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OT PEJARIINN

B sToit KHUTe cobpaHbl paboThl BEIMKOro ¢paHIy3CcKOro MaTeMaTHKa
A.llyankape (1854-1912), nanucanHble, B OCHOBHOM, B MOCIeJHee AeCATHU-
netue ero xusHu. B stor nepuon Ilyanrape, mpopomnskasa momyuyaTb 3aMe-
yaTelbHble Pe3ynbTaThl B MaTeMaTUUeCKUX NUCHUILIMHAX, HAyal yAeldATb
fonbilloe BHUMaHue (puioco@cKUM BollpocaM MaTeMaTHUeCKUX HayK, pu-
3UYECKUM TeOpHAM, NOMYyJNApU3alli HayKu U ee mnpenogaBaHuio. 06 sTom
CBUJIETENBLCTBYIOT €r0 BBICTYILIEHNA HA IBYX MaTeMaTHYeCKUX KOHI'peccax
(1900, 1908), rae on, B npoTuBoBec [I. 'uiab6epTy, oTcTanBal CBOIO TOYKY
3peHufl Ha MaTeMaTHKy Kak HayRY, TeCHO CBA3aHHYIO ¢ (U3UKOH, BOIPO-
caMHi TeXHUKHU, U NoAYepKUBal OrPOMHOe BIHMAHUWE MaTeMaTUKU Ha Bech
npoliecc 4eJloBeYeCKOTro MbIIIJIEHNA U ee POlb B IO3HAHUU pealbHOTO MUpa.

B HerkoTopoMm cMbicie, 3TH uaeun Ilyankape TolbKO ceifyac HauMHAIOT
NPOHUKATh BO BCe 3[JaHHEe HAayKU — II0Cie 3aciilbAd (opMaIbHOrO Hoaxojaa
l'unb6epTa, KOTOpOE NpUBENO K «GypOaru3anuuy MaTeMaTUKU.

BonpmuneTBo pabor, co6paHHBIX B KHHUIe, HUKOTJa He MepeBOAU-
Juchb Ha pycckuit A3bIK. B ux mepeBoge npuHanu ydactue 0. A. Janumios,
M. ®unkennbepr, A.B. Bopucos, H. C. Mamaes.

CaMo u3gaHue KHUTYM BPAQ MU GbLI0 GbI BO3MOMHO 6€3 BIOXHOBIAIO-
mux 6ecen ¢ B. . Apuoabaom u B. B. KoznoBbiM, KoTopble yKasaiy HaM Ha
peanbHylo poib A.Ilyankape B popMupoBaHUU COBpEMEHHOI MaTeMaTUKHU.
Hapneemcs, uTo usganue 3Toil KHUTH Oy €T MOJE3HO MINPOKOMY KPYTy YUTa-
Teneil — OT CTYJEHTOB JI0 CIelUaluCTOB-MaTeEMaTUKOB, 8 TAKKE NCTOPUKOB
Haykd. Bo3amoskHO, 4TO A7A MOJOABIX yuTaTeleil oHa cTaHET TeM 3BEHOM,
KOTOpoe HeoOX0JUMO 1JA TOoro, 4To6bl BhIOpaTh MaTeMaTHKY B KauecTBe
OCHOBHOI'0 3aHATHUA, U HALEIUT HA HOBblE JOCTUKEHUA U OTKPBITHUA.



BYAYIIEE MATEMATHRHU

N3 goknana Ha KoHrpecce!

Me1 paccmaTpuBaeM pasidyHble OTHelbHble HAYKM, KOTOpPble BMeECTe
o6pasyloT MaTeMaTURY. MbI BUOUM, Yero JOCTUIIA Kamaad U3 HUX, K de-
My OHH CTPEeMATCA M 4ero MOMHO omugarb B Oyaymem. Eciu atu pac-
CMOTPEHUA CIpPaBeIJIUBbI, Mbl TONH#HBI 3aMETUTh, UYTO BeIUKHE NOCTUMHKE-
HUA MPOILIOro clIydYallch TOra, Korjaa 3TH HayKu cOMUMmaINCh, KOTa 0Co-
3HaBaNoch Tojpo6ue X GopM, HECMOTPA Ha pasiuuue B IpeaMeTe, Korjaa
OHM CTAHOBWJIMChH MOIEIAMH APYT IJIA Opyra, Tak, YToObl Kamgad U3 HUX
MOIJIa BOCIOJIb30BaThCA NOCTUMEHUAMU Apyroi. B To #e BpemMA MbI JOJH-
HBI TMIpeJBUAETDb GYyAYIIUil porpecc B cOMMMEHUAX NOA0GHOTO poaa.

ApudmeTuka

IIporpecc B apudmeTure orazainca 6onee MeIJIeHHbIM, 4eM B airetpe
u B aHanuse. Jlerko nNoHATh, noyemy. YUyBcTBO HenpepbIBHOCTH — GeclieH-
HBI{l IPOBOJHUK, KOTOPOro He xBataeT apudpmerure. Raxgoe nemoe yucio
OTJeNleHo OT APYTUX U, eClId MO#HO Tak BbIpa3UTbCA, UMeeT CBOIO MHAUBU-
IoyanbHyl0 ocoGeHHOCTh. Kamaoe U3 HUX ABIAETCA CBOEro poja UCKIIOUe-
HUEeM, BOT IOUeMy B T€OpUHU YMcel oUeHb PeJIKO NMOABIAIOTCA 00lUe Teope-
MbI, BOT MOYeMY [ake CyIlecTBYIOIINe TeopeMbl Golee CKPBIThI U HOJbIIE
YCROJIB3al0T OT UCCIeqoBaTeleil.

Ecnu apudpmeTura orcTtana oT anred6pbl W aHaausa, TO Jyulle BCero
onA Hee OyJeT UCKATh MOJENU B DTUX HayKaxX, UToObl BOCIOJIb30BaThCA

1Ha 4-M Me#ayHapoJHOM KoHTpecce MaTeMaTukos (Pum, anpens, 1908) A. Ilyankape
coriacuicA NOATOTOBUTL AOKIA 0 GyaymieM mMaTeMaTHKH, KOTOPBIA GbLI 3aUUTaH -HOM
Jlap6y Ha o6mem cobpanuu 10 anpenas (BBumy Hemomoranusa Ilyankape). B sTom Tome
MbI COWIX HEOGXOJUMBIM BOCIHPOU3BECTH YacTb, Kacalomyloca apudMeTUKU U aiare6pol.
C 0ofHOiT CTOPOHBI OHA CIYyKUT KOMMeEHTapueM M MOACHeHHeM K OOmHMM HAeAM, PyKOBO-
nuBmuM A. [lyankape B ero uccieoBaHuAX u pa6oTax, ony6auKoBaHHbIX Huse. C apyroii
CTOPOHBI, OHA OKa3bIBaeTCA Ha yJUBIEeHHe IPOPOUYECKOil 1 XapaKTepu3yeT MaTeMaTHyec-
KYIO MBbICIbL TeHHA, KOTOPbIN Gbl1 Gojee YyBCTBUTENEH K 60raTcTBY M MOIIM METOOB,
yeM K [eTalAM pPe3ylbTaToB.
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UX mporpeccoM. ApudMeTHK J0MKeH OCHOBLIBAThCA Ha aHAJOTUAX C aire6-
poii. ITU aHAIOIrUU MHOTOYMCIEHHBI, U €ClIU B GONbIINHCTBE CIy4aeB OHU
elle He AOCTATOYHO XOPOLIO U3yuYeHbl, YTOObI cTATh MOJE3HBIMU, TO UX IO
KpaiiHell Mepe IIpeJUYBCTBYIOT Y€ [JaBHO U Jame A3bIK 3TUX ABYX HayK
[IOKa3blBaeT, YTO OHU y#e 3aMedeHbl. Tak, Hanmpumep, NPOUCXOAUT, KOT-
Jla TOBOPAT O TpPaHCLeHJeHTHBIX YKciaax U Korja oTraaioT cebe oTYeT, 4TO
Oynylwasa KiaccuuKanua 3TUX 4yuces y#e UMeeT CBOMM IIpooOpa3oM KJjac-
cudUKanyio TpaHCLeHIeHTHbIX (yHKUHU. OfHaKO elle He OYeHb XOPOIIO
BUAHO, KAKUM CIIOCOOOM MOzkHO OyJeT IepeiiTu OT OAHOI Kiaccuduranuu
K apyroii. Ho eciu 6b1 3TOT cnoco6 GbIT 04eBUEH, TO Mepexo ObLI Obl yie
clenaH U He ABiaAJIcA Gbl BOIpPocoM Oynyliero.

[lepBrIit npyMep, KOTOPHI NPUXOJUT HA yM, 3TO TEOPHUA CPaBHEHHIA,
rie Mbl HaXOAUM TOYHYIO Iapajielb ¢ Teopueil anrebpanyeckux ypaBHe-
Huit. KoHeuHo, 3Ta napanienn 6yfeT elle JONONHATLCA U YTOUHAThCA, Kak
HalpuMmep B Teopuax airedbpanyecKkuX KPUBbIX U CpaBHEHHUI OT ABYX Ilepe-
MeHHbIX. I Koraa 3ajauu o cpaBHEHMAX cO MHOTMMMU NlepeMeHHbIMU Gy Ay T
pelleHbl, 3TO CTaHeT IIepPBbIM IIaroM K pelleHHI0 MHOTUX BOIIPOCOB Heollpe-
JleleHHoro aHanusa’.

JIpyroit mpumep, rje aHajloruio 3aMeTWJIU He cpa3y, NpelocTaBiAeT
HaM TeopufA mnoneit U ugeanoB. UToObl MOJONTH K HeMy C ApPYyroil CTOpoO-
HbI, PACCMOTPUM KpUBbIe, BhIceueHHbIe Ha noBepxHocTu. HacToAmum yuc-
JaM COOTBETCTBYIOT MOJIHbIE NlepecevYeHt , IPOCThIM HeaiaM («ueanbHbIM
quciamy) — HepasiomuMble KpuBbIe. Jpyrie Kiacchl U1eanoB TOME UMEIOT
CBOU aHANOTU.

HecomHeHHO, 3Ta aHalorufA He MOKeT He BHECTU AICHOCTh B TEOPHIO
W/leaoB MM B TEOPUIO MOBEPXHOCTel, UK #e B 06e cpasy?.

Teopusa ¢opm, a ocobeHHO KBaJpaTUUYHLIX (OpPM, TECHO cBfA3aHa ¢ Te-
opueit uneanos. Ecinu cpean apupMeTrnyeckux Teopuil oHa oopmuiack oj-
HOIi U3 NepBbIX, TO IPUYMHA 3TOT0 — B JOCTHHEHUH eIUHCTBA 3TOl Teopuu
yepe3 paccCMOTpeHUe I'PYyIN JHUHEHHbIX peoOpa3oBaHuil.

JTu npeo6pa3oBaHUA MO3BOJIIN IIPOBECTU KiIaccUpUKALUIO, U, CIIell0-
BaTelbHO, HaBeleHUe nopAgka. He HcKIIOYeHO, YTO Bce MIOABI BBeIEHUA
rpynn npeobpasoBaHuil, KOTOPbIX MO#HO ObLIO 0#UOATh, yike codpaHbl. Ho

1Paccy#eHMA TaKoTo pofa TpPUBENM K MHOMECTBEHHBIM NOCTUMEHUAM B TEOPUH
AModaHTOBBIX ypaBHEHUM.

23HauNMOCTbL TEOPUHU HMealoB B KOJblle MHOIOYIEHOB H COBPeMEHHOIl Teopuu anre6-
panyeckuX GYHKLUHUH XOPOIIO U3BECTHA. 3leCb MO#HO YBUAETb CUJIY IIPOpOYecKoro gapa
A. Ilyankape.
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pa3 ysk JHHeilHble Ipeo6Gpa30BaHiA NMOPOKIAIOT TaKKe MePCIeKTUBLI B r'eo-
MeTpHH, a TeOMeTpHUSA aHAIUTHYecKasd JOCTAaBIAeT HaM MHOIO APYTHUX Ipe-
obpasoBanuii (kak, HanpuMep, GUpaloHalbHbIe peobpa3oBaHuA aaredpa-
1yecKoil KpUBOIi), TO Hy#{HO BOCIIONb30BAaThCA UMHU M UCKATh apudMeTHYec-
KUe aHalIOru. Be3 BCAKOro COMHEHHSA, OHU 06pa3yioT pa3pbIBHbIe IPYIIIbI,
LA KOTOPBIX Ipexje Bcero HeoGXOAUMO M3ydaTh (yHAaMeHTalbHYIO 06-
JacThb, ABIAIONIYIOCH KIIOUOM KO BCceMy ocTalbHOMY. B 3ToM ucciefoBasui,
HEeCOMHEHHO, He 060iiTHCh 6e3 [eomempuu wucea MUHKOBCKOTO.

Upen, KoTopas ellle He HCIOIb30BaHa A0 KOHIA — 3TO HIeA DPMHU-
Ta BBECTU HellpepbIBHbIE NlepeMeHHbIe B TeopHio 4ucel. IloAcHIM, YTo oHa
o3HayaeT. Bo3bMeM B KauecTBe HaualbHLIX JAHHBIX ONpefeleHHYIO KBaj-
patuunyio ¢popmy F' u npyryio ¢popmy F, U IpUMeHHM K HUM OJHO U TO
#e npeobpasoBanue. Eciu npeo6paszoBanHas ¢opMa F’ cTaHOBUTCA NpHBe-
JeHHOH, TO FOBOPAT, YTO NMpeobpa3oBaHUe NPHUBEJEHO, a TaKie, 4TO Ipe-
o6pasoBanHas ¢popma F npusepena. Ilonyyaercs, uto ecau dopma F' co-
XpaHAeTCA HeKOTOPBIMH IpeoGpa3oBaHUAMHU, y F MomeT GbITH HECKOMb-
KO TpuBefeHHBIX dopM. Ho 3To Heyqo6CTBO CyIECTBEHHO, U ero HUKaK
Henb3d u3bemaTh. BnpoueM, cylecTBOBaHHe NPUBEJEHHLIX GOpM U Ipe-
o6pa3oBaHuil He MemaeT kiaaccuduxanuu gopm. fcHo, yTo 3Ta ujed, Ko-
TOpPYIO IO CHUX NOp NPUMEHANIN TOJNbKO K OYeHb CIlelHalbHbIM (opMaM H
npeo6pa3oBaHUAM, MOMET GbITh paclHpOCTpaHeHa Ha TPYINbI HeMHHEHbIX
npeo6pasoBanuii. OHa HeceT B ceGe 0OYeHb MHOTO€ M OTHIOAbL He HcyepIa-
Hal.

0O6macTbio apHbMETHKY, B KOTOPOil € IMHCTBO KaeTCA COBEPIIEHHO OT-
CYTCTBYIOWIM, ABIAETCA TEOPHA IPOCTHIX Ylcel. 3ech HeT HUYero, KpoMe
aCHMITOTHYECKHX 3aKOHOB, 1 HUYEro GOJbIIEro 0UAaTh He MPUXOJUTCA.
Ho 3Ty 3aKOHBI H30JUPOBaHBI, U TOJOUTH K HHUM MOHHO TOJIbLKO Hellepe-
CeRaloOIIMUCA JOporaMi, Mo-BHAMMOMY, He COOOLIAIOIMMUCA MEKIY CO-
6oi1. Kamercs, A npeguyBCTBYIO, OTKy/Ja ABUTCA #elaHHOe eIUHCTBO, HO
BIKY BTO O4eHb cMyTHO. HecOMHeHHO, Bce cBefleTcA K U3YUeHHIO ceMeii-
CTBa TPaHCIEHIEHTHBIX (OYHKINl, KOTOPOe MO3BOIUT BBIYMCIUTH aCHUMII-
TOTHYECKH HEKOTOpble GYHKIUH GONbIINX YMcel IyTeM HCCIeIOBaHUA X
0co6BIX TOUEK U NMpUMeHeHuA MeTona Jap6y?.

1Cam A.IlyaHkape npuBen NpUMephl TAaKMUX TPYTIN HeJMHeHHBIX NpeoGpa3oBaHMUIiA,
U oHHM GbLIM BHocieacTBUU usyuenbl. (Mémorie 348, p. 483 u npumeuaHun)

2H3BecTHO, 4TO Haubo/Iee BaHbIi IPOrpece B TEOPHU MPOCTHIX YHCeN ObLI AOCTUTHYT
pyY aHanIUTHU4YecKoM usydeHuu (-pyHruuu Pumana.
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Aarebpa

Teopus anrebpanyeckuX ypaBHeHHI! yike JaBHO MPUBIEKaeT BHUMaHUe
reomeTpoB. K Hell MO#HO MOJOUTH MHOTOYKMCIEHHBIMU ¥ pa3HO0GpPa3sHbIMU
crnoco6amu. Camoii BamHOI, KOHEUHO, ABIAETCA TEOPUA I'PYII, K KOTOPOii
Mbl Bo3BpamaeMcA. Ho uMeeTca Tak:ke BOIPOC 0 YHCIEHHOM HAaXOKJIE€HUU
KOpHeil U BOIPOC O KOJMYEeCTBE BellecTBEeHHbIX KopHeil. Jlarepp nokasain,
yto cnocobom IITypma ucuepnbiBaeTcsa He Bce. OcTaeTcA MecTo AJNA U3-
Y4YeHUA cucTeM MHBapUaHTOB, He MEHAIOMIUX 3HaK, KOr[ja UHUCJIO BellleCTBEH-
HBIX KOpHell ocTaeTcA TeM #e. Mo#HO TaKk#ke COCTaBIATh CTeNeHHble PAMbI,
npejacTaBidiomue GyHRINN, 0coOble TOUKU KOTOPBIX COBNAAalOT ¢ KOPHAMU
anrebpanyecKoro ypaBHeHus (Hampumep, paldoHalbHble QYHKIMU CO 3HA-
MeHaTelleM, PaBHBIM Be[yllleMy 4ieHy 3Toro ypasHenus). Koaddunnents
IpY WieHaX BBICIIEro MOpAJIKA 3aJal0T HaM KOPHU ¢ Gonblieil iU MeHbIIei
TOYHOCTBIO. 3[eCb MBIl UMeeM B 3apofblile C0co0 NPUGINHEHHBIX BbIUKC-
JeHUuil, KoTopble MOMHO U3yyaTh CUCTeMaTHYeCKHU.

Bot yme 40 net, Kak MoABUIOCH yueHUe 00 WHBapuaHTax ainrebpau-
yecKux (HopmM, KOTOpoe, Kazaloch, NOrJIOTUT Belo anrebpy. Celiuac oHo pas-
;KaloBaHO, U TeM He MeHee OHO ellle He ucuepnaino cebsa. Hago Tonbko He
orpaHUuYMBaThcA, K IpUMepy, MHBapUaHTaMU JUHeHHbIX NpeobGpa3oBaHuii,
a u3yvyaTh MHBapUaHThI NPOU3BOJIbHBIX I'pyni. PaHee nu3sBecTHbIe TeOpEMBI
NO3BOJNAT HaM HalTU Apyrue, 6oiee obi[ue, KOTOpPble HAUHYT PYIIHPO-
BaThCA BOKPYT NpE#HUX, KAK KpHUCTall NMoJNUThIBaeTca pacTBopoM. UTo
KacaeTcA U3BeCTHON TeopeMbl ['opgaHa 06 orpaHUYEeHHOCTH YKCIa pa3iny-
HBbIX UHBapHaHTOB, Ybe I0Ka3aTelbCTBO 3aMeuaTelbHo ynpocTua ['unnbepr,
MHe KajKeTcf, YTO OHA MPUBOJUT HAc K ropaszo Goiee oblieMy BOIPOCY: ec-
7M1 UMeeTcA 6€CKOHEYHO MHOT'O MHOTOU/IEHOB, anredpanyecky 3aBUCALINX OT
KOHEYHOro uucia cpeiy HUX, MOMHO JU BCerja MoJyuuTb 3TU MHOTOU/JIEHbI
IyTeM clI0#eHHA U YMHOMEHUA U3 KOHeuHoro Habopa'?

He Hago nymartsb, yTo anre6pa 3akoHuYeHa, T. K. OHa o0OeclieynBaeT HaM
npaBuia 1A GopMUpoBaHuA BceX BO3MO#HbIX KoM6uHanuit. OctaeTtcd Haii-
TU UHTepecylole Hac KOMOUHAINH, YIOBIETBOPAIONINE TOMY UIU UHOMY
ycaoButo. Tak BO3HUKAET UTO-TO Bpojie HeOIpe/elleHHOTo aHalusa, rjie He-
U3BECTHBIMU fIBIAIOTCA YiKe He Ielble Yucia, a MHOrodwieHel. Torga aTo
Oynet anrebpa, B3fABIIad 3a obpasel apudpmMeTURY, anredpa, koTopas pyKo-
BOJACTBY€eTCA aHANOTUAMY MeKIYy LEeJIbIMU YUCIaMU U MHOTOUYJIeHaMu, 6y b

1KaseTca, 4To 3Ta IporpaMMa NpejiBapAeT MHOMECTBO TEOPUil COBPEMEHHOIH aare6psl.
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TO MHOI'OY/JIEHBI C IIPOU3BOJbHBIMH KOBQJQ)I/IHI/IEHTEIMI/I, 1160 MHOT'OYJIEHbI

C HeJbIMUA HOBQ)Q)I/IuHeHTaMI/II.

TeomeTpua’

Ilo-BuauMomMy, reoMeTpusa He MOMET cofep:aTh HUUEro TaKkoro, Yero
He GbL10 OBl yike B anreOpe uiu B aHanu3e: Belb reoMeTpudeckrue GakThl —
3TO Te e (GaKThI anreGphl WK aHAIU3a, HO TOJBKO BhIpasKEeHHbIE Ha ApPY-
roM f3bike. Kaszanock Gbl, HO3TOMY, UTO Mocie TOro 0630pa, KOTOPBLIA MbI
clenanu, He ocTaeTcA OoJbllle HUUYEro cKas3aTh, ClelllalbHO OTHOCAILIErocA
K reoMmetpuu. Ho nymats Tak — 3Haumio Gbl IPOrIAJETh BaKHOCTh CAMO-
ro f3blka, Korja OH yJayHO CcO3/laH, 3Hauuja0 Obl He NMOHUMAaTh TOro0, YTO
npubaBideT K BellaMm crnocod o603HaueHUA 3TUX Belleil U, cleloBaTelbHO,
cnoco0 UX IPyNNUPOBaHUA.

U npesxie Bcero reoMeTpuyecKue paccyaeHUA IPUBOAAT HAC K MOCTa-
HOBKE HOBBIX IIp06I€eM; KOHEUHO, 3TO, eClId YIOJHO, aHATUTUYeCKHe po6ie-
MbI, HO aHAIN3 HUKOT/Ia He TpuBes Obl HAac K UX nmocTaHoBke. OJHAKO aHATN3
u3BleKaeT 1JA ce0A U3 3TOro BBIMOY, KaK U U3 TOTO, YTO OH BBIHY#/EH pas-
pemats npobiaeMbl 1A yAOBIeTBOPEHUA NoTpeGHOCTElN PU3HKM.

Bonbioe npeumyinecTBo reoMeTPUU COCTOUT UMEHHO B TOM, UTO B Heil
YyBCTBa MOI'YT NPUUTH Ha MOMOIIbL paccyJKy M MOMOraloT OTrafaTb HYiK-
HbIl IyTh, TAK YTO MHOTHeE NPEANOYNTAIOT IPUBOAUTH Npo6ieMbl aHalIN3a
K MX reoMeTpuueckoii popme. K HecuacTbi0, HalIM YyBCTBA He MOT'Y T BECTHU
Hac oco6eHHO Jajleko, OHM MOKUAAIOT Hac, JUIIb TOJbKO Mbl 0OHapy#UBaeM
JKejlaHNe YHeCTHUCh 3a TPU KiaccHuecKue U3MepeHud. 3HAYUT JIU 3TO, YTO,
BBIIIA U3 TO#l o6JacTu, B KOTOPOIHl OHU HAC, MO-BUJUMOMY, XOTAT yHAep-
KaTb, Mbl He BIpaBe Gollee pacCYMTHIBATHL Ha YTO-IM00, KpOME UHCTOrO
aHanu3a, U YTO BcAKafd reomeTpus Golee yeM Tpex U3MepeHUil TieTHa U
6ecuenbHa? Bennyvaiiimine yMbl npeiiecTBYOIEro HaM MOKOJEHUA OTBETU-
U Gbl: «/1ay; MBI e TeNepb TaKk OCBOWIUCH C 3THUM MOHATHEM, UYTO MOMKEM
rOBOPUTHL O HEM Jlaxe B YHUBEPCUTETCKOM Kypce, He BbI3bIBafA 0COOEHHOT0
YyIUBIEHUA.

13Ta koHUeNUUA KameTcA CBA3AHHON ¢ MOCTPOEHHeM Tojel alreGpanvecKHX uucel
(1 noneit Manya) ¢ NOMOI[bIO MOJMHOMOB, ONpPEJEIeHHbIX ¢ TOUHOCTBLIO [0 CPAaBHEHUA 10
HEKOTOPOMY MOZYIO.

2IIpuBegeM Tpu pasjena, OTHOocAmuecA K riaabe 1I «Bygymee MaTeMaTHKH» B KHHUTe
«Hayka 1 meTon». dTa KHUra O6bl1a Takse BblnymeHa B 1908 r., onHako, nocieaHue pas-
[edbl He ObLIM BKIIOYEHBI B IOKJIaf, B TO Ke BpeMA pasfeibl «<ApudmMeTurar u «Aarebpay
B [OKJaje NpUBefeHbl B Gollee pa3BepHYTOM BH[E.
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Ho & uyemy ono Ham? OTBeT OuYeBHIEH: OHO [aeT HAaM MpeHJe Bcero
BecbMa yI0OHBIN crnoco® BbIpameHUA, AI3bIK, KOTOPbIH B OUeHb HEMHOT'HUX
cloBax BbIpaaeT TO, UTO IPU OObIKHOBEHHOM aHAJIUTUYECKOM A3bIKE I0-
TpeboBano 661 NpocTpaHHBIX ¢pa3. Mano Toro: 3ToT A3bIK NOOYy:kJaeT Hac
Ha3bIBaTb OJHUM U TeM ke UMeHeM CXOJHble Me#y co60il Bellu U 3aKpern-
J1feT aHalOTuM, Aelad HeBO3MO#HBIM 3abBeHue ux. OH faeT HaM BO3MO:K-
HOCTb OPMEHTHPOBATbCA B 3TOM IIPOCTPAHCTBE, CAMIIKOM I'DOMagHOM [JA
Hac, KOTOPOro Mbl He MokeM OOHATH MHauye, Kak BbI3bIBad Iepep coboit
IOCTOAHHO 00pa3 BUAMMOI'O IPOCTPAHCTBA, XOTA IOCJe/lHee IpeAcTaBiAeT
co0oii TUIIbL BechMa HecoBeplIeHHOe ero n3obpaskenue. U Ty, Kak u B mpe-
JbIOYyLIUX IpUMepax, aHaJloTuA ¢ TeM, 4TO IIpOCTOo, IoMoraeT HaM IIOHATb
TO, UTO CJIO#HO.

JTa reoMeTpud NMPOCTPAHCTB, UMeIOMUX Oojiee TpeX HU3MEPEHUil, He
ABNAeTCA NPOCTON aHalMTUYECKON reoMeTpueil: oHa UMeeT XapakTep He
HCKJIOYUTENbHO KOJMYEeCTBEHHbIH, HO TaKk#e U KauyeCTBeHHBbIH, U 3TUM-TO
oHa ocoGeHHO MHTepecHa. EcTh qucuuminbia, KOTopyio HasbiBaloT «Analysis
situsy ¥ mpeAMeTOM HU3yUeHUA KOTOPOU ABIAIOTCA COOTHOIIEHUA pacHojo-
JKEeHU pa3qNyHbIX 3J1eMeHTOB (UTr'yphbl HE3aBUCUMO OT UX BeNUUYUHBI. JTa
reoMeTpuf — YUCTO KauyeCTBEHHAaA: ee TeopeMbl OcTajuchb Obl ClpaBef-
JIUBBIMU, eclii Obl TOUHble (UTYDPhI ObLIUM 3aMeHeHbl IpyObIMU H300pase-
HUAIMH, CO3laHHBIMU peGeHKoM. MoHO MocTpouTh Takxe Analysis situs
Golee yeM Tpex usMmepenuit. BamuocTb Analysis situs orpomua, u A He
qymaio, 4To6bl ero 3HaueHue MOIJO ObITh IpeyBeJNYeH0; 3TO JA0CTAaTOUYHO
NoATBep#AaeTcA Toil N0Mb30i1, KOTOpPYIO U3 Hero usBiex Puman!, ogun us
TJ1aBHBIX TBOPLOB 3Toi AucuUmInHbl. Hy#Ho JOHTH [0 ee MOIHOro NOCTpO-
eHUA B IPOCTpPAHCTBaXxX BbICILIero NopAAKa; Toraa y Hac OyJeT B pyKax Takoe
opylue, KOTOpOe NO03BOJUT JefCTBUTENbHO BUJETh B TMIEPNPOCTPAHCTBE U
pacliMpuTh 06j1acTh HalIMX YyBCTBEHHbIX BOCIPUATHH.

BriTh MoseT, npo6iaembl Analysis situs He 6111 ObI axe MOCTABIEHBI,
eciay Gbl MOJb30BalNUCh TOJNbKO A3BIKOM aHalu3a; BIpo4yeM, HeT, A ouubda-
I0Cb: OHU ObLIM Obl, HECOMHEHHO, NMOCTaB/JeHbl, 00 UX pa3pelleHUe HeoO-
XOJUMO [JA MHOKeCTBa BOIPOCOB aHalu3a, HO HaBepHOE U30JUDPOBAHHO,
TaKk 4TO HeJb3A 6bLI0 ObI BOBCe yCMOTpPeTh UXx obuieit cBA3u. Oco6eHHO co-
JelicTBOBaJlo HeJaBHeMY ycCIleXy IeoMeTpPUU BBeJeHUe NOHATUA O Npeol-
pa3oBaHMAX U rpynnax. Biaromapa sToMy NMOHATHIO reoMeTpuA NepecTania

1B. Puman (1826-1866) — BbImaomuiicA HeMeLKUI MaTeMaTHK, BbIJABUHYBIIUN DAL
OCHOBHBIX Mjeill Tomojoruu. lAMeeT MHOro4yucieHHble TPYAbl [0 pa3sHooGpasHbIM pasfe-
naMm mMaremaTuku. — Ilpum. peo.
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ObITb arperaTomM TeopeM, Oojlee WIM MeHee UHTEPECHBIX, HO CIEeAYIOIUX
oJlHa 3a Jpyroii 6e3 BCAKOI'0 CXOJCTBA Mem/Jy HUMH, OHa mpuobpena euH-
CTBO. A ¢ ApYToif CTOPOHBI, HICTOPUA He JOJN#HA 3a0bIBATH TOT0, YTO UMEHHO
10 [IOBOJY IeOMeTpUHU Hayall cucTeMaTH4yecKH UccleoBaTh HellpepbIBHbIE
npeo6pa3oBaHUA, TaK YTO YUCThIe ['€OMETPLI CO CBOEl CTOPOHBI TaKIKe CO-
JeficTBOBalIu pa3BUTHIO HAeU I'PYNIbl, HAEU, CTOIb M0Je3HO B JPYTUX OT-
pacifax mMaTeMaTHUKH.

KauTopusm

Bhiiie A roBopui o mpeacTaBaAioIIelica HaM He06XOJUMOCTH TOCTOAHHO
BOCXOAUTh K OCHOBHBIM MPHUHIHMNAM Halleil HAYKd U O TON Moib3e, KOTO-
PYIO OTCIOfIa MOKeT U3BIEUb HAayKa 0 YeJIOBeUeCKOM AyXe. ITa NOTPe6HOCTh
nopoJuia Ba CTPeMIIEHNA, 3aHABIINE BEChbMa OGIINPHOE MECTO Ha CaMbIX
HOC/eJHUX CTPaHMIAX HMCTOPUM MaTeMaTHKHU. IlepBoe M3 HMX — KaHTO-
pu3M, 3aciIyrd KOTOPOro mepel HayKoil usBecTHbl. OHa U3 XapaKTepHbIX
YepT KAHTOPHU3Ma COCTOUT B TOM, UTO BMECTO TOr0, YTOOBI MOJAHUMATLCA
K o6uieMy, cTpof Bce Goiee M Gojee ClOMHbIe KOHCTPYKIUH, U BBOAUTH
onpejeleHUA yepe3 MOCTPOEHMA, OH MCXOAUT M3 genus supremum' u ja-
eT ompefeleHNud TOAbKO per genus proximum et differentiam specificam?,
KaKk cKasamu Obl CXOJACTUKU. DTUM OOBACHAETCA TOT Yiac, KOTOPbIi OH
HEKOTOpOe BpeMA TOMY Hasaj BbI3Bal B MHBIX YMax, HApuMep y JpMUTa,
u3no6aeHHON Hieeil KOTOPOro ABNAETCA CpaBHEHHE MaTeMaTUUECKUX HAYK
C eCcTeCTBEeHHbIMM. Y GOJbIIMHCTBA U3 HAC HTU NMpenybGemJaeHun yme pac-
CeANlUCh, HO CIYYMIOCh TaK, YTO HATOJKHYJIUCh HA HEKOTODbIE TapajoKChl,
KOTOpble NpUBelu 6bI B BOCTOPI 3eHOHA JieficKoro® M Merapckyio MIKO-
ay*. Y Torga Bce mycTuIMCh B MOMCKU 3a NpoTHBoAaueM. S nep#ych Toro
MHEHHA — U He i OIMH, — YTO BaHO BBOJUTh B PACCMOTPEHUE HCKIIO-
YMTElNbHO TAaKWe Bellll, KOTOPble MOKHO BIOJHE ONpelNeluTh NPU MOMOIIH
KOHeYHoro Konudectna cioB. Ho kakoe GbI IPOTHBOAANE HU OBLIO IPU3HAHO
JeHCTBUTENLHBIM, Mbl MOKEM MpPeJBKYIIATh HAcIas JeHne Bpaya, UMelolle-
ro BO3MOMHOCTh HAbII01aTh UHTEPECHBIN MAaTOJOTHYECKUN ciyyJaii.

!Buicmuit pon (aam.). — Ipum. ped.

2Yepes poaoBoe cXoACTBO U BUAOBOe oTauuue (aam.). — Illpum. ped.

33enon u3 dneu (ox. 490-430 rr. Ao H.».) — ApeBHerpeueckuit ¢pumocod, uzBecTeH
CBOMMM 3HaMEHHTBIMH Mapagokcamu: «Axuiaiecy, «Ctpenay u gpyrue. — Ilpum. ped.

40nHa M3 mKoON JIpeBHerpeueckoil ¢uMOCObUH, MPEACTaBUTENAM KOTOPON TPHUITUCHI-
BaIOT POMJeHNe MHOTUX M3BECTHBIX codpusamoB. — Ilpum. ped.
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Ilouncku IIocTyJaToB

C Opyroil cTOpOHBI, Mbl BUAMM IONBITKU IEePEeUYUCINTh Te Oolee WIH
MeHee CKPbIThle aKCHOMBI M MOCTYJIaThl, KOTOPbIE CIY}KaT OCHOBaHUEM A
pPas3NUUYHBIX MaTeMaTHdyeckux Teopuii. Camble GiecTAlMe pe3yabTaThl IO-
ayuun I'unb6ept. Ha mepBbrlit B3riaaAg sTa o6nacTb KakeTcA JA0BOJIBHO OTpa-
HUYEHHOI; KaMeTcA, YTO Korja nepevyeHb Oy/leT 3aKOHYEH — a 3TO He 3a-
MeJJIUT NPOU30iTH, — Hedero 6ynaeT Goablne genaTb. Ho korga Bce Hyner
nepeyucieHo, TorAa HaiieTcA MHOMECTBO NPHEMOB AlA KiaaccupURanuu
Bcero MaTepuania; Xopolluii 6u6i11oTekapb Bcerjia HaxoJuT cebe 3aHATHE,
a Raskjafd HoBaf Kiaccuburanud OyjgeT moyuyuTenbHa JiA ¢umnocoda.

JTUM A KOHYaIO MOil 0630p, KOTOPOro f He MOT' U PAacCUUTHIBAThb Cle-
JaTh NMOJHBIM [0 MHOKECTBY NMPUYUH, U IIPE#Ie BCEro MOTOMY, YTO A U 6e3
TOTr'0 y#e CIUIIKOM 3JI0yHoTpe6ui BamiuM BHHUMaHueM. [ymaro, 4yTo mpu-
BeJIEHHBIX NpPUMepPOB OyJeT J0CTATOYHO, IJIA TOro 4ToGbl MOKa3aTh BaM,
B YeM COCTOAJN MeXaHU3M Iporpecca MaTeMaTUUECKUX HAYK B MPOLLIOM U
B KaKOM HallpaBlIeHUU OHU JAOJKHBLI OyIYyT ABUraThbcA B OyoylieM.



OJEMOH APPEHHUYCA
Hommage a Louis Olivier, p. 281-287, Paris (26 septembre 1911)

Cpenu HOBbIX Ujeit, B 6GOIbIIOM KOIHYECTBE BO3HUKAIOIUX Y T'eHUalb-
Horo AppeHuyca, eCTh 0OIHa, KOTOpad 3aciyUBaeT 0co60ro BHUMaHuA. ITa
rumnotesa KacaeTcA Gyayinero Hameit BeenenHoit u npeamonaraet (Wiu, mo
KpaiiHeil Mepe, cTapaeTcA NPEANOIOMKUTDL) Golee yTeIIUTelbHbIe NepClek-
THUBBI, YeM KiIaccuyeckasa Teopusa Kaaysuyca. Mup, eciu BepuThb MIBeJCKO-
MY y4yeHOMY, He OyneT daTaibHO oOpeuyeH Ha MenAosylo cMepms, EMy He
npejHa3Ha4YeHO MOrUGHYTh B MPa4HOM OJHOOGpa3uHu.

N3BecTHO, YTO TemuOBbie MallMHbI MOT'YT paboTaTh TONBKO MEHIy
IBYMA MCTOYHMKAMH: UCTOYHMKOM Tela U HCTOYHUKOM Xonoja. Temio-
Ta MepBOr0 MCTOYHMKA MOMKET JIHIIb YAaCTUYHO HPeBpPaTUThCA B paboTy,
U Heo6X0JUMO, YTOGBI YaCTh 3TOM TEIIOTHI TPAaTHIACh HA UCTOYHUK XOJO-
na. 3 aToro cienyer, 4To UCTOYHUK TelJa OXJIaJAUTCA, 8 ICTOYHUK X0J0/a
Harpeetcd. IX TeMnepaTyphl CTaHYT PaBHbIMU U UCTOUYHUKU MCTOIIATCA.

Ecnu paccmarpuBaTh Bcio BeeneHHYIO Kak OrpOMHYIO TEIUIOBYIO Ma-
HMIUHY, TO UCTOYHUK Temna Gymer mpeacraBieH ColHIAMHM, UCTOYHUK XO-
noga — TymaHHOCTAMHU, U BCe UCTOYHUKH, KOTOPHIMHM MbI pacroiaraem,
OyayT paccMaTpUBaThCA KaKk MPOMEMKYTOYHbIE 3BEHbA OI'DOMHOMN LIKAIbI,
KOTOpafd MpPOCTUPAeTCA MeH Iy 3TUMU ABYyMA ucToyHuKamu. Torga yem mMo-
#eT moaaep:uBaThed ucTouHuk temna? Tonbko sHeprueil, cyuecTBYyoOmIe
B Mupe B MexaHndeckoii ¢popme. Ho ana nwamux CoiHI[ 3TO MUIIb Majiaf To-
IKa, KOTOpad BPAJ U CMOET YTOIAUTh UX allleTUT B TeUEHHE HECKOIbKUX
MUJUIMOHOB NeT. W Torga 3Be3[pl HAUHYT oXJamaaTheA, a TyMaHHOCTH Ha-
rpeBaThCcA [0 TEX NOp, IOKA He UCUYE3HET Pa3HOCThL TeMmepaTyp: BeeneHHas
HIPUrOBOpEHA K Mmen.osoll cmepmu.

HmenHo 3To yTBepskjaeT BTOpoil mpuHuunm tepMmoguHaMuku. Ho ka-
KOBa MPUYMHA CylecTBOBaHUA 3Toro npunnuna? Ilo MHEHUIO MHOTUX Gu-
3UKOB, 3TOT NMPHUHIUI €CTh He UYTO WHOe, KaK CleJCTBHe 3aKoHa OGOJNbIIMX
yycen. YacTui oyeHb MHOTO, U UX JBUMEHUA CTPEMATCA paclpefelnuTb-
cA caydaiino. Bce cTpemutesa mepemeriatbed, T.K. €CIU JErKO CIPATAThb
AYMEHHOE 3epPHBIIIKO B rOPCTKe 3epHa, TO OYeHb TPYJHO €ro Tam HaWTu
U OTTyZAa usBae4yb. YacTHIbl HEMCUUCIUMBI U OUYEHb Malbl, IIO3TOMY HX
NpakTHYeCKU HEBO3MOKHO Pa3iMYUTh, KOT/|Ja OHU NepeMellaHbl.
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Ilo cnoBam MakcBenna, 1A Toro, 4To6bl 06PaTUTh NOTOK U NEPENATh
TEIIOTY XOJIOAHOT0 Tela TellIoMy Tely, HeoOX0UMO CyIecTBO, JOCTaTOYHO
MalleHbKOe U JIOCTaTOYHO YMHOe AJf TOoro, 4To0bl NPOBOAUTHL OTOOpP KpoO-
MIEYHBbIX NpPeJMeTOB. JTO YyTOHUYEHHOE CYIIECTBO, CIOCOGHOE YBHUAETH TO,
YTO YCKOJb3aeT OT HAIlEro B30pa, CMOIJIO ObI OTJENUTD «TEIJbIEY, T. €. ObICT-
pble, YaCTHIBI OT YacTHUI] «XOJIOJHBIXY, T. €. MelNIEHHbIX . ITO BHIMbILILIEHHOE
CyllecTBO Ha3bIBAIOT demoHom Makceerra.

CnenoBaTenbHO, YTOObI COXPAHUTh MKU3Hb HallleMy MHUPY, YTOObI MOJ-
nepxaTh TymaHHOCTH XonogHbIMH, a ColHIA TemiabIMH, He0OXOJUM aBTO-
MaTuuecknit feMoH MakcBenna. Kak nmonaraer AppeHuyc, HMEHHO 3TO eMy
u ynanock HaiiTu. [leficTBUuTenbpHO, Kak paboTan Gl feMoH MakcBeina, 4yTo-
Obl HarpeTh MOJOBUHY rasoobpas3Hoil Macchl, oxJamad IpU 3TOM APYTYIO
nonoBuny? OH pasjenui 61 COCY/l Ha ABE YaCTH MePeropoaKoil, cHab#eHHON
MaleHbKUMU ABepllaMM, KOTOpble OH cMOT 6bI OTKPbIBAaTh WU 3aKpbIBaTh,
Koraa yroaHo. Eciu 6b1 GpicTpas yacTuna, ABUTAIOIIAACA ClieBa, MPUGIH-
sKanachb K OJHON M3 3THX JBepeil, OH mocneuuya 6bl ee 3aKpPbITh U YacTHla
OoTcKOYmMIa Obl BIEBO, M, HAIPOTUB, OH OTKPBLI Obl ABepb MJIA MeaJeHHOI
yacTHUIbl, JBUTraiouleiicA cieBa WJIM AJaA GbICTpPOil yacTHUIbI, ABUraiouleii-
cA crnpaBa. B KoHeyHOM cueTe, clieBa HaXOAWIUCh Obl GBICTpPbIE YACTHUIIBI,
a crnpaBa — MeJJIeHHbIe, T'a3 ¢ JeBOoil CTOPOHbI GbLI ObI TEIIbIM, a ¢ IpaBoii
CTOPOHBI — XOJIOJHBIM.

Hrak, uro npoucxoaut B TymanHoctax? MaTepusa TaM oueHb paspe-
JKEeHHaA, YacTHULbI rasa Jullb ciabo yaep;uBarTcaA rpaButanueii. Cieno-
BaTeJIbHO, YaCTHUIbI HOJKHBI YaCTO OTPHIBATHCA U TEPATHCA B G€CKOHEUHOM
nyctrore. Ho Kakue yacTuilbl 6olblie Bcero mnojBeps#eHnl 3Tomy? O4eBUIHO,
3TO caMble ObIcTpble yacTHUlbl. [leficTBUTeNbHO, pakeTa, 3alylleHHad ¢ Ha-
YyalnbHOU CKOPOCTBIO C OBEPXHOCTHU 3eMJH, Oy1eT UMeTh TeM GOblINe aH-
cbI BBIITHU U3 cepbl 3eMHOT0 IPUTAHEHNA, UeM OoJblie 6bla ee HayalbHafd
cropocTb. CleoBaTeNnbHO, YacTHIbI, KOTOpble ocTaloTcA B TyMaHHOCTH,
OyoyT MellIEeHHbIMH, T.€. XOJOAHBIMH, a YAaCTUIIbI, KOTOpPble MoKUgaT Ty-
MaHHOCTb, 6y Ay T 6bICTPBIMH, T. €. TelIbIMU. TakuM crnoco6oM TymaHHOCTH
MOT'yT OcTaBaTbCA XOJAOAHbIMHU, HECMOTPA Ha TEIIOTY, KOTOPYIO OHU MOJY-
yaloT oT Coanu. UmeeT MecTo Hekuit or6op, Hamopo6GHe NMPOU3BOJUMOMY
neMoHoM MakcBenna. OfHako 3TOT oT60p ABAAETCA aBTOMaTUUECKUM.

YacTunel, BeICKanb3biBatomye u3 TyMaHHOCTEl, B KOHIle KOHIIOB BXO-
AT B chepy nputaskenua ConHI U najaloT Ha UX IOBEPXHOCTb, IpHobpeTan
6oNbIIYI0 CKOPOCTh BeleAcTBUe TAToTeHUA. OTHOBPEMEHHO ¢ TeM, KaKk OHU
no6aBasawT Maccy ColHIY, OHM NOAJEPHUBAIOT TEMJIOTY CTOJKHOBEHUAMU

APYT C APYTOM.
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OnHako Takoe pelieHue elile He YI0BIeTBOPUTENbHO. Bo-nepBhiX, Xopo-
1o u3BecTHo, uTo Macca ConHila He yBenuuuBaetcA. Bo-Bropeix, Tyman-
HOCTH, B KOHIe KOHI[OB, OIycTelu Gbl U MOTEPAIN CBOIO MaTepuio, KOTOpan
cocpenorouynnack 6b1 B ConHuax. Mup cran 6b1 0qHOOOGpPa3HbIM U NpUILEN
K TemioBO#l cMepTH, HO Apyrum mnyrteM. Takum o6pasoM AppeHUYC BbI-
Hy#/IeH JONOJHUTh CBOIO rumoredy. i1sA 3Toro oH mpuberaet K ABIEHUIO
naBieHus cBeta MakrcBenna—bepTonnu. U3BecTHO, 4YTO 0OYeHb JerKue Tena
OTTalKUBAIOTCA CBETOM, TaK, HallpuMep, 06pa3y0TCcA XBOCTbI KOMET, 0UeHb
paspeseHHaA MaTepUA KOTOPBIX OTTATKUBAETCA CONHEYHBIM CBETOM. Appe-
HUYC Mpejnojaraet, YTo OUeHb MeJKUe YacTullbl, oTaenumueca oT ConH-
1la, MOTYT NOABEpraTbcA aHaloruyHomy jeiictBuio. CHavyana oHu oGpasy-
10T COMHEUHYIO0 KOPOHY, HO TaM He OCTaHaBINBAIOTCA: JaBieHue MakcBeina
OTTalKMBaeT WX HAMHOrO fAalblile, 3a Mpe/elbl CONHEYHONW CHCTEMbI U JI0
orpanennbix Tymanuocteit. TymanHocTH, oTaamomue MaTepuio ConHnam,
Honyuunu 6el MaTepuio 06paTHO, TaK UTO MNONYUYUIOCH Obl TOJHelilIee paB-
HOBecHe Mely MaTepueil, KoTopas npubblia, U TOi, KoTopad yOblia.

Yro HaMm crefyeT OgyMaThb 0 Takoil cobnasHuTenbHO# Teopuu? Bce nu
TpyAHOCTU ycTpaHeHbI? Eme HeT. MaTepua moqunHAETCA JBYM aHTaroHu-
YeCKUM cujaM: cuile HbIOTOHOBCKOI'O TATOTEeHUA, KOTOPOe NPUTATUBAET ee
K ComHny, u naBneHuto MakcBenna, KOTOpoe CKIOHHO €€ OTTY/Ja OTTOJK-
HyTb. llepBas u3 aTux cun GepeT BepX HaA BTOpPOH, ecliu Telo Gojblioe
U TAMeN0€e, T. K. OHa PONOpPIMOHAAbHA Macce, TOrjla Kak AaBleHUe U3NYy-
YeHHA 3aBUCUT OT ILIOIagu noBepxHocTu. OTTankuBaHue, HaoO6opoT, Oe-
peT BepxX AJA KalleleK, pa3Mepbl KOTOPHIX COCTaBIAIOT TOJbKO HECKOJIbKO
TBICAUHBIX JoJeil MunauMerpa. HakoHer, npuTAxeHne BHOBb OGepeT Bepx
IJA Tell, KOTOPble OYeHb Mallbl [10 OTHOIIEHUIO K [JINHe BOJHBI U, cleloBa-
TelbHO, KOTOpPble, He MOT'YT OTpa;aTh CBeT, KaK, HalpuMep, 0JA U30JUpO-
BaHHbIX yacTul. Torga MoxHO npeAcTaBUTh cebe HEUTO BpPOJe BO3BpaTHO-
NOCTYyNaTelbHOTO IBUMEHUA: KalelbKU oTTalkuBaioTcA ColaHueM; Mo Toii
WY WHOY IpUYKHe, HAXOAACh Ha HEKOTOPOM pacCTOAHUM, OHU CRaNJIMBalOT-
cA B JOCTATOYHO 6OJbIIOE TeJO WM pacnafaloTcA Ha CIUIIKOM MalleHbKUe
yacTulbl. [lputAsenre BHOBb GepeT BepX, MaTepud crainkuBaerca ¢ ColH-
1eM, Irje oHa BHOBb IpUHUMaeT GopMy KalleleK U Tak jalee, 10 6ecKkoHeU-
HOCTH.

Ho st0 He BeuHoe gBueHMne. PaboTa, HeoOxoauMas 1A nojfgepHaHud
3TOro 6eCKOHEYHOr0 BO3BPAaTHO-NIOCTYNATENIbHOI0 ABUMEHHUA, NI0JyUYeHa U3
COJIHEUHOTo Temia. Mbl UMeeM Jelo ¢ TemioBoil MamiuHoi. KakoB koadu-
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[UEHT MO0Je3HOro AeficTBUA 3Toi MamuHbI? JIerko BUIeTh, YTO OH HE MOMET
HNPEBLICUTH MOJOBUHBI. [lelicTBUTENBHO, OJHA U3 3TUX YACTHIl MOKET pac-
cMaTpuBaThCA KaK dKpaH, KOTODPbIl 3ajepUBaeT CONHEUHOE U3JIyvyeHUe.
Rorpa yactuna oTTankuBaeTcHd, TO NIPOCTPAHCTBO, B KOTOPOM 3TO U3Iyue-
HUe MOeT pacnpocTpaHAThCA, pacliupAeTcs, Clojla U 3aTpauuBaeTcA Tello
ConHua. 3akoH MakcBeina nokasbiBaeT, YTO 3TU 3aTpaThl B TOUHOCTH paB-
HbI paboTe naBieHUA u3nydeHus. Takum ob6pa3oM, NOJTOBHHA DHEPT UL, UCXO-
nameit ot Conuna, 6yAeT Ucnolb30BaHa 1A MeXxaHUuecKoil paboThl Haj yac-
TUlell, a Ipyras NoJoBUHA 1A HarpeBaHuA npoctpaHcTBa. ClefoBaTenbHo,
NoTepAHHAA TelJIoTa B KOHEYHOM cueTe AocTturaetr TymannocTtu. B cumax
a1 NeMOH AppeHuyca BO3BpPaTUTh HaM 3Ty Temnory? YacTuiel, oTpbiBaio-
mueca oT TyMaHHOCTH, MOKUJAIOT ee ¢ HEKOTOPOil ckopocThio. Korpa oHu
BHOBb najawT Ha ConHIle, 3Ta CKOPOCTh yBelUUYUBaeTCHA, TAKUM 06pas3oM,
cTalKuUBafAch ¢ noBepxHocThio ColHIIa, YyacTHULbI NepelaloT eMy dHepruio,
KOTOpOIl oHU o6Jafanu Npu OTpbIBe, U, IIIOC K 3TOMY, SHEPruio, KOTOPYIO
OHU Tpuobpeny NMpH NageHUU. ITa dHepruf Oblla BbIUMCIEHA B paccyje-
HUAX, KOTOPble Mbl TOJbKO YTO NPOBEIH MJA BO3BPaTHO-NOCTYNAaTelbHOIO
nBUMeHUA. I Mbl BUedN, YTO OHa cOCTaBIAET B JIyullleM clyvae Bcero-
HaBcero MOoJOBUHY dHepruu, usinydaemoii ConHuem.

Ina Toro, 4yTo6bl BOCCTaHOBIEHHE GBLIO MOJHBIM, HEOGXOAMMO, UTO-
Obl Jpyras noJjoBuHa Oblia IpeAcTaBleHa HauyalbHON 3Heprueil, KOTOPYIO
3TH YacTHIbI UMeNU, Mokugasa TyMaHHOCTb, T.e. UTOObI UX HayalbHasA CKO-
pocThb Oblna mogobHa ToOI, KOTOPYIO NMpuobpeTaeT Telo, najgaioliee u3 Gec-
KoHeuyHocTH Ha ColHIle, U KOTOpafA COCTAaBIAET HECKOIbKO COTEH KUJIOMET-
poB B cekyHay. Ho aTo nocTtaTouHo HenpaBaonono6Ho. TymaHHOCTH o4YeHb
XOJIOJHbIE, T. €. CPeJHAA CKOPOCTh UX YacTHUll oueHb Majla. X0TA UX U NOKU-
JaloT HauObICTpellive YacTHUlbl, Bce #e Te, YTO UMEIOT CKOPOCTHU TaKoro
nopAaka, MOryT ObITh JUIIb UCKIIOYEHUAMU [ame cpeJy YacTHUll, KOTOpble
He yJep#uBaioTca B TyMaHHOCTU NPUTHAKEHUEM.

TpynHo okoHUaTeNbHO OTKa3aTbCA OT CTOJNb 000JbCTUTENbHON Uieu,
U MbI CRJIOHHBI 3aJaThCA BOIIPOCOM, He AIBIAETCA JIM OHa CKOpee HEelOJHOMH,
yeM HeBepHOiL. [leMOH AppeHuyca He MOKET CIIpaBUThLCA CO CBOeil 3ajaveii,
HO, MOKeT GBbITb HalyTCA Opyrue, KOTOpble eMy B 3ToM nomoryt? Henbssa
14, HalpuMep, KPOMe IIOMeIlleHUA JeMOHa B MCTOYHUK X0JIoJa NOMeCTUTh
Ipyroil B UCTOYHUK Temna? Y MeHA UMeeTCA CBO, PEANONOKUTENbHBIN U
HECKOJbKO HeoGOCHOBaHHBIN B3riAd Ha 3TOT Bompoc. Ilo3BoibTe MHe cKa-
3aTb 00 3TOM HECKOJbKO CJIOB.

He moryT nu yactuusl, nokujaomue ConHua, 661Th 00 beKTOM 0TOOpA,
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Kak Te 4acTullbl, KoTophlit mokuaaioT TymanHoctu? Ha 3ToT pas moisHbI
OyoyT BhIpBaThCA He caMble TeIlIble YacTHUIbI, a caMble XoioaHble. UTak,
paccMoTpUM, KAKUM MeXaHHW3MOM NPOU3BOJATCA KalelbKu, I0Beprarom-
ecs JaBleHUIO U3JIy4YeHUd:

1° ompeneneHHbIe YacTHUIbI ra3a UOHU3UPYIOTCH;

2° RKamablii MOH CTAaHOBUTCA IEHTPOM KOHIEHcallUu AJIH HEKOTOPBIX
[lepeHachIlleHHbIX I1apoB.

Takum o6pasom, oT60p mporcxoausa 66l COBEPIIEHHO eCTECTBEHHO:

1° ecau xonofHbIE, T.e. MeIJIEHHbIE YacTHUIIbI, Jerye HOHN3UPOBAIUCH
ObI, 4eM ObICTpble YaCTUIbI;

2° ecnu KOHJleHCallUA CKOpee MPOXoauia Obl BOKPYT Me/IEHHBIX HOHOB,
4yeM BOKPYT ObICTPBIX;

3° ecniu caMble Me/lJIeHHbIE YaCTHUIIBI Tapa ofpammanuch Obl B }KUJKOCTh
jerye, yeM camble ObICTDBbIE.

I He BUY HMKaKoOT0o cMbIcia IpUep#UBaThCA NEPBOii runoressl. Bro-
pad runotesa 6oiee npapaonogo6Ha. IIoHATHO, YTO UOH B COCTOAHUU INIOKOA
CMO:KeT Jlerye ChIrpaTh CBOIO POJb lleHTpa KOHAeHcaluu, YeM UOH B COCTO-
AHUU ABUMEHUA, NOCKONbRY KaTAllUiicA KaMeHb He o6pacTaeT MxoM. Ho
r1aBHBIM 06pa3oM ygoOHO NpujepuBaTheA TpeTheil runoressl. [Ipeacra-
BUM cebe KamelbKy B IIpollecce o0pa3oBaHUA M YacTUIbl Iapa, Bpallaloiy-
ecA BOMU3U 3Toi KanelbKu. X MOMHO CpaBHUTH C acTepouaMu, KOTOpbIE
Bpalianuch 6bI Bo3ie JIAHETHI U cllerka Kacaluch ee aTMocdepsl. Te, koTo-
pble OyAyT obnazaTh NOBBIIIEHHOI CKOpPOCThIO, OyayT ABUraTbcA Ge3ocTa-
HOBOYHO; caMmble MeJlJleHHble OyqyT 3a/ep:kUBaThCA U NajaTh Ha ee I0BepX-
HocTb. HeT comHeHUA Takme, UTO KOrJa KUAKOCThL B3auMoJeiicTByeT co
CBOUM IIapoM, TO MemAY UX 4YacTULAMHU NPOUCXOJUT NOCTOAHHBIA 0OMeH.
Yaep:uBaeMble Kakoe-TO BpeMA NPUTAMEHUEM KUJKOCTU, OJHU YacTHUIbI
B KOHIle KOHL[OB NOKUJAIOT €e U CTAHOBATCA IIapoM, a Jpyrue, HalPOTUB,
CHOBa o0palaloTcad B #UJKOCTh.

OueBuIHO, UTO 3ajgepuBaThcA OyOyT caMble Me[JeHHbIE YacTHUIBI,
a oTphIBaThCA camble GhicTphle. Bee mpoucxoaut kak B TymaHHOCTH, 0 4YeM
ys#e ObLIO cKazaHo Bblimie. 13 aTOro cieayer, Memay IPOYUM, YTO JOJIHHA
cyllecTBOBaTh Pa3HOCTh TeMIepaTyp Me# Ay #MUAKOCThIO U ee napoM. fl He
3Hal0, MOKHO U ee onpeenuTh. Kak 6b1 TaM HU GbLIO, MOMHO NPEICTaBUTh
cefe aHaNOTMYHbIA MeXaHU3M, UIpaloUuii B UCTOYHUKe Tellsa pPoJb aBTO-
MaTH4eckoro nemoHa. Bo BcAakoMm ciayuae, 3ToT nemoH paboran Obl B Ipa-
BUJILHOM HalpaBlleHUH, HO fl He B CUJax OllpefleluThb, B COCTOAHUM JIU OH
BBINOJHUTL CBOIO paboTy.
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Jlna pasbAcHeHUA Bolpoca, KOTOpPbI A cobupaioch 00CYAUTb, U KO-
TOpBI, Ha MOI1 B3riAl, ABIAeTCA Ype3BbIYaiiHO Ba#HBIM B NpelnojaBaHUU
MaTeMaTHKH, Heo6X0UMO B3TNIAHYTh Ha3a[] Ha UCTOPUIO Pa3BUTHUA HayKU.

Ecnu npountaTth KHUTY, HanucaHHylo 50 JeT Ha3ad, TO OOJLIIMHCTBO
paccyss/JeHull, KOTopble MBI TaM HaiiieM, MOKaMyTcA HaM HeJZOCTaTOUHO
CTPOTUMH.

B T0 Bpemsa mpuHumanoch 6Ge3 [JoKasaTelbCTBa, UTO HeNpepbIBHAA
GyHKIUA He MOxeT MeHATb 3HaKa, He oOpamadchk B HyJdb. B HacTosmee
BpeMmsA 3TO JoKa3biBaeTcA. Takmue NpuHUMaoch 6e3 A0oKa3aTelbCTBa, YTO
oObIYHble NpaBUJa BbIUMCIEHUA NMPUMEHHMbl K HECOM3MepUMbIM 4YHClIaM.
Heine u 3T0 nokassiBaeTcA. Jenanuch U Jpyrue AonyllieHUsA, KOTOpble MO-
poil OKa3bIBaANUChH JTOHHBIMU.

Takum obGpasoM, BHAHO, YTO HayKa NPOJBHHYJIach B HalpaBlIeHUU
crporoctu. f 6bI ckasan, Gollee TOro, YTO OHA y#e NOCTUINA CTPOTOCTH,
U Hallli paccy:kJeHUA He MOKaMyTCA CMeUIHbIMU HAllUM MOTOMKaMm. Pazy-
MeeTc,  TOBOPIO O TeX paccy#JeHUAX, KOTopble HaC caMUX YIOBJIEeTBOPA-
IOT.

Ho wakum oGpasom Mbl gobuiauck ctporoctu? IlyTem orpaHuveHusd
B HayKe pOJM MHTYMLIHUM U YCUJIeHUA poiau dopmaibHoi Joruru. Ilpes-
Je ynorpebiasAnoch MHOKeCTBO NOHATUIM, paccMaTpUBaeMbIX KaK OCHOB-
Hble, allpUOpPHbIe U HUHTYUTUBHbIe. TakoBbIMM GbLIM MOHATHA LleJOro Yucia,
Ipo0H, HEMPEPHIBHOT'O POCTa, MPOCTPAHCTBA, TOYKHU, TUHUU, TIOBEPXHOCTH
u T.1. Ha cerogHAmHMI JeHb JUIIb OJHO NOHATHE OCTAlOCh OCHOBHBIM —
HNOHATHUE LleJoro uucia. Bce gpyriie noHATUA ABIAIOTCA TOJbBKO KOMOWHA-
OUAMU, U TaKO# LEHON HOCTUTaeTCA MOJHAA CTPOrocTh.
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Hamiu oTibl BruchiBalu B MIOCKYI0 QUTYPY PAA NPAMOYTOILHUKOB U
B KauecTBe Mpejieiia CyMMbI IUIOM[ael 3TUX NPAMOYTOJAbHUKOB MONYyYanu
WHTerpan, paBHbIll ee miomanu. leficTBUTENbHO, TOBOPUIN OHHU, PA3HOCTh
M€Ky HCKOMOH IUIOIagbi0 M CyMMOW CTPEMHUTCH K HYIIO, T.K. MOKHO
clenaTb 3TY pa3HOCTb MeHbllle, 4yeM Ilio6oe 3aganHoe uucio. Takue pac-
Cy#/JIeHHA NPOBOAMINCHL 0e3 0co6oii TIATEeNbHOCTH, TaK KaKk OTIbI Hallu
Honarajiu, 4To XOpolllo NOHUMAIOT, YTo Takoe miomans. Hac e, HanpoTus,
TaKkoe paccy:k[eHue He YJOBIETBOPAET, Tak KAk HaM W3BECTHO, YTO 3TU
HNOHATHUA HENb3fl BIUTATb ¢ MOJIOKOM MaTepu; U HEBO3MOKHO y3HAaTb, 4TO
TaKoe IIoMIa/lb, He MOJIb3YACh HHTErpalbHbIM UcUYrcieHrueM. Mbl Goibiie He
JOKa3bIBaeM, UTO IUIOLIA/[b PABHAETCA UHTErpaly, a paccCMaTpUBaeM HHTET-
pan kar onpejenenue miomanu. [lonATHe miomaan, oCHOBaAHHOE KOTJa-TO Ha
HHTYUI[UU, caMo 1o cebe He KameTCA HaM y#e NPaBOMOYHBIM.

C apyroii CTOpOHBI, MaTeMaTHYeCKUe MOHATUA NPUOGPEIH CTOIbL COBEDP-
IMIEHHYIO YUCTOTY TOJBLKO 3a CYeT yJaleHHA OT NelcTBUTeIbHOCTH. Mo-
HO mepecedb BCIO CTPaHy MaTeMaTHKU U He BCTPETUTh HU €JUHOrO Ipe-
HATCTBUA U3 pacceKaBIIUX ee B Gblible BpeMeHa. Ho 3Tu mpenATcTBUA He
WCYe31U, OHU UMb NepeJBUHYNUCh K rpaHunam. I HaM npujercd 3aHo-
BO NPEOJONEBATh UX, €CIU MbI 3aXOTHM Ilepecedb I'PaHUIbI, YTOOBI BONTU
B IpaKTHYecKue 061acTu.

IlonaTHe ObLT0 paHblie Golee WIM MeHee pacilibIBYaThIM, 00pa3oBaH-
HbIM U3 HECBA3HBIX DJIEMEHTOB, OJHU M3 KOTODBLIX aNlpHOpHbLIE, a Jpyrue
HonydeHbl 06001IeHHeM ONMBITHBIX AaHHBIX. Ero ocHOBHbIE cBOMCTBa moja-
rajiicb UHTYUTUBHO U3BeCTHbIMU. B HacTofillee BpeMA Bce SMIUPUYECKUE
3J1eMeHThI OTBEPraloTcA, JONYCKAIOTCA TUIIL anpuopHble. Jnd onpeneneHus
OepeTcA OJJHO U3 CBOMCTB, a BCe OCTalbHbIE BBIBOJATCA U3 HEr0 CTPOIU-
MU paccy#aeHuAME. OIHAaKO ocTaeTcA AOKa3aTh, UTO CBOUCTBO, CiIyallee
omnpejieieHNeM, JeficTBUTENLHO OTBeYaeT pealbHOCTH, KOTOpasa HaM U3BECT-
Ha U3 OIbITa, OTKY/a HEOCO3HAHHBIM 0000IeHleM paHbIle U BBIBOAUIOCH
HHTYUTUBHOE MOHATHE. ITO 04YeHb Xopoio nokasan M. Muio B pa6ore, Ko-
TOpPYIO OH 3al[UTHI HAa I'yMaHuTapHoM ¢aryinbreTe B [lapuse.

BoT B Kakom HampaBieHWHM pa3BUBalach HayKa MOCIe[HUE MOJBeKa.

Toraa u noABUIAch lelad Ky4ya BbIUYPHBIX GYHKIUN, KOTOpbIE, Ka3a-
1ock Obl, cTapaluch Kak MOMHO MeHbllle TOXOAUTh Ha 06IeynoTpebuTeb-
Hble (QyHKUMM, CIyzKallue ONpejfeleHHbIM LeafaM. Bciony paspbiBHBIE, WU
e HelpepbIBHbIE, HO HUT e He auddepeHnupyemslie. . . bonee Toro, ¢ Tou-
KU 3pEHMA JOTUKYU, UMEHHO 3TH CTpaHHble QYHKIUU ABIAIOTCA Haubonee
06IIMMU; HANPOTHUB, Te GYHKIUU, KOTOPble BCTpevyaloTcA camu no cebe u
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CJIeIYIOT IPOCThIM 3aKOHAM, OKa3bIBAIOTCA JHIIb 0UeHb YAaCTHBIM CIydaeM,
U A HUX OTBOJUTCA CaMblil JalbHUN YTONOK.

B 6b1nbie 1HU, Korga u3o6peTany HOBYIO (PYHKIUIO, CIeJOBalIN KaKoii-
HubOy b npakTHdeckoil nenu. CerogHA UX NPUAYMbIBAIOT HAPOYHO AJA TOTO,
yTOoObI HAlTU NMpPOGENBI B pacCyxJeHUAX HAIIUX OTIOB, U HU JIJIA 4ero 601b-
me.

Hrak, ecay Joruka goi#Ha ObITh HallUM €JUHCTBEHHBIM Iy TeBOJUTE-
JeM B BoIlpocax obpa3oBaHMA, TO, OUEeBUIHO, HY#HO HaUMHATh IpelojAaBa-
HUE ¢ caMbIX BbIYYPHBbIX ¢yHKIuil. HaunHaomero HyHo B IEPBYIO rOJIOBY
O03HAKOMUTH C 3TON KyHCcTKamepoil. IHaue oH HUKOr[a He JTOCTUTHET Ke-
JaHHOI CTPOrOCTH, a eclyd U JAOCTUTHET, TO JUIIbL Majo-lloMany.

Bot Ha uTO0 ocynuna 6b1 Hac abconrOTHAA Joruka. JomKHbBI U MBI IpU-
HecTH el Takyio #epTBy? TakoB Bompoc, Ha KOTOPbIN A, CO CBOE CTOPOHBI,
He KonebiAch, OTBeyalo — HeT.

[IpenonaBatento, 6e3 coMHeHHA, TPyAHO ofyuyaTh paccy#IeHUIO, KO-
TOpoe He NMOJHOCTLIO ero ynoBileTBopAeT. U Ha ero B3riaaj, ckazaTb «MbI
NpUHUMaeMy, WIH «4acTo GbIBaeT, UTO», BMECTO «0UEBHUIHO, UYTO», OyJeT He
fosee yeM MaJoONpPUTOAHBIM NALIUATHBOM.

OnHako yZnoBileTBOpeHUe Mejarora He ABIfeTcA eIUHCTBEHHO Lelbio
B mpolecce o6yuyeHNf, U He06X0IUMO, IIpeH#iie BCero, MOCTaBUTh Hepe]] Co-
60l Bompoc 0 TOM, UTO NMpeJCcTaBiAeT cofoil yM y4YeHHKAa U BO UTO Kena-
TelbHO ero pa3BUTh.

30050TH YyTBEPMHIAIOT, YTO 3MOPHOHANIBHOE pa3BUTHE #UBOTHOTO 3a
OYeHb KOPOTKOE BpeMA MOBTOPAET BCIO HCTOPUIO Pa3BUTHUA AAHHOTO poja.
[lo-BuaMMOMY, yMCTBEHHOE pa3BUTHeE TaK#e MPOXOAUT MOJ00HbIe CTaAUM.
3ajjaya yuyuTelnfs COCTOUT B TOM, YTOObI IPOBECTU pasyM pebeHKa TeM IIy-
TeM, KOTOPbIM IIPOXOJU/I pa3yM ero OTIOB, YCKOPAA oNpeleleHHble 3Talbl
Pa3BUTHA, HO He NPONYyCKasa HU OJHOr0 U3 HUX. B 3ToM oTHOIIeHUn, uctopus
HayRHU JonxHa ObITh HalIUM NPOBOJHUKOM.

RKorpa yyeHur HauumHaeT cepbe3HO M3ydaTb MaTeMaTHKY, OH Iojara-
€T U3BeCTHBIMU NIOHATUA Jp00H, HENPEPHIBHOCTH, IJIOIAAN KPUBOJIUHEHHOM
noBepxHocTU. OH cuMTaeT OYeBUIHBIM, HAIPUMEP, YTO HeNpepbIBHAA GYyHK-
1A He MOKeT NIOMeHATh 3HaK, He obpamasnch B Hylb. Eciu Bbl eMy craeTe
6e3 npeaBapuTenbHoil moaroroBku: «Het, Bce 3T0 He oueBuaHO. Heobxoau-
Mo, 4To6bl A BaM 3TO JAOKasaly, — U eCld B CBOEM J0Ka3aTelbCTBE BbI
onupaeTech Ha NOCBIIKH, KOTOpble He KamyTcA emy Oollee 0UeBUIHBIMH,
YyeM 3aKJIIOYEHHe, TO UTO e Torja mogymaer 3ToT GepHAara? OH pemuT,
YTO MaTeMaTHyeckad HayKa fBIAETCA JIUIIb IPOU3BOJIbHBIM CKOIJIEHHEM
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6ecnone3nbix npemynapocteii. Torga aubo emy 3To HajoecT, 1160 OH OyJeT
3a0aBaATbLCA 3TUM KaKk UTpoit, U NpuaeT K o6pa3y MbIciell, XapaKkTepHOMY
[J1fl TpedyecKuXx coQUCcTOoB.

HanpoTus, korja yuyeHHK cTaHeT Golee NPOJBUHYTHIM, 03HAKOMUTCA
¢ MaTeMaTUYeCKUMU paccysAeHUAMHU, a pa3yM ero co3peet 6iarogaps 3To-
MY 3HaKOMCTBY, COMHEHUA BO3HUKHYT caMHU co60ii, 1 Ballle J0Ka3aTelbCTBO
npupetca keratu. OHo NpoOyAUT HOBble COMHEHUA, U BoIpochl y pebeHKa
OyoyT BO3HUKAThb OJUH 3a APYT'MM, KaKk OHM BO3HHUKAaAU y HAIIUX OTLOB,
[0 Tex NOp, NOKa ero He CTaHeT YAOBIETBOPATHL UL abCcoMIOTHad CTPO-
roctb. HegocraTouHo coMHeBaThcA BO BceM, HEOOXOAMMO 3HATh, MOUYEMY
COMHeBaelllbCA.

JTo eme He Bece. fl yme roBopui, 4YTO ¢ TOUKU 3PEHUA YUCTOU JOTHUKU
ocTaeTcA NUIIb OJIHO OCHOBHOE INOHATHE — IeJN0ro uucia, — a Bce Jpy-
rve MOHATHA ABIAIOTCA ToNbKo KoMbuHanuaAMU. Ho Mo#HO npugymaTs lie-
J0€e MHOKeCTBO MoJo6HbIX KoMOuHanuii. [louemy 3Tu, a He apyrue? Bri6op
00bACHAETCA NUIIb NMaMATbI0 00 UHTYUTUBHOM IIOHATUU, MECTO KOTOPO-
ro 3aHUMaeT AaHHaA KoMOuHanuA. Eciu 3Ta naMATb OTCYTCTBYeT, BbIOOP
nokaskeTcsA HeobocHOBaHHbIM. Tak, 4YTO6bI MOHATH TEOPUIO, HEJOCTATOYHO
KOHCTaTUPOBaTh, UTO BeAYyIIUi K Hell NyThb He IperpasjeH NpPeNATCTBU-
eM; Heo0XOAMMO OTJaBaTh cebfe O0TYEeT B IPUUMHAX, KOTOPbIE 3acTaBIAIOT
BbIOpaTh 3TOT NyTh. U BooOGIIe, MOHO 1 TOBOPUTH O MOHUMAHUU TE€OPUH,
eClId ejlaThb cpa3y #e NpuJaTh eif OKOHYaTeldbHYIO GOpMY, JUKTyeMYlOo
6e3ynpeyHoil JOruKoii, Tak, 4ToObl U clefa He ocTaloCh OT OMy:KAaHUM,
KOTOpble K Heil npuBenu? Het, 3To He Ha3bIBaeTCA MOHATH MO-HACTOALIEMY,
TaKkylo Jaike U He 3allOMHUTb, pa3Be TOJIbKO Hau3yCTh.

OcHoBHasA Llelb MaTeMaTH4eCKOI'o NpenojaBaHUA — pa3BUTb HEKOTO-
pble YMCTBeHHble CIIOCOOHOCTU, U MHTYMIMA Cpellu HUX 3aHUMaeT He IIO-
cinegHee MecTo. FIMeHHO mocpeJCcTBOM HHTYMIMHM MaTeMaTUYeCKUIl MUD
B3auMoJeiicTByeT ¢ MHUPOM pealbHbIM. U fnaske eciu uuctad MaTeMaTHUKa
cMmorJa 6b1 6e3 Hee 000HTHUCh, TO K Hell Bce paBHO NPUX0AUI0Ch Gbl mpube-
raThb, 4ToObl 3alOJHUThL IPONACTb MeEMJYy CUMBOJAMU U elicTBUTENbHOC-
Tbio. Takum obpa3oM, NpakTUKU Bcerja OyoyT HyJaTbCA B UHTYUIUU,
a Ha OIHOTO YMCTOro reoMeTpa AOM:KHO NpuxoauTbea 100 npakTUKOB.

Onnako U A1A YMCTOro reoMeTpa camoro no cebe UHTYUIUA He06X0AU-
Ma: [I0CpelICTBOM JIOTMKU [JOKa3bIBalOT, HO IPUAYMBbIBAIOT N10CPEJCTBOM UH-
Tyunuu. ! HejocTaToOYHO KPUTUKOBATh UYiKHe T€OPEMbl, Hy#HO IPUAYMBI-
BaTh HoBble. HejocTaToyHO yMeTh cocTaBlIATh NpaBUIbHble KOMOWHALUY,
HeobOxoauMo o6jajaTb UCKYCCTBOM BbIOMpaTh MeKAy BCeMU BO3MO#HBIMU
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coyeTaHUAMHU. Bhlllle A y#e roBopui, Io4eMy UMEHHO UHTYHUIMA YUYUT HAC
3TOMY HCKyccTBY. Bes Hee reomerp Obu1l Obl MoJ0GeH mUcaTeNio, B COBEp-
IIeHCTBe BiajeloleMy rpaMMaTHKOMN, HO JMIIEHHOMY HAei.

Ho rak 6bI 3Ta cnoco6HOCTEL pasBUBajiach, €Clid, CTOUT el MoKasaTheA
Ha cBeT GO;Mil, ee HACTOWUUBO NpecieqyIOT U U3TOHAIOT, €CIM yuyaT He
IOBEpATHb eil, Jame He pa3o0OpaBUIKChL elle, YTO XOPOLIEr0 MOMHO U3 Hee
u3Bjiedb?

PasBe rcKyccTBO paccy#aTh MPaBUIbHO He ABIAETCA BaMHENIINM Ka-
YecTBOM, KOTOpOe y4YuTelbh MaTeMaTUKM JOJMEH pasBUTh Hpesxsae Bcero?
fl u He mymaro 3a6bIBaTb 06 3TOM, M 3THM CjeJyeT 3aHMMATbCA C CAMOI0
Havana. OHaKo, XBaTaeT BO3MOMHOCTEN YYNTh HAUNHAIOIIUX TPABUIbHBIM
paccy#IeHuAM B TeX o6JacTAX MaTeMaTHUKH, I'le Heyno0cTBa, 0 KOTOPBIX
A roBopui, oTcyTcTBY10T. CyllecTBYeT Leblil pAl TeopeM, B KOTOPbIX abco-
JIOTHAA JIOTUKA BOLAPUIACh C POMACHUA, €CTeCTBEHHERIIUM 06pa3oM, eciiu
TaK MOMHO BBIPA3UTbCA; KOTOPbIE, TEM CaMbIM, COXPaHUIN GOPMY, IIpUAaH-
HYIO UM MEPBLIMU reoMeTpaMHu.

To, yero ciegyet u3beraTb, 3TO IPUIUPOK K MeIOYaM B U3IOMEHUH OC-
HOBHBIX MPUHIUNOB. OHU He MelIaloT HAYYUThCA MPABUIbHO PACCYy#IaTh,
eciii TONBKO M03abOTUTHLCA O TOM, 4TOOBI He MOJaTh yYEeHHWKAM JIOHHbIe
uneu. MHorga ajad 3Toro Heo6XOJUMO MHOIO TAaKTa CO CTOPOHBLI YYUTEJA.
A yacTo JOCTaTOYHO NPOCTO CKa3aTh (Kak A OOBACHAI BbIIIE): «MbI IPUHU-
Maem» BMECTO «OUEBMIHO, YTO).

Cpeau MoJOJBIX JIOfEl, MOMYyYarluX MoJHOe MaTeMaThndeckoe obpa-
30BaHue, OJHHU, BEPOATHO, CTaHyT UHAeHepaMu. OHM U3Yy4YalOT reoMeTPUIO
IJIA TOr0, 4TOOLI €10 Mosib30oBaTheA. [Ipense Bcero He06X0AMMO, YTOOBI OHU
HAy YHJIUCh XOPOIIO M GbICTPO MOHUMATHL. Yl KMEHHO B MHTYUI[UU OHU HY#H-
JaloTcd B NepBylO odepefb. JIpyrue — UX MeHbllle — B CBOIO o4epeflb,
BO3MO#HO, cTaHyT yuuTenamu. CiegoBaTelbHO, UM HEOOXOJUMO HOWTH [0
CYI[HOCTH. YTIIyOlieHHOe U TOYHO€ 3HAHWE OCHOBHBIX MPUHIMIIOB HEO6XO-
IUMO IJIA HUX npexje Bcero. Ho 3To He mpuyuHa He pa3sBUBaThb y HUX
UHTYMLUIO, TAK KaK OHU co3gaiu Obl cebe J0#HOe IpeJcTaBleHre 0 HayKe,
paccMaTpuBag ee TOIbKO C OJHOM CTOpOHbI. M KpoMme Toro, UM Obl He ynaa-
JOCh Pa3BUTh y CBOMX yYEHMKOB KauyeCTBO, KOTOPOI'O OHU CAMHU JIMIIEHBI.

fl Hanucan NOBOMbLHO GONBINYIO CTATHIO O AOCTATOYHO aGCTPAKTHOM U
o6miem Bompoce. UTo6bI 3aciy#UTh CHUCXOMEHNE YMTaTels, claelaio He-
CKOJbKO TOYHBIX 3aKJII0OYEHMUIA.

B cnenunanbHbIX MIKOJaX, a Takie B EPBOM KJjacce MOJUTeXHUYeCKOon
IIKOJIbI He clieflyeT TOBOPUTh 0 QYHKIMAX 6e3 MPOU3BOJAHBIX, a €CIU U YII0-
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MHHaTh 0 HUX, TO cO cioBaMmu: «Bo3MoxHO, Takue GbLIBAIOT, HO MBI MU He
3aHUMaeMcHy.

Rorpa yueHukam BnepBble TOBOPAT 00 UHTerpaiax, UX CleqyeT olpe-
IenfATh Yyepe3 MJOIAAU, a CTPOroe onpejielleHUe MO#HO JaTh TOJAbKO Nocie
TOro, KaK YUYeHUKH BBIYHCIAT MHOMECTBO 3THUX HHTErpaloB.



Ob OBOBIIIEHUWUN METOIJA HAROBU

Comptes rendus de I’Académie des Sciences, t. 149, p. 1105-1108
(13 decembre 1909)

N3BecTHO, YTO METO/ BapHaluy MOCTOAHHBIX I03BOJAET PEIIUTD 3a/1a-
4y IMHAMHUKH, KOTJla pellleHa ApyTrad 3ajaua IMHAMUKM — Golee npocTas’,
HO HEMHOT'0 OTJIMYaloaicd oT nepBoii. OfHaKo 3Ty Golee MPOCTYIO 3aAavy
yno6Heit pemaTh MeTooM flko6u mad Toro, 4yTo6bl YpaBHEHUA COXPaHAIU
KaHOHUYeCKYI0 dopmy. 31echb, 0JHAKO, MOKHO CTOJKHYTHCA C HEKOTOPBI-
MM TPYAHOCTAMH, KOTOpPble A OGHApY:WI, KOrJa XOTel INPUMEHUTh 3TOT
MeTOJ B TEOpUM MpeleccUd U BpallleHUA TBepAbix Tea. TaruM obpasom,
Al IocTaparch HEMHOI0 0006IUTE MeTo HKoOu.

