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NMPEJHCJIOBHE

Npennaraemas kumxka sBnsierca BTOpPOl M3 CepHH
9Y€THIpeX HeGOJbLIMX CPaBHHTENbHO MOMYJNSPHBIX KHHT,
H31laBaeMBIX MHOIO TMOJA O6IIMM 3aryiaBHeM «3HAKOMCTBO
C Bmicllei MaTemaTHKofi». IlepBas KHuxKKa «Merox Ko-
OPAHHAT» yxKe Bbllaa B 1977 roxy. dra Bropas KHHXKa
TNOCBANIEHA H3JIOXXEHHIO OCHOBHLIX ()aKTOB MaTeMaTHue-
CKOro aHaJIH3a. .

Hsnoxenne Beperca Tak, uTo6u BCIOAy, T1e 3TO BO3-
MOXHO, ONHOBPEMEHHO pacCMaTPUBATh KaK JelCTBHTENb-
HLIH, TaK H KOMILUIEKCHHI cayuafi. B nepByI0 ouepelnb
STO OTHOCHTCH K ONpEJNeNeHHIO CXOLMMOCTH MOCJEN0Ba-~
TeJbHOCTeH M DSNOB, B YaCTHOCTH CTeNeHHHIX PSLOB.
TouHo Tak e ompesenenne MpOHSBOAHON naeTcd OLHO
BPEMEHHO M (GyHKUHH AeHCTBHTENBHOTO M KOMILJIEKCe
HOro nepeMeHHOro, Tak Kaxk (OpMajbHO OHO ONHHAKOBO
nas o6oux cayyaes. IMonstie mepBooGpasHolt ¢bynKuHH
OmpejesisieTcs OAHHAKOBO KaK AJA (YHKUMH JeficTBH-
TEJbHOTO MEePEMEeHHOro, TakK M I/ (QYHKUHUH KOMIJIEKC-
HOro  nepemeHHoro. OXHOBpPEeMEHHO JOKa3HBaeTCs
€[AMHCTBEHHOCTh MNepBOOOGPa3HOA C TOYHOCTBHIO [0 MO-
CTOsIHHOTO cyaraeMoro. Tako# cmoco6 H3JMOXKeHHsT naeT
BO3MOXXHOCTb CPABHHTEJBHO JIErKO BKJIOUHTb B KHHTY
OCHOBHBIE De3yJbTaThl TEOPHH OYHKIHH KOMIJIEKCHOTrO
TNEPEMEHHOT0, UTO COCTABJSET ee YeTBEDPTYIO IMaBy. dra
FJlaBa fIBJISIETCS BaXKHeHlleH 3aBepllalomell YacTbio KHH-
TH H JI0BE[ieHAa 1O TaKHX CPAaBHHTEJBHO CJOXHBIX pe-
3yJbTaTOB, KakK psan Jlopana u mnosesenne dyHKuHH

" BOJIM3H H30JIMPOBAHHON 0CO60H TOUKH.

Te Bompocw anaaMsa, KOTOpPHE COCTaBJASIOT TaK Hae
SHIBAEMYIO TEOPHIO (PYHKUHH REefCTBHTENBHOrO INepeMeH-
HOro, fi- CTapalch OTOABHHYTb Ha 3aNHHA MJaH, cuuTas
HX HaHMeHee HHTepecHHIMH. §I He cBesn HX BMecre, a
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pasbpocas mo Bcell KHHKKe, H3Jaras TaM, Fle 5 HuX
BO3HHKaeT HeO6XOAHMOCTb. 5

LlenTpanbHOe MeCTO B MEPBOH riape 3aHHMAaET H3y-
yeHHe OQYHKUHH exp(2) KOMIUIEKCHOrO NepeMEHHOro 2,
KOTOpas 3ajaercs CTENeHHBIM PsIoM

exp@=1+2+r+ . FE 4. ()

IlokasbiBaeTcs, 4YTO INPH JeHCTBUTENLHOM 3HAaueHHH
2 = x Mbl HMeeM DaBEHCTBO
exp(x)=¢”,

a JJs YHCTO MHHMOrO 3HayeHHA 2 =iy uMeercs ¢op-
Myaa

. exp(iy)=-cosy + isiny. .
Takum o6pasoM, He NOJb3ysich AHDQepeHIHAIbHLM HC-
YHCJAEHHEM, MBI CPa3y NOJyyaeM pa3/IoMeHHE OCHOBHBIX
TpaHCUeHAEHTHHX OGYHKUHHA e*, cosy, siny B crenmeH-
HBle PSAJBL -

HyxHo o6parure BHHMaHHe Ha caeayiowee obcros-
TeNbCTBO. Korpa Mbl JOKa3biBaeM, 4TO HEKOTOPAas Kak-
au60 3afanHas QYHKLIHS pasjaraercd B CTENEHHOH psa,
TO AJs1 3TOr0 JOCTATOYHO J0Ka3aTb, 4TO PHAJ CXORUTCSA
K HEKOTOPDOMY ONpeJeJeHHOMY YHCJY — 3HAaUYeHHIO (yHK-
uud. Ecam e Mbl XOTHM onpefesiuTh caMy OYHKUHIO
npu nmomowH psajga (cM. (1)), To Aas 3TOro HyXHO A0O-
Ka3aTb, 4YTO PAJ CXOAHTCH, AJS Yero HEOOGXOZHMO HC-
HoJb30BaTh NPH3HAaK cXoauMocTH Komu u gath TOYHOe
ompeneseHde 4ucaa. Bech sToT anmapar usaaraercs B
‘MepBOiil riase.

Fnasa II mocBsimeHa H3NOXKEHHIO OCHOBHBIX Pe3yJb-
TaToB ARH(pdepeHuHaspbHOro ucuucaenus. Ilpexne Bcero
onpeje/isieTCs IPOM3BOJAHAS OJHOBPEMEHHO ~KaK AaJs
QYHKUMHM JeACTBHTENHHONO IE€PEMEHHOro, Tak H [Js
(QYHKUHH KOMIJIEKCHOrO IIepeMeHHOro H BBOAMTCA IOHS-
THe HHTerPHPOBaHHA KakK onepalnH, o6paTHoll K omnepa-
muH aupdepenunpoBanns. 3aBepuieHHEM IMaBhl ABJAET-
Csl JI0KasaTesnbCTBO (opmyansl Teftnopa ¢ 0CTaTOYHLIM
YJIeHOM B HHTerpaJjibHol (opme.

Inasa III nocesimieHa HHTErpajbHOMY HCUHCJEHHIO.
B Helt unTerpan ompenessiercsi cnepsa HHTYHTHBHO, Kak
BeJIMYHHA NJIOLlajH, OTPaHHYeHHOH rpadHKCM, M JOKa-
8BIBAETCH, YTO TaK ONpeJeNeHHBIi HHTEerpas sBJsieTcs
NepBooGpasHoit A QyHKUMH, 3ajaiomedl rpagux.
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Hanee Becbma 4eTKO H THIATENbHO HHTErpas onpesessers
sl KaK Ipejest NOCae10BaTeNbHOCTH KOHEUHBIX CyMM.

TakoBO B 0CHOBHOM comep:KaHue KHHTH, -

BBenenne pacnamaercss Ha gse uwacti. B nepBod ya-
CTH HAMOMHHAIOTCA HEKOTOpbIEe MPOCTEHiliNe MOHATHS, KO-
TOpble MOXKHO NMOYEPNHYTh H3 KHMKKH «Metog KOOpau-
Hat>. Bo Bropofi wacru «Hcropuueckas cnpaBkas
AaeTCAd OUeHb KPATKOE H HENOJHOe ONMHCAHHE HCTOPHH
PAa3BHTHsI MaTeMaTHYECKOTo aHamu3a. [Lis uTenus npen-
JIaraeMoll KHUT'H HeT HeoGXOAMMOCTH HMeTh 3aKOHYEHHOe
CpelHee MaTeMaTHuecKoe o6pa3oBanue, Hekoropsie yno-
TpebisieMble 31eCh BaxkHefilne (opmynb aneMentaproH
MaTeMaTHKH — CyMMa reOMeTpHYecKol nporpeccuu, Gu-
HOM HbploToHa — B Kumre JOKa3aHbl, TaK YTO OHA MOIKET
GHITb IOCTYNHA H CTaplinM IIKONIbHHKAM, HO KHHra He
ABJACTCA JIETKHM YTEHHEM M TpeGyeT 3HAUMTENbHON Ma-
TeMatuueckolt KyabTyphl. Hanewch, uto ona momer mo-
CAYXKUTbL TAKKe NPOTHBOSAJHMEM IPH <OTPaBAEHHH» TEO-
pueit MHOXecTB. B mocnegnee BpeMs TeOpeTHKO-MHOXKe-
CTBEHHAS HIEOJIOTHSl yCepiHO BHeApseTca B nporpaMmy
H y4e6HHKH cpenHell WIKOJIbI ABTOpH 3TOr0 BHEIpEHHA
YTBEDIKAAIOT, UTO TEOPHA MHOXKECTB BaXKHa s Hay4HO-
TEXHHUIECKOTO NMPOrpecca M fBJAETCA HOBEHIIHM 1OCTH-
JXKEHHEM MaTeMaTHKH. B neficTBurenbHocTH TEOPHUSA MHO-
KECTB He MMeeT HHYero OoGIUEro ¢ HayYHO-TeXHHYECKHM
DOTPECCOM M He SIBJSTCA HOBEHUIHM NOCTHIKEHHEM Ma-
TeMaTuk. TeopeTHko-MHOXKeCTBeHHAs Hpeosorns HpH~
BOIUT, HalpUMep, K TaKHM YPOACTBAM, KaK 3aMeHa Tep-
MHHA «DABEHCTBO» reOMETPHYECKHX (Hryp TE€PMHHOM
«KORTDYSHTHOCTb> M ONpejieJieHHe BEKTOpa Kak «napass
JIeJIbHBIA CBHT IIPOCTPaHCTBA>.

B sakmouenue s Brpaxaio 6narogapuocts B. P. Te-
JIECHHHY 32 MOMOIUb, OKa3aHHYIO NPH HANHCAHHH K pe-
AaKTHDOBAHWH KHHMH, a TakXe O(DHLHaIbHOMY peleH-
SeHTy usnateincrsa E. M. Hukuummy 3a ero Muoro-
THCICHHEIE 3aMeqaHus, 3HAYHTENbHYIO 4acTb KOTOPHX
HCII0JIL30B A,
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BBEOEHHE

3nech B mepBYIO ouepeib NaeTcs HalmOMHHAaHHMe TeX
HEMHOTHX MaTeMaTHYeCKHX (DaKTOB, KOTOpHE HOHaMIO-
6aTcsl HaM H KOTOpPHIE MOXHO HalTH B MOeH KHHXKe
«Mertoa koopnuHaT». [lasee 1aeTcs HCTOpHYECKas CMpPaB-
Ka, B KOTOPOH. OYeHb KOPOTKO M HENOJHO H3Jaraercs
MCTOPHUECKHH MpPOLECC BO3HUKHOBEHHS] MaTeMaTHYECKOTO
aHasu3a.

HanoMunaHue
MPAMOYIOJIbBHBIE JEKAPTOBBI KOOPJWHATHI
HA T1JIOCKOCTHU

B Hekoropo#t miockoctn P BhIGepeM 1Be mnepHeHIH-
KyJsApHbIE JAPYr APYry HpsAMble H 06O3HauuM depes O
TOUKY uX nepeceueHns. J[aa onpejeseHHOCTH GyneM CuH-
TaTb, YTO MJIOCKOCTb P ecTh IJIOCKOCTh HAIlero ueprexa
(puc. 1) u uto 0xHa U3 BHIOpaH-

HBIX NPSIMBIX NPOXOAHT FOPH30H-
TaJbHO, a Apyras BepPTHKAJbHO, 7
lopusonranbras npsmas Ha-
3BIBaeTca ocero abcyucc, a Bep-
THKAJbHAasi — ocbl0  opdunar. 7 7
O6e ocu nasmBaloTcs NpoCTo
ocamu koopOunar, a TouKa 0 — Pue. 1
Hauaiom Koopdumar, o

ITycts Teneps Z— HEKOTOpas ToYKa Ha MJOCKOCTH P.
l'Io.J!baysmb BBIGDAHHBIMH OCIMH KOOPAHHAT, MOCTABHM
STOH TOYKE B COOTBETCTBMe ABA YHCAA X H Y. X — ee
abcnuccea, Y —ee opaunara. JIJs 3TOro W3 TOYKH 2 ony-
CTHM NEPHEHNHKYAAP Zp Ha oCh abcuuce H neprneHaHKy-
JAp 2q Ha ocb opauHaT. Ecam Touka p JIEXHT BNPaBo
OT Hauala KOODAMHAT 0, TO yepe3 x Mbl 0GO3HAYMM
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LJHHY OTpe3Ka o0p, T. e. NOJOXHTeNbHOe urncio. Ecan
TOUKa p JIEXHT BAEBO OT Hauana KOOPAHHAT o, TO Yepes
* Mbl 0603HAYNUM JUTHHY OTpe3Ka Op, B3ATYIO CO SHAKOM
MHHYC, T. e. oTpuuaTtenbHOe uyncao. Ecan Touka p cos-
Najaer ¢ HayaJoM KOOPAMHAT 0, To x = 0. AHaJOru4Ho,
€C/IM TOYKA g JIEXHT Bbllle Hayala KOODPAHHAT, TO Ye-
pe3 y MH 0603HaYUM [JIMHY OTpPe3Ka 0g, T. €. MOJOKH-
TeNbHOe uHca0. Ecan Touka ¢ nMeXuT HHXKe Hauama Ko-
OpIHHAT, TO uepe3 y Mbl 0603HAUHM NJHHY OTpe3Ka 0g,
B3ATYI0 CO 3HaKOM MHHYC, T. €. OTpHUATeJbHOEe UHCJIO.
Ecan touka ¢ coBmagaer ¢ nauasom KOOpAMHAT, TO
Y = 0. TakuM o6pasoM, KaKgo#i TOuKe 2 Ha IJIOCKOCTH
P npy noMowy BHOPAHHON CHCTEMEI KOODJAHHAT MOCTaB-
JIEHa B COOTBETCTBHE Napa uucesl: x H y, x — abcyucca
TOUKH, y — ee opdunara. B Buge dopmysn 310 3amuchi-
BaeTcq Tak:
k== (x, y)° : (l)

Yucna x u y HasbiBaloTCH KoOpdunaTamu TOUKH 2.

Ecan 3agans 1Ba npousBOJbHBIX 4HCAA x U Y, TO Ha
TUIOCKOCTH P JIeTKo MOCTPOHTH Ty enHHCTBEHHYIO TOUKY
2, abcnncca Kotopoft paBHa 3aAaHHOMY 4HCay X, a opAaH-
HaTa — 3a1aHHOMY YHCJY Y.

Ecnu Touka 2z aBukercs Bmomb ocu aGemmce caesa
Hampaso, To aGcuucca ee Bospacraer. IlostoMmy rosopsr,
9TO OCh abClLHCC HampaB/eHa CJeBa Hanmpaso. B Tom xke
CaMOM CMEIC/Ie OChb ODAMHAT HanpaBlleHa CHH3Y BBEpX.

Hyers 21 = (x1, y1) u 2, =(x3, ys)— ABe Touku Ha
nnockocTH P, 3ajaHHble CBOMMH KoopaMHaTaMu. Pace
CTOsIHHEe MeXIy TOYKAaMH 2 H 23, KOTOpoe MH 0603Ha-
unM yepes (21, 2;), onpenensiercss GpopMyoit

Nz, 2) =+ /(2 — 02+ (g, — 1) 2

Teneps ymecTHo mepeiitu kK paccMoTpeHHio BEKTOPOB,
NpH MOMOIIK KOTOPHLIX MHOrHE (OPMYJbI 3aNHCHIBAIOTCH
ropasno Kopoue, YyeM NpH MOMOILH KOOPAHHAT.

Ilycts @ 1 b — xBe Touku nHa maockoctu P. punsto .
FOBODHTDH, YTO OTPE30K ab, ompeleseHHHIM 06pasoM Ha-
NpaBJeHHH!, HMEHHO, OT @ K b, ecTb 8exTop ab. Touka
Q Ha3LIBAeTCs HA4AAOM BEKTOpa, a TOYKa b — ero Kou-
yom. T'OBOPAT TaKKe, UTO BeKTOp ab npusodcen X ToU-
ke a. Ecniu ¢ u d— nBe kakue-HHGYab Apyrue TOUKM
TNJIOCKOCTH P, TO cunTaercs, uTo BeKTOp ab pasen BeKs
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topy cd, ecii OTPE3KH ab u cd: 1) paBHH nO LNTHHE,
9) napaseabHbl, 3) OXHHAKOBO HaNpPaBJEHHL. X

OueBHAHO, UTO AJs KaXIOro BeKTopa ab Haipercs

aBHBIl €My BEKTOD, BHIXOASIUMA H3 Hayana KOOpAHMHAT

0. OGO3HAUHM €ro KOHell uepe3 2, TakK YTO BEKTOPH ab
W 0z paBHH. B OCHOBHOM Mul GyleM OrpaHHYHBAThCH
paccMoTpeHHeM JHIb TeX BEKTODOB, KOTopble Hauhi-
HaloTCa B Hauajc KoopiuHatT 0. Takue BeKTOpH MBI Oy-
neM o6o3HayaTh ONHOH GOYKBOH, a HMEHHO, BEKTOp 02
6yaem o6o3HauaTh MPOCTO 6yk- _
Bofi 2. DTUM caMBIM yCTaHaBJIH-
paeTcsi B3aHMHO OJHO3HAaYHOE
COOTBETCTBHE MeXIy BeKTOpa-
MH, BLHIXONAIHMH H3 Havaja
KOODAHHAT, H TOYKAMH IIOCKO-
cTH P, HMEeHHO, KaXXAOMY BeKTO-
Py 02 CTaBHTCA B COOTBETCTBHE
€ro KoHell, TOYKa 2.

Teneppr ompepesnM onepa-
{0 CJAOXEHHS JBYX BEKTOPOB.:
Paccmorpum Ha maockoctn P Puc. 2
IBa BeKTopa 2; M 2p. [lompasy- o
MeBaeTcs, YTO 2; H 22 — KOHIH
BEKTOPOB, HauuHAKOMHUXCsA B Touke o (puc. 2). Jas Toro
4yToGHl ONpeNeJHTh CYyMMY BEKTOPOB 2 - 2, NpoBeleM
M3 TOYKH 2, BEKTOD 2123, PaBHHH BeKTOpy 2. Bekrop
023, HJH, YTO TO e CcaMoe, 23 €CThb MO ONpelLeJeHUI0
Cymma BEKTOPOB 2| H 23!

23=2; %+ 2,. -

B namem mocTpoeHHH CyMMBI 2; + 2 BEKTOPHl 21 H 23

HepaBHONPABHBI, HO JIETKO AOKa3biBaeTcs, 4T0
2Zit+2=2+2.

BhiuHTaHHE BEKTOPOB oOmpelessiercs Kak onepauus, o06-

paTHasi CJOXEHHIO, '

Cpenn BCeX BEKTOPOB MMeeTcs OfHH BEKTOD HYJEeBOH
JAJMHB, HauuHAOmMUACA H KoHualommufics B Touke 0. OH
o6o3HauaeTcs 3HaKoM 0. DTOT BekTOp 06JafaeT caeAylos
LIAM CBOHCTBOM: 2 + 0 ==z,

HnuHa orpeska, ompelessIoOliero BeKTOP, Ha3biBaeT-
csi modyasem STOro BeKTopa M 0003Hauaercs CrernHalbs
HBIM 00pa3oM, HMEHHO

[2]=1(0, 2).




Hmeer Mecto Baxknoe HEPaBeHCTBO
21+ 2 1<l 21 [+ 2, . 3)

Hepagencrso sto CIeNyeT M3 pacCMOTPEHHSI TPeyroJb-
HHKa 02123 (CM. pHuc. 2),

Kpome onepannit cnoxenns n suuuranus BEKTOPOB,
CYWeCTBYeT ellle OAHa BaXHas oNepalusl Hajg BEKTO-
PaMu, WMeHHO, YMHOXeHHe BeKTopa Ha uuca0. Ecau
@ — HEKOTOpOe YHCJIO, a 2 — BEKTOp, TO AJs OnpejeJe-
HYS npousseneHus

Z=qz

NpoBeaeM HpsMyl0 L, mpoXOAsAILylO0 Yepe3 TOYKH O K Z.
Ecin o — unesno nosmoxuresnbHoe, To OT TOYKH 0 OTJIO-
JKHM Ha npsMoii L oTpe3oK 02/, paBHHI 1O MJIHHE &|2|
H HamnpaB/JeHHHA B Ty e CTOPOHY, YTO M OTPE30K 02.
Konen 2’ storo orpeska u ectsb BeKTOp az. Ecau uucio
@ OTPHUATENbHOE, TO OT TOUKH O OTJIONKHM Ha mpsiMoli L
OTPe3OK 02’ JuHbl |e||2|, HO B HampaBaennu, IPOTHBO-
TIO/IOKHOM OTpe3Ky 0z. KoHell 3Toro orpeska 2’ u ecTb
BekTop az. Ecim 0 =0 uan z =0, 10 BEKTOpD o2 ecTb
HyJIEBOH BEKTOp.

BeeneM tenepsr mnomstme Koopamuar BekTopa. Tak
KakK z fIBJII€TCA Y HAC OJIHOBPEMEHHO H TOUYKOH H BEKTO-
POM, TO €CTECTBEHHO CYHTaTh, YTO KOOPAMHATHI TOUKH 2
ABJAIOTCA OJHOBPEMEHHO M KOODIHHATAMH BeKTOpa z.
Takum 06pasom, MBI MOXKeM 3anucaTh

z2=(x, y),
TlI€ 2 €CTb BEKTOD, a X, ¥ — ero KOOpAMHATH, T. e. Koop-
OAHHATH TOYKH Z.

OnuumeM Temeps mpu moMou KOOpAHHAT Te omepa-
IuHH HaJ BEKTODAMH, KOTODPHIE TOJbLKO YTO ObI/IH omnpeje-
JIEHBl 9HCTO reoMeTpHYeckd. Kpome BekTopa 2, samumem
B KOOPAHHATHON (hopMe elle ABa BeKTopa:

21=(x, y1); 2= (x2, Yo).
Torza Mul HMeeM

21+ 2= (x; 4 x2, y1 + ), (4)
21— 2= (%1 — Xo, Y1 — 1), (5)
lz]=- 4/x2+ 47 (6)
az = (ax, ay). (7)

OTH QOPMYJIH JIETKO JOKA3HIBAIOTCH.
10




Moasipubie koopannatel, Ha pawedt naockoctd P Mul
ye HMeeM JAeKapTOBy CHCTeMy KOOpJHHAT, T. €. oCb
abcuuce, och OPAHHAT M Hauajo xoopAHHAT. C 5TO# cH-
CcTeMOH KOODAMHAT TEeCHO CBsI3aHa TaK HasklBaeMas no-
aapras cuctema koopdunar. Ilycrs 2 ==(x, y) — npous-
BOJIbHASi TOYKA MJIOCKOCTH P, 3ajganHas CBOMMH IeKap-
TOBBIMH KoopauHataMmu. [lo-

CTaBUM Tenepb 5TOH TOYKe 2 z
B COOTBETCTBHE [Ba APYIHX

4yHCIa — ee MOAAPHbie Koop-

Ounarsl, HMEHHO, YHCJO 0,

paBHOe JJHHe OTpe3ka o0z, [

p=1(0,2), u uucno ¢, pas- 7] 7
HOe BeJMYHHEe YIja Mexny

NOJIOKHTENbHOH HOJIYOCbIO Pue. 3.
alcuuce H OTPe3KOM 0z, MpH-

4Ye€M YroJ OTCUMUTHIBAeTCs B Hampap/leHHH IIPOTHB 4aco-
BO# cTpesku (puc. 3). Mu 6ygeM nucaTb

2= [p: (p]°

Uuesao p HaswiBaercs paduycom ToykKM 2, a 4HCIO @ —
ee yeaom.

Panuyc p Touku z ompepenen oXHO3HauHO. YroJa ¢
TOUKH 2 He ompejesieH cOBceM, Korja TOUKa Z COBNajxaer
C HavaJjoMm koopaunat. Ho um B ToM caydae, Korga Tou-
Ka Z He COBMajaeT C HayaJoM KOOpAHHAT, YroJ ¢ He on-
penenen oxHosHauHo. MMmeHHO, ecnd @ €CThb yroJa Toy-
KH 2, T0 @ + 4kd, rae k— nponsposibHOE IleJJ0€ YHCJIO,
a d — Be/HUHHA NPAMOrO yrJa, TakKe SBISETCS YIIoM
TOUKH 2.

[Tonbaysics OAHOBPEMeHHO [eKapTOBBIMH H MNOJASADP-~
HBIMH KOOpAHMHATaMH, MBI Heu3GexHO JOJIXKHBI IOCTa-
BHTb BONPOC O CBA3H MeXAy TeMu M Apyrumu. Jlekap-
TOBBl M NMOJISIPHbIE KOOPAHHATH TOYKH 2 = (X, y) = [p, ¢]
CBSI3aHBl MeXAy co6oit caenyomuMH (GopMyaaMHu (cM.
puc. 3): '

x=pcosq, y=opsing. (8

OnpenenuM ckaasproe npousdeedenue 2i-2; ABYX BeK-
TOPOB 21 = [p1, ¢1] U 22 = [pg, @], MOAB3YACH HUX IO-
JSPHBIMH KoopAMHaTaMmu. I1o onpene/€HHUIO

2y 2y == 0103 COS (P — @y) = P1P2 COS Y, 9)
11



Tlle Y €CTb YroJl MeXNy BeKTOPAMH 2 H 2. 3HaK uHCaa y
He urpaer pouu. ITomb3yscs dopmynamu (8) cBsasu me-
XKLy TNOJADHBIMH H NeKapTOBHIMH KOODAHHATAMH, Mbl
noJiy4aeM BblpaKeHHe

2i 2 =x1% -+ y1Y>. (10)

Ono naer ckansphoe Npou3sBe/ieHHe, BHPaKeHHOe yepes
AEKapTOBEI KOOPAHHATH BEKTOPOB. '
Feomerpuueckoe m3o6parcenne komnaekcHmX unced.
JlekapToBE KOOpIHHATH 20T elie OJHY BO3MOXKHOCTb
AJI YCTAHOBJICHHS CBA3H MeXAY TOYKAMM H YHCAaMH,
4 HMEHHO, OHH NO3BOJAIOT reOMETPUYECKH H306parxKaTh
KOMIIIEKCHBIE YHCNa M JeHCTBHSA HaX HUMH. ‘
Komnuiekcubie 4ncna, Kak H3BECTHO, BO3HHKIH Gaa-
roxapst ToMy, 4To He/b3fl GBLLJIO H3BJeEYb KOpeHb KBal-
PaTHbI U3 oTpuuaTenbHOrO uyncaa. [losTomy BBean tdop-
MaJIbHO HOBOE YHCJIO {, yJIOBJETBOPSAIOLIEE YpPaBHEHUIO

24+ 1=0,
TakK 4to .
'\/ —1l==41i
H ONpeeIHIH KOMNAEKCHOe ¥UcA0 2 HopMyIof
2=x-iy, (11)

TIeé X ¥ y— OGLIKHOBEHHblE YHCJIA, C KOTOPHMH yXKe
TIPHBLIK/IM HMETh 11€JI0 H KOTOphie TeNepb, B OTJIHYHE OT
KOMIIJIEKCHEIX, MB OyfeM Ha3hBaTb AeHCTBHTEJbHBIMH.
Haj KoMmiekcHBIME YucaaMu cradau NpPOU3BOAHTb OOHIY-~
Hble JIeACTBHS — CJOMXKeHHe, YMHOXEHHe H o6paTHHE K
HHM: BBHIUMTAHHE H JejleHHe. Bo Bcex TakKHX BBIYHCJIe-
HHAX 3aMeHsNH 2 Ha —]1 W noaydvan, TakuM o6pasom,
BO3MOXKXHOCTh MPOH3BOAUThL HAJ KOMMJEKCHHMH YHCJIAMH
BCe NEiCTBHS TaK JKe HENPHHYXKLEHHO, KAK DaHbIE Haf
AeRCTBUTENLHBIMH,

OnpenenuM neficTeus Hajl KOMIJIEKCHHIMH YHCJAAMH
Gonee dpopmansuo. ITycrs

r=x1+iy; z2z=x-+ iys

~—ABA KOMIJIEKCHHIX uucaa. TorXa ux cymma ompenes
Jasercs GopmyJoh

21t 2=+ x2) + L (y1 + ya). (12)
12
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[IpousBeseHHe JABYX KOMIJEKCHBHIX YHCEN 2| U 2p Ompes
neasiercs Gopmyon

212, = (%1 + iy1) (62 + iys) = x1x0 + ix1ye + iy1xs 4
’ + Py = (xix2e — y1yo) + i (112 + 71x9). (13)

KoMmnseKCHOe 4HCIO 2, 3amucanHoe B ¢opme (11),
caMo NPOCHTCS Ha Hallly mjaocKocTb P, Ha KoTopo# yxke
BBeJEHB AeKapTOBH KoopAauHaThl. Ero xouercsa usobpa-
34Tb B BHJ€ TOYKH 2 C KOOpDAHHAaTaMH (x,Yy) HJIH, 4TO
To Xe caMoe, B BUJ€ BEKTOpa 2 ¢ KOOpAHHATaMHu (X, y),
1.e. 2 =(x,y). [lnockocTs P, Ha KOTOPYIO HaHEeCEHH B
BHIe TOYeK KOMILIEKCHBle YHcaAa 2, OyleM HashBaTb
NAOCKOCT6I0 KOMNAEKCHO20 NepemMennozo z.

KoMnnekcHbie yHcaa 2 BHAA

2=x+i0=x

Tenepb Pa3yMHO Ha3LIBaThb OeliCTEUTEAbHbIMU YUCAAMU.
~Onu Bce nexar Ha ocu aGCIUCC, U MOITOMY och abCHHce
IVIOCKOCTH KOMIJIEKCHOTO NepeMeHHOro z Mul 6yJleM Ha-
3biBaTh dedicTeureavroli ocvro. KoMnseKcHble 4ncya BHAA
2=0-tiy=iy
Ha3bIBAIOTCH 4UCTO MHUMbIMU WM TIPOCTO MHUMbLMU, H
OHH pacroJiaraioTcs Ha ocu opaunar. Ilostomy ocb op-
AMHAT IJIOCKOCTH KOMIIJIEKCHOI'O NepeMeHHOro z Mu Gy-
AE€M Ha3bBaTb MHUMOU ocvro. KoMIIeKCHOe yHca0o z =
= 0+-i{0 nonanaer B Hayano KoopAuHAT. leHCTBHTeNbs
Hble ydcaa -1 B —1 pacmoJsaraiorcs Ha ReHCTBUTEJb-
HO OCH cnpaBa H cJeBa OT HyJsl Ha PacCTOSIHUH ejH-
Huua., MuuMmble uucna -+i ¥ —i pacmosaralotcsi Ha
MHHMO¥ OCH Hajf HyJeM H IIOJ HYyJeM Ha pacCTOSHHH

€JHMHHLA OT Hero.

Hcnonb3yeM Tenepnr AJ1s 3amucH KOMIJIEKCHOTO WHC-
Jla z moJsipHble KOOpAHHATHl TOYKH 2. Tak Kak B cuiy
dopumya (8)

x=pcosg; y=psing,

TO KOMIIEKCHOE YHCJIO 2, omnpejeseHHoe popmyaoit (11),
sanucHiBaeTcs B BHIE
2==p(cos ¢ -+ i sin ). (14)

Ora sanuch KOMIJIEKCHOrO YHMCJa 2 Ha3HBaeTcs Tpuzo-
HomeTpuueckod. HeoTpuuareabHoe UHCIO p Ha3bIBaeTCsA
MO0y rem - KOMIJIEKCHOrO YHCJA 2, a YyroJ ¢ — ero apay-
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merntom. Hucio 0 OOXHO3HAYHO OonpeneseH0 KOMIJIEKCHBIM
9HCJIOM 2 B o603Hayaercs creuanbHbIM CUMBOJIOM

I21=p=+ VFT T

Cilenyer BHOBb HaNOMHUTB, 4TO apryMeHT ¢ KOMILIeKc-
HOro 4uc/ia z HE OmpejieieH OAHO3HAYHO, MMEHHO, NpH
[2] = 0 on BoBce He onpenesen, a ecan |2]5=0 u @ ectb
apryMeHT KOMIJIEKCHOTO WYHC/Ia 2, TO Hapsgy C STHM
SHAUCHHEM @ apryMeHTOM ABJAIOTCA U uuCAa @ - 4kd,
rle R — Npou3BOJIbHOE LeJoe YHCIO,

Honesysicy popmynamn (12) u (13), mapum reomer-
PHYECKOEe HCTOJNKOBaHHE ONePalusM CJIOXKEHHS H YMHO-
¥KeHHs KOMILJIEKCHBIX YHCeJ.

U3 popmyxn (4) u (12) cnenyer, uto aas TOro, 4TOGHI
CJIOXKHTh JBa KOMIIIEKCHBIX YHCJA 21 U Zp, AOCTATOUHO
CJIOXHTb H300paXKalolllHe HX BEKTOPH 2; U 2. TOraa mo-
Jyd4eHHAs CyMMa BeKTOPOB 23 ==2; + 2, H300paxaer
CyMMy 2 -+ 23 KOMIUIEKCHBIX 4HceJ. Tak KakK A/ BeK-
TOpOB CYLIECTBYeT oOlepalHs BHYHTaHHUS, o6paTHas K
ONEpalHH CJOXKEHHs, TO U AJS KOMILIEKCHBIX YHCEJ Cy-
LIECTBYeT Onepauys BHUUTAHHs, 06paTHasi K omepanuu
ci0xkenus. I'eomerpuueckass WHTepIpeTalus CJOXKEHHS
KOMIJIEKCHBIX YHCesI IPUBOAUT Hac K BaXXHOMY HepaBeH-

CTBY
lz1+ 22 |<] 2 [+ 2|

Hnst Toro uTo6H XaTh reoMeTpHuecKyio HHTepIpeTa-
IOUI0 YMHOXKEHHS KOMILUIEKCHBIX WHCEJ 2;, 27, 3alHIIeM
STH YHC/IA U HX NPOU3BENeHHE W B TPHUTOHOMETPHUECKOH
tdopme, UMeHHO:

2 ==p; (cos @; + i sin @y),
22 ==p2(cos @, -+ i sin @),
2129=w==0(cos P + i sin ).
Ilpu nopcuere npomseegenus: B TPHIOHOMETPHUECKOH
dopme ncnosb3yeM usBecTHbE (BOPMYJIBL TPHIOHOMeET-
pun. Mul nosyyaeM rternephb
W == 2123 == 1P [(cOs @; COS @, — sin @, sing,) +
=+ i (sin @; cos ; 4 cos g; sin gy)] =
= 010 [COS (@) - @2) + i sin (@, + ¢o)]
14




HJIM OKOHUaTeJbHO
o (cos P - i sin ) = pip2 [0S (@1 + @2) + i sin (@, + q>2)]
(15)

Takum obpa3som,
0=0i0 V=0 F ¢ (16)

D10 03HayaeT, 4TO MpH MEPEMHOKEHHH KOMIJIEKCHBIX
yucea z; U 2p HX MOLYJH Oy M g NePEMHOXKAIOTCH, a HX
apryMeHThl @) U @ CKJIaAblBAIOTCA.

W3 popmyanr (16) BuLHO, YTO onepauus AeJEHHSA Of-
HOro KOMIIJIEKCHOTO 4HCJa Ha JAPyroe BCerija BO3MOXHa,
ecau JeJHTeNb He paBeH HyJdio. B camoM nene, GyaeM
CYHTaTh, YTO W H 2 — 3aJlaHHble KOMIJIEKCHbIe YHCJa,
a zy CJeLyeT ONpEeNeNHTb M3 yPaBHEHHS w == 212, Toraa
u3 ¢opmyanl (16) Mbl nonyuaeMm

[¢]
P2 = l%—-il?'—fpl-

®opmyny mnpoussemenus (15) MoxkHO pacmpocrpa-
HUTb Ha NPOH3BOJBLHOE YHCJO COMHO}KHTeHeﬁ, npuMensas
3Ty Qopmyay nocnenosateabo. Ilycrs

2;=p;(cos @; -+ i sin @y), i=1, 2 ...,n,
~— NOCJNENOBATENbHOCTh KOMIIIEKCHHIX 4YHCeJ, a w ==
= 212 ... 2. TOrga Mul HMeeM
w=0(cos P - isinP)=
=01 .. 0pfcos (@4 ...+ @) Fisin(epr+ ... + @)l

B yacTHOM caydae, Koraa Bce 4Mcaa 2y, 23, ..., 2n PaB-
HbEl OJHOMY H TOMY e YHCAY 2, Mbl [IOJIy4aeM BaXKHYIO
$opmyay

2" =o(cos P+ isin p)=p"(cosng + isinng). (17)

I'paguk ¢ynkuun. Ecin cymecrsyer npasuio, 1o Ko-
TOPOMY MOXXHO BBIYHCJHTb, 3Has YHUCJO 2, BEJHUHHY

w="(2),

TO TOBOpPSIT, UTO HaM 3ajaHa ¢yrxkyus f[(z) He3aBHCH-
MOT0 MepeMeHHOro 2. 3/lecb @ H 2 MOryT ObiThb Kak Aefi-
CTBHTEJLHEIMH, TaK H KOMIIEKCHBIMH 4HCJIaMH. B ciy-
yae, ecan o6a 3TH uucaa AeHCTBHTENbHbIE, HX 0003Has
yaloT OGBIYHO uepes y H X, H OyHRuus y==f(x)

15



‘

ABJsercs LeficTsuTenbHOl QYHKUHeHA [eHACTBHTENBHOro
nepeMeHHOro x. Takylo (QYHKIIIO MOMXHO H3006pasHTb
reoMeTPH4YeCKH Ha KOODAMHATHOH MJIOCKOCTH B BHJE JH-
HAH, KOTODAas HaswiBaercd rpacdukom o¢yHkuun, [Lias
STOr0 KaXKI0My 3HAYEHHIO X HE3aBHCHMOIO MEPEeMEHHOro
CTaBHTCA B COOTBETCTBHE TOUKA

z=(x, f(x) ' (18)

KOOPAHHATHOH NJIOCKOCTH, aGCLUCCOR KOTOPOH CJIy:KHT
X, a opnuHaToil — BennuyuHa f(x). Korma abcumcca x
npoGeraer BCe AOMYCTHMBIE A/l Hee 3HaueHHs, TOUKA
(18) omucbiBaeT JHHHIO, Ha3LIBAEMYI 2pa(uKOM (BYHK-
IHH f(x).

Hcropuueckas cnpaBka

MatemaTH4ecKknii aHa/u3, OCHOBHBIMH TOHATHAMH KO-
TOPOro ABJAITCS NMPOM3BOAHBIE H HHTErpaJ, npexie ueM
OpHHATbL COBpPEMEHHYI0 (opMy, CKIaAHBAJCA M pasBH-
BaJjCa B TEYeHHe OueHb MJHTEJbHOTO BpEMEHH — lie-
CKOJIbKHX CTOJIETH#H, a MOXKHO CKasaThb, JaXe H ThICAue-
aeruit. Bo BeAkoM cayuae B counmHenmax ApxuMena
(287—212 no H. 3.) yxXKe BCTPeyalOTCH MOCTPOEHHS, KO-
TOpHIe MOXKHO Tellepb paccMaTpHBaTh KaK 3aYyaTOYHbLIe
¢dopMBl MHTerpasa W MPOM3BOXHOH. ApXUMEJ BHIYHC/IHJ
nmiowanb, OrpaHHYeHHYI0 Ayrod napalboJbel H KyCKOM ee
NpAMOJIMHEAHOH ceKyllef,, METOAOM HCUepNLIBaHHSA, T.e.
MyTeM BNHCHIBAHMA B 3Ty GHTYpPY NOCJeN0BaTENbHOCTH
NPSAMOJIMHEAHBX MHOrOYrOJNbHHKOB, IIOCTENEHHO HCYep-
NBIBAIOUUX BCIO IUIOWAAb (GHrYph. IDTO MOCTPOEHHE ¢
COBPEMEHHO! TOYKH 3peHHS MOXHO CUHTATh 3aYaTOUHOMR
¢dopmoit unrerpupoBanus. Caenyer 3aMeTHTb, YTO B Me-
TOJe MCUepNbIBaHHA ApXHMex HMeJs IpeliecTBeHHHKOB.
ApxumenomM Takxe GbIIO NPOM3BeEHO MOCTPOEHHE Kaca-
TeJNbHOH K CHHPAJH, 9TO C COBPEMEHHOH TOUKH 3peHus
MOXeT paccCMaTpuBaThCs KaK 3adyaTouyHas ¢opma aud-
GbepenupoOBaHUS, T. €. HAXOKAEHHAs MPOU3BOJHOM.

B ¢dopme, yxe comepixalieli 0CHOBHbE aJrOpUTMHYE-
CKHe METOAH, AH(QepeHIHaIbHOE H HHTerpajbHoe HC-
yHcaeHHe ObiaH co3naHe B XVII— navane XVIII cro-
aerus JleiiGuuuem (1646—1716) u HbioronoM (1643—=
1727). Jleit6brun u HploTOH caenanan CBOH OTKPHITHA
IOYTH OJHOBPEMEHHO He3aBHCHMO Apyr oT apyra. Ho
00a oHH He CNeLIWIH ¢ MyGJAHKalUsMH, TaK KaK caMH He
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MeJH C EOCTAaTOuHO# YeTKOCTbIO 0co3HaTH MOJYUeHHbIE
HMH pe3y’bTaThl. Co3jaHHble HMH aJArOpHTMbl JAEHCTBO-
BaJi XOpOLIO H NaBajH HajeXHbie pe3y/bTaThl, BaXHble
ans npu:xo;-xeanﬁ, HO He OBlJIO SICHOTO NMOHHMaHUs TOroO,
Ha ueM OCHOBaHBI aJropHTMbL 3rech uMmescs Kak Obl
HeKOTOpbli HajeT MHCTHKH. Kaxercsi, B Te BpeMeHa
6bITOBAJIO criejyioniee BRICKa3hiBaHHe: «Jlenali, epa mpH-
mer noToM». Jeno B TOM, 4TO IIpH onpefesNeHHH CKOpo-
crH, T. €. NPOH3BOAHOM TO BPEMEHH, HCI0J1b30BaNaCh Ta-
Kas HenoHsiTHas Bellb, KaK MTHOBEHHLIH OTPe30K Bpeme-
HH, DTOT TAMHCTBEHHbII MTHOBEHHBIH OTPE30K BPeMEHH
6bl1 COBEPIUIEHHO MaJ, HMEHHO, NMpH HEKOTOPLIX BBHIYHC-
JIeHHSIX €r0 C/eJ0oBaJO 3aMeHATh HyJeM, 2 MpH IpYrux
BBHIUMCJICHUAX TaKaf 3aMmeHa 6bi1a Hegonycruma. Cko-
pocThb ompejaeasjach Kak OTHOLIEHHE AJIHHBL TYTH, PO~
JIeHHOTO 32 OJHO MTHOBeHHe BpeMeHH, K POTSXKEHHOCTH
9TOr0 MTHOBEHHS. SICHO, YTO NMpPH TaKOM OMHCAHHH CKO-
POCTH TMPOTAXKEHHOCTb OJHOTO MrHOBEHHA BPEMEHH HeJlbs
35 GHIJIO CYUMTATb PaBHOH HYJIO, TaK KaK TOraa CKOpoCTh

sanucaaach 66l B BHIE 6ecCMBICJIEHHOTO Bupameuuﬂ—o—.

Ho ecsiu npH BbIYHCJIEHUH CKOPOCTH JAJIHTENLHOCTH MIHO-
BeHH BpeMeHH 0603HaunTh OykBoii O, Kak 310 jenanl
Hbl0TOH, TO, NPOBOAA B 3THX 0003HAYEHHAX BBHIYUC/ICHHE
OTHOIEHHs NpPOfJAEHHOrO NyTH K JJIHTENbHOCTH MIHOBC-
HHSl BPEMEHH, B NOJyYeHHOM pe3yJbTare CAel0Bajo 3a-
MeHHTb OYKBYy, 0603HAyalomyl0 [JHTENTbHOCTb MIHOBE-
HUSI BpeMeHH, HyJeM, H MOJyuyajicss MPpaBHIbHBIA pesyib-
tar. AnajoruuHble TPYAHOCTH HMeauch u y JleiGHuLa.
BhIX0j M3 3THX 3aTpyAHeHuit 6l Haiinen Koww (1789—
1857), KoTophlit BBeA MOHATHe mpejena. CyIIHOCTB ero
3aKJI04aeTcs B caeayioleM. PaccMarpuBaeMbiil OTPe3ok
BpEeMeHH He CYHTAeTcsl MPHOBEHHBIM, 2 HMeeT BIIOJIHE KO-
Heunyio BeamyuHy. CocTaBiasiercss OTHOLIeHHE JJIHHA
NyTH, NPOHJEHHOrO 3a 3TO KOHeUHOe BpeMs#, K KOHed-
HOMY OTpe3Ky BpeMeHH, H B IOJYYeHHOM BbIpaXeHuH
JJIHHA OTpe3Ka BpEeMeHH HauHHAeT MEHAThCH, CTPEMACH
K Hynaio. [Ipp TOM CMOTpAT, K KaKoMy Ipeaeay CTpe-
MHTCS NOJyYeHHOe OTHOLIeHHe. DTOT Hpeje] H ABJIACT-
€Al CKOPOCTBIO, T. €. MPOU3BO/JHOM.

