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Dra KHIra sBiAfeTCA HepBOd M3 YeThipex Heboib-
IINX DOmyJAPHIX KHHT Tof oOmiMM Ha3BaHUEM «3Ha-
KOMCTBO € BuiCmeidl MaTemMaTHKoi», 0 KOTOPHIM MOJO-
Hble UMTATC]H, HauMHAsd CO UIKOJBHHKOB CTapmIux
KIIacCOB, CMOTYT 3HAKOMUTEHCA ¢ BHICHIEH MAaTeMATUKOIL.

B oroif, DepBoif, KHUTe M3IaraeTcsa MeTof Koopam-
HAT U, B OCHOBHOM, AHAIUTHYECKAs T€OMeTPHs HA IJI0C-
KoCTH. 3aTparHBalOTCA TAKKe BOIPOCH anreOpe, Aaercd
reoMeTpHuecKoe M300paKeHNe KOMINIEKCHBIX dHHCeJq U
paccMaTpUBAKTCA MHOTOWIEHH KAK  KOMILTOKCHD'®
(YK KOMIUIOKCHOTO IEPEeMeHHOro, 4TO AaeT BO3-
MOJKHOCTh 10KA3aTh OCHOBHYI0 Teopemy Bblcmeil ai-
reGpsl. Bosee GErio RaloTCs HEKapTOBB KOOPAUHATEH!
B IPOCTPAHCTBO M aHAJUTHIECKAS TeoMETpUA B HPOCT-
pascrse. -

Kaura Mo:KeT GHTb MOJE€3Ha TaK:ke MpermojaBare-
naM cpegHedl M BHCIIEH MKOJIH.
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MPEAHUCJIOBHE

. 9ra yxe HANMCAHHAA KHATa — IepBag H3 9YeTHpeX
HeGoJBIIAX NONYJAADPHHX KHHAT, KOTOPHE A MpPefojaraio
Ham@mcaTh @ ONyGAEKOBATH mof ofmuM HasBaHHeM «3Ha-
KOMCTBO -C Bhicmieii MareMarikoii». Ilpeamosaraercs, 4ro
B HEX GYAyT AaHH BajKHeHIOWe Pe3yIBTATH KJIaCCHYECKOil
BHCHIelr MareMaTnku. Bnifop Matepmala # HOPAROK €To
A3II0/KeHHA He COOTBETCTBYeT HHKaKoi ydeGHoil mporpa-
Mme. Kuamrn GyayT oTpaskaTrh MOM JHYHbIE BKYCH H B3TJA-
I HA MATeMATHKY, CIOKHBIIMECA 32 MHOTO JieT paGoTh.
Kpove Toro, oHum OynyT YYATHBATH MOH IOHOIIECKHE
BOCIOMHHAHHAA O BO3MOJKHOCTAX BOCIPHATHA MOJOAOIO
geloBeKa, ¢ TeM, 4ro0bl HHHEMHee HOKOJEHHe MOJOMbIX
nqofelt, HaUKHAA CO -MIKOJBHUKOB CTapIIAX KJIacCoB, MOT-
JI0 3HAKOMHUTBCA 10 HEM C BhICHIefi MaTeMaTHKOl M mpH-
o6peTaTh TPaBMABHBIA 3X0pOBHE BKYC K Heil. Bammanue
quTaTeNd MOJKHO OHITH HAmpAaBJIeHO HE HA M30IPEHHOCTH
THNA TEOPHH MHOKECTB, TEODHH IIpPefieloB W T. U., a Ha
IJTAaBHEI® MATEeMATHYECKHEe pe3yJIbTaThl, CIOKHBIINECH B
TeYeHHe THCAYeTeTHH. : :

B Tpex raasax 9Toil KHUIH M3JIaralTCA BajKHEHIIAE Ma-
TeMaTHIeCKHAe ITPHMEHeHHUA NPAMOYIOJbHBX JeKapTOBHIX
KoopaugaT Ha miIockocru. ['TaBHOe MeCTO 3aHMMAOT Kpar-
KHe CBeJeHNA W3 aHAIATAIECKOH reoMeTpuy Ha MIOCKOCTH:
JAl0TCs TeoMeTpHUecKne ompejelieHUs ainmmca, ramepGo-
Jn B mapaGoasl mpu noMomu QOKYCOB M [HPEKTPHC; faee
JaeTca Kiaccu@uKamus KpPHBHX BTOPOro MOpAAKA, T. €.
HOKA3EIBAeTCA,  UYTO KAaKAAad KpuUBasg BTOPOTO -IOPARKA
ecTh saanic, rumepbosa miam mapabosa, 3a HCKIIOICHHEM
BHIPOJKICHHEX CIydaeB. BBujly HCKIOIHTENBHO GOJNBIIOrO
3HAaYeHUA KOMILIEKCHHIX 94HCeJI B COBPeMEHHON MareMard-
Ke, A B CAMOM Hadajie KHUTH YAeNsI0 UM GoJblloe BHUMA-
HOe: JaeTcA TeOMeTpHIeCKoe H300pakeHWEe KOMIICKCHBIX
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qucesi Ipu MOMOMM MPAMOYToJBHEIX JEKapPTOBLHIX Koopaum-
HaT, a 3aTeM TIeOMEeTPUYECKA H3YJalTCA KOMIJIEKCHEIe
MHOTOWIEHE OT KOMIJIEKCHOI'O MEPEMEHHOTO M [aeTcs reo-
MeTpudecKas HUAes [0Ka3aTeJbCTBA OCHOBHOH TEOpPEME
BuICIIefi ajare6pEl 0 TOM, 4TO KasK[IHIH MHOTOYJICH CTEHEHH
n uMeer poBHO n wKopHeit. CTporoe Ao0Ka3aTexrbCTBO BTOH
BayKHelMell TeoOpeMH HeBO3MO)KHO 0e3 TodHOro ompefene-
HuA HempepsBHOCTH QyHknum. OfHaKo A cUMTAI0, 9TO WH-
TYATHBHOE TI€OMETpPUYECKOe [0Ka3aTeJbCTBO €e BIOJHE
yOenATeibHO M IpefcTaBAseT Goapmoil umHTepec. IloTpes-
HOCTh B TOYHOM MOHWMAaHWUM NOHATHN Hpexesla W HeImpe-
PHIBHOCTH MOJ)KHA BOSHUKHYTH y 49HTaTeNA JUIIb B pe-
3yJbTaTe OBJIafeHHA HM OGOJBIIMM 3amacOM KOHKPETHBIX
MaTeMaTA4ecKuXx 3Hanuil. Takue HMOHATHA, KaK mpefet u

' —~HempepHBHOCTE, ABIANTCA, HA Mol B3rJAN, HaACTPOHKOI,

yrounsomell KOHKPETHHEe MaTeMaTHIeckue “dakTH, ¥ onm-
CaHme BTOl HANCTPOAKM He MOJKHO NABATHCA C CAMOLO
HaYana, HABOAA CKYKY HA 9dTaTelds, He NOHMMAIOLIEro
eme, AJA Uero BCe 3TO MeJNAeTcA.

Kasxpgaa u3 Tpex riaB KHATH cHaGxena noﬁaBJIeHnaMu,

HeNoCPeCTBEeHHO CJHENYIUUMHA 3a caMoii riaBoii. ITH JO- .

GaBlIeHHAA OTHOCATCA YiKe He K MIOCKOCTH, & K HPOCTPaHCT-
By. B HEX OHACHBAIOTCA HPAMOYrOJbHHE KOOPAMHATH B

- IIPOCTPAHCTBE W MPOCTEHIING MPHMOHEHMA ITHX KOOPIUHAT

K Teophu IOBEPXHOCTell BTOPOro IOPAAKA, UMEHHO, faeT-
ca  KaaccHPuUKAUMA MOBEPXHOCTe# BTOPOTO MOPHAAKA.
HoGaBnernsa K rjaBaM H3JNO:KeHH MeHee [eTalbHO, YeM

caMH rJjaBhl, C TeM, 91005I npefoCTaBUTh YHUTATEJII0 Ma--

TepHAN I CAaMOCTOATEeNBHHX Pa3MBINLIEHHI.

Bropas kmura mox HasBaHueM (AHaIu3 OeCKOHEUHO
MaJbixp OyNeT MOCBAIIEHA H3JI0KEHHI0 MaTeMaTHIeCKOTo-
aHangmsa. B Hawale GyAyT HM3MOKeHH He IIOJNHHIM W He
PopManbHbiM 06pasoM Teopus [edCTBUTENBHOTO UYHUCIA H
reopusa mupepmesnoB. Ilpu arom riaBmoe BHEManue Oyner
ofpamieHo Ha HeOOXQMWMBIe M J[OCTATOYHbe YCIOBHSA
Komm cxomuMocTH NAsA IOCHEH0BATEIBHOCTH KOMIJICKC-
mHx uucen. Ilocime aToro Gynmer pasBepHyTa TeOpus Cre-
NeHAHX DPAZOB OT KOMIUIEKCHOro mepemenHoro. Takmm
oGpasoM, MokHO Oy/eT ompefieuTh QYHKIAIO e KOMILIEeKC-
HOTO IIEPEMEHHOTO 2 M YCTAHOBHTH €e CBA3b C TPUIOHOMET-
puuecKuMu QYHKIMAMH HA OCHOBE H3BECTHOHR (opmyiw

€® = cos ¢ + isin @. .
- b
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Tamee, MOMKHO CIEOBATH PACCMOTDPEHNe 06PATHHIX PyHK-
umit, T. e. Jorapmdma @ oGpaTHHIX TPATOHOMETPHUIECKHUX

¢yurmuit. Tonpko mocie sroro Gymer mamo Auddepenmm--

poBaEme W WHTErpupoBaHme, HOPHYEM MHTErpHPOBAHME

Gymer paccMaTpHBaThCA Kak omepanus, ofparHas K AH(D-
depernuposarno. O6muM HempepHBHHIM (yHKIUAM Oy-
*JIT MOCBAMEHO BeChMa Majio BHHMAHIIA.

TpeTps KHuTA ¢ OPHEHTHPOBOUHHIM HazpammeM «Mmo-
ToMepHas eBKIAI0BA TeOMETPHA I TEOPHA OMpefenTe ey
moKa 4To HpefCTaBisAeTCA MHe He Gojiee MOJHO, UeM 9TO
BHIPAJKEHO B €€ 3arjaBHid.

Yerseprad KHATA C OPHEHTHPOBOUHEIM HAa3BaHHEM
«O6ukBoBeRHbIe AudpdepeHUaNbHbIe ypaBHEHHA» Oyner
TIOCBAMIEHA H3II0/KEHUIO DTOM TEOPUH C YIOPO M Ha Jnuelinbe
ypaBHEHHUSA ¢ MOCTOAHHBIME Ko3(PuruenTaMu C IPUMEHEHN-
eM THX ypaBHEHHIl K TEopHH IMeKTPpUIeCcKnX remeii. B arofi
7Ke KEAre 6yIyT paccMOTPEHH aBTOHOMHBIE CHCTEMHI, HOJO0-
JReHHe PABHOBECHA B HUX U IPeNeJbHEEe IUKIH ¢ OpUMene-
HHEM K TEODHH peryJIHpoBanusa (peryiasrop Yarra) I
paGore JaMmoBOro TreHepaTopa. )

B sakaiouenme [doJi;keH CKas3aTh, YTO BCA DTa CepHA H3
weTHpex HeGOJBIINX KHAT. PACCYMTAHA He Ha JIeTKoe dTe-
HHe, a Ha Cephesnyl0 HampsKelHYI0 paboTy guTaTeNA.
He6oapmoi o6beM KHUT BOBCe He yKassBaeT HAa HX Majoe
comep:kaune. VainosxeHne o4eHb C;KaToe W ocBemaer 0oJb-
1Moe KOJIMYeCTBO MarepHaja.



BBEJIEHIIE

B uatrosmee BpeMs yike odeHb (0JbINOe 9HCIO cCIe-
THAJUCTOB N3 PasHhX oOJacrell 3HAHMA HMeeT NPelcTaB-
JleHHe 0 TPAMOYTOJBHEIX [EKAPTOBBIX KOODAMHATAX HAa
IIOCKOCTH, TAK KAK 9TH KOODAWHATH AAIOT BO3MOKHOCTD
HATILAZHO TeOMETPHYECKH HPH MOMOIIK rpadwma u3o6pa-
3HTH 3aBHCHMOCTDH OJHON BeAWYHHBI 0T Apyroit. Tax Bpau
crponut rpaduk TeMmepaTypH Gosxbioro B mporecce Goles-
HU, SKOHOMHCT — rpaguK pocTa INPOM3BOACTBA M T. I.
Haspaume mexapToBBl KOOPAMHATEL HABOMUT HAa JO/RHYIO
MBICJB 0 TOM, 9TO 9TH KOOPJUHATH OHUIE OTKPHTH [lexap-
ToM. B [eHCTBHTENBHOCTH HPAMOYILOJbHEE KOODPAMHATHI
yrnoTpeGaaanch B TeOMETPHM elie 70 Hadajga Halleil spHL.
IlexapT BHeC B HHX OUYeHb BaKHOe YCOBEepINEHCTBOBaHME,
BBeIA OpaBmia BEHOopa snakoB (cM. Hmke). Ho rmasuoe,
HOMBL3YACH IPAMOYTOJIbHEME KOOPARHATAME, OH IOCTPOMII
AHANATHYECKYI0 TEOMETPHI0 Ha IIJIOCKOCTH, CBA3aB OTIM
reoMerpumo u anre6py. Hy:xHo ckasaTs, oflHaKo0, YTO O[HO-
BPEMEHHO ¢ HexaproM IOCTPOMI AHATUTHIECKYIO TEOMETPHIO
U Epyroi ¢pannyscknii Maremaruxk Depma, maBecTHHIH
mmpoKoil myGaMKe Kak aBTOP (IO CHX mop HeNoKasaHHOI)
peankoit Teopemsr @epma. K 17 Bexy, xorga sxuuan [lexapr
u Qepma, pasBATHe MaTeMAaTHKH y:;ke HOJATOTOBHIO BCE
IJA TOCTPOEHHA AaHAINTHYECKOH reoMeTpuu — CHHTE3a
anreGpn u reomerpun. Ho mocaemumit ymap Onin HaHeced
Ilexaprom n @epma. OgHaKo mOYTH BCe 3HAIOT TOJBKO O
Hexapre. TakoBa, mo-BuAMMOMY, cynbﬁa BCEX WA TOYTH
BCeX - BENMKAX  HAayYHHX OTKpHTHiA. OHH ToTOBATCA
CTOJOTHAMH, HO 3aBEePIIAIOMMH BTam, OCYIIECTBJIEIIILIK
KaKHM-HHGYQh yYeHsM, CBABHIBAETCA C €ro HMeneM, H
BCe OTKPHITHE DOJydYaeT uMsaA 3Toro yaenoro. Humxe s mpuso-
Y KpaTKUd ©  odYeHb HEMOJuBI mCTopHYecKHil 00630p
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PasBUTHA MaTeMaTHKA [0 17 Beka miaA Toro, 4ro0E Ha
mpumepe aHANTHUECKOH TeoOMeTpPHH IIPOAEMOHCTPHPO-
BaTh TO fABJEHHE B PAa3BHTHM HAYKH, O KOTOPOM s CKasal
BHIIIE.

Jl;ia mOCTPOEHHS CHCTeMbH KOODIMHAT MBI I)OBORMM B
NIOCKOCTH depreska HBe HpAMble —-0CH KOOpPAMHAT: TO-
PHBOHTANBHYI — 0Ch abCmucc M BepTHKAIBHYI — 0Chb
opmuuar. Ilepecedenye X 0 HA3bIBAETCA HAYANOM KOODMH-

- mar. Ilycrs r — HekoTopas TOYKa IIOCKOCTH depTeska.
OnycTuM U3 Hee NePIEHAUKYIAD r'p HA 0Cb abcuuce u mep-
NeHAMKYJAD rq HA 0Cb OPAWHAT. JTo mocTpoeHne A3eT HaM
BO3MOKHOCTD TIOCTABHTh B COOTBETCTBME TOUKe I' Ba He-
orpurarenbubix ducaa. llepBoe — [IMHY OTpe3Ka op A
BTOpOE — JUIMHY OTpe3Ka og. BupmHo, 0gHaKO, 9TO €CIH
Touka r’ CHMMeTpUYHA C TOUKOH 7 OTHOCUTEJNBHO OCH Op-
JMHAT, TO UHCIA, COOTBETCTBYMNIXE 00eHM TOUKAM I' K r,
6ynyr onuuaxoBeMu. To e BepHo W A TOYEK, CHMMeT-
PUYHBIX OTHOCHTEJBHO OCH abcmuee. ITo  MOJIOYKEHHe
HCIIPABIAETCS HPABIIOM BHOOpA 3HAKOB, BBEEHHAIM Ile-
raprom. VMeHHO, eciu TOUKA I JIGWKUT ctipaBa OT OCH Op-
JMHAT, TO HepBOe YHCIO 0eperTcs CO 3HAKOM ILIIOC, & "eCan
cieBa —. To Co 3HAKoM MmHYC. Tak mOJydYeHHOe UHCIO
HaspBaeTcs abcmuecoil Touk® r M 06o3HaYaeTCA 00BIIHO
wepes x. AHAJIOTHYHO OTpe/eIAeTCA 1 3HAK BTOPOTro IUCIa,
KOTODOE HA3HIBAETCHA OPJAMHATO! TOUKH I' B o6brairo 0603Ha-
qaerca uepes y. Umcia z W Y NA3LIBAIOTCA [IEKAPTOBHIMH
KoopiuHaTaM# Touku r. Ecam mepeMeHHbe BeINTIHHH ¥
W y cBA3AHH KakuM-TuGo COOTHOINEHHMEM, HAmpumep, amx-

re6pandgecKmM YpaBHEHHEM, TO COBOKYNIOCTb TOUeK T,

KOODAHMHATH KOTOPHX YMOBIETBODAIOT 3TOMY ypaBHe-
H@IO, 06pasyer JHHUI0 HA IIOCKOCTH. B uacrHOoCTH, MMEH-
Ho TakuM o6pasoM crpouTcA TIpaduk, ecidm Y 3aBHCHT
oT .
[IpuBenenHbe SACCh MOCTPOEHNA TeNepb NPOUHO CBA-
sambl ¢ uMeHeM (pamiysckoro Maremaruka [lexapra
(1596—1650). Ommako B Pa3MMIHEIX, MeHee COBEPMICHHEIX
dopMax oHE ymoTpeOIANMCH B MaTeMaTHKe 3ajoJro Mo
gero. JlpeBumit MareMaTHK AnexcanipuiiCKoll IIKOJHL
Anonmounii (kupmmi B 3—2 Bekax o H. 9.) yike ¢daxru-
4eCKH TOJB30BAJCA TPAMOYTOJBIEIMA KOOPAMHATAMH.
OH ompeJeiAJ HpH IOMOIIM HEX TINATEABHO H3YTaBIINECH
M X0pOIIO M3BECTHHE B TO BpeMsd KpuBHe; mapaboxy, ru-

8
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mepGonry u smimnc. Amoitonnmii 3a/1aBajl KX YPAaBHEHUAMM:
y* = px (uapaboua);

y? = px + % z? (rmmepboia);
y? = pr — -5—x2 (snmuc)

(p B @ HONOMHATETbHEL).

AmoJionuii, KOHEYHO, He BHITHCHBAJ ypaBHeHHWsA B dToil
axreGpamyeckoil gopme, TaKk KaK B Te BpeMeHa He CyMeCT-
BoBajio eile airebpamueckoit cuMBoaukn. OH ONHCHIBAJ

ypaBHEHHs, IOJNB3YACH r€OMETPUYCCKEMH HOHATHAMM: y*
B ero TepPMHHOJOTHH, €CTh IIOMA/h KBaAPaTa Co CTOPOHOH

y; pr — ecTb LIOMA[b NPAMOYTOJBHAKA €O CTOPOHAMU
pEzurt. A C oTHME ypaBHEHHAMH CBA3AHA M HABBAHUA
kpuBrix. IlapaGola mHO-TpeYeCKH 03HAUaeT PaBEHCTBO:
KBazgpar y? mMeeT IVIOMAMb, PABHYI0 HPAMOYTOJIBHUKY DPI.
Tunep6oia mo-rpevecky 03HauaeT A30LHTOK: IIOMAADL KBA/-
para y? TOPEBOCXONHT TJIOMAAb MPAMOYTOJAbHHKA pI.
DAAMIC TO-TPEUECKH O3HAYaeT HEJOCTATOK: IIIOMANb
kBajpara y? MeHbIIe INIOMANA HPAMOYFOABHHKA pI.
Opaunnysckmit Maremarnk Opeam B 14 Beke, mOXB3YACH
IPAMOYTLOABHEIMA KOOP/IHHATAME, CTPOHI rpaguk 3a-
BHCHMOCTH BEJMYMHEl Y OT BeJMYAHE I; IPH STOM BMECTO
COBpeMEHHBIX TePMHHOB: abcnucca M OpAUHATa OH ymorpeb-
JAN TePMEHE — foarora u mmpora. Mpenm Opeama He
HONy9UIN, Of[HAKO, IHPOKOr0 PACHpPOCTPaHEHHUs, HOTOMY
4To B Te BpeMeHA MOHATHE QYHKIMOHAIBHOH 3aBHCAMOCTH
{# UMel0 B BHAY 33BHCHMOCTD BeJIMTUHBL J OT BETHTUHH z)
ObUIO CHHMIIKOM HE ACHBIM. i
Taxnm 06pa3oM, OTKpHITHE J@KAPTOBHIX KOODAHHAT HE
npunagneskar [lexapry, M Bce ke Tor dakr, Uro OHM HA-
3BaHLl ero MMeHeM, He ABJserca 6oJbmoONl HeCHpaBeLTd-
pocrpio. On ¢llean 3 HAX TaKoe ymoTpeGienue, KOTopoe
IpeACTaBIAET ONIHO W3 BeaHUANIMX MOCTH)KeH|il- MareMa-
tuku. JlekapT NOCTPOHJ AaHAINTHYECKYIO TeoMeTpHio,
a B Heit, kak B goKyce, CONIUCH MaTeMaTHIECKHEe OTKpPhI-
TUA MEJIEHHO, ¢ TPYIOM CJaraBliHecs B TedeHne THCATe-
netnii. PaGora ‘Jlexapra «La-Géometrie», B KoTOpOil H3Ja-
rajch OCHOBHEIE MAeH aHATHTHYCCKON TreoMeTpHH HA
nnockoctd, 6puta omyGaukosana B 1637 r. Caexyer orme-
THTH, 9TO K OTUM HAEAM OJHOBPEMEHHO OpUIIEN U Apyroii

, , - . 9
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¢panmyscruii maremarnk- Depyma (1601— 1665), Ho c007-
BeTCTByIOmasA ero paGora Oplia onmyGIMKOBaHA TOJIBKO B
1679 r. K 1637 r. npen Pepma craHoBATCA N3BECTHRIMU eT0
COBpeMEeHHHKAM 10 O0ObIYal0 TOTO BPEMeHH TONbKO Omaro-
mapAa o6MeHYy NHCHMaMH.

3dnavenne aHaIUTAYECKOM reoue'rpnn COCTONT TIpEsKiIe
BCEro B TOM, UTO OHA YCTAHOBMIIA TECHYIO CBA3b MERAY reo-
Merpuedl m anreGpoil. OTH [Be BeTBHM MaTeMaTHKH KO Bpe-
menn J[lekapra /[OCTHTJIH Y/Ke BBICOKOH CTemeHH COBep-
mencTBa. Ilo passurue HX B TedeHHe THICAYENETHH ILIO
HE3aBHCHMO NPYT OT ApPYra, W KO BPeMEeHH MosABIeHHS
aHAIMTHYECKOH TeoMeTpHHU MeKAY HEMH HaMedaJlach JHIIb
HOBOJNBHO ciaabasg CBA3b. l'eoMeTpHA y:Ke HE3afoJIro [0
Hauaja H. 9. HOCTHIJA BHIAOMuXcsa pesyabraroB. Torpa
OLIM [eTaJbHO H3Y4YeHHl TAKHE CJIOKHbe oGpasoBamHus,
Kak mapaGosa, rumepGojia W 9JIIMOC; B YaCTHOCTH, OnlIO
NOKA3aHO, 4TO BCC 3TH KPHBEE MOTYT OLITH IOJYdYelHl B
pe3yibrare mepecedeHHs MOBEPXHOCTH KDPYTJIOT0 KOHYcCa
¢ IIIOCKOCTBIO, OTKY/JA M BOSHHKJNO UX ollee HasBaHWMe —
KOHMUeCcKEe cedeHma. AnreGpa pa3BHBalach MeJIeHHee,
ueM reoMerpus. llepBhie ee mpH3HAKM MBI HAXOQUM B Ia-
nupyce ermnTaEMHa AXMeca, TOABMBIIEMCA mnpuGIm3u-
TeILHO 3a [Ba THICAYeJeTHA M0 M. 3. B sroM mammpyce
(eCTH MPEMENHTH COBPEMEHHYIO TePMHHOJIOTHIO) pelaeTca
ypaBHeHHe NepBOH CTemeni ¢ OAUMM HEHM3BECTHHM, NpH-
ueM MMeeTcs CHelnajbioe ueporinduieckoe obosHaueHne
HEeN3BeCTHON BeJWYMIBl M CHEIHATBIBIE CHMBOJE [JTA
ofo3Havenna AEHACTBHIL: CJIOKEHUA M BHYATAHUA, 8 TAK:Ke
A ofo3HaueHMA paBeHCTBA, B janbHeiimeM Bhmaromue-
¢ OCTIKEHNA B o06jacTd ajre6pH mpHHAMIERAT apabaM
9—15 BB., KoTopHie yike pemanu ypaBHenus I u Il crenenu,
HO He YyHoTpebJsANu CHMBOJHKH, & HONB30BATHCH CJO-
BecHbIMH onucanusMu. B korue 15 B. B Urtaaum noasnaior-
¢ CoBpeMeHHBe BHaKH IiIC () m Muryc (—). Buierpo
NOSBJIAITCA U JajJbHeliline COBPeMEHHbE 3HAKA: CTETeHb,
KOpeHb, CkoOkm u 7. A. [lamee B paGorax dpanmysckoro
matematnka Bumera (1540—1603) BBopATcAa OyKBeHHEE
0003HAYeHHA BEJMYMH, KAK N3BECTHHIX, TaK ¥ HEHM3BeCT-
mpeix. TaxmM oGpasoM ko Bpemenu [lexapra Ow ToToB
COBpeMeNHLI anmapar CHMBOJHYECKOH anreGpsl.

Bakayo pojiib aHAIUTHYECKAs: TEOMETPHA CHITpaja B
passuTEA moHATHA uncia. OTpHIaTesIbITbe YMCIa, U3BECT-
HHe emle nHAycaM B 6—11 BB., eBpomeicKUMII MaTeMaTHKa-
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MO JI0JITOe BPeMs He MpH3NABaJuch — CUNTAINCH abeyp;i-
meimu. Jaske Buera me mpusnasan ux. Toxbko Guaropaps
aHauuTHIECKOHX reomerpum [lexapra (mpaBmio BriGopa
BHAKOB KOODAHHAT) OHE TOJHOCTBHIO YTBEPAMJINCH B Mare-
Marmke. . . :

Touno Tak e KOMILTEKCHBIE InCIa 00PEIN CBOIO Pealb-
HOCTH GJarofapsA MeKapTOBHIM KOODAHMHATAM, HO YiKe MHO-
ro mos;ke [lexapra. IlepBonauaibHO CYATANOCH, UTO KBaj-
paTHOe ypaBHeHHe, He HMeomiee [efCTBUTEIbHHX pelleHui,
Bosce nx He mmeer. Tonsko B 16 B., Guaromapa dopmyie
Hapnana pemennit KyGudeckoro ypaBHeHHd, HOPHILIOCH
N0 HEKOTOpOHl CTemeHH HPU3HATH KOMILIEKCHE® YHCIA,
TaK KaK OKa3ajoCh, YTO IPH PEMIEHAHN KYOHIeCKOTO ypaB-
HeHpsA, HMEIOMEro TPH JefCTBATEIBHBX KOPHA, B QopMyio
Happana npm npoMe;KyTOIHHX BHYACIEHHAX HMOABIANTCA
KoMIUTeKcHEIe umcaa. OnHaKo M mocje BTOr0 KOMIUIEKCHBIe
uncaa ocraBaiméh Mano HoHATHEIME- o Tlaycca (1777—
1855), koropuit Ha rpanu 18 u 19 cronermit gax mpm momo-
HA JeKapToshlX KOOPAHHAT IeoMeTPHUCCKOe H300paskeHme
KOMIUIEKCHBIX 9HCed U JIOKa3aJ OCHOBHYIO TeOpeMy BEHIC-
meil aare6pel 0 TOM, 9TO MHOTOYIEH n-i CTeNeHH MMeeT i
KopHeii. B nacrosamee BpeMs KOMIUIEKCHEIE UHCJIA H KOMII-
JeKCHble (YHKIMM KOMIJIEKCHOTO HePeMEeHHOr0 HIPAIT
OTPOMHYI0 POJIb B TEOPeTHYECKOH N HPHKIANAHOA Mare-
MaTHKe.



- Tnasal
KOOPIMHATHI HA IIJJOCROCTH

B 510t r1aBe A ONECHBA HPSIMOYTOJbHEE NEKAaPTOBH
KOODAMHATH HA IIOCKOCTH, TOJAPHBE KOODAMHATH Ha
MJIOCKOCTA, A TaKKe H300paskeHMe KOMIIEKCHBIX YHMCeN
Ha ILIOCKOCTH.

§ 1. IIpamoyroipHbIe JERAPTOBb KOOPAMHATHI
H BEKTOPHI Ha ILIOCKOCTH

B merotopoil miockoctu P BriOepeM [iBe HMEPHEHANKY-
JApHBIE APYT ApPYry nmpAMbE H 0003Ha9AM 9Yepe3 0 TOUKY
ux mepeceuennsa. [|nA ompenenenHocTH GydeM CUHTATh,
9T0 MIO0CKOCTH P ecTh INIOCKOCTh Hallero depreska (puc. 1),
# 9To ofnHA M3 BHOPAHHEIX HPAMBIX MPOXOAUT TOPUB0OH-

P 7 p TaJBHO, & Apyras BeprukaibHo. I'opum-

30HTAJbHAA HPAMAasg HAB3BIBaeTCA 0CbI0
7 7 abcyucc, a BePTHKAJIBHAA — 0CbIO Op-
dunam. OGe ocm HA3HBAKTCA IpoC-
To ocamu kKoopduHam, a TOUKA 0 —

g / — HauaaoM KoopOunam. BhiGpanHEe

3 4  pe 9UeTBePTH WIH KBAaJpaHTA. JTH der-
‘ BepTH HYMepyIOTCA B CJeAyIomeM Io-
Puc. 1. pAOKe: mepBas YeTBCPTH JEMHAT HaR
ocbi0 abcuucc M BIpPaBO OT OCH Op-

AWHAT; BTOpas JEKAT Hal OChI0 abciucec M BJIEBO OT
OCH OpOMHAT; TpPeTbA — IMON OCHI abCIUCC M BJIEBO OT
OCH OpPAMHAT, U, HAKOHEI[, YeTBepTas — IOJ ochio abcmmec
u BupaBo or ocu opmuuar (cm. puc. 1). Taxum oGpasom,
_UeTBEPTH 3aHYMepoBaHbsl B TOM IOpAAKe, B FaKOM WX
HPOXOJHNT TOUKA, HAUMHAWOLLAA CBOe ABMKEHHC b mepBoil
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geTBepTH M [(BHKYMAfACS MPOTHB gacoBoii CTPENKH BOK-
pyr Hadaja KOOPAHHAT. °

[ycrs Temeps 2 — HEKOTOPaA TOUKA HA maockocru P.
MMonp3yscs BHIODAHHBIMA ~OCAMH KOODIHMHAT, MOCTABUM
5TOH TOUKe B COOTE@TCTBHE JlBa YHCIA T M Y; T — e€e
abeyuccy, y — ee opdunamy. Jlaa aTOro M3 TOUKM 2 OmyC-
THM NEepHeHHKYIAP Zp HA oCh a0CHUCC W MEPUEHMKYIAD
2q Ha och opAuHAT. ECiu ToUKa p JEKHT BIPABO OT HAdA-
Ma KOODIHHAT 0, TO 9epe3 T MK 0003HATMM MIHHY oTpeska
op, T. €. TOJNOKHUTENbHOE THCIO. Ecitu TouKa p JIEHT
BIEBO OT HAUAJA KOODIHHAT 0, TO 9epe3 & Mbl 0603HATHM
INIEHY OTpe3Ka 0p, B3ATYIO CO 3HAKOM MHUHYC, T. €. OTpH-
marenpHoe 9HCI0. Ecnm Touka p coBmajaer C HAJaJI0M
koopauHar o, To z = 0. AHAIOryIHO, €CIH ToUKA g Je-
sxuT BbINe HAUANA KOODAMHAT, TO Hepe3 y Mul oGosHATmM
JUIEHY OTpe3Ka 0¢, T. €. IOJOMKHTeJbHOe UHCIO. Ecan
TOUKA ¢ JEKAT HIMKe Hadajga KOOPHHHAT, TO 9epe3 y MBI
0603HAIAM MINHY OTPe3Ka 0¢, B3ATYI CO 3HAKOM MHHYC,
1. e. oTpmuarenboe umcio. Ecam Touka g coBmajaer C
pagazom Koopammar, o y = 0. Taxmm o6pasoM, KaskIo#
TOUKe 2 HA MIOCKOCTH P mpu moMomu BLGpaHHON CHCTeMB!
KOOP/IMHAT TOCTABJIEHA B COOTBETCTBUE Iapa wucex: z M.Y,
z — abemueca TOUKH 2, Y — ee OPAUHATA. B Buge dopmy-
JIBl 9TO 3aMACLIBAGTCA TAaK: .

4 2= (e, ) S

Upena z W Y HA3HBATCA KOOPOUHAMAMU TOUKH Z.
Hauamo KOOpAMHAT 0 TOJY4aeT KOOPAMHATE! 0, 0,
1. e. 0 = (0, -0). TIponsBosbHAA TOUKA 2 HA ocm-abcmice
mMeeT OPAMHATY,. DABHYIO HYIIO, TAK YTO OHA 3AaMUCHIBACT-
ca B (gopme
: z = (z,0) = (2).

TakaM o00pasoM, HOJOMKEHHe TOYKA 2z HA OCH abemuce
OIpefeAeTCH OJHAM TACIOM X M TODTOMY YHCIO L ecrecr-
BeHHO CUMTATh KOOPHMHATOM TOYKM 2z HA OCH abermcec.
[Tpou3BosibHAA TOUKA Z HA OCH OPAMHAT HMEET abermuccy,
paBHEYI0 HYIO, TAK 9YTO OHA 3AMACHBACTCA B dopme

z=(0,y) = ®)-

TaknM 06pa3oM, MONOMKEHHE TOUKH 2 HA OCH OPIHMHAT
OTIPeJIeACTCA OJHHAM GHCIOM J, M IOJTOMY THCIO Y €C-
TeCTBEHHO CUMTATH KOODAMHATON TOYKA z HA 0CH OPAHHAT.
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Crenmyer sayeruts, 910 0pzq (cM. puc. 1) ectb mpsmo-
yroapuuK. Takuy oOpasoM, AauHa oTpeska op paBHA pAJu-
He OTPe3Ka ¢z, a [INHA OTPe3Ka 0¢ paBHA [JMHE OTPEe3Ka
pz. Iloatomy aGeiuccoil TOYKY 2z ABJIACTCA HEe TOMBKO AJi-
Ha OTpe3Ka op, HO TaK:Ke [JINHA OTPE3KA ¢z, B3ATAA C Hal-
ne;RamuM 3HakoM. ToYHO TaK ke OpAMHATOH TOUKHM 2
ABJIAETCA He TONBKO [INHA OTPE3Ka 0g, HO TeK:Ke IJImHA
OTpe3Ka pz, B3ATAA C HANIERAIAM 3HAKOM. )

Ecnn 3amansr 1Ba mpousBONBIBIX 4MClIa T H Y, TO HA
TIOCKOCTH P JIerko MOCTPOMTH TY eHHCTBENHYIO TOUKY Z,
abcimeca KOTOpoil paBHA 3aJaHHOMY 9YHCIY , a Op/HHA-

Ta — 3afaHHOMY wncay y. Iaa aroro
TOCTYIUM ClexyomuM o6pasoM (puc. 2):
CIepBa IIOCTPOMM HA ocH aGCIECC TOU-
£ Ky p ¢ KOOPAMHATON Z, T. €. OTIOKHEM
Ha 0CH a6CHHUCC OTPE3OK 0p, MJINHA KO-

ol 7 Toporo paBHa |r| (Momy:h 4ucia z),
TIpHYeM TOYKA P JIeJKHT BOPABO OT TOU-

Puc. 2. KM 0, €CIM YNCIO0 X MOJOKHTeNbHO, W
. BIIEBO OT TOUKH 0, €CIH YHCIO & OTPHU-
narexpHo. [lamee, BoccraBEM K ocu

afCruce NepneHANKyYAP pz, NAHA KOTOPOTO PABHA HCIY
lyl, mpmueM Touka z Je;kUT HaX 0CHI0 aGCIUCC, ECIM THCITO
-Y TONOKATENBHO, W HOX OChI0 a0CIHHUCC, eCIH UUCTO Y
orpunarenbHo. HoHen sroro mepmeHmmKyIApa m ABIAeTCS
TOll TOUKO# z, aGéijEcca KOTOPOi paBHA YHCIY X, a OpAM-

HaTa — YMCNY Y, TAK 9YTO BhOoJHeHo paBenerBo (1). Ta-

kuM o6pasom, dopmyna (1) ycramasimBaeT B3amMHO OFHO-
3HAYHOE COOTBETCTBHE MEKAY TOYKAMU ILIOCKOCTH P m ma-
pamu 4mcex z, y.

Ecnu Ttouka z mBmskerca Bods ocu abemmec cieBa
HampaBo, To aGcmucca ee Bospacraer. Iloaromy roBopsr,
4T0 0Ch abcnuce HampaBieHa cjieBa HampaBo. ITo obcTos-
TeJILCTBO MOKHO HM300pasuTh TeOMETPHYECKH, HAPHCOBAB
Ha oc:m abCumcc CTPesKy, OCTPHEM CBOMM HATPABIEHHYIO
B IPaBYI CTOPOHY (cM. pmc. 2). B ToM ke caMoM cMpiCie

OCh OPAMHAT HampaBjieHa CHA3Y BBePX, U 3TO MOKHO H300--

pasuTh, HAPHCOBAB HA Hell CTPeIKY OCTPHeM, HampaBJeH-
HEM BBepX. Toukm, me:xamue Ha ocm afcmmee cmpaBa ot
HaYala KOOPAMHAT, HMEIOT IIOJOSRUTEJbIIEe abCIHCCHL.
HootoMy roBopsAT, 9T0 OHH COCTABIAIT MOJO/KHTENBIIYIO
nonyocs aGemmec. Tourm, Jessamme Ha ocm abemuce ciae-
Ba OT HAYaja KOOPAMHAT, HMEIT OTPHIATENbHHe afcmme-

14



" BHAHO, 4TO MJIVHA OTpe3Ka 2z;I'

CH H II09TOMY TOBOPAT, 9T0 OHH COCTaBJIAIOT OTPHIATONb-
HYI0 mOIyoch aéciucc. B TOM ke CaMoM CMEICH® TOUKH,
Je;Ramfme Ha OCH.OPAMHAT BN Hadaja KOOPAMHAT, COC-
TAaBIAIOT MOJNOKATEABHYI0 IOJAYOCh OPAMHAT. A TOUKH,
Jde/sampe HIGKe Hauana KOODAHHAT, COCTABIAIOT OTPH-
HAaTeIbHYI0 HOJYOCh OPJHHAT.

IlepBas 3amaua, KOTOPYI MH PeHIAM, HOJb3YACH Me-
TOOM KOOPRMHAT, COCTOUT B BHUMCIEHNH JUIMHH OTPE3Ka
AIH, 9T0 TO ke caMoe, B HaXO/KAGHUH -PACCTOAHAA MERIY
ABYMA TOUKAMH, 3aJ@HHEIMH CBOMMH KOOD/IHHATAMH. -

Ilycrs :

: 2 = (T, Yoy 22 = (T2 Ya) : @

— J[Be TOUKHW Ha MIoCKocTH P, 3amaHHbie CBOMMH KOOD/H-
Haramu. Paccmosnue MeRIY TOUKAMHA 2, U 25, KOTOPOe ME
oBosmaumm depes Iz, z;), ompenensercsa Qopmymoit 1)

Uz, 2) = + V(xz — )%+ (Y — ¥ 3)

Jlna noxasareabcrBa dTodl (opMYME mpoBefleM depes
TOUKY 2, FOPHBOHTANBHYIO IPAMYIO (PHC. 3), & 4epe3 TOIKY
2, BepTEKanbHy0 npamyio. Tou-
Ky mepecedeHis 9THX ABYX HpA-

MHX o0o3maumM wepes r. Tpe- z, ~
VIOXBHUK 2,25 €CTh OPAMOYTOJIb- - ;

HEIT C KaTeTaMu 2,5, I'Z, O Td- - \

moTeHy3o0il z,z,. Hemocpencraenso Z

paBHa |z, — x,],a JUIMHA OTpe3Ka
rz, paBua |y, — y,|. Taxmm o6-
pasom, Qopmyna (3) sBasercs Puc. 3.
ciemcTBieM TeopeMsl [lugaropa,
NPUMEHEHHOH K HPAMOYTOIBLHOMY TPEYTOMBHHKY  Z,7Z;.
Temepb YMECTHO IEPEHTH K PACCMOTPEHHIO BEKTOPOB,
OpH TOMOIIM KOTOPHX MHorme (opMyas 3anHCHBAIOTCA
ropasfo Kopode, 4eM OpPH MOMONM KOOPAHHAT.
Iycrs @ m b — nBe Toukm Ha miaockoctH P (puc. 4).
IIprEATO TOBOPHUTH, YTO OTPE30K ab, ompeaeneHHEM o6pa-

1) B mankueiimem mepep KopHeM GymeT CTABATALCA SHAK - HJIH
—, ecan Kopedb NeHCTBHTEJNBHHA M GepeTca €ro IOMOMKHTENbHOe
WM OTpUNATENbHOE 3HAYeHMe. B ciayuae OTCYTCTBUA 3HAKa CYH-
TaeTcsA, 4To Oepercsa aoboe M3 ABYX 3HAYEHHE KopHA.
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30M HAUPABIEHHHI, MMEHHO, OT @ K b, ecTb éekmop ab.
Touka a HasbiBaeTcs Haua4om BeKTOpa, a Touka b — ero
konyom. ToBopaT Takske, 4To BeKTOp ab npuaoscen kK
Touke a. Ecunm ¢ u d — nBe Kakue-HHOYAb ApPYrue TOYKH
-~ mJaockocta P, To cumraercsd, gTo
5 BeKTOp ab pasen Bexropy cd, ec-
T nu orpeskn ab u cd: 1) pasui no
AJuHe, 2) mapalIeNbHH, 3) ofn-
HaKOBO EampaBieHH. Ecam or-
“z VY ‘ peskn ab m cd He Je;ar Ha of-
. . . Hoil mpAMoii To Bce Tpu cdop-
l/ 7 : MYJHPOBAHHLIX YCIOBHSA MOJKHO
y. BHIPA3UTh CJAEAYIOMHIM MPOCTEIM
reoMeTpAYECKHM CHoCoGoM: mpo-
Puc. 4. BefieM, KpoMe ABYX OTPe3KoB ab
" cd, iBa IPYTEX OTpPe3Ra ac u
‘ bd. Torga TpEm BHIDECKAa3aHHEIX
YCJIOBHS BHIPAKAOTCA ONHEM: ucdb eCTh mapaJLIeaoTpaMM.
OueBupHo, 9T0 MIA KaKIOro_ Bexkropa ab wHaiimercs
PaBHHI €My BEKTOD, BHIXOIAMuil U3 HAa9aJda KOOPIUHAT 0.
OGosnaunmm ero Kower dgepes 2z, TaK 9TO BeKTOpH ab u
‘0z paBHE. B ocHOBHOM MEI OymeM OTpaHWYHMBATHCA pac-
CMOTpPEeHHeM JHIIb TeX BEKTOPOB, KOTOPHE HAUMHAIOTCA B
Hauaje KoopAumHAT 0. Takue BeKTopel MH OymeM o6o3ma-
4aTh OfHOH OYKBO#, 8 WMEHHO BEKTOp 0z GymeM 0603ma-
9aTh NIpoCTO OYKBO# 2. ITHM CAMBIM YCTAHABIHBACTCH
B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEKAY BeKTopamu,
BHIXOAMUMI U3 HadajJa KOOQPAHHAT M TOUYKAMH ILIOCKOC-
™ P, IMEHHO, KQKIOMY BEKTODPY 07 CTABATCA B COOTBETCT-
BHe ero Kouell, Touka z. Tor ¢akr, 4To ToUKa U BeKToOp, HAy-
Ui U3 0 B 3Ty TOUKY, 0003HATAIOTCA OHOM | TOH ke Gyk-
BOil, He OPHBOJMUT K NyTaHHUIE. A :
‘Temeps ompenennM omepaiui CJIOKEHHAA JBYX BEKTO-
poB. Paccmorpmu Ha mmockoctn P fBa BeKTopa z, u z,.
ITonpasymeBaercs, 9T0 2z, W 2, €CTh KOHI[H BEKTOPOB, Ha-
YMHAIOMMXCA B TouKe 0 (puc. 5). [lusa Toro 4roGu ompe-

AIeATH CYMMY BEKTODOB Z; = Z;, IIPOBEleM M3 TOUKH Zz, -

BEKTOp 2,23, paBHHﬁ BEeKTODY 2. BeKTOp 024 WA, YTO TO
JKe camoe, 23, eCThb, mo oupeIl;eJIeHmO, CcyMMa BeKTOpOB
Z; B 2y ’

) 28 = Zl + Zg-
B HanieMm HochoeHKﬂ CyM_MH Zl + 29 BERTODH Zl a 22
16 )



- 2+ 2,. CrenoBaresnbHo, cyMma ABYX

HepaBHONpaBHEL. IlosToMy HYMHO [OKa3arb, UYTO
Zl+22=22+zl. .

Jlnsa mokasareabcTBa MPOBENeM BEKTOD 2,23 Tak Kak Bex-
TOPH 0Z; U 233 PABHEL, TO 02,232, €CThb HAapAaJLIEIOrPaMM,
O TOITOMY BEKTODH 02, U 2,35 paB-
mpl. Taxkum oGpasoM, mo ompepese-
HHIO, 23 €CTh CyMMa BeKTOPOB

BeKTOPOB HEe 3aBHCHT 0T HOpPAAKA
ClIaraeMEIX.

Paznocts BeKTOpOB 2, — z; om-
pefieifieTcsi KaK BEKTODP 272, (CM.
puc. 5). OGosmaunm ee wuepes z,.
OGosnauag BeKTOp ofiHO# OyKBoOil,
MEHI TeM CaMBIM [OAPasyMeBaeM, d4TO . Pumo. 5.

OH HauYWHAeTCA B TOUKE 0, TAK 4YTO -

BEKTOD 0z, MJIH, 9TO TO JKe CaMoe, Z, PaBeH BEKTODY 2,Z,.
Taxum 00pasom, COTIACHO ONMPEIENEHNUIO CYMMbI ME HMEEM
PaBEHCTBO

2 + 2, = 2,.
Mz BmAmM, 9TO PasHOCTH 2, — z, OmpefeNeHa TAK, UTO
BMEeT MECTO PaBeHCTBO :

(22 —21) + 2, = 2, : (4)

Tlocnenuan dopmyna momrBepskaaer, 4To pasHOCTH BEKTo-
poB ompefejieHa Hamh TpaBuabHO. Cieiyer 3amoMHATDH,
9T0 OPH IOCTPOCHHH DA3HOCTH BEKTOPOB BEKTOD Z, — 3,
HAYNHAETCA B TOUKE -2, W KOHYAETCA B TOUKe Z,.