IIycTh umeeTcA guHaMHUYecKasa cUCTeMa C 1 CTENeHAMU CBOOOMBI, MO-
JoteHle KOTOPOil onpenenfaeTcA n KoopauHatamu ;. Hazoem T KuHeTH-
yecKoii sHeprueit, U — noTeHlManbHoli 3Heprueit, a T + U = F' — noaHoi
dT
dzx]
de _dF dy _ _dF )
dt ~ dy’ dt  dx’

sHeprueii. [lonomum y; =
MUJIbLTOHA

1 3anuuieM KaHOHHWYeCKHe ypaBHEHUA la-

IIpousBeneM 3aMeHy IepeMeHHbBIX, BhIpaman T B QyHKIUU n+n' HOBBIX
IIepeMeHHbBIX ¢y, KOMOPbLL 6oAblLe Koauvecmed cmenenell c6o60dbl, U MO0~
UM, UTO
_ dar
=42,

dg;,

By,z[eM CYUTaTb, YTO BBINOJHAETCA TOMAECTBO

Zydx:Zpdq, (2)

H 4TO p CBA3aHbI Me Yy co6oit n/ TMHEHHBIMU OTHOLIEHUAMU TaK, 4TO TOJIb-
KO Me¥ [y HUMU N ABJIAIOTCA He3aBUCHUMBIMU. HazoBem ux Pa- OcraBmnecs

Pk

1I/IMelOTCFl B BUY BO3MYIIeHHaA U HEBO3MYIlleHHaA CUCTEeMBbI. — H[JHM. nepes.
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nepeMeHHbIe, KOTOpPble HA30BEM Py, OYAYT ABIATbCA GYHKIUAMU OT Pg, qq
u qp. Torga Mo#HO 3a1aTbcA BOIPOCOM — MoeT au T ObIThb BhIpaxeHa B
Bujie GYHEUMU OT p U q. PaBenctBo dT' = Y qdp, KOoTOpoe UMeeT MecTo,
Korja ¢ paccMaTpuBaeTcA Kak NOCTOAHHAaA, N03BOJNAET HaM OTBETUTh Ha
3TOT Bomnpoc yTBepauTenbHo. CienoBaTenbHo, T 1 F' MoryT GbITH BhIpasme-
HbI B QYHRUWH Py, G U Qp, U YPAaBHEHHUE KUBBIX CHJI MOkeT GbITh 3amucaHo
B BHjle

F(pa, qa, qp) = const. (3)

Ilycth Tenepb S ABnAeTcA QyHKIUEH OT ¢, U qp, ONPEIEIEHHON ypaB-
HEHUEM B YaCTHBIX IIPOU3BOAHBIX

as ~ _dS\ _
F(dqtz, Gas dpb) = const, (4)
TakK, YTO
_das _ _ds
Da = dqa’ qp = dpbv (5)

U, KpOMe TOro, 3aBUCALIAA OT 7 NMPOU3BOJbHBIX NOCTOAHHBLIX Y, (paBHOMY
yucay creneneii cBo6osl). lomoxnm

x) = % (6)

OTKY/Ja

dS =7 padg =Y avdpy + Y ' dy'. (7)

Bropoii unen sToro paBeHcTBa ABNAETCA TOUHBIM JUb HepeHInanoM, eCu Py
paccMaTpHBAaIOTCA Kak He3aBUCHMbIe MepeMeHHble U TeM 6ojee, eciu py
HONaralTcA CBA3aHHBIMU C P, TMHEHHBIMU COOTHOIIEHUAMH, O KOTOPBIX MbI
y#e ynomunainu. ComoctaBuB gopmyinst (7) u (2), MOMHO clenaTh BBIBOJ,
YTO BeIMYMHA

dS1 = ydw -y da’ ®)

ABnfAeTcA NonHbIM auddepenunanom. TompecTBo (8) nmokasbiBaer, uto Sy
ABNAETCA (PyHKIUeH TUIb OT £ U &' U, COOTBETCTBEHHO, MMeeM ypaBHeHUs

_dsy,_dSy

dz ’ Z/=W7 (9)
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KOTOpbIe onpefendoT ¢’ U y' B 3aBucuMoct# oT z U y. OTHomeHue (8) mo-
Ka3bIBaeT, UTO 3aMeHa [IePeMEHHbIX ABIAETCA KAHOHUYECKON U He U3MeHA-
eT KaHOHHYeCKYIO GopMy ypaBHeHuil. TakuM o6pasoM, A Hawel MepBoii
IpOCTOii 3a4a4yy NOIYYNM YypaBHEHNA
!
de/ _dF dy _  dF

dt ~ dy”’ dt —  dz”
KOTOpbIe Cpa3y MHTErpUPYIOTCA, MOCKOAbKY F' 3aBUCHUT Toabko oT y'. Jias
MoJyuYeHUA ypaBHEHUI MoNHON 3amauu 3aMeHuM F' Ha F'*:
do’ _ dF*  dy' _ _dF*
dt dy’ T dt dz'’

HpI/IMeHI/IM 9TOT MeTOo B TEOPHU IpenecCcuu. HOJIO}‘-KI/IM
F*=T+U, F=T,

npuueM U 6GygeM cUMTaTh CylecCTBEHHO MeHbIueil, yeM T'. XoTA numeerca
TpU CTelneHu cBo6ObI, BbiGepeM 1+ n' = 5 KOOpAMHAT, KOTOPbIE AHAJIOTHY-
HbI HAIIUM TepeMeHHbIM ¢. OHU MUMEIOT clefyIoNuil CMbICH:

1° ¥Yron ¢ memay miaockocTbio OPz, npoxojdieil yepe3 MOJBUAHYIO
ocb Oz u npousBoibHYIO ock OP, u noaBu#HON miockocTbio Oyz.

2° Yron ¢ Mmemay noaBusHoit ocvio Oz u ocbio OP.

3° Yron x Memay miockocThio OPz u miockoctbio OPZ, roTopas
npoxoauT 4yepe3 ocb OP u HenoaBumHYyIo ock OZ.

4° Yroa w memay ocavmu OP u OZ.

5° VYroa 6 wmemay miockoctbio OY Z W HenoABUMKHONM INIOCKOC-
10 OY Z.

[lepemeHHbIe p onpenenaum B hopMe

p_dl §_dl  o_dT o _dT o_dT
dp’ dy"’ dy'’ dw'’ de’

OHU npeACcTaBIAIOT MOMEHTHI BpalleHuA OTHOCUTeNbHO ocu Oz, TepIeHau-
rynapa kK POz, orHocutenwsHo OP, nepnenaukyiapa K miockoctu POZ,
U, HaKoHell, oTHOcUTelbHO OZ. Tenepb MoHO BbIpa3uTh 1’ Kak QYyHKIHUIO
0T TMepeMeHHbIX @, ¥, 0, w, x, Y, G, ©. BBoad npousBogAiyio ¢pyHKIuO S,
He M3MEeHSAA MPU BTOM MOCTOAHHBIX ¥, MONYYUM

dS = ®dp+Gdx +0do — pdy — wdS. (10)
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Heo6xoaumo onpenenuts ¢, G, ©, ¥ u w Tax, yTo6s! npaBas yacthb (10) 661-
1a TouHbIM auddepennuaiom u urobsl dyuruua T (p, ¢, 0, w, x, ®, G, ©)
IPUBOAKIACH K MOCTOAHHOMN. IIpu 3TOM pelleHne J0J#HO 3aBUCETh OT TPEX
NPOU3BOJbLHBIX MOCTOAHHBIX. ITOrO MOHHO JOOUThLCA, MOJIOKUB

1) = const, w = const, G = const, (11)
® = G costp = const, © = G cosw = const.

Temnepb erKo BBECTH TPU MPOU3BOJIbHBIX HE3aBUCUMbIX MOCTOAHHBIX G, ¢
u © U1 NoNy4YuTh

_ S _g (A-0
S =dp+Gx+ 00 — ¥ — wd, T—2A+ 9AC

(A u C ABIAIOTCA IBYMA MOMEHTaMU MHEPIUU 3eMiIH).

Yenosus (11) o3HauaioT, uto PO fBAfAeTCA 0CbI0 MOMEHTA BpalleHHA.
U3 3Toro cienyer, uro

=0=0, S=%p+Cx+ 06.

Ilepemennsie @, G, © BbICTYmalOT BMeCTO IepeMeHHOl y', cileJoBaTelbHO
p= %, nepemMeHHbie Y U 6 urpatot ponab z'. Takum oGpasoM mecTh nepe-
MEHHBIX yIOBIETBOPAIOT KAHOHUUYECKON cucTeMe, M I HEKOTOpPOH (QyHK-
nuu F* =T + U umeem

dx _ dF*  dp _dF*  df _ dF*
dt dG’ dt dd’ dt doe’
dG _ _dF* d® _ _dF* dO _ _dF*

dt —  dx’ dt de’ dt —  df’

Ina nepBoit npocToii 3agauu, 114 kotopoit F' = T, morydum

—:COHSt, dso_d—T—A_C(I):C()nst, d_o—d_T_O’

dt — dG A dt — dop  24C dt — d®
dG _ _dT _, d® _ _dT _ 4o _ _dT _

dt dy 7 dt dt,o_O’ dt —  df

dx _dr _ G



O IEPUOIUYECRKRUX PEINIEHUAX U
IMIPUHIIUIIE HAUMEHBIIIETO JEVICTBUA

Comptes rendus de I’Académie des Sciences, t. 123, p. 915-918
(30 novembre 1896)

Teopusa nmepuoanyecKUX pelleHUil B HEKOTOPBIX CIydyagX MMeeT OTHO-
IleHUe K NPUHIUIY HauMeHbIIero geiicTBUA.

PaccmoTpuM Tpu Tena, JBUraiomueca B INMOCKOCTH U NPUTATKUBaIOLINe-
cA ApYT K ApyTy oGpaTHO MPONOPIMOHAILHO KYOy paccTOAHUN Uinu 60biieit
cTeneHU 3TUX paccTofHuil. O603HaYUM 3T TpU Tela GykBamu a, b, c.

Kunetuuecras sHeprua 1" u cunoBas ¢yHruua U ABrAlOTCA cylecT-
BEHHO NoJ0xuTenbHbIMU. CunoBas pyHkuua U paBHa cyMMe UIeHOB (OPMbI

’
km:ln , e k — monouTeNbHaA INOCTOAHHaA, m U m' — Macchl OBYX Tell U3

JaHHBIX TpeX, r — paccTOAHUE Me#Jy HUMH, a n — I[oKa3aTelb CTeleHH,
10 KpailHell Mepe, paBHBI OBYyM.
IIpu stux ycnosuax geficteue no ['amuibToHy

J:]I(T+U)dt

to

OyIeT cyleCTBEHHO NOJOMUTENbHBIM.

PaccmoTpuM Kiacc TpaekTopuil HamUX TpexX Tel a, b, ¢; 3To GyAyT
(GUKTUBHbIE TPaeKTOPUH, He YIOBIETBOPAIONINE yPaBHEHUAM JBUMEHUAL.
Onnako, oHM OYOyT YOOBIETBOPATH CIEAYIOIUM YCIOBUAM:

1) B MoMeHT BpeMeHH ¢; PacCTOAHUA TpexX Tel OyAyT TaKUMHU jKe, Kak
B MOMeHT tg. CKopocTH 6yAyT OJMHAKOBBIMU MO BeIWYMHe U GyAyT obpa-
30BBIBAaTh OJJMHAKOBBIE YTIIbI CO CTOPOHAMHU TPeYTrolbHUKA, COCTaBIEHHOI0
u3 tpex Tel. [I[pyrumu cioBamu, ¢purypa, o6pasoBaHHasg TpeMA TelaMu U
NPAMBIMHU, KOTOPbIE MPEACTABIAIOT UX CKOPOCTH, NPUOOPEeTaeT B MOMEHT

13pech peub UAET 0 BOBMOMHBIX (MM KMHEMAaTHUECKH JOMYCTUMBIX) JBUMEHUAX. —
IIpum. nepes.
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BpeMeHHU ¢ Ty e GopMy, KOTOPYIO OHA UMejla B MOMEHT BpeMeHU ty. UHaue
rOBOpA, PACCTOAHUA MEMIY TpeMdA TelaMu OyoyT MepHoandYecKUMH GyHK-
LUAMU OT BpeMeHHU nepuona t; — lop.

2) Mlpamas be yepes nepuon to, t1 GyJeT UMeTh yTod wy ¢ abCOMIOTHOMN
NPAMOH.

3) llpaMan ac yepe3 TOT e mepuon GymeT UMeTh yroia wy + 2Kom,
rae K, — 3agaHHoe 1leloe YuCIIO.

4) Tlpamasn ab 6yneT uMeTsb yroa wy + 2K3m, rae K3 — 3angaHHoe 1enoe
qpucnol.

TakuMm o6pa3om, Kiacc GUKTUBHBIX TPAeKTOPUIl onpeaendeTcHd TpeMA
BellleCTBEHHbIMU NPOU3BOJLHBIMU MOCTOAHHBIMU tg, {1 U w1 U ABYMA le-
JIBIMU IPOU3BONbHBIMU ynciamu Ko u Kj.

HNefictBue no ['aMUIbTOHY, KOTOPOE HE MOMKET CTAaTh OTPULATEIbHBIM,
OyleT JomyckaTh MUHMMYM U, HA OCHOBAHUM NMPHUHIMIIA HAUMEHbIIEro aeii-
CTBUfA], TPAaeKTOpUA, KoTopasa OyleT COOTBETCTBOBAaTb 3TOMY MUHUMYMY,
JOJHA ABIATbCA JeHCTBUTENbHOU TpaeKkTopuell U YAOBIETBOPAThL ypaB-
HEHUAM IBUKEHUA.

dTa JeficTBUTeNbHAA TPAEeKTOPUA, MO ONpeJeieHHuIo, OyJeT COOTBET-
CTBOBATh IEepPHOAUYECKOMY pelleHHIo 3aJadl, ¢ IepHoJoM ¢, — to.2

Hama nenp — [qokasaThb, 4TO B KamOIOM Kiacce GUKTUBHBIX TPaeKTO-
puil ecThb OJIHa, KOTOpPaAd COOTBETCTBYET MUHUMYMY ZAeiicTBUA o ['aMuib-
TOHY U, clle[oBaTelbHO, IEPHOANYECKOMY pellleHHIO.

1A 3TOr0 AOCTAaTOYHO NMOKAa3aTh, UTO €CJIM Halla GUKTUBHAA TPaeKTo-
pusA OyJeT HempepbIBHBIM 06pa3oM MEHAThCA, TO OHA He CMOMKET IepelTu
13 OJHOT0 KJacca B JpyToit 6e3 Toro, yTobs! feficTBUe No ['aMunbTOHY cTalto
6eCKOHeYHbIM.

JeficTBUTENbHO, IEPEX0/] U3 OZHOTO Kiacca B Apyroii IpousoiigeT Tor-
Ja, Korja aBa TeJja 13 3THX TpPeX CTONKHYTcA. Eciu, HanpuMep, a u ¢ cTan-
KUBaloOTcA, TO K paccMaTpuBaemoit Tpaektopuu 1’ 6yayT 6eckoHeuHo 61U3-
ku e apyrue T’ u T". daa T' teno a mpoiger oyeHb GIU3KO OT ¢, HO
cupasa. [lna T" oHo mpoiifeT Takie GIU3KO OT ¢, HO cneBa. flcHo, uTO Ie-
able unciaa Ks, KoTopble cooTBeTcTBYIOT T’ u T, 6ynyT oTinyaThea Ha

equHuny.

1Bo Bcex cillyyaAX UMeeTCA B BUAY YTOJ C OJHOI U TOif #e HeroJBUHHON B MPOCTPaH-
cTBe npAMoil. — IIpum. nepes.

20TMeTHM, UTO GoJlee TOUHO peub UET O NIePUOANYECKUX ABUAEHUAX B IPOCTPaHCTBE
OTHOCHUTEJbHBIX MOJ0MeHHi Tea. B abcolaroTHOM NpocTpaHCTBe Tela MOTYT He BO3Bpa-
maTbCcA K UCXOOHOMY moioskeHuto. — Ilpum. nepes.
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OTMeTuM Tenepb, YTO €CIH @ U ¢ CTATKUBAIOTCA, TO JelicTBUe GecKo-
HEYHO.
HleficTBuTenbHO, HAelicTBue GyIeT TOro ke MOPAJKA BENUYUHBI, UYTO

u [2Udt, unu [2vU dr, unu 2kmm’ [ d—g, T.e. JgelicTBue Oyner Gecko-
r2

HeuHbIM npu n > 2. Eciy, Kak MBI mpepnonaraem, NpUTAMeHHe 06paTHO

IIPONOPIHOHANLHO Ky6y paccTOAHMMH, To n = 2.

Wrak, B Kam/JAoM Kjaacce NoJeH ObITh MUHUMYM deficTBua. Clenosa-
TellbHO, TaM JI0J#Ha ObITh U AeficTBUTENbHAA TPAeKTOPUA, COOTBETCTBYO-
masA NepruoJAnYecKoMy pelleHHIo 3a1adu.

RKampjoMmy Habopy BelMuMH ABYX NPOM3BOJLHBIX MOCTOAHHBIX t; — to
U w;, 8 Tak#e KamJoMy Habopy BeNMuMH ABYyX Hedblx uucen Ko u Ks
COOTBETCTBYET NePUOJNYECKOe pelleHue.

OueBU/HO, YTO Halle JOKAa3aTelbCTBO MPUEMIEMO TOJNbKO TOT/a, KOT-
1a OpUTAMeHHe 1A OueHb MaJbIX PACCTOAHUI TAKOro Hie MOPAJKA, KaK U
obpaTHaA BelMuMHa Ky6a paccTogHUA, 1u60 Gojlee BLICOKOTO MOPALKA.

Bo Bcex aTuX ciayyaax 6ygeM UMeTh GeCKOHeYHOe KOJIU4ecTBO Nepuo-
JAMYeCKUMX pelleHHit.

OnHako, B ciiyyae HbIOTOHOBCKOTO 3aKOHa JeficTBHe Goiblie He o6pa-
maeTcA 6eCKOHEUHOCTh, KOT/la 1B Tella CTAIKHBAIOTCA. 3/leCh MbI He MO-
#eM Gollee yTBep#AaTh, UTO B Kam10M Kjaacce cyllecTByeT NepuoudecKoe
pelienmue.

Heo6xo11M0 OTMETHTh, YTO Ka#/0il BelnuuHe Nepuoa ¢, — ty U Kas-
1ol BevuKHe yria wy (Ipu 3TOM 1Ba 3HaYeHUA, KpaTHble 27, He CUUTAIOT-
CA pasIMYHbIMHU) COOTBETCTBYET Nepuoandeckoe pemenue. Jlaa crenyromeii
3a7a4d MOHO ObLIO ObI NOJYUYMTh aHAJOTHYHbIE Pe3ydbTaThbl: HpPeaNoo-
#MM, 4TO 3aKOH TATOTeHUA coBNajaeT ¢ 3akoHoM HbloToHa, Korja paccTo-
AHKe 6oJblIe Malol BeIUYHMHEI €, U ¢ 3AKOHOM 06pPaTHOTO Kyba paccTOAHMI,
KOrjJla paccTofAHWe MeHblle, yeM €. Torma, KpoMe ciydas, Korja aBa Tena
M3 Tpex MpUGIMAAIOTCA APYT K APYTy (B 3TOM ciyyae IBUMEHHE BO3MY-
IIEHO HA MaJloM OTPe3Ke BpeMeHM), TPAeKTOPUHU OYAYT TAKUMHU e, YTO U
3akona HeioTona. Takum 06pa3om Tpefibliyliee pacCMOTpeHHe TPUMEHHMO
K MoauduLupoBaHHoi 3amade. OfHAKO pe3yiabTaThl A1A OObIUHOM 3agaun
Tpex Tell He MOT'yT 6bITh CTOJb MPOCTO HOJNYyUYeHbl aHATOTMYHBIM 06Pa3OM.



O IEPUOJUYECRKRHUX PEIITEHUAX U
NPUHIIUIIE HAUMEHBIIIETO TENCTBUA

Comptes rendus de I’Académie des Sciences, t. 124, p. 713-716
(5 avril 1897)

PaCCMOTpI/IM AOABUMYUIYIOCA TOYRY Ha IIJIOCKOCTH. ypaBHeHI/IH JOBUMHE-
HUA MOT'YT ObITh 3allcaHbl cilelyromnum o6pa30M
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rae U aBnsetcd cunoBoit pyHKuueii. Hareit enbio ABNAeTCA U3yyeHUe Te-
pUOAMYECKUX DpelleHNil 3TUX ypaBHeHUIt ¢ HOBOIl TOuku 3peHUA. TpaekTo-
puf, KOTopad COOTBETCTBYET IEPHUOJUUECKOMY pelleHuIo, Oy1eT 3aMKHY TOM
kpusoit (T).

Raxpomy nepuoguyeckoMy pelieHuIo OyIyT COOTBETCTBOBATh ABa Xa-
paKkTepPUCTUUYECKUX NOKa3aTesAd — paBHbIEe 110 BeJMUYUHE U NPOTUBOIOJOM-
HbIe 10 3HarRy. Eciu 3Tu [Ba nokasaTesf ABIAIOTCA MHUMBIMU, TO IEPUOIU-
yecKoe pelleHue 6yaeT ycToituuBbIM. Eciu oHU ABAAIOTCA AelicTBUTENbHBI-
MM, To pelileHUe 6yeT HeycTouuBbIM. [IpruMeHeHe TpUHIIUTIA HAUMEHbIlle-
ro JeficTBHA NpUBeJeT HAC K pacllMpPeHUIO 3TOi KilaccuduKanuy, B KOTOpoi
O6yAyT pasauuaThbCcA [Ba BUJa HEyCTOWYUBBIX pelleHuid.

Ilo npunnuny MonepTiou U3BeCTHO, YTO UHTerpai

J=/\/U+hds,

Has3bIBaeMblii delicmeuem, ABIAETCA HAUMEHBIINM ANA TPAaeKTOPUU, YIOBIIe-
TBopHAOLell ypaBHeHUuAM (1), 10 cpaBHEHHUIO ¢ GECKOHEYHO GIU3KUMH KpH-
BbIMH, B OKPECTHOCTHU 3TOT'0 3KCTPeMyMa. ITO BepHO AJA JBYX dKCTPEMY-
MOB B OKpecTHOCTHU Ka#joro u3 Hux. Ho, Boo6ie, HaM MU3BeCTHO MUIIb TO,
4yTO mepBas Bapuauud d.J uHTerpana J paBHAETCA HYIIO.
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dTo ycloBue ABIAETCA HEOOXOAMMbBIM, HO HEJOCTATOYHBIM [JA TOrO,
4TO06bI UMEICH MUHUMYM.

Ecnu nmpogonmath ob6cy#ieHne, To Heo6X0JUMO NPUGETHYTh K MOHA-
THUIO KUHETHYeCKUX (OKYCOB, ONpe/ieNeHie KOTOPhIX MbI ceifuac HamOMHUM.
Ilycts M — Touka, pacnonoxennas Ha Tpaestopuu 1. lIpoBenem uepes aTy
TOYKY JIPYTYIO TpaeKkTopulo, 6eckoHeuyHo 6nu3kyio K 1. Eciu aTa TpaekTto-
pua nepecekaet T' B Touke M', To Touka M' Gynget porycom Tousu M.

N3yueHue KuHeTHUYeCKNX GOKYCOB B CIyYae MEPUOJUUYECKUX PelIeHUl
MNPUBOAUT K CIEAYIONUM pe3ynbTaTaM.

CHauaJa Moo uM, YTO epruoanveckoe perieHue ycroituuso. [lycth s —
Iyra cOOTBeTCTBYIOIIei 3aMKkHyTo# Tpaektopuu (T'), ucxoafiian U3 HEKO-
Toporo Havana, a S — obiad aauHa 3Toit TpaekTopuu. CyliecTByeT Mo-
CTOAHHO Bo3pacrammas GyHruua f(s), yBeanuuBawomasca ot 0 1o 27 npu
InuHe s, BozpacTatomeii ot 0 10 S, Takas, 4To

F(s+8S) = f(s) + 2.

CooTHoIeHre Me#ly BeIMYMHON IyTH S, COOTBeTCTBYylomeil Touke M Tpa-
extopuu (T') u BenuumHoi s', cooTBeTCTBYOMEH cBoeMy dporycy M', umeer
BUJ

f(s") = f(s) + const.

Eciu neprnoandeckoe peleHne HeycTORYNBO, TO pa3iyaloTcA ABa ClIy-
yaf:

1) peurenne GyIeT pelleHHeM IepBOro BHJa, ecId HU OJHA U3 TO-
4eK TPaeKTOpHU He MMeeT (okryca. Torga TpaeKTOpuH, COOTBETCTBYOIIHE
acHMITOTHYECKUM peIleHUAM, OyAyT CIUpalbHbIMU KPUBBIMHU, 0GBHUBAIO-
muMHucA BOKpyr TpaekTopuu (1) U NpuOIMKAOMUMCA K Heil aCUMNTOTH-
Yeckd. BUTKM 5Toii cnupanbHoOil KpUBoOii He NMepecekaloT TpaekTopuio (T')
M He IlepeceKaloTCA Mexay co0oil, 10 KpaiiHell Mepe, eCli OrpaHUYHThCA
YacThlO KPUBOIli, KOTOpas He cIuKoM ypanaercs oT (T);

2) omHaKO, MOeT NpeJCTaBUTbCA U JAPYTOil cilyuail, B 3TOM Clydae
FOBOPAT, YTO HEYCTOWYHBOE MEPHOAMYECKOEe pellleHHe ABIAETCH pelleHN-
eM Broporo Buga. Ilpu stom 3amknyTasa kpusaa (T') GyneT pasjeneHa
Ha veTHoe umcao ayr. Ilyerb 2p GymeT TakuM 4YeTHBIM YHCIOM, a Ay,
Ay, ..., Agp_1 — Toukamu genenus. [Jocturas 6oibleil CHMMETPUH B 060-
3HAYeHHAX, MbI [/l OJHOI U TOii e NPOU3BOILHOI Toukn A, Gy1eM UMeTh
GeCKOHEUHYI0 N0CIeJ0BaTeNbHOCTh CUMBOIOB Aq, Agiop, Agtap, - - -

[l Touer JeNeHUA NMpe/nonaraeTCA BBIIOJHEHHUE YCIOBHIA:
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1°. Toura Agy1 ABIAeTCA QOKYyCOM TOUYRH Ag.

2°. Ecnu Toura M HaxoautTcs Ha gyre Ag, Agi1, TO ero ¢oryc GyneT
HaXxoluThbeA Ha gyre Agyq, Agyo.

3°. llyectb M; — doryc Touku M, Ms — BTOpoil ¢oryc TOoU-
ku M, 1.e. poryc Touru M;, a My — ¢-ii doryc Touku M. Eciu Tou-
Ka M HaxoguTcAa Ha gyre AgA;, To Ha Heit GyAyT HaXOAMTCA M TOY-
B Moy, Myp, ..., Magp, ... 1 3TH TOUKH OyAyT 6€CKOHEYHO U NMOCTOAHHO
npubnumaTbCA K OOHOM U3 Touek Ag uian Aj.

4°. Ha myre AgA; wmeerca Touka By, KoTopad coBIagaeT cO CBO-
uM 2p-M ¢dorycom u, korjga k 6yaer cTpeMUTbCA K +00, TO Touka M_agp
OyneT GeckoHeuHO MpubaumaTheA K By.

TakuMm oGpa3oM, acUMITOTHYECKHe pelleHUd IpeJCcTaBlIeHbl KPUBbBI-
MM, KOTOpPble UMEIOT OTIUUYHYI0 (HOpMY, KaKk B NpeJbIAYIIEM clydae: OHU
GeCKOHEUHOe KOJNMYeCTBO pa3 mepecekatoT kpusywo (T), ¥ TOYKH Nepece-
YeHUAl UMEIOT B KauecTBe MpelelbHbIX TOUEK TOURY Ag 1 ee GORYChI WK
TouyRry By ¢ ee porycamu.

YcTaHOBUB 3TO, YKaKeM JIBa MOMEHTa, Ha KOTOpPbIE clleyeT 00paTuTh
BHUMaHUe:

1) HeoGxoauMoOe 1 I0CTAaTOYHOE YCIOBHE TOTO, YTO MEPUOJUYECKOE pe-
eHue, IpeJcTaBleHHoe 3aMKHY TON KpuBoii (1) COOTBETCTBYeT HauMeHb-
meMy JeHCTBHUIO, COCTOUT B TOM, YTO BCe 3aMKHYThIe KpUBbIe H€CKOHEYHO
61M3KU. ITO UMEHHO TO YCIOBUE, IPU KOTOPOM pellleHue ABIAETCH HEYCTOM-
YUBBIM pelIeHUeM MePBOro BUJA;

2) npeanonokum, uto ¢yuruua U u nepBoHavaibHbIE YCIOBUA [BUHiE-
HUA MEHAIOTCA HelpepbIBHBIM 06pa3oM, U YTO paccMaTpuBaeTcA Nepuoau-
YecKoe pellleHHe, KOTOPOe MEHAETCA TaKMe HelnpepbIBHBIM o6pasoM. Ilpu
3TOM HEBO3MO#{HO HelocpeACTBEHHO NepeliTH 0T HeyCTOHUMBOro pelleHus
EepPBOro BUJA K HEYCTONYMBOMY pelleHUIO BTOporo Bujaa. MomHo Oymer
JUIIb TepeiiTU OT HEYCTONYMBOrO pelleHUuA OHOr0 U3 ABYX BUJOB K yCTOMN-
YUBOMY pellleHulo, 1160 Hao60poT.

To, uTo MBI yKa3aiy, NPUMEHUMO 0e3 UBMEHEHUA A clIydyad OTHOCHU-
TEJIbHOTO [BUMEHUA.

IIpennonoxum, 4To NMOABHMHAA TOYKA paccMaTpuBaeTcfi B cUCTeMe
IBYX TIOJABHMHBIX Ooceil, IPUBOJUMBIX B [BU#EHHe PaBHOMEPHBIM Bpallle-
HUEM ¢ YTJIOBOi ckopocThio w. Torja ypaBHeHUA ABUMEHUA OYyAYT cieny-
IOIUMHU

dz o dy _ dU d*y dz _ dU
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IIpu sTom B cunoBoit pyHrnuu U uMeeTcA YiieH, IPOUCXOIANINIT OT 0OBIYHOM
HeHTPOGEKHOI CUITBI.
NHTerpan :uBBIX cUI UMeeT BUJ

(%) (%)) =v+n
2\\ dt * dt =U+h
a BbIpameHue HeﬁCTBHH MOMHO 3anucaTthb cilelyrlnumM Oﬁpa:}OM

J = /[dS\/U—i-h-l-w(a:dy —ydx)].



NIOEU T'EPIIA B MEXAHURE

Revue Générale des Sciences, t. 8, p. 734-T743
(30 septembre 1897)

B 1890 roay Benukuii 3ieKTpoTexHUK I'epll JocTUr amnoref cBoeil cia-
Bbl. Bce eBpomeiickue akageMuu He aneiu 1A Hero HUKakux Harpan. Bee
HaJeAIUCh, YTO €ro #IyT ellle JoJTue T'oJbl, U UTO OHU GYyAyT TaKUMU 3Ke
GecTAIIMMU, KAKUMU ObLIU ToAbI ero aebiora.

K comanenuio, 60j1e3Hb, OT KOTOPO eMy CY##JIeHO GbLIO Tak NMpexje-
BpeMeHHO YUTH U3 #U3HU, yKe Iopasuia ero U Mo4YTH MOJHOCThIO MPHUO-
CTaHOBUJIA €ro AKCIepUMeHTalbHYIO JeATelbHOCTh. EBa 11 y Hero O6bLIO
BpeMsA Ha o0opyJgoBaHUe ero HOBoil ndaGopaTopuu B Bonne. Bone3nb nome-
majna 3TOMY W JUIIWJIA €ero U Hac OTKPBITUIl, KOTOpble OH HajeAlcA Tam
caenaTh.

OH ellle oka3bIBajl OrPOMHOE BIIMAHKE Ha GU3UYeCKUe HAYKU U paGoTal
C YYeHHKaMU, HO CBoe cOOCTBEHHOE OTKPBLITHE 3a 3TOT IEPHOJ COBEPUINII
TOJIBKO OJIHO. JTO ObLIO OTKPBITHE PyHAAMeHTalbHOU BasHOCTHU: MPO3pay-
HOCTb aJIOMUHMA IJIA KaTOJHBIX JTy4eil.

Ho 6ynyun Tak ecTOKO OorpasJeHHBIM MPUPOMAOH OT HCCIel0BaHU,
CTOJb BasKHBIX AJA HEro, OH He ocralcA Oe3leATelbHbIM. Eciu omymenus
U U3MEHANHN €My, TO ero yM paGoTal Mo-NpesHeEMY, U CIYKUI eMy B Ty-
6oKUX bunocobCcKUX pasMplLieHUAX o Mexanurel. Pe3ynbTaTel 3TUX pas-
MBIIILJIeHU 6b11U onyOauKoBaHbl B COUMHEHUAX, BBIMIEAIIUX Y#e MOCIe ero
cMmepTu. B 310l cTaThbe A X0Ten Obl BRpaTLEe UX U3JNOMUTb U 0OCYAUTh.

IIpempe Bcero I'epni KPUTUKYET J[Be OCHOBHbIE CHUCTEMBI, CYIIECTBO-
BaBIlI€ K TOMY MOMEHTY, KOTOpble MbI GyJeM Ha3bIBaThb KJIacCHYECKOU U
sHepretruueckoit cucremamu. Kpome toro I'epi mpeanaraet TpeTbio cucTe-
MY, KOTOPYIO Ha30BeM cucTeMoii ['epua.

!BLiienleHnA B TeKCTe MPOMUCHLIMU GykBaMM npuHaanesat Ilyankape. — ITpust. ne-
pes.



I. Kaaccuuecrasn cucmema 37

I. Rnaccuueckasa cucrema

1. Onpepnenenuie cuabl. llepBas monbITKa coriacoBaHuA HabmIioje-
HUI MeXaHUKU HasbIBaeTcA k.aaccuieckoll cucmemotl. Ilo ciosam I'epiia, aTo
«BelIMKasA KopoJjleBcKafd Jopora, OCHOBHble CTaHIUM KOTOPOIl HOCAT MMeHa
Apxumena, IN'anuneda, Hoiotona u Jlarpanma. OcHoBHbIE MOHATUA, HAX0MA-
muecA B OTIIPABHON TOYKe, 3TO MOHATUA NPOCMPAHCINEA, 8PEMEHL, CUAbL U
macco. Cuna B 3TON cuCTeMe paccMaTpHBaeTCA KaK IPUYMHA [JBUMEHUA.
OHa mpeAmecTBYeT IBUMEHUIO U CYIIECTBYET HE3ABUCUMO OT HETO).

[lonbiTaemcsa Tenepb 06bACHUTE, TOYeMy ['epiia He yOBIETBOPAIO Ta-
KOe paccMOTpeHUe.

IIpesne Bcero MbI cTalKMBaeMcA € TPYJHOCTAMU NPU ONpeleNeHUU
OCHOBHBLIX moHATHH. UTO Takoe macca? — ITto, orBevaeT HbroToH, mpo-
u3BejleHHe o0beMa Ha MIOTHOCTb. — DBblio 6kl dy4llle cka3aTb, 0TBEYAIOT
Tomcon u Ta#T, 4TO MIOTHOCTL — 3TO KO3Gh(PUIMEHT [eleHUA Macchl Ha
o6beM. Uto Ttakoe cura? — JTo, oTBevaeT JlarpaH:k, NpuuKMHA, BhI3bIBAlO-
man WU NbITAIOMAACA BbI3BaTh JABUMEHUe Tela. — Kupxrod craeT, 4TO
9TO Ipou3Be/leHUe Macchl Ha yckopeHue. Ho, B TakoM ciryyae, moyemy Gbl He
CKa3aTb, YTO Macca ABIAETCH YAaCTHBIM OT JIeIeHUA CHIbI HA ycKopeHue?

9TH TPYAHOCTU HEMCKOPEHUMBI.

l'oBoputh, uTO cuina — 3TO NMpPUUUHA [BUMEHUA, 3HAYUT 3aHUMAaTh-
cA Metadusukoii, U 3To onpejeleHye, eclI UM JOBOIbLCTBOBaThcA, OBIIO
6b1 abconoTHO GecrogHbIM. UTOGBI onpeaelneHne HA YTO-TO T'OAMIOChH, OHO
JOJM#HO YYUTh Hac Mepums cuay. JTOTo, BIPOUYEM, yike J0CTaTOUHO, U BOBCE
Heo0A3aTelbHO, YTOObI OHO OTHOBPEMEHHO 06'bACHANO HaM, YTO NpeJCcTaBIfA-
eT co0oil cuna cama no cebe M ABIAETCA IU OHA NPUYUHON WIU CleICTBUEM
IBUKEHVA.

Takum o6pasom, cHavala HeoOXOOUMO ONpPENENUTh PAaBEHCTBO IOBYX
cui. O paBeHCTBe ABYX CHJ MOKHO T'OBOPUTH B clyuae, Korja IpUIIOKEH-
Hble K OJHON U TOIl e Macce, OHU NepelaloT eff OJMHAKOBOE yCKOpPeHUe
WU, KOrja fABIAACH NPAMO IPOTUBOIOIOMHBIMU APYT IPYry, OHU ypaBs-
HoBelluBaloTcA. JTo omnpejeleHre obMmaHunBo. Henb3sa «oTuenuThby cumy,
NPUIOKEHHYIO K OHOMY Tely, YToObl NMPUMEHUThL ee U K IpPYyroMy Tely,
Kak OTLEIAIT JOKOMOTUB, UTOObI NPULENUThL €ro K APYroMy COCTaBy.
CrnenoBaTenbHO, HEBO3MOMHO y3HAaTh, KAKOE YCKOPEHUe AaHHafA cuia, Mpu-
JoeHHaA K JaHHOMY Tely, nepeaana 6bl ApYyromMy Tely, ecau Obl OHa Oblia
npuno;keHa K HeMy. HeBo3MOHO y3HaTh, Kak Belu Obl ceOA ABe CHUIBI, He
ABIAIOMINECA NPAMO IIPOTHBOINOIOKHBIMYU, ecal 6bl OHU CTalIU MPAMO MPO-
THBOIOIOMHbI.
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NmenHo 3To ompejeneHue NbITAIOTCA MAaTepUaIn30BaTh, €CIU MOHHO
TaKk BBIPA3UTbCA, KOTa CUia U3MepAeTCA JUHAMOMETPOM WU KOorja oHa
YPaBHOBEIIMBAETCA KaKUM-HUOYb rpysoM. HBe cuabl, F' u F’', Koropeble,
HONOKUM JIJI MPOCTOTHI, ABIAIOTCA BEPTHKAILHBLIMU U HalpPaBIEHHLIMU
CHM3Y BBEpX, NpuMeHAOTcA K AByM Tenam, C u C' coorBeTcTBenHo. [loa-
BecuM Teno P cuavana k Teny C, satem & Teny C'. Eciv paBHOBecue uMeeT
MecTo B 060UX CIyyasX, TO MOMHO clelaTh BbIBOM, 4TO ABe cuibl F' u F'
ABIAIOTCA PaBHBIMU MeMAYy co00il, NOCKOJIbKY OHM 00e PaBHAIOTCA Becy
Tena P.

Ho yBepeHb! 11 MbI B TOM, 4TO Teno P coXpaHWIO TOT e Bec, KOr-
Ja Mbl [IepPeHec]H ero ¢ nepBoro Tena Ha BTopoe? OTHIONb, Mbl yBepeHbl
6 o6pamnom. MbI 3HaeM, UTO culla TAMECTU B Pa3HbIX TOUKAX pa3iuvHa,
K IpHUMepy, Ha Tofioce oHa 6obiie, 4eM Ha sxBaTope. HecomHeHHO, pa3Hu-
11a OUeHb MaJja, ¥ Mbl He IPUHUMAaeM 3TO BO BHUMaHUe Ha npakTike. OnHaKo
HpaBUILHOMY OIpeJeleHHIO clieJoBalo Obl UMeTh MaTeMaTUYEeCKYIO CTpPO-
roctb. Takoii cTporoctu HepoctaeT. To, YTO MBI TOBOPUIU O Bece, OUEBU/I-
HO, PaBHO IPUMEHUMO K CUJie YIPYTOCTH NPy UHbI JUHAMOMETPa, KOTOPYIO
MOT'YT U3MEHUThL TEMIEPATypa U MHOKECTBO JPYTUX 06CTOATENbCTB.

JTo emle He Bce. Henb3Aa ckaszaThb, uTo Bec Tena P npuiosxeH k teny C
U HemocpeJCTBEHHO ypaBHoBemuBaet cuny F'. To, uTo Ha caMoM fele mpu-
naraetcA Kk Teny C, ABnderca paeiictBuem A tena P ua teno C. B cBoio
ouepenb, Teno P nojgBepraercs, ¢ OfHONU CTOPOHBI, CBOEMY Becy, C Opyroi
cTopoHbl, peakiuuu R Tena C ua Teno P. B pesyabrate cuna F' paBHfieTcA
cune A, MOCKOILKY oHa ypaBHoBemuBaeT ee. Cuna A paBHa R Ha ocHo-
BaHMU TPUHINIA paBeHCTBa JeiicTBUA U mpoTruBojeiicTBusa. Hakonern, cu-
n1a R paBHa Becy Tena P, T.K. oHa ypaBHOBeIIUBaeT ero. IMeHHO U3 3THX
TpexX paBeHCTB MbI BHIBOAUM, Kak ClelJCTBHe, paBeHCTBO cuiabl F' u Beca
Tena P.

Takum 06pa3oM, Mbl BbIHY#IAE€HbI BBECTU B OIpeJelNeHNie paBeHCTBa
IBYX CHJ TOT e MPUHIIMI paBEHCTBa NAeWCTBUA U MpoTHBoAeiicTBUA. Pas
mak, 9MOM NPUHLUN CAed08aA0 Gbl PACCMAMPUBAMb He KAK dKCNepUMeH-
maavHulll 3aK0H, a Kak onpedeaeHue.

CnenoBaTenbHO, YTOOBI ONpPENEIUTh PABEHCTBO ABYX CHJ, Y Hac ecThb
IBa NpaBuia: paBeHCTBO ABYX CUJ, KOTOPbIe yPaBHOBELIUBAIOT YT Ipyra,
U paBeHCTBO JeiicTBUA U npoTuBoeiicTBUA. OIHaKO, KaKk MbI BU/ENH BBIIIE,
3THX ABYX HPaBUJI HeJOCTATOUYHO. MbI BBIHY#IEeHbI NPUGETHYTh K TPeThe-
MYy OpaBUIy U NPU3HATh, UYTO HEKOTODbIE CHIbI, KaK, HAlpUMep, Bec TeJa,
ABJAIOTCA NOCTOAHHBIMU 0 BelH4KMHe U No HanpaBieHuto. Ho a3To TpeTbe
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MpaBWio, KaKk MbI y#e cKasalu, ABIAETCA SKCIEePUMEHTAIbHBIM 3aKOHOM;
OHO JIMIIb MPUOIU3UTENbHO BepHO. Onpedeaenue Haue naoroe.

Hrak, Mbl BHOBb BO3BpaliaeMcA K onpenenenuio Kupxroda: cuaa pas-
Ha npouseedeHuU0 MaACCbl HA YckopeHue. ITOT «3aKkoH HbioToHay mepecTaet,
B CBOIO 0Yepe/b, paccMaTpPUBaTbCA KaK KCIIepUMEHTalbHbIN 3aKOH, Tenepb
OH CTaHOBUTCA JHllbL onpejeienrueM. Ho 3To onpejeneHne Tak#e HeJoCTa-
TOYHO, MIOCKOJIbKY Mbl He 3HaeM, UTo Takoe Macca. OHO, HECOMHEHHO, 103-
BOJIAET HaM BBIYMCIUTHL OTHOIIEHUE ABYX CUJ, MPUIOHEHHBIX K OJHOMY U
TOMY e Telly B pa3Hble MOMeHThbI BpeMenu. Ho oHO HU4Yero He roBopuUT 06
OTHOIIEHUM JBYX CHJI, IPUJIOMEHHBIX K ABYM pa3HbIM TejaM.

s Toro, 4ToObI JOMIOJHUTH 3TO ONpeeieHe, He00X0IMMO BHOBb MpHU-
GertHyTb K TpeTbeMy 3akoHy HbioToHa (paBeHCTBY AeiiCTBUA M NMPOTHBO-
IeNCTBHA), pacCMaTPUBaeMOMY K TOMY € He KaK JKCIePUMEHTalbHBbIi
3aKOH, a Kak onpefenenue. JIa Tera A u B Bo3melcTBYIOT ApPYyr Ha ApY-
ra. Yckopenue Teia A, yMHomeHHOe Ha Maccy Teda A, paBHAeTCA aeicT-
BuiO Tela B Ha A. Takke, mpousBeeHre ycKkopeHus Tena B Ha ero maccy
paBHO npoTuBojeiicTBuIO Tela A Ha B. IlockodbKy, 110 oNpegeNeHuio, aeii-
CTBHe paBHAETCA MPOTHBOJeNcTBUIO, Macchl Tel A u B oGpaTHO mpomop-
[IMOHANbHbI YCKOPEHUAM 3TUX ABYX Tell. UTar, oTHOIlIeHUe 3TUX ABYX Macc
orpejieJieHO, U OCTAeTCA TOJbKO IPOBEPUTH HAa OMbITE, YTO 3TO OTHOIIEHUE
MOCTOAHHO.

Bce 6b110 661 XOpOI1I0, €Y GbI B HATMYNU GbLIX TONBKO ABa Tena A u B,
OTCTpPaHEHHBIX OT BO3/elicTBUA BHelIHero Mmupa. OlHaKo, 3TO He TaK. YCKO-
peHue Teina A BhI3bIBAETCA He TOJIbKO AeiicTBUeM Tela B, HO u geiicTBUEM
MHorux apyrux tean C, D, ... CiegoBaTelbHO, YTOGLI IPUMEHUTH TPeE/bI-
Iylee MpaBuio, HEOOXOAMMO Pa3oKUThL yCKOpeHue Tena A Ha HECKOIbKO
COCTaBIAIONIMX U BBIACHUTh, KakaA U3 3TUX COCTABIAIONIMX BbI3bIBaeTCA
neiicTBueM Tena B.

JTo BblJeneHue GbLI0 GbI ellle BO3MOMHO, eclid donycmums, 4TO OeicT-
Bue Tena C Ha Teno A npocto npubasifeTcA K AeiicTBUIO Tena B Ha Teno A,
a npucyTcTBue Tena C' He BUAOU3MeHAET JeiicTBUA Tena B Ha Teno A, uin
YTO MPUCYTCTBUE Teja B He BugousMeHseT aeiictBud Tena C Ha Teno A; ec-
U JOMYCTUTD, CleJOBaTeIbHO, YTO ABa Tejla NPUTATUBAIOTCA OPYT K JpPYTY
¢ cuJIoit, HaNpaBlEeHHOI 10 IPAMOIi, KOTOpPafd UX COeAUHAET U 3aBUCUT TOJb-
KO OT PacCTOAHUA MeMAYy HUMU; OJHUM CIOBOM, €CJIU JONYCTUTDb 2unomesy
UEHMPAAbHBLL CUAL.

N3BecTHO, UTO MpU ONpefeleHUU Macc HeOECHBIX Tell MOJb3YIOTCH CO-
BCEM JPYTUM NPUHIUIOM. 3aKOH TATOTEHUA INIaCUT, YTO NMPUTAMEHUE ABYX
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TeJ MPOoIIoOPpUHHMOHAaJIbHO MX MaccaM. Ecnu r aBagercsa paccToAHUeM Memay

kmm/
2

HUMH, T U m' — ux MaccaMi, TO UX MPUTAMEHHE 6y,I[ET IJIA HEeRKO-

TOpoOil NOCTOAHHOM k.

Tarum obpasom, u3MepseTca He Ta Macca, KOTOpas paBHAETCH OTHO-
LIEHUIO CUJIBI K YCKOPEHHUIO, a Ta, YTO CO3JaeT CUJIy NPUTAMEHUSA; T. €. U3-
MepfAeTcH He UHepLUA Tena, a ero NpUTAruBampIag Molllb.

JTOT crnocob u3MepeHus ABIAETCA KOCBEHHBIM, U €ro HCIolb30BaHUe
TeopeTHyecky HeobGfA3aTelbHO. BronHe Mo#HO 6bL10 ObI HOMYCTUTh, YTO
NpUTAAeHne 06paTHO NPONOPLUOHANBHO KBaApaTy paccTOAHUA, He OyAy4u
[IPA 3TOM NPONOPLUOHAIBHO NIPOU3BENEHUIO Macc: NIPUTAMEHNe PaBHAIOCH

Ob1 ek HO He y/IOBJIeTBOpsioch Gbl paBeHcTBO f = kmm'. Torga mMomHo

6b170 Ob1 TeM He MeHee H3MepUTh Macchl HeOecHBIX Tell, HabGaionasa 3a UX
OMHOCUMEAbHbLMU IBUMEHUAMU.

NmeeM a1 MbI IpaBo MPUHATH TUNOTE3Y O HeHTpanbHbIX cunax? HABng-
eTcAl /I 3Ta runoTe3a abconoTHO TOYHOH? JJocTOBEpHO 1, YTO OHA HUKOT' /1A
He Gy/aeT MpoTUBOpeuYuTh 3KcnepuMedTy? KTo ocMenuica 661 yTBEP#AATh
3T0? A eciu HaM TPUOETCA 0TKA3aTbCA OT ITON T'MIOTE3bl, TO BCE COOPY-
#eHMe, BO3IBUTHYTO€e ¢ TAKUM TPYJOM, PyXHeT.

Y Hac HeT Oonbllle IpaBa ['OBOPUThH O cOCTaBiAMOIEll YCKOPEHUA Te-
n1a A, BoI3bIBaeMoii JeificTBrueM Tena B. Mbl He ciocoGHbI OTAENUTH 3TY CO-
CTaBIAIIYIO OT YCKOPEHHA, KOTOPOe BbI3biBaeTcA jeiicTBueM Teia C unu
nefictBueM jpyroro Tena. llpaBuno nnsa uamepeHusa macc nepectaeT ObITh
NPUMEHUMBIM.

Torpma 4yTo e ocTaeTcA OT IPHUHIKIA PaBeHCTBa JefiCTBUA U NMPOTU-
BopeiicTBuA? Ecau rumoresa meHTpaibHBIX CUJI OTOpAchIBaeTCA, TO 3TOT
OPUHIUI AOJKEH, 0UeBUIHO, ObITh chopMyIUPOBaH cleJyomuM obpa3oM:
reoMeTpuyeckas paBHOJelCTBYIOLIad BCeX CHJ, NPUIOMEHHBIX K pa3iuy-
HBIM TellaM CHCTEMbI, U30JIMPOBAHHON OT BceX BHEUIHUX BO3JeiicTBUil, Oy-
IeT paBHATbcA Hym0. Wlnu, nHaye roBops, JBUMEHNe LleHTpa TAMKECTH ITOM
cucTeMbl 6yJeT NPAMONUHEHHBIM U PaBHOMEDPHBIM.

BepoATHO, 3To MO#HO paccMaTpuBaTh Kak clnocob onpejeneHuA Mac-
cel. IlonoseHne LeHTpa TAMKECTH, OYEBUJHO, 3aBUCUT OT 3HAYEHUU, MpU-
naBaeMbIx maccaM. Heo6xogumo 6yJgeT paccTaBUTh 3TH 3HAYEHUA TaKUM
0o6pa3oM, YTOOBI JBUMEHNE [IEeHTPa TAKECTU ObLIO MPAMOJMHENHBIM U paB-
HOMepHBIM. JTO Gy/eT Bcerjia BO3MOMHO, eclid TpeTuit 3akoH HbioToHa Be-
peH, U B o611eM ciiydae crnocob pacnpefeleHNA Mace onpefeleH 0JHO3HAYHO.
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Ho He cyIecTByeT cucTeMbl, U30JIMPOBAHHOM OT BCeX BHENTHUX BO3eii-
ctBuii. Bce yactu BeenenHoit ¢ 6onbiieit UM MeHbIeH CUIIO MOABEPraloTCA
JIelicTBUIO BCeX JPYTUX 4YacTeil. 3aKoH 0sudiceHuUs UeHmpa maxcecmu A6Af-
emcsa a6coAl0MHO 8ePHBLM, MOALKO eCall e20 NpumeHaom ko ecell Bceaennoll.

Ho Torma, nnda Toro, 4To6bl MOJAYyYUTh 3HAYEHHA Macc, ObLIO ObI He-
06X0aMMBIM HabnodaThb 3a ABUMEHHEM IlleHTpa TAxecTH BceneHHoil. AG-
CYPAHOCThL 3TOrO cleJCTBUA ouyeBHAHA. Mbl 3HaeM JHUIIb OTHOCUTEIbHbIE
nBueHuA. [ BueHue neHTpa TAMecTU BeeleHHoit ocTaHeTcA 1jiA Hac Ha-
BEYHO HEU3BECTHBIM.

CrnemoBaTelbHO, HUYEr0 He OCTAeTCA, U BCe HAIIM YCWIUA OKa3aluCh
HanpacHbIMU. MbI IPUIILIU K clleAYyIONeMY ONpe/ielleHUI0, KOTOpPOe ABIAETCA
JUIIb CBUJETENLCTBOM HAIlero 6eCCUNUA: MaACCbl — IMO KodPPuyuenmot,
Komopvle Yoo6HO 6600UMb 8 BbIYUCACHUAX.

Mg1 cmorau 6bl mepefienaTh Bcio MexaHuRy, mpumucaB BceM Maccam
HOBbIE 3HaUYeHHA. JTa HOBAaA MeXaHMKa He MPOTHBopeuusa 6bl HU OMBITY,
HU OCHOBHBIM MPUHIUNIAM AUHAMUKY (MIPUHIUIY WHEPUKHU, TPOMOPIHOHATb-
HOCTH CHUJI MaccaM U YyCKOpeHUAM, paBeHCTBY JelCcTBUA U NPOTUBOJEH-
CTBUA, NIPAMOJIUHERHOMY U PaBHOMEPHOMY [BUKEHUIO LIEHTpa THMKECTH,
NPUHLMIY [UIomaznei).

Toabko ypaBHeHUA 3ToM HOBOM MexaHUKU ObLIU GbI MeHee NPoCmblmMiU.
ITogcHUM, 4TO MeHee MPOCTBLIMU ObLIU GbI MPOCTO IEpPBbIE YIEHBI, T.e. Te
YJleHbl, KOTOpble HaM Yyike U3BECTHbI U3 OmbITa. Bo3aMo#HO, GbIn ObI CIO-
co0 M3MEeHUTb Macchbl MalbIX BeJIUYUH TaK, YTOObI No.aHble YPpaBHEHUA He
BBIUTPbIBAJM U He NMPOUTPLIBAIUA B IPOCTOTE.

fI nonwie, yeM cam ['ep1l, HacTanBan Ha 3ToM o6cy:kaenuu. Ho A xoTen
nokasaTh, 4To I'epll He MPOCTO MCKal MoBoJa AJNA repMaHo(UIbCKON cco-
pol ¢ Ianuneem u HboioToHOM. MBI 0M#HBI cielaTh BBIBOJA, YTO B pamMKax
KJIaCCUYECKONl CHUCTEMbI HEeB03MOXHCHO 86eCMU YJ08.1emeopumesbH020 NOHA-
musa cuabl U MACCHL.

2. Pasanunsie Bo3pameHua. [lanee I'epn 3agaerca Bompocom, fAB-
aATeA a1 npuHuunsl Mexanuku a6conioTHO BepHbIMU. «Ilo MHeHHIO MHO-
rux (U3UKOB, — TOBOPUT OH, — HEMBICIUMO, YTOObI CaMblil OTAaleHHbI
ONBIT CMOT' KOrja-HuGyAb YTO-TUG0 U3MEHUTH B HEPYUIMMBIX OCHOBax Me-
XaHUKHU; a MeMAY TeM, TO, UYTO BbITEKaeT U3 ONbITa, BCerja MosKeT ObITh
HCIPABJIEHO ONBITOMY.

ITocme Toro, 4To MBI TOJBKO YTO CKas3ajiu, 3TH ONAceHUA IpeacTaB-
JAATCA U3NUMHUMU. [[pUHIUNBI IMHAMUKM Ka3aluch HaM CHayvala dKclle-
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pUMeHTalbHbBIMU UcTHHAMU. Ho MBI yie ObLIN BHIHYMEHBI MOIb30BaThCH
UMH Kak onpeneieHuAMu. IMeHHO no onpedesenuio cuna paBHa npousBeyie-
HUIO Macchl Ha yckopeHue. BoT mpuHIUI, KOTOPBI OTHBIHE HE MOJBEPraeT-
cfA ONacHOCTH OT NPOBeJleHUA KaKoro-i1ubo nocieayiomero oneita. Take,
HWMEHHO [0 ONpefielieHNIO elicTBUe paBHAETCA NMPOTUBOAENCTBUIO.

Ho Torpa, ckamyT HaM, 3TU He NojalolilecA NpoBepKe NPUHIUIBI ab-
COJIIOTHO JIMIIEeHb] BCAROro 3HaueHUA. ONbIT He MO#eT UM NPOTUBOPEUUTD,
OJJHAKO OHU He MOT'YT Hay4UTh Hac HUYeMy nojae3HoMy. Torga K uemy Bo-
o6iie usyuatb Iunamury?

ITOT CIAMIIKOM MOCHEIHbINA BhIBOJ GbLI GbI HecipaBeAMuBbIM. B mpupo-
Iie He cylLlleCTBYeT co8epuleHHo U301 POBaHHO CCTEMbI, IOIHOCTbIO HENo -
Bep#EeHHOI BCAKOMY BHelIHeMY BozjeiicTBUI0. OJHAKO CYIECTBYIOT noYymu
U301 POBaHHbBIE CHCTEMBI.

Ecnu nabaiogaTh 3a moJo6HOI cucTeMolt, TO MOKHO U3y4yaTh He TOJIb-
KO OTHOCUTeIbHOE JBU#EHNEe HEKOTOPHIX ee yacTeil, OHUX 10 OTHOIIEHUIO
K JIpyTUM, HO U ABUKEHUe ee LIeHTPa THAMEeCTH [0 OTHOLIEHUIO K JPYyTUM
yacTAM Bcenennoii. Torga ycranaBauBaeTcs, YTO JBU#€EHMe 3TOr0 IeHTpa
TAMECTU ABIAETCA NOYmu NPAMOJUHEHHBIM M PaBHOMEPHBIM B COOTBET-
CTBUU C TpeTbUM 3akoHOM HbloToHa.

JTO 3KcNEepPUMeHTalbHAA UCTUHA, KOTOpasA He MOeT GbITh ONpPOBEpT-
HyTa onbiToM. JleficTBUTeNbHO, YTO GbI HAM MOKa3al 6olee TOYHBIH OMbIT?
OH norasan 6b1, YTO 3aKOH TOJAbKO NMpUbGIN3UTeNLHO BepeH. Ho 3To HaMm yike
U3BECTHO.

Bom o6sacuenue momy, KaK onvtin cmMoe noCAYMIUImdb 0CHOB01L 6 npuryu-
nax Mexanukru u npu ecem amom HUKo20a He cmoxcem um npomueope4ums.

Ho BepHemcs k paccympenuam ['epua. Rnaccuueckas cuctema ABifeT-
CAl HETOJIHOM, T. K. BCe JBUKEHUA, COBMEeCTUMBbIe ¢ NpuHIuNamu IluHaMuku,
He ocyliecTBiaAioTcA B IIpupone u fase He ABIAIOTCA OCYIIeCTBUMBIMHU.
NleficTBUTENbHO, OUEBUAHO, UTO MPUHIMILI IJIOMIaAeNd U JIBUMKEHUA LEHTPa
TAMKECTH He ABIAIOTCA €IUHCTBEHHBIMU 3aKOHAMH, KOTOpbIE YNPaBIAIOT
AIBIeHUAMU npupoasl. HecomHeHHO, Gb110 6bI Ge3paccyIHBIM TPe6oBaTh OT
uHaMuKu, 4ToObI OHA 3aKkia0YMiIa B 0JHY (GOpPMYIy BCe 3aKOHBI, KOTOPbIE
(hu3KMKa OTKpbLIA UK CMOKET OTKPBITh. T'eM He MeHee, cucTeMy MexaHUKH,
B KOTOPOIl yMalyiBaeTCH 3aKOH COXPaHEHUAl SHEPTUH, ClIeJyeT paccMaTpH-
BaTb Kak HEMONHYIO ¥ HeJ0CTaTOYHYIO.

«Hama cuctema, — 3akiiovaet ['epu, — feiicTBUTENbHO, BRIIOYAET 6Ce
€CTeCTBEHHbIE IBUKEHNA, HO B TO #e BPeMA OHA BKIIOYaeT B ce6A U MHO-
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ro dpysuxr HeecTeCTBEHHBbIX ABUMmeHUH. CucTeMa, KOTOpaA UCKIIOUUT 4acTh
3TUX JBUMeHU, OyneT Golee cOOTBETCTBOBATh NpUpOAe Belleil U, cleno-
BaTelbHO, Oy/leT ABIAThLCA MporpeccuBHoiiy. TakoBa, HanpuMep, SHEPreTU-
yecKkaf cHUCTeMa, 0 KOTOpPOil MoiigeT peub HUKE, U B KOTOpoil yHIaMeH-
TalbHbII 3aKOH COXpaHEHUA dHEePruu BBOJUTCA COBEPIIEHHO eCTeCTBEHHO.

Bo3mox#HO, He BNOJNHE ACHO, YTO MellaeT 3TOMY GyHIaMeHTalbHOMY
3aKOHY ObITh BR/IOYEHHBIM B KJacCUUYECKYIO CUCTEMY HapAnqy ¢ APYTUMU
NPUHLUIIAMHU.

Ho I'epi; 3apaeTca emre ogauM BomnpocoM. Kiaccuueckad cuctema aaeT
HaM KapTHUHY BHellHero mupa. flifercd qu 3Ta KapTuHa npocmoti? 36as-
JleHa 14 OHa OT Mapa3suTUYEeCKUX UITPUXOB, IPOU3BOJLHO BBEJEHHBLIX Ha-
pPALY ¢ cyllecTBeHHbIMU uepTamu? He ABIAIOTCA MU CUibl, KOTOPbIE HAM
HPUIIIOCh BBECTHU, HEHYMHBIMM MeXaHU3MaM#, paboTalUMU BIYCTYIOT?

Ha cTone nexut Kycouek kene3a. HabGaiogaTenb, He ocBeIOMIIEHHBbI
3apaHee, MOJyMaeT, UTO MOCKOJIbKY HET ABUKeHUA, HET U cuiabl. Ho Kak oH
omubaerca!l Pusarka y4uT HaC TOMY, UTO KamAbIil aTOM ele3a MPUTATH-
BaeTcA BCeMHU JpyruMu atoMamu Bcenennoii. Kpome Toro, kasablii aToM
#elle3a HaMarHuyeH U, cileoBaTelbHO, NoJBepraeTca NeliCTBUIO BceX Mar-
HUTOB Bo BceneHHoil. Bee anekTpuyeckrie TOKM MUpa Takse AefCTBYIOT Ha
3ToT aToM. He Gynem 3a6bIiBaTh U 00 3JIEKTPOCTATUYECKUX CHIIAX, MOJIEKY-
JAPHBIX CUJax 4 T. A.

Ecau 6b1 HeKOTOpble U3 3TUX CUJI JelicTBOBAIU OTHENbHO, TO UX Heii-
cTBHe GbLIo ObI OrpoMHbIM. M Torjma Kycouek jeine3a pasieTelcA Obl Ha
yacTu. K cyacTbio, OHU HefCTBYIOT Bce BMECTe U ypaBHOBEIIMBAIOTCA TakK,
YTO COBEpPIIEHHO HUYero He mpoucxoauT. Ham He ocBegoMieHHblI 3apaHee
HabiatoaTelb, KOTOPbIA BUAUT TOJIbKO OJIHO — KYCOUEK jeje3a B COCTO-
AHUU NIOKOA, OUEBUJHO, NI0JyMaeT, UTO BCe 3TU CUJbI CYILIeCTBYIOT JHUIlIb
B HallleM BOooOpaeHuu.

HecomMHeHHO, B 3TUX pacCMOTpPeHUAX HET HUYero abCypaHOro, HO CHC-
TeMa, KoTopas Obl u3b6aBuiia HacC OT 3TOro, 6bL1a Obl e OJHUM ITUM JyUlle
Hallen.

JTo Bo3paeHUe HUKOT0 He OCTaBUT PaBHOAYMIHLIM. Bripouem, 4ToGbI
[0Ka3aTh, UTO OHO He ABIAETCA UYUCTO UCKYCCTBEHHbIM, J0CTAaTOYHO Ha-
NOMHUTL 006 OJHOH NoOJeMHKe, KOTOpad MPOM30llJIa HECKOJNbKO JIeT Ha3ajl
MeIy OBYMA OUYeHb U3BECTHBHIMU yueHbIMU, ¢poH ['enbmronbiem u bep-
TpaHOM, IIpeAMeTOM KOTOPOIi ObLT BONPOC O B3auMOJeHCTBUAX TOKOB. bep-
TpaH, NbITAfACh NEPEBECTHU HA KiIacCUYeCKUil A3bIK Teopuio ¢oH ['eabmronnb-
1a, CTONKHYJCA C Hepa3pellUMMbIMU NMPOTUBOpeuuAMU. Kamabiii anemMeHT
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TOKa J0JIkeH ObLI NOAYUHATHCA ape, COCTOAIIEl 13 JBYX PaBHBIX U HPOTU-
BOIOJIO#HO HalmpaBleHHBIX cul. BepTpaH BeIYMCIUI, YTO Kamgad U3 DTHUX
IBYX COCTaBJIAMIIUX AONKHA ObITH HACTOIBKO GOJBbINOIH, YTOGLI BhI3BATH
pa3pyuieHue npoBoja. 1 oH chenan BbIBOA O HECOCTOATENbHOCTU TEODPUU.
Hanportus, ¢pon 'enbMronbi, CTOpOHHUK 3HEPreTUUYECKON CHCTEMbI, HE BU-
Jen 3/lecb HUKaKOi TPYAHOCTH.

Takum obpasom, coriacHo ['epiy, oT Kiaccuueckoll cucTeMbl clefyeT
OTKasaThcA, T. K.

1° KOppeKTHoOe omnpejeleHNe CHIbl HEBO3MOMKHO;

2° cucTeMa HeloJHaf;

3° cucteMa BBOJUT NapasuTUUECKUE TMIIOTE3bl, U 3TU TMIIOTE3bI YacTO
NOPOM/aI0T TPYAHOCTH YHCTO UCKYCCTBEHHbIE, HO TeM HE MeHee [J0CTaToyu-
HO 3HAYMTEIbHbIE, YTOOBI 3ayTAaTh JYYLUINX yUEHBIX.

II. dHepreTnuyeckana cucTemMa

1. Pa3auuHble Bo3pasxkeHHUA. JHepreTuyecKkad CHCTEMa BO3ZHUKIA
B pe3ylbTaTe OTKPBITUA 3aKOHA coXpaHeHUA 3Hepruu. menno ¢on 'enbm-
roJbll IpUAal 3TO cucTeme olpefeNeHHyo GopMy.

Hauynem c ompejeneHuA OBYX BeJIMYHMH, KOTOpble UTPalOT OCHOBHYIO
poJb B 3TON TeOopuU. ITUMM ABYMA BelIUUYMHAMU ABIAIOTCA: C OJHOIN CTO-
POHBI KUHemuveckaa sHep2ua WIN HUBafd cuia, ¢ Ipyroil CTOPOHLI, Nnomex-
UuaLbHas sHepaus.

Bce uamenenus, koTopble MOy T peTepIeBaTh IPUPOJIHbIE Tela, OTpe-
JelAI0TCA IByMA dKCIepUMeHTalbHbIMU 3aKOHAMU.

1°. Cymma KMHeTHUYEeCKOI U MOTeHINalbHON SHEPTUU ABIAETCA IOCTO-
AHHON BenuuuHol. B 3ToM 3akiiouaeTca 3aKOH coXpaHEHUA BSHEPTHM.

2°. Ecnu cucTema Teln HaXoAUTCA B MOJOMeHMH A B MOMEHT BpeMe-
HU tp U B NOJOMeHUU B B MOMEHT BpeMeHHU t;, TO OHA Bcerja NnepexoguT
U3 NepBOTo IOJOMEHUA KO BTOPOMY TaKUM NyTeM, YTO cpedHee 3HaUyeHUe
pasHOCTU MeM Ay ABYMA BUJAaMU 3HEPrUuu B UHTepBaje BpeMeHU, KOTOPBIH
paszenseT MOMEHTHI ¢y U 1, OyleT HaUMeHbLUIUM BO3MO#HBIM.

JTo u ectb npuHuun ['amMunabTOHA, KOTOPBI ABIAETCA OJHOU U3 PopM
[IpUHLUIIAa HAUMEHbIIEero AeiCTBUA.

JHepreTUUYecKasa TEOPUA UMeeT CleJyIollue NpeuMyIecTBa Haja Kiac-
CUYECKOHl Teopueii:

1° oHa ABAAETCA GOJee NONHOM, T. €. 3aKOH COXPAHEHUA SHEPTUU U NPUH-
nun 'amMunsToHa fal0T HaM Gonbllle, YeM OCHOBHbIE NMPUHIUIBI Klaccuyec-
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KOil Teopuu, U UCKIIOYAIOT HEKOTOPbIE IBUAEHN A, KOTOPbIe He OCYIeCTBIA-
I0TCH IPUPOAOH U KOTOpbIe ObLIN ObI COBMECTUMBI C KIaCCUUECKOU Teopueii;

2° oHa ocBOGOM#/1aeT HAC OT T'UIIOTE3bl aTOMOB, Yero ObLIO MOYTH He-
BO3MO:KHO M30exaTh B KJIacCUUYeCKOl TEOpUH.

Ho oHna, B cBoIO 0uepeb, BbI3bIBaeT HOBble TpyaHocTU. [Ipemae, yem
cKa3aThb 0 Bo3pameHUAx I'epuia, oTMeuy aBa, KOTOpble IPUXOJAT MHE B '0-
JIOBY: OllpeJiesleHUs [JBYX BUJOB 3HEPruy BbI3Ba/lu Obl IOUTH Takue #e 60Jb-
IYe TPYAHOCTH, Kak oNpejeleHUe CUIbl U Macchl B nepBoit cucteme. Of-
HaKo, OT 3TUX TPYIHOCTell nerye n3baBUThCA, 10 KpailHell Mepe, B caMbIX
NPOCTBIX ClIy4YafX.

PaccMoTpuM U3onupoBaHHYIO cUCTeMY, 06pa3soBaHHYI0 HEKOTOPLIM KO-
JUYECTBOM MaTepualbHbIX ToueK. [Ipeqnonosum, 4To 3T TOUKY TOJUUHA-
I0TCH CUJIaM, KOTOpble 3aBUCAT TOJbKO OT UX OTHOCUTENLHOI'O INOJOMEHUA
U OT UX B3aMMHBIX pacCTOAHUI M He 3aBUCAT OT UX cKopocTeil. MoxHO
nojobpaTh TakKe CUJbI B COOTBETCTBUU C 3aKOHOM COXPaHeHUd dHepruu.

B sToMm mpocToM ciyyae yTBep#iJeHHe 3aKOHa COXPaHEHUA SHEPTUU
fiBIAeTcA npedenbHo npocThiM. HekoTopasa BenuuuHa, JocTynHad ONBITY,
JoJ#Ha ocTaBaTbCA NMOCTOAHHON. JTa BelN4NHa NpecTaBifAeT co0oit cyM-
MY [ABYX YJIEHOB: NIepBbIil YileH 3aBUCUT TOJbKO OT I0JIO}KEeHHfA MaTepualb-
HBIX TOYEK U He 3aBUCUT OT UX CKOpPOCTeil; BTOPOIi 4ileH NpOoNopLuoHaleH
KBajJipaTaM 3THX CKopocTeii. [laHHOe pa3nomeHue MOMKHO 06pa3oBaTh TOMb-
KO OJHUM eJMHCTBEHHbIM CII0COO0M.

[TepBrlit U3 3TUX YIEeHOB, KOTOPbIA MbI 0603HauuM U, GyaeT noTeHIu-
albHOI dHeprueii; BTOPoi 4leH — KUHeTU4YeCKol 3Heprueii, 6yaem o6o3Ha-
yaTb ero 1.

Bepno, uto eciu T + U sABnfeTcA NOCTOAHHON BeNWUYWUHON, TO NMOCTO-
AHHON BenuuuHo#i GymeT Takme mobaa ¢yukuua (T +U) ot T + U.

Ho sta pyuruusa (T + U) He Gynet BooGie roBopA ABIATLCA CyMMO
JBYX 4/IEeHOB, OAUH U3 KOTOPLIX He 3aBUCUT OT CKOpOCTel, a BTOPOl Npo-
HnopluuoHaNeH KBaapaTam ckopocTeil. Cpean ¢yHKIUil, KOTOpPble OCTAIOT-
CAl NIOCTOAHHBIMHU, €CTh TOJLKO OJiHA, KoTopad o0jajaeT 3TUM CBOWCTBOM,
a umenHo gyuruua T + U (unun nuneitnaa ¢yuruua ot T + U, 4To He naet
HHUYero HOBOI'0, OCKOJbKY 3Ty JUHEHHYI0 PYHKLIUIO Bcerja MO#HO CBECTHU
K T + U 3aMeHoit eIMHUIBI JAIUHBI U Hayana KOOPAUHAT). ITY PYyHKIHUIO
MBI U Ha30BeM 3Heprueil; nepBblii 4leH — MNOTeHLUAIbHOW, a BTOpO —
KuHeTHYecKoil. Takum o6pas3oM, onpefeneHye IByX BUIOB dHEPIrUU MOMET
ObITh JI0BEJIeHO [JO KOHLla 6e3 KaKkoi-11u00 IBYCMbICIEHHOCTH.

To ke OTHOCHUTCA M K OHpejeNeHHIO0 Macchl. KuHeTHuueckasa 3Hepruf
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WM KVBafA CHJa OYeHb MPOCTO BBIPAMKAETCA C MOMOIILID Macc U OTHOCH-
TeJIbHBIX CKOPOCTell BceX MaTepUalbHbIX TOYEK M0 OTHOIIEHUIO K OJHOU U3
HUX. TU OTHOCHUTEJIbHbIE CKOPOCTH NOCTYIHBI HaGIIOAEHUIO, U KOr[Ja MbI
NOJYYUM BbIpa#ieHHe KMHeTHUYECKO! dHepruu Kak QYHRIUU 3TUX OTHOCH-
TeJIbHBIX CKOPOCTell, K03 QHUIMEHTHI 3TOr0 BhIpaMeHNA AalyT HaM Macchl.

TakuM o6pa3om, B 3TOM IPOCTOM cilydae MO#HO 6€3 Tpy/a onpeleluTh
OCHOBHbIe MOHATHUA. OJHAKO TPYAHOCTH BO3HUKAIOT BHOBb B 60ilee CIOHHBIX
clyyJafX, HalpuMep, eclii CHIbI 3aBUCAT TaK:ke 0T CKOPOCTeli, BMecTo TOro,
yToObI 3aBUCETh TOJILKO OT pacctoanuil. Hanpumep, BeGep npeamonaraer,
YTO B3aUMOJelCTBHE ABYX 3JIEKTPUYECKUX YacTHIl 3aBUCUT HE TOIBKO OT
paccTOAHUA MewAy HUMHU, HO U OT UX CKOPOCTH U yckopeHHA. Ecau 6b1
MaTepUalbHble TOUKU NMPUTATUBAINCH [0 aHAIOTMYHOMY 3akoHy, To U 3a-
BHcena ObI OT CKOPOCTHU U Moria Obl coiepaThb WiI€H, IPONOPIHOHAIbHbIM
KBajipaTy CKOPOCTH.

Rak cpeau 4neHoB, NpONOPIHMOHAILHBIX KBagpaTaM CKOPOCTell, pa3iu-
YUTh Te WieHbl, KoTopble npoucxogdaT oT T uau ot U? Kak, cTamo ObITh,
pa3nuyuTh OBe 4acTH sHepruu? Boiee Toro, Kak onpegenuTh camy dHEp-
ruto? Het Gonblle HUKaKoit npuuynHbl 6path 3a onpenenenue 7'+ U, BMecTo
Kraroi-Huby b ¢pyHknuu ot T+ U, eciu nponajio cBOiCTBO, KOTOpPOe Xapak-
TepusoBaino 1 + U — cBoicTBO ObITH CyMMOIi IBYX Y/JEHOB CIeLUaIbHOTO
BHjIA.

Ho st0 He Bce. Heo6xoaumo y4HuTHIBaTHL He TOJNbKO MeXaHUYECKYIO
SHEPTHUIO B COOCTBEHHOM CMBbICIIE 3TOT'0 CJIOBa, HO U Apyrue GOPMbI SHEPTUH:
TEIIOTY, XUMUUYECKYIO SHEPTHIO, DIEKTPUYECKYIO DHEPrUui0 U T.[l. 3aKOH
COXpaHeHUA DHEePTUU JoJeH ObITh 3aNlucaH cilefyloluM obpa3oM:

T + U + Q = const,

rae T npepacraBiafno 6bl KMHETHUYeCKYIO 3Hepruio, U — mnoTeHIUalIbHYIO
9HEPTrHi0 TONOMEHUA (3aBUCAIIYIO TOAbKO OT MONOKEHUA Tena), a () —
BHYTPEHHIOIO MOJIEKYJIAPHYIO 3Hepruio0 B TepMHUUYECKOl, XUMHYeCKOol UIu
3JIeKTpUUYecKoll popme.

Ecau 6b1 3TU Tpu uwieHa ObLIM aGCOMIOTHO pas3iM4YHbIMH, eciau Obl T
Oblia IpONOpLUOHANbHA KBagpaTaM cKkopocTeil, U — He3aBUCHMa OT 3TUX
CKOpPOCTEl U OT COCTOAHUA Tel, () — He3zaBUCHMa OT CKOPOCTe U OT M0JIo-
JMEeHUA Tell, a 3aBucena Obl TOJbKO OT UX BHYTDEHHEro COCTOAHUA, TO Bce
6b1710 ObI He Tak IJIOXO.

Bripasenue nnf sHEpPruM Mo#HO ObLIO GbI Pa3NoMUTh TOILKO OJHUM
eJUHCTBEHHbIM CIIOcO60M Ha TPH 4jeHa 3TOro BUAA.
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Tem He MeHee Oeno o6CTOUT coBceM mo-apyromy. Ilpu pacecmorpenun
3JI€eKTPU30BaHHBIX Tell, 3leKTpUuecKafd 3Hepruf, BbI3BaHHAA UX B3auMoJeii-
CTBHEM, OUeBUHO, OyleT 3aBUCEThb OT UX 3apAN0B, T.€. OT UX BHyTPEHHEro
coctogHud. Ho oHa B paBHOil cTeneHu OyneT 3aBUCeTb U OT MX IOJOKe-
HuA. Eciu 3Tu Tena HaxoQATcA B ABUMKEHUU, TO OHU GYyAYT BO3JeiicTBO-
BaTh Pyl Ha JApyra 3JeKTPOoJuHAMUYECKH, a dJIeKTPoJUHaMUyecKasn 3Hep-
rua OyJeT 3aBUceTb He TOJBKO OT UX COCTOAHUA U IOJIOKEeHHA, HO U OT UX
CKOpPOCTeM.

Tarkum o6pa3oM, y Hac Goibllle HET HUKAKOl BO3MOMHOCTYU BbIJEIUTH
YJieHbl, KOTOPbIE AOM#HbBI 6bITh cocTaBHbIMU YacTAMU T', U u @, 1 OTeNUTh
TPU 4YacTU BHEPruu.

Ecau (T + U + Q) nocrosHHa, TO MOCTOAHHON Gyner u mobad GyHK-
uusa p(T+U + Q).

Ecnu 661 T + U + (Q uMena TOT cHenualibHbIi BUJ, KOTOPBIM MbI pac-
cMaTpuBalU Bblllle, TO ABYCMBICIEHHOCTU He BO3HUKJIO Obl. Cpean ¢(yHK-
unit (T + U + @), KoTopble 0CTalOTCA MOCTOAHHBIME, TOJAbKO OJHA NMena
Obl 3TOT ClelMalbHbI BUJ, U UMEHHO 3Ty (PYHKIMIO Mbl YCIOBUIUCH Obl
Ha3blBaThb dHeprueii.

Ho, rar MbI y#e ckasanu, Jeno o0CTOUT He BHojdHe Tak. Cpenu GpyHK-
Ui, KOTOpble OCTAlOTCA NOCTOAHHBIMHU, HET TAKUX, KOTOpble MMelU Obl
B TOYHOCTH 3TOT clelquanbHblil BuA. Kak BeIOpaTh cpequ HUX Ty, KOTOpaf
JONKHA HasbiBaTbcA SHeprueii? B HameM BbIGOpe MbI He MOeM Ooublie
HHUYeM PYKOBOJCTBOBAaThCA.

OcraeTcAa TonbKO CHOPMYIMPOBATh 3aKOH COXPAHEHUA SHEPTHM TakK:
Ecmv wmo-mo, umo ocmaemca nocmosannuim. B 3TOM BHUAe 3aKOH OKasbl-
BaeTcs, B CBOIO ouepejb, BHe [JOCATaeMOCTHU ONbITA U CBOAUTCA K HEKOH
TaBTOJOTMH. flcHO, UTO ecau MUp yNpaBiafeTcA 3aKOHaMU, TO OYAyT cy-
IeCTBOBaTh BeIWUYUHBI, KOTOPbIE OCTAIOTCA MOCTOAHHBIMHU. Kak 1 3aKOHBI
Heiotona, no aHanoruyHoit NpuYKMHe, 3aKOH COXPaAHEHUA dHEPruH, OCHOBaH-
HbI{l Ha oNbITe, He Mor Obl 60Jblile ONPOBEPraThCA ONLITOM.

JTo o6cyIeHNe TOKA3bIBAET, YTO NIPU Mepexo/e OT KIacCUYecKoil cuc-
TeMbl K dHepreTUyecKoil nmpousouren nporpecc. Ho oqHoBpeMeHHO, 3T0 06-
cysJieHle JI0Ka3bIBaeT HeJOCTaTOYHOCTh JAaHHOIO Iporpecca.

JIpyroe Bo3paskeHue KaxeTca MHe ellle Gojee cepbe3HbIM. lIpuHINN
HalMeHblllero JeficTBUA NPUMeHUM K 0OpaTUMbIM fIBIE€HUAM, HO COBEp-
IIeHHO Hey[OBJeTBOPHUTEeNEeH 110 OTHOLIEHHWIO K HeoOpaTUMbIM ABJIEHHUAM.
IlonbiTka doH ['enbMroablia NPUMEHUTD 3TOT NPUHIUI K TAKOTr'o poja ABJe-
HUAM He yjalach U He Moria yaacThed. TyT ocTaeTcA HayaThb U KOHUYUTh.
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Ho Tepiy panbiiie Becero pa3BuBai Apyrue Bo3pameHus, MouTH Metadu-
3UYECKOro MOpAMKA.

Ecnu sHeprus ABnfAeTcd, Tak CKas3aTb, MAMEPUAAUI08AHHOL, TO OHA
Bcerja Ao/Ha ObITh MOJNOMUTeNbHOU. OfHAaKo, UMeITCA clyyau, B KO-
TOPBIX TPYAHO YKIOHUTLCA OT PACCMOTPEHUA OTPHUIATENbHOW SHEPTUu.
Pacemotpum, nHanpumep, IOnuTep, Bpamatomuiica Bokpyr Connna. [lonnas

BHepruf BbIpamaeTcdA Kak av? — % + ¢, rie a, b, ¢ — TpU NOIOMKUTEIbHbIE

NoCTOAHHbIe, ¥ — cKopocThb 0nurtepa, » — paccrognue ot Hero fo ConHua.
[TockonbRy MBI pacnonaraeM KOHCTaHTOMR ¢, Mbl MOMeEM NPEION0KUTh
ee JOCTAaTOYHO OOJbLLION AJNA TOro, 4TOObI 3HEPrUA Oblia MOJIOKUTENbHOM.
31ech yie ecTh HeUTO HeoOOCHOBaHHOe, YTO HIOKMPYeT Hallle cO3HaHHUeE.
Bonee Toro, npencraBuM Teneph, 4YTO Kakoe-TO HeOeCHOe Telo, UMEIO-
Ilee OTPOMHYIO Maccy U OrPOMHYIO CKOPOCTh, nepecekaeT COTHEUHYIO cuC-
Temy. Korja oHo nposneTuT u BHOBb yalUTCA Ha OTPOMHO€E PacCTOAHUE, Op-
O6UTHI NIaHeT NMpeTepnAT 3HAUUTeNbHble U3MeHeHUuA. Mo HO NpeAcTaBUTh,
HampuMep, uTo 6oabliad och opouTkl I0nuTepa cTaHeT HaMHOrO MeHbIle,
HO 3Ta op6uTa ocTaHeTcA OMU3KOI K KpyroBoil. Kakoit 661 GonbInoi HU ObI-

Ja ¢, ecid HoBaf Gosbllafd OCb AOCTAaTOYHO Mala, BbIpaxkeHue av? — % +c
CTaHeT OTpHULlaTelbHbIM, U Mbl BHOBbL CTOJKHEMCA ¢ TPYAHOCTbIO, KOTOPOH
HajeAnuch u3bemaThb, BbIOMpPanA ¢ JOCTATOUYHO GOJbIION.

B uTore, Henb3fA yTBep#aaTh, UTO IHEPIUA BCErJa 0CTAETCA MONOMHU-
TeJbHOM.

C npyroit cTOpoHbI, ANA TOTO, YTOOBI MaAMeEPUALUI0BAMb DHEPTUIO, He-
06X0JUMO €€ A0KaAAU308AMb. JTO JErKo NJIA KUHETHYECKOU 3HEepruu, Ho He
IJIA IOTeHNMalbHOM. ['Ie NoKann3oBaTh MOTEHIUANbLHYIO SHEPTUIO, BbI3BAH-
HYIO TpUTAMeHUeM ABYyX cBeTwia? B ogHoM u3 aByx cBetun? B oGoux?
B npomeskyTouHoii cpene?

B camoMm yTBep#aeHUU NPUHIIUIIA HAUMEHBIIET0 AefICTBUA €CTh YTO-TO
HIOKUpYIOlllee AJIA Halero co3HanuA. [[ad Toro, 4yTo6bl OTIPABUTLCA U3 OJI-
HOM TOYKU B [JpyT'yl0, MaTepualbHad yacTUla, U30JIMpOBaHHad OT JefcTBUA
BHEILIHUX CWJ, HO 00fi3aHHAaA JABUraThbCA N0 JaHHOI NOBEPXHOCTU, BbIOepeT
reojie3an4ecKylo JINHUIO, T.€e. Haubojlee KOPOTKUHN MY Th.

Kak Gynaro Gbl 3Ta yacTulla 3HAaeT TOYKY, KyJa ee XOTAT NPUBECTH,
NpeABUAUT BpeMsA, 3@ KOTOPOe OHA TyJAa JobepeTcH, clelyA TeM UIU UHBIM
nyTeM, U BbIOMpaeT caMblii yOoOHbIN myThb. Cyafa Mo TAKOMY H3J0MEHUIO,
3Ta yacTulla ABIAETCA, €ClIi MO#KHO TaK BbIpa3uThCHA, 3 KUBbIM U CBOOOIHBIM
cyumecTBoM. flcHO, 4yTO ObLIO OBl My Ullle 3aMEHUTh 3TO MeHee MOKUPYIOIIUM
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YTBep#AeHUeM, I'le, Kak cKazanu Gbl Guiaocodbl, KOHEYHbIE IeNU He MOJ-
MeHAIH Obl IeficTBUTENbHbIE IPUYNHBL.

