OTPUIIATEIbHOE YKIOHEHHE.

BeposaTHoe 3uauenue h pasuo E — E'.

Tar kKak BepoATHOe 3HauyeHue h paBHO HYJIO, TO

E-E =0,

¥ BepoATHoe 3HaueHue |h| pasuo 2E.

41. Hrar, BepoATHOe 3HAUeHUE YKIOHEHUA h, B3ATOr0 C yUETOM 3Ha-
Ka, paBHO HYJIIO; BepoATHOe 3Hauenue h? paBHO mpq, 114 |h| oHo paBHO 2F
nin
m! B . gm—B
20— 0 "
pt(m —p)!
Bennunna ﬁ COOTBETCTBYET MocjeqJHeMYy cllaraeMoMy, 4Ybe YRJIOHEeHUe
MOJIO}KUTENIbHO, OHa MaJio OTiIn4aeTCHa OT mp.

JTto BhIpameHne MOMHO l'[pI/Iﬁ.TII/ISI/ITeJIbHO OLIECHUTHh KaK

m! s, m—p

pt(m — B)!

OHo ropaszo Goibllle Bcex OCTalbHBIX, HO, BOOGIe FOBOPA, JOBOJbLHO
Maio.

BeposTHoe 3Hauenue |h| HamHoro Menbuie mpq. CoraacHo y:e cuenas-
HOMY 3aMeYaHUIO, KBaJpaT BEPOATHOro 3Hau4eHusA |h| MeHblle BEPOATHOrO
3Hauenun h?: BepoATHoe 3HaueHue |h| mocToBepHO MeHbIe, YeM V/mpq.

2mpq
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42. Ceituac f moKamy, KaAK MOMHO HAWTU NPUOGIU3UTENbHOE 3HAUEHUE
MaKCHMalbHOI0 CJI1araeMoro ., BEpOATHOE 3HaueHue |h| u T. 1.

Beruncienue 3TuX NpUGIM3UTENLHBIX BEIMYMH CBA3aHO ¢ @opmuyaoll
Cmupaunea.

Nmeem 0

n!:/:z:"~e_"da::1"(n+1),
0

TO ecTb QYHKIUIO Jilnepa; 3TOT MHTErpal coXpaHAeT CMbICA U HpPU IMOJO0-
JRUTENbHOM, HO HelenoM 7. Eciu nonouthb

[(n+1)=n"-e " -V2mn,?!

TO OTHOLIEHME JIeBOH 4acTH paBeHCTBAa K IIPaBoii CTPEMUTCA K eIMHUIE,
KOrja n HeorpaHMYeHHO BO3pacTaer.
fI He 6yny npUBOAUTEL JoKasaTelbCTBa B 06IIEM clydae U OrPaHUYyCh
TeM, 4TO KacaeTcA LeJoro 7.
®opmyaa CTUpIMHIra CIy#HUT [JJIA BbIYMCICHUA (aKTopuasa Leloro
yncna
nl=n"-e " V2mn;

3TO acumnmomuyeckas popmyna. AGcomOTHAA NOT'PEIIHOCTh, KOTOPYIO J0-
MycKaloT, 6epA MpaByl0 4acTh paBEHCTBAa BMECTO JeBOM, HeOrpaHUYEHHO
BO3pacTaeT BMecCTe C 7, HO OTHOCUTENbHAA MOrPEIIHOCTh CTPEMUTCA K HY-
110.

N3 storo cnegyer, uTo abGcoMOTHAA MOTPENIHOCThL jJorapudma ot n!
ctpeMuted K 0.

CHavala A MOTy HamucaThb

n! =n"e""n- F(n);

lPaBencTBO B 3Toli hopMy/le IOHHMAETCA Kak SKBHBAJEeHTHOCThL NPAaBOi U JeBoil Jac-
Teit npu n — +00.
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A noramy, 4yto F'(n) crpemutea K KoHeuHomy npefeiny C npu GeCKOHEYHO
60NbIIOM 7N; TAK YTO

n!=C -n"e "/n.

43. PaccmoTpuM npousBejeHUe

3) F(n+1)
@ " Fm)

JTo GecKOHEUHOe NMpou3BedeHNue CXOAUTCA, WU, UTO TO e caMoe, PAAd ¢
00OIIMM YJIEeHOM
F(n+1) 1

log W — cxopAmuiica-.

HNmeem

(n+1)!'=(n+1)" . e~/ 1. F(n +1),

Fn+1) (n+1)! n"e~"\/n
F(n) ! (n+1)"+1-e‘("+1)a/n+17
1
FoAl) _ ntdl o [o_om ey
F(n) (n+ 1)+t n+1 n+1
F(n+1
logﬁzl—(n+%)'log(l+%).

IIpaBas yacTh npeobGpasyeTc B PAL ¢ NOMOLIbIO pasnoxenus log(1+x):

- (o d) (B gk - )

Ui
14 L1 1,1
1-1+ 5 sE T Tt gE
TO €CTh
1
12n2

13necy u nanee paccMaTpuBaeTcA TONbKO (YHKIMA HaTypalbHOro Jorapudma. —
IIpum. ped.
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Ecnu a Ha30BY Up l'[epBbeI YJ/IeH 3TOro ImnocjaegHero paaa,

1
1202’

Up =

TO )
lim n2u, = ~19-
Ilo npusnary l'aycca pAx cxogutcs.

44. OcraercA BbIYMCIUTDb Bennuuny C.
Bocnoawssyemca dpopmyinoit Banauca:

271335 " -1 2n+1 7

0TCIOf1a ClIeyeT, YTO MpPU N, 60IbLINX M0G0 Hallepe] 3aJaHHON BelUYUHbI,

T _ 2:-4....-2n
V2 1.3 -@n-1v2n+1
B uucautene croar IepBbIe N YETHBIX 4YHCell, B 3HaMeHaTel]le — IIep-
Bble 7o HEUETHBIX; il yMHOKal0 BepX U HU3 Ha 2 -4 - ... - 2n; NoldydyaeTca

(2-4-...-2n)2 22" (n!)?

(2n)!v2n +1 (2n)!v2n +1
IIpu GecroHeuHo GonbUIUX 1 3Ta APOOb UMEET CBOUM MpeesoM \/g
Ecau Mbl 3aMeHUM 31eChb (paHTOpI/IaJIbI ux l'[pI/IﬁJII/ISI/ITeJIbeIMI/I 3HaYeHUuAMU
1py o4YeHb GOJBIIKUX T, TO Jp0oOb IpeBpaTUTCAH B
22n . n2n .e—2n .02 .n

(2n)2" - e72".C-V2n-V2n+ 1

nin

n?

on(2n +1)°

1, KOIJla 7 HeorpaHU4eHHO pacTeT, CTaHeT PaBHOi <

3
JTOT mpejen AONHEH COBNAAATh ¢ MPEIbIAYIIUM, %, oTcroja

C =V2r.
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45. AcuMnToTuUecKaf OLleHKAa Uo. MbI yi#e BUIeIU, UTO KOrja
IBa MPOTUBOMOJOMHBIX COObITUA, A U B, UMEIOT BEPOATHOCTU P U ¢ COOT-
BETCTBEHHO, TaKkue, 4To p + ¢ = 1, BEPOATHOCTbL TOTO, YTO U3 M COOLITHUIA
HNPOU30MIYT ¢ paBHBIX A U T — « paBHLIX B, 6ymer

!
_ m. (e% m—a
U = 'p - q .
a)!

al (m —

Bbruncasem npubausuTenbHOe 3HaueHHWe U, Ipeinoiarad m OYeHb
6oabmuM, U, 6osee TOro,

a=mp+ \m,
rie

W
m—p<1.

Yucio )\\/m OYeHb BeJIMKO, eClI ™M O4YeHb BEJIUMKO, HO MbI 6y11e1v1 CUHU-
TaTb A KOHEYHbIM, U, ClleoBaTelbHO, 0OUYeHb MaJloi — OTHOCHUTEJbHYIO II0-

. «
rpelHoCThb, Korga BMeCTO « 6epeTCH mp; TO eCTb mp 6IU3KO K 1,

£:1+L

mp pvm
B kauecTBe ciecTBUA UMeeM
m—a =mq— Avm,

TaKk Kak p + q = 1.
B BrIpasenun u, A 3aMeHAIO Ka#Ablil pakTopual ero 3HaueHueM, BbI-
YHCIeHHbIM ¢ NoMolblo ¢popMyasl CTupiauHra:

mme—mmpaqm—a

a® e~/ 2ra(m — )™ - e~ (M=) fon(m — a)’

* T a% (m—a)™*\ 2ra(m - a)

Oﬁ’be,I[I/IHHeM YJIeHBI C IIoKa3aTtelleM « U C IIoKrasartejleM m — a:

= ()" (72) \fraar

Uo =




76 I'nasa 5

Mexay Tem

m

alm—a)  (mp+ Ay/m)(mq— Ay/m)’

mip CTpeMHTCA K eJWHHIe, Kak U mm_—qa; KOpeHb, BXOJAMUI B Uy, UMeeT
npeenom
m 1
= WM ———,
27 mpmgq V2T mpq
MbI MoseM 3amucaTh
1 «a m—«
logug =log ——— —alog— — (m — a)lo
wiu
log ug = log; — (mp + A\v/m) log(l + L) -
V2mmpq pvm
A
— (mq — A\/m) log(l - —)
qvm
TIpH 0YeHb GOMBIIOM M MbI MOMeM PA3IOAHTH AorapudMbl 0T 1+ A
bY pvm
nmorl— no ¢opmyie pasnosenus log(l + ). Uraxk,
qym
(mp + Av/m) log(l + —)
pvm
CTaHOBUTCA

pvm  20%m - 3pPmym

Ceityac fl MI[y aCUMIITOTUUYECKYIO OLIEHKY Uq, T. €. TAKYIO BEIUUUHY, YTOObBI
OTHOIIIEHUE U, K BTOI BelWUUMHE CTpeMuiIoch K 1, Korja m HeorpaHUYeH-
HO BO3pacTaeT; TOrAa B IIpelblAyIlleM NMpPOU3BEIeHUH A CMOr'y npeHeGpeyb
BCEMU WieHaMH, cTpeMAmUMUcA K () U cofepAaliMu m Wid /m B 3HaMe-
HaTele.

OcTanercsa

(mp+/\x/_)< LS —)

)‘\/___+% unu )\\/_+—p
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OTCIO,I[a Al BbIBely 3Ha4Y€eHHe IIpOU3BEeIEeHUA

(g — V) -1og 1 - ﬁm)

MeHfIfl B peAbIIyIieM pe3yibTaTe A Ha —A\, p Ha ¢; CyMMa 3THUX NPOU3Be-
IeHUii paBHa

(A\/ﬁ+ %) + (—/\\/ﬁ+ 2—2)

/\_2(1 1) A2
w5~ | 3 + g ), TO ecTh Spq”
Nrak,
1 A
logug = log ——— — =—.
& tla & 2rmpq  2pq

3ameHAA norapudMbl caMUMU YHCIAMH, NOTy4yaeM IPUOIU3UTENbHOE

3HAYEHUE Ugy:
A2
“2pg
Uq = —2 .

21 mpq
Korna m GeckoHeuyHO pacTeT, OTHOIIEHUE U, K NpeIblAylleMy BbIpa-

HMEHUIO CTPEeMUTCA K eJUuHUIe.

46. Cuavana f Ipociiemy, UHTO IPOUCXOIUT C MAaKCUMAaJbHBIM YICHOM.
MaxkcumainbHoe Uqn MojlydaeTcH, eCliM npuaaTb « 3HadyeHue, Mallo OT-
Juyaronieecs oT mp; UTakR, A paBHO HYJII0, U 3HAYeHUe MaKCUMallbHOI'O BbI-

paseHusa OygeT .
27T mpq

dTo BbIpameHue yobiBaeT npu pocte m. Henb3a cuuraThb, uTo npu Gec-
KOHEYHO OOJBbIUINX 1M UCKOMad BEePOATHOCTH NMPUGIUKAETCA K BEPOATHOCTU
JOCTOBEPHOT0 COOBLITHUA; HATIPOTUB, OHA CTPEMUTCA K HYIIO.

dTo U ecTh TeopeMa bepHynnu, GopMyInpoBRY KOTOpoil MbI ceiiuac
YTOYHUM.

4'7. KaxoBa BepOATHOCTb TOT0, UTO A 3aKIIOUYEHO Meway A U A + dA?

fl cuuraio dA oueHb ManbIM; OTHAKO dAy/m — 1ejl0e YUCIO0, YTO O3Ha-
4yaeT, YTO A UMeeT MOPAJOK 1
Vvm

Ecnu a npugaro A oueHb Majoe IpupameHue, 3HayeHrue 3KCIIOHEeHThI He
N3MEHUTCA U Uy 6y}1eT NpakTUu4eCKu KOHCTAaHTOM.
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HcroMasa BepOATHOCTL — 3TO CyMMa UJIEHOB, Y KOTOPBIX (v MEHAETCA
or a 10 a + K, a u a + K onpefenfioTcA Kak

a=mp+ A/m,

a+ K =mp+ (\+d\)vm,
TO €CThb
K =d\v/m.
LII/ICJ'IO « OJIXHO HaXOAUThCA B TaKUX Mpegenax, YTOOBI
A+drs 27 oy

vm
TO €CThb JOJ#HO PABHATHLCA OJHOMY U3 UYHCel
a+l,a+2,...,a+ K.
CymMa BepoATHOCTeil GyieT paBHa
Ug+1 + Ug+2 + .o + Ua+ K-

Ectb K cnaraembiX, IpaKTUYECKU PABHBIX U, UCKOMAaA BEPOATHOCTh
paBHa

3amensasa K Ha dA/m, nonydum

A2

d\e” 2ra
V2T mpq'

48. Ilycts h? = zi, TOr/J]a MbI BO3BpAlllaeMCH K PaccMOTPEHHIO Clle-
IYIOLIEro BbIpaKeHNA: P
h-dx-e P
JTo BbIpakeHHe NpeJcTaBiIfAeT co60il BEPOATHOCTb TOrO, YTO HeKas
BeJUUMHA ¥ JeHMUT MEMKAY T U & + d; BEPOATHOCTb TOTO, UTO OHA JIEHKHUT
MeMIy Zo U 1, GyIeT paBHa

r1 2,2
/h~dm~e"”” .
b
NG
o
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COOTBETCTBEHHO, BEpOATHOCTHL TOI'0, YTO & MEHAETCA 0T —O0 10 +00, paBHAa

“+o00 2 9
/h~d:c~e"””
NZs )

O6o3Havasa hx = y, npeBpaljaeM 3TOT NOCHeAHUN MHTErpal B

+oo 2
/ dye™V
VL
— 00
JTO0 U3BECTHBIN MHTErpal, Ybfl BelIUUnHa paBHa 1.

49. OcTaHOBUMCA Ha HEKOTOPBIX CIEACTBUAX TUX BbIYMclIeHUU. Be-
POATHOCThL TOT'0, UTO A JEHUT MEMIY —OC U +00, paBHa 1, UTO KakeTcA
taBTojorueii. Ho 3To 3akiiodyeHue He GbLIO TAKUM Y# OYEBHUAHBIM: (oOp-
MyJa, KOTOPO{ MbI MOJb30BalIKCh, Gbla NPUGIUMKEHHON U BEPHOM TOILKO
IIPY A MalbIX [0 CPABHEHUIO C /M.

IIycThb cHavana

o =mp+ \/m;

BEPOATHOCTb TOI'0, YTO A JIEHKUT MEHKIY A9 U A1, CTPEMHTCH, COrJIAacHO
OpeAblIyIIUM pacCyIeHUAM, K

AL A2
d\ e 204

J V271pq ’
0

KorJa m HeorpaHudeHHO pacteT. C Apyroil CTOPOHBI, ecld A9 U A; OecKo-
HEYHO y/JajieHbl IpyT OT Apyra, MHTerpal CTPEMUTCA K eUHUIIe.
Teneps cuutaem

a>mp(l—e¢)

a < mp(l+e).

Myctes F(e, m) — BEepOATHOCTH TOTO, YTO Tak OHO U ecTh. f 3aABuAIO,
4yTO A 11060r0 JaHHOTO € MOTY B3ATh 1M HACTONbKO GOJBIIAM, YTOObI



80 I'nasa 5

passoctb 1 — F'(g, m) Oblia MeHblie 3alaHHON BeauduHbl 7). Buibupaem
cHayajla 4ucio A HacTOIbKO GoJblIoe, YTOObI PasHOCTh

+A
A2
1— / _dx . e %pq
V2mpq
-
OblIa MeHbIlle, YeM g JTO BO3MOMHO, T.K. HHTerpajl cTpeMHUTcA K 1 mpu
6eckoHeuHo Gonbimux A. 1 Bo3bMy m HacTOIbKO GOALIIUM,
1° 4yTOGBI
A < epvm,
OTRyZa

A
Fle,m)>F | —2
(€ m) pym, m

2° 4yTo6bI pa3HOCTh

+A
d\ -2

A
Fl—2 |- e | <
pvm, m A V2mpq

IS

4YTO BO3MOMHO, T. K. IJIA (l)I/IHCI/IpOBaHHOFO A npenei BepoATHOCTHU

F npud  m = o0

A

pym, m
+A

npejcraBifgeTca yepe3 UHTerpai

-2
Hrak, noxyuyum

1-F(e, m) <.

Wnaue roBopsA, eepoamuocms moeo, ¥mo « 6ydem HAX00UMbCA MedxHc-

dy mp(1—¢€) ump(l+e¢), kar Gt maad Hu Oblao €, cmpemumes K edunuye,

ko2da m Geckoneuno pacmem”) .
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50. Mo#HO CIPOCHUTBH, KAKOBO BEpPOATHOE 3HAaueHHe I", paBHOE M0
olnpeeleHuIo
+o0
/ hx" dxe—h2w2
T
— 00

Ecnu n HeUeTHO, 3TOT UHTerpall paBeH HYJIO.
Ecnu n YeTHO, OH coBmajgaetT C

o0
hx"dr —n2s?
9 [ ha”adzw, )
0/ NG

Mb! HamaM BepoATHOe 3HayeHHe abCONIOTHON BeJMYMHBI yKIOHEHHS;
HalileM BepOATHOE 3HavyeHHe abCOMIOTHON BeIUYUHBI ", TO ecThb |z"|. ITO

+oo
/ h- |$"| dx —h2z2
—e€ .
NG

—0o0
chHHI.II/IH IIoa 3HaKOM f YyeTHafA; Torga 3ToT MHTerpasa paBeH

+oo n
2/ h-|x |d$€_h2z2.
NG

51. MWrak, Bo Bcex ciydagx Mbl BO3BpallaeMcAd K OJHOMY U TOMY e
UHTerpany, a cam OH CBOAUTCA K MHTerpaiam Jiliepa.

CunraeMm
hx? = Y,
OTKya
hdz = %y-% dy.

BeimeyrasaHHbIil HHTerpan npeBpaliaeTca B

+o00 1 n
2/l—dyy =Y ey
2 pnom
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UiIn

+oo

1 n-1 _

dy-y =z e Y.

wrr |
VT )

JTo uHTerpan Jinepa:

r(*)
" m
Ecnu n yetHo u paBHO 24, TO
P(5) =r G =t (3) b 3 (o).

H, TAK KaKk

BEPOATHOE 3HaueHue |x™| paBHO

1 1-3-...-(2u—-1)

h" 2"

Ecny n HeueTHo u paBHO 2/ + 1, BepoATHOe 3Ha4YeHUe |z™| paBHO

P(p+1)
h /7
nin
!
h™/m

Honaraem n = 0; BepoATHOe 3Ha4eHue |1| pasuo 1.

1

Ilonaraem n = 2; BepoATHOe 3Ha4YeHue || paBHO VER

MbI Halu BepoATHoe 3HaueHue (a — mp)? u nomyuunu mpq. Tenepnb
MBI HaiieM BepoATHoe 3HayeHue A2, T.e. KBajpaTa OT

a—mp.

\/m 9
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OHO JION}{HO COBNAAaTh C Pq.
JTo mpoBepsercA 6e3 Tpyaa, T. K.

BeposaTHoe 3HaveHMe || paBHO

1
h/7
Mer 3HaeM BepoATHOe 3HaueHHe | — mp|; 3TO NPOU3BENeHHE 2mpq U
MaKCHMAallbHOT0 YleHa CYMMBI Y Uy, TO €CTh 2MpPq Uy, T€ (¢ MaNo OTIU-
yaeTcA OT mp.

YTo6bI HAUTH 3TOT MaKCUMAJbHBIN YleH, JOCTATOUHO MONO*KUTh A = 0;

nosnyyvaem
1

2T mpq

Wrak, BepoATHOe 3HAaYeHUE | — mp| paBHO

2mpq
V2 mpq7
2mpgq
TO €CTh ———.
™

Otciofa BRIBOAUTCA BepOATHOE 3HaUYeHHUe |\|: nend Ha /m, HAXOAUM

2pq 1

T T h/m
52. MbI HallJii aCUMITOTUYECKYIO OLIEHRY 4Y/IeHa

!
m. o, m—o
TS

Uy = —/—F————
al(m— a)
cyutad a = mp + A\y/m, m o4eHb BeIUKO.
JTa acUMITOTUYeCKad Ol€éHKa u, paBHa
—a2
e 2prq

V2rmpq
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Tenepb 6y;[eM HCKaTb aCUMIITOTUYECKYIO OLI€EHRY U, OJIA @ = ME.
CpaBHI/IBaﬂ JABa BbIpameHUuda OJIA «, nojyvdyaem

A= (e —p)vm.

Bosuukaer uckynieHue NpUHATH 3@ aCUMITOTHUYECKYIO OIIEHKY BbIpa-
KeHue
m(e—p)*
e 2rq
)
V21 mpq
HO 3TO BbIpaeHue He GyeT TOYHBIM.
TouHoe 3HaUeHUE U, PABHO
Uy = m-e

m! a
al(m — a)!p 1

Eciu m u « odenb BEJINKHW, aCUMIITOTUYECKO€ BbIpameHne u, paBHO

m™e~"/21m —

p* - q
a® - e~ 2ra(m — a)™ e~ (M=) [or(m — a)

OTHolleHUEe 3TUX ABYX Bblpa}l{eHI/Iﬁ OJIA Uy CTPEMUTCAH K €IUHNLe BCer-
Aa, rorga m U m — (x HeorpaHn4eHHoO pacTyT, a

a =em,

rge € CTpeMHUTCA K KOHEYHOI BeJUYUHE.
A X044y yHOpoCTUTb aCUMITOTHYECKOE BbIPpameHUue uq:

m" m pa . qm—a
a®(m — )™=\ 2ra(m — a) ’

HyCTb a = €my; A 1noJararo

m—a=¢m,

orkyga e’ =1 —e.
AcumnToTHUecKOe BhIpaieHue NpUHUMAaeT BUJ

m™ 1 me ,me’
' ! /p q 9
(mE)me . (me )me V 2w mee
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!
U, Tak kKak m™ = m™® - m™¢ |

’

(@)me mq )" 1
me me' 27 mee’”

IIycts

TOr A
Am
V2w mee! '

53. f zasmBiusio, uro A Bcerna menbuie 1. OcTaBiussa € u €' KoHcTaHTa-
Mu, fi Gyly U3MEHATh P U ¢, COXpaHAA CBA3bIBaIOIlEe UX COOTHOLIEHHE P +
+qg=1.

Yemy paBen marcumym A?

DTOT MaKCHMYM JOCTHIaeTCA, KOrja pf+¢° MaKCHMAaIbHO, T. €. KOTAa P
U ¢ TPONOPIUOHAIbLHBI CBOMM CTEIEHAM:

U =

P_(I_P+(1_1

€ ¢ e4¢

Urar, MakcuMyM JocTUraeTcd HpH

u torga A = 1.
Cnenyloliee paccy#jeHue MO3BOMUT HAM JIydllle HOHAThL MoBefeHue A.

54. fl 6yay cuMTaTh p U ¢ KOHCTAHTAMHU U MeHATH € u €'. JInd sToro
Al paccMOTpIO

1 100 € 4 e'log &
logA —elogp+€ log 7
Kar usmensercd 1o yucio? BozbMeM ero moiubiit guddepeniual
3 e
de - log 5 +d€’~log?+d€+de';

OH JOJIEeH OﬁpaTl/ITbCH B HYJ/Ib B TOUKE€ MaKCUMyMa. Ho € u €' He aBnsoTea
He3aBUCHUMbIMU NepeMeHHbIMU. Nmeem

de + de’ = 0.
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Otcrona
£ _ g
p - IOg q bl

e _¢e _e+¢

P=q¢-p+q 1!

log

MakcuMyM HOCTHraeTcA NpU € = P, € = ¢ U 3TOT MAKCUMYM paBeH eau-
HHUIE.

Rar menserca A? Ilpu ¢ = 0 A paBHo ¢; ipu € = 1 A paBHO p; TakUM
obpasoMm, A HauMHaeT Bo3pacTaTb C ¢, P € = p AocTUraeT 1, a 3aTeMm
yObIBaeT 110 p.

55. (Gopmyia, naloman NpubIM3UTENbHYIO OUEHKY n!, IMeeT BUJ
nl=n"-e ™ y/n-F(n).

DyHRIUA F(n) cTpeMHUTCA K INpefely 2m NpU HeOrPAaHUYEHHO pacTy-
mem n, a
(n+1)!'=(n+1)" e D/ T 1F (0 +1).

OTcrona noJjiyvdaeTca

e (o)

log%zl—(n+%)log(l+%).

Xouercs 3HaTh, Bo3pacTaet wiu yosiBaet F'(n) npu pocre n, T. €. Oy et
Jorapu¢M B JeBOU 4acTH MOJOMKUTENbHBIM WIN OTPULIATEIbHBIM.

fl menio mpaByio yacTh Ha n + %; ocraercs
1 1
T~ log (1 + ﬁ) .

’I’l+§

fl monarato n = % U paccMaTpuBalo QYHKIHUIO

p(2) = 1=~ log(1 + ),
_+_
x 2
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TO ecTh
_ 2z
p(z) = 75 —log(1 + ).
HonoxuTenbHo unu orpunarensto ¢(x)? llepemennan x Mensercs ot
mo 1.
Ilpu z =0
(p(O) =0;
npu z =1
p(l) = % —log2.
Tak kar log2 = 0,69..., ¢(1) orpunarensuo. Hago BeiAcHUTE, oGpaiaeT-

CA JIn B HYJb IPOHU3BOJHAA

2(x +2) — 2z 1
(z+2)2 1+a’

/(m): 4 _ 1 :4($+1)_($+2)2
¢ @+2? 1+ (a4 D(z+2)?

¢'(z) =

3HaMeHaTellb BCerjia NoloKuTeleH, yucauTelnb paped —z2. Urak, ¢’ ()
Bcerjia OTpULATeNbHa, ClIeI0BaTelbHo, ¢(x) yObiBaeT; 3Ha4YUT, (x) ocra-

eTcA OTPULATENLHON 1
F(n+1) < F(n).

Eciun=1,Ton!=1ul= e 1F(1), To ectb F(1) = e. Take uspecrtHo,
4TO

F(o0) = V2.
Bennunna F(n) Bcerna yObIBaeT, HO 3T0 yObIBaHKE He OYeHb BENHUKO, T. K.
e=28..., a V2r=25...

56. 3aiimeMcA onucaHUeM BEITUYUHBI Uy,

m™ o m—a m F(m)
a®(m — a)"“ap 1 a(m —a) F(a)-F(m — a)’

Uy =

Peun HUaeT O IOMCKe BepXHero npeaeina 3TOro BbIpameHun . BO-]'[epBbIX,

F(m) < F(m — a),
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OTRYya
Fm) 1
F(a)F(m—a) = F(a)
1 1
Ho camo MeHbIIle, YeM ——; aCUMITOTHYeCKas OLEHKA Uy U €CTh €ro
F(a) 9 ,\/ﬁ, u (o3

BEPXHUH npepnei.

57. HKaxoBa BEpOATHOCTh TOTO, YTO (¢ MeHbIle, YeM em? JTa BEpOAT-
HOCTb, 0003HauuM ee II, paBHa

II=wy+u + ...+ ug,

rie S <em, B+1>em.
fI npeanonarato
e < p.

IlycTh cHavana
B+1=¢em;

Ug, U, ... , U3 BO3PACTAIOT.
II < ugqr - (B+1).
Y Hac ecTb BepXHHI Ipejen ugi1; UTak, ecan 3+ 1 = em, To

A"em

I < =,
V21 mee’

Uin
i< ATvem
V2me!

IIyctb Tenepnb
B+1>em.

Torpa
IT < ug(B+1).

Hmewm BepxHuUit mpefen ug; A nonaraio

A = p(e).
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B

Ecau 6b1 - paBHANOCH €, MOAYUYHIOCH GbI

<@

Mexay TeM A — 3T0 GYHRIUA OT €, pACTYIIAA MPU POCTE € BIUNIOTh [0 € =

B
=p, upe) > w(m)
Peun uaeT o BepxHeM Iipenesie, No3ToMy

ug < A™ [ —M |
? 2B (m — B)
Kpowme Toro, 8 npeBocxogut em — 1,
B>em—1, m—L£3>¢em-1.

Torpa

m m
up <4 \/27r(sm - 1)(em—1)

YTo6b! BepHyTheA K BeposaTHocTH II, Menbneit ug - (8 + 1), 3ameTum, 4to
B + 1 camo meHble em + 1; MbI IPUXOJUM, HAKOHEl, K GOpMYyJe, HEMHOI0

Em

Gosiee CIOHHOM, YeM [JIA 1eloro €m: eciu €m neioe, To II < A™ e’
e

(em +1)*m
2r(em — 1)(¢'m — 1)

eciu em Henedaoe, To I < A™

Hrak:

BEpPOATHOCThL TOT'0, YTO (x MEHbIIIE £M, €CIU € MeHbIlle p, HUKOrJa He
NPEBOCXOAUT OAHOM U3 TOJbKO UTO BbIUHCIEHHBIX BEIMYMH.

TaHHaA BepOATHOCTb CTPEMUTCA K HYIIO, KOorga m OeCKOHEYHO pacTeT,
IPU YCIOBHH, YTO € < p. ITO TeopeMa bepHyIIu, KOTOPYIO MO#HO cHopMy-
JAUPOBATh MO-IPYTOMY: BEPOATHOCThL TOrO, YTO ¢ NeUT Memay mp(l — 60)
u mp(1l + 6), crpemuTea K efuHuULE, ecnu f MOCTOAHHO, @ M PacTer.



I'1aBA 6
3akoH I‘aycca U [OBTOpPEeHUe UCIbITaHUM

58. MbI nosnoxuau
a=mp+ I/m

U Halljii BepOATHOCTbL TOr'o, 4TO A NeMUT Mex Ay OABYMA IpenejlaMu /\0
nu /\1; 9Ta BEpOATHOCTHb IPU OYCHb 60JbIIUX M npeacTaBidgeTCAd Clely oM

HUHTEr paioMm:
A1
2
/ o 3 dA
21 pq
Ao

Tel'lepb MbI T'OTOBBI UCC/IeJOBaTb, YTO IIPOUCXOAUT, KOrga BepOATHOCTb
TOr'o, 4YTO X JICHUT MEemAY To U Ty, IPEACTaBJIACTCA UHTEerpajloM:

Tl
/ %e‘hzzz dz.
o

I[J'Iﬂ KPaTKOCTHU A 6y}1y Haa3bIBaTb BepOﬂTHOCTHLIﬁ 3aKOH HOpMAAbHbBIM,
€CJIM 3HayeHHe BEePOATHOCTHU IMpeacTaBjJeHO0 JaHHbIM HHTerpalioM.
b5 npeamnoJiararo, 4To x IMOJOMHUTEJIbHO; BEPOATHOCTDb 3TOI0 paBHa

o0

h —h2z?
/—e dx,
0 VT

3

To ecTb L.
2
Ecnu a paccmaTpuBaro

32,2
e M dx,

o —s
Bl
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TO 3TOT UHTerpani 6y;[eT IIOCTOAHHO pacTu, Korjga ro MEHATCA OT 0 10 +00,

IIOTOMY 4YTO BCe €ro0 JJIEMEHTHI OJOHUTEIbHBI. B YaCTHOCTH, OH JOCTHUTaeT

3HayYeHuA % .

BenuuuHa x¢, mpy KOTOpOi1 UHTErpan paBeH %, Ha3bIBaeTCA 8epPOAm-

HbiM YKAOHEHUEeM. MO}Z[yJIb |{B| JOCTUTaeT U He JOCTUraeT 3TON BEJIUUYUHBI C

OJIMHAKOBOI BEPOATHOCTHIO.

Yucio Lo NIpOoNnopouoOHAIBHO l a ero TOYHYO BEIUYHNHY MOMHO HalTU

h
B Tabaullax 3HaueHUl JaHHOTO HHTerpaJa.

[IycTh £ — HekoTOpaA BelWYHHA C HOPMaIbHBIM BEPOATHOCTHBIM 3a-
KOHOM.
BeposTHoe 3uaveHue || paBHO

h/7
BepoaTHoe 3HayeHue =2 paBHO

1
2hn?"

BepoATHOCTHBIN 3aKOH ax Tak#se HopMmaneH. IlycTb ax = x'; BepoaT-
HOCTHBII 3aKOH 2’ paBeH

!
Ty

_p2a’?
/Le h™ oz d:El,
ay/m

!
To

U JOCTaTO4YHO IMOJOMUTH h = g

BepOHTHOB 3HaUYeHrue KBajgpaTa ax paBHO

o?
2hn?"

59. Ilpeamonoxum, 4TO AJA T BEPOATHOCTH HAXOJUTHCA MEMHIY Lo
U X1 BbIpameHa MHTErpajioM

1
2.2
/Leh””da:,
VT
o
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a il y BEPpOATHOCTb HAXOAUTLCA MeMmAy Yo U Y1 BbIpamxieHa MHTerpajioM

Y1
h/ _hlzyz
——e dy.
/ N Y
Yo

[Ipeamonosxum, KpoMe TOro, UTO BEIUYUHBI T U Y HE3ABHCHMBI; 3TO
yCJI0BUE MOKHO NepedopMyIupoBaTh CIeYyIOMUM 06pa3oM: BEPOATHOCTh
TOr'0, YTO NlepBas U3 HUX JIEHRUT MEKIY To U L1 He 3aBUCUT OT BEPOATHOCTHU

TOr'0, YTO BTOpAA U3 HUX JEKUT MEMIY Yo U U1.
BepoATHoe 3HaueHHe x> paBHO ﬁ; y y* oHO paBHO
C KaKoil BEpOATHOCTBIO TOUYKA C KOOPJUHATAMHU & U Y OKAMETCA BHYT-
pu HEeKOoTOpo#t obracTu?
3aiiMeMcA cHavala ciyyaeM NpAMOYToJlbHOI o6aacTu.
BeposaTHOCTE TOrO, UTO (2, ¥) MONAAET BHYTPb NPAMOYTOILHHUKA, T. €.

4YTO OJHOBPEMEHHO BBINNOJIHAIOTCA IB€ CUCTEMbl HEPABEHCTB

1

2hl2

ro < x < I1, Yo <y <y,

npeacraBiaAaeTCA cClledylnuM JIBOMHBIM HHTerpaliloM, B3ATBIM II0 BCeMY

NpPAMOYTOJIbHUKY
// hThle—h2$2—h'2y2 d:l}dy

Ecnu o6nacTb nmpousBonbHadg, A pa3fenflo ee Ha GECKOHEUHO Malble
npAMoyroiabHUKU. [lomHad BepoATHOCThL Oy/leT CyMMOil JBOMHBIX UHTErpa-
JIOB, B3ATHIX 110 3TUM 3JIeMeHTapHbIM NPAMOYTOJILHUKAM; B KOHEUHOM CUeTe
OHa coBNajeT ¢ JBOHHBIM MHTerpailoM, B3ATHIM [0 BceM 3jeMeHTaM obiac-
TH.

60. Tenepn npeanosnaraeM, uTo
r+y==z.

BepoATHOCTE TOro, 4To 2z NEMUT MeHKIY 2z U z + dz, coBmajgaeT c Bepo-
ATHOCTBIO TOr0, YTO TOYKA (T, ) 3aKIIOUEHA MeMAY ABYMA OECKOHEUYHO
OAM3KUMHU NapajielbHbIMU NPAMBIMU; UCKOMAaA BEPOATHOCTL OyJeT paBHa
BEPOATHOCTHU TONACTh B 3Ty GECKOHEYHO Malylo 00J1acTh.

fI xouy pa36uTh naHHYlO GECKOHEUHO Malylo 061acTh Ha 4acTH.
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D,
C
A
x B
Puc. 1 Puc. 2

Ilna aToro A pasnenio och abenuce Ha GeCKOHEUHO MHOTO 4YacTeill U B
TOYKax [eleHUA TMPOBeJy Mapajjeld K OCH OpAMHAT; Tak A MOIydy Gec-
KOHEYHO MHOI0 MaljbIX IapajiiellorpaMMOB; KakoBa IUIONA[b OJHOTO W3
Hux, ABCD?

Touku A u B ynoBIeTBOPAIOT YpaBHEHHUIO
r+y=2z;

KOOpAUHATHI A paBHbI & U z — &, KOOPAUHATHI B paBHbl & +dx v z —x — d.
Touku C u D ynoBIeTBOPAIOT ypaBHEHUIO

x+y=2z+dz

KoopauHatel D — x u z+dz — x; koopaunatel C — x+dx u z+dz—x —dx.
[lnomans napannenorpamMmMa paBHa dx dz.
[IBoitHO# MHTerpan GyAeT CyMMOIl MHTerpaioB, B3ATHIX M0 KamAOMy
napanienorpammy:

dx dthhle_h2 z_hm(z_””)z.

IIpu mepBoM MHTErpuUpoBaHUU Yy U Z CUUTAIOTCA KOHCTAHTaMH, a &
MeHfAETCA 0T —00 A0 +00.
NuTterpan paBeH

+oo
dthh' e_h?””?_hd("_””)2 dx.

—00
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Ilonaraem
P =022 + 1 (x — 2)?,
TO €CTh
P =R +h2? - 200z + 1?22
178071
P = (az — b)? + ¢,
rie

a=Vh?+h?

12
b— haz7

2
c=h"2% -

/e_P dx
/e—(aaz—b)2—c der.

IIyctb ax — b = &; 3TOT UHTerpan paBeH

e ¢ / et %,

HaKoHell, T. K. £ BMECTe C & MEHAETCA 0T —O0 JI0 +00, MOy YHUM

VT

a "

Mgb1 6yneM olleHUBaTh

nin

Hcromas BepoATHOCTB TOr0, YTO 2z JEHUT MeHKIY 2 U z + dz, paBHa

—C

hh!' e
dZﬁ' a

C aopyroit cTOpoHBbI,

h'* 22 h2h'* 22

c=h?2% - = .
h?+h?  h?+ R
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Hrak, TpeGyemad BepoATHOCThL paBHA

_12 h2hl2
2 2
dz hh/ e h™+h

NN

BeposaTHOCTHBIH 3akoH HopMmaneH(®),
BeposTHoe 3navenue 22 unu (z + y)? Gymer paBHO

1 1 1
— um — + —,
2 ( h2hI2 ) 2h2 2h/2

h? + h'?

TO eCTh BepoATHOe 3HaueHue (z+y)2 — 3To cyMMa BepOATHBIX 3HAUeHHUi 2
u y2.

BepoAaTHoe 3HauyeHuA 2xy 3lech NelCTBUTENbHO PAaBHO HYIIO, HO MbI
6bI He NMOdYYWIM BTOTO a priori, eciu GbI BEPOATHOCTHBIN 3aKOH He GbLI
HOPMabHBIM.

JlanHoe 3neranTHoe paccy#leHue NpuHaaIeut r. J’Okanio.

61. 3amaua o moBTOpeHMM HcHbiTaHMil. EcTb aBa mporuBomo-
JIOMHBIX coObITUA, A 1 B, ¢ BEpOATHOCTAMU P U ¢ cOOTBeTCTBeHHO. IlycTh,
HalpuMep, ypHa CONEpHUT 4 GelbIX U V YePHBIX HIapOB,

__F N
p_u_;’_y? q_ll'+1/7

U3 Hee BHITACKMBAIOT 0UY€Hb GONbIIOE YUCIO [IapOB, paBHOE M, Kam/blil pa3
BO3Bpallaf BbIHYTHIIA map B ypHY. Eciu BeiTanieHo « Genbix mapos, TO, 0

TeopeMe BepHyJIJ'II/I, mip CHOpee BCero Majo orin4dyaeTcs OT e JUHUIBI.

BepoaTHoe 3HayeHue A2 6yjgeT paBHO pq.’

H3meHUM HEMHOr0 yCIOBHUA TaK, YTOObI He OAUH TOJNbKO CIy4Yail ompe-
JeNnAa HacTyIleHue coObITUil. PaccMOTpuM aBe ypHBI, IepBafd COOEPHUT L
GeNbIX U v YepHbIX IAapoB, BTopad — ju' GelbIX U V' YEpHBIX, U IOTOBO-
PUMCA BBITACKMBaTh IIApHI 110 0YepeJu TO U3 OJHON YPHBI, TO U3 APYToOW.

1 o — mp
3pech, KaKk U paHee, A = ————— eCTb YKJIOHeHHe. — I[lpum. ped.

Jm
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Ilocne ouenb GoabLIOro Ymcia MONBITOK, PABHOTO M, GYAYT BBIHYTHI o Ge-
(83
AbIX U (M — o) YepHbIX mapoB. Urtak, 5o GyAeT oueHb GIM3KO K p, KOTOpoe

31eCb paBHO
!

1n 1w
2M+V 2,u'l+l/l.

Ho coxpanutca nu 3akoH yriIoHeHuii? B naHHOM ciydae 3TO HEBO3MOHSHO.
[Ipeamonosxum, 4YTo B NepBOii YpHE €CTh TONbKO Gelble, BO BTOpPOl —

TOJBKO YEpHbIE MAapbl: MbI BHITAIIUM % 6enbIX U % yepHbIX mapoB. Tor-
na % OyIeT paBHO %, a YHKIOHEHHe — HYIIO, IPUYEM p TO}e PaBHO %

BepoaTHoe 3Hauyenre A\? — HyJb; a J0JMMHO GBLITH PABHO %, T. K.

DO =
DNO|—
=

pq =

Mbz1 BUIHUM, YTO YKJIOHE€HHE HEe COXPaHAEeTCH.

62. fI xouy nokasaThb, 4TO P BMeIIaTelbLCTBE KAKOH-TO IPYToi Ipu-
YMHBI, KPOMe Clyuas, BepoATHOe yKIOHeHHe (MM BepOATHOe 3HaueHue \?)
OygeT MeHblIe, 4eM ecjid Obl JelicTBOBal OJUH TOJLKO CIyuaii.

IycTh m ucnbITaHKuil 06pa3yloT JBe KaTeropuu, B OfHOH Sm, B Apy-
roit 3'm ucnbiTanuii, u

B+p8 =1.

[Ipennonaraem, uro aBa cob6eiTuA A U B MMeEIOT, COOTBETCTBEHHO, Be-
POATHOCTH p U ¢ B NepBoil KaTerpuu, p’ U ¢’ Bo BTOPOIi.
CobbITe A MPUCYTCTBYET x pa3 B MepBoil KaTeropuu, ' pas Bo BTO-
poit; cobriTHe B npucyTeTByer m — a u 'm — o pas.
IonHoe yMcno ucnbITaHUi, GraronpuATHLIX miA A, paBHO a + o5 «
!

mp'; —%— n —%— oueHb MaNo yRIOHA-
pmp — B'mp

IOTCA OT eMHMILL; o + o oueHb 61u3k0 K Bmp + B'mp’, T.e. yrioHeHue

MMeeT MOPAJOK /M, U 3Ta cepiA COObITHII GyleT oueHb MOXO#a Ha Ty, UTO

NoAB/AETCA IPU MPOCTOM TIOBTOPEHUHU HCIBITaHUIl, Tle BepoATHOCTH A u B

Ob111 ObI

oueHb Gnu3ko & Bmp, a o' — & '

Bp+pBp u Bg+p44q

COOTBETCTBEHHO.
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Numem 3arkoHbI YKIOHEHUN. I X0Uy NOMOMKUTH

a = Bmp + A/ Bm,
! ! / !
o =pB'mp + XN/pB'm.
IIpu MOJHOM MCHBITAHUHU BBINOJIHAIOCH ObI PABEHCTBO:

a+a =m(Bp+4'p)+ N'Vm,

rae Bp + B'p’ — BepoaTHocTh A BO Beeil cepuM UCIBITAHUIA.
CoctaBuM BepoATHble 3HaueHna A2, M2, A'2, Koropble 0603Ha4MM
(O%), (%), ("),
Tlonyuyaem
2 12 ’
A)=pg,  (N)=p'd,

a Tak e, ecal Ovl 0elicmeosan moavko cayiail,
2
(N")y = (Bp+B'0)(Ba+B'q).

2
Nmem HacToamee 3navyenue (A7), Hmeem

N'/m = A/ Bm + XN/ B'm
N = M\/B+ NP

llBa cOOBITUA ABJAIOTCA HE3aBUCUMBIMU: BEPOATHOCTH TOTO, UTO A
3aKJII0YEHO B [JBYX JAHHBIX NpefleaX, He 3aBUCUT OT BEPOATHOCTH TOTO,
4yTo A 3aK/IOYEHO B JBYX JaHHLIX Ipejenax. BepoATHOCTHLIE 3aKOHBI A/
u XN/B’ HopMalbHbI, U BEPOATHBIN 3aKOH UX cyMMbl A/ + X/ Tome
OyneT HopMallbHbIM.

BeponTHoe 3Hauenue A2 6yneT paBHO

(\"%) = B(A%) + B'(N?) = Bpq + B'p'd -

JTO U ecThb BbhIpasieHne OJfA BepOATHOI'o 3Ha4YeHUA KBajgpaTa YRJIOHEHHUA.
CpaBHI/IBaeM [IBe HaiileHHble BEJUUYUHbI; UX pa3HoCThb paBHa

(Bp + B'D")(Ba + B'd') — (Bpa + B'p'¢)
WM, eclid BCIOMHUTD, uTo 3 + 3’ =1,

Bp+B'P)(Ba+B'q) — (Bpa + B'p'd)(B+ 6",

Uin
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TO eCThb
BB (pd' +p'q—pg—1'q)
nin
BB (p—1')(g—q).
Ho

p—p =q—¢.

Torpa paccMoTpeHHadA pa3HOCTb IOJOMUTe/IbHa, U

) < (Bp+ B'P)(Bg + B'd)-

JTO CBOICTBO UcNONb3yeTcA B cTaTUcTHKe. [lycTh pe3ynbTaThl Habm0-
JeHuit cobpaHbl B TabNUIy, U XOUETCA Y3HATh, CliydyallHbl pa3nuuud B Ha-
GIIOEeHUAX WU 3[1eCh JefCTBYeT He TONbKO ClIyyJaii.

[lns KaKoro-TO ONMpe/ieIeHHOr0 KOJMMYecTBa HaGMIOeHit CpaBHUBAIOT
OTHOIIIEHUE YHhcla HAaCTyIIeHuit cobpiTiA A u cobeiTua B.

IIycte N u N' — nojiHoe KonuuyecTBO HacTymilenuii A u B, Torga

N N

PENIN TN

Tenepb pazgenuM TabauIy HAa HECKOJbKO CEepHUil; B KamJOW M3 HUX
MOJIHOE YKCIIO WCNBITAaHUN paBHO M, U

a=pm+I/m

— YHUCI0 UCXO[0B, 6iaaronpuATHbIX A1A A. 1A kammol cepuu BhIUUCIAET-
cA \; 3aTeM HaXoJUTcA cpelHee apudMeTHUeckoe A1a A\?; ecliu 3To cpeliHee
paBHO Pq, TO I€HCTBYET TOIbKO CIy4ail; ecid OHO MEHbIIE Pq, TO AEHCTBYET
He 3aBUCALIAA OT cly4Yas NMpUYMHA.



I'itaBA 7
HenpeprBHaH BEepoOATHOCTH

63. Ilapagokc Beprpana. [o cux nop, mame eciu HaM IIPUXOIU-
J0Ch UMETH JIeN0 C 0UeHb GOIbIIUM YHCIOM BO3MO#HBIX UCXO/0B, 3TO UUCIO
0cTaBaloch KOHEYHbIM. FIHOr'1a MBI paccMaTpHUBaiU NpPe/elbHbIe IePeX0/bl
v 3aMeHAnM » Ha [.

Tenepb MbI 3aliMeMcA 3aJjayaMi, B KOTOPBIX YKCJIO BO3MOMHBIX UCXO-
JIOB CTAHOBUTCH GECKOHEUYHBIM.

Tpebyetca naTh TOYHOE ONMpefieleHne 3TUX UCXOJ0B, U napagokc bep-
TpaHa NpeJoCTaBifAeT HaM MpPeKpacHoe CBUAETENbCTBO TOTO, KAKOro poja
OMUOKKA MOTYT BO3HMKHYTb B 3THX 3ajlayax; peub UJET O cleJyiolleM Bo-
npoce.

C KaKoii BEpOATHOCTBLIO X0p/ia HEKoell naH-
HOIl OKpy#HOCTU GymeT GoJbille CTOPOHBI Mpa-
BUILHOTO TPEYTroNbHUKA, BIHUCAHHOTO B 3Ty
OKPY#HOCTB?

M. BepTpan pemaer 3Ty 3agadyy OBYyMA
croco6aMu U MOJy4YaeT COBEPIIEHHO NPOTUBOIO-
JO#HbIE PE3yNbTaThI.

IIlycte AB — xoppaa; Bo3bMeM 3a eIUHU-
uy paauyc O A; noisipHbie KOOPAUHATBI TOYKH A
oynyt 1 u w.

Mycts o« — yron AOM, OM — nepnenjgu- Puc. 3
KYyJAp, BOCCTaBIEHHbINH U3 [eHTpa Xopasl, P —

TOUKAa IepeceyeHUA ITOr0 IepNeHINKylfApa ¢ KpuBoil, a M — cepenuHa
XOp[BbL.
Yron POx unu 6, paBeH o + w.

64. IlepBoe paccy:aeHuve. HeBamHo, Ha KAKOM YyYacTKe OKpYH-

HOCTH HaxXoJHUTCHA TOYRKa A. BepOHTHOCTb TOro, 4TOo w JIEHMHUT MEHOAY wo

w1 — W
ITO. 3adurcupoBaB TouKky A, Mo-

HO MPOBECTHU XOPAY BO BCeX BO3MOMHbBIX HalpaBieHUAX, T.e€., BbIopaB A, A

Mory npuagaTtb «&¢ BCe€ BO3MOMHbLIE 3HAYCHUA OT 0 pi(e) s

R

U Wi, IPpONOpPIHOHAaJbHaA Pa3dHOCTHU
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BepoAaTHocTb TOro, 4To (@ 6ymeT HaXOOUTbCA MEMIY (g U (1, IIPOMOP-
LHUOHAJbHA (7 — g. Bciin 661 AB 6bli1a CTOPOHOI BIMCAHHOIO PABHOCTOPOH-
HEro TpPeyrojibHUKA, TO « 6b110 6bI paBHO 60°.

Tar Kak a MoxeT NPUHATH Jt060e U3 3HaueHuit oT 0° mo 90°, BepoAT-
HOCTb TOr0, YTO XOpJa OKakeTcA GoJbllle CTOPOHbI TPEYTroJbHUKA, paBHa

90° —60° 1

90° —0° 3’

65. Bropoe paccy:;xaenue. XopAy MOKHO NPOBECTH B KaKOM
YrogHo HampaBieHUU. BepoATHocThL Toro, 4to 6 nemut memnay 6y u 6q,
nponopuroHanbHa 6; — 6.

OnmHamapl 3adUKCUpOBAB 3TO HamnpaBieHue, A npoBomy OP: orpe-
308 AB OGyner ompejeneH, korga A BbiOepy Touky M, T.e. paccrof-
He OM = p = cosa.

PaccToAanue p Moxer npuHUMaTh Mo6oe 3Hayenue ot 0 go 1; ciexyer
CYUTAThb, YTO BEPOATHOCTD IONACTh B IPOMEKYTOK OT pg 10 pP1 HNONOPIUO-
HalbHa p1 — Po-

Xopza 6oible CTOPOHBI TpeyroibHuKa, eciu OM nexut ot 0 10 %
Hrar, BepoATHOCTL paBHA %

OTkyna Geperca 3To npotuBopeure? B 3Tux ABYyX cilydafgX MbI NpU-
HUMaeM pa3Hble T'MIOTe3bl; MbI ONpeAe] U BepOATHOCTh ABYMA pasHbIMU
crocobaMu.

66. IlycTnb B o6Iiiem ciydae TpebyeTcsA onpegeluTh BEPOATHOCTh TOTO,
YTO KaKoe-TO YMCIO T JEeHUT MemAY To U X1; B NPUHOUIE, Mbl MOMeM
CKa3aTb, YTO HUYEr0 O HEM He 3HaeM.

JTa BepOATHOCTh J0JM#HA 3aBUCETDb OT Lo U 1, T.€. OHA OyAeT Karoii-
HUOy b GyHKIUeH BUAa P(azo, :1:1).

Ecnu MbI uieM BEpOATHOCTh TOr'0, UTO T JEHUT MEKIY Lo U T2, @

Ty < 1 < T2,
TO B CWJIy NIPpUHIOUIIA CIOHEHUA BepOHTHOCTeﬁ 9Ta BEepOATHOCTb paBHa
P($0, 992) = P($0, £L'1) + P(ﬂ')l, .232).

Ecnu
re = 11 + dx,
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TO UMeeM
P(xg, x3) — P(xo, 1) = P(x1, 1 + dxy).

dTa BepoATHOCTb OymeT GecKOHEUHO Maja U mocie AeleHuA Ha dri GyneT
3aBHCETh TOJBLKO OT 7.
Hrak, Bo Bcex clyvyafax MOJIydaeM

1

Plao, 1) = [ (o) do.

Zo

Ho nam neuseecmmna npupoda ¢(x), 3T7a GyHKIMA 0OCTaeTCA MPOU3BOILHOI;
MBI JJOJKHBI 3adamp ee U3HavyalbHO N0 0co00i, UMeloleil KaKoil-TO CMBICI
JOTOBOPEHHOCTH.

To4HO Tak e BEPOATHOCTb TOr0, YTO TOYKA (X, y) JEKUT BHYTpU

JaHHO! 06J1acTH, paBHa
// o(z, y) dz dy,

rJie IBOiHO#N uHTerpan 6epeTcA mo Beeit obaacTi, HO ¢ (x, y) HAM HEM3BECT-
Ha.

MaTeMaTuk He MMeeT NPEUMYIIECTB NMPH BLIGOpPE 3TOU TMIOTE3bI; HO
KaKk TOJNbKO TUNoTe3a BbIGpaHa, OH J0MEeH BHUMATEILHO CIeIUTb, YTOObI
He NPUHATH JPYTYI0, el IPOoTUBOpeYalyIo.

67. Mgl MosemM UMeTh MHOTO IapaMeTpoB Iy, T2, ... , Lp. MHTErpan
NOpAZKA P,

/(p(:l?l, T2, ..., Tp)dry des ... dxy,

OyneT 3agaBaTh BEepOATHOCTDb TOI'0, UTO IIApaMeTPhI & YIOBIETBOPAIOT He-
KOTODPBIM YCIOBHAM, ecau GYHKUUA @ onpedeseHa; HANO BCETo UMb B3ATh
UHTerpal Mo BceM 3HAUYeHUAM X, YJOBIETBOPAIONINM JaHHBIM YCIOBHUAM.
Ho »To ompeneneHue mMeeT CMBICH, TONbKO Korja ¢GyHKIUA ¢ 3agaHa Io
KaKoii-To NMpeABapuUTeNbHOI 002080peHHOCTU.

Hpe):[HO.T[O}HI/IM, 4To JejlaeTCA 3aMeHa NepeMEeHHBbIX X1, X2, ..., Tp HA
Y1, Y2, - -+ , Yp; UHTErpaN IpeobpasyercA B
3((171 L2y ovn :Bp)
/<P T dyy dys .. dy,
3(?/1: Y25 «ovy yp)

C IMIOMOIIbIO ﬂHOﬁI/IaHa, nin (pyHH].[I/IOHaJ]bHOFO onpenejnuTeld x 10 y.
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JTOT HOBBIH HWHTerpaJj MnoJHOCThIO OollpeaelieH; HHTerpupoBaHue IMpoBo-
AUTCAH 110 TeéM Yy, KOTOPbIe COOTBETCTBYIOT IIPEHHUM I; OHU 6y,I[yT N3BeCT-
HbI, T. K. Mbl 3HaeM COOTHOIIEeHNA, CBA3bIBaOUue r U y.

68. IIpumMeHuM Bce Bhlllecka3aHHOe K napanokcy Beprtpana.

B nepBoMm ciyuyae nepeMeHHbIMU ObLIM W U (¢, BO BTOPOM — 6 u p.

B nepBeIit pa3 BepoATHOCTh TOr'0, UTO w MONAJO B IIPOMEKYTOK OT Wy
10 wi, OblIa NpoNopIMoOHalbHA Wi — Wo; BEPOATHOCTb TOTO, UTO (¢ JIEHUT
OT aq 10 1, OGblia nponopuMoHalibHa ay — Q.

JTa BEPOATHOCTH NPeJCTaBIAIACh KaK UHTerpail

/ dw da,

B3ATHIN [0 BCEM NapaM 3HAaYeHWl w U (v, YIOBIETBOPABIMIUM TpebyeMbIM
YCIOBUAM.

Bo BTOpoi#i pa3 Mbl NpeANoaoMKUIN, UTO § U p MOTYT HPUHMMATL Bce
BO3MOMHbIe 3HAUEHUA C OJIMHAKOBOIl BEPOATHOCTBIO, U MbI NpPEICTABUIN

HCKOMYIO BEPOATHOCTh KaK
/ / df dp.

Kaxr mbI yi#e HelloCpeJCTBEHHO YCTaHOBUIN, 3THU AB€ 'MII0OTe3bl HEe COB-
nagaioT. Himem HK06I/IaH; nMmeeM

dp = —sinada, df = dw + da.
Onpenenurtenb

0 —sina
1 1

paBeH sin a. Tak, BTopoit MHTerpai paBeH
// sin a dw da

69. pyroit npumep. Paccmorpum Ha udepTeme npamyio AB; ee

MU He CcoBIlajaeT C IePBbIM.

TaHI'eHHuajJdbHble KOOPAWHAaAThlI PaBHBI % nu % By}leM HCKaTb BEPOATHOCTb
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TOro, 4To 3Ta npAMan 3aiilMeT Kakoe-TO OoIipeaelieHHOoe MO0 EeHne. BepOﬂT-
HOCTb TOr'o, 4HTO a 1 b IIpUHUMAIOT BCe 3HAUEHUA B OIIpeIde/IEeHHBIX Ipeaenax,
MOMeT 6bITb, II0 TIepBOMY cCorJlallieHHlo, MpeJcTaB/ieHa Kak

/ da db,

rae b= a tgw, ecint w — yron memay AB u AO.
ToYHO Tak e MOMHO CKa3aTh, YTO W
IPUHUMAET BCe BO3MOMHbIE 3HAYEHUA; OT- !