Cpenn BCeX 'BEKTODOB HMEETCA OAMH BEKTOP HY.IEBOil
ONMHB, HAYMHAOMUICA K KOHYAMHUACA B Touke o,
On o6osnavaerca sHakoMm 0. dror BekTop oGmamaer cie-
AYWIEM CBOHCTBOM: -

24+ 0=z
- JlnAHa OTpe3Ka, ONPeRENAMEro BEKTOD, HABbIBAETCSH

Modyaem BTOTO BEKTOpa ¥ 0003HAUACTCA CHEMAJbHbIM
o6pa3oM, AMEHHO

2] = o, 2)
(cM. pmc. 4). : .
- Hmeer Mecro BajkHOE HepaBeHCTBO
. 2, + 2| < o] + l\zz\|~ ®

2 JI. C. MouTpArun 17



HepapercTso 9T0 ClefiyeT m3 PACCMOTPEHUA TPEYrOJbHHEKA
0223 (cM. pec. D). [lamma cTopoHHI 0z, ecTs |z,|, mamHA
CTOP)HBL 2,23 €CTh |2,| H; HAKOHeI, MJMHA CTOPOHEI 02,
ecThb |2; + 2,].- Takum o06-

2. PasoM, HepaBeHCTBO (D) 03-

7 /f Hadvaer He UTO HHOE, KaK To,

//[ YT0 AJHHA OTHOH CTOPOHHI

g L~ TpeyronpHHKa MeHbIIE HIH
é paBHa CyMMe [UIMH [ABYX
OPYTHX €ro CTOPOH.
Kpome omepamuit cio-
Puc. 6. JReHHfA W BLIYATAHUA BeK-
TOPOB CYILECTBYET eme ofi-
Ha BajkHas omepanus HA[ BEKTODaMH, HMEHHO, YMHOKe-
HHUe BeKTopa Ha unciao. Ecnm o — HekoTopoe 9ncio, a
2 — BEKTOp, TO [JiA OHpeJe/ieHUA MPON3BEJeHHsA
= az (6)
nponeneM npamyo L, npoxonamyro qepe3 TOUKA 0 H 2
(puc. 6). Ecaium o —umciio mono;KHTEIbHOE, TO OT TOYKA
0 OTIOKUM Ha npAMoit L orpesdox o0z', paB}mﬁ oo Jju-
He 0.|z| M HAaOpaBJeHHHHE B Ty ;Ke CTOPOHY, YTO H OTpe-
3ok 0z. Homer z'aroro orpeska m ecrb BeKktop oz. Ecam
9HCJIO 0L OTPHIATENIBHOE, TO OT TOUKH 0 OTJIOKHEM Ha P AMOit L
oTpe3ok 0z’ auusH || |z|, HO B HAIPaBIEHHA HPOTHBOIO-
JIO;KHOM 0Tpe3Ky oz. Iomer artoro orpeska z’ m ecTb Bek-
top @z. Ecim @ = 0 niau z = 0, To BeKTOp Gz eCTh HYJIe-
BO!l BEKTOpD. .

B cuny camoro ompenenenns BeKTop 2’ = 0z Je/KAT HA
upamoit L. Ho, 0ueBuHO, 9T0 1 1PON3BOABHO B3ATHIl BEKTOD
z’, ne:ramuit Ha mpamoit L, mosker GuiTh 8ammcaH B ¢opMme
(6), ecim xoneuno z 5= 0. Hy;xuoe amcio o ompeaensercs
crenyomum o6pasom. Ecau tourn 2z’ u 2 pe:rar Ha mpaMoit
L 1o opgHy CTOPOHY OT TOYKH 0, TO 9HCIO @& LOJO/KRATEALHO
u ompenenserca ¢opmyoi

171
VI /

Ecnn 2’ u z neswar Ha npamo#t L, Ho mo pa3sHble CTOPOHH OT
TOYKH 0, T0 WHCIO 0 OTPUUATENBHO H  OUpEJeiseTCs
q)opmynon

18

R I S, L TR e e



Taknm o6pasoyM, Touxkn Buaa (6) mpu 2z = 0 B3amomusaiT
BCIO mpAMYI L, Korma o MPHHHMAeT BCEeBO3MOJKHEE WHC-
JOBEe 3HAYEHHA. ‘

BseneMm temepb mOHATHE noopaunam gexmopa. Tak xax
Z ABIAETCA y HAC ONHOBPEMEHHO H TOYKOH H BEKTOPOM,
TO €CTeCTBEHHO CUNTATh, YTO KOOPAUHATHI TOYKH Z. ABIAIOT-
cA OJHOBDEMEHHO M KoopamHaraMu BexrTopa 2. Takum 06-
pasoM, MBI MOKeM 3aIHCATh

z = (.l', y)1

IJie Z eCTb BeKTOD, & X, §J — €ro KoopOuHamsl, T. €. KOOp-
AUHATH TOYKH Z.

OnumeM Teneph HPH HOMOMM KOOPAMHAT Te OHepaIiuy
HaJd BeKTopaMu, KOTOPBI® TOJBKO YTO ObLIR onopeneeH bl
qucro reomerpuieckd. Hpome BeKropa z, 3ammiieM B KOOp-
nuHaTHo#t dopMe emie [Ba BeKTopa:

Z; = (T3, Y1)y %2 = (T Yo)-

Torpa Mn mMeeM

zp + 2y = (1, + 23 Yy + Ya)s (7)
3y — 2y = (T, — Ty, Yy — ¥a), @)
sl = +V2* + 4, )

az = (ar, oy). ' - (10)

,I[ox{ameM dopmymn (7)—(10), Ha pme. 7 ‘mocrpomm
CyMMy BEKTOPOB 2; + 2, KaK YKa3aHO BHIIIe (cM. pume. 3).
[IpoBeeM depe3 TOUKY 2; TOPH3OHTAJBHYI MPAMYIO,
a uepes TOUKY 23 BePTHKaJbHYW0 mpaMylo. Toury mepe-
cedeHHMsA 9THX HPAMBIX 0603Ha4MM depe3 r. TpeyrolpHEKA
0p,Z, U 2,723 PABHH Me;KRY coboit. VI3 aroro caemyer, 4ro
IJIAHA OTpesKa 2,r, B3fATad C HaJJeRalidM 3HAKOM, eCTh
abcumeca TOUKM 2y, & [JIAHA OTPE3Ka Iz, B3ATad € HaJJe-
JRAIIAM 3HAKOM, €CThb OpAMHATA TOUYKH Z,. OTciofa crenyer
copasefnuBocTs (opmynst (7). Dopmyna (8) cuemyer u3

~dopmyn (4) u (7). Qopmyna (9) caexyer us d)opMme 3),

B KOTOPOH CJIENYeT IOJOKUTh Z,=2, 2, = 0. Ilaa [oka-
sarennctBa Gopmynst (10) paccvmorpum na pnc. 6 Tpeyroan-
ungn opz u op'z’. Vs ux nomobus swirekaer gopmyna (10).

Ilonb3ysck BekTOpHLIMH 0GO3HAYEHHAMH, ML yno0mo
MOi{€M TeHeph 3amUCaTh PACCTOSHME MEMKIY ABYMA TOUKAMH
2 : 19
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2, m 2, VmenHo, B évmy dopmyn (3) n (8) MH mMeem

Uz, 25) = |20 — 7). -

Dpuwmep 1. Buuucaum nmomans S TpeyronsHmka
0242, THE TOYKH Z,, Z, 3a/laHbl CBONMH KOODIHHATAMH

(cM. Gopmyny (2)).

TpeyronbuuKk 3TOT HW300pakeH Ha

puc.

8. ‘Ilnomane HA3BAaHHOTO TPEYTOJBHEKA COCTABAM

} P
-, f,_a'—-—‘-‘—‘")" A
) z, 7 A zz
) t
: >
= Z :
b9 A o 7| 7 b
Y ..
»

' Pue. 7. Puc. 8.

u3 Tpex uacreil: 1) TPEYTONBHIAK 0pyZ,; €ro IIomann S,
PABHA Z,Y,/2; 2) Tpamenua p,p,2,2,; €e mIomab S5 pasua
(zy — 2)(Yy + Y5)/2; 3) TpeyroabHHK 0p,z;; ero mIOmMAAL-
S, paBHa z,y,/2. IlepBrie [Be MIOMAAU CIEAYET CIOKHTE,
a TpeTpl BHYECTh. IIPOM3BOAA~ BEIYMCJIEHUA, HOJIydaeM

~

S=8,— 8+ 8= 5 (@y,—unz), (1)

. 1 )
S, = % Yy, S,= -%—x2yz, S = - (xl —,) (1 ~'l‘ Ys)-
‘ ~ (12)

Brramcorenne aTo mpomsBefielio HaMm NpPH HEKOTOPOM MO-
BOABLHO OHpENeJeHHOM pACHOJOKEeHNH TO4YeK 2, U 3, HA
OIOCKOCTH P OTHOCHTeNBHO BHIOPAHHOU CHCTEMB KOOpMIH-
Har. Ho dopmyna (11) Bepra Bcerda, mpu ycioBum, 4To
Besmamanl Sy, S, Sy samann dopmynamu (12). Onmako-
mojaydaemas mo Hell miomags S IONOKHTENBLHA, €ClAd B
TPeYToJIbHUKE 02,2, HANPABICHUE 0Z, HMOJAYYaeTcA H3 Ha-
npaBJeHHA 02, TOBOPOTOM TIPOTHB HWAaCOBOH CTpeJKH. &
Ecnm aror moBopor fmomsken GhiTh MPOM3BEJIGH MO 9acoBOI
‘CTpesiKe, To TJomajb, mojiyuaeMas mo. dopmyne (11),
OTpHUIaTEbHA,

20 \
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§ 2. MoaspHble KOOPAMHATHI

Ha mameit miockectn P MH  YiKe umMeeM [eKapToBY

cucTeMy KQOpAMHAT, T. €. 0Chb abcimec, 0Ch OpAMHAT W
pagano Koopnummar. C dToil CHCTEMOZ KOOPAMHAT TEeCHO
CBf3aHA TAK HashiBaeMas IOJAPHAA CHCTeMa KOODAWHAT.
Ilyets 2z = (xr, y) — mpoms- . -

BOJIbHAA TOUKa miockoct: P,
3afjagHAfg CBOMMHO JAeKapTOBH-
Mu KoopAaumatamu. IlocTaBuM
Teneph dTOH TOYKe z B COOT- -
BeTcTBMe [Ba [PYIMX YHCIA
ee noaapwble KoopOunambl,
AMEeHHO, YHCIO P, PaBHOe Puc. 9.

IauHe oTpe3aka oz, p = l(o, 2), . '

W 9Hcno ¢, paBHOe BeIMYMHe YA B DajmaHAX
MeXKIY TOJOMKHUTeNbHON HOIY0ChI0 aGCIMCC W OTPE3KOM
0z, TpUYeM YroJ OTCUMTHIBAETCA B HANpPABIEHHH IIPOTHB
qacoBoii crpeakn (puc. 9). Mu Gymem mnmcaTs

z = lp, ol. - (13)

Uucmo p HasmBaerca paduycom TOUKH Z, a 4HCIO ¢ ee
Y2a0M.

~ Pammyc p Toukm z ompefleneH OfHO3HAYHO. YTOI @
TOUKHE 2z He Ompe/ielieH COBCeM, KOTAA TOYKA Z COBIAMaeT
¢ HauasgoM Koopauuatr. Ho m B ToM ciyduae, Korfla ToUKa 2
He CoBHaJaeT ¢ HAYAJOM KOOPAUHAT, YTOJX @ He onpefeseH
ofHozHA4YHO. VIMEHHO, eCTH @ eCTh YIoJl TOUKH 2, TO

¢+ 2kn, (14)

A}

rae k— IpOU3BOJBHOE IeJI0e YHCIO0, TaK Ke ABIALTCA )

YIJIOM TOUKH z. ITO 0GCTOATENBCTBO B PAfie CAydaeB MMe-
er BaskHoe 3Hauemme. C Hpyroit CTOPOHEH, eCIH 3aJaHO
NpoM3BOJAbHOE HEOTpHI[aTeJbHOe YHCIO P ¥ TPOUBBOJILHOE
a@cIo0 @, TO BCerfa HaiifleTcA TaKad TOYKa 2, 4TO 3akaH-

Hoe YHCJIO0 O ABJAETCA ee pajHycoM, a 3aJaHHOe qucio ¢

ee yrioM. Ilomsipubie KOODAMHATHL p M @ TOYKH,6Z MeHee
COBePTIeHHL!, WeM ee JeKAaPTOBEl KOODTHHATH, TaK KaK
3llech HET B3aUMHD ONHOIHAYHOT'O COOTBETCTBHA MEKRY
TOYKAMH 2z IJIOCKOCTH P W mapaMm umcex p, @. Tem He
MeHee B DsaJie.CIyYaeB MOMSRHWE KOOPHAMHATH OKA3BIBa-
o1CA Gomlee y,T.I;OGHbIMPl, yeM JxexapTOBm.

x -
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ITo1b3yACH ONHOBPEMEHHO 1eKaPTOBLIME H TOJADPHEMA
KOOPAHMHATAMH, MHBl HEeH30e/N0 [OIGKHE MOCTABHTH BOL-
poc O CBASH MekNy TeMH U Apyruma. [leKaproBel W mo-
AAPHbIe KOOPAHHATEL TOYKH Z = (z, y) = [p, ¢] cBaszamm
MesKAY €000l caemyomumu  dopiyirayu (eM. puc. 9):

x=pcoscp,} ) - (15)
Yy =psing. '

@opMynst a1A caenyor m3 PacCMOTpeHUA TPeyroJdpHUKA
opz. OHH HMelOT mpocToit reoMeTpHYeCKHHE CMBICA, Korja
TOUKa 2 HpUNAJIe;KUT NePBOMY KBaJApaHTY ILIOCKOCTH.
Onycrum u3 Touxu z TMepHeHAUKYIAD 2P HA 0Ch abCIHCe.
Tak xax z npuragexar NepBOMY KBaJpaHTY, To afcrmucca
B OD[MHATA JTOH TOYKH, Z M Y, — CYTb HOJOMHTEIbHbIE
9uCla, W MEl HMeeM paBeHCTBa

z=1Uo, p), y=1Up, z), p=Io, z).

B npamoyroasroM Tpeyroabmuke 0pz Op M Pz ABIAAIOTCA
KaTeTami, a 0z rUUOTEeHY30d. Yrol ¢ ToukM z paBen yray:
9TOro TpeyroibHuKa B Bepmune o. U dopmynn (15) cyrs
u3BeCTHBIE GOPMYIH, BhIpaKaIOMUe JVIMHBI KaTeTOB MpsA-
MOYTOJIEHOTO TPEYTONbIIHKA 1ePe3 eT0 [UIOTeHY3y H yro
OpH OCTPO# BepIIHHE TpeyroabHHKA. B cIydae, ecau
TOYKA z MPUHALIEAUT 2-My, 3-My man 4-wy KBaJpanty
JlockocTH, B gopmyiax (15) caemyer o0paTTh BHHUMAIHE
Ha 3UAKI JeBRX M mpaBhiX dacreir. Qopmyan (15) oxa-
SHBAIOTCA HPABIILHLIME HPA J0GOM MOJN0:KEIHN TOYKH Z.
Ho aro we aBuasercs cayuwaiinoctsio, a CJIeICTBHEM TOTO,
9TO MpaBuio BEIGOpa 3HAKA IJIA adciuccH coBmazaer
C IPABHUJIOM BHIGODA 3HAKA AJIA KOCHHYCA B TPUTOHOMETPHH,
A mpaBuio BHGOpPa 3HAKA ATA OPAHHATH coBmagaer ¢ mpa-
BUJIOM BHIOODA .BHAKA JIA CHIIyca B TPHUTOHOMETPHH.
Taxum oGpasoM, mpaBWIBHOE HCIOIL30BAMMNG oTpuIia-
TeJILHLIX YHCeT T03BO/SAET HAaM BECTH BLIYHCJIEHHA, HO
AyMas O GSHAKaX, BXONAMMX B BHUMCIEHHe BeJTUMH.,
Ecan 611 Mul He McHOIB30BaMH OTPBIATE TP HAX THCETT A
TI0530BANUCH MMA HeYAAdllo, TO BMECTO [IByX paBeHCTB
B ¢opmymax (15) mam mpumuiock Gir mueaTh ABa COOTHO-
MMeHIA [JA KasKIOT0 U3 UYeTHPeX KBaJ[palToB, oTAeJILIo.

Cronb :1e Gosbmmoe Bsmauenue mMeer HCIONL30BAMNe
OTPHIU@ATEJLILIX dicena u mist dpopmyait (3). ITpencrassre
cebe, 9T0 MH He yHoTpeGiaseM OTPHNATEILHHX THCE.

>
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Torpma mul onpenesunn 651 abcuiccy W OPANHATY TOYKH 2,
KaK COOTBETCTBEHHO UTHHHK OTPe3KOB 0p U pz, W [JIs OI-
pelle/ieHAA TOJO;KCHUA TOUKH 2z HA ILIOCKOCTH MEI, KpoMme
naps KoopauHar (z, y), KoTopee Obiiu OB He OTPHLATENb-
HHl, MOJKHH OpUTH OB HAmUcaThb eme HOMep KBaJpaHTa,
B KOTOPOM 9Ta TOUKA HAXOMUTCA, T. €. uncio 1, 2, 3 min 4,
B oroM ciydae, BMecTo efuHCTBeHHoil gopmyas (3),
ompefieifomeil paccroanne I(z;, z,) Uepe3 KOOPAHHATHI
TOUeK 2, W Z,, Mbl BEIHY:KIeHsl Oburm Gbl mucaTh 16 pas-
JAMUILIX COOTHONIeHUI, paccMaTpuBad BCe CJydam pac-
' IOJO:KeHNS TOUCK 2; B Z, 0 kBagpanTaM. [Ipu aToM Kaskoe
COOTHOLIEHUE OMHCHIBAaMO GBI OIpeNe]eHHBI caydai: Tod-
Ka z; DACHONO/KeHAa B OAHOM H3 4-X KBaJpaHTOB — 4
BO3MO;RHOCTH; TOYKa Z, TaK:ke Morja OH OHITH pacmoJo-
;ReHa B ONHOM M3 4-X KBaJpaHTOB — 4 BO3MO;KHOCTH.
Byecre moamyuaerca 16 pasauameix KoMmOumamuit pacmo-
noskenua. Bmecro oxmoit Popmynst (3) met umean Gur 16
pasamuHbix (Qopmysn. Tak:ie oTBPATHTENBIIO CJIOKHO 00- .
cTosamo Ol flefio M ¢ ABYMsA cooTHomeHuamm (15).
IIpumep 2. Buumeanm Temepp miomaab S Tpe-
yronbHHKA 0z,2, - (cM. mpuvep 1; puc. 8), moab3yaCh
MOAAPHHIME KOOPAMHATAMHU

u=lo, ml 2= lpy @l (16)

Ina sroro Ha puc. 8 omycTHM NepPHEHAUKYIAD Z,r N3
BepPIIMHbI 2z, HA CTOPOHY 0z; HIHM Ha ee TNPOAOJ:KeHHe.
910 ecTh BhicoTa Hamiero TpeyroxpHumka. OHa paBHa
Py sin (9, — @;). 3mech BHICOTA B3ATA C ONPEAEIEHHBIM
sHakoM. OcHoBaHWe ke TPeyroJNpHUKA DPaBHO YHCIAY 0;.
Takunm o0pa3oM, moaydagMm

1 .
S =— p1p,sin (@2 — P1)-

910 u3BecTHAA HOPMYTa TPUTOHOMETPHH. 3[eCh, ONHAKO,
miomanb S B3ATa C OHNpefeleHHBIM 3HAKOM, HpUIeM
npaBmo BHGODa 3HAKA TO ;Ke CaMoe, 4TO I ‘B mpumepe 1.
TlomcraBuaa B  ¢opmyay (11) BepakeHue eKapTOBBIX
KOODJMIIAT TOUEK Z;, Z, Yepe3 MX MOJAPHLIE KOOPAHHATHI
(cm. (15)), Mbl moxydaeM ‘

1 .
S == 010, 8in (@, — ¢1) =
1 ‘ ‘s . ' .
=, 010, (cOs ¢y SIn y—sin ¢y cos z).
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Orcrofa caenyer: )
sin (¢, — ¢;) = sin @, cos ¢;— cos @, sin @,. - (17)

Taknm o6pasom, Mbl [0KA3aJH OHY U3 OCHOBHEIX opmys
TPHIOHOMETPHH, BHUACIAHJH BeJUYMHY CHHYCAa pPa3HOCTH
OBYX YIJIOB. )

Briseiem 13 Hee TpH Apyrme OCHOBHble POPMYJB TPH-
TOHOMETPHM: CHHYC CYMMEI, KOCHHYC CYMMH H KOCHHYC
pasroctu. Ilpm sToM MH GyaeM HO/Nb30BaThCA JHIb
ciaenyomuMu GopMylaMA TPATOHOMETPUYU, KOTOpPhIe JEeTKO
OpoBEPAIOTCA: :

'sin(— @) = —sing,

cos (— @) = cos ¢, (18)

sin (—32‘- — )= cos .
JliA TmoNydYeHES CHHYCA CYMMBl MOACTABEM B dopmyny
(17) — ¢, Ha Mecto @;. Torma Me Gymem mmers
sin (¢, + @) = Siﬂ @p €05 (—@;) — cos @, sin (—@,)=
' =sin @, cos @; + cos @, sin @y,
OKOHYATEIBLHO, ' '
sin(@; + @,) = sin @, cos @, + cos ¢, sin ¢,.  (19)
Hanee, mmeeM B cuny dopmya (17) u (18)

cos (¢1 + ¢,) = sin [(7“ - %) - cp;] =

. - ) 14 .
= sm—(E- — cp2) €0S ¢p; — COS (7 - (pz)( sin @, =-
t = €08 (,c0S ¢, — sin ¢,sin g,
 MIA OKOHYATelbHO,
cos (@, + @;) = cos ¢; cos g, — sin @, sin @,.  (20)
3amenas B aToil Popmyie @, HA —q;, HoJydaeM ‘
’ cos (P —@;) = cos @, cos @, + sin ¢, sin @, (21)
IIpamep 3. Oupemenum ckasaproe npoussedenue
2y * %y ABYX BEKTODPOB 2, U Z,, MONb3YACh MX MOJADPHLIME
Kooppmuatamu (cM. (16)). ITo oI peieIeHHIO,
212y = P13 COS (Y3 — @) = 0,0, COSY, (22)
24
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e y ecTb Yroa MesKIy BeKTOpaMil z; H Z,. 3Hak gucaa y
me mrpaer poan (cM. fopmyan (18)). Ho wocumyc momo-
;KUTeJeH, KOTJa Yrod y OCTpHi, W OTpPHIaTelleH, Koraa
y— Tymnoii. Ilombayscs opmyramu (15) cBABEm  MekAy HO-
JAPHHIME H JleKapTOBHMH KOOpAMHATAMH, MB € IO-
momibio Gopmyns (21) momyuaeMm BEIpakeHue

)2y = TZy + Yl '

. P -
Ono [naeT CHaJAPHOE npou3Befenne, BHIpa’KeHHOE depes3
JIeKapTOBBI KOOPANHATHI BEKTOPOB.

§ 3. I'eomerpuueckoe u300PAKEHIE KOMIUIEKCHBIX qmcen

- JléxapToBbl KOODAMHATH JaioT eme ORHY BO3MOKHOCTb
IS YCTAHOBJENHA CBASH MewAy TOIKaMu n- quCIaMu,
a HMeHHO, OHH IIO3BOJNAKT reoMeTpUdecKH n306paKaTh
KOMIJIEKCHbIe uucjia u AeficTBAA Hall HAMH.

KoMmiIexcHie 49HCJIa, KaK H3BECTHO, BOSHHKIN 6aa-
rogapsA TOMY, 9TO Heldb3sa GOblIo M3BJETH KODEHB KBaJ-
paTHHl M3 OTPHLATENBHOTO THCIA. [MoaTomy :BBeaIH ¢op-
MaJIbHO HOBOe dHCIO i, yIoBieTBopAoNiee ypPaBHEHUIO

2+1=0,
TaR YTO )
V=1= i,
A ONmpelelMil KOMRACKCHOE HUCA0 2 dopmymoit
z =z + iy, (23)

rie & u- Y — OObHKHOBEeHHEle dHCIA, C KQTOPHIMH  yikKe
[PUBHIKIA WMETHb [eJ0 H KOTOPHI® Teneps, B OTJMYUE OT
KOMIOJIEKCHEX, MBI OyleM HasHBaTh delicmeumesbHblMU .
Ha KOMIUIKCHbIMY YACIAMH CTajlA IPON3BOJATH oObIaHbIe
NefCTBHA: “CIOMeHUe, YMHOKeHWe M ofpaTHble K HHUM:
BLUATaHMe ¥ JeideHpe. Bo BceX TaKMX BLIYMCICHAAX
samenanu 2 na —1 u moaydamm, TaKHM o6pasoM, BO3-
MO;KHOCTH TPOUBBOJATH HAJ KOMIUTEKCHBIMH quCJIaMu
BCe NefiCTBHA TaK ke HENPUHY’KICHHO, Kak paHbIe Haj
nefiCTBATEIbHBIMH. . -
OnpepesiaM  JieHCTBAA HAX, KOMILIEKCHBIMH qHCAAMI

Gomee ¢opmaxbno. IlycTs
gy =y T Yy %= % T Y
' ' 25
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mBa rommiercunx uucaa. Torma ux cymia ompenie-
aserca gopmyaon .

z 2= (2, + z,) + iy, + o). (24)

ITponsBefienne [BYX KOMIIEKCHHIX qHCel Z; H 2, ompe-
Teasercss dopMmyoit

%12y = (2, + iyy) (x, + iyy) = xy, + iz, y, + iy, x,+
iy, = (225 — YY) + iy, + !lxxz)'_ (25)

Hommuexcroe wumemo z, sammcanmmoe dopye (23),
CaMO IPOCUTCA Ha HANIYy ILIOCKOCTH £, ma KOTOPOH- yike
BBeJIHbL JIeKapTOBH KoopamHaTthl. Ero xoueres H306pa-
SHTL B BUJE TOYKA z C KOOPHUHATAME (I, y) A, 4T0 To
7K@ CcaMoe, B BHJe BeKTOPA Z C KOOpAMHATAMH (z, Y), T. e.
z = (z, y). Ilnockocts P, ma KOTOPYI0 HaHEeceHh B Bume
TOUeK KOMILTEKCHBIE YHCJa 2, GyNeM Ha3bBATH MALOCKOCHLLI0
KOMNIEKCHO20 nepemennozo z.

Koymuexcnbie ancaa z puma

2=x 40 =g .
Tenepn pasymilo Ha3LIBATh OelicMeumesbHsMU qncIami,
Onu Bce mexar Ha ocu abcuuce, H moaTOMY oCh abenuce
IIOCKOCTH KOMIUIEKCHOTO NEePEeMEeIHOr0 Z Mbi Oyzem Ha-
3bIBATh delicmeumenvroti ocvio. KoMmmekcibie 9HcIa BUAa

z2=0+iy =iy

HASbIBAIOTCA  NUCMO MHUMBLML, N TPOCTO, MHUMBLML,
U OHM DacHoNaraiTCA Ha OCH OpHHUHAT. Ioatomy ocs
OPARHAT IIOCKOCTH KOMIUIEKCHOTO NEDEMEHHOI0 Z M
OymeM HasHBaTh MHUMOL  ocbio. KoMnuexcrnoe gue-
10 2 =040 =0 nomamaer s Ma9ajI0 KOOpHUHAT.
Heicteuteasure ancda +1 o —1 pacmoJaraoTca Ha
MeACTBATENBHON OCH CIIPABA H CJIeBa OT HYJIA Ha paccrod-
HUM efnmuna. Muumsle wmena +i.u —; pacmoJiarapoTcd
HA MHHUMOM OCH Hal HyJeM H IOJ HyJeM Ha paccroanun
e[MHUIA .OT Hero. )
Vcnonsayem temeps mus samucnm KOMILIEKCHOI'0 9mca
Z DOJADIIbIe KOOPANNATL ToukH z. Tak Kak B carny ¢op-
Mmyx (15) .

T =pcC0osQ, y = psin g,
26



TO KOMIUIKCHOE 4mcJo z, ompefelenmoe gopmyioit (23),
3aMACbIBAeTCA B BHIE :

= p(cos @ + i sin ). (26)

dTa 3amich KOMILIEKCHOTO 9HWCjJa 2 HA3HBAeTCA mMpu2o-
nomempuueckoli. Heorpumatenpiioe gicio P HaseBaeTcA
ModYsaeM KOMILIEKCHOTO 9HCJa Z, a YLOJX ( — ero apay-
Mewmom. Uuciao O ONHO3HAYHO OMPeNEJEeHO KOMIIEKCHEIM -
qHCJI0M Z 0 0603HaYaeTCA CHENUATIBHBM CEMBOJOM

2l =p = +Va + 4%

CreyeT BHOBL HAIOMHHTB, 9TO aPryMeHT (¢ KOMIJIEKCHO-

_TO 9HCIA 2 IIe ONMpefeeH OAHO3HAYHO, MMeHHO, mpn |z]=0
OH BOBCE He ompefiesieH, a ecan |z| = 0 u ¢ ecTb apryMeHT
KOMILIEKCHOTo 9HMClIa Z, TO HapAAYy C STHM 3HaYeHHeM @
apryMeHToM SBJIAITCA M UHCIA

@ + 2km, (27)

rne k — npomsBonbHoe Iedoe 4HcIo (cpaBHHTe ¢ opMy-
doirt (14)).

[onbsyscy Popmynamu (24) u (25) , JafuM reoMeTpH-
YecKoe NCTONKOBAHME OHmePalWAM CIO/ReHHA H YMHOKe-
HAA KOMIUIEKCHBIX dHCeJ.

U3 gopmya (7) u (24) cmemyer, 910 [iIf Toro, 4TOGH
CJIOYKMTH - 71BA KOMILIEKCHEIX UHCTA 2, H Zg, ZOCTATOYHO CIIO-
JKUTh H3006paskaloliie WX BEKTOPH 2z; H 2,. Torga moxy-
YeHHASA CyMMa BEKTOPOB Z; = 2; + 2, M300paskaeT CyMMY
2, + 2, KoMILIeKCHBIX d4ucesi. Tak Kak I BeKTOPOB CY-
IeCTBYeT omepalL(ia BHIYHTAaHUA, o0paTHasd K OlNepanuu
caokenns- (cM. Qopmyry (4)), TO M ATA KOMILUIEKCHbIX
quce] CYIleCTBYeT omeparus BHUATaHMA, olparmad K
olepalun cio:Kenus, I'eoMeTpUYecKasa HHTepIpeTalua
CHO’KeHMA KOMIJIEKCHHIX YHCEJ NPHBOKHT HAC K BasK-
HOMY HEPaBeHCTBY

‘ 71 +2,] < lal + lzal (28)

(cpaBHHTe ¢ Popmyoit (5)).

Ius toro uro6ni AaTh TeOMeTPHYeCKYI0 HATepHpeTa-
IHI0 YMHOMEHHA KOMIUIEKCHEIX dYHCeI 2;, 25, 3amumeM
9TH YHUCJa UM ux nponsneneﬂne w B TpI/II'OHO’We’l‘pHIIECKOYI
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dopme, mmenwo:

2y = Py (cos @, + i sin @y),
2y =P, (COS @y + i 8in @), (29)
248, = w =0 (cos P + i sin ).

Mpu momcueTe npou3BelleHUs B TPUTOHOMETPHIECKOH Pop-
Me MH HCIOJb3yeM H3BeCTHhe QOPMYJILl TPUTOHOMETPHH

(cm. (19), (20)). B cmay (25,) (29), (19) m (20) Mp moay- -

JaeM Temepb
w = 212, = pip, [(cos ¢; cos @, — sin g, sin @,) +
-+ i(sin.@, cos @, + cos @, sin @,)] =
T = pypylcos (¢ + @p) + i sin (¢ (Pz)],

UM, OKOHYATEJBbHO,

o(cos P + isin P )= pyp,lcos (o, + @,) 4 isin'(p,+¢,)].
. ‘ - (30)

Takum oGpasom,

G = P10y Y= @ + Q. (31)

910 oO3HAUAET, UTQ NpPHA NEPEMHOKEHHH KOMILIeKCHHIX
qnceN 2; U Z, X MOXYIAM O; M Py, HEPEMHOKAIOTCH, a MX
apryMeHTH ¢, U @, CKJIAAbIBAIOTCA.

» U3 ¢opmynnt (31) Bummo, uTo omepaius JeJeHAA of-
HOTr0 KOMIVIEKCHOTO YHCJIa Ha JPYyroe BCerja BO3MOKHA,
eClIH JleJUTelb He paBeH Hydw. B camoMm: pmere, Gymem
CYUATaTH, UTO W M 3, — 3alaHHEE KOMIUIEKCHElE dHCIa,
a 2z, ClleflyeT ONPeNedNTh M3 ypaBHeHUs w = z,z,. Torga
13 gopmyan (31) Mbl monydaem

o
Py = o T Y —q;.

@opmyny mpomspenenns (30) MOMKHO pacmpocTPaHHTE
Ha TOpPOM3BOJNbLHOE UHCIO COMHOKHTelell, HPUMEHAA 3Ty
dopMyny mocnemoBatenpno. Ilycrs

zy=pj(cosg; +ising) (=1, 2, ..., n

— TO0EJe[0BATENLHOCTs KOMIUIKCHHIX uHCed, a W =
28
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= 2,2,...2%,. Torma Mi HMeeM
= ¢ (cos P + isiny) =
=i p,,[cos (+ « .« +@n)+isin(p, +. ..ol
B uwacTHOM caydae, KOTAa BCe 9HCHAA 2y, 325, .. . . 5 3 PaB-
HH OXHOMY H TOMY 3Ke 9HCIY 2, MBl IOJIydaeM HHTEPECHYIO
dbopMyny: :
= ¢ (cos P + isiny) = p» (cos n@ + isin ng). (32)
[Ipm ymorpeGieHHH KOMILIEKCHBIX WHCEX 9acTo IpH-

XOAMTCA paccMaTpHUBaTh HapALY ¢ JaHHBIM KOMIIEKCHBIM
qUCIOM 2 = ¥ + iy 9uciIo, ROMMBHCHO conpﬂ:)lcennoe

¢ HEM, KoTopoe 0003HadYaeTcs dYepe3 Zm oupeneJmeTca
dopMmyaoit
z=x — iy.

Feay KOMILIEKCHOe UHCJIO Z 3aNACAHO B TPHTOHOMETPH-
geckoit popme (cm. dopmyny (26)), To KoMmIEKCHO Co-

IpAKeHHOe C HAM 9HCJIO 2 3AmACHBaercs B fopme

= plcos(—¢) + isin (—@)]. ~ (33)
TakuM 06pa3oM, IpH Tepexofe OT YACIA Z K KOMINIEKCHO
COLpsIKeHHOMY UHACILY Z2 MOLYJIb UHCJIA COXPAHAETCA, & ap-

T'YMeHT MeHAeT 3HAK.
O‘IGBI/II[HO, qT0 YHCJI0, KOMILIEKCHO conpﬂme}moe C

UECIOM Z, ABIAETCH CAMHM 9HCIOM Z, T. ©. z = 2. Touno
Tak jKe, OYeBHIHO, YTO KOMIUIGKCHOe 9HCJIO 2 TOrja H
TOJBKO TOTHA ABJIAETCA J[EHCTBATENLHEIM YHCIOM, KOIZa
0HO COBIIAAET CO CBOUM KOMILIEKCHO CONPAKeHHEIM, T. €.
IpH YCIOBHE Z = Z.

I[Ba KOMIJIEKCHO COHpH)KeHHbIX Me:RIy co0oil dueia
z 1 2 U306paskalOTCs HA IJIOCKOCTH KOMIIEKCHOIO Iepe-
MEHHOT0 B BHAe HABYX TOUeK, CHMMETDHUHO PacloJioKeH-
HBIX OTHOCHTEJIBHO OCH JeHCTBHTeAbHEX TUCE.

U3 gopmyn (24), (30) u (33) HemocpemcTBeHHO CIlEAYET,
910

Zl_"‘ 2, = 2 + 2, 22y = % Zy-

TlepBas ®3 »TEX (opMyaH Jerko pacmpocTpaHserT-
¢A Ha IPOM3BOJBHOE UYHCJA0 CJAaraeMblX, a bTupas Ha
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fipousBcabioe wmCAO commo:nmreneit. Takmm o6pasou,
Zh = (z )k .Haiee, ecinm a — peiicrBaTenbHOS 9HCIO0, TO

e =a(2) = (i)
CnenoBaTenbHO, A7 MPOHM3BOJNBHOTO MHOTOYIEHA
f()=agz"+a; 2" ...+ a, '

C MeHCTBATETbHBIMA KOdPOUIHenTaMI MbI monydaeM

—

1(2) =a2z"+ ay2n—1 + ... Fa, =0ayz" a2zt 4

ot an=a,(3) +a, () £ =1 (2).

TaxnM obpasom, nns MBEoroumeHa c HeiCTBATIbELIMA
Koapdunuenrtamn mmeem

16 =1(3). (34)

Hocnenusan gopmyna mpmBogmT Hic K BechpMa BaJKHOMY
BEIBOTY. MMeHHO, ecim y ecTh KopeHB MHOrowIeHa f(z)
C JeficTBuTenpHEIME Kodpduumenramm, T. e.

fyy=0, .

TO M 9ACTO Y TaK:Ke eCThb KOpeHb Mlioroqnena f(2), 1. e.
f(v) = 0. |
B cavou nese, B cmry dopryan (34) b mnveenm
(%) =70) =0 =o0.

II'puwuep4. Bocmomssyemcs Teneps Qopmyioii (32)
AuA U3BNIe9eHUA KOPHA n-it CTEHeHH M3 TPOMBBOIBHOTNO
KOMIITIeKcHOTro 4mcaa w's= 0. Yncmo w = 0 ne HpefcTaB-
JIACT MHTepeca, TaK KaK KOPeHb n-ii CTemeHm U3 nyis
paBeH Hymo. [lnA pemeHdms oroit 3amagu Ham ciaenyer
pemuTs ypaBHeHHe

" = w, \ (35)

TAe 2 — HemsBeCTHOe, & W —3alaHHOE KOMILTEKCHO® 9HCJIO,
OTJINYHOE 0T HYJIA. ,

Pacémor pam cnepBa caysailt w = 1. Torma dopmyna
(32) maer mam BMecTo ypapHemus (35) ypaBuenue

p"(cos ng + i sin ng) = cos 2kn + i sin 2kn, (36)
20




-

rae k — mpousBoibpnoe nesoe gucio (cM. (27)). Bmecs p
M ¢ ABJIAOTCA HeusBecTHbIMIL. V3 ypaBmenus (36) caeayer,
uTo

e

- 2kn
p=1’ (P"""Tv

rie k — mpousBoibHOe Iedoe uucio. TakmM ofpasoy,
060 KopeHb n-ii CTemeHW M3 eTUHHUIBI BAMKUCHIBAETCH
B BHJE

nre 2k - . 2kn
]/1 = COST + it sin T,

rie k — mpousBonbHOe Ieidoe 9ncao. Tak Kak & — mpo-
H3BOJABHOE Iejoe diHCI0, TO moCiHefHsas QopMyna [aer
HaM KaK Obl OeCKOHETHoe MHOKeCTBO KOpHeH M3 eJNHHUIH.
B mefiCTBATeJNBHOCTH ke pPAasjIUdHHIX KODHel HMeeTcA
TolnpKO n. [l yACHeHHs dTOT0 0GCTOATENBCTBA BHHIENHM
@3 uncia ‘BeeX KopHeil ofWH oOnpeNeJeHHEIH, HMEHHO;

27 , . 2
= — 1 —
& cos n + sin w

Torga mpou3BoJbHbI KOpPeHbL N-if CTeleud N3 eJWHIME
sanuceiBaerca B QopMe

k3 . . 7
cosz—nj +isin 2—? = gh, (37)

Ecau mpupats umely k ABa pasimdHble 3HaueRnAf k = p,
k = q, To neBass 9acTh MOCTeJHEr0 PABeHCTBA IIPeNICTaB-
nsger cofoll ofHY B TY ke TOUKY TOorfa H TOJBKO TOrJa,
KOTAa

n__ 2% _ o1,

n T
rie | — memoe umcio. M sToro ciemyeT, 9TO JWIA TOTO,
uToGH Tmepe6paTh Bce Pas3IMYHEIe TOUKW, AaBaeMbie ¢op-
mymao#t (37), mpE pa3IMUHHIX LeJHIX SBHAYCHUAX K, HaAM
mocraTouno npunath k snavenus 0,1, ..., n—1, 1. e. co-
BOKYIHOCTh .BCeX KODHeil n-ii CTemeHH M3 eJUHMIBI Iie-
PEUHCIACTCS CIEAYOMMMI KOMIUIEKCHHIME BeJIUTHHAMMU!

e, el ..., en 1 - (38)

U3 popmynn (37) Bupmo, 9ro Bee qmeaa (38) pacmono:ieHsl
Ha OKDY/KHOCTH pafjuyca efMHHIA C IEHTPOM B Hadale
KOODAMHAT H COCTAaB/]sAeT BepIIMHH MPABMIbHOTO BIMCAaH-
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HOTO B BTY OKPY!KHOCTb n-YroJbHOKA, NpHYeM oOfHA U3
BepmmH &° = 1 ecTh elUHMYHAA TOUKa, Jeamas Ha ocH
abecnuee. Jlas  Goubime# KOHKpeTHOCTH H300pa3MM Ha
pucynke caydau n = 3 (puc. 10), n =4 (pumc. 11) m
n = 6-(pmc. 12). ]

Bepuemcsi Teneph K BHIUHCIAEHHIO KODHA n-ii CTEmeHH 3
M3 TPOU3BOJHHOTO KOMIIEeKCcHoro uucia w = 0. Hamo- :
MHHEM ONATh, YTO APTYMEHT KOMILIEKCHOTO 9HCJa ompe-
meJifeTCs C TOYHOCTHIO A0 ciaraemoro Bufa 2km, rae k —
nesxoe gucyo. IIpuHaMas Bo BHUMaHME 5TO 0GCTOSYEIBCTBO,

wme e e

5’=-2’+12§z' ‘ - 87:1

’ / =1 4 e0=7

R G

Puc. 10. - — Puc. 11,

BwOepeM AJA YHCJIAa W ONUH BIONHe ONpefeleHHBIH apry” :
MeiuT P,. Y paBHenne (35) B TpHroHoMeTpudeckoil gopme MEI ;
MO}KeM IlepelHCaTh Temepb CHeRyIomuM o0pasom;:

o™ (cos n + i sin ng) =
= olcos(P, + 2kn) + i sin(Pp, + 2kn)],
rme k — mpoussoibHoe memoe uncao. OTCIOfA mOMydaeM

nr—

p=vo,
rae P eCTb HOJOKHTENBHOe YHCIO, O
VYo | 2kn

==+

rAe k — mpomsBoabHOe uexoe umcao. I[Momommm

n

2y = p(cos—“—;i + isin -'1’2)



Taxem 006pa3oM, TDPOMBEOABLII Kopels n-il CTenenwm
u3 w Mosker ObITh 3amucan B Qopme :

n,—
. .1/ w = z,ek,
roe k opummmaer suagenus k=0,1, .., n— 1, a z,
eCTh OMH U3 KopHell n-i cTenenn u3 w. Taknm oGpason, co-
BOKYMHOCTb BCeX Kopneil
" n-ii cTemeHu M3 W eCThb- CO-
BOKYNIIOCTH _BCEX BepMHI g2
IpaBUJIBIOFO0 R-YroJibliUKa,
BIHCAHHOTO B OKPYHHOCTH
pajuyca O CIeHTPOM B Hada-
Jle KOOpAMHAT, IpHYeM Of-
Ha M3 BepIMH UAXORUTCA
B TOYK® Zp. . A
IMpumep 5. Coor- , 7 5\ ___
HOLIENITe "z z z
it=—1 (39)

ABJIAETCA OIpeleseH!eM HO-
BOTO 4McCJia i{,N03BOIAWIEIO
BBECTH B DAcCMOTpCHWe KOMIUIKCHHe umena. TarmM
o6pasoM, OHO He MO:keT ObIThb [0Ka3aHOo, OHO ‘ABJIAeTCA
corJiamenuemM.

Hecmorps ma 970, HANUIECH JIOAH, HOX:eJaBIide M0~
Ka3aTh 370 coorHomenwe. Chesano 3To ObLIO CJERYIOMUM
o6pasom. Ha punc. 13- mzobpaskena DOJYOKDPYHIHOCTS,

onmpawiiasgcs Ha CBOH [UaMeTp

” ab. Vi3 1NpousBOJBHOH TOUKH

r 3Toil MOAYOKPYsKHOCTH ONYINeH
NepneHAMKYIAP 1S Ha JATAMeTp
ab. Cormacno #A3BeCTHOU Teopeme
PJleMeHTapHo# reoMeTpHH JIMHA

Puec. 12,

Y S - » TepHeHMUMKYAAPA rs ABIsAETCA
CPelHEM TeOMETPHYCCKUM Meit-
Puo. 13. Ay JMJINHAMH OTpPe3KoB as H sb.

Xora peub HAeT O NJIUHAX, He

Gyner Goxpuioll omHMGKOH CKasaTh, uTO KBafpaT OTPe3Ka
rs paBeH NPOY3BEleHAI0 OTPE3KOB as H bs.

Bepuesca Temepb HAa IUIOCKOCTb KOMILTGKCHOTO TO- .

pemennoro z. OGo3mauuM depes -a TOUKY —1, 4epe3 b

‘roury +1 m wepes r Toury i. Torma s Oymer TO4KOH 0.

8 1. C. Hontparug . 33



ABTOp JI0Ka3aTeNbCTBA COOTHOIIEHHS (39) paccyxpaer
caenylomuM o6pasoM. OTpesok rs ecTb i, OTPe3OK as ecTb

—1, orpesor sb ects +1. Takum 06pasoM, COrIacHO CKa-.

3aHHOH TeopeMe dJeMeHTapPHOM reoMeTpun i2=(—1)(+ 1=
=1 -

HecmoTps Ha uUyJOBHINHYIO 6eCCMBICIGHHOCTH BTOTO
JOKa3aTeqbCTBA, OHO OBLIO OMy(IMKOBAHO B KHHTE Koms-

mama «IIpeaMer @ MeTOX MaTeMaTHKU). Boaee Toro,

0HO M3jJarajoch Ha YpOKaxX MATeMaTHKH B -MOCKOBCKHX
mKoIax. D10 6bITo elme A0 BTOPOi MIPOBO#l BOMHBL.

"JTOBABJEHHUA K TTABE 1

31ech CTPOATCA MPAMOYTOIbHBEIG AEKAPTOBH KOOPIHMHA-

THl B MOPOCTpPaHCTBE, & TaK:Ke ompenensanTca IpoCTpaH-.

CTBeHHBle BeKTODHl M AeHCTBHA HA[ HUMH, T. €. OIHCHI-
BaloTCA [UIA CIydad MPOCTPAHCTBA HEKOTOphie M3 TeX
MOHATHII, KOTOpHe OBUIM [aHBl B TIJIaBe 1 pna caywas
qurockocTn, IIpu 9TOM J0KA3aTENLCTBO OPOBOXUTCA MEHEE
monMHO, WeM 3T0 ObLIO ClielaHO JJIA ciydas ILIOCKOCTH,
B pacuere Ha TO, 4T0 YHTATENN CAMU JOMONHAT MPOMYINEH-
HBle JeTAJIN.