[lo Mepe Toro Kak pa3sHBajoch RHpdepennnaibHOe
H HHTerpajbHOe HCUHCJEeHHe, BO3HHKJO M CTaJo HrpaTh
OueHb GOJBLIYIO POJb eule OJHO HOBOe MOHATHe. 7O
GeCKOHEUHBIH pfif, T. €. CyMMa OecKOHeYyHOro 4ucaa
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cjaraeMblX, KOTOPYIO MBI 3aluileM B 237 91(]
21+22+...+Zn+... (19)

Ynorpe6enue TakKHX CyMM NPHBOAMJIO GOJIbIIEH YacTbio
K TPaBUJbHLIM BaXXHHIM pe3y/bTaTaM, HO HHOIZA nAa-
BajJi0 M OWHGOYHbIE pe3ysnbTathl. HyxHO GBHIIO MOHSATS,
OpH KaKHX YCJOBHSIX MOXHO CIOKOHHO HOJb30BaThCA
OeCKOHeUHBIMH CyMMaMH H KaKOBa UHCJOBAas BeJHUMHA
OeckoHeunofi cyMmul. B xauectBe KOHKpeTHOH CcyMMBbI,
BHISHIBaBIIeH HeLOyMeHHe, MOXKHO NPHBECTH CJeAyomuf

npuMep:
TI—141—14... (20)

Ecan moxxomuts X 3toit cymme croco6om, IPUBBIYHBIM
AN OOBIYHBIX CYMM, TO MOXHO FPYNIHPOBAThH UJEHH, a
HMEHHO, MOXHO OObeJMHHTb KaXIblil YJeH HeYeTHOro
HOMEpa CO CJeAyIOlIHM 32 HHUM WIEHOM YETHOTO HOoMepa.
Kaxnas rtakas mapa gacT B cymMe Hysb, H, clei0Ba-
TeJbHO, B pe3yJsbTaTe CJIOKEHHA BCeX YJEHOB CyMMbI
(20) Mbl momyyuMm Hyab. Ecau, 0fHAKO, BHIAESHTH crep-
Ba NEpBHII YieH, T. €. eIMHHIly, a 3aTeM PyNIHPOBATH
KaXK[blil WIeH YeTHOrO HOMepa ¢ KaXKALIM YJIEHOM HeueT
HOr0o HOMepa Tak, 4ToObl B pe3y/bTaTe 3THX KOMGHHA-
UHH MOJyYannch HyJH, TO OKasbiBAaeTCsl, YTO CyMMa (20)
paBHa eauHuue. CyluecTBoBa/la M TaKas TOUKA 3peHHd,
corniacHo KoTopo# cymma (20) pasHa 1/2. K atomy MoX-
HO MPHHTH U3 CeRYIOMHX coobpaxenuil. Ecin cuurars,
4T0 cyMMa (20) cyIiecTByeT H paBHa S, TO HMeeT MECTO
OYEeBHJIHOE DaBEHCTBO § = | — S, OTKYZa BHITEKAEeT, YTO
s =1/2. Bonpoc ¢ GecKOHEUHBIMH PANAMH TaKXe pas-
pewnn Kown. OH TOYHO onpefeins, NPH KAaKUX YCJIOs
BUAX cyMMYy (19) MOXHO paccMaTpHBaTh H 4eMy DaBHO
ee uncaoBoe 3HayeHue. limMenno, on cocraBua npensapu-
TeJbHble CYMMHI, MOJIOXKUB

Sp=21+F2+ ... +2,.
TaruM o6pasom, MH noayyaeM GeCKOHEYHYIO MOCJELO0-
BaTeJbHOCTb NMPEABAPHUTEbHEIX CYMM
S1y 825 e 00y Spy o u e

Ecan sta mocienoBaTenbHOCTL UHCEN CTPEMHTCS K He-
KOTOpOMY mpefneny s, To pan (19) cumraercs cxomsuium-
CS1 © CyMMa €ro CYHTaeTcsl PaBHOH YHCAY s,
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Poab pAXOB B MaTeMaTHUeCKOM aHalu3e 0co6GeHHO
nonuepkusaercsi pagom Teitnopa (1685—1731). Psan
Teftiopa OBl NOJYYEH TefilopoM H3 OJHOH KOHEUHO-

asnocTHoit  dopmyan Hblotona. Orpomuoe 3HaueHue
psna Teflnopa 3akmouajoch B TOM, 4TO BCe (yHKIIHH,
paccMaTpPHBABIINECH B TO BPeMs, MOIH GHITL 3aMHUCaHbl
B Buzie psAa Tefljopa, TaK 4TO BO3HHKJO JaxkKe Ha HEKO-
TOpoe BpeMsi NpPEeJCTaBJeHHe O TOM, 4TO aiobasg QyHK-
IHs, BO BCSAKOM CJydae MO KycKaM, MoXer OBITb Npen-
cTaBjeHa npu moMouiu psjga Teftnopa. Ho aTo mpencras-
jenne OBLIO BIIOCJAEACTBHH NOJIHOCTBIO ONPOBEPTHYTO.

HoBoe HampaBjeHHe B aHa/jH3€ BO3HHKJO B CBA3H
¢ pacCMOTPEHHEM KOMIIEKCHBIX (YHKUHII KOMTMIEKCHOro
nepemerHoro. [lpn n3yuenun Takux (QyHKIHH BOSHHKAJIO
MHOXKeCTBO HesiCHOCTell, HO NOCTeNEeHHO HaKamjHBaJjcd
Marephas IpH Y4YaCTHH TaKHX BeJHKHX MareMaTHKOB,
kak ditnep (1707—1783) u Taycc (1777—1855), u Ha-
KOIJIEHHE 5TOr0 MarepHaja IPHBEJO K IOCTPOEHHIO Teo-
puu (YHKIHA KOMIJEKCHOIO NMEepeMEeHHOro HJH, 4TO TO
e caMoe, TeOPHH aHAJHTHUECKHX OYHKHu#l. 3gech pe-
IIalome pesy apTathl npuHagnexar Komud. OH pokasal,
YTO HHTErpaJ N0 3aMKHYTOMY NyTH OT KOMIUIEKCHOI
(YHKIHH KOMIJIEKCHOTO NMEPEMEHHOro paBeH HYJIO, eCau
BHYTDH 3aMKHYTOT'O MyTH HET HHKAKHX Pa3PhiBOB H 0CO-
GennocTelt paccMaTpuBaeMmoil (yHkuuH, DPopMyaHpys
5Ty 3aMeuare]bHYyI0 TeopeMy, Kowu He ykasan Ha TO,
yTO0 paccMaTpHBaeMas (YHKUHA HOJNKHA HMEThb NMPOU3-
BOAHYIO H J[axe HeNpephBHYIO, HO HCIOJb30BaJd 3TO
NpeAnoJioKeHHe B Mpoliecce CaMOro. A0Ka3aTelbCTBa.
TpyaHo npeanosoXuTh, YTO TaKoe YMyIleHHEe SBJSETCH
omu6Koit. JIu6o B TO BpeMs CYUMTaMH, 4TO AHPdepeHiH-
pyeMOoCTh GYHKIHH SBJSETCS CTOJb €CTeCTBEHHBIM Npen-
IOJIOKEHHEM, YTO O HeM naXe He CTOHT FOBOPHTb, JHGO
3Ke IyMaJH, YyTo BCe HenpephiBHhIE (GYHKIHH HMEIOT Mpo-
n3pojnylo. M3 sroit Teopemn KoM BhIBeJ CBOIO HH-
TerpaabHyl0 (GOpMYyJy, NMO3BOJAIOILYI0 NpeICTaBHTh 3HA-
yeHHe (YHKOHH KOMIIEKCHOTO NEepeMEeHHOro IpH 1o-
MOIIM HHTerpaJja, B3STOrO IO 3aMKHYTOMY KOHTYDY.
Stumun pesynpraTaMu KollH 3a/0XKHJI OCHOBY TEOPHH
(GYHKUHH KOMIIJIEKCHOTO IEPeMEeHHOr0 — TEeOpHIo, KOTG-
pasi B COBPEMEHHOM aHa/ju3e Hrpaer GoJblIyI0 POJb H
HaXOJHT MHOTOYHCJEHHbIE NPUJIOKEHHS.



F'nasa I

PsAIlbl

B MaremaTHKe oueHb 4aCTO NPHXOLHTCS paccMarpH-
BaTh CyMMH ¢ OeCKOHEUHHIM YHCJIOM CJlaraeMbiXx HJIH,
KaK HMX Has3uBaloT, OeckoHeunvie padel. Takas cyMMa
HJIM PAJ 3aNMHCHIBAIOTCA B BHIE

2+t ...z + ..., (1)

rae 2y, 22, «u., 2n, ... CyTh AeHCTBHTEJNbHBIE HJIH KOMII=
JIeKCHble 9Hcaa. B saemenrapHoit anre6pe yXKe paccMars
pHBaeTCs OAMH YacTHHIN cayyafl Takux CyMM. ITO CyMs
Ma yOniBalollefl reOMeTPHYECKON NpPOrpecCHH, KoTopas
3amucLiBaeTcs B BHAE

atag+ag*+ ... +ag"+ ...,

rie |g|<<1. VYcranaBauBaercs, 4To CyMMy Takofi reo-
MEeTPHYECKOH MPOrpeccHd MOXKHO pacCMaTpHBAaTh H OHA
.
paBHa
. a
1—gq°

Boshukaer Bonmpoc, NpH KaKHX YCJOBHSIX MOXKHO pace
cMaTpuBaTh cyMMy obmiero psiga (1). Uro 3gech He Bce
SICHO, NMOKAa3biBaeT clelyloIlni npumep. PaccMorpum psajg

1—1+1—1+4... ©

Ecnn nosBosnth cebe onepupoBaTh € 3TOH CyMMO#, Kak
¢ o6BIYHOH KOHEYHOH CYMMOM, TO MOXXHO KOMGHHHPOBATh
ee wieHsl, o6pasys YacTHUHBHE KOHEUHHle CYMMH, a 3a-
TeM CKJaAblBaTb MOJYYEeHHBle CyMMH BMecTe. TaKuM
o6pa3oM, MOXHO KOMOMHHpPOBaTh uJeHH psiga (2) mo-
napHoO, CKJAaAbiBas KaXXJHH 4jeH HeueTHOTO HOMepa co
CJeRyIOIIMM YJeHOM 4YeTHoro HoMepa. Kaxpas Takas
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cyMMa paBHa HYJIO, M, TaKHM 00pasoM, Mbl NPUXOAUM
K 3aKJIIOUEHHIO, UTO CyMMa psana (2) pasHa uyawo. Ho
eciii KOMGUHHDPOBATH WIEHBl NO-APYrOMY, BLIAEJIHB Nep-
BO€ CJlaraeMoe OTAEJbHO, a 3aTeM CKJAaAblBasd YeTHoe
cnaraeMoe €O CIeRYIOWHUM HeYeTHHIM, TO Kaxpas Takas
cyMMa Oyner paBHa HyJIO, H y HAC OCTAHETCA JHUIb Ieps
BLIHf u7eH, TaK 4T0 cymMMa paga (2) Oymer paBHa I.
Orciofa BHAHO, 4TO 06palaThCss ¢ GeCKOHEUHBIMH pa-
IaMH COBEepIIEHHO HENPHHYXKAEHHO, KaK C KOHEYHBIMH
cyMMaMH, HeBO3MOxHO. HeoGxomumo mpexsge Bcero
TOYHO ONpE/ENHTb, YTO CAEAYET NMOHHMATH MOA CyMMOR
pana (l). Ilna STOro TOYHOrO ONMHCAHHSI COCTABJSIOT
TaK HasblBaeMble MNpeJBapHTe/bHble KOHEUHHE CYMMBL
Hwmenno, monaraor

Sp=2z14+2+ ...+ 2,

CymMa s, 3aBHCHT OT HOMepa £, H MBI MOXeM paccmart-
pHBATH €e MOBeJEHHE NpPH 7 HeOrpaHHYEHHO BO3PacTaio-
weM. Ecan npu stoM uamenennu n wucno s, crpemutes
K ONpeneseHHOMY mpefesy s, TO cuuraercs, uto psax (1)
MOXCHO CyMMHpOBATb H CyMMa ero pasHa s. Takue psan
HashBaloTCA cxo0suumucs. OKasblBaeTcs, OZHAKO, 4TO
H cXonsiiMecss psiibi 0GJajalOT HEKOTOPHIMH CTPaHHO=
CTAMH, He NPHCYIIHMH KOHeYHbIM cymMaM. Hanpuwmep,
MOKET CJyuHTBCHl, YTO e€cld B cxofsmemcs psge (1)
PacCroJOXHuTh CJlaraeMble B JPYroM NOPSifiKe, TO MH
BHOBb MOJYYHM CXONSWIHHCA PAJ, CyMMa KOTOPOTO, O~
HaKo, He paBHa CyMMe nNepBOoHadajJbHOro psiga. Has
TOro 4tolhl H36eXaTh 3TOH M HEKOTOPHIX APYrHX CTPaH-
HOCTeM, H3 BCeX CXOISAIHXCH PSJOB BHIACASIIOT TaK Ha-
8biBaeMble a0COJIIOTHO CxoAsAmuecs paasl. MwmenHo, pax
(1) HasbiBaeTcst aBCOAIOTHO CXOOAUUMCS, €CIAH a6CO-
JIIOTHblE BeJHYHMHB €ro CjaraeMbiX COCTABJAIOT CXOf-
muica pam, T. e. eCu piAg

TR S P Y NP ) P2 B

cxonurca. JlokasbiBaeTcs, 4To0 cyMMa aGCOJIOTHO CXOMsi-
lierocst psiia He 3aBHCHT OT MOPSfKa €ro cjaraeMbx,
4T0 abCO/IIOTHO CXOZSIIMECT PALB MOXHO MepeMHOKAaTh
10 TeM Ke NpaBHIaM, MO KaKUM IIePEMHOKAIOTCS KOHeu-
HBle CyMMHl, H T. I. TakuM o6pa3oM, oKasbiBaeTcs, 4TO
HaX a0Co/IIOTHO CXOASIIRUMHUCS PSALAMH MOXKHO NOBOJBHO
CBOGOJHO NMPOHM3BOAHTH BEIYHCJEHH H NONyYaThb MpH
STOM NpaBHJIbHBIE pe3yJ/ibTaThl,
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Psapl BaXXHEl, B 4aCTHOCTH, MOTOMY, YTO, NOJIb3YSCh
HMH, MOXKHO BBIYHCJATbH HEKOTOphie BaXKHbie MJsi Mares
MaTHKH 4Hcada. Tak, Hampumep, H3BecTHa QopMyaa

Fml—gttt .+ S )

Takum o6pasoM, moan3yscsh pagom (3), MOXHO ¢ J060H
TOYHOCTBIO BHIYHCAHTH yucjo n. Ciexyer, OZHAKO, OTMe-
THTb, YTO 3TO He €CTb HAWJIYYIIH{l CrocO6 BLIYHC/IEHHS
yucaa m, Tak Kak pang (3) cxomuTes oueHb MeJJIEHHO.

He menee Baxuo Bhiuuc/eHHe (YHKUUE NPH NOMOLIH
panos. MMenno, ecau unens psapa (1) ssisiores GyHK-
UUAMH JeHCTBHTEJNBHONO WJH KOMIIJIEKCHOTO IEpeMeH-
HOTO 2, TO B CJlyyae CXOAHUMOCTH Dsfia CyMMa ero oImpe-
Jejser Hekoropyio (yHKuuio f(z). MiMeHHO, MB HMeeM

fRA=zE@+z2@+ ... +z.E+... 4)

3aech ciaenyer OTJAHYATb JBe CYLIECTBEHHO DasJHy-
Hble BO3MOXKHOCTH. MoXKeT cayyuThCs, UTO EEKOTOpas
¢yrkuua f(z), u3BecTHass HaM M3 KaKHX-TO JIPYTrHX CO-
obpaxeHuit, passaaraercs B panx (4).

Torza stor psax noMoraeT HaM BHIYHCJIHTb H3BECTHYIO
HaM OyHKIHIO. BTOpas BO3MOXKHOCTbL 3aKJIOYaeTcs B
ToM, uto QyHKUHs f(2) cama ompeaeasercs pagom (4).
Mcxona ns sapanus ee opmysnodt (4), MBI MOXKeM H3Y-
;x(ar)b pasJHYHbHE BaXHBlE A8 Hac CBOACTBa (YHKUHH

z).

Oco6eHHO BaKHBLIM YaCTHHIM CJOy4aeM DSAOB, YJEHH
KOTOPHIX ABJAIOTCH QYHKUHAMH HepeMeHHOro 2, sBJSIIOT-
csl TaK Ha3blBaeMble Crenerxoie padel, T. €. PALb BHIAA

ataz+a?+ .. Fa+ .., (5)

rae Ko3(p® HUHEHTH dag, A1, ... Qp, ... CYTh 3aJAHHBE
gyucaa, a z— NeHCTBHTeNbHAsh HJAM KOMIJIeKCHas Mepe-
MeHHas. Dbliio o6HapyXeHO, YTO OYeHb MHOTHE HIpalo-
II{e BAXHYI0 pOJb B MaTeMaTHKe (YHKIHH 3amaloTcd
CTeNeHHBIMH pANaMH, T. €. 3amuceiBaloTcsd B BHAe (5).
OnxHO BpeMs CyLIeCcTBOBaJO Haxke HpPEANOJNOoXKeHHe, UTO
Kaxnaylo QyHKUHIO MOXHO 3a7aTh IPH HOMOIIH CTeNeH-
HOro psifia, ecu He LEJHKOM, TO MO KycKaM. DTo npej-
MOJIOXKeHHEe 0Ka3aJoCh, OJHAKO, COBEPIIEHHO HEBEPHLIM.

B nocnexnem maparpade 5To# ryaBBl  TIIATeJbHO
H3yyaloTcs GYHKLUHH, 3ajaBaeMeie paaamMu suaa (5) ans
KOMIJIEKCHOTO nepeMeHHoro z. Haubosee uHTepecHoe
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CBOICTBO, YCTaHOBJIEHHOe TaM, cJjexylouiee. OueBHIHO,
urto panx (5) cxopurcs npu z = 0. MoxXeT CayYHThCH,
YTO OH CXOAHTCA TOJNBKO B 3TOM cayuae. OrGpacbiBas
3TOT TPHBHAJbHHIHA ciaydall, pacCMOTPUM pSJA, KOTOPHIi
CXOJHTCA Y IPH HEKOTOPHX 3Hauenusax z==0. Torza nas
3TOrO psjia ONpejeNseTcs TakK HasblBaeMBIH paguyc CXo-
auMocTH r > 0. OkasniBaercs, yTO ANS BCeX 3HauyeHHH
2, ANA KOTOpHX |2|<<r, pan (5) cxomurcd H NPHTOM
aGCoOJIOTHO, a NpH BCeX 3HadyeHusx |z|>r pax (5)
pacxopurcsi. Takum obpasoM, ¢ynkuus f(z) 3amaercs
pamoM (5) mns Bcex 3HaueHH# 2, I KOTOpHIX |z| << r.
Cayuait r = oo He Hckaioyaercs. Ecau r = oo, pan (5)
CXOJLHUTCS TIPH ECeX 3HAUYEHHAX 2 M oIpeRenserT (PyHKIHIO
f(2) Ba Bcell MIOCKOCTH KOMIIIEKCHOTO NEPEMEHHOIO Z.

Onna oueHb BaxHas [Js aHanu3a (QYHKUMA, 3a7a-
BaeMag CTENEeHHBIM PSALOM, PacCMaTPHBAaeTCA H H3Y4aeT-
cia B § 7. Dra dynkuua exp(z) KOMNJIEKCHOrO HEpeMeH-
HOTO 2 3ajaeTcsi pAaoM

exp@A=1+Z4+-Z .+ 4. 6

OTOT psii CXONUTCH AMS BCeX 3HAUEHHH 2, TaK 4TO
bynxuus exp(z) onpeneneHa Ha BceHl IVIOCKOCTH KOMII-
JIEKCHOro nepemeHHoro z. Ha ocHOBaHMM ee H3yueHHs
B § 7 n0Ka3biBaloTCs ABa ee BaXHHIX cBoficTBa. Ilpu
AEACTBUTENILHOM 3HAYEHHH 2 == X MBI HMEEM DaBEHCTBO

exp (x) =e*. (7)
IIpu uncTO MHUMOM 2 == iy MH HMeeM PaBeHCTBO
exp(iy)=cosy -+ isiny. ©)

Us dopmyn (6), (7) u (8) HemocpexcTBeHHO moJyyaer-
CA pa3jioXeHHE B CTeNeHHble DAAL OCHOBHHIX TPaHC-
UeHAeHTHHX QYHKUHE e¥, cosy, siny mas neHCTBHTENb-
HBbIX 3Ha4YeHHH apryMeHTOB.

Ilpu passnoxenuu HekoTOpO# GyHKuMH f(2Z) B cTemeH-
HOfl PAAA MBI CTAJKHBAeMCS C ABYMS PasJH4HBIMH TOJ-
xonamu K Bompocy. Ilpu nmepBom noxxome Mb HMeeM
KakuM-To o6pasoM 3agaHHylo ¢yHkuuio f(z), a 3atem
JOKa3niBaeM, YTO OHa pa3JjaraeTcs B CTENEHHOH psf.
Hns Toro uro6m moKasaTh 3TO, HAjO0 IIOKa3arTh, 4TO
CTeNeHHOM pAA NpPH DAHHOM 3HAYEHHH 2 CXOXUTCHA K
uncyy f(z). Ilpn gpyroM momxone Mbl 3agaeM (QyHKIHIO
f(2) crenennmm psamom. Il KoKasaTeabCTBa TOTO, UTO
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rakoe 3ajlaHHE 3aKOHHO, MBI JOJKHEl JOKa3aTh, UTO CTe-
neuHo#l paa cxoaurcsa. Ilpum BTOpOM mojaxoze MBI JOJIXK-
Hbl TOJb30BaThCd NPH3HAKOM CXOZHMOCTH H HMEThb J0-
BOJIbHO SICHOE IIpeaCTaBJeHHE O TOM, YTO HasblBaercs
neficTBHTEJAbHBIM 4HCJIOM. M3/10XKeHHIO 3THX JOBOJBHO
TOHKHX BONpPOCOB NOCBSLleHbl mNepBhle naparpadul
raasu L.

§ 1. Cxongummuecs NoCAenOBATEAbHOCTH YHCEN

Cxopsaliyecs NOCJAeA0BaTENbHOCTH YHCEJ HIpalioT B
MaTeMaTHKe BeCbMa BaXHYIO POJb.
ToBopsAT, 4TO MOCNEAOBATENbHOCTh AEACTBHTENbHBIX
qHCe
Sty 82y eens Spy oo (1)

€x00uTCA K YHCTY S MJH HMEET CBOHM NpEeaeJIoM YHCJO S,
€c/M TNPH BO3PaCTaHHM HOMepa 7 YHCJIO S, HEOTpaHH-
YeHHO NpHOJHXKaeTcss K yucay s. B aTom ciayyae nmumyt

lims, =s. @)
n->o

B uactHoM cayyae, korga gucao s =0, T. e. Korga Imno-
caefoBaresabHoCcTh (1) CXOmHTCA X HYJIO, BEJIMYHHY Sp,
sBagoulylocs (yHKIHeA IeJoro uyHcjka 7n, Ha3bIBAKOT
HHorjga GeckoneuHo maaol, Bouto 6 npaBuJbHee Ha-
3BaTh ee GeCKOHEUHO ymajsioumefics, TaK KakK peub HOET
3fech 0 mnpouecce NpHOJIHKEHHS K HYJIO YHC/IA S, NPH
BO3pacTalolleM 7,
$lcHo, uTo cooTHOMEHHe (2) M COOTHOLIEHHE

l_i)m (s, —s)=0 3)

paBHocHJIBHE. B camom gere mociaegoBarenbrocTh (1)
CXOAMTCH K § TOTAa H TOJbKO TOrAa, KOrja Ioc/eloBa-
TeJbHOCTD

- — ! — A L —
Sl—-S‘ S, S2-—S2 s, 00y Sn——Sn s, oo

CXOIHTCS K HYJIIO. Ecau coorHomenue (3) umeer Mecro,
TO BeJqHuHHa S, sBAseTcd GecKoHeyHO Maoil. - Takum

o6pasoM, H3yueHHe Mpollecca CXONMMOCTH B 3HAUHTENb- .
HOJl CTeleHH CBOAUTCA K H3YUeHHI0O OECKOHEYHO MaJsbX
BEJHYHH,
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Decatuynbie ppo6u. s Toro 4To6Hl NMPOUJIIIOCTPH-
poBaTh HPOLECC CXOAMMOCTH Ha 3HAKOMBIX NpHMepax,
06paTHMCsi K GECKOHEYHBIM NeCATHYHHIM APOGSM, H3Be-
CTHBIM H3 apH(QMETHKH.

- BunuueM 6ecKOHEUHYIO NeCSTHUHYIO ApO6b

0,999... 4)

3pmech moche HyJAs M 3anATOH HAeT GeCKOHeuHas MOCJIe-
ROBaTeNbHOCTb AeBATOK. M3 apudMernku xopouo uspe-
CTHO, YTO 3Ta RecATHYHas Apobb pasHa 1. Tounmiii Mare-
MaTHYECKHH CMBICJ 3TOr0 YTBEpPK/EHHS OCHOBAaH Ha pac-
CMOTpPeHHH OeCKOHEUHOH MOCJAeN0BaTeIbHOCTH

§1=0,9, $=099, ..., su ... (5)

31ech s, ecTb KOHeuHas AeCSATHYHas ApoGb, B KOTODOH
noc/je HyJsl H 3anATOH CJaeAyeT POBHO n HAeBATOK. JIerko
BbIUMC/AETCA, YTO MJs TNOCJAeLOBaTeJbHOCTH (5) MH
HMeeM

Sl=s, —l=—r

n n 107 *

Jlerko moKasaTh, NO/b3ysich OGLIYHON  HeCATHYHOM
1
3aMHCBIO LEJOro 4HCIA, YT0 — om €CTh 6eCKOHEeuHO

MaJjlasl BeJIHYHHA, a 3TO 3HAYHUT, YTO MOCJEeJOBATEJbHOCTD
(5) cxomurca K 1. B 3TOM H COCTOHT TOUHBII CMBICH
VTBepKaeHHA, uTo OecKOHeuHasi mepuHoguyeckas APobb
(4) pasna 1.

Pas6epem eme opun npuMep GecKoHeuHOH HecATHY-

HOH xpobu
0,333... : (6)

31ech mocse HyJAs M 3anaToff MaeT GeCKOHeuHasi TmocJe-
JOBaTeNIbHOCTb TpPOeK. DTa GecKoHeuHass JecATHYHAS
- Apo6b moayyaercs, KOrAa Mbl MEPEBOXHM OOBIUHYIO

1
Zpo6b - B LecsTHYHYIO 1poGb myTeM AeseHus. B mpo-
Hecce 3TOro JeNieHHs MbI MOCTENOBATENbHO MOJyYyaeM

YHcIa
S|=0,3, S2=O,33’ ooy Sn’ s (7)

31ech s, ecTh KOHEUHas AecATHUHas Apo6b, B KOTO
Poil mocsie Hyns M 3amATON CJENyeT POBHO n TPOeK.
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Jlerko BBHIYHCIHTb, YTO MJIsi TOc/aef0BaTeabHOCTH (7)
MBI HMEEM

5h =S T3 T T30
1
Besuunna Sp==— 5Tqg7, OUEBHLHO, sBJISETCH 6ecko-

HEUHO MaJoff, U MO3TOMY MOChedoBaTeNbHOCTh (7) cXO-
HUTCS K PallHOHAJbHOMY 4Hcay 7. B arom n 3akmio-
gaeTcs TOYHBIH CMBICJ YTBepXKAeHHs, YTO GecKoHeuHas
necatuyHasi Apo6b (6) paBHA palHOHAJIbHOMY HHCIY l3

OGe paccMoTpeHHble HaMH GeCKOHEUHBle NeCATHYHbIE
apo6u (4), (6) ObliH BIOJHE KOHKDETHHIMH H NMEPHOAH-
gecKMMH. PaccMOTpuM Temepb caydali oGuiell GecKoHed-
HOfl JecATHYHOH APOOH, KOTOPYIO MBI 3amulieM B BHAE

0, fifafs ... (8)

3mech mocJe HyJas W 3ansaTof cToAT MHOPH fi, fa f3, «. s
KaXjas M3 KOTOPBIX MOXeT HMeThb Ji000oe 3HaueHHe OT
0 1o 9. CocTaBuM NOCJAENOBATENBLHOCTh KOHEUHBIX necs-
THYHHIX  ApoGefl,  COOTBETCTBYIOLLYID  JAeCATHYHOH
apoGu (8),

$1=0, f1, $2=0,[1fos .ovs Sy «++ 9
31ech S, ecTh KOHeYHass AecsATHYHass Apobb, B KOTOPOH
nocje Hyas u sanATtol croar uudps fi, fo, ..., fa Hs-

BECTHO, YTO eCsH OGecKoHeuHas aecATHYHas Apo6b (8)
mepHOfHYEcKas, TO NOCJAeR0BaTeJbHOCTh qHcea (9) cxo-
AHTCS K HEKOTOPOMY palHOHaJbHOMY uHcay s. HMMemHo,

1
IS,,,|=|Sn'—Sl<-l—0';T,

TaK 4YTO S, ecTb GeCKOHeYHO MaJjasi BeJHuuHA. B 3roMm

H 3aKJI0Yaercs CMBICJ YTBepXKIeHHs, 4To GeCKOHeyHast
JAecsaTuyHasi Apo6b (8) paBHa pallMOHaJbLHOMY YHCIY S.
Ho ecau nmecaruyHas apo6p (8) He mepuoaMueckas, TO
He CYIIECTBYET PallHOHAJIBLHOTO HHCJA S, K KOTOPOMY CXO-
AvTcs nocaegosatesbHOCTh uncen (9). Takum o6pasom,
B 3TOM CJy4ae CJeAyeT NMOCTaBHTh BONMPOC, MOXKHO JH
CUHTaTh GECKOHEuHYI0 NeCATHUHYI0 Apobb (8) uHcaOM.
HecomuenHo, uTo notpeGHOCTh B TaKHX YHCJAX €CTh.
B reoMerpun Mbl BCTpeuaeM TaKHe JIHHHH, NJIHHBEI KOTO-
PHIX BhIpaxaioTcsi 6eCKOHEYHHIMH HeNepHOJMYECKHMH Jie-
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CATHUHEIMH ApoGsMHu. [Ipumepamu MoryT cyxuth: 1) ru-
NOTeHy3a NPSMOYroJbHOTO TPEYrOJbHHKA, KaTeThl KOTO=
poro paBHE I; ee aiauMHa o6o3HauaeTcs Temeph uepes

4/2;2) mauHA OKpyXKHOCTH AnaMerpa 1, 0603mauaemas

uepes n. Ecan Met GyneM Boiwmcasts 4/2 10 06BUHLIM
NpaBHJIaM H3BJIEYeHHs KOpDHe#, TO moJayYum GecKoHed-
HYIO HENEPHONMYECKYI0 JAeCsiTHUHY0 Apo6b BHaa (8),
NpHYEM NOCJAEN0BATeNbHOCTD yHces (9) B ecTecTBEHHOM
cMBICHe CXOMHTCH K 4/2. VIMeHHO, mocieoBaTenbHOCTD
yHCelI

s}, 8%, ..., s%, ...

CXOUTCA K 4yHCay 2.

AHasoruyHoe NonoXKenne BelleHl HMEET MeCTO TaKKe
M 14 4ncaa ;. JTH IBa NpHMepa IOKa3LBaIOT, YTO To-
TPEeGHOCTH TeOMETPHH He MOTryT GHTb VAOBJETBOPEHH
palHOHaJNbHLIME 4YHcaaMu. Ilpuxonuress npusmarh cy-
L1eCTBOBAaHME YHCeJs, He SBJIAIOMHXCI DaLHOHAJBHBIMH.
HWx nasbiBalor uppannosajbHeIMH., Takux HYXHBIX JUis
MaTeMaTHKH HMpPPAalHOHANbHHIX YHCeJ MOXKHO yKasaTh,
KOHE'HO, He TOJIbKO 1Ba, HO MPOHM3BOJBHO MHoro. [leper
HaMHu BO3HMKAeT 3ajaya ONHCAThb BCE HYXKHHE IS Ma-
TeMaTHKH uucaa. Kuaodom K penesnio sToffl sagauum Mmo-
KeT IOCJHYXKUTb H3YyUeHHE CXOAALIMXCH MOCJAEN0BaTeNb-
Hocredl uyuces. Mayyenuem mpomecca CXOZMMOCTH B 3TOM
acnekre MH 3afimeMcsi B § 3.

PopmasnbHoe onpeaenenue cxomumoctTH. CKazanHOE
RO CHX 1Op JaeT AOCTATOYHO NOJIHOE HHTYHTHBHOE Mpe-
CTaBJICHHE O TOM, YTO TaKoe CXORHMOCTb. JaauM Temepb
$opMasbHOe OGILENPHHATOE ONpeeIeHHtE.

Onpenenenune. ToBopaT, 4To moC/IEROBaTeNb-
HOCTb - IeHCTBUTEIBHEIX YHCEJ

. 81y 825 seuy Spy e (10)

CX00UTCS XK YMCHY S, €U JJIs BCAKOTO MOJIOXKHTENBHOrO
UHCJIa & HalileTcs TaKoe HaTypaJsibHOe YHCJO Vv, 3aBHCS-
liee OT €, YTO MpPH 7 >> v Mbl HMEEM HePaBEHCTBO

Isp—sl|<e. (11)

Ins Toro utoGe ayuume yscHuTth cebe mpouece €xo-
AUMOCTH, MepefiieM K reOMETPHYECKOH HHTeprnperaly.
Kaxnoe u3 uucen s, nocaenoBateabHOCTH (10) uzo6pasum
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reoMeTpHYeCKH Ha OCH abcuyuce TOYKO# s, abcuuc-
ca KOTOpO# paBHA YHCHY Sn. TouHo TaK e MOCTYNHM H
¢ YHCJOM S. EMY MBI NMOCTaBHM B COOTBETCTBHE TOUKY S,
aGcurcca Koropoil paBHa uHcay s. O6osHaunM Tenepb
gepe3 U, COBOKYNHOCTb BCEX TaKHX TOUEK X OCH abcuucc,
JJ151 KOTOPHIX HMeeT MeCTO HepaBeHCTBO

[x—sl<e. (12)

3pecy x 0603HayaeT He TOJbKO TOYKY, HO M BEJHYHHY
ee a6cuucchl. MintepBan Ug HasbiBaeTcs &-0KPECTHOCTHO
ToukH s. M3 onpeneneHHsi CXOAHMOCTH HENOCPEACTBEHHO
ClIeflyeT, uTo MocienoBaTeabHOCTh Touek (10) cxoaurtcs
K TOUKE S TOTAa ¥ TOJLKO TOTAA, Koraa okpecTHocTh Us
NP TNPOM3BOJILHOM TMOJOXKHTEJIbHOM & COJNEPKHT BCe
TOYKH nocaenoBaTenbHocTd (10), 32 HCKaOueHHeM, GhITb
MOXKeT, KOHEUHOTr0 HX 4HCJa.

Jloka3aTeqbCTBO STOr0 yTBEpKAEHHS He TMpeACTaB-
AsieT TPYAHOCTH, H 1 He Gyxy ero-3iech mpooautsb. OG-
pasHO MOXHO CKas3aTb, YTO TOUKH IOCJEeJA0BATeNbHOCTH
(10) ckonasloTCs B CBOeH OCHOBHOW Macce OKOJIO TOUKH S.

B paccMoTpeHHBIX HaMH ABYX NpuMepax mepuHoauye-
CKHX JeCATHYHBIX ApoGeil (4), (6) uucna si, Sz, S3, ...
IUIH B Bo3pacTalouleM Nopsjike H Bce OblIH MeHbUIe
TpefeJLHOrO 4Mcia S. DTO, KOHEYHO, He 0053aTeJbHO.
Yucaa nocaenosateabHoctd (10) MoOryT 4acTHYHO GHTb
MeHbllle S, YacTHYHO GoJblie S H 4aCTHYHO JaxKe COBIA-
JgaTh C caMHM YHCJIOM S. MoXeT CJAyYHTbCS TaKXe, 4TO
HeKoTophlie umcaa nocnefoBaTenbHoct (10), HMelomue
pasHble HOMepa, B AefCTBHTEJHPHOCTH pPaBHH MeXIy CO-
6oii. KpafiHuM ciy4aeM Takoro poja siBasieTcss TOT, KO-
na Bce yucaa mocaenoBaresbHocTH (10) paBHBI MeXAy
co6olt. B 3ToM caydae HeT MOCTENEHHOro MPHOIHKeHHs
TOYKH S, K TOUKE S C POCTOM 7, a €CTb CTOSHHE TOYKH
s, Ha onHoM Mecte s. Ho, cornacHo onpejeseHHIO CXO-
OUMOCTH, H TPH 3THX YCJIOBHAX IOC/]€R0BATEIbHOCTD
(10) cxopuTcs K 9HCAY S. "

Cayuaii KoMMJeKCHBIX uncen. Bce ckasanHoe O CHX
Mop O CXOAMMOCTH OTHOCHTCS K MOCJIEA0BaTeNbHOCTAM
AdefcTRUTENbHBIX Ynces. Bonpoc 0 cXOAHMOCTH NOCJIEA0-
BaTeJbHOCTell KOMIUIEKCHBIX uHCcell Takxke Baxen. On-

HAaKo cnyqaﬁ KOMIIJIEKCHBIX 4HCeJ IIOJHOCTBhIO CBOIHUTCA

K cJayuaro nefcTBUTENbHBIX YyHCEN U B HEM HET HHUYero
NMPHHUHIHAJIbHO HOBOIO.
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Hepexonﬂ K KOMINVIEKCHOMY CJ1yyalo, BBINHUIEM 10«
cJ1e0BaTEJbHOCTDh

rn=s1+it, re=s+ity ..., r,=s,4it, ... (13)

KOMIIIEKCHBIX uHces. CuHTaercs, YTO MNOCJEL0BATE/Nbe
HOCTb (13) KOMMJIEKCHBIX YHCes CXOLHTCA K KOMIIEKCs
HOMY YHCJY r == S - it UM HMeeT Ipefes 7,

limr,=r=s-1it, (14)
n-»oo .

€CJIH MOCJIe0BaTeNbHOCTh AeHCTBHTENBHEIX YHCe
fri—rl, lro—rloce, ltp—r}l ...
CXOJIUTCA K HYJIO, T. €. eCJIH
lim|r,—r|=0, (15)
n->o0

TaK 4TO CooTHOIeHHs1 (14) m (15) paBHOCHABHGLI. ‘

3aMeTuM, 9To 3TO onpejeNeHHEe CXOAMMOCTH A IO
CI€A0BaTeNbHOCTH (13) KOMIIEKCHHIX yHCea B Ciyuae,
€CJIM BCe 3TH KOMILIEKCHHIE YHCJIA OKashIBAIOTCS Jeii-
CTBHTEJIbLHBIMH, COBMaflaeT C OINpeJeJeHHEM, KOTOpOe
6blo faHo B Havane naparpada Aas cayyast feHCTBH»
TeJIbHBIX YHCeJI,

Ecan npegen r mocnemosaressHoCTH (13) pasen
HyJ10, TO KOMILIEKCHAs] BeJHYHMHA f,, 3aBHCSIIAs OT L~
JIOrO YHCJa 1, Ha3biBaeTCss GECKOHEUHO MaJsioff MMM, TOU=
Hee, 6eCKOHeYHO ymassiowedicss. SICHO, UTO COOTHONIEHHE
{14) uMeer MecTo TOrzxa M TONBLKO TOTAA, KOTAAa BeJH-
YHHa .

r,=r,—r

siBNsieTcss 6eCKOHEUHO MaJoi.
3amerumM eme, 9to cooTHowenue (14) paBHOCHILHO
OHOBpEMEHHOMY BLINOJHEHHIO ABYX COOTHOLIEHH
lims,=s, lim¢,=t¢.
n-»oco n->o
HlokasaTensCcTBO 5TOro He MpenCTaBAAET TPYMHOCTH, H 5
€ro 3secb He NpHBOXKY. [l NpHAaHHS BOIPOCY O CXO-
JAUMOCTH NOCJefoBaTeNbHOCTH (13) KoMIJIeKCHHIX yHced
FeOMeTpUYECKOA HarJsaRHOCTH H300pasuM 4MCsaa STol Ho-
Ce0BaTEeNbHOCTH M YHCJO 7 B BHAE TOYEK Ha IJIOCKO-
CTH P KOMIUIeKCHOro mepemeHHoro. OGO3HauuM uepes
Ue(e > 0) xpyr na niockoctu P ¢ LEHTPOM r H paauycoMm

29




g, T. €. COBOKYITHOCTb BCeX TOUeK Z MJIOCKOCTH P, yrosJer-
BOPSIOLIHX YC/IOBHIO

lz—ri<e. (16)

Kpyr U, Ha3biBaeTcsi -OKPECTHOCTbIO TOYKH r ILJIO-
ckoctu P. §lcHo, uTo mocaenoBatenbHOCTh (13) cxomutes
K 7 TOTAA H TOJBKO TOTJAA, KOTJAa NPH MPOHU3BOJBHOM I10-
JIOKHTEJbHOM € BCe TOYKH MociaepoBartesnbHocTH (13),
3a HCKJIoueHHeM, ObITh MOXeT, KOHEeUHOrO 4YHCaa HX,
npHHaggexat okpectHocTH Us.

MoanocaenosareasHocts. Ecin 13 HEKOTOPOH Imocie-
JOBATEJbHOCTH HAEHCTBHTENbHBIX HJH KOMIJEKCHBIX 4YH-
cen

Fly T2y «ooy Ty oo (17)

BHIGpaTh HEKOTOPYIO GECKOHEUHYIO YacTh €€ WIEHOB H
pacroJoXKUThL BHOpaHHbIe UJEHb B TOM Xe NOpslKe, B
KOTOPOM OHH CTOST B IoOcJefoBaTenbHocTH (17), To MBI
MONYYMM HOBYIO IOCJENOBaTeJNbHOCTh, KOTOpas Ha3bl-
BaeTcs nodnocaedo8aTesbHOCTbIO HCXOLHOH mocaenoBa-
TeqapHocTH (17). Dra HmoamnocaenoBaTeNbHOCTb BCeraa Mo-
XKeT GBITh 3allHCaHA B CAeYIOLIEM BHIE:

Fup T voes Togo veos (18)
rge HoMepa

Ry, Moy «ovy Mgy o

COCTaBJIAIOT HEKOTOPYIO MOC/ef0BaTeNbHOCTh HAaTypalb-
HBbIX YHCEJ, PACNOJIOXKEeHHBX B BO3pacTalolleM MOpsSIKe;
YacTo uJeHbl mocaefoBaTebHOCTH (18) ObiBaeT HyXKHO
0603HaYNTh HOBHIMH OYKBaMH C HOBHIMH HHIEKCAMH TaK,
yToOH 3TH HOBHe HHIEKCH NPHHUMAJH 3HaueHHs 1, 2,
3, ..., B, ... laa storo mosaralor, Halpumep,

r__ ’__ r__
fl——fnl, r2—rn2, eeny rk-—rnk, e

OueBuANO, YTO €CJHM HCXOZHAs MOCJeLOBaTeJbHOCTb
(17) cxomurca K uyHCay f, TO H ee IMOJMNOCJE0BATEJNb-
HocTb (18) Takke cxoaurcsd K uueay r. Takum o6pa-
30M, H3

' limr,=r
n->o
ClenyeT, 4TO
limr, =limr,=r.
k>0 "k k>
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OnHako oyeHb 4acTo GBIBAET, UTO HCXORHAA IOCJEL0Ba-
TeNbHOCTb (17) He CXOAMTCH, HO H3 Hee MOXKHO BHIGpaTh
HEKOTOPYI0 CXOAAILYIOCH IOANOC/AeL0BATENbHOCTh, JTO
06CTOATENLCTBO GYyieT HIPaTh BIOCAENCTBHH CYLIECTBEH-
HYIO POJIb.

OcHoBHBIE TpaBHia Teopuu npenenoB. OTMETHM Te-
nepb HEKOTOPBHIE IPOCTBIE CBOHCTBA GECKOHEUHO MaJibix
BeNMYHH. Mbl 6yneM roBopuTh 0 KOMM/IEKCHBIX BesHYH-
HaX, MOMHS BC€ BpEMS, YTO AEHCTBHTEJIbHbIE SBASIOTCH
HX YacTHBHIM cJydaeM. BrinmuilleM nocrefoBaTesbHOCTD
KOMIIVIEKCHHIX 4HCeJI

Cly C25 vaoy Cpy vu

dra NIOCJEN0BaTEJLHOCTh Ha3biBaeTcs OorpaHu4eHHoH,
€CJIM CYLIECTBYET TaKoe IMOJOXKHTEJNbHOE YUCJIO ¢, 410
AJ15s1 IPOU3BOJILHOTO 71 MBI HMeeM

[enl<c. (19)

Ecau coornomenne (19) umeeT mecro, a r, ectb 6ecCKo-
HEYHO MaJjlasi BeJHYHHA, T. €, TaKas, 9To

limr, =0,
n-»co

TO H BE@JNHYHHA Cpfp, TaK¥Ke OeCKOHEUHO MaJgaa, T. €.

lime,r,=0.
n->oo

JlokasaresbeTBO 5TOro (akTa He MPENCTABAAET HHKAKHX
TpyaHocreit. OTMeTuM elue, 4TO cyMMa H Pa3HOCTh ABYX
GeCKOHEUHO MaJIBIX BEJIHYHH eCTh TaKXKe GECKOHeuHO Ma-
Jas BeJHYHHA, .
Ionbsysick 5THMH NpOCTHIMH 3aMeuYaHHAMH OTHOCH-
TeJIbHO GECKOHEUHO MaJIbiX BeJHUHH, MBI MOXeM A0Ka-
3aTb NATh OCHOBHHIX MPABHJI TEOPHH MpeJeJioB.
Brinumem 1Be nocnenoBaTeNbHOCTH KOMIIEKCHBIX
qHces
21 29 veny Zny e, (20)

Wiy, Woy vvey Wy o v (21)

Mpl  npeanosoXuM, uTO MOCAEA0BATENBLHOCTH (20) u
(21) cxomATcs COOTBETCTBEHHO K YHCAAM 2 M w, T. e.

limz, =2, limw,=uw. (22)
n~»oco n-»oo
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Mpasuao 1.

lim (2, + w,) =2+ w,
n<»coo

HJIH CJIOBAaMH: NMpPEesN CyMMbl paBeH CyMMe IpEJeJIOoB.
IIpaBuao 2.

lim(z, —w,)=2—w,
n->o

WJH CJOBaMH: Tpeies PasHOCTH paBeH Pa3HOCTH npele-
JIOB.
I[IpaBuao 3.

limz,w, = zw,
n-»o

HJIH CJIOBAMH: mpeliesl MPOH3BEeNeHHs DaBeH NMPOHU3BEJE-
HHIO NpeJesoB.
IlpaBuano 4. Ecim w0, 10

im 2 — 2
/ r}g‘l‘wn — w? (23)

HJIH CJIOBaMH: Npeles YacTHOIO paBeH YaCTHOMY npeje-
JIOB B Cjyyae, eCaH TNpefes JeJaHTe]sl HE paBeH HYJIO.
Mpasuno 5 Ecau BeqHYHHB 2n H Wp A€ACTBHTE/Ib-

HBIE H
2, < Wps (29

TO 2 <X @, T. e, IPH 3HaKe «MeHbIe HJIH PaBHO» MOXKHO
nepexoauts K mpeneay. Caenyer moauyepKHyTb, YTO H3
HEPaBEHCTBA 2, << W, He caeayer 2 << w.
JloKa3aTesbCTBO 3THX NMPaBHJ He IpeACTaBiseT TPYH-
HOCTeli, H § TMPUBELY 3[4eCh TOJNBKO HaHGoJjiee CIOXKHbBIE
IOKa3aTesbCTBa Npasua 4 u 5.
TlonoxuMm

2,=2+2, Wy=w-+®B, (25)

3npecy 2, u @, apagoTcad 6€CKOHEYHO MaJbIMH BeJHYH-
HaMy. Mbl cocTaBHM Pa3HOCTb :

o2, (26)

Wy, w

B nepsoii Apo6u 3aMeHHM 2, H W, 1m0 ¢dopmysaam (25).
Torza MBl mOJyYHM
2+2 2 __ 202w —2w—2d, 2pw — 2Wn

wtd, w (0 + @n) @ T (Wt dn)w
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UycauTeab NOCAeNHell Apo6H eCrb BeJHUHHA GeCKOHEUHO
Manas, a BeMHUHHA ~o—r—p—— - SBISETCS BeNHUHHOM,

OrpaHHYEHHOH IPH JAOCTaTOYHO GOJBIUOM £, TaK Kak
w 7 0. TakuM oOpasom, Bcs pasHoctb (26) ecTb Benu-
yuHa OECKOHEUHO Majnasi, H, CJefoBaTeJbHO, dopmya
(23) mokasanua.

Moxkaxem npasuno 5. YuurbiBas oGosnauenus (25),
nepenyileM COOTHolleHnHe (24) B Buge

Wn—2,=(w+ @,) — (2 + 2,) >0, .