2. IIpumep ¢ mapom. I[locnenHee Bo3pameHue, KOTOpOe, KameTCH,
Honee Bcero Bo3Mymiano I'epija, HOCUT HECKOJbLKO APYTroil XapaKkTep.

H3BecTHO, uTO Takoe cucteMa co cBA3AMU. lIpencTaBum cHauana aBe
TOUKM, COEIHEHHbIE }ECTKUM CTEPHHEM TaK, YTO pacCTOfHUe Mew Ay HU-
MU cOXpaHfAeTcA HeM3MeHHbIM; Uld, 6osee 06110, IPEANONOHUM, YTO HEKO-
TOPBII MeXaHU3M NOJJlep#BaeT COOTHOLIEHNEe Me#y KOOpAMHaTaMu [IBYX
UM HECKOJNbKUX TOUER CHUCTeMbl. JTO MepPBLIl BUJ CBA3M, KOTOPbIHf Ha3bl-
BaeTCA EeCTKON CBA3LIOY.

[Ipennonosxum Tenepb, 4To cdhepa KaTUTcA Mo miIockocTu. CropocTh
TOYKHU KacaHUA JoJ#Ha paBHATbcA Hyd0. TakuM o6pa3oM, MbI IoMydaeM
BTOPO# BUJ CBA3U, KOTOPBII BbIpamaeTcHd COOTHOIIEHNEM He TOJIbKO MeM Iy
KOOpPAMHATaMU HECKOJIbKUX TOYEK CUCTEMBI, HO U MEK Yy UX KOOpAUHATAMU
U UX CKOPOCTAMH.

CucTeMbl, B KOTOPBIX CYILecTBYIOT CBA3M BTOPOTro BHAa, UMeIOT 11060-
IbITHOE CBOMCTBO, KOTOPOe MbI NONbITaeMcA cefiuac 0ObACHUTL HAa TOJNbKO
YTO NPUBEIEHHOM IPOCTOM MHpHMepe. JTO HpPUMep LIapa, KaTAIErocA 1o
TOPU30HTANbHON IJIOCKOCTH.

IIycts O — TouKa ropusoHTanbHO mIockoctu, a C' — 1UeHTp cdepsl.

JlnA nonHoro onpejieleHu NOJNOKEHUA TOJBUHHON cepbl BO3bMeEM TpH
HenoBu##HbIe ocu KoopauHat Ox, Oy, Oz, rjie nepBbie ABE HAXOAATCA B TO-
PU3OHTAIbHON MIOCKOCTH, CONMpHUKacalomeiica co chepoit. 1 BosbMeM Tpu
ocU KOOpJMHAT, #eCcTKo cBA3aHHbIe co chepoit C¢, Cn u C(.

ITonoskenue cdeprr 6yIeT NOMTHOCTHIO ONpeeNeHo, eclld 3a1aTh B KO-
OpJMHAThl TOYKU KacaHUA U AEeBATb KOCUHYCOB HalpaBleHUI NOJBUMHHBIX
oceit 0 OTHOLIEHUIO K HeMOABUKHBIM ocAM. [IyeTh A — nonosenue cdepsl,
KOI'Jla TOUKa KacaHUA HaXOAUTCA B HayalbHOU Touke O U NMOABUMKHBIE OCU
napa/uielbHbl HENOABUH#HBIM OCAM.

RoopounaTh! Touku kacanus paBHbl & = 0, y = 0, U JeBATb KOCUHYCOB
TaKOBBI:

1, 0, 0
0, 1, 05
0, 0, 1.

lIpunagum chepe GeckoHeyHo Manoe BpaiuieHue € BoKpyr ocu C¢.
Codepa npupser B mojoxeHue B, rie KoopAHHaTaMU TOYKU KacaHUA CTa-
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HyT £ =0, y = 0, a 1eBATh KOCHUHYCOB GyAYyT paBHBI:

1, 0, 0;
0, cose, sine;
0, —sine, cose.

Ho sTo BpalieHne HeBO3MO#HO, T.K. OHO 3acTaBuio Obl chepy Impo-
CKalb3bIBaTh, @ HE KaTUThCA N0 MmiIockocTu. ClegoBaTelbHO, HEBO3MOMHO
nepeiiTu oT mnonomenua A K GeCKOHEYHO GAM3KOMY mMonoxeHUi0 B Heno-
cpedcmeeHHo, T.e. IyTeM GeCKOHEUHO Malloro JABUKEHUA.

Onnako cefiyac Mbl YBUJIUM, YTO 3TOT IepeXo] MOeT NPOU3OUTHU Koc-
B8EHHO, T.€. IyTeM KOHEYHOT'0 IBUKEHUA.

Haunewm c monoxenua A. 3actaBuM chepy KaTUThCA MO MIOCKOCTH Ta-
KUM o6pa3oM, yToObl MTHOBEHHaf OChb BpallleHUA HaxojAulach B OPU30H-
TalbHOU MJIOCKOCTU U Gblia Bceraa mapanieibHa ocu Oy, ¥ 0CTaHOBUMCH,
Korfa ocb C'¢ cTaHeT BepTHKalbHOU U mapamienbHoilt ocu Oz. Mbl npugeMm
B noJyoxeHue D, rie KoopJuHATaMH TOUYKU KacaHUA CTaHyT T = %R, y =0,

rae R — panunyc cdepsl, a 1eBATh KOCUHYCOB OYIYT pPaBHbI:

09 07 _]-;
0, 1, 0
1, 0, 0.

B nonosenun D TouyKa KacaHMA HAXOOUTCA HA KOHIE BEPTUKAIbHOM
ocu C¢.

[IpumenuMm k cdepe BpaieHue € Bokpyr ocu C¢. To BpallleHue mpea-
cTaBifieT co0oil MpoBOpauYMBaHUe BOKPYT BEPTUKAIbHOW OCH, MPOXOMAAILIe
Yyepe3 TOUKY KacaHMA; OHO He [IONMYCKAeT HUKAKOIO CKONbMKEHWA U, CIeMlo-
BaTelbHO, COBMECTHO CO CBA3fIMHU.

B takom cinyuae chepa mpuxoauT B moioxenue F, rie KoopauHaTaMu
KacaHWuA ABIAIOTCA & = %R, y = 0, a KOCUHYCBhI TAKOBBI:

0, 0, L
sine, cose, 0
cose, —sine, 0.

Tenepp nycTh cdepa KATUTCA Tak, YTO6bI MIHOBEHHaA OCh BpallleHUA
ocTaBalach MOCTOAHHO NapaieibHoi ocu Oy U, clieJoBaTelbHO, YTOObI TOY-
Ka KacaHMA Bcerja Haxogwiachk Ha ocd Ox. OcTaHOBUMCA, KOT/la TOUYKA Ka-
caHUA BepHeTcA B HavalbHYIO Touky (. Jlerko BHAETb, YTO Mbl MPUIILIH
B moJjioxkeHue B.
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CnemoBaTenbHO, MOMHO NepeiTu oT moioxenus A K monomenuio B
HocpeACcTBOM nepexoja dyepe3 nonoxkenua D u E.

l'epu Ha3bIBaeT cUCTEMBI 20.10HOMHBLMU, ECIU CBA3U HE TO3BOJAIOT He-
HocpeACTBEHHO MepexoJUTh U3 OJHOrO MONOMEeHUA B Apyroe GeCKOHEUHO
6IU3KOE TON0MEeHNe, TO OHU He NMO3BOJAIT TaKMKe NepeXoJUTh OT MepBOro
N0JI0#EeHUA KO BTOPOMY KocBeHHO. B Takux cuctemax cyIiecTBYIOT TOJIbKO
JKeCTKUe CBA3MU.

Bupano, uTo Hama cdepa He ABAAETCA FOJOHOMHOI CHCTEMOM.

Hrak, GbiBaeT, UTO NPUHIUI HAaUMeHbIIEro AeUCTBUA He NMPUMEHUM
K HErolloOHOMHBIM cucTemaM. [elicTBUTEIbHO, MOMHO MEPENTH OT MOJOHe-
HUA A K mojioskeHU0 B TakuM MyTeM, KOTOPbI MbI TOAbKO YTO PaccMOT-
penu, U, HECOMHEHHO, MHOEeCTBOM ApyTux nyTeil. Cpeau Bcex aTUX My Teil
€CTb, 0UEBUIHO, OINH, KOTOPbIil COOTBETCTBYEeT HAaUMEHbIIEMY AeHCTBUIO.
CnenoBaTenbHO, chepa HonxHa Oblia 6bI 6ITh B COCTOAHUU NpOCAENOBaTh
no 3Tomy nytu u3 A B B. Ho 3T0 He Tak: KakoBbI GbI HU ObLIN HaYalbHbIE
YCIOBUA BUKEHUA, cepa HUKOr1a He mepeiigeT us A B B.

Bonee Toro, eciu cdepa AefiCTBUTENHHO MEPEXOJUT U3 HoMoxeHuA A
B mnojioxenne A’, oHa He Bcerja [IBUMETCA TeM IyTeM, KOTOPbI COOTBET-
CcTByeT MUHUMalIbHOMY HeiiCTBUIO.

[IpuHnun HauMeHblIero geiicTBUA Golblle He ABIAETCA BEPHBIM.

«B aTom ciyuae, — roBoput ['epr, — cdepa, KoTopas nogUnHANACH ObI
3TOMY NPUHIUIY, Ka3anach 6bl #UBBIM CYyIeCTBOM, KOTOPOE CO3HATENbHO
npecienoBao Obl ONpe/leleHHYIO Ilelb, TOrla Kak cdepa, KoTopas cleJoBa-
na Gbl 3aKOHY NPHUPOJBI, UMela Obl BUJ HEOAYIIEBIEHHO! 0JJHOOOpa3HO Ka-
TAmeiica Macebl... Ho mogo6HbIXx cBA3eil B npupofe He cyuiecTByeT. Tak
Ha3bIBaeMoe KaueHHe 6e3 IpocKalb3bIBaHUA ABIAETCA HA cAMOM Jelle Kaye-
HUeM ¢ He6O0JIbIINM NpocKalb3bIBaHUEM. JTO ABIEHUE BXOJUT B pAJ Heobpa-
TUMBIX ABJIEHUI, TAKUX KaK TPeHUe, ellle III0X0 U3y YEHHBIX, K KOTOPbIM MbI
ellle He yMeeM NPUMeHATbh UCTUHHbIE NMPUHIUNLI MeXaHUKU.»

«Kauenue 6e3 npockanb3bIBaHNA, — OTBETUM Mbl, — He IPOTUBOPEYUT
HU 3aKOHY COXPaHEHUA SHEPTHH, HU KAaKOMY-JI1060 U3 U3BECTHBLIX 3aKOHOB
¢U3UKU. ITO ABIEHUE MOEeT ObITb OCYIIECTBJIEHO B Habir0gaeMOM MUpe
¢ TaKkoll TOYHOCThIO, KOTOpafd NMO3BOJAET UCHONb30BaTh €ro A1A KOHCTPY-
HUPOBaHMA CaMbIX TOUYHBIX MallWH MHTErpupoBaHufA (MIaHUMETPbI, rapMo-
HUYECKMEe aHANU3aToPhl U T. I.) Mbl He UMeeM HHKAKOr'0 paBa UCKIIOYATh
ero kak HeBo3MoiHoe. [Ipo6aembl e Hallu OCTalOTCA HE3aBUCUMO OT TOTO,
peanusyeTcA IU Takoe KaueHNe B TOYHOCTH WU e JUIIb NPUOIU3UTENbHO.
Jlna Toro, 4ToObl NIPUHATH NPUHLUI, HE0OX0JUMO NOTPe6oBaTh, UTOOLI €ro
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npUMeHeHUe K 3ajade, JaHHble KOTOPOW GIAM3KM K TOYHBIM, JaBaio Gbl U
O6Mu3KUe K TOYHBIM pe3ylnbTaThl. K ToMy ke, Ipyrue, #ecTEHe CBA3U TaK-
e NMUIIb MPUOIU3UTENBHO OocyllecTBUMBI B nmpupoje. OqHako X Belb He
HCRJIIOYaIOT U3 PacCMOTPEHHUA . . . »

ITI. Cuctema I'epiia

Tenepb paccMoTpuM cucTeMy, Kotopoit ['epiy mpeanaraeT 3aMeHHTb
IBe TEOpHUH, KOTOPble OH KPUTUKYeT. ITa cCUCTeMa OCHOBLIBA€TCA Ha clie-
OYIOIUX T'UIOTe3ax:

1°. B npupofe cyImecTBYIOT TOIbKO CUCTEMBI CO CBA3AMU, HO U30JIUPO-
BaHHbIE OT BCAKOI'0 BO3/I€HCTBUA BHEIIHUX CHIL.

2°. Ecniu HekoTopble Tela, KAK HAM KamKeTCH, MOJUUHAIOTCA CUJIaM,
TO 3TO O3HAYaeT, YTO OHM CBA3aHBI C JPYTMMHU TelaMHu, KOTOpbIe A Hac
HEBUIMMBI.

Ilycte mMaTepmanbHasd TOYKa, KOTOpafg HaM KaskeTcA CBOOOJAHOMN, He
ONMHUCHIBAET MeMIy TeM NpAMOIMHeNWHON TpaekTopuu. Ilpesine MexaHUKU
TFOBOPUIIM, YTO 3TOTO HE MPOUCXOAUT, MOTOMY YTO Ha Hee JeHCTBYeT cuia,
a lepy o6bACHAET 3TO TeM, UTO OHa He cBOGOJHA, a CBA3aHa C APYTUMHU
HEBUAMMBIMHU TOUYKaMHU.

Ha mepBblit B3rifAa 3Ta runoTesa KameTcA CTPaHHO: A 4ero Kpome
BU/MMBIX TeJl BBOAUTH MPeHON0UTeNbHbIe HeBUAMbIe Tena? OqHako, 0T-
Beuaet ['epl, [Be cTapble TEOPUU BBIHY#HEHbI PaBHO MpeJnojlaraTb KpoMe
BU/MMBIX Tell KaKkue-TO HEBUAUMbIe CyIHOCTU. Kinaccuyeckad Teopus BBO-
IOUT CUJIbI, SHEpreTHYeckad TeOpUA BBOAMUT 3Hepruio. Ho 3Tu HeBUAMMBbIE
CYIIHOCTH, CUJIa U SHEPrUA, HEU3BECTHOI'O U TAUHCTBEHHOTO MPOUCXOHIe-
HUA. A HallM T'UNOTETHYECKUE CYU[HOCTH, HAPOTUB, UMEIOT COBEPIIEHHO
Ty iK€ MPUPOAY, KaK M BUAUMbIE Tena.

[Ipome u ecTecTBeHHell, He Tak au?

MosiHo G110 GbI 06CY#aTh 3TOT BONPOC U YTBEPHKJATh, UTO CYLIHOC-
TH NPEHMHUX TEOPUI NOMKHBI ObITh COXpaHEHbl UMEHHO 110 IPUUYUHE UX Ta-
WHCTBEHHOW MPUPO/bI. YBameHUe K 3TOI TaiiHe ABIAETCA CBUAETEIbCTBOM
Halero HesHaHufl. I mockoibKy Hallle He3HAHWE ABIAETCA HECOMHEHHBIM,
He Jyunie 6b1I0 GbI NPU3HATHL ITO, YEM CKPBIBATh?

Ho moitgemM nanblile 1 MOCMOTPUM, KaKkylo MoAb3y usBiekaeT [epi us
CBOMX THIIOTE3.

JIBuxeHue cucTeM €O CBA3AMU, G€3 BHEIIHEN CUIIbI, ONpeendeTca Ofi-
HUM €/JUHCTBEHHBIM 3aKOHOM.
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Cpenu [BUKEHUI, COBMECTUMBIX CO CBA3AMM, OCYIIECTBUTCA TO IBU-
JKeHUe, 1A KOTOPOro CyMMa MacC, YMHOMEHHBIX Ha KBaJpaT yCKODeHHI,
ABIAETCA MUHUMAaIbHO.

JTOT IPUHINI 3KBUBaleHTEeH NPUHIUIY HauMeHbIlero AeificTBUA, eclu
cuctema ABiasAercA roiroHomMHoi. Ho oH Gonee o6uuii, MOCKOILKY OH TaKmke
NpPUMEHUM U 1JIfl HEFOJOHOMHBIX CHCTEM.

Yrobbl nyullle 0oco3HaTh 3HAUEHUEe HTOr0 NMpHUHIUNA, NpUBEeeM INpoc-
TOI TpUMep: TOUKA, KOTOpasA ABU:KeTCA IO MOBEPXHOCTH. 3/lecb Mbl UMe-
€M TOJIBbKO OJIHYy MaTepualbHYIO TOURY, ClIeJJ0BaTEILHO, YCKOPEHUE IONHHO

ObITh MUHMMaIbHBIM. 714 3TOr0 Heo6XxoaUMO, UTOGLI KacaTelbHOe ypaBHe-
dv

HUe paBHAJOCH HYJIO. HOCHOJIBKy 9TO YCKOpeHHe paBHAETCH E, rgpe v —

CKOpPOCTb, a { — BpeMsf, TO v ABJIAETCA NOCTOAHHON, U ABUKEHUE TOUYKU
paBHOMepHO. Kpome Toro, HeoGxoanMo, 4T0GBI HOPMaIbHOE yCKOPEHME GbI-
’U2
2

, rie R — paguyc KpUBU3HbI HOPMAaIbHOTO CEYEHUA

10 MUHUMAalIbHBIM. OHO paBHAETCA , rae p — paaunyc KpUBHU3HbI TPaer-

,02
Rcosp
[IOBEPXHOCTHU, @ (¢ — yTrois, obpasdyeMblil colpuKacaolleiicA MIOCKOCThHIO
TPaeKkTOPUHU ¢ HOPMAaNbIO K [IOBEPXHOCTH.

[lockonbRy cKOpOCThL NpefnonaraeTcA 3aJlaHHO MO BelMYMHe U Ha-
npaBleHuIo, v U R U3BeCTHBI.

Tarkum o6pa3om, Heob6xoguMoO, UTOGEI cOS ¢ = 1, T.e. 4YTOOLI CONpUKa-
campolanca INOCKOCTh TpaeKTOpUM Oblia HOpMalbHa K [OBEPXHOCTHU, WUIU,
MHaye roBopf, 4ToObl MOJABU#HAfA TOYKa ONUCHIBala reoje3MyecKylO JU-
HUIO.

Tenepb, uToObl NOKa3aTh, KAK MOMHO OOBACHUTH JBUMEHUE CUCTEM,
Ha KOTOpble, KaK HaM Kadjcemcs, NefCTBYIOT CUJbl, BO3bMeM ellle OI1H IIpoc-
TOIl IpUMep ¢ LeHTPOoOeHHbIM PeryIaTopoM. TOT XOPOIIO U3BECTHbIH MpU-
Gop coctouT u3 mapaiaenorpaMmva ABCD ¢ HOABUMKHBIMYU COUIEHEHUAMU
B BepimnHax. B mpoTuBosemsanux yriax storo napanieinorpamma, B u D,
HaXoAATCA MaccuBHbIe mapbl. Bepxuuit yron A sadurcupoBat. B Humuem
yray C 3aKperuieHo KOJbIo, KOTOPOE MOMET CKOJb3UTh BJOJbL BEPTUKANb-
Horo HenojBu#HOTO cTep#HA AX . Bce yeTpoiicTBo puBOogUTCA B eiicTBUe
BpalaTelbHbIM ABH#eHueM BokpyT cTep#HA AX. K roabiy C nopBelien
ctepsenb 1.

MenTpoGesxHaa cuia CTpeMHUTCA pa3BeCTH LIapbl U, Clef0BaTelbHO,
noAHATb Koiblo C u crepmenn 1. CienoBaTenbHo, 3TOT cTepseHb T’ moa-
BepraeTrcd cuje TArW, KOTopasA TeM CUJbHee, yeM ObIcTpee BpallleHUe.

TOPUH, UIHU e
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IIpeanonomxum Tenmepb, 4YTO HeKUil HabGnOgaTelb BUAUT TONbKO 3TOT
CTepeHb, T.e. IPeJCTaBUM, 4TO Inapel, crepsenb AX u mapamrenorpamm
clenaHbl U3 MaTepualia, HeBUAMMOTI0 i HabGaogaTen . ITOT HabIIOJaTeNlb
YCTaHOBUT, UTO Ha cTepxeHb T neiicTByeT TAra. Ho mocKoibKy OH He yBH-
IOUT, KaKUM 06pa3oM 3Ta TAra BO3HUKAET, OH MPUNUIIET ee TauHCTBEHHOM
[HpUYKHE, «CUey, IPUTAMEHUIO, KOTOPOe JelCTBYeT CO CTOPOHBI ToYkM A
Ha CTep#HeHb.

Hrar, cornacho I'epuy, BcAKUIT pa3, Kak Mbl BooOpaaeMm CHUIY, MbI
CTAHOBUMCHA #epTBaMU aHAIOTHYHOU UIITIO3UH.

Toraa BcTaeT BONpoc: MO#HO JIM MOJ06GPaTh CUCTEMY COUJIEHEHUM, KO-
Topasd UMHUTHUPYET CUCTEMY CHUJ, ONpeelfdeMyIO MPOU3BOJIbHLIM 3aKOHOM,
Wiy npubnuaer ee ¢ Jd060i TouHOCTbIO? OTBET HOMMeH ObITb yTBepIu-
TeabHbIM. JlocTaTOYHO HAMOMHUTEL 0 TeopeMe Kénurca, Koropasa Moria Gl
MOCHYKUTh OCHOBOH [JIfl JOKAa3aTelbCTBa.

JTa TeopeMma IJIacUT: 6ce20d MOKHCHO Npedcmasums MAkKyio cucmemy
couneHeHUll, ¥Mo mMoYka 2moil cucmembl ONUCHIBAET NPOUIBOALHYIO KPU-
8YI0 UAU AA2e0PAUYECKYI0 NOBEPTHOCIb; UAU, UHAYE 2080DPA, MOKHCHO nped-
cmasums MakKyio cucmemy cowieHeHull, 4mo KoopoUHAMbL MOYEK Cucmembl
8 cuay ux ceasell 6yoym nodiuHeHvl NPoU3BOAbHbLM Haneped 3a0aHHbLM a.n-
2ebpauieckum OMmHOWEHUAM.

BoT TonbKo mpenmnoio;keHKHA, U3 KOTOPLIX BLIBOAUTCA 3ajlaHHOE TOBe-
JeHUe, MOT'YT OKa3aTbCA 0OYEHb Y CJIOKHBIMU.

Bnpouem, 3T0 He mepBas NMONBITKA, KOTOPYIO JeJajly B 3TOM HamnpasJe-
Huu. HeBo3aMo#HO He 3aMeTUTh cXxojacTBa runote3 ['epia ¢ Teopueit opaa
KenabBuHa 0 rupocTaTUYECKOM yIPYTOCTH.

Rar usBecTHo, mopa KenbBuH nbiTanca o6bACHUTE CBOiicTBa 3¢upa 6e3
NpuBleYeHUA MOHATUA cuibl. OH Jame mpujgan onpejeieHHy0 GopMy cBo-
el TunoTe3e: OH MpeacTaBIAeT 3(PUp OTHON U3 TeX MeXaHUYeCKUX MoJelei,
KOTOpbIe TaK JNIOOAT aHTIMYaHe. AHIIMCKUe yUyeHble, JOBOJbHbIE T€M, UTO
BOILJIOIIAIOT CBOM HEeH B ocfizaeMylo GopMy, He GOATCA CIOAHOCTH 3TUX
MoJeneil, B KOTOPbIX MHOKAaTCA CTEPHHU, MATYHbI, #eJobbl, Kak B MeXa-
HUYECKOM aTelbe.

YTo6bl gaTh YMTATENIO NpeAcTaBleHUe, ONUIIEM MOJelb T'MPOCTaTHU-
yeckoro a¢upa. J¢pup obpasoBaH yeM-To Bpoje pemieTku. Ramagan Adeiika
3TOoil pemeTku — TeTpasap. Raxmoe peGpo aToro Terpasgpa obGpasoBaHO
OBYMA CTEPHHAMU, OJUH U3 KOTOPBIX MOJbIA, a IPYTroil CIJIOUIHON, CKOJIb-
3AMUMU OAUH B ApyroM. CnemoBaTelbHO, 3TO pe6po pacTHMKUMOE, HO He
rubroe.
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B wampgoit Auveiike HaxoOUTCH YCTPOHCTBO, o6Gpa3oBaHHOE TpeMA
CTepMHHAMU, KECTKO COEJUHEHHBIMU ADPYT C JPYTOM MOA MPAMBIMHU yria-
mu. KRamapiii 13 3TUX Tpex cTepiHeil onupaeTcA HA ABa NPOTUBOJIEHKALIINX
pe6Gpa Terpasapa. HakoHen, Ka/blil U3 HUX COJEPKUT YEThIPE TUPOCKOMNA.

B cucreme, KOTOpyIO MbI TOJILKO YTO ONMUCANU, HET MOTEHIHUATLHON
sHepruu. EcTb TONbKO KUHETHYeCKaA: DHEPTHUA TEeTPa3ApOB U JHEPTUA T'H-
pockonoB. Memay Tem, o6pa3oBaHHad TakuM o00pa3oM cpefa BeJeT celf,
Kak ynpyras: oHa IepeJaeT MonepeyHble KoleGaHUA B TOUHOCTU Kak 3Up.

Tarxe 106aBUM, YTO CUCTEMbI COUTEHEHUI TAKOro Pojia, cojeprraine
TUPOCKOIbI, HE TONbKO MOTYT HUMHUTHUPOBAaThb BCE CHUIbI, KOTOPbIE MbI Ha-
XOJUM B IpUpOJe, HO TaK#e M Te, KOTOPble B NPUPOJie He BCTPeYaloTCA.
JTO MMEHHO Ta lielb, KOTOpPYIO cTaBuia cebe jopa KeanBun. OH mbiTanca
00BACHUTL HEKOTOpbIe cBOiCTBa 3¢dupa, KOTOpbIe, KAK eMy Ka3ajlocCh, He
No/AJal0TCA pasrajlke B paMKaX OGBIYHBIX MpPeANoNO0MKeHH.

HN3BecTHO, UTO TMPOCKONUYECKAA OCh CKIOHHA COXPAHATHL ONpeJeNeH-
HO€e HampaBlleHue B mpocTpaHcTBe. Horja ee OTKIOHAIOT, OHA CTPEMUTCA
BepHYThCA, Kak OyaTo ObI 1oJ BO3[elicTBUEM HamnpaBiaAwoleil cuibl. JTa
KamylaacA cuia, CTpeMAlaAcA COXPaHUTh HalpaBleHHe OCU TMPOCKOMa,
He ypaBHOBENIMBAEeTCA, B OTIMYME OT PealbHbIX CHJ, PABHBIM U 06paTHBIM
npotuBopeiictBueM. CleoBaTenbHO, K Hell HEMPUMEHHM 3aKOH AeHCTBHA
U NPOTUBOAEUCTBUA U €ro ClefICTBUA, KAk HANpuMep, MPaBUIO ILIOIMAeiH,
KOTOPBIM NMOJYUHAIOTCA €CTECTBEHHBIE CUJIBI.

Takum o6pa3oM, ACHO, YTO T'MpOCTATUYECKAA THUIOTe3a, B KOTOPOM
0CBOOO#IaI0TCA OT HTOr0 OrPAHUYUTENLHOI'0 3aKOHA, OXBAaThIBaeT (HaKThI,
KOTOpbIe HE MOT'YT GbITh 06bACHEHBI OGBIYHBIMU T'MIOTE3aMH, COTIIAacOBaH-
HBIMH C 3TUM 3aKOHOM.

Yro e ciaegyeT aymath o Teopuu I'epria? OHa HaBepHO MHTEpecHa, HO
He yJIOBIETBOPAET HAC MONHOCThIO, 6YIyYd BO MHOI'OM TMIIOTETUYHOM.

lepuy ynanoch oGe3onmacuTbcAd OT HEKOTODBLIX BO3pameHUil, KOTOpbIe
ero myuunu. OqHaKo, OH OTMeN He Bce BO3pameHu .

TpyaHocTH, KOTOpPbIe MbI TAK H0JAT0 06GCy#Aaly B Havyale 3TOi CTaThH,
MOMHO Pe3IOMHUPOBATh CIeIYIOUNM 06pa3oM.

EcTb MHOecTBO u3no#eHuit ocHOB [JMHAMUKY, HO HU B OJTHOM M3 HUX
TOJIKOM He pa3iuyaloTcA ONpeleleHNs, dKCIepUMeHTalbHble (akTbl U Ma-
TemaTuueckye TeopeMbl. B cucteme ['epua aTo pasnuuue elne He ABIAETCA
COBepIIEHHO YeTKUM U, KPOMe TOro, OH BBOJUT YeTBEPTHINH BIE€MEHT —
runotesy. IIpu BceM ToM, oiHOl CBOeli HOBU3HOIi, 3TOT CHOCOO U3NOMEHUA
OKa3bIBaeTCA MOJEe3HbIM — OH 3aCTaBJIfAET HAaC Pa3MbIILIATh, OTKa3bIBaThCA
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OT MPEeMHUX acconuanuii upei. Mkrl noka He MOMeM OXBaTUTh B30DpOM Le-
Jioe 3J1aHue; XOpoIlIo y#e, eClIu eCTbhb HOBafd MepCleKTHBa, OTKPbhIBaAlOIaAaACAa
C HOBOU TOYKU 3PpEHUA.



3AMETRHU O TUINIOTEJ3E JAIIIIACA

Bulletin astronomique, t. 28, p. 251-266 (juillet 1911)

1. H3BecTHO, YTO B KOCMOrOHMYeCKoii rumorese Jamiaca npeamona-
raeTcf, 4TO NEePBUYHAA TYMAHHOCTDb, CTATUBAACK, 0GpasyeT pAd Kolel|, U3
KOTOPBIX 3aTeM MPOMUCXOAAT pa3inuHble MIaHeThl. MOMKHO CIPOCHTD cebf,
KaKOBbI YCIOBHA YCTONUMBOCTH STHUX KOJeI] i KaKOBa NPUYMHA UX pa3pylie-
HuA. Polna onpefenun ycioBia ux o6pasoBaHud cieayiomum myteM. Heo6-
XOIMMO MPEeAION0AKUTh, YTO TYMAHHOCTb 0YeHb CHIBHO yIUIOTHEHA K LeHT-
DY U COCTOMT M3 OTYETIMBO BhIPa#EHHOr0 chepHUeCKOro Apa i OYeHb pas-
peseHHO aTMocdepbl; cpaBHEHHe MOMEHTOB BpallleHH A 6e3yCII0BHO 3aCTaB-
JfleT Hac JelaTh Takue mpefnonoxenuda. Mrak, mycts M — Macca aipa,
W — CKOPOCTb BpalleHUA, MPeJNoaaraeMoro paBHOMEPHBIM, I — PaccTo-
fIHUe OT TOUYKH %, Y, z 0 Hayaja KOOPAMHAT. 3a OCh BpalleHUs NPHMeM
ochb . YpaBHeHHe cBOGOJHOI MOBEPXHOCTH aTMochepsl GyaeT

w2, oo M
)+ —4 -,

2 N
MNOBEPXHOCTH BpalleHUA ¢ MepuJauaHalbHbIM CeYeHUueM

2,2
vy M___g¢, (1)

+

N

JInA HeKOTOPBIX 3HAUEHUI mocToAHHOU C' 3Ta KpUBad UMeeT JBe IBOM-
HBIX TOYKH, U TOrJa MPOMCXOJUT 06pasoBaHMe KoJjel U3 aTMocgephl.

Ecnu npugats C 3T 3HaYeHUA, y KpUBOM GyayT GeCKOHEUHbIE BETBH,
Tar 4yTo eciu ypaBHeHue (1) ocTaBanoch Gbl B CHile, TO OTAENMBLIMECH Yac-
TH LEeHTpalbHON Macchl He cMmoriu 6bI 06pa3oBaTh KOJbLA U yjleTelu Obl
Ha 6eckoHeYHOCcTb. OJHAKO AICHO, YTO 3TH YACTU He CyMesu Obl COXPAaHUTh
HEeM3MEHHO! YTIOBYIO CKOPOCTh w, KOTOpas 0 3TOr0 MOMEHTa MpeAnoJara-
Jack noctoAHHo#. CTaB U30JUPOBAaHHBIMU, OHU HE IPUMYT GOJIbIlle yUacTud



58 3amemru o zunomese Janaaca

B 001[eM BpallleHUuU, U UX YTI0BasA CKOPOCThL OyJ€T YMeHbIIaThCA COTIacHO
3aKOHY ILIOLIaflell 0 Mepe TOro, Kak OHU OYOyT YJAlIATbCA OT OCH.

TakuMm o6pasomM, Mo MeHbIIell Mepe y JABOMHBIX TOYEK HeAb3fl pac-
cMaTpUBaTh w KaK MOCTOAHHYIO, U MajJoOBEePOATHO, YTO 3Ta PaBHOMEPHOCTh
BpallleHUA Morja Obl MOJJep:KUBaThbCA B OYeHb pa3pemeHHON aTMocdepe
TyMaHHOCTU. IloaToMy oTHbIHe 6yieMm npeanojaraThb, YTO w MeHAETCA CO-
rllacHO HEKOTOpoMy 3akoHy. Kpome Toro, miA BbiBoja ypaBHeHus (1) Mbl
npeHebperainy NpUTAMEHNeM 3Toi aTMocdephl 13-3a ee HU3KOM MIOTHOCTH.
Tak Goabie AenaTh HeNb3fA: 3TO U caMo Mo cebe OYEBUHO, U CBEpPX TOrO,
B JajbHelillleM MbI YBHAUM, UTO IoJaraf NPUTHAKEHUE PABHBIM HYIIO, MbI
OpUILIK ObI K 3aKJII0YEHUIO 0 HEYCTOHYNBOCTH KoJlell.

YpaBHEHUSA TUPOCTATUKU JaIOT HaM cleylollee:

dp , 1dp _ dP , 1dp dP , 1dp _
+ =0, dy—i-pdy—wy, z+ =W,
rae p — paBlieHue, p — IJIOTHOCTH I'ada WiIn MUJKOCTH, P — IIoTeHgualn
NPpUTHMEHUA.
3TI/I YpaBHEeHUA MOMHO 3allMcaTb Kak

d

dP + 7 = W' RdR, 2)

nonaraa R? = y? + 22. Mpeanonoxum, 4to p — GyHKUMA OT p (Tak Gymer

IIPpOUCXOOUTH B OOJNBIIMHCTBE cly4daeB U, B 4aCTHOCTHU, €C/IK TYMaHHOCTb

HaxoguTcCHA 1160 B N30TEPMUYECKOM n1b6o B aZ[PIaﬁaTPI'—IeCHOM paBHOBeCI/II/I).
dp

Torpga 5 FABIACTCA TOUHBIM nuddepeHnuanoM, a cTano 661Th, w?RdR To-

e JIoNeH ObITh TOYHBIM, T.€. W 3aBUCUT TOJBLKO OT R. CJIe)IOBaTeJIbHO,

nojiaraemM

W _ n PRAR = dp(R),

D
Torjla U3 ypaBHeHUA (2) MOMYYUM, YTO
P + 7 = ¢(R) + const.

Ha cB060HO#T MOBEPXHOCTH 7 HOJ3KHO ObITH paBHBIM HYIIO, TAKMM 00pa3oM,
ypaBHeHMe 3Toil cBOGOJHON MOBEPXHOCTHU OyIeT BBIMIALETh KaK

p—P=C. (3)
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Ecnu npeanonosuTb, YTO w ABIAETCA NOCTOAHHON, U NpeHeOpeYhb MPUTA-
#eHueM aTMocdepsbl, TO MOIYYUM

2
W p2 M
w = -5 R, P = T
U MbI BHOBb CTaJKHBaeMcH C ypaBHEHUEM Poma
CreM_c
2 ro
B o6mem ciyuae mojaraeM
p=-M ;p

rjie wieH 0 P oueHb Mal ¥ BO3HUKaeT BCIECTBHE IPUTHAMEHNA aTMOChephI.
O6cynum popmy noBepxHocTH (3). Cpasy BUAHO, YTO 3TO IOBEPXHOCTDH Bpa-
meHnuA. [lo npuurHe CUMMETPUY OHA JJOMYCKAEeT B 06IEM CIIyYae MIOCKOCTh
SKBaTOPUAILHON CUMMeTpUU, KoTopad OyneT miuockocthio x = 0. Ilpexamno-

JO#KUM, YTO MbI XOTHM H3YUUTH MepeceyeHre IOBEPXHOCTH MPAMOIi, mapai-
M
T
HauyMHaeT pacTH, Korja |z| npubaumaerca k Hymo. Ecnu npenebpeun 0P,
TO 3TO NPUBEET K 3aKIIOYEHMIO, YTO NMEePBbIil 4ieH ypaBHeHus (3), Korjga
U3MEHAETCA TONbKO &, UMeeT eMHCTBEHHbI MakcuMyM npu = 0 u, cie-
JoBaTelbLHO, Nl06ad NpAMasn, napajielbHas OCH &, IEPECEKaeT NOBEPXHOCTh
He Gonee, YeM B ABYX TOYKaX. JTO 3aK/JIIOYeHUe He U3MEHUTCA, KOIrJla Mbl
nepeitieM K clefyomuM npubIuKeHUAM, NOCKOIbKY Bbipamenue —d P, Bo3-
HUKalolee BeleJCTBYUE NPUTAMEHNUA aTMoCdephl, TaK#e T0CTUraeT MaKkCH-
Myma npu & = (0, Tak Kak [IBUKYyIleecHA Telno, 00A3aHHOE JBUTAaThCA MO
NpAMOH, NapalielbHOl OCH T, U HAXOAAIIeeCcd MoJ AeHCTBUEM NPUTHMKEHUA
arMocgepbl, GyIeT CTpeMUThCA NPUOAU3UThCA K MmiIockocTd & = (. JTO
OUYeBUIHO, eClii 3Ta aTMocdepa orpaHruueHa NOBEPXHOCTbIO, KOTOPYIO Kai-
Jaf npfAMaf, napajiellbHafg OCH T, epecekaeT MaKCUMYM B JIBYX TOYKaXx,
CUMMETPUYHBIX OTHOCUTENbHO IockocTd x = (0. UTak, MoHO ompeje-
IUTh GopMy 3Toil aTMocdephl NocaeoBaTelbHbIMYU NpubausenuamMu. CHa-
yana npeHeGpesxeM 6 P; Bo BTOpoM NpubGIM#eHUU puMeM 3a 6 P MoTeHIu-
al, BbI3BaHHBIN NPUTHAMEHNEM aTMocdepbl, OrpaHHYeHHO! OBEPXHOCThIO,
KoTopad Oblia BbIUKCIEHAa B MEPBOM MpHUOIumeHun u T. 1. [IpemenbHas mo-
BEPXHOCTb YIOBJIETBOPAET YCIOBHUIO B IEPBOM MPUOIMAEHUN U, KAK TOIbKO

JenbHOit ocu . BugHo, 4TO BOTKL 3TOM NPAMOIL ¢ TOCTOAHHA, TOT 1A KaK
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4yTo OBLIO MOKA3aHO, eclid OHAa YIOBIETBOPAET YCIOBHIO B 1-M NpUGIHHe-
HUH, TO OHa GyfeT YIOBIeTBOPATL eMy u B (n + 1)-m npubnusenun. Cie-
JIOBaTelbHO, OHA TaKke Oy/leT yIOBIETBOPAThH 3TOMY YCIOBHIO M BO BCEX
nociefyomuX NpubauKeHuAX.

MokHO B0O3pa3uThb, UTO 3HAHUA CBOOOAHOI MOBepXHOCTHU OyJeT Hello-
CTaTOYHO [JiA onpefelennd 6 P, U Tak Kak MIOTHOCTb aTMocdepbl ABIAETCA
nepeMeHHOH, HeoOX0AMMO 3HaTh Bce MOBEPXHOCTU OAMHAKOBOI MJIOTHOCTH,
TO ecTh Bce NMOBepXHOCTH, rje m = const. Ho Bce 3Ty noBepxHocTu 6y-
OyT yIOBIETBOPATDH BhINIEU3IOMKEHHOMY YCIOBUIO B IEPBOM IPUOIUKEHUH,
U TaK e NPOBepAeTCH, UYTO €CIN OHU Y[IOBIETBOPAIOT eMy B n-M IpUOIu-
JKEHUH, TO OHUM OYIYT yAOBIETBOPAThL eMy U B (n + 1)-M npubauseHun.

Takum 06pasoM 3aKiI04aeM, UYTO HOBEPXHOCTh (3) mepeceraercd Jio-
60l mpAMOii, NapanienbHoil ocu x, He Gojlee YyeM B JBYX TOUKaX, CUMMET-
PUYHBIX OTHOCUTEIbHO 3KBaTOpHanbHOI miaockocTu & = 0.

YT0o6bl M3YyUUTH 3TY NOBEPXHOCThb, WIU CKOpee ee MepUAUaHAIbHOE
ceyeHue, 1OCTaTOYHO U3YUUTh Bapuallio BbIpa#eHUA

w(y) — P(y), (4)

T. €. IepBoOro wieHa ypasHenud (3), rne x = z = 0. Ecin

#(yo) — P(yo) > C,

TO MOBEPXHOCTH (3) mepecexaeT NPAMYIO Yy = Yo, 2 = 2o B ABYX TOYKax,
U OHM He MepeceKaloTcA, eciu

®(yo) — P(yo) < C.

Ecniu nama atmocdepa He mpocTupaeTci GeCKOHEUHO, TO BbIpaie-
Hue (4) faA oueHb GONBIIOro y DOJ#HO OBITH MeHblle, yeM C'; OHO Gecko-
HeyHo a1 y = 0, noToMy 4uTO % = % = +00. Heob6xonumo paccMoTpeTh
nocneoBaTeNbHble MAKCUMYMbI 1 MUHUMYMbI BbIpamenus (4). Oquum us
caMbIX NMPOCTHIX ABIAETCA Cly4ail, rie Boipamenue (4) Ipy yMeHbIIEHNH Y
oT +o0o go (0 cHauyana pacTeT, JOCTUTHYB MakCcUMyMa IpU Yy = Yy, 3aTeM
YMeHbIlaeTCcA, JOCTUTHYB MHUHUMYyMa JUIA §y = Y1, U 3aT€M CHOBa pacTeT
10 6eCKOHEYHOCTH.

OGosnauum uepe3 Cy mMakcumyM, a yepe3 C; MuHUMYM. Ecau Bo3b-

mem C = Cl, TO MepuguvaHallbHaaA KpuBafd, CUMMeTpHU4YHafd OTHOCUTEJIbHO
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IBYX Oceil, MMeeT JIBe JBOMHbIX TOUKH, KaKk II0Ka3aHo Ha pucyHKe. [ BoliHbie
Toukn A u A’ UMeroT KoOpAMHATHI

r=2=0, y==y,
a Toukd B u B’ uMeloT KoopauHaThI
r=2z=0, y==xy

¥ COOTBETCTBYIOT MaKCUMYMY BbipaxeHus (4).

Ecau Bpamarh MepuanaHalbHYIO
KPUBYIO BOKpYT OCH &, TO OHa 3aMe- N
TeT MOBEPXHOCTh BpAIlleHNUA ¢ [BOMHHOl M w
KpuBoii. BUIHO, UTO KONbIIO, 3aMeTeH-
Hoe AMC n A'M'C' crpemutea k To- C\_ B
My, 4TOObI OTHEIUThCA OT LEHTpalb-
HOIl Macchl, 3aMeTenHoit ANA'N'.

Ecau 661 MbI cHavana npeHeOper-
au P, To Mbl UMeNn Gbl

Ilasa Toro, 4yToGhl BhipakeHnue (4) MMeno MUHUMYM, HEOOXOAUMO A

Havana, 4To0bl
d 2 M
d—y(SO—P):w y—? =0,
T.e. uTo6b1 w?y® = M. Toraa w ABIAETCA YIIOBOi CKOPOCThIO HA KPYTOBOIA
op6uTe paguyca y, 3agaHHoil TpeTbUM 3akoHoM Kemnnepa; nanee, Heo6xonu-

MO, 4YTOOBI

d2
d—yz(ﬂo -P)>0
W
w? 4+ 2ww'y + % = 3w? + 2wuw'y < 0.
Y

JTo O3HavaeT, 4YTo w3y3 HOJI:KHO yBeJIn4YuBaTbCA BMeCTe C Y. CJIe,I[OBaTeJIb-

HO, BC€ 3aKOHBI 3aBUCUMOCTHU w OT Yy He OOIIyCRaroT OﬁpaSOBaHI/IH RoJen.
Ecau paccMoTpeTb TYMaHHOCTb C OY€Hb cllabbIMM KOHBEKIIUOHHbI-

MU TOKaMH, TO B3aMMHO€ TpeHHe Dal3JIUYHBbIX yacTei 6y)1eT COXpPaHATb
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paBHOMEepHOCTh BpalleHud, w GyleT MocTofHHOM, w?y® 6ymeT BospacTaio-
meii ¢yHKOueil, 1 o6pa3oBaHMe KoOJell cTaHET BO3MOKHBIM. Eciu nepeiitu
K KpaiiHeil IPOTHBONOIOKHOCTH U MPEINON0KUTh OUeHh MOIIHbIE KOHBEK-
IMOHHbIe TOKH, TO B CHIy NPHMHIMNA IiIomaieil, npousBefeHue wy? Gyger
CTPEMUTBLCA K COXPaHEHUIO A ra3o00pa3Hoil Macchl, IEPEHOCUMON 3TUMHU
TOKaMH; TaK Kak 3TH TOKU IepeMeluBaloT BCio Maccy, byHKIUA wy? cTa-
HET MOCTOAHHOM. ITO MO#HO GbLI0 ObI HA3BAaTh aduabamuieckum pagHoBecU-
e/ aHAOTMYHO TepMHUYecKOMY paBHOBecHIO aTMocdepsl 3emau. Eciu wy?
nocToAHHA, To byHKIUA w?y® ABNAeTcA y6uIBalOIeil, 1 06pasoBaHue Kolell
HeBo3Mo#HO. CliefoBaTenbHO, HEOOXOJUMO JONMYCTUTh, YTO B TYMaHHOCTH
Jlannaca KOHBEKIMOHHbIE TOKU CIULIKOM ciaabbl 1A TOro, 4To6bl MPOTHU-
BOJeiCTBOBAaTh BIMAHUIO TPEHUA U CleJOBaTelILHO, MPOIecC JOoJ#eH ObITh
Ype3BbIYAHO MeJIEHHBIM.

2. PaccmoTpum ceituac ycroitunBocTh 00pa3oBaHHBIX Kousel. duaA To-
ro, 4ToObl KOJAbIO 06Gpa3oBaloch M OCTAIOCh YCTONUYUBBIM, HE0OXOJUMO
npexjie Bcero, 4To6sl cBoOGOAHAA MOBEPXHOCTb MMena GopMy, YKazaHHYIO
Ha PUCYHKe U, clleIoBaTellbHO, YT00bI COOTBETCTBYIOMUI Touke B MaKkcu-
MyM cyiectBoBal. B Touke B 6yneM nUMeThb

dp-P) _, &-P)
dy ’ dy?

<0.

IlepBoe ycnoBue npubausuTenbHo gaeT w2y = M. Torpa Haiigem, Ka-

KOBBI B TOuke B BTOpbI€ MPOU3BOAHBIE TPeX yacTei @Y —p:

HpPOU3BOJHAA OT ... © % —0P
2
d—z 0 —Mzz—wz—e' —€
dx y
4 2 / 2 / _ /
R w?® + 2ww'y 2w? + 2¢ dtp+e+e¢
Y
2
d—2 w? —w?—¢ —g'.
dz

,HeﬁCTBPITeJIbHO, @ He 3aBUCUT OT &I. Ee BTOpbIe IIPOMU3BOAHBIE IO Y
U Z BBIBOAATCA HENOCPEACTBEHHO U3 €e OIlpelleIeHUuA. C }lpyFOﬁ CTOPOHBEI,
nmeercHa

@2 M_2M &M_&PM_ M
dy? T g2 dz? T A2 T v’
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u l'IpI/I6.TII/I31/ITe.TII:.H0 nojgy4JdaeM

I[.TIH CTpOrocTu He0o0X0AMMO 3anucaTh

M _ =2, 1dé
B T
Y Y
2
(=6P)
, CollJIeMCA Ha 3aMeydaHue, cAejlaHHOe Bbllle, YTO

Yro kacaeTcA ———
dx
—&P Ha npAMOH, napajlelbHOl OCH T, UMeeT eJUHCTBEHHBI MaKkCUMYM

npm r = Ou 4To, ciiegoBaTellbHO, 3Ta IPOU3BOJHAA OTpUllaTe/IbHa.

C opyroit cTOpOHBI, Nonaran

— doP _ o
6P =), B _pm), .
HaxoauM (MOCKOAbRY B Touke B z = ()
1dop _  F' &P _ I
Yy dy ’ dz? R’
oTcoa
1déP _ _dzsz_E,
Y dy ’ dz? '

Kpowme Toro, us ypasuenus Ilyaccona AJP = +4mp (rmge p — MIOTHOCTh

HUJKOCTHU) BBIBOIUM

2
d 55 = —drp+e+e.
dy
Takum 06paszoM, HAM HEOOXOJMMO PACCMOTPETD € KaK MONOMKHUTEIbHOE, OJI-

Hako 3HaK €’ HEN3BeCTEH, XOTA 3Ta IIpOU3BOJHadA, BepoATHee BCero, mnoJjo-

JKUTENbHA.
HTaxk, nonyyaem

d?(p —
%:3w2+2ww’y—4wp+e+35’<0.
Y
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Ecau p oueHb Mazo, To ¢ HEOOXOAUMOCTBIO € U 3¢’ TaKk#e Malbl, UTO
BlleyeT 3a coboii
!
3w? + 2ww'y < 0.

dto ozHayaer, uTo w?y® y6LIBaer, Korga pacter y. ClefoBaTeNbHO, €CIU
B OKpPecTHOCTH Touku B ¢ynrnua w?y® ybbiBaeT, To ycTOHYMBOCTH MO-
#eT UMeTb MECTO IPU CKOJIb yroJHO HU3KOH IJIOTHOCTHU p, HO eclu QYyHK-
nus w?y® Bo3pacTaeT, TO KOJMBIO MOMET ObITh YCTOMUYMBBEIM, TOABKO €CIH
MJIOTHOCTb OCTaeTCA BhIIE ONpPEENeHHOr 0 Tpefena.

YTo6bI yTOUHUTEL pe3ybTaT, MPeANoNox UM, YTO Macca Kojablla OUeHb
Majla He TOJbKO MO OTHOIIEHUIO K Macce IeHTpPalbHOro AApa, HO U OTHOCHU-
TelbHO Macchl aTMocdepbl, KOToOpad OCcTaeTCA BOKPYT 3TOr0 Apa.

Torga moaoxxum

! ! !
E=¢€1+t¢€2, € =¢€1+¢€,y,

rje €1 U €] OTHOCATCA K NPUTHMEHUIO aTMOC]epbl, HAXOAALIEHCA BOKPYT
ANpa, a €3 U €y — K NPUTAMEHUIO Konbla. [Ipyn faHHBIX YCIOBUAX €] moio-
JKUTENbHO, €Cly IPEN0N0HKUThL, UTO CBOOOAHAA MOBEPXHOCTh aTMOCHephI
ANpa ABIAETCA BbIIYKION; C APYTOii CTOPOHBI, €5 0UEHb MAJIo 110 CPaBHEHUIO
C €]; OTHOLIEHNE MeMK Yy STUMU IBYMA BeIHUYHHAMY TAKOrO #e MOpAAKA 10
BellMylHe, KAK OTHOIIEHWE AUHEHbIX Pa3MePOB MepPUAUAHATLHOIO CeUeHU
KOJblla K MepuaMaHalbHOMY cedyeHHuIo aTMocdepsl Afpa. B KoHeuHOM UTO-
re, 3akaodaeM & > 0 u, ciejoBaTeNbHO,

4mp > 3w? + 2wuw'y. (5)
Ecnu 651 Bpamenue 65110 paBHOMEPHBIM, 3TO JaJ0 ObI
4mp > 3w,

3aMeTUM, 4TO 1A 06pa3oBaHUA KoJblla HEOGX0UMO, YTOObI (hYHKIUA
w?y3 6blma BospacTalomeil B Touke A, a JJIA TOro, 4To6bl KOMbIO GbLIO
YCTONYUBBIM, €Clld [IPU 3TOM ILIOTHOCTb OUYeHb HU3Kafdg, He00XOAUMO, YTO-
Obl 3Ta QyHKIUA Oblia yObIBawolieil B Touke B. Ucxoaa u3 Toro, 4to 3TH
JBe TOUKM HaxoAATcA BOIM3UW OpPYyr OT Jpyra, 3akjiloyaeM, UYTO B KOJble,
B MOMEHT ero o6pasoBaHusf,, pyHKIUA w?y> ABIAETCA NPAKTHYECKH TOCTO-
AHHOM.

Tenepp HaiileM HUMHUI Npefel MIOTHOCTH. ITOT Pe3yNbTaT HO/MHKEH
6bITb 0JM30K K TOMY pe3yJbTaTy, KOTOpbIH OblI AaH paHee [JA KoJblLia
Carypnal, Ho npesen 5ToT Goee ToueH. BepHeMcA ceiiuac K TOMY BbIYHC-

10 konbue Catypha cum. Ilyankape «®urypsr paBHoBecusy, PXJI, 2000. — ITpus. nepes.
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JeHUI0, KoTopoe OblI0 caenaHo AnA Koabla Catypaa. Heo6xogumo, 4To6b1
BO BCEX TOYKAX IOBEPXHOCTH KOJIbIa

A,
anly =) <0,

riue di 0603HavaeT NPOU3BOJHYIO 110 HOpMallu, HanpaBieHHoi Hapyky. Cie-
n

JoBaTejJlbHO, UMeeM, Ha OCHOBaHHUU TeOpPeMbl FpI/IHa,

/diTL((p_P)da:/A(go—P)dr<O,

rae do — 3IeMeHT NMOBEPXHOCTH Koiblia, a dT — 3IeMeHT ero ofbheMa.
Urax,

Ap = 2w + 2wy,

AP = 4rp;
oTciofia

4rp > 2w? + 2wu'y.

3. IlnoTHocTh Takse MMeeT BepXHUil mpenen. Jaa Toro, uToObl ero
BBIUUCINTh, HOCTAaTOUYHO o6paTUThCA K pacuetam MakcBenna Koiabna Ca-
TypHa, IPUHIUI KOTOPHIX MbI BKpaTie HanoMHUM. IlycThb Koiablo, o6paso-
BaHHOE CIIy THUKaMU, pABHOMEPHO paclipe/ielieHo 110 OKPYHOCTU paguyca a
U JBUETCHA 10 3TOI OKpPYKHOCTU paBHOMepHo. IlycTh a u vy + wt — no-
JApHbIE KOOPAMHATHI OJHOT'O U3 CIyTHUKOB. JomycTUM, 4TO OH CMECTHUJICA
U ero KOOpJAMHATHI CTalu

a(l+e), vy+wy+o,

rae € u o oueHb Mauabl. IIycTb V' — noreHluan, BbI3BaHHBINA B3aMMHBIM
NPUTAKEHUEM DTUX CIHYTHHKOB.
YpaBHeHUA B BapualHAX, KOTOpbIe ONPEAEIAIT € U 0, CYyTh CleAyIO-

wue: (o',... 0603HAYAIOT NPOM3BOJHbIE OT 0,... [0 BPEMEHH)
2 ! ! 1 dV, ’ ! 1 dV
Jwe 4+ 2wo’ — ¢ ——;E, o+ 2we _§% (6)

[MocTapaemcd yaoBIeTBOPUTH ypaBHeHUAM (6), NpUHAB

e = Acos(mvy + nt), o = Bsin(mvj + nt).
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IloAcHUM: y Hac CTONBLKO e Map ypaBHEHUil, CKOIbBKO U CIyTHUKOB;
€ ¥ 0 He OJJUHAKOBBI [JIA BCEX CIYTHUKOB U, CIe0BAaTelbHO, 3TO HE TONbKO
GYHRIUY OT ¢, HO ¥ OT 19 — HCXO/HOU JOJITOTHI CIYy THUKA, KOTOpad ABIAET-
CAl BEIMYMHOI, OTIUYAIOIIedl OJHU CIyTHUKM OT Apyrux. Kosddunuent m
JOJ#eH ObIThb LedbIM 4ucioM. JleficTBUTeNbHO, Korja vy YBelUYuBaeTCH
Ha 27, Mbl BHOBb OKa3bIBaeMcAl Ha TOM e caMoM ciyTHHKe. ClegoBaTelb-
HO, He00X0JUMO, YTOObI € U ¢ IPUHUMAaIH Te ke 3HaueHUA. UTo KacaercA n,
TO OHO fiBiAeTcA HeudBecTHBIM. [Ipu Takux ycnoBusax 6ygeM UMeThb

dv
de

dv

i = a’Bp sin(mvy + nt),

= a®Aa cos(myg + nt),
rie a u 3 — nocToAHHbIE K03(b(HUIHEHTHI, KOTOPbIE MbI IOCTapaeMCs olpe-
fleuTh HeMHoTo no3#e. MTak, moncrasnas B ypapuenue (6),

(Bw? +n? + a)A +2wnB =0, 2wnA+ (n®>+p3)B =0,
iy, uckimouaa A u B,
(3w? +n? + a)(n® 4 B) — 4w?n® = 0. (7)

Ona yCTOﬁ‘-IIdBOCTPI 9TO ypaBHeHHEe JOJ#HO UMEeThb BellleCTBEeHHbIe KOP-
uu. Ecau npeanoliosiuTb Maccy RoJbla paBHOﬁ HYJI10, TO Mbl UMeJIU ObI

a=6=0, n*n®-w?) =0,

U ycToitunBocTh Oblia Obl obGecleyeHa; eclyd MPeANONOMKUTb, 4YTO w = 0,
MOJNYYuau Obl
2 2
(n*+ a)(n® +8) =0,

aT.K. a 1 3 B o6IeM ciiyyae HOJOMUTENbHBI, TO KME€EeM HEeYCTONYNBOCTb.
JTo y#e 03HAYAET, UTO [JIA YCTORUUBOCTU HEOOXOJUMO, YTOOBI Macca KoJb-
11a 6bL1a JoCTaTOYHOH M TeM Oouablueil, yemM Goablie w.

g Toro, 4ToGbI pacHpOCTPAHUTb 3TU Pe3yJbTaThl HA HENpepbIBHOE
KOJIb1l0, CHaya/la NoHaAo0uTcA HeMHOro Jo6poit BoJM, TaK KaKk B HENPEepbIB-
HOM KoOJblle w He fIBIAeTcA BOoOlle rOBOpA MOCTOAHHOW, U @G BO BCAKOM
ciyuae nepeMennas. Ho eciu MepuananaibHoe cedeHUe Kosblla MajiG OTHO-
CUTENLHO CBOEro paauyca, To He 6e3paccyHO mpejnoaaraTh, YTO ypaBHe-
Hue (7) ocTaeTcA mpuGAU3UTENIbHO PUMeHUMbIM. OcTaeTcA ONpeaenuTh «

u .
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IIycts V) — noreHiuan HeBo3MYIIIEHHOTO Koiblla, Vo + P — moTeHnuan

BO3MYIIEHHOI'0 ROJbLa, p — IJIOTHOCTH HEBO3MYIIIEHHOI'O KoJablla, p + 6 —

IUVIOTHOCTh BO3MYIUIEHHOI'O KoOJIbLa. Tarkum 06p830M 5 n % O4YeHb Mallkbl.

Yucno m He ¢pUrypupyeT ABHO B ypaBHeHuu (7), HO o U (3 3aBHUCAT
oT m. MbI Jod#HBI BBIOPATh YUCIO M caMbIM HeOJaronpuATHLIM 1A yCTON-
YHUBOCTH, MOCKONbKY OCTATOYHO, Y4TOGbI Kakroe-mu6o u3 ypaBHeHuil (7)
uMeno 6bI MHUMbIE KOPHM, U TOTJa Koiblo GyaeT HeycToiuuBbeiM. UTar,
UMeHHO Goiblliie 3HAUEHUA M U ABIAIOTCA caMbIMH HeGJIaronpuATHBIMU.
Taxkum o6pas3oM, IPeANOIOMUM, M HACTOILKO BEIUKO, YTO €CIU MepeMe-
MAaTbCA BOIbL OKPYKHOCTH, TO GYHKIUU V, €, 0 OyIyT U3BMEHAThLCA HAMHO-
ro GeICcTpee, YeM ecld IlepeMellaTbeA Mo paaunyc-BekTopy. CiienoBaTenbHo,

2 2
v dV OyAyT 3HAUUTENLHO MeHblIe, 4eM V. dV 4 o smaunrensuo
de’ de? ’ do’ do?’

& g
MeHblIe 3.

BribepeM npAMoyroibHbIE OCH, CYUTad HayaloM KOOpAMHAT paccMart-
puBaeMyio Touky. Ochb y HampaBleHa MO0 paguyc-BeKTOpPY B IIEHTP TYMaH-
HOCTH, OCb 2 NapajiiellbHa OCU BpallleHUf, OCb & — KacaTelbHaf K OKpY#-
HOCTHU, ONIUCAHHON JBUralleicd TOYKOM.

B sTux ycmoBuax

AP = —47é.

Ho, cornacHo caenanHomy Bblile NPEANONO#EHUIO (M — 04YeHb GONb-
10€e), MPOU3BOJHbIE 110 ¥ U Z OYeHb MAaJbl [0 CPABHEHUIO C MPOU3BOIHBIMU
2
no x. llpu Takux yciaoBuax AP cBOOUTCA NMpPaKTHUYECKU K ‘;—12) U Torja
ui
MO#HO 3alucaTh, 4TO
2
d_123 = —4m7$.
dx
C mpyro#t cTOpOHbBI, MMeeM (COrIacHO CBA3KU MeMAY MPAMOYTOIbHBIMU
KOOpAMHATAMH U MONAPHBIMU KOODIMHATAMU 0 U €)

do =adz, (8)

U, cleJoBaTelbHo,
v _dp _ dP
do do dxr

YpaBHeHUEe HeNpepbIBHOCTH HaM AaeT

5 _dbe by 05
P 9z Oy 0z’
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rae dx, 0y, 0z — TPOEKRIUU HA TPU OCU BEKTOpA, KOTOPbI COeJUHAET MO-
JI0KE€HUA BO3MYIIEHHOr'0 U HeBO3MYIeHHoro cnyTHuUKa. [[peneGperada mpo-
W3BOJHBIMU 110 Yy U Z, MbI MOKEM 3alucaTh

Dy _ 96z _ 90w _ 00

= = =a
Oy 0z T Oz ox’
rle YacTHas NPOMU3BOJHAA

do _
oxr

mB

% —4_ cos(muvy + nt)

do _
8bb
do

dn
¢urypupyior B ypaBHenu# (8). CiieoBaTelbHO, ypaBHeHHe HENPEPbIBHOCTH

cTaHeT

He MMeEeT HUYEro ofIIero ¢ OTHOUIEHHEM nudbepeHnuanoB, KOTOPbIe

do _ 9
Yoxr T TP
oTciozia
d’P _ Joles
i 47rapam.

[IpounTterpupoBaB, Haxo UM

% = 4mapo,
orcroja
1dv _ _
Sde dmpo, (B =4mwp.

TakuM 06pa3oM, ecid MOACTaBUM B ypaBHeHue (7)
a=0, [=dmp,

TO NOLYYUM
(3w? + n?)(n? + 47mp) — 4w’n? =0 9)

uiu
nt 4+ n?(4np — w?) + 127pw® = 0.

Inda Toro, 4yToObl KOPHU OLLIN AeHCTBUTENbHBIMH, HEOOXOJUMO, YTOObI

(4mp — w?)? > 12w47p, (4mp)? — 14w (4mp) + w* > 0.
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4 .
3HavyeHuA —zp, KOTOpbIe OOHYJAIOT MEepPBbIA ujieH, OJU3KU K ﬁ u 14.
w

HNmenno InepBoe 3HayeHue ABJIACTCA MOAXOOANINM. OTClO,I[a BBIBOOUM, UYTO

w2
dmp < 4. (10)

4. II10THOCTL p HAXOAUTCA MeAy ABYMA MpelelaMi, 3aTaHHbIMU
nepaBercTBamu (5) u (10). Humnuit npenen, 3agaHueiii paBenctBoM (5),
3aBUCUT OT w', clleoBaTellbHO, OH 3aBUCUT He TOJbKO OT CpPefHel yrio-
BOil CKOPOCTH, HO M OT 3aKOHA paclpejieleHuA yIIOBLIX CKOPOCTeH, 4To He
CBOMCTBEHHO JUIA BEPXHETo Mpejeia.

B MomeHT o6pa3oBaHUA KOJbLA INIOTHOCTh p OYeHb Maid, TaKk 4TO He-
pasencTBo (10) Boinonuserca. C apyroii cTOpOHbI, BpalleHUe He paBHOMEP-
HO U HUYTO He MellaeT MPeaNol0o#UTh, YTo w?y® y6bIBaeT B OKPECTHOCTH
ToO4YKM B u, clefoBaTeNbHO, YTO KOJbIO ABIACTCA YCTONUUBBIM.

Ho 5Ty ycTOHUMBOCTL MO#HO GBLICTPO Pa3pylUTh TPEMA Iy TAMU:

1°. Tpenue cTpeMuTcA ypaBHATL Bpamenusa. CiegoBaTenbHO, ec-
a1 w' = 0, To HepaBeHCTBO (5) CTAHOBUTCA

4mp > 3w?

Y HecoBMeCTHUMO ¢ HepaBeHcTBoM (10).

2°. BeneneTBre CaaTUA KOMbIO KOHIEHTPUPYETCA TAKUM 00pasoM, 4To
ero MepujnaHajlbHOe CceUeHhe CTPEeMUTCA CBECTUCh K HEeHTDPY CUJIbI THAMHEC-
ti. KakoB s ekt aToro caatua? IlycTs y — paguyc OKpy#HOCTH, ONIUCAH-
HOl yacTHIeil, U w — ee yTioBasA ckopocTh. IIycTh g U wy — 3HAYEHUA Y
U w B MOMEHT 06pa3OBaHI/Iﬂ RoJIbLia. MoxHO NnpeamnojosnuTb, 4YTO B 3TOT
MOMEHT

woyy = M.

C npyroit cTopoHbl, Ha OCHOBaHUU 3aKOHa ILIoLIafelt, UMeeM
woyy = wy”.
IIycTb @ — cpemHuil paguyc OKpyKHOCTHU
Yo =a(l+eo), y=a(l+e).
MosHo NpeanojaonuTb, 4TO CaTHe NMpoOuCXoquT paBHOMEPHO, TaK 4YTO

g = /\60.
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Torpa nonyuaem, 4To

WJIK eClIh € U €g Maijkbl,

w:\/ﬁa‘g(u%‘)— ) :\/]\_Ja_g[1+%0(1—4)\)].

1

Bupgno, uto maa A = 7 BPallleHue CTAHOBUTCA PABHOMEPHBIM. Kpowme Toro,

HaxoguM, 4To

w=via2 (1),

a
rge
_1—4)
B=ax
JTo BiEYeT
w'y = pw,

U HepaBeHCTBO (5) cTaHOBUTCA
4p > (34 2p)w?.

Ilns Toro, 4To6bI OHO GbLIO COBMECTHMO ¢ HepaBeHcTBOM (10), Heo6xo-
OUMO

1 1=
14 34+2p = N
OTKyj1a
_ 14
A= 15
YeToitunBoCTh Nponaner, Kak TONbKO JUHEAHbIH pasMep MepUgdaHalb-
1

HOTO CeYeHHA YMEHBIIUTCA 10 J=.
3°. HaroHen, BCleACTBUE CHATHUA p YBEIUUUTCA M, TAKUM 00pas3oM,
HepaBeHcTBO (10) mepecTaHeT BBINOIHATHCA.
ITo Bcem 3TUM MpUYMHAM KOJMbIIO OLICTPO pa3feNUuTCA Ha He3aBUCUMbIe
YyacTH, KOTopble GyAyT JBUraThcA, Kaijaaa caMma o ce6e, COriacHo 3aKo-
Hy Rennepa. 3Tu yacTu, onuceiBaouiie 6;1u3Kkue opoUTHI, B KOHIlE KOHIIOB

CTOJIKHYTCA U 00beIUHATCA B €JUHOE I[eJIoe.
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5. Temepsb mepeiileM K BOIpoCy O HalpaBleHHM BpalleHHA IJaHeT.
Ero meITanuchk pa3pelluTh Yepes yCIOBUA BpalleHHA KoJbla: 3TO BpalleHue
CYMTANOCh PaBHOMEDPHBIM, GaroiapA TPeHWIO; TOrJa JHHEeiHble CKOPOCTH
BHENIHNX dYacTeil I0MKHBI ObITh GOJbIIe, YeM CKOPOCTH BHyTpeHHHX. Ho
HeO6XOMMO OTKAa3aThCA OT 3TOil TOYKM 3peHHA. JelicTBUTENLHO, ecili Obl
MUHelHbIe CKOPOCTH BO3pacTald BMecTe C ¥, T.e. eclt Obl wy Bo3pacTalo,
TO

Wy+w>0

U, clIe0BaTelbHO,
4p > w? 4 2ww'y > W2,

a 3To HecoBMecTHMO ¢ HepaBeHcTBOM (10). Takum 06pa3oM, KOJIbILO pa3py-
MUTCH, IPEM/Ie YeM ero BpalleHUe CTaHeT PaBHOMEPHBIM.

Ilepsonayaavroe HanpaBieHUe BpalleHUA IIaHeThl OyJeT onpefaeleHO
YCIOBUAMHU COyJapeHUil pa3inuHbIX YacTeil Kodblia, Korja mnocie Toro, Kak
OHU OTAEIWINUCH JPYT OT JApyra, OHM CTaJKUBAlOTCA U CIUBAIOTCA B elu-
HbI cdepoua. B 3ToT MoMeHT yacTu 6yAYT MO OTAENbHOCTH MOJUUHATHCA
3akoHaMm Kennepa. [Ipu 3TOM 1MHeliHad CKOPOCThH CaMbIX BHEIIHUX 4YacTeil
OyIeT MeHbllle CKOPOCTH caMbIX BHYTPEHHHUX, TaKk UTO lepBOHavYalbHOE Ha-
npaBileHHe BpalleHUA Bcerga OygeT 00paTHBIM.

BpameHusa MoryT cTaTh HPAMBIMU TOJBKO NMOJ AefiCTBHEM NMPUIUBOB U
MexaHu3Ma, BelyMaHHoro Poma.



0 HOBOI1 ®OPME YPABHEHMUI
MEXAHUKHA

Comptes rendus I’Académie des Sciences, t. 132, p. 369-371
(18 février 1901)

IIpu uccnenoBaHuM BpallaTelbHOT'0 ABUMEHUA TBEPABLIX TeJI C MOJOC-
Th0, 3aMOJHEHHON HMUAKOCTbIO, 00I[1e ypaBHEHUA MEXaHUKU MOT'YT ObITh
npejcTaBieHbl B (opMe, yO0oOHO! A/A mocleAylomux o6001meHunit.

IIpeanonoxumM, 4To UMeeTcA N cTeleHell cBoGOAbI, 0603HAYUM Uepe3
T1, X2, ... , Tp, — NIEPEMEHHbBIE, KOTOPbIE ONPEEIAIOT MOJOHEHUE CUCTEMBI.
Ilycts T u U — KuHeTHU4YecKad W NMOTEHIHATbHAA SHEPTrUH.

PaccMOTpuM HelpephIBHYIO TpaH3UTHBHYIO rpymny?. IIycTs Xi(f) —
no6oe 6ecKkOHeYHO Majloe npeobpa3oBaHue 3TOU I'PYMIbl, TAKOE, YTO

df df n Gf
Xi(f) = de +X2d e X

JTH npeoGpasoBanus, o6pasyoLre rpyniy?, y0BIeTBOPAIOT COOTHOMIEHH-
AM
XXy — X3 Xi = cir,s X

Mosiuo monaraTth (HOCKOALKY 3Ta IpyIia TPaH3UTHUBHASA), UTO

dx
1 S 2 Iz
Ly = dt anl +7]2X2 ++nTX#9
TO €CTh U3 IOJOMEHHUA (X1, T2, ..., Tp) CHCTEMbI MOMHO NepedTH K Gec-
KOHEeYHO 6IM3KOMY nonomenuio (r; + xidt, ..., r, + x;,dt) npu nomomu

GecKOHeYHO MaJoro npeo6pa3oBaHuA rpynnsl Buga . n;dtX;(f).

1B coBpemeHHoOit TepMuHOMOrMKH — rpymna Ju. — [Ipum. nepes.
2B coBpeMeHHO# TepMuHOMOrMU — anre6py Jlu. — Ipum. nepes.
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BmecTo Toro, 4To6hI BhIpakaTh KHHETHYECKYIO 3Hepruio 1’ Kak QyHK-
Mo oT =’ ¥ x, BLIPA3UM ee 4Yepes 1) U x. 3afaduM [JIA 1) U T BUPTyalbHbIe
npupaiedus 07 u dx, naa npupamenuit T u U Haxoaum

o7 =3 G+ X0 ow o0 =37 o,

Y4uThIBag, 4TO rpyIa ABIAETCHA TPAH3UTHBHOM, MOMHO MOJOMHUTH, YTO
0z, = X' + wo X5 + ...+ wp XF,

TO €CTb W3 IOJOHEHUA CUCTEMbI &; MOKHO NepeiiTu B GeCKOHeYHO 6.au3-
KOe COCTOAHME ; + 0x; Yepe3 GeCKOHEYHO Majloe peo6Gpa3oBaHue I'PYIIIbI
> wi X;(f). Honomum, uro

(5 = ) m = 0

Torpa ana unaterpaia 'amuiabToHa

J=/@—Wﬁ

67 = /Z i+ Y Q) .

Hecnomxuo NOJYYUThb COOTHOIIEHUA

dw
o= —"+ Z CskillkWs-

W3 npuHUKTIAa HAUMEHBIIETo AeficTBUA HAX0AUM
d dT dT
ddl _ g~ AT, L,
dt dn, Cski dn; M 22 (1)

YacTHbIMU ciydaAaMu ypaBHenwuii (1) aBnATca

1° YpaBHeHuA JlarpaH:ka, B 3TOM Cllyyae rpyIna CBOJUTCA K TPaHC-
JALUAM, KOTOPbIe YBEIUUUBAIOT KA IyIO U3 MePEMEHHBIX T; Ha 6€CKOHEYHO
Malyio MOCTOAHHYIO.

2° YpaBHeHuda Jiiliiepa [IJA BpalleHUA TBepPAbIX TeJ, e B Ka-
YyecTBe 7); MCIOJIb3YIOTCA COCTABIAIOIINE IOBOPOTA P, ¢, T, a {}; COOTBET-
CTBYeT mapaM BHENTHUX CHIL.

OHu ocobeHHO MHTepecHHI B ciyuae, korga U = 0, a T 3aBUCUT TOJNbKO
oT 7).

6yneM HMeTb




O IPENECCHUHU TE®@OPMHUPYEMBIX TEJ

Bulletin astronomique, t. 27, p. 321-356 (septembre 1910)

I. TBepaaa MaHTHUA U KUIKOE AIPO

1. HwmenHo nopa KenbBUH 01HUM 13 HepPBBIX BbICKa3al MHEHUE O TBep-
JOCTHU 3eMHOI'0 IIapa M HallleJl BCECTOPOHHHE apryMeHTHI B MOJb3y CBOEro
MHeHunA. HekoToprle U3 HUX OCHOBaHBI Ha HAOMIOJEHUAX IpPeleccUud U Hy-
tanuu. B wacTHocTHu, Gynem cceuatbesa Ha ero Popular Lecture, vol. IIT,
p- 244 u ero Mathematical Papers, vol. ITI, p. 320. B cBoux ucciegoBaHuax
OH paccMaTpUBaeT TrunoTesy HefedpopMHUPYyeMOil TBepAOil MaHTUU, BHYT-
pPU KOTOpOil HaxoAUTCA ONHOPOAHAA KUAKOCTh. OH mpeamonaraer, 4To U
BHEIIHAA NOBEPXHOCTh 3TOM TBEPJOW MaHTUU, U BHYTPEHHAA ee MONOCTh
ABIAIOTCA DIINICOUAAMU.

IlepBoHauanbHO OH yTBep:kJal, YTO KOHCTAHTA MpEHECCUH, COTIACHO
9TOI runoTese, JON#HA 3HAYUTEILHO OTINYATHCA OT KOHCTAHThI, COOTBET-
CcTByloOlLeil TBepaoMy Tely 3eMiIu U ABIAETCA pe3ylbTaToM HablIOfeHUiA.
JT1o ObLI0 GBI Goslee OUEBUIHO, €clid Obl BHYTPEHHAA MOJOCTh Oblia chepu-
yecKoil. BHyTpeHHAA muakaa cdepa Torga uMmena Obl OChb BpalleHHA, OT-
JUYHYIO OT OCU BpalleHUA TBepaoil maHTuu. IlepBasd u3 3Tux oceil 6pl1a
6bl (PUKCHUpOBaHa, TOrJla Kak BTopaf IpelieccHpoBalla, I0O3TOMY KOHCTaHTa
npeneccuy Oblia 6bl Takoil, kak 6yATO UMeeTcA TONbKO TBepJad MaHTUA.

Buavane nopa KenbBuH nonarain, 4yTo npu oYeHb MaloM CIUTIONMBAHUU
pe3ynbTaT He MOMeT 3aMeTHO M3MEHUTbCA, HO, MOpPa3MbICIUB HaJ 3TUM
BOIIPOCOM, OH OcO3Hal cBolo omubKy. 13-3a adderTa, KOTOPHIL OH Ha3Bal
2UPOCINAMUYLECKOT HeCMKOCMbIo, PACCMOTPEHHOE UM CIIOMHOE (JUIKOE) Te-
JI0 CTpeMUTCA BecTU ceGA Kak TBepjoe. JTa #EeCTKOCTh MpoABiadeTcAd 60-
Jlee ABHO, €CJIH NepUo] NMpeleccuy, BhIpaKeHHbI B IHAX, OUeHb BEIUK MO0
CPaBHEHHUIO C BeIUYUHOU, o6paTHOil cmmomuBanuio. Ee MoxHO ObL10 GbI
0GHapYXUTh ¥ TE€M CaMbIM NOATBEPAUTH TEOPETHUYECKUE paCCy#IeHUA, HO
Jeno o6CTOUT coBceM MHaude Aiad HyTanuu Bpaanum, mepuon KoTopoii mpe-
BbIlllaeT BeJWUYUHY, 00paTHYIO CIIIONIMBaHUIO, He Golee, yem B 23 pasa,
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HH, a fortiori, 1A MOMYMECAYHBIX U MONYTOIOBLIX HYTalUil, YbU HEPUOIBI
MeHbIIIe 3TOI BENUUUHbI. ITU Pa3NIUYUA JOIHHBI ObITH Oolee CcyllecTBEH-
HbBIMU, 4YTOObI OOHAPYKUTCA NPU HAOMIOJAEHUAX.

2. Ilpempge ueM uiTH fAanbile, 6yneT HeOeclode3HO NMOKAa3aTh, Kak
MOKHO HpPeJCTaBUTh Teopuio KenbBuHa B HOBOM u Gollee MPOCTOM BUJE.
Jlnsa Havana A BBeqy TepMHH npocmoe dsusceHue. Tar, A 6yoy TOBOPUTE,
YTO [BUKEHUE MUJKOCTH MPOCTOE, €CIU KOMIOHEHTHI CKOPOCTH KaJoi
YacTHUIbl HMUTKOCTU ABIAIOTCA NUHEHHbIMU QYHKUUAMHU KoopauHat. Oc-
HOBBIBAafACh Ha Teopuu Buxpeit ['edbMroibiia, Jerko yCTaHOBUTb, UYTO ecC-
11 [BUEHUE ABIAETCA MPOCTHLIM B HAaYyalbHbIf MOMEHT BPEMeHU, TO OHO
BCer/la 0CTaeTCH TAKOBBIM, MPH YCIOBUHU, UTO #MUAKOCTh HEIUKOM 3aMoNHA-
€T BIIUICONAAILHBIN COCY/l, Jame eCIU 3TOT COCY/l EPeMellaeTCA U Je-
dhopmupyeTcH, HO Bcerja ocTaeTcA IIUICOUATbHBIM. JTO MO3BOJAET HAM
paccMaTpHUBaTh jlajiee TOAbKO mpoctThle ABuieHud. [lycTs ypaBHeHue

az’ + by’ +c2? =1

3a[aeT UIMIICOMA B TNIABHBIX OCAX, KOTOPBIA A Hayaja GygeM CUMTAThb
HNOCTOAHHBIM.

YacTune #MUIKOCTH T, Y, Z, CKOPOCTh KOTOPOH U, v, W, IOCTABUM B CO-
oTBeTCTBHE GUKTUBHYIO YAaCTHUIYy ¢ KOOpIUHATAMHU

¢ =axva, y =yvb, 2 =z/c

1 CKOPOCTBIO
v =uva, v =uvvb w =uwe

CoBOKYNHOCTh (DPMKTHUBHBIX YacTUIl 3anolHAeT chepy S, ypaBHeHUE KOTO-
poit: 2'% + y'* + 2'* = 1. HeTpyaHO BHAETH, 9TO €C/IU JBHKEHHE HUAKOCTH
MpPOCTOE, TO 3TU GUKTHUBHbIE YACTHUILI OYAYT MepeMelaTbcA KaKk 4acTHIbI
TBepjoro Tena. TakuMm o6pa3oM, BOIPOC CBOAUTCA K M3YUEHUIO BpalleHUA
coepst S. [Iyets p1, q1, 1 — KOMIIOHEHTHI ee yriaoBoil ckopoctu. [lonyuum

pl\/%z - 7“1\/%.7),
w= Q1\/%117 —Pl\/éy'

v
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llo cux mop MbI mpeAmojiaraiy, YTO BIUNCOUA HemoaBuxeH. Temeph
HpPeNoNoKUM, YTO 3TOT 3IIUICOU] ABIAETCA HeneGopMUPYEMbIM, HO MO-
IBUMKHBIM. DTH #e HOPMYJIbI OMUCHIBAIOT OMHOCUMEAbHOE [BUKEHUE HU-
KOCTH N0 OTHOLIEHUIO K TBepaod MaHTuu. Jnd Toro, 4To6bl NONYyYUTH ab-
CONMIOTHOE BUHEHNE, He0OXOAUMO yUeCTh MEPEHOCHOe JABUMEHNe, KOTOPoe
CBOJUTCA K BpallleHWIO TBepAOi MaHTUU U MOABUKHBIX oceil. IlycTh p, ¢,
7 — HPOEKIMH YTJIOBOW CKOPOCTH JJAHHOT'O BpallleHUA Ha NnodsuicHble OCU.
JIns aGCONMOTHBIX CKOPOCTEl 0Ty YaeM

u= rl\/gy—ql\/%+ry—qz,

piy/ Sz =11/ %2+ pz — 1o, (1)
b b
w=‘h\/§ —pl\/gy—i—qx—py
L c c )

rae nmoaBUMHbIE OCH ABJAIOTCA INITaBHBIMU OCAMMU dJIIUIICOHU IA.
1

.

v

3. Jlerko BBIUMCIUTH KUHETUYECKYIO SHEPTHUIO
#eHuda. OHa paBHa

OTHOCHUTEJIbHOI'O IBH-

(A1p? + Big} + C1r3),

DO =

rue

1= drd_1 (l + l)
15 /abe \b €
W aHalloTMYHble Bbipamenua miA By u Cp; d — MIOTHOCTD #MUAKOCTH.
Auanoruyso onpejenesnsle Benuunusl A p1, Biqi, Cir1, ABIA©OMHKECHA
TpeMA coCTaBIAININMI BpallaTelbHOr0 MOMEHTa? 0THOCHTENbLHOTO JBHe-
HusA, rae
Ay =8md 11
15 /abe vbe
OueBHIHO, UTO €CJIH CINIIOCHYTOCTb OYeHb Maia, To uMeeM A; = A} ¢ Tou-
HOCTBIO [I0 YIEeHOB NMopAJKa He Gojee, yeM KBaJpaT CIUIIOCHYTOCTH.
Yro KacaeTcA KMHETUYECKON dHEPruM IepeHOCHOIo ABUMEHNA, TO OHA

paBHa

%(Ap2 + B¢ + Cr2),

1B opurunane la force vive — muBaf cuia, ycTapeBIIHH TePMHH JUIA KMHETHUECKOi
sHepruu. — Ilpum. nepes.
2KuHeTHyYeckuii MOMEHT B COBPEMeHHoil TepMuHoIorun. — Ipum. nepes.
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rae A, B, C — Tpu MOMeHTa WHEPUUH NO.LHO20 Tela (TBepAasd MaHTUA U
coJepsKaliancA B Hell KUAKOCTD).
Torpa kuHeTHMYecKad SHEPruA abCOMIOTHOrO ABUKEHUA MeeT BUJ

1 1
T= §ZAP2+ZAQPP1 + EZAIP%~ (2)
4. YpaBHeHWA JBUAEHUA MOAHO 3aMucaTh B 6oJee MPOCTOM BUJIe:

ddr, T dT _
dt dp+ dq Ty 1, (3)

d dTr dT +qdL dTr

dt dp, dq drq
IpUYeM OCTalbHble YPaBHEHUA MOIYYaAIOTCA HUKINYECKOI NepeCcTaHOBROIA,
L, M, N — MoMeHTbI BHelIHeil cuiabl. OTMETUM, YTO 3TU ypaBHeHUA 006-
JafaloT Ha NepBbIil B3TIAA 03afavylBaoOIlUM pa3inyieM B 3HaKax.