1. KoopamHaThi B IPOCTPAHCTBE. HomycruM, d9ro B
[poCTpaHCTBE 3ajiaHa HeKOTOpas MpAMas R w Hexoropad
touka z. IlpoBefeM depes TOUKY I ILIOCKOCTb Q, nepmeH-
murynapHylo k npamoir R. Torpa rtouxa mepecedeHus p
npamoit R ¢ miockocThio ( HasbiBaeTca npoexnueil To4-
Kn z Ha npamybo R. .

B § 1 ymxe Gbima ommcaHa NPAMOYrofibHAs AeKapToBa
cpcTeMa KOODAMHAT Ha HEKOTOPOH ILTOCKOCTH P, Oua on-
pefiesisieTc JByMA 0CAMH KoopImHAT: OChIO abcmuce
m ocelo opamHaT. Hasknas ms aTux Ocell mpeacTasifer
coGoil mpAMylo, mpOBeleBHYI Ha M[IIOCKOCTH P, upmyeMm
Ha KayKkpoit mpaMoil BeIGpaHO oNpeflesieHHOe HaOpaBie-
gme. Ocnm HepHeHIMKYIApHH Meay coGoit, a ux mepe-
ceueHme, HasblBaeMoe HAYaIOM KOODAWHAT, 0(03HAuEHO
qepes 0. [l MOCTPOEHUS CHCTEMB KOODAMHAT B IPOCTpAH-
cTBe GydeM CUmTaTh, 9TO IIOCKOCT P pacmomoieHa ro-
puzonTaibHo. Bynem HasmBaTh OCH aberaee mepBoii OChIO,
och OpIWHAT — BTOPO#l 0CbIO, TPeThi0 OChH MpOBENEM te-

pe3 TOYRY O uepnen;’mnynﬂpuo K MJIOCKOCTH Pn BbI6epeM
~ .
34
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ey

ma Heil HanpaBieHHe cHu3y BBepX. Takum oGpasom, mpsn-
MOYTOJbHAAg CHCTeMa [leKapPTOBEIX KOOPJAMHAT B IIPOCTpaH-
CTBe omNpeleAAeTCA TpeMA OCAMH, KaaJad H3 KOTOPbIX
eCcTh HpfAMasA ¢ BHIOpAHHBIM HA Hell OIpefeseHILIM Ha-
mpaBieHueM, NPHYeM Kakible [Be NpAMbe MHepIeHId-
KYJIADHB MeKAY co00Hf, I BCe OHHM IlePeCeKawTcs B To4Y-
Ke 0, Ha3bBaeMoil Haua.som koopdunam. Uepes Kammbie
IBe OCH MpoBefeM KOODAMHATHYIO ILIOCKOCTb, HMEHHO,
9epe3 OCH NepBYH W BTOPYIO HpOBEeM KOOPRUHATHYIO
mockocTs (1, 2); gepes ocu 2 1 3 mpoBeAeM KOOPIUHATHYIO
wiocKocts (2, 3) u, maromern, uepe3 ocu 1, 3 mposemem
KOOpAWHATHYI0 maockocts (1, 3).

ITonb3ydacs BHOpaHHOH CHCTeMOM KOOpP/IHAT, HOCTa-
BHM B COOTBETCTBHE NPOM3BOJLHOH TOYKE X MPOCTPAHCTBA
TpA 9HCIA: Iy, Ly, X3 — €8 KoopOuHambl,

z = (21, &3 Ts). (40)
CnemaeM Mbl 9T0 ClexyomuM. o6pasoMm. IIpoerumio Tog-
KJ z HA TepBYI0 oCh 0003HAUAM Yepe3 p;, HPOEKEUI0 TOU-
KH Z HA BTOPYIO OCh 0603HAYHUM 9epe3 p,, HAKOHel, IPOeK-
IHI0 TOYKH Z HA TPETHI0 OCh 0GO3HAYMM dYepes ps. Uepes
z, 06o3naunAM JJAHY OTPe3Ka 0p;, eClIU BTOT OTPe30K HMe-
eT HOJIO:KMTeThHOe HANpPABJIEHWe Ha NEPBOH oCH, H [IH-
HY TOro jKe OTpPe3Ka, B3ATYI CO 3HAKOM MHHYC, €CJIH
3TOT OTPEe30K MMeeT OTPHUIATEJIbHOE HAIIpaBJeHHE HA Imep-
Boit ocu. Touno Tak, ske depes z, 0603HAYAM JIMHY OT-
pe3Ka. 0p,, ecliEm OTPE30K BTOT MMeeT MOJOKUTEeJbHOE
HampaBjieHde Nia BTOPOH ocH, W MIHHY TOTO ;Ke OTpesKa,
B3ATYI0 CO BSHAKOM MHHYC, €CIH OTPE30K OTOT mMeeT
OTpHIATelbHCE IampaBleHne Ha Bropoit ocu. Hakomern,
gepes x3 0003HAUMM JJIHHY OTPe3Ka Opg, eCIH ITOT OTpe-
30X MMeeT IOJIOJKUTENbHOEe HAMPABJEHHE Ha TpeTheil ocH,
O [JIAHY TOTO jKe OTpPe3Ka, B3ATYI0 CO 3HAKOM MHUHYC,
eCNIH OTPE30K 3TOT HMeeT OTPHIATeJbHOe HAIPaBJIeHUE
Ha TpeTheit ocu. TakmM o6GpasoM, Ka;KOoi TOdUKe X HpoO-
CTPAaHCTBA COOTBETCTBYIOT TPH ee KOODAMHATHI, UHCJIa
Z,, Zy, &3 (cM. (40)). OueBMmHO, YTO ecaM MPOM3BOJBHO
3alaTh 9UCIA Z;, %y, I3, TO CYMIECTBYeT eTMHCTBEHHAsd
TOYKA % C KOOPAMHATAME I, Zp, L3. LaKEM o0pazoM, co-
oromenue (40) ycTaHaBAMBaeT B3AMMIO OTHOIHAUHOE
COOTBETCTBHE MeKAYy TOYKAMHU X MPOCTPAHCTBA B TpPOIlKa-

_Mm gdcen (zy, 3, Is).

) . 85
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JIeI‘RO JlOKaBBIBaeTCH, qT0 ecJun
© Y= (Y1, Y2, ¥Y3)

ecTh HKakag-HuOy#bh [pyrasg To4YKa I[POCTPAHCTBA, - TO
paccroanue l(z, y) MemAy TOUKAMH T I § oUpefeldaeTcd

_ opmyJIoii \
Wz, y) =+ V(yl — 1) 4 (Yo — 22)* + (U5 — z5)%.  (41)

2. Bexropst B mpocrpaHctBe. Tak jKe Kak B ciydae
IUIOCKOCTH, ITPON3BOMBHBIA OTPe30K @b HPOCTPAHOTBA,
IIPOXOJUMEI B HANPABIEHNH OT @ K b, HasbIBAeTCHA 6€K-
TOpOM; TOUKA ¢ HASHIBAETCA €r0 HAYA/LO0M, TOUKA b—

konyox. JlBa BexTopa, ab m cd, cuauTalTCA PABHLIMU,
" ecall CYIECTBYET IUTOCKOCTb, CONED/KAIlas 9TH BA Bek-
TOpa, W OHN paBHEL MeMay co0ofi B 5TOHl MIOCKOCTH
(em. § 1). Taxum oGpasom, LI Kasjoro Bekropa ab mpo-
CTpaHCTBAa HaiifeTcs e[MHCTBEHHBIA DABHBIH eMy BEKTOD
ox, HaumHalomuiica B Touke o. Om oGosHauaercs ONiHOI
6yksoit z. Hoopmumaramm BeKTOpa 0Z, WIH, 49TO TO 3Ke

caMoe, BEKTopa <Z, Ha3bIBAIOTCA KOOPAMHATBEI TOYKHU Z.

910 3amuUcHIBaeTCHd B BHUE
cx = (%), %2, Z3).

JliuEA BeKTOpa r HA3bIBAETCA €ro #odydem W MMeEET CIie-
nuAIbHOe ofo3Hauenue |z|. B cmay opmymst (41) oma
onpepnensierca QopMyIoi .

|z = +V/ ot + 25 + ab.

Ilyers . W y — fBa IPOH3BOJBHBIX BEKTOpa HpPOCTpaH-
‘crBa. (Tak kak xamplii n3 HuX oGo3Ha4eH ofHOH OyKBOii,
T0 OHHM BHIXOHZAT U3 Touku 0.) IIpoBeseM HeroTopyrO miOC-
KocTh Q depes Hauajo KOODAMHAT 0, COMlEPKAIIYI0 BeK-
topst z ® Y. Takum o0pasoM, HOALBYACH MPaBUIAMIH,
yKAsaHHBIME B § 1, MOJKHO COCTABHTh CYMMY Z -+ J BeKTO-
poB = u y. TouHO TaK }Ke MOKHO ONPENENNTH yMHOKEeHIIe
BGKTOpPAa & HAa IMPOU3BOJIBHOE JleHCTBHTENbHOE 9HCIO Q,
T. e. moayInTh BekTop. or. OmpeaenuTs CyMMy BEKTODPOB
Z W Y W mpom3BefeHHE O B IPOCTPAHCTBE MOKHO JETKO,
He NpPOBOAA Uepe3 BEKTOPH & H Y ILIocKocti. Jlerxo fio-
Ka3bIBaeTCA, 9TO eCIH '

i

z = (ry, &3, z3), ¥ = (U1, Y2 ¥s), .
£8




70 Mbi HMeeM
T+ y = (9{1+y1, Zy + Y2, T3 4 Ys3),

0 jgalee
axr = (ar;, ars, ars).

Ecim z w y — nmBa BexTopa mOpocTpaHCTBA, TO HX

CKaasiphoe npouseedenue x-y ompenesaserca GopMyoi
Ty = 1Y) + ZaY2 + TsYs.
OueBupHo, 910 -
rox=a2?=|z|%
Hanee

z-y=y-z,

(o) -y = a(z-y).

HKpome Toro, eciu z, y, 2 : €CTh TPH BEKTOPA IPOCTPAHCTBA,

TO MBI HMeeM -
(x+y)-z-=x!z+y.z. . (42)
E I_[onameM 'Tenepb BeChbMa BaXHOe COOTHOIIeHue
| = |[ly] cosv, )

rie Y — yrol MeKAy BeKTopaMu = U Y. CDopmyna aTa
Ghura y:Ke AOKasaHa HaMU [UIA BEKTOPOB & M Y, JeAtaliux
B miaockoctTn KoopamHat (1, 2), 1. e. B mrockoctn P. [{an
NPOI3BONLHEIX JIBYX BEKTOPOB Z W Y MBI.IMeeM B CiLiy
(Qopmynm (42) coorHOmeHTE

(z+y)? =2 +2z-y + ¥,
OTKyZa clemyer '

coy=dletp— g G

dra dopMmyaa BepHa, B 4aCTHOCTH, W AJXA KBYX BEKTOPOB
Z 1y, NeKALIX B miockoctu P. Ho JUIAL TAKAX BEKTOPOB
neBaA 4uacTh paBHa |z||y| cosy (em. (22)).
Takum o6pasom, isi ABYX BEKTOPOB X I Yy, JfeKa-
WX B ITOCKOCTI P, 1MeeM paBeHCTBO

lxllylcosv—-— [z +y)® — y2l (45)

Jdra Popmyrna yme HE CONEpIKUT KOOlellHaT ‘a TOJIBKO
AJIEHBL TPeX BEKTOPOB & -+ Y, T H Y U KOCHHYC yria MeK/y
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sexropamn x n y. OHa noxasaHa 1A IBYX BeKTODOB 2 H Y,
JeRAIUIX B IJIOCKOCTH P, HO TOYHO TaK Ke OHA MOjKeT
GBITH JOKA3aHA U [JA ABYX BeKTOPOB, Jie:KallUX B NPO-
113BOJIBHOM mIocKocTH (O, a Tak Kak JiOOBe JBa BEKTOPA,
BBIXOJIAIIIE N3 TOUKH 0, JeaT B HeKOTopoil miockocTn Q,
TO OHA BepHA JUIA [ABYX HPOH3BOIBHHIX BEKTOPOB. Tak Kak
paBeHcTBa (44) m (4D) mMeloT MeCTo A [BYX HPON3-
BOJBHEIX BEKTOPOB, a MpaBbie YacTH y HIX COBIAJjaoT,
TO JieBbie UACTII TaKyKe DPABHBL MeK1y co0oil, a BTO IOKa-
3BIBAET, 4TO JAJA [BYX IPOH3BOJIBHEIX BEKTOPOB X 1 Y
gopmyna (43) BepHa. .

Wz Qgopmynnt (43) crmepyer ycioBhe HmepHeHIHKYJIAp-
HOCTH JBYX BEKTODOB & M Y, HMEHHO, BeKTODHl IepIeH/H-
KYJAPHB MeKAy coGoii Torja M TONBKO TOTAA, KOTJa

z-y=0.

IlycTs ¢ — mpoW3BOJIBHBEIH BEKTOP IPOCTPAHCTBA, JIMHbI
enumuuna. IlposezeM dwepe3 Hero miH, 9TO TO e caMoe,
gepes Toukm o u e, npamylo R. Torma kampmas Touka Z/,
WIH, 9T0 TO Ke caMoe, BeKTop x’, HesKamiuil Ha mpamoil R,
MOKeT ObITH 3amucaH B BHUJE

z' = ae. _ (46)

Yucno o ecTeCTBEHHO CIATATh KOOPAMHATQH Toukm 2’
Ha mpamoil R ¢ BHIOpaHHBIM Ha Ieil HampaBlIeHIIEM OT O
K e. Ilycts Temepb z — NpOM3BOJABHAA TOYKA I, 9TO
TO e caMoe, BeKTOp IpocTpaHcTBa. DynmeM cuauraTth,
uTo. ' ecThr mpoeknma Touxu z Ha npamyio R. Bexrop -z’
HaseIBaeTCA npoekyuell eekrTopa x Ha npamyio R. Ms
gopmyasr (43) cremyer, 4to

z' = (e-x)e. _ (47)



Fmasa 1T
KOOPIMHATHI 1 JIMHNN HA IIOCKOCTH

B rumase I paccmMaTpuBaiHCh TOJNBKO OT/EJbLHBIE TOUKH
WiId, B KpaifiHeM clydae, KOHeIHble COBOKYHHOCTH TOUEK,
KAk TO: TPEeYTOAbHHKH, [apaJIeOTPaMMbl, MHOTOYTONb-
mnkn. UWcRiaoueHne cocTaBisia JUIIb NpAMad JIHHIA,
KOTOpaA MmoJydajachb HOpHM oOnpefeleHHMH YMHOMKEHUA
BEKTOpa Ha 4mCJI0. JTa BTOpAs IJlaBa IOCBAMIEHA KOOpP/II-
HaTHOMY onmcaHuio juHuit. B mepByio odepens TOKasbl-
BaeTCsd, 4TO ‘CBA3L MEMK[Iy KOOpAMHATAMH £ W Y B ee HpO-
creiireit fopMe faeT JMHUIO, lalee BBONATCA TOHATHA Tpa-
- pura Pyrkmum u camoii gymkmum [lanee, mo reoMerpi- -
9eCKMM CBOMCTBAM JHUHWK CTPOHTCA YypaBHeHHe JHHUM.
9To nemaeTcA [AJMA OKPY!KHOCTH, 9JuIHnca, rumepboJbL,
nmapaGonsl, KOTOpHle BHadJaxe ONpeJeNAOTCA HX Treo-
MeTpuueckuMu cBoiictBaMu. [locae' aToro mayuaerca Bom-
poc 0 3ajaHuM JHHAM OapaMeTpHieckuM crocoGoM. [lns
3aMKHYTHIX JNHHAA ompefeiserca Kodddmiumenr sanen-
NeHus JHHHH ¢ HAa49aJoM KoophuHat. B mociaegsem mapar-
padie maercA reoMeTpHUECKAA HMHTepPIpeTANis NOBEJeNNs
MHOTOUWIEHOB 0T KOMIUIEKCHOTO IIePeMeHHOT0, B JAaCTHOCTH
¢ #cmonb3oBaHmeM KoodumumeHTa 3amemneHHd, MAOKa-
3HIBAETCA OCHOBHAA TeopeMa BhIcHIed aireGpHl o ToM,
9T0 BCAKHMH MHOrOWIeH n-fi CTeJeHH HMeeT N JKeopHeil.

§ 4. Tpaduxh pynxuuii n pynroun

[Tanmmes crenymomee paBeHCTBO:
J(x) = a2 + axz* ' ... an. [§))
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3nech cnpasa HATUCAH MHOTOYNEH CTeHEeHH N OTHOCHTENb-
HO z ¢ Koadpuumentamu @o, @i, ..., dn, KOTOPHE Ml
GyneM cunraTh fAeiicrBuTenbHbiMm gnciamn. Ciesa Ha-
nucaHo BhIpaskeHue f(Z), KOTOpoe Mbl B IEPBYIO Odepedb
fyfeM paccMaTpHBaTh KaK COKpalleHHoe 0003HATeHHE
AT MHOTOWIeHa, cTosmero cmpapa. Tawkum obpasoM,
BMECTO TOTO, q'ro6m cKazaTh: MHOTOWIEH auz"-+ax™ 4. ..
...-}ta, MH MOMeM Telepb CKa3aThb KODOTKO: MHOIO-
wien f(x). HampuMep, MBI MOMKeM CKasaTb: PAcCMOTPHM
ypaprenue f(z) = 0, 3Has mpu 3TOM, YTO () ecTb MHO-
_TOWIeH, CTOAINUHA B (I)opmyne (1) cmpasa. I[anee MBI MoO-
JReM IOACTABIATH BMECTO I B paBeHCTBO (1) mo0Obie wiicaa
M [0Jy4aTh ONATH paBeHCTBO, Hampumep, mpu = =0
Mul moaygaeM f(0) =a,, npu z = 1 MpI noayqaem f(1) =
=ay-+a; +...+ a, Takum o6pasoM, ecau Koagpdu-
LHeHTH dg, 4, ..., (I, HAIIer0 MHOTOWICHA HaM HM3BECTHHI,
TO MBI MOJiieM-BBITHCJINTD 3HAYEHHe BTOr0 MHOrodieHa f (),
HOACTABIAA BMeCTo x niofoe dmcioBoe 3HagdeHue z. Tak
Kag & MOKeT NPHHHMATh Jj1o0oe UHCIOBOE 3HAYCHHE,
TO TOBODAT, 4TO T eCTh -Keaagucumoe nepemernoe. Tor daxkr,
9T0 ymcioBoe 3Hadenne f(Z) MOKHO BBIYICIHTH, 3HAA TU-
ClI0BOe 3HAYEHHE I, BBEIPAJKAIOT, TOBOPS, UYTO f(x) ecTb
PynEyus HeszasucuMoro mepeMeHsHoro z. IlepeMenHoe z
HasblBaeTcd TaKiKe HHOTAA apeymenrom ¢yurunmm f(X).
B nannom cnywae f(r) ects MHOrouwneH, 3aJlaHHbI paBeH-
creoM (1). Ho Moryr OBITH M Apyrue mpaBmia BRITHCIE-
mHnd ¢yrrunn f(z), KoTopble 3afaioTed KaknMu-mu6o gop-
MyJlaM¥ HIu HHBIM crocoGoM. Tak MBI HDpHXOAHM K IO-
patuo Qyuxunn. Pyrkyus He3aBACHMOro HepeMeHHOro
ecThb Takad BeiamunmHa f(r), KOTOPYI0 MOKHO Y3HATS,
KOrfila M3BeCTHO 3HaUeHHe I.
Bynem st OIpelesieHHOCTH CIHTATH, 9TO f(z) ectsn
$yuxuns, sagangas paseHcTBoM (1),
PaceMoTpuM ypaBHEHU®

* y = f(z). : 2)

~ .

[IpunaBas HesaBHCHMOMY NePeMEHHOMY Z DAsiHulble Wi-
cIoBble 3HAUeHHA, MBI OymeM HOJyYaTh IPH HOMOMHE pa-
BEeHCTBa (2) IUiA Y BIOJIHe ONpeJle;enibie UNCIOBEIe 3HA-

YeH U iy IIOSTOMy y HAa3LIBACTCA 3A8UCUMBIM NEDEMEHIIbLIM.

Ha mexotopoit miockoctn P BoIfepeM cucTeMy JleKapTo-
BbIx Koopjumar (cM. § 1) m Gyjlem paccMaTpuBaTh HA 9TOM

1Y

-




futoerocT BCe TOURIM
= (z, y)v ) (3)

rae x GepercA mpOU3BONBHO, a4 Y BHIUUCAAETCA [0 HOpPMY-
a1e (2). B pesyasrare Takoro mocrpoerna w3 Bcex TOYeK
Bufia (3) Ha mmockoctu P Bosmmkmer aunua. OHa onuch-
BaeTcA TOukKoil 2= (r,Y), Korja x mpoberaeT BCe BO3MOIK-
Hble 3HAYEHIIA, a y NPHHHMAET Te 3HAYCHHSA, KOTOPBIE CO-
OTBETCTBYIOT 3HA4YeHHAM x B cuay gopmyast (2). Ira au-
HIA Ha3kiBaeTca cpaguron Pgynryuu f(r). laave roBopar,
9TO HOJy4YeHHAs JHHAA OIpefenasercs ypaeHenueM (2).
Yacro BMecTo C/I0Ba JMHIA YHOTPeGIAIOT CJHORO KPUBAS,
Taxkum obpasom, ypaBHeHwe (2) ompeliesiAeT KpHBYX Ha
mwiockoctd P. ITy kpuByo MBI ofozHauum Gynso# K.
Touky (3) MosxkHO 3amucatbh B opme

Z—-(,f( ))1 (4)

TIO/I9ePKHBAS T€M CAMBIM, YTO OPANHATA TOYLU €CTh (PYHK-
nug ee abCIMCCHI. .

Wnorga HesaBmcuMoe miepeMeHHOe 0003HAYAETCA HO
OykBoit z, a Kakoil-HHOYNL Apyroil GykBoil, HampEMep,
GyxsBoii {. "Tax ObiBaeT, KOrja He3aBHCHMBIM IIep2MEHHEBIM
ABJIAETCA BPEMA. Tarim o0pa3oM, MbI MOMKEM pPaCCMATpH-
BaTh (pyHKHUIO ¢ (f) HesaBHCHMOro HepeMeHHOIO ! U pac-
- CMATPHUBATh ypaBHeHHe

, C e=e®). (5)

3rech ofHa u Ta ke GykBa @ HCHONb30BaHA Kak Aias 0603-
HaueHHA 3aBHCIMOro IepeMeHHOro, TaK H B BHIPAKeHAH
¢ (t), oGoznauamero QyHKHI0. JTO HenaeTcsa LI TOTO,
9106bl COKOHOMHTb 4HCIO yrnorpebmsgembix OyKB, a TaKske
A TOro, 9TeGH HAOMHMNTE, 9TO 3aBHCITMOE IepeMeHHoe ¢
onpejeaserca ¢ynknueir @(t). To obcroarenancrso, uro
He3aBHUCIIMOe I 33BHCHMOe TepeMeHHbIe 0003HaYeHBI TeliePhb
‘He 4epes £ W Y, a 4epe3d ! U (p, He NOJAHO JHIIATH HAC BO3-
MOSKHOCTH TeOMEeTpPHYECKOro usobpaskenns Qyaxounm ¢ (1),
T. e. BO3MOKHOCTHU INoCTpoeHus ee rpadura. [laa toro aro-
0bl mocTpouTh rpaduk QyHKUUM @ (i), ONHCHIBAEMOHN KpH-
Boii (5), MBI MONKHBI HPHUHATH 3a alCUIICCY TOYKH BelH-
quHy f, a 32 ee OpAHHATY YHCIO ¢, OIpefesifieMOe PaBeH-
ctBoM (9). I'oBopAT mpm aTOM, YTO MBI OTKIAABIBAEM ¢ IIO
_ocu abenuce, & @ IO OCH OPAMHAT,
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Ecru BryMaThest B ompeferenme rpaduka ¢yHKIMH,
To HeBONbHO BO3HUKAeT coMHeHue. B camom pene, x mpu-
HEMaeT GecauciieHHOe MHOKECTBO 3HAUeHHH M BHIYUCIHTH
BCe COOTBETCTBYIOIME 3HAYEHHA Y MPOCTO HEBOZMOIKHO.
MosxHO, KOHedHO, BBIGpaTh HEKOTOpOe KOHEYHOe THCIO
aHAUeHHHl £ N BHYHCIHTH COOTBETCTBYIOIHee 3HA4YeHHE Y.-
Torga MBI CMOMeM LOCTPONTH HEKOTOpOEe KOHeYHOe THCIO
TOYeK, PACTIONOMKEHHBIX Ha Kpupoil K, Il TeM caMbiM €OCTa-
BUTh cefe HEKOTOpoe MpejcTaBleHHe O ee HOBeJIeHMI.
Hecmotpa Ha 3T0, BCe ’Kke TOBOPAT, 4TO ypaBHEHHE (2)
ompefesAeT KPUBYI, COCTOAILYI0O H3 BCeX TOUEK BHAA (4).

B sieMeHTapHONl reOMETPHH JHHHIO TPEJCTABIAIOT Ce-
Ge OOBIUHO Kak Cjefi ABMeHHsA ToukH. Tak, mpamas maun-
HISA ONMCHIBAGTCA KOHI[OM KapaH[aila, [BHKYIeTrocA
Bonp nnHeilkH. OKDYKHOCTH OIHCHIBAETCA KOHIOM I(Hp-
kyias. Ty e MATYUIIQ JBIKEHIs MOKHO NpUBIeTb I
Toro, 4To6bl cocTaBUTh cebe IpefcTaBieHie O kpusoit K,
samannoil ypasuenneM (2). Jlus atToro o6paruMes K puc. 2
u mpeficraBuM cebe, 4To abcumeca  MeHAETCA B Tpefenax
ot a 1o b, Bospacras. [Ipu 5ToM TouKa p ABHIKETCA MO OCH
abeiice cieBa HATPABO, a COOTBETCTBYIOIIee il BHaUeHHe
opauHaTH Yy = f(Z) OTIOeHO Ha NepHeHJURyJIsape pz.
Torna TOYKAa 2z BO BpeMs JBIFKEHHSA TOYKH P ONUCHIBAeT,
mBITasAch, KycoKk kpusoil K. : ’

PaccMoTpuM Temeph HEKOTOphle 4ACTHBIE CIyYam MHO-
rowrera f(z) (cm. (1))} u mocTpoEM COOTBETCTBYHIIUE
kpuBble K.

IIycts

f(z) = aa?,

" rme o — monourensHoe umcao. Torha ypaBHeHme (2)

monydaer BHA ’
y = ax’ : (6)

DTo ypaBHeHHme OmpefielAeT Ha IIocKoct: P Kpubylo K,

COCTOANIYIO H3 BCEX TOYEK BHJA
z = (z, ax?),

Ilie * — IpON3BOIbHOe feiicTBuTenpHoe wnciao. Cpasy ixe
MOJKHO CKa3aTb, 4T0 BCA Haima Kpupasd K jiemuT Hax oCbio
aGemmee, TAK KAk ee OpANHATa ox’ Beerfa HeoTpHIATeNb-
Ha. [lamee, OHa NPOXONHT ueped HATAIO KOOPIIHAT, TaK
kax nopu & = 0 y TarKe paBHO Hymo. Iipome TOTO0, KpHBas
K cuMMeTpUYHA OTHOCHTENBHO OCH OpPJIHHAT, TaK Kar

- -



HapARY ¢ Toukoil (z,y) eff mpuHANTERUT 0 TouKa (—z,y).
Beugy aT0ro MBI MOKeM CIepBa COCTAaBUTH cebe IpefCcTaB-
-JleHHe O TOBeleHNH KpuBoii K B mepsoil 4eTBepTH, a 3a-
TEeM OPH MOMOLIH 3ePKAJBHOTO OTODPAMKeHHA OTHOCHTEJb-
H#0 ocH OpIMHAT HMONYYHTL €€ TAKKe U BO BTOPOil 4eTBEpPTIH.
U3 ypapuenmsa (6) BuaHO, 4T0 HpH BO3PACTAHHU I OT
HyJA 1 Jajee J TawkKe Bo3pacTaer OT HyJId U Hajee, IpH-
4eM cIepBa BO3DACTaHHe HIET MeJeHHO, a IIOTOM CTa-
HoBuTCA Bce ObicTpee. Takum oGpasom, kpusag K BBITIIA-
OAT TaK, Kak 9T0 u3o0paykeHo Ha puc. 14.

PachOTpnM Teneph KPHBYIO K, onpenenaemyro ypaBHe-

HI/IeM
. y=o s, (7)

rie § — sajgaHHOe 4HCIO. 3[eck CiefiyeT pasIudaTh [Ba
caygas: 1) P — HeorpunarenbHoe 4mcio, u 2) P — or-
pHIATENbHOE YHCIO.

B nepsoM ciywae upu BospacTaHMd z QYHKIHA Y TaK-

ke BoapacTaer. Iipome TOro, BHJHO, YTO IPH OTPHIATENb-
HOM £ YHCIO Y OTPHIaTENILHO, a
opu  OONOMKUTETbHOM — MOJIOKH-
teabHo. OueBunHO, 9TO HApARY C
Touko#t (z, y) wpusoit K mpmHAA-
AeKUT Tawke Touxka (—x, —Y).
Takum oGpasom, kpuBaa K cum-
MeTpUYHA OTHOCHTENLHO  Hadajga
roopamuar. OHa mpoxomur B mep-
BO# M TpeThell YeTBEPTH U JOCTATOY-
HO HApHCOBaTh e€e TOJBKO B HepBoil Puc. 14.
qeTBepTH, 4TOOBI 3aTeM HpPH IOMO-
I CHMMETPHH HOJNYYdTh M HOBe[eHue ee B Tperben geT-,
epru. Ilpn BospacTammm z, HaduHag OT HYJA, J TaK-
7K€ BO3pacTaeT OT HYJNA CHePBAa CPABHUTENBHO MeIEHHO,
a sateM Bce GbIcTpee M OhICTpee, TaK, 4To KpuBasg K mMe-
eT BUJI, YKa3aHHBIA Ha puc. 15.

B cayuae, xorga wmcio  OTpHIIATENBHO, TOBeeHNE
rpusoit K Gosee caoxuo. OdeBHgHO, 9TO OHA TaK e CHM-
MeTpuyila OTHOCHTEJIbHO Hadala KOOPAHHAT, HO MMeeT He
OfHY TOUKY IepecedeHHs € oCbi0 abcruce, a MENBIX TPH.
[lns HaxOMEeHHA DTHX TOYEK MBI [O/UKHBHI TMPHPABHATH B
ypasHenun (7) y K Hymo. Torga Ml moayInM Te 3HAYeHNA
Z, B KOTOPHIX KpHBasA IIepPCCEKAET 0Ch aﬁgnncc. YpaBHenue

z3+§x=

a
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jmaer mam Tpm sHawemmg ang 2 s=0m z==x) —B.
Kpusaa K, cooTBeTcTByMOIasd OTPHIATENbHOMY 3Hade-
U0 B, naoﬁpamena ua puc. 16.

Kpusaa K, onpepensieman ypasHenuneM (6), HasblBaer-

Y napaéo/wu Kpusaa K, onpefensieMas ypaBHeHueM

(7), HasniBaerca ny6ut¢ecnou rapa6oaoii.

- Puc. 15. Piuc. 16.

PaceMoTpiM Telleps mpiMep, Korma Qymrmma f(z)
me apisercAa MuorowieHoM. Ilycrs

f(z) = sinz.
Torga kpupaa K onpefiensercA ypasHeHHeM
y =sinz. ~ (8)

Tak Kak sin (z + 2kn) = sinz mpn TestoM k, 1o pusa-mo-
crpoenns kpusoit K, ompepeiasemoir ypasuemmem (3),
OCTATOYHO PAcCMOTPET JMIIb €€ 0TPe30K DU &, MEHAIo-
mexcsa of 0 go 2n. 13 atoro xycka K’ kpusoit K Bea xpu-
Basg K momyuaerca myTeM cMmeimgenua Kycka K’ Brodp ocnm
abcmyce Ha BeawuuHy 2km, rhe kK — IPOBBONLHOS HeNoe
ancino. Kak Bujmo ms ypasmenns (8), kycox K’ xpmsofi K
BBITVLAJIT CICAYIOMIM o6pasom. Cuepsa Touxa (r, y) ABE-
metca B nepnou 49eTBEPTH, HpHYeM IpH Boapacwamm z

or 0 no—2— BelnumHa y -BoapacraeT or 0 mo 1. Sarem mpm
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n
BO3PACTAHWA ¥ OT 3 [0 J BeNMIMHA Y y6uiBaer or 1 go 0.

Nlanee, npn BO3PACTAHMM Z OT T A0 —5~7U BEMHIHHA Y y6BIBaeT

) . 3
or 0 110 —1, 1 npHm BO3pacTaHUU X OT I 70 27 BeINYKHA Y_

pospacraer o1 —1 o 0. Best kpmBaa K nmeer BHJ, n306pa-
seHHEI Ha puc. 17. Ona HasbiBaeTcs CUHYCOUdOU.

L7 }
a .

3I. - I ——
IZ\MIZ
-7

Puc. 17,

NIETS

Mpumep 1. TlocMoTpmM, Kakyio KpHBYIO' OTpeje-
fAser Ha maockocTd P ypaBHeHue

y=_§'9. ’ (9)

rie Yy — momoureabBoe -gmciao. Ilpespe Beero BUIHO,
gto ypapmenue (9) He CTABHT HHKAKOro 3HA4eHMA Y B CO-
oTBeTcTBHe sHaweHH0 z = 0, Tak Kak JleJeHHNe HA Hysb
Heno3Mosz0. IloaroMy GyfaeM CUHTaTh, 9TO QYHKIHA

- flay=-"L (10)

me ompegenena mpu z = 0. Takme $yHKIOAHA, KOTOPHIE
ompejeeHsl He JUIA BceX 3HAUEHHH apryMeHTa I, B MaTe-
MaTHKe Hena(eKHO NPHXOMATCA paccMaTpHUBAThH. Mosxso
BCTaTh HA TAKYI0 TOUKY 3PeHHA, YTO ypaBHeHHe (9) ompe-
nesfieT Ha TWIOCKoCTH P He ofiHy, & NiBe JMHMAN: OHY I’
z > 0 u Bropylo — npu r << 0. Ilepaa JuHHA JeHUT B
mepBOil UeTBEpTH - IIOCKOCTE P, BTOpas — B Tperbeil ee
gersepTi. Ecan rouxa (&, ) npuHaIe;KAT nepBoil JINHEH,
o Touka (—&, —Y) OPUHAIEIKUT propoii mmHun. Taxum
o6pasoM, BTopas JMHHA HONyYaercd MyTeM CAMMETpIt-
_ HOTO 0TOOpa)REHWs IepBOH JNHUH OTHOCHTENLHO Havaiza
roopjiuHar., Bropyio JuHHIO Jerko IpejCTaBUTDL cebe,
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NpeJCTAaBUB OpeABapuTelbHO HepByl. Touka (:c,—Z) Ha

OepBoil JIUHAM HEOTPAHMYEHHO NpUOIUMAaeTCA K ocu abc-
¥ce, KOrfia £ HeOTPAHWYEHHO BoapacraeT. TOYHO Tax ke
9Ta TOYKA HEOTPAHHYEHHO NMPuOIMIKAETCA K OCH OpAHHAT,
KOTAa Z CTPeMITCA K HYJI0, IPH STOM Y HEOrpaHHYeHHO
Bogpacraer. OGe nuHHE BMecTe m300paskeHH! Ha puc. 18,

Panc. 18.

W BUAHO, 9TO TeOMEeTPHUECKH eCTECTBEHHO CUMTATH, UTO
MBI HMeeM 3fiech ABe dmHIHU. HecMoTpsa Ha ckazammuoe, B Ma-
TeMaTHKe ONPUHATO CUNTATh, 9TO ypapHeHue (9) ompemens-

eT OlHy BN, HO 4To PyHKOuA (10) B Touke =0 umeer

paspvié Wik CEAUO0K.
’ Onumey emje onuy pyukumio f(z), umeromyio npa z==0
paspoiB. Tak Kak »Ta QyHKUHA uUTpaeT CymeCTBeHHYIO
poIb B MaTeMaTHKe, TO OHA .MMeeT CleMuajbHoe 0603Ha-
qeHne, NMEHHO

f(z) = sign .

@yHKONA 3Ta ONNCLIBACTCA CIEAYIOMUM 0HPaA30M:
 signz = +1 mpu z > 0,

sign £ = —1 mpu z < 0. .



Ilpn z = 0 b1 Gynem cumtars, uto PyHKIHA sign £ BOBCE
ne ompepeasercsa. Takum oGpasom, pynknua signz 3apa-
eTca AByMs pasinuHBIMA-opMyinaMu: ONHOHE mpnm z > 0,
npyroit — npu z < 0. Taxme cayyan ONHCaHHA $yurimn
pagamanbiMu opMyTaMu Ha PasiINMYHBIX OTPe3Kax Hame-
HeHHs apryMeHTa & BCTpeJaldTcA B MaTeMaTuke HEPEJKO.
VYpasHerne

y =signz (11)

BEITeIAET HA ILIOCKOCTH P IMHEIO, COCTOANIYIO U3 IBYX pas-
nimaHoro BmAa Kyckop: mpu r > 0 3To mpamas, mapai-
aenbHaA ocu abcumec U mpo-
XOfAmas HA PACCTOAHMH - 7
eqMHNIA HAX Hedl, a IpH
z < 0 »T0 mpAMad, Iapai-
nexabHad ocu abciyice i mpo-
xofAmas Ha  PacCTOSHIM
emuEELa Hizke ee (puc. 19).
HecmoTpa Ha TO, 9TO C BTOI
TOUKE 3peHHA YypaBHeHHe Puc. 19.

(11) ompepemser Ha IIIOC- ’

KocTH P 1Be pasnuuHbie JMHHUM, B MareMaTuKe BCE-TAKH
CYWTAIOT, YTO BTO ypABHEHHE OmpeenseT OfHY-eANHCTBeH-
Hyio auamo. TouHo Tak e W (YHKIHA Sign Z, ONHUCAH-
Has JBYMA pa3IHYHBIMI crmocofamu LmpH Z TOJNOKHTENDb-
HOM T Z OTPHLATEIBHOM CUHTAeTCA OJHOH efuHOH (QyHEK-
nmell, Kotopas B Touke ( mperepmeBaeT CKadOK, MIN
paspeiB.

-7 S

. 3pech paccMOTpeHb! /iBe yHKIUI -}- u sign ¥, KoTopsle

He ompefieTeHsl B Touke £ = 0 B mMeloT pa3phlB B aTOM
rouke. Taxum o6pasoM, rpaduk HE OfHOH M3 DTHX PYHK-
muit He MoskeT OBITh NHpEACTABIeH KAK Ciiefl JABHAKEHHA
TOYKH IO ILIOCKOCTH. IIpmBejeHHBIle (QYHKIHMH HAIOT He-
KOTOpHIe IpUMephl PaspHIBOB WM, 9TO TO ke caMoe, Ha-
pylleHna HempepslBHOCTH. B MaTeMaTiie pa3phiB hyHRIUN
paccMaTpHBaeTCsA KaK HapylleHMe ee HelpepbiBHOCTH.
Tax 9TO MCXONHBIM MOHATHEM ABIAeTCA NOHATIE Hempe-
peioctn  pyHkmui. Ilozme moHATHE HENPEPLHIBHOCTH
¢ynkuau GymeT ompe/eseHO TOTHO. Ho po BpeMeHn Mil
GyaeM HONHL30BATHCA HM HHTYHTHBHO, CBABBIBAs ero ¢ Ipo-
HeccoM [ABMIKCHIA.
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§ 5. daaune, runepboia, napadoaa

B § 4 mun ucxonuau w3 ypasuenua y=f(z), rue f(z)— .
BajaHHasa (YHKIHMA, 0 CTPOUIN KPHUBYI0, OHpefeseMyo
STHM ypaBHEIMEM WJIH, YTO TO e caMmoe, rpaduk yHKIuM
f(z). Taxum oGpasom, Mbl mJm OT ajire6pbl K reoMeTpHH.
3pech Mbl BhifepeM 0pOTUBONONGHHBIH OYTh, NMCHIIO, HCXO-
Jfi U3 TeOMETPUYCCKMX CBOHCTB HOKOTODBIX KpPHUBHIX, MD
BLIBEleM UX ypaBHeHuA, T. e. GyfeM MATH OT reOMeTpUH K
_anrebpe. B arom naparpade Gynyr BniBepeHn ypaBHEHHA
OKDY/KHOCTH € NPOM3BOJBHbIM HEUTPOM @ NPOH3BOIbLHAIM
pajmycoM, a 3areM ypabHenua 3jiaunca, ranep6oJn u
napaGoaLl, PacHoJON{EHILIX BIOJHE OIpeieJyeHnLM 00pa-
80M OTHOCHTEJIBIO BHOpaHiodl cucreMbl KOODJIIHAT.

Beuiseniem cmepsa ypasuenue okpy:uocta K miockocrn
P ¢ neHTpOM B TOUKe gy = (Zy, Yo) U paauycom r. 3pech
Zoy Yo — KOOPAMHATH TOYKU 2, Touyka 2z maockocru P
TOrAa M TOJBKO TOIJa HpHHAMIERHT okpyscnocmu K,
KOr/ia ee paccTosiiue 10 TOYKM 2, pasuo r. B Buge gopmyinn
9TO YCJIOBHE 3aIIMCBIBAETCA TAK:

l(zy, 2) =T,
Tlonbaysace popmyioit (3) raaew 1 paccrosanusa Memay ABY-

MA TOYKaMHM, Mbl MO;KeM Ilepemucatb HOCIeAHee ypaBie-
Hue B gopme y

V@ —4)+ G —p)f=r

YunuroRaa MppalMOHalbHOCT BO3BeAEHUEM B KBaapar
o6éux wacreil mocseniiero paBemcTBa, HOJYdaeM

@—ef +@—w=r (1)

3ro u ectb Ypasnenue okpyscrocmu K. B cayuae, ecam
TOYKA Z,, LEHTP OKPYKHOCTH, COBOAJIALT C HAYAJIOM KOOD-
muHaT o, ypasHeHue (12) mpmoGperaer ocoGeHuo mpocToil

BUJl, MMEHHO; ‘
2= (13

BuiBemeM Tenéps ypaBHeHWe SJNHMOCA 0 THOEPGOJHL
CoorBercTByOUIME BHIMCICHAA MOKHO 00beuuuTh. [1pem-
Jie BCETO IafiuM TeOMEeTPHYECKOe oOnpenesieHue 0Geux Kpu-
BuX. OGe 0HE UMEIOT Hokychl, AMEHHO fiBe TOUKH f1afsHa
‘maockocta P,
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' IOKATETLHOS qucio”

daaunc ompegesisercs ClenyoOiuM YCAOBHeM: TOUKA 2
TOTAa U TOJBKO TOrJAa npmlaxwemu’r JINNCy, Korpa

Uz, ) + Uz, fo) = 2a, (14)

Ijie @ — 3ajaHuoe moJouTeabuoe qucno (puc. 20). Wnage
rOBOPA, TOYKA Z HPHHAJJEKAT DLIUICY TOTAA M TOABKO
TOTHA, KOIJa CyMMa pac-
CTOAHMHA OT Hee 0 oGomx - .
¢$orycoB mnocrosHHa. B T
clydae 9JIANCA He HCK-~
JII0YaeTCA COBIMAICHAS TO-
qek f, u f,- Torga snnumnc
OpeBpaliaeTCA B OKPYMH- _
HOCTH pajayca a.
TI'unepGoaa onpenens-~
ercsl CleNyiolHuM yCI0BH-
€M: TOYKA 2 TOTHA U TOJb-
KO TOTHA IPUHAMJIEHHT
runepboge, Korga .

W
jﬂ
_b .‘ .

Puc. 20.

rae 4 — 3ajlaHHOe TOo- s)a 0

(puc. 21). Taxnm _ o6pa-

30M, TOYKa 2 NpuHAI- -
Je:xur rumepbone Tor-

a U TOJBKO TOrga, Korga . Pumc. 21,

pasnocTb ee paccTOAHHM ‘
ro ¢oxycos nocroansa. Hapany ¢ ycmomem '(15) Mosmx-
HO HaIUCaTh [PYyroe aHATOTHYHOE 6MY, YCIOBHE, MMEHHO:

Iz, f) — Uz, f) = 209_ D N ’ %
, - (15) -
-5 . i

-\l(z‘v fa) — l(zs‘ﬁ) = 2a. - (16) -

Coornomenns (15) u (16) onpegensior, B geficrBuTenbHOCTH,
ABe pasiiddHble KpUBble, HO NIPH NEPeXOAe K KOoOpAHHA-
TaM W [POBeleHMHM BHUHCIeHu#l o0Ge oTH KpHBHe 00beqn-
HHIOTCA B OfHY, TAK 4TO PA3YMHO OMpENeNHUTh TANEPGOTY

yCaOBAEM:
Uz, f;) — Uz, f2)] = 2a. amn

Hdaa toro 4r1o6bl O0DbEMMHATH BHIBOJ YpaBHEHHIl BI-
ammca u rumepGonnl, ofbepunum yciosma (14) u (17) B
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O/tHO!

Il(Z, fl) + el(zv fZ)l = 20" '('18)

rae € pssao =+1. )

Jina mpoBefieHNsA BHIYHCIEHMIT BhIGepeM OCH KOODAHHAT
cnenuaibEHM 06pasoM, MMEHHO, IPOBelieM O0Ch abcnuce
9epes TOYKH fi U fo B HAIPABIGHHH OT f) K fz, 8 8a Ha4aIO0
KOOPILHAT MPHMeM CePeMHy 0 oTpesKa fifs. 3a ochb opiu-
HAT DpuMeM IMepHeHNUKYIAD, BOCCTAHOBIEHHbIH K ocu abc-
umee B TouKe 0. PacmoouM depTesx Tak, 4Tobbl och abce-
cc ImIa TOPM3OHTAJBLHO CJeBa HampaBo, a A .OCH
opnammar BhiGepeM HampaBieHHe CHu3y BBepx. [lamHEI pas-
HBIX MesKIy coboit oTpe3koB of, u 0f; 0003HaUMM dYepes f.
Terga mMbI HMeeM

: h=(=10), = (0.
Paccrosimnsa [(2, fi) u I(z, f;) ompefensaTcsa B CHIY dop-
myasl (3) taassl I ciepyromumu gopmynaMu: _
Iz f)=+VE+P + % (19)
e f)=+Ve—Ir+o. @

JIJIH TOr0 4TOGH IpOBEeCTH BBIYHCIEHHA II0 BO3MOKHOCTH
KOPOTKO, BBeJeM CleAylolue 0003HAYCHNA:

_ u=a@4 @t pe=c  (2)

[pu o1ux o6osravenuax Gopmynsr (19) m (20) mepemmcsi-
BAOTCA B BHJE C

. G ) =+Vutw, (22)

. Uz f) =+ Vu—"2. (23)

Tax xak paccroguue (2, fi) u I(z, f;) BHpaaerca B Bﬁne
KBaJPaTHBHIX KODHEM, TO JUIA yHHUTO}KeHHA HPPANHOHAIDL-
HocTH B ypaBHemuu (18) MBI Bo3Bemem ofe ero Jactd B

KBajpar, MOCIe UYero OHO MHOIydYaeT CHeAyOmMAHR BHJ
(cx. opuymst (22), (23)):

U4+ 2V Ut —dvt 4+ u— 2 = 4a?,

WJIH II0CJIe COKpallleHHA W [eJIeHHA Ha 2n nepeHeCceHnsa

YacTH WIEHOB B HPABYIO 9aCTh, MOJyIaeM
+eVut —4vt =222 —u.