HJIH, HHaue,
(w—2)+ (B, —2,)>0. 27

Tak kaK BesqHuHHA @, — £, GeCKOHEUHO MaJja, TO H3 CO-
OTHOIIEHHs1 (27) BHIXOHT, YTO YHCIO @ — 2z He MOMKET
OHITb OTpHUATe/bHBIM. [leACTBHTENBbHO, €ClH 6 OHO
GblIO OTPHLATENLHBIM, TO BBHAY GeCKOHEYHOR MaJoCTH
yucna @Wp—2, 4HCIO0 W, — 2, OKa3aA0Ch OB oTpHIa-
TeJbHBIM TPH JOCTAaTOUYHO GOJIBLLIOM 71,

B Huxecsnenyomux npumMepax AalTCs MOHATHS, KO-
TOpble HCNOJB3YIOTCS JHIb B RajibHeiimeM. I[lostomy
H3yueHHe MX Pa3yMHO OTJIOXHTb IO MOMEHTa, KOTfa Ha
HHX MOSABATCS CCBIIKH,

IIpumep 1. B IIKOJIBHOM Kypce MaTEMaTHKH Te-
nepb yXKe Raercs NOHATHE QYHKIMH.

Hanowmnio ero smech: BenmunmHa w cumraeTcst GYyHK-
Luell BEJHYHHEl 2, YTO 3alHCHIBAeTCs B BHAe (GOPMYJIbI
w = f(2), eclH, 3Has YMCIOBOEe 3HAUECHHE BEJHUHHBI 2,
Mbl MOXeM BHIYHC/IHTB COOTBETCTBYIOIEE €My YHCJIOBOE
sHaueHHe W = f(2). [IpuMepoM OyHKUUH MoOXeT cay-
KUTb MHOTOWIEH W = f(2)= ao2* 4 a\2*-'4 ... 4 au,
rie k— HarypansHoe uncio. B MaTemarHueckoM ama-
Jn3e HrpalT GOJBIIYI0O PONb TaK Ha3HBaeMble Hempe-
PuiBHble QYHKUMH. B KHHrax no amanamsy HM oGBIUHO
YACAAIT o4eHb MHOro Mecra. He xenas npupasats ne-
NpepLIBHBIM QYHKUHAM ype3MepHO GoJblIoe 3HAUYeHHe, 51
CaMo onpejeJeHne HenpephHBHOR QYHKUHH Aal0 JMIIL B
npuMepe, He OTAeNAAs APYT OT APyra KOMIUIEKCHBI H
AeACTBHTE/IBHBIA CTyyaH. ‘

Onpenenenue. ®yukuus f(z) HasbBaercs we-
npepotenot AR 3HAueHUs z ==z, e¢ apryMeHTa, eciH,
KakoBa Gbl HH GbliIa 0CJIE0BaTeNbHOCTD

21y 22y v ovy 2y wn
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agaueHul ee apryMmeHra, H3 COOTHOIUECHUSHA

limz, =2 (28)
n=>o

cjaenyer COOTHOLIEHHE
nlj)rg f(20) =1 (20)- (29)

O®yukuus f(z) HaspiBaercs Henpepoisrot, ecid OHa He-
npephiBHA U1 KaXKIOro 3HAUEHHs ee apryMeHra.

U3 npaBua 1—4 Teopuu MPEeAenoB CIENYeT, UTO eCIH
f(z) u g(2)— mBe QyHKUHH, HENPEPEHIBHbIE 1/ 3Hayge-
HHS 2 = 2o HX apryMeHTOB, TO (QyHKIHH

f@+e@, [@—e@, T@e@ o 60
TaKXKe HempephBHH NMPH 2 == 2. [lociennee U3 COOTHO-
wennit (30) BepHO, ONHAKO JHIIb INpH YCJIOBHH, UTO
g(20)5=0. M3 HenpepHBHOCTH NDOH3BEACHUA GbyHKRIHA
HeMOCPEACTBEHHO CJeyeT H HeNPephBHOCTb CTeNeHH
[f(2)1%, rae k — HaTypaibHOE YHCJIO.

Tak Kak Qyuxuun f(2)==2 u f(2)=yc¢, rie ¢—1uo-
CTOSHHAsl, OUEBHJHO, HENMpPEepbiBHE, TO H3 CKa3aHHOTO
CJIE/y€T, UTO MPOU3BOJIbHBI MHOTOUJIEH

pR)=af+ad '+ ... ta
sBJsieTcs HempephiBHON GyHknuedr. Iasee, ecnn P (2)

2
ecTh APYroifl MHOTOYJIEH, TO YaCTHOE ::2 2; HenpepHBHO

IJIS1 KaXA0To 3HAuUeHHus 2 = 2o, JJ13 KOTOpOro P (20) #* 0.
IIpumep 2. [lpupeneM NpHMepnl pasphIBHHX, T. €.
He HempephiBHBIX QYHKIHA.
OnpefesiuM AeHCTBHTENbHYIO QYHKIRIO f(x) meficrBu-
TeJILHOrO MepeMeHHOr0 X yCIOBHAMHU

f(x)=1 npu x > 0,
fx)=—1 mnpu x<0.

(Tpaduk sTofi (QyHKUHH CM. Ha DHC. 4.) DrtuUMH COOT-
HOIIeHHAMH OYHKIHA f(x) He ompeaeneHa NpH x=0.
Ecau cyuraTh, 4TO OHa 3ajaHa TOJbKO S MOJOKH-
TeJbHBIX M OTPHIATE]bHBIX 3HAUEHHH, HO HE ONpeneseHa
npu x = 0, T. e. 3Hauenne x = He ABJISETCH NOMyCTH-
MbIM 3HAaUeHHeM ee apryMmenta, To dynxuus f(x), co-
IIACHO ONpEIeNeHHI0, OKa3BIBAeTCS HENPEepHiBHOH. 3to
JIETKO TPOBepHTh. BO3HMKaeT BOMPOC, MOXKHO JH MpH-
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natb QyHKOHH f(x) RaKoe-HAGYIb 3HaueHHe npH x = 0,
1. e. BbIGpaTh ancao f(0) Taxk, 4To6H monyueHHas ¢byHK-
nust, ONPeAeNeHHas yXe I BCeX NeHCTBHTENbHBIX X,
G6u1a HempepuiBHOH. $lcmo, wuro

3TO HEBO3MOXHO. JleficTBHTENDb- 7
HO, MyCThb X1, X2, ..., Xy, ... — ‘
MOCJAENOBATENbHOCTD  TOJIOMKH<
TEJbHBIX YHCEJ, CXOASIIAsiCS K
uymao. Torna f(x,)=1wu B cn-
Jy ONpPENeNeHHss HempepHBHO-
CTH Mbl JOJIXKHBI OBIJIH OBl HMETh -7
f(0)=1. Touno Tak xe, mucxo-

A H3  HOCIeAOBATEAbHOCTH Puc. 4,

X1, X2, «.., Xa, ... OTPHLATE/D-

HBIX WHCEJ, CXOAsIUEeHCs K HYJIO, MBI IPHIIAH GH K BH-
Boay, 4t0 f(0)= —1. Takum oGpasowm, JOOTIPeAEIUTh
dyrkumio f(x) (cm. (31)) nas snavemus x =0 raK,
YToOHl OHA CTaJa HENpephIBHOMN, HEBO3MOXKHO.

Paccmorpum aefictBuTeasryto dyHnxmo sin-;— nefi-
CTBHTEJIBHOTO IIePeMEHHOro x. OTa GYyHKOUA Tak Xe, KaK

=7

Puc. 5.

H mpeAbAyman GyRKIHS, ONpefeseHa TOJAbKO AAA MOJO-
JKHTe/IbHBIX M OTPHIATEJNbHBIX 3HAueHu# x. Cuuras u3-
BeCTHBIM, 94TO ¢YHKUHS sin ¢ HenpepuiBHa, JErko KOKa-

3aTb, 4TO @YHKUHA SiN —, 3ajaHHAs JHWIb AJS TOJIO-

KHTCJIPHBIX M OTPHIATENbHBIX 3HAYEHHH ¥, TaKXe He-
npepsiBHa. Ho HeBo3MOXHO oompemenuTs ee mast x = 0
TaK, yrobul mnodyyeHHas QYHKIHS Obia HempephlBHA
Ipu Bcex AeACTBHTeNbHHX 3HaueAusx x. JJas Toro yros
OBl y6enHTHCS B 9TOM, NMOJIE3HO TPEACTABHTb cebe rpas

uK dynknun y= sin % (puc. 5).
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Mpumep 3. 3jech MH OyJeM TOBOPHTb O KOMII
JieKCHBIX 4HCJaX, OTOXIECTBIAA HX ¢ TOUKaMH MJIOCKO-
ot P KOMIUIEKCHOTO NEpEeMEHHOro z. Kak yxe Obla0
ckazaHo (cM. (16)), €-OKDECTHOCTbIO TOHUKH I NJIGCKO=
orn P miH, 4TO TO XKe CaMOe, OKPECTHOCTbIO pajHyca &,
e € TOJIOKHTENbHO, pasniBaerca MHoxectBo Ue BCEX
TaKHX TOYEK 2 IJIOCKOCTH P, 175 KOTODHIX MMeeT MeCTO
HepaBeHCTBO

lz—ri<e.

TaxkuM 06pa3oM, OKPeCTHOCTD U, ecTb Kpyr papuyca &
¢ IEHTPOM B TOUKE 7, K KOTOPOMY, OJHAKO, He MPHUHC-
JeHBl €ro rpaHHYHBIe TOUKH. Eciu M ecTb HEKOTOpOE
GecKOHEUHOe MHOXKECTBO TOUEK MIOCKOCTH P, To TOuKa r
HasbBaeTCs ero npedeabroil To4koil TpH YCJOBHH, YTO
KaX1as OKPECTHOCTb TOYKH r CONEPIKHT 6eCKOHEUHOe
MHOKecTBo Touek H3 M. Ecan MHOXECTBO M comepXut
JuLlb AefCTBHTENbHBIE UHC/A, TO OUeBHHO, YTO -TIpe-
JebHas ero Touka r TakXe ecrb AefiCTBATENbHOE YHCIO0.
B camoM jJeine, €CJIH r=s-+it H t =0, TO OKpe-
ctHocTh Uyt) TOUKH 7, OYEBHAHO, HE COLepIKHUT AeHCTBH~
rebHBIX UHCEN H MO3TOMY TOuKa r HE MoxeT OHThb Ipe-
JleJIbHOM TOUKOM JyIS MHOXeCTBA M, nexaiero Ha Jeit-
CTBUTEJNbHOM OCH NJIOCKOCTH P.

JlokaxeM Tenepp, YTO €C/H r — npejesbHasg TOYKA
ans muoxecrsa M, To B MuoxecTBe M MOXHO Ha#TH

nocJjenoBaTebHOCTD

Flo P2y eoes T oo es (32)

comepiaulylo GeckoHeuHoe MHOMECTBO PasJIHYHBIX TO-
yeK, CXOAALLYIOCH K TOUKE 7. Jlns nocTpoeHHs MoCseno-
pateapHocTd (32) 0603HAUMM yepe3 Uiy OKpECTHOCTD

TOUKH 7 pa;myca o’ rjpe n—HpOHSBOJIbHOO HaTrypasbs

HOe UHCJIO, M BHOEpEM H3 OKDECTHOCTH Ui/n POUKH r HE-
KOTOPYIO TOUKY n, OTAHUHYIO or Touku r. IlonyuenHas
TaK MOCJEA0BaTeJbHOCTb TOUEK (32) cxomurcs K 1.

MuoxkecTBo M Ha3bBaeTCs 3GMKHYTOLM, ecau KaX-
jas ero npejeabHas TOUKa npuHaznexur eMy. Tak, Ha-
npuMep, OTPesok, T. €. MHOKECTBO BCeX 4Hces, YAOBJeT-
pOpsIOUIMX HepaBeHCTBY a < x<b, ectb 3aMKHYyTOC
MHOXeCTBO. :
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§ 2. BeckoneuyHo maJibie BeJHYKHBI

B nepsoM mnaparpade pasbsCHSJOCH, YTO O3HayaeT
yTBepKAEHHE, UTO MOCJAeJ0BATENbHOCTD

Tiy T2y voey Tyy ou

CXOJUTCH K YHC/IY r. DTO yTBEpKAEHHE B BHAE (OPMYJIH
3anHChIBAETCA TaK: .

limr, =r. (1
n-»oo

Oto ObJIO cHemaHO Kak AJs MOCJIefOBaTeNbHOCTH meii-
CTBHTENbHBIX YHCEeJ, TaK M JJA [0CJel0BaTeJbHOCTH
KOMIJIEKCHBIX uMceld. [To camoMy ompegenenuio cooTHo-
wrenue (1) paBHOCH/IBHO COOTHOUIEHHIO

lim|r, —r|=0.
n=>o0

Tax Kak uucna |r, — r| He oTpHLATeNbHH, TO, AJS TOTO
YTOGH HAYYUTLCA YMEJNO M HENPHHYXKJAEHHO MOJb30BATh-
€A CXOASUIHMHCH MNOCJAENOBaTeNbHOCTAMH, HaM HYXKHO
npeXae BCero HayyHTbCs JIErKO M MOYTH aBTOMATHUYECKH
Yy3HaBaTh, SBJAsSETCS JH RaHHAas MNOJIOXKHTENbHAs BeJH-
YHHA S,, 3aBHCAIAs OT HaTypaJIbHOrO uMcja n, 6eckKo-
HeYyHO MaJiofi unH HeT. Kak 6bu1o ykasano B § 1, Benn-
YHHA S, CYHTaeTcd GeCKOHEYHO MaJof TOrAa M TOJBKO
TOrAa, Korja AJs Hee BHIIIOJHEHO COOTHOLIEHHE

lims, =0,

n»oco

3mecb Mbl DPAcCMOTPHM HECKOJNLKO THIOMYHHIX, YaCTO
BCTpeyalomHuxcs B aHanu3e 6eCKOHEUHO MaJsibiX BEJIHUYHH,
KOTOphle HaJ0 HAy4HThCSl pacno3HaBaTh C TOH Xe Jer-
KOCTblO, ¢ KaKo# MBI moJb3yeMcsl TaGuuuell yMHOXKEHHUS.
OcHoBHO# npueM pacnosHaBaHHA GeCKOHEUHO MaJIHIX Be-
JINYMH 3a3KJ/I0YyaeTcsl B CPaBHEHHH HOBHIX, He BCTpeYaBs
WHXcA paHee GeCKOHEYHO MaJibiX BEJIHUHH C yXKe H3-
BECTHBIMH H XOpOIIO 3a()UKCHPOBAHHLIMH B MaMATH.
3uaku O u o. OCHCBHO# IpueM CpPaBHEHHS JOBYX Be-
JIMUHH S, H f, 3aKJAI0YaeTcss B PacCMOTPEHHM HX OTHO-

t
lIeHH A ?n_ C TOYKH 3pEHHA INOBeJAE€HHA 3STOro OTHOLIE-
n

HHSA TpH n, HEOTPaHHYEHHO BO3pacralolleM. 3necb
HMeEIOTCSl 1Ba BaXKHHIX cJyd4asl, AJisi KOTOPHIX B aHaju3e
Aaxe 3aBeJieHb! coelHaJbHbe 0603HaYEHHUS.
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tn N
1. BeauunHa —— ABJAETCH orpaHuueHHOH. DTO 3Ha-
n .
yuT, YTO CYIIECTBYET TaKas KOHCTaHTa ¢, 4To

<c

tn
Sn
ﬂpI/l HpOHSBOJIbHOM n. B atom c.nyqae NUAIMyT

to=0(sp)- (2)

t
2. Benuuunna —S”— siBasieTcsl 6eCKOHEYHO MaJioH, HJIH,
n
4YTO TO XKe CaMoe,

oo tn
nlf:o Sn 0.
B aToM caywae muiiyr
' t,==0(Sn). 3)

$IcHO, 4TO M3 CcooTHouleHus (3) c/aeIyeT COOTHOLIe-
nue (2). B camom nese, ecnin OTHOUIEHHE -s% CTPEMHTCH

K HYJIO NPH n—>00, TO OYEBUIHO, YTO OTHOIIEHHE 3TO
ocTaercsi OrpaHHYEHHBIM MPH BCEX 3HAYEHHUAX A.

3naku O u o yno6He B ynorpeGaenun. Mmu uacro
MoJB3YIOTCS B aHaJHu3e, M C/leAyeT XOpOIIO 3alOMHHTb
HX CMHICJ.

Ecau BenuuuHa S, GECKOHEYHO MaJa, TO H3 COOTHO=
uteHust (2) “c/AeayeT, UTO H BeJHUYHHA f, TaKXKe OecKo-
HeuHo MaJa. Ecad BeqnuHHa S, OeCKOHEUHO MaJja H
HMeeT MecTo cooTHoiueHue (3), TO MOXHO CKaszaTh, 4TO
BeJIHUMHA f, CTPEMHTCA K HyJI0 OBICTpEe, UeM BeJHYHHA
sn. CooTHomenus (2) u (3) uacro ynorpeGasior, KOrjia
S, €cTh 1, T. €. KOrja MOCJefOBATEJbHOCTh YHCEHA Sy,
S, +.., Sa, ... €CTb IOCAEAOBATEJNbHOCTh eAMHHIL. B aTOM
cayuae cOOTHOIEHHA (2) u (3) 3alHCHIBAIOTCA B BHAE

’ tn=0(l), @

ta=o0(1). (5)

Jlerko BHIEThb, YTO COOTHOIIEHHe (4) o3Hayaer mHPO-

CTO, YTO BeJHYHHA f, OTpaHHUEHa, a COOTHolieHue (5)

03HauaeT IIPOCTO, YTO BEJHUHHA ¢, ABJAETCS OeCKOHEUHO
MaJofi.

Benuuuny £, 9acTo CPaBHHBAIOT HE C CaMOH BeJHUH-
HOfl Sp, @ ¢ ee cTeneHblo. Ecau HMeeT MeCTO COOTHOLie-

HHe
t,=0 (sfl),
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rie S, €CTb 0@CKOHEYHO Majiag BeInuMHa, a k— Haty-
paJIbHOE UHCJIO, TO TOBOPAT, YTO BeJHYHHA tn umeer
nopadok masoctu kb OTHOCHTEJILHO BENHYHHH s, Pac-
CMOTPEHHE BEJHYHH DAa3HBIX MOPSKOB MaJjloCTH_ OTHOCH-
Te/IbHO 3aJaHHOH GeCKoHeYyHO MaJof BeJINYHHE S, Hr-
PaeT B aHA/IH3e BaXKHyIO poIb,

Hapany ¢ 6eckoneung MaJbIMU B aHaJH3e paccMmart-
PHUBAIOTCA TaKke H GECKOHEUHO GosIbIme BEJINYHHKL. Be-
JUUHHA S, Ha3blBaeTcs 6beckoueyno Goavwod, ecnu ¢
POCTOM n wuHCIO |s,| HeorpaHHuemmo Bo3pacraer, T. e.
€CIH L/l KaXKIOT0 TOJNOMHTENLHOTO YHC/a ¢ Haifimercs
TaKoe HaTypaJbHOe YHCJIO v, uTO OpH 7 > v MH HMeeMm

Isal>c.

B aToM cayyae OHIYyT

lims, = oo, (6)
n-»oo

3HaK llm HMeeT 3Jechb HECKOJILKO HHON CMBEICJI, yeM B
I~»oo -

Clyuae, Korja B MPaBOM 4aCTH COOTHOMICHHS tHna (6)
CTOHT KOHEYHOe YHCJIO. , .

Huorna 6GuiBaer mosesno paccMaTtpHuBaTh iBe B3auM-
HO o6paTHHE BeNHUHHEI Sn H Iy, T. e, BEJTUYHHEI, CBS-
3aHHBIE COOTHOLICHHEM

Spla=1.
Slcro, uTo B 3TOM Cayuae Besmumna !» OeCKOHEYHO Mana

TOrla U TOJbKO TOrfa, KOrAa BEJIHYHHA Sn OecKOHeuHO
BestHka. TakuM 06pasoM, cooTHomenus

lim s, =00, lim =0 (7)
n->»oo n>00

PaBHOCHUJIBHBI, KOTAA S, H f, B3aHMHO 0o6paTHH.
Hpocrefimnm NPUMePOM GEeCKOHEUHO 60JbLION BejiH-
UHHH SBJISAETCS BeJHYHHA S, = n. Takum obpasom, us

1
(7) caenyer, uro In=— ecThb GecKOHeUHO Masas Beuy-
UnHa. 3anuuleM 510 hopMyaamu

=0.

. . 1
lim n = oo, lim —
fn>00 n>o 7

Bunom Huwtona. Mg YCTaHOBJ/IEHUS TOIO, YTO HEKO-
TOpast KOHKpeTHas BeJHYHHA ABJIETCH GeCKOHEUHO 60J1b-
Wo#t uan 6eckoHeuno MaJioff, B caydasx 6osee caoxK-
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1
HbIX, UeM sl BEJUUHH Sp =1, ty=--, TpHXOAHTCA

ynorpe6JasTh HEKOTOpbIE aare6panueckHe  (QopMyJIbl,

cpeiH KOTOPHIX BaXXKHEHIIYI0 pOJb Hrpaer H3BeCTHAA

dopmyna «O6uHOMA Hpiorona». Hecmorps Ha TO, 9TO

dopMyJsa 3Ta BXOAHT B 3EMEHTapHYIO aare6py,  npos

pe/ly 37€Cb €e NOKa3aTeJbCTBO 3aHOBO. :
Tpexye Bcero HamoMHI0 06o3HadeHHE:

nl=1:2....n.
TaxuM 06pa3oM, n! ecTb MPOH3BeJEeHHE BCEX UEJHIX 4R
cen, HauuHas o 1 10 n. PopmanbHO CHHTAIOT, 4TO
Ol=1.
dopmyna HboToHa naeT pasioXeHne n-it cTeneHd ABY=

yieHa z + w B BHAe MHOTOUJeHa MO CTENeHAM 2 " @,
Ona uMeeT BHJ

Pl
-+ w)'= Z n2Pu? ®)
plq!
p» 420
p+q=n

31ech 3HaK Z 03Hayaer, YTO MbI JOJXKHBI B34Tb
p

CyMMy BceX WJIEHOB, CTOSIIMX TOCHe Hero, Mo BCEM lLies
ALIM HEOTPHUATENbHBIM p H ¢, AN KOTOPHIX p +qg=n
®opMysly MBI JIOK2aXKeM HHAYKTHBHO. [pexnae Bcero,
0YeBHIHO, UTO OHA BepHa mpu n=1. J1efiCTBUTENbHO,
MBl HMeeM

1 1
) L, —
e+ o) =g+ oan @

Ilonyctum Temepb, uto (opmyna (8) BepHa 1aa n ==
— k— 1, M JOKaxeM, 4TO TOT/a OHA BepHa 1Ji 1 =k,
Jlasi 5TOrO COCYMTAEM MPOHM3BEACHHE (z 4+ w)*(z +
+ w). Tlpu 3ToM mojacuere MH GyaeM npeanoJararh,
4TO MNepBHIH MHOXHTE]b (z + w)*! Bunucan no ¢op-
myae (8). OH copepHT Bee UieHH BHAA

(k=1
__im——zw’, ) 9

rae i, j—uejne HeoTpHLIaTeJbHbIE YHCJA, NPHYEM i+

+j=k—1L

Ipu yMHOKEHHH YJI€HA (9) Ha z MH noayYaeM 4i€H,
conepXallHii MHOXKHTEb zitlp!, TIpu yMHOXEHHH YJeHa
(9) Ha @ MHl HoJyuaeM WJaeH, cofepKalliii MHOXKHTeNb
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2w+, JIns Toro 4ToGHl 3TH 1BA UjieHa Gy ram~Ry
MeXIy COOOH M COLEPKAMH MHOXKHTEND & w?, uymav,
qyTOoOHl IPU YMHOXKEHHH Ha 2 Mbl HMeJH

~ l=p—'l’ ]=q’

a MPH YMHOXKEHHH Ha @ HOJKHO OHTb

IMoacunTeiBasi KO3G(HUHEHTH NpH 06OMX STHX YJEHAX
H CYMMHDYS HX, IIOJNy4aeM
(f~ 1) + (R~ 1)1
(p—Dlgt * plg—11"

IlpuBoas 062 wieHa K o6eMy 3HaMEHATENO MyTeM yM-
HOXEHHs UHCAMTENss H 3HaMeHaTess MNEPBOro cJarae-
MOro Ha p, a YHCAHTENs H 3HaMeHaTeJsl BTOPOro cJas
raeMoro Ha g, Mbl MoJIy4aeM B CyMMe

(k=Dip+(k—=1Dlg _(k—Dl(p+gq) _ &
plgt plg! pigl

Takum o6pasom, nas n =k ¢opmyaa (8) oxasbiBaercs
IOKa3aHHOH, TaK KaK HHIYKTHBHOE H0Ka3aTeJibCTBO €€
HOJIHOCTBIO MPOBEAEHO.
n!
BrinumeMm renepn KOQ(bQ)HLlHeHT-,';!-‘-’T B HECKOJIBKO
MHOU (hopMe, pasjie/HB YHCJIHTeNb H 3HaAMEHaTeNb Ha pl.
Torma MBI mostyunM criefyowyo GopmMy.y:

(z+w)”=z"+Tnl-z""w+
420D ey L 4

+ n(n—l)..(.]!(n—-q-l-]) 2%+ ... o (10)
B srom BHae ¢gopmysa Houiotona (8) obniuno u gaercs
B 3JIeMeHTapHO! ajarebpe.

Konkpernbie GeckoHeunHo Maable Beauuuubi. Ilepeits
IeM Telmepb K PpacCMOTPEHHIO HEKOTOpbIX HauGoJjee
BaXHHIX [/ aHAJH32 KOHKPETHHIX IOJIOXKHTENbHHX Oecs
KOHEYHO MaJbiX H GeCKOHEUHO GOJBIUMX BeJHUHH HJIH,
YTO TO Ke CaMoe, NOCJeNOBaTeNbHOCTeH, CXOASUIHXCH
K HyJI0, H TNOCJel0BaTeJbHOCTEN, HEOrpaHHYEHHO BO3-
pacraiomux. Te u apyrue, Kak yXe GHJIO OTMeueHO (CM.
(7)), B3auMHO CBI3aHB! APYT C APYTrOM.
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[TepBoe MeCTO IO 3HAUEHHIO 3aHHMaeT reoMeTpHye-
cKas TPOrpeccusi
1, @, 0% ..., 0" ..., (11)

e o — MoJoXuTebHOe unca0. OKa3bBaeTcsi, 4TO NMPH
o < | nmocienosatensHocts (11) cxoauTcs K HYJIO, HIIH,
4yTO TO K€ caMmoe, o ecTb 6ecKOHewHO MaJjas BEJHYHHA,
a mpu o > 1 mocaenosareabHocTh (11) HeorpaHHueHHO
BO3DACTAET, HJIH, 4TO TO K€ CaMoe, o eCTb GeCKOHEUHO
Gousiplliasl BeqMuHHa. B Bume (oOpMyJ 3TO 3alHIIEM Tak:

lima”=0 npuoa<l, (12)
n->o

lim @*=oc0 npma>1L (13)
n->o

Itoraxem coornomenns (2} u (I3). Ilpexne Bcero
SICHO, UTO OHHM PaBHOCHJBHH EPYyr mpyry. HeficrBuresb-

HO, IOJOXHM ﬁ=—(; B COCTaBHM IOCJEA0BATEJABHOCTD

' L By B oeer B e (14)

TTocnenosaremsroctd (1) m (I4) B3ammuO OGpar-
HHI, cJaefoBaTeabHO (cM. (7)), U3 TOro, 4To OZHA M3 HHX
CXOAMTCS K HYJIO, cleAyeT, Lo Rpyras HeorpaHHuUeHHO
Bozpacraer. ComocTaBHB 3TO ¢ TeM (aKTOM, YTQ eclH
OJHO M3 YHCeN @ HId P MeHblle l, TO Apyroe H3 HHX
Oyzer Gouabiie I, MH y6GexpaeMcss B TOM, YTO YTBepXK-
nenus (12) u (13) skBuBanewsHel. Takum oOpasoM,
IJ9 JoKasaTtesancrBa cooTHomenu#t (12) u (13) nam gmo-
CTATOYHO JOKa3aTh JIHIIL ORHO U3 HUX.

Ioxkaxem coornomenue (13). Tak kak o >1, T0
MLl MOXKeM 3alHCaTh YHCJIO o B BHAe

a=1+39,
roe 8 — nmosnoxwmrensHoe uucao. Orciona B cHay dop-
Myas (10) caepyer

"= +6"'=1+4+nd+ ...,

rje B NpaBOH YacTH He BBIMHCAZHO HECKOJBLKO IOJOXKH-
TETBHBIX 4IeHOB, TakuM o6pa3om, MH HMeeM

a® > nd. '
B cuny mosoxuTenbHOCTH udHcaa § BeauunHa n8 Heor-
paHUYEHHO pacTeT NPH BO3PACTAHHH M; TO Xe caMoe
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uMeer Mecto ¥ mias a®. TakuM o0pasom, COOTHOLMEHHe
(13) nokasamo, a BMeCTe C HHM [0Ka3aHO M COOTHOMUie-
rue (12).

Wrak, mokasaHo, uto npu 0 << a << 1 BenuuyuHa o
aBasieTcs 6eckoHeuHo MaJsofl. Dta OecKoHeuHO MaJjas
peJMYMHA OUEHb YacTO CJAYKHT B aHa/H3e 3TaJOHOM
cpauenus. [lostoMy cooTHouenue (12) HyXHO TBepAO
NOMHHTh, YTOOH MOXKHEO ObLIO yHnoTpebJsiTh €ro, He 3a-
AyMBIBASICD.

[Tonp3ysick TeM e NpHeMOM, KOTOPhIH Obla YIHOT-
pe6neH HAMH JUII JOKA3ATeNbCTBA COOTHOWeHuH (12)
u (13), MB MOXeM J10KasaTb G6oJiee CUJIbHBIE COOTHO-
LICHHS, UMEHHO, .

lim = = oo (15)
n-»oo n*

npu « > 1, rie k— BPOU3BOJbHOE HATYPaNbHOE HHCIO.
[lepexogs K oOpaTHBHIM BEJHUHHAM, NOJAYYaeM APyroe

COOTHOIIEHHE
lim n*a” =0 (16)

n->»o

npu o << 1, rxe k— Npou3BOJIbHOE HaTypaslbHOE YHCIO.
CloBaMH TepBoe M3 2THX COOTHomeHH#t (15) MOXHO
BLIPA3HTb, CKa3aB, 4TO NMPH o > | BeqHYHHa o CTpe-
MHTCA K GECKOHEUHOCTH OblcTpee, UeM BeJHUMHA nF, st
POM3BOJILHOrO HATypaJbHOro uucaa k. Bropoe u3 aTHX
COOTHOLIEHHI MOXHO BHIPa3uTh, CKasas, 4To npu o < 1
BeJIHIMHA @ CTPEMHUTCA K HYJIO GHICTpEe, UeM BEJIHYHHA

1
el rae k—mpomso:n,uoe HaTypaJbHOE YHCJO.
n

Tak e, KaK IpH J0Ka3aTeJbCTBE COOTHOIUEHHH
(12) u (13), MBIl JOKaXXeM TOJIbKO COOTHOLIEHHE (15),
T. e. paccMoTpuM caydaft o > 1. Toraa mMbl umeeM

o=1++34,
rie § — NOMeKHTE/BE0e wicno. Mbl uMeeM

n__ n__ an—1)...{n — k) k41
a"=1+§"'=14 ...+ CEY T RS S
3mech B NMpaBOH YacTH HE BBIIIHCAHO HECKOJBKO IMOJIO-
JKUTEJbHBX UJEHOB. PaccMOTpHM OTAeJbHO Ko3¢hdu-
LHEHT

nin—1)...(n—FR
(B4 )

aq ==



B upcauTtesie NpaBOi 4acTH 3lech CTOHT B -+ 1 MHOXu-

TeJdb. B NpeNNOJOXeHHH, 9TO n > 2k, KaXAblH H3 3THX
. o n
MHoOxXKHTeJell 6oJibllie ueM = TaK 4TO MBI HMeeM

_0£>_1_(1)k+| ak+! _ n kbl
n* 7 n*f \2 (411 28 (4 1) ’

Takum oﬁpaa;‘OM, IIDH HeorpaHHYEHHO BO3pacraluieM n
3
BeJIHYHHA ;E' HEOrpaHHYEeHHO BO3pacraeT, U TIMO3TOMY

cootHomenue (15) pokasamo. Orciojga cheayer, 4YTo H
coorHouenue (16) Takxke BepHo.

YrBepxiaenne (16) MOXKHO CYIIECTBEHHO YCHJHTD,
MoKasaBs, YTO BeJHYHHa n*g” He TOJDBKO fABAsdeTcsA Oec-
KOHEUHO MaJIoH, HO CTPEMHUTCS K HYJI0 GbICTPO, — HMEH-
HO, GHICTpee, ueM uJjeHH HeKoTopoH yOGniBaiome#i reo-
MeTpH4ecKoll nporpeccuu. Jokaxem 3to. Tak Kak a < 1,
TO CyllecTBYeT UHCJAO Y, 3aK/IOUEHHOEe MeXAY o U 1, T.e.

a<y<Ll

ko’ )"
Torna BeauuynHa =~ —=n|= asaserca Oec-
Y Y )

KOHEeYHO MaJioff, Tak Kak —3 <1 (cM. (16)). Orcrona
caenyer, 4ro 1pH 0 << o << 1 uMeeM
nfa" = o (y"), (17)

re YHCJIO y YHAOBJNETBOPSiET YCJIOBHIO o <y < 1.
PaccmoTpuMm eille onny BaXHy0 AJs aHanu3a GecKos
HEYHO MaJ/ylo BEeJHYHHY, HMEHHO, BeJHUHHY
all

L (18)

rjae o — NPOHU3BOJIbHOE MOJIOXKHTEJbHOE YHCH0. MH Kokas
XeM He TOJbKO TO, 4T0 BeaHuHHa (18) OGeckoHeuHO
Maja, T. €. CTPEMHTCS1 K HYJIO IIpH n, HEOrpaHHYEHHO
BO3pacraiouieM, HO 4YTO OHa MOXKeT GOHITh OlieHeHa ue-
pes uieHH yObBalOleH TreoMeTpPHYECKOH MpPOrpeccuH.
HMenHo, a1 BCAKOro nmosoXKHTENbLHOrO YHCAA 0. MOXHO
noao6paTe TaKoe MOJOXKHTeNbHOe YHuCa0 Y << 1, dTO
HMeeT MeCTO COOTHOILEHHe

L —ow. (19)
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HoxkaxeM cooTHowenne (19). Has storo mnpemae
pcero BHIGEpEM TaKOe HauMeHblIee 11eJIoe YHCJIO k&, YTOo-
65 UMEJO MECTO HEPaBEHCTBO

a< k1.
Slcno, uto £ = 0. Tenepp monoxuM
a
Y=%FT

OueBHjHO, 4TO y << 1. Paccmorpum smnauenue n = &,
Jlns 3THX 3HaYeHHi n uMeeM n=£%k -+ [, rne [ = 0. Mu
HMeeM

a” akt! ot a! of of
— T ettt T — - < —_— e
n! R4+ R (B+D... B+ kB (k4 1)
% k k
=0 = G k. G n
m Y Ely® v P
TakuM 06pa3oM, pu 7 = k MB! HMeeM
a” n of
o SOY", rae b=k—w’7'
IMpu n < & paccMOTPHM THNOTETHYECKHE HEpaBeHCTBA
n
T <ev" (20)

rie ¢ — HeKOTOpOe IOJIOXKHTeJNbHOe YHCHa0. SICHO, yTo
TaK Kak B HepaBeHcrBax (20) n npuAHUMaeT JHWIbL KO-
HEUYHOe YHCJO 3HawyeHHid ot 1 go B— 1, TO MOXHO BHI-
6paTh Takoe YHCJO ¢, YTOGH BCe OHHM OLINIH BHIIOJHEHHI.
Ipunnmas Ttenepp 3a a HauGoJabllee W3 uyHcea b H c,
MBIl IOJIyYaeM HEPaBEHCTBO
o < gv*
—’a“ \aY .
Orciona cnepyer cootHoweHnne (19).
N3 coornowenus (19) BbITeKaer, yTo BeJHUHHA nl
pacrer GHCTpee, yeM BeJHYHMHA @" NPH MPOH3BOJbHOM
NOJIOXKHTENbHOM o. Ilepexonss K o6paTHHIM BeJHYHHAM,

MOXKHO CKas3aTb, YTO BeJIHYHHA rn CTPEMHUTCA K HYJIO

6LicTpee, YeM BeJHYHHA O NPH MPOM3BOJBLHOM MOJIOXKH-
TeJbHOM o < 1.

MMpumep. B To BpeMs, KaK BO3BeleHUE MOJIOKH-
TEJILHOrO YHCJIA o B LIEJAYIO NOJIOXKUTEJNbHYIO CTeNeHb n
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HMeeT HENOCPEeJCTBeHHbIH CMBICH, B aiare6pe ompeesneHo
rak)Ke BO3BeleHHEe UHCNA ¢ M B HYJEBYIO H B OTpHUa-
TeqpHYIO LEIYI0 cTeneHb. [las aroro ucmosssyior obpar-
unie BemuuHB. TOUHO Tak XKe yjnaercd ONmpefesNHTb H
Bo3BeJeHHEe YHCJA o B PAlHOHAJIBHYIO CTeNéHb MpPH I0-
Mollil H3BJeueHHs KOpHA. Doaee pmennkartHoi sBaAfeTCH
onepallisl BO3BELEGHHS UHCIA & B ACHCTBHTE/]bHYIO CTe-
menb. OIHAKO OHa TaxXke ompefeaserca. Ilo3xe MEl
GyneM TOBOPHTb 00 5ToM GoJee moapoGHo. Opnako Gy-
IeM CYUTaTh Tenepb, 4TO o
MOXKHO BO3BOJHTb B NpO-
H3BOJIBHYIO  JeHCTBUTEJIb-
g HYI0 CTENeHb X TakK, YTO
ompenejieHa QYHKIHA

y=a’, (@)

rle x — IPOU3BOJbHOE fefi
CTBHTEJbHOE YHCJIO: OTpH-
nareJbHOE,  MOJNOXKHTEJb-
Hoe MJH HyJb, a o > 0.
Bymem cuurath, 4YTO0
3necs Goanure 1. Hapsny
¢ ¢dyukuuenr (21) pacemor-
PUM (OYHKLIHIO

y=axs, (22)

-~ rge a — MOJIOXKHTeJbHOe
4yucHO, a kR — HaTypasbHOe
yucyo. ITocTpoum rpadu-
Ku obeux dynkumufi (21) u
(22) gmna HeoTpHUATE/ND-
uux 3Havenu#t x. M3 coorHowenus (15), HKokasaHHOro
Jais UeNBIX 3Ha4YeHWH X, clAelyeT, YTO H NpPH IPOU3-
BOJIBHBIX  MOJIOXKHTEJNbHBIX  3HAUEHHAX X (QYHKUHA
(21) npu GoMbIINX BO3pAcTAlOHIHX X pacTeT ObiCTpee,
yem Oynkuma (22). Taxkmm oGpasoM, npu JHocra-
ToyHo GonbmHX x rpadHK ¢yHkumu (21) npoxoaut
Buie rpaduka ynkuun (22). Ecau cuurtath, 4TO YHCIO
o> 1, HO Gau3ko K 1, a yucao a 6oJabmoe, TO, XOTH
kpuBas (22) HauWHaeTcs B HauaJe KOOPJHHAT, a KpHBas
(21) HauHHaeTcqA B TOYKe | Ha OCH KOOpAHHAT, B HA4aMb-
Holt crafiud pocra x >0 xpuBag (22) mnoxHuMaerca
BBepX OnicTpee, yeM KpuBas (21), Tak YTO NMPOHCXOAHT
nepeceyeHHe 3THX ABYX KpuBhX. Ho satem kpusas (21)
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NOCTeNeHHO OOTOHAET KPHBYIO (22), TaK UTO OHM BHORS
nepecekawrcs (puc. 6).
B uacthoMm cayuae
y=2° (23)

y=4x (24)

Mbl HME€eM HMEHHO Takylo KapTuHy. B arom ciyuae rpa-
bukn Qynkumii (23) u (24) nepecekaloTCs IBaXIbi,
NpHYEM BTOpOE NMEpPeCceYeHHe HMEET MeCTO B TOUKe X = 4,
y=16. Cpepu HecraHNapTHBIX 3afau 3JeMeHTapHOM
MaTeMaTHKH DacCMaTpHBaeTCs 3ajaya: pelluTh ypaBHe-
HHe

2% = 4x, (25)

T. €. HaiTH nepeceueHue rpadukoB GyHKuud (23) u
(24). WKonbHAKH NMOHHMAIOT €€ HHOTAA B TOM CMbLICIE,
YTO MOXKHO Ha#iTH HEKyl0 ¢opMmyay Bpoae GOpMyanl pe-
INeHHs] KBaZpaTHOrO ypaBHEHHH, U3 KOTOPOH BHITEKaJo
Obl, 4TO pellenueM YypaBHeHHs (25) sBasercd x = 4.
Takoe nonumanue 3agaun GecCMBICTEHHO, TaK Kak He-
NIOCPEACTBEHHO MPOBEPAETCS, UTO X == 4 ABJAETCH pelle-
HHEM ypaBHeHHs (25). 3amayy o pelleHHH ypaBHEHHUS
(25) caemyer mOHHMAaTh KaK 3a1auy HaXOMXKAEHHS BTO-
poro pemendss x << 4, NMPHYEM 3TO peIIEHHE MOXHO
Ha#TH TOJbKO HpubauxkenHo. Ero cyiecTBoBanue BUAHO
H3 paccMoTpenus rpadukoB ¢GyHkuui (23) u (24).

§ 3. YcanoBua cxogumocti Kowmn

Mpl yxe roBOpHIH O TOM, UTO elle APeBHHE reoMer-
pbl OGHAPYXMJIH JIMHHH, IJIHHB KOTOPHIX HOBO3MOMKHO
ONHCaTh PalHOHAJBHBIMH YHCJAAMH, T. €. YHCJIAMH BHAA

a
= The a ¥ b— ueasie. K TakuM JHHEAM NPHHAIJIENKHT,

HanmpuMmep, FUIIOTeHy3a MNPSMOYTOJbHOTO TPEyroJbHHKE,
KaTeThl KOTOPOTO PaBHH NO AJHMHE efHHHLE., LLJIHHY 3To#
THIIOTEHY3bl Mbl 0603HaYaeM Temepb uepes 4/2. Ilosxe
ObI0 OOHAPYXKEHO, YTO AJHHA OKPYXHOCTH AHAMETpa,
PaBHOrO eAMHHMIlE, TaK¥Ke He SBJISETCS pPalHOHAJbHBIM
4hcaoM. DTy AJHHY MB 0003HauaeM Telepb dYepes d.
O6a a1H uucaa 4/2 H 7 He ABJAAIOTCA PalMOHAJbHBEIMH.
Takoro poxa uucna, B OTJIHYHE OT pALHOHAJIBHLIX, HA3HI-
BAIOTCA Uppayuonasbroimi. KoanuecTBo HppalHOHadbs
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HBIX uHces, HecoMHeHHO, OeckoHeuno. Tak, Bce uHC/Ia
BHLA @ 4/2, TAe a—leJoe YMC/IO, ABJSAITCS HPPALHO-
HasJbNbIMH. [lepefl MaTeMaTHKaMH MPOLIJIOrO CTOJIETHA
BCTaJa 3ajaya ONHCaTh HJIH, e€CJH YroAHO, CO3[aTh Tas
KHMe YHCJa, KOTOphie HeOOXOAUMBI AJIS TOCTPOEHHS Teo-
METpUH W MaTeMaTHYecKoro ana/ausa, OmucaHue 3THX
YHCeJ HOJIXKHO, €CTeCTBEHHO, HCXOAHTb H3 YHCEJ PalHuo-
HaJbHBIX, KOTOpble TNPEANOJaralTcs NPH 3TOM BHOJHE
H3BECTHBIMH M JOCTATOYHO MOHATHHIMH. OmnHcaHue BCeX
YHCeJ, HYXKHBIX NIl MaTeMaTHKH, OblIO CHEJAHO Hes
CKOJBKUMH pasnuuHbiMu cnocob6amu. Ilpu mioGom cno-
cole ONMHCAHHA IOJHOE J0Ka3aTeJbCTBO BCEeX BaXKHBIX
JJS1 HAC CBOWCTB BHOBb NOCTPOEHHBIX YHCEJ MNpPEACTaB-
JsieT coGoi JOBOJBHO rpoMo3ikoe geso. B atoM mapa-
rpade A xal0 OAHH H3 cMOco6OB NMOCTPOEHHS YHCEN, He
BXOJsl NpH 3TOM, OAHAKO, B JeTajH JMOKa3aTeJbCTB HX
cBoiicre. IlpuBoguTcss JmlIb HAaGPOCOK JIOKA3aTeNbCTB,
TaK 4YTO YHTATEeJb CMOXKET NpH 6OJbLIOM XKeJaHHH BOC-
CTAaHOBHTHL 3TH J0Ka3aTeabCTBa NosaHOCThIO. OnHako 1
He DEKOMEHAYylo AeJaTh 3TO, TaK KaK [0Ka3aTeJbCTBA
TIpeCTaBASIOTCS MHe JOBOJBHO CKYUHBIMH.

Omnpepenenne CXOAUMOCTH, faHHOe B §1, oTBeuaer Ha
BOTNPOC, CXOLHTCS JIH NMOCJAeJ0BATENbHOCTD YHCEJ

Fiy 72y oo ey Ty o oo (l)

K 3aJaHHOMY uHcay r uaH HeT. OueHb BaXXHO GOPMYJH-
poBaTh ycJOBHe CXOAHMOCTH B Takol ¢opMe, 4TOOH OHO
OTBEUAaJO0 Ha BOMNPOC, CXOJHTCS JH NOCJIEI0BaTENbHOCTD
(1) ¥ KakOMy-HHOYZAb YHCJIY, KOTOPOIrO Mbl elle He 3HaeM,
HAH HeT. DTOMy TPeGOBaHHIO YAOBJIETBOPSET YCJIOBHE
cxogumocry Kormh.

Ycaosue Koww. ToBopsAT, uT0 Moc/eRoBaTesbHOCTD (1)
JefCTBUTEbHBIX HMJHM KOMIUIEKCHBIX 4YHCeN ydo8.eTreo-
paetr ycarosuro Kowwu wnu mpocro ectb nocaedosarens-
HocTo Kowu, ecin piig KaXJAoro NOJOKHTEJILHOIO YHC/Ia
8 MoxHO momo6GpaTh Takoe HaTypajibHOe YHCJIO v, 4TO
npH

- p > ‘V, q > v (2)
HMEeT MECTO HEPABEHCTBO |
“ [r,—rsl<8. ' 3)

HoxkaxeMm, uto yciaosue Koww sBisercs Heo6Xomu- '
MBEIM yCJOBHEM CXOAHMOCTH. JlOMycTHM, 4YTO MOCJeno-
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patenbHocTh (1) CXOnHTCA K YHCAY r. 3afafuMcs Toso-
JKUTeNbHBIM uHcIoM &==-.Torxa, cornacHo ompegese-

guio cxopuMoctH (cM. § 1, (11)), cyumecTByer Takoe Ha-
TypaJ/dbHO® YHCIO Vv, UTO IIpH n > v MH HMeeM

|ra—ri<e.

TakuM 0o06pa3oM, eclH p, g CyTh UHCJA, yAOBJETBODSIIO-
[mHe HepaBeHcTBaM (2), To Mbl MMeeM JBa HepaBeHCTBA
lrp—rl<e, |rg—ri<e.