KyJa BepOATHOCThL PaBHa O b B .
/ da dw. a
®
A

JTH JIBa HHTerpala He OJHO U TO ke, U
BTOpO€ corJailieHye, KOTOpoe NpU MOBepX- x
HOCTHOM M3YYeHUM Morjo 6bl NMoKa3aTbCA
TakuM e 0060CHOBAHHBIM, KaKk U MepPBOE, npOTHBopqu/ﬂ”‘é]\fily; neiicTBU-

TeNbHO, AKOOMAH paBeH
a

9
cosZw

// dadb://deadw.
COS™ w

70. 3apaua o pa3pe3aHuu najiku. Illarky gnausel 1 geaaT Ha TpH
yacTu z, ¥, 2.
r+y+z=1

Mber1 fonyckaeM, UTo 1A £ BEPOATHOCTD NONACThb B IPOMEHKYTOK OT & 10 &+
+ dx no omnpejieseHUIO NpoNOPHUOHaNbHA dr; OIA NPOMEMKYTKA OT Lo A0 X1
oHa GyZIeT NponopLUOHalbHA L1 — Xo.

TouHo Takr #e AnA y BEPOATHOCTL NONACTh B IPOMEHYTOK OT Yo A0 Y1
OyIeT 1o onpeJeleHUI0 NPONOPINOHANBHA Y1 — ¥g-

Torma BepoOATHOCTHL TOr'0, YTO T U Y YIOBIETBOPAIOT OIpeAeIeHHbIM
yCcI0BUAM, BblpazkaeTcA yepe3 UHTerpal

/ dx dy,

B3ATHIN 10 BCeM 3HAUYEHUAM T U Y, YOOBJETBOPAIOIIUM 3TUM YCJIOBUAM.
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AHaloruyHo Mo#HO ObLIO ObI MNpeamnojossnuTb, 4YTO 3Ta BEPOATHOCTHb

paBHa
/ dy dz,

/ dzdx,

Tak KaKk B KayeCTBe IlepeMeHHbIX MOM#HO B3ATb * U 2 UJIU Y U Z.
3mechb Bce TpU onpeneleHuA IKBUBaJCHTHbI; UMeeM

// dzda:—// dz dy 3(:13, y;

a GYHRIUOHATBLHLIN ONpeJeluTelb B TOYHOCTU paBeH 1, T. K.

UiIn

T =z,

z=1—xz—y.

71. KakoBa BEpOATHOCTb TOrO, UTO &, Y U z 00Pa3yIOT TPEYTroNbHUK?

Hapucyem paBHOCTOPOHHUI TPeyroibHUK ¢ BbICOTOM 1: u3 Touku M,
BHYTPEHHE! [JIA 3TOr0 TPEyrolbHUKA, OMyCKaeM NepIeHIUKYIAPbl K TPEM
croponaM. [lonyuennas Takum o6pa3om cymMMa UX AJIUH GyJeT paBHa BbICO-
Te TPeyrolbHUKa, T.e. 1; oHu GyAyT COOTBETCTBOBAThH TPEM YaCTAM NalKH,
T.€. T, Y, 2

Toury M Mo#HO paccMaTpUBaTh Kak ONpeJeNdIonylo cnocolb JeneHuna
NajlKku: KaKoBa BEPOATHOCTH TOr0, YTO 3TAa TOYKA MONAeT BHY TPb KaKOR-TO
omnpejeneHHo obaacTu?

A
1205
7Y 60N
z
B C
Puc. b Puc. 6

BepoATHOCTE TOr0, UTO & NEMUT MEMIY T U T+dx, a Y IEHUT MEMIY Y
u y + dy, nponopuuonansHa dr dy. Touka M Gypaer nexaTb MemIay IBYMA
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NpAMBIMH, NapajielbHbiMu BC, npoBeJeHHBIMU HA PACCTOAHUAX L U X +dx
ot BC, u nBymA npaMbIMH, napamienbHeiMd K AC, neamumMu Ha paccTo-
AauAx y u y + dy ot AC. llocTpoeHHblit TakuM 06pa3oM mapalnieiorpaMm
umeeT yranl 60° u 120°, a ero niomaabr paBHa

dx dy
sin60°°

B sTOM ciiyyae BepoATHOCTh GyeT MPOIOPIUOHANbHA IUIOMALU Napad-
Jenorpamma; 4 BooGiie oHa GyeT NponopiIUoHalbHa oAl PacCMOTPeH-
HoO#i o6GnacTu.

Tak kak Touka M pmoixHa nemaTb BHYTpu TpeyronbHuka ABC, Be-
POATHOCTHL TOro, uTo M TonajgeT BHYTpPb KaKkoii-To ompejeleHHoi o6nacTu,
OyJeT paBHa OTHONIEHUIO ILIOIA/el 3TON 06J1acTH U BCEro TpPeyrolbHUKA.

Coenuuum npameimu Touku A’, B’ u C' — cepe-
IOMHBI CTOPOH TpeyTroibHuKa. [lJIA TOro uTo6bl U3 T, Y
U z MO#HO ObLIO COCTABUTL TPEyrodbHUK, M momH-
Ha nexaTb BHyTpU A'B'C’; ecin Touka M nemut Ha
oauoit us cropon A’B’C’, BhinonHAETCA OJHO U3 Clle-
OYIOUUX YPaBHEHUIA:

zZ=x+Yy, r=y+z, Yy=z+x

Puc. 7

ecau Touka M naxoputcsa BHe A’B’C’, ogHa u3 Tpex
BEJIWYUH T, Y, z GOJbIle CyMMbI IBYX APYTHX.

BepOHTHOCTb TOoro, 4ro U3 I, Yy, z MOMHO COCTaBUTb TpPEYyroJbHUK,

1
paBHa 7.

72. 3apaua o 6pocaHuu uribl. Ha nucre 6ymaru HapucoBaHO He-
KOTOpPOe KOJMYECTBO NapalulelbHbIX NPAMBIX, OTCTOALIMX APYT OT Apyra
Ha OJMHAKOBOE pacCTOfHUE; 3TO obllee paccTOAHUE paBHO d, U Ha Gymary
ciyJyailHeIM 06pa3oM GpocaloT WUriLy, YbA AJUHA TOMe paBHa d.

C Kakoil BEpOATHOCTBIO 3Ta UIJa NlepeceKaeT OJHY U3 NMPAMBIX?

MosHo mocTaBuThL 1 Gollee 0OUIYIO 3amady.

3adurcupoBanbl n1Be KoopauHaTHbie ocu OX, OY u durypa F, ueno-
IBUKHO COeJUHEHHAA ¢ 3TUMHM OCAMHU.

[ycThb, ¢ Apyroit cTopoHsbl, ecTh noaBu#Hbie ocu OX u OY u dury-
pa F; nocrosHHO (HOpMbI, HO HEMOABH#LHO COEIMHEHHAl C ATUMH OCAMU
U nepeMemampomiasaca BMecTe ¢ HUMU. OnpefiensieM NONOMEHUEe NMOABUMHHON
¢Urypbl 10 OTHOLIEHUIO K HENOJBUMHBIM OCAM.
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Puc. 8

Puc. 9

Ilycte M — onHa u3 ee Touek, M P — npAMas, npoxoadinas yepes M
U HeNOJBUHO coequHeHHasA ¢ ¢urypoit Fi: gocTaToyHo onpeneiauTh MOJO-
#eHre M P mo otHomenuio kK XOY. JTo mojoxeHue onpeaeneHo KOOpIu-
HaTaMu T, y Touku M u yrioMm w memay MP u OX.

BepoaTHocTh TOro, uto F' yIoBIeTBOPAET HEKOTOPLIM YCIOBUAM, IIPO-

MOpIMOHANbHA
// dx dy dw.

YT1o6b1 060CHOBAThL 3TO omnpepeleHue, A MOKamy, 4TO OHO COXpaHAET-
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Cfl, eCli B3ATH APYTyio Touky M’ Ha momBuHON Gurype u Apyryio mps-
My M'P’.

IIpamaa M'P’ 6yner coequnena ¢ M P.

Mycts | — mouwa MM', « — yron MM' ¢ MP, a 3 — yron mes-
oy M'P' v MP:l, a, 3 — KOHCTaHTBHI.

Ilpamasa M'P’ onpejelieHa OTHOCHTENIbHO cUCTeMbl KoopauHat X OY
koopauHatamu z', y' Touku M' u yriaom o' memny M'P’ u ocvio OX.

Eciu mo mepBoMy oIlpefeneHUI0 BEPOATHOCTh TOTO, UTO MOABMMHAA
¢urypa ynoBi1eTBOpAeT HEKOTOPbIM yciaoBuaM, pasua [[[ dz dy dw, To sta
BEPOATHOCTH TaKe OyleT paBHa

// dx' dy' dw'.

HeﬁCTBHTeﬂbHO, AKoOUaH paBeH eJuHULIe; UMeeM OT06pa}ReHI/Ie

' =z +1cos(w + a),
y =y +Ilsin(w + a),

Ww=w+ ﬁv
d(z', y', w')
U AKoOOUaH —————  paBeH
Iz, y, w)
1 0 —Isin(w+ a)
01 lcos(w+a)l|,
00 1
TO ecTh 1.

Hrak, BepoATHOCTHBIN 3aKOH OJMHAKOB, KaKUM Obl HU ObLI BbIGOD MpA-
moit M P.

73. Ecau s paccmaTpuBaio gBe QUIYpHI @, ', paBHble Me#ay co6oii
U coelMHEHHbIe C MOJABUKHBIMU OCAMU KOOPJWHAT, TO BEPOATHOCTb TOIO,
4yTo ¢/ yNOBIETBOPAET KAKUM-TO YCIOBUAM, COBIAJaeT C BEPOATHOCTHIO
TOr0, YTO ( YOBIETBOPAET TeM e ycnoBuaM. Paccmorpum npamyio M P,
COelMHEHHYIO ¢ ¢ U ApYryio npamywo, M'P’, ube pacroioxeHue OTHOCH-
TeJbHO ' coBnagaeT ¢ pacnonoxennemM M P 0OTHOCUTENBHO p; IYCTh X, Y, W,
C OJJHOM CTOPOHBL, U x', ', w', ¢ APYToii CTOPOHBI, — BEIMUYUHBI, ONPEIes-
IOlIKeE MOJIOMEHUE 3TUX ABYX NPAMBIX.
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] Torja u nojoxeHre GUIypbl 0 ONpPeeNeHo
¢ MOMOIbIO T, Y U w, a GUrypsl ¢ — c 1o-
N Mombio z', y', w'. Ina Toro 4TobGel @ yOOBIE-
&) TBOpAJA KAKMM-TO YCIOBUAM, &, Y, W JOJHHBI
o' VIOBJIETBOPATL KAKUM-TO HepaBeHcTBaM. [lnd
TOro 4To6bI (o' yNOBIETBOPANA TeM #e yCJIOBU-
M__P AaM, x', y', W' NONMHBI yIOBIETBOPATbL TEM e
HepaBeHcTBaM. Ilpu pasHuile B 0603HAYEHUAX
MbI, TeM He MeHee, OJyYUM OIMH U TOT #e UH-
Terpair.
Puc. 10 Nrak, 3HayeHre BePOATHOCTH OJUHAKOBO B
oboux ciyvanx.

74. Tpebyerca HaliTU BEPOATHOCTD, C KOTOPOi1 OrpaHUYEHHBIH O0Tpe-
30k M P nepecekaeT mapaiielbHble IPAMbIE B 3aiauye 0 GPOCAHUU UTIIBL.
Ecau Bropoit orpesok M'P’, Toii #e IIUHbBI, HENOABUAHO coefunern ¢ M P,
TO BEPOATHOCTh NlepeceueHr ¢ mapajienamMu GyIeT [IJA Hero Toil e caMoii.

Ecnu Bmecto M P paccMoTpeThb BaBoe 60nbmuit oTpesok M (), To Be-
poaTHOCTh yaBouTcA®), T. K. 5TOT OTPE3OK COCTOMT M3 ABYX YacTeil, paB-
Heix M P, nasosem ux MN u NQ, rae N — cepenuna MQ.

[IpennonosuM, UrpoKy o6eIanT CTOIbBKO GPaHKOB, CKOIBKO TOYEK Iie-
peceueHUA ¢ MapalielbHbIMU NPAMbIMU! GyaeT y oTpeska. MaTemaTuuec-
Koe osuaaHue npu urpe ¢ M () GymeT paBHO YIBOEHHOMY OMHUIAHUIO TPU
urpe ¢ M N, T. K. OHO coBIafieT ¢ cyMMoii oxunganua ana M N u ougaHusA
1A N@Q. B o6iiem, oHo 6yeT MpONOpHUOHAIBLHO JIMHE OTpe3Ka.

Eciu NQ ne 6ynmer npogoixenvem M N, MaTeMaTH4yecKoe OKUJaHUe
Bce paBHO yaBouTcA. Tak, MaTeMaTHUyeCKoe OKUJaHUe MPONOPLIUOHANDb-
HO ofuieil JuuHe JUHUU, PAMAafA OHA WM JOMaHaf, WM, ecld MOUTHU elle
Janbliie, Kakylo 6bl opmy oHa He umerd.

Ecnu oGerano cTolbKO (paHKOB, CKOIbKO TOYEK TepecevyeHu UMeeT ¢
napaianenbHbIMKU NPAMBIMU KaKafi-TO KpUBas, MaTeMaTHUUYeCKOe OUIaHue
GyleT Takiie NPOIMOPLUUOHANBHO AJIMHE 3TONU KPUBOIA.

Ecnu kpuBag — 3To OKpY:KHOCTB JuamMerpa d, To ee QnuHa GyieT paB-
Ha md; B 3TOM cllyuyae Bcerja ecThb JIBe€ TOUKHU NepecevyeHud M MaTeMaTH-

YyecKoe ouganue paBHO 2. [l1A KpUBOI JIMHBI S 3TO oxsuaaHue GyaeT 2—2;
s

IJIA IpAMON JIUHBI d — %.(10)

1MosHO AOTOBOPHTBCA, UTO eClM OfMH U3 KOHIoB MN monajaeT Ha NPAMYIO, 5TO
cuuTaeTcA noaynepeceueHueM. — Ilpum. asm.
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75. BepHemcsa k napagokcy BeprpaHa, cBA3aHHOMY € BepOATHOCTBIO
TOr'0, UTO XOp/la HEKOTOPOU OKPY#HOCTU OyJeT MeHblle CTOPOHBI BIHCAH-
HOT'0 B Hee NMPaBUWILHOT'O TPEYTOJIbHUKA.

Iposepem okpysHocTb C’', KOHIEHTPUYECKYIO K TepBoit, C, Tak, 4To-
6b1 paguyc C' O6bu1 B 1Ba pasza MeHblie. CydaiiHbIM 00pasoM MomemniaeM
Ha yepTesk oTpe3ok. Eciau MbI IpuMeM cornamnieHus, caelaHHble TOIbKO YTO
B 3ajaye o OpocaHUU UTJbI, To GyAeT 1M BEPOATHOCTh 3aBUCETh OT HOBOW,
TpeTbell TUNOTE3bl, UM OT OJHOI U3 IBYX, U3yUEHHBIX paHee?

fl Mory cunTaTb OTpe30K GUKCUPOBAHHBIM, 8 OKPY#HOCTU — MOIBUM-
HbIMU. BepoATHOCTb TOro, 4TO O/IHA U3 OKPYHHOCTEN NMepeceKaeT OTPE3OK,

nponopouoHal/ibHa ee MJIMHe; Torga BepOATHOCTbL TOro, 4To c’ nepecera-
€T OTPEe30K, paBHa OTHOIIEHUIO MJUH OABYX Opr}HHOCTeﬁ, T.e. =. Tak MbI

BO3BpamaemMcs K OJJHOI U3 TUIOoTe3 BepraHa.

DO | =



I'nABA 8
PazavuHble NPUIO#KEeHUA

76. PaccMoTpuMm ele oaHy 3aauy, aHATOTUYHYIO 33a/laue 0 GpocaHun
UTJIBIL.

Ha cgiepe S napucosana nodsuxicnas guzypa; kaKoea 6eposmMHOCL Mo-
20, umo ama @uaypa ydosaemeopaem Hexomopbim yciosusm' ?

Bo-nepBhix, KaKk ONpeeluTh ee pacronoxenue?

Ilycth pg — HavanbHOe, p; — KOHEUHOE HOJNO0KEHNe OABUMHHON GuUry-
PBI; 3 Pg B P1 MOMKHO NEpPeiTH ¢ MOMOLIbIO NOJXOJAIIEro IoBOpoTa, onpe-
JIeIeHHOT'0 OChIO U YTJIOM BpalleHu .

Mycth a, B, ¥ — HampaBiAOLIMe KOCUHYCBI OcH, a 260 — yroa Bpaiie-
HYf; ToJlaraemM

A=cos, p=asinf, v=psinfh, p=-ysinf

U CUUTaeM \, [i, V, p TIepEMEHHBbIMHU.
OHU cBA3aHbI COOTHOILIEHHEM

N2+ =1.

JTO COOTHOIIEHUE COXPAHAETCH, €ClIU MOMEHATb 3HAKU Y A, W4, V¥, p, U HAM
JOCTATOYHO 3HATHb JMI00ble TPU U3 3TUX BEIUUYUH.
IIycTb BepoATHOCTH NpefcTaBiAeTCA ¢ IOMOIIbIO TPOIHOTO HHTerpala

/ dpdvdp
A 9

TOYHO TaK#e ee MOMHO 3allncaTb 4yepea

d\dvdp
H 9

13peck u nanee paccmaTpuBaeTcs cdepa paauyca 1. — IIpum. ped.




Pasauunvie npuioxcenus 111

HleficTBUTENbHO, HalileM AKOOUAH 3TUX HOBBIX IIEPEMEHHBIX A, V, p 1O
CTapsIM, T.e€. (4, V, p, CAUTAA A ONpeJeleHHO! KaKk QYHKIUIO OT [, V, p.

AdN = —pdp —vdy — pdp.

flko6uan paBeH

o o>x®
— o>
>=

o >R

Hrak, npu 3amMeHe NMepeMEHHBIX IEpPBbIN U3 TPOWHLIX MHTErpaloB ¢

TOYHOCTBIO 10 3HaKa IepexoaguT BO BTOpOﬁ nocjie YyYMHOMEHUA Ha A Cie-

I
JOBaTelbHO,
dpdv dp " dpdv dp
A Iz
IanyT oJMHAKOBOe ONlpejieleHre BePOATHOCTH. DTO ONpefeNeHre MO#HO 06-
OCHOBATh CleJyIOIUM 06pa3oM: paccMOTpPUM chepy
Pyt =1

[Ipennonaraem, 4To [y NPOU3BOILHONU TOUKU cepbl BEPOATHOCTE MO-
NacTh BHYTPb HEKOTOPOil cepryeckoil o61acTu NponopuuoHaibHa IIIoMa-
ou 3Toii obnactu. JaHHasA miomaab cCOBHAAaeT C UHTErPalIoM

dx dy _/d:z:dy
= —,

cosny

rfie cosnY — TpeTuil HanpaBIAIOWHUIl KOCHHYCE HOPMATH K cepe B JAHHOM
TOUKe.
B nameii 3dagaye Mbl NIPUHAJW COBEPUHIEHHO aHajJOrn4yHyro ruroreasy,
T. K.
N+t +pt=1
6b110 6b1 ypaBHeHHeM cdepbl B YeThIPeXMEePHOM NPOCTPAHCTBE

77. IlpexnBapuTtenbHo A 3aiiMycb Ha4YalbHBIM MOJOMeHUEM py. IloBo-
poT A, 44, ¥, p 3aBUCUT HE TOJIBKO OT P;, HO U OT BhIGOpA HAYAILHOTO MOJO-
JKEHUA.

fl xouy nokasaThb, YTO BEPOATHOCThL OCTAaHETCA MpEHHell, eclii BMECTO
HavalbHO MO3ULUHU Py PACCMOTPEThL APYTYIO, P.
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MoBopor ot pj k p; onpedensaeTcd ¢ nomoubio N, p', V', p', a Bepoart-
HOCTh — Yepes
/ dp' dv' dp’'
Y )

I 3aABiAIO, YTO OHA OyIeT NPONOPLUMOHAIbLHA TPeAbLIYLIEl.

Oycts I, m, n, r ompelenfilOT MOBOPOT OT pj K Py, TOTAa IOBO-
pot X, u', V', p’ Gymer pesyiabTaToM ABYX Apyrux. PopMyibl KOMIIO3UIIUN
II0BOPOTOB M3BECTHBI:

XN =X —pum—vn—pr,
p' = Am+ pl —vr + pn,
v = An+ pr +vl— pm,
p'=Ar— pun+vm+ pl.

Temnepb Hy#HO BHIYMCIUTHL AkoOuan N, p', v/, p’ mo A\, u, v, p. fI no-
aaraio

o= \/)\2+u2+1/2+p2-
B Hameit 3agaue ¢ = 1, HO B IpUHIMIE A MOT'Y IPUAAThb A, [, U, p
no6ble 3HayeHUA. AHaJOrM4HO

o = \/)\'2+M'2+V'2+P'2-

KakoBbI 6bI HU GbLIN 3TH BE€IUW4YUHBI, UMeeM

o' = oI +m? +n?+r2,

u ecnu l, m, n, r — JAaHHbIE KOHCTAHTBI, TO

o' =o.
TpeGyeTca BHIYMCIUTh
o', v', p')
o, v, p)
npu yciaoBuu o = 1, T.e.
oy op' oy
o v 9
o Ov dp|’
0p' 0p Op
v dp
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Ho n X04y OOBE€CTH YHMCJO MMepeMeHHBIX OO0 4 paccMaTrpuBaThb, C OJIHOH CTO-

POHBI, 0, i, V, p, C APYyTOii cTopousl, o', p', V', p'. Tak kak ¢’ = o, yacTHbIe
npousBoAHble oT o OyayT 1, 0, 0, O:

1 0 0 0
oy ou' oy o
do Op v 9p
a' o' ' .
do Ou Ov  Op
op' 9p' 0p 0p
do O Ov  dp

JTO TOT e caMblIit ornpenenuTenb, T. €. Tellepb MOMHO HalnucaTb, 4TO

oW, v, p') 0o, p's v, p')

N, vy p) (o', py v, p)
oo, ', V' p") 0N, p', v, p') O\ p, v, p)

ON, ', v, p') O v, p) o, py vy p)
Brruucaum no ouepeau TpPpHU INOCIACOIHUX ollipedeluTelA. HepBbIﬁ paBeH

da' 0o’ 9d' 0o’
AI ! ! !
O P
o o 1 o N o
0 0 0 1

BTopoit paBen

I —m —n —r
TZ 7{ _; —72 =P4+m?+n?+r?)? =1
r —-n m l
Tperuit paBen
oA, p, v, p) 1

SIS
>|Q

o, py vy p) (o, p, vy p)
(A, p, v, p)
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A
dp' dv' dp’

AI
dudvdp )
DY

A
/ dpdv dp
—

CJIe,[[OBaTe.TIbHO, BEPOATHOCTb OCTaeTcCAa OJIHO¥ U TOM e, KakuM ObI HU OBLIIO
HaydaJjlbHO€ II0JIOMeHHe.

Hrar, npousBeieHUe BceX TPeX PaBHO 5-, U UHTerpaln

InpeBpaimiaeTcAa B

nin

78. Tpebyerca HaliTU BEpOATHOCTb TOr0, YTO Hama GUrypa py yHA0B-
NeTBOPAET HEKOTOPLIM YCIOBUAM.

Ecau paceMoTpersb Apyryio GUrypy pj, paBHYIO NePBOI U HENOABUHKHO
COeJIMHEeHHYIO ¢ Heli, ToO MOKHO TOYHO TaKse N0Tpe6oBaTh, YTOGLI 3Ta BTO-
pas gurypa yaoBlIeTBOpAia KAKMM-TO ycnoBuAM. IlycTs Torna A, p, v, p —
nmapaMeTphl BpallleHusA, IepeBOIAIIero pg B py, a X', u', v/, p' — napamer-
PBI BpallleHu A, ePEeBOJAIIETO P, B p1. BEPOATHOCTH TOr0, YTO po NepeneT
B p1, Y/IOBIETBOPAIOLIYI0 KAKUM-TO yCIOBUAM, NpelcTaBIAeTcA KaK

/ dupdv dp
)\ 9

rie mapaMeTpsl A, i, V, p JAONHbBI yAOBIETBOPATb HEKOTOPHIM HEpABEHCT-
BaM.

BepoATHOCTL TOro, YTO P} MEPEXOAUT B P1, YAOBIETBOPAIOLIYIO mMeM
Jice yCIOBUAM, NpeJcTaBlAeTcA Kak

dp' dv' dp'
DU

rae N, p', V', p' monmHel yHOBIETBOPATHL mem e HepaBeHcTBaM. MHTerpa-
JbI, OTIUYAIONIMECH TOIbKO 0003HAYEHUAMU, PAaBHbI, 1 BEPOATHOCTh OCTa-
eTcA NpeMHeil.

NTak, BEPOATHOCTH TOrO, UTO JIBE MOJBUHHbIE (QUTYDbI, PABHbIE U CO-
eIUHEeHHbIe APYT C JPYr'oM, YJOBIETBOPAIOT OJHOMY M TOMY € YCJIOBHIO,
paBHbI MeK 1y co6Oii.
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79. Bribepewm npyroe paccyskjaeHue, 6e3 A, u, v, p.

fI onpenensio nonoxenre Touku M TOABUMHONU PUTYDPBI €€ KOOpIUHA-
TaMu &, Y, Z, a TolokeHue Oyru Goabmoil okpy#Hoctd M P — yriaom w,
KoTopslii M P obpasyer ¢ M A, eciu M A — pyra 60/bIIoi OKPYHHOCTH,
HpoXofAlleil Yyepe3 GUKCHPOBAHHYIO TOUKY A.

BepoAaTHoCTh 3anuieTcA Kak

/\Il dx dy dw,

rae ¥ — QYHRIOUA OT &, Y, 2 U W.
B3as
dx dy = z do,

rie do — 31eMeHT NOBEPXHOCTH cGEpPDI, MOIyYaeM UHTErpan

/(I)da dw.

JrtoT HHTerpalg Hy#HO B3AiITb MO BCEeM 0o — JJIeMeHTaM [OBEPXHOCTH
Cd)epbl — W 110 BCeM 3Ha4YeHUuAM yrijia w, YIOBJETBOPAIOIMINM JaHHBIM YyCJO-
BUAM. B03Bpamaﬂc5 K IepeMeHHbIM * U Yy, 3allullieM

/q)dx W 1.

z

80. flzasaBasio, uto Bug ¢ ocraeTcA HeM3MEHHBIM, KAKUM ObI HU ObLIO
nonoxeHne ToUku A.

PacemoTpum Apyryio pUKCHpOBaHHYIO TOYRY, B, u mycTb w' — yron
Memay MP v MB, 3 — yron mesxny MB u MA.

w=w+p.
BmecTo z, y, w coenaeM nepeMeHHbIMU T, ¥, w'. OyHKIMOHANBLHLIN ONpee-
8(377 Y, wl)
JATelb —— —— paBeH
8(377 Ys w)
1 0 0
0 1 0 1
9 s |
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P’ 81. @yuriua ¢ He 3aBUCHUT OT w.
P HlelicTBUTENBHO, PACCMOTPUM JPYTYIO AyTY O0JbIION
okpysHocT, M P', u nyctb w' — yroa memay MP' u M A,
a — yroa mexay MP' u MP.

Ww'=w+a.

BepOHTHOCTHbIﬁ 3aKOH He U3MEHUTCH. I/IHTeraJI

/fbdadw

BbIpamiaeT BEpOATHOCTb TOIro, 4TO MP yYaooB/ieTBOPpAET HEKOTOPLIM YCJIO-

BuAM. UHTerpan
/ ® do dw"

Puc. 11

OyJeT BbIpamaTh BEPOATHOCThL TOro, 4To M P’ yNoBIeTBOPAIOT TeM e ca-
MBbIM YCJIOBUAM. JTHU JIB€ BEPOATHOCTHU JOJMHBI COBIaAaTh, 3HaUuT, ¢ He
GyZneT 3aBUCETH OT w.

82. Bonee toro, ® He 3aBUCUT OT x U Y.
JleiicTBuTEeNbHO, MycTh do u do' — nBa
3MeMeHTa MOBEPXHOCTHU chepbl, PaBHbIE Mei-
ny coboii. IlycTb I, m, n, r — napameTpsl Bpa-
wenusd, nepesopamero do B do'. Ilycrs Tak-
e A, p, v, p — mapaMeTpbl BpallleHus, nepe-
BOJIAILIETO NMOJBUKHYIO (GUrypy B Takoe IO-
JoeHue, 4ToObl M oKazamracb BHYTpH do,
a XN, u, v, p — napamerpn! BpaieHus, me-
pesogamero M BuyTpb do’.
IIycth, KpomMe TOTO, &, Yy — KOOPAMHATHI
Puc. 12 nentpa macc do, a x’, y' — uenrpa macc do’.
MapameTpot X', ', V', p' GynyT MuHeRHbI-
MU GYHRIUAMU OT TIEPEMEHHBIX A, fi, V, P, C OAHOM CTOPOHBI, U [, M, M, T —
¢ Opyroil CTOPOHBI; NeliCTBUTENLHO, 1A J0Ka3aTelbCTBa 3TOro hakTa Hajlo0
BCero JMUIIb 06paTUTbcA K GopMyne KOMINO3UIMK BpalleHuil, NpuBeIeHHOH
Bbime. Memay TeMm, Kak U paHblle, Mbl UMeeM

/dudu dp / dp' dv' dp’
A N
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BepoaTtHocTs Toro, uto M nemuT BHYTpU do, paBHa

27
/dw/@da:%r(}(a:, y)da:/%’jdp,
0

napameTpsl A, [, V, p HOJKHBI YJOBIETBOPATL HEpaBEHCTBaM, BhIpaia-
IOMMM TOT (aKT, 4YTO COOTBETCTBYIOIlee BpalleHue nepemMemaer M
BHYTpPb do; uHTerpan GepeTcd MO BCceM 3HAaYeHUAM HapaMeTpOB, yAOBIeE-
TBOPAIOIAM 3TUM YCIOBUAM.

BeposatHocTs Toro, uro M ne:ut BHYTpHU do’, paBHa

d /d ! !
2r®(2', y') do' = / 'u/\—’jdp
Uraxk,

O(z, y)do = @(a', y') do’

Ui, Tak Kak do = do’
(I)(ZE, y) = (I)(xlv yl)v

uHTerpan OpaicA no BceM 3HaueHuaM pu', v/, p) Takum, 4TOGBLI Bpalle-
aue X, p', V', p’ nepesoguno M BuyTph do'; nunu, 4To To He caMoe, TAKUM,
yToObI BpalleHue A, u, v, p nepeBoauio M BHYTpb do.

83. MzuI 3anucanu BepOATHOCTHBINM 3aKOH B JIpyToil GopMe, HO Takoe
omnpejieleHUe BEPOATHOCTH GyIeT coBNagaTh ¢ Mpe#HUM, KOrjia Mbl 6panu B
KayecTBe NMEPEMEHHBIX A, i, v, p. B utore BepoATHOCTH TOro0, uTo M mnona-
IeT BHYTPb HEKOTOPOIi o6nactu do, U, B To e BpemdA, M P obpasyer ¢ M A

yroix w, paBHa
/ ® do dw,

rae & — KoHcTaHTa, KOTOPYIO HAJ0 ONMpPEeNeIuTh.
BosbmeM mHTerpan mo BceM aneMeHTaM cdepbl; yron w MeHseTcA oT (
Jo 2w, a 0 — oT 0 go 47. 3HaueHUue UHTerpana 6yaeT paBHO

47® x 2 = 872 d;
HO 3TO BEpPOATHOCTb, KOTOpad AOJI#iHa coBnagaThb C 1. I/ITaK,

o
d dy d s
ui ) - -
u / dU' d2w Uin 7y — UCKOMBIN BepOHTHOCTHbII/I 3aKO0H.
T

8 82z
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84. IlycTn Ha cepe ecTh HEMOBUAKHAA U IBUAKYIIAA KPUBbIE; UTPOKY
06emarmT CTONbKO (PaHKOB, CKOILKO HallJleTCA TOUEK IepeceuyeHn; KaKOBO
MaTeMaTH4ecKkoe oxiufanue urpora?

OHo nponopLHOHaIbHO NPOU3BENEHUIO AIUH KPUBBIX.

85. Ecam paccMoTpeTh NOABUMHYIO QUTYPY ¢ ¥ IBe PUKCHPOBAH-
Hble, (o1 U (2, TO BEPOATHOCThb TOTO, YTO ( 3aliMeT 3aJaHHOe MONOMEHNE
OTHOCHUTEJNLHO (1, COBNAJET C BEPOATHOCTLIO TOTO, UTO ( 3aiiMeT TO #Hie
I0JI0#EeHIe OTHOCUTEIbHO 3.

Nuayve roBops, ycThb A, ft, V, p ONPENeIAIOT NOBOPOT, EPEBOAANLINI (1
B KaKoe-TO M0J0MeHne ’; BBeleM HOBbIe NepeMenHbie A, u', v/, p', onpe-
IeAIIMe I0BOPOT, KOTOPBINA MEPEBOAUT s B TO #e MONOMeHUe @'; Mbl
0GHapy# KM, YTO BEPOATHOCTHbIE 3aKOHBI OJMHAKOBBI, U MOIYUYUM, KaK U

BbIIIIE,
/d,udu dp / dy' dv' dp’
A PUNE

Mosopot X, ', V', p' — pesyabTar aByx apyrux, A, pu,v,p u l,m,n,r;
BTOT NOCJEHUI, IepeBONAMUIA Q2 B 1, MOHHO CUNTATh 3aJaHHLIM, U BbI-
yucienve GyHKIMOHaNILHOro onpeaeluTels [, v, p o p', V', p' mpoBoauTea
Tak#e, Kak ¥ B NpeJbIAy il pas.

YeTaHOBUB 3TO, A OTKa#ych OT HapaMeTpoB A, ji, V, p, UbA FeoMeT-
puyeckas MHTepInpeTanyf N0BOJbLHO CIO#HA, U Mbl BepHeMcd K IepeMeH-
HBIM Z, Y U w U3 maparpada 79.

86. Ilycts M — Touka moABUKHOI GUIyphI Ha chepruUecKoii MOBepX-
HOCTH, UMelollad KOOPOUHATEI T, Y, 2; a M P — nyra 6oiblnoil okpy#HOC-
TH, IpUHaJJIesKallad NOABUAHON GUrype U cocTaBiAlmad yrol w ¢ Jyroi
Ipyroii 6onbInoil okpy#HuocTH, M A, npoxosiieit yepes APYTryIo GUKCUPO-
BaHHYIO TOURYy A.

1° C rakroit BepoATHOCTbIO M NeMUT BHYTpU do, KOrja w MeHAETCA
ot 0 g0 27?7 JTa BEpOATHOCThL paBHA

/wm_@

87"'2 - 4 ’

2° C KaKoit BepOATHOCTbIO MOABUMHAA OKPYHHOCTDb Ha chepe mepece-
yeTcA ¢ hUKCUpPOBaHHON?

Hycts P — modioc pUKCUPOBaHHOM OKpy#HOCTH, A — TOUKA mepece-
YeHUA ¢ IIOCKOCThIO uepTeska, a § — yron POA.
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Mycts P, A’, §' — ananoru4nblie XapakTepPUCTUKY II0ABUAHOM OKPY#-
HOCTH.
Iycts ¢ — yroa POP'.

4 B L B

, y b

P A
) C
P’ c
K —
O

Puc. 13 Puc. 14

Heo6xogumMoe U [oCTaTOUHOE YCIOBUE TIepeceYeHts — OJHOBPEMEHHOoe
BBINOJIHEHNEe HepPaBeHCTB
p<O+0,
p>0-0
B NperooMedun, 4yto 6 > 6.

O6o3naunm BCB'C’' o6nacTb, B KOTOPOH J[OJEH HaXOOMTbCA IO-
moc P’ nogBumHON OKPY#HOCTH; B IPOEKIUH HA INIOCKOCThL YepTea JBe
Mallble OKPY#HOCTH, OrPaHUYMBAOL[Ue 3Ty 00/lacTh, IpeBpalaloTCA B OT-
pesku BB’, CC’'; yron POB Gypner pasen 6 — 6', yron POC — 6 + 6'.

HcKoMas BEpOATHOCTH Gy/eT MpoNopiHoHanbHa BbicoTe be(th)

bc = Ob — Oc = cos(f — 0') — cos(0 + 6'),
bc = 2sinfsinf’.

87. MosHo chopMmyanpoBaTh U Goiee o6uyto 3agauy. [Iycts gaHb:

1° n gyr ¢uKCHpOBaHHBIX GONBIINX OKPYMKHOCTEH, ¢1, C2, - .. , Cpj BCE
OYTH PaBHbI Me#Ay coG0i U UMEIOT JIUHY [
2° n/ Qyr MOABUMHBIX GONbIIMX OKPYHHOCTEH, ¢}, Ch, ... , €}, TOI e

IJUHBI |, coeJUHEeHHBIX APYT ¢ APYTOM.
fI ny TOYKHM mepeceyeHUA MOJBUMHBIX AYT ¢ HENOABUAHBLIMU U 00e-
a0 3aldaTHTh CTONLKO (PAaHKOB, CKOJLKO €CTh TOYEK IepecedeHus.
MaremaTnyeckoe OUIaHHe UIPoKa OyfeT NMPONOPLMOHAILHO IIPOU3-
BelleHuIo nn'.
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Kak Tonbko 4TO GbLIO NOKA3aHO, BEPOATHOCTL IEPECEUEHHA €] C ¢
COBNAZIaeT C TAKOii e BEPOATHOCTDIO [UIfA ¢y U C1, U T. [.

ToYHO TaKsKe OHA 0CTAeTCA HEM3MEHHOW A ¢} U Co U T. [.

MaTemaTuuecKkoe OHAaHKe COCTABUT CTOJbKO (PaHKOB, CKOJbKO CO-
yeTaHU MO#HO 06pa3oBaTh U3 NepBLIX N AyT ¢ n' BTopbiMu. IIpeamnonomum
TaKe, 4YTo JJMHA 3TUX HocleJHuX paBHa [’ u oTaudna ot [: MaTeMaTuyec-
Koe omuganue 6yaeT pasHo nn'll’.

Ecau paccmaTpuBaTh ABe JOMaHbIe TUHUM, COCTABIEHHbIE U3 OYT GOJb-
KX OKPYMHOCTeH, TO MaTeMaTHUeCKoe OUAaHue Mo-MpemHeMy Oyaer
HPONOPIHOHANBHO UX UIMHAM, T.K. €CJId YIABOUTb OAMH U3 3JIEMEHTOB, TO
COOTBETCTBYIOIlee MaTeMaTUUECKOe O UIaHNe TOe YABOUTCA.

IIpu npegenbHOM Tepexo/ie 3TOT BbIBOJ Bee ellle 6y1eT BEpPHbIM, U BOOO-
e MaTeMaTHJyecKkoe oxuaanye GyaeT NPONOPLIUOHANLHO S U 8¢ — JJIMHAM
kpuBbIX. IlycTh oHo paBHO K ss'.

Nmem roHctanty K.

Bo3bMeM ABe GONbIIMX OKPY#HOCTH: MX [UIMHA OJUHAKOBA U paB-
Ha 27, OHU MepeceKalnTCA B JBYX TOUKAX; MaTeMaTHU4YeCKoe OKHUIaHNe PaB-
Ho K x 47% u, T. K. OHO paBHO 2,

I[J'[ﬂ IMPOU3BOJBbHBIX OprPHHOCTeﬁ MareMaTu4deCroe OxuJaHue paB-

'
S8

HO 2—2 Ecnn OKPYMHHOCTHU MepeceralroTCA, TO TOUYER MepeceyeHUuA 6y,£[eT
T

nBel. Mexny Tem
s =2msiné,

s' =2mwsind’.
OsxugaHue paBHO

27 sinf x 2w sin 6’
22

=27 sinfsiné’.

Belile MBI IOy YUIN TOT e pe3ynbTaT APYTUM CHOCOOOM.

1BepoATHOCTL TOTrO, UTO OKPYHHOCTH KacaloTcA (T.e. MMeIOT OJHY TOUKY Tepeceue-
H¥A), paBHa Hya0. — ITpum. ped.
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88. IlycTtp Ha HeGecHoil chepe cayuaitHbIM 006pa3oM pasmemnieHbl N
3Be3/I.

ByneMm miatuth MrpoKy OfMH (paHK 3a Kamaylo mapy 3se3g p u p’
TaKylo, YTO YTIIOBOE PacCTOAHNE MY HUMU MeHblle v. KakoBo maTema-
TUYECKOe OHUIaHue Urpoxa’

Mycts 3Be3pa p’ nodskHa NonacTh BHYTPh HEKOTOPOit o6aacTu. [loBepx-

HOCTB 9TOii 06;1acTH Gy AeT IPONOPLHOHAIbHA Sin’ % llns v = 7 3Ta noBepx-

HOCTB COBNAJET co Beell cdepoii. ITak, BepoATHOCTL paBHA

sin? J
2 .99
o n Sin 5
sin”® —
2
N(N -1)
Tax kar Bcero 3Be3q IV, OHM MOTYT 06pa3oBaTh 3 nap. Matematu-
yecKoe OxxUJaHue paBHO
L(N ) -sin? 2
2 2°
89. PaccMmoTpuM Mmexanuieckyio cucmemy, Yo ypaBHEHUA UMEIOT ra-
MUJBTOHOB BU[; 7 NEPEMEHHBIX, L1, L2, ... , Ly, ONPEACIAIOT MOJOHEHUE
CUCTEMBI; ellle N IepeMeHHBIX, Y1, Y2, ... y Yo — €€ CKOPOCTU.

IycTh 3amana ¢ynkuua F, 3aBucAmas OT & U y; ypaBHEHUA UMEIOT
BU!
de; _dF,  dyi _ _dF

dt — dy;’ dt —  dw;

Ham usBecTHa F', T.e. 3aKOH JBU#EHUA, HO HEH3BECTHbI HayalbHble
YCJIOBUA.

O6osnaunm z9, 9, ..., 22 u y?, 49, ..., y° 3HaueHun nepemeHHbIX B
MoMeHT ¢ = 0.

KakoBa BepoOATHOCTb TOr0, UYTO 3TH IepeMeHHble UMEIOT KaKkue-TO
onpejlefieHHbIe 3HAUYEHUA B JAHHBI MOMEHT ¢7

Eciv MHe 1aH BepOATHOCTHBIN 3aK0H, 0 KOTOPOMY NepeMeHHbIe TIPH-
HUMAIOT BbllleyKa3aHHbIe HavyalbHbIe 3HAUEHMA, 3aa4a CTAHOBUTCA OJHO-
3HAUHO ompejeneHHol. fI mpejmonarailo, YyTo 3TOT BEPOATHOCTHBIN 3aKOH
IJIA HayalbHbIX 3HAYEHUH 3a]aH.

1Takyio GyHKINIO MPUHATO HAa3bIBaTh raMUIbTOHHAHOM. — Ilpum. ped.
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90. fl cumTaio, YTO BEPOATHOCTh NMPOMOPIUOHATLHA UHTErpaly

/de‘l)dmg...dw?l dyd dyl ... dy°,

rie K — HekoTopasA KOHCTaHTA.

Mo#HO HpeAmoNoKUTh, YTO O HAYAIbHBIX BeIMUYMHAX HUYEr0 Heus-
BECTHO; JOMYCTUM, Mbl 3HaeM TOIbLKO, 4YTO F' nemut Mmemnay Fy u Fy; Tak
Kak ¢yuuuua F = const GymerT MHTerpanoM ypaBHeHUA NBMieHUA (mep-
BbIlt MHTerpan aBuienus), F' octanerca memay Fy u Fs, ecin HayanbHOe
3HavyeHue F' 1emalo B 3TUX Mpenenax.

IIpenpinymuii wHTErpan, B3ATHIA MO0 BCEM 3HAYEHUAM MepeMeHHBIX,
YIOBIETBOPAIOIUM HEPABEHCTBaM

F1<F<F2,

O6yner paBeH 1.

Ecau sepoamuocmuutil 3ak0H 6epen 04 HALAAbHBLY 3HAYEHUL NepemeH-
HbLX, OH OYydem 6epeH U 04 UL KOHeYHulT 3HAYeHU.

JlocTaToyHO 3HATh, YTO (QYHKIUOHAILHBINA ONpENEIUTENb KOHEUHBIX
3HaYeHUil N0 HayalbHbIM PaBeH €IUHHUIE.

Oycrs «',...,4,... — B3HAYeHUA X, ..., Y, ... B MOMeHT t';
Ty.ooy Yy ... — HMX 3HAUEHUA B MoMmeHT t. JlocTaTouHO [OKa3aTh Halle
npejioxenye Tolabko auA 6auskux ¢ u t'. Mycrs

'=t+e.

1A npocToThI A paccMOTPIO Clydail JBYX IIepeMeHHbIX & U IBYX ¥.

x'1:$1+€dd—t—a: +63—£
m'2:x2+e((iﬂ;

u
v = +f:d§jt1 =y - j—i,
yz—yZ_Egi
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DyHRIUOHAILHBII ONPEJeNUuTelb PaBeH

&°F &F &’F &’F
1 + d.’IZ1 dy1 dil72 dyl €d_y% €d.’171 dyz
d&’F d’F d’F d&’F
d:l:l dyz 1+e dxa dyz dyz dyl €d—y%
d2 d’F ___d*F ___d*F
dxl dx1dzs dz1 dy1 dz1 dyz
d’F d2 e d’F 1—e d’F
dxs dz d:l:z dxs dx, dxs dyz

fl 6yny pacrknagbiBaTh ero, npeHebperasd KBaapaToM e. Bce anemen-
ThI ONpeJeNuTeNA, KPOMe [UaroHalbHbIX, — GECKOHEUHO Malble MepBOro
nopagka. [loaTomy Kak MUHUMYM BTOpOi MOpPAAOK OYyIyT UMeEThH Bce cla-

raemble, KpOMe BXOJAL[NX B
_d*F
dll?z dy>

d:z:2 dys d931 dy;
?F d°F

2 2
1-¢2 (22— 1-¢? 27
dxy dy, dzxy dy, ’

TO €CThb onpeneluTel]lb paBeH 1 ¢ ToYHOCTBIO /10 62.

a’F

2
(1 + eid:vl dy1> (1 +e

nin

91. U3 Bcero mpenpiAyliero BBITEKAET, MO HYH#HO Ydeaumsb OYeHb
60abUL0e BHUMAHUE 8bLOODY NOOX00AUE20 8EPOAMHOCIIIHOZ0 3AKOHA.
BepoATHOCTE TOTO, UTO X JEHMUT MEKIY To U X1, BhIpamaeTcA uyepes

HHTerpail
1

[ ot s

To
NP HaXoxJeHUU BEPOATHOCTHOI'O 3aKOHA HaM INpHUAETCA BLIJBUraTh pas-
JUUHble TUNOTe3bl O BUJe QYHKUUHU (, HO Mbl Bcerja OygeM cUUTaTb ee
HeIlpepbIBHOMA.

B ob6mem ciyyae BepOATHOCTb TOr'0, UTO & Y/AOBIETBOPAET KaKOMY-
TO 3alaHHOMY YcCJ0BUIO, OyZeT 3aBUCETh OT BbIOOpa ¢; OJHAKO, 3TO IpPO-
UCXOOUT He BCErJa, U peuleHue HeKOMOPbLT 3a0ay He 3A6UCUM OM 8blO0pa
6epOAIMHOCIMHO020 3AKOHA.
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I[TpuMEP 1. BepoATHOCTB TOro, YTo & MppanUOHAIbHO, Becerga GyneT
paBHa 1, Kak Obl HU Obli1a BhIOpaHa HenpepbIBHAA GYHKINA 0, 8 BEDOATHOCTD
panuoHalIBHOrO & Beerja OyneT 6eCKOHEYHO Maloil.

92. IIpuMEP 2. Bapa6aH pa3pieleH Ha OYeHb MHOI'0 PaBHBIX dacTeil,
nonepeMeHHO YePHBIX U KpacHbIX; OyJeM BpallaTh ero ¢ GoJibIIoil cKopoc-
Th10. Korjga oH ocTaHoBHUTCA, 0[JHA U3 YacTell OKaMeTCcA HANPOTUB (QUKCU-
pPOBaHHOIt CTPeNKU: C KaKoil BepOATHOCThIO 3Ta YacTh OyAeT KpacHoO# uiu
yepHoit?

Puc. 15

lIna nonHoro peueHus 3aiauu TpeGyeTcA 3HATh NMPOU3BOIbHYIO (YHK-
IUIO (p; pellleHNe GyJeT 3aBUCETh OT UMIYJbca, HaYalbHON YTJIOBOI CKO-
pocTu. BepoATHOCTH TOro, UTO 3Ta CKOPOCTb MOMAJET B MHTEPBAT OT Wy

A0 w1, paBHa
wi

[ ot do.

wo

rjae GYHKIMA @ COBEPIIEHHO HEeU3BECTHA.
C nmpyroii cTOopoHbI, MOJHBINA yroa moBopora 6apaGaHa paBeH 6. Bepo-
ATHOCTb TOTO0, 4TO 6 jNexut Memay Oy u 61, paBHa

0,
Z £(6) do.

Me1 TouHO Tak #e Hudero He 3HaeM o f(6). Tem He MeHee BEPOATHOCTh
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TOT0, YTO HYMKHBI ydyacTOK OyJeT KpacHbIM, Bcerja oueHb OIM3Ka K l;

TakuM 06pa3oM OHa He 3aBUCHUT OT f.

fl npennonaraio, 4TO KamAOMYy [eleHUIO Ha GapabaHe COOTBETCTBYET
yroi €; pa3fieuM ocb abeluce Ha 4YacTU, paBHBIE €, 8 B TOUKAX JeleHUA
npoBelieM BepTHKalbHbIe IPAMBIE 10 MepeceyeHuf ¢ KpUBOii

y = f(0).

Tak kak B TouKax JeleHUA IIBET MEHAETCA, A 3aITPUXYIO 06JacTHU, COOT-
BeTCTBYIOIIWe, HAIpUMep, KPacHbIM JIeIeHUAM.

Hcromas BepoATHOCTbL paBHA OTHOIIEHUIO 3alITPUXOBAHHON MIIOIAIU
K IIOJIHOM.

KakoBa Hu Obplna opma KpuBOU, Npu OECKOHEUYHO pacTyIleM 4YHucie

JleJIeHUl 3TO OTHOlLIeHUe 6y}1eT CTPEeMHUTCA K %

JleficTBUTENLHO, MycTh A — MaKcUMalbHbIN YoM, Ha KOTOPbI MOMET
noBepHyThesA Gapabas, T.e. § < A. Ilycrs ¢dyuxuua f(f) HenpepsiBHA 1
nudoepennupyema. Ilyctb, KpoMe Toro, ee nNpousBoOAHAAd He NPEBBLIIIAET
HEKOTOporo Makcumyma M:

IF' ()] < M.

fl nemto A Ha n paBHBIX 4acTeil; MycTh € — ofHa U3 HUX. UMeeMm

£ =

Sl

PaccmorpuMm gBe cocemHue o6GaacTd: pasHOCTb HX IUIOHIafeil MeHbIIle,
ueM e(p — p'), roe p ¥ ' 0603HAYAIOT COOTBETCTBEHHO MAKCUMYM U MHU-
uumy™m f(6) ua atom unrepsane. Ho (y — p') MeHb1ie, uem 2Me: pa3HoCTh
JIBYX IJjouiajgeil MeHble, yeM 2Me2.

Tar kak 3alITPUXOBaHHBIX obnacTeit Z, mbI HaiijeM pas3HOCTb IIIO-

59
Iagy ABYX MOJHBIX o6aacTeil, ecld YMHOMUM pe3yibTaT Ha %, YTO gacT
HaM Me2n unu M Ae.

Pasnoctn mjiomannu OBYyX obaacreit CTPEeMHUTCA K HYJIO BMeCTe C €, U

BEPOATHOCTb OKa3blBaeTcCA paBHOI71 %

Ecau 661 MbI COBEpIIeHHO HUYero He 3Hajau I1po ¢ iU f, MbI ObI HUYET0
He€ CMOTJIM BBIYHUCIUTBL; NPpeJIIPUHUMAaTb BbIYHUCIE€HHUA MOMHO TOJBKO IIPpU
HaJlWu4u HEKOTOPLIX CBeJIeHUl 0 HUX. Ho 3J1eCb HaM OKas3alJloCb JOCTaTO4YHO
3HaTb, 4YTO y f €CThb OorpaHM4yeHHas Ipou3BOJHAaA.
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93. IIpuMmEP 3. PaccMoTpuMm Goibioe YUCIO nAaHem ¢ IpaKkTUYEC-
KU KpyroBeiMU opb6utamu. IlycTb @ — cpegHAA CKOPOCTh OJHOU U3 BTHUX
nnaHet, b — ee JoiroTa B JaHHBII MOMEHT BPeMeHH, KOTOPbI MbI GyneM
cyuTaTh HavalbHbIM. B MOMeHT ¢ ee nonroTra paBHa

l =at +0b.

IIycTh BepoATHOCTB TOro, YTO @ U b yOBIETBOPAIOT ONpPeNEIeHHBIM YCIOo-
BHUAM, paBHa

/(,0(0,, b) da db.

fl 3aABAAO, YTO B KOHIle OYEHBb OOJBIIOrO MPOMEHKYTKA BPEMEHU IIITAaHEThI
O6yoyT OJMHAKOBO pacnpejeleHbl 10 BceM 3HaKaM Jojuaka.

Takum 06pa3oM, BEPOATHOCTH TOTO, UTO [ IeUT B JaHHBIX Npejenax,
He OyJeT 3aBHUCeTb OT (.

HmeM BeposTHOe 3HaueHHe QYHKIUU e™!: ecium m OTIMYHO OT HY-
11, BepoATHOe 3HaueHue Oy/leT CTPEMUThCA K HYJIO NPU HeorpaHUYEeHHOM
Bo3pacTaHuu [. ITo BEPOATHOE 3HAYEHHEe MOKHO 3alucaTh Kak

// e"™(@+) (4, b) da db.

HHTerpupys mno yacTAm, noiydaeM

etm(at+b) eim(at+bd) dp
/ imt ¢ db imt da da db.

Ecau Mbl TONIbKO MPEINoN0#KKUM, UTO ( HellpepbiBHA, 008 BEPXHUX BbIpame-
HUA GYyJYT CTPEMUTBCA K HYJIO.

f1 xouy HailTM BepoATHOe 3HAUEHHE KaKOW-HUOYIb MEPHOINYECKOM
oyuruuu f(l). Popmyna Pypbe naet Ham

FO) =" Ape™™.

BepoAaTHoe 3HaueHMe KakJOro U3 YIEHOB BTOTO pAda, UCKIOYAaA KOHCTaH-
Ty Ay, paBuo 0. Htak, BeposaTHoe 3Hauenue f(l) paBHO
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[Ipeanonomxum, 410
0< l() <l < 27‘(’;

BEPOATHOCTb TOT0, YTO [ JeHUT Memxay ly u I, paBHa

Iy
1 _hi—1
ﬂ/dl_ 2r
lo

1o BepoAaTHoe 3uauvenue pyuruun f(l), paBuoit 1, ecu | nemut memnay ly
u ly, u 0 uHauve.

IIpu Karux yropHo t U ¢ BepPOATHOCThL OyJeT NpPaKTUYECKHU NPONOp-
uvoHanbHa Iy — ly; pacnpefieienue miaHet 6yaeT paBHOMEPHBIM.




I'nABA 9
YcioBHbIE BEPOATHOCTH

94. Tenepb MbI 3aliMeMcA BoIpocaMU, CBA3aHHBIMU C TaKk HasblBae-
MOH yCIIOBHOW BEpOATHOCTLIO.

o cux mop MBI pelany 3aJauy clieAyIOUlero CoiepRaHuA: eclid U3BEeCT-
HO, 4TO [eliCTByeT TakaA-TO NPUYMHA, TO KAKOBA BEPOATHOCTb TAKOI'0-TO
cleICTBUAT

CymecTBYIOT o6paTHble 3aJja4ui: eClii U3BECTHO, YTO IIPOM30IILIO TaKoe-
TO Cle/ICTBUE, KAKOBAa BEPOATHOCTb TOr0, YTO JelcTBOBaja TaKkafd-TO NPU-
ypHa?

JTH 3ajjaud CXOMU C 3adaveil o JABYX YpHaX, B NMEpPBOil U3 KOTOPBIX
fenpIx IIApoB HaMHOro 6oJsblie, 4eM BO BTOPOI: M3BECTHO, UTO BBIHYJIU
Oenblii m1ap, HO HEM3BECTHO, U3 KAKOW YPHBI; ropa3fo 0oJblle OCHOBaHUA
cuuTaTh, UTO ypHa Oblia NepBoOii, a He BTOPOM.

YTo6bl faTh 6ojlee TOUHbIE ONpefieleHNA, He06X0AMMO NPUHATH 0coboe
coryalleHye, KaKk B Hayajle o0cy#aeHnA 1000ro BEepoATHOCTHOIO BoIpoca.

Rorpa uymciio BO3MO#HBIX UCXO0/I0B CPABHUBAIOT C YMCJIOM GIaronpuaT-
HBIX, HAJI0 CIeJUTh, YTOOLI Bce UCXO/IbI GbIU paBHOBepOATHBI. CoraiieHue,
OCHOBaHHOE Ha PaBHOIl BEPOATHOCTHU KaKUX-TO UCXOJ0B, BCErja ocTaeTcA B
JIOBOJIbHO GOJBIION CTelleHU NPOU3BOJIbHBIM.

U3 ronoap! B 32 KapThl BRITALIMIN KapTy, U3BBECTHO, YTO 3TO KAPTUHKA;
KaKkoBa BEPOATHOCTBb TOI'0, UYTO 3TO KOPOJIb?

I[O TOro Kak coObITHE npous3ounnyio, BEpoATHOCTL paBHAJachb OTHOIIe-
HHUIO 4Hucjia Hoponeﬁ K oﬁmemy YUCTY BO3MOMHBIX UCXOIO0B, T. €. '?:12 nin %
Ilocne Toro Kak coGbITHE Ipousounnio, 4Yucio 6JIaFOl'IpI/IHTHbIX HUCXOOOB IIO
npexHeMy 4; YUCJ0 BO3MOMHBIX MCXOO0OB MeEHbIlle, OHO PABHO KOJUYECTBY

4 1

KapTUHOK, T.e. 12. BepoATHocTh cTana 13 WM 33 OHA YBEIHUUIACk.