~

50

PU—



s

BosBopa ofe wactm mocmenmero paBencTBa B KBajapar,
noxydaem
u? — 4v? = 4a* — 4a’u + v’

IMocie IIpOCTHX mpeoGpa3oBaHMH BTOTO paBeHCTBA nony-
qaeM
2

v —azu—a“

IloacraBisasa B mojiyueHHOe ypaBHeHHe BbIpAsKeHIe J],JIH u
a v u3 (bopmyn (21) [oJy4aeM

_ f?) + y2a2 —_ a4 — a2f2. i

Camras, uro f = a, MB MoOKeM pasleJnTh - HOCIETHES
COOTHOIIEHNe Ha a’ (a2 — ). Torna MBI DOJYINM cnenylo-
mee ypaBHeHHe:

rtala=t (24)
Tenmeps cuefyer pasnmyarh iBa cnyqaa )‘<a n f>a.
B nepBom ciyuae mosmarawmT
b = a® — f21
BO BTOPOM CiIydYae MHOJAraioT
2= f2— a2
rie b — momokHTeNbHO® umcao. TakmM ofpasoMm, B co-

OTBETCTBHM C 3THMH JBYMA cnyqaaMn MBI nojAydYaeM [Ba
pasnuqyHbie ypaBHe}ma:

. %;+y—:=11 ' ' (25)
2 2
o=t (26)

Vpasnerne (25) ectb ypasrenue asiunca,a ypasrenne (26)
ecTb_ypasHenue eunepoabl.

Ha mepBbiit B3risii MoKeT HOKA3aTbCA CTPAHHEIM, 4TO
auciao € == 41, nawmee suaunc mpum &€ = +1 m ramep-
Oony mpu & == —1, HACYe3JI0 B pe3yjJbTaTe HAINAX BBIYHC-
nennit. Pasauna mesrny ‘sanuncoM u rumepOomoil BhIpa-
smiach B [pyroit opme, mMeHHO: ciayuail f << a — on-
amne, cayiai f > a — rumepbona. Teneps Jerko moHATE,
B ueM fmexo. [liaa sjnunca MBI mMeeM ycuoBme (14),w scuo,
9T0 CyMMa PAcCCTOAHMWIl TOYKM Z [0 TOYEK fi.U fo He MOKeT
OBITH MEHBINE, 9eM pacCTOSHEWE MEKAY TouKaMu fi u fa.
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TakuM obpasoM, A ciaydas smimmea 2a > 2f. B caydae
rumepGoisl pasHocts Mexay [(z, fi) m I(z, f;) He Momker
6biTh Gosbime, aeM 2f, m motoMy 2a < 2f.

Ioassysacsk ypasHeHuamu (25) u (26), MOKHO COCTABUTH
cebe mpencraBienue O ¢popMe KpHBBIX, OIpPeNeJAeMBIX
STAME YDABHEHHAMH,T. .0 (POpMe IMICA M THIEPOOIBL.

daunc mpeAcTasiaseT co0oil oBaj, CUMMETPHYHO pac-
[OMOKEHHbIH OTHOCHTEJNBHO OCH afCIicc M OCH ODAIHAT
(em. pue. 20). Om mepecekaercss ¢ ocblo abcruce B ABYX
troukax: (a,0) u (—a,0),n c ocbio OpAMHAT TaKXKe B OBYX
roukax: (0, b) m (0, —b). s sammmeca wucro @ = b.
Ilpu @ = b smnunc mpespamaeTca B OKPYKHOCTE.

T'unep6oma, ompeneasemas ypasHenumeM (26), rtakixe

| CHMMeTPHYHA OTHOCHTENBHO obenx oceii (cm. pme. 21):

oHa TepecekaeTca ¢ ocbio abemuce B mBYX Toukax: (a, 0)
u (—a, 0). C ochio OpANHAT OHA BOBCe He IEPECeKaeTCs.
TaxkuMm o6pasoM, ruuep6ora COCTOMT H3 [BYX dacreii,
B ~ pacmoio;KeHHBIX CjeBa U CIpaBa
7 - 0T OoCH OpAUHAT. JTH 9ACTH Ha-
3HBAIOTCA NBYMA GeTEAMU 2unep-
60abl. .

Jagum Temepb reoMerpmdec-

r z Koe ompefieseHne napaboabt u
/\ BhIBefileM ee ypaBHeHme. IlapaGo-
1

11a 3ajjaeTcs OHUM-eANHCTBeHHBIM
oryCcoM, KOTOPENX MBI 0003HATAM
wepes fo u gupexrtpucoit D, mpes-
crapiagiomieii cofoil mpaAMylo au-
gmo. Touka z miaockoctn P Torna
I TONBKO TOTAa NpIHAKIERAUT
mameit mapaone K, worma pac-
CTOAHEe TOYKM 2z fo mpsamoit. D,
T. €. JIAAA TepIeHANKYJIApa 2r,
onyuieHHoro_Ha npamyo D, pas-
HO paccToAHHI0 ee 10 (okyca fo
(pme. 22). [na BhIBoga ypaBHeRma mapalombt BbiGepeMm
KOODAMHATH CHELHaIbHBIM 00pa3oM, HMEHHO, 3a och alc-
HECC TpIMeM HIPAMYI0, HPOXOJANYI0 depes TOUKY fo U
HepHeHAUKYIAPHYI0 K AupexTpuce D, HampapieHHY OT
ee Iepecegenns s ¢ aupexrtpucoit D B cropony fo. 3a Haua-
70 KOOP[MHAT TIPAMEM CepeflHHy O OTpe3Ka foS, TaK 4To
0Ch OPAMHAT eCTh MePHeHAAKYIAD, BOCCTAHOBIEHHDIA K OCH
abcuuce B Touke 0. Paccrogmue Menspy Touxcdl fo m mm-
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pextpucoit D o6osraunmm wepes f. Torna paccrosnue Mesk-
Iy TouKoii z = (2, y) u mupexrpucoit D naerca gopmynoi

Iz, r) = l% + xl

PaccrosEme Mexay Toukod z u gorycom fo maerca ¢op-

MyJI0# - '
ety =+ (e =F) +o~

Tarkum o6pasoM, ypaBHeHHe' mapa6osbl  3amECHIBaeTCA B
BUJE . '

S = e

VHIYTOKAM HPPamNOHATLHOCED, T. €. BodBefeM ofe 1acTH
Hoc/iefHero paBeHCTBA B KBaapar. dro (mocae COKpaile-
HAA) faer _ ' ) .

- 2fx =y (27)

'

- 1
D10 W ecTh ypasreHue napaboavi. Eciu MOLOMKUTH 2f=3-,
TO MBI HOJIY4MM YPaBHEHHO

z = ay?,

KOTOpOE COBMAacT ¢ ypaBumenneM (6), TouHee, MoTyJaeTcs

13 Hero IepeMeHoii poramu oceit x m y. Taxum o6pasoM,

BHJ Tapalousl, NaBaeMblii ypaBHeHHem (27), mHamm Gblr
y#e IO-CYIIecTBY, PacCMOTpDeH,

Temeps A X0y cAelaTh HECKOMBKO 8aMCYAHH Ho mo-
BOJY YDaBHeHHil KPHBBIX, BhIBe[|leHHBIX HaMH B3JeCh. Tax_
KaK BTH B3aMedYaHNs OTIHOCATCA B PABHOM CTeHmEHI KO BCeM
ypaBHeHNAM, TO A OCTAHOBIIOCH HA OJHOM, HMEHHO, Ha
ypasmerun oxpysmoctn (13). Ilepenocs Bce wieHBI 31010
ypaBHeHUs B JEBYI0 JacTh, MBI MOJKeM HePeNHCaTh ero B

BH]S

: 24yP—r2=0. (28)
HanmmeM Temeph paBeHCTBO

- F(z, y) = 22+y* —1 - (29)

B npapofi gacTH TOr0 PaBEHCTBA CTOMT BIIOJNHEe ONpC/ENeH-
HBIH MHOTOWICH, a B JIeBoit — Buipascenne F(z,y). Tax e,
KaK 1 B ciydae ypasHeHus (1), Mbl Mo.xeM B HepBYIo 09epelib
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paccMatpuBaTh BLIpaskeHne F(r,y) rax cokpamenHoe 06o-
SHAYeHIIEe MHOTOWIEHA, CTOAMIEr0 B MpaBOfl dYacTH. ITO,
B 9acTHOCTI, aeT HaM BO3MOKIOCTb HANHCATh YpaBHe-
mue (28) B Bije

: F(z,y) = 0. (30)

Hanee, noscransa B pasenctse (29) BMeCTO z W y Ipom3-
BOJIBHbIE UIC/IOBbIE 3HATEHIS, MBI IOJIydaeM HEKOTOPOe
BHOJIHE OTIpe/leJieRHOe TIICI0BOE 3HAYEHHE A BEIPAKeHHA

F(z, y). Takum obpasom, F(z, y) upencraenser codoit -

QYHKIMIO ABYX He3aBHCHMBIX ICDCMEHHBIX T U Y. DT0
OPUBOJUT HAC K HOHATNIO (YHKI[IM JBYX HepeMeHHEIX.
F(z, y) maswiBaetca gynkyuel; deyxr Hesasucumwiz nepe-
MEHHBIZ Z, Y, €ClH, 3HAS YHCIOBbIe 3HAYEHIA DTHX HE3aBIl-
CHMBIX [EPEMCHHBIX, Mbl IIMeeM BO3MOMKHOCTbL y3HATH 3HA-
genue Qynkmin F(z; y). Pasercrso .

z="F(z,y)

OTIpefiesifieT B 9TOM CilyTae BeNYUHY Z KAK 3aBUCHMYIO IIe-
PeMeHHY0, ABIAKINYIOCA (YHKIHedl IBYX He3aBHCIHMEBIX
nepeMeHHBIX Z, y. Mbl MomeM ckasaTh Temeph, 4TO eCiu
F(z,y) ecrv QyHKIUA ABYX HesaBHCHMbIX nmepeMeHHbIX
Z, Y, TO ypaBHeHIe -~

- F(ax, y) =0 (31)

ompefenser Ha mwiIockocTn P HexkoTopyno KpuByM. Ira
. KpHUBasg COCTOHT I3 TeX Todek (¥, ¥), KOOPAMHATEL KOTOPHIX
T U Yy yHOBIeTBOPAT yciaosuio (31). -

Ecmn F(z,y) u G(x,y) — nBe 3ajanuble ynkuum He-
3aBACHMBIX IepPeMEHHBIX I, Y, TO MOET BO3HHKHYTH BO-
Opoc O PelIeHNH CHCTeMHI U3 [BYX ypaBHeHMil,

E(z,y) =0,
’ G (z, y)=0,}

OTHOCHTEIBHO JBYX HeH3BeCTHHIX Beawumd z u y. Kammoe
OTHeJIbHOe ypaBHEHHE ’

F(z,y) =0, (33)
Gz, y) =0 (34)

ompefieNsieT Ha INIOCKOCTH P HeKOTOpylo KpHByIo. fleno,
9TO Mapa wucen (Z,Y) TOTAa M TOJBKO TOTAA YNOBIETBODS-
eT cmcTeMe JBYX ypaBHenuii (32), korma Toura (z, y)
IPUHAJUIE/KUT O/IHOBPeMeHHO KkpuBoil (33) m kpusoit (34).
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TaxaM 06pasoM, pelleHne ¢uCTeMb ABYX ypaBmeHmit (32)
C [ByMfA HEH3BECTHbIMH Fe€OMETPHYECKH MHTEPHPETHPYeT-
¢ Kak HaxoK/eHHe TOYEK HepeceueHMA ABYX KpPHBRIX
(33) m (34).

Ecnn ypasnenue (30), ompejensioumee KpuBylo Ha
ITOCKOoCTH P, MOMHO pa3pemuTh OTHOCHTEJIbHO Y, T. €.
nepenucaTh B opme y = J(r), TO Mbl IPOXOANM K TAKOH
’Ke 3amNCH ypaBHeHHs KpuBoii, kakaa Oblia faHa IepBoO-
HagaabHO (cM. opmyry (2)). OnHako mpn paspelIeHHH
ypasuennsa (30) OTHOCHTeNbHO Y, HHOTAA BO3HUKAWT 00-
CTOATEeNbCTBA, HA KOTOpbie ciefyeT o0paTiiTh BHIMaHHWe.
OcraroBuMca Ha ypasHenun (28) okpysmuocti. [Ipn pas-
pellleHHd ero OTHOCHTEJIbHO Y MOIydaeM

’ y=7Vr*—aza% . (35)

IIpesxne Bcero mpaBas 9aCTh 9ITOTO COOTHOHMICHHA HMeeT
emuica Toubko mpu |z| << r. Takum oGpasom, ¢yHKnuA,
cTosAmas B IIpaBoil 4acTH, onpejieieHa He Al BCeX 3Ha-
wennil z. [lajee KopeHb KBajpaTHbIH 113 I0JOKHTEILHOTO
qpcia MMeeT /Ba 3HAYCHHSA, HOJOMUTNbHOe B OTPALATEIb-
HOe, TAK 9TO B JeilcTBHTeIbHOCTH paBeHCTBO (33) cuejyer
3aOHcaTh B BAfie IByX Da3jHYHBIX DaBEeHCTB:

y=-+Vr—2, (36
y=—Vrr—2 -(37) -

Vpabuenne (36) ompenenser HOJYOKPY/KHOCTH, NeRAIIYIO
Han ocbi0 abemuce. YpasHeHue (37) ompefienseT HOIYOKPYH-
HOCTb, Jemamyio moj ocbio abcmmec. Taxum opasom,
OKDYIKHOCTb, 3a/lAHHAA O[JHHM YDaBHEHIIEM (28), sanana
Temeps Ipu moMouy ypasenmii (36) n (37) B Buje JABYX
HOXyOKpY/KHOCTell, KOTODBle BMeCTe I COCTABIAKNT HC-
XOJIHYI0 OKDYJKHOCTH, ONpe/ieleHHYI0 ypaBHeHHeM (28).
V3 ckazaHHOTO BHJ{HO, 4TO ONINCAHHE OKPYKHOCTI mHpH
HOMOH[A OJHOTO.ypaBHeHns (28) Gomee €cTeCTBEHHO, UeM
onncaHme ee IpH NMOMOMM ABYX ypasmemmit (36) u (37).

B saxTioueHne ciefyeT oTMeTHThb, 4to ecan F(z, y) —
saaEHasA (DYHKIHA IBYX HEe3ABHCHMBIX HepPeMeHHEIX T M Y,
10 ypannerue (30) He Bcerfia ompe/ielseT KPUBYIO Ha MIOC-
xoctr P. PaccmorpiMm ypaBHeHie

24y +r=0. (38)
Ecan 9HCa0 I LCOAOAHUTENLEO, T0 e CYNeCTByeT HapH
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aucen {z,yY, ynosrerBopsiomux ToMy. ypantennio. Taxnm
obpasom, ypaBHenne (38) He ompejiensieT HHKAKOH KPHUBOIl
Ha maockoctd P. Ecam r= 0, 10 cymecrsyer aumb oxHa
Touka (0, 0), yaosrersopsiomasn ypasuennio (38), kortopyio
TaKKe HEeCTECTBEHHO PAacCMaTpHBaTh KaK KPUBYIO Ha ILIO-
ckoctu P. DBupouem, umorma cuurtalor, 4rTo ypapHeHue

2+ y*=0

OmpefiessfieT OKDPYMKHOCTh pAANyca HYJTb, COCTOAILYIO K3
OJHOH TOYKH.

Hpumep 2. Tomsepraem osmimme, rumepGoxry n
napaboxny, 3ajanmble ypaBHeHHAMH (25) — (27), momo6HOMY
npeo0pa3oBaHIi0 € LEHTPOM TOAO0HA B Hadaje KoOpAu-
Hat o muockocrn P, I{na sroro rammonn Touke z = (z, y).
IIOCKOCTH P moCTaBUM B COOTBETCTBHE TOUKY 2= (Z1, Ji),
onpefiesiAeMyI0 COOTHOIIEHUEM |

2 = az,

TAe o eCTh HOMOMUTENBHOe IUCIO Kodpuuuent monobus,
a4 Z ¥ 2] DOHMMAKTCA 3/leCb KaK BeKTOpbl. Mel mMéeM
[}
=5 =5
r=-t y=-L . (39
s Toro 4TOGH N3 KPHBBIX, ONpPeJieNAEMBIX ypaBHEHAAMI
(25) —(27), momyaurh mOXOGHBIE MM KPHBHIe, IIOJYUAEMbIe
VKa3aHHbIM IONOGHBIM HPeoGpasoBaHHCM, MHB [JOIGKHH B
ypaBHeHHAX (25)--(27) 5THX KPHBHIX BMECTO & U J 110CTa-
BUTH HX BhIpakeHue mo gopmyre (39). Torna M1 momyanm
ClelyloIne ypaBHEHMA: AMA 3JIIHICA
2
L 1
b}

wa T am =

maa runepbosst

zy i
aZa? ~ ofp® Y,
i mapaGomsl
2
yi Zq
=25

Wnaue atn Gopmymnsl mMokHO mepemucars B BHAe

2 2 - o2 2

o Y1 T W 2
2teETlh mop=t vi=2,
ay b1 . ay bl -
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rae AJA SIHUICA W rumepboJBl MBI mMeeM
‘ T a = oa,. b =ab,

. h=af.
W3 cxasagHOro BHIJHO, 4TO KPHBas, HoJ00HAA 3ILIMICY,

eCTh DILINIC; KPHBag, NoAoGHaA rmmepboie, ecTh rumep-
6oja, IpHYeM A HUX HMEIT MeCTO YCIOBHA

a A napabosbl

b b .
F=a . ()

Jlerko ycTaHaBINBaeTCA, 9TO ~ ABA BJLIHICA, ONpefessae-
MBIe COOTBETCTBEHHO gmeaaMu a u b u a; um by, momo6Hsl,
ecanm JuiA Hux himomHeHo ycioBue (40). To e camoe
1IMeeT MecTo-H AiA AByx rumepGom. Urto racaercsa mapabo-
IBI, TO BCAKHE OBe mapabosibi HOMOGHBI MeKAY coOoil. -
IIpumep 3. Jdagum enuHOe reoMeTpUdecKoe OIpe-
RejeHHe TpeX KPHBBIX: 9JLINIICA, THIepGoiabl M mapaGoisl,
. aHAJOTHYHOE TOMY, KOTOpoe GBIIO yike MaHO Mis mapabo-
asl. Jlna ompepenenua kpuBoit K BHOepeM Ha HIOCKOCTH
P npoussonpHy® TOYRY fo, ee (OKyC H IPOH3BOJILHYIO
upaMyo D, He IPOXOAAMYI0 Yeped TOUKY fo, e AUPeKTPH-
cy. Jlamee, samajuMcsa HEKOTODBIM HPOH3BOABHBIM IIOJIO-
sKUTeNbHBIM unciaoM k. Touka .z mimockoctu P Torma m
TOXBKO TOrja mpEHaLIe:KuT Kpusoil K, Korga ee paccrod-
Hue 7o mpaMoii D, 1. e. [yiNHA IepHeHJUKYyJIApa 2z, Omy-
meHHOro Ha D, YMHOKEHHOe HA YMCI0 %, pABHO paccros-
- HUIO TOUKH 2 0-fo. B e opMynsl aro 3almuCHIBaeTCA TaK:

kl(zr r) = l(Z, fO)’ (41)

rie zr ecTh MepHeHAUKYAAp, ONYIIEHHHI M3 TOUKH Z Ha
npamyio D. Mol yxe smaeM, d4to mpu k =1 onpenenen-
Has TakmMm o6pa3oM KpmBas ecTs mapaGoma. OxasbiBaeT-
cq, uro npu k<<1 wpusas K ects ammunc, a upn k>1 —
runepGosta. Toura ske fo ects ofme u3 ¢okycos dammICa
ILTH, COOTBETCTBCHHO, TMHEepGOJBI.

YpaBEeHMe OmpeleNeHHON TaKHM 00pa3oM mapasoint
HaMm; y;Ke Obuto BhiBefeHo. BhiBefieM Temeph ypaBHeHHe
kpmsoit K mpu k1 m yGegumcs, 9410 HOIydeHHOe ypas-
Henne npu k << 1 maer HaM saaumc, a mpm k > ramep-
Goury: -

W3 rourn fo omyeTuM Depmenaukyssap fos Ha opamyio D
B IpuMeM 83 0Ch a0CLUCC CHCTEMBI KOOP/IUHAT IPAMYIO,
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mpoxonamyio 4uepes Touknm § @ fo. Hampasnenue ma ocm
a6enuce BbiGepeM Ho-pasBoMy mpu k> 1 m npu k < 1,
mMeHHO, mpd kK > 1 GymeM cumrath och abcmmec Hampas-
JeHHOH OT § K fo, a npu k<<1—
) .Y/ oT fo k s. Takum obpasoM, ec-
Id [OBEpHYTH 4YepTesxk TakK,
gTo0Bl OCch afcmumec Oblira TO-
pUBOHTAJIbHA H MIIa CJIeBa
HampaBo, To npm k > 1 Tou-
Ka § HaXOJWTCA JieBee TOYKM fo, -
= anpn k<<1mnaoGopotr (puc.23).
g # s Tax kak k 7= 1, To cymecTByer
TAKO0E IONOKATEIbHOS YUCIO d,
970

o 9) =|ak— 5| @2

r4 r

Puec. 23.

Temepp oTnokmM oT Toukm fo Mo ocw abemuce B oTpua- |
TeJIbHOM HAIOpaBIeHWUH OTPe3oK fy o annmH ak. Torma B cu-
ny yenoBua (42) Touknm s w fo 0Ge JeKaT cmpaBa OT TOUKH

a '
0 1 PacCTOAHME OT TOYKM 0 10 S papHO ;- [Ipumem monyuen-

HYI0 TAaKHM 00pa3oM TOYKy 0 3a Havano Koopauuat. Torma
mpupektpuca D mapamienpHa oCm OpAHHAT H HpPOXOAHUT
9epe3 TOUKY S. Temepsb AN TouKM 2 == (Z, y) MBI HMeeM

l(z,r)=lx--Z—|,
1z, f) =+ V@ —akE + §°

HMoncraBusaa aru BeIpaskenusa mia [(2,r) u l(z, fo) B paBen-
ctBo (41) u Bo3BeAs ero B KBajpaT MNA YHAUTOMEHNA
MpPPaNUOHANbHOCTH, MBI [OJy4aeM YypaBHeHHe Hamieil
KpuBoit K B cienymomeM Bujie: ’

k2 (x — i)z = (x.— ak)? +.y’.

k

.Iocne mpocTeix mpeoGpagoBannii MB HOXy1aeM U3 BTOrO
' paBeHCTBa OPYroe, UMEHHO:

. 22(1 — k%) + y? = a?(1 — k7).
Hensa monyuennoe pasenctBo Ha a’({ — k%), monyuaem
z y? _
@ tag—m =L
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[Monaras

. ak = f,
_ MBI IIPUBOAUM 3TO ypaBHEHHEe K BUAY
. z. y?
@ ta—p=b

KoTopoe copmajmaer ¢ ypapHenmeMm (24). Taxum oGpasom.
npu k<<1 xpusaa K ectb sanunc, a npu k>1 xpuBaa K
ecTb rumep6oa. ITHM CaAMBIM MbI JOKA3aaH HOBOE reoMeT-
puYecKoe CBOMCTBO BIUIHIICA ¥ HOBOE reoMeTpHYecKoe CBOii-
CTBO Tumep6oJbl, IMEHHO, CYHeCTBOBaHHe AupexTpuch D.

IIpn 3TOM MBI HCIONb30OBATH METOHN KOODAMHAT, KOTO-
puiii B OPMYyIHPOBKE OKOHYATENbHBIX pPe3yJbTAaTOB He
y4acTByerT. ,

Jlerko BumeTh, uTo BCe KpuBbie K ¢ MaHHBIM 4uCIOM K
mofgo6HBI MesKAy coboil (cM. mpuMmep 2).

IMpuMmep 4. B paemenrapHoii reomerpnu Goxbumyio
poONIb WrpPaloT 3ajaYi HAa NOCTPOEHHEe NPH HOMOMH IHMpPKY-
a8 ¥ JuHeiikn., M3BecTHO, 9T0 MOIB3YACh 3TUM METOIOM,
HeJb3d TpPOM3BECTH TPUCEKIMIO Yriia, T. €. pasgeanTsh
NPOU3BONLHEIA 3afaHHBIl yrol Ha TpH paBHble YacTH.
OxasbiBaeTcsA, 4UTO [OHNYCTME B KadecTBe BO3MOJKHBIX
OpOBOMMMbIX NHHHUN rumepbomy ¢ umciaoM k=2 (cM.
npuMep 3), MBI CMOKCM IIPOM3BECTH TPHCEKIIO yria.
Jlenaercs 8TO clAeAyOIHM 0GpasoM.

Bynem cumrath, 9To B IUIOCKOCTH P Hamrero uepreska
BHIOpaHa IPAMOYroMbHasg [EeKapToBa CICTeMa KOODAMHAT
TaK, Kak 970 cmenano B § 1. IlpoBefieM B Heil OKPYKHOCTH
K’ npomsBoibHOrO pajmyca ¢ HEHTPOM B Havaie KOOP-
auHAT 0 u 0003HAYMM 4Yepe3 e mepecedeHIe OKPY/KHOCTI
K’ ¢ momo:kuTenbHoil mosmyochio abcmuee. Uepes fo o6o-
3HAYIM IPOM3BOJILHYI0 TOURY, JEKAILIYI0 HA OKPYIKHOCTH
K’ B nepBoii eTBepTn Hammeil cHCTeMBI KOOPANHAT (prc. 24).
Iponssenem Temeps Tpuceknmio yraa eofp. Ilycts @ u
B — mBe Takme TOYKH Ha Ayre efo oxpyskaoct: K’, urto
Aras eoa, o0B u Pofo paBHB Meikay coGoit. OmyctnM nep-
NeHIHKYJIAp or W3 TOUYKM o Ha. och abenmee. Torma oge-
BHU/IHO, 9TO OTpPEe30K ofy BIBoe Oojbile OTpe3ka ar, T. e.

2l(a, r) = l(a, fo). (43)

TToc¢rponM- Teneps runepGony K ¢ umcnom k == 2, npunss
3a ee (oryc Toury fo m sa Ampexrpucy D och aGemuce
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Hamel cmeremsi roopmunar. Torma B emny yenosus (43)
TOuKa o nenT Ha runepbome K (cM. pmc. 24). Takum
06pasoM, TOYKY 0. MOMKHO HAIiTH KaK TOUYKY IepecedeHus

Y S

\\

)
)

-Puc. 24
.oxpyxHoctn K’ ¢ rumepGomoit K, m Tpmcernmus yria
eofy mpomsBefiena. [las BTOro HyiKHO HMeTh ONHO JEKAJO
rumeponsl ¢ wucnoM k = 2. Ecam paccrogmme Memay
doxycom m mEpeKTpHCOiI PTOrO Nekaja paBHO Y, TO pa-
muyc okpyxHoctn K’ HysHO mogo6paTh TaK, 4TOGHI LIH-
Ha 0Tpeska fos Gblia paBHA dmeay Y.

§ 6. Ilapamerpuueckoe mpexcTaBIeHHe i

N

Mo cux mop AmA omMCAHAA NMHWI TpH MOMOMU KO-
OPIHHAT Ha ILIOCKOCTH MBI IIOJb30BAINCH OAHHM ypaB-
HeHHeM, CBA3BIBAIOIINM KoopauHatel z u y. CymecTsyer
ApYyroii — mapaMeTpHUYeCKHil ¢cnocof OmICaHuA MUK, ITOT
cHocol6 mMeeT cBom mpemMymiecTa. Ilpn nmapaMerpuye-
CKOM 3aJaHHH JIHHA CPa3y ONICHIBAETCA KAK CJej [BHU-
/MEHHA TOYKM HA INIOCKOCTH. JIjIg -TOTO BHINHCHIBACM
fiBa ypaBHeHIS, ’

z=x(t
B (®), } ”
y=y(@),
rae z(t) u y(t) — niBe 3afaEHBle PYHKIUE He3aBHCHMOIO
nepemenHoro {. MoxHO mpeAcTaBuTh ceGe, 4TO OHH ABIA-
I0TCA MHOTOWIEHAMH HAM .KAKAMH-HHGYAbL TPATOHOMETpH-
deckumu Qynknuama. Horga mapamerp ¢ memsercs, Bos-
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N

pacTasm, TOYKA _
coa(t) = (z(1), y(1) -

[BIKETCA IO IJIOCKOCTH, OTLICLIBAA HEKOTOPYIO JIIHHIO K.
IlockoabKY pedb HAET O MBIKGHUH, MBI, CCTeCTBEHHO,
mpe/moaraeM, 9T0 Touka z(f) B HpoOI(ecce TOTO JABUMKEHHA
He cOBepmaeT CKaukoB (cM. mpmmep 1), me yTouHAA HOKA
5TOTO IIPEANOJOMEHIA, a CINTAsA ero MHTYHTHBHO ACHBIM.
3neeb z(t) ecTh BekropHas (ymKIIA mapamerpa l. Ouens
gacto mapamerp tects BpeMa. Tax ObiBaer, Korjia Mbl onu-
chiBaeM HeKOTOpHIH (HsmYecKuid HpOIecc, OpoTeKaonii
BO BpeMeHH, a £ U Y ecTh (PuamIecKue BeINUMHBI, MEHA-
mueca B TedeHuné BpemeHH. Hampumep, mpu paccMOTpeHIH
KaKOro-HEOYAb DIEKTPUTECKOro mpubopa z MOKeT 060-
3HAYaTh HAOpsAsKeHEe, J — CHIY LPOXOJiANiero depes
npubop Toka. ONHAKO W MPH IHCTO IEOMETPHYECKOM pac-
CMOTpeHHH JHUHEI HX HapaMeTpuyecKkoe Mpe/cTaBIeHIUe
‘MoskeT ObITh oueHb ymoGubiM. IIpomemomcTpupyem TO
Ha OpHMepe OPAMON MUHHIL. , i

- BuiBeeM mapameTpuuecikoe ypaBHeHHe MpAMOR JANHIM, '
MONb3YACh BEeKTOPHBIMH oGosHauermamu. Ha mmockocTn
P mamiero puCYHKa, Ifle yie ]
3amaHbBl  IPAMOYTOJBHBIC [ie- Vi
KapTOBBl KOOPRMHATHI, mpoms- £ \
BOJBHEIM o00pazoM IpoBefeM . 7
npamyio anuuio M (puc. 25). 7
Ha mpamoit M BeiGepeM mpo-- £ -
H3BOJALHBIM  00pa3oM. TOUKY
29= (%o, Yo). Hanmommuaro, 4aro 4
BEKTOp 0%, BRIXOAANINA H3 Ha- .
gaja KOOPAMHAT U KOHYAW-
mpiica B TOYKe Zp, MBI TaKiKe ) -
6ymem oGosHauaTh depesd Zo. Prc. 25.
Janee, 000311a3HM 9epe3 e Bek- )
TOp [VIMHBI ¢[EHIINA, BHIXOJANINA H3 HAYala KOODAMHAT M
napajLenbHbil mpamoii M. 9Tor BeKTOp Mo:KeT GHITh BHIG-
paH AByMA pasIMYHEIMI cmocobamMu B [BYX TPOTHBOIO-
JOHBIX HampaBiesnax. Ho pas pAanbHefimero BbIGOp
HampapieHnsa He Gyger mrpath pomu. OKasbIBaeTcd, 4TO
ypaBHeHme mpsAMoit M moxer ObITh 3amHCaHO B BIJE

2 = 20+ te. (45)"
?To oaliaqae'r, YTO TOYKa 2 UM, 9TO TO yKe caMoe, KOHEI[
‘ 6 .




BeKTOpAa Z ONHUCHIBaeT Bclo mpamyio M, Koria mapametp
! mpoberaer Bce HefiCTBHTe/bHble YHCIOBbie 3HAUYCHAA.
Hoxasem aro. [Ipeskne Bcero mposeeM uepes Hagamo
KoopmuHaT npamyio L, mapamrensHyo npsamoit M. Torpa
BEKTOD € JIeKHT Ha mpsAMoit L W, no MokasaHHOMY paHee
(cM. dopmyny (6) rmaser I), kaskmas Touka z’, neskama
Ha TPAMOR Mo:KeT GHITH 3ammcaHa B (opme :

7z’ = te,

Ecam cama npsamaa M mpoxomuT gepe3 Ha4as0 KOOpAMHAT,
10 L cosnapmaer ¢ M. B srom ciyuae o6a Bektopa, z, u
le, cTosilllie B NpaBo#l 9YaCTH paBeHCTBa (4D), jeskaT Ha
upaAMoii L, ¥ 04eBHIHO, UTO, OTKIALKBAS OT ¢HuKCHpOBaH-
HOM TOURI Z, IPsMOit L oTpe3ok te mponzBombHOM JJIMHLI
¥ IPOM3BOJHHOr0 HANDABIEHHA IO mpAMO# L, Mbi momy-
9HM BCe TOYKM 3Toif mpamoi. Takum oSpasem, mame yr-
Bep:kfleHUe B 3TOM Cjydae OYeBH/IIIO.

PaccmorpuM Temepn caydait, -Korma mpamsie M uw L

He copmafator, Ha miockocru P mposesem mpsmyio N,

OapajieIbHyI0 BEKTOPY Z,, B 0(o3Ha4uM 4depe3 z° u 2

‘HepeceveHne 9TOX NPAMOA COOTBETCTBEHHO C NPAMBIMH

L n M. Tax xar 0z'zz, ecTb mapaiienorpaMm, To

2 =3z +.27. (46)
Ecnm Temepnr z — mpomsBompHas Touka mpamoii M, To
opoBefieM Hamy npamyio /N depes sty Touky z. Torma
HaiijleTcAa TaKoe 9uCyio0 £, 4T0 2’ = fe, u néTomy, n3 paBeH-
cTBa (46) ciemyeT, 9TO TOYKA z MOKeT GHITH BallMCaHA B BH-
nie (49). Ecam, nanee, ¢ ecTb mpou3BoiIbHOe UHCIO U ' = e,

-TO TpoBefleM Hamy npamyio NN depea aTy Touky z’. Toraa

n3 paBeHCTBa (46) ciemyer, 4To Touka z, ompefedseMas
¢opmynoit (45), mpumapgmeskur mpamoit M.

BoiBeieM Temeps M3 BeKTOPII)ro mapaMeTPHUECKOTo
ypaBHeHHs npAMOit (45) 06BYHOe KOODAMHATHO® YpaBHe-
ure npsAMoll M. Tak Kak BeKTOp e uMecT JIMHY eMHHLA,
TO MBI HEMeeM

e = (cos @, sin a),
Te o — YroJl Me/KAY MOJNOMKUTENBIIO0 HANPABICHHOHR IO-
Tyocpl0 aGCHUCC M BEKTOPOM e, OTCUMTHIBaeME HPOTHB

qacoBoil crrenxn. [amee, yuamthiBas, uro z, = (z,, Yo)»
z = (z, y), DepenmiieM BeKTOPHOE YypaBHeHHe NPAMOI
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(45) B cranspEOM BEL®
’ x =)+ tces e,
. , Yy = Yo+ tsina.
WckaoanM Teneps H3 3THX ABYX ypaBEeHmi#t mapamerp f,

yMHOMHB [epBoe ypaBHeHHe Ha sin o, BTOpoe Ha COS a,
4 BHIUTA OJHO m3 Hpyroro. Torna MBI mOIyYuM

(y — yo) cos & = (z — zo) sin a. 47

Ecan npsamaa M He BeprikambHa, To cosa 7= 0. Jlexns
* B DTOM caysae IociefiHee yDaBHeHHe Ha COS ¢, MBI HOJIY-
qaeM :

y—Yo= (x.— o) tg o

Tak Kak tg o pasen tg(o-+-m), To mociefHee ypaBHeHHE
yiKe He BaBHCHT OT ClydaitHoctell BhOOpa HampaBIeHUS
BexTOpa e mapamienbroro mpsmoit M. Ilocrennee ypaBme-
HEe YacTO NepenHChIBAIOT B BHJE

y — Yo =k(x —x). ' (48)

Uncno o HasHBAeTCH y24om Hakaona npamoit M, a k =
= tg oo — KoagPuyuenron naraora. Touxa zo = (%o, Yo)
ecTh Tpon3BoibHasA Touka pamoir M. :

VpaBuenne (48) mMeeT TOT HELOCTAaTOK, 4TO OHO HO
HpUToNHO 1A BepTHKaxbHOH mpsmoit M. Jlna mee cos o=
=0, sin & = 1 n ypaBHeHue (47) mepenuchiBaeTcsA B BHe

z == Io. “(49)
JlanmM Temeph mapaMeTpuuecKue ypaBHEHHS BILIIICA.
OHu ciepyromue:

x=x(t)=acost,_} (50)

y=y()=>bsint.

Jlas Toro wToGbl DOTYIHTH M3 BTHX ypaBHEHHH o0®IY-
Hoe ypapHeHme aiiniica (cM. (25)), 10CTaTOYHO HCKIIOYHTH
n3 Hux mapamerp i. Jlas aToro pasgeanM mepBoe U3 ypas-
mennit (50) Ha a, BTOpoe Ha b, BO3BEJEM Kaij10e W3 MOJY-
weHHbIX ypaBHeHmii B KBajpat u caoxum. Torma Mer mo-
nyaum ypasmenne (25). Ilapa ypashemnii (50) me TonbKO
jlaer sanMmC Kak reoMeTpuueckyio ¢urypy, HO n npen-
CTaBIsgeT ero Kak ciel ABHeHms Toukm. VMmemmo, Koraa
t Bozpacraer oT Hyms R0 27, Touka z(f) = (z(2), y(1))
OBmKeTCA WO ITMICY ODOTHB YACOBOH CTPENKH, MCXONA
n3 monosxerus (@, 0) m BOBBPAIIAACH K HeMY Ke B MOMEHT
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Bpemenn ¢ = 2n. Tar Kak Touwa z(f), ABWRYINAACS IO
BJIHICY, KOTZa BpemA ¢ BoapacTaer oT 0 Ko 27, Bo3Bpama-
eTcA B CBO® HCXOAHOe HONO:KEeHHE, TO KPHUBAas, ONHCHBae-
_Mad 3Toil TOUKOH, T. €. DJIJIHUIIC, HA3BIBALTCH 3aMERYMOIL.
Ona 3ambikaercs mocie o0Xofia Bcell KPHBOI.

Touno Tax ke Jlerko MOKIO HAmHMCAThH HapameTpive-
CKMe YDABHEHAA OKDPYKHOCTH C I@HTPOM B TOuKe z, =
= (29, Yo) B pamuycoM r. OHE HMCIOT BuJ,

x=2z(l) =z, 4 rcost,
Y =y(t) =y, + rsin ¢.

- VI3 aTRX ypaBHenuil Jerko monyuuts obuiunioe ypaBHerme
OKPYKHOCTH, HCKJIKYUB M3 HAX mapamerp f. Iis sroro
CIefyeT mepeHeCTH B JieBbie 9acTH ypabueuuil (51) wiemst
Ty, Yoo BO3BECTH MOJNYUeHHble COOTHOMEHUS B KBAADAT M
caoxxuth.  Torga Mul nomyamm ypasmenne (12). Toura
3(¢) = (x(?), y(!)) mpoleraeT BCIO OKDPYIKHOCTB, KoTha
¢t mensetcs or 0 o 27, ABUTAACH IO OKPY;KHOCTH pPOTHB
gacoBoii crpeaxrn, npudem z(0) = z(2n). Takum o6pasom,
OKDY/KHOCTb TaK:Ke eCTh 3aMKHYTas KpHeasa. He ciomyer
ucKII09aTh caydas r = 0, T. e. OKPYKHOCTH HYyZeBOro
pajuyca, cocTosmeil M3 ommod Toukda. B srom caygae
TOYKA z(f) mpM M3MEHEHMH ! OT HYJA [0 27 BOBCE He JBH-
#ercd, a octaerca na Mecre. Ho Bce se yno6mo cumrars,
9TO MBI MMeeM 3/leCh /Iell0 C 3aMKNyToil Kpusoit. [Tpm atom
BajKII0 TOJBKO TO, 4T0 2(27) = 2(0), uro ¥ o3HadaeT zam-
KHYTOCTb. - ' -

IIpusvep 5. Busenem ypasuenme npsmoir M, mpo-
XofiAmeH ucpes [Be 3aJaHHbIE DPA3NUUHbe TOUKH 7, =
= (2, Yo) M 2 = (71, y;). Bean z, = z,, 10 0UeBH/IHO,
uro npsMas M BepTHKalbHA, H yPaBHEHNe ee UMeeT BHJ
(49). Ecan z, # z,, To HaiifieM wucio k, mofcTaBUB B ypan-
menue (48) Bvecto z Toury z;. Torpa momyunm cienyio-
mee ypaBHel.de oA k. T

Vi — Yo = klz; — z,), .

(1)

OTKY 2

k=yl_y0
T — %

. 6

Taxnm ofipaszoy, Ana mpsaMoi, mpoXonsmeit 9epe3 TOIKHM
Zy B z), Koappuunent Hawaona k ompepensierca gopmyoi

(52). -
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§ 7. _3aMKHyTue KPUBbHIe

PaccmoTpuM Telleph HPOU3BOIBHYI0 3aMKHYTYI0 KpH-
Bylo K, B3ajaBaeMylo NapaMeTPHYeCKIIMI ypPaBHeHHAMHU
(44) '

W

z = z(1),
v=y(,

Korja mapametrp ! MeHsmerca or 0 mo 2m. 3aMKHyTOCTH
9T0il KPHBO# BBIpAKAETCA B TOM, 9TO OHA ABIAETCA CIEIOM

aBReHNA Touknd 3 (1) = (x (%), y(f)), korma t MeHsAeTCA OT"

0 mo 2m, mpuyeM Hadaumo KPHBO W ee KOHEI[ COBIAJAIOT,

T. €.
2(2n) =z(0). -~ = (53)

M5 He mexaouaeMm TIPH 9TOM BO3MOKHOCTH, UTO /IS HEKO-
TOPHIX ABYX BHAYeHmil I = t; mapaMerpa ¢ mMeeTcs pa-
BeHCTBO 2 (f3) == z(!;). Taxoe sBiIeHHe Ha3HIBaeTCA CAMO-
nepeceuenue.u 3aMKHyTO# Kpusoil. Mosker masxe ciyamThed,
9TO0 TO4YKA 2 t) npu ¢, meraiomeMca oT 0 go 2n, ocraercs
HeIOBIKHOM, KaK 970 OBUIO B cIydYae OKPY/KHOCTH pa-

puyca Hyab. BakEo TOnbKO, YTOOH MMeNIO0 MECTO paBeH-

ctBo (D3), 9TO 0O3HAUAeT 3aMKHYTOCTH KpuBoit K.

OtrocuTexpHO KpuBoit K MBI IpEAmONOMKHAM ONOTHH-
TeIbHO, YTO OHa He IIPOXOANT dYepe3 HAYAJIO0 KOOPAWHAT.
Ilna raxoit saMKHyTOl KpnBoil K MOKHO BHIUHCIHTH I{eJ06
9HCH0 j, HasbBaeMoe KOIPPHUYUEHTOM 8ayenienus Kpu-
Boit K ¢ magamoM KoopamuaTt. Llesoe dmecno j moxrassisaer,
CKOILKO pa3 Touxa z(l) BO BpeMs ee ABWKemdda npm I,
BoapacraomeM ot 0 mo 2, 06XONHT HAYAJO Hoopnnna'r.

- A Toro uToGH ompefennTh 4ncIo j Goiee PopMaabHO,
BBefleM HoJApHbIe KoopimHaTH P (&) B @(f) Tourm z(t) (cM.
(I)opmyny (13) rmasmt 1), Tak uTo

) z2(t) = [p(%), (1) ].

Pannyec p () Tourm 2(t) onpenenen Toukoii z(t) oxHozfHaYHO,
U rax Kak Touka z(?) mpu m3sMeHeHHH ! [BHIKETCA IO IJIOC-

Kocta P Ge3 ckaukoB, T0 ¢yHkiua p(f) HempephiBHa, T. €.

TaK;e n3MeHAeTCA 6e3 ckaukoB. Yron ¢(t) Touxm z(f) on-
pefielieH HEO[HO3HAYHO, a TONBKO ¢ TOYHOCTHIO JI0 cjiarae-
moro Buga 2km, roe k — menoe aucio. OgHAKo eciw BHIG-
parth A HadanpHo# Touxy z(0) Kakoi-EMGYAL ompeneeH-
molii yrox ¢ (0), To pyHKIHUa @ () ompefenaTcs oflHO3HATHO,
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ecam mpefBABNTH K Heil TpeGoBaHme, ITOOH OHA MEHANACH
Ges CKAYKOB, TAK KaK H3MCHEHH® duncia ¢(f) Ha BeTMIUHY
2kn osmauaer ckavox QyHkmun @(t). Ilockonpky xpmBas
K He mpoxOAHWT depes HAUAJIO KOODAUHAT, TO HE CyIIecT-
ByeT TaKUX 3HAYEHHI apryMeHTa !, IpH KOTOPHIX QyHKIUA
@ (t) craHOBHTCA MONHOCTBIO HeompefereHHoU. PaseHcTBO
(53) mepemnuchiBaeTcA Temepb .B BUAE

[p(2xn), 9(2n)] = [p(0), @(0)].

W3 aroro paBencrBa ciaexyert, 910 p (21) =p(0), HO OTHIOAKL
.He CJe[lyeT aHAJOTMYHOro paBeHCTBa MiA QyHKumm @(f).
Bwmecro TOoro Mn mmeeMm

¢ (2n) — @(0) = 2=, (54)

rae.j — nemnoe yncio. Tak ompefeineHHOe Iegoe 4HCIO0 j It
ecTh KoIPPuyuenr 3ayenaenus zaMEHyToH KpuBoit K
¢ HagasoM KoopamHat 0. Llenoe umeno j Mosker GBHITH ompe-
JleJIeHO TONBKO JJIA 3aMKHYToii Kphsoil K, He mpoxonsmeii
4epe3 HAuaso KoopxmHat. B mpuMepe 7 OymeT mokasaHo,
YTO HPOMCXOANT, KOrja KpuBaa K mpoxomur depes HAUAIO
KOOpJHHAT. : ‘

Ilorasem remeps, uTo KoPPHIUEHT 3ameNIeHHuS |
KpuBoil K ¢ Ha4aioM KOOPAMHAT He MEHAETCA, eCJAM RpH-
pag K sempepwiBuo medopMmupyerca B miockoctn P, He
mepeceKkas B TeueHIre 9Toil feopMaruu HAUATO0 KOOPJHHAT.

Hna toro urto6el mpepgcTaBuTh ceGe HHTYUTHBHO He-
npepbiBuyi0 fedopMaruio kKpuBoit K Ha muockoctu P,
MaTepHaju3yeM 5Ty KpuByio. MEI npefctaBuM cebe ee B BU-
e KycKa HIHTII, JIe;Kalero Ha mIOCKoCTH P, mpnueM KOHI[HI
HITH CBA3AHBI MEKAY co00#l y3JI0M, 4TO 03HAUAET BAMKHY-
tocts KpuBoil. HempepriBras pedopmanusa wpuBoit K
03HAYaeT Temeph IMPOH3BOJHHOE ABH;KEHINEe HUTH MO ILIOC-
KOCTH, TPH KOTOPOM JONYCTHMBI IIPOH3BOJbHBle u3ruba-
HOA, PACTSIKENNA W CHRATHA HATH.