3 5TOr0 BHITEKAET, YTO

grp—rq|=|r,,—r+r—rql<lrp—rl+|r—rq|<23=6.
TakuM o6pa3oM, IOKasaHO, 4YTO eCJH MOCJeJoBare/b-
HocThb (1) cxomuTcsi K HEKOTOPOMY HHCIY f, TO ycjloBHE

Kouwn BHINOJIHEHO, T. €. AOKa3aHa ero HEe0OX0UMOCTh.
CrenaHo 3TO OINHOBPEMEHHO KakK IJd JIIeHCTBUTEJIbHBIX,

"Ta&K U IJdd KOMIJIEKCHBIX YHCeJl. Pasuuuel B goKa3aresb-

CTBe IJf 3THX ABYX CJydYaeB HeT.

Hrak, MHl ¢ JIErKOCTBIO J0Ka3aJsu, yto yciosHe Kouin
gpasercs HeoGXoAuMbiM ycsoBueM cxopumoctH. Cosep-
LIeHHO HHaue O6CTOHT JAeJ0 C AOCTaTOUHOCTBIO. 34eCh Mbi
CTaJIKUBaeMcsl He CTOJIbKO C TPYLHOCTHIO JOKa3aTe bCTBa,
CKOJIbKO C COBEpIIEHHO NPHHIHIHAJLHBIM BOMNPOCOM O
oM, UTO XKe Takoe ecTh uucgao. IIpu stoM peub HAET O
feicTBHTEAbHBIX yHcaax. Cayyafi KOMIVIEKCHBIX YHCE
JIErKo CBOJAHTCA K CJAy4alo JeHCTBUTENbHBIX 4HCes, Tax
Kak Kaxjoe KOMIJIEKCHOe YHCJO 2z 3aluchiBaercs B (op-
Me 2z = x + iy, Te X H Yy — AeHCTBUTEJbHbIE YHCHA.

XoTs moHSTHE palHOHAJbHOrO YHCJAa CJarajoch Io-
CTeNeHHO B TEUEHHe BEKOB, OyleM CUHTaTh ceifyac, 4To
OHO coBepiieHHO sicHo. IlosgBneHHe mNepBbLIX HPpPALHO-
HaJbHBIX yHCesJ CBs3aHO ¢ TeopeMmoit Iludaropa, u OHO
6610 GoabIIHM HeTOpHuecKHM cobnitHeM. CaMo MX Has-
BaHHe «HppallHOHAJbHHEIE», T. €. HepasyMHble, YKa3bBaeT
Ha Ty TPeBOry, KOTOPYIO OHH BhI3BaJM y APEBHHX MaTe-
MaTtukoB. He ocTaHaBiMBasiCh Ha CJIOXHOM H JJIHTE]b-
HOM Pa3BHTHH NpeAcTaBJeHHA 00 HppaluHOHAJbHOM HHC-
Jle, CKaXy TOJbKO, uTo ycsoBHe Kolm KakK JocraTouHoe
yCJIOBHE CXOAMMOCTH CTaJO HacylIHOH HeoGXOAHMOCTHIO
MaTematuku. CJenoBaTesbHO, UHCJAA HOJKHB ObITh Ta-
KHMH, 4ToObl BCsIKad mocJenoBaTesibHocTh Komrn pe#cr-
BHTEJbHEIX UHCEJ CXOAHJIACh K HREHCTBHTEJABHOMY YHCIY.
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Hoctb Koiuu

MMocTpoenne neficruTeasHoro yucaa. Ecau MCXoxHTb
U3 TNpPEeANoJOMXKeHHs, YTO NOHSATHE PalMOHAJbHOTO YHCJAA
BIIOJIHE SICHO, TO MBI NIPEXKJe BCEro IPHXOLHM K BEIBOAY,
4TO BCAKas IOECJeN0BaTeNbHOCTs KoM panHOHAaIbHEIX
YHCeJ [OJXKHA CXONHThC K HEKOTODOMY JefCTBHTE/Nbs
HOMY WYHCHY, DAaUHOHAJbHOMY HJIH HPDaLHOHATLHOMY,
Brinuiiem HekoTopylo mocsenoBaTesibHOCT Kowu

S1y 825 seey Spy e (4)

pauHoHazZpHBIX uuces. Ecam sta nocnenosaTesqbHOCTD
CXOAHUTCA K HEKOTOPOMY DaLHOHAJBLHOMY YHCAY, TO BO=
npoc siced. Ecnu e He cyllecTByeT Takoro pauuoHadb
HOro 4uc/a, K KOTOPOMY MNOC/e0BaTeNbHOCTh (4) cXO0-
JAHTCS, TO HaM OCTAeTCsl TONBKO IIPH3HATh, YTO ' CYLIe~

.CTByeT HEKOTOpO€ HppalHOHAJbHOE YHCJIO0, K KOTOpOMY

OoHa cxoaurcs. IIpu3HaB 3To, MB (haKTHUECKH BBOAUM
HOBO€ MpeJCTaBJeHHe O YHCJe, CUHTAas, YTO OHO 3aKaeT=
csl mocaenoBaTeqbHOCThI0 KOWIM pauuoHaNbHBIX YHCeJ.

Hrak, no onpeneseHnio BcsKas MOC/IeL0BATENbHOCTh
Kowy pannoHalbHBIX uucen 3afaerT JeHCTBHTe]bHOE
4HCJI0, pallMOHaJbHOe HJH HppaluoHasbHoe. [leficTBH-
TeJNbHOE 4HCJI0, KOTOPOe 3aJaeTCs MOCAEf0BATENLHOCTIO
(4), Mbl o6o3HauuM uepe3 s. UjieHH IOCJeHOBATEJbHO-
ctd (4) Mbl NOJIXKHBEI Telmeph CYHTATH HPUO/HKEHHHIMH
3HAaYeHHSAMH JEeHACTBHTENbHOrO 4Hcja s. IIpu stoMm TOU-
HOCTb NMPHOJHKEHHUS JIerKO MOXeT GHTh olleHeHa. B ca-
MOM Jese, COIJIaCHO ONpeReNEeHHIO, AJS BCSIKOrO IQJO0=
JKHTeJBHOTO YHCJIA § cyliecTByeT Takoe HATypaJbHOe
YHCJIO v, YTO JABa JIOOHIX YJEHA Sp H Sq MOCJAEHOBATE/be
HocTH (4) ¢ HOMepamH, GOJIBIIHMH v, OTIHYAIOTCS APYT
OT [pyra MeHbpllle 4eM Ha §, U NOTOMY CJeAYEeT CUHTATh,
YTO 4YJIEH S, NMOCJEeJ0BaTeJbHOCTH (4) ¢ HOMEpOM n > v
3ajlaeT YHCJO § ¢ TOYHOCTHIO §..Tak Kak mocjenoBaTesnh-
Hocth Kowim (4) pauHOHaJNbHBEIX uMCeJ, ONpeleJsiomas
JeHCTBUTE/NbHOE YHCJO §, ZAeT HaM BO3MOXKHOCTb BRIUHC-
JIUTh 3TO YHCJIO § C NMPOH3BOJBHO BBICOKOH TOYHOCTBIO,
TO Mbl MOXEM ONpele/uTh AeACTBHS HaZ Tak Omnpeie-
JIGHHBIMH JeHCTBUTENIbHEIMH YUCJIaMH M OTBETHTh Ha BCe
BOIIPOCH, BO3HHKAIOLIAE B CBA3H C 3THM OIpEJe/JeHUEM.

Ecan napsny ¢ nocnenosarenbroctsio Komu (4) pa-
IIHOHAJIbHBIX YHCeJ BHIIHCAaHA Jpyras MOCJeA0BaTedbs

Y A )
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allHOHAJBHHIX YHCEJ], TO MPEXAe BCEro Haj0 OTBETHTb
Ha BONPOC O TOM, GYAYT JIH 3TH ABe NocJ/eZ0BaTeJbHO-
cTH 331aBaTh OAHO H TOXe JefiCTBHTeNbHOe uHca0. OT-
et siceH. Mbl COCTaB/IsieM NOC/Ie[OBATENLHOCTD

4 ’ /
S = Sp S5 Sy «euy S, S, ... (6)

panuoHanbHeEIX uHces. [locnemoBarenbHoctu (4) u (5)
Onpene/IfIOT OJHO H TO Xe AeHCTBHTeJbHOE YHCJO TOrAa
H TOJMBKO TOTAa, KOrja MocjenoBartesbHocTb (6) cxomut-
¢l K Hyao. B atoM cayuae mocaenoBatenbHOCTH (4) n
(5) Ha3BIBAIOTCS 3KBUBANEHTHOIMU.

JleficTBHTENbHOR YHCJIO, 3ajaBaeMoOe INOCJAEI0BATE b
HOCTBIO (4), MOJIOXKHTEJILHO TOFAA H TOJIBKO TOrAA, KOT=
Ja BCe YIEeHB ROC/eNOBATEJIbHOCTH (4), HaUHHasg C He-
KOTOPOTO HOMepa, CTaHOBATCS GoJibllle HEKOTOPOro IOo-
JIOMKHTEJILHOTO PaHHOHAMLHOrO YHCa.

Ecan Hapsiay c nocmepoBarensHocTsio (4), ompese-
JsOUlefi YHCIO0 S, HMeeTCa ApPyras HOCAELOBATeNbHOCTb
Komrn

By by ooy by o

palMoOHANbHLIX YHCeJN, omnpejensomas AeHCTBUTEJbHOE
YuCJIO ¢, TO SICHO, KaK HaJO ONMpPEHeHTb AeHCTBHS Ha
yncaaMH s u f. [leficTBHTeNbHOE UHCAO S - ¢ ompene-
JsieTes MoCJael0BATENLHOCTHIO

Sttt Sot-toy ooy Sty e

palHOHaJIbHHIX 4HCeJ, KOTOpasi sBJsercs Ioc/eoBa-
TeqabHOCTbI0 Ko, PasnocTe s — ¢, npoussenenue st u

S
YacTHOe ra ONpenesasaoTCs aHaJOTHYHLIM 06pa30M COOT-
BETCTBYIOIUMMH mnocaenoBareyabHocTaMu Kouwru, YactHoe
S
i MOXKHO OIpeNesuTh JIHIb B TOM CJydYae, KOrAa JeJH-

TeJlb ¢ He sABJseTCa HyJeM. 3Has, KOrja AeHCTBHTJbHOE
UHCJIO IIOJIOXKHTEJNbHO, H yMes BHIYHTATh JeficTBUfesb-
Hble 4HCJaa, MBI TéM CaMbIM 3HaeM, YTO O3HAyaeT 3HakK
HepaBeHCTBA IJIS1 AeHCTBUTENbHBIX YHCEJ.

OxasulBaercss, 4To A5 TaK ONMpeAeNeHHHIX IeHCTBH-
TeJbHBIX yHces ycaosne Kommu siBasiercs A0OCTaTOYHBIM
youoBueM cxomumocTH. JloKa3aTeabCTBO 3TOrO HeHHTe-
PeCHO, U 5 3]1eCh €ro He NPHBOXKY.

Ecnn rteneps 06BsBHTH, UTO KOMIIEKCHOE YHCIO 2
samaercsd ¢opmynofi z=x-iy, rae x © y cyTh Aeil-
CTBUTE/IbHbIE UHCJIA B OMHCAHHOM CMEICJ/IE, TO JIETKO JI0-
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Ka3wBaercsd, YTO MOCJNeN0BaTE/NbHOCTb Komrn roMmiekes . -

HBIX 4HCEeJ CXOAHTCS K HEKOTOPOMY KOMIJIEKCHOMY
YHCTTY.
HWrak, MB NOCIPOMJH TaKyl0 CHCTeMY HEHCTBHTENb-

HBIX U KOMIIJIEKCHBIX 4YHCeJ, 4TO IJs Hee YCJIOBHE Ko .

sapaseTcss HeOOXOAHMBIM H JOCTATOYHBIM YCJOBHEM CXO-
JHMOCTH.
[Ipumep. BhimuieM HEKOTOPYIO AECATHUHYIO APOGH

a, flfzn-fn--- (7

3jech nocae 3anAaTolt crosT WHPPH fifs ... fa ..., KaXK-
Jas M3 KOTODHIX HMEET HeKOTOPOE OMpejesieHHoe 3Ha-
yeHue ot Hyas g0 9. INepen samaTo# CTOHT Lesoe YHC/IO
@, KoTopoe Mbl He 6yneM 3aNHCHBATh C MOMOMIBIO JA€Cs»
THYHOH CHCTEMBI, HO KOTOpPOe MOXeT ObTb OTpPHUATEJb=
HEIM, [OJOMKHTENbHbBIM HJIH HyjeM. QPopMajbHO BHIH-
cannas Apo6b (7) BHINIALHT Kak GeCKOHeUHas, HO ecJH,
HayHHas ¢ HEKOTOpOro HoMmepa, WH(QpHI, CTOALlEE mocje
3anaTofi, Bce oOpauiaiorcs B HYyJb, TO OHa B JEHCTBH-
TeJILHOCTH fABJIsSETCS KOHeYHOH apo6nio. Beckoneuynast
necsiTuunas Apo6b (7) MOpoXmaer GeCKOHEUHYIO mocje-
70BaTeJbHOCTb KOHEUHBIX MEeCATHUHBIX Hpobei

S=a,
S1 =a; fb
sy=a, fifs
(8)

Sp =20, ilf? e fm

e v« e « » e

3pech S, €CThb AECATHUHAs KOHeuHas ApoGb, B KOTOPOH
IO 3amsTOj CTOHT IeJoe YHCIO @, a Nocxe 3ansaToH
poBrO n WHDP fifs, ..., fn. MBI yXe paccMaTpPHBAJIH 3TO
nocrpoenne (cM. § 1, (8), (9)), HO 3Zech MBI MOXeM
yTBEpXKAaTh, UTO TNOCHEA0BATENBHOCTh PallHOHANBHEIX
gucen (8) ects mocaefoBaTenpHocth Komu. B camom
neJe, ecii p << ¢ CyTb JBa HaTypajbHBIE UHCJ]A, TO M
HMeeM OuYeBHIHOEe HEPABEHCTBO

1
Sq—Sp< lop‘
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TakuM o6pa3oM, ecau o6a unucaa p u g Goablie Ha-
TypaJIbHOTO YHCJIA v, TO Mbl HMeeM

1
lsq—spl<W' 9)

a 5TO H 3HAYHT, YTO MOCJEOBATENbHOCTh (8) ecTsh mo-
cnepoBaTenbHocT Komu. Takum o6pasoM, B cuay Ha-
1Iero COrJallleHHsl OHa OMpejeNsieT HEKOTopoe AeiCTBH-
TeJbHOE YHCJIO S — palHOHAJbHOE HJIM HPDAUHOHAJbHOE.
ECTeCTBEHHO Temepsr CYHTATh, UTO AeHCTBHTENbHOE UHC-
JIO § 3aMHCHiBaeTcss B BuAe AeCATHYHOH Apo6H (7).
Ocraercs, oiHaKo, HeICHBIM, MOXKHO JIH 3aIHCaTb J1060e
JIefCTBUTE/IbHO® YHCJO TAaKHM CIIOCOGOM B BHIE AECSTHY-
HO#l japo6u. B § 4 Oymer nokasaHo, uTo Kaxpoe neii-
CTBHUTEJIbHOE YHMCJO MOXHO 3amHCaTh B BHJE JECATHYHOM
IpobHu.

§ 4. NMpumenenwe npusnaka cxoaumoctn Kown

Iocratounocts npusHaka cxogumoctd Koww mosso-
JSIeT HaM B psifie cAydYaeB CUHTATh CYIIECTBYIOUIAM HJIH,
HHA49e IOBOPs, CTPOHTh HYXKHOE IR HacC yHcJao, B stoM
naparpage Oyaer AaH PAA NMPHMEPOB TAaKOro MOCTpOe-
Hus. B wactoctH, GyneT TOYHO ompejeseHa ANHHA AYTH
OKPYKHOCTH.

epXHAs M HUXHAR rpanu. Kaxpgoe aeficTBHTeNbHOE
YHCJIO X MBl MOXeM H306pa3uTh Ha OocH aGcClucC B BHIE
TOYKH, abcuucca KOTOpO#l paBHa YHCAY X. DTY TOUKY MBI
TakXe Gynem o6o3HauaTb GykBo#t x. M3oGpaxenue -
cesll B BHE TOYEK Ha MPAMOMH NpHAAaeT UM HEKOTOPYIO reo-
MeTPHUECKyI0 HarasgHocTb. Mbl GyleM OZHOBpEMEHHO
[0JIb30BATbCsl KaK YHCIOBOK, TaK M reoMeTpHUECKOi Tep-
MHHOJIOTHel.

Jlio6as pecsituuHas npo6b

a, fifs oo fn (N

B KOTOPOHl fepej 3amnsToil CTOHT NPOH3BOJBLHOE MEeJ0e

YMCJIO, IIONOXKHTEJNbHOE, OTPHIATEIbHOE HJIH HYyJb, a

nocJae 3ansATofl CTOHT POBHO n OHGP, MOXKET OHITh 3amH-
b

caHa B BHIE Tgn’ TAe b — HekoTopoe uesoe uucrno. Ha-

obopot, Kaxnas JApoGb BHAa an MoXeT OBITb 3amH-
caHa B BuAe AecATHYHOH apobu Buaa (1). Ilpu n=0
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ancna Buga (1) fABAAIOTCA UENBIMH, a H306paXkaollue
HX Ha NpPAMOA TOYKH Ha3BIBAIOTCS IIeIOYHCIIEHHBIME,
Jlerko npencraButh ux ceGe reoMmerpuuecku. I'oBopsr,
YTO OHH 00pasylOT MLeJOYHCIEHHYIO CETKY Ha NpAMOH,

Uucna Buaa 7o U300paKeHHEIE reoMeTpuyeckH, obpas

3yIOT yxke Oosiee TYCTYIO CeTKy, NOJYYAWYIOCH H3 Ie-
JIOUHC/IEHHO! NyTeM MNOApPas/e/ieHHs KaxXKAGTO eeoTpeska
Ha JecsThb PaBHHIX YacTe.

b
Toumo Tak ke uucaa Buga ToF ©O0pasylor Ha mps-

MO# ceTKy 0oJjee IycTylo, 4eM Npeblaylas, NoAy$aios
IYIOCS H3 Hee NyTeM NOAPa3ke/eHHS KaXKIOro ee OTs
peska Ha 10 paBHuIX uacrefi. Takum o6pasoM, Ha nps-
MOH MBI MOJIy9aeM IIOC/IeJOBATeJbHOCTh Bce GoJee H3-

. b
MeJibYaloluXCsd CE€TOK, BO3HHKAIOWHX U3 '{HCGJII—On', rae

n=20,1,2, ... CeTKH 5TH MH 3aHyMepyeM, CYHTad, 4TO
COCTaBASIOT CETKY 2,

9HCla BHAA
10"

[Tycrs Teneps M — HeKOTOpas COBOKYMHOCTb HIH, KaK
FOBOPAT, HEKOTOPOE MHOMKECTBO HNEeHCTBHTE/NbHBIX YHCEJL
Uucna 3TH MBI MOXKEM pPacCMaTpHBATh TAKXKe H KaK TOY=
KH Ha mpsAMoit, TaK uto M mpepcrasasier co6oil oxHOBpe-
MEeHHO MHOXKecTBO ToueK. JlomyctuM, 4to MHOXKecTBo M
OrpaHHYEHO CBEPXY, T. €. CYHIECTBYeT TaKO€ YHCJO C, UTO
IJ5 BCAKGTO X, MPHHAJJIEKAILEro MHOXKeCTBY M, Bhis
IIOJIHEHO HepaBeHCTBO ’

x<ec. .

TeoMeTpHYeCKH 3TO 3HAYHT, YTO BCE TOYKH MHOXKECTBA
M nexar jeBee TOUKH C.

HokaxeM Temepn, 4TO OrpaHHUEHHOE CBEPXY MHOXKe-
cTBO M uMeeT BepXHIOI I'DaHb, HMEHHO, YTO CYIIECTBYET
YHCJIO g, YAOBJETBOpsOLIee CAeAyomuM yeaosusM. [lpu
J060M MOJIOXKHTEJBHOM €& B MHOXecTBe M Haligercs
YHCJIO X, YAOBNETBOPSAIOLIEe HepaBEeHCTBY

x> g -— &,
HO He CYyLIeCTBYET B MHOXKECTBE M quciaa X, NMPEeBOCXO0-
AALIIEro 4ucao g, T. €. yAOBJETBOPHAIOLIECTO HEpaBeHCTBY
x> g.

ST0 YHCNO g U HA3LIBAGTCS BepXHel epaHbio MHOXeCT8a
M. TeoMeTpHUECKH BEPXHIO rpalb g MOXHO ONHCATh
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cJeAyOIHM 06pasom, Ecnn cuBuHYTH TOuky g croab
YrOAHO MaJIO BJEBO, T. €. B3ATb TOUKY g — g, TAe B
NoJIOKHUTENbHO, TO CNpaBa OT 3TOH TOYKH g — e Haii-
Aercsl XOTb ONHA TOUKAa MHOXKecTBa M, Ho He cyme-
CTBYET HH OIHOH TOUKH MHOXecTBa M, nexaruel BIIPaBo
0T TOYKH g.

I[TocTpoeHue BepxHeil rpaHu g MHOXecTBa M npoBo-
RHTCA CJefyIoUmHM obpasoM. Mu Gyzem reOMeTpUYECKH
CpaBHUBATb MHOXKeCTBO M M TOuKHM ceTku X,. Ec/IH B3ATh
TOYKY D CeTKH Z,, JIEKAIIYI0 CIpaBa OT TOYKH C (cm.
(2)), 10 BCe unCNIa MHOXKecTBa M aexar caeBa or 9TOH
touk# p. C npyro#t cropons, CYIIECTBYeT TakKasl TO4YKa
g CeTKH X, CIIPaBa OT KOTOPOH HMEITCH TOUKH MHOMKe-
crea M. Tak Kak Mexay Ttoukamu g U p CeTKH 3,
MMEETCH JIHUIL KOHEUHOe YHCJIO TOUeK 3TOH CeTKH, TO Cy-
ILECTBYET TaKafl camasi NpaBast TOYKa CeTKH %,, clpaBa
OT KOTOPOHl ellle HMEIOTCS TOYKH MHOXecTBa M. Fe
Mbl 0603HauYHM 4epe3 S,. BumoaHHB 3TOT BHIGOD TOUKH
Sn AN Kaxpgoro n=20, 1, ..., Mu NOJIYYUM TIOCJEe[0Ba-
TeJIBHOCTD YHCEJ

S0y Sy vevs Spyuus ®)

SlcHo, 9TO B 2TOM MOCJEXOBATENBHOCTH ToueK Kaxnuas
caeayiomas Jgu6o coBmagaer c npenbiayimes, aubo Jge-
XKHUT cipaBa OT Hee. SIcHO TakXKe, 4TO He Moxer cay-
YHTbCA, YTOOH B IHOCAENOBATENbHOCTH (3) Bce TOuUKH,
HAUMHAA C HEKQTOPOro MecTa, NOBTOPSIACH, He HPOABH-
rasch Bnpaeo. B caMoM gnene, Touka s, Bhi6paHa Tak,
UTO empaBa OT Hee ellle MMEITCH TOYKM MHOXKecTBa M.
[oatomy mas nocratouno Gossuroro HoMepa n’ Touka
Sas JICXCHT NIDaBee TOUKH s,. OTCIOKA CrIenyeT, uTo mocse-

JOBATeNbHOCTh (3) KOHEUHBIX AECATHYHBIX apobeii ectn
MacrenoBaTeaboctb (8) § 3, 1. e. MoxerT 6HTH noJy-
YeHa M3 GeCKOHeUHOM HecsATHUHOA APOGH (7) § 3. dra
AeCATHYHAA APoGb B caMOM jesle GeCKOHedHa, TAK Kak
NI0CAEN0BATENPHOCTE TOYeK (3) mocTeneHHO NpOXBHUraer-
cq Bupaso. Ilocrenosartensrocts Komu (3) ompegmenser
UHCIO g, KOTOpOe M SIBJAAETCH, KaK JIErKO BH/ETD, BepX-
Hell rpanbio MHOXKecTBa M. Ecan MHOXecTBo M cocTouT
H3 @IHHCTBEHHOrO 4HCJIA M, TO g == m, H GecKOHeuHas
AecaTddHas Apobb (7) § 3 sapasercs ero sammceio. Ta-
KHM 06pasoM, Mbl NOKa3alH, YTO KakKI0e YHCIO MOKET
ObiTh 3anncaHo B BHIEe GecKOHEUHOH JeCATHUHOH IpoGu

cM. mpumep § 3). Orciona BHAHO, YTO MHOKeECTBO BCex
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ﬂeﬁCTBI/ITeJIbeIX YHCEJ MOXKHO ONUCAaTh KaK COBOKYI4

HOCTDb BCeX GeCKOHeYHBIX NECATHUHBIX ApoGeil.

Honyctum, 4To HekoTopoe MHoxecTBo M’ meficTBu-
TEJbHBIX YHCEJ OTPAaHHYEHO CHH3Y, T. €. CYLIECTBYET Tas
KOE YHCJO ¢/, 4TO AJS KaXaoro yucaa x u3 M’ BrinoJs
HEHO HepaBeHCTBO

¢ < x. (4)

JlokaxeM, 4TO 1/l OrpaHHYEHHOTO CHH3y MHoKecTBa M’
CyliecTByeT HHXKHSIA IpaHb g’, T. e. TAKOE YHCJIO, YTO
npu J1060M MOJOXKHTENbHOM € BCerga Hafiercs YHCJO
x u3 MHOXecTBa M’, ynoBieTBopsioliee HepaBEHCTBY
x << g’ -+e, HO He CyIlecTBYeT TaKoro uuciaa x u3 M’,
uro x < g’. Jlns pokasarenbctBa 0603HauMM yepe3
—M’ = M COBOKYNHOCTb BCex 4HCeJa BHAa —X, Te X
NPUHAJIEXXHT 3aJaHHOMY MHOXecTBy M’. Ecnn MHOXKe-

crBo M’ orpaHMYeHO CHH3Y, TO MHOXecTBO M = —M’
OrpaHuyeHO CBEPXY H NOTOMY HMeeT BEPXHIOK TpaHb g.
OueBngHO, 4TO uHMCIO g’ == —g sABJfeTCS HUXHeH

rpaHbio MHOXecTBa M,

Bepxuuit n Hmxuuii npepeasl. O6Gosnauum uepes M
HekoTOopoe GecKOHeYHOe MHOXKECTBO AEHCTBHUTEJNbHBIX UH=
CeJ, OrpaHHYEHHOE KaK cBepXy, TaK H cHu3y (cM. (2),
(4)). HeiicTBUTe/IbHOE YHCJIO p HA3bLIBAGTCS BEPXHUM
npedesom MHOXKecTBa M, ecaH AASi BCAKOrO IOJIOXKH-
TeJIbHOrO YHCJa & CyIlecTByeT 6eCKOHEUYHOe MHOXKECTBO
yhces, NMpHHaAJeXaluX M H NPeBOCXOASIIHX YHCIO
p—e, HO cymlecTByeT He GoJiee KOHEUHOrO YHCJ]A YH-
ceJ, MPHHAAMEXKAMHUX MHOXKeCTBY M H IpeBOCXOASIIHX
uHCa0 p - & AHAJOrMYHO NefCTBUTENbHOE YHCJAO p’ Ha-
3biBaeTcsl HHXKHHM TpelesJoM MHoxKectBa M, ecan pas
KaXXJIOro MOJIOXKHTEJIBHOrO YHCJIa € CYIecTByeT GecKo-
HeyHOe MHOXKeCTBO uHces H3 M, MeHbIIHX YHCaAa p’ - g,
HO HaljeTcs He 6oJiee KOHEYHOro 4mCJa uucesn H3 M,
MeHbpIIHX 9eM p’ — e. JlOKaxeM, YTo MHOXKecTBO M HMeer
BepxHHUi mpedes. [ 3TOro mocTymHM Tak ke, Kak IpH

IOCTPOEHHH BepXHeH rpaHH MHoXecTBa. BozbMeM Heko-.

TOpoOe ILeJoe HeOTpHUATEeJbHOE YHCJIO 1 H BbIﬁepeM nu3
PannoHaMbHLIX 4HCeJ BHIA rge b— ueqoe YHCJI0,

10"’
Takoe HauboJibliee YHCIO S,, YTO CYIIECTBYeT GeCKOHeY«
HOe MHOXKEeCTBO UHCesJ H3 M, MpeBOCXOASLINX YHC/AO Sp.
SlcHo, 9TO Moc/Ief0BaTedBHOCTD

80y Sly co0y Spy s e
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ecTh BO3PACTAIOWIAs TOCIELOBATENLHOCTb JECATHUHBIX
apobeit THIA (8) § 3 u moToMy yAOBAETBOPsET YCIOBHIO
cxonpumoctu Kommn. Tlpefes oTofi mocieq0BaTe/bHOCTH,
OUeBHIHO, H €CTb BepXHHH Tpeles p MHOXeCTBa M. Cy-
|ieCTBOBaHHe HHXXHero mpegena p’ mHoxecrsa M noka-
spIBaeTCH TaK Xe, KaK 3TO AeNajioCh B OTHOIIEHHH HHX-
Heft I'paHH, IPH NOMOILH PacCMOTpeHHs MHoxectsa — M.
Jlerko yOemHTbCS B TOM, 4YTO 4HCaa p H p’ SABASAIOTCA
npeneJbHBIMH JUIs MHoXecTBa M (cM. mpumep 3 § 1).
TakuM o006pasoM, AOKa3aHO, YTO OGeCKOHeuHOe MHOXe-
ctBO M NefiCTBHTEJNbHEIX WHCeN, OTpaHHYEHHOE CBEpPXy H
CHU3y, HMeeT NpeJelbHble yHcaa. SICHO, 4TO p eCcTh HaH-
GoJblilee H3 STHX NMpeNEJbHBIX 4HCeN, a p’ — HaUMeHb-
juee M3 THX TpelesbHBIX unces. Moxer cayuntbed, of-
HaKo, 4TO p M p’ coBmagalT Mexay coboil. B srom cay-
yae MHOXecTBO M HMeeT TOJIbKO OJHO MpeesbHOe UHC-
a0 p=p’. Tak Gyzner, HanpHUMep, KOrja MHOXKECTBO M
COCTOHT M3 3JeMeHTOB GeCKOHeUHOH MocJ/e0BaTesbHO-
CTH TMOMAPHO PA3JHYHBIX UHCEJ, CXOLALIefCH K YHCAY p.

OrpaHHYEHHBIE MOCJAEN0BATENLHOCTH H OrpaHHYEHHbIE
mHoxecTBa uuces. [locnenoBaTesbHOCTD

Pl 72y aovy Ty oo (5)

NeHCTBHTEJbHEIX HJIM KOMIUIEKCHBIX UHCe] Ha3biBAE€TCs
ozpaHudenHoll, ecnn HalfeTcs Takoe MOJIOXKUTENbHOE
YHCJIO ¢, YTO JJis BCAKOro HOMepa n HMeeT MeCTO Hepa-
BEHCTBO

[ral<ec.

AHaNOTHYHO MHOXKecTBO M meHCTBHTENBHBIX HJIH KOMII-
JIGKCHBIX UHMCEJl HA3HLIBAETCS O2PAHUYEHHbIM, eCIH HaH-
Hercsi Takoe MOJIOKUTEJbHOE UHMCJIO ¢, YTO IJ/sl BCSKOrO
ynesa x M3 MHOMecTBa M HMeeT MeCTO HepaBEeHCTBO

lxi<e.

Mu JoKaxkeM ceffyac, 4TO M3 BCAKON orpaHMYeHHOH ImO-
CJle/l0BATENbHOCTH 4Hces (5) MOXKHO BHIGparb CXOAsA-
LIYIOCS TTOANOCJeA0BATENbHOCTD (cm. § 1, (18)), u 3aTeM
JOKaXeM, 4TO BCsIKoe GecKoHeYHOe OrpaHH4yeHHOe MHO-
wecTBO M uHces HMeeT NpejesbHOe 4HCAO (CM. NPH-
mep 3§ 1).

Mu yXe oTMeyasH, YTO B MOCJNEA0BATE/ILHOCTH (5)
yHcen MOryT TOX Pa3HHIMH HOME€paMH CTOATb DaBHHE
MexAy coboit uncaa. Takum 06pa3oM, MOXeT OKasaTbs
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Cfl, 4TO NMOCJENOBATENBHOCTh (5) COMEPMHT JMULID Ko-
HEUHOE UHC/IO DASJHMYHEIX uucel. B stoM cayuwae B mo-
crefoBaTeNbHOCTH (5) Hafizercs Takoe wmesio r, KOTO-
poe _BCTpeuaercsi GeCKOHEUHOE 4YHCAO pas mox pasinny.
HBIMH HOMepaMu. BuimuchiBas Bee WieHn NOC/Iei0BaTeNb-
HOCTH (5), paBHBIE YHCAY 7, B TOM nopsifKe, B KaKoM
OHH CTOAT B IIOCJEN0BaTeNbHOCTH (5), Mbl MOJMYIHM mog-
TOCIeJ0BATEeNbHOCTD

Thy Tgs «eoy Trgy oo (6)

nocaefosaressHocts (5), Bce UNEHH  KOTOPOH paBHH
uncay r. Takum o6pasoM, moanocienoBaTelbHOCTD (6)
nocnenoBaresbHOCTH (5) CXogHTCH K YHCIAY f, U Halle
YTBepKIeHHEe N0Ka3aHo.

Bynem cuurats Temeps, uto mumomectso M Beex -
CeJ, BCTPEYaIOUHXC B I0CJAELOBATENbHOCTH (5), Gec-
KoneuHo, Pasbepem cmepsa cayuafi, koraa umeaa mocie-
AosarenbHOCTH (5) Bce sBAsIOTCH AeHCTBUTENbHEIMH,
TaK YTO M MHOXKECTBO M COCTOHT M3 HEHCTBHTeIbHBIX
yuces. Tak Kak MHOXecTBO M OrpaHHYeHo B CHAY Orpa-
HUYEHHOCTH- MOCJe/l0BaTeNbHOCTH (5), TO MO nOKasaH-
HOMY Bhlllle (CM. BepXHHA mpefen) MHOXKecTBo M uMeer
X0Tsi Gbl OAHY HpeJeJbHYI0 TOYKY p. B CHIy JOKa3aH-
HOro pavee (cM. § 1, mpumep 3) u3 MuONKecTBa M MOXK-
HO BHOpATh MOC/eA0BATEABHOCTD

O, O, ..., Oy v ony (7)

CONEpIKAlLYI0 GeCKOHEUHOE MHONKECTBO PASAMUHMK UH-
e, cxopsumyiocst X qucay p. Ilepecrasum mopsigok uste-
HOB mocJefoBaTeNbHOCTH (7) Tak, 9To noJlyqaomascs
B D€3yJIbTaTe STOH NEPECTAHOBKH HOBAs NOCHELOBATENb-
HOCTb TaKxKe GyneT CXOAHTHCS K p H B TO XKe BpeMs 6y-
ACT ABJATLCA MOANOC/EN0BATENLHOCTBIO HCXOAHOH MO-
crenosatenbHocTH (5). Jlna sroro mocrynmmM rak. Ilo-
CMOTPHM Ha wHcyio ry. Eciv oHO He BXoaur B mocaeno-
BateabHoCTh (7), TO MBI OTGpocuM ero. Ecau e oHo
BXOAHT B MOCJAEAOBATENLHOCTb (7), TO MH 0603HauHM
ero uepes 7, . IlocMoTpum nanee Ha 4nciO r5. Ecsid oHo

HE BXOAHMT B IOCJ€N0BATeNbHOCTL (7), TO Ml oT6pocuM

€ro, a ecJIH BXOAUT, TO 0603HAUUM uepes r X BYJIeM ne-

pebupaTh MOCTENeHHO BCe WJEHB NOCHELOBATENbHOCTH
(5), u B pesyabraTe 3TOrO nepeGopa Mbl mosyuyuM Gec-
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KOHeLIHle NOCJAEe10BaTe/NbHOCTDh
Tapy Tagy «vvs Tngs oo (8)

ykasasHHI mpolecc BbGopa umcen u3 (5) He Moxer
OCTAHOBHTBLCSH, TaK KaK MOCJeN0BaTeNbHOCTh (7) colep-
KHUT OECKOHEUHOe MHOXKECTBO Pas/HYHBIX uHces. SIcHo,
4To NMOJNYUEHHas TaK MOCJeL0BaTeNbHOCTb (8) ABJSETCA
[OAMOCJeI0BaTeNbHOCTbI0 NocaefoBareabrocty (5). Ho
B TO K& BPeMsi OHa COJEDIKHT BCe YHCsa, BXOAAIIME B
NocAeA0BaTeNbHOCTh (7), H MOTOMY CXOHHTCS K YHCAY p.
B caMoM jeJe, Jio6as e-oKpecTHOCTb Ug uncia p coaep-
JKUT BCe UMCJaa mocaefoBaTenbHocTH (7), 3a HCKIIOUe-
HueM, GBITb MOJKET, JHLIb KoHeuHoro uucaa ux. Creno-
BaTeJbHO, 5TO BEPHO TakKXe H B OTHOLIEHHH IOCJ]ed0Ba-
teabHOCTH (8).

PaccMoTpuM Tenepb cAywaid, KOraa IocjenoBaTelb-
HocTh (5) coumep:KHUT GeCKOHEYHOe MHOMECTBO pasfni-
HBIX YHCEJ, HO YHCJa STH HeoGA3aTeNbHO HEHCTBHTEJNb-
Hble, a, BooGlle rosopsi, KoMIlekcHble. Kaxkpoe ducio
. TOCJAEROBaTeNbHOCTH (D) 3anuileM B BHIE

Ip=S8p+ il,.

Takum 06pa30M, y HacC BO3HHKAlOT JABE rnocnaenoBarelib-
HOCTH JeHCTBUTEJbHHIX YHCEN

Sy 821 < vy Sus oy 9
Hy toy vvvy Bpy oo (10)

Tak Kak, 0O NPeAINOJIOKeHHIO, MOCAeN0BaTebHOCTD (5)
COZepKHT GeCKOHEUHOe MHOMKECTBO DAa3JIHUHBIX HHCEl,
To x0Tsl 6ul omHa W3 nocienosatesbHoctedt (9) u (10)
TakXe CONEPXKHT GeCKOHeuHOoe MHOMKECTBO Ppas/HYHBIX
yncen. [Lasi onpeieleHHOCTH NPEANOJIONKHM, 4TO GecKo-
HeuHoe MHOXEeCTBO Da3J/JHYHBIX UHCes] COAEPXKHT Iocije-
noBaTeapHocTh (9). Tak Kak OHa COCTOMT H3 JeHCTBH-
TeJIbHBIX YHCEeJ, TO 10 TOJbKO 4TO HOKa3aHHOMY M3 Hee
MOKHO BHOpPATh NMOANOC/EN0BATENbHOCTD

Snys Sny ey Smps oeos (11
coflepKallyl0 GecKOHEUHOe MHOMKECTBO PasJHYHBIX HH-

cen, CXOAALLYIOCS K HEKOTOPOMy umeny s. Pacemorpum
Tenepb MOCAEL0BATENbHOCTD

tng tngs oo fag oo
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AeficTBUTeNbHBIX uHcen. Tak Kak oHa OrpaHHyYeHa, TO mo
baHee J0Ka3saHHOMY M3 Hee MOXHO BHOPaTh HEKOTOpYio
NOANOCJIEI0BATENbHOCTD -

tml, tma, “eey tmk, ey

CXOLAUYIOCH K HEKOTOPOMY uHCHy f. 3;ech HATYpasibe
HBI€ YHUCaa
my, mp, ..., My, ...

HAYT B BO3pacTramwliem NOpsAKE H COCTABJSIOT JHIIB
NOANOCNIEA0BATENbHOCTD IIOCaAE€0BaTENbHOCTH HaTtypadab-
HBIX 4HCes

ny, g, ..., Mgy oo

Takum o6pasom, nocaegosatenbuocts

Sm" sz, e ey Smk, [P

COCTaBJISI€T MOANOC/EROBATENBHOCTh MOCACAOBATENbHO-
ctH (11) u comepKuT 6eCKOHEYHOE MHOMKECTBO pasany-
HBIX JeACTBHUTe/IbHBIX unces, [lonaras

rmk = Smk + itmk, :
MBI IOJTy4aeM MOCJA€A0BATENbHOCTD
Ty Tmgy ooy Ty oo, (12)

COLepKallylo GeCKOHEUHO® MHOXKECTBO PasiUUHHLIX UH-
CeJI, CXONAIYIOCH K YHCAY r=5S -+ it u SABJSIOILYIOCS
HOAMNOC/IEeI0BATENBHOCTBIO NOCAEL0BATENbHOCTH (). Ta-
KHM 06pasoM, eC/IH HCXOZHAA OrPAHHYCHHAS MOCJELO-
BaTeJbHOCTh (5) COmEpKUT GeCKOHEYHOE MHOMKECTBO pas-
JIMUHBIX UHCEJ, TO H3 Hee MOXKHO BHIOPAaTh CXOXALYIOCH
fioanocie10BaTeIbHOCTL  (12), comepxainyio Geckoney-
HO€ MHOXKECTBO Pa3/NHUHBIX HCEJ, CXOAAMYIOCH K HeKo-
poMy uHcay r.

Teneps mnepefizem k OTPaHHYEHHOMY GeCKOHEUHOMY
MHOXeCTBY M H HOKaXkeM, 4TO OHO HMeer npeaeJibHoe
uncao. Tak kak MHOXecTBo M COREPKHUT GecKoHeyHoe
MHOXECTBO 4HCes, TO H3 HEro MOXHO BHGDATb HEKOTO-
PYI0 NOC/Ie0BATENbHOCTD

Ty Ty ooey Ty «ooy (13)

COAEpIKANYI0O GECKOHEUHOe MHOXKECTBO PasMHUYHBIX Uii-
ces. CoraacHo TOJbKO uTO JOKa3aHHOMY M3 3TOH mocJe-
RoBaTeabHocTH  (13) MoXHO BHGpaTh moamocsenoBa-
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reJIbHOCTb, KOTOPAs yXke CXOAHTCA K HEKOTOPOMY HHCIY
r ¥ CONEDKHT TaKxKe OeCKOHEYHOe MHOMKECTBO Das3jiHy-
gpix guces. OTciofa BHITEKaeT, YTO YHCJO 7 SBJSETCH
npeiebHEIM H U1 MHOXecTBa M.

Wrak, Hallle yTBepPXKAeHHE TNOJHOCTHIO AOKa3aHO.

Jauna nyra okpyxHoctd. [Tocse Toro, Kak oObsicHe-
HO, UTO TaKoe HeHCTBHTEJNbHOE UHCJO, eCTeCTBEHHO 06b-
SCHHTB, UTO CJIeAyeT NMOHHMAaTb NOJA MJIHHOH KPHBOH JiH-
HMH, HCXOAS INpPH 3TOM H3 MpPEANOJOXKEHHS, YTO HaM
XOpOIIO H3BECTHO, UTO NpejCTaBJsfeT co6oH nnuHa npd-
MOJHHEHHOro oTpeska. Ee Mbl GygeM 0603HauaTh yepes
1(p,q), tie p M g— KOHIE OTpe3Ka. Mu paccMoTpuM
3lecb JHIIb AYry OKpYyXHoCTH. Cayuait GoJsee oO6muit
NPUHUMIHAIBHO HE OTJH-
gaercs OT cJayyas AYT
OKpyxHocTH u Oymer pac-
cMotper mosxke (cM. § 19).
Ha HeKkoTOpO#l NJIOCKOCTH
P BribepeM OKpPYXHOCTb
K papuyca 1 ¢ uenrpoMm B
TOYKe 0 H Ha 3TOH OKPyXK-
HOCTH BhibepeM Ayry ab
Takylo, 4ro yroa aob, onu-
paloluiics Ha Hee, He Ipe-
Bocxogut 120° (puc. 7). Puc. 7.
Ero Mo o6o3sHauuM yepes
20.. TakuM obpasoM, o <<
<< 60°. 1o orpaHuueHue HecyulecTBeHHO. bynem cuntarb
TaKXKe, 4TO, ABHrasch OT TOUKH 4 K Touke b mo ayre ab,
MHl HeM TPOTUB 4acoBoft crpeskH. Hama menas cocrour
B TOM, uTo6H JaTh TOYHOe (HOpPMAJbHOE ONpene/eHHe
IJIHHBL AyTH ab.

Ha ayre ab BhiGepeM mociefoBaTeNbHOCTh TOUEK

o, @1, Qgy .., Gy Gp==0; ar=D0. (14)

Mur GyzeM cuMTaTh, YTO NEPEXOJ OT TOUKH @i K TOUKe
a; OCYLIECTBJISIeTCs] IBHXEHHeM BIOJb AYTH ab TpOTHB
yacoBoit crpeaku. Takum obpasoM, Toukd (14) caepyior
no ayre ab ogHa 3a apyroft m pasbuBaior ayry ab Ha
kycku. Jlomanyio @oa1@z ... ar MH o6osnaunM A u Oy-
IeM TOBOPHTb, YTO OHA onupaeTcs Ha xopay ab. Hamay
aToil JoMaHo# o6osHauum yepe3 [(A). CpaBHuM Temepb
JAJHHY JoMaHo#t A ¢ AnHHOR XopAH ab. SlcHo, uTo

1(ab) <1(A),




HO 3TOro HaM HenocTaroyHo. Ilpoekuun Touek nocseno«
BaresnbHOCTH (14) Ha Xopay ab 0603HAaYUHM COOTBET-
CTBEHHO Yepes

ag a, a, ..., a.
Slcro, uro

U(ab) =1{(aga)) + I (a@a)) + ... + !(a,1az)

OGosnauum ®epe3 B; yros HAaKJIOEA XOPAB @i—3a@; K Xop-
Ae ab. Torna oueBHaHO, yTO

l (“:- 1%{) l‘(a:-.la:)
cos f§; cos

Hay_q0) =

.

CyMMupys TOC/efHee HEPaBERCTBO [0 BCEM 3HAYSHHSIM
i or | 10 R, MH moJyuaem

Hab) <1 (4) < L8} (15)

Honoxum x == [(ab) u BHUMCAUM Pa3HOCTH

cosa ¥
Hag sToro ™Mb 3amMeTHM, 4TD x==72sina, a noromy
x?

cos?o =1 — -7 Teneps MBI mmeen

d=x(gg — 1) <t(amm—1)=

cos @ cos? a

sinfa _ xsin’q 2
SET ST =x-x%

cos?g Y
3
Teneps nepaBencrso (15) nepemuchiBaercs B Buje
x <SUA) < x(14x%). (16)

Pazobbem Tenepp Ayry a;40; ma Kycouxkd ToumO Tak
JKe, KaK Mbl 9TO CleJlajin ¢ Xyro#t ab, Ho He GyneM 060-
3HAYaThb TOUKH JeJIeHUs HHKaKMMH GyKBamu. Ilomyuen-
HYIO B pe3yJbTale 3TOTO LeAeHHS! JOMaHYl 06O3HAYUM
yepes B; u GyneMm roBOpHTb, 4TO OHA ONMHPAETCH Ha xop-
Iy ai-1@:. Jawny sToft JoMano# 06o3naunM uepes [ (Bi).
O6vennusisi BMecTe Bee MoMmaHele B, B, eve, Br, MBI
NOJYYHM JIOMaHYI0 B, AnHHY KOTOpOi 0603HAaUHM uepes
[(B), n GyzeM roBopHTs, 4TO JomMaHas B omupaercs mHa
Jgomanyio A. Tlonoxum ~

x=1(a;_1a;).
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TTpumenss pesyabrar (16), npuroansii pas Ja06o# xop-
abl ab, K XOpAe @i—1Qi, Mbl NMOJYYHM HePaBEHCTBO

u<IB) <% (T +x)<x(1+04)7), (A7)

rae §(A) ecTb MaKcHMaJsIbHOE M3 umcea x;, i=1, ..., &,
T.e. IJHH OTPE3KOB, COCTaBJAAINHX NoMaHyl A. Cym-
mupys HepaseHctBa (17) mo Bcem 3HaueHHAM i oT 1 10
k, mosyuaeMm

HA) < LB) <L(A) (1 + (3(A)). (18)

3aMeTHM ellle, 4TO BCe JOMaHHE, OMHPAIOLIUECs HA XOp-
Iy ab, UMeT OrpaHHYEHHYIO AJHHY, HMEHHO, MH HMeeM
B cuny dopMmyani (15)
1 (ab)
1A < cosa &
rae 4YHuCJIO0 ¢ 3aBHCHT TOJBKO OT XopaAn ab. Temepp us
HepaBeHCTEa (18) MBI MoXKeM cmeaqaTh BBIBOJ, 4TO

[1(B) — L(A)| < c(8(A), (19)

rae A — npousBosibHasA JoMaHas, oNHpaloulascs Ha Xop-
ny ab, a B—jomanas, onupaloLiascs Ha JoMaHyo A.