B ypaBHenuu (3) BTOpoe cilaraemMoe MMeeT 3HAK «+», a TPETbe —
3HaK «—». B ypaBuenuu (4) Bce HA060pPOT. ITO OYEHb JErKO OGBACHUTD.
YrioBas CKOPOCTbH P, ¢, T 3a/]aeT abCOIIOTHOE BpallleHHe 3JUIUIICONAA U MPOo-
elUpyeTcA Ha IJaBHbIe OCU BIUIMIICOMAA, KOTOPbIE ABIAIOTCH NOJBUNICHBLMU
ocamu. Hao6opoT, yrioBas CKOPOCTh P1, G1, "1 33Ja€T OMHOCUMEAbHOe Bpa-
meHre chepsl S MO OTHOUIEHUIO K BIIMICOMAY, OHA MPOEHUPYETCA TaKHe
Ha TJIaBHbIE OCU BJIIUICONAA, KOTOPbIEe ABIAIOTCA HENOABUKHBIMU A OT-
HOCUTEJNbHOT'0 BpalleHUA.

OTH YypaBHEHUA MOKHO BbIBeCTH MHOTMMH cnocobamu. Counemcsn
JUIIb Ha IBa U3 HUX: CHavala Gy/leM onupaTbCcA Ha TeopeMy, KoTopas Oblia
nokasaHa B «OTyeTax Awragemuu Hayw», T. 132, c. 369'. IlpuBegem 37eb
(GopMyIUPOBRY 3TON TeOopeMBbI:

=0, (4)

Teopema. Ilycmv mexanuveckas cucmema onpedesenHa cucmemol
r nepemennblx x;. Paccmompum npocmywo mpansumusnyio epynny npeobpaso-
sanuiti Ju?. Myems X1, X, ..., X, — beckoneuno maivie npeobpa3osanus
amotl epynnvl, makum o6pasom, wmo, nanpumep, Xy 3adaem npeobpaszosa-
Hue x; kaKx GYHKUUU Om X, MAA0 OMAUYAIOULEECA OM T;. 3anuuiem ypasHe-
HUA cmpykmypu. epynnul 8 sude

XiXyp — XpX; = ZciksXsa

1CwM. cTp. 72 sToro c6opuuka. — Ilpum. nepes.
2CM. npumeuaHue Ha cTp. 72. — Illpum. nepes.
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2de cips ABaAMCA NOCMOAHHLMU. CMblca amuxr 0603HAYeHUl TOPOWO U3-
secmen mem, kmo 3Hakom c¢ pabomamu Ju. Ecau, k npumepy,

XXy — X3 X; =0,

amo o3Havaem, ¥mo dea npeobpasosanus X; u Xy nepecmanosoiHbsl.

HOJ’IO}HI/IM, 4YTO B MOMEHT BpeMeHH dt nepeMeHHble x; MEHAITCHA Ha

d:l:i
x; + E dt, T.€. OHU IoABepraroTcHa 6eCKOHEeUHO MalioMmy npeo6paaoBaHmo

dt(’l’]le + ?’]2X2 + ...+ 777'X7')~

HyCTb T — KuHeTHYecKaf 9Heprufd CUCTeMsl, a U — norennuanbHag.
T 6y,£l6T Q)yHKHI/Ieﬁ OT * U OT N, a U— (byHRI.IPIefI oT x. 3ajagum Tenepb
OJA x; BUpTyalbHbIe NpUpaleHu (5:El JTo npuBeneT K 6eCKOHEYHO MalioMy
HpeoﬁpaaoBaHmo
lel + w2X2 + ...+ wTX,-,

rae BBeleHb! w;. OnpeneauM BeAuuMHbI {); P IOMOIIU TOMHIAECTBa

(G~ )= 2

llnsa BBe#eHHBIX 0003HAUEHUIl yKa3aHHaA TeopeMa YyTBepIaeT, 4To
ypaBHEHUA ABUMEHUA MOMHO NMPEACTAaBUThL B clieqyloleit popme (KoTopas
CO/Iep/RUT KaK YacTHBIN clyyvail ypaBHeHus Jlarpansa u ypaBHeHus Jiiniepa
1Al BpalleHHA TBePAbIX Teln):

ddT _~, dT
dt dns = chkz dmnk + Q. (5)

HNMmeHHO 3Ty ¢hopMyny yMecTHO YyIOTpe6UTh B paccMaTpUBaeMOM HaMHU ClIy-
yae. MbI UMeeM mIecTh cTeneHeit cBo6oabI', 6 BO3MOKHBIX GECKOHEUHO Ma-
JBIX Npeo0Opa3oBaHUil MPEACTaBAAIOT co6OI:

1° BpaleHue MoJHOrO Teja BOKPYT OJHOI U3 Oceil HIIUNCoua;

2° mpocToe JBUMEHUE #MUIKOCTH, COOTBETCTBYIOllee BpallleHUIO cdhe-
pbl S BOKPYT OJHOI U3 Ocell BIUIMICOM/A, OCTABIAIOIIEE TBEPAYIO MAHTHIO

1B coBpeMeHHOi TepPMUHONOIMH A FaMUILTOHOBBIX cHCTeM. B 1aHHOM cilyyae cucTe-
Ma ONMChIBA€TCA IeCThIO (a30BbIMU NIepeMeHHbIMHU, 8 UMeeT JHUIIb [Be CTelleHNU CBOOO/IbI
(em., nanpumep, Bopucos A.B., Mamaes U. C. «IlyaccoHoBbl cTPyKTYpbl U anre6pst Ju
B raMH/JbTOHOBOI MeXaHHKe).)
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HenoasuxHoi. [lycte X, Y, Z, X1, Y1, Z; — mecThb ykazaHHbIX mpeoGpa3o-
BaHuii. [IpaBuiia KOMIO3UIUU BpalleHUil JAIOT HAM YpPaBHEHUA CTPYKTYPbI
CPYIIIbL:

XY -YX=27 X\Y1-Y1X,=-27,

YZ-72Y =X, Y171 - 711 =Xy,

ZX-XZ=Y, ZI11Z—-X17Z,=-Y;

C npyroii cTopoHbl, KamjJoe u3 npeobpasoBanuit X, Y, Z nepecrano-
BOYHO ¢ npeobpaszoBanuAMu Xi, Y;, Z;. Tenepb NOHATHO, YTO BCe MOCTO-
fiHHble ¢ paBHbl 0, +1, unu —1.

B npomesyTor Bpemenu dt TBepjad MaHTUA NOABepraeTcA OECKOHEY-
HO MaloMy BpallleHUI0, COCTaBIAIINMYU KOTOPOro ABIAITCA p dt, q dt, r dt.
IIpu 3ToM cepa S nopBepraeTca BpalleHUIO 10 OTHOLIEHUIO K TBEPAON MaH-
TUU, 1 KOMIIOHEHTaMU 3TOr0 BpallleHUA ABIAIOTCA p1dt, qidt, ridt Takum
06pa3oM, YTO HAIM [lepeMeHHbIe IpeTepneBalnT 6eCKOHEUHO Maloe mpeo6-
pasoBaHe

dt(pX +qY +rZ +p1 X1+ Y1 +r174),

KOTOpO€e NOKa3bIBaeT, YTO 7) — He UTO WHOE KakK P, q, T, P1, G1, T1-
Ilockonbky T 3aBUCUT TOJBLKO OT 7), UMEEM

—Z%&m:ZQw.

dTo o3HayaeT, uTo Y. {dw mpejcTaBiafeT co6oii BUPTyalbHYyIO paGoTy BHeIl-
HUX CHI IIPU OYEHb MalloM IepeMeueHnn cucteMbl. ClleoBaTelbHO, TPU
nepBbix () ABIAIOTCA MOMEHTaMH BHeIIHUX cuil. YTo e KacaeTcs mociue-
HUX TpPeX, TO OHU paBHbI 0, T. K. npeobpasoBanns X1, Y1, Z; He IPOU3BOAAT
HUKaKoii paGoTsl. Ilpumenenue popmysl (5) IPUBOAUT HAC TaKKe K ypaB-
Henuam (3) u (4).

5. Te se camble ypaBHEHUA MOHO BLIBECTH APYTHUM CII0COO0M. YpaB-
Henue (3) — 9TO He UTO MHOE KAk WHTerpal miomaneii. JdelicTBUTENb-
HO, BpallaTelbHbIii MOMEHT MMeeT cle[yIolye coCTaBIfAoMe (Ha TP 1o-
IOBHKHBIE OCH):

ar 4 4T

dp’ dq’ dr’
a ypaBHeHue (3) BbIpamaeT TO, UTO @OCOAIOMHAA CKOPOCTh KOHIA 3TOr0O
BEKTOpa paBHa I10 BelMUYMHe ¥ HaNpaBJleHUI0O MOMEHTY BHEIIHMX CHI.
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Uro racaerca ypaBHeHHUA (4), TO OHO ABIAETCH CIEJCTBHEM TEOPEMBI
l'enbmroabiia o Buxpax. Uarerpan I'eabmronbiia

/(uda:+vdy+wdz),

B3ATBIN 10 HEKOTOpOMY IIJIOCKOMY JuHaMeTpajJbHOMY CeYeHUIO JJJIUIIConaa
C TOYHOCTBIO OO0 IMMOCTOAHHOI'O MHOMHTEJIA IpeacTaBiaeT coboit

4ar cosa+ 5— ar cos 3 + dT cos'y,

dp, dq
rae «, (3, ¥ — HalpaBlAOIlIMe KOCUHYChI HOPMald K MIOCKOCTH GONLUIOTO
Kpyra cdepbl S, KOTOpbIl COOTBETCTBYET pacCMaTpUBaeMOMYy AHaMeTpaib-
HOMY ceueHHUI0. YToObI B 3TOM y6equTheA, JOCTATOUHO 06paTUThCA K ypaB-

Henuam (1) u (2). Takum o6pasom, Teopema ['ebMroiblla MOKA3bIBAET, UTO

BEKTOP cCllT dT " dT yoysnvenno caAsaH co cdepoit S, UTo Kak pa3 TOYHO

> dqi’ dr
BhIpaMaeTcA ypaBHeHueM (4).

6. Ecau Bocnonb3oBaThbeA BbipamenueM i1 T, To MO#HO 3amucaThb
ypaBHenus (3) u (4) B Buge

Ap' + A1p} + r(Bq+ Biq1) — q(Cr + C{r1) = —L, (6)

Arp' + Aipy — r1(Big + Biqr) + i (Cir + Cir) = 0 (7)

BMeCTe C ypaBHEHUAMU, KOTOpPbIe MONYYalOTCA HUKINYECKON MepecTaHoB-
Koil. 31ech p’' M p| ABIAIOTCA NPOU3BOAHBIME OT P U P [0 BPEMEHHU.
[lepBoe cnencTBre 5THUX ypaBHEHUU TaKOBO, YTO €CJIM TBEPAYIO MaH-
THUIO yep#UBaTh HEMOJABUKHON, TO BHYTPeHHEe ABUMEHUE HMUTKOCTU Oy-
IeT cileJoBaTh 3aKoHaM aBuaseHuA Ilyancol.
Ecnu npeanonouTh, 4TO BHEIIHUE CUIBI OTCYTCTBYIOT,

L=M=N=0,

TO HETPYAHO HaiTu cileayrouie nHTerpalbl

T = const, Z(%)Z = const, Z(g—;)z = const. (8)

lYimeercsa B BUAy cBOGOHOE JBUKEHHe TBEPIOro Tela BOKPYT HENOJBUAHON TOUKH —
3anaua Jdiinepa — I[lyaHco.
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Ecnu BHYTpeHHAA NO0CTh NpefnoiaraeTca chepruueckoil, To UMeeM
A1: 'lzBlzB1:C;l:C{
Tornaa, Beruutas ypasaenusa (6) u (7), Haxogum
(A—A))p' +rq(B-C) =L,

YTO MOKA3bIBAET, UTO JBUMKEHUE TBEepIoil MAHTHUU ABIAETCA TAKUM e, Kak
eciau ObI ee MOMeHThI uHepuuu 6b1mu A — Ay, B— Ay, C — Ay, T.e. Kak ecau
0bl OHA CYULLCTNB06A.4A HE3ABUCUMO.

7. IlpennosnosuM Temnepb, YTO TEI0 CHMMETPUUYHO OTHOCUTEILHO OCH.
Torpa nonyuyum

A=B, A =B, A,=B) Ci=C), N=0 (9)
U ypaBHeHUsA
Cr' + C1ry + Bi(qp1 — par) = 0,
Cyr' + Ciry + Bi(qp1 — par) = 0,

KoTopsle BoiBogATeA U3 (6) u (7) npu ycaosusax cummerpuu. llpuaumasn Bo
BHUMaHKe cooTHoueHuA (9), Jerko momydaem

r" =0, r = const

Ciri + Bi(gp1 — pq1) = 0. (10)

Kpome Toro, ecnu npeanonosutb, 4To L = M = 0, To MOHO 3aBepIIUTH
WHTETrpUpOBaHNe Yepe3 KBaApaTyphl.

HanomHMM, 4TO r — KOHCTaHTa, TOrjla U3 ypaBHeHUil (8) momydum
BeJIUYUHbI

2 2 2 2 2
p°+q°, pi+dai, pp1+aq, (gp1 —paqr)
B BHae MHOI'OYJIEHOB BTOpOI71 u '-IeTBepTOfI CTeleHu oT 7p. B 9TOM CcCllyyae
ypaBHenue (10) naet Ham 71 B 3nIunTHYeCKol dyHKUUYN BpeMenu. Hakone,
MbI MO#ieM IIOKa3aThb, 4TO, HaIpuMep, Npou3BoaHafA M0 BpeMeHU
!
arctg w
!
Aq+ Aiqu

€CTh U3BeCTHaf (I)yHH[II/Iﬂ BpeMeHU.
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8. Paccmorpum cayuaii, Korga p, ¢, p1, g1 OECKOHEYHO Majble mep-
Boro nopsanka. Torga us coornomenusa (10) ciaemyer, 4To KOMIOHEHTA 71
fAB/geTCcH GECKOHEYHO MallbIM BTOPOIO MOPANKA U el MO#HO mpeHeOpedb.
Ilonoxum

—L=Kcoskt, —M =—-Ksinkt, N =0.

B o6mem ciyyae L u M — nepuoguueckue GyHKINN BPeMEHU, KOTOPbIE
MOHO pa3noxKUTh B pAx Pypbe. Mbl paccMOTPUM TOJbKO OAMH U3 YJIEHOB
pasnoxenua. Eciu nonoxuM, 4To aMnauTya OpM sin U cos ofiHa U Ta e,
TO MOKHO 3amucaTh

C coskt = Acoskt + A’ cos(—kt);
Dsinkt = Asinkt + A sin(—kt),

rue
C=A+4, D=A-A.

I[lpenebperaa r; U yuuThiBag paBeHcTBa (9), MepenuuieM ypaBHeHHE
B BHJe
Ap' + Alp1 + r(Aq + Alq1) — qCr = K coskt,

Aq + Alqn —r(Ap + Aip1) + pCr = —K sinkt,
1"+ Aiph + i Cir = 0,
Alq + Arqy — p1Cir = 0.

OTcroga HaxoouM
p=asinkt, q=acoskt, p; = aisinkt, ¢ = ajcoskt,

rae ko3 GUIHEeHTHl o, 11 OAUMHAIOTCA yPaBHEHUAM
(Aa+ Alar)(k+r) —aCr = K, (11)
(Afla + Alal)k + Crayr = 0.

9. Jna ananusa cucrembl (11) mpepmosomuM, YTO CIUIIOCHYTOCTh
OuYeHb Malla. JTO M03BOJAET, KaKk GbLIO OKA3aHO BbIIIE, NOMOHUTL A; = A'.
Kpome Toro, npeanono;uM, 4To JBa JIIUICONAA, BHEUIHUIT U BHY TPEHHUIA,
NOYTHU OJMHAKOBBI. JTO yCIOBHE MOHO 3anucaTb B BUJE

A A

cC
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UiIn

C—A=C1—A1:

£
A Aq ’
rjge € — CTeleHb CINIIOCHYTOCTH. Tenepb IIOJIO UM

A=1, Ai=X C=1+4¢ Ci=X1+4¢), Aa1=p.

JTO BO3MOKHO 3a cUeT BbIGOpPA e[MHUIILI U3MepeHuA. Torma A TBepaoro
Tena A = 0, a VA KUAKOCTH, NOKPBITON OYEHb TOHKOW MaHTHeil, A = 1.
Ilpu 3ToM ypaBHenua (11) IpUHMMAIOT Cleay Uil BULL:
{a(k—er) + 0Bk +7r) =K, (12)
aXk+B(k+r+er)=0,
OTRY 1a
aA =K(k+r+er),

rae A = (k—er)(k+r+er)—Ak(k+r) — onpenenurens ypabuenuii (12). He-
06X0IMMO Y3HaTh, KAKUM 06pa3oM aMIUIUTY/Aa « HyTauyu MeHAeTCA B 3a-
BHCUMOCTHU OT A (T.€. KaK OHA 3aBHCHUT OT TOJIIMHBI TBEPOH MaHTHH).

Hockonbky k + r 4+ er He 3aBHCHUT OT A, TO BHIHO, YTO & 06PaTHO
nponopuuoHanbHa A.

IycTs N — uucio JHell B nepuojie paccMaTpuBaeMoii Hytauuu. Bynem
MMeThb

k+r _ r _ k
1  —-N N+1

CnenoBaTtensto A mponopruonaibia (N + 1+ eN)(1 —eN) — AN + 1)
WM, TOCKOIbKY €N He3HAuuTelbHO Mo cpaBHeHuio ¢ N + 1, mpornopiuo-
HanbHo (N +1)(1 —eN — A) unu 1 —eN — A. Eciu MbI 0603Ha4uM 4Yepes
aMIUIUTY Ly HyTaldu [Jif TBEPAOro Teia, T.e. AuA A = 0, To Nony4um

o eN -1

@ eN—-14+X
-HBFHO BUOETb, UYTO €CJ/IN EN OY€eHb BEJIIHUKO, T. €. €CJ/IU [Iepuoa HyTallui OUY€Hb
BEJIHNK 110 CPaBHEHUIO C 06paTHOI71 BeJNYNHON CIITIIOCHYTOCTH, TO OTHOILIEHUE

% npubIU3UTENLHO PaBHAETCA eIMHUIle, TAKUM 00pa3oM, HyTalufA Maio

[0
OTJINYaeTCA OT CBOEro TeopeTnuyYeCRoOro 3HauyeHuA. OnHaKo 3TO He cripaBen-

JABO JIA KOPOTKHUX HyTaHI/Iﬁ B OTJINYHEe OT MOJYroJOBBIX WJIH MOJNyMeCAY-
HBIX HyTaHHﬁ, KOTOpbIe MOT'YT IIOMEHATH 3HAK U CTAHOBATCA 6eCKOHEYHBI-
MU IJI1 HEKOTOPOI'o 3Ha4YeHUA TOJUIUHBI, TaHOﬁ, 4YTO BBIINIOJHAETCAH yCJ/IOBHUE

eN=1-\.



84 0 npeuyeccuu dedopmupyemvix mea

Takum o6pasom, B 11es0M BeIBObI Topaa KenbBuHa npoBepensl. O qHaKO
MOy YeHHbIE YHCIOBble 3HAUEHUA He coBmafaioT. 1 eMy Kak-To coobmun o6
3TOM, U OH MHE OTBETWJ, YTO OJUH UPJIaHJCKUN YUeHBbIH yKasal eMy ymke
370 yTouHeHue. Ho A He 3Halo, Hamucal JU 3TOT yuyeHbIit 4To-HUOYIb MO
3TOMY IOBOZY.

MoskHo Tak:e 3aJaThcA BONPOCOM, KAKOB Iepuoj] cOOCTBEHHBIX HyTa-
Uil CUCTEMbI. ITO COOTBETCTBYET ciyyaio, Korna A obpailiaeTcA B HYIb,

4TO JaeT
1-)
=

N =

On saBngeTrcAa Golee KOPOTKUM, 4YeM mepuoj ditinepa. Hamportus, us-
BecTHO, uTo nepuoj YaHanepa, onpejeneHHblit U3 HabllOdeHWi, ABIAeTCA
IIUHHee.

II. OpHopogHaA KUAKOCTDb

1. UsnoxuB mpejliecTBYIOMUE pe3yabTaThl, JopA KenbBuH 3amaet-
cAl BOIIPOCOM — KaKoii Oblia Gbl Npeleccud cBOOOMHON KUJKON Macchl —
U TOBOPUT, UYTO OHA JIOJ#HA BecTU ceOf KaKk TBEpJoe Telo.

«XoTHA, — rOBOPHUT OH, — 06Ijad 3ajaya He Gblia elle pelieHa COBMeCT-
HbIM 06pa3oM, f [yMai, 4TO CKOPO MOABUTCA MOJHOE pellleHHe, KOTOpoe
HOKAaeT, UTO NMpeleccud U HyTanuA GyAyT NpakTUUECKN TaKUMU e, Kak
B TBEPJOM Ilapey.

Ceituac Mbl YBUIMM, YTO 3TH NMPEANOJONEHUA BNOIHE 060CHOBAHBI.

Jlna Hauyana MpejNoNoOKUM, UTO KUJKOCTh 00HOPOOHA.

Ilycte 9, yo, 20 — HavalbHble KOODAMHATHLI OXHOU U3 €e YacTul, ,
Y, z — ee HacTodAlMre KoopAuHaThl. Eciu OBUKEHHE MPOCTOe, TO X, Y, Z
ABJAIOTCA TUHEHHBIMU GQYHKIUAMU OT g, Yo, 20, © MBI MOMKEM 3aMucaTh:

x = a1xo + 1Yo + 1120,

y = azxo + B2y + Y220, (1)
z = azo + B3y + V320,
rae a, 3, v — ¢gyHRuuu BpemeHu. JRUAKOCTL ABIAETCA HeCKUMaeMOH,

HO3TOMY AeTePMHHAHT A MaTpPHUIbI ATUX K03()PUIUEHTOB paBeH eJUHHUIIE.
[Ipennonomxum, 4To UcXoaHAA CBOOOJHAA MOBEPXHOCTD #UJKOCTH UMe-
eT ¢opmy asanuncouna. [lockonbRy ABUMEHHE POCTOe, TO 3Ta CBOGOAHAA
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HOBepXHOCTh GyJeT Bcerja coXpaHATh ¢opmy asianuncouga. Huuro He 3a-
CTaBlIfieT HaC paccMaTpUBaTh B KauyeCTBe UCTOOHOU CUTyaluuu TY, KOTO-
pad B HEKOTOPBIIl MOMEHT BpeMeHHU Gblia B AeiiCTBUTEILHOCTU. MBI MozkeM
BbIOpaTh HjealbHYI0 HavalbHYIO CHUTYalUlo, OT KOTOpPOI MoseM IepeiTu
K pealbHOl CUTyaldy Yepe3 NpocToe (a BupoyeM u aio6oe) asusienne. Cie-
JoBaTelbHO, Mbl CMOzKeM NPeNoN0KUTh, UTO cBOOOAHAA UCXOAHAA NTOBEPX-
HOCTb 3ajlaHa clelyIOIUM ypaBHEHHeM:

x4+ g + 25 = 1.

Ho MNOCKOJIBKRY YacTUlbl, U3HAYaJIbHO HaxogAllKeCcA Ha MNOBEPXHOCTH,
TaM #e U oCTarTCA, TO YpaBHEHUEM cBoOOaHOM MNOBEPXHOCTH Bcerga 6y,£[eT

Zm%:l.

ypaBHeHl/Iﬂ ruapoguHaMHUKH IPDUBOAAT Hac K
d
Yo a"de =T —dv,

rae " = afzo + B{'yo + vi'20 — BTOpasA npousBogHa” OT X MO BPEeMeHH,
p — lIaBlleHue, p — IUIOTHOCTh MUAKOCTH, a V — nortennuan. Ilockonb-
KY MUJKOCTh OJHOPOJHA, TO MbI MOeM NpuHATbL p = 1. Uro racaerca
NoTeHIMana, TO OH COCTOMT U3 JBYX 4YacTel: BHyTpPeHHMI moreHuuan Vj,
BO3HUKAIOWUI BeledCTBUE NPUTAMEHUA YAaCTUIl MUJKOCTH MeMIy coOoii;
BHeIIHWI noTeHuuan V,, BbI3BaHHBIN JeiicTBUeM BHelmHuX (HeGecHbIX) Tell.
CiieoBaTeNbHO, Mbl MO#EM OKOHYATENbHO 3allUcaTh ypaBHEHUE B BUJE

> @ da = dp — dV; — dV.. 2)

2. [ndg Toro, yToGbl NOATBEPAUTHL HAIIM T'MIOTE3bI, Mbl JOJMHBI O-
KasaTb, YTO ABa 4ieHa MoOryT ObIThb paBHbl AuddepeHnansy MHOroujeHa
BTOPOIi CTeleHH.

IlepBrlit uneH ponxeH ObITH TOYHBIM JUddepeHINaIoM U 3TO MOMKET
ObITh TONbKO AU depeHInal MHOMOWIeHa BTOPOi CTeNeHU, IOCKOJbKY NpU
IIPOCTOM JABM#EHUM z” U T ABIAIOTCA MHOTOWIEHAaMU MepBoil crenenu. [le-
pelileM KO BTOpOMY UJIEHY:

1° V; — MHorousneH BTOpOil cTemeHHU, eciu CBOOGOJHAA MOBEPXHOCTHb
AIBIAETCA 3IUNCOUAOM, TOCKOAbKY NMOTEHL[UAaN, BbI3BAHHbBII NPUTAMEHNEM
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3IUIICOUA ABNAETCA MHOTOWIEHOM BTODOii CTENIEHU 6HYMPU 1020 IAAUT-
couda;

2° V, GyneT MHOro4JeHOM BTopoii cTeneHu. [eiicTBuTenbHo, V, MokeT
ObITh pa3ioeH 1O CTeNeHAMU &, Y, z. UnaeHbl co cTeneHAMH 0 1 1 Mo#HO
ONMYCTUTh MPU U3YUYEHUU NABUMEHUA Tela BOKPYT CBOEro HEeHTpPa TAMHECTH.
UeHbI BbIlllE BTOPOI CTENEHH He NOJNMHBI yYNTHIBATbCA BCIEJCTBUE MaJo-
ctu. Cie[0BaTeNbHO, OCTAIOTCA YIEHBI BTOPOIl CTENeHM.

3° JaBieHUe p MOAUMHEHO €JUHCTBEHHOMY YCIOBHIO — OHO fIBIAETCA
MOCTOAHHBIM Ha cBoGOIHON MoBepxHocTH. Tak Kak cBOGOHAA TOBEPXHOCTD
ABIAETCAH JUICOUOM 1) = 1, TO IOCTATOUHO MONOKUTH ¥ TPONOPIUOHATb-
HBIM ), YTOOBI yOBIETBOPUTH 3TOMY YCJIOBHIO U UTOGBI B TO #€ BPEMA P
3aBeJOMO GbLIO MHOTOWJIEHOM BTOpO#i cTenenu. Takum o6pa3oM, HaIIU TH-
HOTEe3bl MOATBEPHIEHBI.

3. Ilycte v = 1 — ypaBHeHue cBOOOIHOII MOBEPXHOCTHU, KOTOpad
npeanolaraeTca Majo oTianyvaroreiica oT cdepsl. MomeM 3anucaThb

v=010+a)z>+ 1 +by®+ (1+c)2?,
rge a, b ¥ ¢ oueHb Malbl U MNOAYUHAITCA YCJIOBUIO HECHHUMAEMOCTH
a+b+c=0.
CorsacHo TE€OPpUU NMPUTHAMEHUA IIIUICONI0B, MBI MOMeM 3anunucaTb
Vi=(1+ka)z? + (1 +Eb)y® + (1 +K'c)2?,

roe k' = % Mpg1 npeanosiaraeM eIMHUILI BEIGpAHHBIMU TaKUM 06pa3oM, 4TO

ana chepel umeem V; = Y x2.
C JpyToii CTOPOHBI, MOCKOILRY 1) = Y. a3, moryuum

Vi=k ) af+(1-k)Y a2 (3)

u 3Ta popmyia He GyAeT 3aBUCETh OT BbIOopa oceil. C Ipyroii CTOPOHBI,
OPEATON0KUM, YTO

p=X Z x3 + const,

U NOACTABUM 3TH 3HaueHUA p U V; B ypaBHeHue (2), rge JJA Havaia Io-
noxum V., = 0. OTomaecTBaAA Ko3dOUIUEHTHI IpU Xodxg, YodTo, Todyo,
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Haxogum

Zaa”:kZaz + A, 4)
Y "= af" =k ap, (5)

rae ojfa COKpameHHuf MBI IIOJIOMUIN

A=2N -2k, k=20, -1)=-—

(SN

Ecnu npunATh Bo BHUMaHue V., TO moay4yum

Za"a:kZaz—i-)\—dzve (6)

2 9
dzg

" " a2V,
Y a"B=>ap =k2aﬁ—m. (7

PasymeeTcA, K 3TUM ypaBHEHHAM clielyeT NPHCOeIVHUThL ypaBHEeHUA, KO-
TOpbIe MOKHO IOJYYHUTH C y4eTOM CHMMETPUH, U 3aMeTHUTb, 4TO TaKue
CyMMBI, Kak Y, a3, pasymeercs, 0603HaYaOT

d_o"B=aiBi+ oyfs + o fs.

Jlanee Mbl paccMOTpPUM JpYyTHe aHAJOTMYHble CYMMBbI, I'le CyMMHpPOBaHUe
HPOUCXOAUT APYrum crnocobom. Tak, Hanpumep, CyMMy

of az + 7 B2 +v{ 72

MBI 3allUlIEM B BUIE Y &f g, e HHIEKCHI COXpPAHEHBI TAKHUM 06pa3oM,
4yT0ObI He GbLIO0 HUKAKOl HEACHOCTH.

4. JTH ypaBHEHHUA IOIYCKalOT YacTHble MHTerpanbl. Ecau mpeamo-
10#UM, 4To0 V, = (, TO MBI NONYyYHUM HHTerpail KUHETHUYECKON SHepruu
(#uBBIX cua) U uHTerpan mwiomageil. llocrennuit sanuieTca B Buje

Z m(z'y — xy') = const,

rae m — Macca ogHoil yactuusl. llogcTaBuB , y, z U3 cooTHouwenui (1),
ero MOKHO 3anucaTh Kak

(o) as—ayay) Z mai+ (o) fa—Bhon +as B —abBr) Z mxoyo+. .. = const.
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llockonbKy HavanbHOW urypoii Anaerca chepa Y. 22 = 1, umeem

Z mx(z) = Zmyg = Zng, Zmél?oyo = ZmLUoZO = Z myozo = 0.

Taxkum ob6pa3oM MHTerpai IJolajaeil IpUBOIUTCA K BULY

Z(aiaz — ajay) = const, (8)

r'ie NOPAJOK CyMMHUPOBaHUA GbLI 00bACHEH B KOHIIE PEJbIAYIIEro MyHKTa.

Mpeanonosum Tenepb, uto yunteiBaetcA V. IlepBolit uien ypaBHenus (8)

HpeJCTaBAAeT C TOUHOCTEIO [I0 YUCIOBOI0 K03 dHlMeHTa NOCTOAHHYIO ILIO-

mapeii. CiegoBaTenbHO, MPOU3BOJHAA 3TOr0 NEepBOro 4ieHa OyJeT paBHA

C TOYHOCTBIO JI0 YUCIOBOr0 KO3 PUIMEeHTa MOMEHTY BHEIIHEN CHUIbI.
Teopema lenbmronbiia fajnee MoKasbIBaeT, YTO UHTETPal

/az'd:z:—i—y'dy—i—z'dz,

B3ATHIN BIOJIb 3aMKHYTOI'0 KOHTYDa, NOCTOAHEH. JTOT MHTerpal B JaHHOM
clly4ae paBeH

Za'a/xgd:vg + Za'ﬁ/xodyo + Za'ﬁ'/ygd:vg +...

Ecau pIy¢ ;! 3aMHHyTOﬁ HpHBOVI BBIINIOJTHEHO COOTHOIIIEHHEe

/$0d$0 = /(xgdyo + y()dil?()) =0,
TO U3 TeOpeMbl Fe.JIle“OJIbLIa cllefyeT ypaBHeHUe

Z(a’ﬂ — afl') = const, 9)

a TaK#e ypaBHEHUf, KOTOpble BLIBOJATCA NPU NMOMOIIU CUMMETPUH.
YpaBHeHue (9) cnpaBeniuBo, korja V, He 06A3aTelbHO PaBHO HYJIO.
Yto6b1 BeiBecTH (8) u3 (4) u (5), 6bITH HEOGXOAUMBI CIOKHbIE BHIUHC-

nenus. Ho sTu Bhluncienua Heo6asaTenbHsl 4 (9), KoTopoe Hemocpect-

BEHHO BbITeKaeT U3 HHTerpUpoBaHUA BblpaeHHsA

Zaﬂu — Za"ﬂ’
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5. VYpaBuenus (4) u (5) momyckawoT npoctoe yacTHoe pemenue. Jo-
CTATOYHO MOJOMUTE

a; = peoswt, az = —psinwt, az =0,
By = psinwt, By =pcoswt, [B3=0, (10)
11 =0, Y2 =0, 73 =0,
OTKyZa
W2 p?

P +E)+ A=k +A=0; k:cz—pz'

C mpyroii cTOPOHBI, U3 YCIOBUA HecuMaeMocTH A = 1, HaxoauM
pie=1.

JTOo pelleHHe TPUMEHUMO B cllyyae, KOrla CIIIOCHYTasA MUAKaA Macca
paBHOMepHO BpamaercA. B Hamux paccysaeHUuAX ¢GUTYpUPYIOT p U ¢ —
JBe IIaBHbIE OCH BJIUICOHNIA.

6. Pemenus, koTopsie MbI GyieM paccMaTpUBaTh, HEHAMHOI'O OTIHYa-
1otcs ot pemenud (10), name ecau BozbMeM V., # 0 1 paccMOTpPUM ypaBHe-
uuA (6) u (7), KoTopble GyAyT OOMycKAaTh PelleHUf, MAIO OTIMYAIONINECS
ot (10), motomy uTo MbI nodaraem V, manbiM. [IpumMeHumM MeTon ypaseHull
8 8apuUAYUAT, T.€. 3aMeHUM Q1, Qa, A3, ... Ha

ai +da; = pcoswt + day, as + dag = —psinwt + dag,

a3—|—5a3=5a3, ceey

U oT6pocuM KBaipaThl Bapuauuit das, ... Takum obGpasoMm momyyum Iu-
HeliHble qu¢depeHnralbHble YPaBHEeHUA 1A 3TUX Bapuanuil day, ... ATH
ypaBHeHUA OyIyT JUIIeHbI BTOPOro uieHa, eciu V, = 0, Kak cieayeT u3
ypaBaenuit (6) u (7). B npoTUBHOM ciiyyae 3TOT UlleH MOABIAETCA.

3ameyaTelbHO TO, YTO TU JHUHElHble YpaBHEHUA pa3/ielAl0TCA Ha JIBe
pas3iuyHble IPyHIbl.

YpaBHeHUsA, BbIBeleHHbIe U3 cooTHomeHnaA A = 1 u ypaBHeuuit (4)
u (5) na ad”, a”"B, af", 88" u vv", comepmaT TonbKO HEM3BECTHBIE

dar, baz, B1, 6B, Ivs, OA

HanporuBs, ypaBHeHus, BbiBeleHHble 13 ypaBHenuit (4) u (5) nasa ay”,
o'y, By", 8"y, He comepmaT Apyrux HemsBeCTHHIX, Kpome das, 003, 071,
5’)/2.
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B cnyuae, rorga V., = 0, HeusBecTHbIE NEPBOIi TPYNILI COOTBETCTBYIOT
pelleHnio, KOTOPOe ONUChIBAET PABHOMEPHOE BpallleHHe, CO CKOPOCThIO, Ma-
JI0 OTINYAalolIeiicA OT w, U cOOCTBEHHbIE KoleGaHUA MUIKOCTU, B KOTOPBIX
INIOCKOCTh Y OCTaeTCA MIOCKOCThIO cuMMeTpuu. B ciyuae, korpa V, # 0,
STU NepeMeHHbIEe ONKMCHIBAIOT MPUINBLI U OTIUBBI #UJKOCTH O] BINAHUEM
BO3MYIIEHHOTO Tena.

HMeHHO Hen3BecTHbIe BTOPOIl I'PYIIIbI CBA3AHHI C ABIEeHNEM HYyTalUH,
HX HaM U cllefiyeT paccMOTPeTb.

7. Haxonen, 3anumemM ypaBHeHHe BTopoil rpynnel. Haxoqum

52a’y:2a5'y+275a,

U nanee
Z ady = 101 + aady2 + agdys = pcoswtdyr — psinwitdys,

", nMpoaoJi:xafd BbIYUCIATb TAKUM 06[)630M7 MoJIy4yumM

6Za7 + iézﬁ'y = pe'te + e,

rie
dy1 +idy2 =&, daz +idfs = .

Tarum 06p33OM, BelleCTBEeHHbIe U MHUMBbIE HaCTU ABYX HEH3BE€CTHBIX € un
ABJIAIOTCA HallUMMU IlepBOHa4YaJlbHbBIMH HEH3BECTHLIMU 57 u da. Haxonum
TaKiKe

520/17 + i52ﬁ”’y= —w2pei““’£ + 6'7]”:
5ECWN +l(52ﬁ’7” — peiwtg//‘

WNrak, ypaBHeHus (4) u (5) Mo#HO paccMaTpUBaTh Kak ypaBHEHUe B Bapu-
anuAx

53 " +i83 By =53 aly +i6 > By = k(52a7+i52m),
UiIn

peiwtgll — _w2peiwt£ + cn/l — k(pei“’tﬁ + cn//). (11)
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YpaBHeHue ['enbMromaniia, KOTOpoe MO#HO BbIBECTU Uepe3 BapHalUio ypaB-
HeHuA (9) U yepe3 ypaBHEHMA, KOTOPBIE MOIYYaAIOTCA C IIOMOIILIO CUMMeT-
pHuH, 1aeT HaM

pe“te — jwpettt — en' = const. (12)

Nurerpan miomageit Mo#HO BhIBecTH 4yeped Bapuanuio (9) (1 uepes ypas-
HeHHsA, TONYyUYeHHbIe ¢ TIOMOMIbIO CUMMETPUM) U 3amucaTh B BHE

pe” (' +iwn) — c¢’ = const. (13)
Iuddepennuposanue ypaBHenud (13) maer
pe” ™ (' +w?n) — " = 0. (14)

Ecnu B (14) mbr 3amenum ¢” u 7'/ Ha ux 3Hauenus, B3aThie u3 (11),
¥ IpUMeM Bo BHUMaHnue, uTo k(c? — p?) = w?p?, T0 3T0 ypaBHeHHe cTaHeT
TOMIECTBOM.

Eciu Tenepb NPpUHATHL BO BHUMaHUe V,, To He06X0AUMO J06aBUTh K HO-
crenHeMy uileny ypasHeHua (11) Beamuuny

2 2
_( Ve . Ve )
d.r()dZ() dy()dZ()
Ho tar kak V6 Majao, Mbl MO#ieM B 3THUX YTOUHAIOIIHUX YjeHaX I10J0-

HUTh
p=c=1, da=08=456y=0,

OTKyJa
r = xgcoswt + yo sinwt, y = —xgsinwt+ yocoswt, 2z = 2,
1, HAKOHell,

ar . dF _ (@ -d_F) iwt
dzg +ldy0 ~ \dzx +2dy e

TaK 4YTO WieH, JoGaBiAeMbIil K MocleqHeMy uieHy ypaBHenus (11) mpen-

cTaBlifieT coOoit

1

BV, BV
_(dmdz dydz)e : (15)
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Ecnu uaKocTh mepemelnaercA Kak TBeploe Telo, TO Y 22 JOMMHO GbITh
HE3aBUCHUMbBIM OT BPEMEHH W, ClIe[JOBAaTelbHO, PABHBIM CBOEMY 3HAUEHHIO
paa pemenus (10), T.e. mbl nonyuum Y, 22 = p? (22 + y2) + 222. Orcrona

BBLIBOJUM
day=) py=0,
Uiu
6Za7+i52ﬁ'y=0,
Win

pel“té + e =0. (16)

8. Ilorennuan V, — usBecTHasa QyHKIUA KOOPJUHAT NPUTATUBaeMoit
TOYKH &, Y, Z U BpEMEHHU, IOTOMY 4YTO KOOPAMHATHI HeGECHOr0 Teja 3aJaHbl
u3BecTHIMHU (yHKUUAMU BpemeHu. CiefoBaTenbHo, Bbipamenue (15) —
u3BecTHasA QyHKOuA BpeMeHu. OHa MozkeT OBITH pasiomeHa B pAx Dypbe.
[lepuoakr pa3ayHBIX YIEHOB B

2 2
IAANA an
dx dz dydz
OTHOCUTEJIbHO JJIMHHBIE, MOCKOJIbKY 3TO MEPUOMAbI Pa3HbIX HyTanuii. Ha-
YuT, eciu 0603HauuTh uyepes Ae’*! omum u3 unenos pasnomenua B (17)
W, clefjoBaTenbHo, yepes — A (“te)t cooTBeTCTBYIOMMIT UTeH pa3noMeHns
B (15), To € GymeT Man6 no CpaBHEHUIO C w.

MosHO BBIAEIUTH 3TOT YieH, U Toraa ypaBHenus (11) GyayT BbIriasa-
IeTh clefyomuM o6pa3om

k(pei“’tf + cn) _ peiwt€// — Aei(w+5)t, (18)
wzpei‘”ti _ cn// + pei“"tf" =0.
Mbr ynosnerBopuM (18), eciu nonoxum
pE = ae™t,  cn = belWte)t,
4TO MPUBOAUT K YPABHEHUAM
a(k +¢€%) + bk = A, (19)
a(w? —e?) + b(w+¢)? =0.
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llerepmunanT ypaBHenuii (19) pasen
A= (2k+ew+e)e(w +¢).

Ilna Toro, 4TOOBI MOXYUYUTH cobcmeeHHoe KolebaHue CUCTeMbI, He00X0-
IUMoO monouTh A = (0 U HaiiTu pelenune a1 €, a U B. Takum obpasom,
gomycTuM, 4To A = 0, 9T0 paBeHCTBO BeJIeT K CIeJYyIOIUM pellleHuIM:

1° € = 0 cooTBeTCTBYeT paBHOMEPHOMY BpalleHUIO C YTIOBOI CKOpOC-
ThIO W BOKPYT OCH, Majo OTJIUYAIOIIENCH OT OCHU 2;

2° w + € = 0 coOTBETCTBYeT CleAyIOIell TUIOTe3e: MPEANOI0HKUM,
YTO Hepejll TeM Kak NPUAATb MUJKOCTU paBHOMepHOe BpallleHue BOKDPYT
OoCH 2z, MbI epeMeCTIIN HeGOIbIIOe KOJIMYECTBO YACTHUIl BHYTPb #UIKOC-
THU, HE U3MEHAA ee BHEWHI0Ww dopmy. ITo pelieHue GyAeT Malo OTINYATLCA
ot pemenus (10), coOOTBeTCTBYOLIee TOMY #€ BPalleHUIO KaK MO BeIMYH-
He, Tak U 10 HampaBleHHIO, TOIl e CIUIIOCHYTOCTH, TOH :Ke OpHeHTaluu
oceit amnunconga. OquuMm ciaoBoM, ot pemrerus (10) oHo GymeT oTiauyaTheA
JUIIbL TEM, YTO HEKOTOPbIE (OHpe/ielleHHbIe) YaCTUIIbI TOMEHAINCh MECTaMU
¢ ApyTUMH.

3° 2k + ew + €2 = 0 cooTBeTcTBYeT cO6CTBEHHBLIM KOJeGaHUAM OYeHb
KOpPOTKOI'0 Ilepuojia, HeMHOro 6oJbIe 0JHOTO Yaca.

Tenepsb, eciu MBI XOTUM y4ecTh JeiicTBHe HeGeCcHOro Tena, Mbl Honee
He 6yngeM nonarath A = (), B pe3ynbTaTe MOLY4UM

Alw +¢)? Alw +¢)
a = = )
A £(2k + ew + €?)
- A(w? —€?) Aw —e)
B A g2k tew+e?)

2
CornacHo Haiueit rumnoTese, € 1Mo OTHOIIEHWIO K w O4YeHb Majo, a %

uMeeT TMOPAAOK cimtocHyTocTH. CliegoBaTelbHO, MOMHO NpeHeGpedb Beju-
YUHOH €, cToAlLlell nepen w U ew + e? nepen 2k, 4To gaer

_ Aw — _Aw
“= Ske’ b= 2ke’
OTKyJa
a+b=0.

Onnako cooTHomureHue a+ b = 0 3KBUBaleHTHO cooTHoueHuo (16). OHo
03HayaeT, YTO KUIKOCThb BeleT ceOf Kak TBeploe Telo.
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9. IJTOT pe3yabTaT MOMKET ObITh NONYYeH HHaue. 3alulleM ypaBHEeHUE
miomazeii, KOTopoe mpeacTaBiaAeT co0oil He YTO UHOe Kak ypaBHenue (13),
B ciyuae V, = 0. Eciu V, # 0, To MbI BbIHY#I€HbI HalKUCaTh, YTO MPOU3-
BOJHaA MOCTOAHHOI IIoliafeil paBHa MOMeHTY BHemHux cuia. UTak, mep-
BbIii wieH B ypaBHeHHH (13) ¢ TOYHOCTBIO 0 YKMCIOBOro Koadduirenta pa-
BeH OTHOILIEHHIO NMOCTOAHHON IJIomajeil K miaomaau B IIIOCKOCTH Xy IIIOC
MHHUMaA eauHuIa v/—1, yMHOKeHHaA Ha OTHOLIeHHe IOCTOAHHOM MJIolaeit
R IJomagu B miIockocTH yz. CleqoBaTelbHO, NPOM3BOJHAA 3TOr0 MEepPBOro
uleHa, T.e. MepBblil uneH ypaBHenus (14), mommxua GeiTh paBua M + iL,
rae L u M ¢ TOYHOCTBIO O YUCIOBOTO Ko3dbdUlINeHTa ABIAITCA MOMEH-
TaMM BHELIHUX CUJI OTHOCHUTeNbHO oceil ¢ U y. Takum obpasom, nomryuum

pe= (" + wy) — et = M + iN. (14 bis)

BTopoii uieH Mo#eT GbITh pasioxeH B pag Pypee. [lycts Be'st — oqun
u3 ero wienoB. OTHequM 3TOT YiIeH U 3alulIeM ypaBHEHUe

pe= it (" + w?n) — ct" = Be, (14 ter)

Idmo ypasHenue cnpasedauso Kax das meepdozo meaa, max u 0 Huo-
Kocmu. B ciyuae #UAKOCTH, 3TO ypaBHEHUE J0JHHO ObITh JONOIHEHO ypaB-
HenreM enbMroibua, T. . BTopbIM ypaBHeHueM (18), a B ciiyyae TBepaoro
Tena — ypaBHenueM (16). Takum o6paszom, HaXoAUM

pb

Tl — (w+e)?]+ ca

p
alw—¢)+blw+e) =
a+b=0 (TBepmoe Telno).

=B (KUAKOCTBL MM TBEpIOE Tello),
0

(uAKROCTB),

Taxkum o6pa3oM, NpU YCIOBUM UTO € Majo 1O OTHOIIEHUIO K w, U3
IOBYX MOCIeQHUX ypaBHEHHUI cliefiyeT, UTO TBeploe M UIKoe Tela GyayT
BeCcTH ceOf MpPaKTHYECKM OJUHAKOBO. JTOT aHAIM3 IBUMEHUIA OJHOPO.-
HOM MUIKOCTU GIM30K K aHamusy, npojeilanHomy MHoit B VII Tome «Acta
mathematicay, Hauunaa ¢ 347 cTpanunbl. 3 3Toro aHanusa ciegyer, 4To
KoJie6aHuA 3JUIMIICOMIa MOTYT GbITh pa3fielieHbl Ha YacTH, OTAeIbHO mojaaa-
1olecd u3yueHuio. B Kamayo U3 TaKkUX yacTeil BXOAAT TONbKO QYHKIUH
JlaMe onpepeneHHoro nmopAnka. [BUKeHUA, KOTOPbIE MbI 3[IeChb paccMOTpe-
14, COOTBETCTBYIOT pyHEUUAM Jlame mepBoro mopaaka.
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III. TupocTaTUUyecKad #KECTKOCThb

1. PaccmoTpum Temepb, YTO NMPOUCXOAUT B CIydae HEOJHOPOJHOM
JKUIKOCTU. YPaBHEHUA THAPOAMHAMUKU UMEIOT BHUJ

dp
" P L
Y o dr = 5 — dVi—dve, (1)

Kak cienyet u3 maparpada II. O6o3Hauum dyepe3 D MIOTHOCThL MHIKOCTH,
KOTOPYIO Hellb3A G0oJbllle IPUHIMATL 32 €IUHUIY, TOCKOIbKY #MUAKOCTh He-
ogHopojHa. YacTHoe pelleHHe — 3TO pellleHUe, KOTa #UAKOCTb 0CBOGOM-
JleHa 0T BCAYECKOr0 BHEIIHEro JeiicTBUA U COBEpPLIaeT pABHOMEPHOE Bpallle-
HHe C YTJ0BOil CKOPOCTBIO w BOKDPYT ocH z. B aTom cayuae umeem V, = 0.
OrmeTuM unjgekcoM 1 GYKBBI, OTHOCALIMECHA K 3TOMY pEIIeHUIO, ¥ 3alulleM
crenymoliee ypaBHeHMe

dp,

E z) dr; = @ _ vy ;. (2)
D

Benuuuna D B 3ToM ciydae He MeHfieTcA. CpaBHHM Tellepb OJHOPOIHYIO

HMUIKOCTD, NMOJBEP/EHHYIO BHEIIHUM JeHCTBUAM, U IOMETUM HHIEKCOM 2

cooTBeTcTByIomue 6yKBbl. Iloaydnum

Y " af dwy = dpy — dVa; — dVe. (3)

D crano paBHATbCA eAuHMIe, a V, NpeNoNoMUTEIbHO ABIAETCA Ta-
KUM ke, Kak B IlepBoM ciyuae. PaccMoTpuM, HakoHell, clIyvail 0lHOPOJHOM
MUAKOCTH, OCBOGOMIEHHOI OT BCAKOrO BHEIIHero AeicTBUA U NPUBEJEHHO
B paBHOMepHoe BpaleHue. OTMeuasa GyKBbI IIOKa3aTeleM 3, MONYYUM

Z x4 drs = dps — dVs;. 4)

Bo BTOpOM naparpade Mbl yBUIEIHN, YTO €CIU nepuod Hymayui docma-
mouHo 604bUL0li, TO OJHOPOJHAA MUAKOCTDL OyJeT BecTu ceGA Kak TBephoe
teno. [Ipu aTom notennuan V; 6yaet oquHaKOBBIM B 0601X Cirydafx (1A Toi
#e 4aCTUulbl To, Yo, ZO). ﬂeﬁCTBHTeHBHO, 9TOT NOTeHOHuasJa BbI3BaH MNMPUTH-
JKEeHUeM JJLIUIICOMA, a HTOT JIUIUIICOU] NepeMecTHIICA, He 1e(hOpMUPYACH,
BOBJIEKafg B CBO€ JBH#EHUE TOYRY, IPUTArUBAIOMYIO Tg, Yo, 20- CJ]e,[[OBa'
TeNbHO, NOTYYUM

Vai = Vs;.
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Taxrse MMeeM PaBeHCTBO
"
P2 = D3
(3HaueHMe MOCTOAHHBLIX A U A’ Bo BTOpoM naparpade oAHHaKOBO B 060HX
cryuyanx). CregoBaTensHo, BeruuTas (3) us (4), nomyyum

dV, = Z r4 drs — Z Th dxs. (5)

3aMeTUM TaK#e, UTO IBUKEHNA OJIHOPOAHOM HMUIKOCTH B Cl1ydae ypas-
HeHudA (2) U B ciyyae ypaBHeHUA (4) 0AUHAKOBBI, TAK UYTO UMeEM

T =3, i =1z}, E z) dry = E zy drs.

Ho ypaBuenuem (1) MO#HO yJOBIETBOPUTD, ECIH NPEAIOIOMHUTE, YTO HEO -
HOpOJHAA MUAKOCTh JIBUMKETCA COTJIACHO TEM e 3aKOHaM, YTO U OJHOPO[-
Haf MUAKOCThL B ciydyae ypaBHeHus (3), T.e. TakUM o6pa3oM, 4To T = T2,
3TO BlleYeT 3a co0oii

" = xy, E m"dm—g zy das.

Heo6xoguMbIM 1 JOCTaTOUHBIM YCJI0BHUEM CYI[€eCTBOBaHUA 3TOT0 pellle-
HUA ABNAETCA BO3MOKHOCTD NPUBEJEHUA dp K BbIPaMeHUIO, KOTOPOE ABIA-
eTcA MOJHBIM AuddepeHunanom GyHRIUM, obpaijaionielica B Hylb Ha CBO-
60HOI [TOBEPXHOCTH.

Ecnu & = x5, To mUIKOCTb BefleT cebA Kak TBepjoe TeJlo, U MOMHO,
NOBTOPAA Hallle paccy#ieHue, ucnoib3yiomee V, ; = V3 ;, HokasaTb, uToO

Vi=V1,i.
Mpu sTux ycrosuax ypassenud (1) ) IPUHUMAIOT BUI
> zyd P _ v —av, i
@y dr2 = 5 s (1 bis)
3l dws = dgl — dv;. (2 bis)

BhiunTas mepBoe ypaBHeHHe W3 BTOPOTO M IPUHUMAaA BO BHUMAaHHE YypaB-
HeHue (5), HAXOAUM COOTHOLIEHHE

dp = dplv
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KOTOpOe MOKa3bIBaeT, YTO dp — monaHblil quddepenunan QyHKIUU Py, KO-
Topas obpaiiaeTcA B Hylb Ha cBOG0HOI moBepxHocTH. UTO 1 Tpe6oBaioch
J0Ka3aTh.

Taxum o6pasoM, Kak d.as HeodHOPoOHOU c60600HOTL JeudKocmu, mak das
00HOPOOHOTL 8060010 HUOKOCMU Npeyeccus U Hymayua 6ydym maxkumu e,
Kak 048 meepdozo meaa.

2. QOueBHAHO, MBI BHOBb BO3BpallaeMcA K y#e 3HAKOMOMY NOHATUIO
2upocmamuyieckoll Jyecmrkocmu, 1 B 3TOM cllydyae MOMHO 3aJaThCA BONPO-
coM, N0YeMy JaHHOe paccy:i[eHHe He PUMEHUMO B clyuae, pacCMOTpEH-
HOM B IIepBOM Iaparpade, B ciydae, IJ1d KOTOPOr0 MbI IOJYYUIN COBEP-
IIEHHO WHble pe3ynbTaThl. Ha camMoM [eine 3TO [0Ka3aTelbCTBO OCTaeTCA
NpUMeHUMbIM, HO ecTb Ba#Hoe pasnnuue. HamomHuM dopMyny U3 nepBoro
naparpada:

a _  eN-1
@ eN—-14+X

Korpga N ctpemutca K 6eCKOHEYHOCTH, OTHOIIEHUE O% cTpeMuUTcA K 1,
T. €. paccMaTpuBaeMoe Tello CTPEMUTCA BeCTU cebA Kak TBepjoe TeJo: 0/lHa-
Ko B ¢opmyine dpurypupyet He N, a eN, u N MoeT ObITb 0YeHb OONBIIUM,
xoTA €N He Benuro. Ecnu e N oueHb 6oablioe, T.e. eclId NepHod HyTalUH,
BbIpaeHHbI B IHAX, ABIAETCA OYeHb O0JbLUIMM U He TOJBKO IO abCoNIoT-
HOI BeJMUlHe, HO U 110 OTHOIIEHUIO K 00paTHOl BelM4YuHe CIUIIOCHYTOCTH,
TO rUpocTaTUyecKas »eCcTKOCTb NPOABJIAeTCA B IOJNHOI Mepe, U HyTauusd
OyneT Takoil ke, UTo U AaA TBepjoro Tena. Ho aToro He mpousoiiger, ec-
au €N ABIAETCA KOHEYHBIM. JTO ABJIEHUE yie o6bAcHUI Jopn HenbBuH,
OJIHAaKO MBI paccMOTpuM ero 6osiee mMoApoOHO.

3. RKaxoBo mpoucxos/ieHile TUPOCTaTUUECKO #ecTKOCTU? ITO He UTO
HMHOe KaK YacTHBII cayuail 6onee obliero ABIeHUA pe30HaHca.

PaccMoTpuM HeKkoTOpYIO cUCTEMY B aOCOMIOTHOM MU OTHOCHUTEIbHOM
paBHOBECHUM U U3YUUM ee Maljble KolebaHUA BOIM3YU MOJOMEHUA pPaBHOBe-
cuf. Ix Mo#HO ompejeluThb ¢ NOMOLIbIO JUHeHHbIX ypaBHeHuil. U ecau
Z, Y, Z, ... NPEACTABIAIOT KOOPAUHATHI CUCTEMbI (KOTOpbIE B IOJOMEHUH
paBHOBeCHA PABHBI HYIIO), TO MONYYUM YPaBHEHUA B BUIE:

D(z,y, 2z,...) = ZAeiEt,

rae D — nuHeitHaa GYyHKUUA C MOCTOAHHBIMHU KO3 PUIUEeHTaMU OTHOCH-
TENbHO T, Y, Z, ... U UX NPOM3BOAHBIX. Y, Ae'®! mpepcraBiafer coBoKyI-



98 0 npeyeccuu degopmupyemvix mea

HOCTb YJI€HOB, BOBHUKAIOI[KX BCleJCTBUE BO3MYIAIONMX BHEUITHUX CUI, KO-
Tophle pazinaraiorcaA B pAn @yproe. PaceMoTpum, B 4acTHOCTHU, YpaBHEHUA
6e3 mpaBoii 4yacTu

D(m,y727~-~):0, (6)
KOTOpBIE ONPeNeNAI0T COOCTBEHHbIE KOIeOaHUA CHCTEMBI U ypaBHEHUA
D(z,y, 2, ...) = Ae'?, (7

KOTOpbIe MO3BOJAIOT YUeCTh [JefCTBUE OJIHOI U3 COCTABIAIIIUX BO3MYIIa-
IONUX CHUJL.
VYpaBHeHnue (7) OyaeT yIOBIETBOPEHO, €CIU MOJIOKUTh

T =ae"t, y=>bet, z=ce*, ... (8)
Haxopuwm, uto a, b, ¢, ... 3amaHbl cCUCTEMOI ypaBHEHU ¢ KO3 puueHTamu,
3aBUCAIIMME OT €, paspelias KOTOPYIO, MOIYYUM
_ P1 (E) _ P2 (5)
a=—, b= A o

raie A — MHOr'OYIEH ¢ BelleCTBEHHbIMU K03 (UIUNEHTaMU OT €, He 3aBH-
cAmU oT K03bUINEHTOB A, KOTOPbIN ABIAETCA JeTEPMUHAHTOM CHCTeE-
Mbl JTMHEIHbIX ypaBHeHUil, Py, P, — MHOrowIeHbI OT £ C BelleCTBEHHbI-
MM K03 uiueHTaMu, nTuHeliHbie oTHocuTenbHO A. Hynu muorounena A,
KOTOpbIe HA30BEM €71, €3, ..., COOTBETCTBYIOT NepuoJaM COOCTBEHHBIX KO-
ne6aHuil cucTeMbl, onpeaendeMbix ypaBHenueMm (6). Panuonanbusie dyHk-

P P
UUU ==, ==, ... MOT'YT ObITb pa3io:KkeHbl Ha NpocThbie Apobu. Tarum obpa-

30M, HaAXoAUM
a a9
a= —— 4+ —2—+...,
E—€1 E — €9
b1 b

b tea

Herpyano Bumerh, 4To ypaBHeHue (6) yIOBIETBOPAETCA, €CIH I0JO-
KUTh

ie1t ie1t

z =a1et, y=bet z=ce,

9)
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Ecnu € 6ausko k €1, TO a, b, ¢, ... CTAHOBATCA OYEHb OONBIMIUMU. JTO
ABIleHNe pe3oHaHca. B 3ToM ciyuyae uineH, UMewOINil B KayecTBe 3HaMeHa-
TeNfl € — €1, CTAHOBUTCA NpeobiafalouM, U UMeeM

a b c

bl:b—lzclz,.,7

T.e. cucTeMa BefieT cebf, Kak mpu coGcTBeHHOM Koiebanuu (9), 61u3KoM
K PE30HAHCHOMY.

CnenoBaTenbHO, ecau nepuod goamyujarwuiell cuabl CMAHOBUMCA 0YEHb
OAU3KUM K Nepuody 00H020 U3 COGCMBEHHbIT KOAeOaHUll cucmembvl, MO OHA
sedem cebf mak e, KAK NPU 3MOM COOCNBEHHOM KOAEOAHUL.

JTOT pe3ybTaT epecTaeT ObITh CIpaBelINBBIM, eClid JBa K03d hunu-
€HTa €1 U €2 0YeHb MaJlo OTJIMYal0TCA JPYT OT Jpyra U ecily € OAHOBPeMeHHO
OJU3KO U K €1, U K €2 TAKUM 00pa3oM, YTO € —€1 U € — €2 OJHOT'O U TOTO 3Ke
nopagka. B atom ciyuae Gonbie HeT npeobiafaromiero wieHa. ITo ABIEHHE
Ha3bIBAETCA 0BOUHbLM PE3OHAHCOM.

4. le/IMeHI/IM 9TU NPUHOUIIBI OJIA 00 bACHEHUA FPIpOCTaTI/I‘{eCHOﬁ
HMUITKOCTH. PaCCMOTpI/IM HEKOTOPYIO MeXaHUu4YeCHhYlo CUCTeMYy B OTHOCHU-
TeJbHOM paBHOBECHUH 110 OTHOUIEHUIO K MOABHUMHBIM OCAM, BpallaloliuMcCAH
BOKPYT OCHU Z C MOCTOAHHOM CROPOCTBIO W. CucremMa MomeT KojnebaTbcesA
BOJAM3M 3TOr0 MOJOMEHUA OTHOCUTEIbHOIO paBHOBecCHA. MbeI 6y,£[eM pas-
au4yaTb coOCTBEHHbIE KOJ’IeﬁaHI/IH, T.e. Te HOJ’Ie6aHI/IH, KOTOpbIe BO3HUKAa-
10T BOIU3U paBHOBecCHA B Cjlyvae, Korjga cucrema ocBOOOM#JeHa OT BCAKOM
BHeIlIHeN B03my1ua101uel71 CUJIbI, U €€ BbIHY# I€HHbIE HOJIeﬁaHI/IH, nepuong Ko-
TOPBIX 6leeT TakuM e, Kak Iepruoa Bosmymalomeﬁ CHUJIbI.

Ecnu HenogABUHHOMY HabaogaTento KameTcd, 4YTO BodMyljawuiue cu-
Jbl MEHAIOTCA OYeHb MeJJeHHO, TO Ha6J’II-OJIaTeJII'O, CBAAI3GHHOMY C IOABHUHi-

HbBIMH OCAMMU, CHUJIbI MMOKaMYTCA BpallalOIMMUCA BOKPYT OCH Z C yl"JIOBOI71

CKOPOCTBIO W, T.€. YTO UX Nepuoj GyaeT paBeH NPUOIU3UTENbHO 277"

Urar, cpenu co6cTBeHHBIX KodeGaHUil CHCTEMbI HEOOXOOUMO pasiu-
yaTh clelyloliye: cucTeMa, corjlacHO TUIOTe3e, MOMeT BpamaThed ¢ yr-
JIOBOI CKOPOCTBHIO W BOKPYT OCH Z, U UMEHHO TOrJa OHa HaXOJUTCA B OT-
HOCHUTEJNbHOM PaBHOBECHM II0 OTHOLIEHHIO K BpamawimuMca ocaMm. Ho ecau
YCTPaHUTh Bce BHEIIHME [efiCTBHUA, OHa CMOET PaBHbIM 06pa3oM BpallaThb-
cfl ¢ IOCTOAHHON CKOPOCTBIO W BOKPYT OCH, OYeHb MaJjlo oTiauvaoleiicd oT
ocu z. [Ipy ykasaHHBIX YCIOBHUAX CHUCTeMa HEMHOTO OTKJIOHAETCA OT OT-
HOCUTENbHOT'0 PaBHOBECHUA, U BOBHUKAIOT cOOCTBEHHbIE KoleOaHUA, IEPUOA
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KOTOPBIX Kak pa3s %” IIpu Takux co6cTBEHHBIX KolebaHUAX cucTeMa GyIeT
BecTU cebf KaKk TBEPJOe Telo.

Takum 06pa3oM, BO3HUKHET Pe30HAHC, M MpPU BBIHYIEHHOM Koneba-
HUU cuctema GyeT BecTU cebd MPUMEPHO Kak TBepjoe Telo. Byaetr umeTsb-
cAl TUpPOCTaTUYecKasn KeCTKOCTh. ckiIoyeHneM OyeT ABIATLCA NUIIb Ha-
n4ue deotiHo20 pe3oHaHca, Korga cucTeMa o61afaeT ApyruM coOCTBEHHBIM

HOJIeﬁaHI/IEM, rje oHa He BeJleT cebGA Kak TBepaoe Tello, U Iepuoa KOToporo

OJIU30K K 2777
5. IJTo KaK pa3 MPOUCXOAUT B clyuae, ONKUChIBAEMOM B IIepBOM Mapa-
rpage. CymecTByeT cobcTBEHHOE KojebaHue, NEPUOA KOTOpOro 3aaaH ¢op-
MYJI0Hi
1-A
6 9

N =

(3mech A Hcmonb3ylo 0603HaYeHUA U3 NepBoro maparpada). ITOT Mepuoj
OYeHb IJIMHHBIN, T.e. IPUMEPHO TaKOil ke, KaK epuoj BO3MYIIAIOIINX CHIL.

Ilns Toro 4yTo6hHI Jydlle AaTh NpeAcTaBileHHe 06 5TOM, HaM clelyeT
BepHYTbCA K Ipo6ieme, HCcNoab3ysa o6o3HaueHus maparpada I u meroner
naparpada II. Tem cambIM MBI 06/eryuM cpaBHeHHe pe3yJbTaTOB U3 3THUX
ABYX maparpadoB U U3y4eHUe MPOMe Y TOUHBIX ClydaeB.

CooTHoleHne Me#ily KOOpAMHATaMU &, Y, 7 ¥ HaualbHLIMU KOOPAU-
HaTaMH Zg, Yo, Zo BbIpamaloTca popmynamu (1) Kak 11 TBepaoil MaHTHH,
TaK U A HUJKOTO A1pa, TONbKO QYHKIUU o, (3, 7 He 6y 1y T 0JMHAKOBLIMU
B o6oux cayuasx. [Ipeanonoxum, 4To ypaBHeHue obiieil TOBepXHOCTH, KO-
TOpaf U3HYTPH OTPaHHYNBAET TBEPAYIO MaHTHIO, a JKUIKOe AP0 CHAPYHH,
uMeeT BUJ

Ty +yg + 25 =1

JTO 3acTaBifAET NPENONOMKUThL, YTO TBepJad MaHTHA GbLIa elle MMua-
KO B MealbHOM HayalbHOM COCTOAHWM M CTalla TBEpAEThb B JajbHelliei
¢ase mocie TOro, Kak npuodpesna CBOIO ompefeleHHYO GopMy. DTy TUMO-
Te3y MOKHO IpejnoiaraTh 6ecnpenATCTBEHHO — MOCKOJIbKY pedyb UJET 06
uaealbHOM HayalbHOM COCTOfIHUU.

PacemoTpuM vacTHOe pellieHue, KOrja BCA cCHUCTeMa BpallaeTcA ¢ yr-
J0BO# w, U, CleOBaTEeNbHO, I'le MMEIOTCA pelleHUuA, Malo OTINYaroIlueca
ot peuenuii (10) 13 Broporo naparpada Kak 1A MaHTHH, Tak U QA AApPA.
IMono#uM, 4YTO BETMUUHBI

E=0v1+idy2 =7 +ive, n=0daz+iéfs=az+ifs
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COOTBETCTBYIOT MMHUAKOCTH, a &1 UM 1) — BeIUYUHBI, COOTBETCTBYIOIUE
TBepAOil MaHTUHU.

dTa MaHTHUA JOIKHA yNOBIETBOPATH ycinosuio (16), n. 16 BToporo na-
parpada, To ecTb UMeeM

pete +cm = 0. (10)

3anuiieM Tenepb, UTO BHEIIHAA NMOBEPXHOCTb UAKOCTH COBHajaeT
¢ BHyTpeHHell MOBEepXHOCThIO TBepaoro tena. [lpexsie Bcero ycioBue Toro,
4YTO cBOOOJHAA MOBEPXHOCTD #MUAKOCTH He UcKazkaeTcA. CleqyeT MON0KUTh

DO Rt M
0 o2 2’
OTKYy[a

aiyi+aey2 | azys B+ By | B33
2 t—= = 2 T

p c p c

3ameHdAA B 3Toil dopmyie i, as, (1, (2, v3 HA pcoswt, —psinwt,
psinwt, pcoswt, ¢, nepeMeHHble y; + iyp U a3 + 933 Ha & ¥ 1) ¥ UCTOIbL3YA
TO € BbIUMCJIEHHUe, 4TO U B 1. 16 BToporo naparpada, Haiigem

eiwtg n
p + E = 0,

=0.

Ui ‘
ce™té 4+ pnp = 0.

Ecau 3anucatb ycioBue, 4TO BHYTPEHHAA MNOBEPXHOCTb TBepAOro Tejga H
BHEIIHAA MNOBEPXHOCTb #HUAKOCTHU UCIBITHIBAIOT OJUHAKOBY IO L[e(bopmaumo,
TO IOJy4YUM

ce™t (& — &) + pn —m) = 0. (11)

6. B n. 13 BToporo naparpadga Mbl HalllIi IOCTOAHHYIO IIoManeil aada
suarocTu. ClenaeM Te e camble BBIYMCIEHUA W /A TBepaoil MaHTHM.
JleficTBUTENbHO, MBI HMeEM

Zm(a:'y —zy') = (ajaz — apay) Z maj + Z mzoyo(...) + ...

3nech Gollee Hellb3A npeanoJjiaratb, 4To

me% = Zmyg = Zng.
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HO, TaK KaK TeJjo o6jagaeT ocbio CUMMETDPHH, MOHO 3allucaThb cilegyloijue
BhIpameHnu A

Emﬂfoyo = Z myozo = E maozo = 0,
me;‘; = Zmyg =A, Zng =C,

rae nocrofanHele A 1 C UMeOT Apyroe 3HayeHusA, 4eM BO BTOPOM [aparpa-
¢e. Jlanee 1erko BUAETH, UTO

Y m(a'y — xy) = Al(0haz — ahon) + (8182 — ByA1)] + C(viv2 — Yam)-
Haxogum Tarme

M= Zm(m'z —z2') =
= Al(aas — azar) + (8183 — A3B1)] + C(niys — vsm)s

£= Zm(y'z —y2') =
= Al(ayas — azaz) + (8203 — B382)] + C (1273 — 1372)-

CocTaBuM BhIpaMeHUe
M —iL,

3aMeHuB

o +iag, Pi1+if2, 73, as+ias, v+ ive

X 3HaAYeHUuAaAMUu
—iwt s —iwt
&

pe , tpe s G Ty
(nepemenHble 71, £, BBe[eHbI 1A TBEPIOH MAHTHH); HAXOAUM Cclefyloliee
ypaBHeHHe
—M — il = Ape”“(n| +iwn) — Cet;.

C nmoMomubio MOZ0GHOTO BBHIYMCIEHUA ObLIO MOIy4YeHO ypaBHeHue (13)
B . 16 BTOporo naparpada. YToObl NOMIy4YUTh BhIpaieHNe, aHAJOIHYHOE A
—M — i£ U coOTBETCTBYIOlIee BCeMY Telny, HeoGX0AUMO 106aBUTh MePBbIi
wjieH 3Toro ypaBHenud (13), 4To NPUBOJUT K BbIpaieHHIO

APG_M(Ui + iwny) — Cetl + pe_iwt(n/ +iwn) — ct'.
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Ha ocHoBanuu 3akoHa miomanei 3To BhIpaieHnue OO0JIHHO ObITb MOCTOAH-
HBIM, €C/IM OTCYTCTBYET BHENIHAA CUJia. Ecau e TaxkoBan nmMeeTcH, To ero
npoua3BogHafa

A,De_im(ﬂil + wz"?l) _ ch{/ + pe—iwt(nu + wzn) _ cf"

JOJ#HA PABHATHCA IPOCTOI KOMOUHAIUY MOMEHTOB BHENTHUX CHUJI, TO €CTh
U3BeCTHOI pyHKINN BpeMmeHH. PacknageiBas nmocnenHiow B pajg Oypbe, Ha-
XOAUM

Ape_M(Tlf +w27ll) _ Ccﬂ/ + pe—iut(n +w 77 g" ZBelet

7. Kpowme Toro, y Hac ecTb BTopoe ypaBHeHue (18) us Broporo napa-
rpada, KOTopoe OcTaeTCA CIpaBelIUBbIM, IOCKOIbLKY OHO NMONydaeTcA Kak
npousBonHan ypaBHenus ['enbmronbua (12) us Broporo naparpaga. OHo co-
cTaBifeT BMecTe ¢ ypaBHenuamu (10), (11), (12) noaHyo cucTeMy HaImux
ypaBHeHHUil, KOTOPYIO MOKHO 3alKcaTh, COXpaHAA PU 3TOM OLUH U3 UIEHOB
npaBoii yactu ypaBHenud (12), B Buje

Ape—iwt(nil +(4)2’I’]1) _ chil +pe—iwt(nll +(4)2’I’]) _ Cf" — Beiet;
eiwtgl + e = 0,
“’t(€ &) + p(n—m) =0, (13)
w pe _c,,] —|—pBWt€” —

[IponnTerpupyem ux, nonaras

pt = aeiet’ en = bei(w+e)t’ péy = aleiet’ eny = blei(w+e)t’

4YTO NPUBOOAUT K COOTHOIMIEHUAM

Ca;+a 5 Aby+b 2y _ B,
e €= (2we+e)—p—c,
ay +b =0,
a — ax b—bl
e + 2 =0, (14)

a(w? —€%) +b(w+¢)* =0.
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I[ETepMI/IHaHT 3TOM CUCTEMbI 3alUChIBAa€TCA cillefyromumM 06p830M

e? Ce? 2we + &2 4 2we + e’
¥) T 2 - 2
p p c c
_ 0 1 0 1
A= 1 _1 1 _1
e e 2 2
wr—e? 0  (w+e)? 0

Tak Kak TmepBad CTPOKA MaTPHUIbI AETUTCA Ha €, A TaKie AeTUTCA
Ha €.
RosddunueHt npu € paBen

2w 2Aw
0 0 —= ===
C2 C2
0 1 0 1 1 1\ 202
1o = (Goa)Eara
p? PRI o2
w2 0 w? 0
CrenoBaTenbHO, A He JeMUTCA £2, UCKIIOYAsA cIyyail iz = lz, T. €. eciiu
p c

BHY TPEHHAA M0J0CTh Hechepuuna. [if MocHeHero ciydan MOMKHO YCTaHO-
BUTb, YTO
A =2e%(w +€) (24w + Ae + C’e)l

02

CnepoBaTenbHo, ypaBHeHue A = () fonycKaeT Ipyu 0YeHb MajloM iz — iz
C
YeThIpe KOPHA, OIMH U3 KOTOPBIX paBeH HYIIO, IPYTroil — o4yeHb Mal.;l, Tpe-
2Aw
A+C’
BETCTBYeT IepBblii (BpallleHne BCero Tella BOKPYT 0CH, Malo OTInYarolleica
OT OCH z) ¥ TPETHil KOPHU ([lepeMelleHre HUJKUX YaCTHUL BHY TPU HUJKOTO
Anpa, IPY KOTOPOM OJ{HM YaCTHIbI JIETKO 3aMEHAIOTCH Ha IpyTHe).
HMeHHO HAMMYMIO BTOPOro OYEHb MAaloro KOpPHA Mbl 06H3aHbI BCeM
0coGeHHOCTAM fABJeHHA. Eciu mepuoj Bo3Mylnamleid Cuibl COOTBETCTBY-
eT OuYeHb MajloMy €, BO3HHKaeT Pe30HaHC C HYlIeBbIM KopHeM. Eciau Obl
cyllecTBOBaJ TOJbKO OJWH TAKOW PE30HAHC, TO TeN0 BeJo 6bI ceOA mpuMep-
HO TaK, KaKk Mpu coOCTBEHHOM KojiebaHUU, KOTOPOE COOTBETCTBYET 3TOMY

HYyJeBOMY KOpPHIO, T. €. KaKk TBepJoe Tello, U UMeJlacb ObI eupocmamutiecrkan

THIl — paBeH —w U YeTBepThIi GIU30K K — Mpz1 Buienu, 4yeMy coOT-
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aHcecmrocms. JTO MPOUCXOIUT, €ClU CIUNIIOCHYTOCTh BHYTPEHHEeN SJIUNTU-
YyecKoi nosocTH He cnumkoM Mana. Ho Tak Kak oHa o4eHb Maia, TO ypaBHe-
Hue A = () JonyckaeT oueHb Manbiii KopeHb. Bo3HuKkHeT deolinoli pesonanc,
U aMIUIUTyJa HyTauuu 6yfeT CUIbHO OTANYaThCA OT aMILIUTYAbl TBEPAOTO
Tena.

IV. Bo3sgaeiicTBue ynpyrocrtu

Teneps paccMoOTpUM, UTO NPOU30HIET, €CIU NPEANOTIOHKUTD, YTO TBEP-
Jaf yacTh 3eMiu ABAAeTcA He TBepAbIM, a ynpyrum TeinoMm. [Ipeanonoxum
cHauala, 4YTo 3eMJA MOJHOCThIO ABAAETCA YNPYTUM TBePAbIM chepousoMm,
U 3aTeM, UTO OHAa ABJIAETCA TBepPAbIM YIPYIUM chepouaoM, 3alolHEeHHbIM
MUTKOCTBIO.

PaccmoTpuMm cHauana nepByio runoresy. ByaeT nu amminTyna HekoTo-
pbix HyTanuit MenATbeA? CoriacHo npeabiayllemMy naparpady 3TOT BOIpoC
CBOAUTCA K clelylolleMy: KaKkoil UMeeTCA pe30HaHC — IIPOCTON MU JBOM-
Hoit? JIpyrumu cioBamu, UMeeT U ypaBHEHUe [l €, aHAIOTUYHOe ypaBHe-
Huio A = 0 npeasigyuero naparpada, Hy/1eBoil KopeHb, a Bce Jpyrue Inpu
3TOM ABJAIOTCA KOHEYHBIMHU, UJIH #e OHO JONyCKaeT HyJeBOH KOpeHb U elle
OI¥H, oYeHb MainbIii? OTBeT MO¥HO HaiiTU o4yeHb GbicTpo. B mpenennHOM
clyJyae HeM3MeHAeMOro Teja, TO eCThb Korja npejnosaraerca 6ecKoHeuHas
JKECTKOCTb, CYIIECTBYET NPOCTOIl pe3oHaHC. B »Tom ciydae cymecTByeT
OJIMH HYJeBOI KOpeHb, a Jpyrue — KOHe4YHble; He0OXOAMMO TaK#e, YTOObI
3TU KOPHM ObLIM KOHEeUHBIMU JJ1 HEKOTOPO #eCTKOCTH, 00 eciu Obl OJUH
U3 HUX ObLI OYEeHb MalbIM [ 110000 3KeCTKOCTH, OH ocTajlcA Obl TAKOBBIM
U 1A 0ECKOHEYHO!N #eCTKOCTU. JHAUUT, UMeeTCA NMPOCTOi pe30HaHC, T'U-
pocTaThuyecKaf KeCTKOCTb NPOABIAETCA MOJHOCTBIO, aMIUIUTYyJa Pa3HbIX
HyTaluil ABJIAETCA TAaKOH e, KaKk U A HEeM3MEHAIoLerocA Teiua.

IlepeitpeM Ko BTOpOIf rumnoTe3e, B KOTOPOil peyb MoiieT 00 U3yUeHUU
coOCTBEHHBIX KonebaHMil cucTembl. TBepaada MaHTUA OyleT clefoBaTh 3a-
KoHaM ynpyroctu. IlycTs , y, 2 — KoopAuHaThl HEKOTOPOi TOUKU; & + U,
Yy + v, z + w — ee KoopAuHaTHI nocie gedopmauuu. lonomum

U MYCTh j4 U ¥ — [1Ba KO3 UIMeHTa, Torja noiryYum

do _ d’u
(1/+u)d$+uAU— R
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Kpome Toro, umetoTca rpanuunbie ycioBufa. 0603HaUMM COCTaBIAIO-
mye gaBieHus Ppg, Ppy, ... Tak, 4To

P:cac:’/0+2l"%7 Pwy:ll'(z_z Z_Z)y

Ilycts a, B, ¥ — HampaBiAmwIle KOCUHYChl HOPMall K CBOOOMHOU
HOBEPXHOCTH, MOJOKUM

X ZaPm+ﬂsz+7Pzz7
Y = aPyy + BPyy + vPy.,
Z = aPy, + 8Py, + yP;..

BekTop X, Y, Z 3apmaer cuay, AeiCTBYIOI[YIO Ha 3jleMEHT CBOGOAHON mo-
BepxHocTu. Ha BHelHeit ¢cBO60AHOI IpaHUIle 3TOT BEKTOP GbITH paBeH Hy-
mo. Ha BHyTpeHHell TpaHulle OH HaNpaBiIeH 110 HOPMalu K MOBEPXHOCTH U
[0 BelUYNHe PaBeH TMPOCTATUYECKOMY AaBIEHUIO HUIKOCTH.

[IpennonosumM, 4To BHEUIHAA ¥ BHYTPEHHAA I'PaHUIBI GyAyT chepamu
(uaM Malo OTIANYAIOIMUMUCH OT HUX GUTYypaMu), U UTO AaBJIEHHE P PABHO,
K npuMepy, chepuueckomy MHorodineHy P Broporo nopaaka. Mbl cMoskeM
YIOBIETBOPUTHL HAIUM YypPaBHEHHAM, Hojaragd

_ ar — apr - apr
u-:z:PR—i—de, v—yPR—O—de, w—zPR—i-SdZ,

rie R u S — ¢yuruuu ot r = /a2 + y? + 22. MosHo mokasartb, yto R
u S yJIOBIETBOPAIOT JBYM ypaBHEHUAM BTOPOIro MOPAIKA, a8 YeThIpe MOCTO-
AIHHbIE UHTETPUPOBAHUA ONPEJENAITCA IPaHNYHbIMU yenoBuaMH. ClieoBa-
TelbHO, Heu3BecTHble GYyHKIUU R 1 S MOr'yT ObITh MOJHOCTHIO ONpeeleHbl
U He 3aBHCAT OT cepuyuecKoro MHorouieHa P, eciid ocTaBUThb HeM3MeHeH-
HBIM €r'o NMOPAJIOK.

OGuiee pemieHye 3agayil Mo#eT ObITh HaiiIeHO ClIedyIOmUM 06pa3oMm:
oycThb

U= Uy, V=1, w = W

TOJBKO YTO pacCMOTpPeHHOe yacTHoe peleHue. Toraa obiiee peuieHue 6yaeT
HUMETb BUJ
U=1uy +uy, V=01 +v2, W=wW+ Wy,
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Tle Ug, U, We MPEACTABIAIOT MPOU3BONbHOE MepeMelleHne, 1 KOTOPOro
paccMaTpuBaeMoe Tejo BefieT cebA Kak HeusmeHsAeMoe TBepjoe Teino. Cie-
J0BaTelbHO, 3TO MepeMellleHre ABIAETCA NPOCThIM Bpaienuem. [Ipemnono-
JKUM, YTO TeJO BpallaeTcA BOKPYT OCH, PACIOJOMEHHON B IJIOCKOCTU LY.
B sToMm cayuyae penienue 6yaeT 3aBUCETh OT [BYX MPOU3BOJIbLHBIX MOCTOAH-
HBIX.

[Ipesae Bcero Heo6XOOUMO BBIYMCIUTL P. LA 3TOr0 BOCHOIbL3YyeM-
cA pesyiabTaTaMu BToporo naparpada. JelicTBUTEIbHO, MOMHO AOMYCTUTh,
YTO JBUKEHUE MUJKOCTH OCTAETCH NPOCMbLM, I HTO0 HOCTATOYHO, KAK
MbI yie BUJeNH, yTo6bl ee BHENIHAA MOBEPXHOCThH OCTABANACH AIIUNCOM-
JanbHOM, TO €CTh YTOObI BHYTPEHHAA NOBEPXHOCThL TBEPIOil MaHTUH, Nep-
BUYHO cdepuyecKas, craia BceleJcTBHe nedopmainuu sauncougoM. He-
TPYIHO MOKa3aTh, YTO 3Ta TMIOTE3a COOTBETCTBYET TOMY, 4To p = P fB-
afeTcA chepuvyecKUM MHOTOUYIEHOM BTOPOTO NMOPAAKA.