95. ®opmyaa Baiieca. IlycTh Ha coObITHE MOT'YT MOBIUAThL N pas-
HbIX npuunH, C1, Cy, ..., Cy; BEPOATHOCTH TOTO, YyTO npuunHa C;, eciu B
coGBITUY y4yacTBOBala oHa, IpUBeleT K ucxoxy A, paBHA p;.
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Ecnu 6b1 ™Mbl 3Hanu, yto BoznelicTByeT umeHHO (7, MblI GbI MOIriu
YTBep#AaTh, YTO BEpOATHOCTh A paBHa pj.

lIpennonaraerca, 4To ABe MPUYMHBI HE MOTYT JefiCTBOBATh OJHOBpe-
MEHHO.

llo Toro kak coGbITHe NPOU3OILI0, KaxAaAd U3 3TUX IPUUUH a priori
uMela KaKylo-TO BEPOATHOCTh, KOTOPYIO Al CUMTAIO u3BecTHOM: 1A C; aTa
BEPOATHOCTb paBHANACH W;.

Cayuunoch cobbiTue A: KaKkoBa BEPOATHOCTH TOr0, YTO 3TO ClEACTBUE
npuuunsl C;?

3aHyMepyeM Bce BO3MO#HbBIE U BEPOATHbBIE UCXOMbI M [JIA HATMATHOCTHU
paccMOTPUM KOHKPETHBI MpUMep.

IIycTb B Rammoit us M ypH ecThb () mapoB; Bcero M () mapos uinun M Q)
BO3MOHBIX MCXOJ0B, KOTOPbIE A CYNTAI0 PAaBHOBEPOATHBIMH.

Ypueu1 genarcd Ha rpynnsl Cy, Cs, ..., C,. YpH Buga C; 6yner w3 M;
Buga Co — wsM; ... ; Buga C,, — @, M. A priori BepoATHOCTb TOTO, YTO
Bo3jeiicTBoBaTh OyneT npuuuuna C,,, paBHa

Wn- M _
T = Wp.

B ypuax nesmat Genble wiu 4depHble mapbl. IlycTh, Hanpumep, coObl-
THe A HaCTymaeT, ecid BbIHYT Geinblii 1map. BepoATHOCTb BbIHYTH Genblit
map 13 ypH [epBoro Buja paBHa pj.

B ypuax Buga C; nemut p; () Genbix mapos; B ypHax Buga Cs — pa(@,
..., B ypHax Buaa C,, — p,Q.

Boinyau Genblil map; TpebyeTcA HalTH BEPOATHOCTh TOTO, YTO BbI-
GpanHas ypHa umena Buj C;. Yncno 61aronpuATHBIX UCXOA0OB PABHO YUCTY
GenbIx mapoB B ypHax Buga C;, T.e. &;p; M Q.

[MonHoe YuciIO Bcex BO3MOMHBIX MCXO/I0B COBIAJaeT ¢ YMCIOM BCeX Iia-
pOB, T.e€.

1 p1MQ + @ops MQ + ... + Lpp MQ.

OTHolIeHHe 3TUX ABYX 4yHucela U 6y,ﬂeT, 110 onpeleeHnlo, HCKOMOM BepoAT-
HOCTBIO
wWiPi
wip1 + Waps + ..o+ WPy’

96. Hrak, MOMHO cKa3aTh: BEPOATHOCTDb TOT0, YTO fAelicTBOBala NMpU-
unHa C}, Iocie TOro Kak, MofeficTBOBaB, OHa MpUBela K co6bITHIO A, paBHa
Npou3Be/leHNI0 BEPOATHOCTEN.
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Bo-nepBbix, npuunna C; nonxHa JeficTBOBaTh, a8 BEPOATHOCTh 3TOr0O
a priori paBHa (;; 3aTeM, BO3/eiiCTBOBAB, OHA NMPUBOAUT K coObITHIO A C
BEPOATHOCTHIO p;. [lpousBeieHe BepOATHOCTEl paBHO W;p;.

Ho Bompoc nocTaBieH uHave.

Tpebyercsa, yToObl coObITHE NPOU3ONII0, U TOALKO 3aTEM OHO JOJHHO
ObITh mpunucano npuynte C;. ITo CHOBA NPOU3BeleHUE BEPOATHOCTENA.

BepoaTHocTh TOro, uTo co6bITHE IPOUCXOAUT, PaBHA

w1p1 + Wap2 + ... + WpPns

nycThb (ecau u3eecmuo, 4mo coGbimue npou3ouLl0) BEPOATHOCTb TOrO, 4TO
OHO — pe3yibTaT npuuuHbl C;, paBHa x, TOrla Npou3BeleHue BEPOATHOC-
Tell TOro, YTO cOGbITHE MPOU3OILIO0, U TOTO, YTO OHO — Pe3ydbTaT MPUYH-
Hel C;, paBHO

z - (@1p1 + @2p2 + .+ .. + OpPn)s

OTKyJa
_ W;iP;
w1p1 + Waps + ..o + WnPn”

Wnu unaue, Bo3bMeM GOpMYyITy

(B)(A, eciu B) = (A)(B, ecau A),
npuBefeHHy10 B naparpade 12. [umem

(Ci)(A, ecin C;) = (A)(C;, ecau A).

(C;) — BepoATHOCTHL MPUYMHBI & priori, Korga HeUu3BeCTHO, IPOMIOILIO
au cnenctBue A; 3T0 @;.

(A, eciu C;) — BepoATHOCTH CIEACTBHUA, €CIU U3BECTHO, YTO [JEHCT-
BoBaia npuuuna Cj; 3TO p;.

(Ci, ectn A) — BepoOATHOCTb NPUYUHBI a posteriori, Korga U3BecTHO,
4yTo A MPOM30IILIO0; 3TO Z.

BepoatHocts (A) — KoHcTaHTa, He 3aBucAman ot C;.

Mpeasinymee paBeHCTBO mokasbiBaet, yto (C;, ecau A) mponopiuo-
HanbHO npousBenenuio (C;)(A, ecnmu C;); T.e. & NPONOPUUOHANLHO P;@;.
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97. IlycTh B Hauaie Urpbl NIPOTUBHUK TAHET KapTy U BLITACKUBaeT
KOpOJif; KaKoBa BEPOATHOCTDb TOTO0, YTO 3TO mIynep?
IIycTb Wy — anpuopHasa BepOATHOCThL TOTO, YTO 3TO He IIyJep; Wy —

4yTo IIyJiep. B mepBoM ciyyae BepOATHOCTb BBITALIUThL KOpOJA paBHA %,

Bo BTopoM — 1. A posteriori BepoATHOCTL TOro, 4TO MbI MMeeM Jel0 C
IIyJepoM, paBHa
Wo

Ecnu NPeanoJoHKUTh, 4YTO Wy = Wi, T.€. Mbl HUUEro He 3HaeM O 4YecT-

HOCTH NPOTUBHHUKAa, BEPOATHOCTb paBHa % JTo o4YeHb GONbIIOE YUCIO.

K cuacTbio, B 60/bIIMHCTBE CIyyaeB MOHHO a priori cuuTarh, yTo
wy < w1.

98. B ogpHoil ypHe, ybe cojepUMOe HEU3BECTHO, Je#UT N IIapoB;
MbI BHIHUMaeM IIap f pa3, Kamablil pa3 Bo3Bpaliad BRIHYTHIN 1map B ypHY,
U HaM MonafaioTcA ToNbKO Oenble mapbl. KakoBa BepoATHOCTb TOro, YTO B
ypHe n Genbix mapoB?

IIyctb w,, — anpuopHad BEpOATHOCTh TOI'0, YTO B ypHe 1 GelbIX MAapoB,
a pp, — BEPOATHOCTb TOT'0, UTO BBITAIIUIN (1t OENbIX.

n 1
Pn = <N) .
Korga p mapoB BLIHYTO, BEPOATHOCTL TOrO, YTO B YPHE CONEPMUTCA 7
GeNbIX MApoB, 3aJaeTcA BhINIEyKasaHHOH (popMyJIoii, U Mocle COKpalleHus
I
Ha MHOMHUTENb (%) , 06K a1A o6enx yacTeil 1po6u, oHa paBHa

wpnt
w1 1P+ @ 22+ g NM

99. TpebyeTcd 3HaTh a priori uncna @y, W2, ... , WN, 0 KOTOPHIX MOM-
HO BBIJBUTATh MHOMECTBO TMIOTES.
[Ipeanonoxum, HanmpuMep, YTO 060 COCTaB MIAPOB B ypHe paBHOBe-

POATEH, T. €. BCe W; PaBHEI. Ea}ﬂuoe N3 HUX coBHnajgeT C , T. K. cyliecT-

1
N+1
ByeT N+1 BO3MOHOCTb, BRJIIOYada cnyl{aﬁ, Korja HeT HU OJHOro 6eloro
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mapa. IIpenbiaymas npo6e npeBpaijaeTca B

n/‘
14420 4 .+ NH

Bo BTOpoOii pa3 mpeamnono:kuM, 4TO B YPHY MocieJoBaTelbHO KiIageT-
cA N mapoB, ogHu Genble, [pyrue YepHble, U KamAblil pa3 IBeT onpejess-
eTcd mpebueM.

BepoaTHoCcTh nmono#uTh Oenblit Mmap Kam/blit pa3 paBHa %, a BepoAT-
HOCTb TOr0, YTO B KOHIle n U3 N mapoB B ypHe 6yAyT GelbIMU, olleHUBaeTCA
no gopmyine
m! o m—ao

1 'p °q )
al(m — a)!

rage Hago IIOJOMUThb

3
[
=2
Q
[
3
=
[
()
[
DO

4TO AaeT
aw— (2)
n! (N —n)! \2

Tar, W, — anpuopHas BepOATHOCTb TOr0, UTO B YpHe ObLIO N OenbIX Ia-

poB, — OyJeT nmponopuuoHaibHa OMHOMHUAIbHOMY KO3(G(GUIUEHTY, a B BbI-

paseHUU anocTepPUOPHOl BEPOATHOCTU TOrO ke COOBITUA HaM INpPUIETCA
NpUpPaBHUBATh BCe & K 3TUM Pa3IMYHbIM K03 GUINEeHTaM:

N
“n TN — )

100. Pe3synabTaT GyneT cOBeplIeHHO He [IOXO0} Ha NpeAblIYyIUii.
IIycts N oYeHb BeNUKO;

1# 4+ 28 + ...+ N#

— MHorouJsied oT [N cTeneHu ;1,+1, B KOTOPOM A MOT'y OCTaBHUTb TOJBbKO YJIEeH
N“'H

¢ HauOoJsbllell cTeneHblo, ——
p+1

. Torna npu nepBoit runotese BEpOATHOCTh

cTaHeT
n*(p+1)
S ONeFL D
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3n>
N3

[Ipu BTOpOI rUNOTE3€ OLIEHUM CcliepBa Wy, N/, ecliu (i NO-Npe#HEMY paB-
HO 2.

U, HalpuMep, MpU f = 2 OHa paBHa

s N
n! (N —n)!’

Op-nt=mn
3aTeM OlleHUM 3HaMeHaTelb
Wy 1P+ @y 28 + ...+ N - NP
Ind 3TOro oleHUM BbIpakeHHe
14+e® @ +e¥ @y +...4+eV% N,
3TO He YTO MHOe, KaK pa3jioMeHue
(1+e®)N.
I nBax b1 AudepeHUpPYIO 1O x:
12-e® @0, +22-e2 g+ ...+ N2 V% . oy

YTo6bl HAliTH MCKOMBIN 3HaAMeHaTelb NPU (1 = 2, JOCTATOYHO MONOMKUTh
z=0.

Hrak, 3TOT 3HamMeHaTelb paBeH YJBOEHHOMY K03h(UIUEHTY NpU &

B pasnomenun (1 + €)Y mo creneHAM x; orpaHUUMMCA UIeHAMH BTOPOTO
MOopAKa:

2

N N
1 T\n __ 332 __ 9N X 332
(I+e)" =(2+a+5 ) =27 (1+5+T)

TO €CTh
N Nz  NIN-1) , Ng?
271 2 8 r 4

2
B cro6krax ciaraembIM co cTaplueii cTeneHbto yuciaa N 6yneT NT:UZ. Hcko-
Mblii 3HaMeHaTellb NPUOIU3UTENbHO PaBeH YIBOEHHOMY 3HAaYEHHUIO

T.e 2V -2 N2,

2
V. B
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Taxkum o6pa3om, npu BTOPOIi TUNOTe3€ BEPOATHOCTDL TOTO, UTO B YpHE
JexatT n GenbIX MIapoB, paBHA

_ N e 1
n! (N —n)! N2 oN-2’

OHa OKa3bIBaeTCA ropas[o MeHbIle, YeM MpPU NMEPBOIl rUmoTe3e.
leficTBUTENbHO, NOKa3bIBasA TeopeMy BepHyniu, Mbl BUjgenu, 4To

O4YeHb Mallo, 3a UCRJIIOYeHHneM cilyudaf, korga n u N—n NpakTU4YeCKH paB-

HBIl P U ¢, T.e€. %

101. IBa urpora B maxMaThl ChITPAlU N -+ M NapTHUii: TEepPBBIil BhI-
urpain n, BTopoii — m pa3s. Ecan n > m, To cieayeT NpeanonosuTh, YTO
NEePBbIIl UTPOK CUJIbLHEE.

[Ipu posbIrpeliie HOBOI MapTHH y NMEPBOTO UI'POKA MIAHCOB BBIMTPATh
6oublie.

KTo0-TO, X0pO1IO 3HAIOMUIT UTPOKOB, MOT GbI IPEJCTABUTH BEPOATHOCTh
BBIUTPHIIIA AJA MEPBOro urpoka uucioM p. Ho A, KoTopeiil HUKOTAa HE BU-
Je]l Urpy 3TUX NapTHepOB, HWYero He 3HAIO O p; A NONBITAIOCh HAUTH P
TeOpeTUYEeCKH.

BepoATHOCTE TOro, YTO p NEHMUT MEKAY Py U P1, MOMKHO MPEICTABUTH

Kar
p1

[ 1w dp.

Po

rae ¢yHruua f(p) HeusBecTHa.

BepoATHOCTb TOro, uYTO p NEeMUT Meway p U p + dp paBHa a
priori f(p) dp; ona cooTBETCTBYET W;.

BepoATHOCTH p; COOTBETCTBYET BhIpameHue

(n+m)!
n!m!

n_ m

paq.

B nanHOM ciyvae npuuuHOil 6yaeT TOT (HaKT, YTO NEPBbIil UTPOK BBIUTPHI-
BaeT ¢ BEPOATHOCTLIO P.
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BepoaTHoCTh TOr0, YTO MEPBBIIl UTPOK BHIUTPAET 1 MAPTHI, eclu p —
BEPOATHOCTh BBIUTPATh KaMAYIO U3 n + m napTuil paBHa

n!m!
UYemy paBHa a posteriori BEpOATHOCTH TOTO, YTO P JEHMUT MeHKIY p U p+dp?
3nech @;p;, ecIu 3aMeHUTb ¢ Ha 1 — p, 6yJeT paBHO

" m (M4 m)!
p"(1—p) Wf(l’) dp.
CymMa w;p; paBHa
[ (04 m)!
n+m
/ p"( ot @) dp;
0

3TOT MHTErpai Hajo B3ATh oT ( 10 1, T. K. BEPOATHOCTh P, OUEBUIHO, JIEHUT
B 3THUX Ipejenax.
3a HeoCTaTKOM CBeleHHil 0GbIYHO BBIABUTAIOT runoresy, uto f(p) =1.
Torpa uHTerpan oneHUBaeTCA OYeHb MPOCTO: OH MPUHUMAET BUJ

1

(n+m)!
— (1 —p)™ dp.
nlm!

0

Ero moHo cBecTu K uHTerpany Jiliepa nepBoro poja:

F(n+1)-I'(m+1)

Bn+1,m+1) = Tntm+2)

3mech Bce [-pyHKRIMM — daKkTopuanbl, 1 3TO BbIpaskeHNe — He UTO MHOE,
Kak

n!m!
(n+m+ 1)
Torga uHTerpal, COOTBETCTBYIONIMHA CyMMe BCeX &;p; IONPOCTY pa-
1
BeH ———-——, U al0CTePHOPHas BEPOATHOCTH TOTO, UTO P JIKHT MEKIY P
u p + dp, paBHa
(n+m+1)!
e(p)dp = —————p"(1 —p)" dp.

n!m!
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102. HKakoit cTaHeT BEpPOATHOCThH TOr0, YTO 3TOT UI'POK BbIMTPAET
cnenyiouryio naptuio? Tenepb ee nerko Haiitu. BepoaTHOCTh TOro, 4TO P
AemuT Memay p u p + dp, paBHa ¢(p) dp; eciu 3TO yClIOBUE BBINOIHEHO,
TO BEPOATHOCThL BBIMTPATh CHEAYIONIYIO MapTUIO PaBHA p; B CUIY NpaBUiIa
YMHOMEHUA BEPOATHOCTEH 00heiluHeHe 3TUX JBYX YCIOBUN MMeeT Bepo-
ATHOCTE pp(p) dp.

[IpounTterpupyem gaHHoe BbIpaxeHue ot 0 mo 1:

/1 pe(p) d

Ecau 3amMeHUTDb ¢(p) ee 3HAUEHUEM, MOILYUYUTCHA

1

(n+m+1)!
n' o pn+1 )m dp.

0
JTO cHOBa MHTerpan Jitiepa, U Mbl IPUXOJUM K BbIpaKeHHUIO

(n+m+1)! (n+1)!m!
n!m! (n+m+2)!

Ui
n+1

n+m+2°

Ecnu 61 A npuMeHuUn To ke paccy#iieHue K azapTHOM Urpe, i He UMe
6b1 mpaBa cuntaTh f(p) = 1. JeiicTBuTenbHo, a priori p A0M#HO coOBHAanaTh

c % Torpa f(p) monsua GbITH GECKOHEUHO NP p = %

103. Ilycts N — koauuecmso 6cexr maavlx naamem; CPedu HUX €CTh
onpefeneHHoe yucio M usBecTHbIX. B TeyeHue roga Habmofa0T n MIaHeT,
M U3 KOTOPbIX U3BECTHEI.

Tpebyerca HaiiTu BepoATHOe 3HaueHUe N. ITO 3HAUEHUE He JOIHHO

CHJIBHO OTIMYaTbCH OT %, HO TaKoOW OLleHKU HeJoCTaTOYHO: Haao yuecCcThb

BO3MOKHYIO PasHUIYy Mem/Jy HACTOALUIMM U BEPOATHLIM UMCJIOM IIAHET.
Mpi GymeMm geiicTBOBaThb TaKk: B MEPBYIO ouepefib MPEANONONHM, YTO
HaM M3BECTHA BEPOATHOCTD, ¢ KOTOPO B TedyeHHe roja MO#HO HaGII0JaTh
pealbHO CYUIECTBYIONYIO IJIaHETY; MYyCTh 3Ta BEPOATHOCThL paBHA p; [0-
MYCTUM, YTO OHA OJAMHAKOBA [JIfl U3BECTHBIX U HEM3BECTHHIX ILIAHET.
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Tar Kak MbI Habaogand n IJiaHeT, BEepOATHOEe 3Ha4YeHue N HOOJIKHO,

Ha MEePBbIi B3TIAd, COBIAIATh C %; HO HEBO3MOMHO, YTOOLI 3TO COBNAJEHUE
ObLIIO COBepIIEHHO TOYHBIM: uuciaa 1,2, ..., N uUMeloT coOGCTBEHHbIe Be-
POATHOCTH, KOTOpPbIE A HA30BY Wi, W3, -.. , WN, 1 BEPOATHOE 3HaueHue N
paBHO
w1+ 2wy + ...+ Noy.
Ecau npeanonarathb, 4To p AaHo, a Bce uucna 1, 2, ..., N paBHOBepo-
ATHBI, MBI IpHUAEM, Kak GyaeT MOKa3aHO, K BEPOATHOMY 3HAUEHUIO nT—i-q.

PemuB 3ToT mepBbIil Bompoc, 3aiiMeMcA Apyroii 3ajiadyeil; Mbl MpeaIo-
JOKWJIH, 4TO P U3BECTHO, Tellepb OTKa#eMCH OT 3TOro JONYILIeHUA U onpe-
JenuM BepoATHoe 3HaueHue N Kak pyHRLUIO m u M, 4To JacT HaM pe-

3yJabTaT, OYeHb ONU3KUI K %, KaK MBI U IpeaBUe]n BhIIIE.

104. Wrar, A Ha30BYy Wy alpUOpPHYIO BEPOATHOCThL TOrO, YTO KOJH-
4YeCTBO IIJ1JaHeT paBHO N; PN — BEpPOATHOCTH TOIr'o, 4YTO B I'oJ Ha6JII-O,£[alOT n
IjlaneT, eClii BCero ux N.

AHOCTepI/IOpHaH BEPOATHOCTb — 3TO YCJOBHafA BEPOATHOCTL; OHA BbI-
pamaeTrca Kak

WN * PN
Y onpN

B kauectBe nepBoﬁ rUnoTe3bl HacyeT @ npeanojiosiuM, 4To BCe OHHU

paBHbI; MpebiayInas Gopmyna ynpouiaeTcs:
PN
sz

YT06bI BLIYUCIUTD P, IPUMEHUM TE€OpPEMY O MOBTOPEHMH UcNbITaHuil. Be-
POATHOCTb TOr'o, 4TO U3 N IJlaHeT 3a 1rojg HaﬁH]OZ[a}OT n paBHa

— N! n, N-n
T —a? Tt
eclli p — BepoATHOCTb HabloAaTh J06YI0 pealbHO CYIeCTBYIOIYIO IJa-
HETY; ¢ — BEpPOATHOCTb He HabGIIOAATH €ee.

31ech n — MOCTOAHHAA BeJNUMUYWHA; 3TO HalMeHbIllee BO3MOxHOoe V.
IIyctb N HeorpaHu4eHHO pacTeT,

PN

1 n+1)(n+2
Yoov=pV+ 25 g+ 1)_(2 bt ... =

=p"(1—q)~ ") = F(p, g).
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Ecau s Bocnonb3yiock cooTHoleHneM p = 1 — g, TO

— . —(nt1) _ 1
> pn=p"p =5

Ecnu runoresa 06 @ BepHa, TO BEPOATHOCTH TOT0, YTO BCero ecTb N MiaHeT,
paBHa p - Py -
105. BeposatHoe 3HaueHue N paBHO
> Npy
> PN

Hemuoro npoue Gynet HailTH BepoATHOe 3HayeHue N — n, T.e.

>.(N —n)pn
ZPN '

IIyctb
N!
A= —F"—
n!(N —n)!’

doonv =) Apm- gV,
SV —n)py =Y Ap™ - (N — n)gV "

JlnA oueHku BTOpOro wieHa JocTaTouHo npoauddepenuuposatrs F(p, q)
10 ¢ ¥ pe3yibTaT YMHOMUTh Ha q:

TOoraa

q% = p"q(n + 1)(1 — )~ "2,

nocie auddepeHyupoBanua 3amMeHuM 1 — ¢ Ha p. Ocraerca

(n+1)q

p2

B cuny npegplaymux paccyJeHuil, 3To BbIpaxeHue paBHo Y, Ap™(N —
—n)gN¥ ™. Tar Kag, ¢ APyToil CTOPOHBI,

ZPN =

9

=1
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BEpPOATHOE 3Ha4YeHue N —n paBHO

(n+1)q
»  (n+1)q
i P
p

CJIe,Z[OBaTeJIbHO, BepoOATHOE 3HaUeHune N paBHO

(n+1)q+n: n+q.
p p
dTa BeJMYUHA Majo OTJHMYaeTcsA OT % Kak ¥ npejanonaranock. JleiicTBu-
TelbHO,
ntq_n+l
p p ’

106. Teneps O6yneM cUUTaTh p HEU3BECTHBIM; JOMYCTUM, HAM XOUeTCA
Y3HaTh, C KAaKOl BEPOATHOCTLIO P JEMUT MERIY P U p + dp.
AnpuopHad BEPOATHOCTH 3TOr0 cOOBITHUA, W;, OYJET paBHa

w; = f(p) dp,

rae f(p) — HeusBecTHaf GYHKUKA OT P.
IycTh p; — BEpOATHOCTb TOrO, YTO MPU ONPEAENEHHOM P MPOUCXOAUT
IaHHOe coObITHE, T.e. U3 M miaHeT HaGMIOAAIOT M.

m

— M! m M —
bi= m!(M—m)!p 1

Bce Bo3MosHbie 3HaueHus p aexat oT 0 go 1. Toraa

M1 )!pqu‘mf(p) dp

wipi m! (M —m
S wip; B 1 1 _ '
m {quM " f(p) dp

n+q

KaxoBo BepoATHOE 3HaYeHue N7 YMHOMUM YKUCIUTENb Ha D

U TIPOUH-
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terpupyem ot 0 g0 1. BepoaTHoe 3HaueHue N paBHO

1
—mn+
Z)fp”‘qM —t(p) dp
N =

1

{ p™ g™ =™ f(p) dp

PesyabraT 3aBucut ot f(p); npeamonoxum, yto 3Ta GyHKUMA paBHa 1, a

TaKk#e 3aMeHUM nT—g_q Ha n; 1 —1.

t n+1 -
ST == dp — [pmgM ™ dp
0

1
[pmg™ ™ dp

[pmg™ ™ dp
0

ITonomxum

N=mn+1)J -1,

rage J — oTHolIeHue OBYX BﬁJ’[epOBbIX HHTerpalosB.

T(m)-T(M —m+1)

B (M +1) (M +2)I'(m)
 I(m+1)-T(M-m+1) T(M+1I(m+1)’
T'(M +2)
g Mn-li-l’

", ciegoBaTelbHO,

N (n+1)(M+1)
= —
JTa BelIMYMHA OYeHb GIM3Ka K %, KaK Mbl U 3afABJIAIU 3apaHee.
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TeopI/IH o1IMOOK U cpeJHee apupmMeTUUYECKOe

107. f npeamonaraio, 4To MPoK3BeJeHbI pa3iudHble U3MepeHUs
L1y T2y eov y Ty

OJHOI U TOIl #e BeIUYUHbI; ¢ KAKOW BEPOATHOCTLIO ee HacToAllee 3HaYeHNe
JEeMUT MRy 2z U z + dz?

CrenyeT BBeCTH 3aKOH pacrpejeieHus omu6ok. fI mpeamomomy, 4to
HUCTUHHOE 3HAYEHHe W3MepAeMOl BeJIMYMHBI PABHO z; KAKOBAa BEPOATHOCTH
TOro, YTO pe3ylbTaT HaGIIofeHuA NonageT B MHTEPBal OT X1 00 o1 + dxy?
B n1060M ciiyyae A MOry NpeACTaBUTDb 3TY BEPOATHOCTh Kak dry - p(r1, 2).

Eciun MbI goropopuiuch NPUHATHL 3TO BhIpamieHHe 3a 3aKOH pacipe-
JelleHdA omMO0K, TO ¢ KAaKoil BEPOATHOCTbIO z MONajeT B UHTepBal OT 2
oo z +dz?

dTa 3ajaya Ha yCIOBHbIe BEPOATHOCTH, U MbI GyIeM BLIYMCIATH

wip;

Yo

3,£[er w; — anpuopHafd BEpOATHOCTb TOr'o, YTO Z JIEHUT Memay zZ U
Z+ dZ, dTa BEPOATHOCTD MpeacTaB/IA€TCA Kak

w; = ¢(Z) dz,

rie @ — KakafA-TO QYyHKIMA, 3aBUCALIAfA OT HAlIUX cBeleHuil o z. Yuc-
J0 p; — 3TO BEPOATHOCTH TOI'0, UTO JJ1A HabII01aeMoii BelMYMHbI, PABHOU 2,
pe3ynbTaThl HAOMIOJEeHUI MoNagyT B UHTEPBalbl OT 1 A0 &1 + dryi, OT T2
oo xg + dxg, ..., OT &y A0 T, + dr,. BepoATHOCTH 3TUX cOGBITUI paBHBI

dxl '(p(xlv Z), dl‘z ";0('7:29 Z), ey d$n (,0(93'", Z)

COOTBETCTBEHHO.
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Ho Pi; — BEPOATHOCTb OJHOBPEMEHHOI'O HAaCTYNJI€EHHUA 3THUX C06BITI/II71;
TaK KaK BCe OHM He3aBHCHUMbI, p; paBHa IPOU3BEIEHUIO BepOHTHOCTeﬁ

pi =dxy - des ... degp(zy, 2)e(T2, 2) ... p(Th, 2).
YucauTenb UCKOMOI anoCTePUOPHON BEPOATHOCTH paBeH
dzdxydes...de, Y(2)e(x1, 2)p(x2, 2) ... p(Tn, 2).

UTo6bI HAWTH 3HAMEHATENb Y, W;P;, HAX0 MPOUHTErPUPOBATH 3TO BbI-
pasmeHnue 1o z. [Ipu nenenuu KoHctauThl dry dzs ... dr, UCUE3HYT, U OCTa-
HeTcA

dz - () (21, 2)p(22, 2) ... p(Tn, 2)

~+00 :
_f dz - ‘Lb(Z)QO(iL‘l, 2)80(932, Z) .. (,O(il?.n, Z)

108. JToT pe3ynbTaT HaM Majo 4YTO Aal Obl, eciiu Obl Y HAc He GbLIO
HUKAKUX JaHHBIX 0 ¢ U 1. Ho HacueT ¢ Gblna BbIIBUHYTa TUIOTE3a, KOTOpan
Ha3bIBaeTCA 3aKOHOM paclpe/eleHu OMnOoK.

JTOT 3aKOH He MONYYaloT ¢ MOMOIIbIO CTPOTMX paccy#AeHUil; HoKa-
3aTelbCTBa, KOTOPble MO#HO OBLIO ObI IPUBECTH, OKAMKYTCA, KPOME BCETO
NpoyYero, rpyObIMU; HEKOTOPbIE ONMPAIOTCA HAa YTBep#IeHUEe, YTO BEPOAT-
HOCTh YKJIOHEHHA MpPOINOpIHOHAIbHA caMOMy YRIoHeHuio. Tem He MeHee
BCe BEpPAT B 3TOT 3akoH. Kak MHe ofHa# /bl cKasza’ r.Jlunnmanh, motomy
YTO DKCHEPUMEHTATOPbl AYMAaIOT, YTO TO MaTeMaTHUUYeCKoe yTBepHIeHue,
a MaTeMaTUKU — YTO 3TO Pe3yNbTaT HKCIEPUMEHTOB.

Bor kak npuiien k atomy 3akony ['ayce.

Rorpga mbl uillem, Kakoe 3HauyeHHe Jdydllle BCero NpuaaThb z, HAM HHU-
Yyero He OCTaeTcA, KPOMe KaK B3AThb CPeJHEE OT X1, L2, ... , Ly, KOHEYHO,
eciy HeT HUKAKUX coobpaseHuil 1A o6ocHOBaHUA Apyroro Beibopa. Toraa
HY#€eH 3aKOH pacnpefiejieHud OlKUG0K, COOTBETCTBYIONIUI 3TOMY NMpAaBUIY.
laycc uimer, kKakoii monsHa ObITH (, ¥MoOObl cpedHee 3HAYEHUE O0KA3AAOCH
Haubo.nee 6epOAMHBIM.

109. Ecau dz — KoHcTaHTa, BEPOATHOCTb TOr0, UTO Z JIEKUT B UH-
Terppaie dz, paBHa

$(2)p(wr, 2)p(s, 2) ... pwn, 2) dz

HauGonee BepoATHBIM 3HaUeHUEeM Oy €T TO, IPU KOTOPOM 3Ta QYHRIUA
jJocturaer makcuMmyma. Ilpenmnonosum, 4To MakcUMyM [JOCTUraeTcA MpPU
cpelHeM Zz.
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Cuauana I'aycc mpupaBHuBaeT 1 K 1, 3aTem mnoaaraet, 4To @(x7, 2)
nUMeeT BU] ga(z — .1:1). Kakoit Torga monmHua 66ITh QYHRIUA 0, YTOOBI MaK-
CUMYM

p(z —z1)p(z — x2) ... (2 — Tn)

gocturaicA npu naHHoM z? IlpupaBHAEM K HYIIO Jorapu@MHYecKYIO Hpo-
U3BO/JHYIO NMPEIbIAYIIEro BhIPaMeHUd 1o 2:

@z —x1)  ¢'(z— ) ¢'(z —mn) _
IR I PR R PR
fI o6o3Hauy
Plem)
p(z—a1) Fla).

YpaBHeHUe, KOTOpOe HaJo NPOBEpPUTH, IpeBPaTUTCA B

F(z1)+ F(z1) +...+ F(z,) = 0.

JTo ycloBUe JOJHHO BBINOJIHATLCA BCAKUIM pa3, Korja
rL+xr2+ ...+, =N2.

Al npugam x1, X2, ..., T, Npupamenua dry, dxs, ... , dr,; €ClIi z ocTaeT-
CA KOHCTAHTON, CyMMa BCeX % J0JHA TOe 0CTAaThCA KOHCTAHTOW, U MbI
noJry yaem

F'(z1)dzy + F'(z2)dxsy + ... + F'(xy)dzy = 0,
dry +dxs + ...+ dx, =0.

AT IBa ypaBHEHUA NOJ#HBI OLITL PABHOCUJILHEI, OTKYy/a
! ! !
F'(xz1) = F'(z2) = ... = F'(zy,),
To ecTh F'(x1) — KoHcTaHTa, KOTOPYIO i 0603HAUY a.

F(z1) = a(z — 1) + b,

2
logp(z —x1) = M +b(z—x1)+c
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OnpenenuM KOHCTaHTHI a, b, c.
F(x1) + F(x2) + ...+ F(z,) = Za(z—a:l) +nb=0,
T+ T2+ ...+ xy —nN2Z= —Z(z—azl) =0.

Takr Kak 3T OBa ypaBHEHHA OOJIHKHbBI OBbITH PaBHOCHI/IbHBI, ITIOJIy4YaeM

U MO HO HanucaTb, 4TO

C HaXO0OUTCA U3 yCIIOBUA

+oo
/ p(z —x1)dey = 1.
—00
Cuutan
—a = 2h,
Z2—T1=Y,
HaXo4uM

ply) = \/g”

110. #K.BeprTpaH BbIABUTaeT cleaylolile Bo3pameHu .

DyHKUMA ¢ B3ATa B Buje ¢(z — x1), TOrjla Kak Ha caMoM Jelle OHa
nonHa 6bITh (2, 7). Boiee Toro, Mbl mpeanonoxuian, uto ¥(z) = 1, a
3TOr0 Hellb3fl yTBEPHAATh a priori.

lIpyroe Bo3pameHnue: GyJeT U CpeiHee Haubo.nee 8epOAMHbLM 3HAYe-
HUeM NN 8ePOAMHbLM 3HAYeHUeM! DTO He OJHO U TO HKe.

[IpennonosuM, 4To KaKafd-TO BEIUYUHA T MOMET NMPUHAThH 3HAYEHUA

1,2,...,n—1 umm n,
U KamJoe U3 HUX UMeeT BepOATHOCTb

D1y P2y -+- 5 Pns
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TaRr 4To

Bepoammoe 3navenue x no onpedeneruio paBHO
T=p1+2p2+...+0py.

Hauboaee sepoamnoe snavenue x GyneT COOTBETCTBOBAaTh MaKCHUMalb-
HOMY U3 YHUCel P.

B CllyJdae 3agayu 006 omubrax BEpOATHOE 3Ha4YeHue z coBnaaeT ¢ OTHO-
nieHueM

:Lfoodz cz-P(2)(x1, 2)p(xe, 2) ... 0(Tn, 2)

Tz 6(plan, Ntz 2ol 2

BepTpan rosoput, uto ['aycc gomnsen Gbln McKaThb GYHKIUIO ¢ He U3
ycl1oBuA, YTO cpeJHee GyaeT Haubolee BEPOATHBIM 3HaUEHUEM 2, @ U3 yClIOo-
BUA, YTO cpefHee OyJeT BepOATHLIM 3HAaUEHUEM 2.

111. MoHo moONbITaThCA U36ABUTLCA OT NPUHATHIX HAMHU T'MIIOTES,
uyto p(x1, z) UMeeT dopmy ¢(z — x1), a ¥(z) paBHO 1; MOMHO CHPOCUTH
KaKoW BU[ HY#HO MPUIAThb 3TUM ABYM GOYHKIHMAM, YTOObI cpelHee apud-
METUYECKOE L1, L2, - .. , Ly ObUIO HaMOOIEE BEPOATHLIM 3HAUEHUEM 2.

WHaue roBops, MpPH 3TOM CPEIHEM apUpMETHUYECKOM ONHEeH TOCTH-
raTbcAd MakCUMYM

12
w(z)ﬂo(mh Z)QD(:U% Z) . “‘P(mnv z)‘( )

B Touke makcumyma lorapudmMuueckas MPOU3BOJHAA paBHA HYIIO,
T. €., ecid 0603HAYUTD

den?)

plor, )
Ve
TER

JOJIHHO BBINOJIHATBLCA

F(x1, 2) + F(z2, 2) + ... + F(zy, 2) + x =0.
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JToMy paBEHCTBY JOJ#HO YIOBJIETBOPATL 3HAUeHHUE Zz, ONpeleleHHOe U3
YpaBHeHUA
r1+x2o+ ...+, =n2.

fl mpunam x1, x2, ..., T, OpupaleHud dxy, drs, ... , dr,. 1 npeano-
Jarai, 4TO z He MEHAETCHA U MOClIe/IHee PABEHCTBO MO-TIPE#HEMY BEPHO;
TOrjla Y — KOHCTaHTa, U

dF(z1)
dml

ar dF (z,
ﬂdmz +'.'+ ﬂd{[/’n = O7
d{Bz dmn

dry +dxs + ...+ dr, =0.

dﬂ,’l +

JTO UMeeT MeCTO TOJbKO npu

dF(xy) _ dF (x2) _ _ dF(xy,)
dee ~  dze T dz,
Urax,
dF _ 4
dml =4 ’

rae A’ 3aBUCUT TOJNBKO OT zZ, u
F = Alml —+ Bl,

B’ Tome 3aBUCUT TOILKO OT 2.
HeOﬁXO}lI/IMOG HaM ycCJoBUE€ IIpUHUMAaeT BUI

Ay +x2+...+xp) +nB +x =0,

TO ecTh
n(A'z+ B') +x =0.

9TO paBeHCTBO JOJHHO ObITh BEPHBIM, KAKUMHU Gbl HU GbLIN z ¥ M; TOrAa
x =0,
TO ecTh 9)(z) — KOHCTaHTa, U
A'z+ B'=0.

Bor kakumu cranu Obl paccyspaeHuda ['aycca, ecau ObI MbI 3aX0Tenu
NpPOBECTH UX, IPUHUMafA BO BHUMaHUe IlepBoe 3aMevyaHue Beprpana.
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112. U3 F(z1, z) = A'z1 + B’ nerko BbiBecTH, 4TO
logp(z1, z) = Az1 + B + logf(z1).

3nech logf(x1) ABnAeTCA GyHKUKEN TONBKO OT 215 A U B — (QyHRUuH 0T 2,
npuyem npoussopnbie A’ 1 B’ TakoBbl, 4TO

A'z+ B =0.

Urak,
o(x1, z) = O(xy)eA®1 B,
TakuM 6b1 ObI pe3yabTaT, eclid He HaKIalblBaTh APYTUX YCIOBHIA,
KpoMe nocTynata ['aycca o cpeiHeM 3HAYEHUH.
B dopmyiie yuacTBYIOT iBe IPoU3BoAbHbIe GyHKUUH, § 1 A; B cBA3aHO
¢ A HEKOTOPBIM COOTHOIIEHHEM.

113. Tayccy 0bL10 cieaHo U ApyTroe 3ameuanue. BeianunHa, KoTopylo
Hajo ObLIO NMPUHATHL 3a 2z, He Haubolee BepoATHOe 3HauUeHHe, a BEPOATHOE
3HaueHue. JeficTBUTeNbHO, Haubolee BepoOATHOe 3HaUYeHHEe — 3TO TO, KOTO-
pO€e COOTBETCTBYET CaMOMY OOJIBIIOMY P; OHO MOMET OTIMYAThCA OT BCEX
IPYTHUX, TOrJa Kak 3TU APYrue MOryT GbITh OYeHb ONU3KU MemIy coboii
¥ OYeHb Mallo OTINYaThcA OT ucTUHHOro. OHU He BIMAIOT Ha Haubojee Be-
poATHOe 3HauyeHHe, HO BHOCAT HaubGoJabIIUil BKJIAJ B BEpOATHOE 3HaUYeHUe,
paBHOe IO olpefielleHUIo

T1p1 + X2p2 + ... + TppPn.
BeposaTHoe 3HayeHue z paBHO
+oo

| z(z)p(x1, 2)p(x2, 2) ... p(Tn, 2)dz

— 00

T v, et 2. ol 2) de

(IlBe BennuuHbl MOJ 3HAKOM [ OTIMYAIOTCA TOALKO MHOMKHTENEM Z B YHC-
auTele.)

Hapo BeIGpaTh 9 U ¢ Tak, YTOOBI 3TO BepOATHOE 3HaUeHHe GbLIO cpel-
HUM:

r1+ T2+ ...+,
n .
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114. f npennosoxy, 4To p HAGMIOJEHUN AaIU Pe3ynbTaT I1; P APY-
I'MX — pe3ynbTaT Ts; ... ; HAKOHeIl, p NOCIeJHUX — Pe3ylNbTaT Z,. Yucio p
Be3Jie OJHO U TO ke, il CYUTAIO ero 0YeHb OObUIUM.

B 1Byx uHTerpanax 6yner p MHOMHUTeNEN, paBHbIX ¢(T1, 2), P MHOMKHU-
Teneil, paBHbIX Y(Za, Z), ... , P MHOMUTEIEH, PABHBIX ©(Ly, 2).

I o6o3nauy

D = p(x1, 2)p(x2, 2) ... 0(Tn, 2).

Peub unmer o npoBepke paBeHCTBa

+o00

[ z(z)®P dz

—00 1t a2t ...+ Ty
+00 a n ’
| ¢(2)®P dz

JTO paBeHCTBO AOMKHO UMETh MECTO NPHU CKOJIb YTOJHO GOALIIOM p.
Ecau 661 BMecTo 1ByX [ MbI MMeIH OTHOLIEHHE ABYX Y, HAM ObI MPH-
IIJIOCh PacCMOTPETH APOOb

ar X? +a X+ ... +a, X?
bi XY+ b XY+ .+ b, XE

rae X1, Xo, ..., X, Ob11U ObI QYHKIUAME OT L1, T2y ««. 5 Ly @ A1y G2y «++ 4
Qn, b1, ba, ..., by, — QYHKUMAMH OT Zz.

fI cuuralo Bce BeamuuHbl X mnonoskuTenbHbIMU. KakoB mpepen 3To-
ro oTHolleHud, Koraa p 6eckoneuno pacter? Ilycts X; — Haubonabiuee u3s

Bcex X: npepneinoM GyneT %

HeﬁCTBHTeHbHO, 9TO COOTHOIIEHHWEe MOMHO 3alucaTb Kan

Zak(%)”

S on(Beyr

X
X

Korga p 0eCKOHEeYHO pacTeT, JaHHO€ OTHOLIeHHe nMeeT CBOUM IIpeaelioM

Bce npo6u MeHblIe 1, KpoMe 0JHO, TOi1, UTO cCOOTBETCTBYT k = i. Tak,
i

b
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PacnpocTpanum 3TOT pe3ynbTaT Ha UHTETPAbI

/(pl(z)fbp dz wm /gog(z)fbp dz;

3nech ¢1(z) UTpaeT Ty #e poib, UTO a;, Y2(z) — Ty e, uTo b;. Rakum
Oyner mpejel oTHolleHWA 3TUX uHTerpainoB? IlycTb zp — BearnuuHa, npu
Kotopoii ® mocturaer makcumyma. Ilpemen Gyner paBeH

TO €CThb

20%(20)
¥(20)

JTo0 Zo U OOJMHO CcoBIlalaTb CO CpeIHUM apI/I(I)MeTI/I‘{eCKI/IM.

= Z20.

115. Mbe1 Bo3Bpaliaemcs K npeabiayiiemMy Bonpocy: ¢ goniua noctu-
raTb MakCUMyMa, KOrjJla z paBHa cpeJlHeMY apudMeTudeckoMy. MbI 3HaeM,
Ipy KaKUX YCIOBUAX 3TO UMEET MECTO:

A B
(1, 2) = O(x1)er™ T8,
roe A' u B' — npousBonnbie GpyHruuit A 1 B 10 z — CBA3AHBI COOTHOIIE-
HUEM
Az+B' =0.

Rorpa npennonaraercd, 4YTo ¢ 3aBUCUT TOJbKO OT Pa3HOCTH Z — X1, €€
JorapudMuUUecKasn NPOU3BOAHAA 1O 2,

Az + B/,
JO#Ha UMeTh IepPBYIO CTelleHh OTHOCUTENLHO 2 — X1; TOTa
1 _ 2
plz—x1) = CeA' (z—=1)”,

3mecy A’ n C = 0(x1) — KOHCTaHTHI.

B ofmem ciyuyae, Korja He MpednolaraeTcf, 4TO ( 3aBUCUT TOJNbKO
OT z— 1, B ¢(x1, 2) OCTaeTCA ONPEAEIUTh TP HYHKIUN: BO-NEPBbIX, ¥ (2),
KOTOPYIO Teleph Hellb3A 00bABUThL KOHCTAHTOM, Kak GbLIO CIelaHo MPU Bbl-
unclieHry Hauboliee BEpOATHOrO 3HAYEeHKA; BO-BTOPLIX, O(x1), B TpeTbUX, A.
Yro racaerca B, To ecTbh COOTHOLIEHUE, CBA3bIBalOIIee ero ¢ A.
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116. 3aiimeMcA HeMHOTro Oojiee HMOJHBLIM OIpeeNeHUeM 3TUX TPOU3-
BOJIbHBIX GYHKIMIA.

f1 npeanonoxy, 4To p HaGAIOJEHUI NAIOT pe3yibTaT T1: UX cpelHee
apupmeTHyeckoe OyIeT x1; Torja

P = f(z,)eA+B,

N JOJMHO BBINIOIHATBCA PaBEHCTBO

/zv,/)(z)@p dz =x; /Q/J(Z)‘I)p dz;

OTKYy/Ia
6° /(z — z1)h(z)eP A1 FB) gy — ),

JTO COOTHOIIEHUE JOJHHO ObITh BEPHBIM, KAKUMU Obl HU OBLIU P U T71.
Yucao 0P MomHO ObLIO BBIHECTHU U3-1IOJ 3HAKA f, T.K. OHO He cojep-
MUT z, U MBI HE CMOEM ONpeAeduTh ¢ MOMOIbIO 3TOr0 paBeHCTBa.

117. Wwewm 9(z). Mb1 3HaeM, uto Az + B — QyHKUuA oT 2, 10CTU-
ralomas MakcCUMyMa NIPU z = x1; MyCTh 3TOT MaKcUMyM paBeH u3. fI Mory
HOJOMKUTH

Azy + B = uj — u?;

rge v BelmeCTBEHHO3HA4HO. Taxr e

z

/(z — 1) - P(z) dz

1

— HHTerpai, HOTOprfI Bcerga IoJoxuTeleH U 06pamaeTCH B HYJIb TOJBKO
2

IpU z = x1; TOrJlAa i CMOT'Y CUUTATh €ro PaBHBIM v, OTKYZa
Azy + B = uj — u?,
(z — 21)Y(2) dz = 2v dv.

YToG6bl OKOHYATEILHO ONPEAETUTD U U ¥, HAI0 YTOYHUTD UX 3HAK, T. K. IOKA
MBI onpefenuan Toabko u? u v%. Mbl GyJeM CUMTATh % ¥ ¥ TOJOMUTENb-
HBIMH, €clid z Gonbllle X1, U OTPULATEIbHbBIMU WHAYe; UTAK, u U v Bceraa
OJIHOT'O 3HAKa.

Kpome Toro,

uj = A(zy) - 1 + B(xy).
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Hai HHTerpal ¢ TOYHOCTbIO JO KOHCTAHThI paBeH

/ 2 dve P,

fI MoOry cuMTaTh, YTO v BbIpaMaeTCA Kak GYyHKUUA OT U,
2udv = f(u) du,
¥ Torza
2
/ f(u)e ™ du

JoJeH ObITh paBeH HYIIIO IIPU BCEX P, €ClIU Npefielibl UHTerpUpOBaHUA paB-
Hbl —00 U +00.

118. 3To MomeT clIy4YUThbCH, TOJbKO Korjga f(u) — HevyeTHad QyHE-
uuA. MeHAA v HA —u, MOIYYUM

/f(—u)e_”“zdu =0,
OTKyZa
[0+ s-wle du=0.

9TO COOTHOIIEHHE BEPHO NIPH CKOMb YTOAHO GOABIINX P.
Ecnu f(u) HeueTHo, TO

f(u) + f(=u) =0.

Ecau f(u) He ABAAETCA HEUETHOI, A pasloxy ee B PAJ [0 BO3PACTaOIIUM
cTeneHAM u. MHTerpan He cMoxeT paBHATbeA (0 mpu ao6oMm p. JleficTBu-
TeJbHO,

flu) + f(—u) = au®™ + u 2 + ...

I nonomy
uy/p =&
UHTerpan npeBpaTUTCA B

[ s ) e

P prHl 19
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U OH JOJKeH ObITh TOMIECTBEHHO PaBeH HYIIO.
1
Ecau MBI yMHOMHUM Bee Ha p™t2, mepsoe ciaraemoe He GyleT copep-

1
maThb p, a Apyrue GyoyT; MHTerpaj c MHOMMTeNeM, OIU3KUM K p" T2, npu
oueHb OONBIIKUX P MOYTH COBMAJET C

“+o0
a / e=€ ¢ ge,

—00
a 3TO He HYIb.
WUrag, f(u) monxHa GbITh HeYeTHOH QyHRIHUEN OT u.

119. MbI nonaranu
(z — 21)Y(2) dz = f(u) du.
TuddepeHuupyeM, cuuTas & KOHCTAHTOH, Apyroe ypaBHeHUe IJIA u:
Az +B:u(2] —uz;

nosyyaem
dz(A'zy + B') = —2u du;

HiIn, IOMHA O COOTHOIIEHUU

Az+B =0,
A+ B =A'zy —Alz=-A(2 — x1).
Hrak,
A(z — x1) dz = 2u du,
OTKYyJa
P(z) _ flu)
A 2w’
DyHKIUA @ — yeTHad, 3HAYMT, % He [OJ#HA MEHAThbCA NpHU
3aMeHe U Ha —u.
Memay Tem % — (YHRUUA HE OT u, a OT z, He 3aBUCAILIAA OT T; A

3aABJIAIO, YTO OHA JOJN#HA BBHIPO#JATLCA B KOHCTAHTY.
JlelicTBUTENLHO, A PACCMOTPIO [Ba KAKUX-TO 3HAYEHUA Z, PABHBIX 21
U 2, mpu KoTopbix A u B paBubsl A; u By, Ay u By cOOTBETCTBEHHO; f
BLIGEPY X1 TaK, 4TO
A1 + By = Asxy + Bo;
2

3Ha4YeHue ugy — u2 6y}1€T OOJHUM U TeM #Hie IIPpU z1 U 2z2.
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f(u) 2

Torna KOoTopafd 3aBUCUT TOJbBKO OT u”, TOe 6y,£[eT O,Z[HHaKOBOfI,

i
u
Y(z1) _ P(22)
A(z)  Al(z)
Cef0BaTelbHO, — KOHCTaHTa.

AI

120. Taxum obpasom, Haubojdee 06Ul crocod yIOBIETBOPUTH TOC-
tynaty I'aycca (u3MeHeHHOMY coriacHo Bospasenuio /K. Beprpana Hacuer
TOTO0, UTO CpeJHee COBMAJAET ¢ BEPOATHLIM 3HAUEHHEM) MPUBOIUT K

o(z1, 2) = (31 )e~ S ¥R E—en) dz

121. Paccmotpum

+oo

/H<z_:E1+1172—;...+mn>7

— 00

rae
I = P(z)p(z1, 2)p(@2, 2) ... P(Tn, 2)d2.

A 3afBJIAI0, UTO 3TOT MHTerpajl paBeH HYJlO, T.e. CpelHee paBHO BEpPOAT-
HOMY 3Ha4eHMHlO.

I o6o3nauy 1+ a2+ ...+ Ty

n

:m,

oz, 2)p(x2, 2) .. p(Tn, 2) = 0(x1)0(x2) ... 0(x,)eP.

IlorasaTenb P MOMHO 3allucaTb Kak

p:—/¢(z)[(z—m1)+(z—m2)+...+(z—mn)]dz,

TO €CTb

p= —n/i,b(z)(z —z)dz.

Tenepb ocTaeTca nokasaTh, YTO HYJIIO paBeH ClIeAYIOMIUI HHTeTpal:

/9(-’131)9(.232) e B(mn) (2 — x)z/;(z)e—"fib(z)(z—w)dzdz.
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Ecau MBI MOM0#UM
/(z —)y(2) dz = u?,
OTKyZa

(z — 2)9¥(2) dz = 2u du,

TO JAaHHbI MHTerpan npuMeT BHL[
20(z1)0(x2) ... 0(xy) /ue_"“2du.

OH paBeH HYyIO, €CIM % U3MEHAETCA 0T —0O 10 +00.

122, WUrak, pyHKUHA  3aBUCUT OT 1), a 1) 3aBUCUT OT CBEJeHUIl,
KOTOpbIe MBI MO€M UMETh a Priori o MoBeJeHUN z.

Kpome Toro, ¢ 3aBUCUT 0T yMeHHA HaGIIOAaTeNfd U alpUOPHON Bepo-
ATHOCTH €ro OUIHOKHU.

HeT HMKaKMX OCHOBaHUi{ CUMTaTh, YTO ITU JIBE allpHOPHbLIE BEPOAT-
HOCTH 3aBUCAT ApYyTr otT japyra. CiefoBaTelbHO, eAMHCTBEHHON pa3yMHOM
TUNOTE30/1 NPU HaXo#AeHUU 3aKoHa ['aycca GyeT NPeqNoNoMKUTh, UTO P =
=1.

123. Ocraerca §(x1). Huuro He 3acTaBifieT cUUTaTb 3TY GYHKUHUIO
paBHoi1 1. Hanpumep, n3BecTHO, YTO HEKOTOpble HabGIIOJEeHNA, BPOJEe acT-
POHOMUYECKUX UIU MEPUIHUOHAIbHBIX, NOBEPHEHBI 0COOBIM OMUOKaM, KO-
TOpbIe Ha3bIBAIOTCA JeCAMUYHbLMU.

Korja u3mMepAlOT Kakylo-TO BeJNUYMHY, KOrJa CHUMAIOT MOKa3aHUA
npubopoB, pe3yibTaT OLlEHUBaeTCA [0 KaKOro-TO NOpAAKAa, M HalifieHHOe
ymciao 6yaeT caMbIM GIM3KUM, C TOUHOCTBIO [0 3TOr'0 OPAJKA, K BEeIUUUHE,
KOTOPYIO XOTeJH y3HaThb.

Memxay TeM 3aMeueHO, UTO KaJblil HabMlofaTelb KaeTCA paclolio-
JKEHHBIM K KAKUM-TO KOHKPETHBIM JeCATUYHBIM 3HAKaM; 3TOT GaKT MOMHO
BbIPA3UTh aHAIUTHYECKH, CKa3aB, 4To #(x1) MEpUOJMYHO U JOCTUraeT MaK-
CHMyMa Ha 3THUX AeCATUYHBIX 3HAKaX.

124. Kakoe MHeHMe Telepb JOIHHO CIOMUThLCA 0 nocTyiate ['aycca?
CrazaTb, 4YTO OH HPUHAT BCEMH, He 3HAUYUT OGOCHOBATBH €ro, T.K. MOMET
OKa3aTbCA, UTO HU Y KOTO HET [JOCTAaTOUHBIX CBEJEHUIN O TOM, YTO TaKoe
3aKOH pachpejeieHud OMUuGoK.

Eciu 661 Mbl IDUMEHUJIN Te #e paccy#IeHuA K 22,

s Tt ad+... 4l
z = ) )
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TO IIpuemMiieMoe 3HauyeHue z Ob1710 ObI

\/x%—i—x%—i—...—i—xi
z= n .

Taroe moskeT clIyuuThcAd B cepUM HM3MepeHUl KBajpaTa HeU3BeCTHOI Be-
JAUYUHBI, a no noctyiaTy ['aycca Hamo 6paTh cpefiHee U3 n HalileHHBIX €
HoMolIIbI0 HabMoJeHUi BeIUUnH.

K. BepTpaH npuBOAUT MpUMeEp CO CTPEIKOIl, MOKa3bIBalOllell KBajpaT
usMepdaemoro yriaa. [JonzeH a1 oH 6paTh cpefiHee 110 NOKAa3aHUAM CTPEIKH,
T.€. cpejiHee KBaJpaToB YTJOB, UM HAJ0 B3AThL cpennee camux yriaos? Hu
OJHO U3 BTHX pelleHuil He ObuI0 661 pazyMHbIM. IIpu u3MepeHUU Kamaoro
yria coBeplIaloTCA ABe OMUOKU:

1° omubka B nokasaHuAX npudopa, U BepoATHasA omKuOKa B IOKa3aHUAX
npubopa 6bli1a Obl paBHa cpeJHEMY 3HaUeHUIO YTJa;

2° omubKa oTcueTa, a BepoATHAA olllMOKa oTcyeTa Oblia Obl paBHA Cpejl-
HEMY 3Ha4yeHHUIO KBajpara yria.

125. Tenepb npaBUiIO CpeAHEr0 KaMeTcA JULIIEHHBIM cMbIcia. OqHako
MoYeMy e OHO IMOYTH HUKOrja He moaBoauT Hac? Ilouemy 6paThb cpepHee
OKasbiBaeTcA npaBuibHbIM? [Ipedcde ecezo nomomy, 4mo owubku oveHsb Mma-
AbL.

Eciau Bmecto 2z f usmepsio f(z) u npumensio & f(z) nocrynar Iaycca,

PR COL CORINeY ()

TO U3-3a TOro, 4To r; O4YeHb O6IU3KO K Z, 1 IONy41y

f(@1) f(2) + (w1 = 2) £ (2);

TO e IJA T2, ..., Ly. OTCIOOA A BbIBELY

J(2) = f(z) + 2T A,

Z(ml —2)=0

UMK NZ =21 + T2+ ...+ Ty

Hrak, Mbl NIpUXOAUM K OJHOMY U TOMY e pe3yJbTary, U3MepAeM Ju
MBI HENOCPeICTBEHHO BENMUYUHY 2 WIH KaKkylo-HUOyAb ¢yHKumio f(z) ot
3TOU BEJIUYHUHBI.