Iycts Teneps A u A’ — nBe JoMaHble, ONHpaKILHEECH
Ha xophy ab. 3aHyMepoBaB Tenepb HX BepUIHHBEI B TOM
nopsjKe, B KAaKOM OHH BCTPeYaloTCs NPH NPOXOXKAEHHH
IyrH ab NpOTHB 4acoBOH CTpeNKH OT a A0 b, MBI mIOJy-
YHM HEKOTOPYIO MOCJIeNOBaTeNbHOCTh TOYeK, KOTopas Mo-
XKeT GbiTh II0JIOKeHa B OCHOBY HEKOTOpo#l JoMaHod B,
onupatomefics Ha o6e aomannie A u A’. Torma Hapsany
¢ HepaBeHCTBOM (19) MBI HMeeM HepaBeHCTBO

[1(B)—L(A) < c @A) (20)
U3 nepasencrs (19) u (20) caenyer, uto .
11(A) — 1A < c[®(A) + (A (21
[TocTpouM Temepb HEKOTOPYIO IOC/I€I0BATEIbHOCTD
JIOMaHBIX
A0=ab, A[, ey An,, seey

rae Kaxpnas cjiefyiouias JoMaHas ONHPAeTCAs Ha Mpejbl-
Iylyio, a neppas JoMaHas A sIBJIS€TCA NPOCTO HCXOJs
Ho#t xopno#t ab. IlpennosioXXum 3arem, 4yTo

lim & (A,) = 0. (22)
n>o
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W3 nepasencrsa (19) caemyer, uto mociefoBaTeNbHOCTE
qHCe
L(Ag), 1(A), ..., L(A4), ... (23)

ecTb nmocaegoBareapHocTs Komwn. Ee npegen Mu 0603Ha-
4¥M yepes 2s, T. €.

lim I (4,) =2s.

n~>0 .

Jlerko BHIeTb, YTO MOJNYUeHHHIH mpeaea 2s 3aBHCHT
JIHIIb OT AYTH ab, a He OT caydaiiHO BHIGpaHHOH HOCTe-
JIOBaTeIbHOCTH JoMaHeX (22). MeficTBuUTeabHO, ecau
BMECTO MOCJIeJOBAaTeNbHOCTH (22) uMeeTcsi Apyras aHa-
JIOTHYHAS NOCJIeJ0BATEAbHOCTD

Aj=ab, Al, ..., 4, ...,
TO B cuay dopMyas (21) Mbl HMeeM
[ 1(An) — 1(AR) | < c (B (Aa))* + (8 (A,
u noToMy o0e nocnexoBaTeabHOCTH (23) u
L(A0), 1(AD), ..., LA}, ...

CXOZATCA K OXHOMY H TOMY 2Ke uucay 2s. ATo. yHcaIo 2s
U HasweIBaeTcs NWIMHOA Ayru ab. D1y mauny 2s ayru ab
Ha3BIBAIOT BEJWYHHOH yriia aob, BulpaxkeHHOH B pajgua-
Hax. B Boiculell MaTeMaTHKe OGBHIYHO CYHTAIOT, YTO apry-
MEeHT TPHIOHOMETPHYECKOH (YHKIHH eCTb YroJj, Bbipa-
JeHHHIH B pajHaHax.

U3 nepasencrsa (15) caeayer .

. x 2sins
r=2sins SUA) < oo =05

Ilepexonss x npemeay mpu n—oco U Jeas mMOJydeHHOE
HepaBeHCTBO Ha 2, MOJYYHM

sins<Cs < tgs. (24)

Ecau Ttenepn sy, Sy, ..., Sp, ...— OCTENOBATENIBHOCTD
IIOJIOXKHUTE/IbHBIX YHCEJ, CXOAALIAfACA K HYJIO, TO H3 CO=
OTHOIUeHHs (24) moJyyaeM ABa COOTHOIIEHHS

. sins

lim —2 ==,
nso  Sn

. tgs

lim &2 — 1,
n»0 Sn



[Monaras tg s, = t,, MBl IONy4aeM H3 MOCJAELHEro COOT-
HomeHHﬁ to ¢

. arc

lim 2280 —q, (25)

n->00 tn

3Jxech MOXKHO CYUTATb, YTO INOCJAELOBATEJNbHOCTb

AT SV P

ecTb IPOH3BOJbHAs IIOCJEACBATENbHOCTh IOJNOXKHTE b
HBIX WHCeJ, CXOAALIAsACH K HYJIO,

OnuHa okpyXHoctH paauyca | o6GosHauaercs uepes
2n. TakuM o6pasoM, & ecTs BIOJIHE ONpejeseHHOe YHC-
Jio. BuluucaeHo, uto n & 3,1415926.

IMMpumep L. Ilycts

~

S N (26)

— HeyOHIBaloL[asi OTpPaHHYEHHAsd MOC/AeLOBaTeNbHOCTh
ypces, T. €. Takasl, UTO Spt1 = San U Sn << C, n=1,2,....,
rae ¢ — KoHcraHta. O603HauYHM yepe3 g BEPXHIOIO TPaHb
MHOXKeCTBa, COCTOsALLero H3 BceX yucea (26). Jlerko Bu-
ZleTb, 4TO

lims,=g.

n->0

TO‘IHO TaK Xe nJad HEBOSPaCTaK)U-lef/'I Nnocnea0BaTeNbHO~
CTH )
ty Toy ey by ey (27)

OrpaHHYeHHOH CHHU3Y, MBI HMeeM

lim¢,=g’,

n->»o0
rie g’ eCTh HHIKHAS TPaHb MHOXKeCTBa, COCTOAIEro H3
Bcex yuces (27).

§ 5, Cxoasimuecss Psiabl

Eme 606sbllyI0 pOJb, UeM CXOAdAlLIHeCs MOCJEA0Ba-
TEJbHOCTH, HIPAOT B MaTeMaTHKe CXOAsiLiHecs pPAIBL
CrnaraeMbIMH X MOTYT GBITb KaK YHCJIA, TaK H QYHKUHUH.
B mocsieaneM cayuae paj AaeT BO3MOXKHOCTb, HCXOAA H3
IPOCTHIX, XOPOLIO H3BECTHHX (YHKIMH, HampHMep cTe-
neHell HE3aBHCHMOrO NEPEMEHHOr0, CTPOHTh HOBBIE QyHK-
uuu. VMenno ¢ 3Toft Leasio paasl 6yAyT HCIOJb30BAHBI
HaMH B nepsylo ouepenb (cM. § 7). Ho cnepsa mul 3ail-
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MeMcs pSZaMy, caaraeMbIMH KOTODHIX SIBJASIOTCA Jefis
CTBHTEJIbHbIE HJIH KOMIJIEKCHHIE UHCIa.
BrinuieM cymMmy

21+22+...+2n+... (1)
¢ GeCKOHeUyHHIM YHCJOM cJjaraeMbix. CymMma 3Ta Ha3sH-
Baercs paaom. Ee cnaraemule 2p, n==1, 2 ..., ABISIOT-

¢ KOMIIIEKCHBIMH HMJH JeHCTBUTEJNbHBIMH YHCJIaMH,
B cayuae, ecinm Kakoe-1HO0 BbicKasbiBaHue O psane (1)
HMeEeT CMBICA JHIIb IPU HeHCTBUTEJbHBIX CHATALMBIX,
370 06cTOATEeNbCTBO OyleT OroBapHBAThCA CIRUHAJBHO.
ITpexne Bcero Mbl RONMKHBI OOBACHATD, UTO CHEAYeT
noHHMAaTh mox cymMMol pazga {1). JAs 3Toro BHUHIIEM
TaK Has3biBaeMble IpelBapHTeNbHbleé KOHEUHHE CYMMb

Ss=21t2+ ... +2, )

rae n— IpOU3BOAbHOE HATypPaJabHOE YHCJO. Ecau nocine-
JOBaTEABHOCTh
S1, S92, veuy Spy v e (3)

cxonurca (cM. § 1), To rosopsr, uro paa (1) cxomurcs,
H ero CyMma paBHa Npejes]y IOCJIENOBaTeJbHOCTH (3).

Ecnn nocaenosatenpHOCTh (3) 3amaHa, TO JIerko INo-
Ay4uTh pAR (1), H3 KOTOPOro OHa BO3HHKAET, COTJIACHO
H3JIOXKEHHOMY mnpaBuJy. s 3TOro AOCTaTOYHO IMOJO=
XKHTh

BI=S81, 29==82=S515 vy, Zn==S8p—Sp_1y +++

Takum o6Gpasom, Ha mepBHIl B3IJIAA KaXkeTcs, UTO H3Y-
4eHHE CXOAALHXCA PAAOB HONHOCTHLIO CBOAMTCA K H3Y-
YEeHHI0 CXOAfALIMXCH MOocJef0oBaTesNbHOCTeH, H Hao60poT,
HM3y4yeHHe CXOASAMIMXCA IOCJENOBaTEeJbHOCTEH MOXHO
CBECTH K H3Yy4eHHIO cxoasmuxcs panos. Ho 310 se cos-
cem Tak. Ilpexae Bcero MOXET OKas3aThCs, YTO NPH pe-
LWIEHHY HEKOTOpOH 3afaud BO3HHKAET PsAfl, W TOrTAa OH
AOJIXKEH CYMTaThCA NMepBHYHHIM o6beKToM. Ecan ke mpH
pellleHuH 3ajaud BO3HUKAET fOCJAEAOBATEABHOCTH, TO
NEPBHYHBIM OOBEKTOM MIOJIXKHA CYUTATECH HMMEHHO OHA.
BriBaloT cayuau, KOria TpH PelieHHH 33a1aYH BO3HAKAET
NOCJe0BATENbHOCTD, HO AJS AOKA3aTEJLCTBA £e CXOLH-
MOCTH NPHXOAHUTCA NMEpPeXOXHTh K COOTBETCTBYIOMeMY elf
pany. Ects, omHako, OAWH BaXHB BOMPOC, KOTOPHIA
HMeeT CMBICJ TOJbKO AJS PANOB, HO HE UMEeT CMHCaa
AJIs1 HocsegoBaTe/bHOCTed. XOpOLIO H3BECTHO, 4TO CyMs
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Ma KOHEUBOTC YHCJIA ClIaraeMbiXx He 3aBHCHT OT HX IIO-
paaka. Ho sTo HeBepHO ana psinoB. MoxeT ciyumThed,
yTO NMpPH TNEPECTaHOBKe cjaraeMux psaga (1) Mb moay-
yuM HOBBIH DSl CyMMa KOTODOIO OTJIHYaeTCsi OT CYMMBH
HCXORHOTO paga. OT0 OyneT NOKAa3aHO HHXKe B HpPH-
mepe 1.

BaXHy10 posib B TeOpHUH PSANOB HrpaloT YCJIOBHA HX
CXOJAHMOCTR HJIH, KaK IOBODPAT HHaue, NMPU3HAKH CXONH-
mocTH. IlepBBHIM HeOGXOAMMBIM H [OCTaTOYHBIM YCJIO-
BHEeM CXOJHMMOCTH pfAna sBjsercd ycnoBue Kolim, Koto-
poe MpejacTaBasfeT coboil HpoCcTy0 mnepedopMyJHPOBKY
Ha f3BIK PAROB ycaoBusA cxomuMmoctd Kouwwm aas mocie-
noBatesnprocteft (cM. § 3). Ho ouenr BaxkHy0 posb B
TEOPHH DSLOB HTPalOT M HOCTATOUHEIE YCJIOBHS CXOAH-
MOCTH, He ABJgolHecd HeoOXOAUMBIMH.

Ycaosme cxopumocrn Kown. Tosopsar, gro psx (1)
YIOBJETBOpSIET YCJAOBHIO cxopumoctd Kowrw, ecanm nns
BCAKOTO MHOJIOJXKHTEJNBHOTO YHCAa 6 MOXHO nopobGparthb
TaKoe HAaTypaJbHOE YHCJO v, YTO NPH

q>p>nv
HMEET MeCTO HepaBeHCTBO
[zp+l+zp+2+ e +qu<6- (4)

OT10 ycnoBHe ABAsIETCs HEOGXOAUMBIM H JOCTATOUHBIM
yCJAOBHEM CXOZHMOCTH psijna. B camoM mere,

bSp—sSgt=|2ps1+ 2ps2+ ... + 241 (5)

Takum oGpaszoM, yciaoBHe cxozumoctd Kowwm gnas psga
(1) B TOUHOCTH PaBHOCHJIBHO YCJIOBHIO CXOIMMOCTH JJIf
nocienosarensHoct (3). Ilocnennee ke, Kak Gul0 IO-
KazaHo B § 3, ABasercs HeOOXOAHMBIM M HOCTATOUHLIM
YCIOBHEM CXORHMOCTH HOCJIEXOBATeJbHOCTH (3).

B uactHoM ciaydae, Korpa p=n-—1, g=n, MH
HMeeM S;— Sp == 2,, U COOTHolleHHs (4), (B) npespa-
WaTCsA B COOTHOLIEHHE

2.1 <9,
OTKyZa CAeAyeT, B CHIY HopMyan (4),
limz,=0. (6)
n->o00
TFaxkmnm o6pasom, craraeMble CXONAHErocs psijia NpH He-
OrpaHHYeHHOM BO3paCTaHHH HX HoMepa 006s3aTe/bHO
cipeMsTcs K HyJI0,
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Hdanum eme OAHO CJEACTBHE YCJAOBHA CXOLHMOCTH
Kown. Ecan pan (1) cxoaurcs, To psan

2t 2zt oo F 2t . (7)

TaK}Ke CXOAUTCH M A5 BCAKOTO MOJOXKHTEJLHOTO YHCJIa
0 MOXHO mogo6paTh TaKOe HATypajibHOE YHCJO v, UTO
npu k> v cymma psiaa (7) He npeBOCXORHT 6.

3nakonepemennbiit psa. [lokaxxem Temeph OAMH J0-
CTaTOYHHIH NPH3HAK CXOAUMOCTH AN psija

2+t ... F2+ ... 8

C JEHCTBHTENBHLIMH ClaraeMbIMH. Mul GyneM mpearnoJia-
raTh, 4TO BCe CJlaraeMble 3TOr0 psAja ¢ HeUeTHHIMH HOMe-
PaMH INOJIOXKHUTEJbHE], a BCe CJaraeMble ¢ YETHBIMH HO-
MepaMu orpuuaresbHb. Kpome Toro, 6ymeM mnpenmoJa-

raTh, YTO MOAYJb KaXXJOro cjaraeMOro MeHblle MOAYJS -

npeablyILero caaraeMoro, T. €.
l2n+l|<|znl'

KpoMme TOro, npeamnosoxum, yro
lim |z, |=0.
n-»oo

Takoit pan (8) HasweiBaercs sHakomepeMeHHHIM. OKashl-
BaeTcs, YTO 3HAKONMEPEMEHHHH pAJ BCerga CXORHTCA.
Ins nokasaTesbCTBa STOrO PacCMOTPHM IpeABapH-
TEJbHYI0 CYMMY Sor UETHOrO HOMepa n == 2R, COOTBET-
CTBYIOILYIO 3TOMY pAALy B cuay dopmyasnt (2). MH uMeeM

sp=(21+2)+@+2)+ ... + (p-1+ 22).

3mech Kaxnas H3 CKOGOK, CTOSIHX B NPaBOfl YacTH,
TOJIOKHTENbHA, H TIO3TOMY YHCJO S BO3pacTaerT BMecTe
¢ k. C napyroit cToponnl, Ta Xe NpeJBapuTENbHAs cyMMa
Sor MOXKeT OHIThL 3aMHCaHa B BHAE

Spy=2z1+(z+z)+(@+z)+ ... +
+ (222 + 2o41) — 2241

3mech Kaxpas H3 CKOGOK OTpHIATeNbHa, a MOCAEIHHR
UJIeH — Zop+1 TAKXKe oTpuLaTreseH. Takum o6pasom,

Sop < 2.

Takum o6pasom, Bospacrarolnas Noc/eA0BaTeqbHOCTb YH+
cea ]
82 Sgs v vy Sopy e
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ABJSAETCSA BO3pacTaiollled H OrpaHHYeHHOH M [O3TOMY
CXOIMTCS K HEKOTOpOMY 4Yucay s (cMm. § 4, mpumep 1).
Tak Kak Ipe/iBapuTeNbHAS CYMMa Sgry; HEUETHOLO HO-
Mepa OTJHYaeTCss OT IPEABAPHTENbHOH CYMMBl Sy, YeT-
HOTO HOMepa Ha YHCJIO 2gk+1, KOTOPOE CTPEMHTCS K HYJIO,
TO M MOCJEN0BATENBHOCTh BCEX 1IPEABAPUTENbHEIX CyMM
CXOOHUTCA K TOMY e YHCJAY S, K KOTGPOMY CXOJHTCA IO-
CN€I0BATENbHOCTh NPEABAPHTEJIbHLEIX CYMM YE€THHIX HO-
MEpOB. .

Hrak, nokasaHo, 4To 3HaKomepeMeHHBI paj Bcerja
cxonurcsa. OxasniBaeTcst, OAHAKO, 4TO €CJH AJSA 3HAKO-
nepeMeHHoro psajga (8) uuciao

e=2z1+2z3+2+ ... + 25

HeOrpaHHYeHHO BO3pacTaeT NpH BO3pacTaHHHU R, TO My-
TE€M NePeCTaHOBKH cjaaraeMuiX psiaa (8) MoxHO moay-
YUThb HOBHIH pAf, CXOAAWMHMicA K Hamepel 3alaHHOMY
YHCay {. DTO CTPaHHOE CBOMCTBO HEKOTOP®HIX CXOAALIMX-
Csl pANOB MeHSITb CYMMY IpPH IepecTaHOBKE CJaraeMeixX
HaBOIUT Ha MBICJb O TOM, 4TO PSAJAH TAKOro pPoia MOTYT
o6nafaTh H JAPYTHMH CTPaHHOCTSIMH, NEJAOUIUMH HX
MaJIONpUrOAHBIMH Aast ynotpebienus. Ilostomy B Teo-
PHH PS/IOB OCHOBHYIO POJIb HrPaloT TaK HashiBaeMble ab-
COMIIOTHO CXOASAILHECS pSAbl, H3YYEHHUI0 KOTOpPHIX Oyaer
nocesimien § 6. OTH pAAH yXe He HMEIOT TaKOro poia
CTPaHHOCTeH.
I[Ipumep 1. Jas 3sHaxkonepeMeHHOro psiaa

21+2+ ... +2,+ ... 9)
COCTaBHM JiBe CYMMHI

h=214+23+ ... + 251,

te=2+t2+ ... &+ 2.
IMepBast U3 3THX CYMM NOJIOXKHTENBHA H BO3PACTAET BMe-
CTe C k, BTOpas OTpHLATeJ]bHa, U MOAYJb €€ BO3pacraer

BMecre ¢ k. OkasniBaercsl, UTO eciu t;—> co, TO MOAYNb
1 Takke crpeMHTCH K 6GeckoHeuHocTH. JleHCTBUTE/bHO,

MBI HUMeeM
4
Sop = fk —+ t%.

Tax Kak 4HCJIO Spr CTPEMHTCS K ONpPENENEeHHOMY Hpefeny
npH k Bo3pacTalolleM, TO H3 IPEANONOXKeH s, YTO MOJIO-
JKUTeNbHOE YHCJO fr HEOrPaHUYEHHO BO3pacTaer, cie-
AYeT, UTO OTPHILATENIbHOE YHUCJIO [}, HEOTPaHHYEHHO YOI-
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BaeT, CTPeMACh K — oo. 3afafuMCs Telepb MPOH3BOJbe
HBIM YHCJIOM ¢ M MepecTaBHM cJjaraeMble paga (9) Tak,
yTo0bl CyMMa BHOBb TNOJYYEHHOro psaa Oblaa paBHa
uncay ¢t Ilpouecc mepecrpoiiku psga (9) caenymomuil,
OGosHauuM 4epe3 p; HauMeHbliee 3HAUEHHE HATYPaJb-
HOrO YHCJa p, IPH KOTOPOM

t, >t

,I[anee, 00603HauuM uepes ¢; HanMeHblllee 3Ha4YeHHE YUC-
Ja g, ipHu KOTOpOM
o 1 < L.

I/ICXOIIH U3 3THX HaYaJILHBIX 3HAYeHHH umces p1 H g, 10~
CTPpOHM 1Be BO3pacTawonue IMocJenoBaTeJbHOCTH HaTy-
PaJbHBIX YHCeJ

P1s P2y, vevy Puy ooes (10)

gy, G2 ooy Gny oo (11)
MHAYKTHBHO, CYHMTAasg, UYTO 4YHUCAA Pn u gn YX€ 3aJaHhl.

YHucna pnyi B Guy1 ONPEIENHM TAK: Pnyy €CTh HAHMEHD-
llee 3HaYEHHE HATYPaJIbHOIO YHCIa p, PH KOTOPOM

tp+tz,1n>t,
a YHCJIO ¢nyy €CTh HaHMeHblllee HaTypaJbHOE€ YHCAO ¢,
AJ1S1 KOTOPOro
4
topsr 15 < 1.

Tak kak psam (9) cxomuTes, TO UMEHH €ro cTpeMaTcsa K
HYJI0 NpH n BO3PACTAIOLIEM, a OTCIOKA JIETrKO CJEAYET,
4TO AJIS MOJYYEHHBIX MNocaefoBaTenbHOcTell uncea (10)
H (11) MB HMeeM .

. V4 —

lim (&, +13,) =t.
Ho cymmy t,,n—l-t{,n MOXKHO 3alucatb B BHIE
. 4 —_ ¢
fo +ta,+ (o, —to)) + (t,— to) + ... +

’ ’

+ (tpn - tpn-l) + (tqn - tqn—l)' (12)
Kaxnoe us BrmucaHHHIX 37ech caaraeMbix npencras-
JeT 060l CyMMy HECKOJBKHX UJEHOB psja (9), npu-
UeM cnaraeMble psaa (9) He MOBTOPSIOTCA B CJAaraeMbix
cymmer (12), a npu BO3paCTaHHH N7 HCUEPNIBIBAIOT BCE

diensl paga (9). Takum obpasom, ecan B cymme (12)
3aMEHHUTb KaXJ0e C/laraeMoe COOTBETCTBYIOLIEH CyMMOH
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yjenoB paga (9), MB noJjyunM psjg, coaepxalluii Bce
ciaaraeMmble paga (9), Ho pacmosioXeHHble B HOBOM IO-
pazke. Tak BO3HUKAIOWMH HOBHIH pAA HMeeT CBOEH CyM-
Mofi Hamepel 3aJaHHOe YHCJIO ! H HoJyyaeTcs H3 psaa
(9) nyTem nepecTaHOBKH €ro CJaraeMbix.

IIpumep 2. JlaguMm Tenmepb KOHKPETHBIH 4YHCJOBOH
pan (9), Ans KOTOPOro MMeeT MecTO CKa3aHHOe B MpH-
Mepe 1. DTOT pAA ecThb

L__ -t
n

1—’;_+%-+ ...+ +t-0 .(13)
Tak Kak uucnaa f, u |f%] aubo oba ocralorcs OrpaHH-
YEeHHBIMH IIpu BO3pacTaHHM kR, aubo oba crpeMATcs K
6eCKOHEYHOCTH, TO, AJs TOro 4TOOH A0Ka3aTh, YTO Iep-
BO€ H3 HHX HEOIDaHHYEHHO BO3pacTaeT, AOCTATOYHO MO~
KasaTh, 4TO MX CyMMd HEOIDaHHYEHHO BO3PacTaer, T.E.
4TO MBI HMEEM

lim (¢, + | % |) = co.

k->o

HOns paga (13) HaM ROCTAaTOYHO, TaKHM 06pasoM, A0Ka-
3aTh, UTO PAL

L T S (14)

pacXomHuTCs, T. €. CyMMa ero paBHa - oo. PaccMorpuMm
oTpe3ok psiga (14), cocrosiliui H3 YJEHOB C HOMEpaMH
n, yOOBJIETBOPSAIOMUMH YCJAOBHAM

9l e g2,

rae ! — HatypajbHoe uuca0. UHCIO 3THX UJIEHOB PaBHO
o o 1
2i-1 a nocienHUN HaHMeHbUIHH UJeH paBeH—r. Takum

o06pa3om, cyMMa UJIEHOB 3TOro oTpeska psafa Gosbiue
-1

1
GeM — =7 Beco psan (14), HaumHas co BTOPOro

cjlaraeMoro, paclnajgaercsi Ha HemepeceKalomuecs OTpes-
KH pPacCMOTPEHHOro BHAa, rie [ Mensercs oT 1 Ko oo.
Takum obpasom, cymma psaa (14) paBHa GecKOHeuHo-
CTH.

Urak, pas psga (13) uucno ¢, HEOrpaHHYEHHO BO3-
pacraer, ¥ NMOTOMY B CHJY AOKa3aHHOrO B mpHMepe 1
uieHs! psfa (13) MOXKHO mepecTaBUTb TaK, YTOGH CyM-

71



Ma BHOBb INOJY4YeHHOro pspa 6blla paBHAa Hamepel 3a-
JaHHOMY UYHCJY ¢,
ITpumep 3. Iycrsb

21+ Zg‘l‘...+2n+..., (15)
witw+t .. Fw . (16)

— ABa exoxswuxca pana. Cymmy nepBoro u3 Hux 060-
3HaYUM uepes s, cyMMy BToporo uepe3 f. OkasniBaercd,
YTO PAABl 3TH MOXKHO CKJaAbIBaTh NMOWIEHHO, T. €. AL

@+ o)+ @t o)+ .o @t @)+ ... (17)

CXORHUTCSA K yHeay s + £. JlokaxeMm 370.
CocraBuM npegBapuTenbHble CyMMbI

Sp=21 + ... +2,,

t,,=w1—l- e +w,,.

Torna B euny cxomumoctu pagos (15), (16) mas Kax-
JOr0 HOJIOXKHTENbHOIO 4YHCIA § HalJeTcs HacTOJbKO
GosbIioe HaTypaspHOE YHCJIO v, UTO MPH 7 >V HMeeM

I}
ISa—sl<2  jt,—tl<2.

SlcHo, uto mpemBapurenbnas cymma psga (17) HoMepa
n paBHa S, + ¢, Ho Tak kak mpu n >>v MB HMeeM

I(Sn+tn)_(s+t)|<6:
10 pax (17) cxomurest K wucay s+ £,

§ 6. A6cosoTHO cxopsmuMecs PSAb

Pan
2142+ ... 2,4+ ... (1)

Ha3bIBAETCSt  aOCONIOTHO  CXOOAUUMCS, €CTH DAL, CO-
CTABJIEHHBI M3 alCOJIOTHEIX BeJWUHH, HJH, 4TO TO e
caMoe, MOAyJell ero cjaraeMbx

lzil 24 o0 Flze 4+ ..o, (2)
CXOMUuTCA.

Ilpexne Bcero caemyer nokasaTh, uTo a6COMIOTHO
CXOAAIMACSA PAX caM CXOAHTCS B OGBIYHOM CMBIC/E CJIO-
Ba. Jlas nokasaTenbCTBA HCHOMb3YeM NMPH3HAK CXOMMMO-
cru Kowmn. Tak Kak, mo npeanosoxenuio, psia (2) cxo-
AHTCS, TO AN BCAKOTO MNOJOXKHTENBHOrO 4YHcAa & Cya
IIECTBYeT HACTONBKO OOJbUIOE HATypasbHOE YHCIO Vv,
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MLl UMeeM
1. Tl gppal o 2 < E

4TO OpH 4

Tak Kak
|2p+l+2p'+2+ s +zq|<
<lzppr 1 2pe2l 4+ o0 Fl2,01<8,

TO. MBI BHAMM, YTO NpPU3HAK cXopumoerd KolUH BHINOJ-
HeH TakKxke H a4 psga (1), T. e, oH cXomuTes.

K sToMy mpocToMy paccyskmeHHIO TecHO NPHMBIKaeT
O[HO BaXHoe CBOHCTBO abCOJIIOTHO CXOASILIErOCsl psija,
KoTopoe, BooOlile roBOpsi, He HMeeT MecTa AJIs psija Ipo-
cro cxopamerocs. Ecnu pag (1) abcomoTHo cxoasmiuii-
¢, TO IJIS KaXKJOro IOJIOXKHTEJbHOrOo YHCia & MOXKHO
noao6paTbh HACTONBKO GOJBLIOE HATYypPanbHOE YHCIO v,

UTO €CJHM HaTypaJjibHble YHCHAa p; < Po << ... << pr Bce
NPEBOCXOASIT YHC/IO v, TO HMEET MECTO HepaBeHCTBO
|25, + 25, + AR 3)

3nech v—TO HaTypajbHOe YHCJAO, KOTOpOe COOTBET-
CTByeT MOJIOXHTEJbHOMY YHCJY & COrJIacHO NpPU3HAKY
cxonumocru Komn ang pana (2).

Idns pokasaTesbCTBA 3TOrO0 CBOHCTBA  JOCTATOYHO
BLHINHCATh HepaBEHCTBO

|2p, + 25,4 ... + 2, | < 20, | + |20, + - - +|zpk|<
<2001 242+ "'_+lqu<5’

-rae p+ 1 ==p;, g =ps.

HesaBucumocts ot ‘mopsigka caaraemeix. Jlokaxem
Temepb, YTO CyMMa § abGCOMIOTHO cxoasimerocs psaga (1)
He 3aBHCHUT OT NOpsAAKa ero cjaraeMbx. s nokasa-
TeJbCTBA BHIIHIIEM DSZ

2424 o4+ ., “4)

noayyaromuiicad U3 psaga (1) nepectaHOBKOH ciaraeMbix.
CocraBHM mpenBapuTeJbHBIE CyMMBl 1/ OGOHX PSILOB,
T. €. CYMMH

Sp=2z1+2+ ... +2, sn=2i+2+ ...+z2.

3agagnMcs Tenepb MPOU3BOJbLHLHIM MOMOXKHTENbHEIM YHCA
JoM § u BuIOepeM HacTOJNBKO GoJbllIoe HaTypaJbHOE
YHCJIO v, YTOOB NPH 7 => Vv BHINOJHAJIOCH HEPaBEHCTBO

|sp—s| <o (5)
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H 1Js TOTO e caMOro v HMeJO MECTO COOTHOLIEHHe
(3). 3adukcupyeM Tenepb n, monoxus n==v + 1. Tak
KaK Tenepb CyMMa S, SBJIsSeTCs BIIOJHE OMpeleleHHOH,
TO CyLIeCTBYeT HAaCTOMbKO Gosblioe v/, 4TO cymma sy
COZEp:KHUT Bce uJeHH paxa (1), BXoAsllHe B CYMMY Sn.
Torga npu n’ >V’ cymMMa Sy TaKxkKe CONEPKHT BCe
yneun psaga (1), Bxoisiiue B CyMMYy Sp, M INOTOMy B
cuJay HepaBeHCTBA (3) Mbi HMeeM

| sp— s, 1< 0. (6)

U3 uepasencrs (5) u (6) cnenyer, 4ro
' | sk —s] <28

npu ycaosuu, uto n’ >>+v’, rae v’ 3aBucuT oT 6. 3ana-
JUMCSl Telepb NPOU3BOJBHBIM IIOJIOXKHUTEJbHBHIM UYHCJIOM

€
e u nonoxnM 8==-5. Takum oGpasom, 10Ka3aHO, UTO,

HCXOAA M3 3aJaHHOTO MOJIOXKHTEJbHOrO 4YHC/aIa &, MOXHO
HaliTH Takoe HaTypajbHOe uucao v/, 4to mpu n' > v’
HMeeT MeCTO HepaBeHCTBO

| s — sl <e.

A 3To u 3HauHT, YTO pAA (4) MMeeT cBOeH CyMMOH 4HCIIO
s, ABJsAOIeecs cymmoit psaga (1).

Wrax, jg0KazaHo, 4yTO AJAA aOGCOJIIOTHO CXORAIIErocs
pAla cyMMa He 3aBHCHT OT NOpAJKa CJaraembiX.

Nepemuoxenune psiaos. s Toro uToGbl NEpEMHO=
XKHUThb JB€ KOHEYHBle CYMMH, ClHefyeT KaXjaoe cjaaraemoe
nmepBoil CyMMbl YMHOXKHTb Ha KaXjoe cilaraeMoe BTOpOH
CyMMBl H TOJyuYeHHble NPOH3BeJIeHHs CJIOXHTb. JloKa-
3KeM, YTo TO K€ NMpPaBHJIO AeHCTBYeT H B OTHOLIEHHH al-
COJIIOTHO CXOAsiuxcs psaaoB. Has goKa3aTe/nbCTBa 3TOrO
BHIMUIIEM JBa abCOJIIOTHO CXOAALIMXCH psiaa

o+ z+ ...+ 2+ . (7)
w0+w1+...+wn+... (8)

31ech mepBHie ciaraeMble psifoB 0603HaueHH OyKBaMH
c ungekcamu 0, a He ¢ HHAEKcaMH 1. DTO He HMeEET 3Ha-
YyeHHs, a B JaJjbHedmeM OyaeT yaoOHO NPH IMpHMEHe-
Husix. IlpensapuTeNbHble KOHEUHBIE CYMMBHl 3THX PALOB
0603HaYUM yepes

Sn=20+zl+-°-+zn; t,,=wo+wl+ oo Fw,.
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[lpeaBapuTeNbHbie CyMMB s PAJOB aGCONIOTHHIX Be-
JIMYHH 0603HaYUM gepe3

Sn=lal+lzi1+ ... +]2,1,
A
Lh=|w|+|w|+ ... +|w,l
ITonoxuM, ganee, '
lims,=s, limt,=/{.
n=»0 n=>o
CocTaBUM Temepb INpOH3BENeHHs KaXAOrO 4YJeHa psaa
(7) Ha Raxaw# uneH psaga (8), T. e. NpOU3BeEHHs BHAA
2pWgq, H COCTAaBHM CYMMY BCeX 3THX NPOH3BeJEHHIH, BBIIH-
caB UX NpEeABapHTEJNBHO B BHJAE OXHOW cTpoku. Crenarthb
3TO MOXKHO pa3HBIMH Cmoco0aMH. YKaxeM, HampuMep,
TaKOH:

20wy + (21w + 20w)) + (20w + 21w; + 20w0) + ...

v F(@ZawoF 2o+ L 20wy).
3necy B OfHY rpynny co6paHbl BCe NPOH3BEAEHHS 2pWq,
IJIST KOTOPHX p 4 g==n, © B 3TOH rpynne cjaraeMhe
PacCnoJIOKeHk! 110 pOCTy HHJAEGKCA ¢ OT 0 A0 n. STI/IM HJIIA

APYTHM CrocOGOM pacCloJIOXKeHHHe B psij NMPOH3BeLeHHS
BHJA 2pW, 3aNHLIEM B BHAE OJHOH CTPOKH

got+a+ ... +8m+ ... (9)
[pensapurensHyio cyMMy sToro psifia 0603HauyuM uepes
hn=go+gi+ ... +gn

Mu nokaxeM, uto pag (9) aGcomoTHO cXopsuuiics H,
CleR0BaTeNbHO, HMeeT CYyMMY, KOTOPYIO MBI 0603HauHM
yepes A, Tak 4To

lim h,,=h.

m—>o .
Ianee, MBI moKaxeM, 4To

h=st.

Hokaxem 370 yrBepxkieHnue. JlJ 3TOro cOCTaBHM
npefBapHTe/NbHbIE CYMMBI AJ5 psiga aGCOIOTHBHIX BeJIH-
4YHH YJjeHoB psaga (9)

bn=Ilgil+1gl+ ... +lgnl

Tak Kak npeiBapHTeJbHas CyMMa B, COLEPXKHT JHIIb
KOHEUHOe YHCJIO CJaraeMblX BHAA |2pWq|, TO CYyLIECTByeT
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7151 JAEHOTO /m Takoe 6GOJblLIOe 7, YTO BCE WIEHH mpeln-
BapUTEJbHON CYyMMB A, cozmepxarcsi B NPOH3BeAEHHSX,
BO3HHUKAWOLIHX NpH MepeMHOXKeHHH cyMM $, H fn.. Orcio-
Ja cjlefyeT B MepBYIO oyepeib, UTO

by < St

4 Tak KaK TpU HEOTpPaHHUeHHOM BO3pacTanHu n 06a
MHOXKHUTEJ/Isl PaBOd YaCTH OCTAIOTCA OrpaHHYEHHBIMH, TO

OrpaHHYEHHOH OcTaeTcs W MpefBapHTeJbHas cyMMma fn
npHu HeorpaHHYEHHOM pocTe uucaa m, Tak 4TO psal (9)
a6conoTHO cxoaurca. Jlasee, OUeBHAHO, UTO BCE NPOH3-
BeAeHHS BUAA ZpWq, BXOASLINE B NMPEABAPHTENbHYIO CyM-
My hm, BXOAST B NOMapHble NPOU3BEAEHHS, BO3HHKAIO-
IHe MPH NMepeMHOXKEHHH CyMM S, H t,. Takum o6pasom,
Pas3HOCTh Sal, — hm MOXeT ObITb 3anHcaHa B BHIE

Suln — bm=8p, + 8o, F -+ T &0p>

re Bce HOMepa p; < p2 << ... << pr Goabwe m.Ilo pa-
Hee fAoKaszaHHOMY (cM. (3)), AA 3a4aHHOTO MOJIOXKH-
TeJIBHOTO 4YHCJaa & HalJeTcs HacTONbKO OoJblioe HaTy-
pajbHOE 4YHCHO v, 4TO NpH vl pr << pe<< ... < Pe
HMeeT MeCTO HepaBeHCTBO

|gp,+ 8p,+ - + 85 1<
H 4TO NpPHU n => v HMEIOT MECTO HepaBeHCTBa

|s, —s|<86, |t,—1t]<d.
W3 ckazauHoro ciaenyer, 4To

lim h,,== lim s,f, = st.
m=»>0 n—>0

Wrak, npaBusio NepeMHOXEHHS PANOB JOKa3aHo.

Onna ocnosHas dopmysa sjeMeHTapHoH aare6psi.
Jlokakem 3jech OZHY OCHOBHYIO (hopMyJy anareGphl, Ko-
Topasi Gyner ynorpeGJsTbCS MHOTO pa3 B JaJbHeALIeM,
B YACTHOCTH MJiT CyMMHPOBaHHS TIeOMeTPHYECKOH Ipo-
rpeccuu. JIna sanucH 3ToH (QOpMyJBl H €€ HOoKasaTelb-
cTBa 0603HauuM uepe3 fr(2, @) MHOro4JeH OTHOCHTEJNbHO
IBYX NepeMeHHbIX 2 M @, NPeACTaBASIOUKHA co6olt cym-
MV Bcex NpoH3BeAEHHH BUIA

2Puf, (10)
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rjie p H ¢ — HeOTPHIATeNbHHE LieJble YHCIA, CyMMa KOs
TOpHIX paBHa k. Taxum o6pasowm, ,

fre, ) =2+ 2w+ 2202 + ... 2ebl 4 of
DopuMyaa, 0 KOTOPOil HAET peub, CAeLYIOas:
== — w0 f,_1 (2, 0. (11)

1

Hus ee mokasaTenbcEBa yMHOKHM fo-i(2, @) Ha 2. Oues
BHJIHO, YTO 3TO NPOHM3BeJEHHE CONEPIKHT BCE CJaraeMhig
Buga (10), roe £ = n, KpoMe ©", TaK 4TO MB HMeeM

fa-1(2, W) 2=F,(2, ) — 0" (12)
Touno Tak Ke Ml HMeeM .
a1z, ©)w="f,(2, w)—2". (13)

Boiynras pasencrso (13) us pasencrsa (12), moayuaem
fa-1(2, @) (2 — w)=2"—u",

T. €. IoKa3biBaeMyio popmyay (11).

CymmupoBaHne reomerpuyeckoii nporpeccuu. ITpume-
HUM Ttenepb (opmyay (11) niasi cyMMHPOBaHHS reoMeT+
PHYECKOH MpOrpeccHH

s,=a+aw+4 ... +av” (14)

Te @ ¥ @ — KOMIIJIEKCHBIE YHC/Ia.
SlcHo, uto s, = af.(l, w), oTKyaa B cHAy GopMymbI
(11) nmonyuaem 1
— "t
—all—w") (15)

Sn 1—w

[ocnennion ¢opMyny MOXKHO NPUMEHUTh AAS CyMs
MUpPOBaHHS OeCKOHEYHOH reoMeTPHUYECKOHl NPOrpeccuu

atavw+taw’+ ... +aw”+ ... °  (16)

B cayuae, Korga |w|<<1. das paga (16) cymma s,
(cM. (14)) sBasiercs mnpenBapHUTENbHOH CyMMOH, H B
cuny opmyast (15) npu |w| << 1 M HMeeM

. a
fim s =% n

(em. § 2, (12)). .
Tnasubiii npusnak aGeodioTHol cxopumoctu. Jlagum
Telleph OJAMH BaXKHBIH JOCTATOYHHIH NpU3HAK aGcoJIOT-
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HOH CXORMMOCTH pAja. Brimuiem psn
H+z+ oo F2,+ .0, (18)

claraeMBIMH KOTOPOTO SIBJISIIOTCS JAeHCTBHTEJNbHLIE HIIH
KOMNIeKCHBle uncaa. Hapany ¢ HuM BuinuiieM npyroit

pan
wtuw+ ... Fu,+ ..., (19)

ClaraeMeIMH KOTOPOTO SIBJASAIOTCA AEHCTBHTEbHbIE MOJO-
JKHUTEJbHbIE YHCAA,
Ecan pan (19) cXoxnrest M BHINONHEHH HepaBeHCTBA

Iznl<un, n=0,1,2,...,

To pan (18) saBasercs abcoaioTHO cxoasmumes. JoKa-
8aTe/IbCTBO 3TOrO YTBEPKJAEHHS HACTOJBKO NPOCTO, UTO
HeT HagOOHOCTH ere npHBOAuTh, OTMETHM AOMOJIHHTENb-
HO BaXHOe cooTHoulenue. Ecim s—cymma pama (18),
a v—cymMa psna (19), To uMeeT MecTO HEpaBEHCTBO

IsI<v.

Oco6enHo BaXKHHM YaCTHBIM ciydaem psaxa (19) ss-
JIIETCS reOMeTpHYecKasi IPOrpeccHs

a-+t+ac—+ad’+ ... +ad* 4 ..., (20)

Tle a U o — MOJOXKHTeJNbHblE UHCaa, NpHUeM o < 1.
Cxonumoctb psana (20) namu yxe gokasana (cM. (17)),
npuyeM cymma v psaga (20) maercs ¢opmyson

a
Takum o6pasom, ecad psp (18) ymoBaeTBopsieT yeao-
BHAM
: |2, 1< aa, n=0,1,2, ..., (22)
TOo paa (18) abcomoTHO cXomuTcs, H MB HMeeM
OLEHKY €ro CyMMHl B BH/Ie HEDaBEHCTBA

Is 1< (23)

CoBoKynHOCT, HepaBeHCTB (22) MOXKHO 3amucath Ko-
POTKO B BHAEe OAHOH (popMyJinl
2,=0 (a") (24)
(cM. § 2). Takum o6pasom, mocienHee yciaopue (24) ss- -
JIRETCA JOCTATOYHBIM AJIs aBCOIOTHOR CXOAMMOCTH psija
(18).
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IIpumep 1. 3mecy Gymer mana dopmyna, moKasas
TEJbCTBO KOTODOH CJIYXKHT XOpolleHd HJIIOCTpalHueit
TOJILKO UYTO H3JIOKEHHOrO [O0CTaTOYHOro NpH3HaKa ab-
COJIIOTHO! cxomumocTH psAna. Cama dopmyna Hafiger
BaXXHOe NpHMeHeHHe B cJexywloumem mnaparpade. [lycrs
c(k)— orpannyeHHass (GYHKLHS HATYPaJbHOTO uHcaAa &,
T. €. QYHKIHSA, YIOBIETBOPSIOIAS YCIOBHIO

le(R) ] <e,

A€ ¢-— KOHCTaHTa, He 3aBHcsfas or k. Torma umeer
MECTO cJenyollee NpelesbHOE COOTHOLIEHHE:

lim (14+<@0) =1 (25)

k>

Ina noKasaTenbCTBAa pasBepHEM BbIpaXKeHHe, CTOSs
Ilee moj 3HaKOM mnpepesaa, mo ¢opmynae 6uHoma HeioTos
Ha (cM. § 2, (10)), uMeHHO, HamHIIeM .

(+52) =1+z+a+ . +at ..,
rae

kRk—1) ... (k— 1 k
S LSS T s )(céﬁ))n___
1 k. k—1 (k—n-+1) c (k) \n

. ( i )

nl  k kT k

Orta ¢opMysa BepHa NPH NPOH3BOJBHO GOJBIIOM 7, XOTS
B OuHOoMe HbloTOHA COZEpKHTCA JHIIL KOHEUHOE YHCJIO0
YJIeHOB.

Henocpexncrsenno BuaHo, 9T0

lz. 1< ()"

Takum o6pasom, npu k> ¢ Mbl HMeeM B CHJIy HOPMYJIH
(23) HepaBeHCTBO

L
k

214204+ .. 42,1

N3 sToro BHAHO, uTO NMpH k—> oo CyMMa 2y -+ 22 + ..,
s+« - 2, cTpeMutCa K Hymwo. Mrak, gopmyna (25) moka-
3aHa, Aty GopMyny MOKHO NMepenucaTh B BHIE

fim (140 (5))" =1
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i.pumep 2. JlokaxeMm, 4TO pnn
1 1 ’
I+g+gt oo Fort. (26)

cxoputcsd. s mOKasarenbcTBAa MOCTPOHM  BCHOMOTa-
TeJIbHBII PAJ, cJlaraeMble KOTOPOro NPeBOCXOJAT CJjarae-
Mple pafa (26) H cXomLMMOCTb KOTOPOro JIETKO YCTaHaB-
Jusaercs. Psx 3TOT cnepyomui:

1 1 1
trztzst o tammeto @D

Mu uMeeM
111
n—Dn  n-—1 n -

3aMeHsia 1o 3ToH opMmyJe KaXIplii 4ieH pana (27),
MBI MOJIy4aeM HOBBIA pax

1+(1-9)+(z=5)+ - +G=r—7)+
+(F—wFr)t

SlcHo, uTOo cyMMa mocsenHero psga paBHa 2. Tak Kak
1 1
7 < m—1Nn'

TO H3 CXOAHMOCTH psfa (27) BHTeKaeT CXOAHMOCTb
psana (26), npuuem cymMma pspa (26) menblue 2,

§ 7. ®ynkuus exp(z)

BoJbliyio ponb B anajnuse Hrpaer QyHKUHS exp(z).
KOMIIJIEKCHOI'0 MepeMeHHOro 2z, Kotopas 3anaerca paxoM

xp@=gt+e+E+ S )

Psx ator a6conOTHO CXOAMTCH AJIA HpOH3BOJIbHOI‘O 3Ha-
YeHus Z, TaK Kak

EL_owy, @

rie y <<1, a 370 ecTb mpusHaK abCOJNIOTHONH CXOZMMO-
crd paga (1) (cm. §2, (19) u § 6, (24)).