MaremaTudeckn HemnpephiBHAag HNedopMamusa 3aMKHY-
Toit KpuBoit K omickBaercs ciaefyiomum oGpasom. Bpo-

"UTCA B PACCMOTPeHHe HOBBIH mapameTp S, MeHgomuiicsa
B mpefienax oT a fo b, a << s << b, Ilpenmomaraercs, aTo
Ka)KIOMY d9HCIOBOMY B3HAYEHUIO § COOTBETCTBYET HEKOTO-
paA ompefieleHHAd BaMKHYTad KpHBAs, KOTOPYIO MBI 060-
sHaunM qeped K (s). Taxum o6pasom, K(s) ects pynrnua
nepevenHoro 8. Ho smauennme aroit ¢ymxmum K(s) ectn
y’e He YNCIO ¥ [jaske He BEKTOD, 3 Heliad BAMKHYTAA KpH-
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paa. [Ipn durcnposannoM sHaveHnw mapaMerpa $ 3aMKHY-
rasg KpiuBag K (S) ecTb ciel ABHsKeHNA TOYKU

2(t, 5) = [p(, 5), (2, 5)],
rre ¢ MeHserca oT O Ao 25, mpiuem
z(2m, s) = z(0, s),

Tak 49TO Kakgas kpmsag K (s) samruyTa, a § — durcupo-
BaHHOE uICI0, ompefensiomee kpuBylo K (s). IIpegmona-
raeTcs IPH DTOM, UTO 3aMKHyTasa KpuBag K (S) mpm mame-
HEHIIU § MEHAETCHA HEelPePHIBHO NI HII IPH KAKOM 3HA9eHNH
§ He HPOXOJUT dYepe3 HAYaJ0 KOOPANMHAT, TAK 4TO KOd(-
¢IIHEeHT ee 3ameIIeHUA ¢ HAYAJIOM KOOPAIHAT ONMpefeserl
mnpi A1000M 3HAYEHHUH mapaMerpa s. 9ToT Roa(bq)nunem 3a-
" LeINIeHHA BHIYHCIAETCA IO opMmyiie

®(2m,5) —9(0,5) =2j(s)m. . (55)

Tar Kax KpuBag AeOpMHEpYyeTCA HempepslBHO, TO (PYHK-
mun @ (2n, s) u @(0, s) MeHsaOTea Dpn U3MeHCHHHM S _Ge3
CKaYKOB.' A MOTOMY U j(S) WpN M3MeHEHHH S TaKke MeH-
erca 0e3 crauxoB. Ho tak kak 4meino j(s) ecTh 1emoe uirc-
710, TO, MeHaAACH 6e3 CKAUKOB, OHO MOIKHO  0CTABATLCS
TNOCTOAHHEIM, -

Taxum o6pasoMm, B TedeHHe Bceil ne(bopmalmn BaMKHY-
To}t KpuBoil K (s) Ha minockoctu P ee xospduient samen-
JeHNA J(S) ¢ HAYaJI0M KOOPAHHAT He MEHSAeTCH, eCJH TO/ b-
Ko 9Ta KpIiBasg HEKOrAa B Teuenne AedopMamuu He HPOXO-
JIHT dYepe3 HAYAJ0 KOODAMHAT. JTO MOCTOAHCTBO KodpPm-
IHeHTa 3aUeIUIeHUus IPH ne(bopMamm KPIBON ABIAECTCA
Ba/KHEIM (DaKTOM, KOTOpbI OyieT HAMH MCHOJB30BAH
B 6nnmanm,eM maparpade. .

Hpumep 6. Boamcaum wosddunnment samemmenns
oxpyskHocTH K mapaMmeTpnueckn 3ajaHHOM ypaBHeHHAMHI
(51), He mpoxomAmeii uwepes Havag0 KOOPAMHAT. 37eCh
MOryT MMeTh MeCTO [Ba CJIydas: cocTogHme 1 — OKpysi-
HocTh K He copmepskuT BHYTpH ce0s HAadago KOODIMHAT,
u cocTosiHAe 2 — OKpYKHOCTH K cofepmur BuyTpu cefsa
HA9aJI0 KOOPIMHAT.

B mepBoM ciayuae W3 Hagama KOODAMHAT 0 MOKHO IIpO-
BecTH K okpyskHoctd K [Be KacaTeibHBIE: 0@, W 0dg, Tie
a1 | ay; ecThb ToYKM KacaHus (prc. 26). Bymem cumrars,
9TO TOYKH KacaHNIA 3aHyMepOBaHBI TaK, 9TO HANpPaBleHHE
0a; mosyyaeTcA K3 HANPABIEHMA 04; LOBOPOTOM LpPOTUD

(L " ) ) N €7
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2acoBoit c’rpemm ma yroa o < n. Raxoit-unbyas yron
TOUKU @; 0003HAUEM dYcpe3 ¢; (1IMCeTCH B By BTOpad mo-
nsApHAS KoOopAuHATa TOYKH a1). Torma wieno @ + o == @,
eCTh YToa TOYKH dg. ¥Yroa ¢ (0) rouknm z(0) MoskHO BBHIOpPATH
tag, 9r0 @ <X @ (0) << ¢o. Tar Kax Touka z(f) BO BpeMsa
CBOEro JIBHMREHHA IO OKPY/KHOCTH BCe BpeMA HAXOAHTCH
BHYTPH yria @,04, To yrox ¢ (%) Bce Bpema yAOBIeTBOpAET
YCJIOBIIIO
<o(f) < <P2-

Tak kaKk @ << 7, To-H3 HOCIEe/HEr0 HepaBEHCTBA cleAyerT,
910 : ' . .
e(2n) —¢(0) S a<m,

U IOTOMY IeJIoe ‘IHCJIO j, ompejienisseMoe yCIOBIeM (54)“,
ecTh HYIb.

Bo BTOpOM ciydae, Korga Hadajo I{OOpJIHHaT Haxo-
murcs BHyTpu oKpykHoctH K (pue. 27), reomerpuueckn

. . >
£ 2(2)
. y A
@ 7 N
24 : .
“0
Prc. 26. ' Pre. 27.

.

0uEBINHO, UTO BeKTop z(f) mpm BOSpaCTaHHII ¢ Bpamacrca
TPOTHB 9acoBOil CTpeNKH, Tak uTO yroa ¢ () Boapacraer
ot spaueHua @ (0) po ¢(0) 4 2n. Takum oGpasoM, B 9TOM
caydae j = +41.

IMpumep 7. BolacunM Temepb, UYTO MPONCXOMHT
¢ Koa(puIHeHTOM 3allemwieHuA OKpy:kHocTd K ¢ HagamoM
KOODIMHAT, KOTAA OKPYKHOCTh K, nBUTAACH, MEPEXORHT
u3 cocrosuna 1 B cocrosnue 2 (cM. upumep 6). OGosna-
auM qepes K(s) oxpymHocTs paguyca 1 ¢ mentpoM Ha ocn
a6euuce B Touke (14 s, 0), rme s — mamoe uwmcmo. Ilpn
§>0 oxpyxHocts K (s) He coniep:kuT BHYTPH cela HaYaI0
KOODAHHAT H €e x\oa(b(bnnnen'r sameIuIeHHA ¢ HAad4ajioM
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goopamHar paser Hymo (pme. 28). Ilpn s < 0 xosdpdunm-
eHT 3alleleHns OKpyHocTn K(S) ¢ HauaqoM KOODJANHAT
pasen 1 (pme. 29). IIpn MazoM 3HaueHHH § TOUKA 2(0) =
=(2+s, 0) oxpyxmocru K (s) mexur Ha TOJIOKUTEIbHOM

- Y B}
(2] ) . ﬁ
a _7*s 17 \g ] 7+8 z(ﬂ;"
/g : o )
Puc. 28. . Pucr 29,

moryocm abemmce, T moatomy 3a yroa ¢(0) aroit TouRm
'MOJKHO TPUHATH Hydb. JcXoma n3 mpeAmonoskeHHs, 4TO
@(0) = 0, moctpoum yrox @(t) Touxm z(f), Texameir Ha
oxpyxuoctu K(s), cauras oTy (YHKIHIO HENPePHIBHOI

‘(s 5= 0). [las Toro 4To0BI CHENATH IMOBeJeHHe byHRITII

@(t) Gomee HArMAXHBIM, TOCTPOMM Tpaguk oTOH PYHKIHU
cmepBa IpH (PEKCHPOBAHHOM IIOJIO}KATENHHOM MAJIOM 3HA-
yeHMH S, 3aTeM Iph MaioM . (PUKCHPOBAHHOM OTpPHIATEllb-
HOM 3Ha4YeHHuH S. : B ’

Ipn MamoM HOJOKHTENBHOM § MOMKHO HPOBECTH [Be
KacaTelqbHBIe 04 W 0a; K okpykmoctd K (s) (cm. pmc. 28).
Vron Tourm @, o6osHAUMM dYeped —oi/2, a YTON TOUKH a2
wepes “+a/2. 3pech o < 7 m OAN3KO K 7 HPH MAJBIX S.
Touka z(0) ecTs mpaBaAd KpailHAA TOYKA OKPYIKHOCTH
K (s). Korma Toura z(t) mBusercs mpu !, BO3pacTaiomieM
oT HysdA, yrox ee @(f) Bo3pacTaer 10 TeX HOP, IOKA TOYRA
z(t) me 3aiiMeT MOJOKEHHA d2, HPH KOTOPOM YroX TOYKH
2(t) paBen -+a/2, T.e. Gmmsor k m/2. Ilpm pambHeiinrem
IBUKeHNH TOUKH Z(1) OT TOUKE @y K TOuKe a; yrox ¢(i)
CTpeMHTenbHO yOBbIBaeT or —+a/2 o —a/2, saTeM mpu
ABIKEHHH TOUKH z(f) OT TOUKM d; K TOUKe z(2n) yrox
BHOBH BO3pacraer o Hyma. Tarmm obpasoM, rpadmk
dyrknun @({) TpH MajOM HOJOMSHTENBHOM § HMeeT BILJ,
naobpakenuslit Ha prc. 30. ‘

[Ipu MasoM oTpumaTeipHOM S OKpy:KHOCTH K (s) me-
pecexaetcs ¢ ockjo opiuEaT B AByX Toukax (0, b) m (0, —b),
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‘e b — Masoe momoskuTeabHOe dncio. Horma Touka z(t)’
ABHIKETCH IO OKpYsKHOCTH K (S), HCXOAA M3 CBOETO HadYalb-
Horo mojoskeHusa z(0), yrom @(f) aTo#l TOYKM BO3pacTaeT
BCe BpeMsd, HO IIOCJAE TOr0 KaK ToYKa 2(f) HpPOXOJMT cBOEG

-~ Pue. 30.

-

nonosxenne (0, -4b), Bozpacranie cTaHOBHTCA 0YCHb GBICT-

" PBIM 10 Tex mop, Hoxa Z(f) He MOCTHTHET IOJOMEHIA

(0, —b). 3a oTOT mEPIIOX BpEMeHI yToJ Bo3pacTaeT Ha I.

- IToce mpoxosxnenns rouxu (0, —b) yron ¢(¢) mpopomxaer

BO3pacTaTh, HO Y/Ke He TaK CTpeMurenapbHo. Taxkum ofpa-

30M, rpaduk QYHRUHI () TIPI § OTPILATEILHOM IMeeT
BUJ, n300paskeHHIl Ha puc. 31. -

lpun s=0 oxpyxuocts K(s), 1. e. okpymuocts K (0)

IIPOXOANT Yepe3 Hauauo woopiumar (puc. 32). Yrom (),

Y
C 3
yid

/4 R

Ny

| S,
Ny
™

Puc. 31. ! Pue. 32,

TouKIl Z(f) B 9TOM Ciyuae Bospactaer ot 0 fmo 7/2, Korma
TOYKa 2(!) OMUCEIBAET BePXHIOI0 NOXYOKPYKHOCTH OKpPYIi-
socr K (0), m Mbl TOTla HMeeM Ha BTOM NpOTAKeHUH
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ppeMeHI
. ¢
o) =5

[lpn t=nm T0uKa z(t), T. €. TOIKA z(7t), coBmagaer ¢ HaYa-

oM KOODAMHAT, I yrol @(f) He ompeeseH. Ilocme Toro

kak Touka z(f) TmpoiifieT Hauamo KOODAMHAT, ee yroi (%)

caefyeT cumTath OmuskmM JaHb0 K —mn/2, nubo  3m/2.
. ”~ .

- plt) ,
I ,
z —on
| |
7 Ea 7% ¢
N
]

Puc. 33.

Tpadnr $ymxuum () mpm ¢ = 5 mperepueBaeT paspLiB
H JajbHellIee TOCTPOCHHE MOKET GBITH MPOBEJeHO ABYMS
pasIMIHBIME croco0aMu: JKGO TaK, KaK 9TO n306paKeHO
ma puc. 33, mmbo Tak, Kak 3T H300paNeHo HA PHC. 34,

)
Z’[ ......... ;‘_-.,,------ ‘
5 |
}—ﬂ'
b4
;’_t g
F3
J 7 ot
Puc. 34

- TakuM o6pasoM, rpadmk QyHKIHAH. ¢(t) mpm s momoKm-
TeIBHOM 1 CTPeMANEMCs K HYNO CTpeMHTCA K rpaguky -
yurmuu ¢ (t) (upu s=0), uzobpaskeHHOMY Ha pHC. 33,
a.rpaduk yHKuEn ¢ (f) Opa S OTPUIATENLHOM I CTPEMS-

n"



~ -

. IMIeMCA K HYJIO CTPEMHTCH K rpadury gpynxumn .@(¢) (opm
s = 0), naobpaskennoMy Ha puc. 34.

Takos- mexanmsm, ckaurooGpasHoro maMeHeHIs Kodp-
dunnenra sanemnexHus j (), onpepensemoro gopmyaoii (55),

) -7 & s s

Puc. 35.

/»;,"‘: 7+

Puc. 36.

Korjia B npomnecce naMeHenns xkpusas K(s) mpm mexoTopom
SHAYEHNN § MPOXOJNT 4epe3 HAdalo KOOPAMHAT.
IIprmep 8. Pacemorpum kpuByo K., sagaBaemyio

HapaMeTPUYecKH CJIeTyOMUMH YPABHEHAAMHA B MOIAPHEIX
KOOpAHHATAX: ’

p=p(t)=1 —I—sco_st,}
@ = ¢ () =nt,

rie n =0 ects menoe gncino, 0<<Ts<<1 — zanannoe wue-

a0, a t usmenserca 0T 0 mo 2m. Tak kak 0 << s < 1, 10

17 o

’

56)




p(t) >0, u xpuBaa K, He MPOXONUT Yepes HAUANO KOQP-
_puHAT. Yrou ¢ (), sagaunsiii popMynoit (56), ects Heupe-
peiBHag ¢yHRIHA napamMerpa ¢, mpuieM @(0) =0,
@ (2n) = 2nn. Taruy ofipaszon, us gopmyasr (54) Mer no-
aydaem, 910 j = n, 1 rooddunienr sanemiernas Kpusoii
K. ¢ mavajiom koopiuHAT paBeH R, rje 7 — 3a4ANHOC [O-
_JMO’KHUTENbHOE HIM OTPIaTejlbHOE Hexoe wmcio. Hpmsas
K, nsobpasrena Ha pue. 35. Hpumas K3 m3oGpasiena Ha
‘puc. 36. Kpusasa Ky nMeer ofHy TOUKY caMoliepecedenus,
rpuBasg K3 — Be TOURH caMomepecedeHHA. ITH PUCYHKI
cfleTaHbl B MPEAION0KeHIH, 9T0 § = 0.

Ipu s=0 Touka z(t) =[p(?), ¢(¢)] mBAKETCA DO OK- -
pyxuoctu K’ (p==1) paguyca efuHHIa ¢ IeATPOM B Bada-
Jle KOOpAMHAT, HO @ () IpPH STOM BO3pacCTaeT CO CKOPOCTHIO
B n pa3 Oombniel, uem f, m0ITOMY, KOTAA ! M3MEHACTCA OT
0 mo 2m, Torna z(t) n pas mpoGeraer oxpy:kHOCTH K,

§ 8. MHOroueHHI KOMILIEKCHOTO EPEeMEeHHOro

Tak e Rak 1 B § 4 (cM. gopmyny (])), BBIIKINIEM pa-

BEHCTBO
f(z2) =apz" +aiz" ' ...+ a,, (57)

rfie do, @i, ..., @n CYTh KOMIUIEKCHEIe KO3(PPHIMEHTH.
B npasoii vacTi paBeHcTBa (97) CTOMT MHOTOWIeH CTeIEHI
n ¢ KOMIUIEKCHBIMH K03PQUIHeHTaMI OTHOCHTEILHO 2.
B JIeBO#l 9YacTH BbIpa)KeHNe [(z), KOTOpoe MBI B HEpPBYIO
odepe/ib paccMaTpHBAEM KaK COKpalieHHOe 0003HAa9eHINe
MHOroWIeHa, CTOAMIero B lpaBoil dacTtil paseHcTBa (57).
Tar Kark MBI yMeeM IpPOU3BOANTH JeHCTBIA HaJ KOMILIEKC-
HBIMH YIICJIaMH, TO, HOACTABNssA BMECTO 2 B IPaByI0 9acCTL
paBeHcTBa (D7) Kakoe-HuHOYAbL ompefeleHHOe KOMILIGKCHOE
qucio, MosyuaeM i f(z) ompefeleHHOe KOMIUIEKCHOe
spavenne. TakuM o0pasoM, f(2) ecTb Komnaerchas @ywk-
YUs KOMNACKCHOZ0 NEPEMEHH020. 5. -
KommiexcHasg (yHKISA KOMIUIEKCHOTO HEPEMEHHOTO 32
He 00s3aTeNbHO [OMKHA ObITh MHOTOYJIEHOM OT 2. Ecin
CYI[ECTBYET KAKOe-TO LDABIJIO, TI0 KOTOPOMY MBI MOKeM
BBIYACINTH KOMIUIEKCHOe 3HavYeHHe BeqH4nHHl f(z), sHas
4IICI0BOE 3HAYEeHMe KOMILIEKCHOrO. IEPeMeHHOr0 %, TO
f(2) ecTh xKoMmiercHas PYHKIHNA KOMILUIEKCHOTO mepeMeH-
Horo 2. Ecnm MBI nMeeM Kakyo-HUOYAb KOMILIEKCHYIO
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Y1, ‘[TB

dyrKDUI0 f(2) KOMILTEKCHOrO IEpeMeHHOIo 2, TO, IOJAras
w = f(z), . (38)

MBI HOJly4aeM 3d6UCUMOe KOMNAEKCHOE NepeMeHioe W, oll-
peRmensieMoe Kak QYHKIUA f(2) KOMNAIEKECH020 He3a8UCUMO20
nepemennozo unm apeymenra z. B prom maparpade Mul
GyneM paccMaTpHBAaTh TONBRO TaKIle KOMILTEKCHBIE (DVHE-
AN ROMIUIERCHOTO TepeMeHHOro 2, KOTOpble 3ajalnTes

_B BIJie MHOTOWIEHa, T. e. B Birle (57).

B ciayuae mefictBuTeanHOTo MHOrowTena f(z) meiicTBI-
TeJIBHOTO Ii¢PeMEHHOI0 £ MBI IMeeM MPOCTYIO TeoMeTpirde-
CKYI0 BO3MOKHOCTH H300pajsieHus MHOTOWIeHa f(Z) mpn
nomomu ero rpaguka (cm. § 4). Takoit mpocToit Bo3MOMHO-
CTH Te0METPHYECKOro M300Da’KeHIss KOMIIEKCHOI0 MHOIO-
uieHa [(2) KOMIUIEKCHOrO TepeMeHHOr0 Z Ml He IIMeeM.
Ectb, ofiHaro, BOBMOKHOCTH TEOMETPIHYECKOTO TOAXOA
K H3YYeHHI0 KOMILIEKCHOH (yHKIuu f(Z) koMILTeKcHOTO
mepeMeHHOTo z. s 8TOr0 HapAMy ¢ IIIOCKOCTHIO Z KOMII-
JIEKCHOTO MEPEeMEeHHOro 2 pacCMaTPIBaloT IJIOCKOCTL W
KOMILTERCHOTO HEPEeMEHHOTO W 1 CTABAT B COOTBETCTBIIE
Kazkjoif TOUKe Z MepBoil MWIOCKOCTI TOYKY 1 BTOPOH ILIOC-
rocti, ompefiessieMyto mo ¢opmyne (58). Uayuenue reo-
METPHYECKIX CBOMCTB 3TOTO COOTBETCTBHA ILIH, KAK T'OBO-
PAT, TeOMETPHYECKIX CBOMCTB OTOOpaskeHNsA INIOCKOCTH
KOMIIJIEKCHOT0 IIepeMeHHOro Z Ha INIOCKOCTH KOMILIEKCHO-
ro mepeMeHHOro W, oTKpEIBaeT GOXbUITe BO3MOKHOCTH JUTsi
nsywenns QyHruun f(z). 3mech MBI IpomeMoHCTpupyem
OTH BO3MOMKHOCTIL IS IORAJATENLCTRA OCHOBHOH TEOpeME!
Bhlcmell anreGpor.

Mnorowren f(z) (cM. (57)) jciicTBITeNbHO HMeeT CTe-
TeHb 7, eCaH KodMPPuIIeHT ap Upn n-H cTeneHn z B HeM
He papeH Hysio. J{1a Toro uro6ul BRIpasnTHL 3T0 0GCTOA-
TeABCTBO B. COBEPUICHHO OTUeTNIBOIT opme, MbI Gymen
paceMaTpuBaTh MHOrOWTeH f(z) Buna

f(2) = z"4a;zn! . (59)

Ilpn froxasarenbCTBe OCHOBHOII TeopeMbl BHCHIOH aj-
reGpel OKA3BIBAETCA Ipeie BCEro, 4TO MHOrOWIeH f(z)
(cM. (59)) cremenmr n = 1 nMeer mo Kpaiimeli Mepe ofmu
KOpeHb, T. €. CYHM[eCTBYeT TaKOe KOMIUIEKCHOe GHCIO

i(n) =0,
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TFeomeTpnueckas njes OoKasaTeibclBa 3Toro (akTa
saruQuaerca B caciyomes. Komngexcroe wncio z samn-
CHIBAGTCA B TpuroHomeTpneckoii gopme, umeno,

z—r[cost—f—zsmt]. (60)

3jlecb I eCTb MO/lyJdb KOMILIEKCIIOTO 9HCIA 2, & [ — ero
apryment. Yncao r B dopmyne (60) Gynmem cumraTs moc-
[OSIHHBIM [OJIOKUTENLHBIM 4NICJA0OM U OyAeM CYMTaTh, 9T0
mengerca or 0 mo 2m. B mpouecce Taioro maMemeHus mna-
pameTpa  Todka z (cM. popmyry (60)) omnceiBaer B mioc-
KOCTH Z OKPYH{HOCTb pajuyca I ¢ IeHTpOM B Hadaje KOOP-
[UHAT, KOTOpylo Mbl ofosHauuM gepes K (r), momuepruBas
3THM, YTO OKPY/KHOCTb 3aBHCHT OT BbiGopa umcia r. Ilpo-
deraemas npu uamenenum ¢ or 0 go 2; oxpy:xHocTs K ()
ecTb 3aMKHyTaA KpHBasg, uMeHHo, npu [ =0 n { = 2x
Zz=="r, T. . HA4aJ0 U KOHEI ONHCHIBAaeMOii JHHUE COBIA-
HAI0T MCIRJLY COGOif.

ITocmoTpuM Temeps, KaKywo Jiunio OUHCHIBAET TOYKA
v == f(z), onpepensemas paBencrsom (58), B. WIOCKOCTI
IV, rorjia z omuceiBaer oxpyskHocts K(r). meem

w(t) = f(r(cost +isint)).

3nech Banucao w(t), Tak Kak HepeMeHHBIM MBI CUHTaeM
TONLKO t, a I — eanynsoil -nocrosmuoil. Ilpnm arom ¢
vewsieren ot 0 po 2x. Jlanee, Tak KaK KOMIVIeKCHOE YIICIO
znpn ¢ = 0 u mpu-¢{ = 27 1UMeeT OHO H TO e 3HAUEHUE

r, TO
w(0) = w(2n) = f(r).

Takmm ofipazoM, mumu1, omuckiBaemas Toukol w(f) mpm
uamedenun ¢t or 0 no 2m, asiscrea saMrHyTofi. Mbr ofo-
suauuM ee 4eped L(r), momdepruBam STHM caMmbiM, 4TO
oma sapucuT oT BhIGopa dmcya r. Ecam saMKHyTadg JuHHS
L(r) nme npoxoaut uepes HAYan0 KOOPAMHAT, TO MOKIIO
BBIYIIC/AHTL KOD(MUIMEHT ee 3aleMTeHUs ¢ HAYaIOM KOOp-
suHaT (cM. § 7). OkasbiBaeTcs, 9TO A KOCTATOYHO GOJIb-
UIOr0 3HAYEHIIA YICHA I' == ry 370T KoddpduuuenT samnene-
HIlA paBeH 4Icly 72, T. . cTelleHN MHorowieHa f(z).

Brruncaum Koacbtbuuuen'r sanemnenus aupnun L(r) c na-
18JIOM KOOpAWHAT Uil NPOCTEHuIero Buga MHOIOWIEHA
[(z), wmenno, nia caydas, norna

= J(s) = o (81)
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anmmeM wmncao w B TpUTOHOMeTpHIECKOH opMe, monoxUB
w=p (cosp-+ising). .

Iaa exyaas (61) cBA3b MeKIy MOMADPHBIME KOOPAMHATAMII
TOYKH W W TOYKH 2 WMeeT BHJ :

p=r", ¢ =nt.

Horpa ¢t menserca or 0 o 2n, @ menserca or 0 jo 2nm,
11, exefioBaTenpHo, Kooddunuent sanennenus nnann L (r)
B caydae (61) pasen n. - ’

Jns. Boramcienna kosdduiuenta 3aneIcHAA JTHHII
L(r) c magamom koopamuar B ciysae (59) BBemeM B pac-
CMOTpeHHe HOBbIH MHorowIeH f(2, s), saBmcAmuil oT Heii-
CTBHTEIBHOTO mapamerpa s, 0 << s << 1, u ompenensembIit
dopmymoit

w==f(z, $) =7 + s(a;z"! + - + a,). (62)

Hpn s = 41 MHOrOwren (62) mpespamaercs B MHOTOWICH
(09), a mpm s = 0 om -npuobperaer mpocroit Bua (61).
Iorna z oumcuieaer oxpymuocTs K B miockocTs Z npu
t, mermermemen ot 0 o 25 (em. popmyay (60)), w==/(z,s)
OIUCHIBACT 3aMKHYTyIo Kpueylo L(r, s) B mzockoctu W.

Wayanm Temepb 0T71e1bHO 1:HOTOWIEH, cTOAIINN B (op-
myne (62) ¢ xoappuuuentom 5. Ml ero oGozHaunm we-
pes g(z), Tak 9T0 MBI EMecM )

g(Z) = a‘lz"_l + o "i’ 0.

Hac unrepecyer Mopyub Benmunubl g(z). Tak Kak M1 Ha-
MepeHBl paccMaTpuBaTh GOJblIMe 3HAUEHMA I', TO. 3apalce
upenmonoKnM, 91o r = -1. Monmynn cymmul Memsmie miam
paBeH cyMMe Mopyieii (cMm. opmyry (28) ri. I). dto BepHo
IUIA TPOM3BOJBHOTO UHCJIA CHAraeMsIX, 4TO JCIKO BHIBECTH
us gopmyasi (28) rmass I, mocenoBaTensno ee mpuMeHss.
IMostomy mMeem

le(2) | <m™~'(lai]+]as|+ ... +]a.]),
ecnu r = 1, unn ) - ‘
- lg(z) | < ert, - (63)

rae ¢ = |a;|+ ...+ ]a.|. Mot momyumim To, wTo Hazm-
BaeTCA B MaTeMaThKe ONEHKOH MOXYJIa Benmummbl g(z),
uMenme# Mecro mpu r = 1.
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N3 dopmymasr (62) cmenyer, ato .
' (2, ) + (—sg(z)) = z".

Orciofia, TaK KAK CyMMa MOAYJQH IBYX KOMIJIEKCHBIX 9H-
ce/l GoTbIIC T PAaBHA MOAYJF0 WX CyMMBI, BBITEKaeT, YTO

|Hz s)| +sle(z) | =r

3aMeHAa B lOCJAe[HeM HepaBeHCTBe Besiuuury s|g(z) |
Goaprreil BeauvyuHOH B cHay popmydnl (63), MBI mosydaeM

HepaBeHCTBO
(2, 8)| et =17,

wim, nHAYe : :
|1z, 8) | =r"—crm, (64)
~
Tar f:ak MBI HaMepeHBI paceMaTpliBaTHOJDIING 3HAYCHIA
r, T0 MO3KeM TIPeAHONONTh, 4To ro > ¢. Torma us Hepa-
seHcTea (64) cmenyer, ato

|/(z, )| >0

upu |z| = ro. TakuM oGpasom, pI S, MEHAOMEMCS 0T 0
mo 1, |w| (em. (62)) mukoraa ue oGpaiiaercs B Hyib, T. e.
wkpusas L(r,s) HE Opy KAKOM 3HAYEHHH S HE IPOXOMIT ye-
pes Hayagso xoopamuat. CiemoBatenbuo, (eMm. § 7), rood-
uimycur ee 3aneIeHnss He MeHAETCS TPl U3MeHeHn s ot ()
mo 1. Ho mpn s==0 ator. KoaPuruenr 3auemienis HaMu
Bbrylicien. On pascH n. CireioBaTenbHo, M A8 MHOTOUJIEHA
f(2, s) mpn s==1,1.e. qua MuorowieHa (59), Kospdumniienr
satemienusa kpnsoit L(r) tawKe paBeH n, eciu r =1Iy.

Mosnbsysncy MHONydeHHEIM pe3yAbTATOM, MOJKHO J1erko
lokasaTs, yTo MHorowieH f(2z) (cm. (D9)) mpu n>=>1, Bcerna
umeer xoTa Obl ofwn KopeHb. Ecam csoGonmmmlit wien a,
vidrowreHa f(2) paBeH HYJI0, TO 9TOT MHOTOWIEH HMeeT
oueBL il KopeHb Y =0. [loatoMy M paccMoTpum S,
ciay4ait, korga a, ¥ 0. -

Paccmorpnn usMmenenne wpmsoit L(r) npn r, yoniBaio-
ngeM oTre 8o 0. i, 1t TakoM uaMeneHun r xpusas L(r) ae-
dopmupyerca v npu r==0 CcTArHBaeTCA B OAHY TOUKY W== -
=a,. I10 3Hauyut, 910 w(t) mpu r=0 ecthb HemojABIKHAA
TOYKa ILIockocTH W, omaiiinasg oOT Hadajza KOODHMHAT.
Taxnm o6pasem, aprymenT sroii Toukn ¢ (I) BoBce me Me-
usgercsa. Mt umeeM ¢ (2n) —@ (0) =0, 1. e. kodpPurment 3a-
nemwteHnsa KpuBoi L (0) ¢ HavamoM KoopMIIHAT PAaBCH HY.IIO.
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Tak wrax, mo pamee moxazanmoMy, koapduinment samemre-
HMA KpuBoi L(rp) ¢ HavaioM KOOpAIIHAT paBCH /L, TO B
nponecce fedopmanun kpusan L(r) mpm r, MeHsomeMcs
0T ro o 0, fOMKHA MPH KAaKOM-TO 3HAYeHUU r OPOMTH Yepes
Havano roopimiar. OGozEadliM 5TO 3HaveHme r 4epes Iy
Taxum ofipasom, kpusas L(r;) mpoxolnT uepes Ha4a1o KO-
OpAMHAT. A 9TO 3HAYMT, YTO HPH KakoM-To 3HaTednu £, Ko-
Topoe papuo t;, M umeeM w(t;)=0. Taxkam oGpasom,
HoXy4aeM
: w = f(r; (cost; + isint;)) =0,

H,. ClieI0BATEIbHO, .

Y1 ==ri(cost; + isint,)

¢CTh KoDeHb MHOTrQ§IeHa f(2). TeM caMbiM cyllleCTBOBaHIC
OJIHOTO KOPHs MHOrowieHa f(z) jgoxasaHo. '
Temeps yke m;erxo jokasaTb, 4To Muorowien [(z)
(cM. (59)) cremenu n mmeer posHO n KopHeil. dTo loKaza-
TeALCTBO HMBJIATAETCA B DJICGMEHTApHOH auredpe, HO A ero
afiech TOBTOpI0. BoabMeM 1IPOU3BOILHOE KOMILIEKCHOC
uncxo Y m Gyfem mexuts MHOrowieH f(z) (em. (59)) ma nBy-
ywien z — Y. B pesyabraTe fleseHns Mbl 00JyNHM OCTATOK,
OBITH. MOKET PABHBIA HYJI0, KOTODPBL, ONHAKO, HC BABICIT
OT 2 | KOTOpPLUL MBI-0Go3Hauum yepes b. Mp umeewm, cie-

10BaTEIbHO,
f(z)=fi(2) (z—v) + b, (65)

rne MHOrOWIeH fi(z) uMmeer yike cremedh n — .1 u 3amuce-
Baerca B BHAe ‘

I(z) =2 4 b2 4 b,

[lopcraBuas Temeps B pasercrTso (65) BMecTo IpOBBOIL-
HOTO dmciaa Y KopeHb Y MHorowieHa [(2), hoayuum
b = 0. Taxum oGpasoM, MHOrowien f(z) genntca Ha ABY-
uneR Z —Y1, eCIH Y- eCThb KopeHb MHOrowiena f(z). Ecanm
MHorowren f(z) mmeer crencHn 2 == 2, To MEOTOWIeH f(z)
uMeeT cTemeHh n— 1 2= 1, B yike U0 NOKa3aHHOMY MOKeT
GRITH pasIONKeH HAa MHOIKHTENY

- h(2) = £o(2) (2 — ),

rfie Y2 — KOpeHb MHOTOWIeHA fi(2), a snaunut, u MuorowIe
ua f(z). Ilpoftomxas ator npouece janee, Mbl NOIYINM [15
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srorowrera. f(3) pasiomente
’ 1) = (=1 (z—v2) ... G —V.).  (86)

Yucna .

Y?) ey ‘Vﬂ, ' (67)
04eBIIAHO, ABIAIOTCA KOpHsMu MuorowieHa f(z). Opmako
HeKOTOpPble M3 HIX MOTYT OKa3aThes PABHBIMHE APYT APYTY.
TaruMm o6pa3oM, yTBep:RieHIe, 4T0O MHOTOWIEH n-il cTene-
ui f(2) nMeeT n KopHeii, 03Ha9aeT He TO, YTO BCe 3TH KOPHH
pa3qIIHbl Me;KAY coGoil, a JHmb TO, 9T0 MHOTOUNeH f(z),
MoeT GITH peficTaBNen B Bue nponssefenus (66). Ecam
q1CT0 V) BCTPedaeTca B 10CHE/I0BATENIbHOCTH (67) TombrO

0JiUH pa3, TO KOpPeHb Y; HA3LIBAETCA NPOCTHIM KOPHEM

muorowitena f(z). Eciu oE BcTpedaercs B aToll mociefoBa-
Te;ILHOCTH HECKOJIBKO pa3, Hampumep, k£ pas, u k> 1, 10
KOpeHb Y| HasblBaeTCsd KPATHbLM KODHeM KEpariocTu k
muorowiena f(z). .

B roune § 3 6bLIO 0KA3aHO, 9TO ecii MHOrowreH f(z)
goIfeTcA AeHCTBITENLIBIM, T. €. HMeeT AeHCTBHTENIbHBIC
roa(PunEeHTE, TO MApPAlY € KaIBIM KOMIUIEKCHBIM KOP-
HCM Y OH HMEeT If KOpeHb Y, conpsirennsiii ¢ y. OxaabiBaet-

cs1,4TO KOPHI Y 1 YBATOM Cilyd9ae HMeIOT OHHAKOBYIO Kpart-
HOCTh. Jlonan\eM aro. [lonycTum, 9T0_Y eCTh KOMILIEKCHBIH
(He }IeKCTBIITeJIBHI)III) Kopenn. Torma y Tarite ecTb KOpeHb,
APITOM OTAHYHBIT OT Y, I 'MHOrouwsneH f(z) pasmaraeTca B
Tipou3Be/ienire

1(2) = (2 —7) (2 — ¥) Jo(2) = g(3) fa(3),
g(z)'=(z— V) (Z*-—;?) =22 — (y+v)z+ vy

ecTh Jxeﬁcmmenbnmﬁ MuOorOwIeH. Tarum 06pa30M neicT-
BITeNbHHE MHOTOWIeH [(2Z) feanTcss Ha JeHCTBHTENBHBI
MHOTOWTeH g(2), H, ciefoBaTelbHO, IPOBOAA JleleHHAE IO
HpaBMJIaM dleMeHTapHON anreé0phl, Mbl MOJYIUM B pe3yab-
TaTe JleleHHA eMCTBITENbHBIT Muorowien f3(2z). Ecan
MHOTOWIeH f2(2) BHOBB MMeeT KOpeHb Y, TO OH HMMeeT W KO-

pens Y. Ilponomsan atoT nporece fanee, MBI y6esrnaemes,

9T0 KOpPHE Y MY AeHCTBUTENbHOro MHOTO4WIeHa f(z) mMeloT
OIMHAKOBYI0 KPAaTHOCTD.

Mpumep 9. Paccmorpum Gosee mompoGHO npoc’reu-
'upft MHOrOWIeH CTelleHH N

f(z) = o,

rape
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LIMeITHO, mocTapaeMcs (ojee fACHO NPCJCTABUTL cefe reo-
.MeTpudeckn otobpasieHnue f miockocty Z Ha mIocKocTb W,
onpefienseMoe PaBeHCTBOM W == z". Jaa aToro BBeieM B
wrockoeTax Z n W noaspusle KOOpAMHATHI, IIMeHHO, HO-
JO/RKUM ’

z=r(cost+isiﬁt), - " (68)
w==p (cos ¢+ ising). (69)

Torga uMeeMm
p=r", ¢=ni

Touxa z npn mocToAHHOM ¢ M HeOrpaHIYeHHO BO3PACTAIO-
meMm r ot 0, omuchiBaeT B, WIOCKOCTH Z HPAMOJITHEHHBI
ays A(t), HAaKIOHEHHBIH K NONOMKHUTCIBHON HOJNYOCH al-
cuce Ha yron ¢ (cum. 68)). CooTBeTcTBYIOmMAn 3TOI TOUKe 2
T09Ka w (cM. (69)) onnchiBaeT B3TO BpeMs MpPsAMO,i HeHHBI
uyd B(@) B mnocroctn W, HakmoHeHHBII K M0N0 IITe bHOIT
mosyocn abemuce Ha yrox ¢ = nt. Taknm oGpasoM, mpu
¢rkcuposannon ¢ oToGpakenue / miockoeT Z B IIIOCKOCTD
IV npespamaercs B oroGpaenne ayga A (¢) ma a1y B(g),
3ajfiaBaemoe (opmyioil

p=r (70)
- Ans Toro 4ToGH nyunie mpeAcTaBiThH cebe BTo oTOGpasite-
Hue ayia A(¢) ma ayu B(¢), MosHO paccMorpers rpadur
Ppynrn (70), oTkaafbBag r o ocu

abcuuce, a p HO ocH OpAHMHAT

Y (prc. 37). 3amernm, uto ayy A4(0)
- COBfiajlaeT ¢ MOJORHTEJLHON MOJY-
ocho abcmice Ha IockoctTH Z, a
nya B(0) coBmanaer, ¢ momo;knTens-
- HOil mosjyockio abcmice Ha mioc-
. koctr W. Ilycrs Temeps ¢ Bo3pac-
. taer ot 0 mo 2mt/n. Torpa nyu A (t)
7 3aMmeraet yrom Me:ay aydom A (0) n
Puc. 37, ° A (2n/n) Beauuunsl 25t/n, CooTBeTCT-

) Bylomnit atomy nyay A (t) ayq B(g)
COBEpPUIHT B 3TO BPeMsA JIOJIHBIH mO-

BOPOT Ha 27 M 3amereT Bclo IiIockocts W. [lasee, mpm
Bo3pacTanum ducaa ¢ or-2mn/n mo 4n/n ayu A(t) samerer
yrox mexxay aydamu A (2n/n) u A (dn/n) Benmumust 2m/n.
A coorsercTBylomuii emy ayd B(¢) BHOBb 3aMereT BCIO
mrockocts W. Takum obpasom, xorma ¢ Bospacraer or 0
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no 2m, nyg A(t) saMeTaer BCK IIOCKOCTh Z, COOTBETCTBY-
fomuii eMy ay4d B (@) coBepmwut n HoaHBIX 060pPOTOB H 7
pa3 3aMeTeT Bcio mIockocTs W. Msl BumuM oTCIO-
fa, 9TOo Tpm orobpaykeHunnm [ miaockocth Z N CIOSA-
MU HaKpbIBaeT MIOcKocTh W, Tak dT0 B KaKAyio
Toyky w70 miaockoctu W mepexofuT n Touek MIOCKOCTH
Z. VickmiodeHne coctaniaser TOABKO Hadado koopanHat 0
miockocTn W, B KoTopoe mepeiiieT TOIBKO HAYANO KOODPHH-
HaT miaockocTu Z. OmucaHHoe 3fiech oToGpaskeHie f ILIO-
CKOCTH KOMILIEKCHOTO -IePEMEeHHOr0 Z Ha' ILIOCKOCTh KOM-

MJIeKCHOTO uepéMerloro W odenn TUNHYHO H HTrpaeT Bayk- -

HYI0O POIb B I3YYeHMH QYHKIHU KOMILIEKCHOTO mepeMeH-
110ro. '

ITpumep 10. Ilpu nmoxasarenscTBe OCHOBHOH Teo-
peMBl BbiclIell anre6psl HamMu GbLIa B3ATA OKPYKHOCTE K (1)
B INIOCKOCTH Z KOMIUIEKCHOTO MEePEeMeHHOro z pajuyca I ¢
HeHTpoM B Havame koopaumHaT. IIpu oroGpamennu f(z)
(cm.(59) ) oxpysmuocTs K (1) mepexofinna B 3aMKHYTYIO KPH-
‘sy10 L(r) mnockoctn W. Bbuio moxasaisgo, 4To Aas JOCTa-
TOYHO GOJBINOTO 3HAYEHHHA I = ry KOOPPUIMEHT 3alenIe-
HHEA 3aMKHYyTOil KpuBoi L(ro) ¢ HawamoM KOOpEHHAT B IIIO-
crkoctu W pasen n. B mpeamosnoskenuu, uro cBoGONHBI
yieH MHorogneHa (59) a,#0, M paccMaTpuBann medop-
Manuo 3aMKHyTol Kpusoil L(r) npu r, Menaomemes or Iy
no 0. Tar kar xoapuient sanemnenus xpusoir L(ro) ¢
HAYaI0M KOOPAMHAT PABEeH 1, TO eCTECTBCHHO GBLIO GBI OH-
fath, 9TO B IpoIlecce N3MeHeHHA
yucaa r ot ro mo O KpuBas
L (r) mpoiifet 9epe3 Ha4alo KoOp-
JAMHAT n pa3, a 9TO 03HAYAIO
651, uTo MHOrowieH (59) mnmes 661 /
‘1 pasqUYHBIX KOpHEH, B geiicTBH- - /
TeJILHOCTH JKe OH MOMKeT MMeTh
KpaTHBIe KopHH. i TOro uTo6Ht
00BACHUTD TeOMETPUIECKH TIPOHUC-
XOfflllee TPH 3TOM ABJEHHe, CJIe-. .
AyeT IpeACTaBUTH cebe, 4TO KpIi- Puc. 38.

BasA L(r) mMokeT uMeTh IpH HEKO- :

TOPOM 3HA4YeHH!I I HEOOJBUIYI0 NeTdo, O6XOMAILYIO
BOKpYr Hagasa xooppuHat 0 B miockoctu W (pue. 38),
mnpudeM npu yOBIBAHHII r TeTAA dTa CTACHBaeTCA
R Hagamry Roopaumar. Takum o6pasoMm, BMeCTO Toro,
4To6Bl mepecedbcs N DPOHTH dYepes HAYALO KOOPAWTAT

[
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mBaskan, kpmBag L(r) mpoxonmT depes Hero JAmb OfUH
pas. CraruBaHueM meTelb TaKOTO popa u O()’I:HCHHGTCH
CIUAHMe KOpHeil, OTKyJa M HOAYJalOTCA KpPaTHBIe KOPHIL.

LOBABJEHNS K TIABE II

Bynmem cunraTh, 4T0 B HPOCTPAaHCTBe 3ajaHa IPAMO-
yroipHAaA NeKapToBa CHCTEMa KOOPIMHAT TAKHM CIOCOOOM,
Kak 910 GbLTO ommcaHo B fobaBiuennu K raase I. PacemoT-
PHEM CBA3H . MEIKAY aireGpamiecKAMyU COOTHOIIEHHAMH X
reoMeTpAdeCKuMU (UrypaMu, KOTOpble aeT BO3MOKHOCTH
YCTAHOBHTH 3TA CHCTEMa KOOD[AUHAT. ’

1. OynKunu ABYX NepeMEHHBIX W WX rpamkm B mpocr-
pancree. Ecau f(x1, 22) ecTb QyHKIHA ABYX HE3ABUCHMBIX
NMepPeMeHHbIX Z; H 3, TO ypPaBHeHHe .

zg = f(z1, x2)

\ .
onmpefelfeT B HPOCTPAHCIBE HOBEPXHOCTH S, COCTOAMIYIO
13 BCeX TOUEK Z BHJA

z = (21, 23, f(21, 22)).

Dra moBepxHOCTHL S mpeAcTaBageT coboil rpadmk PyEKIEA
ABYX TepeMeHHHIX f(Z), Z2) B MpOCTPAHCTBe, MOJydIeHHBIH
NpH TOMOINM BHIGPAHHOM CHCTEMBI KOOPAWHAT (cpaBuH
§ 4). IoBepxHOCTH S MO;KeT GBITH MOCTPOEHA CJIeMYIOLIHM
obpasom. Ilycrs &y, Z2 — mpomsBoibHAA Mmapa dYHCEX H
p = (z1, z2) — TouKa B KoopAmHaTHO# mrockoctm (1, 2) ¢
KOODANHATAMH &), T3, HoopammatHas miockocTs (1, 2)
u ecth mwiockocTh P. Ha mepmenmurynspe K miockoctu P,
IIPOBEIeHHOM Yepe3 TOYKY P, OTIOMKHM OTPe30K pI [IHHBI
|f(x1, z2) |, manpasiennsli BBepX, eciu wucno f(Z1, Z2)
MOJIOYKNTETBHO, M BHAS3, CCIH 9HCIQ f(Z1, Z2) OTPHIATENH-
Ho. IloBepxHoCTh 'S COCTOMT W3 BCCX TOUEK & OMUCAHHOTO
BHja, KOTJA YHACIA &) H L3 IPAHAMAOT BCEBO3MOKHEIe 3HA-
qenus. ‘
Ecan $ynruus f(zi, £2) ecTh KOHCTAHTA, T. ©.