CnenoBaTenbHO, MbI CHOBA IOJNYyYUM ypaBHEHUE

Y & dx = dp - dv,
V= k'Zx% +(1- k')Z:ﬁ.
CnaraeMble B p, KOTOpbIe HAaC UHTEPECYIOT, UMEIOT BUJI
hxozo + h1yozo,

KO3 GUIMEHTHI IPYU HUX CleAyeT BHIUYUCIAUTD. Mcnonb3ya cnoco, U3I0oHeH-
HbII Bo BTOpOM naparpade, u3 ypaBHenuit (1) Haxoqum

Za"w:Za'y":kZa'wah,
DBy =D 8=k Br+h.

Ecinu nonomuts h + ihy = @ ¥ BCIOMHUTH BblpameHue 1id £ U 1), TO 3TU
ypaBHeHUA NPUMYT dopmy:

_w2peiwt£ + cn// — peiwt£// — k(peiwtf + cn) +@. (2)
Tarkum 06pa30M MJIA UHTepeCcYInX Hac cjlaraeMbIX IOJYyUYUM
p = Rwzo(wo — iYo),

rjge cuMBoJ R o603HavaeT 0elicmeumefzbnyro acms.
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OTGpachiBasg KBaApaThl €, 1] U W, MOAHO NOKAa3aTh, YTO
_ _ w . —iwt _ ga— .
p=P= %C—pz(x —iy)e = Rwzo(xo — iYo).

[Ipu 3THX ycnoBuUAX, pelieHHe 3aBUCUT OT YeThIPeX MPOU3BONbHBIX T10-
CTOAHHBIX, KOTOPbIE 3aJal0TCA JeACTBUTENbHON 1 MHUMOI1 YaCcThIO W U ABY-
MA NMOCTOAHHLIMU, ONPEIENAININMYU BpalleHUe Uy, V2, Wa.

Tenepb Heo6GXOOUMO BBIBECTH YPaBHEHHA, aHAIOTMYHble ypaBHEHU-
AM (13) u (14) Tperbero maparpada, JaA OnpeleneHU BENTMYUH, UTPAIO-
mux ponas €1 4 7;. [lepBoe ypaBHEeHHEe — 3TO ypaBHeHUe ILIOIIA/Iell; BTOpOe
HeoOX0UMO 3aMEHUTb ypaBHEHHEM yNpPYTroro paBHOBECHA, KOTOPOE UMeeT
BU[

Z zu = (r’R + 2S)P.

Jlerxko mpoBepuTb, UTO 3TO BhIpa#eHHe PAaBHO Y, Tui, Tak Kak », xug = 0.
Takum o6pa3oM, BO3Bpallafach K ypaBHeHHIO (2), HaiileM COOTHOLIEHHE
MemAy Y, Tu U AefCTBUTENbHBIMH M MHUMbIME dacTAMH & U 7). Mox-
HO NMpelCTaBUThL 3TO ypaBHeHUE B dopMe, aHAIOrU4YHON ypaBHeHuAM (13)
TpeThero maparpada ciegyoomuM obpa3oM: o6paTUMCH K CIydar C HU[-
KOCTBIO U Bocloib3yeMca ypaBHenueM (1) Broporo naparpada. IlycTs z,
Y, # — 3HAUYEHUA KOOPAMHAT, KOTOPble COOTBETCTBYIOT peienuio (10) aTux
ypaBHeHUil;  + u, y + v, y + w — 3HAUEHUA, KOTOPbIE COOTBETCTBYIOT pe-
IIeHUI0, TOAPOGHO paccMOTpeHHOMY B 1. 16 aToro #e naparpada. [loayuum

z+iy = plxo +iyo)e ™, z=cz, u+iv==~Ezn, w=Rn(ro—iy).
OTcloga HaxoAUM

3 au = R(pge™! + en)(zo — izo)zo.
Ilo aHanoruu, ycTaHOBUM TaK: e, 4TO

Z zu = R(p&e™* + em)(wo — iyo)zo- (3)

OTMeTI/IM, 4YTO 3TO ypaBHeEHHe IeCTBUTEIbHO npeacraBifaeT ABa COOTHO-
HIeHUA Memay JeACTBUTEIbHBIMU U MHUMbBIMU YacTAMU 51 U 7)1, TaK Kak
HOSQ)Q)I/ILII/IBHTBI IIPA Tp2o U Yozo AOTHIHBI ObITH TOM#JECTBEHHbI B ABYX YRKa-
3aHHBbIX BbLIpameHUAX U Hallle ypaBHEHUe IIpUMeT BUI

%(pﬁlei“’t + e ) (o — iyo)zo = (r?R + 28)Rwzo (o — iYo),
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OTRYya

péret + ey = Mo, (4)
rae

A=r*R+2S

JIomKHa OBITH paccCMOTpPeHa KaK 3ajjlaHHaA nocTofiHHaA. [leificTBUTeNbHO,
YpaBHEHUA YIPYTOCTH NO3BOJNAIOT HaM onpenenuTh GyHkuuu R u S,
U B 3TUX QYHRLUUAX 11 r cledyeT 3aJaTh 3HaUeHNe, KOTOPOEe COOTBETCTBY-
eT BHYTpeHHeil cBOGOHON MOBEPXHOCTU, MalO OTIANYAIONIelicA 0T chepbl.

Iepeitnem k TpeTbemy ypaBHenuio (13) us TpeTbero naparpada. OHo
MOKAa3bIBaeT, YTO BHYTPEHHAA cBOGONAHAA MOBEPXHOCTh MAHTHH COBIAJAET
¢ BHellIHelt cBOOOIHON MOBEPXHOCTHIO #UAKOrO Afipa. To #e caMoe ycioBue
B IaHHOM Cly4yae UMeeT BUJ

D zu = R(ce™ ¢ + pn) (wo — iyo) o,
rie MOAHO B3ATb p = ¢, NOCKOJIbLKY MbI NpeHeGperaeM CIIIOCHYTOCTLIO,
9%(6““’51 +em) = %(pei“’t€ + ¢n). (5)

Tem camMbIM Mbl OKOHYaTeNIbHO ompefeideMm &; u 7;. Ilonarad, 4To
zo = Yo = 0, 20 = 1, MbI UMeeM

U+ w :flzo.

Jlerko BUfieTh, YTO YeTBepTOe ypaBHeHHe ['eIbMroblia ocTaeTcA Hens-
MeHHBIM. TakuM 06pa3oM BUAHO, 4TO JeopMalii TBepHoii MAaHTUH 3aBU-
CAT TONbKO OT YeThIpeX MPOU3BOIbLHBIX MOCTOAHHBIX. 38 HUX MOMKHO IpHU-
HATb JefcTBUTeNbHbIE U MHUMbIE YacTu & U 7).

Mo#HO BBIOpPATh APYTYIO CHCTeMYy KOODAMHAT, BBIOUPAA OCh Z TAKUM
06pa3oM, 4T06bI HOBaA och & o6pasoBaia c Npeablayleil 0Cbio Yroa ¢. ITo
CBOMTCA K MPeo6pasoBaHuIo T — iy — (Lo —iyo)e ™, u+iv — (u+iv)e?
U, clefoBaTelbHo, &, 1, &1, N1 > £et%, ne'?, £1e'%, niet®.

YpaBHeHue miomaseii onpejenser JMHeliHOe COOTHOIEHUe MeKIY &, 1),
&1, M1, UX MHUMBIME conpsamennbiMu Beanuunamu €0, n°, €9 n? u ux npo-
u3BoaHbIMU. Ho 3TH ypaBHeHUA cOXPaHAIOTCA B HOBOII cCTeMe KOOpAMHAT,
TO ecThb npu 3amere &, 1, &1, N1, 507 7709 5?7 77? B geinp’ era é'leitp’ nlei‘pv
Eemie, ple—iv, Oe~iv pe~i®, Tlepoe claraemMoe MO#HO pa3leNuTh Ha
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[Be YacTH: NepBafd yMHO#aeTca Ha e'¥, BTopad — Ha e~ '%, u, T. K. paBeH-
CTBO BLINIOJIHAETCA IIPU IPOU3BOJIBHOM ¢, TO Ramaafa U3 3TUX AByX yacrtei
JoN#HA paBHAThCA Hymo. TakuM 06pa3oM, NpHpaBHAEM K HYJIO NEPBYIO
4acTh, 3aBUCAILYIO TOIBKO OT &, 1, £1, 1)1, ¥ OJYYUM ypaBHeHHUe ILIomaei
B BUIE

F(&mn, &, m) =0,

HepPBbIi YleH KOTOPOro JUHEEH M0 NepeMeHHbIM &, 1, £1, 71 U UX OPOU3BOJ-
HbIM. U3 ypaBHenuit (2) u (4) monyyaem ypaBHeHHe YNPYTOCTH

pettel + em + Me(peté + en) + Apette” =0,

nocienHee ypaBHeHue (13) Tpernero maparpada, ocTaeTcA ClpaBeJIUBbIM
06e3 U3MeHeHUu

w2pezwt€ _ C'I]" + pezut€// — 0,
U Tocje[ilHee ypaBHeHUe

pet(E— &) +e(n—m) =0

noiyuaercA u3 ypaBHenus (5).
Ecau nono#uth, Kak B TpeTheM naparpade,

t

p€ = ae®t, ¢y =be' ¢

WHet ot = qret, ey = bl (6)

TO NOJYYUM
Aa + A10,1 + Bb + Blbl = 0,

ME+€e®)a+ a; + Akb+ by =0,

a—a;+b—>b =0,

a(w® —€%) +b(w +¢)* =0,
rae A, Ay, B, By — ¢oyHruun ot €. YTo6bI HATH 3TU OYHKUMH, OTMETUM,
yto F'(§, 0, &1, m1) onpeaenseT He NOCTOAHHYIO MIiolajeil, a ee MIPOU3BOJ-

Hyto no Bpemenu. Eciu ® (€, n, &1, 1) npeacraBifer 3Ty MOCTOAHHYIO, TO,
3aMeHfifl HA ¢ U 1) UX 3HadeHuamu (1), momyuum

(14 bis)

®(¢,n, &, m) = (Aa+ Ala; + B'b+ Biby)e't,

rae A', ... uenble MHOrouneHsl oT €. [IpoauddpepeHurpoBaB 3TO BhIpaskeHue
0 BPEMeHU, UMeeM

F(& n, &, m) =ie(A'a+ Alay + B'b + Blby)e,
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H, cllef0oBaTeabHO, CIpaBeIBbl paBEHCTBA
A=ieA', A, =icA], B=ieB', B;=ieB],

nokasbiBatomiue, uto A, Ay, B, By neautcs Ha ¢. ClieoBaTenbHO, 1eTEPMHU-
HaHT ypaBHeHuil (14 bis) paBen Hymo npu € = 0, 1 UMeeTcA pe3oHAHC. DTO
HaM yme usBecTHo. OcTaeTcA onpegeNuTh ABIAETCHA 3TOT PE30HAHC MPOC-
TBIM WM ABOiHBIM. [is 3Toro nepsyio ctpory (14 bis) pasmenum Ha ic u
nonoxuM € = (0. B pesynbTaTe nonyvyaeM neTepMUHaAHT BUja

A Al B B,
At 1 Ak 1
1 -1 1 -1

w2 0 w0

JlanHblil leTepMUHAHT obpamaeTcA B HOMb TIpU p> = ¢2, clejoBaTelbHO,
OH OYeHb MaJ IpHu p?, 61us3koM K c2. JelicTBUTeNbHO, pacCMOTPUM MaTpHILY,
COCTOANIYIO M3 Tpex MOocleJHUX CTPOK AeTepMuHanTa. Eciu ¢ = p?, To
cToa61bl 1 ¥ 3 3TOi MaTpuIbl GyAyT COBNAAaTh, U aHAJIOTUYHO CTOJGIbI 2
u 4. CiemgoBaTelbHO, IeTePMUHAHT paBeH HYJIO. ]

Tarum 06p330M, nMeeTCH JBOMHOI pe3oHaHc, cllegoBaTelbHO, aMIlJIN-
Tyna HyTaLIPIfI 6y;[eT 3HAUYUTEJNbHO OTJIUYATbCA OT aHAJIOT MUYHOM aMIINIUTY ObI
oJIA TBepaoro rejia.



OB OTHOM TEOMETPUYECKOI1 TEOPEME

Rendiconti del Circolo matematico di Palermo, 1912, 33, 375-507

8§ 1. BBenenue

Hurorna no cux mop A He BhICTyINal B NeyaTH ¢ HACTOJIbKO HE3aKOH-
YeHHO#1 paboToil, T03TOMY CUUTAI0 HEOGXOJUMBIM MOACHUTb B HECKOIbKUX
clIoBax, M0YeMy f PEIIMICA Ha TaRyl MyOGIUKalUIO, a Takke — MOUYEeMY
A 3aHANCA 3Toll paboToil. Ye HOBOJbHO AaBHO A J0Kasall CylleCTBOBaHUE
NepUofMYeCKUX pellleHHil B 3ajauye TpexX Tel, OJHAKO pe3yJbTaT He OblLI
MOJHOCTBIO Y/IOBIETBOPUTEILHBIM, TAK KaK, €CJIU CYIIeCTBOBAHUE KaKJOr0
BH/Ia pelleHuii U ObLIO YCTAHOBIEHO A MalbIX 3HaYeHHI Macc, 0cTaBaloch
HEACHBIM, UTO CIYUUTCA A 60JIbUIINX 3HAYEHUIl, Kakue U3 3TUX pelleHUi
OCTaHYTCA U B KaKOM INOpAJKe OHU Hcue3HyT. Pasmbiunfa Hag 3TUM Bo-
IpOCOM, A NpHIIesa K y6e/JeHUI0, YTO OTBET J0J#EeH 3aBUCETh OT CIIpaBe[-
JUBOCTHU WM JOMHOCTU HEKOTOPOIl reOMEeTpPUUYECKOl TeopeMbl, GopMyIu-
pOBKa KOTOpOil oueHb pocTa, N0 KpaiiHeil Mepe, 1A cly4asa orpaHUUYeHHON
3aJavyd U JJA 33laud JUHAMHKHN TOJIBKO C JBYMA CTelleHAMH CBOOOMBI.

Urak, A qonmeH OblI yCTAaHOBUTH, CIIpaBedJlUBa U 3Ta TeopeMa, UIU
OHa HeBEPHA, OJIHAKO Al BCTPETWIICA C 3aTPYJHEHUAMU, KOTOPBIX HE OKU/Ial.
MHe npuniock mo OTAEIBHOCTH pacCcMOTPeTh 00JbIIOe YUCIO 0COObIX ClIy-
yaeB, HO BO3MOKHbIe clIy4yal yepecuyp MHOTOYMCIEHHbI, YTOObI A CMOT UX
Bce u3yuuth. OgHaKo, Bo Bcex cilyyadX, KOTOpble MHe yJaloch paccMoT-
peThb, TeopeMa OKasalach NpaBUiIbHON. B TeueHue NBYX neT A Ge3ycrneurHo
ObITaJNCA UIM HallTU oblllee A0Ka3aTelbCTBO, UM #He OOHAPYHUTh Tarol
npuMep, KOTOPBIi NpUBeI Gbl K ONPOBEPHEHUIO TEOPEMBI.

Hrak, Moe y6emaeHre B TOM, 4YTO TeOpeMa ClpaBeInBa, yKPEIIAIOoCh
¢ KabIM JIHEM, HO MHE He yJaloCh NMOJBECTH MOJ HEro CONUJHOE OCHOBa-
HUeE.

IIpencraBaseTcA, 4TO B MOJOGHOM IOJOMEHUU Al JON#EH ObLI GbI BO3-
Jep:aThcA OT Kakoil 661 To HU ObLIO MyGaUKaLKU, OKA He pelly Bolpoca,
oJlHaKo mocie 6ecrone3HbIX MONbITOK, KOTOPbIe A NpeJIpUHIMall B TeueHue
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pAa JOIruX MecAleB, MHE MOKAa3ajloCh, UTO CaMbIM MY/JPBIM pelIeHUeM
Ob110 GBI MIPeOCTAaBUThL IMpobieMe co3peBaThb, a MHe — OTHOXHYTh OT Hee
HeCKOJIbKO JneT. OnHako 3To GblIo GbI MPaBUILHO, €ciu Obl A ObLI yBepeH
B TOM, UTO CMOTY CO BpeMeHeM CHOBa B3ATbcA 3a 3Ty Npobiemy, HO, y4H-
ThIBafA MOl BO3pacT, A He MOry 3a 3To HopyuuThcA. C Apyroii CTOPOHHI,
3HaueHUe TMpeaMeTa CIUIIKOM BeIUKo (M fl MONBITAIOCh HUME PA3bACHUTH
3T0), 8 COBOKYIHOCTh y#€e MOy YeHHbIX Pe3yIbTaTOB CIAUIIKOM 3HAUMTENb-
Ha, 4To0bl A pewmnica Hecnone3Ho 3ab6pocuthb ux. fl Mory HajgeATbcA, 4TO
reOMeTPbl, KOTOPble 3aUHTEPecyIOTCH 3Toil NpobieMoil U OKaMKyTcA, BHE
BCAKOT0 COMHEHHA, CYaCTINBee MeHA, CMOT'YT U3BjleUYb HEKOTOPYIO MOJIb3Y
U3 3TUX pe3ylIbTaTOB U NPUMEHUTb UX AJIA TOro, YTOObI HAMTU HYMKHBIN
Oy Th.
Hapgeroch, uTo »TUX paccy/JeHUil MHe HOCTATOYHO IJIA ONpaBIaHUA.

§ 2. @opMyIHpPOBKa TEOpPEMBI

Bynem o6o3HauaTh yepe3 x U y MOJAPHbIE KOOPJUHATHI TOUKU U pac-
CMOTPHUM KPYTOBO€ KOIbI[0, 3aKII0YEHHOE Me#AY ABYMA OKPYHHOCTAMH,
BHEIIHel OKPYMHOCTBIO & = a M BHYTpEHHell OKpy#HOCTbIO z = b. Pac-
CMOTPHUM TOYeYHOe 00paTuMoe npeobpa3oBaHue 3TOro Koabla 7' camoro Ha
ce6s1. O603HauuM uepe3 T U y KoopAUHATHI ToOuku M, a uepe3 X u Y — Ko-
OpAMHATHI MpeoGpa3oBaHHON TOYKM, U HAIOMUM JBa ClIeJyIONIUX YCIOBHA.

Ilepsoe ycaosue. Tar kar T npeo6GpasyeT KPyroBoe KolbIlo caMoe B ce-
6, To OHO mpeoOpa3yeT caMuX B ceGA U IBe I'PaHUYHbIE OKPYHKHOCTH, T = G
u x = b, Tark yto nonyuuM X = x, Korja £ = a uiu & = b; oJHAKO TIPU ITOM
Y <ympuax =auYY >y npu x = b unu Haobopor. IHaue rosops, onu-
caHHOe npeo0pa3oBaHue NpeoGpa3yeT APYT B Apyra Kam/yIo U3 IPaHUYHbIX
OKPY?KHOCTeli, IPUYEM BCe TOUKU KaxcOoll OKPYHHOCTHU NPOJJBUTAIOTCA 6 00-
HOM U MOM Jce HAnpas.ieHul, XOTA BooOlle U Ha HepaBHble BEIMYMHBI, HO
TakUM 00pa3oM, YTO BpallleHUA 06eur OKPYHHOCTell NIPOUCXOAAT B npomu-
80N040XCHble cmopoHbl. MoskeT NMoKazaTbcA, UTO Nofo6HaA (GopMyIupoBKa
He MMeeT CMbICIa, MOCKOIAbKY y U Y oOlpejeneHbl JUIIb ¢ TOYHOCTHIO [0
KpaTHBIX 27, HO ecld MBI 3aJaJiM B COOTBETCTBUU C KAKUM-IHGO coria-
eHNeM TOYHOe 3HaueHue Y — y B KaKoil-1160 TOUYKe KOJblla, TO 3Haye-
HUe Y — y MONHOCTBIO ONpEEeNUTCA 6caedcmeue HenpepvleHOCmuU BO BCeX
TOYKAaX KOJbIIa.

Bmopoe ycaosue. IIpeoGpazoBanuie coxpaHfaeT miuomagm uim, 6oiee o6-
UM 06pa3oM, OHO JOIYCKAaeT MOJOMUTENbHbIA NHTEr PAbHbIN HHBAPUAHT,
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HHaye TOBOPA, CyNIECTBYeT MonoMuTenbHand dyukuua f(x, y), Takas, 4to

//f(a:, y)da:dyz//f(X, Y)dX ay,

npuYeM 3TU [Ba MHTerpaia pacnpocTpaHeHbl HA HEKOTOPYIO 061acTh U Ha
COOTBETCTBYIOIIYIO TpeoGpa3oBaHHYI0 061acTh.

Ecau evinoanenst smu dsa ycaosus, mo i ymeepicoai, wmo ecez2oa
8HYMpPU Koabua Oydym cyujecmsosams 0se MOYKU, KOMOPLLT Npeolpa3osa-
Hue He u3meHsemn.

Bynem nna ynpomeHnus npeanonaraTh, UTo npeo6pa3oBaHUe AIBIAETCA
aHaIMTUYECKUM, HO B 3TOM HeT HUYEro CyI[eCTBEHHOTO.

MosHO 6110 GBI ONBITATHCA HAMETHUTD Clle[lylollee N0Ka3aTelbCTBO.
locTaTouHo GymeT MOACHUTHL €ro mifA mpocreiimero cayvaa f(z,y) = 1.
Torpa X u Y, paccMaTpuBaeMble Kak GYyHKIUU OT & U Y, TOJHHBI Oy Iy T
YIOBIETBOPATh yPAaBHEHUIO B YACTHBIX MPOM3BOIHBIX

dXdY _dXdYy _,

de dy dy dx =

T. €. YCIOBHIO, UTO
dZ = (X —z)dy —dX(Y — y)

ecTh TOYHBbIN guddepeHual.

HetpynHo ycMmoTpeThb, UTo Z ecTh OfHO3HauHaA GYHKIHWA £ U Y, Te-
pUoguUecKad MO y; OHA JOJ#HA UMETb MaKCUMyM M MUHMMYM, KOTOpbIe
HEJOCTUUMBI HA TPAHUYHBIX OKpYkHOCTAX. UTaK, ecau ObI « U y ObLIU OJ-
HO3HAYHBIMU GYHRIUAMU OT X U Yy, TO MAKCUMYM MOT ObI ObITH JIOCTUT'HYT
TOJBKO MpU

X=z, Y=y

Y MOKHO ObL10 GBI IPUATH K 3aKJIIOUYEHUIO, YTO BHYTPH KOJIbIIa CYIIECTBYIOT
IBe Takhe TOYKHU, JIA KoTopelx X = z, Y = y, T.e. 1Be NHBapHAHTHBIX
Touku. OHAKO 3TO He Bcerja Tak, U MaKCUMYM MOMeT UMeTh MeCTO U JIIA
TaKUX TOYEK, VA KOTOPBIX

= lx - -ng] =0,

4YTO U IIOKa3blBaeT, 4YTO NOKA3aTeJlbCTBO INPUIOMHUMO TOJIBKO K I/IH(I)I/IHI/ITG-
3uMalbHbIM HpeOﬁpa.’iOBaHI/IHM.
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dTa TeopeMa MoeT GbIThb Mpe[cTaBleHa U B [PYTOM Bujie, COBepIleH-
HO 9KBHBANEHTHOM, HO B HEKOTOPOM POJie TPOTUBOMONO}HOM U3T0HEHHOMY
Boimie. [IpepcraBum ce6e, uyto npeobpasoBanue T’ mpojonaeT yA0BIETBO-
PATH NIePBOMY U3 YCIOBUil, HO He 6MOpPOMY; B3aMEH 3TOr'0 OHO Y/OBIETBO-
pAeT TpeTheMy yCIOBHUIO.

Tpemuve ycaosue. Bnympu scezo koavya He cyujecmsyem UHEBAPUAHITL-
HbLT TMOYex.

A ymeepicoaro, umo ecau deao o6cmoum uUMeHHO Max, Mo npeoGpaso-
sanue T He moxcem yNOBIETBOPATH BTOPOMY YCIOBUIO, T.€. UMEMb UHBA-
PUGHIMHBLT NOAOHUMEAbHBLL UHMe2Pal.

OueBuzHO, 4TO 06€e POPMYIUPOBKU COBEPIIEHHO 3KBUBANEHTHBI; €CIU
n060e npeoGpasoBaHiie, y0BIETBOPAIOIIee IEPBOMY U TPETbeMYy YCIOBUAM
He Y[OBJIETBOPAET BTOPOMY YCIOBUIO, TO BCAKOe mpeoOpa3oBaHUe, YAOB-
JeTBOpAIOIIee MEPBOMY U BTOPOMY YCIOBUAM, He MOMET Y/OBIETBOPUTH
TPeTheMY YCIOBUIO; OHO, ClleIoBaTeIbHO, Gy/IeT UMeTh 110 KpaiiHeill Mepe of1-
HY VHBapUaHTHYIO TOYKY, U, ClI€J0BaTelbHO, HE MEeHee JIBYyX TaKUX TOYEK,
u60 Analysis situs (u, B uacTHoCTH, TeopeMa KpoHekepa) HemocpeaCcTBEHHO
NOKa3bIBaeT, YTO YKCJIO NOCIETHUX YETHO.

Tenepb, 4T0OBI MOKA3aTh, YTO BTOPOE YCJIOBHE HE MOMET GbITH BBINOJ-
HEeHO MpPY BBIMOJHEHUU TEPBOTO U TPEThEro ycloBuil, i MOCTapalCh MOKa-
3aTh YTO MOKHO MOCTPOUTh 3aMKHYThIN KOHTYp C, obiajaoniuii cienyio-
IUMH CBOUCTBaMMU:

1) oH oxBaThIBaeT BHYTPEHHIOIO I'PAHUYHYIO OKPYKHOCTb £ = b TakuM
o6pa3oM, YTO NpU MOJHOM ero obxone y meHsAercA ot 0 go 2m;

2) oH He nepeceKkaeT cBoe npeobpasoBanue C’, TaKk YTO OH UIU LETUKOM
BHE HEro, UM LEIUKOM BHYTDHU HEro.

Ecnu 310 Tak, To KonblieBas mIolaAb, 3akii0vueHHasa Mexay C u x = b,
npeobpasyeTcd B IUolanb, 3aki0ueHnyo mexay C' u ¢ = b.

OpHako ofHa M3 3TUX ILIOUIafell ABIAETCA YacThlo Apyroil. Ecau, Ha-
npumep, C' nonHocThio HaxoauTeA BHe C, TO mIoNMAdb, 3aKIIOUEHHAA MeH-
oy C' u x = b, cocTouT U3 miIomany, sakiaoventoit Mmemxay C' u C, mioc
miomanb, 3aknodedtaa Mexay C u x = b. CregoBaTelnbHO, HEBO3MOHHO,
4yTOOBI NpU NpeoGpa3oBaHUM IUIOWIAJU COXPAHAIM CBOM BelU4HHbI. HTak,
He MOKET GBbITb M Pe4H 0 TOM, YToObI IpeoOpa3oBaHue NOMYCKANO0 MOIOHU-
TelbHBIM WHTerpalbHbI MHBAPUAHT.

B Tex nombiTKax goKa3zaTenbCcTBa, KOTOPble i HAMEPEH NMPEANPUHATE,
A 6yy B OCHOBHOM paccMaTpuBaTh BTOPYIO GOpMy TeopeMbl, HHaUe TOBOPHA,
Al HCCNelyl0 TOT ClIy4aii, Korja npeo6pa3oBaHuA y/OBIETBOPAT NEePBOMY U
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TPeTheMY YCIOBUAM; A KIacCUPUIMPYIO UX U A KamJoro Kiacca HOIpo-
6yto moctpouth TOT KOHTYp C, KOTOpBIi GbL1 onpenenen Boie. Hao6opor,
B NPWIOMKEHUAX yno6Hee OyneT NIPUMEHATH TeOpeMy B ee mepBoil Gopme.

§ 3. IIpuMmeHeHUA TeopeMbI

Ecau okaseTrca Bo3MOMHBIM yCTAHOBUTH TEOPEMY, TO 3TO MOBJIEYET 3a
co060ii HeCKOJAbKO HeMedJeHHbIX 0000IeHU .

HelicTBUTENLHO, cllepBa MPEINOIO¥UM, UTO I'paHUYHafd BHYTPeHHAA
OKPY#HOCTh & = b cBOAUTCA K TOYKe, TOrJa Hallle KOJAbIl0 CTAHET KPYT'OM.
Ecau Torpa Ha BHellHell OKPY#HOCTU & = @ MOCTOAHHO UMeeM Y > y,
a BOMU3U neHTpa Y < y uiau Hao60poT; eciu, KpoMe Toro, npeobpaszoBaHue
JonycKaeT MHTerpajibHbIil MHBapUaHT, TO BHYTPHU Kpyra OyaeT no KpaitHeit
Mepe Be TOYKU, He U3MeHUBIIUecA npu npeobpaszoBanuu. C Apyroii cropo-
HbI, MBI MO€M IPUMEHUTh Te #e NPUHIUILI U K NPOU3BOJIbHON cTenenu T
npeobpa3oBanuda T'.

IlocmoTpuM Temepb, Kak Bce 3TO MOMHO NMPUMEHHMTh K 3ajmadyaM IU-
HAMUKM B cliyyae JByX cTeleHeill cBo6oabl. [Ind ynpolneHud A paccMoTpIo,
B YaCTHOCTHU, NPOCTEHIYIO U3 3TUX 3aa4y — Npo6iieMy reoe3nyeckux Ju-
HHUi HAa BBIMYKJOH MOBepXHOCTH (110 BTOMY BONpocy fi Hamucald Memyapl).
Ham Hy#HO cniepBa HaiiTu NoaXxojsilee A Haliero o6beKTa reoMeTpuyec-
KoOe INpeJcTaBleHne; OllpeieIuM TO, YTO GyJeM Ha3bIBaTh 3JIEMEHTOM, U MO-
cTapaeMcfl Kama0My U3 3TUX 3JIEMEHTOB MOCTaBUTh B COOTBETCTBUE TOY-
Ky NpoCTpaHCTBa. JJIeMeHTOM OyJleT COBOKYITHOCTb OJHOI Teoje3udecKoit
JUHUM U OJHOM TOUKHM 3TOM reojgesudeckoit muuu. OQHy U Ty #e reoaesu-
YeCKYI0 KPUBYIO cllelyeT paccMaTpUBaTh Kak JBe pa3iuyHbIe Teoe3nudec-
KUe JUHUHU, B 3aBUCUMOCTU OT TOro, B KaKOM HalpaBleHUU oHa npobera-
ercA. RaxaoMy 3i1eMeHTY COOTBETCTBYET TPHUIAP, ONpeeleHHbIH cleayio-
muM o6pa3oM: criepBa MpPoBeJieM K MOBEPXHOCTH B paccMaTpUBaeMoil Touke
HOpMalb, IPUYEM M3BHE; 3aTeM IpOBe/leM KacaTelbHYIO K Ireojle3udecKoit
JMHUM, B TOM HalpaBleHUH, B KOTOPOM IOCJIeJHAA NpoberaeTcA; HaKoHell,
NpoBeJeM K 3TUM JBYM NPAMBIM NMepNeHIUKYIApP, TaK#e UMeIouuii onpe-
neneHHoe HampaBieHnue. [lepeHeceMm 3aTeM NpH MOMOIIY MOCTYNAaTEIbHOI'O
IOBUKEHUA Hall MPAMOYTOJbHBIA TPUAP TaK, YTOOBI €ro BeplinHa coBmalia
¢ HavanoMm. Takum oOpa3oM, KamJIOMYy NPAMOYTOJbHOMY TPHIJAPY C Bep-

10 reomesuuecKMX TMHUAX Ha BBIMYKILIX MoBepXHocTAX (cM. Ms36panusie Tpyasr. 111
M.: Hayka, 1974). — Ipuwm. ped.
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HIMHON B Hayajle COOTBETCTBYET OJUH M TOIbKO ONMH JLeMEHM; TaKk Kak
MOBEPXHOCTH BBIMYKJIAfA, TO UMEIOTCA TOIbKO JIB€ TOYKU, B KOTOPBIX Kaca-
TellbHaA MIOCKOCTh MEepHeHJUKYIApPHa K IepBOMY peGpy TpU3[pa U TONbKO
B OJIHOI U3 3THX TOYEK 6HeWHAA HOpMalb Gy/leT napaiieilbHa 3TOMY peopy
U UMETb Mo Jce HANpasieHue.

Uepes 3Ty TOUKY NPOXOAUT reofe3nyeckasn JUHUA, IPUUYEM TOILKO O[-
Ha, KacaTelbHafA K KOTOpOil GyJeT mapaiieibHa BTOPOMY pebpy TPUBApPa;
HalpaBlieHue, 0 KOTOPOMY MbI UJEeM BHIOIb ITOU Teofe3NYecKOil JIUHUU,
TaK#e TeM CaMbIM ONpe/eleHo.

YeTaHOBUB 3TO, ONpEeuM Ka#iablil TPUIP € MOMOIIbIO KBaTEPHUOHA

A g vy p(N + p® 402+ p? = 1),

KOTOpBIH faeT HaM BpalleHHe, He06XOAUMOe IJIA TOro, YToGbl MPUBECTU
TPUBIP U3 HAYalbHOTO NOJIOMEHNSA, ONPEJENEeHHOT0 pa3 U HaBcerjaa, B Jeii-
cTBUTenbHOe. Torja KocuHycC MOMYyyria 3TOr0 BpalleHUA GyHeT paBeH A,
a ero cunyc Gymer +/p? + v2 + p?; HampaBJAOIINE KOCHHYChI OCH Bpallle-
HUAl TPOTNOPIHOHAILHBI [4, UV, p.

3aMeTHM IpPU 3TOM, UTO IBa KBATEPHUOHA: A, i, Vy p U — A, — b, —V, —p
NpPeJCTaBIAIOT OHO U TO e BpalleHue U, cleJoBaTelbHO, OAUH U TOT e
TPUBAD U OJVH U TOT e dAeMEeHM.

[lonoxum 3aTem

1-¢-p-¢ %
1+€2+n2+<~2’ H 1_€2+n2+<~2’
2 2
v= L P= 2 Cz 2
1+ +n*+¢

A=

1+£2+n2+<~2’

U IpeJCcTaBUM Halll 3JIeMEHT TOYKOIi IPOCTPAHCTBA C NPAMOYT'0JIbHBIMH KO-
opauHaramu &, 1, (. Kamaoil Touke npocTpaHcTBa COOTBETCTBYIOT 08€ TOY-
KU NPOCTPAHCTBA, KOTOPbIE MOKHO BBIBECTH OJHY U3 APYTOil NpU MOMOIIU
MHBEPCHUU C TIOJIIOCOM B Hayale M CO CTeleHblo, paBHON —1.

leonesnueckan auHUA, 0Opa3oBaHHafA GECKOHEUYHBIM MHOKECTBOM MO-
IOGHBIX 3IEeMEeHTOB, GyIeT MpejcTaBieHa B 3TOM POCTpPaHCcTBe KpuBoil. Ue-
pe3 KamAylo TOYKY 3TOr0 MPOCTPAHCTBA MPOXOAUT OJHA U TOJILKO OJHA U3
3THX KPUBBIX, IPUYEM ONpeJeNeHHbIM ABIAETCA U HallpaBleHUe MPOXOH Je-
HuA 3ToN KpuBoil. fl o603Hauy 3TU Kpusble yepes C.

B cayyae cdepbl reoeanueckue JMHUY ABIAIOTCA G0NBUIMMU KPyTaMu,
a kpuBble C' 06pa3yiOT ceMelCTBO KPYIr'oB, INIOCKOCTU KOTOPBIX NMPOXOJAT
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Yyepe3 HAyallo U CTelNeHb KOTOPbIX OTHOCUTEILHO 3TOr0 Hayana paBHa —1.
lIBa u3 3Tux Kpyros C' He MOT'YT BCTPETUTbCH U OHU BCEr/ia CIeMIeHbl ApyT
¢ apyrom. B ofieM ciyuyae Ka#/g oMy MepUOAUYECKOMY pelleHuIo npobie-
MBI, T.€. Ka#I0i 3aMKHYTOIl reoJe3uuecKoil TMHUH, COOTBETCTBYET 3aMK-
HyTas kpusas C.

B rauecTBe BTOpOro npuMepa i BO3bMY YacTHBIi clly4ail 3ajjlauu Tpex
Tell, U3BBECTHBIN NMOJ Ha3BaHUEM ozpaHuienHoll 3anauyu. OTHeceM cuctemy
Tpex Tell, KaKk 3TO fAelaeTcA 06bIUHO, K BpallalolUMCH OCAM, U 3alulleM
unterpan fIko6u (uauM MHTErpan KUBBIX CHI B OTHOCHTEIbHOM [BUMKEHNH)
B opme

J=c,

rie ¢ — IOCTOAHHAA, a J — (QYHKIUA HAMIUX YeThIPeX MepeMeHHbIX, KOTO-
pbIMHU GYAYT: T ¥ ¥y, KOOPAUHATHI BO3MYIIEHHOro Tela ¢’ u y', cocTaBifio-
mue ero ckopocTy. Ecian paccMaTpuBaTh ¢ B KauecTBe 3alaHHOM NMOCTOAH-
HOM, TO He3aBUCUMBIMU OYyIyT JAUIIb TPU U3 DTUX NEpeMeHHBIX.

MoszkHo 3anucaTh, YTO

" +y?

J = 2

+H,

rae H 3aBucuT nuumb ot x u y. [lpu aTuX yciaoBuax 6yaemM UMeTb
H<ec.

JTO HEpPABEHCTBO OMNpefelNdeT Kakylo-To o6iacTb Ha INIOCKOCTH U B HEKO-
TOPBIX CIy4YaaX, KOTOPHIMU MBI OI'paHMYMUMCH, 3Ta 006aacTb 3 orpaHuYeHa
3aMKHYTOI KPUBOW «(r; B KamIoil Touke 00JacTu [ CKOPOCTH MO BelUYU-
He onpefeleHa ypaBHeHueM flko6u, Ho HamnpaBieHUe ee ocTaeTcA NPOU3-
BOJLHBIM; B Kam /ol TOUKe KPUBOIl ( 3Ta CKOPOCTh paBHA HYIIO, TaKk YTO
HanpaBieHue He uMeeT 3HaueHuA. HUrar, Kamaoil Touke (3 COOTBETCTBY-
eT GeCKOHEeUHOe KOIMYECTBO d.4eMeHmos, Kam1oit TOUKe @ COOTBETCTBYeET
TOJBKO OJWH BJIEMEHT; 3TO ¥ NPUBOJUT Hac K clelylolleMy reomeTpuyec-
KOMY TNpeJCcTaBJIeHUIO.

MbI MO#€eM CONMOCTaBUTh B3aWMHO OJHO3HAYHO 06JacTd (3 BHYTpEH-
HocTh Kpyra (', a KpuBoOli @ — ero OKpy#HOCTb . YCTaHOBUB 3TO, Npef-
cTaBUM cebe KpPYT <, INIOCKOCTh KOTOPOro MNepneHAUKYJIApHA IIOCKOCTH
kpyra (', a cTeneHb ero oTHOCUTeNbHO lieHTpa (3’ paBHa KBaipary paiu-
yca 3'; oH mepeceder mIOCKOCTb (3’ B JBYX TOUYKax, U3 KOTOPLIX OlHa Oy-
JeT BHYTpeHHell, a BTopad — BHeIIHel 10 OTHOIIEHUIO K OKPY#HOCTH .
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Ilycts M Gyner mepBoii U3 3TUX TOYEK, a x, Y — COOTBETCTBYIOIIEH TOU-
Koii obaactu 3. Torga Mbl IPeACTABUM PasiudHbIe d4eMEHMbL ¢ IOMOLILIO
TOUYKM NPOCTPAHCTBA CleAyIOMKUM 00pa3oM: KOrja IpejcTaBiAloman TouyKa
Oy eT ONUCHIBATD KPYT ¥, TO L U Y OYAYT COXPAHATH MOCTOAHHbIE 3HAUECHMUH,
cooTBeTcTBYIOIKE Touke M, a yron arctg(y’/«'), onpenenstomuii Hanpas-
JeHue CKOPOCTH, OymeT usMeHATbeda oT 0 1o 2w. Torga kamioi Touke 3
OyJeT COOTBETCTBOBATh GECKOHEUHOE YUCIO 3JIEMEHTOB, NpeJCTaBIeHHbIX
pasnuuHBIMU TOYKaMu Kpyra 7. Eciu Touka M uaxogutes Ha o W, ciejo-
BaTellbHO, COOTBETCTBYIOLAA eif ToUKa Ha «, TO KPYT 7y CBOAUTCA K TOUKe,
KaKk U JOJHO ObITh, NOCKOJbKY Kam/JI0oli TOYKEe (. COOTBETCTBYET TOJbKO
O/IUH BDIEMEHT.

Nrag, KamaoMy 3JIeMEHTY COOTBETCTBYET OflHA U TOJNbKO OJHA TOYKA
npocTpaHcTBal, 1 Ha060pOT.

TpaekTopus GyaeT npejcTaBleHa KPUBOil 1BoAKoM KpuBu3Hbl C'; yepes
KaMIyI0 TOUKY IPOCTPAHCTBA NPOXOAUT OJIHA ¥ TONbKO OJHA U3 ITUX KPU-
Boix. HampaBiienuie, B KoTOpoM npoGeraeTcA 3Ta KpUBasf, TaKke ABIACTCA
onpejielleHHbIM. 3aMKHYThie KpuBble C' IpeJcTaBIAIOT co6oil mepruogndec-
KM€ pelieHMHA.

Ipennonomum Tenepb, 4To B JI060M M3 ABYX NpPEAbIAYIIMX OIPUMEPOB
3aMKHyTana kpusasa Cy IpejcTaBiAeT NepPUOAUYECKOE pelleHne, a IoBepX-
HOCTb A orpaHuueHa 3Toif KPUBOIi.

Bynem npeanosararhb, 4To MOBEPXHOCTb A ABIAETCA OJHOCBA3HOM U He
nepecekaeTca cama ¢ coboii u, Gojee TOro, 4To OHa 6e3 KOHMaKmMa, T.e. YTO
HM B OfHOM ToYKe 3Tol miomanu kpusble C' He KacaloTCA MCKPHUBIEHHON
II0BEPXHOCTH, YaCTh KOTOPOIi COCTaBIAET HaIla 06NacTh.

ycrs Temepr P — mnpousBoibHad TOYKa A; 4yepes 3Ty TOYKY Npo-
xoaut kpusaa C, mpuyeM TONLKO OfIHA; MPOCIEIMM XOJ ITOW KPUBOW 10
Tex Mop, NoKa oHa onATh He BeTpeTuT A B P'. Touky P’ MoxHO Ha3BaTh
nocaedyoweti nia P; npeo6pasoBanue T', ¢ MOMOILIO KOTOPOro OCYIECTB-
JAeTcA Mepexof OT HEKOTOPO# TOUKHM K cliefylolleil, ABIAECTCA TOYEUHBIM
npeoGpa3oBaHueM IoBepxHocTH A camoii B ce6a. Heob6xoaumo 3aMeTHTh,
4yT0 ToYKa P’ uaMeHAeTcA HempepbIBHLIM 00pa3oM, €cilM HelpepbiBHO U3-
meHgercA P. JleicTBUTENbHO, MOHHO JOMYCTUTh, YTO M3MeHeHUe GyjaeT
IPEPbIBHBIM, MPU OJHOM M3 CleJYIOUUX 06CTOATENbCTB.

1. Ecnu, pacemarpuBas nocienoBatenbubie Touku P, P', P, P", ...
nepecedenuda C ¢ A, Mbl yBUAUM, 4TO B onpeaeneHHbiii MomenT P’ u P’

1TlononHeHHOro ofHON GeCKOHEUHO ymaleHHON Toukol. — I[lpum. ped.
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COBIANYyT, a 3aTeM CTAHYyT MHMMBIMHU, TAK UTO C 3TOr0 MOMEHTAa MEepBOU
Toukoit nepeceuenusa C ¢ A Gymer P" a uwe P’.

2. Ecan, Hao60poT, B HEKOTOPbIi MOMEHT BpeMeHU JIB€ HOBble TOUKHU
nepecevenud P, u P» noABATcA TakuM 06pa3oM, YTO NMePBBIM NlepecevyeHreM
C u A craner P;, a e P'.

3. Ecau B HeKOTOpLIA JaHHBLIM MOMEHT BpeMeHu P’ Briiifer us oGiaac-
T™H A ¥ NepBLIM NepecevyeHreM ¢ 3TOro MoMeHTa okamerca P, a we P';
WM e, HaoO6oPOT, eciid B o61acTh A BoiifeT HoBasA Touka Iepecedyenud Py,
KoTopad BKIouuTea memay P u P'.

Hu omgHo M3 3TUX 0GCTOATENLCTB HE CMOKET NMPENCTABUTLCA B pac-
CMaTpUBaeMOM IOJIOMEHUH: TIepBble IBa MOTOMY, UTo KpuBad C' He MOMKET
cTaTh KacaTelbHOW K A, KoTopaf JuuleHa KOHMakma; TpeTbe Giaromapsa
TOMY, UTO Yepe3 HEKOTOpYI0 TOUKy KpuBoii Cy, orpannuuBaiomein A, Hu-
Korja He cMoeT mpoiitu KpuBasa C uHas, yem Cj.

Eciu Touka P ciuBaerca c nepBoil ciaefgyioieii 3a Heil Touxoit P’
WM ¢ Kakoi-116o U3 mnociegyionux, To kpuBaad C' orameTcA 3aMKHYTOH,
a pelleHue — nepuoguyeckuM. OTMeTUM, KpoMe TOro, YTo Nnpeobpas3oBa-
Hue T [omycKaeT MONOMUTENLHbIM UHTerpalbHbIi HUHBApUAHT B COOTBET-
CTBUU ¢ NPUHIUNAMH, U3I0#€HHBIMU MHOIO B IpyToM MecTel.

Tenepb MbI JOM#HBI BBECTH MOHATHE XapaKTePUCTHYECKUX MOKa3aTe-
leil, a TaKkKe YCTOMYMBOCTH MEepUOJUUEeCKUX pelleHuii. I3BecTHO, YTO BCA-
KOe MepUoJUYecKoe pellleHNe A0NycKaeT JBa PaBHbIX XapaKTepUCTUYECKUX
NoKa3aTesd ¢ NPOTHBONOIOMKHBIME 3HaKamu’. Eciu nepuognyeckoe pelne-
HUe YCTOWYMBO, TO 3TU JBa I0Ka3aTejfA CONPAMKEHHbIE MHUMbIE.

B aToM cayuyae Mbl MosseM BBeCTU MOHATHE MPUBEIEHHOr0 apryMeHTa
(«HoBble MeTopb! HeGecHOM MexaHuKMy, T. III, 1. 347) U noHATHE KUHETH-
YecKUX (POKYCOB, YTO YKa#eT HaM, KakUM 00pa3oM u3MeHsAeTcA Touka P’,
Korga Touka P BecbMma Giuska k rpanuunoit kpusoit Cy. Uto #e Takoe Ku-
HeTu4eckuit hporyc? PaccMoTpuMm KpuByio C, o4eHb Mallo OTIMYAIOMYIOCA
ot Cy ¥ HpeAcTaBIMIOUIYIO0 TPAEKTOPUIO WM HEKOTOPYIO Teole3ndecKyio
JUHUIO, OUEeHb Majlo OTJIMYAIOUIYIOCA OT TOi, KoTopylo npexacrasisaeTr Cy.
IIycts Gy u G 6ynyT gBe reofe3ndyeckue JUHUYM U JBe TPAeKTOPUH, Mpej-
cTaBJIeHHbIE COOTBEeTCTBeHHO KpuBbiMu Cy u (1.

Ina Toro yTo6bl HamucaThb ypaBHeHHe KpuBoii C7, Mbl BO3bMeEM cCIle-
[UalbHYIO CUCTEMY KOOPAWHAT %, v U w CIeAYIOUUM 06pa3om:

1CMm. «HoBble MeTofbI HebecHOi MexaHukmy, T. I, IT, III. — ITpum. ped.
2CM. «HoBble MeTofbI HeGecHON MexaHuKmy, T. I, ri. IV.
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1) KoOpAMHATHI HEKOTOPOI TOYKHM pacCMaTPUBAEMON TPAEKTOPUU HIIH
reoJe3NYeCcKoil JUHUN 3aBUCAT TOJbKO OT U4 W v, TOTJa KaK HalpaBleHHe
KacaTelbHON 3aBUCUT OJHOBPEMEHHO OT U, ¥ M W;

2) ypaBHenuamu kpusoii C 6yayt v = w = 0, a v usmensercsa ot 0
[0 27 mpH mojHOM o6xoje 3aMKHYyToil kpusoii Cj.

Mpu 5Tux ycnoBuax! Mbl yBUAUM, 4T0 eciu kpuBas Cy COOTBETCTBYeT
YCTONUYNBOI TpaeKTOpUH, TO ypaBHeHUA KpuBoit (7, BecbhMa Malo oTinYa-
tomeiica oT Cy, MOr'yT ObITH 3alllicaHbl B BHJe

v . w _ .

a = psin(0 +h), 5 = pisin(f + h) + p2 cos(0 + h),
rfie a u h ABAAIOTCA MOCTOAHHBIMM UHTET PUPOBAHUA, IPUYEM NepBad U3 HUX
OueHb Maina; p, p1, p2 — Nepuoarveckue GYHKIUY OT u; § — GYHKUUA OT u,
6cezda so3pacmanuas, IPOU3BOIHAA OT KOTOPOI ABIAETCH MEPUOJUYECKOM.
MozHo GyneT sanucaTh, YTO

0=au+ p(u),

rae (u) — mepuoguveckad GyHKIMA; TOrJA ¢ €CTb TO, YTO HA3bIBAIOT
XapaKkTepUCTUYECKUM II0Ka3aTeleM.
Touku nepeceyenua G1 u 9 MOMHO MONYYUTh, IPUPABHAB ¥ HYIIIO,
4TO JacT ypaBHeHHe
0+h=Km,

rae K — unenoe uucno. Eciu M ABndgerca Touroit nepecevenua Gy u G,
a M — cuepyiomeil Toukoii nepecedenus, To M’ Ha3bIBaeTCA NEPBBIM KU-
HeTHUYecKrM (orycoMm M, u Toraa, eciu § u ' — coorBeTCTBYIOMME 3HA-
yeHuA 6, nonydum

-0 =m.

HanumeMm tenepsb ypaBHeHue Hameil moBepxHoctu A B popme
F(u, v, w) = 0;

€cii MbI Pa3NoKUM MEpPBbI WieH MO0 CTeneHAM v U w, TO WieH HYIeBOi
cTeneHu Gy/eT paBeH HYIIO, TaK KaKk NOBEPXHOCTb A NPOXOAUT uepe3 KpH-
Bylo Cy. Mbl MoseM npeHeGpeyb uieHaMU MOpAJKA Bbllle MEPBOro, Tak

1CMm. «HoBble MeTofbI HeGecHO MeXaHMKM» M1 Memyap «O reofe3smvyecKnX TMHHUAX
Ha BBIMYKJIbIX MoBepxHocTAx». A. [lyankape, l36paHHble Tpyabl.
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KaK Mbl JOJNMHBI MPUJATh v MU w JUIIL BecbMa Majble 3HAUEHUA, U TOrJa
ocTaHercsA
gv+gw=0,

rame g u g1 — nepuognyecrue Q)yHI{I.II/II/I u. Ecau MbI 3aMeHUM v U w HX
3Ha4YeHHUAMHU, TO IOJYyIUM

psin(@ + h) + py cos( + h) =0,
rje p U p; — HOBble MEPUOJUUECKUe GYHKRIUU OT u. ECIu Monomum

% =tgA,
To \ 6yeT QyHKIKel OT u, IPOM3BOJHAA KOTOPOIi ABIAETCA IepUOJUYeCcKol
U KOTOpafd He MOMEeT OTJIUYaThbCA OT HepPIO,IlI/I‘{ECHOi/'I q)yHRHI/II/I oT U 60]133,
4YyeM Ha 4UcCjo, KpaTHoe u, KoTopoe A 0603Ha‘{y mu, Torjga Halie ypaBHeHUe
NpuMeT BUI

sin (6 + A+ 1) = 0.

I/ITaK, MBI IIOJTYYUM MNocjenoBaTelbHble TOYKU IepecedyeHu A Cl u A, Hamnu-
caB, 4YTO 3TOT CUHYC paBe€H HY/I0; apryMeHT CHHYcCa OOJI:KEeH ObITh Kpart-
HBIM 75 HO cjlefyeT OTMeTUTb, YTO NMOBEPXHOCTb A oeparuieHa C() u He
IpocTUpaeTCHd BHe 3TOM HpHBOﬁ; cjaeagoBaTeJlbHO, MOAXOOAT TOJNBKO YEeTHLIe
KpaTHbIe, 1 HaJ0 HanucaTtb, 4TO

0+X+b=2v—m.

Ecau teneps P u P’ GyxyT OByMA nocieqoBaTelbHBIMU TOUKAMU Tlepeceye-
HuA u 60, A u @', \' — cooTBeTCTBYIOIMUMHU 3HAUEHUAMH O 1 A, TO MOIYYUM

@ +X)—(6+ N =2r.

CnenyeT 3aMeTUTh, YTO § + A — MOCTOAHHO Bo3pacTamliaa GyHKIUA OT u;
JOefiCTBUTENbHO, IJIA OYeHb MalbIX ¥ U W MOKHO HalUCaThb, YTO

F(u, v, w) = Rsin(8 + A+ h),

rae R = \/p? + p? ectb nepuoanyeckan ¢ysruua ot u. Toraa nepeceue-
Hua Cy ¢ A MOMHO NONY4UTh, npupaBHAB F Hyiio0, a conpukocHosenus C
¢ A, 3anucaB, 4TO

F=F =0,
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rae F' npoussoguas ot F' 10 u; 3To JaeT COOTHOLIEHUA

F=Rsin(@+A+h)=0,
F' =R'sin(0 + A+ h) + R +X)cos(0 + A+ h) =0.

Eciu 661 umeno mecto 6’ + X' = 0, To Mo#HO 6bLI0 B3ATL h = 6 — A,
U yCJIOBUA OKasaluchb Obl BBIMOAHEHHBIMU. OTHAKO 3TO HEBO3MOMKHO, TaK
Kak I0BEPXHOCTh A, 10 HmpeanoioMxeHuto, 6es konmarma. [IpousBogHan ot
0+ He MoeT, ClleIoBATENbHO, CTAaTh HYJeM, 1 0+ )\ HOCTOAHHO H3MEHAETCA
B OJHOM M TOM € HalpaBleHWH; IIPU 3TOM BCerja MOMHO claeiaTh TaK,
4TOoOBI OBLIO BO3pacTaHue.

chHKI.II/IH MoO3keT ObITh Ha3BaHa npueeaenubm apeymeHmom, ec-

a—+m
J1 HECKOJbKO 006006UIUTL 3TO MoHATHe. BennuunHa a + m oraudaercsa oT a

JIMIIb Ha 1eJjioe 4YHucjiio

~ AMu+2m) — Mu)
27 ’

KOTOpoe 1JA o6ouX BbIOpaHHBIX NPUMEPOB OKAa3bIBAETCA PAaBHBLIM HYJIIO.
IIpuBeneHHbBIN apryMeHT Mocie Kaxjgoro nomnHoro o6opora nmo Cy Bo3pac-
TaeT Ha 27‘(‘, N TaKk KaKk 3TO Bo3pacrarouaa (I)yHRIlI/Iﬂ oT u, TO €€ MOMHO
HCIOJIb30BaThb A ollpelelieHUA MOJO#eHUA TOYKU Ha C(); eciu P ouenb
6ausko K Cy, To NpuBeJeHHbIIl apryMeHT P oTiuvyaeTcA OT NpUBEIEHHOI0
27 .
a+m
YcraHoBuB 9TO, MbI MOKEeM yHOIlOﬁI/ITb IIOBEPXHOCTH MOBEPXHOCTHU KPY-
ra ¢ Touku 3penus Analysis situs. MbI Mox#eM, ciieoBaTelbLHO, ONPEJeNUTh
[0JIO#EeHe TOYKU 3TOIl IOBEPXHOCTHU C IOMOIILIO CUCTEMbI KOOpAUHAT I
U Y, aHAJIOTUUYHBIX MOJAPHBIM KOOpAUHATaM, TakUM 00pa3oM, 4YTOObI ypas-
HeHue Kpuoi Cy 6bLIO0

apryMmeHTa cBoero npeo6pasoBanua P’ Ha

r=a

U 4yToObl Ha 3TOW KPUBOU ¥y OBLIO paBHO NpUBEAEHHOMY aprymeHty. Haiie
npeoGpa3oBaHue 1T coxpaHAeT, cleJoBaTelbHO, KPUBYIO & = a U OKa3bIBa-

eTCA TakuM, 4TO

__2m  _
Y—y—a+m—const.

Teopema KpoHekepa yuuT Hac B 3TOM ciydae, 4To BHyTpU A umMmeercA He-
YemHoe YUCIO TOYEK, He U3MEHAEMbIX Npeo0pa3oBaHUeM; Ka# A0l U3 3TUX
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TOYEK COOTBETCTBYeT IlepuoiuyecKas TpaeKTopud; 110 KpaliHell Mepe, oJHA
U3 3TUX TPaeKTOopuil ycToluyusa.

IIycTtb Py GyzneT cooTBeTCTBYIOIMIEN TOUKOI; MBI MOKEM BbIOPATDH HAIIY
KOOPJAMHATHYIO CUCTEMY Tak, 4TOObI 3Ta TOYKaA COOTBETCTBOBAJIA NOJIOCY

z =0.

[Ipeo6pasoBanue T coxpaHAeT, TakuM 06pa3oM, He TOJIbKO OKPYKHOCTh £=a,
HO TaK#e U BHYTPEHHIOI0 IPpaHNYHYIO ORPY#HOCTh & = (), KoTopas OKa3bI-
BaeTcA CBEeHHOI K TOUKe.

Iycts Cj — Ta samkuyTas kpusag C, KoTopas NpoXoxuT depes P;
BBeJieM cucTeMy KoopiuHat u', v/, w', Kotopas Gyner ana C| TeMm, ueM
ana Cy Gblna cucTeMa u, v, w. IIpeanonosumM, KpoMe TOro, 4To B 3TOH cuc-
TeMe ypaBHeHueM A 6ygeT u' = 0. To cienaTh Mbl MOMKEM, HO JHIIb IIPU
YCJIOBUU, UTO OTKAMKEMCH OT IIePBOT0 NPEANOI0KEHUA, CIETaHHOTO 110 TIOBO-
1y u, v, w (4 AIMEHHO, YTO TOYKA Fe0e3UYeCKOil JUHIY UK TPAeKTOPUU He
MeHAeTCA, MEHAETCH JUIIb HallpaBleHle KacaTelbHO pU YCIOBUM U3MeHe-
HUA W, TOTa KaK % U ¥ OCTAIOTCA MOCcTOoAHHbIMH). CKasaThb Mo npasfe, 3TO
HpeJNoNoKeHNe He UrpaeT HUKAKOM CyIeCTBEHHON poNu, U MbI NPUHAIU
€ro JHIIb C Ielbio 006J1eruuTh GopMyIUPOBRY ONpeleleHud KUHETUUECKUX
¢orycoB. [Ipu 3THX yclOBUAX ypaBHEHUA HeKoTopoiul KpuBoit C, GIM3KOI
K C}, 6yayT

!

!
o =p'sin(0 + 1), %5 = pysin(6' + 1) + pf cos(8' + 1),

U MBI NOILYYUM
0" =pBu' +¢'(u),

rae ¢’ mepuoaMueckasn; i3 — XapaKkTepPUCTUUYECKUH MoKasaTenb. Takum
o6pasom, npu Bospactanuu u’' Ha 27 €' BospacTtaer Ha 27 . Mbl MomeM
BbIOpaTh KOOPAUHATHYIO CUCTEMY &, Y TAaKUM 00pa3oM, YTOObI B Hemocpes-
CTBeHHOIi Gnuzoctu oT Py, T.e. mpu o4eHb MajloM &, ¢ JOCTATOYHON TOY-
HOCTbIO cobirofanyuch COOTHOLIEHUA

v ! o w' ! o !
7 = psiny, - =psiny+ pycosy,

npudyeM ausa p', pi, ph GepyTcA 3HAUEHHA, KOTOpble OHM NPUHUMAIOT
npu u' = 0.
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HUrag, koraa «' yBeauuuTca Ha 27, T.e. KOUa MbI IepeleM OT TOY-
ku P x toure p', y = 0’ + h' Bospacrer Ha 203w, unu, TouHee (Tak Kak y
onpejenfAeTcA 10 KpaTHOro 27), cTaHeT paBHbIM 27 (5 + n), rae n — ueloe
YHCII0; TOrJA MBI MOy YUM

Y —y=2n(8+n).

CnepBa MoeT MOKa3aThCH, UTO LEI0€ YHUCIO 7 ABIAETCH MPOU3BOILHBIM,
B NPOTUBOMOJOMHOCTEL 1M, HO €ClM LelIMKoM o60oiTH obiaacTh A, To pas-
HOCTb Y — y JON#HA MEHATLCA HeNpepbIBHLIM 06pa3oM, YTO Y ONpenens-
eT n.

YeTaHoBUB 3TO, paccMOTpuM mpeobpasoBanue TP, T.e. p-10 cTeneHb
npeo6paszoBanuna T'; Takoe npeobpasoBanue coxpadfer £ = a U £ = (), U OHO
JOIycKaeT, Kak U 1, noAoxcumenbtbill UHMe2paibHbll UHEAPUAHTL, B COOT-
BeTCTBUU ¢ NPUHIOUNAMM, M3JI0KEHHBIMM B Moeil kHure «HoBble MeTOMBI
HebeCHON MeXaHUKHY»; OHO JacT HaM, ¢ APYrol CcTOPOHbI, HA JUHUU T = a

p
Y-y=2rorm
unpux =0
Y —y=27p(B+n).

OHo cyniecTBeHHO He GyleT OTAMYaTbCA OT TOr'0, KOTOpOe MONydYaeTcA U3
Hero npu 3ameHe Y Ha Y + 2q 7, rjle ¢ — 1lejloe YUCIO, TaKk Kak Y ompeje-
JAfieTcA JHIb ¢ TOYHOCTBIO 10 KpaTHoro 27. Jlafg 3Toro HoBoro mpeo6paso-
BaHUA MOJIYYUM Ha T = @

_ 6]
Y_y_zw(a+m+q)’

anpux =0
Y —y=2n[p(B+n)+q

3a BbIYeTOM TOrO clIy4af, Korja
(8 +n)(a+m) =1,

MO HO HaliTu 6€CKOHEUHOE UMCJIIO nap meJiblxX 4yucea p U q TaKUX, 4TO

(52 +a)lp(B+m) +d <0,

a+m
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T.€.
1 q
arm > polEn
WiIn 1
q
atm < Tp<hEm

HNrak, TeopemMa OyieT NnpuMeHUMa, U OKamyTCA M0 KpaiiHeit Mepe /IBe TaKkue
TOUKH, KOTOPbIE HE MEHAIOTCA NIPU HallleM NMpeodpa3oBaHUU. ITU JIB€ TOUKHU
JagyT HaM JIBa MepUOJUYECKUX pelleHVA.

Tak Kak p ¥ ¢ MOTYT NPUHUMATh 6€CKOHEYHO MHOTO 3HAYEHUi, TO MbI
[0Iy4YaeM B pe3yibTaTe (ecKOHeYHOe HUCA0 nepuoduieckux peuteHudl (4To
10 cux mop GbLIO TOKA3aHO JMULIb MJIA MalbIX 3HAYEHUil Macc).

IIpeanonomxum, 4To IiA oNpeleNeHHbIX 3HAUEHUI JaHHBLIX 3ajayd IMo-
crpoensl kpussie Cy u Cf), a Tarme obaacts A. Bymem Tenmepn MeHATHb
naHHble 3agaun. Cy GyneT MEHATbCA HENpPepbIBHBIM 00pa3oM; MO#HO TaK-
e MEeHATb HelmpepbIBHLIM 00pa3oM A, coxpaHsfifi IPUTOM ee CYIeCTBeHHbIe
CBOIiCTBa, B YaCTHOCTHU, OTCYTCTBUe KoHTakTa. Hukakux npenATcTBUil Mbl
IpHU HTOM He BCTPeETHUM, Noka Gyaer cymecTtBoBaTh Cy. Tak, moka 6yayT
cymectBoBath Cy u Cf, Bce To, 4YTO Mbl BbIcKasailu, octaercA B cuie. Ile-
pUoJUUecKHe pellleHKA, COOTBETCTBYIOIINE ape HelbIX Yucel p, ¢, CMOT'YT
HCYE3HYTh MOJHOCTBIO JUILIb nocie cauAanud ¢ Cy uin Cf, 4To IPOUCXOAUT
npu

_e_ 1

P a+m

JTo pa3bACHAET B3aUMOOTHOIIEHUA MY NEPUOJUIECKUMU PelIeHUAMU U

MOKET OBbITh NPHJIOHEHO TaKkKe K UCCIeIOBAHUIO NIEPUOAUUYECKUX pelleHu i
BTOpPOTo0 poja.

fl npeaBUIKYy TaKkKe, OTHAKO 3HAUUTEIbLHO MeHee ACHBIM 00pa3oM, UTO
TO e caMoe MO#HO GbIJI0 ObI UCMOJNL30BAaTh IJIA TOT0, YTOOBI IOKA3aTh, UTO
nepuoJuvecKre pelleHud Be3/e MIOTHBI.

IlocmoTpuM Temnepb, UTO ModydyaeTcA B T€X ABYX YACTHBIX NPUMEpPAXx,
paccMOTpeHHBbIX HAMHU BbIllle, a cCHaYajla B TOM M3 HUX, B KOTOPOM paccMaT-
puBalOTCA reofe3nyeckue JUHUU. [Ipeamnonosum, 4To NOBEPXHOCThL OUYEHb
Majlo OTJIuvaeTcA OT cdepbl; Mbl BUIEIN B 3TOM cilydae, YTO 3aMKHYTbIe
reojiesuyeckie JUHIU Ge3 NBOHHBIX ToueKk! COOTBETCTBYIOT MaKCHMyMaM,
MUHUMYMaM ¥ MHHHMaKcaM HEeKOTOpOil BelWUYMHbI, ABIAIOINIeicA He yeM
HWHBIM, KaK JJINHOU GONBIIOro acTPOHOMUYECKOT'0 KpyTa.

wim =0 +n.

1CM. Memyap «O reofesarueckux JHHUAX Ha BBITYKJIbIX MOBepXHocTAX». A. llyankape,
N36panHble TPYyObl.
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Yucno 3TUX MaKCUMYMOB paBHO 4n + 2, rae n — 1enoe yucio. OgHa-
KO eclii He CYMTATh Pa3NUUYHBIMU JIBe Teojle3nUecKue TUHUU, COBEPUIEHHO
UIEeHTHYHbIE, HO MpoOeraeMbie B MPOTUBOMOJIO#HBIX HANPABIEHUAX, TO MbI
MONyYUM [JIfl Te0ie3UNYECKUX JUHUN HEYEeTHOE YUCIO, PaBHOE 2n + 1; uMeH-
HO TaKk A MOCTyNal B YKadaHHOM Memyape. 3[eCh #e, Hao60poT, JBe Teo-
Je3uyecKyie TUHUY, OTINYAIOIUecA UL HalpaBleHeM NpobGeranus, Cum-
TaloTCcA OByMA pa3nuyHbiMU KpuBbiMU C. Yucino 3aMEHYThIX Kpubix C,
OTHOCAIIMXCA K 3TOH KaTeropuu, cileoBaTelbHO, YeTHO; BCE OHU IepeceKa-
10T A B 0[lHO# TouKe, 3a uckimoueHnem Cy, orpannuuBaioieit A. CiemoBa-
TelbHO, yncio KpuBbix C, nepecekaomux A, HeUeTHO, KaK 3TO U JONKHO
6b1Th. [Ipu enanuu MoxHO nogo6path C}) TakuM o6pasom, uto6et Cy u Cf
COOTBETCTBOBA/M IBYM r'e0[ie3nYecKiM JTUHUAM, Pa3IUYalouIMMCA JIHUIIb 10
CBOEMY HampaBleHHUIO.

Ecnu noBepxHocThb S cBoguTCA K chepe, To KpuBad Cy CTaHET OKPYH-
HOCTBIO U B KauecTBe A MO#HO NPUHATH INIOCKYIO 061aCTh, OrPaHUYEHHYIO
3TOIl OKPY#HHOCTLIO.

B orpanunuenHoii npo6ieme 6ynemM UCXOJUThL U3 Clyvaf, AJA KOTOPOrO
BO3MYIIalollan Macca paBHa HYJIIO: B TAKOM Clyuae [JifA BO3MYIIEeHHOT0 Tela
GyAyT UMeTh MeCTO JBe KPYroBble OPOUTHI, COOTBETCTBYIONINE YPABHEHUIO
fIko6u (cm. BbIe). ITU opOUTEL U cooTBeTcTBYIOT Cy U Cf).

§ 4. OnpepneneHua u o603HaYEeHUA

ITocne Toro Kak A 06BACHUI TY POJb, KOTOPYIO cMoria Obl ChIrpaTh
ucciregyemas Teopema, eciy ObI OHA OKas3anachb BEPHOIl, A ON#EH U3N0KUTD
coobpameHnA, KOTOpble NOGYHKAAIOT MEeHA BEPUTh B €€ CIPaBeJIUBOCTh.
Jlnsa aToro A Bo3bMY TeopeMy B ee BTOpOil ¢hopMe; UHBIMU cloBaMU, Oyay
npeanonaraTb, 4To npeobpasoBanue 1’ He ocTaBifAeT HEU3MEHHOI HU OJHOM
TOYKH, U MOCTapaloch YCTAHOBUTh, UTO OHO He JONMyCKaeT MHTerpalbHOro
WHBapHUaHTa.

JInsa yno6eTBa A 6y Ay Moib3oBaTheA JByMA croco6aMU NpecTaBleHUA:
uHorga 6yqy NMPpUMEHATHb caMoO KPyroBoe KOJIbIO, TAK UTO T U Y CTAHYT IO-
JAPHBLIMHU KOOpAWHATAMU; 3TO TO, UYTO A HA30BY KPY208blM UI0GPANCEHUEM.
WHorpa e 6yny paccMaTpuBaTh £ U y B KayeCTBe OPTOrOHATLHBIX KOOP-
OUHAT, U MPEJIOoNOoHKY, BOIPEKH 00bIYalo, UTO OCh & BepTUKAlbHA, a OCb Y
ropusoHTanbHa; i Oyqy Ha3bIBaTb 3TO CNPAMAEHHbLM U300paxceHuem. He-
TPYJHO NepeiiTH OT OAHOro M3o6pakeHUA KO BTOPOMY: KpUBbIe & = const
ABIAIOTCA OKPY#HOCTAMU NPU NIePBOM crocobe U TOPU3OHTANAMH IPU BTO-
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poM; KpuBbIe £ = const GyAyT paguycaMu-BeKTOpaMU NP NMEPBOM U Bep-
TUKAJIAMHU OPU BTOPOM.

Heo6xonumo Bee #e 3aMeTUTh, YTO OJHOM TOUYKEe KPYTOBOTO U300pae-
HUA COOTBETCTBYET GECKOHEUHOE YUCIO TOUEK CIPAMIEHHOTO U306 pakeHnA
(T, y; ©, y + 2m; @, y + 4w,

Taxum oGpa3oM, Mbl 6yJeM pasnudyaTh KpHUBbIe, 3aMKHYTble B HIUPO-
KOM U B Y3KOM CMbICiIe; IEPBbIe ABIAIOTCA 3aMKHY ThIMM Ha KPYTOBOM 1300-
paseHNy U He 3aMKHY ThI Ha CIIPAMIEHHOM; BTOpPbIe ABIAIOTCA 3aMKHY ThIMU
Ha o6oux nu3obpaxKeHufXx.

IIpepnonaraercs, uyTo npeoGpasoBanue T Bcerja OIHO3HAYHO: KOOPIU-
HaTaMu Touku M OGyAyT = ¥ y, a KOOpAMHATaMH MpeoGpasoBaHHON TOY-
ku M' 6ynyt X u Y; KoopauHaTamMu e IpeoOpasoBaHHON TOUKH B ClIydae
obpartHoro npeobpazosanua T~ 6yayt (X) u (V).

Hamre KpyroBoe KolIblo OrpaHHYeHO JBYMA T'PAHUYHBIMU OKPYHHOC-
TAMHA

r=X=a, z=X=0,

13 KOTOPBIX IlepBad BHEIIHAA, a BTOpad BHYTPeHHAA; 06e COXPaHAIOTCA NpU
npeoOpa3oBaHUM.

3aMeuarelbHble KpPUBbIE, KOTOPbIE HAM MPUIETCA UCCIEI0BaTh, ClENY-
foniue.

1) okpymsHOCTH (MaM rOPU3OHTANH) T = C;

2) kpuBble X = ¢, mpeoGpa3oBaHUAMH KOTOPBIX ABIAIOTCA KpPUBbIE
T = ¢; ToCNeHUe, KAK W MepBble, NOMMHBI ObITb 3aMKHYTBLIMU B Y3KOM
CMbICIIE;

3) kpuBbie X = x, mpuyUeM [IBe U3 ITUX KPUBBIX pacCMaTPUBAIOTCA Kak
pasinuyHbIe, XOTA OHU ¥ UMEIOT OJIHO U TO e yPaBHEHUE, eCIU OT OJHOI U3
HUX HENb3fl epeiTH K APYToil M0 HEeNPepbIBHOMY MY TH, Y/I0BIETBOPAOLIEM
TOMY e ypPaBHEHUIO;

4) nuHuu, npeobpasoBaHHble U3 HUX, (X) = x.

Ecnu mb1 6yneM paccmatpuBath Tpu KpuBele X = z, X = ¢, ¢ = c,
TO BCAKafA TOYKa, NpUHANIEMKAIad AByM U3 HUX, GyleT NpUHAIJIeHaTh U
TpeTbeil, U eclu JBe U3 HUX KacaloTCA MemJay coGoii, TO B TOW e TOUKe
UX KacaeTCAd U TPEThA.

Ha wpuBoit X = x He MOMeT CyleCTBOBaTb TaKoil TOYKHU, B KOTOPOU
o6bpL10 Ob1 Y = gy, Tak Kak 3Ta TOYKa, B KOTOpOoil Mbl uMenu O0b1 X = x,
Y =y, 6bu1a O6b1 TOYKOI1, He U3MeHAeMoil ¢ nmomoiubio T’y a MbI IPEINoJo-
KUY, YTO 3TOTO CIyUYUThCA He MoeT. UTak, Y — y coxpaHAeT cBoii 3HaK
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BJIOJb TOU #e KpuBoil X = x, UTO MOHYIaeT MeHA pa3nuuyaTb ABa BUAA
KpuBbIX X = I: KPUBBIE NOAOHUMEAbHBlE U OMPUYAMEAbHblEe, B 3aBICHMOC-
TH OT TOT0, MOJO#UTENbHA WU OTpUllaTeldbHa pa3HocTs Y — y. Ilo npenmno-
JOEHUIO0 Pa3HOCTb Y — y Bcerjaa MONOKUTeNbHA Ha OJHOU U3 I'DAaHUYHBIX
OKpY#HOCTell M oTpunatenbHa Ha Apyroii. Bce kpuBeie X = 2, KoTOpBIE
NPUMBIKAIOT K OJHON M3 3TUX OKPYHHOCTEN, Cle0BaTelbHO, MOJI0MUTENb-
HbBI; BCE K€ T€, KOTOPble NPUMBIKAIOT K APYToil, OTpULlaTelbHbl, U HU OJIHA
KpuBafd X = x He MOKET IPOXOAUTH OT OJHOI OKPYKHOCTH K APYTOil.

Urak, kpuBsle X = x OendaTcA Ha TPU KaTEropuu:

1. OTKpbIThIe KpUBbIe, 06a KOHIIA KOTOPBIX JekaT HA ONHOU U3 rpa-
HUYHBIX OKPYMKHOCTEIA.

2. 3aMKHYy Thie KpUBbIE B IHPOKOM CMbICTIE.

3. KpuBbie, 3aMKHYThIE B Y3KOM CMBICIE.

MbI cyliecTBeHHO He CHU3UM OOIIHOCTHU, €CIH NPEANONOHUM, UTO HU
OJJHAa U3 3THX KPUBBIX He UMEET ABOUHBLIX TOYEK.

PaccmoTpuMm cnpAMiieHHOe u3o0paseHue U Ha 3TOM U300pameHUU Te
TOYKHU, B KOTOPBLIX KacaTelbHasA K KpuBoit X = x ropu3oHTalbHA; 3TU TOY-
KU Oy[leM Ha3bIBaTh OCHOBAHUAMU UIH 6ePULUHAMLU, B 3aBUCUMOCTH OT TOI'0,
OyJer Ju B HUX BbicoTa (M3MepfAeMan KOOPIMHATON X ) MakCUMyMOM WU
MUHUMYMOM. OTpe3ok KpuBoit X = x, 3aKJIIOUEHHbINH Me#Ay IociefoBa-
TelbHO Pacrnojo#eHHbIMUA OCHOBAHWEM U BEPIUIMHOW, HA KOTOPOM BCIEACT-
BU€ 3TOr0 He HAXOAUTCA HHU Apyroe OCHOBaHWe, HU JIpyras BepUINHa, OygeT
HasbIBaTbcA 6emevio KpuBoit X = x, u A Bceraa Gyay ynoTpeGidaTh CIOBO
BeTBb HUMEHHO B 3TOM CMBbICIE.

Ecaun M Touka kpusoit X = x, To npeobpasoBaHHasA U3 Hee Touka M’
GymeT UMeTh TY #e€ BBICOTY (9TO B TOYHOCTH TO, YTO BhIpamaeT ypaBHe-
Hue X = x ¥ oKameTcA Ha mpeoGpasoBaHHOl KpuBoil (X) = x, oTryna
BBITEKAIOT CIEeJCTBUA: Kam[Ioe OCHOBaHWEe WIU Kaiaasa BepuinHa X = x
npeo6pa3oBbIBAETCA B OCHOBaHUe WM B BepuinHy (X) = z, KOTOpble HMe-
IOT Ty e BBICOTY; BcAKad BeTBb X = x, nmpoberaemas, HalIpuMep, BBepX,
GyneT UMeTh B KayecTBe HpeobpasoBanHoil BeTBb (X) = x, npoGeraemyio
TaKe BBEpX.

Ecmu BerBb X = z mnonomurtenbHa, To npeoGpa3oBaHHa#d U3 Hee
(X) = z He cMoeT nepeceyb ee U MOJHOCTHIO HAXOOUTCA cnpaBa (Bce Bpe-
MA Ha CIPAMIEHHOM H300paeHnN); ee TaK#e MOMHO HA3BaTh IOJOMU-
TenbHoil. HaoGopoT, oHa LleMKOM HaXoAUTCA clieBa, eciu Kpubad X = x
oTpuLaTelbHa.
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8 5. IlepeceueHue ByX 3aMKHYTbIX KPUBbIX

PaccMoTpuM okpy#HOCTh & = c U ee o6paTHoe npeobpasoBanue X = c,
KOTOpOe TaKie fABIAETCA KPUBOH, 3aMKHYTOIl B IIUPOKOM cMbIcie. ITU
IIBe KpUBbIe JOMyCKAaIOT HAa KPYyroBoM U306paxeHNN YeTHOE YUCIIO 1M TOUYeK
nepeceyeHus, OJHAKO 3TU TOYKM Ha OPTOrOHaTbHOM H3006pakeHUU OynyT
npeacTaBieHbl GECKOHEUHBIM uncioM TodeKk. HauneMm ¢ Toro, uTo mepeny-
MepyeM 3TU TOYKH NepecevyeHusd, cleqyA Mo KpuBoit X = ¢ B HaNpaBjieHUU
BozpacTtawmux Y. Ecau ™Mbl npoiigemM 3aTeM & = ¢ B HampaBJIeHHU BO3-
pacTalomux Y, To BCTpeTUM Bce 3TH TOUYKHU IlepecevyeHUs, OfHAKO, B 06-
IeM cilydyae, B MTHOM HopAJKe. B ToM ciyuae, Korja oHU CleAyIOT JpyT 3a
OPYrOM B TOYHOM COOTBETCTBHUH C MOPAJKOM CBOUX HOMEpOB, MBI GyaeM
Ha3bIBaThb UX paclpejeleHue HOPMALbHbLM.

Me1 y#e OTMETHIM, YTO UYUCIO0 m AeHCTBUTENbHO Pa3iNYHbIX TOUEK
nepecevyeHUA Bcerja YeTHO; IPOXOJAA & = C OT Yy = Yo IO Y — Yo + 27, MBI
nocieI0BaTellbHO BCTPETUM NepeHyMepOBaHHbIE TOUKHU

A1y 2y ooy Qe (1)

Pap (1) onpenenser cnoco6 pacnpejeleHis TOYER MepeceYeHr; OUeBHIHO,
€ro MOMHO 3aMEHUTh CIEAYIOMUM PAJOM:

ay+m, ay+m, ..., Oy +m,

ABIAIOMUMCA PAJAOM HOMEDOB TOYEeK, BCTpevaloluXxcA NpH npoberaHuu
x=coTy = yo+ 2w 10y = yo + 4w. Ecnu pacnpeneneHue HopmaibHoO,
T0 uncna paga (1) — m mocnegoBaTelbHBIX HedbIX ynceld. Bo Bcex ciyuanx
3THU 4YHcla NoNepeMeHHO YeTHBI U HeueTHBI.

Nyry nmunuu X = ¢, 3aKIIOUYEHHYIO MeKIy JBYMA U3 3TUX TOYeK Ile-
peceueHnus, GyieM Ha3bIBaTb 24eMEHMAPHOU, eClli OHa He IepeceKaeT JU-
HUM ¢ = c¢ (xoTA o06a ee KOHLA, KOHEYHO, HAXOAATCA HA ITOW JIUHHH).
dieMeHTapHble Oyru OyOyT 6HEWHUMU UIU 6HYMPeHHUMU, B 3aBUCHMOC-
TH OT TOrO, pacnoJararTCA I OHM HAa KPYTrOBOM H3006paseHUU CHapPYHKU
UM BHYTPHU OKPYKHOCTH & = c. MOMKHO HpPEANONOMKUTb, YTO 06a KOHUA
eHeuwHell daemenmapHoll dyeu ecezda umetom Homepa 2n — 1 U 2n, a KOHIIBI
BHYTPEHHell aleMeHTapHoil [yru — HoMepa 2n u 2n + 1.

dneMeHTapHad ayra 6yneT npamoli, eciu ee KoHel| Hojiee BLICOKOTO HO-
Mepa HaXOJUTCA Ha CIPAMIEHHOM U300paseHUuu cipaBa OT JpPyroro KOHIA;
oHa GyzneT o6pamHoill B MIPOTHUBOIOJO#HOM Clyuyae; UHbIMHU CJIOBaMU, eCld
aoyra npaMas, To Y ¥ y U3BMeHAIOTCA B OJHY U TY e CTOPOHY NpHU Iepexoje
OT OJHOTO KOHIIA K JpPyroMy.
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KpuBaa X = ¢, nmonyuyeHHaa oGpaTHbIM NpeoOpa3oBaHUEM W3 KpU-
BOW & = ¢, He UMelollell NBOWHBIX TOUEK, TaKie He COAEpHUT NBOWHBIX
Touek. OTclofa cienyeT, 4TO ABe ee 3JIeMeHTapHble AYyT'd He MOTYT Ilepe-
CeubCA; HTO MOMKHO ObLIO Obl BbIPa3uTh Tak: ecin A, B u C, D — KoHIIbI
IBYX BHELIHUX 3JIE€MEHTApHBIX OYT (MM AByX BHYTPEHHUX HIEMEHTAPHbIX
ayr), To aBa orpe3ka AB u CD (B3ATble Ha TOPU3OHTAIMN & = C B COPAM-
JEeHHOM U300paneHnn), MOy T HANOMUTbCA OJUH Ha PYTOit, MHAaYe TOBOPA,
Touku C' u D o6e ABAAIOTCA BHEIIHUMU UM 06e BHYTPEHHUMHU MO OTHOIIIE-
HUIO K uHTepBany AB.

0 ycaoBue MoHO ObLI0 GbI BbICKa3aTh U nHave. Pacemorpum pax (1)
U JOMOJHUM ero, 1o6aBUB K HEMY 4YHUCIO &1 + M, Tak 4TOObI MMOJYYHUIOCH
HEYTO BPOJie 3aMKHYTOr0 Kpyra (HamoMHHUM, 4TO €PEHYMepOBaHHbIE TOY-
KM (1 U 1 + M UJeHTUYHbI, €Cclii He Ha CIPAMJIEHHOM, TO BO BCAKOM CIy-
Yyae Ha KPYyroBoM M3o0pamenuu). B psaje, IONOJIHEHHOM TaKUM 06paszoM,
A CMOr'y BBIAEIUTH m/2 map Mo ABa MOCIeI0BAaTeNbHBIX YKMCIa B KaIOM,
13 KOTOPBIX NepBOe YeTHO, a BTopoe HeueTHOo. Eciau Mbl 6yaeM paccMaTpu-
BaTh HEKOTOpbIe U3 3THUX Nap, TO cleloBaTelbHO, He06X0JUMO, YTOOhI JBa
yyclia OAHON maphl ObLIM 3aKJAI0YEHBI Me#AYy ABYMA YUCIaMU IpYyToi, WIN
e 4ToObI Me#ily MOCIeHUMY He Nomajano HU ofHo, Hu Apyroe. (OpHa u3
3TUX Map He MOMeT ObITh, Hanpumep, paBHoii 14, a Bropasa 52.) Ilogo6Ho
3TOMY, B COCTaBe Hallero pajga uMeeTca m/2 map, Mo ABa IOCIE0BATENb-
HBIX YMCcla B Ka#JIoM, U3 KOTOPBIX IlepBoe YeTHO, a BTopoe HeueTHO. To e
caMoe yclloBHe [OJ#HO BBINOJIHAThLCA JIA JI00bIX JBYX U3 3TUX Hap.