-OcrioBlble cBoficTBa yHKUHH eXp(2). YCTaHOBUM Te-
mepp HECKOJbKO cBOHcTB GyHKUMH exp(z). Ilpexne
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e o e o, i e

BCEro, SICHO, 4YTO
exp (0)==1. (3)

Baxneiiinee cBoficTBo ¢yHKIHMHE exp (2) BhIpaxaercs
cienymweir popmyJoi:

exp (2 4 w) = exp (2) - exp (w), 4

Tl€ 2 ¥ ©— ABa NPOH3BOJbHELIX KOMIJIEKCHHX YHCJHA. .
Haa poxaszartenscrsa ¢>0p'vxym>1 (4) BninmuweM pAX

@) =g+t T+ . AL )

Tak kak o6a psaa (1) u (5) abCOJIOTHO CXOAATCH, TO
JUIS MONYYeHHS HX NMPOHM3BENEHHS CJeNyeT IepeMHOXHTb
HX mounenHo (cM. § 6). Taxkum oGpasoMm, HaM ciaeayeT
COCTaBUThb BCe MPOH3BENEHHUS BUIA

1 p g

T 2 W ' (6)
Tle p H g — LleJble HEOTPHIATENbHLIE YHCHAA, H IIPOCYM-
MHpoBaTh ux. IIpocymMupyeMm crepBa Bce NpOH3BeLeHHS
Buga (6), @19 KOTOPHX p -+ g = n, rie n— PUKCHPO-
BaHHOE IeJI0e HEeOTPHUATeJIbHOE YHCIO0. YMHOXHM 3Ty
KoHeuHyI0 cymMy Ha nl. [ToayueHHas Tak cyMMa COCTOHT
M3 BCeX CjaraeMhbixX BHJa

| Pl
n' 2w, . (7)
plg!

rie p-+g=n, a 4ucna p H g -— Lieable HEOTPHIATENb-
uoie. [To ¢dopmyne GuHoma Heiorona (cm. § 2, (8))
CcyMMa Bcex uneHoB Buaa (7) paBHa

(z+ w)".

Tax kak B mpousseneHue psgos (1) u (5) BXoauT cyMm-
Ma BceX npoussefenuit Buna (6), a Mbl YMHOXKHJIH ee HA
n! aas toro, yTo6bl MOJYYHTH CYMMY ujeHoB Buna (7),
To npoussegenue paioB (1) m (5), oueBHAHO, HMeEeT
BHI

exp(z)»exp(w)=
+z+w +(z+w)’+ I G k) i (z+w) 4o =
o, (1) et
(em. .
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Takum oGpasom, ocHoBHasi ¢opMyaa (4) KoKasaHa,
N3 coornowenuit (3) u (4) caenyer, uto

®)

exp(— 2)=~e;p(—2)

JleficTBUTe/IbHO, MBI MeeM
I =exp(0) =exp(z+ (— 2)) =exp(2) - exp(—2),

TaK 4YTO exp(z)-exp(—z)=1, a 3ato 3Hauut, uTO Gop-
myna (8) BepHa.

Us dopmyn (4) u (8) HemocpencCTBEHHO BHITEKaeT,
4To

' exp (w)
exp(w-—-z)=~-&;(—z)- , 9

ITyreM mnocnenosaTenbHoro npuMeHeHHs (GOPMYJH

(4) B cayuae z = w MHl noJayYaEM

exp (k2) = (exp (2))",
rae k—npoussoJbHOE HaTypanibHoe wuncno. M3 stoft
¢dopmyan u dopmya (3) u (8) caenyer, 4To
exp (kz) = (exp (2))* (10)
TIPH IPOH3BOJLHOM IIEJIOM R.
IlokaxeMm Teneps, uro
mpu |z|=a<1 umeeM |exp(2)—1]|<— (11)

1—a*

HefictButensHo,
z 22 Pid
exp(z)—l=ﬁ+-§'—+... +ort (12)

2 n
Ilpu |z]=a <1 Mb uMeeMm |21 <a*, u, cnemo-
nl

BaTe/NbHO, CyMMa psijia, CTOSAIIEr0 B HPaBOH 4acCTH pas
BeHcTBa (12), mo Mopysai0 He NMpPeBOCXOAHT BeJHUHHHL

lja (cM. § 6, (23)). Takum o6pasoM, HepaBeHCTBO

(11) mokasawo.
W3 nepasencrea (11) caeayer, uto

mpe |w—z|=a<1 nmeem |exp(w)—exp(2)|<
<|exp(@)|ly—=. (13)

l1—a’
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JleficTBUTE/IBHO, B CHIy dopMyJel (9) MBl HMeeM
exp (w) — exp(2) =exp (2) « (exp(w —2) — 1),

OTKyAa B CHJy HepapeHcrBa (11) caemyeT HepaBeHCTBO
(13).

s nepapencrsa (13) caenmyer, uto dyHRuus exp (2)
€CTb HenpepeiBHasg ¢yHkuus (cM. npumep 1 § 1). B ca-
MOM JeJe, MyCTh 2o — NMPOH3BOJbHOE KOMIIJIEKCHOE YHCJIO
U 21, 2 ... Zn, ...— TaKas MOCJEA0OBATEJBHOCTh KOMII-
JIEKCHBIX YHCeJI, 4TO

lim z,, = 2.

n-»oo
B cuny dopmyas: (13) Mbl uMeeM A7 A0CTAaTOYHO GoJb-
mux n

| exp (2n) — exp (20) | <] exp (20) | §

|2n— 2]
—l2n — 20|

ITepexons B sTOM HepaBeHCTBe K Npejgesy NpH 1 — 0o,
noJyuaem

lim exp (2,) = exp (20),
n->o

TakK 410 QYHKIUSA eXp (2) HempepbiBHA AJif KaXJAOro 3Ha-
YeHHs CBOEro apryMmeHra 2o.

®ynkuus exp(2) asa neficTBATENbHBIX 3HAUCHUI Z2=X.
YeranoBuM Tenepb HEKOTOpbIe CBOHCTBA GYHKUMH eXp (2)
ISl lefiCTBUTeIbHBIX 3HAaYeHHH aprymentaz = x. [Ipex-
Jie BCero, SICHO, YTO eXp(x) NpH AefCTBHTEJbHHIX X BCEr-
Zla JeficTBHTe/IbHA H MOJOXHTeJdbHa. B camom jgesne, Bce
Koapdunyuentsl psima (1) AefCTBUTENbHH H IOJIOXKH-
TeJbHbl, I0ITOMY 3HaueHHsl exp(x) [AeHCTBHTENbHBI H
NOJIOXKHUTENbHE NpH ¥ == 0; HO OHH INOJIOXHTEJbHH H
npu x <0, uro crenyer u3 Qopmyan (8). Hrak,

exp(x) > 0.

CoBepuieHHO 0cO6YyI0 pOJb B MaTeMaTHKe HIpaer
sHauenve dynkuuu exp (1). Unceao 310 HMeeT cneuyadb-
Hoe 0003HaueHHe e M, coraacHo QopmyJae (1), oHO paBHO

e=exp()=1+—+5+ ... +or+ ... (19

Bnarogaps cBoeH HCKAIOYHTENLHO GOJBLION pOJH B Ma-
TeMaTHKe YHCJO e BBIYHCJEHO C BBICOKOH TOWHOCThIO. [la-
JUM ero 3heCb C TOYHOCTBIO JI0 5 HECATHYHHIX 3HAKOB!

e~ 2,71828,
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Hs popmya (10) u (14) crenyer
exp (k) = ¢* (15)

AJid NPOU3BOJBHOIO LeJoro k. Ho OKa3biBaeTcsd, 4TO H
IJis NPOHU3BOJBHOTO DALUHMOHAJBHOIO YHCJIA ¢ MBI HMeeM

exp(r)=e". (16)

B camom nene, monarast B ¢opmysae (10) k=1 u [z =
== X, Mbl IOJIy4aeM H3 Hee

exp (x) == (exp (—’{—))l (17)

X
Tax Kak unena exp(x) u exp (T) NOJIOXKHUTENbHH, TO
u3 gopmyasl (17) BriTexder

exp (£) = (exp ()T

31eck, OYEBHIHO, NIOAPA3YMeBAETCA, YTO B NMPABOH YaCTH
B3fITO MOJIOKHTEJNbHOE 3HAaYeHHE KODHS M3 IOJIOKHTeNdb-
Horo d4ucaa. I[lonaras B 3TOM coOTHOWIEHHH x =k, MBI
nosy4aeM B cuny ¢opMyasl (15)

Lk

T |

1
exp (7) =(exp ()T = (HT =T,

k
Tak kak T €CTb INPOH3BOJIbHOE palHOHAJBbHOE YHCJO,

10 opmyna (16) nokasana.

B ¢opmyne (16) cnpasa crout e B pauuoHaJBHOM
CTeNeHH r, ONpeNeJeHHOe IO BCeM MpaBHJIAM 3JeMeH-
TapHOH anre6pbl, T. e. 1Js HATypaJbHHX 3HAUEHHH YHC-
Ja r oOBIYHBIM crniocoGoM, Ras OTPHUATENbHBIX U JLP06-+
HEIX CTeNeHel 7, KaK 3TO MPHHATO, IPH MOMOILH O6par-
HBHIX  BeJqHYMH H KopHefl. Taxkum o6pasom, ¢yHKuHS
exp(r) AJAS palHOHANBbHHIX 3HAYEHHil r HNOJyyHJa SICHOE
C TOYKH 3pEHHS 3JeMeHTapHoil aareGpbl BhIpaXKeHMe.
MoxHo Tenmepb MombITAaThCA pPACHPOCTPAHHTb (YHKLHIO
€%, ONMpeJeJIeHHYI0 ANS PallHOHAJbHHX 3HAYEHHH apry-
MeHTa X ==r, Ha BCe JeHCTBUTEJbHHE 3HAYEHHT X Ta-
KHM 00pasoM, uyToGbl OHa cTaia HempephBHOM ($yHK-

’

nuel peficTuTesbHOTO aprymenta x. Takoe pacmpoctpas

HEHHe MOXHO [aTh, MOJOMUB
e =exp(x). (18)
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Jna paldOHAJIbHBIX 3HAYeHHH Xx ==r 5TO paBEHCTBO
nMeeT Mecro B cuay ¢opmyan (16). Ho npasas uactsb
pasenctBa (18) ompenesnena Aas Bcex AeACTBHTENLHBIX
3HaYeHH# x u HenpepriBHa. Takum obpasom, ¢opmynaa
(18) pacmpocrpaHsier QyHKUHIO e* Ha BCe AeHCTBHTENb-
HBle 3HAUeHHS X.

Hpyroro cnoco6a pacripocTpanuTh GYHKLUHIO e*, om-
PeReNeHHYI0 A/ PalHOHAJbHHIX 3HAUeHHH apryMeHTa
X ==r, Ha Bce JeHCTBHTeJbHblE 3HAaYeHHS TakK, 4YTOOH
OHa CTajna HempepbiBHOH, He CYyIIeCTBYeT. DTO Jerko
npoBepuTh. B camom fese, mycThb xo— MPOH3BOJILHOE
Ae#crTuTenbHOE yHuca0. CyllecTBYeT TOr4a Takas MOcJe-
JOBaTeJbHOCTh

Ty 12y evuy Py oo

PaLHBOHAABHBIX YHCEJ, YTO

limr, = x,.
n->o .

Tak kaxk MBI X0THM, 4TOOB! DYHKUHS e* Ghiia HempepbiB-
Ha B TOUKE X == Xo, TO MBI JOJIXKHbl HMETh

lime'n = ¢,

n->o
IMoxcrasasis B JeBYI0 YacThb 3TOrO PaBeHCTBA BMECTO &'
BbIpaxKeHHe exp (r,), MH IOJyYaeM B CHJIy HeNmpepbIBHO-
CTH (PYHKUUH exp (x)

lim exp (r,) = exp (xo)
n->o

H, CJle[JOBATeJbHO, e*° == exp (xp).
. Hrak, noxasana ¢popmyna

F=exp) =g+ 54+ o FE 4 (19

IS IefCTBHTEIbHBIX 3HaueHuit x. Popmyaa ata ray6oko
conepxarenbHa. OHa BHpaxkaeT (YHKUHIO e* NEHCTBH-
- TEJbHOrO MepPeMeHHOro X, NepPBOHAYaJbHO OMpefeleH-
Hyl0 uHcTo anare6panyeckH, npu nomomu psaga (19), uto
NIO3BOJISIET JIETKO BBIUHCJAATL ee ¢ 6OJbIUOH TOYHOCTHIO.

PyHKuns exp(z) Aasi MHUMBIX 3HaueHHil 2 = iy. Mul
M3YYMJIH (YHKUHIO exp(2) AAd AeHCTBHTENbHBIX 3Haue-
HuA z = x. Mayuum ee Tenepb A/ YHCTO MHHMBHIX 3Ha-
YeHHHl 2 == iy, rOe y— AelicTBuTeabHOe uyHCJI0. OKashi-
BaeTcs, YTO UMEET MeCTO CcJaeAylollas 3aMeyaTesbHas
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opMyJa:
oMy exp(iy)=cosy -+ isiny, (20)

rie COS ¥ U Sin y cyTh QyHKLHH, ONpele/eHHHe B TPHIG-
HOMETPHH M XOPOLIO H3BECTHHIE H3 3JIeMeHTapHOli MaTe-
MaTHKH. 3/1eCh yTOJ y H3MepeH B pajHaHax.

IIposeneM nokasaTenbctBo 310t opmyan. Jas
3TOro, nmpexjie Bcero, B pax (1), onpenensiomuil exp (2),
noacraBuM z =iy. Torma pax (1) Oymer comepxarb
WIeHH JABYX THIIOB: TaKHe, KOTOpBle He coJepiKaT B
CBOHX KO>(puUHeHTaX MHHUMOH BeJHUHHHl i, U ADYTHe,
Kotopuie ee cojepxar. Cobupas BMecTe AeHCTBHTE/b-
Hble WIeHBl U YHCTO MHHMBIE ujeHH pafa (1) mas z=iy,
T. €. NMEePEeCcTaBJsAs UJeHbl 3TOr0 psjfd, YTO BO3MOXKHO B
CBSI3H C €ro aGCOMIOTHOR CXOZMMOCTBIO, MBI TOJNYYHM

2 2m
f(y)=l_—g-'- cee +(_ l)m (gm)l + ooy (21)
3 2m+1
g(y)=y'—%+ . +('—I)m—(%m e (22)

Tax xax pag exp(z) abcosOTHO cXOnHTCH, TO pAAH (21)
H (22) Takxe abCOJIOTHO CXOASTCS, H B CHJIY pe3yJbTas
T0B § 5 (cM. mpuMep 3) HX MOXKHO MOUIEHHO CyMMHPO=
BaTh, H NOTOMY

exp (iy) = f (y) + ig (»).

Takum o6pasom, Hokasas ¢opmyay (20), MH HOKaxeM,
4TO

cosy=f(y); siny=g(y), (23)

T. €. MONYYHM [/ TPUTOHOMETPHUYECKHX (YHKUHE COS y
H Sin y pasnoXeHHe B CTENEHHBIE PAAb. Paxb 3TH abco-
JIIOTHO CXOASIIUMECS AJI MPOHM3BOJIBHONO 3HAYEHHA Y,
YTO cjenyer H3 abCoMIOTHON cxomuMocTH psga (1).
IIpu nokasarenncTse (opmysas (20) HAM DpHEETCS
HafiTH npubsuKeHHoe BHpaxkenne dyHkuui f(y) ug(y),
ucxons us papos (21) m (22), B mpeanosoxKeHHu, yTO

1
y Majno. Mb GypeM cuutath, yto| ¥y | < 5. 3aMeTHM, 4TO

BCe caaraemble pspa (21), HauMHasg co BTOPOro, Mo Mo=
AYJI0 He NPEBOCXOASIT CJaraeMbiX,reoOMeTPHUECKOR Mpo~ -

rpeccHu
lyP+ oo +1yP™ + ...,
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a Bce cnaraemble pajga (22), HaumHasg co BTOpOro, MO
MOAYJ/II0 HE TMpPEeBOCXONAT CJiaraeMblX [EOMETPHUYECKOi

IPOrpeccHH )
lyf + ... F1yf™ 4+ L.

Tak kKak cymMMa mNepBOf TreoMeTpHYecKofi NpPOTpeccuu
paBHa

2 4
T—1y7 < X =glyf

(cM. § 6, (23)), a cyMMa BTOpPOil reOMeTPHYECKOH MpO-
rpeccuu paBHa

ly® lyP __4, 3
l—f!/|2< —_1_"'3“/]
4

npu lyl<-;—, 10 aas OyHkumit f(y) u g(y) Ml moay

yaeM IpH |y|<—é—

TR —11<gl9P% le@—yl<glyf. (@4

Hness nokasatenbctsa dopmyas (20) caeayomas.
B cuny dopmyant (10) Mbl HMeeM

exp (iB) = (exp (£))" = exp ),
rue a=%=0(?). B NpeANoJIOXeHHH, uTo  He 3a-

BHCHT OT k. 31ech k— HaTypaJjbHOe YHCJIO, HO MpPEArNo-
JIOXHM JOMOJHHTENLHO, YTO OHO YeTHO. Brlpaxast KoMIl-
JieKcHoe uucao exp (io) = f(a)+ ig(a) npubAHKEeHHO
Ha ocHOBaHMH (opMmyJs (24), KOTOpHE ClpaBelJHBH, KO-
HEYHO, NPH y = q, MBI NOJyYaeM

f(a)—1+0(k,) g (a) ——a+0(k3) (25)

BosBoas sripaxkenne f(a)-+ ig(a) B cremenb & u mepe-
X0z K mpejesy NpH k— oo, MBI B pe3yJsIbTaTe psjaa Bbl-
YUCJAEHHH MOJYUIUM

klim (exp (iw))* = cos B 4 i sin B, (26)
>0

geM ¢opmysna (20) u Oymer NOKasaHa HPH y = P.
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KoMmnitekcnoe wncao exp (i) 3anuiieM B TPHrOHO-
MeTpHYECKOH (opMe, T. e. MOJOKHUM :

f (@) + ig (@) = p (cos & + i sin 8),

rae p H § cyTs GyHKUMH yHCTa O = %, T. €. B KOHEY-
HOM cuyere, 4eTHOrO HaTypaJbHoro umcaa k2. Tak kak Te-

nepb
(exp (i))* = p* [cos (k) + i sin (k)]

(cm. BBenennue, (14), (17)), To AAs LOKas3aTenbcTBA CO-
OTHOIWeHHA (26) ROCTAaTOYHO HOKa3aTh ABa COOTHOIIE-

HHUsA
limp* =1, (27)
k>
lim k8 =§. (28)
k>0

Hoarbsysich mpuGamxennuMu Gopmyaamu (25), Mbl Jier=
KO HoJyyaeM

=1 @F + g o1t =1+0 ()] +[ec 0 ()]~

1
=1+0(5).
Hauee, @
__ g
8 = arctg =—— 1@ "
Iliisi npuGMHIKEHHOrO BBIYHC/ICHHS OTHOIIEHHS ‘f((aa)) co-
CTaBHM Pa3HOCTb '
g(a) a+0(k3) a+0(k3) —a— “O(kz)

@) T o)
O(ﬁ) 1
- 2l5) o,

f(a) +O(k3)—'v’

npuyeM y= 0 (?) . CunenoBarenbHo,

6=arctgy=Li:g\i.(a+0(—I:—3-)). (29)

Takum o6pasom,
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ITo/b3ysiCh MOJYYEHHBIMH —NPUGHKEHHBIMH BHIpaxe-
HHAMH 18 %2 H 8, MBl JIerko poKaxem dopmyanl (27)
u (28). HefictBuTenbHO,

e = i )7 = fim (1-+0 (4)) -

k> o0 .
—im (140 (F))’

rae l==§. B cuny dopmyam §25) § 6

lim (1 +o(7‘,-))'=1.

>

Takum o6pasom, dopmy.a (27) nokasana. danee, mu
uMeeM 1o Qopmyae (29)

lim k6 = lim i“vtg—" (#a+ k0 (+))=

k> k>o0

= Jim S5 lim (ka4 40 (5) ).

B cuny dopmyan (25) § 4

lim 2EY g
k> oo Y ’

fim (s+£0 (35)) = jim (50 (1)) =

Takum o6pasom, dopumy.aa (28) noxasana.

Hrak, pasencrso (26) noxasaHo, a TeM caMmmiM j0-
KasaHa u OCHOBHas dopmyaa (20).

IIpumep 1. Onpenennm ynkumio exp(z), sagan-
Hyl0 pagoM (1), unaye. Mimenno, OKa3biBaeTcs, YTo

exp@ = lim (1 +2), (30)

Hasi noxasatenbcTsa passomum BBIpakKeHHe, COCTosfllee
noj 3HaKOM mpefena, no ¢opmyne 6uHoMa HproTona
(cM. § 2, (10)). Mb umeem .

(+3) =1+ 54

—1) e (p— 1 n
fAE=D - DS e
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Ynen HoMepa m cyMMHl (1) uMmeer BHJ
. o
Zm =

Unen HoMepa m cyMMH (31) umeer BHJI

2 =l (k) =,
rae I, (k)= k(e—1) ..ém(k——m-{-.l), TaK YTO

0y (R) < 1,
lim I, (k)= 1.
k>0

Takum o6pasom, MBI HMeeM

GapF 2t )= En T et ) S
<|zn+1|+|zn+2[+ e =0,

Tak kak psag (1) aGconOTHO CXORUTCA, TO
lim o, =0.
n->oo

Hanee, mosaoxum

sn=2+21+ ... +2,
s,=z2 42+ ... +2.
H3 (33) u (34) caenyer, uro
|sh—s,|=¢,(m),
NpHYeM NpH GUKCHPOBAHHOM 1 HMeeM
lim e, (n) =0.
k>
s dopmyan (34), (36) u (37) caeayer, uro
k
[(1+3) —exp @] <tuteso)

(32)
(33)

(34)

(35)

(36)

(37)

(38)

(39)

SalIaJ.IHMCH Tenepp IMpOH3BOJBHO MaJdbiM IOJOXH-
T€JbHBIM YHCJIOM a H BblﬁepeM HaCTOJbKO GoJbIHOE n,

gt0o 0, <% (cM. (35)). 3adurcupyeM 3TO 3HaueHHe n
H BhibepeM 1/ Hero HacTOJIbKO OOJIbIIOe YHCIO R, YTO-
Ol 6bLII0 & (n) < % (cm. (38)). Torma u3 (39) moamyuaem

I(l +~§)k—exp (z)|<a.

(40)

e

e

.



Takum 06pasoM, NPU NPOHU3BOJLHOM IOJIONKHTENBHOM &
MOKHO HaHTH HAacCTOJbKO G60JblOoe %, YTO BHINOJHEHO
HepaBeHcTBO (40), a 3TO W 3HAUYHT, YTO BHIMOJHEHO pa-
perctBo (30).

OcoGbiit  uHTEpec dopmyna (30) npexcrasaser npu
z=1, Torga MBl HMeeM .

e=lim (14+4) .
k>0

ViMeHHO TakKHM CHOCO6OM GbIIO MepBOHAYANBLHO oTpe-
J€JIEHO YHCJIO e,

§ 8. OcHoBHbIE TPaHCLEHACHTHbIE DyHKUHK

OCHOBHBIMH  TpaHCHEHIEHTHBIMU GYHKUHSAMH  CUH-
TalOTCd MoKasarenbHass (QYHKUHA a*, TAe @ — IOJOXKHU-
TEJIbHOE UHCJO, TPHTOHOMeTpHYeckHe GYHKUMHE sin x,
cosx, tgx, ctgx u obpaTHHE K HuM ¢yHKUuuH, T. e,
log x, arcsin x, arccos x, arctg x, arcctg x.

B npesnizymem mnaparpace, HoNb3ysch (GyHKIuekH
eXp(2), Mbl NOJNYUYHIH pa3sIOKeHHE GbyHkuuit e*, cosx,
sin X B CTeneHHble PALB], HMEHHO:

F=l4ftE4 L+, ()

2 2n
cosx=1—-+ ... +(— 1)”ﬁ+ (@)
. _ x3 ]” x2n+l 3
siny=x——2r+ ... +(— )ml_)l_l-"' (3)

(em. § 7, (19), (21)—(23)), npuuem paas 3t abco-
JIIOTHO CXORATCA IJS1 BCeX AEHCTBHTENBHBIX 3HAYEHHI X.

Takum o6pasom, moJawsyscs ¢yuknue#t exp(z), Mu
TNONYHHJH DA3JNOXEHHE B DPSANBl IO CTENEHAM X Tpex
OYeHb BaXKHBIX QYHKIHH €, COS ¥, Sin X JeHCTBHUTENbHOIO
nepeMenHoro. Kaxnas w3 stux Tpex Gymkumi mo ca-
MOMYy CBOEMY OTNpefes]IeHHI0O HMEET CMEBICA JHIb JJ8
JeHCTBUTEIbHEIX 3HAYEHHH apryMeHTa.

Ho rax kak psam (1)—(3), npu nomomu KOTOPBIX
TENepb 3TH (GYHKUHH MOXHO BBIYHCAHTb, aGCOJIOTHO
CXOAATCA, TO OHH CXORATCH M AJS KOMIJIEKCHOTO 3Haye-

HHS dPTyMEHTa, TaK YTO BMECTO AEHCTBHTENBHOrO apry-

MEHTa X MB MOXEM MNOJCTAaBHTb B HHX KOMIJIEKCHBIH
aPTYMEHT 2 H CYHTaTh, 4TO (YHKIMH, NpeXge Ompege-
JICHHbI® JHIIL A7 NefCTBHTENbHBIX 3HAUEHWHl apryMen-
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Ta, Onpe}_'LeJleHbf Tenepb M OIS KOMIJIEKCHBIX 3HAUeHHM
aprymeHTa. Takum o6pasoM, IO ONpEleJNeHHIO MB MO-
KeM HaNHCATh

2 n
F=1+F+5+ .+t (4)
22 " z?n
cosz=l—5+ ... + (=1 —(5,;)-(+~-~, (5)
. 23 ,  2ont!
SIDZ=Z'—T+ e +(_l)m+ ‘e (6)

Hrak, nonb3ysch psigaMi, Mbl cyMesad (QyHKIHH, 3afaH-
Hble JHWDb [Js AeHCTBUTE/NBbHHIX 3HAUEHHH apryMmeHra,
pacIpoCcTpaHHTb Ha Bce KOMIIEKCHLle 3HaueHHsl apry-
MeHTa: BosHukaer Bompoc, siBasiercs JH TaKoe pacrpo-
CTpaHeHHe Ha KOMIUIEKCHbBIe 3HAYeHHs apryMeHra Cay-
9a#HBIM, T. €. MOXHO JIH ero Chenarh IS KaXJI0H H3
(yHKuMi €? cosz, sinz Npu MOMOILH PSIAOB Pa3HBIMH
cnocob6amu. B caenyiomem § 9 6yzer nokasaHo, 4TO Ta-
KOH BO3MOJKHOCTH HET, YTO PacHpOCTpaHHTb Ha KOMII-
JIEKCHEIe 3HAueHHs apryMeHTa (QYHKIHIO JeACTBUTE/Nb-
HOTO IepeMeHHOro, MOoJb3ysiCh CTeNeHHHIM PANOM, MOXK-
HO TOJbKO OJJHHUM CHOCOGOM.

M3 paBencrea (1) § 7 u paBencrBa (4) caenyer, 4TO

e =exp(2). )

Takum o6pa3oM, (GyHKUHSA e® HMeeT CJeIyIOUIHe CBOMH-
cTBa:

=1, (8)

Et¥=2¢".e", 9)

eF=t, (10)

= (1)

e

(em. § 7, (3), (4), (8), (9)). Kpome Toro, dpynkunus
€® HenpepbiBHA, TaK Kak exp(z) HempepsiBHAa. PYHKIHH
cos z M sinz, moayyaemble npH nomou pspoB (5) u
(6), sBAAOTCS HOBBIMH (YHKUHSIMH KOMIJIEKCHOTO mepe-
MEHHOro, HO OHH TeCHO CBA3aHH ¢ (pyHKnHuel e? = exp (2).
Vmenso, noacrasass B psif (4) BMeCTO 2 BeJHUHHY {2 H
CpaBHHBAsA MOJAy4YeHHYIO (opMyny ¢ dopmynamu (5) H
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(6), MBI IPHXOJHM K TOXKAECTBY
e* = cosz -+ isinz. (12)

dra ¢opMyna OTHIONbL He caexyeT Hu3 dopmyast (20)
§ 7, koTopasi loKasaHa JHIb JJis IeHCTBUTEIbHOrO 3Ha-
yeHHs apryMeHTa, OHa BepHa 1/ JIOGBIX KOMIJIEKCHBIX
sHauennt 2. I3 dopmyn (5) u (6) caemyer, uto

cos(—2)=cosz, sin(—z2)=—sinz.

TakuMm 00pasoM, cOsz ecTb yYeTHas (yHKuus, a sinz
ectb HeueTHas ¢ynkuua. [lonp3yace aTHMH (QopMyaamu
H 3aMeHdas1 B Gopmyae (12) z Ha —z, Mbl IToJTyyaeM

e~2=cosz —isinz. (13)

Paspemas coorHowenus (12) u (13) oTHOCHTeNbHO
€0S 2 M sinz, mosyyaeM AJS HHUX CJAeLYIOLIHEe BLIpaxKe-
HHSA:

eiz+ e-iz

€0s 2 = ——F——> (14)

. iz e-iz

sin 2 = ————- (15)
Takum o6pasoM, HOBble NOCTPOEHHBIE HAMH (YHKIHHU
COS 2 M Sin 2 KOMIUIEKCHOrO NePEMEHHOr0 2 OYeHb Mpo-
CTO BBIPAXKalOTCA yepe3 (PYHKUHIO e? KOMIJIEKCHOTO Iie-
peMeHHOro 2.

Hasa Qynkuuf cos z H sin 2 KOMNJIEKCHOTO TepeMeH-
HOrO Temeph 3aHOBO HYXXHO JOKasaThb (OpPMYJbl KOCH-
Hyca CyMMHl M CHHyca CyMMBbl. Jl0Ka3aTeJbCTBO NPOBO-
JAuTCA Ha ocHoBaHuMH opmyn (14) u (15) mpu momoiu
¢opmyan (9). D10 7 MpenOCTaBASIO CHEJATh YHTATEIO.
OTH QopMyJH YKashBAalOT Ha CXOACTBO (YHKUHE COS 2
H sin 2 ReHCTBHTEJBHOIO M KOMIJIEKCHOTO NepeMeHHbIX.
Ho ecTh u pasHHNa — 151 KOMIIEKCHONO Ie€peMeHHOro
9TH (YHKIHH HE OrPaHHYEHBI.

Teneps, moas3ysace dopmysoft (9), MmoxkHo Gojee He-
TalbHO H3YYHTh QYHKIHMIO e? KOMIJIEKCHOrO NepeMeH-
Horo 2 = x -+ iy. VIMenHo, Mel uMeeM (cM. § 7, (20))

ety = g¥el¥ = ¢* (cos y -+ i sin y). (16)
Ilepsuifi  MHOXKHTENb P ==e* eCThb IOKa3aTeJbHas
¢YHKUHSA, H ee CPAaBHHTENbHO JIETKO MOXKHO cebe Ipejs

CTaBHTb. DTO €CTh MOHOTOHHAs (YHKUHS, KOTOpas ypess
BbIYaliHO GBICTPO BO3pacTaeT NHpPH x—> oo M OueHb OHl-
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€TpO CTPEMHTCS K HyJIO NPH x —> — 0o, OCTaBasich BCe
BpeMs TnosoXutenbHo#. I'paduxk ee wuszobpaxen Ha
puc. 8. On mepecekaer och OpaAMHAT B Touke p = |, OG-
paTHas QYHKUHA AN OYHKIOME e*, T. ¢. DelleHHe ypaBs-

HeHHA
= ex

OTHOCHTENbHO ¥, Ha3hIBAETCA JIOTapH(PMOM UHCAA p NPH
OCHOBAHHH € HJH HATYPAAbHLIM A02APUPMOM HHCTA P.
Ona oGosHayaércs uepe3 Inp, Tak uro x = Inp. ek~
CTBUTeNbHAS (DYHKUHS Inp ompejeseHa Jullb AJS IO-
JIOXKHTENbHBIX 3HaueHHii p. OHa moOJOXKHTENBHA NDH
p > 1 u oTpunarensHa npu p << 1. I'paduk atoit pyHk-
uu Jerko cebe mpencTaBHTb, OTOOPa3HB 3epKaJjbHO

y)

Z

7
4 —\/0 ,

Puc. 8. Puc. 9.

rpaduk (QYHKIHH p == e* OTHOCHTeJNbHO GHCCEKTPHCH
NepBOA H TPeTbell YeTBEPTH KOOPAHHATHON IJIOCKOCTH.
On u3o6paxen Ha puc. 9. '

Tak Kak QyBKUHH COS y W Sin y MMeIOT mepuox 217, TO
u3 ¢opmyan (16) caemyer, uTo QYHKLUHS €° uMeeT me-

puox 2mi, T. e.
ezt — oz,

Hanee, us dopmyan (16) caepyer, 4o GyHKuuS e?
He o0paliaercss B Hy/1b HH NIPU KaKOM 3HA4YEHHH 2, T. €.
e*==0.

®yukuus Inw KomnaexcHoro nepemennoro w. [las

TOro 4ro0bl H3y4HTb (QYHKIHIO In W KOMIUIEKCHOro mepe-
MEHHOr0 @, HaM CJefyeT PellHTh ypaBHeHHe

E=w=op(cos@+4isin )
OTHOCHTeNIbHO 2. DTO ypaBHEHHe NepenuiieM B BHIE
et =e*(cosy + i sin y)=p(cos @ + i sin g).
94
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ME&HI Toayyaem
y x=Inp, (17)

Y= -+ 2kzm.

3aece B ¢Qopmyse (17) HMeeTcs B BHAY pelicTBHTENb-
HLIf JiorapH(M AeACTBHTEJNLHOTO NOJNOXKHTEIbHOTO YHC-
72 p, a k—NpoH3BOJbHOE Ienoe umMcio. TakuM obpa-
30M, KOMIJEKCHas QYHKUMA Inw KOMOJeKCcHOro mepes
MEHHOrO @ ecTh MHOro3nausas ¢ynkuus. Ona ompege-
JieHa JIMIL C TOYHOCTBIO O cjaraemoro 2kmi. OTO oue-
BHIHO alpHOPH, TaK KaK QYHKUHUA e* HMeeT mepHOX 27mi.
Hatypaapmbiit lorapudM ReficTBHTENBHONO MOJIOKHTE b~
HOTO YHCJia TaKXe ofipefiesieH HEOAHO3HAUHO, HO OOBIYHO
paccMaTpHBAIOT JIMIIb €TI0 AeHCTBHTENbHOE 3HAUCHHE, KO-
TOpO€ ONpEele/IeH0 OJHO3HAUYHO. 34eCh MH NPUXOLHM K
HeH30eXKHOMY paClIHpeHHI0 HOHSATHS OGyHKOHH, HMEHHO,
(DYHKUHA MOXKeT OmTh MHOrO3Ha4HOH, ¢ yeM, OXHAaKo,
CTaJIKHBAIOTCA yXKe H B 3JI€eMeHTapHON aire6Gpe MPH H3-
BJICUCHHH KODHA H B 3JIeMEHTapHOH TPUrOHOMETPHH MpH
paccMOTpeRHH OGPaTHHIX TPUTOHOMETPHYECKHX (YHK-

- M.

Hast Toro uTo6H cocTaBuTh ceGe npexcTaBleHHE O
XapakTepe MHOrosHauHOCTH GYHKIHM In @ B KOMILJIeKc-
HO# o0JiacTH, mpeacTaBuM cebe, YTO TOUKA @ ABHIKETCS
B MNJIOCKOCTH KOMIJIEKCHOrO NEPEMEHHOro w, ONMHUCHIBast
HEKOTOPYIO KPHBYIO, He NPOXOASILYIO 4epe3 HadaJo Ko-
opaunar. Kpupas sta sanaercs ypasHenneM

w=uw(t),

rae ! — pmeficTBuTeNbHAsA nNepeMeHHas (Bpems), BO3pa-
cramoumas or Hyasa. Ecau

w=p{cos@ -+ i sin @),

T0 w(t)=1[p(?), ¢(£)], rie p(f) u @(f) cyrs monsApHHE
KoopauHaTH ToukH w(f). Tak Kak Touyka w(f) B mpo-
Iecce CBOEro ABHMKEHHS He INPOXOJHT Yepe3 TOUKY W ==
=0, To QyHKUHA p(f) NONOKHUTENbHA M HeNPEPHIBHO
3aBHCHT OT £, HO PyHKLHUSA @(f) HeomHo3HauHa. Jag Toro
4TOGH CcleslaTh ee OXHO3HAUHOMN, HYXHO BHOpaTh /s
Hee KaKoe-MuGo onpejesleHHOEe 3HaueHHe B HaYaJbHBIH
MOMEHT BpeMeHH { =0, T. e. B34Th ONpeJejIeHHOE 3Ha-
yenne @ (0), a 3aTeM CJIeLHTh 32 M3MeHeHHeM yria @(f)
NpH U3MEHEeHHH f Tak, uro6nl ¢yHKuHsA @(f) ocraBajach
HENpepLBHOH, T. €. He Aesnasna CKaukoB. [Ipu sToM Mo-
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KeT CJAY4YHTbCH, YTO B HEKOTODHli MOMEHT BpeMeHH
t == t; Mbl npujeM BHOBb B To4Ky @ (0), Tak uto @ (f) =
= w (0). Ilpu atom

pt)=0(0); @¢)=0(0)+ 2kx;

3iech k MOXKeT 0Ka3aThCs He PaBHHIM HYJIIO.
Takum o6pasom, 3HaueHHe OyHKUHH In @, Hempe-
. PBIBHO MeHfAmwIleeCss MPH BO3DaCTaHHH ! OT HyJd A0 I,
H3MEHHTCS B pe3yJbTaTe ABHIKEHUS BJOJb Halllefl KpH-
BOH Ha uHcsl0 2kmi, XOT 3HAYeHHS apryMeHTa @ (yHK-
HHH In w B HayajbHbIA U KOHEYHBII MOMEHT COBNAJaIoT.
Jlerko ycmoTperp, 4TO LeJ0e YHCJIO £ paBHO uyHCAy 06-
XOJO0B BOKPYr Hauaja KOODJHHAT KPHBOH, KOTOpas ONH-
ChIBaeTCsl TOYKOM w(f) NpH CBOEM JIBHXKEHHH. OTO KOH-
KPETHO MOXHO cefe MPEeACTABUThL B Cayuae, KOrjaa

w({)=cost+isint,

a ty =2km, T. €. KOrjga TOuKa w({) ABHKETCH IO OX-
PYXXHOCTH pajHyca eJHHHIIA BOKPYT Hayana KOOpIAHHAT,
HayHMHAa7 H3 INOJOXeHHS w = 1, mpuueM MBI CUHTaeM
¢(0)=0. Tak Kak ¢ = 2km, TO NpH TAaKOM JABHXKEHHH
TouKa @ (f) mpoberaer OKPyKHOCTb 2 pas, TakK 4TO KpH-
Bas w(f) k pa3 HaBepTHIBAETCH Ha OKPYXKHOCTb, H UHCIO
k paBHo uncay o60poTOB TOUKH @ () BOKpYr Hadajaa Ko-
opavHaT. BBHAY TOro, 4To H3MeHeHHe 3HaueHHs In w 3a-
BHUCHT OT YHCJa 00XOJOB KPHBOH BOKPYr Hauaja Koop-
AMHAT, HayaJo KOOpAHHAT Ha3BIBaeTCs TOuKOoU eersie-
Hua QyHKuMH lnw, uam GoJee mMOJIHO, Jo2apudmuue-
CKOU TO4KOU 8€T8ACHUS.

@yHKIMH arccos @ M arcsin @ KOMMJIEKCHOro nepeMeH-
HOro w. QYHKUHH arccos @ W arcsin w Jierko BblpaxaioT-
cl Yepe3 Jorapupm KOMIJIEKCHOr0 nepeMeHHoro. [las
TOrO 4YTOGH HaHTH (YHKLHIO arccos @, Mbl ITOJIXKHH pe-
IIMTh ypaBHEHHE W = COS 2 OTHOCHTeJbHO 2. Jlas pe-
LIeHHS 3TOrO YpaBHEHHsS BBHIPAa3UM cosz mo (opmyJe
(14). Torpa Mu nony4um

_ ei2+efi2
- 2

et =g, (18).
g — 2wt +1=0,

w
Ilonaras

MBI HMEEM
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otkyna &= w++/w? — 1. 3nech non dynxuueit 4/w’—1
noapasyvesaercd ABysHauHas (QYHKUHS, H NOTOMY HeT
Hago6HOCTH NMHcaTh nepel KopHeM ofa 3naka. B cuay
dopmyanl (18) monyuaem

z=—iln(w+4/2*—1)

CJIeIOBATENBHO,
arccosw = —iln(w+ A/ —1 )

TouHO TaK e moayyaercs GopMyJia
arcsin w = —i In (iw + 4/T — w? )

Takum o06pa3oM, QYHKUHH arccos w M arcsin @ Bol-
paxeHs uepe3 Jjorapu¢M. Bxomsmue B 3TH (opMynnl

HeOZHO3HAauHble PyHKUMH 4/ M N MOTYT IpHHHMATh CBOH
NIPOH3BOJNbHEIE 3HAUEHHS.

[Ipumep. Ucropusa acrapudmos. Xopomo H3BecCT-
HOe M3 3JleMeHTapHOH MaTeMaTHKH MOHATHe Jorapupma
BO3HHKJIO II€PBOHAYaJbHO M3 CONMOCTaBJIEHHs CBOHCTB
reoMeTpHYEeCKOH H apudMeTHYecKofl mporpeccuit

R R NS I R LS (19)
er, —HG, ..., —a, 0, @, ..., O, ..., 29)

rie ¢ > 1; o> 0. BugHo, uTO mNpOU3BEJEHHIO YHCEN
[IepBOrO psiia COOTBETCTBYET CyMMa 4YHCeJ BTOPOro
psna, T. e. B COBPEMEHHOM CMBICJIe YHC/a BTOPOro psiaa
ABASIOTCA JIOrapH(pMaMH YHCeJ NMepBOro psjaa NPH HeKo-
TOPOM OCHOBAaHHH. DTa 3aBHCHMOCTb MEXIy NOCJel0Ba-
TeasHocTaAME (19) H (20) Onlaa OoTYACTH MOAMEYEHA YiKe
ApxuMenoM H XOpOIIO H3BeCTHa MarteMaTHKam XV-—

"XVI BekoB. OgHako 3TO CBOHCTBO He OBIJIO HCIIOJB30-

BaHO Js NpakTHueckoH meau. Mexay Tem Ttabauua
(19), (20) naer BO3MOXKHOCTb 3aMEHHTb ONEpaLHIO yM-
HOXeHHs GoJjiee MpOCTOH omepaumeit cioxenus. [Tosxe,
B XVI Beke, norpeGHOCTH HaBHTallMH, CBSI3aHHbIE C Oli-
pelesieHHeM MOJIOXeHHs Kopalas Mo 3Be3faM, BhI3BAJH
pa3BUTHE Pa3JHYHBIX BBHIYMC/IHTE/IbHBHIX MPHEMOB, B ua-
CTHOCTH BO3HHKHOBeHHe Jiorapumuyeckux Tabauu. ITep-
Bhle TaGaullb JOrapHdGMoB GBUIH COCTaBJeHbl IIBednap-
CKHM MaTeMaTHKOM Dlopre H IIOTJaHICKHM MareMaTHs
koM Hemepom B XVII Beke. 31ech Mbl H3JI0XHM OCHOB+
Hylo upeto Bropre.
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Ona Ttoro uro6bl cocTaBuUTh Tabauily Jorapudpmos,
BaxKHO, YyTOOH YHcaa nociaegoBatenbHoctH (19) pacmos
JIarajJuch NOCTATOYHO TYCTO, T. €. YTOGH YHCJAO ¢ GbLIO
OOCTaTOYHO OJH3KO K equHuue. MOXKHO TMOJIOXKATH

=1 +%, rjie k— pocratoudo 6oJiblIOe HATYypajbHOe

1
yucso. Ecin MONOKHT @ =, TO BMeCTO Noc/IefioBa-
tenbHOcTell (19) u (20) mosyyaem mocjaefOBaTeNbHOCTH

SO (S I (R it

(t+3) o (1+1) oo D

1 n
’ —k-y S0 vy -E, s (22)

o0y ’

.oy

) -
x| o

- —
[

Tenepr unucna nocnegoBatenbHOCTH (22) SBJASIOTCH JIO-
rapupMaMy nocjiefoBaTe bROCTH (21), B3STHIMH NPHU OCs

1\%
HOBaHUH (l +?) . Uem Goasblue k, TeM. ryume craHos

BUTCS TOCJEAOBaTeIbHOCTL (21) M TeM coBeplieHHee
TabJnla Jorapu(@MoB, MOCTPOEHHAS MPH NOMOILH MOCJe-
nosarenbHocredt (21) u (22). Biopre B3sin 3a k& gucao
10000 u moanyuun jgiass  OCHOBaHHS  JIOrapH(MOB

10 000
(1 -+ hl—(-)-l-(m) 3Hauenue 2,71824, cosmajgaloniee ¢ 4HC-

JIOM € C TOUHOCTBIO 10 4 AecATHUYHBIX 3HaKOB. CaMO YHCIO e,
Kak 310 ObJIO yKasaHo B mpumepe 1 § 7. ompenessiercs

1\?
KaK INpefesibHOe 3HaueHHe [Js (l +?) npu k— oo,

B pesyabTare 3TOro mpelesbHOro NEpexoga COOTBET=
CTBHe MeXIy mocsenoparenbHocTsiMH (21) u (22) mpes
Bpailaercsi B JOrapuGMHUYeCKYI0 3aBHCHMOCTb y == In x.

§ 9. Crenenunie psagpl

QynkuHA exp(2) KOMIUIEKCHOTO NepeMeHHOro z Ofl-
pelnessieTcss Kak cyMMa cTemeHHoro psiza (cm. § 7)

xp@=g+5 45+ T ()

EcrectBenHbiM 0600LIeHHEM 3TOrC SBJSETCH 3anaHHe
¢ynkuun f(2) KOMIIEKCHOrO NepEeMEHHOro 2 NpH Mo-
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WMOILIH NPOH3BOJABHOI'O CTEIEHHOI'0 psana
fR=a+taz+a2’+ ... +a,2"+ ..., (9

rEe Qo, @1, Qg ... Qn, ...— 3313HHBIE KOMIJIEKCHbBIE
4yuc/la, ONPeAEAIOUINe Pl H TeM CaMbIM (QyHKUHUIO f(z2).
Slcno, uto paAx (1) sABAAeTcA YACTHLIM cayuaem paaa

(2), korna .

a, = P

®ynxuusa f(z) Moxer GHTb ompexeneHa bopmyoit (2)
JHLb A/ TX 3HAYEHHH apryMeHTa 2z, AJIsl KOTOPHIX Psif
(2) cxomurea. Pap (1), onpenensomuit byHKIHIO
exp(z), CXOmHTCa AJA BCex 3HaueHuit z (cMm. § 7). Ho,
KOHEYHO, INIDOH3BOJBHHIH pAx (2) He obaagaer 5THM
csoiictBoM. Takum o6pasom, mepsofi BaxHeillllefi 3a1a-
yeil, ¢ KOTOPOH MH 31€Ch CTAaJKHBAEMCS, SIBJASETCH pes
IIeHHe BONpOCa O TOM, AJisi KAKHX 3HAUEHHH z KOHKpET-
HO 3aJilaHHbA pAX (2) CXOAHTCA MM, YTO HaXe GoJee
BaXKHO, CXOXHUTCS aGCOMIOTHO.