]‘(xl’ xQ) =,
TO HmOBepXHOCTH S ImpefcraBiaser coboif maockocts P(c),
mapamTeliblylo IIockocTn P, IpoBeleHHYI0 Ha paccTos-

HuH |c| oT mrockoctm P Han HEIO, €CaN ¢ HONOKHUTEILHO,
W HOf Helo, ecau ¢ oTpunarenbno. B mmockocru P(c¢) ecre-
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CTBCHHO BO3HHKACT NPAMOYIOJbHAA MEKapToBa CHCTEMA
KOOPIHHAT, IIMEHHO, 3a IHepBYI0 OCh CJeAyeT NPIHATH
nepecedenne mrockoctn P(c¢) ¢ KOOPAMHATHOl IIITOCKOCTHIO
(4, 3), a 3a BTOpyI0 OCh CiefyeT HPHHATL mepecedeHHe
mnockoetn P(c) ¢ KoopamHaTHON miockocTeio (2,7 3).
Paccmorpim Temeph Goiee HMETepecHY0 (QYHKIHIO
f(xy, x2), uMeHHO, QYHKIIIO, OMpPEAEIAeMYI0O PABEHCTBOM

f(zy,25) = O‘(x% —x%),

rie o — MONOKITedbHOe uYucao. Haa Toro drober Gostee
HATJIAHO TPEJCTABUTh cefe MOBEPXHOCTDH S, OnpeAenaeMyIo
COOTBETCTBYIOI{UM ypPaBHEHHEM

2y = a (2} —23), (71)

mepecedcM 3Ty IOBePXHOCTH Miockoctsio P(c). Jlunus
mepecedeHIA oBepXHoeTH S ¢ miIocKocThio P(c) 3ajmaeTcs
B IIockoctn P(c) ypaBHeHneM -

& — a3 = —. . (72)

IIpu ¢=0 mrockocts P(c) ecrs mmockocts P, a ypaBHe-
uue (72) ompepeisier B Hell JHMHINO, COCTOALIYIO M3 ABYX

OpsAMBIX — GHCCeRTPHC KOOPAWHATHEIX KBaApaHToB. Ilpm
- ¢ TONOKATEILHOM JIHHHAA HepecedeHHA IpPefcTaBiIfeT CO-
6oil rumepGosy, BEeTBE KOTOPOH pACHOJNOMKEHBI cIpaBa X
ciieBa OT BTODOii OcH, & IPH OTPHIATETLHOM — TITeploiy,
BETBH KOTOPOM pAacIOJIOMeHbI CHH3Y H CBEpPXY OT HepBoil
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ocn. Brnkas B 5To omucaHHe HOBepXHOCTH S, MBI MOMKeM

y0ennThcA B TOM, 4T0 BOAN3N Hadajga KOOPAHHAT, Uepes
KOTOpOe MOBepPXHOCTh S MPOXOANT, oHa uHMeeT QopMy cefl-
aa (pue. 39). :

2. Oynknun Tpex NepPeMEeHHBIX U COOTBETCTBYIONINE
mM noBepxHoctn. Ecam F (71, x2, Z3) ecTs YHKIHUA Tpex

__He3aBHCHMBLIX IIeDPeMeHHBIX Zi, Z, 3, TO ypaBHeHHE

F(zy, xo, 23) =0 (73)

ompefieigeT B IPOCTPAHCTBE MOBEPXHOCTHL S, COCTOAIMIYIO
U3 BCeX-TAKHX TOYEK T == (T, T2, T3), KOOPJMHATHI KOTO-
PHIX YMOBIETBOPAIOT ypaBHeHno (73). p
" PaccmoTpmM Temeph JBa ChoelHAJbHBIX BHA LOBEPX-
nocq*eﬁ AMEHHO, UIUHAPH U KOHYCHI.
HYCTB Q — HexoTOpas IIOCKOCTb IPOCTPAHCTBA n L —
DpOM3BOJIbHAS JUHHA Ha BTOH INocKocTH. Uepes Kamaylo

" Toury p auHmm-L mpoBefeM npamyio R(p), mepmeHauky-

napuyo K miockoctd . COBOKYNHOCTH BCex TOYeX MPOCT-
paHCTBa, JesKam[X Ha OTHX IePIeHANKYJIApaX, HaabBa-
etTca yuaundpon. Jlumus L HasbiBaerca uanpae./mfou;eu

g

—

2"

\
R

/ ¢
|
) L
Puec. 40.

nminEapa, a Kampgas npamaa R(p) — obpasyioweld muu-
auunapa {puc. 40). Ecan Q ects KoopAanHATHAS IJIOCKOCTH
(1, 2), a auEna L B »To#f IIOCKOCTH 3ajacTcsa ypaB-
HeHIEeM .

F(z,, z) =0, (74)

TO OYEBMANO, 9TO MIIHHAD ¢ HampaBixsaioileii L B mpoct-
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paHCTBe 3ajaeTca ypaBHeHHEM - .
. F(.’bl, .732) = O, '(75)‘

1 ypaBHeHne Buja (75) Bcerja ompefieAeT B MPOCTPAHCTBO
IILINHAP ¢ HAIPaBJIAIoeil
L, onpepenseMoii ypaBHeHIEM
(74). ’

IIycrs s — HekoTopas QuUK-
cupoBaHHAsg TOYKA IIPOCTpaH-
cTBa I S — HeKoTOpag moBepX-
gocrs. IloBepxHocThr 9Ta Ha-
3bIBAETCA KOHYCOM € 6epuil-
HOll S, eCIH HAPARXY CO BCAKOM
TOUKOfl Z, MpHHAMIeKamed S
O OTJIHMYHOH OT §, IOBEpPXHOC-
™ S OpUHANJIEKAT U BCA
npaMasg, Ipoxofdilas depes . Puc 41
toukn § m 2z (pmc. 41).

Ecan pynrnus F (z1, Z2, 3) ecth ofHOpOAHAA QYHKINSA
cTemeHH OXHOPOAHOCTH k, T. €. Y/OBIETBODsAET YCIOBHIO

F(OL"I?l, arsa, a$3) = oL"F((xl, Z2, xa),

70 0YeBHJHO, UTO yPaBHEHHO o
F(.’L‘], 2, x3) =0 >:(76)1A

ompeflensieT B POCTPAHCTBe KOHYC ¢ BEPILNHOH 0.
3. Ilosepxuocrn, Bpamenua. llycts L — anHns, 3afamn-
Hasg B KOOpAHHATHOH mmoekoct: (1, 2) ypaBmeHmeM

F(xl, $2) = 0.

Byllem Temeps Bpamarh Belo mwiockocTs (1, 2) Bokpyr ocm 1.
Torna ameEma L B mpoiecce CBOEro [BHMEHHS ONMIIET
moBepxHOCTh S, ypaBHeHHe KOTOPOW, KAk JIETKO BLJETb,
uMeeT BHJ : ,

. F(xl,]/xé+x§) =0. ) '

flcmo, 9T0 32 IIOCKOCTH 3afiafina anHmn L MoxHO BHOGpaTH

1106y10 B3 TPeX KOOPMIHATHBIX IUIOCKOCTE#l IPOCTPAHCTBA,

H 9T0 BpameHHe MOMKHO IIPOM3BOJHTH BOKPYT M1060i K0OP-

NMHATHON OCH, Jie;Kaleil B 9T0H KOOPAMHATHOH WIOCKOCTI.

YpaBHenme mOBePXHOCTH BpamleHAA S MOXYIAT TOTAA CO-

OTBOTCTBYIOINHH BHJ, KOTODHI JETKO BAMTIL
-
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_ PaccMoTpnM HeCKONBKO NHTeDEeCHBIX MOBepXHOCTCLX
BpalleHHA. - '
IIpimem 3a muanI0 L mpsMyio, esKamyo B KOOPAHHAT-
Holi miockocTH (2, 3) I OIpefenAeMyl0 ypaBHEHIeM

kxy = a9,

“rme k>0. Bpamenme Gynem IponsBoAnTh BOKPYT TpeTheil
oci. YpaBHeHIle I0BEPXHOCTH BpamieHHA S B 3TOM CIydae

HMeeT BIIfT
. A 2 2
. l»xs = V.’L‘l -+ Z3.

VHmaToKaA HPPANLOHATBHOCTD, MBI TOIyYaeM

k2d = 2} + a2,
: A .

Hosepxmocts - S, ompefiensieMas dTHM  ypaBHeHIeM,
mpencTaBiasAeT co0Ol Kpy2avlil KOMYC, oChblo KOTOPOTO fAB-
7gercs TPeTbA KOOP/MHATHASA OCh HALIEil CICTeMBI KOOp- -
AUHAT, *

Samanum rereps anunio LB mrockocrn (2,3) ypasHe-
HileM

N xa = al‘%.

VpaBHeHNWe 9T0 OmpefieNsieT B KOOPIIHATHONH ILIOCKOCTIH
(2, 3) mapaGoxy. B pesymbrate Bpamenms aToit napa6osbt
BOKDYT TPeTheil KOODJAHHATHOH OCH MBI HOJYYHM TOBEpX-
HOCTh S, OIpeJieiAeMyI0o ypaBHEHIIeM

xy = a(x% + ). - (77)

JdTa MOBEPXHOCTh HA3BIBAeTCA NAPaboaoudom 6paujenus,
OueHp BaKHO XOpPOIIO mpeCTABHTH cefe ee TeoMeTpide-
ckyio gopmy (puc. 42). )
agapuym junnio L B mrockoctn (1, 2) ypaBHeHmeM
, \ : o

Zz Z.

1 2
w Tt =1

.

Ypasrenne 310 ompefenser B miockoct: (1, 2) oannme.

Ms1 me Gymem mpenmonaraTh 3pech, 9To az=b. Ecin a<<b,

' T0 (POKYCHI BILIMICA JeKAT He HA HePBO Q¢H, a Ha BTOPOH

ocu xoopamHaT. IloBepxmocTs Bpamenus S atoro smrunca

BOKPYT IIepPBOHl OCH KOODANHAT OMICHIBAETCA ypaBHEHIIEM
. ot 2§ o} .

. e 7+F+—b;=1. (78)




TloBepxHOCTH S B DTOM Ciydae HAsbIBAETCA ILAUNCOUDOM
epawjenus. Ecin a>>b, T0 saaumnconji BpameHus BBHITAHYT
BIIOJb OCH BpAIleHMA, ecan e a < b, To OH CmIomeH
Broab ocn Bpamenusa.CiefyeT icHO IIpefcTaBUTh ceGe reo- .
MeTpIaeckyio dopmy aToil moBepxmHocTH (pme. 43).

Pne. 42. ) Pue. 43.

PaccMoTpuM Telieph Qurypy, monydaeMyio B pesyinbra-
Te BpalleHmsA Trumep0ombl. 3aJajuM ee B KOOPAHHATHOW
mmockocr# (1, 2) ypaBHeHmem - - .

2
Zy x% —1 )
=1

[ToBepxHOCTH, MONyIaeMyIio NyTeM BpameHAA aTO# THIEp-
ol BOKPYT TepBoil ocit, 0603HATUM Tepes S}, a moxyvae-
Mylo IpH BpAIieHHH BOKPYT BTOPOi KOOPAMHATHOH OCH
o6oaHaunM depe3 Sy YpaBHeHHe MOBEPXHOCTH S, umeer
BH], ’ o

2 2 2 - .
il $2 :ts -
a b2 b =1. o (79)
Ypapuenne moBepxHocTH S3 3aUUCHIBASTCA B BH/R
' 2 2 2
zy %3 Ty _
wta—m=t (80)

Ouenp BajkHO XOpomo cefe mpefcTaBUTh 06e IOBEPXHOCTH
8, (puc. 44) m Sy (puc. 45). OHE pe3Ko OTIMIAOTCA JPYT
“or nppyra. IlosepxmocTh ) sABIAETCA 08ynoaoCTHIM
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2unepboaoudon epawjerus. Ona HasbIBAeTCS TAR IOTOMY,
9TO COCTOMT U3 ABYX Pas/leNbHBIX uacreil. [loBepxmocTs Ss .
SIBIACTCST 0OHONOAOCTHBLM 2Unep6oaoudon epawyenus. Oua
HashIBACTCSA TAK NMOTOMY, 4TO COCTOMT H3 OHOTO KYCKA.
YpaBHeHIs BTHX TOBepXHOCTeil S, m S; ormyarorcs Apyr
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Pue. 45.
OT ipyra TeM, 9To B JIeBoi YacTu ypaBHeHHA (79) mMmeercs
B OTPULATENbHBIX WieHa, a B ypaBHeEmm (80) Tombko

OJIUH OTPULATENBHBIH Wilen,
- 4. Ypaesennme mmockocrm. IIycrs Q — mpomssonsrasn

IJIOCKOCTh B IpocTpaHCTBe., BEIBefeM ee ypaBHEHHe B 3a- _
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namHOf cHCTeMe flekapToBbix KoopimHaT. [lms arToro mpo-
pegeM mpaAMyio R depes Hauago KOOpDAUIAT, IepHeHAUKY-
JApHYI0 K IWocKocTH Q, 1~0603HAYIM yepes ¢ HmepecedeHue
npamoii R ¢ miockocteio Q. [aumy orpeska og 0Go3HaguM
gepes a. OGosHaTIuM fazee Yepes € BEKTOP ATMHBL e[HHHIA
Ha nopamoil R, u uMmelomuil HanpasieHue 0g, eciu ¢ He COB-
majaer ¢ 0, i IPOM3BOJbHOe HAIpaBlieHUe, €CIH ¢ COBIA-
maet ¢ o. Koopiuuatsl BekTOopa e 0003HAYUM qepe3d o1, 02,
a3, T. €. TMOJOUM :

’

e = {ai, d, 03).

OueBUAHO, 9TO TOYKA L== (I, Ty, L3) TOT[a U TOJHKO TOT-
la DPHHAMJIE;KAT ILIOCKOCTH (), KOTAa ee MPoeKnus Ha mpsA-
Myio R coBmajaer ¢ TOUKOil g, T. e. KOTfia MBI IIMeeM

exr=4a

(cm. moGaBnennme k ri. I, opmyra (47)), wim, B Koopan-
HaTHO#I Qopme,

oz + agre + aszs = a. 81)

N N

910 eCTh TAK HABHIBAEMOE HOPMAAbHOE YpasHeHue nioCKo-
cru B mpocrpancTee. KooddunmenTsr ay, ¢p, oz 00nafaotr
TeM CBOHCTBOM, 9TO '

2, 2, 2
af+az +oa3=1,

a dqICIO0 4 HeoTpUIATeIbHO. - .
CoBepIIeHHO TaK ’Ke, HOMB3YACH oHmepanmeil MPOeKTH-
poBaHHA, MOMKHO 3a0MCaTh yPaBHEHHE mo0ofi mpsaMo#l B

*  -mnockoctd P ¢ kooppmuatamu z, ¥ B opme

z cos ¢ + ysin @ = a, o (82)

rie
‘ e = (cos ¢, sin @),
U a — HeoTPHLATeabHOe WHCIO.

Vpasnenne (82) HasbIBAaeTCA HOPMALLHLIM YPAGHEHUEH

npamoi. ‘ .

" 5. Ilosepxmoctn mepBoro m Broporo mopapkos. Ilycrs
F(z, 3, ¥3) — MHOTOWIeH TNepBeii HIA BTOPOIl CTOHEHH
OTHOCHTETHHO NMEePeMeHHBIX I, L2, X3. Y PABHEHHE

F(xla Z2, x3) = 0

olIpefiensieT. MOBEPXHOCT B HPOCTPAHCTBE. ITa IMOBCPX-
HOCTbL HA3bIBAETCA NOGEPIHOCTLIO Nepeo2o nopadra, ecid
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muorouwsen F (), Z, Z3) uMeeT mepBYIO CTeIleHb, 1T nogeplt-
HOCTbIHO 8TOP020 NOpsldKa, ecaun MHOrowieH F(z,, x;, ;)
nMeeT BTOpYyI0 crtemncHb. Hmke B moGasienwn k rmase 111
OyZeT JOKA3aHO, 9TO BCAKAs HOBEPXHOCTH HEPBOTO MOPAIKA
eCTh IJIOCKOCTHh. UTO jKe KacaeTcs MOBEPXHOCTeil BTOPOTO
mopsaaka, T0 B noGannennu k ruase I11 6ymer gana mx mos-
Haa Kiuaccuduraiua. VMenHo, okasbiBaeTcd, 4TO0 MOBepx-
HOCTb BTOPOTO IOPAAKA J100 BHIPOKIEHAa, T. e. IpejcTaB-
JigeT coboil MIMHH/P IV KOHYC, MO0 e B HajjesRalmei
cHCTeMe LIPAMOYTOJBHBIX KOOPANHAT IIMeeT OfiH L3 cle-
AVIOIUX TATH BUICB.

1) 9naumcoun 1( OH ONHCHIBAGTCA YyPaBHEHIIEM

o2

| + + | (83)

3pecs a, as, a3 CyTh IMONOKUTENbHbIE UHCNA, OMpPeledio-"

mue $opMmy. srAICONSA.
2) JIBymonoctuHmit  rmmep6Goxompa - On
ONHCHIBAETCA YPABHEHHEM

z? 2 @2

1 2 3

2 2 2 L. (84)
ajy ag ajg

.

3mech ay, @, @3 CyTh MOJOMKHUTENbHBIE YHCIA, OMPEIeNAl0-
mue gopmy rumepGoronfa.

3) OnmomonocTHHit -rumepbonona On

ONIKChIBaETCA YpPaBHEHHEM

-~

———+==1 85)

3necs ay, ‘@, @3 — TIONOKATeNLHBIE qmena, OMpefielaio-
-mue gopMy rumepGoIoOHa. .

4) Odnnumunrmueckuit mapabGomxomp. On
OHKCHIBAETCSA yPaBHEHIIEM

2 2
z x
1 2
Ty=— 4+ —." . (86)
ai a2 .
311er a; U Qp — MOJIOMKUTeJIbHbIe YHCIa, OIpefenAnmmne

¢opmy mapabosompa.
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5) TwunepGonudveckuit mapaGononf.
OH' OmIICBIBALTCA ypaBHEHHEM

Ty = F _ ?. . (87)
1 2

3mech @ T @y — MONOMITCNBHEIE qnCiHa, OMpeieAIoNIIe
dopmy mapabosaonga.

s roro 4To6bl smydiie mpeAcTaBITH cefe MOBEPXHOCTII
1) 2), 3), 4), cienyer cpaBITh X C TOBCPXHOCTAMI Bpa-
I[CHIISA, 3a/lAHHBIMI COOTBCTCTBEHHO ypaBuemuamm (78)—
(80), (77). Rasknas us mosepxmocreit 1),2),3),4) oranga-
@TCA OT COOTBETCTBYIOINEH HMOBEPXHOCTH Bpal[eHHA CIKATII-
eM B HaIpaBIeHUH KOOPAHHATHOH! OCH, mepHeHANKYIAPHOI
K OCIl BpameHHA.

Ilna Toro 4yrtoObl mpencraBnTh cele nonepxnocn 5)
CIefyeT CPABHHTH €¢ C I0BEPXHOCTLIO S, ompepeiseMoi
ypaBuenmem (71), or I{OTOpOII OHA OTIMYAETCA CIKATHEM
a0 B HaIpPaBiIeHHH HepBOil ocH, Ju(o B HAaIpaBiIeHHH
BTOpOil ocH.



Pnasa III
AHAJINTHYECKAA TEOMETPUA HA IIJOCKOCTH

B § 5 6o yrazauo, uTo ecan Ha miockoctu P mMeerca
IeKapToBa chucreMa KoopamHat, a F(z, y) ecth HexoTopas
QyHKINA IBYX He3aBHCIMBIX HEPeMEHHLIX Z W Y, TO ypas-

HeHIe
F(z, y) = a (1)

onpenenae'r HA IJocKocTdu P muumio, cocToAmyo u3.BCex

TARHX TOYCK 2z = (Z, J), KOOPAUHATH KOTOPHIX YHOBJIET-’

BOPAIOT ypaBHeHmio (1).
AHajquTiYeCKaA reoMeTpHA Ha ITocKoCTH A3ygaer

Te JIHHILI, KOTODbie OTPe/ielA0TCA YpaBHeHHeM (1) B cay- -

qae, Korxa F(Z, y) ecTh MHOrOWIeH HepBOil WM BTOpOit
CTemeHI OTHOCHTEJNbHO IepeMeHHBIX  u Y. Ecin
MHOrOwIeH F(r, y) wuMeeT MepBylo CTelleHb, TO CO-
OTBETCTBYIOIIAasA JINHHA NasbIBaeTCd JHHUEHA IIepPBOTO
nopsaaka. Ecan MHorounen F (z, y) uMeer BTOPYIO CTeleHb,
TO COOTBeTCTBYIOIIAfA JIMHHs HA3bIBaeTCA JIMHMEH BTOPOTo
HOps/iKa; dalle TOBOPAT — KPHBOH BTOPOro HOpAMKA.
JloxasbiBaeTcA, 94TO JUHUS IEPBOro HOPANKA €cTh HMpAMad,
a JIMHMA BTOPOTrO IIOPAAKA, WIM KDPUBasg BTOPOr0 LOPAJIKa,
eCTh djuInmc, runepboia uiaum mapafora, 8a HCKIIO9eHHEM
BHIPOK/IEHHBIX CJIyd9aeB, Korja ypaBHeHue (1) Bropoii cte-
NeHH ompeje/seT ABe NPAMEIE, OHY HPAMYIO, OMHY TOUKY
I BOOOIe He OmpefieJsAeT HA OFHON TOYKH. ITH PaKTHI
6ynyr ycranosieBsl B § 10 Hacrosme#t rnassi. Hamomuio,
9T0 ypaBHEHHA 3JJLIUICA, TUNepbonbl um mapaGoinl OHLIN
BBIBEJIEHB HAMH B § O B Ipe/iONIOKEHNH, UTO [eKapPTOBHI
KOODAHHATEL PACHOTO0KEeHE OTHOCHTEILHO KpUBOH Clie-
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uuansHbiM oGpasom. Taxum ofpasoM, g MoKasaTelIbeT-
Ba TOI'0, YTO ypaBHeHiie BTOpoit crerexu (1) ompenemser
pJutunic, rumepboiay win mapaGosy, HaM HYMKHO BHIOPaTh
HEKOTOPYIO MPYIYI0 CHCTeMY KOOPAHHAT, OTIHYHYIO OT
TOil, B KOTOpOil "ypaBHeHne (1) samaHo. JlokasaTeabcTBO
3aKII09a€TCA B TOM, 9TO BMECTO 3aAAHHOH CHCTEMBI KOOp-
OIHAT, B KOTOpO#l samicaHo ypaBHenue (1), BBIOnpaercs
eKOTOpaA APYras CHCTeMa JICKAPTOBBIX KOODMIIHAT, B KO- .
'ropon ypasHeHue KpHBOHl IiMecT CHeI{HAJLHBIA BUM, HaH-
neii B § 5. _

Taxum o6pasoM, nmepBad 3afava, CToAM[aA Mepej HaMIT,
3aKII098€TCA B YCTAHOBJIEHHH CBA3H MEMAY OBYyMs
TMEeKapTOBBIMHM CICTEMaMH KOOPAIHAT, BHIOpaHHHIMA Ha
ofHOII 1 TOM ;K¢ mmockoctn P. Pemennmo »710it 8agauu
noceamaerca § 9 sToil riIaBHL

Mocaennuii maparpad sToil rIaBH! MOCBAIEH J0Ka3a-
TEILCTBY TOTO (paKTa, wro Jiofoe ceycune KPyriaoro KoHy-
ca IUIOCKOCTHIO, He IIpOXofiAmeil dUepe3 ero BepHIMHY,
eCTh IINIC, rumepbona mwin mapaboma, m 9T0 KasKKas
113 ?THX KPUBBIX MOKeT OBITH MOJydYeHa KaK Takoe cede-
mie. JToT ¢at ObBLI H3BECTEH eIe APeBHAM TIPEKarM [0
Hadajia Halmeil BpHI, U OH [AaeT OCHOBAHHE JIA TOro, YTOOH
Ha3bIBATh IepeuncjoeHHble KPUBbIE. KOHHNYCCKUMH CeYeHHA-
mu. B § 11 HacroAme riaBbl 4ucTO reOMeTPHIECKEM, OUeHE
U3AMHBIM MeTONOM, COBEPUIEHHO He 3aBHCAIIIM OT MeToja
KOOPAMHAT, JOKasbiBaeTcA 9ToT pesyiasrar. llpuBopmmoe
B HeM J0Ka3aTelhcTBO ObLIO mosydeHo B 19 Bexe m B Hac-
ToAllee BpeMsA, KaK NIPABLJIO, He BKIKYAETCH B BBICIIYIO
MaTeMATHKY. fl mpuBOMKY ero TOJIbKO BBEAY €ro reoMeTrpi-
YeCKOHl IPHBIEKATeILHOCTIL.

Bce comepsiaHue 210i TVIaBBI MOCBAMIEHO nanomenmo
9ICTO FeOMeTPHYeCKIX axToB 11 He GyfeT MCHONb3OBATH-
CA B flIbHCHIIEM NI H3JI0/KeHNH AHATHSA, TAK 4TO THTA-
Tellb, HHTepecylommrcn B OCHOBHOM aHAIH30M, a HE reo-
Merpueil, MoskeT Oe3 ymepba pJs, ce6a TPOMYCTITH BTY
riaBy. B HauGoapmmeil cTemeHH CKa3aHHOE OTHOCHTCA K
nocieniaemMy § 11. B 1o Bpemsa, kark B § 9 m 10 passupaercsa
MeToll KOOPAMHAT, BecbMa BaKHBIN JJIA COBPEMeHHOil BHIC-
meit MaTeMaTuku, B § 11 oH BoBce He HCHOOIL3YETCSH, MEK-
Iy TéM Kak pesyisTaTsl § 11 MoryT GLITh JIETKO MOJyYeHBI
UpHMEHEHIIEM MCTOJa KOOPAHMHAT B TpPeXMePHOM NpOCT-
pamcTBe.
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, § 9. IIpeoGpasoBaHite AeKapTOBHIX KOODAMHAT
Ha INIOCKOCTH

B § 1 na mrockocrti P Hammero ueptesia 0BOIBHO OMpe-
flesieHHBIM 00pa3oM ObLIa BHIGPAHA MPSMOYTOJBHAS CLICTE-
Ma fexaproBbix KooppamHar. Och abcumec mpoxoimsia ro-
PH3OHTaJLHO I OblTa HampaBieHa cieBa Hampaso. Ocb
OpAUMHAT NPOXOAWNA BePTHKAJIBHO II ObLIa HAMpaBIeHa
caudy BBepX. Ilepeceuenme oceil — Hauajo KoopmuHAT —
MBI 0003HAYAIHN 4epe3 0. Ty CHCTEMY KOODPAITHAT, B OTIIII-
yie OT JApYroil, KOTOpyo Ml OyfeM- paccMaTpuBaTh “HA
miockocta P, mpl OyfeM HasniBaTh TNEpBOil. 3aMeTHM,
4TO0 B DTOH HepBOH CICTGMe KOOPIHHAT IOJORHTEIbHAS
LOJIyOCh OPAMHAT MOJNYYaeTcA M3 IOJIOKUTEIbHOH HOLYoCI
afcnmec myTeM MOBOpOTa MOCjIefHedl Ha yrox /2 mpoTUB
‘4QCOBOU CTPeNKH. ITO 0GCTOATENBCTBO BBHIPAKAIOT, OBO-
pA, UTO TepBasA CHCTEMa  KOODAMHAT OPUEHTUPOBAHA NpPo-
TUB 4AC0B80U CTPeAKU WIH noaowcuresdvro. IlpencraBim
ce6e Temeph, 9TO HA IVIOCKOCTb HAINETO dYepTeska HAJOMKe-
Ha Impo3pavHas Kaibka W Ha Hee IlepeBefieHa TepBas CiC-
TCMa KOOPAUHAT, T. €. OCH KOOPAUHAT II HATPABIEHIA
Ha Hunx. llepenBumeM Temeps
KaibRy KakuM-HHOYAb oGpa-
'30M MO ILUIOCKOCTH depTeska,
He OTpHIBAf ee OT ITOCKOCTH
gepre;ka. Torga Mol Gynem Bu-
JIeTb €pasdy MIBC CHCTEMBl KO-
OPANHAT: HePBYIO CKBO3b MPO3-
pauHy0 KaJabRy 1 BTODPYIO,
HAYCPUEHHYI0D HA  Kajbke
(pme. 46).

Hawamo Bropoit cucTemsr
KOOpAMHAT 00O3HAYUM wYepes
o’. Bropas cncrema koopan-

Puc. 46. HaT TOJXydYaeTcd 113 IepBoil

myTeM [BIKeHHSA TOCHeHel

mo mrockocrn P. OuesnpHo, uTo BTOpas cHCTeMa KOOp-

MUHAT OPHEHTIIPOBAHA TaKike IPOTHB YaCOBOH CTPeNKII
WA TIOJOKITEIBHO,

Moskro, offitako, MOCTPOITH Ha INTOCKOCTH P mexoTo-
PYIO BTOPYIO CICTCMY KOODMIHAT COBCPIUCHHO HEe3aBIICIIMO
OT MepBOif, T. €. HC MOJMydYas ee IIyTeM JBIKeHHA N3 Iep-
Boil. [lnA 9TOro mpoBefeM Ha INIOCKOCTE P coBepmeHHO
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IPON3BOMBLHO 0Ch abemuce u BhiGepeM Ha Hell cOBepmIeHHO
HpONBBOJLHO HaIpaRieHHe. 3a 0CL OPHAUHAT BLHIGEpeM
HPOIBBOIBHYI0 IPAMYIO, MePUEeHAUKYIAPHYI0 K NpOBeMIeH-
Holl ocx aGcuuce, ¥ BbIOepeM Ha Hell MPOM3BOJLHBIM 00pa-
30M HampaBieHHe. TaK HOMYYeHHYIO CHCTEMY KOOpP/IIHAT
Ha IIocKocTH P GyneM HaselBaTh BTOpoil (misA ee m3obpa-
JKCHUA MBI BHOBb HCIOJAB3YyeM puc. 46), a ee Hagamo, T. e.
mepecederue 0ci abciuce ¢ ocbl OpaUHAT, 0603Hath
yepes o', Tax rax ma ocm a6cn;ncc BoIGpaHo ompejeneHHOE
HampaBJieniie, To Touka o’ pasbmaeT och abcmucc Ha [Be
uosyocu abemuce, OTPHIATENBHYI0 IOAyOoCch abemmec M
MOJIOKNTENbHYI0 TONyoch abepince. VmenHo, Touka, ABH-
JKYIAfAcad B HONOKATENbHOM HANpaBICHUU, MePeXOmUT
I3 OTPHIATeJLHOU MOJIYOCH B IOJIOMKHATEIHHYI0 IOJYOCh.
Touno Tar e Touka 0’ pasbuBaeT OChb ODPAHHAT Ha [IBe
[OJIyOCH OpPJIHAT: TOJOKHTEIBHYI0 U OTPUIATEILHYIO.
- Jina Toro wioOH HaiiTu ‘aGemuccy U W OpAUHATY U
TIPOU3BOJNILHOH TOUKI I' B 9T0H BTOPOH cucTeMe eKapTOBBIX
KOOp/IHHAT, MOCTYHAIOT CJACAYIOMIIM BIIOJHE eCTEeCTBEH-
HEIM cnocoOoM. OmycKaoT W3 r mepHmeHAUKYyaap rp’ Ha
och abcmmcc BTOPOil CHCTEME! KOOPAUHAT U NEPIEHIUKYIAD
rq’ Ha ocb OpIHHAT BTOPOHX CHCTEMBl KOODIAHMHAT
(cM. puc. 46). Ecnm p’ meskut Ha MONOMUTEIbHON mOTyoCH
a6cuncc TO a6cnncca U ompefeifeTcsa KaK AJIUHA oTpesKa
o’p’. Ecan p’ nexmut Ha OoTpHIaTENbHOE mOXyoCcH aocuncc

10 alciucca U OMpeflelAeTCA Kak, ATHHA OTpeska o'p’,’
B3ATag €O 3HAKOM MuHYyC. TOYHO TaK jKe OpAHHATA U
clipefleigeTca KaK JJIHHA OTpe3Ka 0'¢’, ecnm ¢’ jemur Ha
MOJIOKUTEIBHON TOAYOCH OPAMHAT, M KaK JUHHA OTpe3Ka
0’q’, B3ATaA CO 3HAKOM MHHYC, €CJIHM TOYKa ¢’ JesKuT Ha
otpunaTenbHoil momyocn opampar. [l Toro 4roGBI HmOMY-
WITh MOJOKUTENBHYIO TOIYOCH OPANHAT H3 HOJOMKUTENb-
Hoii moxyocm aGcmuce B 3TOH BTOPOIl cHCTeMe KOODJIIHAT,

HY/KHO HOBEPHYTH HOCIEJHION HA yroi /2, HO BTOT MOBO-
pPOT MOMKeT ORa3aThCA MPOTHB YACOBOU CTpPeNKH, NGO II0
4acoBoli cTpenke. B mepsoM ciaydae MBI rOBOPHM, YTO BTO-
pas cicTeMa KOODAHMHAT OPUEHTUPOBAHA NPOTUE UACOEOU
CTPEKI IUTH ROAOKUTeAbHo. Bo BTopoM ciiyuae roBopmM,
YTG BTOpasi CUCTeMa KOOPIMHAT OPUEHTUPOSAHA MO Uaco-
6ol -cTpeake mmm orpuyareawvio, Jlerko ykasaTh Ha
IUIOCKOCTIT P OTPHI[aTeNbHO OpPIeHTIPOBAHHYI0 CHCTEMY
roopauwHat. lnsa 9roro, HampuMep, MOKHO B3ATH MEPBYIO
CHCTeMY KOOPJIHAT U U3MeHITh B HCH HAIIpaBjeHiie HA OCH
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OpPAIIEAT, HWMEHHO, BLI5pa’l‘b Ha OCH OPANHAT HANDABTEHIE
CBEpXy BHH3.

Hanomunai, 4910 cucreMa KOOplU/IHaT mojgyvaeMas H3
NepBoil IyTeM ee [BUJKeHWs, OPHEHTHPOBAHA MOJO-

JKUTeNbHO. Jlerko JOKa3aTh, 4TO BCAKadA BTOpad CHCTeMa .,

KOODAMHAT, OpPIICHTHPOBAHHAA IIOJOKUTEIbHO, MOKET
OBITH HoJyuCHA W3 WepBoit myTeM ee ABILKeHus. B camom
Jiene, BHIGEpeM BTOPYIO CIICTEMY KOODPMHHAT COBEPLICHHO
IPOM3BONBHO, HO OyJeM CYHTaTh, YTO OHA OPICHTHPOBAHA
noaokuTensro. IlepenBureM Temeps HAmy KaibKy 13 ee
HAYAJIBHOTO HOJOKEHHA TaK, 9T00Bl Havaji0 HapuCOBaH-
HOH Ha Heil CICTeMB! KOODAMHAT MEPelLio B HAYAJIO0 LpPo-
W3BOJILHO BBIOPAHHOW HaMH CHCTEMBI KOODAUHAT, T. e.

Touxky o’. ByjeM saTeM BpamaTh Kajbky BOKDYT TOUKH 0

0 Tex mop, MOKa och abcIiuce, HApUCOBAaHHAS Ha KallbKe,
He CcOBHmajieT ¢ ochbio alcijpicc Haureli BHOBL BHIGPAHHOIL
-cICTeMBl KOODJIHAT, IpHYeM HaIpaBieHild y HIX COBIA-
ayT. 3T0, KOHEYHo, B03MOkHO. Och OpIMHAT, HAPIICOBAHHAA
Ha KaJbKe, COBIAJET NPH BTOM ¢ OCHI0 OPAMHAT BBIOpaH-
HOil HaMu IpOL3BONBHOH cucTeMbl KoopiuuaT. Hampasne-
HIA Ha 9THX 0cAX OyAYT O/HHAKOBBIE BBHAY TOTO, 4TO Qe
CHUCTEeMBI KOOPANHAT OPHEHTHUPOBAHBI IIOJOKHTEILHO.,
Hmxe Mpr GydgemM paccMaTpmBaTh HapAy ¢ IepBOit
cuCTeMOll KOOPAMHAT HEKOTOPYI0 BTOPYIO CHCTEMY KOOp-
JMHAT, OPUEHTHPOBAHHYI0 TaK:ke MONOKHTeNbHO. MTax,
MBI OyfleM cUuTaTh, YTO HA ILIOCKOCTH P Haiero geprema
HMeloTCA fiBe cHCTeMBI kKoopauuar. IlepBag — ommcammas
B § 1 u BrOpas TIPOM3BONbHAA, HO MOJNOMUTENLHO OPHEHTH-
posaHHas, ¢ HadamoM 0. HoopAmHaThl HEKOTOPOil TOUKH

I B IepBoil cucTeMe KOOpAMHAT o6o3HauuM uepes (Z, Y) -

¥ 3amAIIeM 9TO B Buje (OPMYJIBI, MOJOKHB

r=(z yh

Koopanuatsl Toukn r Bo BTOpoil cmcTeMe IcoopmmaT 0603-
HAauMM depe3 (¥, V) U 3ampmieM 9TO B BHje QOPMYJIHI, HO-
JIOFKUB -

: r= (u, v),.

Ecnn wnena u m v 3afambl, To TeM CaMBIM ompeleicHa #
TOUKA I', & HOTOMY OHIpe/elIeHl U €€ KOOPAHHATH T H Y.
Taxum ofpasoM, 4mena U Yy MOKHO KaK-TO BHIPa3iTh
yepe3 dMCIA W N U, 3HAS, KOHEYHO, OPH B3TOM B3alIMHOC
pacroyio;Renue oGCHX CICTEM KOOPAMHAT.
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A

OueBnjnHo, UTO eciam KpiBas 3ajaHa ypasuenueM (1)
B MepBOil cIiCTCMe KOOPANHAT, TO AIA HOTYYeHHA ee ypaB-
HeHIIsl BO BTOPOH clicTeMe KOODIMHAT HY}KHO B (yHKINIO
F(z, y) BMecto x 11 y mOACTABIITH IIX BhIPAsKEHNA 4epes U
n v. B pesyabraTe 9TO# MOACTAHOBKU HONYYHTCA HEKOTO-
pas mosaa Qyuxnua G (u, v) u ypaBHeHme KpuBoit K 8o
BTOPOil CHCTeMe KOOPANHAT 3aIIIMIETCS B BIUAS

G(u, v) = 0.

BeraneauM Tereph KOOPAIHATHL £ 11 y TOYKI I' B HepBoil
crcTeMe KOOpAUHAT depes KOOPAIHATHL U II U TOM Ke TOY-
KHI I' BO BTOPOil cHCTeMe KOODJiI- _
HAT [ [BYX 9acTHBIX CIydYacB r
PACHOJIOKCHIIA BTOPOH CIICTEMBI /i
KOOpMMHAT. - ,

Cuaywait 1. DBropas cnc- )
TeMa KOOPANHAT IOJYyYaeTcsd ~II3 -
1ePBOIl CHCTeMBI KOODANHAT IIy-
TeM DapaineNbHOTO CABHIA 1I0C-
nenmeit. Torma och abemmee BTO- -
poit cHCTeMBl KOODAMHAT TOPII- © Puc. 47.
30HTaNbHA W HAOpaBIeHa CjcBa
HaIpaBo, a 0Cb OPJUHAT BTOPOIl CHCTCMBI KOODIIHAT Bep-
THKaJIBHA H HamlpaBieHa CHu3y Beepx (cM. puc. 47). Ha
wrockocTu P paceMOTpuM TpH BeKTOpa: -

z==or, w=0r, c¢==200"

!

OueBupiHo, 4TO . .
- z=c+w. 2)

HaiigeM Temeps KOOPAMHATH BCeX TpeX BEKTOPOB 2, W
H ¢ B mepBoil cucTeMe KoopmuHat. Mel, oueBuAHO, HMeeM

' |z = (x, y‘) 1.
BeKTOp ¢ XapaxKTepn3yeT pacIodo;KeHHe BTOpOﬁ CIIJCTeMBI
KoopAnHAT OTHOCHTEJIBbHO ﬂepBOﬁ U MO03TOMY OH HOJKeH
GLITH 3aaH TaK, 4YTO MBI MOKXeM CYHUTATh 3aJaHHBIMI ero
ROOpnIIHaTBI B nepnou ciicTeMe KOOpJAUHAT, KMGHHO. .

[ (a b)].

Hoopnuuathl BeKTOpa 1 BO BTOPOHl CcHCTeMe KOOD/MHAT
H3BCCTHHI, IIMCHHO:

w= (&, v)a

—
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Hnsa Toro 9TOGH BBIYICIHTH KOODAIHATHI BEKTOpa W B
NepBOii CHCTeMe KOODAUHAT, Mbl JIOIAKHL OCTPOUTDL BEK-
T0p o1, _DaBHbLl BexTopy 0 r, 1 OmpeMleaUTH KOODAHMHATHI
Toukn 1 B neppoii cncreme koopauHar. Ho tark kax mep-
Bag W BTOpPAad CHCTEMBl KOOPAIHAT IIMEIOT MapaJiienpHble
W OJIIHAKOBO HANpPAB/ICHHbIE OCI, TO 0YEBU/HO, ITO BEKTOD
or’ umeer Te e KQODIIMHATEL B EpBOfi clcTeMe K0OpAu-
HAT, YTO I BEKTOP 0’7 BO BTOPOIl CliCTeMe KOODJAUHAT, TaR
9TO MBI HMeeM
o'r=or' = (u, v),.

Taxum o6pasoM, BeKTOpHOe paBeHCTBO (2) MepemiCHIBAET-
ci B IepBoil cHCTeMe KOOPAIHAT B BIJie AABYX DPABEHCTB:
, r=a-} u,} . 3
T y=>b+v. -
9TH [OBa paBeHCTBA BEIPAKAIOT KOOPHNUHATH TOURKH T B
nepBoil ciicTeMe KOODAMHAT 4epes ee KOOPAHHATHI BO BTO-
poii cucTeMe KOOpPAIHAT.
Cnyqan 2. BTopaﬂ CHCTeMA KOOPIUHAT HOJY4aeTcs
13 MePBOl myTeM BpAameHUs MOCTefHEH HA yrox @ TpoTIB
9acOBOH CTPEJKH BOKPYT HAavaja KOOPAMHAT, TAK 4TO TOU-
ki 0 1 o’ coBmagaior (puc. 48). BeiGepem Temeps.B mio-
crocta P Takyio Touxry r’, uro /

’ r'= (u1 U)l'

Takum oGpasom, r’ ccTh Taras TOuUKa miockoctn P, xoop-
JIHATBI KOTOpOil B mepBoil cuc-
TeMe KOOPAMHAT pABHBI KOOp-
r AIHATAM TOYKII I BO BTOPOH
/ cucreMe KéopauHar. Tax Kak
BTOpag CHCTCMA KOOPAHHAT I0-
IJ;"/ ' JydaeTca I3 [EPBOH  CHCTEeMSI
7 KOOpAWITAT NyTeM BPALIEHUA HA
Yrol ¢ MpPOTIB YacoBoii cTpeI-
KA, TO O4eBHIHO, 4TO BEKTOp Or
. moiyyaeTcd u3 BexTopa .or my-
Puc. 48. - TeM .BpallleHHA MOCIefHCro Ha
: YroJ ¢ TMPOTHB YACOBOH CTpPEIKH.
Bynem cuntaTh Temeps, uro miockocTh. P ¢ BRIGpammOil
na Hell mHepBOH CHCTEMOII KOOPAMHAT €CTH IIIOCKOCTH
KOMINTeKcHOro mepemensoro. Ilomomnm

=z4iy, w=u-+tiv ‘(4):1

™
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Taxkum o06pasoM, KOMILIEKCHOE YICIO 2 n3o0paskactca
TOYKOI I, a KOMIUICKCHOE YIICJIO W 11300 paskaeTcst TouKoil 1.
IIycte Teneps

e =cosQ-+ising (5)

— KOMIUTEKCIIOE UIICJIO0, MOXYIb KOTOPOro pasex 1, a ap-
ryMeHnt papeH ¢. Tak Kak BeRTOD or moxydaeTcst I3 BeK-
Topa or’ myreM NOBOpOTa MHOCAEJHEro Ha yroa ¢, To,
OYeBIIHO, IIMEeM T
z = we (6)

(cm. dopmyny (30) ra. I).
MoacraBaaa B popmyny (6) seipakennsa (4), (9) Bmecto
KOMILTCKCHBIX 4licel Z, i, € MBI IIOJydaeM paBCHCTBO

z 4 iy = (u4iv) (cos ¢ +isin @) =

~ = (ucos @ — vsing) + i(zsing - vcos ¢).
Taxnm obGpasom, '
~ z=ucos@—uvsinQ, 7
y = using - vcos ¢. @
Papenctsa (7) maior BhIpa’keHHe KOOPAHHAT X H Y TOYKN T
B [epBOil CHCTeMe KOODPAMHAT, 9epe3 KOOPAMHATH U H U
Toll e TOYKe I BO BTOPOil CHCTeMe KOOpMIHAT.
Hanmmewm Temeps dopmyast (7) aaa ¢=mn/2 n g=m.
Naa ¢ = n/2 umeem

r=—v,)] -
o) S
Jina @ = m umecM ‘ ,
L x=—u, _ .
S )

3aMeTHM B 3aKjI04eHIIe, UTO IIepexo] OT IHepBoil cucre-
Mbl KOOPAHHAT K J00O0i BTOPOHl IIOJOMKITENbHO OPHEHTI-
pOBAHHOU MOMHO IPOBECTH B JiBa Iara, [IMEHHO, cIepsa
IPOHNBBCCTH MapasienbHbll cABnr (cM. dopmynsr (3)),
a. sareM moBopoT (cm. dopmyusr (7)), mwin BaoboporT,
cIepBa MOBOPOT, & 3aTeM IapaJlIeTbHbIH CABUT.

HMpnmep 1. B npumepe 1 riaser IT mbr pacematpusa-
o rpadukr QyHKIUIL v

=X
¥y==,
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THC Y— MONORUTCLBHOE WHCHO IUTH, 9TO TO JKE CaMoe,
KpuBylo, OIDEe/leJAeMyI0 B IepBOil CICTeMe KOOPAMHAT
ypaBHeH1IEM .

zy =V. ‘ (10)
BBeneM Temeps B miockoctn P BTOPYIO CIICTEMY KOOpIi-

- HaT,"IIOBEepHYB JAJIA 3TOr0 IepBYyI0 CHCTEeMYy KOOpAMHAT Ha

yron mt/4. Torna B ciry paBenctBa (7) mmeem

. u v
AT
. u 124
TE RS

Honcrasnas a1ir BhIparkeHNa JIA 1 y B ypaBHCHIe (10),
nojiydaeM
u? v 1
wom ol
Orcioma BIIHO, 4TO KpuBAsS, ONpejlefseMas ypaBHeHICM
(10), ects rumepGoma (cm. gopmyny (26) ru. II).
Ipumep 2. PasoBbem Temeph 3aMeuamme, cpena-
noe B aroM maparpade mepen mpumepom 1. BuiGepem B
mwiockocty P HeKotopylo mpo-
. HU3BOJBHYI0 IMOJOMKHUTEILHO OpH-
' - EHTHPOBAHHYI CHCTEMY KOODJI-
7 mar, mauamo KOTOpo#l 0603HaumM
Z .y depes o’. Ee Mpl Gyzmem massiBaTh
7'\ - TpeTbell CHCTEMO#l KOOpAMHAT, H
— KOOD/IMHATHL TOYKH ' B Hell 0603-
: HaunM 4epes £ u 1 (pue. 49): .-

o —— = (& ).