Hrak, Mbl 03HAKOMUIUCHL C ABYMA (HOPMYJTUPOBKAMU HEOOXOJUMBIX U
I0CTaTOYHbBIX YCIOBUI 603m0scHocmu psana (1). O6e 311 HOPMYIUPOBKHU K-
BUBAJEHTHbI, 1 OHU NPUMEHUMBI K IlepeceyeHHIO ABYX INPOU3BOJbLHBIX 3a-
MKHYTBIX KpPUBbIX 6e3 NBoIiHOIT Touku. B mepBoii GdopMynupoBke paccMaT-
pUBAIOTCA [Be 3aMKHYTble KpHBble (B IIUPOKOM cMbicie) X = cu x = ¢,
U npepnoiaraetrcd, 4To X = ¢ passioseHo Ha ajleMeHTapHble 1yTru. Bo BTO-
poii GopMyNHpOBKe BHINOJIHAIOTCA POJIU 00eX KPUBBIX U Ha djleMeHTapHbIe
IYTHU packjaablBaeTcAd KpUBafd T = C.

Paccmorpum gBe BHeliHue siemenTaphble nyru AB u CD. Ecau gBa
kounla C' u D nemar Ha orpedke AB ropusoHTald T = ¢ NP CIPAMIEH-
HOM Hu300pameHuH, Tak uTo gyra C'D TOMHOCTBIO 3aKjiiOueHa B Ipejeiax
obiacTu, orpaHudeHHoi ayroii AB u ee xopjoii, To Mbl 6yJeM I'OBOPUTh,
uto C'D nepexpoisaemes AB. To xe camoe onpejeneHie MpUIOHKUMO, OUe-
BUJIHO, U K BHYTPEHHUM [JyraM.
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dieMeHTapHasA Ayra Ha3bIBAETCH NEPeUiHOll, eclii OHa He MepeKphIBa-
eTcAi HUKAKON [IPYyroii, U noc.iedueil, eciy oHa He MEPEKPHIBAET HUKAKYIO
apyryto. [lyra CD uenocpedcmeenno nepekpbita nyroit AB, eciu He cy-
IeCcTBYyeT HUKaKOl aneMeHTapHO Oyru, KoTopad nepekpslia 661 C'D u ca-
Ma Gblia He mepekpbiTa AB.

U3 sTux omnpepneneHuii 1erko MO#HO BBIBECTHU CleAYIOIINE MpPENIoHie-
HUA:

1. Eciu 1Be Oyru nepeKkphIBalOTCA HENOCPENCTBEHHO, TO OJHA U3 HUX
AIBIAIETCA MPAMOIi, a BTopad — 006paTHOii.

2. Kamaas nepBuyHag ayra — npfaMas.

3. Eciu pacnpeneneHue HopMaiabHO, TO Bce IyTM OJHOBPEMEHHO U nep-
6UYHblEe U nocaedHue.

4. Mpopommum 6eckoneuro papg (1), 1o6aBiAfa K HeMy TOYKH, KOTOpPbIE
HonyyaTcA Npu 3aMeHe «; Ha a; + km, rie k — 1eloe NOJI0MUTENbHOE WK
OTpULATeNLHOE YUCIO0; UHAye, YTO CBOAUTCA K TOMY e, 00pa3yeM Mpoaoi-
skeHHbIA pAx (1), sanucaB HOMepa BCeX TOYEK, KOTOpbIE IOCIeJ0BaTelbHO
BCTPETATCA HaM IpU NpobGeraHuy ropu3oHTaNu OT §y = —00 A0 Y = +00.

Ecnu B 3TOM mpojon:keHHOM pAfie paccCMOTPUM YHcla, COOTBETCTBY-
IolIMe KOHIAM BHEIIHUX NMEPBUYHBIX AYT, TO 3TU HOMepa GyAyT cleqoBaTh
B MOpAJIKE BO3pacTaHUA.

5. Pa3HoCTb HOMEPOB 1By X KOHIIOB HEKOTOpPOii IePBUYHON yTH (U, TeM
Gollee, MPOU3BONBHON AYTrH) He MOeT HpeBbIaTh m — 1.

Panzom TOouku mepeceueHUA HA30BEM, IO
omnpejieNeHUI0, MeCTO, KOTOPOe 3aHUMAaeT ee Ho-
mep B pane (1). IocnenHiow oyry xapakTepu-
3yeT TO, YTO PaHI'd 000UX ee KOHI[OB IOCIeNO-
BaTelbHbIE YHCla, PaBHO Kak U UX HoMmepa. UTo
JKe KacaeTCi HOPMAalbHOTO paclnpejeneHuf, TO
OHO XapaKTepU3yeTcHd TeM, YTO PaHTU CIedyIoT
B TOM jKe MOPAJKe, YTO U HOMepa, U 4TO Bcerjaa
MOKHO yCTPOUThb TaK, 4TOObI paHI HEKOTOPOii
TOYKHM CTall paBHLIM ee HOMepY.

MosiHo 1y uie pa3o6paThCcA B U3I0HEHHOM,

Puec. 1 eciyd paccMOTpeTh puc. 1; nifA Hero ObLIO HC-
NONb30BaHO KpyroBoe uszobpamenue. [IBe rpa-

HUYHbBIE OKPY#HOCTU & = @ U & = b NpelCcTaBIeHbI CIUVIOMHLIMU JTUHUAMY,
TO e C/IeNaHo U JUIA KpuBoil X = ¢; UTO KacaeTcA OKPYMHOCTH & = ¢, TO
oHa usobpaeHa NyHKTUPHO NMHMeli; BHEIIHUE 31eMeHTapHble IyTu Oy 1y T
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12, 34, 56 u 78, a BHyTpeHHNe 3leMeHTapHble 1yTu — 23, 45, 67, 81; nyru
12, 78, 67, 23 AaBnArOTCA NepBUYHBIMU, OyTU 34, 78, 45, 81 — mocnegHuMU;
nyra 34 nepekpsiTa ayroit 56, a myra 56 neperpsitTa ayroit 12.

8§ 6. Hymepanusa BeTBeii

PaceMoTpuM Ha CIPAMIEHHOM M300paie NN pasnnyHble eemesu X = x;
conoctaBuM Kammoit BetBu (A) uucno n(A), cobniogas npu 3TOM clefyo-
lllee yCIOBHE.

Eciau ropusontans x = ¢ nepeceraer gse BeTBu (A) u (B) u ecau ee
nepeceuenue ¢ (A) Gyner ciesa ot ee nepecedenusd ¢ (B), To gonsHO GbITh

n(A4) < n(B).

HeTpynHo mokasaTb, 4T0 3TO ycJIOBUe He BHOCUT HHUKAKOr'0 NPOTUBOPEYNA
¥ YTO MOHO mono6pathb uucia n(A) Takum o6pasoM, 4TOGbI 0OJHOBPEMEH-
HO YIOBIETBOPAIKMCH Bee 3TU HepaBeHcTBa. Yucno n(A) GymeT HaszbiBaThCA
panzon BeTBu (A). MosHO BpIGpPAaTh 3T YUCIA TaK, YTOGHI OHU [PEACTABHU-
JIY BCIO II0CJIeI0BaTeNbHOCTD LeJIbIX YKcell, HaYuHad OT —00 BIUIOTh 10 +00,
npuyeM 6e3 Karoro-nubo nponycka; eciu Obl NPOMYCKU CYyIeCTBOBaIU, TO
JJIA UX 3aloJHeHUA ObLI0 Obl JOCTAaTOYHO «COMKHYTb PAXBI».

Ha cnpamineHHoM uzo6pameHNU 4YUCIO BeTBeil 6ECKOHEUHO, U PaHTH
cleJyloT OT —00 A0 +00, HO 3TU BE€TBU COOTBETCTBYIOT JUIIb KOHEYHOMY
yycily BeTBell Ha KpyTroBOM U300paseHnuy, Tak KaKk Kam/10il ToOuke KPyTroBo-
ro u3obpaseHufd COOTBETCTBYeT G€CKOHEUHOE YUCJIO TOYEK CIPAMJIEHHOrO.
Urak, nocTaToyHo mpeAcTaBUThL cebe YacTh CNPAMIEHHOTO U300paseHus,
3aRJIOUEHHYIO MeMAY ¥ = Yo U Yy = Yo + 27 U colepaulylo JULIb KOHEeY-
HOe 4YuCJIo BeTBell, Tak Kak clIpAMIeHHOe u3o0pakeHue IIpU BO3pacTaHUH Y
Ha 27 BOCIPOU3BOJUTCA NEPUOJUYECKU.

Auanoruuno onpepensercAa u padr BerBeil (X) = x. Homepom Bet-
Bu X = x Gymer panr BerBu (X) = x, ABaAUIElicA npeoGpasoBaHueM
nepBoii; Homepom BeTBu (X ) = x Gyaer paur BeTBu X = x, ABIAIOLECA
ee oOpaTHbIM Npeo6pa3oBaHUEM.

HeTpynHo naTh cebe 0TUeT B TOM, KaKk Takafd HyMmepauuf BeTBeit X = x
cBfi3aHa ¢ HyMepanueil nepeceueHuit X = ¢ u ¥ = ¢, U3yUYEeHHO! B MpeIbI-
oyuieM naparpade.

PaccMoTpuM OKpY#HOCTb & = ¢, IpPeACTABIEHHYIO Ha CIPAMIEHHOM
u3oOpameHu ropu30HTalbIO; ee nepeceveHnd ¢ X = ¢ 6yAyT HaXOAUThCA
Ha ofHoil U3 BeTBeil X = x.
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lopusontans x = ¢ He BCTpeTUTCA cO BceMH BeTBAMU X = x, HO
BCe ee TOYKM IlepeceyeHUA C OJHOW U3 ITUX BeTBell OyAyT HaxoAUTbCA
Ha X = x; HOMepa U paHT'u ee TOYeK NepeceueHud ¢ X = ¢ ClIeqyIOT B TOM
e MopAfKe, UTO U HOMepa M DaHTH COOTBeTCTBYMOIUX BeTBeit X = x.
Ho B To Bpems, Kak mocieqoBaTelbHOCTh HOMEPOB (WIU MOCIEJOBATElb-
HOCTb PAHTOB) TOYeK TepeceueHns X = ¢ U & = ¢ HE UMeeT MPOMYCKOB,
MocNe0BaTeNbLHOCTh HOMEPOB (MM MOCIEI0BAaTENbHOCTh PAHTOB) COOTBET-
CTByIOLIINX BeTBeit X = = MoKeT UX UMeTh, TaKk KaKk & = c He IlepecekaeT
Bcex 3TUX BeTBei. [lnA Toro, 4ToObl MepeiiTU OT BTOPOU IOCJIENOBaTelb-
HOCTHU K HEPBOIi, JOCTATOYHO «COMKHYTh pAnbly. CileqyeT 3aMeTUTh, YTO,
«CMbIKaH PAMbIY, MBI He MEHfeM YeTHOCTH HOMEpOB (a PaBHO W PAHrOB).

YenoBUMCH FOBOPUTD, 4TO HOMepa (WM PaHTH) OBYX BeTBeil ABIAIOT-
cA nocaedosamenvHblMU HA YpOoBHE OAHHOU 20pU3OHMAAU T = C, €CIU 3Ta
rOpU30HTalb He NepecekaeT HUKAKol BeTBU, HOMepa (WM paHru) KOTOpoi
3aKRII0YEHbl Me#y HoMepamu (MM paHraMu) 3TUX ABYX BeTBeil.

B cooTBeTcTBUM cO BceMM 3TUMMU corlalleHUAMH, HoMep BeTBU X = x,
U paHT U HOMep COOTBETCTBYIOlLleil TOUKM HepeceyeHUA Memay X = c¢
U x = ¢ OyAyT Bcerja OfMHAKOBOI YETHOCTH.

KpuBbie X = x OeldAT KpyroBoe KOmblo (HIU €ro cnpAMIEHHOe H30-
Gpasenune) Ha obmactu; B ogHux umeem X > x, a B apyrux X < z. U3
coryalleHuf HacTOAIlero M Ipeabiayliero naparpadoB BbITeKaeT, 4YTO 00-
aacmu X > T 02paHuUveHbl Cie8a 8emseAMlU YemHO20 HoMepd, 4 CTpasa —
semeamMUu HetemHo20 Homepd. [Ina obnacteit X <  UMeeT MeCTO IPOTUBO-
NOJIOKHOe.

PaccmoTpum ocHoBaHue (MU BEPIIMHY ), B KOTOPOM CXOJATCA J1Be BET-
Bu. IlycTb a9 U 39 — HOMep U paHr leBoil BETBH, (¢t U (3 — HOMEp U paHr
npaBoil BeTBW; [Ba HOMepa < U (1, TaK e Kak U fABa paHra (3 u [,
JOJKHBI GbITh 10CA€008AMEALHVLMU HA YPOBHE IIM020 0CHOBAHUA (UK DTOM
BepiuuHbl). ByaeM rooputhb, 4To 3TO0 0OCHOBaHHE (COOTBETCTBEHHO, BEPIIN-
Ha) HEYETHO, eClii (Y9 HEYETHOEe, U 4emHO NPH YETHOM (Y.

Bynem roBopuTh, 4TO oOCHOBaHHe (BeplIMHA) ABIAETCH NPAMbBLM
pu ap < 1 4 06pammubim IPU Qg > Q7.

§ 7. 3ampeieHHble ob6aacTu

PacemoTpuM Ha cnpAMIEeHHOM H306paeHUd [Be KpPUBble & = ¢ U
X = cu paszanynble o6nacTH, onpejenseMble UMU. Bynem pasnuuath 00360-
A€eHHble 00aacmi, B KOTOPBIX 3HaK X — ¢ TOT e, UTO U 3HAK T — ¢, U 061acTu
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3ampeljeHHble, B KOTOPbIX 06a 3HAKA Pa3lUUYHbI U B KOTOPLIE, CleJ0BaTelb-
HO, He MOT'YT NPOHUKHYTh KpuBble X = x. O06/1acTh, 3aKIIOUYeHHAA MEKAY
snemeHTapHoii nyroit HK kpusoit X = ¢, u gyramu, nepekpbrlBaeMbIMH €10
(B cMmbIcne § 5), ABnAETCA 103BoNeHHOl, eciu H K — o6GpaTHa, U 3anpelieH-
Hoii npu npaAmoit HK .

YcTaHOBUB 3T0, BO3bMeM KaKky10-1u60 Bepuinny S’ Ha Kakoi-1u60 Kpu-
Boit X = x; nycTb £ = c OyleT rOpU30HTalb, paclolo:eHHasA NOA 3Toit
BepIINHON 1 mepecekaonaad X = x B Toukax A u B, oueHb GIU3KUX K TOM
Bepumune. I[Iycte AM B — snemeHnTapHad gyra Kpuboit X = ¢, KoTopas
unetr or A kK B, u R — o6nacTb, 3akII0YeHHAA MeHIy 3TOM AYroi u ro-
pusonrtanbio AB. Ecnu sta gyra asngerca obpaTHoii (T.e., eciu obpaTHan
Bepuiuna S), To o6nacth R 103BONEHHAasA, a colmpeaenbHble 061acTH 3ampe-
meHHbIe, Tak uyTo ayra ASB kpuBoit X = x moiHa nepecedb 3Ty 061acThb,
KoTopasA TakuM 00pa30M OKasblBaeTcA pa3jelleHHO Ha /Be YacTUUHbIe 00-
nactu AMBS u ASBA.

B nmnepBoit o6mractu Mbl Gymem umeTb = > X >c¢, a BO BTOpoit
X >z > ¢; cnegoBatenbHo, BeTBb AS, orpaHnuuBamoomias cieBa 061acTh
X > x, UMeeT YeTHBII HOMep, UHAUEe T'OBOPA, BeplivHa S ABIAETCA 4YeT-
Hoil. Hmak, He moxcem Gblmb HeieMmHbLY 0OPAMHBLY 6ePULUH, U, KAK 8UJUM,
He Moxcem Gblmb mawrice Yemusvlx 06paAmHbLL 0CHO8AHULL.

C mpyroii cTOpPOHBI, HETPYIHO
Oo0HapyKUTb, 4TO CaMAA BbLCOKAA M
sepuwiuna ato6ol kpusoli X = x ecee-
da npamas; To e caMoe MOMKHO CKa-

3aTh U OTHOCUTENbHO CaMOT'0 HU3KO- S
r'o OCHOBaHUA. X>x>c
Ilycts, B camom gene, R — 06- 4 B
1acTh, oOXBaueHHasA KpuBoit X = x,
€cJIM 3Ta KpUBafA 3aMKHYTa B Y3KOM Puc. 2

CMbICe, WU #e 3aKII0UeHHad Me-
Iy 9TOil KPUBOW U rOPU30HTANbIO = b (COOTBETCTBYIOLIEH HA KPYyTrOBOM
n306paskeHny BHYTPEHHel rpaHnuHoit okpyxHocTH). llycts R’ npeoGpaso-
BaHO u3 R, mycTb S — HauGoJjlee BbICOKAA BepllMHA Hallell KPUBOIi; Mpeo6-
pasoBaHHas u3 Hee S’ GyneTr caMoii BbICOKO BepuuHoi kpuboit (X) = z,
rotopas orpannuuBaer R'. Iycts M — Touka, onuchiBaiomans KOHTYp 06-
nacTu R, npuyem obnacTh ocTaeTcA clpasa; npeobpasoBaHHasa u3 Hee M’
onuineT KoHTYp R', Tak#e ocTaBisAd 3Ty o6aacThb crpasa; Korga M nonauet
B S, oHa GyJeT JBUraTbCA clleBa HalmpaBo, Tak Kak S ABIAeTcA Hauboiee
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BBLICOKOI TOUKO# KoHTypa R; B 3T0 #e Mruoenue M’ nomager B S’ u, B cu-
Iy Tex ke cooOpaseHuil, OyneT OBUraThcA cileBa HampaBo. CKazaTb, UTO
STHU ABe TOYKH ABUMKYTCA B OJIHOM M TOM jKe HalpaBleHUU, 03HAYAET, UTO
BeplIMHa ABAAeTcA NIpAMoOi. ITo U TpeboBaloch NoKa3aTh.

§ 8. Yci10BUA BO3MOMHOCTU

Hrakr, npeo6pasoBanue T xapakTepusyeTcA cleAYIONIMMU JaHHLIMU,
KOTOpble HETPYAHO paclno3HaTh Ha CIPAMIEHHOM H300paeHUH.

1. @opmoii kpuBbix X = x, UMCJIOM M PaclojioxeHUeM BeTBell Kamaoi
U3 HUX, OTHOCUTENbHOU BBICOTOU pa3iMyYHbIX BEPIIUH WU ocHOBaHuii. Kor-
na 3agaloTcA GopMoil KPUBBIX, paH2 KamI0i BEeTBU OKa3bIBaeTCA ONpee-
JIEHHbIM, TaK KaK OH 3aBUCHUT TOJbKO OT OTHOCUTEIbHOI'0 TeOMETPUYECKOTO
MOJIO}KEHVA BETBEM.

2. Homepom Kam 0¥l BEeTBU.

3. 3nakamu Kamjaoil u3 KpuBbIXx X = x, KOTOpble MOTYT GBLITH MOJO-
UTEIbHBIMYM WU OTPULATENbHBIMU B cMbIcie § 4.

JTU [OaHHble, OJHAKO, HeIb3fA BbIOPATh NMPOU3BOJLHO: OHM HOJHHBI
YIOBIETBOPATh HEKOTOPBIM YCIOBUAM, KOTOPbIE A U MEPEUYUCIIIO.

1. lIpeamonosuM, uTo KpuBble X = x HepecevyeHbl MPOU3BOJIbHON To0-
PU3OHTANbBIO £ = c. ITa TOPU3OHTAIb HE NepecevyeT BCeX BeTBeil KPUBBIX;
HO eclid MbI BBINUIIEM HOMepa BeTBell, IepeceKkaeMbIX €0, B TOM NOpPAJIKE,
B KOTOPOM OHa BCTpeyaeTcA ¢ HUMM, WJIH, UTO TO e caMoe, B IOpAJKe
pPaHroB, TO MONYYUM O€CKOHEUYHYIO MOCIeI0BaTeIbHOCTD.

Kamgoit U3 nmepeceuyeHHBIX BETBEil COOTBETCTBYET OJHA U3 TOYEK Iie-
peceuennsi X = ¢ U x = c¢; HOMep 3TOU BeTBU B0OOOIe He paBeH HOMepY
3TOI TOYKU NepecevyeHud, TaKk KaKk pAJ HOMEPOB UMeeT IPONMYCKH, COOTBET-
CTBYIOlLINE BeTBAM, He NepeceYeHHbIM KPUBOR & = ¢, B TO BpeMA Kak pAn
HOMEPOB TOYeK IepeceuyeHUuA TaKUX MPOMYCKOB He uMeeT. OHAKO 3TH JBa
pfAla HOMEepOB ClelyIOT APYT 3a APYrOM B OJHOM M TOM Hie NMOPAAKe (Ta-
KHMM 06pa3oM, YTO MOKHO MEPEfTH OT OJHOr0 K APYrOMY, «CMbIKafl PAIbIY).
Nrak, nepBbIii U3 3TUX PANOB, TAK ke KaKk U BTOPOM, JOJKEH YIOBIETBO-
PATH YCIOBHUIO § 5, KOTOPOE MO#HO cHOPMYIUPOBATE CleLYIOMUM 06pa3oMm.

PaccmoTpum pAx HOMepOB, KOTOpbIE MONEPEMEHHO YETHBI U HEUETHBI;
OTMETHUM B HeM JIBe Iaphl MOCIeJ0BAaTEIbHBIX HOMEPOB, TAKUX, UTO B Kams-
ol M3 HUX TepBbIfi HOMep OyAeT 4YeTHbIM, a BTOPOl — HEYEeTHBIM. JTHU
IBe Tapbl He [OMKHbI HA.AG2amMbcA OJHA HA APYTYIO B CMbIicie §5; To e
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caMoe JOJ#HO MMeTh MecTO W JJA IBYX Ilap Nocjel0BaTelbHbIX HOMEpOB,
B KOTOPBIX IIepPBbIil HOMep HeueTHbIN, a BTOPOIl YETHBINA.

2. Homepa u paHTru OBYX BeTBeil, KOTOpble CXOOATCA B KaKoi-n1u6o
BepIIMHe WK B KAKOM-I100 OCHOBaHUY, JOMKHBI ObITh noc.4edosamenbHulmuU
Ha ypOBHE 3TOI BEPUIMHBI WU 3TOT0 OCHOBAHUA, B CMbIcie § 6.

3. He nommHbl BeTpeuaThbefl HU YemHoe 06pamuoe OCHOBAHUE, HU He-
YemHnas o0pamuas eepulutd.

4. B6nu3u rpaHUYHBIX rOpU30HTaNell £ = a U © = b HoMepa pa3IUYHbIX
BeTBell JOoJKHBI cleJoBaTh APYT 3a JPYroM B TOM e IOPAJKe, UTO U UX
panru. U peiicrButenbHo, X = a, Hanpumep, coBnagaeTr ¢ r = a. Urak,
ecly ¢ 6IM3KO K a, To X = ¢ 6yeT Malo OTANYaThCA OT & = ¢, U IPH 3TOM
no6ad KacaTenbHad K X = ¢ Gy[eT Bcerjga COCTaBIATb BeCbMa Maiblil yTol
C TOPU30HTAIBIO & = ¢, @ KOrjla Be 3aMKHYThble KpUBble Majlo yJalfAloTcA
IpyTr OT Jpyra, paclipejlelleHie UX TOUeK NepecedyeHud OyJeT HOPMalbHbIM
B cMbIcie § 5.

5. [IBe BeTBU, IpUHA e allle OfHOM U TOH #e KPUBOIi, U, B yacTHOC-
TH, JBe BETBHU, Nlonajamolyie B OIHY U Ty #e BepUIUHY WIU B OJHO U TO e
OCHOBaHUe, JOJ#HbBI ObITh 00UHAK068020 3HAKA.

6. Mb1 Bugenu, 4To eciy ofHa BeTBb X = & MOJOKUTeNbHA, TO Ipeo6-
pasoBanHas u3 Hee (X ) = x JommHa pacronaraTbed cnpaBa oT Hee. Urtak,
nyctb naubl BeTBU A u B KpuBoit X = x; npeamnoioxsum, 4To OHU «06-
paTHbI», T.€., uTo HoMep A Goavwe HoMepa B, a panr A menvwe padra B,
U 4YTO OHH, KPOME TOr0, UMEIOT NpomueonoaodycHvie 3naxu. Torga HeobXxo-
ouMo, 4ToObl A ObLIO TMOJOMUTENbHBIM, @ B orpunareibHbiM. He MomeT
CNy4YUThCA, YTOObI A OKasanoch OTPULATENLHBIM, 8 B MOJ0MUTETbHBIM;
ecnu 6bI 3TO UMeNo MecTo, A oKkasanach Gbl CIIpaBa OT CBOeii Ipeo6pa3oBaH-
Hoit A’, a B — cneBa oT cBoeil peoGpa3oBanHoii B’; HO 3TOro He MOMeET
cnyunThe: A cieBa oT B, Tak Kak ee paHr Menbine, a A’ cnpasa or B,
Tak Kak HoMep A Gonblie.

8 9. IlonosuTeabHble U OTpULlaTedbHbIE IYyTU

Ina Toro 4yToOBI NPOJOMMUTEL pPacCys/IeHUA, A BBely HOBOe NOHATHE.
PacemoTpuM 3aMEHYThIM KoHTYp C, mpo6Geraemblii B ompejeleHHOM Ha-
NpaBleHUM IBUKYIlIeiicA Toukoil P, u Toury M; rosdduyuenmom KOH-
typa C 6ymer uucio m, eciu yroi Bektopa M P ¢ ¢pUKCHPOBaHHLIM Ha-
npaBlieHleM yBelUUYuBaeTCA Ha 2m 7, Korja Touka P omuchIBaeT LeIUKOM
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KOHTYp C. Yrilbl OTCUMTHIBAIOTCA B HANPABIEHUH, IPOTUBOMOIOHHOM MPH-
HATOMY B TpuroHoMmetpuu. KoHTyp GymeT noaoxcumevHvlm, €CIUA €ro KO-
3¢ GUIUEHT MO OTHOIIEHUIO K MPOU3BONbHONM TOUYKE IIOCKOCTH BCerja mo-
JOMUTENEeH UM HYIb; OH GYJeT Ha3bIBaThCA OMPUUATNEAbHbIM, €CIH ITOT
K03 QUIIMEHT Bcerja oTpUliaTeleH WU HYJb; OH OyeT onpedeieHHbiM, €CU
OKa’KeTCHA UM MOJOKUTENbHBIM, WIN OTPULATENbHBIM.

Mycts ABCDA u ECBFE — nBa 3aMKHYThIX KOHTYpa. MoHO 06b-
eIMHUTDb UX, uckiaouyad oomue yactu BC' u C'B, KoTopble B 060UX COCTAB-
JIAOIINX KOHTYpax npo6eranuch B IPOTUBOMONOHBIX HAPABIEHUAX; B pe-
3ynbraTe 3Toro nonyuutca KoHTyp ABFECDA. MosHo 3anucaTb

ABCDA + ECBFE = ABFECDA

nui
ABCDA = ABFECDA — ECBFE.

Tar MBI OlpeieNuM CYMMY UIU PA3HOCMb ABYX KOHTYPOB; NOJ0GHO 3TOMY,
MO#HO GbLIO GbI ONMpENeIUuTb CYMMY U PAa3HOCTb U HECKOIbKUX KOHTYPOB.
OueBUIHO, YTO €ClIM OJUH KOHTYD ABIAETCA CYMMOU HECKOJIbKUX APYTHX,
TO ero K03 PUIUEHT 0 OTHOLUIEHHUIO K MPOU3BOJILHON Touke M paBeH CyM-
Me K03(pGHUIHUEeHTOB COCTABIAIONUX KOHTYPOB.

Onpenenum Tenepb 3Hak Ayru X = x wiau ayru X = c. lyra X =z
NoAoMHUMeAbHA, eClIY OHA MPUHAJIEHUT MONOMKUTENbHOW BETBU, npodeza-
emoll ¢ nodsemom, NIV OTPULIATEILHONU BeTBHU, NpobGeraeMoil co CIycKOM;
OHA OmMpuUameAnbHd, €CIU NPUHANIEHKUT OTPHUIlAaTeNbHON BeTBH, mpobera-
eMoii ¢ MoABEeMOM, WK MONOKUTEIbHONU BeTBH, MpoberaeMoil co CIycKOM.
C0BO «ONOKUTENbHAAY HE UMEET, CliefIoBAaTelbHO, OJHOTO U TOTO #e CMbIC-
11a B pacCy# IeHUAX O BETBU U 0 yTe, TAK Kak B ciydae BeTBU (cp. §4) 3HaK
He 3aBUCUT OT HalpaBleHUA JABUMEHUA.

Ilycts AB — monosuTelbHasa Ayra, MpUHadleKalasa MoJ0KUTEIbHON
BeTBU X = x, npoGeraemMoil ¢ NOJAbeMOM, KaKk 3TO IIOKAa3aHO CTPEIKOU Ha
puc. 3. IlpeoGpasoBannana us Hee ayra A’'B’, ciegoBaTenbHO, HAXOOUTCA
cnpaBa oT Hee; 3aMKHeM KoHTyp ABB'A’A, nposensa ropusonramu BB’
u A'A (3T0 — ropusoHTaNu COpAMIEHHOr0 U306paMieHus, ypaBHeHe KOTO-
pbIX ecTh & = const). OueBUIHO, UTO ONpe[eleHHbIl TAKMM 06pa3oM KOH-
TYD no.ao¥umeneH, YTO U ONPABJbIBAET Ha3BaHUE MOJOKUTENbHON AYTH.

MosHO 06001IUTE 3TO U BBECTHU NOHATHUE AYT X = T, KOMNEHCUPOBAHHO
OJIOUTEILHBIX WU OTPULATENbHBIX.



§9. Ioaoxcumenvnovle u ompuyamenvuole dyzu 139

B B A A’

Puc. 3 Puc. 4

Ilycts pana nyra DCBA, npunaanesainad TMOJOMUTEIbHON Kpu-
Boit X = x, u mycTh Ha 3TOil Ayre uMmeeMm ob6pamuyio Bepiiuny C u 06-
pamuoe ocHoBaHue B, npuyeM Tak, uto A HaxomauTcs uax D, Torpa wak C
U B pacnonoseHbl Ha NPOMEKYTOYHOII BbICOTe; Ayra sTa mnpoberaercs
B HalpaBleHHM, MOKa3aHHOM cTpenkoil. Torga Mo#HO MOCTPOUTH NMpeo6-
pasoBaunyio ayry D'C’'B’'A’, kotopasa pacrnolosena TaKk, Kak MoKa3aHo Ha
puc. 4, 1 3aMKHYTb 06e nyru ropusontaiamu AA’ u D'D. flcHo, 4To KOH-
typ DCBAA'B'C'D'D nonosurenen, u nyry DCBA Mbl Ha30BeM KoM-
neHcuposanno noaoxcumeavtoti. Hume Mbl Bce #e He GyneM MONb30BaThCA
KOMIIEHCHPOBAHHO MO0 UTENbHBIMU AYyTaMHU.

Ilepeitgem Tenepn &k ayram X = c. [lyctb AM B — opiHa U3 3TUX IyT,
npoGeraemas B HanpaBienun AM B.

PaccMoTpuM Ha cipAMiIeHHOM u3oGpaxeHnu xopay BA stoit gyru, Ko-
TOpaf MpPUHAMJIEHUT TOPU3OHTAIN & = C, €ClId, KaK MbI 3TO TpeJIoaraem,
KoHIbI A U B 6ynyT Toukamu nepecedenua X = ¢ u ¢ = c¢. PaccMoTpum
koHTYp AM BA, oGpa3oBaHHblif 3Toit ayroit u ee xopaoil. [Iyry MbI Hazo-
BeM onpedeseHHOl, NOA0HUMEAbHOU UIN OMmpPUYamesbHol, B 3aBUCUMOCTH
OT TOro, ONpeJeNeHHbIM, TOJOMUTEIbHBIM WIK OTPULATENbHBIM ABIAETCA
caM KOHTYP.

dileMeHTapHble OyT'd Bcerja ABIAIOTCA ONpeleJeHHbIMHU; 3HAK OYTH
AM B ToT e, 4TO U 3HAK NpPOU3BeAeHUA « 37, rie:

a = +1, eciu HoMep U paHr A HeuyeTHble, U @ = —1, ecliu OHM —
YeTHbIE;

[ = +1, ecnu panr A Mmenblue paira B, u f = —1 B 1pOTHUBONONOAHOM
cnyuJae;

v = +1, ecan Homep A MeHbllle HOMepa B, u v = —1 B mpoTuBOMNO-

JOHOM cllyuae; geficTBUTeNbHO, nyra AM B npoGeraeTcs clieBa Hampaso,
ecau 3 = +1; oHa HAXOOUT Haj CBOeil Xopaoit Torja, korga ay = +1.
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B rauecTBe BTOpOro mpumepa paccMoTpum cayuait nyru AM B, npu-
yem pauru A u B 6yayT nocienoBaTelbHbIMHU Ha paccMaTPUBAeMOM YPOBHE;
nogo6HaA ayra Bcerja fiBIAeTCA onpedeneHHOll; 3HAK ee ONATh-TaKHU COBIa-
JaeT cO 3HAKOM NpoOu3BeleHUudA a 3 7.

§10. KRoutyp C

[IpencraBum ce6e HekoTophlii KOHTYp C, 3aMKEHYTBIi B IIMPOKOM
cMbICie ¥ 06pa3oBaHHbIN MCKIIOYUTENbHO AyramMu X = = u agyramu X = ¢,
HpUYEM AYTH UIH 8CE NOAOHCUMEAbHbl, WA 6Ce OMPULAMeEAbHbl; HAllPaB-
neHue, B KoTopoM mpoberaerca koutyp C, samano. Ilycte C' — KoHTyp,
npeoGpasoBanubiil u3 C; oH cocrabied u3 ayr (X) =z u ayr « = c.

A ymeepicdaw, wmo 0aa mozo, 4mobvl ycmawosums meopemy, AGAA-
OWYICA npedmemom HaAcCmoau,e2o memyapa, 0oCmMamoyHo YCmaHosums cy-
wecmsosanue 3mozo konmypa C.

Jlns 3TOro A mocTapach onpefeluTh nHaekcesl Koutypa C — C’ oTHo-
CUTEIbHO HEKOTOPOil TOUKHU MIOCKOCTU, HO BOCHONb3YIOCh KPYTOBBIM M3006-
pamenreM, 4ToObl KOHTYpbl C' u C' GbLIM 3aMKHY ThIMH.

Hrak, nyctb

A1 By M Ay By M, ... A, By, M, Ay

— woutyp C, u
A\ B M ...M] A}

— npeobpasoBaHHbIii U3 Hero Koutyp C'; nyru A;B; 6ynyt ayramu X = x,
U [JIA ONPE/IeNIEHHOCTH PACCY#ICHUA MYCTh BCE OHU NOAONCUMEAbHbL; TYTH
B;M;A;; 6ynyt nyramu X = const, ¥ Bce OHU TaKme IOIOMUTEILHBI;
pyru AjB; 6ynyt ayramu (X) = z, a nyru B{MjA] , nyramum z = c.
Touru A;, u A} (unu me B;, v B]) HaxomATcA Ha OJZHON M TOIi e BbICOTE
Ha CIPAMIEHHOM M300pase Ny, Tak YTO MBI MOKeM HauepTUThb ayru A; A}
u B;B}, xoropble 6yfyT AyraMu & = ¢, T.€. FOPU30HTAIAMH IIPH CIPAMIIEH-
HOM HM300paseHuy U OKPYHHOCTAMHU IPU KPYroBoM usobpasenuu. Torma
MOy YUM

C—Cl=AlBlBiA'1A1+BlM1A2A12M{BiBl +AszBéA'2A2+
By My Ag Ay My BY By + ... + By My Ay A, M B B,.

lleficTBUTENbHO, €CIM Mbl PACCMOTPUM pa3iMuHbIE cllaraemMble B MpPaBOi
4acTH, TO yBHIMM, 4TO Ayra Bj Bj nepBoro yHuurtomaerca ayroii Bj B;
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BTOpOro, a ayra A, A} Broporo yuuutomsaerca gyroit Ay A TpeTberou . .
U, B KOHIle KOHIOB, ayra A; A} nocnensero ynuurosaercs gyroit A} A; nep-
BOTO.

RKoutyp A; By By A; ananoruves (eciu BO3BPATUTLCA K CHPAMIEHHO-
My u3006pameHuio) KOHTYpY urypsi; koutyp By My As AL M| B] B; o6pa-
3oBaH ayroil By My As u ee xopioit (ONATb-TAKM HA CHPAMIEHHOM H300-
paxeHun) u T. 1. Bce amu koHmypsl noaoxcumenvHol, Tak Kak nyru A, By,
By My Ms, ... NON0#UTEIbHBI.

Urak, koutyp C — C’' nonoxutenen. I yTBepaao: 3To JoKa3bIBaeT,
4YTO 30eCt He MOodHcem Oblmb NOAOHUMEAbHO20 UHME2PAAbHO20 UHEAPUAHNA.
DleiicTBUTENBHO, ycTh I — momo6HbIN nuBapuanT. lycts I(R) Gynetr Tem,
YTO J@aeT 3TOT WHBAPUAHT, KOTJa HHTErpUpOBaHUe pPaclnpoCcTpaHeHo Ha 06-
nacte R.

Koutypet C u C' pasnenaT miockocTb (Ha KPyroBoM H300paKeHuu )
Ha HEKOTopoe uucio obiaacteit R;; HOMOMUM,

I(C) =) N I(Ry), I(C")=)_ NiI(Ry),

rae N, — ungekc kourypa C u N; — ungekc koHTypa C’ OTHOCHTENbHO
MPOU3BOIBbHONM TOUYKM 06iacTu Ry (ACHO, 4TO 3TU UHAEKCHI GYAyT OlMHa-
KOBBIMH [l IBYX TOYEK, NPUHAJIEAIIMX OJHON U Toii e obiacTu Ry).
Tax rar I ABIAeTCA UHBApUAHTOM, TO JOJH#HO UMETb MECTO PaBEHCTBO

1(C) = I1(C").
C nmpyroii croponsl, Tak Kak koHTyp C — C' noiosureneH, To
Nk 2 N]ﬁ:v

npuyeM 3HaK paBeHCTBa He MOeT UMeThb MecTa A BceX obnacTeil, ubo Ha-
Y ABa KOHTYpa He COBNAJalOT; C APYTroil CTOPOHBI, MOCKOJIbRY HUHBapUaHT
HOJIOKUTENEeH, TO OTCIO/1A

I(Rk) >0

", ciegoBaTellbHO,

1(C) > I(C"),

YTO HPOTUBOPEUYUBO.
Ecau, B yacTHoCTH, KOHTYD C' He MMeeT JBOWHON TOUKM (HAa KPYTOBOM
M300paeHnn), TO OH He CMOKeT Iepeceyb npeobpasoBaHHOro Koutypa C’,
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TaK YTO OJIMH U3 3THX KOHTYPOB ByJeT HaXOAUThLCA LEeIUKOM BHYTpPHU ApY-
roro; 3To cnpapeJIuBo Jid 60IbIIHHCTBA IPIMEPOB, KOTOPbIe Mbl PACCMOT-
PUM HUHe.

Kpome koutypos C u C', MbI paceMoTpuM apyrue koutypsl C'' u C",
onpepelneHHble ciefyomuM obpazoM. Koutyp C"' BeiBogutca us Koutypa C
3aMeHOll B HeM KamJoil u3 1yr X = c ee Xopjoil (Ha CIPAMIEHHOM HM306-
pameHun); KOHTYp #e C” Gymer npeoGpa3oBaHHBIM M3 HEro, TAK YTO

C  o6pasyetcs u3 ayr X =2 wuwusngyr X =c,
c’ » (X)== » xr=c,
c” » X)== » T =c,
c" » X)==z » (X)=c

Urak, koutypel C"' u C" ABIAIOTCA OTHOCHUTEIBHO 0GPATHOrO mpeolGpa-
soBanua T~1 Tem me, ueM C u C’ orHocutenbHo T. JleficTBUTENbHO, OT
OfIHOTO cily4asd K APYToMY MO#HO mnepeiitu, sactasus (X) urpatsb poib X,
“ Hao6opoT.

fI yTBepaimao Tenepb, YTO eciu AyTH, U3 KOTOPbIX o6pasoBan C, uMe-
IOT OJIMH W TOT € 3HAK, HAIPUMep, eclM Bce OHH MOJOMUTENbHbI, TO T€,
KoTopble o6pasytorT C', GynyT Tak:ie OJHOrO 3HaKa, i XOUYy CKa3aTh, YTO
OHM Bece GYIyT OTPULIATEIbHBIMHU.

Ecan A aBasercda opHoii uaz nyr C, npuHamiemanieil, Hanpumep, Kpu-
Boit X = x, moJomuUTeNbHON U npoberaeMoil BBepX, To NpeobpaszoBaHHaA
u3 Hee gyra A’ 6yger Bxoauth B coctaB C'', npuyem nmpoGeraerca Takse
BBepx. OnHako, oTHocuTeldbHo T~ oHa GyneT NpuHaAlemaTb K OTpPUIA-
TenbHON KpuBoit (X) = x, gelicTBuTenbHO, ecniu A’ npeobpasoBanHan us A
¢ nomombio T', HaxoguTeA cnpaBa oT A, To A, npeo6pasoBannan us A’ ¢ no-
mompbio T, 6yaer HaxoauThbea ciesa oT A'.

ycTb Tenepp AM B — nyra X = ¢, cocraBagmomias yactb C,a AB —
ee xoppa, apiaAomanaca yacteio C. Ilyets satem A'M'B’ u A'B’ nyru,
npeoGpasoBaHHbIe U3 MEPBbIX, U COOTBETCTBEHHO fABIAKIIKecA yacTaMu C’
u C". Torna AB u A’M'B’ cocraBaT uyacth KpuBoii x = ¢, a A’'B’ —
yacTh KpuBoil (X) = ¢, Tak 4To Ha CIpPAMIEHHOM u3obpaxenuu AB oka-
merca xopaoit AM B, torga kak A’ M'B’ craner xoppoii A’ B’. Ecin 3ateM
KoHTyp AM BA, o6pasoBannbiit AM B u ee Xop[oii, MoJoUTelIeH, TO MO-
JIOMUTENbHBIM Gy IeT U peoOpa3oBaHHblii u3 Hero kKoutyp A’M'B’'A’, a 06-
paTubiii kouTyp A’B'M'A’, o6pasoBaunslii nyroit A’ B’ u ee xoppoii, 6yaeT
OTpHUIATENbHBIM. DTO U CEJOBAI0 10KA3aTh.
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Takum o6pasoM, o4eBUIHO, uTo ecad C — C' ABIAETCA NMONOMUTENb-
HBIM, TO TO #e camoe 6yner u ¢ C' — C"'; cremoBaTenbHO, Ge3pas3anyHo,
paccmarpusath au C, C' u T umm me C'"', C" u T1.

§11. Cetb

IIpencraBum ceGe ceTb, MOCTPOEHHYIO ClIeAYIOMHUM 00pa3oM: BO3b-
MeM KpyroBoe n3oOpakeHue, HAUePTUM, KPOMe I'PAHUYHBIX OKPY#HOCTEN,
OKPYKHOCTH T = ¢, KOTOpble KacaioTcA (1160 B BeplinHe, 160 B OCHOBa-
uuu) kpusoit X = x. Kam/aan U3 aTUX OKPYMKHOCTE(l MepecedeT pa3innuHbie
KpuBble X = = UM KocHeTcd ogHOil u3 Hux. Kammoill U3 Touek mepeceue-
HUA UIU KacaHUuA OyJeT cooTBeTcTBOBaTh y3es ceTH. CoelUHUM 3TU Y3IbI
NYyTAMHU, COOTBETCTBYIOLUMHU ONpeJeleHHbIM AyraM, 0 KOTOPBIX Illja peyb
B §9. PaccMoTpum, HanpuMep, OAHY U3 OKPYHHOCTe & = ¢, KOTOpbIe MbI
Ha4yepTUJIu; BbIYepTUM IYyTH, COOTBETCTBYIOL[HME BCEM MOJNOHUTENbHBIM U
OTpHLATEIbHBIM AyraM cooTBeTcTBylome kpuBoit X = c. (Uraxr, mbl mo-
JIy4UM NIy THU, COOTBETCTBYIOIINE BCeM djeMeHTapHbIM AyraM 3Toil KpUBOW,
KOTOpbIE, KaK MbI y#e CKa3alu, Bce AABIAIOTCA ONpeleleHHbIMU; CPey HUX
OyAyT NyTH, COOTBETCTBYIOIME BCeEM AyraM 3TON KpPUBOH, KOHLBI KOTO-
PBIX MMeIOT IocleJoBaTelbHble HOMepa Ha paccMaTpUBaeMOM YDPOBHe; HO
OyLyT ellle U Jpyrue MyTH, Tak Kak BooOlle eCTh U [pyTrue onpejeleHHble
oyru.) 1o OYAYT 20pu3onmaibHbie MyTU ceTd. Mbl coelUHUM, CBEPX TO-
ro, y3ibl T = ¢ C y3JaMU Ha OKPYKHOCTH HeNOCPEeACTBEHHO BHEIIHEN WU
HernocpeACTBEHHO BHYTPeHHeil ¢ NOMOILIbIO HAKAOHHbLE nymell. ITU Noclel-
HUe GYOyT COOTBETCTBOBAThH ONpeJe]eHHbIM AyraM KpuUBbIX X = X, OAUH
M3 KOHIOB KOTOPBIX OyleT HaXOAUTbCA B OJHOM U3 TAKUX y3JOB.

YcnoBumcA, YTO HU OJIMH U3 3THUX IIyTell Helb3A MpoberaTh B JBYX Ha-
npaBleHUAX, MHaye ToBOPA: WIK Bce HalpaBleHUA NMyTeill COOTBETCTBYIOT
NIOJIOKUTENbHON AyTe, WU e 6ce OHU NpoberaioTcAd B NPOTUBOIOI0HHOM
HanpaBieHuu. BoT kak MblI IpoBejieM BbIOOP Mexu Ay 3TUMU JABYyMA corjaluie-
HUAMHU: BeTBU X = T, KOTOpble IPUMbBIKAIOT K BHEIIHe! IrpaHUYHON OKPYHi-
HOCTH & = @, UMEIOT OJUH U TOT #e 3Hak (cp. §3), Toraa Kak Te, KOTOpbIe
OPUMBIKAIOT K & = b, IMeIOT NPOTHUBONOJOHbINA 3HaK. Eciu Bce mepBble
NOJIOMHUTENbHbl, TO Mbl YCIOBUMCH, YTO BCe NMYTHU AON#HBI NpoberaTbcA
B HallpaBJIeHUU MOJOMUTENbHBIX AYT; B IPOTUBOIOJIOMHOM cilydae OyneT
UMeThb MecTo oOpaTHoe.

Urar, BCAKUN HAKJIOHHBIA MyTh, NPUMbIKAOMUI K = b (KOoTopbIii
COOTBETCTBYeT IIPU CIPAMIEHHOM H300paieHuHd caMOMy HU3KOMY YPOB-
HIO, a IPU KPYTI'OBOM H300pa:eHUN — BHYTPeHHell IPDaHU4yHOl OKPYH#HOC-
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TH), JOIKEH NPO6eraThbCA BBEPX; BCAKUN HAKIOHHBIN Y Th, IPUMBIKAIOIIUT
K & = a, npoberaeTcd BHU3.

llns Toro uToGbI Hallla TEOpeMa OKa3alnach CpaBe/IuBOi, T. €. I TOT0
4yT006bI cynlecTBOBal KOHTYP C, docmamoino, 4mo6bl MOHCHO ObLIO 8EPHYMb-
CA K ucxodHoll moyke, npolida nymu cemu 6 npednucaHHOM HANPABAEHUU.

Otciofia BeITEKAET Cileaylolee IPaBUI0: HA30BeM Mynukom N06oi y3en
CeTU, K KOTOPOMY CXOJATCA HEKOTOPbIe IYTH, HO U3 KOMOPO20 He 6bLrodum
Hu 00un nyms. UcKIl0UMM U3 Hallell ceTH Bce TYNUKU, a TaK#e BCe MyTH,
nomnajamonire B HUX. Mo#eT CIyYUThCA, YTO U3MEHEHHAafd TaKkuM 00pasoM
ceTb Gy/leT colepKaTh TYNUKHU, KOTOPbIE He MPUHA/IEHKANU K TIePBOHAYANb-
Ho#l ceTu. MbI GyJeM onepupoBaTh C 3TUMH UHOYUUPOBAHHBLMU TYHTHUKAMU
TaK, KaK C NepeuiHbLMU, U TPOJOHIM Hallle OlepupoBaHUe, MOKA He BbI-
Hy#/IeHbl GyleM 0CTAaHOBUTBCA, UYTO MOMKET MPOU3OUTH B ABYX CIyYafX.

1. MoskeT okasaThbCA, YTO MbI BHIHY#/I€HbI OCTAHOBUTbCA, UGO TPUAEM
K MoaudUIMpPOBaHHON ceTH, KoTopad Gonee He OyIeT colepKaTh TYNUKOB,
HU MHAYUHMPOBaHHBIX, HU NMEPBUYHBIX. B 3TOM ciyyae Hama Teopema GyeT
JoKa3aHa JlIfl paccMOTpeHHoro npeobpasoBanud T'. [elicTBUTeNbHO, GyneM
HCXOJUTh U3 KAKOro-1u6o y3ia: 3T0 BO3MOKHO, TaK KaKk 3TO He TYNUK; Mbl
npubyeM KO BTOPOMY Y3y, OTKyZJa ONATb-TAKU CMOeM BbIATH. Bynem
HpoAo#aTh TAKUM 06pa3oM JI0 TeX Mop, 0OKa He BepHEMCH K y3iy, uepe3
KOTOPBIil MbI y#e MPOXOAUIH, YTO JONHHO MPOU30MTH, TAK KaK YUCIO y3-
10B KoHeuyHoe. T'akuM 06pa3oM, MbI ONUIIEM 3aMKHY ThIil KOHTYP, Ipo6eras
BCe MYyTH B COOTBETCTBUU C MPEANUCAHHBIM HalpaBlIeHUEM, U 3TOT KOHTYD
6ynet koutypom C.

2. MoskeT ciayuuTbef, YTO MBI OCTAHOBUMCH, TaK KaKk HcYyepraeM Bce
y3abl. Torga MoskHO 6b1I0 GBI JOKa3aTh, UTO CYILIECTBYIOT Takue Hpeolpa-
3oBaHudA T', 1A KOTOPBIX Hallla TeOpeMa He CIpaBe/lIuBa.

Nrar, Mbl JOMMHBI [JeficTBOBaTh CIeAYIONUM 00pa3oM: HEO6X0AMMO
HOCTPOUTH BCEMM BO3MOMHBIMH crocob6amu KpuBble X = &, co6ai00as Npu
BTOM ycao8us §8; 3aTeM MbI MOCTPOUM CETh, ONpPEJENeHHYIO BbIllie, U Gy-
JieM [eiicTBOBaTh ¢ Helo OMMCAaHHBIM MopAAKoM. Eciu B 11060M ciyyae Mbl
BBIHY#/IeHbI OyJeM OCTAHOBUTHCA B COOTBETCTBUHU C MEPBBIM CIydaeM, TO
Hallla TeopeMa CIpaBelJNBa; HO Jlane OJHO-eJUHCTBEHHOE UCKII0OYEeHUE J0-
CTaTOYHO [JIA JOKAa3aTelbCTBa ee HEBEPHOCTH.

§12. YacTHble ciyuyau
Ilepswiti wacmuwill cayyail. IlepBblit YacTHBIN clydail, KOTOPBIA HaM
IIPEJCTOUT PACCMOTPETh, 3TO CIyYail HopmMarbHOo20 pacnpedenerus, T. €. TOT,
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KOT'Jla TOYKU IepecevyeHUs Kamaoil U3 KPUBLIX & = ¢ C coomeemcmeyiouiell
KpuBoit X = ¢ pacnpejeleHbl HOpMalbHbIM 06pa3oMm B cMmbicie § 4. Huaue,
YTO CBOAMTCA K TOMY e, 3TOT TOT CIydaii, Korga HOMep KamIoil BeTBU
paBeH ee paHry (U Korja, ciefloBaTelbHO, HeT HU 06PaTHOTO OCHOBaHKA, HU
06paTHOlN BepIINHEI).

B sTom ciayuae A yTBep#aalo, YTO Hallla ceThb He COJAEPMHUT TYINHU-
Ka U YTO, Clle[0BaTelbHO, MOKHO NocTpouth KOHTYp C. [leiicTBUTENbHO,
eciy Mbl paccMOTpuUM KpuBylo X = ¢, To 3Ta KpuBaA He GyaeT cozep-
JKaTh HUKAKOU ONpeJeNeHHON Oyru, KpoMme 3JIeMeHTapHbIX YT, KOTOpble
OJHOBPeMeHHO Oy IyT HEPBUYHBIMU M KOHEUYHBIMU U KOTOphIE MONEPEMEHHO
GyAyT MOJOKUTETbHBIMU U OTPUIATENLHBIMU (€CIU JOTOBOPUThCA Mpobe-
ratb X = ¢ B HanpaBieHuu Bozpacramomux V). Hernoyenne 6yaer, Koraa
KpHUBafA T = ¢ KocHemca KpuBoii X = c u, ciefgoBaTenbHO, KpuBoit X =z
B OCHOBaHMM UIU B BeplinHe. [leiicTBUTeNbHO, B 3TOM clyyae JBe U3 TOUYEK
nepecevyeHUs CONbIOTCA, dlleMeHTapHasA Ayra, coeIMHABIIaA OJHY U IpYyTyIo,
HCcYe3HeT, TaK UYTO MbI NOJYYHUM JIBe MoclefoBaTelbHble IYTH OJHOTO U TO-
ro e 3HaKa. ITO 3HAUUT, YTO U3 ABYX IOPU30HTANbHBIX MyTell, KOTOpbIe
3aKaHuYMBalOTCA B OCHOBaHUM WU B BeplIMHe, OJUH yjAaladeTcA OT TaKoii
TOYKH, a BTOPOi NpuUbIuxaeTCA K Heil.

Urar, 31ech He MoeT ObITh TYNUKA B y3ie, He ABIAONUIEMCH HU OCHO-
BaHNEM, HU BEPUINHOI, TaK KaK ONVH U3 JBYX HAKJIOHHBLIX IyTeil, KOTOpbIE
TaM 3aKaHuyuBalOTCA, yAaldeTcA; OTHAKO ero He MOeT ObITh TaK:ke B OC-
HOBaHWM UM B BeplIMHE, TaK KaKk OJUH U3 JBYX FOPU3OHTAIbLHBIX IIyTel,
KOTOpble TaM 3aKaHUYMBAIOTCA, yaaldeTcH.

Bmopoti wacmuuiil caywai. llpenmonoskuM, 4To y Hac ecTh JUIIb JBa
Buja KpuBbIX X = x: KpuUBble L, MpUMbIKalONINe K BHeIIHell OKpY#HOC-
TH T = a, ¥ KpuBble K, npuMbIKaomue Kk x = b.

[Ipennonoxum, yro, npoberasa KpuBble L OT 0OJHOr0 KOHIIA [0 APYTOTO.
Mbl BCTPETUM BeTBM IOCTOAHHO BO3pacTalollero paHra, U 4To Tak ke 00-
CTOUT fello npu npoberanny KpuBbix K. (3To ciiyuuTes, B 4aCTHOCTH, eCIu
MbI NPEIION0MIM, UTO HU B OJIHOI Touke KpuBbIX L u K KacaTelbHad, Ipu
CIPAMIEHHOM H300paeHnu, He GyIeT BepTUKAIbHA.)

YcTaHOBUB 3TO, Mbl CMOeM MOCTpouTh KoHTyp C' ciegywomum o6-
pasoMm: nycth L' u K' npeo6pasoBanusa kpusbix L u K; npu npoberanuu
KpuBoit L clieBa HampaBo (Ha CpAMIIEHHOM U306paseHnn), Bce BETBU, IPO-
Geraemble BHU3, Oy 1Y T, HApUMep, YeTHHIMH (T. €. Y4eTHOTrO HOMepa UIU paH-
ra), a Bce Te, KOTOpble GyAyT NpoGeraTbcA BBEPX, OKAKYyTCH HEUETHBIMU;
A KpuBbIXx K Bce GyneT Hao6GopoT.
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Kpussie L cMoryT uMeTb JUIIb YeTHbIE OCHOBAaHUA U HEUETHbBIE BEPIIH-
HBI, ClIeIOBaTeNbHO, y HUX He OyJeT H1 0OpaTHOr0 OCHOBaHUA, HU 00paTHOI
BEPIIUHEI, T. €. 3JeCb HOMepa CleAYIOT B TOM e NMopAAKe, uTo U paHru. Ec-
1, Hao60pOT, OKameTCA, YTO Ha KPUBBIX L HUCXOAALIMEe BEeTBU HEUeTHBI,
a Ha KpuBbIX K OHU OKaMyTCA YEeTHBIMH, TO B ciiyuae KpuBbIx K HoMmepa
O6yoyT cieJoBaTh B TOM ke MOpAJAKe, YTO U PaHTH; 0JHAKO Oy/JeM cUUTaTh,
4YTO Iepe] HAMM IepBbIH ciyyvaii.

Ternepb fi MpeANooMxy (ocTaBafch MpU CIPAMIEHHOM H306pameHnn)
uyTo KpuBble L' — cBerAmuecd, a kpuBble K — MaToBble; KpuBble L Gy-
OyT CBETUTbCA, HO HU OJIHA U3 UX TOYEK He GyleT MCIYyCKaThb CBET BO BCEX
HallpaBleHUAX; OHA CMOMET UCIYCKaTh CBET JMHIllb TOPU30HTANbHO (Hampa-
BO eciii KpuBble L oTpunaTenbHsbl, a KpuBble K MoM0UTENbHBI, HATIEBO —
B IPOTHUBOMOIOMKHOM ciydae). Bece mpoucxoput Tak, Kak eciu 6bI B KaK 101
U3 3TUX TOUEK HaXoJu/cA MaleHbKUI napaboianyeckuil pediaerTop, oT6pa-
ChIBaIOI[MI IyUYOK NapaiienbHbIX dydeil. IIpu aTuXx ycnoBuax yacThb mioc-
KocTH Oy/leT ocBellleHa, 8 YacTh OKaMeTcA B TeHU. | panuya menu u 6ydem
He wmo unoe, kak xonmyp C'. fI He MpUBOKY JOKA3aTelbCTBA, TAK KaKk OHO
IJIUHHOE.

Tpemuil wacmuuill cayvail. UMeoTcd numb ABa BUga KpuBbIX X = x:
KpuBble L, IpuMbIKamomue K £ = a, KpuBble K, npumbikaomue k x = b. Ha
Ka /10l U3 3TUX KPUBBIX, IpU MpoGEraHuu UX clieBa HallpaBo, BCTPeYaloTCA
BETBU C NOCTOAHHO BO3pacTalOI[MMKU HOMEpPaMH.

AToT cayyail o oTHomenuio kK T~! cocTaBiafeT TO #e, YTO BTOPOI 10
orHoueHuo K 7. CliegoBaTenbHO, MO#HO MOCTPoUTh KOHTYp C” (13 KoTO-
poro mozHo nonyuuth C u C'), paccmaTpuBas KpuBble K, Hanpumep, Kak
MaToBble, Torja Kak KpuBble L 6yAyT HcIycKaThb FOPU3OHTalbHbIE CBETO-
Bbl€ JIy4YM B MOAXofdAleM HanpaBienuu. ['panuueil Tenu 6ymet koutyp C".

§13. IloAcHeHUA K pUCYHKaM

Kpome Tpex ciiyyaeB, pacCMOTPEHHBIX B IIpebIAylileM naparpade u 06-
NafalomuX HEKOTOPO OGIIHOCTBIO, Ai U3YYNI TaKk#He GONbINoe YUCIO YacT-
HBIX CllyYaeB, U MHe Bcerja yaaBajioch noctpouts koutypst C, C', C", C".
He npuxoauTca U AymMaTh O TOM, YTOOLI IPUBECTH 31€Ch BCe 3TH CIydau;
HEKOTOpbIe IPUMephI NpeAcTaBleHbl Ha IPUIOKEHHbIX 31eCh PUCYHKaX, KO-
TOpbIe Hy#/JAalOTCA B HECKOJIbKUX NOACHEHHAX.

fI Wcnonb3oBan cnpAMIEHHOe M300pajskeHne; Mbl 3HaeM, YTO Ha 3TOM
n300paseHn KpMBble BOCIPOU3BOJATCA NEePUOAMYECKH, TaKk Kak Koraa y
NEPeXoauT B Yy + 27, NodydaloTcd Te #e QUTYpbl; A Jaedr mMoabko 00uH
nepuod, ¥ HeTPyAHO 106aBUThL OpyTHe.
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KouTyp, npefcTaBieHHbI Ha Ka#aoM pucyHke, — koHTyp C”, o6paso-
BaHHbIN gyramu X = T U Ayramu T = ¢, peACcTaBIeHHbIMU TOPU3OHTAb-
HbIMU OTpe3kamMu. 'paHUYHbIE TOPU3OHTHI & = @ U & = b AaHbI CILIOMHBIMU
JUHUAMY mak se, kakx u xouwmyp C"; naoGoporT, yacTb KpuBblx X = =,
He BxogAmux B coctaB C”, nana mynkTupom. Iludpa, HaxonAmagsca 0KoIo
Kamoii BeTBu X = x, ABnAeTcA ee HoMepoM. Oroio Kamaoil kpuBoit X = x
CTOUT 3HAK + WIM —, B 3aBUCHUMOCTH OT TOTO0, NOJNOKUTENbHA JIU OHA WU
oTpuLaTelbHa.

HeTpynHo npoBepuThb Ha Ka#JI0M PUCYHKE, UTO MIECThb YCIOBUIA § 8 BbI-
MOJIHEHbI; I/ IPOBEPKU MEPBOT0 YCIOBUA MOKHO CIeNaTh ceuyeHue Mpous-
BOJILHOU TOPU30HTANBIO U MOIYUYUThH TAaKMM 00pa3oM INOCIeNoBaTelbHOCTh
HOMEpOB B OIpe/ieIeHHOM MOpAKe, YyYNThIBAA IHUIlb BETBU, MepecevyeHHble
9TOI rOPU3OHTANbIO; 3aT€M CTAaHET BUIHO, YTO €Cld HAYePTUTh KPUBYIO,
KOTOpafd NepeceyeT rOPU30HTANbL B COOTBETCTBUU C MOPAJKOM HOMEPOB TO-
YeK IepecevyeHud, TO 3Ta KpuBafA He GyleT caMollepeceKaThCA.

Yro KacaeTcA BTOPOro YCJIOBHA, TO MOMHO YCTaHOBUTb, HallpUMep Ha
puc. 14, yto B BepmnHe 63 cxonAaTcaA BeTBH 6 U 3, HO YTO NMOCKOJIbKY Bep-
muHa 45 HaxoJUTCA HUMe, TO FOPU30HTAIbL BepIIMHBI 63 He BCTPETUTCA
c BeTBAMH 4 U 5, UTO Ha 3TOM ypOBHe HoMepa 6 U 3 oramkyTcA IOclIe0Ba-
TelbHbIMU.

OTHOCHTENbHO TPEeThero YCJIOBHA: MOMHO YBHJEThb, HalpuMep Ha
puc. 8, uTo ocHOBaHue 98, ABnAIONIeecA 06paTHbHIM, HEUETHOE, TOrJa Kak
BepiuuHa 87, Takme oOpaTHas, YeTHaf.

fl He 6yny ocTaHaBIMBATLCA HU HA YETBEPTOM, HH Ha MATOM YcCIO-
BUU, IPOBEPUTH UX cobarofeHue nerko. Yto KacaeTcA MIECTOro yclIoBUA, TO
BO3bMeM [JIAl TpuMepa puc. 21; 31ech Mbl BUAUM, UTO BETBU 8 U 7 MON0MU-
TelbHBI, 8 BeTBU 3, 6, 5, 4 — oTpULlaTelbHbI; PAHT NEPBBIX ABYX MEHbIIIE,
HO IOCKOJbKY 3TO BETBH caMoro GoJabuoro Homepa (M camoro MaleHbKOro
paHra) ¥ OHU NOJNOMUTENbHBI, TO yCIOBHE BBINOIHEHO.

[IpeanonosumM, 4TO HaIl KOHTYp IpoberaeTcA cieBa HampaBo. B aTux
yenoBusax ayru X = x, cocraBngawomue yactb C', u n1yru & = ¢ Toro e ca-
MOr'0 KOHTYypa WU, CKopee, COOTBeTCTBYoIHe 1yTu X = ¢, OKa3bIBalOTCA
BCe ONpeJe/eHHbIMU U OJHOr0 3HaKa, 8 UMEHHO:

OHU MOJOMUTeNbHbI Ha puc. 5-7, 10, 11, 18, 20, 23;

OHU oTpHIAaTelbHbI Ha puc. 8, 9, 12-17, 19, 21, 22, 24.

JleficTBUTENbHO, HANpUMep, Ha pHUC. D MOMHO BUAEThb, UTO MOJNOMKU-
TelbHble BeTBU X = & NpoGeraioTcA ¢ NOAbEMOM, a OTPULATENbHbIE — CO
CIIyCKOM.
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Puc. 5 Puc. 6

Puc. 13 Puc. 14
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Puc. 21 Puc. 22
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C apyroil cTOpoOHBI, IyT'U & = ¢ WIHU, CKOPee, COOTBETCTBYIOIINE Y-
ru X = ¢, BonHe onpejeieHHbl. PaccMoTpuM, HanpuMmep, puc. 5. 31ecb MbI
BU/INM TDPH 'OPU30HTAIH; EPBYIO, 1 ee 0603HaUy 12, KoTopas UJET OT BeT-
BHU 1 K BeTBU 2; BTOpPYlO, KOTOpaf UjeT oT 3 K 4; TpeThbl0, KOTOPad BHIXOJUT
OT BETBH D, U, B Cllyuae NPOJOJKEHUA, Noluia 6bI K BeTBU 0] HOMepoM 6
(He mpeACTaBIEHHOM HA PUCYHKE), OTINYAIONIEHiCA Ha OJUH MEPHOJ OT BET-
BU 10oJ HoMepoM (). ITa rOpU30HTANb 3aKaHUNBAETCA HA PUCYHKe B A, HO ee
ciefoBano Obl HOMOIHUTH FOPU30HTAIbLHBIM OTPE3KOM, KOTOPBIi OTIMYaNCH
Obl Ha IEpPHOA OT U306paEeHHOr0 Ha PUCYHKe, KOTOPbI UJET OT TOYKU B
K BeTBH (. Bce 3T ropusoHTanu coOTBETCTBYIOT 3JIeMeHTapHbIM AyraMm,
U, clefoBaTelbHO, ABIAIOTCA OllpelelleHHbIMU, TaKk Kak HOMepa UX KOHI[OB
nocienoBaTenbHbl. To #e camoe OymeT u [IiIA puc. 8, Hanpumep, LA To-
pU30HTanU 25, Tak Kak HOMepa 2 U 5 ABJIAIOTCA MOCJel0BaTeIbHbIMU Ha
YPOBHe 3Toif rOpU30HTall, KOTopas He NepecekaeT BeTBeit 3 u 4.

Pacemotpum Tenepnb puc. 9. Ecniu npogauth ropusoHTans 69, To oHa
nepeceyeT HeKOTOpble BeTBU X = x, HO HU OJIHOI TOUKU IepecevyeHUsA He
oRraeTcA Memay 6 u 9; crenoBaTeNbHO, paH2u KOHLOB ABIAIOTCA NOCIeN0-
BaTelbHBIMH Ha paccMaTpUBaeMoM ypoBHe. IITak, cooTBeTcTBYylolLlas Ayra
ONATh-TaKU OKasbIBaeTcA omnpefaeneHHoii. Ha puc. 19 ropusonrtans 10.13,
KoTopad uget oT BeTBu 10 K BeTBU 13, oTauyafAch OT BeTBU 1 Ha OAUH
[EPUO/I, TOKE COOTBETCTBYET ONpeJeNeHHOI nyre; NeiiCTBUTEIbHO, MEeKAY
roHnamu 10 u 13 HaxoaATcA TOYKM NepecedeHUA b U 4, HO UX HOMepa He
3anatovarorcd Mexay 10 u 13. OTciona cieayer, 4TO COOTBETCTBYIOIIafd
ayra X = c He nepeceraeT cBOei Xopabl (Ha COPAMIEHHOM U306paMeHin).

OcTraeTca onpeaenuTh 3HaK 3TUX pas3HbIX AYT. fl Bo3bMYy B KayecTBe
npuMepa puc. 8; Ayra 25 oTpulaTelbHa, Tak Kak oHa npoberaeTcA cieBa
HampaBo, a 2 — 4YeTHO U < 5; 67 oTpullaTenbHa, Tak Kak oHa npoberaeTrcad
cleBa HampaBo, a 6 yeTHoe u < 7; 78 oTpulaTenbHa, Tak Kak oHa mpobera-
eTcA BleBO, a 7 HeueTHO U < 8; HakoHel, 10.11 oTpunatenbHa o TeM ke
npu4yuHaM, 4yto u 25 u 67.

Puc. 5-7 cooTBeTCTBYIOT mepBoMy yacTHOMY ciydaio §12 (Hopmainb-
HOe pacmpejeleHue); puc. 8 U 9 COOTBETCTBYIOT TpeTbeMy ciydvaio §12;
3lech JIeFKO pacno3HalOTCA KOHTYPhI TeHH, oNpefielleHHbIe B TOM Naparpa-
¢e; puc. 10, 11 u 20 coorBeTcTBYIOT BTOpoMy ciyuawo §12; puc. 10 u 11
BLIBOAATCA U3 8 u 9 nepexogoMm oT T K obpaTHOMY npeoGpasopanuio T 1.
Hakonern, puc. 12 u 13 nokasbiBaloT, KaKk KOHTYPBI TeHU § 12 HONMHBI BU-
JNOU3MEHAThCA NP NMOABIEHUU 0CMP080s, T.e. KPUBbIX X = &, 3aMKHYThIX
B Y3KOM CMBICJIE.



FTETTUHTI'EHCRHUE JIERIITUU

IIpeauciaoBue

leTTUHTeHCKUIT YHUBEPCUTET 00paTUICA KO MHE C JIECTHBIM IpPeJoe-
HUEM BBICTYNHUTH Ilepe]] YUEHOH ayJUTOpHell ¢ HOKIaJaMu 10 Pa3iuyYHbIM
BOIpocaM YMCTOrO0 aHalKl3a, MaTeMaTHuyecKol ¢hu3uKe, TeOpeTUUeCKOil acT-
pPOHOMUU U purocoduu MaTeMaTHURU; IPOYNTaHHbIe MHOI 110 3TOMY ClIy Yyaio
nyGauvHble JeKIUuUu ObLIM 3amucaHbl HECKONbKHUMHU CTYJE€HTaMH, KOTOpbIE
1100€3H0 MCHPABUIN MHOT'OUUCIEHHbIE NMOTPEUIHOCTH, NOIYIeHHbIe MHO
NPOTUB HeMenKoil rpaMMaTHUKU. Bbipasalo UM MOIO HCKpPEHHIOIO NpHU3Ha-
TEeNbHOCTD.

[onb3yAck ciryyaeM, IPUHOIIY YUTATEIbCKO ay JUTOPUY CBOU N3BUHE-
HUA 38 KPATKOCTb, C KOTOPO# ObLIM PacCMOTpPEHBI 3aTPOHY Thle MHO Mpo6-
aembl. fl pacnonaran auub BecbMa orpaHUUYeHHbIM BpeMeHeM U 1o Gonbiieit
YacTU MOT U3JOMUTh JUIIL OCHOBHYIO UJEIO IONYUEHHBIX pe3yibTaToB U
OCHOBHbIE IIPUHIINIBI, HA KOTOPBIX OCHOBAaHbI I0KA3aTelbCTBa, He BAaBafAcCh
B JeTalll caMUX JI0Ka3aTelbCTB.



ITOKJADl IEPBBIN
06 ypaBHeHUAX ®PpeAroabmMa

Kak HN3BECTHO, pelleHrneM HHTerpajbHOro ypaBHeHUA

b

o(x) = /\/f(a:, y)e(y) dy + ¥ (x) (1)

CJIyH{I/IT HHTeraanoe ypaBHeHHe TOI'O He pO,E[a
b

plz) = P(x) + A f $(y)Gla, y) dy, (1a)

rue
_ N(z,y; M| f)
=0T

N3 Teopuun ®pearoabma Mbl 3HaeMm, 4yto N u D — [Be Iielible TpaHCIEH-
JOeHTHbIe GYyHKIUU oT A. UToObI BhIMKMCcAaTb UX pasiomeHUA B ABHOM BHU]E,
L1y L2y eee gy Ly
Y1, Y2y -+« 5 Yn
TEePMUHAHT, 00Kl BleMeHT KoToporo ecThb f(x;, yx). [onaras

b b b
p— f L1y L2y ooy Ty d:cl dﬂ.’?z
" L1y T2y ey Ty ’
a a a

o6o3nauum, cienyd @pearonbmy, yepes f N-pAAHBIA Je-

nojgy4daeM

IIpeobpasyem 3T0 ypaBHeHHe, 00pasyfl ¢ MOMOLILIO <UTepPalnui» ALPO, BO3-
HuKaiowee u3 f(z, y). Eciu nonomuts

f(xaa .”Eg) f(xﬂv x’y) . "f(xz\a xu) f(xlm xa) = f(xcn T ooy T,y xu)a



06 ypasnenuax Ppedeoavma 153

L1y e 9 Ly
L1y e 9 Ly

Z:I:Hf(a:a, ey Xy,

KaR cjleqyeT HeloCpeJCTBEHHO U3 pal/ioseHUuA JeTepMHHaHTa. HyCTb

TO ACHO, YTO f ( ) npuMeT BU

b b
by :/.../f(:na, cooy ) deg .. ody,

rae k o3HavaeT 4uCIo InepeMeHHbIX UHTeIrpupoBaHUA. Torpga rar HeTpyaHO
BUIEeTb, Mbl MO €M TaRHe IOJIOHKUTH

b

by = /fk(:zr, x) dx,

a

eCJIv 1ona

b b
fk(mv y)://f(mv ma)f($a7mﬂ)---f($)\7y)d$a ... dzy

INOHMUMAaThb k-HpaTHO HHTerpupoBaHHoOe ANPO.
B CUJYy BbINMWCAHHBLIX BbIIIE COOTHOIIIEHUN UMeeM:

an:Z:l:ku.

3aMeTHM, YTO HEKOTOPbIe U3 BEIUYHH by, BXOOAIUIUX B NpPOU3BEJe-
Hue [] bx, MOryT oKasaThcA PaBHBIMU U YTO, KPOME TOr0, HEKOTOpbIE U3
npousselenuit [| by Tar#e MOTyT OKa3aTbCA PaBHbIMU, 4 UMEHHO Te, KOTO-
phble MOy YalTCA OJHO U3 APYTOro MpU IepecTaHOBKE &;, B pe3yIbTaTe Yero
U3 KOMOUHATOPHBIX cOOOpasKeHUuil JA a, ToNydaeTcA BhlpaskeHUe BUJa

_ n! _1yetly 19 7(_1\8+1y 10 [(_1)7+1p 1€
0= 5 ot 0 [P [
ax cy+...=n

a Tanme

A%, \ * Mbs\® [ Ab,\°
D)= 3. a!b!i!...(_ a ) (_Tﬁ> '(_ 77>

a,b,c,...
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TO ecThb o A%,

", cilegoBaTelbHO,

logD(A) = — /\(;ba, (2a)
D'(A) __ Z)\a_lba' (2b)

Yucaurtens N(z, y; \) dyukuun G(xz, y; \) MOMHO ONPELEIUTb COOTHOLIE-
HUEeM

N(z, y; A) = D(A) - Y A" faga(w, y). (3)

ITH COOTHOIIEHHUA, YCTaHOBIEHHbIe elle PpearoibMoM, BecbMa I0JIE3HbI B
KauyecTBe MCXOJHOr0 IIyHKTa MHOTHX PaccMOTpPeHMil, KOTOpble MBI Mpoje-
MOHCTPHUPYEM IIUIIb Ha HECKOIbKUX IpUMepax.

Metox ®pearonbMa HenmocpeACTBEHHO MNPUMEHUM TOJIbKO K TaKUM
agpaMm f(z, y), KOTOpble OCTAIOTCA KOHEYHbIMH. ECIu AIPO B HEKOTOPBIX
Toykax obpaijaeTcA B 6€CKOHEYHOCTb, TO MOKeT NpeAcTaBUThCA ciayuyaii,
YTO KaKOe-TO UTepPUpOBaHHOE ANpO, Hampumep, fn(z, y), ocTaeTcA KoHeU-
HbIM. B 3TOM ciyuyae uHTerpanbHoe ypaBHeHHe ¢ UTepHPOBaHHBIM ALPOM
MOeT ObITh pelleHo mo MeTony ®@pearonbma, U, Kak nokasan Opearoiabm,
nepBoHaYalbHOE MHTerpanbHoe ypaBHeHue (1) MomeT GbITh CBEJEHO K Ta-
KOMY ypaBHEHHUIO ¢ UTEePUPOBaHHBIM AApoM. Pelenue Take gaetca ¢op-
Mynoit Buja (la), TOIbKO Ha 3TOT pa3 clefyeT MONOMKUTh

_ Nl(xa Y3 )‘)
=Dy
rge
Dy(X) = D(A" | fn)
n

Ni(z, 3 A) = Du(X) - D A frpa (2, ).

IIpu atom N; u D,, — cHOBa leible TpPaHCUEHJEHTHble QYHKIUHU OT A;
OJHAKO OKa3bIBAETCA, YTO OHU 00JAJAIOT OGIIMM JelUTeNeM; Mbl XOTUM IO~
Ka3aTb, KAKUM 00pa3oM 3To cieayeT u3 Hamux gopmyn (2) u (3) u Kar
HONYyYUTh MpejcTaBieHre MepoMopbHoi ¢yHKuun G B Bule ApPoOU, yuC-
IUTelb ¥ 3HaMeHaTelb KOTOPOil — lejble GYHKINY, He UMelolue 06Iero
JeTuTen.
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W3 uamero npeamnoioeHdus OTHOCUTENIbHO UTEPUPOBAHHBIX ALEp Clie-
OyeT, 4To K03 GUUHMEHTHI by, byt1,... KOHeuHbl. Eciau Temepb MbI, cienyd
cooTHoleHuo (2a), o6pasyem pax

Ky = —ale g Dot

n+1
TO 9TOT pAd CXOOUTCH. HOJIO?HI/IM Tenepb
K h
e’ YN fria
G, y; \) = —=—F——;
e

Mbl yTBep:kjaeM, uTo 3Ta ¢popMyia jaeT TpebyeMoe NpecTaBleHUe.
Urobbl MOKa3aTh 3TO, Heo6XOAMMO yGeauThcA B ToM, uTo eX wu
K STAPHLf, L) — nenvle dynkuun.
dK

Jlns saToro oGpasyem e HeTpynHOo BBIUUCIUTE, YTO

k=n—1

dK(O) Nl(m v) wikt [ N1z, 9)
(KD S // fula, y) do dy.

OTcioga MBI 3aKkjI04aeM, uTO % — MepoMopdHad QYHKIMA OT A, Tak
Kak OHa obliajaer caMoe Golnbliee MOMIOCAMK B HynAX 3HaMeHarend D, (\),
T.€. B TOUKaX A = a- \;, I'le & — KOPeHb N-ii CTeNeHu U3 eJUHUIIbI, a \; —
coGcTBeHHOe 3HauyeHue Aapa f,. Mo#HO MOKasaTh, YTO B 3TUX BO3MOM-
dK
d\
B 3aBUCHMOCTHU OT TOr'0, BhIGpAHO JIU 3HadeHWe « = 1 wiu « # 1. Mbl

He cTaHeM NPUBOAUTHL 3JeChb COOTBETCTBYIOUIHWE BbIYHUCICHHA; BOCIIOJb3Y-

Ni(z, y)

eMCAl TeM, UTO NMPU A = Ay BbIUET (PYHKIUU —p_ basen ok () (y),

HBIX TOYKAax pacxoguMOCTH BbIYeT Komu HpOI/I3BO}1HOI/I paBeH 1 wim 0

rle @k, P — COOTBETCTBYIOIIUE A = A coOGcTBeHHble (PYHKUUU, YIOBIE-
TBOPAIOI[UE YPaBHEHUAM

b

/ k(@) fo (4> ) d = AgP 01 (1),

a
b

/ Ui (2) o 2 1) dz = NPk ().

a
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Orciona caenyer, uto eX(Y) — yenas TpancuengentHas dpynkuns, opama-
I0IafAcCA B HYJb TOIbKO B TOUKAX A = Aj.

Ecnu Takum e 06pa3omM paccMOTpeTh YucauTelb GyHrnuu G, To cTa-
HET ACHO, YTO OH fAIBNAETCA MepoMopdHoil GyHKIHENH 0T A, KOTOpaA MOMKET
obGpamaTbcA B 6ECKOHEYHOCTh camoe 0ojiblliee B Toukax A = al;. Onna-
KO pacCMOTpEeHUEe BbIUETOB MOKA3bIBAET, UTO HTOT0 HE MPOUCXOAUT U, TEM
caMbIM, 4TO yMcIuTenb ek Z/\h fht1 — TaKKe LenaA TpaHCIeHAEeHTHaA
¢yurnuda. Tem cambiM npuBefeHue PpearoibMoBoil po6GU BbINOJHEHO.

Pasnosxenvie B pAx 4MciauTeld U 3HaMeHaTelA QPearoiibMOBOMi Jpo6u
B TAKOM IIPUBEJEHHOM BHJe MbI MOJIy4aeM, 06paTHBIINCHL K CIOCOBY MO-
crpoenns K (A); npeacTaBifia YuCIUTelb B BUJe

!
O VS

n!

InojgydaeM
1 _ apbic
ay= 3 ABBRHC ...,
aa+bB+cy+...=n
rge ciegyetT IMOJNOMUTDb

0, npu o < n,

b
b, =
“ /fa(:l?, x)dx, npu a > n.
a

AHanornyHeiM o6pasoM ob6pasyercA U uucauTenb. ClegoBaTenbHo, feTep-
MHHAHTHI ClIeyeT Pas3ioMUTh, Kak 0GBIYHO, HO IPU HTOM OTOGPOCUTD Te Yie-
HbI pa3lioKeHNA, KOTOpble cofiepaT MHomuTenb Buaa f(r1, X2, ..., Tk)
C YHCJIOM [IePEeMEHHbIX MeHbIIe 7.

®opmyaer (2), (2a) u (3) MOKHO MCIONL30BAaTh U B TOM cllydae, KOr'ia
kpome anpa f(z, y) Bce UTepupoBaHHbIE fAiipa Take obpamaioTcd B Gec-
KOHeYHOCTb, U MeTod DpearoibMa 3aBefOMO CTAHOBUTCA HENPUMEHHM.
IIycTb, Hanpumep, uucia by, bs, ... ,b,_1 6ecKoHeUHbI, a uncaa by, b,11,. . .
KOHeuHbl. B aTOM ciyuae MoxHO o06pasoBath pax K (A), cnpocuTh, CXOAUT-
CAl M OH, W BBIACHUTD, He npencTapiser du eX (N nemnyio dpynkumio. Mue
yhanoch foKasaTh 3TO B NpPeANONoeHUuH, 4To f(z, y) — cUMMETpUYHOE
AAPO, T. €. 4TO

f(ma y) = f(yv :B)
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HpI/I 9TOM f1 UCIIOJIb30OBaJl COOTHOIIEHUA

bn =Y A",

KOTOpBbIe JO/HBI BBIMOMHAThCA AIA n > 2, Tak Kak [0 TeopeMe Ajnamapa
pon pyukuuu D(\) MeHbiie 2.

JlokazaTenbCcTBO A He NPUBOMY M3-3a HeIOCTATKA BPEMEHH.

IlaAa yucnuTens GppearoibMOBCKOi 1poby A He MPOBOAUI paccy#IeHuA.

HecKosbKoO ¢iI0B A1 X0Ted OblI elle cKa3aTh 06 MHTerpajlbHOM ypPaBHEHUN
nepBoro poaa. Metog ®@penroibMa HeNOCPeICTBEHHO IPUMEHUM K HEKOTO-
PbIM U3 TAKMX ypaBHEHWil, eclii UX NpPeJBapUTEIbHO CBECTH K UHTEr pajb-
HBIM ypaBHEHUAM BToporo pojaa. Hanpumep, paccMOTpuM ypaBHeHue

+oo
[ oWl s 2@ ) dy=io),  (coc<a <o), (1)
rae oyukuua v (x) 3agana, ¢(x) — uckoMaa GYHKUUA, B TO BPeMA Kak

cocraBHasA yacTh f(x, y) Afpa — 3alaHHafd GYHRIUA, yAOBIETBOPAIOIIAA
HEKOTOPBIM MPUBEJEHHBIM HUKE OrpaHMYUTEeNbHbIM ycinoBuaAM. Hckomyio
byHRUUIO p(y) IpeacTaBuUM B BHjE

+o00
o) = [ Bz,
—00
U3 KOTOPOro N0 uHTerpainbHoit Teopeme Pypoe, eciu (x) ynosierBopaer

YCIOBUAM, IPU KOTOPBIX BHINOJIHAETCA 3Ta TEOPEMA, CllelyeT, UYTo o6paTHOe

BbIpaieHnue
+oo

200(2) = [ ply)e= dy.