TO €CTb



156 TI'nasa 10

126. C gpyroit cTopoHsbl, 6yaeT U NPaBUIbHO OTPAaHUYNBATbCA Ha-
XomgeHneM cpeanero? BymeT nu 3TOT NpUHIMI HeoCMOpUM?

Ecnu B n HabaiogeHusax n — 1 pe3yibTaToB oKa3aluch O4YeHb OIU3-
KU OPYT K ApPYTY, a n-ii oUeHb Jallek OT HUX, cledyeT Ju OpaTh cpenHee?
Pe3ynbTaT 6GbI OUEeHb OTIUYANCA OT IEeHTPA TAMECTH NMepBbIX 1 — 1 HabaIoae-
Huit, n — 1 xopomux HabmoaeHuit. Kakue-To sxcneprMeHTaTOPbI MOy YHIU
OTKJIOHEHHe B n-i pa3: 3T0, MOAHO CKa3aTh, Cllyyail, 3TO IIJIOX0H pe3yabTar.

Ho Torga mbl Bo3bMeM BelUYMHY, KOTOpasa y##e He OyneT cpeHeii;
HalllIMCh OCHOBaHUA OTOPOCUTHL MOCTYJaT.

Korpa npunumaeTca 3akon 'aycca, BepoATHasA omuGKa B cpeJlHEM paB-

Ha %; Tak 4TO IIPU yBeJNUYEeHUU 4ucia HabmaoaeHuil Mbl GyeM moiaydaThb
n

Bce GOnbIny o ToYyHOCTh. OgHAKO, U3MepAA OJUH METP MUIIHOH MUIIUOHOB
pas 6e3 BepHbepa', MBI HMKOT/Ja He OLEHMM ero ¢ TOYHOCTBIO 0 MUIIU-
MeTpa, 10 MUKDOHa.

Bopouem, 3T0 06bACHUMO: NpU HaGIIOJEHUHM OUYEHb MAJbIX BeIMYUH
Helb3fl OTBeYaTh HY 3a UTO; Y FUNOTE3bl, YTO OMUOKA JEHUT B IPOMEKYT-
Ke oT (0 10 1 MMKpOHa HET HUKAKUX NMPEUMYIIECTB Mepe] T'MIoTe30ii, YTOo
omnbKa IeAKUT B IPOMERYTKE OT 1 10 2 MUKPOHOB.

127. B XI rnaBe A, KpoMe TOro, yCTaHOBIIO CleAYIONUYIO TeOpeMy:
Kozda Gepemcsa cpednee, keadpam donywennotl owubky paser

(z— xr1 +m2+...+mn)2
n .

I'aycc mokassiBaeT, 4TO BepoATHOe 3HaUeHUE DTOr0 BhIPa#eHUA cTpe-
MUTCA K HYIIO, KOr'Jla n HeOrpaHUYeHHO Bo3pacTaeT, KaKoB Obl HU ObLI 3aKOH
pacrnpejeneHud OlNO0K.

JTOT pakT 000CHOBLIBAET BLIGOP CpeHEr0: OHO CTAHOBUTCA Bce Oonee
u Gojlee BepOATHBLIM II0 Mepe pocTa 1, He O0yy4d caMbIM BepOATHBIM.

Ho 3T0T cnoco6 onpaBaaThb BbIOOP CpeJHEr0 He3a8UCUMO O 3AKOHA pac-
npedeneHun owubok, ABNAETCH, Tak CKa3aTh, OIPOBEP#KEHNEM paccyskIeHu i
l'aycca, n310#€HHBIX BbIIIE, T. K. 3TH pacCcy#AeHUA NOJMKHbI ObLIN yCTaHO-
BUTb, YTO KaKOI-TO OYeHb YaCTHBIN 3aKOH — eJuHCMBeHHbLIl, CIIOCOOHBIN
onpaBJaThb OJWHAKOBOE€ MCIIOJAb30BaHNe CpeJHero Ha npakTuKe.

IBepHbep — MexaHHuYecKoe yCTPOICTBO, MO3BOJAIONIEe OCYIIECTBAATh TOYHYIO Ha-
CTPOIKY M3MepHUTeNbHbIX NpubopoB. — Ilpum. ped.
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JlocTaTOYHO CTPAHHO, YTO ITUM ONMPOBEP:KEHNEM MbI 00fi3aHbI CAMOMY
Tayccy.



I'maBa 11
O6ocHoBaHUe 3aKoHAa I‘aycca

128. MpubI 6ygeM paccy#aaTh B cleAylolleM NopAaKe:

1° HaiiieM, KaK 3alKiCbIBaeTCA BEPOATHOE 3HAUEHHUE p-ii CTeNeHu omub-
KU, eclid BepeH 3akoH ['aycca;

2° moKkakeM, UTO TaKoe BbIpasieHNe BepOATHOI'0 3HAUYEeHUA CYI[eCTBY€ET
TOJILKO Il TOr0 3aKOHA;

3° HaiifieM BbIpateHU€ BEpPOATHOTO 3HAUEHUA [JIA MPOU3BONBLHOIO Be-
POATHOCTHOI'0 3aKOHa;

4° cHoBa HaiileM 3TO BblpameHHe B clyyae, KOTJa pe3ylabTHpYlollad
omuOKa paBHA CyMMe MHOTHX YaCTHYHBLIX OMIMOOK, He 3aBUCAIIUX APYT OT
npyra;

5° HaiiieM, KAKMM CTaHET 3TO BbIpajkeHHe, KOT[a YacTHUYHbIe OIUOKU
O0YeHb MHOTOYUCJIEHHBI U OUYeHb MaJlbl;

6° moayuuB TO e BbIpameHue, UTO U JJif 3aKkoHa ['aycca, cienaem BbI-
BOJ, uTo 3aKoH ['aycca monmeH ObITh BepeH BCAKUI pa3, Korja pe3yibTH-
pytomas omubKra cKiagblBaeTcA U3 OYeHb MallbIX, OUeHb MHOT'OUYMCIEHHbBIX
1 He3aBUCHUMBbIX YaCTUYHBIX;

7° MOMYyYUM TOT #e pe3ylbTaT APYTUM COCOOOM.

129. Ilyctb usamepseTcA BeluuuHa z. BepoATHOCTH TOr0, 4YTO pe3yilb-
TaT U3MEPEHNA JEeMUT MeMAY T1 U &1 + da1, MONHO NPeJCTaBUTh KaK

p(x1, 2) dey.

RKak yme 6bu10 ckasaHo, ['aycc mpepmonaraet, 4To ¢ 3aBUCUT TOJbKO
OT z — x1; TOrJla BEPOATHOCThL OymeT paBHa ¢(z — x1)dxy; Gonee TOro, oH
IpeJHoNaraeT, YTO CUCTEMaTUUECKUX OUTHNOOK HET, T.e. ¢ — 4YeTHafA QyHK-
IUA U HEe MeHfleTcA NpH 3aMeHe X1 — 2 Ha 2 — X7.

IIycTs y; — omubka;

Y1 =1 — =.
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Beposrnocth paBHa ¢(y1)dy;. Ham Hapmo GymeT paccMoTpeTb BepoATHOE
3HaueHue y; U, B Golee oblIeM ciydae, y}; oHO GyleT paBHO

+oo

/ o(y1)yt dy.

—00

Tar wak ¢ — uyeTHaA QYHKIUA, 3TOT WUHTErpajl paBeH HYJIO NPU HedeT-
HBIX P.

. OKHO caeliaTh Ba HAOJIWJeHUA 1 U Y2, U paCCMaTpuBaThb Be-
130. M 6 , ,
" mi, M2

pPOATHOE 3HayeHue Kakoi-HUOy b QYHKIUMY OT Y1 U Yo, HAIPUMED, Yy 'Yy .

H CThb 1) — BEPOATHOCTBL TOr'o, 4TO IiepBaf omubKa NeMUT MeH-

9
oy y1 4 y1 + dy1; ©(y2) — BEPOATHOCTb TOTrO, YTO BTOpAA OMIMOKA JEHUT
MemIy Y2 U Yo + dyz.
€pPOATHOEe 3HaYeHue I10 olIpeaelIeHUuI0 paBHO
B {nl 5"«2

// Y1 ys 2 (1) e(ye) dyr dya,

UHTEerpainsl 10 Y1 U 10 Y3 B3ATHI OT —00 OO +00.

Tak Kar GyHKUMA 104 3HaKOM [ paBHa IPOU3BeJEHUIO GYHKLNU OT Yy
Ha GYHKIUIO OT Yo, @ BCe NPe/iellbl UHTErPUPOBaHUA IOCTOAHHBI, HAIl JBOM-
HOIl uHTerpai GyfeT NPOU3BEAEHUEM JIBYX NMPOCTHIX:

/yf”so(yl)dyl /yé”w(yz)dyz.

PaBeHcTBO MHTerpajioB NOKa3bIBaET, YTO BEPOATHOE 3HAUEHHE NPOU3Beje-
HUA PaBHO NMPOU3BEJEHUIO BEPOATHBIX 3HAYEHUN.

KoHeuHo mpu 3TOM /1Ba MHOKUTENA AOMHHBI GbITh Pa3iUYHbI: BEPOAT-
HOe 3HaueHue Y, Hanpumep, He GyleT KBaJpaToOM BEpOATHOrO 3HAYEHUA Y2 ;
HO BEPOATHOE 3HAUEHHE Y545 PABHO NPOM3BEJIeHNIO BEPOATHBIX 3HAUCHUH §/2

v y3.
131. Ilycth my — Hyab. B unterpane

+oo

/ ©(y2) dy:

—00
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MBI OOJIAHBI IOJYYHUTh €eJUHUYHOE BEPOATHOE 3Ha4YeHue, T. €. ]., Mexay TeM

O4YeBUJOHO, YTO
+oo

/ e(y2) dyz2 =1,

— 00
TaKk Kak 3TOT UHTerpal BbIpaxaeT BEPOATHOCThL TOTO, UTO Yo JEKUT MeEH-
oy —o00 M 400, T.€e. BEPOATHOCTE JOCTOBEPHOI'O COGLITHUA.

132. Ecau npousBefieHO MHOTO HaGIIOAEHU Y1, Yo, ... 5, Ypn, TO BEPO-
ATHOE 3HaueHHe KaKkoi-To GYHKIMM 1) OT 3TUX HAOMIOJEHUN paBHO

/90(2/1)90(92) e 0(Yn)V(Y1s Yor o s Yn) dyr dya . . . dyy.

Ecnu ¢yHKuMA 1) HeueTHa, CHMMETPUYHbIE YAaCTU UHTerpaia 6yyT nomnap-
HO PaBHbI U NPOTHUBOMOJNOHBI 10 3HAKY; TaKoil UHTerpal paBeH HYIIO.

133. A BosBpamawchk k runorese ['aycca:

o(y) = \/ge"”’g-

Torjga BepoATHoe 3HaveHue y>*Pt! paBHO HyqIO; WIlEeM BepoATHOe 3Haue-
Hue y>P: N0 onpefleeHUIO 3TO

+oo
/ \/ %e“’”ﬁyz”dy.
— 00

CHauana 3aMeTHM, UTO
+0o0
h —hy? _
/ \/;e dy=1
— 00

/e'hy2dy N

I nudpdepennupyo 3T0 paBeHCTBO p pa3 1o h:

[ = vt (-3) (-8) (-5) - (<25

nin
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3HaK «—» IMMOBTOPAETCAH p paad ClipaBa M cjieBa; ciiegoBaTellbHO, OH HCYe3aeT:

1-3-5...2p—1
/’W y*Pdy = \/rh™"73 2p(p ),

C nopyroit cTOpoHBI,

2:-4-6...2p=27.pl,

hy? ~1 1 (2p)!
/e My dy = /ThP 2117 o

BeposaTHoe 3Hauenue y?P ecTh Npou3BefieHHe 3TOr0 HHTerpajia u \/E; UTaK,

o L (2p)!
yr hP pl 2210

134. IJToT pe3yabTaT moiaydeH npu rumotese ['aycca:

=
>
<
[

oly) =\ ze "

3

BO3HHMKaeT Bompoc: 6yaeT nu 3akoH ['aycca eqMHCTBEHHBIM, JalOUUM TaKkoi
peayiabrat? [a, oH eAMHCTBEHEH.
Nmem BepoATHOe 3HaUYeHME

2
e~ (yo—y)*

Ilo onpeaelieHruIo OHO paBHO

+00
/ \/ée—hyze—n(yo—y)zdy’

JTOT UHTErpajl MOKHO BHIUUCIUTD HENOCPEACTBEHHO; TaKKe MOMHO pasiio-
2
#uTh e~ "(¥0~¥)" B pan, cXoAAmMUIACA IpH BeeX 3HAUEHHUAX Y,

e~ n(wo—y)? ZAP?/

Otcrona

+o0
/ \/ge—hyze—n(yo—y)zdy - E Agpy?P.
— 00
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TouHo Takse U And Opyroit pyHKOUU @

+oo

— 00

ITo nawedi 2unomese cpefuue 3HayeHus y*P OJUHAKOBLI B 0GOUX CIYy-
yanax. Toria oTHolIeHUe OBYX WHTErpanoB paBHO 1.

Tak Kak 3TO OTHOIIEHWE OCTAETCA OJAHUM M TeM e, KaKuM Obl HU
6bLIO 7, BOCNONb3YeMCH NOKa3aHHON TeopeMoil.

IIpenen otTHouieHun

[ Ay)e™(y) dy
[ F2(y)e™(y) dy

npu 6ecKOHeYHO OOJBIIUX 7 PABEH

J1(yo)

7 /.
fz(yo)
ecili B IIpefleNiaX UHTerpupoBaHusf ¢(y) AocTUraeT MakCUMyMa IpU Y = Yo.

2
B namem ciayuae e~™(%0~%)" gocTuraeT MakcuMyMa IpH y = Yo} Ipeged
OTHOIIIEHUA BYX MHTErpajoB paBeH

olyo)

Takr Kak 3To oTHOILIEHHE BCerga ocraeTcA paBHbIM 1,

<p(y0) = \/ge_hygv

rie 3o GbLIO B3ATO COBEPILICHHO IPOM3BOIbHO, T. €. 3aKkoH ['aycca — eqUHCT-
BEHHBII, IPI KOTOPOM BepOoATHOe 3HauyeHHe y2P coBHajaeT ¢ MpUBedeHHbIM
Bbimre. (13)

135. IlpenmonoskuM, UTO UMeeTCA KaKOI-TO 3aKOH paclpejeleHUd
onIuboK.

IIycTh 6b10 cuenaHo n HaGNIOAEHUI, KOTOpbIE Jald 7 UHAUBUIYaTb-
HBIX OIIUOOK Y1, Y2, ... 5 Yn. BO3bMEM cpeHEE OT BTUX HAOMIONEHUI: MbI
JoycKaeM OIUOKY, paBHYIO cpeJHeMYy OT MHAWBUAYaIbHBIX OLIUOOK:

Yrt+y2t+...tYn
o .
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I‘aycc nmpenmnojiarajd BBIYUCIATH BEPOATHOE 3Ha4YeHHEe KBajapara 3TOM
OIJ.II/16HI/I; I10 ommpeaelieHnIo 3TO HHTerpaili

2
+y +...+
/w(yl)w(yz)...w(yn) (yl 92 m y") dy, dys ... dyy.

fl pasnomy kBajpar:

(yl +yz+.-.+yn)2 _ X 28w

n n2 n2

I/ICHOMOE BepOﬂTHOe 3HayeHue paBHO
— _
D yi N 2>

n? n?

BeposaTHoe 3HaueHue IPpOU3BEEHVA Y1 Y2 PABHO ¥1 X J2; TAK KAk QYHRIUU Y
U Yy HeUeTHBI, Y1 U Y paBHbI Hyd1o. OcTaetca

Yyr+yY2+ ...+ Un
n .
WHTerpan cBOOUTCA K CyMMe 1. HHTerpajioB; HO B Ka#I0M U3 HUX y4acTByeT
ollHA U Ta #e QYHRIUA

e(y)e(y2) - - o(Yn),

yMHOMeHHaA Ha Y3 dy;, uin y2 dys, ..., unmd y2 dy,. DTO ONUH U TOT e
MHTerpaj ¢ TOYHOCTBIO 70 0603HAUEHHIA.
B uTore BepoATHOe 3HauYeHMe KBajpaTa OIIMOKM PaBHO
2 o2
"Mr_ Y%

TL2 n

TakuMm o6pa3om, BepoATHOe 3HaUeHUe KBajpaTa AONMYLIeHHO! omN6KU
paBHO KBaApaTy BepOATHOro 3HaYeHUA UHJUBHUAYalbHON OMUOKU, [elneH-
HOMY Ha n.

JTOro cBOICTBa JOCTATOYHO AJA 0GOCHOBaHHA MeTOJa CPEIHUX; 3TO
CBOMCTBO BBINMOJIHEHO, KAKUM Obl HU GbLI 3aKOH paclpeeleHUud OMUO0OK.

B no6oMm ciyuae, Kak Mbl BHAENU B IpeAblaylueil riaBe, TOIbKO IJIA
3arkoHa ['aycca cpegHee OygeT HaubGonee BEpOATHON BelUUYUHOM.

Ina mo6oro gpyroro BepoATHOCTHOrO 3aK0HA cpejiHee OyIeT sce Go.uee
u bosee 6eposmHbLM, KOTAa HAOMIOJeHUIt IPOBOANTCA Bee Boblle U 6oblie,
HO OHO TaK U He cTaHeT Haubolee BepOATHBIM 3HaUEHUEM.
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136. Hmem BepoATHOe 3HAUYEHHE

(y1+y2+-~~+yn)2p+l.
n 9

9TO0 HeyeTHafa (I)yHKI.II/IFI, KOTOPYIO MBI BO3BOAWM B HEUETHYIO CTelleHb: Be-
PoATHOe 3Ha4YeHHe NOJMHO PaBHATLCA HYJIO.
I/IIJ.IeM BepoATHOEe 3HaUYeHue

2
(m+m+m+%)p
- )

Ilo dopmyie, o6ob6maromeii Gpopmyity 6uHOMA,

(2p)!
(m+m+m+mW22kﬁETTF%y2mﬁ“

rae
ar+oaz+...+a, =2p.

Hajo B3ATH cpe/iHee 3HaUYeHHUe KaJOro claraeMoro i pasieluTh ero Ha n2P.

CpelHee 3HaueHUe BbIpaKeHUIl, Y KOTOPbIX OUH U3 MOKa3aTelell o HeYeT-

HbII, paBHO HYNO0. [IAA Toro 4To6bl 3TO BhIpaseHHe OKa3aloch OTIUYHBIM

OT HYJIfA, BCe MOKAa3aTelu JOJH#HbI ObITh YETHBIMHU.

137. B rauvecTBe nmpumepa Bo3bMeM

(il/1+y2+---+yn)4-

Bce a MOryT 6BITh YeTHBIMM TOJNBKO B ABYX CIy4afX:
1° a1 = 4, ocTanbHble HYJH;
2° a1 = g = 2, 4TO NPUBOTUT K CyMMe

Elh +62y1y2

3necb R — cyMMa 4JIeHOB ¢ HYJIEBBIM CPeIHUM 3HaUYeHHeM; K03pPULUEeHT

1
npu Y y3y3 pasen % = 6.
PaccMoTtpum ere
(1 + 92+ + ).

Bce a MOT'yT ObITh YEeTHBIMHU TOJBLKO B Tpex cilyvdafax:
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1° ap = 6;

2001:4, 02:2;

3°a; =ay =as =2.

Eciu R — CyMMa 4JIeHOB C HYJ/eBbIM CPpeIHUM 3Ha4YeHueM, To

W+ge+ ) =) sf+15D ylyd +90) yiysus + R

'

Koadduuuent npu 3. yiy2 pasen % = 15; koadpuunent npu Y. y2y3y2
6!

paBeH m = 90.

Yenosumen o6osHauath M), cpentee sHaueHue . Bo-nepBbix, cpentee
snavenue (y; + ys + ...+ yn)? paBHO

(y1 +yo + ... +yn)t —nM4—|—6¥M2

HNelicTBUTENbLHO, B Z y‘f BCe WiIeHbl UMEIOT OJHO U TO iKe cpeJHee 3HaYeHue,
a UX n WTYK; B Zy%yg BCe YJIeHbI TaKiKe MMeIOT OJMHAaKoBOe cpejHee, U
n(n —1)

X 73
CpenHee 3HaueHue (y1 +y2+...+ yn)6 OyneT paBHO

n(n — lg(n -2) Mg

MTYK.

(yi+y2+ ... +yn)® = nMsg + 15n(n — 1) My M, + 90

B Y y}y2 cTonbko cnaraeMbIX, CKOMbKO €CTh pasmeujenull u3 n GyKB 10 2;
Torga Koadouunent npu MyM, paBeH

15n(n — 1).

138. MosHO NPOJOTHUTH BbIYUCIEHUA A JPYTUX 3HaUeHU 2p; BbI-
pakeHuA cTaHyT Bce Oosee U Gojlee CIOHHBIMU.

[IpumeM Bo BHMMaHHe, UTO 1 OYeHb BeIMKO; B NpaBoil yacTu GyAyT
ciaaraemMele ¢ n, n2, n u T. 1.

IIpu npubnUMEeHHBIX BEIYUCIEHUAX MOMHO paccMaTpuBaTh TOJIbKO cla-
raeMble ¢ caMoii BhICOKO# cTeneHbio n. laa 2p = 4 ato 3n2M§; oA 2p = 6

ato 15n® M3. Urar, cpepunas omudKa

_Wtyt...tya
= m R
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BO3Be[JeHHaAd B 4eTBePTYIO CTelleHb, NMeeT BepOATHOe 3HaUYeHne

_3(M2) ,
o)

HaﬁHEM 9TO BEPOATHOE 3HaYCHHE B o0111eM CllyJae:

IJIA MIeCTON CTENeHU nojayydyaemM

Wyt tm)? =) al'ag .y, vz Yyrye "

Bo BTOpOIt Y mepecTaBIAIOTCA TOABKO MHAEKCHI NIPH Y.
CoxpaHUM JIHIIb Te claraeMble, Y KOTOPBIX BCe (¢ YeTHBI; BEPOATHOE
3HayeHUe OCTalbHBIX paBHO Hymo. [lonyuaem

2p)!
(Wit yat...tyn)?P= ZLNMMMM...MQ

arlas! ... ap! n

JleficTBUTENBHO, y BCEX claraeMbIX BO BTOPOIt Y,

Doyl

OJHO U TO e BepoATHoe 3HaveHue. IlycTb N — HUX KoIM4YeCTBO; OlleHUBa-
em N.

139. Cuauana g npenoiomy, 4To o = ae. Eciu Mbl ToMeHsieM Mec-
TaMHU Y1 U Y2, NOLYUUM TO ke caMoe ciaraeMoe. Ecau 661 Mbl yUUThIBaIU
NOpPANOK, TO y Hac OblI0 Obl CTOJABKO cllaraeMbIX, CKOJIbKO €CTh pa3mMelle-
HUit o 2 u3 pu 6YKB, BBIOPAHHBIX U3 N 6YKB Y1, Y2, ... , Yp; TOrJa ObI HALIU
claraemble NOBTOPAINCE.

Ecnu 6b1 Bce p mokasaTeneil 6bu1u pasianyHbl, To N 0110 GbI paBHO

. !
YuCIy pasMelleHuil u3 n GyKB 10 fi, T.e€. ﬁ
n—u)!
fI cuuTalo iy NoKasaTeleil paBHBIMU (t1, fta PABHBIMH (g, ... , [i PAB-
HBIMHU (t); KPOMeE TOrO, A CUUTAIO, UTO (1, A3, ... , () PA3IUUYHBI, U

p1+pe e+ = e
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fq paccMaTpuBalro OJHO U3 paSMeI.HEHI/Iﬁ C TAaKMMHU IOKazaTelIAMUu; A KaKuM-
TO 06p830M MEHAI0 MeCTaMU [ 6yHB C IIORa3aTejleM (1, U2 6yHB C IMOKaasa-
TelleM 2, ... , UL 6yHB C IIoOKaaaTelieM Q. COOTBeTCTByIOH.Iee cjaraemMmoe
He MeHAeTCH; clleJoBaTelbHO, OIHO U TO e cllaraeMoe MNOBTOPAETCA B

pal e el e !
pasmemenuax. Toraa
_ n!
(n—p) gl ol
nn—1)...n—p+1
NERTURS RUUEYES )}
e posc ... fge

3uauut, N — MHOrouleH cTeneHu p ot n. Hanbonbiee 3HaueHue, KOTOpoe
MOK€eT NPUHATH L, paBHO p. [lelicTBUTENELHO,

ay+ag+...+a, =2p.
Bce o yeTHbI, U MakcUManbHOE 3HAUYEHUE (4 COOTBETCTBYET Habopy
a1=a2=...=au=2.
Nrak, cpea N ecThb TOJbLKO OJHO cjlaraeMoe CTENeHH P OTHOCUTENBLHO 7
NpU HalleM MOPAJKe allpoOKCUMAaIUU Mbl JOJH#HbBI COXPAHUTH TOJIbKO €ro.

Ilna aToro ciaraemoro /N paBHO

nn—1)...(n—p+1)

N = , .
p-:
JeficTBUTENbHO, €ClIU BCE (¥ COBIANAIOT, MOy YAETCH, UTO BCE Li1, (42, - - 5 [k
CBOOATCH K
pr=p=p,  p2=...=pp =0

B 3anucu uyucaa N ciaaraemoe ¢ n? paBHO

np
I
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140. C apyroit cTOPOHBI, (1, (2, ... , (¢, PABHBI 2, U
Ma1: Qg = e = au:M29

rie M, — BepoATHOe 3HaueHUe KBajpaTa MHINBUAYAIbHON OMOKHU, §2.
Uraxr, BepoaTHoe 3uavenue (y; + y2 + ...+ yn)ZI’ paBHO

(2p)' n? D

22 gl 2

(Y1 +ya+...+yn)?P =

BeposaTHoe 3HaueHue y*P HaiifieM, pasjenus Bce Ha nZP:

o () (%)

Copl2r \ 1

CpaBHI/IBaeM C pe3dyJabTaToM, OJY4YEeHHbIM MJIl 3aKOHa I‘aycca; JOJIHHO BbI-
n

INOJHATHLCA paBeHCTBO
1\ _ (%)"
o) ~\n /)’
2M,*

Toabko 3akoH ['aycca npuBOAUT K 3TOMY BbIpaKeHHIO BEPOATHOrO 3HA-
YyeHUA OMIUOKU.

Ecnu 3apaHee 3HaThb, YTO CHUCTEMAaTHUYECKUX OMIHUOOK HET U MPOU3BO-
IUTCA OYeHb MHOTI'0 HaGIIOJeHUii, TO, B3AB UX CpelHee, MOJYyUYUM OUIUOKY,
BEPOATHOCThL KOTOPOi moAguynHAeTcA 3akoHy ['aycca.

Omubra, monmylieHHad MPU UCMNOIb30BaHUU UHCTPYMEHTOB, ABIAETCA
pPe3yJIbTaToM OuYeHb OOJBIIOr0 YKcia MalbIX OMIMOOK, He 3aBHCANIUX OPYyT
OT JApyra, TAaKMX, UTO BKJAJ] KaxI0i W3 HUX B KOHEUYHOE 3HaYeHUEe OYeHb
MaJ; pe3yJbTUpYyIollas omubKa NOJUUHAETCA 3aKOHY Faycca(14).

um h =

141. IlocTaBuM 3amauy Ho-ApyroMy.
B naGniofeHUAX OOMYIIEHO HECKOJNbKO WHIWUBHUAYAIbHBIX OMIUOOK, ¥,
Y2, « . Yn, HE B3ABUCAIIUX APYT OT APYTa; MOJTHAA OMUOKA paBHA

y=yn+ty2+...+Yn.

IIpennosnoxuM cHavada, YTO BCe 3TH OMKUOKYU MIOAUYMHAIOTCA OAHOMY U TOMY
e 3aKOHY, M cHUCTeMaTHYecKHX cpequ HUX HeT. [lomyuaem Ty e camyio
3ajgauy.
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BeposTHoe 3Hauenue y*PT! Gyner Hynem.
B naparpade 136 MbI olleHUIN BepoATHOE 3HAUEHUE

2
<m+m+m+m>p
= i

3,[[9(',]3 MBI 6y,£l€M HNCRaAThb BepOHTHOE 3Ha4yeHue
(y1 +y2 + ..+ )P

BepoATHOCTE TOro, YTO ¥; JEHUT Me#AY ABYMA NaHHBIMU 4YHCIaMU
u 3, To ecThb
B

/‘P(yi) dyi,

CorJilaCHO rumnoTesde, OoqfuHaKoBa OJIA Y1, Y245 « v« 5 Yn.
Ham A0CTAaTO4YHO YMHOMUTD HOHyHEHHbIﬁ IJIA BEPOATHOI'0O 3HaYEeHUA

(Y1 +y2 + ...+ yn)?

Ha n’P, 4YTOOBI NOIYUYNTH BEPOATHOE 3HAaUYeHHUe y2P

yTP: (2p)! (nM, b
p! 2 ’

pesynbTar, T.e.

u, nojarag nMy, = M,

- ) (M’
p! 2 )

Takum 06pa3oM, BHUJ STOr0 BbIPAMEHUA OCTAETCA MPEHHUM, U, pac-
cy#/lad KaKk paHbllie, MPUXOJUM K BBIBOAY, UTO BEPOATHOCTH, C KOTOPOIA
nosnHaA OmUOKa ¥y JeMUT B JAaHHBIX NpeJelaX, BHOBb NOJUUHAETCA 3aKOHY
l"aycca.
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142. ITo paccys/JeHue Bce elle He OyJeT YIOBIETBOPUTEILHEIM, T. K.
MaJlo MpaBAoNnoJo6HO, UTO Bce HHANBUIYAIbHbIE OMNOKYU OJIYNHEHBI OTHO-
My 3akoHy. [Ipeamomnoskum, 4To 3TO He TaK, HO Bce MHIUBHUYalbHbIE OMUG-
KU MMeIOT NpaKkTHUYeCKU OJMHAKOBBIN MOPAJOK MalOCTH, U BRIAJ Kamaoi
U3 HUX B MOJHYIO OMUOKY OYEHb Mal; IIyCTh

J ¢1(y1) dy1 — BepOATHOCTB TOrO, YTO Y1 JEHUT MeKLY < U [;
e
B
J #2(y2) dy» — BepoOATHOCTB TOroO, YTO Yy AEKUT MeKLY « U [3;
o

B
J ¢n(yn) dyn — BepoATHOCTH TOrO, UTO Yy, NEKUT MeAY a U 3
o

fI npeanonarato, 4To BCe Y1, Y2, ... , Pn — UYETHble QYHKINUU, HHAUE
rOBOPA, UTO CUCTEMATUYECKUX OMINOOK HET.
fl BosbMy M — cyMMy cpeJHUX 3HAYEHMI KBaJApaTOB OLUIUGOK,

P+ +... 5 =M

Ecnu 6b1 Bce yacTuuHble OMMOKM MOAYUHAIUCHL OJJHOMY BEPOATHOCT-
HOMY 3aKOHY, Benuuuna My 1A 42, 43, ... , §2 Gblia 6bI OAHON U TOl e,
a cymma M Oblia 661 paBHa nMs.

fl orpannuychb BHIYHCIEHUAMU, COOTBETCTBYIOMIUMHI HECKOILKUM TIep-
BbIM CTeIeHAM .

[Ipennonaras, 4To Bce OMMUGKY NOAYMHEHBI OJHOMY 3aKOHY, MbI HallUIU,
YTO cpeJHAA BenMuuHa AaA y> pasHa M; maa y*, 3M?; naa y®, 15M3. ..

IIpoBeneM Te e BbIYMCIEHUA, CUNTAA 3aKOHbI Pa3HBIMH MJA Pa3HbIX
UHAMBUAYaIbHBIX OIKGOK. fl 3aMeualo, 4To BepOATHOE 3HAUEHNE MPOU3BE-
IeHus yi'yy — DTO BepoATHOe 3HayeHHe y|”, YMHOMEHHOe Ha BepoATHOE
3HaveHue yy. JelicTBUTeNbHO, BepOATHOe 3HaueHUe Npou3BeleHUd Yy yy
npeJcTaBIAeTCA Kak

/ / e1(y1)p2(y2)y1 Yo dyr dys,

a npousBeJleHUe BePOATHBIX 3HaUeHUI y" M y§ NpejAcTaBlIAeTcA Kak

/wl(yl)yin dyl/wz(yz)yé’ dys.
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3HauuT, 3Ta Teopema Oy/eT BepHa, Kak U B NpeAbIAyLIeM clydae; eclid m
HEYeTHO, BEPOATHOE 3HAaUeHNe PAaBHO HYIIO.
Hano oTmeTuTb, YTO pasHulla 3akjioyaeTcAd B TOM, UTO BepOATHbIE

3HaveHud yi*, ¥3', ... , Y, Ooiblle He PaBHBI Mex Iy coOOii.
3aMeTHM TaKikKe, YTO BEIUUYUHBI Y1, P2, ... , P UMEIOT OJUHAKOBBI
HOPAJOK.

143. HNumem cpenHee 3HaYeHUE y2. Nmeem

=Y 142 e
P=YH+2D hi

InocjnegHee cilaraeMoe mcyezaeT; ocTaeTcAa

=Y 0

I[.T[ﬂ cpeJHero 3Ha4yeHuA y4 Haxogum

4 _4 24,
y = E Uy +6 E Y1Y2s
MBI OTGPOCH/IM UJIeHbl ¢ YeTHBIMHU NOKa3aTelAMU.

BTopoe craraemoe GyeT ropasjo 6odblie [epBOro: nepBad » , COCTOUT

n(n —1) 5

5 5 9TO 4YMucCiIa nopAgra n 1 n~ CooT-

BETCTBEHHO; IlepBasA cyMMa IpeHeOpeuMOo Majla [0 CPaBHEHUIO CO BTOPOIA.
PasnuuHble 4ieHbl 3TUX ABYX Y, MEHIY TeM, 0 TMIOTe3e, OYeHb Malbl U
NpPaKkTUYEeCKU OJHOTO M TOro e nopaaka. C Apyroit CTOPOHEI,

M? =3 (5) +2) Ui

Urax,

U3 7 YIEHOB, BTOpad », — U3

HIn
2 _ o2 o _o
M —3§ (1) +6§ Y1Ya-
IlepBoe ciaraemoe mo-npeHeMy NpeHeGpeRUMO Majlo N0 CPaBHEHUIO
CO BTOPBIM, a BTOPO€ OJUHAKOBO B 060MX BbIpameHUAX.
HUTak, yuuThIBasg, YTO BBIYUCIEHUA NMPOM3BOJATCA NPUOIIKEHHO, HO-

Iy4YUM
gt = 3M>.
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Ilna cpennero snauenus y° umeem
=D 015 G 90> 5.
C npyroit cTopoHsl, Haiimem 15M3:
15M* =15 (53)* +45 > (72)%% + 90 > 72335
CpaBHHMBaeM [Be NpaBble 4acTH. B mepBoii Y, eCTb 1 WIEHOB, BO BTO-
n(n —1)(n —2)
1-2-3

nopAnku n, n?, n3, u nepsbIe ABe Y NpeHeGPEHUMO MabI 110 CPABHEHHUIO C
TpeTbeii. BripameHnue, KOTOPHIM Helb3A MpeHeOpeydb, OAMHAKOBO, MO3TOMY

poit ¥ — n(n — 1), B TpeTheit Y ux
3

5 9THU 4Hucja uMerT

gt =15M3.

144. HWrax, Mbl npejanoiaraeM, 4To KoHeuHad olUOKa ABIAETCA pe-
3yJNbTaTOM OYeHb GOJNLLIOT0 YUCIa YaCTUYHBIX, HE 3aBUCAIIUX JPYT OT JpY-
ra, cpeii KOTOPBIX HET CUCTeMaTUUECKHX; [IPpeJonaraeM TaKk#e, UTO BRIaA
KaI0# U3 3TUX OMKUO0K, UMEIOIUX PAKTHYECKU OJUH U TOT e MOPAMIOK,
B NOJHYIO OIMOKY OYeHb Mal.

B sToMm cinyuyae pesyavmupylowas owubka npakmuyiecku nodiuHaemcs
saxony laycca.

TaroBo, Kak MHe KaeTcf, Haulydllee OCHOBaHWe [JIA NPUMEHEHUA
3akoHa ['aycca.

Xapaxmepucmuyeckue @ynryuu. — fl Ha30BY raparmepucmuieckoil
Pynryueil f(c) BepoATHOe 3HaYeHUE €“T; TAKUM 06pa3oM, 3TO

— oar
f(O() - E pe 9
eC/Iu BeJIMYUuHa Z[I/ICHpeTHa nu npnﬂnmaeT TOJBKO KOHEeYHO€e 4YHUCJ/IO 3Haye-
HUH, U
f(@) = [ plaers s,

eciii r MeHfieTCA HelpepbIBHO, a (,O(.Z‘) npeacraBifaeT ee BepOHTHOCTHbIﬁ
3aKOH. HOHHTHO, 4qyTo

2 3

fl@) =1+ %(x) + lof—2(:z;2) + 95— @) +...,
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rie (zP) o6osHaueHo BepoATHoe 3HauyeHue zP. Buguo, yro f(0) = 1.
XapakTepucTHueckoil PYHKIUYM TOCTATOYHO [JIAl ONPEIeleHUA BEPOAT-
HOCTHOro 3aKoHa. [leficTBuTeNbHO, 0 Popmyie Dypbe nMeeM

+o0

fli) = [ la)eie= da,

+o00
2ﬂ<p(m):/f(ia)e_iawda.

Eciu nBe BenuuuHbl x U y Hesdasucumsl, a f(a), fi(a) — coorBeTCTBY-
IolllMe XapaKkTepucTuuyeckue GYHKIUU, TO XapaKkTepUCTUUYECKON QyHKIIMel
i x + y 6yner npousBenenue f(a)fi(c). leiicTBuTENbHO, KAK MbI BU-
gean B naparpade 130, BeposaTHoe 3HaueHne npousBenenna e®(*+¥) papmo
NpOU3Be/IeHUIO BEPOATHBLIX 3HaUeHUil e*® u e*V.

Ilnsa 3akona laycca

JIETKO Hailjem

fla) =edh,
[Ipeanono#KM, Y4TO ABe HE3aBUCHMbIE BEIMUYMHBI T U Y MOAYMHAIOTCA 3a8-
kony laycca, ogHa ¢ KoHcraHToil h, Apyraa — c h'; cooTBeTcTByOIIME

XapaKkTepucTHuyeckue GyHRIUU GyayT

o? o?

e4h',

XapakTrepuctuueckasa GyHRIUUA Aad x + y GyAeT UX NpoU3BeJeHUEM

= 1_1,1
eth” | rpe = =+ =.
’ hlI h hl
Torpa cymMMa x + y To#e NMOJYMHAETCA 3aKoHy ['aycca ¢ KoHcraHToll h'';
3T0 Teopema r. I’Orand, nokazaHHasA B naparpade 60.
[Ipennonaraem Temepb, YTO pe3yAbTUPYIOUIaAd OMIUOKA paBHa CyMMe
GONMBIIOro YKCIa YaCTHYHBIX, OY€Hb MalblX M He3aBUcUMbIX. IlycTh fi(a),
fa(@), ..., fn(@) — cooTBeTcTBYIOUIME XapaKTepUcTUUYECKUE GyHKIIUH.
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P{am;(aﬂ N3 HUX NMeeT BUJ
— a+pBza?+Bza+...
fr(a) = ePratBza”+pBs .
HpI/I 3TOM OIIU6Ka OUeHb Mailila, 1 KOB(bd)I/II.II/IeHTbI ,6 O4YeHb 6bICTp0 yﬁbIBaIOT.

XapakTepucTuueckasa (GyHKIUA, COOTBETCTBYIOIIAA pe3yabTHpYloulei
omubKe, paBHA POU3BEIEHIIO

fl(a)a f2(a)7 ter fn(a)a

TO eCThb
e S Bi14+a’ Y B+ S Bs+-...

OmubKM He HOCAT CHCTeMaTHYeCKoro XapakTepa, U

Zﬂl =0.

C mpyroit cTopoHbl, Ko3dduureHnTsl ( y6bIBAIOT OYeHb GBICTPO, MO3TO-
My Y. f3, >.[(s4 U T.A. NpeHeOPEHNMO Majbl [0 CPaBHEHUIO C¢ Y. 2, U

ocTaeTcHa 5
« E :
€ 52 9

4TO COOTBETCTBYET XapaKTepHCTHUYECKON (GyHKINHU rayccoBckoro 3akoHal®)

145. 3aron ['aycca Mo#HO MPOBEpPUTH a posteriori, Ucmoab3yA Teope-
My Bepnynnu.

Eciu Kakoe-To MCIbITaHUHE MOKET NMPUBECTH K MOABJIEHUIO HOBBIX CO-
GbITHIi, TAKUX, YTO TONbKO OJHO U3 HUX POUCXOJUT 33 OJMH pas, U €CiIu 3TO
UCTbITAHKUE IOBTOPAETCA OUeHb MHOTO pa3, TO YaCTOTa KamAa0ro U3 mpouso-
meAmnX co6bITUil GyieT MIpaKTUYECKH NPONOPIMOHATLHA €er0 BEPOATHOCTHU.

Benuuuna z u3MepseTcA MHOTo pa3; pe3yibTaTbl PaBHbI L1, T2,... , Tn,
a OMUOKU — Y1, Y25 «++ 5 Yn-
Ecau nHaMm u3BecTHa z, TO HaM U3BECTHBI Y1, Y2, - .. , Yn} €CIAU MBI CUU-

TaeM, CKOJIbKO OIMIMOOK JIEeKUT B ABYX OaHHBIX IIpegejax a u b, TO 9TO YUCIIO

MMponopuruoHaJIbHO
b

/ e(y1) dys.

MosHo mOCTPOMTH KPUBYIO, COOTBeTCTBYIOWYIO ¢(y1). Pasnenum ochb
abcuuce Ha HEKOTOPOE YHUCIO YacTeil, paBHBIX (: Kam/JbIil U3 3THX MalbIX
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-3a -2a0 -a O o 20 3«

Puc. 16

HMHTepBaloB J0CTATOYHO BEJIUK, YTOObI UMCIO0 OLIMOOK, IONaBIIMX B 3TOT UH-
TepBal, ObLI0 BEJINKO; B cepe/ilHe HHTepBaia IPoBeJeM OpAUHATYy, PaBHYIO
4uCcay OMUuO0K.

Ecnu 3aron 'aycca BepeH, To nonydeHHas KpUBafg UMeeT ypaBHEHHE

Yy = V %6_h$2.

JTa KpuBad CUMMeTPHUYHA OTHOCUTEILHO OCU OpJAMHAT; OCh abcuuce ABIA-
eTcA ee aCUMITOTOM.

OrasbiBaeTcA, 3TOT pe3yiabTaT noaTBep:aaercA. Hanpumep, Beccenb
CMOT NpeJcTaBUTh HMEHHO B TAKOM BH/Je Pe3yIbTaThl OUeHb HOJBIIOro Yuc-
Ja HaOMOJeHU! 3a OTRJIOHEHHEM 3Be3/bl, BHINOIHEHHbIX Bpaanu.

146. MosHO TaKk#e He HaXOJUTh KPUBYIO, a NPOBepATh 3akoH ['aycca
C MOMOIIIbIO BLIYUCIEHUM.

3aMeTUM B NEPBYIO o4Yepeb, UTO He 3HAafA UCTUHHOI'O 3HAaYEeHUA U3Me-
pAeMoli BelIWYUHbI, MOMHO NPUHAThL 3a HEro cpeiHee 3HavyeHUe HabIIOfe-
HUM.

IIpoBepsAeM ¢ momolILIO MOACYETOB: COTMIAacHO 3aKkoHy ['aycca, BepoAT-
HOe 3HayeHue yzp OJIAHO paBHATbCA

5 (2p)

P =

1.
p! 220 hP’

<

14 y*P umeem

<

_

I
2
[\V]
no
_

/-
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Hcrarouaem h:

CrenyeT MpoBepUTDb, YTO 3TO COOTHOIIEHHE BBINOJHAETCH.
Mke1 3HaeM Bce JomylleHHbIe OMUOKH Y7, Y2, ... , Yn. BbIpamKeHNE

2 2 2
(/yl”+y1”+...+ynp

R T

IO HO ObITh paBHO

U NIPOBepKa 3TOr0 COOTHOLIEHUA OCYyIIeCTBAAETCA TOUHO TaK 3Ke.
MoaHo emme paccmoTpeThb y?PT1, BepoaTHoe 3HaueHMe GyieT paBHO HY-

110, eciu 6paTh y BMecTe ¢ ero 3HakoM. Eciu paccmaTpuBaTh TolbKo abeo-

JIOTHYIO BeIUUUHY, TO N0 3akoHy ['aycca BepoATHBIM 3HaueHUeM GyneT

oo
2 / \/gyzpﬂe-w dy;
0

STOT 3iiJIepOB UHTerpal He paBeH HYIIO.
Ecnu 6paTh y BMecTe co 3HaKOM, IOIYYUTCHA

+oo

a2
/\/%yz”“e M dy,
— 00

paBHBI HYIIO.
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147. UckaroueHua us 3akoHa I'aycca. [lo cux mop A mpuBogum
apryMeHTHI B MoJb3Yy 3akoHa ['aycca, cieJcTBUA U3 KOTOPOTO MbI TOJNbKO
yTo nonyuyuiau. OQHAKO MOKET CIYyUYUTBHCA, YTO UCTOUHUK BTUX CIEICTBHUIA
He TaK Y# XOpoll.

He cTouT ucnbpITHIBaTH KaKoe-TO CyeBEpPHOE YYBCTBO Mepei METOIO0M
HaMMeHbIIUX KBagpaToB, K KOTOPOMY Hac NmpuBoAuT 3akoH ['aycca. Mbl
BHJeNU, UTO HHOr/la ObIBAIOT OCHOBAaHUA OTKa3aThCA OT 3TOr0 3aKOHA.

JeficTBUTEeNbHO, MBI Npejnojaraiyd, 4TO cCHUCTeMaTHUUYeCKUX OIIUOOK
HET, a OHU ecmb 6ce2dd.

C mpyroit CTOpPOHBI, MbI BHIEIH, UTO YACTO HPUXOAUTCA OTKA3bIBAThCA
OT IIOMCKa CpeJiHero, U, HanpuMep, orépacbiBaTb 0JHO HabJlOJeHue, Ype3-
MepHO oTiuvamwieeca oT apyrux. Taroro 6b1 He ObLI0, eciu GbI 3aKoH ['a-
ycca Bcerja ObLI BepeH.

Hrak, B HEKOTOPBLIX clyyagX MOTYT HaliTHCh anpHopHble OCHOBaHUA
oTKazaThbcA oT 3akoHa ['aycca. O yem 310 roBoput? Ilouemy MbI 0TGpackI-
BaeM HaOntojeHue, Henoxozkee Ha apyrue? [loTromy 4To mpeamnonaraem, 4To
OHO CBA3aHO ¢ rpy0Ooii omubKoii, npousomenmieii ciydaiino. To ecTb Mbl
He cyuTaeM a priori rpyOyio omUOKY cosepuleHHo HesepoamHol, KaKkoit oHa
Obl1a Obl Mo 3akoHy ['aycca.

148. OcTraHoBUMCA Ha HEKOTOPBIX AeTanfAX. B ompepeneHHbIX clyya-
AX MOKHO IpeJmnonaraThb, 4TO IoJHaA olMOKa CKiagblBaeTcA U3 JBYyX 4Yac-
TUYHBIX; IepBaAd U3 HUX — Pe3yJbTaT HaKoILleHUd G0JbUIOro Yuciaa o4eHb
MaJbIX OIUOOK, OHA MoAUYnHAeTcA 3akoHy ['aycca; Bropag — rpy6as omuo-
Ka, Ybfl BEPOATHOCThb, NIpaB/ia, OYeHb Maja, HO Ybf BEIMUYMHA MOKeT ObITh
O4YeHb 3aMETHOM.

HNmenno 3To Moryio Gbl MPOU30WUTHU, HAPUMEP, €CIU 10 HEJOCMOTPY
npeHeOpeub KaKoOW-TO CyLeCTBEHHOI NpPeJoCTOPO#HOCTbIO, KAKO-TO He-
06xoaMMOil peryinupoBKoil npudopa, Tak U He y3HaB 06 3ToM. BoT ogHa u3s
TUNOTEe3, B KOTOPO HET HUYero HepadymHoro. IlycTh Torma

y=uy+y2

nosHasg omubKa, y; U Y2 — [Be YyacTU4Hble. Torga y; NOAYMHAETCA 3aKOHY
l'aycca, a ¢yuruus ¢(y; ), onpeenfionias BEPOATHOCTHBI 3aK0H, paBHA

/ a2
‘P(yl) = %6 hyla
2

[¢3
COOTBETCTBYIOIIAaA XapakTepucTuueckaa GyHKIUA paBHa e4h .
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Yto KacaeTcAa omubKM Yy, OHA MozkeT GbITh paBHa 0, +k u —k, coot-
BETCTBYIOI[UE BEPOATHOCTH 3TUX TPeX OMUGOK paBHBI 1 — 2¢, € U €; COOT-
BETCTBYIOIafd XapakTepucTuyeckaa GyHRIUA —

1 — 2 +e(e®* 4 e=F),
a xapakTepuCTHUYeCKaa GYHRIUA NONHOM OMMOKU OyAeT Mpor3BeleHueM

a2

edm[1 — 2¢ + (e + 7 k).

Uro racaerca ¢pyHruuu ¢(y), oHa paBHa

% [(1 —2)e M 4 (e MW 4 e'h(y"'k)z)] .

[IpennonoxumM Tenepb, YTO MbI GbI XOTEIM HATU BEPOATHOE 3HAYEHUeE
u3MepAeMOil BeNIUYHMHBI z, n HaGAOJeHWil Haj KOTOpPOIl Janu pe3yiabTa-
TBI T1, L2, ... s L. MBI 3HAEM, UTO BCE 3aBHCHUT OT NPOU3BEIEHUA

p(x1 — 2)p(x2 — 2) ... p(Tn — 2);

Korga y QyHKUWM ¢ TpHU claraeMbiX, Y 3TOro npousBefeHud ux 3"; mnd
HICKOMOI0 BepOATHOI0 3HaYeHUA HaiifeM’

3 zpppe” ok
> e

B YHC/IHTelle U 3HaMeHaTese Mo 3" YJIEHOB; KpoMe Toro,

6

n

Zk:m1+m2+...+mn+k

7 +k

01+92+...+0n_ ZIB
n - n

yucaa @ MoryT mpuHATb 3HaueHuA 0, 1, © —1; mocKoAbKY Bcero uwucen 6
OyIeT m, a Kamaoe MOMeT UMeTh TPU 3HaUeHUA, onyuuM 3" KOMOUHAIUIA.

3aTeM uMeeM
. > 16|
_ _ n
= (1= 2¢) (1 - 2e>

13nech cyMMHpoBaHHe BefleTcA Mo TepeMeHHoi 0. — Mpun. ped.
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ap = h E (:1:1 — 2k — 0ik)2.
%
HOna NPOCTOTHI MPEANOJOMKHUM, UTO ObIJI0 TOJNBLKO TpHU HabIoneHud ¢
pesyilbTaTaMu 0, Oukmnu 6yueM npeHeﬁperaTb KBagpaToM Z; TOorjaa Bepo-
ATHOEe 3Ha4YeHHe cTaHeT

k - 2k _
3 [1—e(2e™ +¢P)] + Fe+e 36,

rae 0 = %hkz; eciy [3 BEelUKO, T.e. pa3HUIla Me# Ay HecorjacoBaHHbIM Ha-

6ato1eHueM I3 = k u coriacoBaHHbIMHU r1 = T2 = 0 BenuKka mo CpaBHEHUIO
C TOYHOCTBIO MHCTPYMeHTa, TO MOMHO cAejJaTb TaK, 4YTO eeﬂ 6y,£[eT KO-
HE!'-IH027 a 3aTeM, COXpaHfii TOJIbKO KOHeYHbI€ BEJINYUHEI, HalTu BepoATHOEe

3HauYeHune
(1—eeP)

ol

njinu, TOYyHee, T. K. Mbl HE MOMEM 6oJblie npeHeﬁperaTb KBagpaTom &'eﬂ,

1_k
314 eef

Hrak, »To 3HaueHHWEe MeHbIIE CpeJHEro apupMeTUUYeCKOro, T.€. MbI
IO/HBI TPUIKMCATb COTNACOBAHHBIM HaGMIOJeHUAM OOMbIIUN Bec, uem
necornacopannomy (%), Boobine, cuntaeTcs 601ee ecTeCTBEHHBIM IPeoNa-
ratb, YTO HecorjiacoBaHHoe HabaiofleHHe IIPOU30ILI0 U3-3a rpy0Ooil omubKU
BTOPOTr0 poja, a He U3-3a OMMUOKU NEPBOro poja, NOAYMHEHHOI 3aKoHy ['a-
ycca, T. K. OYeHb HeNpaBAonogo6HO, YTOObI 3Ta MOCAEAHAA MOTJa JOCTUraTh
TaKUX OOJbIINX 3HAYEHUI.

149. MoskHo monpoGoBaTh MPOU3BECTHU MOACYETHI IJIA IPYTHUX 3aKO-
HOB; 3aiiMeMcA cnepBa TeMHU, rie 6oabuine omuOKY 6ojee BEPOATHLI, YeM B
3akoHe ['aycca; HanmpuMep, MO#HO B3AThb

1

_ _ 1 k5l
"O(y)_w(1+y2)’ oly) = gye AL

2JImeeTcA B BUMY, u4To cef He GyneT HM GECKOHEUHO MaibiM, HM GECKOHEYHO GOJb-
mwuM. — Ilpum. ped.
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BbI‘{I/ICJIeHI/IH He IIpeacTaBJIAIT HUKaKoM TPYAHOCTHU; NNYCTb €CTb TPU Ha-
6]’[IO,I[6HI/IH X1 = To UT3 > T2, HAX0OUM BepOATHOE 3HaUYeHUue z OJiA Iocjaen-
Hero 3aKkoHa:
2 n= 2
z3
r1+5A—e A (—+—)\)
173 373
1 r1—I3
1—se A
2

I[.TIH ouyeHb 00JBLIIOr0 YKUCIa L3 OHO BbIpOMJaeTcCAa B

1 + %)\,
4YTO IOKa3bIBaeT, 4YTO NMpU (I)I/IHCI/IpOBaHHbIX 1 U Tp BEpOATHOE 3HaYeHue z
He pacTeT 6eCKOHEYHO BMecCTe C 3. 3}1er CHOBa BeC HecorjaCoBaHHOI'O
HaﬁH]OZ[EHI/IH MeHbllle, YeM Yy CorJlaCOBaHHBbIX.
PaCCMOTpI/IM Tenepb 3aKOH, B KOTOPOM 60JbIIEe OMUOKU enle MeHee
npaBionoo6HbI, yeM B 3akoHe ['aycca; mycTh, HanmpuMep,

o(y) = Ke ™'

TOT/la MO}HO HallTH, UTO Bec HecorJacoBaHHOTO 3HaUeHUA OoJblie, YeM CO-
rinacoBaHHbIX. CHavana 3To KaskeTcA JOBOJbLHO napajokcanbHbiM. Ho aToT
pe3ynbTar erko 06bACHUTD. IIpeanonosuM, 4To Nponu3BeJeHbl TPU HabIr0-
JeHud

07 07 k?
U cpellHee apudMeTHUYECKOe PAaBHO %, a omMOKN paBHBI
k. k. 2k
3 3 3
Ecnu 6v1 MBI B3AMU %, BCe TPHU OMUOKU PaBHAMUCH Obl % BepoarHocTh

olMOKUA O4YeHb ObICTPO yObIBaeT BMeCTE C POCTOM 3TOU OMIUOKU, U MOMKET
CIy4YUThCA, 4TO omuOKa B 2k yacrombro HellpaB/oNoJo0Ha, YTO ee MO3-

3
HO CUUTaThb INPpaKTHYECKU HEBOSMO}‘KHOI‘/‘I, Torjga Kak omubka E ocTaeTcHa

2
npuemiemoii. [elicTBUTEIbHO,

(5) () +(3)> )+ )+ 1)
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150. Karue usmeHeHus Hajao BHECTHU B 3aKOH Faycca B 3THUX Iocljiea-

Hux ciyvaax? Kpusan
/ h  —hz?
Y= ™ € 9

KOTOPYIO MbI paHee HauepTUIU, JOJ#HA IPOITYU Bhbllle, YUeM paHblle, B 00-
JacTH, yAaleHHOH OT OCU OpJuHAaT.

Ipyroii npumep; eciau Obl 3aKkoH ['aycca ObLT BepeH, MOMHO ObLIO GBI,
HaKOIIMB [OCTATOYHO HAOIIOJeHUli, NOJYyUYUTh CKOJIb YTOAHO GOJbIIYIO TOY-
HocTb. Ho B GonblIMHCTBe clyyaeB BO3HUKAeT YyBCTBO, YTO 3TO 3a0myHe-
Hue. C MeTpoM, pa3fielleHHbIM HAa MUJIIUMETPBI, Mbl HUKOT/IA HE CMOKEM,
Kak Obl yacTo Mbl HA NOBTOPAJIU U3MePEHUA, ONpeJeduTh AJIUHY ¢ TOYHOC-
ThIO JO MWJIJIMOHHOI J0IU MUIIUMeETpa.

Kak mpumnocb 6b1 u3MeHuThb KpuBylo ['aycca, 4ToGbl y4yecTh 3TOT
¢art? Hamu noneITKU A0CTUYb G€CKOHEUHON TOYHOCTHU ABIAIOTCA 3a01yHi-
JleHueM, IIOTOMY 4TO y Hac He 0oJbllle [IaHCOB He oUOUThCA BOOOLIE, YeM
omuOUThLCA TONbKO Ha OJJUH WU ABA MUKpoHa. Torjga KpuBas qoJ#Ha cogep-
#aThb MaleHbKYIO CTYNeHbRY, MajleHbKUil TOPU30OHTAIbHBIN OTPE30K Yy =
= const BIpaBo U B/lIeBO OT IlepeceyeHud C OCblO OpAMHAT.

Ho nopo6Had runoTesa Bce ellle 6yeT HeAOCTAaTOYHO [J1A yuyeTa Bcex
¢arTopoB. B paccymaenunax maparpada 135 Mbl Bugenu, 4To KakoB Gbl HU
ObLI 3aKOH pacnpejeneHus omuGOK, ecliv OH uMeeT BuJ ¢ (z; —2), BEpOATHOE
3HayeHMe KBajpaTa oUOKY, JONYLIEHHOH B cpeJHeM Npu n HablIoJeHUAX,
CTpeMUTCA K HYIIIO, KOTAa 1 HeorpaHUYeHHOo pacTeT. To #e MO#HO YBUJETh
¢ MOMOIIbIO XapakTepucTudeckux ¢yHruuit. Ilyets F(a) — xaparTtepuc-
TH4YecKkad (pyHRIUA, cBA3aHHAA C OTJeNbHbIM Ha0lI0JeHueM; XapaKkTepuc-
THUYEeCKOl GyHRIUell cpeqHero u3 n HabawoaeHuit 6yneT

g n

7(7)] -

MpennonomxuM, uyto F'(a) — aHaIuTHYECKaA U
F(a) =14 Aja+ Aza® +...