Tepeiinem Temeps o mepsoit

Pme. 49. CHCTeMBl KOODAUHAT K TpeTheil

CHCTeMe KOODAMHAT [BYMA TIOC-

JIeJIOBATEABHBIMI IAaraMu, MMEHHO: CHepBa Mapajae’abHbl-

Mz CABUTOM, a 3areM BpamenueM. [lis artoro mpousse-

feM Taxko#l NapasIelbHBIH CHBUT HepBO#l CHCTEMBI KOOp-

AHNHAT BO BTOPYI0O CHCTEMY KOODAMHAT, IPA KOTOPOM

TOYKA 0 Nepeiifier B Touky o’. B Tar momywenmoii BTODOIT

CHCTeMe KOOPAWHAT KOODPAMHATHI TOYKH I 0003HATIHM de-
pe3 (4, v) win B Bufle OPMYIBI 3amNmIeM TaK:

. r== (u, v)a.
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KoopminaTsl TouRN r B IIePBOIl ClCTeMe KoOpAIIAT 000-
3HAUCHHI yepe3 & II Y, T. C.

r = (x y) 1.
@opmynst (3) malor Ham cBasb Me:mpy (z, y) m (¥, V),
HMEHHO:

z=a+u,

y=>b+v. } (1)

Taxk kax BTOpas H TPeThbA clcTeMbl KOOplIHHaT yiKe 1UMeIoT
ofmee Hauano u 00e OPIEHTHPOBAHBI MOIQKUTENBHO, TO
TPeTbA CHCTeMa KOODAMHAT WOJNYYaeTCA H3 BTOpO# myTeM
BpameHHa mocnefHeil Ha HeKkoTophli yrox ¢. Taxum oGpa-
30M, B ¢y popmyi (7) cBA3b MexAy KoopAmHaTamu (u, V)
TOGKH ' BO BTOPOIT CHICTEME KOOD/HAT M ee KOOPJHHATAMH
(&, m) B Tpe'rbeu cicTeMe KOOpANHAT AaeTcsa opmysamu

) u = Ecosp — nsing,
v-—gsm(p—l—nCOS(p

IlopgcraBnsaa aTH BhIpaMeHHA [LIA I B U B PaBeHCTBA (11),,
MBI HOJydaeM CBA3bL MEMKAY NMEPBHIMH M TPeTHIMH KOODPAH-

HATaMU TOYKH I B clefylomeil gopme:

x=a—|—§<;oscp——nsin(p,} (12)

y=>b+ Esing + ncos @.

Tag sammceiBacTCH CBA3h MeKIy KoopAmHaTaMm (Z, V)
B NMepBOii cuCTeéMe KOoOpAmHAT M Koopimmaramu (&, m) B
TpeTheil. MPON3BOJIbHOM, HO MOJOKHTEILHO- OPHEeHTHPOBAH-
Hoil cucreme KoopammaT. Umcna a, b m @ yxasmBaiT Ha
PaCIOJI0KeHH® TpeThell CHCTeMB KOOPAMHAT OTHOCHTENb-
HO IepBOf CHCTEMBI KOODAMHAT.

IIpomsBesiem Temeps ITepexoJ| OT MepBoil CHCTeMBI KOOp-
AMHAT K TpeTheil cucTeMe KOOPIAMHAT TAaK ;KG B ABa JTaima,
HO coepBa NpOH3BeieM BpalneHHe HepBOili CHCTEMEI KOOp-
AHHAT HA Yrol @, a 3aTeM — HapaJJeJbHBIHl CABIr MOJY-
gyeHHOIH cucrembl xoopauHat (puc. 50). IloBepuys mepmyio
CHCTEMY KOODAKHAT HA YTOJX () MBI HONYIUM BTOPYIO CHCTe-
My KOOPAMHAT, KOOPAMHATHI TOYKH I' B KOTOPOil MBI 0603Ha-
yuM uepes u u v. Torna B cuay -dopmynsl (7) MBI nMeeM
CBA3B

z=ucos @ —vsin (p,«}

y=usinp+v cos @. (13):
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Temeps R TOro, YTOOHI MONYUNTH TPETHIO CHCTEMY KOOp-
[IMHAT 113 BTOPOIl CHCTeMBI KOOPJIINAT, HYMKHO C/BIHYTH
HOCJeIHIOI0 HapajiesbHo Ha Bektop 00’, Ho mus roro,
9T06BI BOCHOIB30BATHCH cI)opmyJIaMn (3), Hy:RHO B3ATH
KOODJMHATHL BeKTOpa 00 BO BTOPOii clCTeMe KOOPMIIHAT.

Ero KOOpAIHATBL BO BTOpOII ciicreme 3annmeM B BIIlIe

00’ = (o, B)a.
Torpga B ciy dopumya (3) nmeem
u=ua-+§g,
v=10+n.

ToncTaBnsAsA BHPaMKeRIs LIA U II U 03 HOCTE/IHIX PABCHCTB
B paBeHcTBa (13), momywaem

z=o0acos®—PBsin ¢ + §cosp— nsmcp} 14
y = asin @ 4 Bcos ¢ 4 Esing4- 1 cos . (14)

HpéoﬁpaaoBaHnn (12) u (14), maomue mepexon oT
(&, M) x (z, y), pasIm4HBl ANIDL O q)opme, HO COBIAJAIOT
Memny co6ou TaK Kak

‘a=acos¢—PBsing,

b—,——asmcp-l—ﬁcoscp

I/ITaK MBI YCTaHOBHIH CBH3B Me,w:(y TpeTBeI/I IIPOH3BOJIL-
HOYI HO IOJOKUTEJTBHO OpI~

enmpoxsamioﬁ cucteMoil Je-
KapTOBBIX KOOPANHAT Il HepPBOii,
OPHEHTUPOBAHHON Tawme II0-
aoxkurensHo. Oua fpaeresa co-
orromeHnnamit (12) mwmm (14).
IlepBast crmerema Koopmmuat
Obuta BeiGpaHa B § 1 moBomBHO
onpefieIeHHBIM 00pa3oM, HO
3TO0 He HrpaeT CYHIECTBEHHOII
POJII, TaK KaKk 4epTesk BCerda
Puc. 50. MOKHO ITIOBEPHYTh Ha HEKOTO-
potit  yrom. Taxum oGpason,
_ HoNly4YeHHasA HAMII CBH3b, B JEHCTBIITCILHOCTH €CTh CBA3L
MeJRAY ABYMA TMOJOMKHTENbHO OPIEHTHPOBAHHLIMII CIICTe-
MaMH JeKapTOBBIX KOOPHMHAT.
Bri6epem Temeps B mmockoctn P HexoTopyIo IIPOH3BOJIb-
HYI0 OTPHIATeJIbHO OPHEHTHPOBAHHYIO CHCTEMY JeKapTo-
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BbIX KOOpAmHAT, Koropyio OymeM HasEIBATH deTBEPTOll
(prre. 51) OGosuauum uepe3 & 1 1) KOOPAHHATHL TOUKH T
B 9TON cHCTeMe KOOp[nHaT

= (£, 1)

W3 derBepToil OTPUIATENHLHO OpPIEHTHPOBAHHON CHCTEMbI
KOODAMHAT MOKHO TOJYYHTH TPeThbio, TONOKATEALHO
ODIIeHTHPOBAHHYIO, H3MEHUB B YeTBEPTOH CmcTeMe KOOp-
JuHAT HAIPaBIEHIS, BHOPAHHOC HA ocu opauHat., OueBm-
HO, 9T0 CBA3b Me;KAy KoopauHatamu (&, ) TOYKH r B TaK
HOJTy4eHHOR TperTheil cucreMe KOOPAHHAT M ee KOOPAHHA-
ramn (§', ') B ueTBepToil cmCTeMe KOOPAMHAT JAaeTcs
(i)opmy.namn o
=F, }

n=—r'"

Taxum oGpasom, B cury dopmya (12) m (15) cBass memny

- (15)

~KoopauHaTaMi (Z, y) TouxkH r m koopauHaramn . (E/, 1)

TO#l jKe TOYKHM I B 4eTBepToil cmcTeMe KOOpAWHAT JaeTcsA
dopmynamn

z=a -+ & cosp-t1 sin (p,} (16)

y=b+ & sing —1 cos ¢.

Taxum olGpasoM, cTapble KOOPAuHATH (, ¥) TOYKW T
BHIPAKAIOTCA Uepe3 HOoBBle KOOpAHHATHL (&, 1)) B caydae,
ecid HOBag CICTeMa KOOPAHWHAT )

OpHeHTHPOBaHA IOJOKUTEIbHO, IPII w

nomomu gopmya (12); u cTapsle Ko-
opauHaTsl (r, Y) BHIpasKalOTCA dUe-

pes HoBbie wkoopaumHatel (&', 1),

eCIH HOBag CHCTeMa KOODAHHAT
OPHEHTHPOBAHA OTPHIATENbHO, HPH .
nomomu ¢opmyn (16). B ofomx
cayuasx CTapble KOODAMHATHL X H Y

ABIAAITCA MHOTOWIeHAMM HepRoil X 7
CTenmeHN OTHOCHTEILHO HOBBIX KOOD- .
nuHar. Towno Tak ke, BHIpakag - Puc. 51.

HOBBIe KOOPJAMHATHI Yepe3d CTaphble,

" MBI TIOJIY9MM JJIA HIX MHOTOWIEHHI TepBoil cTelleHM OTHO-

CHTEJILHO T U Y.
flcro, 4To mpuU W3yYeHWH JWHUN, 3afaHHOH ypaBHe-
HmeM (1), MBI JO/IKHBI HHTEDPECOBATBCA TOJNBKO TeMH
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CBOMCTBAMT 5TOM JIENI, KOTOPHe He 3aBmear ot BEGopa
JICRAPTOBOIl CLCTeMBL KOOD;IHAT, T. €. TAKIMI, KOTODBIC
1 MCHSTIOTCS LIpII 3aMeHe Z 1t ¥ mo oparyianm (12) mru (16).
Te cBOICTBA JIHIN, KOTOPHIC MEHAIOTCS TPU TAKOM 3aMe-
He KOOPAWHAT, B AeilCTBHTEIBHOCTI 3aBICAT He OT reoMer-
PHUECKHX CBONCTB JIUHHN, & OT DPACIOIOMieHIA ITOH -
HIIH OTHOCITEJNBHO CIICTEMBI KOODJUIHAT.

Ecnn F(z, y) ecTb MIIOrOWICH CTENeHI 1 OTHOCHTEIbHO
Z 1 Y, TO OYCBIJIHO, YTO IPI 3aMcHe ¥ I j 4Yepe3 HOBbIE
KoopAmHATH, Mo ¢opmyxam (12) mmm (16), MBl mOXydINM
moBbIit MHorownes G (E, 1) mmr, coorsercTsento, G’ (§',1'),
CTemleHb KOTOPOTO HE MOJKeT GBHITH BBHIIIE 7, TaK KaK T U Y
3aMEHANTCA MHOTOWIEHAMH HepBOil CTeleHH OTHOCHTENb-
Ho HoBBIX Koopiuaar. Ho crenexs mzorowrexoB G (§, 1)
wiH, coorBercTBerHo, G’ (&', n’) He MojKer TarKe H MOHH-
3UTHCA, TaK Kak mpin oOpaTHOM IIepexofe MBI 3aMeHsAeM
HOBBIC KOODIMHATH Uepe3 MHOTOWIEHBl IIepBOil CTemeHII
OTHOCHUTENBbHO cTapblx KoopAmHat. Taxmm obpasom, cre-
meHp MHorouwneHa F(z,y) ABiusierca reoMeTpPUYECKHM CBOII-
CTBOM JIMHHH WIH, KAK TOBODAT, ee uHeapuanrom. Cremens
n wmuorowreHa F(z, y) HaseBaerca nOpAOKOM NHHUI,
ompefensemoir ypasHennem (1). B amamurnweckoil reo-
MeTpHH H3YYalOTCA TOJNBKO JIMHUH IEepBOr0 U BTOPOro
HOPSAKOB. -

§ 10. JIuxau mepBoro u BTOpOl‘(; MOPAKKOB

B macrosmem maparpade paccMAaTPHBAIOTCA JIMHEM,
ompefiejiieMble ypaBHeHIeM : .

F(z, y) =0, )

B ciyuae, Kora F (%, y) ecTb MHOTOWIEH HepBO# miH BTO-
poit crenenu. Ecan F(z,'y) ecTs MHOroOwIeH HmepBOil CTe-
MeHil, To JUHHA HA3HIBARTCHA AUNUel nepgoso nopAdLa.
Ecna F(z, y) ects MHOTO%WIeH BTOPOil CTENEHH, TO JHIMNI
Ha3bIBAeTCA JAUHUel 6TOpozo hopadka, miam Kpueoll Topo-
20 nopadka. 3nmech [OKasbIBAeTCH, 4YTO JIMHHA TEPBOTO
HopAfKa ecTb HpsAMas, a JIIHAS BTOPOEO HOPAJKA ecTb
aanInc, rumepGosa Wi mapafosa, 3a HCKIOYEHHEM BhI-
POAIeHHKIX CiyYaeB, Korja ypasHemme (17) ompefexnsier
IBe TpAMble, ONHY IPAMYIO, OJHY TOUKY, WA Boobmie He
olpejenseT HI OfHOI TOUKA, -
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Ecau F(z, y) ectb MHOTOWIEH mepBoOil cTemeHd, TO ypaB-
genue (17) samumeM B BHJe .

Flz,y) = ax + apy + ay = 0.~ (18)
Ecan gucao o
a, 7é 0’

To, mela ypasHenme (18) Ha a,, MbL MOKeM IepemnmcaTtb
ero B gopme : N '

Yy — Yo = kz, (19)
roe
S Y A |
Yo= a:7 - az-

Ms BugmM, uro ypasneHue (19) ompenenser upsMmyio Jan-
HIIo, NpoxofAnyo gepe3 Todry (0, yo) U UMEIOMYI0 TAHTeHC
ya1a HaKJIoOHA K och aGeruce, paubiil k (cm. gopmyry (48)
ra. I1). B ciyuae, ecim ~

a2.-——’0r

ancno a, He KOJKHO ObITh paBHO Hymo. Torga Mul fernM
ypasuenme (18) Ha @,, m moxydaeM ypaBHeHue

X = xo,

rme

— Qg .
Ty = — -a'.
Takum o6pasoM, m B aTOM ciydae ypasHemme (18) om-
peneiaser mpamywo (cM. dopmyay (49) ri. 1I).

TakuM 06pa3oM, ypaBHeHHe NepBOil cTemeHH BCerAa
ompepeiifier HpAMYyl0, & 0O [OKA3aHHOMY B TJIaBe I1
(cM. dopmynni (48) m (49)) mpsMasA Bcerga 3ajgaeTcsa ypas-
HeHHeM [epBOil CTemeHH.

IlepeiimeM Temeph K KPHBO BTOPOrO MOpAAKA, T. e.
K ciaydalo, Korga MHOTowIeH F(z, y) ‘mMeer BTOpYiO CTe-
menn. MH 3ammimieM ero B BHAE

Pz, §) = o F 20,57y + e + a + @y + o

IToBepHeM Telephb HCXOJHYI0 CHCTEMY KOODIHMHAT Ha yrol

@, T. ©. HpPOH3BeJeM B3aMeHy Koopausar (, y) 4uepes
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roopannatH (u,v) mo gopmynam (7). [lpu srom maorounen
F(z, y) mepeifier B MHorowieH G(u, v).

[TocraBuM Temepnr mepen coGoil 3agady BHOpaTh yrod
noBopora ¢ Tak, 4ro6H MEOrowneH G(u, v) He copep;kal
npousseneHuA uv. Mu mMeeM

G(u, v) = uvl—2a,,cos ¢ sin ¢ +

+ 2a15(cos’p — sin’p) + 2a,4c0s @ sin @l +...
3riech BHINHCAH TOIBKO TOT WIeH MHOroOwIeHa G(u, v),
KOTODHI cofep:«uT mpousBefenme uv. HiaA Toro wrou
6omee KOPOTKO 3ammcaTh HOJy9eHHEIR KoapduumerT mpm
Uv, BOCHOJB3YeMCA H3BeCTHHIMH (GOpMyJaMu TPHTOHOMeT-

PHA [UIA - CAHYCA JIBOWHOrO yriia U KOCHHyca BOMHOrO
yria, IMeHHO:

sin 2¢ = 2 sin ¢ cos @,
cos 2¢ = cos’p — sin’q.
Hoxsayscy armmu popmyinamn, népenumeM xodpdmmment
opu uv B MHEOTOWIeHe G(U, V) B cleayomeM Buie: '
(azg — ay,) sin 2¢ + 2a,, cos 2¢. o @o

‘Bynem Temeps mckaTh Taxoi yroa ¢, 91o6bl BHIHCAHHBI
K03pQuUEMeHT IpH Uv paBHANcCA EHymw. Ecam

T = 01
TO IOBODPOT BOBCE He HY:KEH, T. €.
¢ =0.
Ecnn ~
L . (ST 7+ 01

TO npnpénm'maa roapdpunment (20) Kk HyTI0, MBI noauyqaeM
1A @ clefyolllee ypaBHEHHE:

ajy —a
ctg 2¢ = —"2% 22,

Otciona moxu0 ompepennts yroa ¢. Ecnu yron ¢ BuGpan
TaKHAM cIOcoG0M, TO Mhl MMeeM

G(u, l)) = buuz + bzgvz + blu + bzv + bo. (21)
He momer cayuutscs, aroGu o6a kospdunmenra by, n b,,
Obld paBHE HYJII0, TAK KaK 9T0 03Ha4a/0 Obl, 4TO MHOr0Y-
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sen F(z, y) npu moncranoske (7) OpeBpamaerTca B MHOTO-
WIeH TepBO#l CTemeHH, YTO HEeBO3MO;KHO. :
Ecam ME mpomssesieM momosHmTesbHEIR OBOPOT KOOP-
fuiar Ha yron nt/2 (cM. dopmyns (8)), To mpm. atom B
MBorowrese G(u, v) (cm. (21)) kospdnnmentn b, m by
TOMEHAIOTCA MeCTaMM, 4eM MH B JAJbHEHMEM W BOCHONb-
3yeMca B clIydae HagoGHOCTH. :
Honsepruem temeps BHGpamHyi0 CHCTEMY KOODPAHHAT
OapajleNbHOMY CHBHTY, T. €. BMECTO KOODAWHAT U H U
TOYKH BBeJeM HOBHe KOOpAuHATH §, 1] mo dopmyram
(cM. dopmynn (3)) . )

u=a+§,} .

v=ptn. )

Ilpr nopcramoBre (22) Mmorownem G(u, V) mepexonar B

mHorowiex H(E, m), npudem,

H(E, m) = b8 + bym® + & + N + Co

rae
¢y = 2aby + b,,} i (23)
¢, = 2Pbyy + b,
Us srux cootmomenuit BugmO, uro ecim = .-
. by #* 0, ) .
TO MOKHO BHIGpATh YHUCIIO O TAK, YTOSH
¢ =0. _ (24)
JIA 3TOr0 [OCTATOYHO HONOKUTD ’
- b
@ =—7p i
Touro Tak ke, ecim ' .
.b22 79‘ 09 A
TO MOKHO BHIOparh 4mciao P TaK, 9rolu
. a=0 (25)

Paccyorpmy Temeps pasmmumue cTyuam smavenzit um-
_ceJI bll n b22' N v
Crxywai 1. O6a ancna by, u b,, oramaEs ot HYJI.

— Torga BuGepeM umcia o 7 B TakuM oGpasoM, UTOGH
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BHIIONHANMCH paBeHcTBa (24) m (25). Torma

H(E, m) = by + bp® + oo (26)
Ecnan npu aToM d9HCIO -
. Co 7& 07
TO ypaBHeHHe Hallell KpUBOA HepemmuchIBAaeTCA B BHHUE
bu gz by Nt =1. 27)
Co
Ecam KoadunmenTs — %‘-‘? 7 — 02?-3 HAMEIT pasind-
N [] 0

HHle 3HAKH, TO OyAeM CUATATh, 9TO TMEPBBI W3 HHX IOJIO-
JKATENeH. JTOTO MOMKHO JOCTHYL IepeMeHO#l poieii Koagp-
¢unmenToB by; W byy, 4TO, Kak GHUIO paHee CKasaHO, BO3-
MokHo. Torma moso:xum

“—‘"V b11
£V TR

u ypasHeHEe (27) mepenmchiBaeTCA B BHJE .

2 2 .

L (28)
Taknam oGpasoM, B HOBHX KoopamHartax (£,m) ypaBHeHnme
(28) coBmapaer ¢ ypasmenuem (26) raaso..Il, m mosromy
Halla KpUBasg ecTh TrumepGoia. i
bc‘—ol -—-%3 oba mosomkm-
TeJIbHBI, TO Oy/ieM CUMTaTh, UTO IEPBBIA M3 HUX He Ipe-
BOCXOJIAT BTOPOTr'0. JTOTO MO}KHO AOCTHYb, MEHAA POJAMH
KO9(PUUIEHTH byy U byy, UTO BOMOKHO, KaK GbLIO CKa3aHO
panbme. Torfa monomum

Ecau roodpdunuents —

c
=+ ——31%7
b= +l/—b%,’»

M ypaBHeHHe Halleii KPHBOH 3ammchBaeTca B BUje
. gz n?
@t =1
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tipugeM @ S>> b. B oToM caryuae M mMeeM simrmme (cm. dop-
MYy (25) ra. 1I).

Ecan roadpdunumentn — ? n — 1’02_2 06a OTPHI{ATE/] b~
0

0
Hbl, TO He cymecTByeT Touxm (&, 1), ynonneTBopanm;eﬁ
ypaBHeHH0 (27), W MB unMeeM BmpomneHHLm cnyqan
(mama KpmBas He CONeP/KHT HH OfHOH TOUKH).
Ecian B paBencrse (26)

=0, ’
TO MEl EMeeM BI:lpO}RJIeHHbIn cayqait. [lokasxem sro. ¥Ypas-
HeHHue I(pI/IBOlZ[ nojgiydaeT BUJI .
b & + byyn? = 0.

Eciu o0a xosgduumenra b;; u by, MMEIOT ONEHAKOBbIE
3HAKH, TO BTOMY YDAaBHeHWIO YNOBNETBOPAET JHIIL OHA
touka (0, 0) — Belpoxpmennslii cayuait. Ecam xosddu-
OUEHTH by W by, HMEOT pa3iHuYHHE 3HAKH, TO GyjeM
OpeAuoJaararb, 4To by, uono;«menbno a by, oTpuIATENdD-
Ho. Torna momosxmm -

1 1
by = = by = e

OpH 3TOM ypaBHeHHe Hallell KPHBON HOPUHUMAeT BUL
g2 e ’
w3 =0 (29)

JleBass wacTh 2TOro ypaBHEHHA - MoxeT OHTH pasporkeHa
Ha [1Ba MHOKHTeJA HepPBoil cTeleHH, TaK 4TO ypaBHeHHe

moJydaeT BH[
‘ 3 n\(§ ny_
(7-7)(7 +4)=o0.

Raxnmoe us ypasHenuit

I

0,

+

Q l(f"‘ Q8 IW
oz o=
Ir

0 (30)

onpefieifeT Ha MIOCKOCTH P HeKoTopyio OPAMYIO, W TOY-
ka (§, m) Torma u TOJNBKO TOrda NPHHANIEKHT Ha-
meit kpupoil (30), Korja oma NPMHAAJMEKAT OXHON U3
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npamux (30). B arom caywae KpHBas pacmajaeTca Ha

iBe IepeceKalomuccsA MpsMble, I MBI HMeeM BHIPOKIACH-"

HBIH Cayd9ai. -
Cnywait 2. IlpeamomoxmM Temeph, 9TO TOXBKO
onHO H3 uHCeNl by, by oramaHo oT Hyna. MoskHo mpemmo-
JIO}KATH, 4TO OTIUIHO OT HYJNA IUCHO byy, TAK KaK aTH
9AcIa MOKHO MOMeHATh poaamu. Torpa BriGepem umcio

TaK, 9TO6H

=20
(cm. (23)), a uacno o mpuveM pasueM 0. Toraa
E=u, .

i d)ynmmn - _
H(u, m) = byyn® + cju + cp.

Ecam gmeno : ”

* (,‘1 = O, . :

TO MBI §MeeM BHpOKAeHHHH caywadi. [oxakeM aro.
YpaBHeHWe KDHBO# moJydaeT BH

P=— (31)

bss”

Ecnm mpaBas wacTh monokHTenbHA, TO HMeeM
Co
= 4 / — Lo
Tl b22’

T. e. ypasHerHe (31) ompenesisier ABe mpAMEIe, MapaLIeNb-
Hele ocn abcmucc. Ecam npasas wacts ypaBmemus (31)
paBHA HYIIO, TO MH HMeeM

‘ "12.= 01

T. €. Hallle ypaEHeHHe OIpeleisaeT ONHY NPAMYI0, AMEHHO
ock abcuuce. Ecam mpaBas wacts ypasmenua (31) orpm-
HaTeJlbHA, TO HET TOYKH, KOOPAWHATH KOTOPOil yMOBJeT-
BopAnM OH ypasHeHHm0 (31).

Ecan
51 # 01
TO IHOJOMKAM '

u=a-+§

-
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TOTZla YPaBHGHHe KPHBOH MOTyTaeT BHR
boM? + €18 + ¢ + ¢, = 0.
Moskro BHGpaTh 4HMCIO0 & TaK, YTOGH
¢80 + ¢y = 0y
u ypaBHeHWe KDHBO non};‘lael' BHT,

. bu? + 6, = 0. (32)

Ecau uncna by, M ¢, AMEIOT ONMHAKOBEE 3HAKH, TO IIOBEp-
HeM HaIly CHCTeMy KOOPAMHAT Ha YroJ 7t; Toria o6e Koop-
AWHATH H3MeHAT 3HAK (cM. dopmyan (9)), #m, He MeHAA
0003HAUeHUH, MH MO;KeM IPe[IOJIOKHATb, UTO UACHA b,y

¥ ¢; uMelOT pasHuii 3Hak. Torga ypaBuenue (32) mepe-

IHUChHBaeTCcA B BHJe

ﬂ _—b—”. ’
nin
n® = 2fg,
rae [ — IONOKATENBHO, T. €. MBI EMeeM napabory (cMm.
(27) ra. II).

Wrax, KpuBasa BTOPOTO MOpsAAKa Bcerfia eCTh DIJIAIC,
runepGona miu mapaGosa, 3a HCKJIOYeHHEM BHIPOK/IGH-
HEIX CNIydaeB.

IMpumep 3. Paccmorpmm Gosee BHEMATEBHO TH-
nep0oly, ompefenseMyi0 ypaBHeHUEM

2 2 :
S =1 (33) .

Tak Kak 9Ta KpHBag CHMMETPHYHA OTHOCHTEJNBHO OCH
abcIuce 1 OCH OPAMHAT, TO JOCTATOYHO COCTABHTH IIpeJ-

' craBleHHe O ee MoBeleHHH B mepBoit werBeptd. [[aA aToro.

paspemnM ypaBHerue (33) OTHOCHTEALHO Y, CUATAA L H Y
noJoKATeIbHEIME. Torma nMeeM

y=+0y St

[Ipn x < a npaBas 4acTh MOCJENHEr0 PaBeHCTBA MHUMafd,
M, ClIefioBaTeNLY0, HUKAKEX TOUGK C afcuuccoil & mpu
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2 < a tumepbona ue mwmeer (puc. 52). Ilpm z = auMeeT-’

cA opHa Touka (@, 0) — TouKa mepeceweHHs THIEPGOJEI
¢ ocpio abemmcee. [Ipum Aaub-
HelllmeM  HeOTrPaHHUYECHHOM

/> pocTe ¥ BeJWYWHA Y TaKiKe
v pacter Heorpanudenso. Jlas

" roro 4ToGH COCTABUTDH HpeJ-
cTaBjleHHe 0 XapaKTepe 3To-
T

7 z ro pocTa, CpaBHAM ero c
moBe/ileHMeM TOYKH Ha Hps-
Moii i

i="Lu, (34)

Puc. 52. " mpoxopAmell Yepe3 HaUAIO

KOOPJMHAT C YTJIOBEM K0ag-

¢unueHTOM k=%. 3necs opAEHATA TOYKH HA MPAMOi
obozHaueHA dWepes y A TOrO, YTOOH OTIMYHTH €e OT

OpPAMHATH TOYKA HA runepéoie.

YToGH CPAaERHWUTH POCT BeJHUNH Y H J IPA OHOM W TOM
e Bo3pacTaiomieM I, COCTABEM HX Pas3HOCTb:

f—y =L (a—VT=a).

VMHOKEM § pasfeldM OPaBYI0 HaCTh 3TOTO BHPAKeHHA
-~ Al
Ha cymmy z-+) 22—a?. Torga moxydnM

.
-~ . ab -

y—y=

x-l—-[/:m.

U3 mociefmero paBeHCTBA BHAHO, 4TO y — y cTpemmTca
K HYJII0 IpPH HEOTPAIHYeHHO Bo3pacrajomeM Z. IIpamas
(34) maswiBaeTcs acumnmomoii THIEPGOIH (33). To, uto
ofHapy eHo HAMH B IepBOil YeTBePTH, MMeeT MeCTO BO
BCeX OCTAJbHHIX deTBepTAX. TakuM ofpasoM, fBe OpA-
Mhle, ompefieisieMEle yDaBHEHHEM

' 2 v

a2 p2 —

ABJIAIOTCH aCHMITOTAMH THIIepGoJbl, ompeleisdeMol ypas-
menneM (33). OGe BerBE rumepGobl HeOrpaHUUeHHO HPH-
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GmpRaOTes K OTEM OPAMBM B Kakgofl W3 derBeprelt
(em. pume. 52). . '
Hpumep 4 PaccmarpmpaeM QyHKI[MIO

-

F(zy) = aya® + 2a57y + agsy” (35)

dra QyHKUEA ABYX HePeMeHHEIX Z H Y HasHBaeTcA keaod-
- pamuunoli gopmoti sTHX mepeMennsix. .B amreGpe m ee
NPUIOMKEHAAX HrpaioT GoabIIYI0 POIb KBaJAPATHUHES
¢dopMEH MHOTEX mHepeMeHHHX. 37eCh ME IPOjleMOHCTpH-
PyeM Te CBOHCTBAa KBAAPATHUHHIX (OPM, KOTOPHE MOKHO
BHIABATH HA KBajpaTHYHO# (opMe ABYX MepeMeHHHIX.

Kaagparuunyio dopmy F(z, y) MOKHO paccMaTpHBATH
Kak QyHKNmIO Bexropa z = (z, ¥), T. e.

. F@) = Fa p- (36)

PaccMarpuBas KBaJpPaTHIHYIO q)BpMy KaK (QYHKIHIO BEK-
Topa, MEl CTAQBAM B COOTBETCTBHE KaiKIOMY BeKTOpPY2Z
ngockocTd P ameio F(z), W 3TO COOTBETCTBHE Yike He
3aBHCAT 0T BHGpPaHHOH cHCTeME KoopamHaT. 1A KoHK-
_ peTHOTO BHIUMCIAeHUS Bejwumubl F(z) crexyer BHIOpaTh

KaKylo-To ONpefieleHHYI0 CHCTeMY KOODANHAT H B Heil
KOODAWHATHLIM 00pasoM BHYHCIATH QYIKIUIO F(z) mo
dopmyae (36). Onnako BMecTo MCXORHON CHCTeMBL KOOP-
[MHAT, TJe KBajgpaTnuHas gopma ompenesnsercss GopMmyion
(35), MBI MokeM BHIGpaTh ApPYrylo CHCTeMy KOOPJWHAT,
B KOTOPOH

F(z) = G(u, v) = byu® + byt® (37)

(cM. dopmyxry (21)). B aroit Bropoil cucTeMe KOODPRHHAT
kpajgpaTHunyo ¢opmy F(z) msydaTh Jjerde, Tak Kak ee
KOOp/AMHATHAA 3a0ACh HPOIIe. o .

Bynem paccMaTpEBaTh KBagpaTHUHYI (opmy F(z) qna
BeKTODOB & AJMHHH, paBHoii' eqmmnuue. IlocraBum mepen
coGoit BOmpoc 0 HaXO)KJAeHAH TOTO BeKTOpa & [MHH elH-
muma, mpu KotopoM ¢yHkmma F(e) mocthraer. CBOero
HAmGONbIIEr0 3HAYEHWS KN, KaK TOBOPAT, MakcumyxMa,
A TOro BeKTOpa €, [UIMHH eAWHAINA, IPH KOTOPOM KBaZ-
parmumas ¢opma F(g) MoCTHTaeT CBOEI0 HAHMEHBINEro
SHAWEHWA WM, KAK TOBOPAT, MUHUMYMA. ITY 3ajiady
yoo6HO pemaTh mo BTOPOi CHCTeMe KOODAMHAT, IIPH KOTO-
poii kBajparmiHaa ¢opMa. F(z) wuMeer KOODPAMHATHYIO
sammch (37). I[pom3BOMELHEI BeKTOp € JIMHEI eIUMHUIA BO
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Bropoil cmcTeMeé KOODAMHAT 3aNuCHIBAGTCA B CIeAYIOMEM
BHe.
= (cos &, sin a),

rfie & eCcTh yrol HaKJIOHA BeKTopa € K ocu abcmuce BTOpoit
ciucreMH Koopauuat. IloficTaBisas 2Th sHadYeHHA KOOpPHH-
Hat (4, V) BeKkTopa & B ¢opmyny (37), MEH momyuaém

F(e) = bycos® o + bigz.sinﬁ'oc. (38)

Ecam wncna by, u by, paBHH Me:KAy coGoii, T: €. by =
= by, = b, TO MIA moﬁoro BeKTOpa € [JIWHH eRUHHIA
MBI AMeeM

- F(e) = b, ‘

T. €. BeJIMYMHA KBafipaTAIHON (OPMH He 3aBHCHT OT Ha-
OopaBaeHUA eINHUTHOI'O BEKTOpa €, B 3TOM Ciydae Tpeﬁo-
BaHHe MAKCHMAJBPHOCTH MW MHHWMAJBbHOCTH He BHJEJIAEeT
HAKaKHX BEKTODOB.

Ecnm wucna b;; m by, pasmumums, To MH GyfeM CUu-
TaTh, 9TO :

b >/ bsg.

Torma, mepemmcas q)opmy (38) B BHpE

F(e) = by— (by—Dby,)sin’a,

BHIUM, 9TO F(z) MOCTHTaeT CBOErO0 MAKCHAMyMa Ha [BYX
BeKTOpax & u g4» IpHAYeM pas BekTOopa & & = 0 m Aus
BeKTOpAa & o=, TaKk 9TO el = —g,. Hlanee, F(z) mo-
cTHTaeT CBOEr0 MHEHEMYMA Ha [IBYX BEKTOpaX £, H g,

’ 3
opadeM id BeKTopa &, o= —:2[-, a i & a= ) T, TaK-

910 £y = — e,.

Taxum o6pasoM, Iis NpoU3BONLHOR KBajfpaTHYHOMN
dopme F(z) ABYX mepeMeHHHIX MBI MOJMYydYaeM CJaeAYHIOIIuit
pesyabTar. 5Ta KBajpaTW4Has (opMa, paccMaTpuBa-

eMasa A BCeX BEKTOPOB 2z = & IJHWHH eJNHHIA, anbo

HOCTOAHHA [JIA BCeX 9THX BeKTOpOB, JaMGO JoCTHraeT
CBOEro MaKCHMyMa Ha /IByX BEKTOpDaX & == ==& I CBOEro
MUHHMYMa Ha BYX BEKTOPaX € = -g,, OPHYeM BEKTOPH
€ H €, NepPHeHAUKYAAPHH ApPYr APYry.
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§ 11. Konuyeckue cevenna

3deck MBI [ajuM elle ONKH HOAXOJ K H3YUeHHIO 3J]-
aunca, runepGonnl m mapaGoasl. OH GLIT HM3EeCTeH Yo
HOpeBHAM TpeKaM [0 Havdajda Hameidl 3pe. ITH KpPHBHE
MOKHO OOpeJeJINTh KaK JUHAW Iepece9eHUA KPYIJIOro
KOHYCa, WJIM, TOYHee, IIOBEPXHOCTH KPYIJIOr0 KoHYca,
€ IJOCKOCTHIO, He TPOXOAAmEH depe3 BepmuHY KoHYcCA.
Orciona u mpomcXomuT HMX HA3BAHWE (KOHMYECKHE Cede-
HaA». 3peck OyfeT - MoKasaHo, 4TO JHMHHS HePeCedeHHs
MOBePXHOCTH KPYIJIOro KOHyca ¢ IJIOCKOCTHIO €CTh BCEerha
3JIIEANC, runepbona win nmapaGojia B CMBICJe OHpeReeHMuil,

'IaHHBIX @A 9THX KpEHBHX B § 5. [lokasaTeincTBo 3TO

9ucTo reoMerpudeckoe. OHo Ghuro faHo B 19-M cromerwm.
. Ilpeskme Bcero ommmeM, 9TO HOAPa3zyMeBaeTcs mON
noseprHocmbio Epyeaozo Kokyca (puc. 53). B TpexmepmoM
eBKINNOBOM TPOCTPAHCTBE
BEHOepeM KaKyw-HUGYOb To-
PH30HTAIBHYIO MIOCKOCTh H
B Hell OKPYKHOCTD IV ¢ HeHAT-
poM B Touke c¢. M3 Touru
¢ BOCCTaBUM HePHeHIUKYIAD
¢s K BHOpaHHO# TrOpHU30H-
TaJbHOH TJIOCKOCTH, Ham-
paBieHHBbHI KBepXy oT Hee.
Yepes TOUKY S ¥ POU3BONb-
HYI0 TOYKY p OKDPY/KHOCTH
N mpoBefieM IpAMyI0, mpoC-
THpaomyocs GeCKOHeYHO B.
o6e croponbl. Kpyeawiii ko-
ryc C-coctomT U3 BCeX To-
9eK, JesKallluX Ha BceX Ta-
KAX OPAMEIX, KOrfla TOYKa p mpoberaer OKPY:KHOCTH NV.
Kampana u3 TpsAMHX HasuBaerca o6pasyioweli komyca C.
Toura s HaswiBaeTca eepwuwmoti Komyca C. Kaskpas
ofpasyomas KoHyca C- pasbuBaeTcs ero BepHHMHOI
s Ha [JBe noayoOpasywiyue, ORKHA N3 KOTOPHX HAM-
paBleHa BBepX OT TOYKHM §, Apyrag — BHH3 OT Hee.
Te Tourkm komyca C, KoTopble Jie;KaT Ha BepPXHUX
monyoOpasyomux, COoCTABIAIT 6ePTHION NOAOCMb KOHY-
ca C, xoTopyio Mb o6osnauum gepes C,. Te Toukm Komyca
C, KoTopHe JIeKAT HAa HIGKHUX ero nojayoGpasynomux,
COCTABJIAIOT HUNCHIOW nosocmb Kouyca C, KOTOPYIO MEL

g+ ‘ ~ .15
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oGozaumM uepes C,. Takmm o6pazoM, Bech KpYIMIHil
KoHyc C pasGuBaeTcsl TOYKOH S Ha [iBe MONOCTH: BePXHIO0
C, u mmxnown C,. BeprukansHas mpsaMas, mpoXogsmas
depe3 BepUIMHY § KoHyca C ¥ IEHTP ¢ OKPYKHOCTH NV,
HA3LIBAGTCA O0CbI0 KOHYca. YTrol Mex Ay obpasyomeit
H 0Cblo KOHYca ofosHaunM gepes y. Om ompemenser dop-
My KoOHyca. ‘

Mzt 6ymem roBoputs, uTo HeKoTopHit map S ¢ LEeNTPOM,
pacnonoikennyiM Ha ocu komyca C, enucan B Komyc C,
€C/H OH KacaeTCs MOBEPXIOCTH KOHYCa N0 HEeKOTOpOil
oxpysuoctu L. OueBnnno, uto map S, BOHCAHHEH B Ko-
myc C, nesxur amGo BHYTPH BepXmell ero mosocTH C,
au6o BHYTPH HILKIeH ero moioctu C,.

ITpoBemem Temepnr B mpocTpaHcTBe HEKOTOPYH miIo-
CKOCTH P, He IPOXONAMYIO Yepe3 BepIIHIY § Kouyca C,
I H3y4MM JIHHUIO mepecedenus K miaockoctu P ¢ moBepx-
Hoctelo C mamero Komyca. J{nAa TOro 94To6H BHACHUTD
pasinuHble BO3MOIKIIOCTH PACHOJIONeIIUA MII0CKOCTH P oT-
HOCHTeNIBHO0 Konyca C, mpoBefieM depe3 BePIIAILY S KOHyca
C mnocxocts P/, mapallIelNbHYI MIoCKocTH P. Moryr
HMeTh MeCTO TPH PasiINYHBIX CIydas.

Caywai 1. Ilnockocts P’ mepeceraercs ¢ KOHYCOM
C TONBKO B OANON TOYKe — ero BepIMHe S, HO03TOMY mHo-
mocra Cy u Cy womyca C MemaT Mo pasible CTOPOHB MIO-
crkocru P’. Ilmockocts P B aTOM caydae mepecexaetcs
TOJBKO C ONHOR MOJIOCTHIO Koryca C. [[1a onpepenennocTn
GymeM cuHTaTh, 9TO 910 ecTh mosnocTh C;. B To e Bpemsa
OHA TlepeCeKaeTCA €O BCeMH o0pasylImumn KoHyca C.
Hmxe Gymer moxasamo, uto B 9TOM ciaydae JuHEHA K
€CTh JLIHUIIC. - : :

Crnywaait 2. Ilnockocts P’ mepeceraercs ¢ KOHY-
coM C o IBYM ero o6pasyiomuM, A TOdTOMY IIOCKOCTD P
nepecexaercs ¢ oGenmu mojocTaAMH Kouyca C. Huske 6yger
MOKa3aHo, 4TO B OTOM Ciydae JuHUA K ecTh rumep-
Goxna. ‘

Canywait 3. Inockocts P’ mepecexaeTcsa ¢ KOHY-
com C 1o oftmoit ero ofpasyromeit, KOTOPYIo MBI 0603HATIM
depe3 M. Tarum oGpasom, P’ xacaercss xouyca C mo oG-
pasyromeit M, monocru C, u C, kornyca C mear mo pas-
HbIe CTOpONH mockocTd P’, m noaromy miockocts P mapan-
JlelbHA ero ofpasylomeft M u Nepecekaerca TQAbKO
C onHo# monocThio Komyca C. Jlna onpejietennoctn Bynem
CIMTATh, UTO OHA HepeceKaercs ¢ modocTbio C;. Huske
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-~ . OymeT MOKa3aHO, 4TO B 9TOM cAydae JmHua K ecTr ma-

paGouia.

Joramem Temepb BCe TpH BHICKA3aHHEE HAMH YTBep-
MOCHAA. :

Cnywait 1. Ilnockocts P mepecekaercsi co BceMH
oGpasylomumn KoHyca C, HO TOJAbKO C BePXHUMA JaCTAMHA
KajKIo#l M3 HUX, TaK KaK IepecedeHue ee ¢ KoHycom C
- MeJMKOM IeKHAT Ha BepXHeli momocru C,; 3TOro Komyca
(puc. 54). Iloxrasxem, ato nnuausa K ects sannnc. BriGepem -

’ !
-

*y

Puc. 54. : . '

i

map §,, BUHCaHHHI B BepxHWI moxocth C; komyca C,
Je;Kammit Huyke MIOCKOCTH P @ Kacalomuiica sTol mio-
ckoctu cHu3y. Jlunio Kacanus mapa S; ¢ HOBePXHOCTLIO
C, o6osnHaunM uepes L,, a TOUKY KacaHHA €ro ¢ IJIOCKO- -
ctuio P uepes f,.. Boibepem, mamee, BTOpoil map S,, BIHA-
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camHH#@ B monocts C; Komyca C, IeRammmil HAN IJIOCKO-
ctei0 P m KacalomuiicA aTolt miockocTd. JIMHHMIO KacaHHA
mapa S, ¢ moaocteio C; oGosHaunm depes L,, a TOuKy
€ro KacaHHuA ¢ INIOCKOCThI0 P — depes f,. I'eoMerpaueckn
ACHO, 9TO BCA JHMHAA K JIKHT MekAY OKPYMHHOCTAMH
L, u L,. BosbMeM npousBonsuyio T0uKy z auuuu K u opo-
BefleM depe3 Hee obpasylomyio KoHyca C. Touxm mepece-
ueHnA 910l ofpasywomeii ¢ oxpyHocTaMa Ly u L, 0603-
HA9AM COOTBETCTBEHHO 4epPe3 a; U a,. OueBHHO, 9T0 NInHa
OTpe3Ka a,4, He 3aBHCHT OT BEIOODa TOUKH 2z, H MH 0603Ha-
UM JUIAHY 9TOro oTpesdka uepes 2a. Taxim o6pasow,
MH HMeeM

e, @) + Uz, as) = 2a. . (39)

CoenunmM Temepsh TOUKY z ¢ TOUKAMH f, U f, OTpe3KaMH.
Tax xaw orpeskw zf, m za, xacaworca mapa S, B Touxax
f1 B ay, TO RAMHE X paBHH Me:kRy coGoii. Takmm o06-
pasoM, - ‘

l(zy fl) = l(Z, al)' (40)
Touno Tak sxe oTpesKn zf, U za, KacawTcA mapa S, B TOU-

KaX f;~# @y, W MO3TOMY AIMHH HX PaBHH MeKAY co6oii.
Takmm o6pasow,

Uz, f) = Uz, a). - (4l)
U3 dopmyn (39)—(41) caenyer, qro .
l(z’ fl) + l(z’ fz) = 2“9 -

Tlle YACJI0 4 He 3aBHCHT OT BHGOpA TOUKK 2z Ha guHum K.
Taxkmm obpusom, mmuusn K ects smmmme (cu. dopMyny
(14) ra. II), doxkycamu KoTOporo ABIAITCA TOUKH hLafs
KaCaHWA II0CKocTH P ¢ mapamu S; u S,, u cayuait 1 pa-
300paH. :

. Caywait 2. Ilnockocts P mepecexaercs-¢ ofemmu
momocramu Cy m C, kouyca C (puc. 55). Jlunmio ee mepe-
cedeHHA ¢ monocThio C; o6o3HaumM gepes K,;, a ¢ moio-
creio Cy— ueped K,. Tarum oGpasom, auars K cocTomt
u3 AByX wacreit, K; u K,. Jlokamem, uro amuusa K ecTp
rumep6oia, a K; u K,— nBe ee BerBu. [{ns aToro BhGepeM
map 'S;, BOMCAHHHA B moJocTh C; W Kacamomuica mMmio-
ckocrn P. Jluruio kacanua mapa S, ¢ momoctsio C; 0603-
HaIMM 4Yepes3 L,, a TouKy Kacaums wapa S, ¢ IJIOCKO-
cTeio P 0GosHauuM depes3 f;. Amamormumo  BhIGepe
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map S,, Bomcammuit B monocth C, M Kacaomumiica ImTo-
ckoctn P. JImumio racamua mapa S, ¢ noxocTeo C, 0603-
HauEM uepe3 L,, a ToU4Ky Kacamusa mapa S, € IJIOCKO-
‘¢ctbi0 P — uepes f,. Jlerko ycmorpeTh, 4TOo JamHHA K -

277/
444

.75,

A.,
(L

"

~—

Pnc. 55.

MeKUT BHIIe OKpY:knoctd Ly, a- muana K, mexuar HAme
oKpYsxHOCTH L,. BriGepeM- mpOH3BOJBLAYI0 TOUKY 2 JH-
guu K, @ mposefieM depe3 Hee 06pasyiomyio KoHYyca C.
~ Touxy mepeceqeHns aToi 06pasyioLeid ¢ OKPYHKHOCTHIO L,
'
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o6o3HauuM depe3 a;, a € OKPYKHOCTbIO L, —depes a,.
OvueBnjHo, 49TO [JINHA OTpe3Ka a,a, He 3aBHCHT OT Bh6opa
TOYKM z. A1y Aaumny Mbl o6o3radaum udepe3 2a. Tak Kaxr
TOYKa 2 JIeKHT Bblile OKPYKmoctn Ly, TO .

Uz, ay) — Uz, a)) = 2a. - - (42)

IIpoBemeM Temepb OTPe3KHM U3 TOYKH Z B TOUKM f; @ f,.
Orpeskn zf, ®m za, Kacafrca mapa S, B TOUKax f, u a,,
ClefioBaTeAbHO JJIMHB HX paBHb. TakuM o6pasom,

AMeeM
Uz, 1)) = Uz, ay). ’ (43)

Tak xar oTpesrn zf, u za, kacaloTca mapa S, B TOUKax f,
H a,, TO OHU DPaBHH MeKAY Co6oii, TaK 4To

l(Z, .f2) = l(Z, az)- (44)
Uz Qopmyn (42)—(44) cremyer, uro
l(z7 fz) - l(zv fl) = 2(1,

Ile @ — eCTh KOHCTaHTA, He 3aBHCAMAH OT TOYKH Z,
npuHafIexameit anauu K,. Touno Tak sxe JoKaswlBaercs,
qTO eCNM TOYKA z NpHHAMJe:xHT auauun K, To HMeeM

;- Uz, 1) — Uz, f) = 2a.