— 00
CooTBeTcTBeHHO, (1) npeoGpasyercs B

+00 +00

%M@+y//¢@ﬂamfww@=wm

—00 —00
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uim .
2r®(z) + A / D(2)K (z, z) dz = (),
rie -
+o00o
K.2)= [ s pe )

U Mbl IPUXOJUM K HHTErpajlbHOMY ypaBHEHHIO BToporo poga. flapo (2)
JonyckaeT mnpuMmeHeHne Mertopa ®pexaroiabma, Hampumep, ecau f(z, y)

f (z, y) _
u oy pPaBHOMEpHO M0 2 NPU y = %00 CXONATCA K HYJIO, U BBIIOJ-
HAETCA HepaBeHCTBO
82
P M
0y? 1442

roe M — KoHcTaHTa, He 3aBucAlad oT x U y. Hampumep, oTHOCUTENb-
HO 7,b(x) JOCTaTOYHO MPEeJNOJNO#KUTh, UTO OHA oOnafaeT JAUllb KOHEUYHbIM
YUCJIOM MaKCUMyMOB U MUHUMYMOB U a6CONIOTHO UHTErpupyemMa B UHTep-
Balie 0T —0OQ 10 +00.

ToT ke MeTOA MO#HO NIPUMEHUTDH K PALY

P(x) = Z Anm [eimz + M ()]
(m)

npo6iemMa Bo3HUKaeT, eciu (x) u ¢yHruuu 6,,(r) samasbl, a Ko3hdu-
HMeHTH A,, TpebyeTcA BHIYUCIUTL TaKUM 06pa3oM, 4TOGLI MMeIO MeCTO
BBLINKMCAHHOE BhIIIE pasioxeHue. Eciay padee peub mua 06 0606LIEeHUN UH-
mezpaabroli meopemvt. Dypve, To Tenepb HaAM NoHaHO6UTCA 0600IEHNEe pAda
Dypoe.

HopcraBasas p(z) B Buge

27
p(z) = ZAmeimz; 2r Ay, = /tp(z)e—imz dz,
(m) 0

noixyvyaemMm
27

0l = 9@ + e [0 Y e o)

0 (m)
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OTHocuTenbHO pAfa, BRICTYNAIOUIEro 3[ech B PONU AApa, ClelyeT NMpeano-
JIOMUTD, UTO OH CXOAUTCA aGCONIOTHO U PABHOMEDPHO, T.€. YTO PAA

> ()| 3)
(m)

CXOOUTCHA paBHOMEpPHO.
Hanpnmep, €CJIU IIOJIOMUTH

A=1, O,(zx) =eFn® —ime,

TO MOJNYUYUTCA pazjoxeHrue Buaa

P(x) = E A ettn®,
(m)
Ycnosue (3) Gyner BBINOIHEHO, €CIU MbI MPEANONOMKUM abCOMIOTHYIO CXO-

IUMOCThL pAfa
D (km —m).
(m)
Haxonen, paccMoTpuM elle ypaBHeHHUe

27

/ o) [V + A (2, y)] dy =), (~o<z<+o0),  (4)

KoTopoe oTnryaerca oT (1) TeM, 4To UHTerpan 6epeTcA He B 6€CKOHEUYHBIX,
a B KOHEYHLIX Tpenenax. B aToM ciyyae ¢pyHruUIO () Helb3A BLIOMPATD
IIPOU3BOIbLHBIM 06pasoM: ecad f(xz, y) romomopdHa, To 1)(x) HomHHa ObITH
1eI0fl TpaHCUEeH/JeHTHONH QYHRIKell JJIA Toro, 4ToObl ypaBHeHue (4) uMelno
peuenue. Hao6opoT, 3Hauenus 1) (m) GYHKIUY 1) DU BeeX HeabIX Yuciax m
10 CyllecTBY MO#HO BLIOUPATh IPOM3BONbLHO. JefcTBATENLHO, ey MoJo-
AT

2w
#() =D Ame™, rne 2mAn = /w(y)e"my dy,
(m) 5

TO ypaBHeHHe (4) IIpu r = m nepexoguT B
27

2w 4+ NS Ay [le S, 9)]dy = ().
(p) 0
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Takum 06pa3oM, Mbl IPUXOAUM K cHCTeMe GECKOHEYHO MHOTHX JHHEHHBIX
ypaBHeHHil ¢ 6€CKOHEYHO MHOTUMM HEU3BECTHBIMH, UCCIEeJOBAHUEM KOTO-
pbIx 3aHuManuch Xuii, X. o Kox, I'mnbGepT u np. Pemenue aToil cucre-
MBI, €ClIM MbI IPUMEM OTHOCUTENLHO PAZA

27

> [ s, vyay 5)

(p,m)

[peJoJozKeHre o0 ero abColIOTHONH U paBHOMEDPHOH CXOAMMOCTH, OKameTcA
[OJHOCTbIO aHAJOIMYHBIM (PpeArolbMOBY pelleHHI0 UHTerpalbHbIX ypaB-
HeHUH U, MoJo6HO 3TOMY pellleHul0, OyeT MepoMopdHOoii ¢pyHKLIUell napa-
Metpa A. Ho, kak mokaspIBaeT MHTErpupoBaHMe IO YacTAM, paBHOMepHaA
U abCcooTHaA CXOJUMOCTh pAna (5) uMeeT MecTo, eciid CyMMa

> f(m, 2)

(m)

+00
/ f'(x, z)dx

CX0AATCA abCOMIOTHO U PaBHOMEPHO.

OTyeTAMBO BUAHBI CXOACTBO U pasiauuue ABYX ciydaeB — (1) u (2):
B 3aBHCHMOCTHU OT TOr0, GECKOHEUHbI UJIN KOHEYHBI [pelelbl HHTerPUpoBa-
HUA, WIK OT TOr0, UMeeT JU AIPO B NpelelaXx MHTErDHPOBAHUA CHHIYIAD-
HOCTb [OCTATOYHO BBICOKOTO MOPAJKA WM He MMeeT CHHTYIAPHOCTH, «3a-
HaHHYIO» QPYHKIMIO MOHO BBIGHPATD 110 CYLECTBY NPOU3BOILHBIM 06pa3oM
WM NPHUIKCLIBATL €ii GeCKOHEYHbIN, HO duckpemmuil pAn 3HadeHuil. Bul-
710 6b1 HeGe3bIHTEPECHO HCCIeN0BaTh pasnnyne Mempgy caydaamu (1) u (2)
¢ MOMOMIBIO UTEPUPOBAHNA AApA.

WJIK UHTerpai



IIOKJIA BTOPOM
IIpunoxeHre Teopun UHTErpajbHbIX
YpPaBHEHUIl K MOPCKHUM MpUJIrBamM

CeroiHA i X0Uy MOTOBOPUTH O HEKOTOPHIX MPUJIOMEHUAX TEOPUM HH-
TerpajibHbIX YpaBHEHHiI K MOpPCKUM mnpuiuBaM. B mpomuiom cemectpe s
npoyuTan 06 3TOM ABIEHUU JTEKIHIO.

InddepennnanbHble ypaBHeHUA 3aadyd UMEIOT CIEAYIOMUN B

2N~ 0 (5,00 g2 (00 0ha _ OpOha) _
a) k Z Ox (hl (9:1:) Tk (8:1: dy Oy oz ) ¢ (1)
b g-C=-Np+II+W.

IIpu aToMm MBI mpennonaraem, 4To chepruyecKas MOBEPXHOCTb 3eM-
JM ¢ MOMOIIbIO cTepeorpaduyeckoil MOBepXHOCTH KOH(GOPMHO oToGpaiieHa
Ha (x, y) — miockocTh; k(x, y) — Kod3DPUIMEHT OA0OUA MeHLY II0CKOC-
Thio U cepoii. Pemenue 3agaun o npuinBax Mbl HaMepeBaeMcA MpejcTa-
BUTH B BHJIe IepUOANYeCKUX (GYHKIMI BpeMeHU ¢ U cenualbHO Npearnoia-
raeM, 4To Hamu ypaBHeHUA (1) COOTBETCTBYIOT eJUHCTBEHHOMY MEPUOIH-
yeckoMy ciaraeMomy Buga A cos(At + @), Tak 4YTO A B HAIIKX YPaBHEHUAX
onpejieNfAeT nmepuoj KonebGaHWit; YNOOHO BBECTH BMECTO KOCHHYCa KOMII-
JIeKCHBIE DKCIOHEHIMaNbHbIE BEIUUUHBI U T€M CaMbIM IPEION0MUTh, YTO
Bce HalmM GYHKIUU UMEIOT BUJ

e f(z, y);

JelficTBUTeNbHAA U MHUMafA 4YacTU TAKOTO KOMILIEKCHOI'O pellleHUA AaloT
HaM pelleHUd, uMetomue GU3NYECKUil CMBICI.
DOyuruMA ©(z, y) onpefelfseTcA U3 COOTHOLIEHUA

_)‘290 =V -p,

rae V — ruapoctaTuyecKuil moTeHIMa€, p — AaBleHUE.
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Eciu h — riy6uHa MOpA, TO IyCTh IO ONpeIeNeHUIO
_ h\?

— A2 4 4w? cos? 9’
by = _ 2wicosd < h,

hy =

A
rie ¢ — MHHUMafd elUHUNA, ¥ — MIKMPOTA TOYKU HA MOBEPXHOCTU 3eM-
1M, COOTBETCTByIOmEN Touke (¥, y), w — YrIoBag CKOPOCTb J3eMilH,

¢(x, y) — pasHOCTbL MeH Ay TOMIIMHON CPEJHEr0 U BO3MYIIEHHOTO CI0A BO-
Ib1, T.e. ( > 0 cooTBeTcTBYET OTIUBY, ( < (0 COOTBETCTBYET NPUIUBY.

IIyctb g — ycropeHue cuibl TAmkecTu, W — mnoreHuuan Bo3Mymia-
fomux cuil, H — notennuan, o6ycnoBleHHbIIl NPUTAMEHUEM Macchl BOJbI
tonmuHoi (. Hanpumep, eciu

¢= Z Aanv

TO

rae X, — IapoBble GYHKIUU.

Exununer uamepeHus BbIOpaHbl TaK, YTO IMIOTHOCThL BOJbLI paBHA €lU-
HUlle U paguyc 3eMJIM paBeH eJuHUIIE.

Benuunnoit II B GonbimMHCTBE ciliyyaeB MOMHO NpeHeOpeub; eclIu 3TO
cllenaTb, TO Il ( cpady ke mnoirydvaercA aAuddepeHnuanrbHOe ypaBHEHUE
B YaCTHBIX MPOU3BOJIHBIX BTOPOro mopsakra. YToObl OHO ONpeNeNnaio ¢, He-
06X01MO 3HaTh HEKOTOpPbIe KpaeBbie ycloBuA. Mbl pasinyaeM aBa Ciaydas:

1. Mope o6HeceHo BoibL GeperoBoil TMHUKM BepTHKAIbHON CTEHOM.

B sTom cayuae

0 9 0
an + a0t 5o =0,
dy dy
rge — — HOpMaJjbHasf, a — TaHreHOuajlbHaf IIPOU3BOAHBIE OT .

on ds
2. I'panunia MopA He BepTuKanbHa. Torga Ha Heit

h = 0 u, ciegoBaTenbHo, hy = hy = 0.

B aToM ciyuae KpaeBoe ycioBUe 03HAuUaeT, YTO (GYHKIUA ¢ Ha I'paHUIEe
JOJIKHA 0CTAaBaTbCA PEryNfApPHONA U KOHEUHOM.
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Y1o6bl NIPUMEHUTHL K 3TUM 3ajlayaM METOJbl MHTerpalbHbIX ypaBHe-
HUU, Ipe/e BCEro BCIOMHUM HEKOTOpbIe OGIUe TOJN0KEHNA, YCTAHOBIEH-
Hele ['unb6eprom u I[lukapom nna nuddepennuanbubix ypaBaenuil. [lycte

D(u) = f(z, y)

— nuddepeHnnanbHOe ypaBHEHHE B YacTHBIX MPOU3BOIHBIX BTOPOTO IO-
pAIKa ANd u 3IIUNTHYecKoro Tuna. Torga cyuecTByeT yI0OBIeTBOPAIOIIEe
olnpejieleHHbIM KpaeBbIM YCIOBUAM pellleHUe u, IpejcTaBUMOe B BUJe

u:/f'GdJ',

roe G(z, y; ', y') — odyuruua puna nuddepeHunanrsHOro BbIpasie-
uua D(u), cooTBeTCTByMOmasg TUM KpaeBbIM ycioBuaM; f' — ¢yHK-
uud f(z', y'), do’ = dx’-dy’, u unrerpan Gepercs M0 TON 06NACTH MIOCKOC-
tu (2', y'), 1A KOTOpOIi oCcTaBlIeHbl KpaeBblie ycioBUsA. YT0OObI BHIYUCIUTE
¢yuruuio I'prHa U TeM caMbIM PeIIMTh KpaeBylo 3a1ady, NOJOHUM

D(u) = Do(u) + D1(u),

rie
Ju Ju
Di(u) =a7—=+b%F=+cu
— nuHeliHoe U depeHuanbHoe Bhipasenue. [Ipeanonomum, 4To GyHKIUA
I'puna Gy nuddepennuansuoro Boipasenuna Do(u) Ham usBectna. Torpa
MBI MMeeM pelleHne ypaBHeHUA

D(p) = f
BUA
op’ oy’
=[G "'—a' = b — () do.
@ / 0 (f ar Vg ¥
BrifenuB oTciofia ¢ MOMOUILIO MHTErPUPOBAHMA 1[0 4YacTAM HPOM3BOJ-
0o 0’
Hble B—Z” a—zl, MBI TOTYac #e NPUXOAMM K MHTerpalbHOMY ypaBHEHUIO

BTOpOTro poja Ald (p, KOTOpoe Mo#eT ObITh pelieHO MeTogoM PpenronbMma,
eciiy AP0 He CIUIIKOM CHHI'YJIAPHO.
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B unTepecyomeit Hac mpoGieMe NPUIUBHBIX TeUYeHUII MMeeT MecTo
HMEHHO clyuail CUIBHOI CHHTYIAPHOCTH; AApPo obpamaercA B GeCKOHEU-
HOCTb CTOJIb BBICOKOTO MOPAAKAa, 4To MeToA DPpearonbMa CTAaHOBUTCA He-
NPUMEHUMBIM, OJJHAKO A X0Uy BaM MoKa3aTh, KaKUM 06pa3oM MOKHO Ipe-
0/[10JIeTh 3TU TPYIHOCTH.

PaccmoTpuM cHavana ciayyvail mepBoro rpaHM4YHOrO ycCJIOBUA

dp L 0p _
an 08 =0

rae C — 3ajaHHaA ¢yHKUuMA oT = U y. HuddepeHunanbHoe ypaBHeHUe,
KOTOpPOe BO3HMKAET, Korja Mbl npeHeOperaem BenuuuHoit I, umeer Bug

AAQO + Dl = f?
U MbI OKRa3bIBaeMcCH I1epej 33,[[3'—]3]71 WHTEerpupoBaHuA ypaBHEHUA
Ap=F

C HalIUM KPaeBbIM YCIOBHEM.

dTa 3ajaya SKBUBalleHTHA 3ajlauye O HAXOMJeHUM BHYTPU TpaHUYHOl

KPUBOU peryinApHoil moTeHIuanbHoil GpyHKUUU V, KOTOpas yIOBIETBOPAET
aV

Ha I'paHille yCIOBUIO —— + CB_V = (, 3aJalOMNM IIPOCTOE pacHpejelieHne

on 0s

noTeHNHUana Ha rpanulie. Eciu 0603HauYuThL Yepe3 s NINHY OYT'U TPaHUYHOM
KPUBOIi OT HEKOTOPOIi 3aJaHHON HAYalLHON TOUKHU Jo Toukd P, a yepes s’ —
JIMHY OYTU OT TOW e HayalbHON TOYKHU 10 Touku P’, To mia V mnoayua-
eTcA UHTerpalbHoe ypaBHeHue; HO ero anpo K (s, s’) umeer mpu s = s’
CHUHTYJNAPHOCTh NEPBOT0 NOPAJAKA, U M03TOMY HHTerpaln

/meﬂw@
A

ciiegyeT NOHUMAaTh B CMbICJE TJIaBHOTO 3HaueHud Koliiu, KoTopoe 1o onpeje-
JIEHUIO ecTb apudMeTHUECKOe cpe/lHee IBYX 3HaUeHUil, KOTOpble IPUHUMA-
eT MHTerpalj, eciii Ha KOMIUIEKCHOU ¥-TNIOCKOCTU MpPH 00X0[le TOUKU Y = &
oIUH pa3 BeiGepy nyTb AM B Hal neficTBUTENbHOR OChblO, a Ipyroi pas —
nyTs AM'B noa neficTBUTENBLHON OChIO.
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BmecTo ToOro, 4ro6bl MCHOIL30- Q
BaTh MeTOMbI, KoTopble Keimtorr pas- p
paboTan I TAaKMX He HelpepbIBHBIX M
Aflep, Al XOUy NPEeMIOKUThL BaM APYTroil 4 B
noaxon. Pacemorpum HapAanmy c onepa- M=
nueit P’

QI
S(@) = [ K. ) f0)dy
Puc. 1

UTEPUPOBAHHYIO Ollepanuio

S2(f(x) = / / K(z, 2K (2, ) f(y) dz dy,

B KOTOpOIf MHTEerpaji Tak:e clefyeT NMOHUMaTh B CMbICIe TNIaBHOTO 3Haye-
uuA Komw, T. e. cneayomum o6pasoM. [lndg nepeMeHHON z MbI paccMaTpuBa-
eM nytu AMB, AM'B, nna nepemennoit y — nytu APB, AP'B, koropsie
MOT'YT pacrojaraThCf PAIOM APYyT ¢ APYTroM, Kak Ha puc. 1. 3aTeM mbI o6pa-
3yeM 4 WHTerpaia, KOTopble BOSHUKAIOT, €CIU MY Th MIA z KOMOMHUPOBATh
¢ myTeM JUIA y:

2: AMB, AM'B, AMB, AM'B:;
y: APB, APB, AP'B, AP'B.

N3 sTux 4 uHTerpanoB Mbl o6padyem apudmerrueckoe cpenHee. Boibpan
eme 2 nytu AQB, AQ'B, kak Ha puc. 1, Mbl YBUAMM, UTO B IEPBOHl KOM-
Gunanuu nyrteit nyth AM B pas z 3amenserca nytem AQB + AMBQA,
BO BTOpOii KoMGuHauuu nyTh AM'B 3amenserca nytem AQ'B, B TpeTb-
eit — nyth AM B 3amensetca nyteM AQB u B ueTBepToOil KOMOGUHALUU
nyte AM'B 3amensercsa nytem AQ'B + AM'BQ'A, nostoMy B HanbHeii-
meM MbI pacrosiaraeM clelyonMMiI KOMOMHAIIMAMU Ty Teil:

z y
AQB+AMBQA  APB
AQ'B APB
AQB AP'B

AQ'B + AM'BQ'A AP'B.

Brlnucas cOOTBETCTBYIONINME MHTErPalbl 1 IPUMEHUB TEOPUIO BLIYETOB K 3a-
MKHYTBIM Iy TAM, Mbl YBUUM, uTo Hama onepanusa S2(f(z)), coorBeTcTBY-
I0lllafl UHTErpalbHOMY YpPaBHEHHIO [EePBOro poja, MepexoquT B Olepaluio,
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3a/1aBaeMyI0 JIeBOI YacThiO UHTErpalbHOTO YPaBHEHUA BTOPOTO poja, ANApPo
KOTOPOTO BCIOJy OCTAeTCA KOHEUHBIM; €CIM MbI CHayajia BO3bMeM YeThIpe
som6uHanuu nyteid AQB u AQ'B ¢ nytamu APB u AP'B, To nonyuum
IBOMHOI MHTerpal, KOTOPhIfl He Mo#eT 06palaThcA B 6ECKOHEUHOCTD, TaK
KaK Ha 3TUX MIYTAX L 7Z y Uy # z. Eciu Temepb MbI pacCMOTPUM JBe KOMGU-
nanuu nyteii AMBQA, APBu AM'BQ'A, AP'B win AMBQA, APB
u AQ'BM'A, BP'A, To HeTpyaHO BHIEThL, UTO z ONUCHIBAET BOKPYT ¥
3aMKHYTYyI0 KpuBylo AMBQA win AQ'BM'A, a y oqHOBpeMeHHO OIU-
ChIBaeT BOKPYT & 3aMKHYTyI0 KpuByio APBP'A. CienoBaTenbHO, MBIl MO-
EeM BOCIOJIb30BaThCA TeOPHEll BHIUETOB U MOJYUYUM UieH, B KOTOPBIA He-
u3BecTHafA QYyHKIUA BXOAUT He MOJ 3HAKOM MHTerpana, Kak B J€BOU YacTu
HUHTErpajbHOr0 ypaBHEHUA BTOPOro poja. IlocKOJIbKY MbI NPUILIN K BCIO-
Iy peryifgpHOMYy WHTErpalbHOMY YpPaBHEHHIO BTOPOTO poja, K KOTOPOMY
npuMeHuM Metoj Ppearonsbma, TPYIHOCThL B pelieHUH Hallelt 3agauu mpe-
oJl0JIeHa.

Jluiib OMH TYHKT HY#AaeTCA B IOACHEHUHU: €CIIU T U Y OJHOBPEMEHHO
fonajaiT B OfHY U3 KOHeuHbIX Touek A, B WHTepBajia, TO MpUBeJeHHbIE
BbIllle paccyJAeHUA YTPAuUBalOT CUIY M KameTcd, 6YATO B 3THX TOYKAX
KOHEYHOCTh HAIllero Apa, MOJYUYEHHOTo ¢ MOMOIIbIO UTepalul, OTHIONb He
rapantupoBana. Ho B uHTepecyioleil Hac 3aaye 3TU OMACEHUA yCTPAHA-
IOTCA TeM, YTO GeperoBas JUHUA («Kpail MOpA»), KOTOpad ABIAETCH UHTEP-
BalloOM WHTErPUPOBaHUA, 3aMKHYTa, U3 4Yero clefyeT, 4To Touku A u B He
MOT'YT ObITh MCKIIOUYEHUEM.

JTUMHU 3aMeYyaHUfIMM MblI 3aBeplllaeM paccMOTpeHHe clydad BepTu-
KalbHOI KPOMKM MODA.

PaccmoTpum BTOpOi, Gonee TPy OHBIN, ciydail, KOra MOpe He OKpYKe-
HO BepTUKaNbHOMN cTeHoi. B aTOM ciyuyae Ha rpaHuie

h=h; =hy=0.

Takr Kak uyleHbl BTOPOro NMopAgka Hamero nud¢epeHInaILHOr0 YpaBHEHUA
IJA  TpeicTaBleHbl BhIpameHueM

hlA%

rpaHuyHasg JIMHUA ABIAETCA CUHTYJAPHON JTMHUelNl 1A 3Toro auddepeH-
nuanbHoro ypaBHeHuA. Kpome Toro, Benuuussl hy, ho 0IA kpumuieckot
2eozpaduyeckoll wupomot 1, onpeaenieMoil COOTHOLIEHHEM

4w? cos? ¥ = A2,



IIpunoscenue meopuu uRMeE2PAALLHHLT YpABHEHUL 167

ob6pamatorcAa B 6eckoHeuyHOCTb. YTOGBI pPemUTh 3a/lauy, HECMOTPA Ha BTH
CUHTYJIAPHOCTU, KOTOpPble NMPUBOAAT K obpameHuto Aapa K B GeckoHeu-
HOCTb, 1 ObLI BBIHY#JIEH 3aMEHUTh JefiCTBUTEIbHYIO 00J1aCTh UHTEr PUPO-
BaHUA KOMIJIEKCHOM, NpeBpaTUB § B KOMIIEKCHYIO IepPeMEeHHYIO Yy + 12
2 TPU 3TOM OCTaeTCA AeiCTBUTEIbHBIM.

/@D ?C\

)

Puc. 2

Bynem unTepnperupoBaTh T, y, 2 Kak 00bIYHble NIPAMOYTOJNbHbIE KO-
OpJMHATbhl B TpPeXMEpPHOM IIPOCTPAHCTBe U YCIOBUMCH CUMUTaTh OTpe-
30k AB (puc. 2) AuaMeTpoM cedeHHA IIOCKOCTH T = const ¢ GacceilHOM
MopH, Jexaium B (x, y)-miockocTd. Eciu C' cooTBeTCTBYeT KPUTHUYECKOMN
reorpadruyecKkoii MUPOTE, TO BTy CUHTYIAPHOCTb HETPYyOHO 00OWHTH, COi-
A C IeHCTBUTENBHON OCH B KOMILIEKCHYIO IIIOCKOCTh. Eciu Mb1 BriGepem
nanee mo6bie nBe Touku D u E, nemamue memay A u B, u o6oiigemM Tou-
Ky A, BbliiaAa U3 D u BepHYBIIUChL B Ty #e TOUYKY, 10 Majoii 3aMKHYTOM
KPHBOI1 U NpojelaeM aHATOTMUYHYIO oNepaluio ¢ Toukoit B, unu, roBopa Ha
IPOCTPAaHCTBEHHOM fI3bIKe, 3aKJII0YMM I'PaHUYHYI0 KPUBYIO B KoJblleoOpas-
HbIi QyTAAp, TO TeM caMbIM MbI I0CTaBUM 3aJauy IPOMHTErpUpOBaTh Hallle
JuddepernnalbHOe ypaBHeHHe TaKUM 00pa3oM, 4T0ObI pellleHne ¢, eciy Obl
MBI NIpOCeANIN 3a U3MeHeHNeM ero 3HaueHuil BAOIb KPUBOi, OKpYy:Katolei
TOYKY A, BO3Bpamanock B TOUKy D ¢ TeM jie 3HaYeHUEM, ¢ KOTOPbIM OHO
BbIILIO U3 D. «I3MeHeHHOe» TaKUM 06pa3oM KpaeBOe yClOBHE SKBUBANEHT-
HO HCXOIHOMY, KOTOpoe Tpe6oBaio, 4ToGbI ¢ Ha rpaHule (B Touke A) ocra-
BalloCh KOHEYHBIM U Bello cebGA peryiAapHbIM oOpasom. IlpaBma, ¢pyHKUIUU
I'puna G u (G1, COOTBETCTBYIOIIME HOBBIM M CTAapbhIM KPAeBbIM YCIOBUAM,
He TOJeCTBeHHbl, XOTA U ABIAIOTCA pellleHUAMHU ypaBHEHUA

D(u) = f, (2)

YAOBJIETBOPAIOINMHA COOTBETCTBYIOIIUM KpPpaeBbIM YCIIOBUAM. B sTom npo-
1ie Bcero yﬁe}.II/ITbCH B Cl1y4ae, Korjga nMeeTcA TOJbKO OJHa nNepeMeHHasn y;
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NpUMeHAA UHTerpanbHylo TeopeMy RKomu, momyyaeM u3 cOOTHOIIEHHI

u= /G(y, VIFW)dy', w = /Gl(y, y)f(y) dy',

yto u — uy = 0.

Uto6bI peminTh 3aga4y (1), A BOCHOAb3YIOCH U3I0KEHHBIM BbIIE METO-
JIOM, KOTOpPbIif B JaHHOM CJy4Yae MOApa3felfeTcA Ha Be CTYIeHH, TaKk Kak
Hallle U3MeHeHHOe KpaeBoe ycioBKe HeJOMyCTUMO 1A ypaBHeHusa Au = f.!
MBI MO#€eM IOJOMUTD

D(u) = A(hyu) + D1(u) + Do(u);

rae Dq(u) comepuT TOIbKO YWIEHBI I€PBOro NOPAAKA 110 Ou @, a Dy (u)

oz’ Oy
coflepUT U GYHKIUIO u. NHTerpupys ypaBHeHMe
Av) = f
C KpaeBbIM ycioBHeM v = (, odydaeM [ ¥ = - Ha Kpalo KOHEUYHYIO U

h1
perynapHy1o GyHKLUIO, NI KOTOpPOW

A(hlu) = D()(u) = f
3aTeM MbI UCIOJIb3yeM y#He 0ObIUHbIe METO[bl U HHTErPUpPyeM ypaBHEHHE
Do(u) + Dy(u) = f

C MepBoHa4dalbHbIM KpaeBbIM YCJIOBUEM. HZ[pO HWHTerpajbHOro ypaBHEeHHUA,
KOTOpO€ HaJJIexKUT UCII0JIb30BaTh B 3TOM cilly4yae, X0TA U 06pamaeTCH B 6ec-
KOHEYHOCTb, HO MUMe€eT CUHI'YJIAPHOCTb TaKOro MnmopfAaiara, 4To Ta yCTpaHA-
€TCH IIPpU UTeprupoBaHUU Aapa: MbI nzberaeM HHTerpupoBaHuAa 1o 4aCTAM,
TaKk KaKk OHO IIPpHUBEJO Obl K MOABJIEHUIO UIEHOB C CUHTYJAPHOCTBLIO 6oiee
BLICOKOI'O IMOpAOKAa.

HpeouoneHHaﬂ np06ﬂeM3 UHTEerpupoBaHnufi 3KBUBa/leHTHa UHTErpupo-

BaHUIO YpaBHEHUA
Do(u) + Da(u) = f

13T0 ycioBue He Toro poja, 4yTOoObl OHO BbIJIEJIAJO OIlpefejieHHOe peleHue ypaBHe-

Hua A(u) = f.
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C U3MEHEHHBIM KPaeBbIM YCJIOBUEM, M IIOTOMY MbI MO#eM Telepb NOJHATh-
cA Ha BTOPYIO CTYNEeHb U HAlTU pellleHHe YpaBHEHUA

D(U) = (Do(u) + Dz(u)) + Dl(u) = f

C U3MEHEeHHBIM KPaeBbIM YCIOBHEM.

o cux mop MbI npennonaranu, yro wied Il npene6pemumo main. Ecau
OTKAa3aThCA OT 3TOr0 MPENOJOHEeHNA, TO HUKAKUX HOBBIX TPYIHOCTeN MpH
3TOM He Bo3HUKHeT. Bennuuna Il ecTh noTeHnnan NpuTAKeHUA, IOPOK IEH-

HBIN (; clefoBaTeNbHO,
Cld !
(oa
H :/ r b

riae do' — sleMeHT MOBEpPXHOCTH Iapa, (' — 3HavyeHre GyHKRUUK ( B LEHT-
pe Tamectu (z',y’) 9TOro sneMeHTa MOBEPXHOCTU, & T — pAaCCTOAHUE,
U3MEpEeHHOe B TPeXMepPHOM MpPOCTPaHCTBEe Me1y ABYMA Toukamu (z, y)
u (z', y') wapa, a uHTErpUpoBaHye NPOBOAUTCA 110 BCEll MOBEPXHOCTH Iia-
pa. Beanuuny II MoxHO Tak#se NpencTaBUTh B BUlE

HZ/M.
k2r

[TomcTaBUB 3TO BhIpaskeHWEe B HAIlU MCXOJHble ypPaBHEHUA, MEepPBOe U3
KOTOPBIX C MOMOIIbIO COOTBETCTBYIOMIell ¢yHKIuU ['puHa U ¢ yuyeToMm Kpa-
€BOro ycjaoBuA u3 quddepeHnnanrbHOro ypaBHEHUA NpeBpaniaeTcA B MHTEr-
pallbHO€e, MbI NIOJIYYaeM CUCTEMY BYX UHTErpajibHbIX ypaBHeHUU 1A ( U (p,
pelllaeMbIX ¢ IOMOIbIO pacCMOTPEHHBIX BbIlIE METO/OB.




ITOKJIAL TPETHUI
IIpuMeHeHHe MHTerpajJbHbIX yYpPaBHEHUM
K BoaHaMm I'epua

CerojiHA A X04y NOCBATUTH CBOE COOGIIeHNE TPUMEHEHUIO UHTET Pallb-
HBIX ypaBHeHUi#l K BoiHaM ['epia, B ocoG6eHHOCTH, K 3aMedaTelbHENIIUM
ABIeHUAM AUdpaKklUM, UT'PAIOIUX CTOJb BasKHYIO poib B 6eCIPOBOJOYHOIA
Tenerpaguu; NOCTOMHO YAMBIEHUSl, YTO KPUBU3HA 3€MHOH IIOBEPXHOCTH,
IpenATCTBYOLAad paclpocTPaHEeHUIO CBeTa, He MellaeT paclpoCcTpPaHeHUIO
BoJH I'epna, u nociegHue MOTYT IO 3eMHOI moBepxHocTH AoiiTu oT EBpo-
bl Jo AMepuru. To, uTo BomHbl ['epa UMeIOT ropasgo 60AbIIYIO IIUHY,
YyeM CBETOBBIE BOJHBI, caMo o ceGe He 0ObACHAET 3T0 ABNeHHe. OGBACHe-
HUe BO3HUKaeT JIUIIb IIPU pacCMOTpeHMH JUddepeHIUalbHbIX ypaBHEHUMN
npo6JaeMbl.

Ecnu npuHATH, YTO CKOPOCTHL CBeTa paBHA eIUHHIE, U, cleqya Marc-
BeJlly, IOHUMAaTh

noag a, B,y — KOMIOHEHTbHl MAarHUTHOW CHUJIbI,

nog F, G, H — KOMIOHEHThI BEKTOPHOI'0 MOTEHIKAA,
noa f, g, h — KOMIIOHEHTHI 3JIEKTPUUECKOT0 CMeIeH NS,
nop 1 —  CHKaJIApHbBII MoTeHIual,

nog u, v, W — KOMIIOHEHTHI TOKA MPOBOJUMOCTH,

noa p — IUIOTHOCTb 3JIEKTPUYECTBa,

TO UMEIOT MeCTO cliedyoniie ypaBHEeHUA:

=By T B ot 9 T o) T8y 9
of _of  dg  oh _ oF 0% _
ox ox "oy oz P Y ostar ="

U, ciegoBaTelbHO,

4ﬂu:(?92—t§—AF, 47rp:8——A1/).
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PaCCMOTpI/IM Telnepb 3aTyXaroniee CUHXPOHHOe KoJjebaHue. Hpe,[[HOJIO?HI/IM
JIA 9TOro, 4To BCe HAllU q)yHHHI/II/I MMponopuruoHaJbHbI 3KCIIOHEHIUAJIbHbIM
BelIMYHaAM
eiwt‘
s BO3HURAIOUIUX IIPU 3TOM KOMIIJIEKCHBIX peH.IeHI/Iﬁ MELI [0y YaeM q)I/ISI/I-
YeCKHue pellleHUA, pasgeilad KOMIJIEKCHbIe Ha ,HeﬁCTBHTeHbeIe 1 MHUMBbIE
yacTHu. HeﬁCTBHTeﬂbHaﬂ 4YacThb OT w JaetT Inepuon HOJIe6aHI/IH, a MHUMafag —
3aTyXaHue.
W3 namero npeacTaBieHUd pelleHUil cileayeT, YTO

Foo. 0 .
oF _ iwkF, 99 = jwp,

ot ot
3TO MO3BOJAET 3anucaThb F' U 1) B BUJe 3ana3/bIBaloNINX MOTEHIIMAIOB Clle-
nyoumum obpa3oM:

F= /Nle_;wr dTI, '(,/) — /ple_;"” dTI;

rge dr’ — npocrpaHcTBeHHbI 3iemeHT B (', y, z')-mpocTpaHcTBe;
w u p' — 3Havenus p u p B Toure (z',y', z’); r — paccTofiHNe MemAy
toukamu z', y', 2’ u (z, y, 2).

B GonbnHCTBE 3a1a4U BCTPEUYaAIOTCA IBE Pa3inyuHble cpejbl — CBOGOMI-
HbIN 3(DUpP U IPOBOJALIEE TEJI0; OTHOCUTEILHO MOCIEIHEr0 MbI Mpeanoiara-
€M, 4TO OHO BefieT ceGfA Kak MealbHblii MPOBOJHUK, YTO BHYTPHU HEro mole
PaBHO HYIIIO, BJIEKTPUYECKHE CUIOBbIE IMHUU HOPMAJbHbI K €ro MOBEepXHOC-
TH, 8 MarHUTHbIE CUJIOBbIE JUHUY T0NAJal0T BHYTPh Tella; TO, 4TO 3apAj U
TOK OTJMYHBI OT HYJIA TOAbKO HA IOBEPXHOCTHU POBOJHUKA, MBI YUTEM TeM,
410 MOAMGULUpPYEM NpHUBeldeHHbIe Bbllle BblpameHud 1A F' u 1), 3aMeHuB
UHTerpai no 06beMy HHTEerpaioM [0 noBepxHocTu. [lasA 3Toro 3anuuem

rae p” u p'' Temepb 03HAUAIOT MOBEPXHOCTHBIE INIOTHOCTU 3apfia U TOKA,
a do’ — »1eMeHT MOBEPXHOCTH.

OGbIYHO MBI pa3nuyaeM JBa IPOBOJAIINX Teja; OHO MbI YCIOBUMCH Ha-
3pIBaTh BHEIIHUM, a Jpyroe BHYTPEHHUM IPOBOJHUKOM; 3TH NPOBOSHUKU
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MOPO#/Ial0T, COOTBETCTBEHHO, BHELIHEE U BHYTPEHHEE I0Jle; BHEIIHEE TO0JIe
3aJaHo, BHyTpeHHee TpebyeTcd HaiiTu. Hanmpumep, Korga MbI paccMaTpuBa-
eM npobieMy npueMa 3JIeKTPUYEeCKUX BOIH, NepelaTuUK CIYHUT BHEIIHUM
NPOBOAHUKOM, NMPUEMHUK — BHYTPEHHUM IPOBOAHMKOM; B 3ajauve O Ou-
¢bparIUU BIEKTPUYECKUX BOJH BO30YANTENb BLINOIHAET POJNb BHENIHETO
IPOBOJHNKA, a 3€MHOIl ap — poJb BHYTpPeHHero NpoBOJHUKA; B 3adaue
0 B030y:/eHUU KoneOaHUiI HeT HUKAKOI'0 BHELIHEro MoJif, B 3TOM clyuae
B036yAUTeNb clefyeT paccMaTpUBaTh Kak BHYTPEHHUIl IPOBOJHUK.

UTo6bI cBeCcTU 3aayy K UHTErpalbHOMY ypPaBHEHUIO, YCIOBUMCH MO-
HUMAaTh MOJ BBEJIEHHBIMHU BbIlIE GYHKIUAMU TOJIbKO TaKHUe, KOTOPhIE OTHO-
cATCA K HEM3BECTHHIM BHY TPEHHUM IOJAM, YTOObI, HalpuMep, BHIUCAHHbIE
BbIIle UHTETPalbl paCIPOCTPAHANUCH TOJILKO 10 TIOBEPXHOCTH BHYTPEHHETO
NPOBOJAHUKA; €ClIU MBI IPUMeEM BO BHHUMaHUE, YTO B CHIIy NPUHATOrO BBIIIE
NpeATooKeHUA BHYTPEeHHUE HOpMalbHble KOMIOHEHTHI BEKTOPA dJIeKTpU-
YecKOro IoJf NOMKHBI oOpauiaThcAd B HYJlb Ha BHYTPEHHeM IPOBOJHUKE,
TO, 0603HAaYMB uepe3 [, m U 71 HaNpaBIAIONIMEe KOCUHYChI HOpPMalu, MbI
NOJTYYUM U3 HalIUX UCXOQHBIX ypaBHEHUI

oy

471'f= %

+iw(lF +mG+nH) =N,
rage N — HopMaibHag KOMIOHEHTa BHENIHEro IO, T.e. U3BecTHad QyHK-
HUA.

Eciu Mbl 0603HaYUM Teneph NMOBEPXHOCTHYIO INIOTHOCTL BMecTo p'’
yepes ', To BCleACTBUE BLIPAMEHUA A 1) MOy YUM

B_¢_ ' 0 e iwr ,
3n—27m+/uan( 7 )da.

Bocnoab3oBaBuinch gajiee HalluM BbIpa:KeHueM IJjifA Fu COOTBETCTBYIOIIU-
MU BbIpameHUAMHU G u H, MbI IIPUXOAHUM K COOTHOIIEHUIO

iw 3 IF = / € ,fmem”da'.

JTo BblpaskeHUe B HEKOTOPBIX clydaAX, UHTErpupysa Mo 4acTAM, MOKHO
npeo6pa3oBaTb K BULY

—iw/L,u' do’,
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rae L — usBectHaa ¢yHRUuA. B utore me1 noryvaem

27TM+/,U/{% <e_:.w> —iwL} do’' = N,

a 3TO — UHTerpalbHOe ypaBHeHHe BTOPOro poja A fi, KoTopoe TpeGoBa-
Joch HaiiTu. B camoM o6iieM ciryyae Mbl IPUXOJUM K JBYM UHTerpalbHbIM

YpaBHEHUAM C JBYMA HEU3BECTHBIMU, KOTOPHIMH MOTYT ObITh, HallpUMeD,
4 U Vv, Tle BellMUMHa (4 OllpejleleHa Bblllle; Mbl [10J1araeM v = %, riue % —
NPOM3BOAHAA B HAalpaBleHUU HopManu, N — HopMajibHaA KOMIIOHEHTa Mar-
HUTHOI CUIIbI.

Oyurnuio L moxHO ob6pa3oBaTb 0COGEHHO NPOCTO, €c-
I4 BHYTPEHHHUIl TNPOBOAHUK HMeeT (opmy Tela Bpalle-
HUA, a BHelllHee mojie objajaeT BpamaTelbHON CUMMETpPU-
eit (puc. 3). Eciu s u 8’ — miauHbl 1yT, M3MepeHHbIe OT KOHIA
ocH BpallleHMA BIOJIL Mepuauana mo touek P u P’, 9 — yron
MeKIy HOpMalbio B Touke P ¥ KacaTelbHON K MepuauaHy
B Touke P’, To L nak ¢yuruua ot ¢, s u s’ onpenenserca

IupdepeHUalbHbIM YpaBHEHUEM

Puc. 3

oL e—iur
9s' T

Kak crenyet u3 usnoskeHHOro Bblllle, NpobieMa npueMa 3MeKTPUUECKRUX
BOJIH CBOJIUTCA K MHTerpalbHOMY ypaBHEHHIO BTOPOTo poja.

Ecnu MblI X0TUM paccMOTpeTb TONBKO Mpo6GieMy BO30YIEHUA BIEK-
TPUYECKUX BOJH, TO BHeNIHee MOJe clelyeT MOJ0MUTH PaBHBIM HYIIO, TO
ectb N = 0, 4 MBI IOJTyYyaeM OJTHOPOJIHOE UHTErpajlbHOe YpaBHEHUE; BXOAA-
YO B HUX BEIMUUHY w He cilefyeT Gojlee MHTEPIPETUPOBATh Kak 3HaUeHUe
NPOU3BOJNILHOI'O apaMeTpa, a KaKk 4uciIo, KoTopoe TpebyeTcd HaliTU U KO-
TOpOe UTr'pPaeT poib COOCTBEHHOI'0 3HAUYEHUA.

fl 3anuceiBalo Hallle UHTerpajlbHOe ypaBHeHUe B BUje

cos 1.

27r,u+/Ku’da':N

¢ AapoM K'; BBOKY HeomlpeflelleHHbII MapaMeTp A U paccMaTpuBalo o0iiee
ypaBHeHUe

27r,u—|—)\/K;/da':N.
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IlepBrlit uneH 3aBUCUT OT ABYX HeolpeJeleHHbIX MapaMeTpoB A U w. Ec-
I BOCIOJIBb30BaThcA 0OBIYHBIM MeTooM DpeAroibMa, TO pellieHHe HaIero
[IpUBEJIEHHOTO BbIllle UHTErpajlbHOr0 ypaBHEHUA NoJlyvyaeTcAd B BUIE Mepo-
Mop®HOH QYHKRIUKM OT A\, YUCIUTEIb
KOTOpoit — menad QyHKUHA OT A.
MoskHO moKasaThb, UTO 3TOT YHCIU-
Telb ABIAeTCA K TOMY e ILeloil
(yHKLIMENR OT w, TaKoil, UTOOGLI BBI-
JeleHHble HaMu 3Ha4yeHUA w Obl-
1Y HYJIAMHU Lleloli TpaHClUeHAeHTHO
(pyHRIUU.
PaccmoTpum Tenepr moapobHee
6onee obuIyIo 3a7avyy o AUdparuu.
IIpennonoxkum amnsa 3TOro, 4TO
BHYTPEeHHU! [IPOBOJHUK MMeeT ¢dop-
My Imapa (3eMHOr0 mapa) paguyca p
U 4TO BHellIHee MoJe (HOpMalbHYIO
KOMIIOHEHTY KOTOpPOro MbI 0603Ha-
uuM yepe3 N) cozgaercA TOYEUHBIM
Bo3Gynutenem S, paccroanue D o
Puc. 4 KOTOporo oT nentpa O 3eMiM Wb
O4YeHb HeMHOruM Goibliie paguyca p (puc. 4). Boibepem nanpasienue OS
3a z-0cb 1 0603HAYNM uYepe3 ¢ OTKJIOHeHWe HampaBienua OM, rue M —
nepeMeHHad TOYKAa Ha mNoBepxHocTu mapa, oT (OS. Cmbica nepemeH-
ubix 9, &, ¢'; r u r' Acen us puc. 4:

OMZOMIZOMl = pP,
OS=D, SM=r, SM' =7

3HaueHHe HOpPMalbHOU MpPOW3BOAHONW /N BHelIHero mojd B Touke M,
KaKk HeTPYAHO BUIEThb, BEIYKCIAETCA MO Gopmyle

47N = e (t-T) [% sin® sin ¢ + (% + %) (sind siné + 2 cos¥ cos )| .
r?  Qwr

Tak Kak w — OuYeHb 6GolbIIOe YucHo (TaKk Kak JuuHa BoaH [epua mana no
CPaBHEHHIO ¢ paguycoM 3eMiH), B 3Toil GopMylle I10CTATOUYHO COXPAaHUTh
JVIIb MEPBbIi UjleH B KBaJpaTHLIX CKOOKaX.
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Brlme MbI IpUBeNN ypaBHeHUe 1A BoaH epua k BULY
2Ty = /u'Kda'+N

U MOKa3aly, Kak MO#HO BBIUMCINTL AApo K. Eciu Tenepb MbI pa3nomuM
N u K no mapoBsIM QYHKIUAM WM, TaK KaK Halla 3agaya ob1agaeT cuM-
MeTpueil Tena BpaileHusa ¢ ocbio OS, no nmonunomam Jemanapa P,, To
HOJYYHM U3 3TOr0 UHTETrPalbHOI0 ypPAaBHEHUA MOBEPXHOCTHYIO INIOTHOCTH
3JeKTPUYECKUX 3apANOB [ TaKk#e B BUJe pAda o nonuHomaM Jlexanapa P,.
B pesynbTate nonyvaem:

f . 2K,
N = ZKnPn; /PnNsmgodgo = ﬁ
0

Benuuuner K,, MelOoT BUJ
ApJn(wp)

2

rae A, — 4Yucio, 3aBHUCAIlee TONLKO OT 7, HO He 3aBUCAILIEE OT p, a Jy —
¢yHruuA, cBAzanHan ¢ GyHkuuAmMu Beccens.

leficTBuTensbHo, noa J, MbI OHMMaeM roloMOPdHOe B OKPECTHOCTH

Toukd = = () pelleHHe ypaBHEHUA

d*y n(n+1)

—+y 1- —2

= O,
dx? x?

a noj I, (x) — TOT MHTerpan 3Toro ypaBHEHUH, KOTOPbIH Npu GOJbLUIUX 10
JOKUTeNbHBIX 3HAUEHUAX T NpUOIUeHHO BeleT ceba kak e~ **. Taxr rak J,
u I,, B3aMMHO He3aBUCHMbI, Mbl MO#€EM MPEIION0HUTh, UTO
! ! _
I,J, — J, I, =1,

ecau nog J), u I, noHumathb npousBojHsie oT Jy, u Iy,
Pelenue Halllero MHTerpaibHOrO ypaBHEHUA MPUHUMAET BUJ

B K Py (cos )
B=AY T op)Iuten)

Ho nocronbky BbIpaskeHue uAa K, comepUT B 4YHCIUTele MHOMM-
tensb J,(wp), 1 BeleacTBre storo e Jy, (wp) cCoKpauaeTcH, XapaKTepuc-
THYECKOe yPaBHEHUE Il COOCMBEHHbIT 4ACMOm CBOJUTCA K

I, (wp) = 0.
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UTo6bl mpuaaTh pe3yibTaTaM HarlIAAHOCTh, BOCIOIb3yeMcA NpUbIu-

#eHHbIMHU GopMynaMu. OHU OCHOBaHBI Ha TOM, UYTO IPU OYEHb OONBIIUX W

BeJNUYMHA % —1 oueHb mana. Mbl UCHONB3yeM CIEAYIOMYIO TPUOIUKEHHY IO

bopmyy ‘
i
/ne“"odxznew [(3;1;,6:|:4,

rae 0 u n — 3agaHHble PYHKIMU OT &, w — OYEHb OojblIoe yucio, § —
BTOpaf MpoU3BOAHAA OT #, U B IpaBylO 4acTb B KayecTBe apryMeHTa cie-
OyeT MOACTABIAThL TAaKoe 3Ha4YeHHe, IPU KOTOpoM # JocTUraeT MaKkCHMY-

Ma WJiM MUHUMYMa; B 3aBUCUMOCTHU OT TOI'O, KaKkoi cnyqaﬁ npeacraBuTCA,
i

B MHOMUTele ¢ 4 cienyeT BbIOMpaThb AuGo 3HaK +, du6o 3Hak —. Eciau
¢byurnuA 6 uMeeT B MHTepBaille, 10 KOTOPOMY MPOBOJUTCA UHTErpUpPOBa-
HUE, HECKOJbKO MAKCUMYMOB WUJIU MHUHUMYMOB, TO BbIpai€HUe B MpaBoii
YyacTH clellyeT 3aMEeHUTh CyMMOIl aHaJOTUUYHbIX YJIEHOB.

Hcnonb3ysa sty ¢dopmyly, Mbl moaydyaemM [JJd TMOJIUHOMOB JlemaHn-
pa P,(cosyp) cienyiomee npubiaumeHHoe BbIpameHue, CIpaBelIUBOe NPU
OONBIINX N2

2r . )
n sin )

P,=2

[T

cos (ntp +

R

U3 Hero Mbl nonyyaeM aiaa K, npu n < wp

m+1r; o1 tw sind sin & sin 9
K, = 22T [ete 4+ i@ \ :
n 8ry/n [ ] v/Dp cosd cos& wp

HpI/I 3TOM BMeCTO o U o' cileqyeT MOACTaBJIATHL BbIpameHUA

a:mp—wr%—%—%,
/

o =nyp' —wr' + %,
ag, 9, p, ¢, rur’ — ux 3HAYEHWSA, IPe/ICTABIEHHbIE HA pUC. 4, A KOTO-
pbIX

sing = 2 (5< g).

Taras ke npubnumeHHasa GopMmyna BHIIOIHAETCA NPU N > wp, €CIU B IPA-
. . . s !
MOYTOJNbHBIX CKOOKaX cyMMy €'* + e'® 3aMeHUTb Ha e'“ uiu Ha e'“ ; A He
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Oy oy ocTaHABIUBAThLCA 3eCh HA cOOOpaKeHUAX OTHOCUTEIBHO TOT'0, KAKOIi
U3 JIByX WIEHOB ClelyeT COXPaHUTh.

YT06b! BRIYMCIAUTL NpUGIMMKEeHHO 4ieH I .J,, HeOGXOAMMO pas3nuyarhb
cayyvait n < wp u cayyait n > wp. B nepBoM ciayyae He06X0JUMO NONOKUTH

za—a a a,
1J 2 .cos
2 b
BO BTOPOM clIyyae —
’ 1
Iy =1

OTtcioga cinegyet, uTo U pu n < wp, U IpA N > wp, U GOILIIUX N

. . . 3 2
K, \/ﬁemz wsing (sin®)®/2 |
IJ, 2r pv/D cosd cos €
B cymMme, KOTOpOIt MbI IPE/ICTABHUIN 1, Pellaoniee 3HaUeHHe UMEIOT Te dJle-

HbI, OJ KOTOPBIX HpPIﬁJIPI?HeHHO n=uw. HpI/I 9THUX 3HAYEHHUAX HpHﬁHI/I}KEHHO
BBINNOJIHAIOTCA COOTHOUIEHUA

fzgur: 2pD.

Tak rak B CUJIYy MajloCTU BeJHNYHUHBI % -1 yroma ¢ Bcerga O6IU30K K HY 10,

a RaKk (I)yHKIII/IH OT N U3MEeHAeTCA OYeHb MaJio, eCJIh 1 OrpaHnuyveHo LHeJbIMU
yuciaamMud OIU3KUMU K 1 = w. CJ'IeIlOBaTeJ'IbHO, €CJIM Mbl XOTUM BbI6paTb
eIuHNNYy OJWUHBbI Tak, 4TOOBI p = 1, TO MOMHO 3amnucarhb

Vwsin¢ (sing)% 1 ( ﬁ_ﬁ)
h= CZ Veosd cos€  +/sing cosnpt g =g )

{4 — 3HayeHWe [OBEPXHOCTH IIOTHOCTH 3IEKTpUYecTBa B Touke M
(cm. puc. 4).

1Bpra}KeHMe AJA (4 MOMHO 3anucaTthb B 6onee npocToM BUe, 8 UMEHHO

In(wD)
WZ” n+1)(2n +1) n( ) Py, (cos p),

U 3TO — He NpuUbIUIKEeHHadA, a TouHaA dopMmyJa.
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N3 coorHoMeEHui

3 _n s _ n . _ n2 _ n2
sin{ =7, sind= oD cosé =4/1— 2 cos v 1-— D2
Oy YaeMm:
A

n n
sin ¢ (sin 9) % W (E) vD y
Vecosd cos€ . " "

(1+8) (1+ 55)

X Ve 1 ,

w(D —1)

Vw=—mn-y/wD-1) </1+ w—mn

TaK 4TO B OKPECTHOCTH T = w BbIpaeHue, croduiee B JIEBOM 4YacTu paBeH-
cTBa, uMeeT TaKo! e TNMOPANOK BEJIWYUHBI Kak U

Vw 1
VD—-1 Vn—-w
Ucnonbays aTo npubiusenue B Hauleil GpopMmye JUIA j ¥ 3aMeHAA cos(n +

; 4
+% — %) BKCIIOHEHTO ez(mH 2

Z) , MBI IIPUXOAUM K DALY

_whie V2 47 /48 lTLIP

\/W VD-1 {5 vn-w

ITonarasa

g = Z zmp

n —
(n)
MBI I1oJly4YaeM BO3MO{HOCTb paccMaTpuBaThb
v+1

Se~ Y duw (v — nesoe yucio)
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Kak cpelHee 3HauyeHue paAfa S, U A 3aMeHIO S 3TUM CPEJHUM 3HAUEHUEM.
Taxoit mpueM 3aBeoMo 060CHOBaH, eclii HaM TpebGyeTcHA NUIIb YCTAHOBUTD
MOPAIOK Benu4uHbl S, TeM Goliee, UTO B I€HCTBUTEIbHOCTY aHTEHHA HCIYyC-
KaeT He TONbKO KojllebaHUA ¢ OJHOM-eITUHCTBEHHO! NJNMHON BOMHBI, a bl
CIUIONIHON cneKTp KosnebGaHuii. Mb1 momyyaem

s oiln—w)y e v
/ Se % du = Z / dw = et
v (") \/_

a Tak KaK YHMCJIO0 wW OYeHb BeEJHRO, I/IHTepecleH.II/Iﬁ Hac UHTerpasa mo Ccy-

+00 gy
&
ecTBY COBIAAaeT C f
o V4

AHaloruyHbIM 06paaoM MO#HO NNOKa3aTb, YTO CpeJHUM 3HaUeHHUeM pHa-
aa
3

MOMHO npeHeﬁpe‘{b II0 CpaBHEHHUIO C S. Tem caMbIM MbI Npuxoanum K 3a-
KIIIOYEeHHU10, 4TO

Y3
w
/4 TIO OPAZIKY BEJIUYUHBI CPABHUMO C —
D-1
U, clefoBaTeJlbHO, OTHOILIEHNE
ﬁ 110 NOPAARY BEJIWYUHBI CpaBHUMO C %
N w(D —1)

CooTBeTCTBEHHO, AU(PpaKIUA TeM cCUIbHee, yeM Giuie UCTOYHUK S K I0-
BEPXHOCTHU 3eMJId U 4YeM [JINHHee HclycKaeMble BOMHBI. Tak o0bAcCHAETCA
TOT YOUBHUTEIbHbIN Ha NePBBI B3raAA GaKT, 4YTO UCIOIb3yeMble B Gecrpo-
BOJIOUHOI1 Tejderpaduu BoiaHbI ['eplia mo3BONAIOT NepefaBaTh TenerpadHble
CUTHAIBI C eBPOMNEiCKOro KOHTUHEHTAa, HaNpUMep, B AMeEpHKY.

Ecnu kenatenbHo paccMaTpuBaTh He cpefHee 3HaueHUe pAja, Hpea-
cTaBlfeMoe HEeKOTOPbIM MHTerpajloM, a UCTUHHOEe 3HaueHue pAja, To Heob-
XOAMMO MPOBECTU HEKOTOPBIN aHAIN3 Ha OCHOBe TeopeMbl AGens. Pesynb-
TaThl TAKOTO PacCMOTPEHUA OKa3bIBAIOTCA HECKOMbKO Gollee CIOMHBIMU, HO
10 CYLIeCTBY COBEpIIEHHO aHATOIMUYHBIMU [IPUBEJEHHBIM BbIIIE.
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3AMEYAHHE. fl 3aMeTmil, 4To HocileJHHe 3aKIIOYeHHA HYKJAIOTCA B HEKO-
TOpbIX U3MeHeHUAX. [IpubGansennsle popmMyIbl, KOTOPBIMU fl IOJIb30BaJCH, CTAHO-
BATCA HEBEPHBIMHU, €CIIU YHciIa 7 OKa3bIBalOTCA OUeHb 6IU3KUMU K wp. X cienyer
3aMeHUTb JPYTHMH YHCIaMHU, BXOAAMMMH B [eXyl0 TpaHCUeHIeHTHYIO QyHKIUIO,
yIoBieTBopAOmYyIo AuddepeHINaIbLHOMY ypaBHEHUIO

" _ zy.

IHockonbKy YHCIO YIEHOB, MOAJEKAN[UX TAKOr0 pojAa MoAubUKalUU, HEBe-
IMKO, A IOHAYAly MoJarai, 4TO0 BHOCHMbIE M3MEHEHUA He CKamyTCHd Ha OKOHYa-
TelbHOM pe3yibTate. OfHaKo Gonee rIyGOKHUil aHAIU3 HOKa3al, YTO 3TO He TaK.
CyMMa MoAU(GUIMPYEMbIX WIEHOB CpaBHMMAa C CYMMOI JPYTHX WIEHOB, KOTOpbIe
fl y4el M KOTOpble 3a/lal0TCA IPUBEIEHHOI Bbille ¢OpPMYII0ii; M03TOMY MoaudU-
qUpyeMble ¥ Jpyrue 4ieHbl HOYTH HOIHOCTHIO KOMIIEHCHUPYIOTCA, TaK 4YTO 3Ha-
yeHUe (i, 3a[JaBaeMoe OKOHYaTelbHbIMU GOpMYyiIaMH, OKa3blBaeTCA 3HAYNTEIbHO
MeHbllle 3HaueHHA, BEIYUCIAEMOro 10 NPUBEJIeHHbIM BbIlle GOpMyIaM.



IOKJAL YETBEPTBIN
O npuBeaeHuU abelleBbIX UHTErpalioB
U Teopruu PYyKCOBBIX PYHRKLUMA

locnopa! Ceropls A xouy MOAETUTLCA C BAaMU HEKOTOPBIME cOOGpame-
HUAMHU O NpUBeJleHUM abesleBbIX UHTErpajloB B CBA3U ¢ TeopHuell aBToMop §-
HbIX, B 0COOEHHOCTU (PyKCOBBIX, PYHKIUA.

Cuctema abeneBbIX GYHKIMII OT p NMepeMeHHbIX ¢ 2p NMepuojaMH Ha-
3bIBaeTCA NPuUB0duUMOll, eClIU ee MOMHO CBECTU K cucTeMe QYyHRIUN OT ¢
nepeMeHHbIX ¢ 2¢g nepuogamu (¢ > p). BamHo ¢ camoro Havana pasnuyaThb
[Ba cirydas.

B nepeom cnyuae cucremy S abGeneBbiXx (QYHKIUN OT p MepeMeHHBIX
MO#HO 06pa3oBaTh ¢ MOMOIIbIO aazebpauyeckoil kpueoti C' poaa p. Touno
Tar #e BO3HUKaeT cucTeMa S’ OT g MepeMeHHBIX U3 TeOpUHU aireGpanyec-
Koro obpasoBaHud poja q.

OpHako M3BeCTHO, YTO NepBbIil ciyuail He ABIAeTCA OOLIUM, Tak Kak
kpuBas C 3aBUCUT TONbKO OT 3p — 3 MOCTOAHHBIX, B TO BpeMA Kak obliue
p(p+1)

2
8mMopoM U3 IBYX cllydaeB, KOTOpbIe MbI pa3inyaeM, 0 KpaiiHell Mepe oJHa

u3 aByx cucteM S 1 S’ He monyvaeTcHd U3 TEOPUU alrebGpanyecKuX KPUBbIX.

CerofHa A OrpaHUYYChb B CBOEM JIOKJaJe MCKIIOYNTEIbHO NEPBbIM U3
Ha3BaHHbBIX ciydaeB. Ho B ero npejenax Heo6XoJuMoO pa3nuyaTh 1Ba MOA-
ciydad, a UMEHHO CBOU cooGpaeHUA Mbl OyJeM CBA3bIBAaTh C JBYMSA ai-
re6panueckumu kpubiMu C u C'. B ciiyyae NIpUBOAUMOCTY MeHKAY IBYMA
KPUBBIMH BO3HHKaeT anreGpanveckoe coomsemcmeue. CBOWCTBO 3TOr0 CO-
OTBETCTBUA J€KUT B OCHOBE YCTAHOBIEHHOI'0 Pa3lIUUUA MemIy CIydaaMHU.

[lepBblit cyyaii cOCTOUT B clieqyioneM. B cuny cooTBeTCTBHUA Kam a0
Touke M wpuBoit C comocTaBifieTcs OflHA U TOJIbKO ogHa Touka M’ Kpu-
Boit C'. Hao6opor, ka0t Touke KprBoii C' COOTBETCTBYIOT 1 TOYEK KPH-
Boit C. fl Ha3bIBaIO N Tapakmepucmuieckum YUCAOM COOTBeTCTBUA, a C —
MHo20KpamHoll kpueoti nia kpusoit C'.

abeneBbl GYHKIUU OT p TEPEMEHHBIX COIep:kaT napametpoB. Bo
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HasBanHbIl BbIlle MepBbIi ciyuaii He ABiaAeTcA obmum. HanpoTus,
BTOpOii ciyuyail oGnagaeT HeoGxomuMoii o6mHOcThI0. CooTBETCTBHE ycTa-
HaBJIMBaeTCA He MeaLy OTHeNbHbIMU ToukamMu M u M’', a memmy cucre-
Moit Touek My, ... , M, kpuBoii C ¢ koopauHatamu (L1, Y1), --- 5 (Tus Yo)
u cucremoii Touek M/, ..., M) spusoit C' ¢ roopgunaramu (7, yi), ...,
(2, y.,). llpu sTtom Kammoil cucteme Touek Ha C COOTBETCTBYET OfHA U
TOJIbKO OHa cucTeMa Touek Ha C'. Haobopor, kamoii cucteme Toyek Ha C’
COOTBETCTBYET, BOoGIIe TOBOPA, HECKOIbKO cucTeM Touek Ha C. Kpusyio C
A HasbIBalO nceedomuozokpamuot kpusoi naa C'.

B mepBom ciyyae x’' v y' — pauuoHaibHble QYHKIMU OT & U Y, B TO
BpeMA Kak BO BTOPOM Clly4ae Mbl MOKEM JHUIIb 3aKII0UYUTD, YTO JN0Gas pa-
[HOHANbHAA ¥ cUMMeTpUYHad GyHKUuUA oT (x4,y1, ... , T,,Y.) €CTb B TO He
BpeMsA palluoHanbHaAd GYHKUUA OT (L1,Y1, --- , Tyy Yy ). HETPYAHO BULETD,
yto mobaa Kpuad C, MHorokpatHasa mia C’, ABIfeTcA B TO #e BpeMA
nceBgoMHorokpatHoii aua C’. HaoGopor, A pacmonaralo MHOIMMM NpUMe-
paMu, KOTOpble NOKAa3bIBAIOT, UTO He KanJaf NCeBJOMHOIOKpaTHAA KpUBan
s C' ABifeTCA B TO ke BpeMA MHOrokpaTHoil kpusoii aasa C'. fI ve Gy-
1y OCTaHABIWUBATbCA HA 3TOM MOJPOOHO, TAK KAK BCe MOU MOCIelylolue
paccy#/eHUsl OTHOCATCA UCKIIOUYUTENbHO K Nepeomy cayiaio.

B ciyyae NpuBOAMMOCTU HANIMX MHTErpajoB UX TabIMIy NepruoJoB
MO#HO IIPeICTaBUTh B 0C000M HopmarvHotl gopme. CBoNCTBA 3TON TAGIMIbI
HarJAJHO BUIHBI U3 CIEAYIOUUX IBYX HPUMEPOB.

1) ¢ =1; p = 3. Tabauua nepruosoB Mo#ieT GbITb NPUBEAEHAa K BULY

2ir 0 0 h ZT g
0 2r 0 AT 4 b
0 0 2ir 0 b c

2) ¢ = 2; p = 2. B 3ToM ciy4yae HOPMUPOBaHHbIE MEPUOALI UMEIOT
cleyloliie 3HaUeHUA:

%r 0 0 0 a b 0 2°

o
0 2r 0 0 b ¢ 2m o
af
0 0 27 0 0 20 o
af
0 0 0 2r 2™ o p ¢

«

Yucna o u 3 B 06enx Tabauiax — Ielble palioHalbHbIe YKcIIa.
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Tenepsb f onpejenio BTopoe xapakmepucmuieckoe ducao ». OHo yka-
3bIBAET TMOPAMOK TeTa-GYHKIUU OT ¢ MepeMeHHbIX, B KOTOPYIO MOMHO Mpe-
06pa3oBaTh B ciliydyae NPUBOIMMOCTH TeTa-QyHKIHMIO IEPBOTo MOPAJKA OT P
nepeMeHHbIX. B nepBom npumepe » = a, Bo BTopoM — » = af3. 06a rapak-
mepucmuyeckux ucaa n u »x scezda pasHul. fl Hamen gBa JOKasaTenbCTBa
3TOr0 yTBEP#AE€HUA, OCHOBHBIE IOJIOMEHUA KOTOPBIX fl cefiuac U3IORY.

Ilepeoe doraszameavcmeo. Ilyets M nu M' — pBa abelleBbIX UHTerpana
NepBOro, BTOPOr'o UM TpeThero poaa Kpuoil C. MpIcieHHO NpeAcTaBUM
ce6e COOTBETCTBYIOINIYIO PUMaHOBY IOBEPXHOCTh, HA KOTOPOW B KaKOM-TO
MecTe U3 OJHOI TOUKHU MPOBEIEHbI 2p 3aMKHYTBIX pa3pesa, He pa3felfiio-
1€ [OBEPXHOCTH Ha oTaenbHble Kycku. Torna M u M' moryt obiaagaTh
CleyIIUMU TIepUoiaMu:

MZIBl, T2y «ve y T2p,
Ic
M CY1, Y2, .. 7y2p~

Teneps MHe HeoGXOJUMO ONpeleIUTb XapaKTEePUCTUYECKYIO ¢yHIaMeH-
TalbHYIO Ouiunelnylo gopmy, a UMEHHO, A Honaralo

F(z, y) :/MdMlv
rje uHTerpan ciegyeT GpaTh o BceMy KOHTYpPY paspesa. Eciu z u y —

HOpMallbHble nepuoisl, To F(x, y) npuHuMaer cienyomui Bu:

p
F(ﬂ.’?, y) = Z (2132%—192% - $2%y2%—1)-

=1

Ecnu npeanonomutsb, uto M — 0JUH M3 NPUBOAMMBIX HHTErpPaloB, TO
€ro 2p mepuojIoB MO#{HO JUHENHO U ¢ [eNO0YUCIEHHBIMU K03 PUIHEeHTaMU
BbIPa3UThb BCero JUIIb Yepe3 2q NepPUOAOB Wi, ... , Wag, U A MOIyUalo

2q
(B%:Zm%jw‘j (e=1,2,...,2p),
i=1

rje m,, — lLiejble panMoHaibHble yncia. Eciu tenepsr M u M' — unTterpaisl
nepBoro poja, To, Kak U3BECTHO,

F(z,y) =0.
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Ecnu B 3TO YpaBHeHH€ NIOACTaBHUTb BhbIpameHue OJIA T 4Yepe3d w, TO IOIYy-
yuTcAd OGuiauHeiiHoe YpaBHeHUue Memay Yy U w, KOTOpoe MOKHO 3anucaThb

B clleJymomeM BUae:
2q
Z ijj =0.
j=1

IycTts Tenepb wi, ..., U, — P JHMHEHHO He3aBUCHMBIX HHTErpajioB
nepBoro poaa kpusoit C'. Toraa MbI MO#eM HONOMKUTH

U = piug + poug + ... + pply,
U' = phus + poug + ..o 4 .

Ocrarolueca MoKka HeonpeleleHHbIMU KOo3pPUIMeHThl u' cleayeT HalTh
TakuM 06pa3oM, YTOOLI OHYM YIOBIETBOPAIN 2¢ JUHEHHBIM ypaBHEHUAM

Hi=0 (j=1,2,...,2q).

Ecnu elje 3aaMeTUuTb, 4TO 3TU 2q ypaBHEHI/Iﬁ He ABJAITCA JUHENHO He3aBu-
CUMBIMHU, U MEHIAY HUMU UMEIOTCA q COOTHOIIIEHU !

ZH]'&)]' = 07

a M03TOMY Jierko MOHATh, 4TO0 M) TaKie MpUBOAMMA U 4YTO, Tak Kar M
NpUHALJIEHUT CEMENCTBY U3 ¢ MPUBOJUMBIX HHTerpanoB, To M’ ABiasercA
3MeMeHTOM (p — ¢)-KpaTHOro GeCKOHEYHOro JMHEHHOro ceMeiicTBa MPUBO-
IVMBIX UHTErpanoB. ITO TOJIbKO MpeJBapUTelbHOe cooOpameHue.

fl sameuy, uto H; ABnAerca 1uHeiiHO# QyHKIUEH OT y,,, T03TOMY MOH-
HO 3amucaTb

2p
Hi=> hyyi ((=1,2,...,2q),
1

rje h;; — pauuoHanbHble yncia. 3 anemeHToB m;, 1 hy,c A chopMynupyio
nBe Tabauibl U3 2q cToAOLUOB U 2p cTpok. U3 o6oux A chopmupyio onpene-
JIeHHbIe N-PAJHbIe JeTepMUHaHThI. fl Takme o603Hauy yucia m yepes D u
COOTBETCTBEHHO uncia h uepes D’.

Toraa 6yneM uMeThb
J = Z DD'.

Benuuuna J aBnsaerca UHBAPUAHMHbIM YJI€EHOM B ciiefyloleM CMbIC/Ie: OHa
ocTaeTcA 6e3 I/I3MeHeHI/II71, eCclin HaKyIO-JIPIﬁO CUCTeMYy IlepuoaoB r WIH W
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3aMeHHThb Ha dKBHUBaleHTHY!0. Ilpu 3ToM Ha3oBeM [Be cHCTEMBI MEPUOJOB
SKBUBAJIEHTHBIMH, €CIM OHU LEJIOYHMCIEHHO U JUHENWHO BhIPaKarmTCA JpYyT
yepe3 apyra. Ternepb MOMHO C 0JHON CTOPOHBI JOKa3aTh, YTO

J =2,

a c Apyrou
J =n’

U3 storo caenyer, uto » = (), YTo U 3aKaHUMBAET H0Ka3aTelbcTBO. [lepeii-
IeM K JpyroMy JOKas3aTejlbCTBY.

Bmopoe dorasameavcmeo cyuecTBeHHO Kopode. OHO OCHOBAHO Ha CpaB-
HeHuM npuHagaexamux & S u S’ 6ununeitnpix ¢popm F(z, y) u ¢(w, o).
C 0JHO# CTOPOHBI, UMEEM

F(z, y) = n®(w, v'),

¢ Apyro#,
F(z, y) = #®(w, w').

W3 sToro BeITEKAET, UTO 3¢ = N.

fl moaxomy Temepb K ceA3u meopuu npugedeHus ¢ meopuell Gyrcoswvlr
dynryul.

Kak usBecTHO, Kamuaa aire6panueckas Kpusasa C omnpeenfeTca CUc-
TeMoil (pykcoBbIXx ¢yHKUUil. Tenepb NpUMeHUM TO OOCTOATENbCTBO, UTO
kpuBag C ABIAETCA MHOIOKpATHON KpuBoit mia C! cienywomum o6pasom.
Beerpa cnpaBemiuBo, uto KpuBasa C' ompegensder rpynny okpy#Hoctu G/,
U aHajoruuHo, kpuaa C onpepenser rpynny G, mpu 3tom G fABIfAeTcA
noarpynnoit G'. U3 Toro, uro kpusaa C sABafercA n-kpaTHoi Kpuboii C,
cnenyert, uto G aBnAercA noarpynnoit G’ unnexca n. Mo#HO NONYyYUTh TIPU
9TOM (pyHAaMeHTalbHble o6nacTu G u (G, KOTOpble OKa3bIBAIOTCA CBA3AH-
HbIMU ApyT ¢ ApyroM. [loayuen P, orpanuuuBaromuit G, pa3BuBaeTcA Ha n
nonuroMoB P’([3), KoTopble SKBUBANEHTHBI APYT APYTY B CMBICIE ICEBJO-
€BKJIUIOBOI reoMeTpUH.

I o6o3nHauy cmopony noaurona P’ yepes y(q) U aHATOTUYHYIO CTOPOHY
B P'(3) uepes v(a, B). Cropona y(a, ) NemUT UIU BHYTPH WIU HA Tpa-
uune P. fl 6yny npenmnonaraTe, uto cTopoHa <y(«) nepexogut B y(a') mpu
rpynnoBoii onepauuu GG'. Ecau Teneps y(a, 3) aemut Ha rpanuue P, To
nuMeetcH elle ofHa ctopoHa v(a', ') Ha 3Toii rpaHuie, KOTOPaA KOHTPYEHT-
Ha ucxoHol npu geiicrBun G. Ecan e y(a, () aemur Bo BHyTpenHocTu P,
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TO M0J06HO} OTINYHOI CTOPOHBI He cymecTByeT, HO Y(«, B) u y(a’, B') cBa-
3aHbI IPYT ¢ ApyroM u o6pasyior obuyio cropony masa P'(8) u P'(4'). Ho
IpU 3TOM Bcerjia CnpaBe/inBo, UTo BCAKasA cTopoHa y(a) monurona P’ mo-
JdyJaeTcA MpU mepecTaHoBke n uudp 1, 2, ..., n.

[IpoBeneHHoe BbIlle pacCMOTPEHUE aHAIOrMUHBIM 06pa30M MOKHO pac-
IPOCTPAHUTD Ha yeabt noauzona P'. Mbl Mo#eM 00beIMHUTL CTOPOHBI B Na-
pbl U pa3bUTh YIibl HA MUKIBI TAKMM 0GPasoM, YTO Yol OJHOrO IHUKIA
folyvaeTcA MpU MOMOINU omepanuu (meiicTBuA) G Hal APYTHM HUKIOM.
IIpy 3TOM Kamblii MHMKJI CHOBA MOXHO OIpeeluTh HEKOTOPOH mepecTa-
HOBKO# udp 1, 2, ..., n, KOTOpbIe CTAHOBATCA YNOPANLOYEHHBIMH, MOT00-
HO cTopoHaM. fl mpeamonoMy Tenepb, 4To moauroH P umeer 2N cTOpoH
U  yrioBbix HuKJIOB. [logo6Hble o603Hayenud BBeneM u i P': 2N’ u Q'.
Onun yraosoit uuia P!, cooTBeTcTByOmMUI IepecTaHOBKaM, pa3buBaeTcA
B HMKJINYECKME NepecTaHoBKU. [lifA BcexX yIiOBBIX HUKJIOB MOMET ObITh Ie-
J0€ YHCI0 A; HMKINYECKUX NEepecTaHOBOK A HeKOTOopoil uudpsl . Janee
MO#HO YCTAHOBUTD CleYIOl[ie COOTHOIIECHWA:

2p=N-Q +1
2¢q=N'"-Q'+1
!
Q+2p—-2=n(Q +2¢—2)
' _
n(@Q —Q)=2(p-1)—2n(¢—1)
E Ai=Q
. !
E ixi =nQ'.

HU3nomennble Bbllle o6mue coo6paskeHnA N03BONAIOT HaM Telepb Bbl-
BECTHU HECKOJLKO KPACHUBBIX M Ba#HBIX meopem 0 Heeekaudosoti 2eomempuis
MHO20Y204bHUKOE, 00PAI06AHHBLT dy2amu OKpy’cHOCmel, a Mmakice 2eomem-
puu aazefpauveckur kpusvix. {1 NpuBey Nanee HECKONLKO PUMEPOB TAKUX
TeopeM, He OCTaHABIMBAACh Ha 0Ka3aTeNbcTBax. BiipoueM, ocHOBHbIE HeH
JI0Ka3aTeNbCTB ColepAaTcA B 3aKIIOUUTENbHOM YacTH MOEro JoRjaaja.

Dp=3,¢g=2,n=2 m=m' =4.

Yepes m u m' ob6osnauennl nopanku kpusbix C u C'. Kpusaa C He
uMeeT JBOMHBIX TOueK, kpuBaa C' MMeeT ofHYy OBOWHYIO Toury. Hs 28
deotinbir racameavnvir k C 6 nporodam wepes odHy MouKy 6He KPUBOL.

2)p=4,q=2,n=2, m=4, m' =5.

Y kpusoii C 1Be JBOiiHbIEe TOYKH, Y KpuBoii C' — Tonbko opHa. Ecnu
nuddepeHnraIbl NPUBOAUMbBIX MHTEr PAJIOB [EePBOro poja MoJI0KUTh PABHbI-
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MU HYJIO, TO MbI MONYYUM NYY0K KOHUYECKUT ceveHull, yeThIpbMA Gasuc-
HBIMU TOYKAMHU KOTOPOT'O CIIy#aT ABOMHbIe TOYKU KpuBoit C' U IBe Ipyrue
TOUKHM TOH #e KpuBoii. IllecTh 3TUX KOHNYECKHMX CEUYEHHU Il JBaAiIbI KacaroT-
ca kpuBoit C. Te u3 HUX, KOTOpbIe KacaloTeA KpuBoil C' B 6a3uCHON TOouKe,
conpuKacalOTCA caMu co0oi B 3TOl ToYKe.

3)p=2,¢q=1,n=1.

Kpusaa C — rpammoe deyr pasauunvix kpusbix C' u C". CymecTByer
¢dykcoBa rpynmna (G, JiA KOTOPON MOHHO MOCTPOMTh Kak IEpBbIii MHOrO-
yroibHUK Pi, cocToAmuii U3 ABYyX MHOTOYTOJIbHUKOB rpymnbl G', cooTBeT-
crBytomeil KpuBoit C’', Tak ¥ BTOPOW MHOTOYToNbHUK P, cocToAmui u3
IBYX MHOroyroibHuKoB rpymnmel G, coorBercrByomeii kpusoii C". Ta-
kUM obpasoM, G cogepmutca 1 B G', u B G" rak moarpynna uHaekca 2.
CxeMaTHyecKHii yepTes Ha puUC. 5 MOMOraeT COCTABUThL HATJIALHOE Mpe.-
cTaBieHde 00 OTHOIIEHUAX Mex1y MHOroyroibHUKamu. JIBe ynoMAHYTbIe
BbIlle ByHAaMeHTalbHble obnactu Py u Py rpynnel G npeacTaBieHbl MHO-
royroibuukamu ¢ BepmuHaMu A u C. Kamplii U3 3TUX MHOTOYTONbHUKOB
pacnajaeTcA Ha JiBa lecTUYrolbHUKa — (QyHIaMeHTalbHble 061acTy IpyI-
nbl G’ uiu G, UtoGel cienaTh Goliee HATIANHOM S3KBUBaNEHTHOCTb Py 1 Ps,
IeHTPbl CHMMETPHUHU YIIOMAHY ThIX MECTUYTONbLHNKOB COEIMHEHBI C CepeIy-
HaMM CTOPOH, YTOObI BCe MHOIOYTOJbHUKU MOHO ObLIO Jlerde MOCTPOUTh
U3 MOy YaIOIUXCA YEThIPEXYT0lbHUKOB.

Ilepexoxy K TeopeMaM M3 reoMeTpUU anrebpanyecKUX KPUBBIX, KO-
TOPBIM Hac yudT 3ToT npumep. Eciu M’ — Touka Ha wpusoit C', To Ha
kpuBoii C eii cooTBeTcTBYIOT ABe Toukd M, u M,. Kamjoii us Hux Ha
kpuBoit C"' cooTBeTcTByeT mo oaHoit Touke: M. u M;'. CnegoBaTenbHo,
B 00IeM cllyydae Kax ol Touke KpuBoii C' cOOTBETCTBYIOT IB€ TOUKU KpH-
Boit C". TouHO Tak #e Mbl 3aKII0YaEM, YTO B 061IeM Cllydae Ka# a0l TOUKe
kpuBoit C" coorBercTBYIOT ABe Touku Kpusoit C'. CoorBercrBue (C', C")
uMeeT IBe TOukW BerBieHuda M| u M). CiemoBaTenbHO, Kam/J0i U3 HUX
COOTBETCTBYET TONbKO OJHa TouKa KpuBoil C, a Tak#e TOJLKO OJIHA TOYKA
kpuBoit C": M{' u M). Coornomenue (C", C) Takime ¥MeeT [Be TOUKH
BerBienna Ni' u N,'. Kamoit U3 HUX COOTBETCTBYET TONLKO OJHA TOYKA
kpuBoit C': N{ u Nj. IlepByio u3 TeopeM, KOTOpble MbI XOT€IH [PUBECTH,
MO#HO ¢(hOPMYIUPOBATH CIAEAYIOIKUM 06pasoM.

Touku N{ u N3, c¢ odnoii cmopoust, u mouku M| u M3, ¢ dpyeot,
cosnadaiom.

[lepexomy KO BTOpOWl Teopeme, KOTOpad HMeeT MeCTO, KOrla Kpu-
Boie C' u C" Tperbero mopaaka.
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Puc. 5

B moure N{ = N, a mozy nposecmu kacameavhyio k kpusoti C'. Co-
edunsio samen mouku M| u M} cexyweti. Kacameavnaa u cexywjan nepece-
kalomces 6 moike, aexcawel na kpusot C'. Touno mak se a mozy nposecmu
wepes mouky M| = Mj' racameavnywo k rpusoti C" u npodoaxcums ee 0o
nepecevenus c cexyweti Ni'NJ. Toura nepecevenus aexcum na kpueoii C".

JTYM HeMHOroYHMc/eHHble NPUMephI N03BONAIT INOHATh, CKOIb MHOIO-
4HCiIeHHbI pasiiyHble YacTHbIE CIy4dan.



JTOKJIALI MATHINA
O TpaHCPUHHUTHBIX UYMCIaAX

Tocnona! Cerogusa Moii [MOKJIaA MOCBALIEH MOHATHUIO TPAHCHUHUTHOIO
KapAUHaIbHOTO YMcia, U pese BCero A Xouy NoroBopuTh 06 OTHOM Kaicy-
wemcs IPOTUBOPEYNU, KOTOPOE AKOOBI COAEPHUT 3TO noHATHe. Ho mpexae
yeM HauaTh, A XOTeJ Obl cllefaTh cleyloliee IpeABapuTelbHOE 3aMeyaHue:
10 MOEMY MHEHUIO, IpeIMeT MbICIAUM TOJbKO TOTZa, KOT/la ero MOKHO OIlpe-
NeIUTh KOHEUHBIM uuciio cloB. [IpeaMeT, onpeeluMbIii KOHEYHBIM YHCJIOM
clioB, A Oyy IJA KpaTKOCTU Ha3bIBaTh MpocTo onpeaeiuMbiM. C 3Toit Tou-
KU 3peHudA HeolpeaeluMbIii IpeaMeT HeMBICIUM. AHalloTM4YHO, A Oyoy Ha-
3bIBaTh 3aKOHOMEPHOCThb BbICKa3blBaeMOli, €Clii ee MOMHO BbICKa3aThb 3a
KOHEYHOE UYMCJIO CIIOB.