IIycTh Takie omuOKM He MMEIOT CHCTEMaTHMYeCKOro XapakTepa, T.e.
A, = 0; Torga
log F(a) = Baa® + Bsa® + ...,

OTRYyIa

log [F(%)]n :Bz%z+Bgz—z+...



182 Tnasa 11

s [F ()] =0,

YTO MOKAa3bIBaeT, YTO OMIMOKa paBHA HYJIIO.
Ha camom nesne mMoskHO GbLI0 GbI MpeANmoOnO#UTh, uTo F'(ar) He anamm-
TUYecKaf, U B3ATb, HAlpUMep,

F(a) = e 1o,

u npegen’

OTcioma ObI MOJYYHIOCH

P()] ==

Tar 4YTO cpeiHAA olubKa He cTpeMuiach Obl K HYIIO; 3TOIl FUIIOTE3e COOT-
BETCTBYET BEPOATHOCTHBIN 3aKOH CO cleaylouleil hyHKIuei:

1_1 qan

»(y) ST

HKakoit HefocTaTOK B paccy#ieHUAX naparpada 135 Bo3HMKaeT B 3TOM ClIy-
yae?

CoriacHo 3TUM paccy#IeHUAM, BepoATHOe 3HaueHue KBajpaTa cpej-
Hell omuOKK B 1 pa3 MeHbIlle, YeM BEePOATHOE 3HAYEHHEe KBajpara OIUOKU
pU OTJeNbHOM HabaoaeHuu. PaccysieHre ocTaeTcsa BEpHbIM, HO 3[1eCh 3TO
nocjeiHee BEPOATHOE 3HAYEHMeE, TIPeICTaBIeHHOe NHTErpaiomM

+o0o

l/ y* dy
s 1+y2’
—00

6eCKOHEeYHo.
aHHoe pelieHMe — He TO, KOTOpOe MbI HIleM. MbI Obl He YBUIETH,

4yTO omubKa B CPEIHEM CTPEMHUTCH K HYJIIO, eciu Obl GyHKUuA o(y) He
1

cTpeMHJIach K HyIIo ObicTpee, YeM — NpH GOJAbIIUX Y, T.e€. eciu Obl OUeHb
)

6oabiine oMUOKU He ObIIM 0YeHb MaloOBEPOATHBIMU.

Ho ecnu Mbl MoeM pacCUUTHIBATh TOJIbKO Ha UHCTPYMEHT, AaIOIUii
OecKoHeYHOe PUBINsKeHNe IPU YCIOBUY IOCTATOYHOTO MOBTOPEHUA HAOMIO-
N€HUi, TO BUHOBAThI B 3TOM He OYeHb 00Jbllive OMUOKY, 8 HA0OOPOT, 0UeHb
MaJible; 3[paBblil CMBIC] BIIOJIHE JOKAa3bIBaeT 3TO.

Mpu n — +o00. — Mpun. ped.
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151. Hrak, Hago AONMYCTUTb, YyTO GYHKUKMA ¢ UMeeT BUA He p(r; —
— 2), a p(x;, z). [Ipennonomum, Hanpumep, 4To NpubOp UMeeET AENEHUA, U
MbI MOKEM OIIEHUTb UX [eCAThIe J0JIH; BOOOIIe-TO Mbl 3alUCLIBAEM L€JI0€
YUCJIO JeCATHIX: COThle MIU ThICAUHbIE MOTYT NMOABUThCA B 3alUCAX JHIIb
cayyaiiHo. [lpegnonosum, 4To omubKa MOKET BO3HUKHYTh TONbKO NIPU YTe-
HUU pe3ynbTaTa; BO3bMeM 3a eIMHULY [JecATYIO YacTh JeleHUsA, YTOObI ;
Bcerja 6b110 1eabIM. MbI Mo#eM AONYCTUTh, HAIPUMED, YTO €CIH Z JEHUT
MemIy p— € U p+ ¢ (p ueloe), To Mbl, KOHEUHO, 3AMULIEM T; = P; @ €CIH 2

JeHMUT MERIY p+ € U p+ 1 — &, MBI C BEpPOATHOCTBIO % 3anulieM ¢; = p,
U C BEPOATHOCTHIO % —x;=p+ 1.

Ecnu z nemut memay p+e u p+1—e, 1 Mbl IPOU3BOAUM 7 HAOMIOEHUIA,

To Mbl 1/ pas Hamuiiem p u n” pas — p + 1; orHomenue n' u n” K %

cTpeMuTcA K 1 mpu pocTe 4ucia HaGniofeHWil; cpefiHee

n'p+n"(p+1)
n

CTPEMUTCA K p + %, a HUKaK He K Z.

MosHO MpUNTH K aHAIOTMYHBIM pe3ylbTaTaM C aHAJIOTUYHBIMU U 00-
Jiee CIOMHBIMU 3aKOHAMU, eClIi BePOATHOCTDb HANNcaTh p MeHAeTCA Helpe-
PBIBHBIM 00pa3oM BMeCTe C 2, HO He ABNAETCA MUHENHO! QyHRIUEN OT 2 — p;
npaBjonofo6Hell Bcero To, YTO KPUBafA, COOTBETCTBYIOLIAA 3TOIl BepoAT-
HOCTHU, 06pa3yeT CTYINEeHbKHU, KaK 3T0 ObLIO B TOIBKO UTO PAacCMOTPEHHOM
YacTHOM IpHMepe; IIyCTh, HaKOHell, OMUOKa 0TcueTa UMeeT OJHY U3 DTHUX
ocobeHHOCTel, IPEBOCXOAUT OMMUOKU, NPOUCTEKAlOMUe U3 JPYTUX HUCTOY-
HUKOB, U NoauynHAeTcA 3akoHy ['aycca.

Ecnu ¢(x;, z) 3aBUCUT He TOIBKO OT PAa3HOCTH Y; = &; — Z, TO BEPOAT-
HOe 3HayeHMe OWNOKHU, paBHOe

/yiso(ﬂ?z‘a z) dy;

3aBUCHUT TONbKO OT 2. OHO MOeT He GbITh HylleM, [asie eclii cama omubKa
He MMeeT CHUCTEeMaTHYeCKOro xapakTepa. JeicTBUTENILHO, €ClId 3TO BEpo-
ATHOe 3HaYeHye paBHO #(z), JocTaTOUHO, YTOGHI HHTErpal

+00
/ 0(z) dz
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+oo
(wmn nyume [ 9(2)8(z) dz, rae ¢(z) — anpuopHas BEepOATHOCTbL TOTrO,
— 00
YTO z NPUHUMAET JaHHOEe 3HAYeHUe), Kak B riaBe X, GbLI paBeH HYIIO, U
OIUOKY MOMHO He Ha3bIBaTh CHCTEMAaTHYECKOi; HO camo f#(z) He HONHHO
GbITb TOMJECTBEHHBIM HylleM. BosbMmeMm, Hampumep, TUNOTE3Y, U3JIOMEH-
HYIO BbIIlle, U MIPEIOI0MUM CBepX TOr0, YTO Mbl U3HAYAILHO 3HAEM, UTO 2
JTeHUT MEKAY p U p + 1; To ecThb () paBHO HYIIO, KOrjla z He HAXOAUTCA
B 9THX TIpefienax, 1 MOMET CUUTAaThCA KOHCTaHTol uHave. Torga numeem

0(z) =p—c¢ (p<z<p+te),
9(Z)=P+%—€ p+e<z<p+l-—eg),

0(z)=p+1—-c (p+l—-e<z<p+1).
Jlerxo BuAeTh, 4TO

p+1

+o00
/7/’(2)9(2) dz = /O(z) dz = 0.

152. Bepnemcs Tenepb K ¢Gopmyie u3 riaBbl XI, KoTopas gaBajia HaM
BEpPOATHOE 3HAUYeHHe KBajpaTa OIUOKH, NONYIIeHHOH B CpeqHeM:
~2 —
Z Y1 2 Z Y1Y2
>+

’
n n2

YTO MOMHO elle 3anucaTb Kak

—2

7y gy

n n?
drta ¢opMyla cyllecTByeT, TOJbLKO KOrJa BepOATHbIE 3HAYeHUA § U ¥,
omubKU B OTAEeJIbHOM HaﬁH]OZ[eHI/II/I U ee KBajapara, 6y,£[yT 3aBUCETb OT Z.
CorsacHo IpeAbIAYIIUM paccy#AeHUAM,

7 =0(2)

MoeT He ObITh HyJeM; MepBoe ciaraeMoe CTPEMHUTCA K HYII0, Korga n
HeorpaHMYeHHO PacTeT; HO 3TO HEBEPHO /A BTOPOIo clIaraeMoro, KOTopoe
crpemuTca K 02(z), Tak 4To BepoATHOe 3HavYeHHe KBajApaTa OMHUOKH, JO-
IyLIeHHOH B cpelHeM, Hajo GyJeT 3anucarh (He cuMTas GONbIIe z PABHOI
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KaKkoi-To KOHHpeTHOfI Be.TII/I'-II/IHe) Kak

+oo

/ 62 (2)(z) dz

—00

— MHTerpai, KoTopblil He obpariaeTcA B HyJb, T. K. BCe 3JleMeHTbI MO0 U-
TelbHBI.

Takme MomHO 6b1I0 ObI BOCIONBb30BAThCA XapaKTePUCTUUECKON QYHK-
nueil, eciiu 3anucaThb ee Kak

F(a, Z) = eﬁla+ﬁ2a2+...;

Bce (3 3aBHCAT OT z, U 31, rle 1 — He 4TO UHOe, Kak §(z), MosKeT He coBna-
naTh ¢ HydeM. [liA DomylieHHoN B cpefiHeM OMMGKU XapaKTepUcTHYeCKas

(pyHRUUA paBHA N
[7(5-2)]

" IIpHU O4YEeHb GONBIINX N BbIpO#iJaeTCA B

ta?

2

A =1+ Bra+ +...

BepOHTHbIe 3Ha4YeHuA ,E[OHyLHeHHOﬁ B CpeJHeEM OIIUOKU U ee KBajgpara
paBHbl 3; u 37 1A KAKOrO-TO YACTHOTO 3HAYEHUA Z, & €CIH He NPUIHCHI-
BaTb z 4YaCTHOI'O 3dHa4YeHUA, MOJYUYUM

[owraz=0. [ st a0,

153. HKpowme Toro, B 3akoHe ['aycca mpeamonaraerca, 4To (o 3aBUCHUT
TONBKO OT Y, IJle Yy PaBHO & — 2, TOrJa Kak ¢ Mo#eT ObIThb QyHRIUEN oT &
U OT Z.

Hanpumep, 4To6bl yuecTh decamuuuylo owubky, Mbl MOTJIU B3ATh

h —hy?
py) =/ Fe " b(x),
rae 6(x) — nepuoandeckasa GyHKUMA OT & ¢ HepuogoM 1, gocruraiomas
MaKCHMMYyMa Ha JeCATUYHbIX 3HAKaX, KOTOPbIe HPaBATCA HEKOTOPbIM Hab1o-
JaTeldM M Bce BpeMA monafaioT B uX 3anucu. C Apyroii CTOpOHbI, MeHbIIe
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IIAHCOB COBEPUIMTD OMUGKY, €CIM MbI TIoNIaJieM TOYHO Ha JelieHue, UMerolle-
ecd B mpubope, 4YeM eciid Mbl BbIHY#I€HbI J06aBIATDH Gollee MeNKUe eNeHunn
Ha ria3ok. Utak, h 6onbiie He 6yeT KOHCTAHTOM, HO QYHKIME OT & ¢ me-
puojgoM 1; TouHOCThL OyIeT BbIllle, KOrJja £ — Lelloe YUCI0, HeHelu UHAYe;
eciu TOT ke HaGirofaTelb OUeHb XOPOLIO OIleHUBAET [IeCATHYHbIE 0, HO
He MOMKET HaliTH ApyTrue AeCATHYHbIE 3HAKHU, §(x) GyJeT TOUHBIA HYIb NPU
11060M 3HAYEHUU &, B 3aUCH KOTOPOTO €CTh TONLKO HECATHIE JONU.



I'maBA 12

Omunbra Npu Haxo:IeHUH KOOpAHUHAT
OJHOI TOYKU

154. 3apaua 06 omu6Kax, JOMYIIeHHbIX IPU HaXO0KIeHUHU KO-
opAuHAT oAHOi1 Touku. BwMmecTo u3MepeHUA O[IHOII eIVMHCTBEHHON Be-

JUYUHBI YaCTO MPUXOJUTCA U3MEPATh CPa3y HECKOIbKO, IB€ KOOPIUHATHI
3Be3/Ibl, HAIPUMeED, U T. A.

fq npeamnoJgarar, 4To OJiA OHEeHKHU IMOJIOMEeHUuA OJIHOM TOYKH Ha IIOCKOC-

THU cJellaHO N 1/13MepeH1/11?1, U OJA ABYX INPAMOYTOJBHLIX KOOpPpAUHAT I U Y
HaiileHbl BeJIUYUHbI

L1, Y1, T2,Y2, oy Tpy Yn.

HonyieHHble OMIUOGKKU PaBHBI

Li—x 1 Yy1—Y,
Ta—T U Y2 —Y,

Tp—T U Yp— Y.

1 o603HaUy

zr=x+&, Y1=yY+n,
To =T+ &, Yo=Y+ N2,

mn:$+£nv Yn =Y + NMn.

Torpa JOoIylleHHbIe OmUOKU paBHBI

&L omoom,
£2 u 2,

n U Nn.
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155. MosHO CIPOCUTD, C KAKON BEPOATHOCTHIO OMUGKHU, JOMY IEHHbIE
npu nepBoM HaGAIONeHUH, nemat Memay & u & +d€y, m u gy +dny. MycTsb
9Ta BEPOATHOCTb PaBHA

@&, m)déy di;

MosieT okasaThCAl, 4TO ( 3aBUCUT OT & U Y, HO A IpeJIoIaraio, 4To 3To He
TaK U ¢ 3aBUCUT TOJILKO OT OIINGOK.

dTU OMUOKU MOTYT GBITb He3aBUCUMBI; TOIa ¢ OyIeT Npou3BeleHueM
IBYX IPYrux (yHKIMi1, 8 BEDOATHOCThL OyIeT NMpeACTaBIATLCA Kak

@(&1) - p(m) déy dmy;

HO Al BCe-TaKU MPEJION0 Y, UTO omnbKa, JonyleHHad B abcuycce, 3aBUCUT
OT omUOKU, NOMYI[EHHON B OpJIMHATE.

Paccysnenue ananoruysHo Tomy, uto npuBogut ['aycc B ciydae ogHoit
nepeMeHHoi. ByieM ocHOBBIBaThCA Ha clleJyIOIIeM NOCTylaTe: ecau cdena-
HO CMOAbKO-MO U3MepeHUll, U HalldeHHble MOYKL 0MMeYalomca Had NAOCKOC-
mu, mo Haubo.nee 6ePOAMHbLLM NOAONHEHUEM UCKOMOU Mmouky Gydem yeHmp
MACC 8Cer IMUL MOier 8 NPednosoHceHUl, LMo UL MACCbL PABHDL.

156. B npumepe 'aycca Mbl cuuTanu, 4To TakaAa TOYKa 3peHUA oboc-
HoBaHa. KakoB GyeT 3aKOH pacnpe/eleHUA OMNGOK, ONPaBIbIBAIOIUI DTY
runoresy?

Himem BepoATHOCTb TOro, YTO KOOPAMHATHI TOUKM JeaT MEmAY &
ux+dr,yuy+ dy. ITo 3aava Ha YCIOBHbIE BEPOATHOCTHU, U HAM HAJO
UCKAaTb

Piwi
> Piwi
Bennuuvna @; — anpuopHas BEpPOATHOCTb TOTO, YTO KOOPAUHATHI JemaT
Memay ¢ u ¢ + dx, y u y + dy; npegcTaBuM ee Kak
w; = "7/)(377 y)

Benuuuna Pi — BEPOATHOCTHL TOr'o, 4TO IIpH BO3JEeACTBUU AAHHON NPUYNUHBI
MNpoucxoguT HabnogaeMoe ABJeHUe: 3[ech HaOM0JaeMbIM fABJIEHUEM 6yZ[ET
TO, YTO OJHHU KOOPAHWHATEHI JexmaT MeHAy

I u xr1 + d:Bl,
Tes U X+ drs,

Tn U Ty +dr,,
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IpyTrue — MemKIy

Y1 u oy +dys,
Y2 U Y2+ dys,

Yn U Yp +dyp.
BepoATHOCTL p; paBHa NpPOU3BENEHUIO BEPOATHOCTEll, COOTBETCTBYIOMIX
KamI0My U3 U3MepeHuil

pi = @&, m)e(€2y M2) .. 0(€n, M) déy dmy déa dipa ... dEy dipy.

IIyctb
I =, m)e(&, n2) .- (ns Mn)-
Torpa
DPil;
> piwi
OynetT

Iy dx dy d&y dny déa dns ... dEy, dny,
S Iy dx dy déy dy dés dns ... dé, dny)

UHTerpan GepeTcA 10 & U y; OCTaeTcA

Iy dx dy
[T dz dy’

3HaMeHaTelb — KOHCTaHTa, He 3aBucAlad oT x U y; 3Ha4uT, BEpOATHOCTb
npomnopouoHalibHa YUCIUTENIO.

157. KaxoBo HauGoiee BeposaTHoe 3nauenue? To, rae yucaurens [q)
gocturaeT makcumyma. Ho

O=g@ —z,y1 —y)p(rs — 2, y2 = Y) ... @(Tn — T, Yo — Y)-

[Ipu Kakux 3HAYEHUAX & U Y TO Npou3BeleHne MakcuMaibHo? CoriacHo
NOCTYJaTy, 3TO cpeiHee apuPMeTHUYeCKOe X1, Ta,,... , Ly B KAUeCTBe & U
cpenHee apubMeTUYECKOE Y1, ¥Y2,... , Y B KauecTBe y. [IpupaBHAeM nora-
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pudMHYeCcKre TPOU3BOAHbBIE K CIeYIOMUM GYHKIUAM:

e dp

dé dn

% =P m). 5 =Fole.m),
dy dy

dr dy

_— = 07 - = 0 .

" v

Jlorapudmuueckasa npousBoznnas Iy no z, kotopas moaxHa obpamarbed B
HYllb B TOUKE MaKkCUMyMa, paBHa

_F(él? nl)_F(€27n2)_"‘_F(€'n9 nn)+0=09
OTKy/a
F(€1, "71) + F(€27 772) +... +F(€n7 nn) =40.

Jlorapudpmuyeckoe nquddepeHnpoBaHue Mo y JacT

Fo(&1, m) + Fo(&, m2) + ... + Fo(&n, 1) = bo.
BTI/I ABa COOTHOLIEeHNWA OOJHHbI BBINIOJIHATHLCA BCAKUN pas, Koraa

ry +x2+...+x, =nx,
Y1 +y2+ ...+ yp =ny,

TO eCTh
51 +€2++€n :0,
m+n+...+n0, = 0.

158. Peub upet 06 onpepenennn GpyHKIUN ¢ U ¢ Tar, 4YTOOBI 3TU JBe
cUCTeMbl YpaBHEHH GbLIN COBMECTHBI.

NQuddepeHurpyeM 3TH [Be CUCTEMBI, CUUTAA & U Y NOCTOAHHBIMU U
MeHAA &1, M1, &2, N2y - -« 5 &ny Mn. [IpousBopHbie oT 6 u 6y B mpaBoii yacTu
paBHBI HyNIO, T. K. § U 6y He 3aBUCAT OT STUX BEIUYHH.

f1 o6osnauy F; u F cnepyromue GyHKIUH

F; = F(&, mi), F = Fy(&, mi).
I[lepBasa cucTema npeobpasyeTca B

dFy +dFy + ...+ dF, = 0,dF) + dFY + ...+ dF? =0,
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a BTOpad cucreMa — B
dé +dég + ...+ dé, = 0,dn) +dny + ... +dnl = 0.

TaxoBbI IBe CHCTEMBI, KOTOPbIE JOJIMHbLI ObITh SKBUBaIEHTHBI.
lIBa nepBbIX YpaBHEHUA MOMKHbBI ObITb KOMOWHANKMEN ABYX MOCIEIHUX;
BBINOJHAETCA TOMAECTBO

dFy +dFs + ...+ dF, =
= Ad& + Bdm + Adés + Bdns + ... + AdE, + Bdny,.

[IpupaBHUBaeM cooTBeTCTBYIOINE KO3 () PUINEHTHI:

_dFy, _dF, _ dF,
TdG T de T déy
_dFy, _dF, __ dF,
Tdp  dny T dng

dF
3nech A J0M#HO 3aBUCETh TOABLKO OT & U 7)1, T. K. OHO PABHO ——-; TaK e
d¢,
dF, .
PR
Hrak, A u B — woHcrauTel: F| — nuHelHaa QyHKUMA & U 7).
Tak me u FY — nuneitnaa ¢ynsuus & u 7;. llobaBum, 4to B mpes-
craBieHnu F; xkak

OHO 3aBUCHUT TOJBHKO OT 62 " 7)2, T. K. OHO paBHO

Fy=A& + By +C

npou3BoibHasA nocroanHaa C' paBHA HYIIO.
HeticTBUuTENBHO, €CNU A 3aMeHIO Fy, Fs, ..., F,, uX 3HaueHUAMHU, fl TIO-

ayqy
A +&+ ...+ &) +Bm+ne+...+n,) +nC =6.
JTo ypaBHeHUE JOI#HO ObITh BEepHbIM BCAKUI pas, Koraa

£1 +£2++£n:07
m+n+...+n,=0.

Hrar, nC = 6, u, T. K. § He 3aBUCUT OT n,

#=0, C=0.



192 Trasa 12

Otcroga cienyet, 4TO 1) KOHCTaAHTA.

Yto6s1 Teopusa ['aycca Gblia mpuMeHUMa, Hago0, YTOObI a priori y Hac
He GbLIO0 HUKAKUX CBeJeHUI 0 3HAYEHUH MCKOMOU BeTMYHMHBI.

TouHO Tak e MONy4YUM

F) = D& + Eny.

Kpowme Toro, B = D, T.K.
B, A

- d’lh ’ d_fl,
) dF; _ iy
d’l71 dfl

B cuiy omnpeneienuda F'u Fy.
Haronern, npuxoaum K

rie G — KOHCTaHTa, KOTOPYIO MbI 3anuineM Kak log H.

Muorounen A&? + 2B¢&n; + En? nonsen 6bITh 0TpULATENbLHO ONpee-
JEeHHBIM, T. K. 66CKOHEYHO GoibIinaf omubKa JoN#HA UMETh HYJIEBYIO BEpO-
ATHOCTb; 0603HauuM ero — P.

logp = —P + log H;

OTKY/a
p=He T,

//sod& dm

JojeH ObITh paBeH eJuHULe IPU BCeX BO3MOMHLIX 3HAYCHUAX = U Y.

NuTerpan

159. 9To paccysaeHre MOMET CTaTb 00BLEKTOM TeX #e BO3pameHui,
yTo U paccysjaenue [aycca.
Ecnu, HecMOTpsA Ha Bce Bo3paneHUA, Mbl IpUHUMaeM 3aKkoH ['aycca, To
MO#HO IIOCTPOUTh KpPUBbIE
P = const,

NIOMeCTUB Ha4yajlo B HAMe€4YeHHY10 TOYRY, T. €. O4YeHb OIU3KO K cpe)meﬁ TOY-
Ke. CI/ITya].[I/IH moxo:Ka Ha 3ajgaydy o CTpeJ]bﬁe 10 MHUIIIEHU.
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Touku pacHpegendaioTca coridacHo 0606-
meHHoMy 3axoHy ['aycca.

KpuBeie P = const GyAyT KOHIEHT-
PUYECKUMHU 3JIUICAMH C OIMHAKOBBIMU Ha-
npaBleHUAME Oceil.

PaccMoTpuM ofMH U3 3THX 3IUIUICOB: f
npoBeny u3 O HECKOIBKO NPAMBIX, KOTOpbIE
JenAT IJI0CKOCTh Ha cekTopa 1, 2, 3, 4.

IIycTb 81 — BHYTpEHHAA YacTh IEPBOro
ceKTopa, S; — ero BHEUIHAA 4YacTb.

Ecnu Ha nnockocTH OTMeYeHO OUeHb MHOI'0 TOYEK, OHU paclpeleNAloT-
cA MOYTU MPOMOPIHOHAIBLHO UX BEPOATHOCTAM. B s; 6yneT my Touek, B S;
ux 6ymer N;. Teopema, HeMelsIeHHO cleqyioiiana u3 GopMybl IpeablayIie-
ro naparpada, TakoBa:

Puc. 17

ny _ Na2 N3 _ Ny
Ny N Ns Ny
B Ka#/JOM CekTope OTHONIEHHE KOJMYEeCTBAa BHYTPEHHHX M BHEIIHUX
TOYEK 3IUTUICA OANHAKOBO.

160. Ecau na6aiogeHuA He3aBUCUMBI, TO (0 PaBHO NPOU3BENEHUIO IBY X
¢yuruuit. Torga P 6ymeT cymMmoii AByX (QYHKIUI, KamkaaAa U3 KOTOPbBIX
3aBHCHUT OT OJJHOI NepeMeHHOl; ciaraeMoe ¢ £11); Ucue3aeT.

JTO 03HayaeT, YTO OCH DIUIICOB NapanielbHbl 0CAM KOOpAUHAT.

JIna Toro 4yTo6bl pa3pbIB MeJy HaMeUYeHHOIl TOUKON U MOJTYy4eHHOM
B pe3yibTaTe HaGMIOJIEHUII He 3aBUCEN OT HAIpPaBJIeHUA, DIUIUIC [OIHEH
BBIPOJUTHCA B OKPYHOCTb.

Eme momHO 6yoeT cuuTaTh He3aBUCHUMBIMH OIIMORY B abcrucce U
omnbKy B pajuyc-BeKTope.

Bce ckazaHHOe Bblllle ABUIIOCH OCHOBaHKEM /A JOKa3aTelbCTBa 3aK0HA
l'aycca. 9Tu Bompockl y#ie ynoMmMuHaiuch B naparpade 16; oHM JHIIEHBI
cMblcia.
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MeTon HaMMeHbIITHUX KBaJpaToB

161. MeTon HauMeHBbIIUX KBAJPaTOB CIYMUT A ONpeeeHUA Belu-

YUH U1, U2, «.. , Up, €CJIH HEIIOCPEACTBEHHO NX U3MEPUTDb HeJIb3fl, HO MO#HO
HaliTU Kakue-TO (bymtupm Z1y 224 «++ 5 Zn OT HUX:
zZ1 = Fl(ul, U2y o ve s up),
Z9 = Fz(ul, U2y o ve y 'U,p)7
Zn:Fn(uh U2, 7UP)

HyCTb IIpU U3MEPEHUU Z1, 22y «.. 4 Zpn N HaOMogeHuii ganu pesyJibTa-

Tbl X1, 2y ... 4 Tp; JONYILIEHBI KAKUE-TO OIIUOKU. I[JIFI Zi omuodKa Y; paBHa

Yi = Ti — %

3ajadyy MOKHO NMOCTaBUTh TOJbKO IJIA n > p, T.K. JIA n = p cUCTeMa
ypaBHeHMl faeT eJUHCTBEHHOE pelleHUe, a AIA n < p ypaBHeHUi GyneT
HEeJI0CTaTOYHO, U 3ajlauya OKaeTCA HeolpeeleHHOM.

Inan > p ypaBHeHuil Gonblile, Y4eM HY#HO: KaKOBBI TOr'a Oy Iy T caMble
npuemMieMbie BEIUYUHBI, KOTOpble MOKHO B3ATb 3a u7

HcknouuM p BelWUYUH u; IPUXOAUM K 1 — p YpPaBHEHUAM

0i(z1, 22y ooy 20) =0, i=1,2,...,n—p.

JTO ypaBHEHUA CBA3MU.
NHorpa BeirojHee B3AThH UX B TO (opMe, KOTOpasA MpUBEJIeHa BBILIE.
WHorga npefnoyTuTelNbHEE BbIPA3UTh 2 KaK QYHKIUU OT .
Mz pazGepeM NpUMEPHI ¢ IEPBBIM U €O BTOPbIM METOAOM: HepBbIi Oy-
IeT CBA3aH C IIaHeTaMU, BTOPOU — C 3ajlaueil 0 TpUAHTYNALNHU.



Memod naumenvwuxr keadpamos 195

162. IlepBasa yacTb MeTOJa HAUMEHLIINX KBaApaTOB, KOTOPbIM MbI
3aiiMeMcA IPAMO celfvac, 3To onpeeleHue Cambly NOOLOOAWUT 3HAYeHUT U.
Bo BTOpOIT yacTu MBI Oy[leM U3yuyaTh JOMYI[eHHbIE OMINOKH.

Ilo HeusBecTHOI MpUUMHE BENIUYMHBI ¥ 3aKJIIOYEHbl B ONpeleleHHbIX
npepenax; HaGnioaeMble BEIUYUHBI &; TOME 3aKIIOUYEHbI B ONpeJeleHHbIX
npepenax. [Ipumenum eie pas popmyny

Pil;
-
Zpiwi
rie @; — alpUOpHafA BEePOATHOCTb TOT0, UTO BO3JeHCTBYeT JaHHAA MPUYU-

Ha; 3/lecb 3TO O3HAYaeT, UTO BeJIUYMHBI ¥ JeKaT MeHAY Uy U Uy + duy, Uz
u ug +dug, ..., Up U Up + dup. ITY BEPOATHOCTHL MOKHO NPEJCTABUTh KAk

P(ur, ug, ..., up) dug dus . .. dup.

chHHI.II/IH ’(/) MOMET UMEThb pa3HbII7I B B 3@aBUCUMOCTHU OT TOro, Kak MbI
a priori npeacrapifeM cebe BeJIMUYUHBI U: 3[IeCh CTeIleHb POM3BOJIa OYEHb
BeJIURKAa.
BeJmtha Pi; paBHa BEPOATHOCTU TOro, 4To x; JEHMUT MEHAY T; U
; + dx;, B IPEIIONONEHUN, YTO BCE ¥ UMEIOT Te 3HAUEHHUA, KOTOPbIe MbI
UM NpUNUCcANU; YUCHTA 21, 22, - .- 5 Zp JAHBl KAK QYHKIUU OT u, U BEPOAT-
HOCTh JONYIIeHHOH B Ka#aI0M U3 HUX OMUOKU OyHeT COOTBETCTBEHHO
e1(y1) dyr = p(r1 — 21) dy,
p2(y2) dy2 = p(x2 — 22) d2,

On(yn) dyn = @(xpn — 2y) dxy,.

Hcromas BEpOATHOCTh p; — Ta, C KOTOPOIi BCe 3TU 0OCTOATENbLCTBA MPOUC-
XOJAT OJIHOBPEMEHHO; 3TO MPOU3BEIEeHNE BEPOATHOCTEI:

pi = p(y1)e(y2) ... o(yn) dy1 dya . . . dyn.
1 wemuoro COKRpaly 3amnuchb, rnoJjaarasa
duy duy ... du, = dw,
a ¢ Apyroit CTOpPOHBI,

e1(y1)p2(y2) - - - pulyn) =11,
dy, dys ...dy, = dx1 des ... dx, = dw'.



196 TI'nasa 13

Torna
piw; = Iy dw dw'’

piwi I dw dw'
Spio | S pdods

NuTerpupoBanre NpousBOJUTCA TONbKO MO dw, mo3TOMy dw’ cokpamaercs.

TakoBa BepOATHOCTh, KOTOPYIO HAJ0 3HATh, YTOGBI HANTH aOCTEpUOp-
HYIO BEPOATHOCTH TOTO, UTO u; JEMUT MEMIY u; U u; + du;. Tar Kak 3Ha-
MeHaTelb paBeH KOHCTaHTe, 3Ta BEPOATHOCThL HponopiuoHanbua I, T.e.
(QYHRIUU OT U, U 1 dw, IpeJicTaBIAIIeN alPUOPHYIO BEPOATHOCTh; P dw —
TOe QYHKLUA OT u.

163. YToGbI MONyUUTh HAubo.iee 8eposmHuoe 3HAYEHUE BEAULUH U, HA-
1o Haiitu makcumyMm Iy dw.

CaMoii mpocToil runote3oit HacuyeT v GyneT ¥ = 1: ocTraeTca ompeje-
autTb makcumym II.

Camoii mpocToit rumoTe30i HacueT  GyAeT NpeAnoiodeHne, YTo Omus-
KU IOAYMHAIOTCA 3akoHy ['aycca:

h. _ 2
or(yr) = \ ?k e Mk,

= Ce—(hly%+h2y§+-..+hnyﬁ)'

Torpa

MchnmyM AOCTHUraeTCAa, Korga BbIpasieHue B CHOﬁHaX, T.e€.
2 2 2
hlyl +h2y2 +'.'+hnyn,

MUHUMAIbLHO.

JTo usdBecTHAaA GYHKIMA OT w: BeIUUYUHbI hi, he, ..., h, Opeacras-
JAIOT coGoii Beca HAGMIONEHUI, ¥ JOCTUraTh MUHUMyMa MOJMHA CYMMA
k6adpamos NOMYIIEHHbIX OMUGOK, B KOTOPON KamIblil KBagpaT YMHOMEH
Ha BeC COOTBETCTBYIOIIEro HAGIIOeHNA.

164. MosxHo Obl10 GbI NPUUTH K TOMY e pe3yibTaTy 0e3 3aKoHA
laycca, moctaTouHo aMIIb NpefnonaraTh clydaitHble OIIMOKM MalbIMU, a
cucTeMaTuyecKkue — HYJIeBbIMU.
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I[EI'/'ICTBI/ITe.HbHO, npenmnojgaraeM, 4To BeJIUWYHUHBI y O4YeHb MalbI; KaKkoi
OBI BUO He HUMeIn q)yHHuI/II/I (p, MBI IIpuaeM K KaKOMY-TO aHajJOru4Ho-
MY BLIpameHulo. Pe‘{b HOI’IHET 0 JOCTUMEHHUU MaKCuMyMa IIpon3BeJeHneM
BCex ;.
1 cunTalo (; YeTHBIMH U packiaibiBaio o dopmyie Teiinopa log v;,
MeHAA 3HaK:
—logp1(y1) = a1 + b1yf +cryi + ...,

—logwa(y2) = a2 + bzyg + 02y§ +el,

—logn(yn) = an + bnyi + cnyfb +...

CyMMa JIOFapI/I(I)MOB C NPOTUBOIIOJO#HBIM 3HAKOM JOJIHHA ObITh MUHUMAJb-
HOW, T.e. K MUHUMYMY CTPEMUTCH BbIpa:ieHue

Zai—FZbiy?—i-ZCiy?—i-...

I nudpdepennupyto mo wug:

LAy .34y _
2Zb1yldUk+4chyidUk+..._ .

Takr Kak y; cUUTAIOTCA OUYEeHb MalbIMU, BHICIIUMU CTENEHAMHU MOMKHO Ipe-
HeOpeub, U Bce OyIeT MPOUCXOAUTh TaK e, KaKk ecau Obl Mbl MCKAlIU MU-
Humym Y b;y?. Utak, nomyckas, 4to 3akoH laycca HeBepeH, MOLYYUM, YTO
HUCTHHHBII BEPOATHOCTHBIIN 3aKOH He 0UeHb OTINYAETCA OT HEro Ha HYMCHOM
HaM uHmepsa.e.

OnHo u3 aByX: MuG0 HAOMIOJEeHNA PAKTUYECKHU COTIIACOBAHbI U, KAK MbI
TONbKO YTO BUIENH, IPUMEHHM MeTOJ HaUMEHbIIUX KBaApaToB, JUGO OHU
He COoriacoBaHbl, U B 3TOM cly4yae JaHHble HaGMIOJeHUA HUYEro He CTOAT,
U3 HUX HUYEro Helb3fl BhIBECTH.

165. Tem He MeHee MbI He CMOIJM Obl yJOBIETBOPUTLCA NpebIoy-
UM paccy#jeHueM, T.K. TO, YTO Mbl XOTUM IIONYUYUTb, 3TO BEPOAMHOE
3HaueHHe u (a He Haulbo.uee 6ePOAMHOe HAYEHUE).

Eciu BepoATHOCTH TOTO0, UTO & JIeMUT MeMAY « U +dx, paBHa p(x) dz,
To Haubollee BEPOATHLIM 3HauUeHUeM & OyneT To, I'le JOCTUraeTcA MaKCH-
mMyM p(z) de.

BeponTtHoe 3Hauenue z pasHo [ zp(z)dx.
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Ecau BepoATHOe 3HAaueHUe % PABHO Uy, TO BEPOATHOE 3HAYEHUE QYyHK-

Uu 2,

z =u?,

He coBIIajaeT C 'U,%
Ho ecnu sce z — aunetinvle ﬁwmuuu om u, UX BepOATHLIC 3HaAYCHUA
COOTBETCTBYIOT BEPOATHLIM 3HaUYCHUAM U;

Z2i = Ailul + Ai2u2 +...+ Aipup + B;.

Tuddepenuuan CTI dw npencraBiaser co6oit BePOATHOCTh TOr0, 4TO i-f Be-
TUYUHA u; JeHMUT MEKAY u; U u; + du;.
IIycTb u,g — BepOATHOe 3HauyeHue ug,

u) = /Cﬂuk dw.
BepoATHoe 3HaueHue z;, 0G03HAYMM €TO 2z, PaBHO
z? = /CH(A,-lul + Ajyuz + ...+ Aj up + By) dw
uiu

z? =A; /Cﬂul dw+Ai2/CHuz dw—l—...—l—Aip/CHupdw+Bi/CHdw,

i, T. K. [ CIl dw paBeH BepOATHOMY 3HAYEHHMIO €JUHUIBL, T.e. 1,
0 _ 0 0 0
zZ; = Ailul + A,‘2u2 +...+ A,‘p’up + B;.

166. C onHOIi CTOPOHBI, A OYIy CUUTATH 1) KOHCTAHTOIl; ¢ APYTOii CTO-
POHBI, A IPEANONOMKY, YTO 3aKOH paclpe/eneHus OIINOOK — rayCCOBCKUI;
HaKoOHell, YTO BCce z CBA3aHbI C U JUHEHHBIMU COOTHOLIEHUAMMU.

fI xouy ycTaHOBUTB, UTO BepoAmMHOe 3HAYEHUe U COBIAJaeT C TeM, KO-
TOpOe AaeT MeTOJ HaluMeHbLIMX KBaApaToB.

IIpousBenenue p;w; nocTUraeT MakcumyMma, korga GpyHwuua P

P =hyy; +hays + ...+ hyy2

MHWHHMAJbHAa.
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Myers u?, ud, ..., ug — 3HaAYeHNA U, JOCTABIAIOIINE MUHUMYM 3TOMY

BoIpaseHuio. OHU e OyIyT, Kak MbI cefiuac YBUJUM, BEPOATHHIMY 3Haye-
HUAMHU COOTBETCTBYIOIIUX U.

HNmeem
I=Ce P,
BeposaTrHoe 3HayeHue uy paBHO
Il dw J Muy, dw
U = .
J M dw J I dw
Hapo mokasaTh, 4To
0 fﬂuk dw
U, = ———,
[Mdw
TO €CThb
/H(uk —ud) dw = 0.
Hmeem

Yi = Ti — Z43

rage r; n3BeCTHoO, z; UMeeT IepBYlO CTelNeHb MO0 u: Torga P — wmHorounexn
BTOpOﬁ creneHu nmo u. MHorowien P gocturaer MUHHUMYMa, Korjaa

— 0 _,0 _ .0
Uy = Uy, U2 =TUgy ...UEL = Upy ...

JTo O3HaydaeT, 4To

D = po + P2,
rie pz — OJHOPOAHBIA MHOrowieH BTOpoll cremenu 1o (u; — ul),
(ug —ud), ..., (ur —ul), ...; a pp — 3HaueHne MuUHUMYMa P.

MbI XOTUM MOKaszaTh, 4TO
/Ce"”oe_m(u;c —ul) dw = 0.

3necs Ce P0e™P2 — yeTHan GYHKUMA OT BeauduH (u; —ud); ug —uh —
HeueTHas ¢yHruMA. Tar Kak MHTerpan GepeTcd OT —0O 10 400, OH paBeH
HYJIIO.

HUrakr, naHHble 3HaueHUA u OyAyT He TOJbKO HauGojlee BEpPOATHBIMHU,
HO ¥ BEPOATHBIMU 3HAYEHHAMHU.
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167. DByper au sTo BepHO B obmem ciyuae? Jla, ecin uamepeHus
NpaKTUYECKU COrJacoBaHbl, OIMMOKU Majbl U BCe MPOUCXOAUT TaK ke, Kak
no 3aKkony ['aycca.

Ecau o6aacTh M3MeHEeHUA 14 OUYEHb OrpaHMYeHa, Mbl MOKeM paccmaT-
pUBaThb z KaK JMHeliHble, KaKkoil Obl BUI He UMeIu GyHKIuu F'.

N3 Tex me cambIx coobpameHuil, 4To 06JacTh, Ha KOTOPOU MOTYT Me-
HATbCA U, OYeHb OrpaHuyeHa, QYHKIUA 1P, KoTopad U3HAYaIbHO GbLa Mpo-
MU3BOJbHON, MOMET CUATATbCA KOHCTAHTOM.

HNmeHHO u3-3a Bcell COBOKYMHOCTH 3THUX OOCTOATENbLCTB METOJ Hau-
MEHbIUIMX KBaJpaTOB MOKET CUYUTAThCA NMPUMEHHUMbIM BCAKHUII pas, Korja
HabJ10/IeHUA NpaKkTUYEeCKU COrIacOBAaHbI U JUIIEHbl CUCTeMaTUYeCKUX OIIU-
O0K.

168. VYcraHoBUB 9TO, IOCMOTPUM, KAK Q0AIHCHBL npoeor?umbc;z ebliuc-
JACHUA.

Mk 3Haem Q)yH]{I.[I/II/I Z OT u: BCero Mux p MTYK, a KOJU4YEeCTBO Habn10-
NeHum paBHO n " 6onbIie p, BMeCTO Zz1, 224 ... y Zp HaM JaHbl 3HA4YEHUA
L1y L2y eoe gy Lo

YPaBHeHI/Iﬁ 6O.TIbIJ.IE!7 YyeM HeH3BEeCTHBIX; HIleM HaI/IJIy'-IIJ.II/Iﬁ crocob Ipu-
613U TENbHO YOOBJIETBOPUTHL WM.

HepBoe l'IpI/I6JII/I}KeHI/Ie AacT Uy, U2, «.. 5 Up. Hpeunonomum, ero Jgocra-
TOYHO, YTOObI MO¥HO ObLIO HpeHe6pe‘lb KBagpaTtoM IlOl'Iy].L[eHHOﬁ O]J.II/I6KI/I;
nyCcTb bl paBHO 3TOMY NepBOMY le/lﬁﬂl/I?{{eHI/lfO oI w;

u; = b; + v;.

Ecnu mbl packnaibiBaeM z; N0 BO3pacTaHUIO cTeneHeil v;, no popmyne Teii-
1opa, ¥ npeHeOperaeM KBajpaTaMu v;,

Z; = Ailvl + Ai2v2 + ...+ Aipvp + Bi,

TO MBI IOJIYYUM TakuUM 06pa3oM 1 ypaBHEHUil, KOTOpbIE CTAHYT JHMHENHHBI-
MH.
Hapo HaiiT#u MUHUMYM CyMMbI

D hiyi = hilzi — @),

[MuuremM, 4TO p MPOU3BOAHBIX MO p BeIUUYHHAM V1, V2, ..., Up PABHBI

HYIIO:
dzi _
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dzi
d’Uk

D hidi(zi — @) = 0.
169. Hrax, Mbl NIpULLIK K clenyioemy npasuiy. Huse A 3anucbiBaio
npubIM3UTeNbHbIE YPAaBHEHUA:

= Aj;

ocTaeTcHa

x1 — B1 = Aj1v1 + Appva + .o+ Apvp | hida,
Ty — Bz = A21'U1 + A22’02 + ...+ Azp’Up thgl,

Tp — Bn = Anlvl + Anz’Uz +...+ Anpvp h'nAnl

JTH ypaBHEHUA He TOJIbKO NpPUOIU3UTENbHbI, HO U HECOBMECTHBI, T.HK.
n > p. fl ymHOxa0 06e yacTu nepBoro u3 HUX Ha hi Aj1; o6e yacTu BTOpPO-
ro — Ha hyAs; ... ; 06e yacT n-ro — Ha h, A,; ¥ MOUYIEHHO CKIAIbIBAIO
pe3yiabrathl. Tak A moayuyaio nepBoe ypaBHeHUe, JHMHeliHoe MO T U v; A
[0Jb3YyIOCh KO3 pUuLueHTaMu

hiAxk, h2 A2k, «.. s hoAng,
rae k = 1. Ecau A nocnenoBaTelbHO NMpUpaBHAW k K 2, ..., p, A HOIy4y
HOBbIe cepuU KOdDPUIIUEHTOB
h1A12, hoAss, ..., hyAps,
ey ey ey ey
hiA1p, hoAsp, ..., hnApp,

U, COOTBETCTBEHHO, P JMHEIHbIX yPaBHEHUN IJA v.
PemuB 3Ty cucTeMy, Mbl OTBETHM Ha BONPOC 3ajayu.

170. fl npoBeny BbIUUCIEHUA MHAYe.
Y MeHA ecTb n OYHRUUHN 2; OT U, U, ... , Up:

zi = Fi(u1, ug, ..., Up).

fl Mory MCKIIOUUTBL w; OTCIOJA Al MOAYYy N — P yPaBHEHUIl, ABIAIOIUXCA
YPaBHEHUAMH CBA3U:

Q01(21, 22y aeey zn) =
02(21, 224 ey Zn) =
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rae g =n — p.
fl Mory pasnomuTh Bce ypaBHEHHA CBA3U, IpeHeOperad uieHaMU BTO-
poro mopAaka Mo y, Ipu yclIOBUHU, YTO HAGIIOAEHUA NOCTATOYHO COrJlacoBa-

HBIL:
Aniyr + Aeya + ...+ Aipyn = B,

Aoy + Azays + ... + Aopyn = Ba,

Aqul + Aq2y2 + ...+ Aqnyn = Bq.

HKak nyuiiie Bcero y1oB1eTBOPUTh 3TUM ypPaBHEHUAM cBA3U? YCTpeMUB

K MUHUMYMY
> iyl

Z hiyi dy; = 0.

171. Hapo 3ameTuThb, 4TO dy;, dys, ... , dy, He GyOYT HE3aBUCHUMbI-
MHU: OHUM CBA3aHbLI COOTHOUIEHUAMHU, KOTOPbIE MO#HO MONYUYUTh, JUddepeH-
UUpPYA ypaBHEHUA CBA3HU.

O6muit BUJ 3TUX YpaBHEHUN —

Z Apiy; = By,

Urak,

OTKy.a
Z Api dy; = 0.

Hrak, cooTHOIIeHN A, cBA3bIBaOIMUE dy;, dys, ... , dy,, IMEIOT BUJ
Z Aq; dyz =0,
Z As; dyz =0,

> hiyidyi =0

TOJI3KHO OBbITh ClleICTBUEM BTUX q ypaBHeHHﬁ.



Memod naumenvwuxr keadpamos 203
Me1 mosaskHBI mony4uTh (IpU HEONpEeNeNeHHbIX KOo3(hhUIeHTaX €)
hiy; = e1A1; + €249 + ...+ Equi.

Bce & MosHO onpeienuTh, MOJCTABUB B ypaBHEHUA CBA3W 3HAYEHUA ¥; KAk
(YyHKINU OT €; MEPBOE YpaBHeHUe NMPEBPaTUTCA B

A A
h—lll[ElAn +ezdar .. -+5qu1]+h—122[€1A12+€2A22 +...+eqApl+... = By,

Tarum 06pa3oM HoxyvyaeTcd q ypaBHEHUU A oNpeleleHUs €. ITO BTOPOe
pellleHUe 3a1a4H.

172. Bo3sbMmeM [Be mepeMeHHbIe U YeThIpe HabmogeHus. [IBa ypaBHe-
HUA CBA3U PaBHbI

Ay1 + By, + Cys + Dy, = H,
A'yy +B'ys + C'ys + D'ys = H'.

fl cuurtaio Beca oguHakoBeIMU: hy = ho = hg = h4.

y1 = Aey + A'es,
yo = Bey + B'es,
ys = Cep + Cl€2,
ys = Dey + D'es,

Ilocne MOACTAaHOBKH Y B YpaBHEHUA CBA3U MOJYUYUM YpPaBHEHHA HJIA €:

(Z Az)e + (E AA')EQ - H
(Z AA')e + (Z A'2)52 ~-H.

W3 1Byx yKasaHHbIX MeTOJOB OJUH OyJeT BbhITO/lHEE APYTOro B 3aBUCUMOCTH
0T 0O6CTOATENbCTB.

TpynHocTb 3aKkni04yaeTcA B HEOGXOAUMOCTH pemaTh 60IbII0e YUCIO JH-
HellHbIX ypaBHeHMWIT; Hallell [enbio GyAeT M0 BO3MOMHOCTH YMEHBIIUTh UX
KOJNYeCTRBO.

B mepBoM cmnocobe umeercAa p ypaBHeHHI, BO BTOPOM UX ¢ = 71 — P.
Hrakr, Hafmo NpUMeHATHL NepBbli cnocod, ecau n Oodblie, YeM 2p, BTOPOit
cnoco6, eciu n MeHblle, yeM 2p.
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173. MbI noneiTanuck HAUTU MUHUMYM

Z h'z(zz - $)27

rae h; — Bec Ha6moneHun i. MoHO cBecTH 3alauy K cliydalo, KOT/la Bce
Beca paBHbl. [lonaraem

zi = ziv hi = VhiFi(u1, ug, ..., up)
z; = ziv/ hi;

Torga
h,(zl — ﬂ?z‘)2 = (\/’lel - \/’szt)z = (Z{ - x;)za

U HaJo0 UCKaTb MUHUMYM BbIPpaxK€HHUA TAKOI'0O e, KaK

3 (2 — i),

174. Mu1 Bugenu, 4To BEIYUCIEHUA MOMHO ObLIO GbI IPOBECTHU JBYMA
cnoco6amvu. [IpuBeneM npumep QA Kamaoro U3 HUX.

S

S, S,
Puc. 18

IpumeP 1. Toury M HaGaOAaIOT ¢ HECKOJIbKUX mo3uuuii Sp, So,
S3, ..., UX IOJOMeHUe NpPEeKpacHO W3BEeCTHO; uaMepAlT yroa MS; c
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KaKUM-TO (UKCUPOBAHHLIM HampaBileHueM MS,, WHaye TOBOpA, asu-
MyT M S1; DOIycTUM, 3TO 1; ¥ Tak IiA Beex M S;.

KakoBo nau6onee BepoATHOe monoxsenre M mocie 3TUX U3MepeHuii?

Mycts x, y — woopaunatel M; a;, by — KoopauHaThl S;; @; —
yron MS; ¢ M Sy, B3ATON B KauecTBe 0CU aGCIuce:

p; = arctg %'

YpaBHeHUA 1JA ;, BOOOIE TOBOPA, HECOB-
MeCTHbI, HAMeYeHHbIe JMHUY He IIPOXOIAT TOU-
HO uepe3 M ¥ 00pasylOT BOKpYT 3TOH TOUKH
MaJleHbKHii MHOIOYTONbHUK.

IpousBoibHaA TOYKA, B3ATafg BHYTPHU
ATOr0 MHOIOYTONbHUKEA, GyJeT MepBbIM MpU-
Gnumenuem, My (o, yo). f monaraio

T =z + &,
Y=y +n, Puc. 19

rie & U 1) — o4YeHb Majble BeanuuHsbl. IlycTh
_ 0
i =p; T wi.
(B cnyuae, usobpamenHoM Ha puc. 19, w; oTpunatensHo.) Kpome Toro,

0

b
@] = arctg L_’.

To — a;

Paznomum @; 110 Bo3pacTaloumuM CTeleHAM 6 u 7, OCTAaHOBUBIINCH Ha 4ie-
Hax BTOpPOIo mnopAaagkra:

n(xo — ai) — §(yo — bi)

0
pi = @] + :
TN (w0 — a)? + (yo — bi)?
IIyctn
Yo — b;
Ai=—
' (w0 — ai)? + (yo — bs)*’
B — o — Qg
1

(w0 — ai)® + (yo — i)*
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Torna
wi = i — ] = Aif + Bin.

Ha6nronaemoe 3HaueHme p; paBHO P,
_ 0
Vi = ¢; + &

3nech €; 6yaeT HabIOJaeMbIM 3HaUeHUEM w;. Y paBHEHUA, OJyUYeHHbIe U3
HabatoleHuil, 6y 1y T cileAyOMuMu:

E; = Alf + Bi’I].

JTH ypaBHeHHA, BOOOIIe rOBOPA, HECOBMECTHBI, T. K. HAGIIOIeHUA HETOUHBI;
HaJo BeIGpaTh & U 1) Tak, YTOOBI

> (A + Bin —ei)?

6blia MUHUMAalbHA.
I nuddpepennupyto mo & u n:

Y Ai(Ai€ + Bin—e:) =0,
Y Bi(4ié + Bin — &) = 03

OTKHYyJa uMeeM [JBa JIMHEAHBIX YpaBHeHUA OJA ollpelelleHUuA f un:

£Y A’ +n) AB=)_ Ae,
¢Y AB+nY B*=) Ae

175. IIpuMeP 2. Ilpeamonosum, 4TO U3MEPWIM NEBATb YTJOB:
NYCTh 2; — UCTHUHHbIE 3HAUEHUA 3TUX YTIOB, &; — UX HablIrogaeMble 3Haue-
HUA, y; — omnbKu. [IpeacTaBum, 4TO 3TH JEBATDH YTIOB CBA3aHbI Y€THIPhMA
ypaBHEHUAMMU:

21+ 29+ 23 =,

24t 25 t 26 =,
Zrt28tz9g =,
23 + 24 + 27 = 2m.
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Ecnn h1 — OYeHb MaJjiafd BeJIMYMHa, [oJy4YeHHad U3 HaOnwoaeHui u paBHasAa
IMMPEBLINIEHUIO CyMMBbI HalJeHHbIX yrioB Hag pa3BepHYTbIM:

Ty +xo +x3 =7+ hy,

TO
y1+y2 +y3 = hy.
Tagr e
Ya + ys + ys = ha,
yr +Ys + yo = hs.

YeTBepToe ypaBHEHHE CBA3U BhIpaskaeT TOT GaKT, UTO

Y3 + ya + y7 = ha.

Tpebyercsa onpenenuTh Bce y Tak, YTOOBI cCyMMa

> oy

6bl1a MUHUMAaJbHA.
fl xouy BBecTH yeThIpe BCIOMOraTelbHbIE BEIUUUHLI €1, €2, €3, €4, CO-

OTBETCTBYIOI[ME YeTbIpeM BeauuuHam hi, ho, hs, hy. Tar, nna ys A Boc-
NoNb3yIOCh K03GHUIUEHTOM NpPH Y3 B IEepPBOM YpaBHEHHH, IJle OH paBeH 1,
3aTeM BO BTOPOM M TpeTheM, I'ie oH paBeH (), 3aTeM B 4eTBepTOM, Ije OH
paBeH 1:

Y2 = €1 + €4.
Taxr e HaxogATCA

Y1 =Y2 = ¢,

Ys = Ye = €2,

Ys = Yo = €3,

Y7 = €2 + €4.

Y1065l onpeneluTb €, i 3aMEHAIO BCe Yy UX 3HaAYCHUAMU:

3e1 + €4 = hy,
3eg + €4 = ho,
3e3 + €4 = hg,

€1+ €3 + €3 + 3e4 = hy;
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OTKy/a
3(61 + €2 +E3) + 364 = hy + ho + h3

6€4=3h4—h1 —h3—h3,

U Tak jalee.

3nech BTOpo# crnocob penieHud ynoGHee, yeM mepBblil. EcTh neBATH
YIJIOB U YeThIpe ypaBHEHUA CBA3H, T.€. NATh CBOOOAHBIX NI€ePEMEHHBIX; MbI
CBeJY 3a7ady K YeThIpeM ypaBHEHUAM C YeThIpbMA HEU3BECTHBIMU, a MpPU
nepBoM croco6e Ham Gbl MPUIIOCH pellaTh NATb YPaBHEHUH ¢ MATHIO He-
U3BECTHBIMU.

176. Eme onuH npumep. IIPUMEP 3. HaGniopanu HekoTopoe 4uc-
a0 touek My, Ms, ..., M,, He Jemamux Ha OGHOU NMPAMOI, XOTA B HAeii-
CTBUTENBHOCTH 3TO JONHHO BhINONHATHCA. Hakad npAmas Gyaet Haubolee
BEPOATHOM?

CrnenyeT onpefenuTh n HOBBIX TOUEK, JeMalllX Ha OAHOI NPAMOIl Tak,
4TOoOBI cyMMa KBaJpaToB OMINOOK Oblia HAUMeEHbIIE.

Omubra 6ygeT ABoIHOI: B abcnucce U B opAnHaTe. Eciu A npeanonoxky,
YTO BepPOATHOCThL OMMOKM B abcuucce GyneT coBmajaThb ¢ BEPOATHOCTHIO
omn6KYU B OpANHATE, TO CyMMa KBaJpaToB OMUOOK B abciucce U B OpJUHATE
OyoeT cyMMOi BeIMUUH TaKHUX 3Ke, KaK

M,P;.

B peiicTBUTENbHOCTU HaM HY:KHbI He Touku P;, a npamMaa D, npoxoadAmasn
yepe3 Touku P;: A 3aABIAI0, 4TO M; P; non#HbI ObITH NepneH UKy IApHLI D.

IlycTh 3TO He Tak, ¥ 3TOT NeplneHAUKRynAp paBeH M;P!; samennna M;P;
Ha M;P], A yMeHbIual cymMMy, KOTopaf [OJKHA NOCTUTaTb MUHHMYyMa,
clleZloBaTelbHO, OHA He Gblila MHHUMAaNbHOIA.

fl Goabie He Oyny 3aHMMaThcA Toukamu P: A Gyay MCKaTh MPAMYIO
TaKyl0, 4TOObI CyMMa KBaJpaTOB pacCTOAHU OT Touek M; no 3Toil npAMoi
6blna MUHUMAalbHA.

Bennuuna, crpeMfiliancA K MUHUMYMY, — He UTO MHOe, KAK MOMEHT
HUHEpPUUU TOYEK OTHOCHUTEILHO ITON MPAMOM, eClid CUUTaTh, YTO Kamaan
TOYKA UMeeT Maccy, paBHyio 1.