Taxknm oGpaszoM, mokasano (cM. Qopmyan (15), (16)
ra. II), aro amuua K ects rumepGona, dokycamMH KoTo-
poii ABAAIOTCA TOUKH f, H f, Kacauus miockocte P ¢ ma-
pamu S, u §,, u caygait 2 pasoGpan. .
Cnywait 3. I[lnockocte P mapaiielbHA HIOCKO-
ctu P’, xacaiometics -koryca C mo o6pasyiomeit M, u me-
pecexaerca ¢ konycom C ToibKo mo mosoctd C, (pue. 56,
97). HoxameM, 910 B TOM Ciydae amaas K ecTh mapa-
Gona. Brbepem fns aroro map S,, Buucauskii B nosnocts C;
KoHyca C m Kacawmuiica mrockocTn P. Jlmumio kacamms
mapa S, ¢ momoctnio C; oGo3HauuM uepe3d L, a TouKy
KacaHnA ero ¢ miIockocToio P depes f,. Ilmockocts, B Ko-
TOPOii JIeKAT OKPYRHOCTHL Ly, 0oGo3naunm uepes Q, a mpa-
Myl IiepecedeHHA MmIocKocTell P’ um Q ‘oGosmadmM de-
pes L. Jlerko Bupmets, 4to npsambie D’ m M mepnenauky-
aApHb ApyT Apyry. Ilpsamyio, mo kotopoii mepecek.ioTcs
nnockoctn Q u P, o6osnaunm gepe3 D. OueBupgno, uro oHa
napamnensua D', Ilycrs Teneps z — mpow3BolbHAS TOYKA
kpuBoit K. Uepes oTy 109Ky z ¥ o6pasywomyio M konyca C
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nposefiem mrockoctTs R. OGosmaumm gepes E mpamymo,
OpefCTaBIAIONYI0 coboii mepecedenue miockocteit R u Q.
Tak Kak Touka z npunamie;kuT Kouycy C, To-miockocts R
HepeceKaeTcA ¢ KOHYCOM C, rpoMe oGpasywomei M, eime

V4 //5"_‘ Y
. 7 R
—F2 7
Pnc: 57.

no oiHoi obpasyomeit M, mpoxonAmeii wepes TOUKY 2.
3amerum, uro obGpasyiomme M m M’ obpasyor ¢ mpsa-
Mo#t £ mnocKoctu Q pasHHe yrasl. Tax Kak To4ra z OpH-
HaJIeKUT IIoCKocTH P, To mepecedenme miockoctn R
¢ miaockocTeio P ects mpamaa M'’, mpoxomsamas depes
TouRy 2z M mapaianenbHad M. Taxum o6pasoM, mpsAMEe

M' n M" o6Gpasywnr ¢ mpamoit £ paBHEe YIJbl, I IOTO-
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My, ecnm o6osuaauts ucpes a’ m a’’ mepecedwenme mps-

MEX M’ 1 M’ ¢ upamoit E, To Mbl moiydanMm paBHoOeipeH- -

HHI TpeyroabHUK za'a’’ ¢ paBHEIMH yIJIaMd B TouKax a’
7 a'’, TaK YTO JAJUHH OTPe3KOB za’ W za’'' pPaBHH MeKIY
coboii. Tar wax mpamuie. D' u M, neskamue B IJIOCKO-
cta P’, nepueRIMRYAAPHH Messay coboii, To Hapaielb-
Hble MM NPAMbI D y M, nexamue B mIocKocTs P, TaKKe
TDePHeHAUKYIAAPHE Me:RAy Coboit. OTpeskm zf, I za' Ka-_
calorcA mapa S, B To4Kax fo ¥ a’, ¥ mosTOMYy JJIMHH KX
paBHH. A Tak KaR OInHAa OTpe3Ka za' paBHA [JIMHE OT-
peska za'’, To MH HMeeM pPaBEHCTBO

Uz, fy) = Uz; a"’).

PaBeHCTBO 3T0 BEINONHEHO [JJIA MPOU3BONBHON TOYRE 2, le-
sxameit Ha kpmBoil K. Taxum oGpasoM, MH BAIEM, YTO

kpuBasg K ecTh napaGona ¢ PoKycoM B TOUKe f, H JHDEKT-

pucoi D (CM. § 5 onpenenenne napaGomas). Taxum oGpa-
30M, caydait 3 pasoGpan.

IMpumep 5 Hamm moxasamo, uTo MoGoe KoHH-
9JecKoe CeUeHHMe eCTh dJIMNc, ramepGona miam mapaboda,
HO CYIECTBYeT 0eCINCIeHHOe MHOKEeCTBO DJJIAICOB; HMEH-
HO 3JNINIC ompefeisAeTcs NByMsa HapaMerpaMu a m b (cwm.
ypaBHenue (25) ra. II). Touno Tar ;e w rmmepGosa om-
pefensercs AByMsa mnapaMeTpamMu a @ b (cM. dopMyiy
(26) ra. II). IlapaGoma ompemesnsierca oOQHAM HapaMeT-
poM f (cm. dopmyay (27) ra. II).

- Bosankaer Bompoc, MOKHO JH HONYYHATH KOKAYH U3
9THX KPHBHIX, KaK KOHMYecKoe cedenme? Jasm Toro 4robhu
PeIIATH 3TOT BOIPOC, MPOBeieM HapARY € IIOCKOCTBIO P
mapaiiejgpHyl0 efl IJIOCKocTh P;, He mpoXomdAmy depes
BepmuHy s komyca C. Q6o3maumm mepecedenne KOHY-
ca C c¢ mmockocteio P, wepes K;. OueBHmHO, 9TO KpH-
Beie K m K; momo6GHN Mexmy coGoil m momoGHO pacmoso-
JKeHBI, IIpAYeM IEHTPOM NOf0QUA ABIAETCA TOYKA § —
BepmumHa KoHyca C. Jlan ompememenns kosdpdmmuenta
nopo6usa a (cM. mpuMep 2 ra. II) mposemem uepes Tou-
Ky § OpAMYI0, NePHeHNKYIAPHYIO K MiaockocTaM P r Pj,
¥ 0603HAYAM Uepe3 p M p; TOUKH HepecedeHds 3Toff mpa-
Mol ¢ maockoctama P n P;. OdeBnano, 4To Koadduument
mofobusa ompepenserca gopMyroi

l(’r pl)
I(s,p) "' .

. : o=

-
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Taxmm oGpasom, Hapsany ¢ xpmBoit K, momydaemoit nepe-
cedenneM KoHyca C € ImITOCKOCTBI0 P, MH MOKeM HOJIYIATH
a6y mofgobHy eii kpuByw K; Kak mepecedeHHe TOro
wme KoHyca C ¢ mIOCKOCTBIO P;. .

Orciofia HemocpelCTBEHHO BHAHO, 4TO Ka;kKAYI mMapa-
6oy MOKHO MOJNYYATh KAaK CedeHHe 3a[JaHHOTO KoHyca C
HEKOTOPO#l HIoCKoCcThI0 P;, Tak Kak BCe mapaGois mo-
IoGHbI Me:KAy coGoit (cM. mpumep 2 ra. II).

JT0, 0ONHAKO, He 0YEBHAHO JJIA JIIHWICA M THIePGOIH,
TaK KaK OpH MapallelbHOM CHABATe IUIOCKOCTH P MH
nolyqaeM KPHBYIO, HONOCHYH HCXOAHOHW, IpHYEM OTHO-

b .
MeRMe —- JUIA BILIANCA H.TUmepGoasl coxpanserca. Bos-

HUKaeT BOIPOC, MokeT JH OHTb BTO OTHOIIEHHE BhHIGpaHO
OpOM3BOJIBLHO MYTEM HOBOPOTA MIoCKocTH P,

Hua siannmca Bompoc pemiaeTcs TMOXOMKHTeTbHO. UMeH-
HO, €CIM IUIOCKOCTh P HepHeHAUKYIAPHA K OCH KOHY-
ca C, To ceueHme K ABIAETCH OKPYKHOCTHIO, I OTHOMIE-

b
HIE — PABHO 1. TloBopaumBas miockocTs P Tak, 4To6H
yrox ee HaKIOHA K OCH KOHYca YMeHbIIAJCHA, Mbl, 0de-

b
BHIHO, GyneM YMeHbIIATH OTHOlI[eHPIe—a- IOPOU3BOJbHAIM

- obpazom. Taxmm oGpasoM, 0G0l danMIC MoeT GHITH

MOJyYeH KaK CedeHue 3afaHHOro konyca C HeKoTopoi
ILIOCKOCTRIO P. .

Crosxuee ofcrour Aeno ¢ ramepGonoit. Jlerko BHfeTs,
9T0 mpHGIMIKas MIOCKOCTs P K mapailenbHOR edl Puk-
cupoBaHHO# mocKocT: P’, mpoxofsmeii Wepes Bepmiu-
HY s KoHyca C, MH B Ipefiesie mojaydaeM u3 runmepGoan K
napy o6pasyomuX, mo KOTOPHM INIOCKOCTH P’ mepece-
Kaerca ¢ KoHycoMm C. TakuM oGpasoM, yroi Mekmy acum-
oTotaMy rumep6ossl. K paBeH Yy Meay o6pasyommMa
Konyca C, moaydJaeMHIMA IepecedeHUEM €T0 € IIOCKO-

"cTbi0 P’. MakcHManbHYIO - BeIMYMHY BTOTO YIiaa MH MO-

AYyYUM TOTAA, KOTAA IIOCKOCTh P’ mpoXoAuT depes ochb
kKonyca C, m oHa paBHa 2y. Takmm ofpasom, mias rumep-
Oonnl K,;, moidydaeMoil cedeHHmeM 3aJaHHOTO Komyca C

b : "
OJIOCKOCTBIO P, OTHOHIeHMNE = Or'PaHUYEeHO BeJIHUYNHON

tg v, m masa Toro, 9To6H MOJYUATH MPOM3BOJBHYIO FHIep-
Gony, Mbl JON/KHHl BHGHpATh KOHYC £ pPAsNIHYHEIMU CIO-
cobamu, yBexnmauBag yroa y. MeHaa TakuM o6pasom
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gouyc C, MBI MoKeM HOJTYIHUTH BCE BO3MOKHEIC THIIEp-
60JIHL. .

H1ak, ycraHoBieHo, 4To Jao0basg m3 JTUHHI — 3JLIHIC,
runep6ona wmam mapaGoia — ABIAETCA KaHOHHIECKAM
cedeHHeM. :

_AOBABJEHUNUA K I'IABE III

3mecs Mu fanmM: 1) mpeoGpasoBanme KoopaMHAT B PO~
CTpaHCTBe, 2) KIacCHPUKANMIO MOBEPXHOCTEl IepBoTO o
BTOPOT0 NOPAAKOB, 3) KOHHYECKHE CEYeHHs, KaK mepece-
9eHMe KPYIJIOro KOHYCa € IJIOCKOCTBIO HPH HOMOIIA KOOp-
AAHAT B IPOCTPAHCTBE.

1. IfpeoGpasosanue xoopaumat. [IpamoyromeHyo ne-
KapToBY CHCTEMY KOOPAHHAT, ONUCAHHYI0O B HfobaBlieHnH
K raase I, mpt Gynem camrars nepsoii. Hapsany c aroit mep-
Boil CHCTeMOil KOODAMHAT ME IIOCTPOMM IIPOH3BOJLHYIO
Bropyo. Hauamo a1oil Bropoil CHCTEME KOODAMHAT MEi 060-
3HAYMM 4epe3 o', a 3a OCH IPHMEM TPH NPOM3BOJIbLHEE IIpsA-
Mbe, NONAPHO TNEePHeHNNKYJADHHE, NPOXOAAMHe depes
TOUKY 0’ ¢ MPOM3BOJABHO BHODAHHHIMA HA HHX HAIPaBIIe-
Huava. Hoopmmmarsi mpom3BoIBHON TOYKM r HpocTpaH-
CTBa BO BTOpOil cHCTeMe KOOPAHHAT MBI ONPENeNHM TOYL O
TaK JKe, KaK 370 OBUIO C/leIaHo JJIA TMePBO#l CHCTEMB KOOp-
AMHAT, HMEHHO, MH 0603HATMM 9epes pj, Ps, Ps MPOEKINH
TOYKH I HA TPH OCH BTOPOi CHCTeMBI KOOPAHHAT H OIIpefie-
MEM  KOOPHHATHL Uj, Uy, U TOUKH r Bo BTODoOil cHCTeMe
KOODAWMHAT, KaK JTHHE OTDE3KOB 0Py, 0’ s, 0' Py, BIATHE
C COOTBETCTBYIOIIMMHE 3HAKaMu. B Busie gopmyast MH 3a-
OAmeM KOODAHHATH TOYKH I' BO BTOPOil CHCTeMe KOOpHH-
HaT TaK: '

‘ ’ r= (U, Uy, Ug).

HKoopnmmate Tourkn r B nepBoii cmcreMe KoopmmuaT 06o-
BHAYHM 9epe3 I, Tp, I3, 3amMUCaB 310 B BuAe (GOPMYJIH:

r= (.’131, Zas xs)l-

Ilepex maMu cTout 3aaua BLIDA3UTH KOOPAHHATH Iy, Ly, Zg
TOYKN I' Yepe3 KOOPAMHATH Uy, U,, Ug. Pemmum sTy 3agmauy
J7iA ABYX NpPOCTEHIIMX CIIydYaeB. :
Canywait 1. Ocu Bropoil CHCTeMB KoopAMIIAT mNa-
PajlIeIbHEL OCAM MEPBOM CHCTEMBl KOOPAHHAT H IMeEIOT
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Te ke HANpPABJEHHsd, 9T0 H OCH MEePBOH CHCTEMH KoOp-
IMHAT. )
Cayuait 2. Toura o' coBmagaer ¢ To4koil o, T. €.
gauaJa o0enmx CHCTEM KOODAHHAT COBHANAIOT MEKMY coloif.
Cayuai 1. OGosHaunm uepes ¢ BeKTOp 00 W 1OJIO-
FHAM ) : i
¢ = (Cy, €3 C3)1-

Sr10 3HAUAT, UTO MbI 06OBHATMIR Uepe3 Cy, Cp, C3 KOOPIMHA-
TH BEKTOpa ¢ B mepBoil cucreme. TouHo Tak ke, Kak B § 9
I8 TJI0CKOCTH, 3[eCh MOKA3HBAIOTCA (OPMYIH

z = ¢ + Uy
Ty = Cy + Uy ~
T3 = €3 + Us.
KopoTko 3To MoKHO 3ammcarh B BHje
n=c¢+yuy (i=12 3).

9t GOPMYIH AT BHPAKERHEe KOOPRAUHAT TOYKH I' B IEp-
Boil cMcreMe 4epe3 KOOPAMHATHI TOUKA I' BO BTOPOH cucreMme.

Canygai 2. Hapagy ¢ Toukoil r B mpocTpaHCTBe
paccMoTpuM APYTYI0 TOUKY §, AJAA KOTOpOH

$ = (Yu» Yar Y3)1» S = (U1, Vg, Ug)g. -

"Takum o0pasoM, BBeleHH 0003HAYeHHA A KOODAMHAT
TOYKH S B IIePBO# M Bo BTopoil cncwe}ue. CramsapHoe mpoms-
- BefleANe BEKTOPOB I U § (CM. gopMyay (43) B poGaBieHm:m
K ria. I) mMeer reoMeTpmdecKHil CMBICH, He 3aBACAmMUiE oOT
CHCTeMH KOODJMHAT, MMEHHO, OHO B3ANHCHBAETCA B BHJE

r-s = |r|ls| cos v,

e Y ecth yrox Me;xny Bexropamu r m s. G mpyroit cropo-
HHI, TO K€ CKaJIAPHOE MPOM3BeJienue MoKeT OHTh 3amHCaHo
Kaxk B mepBo#, Tak H BO BTOPO# cHCTeMe KOOPAMHAT IpH
HOMOIIM KOOPAMHAT BeKTOPOB r U s. VI3 sToro M moaygyaem

res = Iy + Tolfy + TsYs = Uy + Ugls + Ugls.

9dro BéchMa BaykHas QopMynaa. I3 Hee BHARO, UTO CKANXAD-
HOe TpoM3Be[ieHHe BEKTOPOB BHIUMCIAETCA B ABYX pasind-
HHIX CHCTEMaX KOOPAHHAT € oOmHUM HAuajJoM OflHAM H TeM
sKe Cc1mocoboM.

Ha wasxmo#t m3 Tpex KoopJAWHATHEIX 0ceil mepBoil ci-
CTeMDI OTJIOYKMM BEeKTOpP /UIHHEL €fUIIMIQA, HalpaBJIeHHBIA
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"B IOJOKATENILHYIO CTOPOHY, ¥ 0603HAYAM NOJYICHHEE TPH
BEKTOpA 1Uepes e, e,, e;. [lomosxmm

] = (%10 A2y Ay,50. (45)

Taxmm 06pasoM M BBeJH ompefieeEHEe 0603HATCHIA ana
KOOpIMHAT BEKTOpoB ¢;(i = 1, 2, 3) Bo BTopo# cmcreMe.
koopamuar. OuesufHo, 4ToO '

Xy == r-e;

(cM. gopmyny (46) B moGaBmenmax x ri. I). Banmcmsas
CKaNApPHO® NpoH3BeleHNe, CTOANIEe B HpaBoil 4acTH aroii
GopMyiL, NpPH MOMOIMM KOOPAWHAT BEKTOPOB ' W e;, B3d-
THIX BO BTOPO#l CHCTeMe KOOPIHMHAT, Ml NOJyYaeM

Ty = 0,1l + 00U, + Oy, gl (46)

3pecs i Moer mpuEmMarh suauenme 1, 2, 3. TMociemmas
Gopmyna naer BhIpajkeHHE KOODAHMHAT TOUKH I B nepBoi
CHCTeMe 1epe3 ee KOOPAMHATH BO BTOPOil cucreme B cay-
‘gae 2. . : y
B ¢gopmyne (46) comepsrarca roodpuiuentii 0;.; rhe
06a WHEKCA i M j MOTYT NPHHEMATh BHAYEHHUA 1, 2, 3,
TaK 49710 o0miee YMCI0 KoaPUIMEHTOB PABHO NeBATH. BHas
3TH KOd(QQPUIMEHTHl, MBI MOKeM BHUHCIATH KOO pIUITATHI
NPOMBBONLHOM TOYKU r IPOCTPAHCTBA B MepBoil CuCTEMe
depes ee KOOPAMHATHL Bo BTopoit cucreme. B coorercry-
IoieM pasfiesie MaTeMaruKu — JuHeHHo#l anrebpe — coBo-
KYOHOCTh BCeX Kod(QMIHUEHTOB ;. ; 3aNMACHIBACTCA B Buje
- KBaipaTHOH -TabauIb

Ay X9 %y 3
%2,1 %22 % | (47)
%31 %33 %33 -

Jdra tabianma KoahdMIEEHTOB HasmBaeTcs mampuyei.
B namnOM cnyuae marpmma MOJIHOCTHI0 OMHUCHIBAET CII0CO0
BEITHCICHHS KOOPIMHAT TOYKH I' B MEPBOH CucTemMe uepes
KOOPIUHATHL TOUKHM I' BO BTOPOIl CHCTeMe. JJIOMeHThI IepBoit
CTPOKM Marpumbl (47) sABaATCA KoddPumumenTamm ias
BBIDAKEHHA X 9€Pe3 Uy, Uy, Uz TOUHO TAK 3Ke DIEMEHTELI
BTOPO#l CTPOKH ABAAIOTCA Ko3(QPULUHUEHTAMH BHIPAMKEHHA
Ty 9€pe3 Uy, Uy, Uy, @’ BIEMEHTH TpeTheil CTpok:m — Koad-
(uuEenTaMu BHIpaKEHHS T, 9epes U,, U, Us. Ecaum sror
Cnoco0 samucu KooddmimentoB NPUMEHHTL K CIydaio
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“ntockoctd (cM. (7)), To MBI HmOJYIHAM CHAERYIOMYI0 MATPHIY

Koo PuiueHTOB:

(c?s.- (0} sin (p). (48)
sing - cos@
Buauo, uro saeMeHTH MaTpums (48) He ABIAIOTCHA HE3aBU-
CHMHIME 9ECJIaMH, a BCe 3aBHCAT OT OAHOM H TOR ke Beju-
YAHE ( — yIJa HoBopoTa. T0YHO TaK sKe NEeBATH BIIEMEH-
T0B Marpuin (47) He sBasAOTCA He3aBHCHMEMHE. OHE Mo-
ryT ObITh BHIDAKEHH Uepe3 TPH yIja, HO ITH BHIPAsKeHHAS
HeYI00Hb, M0ITOMY 3aBHCHEMOCTH MEKIY JJIeMEHTAMH MAaT-
puais (47) o6H9HO BajaoTCA APYrEM cmocofoM — mpu mo-

‘MOIIA YPaBHEHHi, CBA3HBAKMMX 3J€MEHTH MATPHIH (47).

9TH ypaBHEHHMA 0YEHB JIETKO NOJYIATh, IPHHAB BO BHAMA-
HEe, 9TO BEKTODH €, €, €3 He IPOUBBOVILHE: HMEHHO, KaK-
NIt M3 HEX HMeeT [JMHY e[AHMIA W KasKAable IBa pasamd-
HEIX BEKTOPa NepHeHAHKYMADHH APYr ApYyry. Brmmmem
OTH YCJIOBHS, MOJB3YACH CKAIAPHEIMHA IPOM3BENCHUAMHA

e% = e§\= eg = 19} ) (49)
errey =€ eg=¢ ¢=0. o

CoBOKYIHOCTb STHX PaBEHCTB KOPOTKO OOLITHO 3amMCHIBa-
erca B ciaenyiomeir ¢opme:

e-en = 8y T (50)

3pech 8, ects Tak HasHBaeMH# cumeor Kponexepa —
9HCaI0, KOTOPOoe paBHO efuHANe, Korga j = k, m HYIWO,
korna j == k. Jlasa toro 4ro6H moJyYATh ypaBHEHHHA, CBA-
BHIBAIONIe 3JTEMEHTH MaTpHIHE (47), ciaefyeT mepemmcarh
pasencrea (49), manm, dro o0 ke camoe, (90), BEIPA3HB BXO=
IAmue B HAX CKAIADHbIC IPOM3BEIeHAA Bo BTOPOH cacreMe
roopauuat (cM. (45)). IlpemocraBisem sTo 4urareio.
IIycTs Temeps B mpOCTPAHCTBE MMEETCA TPETbA CHCTEMA
KOOPAMHAT C HPOM3BOJBHEIM HAUaloM 0’ W IPOM3BOJIBHO

- HapaBJIeHHBIMH OCAMH KOOPAMHAT, IPOXOAAMHUMHA qepes

o s i e o o

a1y Toury o’. KoopamHaTH TOUKH I B 5TO# TpeThel CHCTeMe
KOOpAMHAT MH BBefleM HpH IoMomd (GopMyJIH

r= (gla gz’ §3)3°

IIpousBoss ABa mocxeNoBaTeTLHEIX mpeoGpasoBaHus KOop-
mmeaT TROA 1 @ 2, MH mDoaydYEM, oueBHAHO, GOPMYIIH

zy=c; + o1&y + a2k, + i3 (i=1,2,3). (51)
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- O1u $opMYIE AT BHPAKEHHe KOOPIMHAT TOUKH 7' B mep-
Boil cuCTeMe depe3 ee KOODPAMHATH B TpPeThEdl cucreme.
Cregyer OTMETHTH, 9T 3TH (GOPMYIbl BBPAYKAIOT KOODPIH-
'HATH Z;, X5, L3 B BHAE MHOTOWIEHOB NEpBo#l CTemEeHW OTHO-
curelbHo Koopammar §;, &,, & Tak kKak obe cucremm —
nepBas U TPeTbA — BHOJHE PABHONPABHE, TO KOOPAHHATH
E1» E2» E3 BEIDAIKAIOTCA 4epe3 KOOPAMHATHL I, Ly, T3 TAK:KE
OpH HOMOIIM MHOTOWIEHOB HEPBOil CTEHEHH.

Homycrnm Temepb, 9r0 B mepBoifi CHCTeMe KOODPAMHAT
HEKOTOpas II0BePXHOCTb B3ajjaHa YypPaBHEHHEM

F(zy, 25, 75) = 0, (52)

rae F(z,, x,, 3) ectb MHOTowIeH cremenn n. llpn mepexofe
OT IePBOM CHCTeMH KOOPAMHAT K TpeThedl CHCTeMe KOOpIu-
HAT MBI JIOJ}KHE B MHOTOWIeH F(z,, Z,, Z3) BMECTO Z,, Ty, &g
DO/ICTABATH MX Bhipakemmue no gopmynam (51). Torma i
noxyunm Mmuorowren G(§,, &, &), u B Tperweit cmcreme
KOODIMHAT YDaBHEHHe NOBEPXHOCTH Oyjer HMeTb BuJ

G<§1’ §2’ §3) = 0.

OweBnpnno, arto muorounen G(E,, &,, &;) rakske mmeer cre-
nens 7 (cpaBrure ¢ § 9). Takum oGpasoMm, crenens n MHOTO-
WIeHa ABJAETCA FeOMETPHIECKUM CBOHCTBOM MOBePXHOCTH,
onpepieasieMoil ypasHenueM (52). Oxa HasHBaeTca nopad-
KOM nodeprHocmU.

2. Kaaceuduranua noBepxHocTeli IEPEOTO M BTOPOTrO
nopsjikoB. Bynem.cuurats, uro B mpocTpaHcTBe 3ajaHa
caCTeMa KOOpAHUHAT, OMHCAaHHAsA B JoGaBlieHHM K mepBoit
rnase. Ilyers F(z,, z,, 25) — MHOTOWIeH mepBo#i miam BTO-
Poil cremeHM OTHOCHTENBHO KOODPAHMHAT Z;, Z,, &3 Torma
ypaBHeHHEe '

Fay, 7, 29 =0 . 63)

ompefiesisfieT B MPOCTPAHCTBE TOBEPXHGCTh. 306Ch ME _HMeeM
ABa cnydas: a) MHoOTowleH F mMeer mIepByio CTeneHb H
HOBEPXHOCTH ' HA3BIBAGTCHA NOGEPTHOCMBIO NEP6020 NOpAdKa;
0) MHOTOWIEH MMeeT BTOPYIO CTENeHb, TOTIA IOBEPXHOCTD
Ha3bIBAETCA NOGEPTHOCMbIO 6mOp020.nopadra. Mul mokaskeM,
4TO HOBEPXHOCTH NEPBOTro MOPANKA €CTh BCErfa IIIOCKOCTb,
a NOBEePXHOCTH BTOporo mopanka Jubo BEHIpoKpaercd, T. e.
ABNAETCA NUWIHHADOM HIH KOHYCOM, AnG0 HMeeT OfMH M3
HATH BUOB, ONMCAHHHYX B foGaBnenun k riaase II (cm. dop-
myan (83)—(87)).
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Caxywait a). Moorouren nepBofi cremennm F 3anm-
meM B BHJE :

F(zy, 24 T3) = 7 + ayzy + azz; + a,.

Bmech He BCe UHCAA 4y, g, @3 PaBHE Hyuao. Ouesmamo,
CymecTBYeT TaKoe YHMCIO0 [, 9T0 MHOTOWIEH

BF (z1, 23 Z3) = by, + bz, + byrs + by
obmagaer CAeYIOMUMA CBOHCTBAMHE. Yucao by = —b re

TONOKHTENbHO, T. 6. b > 0, a uncaa by, b, by yroBierso-
pAIT  YCIOBUIO

b+ BB =1.
Torma ypaBaenne (D3) mepenucHBaeTcs B BUle '
byzy + by, + byry = b,

KOTOpOe TpefcTaByAeT Coboil HOpMaTbHOE YpaBHeHUES
(mrockoctn) (cM. Gopmyry (81) moGaBmenmit x ra. II).

TakuM ofpasoM, JOKasaHo, UTO MOBEPXHOCTbH HEPBOTO
HOpANKA BCETA €CTh INIOCKOCTD, 4 M00as MI0CKOCTD ecTh
0BEPXHOCTh IEePBOTO HOPATKA.

Cayuwait 6). Paccmorpum CmepBa MHOTOWIEH BTO-
poit crenern F(zry, 25, Z3), HE coflep/Ralyil WIeHOB HePBOH 1
gymaeBoit cremenn. Takoil MHOTOWIeH HA3bIBAeTCA Kéadpa-
muunoli fopMmoli OT MEePCMEHHBIX Z;, Ty, T3 Oun paccmar-
puBaeTcsa Kaxk QYHKIMA BeKTOpa r = (1, Zq T3),

F(r) = F(x;, 3 Z3)-

Bynem cumrath, 970 BeKTOp I = & eCTh TPOM3BOJBHEIM
BEKTOp JVIEHH eAMHHI[A W BBIIETHM TAKOH BEKTOD &, I
Koroporo ¢yHKnua F(g) NocTHraer CBOETO0 MAKCHMyMa.
TlocrponM Temeph B IPOCTPAHCTBE HOBYIO CHCTEMY KOOD/H-
HAT C NpeKHAM HAYaJIOM 0, IPMHAB 3a NEPBYI 0Ch MpA-
MYI0, TIPOXOAAILYI0 Yepe3 BEKTop €; U BHOpaB Ha Heil Ha-
npaBieHme Bekropa €;. [lBe mpyrme ocu BrifepeM Ipom3-
BOJIBHO TAK, UT00H OHM OBLTIH TEPIEHAMKYNADHH NepPBO
ocn m Me:kny coboii. B aToll BTopoil crCreme KOOPAMHAT
0603Ha4EM KOODJMHATH BEKTODA I 9epe3 Uy, Ug, U, HO-

. JIOKUB
r= (U, Uy U . .

Honerasnss B KBagpatuunyo gopmy F(z, s, Z3) BRIpasKe-
HIE Z;, Ty, T3 T€PeB Uy, Uy, Us (CM. (40)), MBI mOTyHNM JUIA
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F(r) moBoe BHIpaseHHe:

F(r)‘ = G(u,, U,, ‘u3).

Bynem cunrath Temeph, 9ro BeKTOD r mpHHAAJEKHAT MI0C-
kocrm (1, 2) Bropoit cmcrems Koopauuat. Torma ME IMeeM

F(ry= byyui + 2b1.§u1u2 + bnug' 4 (54)

Tax kar kBampatmunas dopma F(e) mpm npomsBoabHOM -
BOKTOpe & [VIMHH e[[HHHULA [JOCTHTaeT CBOEro MaKCHMYMa,
KOT/Ia € = €, TO M /JIA BeKTOPOB €, IPUHANJIEKAMUX MI0C-
xoctu (1, 2) Bropoit cmcremm KOOPAMHAT, 0HA MOCTHIaer
CBOET0 MaKCHMyMa Takue mpum & = g;. Otcioma, B cmay
opmuMepa 4 raasu III, crenyer, gro KBajipatnunas ¢opma
(94) He comep:HuT CMemIaHHOTO npousBefieHns, T. €. UMeer
BUJ ; ’
. F(r)= buu% + b‘zzugy -

Touno Taxk sxe, paccmarpuBas KBagparuunyio dopmy F(r)
AIA BEKTOPOB, HpHHAIIe:KAamMuX mwrockocra (1, 3) BTopoik
KOOPJIMHATHOA CHCTeMH, MBI y6emuMcs, 9ro CMeImaHHER
WIeH ¢ npou3BefileHHeM u,u; orcyreTByer. Orciofia caexyer,
4ro KBajgparnynas gopma F(r) njsa nponsBoabHOrO BeKTOpa
r = (u;, Uy, Uz) AMEET BHUJ :

2 2 2
F(r) =byuf + bui + 2b,u,u, + byaus.
Taxum ofpaszoM, Iius BeKTOPOB r, MpEHANIEKAMAX MIOC-

Koctm (2, 3) Bropoil CHCTEMH KoopAHMHAT, KBaJpaTAyHas
gopma F(r) mmeer. Bmp -

F(r) = byuf + 2bygttytts + by,us. (55)

Mu yixe snaem (cm. (37)), aro mun KBafipaTAIHOX PopMEI
(55) ABYX MEPEMEHHHIX U, M Uy MOIKHO TAK BHIOpaTh cucTeMy
KoopauHar B mjockocra (2, 3), 94ro oHa B HOBHIX IepeMeH-
X (&, &;) momywaer Bmm - : :

~ . F(r) ='~022§§ + cssg'

Coxpansas mepsywo ochk Bropoit CHCTeMH KOODIMHAT M 3a-
MeHAA ocm B MIOCKoCTH (2, 3) ykasaHHHIM cmoco6oM, M
noydaeM 1A KBafpaTaIHO# PopMel F(r) crepyomuit Bun:

2 2
F (l‘) = cllgi + czzgg + casg‘;' (56)
TaKHM O6paBOM, Mbl JOKa3aJau, 410 B npOCTpchTBe MOQIRHQ
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BHOpaTh TAKYIO CHCTeMY KOODIMHAT C MPEKNAM I1AYaNoM
0, B KOTOpoil mNpOWM3BOJIbIIAA 3afanHasA KBajpaTHYHAA
¢opma F(r)=F(x,, r,, r;) npuobperaer Bux (56). Toso-
PAT, 4TO MPOW3BOJAbHAsA KBajAparHuHas dopma F(r) =
=F(x,, 5, T3) mpeo6pasoBanneM KOODIHHAT MOKET GHITH
HOpUBefieHa K KaHowuueckomy eudy (56). -

Iocme aToro, MmOMB3YACH MOCTPOEHHAMH, AHAJIOTMYHE-
MH TeM, KoTophie Obinn Aaust B § 10, Mul MositeM [oKa3arh,
4T0 KayKOas HEeBHIPO;KAEHHASA MOBEPXHOCTH BTOPOrO mMOPAA-
KA MMeeT OfWMH M3 IATU BHAOB, MEPEUNCIEHHHIX B Ao0aBie-
HHUH Ko Bropo# raase (cM. (83)—(87)).

Uro KacaeTca BHIPOKAEHHHIX WOBEPXHOCTeH BTOPOTO
HOPAAKA, IWIAHADPOB K KOHYCOB, TO MX JIEFKO MOKHO
OmACaTh. '

Huauagp Broporo mopsifka B Hajjieskame BHOpDaHHHX
KoOpAMHATAX 3aMHCHBaeTcAd ypaBHEeHHEM

F(zy, ) = 0, ©7)
rae F(z,, z,) eCTb MHOTOWIEH BTOPOil CTEHEHH OTHOCHTeIb-
HO NEepPeMeHHEIX (Zy, Z,), TAK YTO YPaBHEHHE

F(xl, xz) = O

B KoOpAMHATHO# mwiockoctu (1, 2) ompemenser KpHBYIO

Broporo mopspaka. Taxmm oGpasoMm, muamufp (57) mMeer

CBOeHl HAIpaBAAKOEH KPHUBYI0 BTOPOTO MHOPANKA, JerKa-

I[yI0 B KOOpIMHATHON miockocta (1, 2), a Bce KpuBHE BTO-

poro mopanka y:ke mnpoknaccupumupoBamm (cm. § 10).
Konyc BToporo, mopsfka mMeeT ypPaBHEHHO

F(zy, 7,5, ) =0,

rae F(z,, &, ) ectb KBajparmuHas ¢opma BTOpOTO HO-
pAfKa, Kotopas, IO TOJABKO UYTO /IOKA3aHHOMY, MOJKeT
GHTL IpHBefleHa K KaHoHmueckomy BuAy (96). Ilosromy
MOKHO CUHTATH, YT0 KOHYC BTOPOTO HODS/IKA 3aMUCHIBAETCSA
ypaBHeHHeM '

C11ZT + C0uh + Cyes = 0. (58)

Ecan Bce umeia ¢yq, Cyo, C33 OTIIMYHEL OT HYJIA H AMEIOT OTHH
3HAK, TO ypaBHEHHIO (S8) ymoBIETBOPAET TOJBKO HAYAJIO
KoopnuHaT. Ecau ofuH nan ABa M3 KodQPUIUEHTOB paBHEI
HYI0, TO MH HoJdy4aeM nquinHap. Ecau :xe onm Bce oTaAY-
HH OT HYJId, HO He AMEIT OfMHAKOBEIX 3HAKOB, To OydeM
cumTaTh AJA OmpefeleHHoCTH, UuT0o C35 >0, ¢; <O,
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/
€3, << 0. Torma ypasmenue (58) mower 6mrh mepemmcano
B Buje ' '

2 2
2 Ty z3
T3=— +—. '
ai a2

I10 m eCThb ypaBHEHHE KOHYCA C BIINOTHUCCKAM CEUeHMEM
IIOCKOCTBI0O Zz==c, ¢ > 0. : :

Taxam oGpasom, MH moMydnIn moJHOE OLCAHUE BCEX
IOBEpPXHOCTEH BTOpOTO ToOpAfKa. - ]

3. Konirveckue cewenns. Bynem cumrats, uto B npocT-
PaHCTBE 3ajlaHa HEKOTOPas CHCTeMa KOOPAMHAT, HAIpUMep,
onucanHasA B AoGaBiaernn k riase 1. llono6uo Tomy Kak ma
IJI0CKOCTHA MBI 33/laBaJlil JIMHUH B NAapaMeTpHYecKoit dopme
(cM. § 6), B mpocTpaHCTBEe MBI MoKeM 3a/laBaTh JHHUA K
TOBEPXHOCTH TaKkKe B mapaMerpmueckoil gopme. B camom
hejne, ecnn x(I) ecTb BeKTOpHAs (QYHKIUA napamerpa ‘¢,
OpaYeM r eCTh NPOCTPAHCTBEHHEHIA BEKTOD, MMEHHO:

z(t)= (2,(t), x,(2), z5(2))s
TO YpaBHeHHe . o
z = 2(1)

€CTh mapaMeTpH4ecKoe ypaBHeHHe Juruu. VMenmo, kornxa
! MeHseTCA, ToUKA Z(f) B HPOCTPAHCTBE OMUCHIBACT 1IEKOTO-
pywo auumio. Touno Tak e, ecan z(t,, t,) ecTsb BEKTOpHAsA
dyHukiMA ABYX napameTpoB f; u i,, npmuem (i), t,) ecTh
OPOCTPAHCTBEHHEIA BEKTOp, WMMEHHO;

z(ty, ty) = (4(ty L), Zy(ths 1y), Ty(ty, 1)),
TO ypaBHenue
x = x(ty, 1)

3ajaer HeKoTOpYI moBepxHocTh. Mmemwo, worma ¢ u f,
NPEHEMAIOT BCEBOSMOKHBIE BHAYGHHS, TOUKA z(ty, t,) onm-
ChHIBaeT B MPOCTPAHCTBE HEKOTOPYIO NMoBepXHOCTH S. Tak
Kaw, 3ajlaBad UYHCIOBEe BHAYEHHA MApPaMeTPoB f, u ty,
MBI IOJy4aeM OHPeleNleHHYI0 TOUKY Z(y, ¢,) Ha [pBep XHo-
cru S, To 4ucaa t, u ¢, MOIKHO paccMaTpuBaTh KaK ‘'KOOP/u-
HATH TOYRA I(t;, ¢,) Ha moBepxmocrn S. Takme KoopAmHa-
TE HA IIOBEPXHOCTH MMeIOT GOJIbINOe 3HAUCHNE B TeOMETpPHH,
HO 31ech Mbl OyaeM paccMaTpPHBATh TOJNDBKO napameTpuye-
CKHe ypaBHEHHA TPAMOH U IJIOCKOCTH. :
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Mycrs M = mHexroTOpas NpAMas B MPOCTPAHCTBE, To—
HeKoTopas (UKCHPOBAHHAA TOYKA Ha Hei, a e — BEKTOp
LIMHB eMHANA, BHIXOAAINMIA M3 Hadajia KOODAMHAT H pa-
pannenseuii mpamoit M. Torma ypaBuenume

x=1x+ te . (59)

SABIRETCA HapaMeTPUIeCKUM ypaBHeHHeM mnpaAMoit ‘M B
npocrpaucrse. Horma mapamerp ¢ mpoGeraer Bce feiicTBu-
TelbHbIE 3HAYEHHMA, TOUKA ¥, 3afaHHAA ypaBHeHHeM (59),
mpoGeraer BClo mnpamywo M. Ypasuenue (59) mo dopme
coBmajaer ¢ ypaBHemmeM (45) riaBu II m BrIBommTCA CO-
BepIIEHHO - aHAJOTHYHO.

[Iycts Temepb Q — HexoTOpasA IIOCKOCTH B HPOCTPaH-.
cTBe, Z, — HEKOTOpasA (UKCHpPOBaHHAA TQUKA HA IIOCKO-
cru Q U e;, e, — ABa BeKTOPA JUTHHE €[AHHUIA, NePHEH/H-
KyJAspHble APYT APYTY, BHIXOJANIME M3 HAadYaja KOOPAMHAT
n mapajneasase mirockoctn Q. Torma R

xr = xo _I" tlel + t282 (60)

ecTh mapamerpmueckoe ypaBHenme miockoctn Q. Mmemrno,
KoTJa 9YMcaa f; U I, OPUHAMAIOT BCEBO3MOKHEIC 3HAYCHHSA,
Touka z, ompefenseMas ypasHenmeM (00), ommCHBaeT BCIO
miockocth Q. JlokasarenncrBo dTOro (akra MH 3[eCh He
mpuBonuM. Omo He mpejicraBiaser TpyAHocrH. OxasbiBa-
ercs, fiajee, uro 4dckxa iy A i, ABIAIOTCA NeKapTOBEIMA KO- '
opAMHATAME TOYKH Z, ompefeiseMoii ypasnenneMm (60)
B miockoctu Q B HEKOTOPON ONMpefesIeHHOR cHCTeMe KOOop-
munar. Ocu 3Toii IeKapTOBOM CHCTEMEl KOOPAUHAT ONUCHIBA-
orcs creaylomuM obpasom. Uepea TOURY Z, B mIocKocTH Q
nposelieM mpsAMYyio M, , IapaJLeNbHYIO BEKTOPY €y, U BBIOE-
peM Ha Heil HampaBJeHHe, COBHAJAwIIee ¢ HalpaBJIeHHeM
BeKTOpa e;. TOUHO TAK ’Ke Yepe3 TOUKY Z, HPOBEJieM IpsA-
My M, B miocKoCT! @, ApaIeNbHYI0 BEKTOPY €y, H BBHI-
Oepem Ha 3Tofi mpAMoOil HAampaBiIeHme, CoBHmajampmee ¢ Ha-
IIpaBIeHEEM BEKTOPA €,. [loayuenntie [Be mpAMbe Myu M,
¢ BLIODAHHBIMA HA HHX HANPaBICHHAME OPEJCTABJIANT CO-
6oil oCH JeKAPTOBBIX KOODAMIAT HA ILIOCKoCTH (J, a dmcia
t, B t, ABAAIOTCA KOOPAMHATAMHA TOYKH  Ha IJIOCKOCTH Q
OTHOCHTENBHO. 3THX oceil koopauuar. Ecim TouKa x, J&KUT
Ha npsamoii R, mpoXxofsmedl depes TOYKY 0 M HepHeH[MA-
KyJIapHO# K miocKocTd Q, TO BEKTOD I, MOeT GHTH 3ami-
cas B opme
Xy == aeg,
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Te a > 0, a BeKTOp ¢; MMeeT MIMHY eNUHHENA K nepnex-
AURYIApeH K BEKTOPAaM e, W e,. B aroM caywae Bekroproe
ypaBuerue (60) noxydaer Bug

‘ -z = te + te, I+ ae,. ] 61)

Has Toro 4T06H o BeKTOPHOTO ypaBaenus (61) mmoc-
koctu Q mepelitu k rpem CKAJIAIDHEIM ee YpPaBHEHHAM, 3a-
AaiEM KOOPAMHATE BEKTOPOB €;, €y, €5, IIOMOKHB

€ = (ai,i, ai 2, ai,é) (l‘ = 11 27 3)‘

-Buecro oxmoro Bexropmoro ypaeuenna (61) mrockocrm mMu
MOZKEM Teleph HammcaTh TPH CKAIADHEE ypaBHEHH,
AMEHHO:

Ty = Qiaty + ooty + aiza (i-= 1,2, 3;)' (62)

IIyers Temeps F(z,, z,, z3) — yuxnua rpex mepeMed-
mux. Torma

F(zy, 25, 75) = 0 - (63)

ompejiesifer B IpoCTpaHCTBe HEKOTOPYIO TOBEPXHOCTH S.
A Toro 4robmr majitu nepecedenne L sroii moBepxHocTH
S ¢ mIOCKOCTBIO Q, MBI JOMKHEI OOACTaBUTh B (YHKIHIO
F(zy, x,, x3) BoIpaenne mus Zy, T3, 23 00 PopMynam (62).
Torma M momywmy HeKoTopywo dymkmmio G(¢,, &,), n am-
nua L sapaercs B miockocrn Q ypaBHeHHeM

G(tl’ t2) = 0.

BriGepem remepr ¢ynxmmo F(zy;, x,, x3) cnenmmamsasv
06pa3oM TaK, 4To6k ypaBrenue (63) ompemensano Kpyraui
ROHYC (CM. IYHKT 3 mn3 noGaBIEHHA K DI IT). Umenno,
HaOouioeM ypaBHeHme

27+ 2d — k22l = 0. (64)

Ipn k540 a10 YpaBHeHHe ompefenser KpPYIJii KoHyc,
OCb KOTOPOTO COBIIaiaeT C TPeTheil 0Chbio Halmeit npoCTpaH-
CTBEHHOH CHCTEMEI koopammar. ILToCKoCTB Q Mu Temeps
BEIOepeM Tak:ke Crenma bHEM 00pasoM, NMEHHO, TOJOAKAM

ey = (1, 0, 0),
€ = (0, — sin y, cos IR
es = (0, cos y, sin ),
2 a>0.-
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[Mpn rakom 3ajaEmm miockoctn @ ee IapaMeTpHuecKme
ypaBHeHHA 3ajaloTca Gopmyramu -

Ty = tl,
- z,= —t,siny +acosy, (65)
Zy =1t,c08 y 4 asiny. :

Il Toro uTOOH MONYYHTH -YPABHEHHe JHHAM mepece-
ueHHA Hamero Komyca (64) ¢ miockoctbio (J, mOACTABEM
BHpaKEHHAE A Iy, T5 T3 U3 QopMyn (65) B ypaBHeHHe
(64). Torma Mbl mOTYIHM

t] + (sin? y — k%cos®y) 13 — 2a sin ycos v+ K+
+ (cos?y — k*sin?y)a? = 0. (66)

D910 ecTh ypaBHeHHe Iepecedenns KOHYCa (64) ¢ nioc-
kocToio Q, 3ajamHOe B JEKAPTOBO# CcHCTeMe KOOPAMHAT
miockocrn Q. Cpasy BuaHo, 4To ypasnenue (66) ompenens-
er B miockoctn Q KpuByo Broporo mopsaka. urareiio
PelIoCTaBIAETCA PACCMOTPETH BCe MMeIoMuecs 37ech BO3-
MOJKHOCTH B 3aBHCHMOCTH OT 3HAYeHHi dmcel a, k B Y.
Ciefyer YCTaHOBHTb, B KAKHX CIydYaAX IOJydaercs BJ-
nunc, runepbona u napaboda.

TakuM o0pa3oM, HOJb3YsCh METOJOM KOOPAMHAT, MEL
moayunan pesyiasrar § 11 mours aBTOMATHIECKH, MEMIY
rem Kak B § 11 on GBI mOJydYeH HA OCHOBAHMH TOHKMX T€O-
METPHYECKHX MOCTPOeHmil. ITO JEMOHCTPHPYeT CHIY KO-
OpIMHATHOTO METOJa. i
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