Ouesnnno, uto mpu z==0 psx (2) Bceraa cXOmuTCH,
HO CYIIEeCTBYIOT M TakHe psjasl THHA (2), KOTOpHIE CXO-
Adrcs Jaup npun 2==0 (cM. npumep 1). Takue psabl,
KOHeYHO, He Onpele/sAaioT HHKAaKOf GOYHKIHH, H MEl ITOKa
6yazeM Ha3HBAaTbh HX TPHBHAJIbHBLIMH.

Hexortopbie cBoiicTea HeTpuBHAJBHOIrO pana. Hrak,
6yneM HCXOZHTb H3 NPEANOJOXKEHHS, U4TO AJS HEKOTO-
poro 3HaueHHd 2z =295 0 pan (2) cxoaurca. Torxa B
cuny dopmynst (6) § 5

lima,z; =0,
n->o0
H HOTOMY BCe YHcJa BHAA ‘
n
20, n=0,1,2 ...,

10 MOAYJI0 MeHblle HeKOTOpOo#H KOHCTaHTH a. Takum
06pasom, Mbl HMeeM |a,] 2| < a.

Orciona ™Mbl mosydaeM OLEHKYy AJs KosdduuHeHTa
@n; HMEHHO, MBI HMEEM

Ia”|<TzZT’ n=0,1, 2, ...

CocraBum TeNepb BCIOMOTraTeJbHBIH PAX H3 TMNOJOXH-
TEJAbHBIX YJIEHOB

f(z)=a+a%%-+a€;%—+ +al'720|‘:,-+ e (3)
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Pan (3), KaK roBOPST, Maxopupyer pan (2), Tak Kak
KaM(biii ero uJeH 6oJblle COOTBETCTBYIOLIErO YJaeHa
2), UMEHHO:
pana (2), ) o
la,2" 1< a . (4)

[z
21 <]zl ®)

psn (3) sBaseTcs CXoasllefics TreoMeTpHYECKOH IMpo-
rpeccuelf, TO NIPH BHIIONHEHHH ycAOBHS (3) PAXR (2) ab6-
COJIIOTHO CXOJHTCS.

Or6pocum B psame (2) cBoGoxmbiit yaed. Toraa Ml
NOJYYHM DAL

fl@=az+az®+ ... +a.2"+ ...

Ero maxopupyer psan
[2[?

h@=eithtalZbt o tater . ®

TToCKONBKY NPH

|20
H TOTOMY MBI HMeEM
[F1(@) <112

[Ipu BuimosnHenun ycaosusa (5) pan (6), mpeAcraBisio-
muit co6olf reoMeTPHUECKYIO NMPOrpeccHio, HMeeT CBoel
CyMMoOH

B alz]

fiz)= _ 1zl T Tal—Ilzl
2
(cﬁ. § 6, (21)). Takum o6pasom,
@< 7
Mzur nMeeMm
[@=a9+[1(2), @)

npudeM f;(2) ymOBIeTBOpsSeT HepaBeHCTBY (7). Homy-
CTHM, YTO
ao=;-‘-0.

BuiGepem Temepb Takoe orpaHHueHHe Ha |z|, uTOGH Mo-
LyJb MepBOro cJjaraeMoro cymMmnl (8) Obla Goublie .MoO-
nyas sroporo. Torza cymma (8), T. e. f(2), He obpa-
TATCA B HyJb. JJIS 3TOro JOCTATOYHO INPEATOJNONKHTD,
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qTo !

2ol l a1 =o. )

lzl<

ITopcraBnaa B (7) BMecto |z| ero omenky (9), Mbl
TOJIbKO YBEJIHYMBAEM IPAaBYIO yacTb (7) H mojydaem

laol

a 5 | %l alap| alap|
2) | < = 0 0L —1{a,l.
lfl()l lzol—,ao'lzol 2a—|a0|< a IaOI
2a

TakuM o6pasoM, ecau ag 5= 0, Mb HAWTH TAKOE NOIO-
KHTEJIbHOE YHCI0 p (CM. (9)), uTo mnpH

jzl<p

pan (2) cxomurcst H cyMMa ero f(z) oTaMuHAa OT HYJ4,
TaK 410
npu |21 <p umeeMm f(2)=£0. (10)

Panuyc cxonumocru. OkasbiBaercs, 4To ecau pan (2)
HETPHBHAJIEH, TO CYIIECTBYET TaKOe HOJOXKHTeNbHOE
yncao r (cayua#f r=oco He HCKJIIOYaeTcs), 4TO MpH
|z|<r pam (2) abcomorno cxommrest, a mpu |2|>r
pan_(2) pacxoaurca. Uucno r HasuiBaerca paduycom
cxodumoctu psna (2), a Kpyr C LHEHTPOM B TOUKe 0 u
pazuycoM r HasblBaeTcsi Kpyeom cxodumocTu pspa (2).

HokaxeM cyuiecTBOBaHME panuyca CXOAHMOCTH He-
TpHUBHaJbHOro psina (2). O6o3nauum uepes M MHOXKe-
CTBO BCeX [eHCTBHTENbHBIX UHCeN BHAA |2o|, rae zo
YAOBJIETBOPSIET YCJIOBHIO

pan (2) cxomures npu 2=z, (11)

Us ycnosus (11) caenyer, uTo ecam 4HCIO o npuHan-
Jexutr M, To B JM060e NOJOKUTEJbHOE UYHCIO P<<a
TakxXe npunanaexut M. Orciopa caeapyer, uro ecau B M
BXOAAT NPOM3BOJBLHO GOJIblLIHE YHCJIa, TO MHOXecTBO M
COCTOHT M3 BCeX MOJIOXKHTeNbHBIX 4HCes. B atoM cayuae
MOJIOXKHM r == oo, Ecin e MHoxecTBo M He comepxur
NPOU3BOJILHO GOJBIIAX YHCEN, TO OHO OrPAaHHUYEHO, H MH
0603HauUM wYepe3 r €ro BepXHIO rpaHb (cM. § 4).
B o6onx caysasx MHoxectBo M comepHuT Bce umcaa,
yRoBaerBopsitomue ycaosuio 0 << o << r. JlokaxeM, 4To
TaK olpejesIeHHOe HaMH YHCJIO r eCTb PafHyC CXOXH-
Moctu psapa (2).
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Ionyctum, uto |2;|<<r. Toraa naiiaercs Takoe HHCs
N0 2o, UTO MpH 2 == 2o pAA (2) cxomurcs H

211 <2l <r.

Tak Kak NpH 2 = 2o pad (2) cxoaured, To B CHIY yCJIO-
Bua (5) OH cxoautcs abCOMIOTHO NMpPH z = 2. TakuM 006-
pasoM, AJs BceX TOYeK 2, YAOBJETBOPSIOLIMX YCJIOBHIO
z|<r, pan (2) cxoaurca abcomorHo. Ecan reneps

21|>r, 10 |z1| ne npunamnexuT MHoxecrsy M, u mo-
TOMy npu z = z; psa (2) pacxomurcs. HTak, poKasaHo
cyuiecTBOBaHHe paguyca r > 0 CXOAHMOCTH AJS HETpHs
BHaJbHOro psina (2). Ecam pax (2) CXOAUTCS JIHIUbL NPHU
z =0, To MBl GylieM CUMTaTb, YTO €r0 pagHyC CXORHMO=
€TH paBeH HyJ0. TepMHH <HeTPUBHANbHEIA PAA» B Aalb
HefileM ymorpebasTbcsl He OyZeT.

MoBeldenue creneHHoro psifa BGaM3H TOukM 2= 0.
Byzem cuutath, uTo He Bce Koa(pduuuenTn pasa (2) ¢
fI0JIOXKHUTEJBHBIM pPagHyCOM CXOAUMOCTH DPaBHH HYJIO,
H JOKameM, UTO CYIIECTBYeT HaCTOJbKO Majoe MOJOXKH-
TeJIbHOE YHCJIO P, YTO ypaBHeHHe

f(z)=0 (12)

npu |2| << p nn6o BoBce He HMeeT pelleHHi, Au60 nMeer
eIMHCTBEHHOE pellleHne 2z = (.

[TycTs @r ecTh mepBhiit H3 K03 duunenToB paxa (2),
ne obpamamouwuiics B Hymb. Cayualt k=10 yxe Obu1
Hamu paccMorpeH (cm. (10)). B 3aToMm cayuae ypase-
nue (12) se umeer pemerus. [omyctuMm Temnepb, 4TO
k> 0. 3anumem ¢yHkuuo f(z) B Buxe

f(2) = 2", (2),
fe@=ar+arpz+ ... +apd+ ... (13)

Tak xKak CcBOGOAHHIN umeH @, paxa (13) ormuuen oT
uyas, To, cormacHo (10), cymiecTByeT Takoe MNOMOIKHE-
TeJNbHOE HHCHO Pr, UTO f2(2) 5= 0 mpu |2|<< pr. Tarum
oGpasoM, npu |2| << px @yHKIUS [(2)==2*fr(2) wmomeT
obpaniaTbcsi B HYAb TOABKO TOTAR, KOTZa @OpamaeTcs
B HYJIb €€ NEPBHI MHOXHTENb, T. €. Ipa 2 = (.

Teopema exuHCTBEHHOCTH 1Js psanoB. [Tvcte M — ne-
KOTOpoe GEeCKOHEUHOe MHOXKECTBO TOUEeK TNIOCKOCTH KOMII-
JIEKCHOrO TepeMeHHOro 2z, HMelollee TOUKy HyJab CBOef
mpenenbHoit Touko#t (cM. § 1, mpumep 3). omycrum,
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gro (yHKUHA f(2), onpenenseMas psgoM e
[R=a+az+ ... +a,z"+ ..., (14)

ofpauaercd B HyJb B KaXJoH Touke z MHOXecTBa M,

T. €.
npa 2 M M umeeM f(2) =0. (15)

Torpa okasniBaercs, 4To Bee KodbdHuUeHTH paga (14)
obpantaoTess B HYJb.

HoxkaxkeM 370. JlomycTHM, 4TO He Bce KO3 (DUIHEHTH
pana (14) obpawmaiorcs B Hyab. Torga B chay mokasaH-
HOrO Bblllle CYLIECTBYET TaKOe MOJIOMKHTENbHOE YHCJIO p,
yTo NpH |2| << p ypapHenue f(2)=0 umeer He GoJee
OJHOFO pellileHHs, ¥ ecJH OHO €ro HMeeT, TO 3TO pelleHHe
ecte 2= 0. HepaBenctBo |2| << p ompenenser okpecr-
Hocte U panmyca p toukm 0. A Tak Kak Touyka z =0
ecTh IIpefietbRasi TOYKa MHOxKecTBa M, TO B 3TOM OKpecT-
HOCTH COAEPKHUTCS TOUKa 2 MHOXKecTBa M, oT/iMuHas oT
HyJs, # AJs Hee B cuay ycaoBus (15) mu umeeM f(2)=
== (J, YTO HEBO3MOXKHO.

Takum o6pa3oM, NPEXOAHTCA NpPHU3HATb, 4TO BCE
Koa¢prdunmedts psana (14) pasuwl HyJIIO0.

CrenaeM Temepb BBIBOX H3 3TOro NpPEeAJOKEHHS, OT-
HOCAMHUACS yXKe K ABYM psigam )

PRI=0n+taz+ ... +o2"+ ..., (16)
V)= +Bz+ ... +B"+ ... (17)
Ecan tenepp M — onsaTs MHOXKecTBO, HMeomee TOUKy 0

CBO€H MNpeledbHOH TOYKOH, TO H3 MNPEANOJOXKEHHS, UYTO
Basi BCAKOH TOUKM 2, HpHHajfJexaled K M, umeer Me-

€TO paBeHCTBQ
?(2)=1(), (18)

BLHITeKaer, yTo Ko3(dunuentsl pagos (16) u (17) cos-
nagaiT Mexay cobof, T. e.

Oy =B, n=0,1,... (19)

JloKa3aTesbCTBO 3TOH YaCTH YTBEPXKAEHHsS, OTHOCHA-
miefics K ABYM (YHKUIHSM, Cpa3y Ke CBOJUTCA K IepBOH
€ro YyacTH, OTHocsiuleficss K OJXHOH TO/bKO GyHkuuu. s
3TOro CBEIEHHS BhIIHIIEM Pa3HOCTb
[@=0@—Vv@E)=(0—"0)+(m—pf)z+ ...

oo @ =B+ .. (20)
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M3 pasencrsa (18) cnemyer paBeHcTBo [(2)=0 mnpu
ze M, Tak uro Bce Kospduuuerts psaza (20) paBHH
HYJIO, a 3TO 3HAYHT, 4TO HMEIOT MecTo paBeHcTBa (19),

Hrak, TeopeMa eIHHCTBEHHOCTH JOKa3aHa.

3ananne QYHKIUI CTeNeHHLIMH PSLaMH eCThb OJHH H3
BaXXHeAIINX METOAOB BhlClUIEH MaTeMaTHKH. DTOT MeTOX
CTaBUT Mepel HaMH DsAJ BONPOCOB, CPEXH KOTOPHIX €CTh
H caenyouwuii. Moxer nu 6biTh QyHKUHA f(x) medicTBH-
TEJbHOrO IepeMeHHOro x 3ajaHa ABYMS Da3jUUHBIMH
CTeNleHHBIMH psiRaMu

Px)=a +ax—+ ... +ax"+ ..., (21)
V) =Bo+Bx+ ... +Bux"+ ... (22)

X0Ts1 Obl Ha OYEHb MAaJIeHbKOM OTpe3Ke H3MEHEHHs X,
|x| << p, re p — nonoxutesnsHoe yncao. TeopeMa enuH=
CTBEHHOCTH Cpa3y faeT HaM OTPHIATeJbHHI OTBET Ha
9TOT BONPOC, HMEHHO: KoabduuuenTsl psapoB (21) u
(22) monxHBI GHBITh ONMHAKOBHIMH, €CJH OHH 3aAaloT
OZHY H Ty Xe GYHRUHIO f(x).

B camoMm gmene, noacrasasis B paAn (21) u (22) BMme-
CTO JeHCTBHTEJbHOrO NEpPEeMEHHOr0 X KOMIJIEKCHOe Ies
peMeHHOe 2, MBI noJyuyuM OYHKUHH @(2) H ¥ (2), KOTO-
pble paBHH MeXnay coboif Ha MHOXecTBe M, cocrosuieM
H3 BCeX JeHCTBHTEJbHBIX YMCeJs, YAOBJETBOPSIOUIHX yC-
JoBHIO |x| << p. D10 MHOXKecTBO M HMMeeT B KauecTBe
cBoeil npeneabrofi Toukn Touky 0. Takum o6GpasoM, B
CHJIy TEOpeMB eJHHCTBEHHOCTH KO3(QGHLHEHTH pILOB
(21) n (22) mosxkHbl OHITH paBHH MexAy co6oit. OxHo-
BpeMeHHO MH HOJIyuaeM pelleHHe TakKe H JPYroro Bo-
npoca. ®ynkuus f(x) AeHCTBHTENBHOrO NEepeMeHHOro X,
KOoTOpass MOXeT OHTb 3aJaHa CTENEHHBIM PAJAOM XOTSH
6bl Ha OueHb MaJleHbKOM oTpe3ke |x|<< p, MOxer GHITh
npespameHa B (PYHKUHIO KOMIUIEKCHOTO [E€PEMEHHOro,
3aJaBaeMyl0 CTeleHHBIM PSAJOM JHIOb €IMHCTBEHHBIM
cnoco6oM. Tak o6GcrouT ne10, B 4acTHOCTH, ¢ PYHK-
HHAMH e*, oS X H Sin x NeHCTBHTEJbHOrO NMEPEMEHHOrO X.
B npexbiaymem maparpacde MBl mpeBpaTtHiAH HX B (PYHK-
IHH KOMIIJIEKCHOTO MePEeMEHHOr0 2, H Tenepb BHLHO, YTO
cllesaTh 3TO MOXKHO ObljIO JIHLIb OLHHM CIHOCOGOM.

Hafinem Tenmepp pagnycsl CXOZHMOCTH HEKOTOPBIX
KOHXPeTHBIX CTENeHHBIX PAJOB.

ITpumep 1. Jaaum npexpie BCero Takoil psix ¢ pa-
JHYCOM CXOXHMOCTH HYyJib: '

LUz 4202+ ... ald + ... (29)
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Psig sTor pacxoaurcss npu JjioGom z =%~ 0. .19 H0Ka3as

1
TeJIbCTBa IIOJIOXKHM IZ|=E Torna Mu uMeem

p motoMy (cM. § 2, (18))
. n!
lim o =0
n->oo
TakuM o6pasoM, cinaraeMbie psiza (23) He ToJabko He
CTPEMATCA K HYJIO, HO HEOrpaHHYEHHO BO3DPACTAIOT, H,
CIe0BaTeNbHO, PAA (23) npu 2z~ (0 He MOKET CXO-
JAHTHCA.
INpumep 2. Bunuwewm psg

f@=14+z+224+ ... +2"+ ... (24)

OTo ecTh reoMeTpHuecKas mporpeccus, npu |z| << 1 oua
CXOAMTCA, H CyMMa ee omnpenenserca ¢opmyaon (21) §6

fl2)=-——. (25)

1—2z

Ipu |z| =1 pan (24) scerma pacxoaurcs, Tak Kak cja-
raeMele ero He crpemsarcs K Hyumo. Takum oGpasoMm, pa-
AUyc CXONHMOCTH psina (24) ecrtb epunnua. Cienyer
NOAYEepKHYTh, uTo- M Npu |z|=1 psx (24) Bceraa pac-
XOAHTCA. 31eCh CleAYST OTMETHTb OY€Hb BaXKHHIN H HH-
TepecHb# ¢akt. Pan (24) onpemeaser dyukuuio f(2),
AHWb A8 |2| << 1, mexay Tem Kak dopmyna (25) 3a-
JaeT ee AJA BCeX 3HAUEHHH z %= 1. DTO fABJEHHE OYEHb
BaXHO M THIMHYHO B TEOPHH AHAJUTHYECKHX (YHKIMIL
ITepBoHaua/bHO aHAMHTHYECKYI0 ©YHKIHIO MOXKHO 3a-
AaTh PsOM, KOTOPHIA ONpeje/sieT ee JHIIb B KPYre CX0-
aumoctH. [TotoM okaseiBaercs, 4TO TaK 3aJaHHAs QYHK-
IHsA B JeHCTBUTENbHOCTH OIpejesieHa H A5 APYTHX 3Ha-
YeHHH aprymMeHTa—B [JaHHOM CcJydYae JJsi BceX, 3a
HCKaloyeHHeM 2z ==1. Tak mnoJyueHHoe mpoAOJKeHHE
(YHKLHH, NepBOHAYaJbHO 3aQaHHOR Ha Kpyre CXOZHMO-
CTH, Ha Gojee IIHPOKYI0 06/1aCTh 3HAYEHHS apryMeHTa
Ha3bIBACTCS AHAAUTUYECKUM NPOOOAXCeHUEeM UCXOAHON
GYHKUHH, H 3TO NPOJOJKEHHEe MOXHO, OKa3blBaercs,
OCYLIeCTBHTh JIHIIb €HHCTBEHHHM crnocoboM. THIHUHBIM
ZJIS aHaNHTHYECKHX (YHKUMH OKa3biBaeTcss TOT (GakT,
YTO Ha TIpaHHIe Kpyra CXOZHMOCTH HMeeTcsl ocobas
Toyka QyHKUUHK f(2), 3ajanHOi Qopmynoit (25), HMeH-
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HO, TouKa 2 =1, rae dynkuus f(z), sagaunas Gopmy-
Jofi (25), paBHsieTCs1 GECKOHEUHOCTH HJIM, HHAYE, POCTO
He onpexeneHa. Ecaum O6bl MBl HCXOAHNH H3 (QYHKIUH
f(2), sanannoit dopmyaoit (25), U 3axoTesau PasNOKHUTD
€e B CTENEHHOH psAA, TO, KOHEYHO, KPYF CXOLHUMOCTH
9TOro pAja He Mor Obl COAepKaTh TOUKY 2 == 1, TaK KakK
B 9TOH Touke GYHKLHA, 3afaHHas ¢dopmymaolt (25), cra-
HoBuTcsl GeckoneuHofl. Ilostomy psz, 3amamomuit GyHK-
uuio (25), He MOXKET HMeTb pafHyC CXOAMMOCTH r > I,
HO OKa3hlBaeTCs, YTO OH paBeH eauHHue. Takum oGpa-
30M, MNpemATCTBHEM K pacCIlHPEeHHI0 Kpyra CXOJIHMOCTH
CJAYXHT IOSIBJIEHHE Ha ero rpaHuie 0coO0H TOYKH HC-
XoJHo# QyHKUHH (25).

ITpumep 3. EcrecrBenruiM 06o6ienueM psga (24)
SIBJISIETCH PN

fe@=141F242%22 4 ... +nf2"+ ..., (26)

rae k — HekoTopoe nenoe gucnao. IIpu 2 =0 Mbl moJjy-
uyaeM paa (24). Ms dopmyn (16) u (16) § 2 caeayer,
YTO pajuyc CXOAMMOCTH psfa (26) npu ;a060M k paBeH
eIHHHUILIE,

Ilpn k= —1 ™Mbl nosyyaeM psil, 3acCJAyXKHBaIOUIU
ocoboro BHuMmaHus. ITosxke GynmerT nokasaHo (cm. § 13,
npumep 3), 4To OH paBeH 1 —In(l —2), Tak 4o Mml
HMeeM

I—In(l—g=1+%+5+ ... +2 4 ...
3aMeHsisl 3eCh 2 HA —2, MHl [0JIy4aeM
=z 2 2B n-1 2"

ln(l+z)-—T——§—+—3-—|—. +(—]) T+...
(27)

Ipu 2=1 paax (27) cxoaurcs, Tak Kak OH sBJseTcs

3HAKONEPeMEHHBIM PsIOM C yOLIBAIOIIUMH YJeHAMH (CM.

§ 4). Ilpu 2= —1 ox pacxonurcss (cM. § 5). Takum 06-

pasoM, Ha rpaHulle Kpyra CXoAuMocTd pag (27) B Heko-

TOPBIX TOYKaX CXOAUTCSA, B HEKOTOPHIX pacxoautcsa. [Ipu
kR = —2 Mbl noayyaem psn

Fo@=1+5+2+ ... +5+ ...

Psap stor cxomuTcs mpH Bcex SHAuUeHHSX 2 Ha IpaHHIle
Kpyra CXOJHMOCTH, T. €. npHu |z| =1 (cM. npumep 2 §6).
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M3 3>THX NpUMEPOB BHJAHO, YTO HA TrpaHHLE Kpyra
CXOMHMOCTH DPSIA MOXeT BecTH cels mo-pasHoMy. Psg
fo(2) pacXomuTes BO BCEX TOYKAX Ha FPAHHIE KPyra cXo-
aumocty. Pan f-1(2) B HEKOTODHIX TOUKAX PAHUILI KPY-
ra CXOAHMOCTH CXOAHTCH, B HEKOTOPHIX pPaCXOAHTCH.
Y, makoHell, PAA f_(2) abCOMIOTHO cXOAMTCA BO BCeX
TOuKaX PAaHHIBI KPyra CXOAHMOCTH.

[Tpumep 4. Ecaum 2, ecTh MOCTOSHHAS KOMILJIEKCs
Has BeJH4HMHA, TO HEKOTOPYH GYHKIUIO f(2) MOXKHO 3a-
AaTh PALOM

fRI=a+a(z—2)+ ... +a,(z—2z)"+ ... (28)

MO CTeNeHSAM BeJIHYHHB 2 — 2o. M3 panee mokasanuoro
cJaeflyeT, UTC CyllecTByeT Takoe yucao r =0, uto npu
z2—zo|<<r pan (28) abconOTHO CXOAMTCA, a IpH
lz—zo > r pan (28) pacxopurcs.




IF'masa II

AUPPEPEHUHAJIbHOE HCYHUCJIEHUE

OTa IjaBa NOCBsIIEHA BECbMa CKaTOMY H3JIOKEHHIO
NepBOil OCHOBHOH YaCTH MaTeMaTHYEeCKOro aHaJu3a, CBs-
3aHHOM C MOHATHEM IPOM3BOAHON (YHKUHH, BBIYHCJ]IE-
HHEM NpPOHM3BOJAHBIX DPa3JHYHBIX (YHKUME HJH, YTO TO
Xe camoe, HX AH(depeHuupoBarueM. Jas Toro urobu
aTh oNpejieNieHHe TNPOM3BOLHON, NPHXONHTCA NpeXae
BCEro HECKOJbKO BHJOH3MEHHTb MOHATHE Npejesa, AaH-
Hoe B ranaBe I. 3ateM maercs camo onpesesieHHe OXHO-
BpeMEHHO JJi1 J1eHCTBHTENBHOTO H KOMIUIEKCHOTO CJy-
yas. D10 genaercd B § 10. B § 11 narorcs npasuaa Bb-
YHCJeHHs NMPOM3BOAHBIX. B mepByio ouepelb BhIUHC/ISET-
CA TpPOH3BOAHASA CTENEHHOro psla, 4TO JaeT BO3MOXK-
HocTh mpoaud@eperuupoBaTh QYHKIHH €%, COS 2, sinz,
pasjioxeHHe B CTeNeHHble PAAb KOTOPHIX yXke GBLIO II0-
ayyeno B ruase I. 3areM BuBogsiTca npaBuaa audde-
PEeHIHPOBAaHHS TPOH3BEEHHs, OTHOIIEHHS H CJIOXKHOM
¢ynkuun. M3 nocnexnero BhiBogHTCA npasHiao audde-
peHuupoBanus o6paTHoH ¢ynkuuu. TakuMm o6Gpasom,
§ 11 conmepxur B ceGe mpaBuia audbepeHLHPOBAHHUS
BCEX 3JIeMEHTAapPHBIX TpPaHCUEHAEHTHHX ¢yuxkuui. Xors
riaBa ¥ HaseBaeTcss «AH((epeHIHANbHOE HCUHCJIEHHES,

B Heil, OIHAaKO, BBOAMTCH H ONepallHsi HHTErPHPOBAHHSA -

Kak ofpaTtHas K onepaunn AuddepeHunposanus. Bso-
IHUTCs MOHATHE NepBooOpasHo (QYHKUUH WJH, YTO TO XKe
caMmoe, Heomnpefle/leHHOr0 HHTerpaJjia, TaKXe OJIHOBpe-
MEHHO IJIsl J[eHCTBHTEJIbHOrO H KOMIJIEKCHOTO CJyuas.
Ipu nomomyn ¢opmyas Jlarpanxa AoKasbiBaeTcs efuH-
CTBEHHOCTh MNepBOOOGPa3HOH ¢ TOYHOCTHIO HO MOCTOSH-
HOrO €J1araeMoro, Tak 4YTO NpeJBapHTeJbHO NMPHXORHTCH
Iokasath Teopemy Poans u ¢opmyay Jlarpanxka nas
Iei#icTBuTesibHbIX GyHKuni. Bce aro nenaerca B § 12
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B § 13 HaxoxATcst nepBoOGpasHble s HEKOTOPHX KOHK-
peTHbIX (QYHKUHH, a TaKXKe 1aI0TCsl HEKOTOphIe NMpaBuJa
HHTErPHPOBAHHS, HMEHHO, HHTETPUPOBAHHUS 110 UACTAM I
IpH TNOMOLUM 3aMeHBl INIePeMeHHOH HHTerpupoBaHus.
B § 14 HeCKOJIbKO HCKYCCTBEHHO BBOIMTCA MOHATHE ON-
peze/IeHHOTO MHTeTpasia Kak TaKoH MepBoo6pasHoll, Ko-
Topast obpaillaeTcs B Hyab B 3afaHHO TouKe z, Ha
OCHOBE 3TOr0 YCTaHABJUBACTCHA psf NpPaBHJ, OTHOCH-
IUXCH K ONpeNesIeHHBIM HHTerpajiam, H, B 4acTHOCTH,
JaeTCd OLEHKa ONpeje/IeHHOro HHTerpana OT XeHCTBH-
TeNbHOH (QYHKUMM uepe3 ee MoAyab. [lenaercs 510 npH
moMoun ¢opmyan Jlarpanxa.

OnpeneneHHblt HHTErpas BBOLHTCS TaKHM He BrHOJIHE
€CTeCTBEHHHIM 06pas3oM, [ TOro 4ToBh B MOC/IedHeM
naparpade raassl xath dopmyay Tefinopa ¢ ocratou-
HBIM UYJIEHOM B HHTerpa/jibHOH (dopMe M AJi TOr0o YTOGH
B PANe KOHKDETHHX ClyyaeB NaTh OLEHKY 3TOr0 OCTa-
TOYHOrO ujeHa. BruncieHne 0CTaTOYHOro usieHa B HH-
TerpajibHOR (opMe mesaeTcs HCKIIOYHTENBHO IIPOCTO.
Takoro mpocTOro BBLIYHCJEHHS OCTATOYHONO 4JeHa B HH-
TerpasibHoOl (opMe g HHTJE He BCTpeyad.

§ 10. Nponseonnas

B maremarnueckoM ananuse orpoMHyio poiib Hrpaer
TaK HasbiBaeMas mnpoHusBoiHas ¢yHKuuu. [lpeicrasum
cee, YTO Mbl H3yyaeM HEKOTOPYI0 dyHKumIO [(f) neii-
CTBHTEJ/IbHOrO mepeMeHHoro f. Ilo/b3ysch HeKOTOpHIMH
onepanuaMy, Koropnie OyayT MOAPOGHO ONmHMCaHbl HHXKe,
MBI, HCXOAS H3 QYHKUHH f(f), CTPOHM HOBYIO (hYHKIIHIO
['(t). Ota HoBas O¢yHKIHA HasbiBaeTCA NPOHM3BOAHOK
dynkuny f(f). IIpexne uem nepefiTH K AeTaJbHOMY ONH-
CaHHIO TOro, KaK ¢byHKuHua f'(¢) nonydaercs u3 GyHKIUH
[(2), ckaxeM HeckombKO CiI0B 06 9Toft dymkuum [ (f).
Koneuro, 310 ciioBecHOe onucanue npoH3BOAHOA KOBOJIb-
HO TYMaHHO, HO BCE Xe OHO JaCT HaM HeKOTOPYH BO3-
MOXKHOCTb COCTaBHTbL cefe NpeaCTaBJCHHE O 3HAaYEeHHH
NPOU3BOJHON AN NPHJIOXKEHHH MaTeMaTHKH, B 4aCTHO-
CTH AN GHU3MKH H JIPYrHUX pas3feloB eCTeCTBO3HAHHS.
Bynem nns onpeneneHHOCTH CYHTaTh, 4TO ¢ €CTb BpeMs,
a f(¢) ectb Kakas-TO (u3HUECKAs BeJHUMHA, MEHSIO-
masicas co BpeMeHeM. PuanyecKue BEJHUHHH, MEHSIO~
IHecs ¢ TeYeHHeM BPEMeHH, BCTPEYaloTcs BO BCeX (H-
3HYeCKHX npoueccax. Tak, HanpuMmep, abcuucca x HeKO~
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TOpOfi TOYKH, ABHXKYINEHCH MO OCH aGCUHCC, 3aBHCHT OT
BpEMEeHH W sBJseTcd ero (yHKUHel, Tak YTO Npolece
STOro NBHIKEHHS MOXeT GBHITb 3aMCaH B BHJE

x=f ().

OTO ypaBHEHHe PaccKa3biBAaeT HAM O TOM, KAaK MOJIOMKe-
HHE TOYKHM MEHSAETCs ¢ H3MeHeHHeM BpeMenu. TOYHO Tak
XKe TeMieparypa I HEKOTOPOro Teja MOMKET MEHSTbCS
CO BPEMEHeM, H TOrAa NPOLECC ITOr0 H3MEeHEHHS MOKeT
OniTh 3amUCaH B BHJE yPaBHEHHUS

T=f(@),

rne f(f) ecTb Kakas-To onpenejeHHas (hYHKUHA Bpe-
Menn f. He crapascs Ha mepBhx mopax ompexenuts, 4To
STO 3HAUYMT TOYHO, MBI BCe Xe SCHO NpencTaBadgeM cebe,
ITO CKOpOCTh H3MEHEHHS BeJHUYHHHB f(f) € TeueHHeM
BpeMeHHN / MOXeT GhTb Pa3HOH B Pa3Hble MOMEHTH Bpe-
MeHH. Takum 06pasoM, MH $ICHO ONIyIIaeM, YTO CKO-
POCTb M3MeHeHH BeJHYHHH [({) 3aBHCHT OT MOMeHTa
BpeMeHH ! H siBsercad (QyHKUMel BpeMeHH f. dTa CKo-
pocts M oGosnauaercss uepes [’(f). Takum 06pasom,
HHCTO CJIOBECHOE oOmpeje/ieHHe TIPOH3BOAHOH [/ (f) cie-
aywouwee: f’(f) ecTb CKOpPOCTb H3MeHEHHS BeJIHYUHHI f(1)
B MoMeHT BpeMmenu f. Ilpu nsysennm ¢usuueckoro mpo-
liecca OGBIYHO BHINEJSIOT HECKONbKO (DH3HYECKHX BeJH-
UHH, XapaKTepU3YIOLIHX COCTOSHHE Hallero (hPH3HYECKOro
O0bEKTa B QaHHBIH MOMEHT BpEMEHH, H 3TH BEJHYHHbI,
KaK TpaBHJIO, MEHSIOTCS CO BPEMEHEM, T. €. MPOHCXOLHUT
¢usnyeckuit npouecc. Hanpumep, ecu peus uger o cxa-
THH HEKOTODOrO KOJIMYECTBA rasa B HHJHHIpE, TO (H3H-
UECKHe BeJHYHHBI, XapaKTEPHU3YIOIIHE COCTOSIHHE rasa
B JlaHHHIA MOMEHT, cJefyloline: o6beM rasa, ero nabJe-
HHe n teMmnepaTypa. Ecau mpoucxomur ckarue rasa, To
BCE STH BEJHYHHBI MEHSIOTCA CO BPEeMEHeM, M SCHO, 4TO
CKODOCTb HX H3MEHEHHsl HIpaeT CYLIECTBEHHYIO POJb B
ONHCAHHH Mpouecca CKaTHs rasa (cMm. § 13, npumep 1).
OkasbiBaeTcs, 4TO BCe HJH NOYTH Bce bu3nyeckue 3sa-
KOHBl MOryT ObITb ONHCAHBl MAaTeMAaTHUYECKH KaK HEKO-
TOpble YpaBHEHHMs, CBA3MIBaIOIINE (PHU3HUECKHE BEJHYHHBI
CO CKODOCTSIMH HX H3MEHEHHS, T.e. CBS3BIBAONINE (BYHK-
LA ¥ X NPOU3BOAHbBIE. DTO OGCTOATENBCTBO M ONpeje-
JIET HCKJIIOYHTENbHO GO0JblIOe 3HAYEHHE MNPOH3BOXHON

A1 H3y4YeHHs QH3HYeCKHX MPOLECCOB. ’
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HOns Toro yto6Hl AaTh MOJHOE MaTEMATHUECKOE ONHUs
caHHe INPOHM3BOJAHOH, HEOOXOZHMO NpeNBapUTENbHO Hes
CKOJIbKO BH/JOM3MEHHTb ONEPALHI0 MPEAeJbHOrO IMepes
Xoza, KoTopasi paccMatrpuBajach HaMu B § 1.

Hosoe nonsitue npepenbuoro nepexoga. B § | Mol ucs
XOJHUJIA H3 HEKOTOPOH MOC/JeN0BATebHOCTH 4yuCes

Sty 82y vvvy Spy v e (1)

ITpu 3TOM OBUIO BBISICHEHO, KAKOM CMBICJ HMEET yTBEpK-
JIEHHE, 4TO NOCJEA0BATENbHOCTL (1) CXOMHTCH K HEKOTO-
pomy uucay s. MiMeHHo, Gulio 06bfABJIEHO, UTO MOCHENO-
BaTeJbHOCTh (1) CXOZMTCA K YHMCAY S TOrAa M TOJBKO
TOTJa, KOrfa DPasHOCTb Sp~——$§ HEOrpaHHYEHHO NpubMi-
JKAaeTCsl K HYJIO NMPH HEOrpaHHYEeHHOM BO3PACTaHHH YHC-
Jaa i1, Ecan 3To HMeeT MeCTO, TO MUMIYT

lim s, =s. (2)
n->»x%

HanoMmuo 3gech Gosee (opMasbHOE TOYHOe OIHCAHHE
npeneabHOrO Nnepexona, KOTOpoe NPHHATO B MaTeMaTHKe
u Koropoe yxe Obiio gaHo B § 1. CoorHomenue (2)
HME€eT MeCTO TOrJa M TOJBbKO TOr'Aa, KOrja AJs KaXAoro
MOJIOKHTENbHOTO YUC/IA € MOXHO Noao6parTh HaCTOJbKO
Gosblioe LieJoe YMCJIO Vv, YTO NpPH 7 >>v HMeeT MeCTO
HEpaBEHCTBO |Sn — §| << e. ‘

DTo onucaHHe MPEeNeJbHOrO Nepexofa MOXKHO JIErKo
nepedpa3HpoOBaTh, B3SB 32 HCXOJHHH OGBEKT He MOC/e-
JIOBATebHOCTD YHCea, a QYHKUHIO f(7) LEJOUHCIEHHOrO
apryMmenra, KotTopas onpegeJsercs hopmyJioi

f(n)=sn’ n=12,... (3)

SIcHO, 4TO ecnu MBI 3HaeM mocJaenOBaTeNbHOCTH (1),
TO TeM CaMbIM MH 3HaeM H (YHKUHIO f(n) LeJodHCIeH-
HOTO aprymMeHta n, ¥ Hao60poT, eClH H3BecTHa (DYHKIUs
f(n) uenouYHCAEHHOrO apryMeHTa n, TO H3BECTHA H MO-
caegoBareabHocTh (1), CBA3b MeXAy MNOCHELOBATEND-
HOCTbIO ¥ QyHKuHell faercs dopmynon (3). Teneps ecre-
CTBEHHO nepeiiTH oT (GYHKLMH f(r) LeJOYHCIEHHOTO ap-
ryMeHTa a K ¢yskuuu f(z) ReACTBHTE/IBHOFO HJIH JaxKe
KOMILIeKCHOFO nmepeMeHHoro 2. IIpu paccmoTpenun QyHk-
LUK OEeJOYHUCJIEHHOTO apryMeHTa 72 Mbl CUHTAaJH, YTO 3TOT
apryMeHT n HeorpaHHUYeHHO BO3pacTaer, T. €. CTPEMHTCA
K Geckoneunocru. Ilpm paccmorpenun oOyHKRuuu f[(2),
KOMILJIEKCHOTO HJH AeHCTBUTE/bHOIO NEPEMEHHOro 2 MH

133



6y1leM CYHTaTh, YTO 2 CTPEMHTCA K HEKOTOPOMY YHCIO+

BOMY BHAUEHHIO 2o, M IOCTAaBHM IHepes co6o#i Bompoc,
CTPEMHTCA Ji¥ 3HaueHue f(2) NPH TOM K HEKOTOPOMY
uncay fo. ECM 3TO HMeeT MecTo, TO MHIIYT

lim f (2) = o. (4)

ITpu sToM Mbl cynTaeM, yTo (GyHKUHA f(2) MOKET GHTb
H He onpejejieHa Npu z = 2.

YrBepxnaenne (4) HMeeT CaeAyoOuM, Hemocpen-
CTBEHHO fICHBI cMbica. Ilo mepe Toro xak aprymenr z
OyHKUME f(2) HeorpaHHYeHHO NpPHOJMKAETCS K HEKO-
TOPOMY UHCJHY 2o, 3HaueHue QYHKUHH f(2) HeorpaHHueH-
HO npubauxkaerca K uucay fo. TouHas (GopMyanpoBka,
NpHHATAs TeNepb B MaTeMaTHKe, CAeAylolias: IO olpe-
JIe/IEHUIO COOTHOMUIeHHe (4) HMeeT MeCTO TOraa H TOJbKO
TOrJa, KOrja AJfl KaXKAOro MOJOXKHTEJNbHOrO YHCAA €
MOXHO M0A00paTb HACTOJNBKO MaJoe MNOJOKHTedbHOe
uucao 6, uTo mpu |z — 2p| << & HMeeT MeCTO HepaBeH-
cTBO |f(2)— fo| < e. ’

HoBoe onpenenenne npenenbHoro mnepexoza Aast
¢GyHKUMH f(2) He TOJBKO aHAJOTHYHO CTapOMY oONpeje-
JICHHIO PEIeJIbHOTO Nepexofa s IOCAeN0BaTeJbHOCTH
YHCeJl, HO OHO CBSI3aHO C HHM JIOTHYECKH, OZHAKO H3Yy-
HaTh 3TY CBA3b MBl He OyaeM. ‘

Henpepoisnocrs ¢ynkuuu. Hosoe onpenenenne npes
IeNbHOro nepexoja mjas OyHKIHH f(2) HaeT BO3MOXK-
HOCTb JaTh HOBOE€ OINpejeJieHHe HeNpephiBHOCTH (yHK-
LMK, HMeHHO, GYyHKLHS [(2) cuuTaeTcs Henpepolénoll Aas
3HaUeHHS CBOEr0 apryMeHTa 2, €CJH HMEeT MeCTO CO-

OTHOUIEeHUe
lim @) =F(). 5)

OTo HOBOe oONpeje/ieHHEe HENPEpPHIBHOCTH PaBHOCHJIBHO
CrapoMy, naHHoMy B npuMepe 1 § 1. B manpHe#illeM Mul
GyAeM IO/Ib30BATHCS JIHIIL 3THM HOBHIM ONpefeseHHEM
HEeNpepeBHOCTH, H JJf TOro 4YToObl YCTAHOBHTb CBS3b
C NMpPEXHHUM onpejiesleHHeM, DO0KaXKeM, 4TO (QYHKIHSA, He-
npepelBHAass B HOBOM cMbicae (cM. (5)), HempephiBHA H
B cTrapoMm cMhicae. [loKa3aTeabcTBO GyJeT NaHO B HHXKe-
CleayomeM npumepe 3.

pousBoaHan ¢ynkuuu. B maremartuke paccMarpuBa-
I0TCA NPOH3BOJHbIE (QYHKUHA Kak ReHCTBHTENbHOrO, TaK
H KOMIIJIEKCHOT'O NepeMeHHLIX, IPHUYEeM ONpejieseHue OfU-
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HakoBo Ans obGoux cayuaeB. ITosTomy OyneM HCXOQHTbH
H3 HEKOTOpOH GYHKIHH [(2) AeACTBHTeNbHOrO WJIH KOMII-
7IEKCHOTO NepeMEeHHOro, He ¢bukcupys sroro 3apasee. 3a-
KpemuM BpPEMEHHO HEKOTOpOe 3HaueHHe 2 apryMeHTa
ynruuu f(2) u onpeneaum 3sHaueHue [’(z) NMPOHM3BOA-
goit GyHKuuH f(2) AN 3TOro 3HAUEHHA apryMeHra 2.
Jlis 3TOro HapsAy ¢ 3aKpenyeHHHM 3HaueHHeM Z pac-
CMOTPHM TDOH3BOJIbHOE 3HaudeHHe [ apryMeHra ¢yHK-
uuu [(2). MBl 6yneM MbicauTh cebe BelTHUHHY § Kak Io-
AyUeHHYIO H3 BeJHUMHB z nyTeM ee uaMeHenus. [lus
TOro 4YTOGH ITOAYEPKHYTb 3TO, HA30BEM npupaujeruem
BeJIHYHHB 2 BEJHUHUHY

Az=(—=z.
=2+ Az

TNpupawesnio Az He3aBMCHMOrO MEPEMEHHOro COOTBET-
cTByeT npupailenue QYHKIHH, onpeienseMoe ¢dhopmy.ion

AM@E@=FQ—T@=[(+b2—F()

Ilas Toro uroGH BHUHCIHTb NpoH3BOAHYIO f'(2), co-
CTaBHM OTHOLIeHHe MpupallleHHs (GYHKUHH K IpHpalle-
. HHIO apryMeHTa '

A (z) _ f@Q)—f() __ fz+A2)—f(2) (6)
Az t—z Az ‘

Torpa

D10 OTHOUIEHHE ONMpeAeNeHo AJs BCAKOro 3HaueHus g,
He PaBHOIO 2, HJIH, YTO TO XK€ caMoe, JJs BCAKOro 3Ha-
yenna Az =0. Ilpu { ==z uucauTeJb H 3HaMEHATENb
npo6u (6) obpamamTcs B HYJb, MOSTOMY ZApoGb He
uMeeT cMmhuicaa. Ecan orHouleHue (6) cTpeMHTCs K ompe-
LeJeHHOMY mpefedy, Korga §—>z uiH, 4To TO Xe Camoe,

Az — 0, 1. e. KOrAa O — )
N -_ 2

CylIEeCTBYyeT, TO CUHTAIOT, UTO (QYHKIHA f(2) umeer npo-
u38001yto [’ (2) N CBOEro 3HAUEHHA apryMeHTa z, H
3Ta NPOH3BOAHASA ONpeaensercs bopmyaoi

@ =lim LG=LE ®

IIpu onpejieseRHH NPOH3BOAHOH B TOUKE 2 MEI Gynem
npeAnosiaraTh, 4TO BCe 3HauGHMs BeJHYMHHI §, HoCTa-
TOYHO GJH3KHe K 2, SBJASAIOTCA JONYCTUMBIMH 3HaUeHHS-
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MH apryMmenTta. B nanbHefimteM Mbl GyaeM cumtaTh, 4TO
€CaH HaNHCcaHa MNPOH3BOAHAS, TO. OHA CyLIECTBYET.
Ecan ¢ynknus f(z) sankcana y Hac B BHEE CJIOXK=
HOTO BBIpAXKERHS, TO IpH 0603HAYEHHH €ro NpOoH3BOLHON
IITPHX CTABAT MHOTAA 3a CKOGKY, HMEHHO, CJIEAYIOLIHM

o6pasom:
'@ =(FE). 9)

B nasnpnefimen, Korga Mbl 6ynem mucathb [/ (z), Mbl BCer-
Aa GyneM CuHTaTh, YTO NPOHM3BOAHAS DYHKIHH f(2) cys

" IIECTBYET MNpPH 3aJ1aHHOM 3HAYEHHH 2, T. €. UTO Ipenaen

(7) cymecrtsyer. .

Onpenensis npoussoanyio f'(z) ¢dynkuun f(z) upu
3HAYEeHHH apryMeHTa z, Mbl, KaK NpaBHJO, GyneM npejs
nonaratb, yT0 GyHKUHSA f(2) omnpeaeseHa AJs BcexX 3Has
YeHHHl CBOEro apryMmeHTa, NpHHAJJEXalIUX HEKOTOPOH
okpectHocTn Uy Touku z (cm. § 1, (12), (16)), Tak urto
NIpH BHIYMCAEHHH mnpejena (7) 3a § MOMXKHO NPHHHMATh
NPOH3BOJILHOE YHCJO, YAOBJETBOPSAIOILEE HEPABEHCTBY
0<|t—z|< 6.