[lepBbIM CBOCTBOM MPAMOIL GyIeT TO, YTO OHA MPOXOAUT Yepe3 LEHTP
Macc. Ecau noBopauuBaTh 3Ty NpPAMYIO, MOMEHT HHEpLWH, KaKk U3BECT-
HO, MEHAETCA N0 OYEHb NMPOCTOMY 3aKOHY, NPUBOJALIEMY K ONpPeIEIEeHHIO
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SJIUNICOMAA MHEPHUU. 3[ech 3TOT 3uuncou] Obl1 6b1 GECKOHEYHO CILIIO-
IeH, T. K. TOYKHU JeaT Ha IJOCKOCTH; TaKUM 00pa3oM, npAMas coBnajaeT
¢ 60JIBINOIT OChIO BIIUINCA, B KOTOPBII BeIpoMaaeTcA simnuncous. Kpome to-
ro, 3TOT JJIUIC UHepUuU OyleT oueHb BBITAHYT, T. K. TOUKH JleaT NOUTHU
Ha NpAMOM JIUHUMU.

177. B 3apmaue 06 onpejeneHny KOOPJUHAT TOYKH HA MIOCKOCTU BEPO-
ATHOCTh OUIMOKU B abcrucce MOMeT He COBNAAaTh ¢ BEPOATHOCTHIO OMUOKU
B opauHaTe. Kpome Toro, 3Ty ABe OMUOKU MOTYT He ObITh HE3aBUCHUMBIMU.
Mbe1 feTanbHO U3YUMIU DTOT BONIpOC B NpeabIAylieil riaBe.

B cnyuyae ¢ TouKoil Ha MIOCKOCTH MBI NPUILIN K PACCMOTPEHUIO pAJa
MaJbIX 3JUIMIICOB; BEPOATHOCTbL TOr'0, YTO KOOPAMHATHI TOUKHU JIeKaT Mer-
oy ¢ u x +dz, y u y + dy, Belpamaerca QyHKIUeN

e? dx dy,

U MHOrOWIeH BTOpOi#l cTeneHu P, npupaBHEHHBbINl K KOHCTaHTe, JaeT HaM
ypaBHEHMe OJHOT0 U3 3THUX DIUIUICOB.

BepHemca K ToukaMm Ha IpPAMOW.

U3 Toukn M; Kak LeHTpa A ONKMCHIBAIO BIIUIC, TOMOTETUUYHBIN HOP-
ManbHOMY M Kacawomwuiica D. fI cocTaBifAl cyMMy KBaipaToB GOJIbLINX
Oceil BIIMICOB, ONMCAHHBIX BOKPYT pa3HbIX Touek M, W muily, 4To OHa
MUHUMAalbHa.

JTOT ciydail Jerko cBogUTCA K npebiaymeMy. C moMolusi romorpa-
¢uyeckoro npeo6pa3oBaHUA ILIUICEI MOT'YT NIPEBPATUTHLCA B OKPY#HOCTHU.
Ecnu, Hanpumep, Manas ocb paBHa I0J0OBUHe 00JbIIO0N, YMHOkaeM Bce ab-
CIMCCHI HA 2, U HAJ0 TOIbKO HAUTU MOMEHT MHEPLUU, KaK ObLIO TOIbKO YTO
clenaHo.



I'iiaBa 14
BbiunicieHre omin60K, KOTOPbIX cleayeT
uzberarthb

178. IlycTh BbINodHeH 3akoH ['aycca. Heckoiabko HabmoaeHuit panu

HaM B KayecTBe pe3yJbTaTOB WU3MepeHUu#l Xy, Lz, ..., Lp. Pedb uger ob
olleHKe 3HauyeHHA h U z; Bce, YTO Mbl 3HAEM, 3TO L1, L3, ... , Lp, @ KPOME
TOT'0, MbI JIOIyCKaeM, UTO 3aKOH paclpejielleHUA OMUO0K — rayCCOBCKUIA.
ITonomum
Ty — 2 =Y.

Tpebyerca 3HaTh BEPOATHOCTh, C KOTOPOU 2z JEMUT MeMAY 2z U z +dz, a h
B TO e BpeMmdA JemuT Mexnay h u h + dh.

dTo 3ajaya Ha YCIOBHbIe BEPOATHOCTU: NMPUUYMHLI HEU3BECTHBI, OHU
COBIIQJAIOT C ONKUCAHHBIM BbIIIE IBOMHBIM COOBITUEM; CIEICTBHE U3BECTHO,
3TO TOT (aAKT, YTO N HAOGIIONEHUI Al Pe3yNbTAThI L1, L2, - .. 5 Ln.

Ecnn o603HaunTh, Kak M paHblle, @; alPpUOPHYIO BEPOATHOCTHL pac-
CMOTPEHHON MPUYUHBI, U P; — BEPOATHOCTb COOLITHUA, KOTOPOE MPOUCXO-
IUT, €CIU JOMYCTUTh, UTO IEHCTBYET 3Ta NPUYKHA, TO allOCTEPUOPHAA Be-
POATHOCThL MPUYKHBI OyIeT paBHA

Wip;
Y @ipi
B naunbosee o61iemM Bujge

w; = YP(z, h) dz dh,

MbI HE cuuTaeM, 4To ¥ = 1 U mojgaraem a priori, YTO UCKYCCTBO HAOIIO-
JaTejf JOJ#HO BIUATL HA BEPOATHOCTDb, KOTOPYIO MbI MPUIKMCHLIBAEM KOH-
crante h.

Benuuuna p; paBHa BEepOATHOCTH TOr0, YTO HAGMIOJEHUA JAIH Pe3yilb-
TaThl, 3aKJIIOUYEHHbIE MEMIY

ryuxy +dry, ToUxy+drs, U Xy U T, + dr,.
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Ilonaraem
I =z —2)p(z2 — 2) ... p(Tn — 2),
rie
p(wi — 2) = \/§ oMo’
Toraa
p; =ldry desy...de,,
u

wip; _ Ipdzdhdzy dzs...dz,
Ywipi  [Ipdezdhdry des...de,
Ilo  uHTerpupoBaHue He NIPOU3BOAUTCH, HOATOMY COOTBETCTBYIOLINE AUD-

(dhepeHLUalbl HCUYe3al0T BBepxy U BHu3Y. Ilo z umHTerpan Geperca oT —o0
10 400, mo h — ot 0 mo +oo.

179. Mo:xkHo 3anucaThb

rie
2 2 2
P=(z1—2)"+(xa —2)" + ...+ (xn — 2)°.

3pech P — MHOrouwleH BTOPOH CTelleHH 10 z, ZOCTHUIAIOLUIUil CBOEro MUHHU-

MyMa IpHU 2z, PABHOM CpeJlHEMY apudpMeTHUUEeCKOMY BEIUUUH T; 06003HAYUM
3TOT MUHUMYM, KOTOPbIii GyeT molokuTenbHbIM, na’. I nomarawo

_ﬂ')1+$2+...+ﬂ')n

y = n 9

OTKYya

dz = dy
u

P =n(y? + o).
Torna
W;iP;

> wip;

CTaHOBUTCH

b e~nh(W*+a) ) dy dh
[ hEemmh@* +o®)y 4y dh

Ilo y, KaK ¥ N0 2z, UHTErpUPOBaHUE MPOBOAUTCA OT —00 A0 +00.
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180. Huem BepoATHOCTb TOro, UTo h nemut memay h u h + dh, a y
NPUHUMAET BCe BO3MOiiHbIE 3HAUEHUA:

+o00
dh [ hEenh@+ad)y 4y

+oo +oo n 2 2 '
[ dh [ hEemhHay dy
0

— 00

DyHKNUA 1) 3aBuUcena oT z U h; Temepb oHa 3aBucuT OoT y u h. CHauana
Cy3UM 3ajayy, CYUTafd Bce 3HAYEHWA Yy PABHOBEPOATHBIMHU, T.€. ) — He
3aBucHleii ot y. Umeem

+o0 +o0
e—nh(y2+a2) dy = e—nha2 e—nhy2 dy = e—nha2 o
nh
) —o0

Torpa BepOATHOCTb, CBA3aHHaA TOJbBKO C h, CcTaHeT

nol
dh-h"2 e~mha’y,
n—1 '

o0 —_ 2
[dh-h"2 emnhe®y
0

181. IlIpesne Bcero, yemy paBHO HaubGolee BepoATHoe 3HauyeHue h?
NmeMm MakcuMyM YHCIAUTENA, T.K. BEPOATHOCTb NPONOPLUOHAIbHA €MY.
ITOT YUCIUTENh MOMKHO 3alMUCATh KaK

i e—ha2 n
dhﬁ(\/ﬁ )"

Mexay TeM, MakcuMyM Bbipasenud dh - ®™ x f B obiuieM ciydae MMeeT
MecTo, Korja

! '
I nd _
7 + ) = 0,
f/
", €ClIn N OYE€Hb BEJINKO, YJI€HOM ? MOMHO npeHeﬁpe‘{b; UTar, MakCUMyM

AJOoCTUraeTcA OJHOBpEeMEeHHO ¢ MAKCUMYMOM (I)yHH[II/II/I P.
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3necy ¢ paBHa \/ﬁe‘haz; NpUpaBHAEM HYJIO JIorapupMUYeCKyIO Ipo-
U3BOJHYIO:

# —a?2=0.
Tak nonyuyaem HauGollee BepoATHoOe 3HadeHue h.

Mo:#HO 3aMeTUTh, UTO NPU OYeHb GOJLIIOM KOJMYeCTBe HabGIogeHuit
NpOU3BOJbHAA (PYHKIUA 1) He UTPaeT HUKAKOM pOiu. ITO HEyTUBUTENbHO:
TUI0Te3a, KOTOPYIO MblI a priori OCHOBbIBAAX Ha GOJbIIEM WM MEHbIIEM
HCKyccTBe HabliofaTesf, MEeHAeTCA K3-3a OOJIBINOro 4YKcjia NMPOBEpPEeHHBIX

HaMU pe3yJIbTaToB.
182. HKakoBo BepoATHOe 3HaueHue hP? ITo BepoATHOE 3HAUEHNE PABHO

n—1

[P emnhe®y gp,
0

0o m-l ‘
[ B2 emmhe®ydp

0
Uiun
oo
[ he & dh
0

[ fondh
0

Mbe1 3HaeM, K KakoMy Iipeleny CTPEeMHTCA OTHOIIEeHHe 3TUX HHTerpaloB,
€CJIn . OYeHb BEeJIMKO; 3TOT Mpenell paBeH

p
- 9
f(ho)
rae hy — Haubosnee BepoATHOe 3HaueHue. IlTar, BepoATHoe 3HauyeHue hP

paBHO h}. DTOT BBIBOJ BepeH TONbKO NPH YCIOBUH, UTO 7 OYEHb BEIHKO,
a p KOHEYHo.
Ilonaraem 1 = 1: MbI IPUXOJUM K HHTerpanaMm Jiijepa

n—1

J T el gy n+1 _p- Bl
Bp:of :F(p+ 2 ).(na?) 2

0o n-l ) 1“("“) _ntt

[h 2 e mhe dh 2 (na?) 2

0
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OTHolleHWe acCUMITOTUYECKUX 3HAUYEHUI Jaetr

P
p
n _ 1
(5) (na®)™" = 2]
2a
YTO COBNAJAET C HAIIUM pe3yabTaToM. Ho eciii He cuMTATh P KOHEUHBIM,

9TO paccy:k/JeHue UCIoNbh30BaTh Heab3A. [lycTh p 0ueHb BellMKO, HAlIpUMep,

n.
paBHO 3:

M(na2)—p — (2p)2p6—2p\/4ﬂ_—p
I'(p) pre P/ 2mp

IIpaBasa yacTb BBIpOAaeTCA B 21)6_1)\/5(0(2)_1). HaiineHo coBceMm mpyroe
BbIpameHue AId cpeaHero 3HaueHusa hP:

M nin (L>p \/5

(a2)—p 2

eq

183. BepoAaTHOCTL AomyllieHHOI omHGKK. IJTa 3agavya pasienf-
eTcA Ha TpH.

1° MosHO nombITaThbCA BBIYUCIUTH BEPOATHOCTH a priori.

Hab6nionenusn enile He clellaHbl; U3BECTHO TONbKO, YTO COGUPAIOTCA MPO-
BecTHU n HaGIIOIeHUI U IPUMEHUTH METOJl HaUMEeHbIITX KBaapaToB. Kpome
TOT0, HaM M3BECTHO UCKYCCTBO HabM0JaTel .

2° CoBepllleHHO Apyrad 3ajaya NOABIAETCH, eClIM Mbl He 3HaeM HM3Ha-
yalnbHO, KaKoe 3HauYeHHe HaJ0 MPUNKNcaTh KOHCTAHTe, BXOAAIIEH B GopMyny
l'aycca. Ham Hen3BecTHO MCKYCCTBO HabmoaTeNlfA, HO Mbl 3HaeM pe3yJibTa-
ThI HaAONIOJEeHU .

3° Ham u3BecTHO MCKycCTBO HabmiojaTelnfd U pe3ybTaThl Habiroae-
Hrit(18),

(2pa?)?.

184. HepBaﬂ 3agada. Pe3yJ’[bTaTbI Hen3BEeCTHbI, HO U3BECTHO HC-
KRYCCTBO HaGmionatena. Torga Bce Beca CUMTAIOTCA OAUHAKOBLIMU.

HyCTb OyAyT OOMYIeHbl OIUOKU, PABHBIE Y1, Y2, « -+ 5 Yni L1y T2y «vn s
Ty, — NpUONUKEeHHble 3HAYEHUA UCTUHHBIX BEIUYUH 21, 22, « .. 5 Zp-
Hx coeuHAIOT ¢ = n — p ypaBHEHUN CBA3U:
(I)i(zlv 22y eve s ZTL) =0.
Ecnaun noacTtaBUTH BMECTO 21y 22y +++ 5 Zp BEJIUYHUHBI T1, T2y ..., Tp, ITHU

YpaBHEeHUA He 6y):[yT BBINNOJIHATBCA, U MbI IOJYYUM

"I)i(xlv T2y ooey xn) = i,
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rme p; o4eHb Mallo.

fl 3amMeHAIO 2}, HA Yg + 2} U pacKIabIBalO 0 BO3pacTaHUIO CTeNeHeil Yy,
OCTaBJfifil TONBKO YIEHbI MEPBOro MOpAAKA:

Aryr + ...+ Anyn = -

Ins HArTATHOCTH BO3bMEM 1. = 3 U npeanojosiuM, 4YTO €eCTh IBa ypaBHEeHUA
CBAA3HU

A1y + Asya + Agys =, Biyi + Bays + Bays = ',

BenauuuHbel p v p' 04eHb Madibl, HO Al He 3HAIO UX 3HAYEHMIA, T. K. HAGMIOIEHUA
ellle He NpoBefleHbl. Peub ueT 0 BbIUMCIEHUH NONPABOK Y}, KOTOPbIe HAJO0
chenatb K HabIIOJaeMbIM 3HAYEHUAM &;; OYEeBUJHO, 3TU TONPABKU 3aBUCAT
oT u ¥ ', Hampumep,

y1 = 0(u, p').

I He 3Haio BUJ GYHKUUU O, HO MOTI'Y Pa3NOMUTh €€ [0 CTeNeHAM u U ' o,
T. K. 06a f1 OUeHb Maibl, IpeHebpeyb UX KBaJpaTaMy; fl IPUXOMKY K CUCTEME

yi =+ A,
Yy = dap + Ao/,
Y3 = Asp + g/,

B 00111eM Bue
Y = i+ A

rJle KOHCTAaHThI A ellle Hajo HaiiTu. ['ayce onpefender UX Tak, 4To6bl Bepo-
ATHoe 3HaueHue 1A (y; — y!)?, T.e. mnA

(yi — Aipp — Nip')?,

ObLI0 MUHUMaNbHO.

FEcau npednoaoscums, 4mo usHavaibHo U38eCMHO UCKYCCMB0 HAbGA00a-
meas, HO He pe3yabmamsl HabawdeHull, Hado oyeHuBamMb 8epoAMHOe 3HAYe-
Hue. Ecnu 6b1 Ob110 U3BECTHO U TO, U Jpyroe, pelieHue, BooOlle roBop4,
6b1710 ObI MHBIM.
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185. Uto6b! Kak cregyeT OOBACHUTHL 3TY pasHULY, A u3ydy Golee
IpOCTON ciayuaii: MycTh HECKONbKO pa3 HaOMIOJAlOT OHY W Ty Ke Belu-
yuHy z. U3 HaGniomeHuii GepercA cpegHee, UTO corjacyeTcd ¢ MeTOJOM
HauMeHbIINX KBajapaToB. Omubka, fonylleHHasA B cpejlHeM, OyeT paBHa

Ni+y2+...+Yn
n .

AnpuopHas BepoATHOCTb OIIUOKY, JOMYIIeHHO, HapiMep, IpU IIepBOM Ha-
6moenuu, 6ynet paBHa ¢(y1) dy.

AnpuopHas BepoOATHOCThL TOTO, UTO z JIEHKUT Meway z U z + dz, Gy-
net (z) dz.

Yy1+y2+...

2
mieM BEepOATHOe 3HayYeHHne n , KOrJa pe3yJjbTaThbl

HabnogeHui Heua3eecCImHbvl, HO N3BECTHAa ’I,/)Z

A=/~--//(yl“’2TL“'+y")zso(yl)so(yz)...so(yn)dyldyz . dyn.

JTo nepBoe BepoOATHOe 3HaUeHue.
Ecan OJHOBPEMEHHO M3BECTHBLI U UCKYCCTBO HaﬁJ’llO,[[aTeJlH, " pe3yliib-
TaThbl Ha6J110£leHPII>'I, nMeeM BTOpoe, COBCeM [Ipyroe BepofATHOE 3HaYeHUe:

/ (yl ARk y")2 Py)e(y2) - - o(yn)¥(2) dz

Jow)e(y2) .. o(ya) () dz

B =

B mnepBoMm ciyuyae MBI UMenIM J€I0 C 71 HE3aBHUCUMBIMHM I€PEMEHHBI-
MU Y1, Y2, - .- Yn, IOUEMY U MHTErpai ObLI MOpPAAKA n; BO BTOPOM Cly4Yae
uMelnach TOJILKO OJHA MepeMeHHas Z.

[Ipeamnono#uM, 4YTO BMECTO TOI'0 YTOOLI IPUMEHUTH NMPABUJIO CPEHETr0
U, cleJoBaTelbHO, MPUAAThL 2z 3HAUEHHE

r1+ T2+ ...+ Ty
n 9

GepyT Apyroe 3HauyeHue

r1+ 22+ ...+ Ty,

+ €5
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nonyuleHHad omubKa 6blia O6bl paBHA

y1+y2+~-~+yn+

n €.

Torpa npu HeussecmHblx pesysvmamaxr HabawdeHull Mbl Gbl HALIIM B Ka-
YyecTBe BEpPOATHOTO 3HAYEHUA KBajpaTa 3Toi omunbKu

2

A:/...// <y1+y22'”+y" +€) P(y1)P(y2) - p(yn) dyr dya ... dya,

a B KayeCTBe BEepPOATHOI'o 3HaUeHHUA TOr'O e KBaapaTa npu u3eecimHsblxr pe-
3yavmamaxr —

- &) o)) . o) 9(2) dz
Jow)e(y2) .. o(yn)(2) dz

Bennuuna A pocturaet muHumyma npu € = 0 gceeda, koeda gynryusa
YemHas.

Hanpotus, ana toro uto6sl B gocturano cBoero MUHUMyMa npu € = 0,
doadxcen Goimb eepen 3akon Iaycca.

B paccyspeHusax, KoTopble Mbl BoclpousBenu B riaBe XI, maparpa-
dax 129 u panee, 'aycc npuHAn nmepByIO TOYKY 3pEeHUA U IOKasal, 4To
NpaBUJIO CpeJHEro Bcerjga 060CHOBaHO.

OH mpuUHAN BTOPYIO TOYKY 3PE€HUA B pacCy:kJeHUAX, KOTOPbIe MbI BOC-
npousBenu B riaBe X, naparpadax 108 u ganee, u nokasai, 4T0 3TO IPaBUIO
060CHOBaHO, TOJILKO eclid BepeH 3akoH ['aycca.

/(y1+y2+---+yn

B =

186. Bepuemcsa K Hamieil 3agaue u nocrapaeMmcd onpeaeautb A. Hamo
YCTPEMUTb K MUHUMYMY BbIpakeHUe

2
(y1 — A — A

3nech p ¥ p' — NUHENHHbIe PYHKIUU OT ¥; UTAK, K MUHUMYMY CTpe-
MHTCA OJJHOPOJHBIN MHOTOW/IEH BTOPOIl CTENEHU MO0 Y1, Y2, « -+ » Yn-

CorsacHo TunoTe3e, Bce Beca paBHBL IlycTb m? — BepoATHOe 3Haue-
nue y?, m? rare GyleT BePOATHBIM 3HAYEHUEM Y3 U y2.

Ecau 6b1 HaM Hagmo GbLIO cHenaTh TPU HabMIOJeHUA, Mbl Obl He UMelu
npaBa 3apaHee CUUTaTh, YTO y; OONbIIE Yo WUIU Ys3.
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BeposaTHoe 3HaueHue y;ys COBIAJAET C HyleM: OHO PaBHO MpoU3Beje-
HUIO BEPOATHBIX 3HAUEHUIT Y1 U Y2, 8 BEPOATHOE 3HAYEHUE Y3 PABHO HYIIO,
T. K. CHCTEeMaTUYECKUX OMIUOOK HET. ITO paccys#iieHne BepHO, T. K. Pe3yiib-
TaThl HAOIIOJEHUN HEN3BECTHBI, U OHO He Gy/lEeT BepHBIM, €ClIU y3HATh UX.

Rak HaiiTu BepoATHOe 3HaYeHUe MHOrowieHa? 3aMeHfieM Bce KBaipaThl
Ha m?, Bce ABOiiHbIe MpousBenenua — Ha 0.

Ecau nogcraBuTh BMeCTO p ¥ p' MX BbIpameHHA Kak GYHKIUU OT Y,
3TOT MHOTOWIEH NpPeBpaTUTCA B

(y1 — MAiys — N Biyn)? + ... ;

koo duuuent npu y? pasen (A1 A; + N B —1)2%; mpu y2 — (A Az + N Ba)?;
npu y2 — (A As + A\ B3)%

Wrak, (g1 — Aji— N,) pasio

m2[(A1 A + BiX) — 1)? 4 (A + BaX))? + (A3 + BsX))?].

JTO U ecTb TO BbhIpasieHrne, KoTopoe JOJHHO JOoCTUraTb MUHUMYMa.

187. HasoseMm 3To BhIpasenue m>P: oHo npejcTaBifeT co60ii BEPOAT-
HOe 3HayeHMe KBajpara omubku (y; —¥y|)?, cylmecTByomeii nocie BHeceHUA
HonpaBKU.

IIpupaBHuBaeM k 0 JBe Mpou3BOJHbIE:

dP _ dP _
dh dN

TO eCThb
A1 (A1) + Bidy — 1) + Aa(Aads + BaA))? + A3(Ashe + B3)))? =0,
U, CUMMETPUYHO,
B1(A1)s + B1\] —1)2 + Ba(AaAs + BaA))? + Bs(AsAe + B3A))? = 0.
JTa cucrema nepenucoiBaeTCA Kak
MDY AT+ M) AB = Ay,
MY AB+) ) B’ =Bi.

OHa nuHeiiHa 110 A; ¥ A].
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fI no6aBadAm ciofa ypaBHeHHe, 3aalolIee Y :
Ap+ Ny =y
Uckaouaa Ay 1 A|, monyyaem

S A2 Y AB 4
SSAB Y.B? By|=0.

!

W T

Orciofla HAXOAUTCA Y| M, paccyad TOUHO TaK:Ke, MOAHO ObLIO GbI MOIY-
YUTDb Yy U Y5.

188. TakoBbl nonpaBKku, KOTOPble HAZ0 BHECTU B pe3ylbTaThl HAGIIO-
JeHuil, 4T0ObI BepOATHOE 3HAUEHUE KBaJpaTa OMUOKKN JOCTUTal0 MUHUMY-
Ma.

ITH MOMPABKU COTIACYIOTCA C METOJOM HAaUMEHBIINX KBaApaTOB.

IleiicTBUTENBHO, Y], Yh, Y5 YAOBIETBOPAIOT YPaBHEHUAM:

Ayt + Asyy + Asys = 1, Bryi + Bayy + By = .

!/
Yr06bl BLIYUCIATD Bee y', HANO YCTPEMUTh K MUHUMYMY cyMmy y2 . Urak,

D yidy; =0.
C 1pyroii CTOPOHEI,
> Acdy =0,

Y Bidy; =0.

IlepBoe U3 3TUX ypaBHEHUIl HOJ#HO GBITH CIEeJCTBUEM JBYX APYTHUX; MO3-
TOMY

yi = A +¢€'B;,

OTRYyIa

EZA2+EIZAB=,U,,
EZAB-!—EIZBz =y

U, CUMMETPUYHO,
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HcratouaeM € U &' U3 3TUX TpeX ypaBHEHMIA:

> A? Y AB
SSAB S.B% y|=0.
W T T
OnpenenuTenb cOBNAgaeT ¢ MPeIbIAYIUM.
Takum o6Gpasom, pe3yabTaT OJUHAKOB, IIPUMEHAETCA JU METO] Hau-
MEHBIIUX KBa,E[paTOB Nin r[or[paBRa BHOCHUTCHA Tal{, '-IT06BI II0CJIe Hee Bepo—
ATHOEe 3HaUeHue HBa;{paTa OIJ.II/I6KI/I agocrurailio MI/IHI/IMyMa.

189. Tenepb MO#HO CIPOCUTH, KAKOBO 3TO MUHUMAaIbHOE 3HAUEHUE:
oHO paBHO MuHUMYMY m2P. Muorounen P MomeT GbITh IpeicTaBleH B
oueHb mpocToM Buje. [leraem ero oJHOPOIXHBIM:

P = (A1) + BiA] = N2 4 (A2 + BoX))? 4 (Ashy + B3y — \')?

U NpUMEHAIEM TeopeMy 00 OZHOPOIHBIX (PYHKIMAX; UMEEM

_ dP dP dP n

=t oy
o % - 3)1\3’1 — nyan; A} = 1; ocraeten
op — 4P
d\/

1.dP
P =gy = LA BiX,.

Ero npousBefienue ¢ m?> paBHO BepOATHOMY 3HAa4YeHHIO KBajpaTa OIMOKH,
BO3HUKAIOLIE Tocie MONpaBKU.

Rorpa konuyecTBo HabMIOeHU! cTaHOBUTCA Bee 6oblile U Goblile, Be-
POATHOE 3HaYeHHe KBaapaTa OuMOKU yOGbIBaeT.

190. BsefeM TpeThbIO BelUUUHY U TpeThe ypaBHEHHEe CBA3M:
Ciy1 + Caya + Cays + Cays = .

TonbKO YTO MBI YCTPEMIAIN K MUHUMYMY

2
(Y1 — Adp = Ap) s (1)
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Tenepb —

2
(91— Mk — A — N (2)

31ech Goablie HeonpeaeleHHOCTH, T. K. nobaBifeTca A); MUHUMYM Bbipa-
#eHus (2), 0YEeBUIHO, MeHbIe, YeM y Bbipamenua (1), T.K. J0CTaTOYHO
nonoxutb A} = 0 B Beipamenuu (2), 4ToGbl BepHYThCA K BbipameHuio (1).

191. HWpem panbuie. IIyerh y — AelCTBUTENbHO JOMYIeHHAA OMNG-
ka. Eciu ¢y — mnompaBra, To y — ¢ paBHa omubKe, BO3HUKAIOIIEH mocie
KOPPEKIINHU.

Cymma > y? paBHa cyMMe KBaJpaToB [ONYIIEHHBIX OMMGOK; BEPOAT-
HOe 3HayeHue 3Toi CyMMbI paBHO nm?>.

Niem BepoATHOE 3HaYeHNe CYMMbI KBaIpaToB MONPABOK, Y y_zl, U Be-

— 2
poATHOE 3HaueHNe CyMMbI KBafpaToB OMKGOK Nocie Koppekiuy, . (y—y') .

192. { 3ameualo, uTo y Hac
Yi = g+ Aps

TO ecTb Yy’ — NuHeliHaA QYHRUUA OT 0GOUX L, KOTOpPbIe B CBOIO OYepelb
ABNAIOTCA TUHEHHbIMU pyHRUUAME OoT y. UTakr, y' — nuneiinaa gpyHKuus
oT y. ATH GYHKUMU y' He GyOyT NUHENHHO HE3ABUCUMBI, T. K. UX MOKHO JIU-
HellHO BbIpa3UTh uepe3 J0Oble IBe U3 HUX — B HalleM cilyyvae, a BooOlle —
KaKk (YHRIUIO OT CTOJbKUX U3 HUX, CKOJIbKO €CTh BEIUYUH [i, T.€. OT 1 —
— p WTYK, T. K. Pa3IU4HbIX 4 OyJeT CTONbKO #e, CKOIbKO €CTh YpaBHeHUIl
CBA3MU.

PacemoTpum y; — yi: 3T0 Toske NMHeilHble GYyHKLUUU OT Y, HO TOMe He
JUHelHO He3aBHUCHUMbIe; OHU CBA3aHbI YCIOBUAMU

Ai(yr —y1) + Aa(y2 — y2) + As(ys — y3) = 0,
Bi(yr — 1) + Ba(y2 — y5) + Bs(ys — u3)

Y Hac ecTh /IBa IMHENHHBIX COOTHOILIEHNA, a BOOOIIEe UX .
Urak, Bce 4 BbIpamalOTCA JIUHEHHO Yyepe3 n — p U3 HUX, a Bce y —y' —
yepe3 p U3 HUX.

193. fl zaABIAIO, UTO TOYHO TaK e

S vy =Y v
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HelicTBUTENBHO,

2
v =cA+e'Bi, Y yivi=eY Awi+e Y Byi=ep+ep,
2
E v =€E Aiyg—i—e’g By, =ep+e'y.

Brinonugerca u pyroe TO#I€CTBO:

Sr=Y "+ -y

HeitcTBuTENbHO, packaabBaa Y (y — y')?, nonyuum

Syr=3y"+Y 2> + >y

4yTo OyJET BEPHO, T.K. B CIIIy HPEeABIAYIIEro TO#AeCTBa

Syt =23 g+ v =0,

194. Hmem BepoATHOEe 3HaUEHUE Zy_’2. dTo KBagpaTuuyHaA ¢opMa
1o y.
YMHoOMaeM Ha m? cyMMy Ko3¢@UIUeHTOB, CTOAIMX NpPM KBajparax,
WM MHaYe roBOpHA, paccMaTpUBaeM ypasHeHue Ha S.
Ilycts F' u F' — pnBe KBagpaTu4Hbie GOPMBI 10 7 MEPEMEHHBIM; ec-
a1 S — KOHCTaHTa, TO
F - SF'

cHoBa Gy/eT KBaApPaTUYHOMN [0 7 IePEeMeHHBIM.

HanucaB, 4To JUCKPUMUHAHT PaBeH HYIIO, NOJYyYalOT ypaBHEHHE I0-
pAlKa m, T.e. ypaBHeHue 1A S.

JTo ypaBHeHHe UMeeT CBOMCTBO He MEHATLCA NMpH JUHEHHON 3aMeHe
IepeMeHHbIX: OHO WHBaPUAHTHO.

[Ipeanoso#KM Tenepb, YTO Mbl HAMEPEHbI BLIYMCIMTH BEPOATHOE 3Ha-
yeHHe 1A KBaapaTHuHoil Gopmel F'; a 6epy F' = Y y2. lumem, uto auc-
KPUMHHAHT OT

F-S Z v’
paBeH HyIIIO.

CyMMa KopHell 3TOro ypaBHeHHMA paBHA cyMMe KO3()GUIHEHTOB MpH
KBajipaTax.
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IIycts
F = Ayt + A'ys + A"y + 2Byays + 2B'ysyr + 2B " y1ys.

JUCKPUMHUHAHT paBeH

A-S B B’
B" A-S B |=0
B’ B A" - S
nin
~SP 4+ (A+ A +A)S*+...=0.

Hrar, cymma kopueii paBua A+ A’ + A"; ¢ gpyroii cTOpoHbI, eciii BEpOATHOE
3HauUeHue y% paBHO m2, a 1A y1y2 OHO paBHO (), TO BepoATHOe 3HaueHye F
oyner

mz(A + A"+ A").

HNuaue rosops, cienyet coctaBuTh popmy F—S Y %, B3ATL cymmy KopHeii
ypaBHeHMA Ha S ¥ YMHOMUThL ee Ha m2.

195. IlpumeHuM 3To mpaBWiIO K KBaapaTH4HOil dopme Y. y2.

IIyctsb dopma
o = Z y? -8 Z e

uiy, coriacHo naparpady 193,

e=1-5Yy" -8 (y-v)*

CocTaBnfieM ypaBHeHUe Ha S ¥ UIIeM CYMMY KOpHEN.

Benuuunel 4’ nuHEHO BbIpamaloTCH Yepe3 n — p U3 HUX; Zy’z pac-
KIaJpIBalOTCA TaKUM 00pa3oM Ha CyMMY 71 — p KBaaparToB, U ecid £ —
nAuHelHble GYHKIUU OT Y, TO

2
Dy =G+G+...+6_,

Bee y — 3’ BhIpamaloTca yepe3 p U3 HUX, U €ClIM 1) — JMHeliHble QYHKIUU
oT Yy, TO

n2 _ .2 2 2
Y -y =m+m+... 0
ITonyueHHbIe TakuM 006pa3oM n JTMHENHBIX QYHRUUI OyOyT NTUHEHHO He3a-
BUCUMBI. ﬂeﬁCTBHTeHbHO, 3aMeTuM, 4TOo

Sreyesyo



224 TI'naea 1)
JleBasi yacTb — cyMMma 7 KBaJIpaToB

2 9 2.
Yis Y5 <o Yps

IUCKPUMUHAHT JeBoil yacTu paBeH 1. IIpaBaf yacTh He MOET UMETh JJUC-
kpuMuHaHToM 0. Utak,

e=(1-9> -5 7.

JlucKpUMHMHAHT paBeH
(S=1)"7P.8P=0;

n — p KopHeit paBHbI 1, p KopHeit paBubl 0, cyMMa KOpHeit paBHa n — p.
BeposTHoe 3nauenue Y y> paBHO nm?; N0 U3/10KEHHOMY BbIlIe 1paBH-
~2
1y BepOATHOE 3HaueHue Yy~ GyIeT paBHO

. )
Y A—
> "y = (n—p)m’.
Urax,
N2 — 2
> (y—y')? = pm?,
TO ecTh 3Ta CyMMa paBHa PasHOCTH ABYX APYTIHX.
B uTore:
1° BepoATHOe 3HaUeHUe CyMMbI KBaJpaToB JONMYyLeHHbIX OIMOOK paB-
HO nm?;
2° BepoATHOe 3HaueHHe CyMMbl KBaJpaToB BHECEHHBIX NMONpPaBOK paB-
o (n — pm?;
3° BepoATHOe 3HayeHHe CyMMbI KBaJApaToB OUMGOK HOCHe KOPPEKIUH
paBHO pm?2.

196. BepoaTHoe snauenme S y'° MeHbIle, yeM BepOATHOE 3Haue-
uue . 4.

dT0 nerko 6bLI0 mpeaBHAeTh. MbI NbITaEMCA ONpeeNuTh MONPABKH
TaK, 4TO6bl CyMMa MX KBajpaToB Oblia MHHMMAlbHA: NPUHLUI TOT iKe,
4TO U B MeTOJie HAUMEHbIIUX KBaJPaTOB.

Ceiiuac MbI IOKa#eM, UTO eclii pacCMaTPUBaTh OMHUOKY, JOMYIIEHHYO
npu HaGMIOJeHUM, TO N0 Mepe yBelWYeHHA ducia HabMIOJeHuil OHa CTpe-
MUTCA K HYIIIO.

IIpeAnono#um, 4To YMCIO HAOMIONEHUH MOCTOAHHO PACTeT; YUCIO P
ocTaeTcA KOHCTAHTOMN, Kak U prn?; YMCIO claraeMblX yBeldMUNBaeTCA; BO3-
MOZHO, Ka#/10e U3 HUX MOCTOAHHO yGhIBaeT.
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Ecnn MBI paccMOTPUM HaMMEHBIIYIO U3 BeIUYMH (yx — y)?, TO OHa

pm’
oba3aTeNbHO Oy AeT MeHbLIe, YeM — —.
HabaionaeM ofHY U Ty #e BeIUUMHY n pa3; ecTh eJUHCTBEHHasA He3a-

BHCHMAad NepeMeHHasA: p = 1,

N2 — 22
Y (y—y)? =m’.
y Hac n cjaraeMsbIXx, nn HaﬁJ'IIO,I[eHI/Iﬁ cleJlaHbl B OIMHAKOBLIX YCIIOBHUAX; UTaK,

m2

(y—y')? ="

197. [lo cux mop MbI OpeAnojaraiu, YTo U3BECTHA TOYHOCTh HabJIo-
JeHUil, HO caMU OHH ellle He MpPOBeJIeHEL.

IocTaBuM 3agauy MO-APYTOMY: O TOYHOCTH HMYEro He M3BECTHO, HO
HabII0leHHA y#ie POBEIEHbL.

MbI XOTHM BbIBecTH 3Hauyenue h unu m?. Bor pemenue sToil 3ama-
yn. Bee y uaBecTHLI; Bee 3 HalileHbI 10 MeTOIy HaMMeHbLIIMX KBaJpaToB.
Cymma >, y'* usBectHa.

fI npupaBHUBAaIO 3HAYEHUE TOH CyMMbI K BEPOATHOMY 3HAYEHHUIO, BbI-

YUCJIeHHOMY a priori:
2 2
> 4" = (n—p)m?,

OTKyJa Haxomy m?.

198. #K.BeprpaH kpuTuKoBal 3TOT MeToA. lelicTBUTENbHO, eclu Obl
MBI UCIIONb30BAIN IPYToe BhlpaxeHye, HapyuMep, Y y'4, TO HaliIeHHOe 3Ha-
yeHHUe m He ObLI0 ObI TeM #e caMbIM. MeToJ MOzkeT MoKa3aTbCA COMHUTENb-
HBIM.

JdTa 3ajavya — 3ajJava Ha yCIOBHbIE BEPOATHOCTH; IPUMEHHM COOTBET-
cTBYyloOlLYe NpaBUia BbIYUCIEHU.

TpebyeTrca HallTH anocTEPUOPHYIO BEPOATHOCThL TOTO, YTO h JIEHKUT B
onpejeleHHbIX Npefenax. dTa BepOATHOCTh paBHA

PiWi
> Piwi
3nech w; — anpuopHafd BEPOATHOCTh NPUYHUHBI, T. €. TOTO, UTO h NEHUT
Me#ay h u h + dh; p; — BepoATHOCTb, C KOTOPOIi, €CIN NPUYNHA JeiicTBO-

Balla, HAaOMIOJeHNA Jajiu pe3yabTaThl, 3aKII0YeHHbIe MEMAY 1 U X1 + dxq,
To U Xy + dxg, ..., Ty U Ty + dr, COOTBETCTBEHHO.
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Nwmem BepoaTHoe 3Hauenue f(h) — Kakoii-To GyHKUUM OT h; 3TO Be-
POATHOE 3HAUEHUE PABHO

m _ > f(h)piu_-’i.
> piwi
3aMeuaeM, UTO pe3yabTaT Oy/leT 3aBUceTh OT allpMOPHOIl BEPOATHOCTH; TOT-
na pesyabTar I'aycca y#e He MO#eT ObITh COBEPLUIEHHO TOUHBIM.
Eciu A onpegenaio h u3 cOOTHOLIEHUA

f(h) = f(h),

TO BEpPOATHOE 3HayeHue h Gyner 3aBuceTh OT GyHKUUU f.
Ecnu a uny HauGollee BepoATHOE 3HAYEHUE, TPOUCXOJUT TO e camoe.
ATy CIOMHOCTb MOMHO 000OMTU NMPHU OJHOM YCJIOBUH: 7. JONKHO ObITh
ouYeHb BeNUKOo. MHOUTENb @; Gonblie He OyJeT OKa3bIBaTh GONBIIOIO BIH-
AHWA; TaK, A
f(h) = h”

BCe MeTOoAbl NPUBOAAT K OAHOMY pe3yJbTaTy, €ClIu YUCIIO HabnoaeHuit n
Bcerjga o4yeHb BEJIURKO.

199. HKorpa Ha6niogal0T KaKYyIO-TO BeJIMYUHY 2z, U HAOJMIONEHUA JaioT
pe3yibTaThl L1, L3, ... , Ly, MOHHO MPEJCTABUTDL W; U P; KAK

w; = P(h, z) dhdz,
p; = ldxy dxs ... de,.

AnocTepuopHad BEpOATHOCTb TOTO, UTO h ne:kuT memay h u h+dh,a z —
MemAy z U z + dz, paBHa

Iy (h, z) dhdz dzy dxs .. . dxy,
[T(h, z) dhdz dzy dxs . . . dzy,

Nuddepenunansl dry dzrs...dr, coOKpamlalOTcA, a MUHTerpal HaI0 B3ATHb
no h ot 0 10 +00 U M0 z 0T —0C 0 +00.

IIpencTaBuM, 4TO BMECTO OJHOU BEIUYUUHBI 2 UX N 21, 22y « v s Zpy —
1 OHU 3aBHCAT OT p [epeMeHHBIX U1, Uz, ... , Up, @ HabMIOJaeMble 3HAUEHUA
STHUX Z PaBHBI L1, L2, ... , Tnj JONYIIEHHbIE OLIMOKU PABHBI Y1, Y2, « -« 5 Yn-
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Benuuuna w; paBHa anpuOpPHO BEPOATHOCTHU IIPUYUHBI; 3IeCh 3TO O3HA-
yaeT, uTo h nemut Mmemay h u h + dh, u; JAeRUT MemaAy ui; U uy + dug,
Uz — MEMIY Us U Us + dug; ... ,

w; = Y(h, u1, U, - .., up) dh du; dusy . .. duy,.

Benuunna Pi — BEPOATHOCTH CJIeACTBUA B IPeANOJNOMEeHUU, 4TO JIeficTBO-
Bajla JaHHafd NpHu4YurHa,

p; =ldey des ... de,,

_ Jh —hyy?
H—\/;e zv,

AnocTtepuopHas BepOATHOCThL paBHa

Iyp(h, uy, ug,y ..., up) dhduy dus .. . duy dzy dzs . . . dxy,
SIp(h, ug, ua,y ..., up) dhduy dus . .. dup dey day ... day,

rue

NuTerpan 6epetca no h ot 0 o +00, 0 BCEM % OT — 00 JI0 +00; UTO KacaeTcA
nuddepeHInaNoB 0T T, OHU COKpAIalOTCA, KaKk U paHbIIe.
HUrak, HaiiileHHafd BepOATHOCTH 3alllichiBaeTcA B BUJeE

T4 dh duy dus ... du,
J Iy dh duy dus . . . du,y,

200. Owna 3aBUCUT OT GYHKIUU tP. ITa GYHRIUA COBEPIIEHHO [TPOU3-
BOJIbHA U COOTBETCTBYET MpeACTaBlIeHUIO0, KOTOPOe MbI COCTaBlAeM a priori
0 3HAYEHUAX U, U1 TOUHOCTH, KOTOPYIO MBI a priori mpunuceiBaeM Habroze-
HUAM; HO 1) He Urpaet GoJbIION ponu, eciu HabGIlOJEeHU MHOTrO.

fl xouy mpugaTh QyHRUUU P 0COOBIN BUI, NPEANOJOMUB, UTO OHA He
3aBUCUT OT h.

JTy TOUKY 3PEHHAl MOKHO ONpaBJaTh, FOBOPA, YTO U3MepPEHHUA AalH
BCEM U 3HAUeHUA, OUeHb ONU3KHUe JPYT K APYTY; UTO OHU JemaT Ha MaloM
UHTepBale, rje z U3MeHAeTCA OYeHb Majo, eClid HabIIOJeH!A COTacoBaHbl.

BepoaTHoe 3HaueHue h” Gymet paBHO

J Ik dh duy dus . . . du,
J 1y dh duy dus . . . du,

v

JTH ABa MHTerpajla NOJ#Hbl BHIUUCIATLCA Tak #e: h MeHAercAa oT
o +00, a Bce 4 0T —O0 10 +00.
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201. Yro takoe Y y?? ITo GyHKUUA OT T;, KOTOpbIE U3BECTHbI, U
OT Z;, KOTOPbIE 3aBUCAT OT U.

Ilo MeTOAy HAMMEHbUIMX KBaAPATOB MOIYYalOT 3HAYEHHE Uy, KOTOpoe
HaJo B3ATb BMeCTO u;; ONpe/lelleHHble TAKUM 00pa30M BelUUMHBI 4 He TOY-
HbI, HO Haubolee NpUeMIeMBbl,

0
Ui = U; + V4,

rie v; 04eHb Maio.
Bce y; — dyHKOUU OT v;, U UX MOMKHO CUUTATH JIUHEHHBIMH, €CIU
npeHebpeyb yleHaMH BTOPOro NopAnka.

Muorounes
S -r

HMeeT BTOPYIO CTEIEeHb 110 v;, HO OH HEe OAHOPOAEeH; OH JOCTUraeT MUHUMY-
Ma, Korjga Bce v; — HYJMH. YPaBHeHI/IH

apP _
d’vi_O

JOJHHBI BBINOJHATBLCA IPU HYJIEBBIX ;.
I/ITaH, P BEKIIOYaeT 4jeHbl TOJbKO BTOPOI'0 U HYJEBOI'O IopAgKa; 4dljie-
HOB IIepBOro nopAakra HeT.

P =PF+ P,.

2
Torpa Py — MUHUMYM Zyz, TO, YTO MbI Ha3Balu Zy’ , Ube BEpOATHOE
3HaueHue paBHO (n — p)mz. Taxkum o6pasom, Py oueHb BEIUKO, U BEPOAT-
HOCTh TOTO0, UTO Py Belnko, TeM Golbliie, 4eM 00JbIlle MPOU3BeJeHO HabII0-
OEeHUM.
PO = (TL - p)Aa

rae A — HeKoTOpasA KOHCTAHTA.

MHuorounen P, nonydyaeTcd IpH CJI0MEHUH JPYT € APYyTrOM UYJIEHOB BTO-
poro mopAaKa; UX KOJIMUECTBO OUYEeHb BEIUKO, OHO PABHO 71, U K03 PULUEH-
Thl MHOrouleHa P, UMeloT TOT e NOPAJOK, YTO U N.

P, =(n_p)Q7

rae () imeeT ofUH TOPAIOK ¢ A.
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BepoaTtHoe 3nauenue h” GyneT paBHO

%
/¢hu <%) e~ M=) A+ gp dyy dv, . .. dvy
F n ’

HWHTer pupoBaHue npoBoauTcaA no h ot 0 10 400 U Mo BceM v 0T —00 10 +00.
202. IlepBblil MHTErpan cBA3aH C

e—h(n—p)A,

KOTOpOe 3aBUCHUT OT h, U ¢
e Mn=p)Q

KOTOpO€e 3aBUCHUT OT v. BHU3Y U BBepXy Hal0 COCUMTATh
/ e M=) gy du, . .. dvp.
3nech () — OJHOPOAHBIN MHOTOWIEH BTOPOil CTeNeHH OT v; A Mojararo

wi = viVh.

Beipaxenue h() cTaHOBUTCA OZHOPOJHBIM MHOTI'OYJIEHOM BTOPOIO MOpPAJAKA
10 w, KOTOPbI Mbl 0603HauuM (Q'. MuTerpan npespamaerca B

/e_h("_p)Ql dwi dws ... dwph_g .

IIpenenbl MHTErpupoOBaHUA OCTAIOTCA NMPEKHUMU, U 3HAUEHUE HHTerpana
paBHO
)
Bh™2,

rae B se 3aBucut ot h. Torma

[ dhph*m=3h" 3" e~hAn—P) B
0

hv =

[ dhyprn=%h
0

n

72 e—hA(n—p) B
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nin
[ hh*3" e h AP g,
=2

[ Yh"T" e~ hAn=P) gp
0

f1 o6o3Hauy
& = Vhe "4,

[ phr@n=Pdh
P
[ p®n=Pdh
0

u ¢popmyna OygeT 3aBUCETH OT 1.

203. Ecau 6p1 MBI XOTelu peliaTh 3ajayy Aaiblie, cleloBano Obl
BBECTU KaKRYIO-HUOYOb TMIOTE3y OTHOCUTeNbHO 1. OQHaKo, eclu mpenmno-
JOMUTb N — P OYeHb GOJMbIIHUM, TO BUJ GYHKIMHU 1) He UMeeT 3HAUEHUA.
Korpa ectb

fF(I)"dh
[ Fi@"dh’

U n 6€CKOHEUYHO pacreT, npeaesj 3TOro OTHOIIEHUA paBeH

rjae h() — 3HadyeHue, Npu KOTOpoM ® nocruraer MaKcuMymMma. I/ITaH, B HaliemM
cllyyae uMeeM

vV —

— p(ho)h
= )

TO eCThb
v — 14
R = h,

rae ho — 3HauYeHUe, Ha KOTopoM P JocTUraeT MaKCUMYyMa.
[Ipu ycnoBuu oyeHb GONBIIOrO 7 BepoATHOe 3HaueHue h” Golblie He
3aBHCHT OT 1); BepOATHOe 3HaueHue h Bcerga paBHO hg, KaKkoil 6b1 HU Oblia ).
70 He GyAeT BEpHO, eClii He MPEeANnoiaraTh 1 04eHb GOMbIINM.
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Bonee Toro, n monkHO OBITH OUEHb BEIHKO He TOJILKO MO abCOMIOTHOMU
BeJIMYMHE, HO U 0 OTHOIIEHUIO K P, C OJHON CTOPOHBI, U K ¥, C APYTOii
CTOPOHBI.

Tag, ecau 6b1

1
TO Hafo ObL10 6bI UCKaTh MakcuMyM He P, a Phz.

204. Ecau 661 n GbI10 He OYEHb BeNHWKO, HaM Gbl MPHUILIOCH HCKATh
MaKCUMYyM
PerTr,
OTRya
' (h)
$(h)

ecii 1 BelNKO, 3HaYeHHe h oyeHb 6IU3KO K TOMY, Ha KOTOPOM ZOCTHUraeTCA
makcumym ®(h). Imeem

®'(h) _ .
®(h)

+(n—p)

po_ 1 _n-p
P2 gyt

>y = (n—p)4;

9TOT pe3dyJbTaT coyeTaeTCa ¢ 3aKOHOM Faycca,

Yyt =(mn-pm

BepOHTHOB 3HaueHue KBaapara OIUOKU

TaK Kak

2_ 1
™= Sk
OTRKYya
_n—p
Zy = 2h0
cjienoBaTelabHO,

n—p

ho =
’ 23y
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U cOBIafaeT ¢ MpebIay M.
He cnenyer nmpumaBaTh Gosbllioe 3HayeHHE TOMY, YTO BMECTO 7 pac-

n—
CMaTPUBAIOCh 1 — P, T. K. I OYEHb BEIUKO U —p P 6musko & 1.
HTak, 3T0 mpaBmwio 000CHOBAHO, €CIU YMUCIO HAGIIOJEHUI OYeHb Be-

JHURO.




I'maBA 15
Teopnﬂ HHTEePIOoJALNU

205. {1 xouy nmpUMeHHTb METOJ| HaMMEHBbIINX KBaJpaToB K HOBOM
3anaue: noucky Heuseecmuoi gynkyuu f(x).
MbI u3mMepsieM HEKOTOpbIe 3HAUEHUA BTOU QYHKIUU.

f(al) = Ala
f(az) = As,

CTpouM KpHUBYIO
y = f(a);
HaM U3BECTHbBI HECKOIbKO €€ TOYEK.

Yepes atu Touku My, Ms, ..., M, Bcerja Mo#HO MIPOBECTH HEKOTO-
PYIO KPUBYIO, HO TaKoe pellieHue He GbLI0 GbI HAUIYUNIMM: HaM Hago0 Mpo-
BECTU KPUBYIO 06AU3K0 K BTUM TOYKaM, HO TPU 3TOM Kak MOMuHO Goiee
2aadxo.

JIpyroii coco6, Tak #e Kak U TeOMeTPUUYECKUil, UMeeT ONnpefeneHHYI0
CTelleHb IPOM3BOJA: A X0UY, YTOObI MOAl KpHBad Gblila KaK MOMKHO MeHbLIeH

CTelNeHu q,
f(ﬂf?) =Co+Cix+...+ an'tq;

rjge g MeHblile, yeM n — 1, T. K. eciy Obl ¢ ObLI0 B TOYHOCTHU paBHO N — 1, TO
¢yHKIUA OBl NOJHOCTHIO yAOBIETBOPAJIA BCEM YCIOBUAM 3ajauu.

Kakroe 3HavyeHue mpunucaTh ¢?7 JTo 3HayeHHe mpousBoibHO. CHavana
ero BbIOMPAIOT JOBOJIbHO MailbIM, IOTOM, €ClId 3TOT0 HEI0CTAaTOUYHO, BBOAAT
ellle O/IHO cjlaraeMoe B IIpaBylO YacThb U Tak Jaiee.

206. OcTaBUM B CTOPOHE 3TOT MeTOHA NpO0 U OMHUOOK U CUHUTAEM ¢
BbIOpaHHBIM.
Mbs1 onpenenum ko3¢ UIMEHTHI MHOTOU/IEHa TaKk, YTOObI

Y [ (ai) — A
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6bina MuHuManbHa. Oynknua f(x) auHeitHa no koadpunuentam C. f mo-
TOHY
F(z) = (x —a1)(x — az) ... (z — an).

Haia 3dazaya CcBfidaHa C paga/iosieHHueM B HellPEepPhIBHYIO ,I[pOﬁb OTHOIIEHUuA

F'(z)
F(z)

JTo pasnoxeHUe MPOU3BOJUTCA TaK, CJIOBHO MbI UIlleM HaUGOMbIIN 06U
nenutens F' u F'. TlonyyaeM mocienoBaTelbHO

F=Q.F'+R,,
F'=Q2Ry + R»,
R, = Q3R, + Rs,

R, 3= Qn—an—2 +Ry,_1,
R, = Qan—l-

B nocnennem ypaBHeHuu HeT uneHa R, T.k. R, = 0.

B oGwem cnyuae F' umeer crenenb n, F' — crenesr n — 1, Ry —
cTeneHb n — 2, R, — crenenb n —p — 1, R,,_; — crenenb 0, u Bce () —
crenedb 1. Umeem

F__ 1
F R’
Q1+ F}
R 1
F' Ry’
Q2+ Ry
R, 1
Rn—3 N Rn—l ’
Qn—l + Rn—2
Ry 1
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Urak,

=
I

Q1+

Qs+

—
Qn—l + 5

n

207. Msr OO HBI paCCMOTpPEeTh IocjaegoBaTe/ibHble OCTATKH, BO3HU-
Ramomye B 9TOM pas3/loeHUuUu. Tanr rakr

F— QlF, = Rla
BMeCTO
FI - QZRI = R2

A MOT'Y HalHCaTh
—Q2F + F'(1+ Q1Q2) = Ry.

Ecau a monaraio
Ny =1, D, =Qq,

A moayd4
™ N1F — D F' = R;.

Ecau a nmonaraio

Ny = —Q2, Dy = —(1+Q:1Q2),

A moayd
™ NoF — Do F' = Rs.

Tenepb BbIpa3uM TOYHO TaK #e€ NMPOM3BOJNLHBIN OCTATOK:
!
Ni;F — D;F'R,,
!
Nig1F = Di 1 F' = Riq.
Takr rar

R =Qit2Rit1+ Rita,
Rits = (NiF — DiF') — Qiy2(Niy1 F — Dy F'),
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€CJIU Al MIOJIOMY
Niyoa = N; — Qi12Niy1,
Diyo = Di — QiyaDit1,
A M0y Yaio
Rit2 = NiyoF — D; o F'.

N3 aTux PEeRYPPEHTHBIX COOTHOUIEHU ycTaHaBiuBaeM, 4TO
Rl, Rz, ... " Rn_g

UMeIOT cTeneHu n — 2, n — 3, ... U 1 COOTBETCTBEeHHO, a R,,_; paBeH KOH-
cranTte. MHorouned N; umeetr ctenedb 0, Ny — creneub 1, ..., N; —
crenelb ¢ — 1. Jlerko BUieThb, YTO €CIM ITO NMpPeANoNokeHue BepHo aAaA N;
U N;y1, To oHO BepHO U 1A N;io. MHorounen D; uMeeT cTeneHs 4.

208. Tenepsb A 3aaBiA, uTo N; U D; — 3TO YMCIUTENb U 3HaAMe-
HaTellb Jpo0U MOpAAKA i. PeKyppeHTHbIe COOTHOLIEHUA elaloT 3TOT (aKkT
OYEBHHBIM; HO 3aMETUThb €ro MOKHO U HHaue.

fl numy nociexoBaTeNbLHO:

F=Q.F' + Ry,
F' = Q2R1 + Ry,

Ri_» =QiR;—1 + R;,

OTRYIa fl BbIBOMY

F 1
F

- 1
9t Q2+ .

L1

Qi + i

R;_,

EIJ.Ie A MOT'y 3anucaThb cileylollee ypaBHeHue:

N;F — D;F' = R;.
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IIpeamnonoxuM, HaM XOUYeTCA BHIYUCIUTHL APOoOhb
Qi _ 1

Bi 1 )
Gt Qa2+

1
+ =
Q:

Mue Hajo Tonbko cienaTh R; = 0 B mpeablgylleM paBeHCTBe, a TaK:e
MNOJIOKUTH
F = /Bia F' = (&77)
Bi = Qi + R,
Qa; = QZRll + Rlza

Bce R npesparuiuch B R'. Tak me BBoguM R’ B pekyppeHTHbIE COOTHOIIE-
HUA . . ,
1= Q3R; + Ry,
' roo,
Ri_y = QiR;_y;
3necs R; paBHo Hymio, N; u D; Te e, 4TO U BBIIIE,

N;fB; — Dio; = 0,
(&7 &

Bi Dy

N; .
Urak, = — 3710 i-a 1po6b. Kakoe oTHOIIEHNe UMeeT 3Ta ApoOb K MpeaIo-
i

#EeHHO! 3amaue?

209. O®yHpaMeHTalbHOE YpaBHeHHE UMeEET BUI:
N;F — D;F' = R;.

OGpaTuM BHMMAaHHe Ha CTeleHb BceX MHOrowieHoB. Becmomuuaem, yro IV;
uMeeT cTeneHb i — 1; F — crenenb n; D; — crenenb i; F' — crenenb
n—1; R; — crenedb n — 1 — 4.