I'-H Pumap nokasain, 4To MHOMECTBO ONpPeAeNUMbIX NMPEeJIMETOB CUeT-
HO, T.€. KapJuHalbHOE YKCIO0 3TOT0 MHOMecCTBa ecTb Ng. [JokazaTelbcTBO
COBCEM IMPOCTO: MYCTh (x — YHUCIO CIOB B ClOBape, TOTAa 1 CIOBaMHU MO#-
HO ONpefieNUTh caMoe Gonbliee o™ npeagMeToB. Eciu Teneph paspemutsb n
HeorpaHMYEHHO Bo3pacTaTh, TO, KaKk HETPYAHO BUJAETh, Aame B 3TOM CIy-
yae HeBO3MOMKHO BBINTU 3a Ipefelbl cueTHOro MHoxkecTBa. CienoBaTelbHO,
MOIIIHOCTb MHO#{ECTBa MBICIUMBIX NpeaMeToB Oblia Obl paBHa Ng. I'-H Illen-
¢arc Bo3pas3us NMPOTUB 3TOr0 JA0KAa3aTelbCcTBa, 3aMETUB, UTO C MOMOIIbIO
O/IHOT'0-eIMHCTBEHHOTr'0 ONpeJeleHuA MOMHO 3a/laTh HECKOJbKO, Aaxe Gec-
KOHEYHO MHOTO NpeiMeToB. B KauecTBe mpuMepa OH IPUBOAUT ONpefelleHUe
GyHKRUUHA-KOHCTAHT, KOTOPBIX, OUeBUIHO, GeckoHeUYHO MHOro. Takoe Bo3pa-
#eHUe HellpueMJeMo IOTOMY, YTO ONpefieIeHuA 3TOro TUIA 3aJalT He OT-
JelbHble IpeJMeThl, 8 UX COBOKYNHOCTb, B HallleM NIPUMEpEe — MHOHMCECITLBO
(pyHKUIMHA-KOHCTAHT, U 3TO MHOMKECTBO INpeAcTaBiafAeT co060il OqUH-eIUHCT-
BeHHbII npeamet. UTak, BeiaBuHYyTOEe r-HOoM Illendaucom BospasmeHue He-
000CcHOBaHoO.

Rak usBecTHo, KanTop nokasan, 4TO KOHTUHYYM He CUeTHO-0eCKOHe-
YyeH; 9TO NPOTUBOPEYUT NoKasaTelbCcTBY Puinapa. BosHukaeT Bompoc: Ka-
KOe U3 JIBYX JIoKa3aTelbCTB BepHo. fl yTBepa#aalo, 4To o6a qoKa3aTelbCcTBa
BEPHBI U YTO MPOTUBOpEUHE, 0 KOTOPOM HJET peub, JUlllb KamymieecA. [las
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060CHOBAaHUA 3TOTO yTBEP#JAEHUA A NPUBELY HOBOE [0KA3aTelIbCTBO TEO-
pembl RanTopa. Takum oGpa3oM, MpeAnoio#uM, 4To 3ajaH oTpe3ok AB u
MpaBUio, MO0 KOTOPOMY Ka#{/I0if TOUYKE 3TOr0 OTPEe3Ka MOCTABIEHO B COOT-
BETCTBHE Llejioe Yucio. [l NpocTOThI yclIoBUMCH 0003HaYaTh TOYKH COOT-
BETCTBYIOI[UMH UM [eldbIMHU yrciamu. Pasgenum Haii oTpe3oKk OIByMA Mpo-
M3BOJbHO BbIOpAHHBIMU TOUKaMu Ay u Ay Ha TPU YaCTH, KOTOPbIE HA30BEM
HOAOTPEe3KaMU MEePBOI CTYIEHHU; KamAYyI0 U3 3TUX YacTell B CBOIO 04Yepelb
pasjieluM Ha TPU YacTH U MOJYYUM INOJOTPE3KU BTOPOIl CTYIEHU; MbIC-
JIEHHO MpeJcTaBUM cefe 3TOT Mmpollece MPOAOHEHHBIM 10 GECKOHEYHOCTH,
HpuYeM MJIUHBI HOJOTPE3KOB y KauJON I'PAHUIbI JOJHHBI YMEHbIIAThLCA.
Touka 1 mpuHAAIEKUT OJHOM UIU, camoe Golbiee (Korja Touka 1 coBma-
JaeT ¢ Toukoil A; uau Toukoil A) ABYM MOJOTpe3KaM MEepBOM CTYMEHH,
U, clie[0BaTelbHO, 3aBeJJOMO CYIIeCTBYeT OJUH MOJOTPE30K MEPBOii CTyIe-
HU, KOTOpOMY Touka 1 He npuHajgnexut. Ha 3ToM oTpe3ke HaiijeM TOURY
C HauUMEeHbUIMM HOMEPOM, KOTOPBIX JOI#HO OBITh 0 MeHblIel Mepe JBe.
Cpenu Tpex moJoTPe3KOB BTOPOil CTyNEeHU, IPUHA/JIEKAIIUX TOMY OTPE3KY
HepBOil CTYNEHH, HA KOTOPOM MbI HaXOJUMCH, CHOBa HailleTCAl N0 KpaiiHeil
Mepe OJUH, K KOTOPOMY He HNPUHAIJIEMHUT MOCIEAHAA U3 PACCMOTPEHHBIX
HaMu ToveK. [[pofoauB Hall MeTO/ HAa 3TOM OTpPe3Ke, MbI NMOJIYYUM B UTO-
re 1mociegoBaTeNbHOCTb OTPE3KOB, 061afal0MKX CIeAYIONUMU CBOMCTBAMMU:
KamIblil U3 HUX COAEPMUTCH BO BCeX MPEIbIAYLIMX OTPe3Kax, U OJUH W3
OTPE3KOB N-0i CTYNEHH He COJEPHUT HU OJIHY U3 TOUEK ¢ HOMepamu oT 1
no n — 1. 3 mepBoro cBoiicTBa cliefiyeT, YTO [ONHA CYIIeCTBOBAaTb IO
KpaiiHell Mepe ojjHa TOYKa, o6laf JJIfl BCeX OTPE3KOB; TOTja KaKk U3 BTOPO-
r'o CBOICTBA CleyeT, YTO HOMEp 3TOi TOYKHU J0J#eH ObITh GoJbIIe M060r0
KOHEYHOI'0 UMCHa, T.€. 3TO TOYKEe HEBO3MOMKHO NOCTABUThL B COOTBETCTBUE
HU OJTHO U3 YHCel.

W13 Kakoro npeanoio#eHud Mbl HCXOIUIU B 3TOM pumMepe? Mbl npuHAa-
1Y IPeJIIoNIOKEHNE O IpaBUile, 0 KOTOPOMY KamI0il TOUKe OTpe3Ka NOCTaB-
JIEHO B COOTBETCTBHE HEKOTOPOE [elloe YUCIo. 3aTeM HaM yJanoch ompeje-
JUTh TOYKY, KOTOPOI HE COOTBETCTBYET HUKAKOe YUCio. B 3ToM oTHOLIEHUU
HpUBeIeHHbIE Bblllle pa3iUyHble 0KA3aTelbCTBA TEOPEMbBI He OTIMYAIOTCA.
Ho npespe Bcero HeoGxonumo yctaHoBuTh npasuiao. Ilo Pumapy, Takoe
HIpaBUio, NMO-BUAMMOMY, CYIIEeCTBYyeT, HO KaHTop HoKasan NpoTUBONOJIOH-
Hoe. MoHO 11 HallTH BbIXOJ U3 co3naBlueiicAa aunemMbl! [Ipoananusupy-
€M, KaKk HaJlleUT NOHMMAaTh CIOBO «oNpeaeluMbIily. Mbl GepeM nepeueHb
BCEX KOHEYHBIX yTBEDP#JEHUI U BhIUEDKUBAaeM U3 HEro Bce yTBEPMIEHNA,
KOTOpbIE HEe ONpEAeNAIT HUKaKkoil Touku. OcTaBlivecHA yTBepHAEHUA MbI
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HOCTaBUM B COOTBETCTBUE LIebIM unciaM. Eciu Tenepb Mbl CHOBa MPOCMOT-
PUM Hall MepedyeHb, TO B 06IIEM CIydae MOMHO I0Ka3aTb, YTO HEKOTOpPbIE
13 paHee BLIYEPKHYTHIX YTBEP#IEHU Telnepb HpUAETCA 0CTaBUTh. [eiicT-
BUTENbHO, yTBEP#IeHNUA, B KOTOPLIX peyb IlJa O MpaBuUie COOTBETCTBHUA,
paHee He UMeld 3HAYEHUA, TAK KAK TOYKM He GbLIM IOCTaBIEHbI B COOT-
BETCTBUE IeNbIM TouKkaM. Tenmephb #e 3TU yTBep#AeHUA oOpelu 3HaUYeHUe
U MO3TOMY MJOJKHBI OCTAaBaThCA B HalleM clucKe. Eciu 661 Mbl M3MEHUIU
NpaBUio, MO0 KOTOPOMY YCTaHaBIMBAaeTCA COOTBETCTBUE MeMAY TOUKAMU
U UeJbIMM YHCIaMH, TO Ta e caMasd TPYIHOCTh MOBTOPMJIACH, U TaK 0
6ecrorHeuHocTr. Ho HMEHHO B 3TOM U 3aK/JII0YAETCA paspelleHre KaKyILiero
npotuBopeunsa Mexay Pumapom u Rantopom. Ilycts My — MHO#ECTBO Iie-
JbIX ymcel, M; — MHOeCTBO TOUYEK HalIero oTpeska, onpeelaeMbIX Bce-
MM KOHEYHBIMU yTBEpHIeHUAMHU, COXPAHUBIIKUXCA B HAllleM IepeyHe mocie
NepBOro BbluepKUBaHuA, (G1 — NpaBUio, ycTaHABIUBAIOINee COOTBETCTBUE
Memay My u M;. IlpaBuno G; nmopoxaaeT HOBOe MHOMECTBO ONPeNeTUMBbIX
Touek M,. Ho MmHomecTBY M + My cooTBeTcTByeT HoBoe mpaBuiio Gz, Ko-
TOpOe B CBOIO OYepelb MOpOKIaeT HOBoe MHoxecTBo Ms, u T. 1. Jokasa-
TeabcTBO Puilnapa yuut Hac, 4To Tam, rige i 060pBy NpUMeHeHUEe Hallero
NOCTPOEHUA, BCera CyllecTBYeT HEKOTOPOe IPaBUJIo COOTBETCTBUA, TOTAA
Kak KaHTop mokasbiBaeT, 4TO Hallle IOCTPOEHHE MOMHO MPOJOIHATh CKOJIb
yroguo moaro. Takum o6pasom, Mex Iy AoKasaTelbcTBaMu Pumapa u Kan-
TOpa HUKAKOTo NMPOTUBOPEYUA He BOSHUKAET.

BuaumocTh NpOTUBOpPEUYUA CBA3aHa C TeM, UTO IpPaBUIy COOTBETCTBUA
no Pumapy HemocTaeT ogHOro cBoiicTBa, KOTOPOE A HA30BY «IpeIUKATUB-
HOCTBbIO», 3aMMCTBYA 3TO BbIpameHHe Yy OJHOr0 aHIJIHiicKoro guiocoda.
(Ilo Paccenny, y KoToporo i 3auMCTBYIO 3TOT TEPMUH, ONpeeleHne By X
nouaTuii A u A’ e mpeguxaTuBHO, ecii A ymoMHHaeTCA B ompejeleHun
nousatua A' u Hao6opot.) Ilog NpeAUKAaTUBHOCTHIO A MOHUMAIO CIEAYIOIIee.
HKa goe nmpaBuiio cOOTBETCTBUA NpeNoaraeT onpeaeleHHy0 Kiaccudura-
nuio. I Ha3bpIBalO COOTBETCTBHE NMPEIUKATUBHBIM, €CIIH Jiekallaf B ero oc-
HOBe KjaaccupuKanua npearkatuBHa. UTo #e KacaeTcAa KiaccudUKaLUM, TO
A HasblBalO ee NMpeIUKAaTUBHON,eClId OHa He MU3MEHAETCA OT BBeJeHUA HO-
BBIX 3JIeMeHTOB. B 3ToM cMbIciie mpaBulo cOOTBeTCTBUA Puimapa Henpenu-
KaTUBHO; GoJiee TOro, BBeJleHUe NMPeIJI0AEHHOT0 UM NpaBUja COOTBETCTBUA
U3MeHAeT KiacCudUKALUI0 YTBepIeHU Ha UMelolue 3HayeHHe U Ha He
uMemwiue 3Hadyenne. To, YTo B 3TOM clydyae MMeeTCA B BUAY IOJ aTpu-
O6yTOM «IpeduKaTUBHBINY, Nydllle Bcero NOACHUTbL Ha mpumepe. Eciu MHe
TpeGyeTcA YIOpAAOYNTh MHOMECTBO, paclpeenuB o6pasyiolire ero npej-
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METHI 10 HEKOTOPOMY YHCIY KOPOOOK, TO MOTYT IPEACTaBUTLCA IBa CIy-
yaf: 1160 yNnopAJoUYeHHbIe IpeJMeThl B KOHIle KOHIIOB OKayTCA Ha CBOUX
MecTax, 1160 MHe NIpUAeTcA BCAKUIL pa3, Korga A 6yAy KiaccuduuUpoBaTh
HOBBIii PEJMET, U3BIEKATh KAKOU-TO APYroil mpeaMer (MiIu Apyrue mpea-
MeTbI) U3 TOI KOPOOKHU (Uau Tex KOPOGOK), B KOTOPOii OH (MU OHM) HAXO-
aunuck. B mepBoMm citydae A Ha3bIBalo KiaccHdURanuio IpeJUKaTUBHOM, BO
BTOPOM — HellpefuKaTHBHOI. Xopomuii NIpuMep HeNPeIUKAaTUBHOI'O ONpe-
Ienenus npusen Paccenn: mycTh A — HauMeHbIllee YUCIO, 1A ONpPeNeNeHUA
KOTOporo tpebyeTcA Gonee cTa HeMelKUX clIoB. Yucio A Don#HO cylect-
BOBaTb, TaK KaK C IIOMOLIbIO CTaA CJIOB MOKHO ONpeJelUTh JUIIL KOHEUHOe
KonuyecTBO uucel. Ho ompepmenenue, KoTopoe Mbl BbIlle famd 4ucay A,
COJIEPUT MEHBIIE cTa CIOB, TAKUM o6GpasoM, uucio A u onpedeaumo, u
Heonpedeaumo.

Ilepmeno Bbicka3al Bo3paxeHHe IPOTHB OTKa3a OT HeNpeAUKaTHUBHBIX
onpefeleHuil, cchulafgch Ha TO, YTO B TaKOM cilyvae NPUILIOCh OBl OTKa-
3aTbed 0T Ooibllell yacTH MaTeMaTUKH, HallpUMep, OT JoKa3aTelbCcTBa Cy-
I[eCTBOBaHUA KOPHA anre6panyeckoro ypaBHeHHA.

Kak u3BecTHO, 3TO 0Ka3aTelIbCTBO COCTOUT B CleyIOLIEeM.

Ilano anreGpandeckoe ypaBHeHue F'(x) = 0. lokassiBaioT, 4o y | F'(x)]
JoieH ObITb MUHUMYM. IlycTh @y — TO 3HaueHUe aprymeHTa, IpU KOTO-
POM JoCTUraeTc MUHUMYM, CI€I0BaTElLHO,

|F'(2)] > |F(x0)

Orcioga nanee cnenyet, uto F(xg) = 0. Takoe onpenenenue F(xo) Henpeau-
KaTHUBHO, TaK Kak 3HaueHue F'(xo) 3aBUCUT OT MHOMecTBa 3HaueHuit F(x),
K KOTOPOMY OHO NPHHAJIEHKHUT.

fI He Mory ocraHaBiuBaTbcA Ha 000CHOBAHMU 3TOr'0 Bo3paxeHud. [o-
KasaTelbCTBO MOMHO NpeoGpa3oBaTh Tak, YTOObI HelpeJUKaTHUBHBIE ONpe-

OeJIeHUA U3 Hero ucueajiu. I[JIH 3TOr0 A PaCCMOTPIO COBOKYITHOCTb 3HAUEHU M

m + ni
apryMeHTa Bujia %, rage m, n U p — ueljible 4Yucja. b5 MOT'Yy BOCIIOJIb30-

BaThCA TEMHU e paccy:kJeHUAMHU, UTO U Ipe#ilie, HO 3HaUeHUe apTryMeHTa,
IPU KOTOPOM AocTUraetcA MunuMyM |F'|, BooGie roBops He NpUHALIEHNT
K paccMaTpuBaeMbIM 3HaYeHHAM aprymeHTa. TeMm caMbIM MbI usberaem
Kpyra B JokasareabcTBe. OT KamIoro MaTeMaTHUYeCKOro JOKa3aTelbCTBa
MOHO MOTpe6oBaTh, YTOGLI OHO COZEP3Kal0 TOJAbKO NpeAMKaTUBHbIE ONpe-
JeleHud U T.[., TaKk Kak B IPOTUBHOM Clly4Yae H0Ka3aTelIbCTBO HECTPOrO.
A raxr 06CTOUT Jel0 ¢ KIacCHUeCKUM [JoKa3aTelbCcTBOM TeopeMbl bepH-
mreitna? CBoGoaHO 1M OHO OT mporuBopeuua? Kak usBecTHO, Teopema
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BepHinTeitna yTBep:#aaet, 4To eciu AaHbl Tpu MHoxecTBa A, B u C, Takue,
uto A conepmutca B B, a B conepsurca B C, u eciun A sxBuBanedtro C,
TO A Ioi#HO 6bITh 3KBUBaNeHTHO B. Takum 06pa3oM, 1 B 3TOM cllydae pedb
UJIeT O TpaBuie, 0 KOTOPOMY YCTaHABIUBaeTCA COOTBeTCTBUE. Ecau mep-
BO€ MPaBUJIO YCTAaHOBIEHUA cooTBeTcTBUA (Memay A u C) npeauKaTUBHO,
TO, KaK MOKAa3bIBaeT J0KA3aTelbCTBO, BTOPOE MPABUIO YCTAHOBIEHUA COOT-
BeTCTBUA Meway A u B Takie JOMMKHO ObITb MPEIUKATUBHBIM.

Uto e KacaeTcA BTOPOro TPaHCPUHUTHOrO KapAMHANBLHOrO yucia Ny,
TO A He COBCeM yGe/IeH B TOM, YTO OHO CylecTByeT. Mbl IPUXOIUM K HEMY
Yyepes pacCMOTPeHHe MHOMeCTBA OPAUHAIBHBIX YUCET MOIIHOCTH Ng; ACHO,
YTO 3TO MHOKECTBO [OMKHO UMETb Golee BBICOKYIO MomiHOCTh. Chpamiu-
BaeTCA, OJJHAKO, 3aMKHYTO /I OHO, YTOObI MbI MOTJIM TOBOPUTH O €ro MOII-
HOCTH, He BIajiad IpU 3TOM B MPOTHUBOpeure. AKTyalbHON GeCKOHEYHOCTH
3/eCb BO BCAKOM cliyuae He CYI[ECTBYET.

A Kak 06CTOUT /eM10 ¢ 3HAMEHUTOM npobaemotl konmunyyma? MoxHo nu
BIIOJIHE YIOPAMOYUTH TOYKM mpocTpancTBa? UTo MbI 0[] 3TUM MOHUMaem?
BoamosxHbI 1Ba ciaydad. Bo-mepBbiX, Mbl MOMEM YTBEP#AATh, UTO PABUIO
BIOJIHE YTMOPAJOYEHNA BHICKA3bIBAEMO 38 KOHEUHOE UKCIO CIOB; TOTJa 3TO
yTBep:KIeHne He JoKazyemo, u faxe r-d llepmerno He mpeTeHayeT Ha ToO,
yTOObI MpPeJCTAaBUTh TAKOe [0Ka3aTelbcTBO. Ho MbI J0omycKaeM U Takyio
BO3MOKHOCTb, UTO MPAaBWJIO HE BbIPA3UMO C MOMOIIbI0O KOHEUHOTO YHhcia
cnoB. B aTOM ciyuae A He MOry NpPUAATh yTBEPHIEHUIO HUKAKOIO CMbIC-
Ja, OHO JUIA MEHfi — (IIyCTO# 3BYK». B 9TOM M 3ariiouaeTcA TPYMHOCTD.
U B 3TOM e — NPUYKMHA CIIOPOB 110 MOBOJY IOUTH MeHUATbHON TeopeMbl
Hepmerno. AT cropsl BecbMa NpuUMeyaTeNbHbl: OHA OTBEPraiOT MOCTYIaT
BbIOOpA, HO TeM He MeHee CUMTAIOT A0KAa3aTelbCTBO MPaBUILHBIM, APYTHE
CYMTAIOT MOCTYNAT BbIGOpA MpUEMIEMbIM, HO He MPU3HAIOT JOKA3aTelbCT-
BO.

fI Mory roBopuTh Ha 3Ty TeMy ellle HECKOILKO 4YacoB, HO He B cUiIax
pemuTh mpobiemy.



ITORJIAI NIECTOH
HoBaa MmexaHUuKka

lambr u rocnoga! CeroHAa A BbIHY#/JEH TOBOPUTH MO-PpPaHIY3CKH U
[03TOMY cUMTal0 HeoOXOJUMbIM NpPUHECTH BaM cBou u3BuHeHusA. llpaBaa,
CBOM MpeAblaylINe JOKJIaAbl A MPOUUTANT Ha HEMEIKOM fA3bIKe, HA OYeHb
IJIOXOM HeMeIKOM: FOBOPUTH Ha Uy#OM A3bIKe O3Ha4yaeT WUATHU, Xpomas;
XPOMOMY He00X0JUMbl KOCTHLIN; MOUMHU KOCTBIIAMU A0 CHUX NOp ObLIN Ma-
TeMaTuuyecKkue GopMyJbl; Bl Jlane He IpeAcTaBiafdeTe, Kak MHOTO OHU 3Ha-
yaT AJNA opaTopa, KOTOPBIN He CIUIIKOM TBep] B fA3bIke. Ho cerogHdA A He
X0Yy HCIONb30BaTh B CBOEM J0KJIage GOpMYIbl, TEM CaMbIM A 0CTalOCh 6e3
KOCTBLIE!, U TI03TOMY MHe NMPUAETCA FOBOPUTH MO-GpaHIY3CKU.

Kar Bam u3BecTHO, B 3TOM MHUpE€ HET HUYEro OnpeleleHHOIo, HUYero
He3bI0NEMOTr0; caMble MOTYIIIeCTBEHHbIE, caMble IPOYHble UMIIEPUU He Beu-
Hbl — Ha 3TY T€MY OXOTHO pasriaroibCTBYIOT PeIUTrH03HbIe IPONOBEIHUKH.
HayuHble Teopuy nof106HBI UMIIEPUAM: JOJITOJETHE UM OTHIOAb He YTOTOBa-
Ho. U ecniu kakoi-HUOY b U3 HUX yJaloch HallTu ceGe Ge3omacHoe y6erkulile
OT yAapoB BpeMeHH, TO 3T0, HECOMHEHHO, HbIOTOHOBCKaA MexaHuKa. B aTom
OTHOLIEHUU OHa He 3HaeT cebe pPaBHBIX, 3TO MOHYMEHT, BO3JABUTHYThIl Ha
BeKa, U Al OTHIO[b He coOMpalCh I'OBOPUThH O TOM, UYTO 3TOT MOHYMEHT
BO3ABUTHYT Ha 3eMJle, YTO OH IpeJeBpeMeHeH, Hao00poT, A yTBep:KIalo,
YTO 3TOT MOHYMEHT HeKoleGuM. B 3To e BpemA A He MOry He ymoms-
HYTb O TOM, YTO HbIOTOHOBCKafA MeXaHUKa NoJBepraeTcA HamajkaM Belu-
KUX HHUCIpoBeprateneil, 1 cpegu HUX r-H Makc A6GpaxaM U roailaHAcKuii
¢usuk r-H JlopeHn. I xoTen GbI cKa3aTh HECKOJNBKO CJIOB O PYHHaX CTaporo
30aHuA U dyHIaMeHTe HOBOI'0, BO3/BUTaeMOro Ha ero MecrTe.

Yro mpeme Bcero xapakTepHo anA ctapoil Mexanuku? Tpu mpocThix
(darTa: A paccMaTpPUBAIO TeJO B COCTOAHUY MOKOA, co00LIal0 eMy UMITYIbC,
TO €CTh B TeUeHHe 33/IaHHOTO BpeMeHH JefiCTBYIO Ha Hero 3alaHHOM CHUIIOIf;
TeNo0 MPUXOJUT B ABUKEHUe, IpUOGpeTaeT HEKOTOPYIO CKOPOCTh; eclid Ha
Tello, KOTOpoe 06peNo 3Ty CKOPOCThb, MOJeicTBOBaTh TOU e CUION B Te-
YeHHe TOr0 e BPeMEHHU, TO CKOPOCTh YABOUTCA; IIPU JalbHEMIIeM MOBTO-
PEHUU CKOPOCTh YTPOUTCA MOCTe TOTrO, KAK MbI COOOIIUM Tely TaKoil e
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uMmnyinbc B Tpetuii pas. [locie Toro, kak MbI IpojenaeM 3TO AOCTATOYHO

6oNbIlIOe YUCIO pa3, Telo NPUOOpPeTeT 0UeHb OOJNBIIYIO CKOPOCTh, KOTOpad

MOJKeT MPEeB30ITH M0G0 Mpeel, T. €. CKOPOCTD Tejla CTaHET GECKOHEYHOM.
Hao6opoT, B HOBoOit MexaHU-

Ke Tejly, HaXOQUBLIEMYyCHA B IOKOE, IO v vy Vs
HEBO3MOMHO COOGUIUTH CKOPOCTH ' ' '
NpPEBLIMIAIIYI0 CKOPOCTh CBeTa. ,0 Yi Vo V3
Kak Takoe Bo3momuo? Paccmor- ' ' '

PUM TO e caMoe Telo, Haxondlle- Puc. 6

ecd B mokoe. [lpugagum emy Taroit
K€ UMIYJbC, KaK B MepPBbIA pa3, U OHO NMPHOGPETET TaKylO #e CKOPOCTh;
cOO0IIIM eMy TaKoil #e UMITYILC BTOPOii pa3, CKOPOCTh Teja BO3pacTeT, HO
He YABOUTCA; TPETUN UMIYIbC OKaMeT aHaJOTMYHOe JefCTBHE, CKOPOCTh
OyIeT MmocTeleHHO Bo3pacTaTh, HO BCe MEHbIlle ¥ MeHbIIle, TeJl0 COMPOTHB-
JAETCA BCe CHIIbHee U CHIbHee. ITO CONPOTUBIEHME, T. €. UHEPIUA, €CTh TO,
YTO MPUHATO HA3bIBATb MAacCCOil; TAKMM 00pa3oM, Bce, YTO MPOUCXOIUT B HO-
BOIl MeXxaHWKe, CBOOUTCA K TOMY, YTO Macca He NMOCTOAHHA, a BO3PaCTaeT
€O CKOPOCTBIO. ITO fABIEHKE Mbl MOEM IIpelCcTaBUTh rpadudecku (puc. 6):
B CTapoil MexaHHKe Tello MpuoGpeTaeT mocie MePBOro UMILYJbca CKOPOCTh,
npejcTaBleHHY0 oTpe3koM Ovy, mocie BTOPOro uMmynibca ckopocth Ovyg
noiyvyaeT NpupaiieHune vqvs, paBHoe Ovp; ¢ KamIbIM HOBBIM HMILYJIbCOM
CKOpPOCTb BO3pacTaeT Ha TaKyloO e BEJIUYUHY, U OTPE30K, N300pararonuii
CKOPOCTb TeJa, Kam/blil pa3 yIIUHAETCA Ha OJHY U TY #e BEIUUYUHY; B HO-
BOIl MeXaHHKe CKOPOCTb, mpelcTaBifgeMan orpeskom Ovj, Bo3pacTaeT Mo-
CcllefloBaTebHO HA OTPE3KU V V4, V4l4,..., KOTODble CTAHOBATCH BCe KO-
poue, MpUYeM TaK, YTO Pe3yIbTHPYIOIIaA CKOPOCTb He MOMET NMPeB30iTH
OlpeJieNleHHbII Tpelel — CKOPOCTh CBETa.

KakuMm oGpa3oM MO#HO MPUATH K TakuM 3arniouyeHuam? CylecTBy-
IOT 1M IPAMbIE DKCIEPUMEHTaNbHbIE MOATBep#AeHNAT PacxomaeHud Mem-
Iy CTapoii ¥ HOBOW MeXaHUKaMM BO3HUKAIOT HEe TONbKO [UIA Tel, ABUMKY-
HUXCA ¢ GONBUIMMHU CKOPOCTAMM; IIPOCTO MPHU OUYeHb GONBIIUX CKOPOCTAX
pasinyuA MPOABIAIOTCA Gollee 3aMeTHO U omyTumo. Ho 4To Takoe oueHb
Gonbuiasg ckopocTb? TO CKOpOCTb aBTOMOGHIA, Aenatomero 100 KM B yac;
KaKo# BOCTOPT OXBaThIBaeT MpU ABH#EHUU ¢ Takoil ckopocThio! Ho ¢ Tou-
KU 3peHUA HOBON MeXaHUKHU 3Ta CKOPOCTb OYEHb Malla, MOMKHO CKas3aTh,
CKOPOCTb YNUTKHU. ACTPOHOMHUA JaeT HaM Gosiee BbICOKHMe cKopocTu: Mep-
Kypuii, camoe GbIcTpoe U3 HeOeCcHbIX Tel, mpoxoauT Te #e 100 KM, Ho He 3a
yac, a 3a CEKYH/y, HO U TaKkaf CKOPOCThb He J0CTaTouHa (OYeHb Mana) A
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TOTO0, YTOGBI MBI MOTJIA 3aMETUTh pa3iuyre Me#/ay CTapoil U HOBOI Mexa-
HUKoii. fl ye He roBOpIO 0 MyIIEYHBIX A/lpaX: OHU JBUMKYTCA GbICTpee, YeM
aBTOMOGUIb, HO Me[iieHHee, ueM Meprypuii. Kak Bam usBecTHO, CHApAIbI,
BBIIyIIIeHHbIE U3 COBPEMEHHBIX OPYIHil, JeTAT ropasjio 6bicTpee. YNIOMAHY
0 pajiuy, KOTOPBI HCIYCKAeT «CHApAAbDy (ecid MOAXOOUThL C TOYKU 3pe-
HUA SHEPTHH): «CKOPOCTPEIbHOCThY paJufl HeoObIUaliHO BeluKa, HayanbHasd
CKOpOCTb UcnyckaeMbix yacTul gocturaetr 100000 kM B cekyHAY, T.e. Tpe-
TH cKopocTHU cBeTa. [IpaBaa, KanuGp paaueBhIX «CHApAOBY U UX BeC OYeHb
Mallbl, 1 HAM He ClIelyeT pacCUMUThIBATh Ha 3TY apTUIIEPHIO B HaJleH#/ie yBe-
JIMYUTH 60EBYIO MOUIHOCTD HAIUX apMuii. Mo HO 11 SKCIEPUMEHTUPOBATh
¢ TakuMu vactunamu?! Takue s3KcIepUMeHTHI NPOBOAUINCE U HebGe3ycnen-
Ho. [lo BAIMAHKEM 3I€KTPUYECKOT0 U MArHUTHOTO MO/l TPA€KTOPUU YaCTHI
OTKJIOHAIOTCAH, YTO TMO3BONAET CYIUTh 06 MHEPIUM YacTHIl U U3MEPAThH ee.
Bruo ycraHoBineHo, 4To mMacca 3aBUCUT OT CKOPOCTHU, U chopmynupoBaHa
clefyiolian 3aKOHOMEPHOCTh: MHEPIMA Tela BO3PacTaeT C ero CKOPoCThIo,
KOTOpasA Bcerja ocraeTcAd MeHbllle CKOPOCTH cBeTa, T.e. 300000 KM B ce-
KyHAY.

Ilepexosy KO BTOPOMY HPUHIUNY — OPUHLUIOY OTHOCHUTENbHOCTH.
[Ipennonosum, 4To HeKuii HabMOJaTeNb IBUKETCA BIpaBo. Bee, uto npouc-
XOJUT C TOYKM 3PEHUA ITOro HabiioAaTeld, IPOUCXOAUT TaK, KaK ecliu Obl
OH HaXOJUJCA B COCTOAHUU MOKOA: OKPY:Kalolllie MPeMeThbl JBUAYTCA Blie-
BO, HUKAKUMM CPeJCTBaMU HEBO3MOMKHO YCTAHOBUTD, JBUMKYTCA U Npel-
MeThbI B IeHCTBUTENLHOCTH, U HEMOABUKEH T HAGAI01aTeNb I HAXOAUTCA
B ABMieHUU. B mo60M Kypce MeXaHUKH MOBOPUTCA, UTO Maccaupy, CTOA-
meMy Ha nanybe cyiHa, KaskeTcA Gy/ATo ABUMeTCA Oeper, TOr1a Kak ero ca-
MOTr'0 HEe3aMeTHO YHOCHUT B IIPOTUBOIOJO#HOM HalpaBleHUH JBUMEHUE CY -
Ha. [Ipu Goslee BHUMAaTEILHOM pacCMOTPEHHH ClleyIollee IPOCTOe NOHATHE
obpeTaeT pyHaaMeHTalbHOe 3HaUYeHHe. HUKaKUMM cpeJcTBaMU HEBO3MOM-
HO PelIuThb BOIPOC, HUKAKUM 3KCIEPUMEHTOM HEBO3MOMHO ONPOBEPTHYTh
HPUHIHUI: a6COTIOTHOE TIPOCTPAHCTBO He CYIEeCTBYeT, Bce HabmiojaeMble Ha-
MM TepeMelleHUA OTHOCUTENbHbI. TH CO00paKeHUA XOPOILIO 3HAKOMbI (Hu-
nocodam. Kak-To pa3 MHe nmpejcTaBuicA ciydail chopMyIUpoBaTh UX My6-
anyHo. B pesynbTaTe A npuo6Gpen U3BECTHOCTh, KOTOPYIO OXOTHO u36eman
6b1. Bce peaknuoHHbIe (paHIy3cKUe raseThbl NPUHANUCH JOKa3bIBaTb, YTO
Connue obpamaerca Bokpyr 3emau. Ha 3HaMeHUTOM npolecce UHKBU3UINH
nporuB anunes nocneqHuit 611 NpU3HAH BUHOBHBIM MO BCEM IMyHKTaM.

Ho BepHemca K crapoit Mexanuke. OHa Jomyckana NPUHIUI OTHOCH-
TelbHOCTH. BMecTo Toro, 4To6bl OCHOBBIBAaThCA Ha DKCIEPUMEHTaX, cTapas
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MexaHWKa BbIBOJU/IA CBOM 3aKOHBI U3 3TOr0 GyHJAMEHTAIbHOTO MPUHI[UTIA.
dTUx coobpaxeHuit 6bLI0 JOCTATOUHO [JIA YMCTO MEXaHUUECKUX ABIEHUIA,
HO He MEHBIIYIO POib OHM MTpaiu U B APYTUX BamHbIX pasjgenax GUIUKHU,
HanpuMmep, B onTuke. CKOPOCTh CBeTa OTHOCUTENLHO 3dUpa paccMaTpUBa-
n1ach Kak abCcoMoTHAaA. ITY CKOPOCTh MO#HO 6110 u3MepuTh. TeopeTuuec-
KU GU3UKU HONYyYWIU CPEJCTBO, NO3BONABIIEE CPABHUBATL NMEpeMellleHne
IBURYIIErocd Tena ¢ abCoMOTHBIM NepeMellleHUeM, CPeCTBO, I03BOJABIIEe
pelaTh, HAXOJUTCA U Telo B aGCOTIOTHOM JBUKEHUY UM HE HAXOMUTCA.

ToHKUEe 3KCIEPUMEHTbI, HeoObIYaliHO TOYHbIE NPUOOpPHI, B OMHCAHUE
KOTOpBIX A He GyAy ceiiyac BIaBaTbCA, MO3BONUIM MPEANPUHAThL MOMbBIT-
KU NMPaKTHYeCKU peanu3oBaTh CpaBHeHHEe abCONIOTHOTO U OTHOCUTEILHOTO
nBusenuit. PesynbraT okasanca paBHbIM Hymo. [IpUHIUI OTHOCHTENbHOC-
TH He JOIYyCKaeT HUKAKUX OrpaHUuuYeHUil B HOBOI MexaHuke. OH UMeeT, Tak
cKa3aTb, abCONIOTHOE 3HAYEHUE.

Yro6bl MOHATHL POJb, KOTOPYIO HPUHIUI OTHOCUTENIbHOCTU WIPAET
B HOBOIl MeXaHHKe, MOOBOPUM Ipe#ile BCEro 0 KamyleMcA BpEMEHH —
ocTpoyMHeililieM usobperenuu ¢usuka Jopenua. [Ipeanonomum, yro aBa
HaGntonarena Haxouarcea B Ilapuse (Habmopatens A) u Bepaune (Habiro-
natens B). Y A u B uMel0TcA 0JMHAKOBbIE XPOHOMETPbI, KOTOPbIE HaGIIO-
JaTelu XOTAT CBEPUTh U MOCTAaBUTh OfinHAaKoBo. HaGiofaTenu Ha peIKkocThb
neJJaHTUYHbI U XOTAT NOGUTHLCA COBMNAJEHUA MOKA3aHWil CBOMX XPOHOMET-
POB ¢ HeoObIYAHON TOYHOCTHIO, HAIPUMEp, C TOYHOCTHIO He [0 CEKYHJbI,
a 0o MUJUIMApAHON Jonu ceKyHabl. Kak MOGUTHCA CTOJNb BBICOKOW TOYHOC-
tu? U3 Mapusa B Bepaun A noceliaet TenerpadHbliii curuai, eciid yrogaHo,
4TOOBI OBITH COBCEM COBPEMEHHBIM, OH UCIOJIb3yeT OeCpOBOJIOYHEIN Tele-
rpad. HabaropaTens B oTMeuaeT MOMEHT IIpUeMa CUTHajla, U 5TOT MOMEHT
CTaHOBUTCA HayaloM O0TcUeTa BpeMeHH 1Al 06oux xpoHoMeTpoB. Ho anA to-
ro, uTo6n1 goiitu u3 [lapuma B Bepnun, curnany tpebyeTca onpejeieHHoe
BpPEMA: CUTHAN PaclpoCTPaHAETCA BCETO JNUIIb CO CKOPOCTHIO CBETA U, Clle-
JIoBaTelbHO, JocTUraeT HabmaoaaTens B c¢ 3ano3ganuem. HaGmaomatens B
CIUUIKOM yMeH [JIA TOro, 4ToObl HE YYHUTHIBATH 3TOT0 0OCTOATENbCTBA,
U OH MbITAETCA MCIPABUTH monoxeHue. Ilpolle Bcero mocTynuTh Clepyio-
muM o6pa3oM: B3fIB BCTPeUHbIe CUTHANbI, HCIyIlleHHble HabmogaTenem A
u B, o6pa3oBaTh cpeJHee NMOJYYEeHHBIX NMONPABOK U TaKUM 00pa3oM oIpe-
IenuTh TouHoe BpeMA. Ho BmoaHe nu ompepeneHo 3To cpennee? Mebr npen-
noiaraeM, uto oT A K B cursan pacnpocTpaHAeTCA 3a TO #e BpeMd, 3a
KoTopoe goxoautT or B k A. Ho Begb 3eMis B cBOeM [IBHMEHUHU IEepPEHO-
cuT HabmoaaTeneit A u B oTHOCHTENbHO 3dupa, CPeabl-HOCUTENA HIEKTPU-
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yeckux BoJdH. Korjga HaGaomatens A MchnycKaeT CBOM CUTHAN, TOT GEMUT
nepe HUM, a B ynanfeTcd oT curHana, mo3ToMy BpeMeHU TpebyeTcA 60ib-
Ile, 4eM B cilyuae, Korja oba HaGiaiogaTensa noxkounuck 6bl. HaoGopor, eciu
ObI curHanbl Mcnyckan B, a npunuman A, To BpeMeHu moTpeGoBaIoch Gbl
MeHbllle, MOCKONbRY HabGawopaTenb A aBurancA OGbl HaBCTpedy CUTHalaM.
HabaionaTenAam coBeplieHHO HEBO3MOKHO y3HaTh, IOKAa3bIBalOT MU UX XPO-
HOMETPBI OJJHO U TO e BpeMsA UJIM [OKa3aHUA XPOHOMETDPOB pacXomATCA.
Rakum GbI HU GBLI UCHONB3YEMBIN MeTOH, Te K€ TPYJHOCTH OCTAIOTCH U
npu HabGIIOIeHU acTPOHOMUYECKUX ABIEHNI — 060l onTuYecKkuit MeTox
CTANKUBaeTCA C ONHUMU U TEeMHU ke TPYIHOCTAMU: Habmogatenb B Momer
3HaTh TOJNbKO NIPOMEKYTRHU Kamylleroca BpeMeHH, CBOET0 pojia JOKalbHOT0o
BpeMeHU. [IpHHINN OTHOCUTETHHOCTU YHUBepcaleH.

B cTapoit MmexaHuKe NPUHINI OTHOCUTEILHOCTU MO3BOJIUI BHIBECTHU BCE
¢yHIaMeHTalbHble 3akOHbI. MoskeT ObITh CTOUT NONBITATHCA BEPHYThCA K
KJIacCMYeCKUM paccy#IeHUAM U NMpuaep#uBaTbed ux? PacecMoTrpum cHoBa
IByx HaGmiomateneit A u B, Kak NpUHATO 0003HA4YaTh TIOGBIX ABYX Ha-
6monareneit B MmaTemaTuke. IlpeanonosuM, 4To oHU OBUMKYTCA, yAanffAch
IpYyr oT Apyra, U HU OJUH U3 HUX He JBH#eTcA GbIcTpee cBeTa, Halpu-
mep A nBumerca co ckopoctbio 200000 KM B cekyHAy HaileBo, a B —
co ckopoctbio 200000 KM B cekyHQy HampaBo. MoHO cUMTaTh, UTO Ha-
6atonaTens A morouTcA, a HabAOAaTeNb B [BUMETCA OTHOCUTEILHO HEro
¢ Kamymiedica ckopoctbio 400000 kM B cekynnay. Eciu nabnogarens A 3ua-
KOM C HOBOI1 MeXaHUKOIi, TO OH CKaeT: «B 061aaeT CKOPOCThIO, KOTOPOi
OH He MOKeT [JOCTUYb, CJIe[JOBaTeIbHO A HaX0yCh HE B COCTOAHWH IO-
Kofl, a B ABMaeHUM». MoxeT nokasaTbcA, YTO A B COCTOAHWUU BBHIHOCUTH
B CBOEM COCTOAHUY abcontoTHbIe cy#aeHuA. Ho 6b110 661 HEe06X0AUMO, UTO-
661 A Mor HabmoaaTh gBusenue B. YToGbl mpousBecTH Takoe HabIOJeHNe,
A u B cHauyana cBepfilOT CBOU yachl, 3aTeM B mocbinaer HaGaiopaTenio A
TelerpaMMbl, 10 KOTOPbIM TOT yCTaHaBIUBaeT NocCaeJ0BaTeIbHOCTh TOUEK,
B KOTOPbIX HaxoguTcA B; paccMaTpuBaf COBOKYHMHOCTD IOCJI€J0BAaTEIbHbBIX
nonokeHuit Habmogatensa B, Habmiogatelb A moiydaeT BO3MOMHOCTb CY-
OUTH O ero ABUKEHUU M HAauepTUTh TpaeKkTopuio Habmonatens B. Ho no-
CKOJIbKRY CUTHa/bl PacnpoCTPaHAIOTCA CO CKOPOCThIO CBeTa, Yachl, KOTOpPbIE
OTCUYUTHIBAIOT KaskylleecAd BpeMf, U3MEHAIOT CBOIl X0 B Ka#Ablil MOMEHT
BpeMeHH, U Bce NMPOUCXOAUT TaK, Kak eciau 6bl yachl HabmogaTensa B cre-
munu. [IBusenue HabmonaTens B KameTcA CUIbHO 3aMedleHHBIM, U ero
KaKylafacA CKOPOCTb OTHOCHTENbHO HabmaiofaTena A He MPeBOCXOJUT TOTO
npejiena, KOTOPOro OHa He AOJHa docTuraThb. HabmogaTens A HUKaKUM
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crmoco60M He MOKET YCTAHOBUTD, IBUKETCA JU OH WJIU HAXOJUTCA B COCTO-
AHUU abCOJIOTHOTO TMOKOA.

Heob6xoaqumo NpUHATL ellle U TPETbIO TUMOTe3y, ellle Oojiee yAUBU-
TelbHYIO, ellle 0ojlee TPYIHYIO A BOCIPUATHUA, elle Oojiee MPOTUBOpe-
yanlylo HalmldM IPUBBIYHBIM NpejAcTaBleHUAM. JTa TUNOTe3a IIacuT, YTO
mo6oe Teno, coBepllampllee MOCTyNaTelbHOE IBUMEHUE, IpeTepleBaeT Je-
¢opManuio B HamnpaBieHUU ABUmeHUuA. Hanpumep, chepa medopmupyetca
B CILTIOIIEHHBIN 3JIMICOM], Majlafd OCb KOTOPOro MapalelbHa HampaBie-
HUIO ABueHUA. Ecau Taxkasa medopmanuA He3ameTHa MpU JOGOM mapal-
JeNbHOM IepeHoce, TO JHIlb I0TOMY, YTO M3-3a CBOeil MalloCTH OHa MOUTHU
Heol[yTUMa. 3eMJid B CBOEM JIBU#EHUH 10 opOuTe JedpopMuUpyeTcA IpuMep-
Ho Ha 1/200000000. YTo6bI 3aMeTUTL TaKOE TOHKOE ABIEHHe, HEOGXOAUMO
pacmojaraTh Ype3BbIYailHO TOYHBIMHM M3MepUTEIbHbIMU Npudbopamu. B Ha-
IEM e Clydyae UX TOUHOCTh AOJMH#HA Oblia Obl 6bITh GeCKOHEUHON (U 3TO
OTHIOObL He 3aBblllleHHOe TpeGoBaHuUe!), MOCKOIbKY MepeHoCHMble 3eMieit
npubopbl caMH MpeTepleBalOT TaKkoe e COKpallleHue B HalpaBleHUU ABU-
#eHud. CokpalieHne ocTaeTcA He3aMeYeHHbIM: U3MepUTeIbHbIN cTep#eHb
JoJeH ObITh Kopoue U3MepAeMoil AMUHbI. MOMKHO NUIIb NPULYMATh Te WU
HHble cIOCcOObI, NO3BOJAMIOIINE CPABHUBATD JJINHY IBMMYLIUXCA TeNl C I0-
MOIIIbIO CKOPOCTHU cBeTa. TaKoBbI TOHKUE 3KCIEPUMEHTBI, NMOCTaBIEHHbIE
Maiikenbconom. fI He 6yny ocTaHAaBIMBAaTbCA HAa WX MOJPOGHOM U3JOHE-
Huu. CKamy TONbLKO, UTO pe3yibTaThl UX OKa3alucCh BecbMa HEOOLIUHBIMU:
KakuM Obl CTPAHHBIM HaM 3TO He KasaloCh, IMPUXOAUTCA NMPU3HATbH, UTO
TpPeThbA TUIOTE3a MOJHOCThIO MOATBEpAUIaCh.

TaroBbI 0cHOBBI HOBOIT MexaHuKkU. Onupanach Ha U3N0MKEHHbIE BbIlIE T'M-
NOTe3bl, MO#KHO NOKAa3aTh, YTO HOBaA MeXaHUKAa COBMECTHUMa C MPUHIUIIOM
OTHOCUTEIbLHOCTHU.

[IpyMeHUM Tenepb HOBYIO MeXaHUKY K HOBOI KOHIENIMU BellecTBa.

IInsa coBpeMeHHOro pu3MKa aTOM He ABJIAETCA Gollee IPOCTHIM dJIeMeH-
TOM: OH NpPEeBPaTHICA B HACTOAIIYIO BCEJIEHHYIO, B KOTOPOW MUpHUAabl MJa-
HeT, TPaBUTHPYA, 06palialoTCA BOKPYT KPOXOTHBIX CoNHI. W conHIa, U mia-
HEeTbI IIPeCTaBIAIOT co60it YacTuUllbl, 3apAxceHHble TU60 OTpULlATENbHO, JH-
60 monoxuTenbHO. DU3NUK Ha3bIBAaeT OTPULATENLHO 3apAMEHHBIE (IIJIaHEThI»
24eKMpoHamMu U CTPOUT U3 HUX Bclo Beenennyto. HekoTopble npeacTaBiagioT
cebe HeUTpalbHBIl aTOM KaK MOJOMUTENbHO 3apAMeEHHYIO LEeHTpalbHYIO
Maccy, BOKPYT KOTOpoii ofpalnaeTcA GolbllIoe YUCIO0 OTpULlaTelbHO 3apfi-
MEHHBIX DIEKTPOHOB, CYMMAapHbIN 3JeKTPUYECKUIl 3apA] KOTOPHIX paBeH
[0 BeJIMYMHE 3apALY LEeHTpalbHOro AApa.
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Takan KOHIeNIUA BellleCcTBa I03BONAET JerKo y4ecTb yBelnyeHne mac-
Cbl Tela C yBelMYeHHEM CKOPOCTH, KOTOpPOe fBIAETCA ONHON U3 Xapak-
TepHBIX 0coOEHHOCTell HOBOI MexaHUKH. JITo6oe Telo mpeacTaBifeT coboii
He TONLKO COBOKYMHOCTH 3JIEKTPOHOB, OHO MO3BOJAET HaM OOHAPYHHUBATh
3M1eKTPOHbI. 3aMEeTUM TeNepb, YTO W30JUPOBAHHBLIN 3IEKTPOH, epeMela-
fick B 3dupe, NOPOMAAET INEKTPUYECKUIl TOK, T.€. 3IEKTPOMarHuTHOE MOo-
Je. ITO Mojie COOTBETCTBYET HEKOTOPOMY KOIMYECTBY DHEPIUH, JOKAINU30-
BaHHOU He B 3JEKTpPOHe, a B adupe. I3MeHeHHe CKOPOCTH 3JIEKTPOHA IO
BellMYlHe WY HANPAaBIEeHUIO NPUBOJUT K U3MEHEHUIO MONA U IpeBpaliaeT-
cAi B U3MeHeHHe JIeKTPOMarHuTHOU sHepruu adupa. CoriacHo HbIOTOHOB-
CKOIl MexaHUKe 3aTpaThl SHEPruu 0OYCIOBIEHbI TOILKO WHEpLHUeil JABU#Y-
Herocd Tela, TOr[a Kak COTNIacCHO HOBOI MeXaHWKe 4acTh 3aTpaT 3HEepruu
CBAi3aHa C TeM, YTO MO#HO 6blIo 6bI HAa3BaTh MHepIHeil 3gupa OTHOCUTENb-
HO 3JIEKTPOMAarHuTHhIX cui. MHepuud sdupa Bo3pacTaeT ¢ yBelUYeHUEM
CKOPOCTHU U B IpejieNie, KOrja CKOPOCTb CTPEMUTCA K CKOPOCTHU cBeTa, 06-
pamaeTcA B GeckoHeYHOCTb. Kamymjafaca Macca 3lIeKTPOHA BO3pacTaeT co
ckopocThbio. Kak mokasanu skcnepumenTsbl KaydmaHna, peanbHas MOCTOMH-
Hafg Macca 3JeKTpPOHa NpeHeOpemuMO Mana 10 CPaBHEHWMIO C KakylleiicA
Maccoil, 1 ee MO#HO CYUTATh PaBHOI HYIIO.

B HOBoOI1 KOHIIENIMYU BelllecTBa MOCTOAHHAA Macca BelllecTBa GecclieIHO
ucyesaet. Muepiueit 061amaet ToibKO 3¢Gup, HO OTHIOAb He BeniecTBO. Tonb-
KO 3(GUp OKa3bIBAET CONPOTHUBIEHHE JBUNEHUIO. MoxHOo Gb10 ObI CKa3aTh
TaK: BelllecTBa HET, eCTb TOJbKO JbIPkI B adupe. B Tom, uTo Kacaercs cra-
[MOHAPHBIX WM KBa3UCTALMOHAPHBIX NABUKEHHUIl, HOBaA MexaHHKa (B TOM
CTEeNeH!u NpUGIUMKEHUA, KOTOPYIO MO3BOJAIOT NOCTHYb HAIIU U3MEpeHUs)
He OT/IMYaeTcAd OT HbIOTOHOBCKON MeXxaHUKH. EQuUHCTBeHHOe oTiuYMe CO-
CTOUT B TOM, UTO B HOBOUl MeXaHHKe Macca nepecTtaeT GbITh HE3aBUCUMOM
OT CKOPOCTH M yriia, 00pa3yemMoro CKOpOCTbIO C HalpaBleHHEeM yCKOPAIO-
meit cuibl. Eciy #e ckopocTh u3MeHAeTcA ¢ 60NbIIUM YCKOPEHHEeM, KaK 3T0
HPOUCXOUT, HANIPUMeEp, B clyyae OueHb OBICTPbIX KojebaHuil, TO reHepa-
uuA BoiH ['eplja mpecTaBifAeT NOTEPIO SBHEPTUU DIEKTPOHOM, CTPEMALINMCA
CMATYUTH CBOE JIBUeHUe. TakuM o6pa3oM, B GecnipoBoNOYHOI Tenerpaduu
HCIyCKaHWe BOJH BbI3BAHO KOJeGaHUAMHU 3JIEKTPOHOB B OCHHIIMPYIOIIEM
paspAze.

AHanoruunblie Koie6aHKA IPOUCXOAAT B MIAMEHH, a TaKk#e B pacKalleH-
HbIX TenaX. Ilo JlopeHly, BHyTpH packajeHHOro Teja UUPKYJIUpYyeT 3HAUU-
TelbHOE KOJIMYECTBO IEKTPOHOB, KOTOpPbIe, HE UMeA BO3MOKHOCTH HMOKH-
HYTb Tell0, HOCATCA 10 BCeM HalpaBlIeHUAM U OTPaaloTCA OT MOBEPXHOCTHU
Tena. ITU BIEKTPOHBI MOKHO ObLIO GbI CPABHUTD C POEM MYIIEK, MONAaBUINX
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B GOKal M TI[ETHO MBITAIOUIMXCA BhIGPATHCA 38 CTEHKU CBOEH TEeMHHUIIbI,
OTYafAHHO Tpenella KpbplUIbIIIkaMu. YeM Bblllle TeMIepaTypa, TeM ObICTpee
IBUKEHNE BIEKTPOHOB, TeM G0Jbllle B3aUMHBIX CTOJKHOBEHWI U TeM MHO-
roymcieHHee OTPaKeHUA OT CTeHOK. [Ipy Kam/I0M CTONKHOBEHUHU U Kam I0M
OTpaMeHUN UCIYCKAeTCA DIEKTPOMAarHUTHAA BOJHA, U pacKaleHHbe Tena
MO3BOJIAIOT HaM HarlAJHO BOCIPUHAThL 3TH BOJHBI.

Tpy6ra Kpykca nenaeT [Bu#EHHE 3IEKTPOHOB MOYTU OCA3AEMBIM.
JIIeKTPOHBI, UCIYCKaeMble KaToJoM, GombapaupyiorT aHTuratoa. KRaron-
Hble YN WHTEHCUBHO (OCBEIAIOTY AHTUKATOI U YaCTHYHO OTPaxKaloTCA,
MOPOs#/Iafd BIEKTPOMAarHUTHOE U3ITYyYeHHe, KOTOpoe MHOrue (PU3UKU OTOM-
JIEeCTBIAIOT ¢ PEHTTEHOBCKUMU Iy YaMHu.

B 3aknioueHne HaM ocTaeTcA U3YUYUTb OTHOIIEHUA HOBON MeXaHUKU
¢ actpoHoMueii. Konb ckopo MOHATHE MOCTOAHHON Macchl Tela yTpaduBa-
€T CHIy, TO UTO IPOMCXOIHUT C 3aKOHOM BceMHpHOro TAroTeHusa Hbiotona?
OH MOeT BBIMOJHATBLCA TOJBLKO IJA Tel, HAXOAAIUIMXCA B COCTOAHUU II0-
Kofi. Kpome Toro, Heo6x0QUMO NPUHATL BO BHUMaHKe, YTO TATOTEHUE pac-
npocTpaHfeTcA He MrHoBeHHO. ClieloBaTelbHO, BIONHe 060CHOBaH BOMPOC
0 TOM, He YCIOMHHUT M HOBaf MeXaHMKa acTPOHOMMIO, He IO3BOIAA MO-
Ay4uTh Goliee TOUHOe NpubiuiieHue, YeM TO, KOTOpoe JaeT KiaccuyecKan
HeGecHaa MexaHuKa. [-H JlopeHU momeiTancA paccMOTPEThb HTOT BONPOC.
Hexona u3 3akoHa BCeMUPHOro TAroTeHuA HbiOTOHA, KOTOPBIHM MO Mpeamno-
JIOKEHUIO BBINOIHAETCA JJIA JBYX Ha’JIeKTPU30BAaHHBIX Tel, HAXOIALIMXCA
B COCTOfIHUU TMOKOA, JIOpeHIl BHIUUCIUI 3IEKTPOAMHAMHUYECKOe [eiicTBUe
TOKOB, MIOPO:#/IaeMbIX 3TUMHU ABHMYIINMUCA TenraMu. Takum cnoco6om Jlo-
PEHIl Oy Y] HOBBIN 3aKOH BCEMUPHOTO TATOTEHHUA, B KOTOPbI Kak mapa-
MeTphI BXOJAT CKOPOCTH ABYX Tell. [Ipexsie ueM npucTynaTh K aHalIu3y TO-
ro, KaK HOBBIl 3aKOH BCEMUPHOT0 TATOTEHHA Y YU ThIBAET aCTPOHOMUYECKHE
ABJIIEHUA, 3aMETHUM, UTO YCKOpeHHe HeGECHBIX TeJ BledeT 3a co00il 3IeKTpo-
MarHuTHOe U3NyUYeHue U, Ce0BaTelbHO, JUCCUNIAIINIO SHEPTUU, YTO B CBOIO
ouepeab yMeHbIIaeT CKOPOCTh HeGecHbIX Ten. CiieqoBaTelbHO, B KOHEUHOM
cyeTe MIaHeThl JOMHBI ynacth Ha Connue. Ho nmogoGHasa nmepcnekTuBa He
JONKHA HAac MyTaTh: KaTacTpoda MoKeT MPOU30ATU TOIbKO Yepe3 MUIIHO-
HbI MHJITHAP/IOB BeKoB. O6paTUBIINCE Telleph K 3aKOHY BCEMHPHOI'0 TATOTe-
HUfl, MBI JIETKO 3aMETHUM, UTO Pa3iInyine Mes/y CTapoil U HOBOI MeXaHUKOMH
TeM 3aMeTHee, yeM Godbline ckopocTH mianeT. ClieoBaTelbHO, eCld TaKkoe
pasinyre 3aMeTHO Y KaKoi-HUOYAb IJIaHeThl, TO HaubGoiee OLIyTUMO OHO
y Meprypus, Tak kak Mepkypuii o61agaeT HauGonbIlell CKOPOCTBIO CpefU
Bcex mianeT. ClpaBeIMBO 3aKII0UYEHKE 0 TOM, 4To MepKypuii npeacTaBif-
eT co6oii enje He 06BACHEHHY IO aHOMaIUIO: IBUKeHNe nepurenud Meprypus
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MPOUCXOAUT GhICTpee, YeM ABHUHiEHUE, BhIUUCIAEMOe 10 KIaCCUUYECKON Te-
opuu. Habaonaemoe yckopenue Ha 38" Gonbiune. JleBeppbe npumucan 3Ty
aHOMalMIO BIMAHUIO ellle He OTKPBITOU MJIaHEeThI, M OJUH acTPOHOM-II06U-
Telb COOGIIMI O TOM, YTO eMy AKOGbI yJaanoch HaGI0JaTh MPOXOMIEHUE
3toit maanetsl o Conuily. Hukomy Gonbine HabmogaTh HEU3BECTHYIO ILIa-
HETY He JOBOJUIOCH, U, K COaleHUI0, YBEPEHHOCTD B CYIeCTBOBAaHUU 3TOU
MJIaHeThI He UMeeT Mo co6oii HuKaKkoii ocHoBbI. HoBasA MexaHUKa M03BONAET
Iy4ille yYecTh OTHOCUTEILHYIO OIUOKY B ABU#eHUU MepKypus, HO U OHa
ocTaBiAeT omuGKy B 32 MemIy TeopeTHUYecKoil BeIUUNHONW U HAGMIOIeH -
eM. Takum o6pa3oM, HOBOIl MeXxaHHKe He YJaloCh NOCTUYL AOIHHOTO CO-
rnacud ¢ Teopueit Mepkypus. Eciu Taroii pe3ynbTaT He MOMKET CUUTAThCA
pelIaoUM CBUETENLCTBOM B N0J1b3Y HOBOIl MEXaHUKH, TO B ellle MeHbIIei
CTEeNeHU ero MO#HO CUMTATh HeGIaronpUATHLIM JIUIA IPUHATUA HOBO Mexa-
HUKH, OCKOJbKY BHOCHMAasA HOBOW MeXaHWUKO! IONpaBKa K CTapoil Teopuu
nMeeT HYy#HbIA 3HaK. Teopuu ApPYyrux miaHeT He CTONb CYLUIECTBEHHO U3-
MEeHAIOTCA MO/ BIUAHNEM HOBOU MeXaHUKH, U TMONPABKU NMOUYTH IMOJHOCTHIO
COBINAMAIOT C TeMH 3HAYEHUAMHU, KOTOPbIE JaeT KiaccuuecKaf TEOpHUH.

B 3annioueHue A Xo4yy ckaszaTb, YTO BONPEKH BeCbMa BECKUM apry-
MEHTaM M BbIJBUTaeMbIM NPOTUB HUX (haKTam, GbLI0 Gbl MpeHIeBPeMEeHHO
CYMTATh KJIACCUYECKYIO MEXaHUKY MONHOCThIO OTBepruyToil. Kak 6b1 To HU
ObLI0, OHA OCTAaeTCA MEeXaHUKON CKOpOCTeil, OYeHb MalbIX MO CPABHEHHUIO
CO CKOPOCTBIO CBeTa, M, clle/JoBaTelbHO, MEXaHUKOI Halleil NpakTH4ecKoi
KU3HU U Hamleil 3eMHON TexHMKWU. I XOTA 3a HECKOJBKO MOCIEJHUX JeT
CONepHUIIA KIacCUYECKOl MeXaHWKHU OflepuBaeT OfHYy nobGedy 3a Opyroii,
A xoTen Gbl 06paTUTh Ballle BHUMaHWe Ha HEKWi IeJarornvyeckuil «moj-
BOJIHBIIl KAMEHbY, TafAllNil HEMalYIO ONacHOCTb, KOTOPOil He U3berkanu He-
KOTOpbIe MIOUTEHHbIE yUYeHble MY# U, 0c06eHHO Bo PpaHiuu. ITU MITPHI HE
HalllIu HUYero JIyylle, Kak, IpernojaBad CBOUM BOCIMTAHHUKAM 3lleMeHTap-
HYIO MeXaHUKY, o0ydaTb UX HOBOIl MeXaHHKe, B KOTOPOWl MOHATUA Macchl
U BpeMeHH MMEIOT COBCEM HHOWM CMbICH, YeM B KJIacCHYECKOl MeXaHHKe,
KOTopad 10 UX MHEHHUIO ycTapeia, U ee He0OX0AMMO 3aMeHUTb HOBON MeXxa-
HuKoil. C BBICOTHI HOBOII MEXaHUKHU OHU CUMTAIOT KIACCUYECKYIO MeXaHU-
Ky TMepe#UTKOM MpPOILIOro, U3MEHAIOT y4eOHble MPOrpaMMbl U BHYIIAIOT
CBOMM YYeHHKaM Ipe3pUTelbHOe OTHOIIEHHE K KIacCHYEeCKOl MeXaHUKe.
OnHako A riyGoko y6GemeH, 4TO UMEHHO mpe3upaeMasd 3TUMH MITpaMu
Kiaccuyeckafd MeXaHUKa 0cTaeTcA He06XOJUMOU U NOHbIHE, U UTO, HE 3HaA
ee, HEBO3MOKHO I'Ty00KO NOHAThL HOBYIO MEXaHURKY.
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B 5Tux mecTu reTTHHreHCKUX JNeKIUAX, NPOYNUTaAHHbIX 22-28 ampe-
aa 1909 r. no nmpuraamenuio komuccuu Boabdcrens, Ilyankape ¢ 60ib-
MMM MacTepcTBOM 3aTPOHYJ LIMPOKUI KPYT MHTepecHbIX BompocoB. Of-
HaKo, BcleJCTBUE pAJa NPUYUH MeToIbl U pe3yabTaThbl ObLIN NpeacTaBie-
HbI OYEHb KPaTKO, YTO CIeNajo 3TY MaleHbKYI0 KHUTY TPYIHOUYUTAeMON.
K cuacTbhlo, unTaTenb, He yAOBIETBOPEHHBIN JaHHBIM KOHCIEKTUBHBIM U3-
JoeHNeM, MOKeT B 3HAUUTENbHON CTelNeHM MONOJHUTH €ro ¢ MOMOIIbIO
HenaBHuX craTeil Ilyankape®. IlpescTaBieHHble B HUX TeMbl B MOpAMIKE
ovepenHocTu TakoBbl: (1) ypaBHenusa @pearonbma, (2) npuMeHeHue Teo-
PUU UHTErpaibHbIX YPABHEHUN K IBUKEHUIO MUIKOCTH, (3) mpuMeHeHMe
TEeOPUHU MHTErpajibHbIX ypaBHeHUil K BoaHam [epiia, (4) npuBeneHue aGene-
BbIX MHTETPANoOB U Teopufl PyKcoBbIX GYHKIUI, (5) TpaHCHUHUTHBIE YUCIa,
(6) noBas mexanuka. lllecras nekuus, NOMyJaApHAA MO CyTH, OblIA MPOYM-
TaHa Ha (QpaHIy3CKOM A3bIKE.

YpaBuenusa ®pexaroabma. H3BecTHO, YTO MHTerpajlbHOE ypaBHe-
HHe BTOPOro poja

b
() = A / f(@, v)oy)dy + ()

JonyckaeT gBa (GopManbHbIX pelieHuA: peimenue HeiimMana B Buje cTeneH-
HOT'0 pAfa I0 MOJOMUTEIbHBIM IeNOUHCIeHHBIM CTeNeHAM IapaMerpa A,
CXOJAIIErocA MpU MajbIX 3HAYEHUAX A, U pemieHre @pearoibma B BUje OT-
HOIIIEHUA ABYX IleldbIX GyHENUiA oT A. CHauana nogcueToM KoMmbunanuit Ily-
aHKape BBIBOAUT (yHAaMeHTalbHYyI0 dopmyny ana log D(A), roe D(A) —

1Poincaré’s Gottingen Lectures. Bull. Amer. Society, vol. 17, N2 4, Jan., 1911.

?lleppas nexuua: Acta Mathematica, vol. 33 (1909), p. 57-86. TpeTba nexuus:
Palermo Rendiconti, vol. 30 (1910), p. 169-259. Uersepran aexuua: Palermo Rendiconti,
vol. 29 (1909), p. 281-336. llaTaa nekuun: Acta Mathematica, vol. 32 (1908), p. 195-200
u Revue de Metaphysique et de Morale, 1909, p. 461-482.
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3HaMeHaTelb pe30ibBeHTH DPpenronbMa, a 3aTeM cpasy ONpeleNfeT YHUC-
autenb no ¢opmyine Helimana nnsa pesonbBeHTHI. C MOMOIIBIO 3TOTO Me-
TOJa CpaBHEHUA MOKHO MPOBECTU ABHBIN aHAIU3 PelIeHUA UHTErpajlbHOTo
ypaBHeHHA. EcTecTBeHHOe o6obieHue 3Toro MeTtona nospoadeT [lyankape
06paTUTLCA K BamHOMY ciyuawo, Koraa Anpo f(x, y) cTraHoBUTCA GecKo-
HEYHBIM, HO HEKOTOPO€E UTEPUPOBaHHOE AAPO fr (X, y) OCTAETCA KOHEUHBIM.
DpenroiabM Mokasal, YTO pellleHUe cyllecTByeT; HO B ero ¢opMyiax ocral-
cA oOIMit MHOKUTENb B UUCINTeNe U 3HaMeHaTelle, KOTOPbIi 1anee MOKHO
YCTPaHUTh C NOMOIIbLI0 MOJU(UIUPOBAHHOI PE30JIbBEHThI. JTa PE30JIbBeEH-
Ta M0JIy4YaeTcAd OYeHb MPOCTO — BbIYEPKUBAHUEM ONpE/IENIEeHHbIX YIEHOB U3
pe3onbBeHTHI Dpefroabma.

Nanee u3nomeHbl HEKOTOPbIE YACTHbIE Pe3YNbTAThI AJA CIyd4asd, KOI-
aa f(x, y) 1 Bce UTepUpOBaHHbIE ANPA CTAHOBATCA GECKOHEYHBIMH, U JIEK-
LIUA 3aKaH4YMBaeTCA pacCMOTPEHHeM ABYX 0co0bIX MHTerpalbHbIX ypaBHe-
HUIl mepBoro poja, NPUBOJUMBIX K ypaBHeHUAM @Ppenronbma Mpu MOMOUIU
uHTerpana u paga Oypeoe.

IIpuimeHeHHe TeopHH UHTerpajJbHbBIX ypaBHeHUiI1 K IBUMKEHUIO
skuarocTu. B 3Toil u nocnenymoomeil TeKIUAX pacCMaTPUBAIOTCA TUIUY-
Hble U Ba#Hble IpUMepbl U3 ob6racTu MaTeMaTUYeCKOil PU3NKU, NPUBOAA-
mue K ypaBHeHuAM ®Ppexaronbma.

IlepBas 3amaua — ompefeluThb JBU#EHHUE KUJKOCTU B MoOpe C HU3Me-
HAIoLIelicA TIyOUHOI Ha BpaljarouleiicA 3emie 0] BIUAHUEM NepUOINYEC-
KUX Bo3Mylamomux cuil. Ecan npenebpeub cuiaMy NpUTAKEHUA, BOSHUKA-
IOIUMU NPU MepeMelleHUd BOJAbl, TO MONYUYUTCH HEOJHOPOJHOE JUHEHHOe
nud depeHnnanlbHOE ypaBHEHUE B YaCTHBIX NPOU3BOIHBIX BTOPOI'o MOpPAAKA
¢ IBYMA He3aBUCHUMbIMU NMEPEMEHHBIMH. ITO ypaBHEHUE U paccMaTpHBaeT-
cA B nekuuu. Korjja Mope OKpy#eHO BepTUKAILHON CTEHOM, NIpUMeHAeTCA
Meton I'mnbbepta u Ilukapa anda mocTpoenusa aAapa unu ¢yHkuuu ['puna
COOTBETCTBYIOIIEr0 HHTErPalbHOI'0 YPaBHEHNA, KOTOPOe ABIAETCA ypaBHe-
HueM nepBoro poaa. Torja k ypaBHeHUIO MO#HO NPUMeHUTb MeTox Kemnor-
ra Wiy MeTo] UHTerPUPOBaHUA B KOMILIEKCHOM MIIOCKOCTH, NPeI0O#EeHHbIH
IIyankape, KoTopblil 3aMeHAeT NaHHOE UHTerpalbHOe ypaBHEHUE Ha DKBU-
BalleHTHOE ypaBHeHHe BToporo poja. Eciu Geper Mopsa HeBepTHKalbHBIM,
TO COOTBETCTBYIOLIAaA NpAMas ABIAETCA CUHI'YNAPHON 1A 1ud depeHuanb-
Horo ypaBHeHUA. Tenepb HeoOGXOAMMO NPUHATH BO BHUMaHKeE BTOPYIO JU-
HUIO (KPpUTHYECKYIO HUPOTY). CHOBA MOET GbITh BBINOIHEHO aHAIOIUYHOE
npuBeJeHNe M0CAeI0BaTeNbHOCTbIO U3 Tpex maroB. Takum obpasoM HoKa-
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3bIBaeTCA CylmecTBOBaHue pelnieHnud B oboux cllyyanax. HaHOHeLI, IIOKa3aHo,
YTO HUMKAKHUX HOBBIX SHTPyHHEHI/Iﬁ He BO3HHWKaeT, €ClIh He npeHeﬁperaTb
MNpUTHMEeHHEeM BCJeJCTBHE lepeMellleHUuA BOObI.

IIpyimeHeHre TeopuM HHTErpajbHbIX YPaBHEHUi K BOJHaM
I'epua. IlyaHkape ucciefyeT ABIe€HHWE KPUBOJIMHENHHOr0 paclpocTpaHe-
HuA BonH epiia mo 3eMHON MOBEPXHOCTH, KOTOPble OGBACHAIOT BO3MOM-
HOCTh Tepeflauyd pajuorpaMM Ha 3HAUUTelbHble PACCTOAHUA. JTO ABIEHUE
CBAI3aHO ¢ GONbINOI ANMHON BoaHBI ['epua mo cpaBHEHWIO ¢ AJIUHON CBETO-
BOI1 BOJIHBI, pacnpocTpaHAiolleiica no npamoil. [IpoBoaAaTca KonuyecTBEH-
Hble MaTeMaTUueCKHe paccy#sjeHunfA. PaccMaTpuBaf 3eMII0 Kak BHELIHUMN
NPOBOJHUK U NlepeJaTUnK KaKk BHYTPEHHUN U YUUThIBafA 3aTyXalol[Ue CHH-
XPOHHbIE KoJeGaHNA, MOMHO NOJYYUTh UHTErpajlbHOE ypaBHEHHE BTOPOI0
poza Al onpejeleHUA MIIOTHOCTU IEKTPUYECKOro 3apAaa (i, UHIYyIUpye-
MoOro Ha noBepxHocTH 3emiuu. OJHAKO 3TO MPUBOAUT TONBKO K Teopeme Cy-
mectBoBanuA. [lyankape HoBoguT 3ajayy 10 MPaKTUYECKOro pe3yiabraTa,
nonyvaf NpubIMAEeHHOe BbIPaKeHUe A [4; TOT METOJ 3aBUCUT OT pasiio-
JKEHUA MO 4 B monuHoMmax JlemaHapa U UCIONb30BAaHUA aCUMITOTUYECKUX
¢opmyi. Oka3biBaeTcA, YTO KPUBU3HA PACTET C yBeINYeHUEM JIHUHbBI BOTHbI

U YMeHbllIeHHneM pacCTOAHHUA OT IepegaTyura a0 3eMJ'II/Il.

IIpuBeneHuve abGeieBbIX HHTErpajoB H TeopuA ¢GYKCOBBIX
dynrnmii. Ecau nana cucrema S abGeneBbix (QyHKIMII, KOTOpas NPUBO-
I¥Ma ¢ IIOMOIIbIO BTOpoii cucteMbl S’, u ecnu Kak S, Tak u S’ BO3HHUKAIOT
u3 anrebpandeckux kpubbix C' u C', To cylecTByeT MHO#ECTBO anrebpan-
YeCKUX COOTBETCTBUII Me:kJy I'pylnnamMu Todyek Ha KpuBbIX. PaccmarpuBa-
€TCA TOIBbKO TOT cilydaii, B KOTOPOM OJIHON To4yke Ha KpuBoili C' cooTBeT-
CTBYeT OfIHAa ToYKa Ha kpuBoii C’, Torja Kak ogHOW Touke Ha Kpusoi C'
MO€eT COOTBETCTBOBATh N Touek Ha KpuBoit C. B aTom ciyuae cyiect-
BYIOT OIpejelleHHbIe MPUBOJUMbIEe UHTErpaibl, npuHayiexamue C, u Tad-
JHIa epUoJ0B UMeeT MPOCTYI0 HopManbHyIo dhopMmy. Takme qoKa3bIBaeT-
cf, YTO YUCJIO N PaBHO NMOPAJKY COOTBETCTBYIOlIeil TeTa-pyHKIuU. Tenepb
U3BECTHO, YTO cyllecTByeT (ykcoBa ¢yHKIMNA, KoTopag YHUDOPMUIUDY-
eT 1100yI0 anrebpanyeckyto KpuBylo, B yactHocTd, C'. dyHnaMeHTalbHbIe
MHOTOYTONbHUKM Ui KPUBbIX C' MOMHO B3fATb OUPAHMYEHHBIMU JyTraMu
OKPYKHOCTEl U TaK, YTO KasAblil MHOroyroidbHuk aiada C' 6yneT o6pa3oBaH
U3 N TakuX MHoroyroibHukoB mia C'. CooTBeTCTBUe MeHily WHTerpaia-

1B KOHIIe JleKUuu 6b1710 3aMe4yeHO, YTO OKOHYaTeJdbHble BbIBOAbI Heob6XxoquMo MO,E[MCI)PI-
LApPOBaThb, MOCKOJbRY (338874 yhnyueHbl BaxHbIe YJE€HbI.
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MM 1 MHOTOYTOJLHUKAMU NPUBOIUT K MHOTOUYHMCIEHHBIM I'eOMeTpPUYECKUM
darTam, oTHocAmKXcA K KpuBbiM C' ¥ C' U KOHTPYIHTHBIM MHOTOYTOJb-
HUKaM B MPOCTPAHCTBEe IOCTOAHHOI OTpULAaTelbHOU KpUBU3HBI. [JaHo He-
CKOJIbKO NPUMEPOB, WIIIOCTPUPYIOWNX OOHY KpacHuBYyIO TeopeMy, Kacaio-
mytoca KpuBbeix C' u C’, KoTopad MomeT ObIThb MOJIydYeHa B pe3ylbTare
TaKkoro aHajiu3a.

TpaHnchuHuTHbIe yuciaa. B sroit nexnun [lyankape packpniBaer
CBOE OTHOILIEHHE K HEKOTOPLIM TOHKOCTAM B 3TOH NPOTMBOPEUYNBOi obiac-
TH MaTeMaTHKHU. [[Be OCHOBHbLIE HIIeM, KOTOpbIe OH OCIAPUBAET, TAKOBLI:
nepBas, 4To He cyllecTByeT HUKAKoli MaTeMaTH4ecKoi CyI[HOCTH, KoTopad
ObI He ompejeiAlach KOHEYHBIM YKMCIOM CJIOB, U BTOpafd, UYTO Bee Ompe/eie-
HMA TONAHLI ObITh, KaK OH MX Ha3bIBaeT, «NpelnKaTUBHbLIMM». Hampumep,
Iyankape Bo3pamaeT NPOTUB U3BECTHOrO JOKa3aTelbCTBa TOrO, 4TO JIO-
6oe anreGpanvecrkoe ypaBHenue f(x) = 0 uMeeT KopeHb, 3aBUCANIMI OT
cymectBoBanua MuHuMyMa | f(z)|. llockonbRy ¢ €ro TOUKM 3peHMA Helb3A
rOBOPUTHL O COBOKYIHOCTH BceX 3HaueHuil f(z) MHaue, Kak 0 TeX 3Haye-
HMAX, 1A KOTOPLIX T ONpefieJleH KOHeYHBIM YUCJIOM CIOB. JTO Helolyc-
THMO, TaK Kak MOHATHE COBOKYIHOCTH OIpelelAeMbIX 3HaYeHUH T Helpe-
nukaTuBHO. TPYAHOCTL 3aKI0YaeTcd B TOM, UYTO B 3TOH «COBOKYIHOCTH»
colepaTcA 3IeMeHThI, KOTOPbIe caMM ONpejeleHbl B TEPMUHAX «COBORYTI-
HOCTHY», W, CIeJ0BATEIbLHO, BTO NMOHATHE NMPUBOAUT K MOPOYHOMY KpPYTY.
PasbAcHenre 3HaYeHUA CI0Ba «IpeJUKAaTUBHBINY, NaHHOE B JEKIHH, HEe CO-
BCeM ACHO.

[lyankape HaYMHaeT ¢ pacCMOTPEHUA OYEBUIHOTO IPOTUBOPEUNA MeH-
Iy nokaszaTeilbcTBOM Pumnapa (0cHOBaHHOTO Ha MepBOit U3 chOpPMyIUpPOBaH-
HBIX BbIILE M/€fi) TOro, YTO KOHTUHYYM CYETeH, U JloKazaTenbcTBoM Kanrto-
pa, YuTO OH HecyeTeH, OJHAKO NMOKAa3aHo, YTO HTO NPOTUBOPEYHE HECYIIecT-
BeHHO, Tak Kak Puinap ucnoib3yeT HelmpeUKaTUBHOE ONpeeleHHte.

3aTeM OH NepexoiuT K TOMY, Kak HeoOXOJMMO HM3JaraTb C ero To4-
KM 3peHMA 10Ka3aTelbCTBO TEOpPeMbl O TOM, 4YTO Ji06oe anreGpanyecKoe
ypaBHenue f(z) = 0 UMeeT KOpeHb.

B 3akniouenne KpaTKo 3aTparuBaioTca Apyrue Bonpockl. Ilo Ilyanrape,
Teopema BepHiuTelina BepHa, a 3ajla4a NPaBUJILHOTO yNOPAAOYMBAHUA KOH-
TUHyyMa (B KAHTOPOBCKOM CMBbICIIE) KaMeTCA eMy He MMeIollell 3HaueHus.
Kpome Toro, oH He yGesjeH B CylleCTBOBAHUM BTOPOro TPaHCHUHUTHO-
ro KapAMHaJLHOro unciaa. Bee 3TH BLIBOIBI HAXOAATCA B TOYHOM COMNIACHM
C IByMA OCHOBHBIMHU UJIEAMH.
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[IpuHuunuanbHOE Bo3paxeHUe, KOTOPOe MOMeT ObITh BHIIBUHYTO IPO-
TuB Takux B3raanos [lyankape (M MHOrMX APYTUX MaTeMaTUKOB), IPAKTH-
YyecKoe, 3aK0Yamlleecd B TOM, YTO 3TH B3TJAJbI OUeHb CHUJILHO OTPaHU-
YyeHbl MOHATHEM Kaacca. OHAKO cKopee WHTYUIUA, YeM JOTHKa, BOocCTaeT
npotuB ux npuHAtuda. Cyada mo mpoumiaoMy, 3ToT GakT TOBOPUT B IOJAb3Y
3TUX B3TIAJOB; OHU COCTABIAIOT WAl Ha MyTH HCKIIOYeHUA GeCKOHEeUHOro
U3 MaTeMaTUKHU, U eCTh OCHOBaHUA COMHeBaThcd, OyJeT JU B JalbHelileM
UrpaTh KaKkylo-TO pelllalollylo polb B CTPOroif MaTeMaTHKe NoHATUe Oec-
KOHEYHOI'0 KjIacca Kak 00beKTHUBHO CYIIeCTBYIOIIEro.

HoBas mexanuxa. B 3Toil 3aKIIOYUTENLHON MOMYNAPHON JEKIUH
paccMOTpeHbl T€ BUOU3MEHEHUA, KOTOPbIM MOKET MOABEPTHYTbCA MeXa-
HUKa B pe3ylbTaTe MOCIEAHUX NOCTHUMEHUN B dusure. Eciu okoHuaTenb-
HbIMU ypPaBHEHUAMHU JIBUKEHHUA OKAMYTCA YPABHEHUA 3I€KTPOMarHuTHOTO
noJif, a SKCIEePUMEHTDI, KaeTcH, yKa3blBalOT Ha 3TO, TO CIeLYIOT Mopa3u-
TellbHbIe BBIBOJbI: HY OJMH AKCIEPUMEHT He JacT BO3MOKHOCTb OTIUYUTh,
HaxoJuUMcH M Mbl B COCTOAHUU MOKOA UJIM COBepLIaeM paBHOMEepHOe IpH-
MOJIMHEHOe [BUMEHNEe OTHOCUTENIbHO 3(Upa; HUKTO He CMOKET CKas3aTh,
YTO JBa COGLITHA OJHOBPEMEHHbI B a0COMIOTHOM CMbICIe; KpoMe TOro, Bce
Tela OyIyT UCHBITHIBAThH COKpallleHHe B HalpaBleHUU CBOEro ABUMEHMA.
Bot 3Ty nHTepecHeiilyio TeMy, TOYHee, MOIYyYaIOUYIOCA B pe3yJbTaTe BU-
IOM3MEHEHHYIO MeXaHUKY, U paccMaTpuBaet [lyankape. MomxHo HageATbeA
3aMeTUTb OTKIOHEHHE OT 3aKOHOB HbIOTOHOBCKO MeXaHUKH TOIbKO MJIA
Tell, UMEIIUX O4YeHb Goabinyio ckopocThb. Celiuac Mepkypuii ABUeTCA
¢ Haubounblilell U3 BceX IIaHeT CKOPOCThIO, U UMeHHO Meprypuit o6nagaeT
He6obIIoN aHoMalueii, He 00bACHEeHHOH 10 cux mop. HoBasa MexaHnuka yac-
TUYHO OGBACHAET 3TO, KaKk Mokasan JlopeHi, ofHAaKO HUT e Gonblile HE JaeT
OLIYTUMBIX U3MeHeHUi1 B JBUxkeHUU miaHet. [IpencraBuB stu ¢artsr, Ily-
aHKape 3aKaHYMBaeT 3aMeYaHUEM, YTO HbIOTOHOBCKafA MeXaHHKa HaBcerja
OCTaHeTCA MEeXaHUKOM MPU CKOPOCTAX, MaJbIX 10 OTHOIIEHUIO K CKOPOCTHU
cBeTa, U MOTOMY COXPaHUT CBoe (GyHJaMeHTalbHOe 3HaUeHHe.
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