U3 pyHIamMeHTaIbHOTO YpaBHEHUA A BBIBOKY, UTO

R;

DiF _ . R
= =5

F

N; -
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fl ymHoxal0 06e yactu Ha zH:

M D F'
F
fI cobuparoch oneHNBaTh CyMMY BHIUETOB clipaBa M cleBa; 3aMeyaeM CHa-
yaja, 4TO JJAA 3TUX BbIUMCIEHHII HAM Halo NPUHUMAaTh B pacyeT TOJbKO
IBe npobu, rae F' BXoJUT B 3HaMeHaTelb.
3aTeM NpeIoIoHUM, YTO B HEKOTOPOI IpoGHO-paloHaNbHON (QYyHK-
[UU CTeNeHb YUCIUTENA Ha €AMHUIy MeHbIlle, YeM y 3HaMeHaTelf, Halpu-
Mep,

' R;
= N;z" — T’

Azt + B'x" "2 ...
Az + B'lgnt + ...
Toraa 3ta Apobb pacKialbIBaeTCA B

A B
+ — t...
Tr—a Z(:E—a)’\

Ecnu A ymHoy Bce Ha x, TO IpH HEOTPAaHMYEHHO pacTyIleM T CyMMa

A

r—a

OyIeT cTpeMUThCA K Y, A, HIM cyMMe BBIYETOB, a Apyrue Y, (TO ecTh Te,
rje £ — @ BXOOUT B 3HAMEHATelb B CTeleHu Golbiueil, yeM 1) o6HynAIOTCA.

Ho

limQ:O opu « = oo,

Q

eciu crenedb rP 6y,£[eT MeHblIlle, YeM CTeIlleHb Q I/ITaH, CyMMa BbIY€TOB
6y}1eT HyJ'IeBOﬁ, €CJ/IM CTelleHb YUCIHUTeNA MEeHbllle CTelleHU 3HaMeHaTelld
60.7[]3]].16, 4YyeM Ha eJuHuuly. PaCCMOTpI/IM

o' R;
F ;
3HaMeHaTelb UMeeT CTeNeHb N, YUCINTeIb — cTeneHb n — 1 — i + p. Ecau
n—1—-i+p<n-—1,

TO €CTh

<1,
TO cyMMa BbIYeTOB paBHa Hyl1o0. Takum ob6pasom, npu pu, paBiom 0, 1, ...,
i — 1 cymMma BbIYETOB paBHa HYIIO.
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P

210. HRorpa ecTh paluoHa’ibHasd Apobb 0 y KoTopoii () He uMeeT
KpaTHBIX KOpHell 1 obpaliaeTcA B Hylb IPU & = a, BbIUET IIPU & = a pPaBeH
P(a)

Q'a)’

BosbMeM B KayecTBe a OJHO W3 3HAYEHWIA, M0 KOTOPHIM MbI BBIYMCIIA-
eM f(x); BbIYeT BbIpaMeHUA

zt D F’
F
B TOuKe @ GyJeT paBeH
a*D;(a)F'(a)
F'(a)
wiu
a"D;(a).

Tax, eciu TONbKO j4 MeHbIIIE ¢, TO

E a"D;(a) =0,
CyMMUDpOBaHue BeJeTcCA 110 BCeM 3Ha4YeHUuAM a,
A1y, A2y + v 5 Ap.

Otcrona cinenyet, 4yTo eciu P — KaKoii-TO MHOToYJIeH NopAgka ¢ — 1, To

E P;_1(a)D;(a) = 0.

Bosbmem
P;_y = Dy;

Torja

E Dy(a)D;(a) = 0.
dTo0 ypaBHEeHUe BBINOJHAETCA Beerja, Kak TOAbKO k MeHbLIe 4.

Ho Tak Kak 3T 1Ba MH[eKca HUYEM He OTIMYaOTCA, TaHHOe ypaBHeHHe

GyZneT Tak#ie BBINONHATLCA BCAKUI pas, Koraa k omauyHo oT i.

AHaJor4HOe CBOMCTBO MMeIOT MHOrouneHb! Jemannpa'®; nua mo6bix
OBYX U3 HUX, Vy,, Vp, HMEEM

+1
UmVp dT = 0.

-1
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211. MbI XOTUM NONYYUTHb MHOTOUY/IEH NOPAAKA ¢, MEHbILIET0, YeM 71, —
— 1, ybu KOo3hPULIMEHTHI GbITU ObI BEIOPAHbI TaK, YTOOBI

D i fa)]

GblLIa MUHUMANbHA.
Ecau f(x) — MHoOrouneH nopsifjka ¢, ero Bcerjia MOHO 3alucaTh B
BHJIE
f(x) = Co+ C1D1(x) + CaDy(x) + ... + CyDy(x).

Hapo ompegenuth rosddunuentsr C' Tak, 4ToGbl JocTUraga MUHUMYMa
cyMMa KBajJpaToB

Y (A= Co—C1Dy — C3Dy — ... — CyDy)*.

212. PacknaabiBaeM 3Ty CyMMY.
B mepBoit cTpoke MBI 3anuiieM KBagpaThl claraeMbIX:

N A +nCE+CY DI+ C3Y Di+...+C2> D
Bo BTOpOIt cTpoKe 3anuieM cyMMY YIBOEHHBIX MPOU3BEIEHU:

—2C) Y JA—2C1 Y ADy —...—2C, Y AD,,

roe
ZAD]_ = Aqu(al) + ...+ Aan(an).

B Tperneil cTpoke 3anuieM cymMMy clIeIyIOMUX YIEHOB

ZDZ(G) = 0,
Y DDy =0.

Ocraores nepBafd ¥ BTOpafd CTPOKHU. HpOMe TOIr'o, A MOT'y COKPaTHUTh 3alllCh,
noJjaras

CyMma, cTpeMAmaAaca K MUHUMYMY, IpeBpaiiaeTca B

> A2+Y C?Y DI-2) Ci) AD;.
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I nuddepenuupyio no C; u nenro HA 2; NPUPABHAB K HYJIIO MPOU3BOJHYIO

no C;, nonyyaio
C;Y D} =) AD;,

OTKyJa HaxoguM cienyloinee Boipasenue aiaa Cj:

Y AD;

Ci 9
> D}

TO €CTh
_ AlD,‘(al) + AzD,‘(az) + ...+ AnDl(an)

Ci
D?(a1) + D?(az2) + ...+ D?(ay)

Amnanorus c npyroii 3ajaveil U3 aHajlu3a oYeBHUIHA.
Korpa ¢yuruusa f(x) XOTAT pasnomuTh B pAL N0 MHoroudreHam Je-
MaHapa, IPUXOJAT K CyMMe

f(il?) = Z Cqu
rge

+1
[ f(x)X;dz
;=
+1
| X?dx
1

Y Hac COOTHOLIEHHUE TOr'0 K€ POJia, TONbKO BMECTO UHTErPAJIOB NOABIAIOTCA
CYMMBIL.

213. B uem mpeumyiecTBo MHorousienos D?

JlonycTuM, KTO-TO MONBITAJCA CHavyala MpeACTaBUTh pe3yJIbTaThl
HabMOJeHuit ¢ MOMOIbI0 MHOTOW/IEHAa CTeNeHH ¢ U Hallel KOHCTaH-
o1 Cy, Ci, ..., Cy. 3aTeMm oKa3bIBaeTcA, YTO CyMMa KBaJpaToOB [OIy-
I[EHHBIX OMMUOGOK HeJOMyCTUMaf: TOrJa MPUXOJUTCA MPOJONKATh pelle-
HUe ¢ MHorowieHoM ctemneHu ¢ + 1. Ilpu 06bIUHBIX cHocoGax pelieHuA
BCe HAJ0 HayWHAThb CHayana; 37eCh, HA0G0POT, HAAO0 TONbKO A06AaBUTh
uned Cgy1Dg41(x): npepsinymue koadounuents:r Coy, Cy, ..., C; He Me-
HAIOTCA, KaK MOHO BUJETh U3 BbipaseHusa C;.
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214. Ilogo6Hasa 3agaya BO3HMKaeT W TOTNa, KOIA IPOCTO XOTAT UH-
mepnoauposams GyHKIMIO: I0YEMy B KauecTBe pellleHHA 0ObIYHO GepeTcA
MHorouneH (n — 1)-ro nopajka?

Mycts dyurnua f(x) rosomoptdhHa BHYTPEHHOCTH KaKOr0-TO KOHTY-
pa, Hampumep, Kpyry. 3HA4yeHWA, KOTOpPble Mbl NpPUIAEM [epeMeHHbIM,
OYeHb Malbl 110 CpaBHEHHUIO ¢ paamycoM Kpyra. Korjga nepemedHas pas-
Ha ai, Az, ... , Gy, 3HAUEHHE QYHKIMU OcTaeTcA usBecTHbIM. Hago y3HaTh
3HaueHWe QYyHKIUU JJIA KAKONH-TO BeIMYMHBI & BHYTpU Kpyra. MuTerpan

/ f(z)dz
(z—2)(z—a1)(z —az)...(z —a,)’

B3ATHIN BIOOJNb OKPY#HOCTH, oGpamaeTcA B Hynb. C Jpyroii CTOPOHBI, MH-
Terpain

_ 1 f(z) dz
2im ) (z—2x)(z—a1)(z —a2)...(z —ay)
paBeH cyMMe BbIYeTOB GYHKUUM f(z) B MOMIOCAX Ty G1, A2, -« . 5 Gy, T.€.
T a
a) . Fla) L

(x—a1)(x —az)...(x —ay) (a1 —x)(a1 —az)...(a1 — ay)
BooGute, A Ha30BY p; MHOTOY/IEH, KOTOPBIil NodyYaeTcA, eciy yopaTh U3
(z—x)(z—a1)(z —az2)...(z —ay)
MHOMUTENb Z — a; U 3aMEHUTh Z Ha a;. fl monaraio Takme
F(z)=(z —a1)(x — aa)...(z — ay).

Torpa

OTKya
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215. TakoBa o6mas ¢opMya pyd UHTEPNOJAALNUU; cClIpaBa yyacTBYIOT
1° MHorouJIEeH;

2° pomyeHHasA omubKa.

Jrta omubKa paBHa

1 f@)dze —a1z—a2 z—an

JF = = .
2 Z2—T Z—a1zZ—as Z— Qn

Ecau R o6o3Havaetr paguyc CXOOUMOCTHU, a & HAacCTOJIBbKO O6/IM3KO K ai, 4TO

|z — ai] < %,

x — a; 1
2 a MeEHblIlle, YeM 5, U 1o 3HakoM f CTOAT n
— Qg

TO Ka# bl U3 MHOMUTeENEN
TaKkUX MHOMUTeENEH.

Urak, npu oyeHb Gonbiiux n 3HayeHue JF' oyeHb Mmalo.

Ecau 6b1 paguyc cXoAMMOCTH MPUHUMAI KaKOe-TO ONpejeieHHOoe 3Ha-
YyeHHe TOJNbKO C HEKOTOPOIl BEPOATHOCTbIO, MbI Obl UMEIU BEPOATHOCTHYIO

3ajgauy.

216. fI npeanonaraio, 4To a priori usBecTHo, 4To QyHKUMA f(x) pac-
KJIaJbIBaeTcA B pAJA B KaKOU-TO OIpefeleHHOI 06JacTu 1m0 BO3pacTaHUIO
cTeneHell :

Mbi HUYero He 3HaeM 0 Ko3ddunrentax A, KpoMe TOro, YTo BEPOATHOCTD, C
KOTOpOU OJMH U3 HUX, A;, HAXOOUTCA B ONpe/leleHHbIX Ipeaenax, y u y—+dy,

paBHa
\/ %e“h”ﬂdy.

Ilocne n HabnogeHUt MbI 3HaeM, 4YTO

f(a1) = By,
f(az) = B,
f(an) = B,.

Me1 nuem BepoATHOe 3HauyeHue f(x) npu Opyrom .
JTO Toe HHTEpIOJALMOHHAA 3ajavya, ¢ Toll pa3HULlell, YTO 3[ech
ulleTcA NpefelbHbIf MHOIOUJIEH.
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fl cnemy no6aBUTH, YTO paccMaTpPUBAIO 3TOT BONPOC KaK MPOCTOE BBI-
YUCIUTENbHOE yIpaMHeHUe, T. K. f NPOU360.1bHO BBell 3akoH ['aycca; nHaue
3ajava ocTanacb Obl HeoNpeeleHHO .

217. Mbl gonHbI HAKTU GECKOHEYHOe YhclIo KoaddunreHToB A Ha-
meit GYyHKIUYU C IOMOIIbIO 71 HaGIoeH 1; 3lech HEU3BECTHBIX GoJblie, UeM
HaGII0JeH, 1 Mbl MO#€eM PYKOBOJACTBOBAaThCA JHIIb MbICIbIO, YTO BEPO-
ATHOCTHBIN 3aKOH 3a7aH a priori.

Tax MbI mogX0AUM K emle GoJbIIUM 00001IIEHUAM, YeM Te, YTO MbI Je-
Janyd 10 CUX HOp, MIOTOMY YTO Tellepb HAM HaIO ONpEeIelUTb HEU3BECTHYIO

(pyHRIUIO.
CHavana A BO3bMY TOJbKO KOHEUHOE YUCIO0 KO3(PUIUEHTOB.

218. Boo6ie, nycTb €CTh KOHEUHOE YUCIO HEU3BECTHBIX,
ULy U2y oo vy up;

rie p U3BECTHO.
fl npennonaraio, 4To BEPOATHOCTh, C KOTOPOH u; JEHMUT MEHKAY U U
u + du, npeacTaBnfgeTcd 3akoHoM ['aycca:

h‘ —h; 2
\/7’6 " du.

BepoATHOCTDL TOTO, YTO OJHO U3 U YKJIOHAETCA OT HYJA, 6yIeT TeM MeHblIle,
yeM Gosbliie h.
Mb1 3HaeM 3Ha4YeHUA ONpeeNeHHbIX QYHRIUN OT u,

L1y T2y eoey Ty

npuyem Haﬁﬂlo):[eHl/Iﬂ CYUTATCA COBEPIIEHHO TOUYHBIMHU.
Benuuuna n MeHble P, HEU3BECTHBIX 60Hb]lle, yeM Ha6ﬂf0ﬂeHI/Il7[.
fl npeanonaraio, 4To & — JMHeiiHble QYHKIMM OT u; TAaKk He Kak B
npefplaylieM IpuMepe Bce B ObLIN JUHEHHBIMY QYHKIUAMU OT A, 1 MbI
nmellu
By, =Ap+ Arag + ...

Torpa A nonarato
y=Cru1 + Cruz + ... + Cluy.

Ha6unionenusa coo6muny HaM, 4TO Yy, JeMmaT MeMAY T U xy + dry. Haiitu u
03HayaeT pPelIUTh 3a/lauy Ha yClIOBHble BepoATHOCTH. [IpnunHoii 6yneT ToT
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¢daKT, yTO BCe u JemaT B ONpeJelleHHbIX Tpefenax; HabmojaeMble ClecT-
BUA — 3TO TO, YTO BCe & JeAaT B ONpeJeNeHHbIX Mpeaenax.
3nech dhopmyia
PiWi
> piwi
OyzneT ynpolleHa.

219. ECJII/I 3Ha4YeHUA BcCeX u onpepejeHbl, TO 3HaAYCHUA JIMHEeHHbIX
(GYHRUUHA 2, To#e Oy IyT ONpe/ielieHbl, U BEpOATHOCTh 3TUX 3HaueHuii 6y aer
BEPOATHOCTBIO JOCTOBEPHOI'O COﬁbITI/Iﬂ; B 3@BUCHUMOCTH OT TOro, nmonmagarT
3TN prHHHI/II/I B MIpegeltibl, 3aJaHHbIe Ha6ﬂ}0,ﬂeHI/IeM, W] HEeT, BEepOATHOCTb
paBHa 1 unu 0. Torga gopmyiia anocTepUOPHON BEPOATHOCTH YNPOLIAeTCA
1o

@;
> wi’
€CJIM 3aMeHUThb p; Ha BEPOATHOCTb CJACACTBUA IPU YCJIOBUU, YTO ﬂeﬁCTByeT
JaHHafd IpUu4YnHa.

CyMMa Z(‘Dl COCTOUT U3 BCeX BepOHTHOCTeﬁ, OTHOCANIUXCA K 3Haue-
HUAM u, corijlacyromumcH ¢ Haﬁﬂ[oﬂeHI/IHMl/I; (:Jz — alnpuopHana BepOATHOCTb
TOr'o, 4YTO pas3/iMdHble BeJIUYHUHBI U JexaT B OllpelleJIeHHBIX Npenelax. le/l
3TOM k‘e HEHN3BECTHOE JIeHUT MEeMIYy Uur U ug + d’U;k C BEPOATHOCTLIO

[hi _hyu?
e kdug;

a w; COCTOUT U3 P aHajJIOorM4HbIX MHOMKUTENE:

hiha...h 2 2 2
71)1’e—(hlu1+h2u2+...+hpup)dul dus . . . dup,
Us

IJIA KpaTKOCTHU Al Oy oy mucaTh
w; = duy dusy ... duy,
OTKYya

Zwi:/ﬂdulduz...dup.

I/IHTerI/IpOBaTb Hajgo 1o BCceM 3Ha4YeHUAM u, corjlaCyromuMcA C Habato1e-
HUAMHU, T.e. YIOBJIETBOPAIOIUINM HepaBeHCTBaM

zn < Chur + Cius + ...+ CPuy < zp, + dp.



246 Trasa 15

Hckromoit BepoATHOCTRIO GyeT

@; Il du; dus ... du,

S [Tduydus...du,

9

KOr'Jla Bce U YJOBIETBOPAIOT HEPaBeHCTBaM, HallMCaHHLIM Bhllle. lHaue Be-
poATHOCThL Gynaet paBHa (.

220. Ecau s vy BepoATHOe 3HaUYeHUe KaKoil-To GyHKRIuU F' oT u, TO

- J Fllduy dus . . . du,
S Mduy dus ...du,

IIpeo6pasyem stu nBa unterpana. Umeem

Th < yp < xh + dxp.

fl xouy B3ATHL B KauecTBe HEU3BECTHBIX Y1, Y2, - .. , Yy ¥ JOOABUTH P — N CO-
BepIIEeHHO IPOM3BOJbLHBIX TUHENHHbIX QYHKINH OT U, 21, 22, + .. , Zp—n. BBI-
pameHue

II du1 dU2 e d'U,p

npeBpaTUTCA B
A dy, dys ... dy,dzidzs ... dzp—n.

31ecb A — QYHKUMOHANLHBIN ONpeeIUTelNb % 0 Y U 2z; TAK KaK 9TO IH-
HeliHble GyHKIUU, A — KoHcTaHTa. [lonyyaercd

JFdy, dys...dyy,dz1dzs ... dzp—yp
[Tdy dys ...dyydz dzs .. .dzp—pn

F =

CHayana MbI JOJN#HBI HHTETPUPOBATh M0 y; HaIpuUMep, y; OyJeT MeHAThCA
OT #1 10 ¥ + d1, T.e. 0YeHb Mano; QYHKUMA NOJ 3HaKoM [ ocTaHeTcA
NpaKkTUYeCKH KOHCTAHTOI, M MoskHO OyJeT 3amnucaTb, YTO

deidesy...dey, [ Flldzydzs ... dzp—p
dry dzs . ..dey, [dzydzy ... dzp—pn

gl

Nuddepenunanst ot x ucyesnyT. U FII, u Il — dyHKUUM OT 2z, 1 MBI UH-
TErpupyeM Io z oT —00 10 +00.
JTOo npousBejieHNe NOCTOAHHOTO MHOKUTENA Ha SKCIOHEHTY

e—(hluf+h2u§+...+hpui);

NnoKasaTelb 3ieCb — MHorouieH P BTOpOIo nopagka, HeO}lHOpO)IHbIﬁ Ino z.
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221. Cuuraem F' nuneiinHoii ¢dyHKuueil or z. mem BepoATHOe 3Ha-

yenne F'. BepOﬂTHbIe 3Ha4YeHUA pal3juYHbIX BEJIUWYUH Z IIOJy4YaloT, HanaAa

Te€ Z;, HA KOTOPBIX JOCTUTaeTCA MUHUMYM IIOKa3aTelfd P, IIyCTb Z? — 3Ha-

yeHue z;, Npu KotopoMm P munuMansHo. Toraa
P =P+ P,

rae Py — woHcTaHTa, a P, — OZHOPOAHBII MHOTOYWIEH BTOPOW CTENEHU OT
pasHocreii z; — 2{. Hurerpan

/(Zz - z?)e_szl dzy...dzp_n

MMeeT MOAbIHTerpaibHyl0 QYHKIHMIO, HEUETHYIO N0 2; — 2; UHTerpupyA
0T —00 JI0 00, Noy4YaeM, 4TO 3HaUeHUe 3TOr0 UHTerpana paBHO HYJIO.

OTcrozia BBIBOIMM, UTO ecllv IPU 3aMeHe z; Ha 2y GyHkuus F pasua Fp,
TO

/(F —F)e Pdzidz...dzpy,

B3ATBIA OT —00 10 +00, paBeH HYIIIO. Taxr e
/(F — F())H le de cee de_n = 0,
a, cjaegoBaTejabHO,

/FH dz1dzy...dzp—p = Fy /Hdz1 dzy...dzp_n,
TO ecTh -
F = F,.

Tarum 06paaoM, BEepOATHOE 3HaYeHue F InoJjiyvdaeTcAd IIpyu 3aMeHe z; Ha 3Ha-
YeHUuA, JocTaBiArwmyue MUHUMYM MHOTOY/IEeHY P.

222. IIpumeHUM 3TH NPUHLUMILI K 3agayve, NOCTABIEHHOI B maparpa-
de 216.
B cayuae ¢ f(z) Hamu HeusBecTHbIE u PaBHBI A, U MBI HMeeM

P =hoA2 +h A2 + ...+ hAY + ...

Hapo naiiTu MUHHUMYM 3TOro MHOroudJjeHa.
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Ha,I[O CKha3aTb, 4YTO 3Ha4YeHUA A IIPpOU3BOJIbHBI, UCRIIIOUYEHHE COCTaBJIfA-
IOT JUHENHbIE COOTHOIIeHUA, B3ATbHIE U3 HaOaogeHu i

f(ah) = Bjy,.

IMumem, yro P munuManbho. [Ipupamienvie dP [0MHO PaBHATLCA HYIIO,
Korga A; BospacraioT Ha dA;:

dP = hgAodAg + ...+ h;A;dA; +... = 0.
Mpupamenus dAg, ..., dA;, ... CBA3aHbI COOTHOIIEHUEM
df (ax) = 0.
Mexny tem f(ay1), Hanpumep, paBHO

f(al) :A0+A1a1++Ala§+

Urax, ‘
dAo+a1dAr +...+ajdA;+...=0,
dAg + asdAy + ...+ abdA; +...=0,
dAg+ andAy + ... +al dA; +...= 0.

223. Yrto6bl P 6bl10 MUHMMAIbLHO, IEPBOE YPaBHEHHUE,
dP =0,

JONKHO BBIMONHATBLCA, KAKUMU Obl HU Oblmu dA; 3TO mepBoe ypaBHeHUe
JONKHO OBITH ClIeICTBUEM [IPYTUX 7 COOTHOIIEHUH Memay dA.

IIycTb BbIOpaHbI mogxopAmye Ko3hGUIUEHTEI €1, €2, ... £, HA KOTO-
pble Mbl YMHOKaeM COOTBETCTBEHHO 00e 4acTU KamJoro U3 3TUX 7 COOT-
HOIIIEHUH,

hiA; = e1a] + €205 + ... +ena,,

. (zay)? (zas)? (zay)!
Azt = .
iT €1 I + &2 h; + +€en I
Ecau a monaraio
2 i
@)=L & 20y
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TO KO3(p(PUIKMEHT IIpU €; B

f(x) = Z Azt
Oynet paBeH ¢(zap), 1 T. 1. OKOHYATENbHO NONYYaeTCH

f(x) = e1p(xar) + eap(zaz) + ... + enp(zay).

Ms1 pacnonaraeM Ko3((UIUEHTHI € Tak, YTOObI Y/JOBIETBOPAThL HabmIoe-
HUAIM, OTKY/Ia ¥ BO3HUKAIHU N ypaBHEHUIi C 1 HEM3BECTHBIMH.

224. Bun f(x) saBucut ot h. YTo6bl pAll, NpeacTaBIAMMI ¢(), ObL1
cXoIAMUMcA, Hago, 4To6bl Ko3(duureHTs h Bo3pacTald ¢ AOCTaTOYHON
CKOPOCTBIO.

Ecnu umeem

lz| <p m |ah| <p,
TO eCTh
|zah| < p?,

TO pAng 6y,[[eT cXogAamuMcH, Korga
hi >p

B 0611eM MO#HO CKa3aThb, YTO BEPOATHOCTh, ¢ KOTOPOH MOCHeHUe KO-
3 GuIKeHTsI NP h; YRIOHAIOTCA OT HYJA, CTAHOBUTCA Bee MeHbIue. locTa-
TOYHO TPeANoN0MKUTL, YTO HAUMHAA C N-TO ClaraeMoro Bce h GECKOHEUHBI.
Toraa B ¢(x) KpaitHue uneHsl ¢ hy, hyyq... oGHynAOTCA, 1 @(x) Gyaer
MHOTOYJIEHOM MOPAZKA 7.
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Pazauunsbie BOIIPOCHI

225. TacoBanue kKapT. Bo BBefeHuU A 3aHMMalcA 3ajayaMy, CBA-
3aHHBIMM C UTPOKOM, Tacywomum Koaony kapt. [louemy, korjga koiopa Ta-
cyeTcA JOCTAaTOYHO [OJr0, Mbl JONYyCKaeM, YTO BCe IIepeCTAaHOBKH KapT,
T.e. Bce NOPAJKHU, B KOTOPhIX MOTYT pacrojiaraTbcfl KapThl, JOIMHBI ObITh
pPaBHOBEPOATHBI? JTUM BOMPOCOM MbI 3aiiMeMcH MPAMO ceifyac.

Ilycth ¢ — KonuuecTBO KapT; MycTh S; — KaKkafA-TO NepeCcTaHOBHKA,
T.e. omepanud, NepeBoJAllaA HA MECTO & KapTy, KOTOpafA OO0 NMepecTaHOB-
KU 3aHMMana MecTo f3; Toraa o — onpenenennasa ¢yukuua ot (. [oanoe
YHCIO0 BCEX BO3MOKHBIX NepecTaHOBOK paBHO ¢! HaiimercAa kakoii-To 1mo-
PAIOK KapT, KOTOPbIA MbI GyJeM CYMTATh HOPMAalbHbIM U 0603Ha4YUM Sy
MbI GyJeM Ha3bIBaTb S; MOPANOK, B KOTOPOM paclojiaraloTcfi KapThl, ec-
¥, UMeB M3HAYallbHO HOPMAalbHBII MOPAJOK, OHM NMOJBEpPraluch IepecTa-
HoBKe S;. Takum o6pasoM, Sy npeacraBiafeT co6oii HOpMalIbHBIN MOPANOK
U, OJIHOBPEMEHHO, MojcdecmeeH Y0 IepecTaHOBKY, KOTOpad He M3MeHAeT
nopAnok Kapt. Eciu 3T0 ycTaHOBIEeHO, TO AB€ MOCIeNoBaTelbHbIE epecTa-
HOBKHU S; U S; OyNyT sKBUBaleHTHbI eJUHCTBEHHOIl NlepecTaHOBKe Sy, UTO
BbIpaKaeTCA COOTHOIIEHUEM

SiS; = Sk- (1)

MHosecTBO MepecTaHOBOK oGpa3yeT TIpymily, KOrja Opou3BeleHUe
IBYX MpPOM3BOJbHBIX MEPECTAHOBOK M3 3TOT0 MHOMKECTBA BHOBbL MpPHUHA[-
JEHUT ITOMY MHOMKECTBY.

Hrak, nyctb

SO? Slv"'asr_

pasinyHble MepecTaHOBKU U3 Tpynnbl (G ¥ COOTBETCTBYIOIIUE MOPAAKU
KapT. JonycTum, Mbl 3HaeM, UTO NOPAJOK KapT B Halleil Koloje pUHae-
#UT Tpynne G, U pa3inyHble MEPECTAHOBKU U3 I'pynibl G UMEIOT BEPOAT-
HOCTHU

DPos P1y «+- 5 Pr
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COOTBETCTBEHHO, TAKUE, UTO
po+pi+...+p, =1

CHMBONIMYECKH MbI MOMEM npeacraBuThb 3TOT BepOHTHOCTHbeI 3aKO0H C IIo-
MOIIbIO TUIIEPROMIIJIEKCHOI'O 4YucJja. I/IBBeCTHO, 4YTO MOHO 3ajaTb rulmnep-
KOMIIJIEKCHBIE YHCJIa B BUle

X =x0e0 + 161 + ... + T1E,,

rie Bce £ — 0ObIUHbIE BEIUUYUHbI, 8 Bce ¢ — GasucHble efiuHuIbl. Onepanuu
Hajl ’TUMU F'UIEPKOMIUIEKCHBIMY YKCIaMU POBOJAATCA MO 06GBIYHBIM TIPaBU-
JaM ¢ Toil pa3Huleil, YTO YMHOMEHUE, KOTOPOE 0CTAeTCA TUCTPUOY TUBHBIM
U accolMaTUBHBIM, MOMET He ObITh KOMMYTaTHUBHBIM.

BBons npaBuia yMHOM€EHUA, T.e. oNpefelsd NPoU3BeleHHe e;e; ABYX
NPOM3BOIbHBIX OA3UCHBIX €JUHMUII, MIOJNYYalOT CUCTEMY T'UIIEPKOMIIIEKCHBIX
qucen.

MbI onpefenuin rUnepKOMILIEKCHYIO CUCTEMY, COOTBETCTBYIONIYIO Ha-
weil G Kam/I0i nepecTaHoBKe S; U3 TOIl IPyNNbI MbI CONOCTaBUM Gasuc-
HYI0 eINHHULY e;; U ecau BepHo ypaBHenue (1): S1.5; = Sk, To MbI gorosa-
puBaeMcs, UTO NPou3BeJeHHe e;e; PaBHO €. JTO NPABUIO JONMYCTUMO, T. K.
omnepanud accoluaTUBHA.

UTaK, Mbl CMOK€M CHUMBOIUYECKH MpPEJCTaBUTh PACCMOTPEHHbINA Be-
POATHOCTHBIN 3aKOH T'MIIEPKOMILIEKCHBIM YHCIOM

P =poeyp +pre1 + ...+ prey.

226. Y urpoka, Tacyioliero KapThl, eCTb KaKHe-TO NPUBBIUKU, Tak
YTO HpM Kam[IoM IBUMEHUU OH MoJBepraeT KapThl epecTaHOBKe S; ¢ Be-
POATHOCTBIO P;. TOT BEPOATHOCTHBIN 3aKOH, KOTOPLI HaM, BOoOIIe roBo-
pA, HEU3BECTEH, CHMBOIMYECKH NpejcTaBiderca ynuciom P = Y p;e;. Ecan
TacoBaHUe HAUMHAETCA ¢ HOpMalbHOI0 MOPAJKA, TO BEPOATHOCTD TOr0, YTO
nocjie MepecTaHOBKM MOJAYUYUTCA MOPAAOK S;, paBHA p;, TaK UTO BEpPOAT-
HOCTHBI! 3aKOH IJIA Pa3iUYHbIX MOPAJKOB IMO-TpeMHEMY MpeAcTaBlIfgeTCA
cHMBOJIMYECKHU ¢ nomombio P. Eciu BMecTo HOpMalibHOrO HOpPAAKA S MbI
HayHeM C KaKoro-To nopajka S;, T0O BEpOATHOCTHBI 3aKoH Gy IeT mpejcTab-
JATbcA Kak e; P. Eciu 1o nepecTaHOBKU BepOATHOCTHBIN 3aKOH IpefcTaB-
JIAJICA KOMINIEKCHBIM 4mcioM (), TO Iocie IepecTaHOBKU OH cTaHeT (QP.
Hrak, eciu Mbl HaUMHaeM ¢ HOPMaJlbHOTO MOPAKA U JellaeM 7 MepecTaHo-
BOK, TO B KOHIle BEPOATHOCTHBII 3aK0oH GyeT MpeAcTaBIATbLCA I'HIEePKOMII-
JEeKCHBIM uucioMm Pm".
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MbI XOTUM N0Ka3aTh, YTO €CIU 1 OUeHb BENUKO, TO MPAKTUUYeCKU GyeT
BBINIOMHATHCA PABEHCTBO
"= L(eo +er+...+e),
r+1
TO €CTh BCE BO3MOMKHbIE MOPAIKH Oy T paBHOBepoATHbI. U 3TOT pesyabrar
He 3aBHMCUT OT P, T.e. OT HEU3BECTHOTO 3AKOHA, HEU3BECTHBIX MPUBBIYEK
Urpoka.

227. TI.RapraH BBen B TeOpHUIO T'MIEPKOMILIEKCHBIX YHCel MOHATHE
XapakTepucTuuyeckoro ypaBuenus. Ilycth A — [JaHHOE TUNEPKOMILIEKCHOE
ypcno, X — HeU3BECTHOE I'MIEPKOMIUIEKCHOE YMCI0, w — HEU3BECTHOE
00bl4HOe YUCII0; PACCMOTPUM ypaBHeHUe

AX = wX. (2)

OGe ero yacTu — T'UIEPKOMILIEKCHbIe YKcla, U, IPUpPAaBHUBaA Ko3duiu-
eHTBI NpH €y, €1, ... , €, ONy4aeM 7 + 1 ypaBHeHue aiaa r + 1 ko3dpdu-
[UeHTa x; HEU3BECTHOI'0 T'UIEPKOMIUIEKCHOr0 Ynciaa X; ¢ 0JHON CTOPOHBI,
3TU YpaBHEHMA JNUHEWHBI 10 &;, C APYTOil CTOPOHBI, 0 w U 7 + 1 Ko3ddu-
nueHty a; uuciaa A. Urtar, y Hac 7 + 1 nuHeiiHoe ypaBHeHue ¢ 7 + 1 Heus-
BeCTHBIM x;. [luimem, uTo onpegenuTelb A 3TUX ypaBHEHUH paBeH HYIIO;
noiay4uM anrebpandeckoe ypaBHenue (7 + 1)-ro mopsamgka, KOTopoe ompeje-
asetT w. [lo Teopeme 0 JTUHENHBIX MOJCTAHOBKAX KaI0My IPOCTOMY KOPHIO
3TOro ypaBHeHua A = () COOTBeTCTBYeT OJHO I'MIIepKOMILIEKCHOe Yncio X,
yanosiaerBopsioiee (2). IBOHHOMY KOPHIO COOTBETCTBYIOT [IBa MIEPKOMII-
neKcHbIX yuciaa X u X; Takue, 4TO

AX = wX, AX, =wX; + e X. (2/)
TpoitHoMy KopHIO — Tpu umciaa Xp, Xo, X3 Takue, 4yTo
AX = OJX, AXl = le + ElX, AX2 = sz + EzXl (2”)

U Tak fJalee; Bce € — 0ObIUHbIE OCTOAHHbIE YKcIa, KOTOPble MO#HO CYM-
TaTh paBHbIMHU 0 uau 1. 3ameuaeM, uto eciu €1 = €3 = 0, TO

A()\X + M X1+ )\zXz) = w()\X + M X1+ )\2X2),

KaKOBbI Obl HM ObLIM KOHCTAHTBI A, A1, A2 (MOMHO YCIOBUTBLCH, YTO ITO
OGBIYHBIE YKCHA).
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Ecnn FTUMINEepKOMIIJIEKCHbIEe YHKC/la IpUuHaajeraT HEROTOPOﬁ rpyiunmne, 3a-
Jada ynpoijaeTcH. HyCTb X — Kakoe-TO THUIIEePKROMIIJIEKCHOE YHCJIO U

e X =Y = Zyjej;

OYEeBHJIHO, YTO BCe y — He UYTO MHOE KaK &, PaclojoieHHbIe B IPYroM
nopsagke. To e camoe npoucxoauT, eciu B3ATb X e; = Y'; KpoMe TOro

eoX = Xe() = X,
TaKk YTO ypaBHeHUe (2) MOMHO 3anucaTh Kak
(A —wep)X =0.
228. fl cocraBiAlO XapaKTepUCTUYECKOe ypaBHeHMe A yucia P:
PX =wX

u cobupaloch NokasaTh CHayana, YTO Y HEro ecTh OJUH KOpeHb, paBHbIH 1,
a Bce ocTalbHble MeHblle 1 10 abCOMIOTHOI BelUYHHE.
JeficTBUTENBbHO, TYCTH

PX =) wies

Yi = Zpk * Th

HNHOEKCHBI i, k u h cBA3aHbI COOTHOIIEHHEM €pep — €4, TaK 4YTO eCJIU 1 Uy

Yi = Z PhiZh,

TO BCe pp; — HE UTO UHOE, Kak Py, B3ATHIE B ApYyroM nopaake. Toraa ypas-
HeHue (2) gact Ham

Torga

thiﬂ?h = WI;. (3)

JTH ypaBHeHUA GYyAYT BBINOIHATBLCA, €CIU B3ATh BCE T; PABHBIMU MEHAY
co00if, OTKYla MbI BLIBOJUM, YTO

thi=w~
> opni=Y pn=1,

OTKyJa w = 1; ¥ 3TO NOKAa3bIBAET, YTO €CTh OJMH KOPeHb, paBHbIH 1.

Ho



254 I'nasa 16
B ToMm, uTo KacaeTcA Jpyrux KopHeii, ypaBHenua (3) gagyT Ham
> Ipniwn| > lwai| (4)
Hiu, T. K. BCe p IeACTBUTENbHBI U MMOJIOKUTENbHBI,
> puileal > [wllil.

ClouM Bce 3THU HepaBeHCTBa; NOJYYHUTCA

SO pnilanl = [wl Y |-
h

i

Ho
thi =1L
i
3Hauur,
SN puilenl = Jaal,

i h
OTKyZa

> lanl = el Y il
OTKyZa

Wl < 1.

Urak, H1 0IUH KOPeHb He MOzKeT GbITh Goiblie 1 Mo abCOMOTHOI BeIYKHE.
Yto u TpeboBanoch JOKa3aTh.

229. IlycTh w — KOpeHb, OTIAMYHBIN OT 1; pacCMOTPUM THNEPKOMII-
JeKCHOE YMCIIO0, NnpuHadiexcaujee STOMY KOPHIO w, T.e€., 0 TEPMHUHOJIOTHH,
npuHAaroii r. KapranoMm, ogquo u3 uucen X, Xi, ..., TAKUX, 4TO

PX:wX, PX1:(,UX1+61X1,...;
fl 3aABJIAI0, YTO OJI1 BCEX 3TUX I'MNIEPKOMINJIEKCHBIX YHCEeJ

Z.’Bi =0.

HeﬁCTBHTeHbHO, 3aMeHfieM BO BCeX HallMX I'MIepKOMINIEKCHBIX YHCJax Bce
06a3ucHbIe eIUHUIBI e; Ha OﬁbIKHOBeHHyI'O eInHnuNy; paBeHcTBa, BOBMOMHbIE
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Me} Ay 3TUMU TMIEePROMIINIEKCHBIMHA YHUCJIaMH, OCTaHyTCA BEPHBI. Ecau Mbr

nMeemM
— _ _ 1
P = E Di€i, X = E Tieq, X, = E x; eq,

TO Mocje NoACTaHOBKHU 9THU I'HIIEpROMIIJIEKCHBIEC UUC/a NpeBpaTATCA B

COOTBETCTBEHHO, 1 HalllU paBeHCTBa NPpUMYT BUI

Sa—eYen  Yr-eYaia Y

cjieaoBaTelbHO, €CJIN W HE PpaBHO 1, TO

Zmi:(], Zm}:O.

230. MpbI ckazanu, 4YTO UMeeTCA OJUH KOpeHb, PaBHBIN 1; ocTaeTcA
y3HaTh, MOKeT JU 3]lecb ObITh HECKOIBbKO KOpHell ¢ MoayieM 1, U, Kpome
Toro, 6yaer au 1 KpaTHbIM KopHeM. [lasA Toro 4yTo6bl HepaBeHCTBO (4) mpe-
BpaTUJIOCh B PaBEHCTBO, HAJ0, YTOOBI BCe x; MMeIN OAMHAKOBBIA MOIYIb,
U, T. K. 3TH &; ONPeeeHbl TOMbKO OTHONIEHUAMH APYT K OPYTY, MbI MOKeM
npeanonaraTb, YTo Bce OHU AefCTBUTENbHBI U MON0UTeNbHbI. IlockonbRY
BCe p NeiiCTBUTENbHbI U NMOJ0MKUTENbHBI, TO #e 6yaeT BepHO JJA w, T. €. MbI
HOJY YUM

w=1

HyCTb Tormpa r; — HauboJiblllee U3 BCeX Ty UMeeM

thjﬂ?h < thjﬂ?j = Tj,

3TO HepaBeHCTBO NpeBpallaeTcs B PaBEHCTBO, TONbLKO KOr/a BCE Ppj, KPOMe
TeX, 4TO YMHOMAIOTCA Ha &p, PaBHbIe ¥, coBnajaior ¢ HyiteMm. Ho ypaBHe-
Hue (3) maetr HaMm

E PhjTh = WTj; = Tj.
OTcrojla MbI JOJN#HBI celaTh BLIBOJ, YTO

phj =0, ecmm zp <z,

¥ 3TO NOKAa3bIBAeT HaM, UTO €ClIM HU OJHO U3 p; (U, cle/loBaTelbHO, D) He
paBHO HYJIO, TO BCe &; PaBHbI Mek Iy CcOOOI.
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Bynem rosoputh, 4TO IepecTaHoBKa S; npuHamie:kuT kaaccy C, ec-
¥ T; PaBHO Z;, T.e. HAUGOIbIIEMY U3 BCexX .

C npyroit cTopoHbI, i Gy4y FOBOPUTH, UTO MOACTAHOBKA Sy NpUHAIIe-
MUT MHOmecTBY F, eciu Bcerjga, Korja Sj npuHamiexRuT riaaccy C, To me
OyneT BepHO A

Sy = Sk_ISj.

Heo6x0oauMBbIM yClIOBHEM TOTO, YTO Py = Ppj MOMET He PAaBHATLCA HYJIO,
OyJeT mpUHamIeKHOCTb S MHOMeCTBY F.

Teneps s 3aABAAI0, YTO MHO#eCTBO F o6pasyer noarpynny B G. Heii-
CTBUTENbHO, eciu S, U S, NMpUHAaNIeKaT 3TOMY MHOMECTBY, S; NpHHajle-
#uT C, TOIBKO KOra TO e BepHO A Sk_1 -S;n Sc_l -S;. Ho Torna to e
caMmoe JOJ#HO BBLINOJHATLCA A

i 1(82785) = (SeSk)7'S;

YTO O3HAuaeT, uTo S.Sy Takme npuHagiexat C.

Hrak, narepecymolee Hac coObITHE MOMKET IIPOU30NTH, TONbLKO Korja
BCe Py — HYJIH, KPOMe TeX, KOTOphIe COOTBETCTBYIOT IepecTaHOBKAM W3
HEKOTOPOI MOArpPYIINLI; T.€. eciu 6bl 3apaHee GbLIO U3BECTHO, UTO UTPOK,
Tacylouuii KapThl, IPOU3BOJUT TOJbKO IIepecTaHOBKH, NPUHAAIeMRKALINE K
3TOH MOArpyIIe.

Ecau ocTaBUThL B CTOPOHE 3TOT €JUHCTBEHHbIN MCKIIOUUTENbHBIN CIy-
4yaii, ypaBHeHUe

PX =X

MO#eT BBINOJHATBCA, TOJbKO KOor'la BCe = paBHbI MeMH Iy coboii.

231. Mosxer cyumecTBOBaTh elle ogHa BOBMO#HOCTb; MOH#IHO Ob1J10 ObI
npeamnoJouThb, YTO OJA HEKOTOPOIr'o Tr’MINEePKOMIIIEKCHOI'O Yuciaa X TaKoro,
4To

PX1 :Xl +61X1, 61750,

5
X=e+e1+...4+e 5)

u KopeHb 1 — rpartHbiil. Ho us ypaBHenud (1) ciepyer, uto
P"X, = X1 + ne1 X.

Rosddunuents! B 3anucu X; u €1 X He 3aBUCAT OT n; KodddunueHTs P"
3aBUCAT OT 7, HO OHU OCTAIOTCA JIefICTBUTENbHBIMU U MONOMUTEIbLHBIMU, U
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UX CyMMa Bce BpeMA paBHa 1, motomy uTo P™ cuMBonUYeCKH MpeicTaBIfaeT
BEPOATHOCTHBIN 3aKOH IMOCIE N IEPECTAHOBOK.

Nrak, koapdunuentsr P" X octatoTcA orpanudenHsiMu. HaobopoT, Ko-
s dunuents X;+ne; X 6yAyT MHOro4JIeHaMU NIePBOI CTENEHH OT 7; TAKUM
06pa3oM, OHM He MOTYT GbITb OTPAHUYEHHBIMH U ypaBHeHue (5) HEBO3MOK-
Ho. Ecnu MbI Bo3BpalllaeMcAl K ypaBHEHUIO B BUJE

PX = wX,

TO MBI y#ie 3HaeM, 4TO w 3afaeTcAl ypaBHeHueM (n + 1)-ro mopagka, u Kop-
HIO KPaTHOCTU [ NpuHadsexcam [ Pa3iIUYHbIX T'MIEPROMILIEKCHBIX YHcel.
CymMa Bcex KpaTHocTell paBHa r+ 1, 1 HaiineTcA r+ 1 rUNEepPKOMIIIIEKCHBIX
yyceln, IPUHA/JIeKAIUX Pa3HBIM KOPHAM, IpUYeM OHU Gy Ay T IMHEIHO He3a-
BUcUMBbI. UTaK, IpoM3BOJIbHOE THIEPKOMILIEKCHOE YKCIO MOMHO paccmart-
pUBaTh Kak JUHeHHYI0 KOMOMHALUIO yucel, IpUHAAIEeHKAIUX Pa3IuyHbIM
KOpHAM.
B Hamem ciydyae TONBKO OJHO YMCJIO MPUHAMIEKUT KOPHIO 1, 3TO

epter+...+¢ep

BCe ocTajlbHble IIPUHAMIEHKAaT KOPHAM MeHbIIUM 1 10 aGCoMIOTHON BeIndu-
He, M cyMMa KOo3()GHUINEHTOB KamI0ro U3 3TUX T'UIEPKOMIUIEKCHBIX UHCE
paBHa Hym0. OTcIo[a cllelyeT, 4TO 1i060€e 2unepromMniekcHoe 1ucao, i Komo-
po2o cymma KodPPuyUenmos paeHa HYA0, MONCHO PACCMAMPUBAMb KAK AU-
HelHYI0 KOMOUHAUUIO 2UNEPKOMNAEKCHBIT HUCed, NPUHAOAeHAWUL KOPHAM,
MmeHvuwium 1 no abecoaommuoil seaudune.

232. Teneps paccMOTPUM KOpPeHb w Takoi, uTo |w| < 1; ecau aToT
KOpeHb KpaTHbIil, Mbl HMeEM

PX =wX, PX, =wX; +e X, PXy =wXy+e2Xq, ...,

OTRYJa Jerko BbIBOOAUM, YTO

P"X =uw"X,
P"X; = w"X; + nw" e X,
-1
P"Xy = w"Xs + nw™ e X1 + n(n )w"_zsler,

2



258 TI'nasa 16

4 n(n—-1 _
Taxr rak w", nw" !, %w" 2 ... cTpeMATCA K HYIIO, Korja n 6ecko-

HEYHO PACTEeT, MOKHO BUAETb, YTO A NPOM3BOJLHOIO KOMILIEKCHOTO YHC-
na X, npuHajIexalero KOpHio, MeHbleMy 1 1o aGCoMOTHOI BeanuuHe,
noiry yaem

IimP"X =0 (n = o0).

Ho n1060€ runepkoMIieKCcHOE YUCIo, cyMMa K03 GUIUEeHTOB KOTOPOTo paB-
Ha HYIIO, ABIAeTCA KOMOWHAaNUell 4uces, NpUHA/JIeKalIuX KOPHAM, MeHb-
muM 1. 3Ha4uT, KPOMe TOro, TMoaydaeM

limP"X =0

BCAKMUIT pa3, Korja cyMma koaddunuenToB X paBHa HYJIO.
Ecnu e, HanpoTuB, X NpuHamIeUT KOPHIO 1, T.e. eciu Bce ero Ko-
3¢ UIUEeHTHI paBHbI Me# Ay c000ii, monydaem

P"X = X.
EC.T[I/I X — IIPOU3BOJIbHOE T'MIIEPKROMIIJIEKCHOE YUCJI0, MBI CMO €M IIOJOHUTDb
X = SXo+ X',

rae S — cymma KoaddunuenToB X, a

Xo = H%(eo—l—el—l—...—i-er)

U cyMma KoadduinrenToB X' pasua Hymo. Torjga noiyuum
lim P"X = SX.

Tenepb 3ameTuM, 4TO
XoX = XXy = 5X,.

elicTBUTENBHO, HMEEM

X=men  Xo=Y 25, XX=Y o,

rupe ry; = T; €Cliu €;€; = e, Uiu e

XoX = Z Tj{cl(z xkj).
J
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Ho Bce @y, Gurypupyiomue noa 3HakoM 3, PaBHbI CAMHM T, B3ATHIM B
IpYroM NopAjKe, T.e.

E Thj = E z; =15,

J

OTKY/la OKOHYaTelIbHO
XoX = 85X,

Hm(P™ — Xo)X = 0.

Ho X — npousBoibHOE TUIEPKOMILIEKCHOE YUCIO0, TOTAAa Mbl MOMEM CUU-
TaThb X = ey, OTRYJa

(Pn —X())X = (Pn —X())e() =PpP" —X().

Hrak, ocraerca
lim P" = X,

YTO O3HAYaeT, YTO B INpeJelNe Bce BEPOATHOCTH, T.e€. Bce K03 PUIUEHTHI
TUIEPKOMILIEKCHOr0 ynciaa P™, cuMBOJIMYECKH NPeJCTaBIAIOIIEr0 BEepOAT-
HOCTHBIN 3aKO0H, OyAYT paBHbI. IMEHHO 3TO MBI XOTeNU JJOKa3aTh.

fl comntock Ha HEKOTOpbIe pabOThI, CBA3AHHBIE C T'UIEPKOMILIEKCHBIMU
YHCJIaMU 1 UX OTHOLIIEHNeM K rpynnam. B nepByio ouepens A Ha3biBawo pabo-
1ol . Dpobenunyca, (Frobenius, Sitzungsberichte Bepaunckoit Akagemuu c
1896 mo 1901 rogsr), a 3arem — crathio r. Raprauna (Cartan, Sur les groupes
bilinéaires et les systémes de nombres complexes, Annales de la Faculte de
Toulouse, t. XII). f cam 3aHUMAalICA 3TUM BOIPOCOM U, B YACTHOCTHU, IOCTA-
paicA npubIU3UThCA K HACTOAUMM pe3yibTaTaM 3TUX ABYX BbIAAIOIIUXCH
YUeHbIX B COBepIIeHHO ApyroM Bupe B paGote «Sur 'intégration algébrique
des équations linéaires» (Journal de Liouville, 5¢ série, t. IX).

233. PacnpepeneHue JecCATUUYHBLIX 3HAKOB B UMCJIOBOI Tabau-
ne. IIpeanonoxum, 4To B 4KMCIOBOi Tabaulle GepeTcA GONbILIOE YUCIO T0-
clleloBaTelbHBIX Jorapu¢MoOB U paccMaTpUBaeTCA, HalpuMep, TPeTHUil Mo
cyeTy AecATUYHBbIN 3HaK. BugHo, uto pgecATes wudp 0,1,2,3,...,9 Gy-
OyT B 3TOM CIHCKe pachpejeleHbl OJJMHAKOBO, a Cle0BaTelbHO, BEPOAT-

HOCTb TOI'o, 4YTO TpeTI/I17[ IEeCATUYHBIN 3HAK 4yeTeH, paBHa % Taxk 3acraBis-

€T JAyMaTb HeNpeoJoNUMblii UHCTUHKT, a KPOME TOr0, 3TO HPOBEPAETCA &
posteriori. Mo#Ho 11 06bACHUTDL 3TOT paKrT?
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PaCCMOTpI/IM qyucia

tog (1+ 155750 -
rle x NpUHUMaeT Bce Henable 3HaueHUuA oT 1 1o 100 000. PaccmoTpum dyHK-
11070%0)
F [1og (1+ 15505) ]

rae F(y) — dyHruvA, paBHad +1, eclin TpeTHil JeCATUYHBINA 3HAK Y YETEH,
u —1, eciu on HevereH. fl cobupaloch g0KasaTh, 4TO cpefiHee 3Hauenue F'(y)
pPaBHO HYJIO UM OYEHb Malo.

Onpenenus F(y), umeem

YTO MOKa3biBaeT, 4To F'(y) — (YHKUUA NepHOAMYECKasa C MEePUOIOM ﬁ,
Kak U QYHRUUA
sin(10007y),
KOTOPYIO MbI CHavaina paccMoTpuM. MTar, Mbl JHO/KHBI OLIEHUTh CYMMY
10 000

Z sin [100071' log (1 +
1

= o000 2 o) |

3aMeHUM ee HUHTerpajiomM

10 000+Y,

J=-1_ / sin[10007r10g(1+

10000 m)] d.
,

CHauana oleHUM pa3HocTb S — J; Bocnoabdyemces ¢popmyioit Teitnopa

o(n+h) = p(n) + he'(n) + 1” L@ (n+0h) (0<6<1),

OTKyZa
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rae 0 nemut memay —1 u +1, a M — marcumym | (x)| Ha paccmoTpen-
HoM uHTepBaie. Eciu Mbl 6epem

p(x) = sin [10007r log (1 + m)] ,

cuyutaeM n =1, 2, ..., 10000 u crnagpiBaeM, To NoxyyaeTcA

_ 1 )
J-§= 12000029M'

Yto Taroe M? O603HaUUM AJA KPaTKOCTHU

x . T _ .
10007 log (1 * 100 000) Y Toooo0 ¥
Torza
vy 1000r 1
() = 1000001 1 7 "
10007)2
") = — (1000) 1 ny_ 10007 L cosy,
(100 000)% (1 + 2)? (100 000)2 (1 + 2)?2
OTKyJa
M< -T2 s <1
(1002 " (100)2-1000 ~ 1000
u
, 10000 _
Y oM< oo = 10,
1
7 =51 < 13000°

Teneps ouenum BepxHuii npegpen J. Ilycts

z a = 10007, u = log(1 + z),

_ T
~ 100000’
TOorga

J = lO/sinau dz = 10/sin aue® du.

I/IHTerI/IpOBaHI/Ie 10 yacTAM JaeT MHe
uy

J _ cosaue* oS QU u g
0" a *tfTa ¢

uo
u1

HIRCriy et
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Memxay Tem

v 1 w 4. 10000
e =1+550000 ¢ =% 100000
Urax,
2,2 1
1007 ~ 100’

wiu, cpaBHuBas ¢ npegeiom |J — S|,

51 < 155

234. JloraszaTenbCTBO ObLIO MPHUBEAEHO JJiA OUYE€Hb YaCTHOI'0 MpUMe-
pa, HO JIeTKO BUJIeTh €ro CyThb U, cleloBaTelbHO, IPUMEHUMOCTb B 00IIeM
ciryyae.

B nmeiicTBuTenBHOCTU Bee GBLIO OCHOBAHO Ha TpeX GaKTax:

1° nocnenoBaTenbHbIe TPOU3BO/IHbIE Joraprudma ocTalOTCA KOHEUYHbIMHU
Ha pacCMOTPEHHOM HHTepBalle;

2° ypcno a = 10007 oueHb BEIHMKO;

3° oueHb 6obIIOe B aGCONIOTHOM CMbICJIE, OHO OYeHb Malo IO CpaBHe-
Huio ¢ ynciom 100000, KoTopoe CTOUT B 3HAMEHATeNe BbIpaxkeHUA

log (1 * 100 000)

Bunno, 4To Te ke camble 0GCTOATENbCTBA MOBTOPAIOTCA B GONBIIOM YKCIE
aHaJOTUYHBIX CIy4yaeB, U T€ e caMble paccyJeHUA NPUMEHUMbI KO BCEM
HenpepbIBHBIM pyHKIUAM. IIycTh B elle 6onee o6ieil 3agaue Hago0 ONEHUTh
CyMMY

S =8 Fla-¢(Bz)],

rie @ — o4yeHb Goiblloe yucio, F' — orpaHuueHHas nepuojuyeckas QyHK-
n¥f, 3 — o4YeHb MalleHbKOe YMCJIO, TaRoe, 4yTO Jame af} oueHb Malo, a &

NpuHUMaeT BCe Lejble 3Ha4YeHUuA OT 1 oo = CpaBHI/IM 9Ty CyYMMY C UHTer-

ﬂ

J = /F[a-cp(z)]dz.

B
J—SZEZH'M

paiom

Kak u BhblIlIe, MoJiyvdaeTcA
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raie M — makcuMyM BTopoii npousBoaHoil yukuuu Fla - ¢(z)] no x; Ho
3Ta BTOpasA NPOM3BOJIHAA paBHA

(aﬂ)2F"go'2 + Otﬁ2FlQ0",

GyKBBI €O IITpUXaMu 0603HAYAIOT MPOU3BOAHbBIE OT F' U ¢ M0 UX aprymeH-
TaM ap U 3T COOTBETCTBEHHO. BUIHO, UTO eclii 3T MPOU3BOJIHbIE OTPAHU-
vensl, J — S umeer nopanok (af)?.

Myctob Teneps ®(u) — nepBooGpasHas ¢yHkuua aad F(u), Tak 4to

HHTerpvupoBaHue Mo 4yacTAM JacT HaM

2
J:/@'(atp)ﬂdcp: %%—%/Qd—zdw,

dep dy
4TO MOKA3bIBaeT, 4yTo J MMeeT NOPALOK é. Wrag, 118 OpUMEHUMOCTH Ha-
1IIer0 paccyJAeHud HO0CTAaTOUYHO, YTOGHI é u (af3)? GbLIM OYEHb Malbl.

235. OpHako cyuecTBYIOT ele JBe TpyaHocTu. He 6ymeT nu pe3yib-

TaT BepeH Jae Torja, korjaa af He oyeHb Majo, eciiu Malbl (3 U é? IIycTs,
BMECTO TOro 4TOGBI pacCyJaTh O TPEeThbeM [JeCATUYHOM 3HaKe B Tabiule
¢ 5 3HaKaMU, MbI paccy:kJald 0 MATOM, U BMECTO TOT'0 YTOObI B3ATh

a=1000mr, B = —1001000,

HaM IIpUujJoChb B3ATHb

1
a = 10000071', ﬁ = m,

144 aﬁ yi#e He ObLI0 OYeHb Maio. A Mex Ay TeM HUHCTUHKT, KOTOprﬁ Io-
6yﬁman BEPUTh, YTO TPETUIl NeCATUYHbINA 3HAK LOJEeH ObITh pacnpepneineH
paBHOMEpPHO, TaK #e CUJIeH U B TOM, UTO KacaeTCA IMATOro 3Haka.

B paccyJeHuAX, CBA3AHHbIX C OLeHKOMU J, He MOsKeT ObITh CJIO#HOC-
Tel fgae IJA He OYeHb Maljloro aﬂ; Hago 3aHATBCA TOJbKO pa3HOCThIO J-S.
C IPYyroil CTOPOHBI, lepruoAuYecKan QJyHHLlI/IH F, KOTOPYIO MbI onipeneauian
B Hayalie 3TOro uccieagoBaHufl U KOTOpaAd BO3HHWKaeT, Korja XoueTcA y3HaThb
pacrnpepneileHue n1eCATAYHbBIX 3HAKOB B Tabauie J]OFapI/ICpMOB, JTa prHHHI/Iﬂ,
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KOTOPYIO MBI 3aMEHMJIU CHUHYCOM, UTOObI YIPOCTUThL BBIYHMCIEHUA, Oblia
paBHa =1 B 3aBHCHUMOCTHU OT TOTO, OKa3bIBalach JU ONpe/eleHHaA nudpa
yeTHO# unu HeT. UTak, 3To Oblia paspviénas QyHKUHMA, U NPU BbIYHCIE-
HuU J — S MbI He MOMEM ONmupaThCcA HAa TOT (PAKT, YTO ee MPOU3BOJHbBIE
OrpaHUYEeHbI.

IIpaBaa, Mo#iHO Ob110 ObI Pa30HKUTh 3TY NepHoANYeckylo GyHRIUIO F'
B pang Oypbe U BepHYTbCA K CUHYcaM, K KOTOPbIM MOKHO NPUMEHUTHL BCE
HpeAlIecTBYIONee; HO B 3TOM PAAY [JIA CllaraeMbIX BBICOKOI'O IOPAKA «
OKasanochb 6bl HACTONBKO BENUKO, UTO MpousBeneHue o y#e Gbl He ObLIO
CIUIIKOM Malo; UTaK, Mbl Obl BepHYJIHUCh K NepBOI TPYJHOCTH.

236. Tarkum o6pa3oM, NPpUXOJUTCA NMPUOETHYTh K JPYTUM coobpaske-
uuaMm. Ilycrs F(r) — GyHKUUA ¢ orpaHUYeHHbIME TpousBoaHbIME. CocTa-

BUM TabauLy, rje T NIpUMeT Bce 3HaUEHUA, KpaTHbIe Bo3amosHo nu,

_1
10000°
YTO B 9TOi Tabiulle MATHIM JeCATUYHbIN 3HaK Bcerga 6yaet paBen 07 Torga
OKaMeTcd, 4TO

v _n
F(15000) = 10000 T ©

rie v U n Lelble, a € < Bocnonbssyemea usBectHoit popmynoit

S
100000

F(x+2h) + F(z) — 2F(x + h) = B*F"(x +20h)  (0< 6 <1).

1
IIpunaem x 3HauyeHue, KpaTHOE To000° 1 Aeraem
1
h=—r—.
10000

ycTb N1 ¥ €1, Ny U €2, N3 ¥ €3 — 3HAYEHUA N U €, COOTBETCTBYIONINE T,
 + h, x + 2h; nony4yaem

ny+ng — 2

h2F" = 10000 "2 1 61 +e5 — 26

Tak Kak € MeHbllIe, YyeM ].OO].W’ MBI CMOEeM IIOJOHMHUTD

€1+53—252:ﬁ%00 6 <1,

ni +ng —2ns = N,
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OTRYya

10

Ecnu orpanuuennaa ¢yuxuua F"' He umeer mopamgor 10000, To moixuO
BhIMONHATbeA N = 0, unu e

F (N + 49) 10 000.

ny + ng = 2na,

TO eCTb Illellble N, WK YKcia, Gurypupymouue B Hameil Tabiule, npeacTas-
JAITCA MHOTOUYWIEHOM 1-if CTeNeHU, UK #e BCe Pa3HOCTU BTOPOro MopAaKa
B Halleit Tabauie — HyJIU. ITO, OUEBUIHO, UMeeT MeCTO TOJNbKO B OYeHb
YacTHOM cliydae, U And GONbIIMHCTBA QYHKIMI MOMHO yTBEpPMHIATh, YTO
3TO He TaK.

TakuMm o6pasoM, XoTA A 6onbIlle He HACTANBAaKO Ha 3TOU TOUKEe 3PEHUH,
BHU/IHO, HA YeM MOM#HO OCHOBaTb TEOPHIO BepOATHOCTEIl pacnpeeleHus Je-
CATUYHBIX 3HAKOB B YUCIOBOI Tabaule.

237. Cmechb muakocTeil. fl ckamy TOIbKO HECKOIBKO CJIOB O ApPY-
roit npo6ieme oueHb 6OJBLIION BamHOCTH; A HE B COCTOAHUU pa3pelluTh ee.
PaccMoTpuM KUAKOCTD, ETUMKOM 3aMOTHAIONYI0 HEKOTODLIH cocyn. Moie-
KYJbl 3TOM #MUIKOCTH HAXOAATCA B MOCTOAHHOM JIBUMKEHUU; 3aKOHBI 3TOT0
JBUEHNA U3BECTHBI, OHU BbIpakaroTcA quddepeHInarbHbIMU yPaBHEHUA-
MM, KOTOpblIe A cuuTalo 3afaHHbIMMU. [IycTh z, y, 2 — KoopAUHATHI KaKON-TO
MOJIEKYIbI, KOMIIOHEHTHI €€ CKOPOCTH UMEIOT BUJ

dx dy _ dz _
ar =2 =Y, = =17.
dt dt dt
Ecnu nBunenue noctogHHo, To X, Y, Z — GyHKUUHU OT KOOPAUHAT X, Y, Z,
He 3aBUCAIINE OT BpPeMeHH ¢, U A IpeAinoJaraio, 4YTo 3TU GyHKIUYU U3BECTHBI.
Tak Kak MUIKOCTh HECKMMaeMma, UMeeM COOTHOIIeHHe
dX ,dY | dZ 0

de T dy Tdz T

=X,

Ecnu ypaBHeHue cTeHKHU cocyga —

(P(.T, Y, z) =0,

TO OJA BCEX TOYEK 3TON CTEHKU nory4daeM COOTHOIIeHHE

d<p dy dy
d +Ydy+Zdz 0,
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KOTOpO€e 03HAaYaeT, YTO HOPpMallbHaA COCTABIAIONIAA CKOPOCTH PaBHA HYIIIO.

YcTaHOBUB 3TO, Al IPEAIONAram, YT0 HEKOTOPbIE MOJNEKYJIbl HUJKOCTU
OTIIMYAIOTCA OT JAPYIUX KAaKUM-TO ABHBIM CBOICTBOM, HalpUMeEp, UMEIOT
PO30BBIii IIBET, TOr'a Kak ocTalbHble GeclBETHBI; HO DU 3TOM OHU MOAYM-
HAIOTCA OJHOMY U TOMY K€ 3aKOHY [IBHKEHUA.

IIyctb B MoMeHT BpemeHu ¢ = () MoJeKyaIbl pO30BOro [IBeTa KaKUM-TO
o6pa3oM pacinpejieleHbl B cocy/le; ONbIT NOKa3bIBaeT HaM, UTO Uepe3 HeKo-
TOpoe BpeMfA OHM NOJHOCTbIO CMellaloTcA ¢ OCTalbHBIMHU U OyIyT pacrpe-
JIeNIeHbI 110 COCYy PaBHOMEpPHO.

PaccmoTpuM B 1aHHOM cocylle BHYTPEHHUI 06beM v: KaKoe KOTUYECT-
BO pO30BOH KHUIKOCTH 3aKIIOYEeHO B 3TOM 00beMe B NPOU3BOJIbLHBIN MoO-
MEHT BpeMeHH, WIH, eclid IPeANoYecThb APYTryo (GopMyIHUPOBRY, YeMYy paB-
Ha P — BepoATHOCTH TOro, YTO OJHA CIYyYailHO B3ATafd B HEM MoOJeRyJa
Gynet posoBoii? Eciu pacnpeneinenve paBHOMEPHO, TO 3Ta BEPOATHOCTH Gy-
JleT KOHCTaHTOl, KakoB Obl HU ObL1 060 beM v, BIOPAHHBIA BHYTPU cocyna.

Ecau paccMoTpeThb ABa 06beMa vy U Vg, AJA KOTOPBIX 3TH BEPOATHOCTHU
paBHbl P; U P3, u 0603HauuTh P BepoATHOCTb, OTHOCAIIYIOCA K NMOJHOMY
06beMy v; + vz, Mbl, OUeBUAHO, NOIYYUM

P('U1+'UZ)ZP1’UZ+P2'U2

H CMOMeM HanucaTb, 4YTO MJIA IIPOU3BOJBLHOI'O ob6beMa

Pv:/pdTv

rjie uHTerpain GepeTcA MO BCeM dlleMeHTaM dT, IpUHA/IeKallUM o6beMy v,
a p — BepOATHOCTb, OTHOCAIaACH K 06beMy dT.

JTa BepoATHOCTh p GyneT pyHKUUel OT &, Yy, z, t, ONPeJeNeHHOIi C 10-
MOIIbIO YpaBHEHUA

dp dp dp dp
dt+Xd +Yd +Zd =0.

TOFZ[EI paccMOTpUM [Ba MNPOHU3BOJBbHBIX obbema v U v' U COOTBETCTBYlIOIINe

BEPOATHOCTU p U p/; MOMHO U CYUTaTb, YTO KAKOBO O6bI HU ObIJIO HaYalb-
'

HOe pacmpejielieHle KUIKOCTH, T.e. 3HaueHue p npu ¢ = 0, oTHoLIeHNe ya

cTpeMuTed K 1, Korja ¢ HeorpaHuyeHHO Bo3pacTaeT, U 3TO IPOUCXOJUT TeM
GbIcTpee, yeM Golbile 06beMbl v U v U YeM mpolle uX Bua?
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Ecinu MbI He MomeMm yTBeps#aaTb 3TOro, TO MOeM JIN MBI 110 MeHbIen
Mepe CYUTaTb, YTO OTHOLIEHHE

T
JPadt
0
T

J P dt
0

ctpemuTtcA K 1 npu 6eckoHeuno 6onbiiom T'7

238. TakxoB Bo3HUKAIOIUI 3[eCh BONPOC, U 3TOT BONPOC ellle He pe-
meH; A XoTel Obl 0OGBACHUThL B HECKOJIbKUX CIOBaX, UTO [elaeT ero Takum
BamHbIM. [IpefcTaBUM MeXaHHUYECKYIO CUCTEMY B COCTOAHUU, ONpejelNeH-
HOM C NMOMOLILIO 72 KOOPAMHAT (1, 2, - .. , §p} €€ CKOPOCTb YIOBIETBOPAET
ypaBHeHuAM ['amunbToHa,

dgi _ dF dpi _ dF

dt — dp;’ dt —  dg’
Ecnu T — wunernyeckas sneprus, U — norenuunanviad, FF =T + U —
noiHafA, TO UMeeM p; = zllj PacemoTpuM q1, G2, -+ 5 Qns D1y P25 -« 5 Pn

KaKk KoOpJAWHaThl TOYKU B 2n-MepHOM npocTpaHCcTBe. 3anuiinem YpaBHeHUA
l'amunbTOHa B BUe

dF dp;
dp;’ dt

dqz _dF

== dgi’

dtu YpaBHEeHUA UMEIOT TOT #€e BUA, YTO U ypaBHeHUA ABUMECHUA Haluei
HMHUIOKOCTHU, T. K. OHU YJOBJI€ETBOPAIOT COOTHOIIEHUIO

PRy ik
in dpt ’
aHaJIOFI/I‘{HOMy yCJIOBI/IlO HecCHUuMaeMoOCTHU. Torua MBbI OO HbI I/I3y‘{aTb aABU-
JKeHUe MUJKOCTU B 2n-MepHOM cocyne. Karoii 6b1 HU Oblia BEPOATHOCTh
TOI'O UJIU UHOI'O COCTOAHUA CUCTEMBEBI B HyJIeBOP'I MOMEHT BpEEMeHI/I, He I10-
JIy'-II/IM JU MBI paBHOMepHOﬁ BepOHTHOCTI/I nJg ee COCTOAHUA B MOMEHT t,
eclin t AJ0CTAaTO4YHO Be.Jl[/IHO?

I/IMeHHO 3TO yTBep?H,[[aETCH B HHHBTH‘{ECHOﬁ TeOpI/II/I rasa, B 4YaCcTHOC-
THU, KorjJga XOTAT yCTaHOBI/ITb TeopeMy BOJ]bL[MaHa—MaHCBeJIJIa. I/I 6]:1.}10 6bI
OYeHb II0JEe3HO 060CHOBaTb ATOT HOCTyJ]aT.
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239. B o6meMm ciyyae 3TOT IOCTYyNAT AONKeH ObITh BepeH, HO OH,
pasyMeeTcd, HONycKaeT U uckiItodeHud. Ecnu nuddepennuannHble ypaBHe-
HUA

UMeIOT UHTerpal
F(x, y, z) = const,

rae F CUMMeTpHUYHad ogHO3HavYHafd q)yHP{III/IFI, TO UHTerpan

Pv = /pdT,

B3ATHIN MO 06'])eMy, OrpaHM4YeHHOMY ABYMA MOBEPXHOCTAMU
F(xayaz):a'a F(ll?,y,z)=b,

6y}1eT KOHCTAaHTOi; Torja, eciii Mbl paccMOTpuUM ABa OJUHAKOBBIX ob6bema v
nu ’U,, onpeaelieHHbIX HepaBeHCTBaMU

a < F <b, ad <F <V,

COOTBETCTBEHHO, 1 HazoBeM P u P’ cooTBeTCTBYONINE BEPOATHOCTH, OTHO-
!
meHue % OyoeT KOHCTaHTO!, He 3aBUCALIell 0T BpeMeHH, U, T. K. HaYalbHOe

3HaueHNe 3TOW KOHCTaHTbI IIPpONU3BOJILHO, OHA HE MOEeT CTPEeMUTHBCA K 1.
Bot Kak B aTOM ciyJyae OoJ:eH U3MEeHUThCA Hall MocTyJarT. Paccmot-
pum Oﬁ’beM, OFpaHI/I‘{eHHbIﬁ ABYMHA 6eCKOHEYHO GJIU3KUMU MNOBEPXHOCTAMMU

a< F <a+da.

Iycts V(a)da — »stoT 06BeM, P(a)da — cooTBeTcTByOWUil HHTer-
pan [pdr.

PaccmoTpuM Temneph Ba MpousBoNbHbIX o6bema v’ u v”. Mycts P’
u P" nBe coorBercTByIomue BepoaTHocTH. [Iyeth 06bem V' (a) da — mepe-
ceuerre V(a)da u v', ananornuno V" (a) da — nepeceuenue V(a)da u v";
npu ¢ = oo nonyvyaem

r [V'(a)da
P~ [V'(a)da’
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Jpyrumu cioBaMu, B Ka#a0M U3 6€CKOHEYHO TOHKHX CJIOEB, ONpeelleHHbIX
HepaBeHcTBamu a < F' < a + da, BepoATHOCTDL 6 KOHUe KOHYo8 GymeT pac-
npejiejieHa pABHOMEPHO, HO (IJIOTHOCThY TOI KOHEUHOI BEPOATHOCTH Gy aeT
MEHATbCA OT ClIofl K CIOI0.

HNMeHHO 3TO NpPOMCXOJUT, Korja ypaBHeHUA ['amuinbToHa pomyckaioT
nepBblIit uHTerpan F' = const. Ho 3To He efMHCTBEHHOE BO3MOKHOE HUCKIIO-
yenue. [JomycTuMm, 4To y ypaBHeHUil HeT obuero uHterpana F' = 0, T.e. us
ypaBHenusa F' = () caegyeT, uTo

xAE L ydlP | gdF
dx dy dz

Torpa 3amrHyTan noBepxHocTh F' = (0 pazgenut cocyn Ha gBe obiacTu; B

Kam,ﬂoﬁ N3 HUX NpelelibHafgA BEPOATHOCTL paclipeejnfdeTca paBHOMEPHO, HO

ee IIJIOTHOCTb He 6y}1eT O,E[I/IHaHOBOﬁ B 9THUX OBYX obJacTAax.

240. JIpyroe uckmoudenue. UYTo6pl nyuile o6bACHUThL €ro, i HAYHY
¢ yacTHoro npuMepa. CHavana fi MPeANOJIOKY, UTO eCTh HMHTerpain F =
= const, 1 noBepxHocTb F' = 0 — 3T0 Top. Ecau 6b1 moctynat 6bl1 BepeH,
Janxe ¢ JONoJHEeHeM, PacCCMOTPEHHBIM B NpPeAbIAYIIUI pa3, To npeaelbHad
BEPOATHOCTh JI0N#Ha Gblia Obl pacnpeneluTbcA paBHOMEPHO B 6€CKOHEYHO
TOHKOM cllo€, JieKalieM Mex 1y AByMA noBepxHoctTaAMU F'=0u F = ¢, raece
oueHb Maio. UToGbl MpeAcTaBUTh MOJOMEHHe TOYKU Ha Tope F' = 0, MbI
BOCINOJNb3yeMcA AByMA yTilaMU; OJUH U3 HUX, ¢, 6y AeT NoATroToil, ApyTroi, w,
OyleT OTCYUTBLIBATLCA OT MEPUIUOHANBLHOTO CEUEHHA, U €ro MOMKHO ObLIO
Obl Ha3BaTb WIMPOTOIl, eciau 6bl OH He MeHAAcA oT 0° go 360°, BMecTo Toro
4yTo6bl MeHATbeA oT —90° go +90°. Ilycthb Torga

dp dw _
- g

— nuddepeHyuanbHble YpaBHEHUA [IBUMKEHUA, U NPEANOJIOMKUM CHavajia,
yTo ® u () — KoHcTaHThI. MBI MO#EM CUUTATh, UTO MOBEPXHOCThL F'€ BBI-
GpaHa TaK, 4TOGbI 9T ypaBHEHUA ObLIM COBMECTUMBI C YCIOBHEM HECHIU-
MaeMoCTH (3TO CBOAUTCA K NPEJIOJIOHEHUIO, YTO PACCTOAHKE 10 HOPMaIn
Memay AByMA noBepxHoctAMH F' = 0 u F' = € pomxHo GbITb 06paTHO
paccToAHUIO 0 ocH BpameHus). Torga Mbl N0y YUM

=90+ &,  w=w+ 0,
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riie po U wy — HavalbHble 3HAYEHHUSA ( U w3 IPU ITUX YCIOBUAX BEPOATHOE
3HAUEHNe BbIpameHud
sin(ny + nw + h),

rie m U n — lelble, a h — KoHcTaHTa, Gy/eT paBHO

/po sin(me + nw + h) dpo dwo,
rie po — U3BecTHad QYHRIMA, He 3aBUCAIIAA OT BbI6OPA g U wy. ITO faeT
Asin(m® + nQ)t + B cos(m® + nQ)t,

roe
A cos
= d .
B /pO sin (mwpo + nwo + h) dpo dwy

OueBUIHO, UTO 3TO BhIpazkeHUe KojiebneTcA, He CTPeMACh HU K KaKOMY
onpejeneHHOMY npefery. ATak, B 3TOM ciiyuyae MepBbIil MOCTYIaT HEBEPEH.
He tar oGcToUT €m0 co BTOPBIM NMOCTYIAaTOM, OTHOCAIIUMCA K UHTErpa-

T
ny [P dt. JeficTBUTeNbHO, MbI JOI#HbI PACCMOTPETH BbIPaKEHHE
0 T
% /dt [/po sin(mep + nw + h) dpg dwo] ,
0

KOTOpO€e PaBHO

Nl
M|t

T T
/sin(m@ + n)tdt + /cos(mfb + nQ)t dt.
0 0

JTo BbIpameHHe CTPEMUTCA K HYTI0, Koraa T GecKOHEYHO pacTeT, 3a Hc-
KiIIo4YeHneM ciyuyad HyldeBoro m® + nfd.

Ho m® + nf) MomeT u3HayaibHO paBHATbLCA HYIIO, ecnu @ u () panuo-

HaJbHO COM3MEPUMBI OPYT C JPYyroM, U OTHOLIEHUE % paBHO —%. B sTtom

cllyyae TpaeKTOpHUA, OllMCbiBaeMasd MOJERYIONH #MUIKOCTHU, OyJeT 3aMKHY-
TOW KPUBOI, UMeloLlell ypaBHeHUe

F=0, F; = const;

uTak, 3gechb 60Jibille HET OJHOTO 00IIEero HHTerpamna, uX aBa, 1 Mbl BO3Bpa-
maeMc K UICRIIOYUTEJIbHOMY clly4daro B IipeAbigyliemM IpuMepe.
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Eue roadpdunuest m® + n) momer o6paTuTheA B HYlb, ecid @ u )
palvoHalbHO HecousMepuMbl, HO m U n — Hynau. [lyeTb Torma 6 — He-
KoTopaf nepuoguyeckad GYHKINA OT w U ; PaCCMOTPUM €€ BEPOATHOE
3HayeHue

(t) = /P09 dwy dpg

T
0/ 10(t) dt.

Mbs1 Mosem paznomxuTh 6 B pax Pypre. RamgoMy U3 uneHoOB 3TOro pAja co-
oTBeTcTBYyeT cilaraemoe u3 J. CornacHo npeabIAyIIUM paccy:AeHUAM, Bce
yieHbl J OyOyT CTPEMHUThCA K HYIIO NMpU odYeHb GoabmoM 1', UCKIIOYaA
yieH ¢ m = n = (0, T.e. TOT, KOTOPBIil COOTBETCTBYET CPeJHEMY 3Haue-
HUIO 6, mocToAHHOMY uieHy pAga @ypoe.

PaccyaeHue, coBeplIeHHO aHAJIOTMYHOEe IPUBEJEHHOMY B Iaparpa-
e 239, MoskeT MOKAa3aTh HaM, UTO B 3TOM Cllyyae BepOATHOCTD, IIPeICTaB-
nensan unterpaiom [ @ dt, pacnpesenena paBHoOMepHo.

U UHTerpail

J=

M=

241. OueHb cylIeCcTBEHHO OTAaBaTh cebe OTUET B UCTUHHBLIX MPUYU-
HaX 3TOro HOBOT'O UCKJIIOYEHHUA, KOTOpPOe MbI TOJIbKO 4TO 00o3Hauymnu. Pac-
CMOTPUM OJIHY M3 MOJIEKYJ Hallleil #UAKOCTH, 3aHMMaloIllylo B MoMeHT ()
TOUYRY X¢, Yo, 20, @ B MOMEHT t — TOUKY T, Y, z; 3aT€M PacCMOTPUM MO-
JeKyNbl, KOTOpble B MoMeHT () 3amoiHAT cepy paauyca € ¢ LIeHTPOM B
TOYKE g, Yo, Z0; B MOMEHT BpeMeHH { OHU 3aNOJHAIOT OYEHb Malblil 00b-
eM; Ipu 6eCKOHEYHO MajloM € 3TOT 00beM OyAeT MoJ00eH 3IIUNCOUIY C
LEHTPOM B TOYKE X, ¥, 2.

Kak 6yger BecTu cebA 3TOT BIIUICOMA NpU udMeHeHuu t? B obmem
clyyae ero ocu cTaHyT Bce Gojiee M Oojiee pa3HbIMU, TaK YTO OTHOIIEHUE
3TUX ocell cTpeMUTcA K 6eCKOHEYHOCTH. ITO CYIeCTBEHHO, 1A TOTO 4TO-
Obl MocTynaT ObLI BepeH; B MPUBEJEHHOM HCKIIOYUTENbHOM Clyyae 3TO He
TaK; ecli Mbl 0003HAUYUM Zg, Yo, 29 HaualbHble KOOPAMHATHI MOJEKYJbl U
U3 TOUYKHU To, Yo, 20, KAK U3 LIeHTpa, onuileM cepy paauyca €, To 3Ta cpepa
BBIpEKET Ha MOBEPXHOCTHU TOpa 06JacThb, KOTOPYIO MOKHO CUUTATh KPYyroM
oueHb Manoro paguyca. IIpu Bo3pactaHuu t 3Ta obnacTb OyneT mnepeme-
MAaThCA MO MOBEPXHOCTH TOpa, OCTABafCh IOXOel HAa MaJblil 3JIUIC; HO
JIETKO TMOHATh, YTO C}KATHE HTOr0 BJLIUICA, BMECTO TOI'0 YTOObI 6ECKOHEUHO
pactu, OyneT KojlebaThcA B KaKUX-To npejeiax. Eciu 661 Mbl HAa MI'HOBEHUE
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paccMOTpely w U ¢ KaKk KOOpAWHATHI TOUYKU Ha ILNIOCKOCTHU, MbI ObI IONY-
YUIW pa3BepPTRY Topa; Hall MajleHbKUil 3/iunc 6bL1 O6b1 TOraa npejcTaBileH
Ha MJIOCKOCTHU JPYTUM MaleHbKUM 3ILIUIICOM, KOmopull éce2da ocmasaica
ObL pasen cebe camomy; ecliy e Mbl Bo3BpaliaeMcsa K 6eCKOHEUHO MalleHb-
KOMY 3JLIMIICY HA TOpe, TO OTHOIIEeHUe ero oceil 6yeT 3aBUCETh TOIbKO OT
napajieJbHOro K TOpy pajuyca, Ha KOTOPOM HaxoguTcCA ero LeHTp, UHaue
roBopf, Oy/ieT NUHEHHON PYHKIMEN OT COSw; 3TO TOe MepuoJuyecKad Mo
BpeMeHM pyHRKIUA.

242. PaccMOTpUM Tenepb NpUMep, B KOTOPOM HET 3TOr0 HCKIIOYe-
HHfl, HO OlPAaHNYMMCA TOJIbKO YacTHBIM ciydyaeM. BepHeMcA K HalleMy To-
py F' = 0 u HamuM ypaBHEHUAM

dp _ dw _
dt_q)’ dt_Q’

Ho mycTb ¢ u ) He 6yyT KOHCTAHTAMM; MbI BCEr[a CMOMEM PACIOI0HUTh
HOBePXHOCTb F' = € TaK, 4T00bI YJOBIETBOPUTDb YCIOBHUIO HECHUMAEMOCTH.
CuuTaem, 4TO

b =aM, Q=pM,

rie a u 3 — JBe KOHCTaHThI C MppalHOHAILHLIM OTHOLIeHWeM, a M —
nepuoanveckad GyHKIHUA OT ¢ U w, KOTopad He oGpallaeTcA HU B HYJb, HU
B 6€CKOHEUHOCTh.

MpI cMoKeM BBECTU BCIOMOTaTelbHYIO IEPEMEHHYIO T TaKylo, UTO

OTKyZa
p=ar+gm, w=pr+wy, t= %;
1

M ¢byHRIUA OT T, 60jlee TOro, 3TO MepuoaudYeckad GYHKIUA OT wy U Pg.

PaccmorpenHas Kak GyHKIUA OT T, OHAa pacKjaabIBaeTCA B TPUTOHOMETPU-
yecKUH pAL BUAA

Z Acos(vyt + h)

¢ HeleabIMU K03 PUIMeHTaMU; UMEHHO 3TH QYHKIUU T. ICKIAHTOH Ha3bI-
BaeT Ke6a3unepuoduieckumu; OTCIOa MOy YaeM

t = Ao+ f(Ta wo, SOO)v
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rie f — KBazuneproauveckas GYHKIMA, a clieoBaTelbHO (IPU ONpe/eleH-
HBIX YCIOBHUAX),

t
Ao

rae fi — KBasunepuopudeckasa ¢pyHruud ot t. Ecau 661 Ag 3aBuceno 0T wy
U (o, aHalu3 MO#HO ObLI0 ObI OCylecTBUThL 0e3 0COOBbIX CIOMKHOCTE; HO

T = +f1(t7 Wo, @0)7

9TO He TaKk. Ay — 4ieH, He 3aBUCAIUH OT ¢, T. €. OT W U ( B PA3NOHKEHUU i;
OH He 3aBHCHUT HU OT wy, HA OT (.
PaccmoTpum pasHocThb

Ji(t, wo + &, wo +n) — fi(t, wo, o),

rlle € U 1) OYeHb Majbl; 3TO ellle OflHA KBa3unepuoguueckad GyHRIUA; ec-
a4 3Ta QYHKIUA ocTaeTcAd orpaHUYeHHOMN, Koraa ¢ MeHAeTcA OT —ooO 0 +
400, MBI TIOJIy4aeM pe3ylbTaThl, aHAJIOTUUHbIE pe3ylbTaTaM MpeIblayLIero
npuMepa, U NMocTyjiaT He GyneT BepeH. Eciu, Hao60poT, 3Ta KBa3uUMepUO-
ounveckana QYHKIUA MOMET cTaTh Gonblie di06oro npefgena (u A mMokasan B
Le Bulletin astronomique, Tome I, uTo cylnecTBYIOT KBa3ullepuoguuecKue
GYHRIUM, JUIA KOTOPBIX 3TO BBINOIHEHO), TO IMOCTYJIAT, BEPOATHO, BEPEH,
HO YTOOBI YCTAHOBUTH 3TO, HAM IPUAETCA BCTPETUThLCA CO BCEMU TPYIHOC-
TAMM, CBA3AHHBIMU C TeOpuell KBa3uINepUoauUeCKUX GYHKIUIA.

Cnyuuioch Obl Tose caMoe, eciv ObI MbI PEINOIO¥UIN, B 60Jee o611emM
BHU]E,

®=a+ed, Q=0+,

rae a u 3 — KOHCTaHThI, € — OYeHb Manad KoHcTaHTa, ¢ u () — mepu-
oguueckrue QyHKUMM OT ¢ U w. Torga MoxHO ObLIO ObI UHTErPUPOBATH C
NOMOIIbIO NoceJoBaTeNbHbIX NPUOMUMEHUI, packiabIBad B pA N0 cTele-
HAM €; MOy YUI0Ch GbI

p=at+ f(tv Wo, 900)7
bt + fl(tv wo, 900)7

w

rae a u b — KoHcTaHThl, f U f; — QYHKIMM, MEPUOJUYECKHE 110 Wy U Qg
U KBasunepuoauyeckue 1o t. TorbKo B 3ToM ciyyae a U b cHOBa He OyayT
3aBHUCETh OT Wg U (g, TAK UTO MbI CTOJIKHEMCA C TEMHU K€ TPYITHOCTAMH.

243. TpyaHocTu, KOTOpble MBI BCTPETHIN B 3TOM, TAKOM NPOCTOM,
npuMepe, MOKa3bIBAlOT, YTO Hac GyAeT oxkuaaTh B obuieM ciaydae. Cramem



274 Tnasa 16

TOJHKO HECKONIBKO CJIOB O METO/Ie PacCy:K/JIeHU, KOTOPOro MOKHO ObLIO GbI
npuepuBatbea. Paznenum o6bem cocyna Ha oueHb GOJBIIOE YUCIO paB-
HBIX 00bEMOB; IIyCTh V1, V2, ... , Uy — DTH 00BEMBI; MYCTh P; — BEPOAT-
HOCTb TOT0, YTO MOJIeRyJa HaXoAUTcA B o6beMe v;; MyCTh

L1y T2y eoe sy T
— N, BCloMoraTeJbHbIX NepeMeHHBIX; paCCMOTPUM BbIDameHue
P =pix1 +paxa+ ...+ pptn.

IlycThb g;;, — BepOATHOCTBb, C KOTOPOil MOJNEKylla B MOMEHT BPEMEHHU ¢ + T
HaxoquTcA B o6beMe v;, €Cli U3BECTHO, YTO B MOMEHT BpeMeHH ¢ OHa Ha-
xonuiack B o6beme vg. Torpma, eciu BEepOATHOCTHBIA 3aKOH B MOMEHT i
npejcTaBleH BoipaxeHreM P, To B MOMEHT ¢ + 7 OH GyJeT MpeAcTaBIAThCA
BhIpameHueM PS, B KoTopoe nmpeBpaTutca P moclle nuHeiHON 3aMeHbI S,
T.e. KOTJla X, 3aMeHAeTCcA Ha

Q1kT1 + QT2 + ... + Qi Tn-

B MoMeHT BpeMeHH t + 27 oH 6yJeT NpeicTaBIAThLCA BbipamenueMm PS?, B
MOMeHT BpeMeHH t+h7 — PS". Mo#HO erko nokasaThb, 4To npy GecKOHeY-
HO 60/bIIOM h BepOATHOCTHBIN 3aKOH, IpecTaBleHHbI BhIpamenem PSh
CTpeMUTCAd K pABHOMEPHOMY BepPOATHOCTHOMY 3aKOHY.

Ho Ha 3TO paccysgeHue nuMmeeTcA cepbe3Hoe Bo3paieHue. Mbl He JoKa-
3alld, YTO BEPOATHOCTh, C KOTOPOI MoJleKkyJa IonajaeT B MOMEHT Bpeme-
HU ¢+ 27 B 06beM v;, ecli B MOMeHT ¢ + 7 oHa Oblia B o6beMe vy, ocTaeTcA
TOIi #e, ObLIO 11 COBEpLIEHHO HEM3BECTHO, I'le OHa HaXxoAulach B MOMEHT ¢,
Uiy e ObLIO M3BECTHO, HAlpUMep, UTO OHA B 3TOT MOMEHT HaxoJuilach B
oobeme v;.

Tem He MeHee, A cuel He0OXOAMMbBIM IPUBECTU ITO paccyeHue, T. K.
OHO, HECOMHEHHO, TOI'0 e THUlla, K KOTOPOMY OTHOCATCA MHOTHE paccyk-
JeHUA B KMHETHYeCKOll Teopuu rasa, U B HEKOTOPBIX CIyyafgX OHM MOTL'YT
ObIThb IIpaBJONOAOOHDI; TaK, KOI'la paccCMaTPUBAalOT BEPOATHOCTh, C KOTOPOW
MoOJIeKyJla ra3a OTKJIOHAETCA IOcJe coyJapeHUA C¢ Ipyroil MolekryJqoi, sTa
BEPOATHOCTDb NOUTHU He 3aBUCHUT OT NPeABbIAYIIAX COyJapeHU i, UCIIbITAHHbIX
TOW e MOJIEeKYJIOH.

3HauuTeNbHafA YacTh TPyAHOCTell HCUYe3HeT, eci CYUTaTh, UTO YyHK-
nuu X, Y, Z He nonHOCTbIO 3a7aHbl, HO 3aBUCAT OT KaKoi-TO QYHKUUM OT ¢
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(unu mame oT MHOTUX HYHKUUI), Ybe 3HAYEHNE HEM3BECTHO, U MbI He 3HAEM
HUYero, KpomMe BEPOATHOCTH, C KOTOPOii 3Ta QYyHKIMA NPUHUMAeT 3Haye-
HUe, Jeallee B JaHHBIX [peJelax, HaIpuMep, Mexay a U a + da. Torga
MO#HO GbLIO GbI paccy#aaThb NMOUTH TaK e, Kak MbI Jelald 3TO B clyyae
¢ TacoBaHWEM KapT.

[IpuBeneM npumep U3 KUHETUYECKOI Teopuu rasa. [lpeanonoxum, 4To
MOJIERYJIbI I'a3a 3aKJIIOUeHbl B COCy/e, UMeloleM (HOopMYy MPAMOYTOJILHOI'O
napaiienenuneaa, ¥ MoryT YOapAThCA O €ero CTEHKH, HO He MO2ym UCnbl-
moleams coydaperuil dpye ¢ dpyeom. Eciu Bce oHU MMEIOT 00HY u my e
cKkopocmb, TO OHU He GyIyT PaBHOMEPHO paclpefelieHbl B cOCy/e 10 UCTe-
YeHWM KaKOI'0-TO BPEMEHHM, €CIM OHU He GbLIM PaBHOMEPHO paclpeeleHbl
B MoMeHT Bpemenu ¢t = (. HampoTus, 3To GyaeT BepHO, eclii UX CKOPOCTH
U3MEHAETCAH M0 KaKOMY-TO BEPOATHOCTHOMY 3aKOHY, HAllPUMep, 110 3aKOHY
MakcBenia, ¥ 3TOT BEPOATHOCTHbBIN 3aKOH MOMKET GBIThH JIOGBIM.



IIpuMeuaHua pegakTopa

(1)(H cTp. 26) PaBHOBEpOATHOCTb BCEX HMCXOMOB AABIAETCA IIaBHBIM
ycloBUEM KJacCUYeCKOro olpejielleHuf BepPOATHOCTU, KOTla BepOATHOCTH
coObITUA paBHa OTHOLIEHUIO YHcJa UCXO0JO0B, 61aronpuATCTBYIOMIUX 3TOMY
cOOGBITHIO, K UMCIY BCEBO3MOKHBIX UCXOO0B.

(2)(1’{ ctp. 28) 3nech A.llyaHkape mogyepKUBaeT, 4TO pelieHie M0G0
BEPOATHOCTHOH 3ajauyld COCTOUT U3 [BYX vacTeii: lepBag — IOCTpPOEHUE
MaTeMaTU4eCcKoll MoJenu cilyvyaiHOTo 3KCIlepUMeHTa, BTOpafd — BbIUMC-
JeHue BEPOATHOCTeH clyuaiiHbIX cOObITUIl ¢ MCHONb30BaHUEM MaTeMaTH-
yeckux ¢opmyin. Cieqyer 3aMeTUTh, UTO TOJ NOCTPOEHUEM MaTeMaTuyec-
KOl Mofenu ceiiyac NOHUMaeTCA NOCTPOEHHe BEPOATHOCTHOIO IPOCTPaH-
ctBa (2, #, P), cocroAmero u3 npocTpaHcTsa {} BCEBO3MOMHBIX HCXOI0B
CIy4YaifHOro JKCIEePUMEHTa, MHOMecTBa & CilydyailHbIX COGBITHUN U ompe-
JelleHHOM Ha & uucioBoi GyHKUUU P, HasbIBaeMoil eeposmuocmbio colbi-
mus. Ilpu satom ¢yHruua P BbpiGMpaeTcA ¢ ycClIOBHEM, YTO BEpOATHOCTH
clayyJaiiHoro co6bITUA TeM Ooiblle, yeM 6ojlee BepOATHO, YTO 3TO COObITHE
npousoiifer. Camo BeposiTHOocTHOe npocTpancTBo (), F, P) u ecTh MaTe-
MaTuuyecKkasa UHTeplipeTallid U3y4aeMoro Cly4aiHOro fBJeHud.

(3)(R cTp. 55) @anTuuecku A.IlyaHnrape nomenun Bce BEPOATHOCTHbIE
NPOCTPAHCTBA Ha YeThIpe IPYHIbI M0 YUCIY UCXOJO0B dKCIEPUMEHTA.

K nepBoii rpynime oH OTHOCUT MPOCTPAHCTBA C KOHEYHBIM YUCIOM HC-
XO0JI0B, KO BTOPOIl — MPOCTPAHCTBA ¢ 6ECKOHEUHBIM, HO CUETHBIM MHOMECT-
BOM HCXOJI0B, K TPeThell — ¢ HECYETHBIM YUCIOM HCXOJ0B, HO C KOHEUHBbIM
YKUCIOM pa3MepHOCTell («IPOM3BOJbHBIX KOHCTAHT»). B ToMm ciyuae, Kor-
Ia UCXOIOM DKCIEepUMeHTa fiBiAeTcA Helad QyHKUUA (6eCKOHEYHOMEpPHOEe
MHOECTBO HCXO00B), BEPOATHOCTHbIE 3aaaun 1o [lyankape o6pasyioT yet-
BepTyIO rpynmy.

(4)(H ctp. 39) Takoe mpocToe u usAmHoe paccymienue A.Ilyanrape
3aKkJIl0YaeT HEBEPHbIM BBIBOAOM. BhImucaB MIOTHOCTHL pacnpejeneHusA ab-
CIMCChI MONAfaHUuA MPHU CTpeibGe U3 MUCTONeTa B BUJe
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OH J0JIKeH ObLI HaliTH, YTO

f(z, ) =p(@)p(y) =C% 2 =C%2 = f(p).

JTO U eCTh IIIOTHOCTH JIBYMEPHOI'0 rayCCcOBCKOI'0 pacipe/eieHus. B rinase 6
A.Ilyanrape noka3biBaeT, 4TO KOOPAMHATHI BEKTOpa ¢ TAaKUM paclpeje-
JeHUEeM ABJIAIOTCA He3aBUCUMbIMU. Bosee Toro, HeTpynHO y6eaUTbCA, YTO
caMo pacnpejelieHle UHBapUAHTHO OTHOCUTEILHO JI060ro moBopoTa IiIoc-
KOCTH C LIeHTPOM B Hauvale KoopAuHat. Takum o6pas3oM, NpednoloseHue
A.IlyaHkape o paBHOBEPOATHOCTHU MOMAaJaHUA BO BceX HaMpaBlIE€HUAX BbI-
nojiHeno u f(z, y) ¥ ecTb pelleHue 3agauyu. U3BeCTHO, YTO rayccoBCKOe
pacnpejiefienue fBIAfieTCA Haubojiee afleKBAaTHBIM paclpeelNeHio monaaa-
HUl Opu cTpenbbe (Kak, BOPOYEM, U PACIpeleleHHI0 CKOPOCTel MONERYI
rasa — CMOTpUTe clefytomuii naparpad). llociennee noaTBeps#aaeT npa-
BUJIbLHOCTh KpacuBbIX paccysnenuit A.Ilyankape.

(5) (x cTp. 49) Pewan 3agauy 06 urpe c Boixopamum, A. [lyanrape dax-
TUYECKU CTPOUT AepeBO Urpbl. CIOMHOCTL 3TOM 3agayul COCTOUT B TOM,
YTO MIpa MOMKET MPOAOHKAThCA GECKOHEYHO, 3HAUUT U KONUYECTBO HUCXO-
JIOB 9TOr0 3KcHepuMeHTa GeckoHeuHo. OHAKO, MOCHe Kam ol MapTHUU MbI
OKa3bIBaeMCA B OJJHOM M3 KOHEYHOI'0 YKciia coCcTOAHUM urpel. Takum oGpa-
30M, A. IlyaHKkape CTpPOUT KOHEUHBIH I'pad UTPLI U ONpeeNfaeT BEPOATHOCTh
nepexoja U3 KasJ0r0 COCTOAHUA B KaMmaoe.

BhinucaB cOOTBETCTBYIOIYIO CHCTEMY yPaBHEHUIt, OH HAXOJUT BEPOAT-
HOCTH JIOCTUMHEHUA OKOHYATENbHBIX pe3ylbTaToB. Takoro poja cnyuaiiHbie
npollecchl U3BECTHBI ceffuac Kak KoHeuHble Ienu MapkoBa ¢ MOrIoIaony-
MU COCTOAHUAMU. BepOATHOCTHU MOrJIONMIEHUA B TAKONH MOJAENIN NMPUHATO Ha-
XOJUTh MeTOJ0M, npeanoseHHbIM A. [lyankape niA pelmeHus 3Toil 3aauu.

) (k cTp. 55) A.IlyaHkape He BBOJUT MOHATHE CIyYailHONH BEINYHHEI,
Kak 3TO NMPUHATO B COBPEMEHHBIX YUeOHHUKAX MO TEOPUU BEPOATHOCTEN.
OmHaKo OH MOHMMAaeT BaKHOCTh PACCMOTPEHUA QYHKIUU OT CIydyasd U ee
YHCJIOBBIX XapaKTePUCTHUK. 3/IeCh U Jalee M0j| HOHATUEM «bYHKLUAY UMe-
eTcA B BUJy GYHKIUHU OT UCXOIOB cilydaiiHoro skcnepuMeHnTa. A. [lyankape
He JaeT TOYHOI'O ONpeleleHUA He3aBUCUMOCTU GYHRUuil oT cayuas. [lox
He3aBUCHUMOCTbIO QYHKIUH clieyeT HOHMMaTh He3aBUCUMOCTD JIOObIX CIIy-
yaifHbIX COOBITUI, OTHOCALIUXCA K 3TUM QYHKUUAM.

(7)(K ctp. 80) Partuuecku A.Ilyankape [Jokasan Golee CHUIbHBINA pe-
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3yJabTaT, YeM cHOpPMYIUPOBAHHBINA 3aKOH OONBIIUX YKUCEN, a UMEHHO, L[eH-
TpalbHYIO NPeJeIbHYI0 TEOPEMY.

®)(x cTp. 95) A.Ilyankape JoKasaln yCTONYHBOCTh rayCcCOBCKOro (HOP-
MalbHOT0) pacipefeneHu, COCTOAIYIO B TOM, UTO CyMMa He3aBUCHMBIX ra-
YCCOBCKUX CIyYallHbIX BeIUUYUH UMeeT TaKiKe rayCCOBCKOE paclpejeneHue,
OpuYeM AUCIEPCUA CYMMBI CIydYailHbIX BEIHMYHH paBHA CyMMe AHCIEpCUil.

) (x cTp. 108) JTo BepHO TONLKO B TOM Clyuae, ecili JIHHA OTPe3-
Ka M P He nmpeBOCXOJUT PacCTOAHUA MeIy MapalelbHbIMU NMPAMBIMH.
ITO MOKHO HOHATH U3 CIEIYIOLUIEro NPOCTOr0 paccy/AeHu.

lomyctum, uyto yTBepsjaeHue A.IllyaHkape BepHO: BEpOATHOCTH Iie-
peceyeHUA y[BauBaeTCA BMecTe C yABOeHHWeM oTpe3ka. Bo3bmeM EKakroii-
HUGY b 0Tpe3ok AnuHbl /. IlycTh BEPOATHOCTL NepecevyeHud ¢ HapalielaMu
paBHa p > 0. Tora BepoATHOCTEL NMepeceveHus AIA OTpe3Ka ANMHbBI 2] paB-
Ha 2p. HeTpynHo no MHAYKIUM NOKa3aTh, YTO AJIA M060ro HaTypajlbHOTO N
BEPOATHOCTh TlepecevyeHu JJA oTpe3ka MiauHbl 2" paBHa 2™p. Ho ana mio-
6oro p > 0 Bcerja MOKHO HallTH Takoe n, 4YTO 2" > p. ITO NIPOTUBOPEUUT
YCJIOBHUIO O TOM, YTO BEPOATHOCTD J1000r0 coObITHA He mpeBocxoguT 1.

Jdta omubka A. Ilyankape npu pelieHuu 3agadu o 6pocaHuu urisl (B co-
BPEMEHHOII InTepaType OHA U3BECTHA Kak 3agava BioddoHa) ocHoBana Ha
TOM, UTO BEPOATHOCTH NlepecevyeHu UIIol napaijielbHbIX JUHUN He ABIA-
eTcA TUHEeHHON QyHKIMeH 0T JMUHBI UTJIbI (B OTIHYKME OT MATEMaTHYeCKOTO
omMaHuA yKcna nepecevyenuil). llokasem aTo.

IIycTh paccTofAHue Mex Iy napanielbHbIMU IPAMBIMU PaBHO 2a, a JJ11-
Ha urisl paBHa 2/. HaiileM BepoATHOCTE p TOr0, YTO Ura MepeceveT KaKylo-
HUOY b NPAMYIO.

c\—-1p

Puc. 1 Puc. 2
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IpeanonoMumM, 4To Mbl GPOCHIM WIJy. PaccMOTpUM Oiuailllyio oT
unenTpa uriasl A npamyio. IlpoBegeM nepneHaukyaap U3 A Ha 3Ty mnpA-
My10. Touky nepecedyeHud NpAMON 1 NepleHIUKYIApa 0003HauuM vepes E.
Mycts C — 6auHUN KOHeI UTJbl K mpAMoil, a D — npoekuua Touku C
Ha nepnenaukyiaap AE. O603HaunM yepes ¢ yroil MemIy HapalielbHOi
npaAmoit u HanpaBneHueM uriasl AC (cMm. puc. 1 u 2). Toraa nonoxeHue ur-
Jbl OTHOCUTEIbHO Oiutaiinieil mpAMOii NONHOCTHIO ONpPeNeNAeTCA MIUHOM &
orpeska AE u yriom ¢. [lpu atom Bo3MmoHble 3HayeHua z ot 0 g0 a,
a BO3MOMHbIe 3HaueHUA ¢ oT 0 10 7. JIpyrumMu cloBaMu, UCXOJOM Halle-
ro sxcnepuMenTa (6pocaHie UIJbI) MOMKHO CYMTAThL mapy uucel (z, @) —
TOYKY NPAMOYTONbHUKA CO CTOPOHAMK @ ¥ T (cM. puc. 3 u 4):

Q={(z,¢),0<r<a 0<p <7}

[Inomane S paBHa 7a.

x X
a Qi
If--------< :
G !
\\ i
o T g ?
Puc. 3

Haiinem teneps ¢purypy G, COOTBETCTBYIOIIYIO COOLITHIO, COCTOAIIEMY
B TOM, UTO WIJla llepecedeT GJMMmKANIIYIO napalienb. Kak BUAHO U3 pUCyH-
KoB 1 u 2, uria nepeceuer npaAMyio, ecin AD > AFE. Boipasum AD uepe .
Tax kak AC = [ u sin ACD = sin ¢, TO U3 MPAMOYTOIbHOTO TPEYroibHuU-
ka ACD Ad = Ilsing. Hostomy G = {(z, ¢) € Q: x < Isinp} — 310
¢urypa, orpaHiueHHafd CBEPXY CUHYCOUIOMA.

Crnenyet paccMoTpeTh ABa ciyuas. B nepsoM ciayuae | < a (cM. puc. 3).
Torpa cunycouna © = Ilsinp He nepecekaeT npAMyl z = a. HeTpymho
HalTH, YTO Wiomanb ¢urypel G paBHa

™

S¢ = /lsimpdgoz —lcosplg = 2I.
0
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Torjga BepoATHOCThL p HAXOAUTCA 10 GopMyiie

_Se_ 2
_SQ_ﬂ'a'

HKak BuaHO, BepoATHOCTHL GyeT AuHeiiHoi GyHKIUel OT [, HO TONbKO B TOM
ciyuae, koraa ! < a ¥ Uria MoseT nepeceyb He Gojiee OJHON JUHUMU.

Ecnu ke | > a u uria moskeT mepeceub cpasy [Be HapajielbHble
JAWUHUM, CUHYcouga & = [Sin¢ BBIXOJUT 3a Mpejelbl MPAMOYroibHUKa ()
(cm. puc. 4). Myets o = arcsin %. Torpa nnomanas ¢purypst G npeacTasis-
eTcAd B BUJe CyMMbI

®0 =90 ™
Sg=/lsincpdcp+ / adyp + / Isinp dep.
0 %o T=po

HepBoe " TpeThbe cilaraeMoe paBHBbI

Po
2
/lsm<pd<p =1(1 —cospg) = 1(1 —4]1= ‘;_2)
0
BTopoe ciaraemoe ecTh miomanb NPAMOYTONLHUKA CO CTOPOHAMU @
u (m — 2¢p). HosTomy

2
Se = 21(1 —4/1 = (;—2> +a(ﬂ—2arcsin(ll).

3HauUT BEPOATHOCTh p paBHa

Se _ 21 2 2 ;
p= %:ﬁ(l— 1—6;—2) +(1—Earcsm%).

[lonyuyennaa ¢yHKUUA He ABIAETCA JIMHENWHONH mno [, YTO ompoBepraer
yTBepa#aenue A. Ilyanrape.

(10)(H ctp. 108) Cienyer 3amMeTUThb, YTO B OTIMYUE OT BEPOATHOCTU
nepeceyeHUA MaTeMaTHUUECKOe OKUJIaHNe UUcia NepeceyeHuil ecTh JUHel-
Hafd GYHRIUA OT AMMHBI oTpe3ka. A.llyankape oueHb U3AIIHO MEePeXOAUT
OT NPAMBIX K KPUBBIM. 3aTeM B KauecTBe 3TajlloHa OepeTcA OKPYHHOCTb
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JuaMeTpa, paBHOTO PacCTOAHUIO Memxay npAMbiMU. Kak 6b1 MbI HU Gpoca-
U TaKyIO OKPYHOCTb Ha INIOCKOCTh, MbI Bceraa 6yeM UMeTh IBe TOUKH
nepeceyeHud ¢ npAMbIMHM. Tak Kak [JIuHaA TaKoil OKPYMHOCTU paBHa md,
MaTeMaTHYecKoe OkHAaHHe m 4Yucia epeceuyeHUut KPUBOI JJINHBI § yAOB-
JeTBOpAET NPONOPLUUU

m s 2s
& = —, OTKyza m = ==.
2 nd Y wd
B yacTHOCTH, ecau MbI Gpocaem Uriy MIuHbI 2] 1 d = 2a, TO M = 7%—2.

B Tom cayuae, korma | < a, uucio mepeceyeHUil Urioil MpAMBIX HE MOKET

O6bITh OoJiee OJHOTO. HOBTOMy p=m= T%_fl’ a 3TO U eCThb pelleHHe 3agadyu

Bioddona. Bonee npocToro u U3AMHOrO pellleHUA 3TON 3agauu, Momamlyi,
NpUAYMAaTh HEBO3MOKHO!

(11)(P{ cTp. 119) 3mech mpomOpUMOHANLHOCTh BEPOATHOCTH BBICOTE,
npenioxeHHaa A.llyankape, fIBIAeTCA CNOPHON. AHAaJOTMYHO MapagoKkcy
Beprpana (cM. maparpad 63) MO#HO NPeNIOHKUTh, YTO BEPOATHOCThL MPO-
nopLUoHaNbHA IUIoMaau Toil o6aacTu Ha chepe, Kyla JOJN#eH NONacTh I0-
OBUAHBIA momoc P’ unu game o6beMy YacTU miapa, HaXoAAIeHca Me#ILy
COOTBETCTBYOIUMU MIockocTAMU. OnHako, npennonosxenue A.Ilyanrape
CyIeCTBEHHO yIpoliaeT 3a1a4y u jaenaetr ee Goliee eCTECTBEHHOM.

(12)(H ctp. 145) Npyrumu ciaoBamu, A.Ilyankape nbiTaeTcA mpoBe-
PUTDb, MIPU KAKUX YCJIOBHAX HA (o OlleHKAa MaKCUMAalbHOI'O MPaBOINOJ00UA
GyZleT coBHafaTb CO CPEIHUM apuPMeTHUECKHM MONYUYEHHbIX U3MEepeHHUIl.
Kak BuaHO, MeTOJ MaKCHUMAalbHOTO MpaBIoONoA00uA 06Cy#AaeTCA B KHUTE
JOCTaTOYHO TIIaTelbHO. BRIBOIbI, C/leNaHHble B 3TOi riaBe, ABIAIOTCA CY-
I[ECTBEHHBIMHU AJIA IOHUMaHUA 3TOI'0 MeTO/a IIPU OlleHKe MaTeMaTH4eCcKoro
OKUJaHMA CIydyailHOl BeNIMUYUHBI N0 3aJaHHOU BLIGOPKeE.

(13)(k cTp. 162) B yacTHOM ciyuae /If HOPMAILHOTO paclpeieleHHs
A.Tlyankape pelleHa 3ajaya, U3BecTHaA ceiiyac Kak npobaema MOMEHINO6.
OHa COCTOMT B TOM, YTO MOMHO JM IO M3BECTHBIM 3HAaYeHHAM MOMEHTOB
0JHO3HAYHO ONpe/eNUTh paclpejeleHie clyJaiiHoii Bemuunnbl. M3BecTHO,
YTO B HEKOTOPBIX CIyYafAX OTBeT Ha 3TOT BONPOC OTPUIATeNbHBI. B o6mem
clydae 3Ta mpobeMa OcTaeTcA OTKPHITOIA.

(14)(H ctp. 168) Takum ob6pasom A.Ilyankape Hokasan LeHTpalbHYIO
npefielibHYI0 TeopeMy (CXOOMMOCTh K rayCCOBCKOMY 3aKOHY) JJIA CyMM He-
3aBUCHMbIX OJMHAKOBO paclipeeleHHbIX CIy4ailHbIX BeIMYMH, UMeEIOUINX
MOMEHTbI BCeX MOPAKOB.
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(15) (& cTp. 174) IpuBeeHHbIe pacCyIeHUA MOMHO CUMTATh HaGpoc-
KOM JIOKa3aTelbCTBa LIeHTPAILHOU PeeNbHOI TeopeMbI 1A He3aBUCUMBIX
cIyyJailHBIX BeJUUYMH, MMEIOIINX pa3Hoe pacnpejeineHue. Meton, KOTOpbIi
3lech IPUMEHAETCH, UBBECTEH KAk Memod xapakmepucmuieckuxr GyHryuil.

(16)(x ctp. 179) A.Ilyankape 31ech npejiaraeT OPOM3BOAUTH Tak Ha-
3bIBa€MO€ B3BellleHHOe CTilaKuBaHue, TeM CaMbIM pa3felff omuGKU HepBo-
ro ¥ BTOPOro poja.

(17)(K ctp. 182) Takoe pacnpejeleHne U3BECTHO Kak pacnpedeneHue
Kowu. A.llyankape npuBen ero B KauecTBe MpUMepa ClydyaiiHbIX BelUYUH,
IJIA KOTOPBIX [eHTpalbHasA NMpefelbHaA TeopeMa He BbInoaHuMa. JelicTBu-

TeNbHO, B CUITY (OPMYJIbI
[F(H)] = r@

MMeeM, YTO cpejlHee apupMeTHUUEeCKOE ClIY YaiiHbIX BEJIUYMH, UMEIOUIMX pac-
npeneienre Koy, ecTh cHOBa ciyyailHaA BelWUYWHAa, paclpefeleHHasa MO
Komu. U HuMKaKoil CXOOUMOCTH K TrayCCOBCKOMY paclpejeleHuIo 3/ech
ObITb HE MOJKET.

(18) (x cTp. 214) Iloa BepOATHOCTBHIO AOMYIIEHHO OMMOKY 31€Ch ClIefy-
eT NMOHMMaTh ee BEepPOATHOe 3HaueHue. BrIuncieHne BEPOATHOTO 3HAYEHUA
omubru A.Ilyankape pasjeideT Ha Tpu ciaydyad. [lepBblit — 3T0 TeopeTH-
yecKoe BbIuucieHre. BTopoit — oleHKa 1o pesynbTaTaM HabIIOAEHU, KOT-
Ia aucrnepcus omubku (<MCKyccTBO Habmoaarensy) HeusBectHa. Tperuit —
3TO OLleHKA 0 pe3ylbTaTaM HabGJIOJeHUIl ¢ 3aJaHHOI Aucepcueil.

(19) (& crp. 239) Hanomuum, uto MHOrouneHamu Jlemanapa Ha3bIBaIOT-
cfl MHOT'OUJIeHbI, ollpefieiAeMble 10 hopMmyie:

1 d
vn(T) = MO W(Tz - 1)
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