Beckoneuno mauabie Bequumubl. B CBS3H ¢ HOBHIM oms
penresieHHeM npenena, AaHHLIM B 3TOM maparpade, Bo3s
HHK2€T M HOBOE IpeACTaBJ/eHHe 0 GEeCKOHEYHO MaJibiX Be-
JauunHax. Ecaun Hekotopas mepeMeHHas BeJHYHHA T HH-
TepecyeT Hac TIJIaBHBIM 06pasoM B Ipouecce CBOEro
CTPEMJIEHHS K HyJ, TO Mbl GyJeM HasbiBaTh ee 6ecKko-
Heuno manod. B 3ToM cMbicie GeCKOHEUHO MasoH Bes
JIUYHHOH sBJAeTCA npupalieHue Az ={ — z He3aBHCH-
MOro nepeMeHHOro IPH BbIYHCJEHHH HPOH3BOAHOH. Ecan
T B 3TOM CMbICJe — GeCKOHEYHO MaJasf BeJHYAHA H

¢ (1) — ee dyHKUMA, IpUUEM

lim ¢ (x) =0,
>0 .

TO BeJHYHHY @(v) Mbl GyaeM TakXKe HasblBaTb GeCKos
HeyHo Mano#. UrTo6nl BhIpasutb 310 Gosiee MOJHO, MH
MOXeM CKasaTh, YTO BesqHuMHA @(t) GECKOHewHO Maja
BMecTe ¢ 1. O4eHb YacTO NPUXOAMTCH CPABHHBATH GbICT=
poTy yGniBaHHS BeJMUHEB ¢ (t) ¢ GHICTPOTOH yGHIBaHHS
BequuuHbl 1. B nepsylo ouepenr 310 penaerca mnpu
nomowu 31akoB O u o (cM. § 2). Tax, ecan BequuuHa

9 (%) :
- (10)

114

e




ocraeTcsl orpaHuYeHHoH, Korga t— 0, To mHWYT
@ (1) =0(v).
Ecan xe npo6e (10) crpemurcs K Hyawo npu v->0,

TO MHULIYT
@ (t)=o(v).

OueHb YaCTO NPHXOAUTCS CPABHHBATH GBLICTPOTY YObIBa-
HUSl BEJIHYHHB @(T) ¢ OBICTPOTOH yOBIBAHHS BEJHUHHBI
1%, TAE 7 — HaTypaJbHOE YHCJIO.

Ecnu nMeer MecTo cooTHOUIeHHE

9(r)=0("),

TO T'OBOPAT, YTO @ (T) ecTb 6eCKOKe4HO Manras nopsdka
N OTHOCUTEAbHO T.

Muddepenunan. PasbepeM tenepb HECKOMBKO MOAPOG-
Hee ompeesieHHe - IPOH3BOXHOM. Ona sapaerca cdopmy-
JI08

>z

Z.
(cm. (8)). Minaue roBop4, BequuuHa
a =LE=LE _p( (11)

aBJseTcH GecKoHeUHO Manoil BMecre ¢ § — 2. Pasenctso
(11) moxHO mepenucath B BHIE

fO—F@=IR@C—2)+a-C—2),

npuyeM
{im a=20.

Ecan nonoxuts

a-G—2)=8,
To dopmyna (11) nepenumercs B BUAe

FO—F@=IRt—2+8 (12)

npuyeM, O4eBHIHO,

B=0(—2). (13)

JleBag wactr paBenctBa (12) mnpexpcrasaser co0o#
npupameHue GYHKIUHUH, a MpaBas yacThb COCTOMT H3 ABYX
YJIeHOB, BTOPOH H3 KOTOPHIX. YIOBJIETBOPSET YCJIOBHIO
(13). Takum o6pasom, ecau f'(2) 7% 0, BTOpo# YJieH npa-
Bo#l uactu paBeHcTBa (12) cTpemurcs K Hyaio ObicTpee,
yeM nepBuil useH. [Tosromy cuuraior, 4yTo NMepBH ujeH
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npaBofl yacTH paBeHcTBa (12) ABJAETCS TIJI2BHBIM BO
Bcelt cymme. IlotomMy MoxkHO CKasaTh, 4YTO TrJiaBHas
vactb npupauenns Af(z) ¢ynkuun f(z) pasua f(z)Az.
Beenem Teneph HOBYIO TepMHHOJOTHIO, Bynem nasmBath
npupaiienve Az He3aBHCUMOro epeMeHHOro ero nud-

(hepeHIHaNIoM H MHCaThb
Az=dz.

InaBuyto gacrb npupamenns Af(2) dynruuun f(z) 6y-
A€M HashIBaTb ee Jugpepenyuarom u 0603HaTaTE 4yepes
df(z). TakuM o6pasoM, Mbi nonydyaem opmyay

df @) =['(2) da. (14)

Ionsatue nuddepennnana moka uro mao cojllepKaTeiibs
Ho. Ha mepBhiX nopax oHo naer nawm HOBYIO 3amuCh A8
TNPOU3BOAHOM, HMEHHO, H3 (POPMYJH (14) caenyer

f =L, (15)

Ho ¢ Teuennem Bpemenn mm yOenuMesl, 4T0 MOJIb30Ba-
HHe audpdepeRnnasaMH mose3Ho. [poussonnyio f(z)
HHOTJa 3aMHCHIBAIOT B BHIE

I (@)= ). (16)

3amucek MponsBonHOH B BHje (15)- 1 (16) umeer HekoTO-
po¢€ npeumynecTso mepen 0o603HAaYeHHeM f'(2), rak kak
B 3THX 3aMHCSAX $ICHO BHAHO, II0 KaKoik nepeMeHHoOH Ge-
PETCH NMPOH3BOAHAA, a 3TO B HEKOTOPHIX CIy4asx oOKa-
3bIBA€TCA OYEHL BAXKHBIM. B cBsizm c dopmyaoii (15)
OMEpaUHIO B3ATHA NMDPOM3BOAHOH YaCTO HASHIBAIT one-
payuei Ouppepenyuposanus. DyHruHs, EMeomasn npo-
H3BOJHYIO B TOUKE 2, HasbiBaercs Auddeperuupyemoit
B Touyke z. DyHKuus, uMmenmwas NPOHBBOAHYIO AJA JIIO-
Goro 3HaueHus cBoero aprymenta, HasmiBaercsi Quegpghe-
penyupyemott pynxyuer.

HenpepsiBaocts Rutdepenuupyemoii ¢yukunn. Ecan
bynkunsa f(z) uMeer B Touke 2 npoussoxanywo f'(z), to
OHa HeNlpepHIBHA B 3TOH TOUKe. HeficTBuTenbHO, nepe-
Xols B paBencTBe (12) k mpemeny mpu §— 2, mMul HoJIy-
yaeM

lm (F@Q)—f(2)) =lim (' (2) ¢ — 2) +- 0 (C — 2))=0,
t->z {>z
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rak yTo byHKUHs f(2) HempepbiBHa B Touke z (cM. (5)).
(TakuM 0Gpa3oM, ecsH (QYHKIHS MMeeT MPOH3BOAHYIO A
KaX@<JIOTO 3HAYEHHS CBOEro apryMeHTa, TO OHa Helpe-
pbIBHA.

YactHas npoussBoaHas. Jlo cHX mOp MBI TOBOPHJH
TONBKO O (DYHKIHAX OJHOTO MEPEMEHHOro, XOTd B Jel-
CTBUTEJHHOCTH MOYTH BCErga KMenH AeJo ¢ QyHKUHAMH
MHOTHX MePEeMEHHHX; TaK,
HAaNPHMep, MHOTOWJEH OT 1 e 4
NmepeMEeHHOro 2 B, JeHCTBH- £
TEJbHOCTH  SABJAETCH H 7
¢yBxune# cBoHX Ko3bdu- 7 «
uueHToB. TeM He MeHee
IpH B3ATHH NpousBoxHO# ¥
OT MHOrOYJEeHa MBl SICHO
MIOHHMaJH, 9TO NPOH3BOJ- >
Has Gepercst mo mnepemen- ¥ z g
HOMY 2. B HeKoTOpHIX ciy- Puc. 10.
gasix, OfHaKO, HMes Je]o
¢ GyHKUHeHA HEeCKOJbKHX
nepeMeHHHX, Hanpumep f(2, w) ABYX NepeMeHHBIX, HaM
BaXXHO 4YeTKO 3asiBHTh O TOM, IO KaKOMy M3 IBYX mepe-
MeHHBIX Gepercsi MpOH3BOAHasl. Takas MpoM3BOAHAA Ha-
3bIBaeTCs 4acTHOU npousdsodroli m o0o3HayaeTca 4yepes

2 fe, w). (17)

3

IIpu BHUKMCJAEHHH ee MH JaeM IpHpalleHHe TOJbKO 2
M CUHTAEM BEJHUHHY W MOCTOAHHOH.

IMTpumep 1. Jlagum remepb reoMeTpHYECKOE HCTOJ-
KOBaHHMe MPOU3BOAHON JeficTBHTeNbHOH (yHKuHH f(x)
JeACTBUTEILHOTO NepeMeHHoro x. M1 3TOro HayepTuM
rpapuk K ¢yukuun f(x) Ha miockocTH P, B KoTOpo#
BhIGpaHa HeKOTOpas MPAMOYroJibHas JeKapToBa CHCTeMa
koopaunar (puc. 10). Takum oGpasom, K ectb xpusas,
onpelensieMass ypaBHeHHEM

y=T(x). (18)

3abuKkcHpyeM HEKOTOpOe 3HAaueHHe X apryMeHTa Hallei
GbyHKuME ¥ 0603HaYHM uUepe3 y COOTBETCTBYIOLlee 3Ha-
yeHHe (yHKUHH corjacHo ypaBHenuio (18). Torxa a =
=(x,y) ecTb TOYKa NJOCKOCTH P, JexXallas Ha KDH-
Boit K. 1y Touky MH GyZeM CUHTaTb HenmoABHKHOMH. Ha-
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DALy CO 3Ha4EHHEM aprymeHTa x BEIGepeM MPOH3BOJBHO
Apyroe sHauenHe § = x M 0603HAUHM uyepe3 1 COOTBET-
CTByIOLlee 3HAUeHHe GYHKIMH, Tak yTo N = f(£). Touxka
o =(§, 1) Jexur Ha kpusoil K, u ee Mbl OyneM cuMTaTh
noABUXHOA. Ecsin § npubankaercs x x y6uBasi, T0 Tou-
Ka o nBHXKeTCH 1m0 KpuBoi K, MPHGAHKAACh K TOUKE @
C MpaBo#t cTOpoHH. Eciu BeaHunHa § npuGanKaercsa K X
BO3pacTafl, TO TOYKAa « ABHXKETCA M0 KPHBOi K, mpu-
6aHKasCh K TOYKe @ C JeBOH cropossl. [IpoBenem uepes
TOUKH a M o npamyio L. L ecTb cekyuwias kpusoi K.
Ilogcunraem TaHrenc yryia HakJIOHa npsMolt L, T. e. TaH-
TEHC yraia MexXAy ockio abcuuce u npsMoit L. JLas atoro
Yepe3 TOUKy a NMpOBeleM TOPH3OHTAJBHYIO NPSAMYIO, T.e.
NpsIMyIio, mapasiebHYyi0 och  abcuuce, a 4epe3 TOUKY
o — BepTHKalbHYI0 npsMyio. Ilepeceuenne 3tux aBYX
npaMbIX 06o3Hauum dyepe3 y. Ham nyxHO noxcuuraTh
TaHTeHC yryia NMpH BepUIMHE a B NPAMOYIOJIbHOM Tpey-
TOJIbHHKE ayc, YYHTHIBAsA NPH 3TOM 3HaK yraa. [as om-
peaeseHHOCTH OyaeM CuHTaTh, 4To £ > x. Torza moJio-
KHUTEJIbHOE YHCIO0 §—X DaBHO AJHHE CTOPOHH Qy Ha-
LIero TPEYroJNbHHKA, a YHCJIO 1) — Yy PaBHO [AJHHE CTO-
POHEI ya, B3ATOH CO 3HAKOM ILIIOC, €CAH 1 > Y, H CO
SHAaKOM MHHyC, ecau 1M << y. TakuM o6pasom, B JH060M
Ciyyae TAaHreHC yrja HaKJOHa NpsAMO# L paBeH OTHOs

LIEHHIO -2—:—%— Ecan § << x, To TaHreHc yria HakaoHa

NpSMOA L paBeH TOMY e CaMOMY OTHOIIEHHIO. DTO Jer-
KO MpoBeputh, yUHTHIBAs 3HAKH 0GeHX BEJHUHH 1| — y H
§—x. Ecan nponssoanas ['(x) dymkuuu f(x) npu na-
HOM 3HAQYeHHH apryMeHTa X CYIIECTBYeT, TO 3TO 3HA-
YHT, YTO OTHOLIEeHME g_z cTpeMuTCs K mpegeny [’ (x)!
npu §— x. Takum o6pasom, ecau npoussomuas f*(x) cys
IIECTBYeT, TO TAaHreHC YIMa HakJiOHa ceKymiei L crTpes
MHTCA K ONpeLesIeHHOMY Npeliesy, KOria TOYKa o HEOr=
panmyeHHo mpuGJnKaerca K TouRe a. B srom cayuae
caMa npaMas L CTPeMHTCS K CBOeMy NPEAeqbHOMY I10-
Joxennio M, npuuem mpsamas M TakKe MPOXONHT Ueje3
Touky a. ITo onpenenennio npamas M cumraercs Kaca-
Tesavrod K KpuBoi K B Touke a. TakuM o6pasom, npo-
u3BonHas f'(x) ecTb TaHreHC yria HaKJOHa KacaTeb-
Hoit M, mpoBenxeHHOH B TOYKe a =(x,y)} Kk rpadury K
(YHRUHEE [(x). DTO M €CThb reOMETPUYECKHiF CMBICT IIPO=
H3BOIHOH, !
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n—y
E—x
K ONpeIeJeHHOMY MNpepeay k;, Korga §-— X, ocraBasch
GoJpllie X, H TO Xe CaMOe OTHOLIEHHEe CTPEMHTCS K APY-
roMy npeznenay k; Korga g-—- X, OCTaBasicb MeHbIIE X.
B sTOM cayuae no onpeneneHuio GyHkHus f(x) He uMeeT
TMPOH3BONHOA IPU 3afaHHOM 3HAYEHHH apryMeHTa X.
Uucna ky u ky Ha3bIBalOTCS COOTBETCTBEHHO NPaBOH H
JaeBoi npousBogHbIMH. IlockonbKy k; u k; He paBHBI
MexXay coboit, o6o3HauuM uepe3 M; mpejesnbHOe MOJO-
JKeHHe cekymled L, xorna o npubJamkaercs K a cnpasa,
u uepe3 M, npenenbHOe fOJIOXKEHHe CeKyllelt L, xoraa
o npubauxaercs K a cneBa. IIpsmuie M; u M, He coB-
nagaoT W KpuBasgd K He MMeeT B TOYKE @ KacaTeJbHOM.
Touka a B 3TOM cJayyae Ha3LIBaeTC Y4080l TOUKOU
kpusoit K. Tlpocrefiluuit npuMep yraoBoH TOYKH jaeT

dyHaxnHs
fx)=lx|

MoXer CIyYHTbCH, YTO OTHOILIEHHE CTpeMHTCS

Ee rpaguk, 3agaBaeMbifi ypaBHeHHEM y ==|x|, COCTOHT
M3 GHCCEKTPHCHl NepBOH YeTBEPTH CHCTEMBl KOOPAHHAT
H OHCCEKTPHCH BTODOH UeTBEpPTH CHCTEMH KOOPAHHAT.
Ipu x=0 Mbl uMeeM k; = +1, kp=—1, u TepMuH
«yrJaoBasi TOYKa» B 3TOM CJydYae HMeeT BIOJHE Har/sfl-
HH# CMBICJI. :

MMpumep 2. Jlagum ellle 0OfHO OYeHb BAXKHOE INpH-
MeHeHue npousBopHOH. JloKaxeM, YTO ecaM HeHCTBH-
TenbHas QYHKUHA f(x) ReHCTBHTEJBLHOI'O MEPEMEHHOrO X
HMeeT HpH 3aJaHHOM 3HAUEHHH apryMeHTa X MHOJOXH-
TeJbHYX HPOH3BOAHYIO, T. €. [/ (x¥) > 0, To B6IH3H TOY-
Ku x ¢yuguusa f(x) Bo3pacraer. Bosee TouHo, cyme-
CTBYET HACTOJNBKO Majloe HOJIOXKHTeJIbHOe YHCIO0 §, 4TO
npu |§— x| << 8 MBI HMeeM cJeJylOUlHe COOTHOIIEHHS:

ecin E<x, 10 f (&) <f(x)
ecau §>x, to [(E)> [ (x).

910 crnepyer HemocpencTBeHHo u3 Qopmyan (12). Co-
BepUIEHHO aHAJIOTHYHO YCTAHABJIHBAETCS, YTO €CJHH MpH
HEKOTOPOM 3HAuYeHHH apryMeHTa x mnpouspoinas f’(x)
oTpHuaresabHa, T. e. f'(x) << 0, To BOIU3H TOYKH X QyHK-
uus f(x) yoniBaer. FIMeHHO, cylecTByeT HacTOJNBKO Ma-
Joe TOJOXKHTeNbHOE 4HCJA0 O, uTo mpH |E— x| << 8
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HMEIOT MeCTO COOTHOMIEHHS
ectn E<x, 10 f(8) > [(x);
ecan £> x, 1o (&) < [(x).

M3 nonyyeHHBIX pe3yJbTaToB MOXKHO CAE1aTh 4De3Bbl+
4aflHo BaXXHHIH BHBOA. MMenHo, ecyin Gynkuus f(x) npn
HEKOTODOM 3HAaYEHHH CBOEro apryMeHTa x JOCTHraer
MaKCHMyMa, T. €. HMEET MeCTO HepaBEeHCTBO

fx)Z=TfE)

NpH NMPOH3BOJbHOM 3HAaYeHHH apryMeHTa §{ QYHKIUHH, TO
npousBojHas f’(x) pasua 0.

Moxuo naxe noKasatb Gosee CHJBHEI pe3yJsbTarT,
HMEHHO, €CJIH B TOUKe X (PyHKIHA f(x) HMeeT JOKajbs
HbIl MaKCHMYM, T. €. CYLIECTBYeT TakKOe MOJOKHTEdbs
Hoe 4yHeao 8, uto mpu | — x| << & uMeeT Mecto Hepa-

BE€HCTBO
[(x) =1, (19)
f (x)=0.

JlokasarenbcTBo GyneM BeCTH OT NPOTHBHOTO. Homy-
cruM, uto f'(x) > 0. Ho Torza ¢ymkuns f(x) B Touke x
BO3pacTaeT, H, CJeJOBaTeJbHO, CYUIECTBYeT TaKoe 3Ha-
YeHHe § > x apryMenta f(x), yZOBJeTBOpsIOLIee YCI0-

BHIO £ — x <C §, YTO
FE&>F(x),

a 3TO NPOTHBOPEYUT mnpeanojoxenuio (19). Touno Tak
XKe NMPOH3BOAHas ['(x) He MOXKeT GHITH OTPHIATENBLHOMH,
TaK Kak Torxa QyHKUus f(x) B Touke x yOnlBaromas,
T. €. CyUIeCTBYeT TaKoe 3HaueHHe § << X, yIOBJETBOPSIO-
llee yCJaOBHIO |§ — x| < §, uto. .

[ > F(x),

a 3TO NpoTHBOpeuuT mnpeamosoxeHuio (19). Hrak, mo-
Ka3aHO, YTO B TOYKE JIOKAJbHOTO MaKCHMyMa IpPOH3EOA-
Hasl QyHKIHM o6paInaercs B HyJb.

CoBepiIeHHO aHAJOrMYHO MOKA3BIBAETCA, YTO eC/H
dyHknus f(x) uMeer MUHHMYM JJIs SHAUEHHS CBOEro ap-
TYMEHTa X WJH JIOKaJIbHbIHi MHHHMYM, T. €, IpH
[E— x| << 8 BHMOMHEHO HepaBeHCTBO Fx)<<f(§), 10
NPOH3BOAHAA 3TOH (yBKUMH obpauiaeTcd B HyJdb MOpH
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3HaueHHHU apryMeH'ra X.
" (x)=0.

TakuM o6pasoM, AJsl TOro yToOnl HafiTH JOKalbHble
MAaKCHMYMBl H JIOKaJbHble MHHHMYMB (YyHKUHH f(x),
MBl AOJXKHBI PEUIHTh ypaBHeHHe

- f'(x)=0

i 3aTeM yxke GoJee HeTaNbHO H3YYHTh BCe 3HaAUEHUs
apryMeHTa X, YJAOBJETBOPSIOLIHE 3TOMY YpPaBHEHHIO.
OG6HYHO JIOKAJBbHBIH MaKCHMYM H JOKaJbHBH MHHHMYM
(GYHKIHH Ha3biBAIOTCA NMPOCTO MAaKCHMYMOM H MHHHMY-
MOM.

IMpumep 3. [loKaxeM Temepb, 4TO €CJAH (PYHKUHA
f(z) HempepHBHa B TOUKe 2o B CMBIC/IE ONpENeJICHHS,
npHBEAEHHOrO0 B 3TOM maparpade, T. e. 4TO eCaH AJs
BCSAKOTO MOJIOXKHTEJBHOTO & MOXHO TNoxo6parth Takoe
MOJIO¥KHUTeJbHOE YHCA0 §, UTO

npu |2 — 2| < umeem | f(2) —f(20) | <e, (20)

to Qyuxuus f(2) HempepblBHa B TOYKE 2o H B CMBICIE
onpelenenus, NpuBefeHHOro B mpumepe 1 § 1, T. e. ans
BCSAKOH MOCJeJ0BaTeJbHOCTH

21y 20y vee 2y oeee

ee apryMeHTOB, YOBJETBOPSIOLIEH YCAOBHIO
lim z, =2, 21)
n-»oco

td

BEINIOJIHEHO H COOTHOILIEHHE
lim f (22) =T (20). (22)

Il1a nokasaTesnbCTBa 3afafuMCsl NMPOU3BOJBHBIM IO-
JIOXKHUTEJbELIM YHCJIOM &, H MyCTh §— TO MOJIOXKHTeJNb-
{ HOe YHCJIO, KOTOPO€ COOTBETCTBYET €My B CHJYy YCJO-
| Bus (20). Us coornomenus (21) crexyer, yro cylle-
CTBYeT TaKoOe LeJOoe YHC/IO v, YTO MPH 1 = v HMeeM

lzn — 20 I < 0.
Torga B cuny (20) moayvaem
[[(za) — (20| <e. (23)

Taxum oﬁpasoM, OAS 3aJaHHOrO MOJIOXKHTENLHOI'O
yhesaa € MB HalllJd Takoe IeJioe YHCJA0 v, 4YTO NpHU n >V
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BHIIIOJIHEHO HepaBeHCTBO (23), a 3TO W 3HAYMT, YTO Bbl<
NOJIHEHO COOTHOLIeHHe (22},

B nanpHeflleM HeNpepeBHOCTL GyZeT NOHHMATbLCS
TOJIBKO B CMBICJIE 3TOTO naparpada.

IIpumep 4. B konue § 1 6uuin chopMyIHPOBAHK |

IIATH OCHOBHBIX NIPABUJI NEPeX0la K Ipefesdy B mpHMeHe-
HHA K mociefoBarenbHOCTAM. Te e camble mpasuaa
HMEIOT MeCTO H I/ Mpele/bHOrO Mepexona, BBeAeHHOIO
B 5TOM maparpade. Popmynnpyem HX 31ech.

[Tyers f(2) u g(z)— aBe GyHKIME HeHCTBHTeNLHOrO
HJIH KOMIUIEKCHOIO NEPEMEHHOTO 2, 1JIsi KOTOPHIX BHIIOJs
HeHbl COOTHOLIEHHUS

lim fz)=fo; lim g(2)= gy
22 2z

Toma HMEKT MecCTo clenymouue HpaBHJa:
IIpasuao 1. zlin; (F@+g @)=+ g.

ITpaBuao 2. zlin; (f()— g (@)=fo— g.
ITpasuao 3. zl_i;x; F)-g@)=Ff-g.

IIpasuao 4. Eciu gy £ 0, 1o
| i2)

lim L& fo

~ IHpasuno 5. Ecau f(2) n g(z)— neficrBuTensure
byHkUHM 1
fR<g(), 10 fi< g,

Hdas nokasatenbcTBa 3THX IpaBuJ, TaK Xe Kak H B
§ 1, ucnoassayem GeckoHeuno Masbie BeJUYUHBL. [lag
3TOr0 NOJIOKHM

fR=fh+fG); g@=g+2s@).

SlcHo, uTO BesHuMHBI f(z2) n g(2) 6Geckoneuno wmaun
BMecTe ¢ BeqHUMHOH 2 — 2o. Mcnoambays oueBuanbie npo-
CTeilliie CBOHCTBA GECKOHEUHO MAaJIbiX BEJIHYMH, aHaJo-
THYHBIE T€M, KOTOpBle ObIIH yKa3aHbl B KOHIe § 1 mepen
NpABHIAMH NPeNebHOrO Mepexoja, Mul Ge3 TpyZAa mpo-
BeleM 10Ka3aTesbCTBO NATH NPaBHJ, NaHHBIX 37€Ch.
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§ 11. BbluucaeHue npou3BOAHLIX

31ech Mbl BHUHCJHM NMPOHM3BOJHEIE HEKOTOPHIX (YHK-
i, B IEPBYIO Oouepe/lb MHOTOUJIEHOB H CXOJAIIHXCA CTe-
nenHHX PAfOB. ITosb3ysch MpaBUJIOM BBLIYUCJIEHHS IPO-
H3BOAHON IJf CXOAALIEroCs psAjaa, MBI 3aTeM HaljeM
npou3BOAHbie (QYHKUHE €%, cos 2, sinz. 3arem Oyaer
yCTaHOBJIEHO MPaBHJIO nudpepeHIIpOBAHAS POH3BEAL-
nua ABYX ®YHKUMil 1 OTHoWleHHs ABYX dyHkuud. [anee
GymeT  yCTaHOBJeHO mpaBhJO An(depeHunpOBaHAA
cn0XKHOH yHKIEH, T. e. QyHKUHH BHAA [(2) = ¥ (9(2) ),
y mpaBHA0 AHG(epeHUHpOBAHUS (QYHKLHH, oGpatHO# K
sajaHHol (yHkuuy. Ilosp3ysch MNOCAEAHHM IMPaBHIOM,
Mbl HaiiieM NpOH3BOAHBIE OOPATHHIX TPHUTOHOMETpHYE-
cKuX QYHKIHH M Jjorapupma.

YcTaHOBHM Tenepb HEKOTOpble MPOCTefilllie MpaBHJa
nupdepeHINPOBAHHS. ’

OTMeTHM MpeXIe BCero, YTo MPOH3BOAHAS MOCTOSH-
HOH ecTh HyJab. B camoM Jene, eClH f(z)=¢c, 1O
f(¢)= c u, caegosarenbuo, f(§)— f(2)=0, Tax 4TO

¢’ =0. 8y
~ JlomycTuM Temnepb, UYTO Mbl HMEEM HECKOJBLKO GyBRUHH
f1(2),f2(2), ..., fn(2) B CTONBRO 3Ke YHCET 0, g, - -+, Olne

Oka3sbiBaeTcs TOTAQ, 4YTO
(alfl (z) + a2f2 (Z) + LN + anfn (Z))’ =
=a,fl(2)+afy &)+ ... +ef@. 2

Ilns mokasaTesnbcTBa 3TOH (pOPMYJBl JOCTATOYHO HOKa-
3aTb ABE Jpyrue, 6o/ee npocThie, HMEHHO,

f@+eg@)={@+g @ 3)
(af (2)) =af’ (2). (4)

HpH JOKa3aTeJbCTBe MBI HCMOJIb3ye€M NpaBHJIa NMpelelb-

HOro mepexoia, Aanubie B npumepe 4 § 10. [lokaxeMm
cHauaja NepByl H3 3THX (OpMyJ, HMEHHO, (opMyJTy

(3). Mbl umeeM
( (2) + g (2)) =lim fO+e@—((R)+eR)
t>z

u

5 T—2
T Q) —f@ , g@—eg@Y__
"{‘_,‘2( e e
i 1O =@ g —e@ ,
él_g = —I—ég}; = =["(2)+ & (2.

123



Tak XKe NMpPocTo KoKasLIBaeTcA M BTOPAs M3 5THX dop-
MyJs, HMeHHO, dopmyna (4). HeficTBHTeIbHO, MBl HMeeM

(af(z)), — lcim af (G%:Zf (2) =ac“-)m '(C) : i(z) — af/ (Z).
>2 4

HokaxeM Tenepp dopmyay (2), noneaysace dopmy-
amaMH (3) u (4). [lokasarenncrBo mposemem HHIYKTHB-
He. Has n=1 o¢opmyna (2) enenyer H3 (4). Homy-
CTHM, YTO OHAa BepHAa /A YHC/IA CJAraeMblX, PaBHONO
n—1. Mu paso6beM JeByI0 4acTb COOTHOLICHHS (2) B
CyMMy IBYX cnaraembX. MIMeHHO, JieByl0 wacTh paBeH-
CTBa (2) MH 3amHuIleM B BHe

((,alfl (2) + a2f2 (2) + e + an—lfn—l (2)) + anfn (2))’.
B cuny dopmyn (3) u (4) 31O BHIpakKeHHe pPaBHO

(W@ +of,@+ ... +a,_f,_ @) +of). G

B cuny npeanonokenns mupyxkumm mu BHIHM, YTO
BelpaxeHHe (5) paBHO mpaBofl YacTH paBeHCTBA (2).
Takum o6pasom, popmyaa (2) mokasana.

Ipumenss popmyny (2) x MHOTOUJIEHY

Gt az+ a2+ ... +a,2" (6)

TnoJay4aem
@+az+a22+ ... +a,2") =
=a+a @) +a,@ + ... +a, (2.

Takum o6pasom, npunnMas Bo BHHMaHHe ¢dopmyay (1),
AN TOrO YTOOH BBHIYHCIHTH NPOH3BOIHYIO JIOGOTO MHO-
TOYl€Ha, HAM NOCTATOYHO HAYYHTHCS BHIYHCASTH NMPOH3-
BOLHYIO LeJIOf MOJIOXKHTENbHON CTeNeHH MepeMeHHoro 2,
HMeHHO, QyHKUHH 2%, rie & — HaTypaabHOe wHCIIO. Ho-
KaxeM, 4To

(2%) = k2*-1, 7)
HefictBuTeNBHO, B Ay dopmyanr (11) § 6 Mb HMeem

’ 1 tk—-zk_ )
@ =lim==3

=clim @122 ... 4 2h1) = gt

(cM. npaBmaa Tepexofa K npezeny, npumep 4 § 10).
- TakuM o6pasoM, Ans MHOrouJeHa (6) MB mosywaem
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IPOM3BOJIHYIO B BHJE
@+ az+ a2+ ... + a,2") =

=q; 4202+ ... +na,z""".  (8)
Wtak, Mbl NOJy4YHAH (GOpMyJy MPOH3BOLHOH AAA MpO-
H3BOJBHOTO MHOTOUYJIEHa AEeHCTBHUTENLHOIO MJHM KOMII-

JIEKCHOTO T1€PEMEHHOTO.
Mpoussoanas crenesnoro psaa. JlokaxeM, 4yTo PyHK-

s
f@Q=a-+az+a2?+ ... +a,2"+ ..., 9

onpeznensieMasl CTENEHHHIM DAAOM C PALHYCOM CXOAHMMO-
cru r > 0, uMeer npousBoguyio f(2). ITomoxum

fi@=a +2a2+ ... +na,2"'+ ... (10)
I'@)=T[i(2). (11)

[pu stom paxsl f(z) u fi(2) HMelOT OXHHAKOBHE pa-
JHYCHl CXOXHUMOCTH.
Ilns JokasareqbCTBa BHICKA3aHHBIX  yTBepi:KieHHi
MBI 6yJieM BBIYHCJIATH IPEABAPUTENbHOE OTHOLIEHHE
f) =i
t—=z
rie |z|<<r. Tak Kak B NpeABapHUTeJbHOM OTHOIUEHHH
MH JOJIKHE NEPEXORUTh K mpejeny npu §—- 2, TO MOX-
HO CYHTaTh, 4TO || << 7.
BunumeM TPH 3HAKONONOXKHUTENbHHIX CXOMSIIHXCH
pana:

fo=laol+lailr+ ... +laslr"+ ...,

fi=lal+2lalr+ ... +nla 14 ...,

fo=22as |+ Blazir+ ... +1la,lr24 ...
CxXolHMOCTb 3THX pApoB ciaexyer H3 dopmya (17) § 2
u (4) § 9. Paxn fo Maxopupyer pax f(z), a pan f; Maxo-

pupyert paz fi(2).
3anuiieM IpefBapUTeSbHOE OTHOLIEHHE

[@)—1(2)
t—=z
B Buje psaga (cM. npuMep 3 § 5). Mu umeem
(@ —1f( — G0 — +
{—=z t—=z2

Torna

— n__ n
tatst4 L+, B2 L ()
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Hanee,
(cfl — zn)
t—n

an
=10, 18"+ "% .. 42l < gy !

(cm. § 6, (11)). Takum o6pasom, pan fi Maxopupyer
pan (12), Tak uro psz (12) cxomurcs. Brurtem Telepp
u3 pana (12) pan (10). Ms umeem

f(8) —f(2)

t—2 —fie)=

=a2(§£:f —2)+ ... +a,,(§2:j"—nzn-1)+...
(13)

n__n
OneHuM BeauunHy g;_i —n2"=!, Ml umeem
L— 2 - - - -
o e = (0 = ) (g D+

ce TP —2) - @ — 2 =
=1E=2l|(@ 7+ %+ ... 2 4
L A S E
cos F 2T L — 2 22,

Takum oGpasom, psn (13) MaXOpHpYeTcs psigoMm fo,
YMHOXEHHBIM Ha [{— z|.” UTak, Mb nMmeem OKOH4Ya-

TE€JIbHO .
[HO=1D 1, )] <ie— 21,

rae ¢ — KOHCTaHTa. Ormona Clenyer, 4to

P
t»z §—2

CYWECTBYET ¥ paBeH BennuuHe f(z). Taxmm obpasom,
¢popmyna (11) moxasanua.

Tor dakr, yto pagm f(2) ® fi1(z) umeloT oxunakoBbe
panHycel CXONMMOCTH, Clleayer H3 bopmyn (17) § 2 u
(4) § 9.

HUs dopmyan (10) HEMOCPenCTBEHHO BHITEKAlOT (hop-
MYJIBl A

(€%) = e (14)
sin"z==cos2, cos’z= — sinz. (15)
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dopMyJ/Ibl 3TH TOJYYalOTCA NPH INOMOUIH NOUYJEeHHOro
nuddepenuuposanus pagos (1)—(3) § 8, cxopamux-
¢l MPU TNPOH3BOJBLHOM 3HauyeHHH z. TakuM oO6pasoM,
dopmyan (14), (15) BepHH A/s NMPOU3BOJBLHLIX KOMII-
JIEKCHBIX H JefACTBUTENbHBIX 3HAUEHHH 2.

Hanum Temnepb HeKOTOphle OCHOBHEIE (POPMYAB AHD-
(epeHUHANLHOrO HcuucaeHHs. FIMEHHO, BHIYHCIHM IIpO-
W3BOAHYIO MpPOK3BeleHHs ABYX (PYHKLHUH, TPOHU3BOIHYIO
OTHONIEHHs J[BYX YHKUHH, a TaKke IMPOM3BOLHYIO
GYHKUHHE OT QyHKIHH,

Mpoussoanas npoussepnenns.Ecau f(2) u g(z)— nse
(YHKIIHH, TO Mbl HMeeM
F2) gR)=F()g@+TR- & (). (16
Jlasi mokasaTesbCTBa 3TOH (DOPMyJibl BHIOHIIEM B yro0«
Hoit nJst Hac ¢opme pasHocts [(§)-g(E)—f(2)-g(2).
Mb uMeeM
[Q-g@)—i@- -gk=
=fQ)-gQ)—T@ g@Q+T(x)-g@—T()- g()=
=) —T7()g@)+7(@ @) —g@)

ﬂeﬂﬂ 3TO PABEHCTBO Ha t;-—— 2, MBI NoJIyuaem

[D-e@—7(2)-g(2) _
t—z

= 18218 g+ i £Q=LE.
Tlepexomss B 3TOM paBeHCTBe K Ipedeny Npu §—-z,
Mpl mosnydaem dopmyay (16).
MpousBognasa ortHowenus. Ecau f(2) u g(2)— mBe
byHRUuHH, npudeM g (2) % 0, To

FRY _F@eE@—-¢ @R
@) = @) : (17)
I gokasaTesabcrBa 3T0H (QopMyJbl BhINHIIEM pas-
HOCTb '
@ _ fe _ FQg(—T(2)g(@ (18)
g (%) g(2) g(@) g *

IlepenuiieM Temepb MO-HHOMY YHCJHTeNb NMPaBOH YacTH.
Mbl HMeeM

[Q-g@—-FRg0=
=[@)-g@—[@eg@+[(2)-g@—g@ -f)=
=[f@Q—TRIegR—T(2)(e@)—g). (19
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Henst coornomenne (18) ma § — 2z # Hcnosb3ys NPH
5ToM paBeHcTBO (19), MBIl nocie mnepexoaa K Ipeneny
npu §— z noaydaem dopmyny (17). Buuncaum rteneps
NPOU3BOJAHBlE PYHKIHUH .

sin 2 1COS 2
tgz= sz U4 ctg z= sinz *

B cuny dopmya (17) u (15) Ml mostyuum
1
cos? z

, 1

(tg2) = H (ctgz) =— - (20)
Mponssonnas caoxuoii bysxkunn  f(2) =¢(p(2)).
Hyers @(2) u Y (w)— age ¢ynkuun. IToxcraBum BO BTO-
PYI0 QYHKLHIO BMECTO @ BHpaMeHHe w© — ¢ (2). Torna

ME TOJMYYHM TaK HA3BIBAEMYIO CJAOKHYIO (DYHKLHIO

f(2)=v((2)) unn xak FOBOPAT HHaye, (YHKUHIO OT

Oyuxuun. OKasbBaeTcs, yTO HMeeT MecTo (opmyaa
F&)=1v"(w)- ¢’ @) =1 (9) ¢ (). (@1

Hcnonbsys sanuesr npomssommosr s BHE OTHOIIEHHS
audpdepenunanos (cM. § 10, (15)), Mbl mMoxem mepenu-
carb GopMyny (21) B JIerko 3amoMHHaeMmol tdopme
db(w) __ dp(v) dw

dz — dw dz °’ (22)

rie w == @(z).
Hoxkazxem dopmyny (21). My umeen

(@) —v(p (2))_1P(¢(€))—¢(<v (@)  90)—9(@ (23)
[—=z ) —9(2) {—e °

Yro6w noayuurs IPOUSBOAHYIO (Y (9 (2)))’, MBI LOMKHH
B paBeHcTBe (23) mepeiiTH K npegenay npu §—z. Has
STOro ysiCHUM ceGe GoJiee OTYETJHBO, UTO npejicTaBisieT
co6oii nepsast u3 Apo6efi, crosmux B npaBo#l yacTu pa-
BeHcTBa (23). Has storo BCIIOMHHM, 4TO @ (2)=w, u
Ton0KuM @ (§) = . fcHo, uTo npu £ —> 2 umeem 0 —>w,
Takum o6pasoM, mas toro yToGu COBEpIIHTDL Mpefiesib-
HBIH Tlepexon B paBeHCTBe (23) npu §— 2, Mbl jOMKHBL
TOJCUHTATD Npese

lim 2@ — ¥ (») ,
@Lﬂ; o—w

KOTODBIA 110 OnpejeseHuIo paBeH ¥’ (w). Takum o6pa-
80M, coBepluas Npefe/bHH NEPEXOR B paBeHCTBe (23)
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npu £ 2, MBI NOAydaem -

(b (@ @) '—\b (w) ‘@ (2)

1. e. dopuyay (21). :

Apoussoanasn oﬁpaﬂmﬁ byuxkuuu. Lcm: paaencrso
z = VP (w) MoxHo Pa3pelinTb ‘OTHOCHTENbHO @, T. e.
Haﬁm TaKyl0 QYHKIHIO @ = @(2), YTO BBHINOJHEHO TOK:,

AECTBO R
V(@) =2, (249 .

10 QYyHKUHA @(2) HasbiBaeTca 06pATHOL MO OTHOHIGHHIO
K ¢(w). B § 24 6yner nokasawo, uro Ans QyHKuHH, 3a-
AABaeMOH CTeMeHHBIM PAAOM, CylllecTByeT o6paTHan
GyHKIMSA, KOTOpas TaKXe 3afaeTcsl CTENeHHBIM PAAOM.

Huoddepennnpys (24) no z, cornacuo dpopmyae (21)

NOJy4HM ,
. V() ¢’ (2)=1,
OTKyna

¥ @)= @)

Tloacrasass B npaByxo yacte (25) w = @(2), Mul nony~,
qaem:

Y= gHar (26)
dra dopMysa faeT HaM BO3MOXKHOCTB BBIUHUCIHTH IPO-
H3BOJHYI0O ¢'(2) ¢ymkuuu @(2), oGparHoﬁ GYHKIHH
Y (w). na sToro HyxHO B QyHKUHIO }’(w) MOACTAaBHTb
BMECTO W@ €ro BhIpaXKeHHe 4yepe3 2, T. €. MOJOXKHTh W ==
= @(2), H 3aTeM B3ATb OGPATHYIO BEJHYHHY TNOJYyYeH-
HOlt pynkuun ¢’ (9(2)). .

‘Cocuntaem Temepb, MOJAb3YSICh 3THM IIPABHJIOM, MPO-
H3BOAHBE O¢YHKUME, o6paTHHX OQyHKHHAM €%, sinw,
cos w, tg w, ctg w, 1. e. dynxuuit In 2, arcsin 2, arccos 2,
arctg z u arcctg 2. Oxa3biBaercs, 4TO

Inz=+; (@7).
arcsin’ 2= _1/1_-1-7_ , arccos’z=— —w—l—f—z— 7 (28)

‘arctg’ 2= H{z , arcctg’z=— Hl_z,. 29

"®yukuua In z onpepenserci Kak pellleHHe ypaBHe:.
HHAl e¥ == z OTHOCHTEIbHO w. B cuay dopmyan (26)
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Mbl OJTyyaeM

W3 ¢opmyn (28) mokakem ToapKo mnepmylo. DyHK-
uus arcsin z ompejensieTcd KaK pelleHHe YpaBHEHHS
sinw =2z oTHocHTesbHO w. TakuM o06pasoM, B CHJY
dopmyant (26) nosayvaem )
1 1 1 1

sin’ w cos w 41 —sin?w 4/1 — 22

arcsin’ z =

s dopmyn (29) noxaxem Takke TOJIbKO HepBYIO.
Mu nmeeM
’ 1 1 1
arctg’ z= 7

T+iggw  1+2°

— o2 7o) m—
= — cos’w

Briuncium, HakoHen, mpoussonHyIo (GYHKIHH 27, rie
7 — NMPOH3BOJIbHOE [NefCTBHTeNbHOE yHca0. Has paumo-
HaJbHOro r (QYHKLUUS 3Ta ONpeleseHa B 3JeMeHTapHOMH
ajire6pe. N npOU3BOJIBHOTO AEeHCTBHUTENBLHOTO r MK
ONpeJIe/IUM ee, IOJOXKHB

2r==grinz, ‘ (30)

Ias paumonanbHbX r 3Ta opMyJa KaeTcs B 3JaeMeH-
TapHo# asrebpe. IlpoanddepenunpyeM cooTHoIIeHHe
(30), mpuMensiss K npaBoi yacTH MpPaBHJIO Auddepenny-
poBaHHs ClOXHOA QyHKumu (21) u yunteiBas dopmyay
(27), nonoxus npu stoM w =rlnz Torna Mu noays
YuM

(zr)/ — de® dw @ dw w

._=e —— or.—_—.—

dw dz

Takum o6pasom,
(2r) ==rzr-1, (31)

Kak yxe roBopunoch B § 8, ocHOBHBIME TpaHCUEeH-
NeHTHHIMH (QYHKUHAMH CUMTAIOTCH €2, sin 2, cos 2, tgz,
ctg z u OyHKuMM, oOpaTHHE K HUM. Anre6panueckuMu
OYHKUHAMHE 3%ech 6ymeM HasbiBaTh ' MHOTOYJIEHH, pa-
LHOHANbHbIE QYHKLHH, T. e. (YHKUHH, NOJyYaeMbie JHe-
JICHHEM OJHOrO MHOTOY/IeHa Ha APYro#, H QyHKUHIO, TO-
JIydaeMyio IyTeM H3BJIeueHHs KopHA. DyHKIHH, modydae-
Mble NyTeM HAPHMEHEHHS OCHOBHBIX TPaHCUEHAEHTHHIX
Gynkumit u aare6panieckux GyHKIHA AYTE€M IOCJIefO-

130




BaTeNbHOTO HX MNPHMEHEHHS1 B NPOH3BOJBLHOM YHCJIE H
MPOH3BOJILHOM IOpsAKe, HA3HBAIOTCA 3JeMeHTapHBHIMH
TPAHCUGHAGHTHBIMH (yHKUHAMH. TlpHBeXeHHBIe B STOM
naparpade mnpasuna AHGepeHNIHPOBAHHS HAOT BO3-
MOXHOCTb BHIUHCJIHTb NPOH3BOAHYIO JIOGOH 3JeMeHTap-
HOH TPaHCUEHAeHTHON (OYHKUHH.

[Tpumep 1. Jamum Tenepb MexaHHYECKHH CMBIC
npousBoAHo#t. TlpencraBum ceGe, YTO TOUKA HABHXKETCS
no ocH abcumce, Tak yTo abcuucca ee ABASETCA 3aLaH-
Hol PyHKUHell BpeMeHH

x=F@). (32)

Ecau TOuKa ABHXKETCS C MOCTOSTHHOM CKOPOCTBIO, TO pa-
BeHCTBO (32) 3amuchiBaeTcsd B BHJE

X = xo -+ vf,

Te Xo-— HauyajdbHOe NOJOXKeHHe Touku nmpu (=0, a
U —ee NMOCTOsiHHAasi CKOpOCThb. Ecaim Touka ABHXKeTCS He
C MOCTOSIHHOH CKOPOCTbIO, TO TpeGyercst oGbACHHTb, YTO
TaKoe ee CKOpOCTb B JAaHHHIH MOMEHT BpeMeHH. DTo Ae-
JaeTcd B MeXaHHMKe cieaylomuM o6pasom. Hapamy c
MOMEHTOM BpeMeHH { pacCMOTPHM Jpyroi MOMEHT Bpe-
MeHH T > {. 3a BpeMs T — ! TOYKa NPOXOAMT paccrod-
Hue, paBHoe f(t)— f(¢#). EcrecTBeHHO cuuTaThb, YTO Ha
OoTpe3Ke BpeMeHH OT ! [0 T TOUKAa HMeeT CPeJHIOI0 CKO-

pocTh, paBHYIO -f-—(—'%:—f—(ﬂ CKOpPOCTb TOYKH B MOMEHT

BpeMeHH { ompejesigeTcss Kak Ipejie 3TOr0 OTHOIIEHHS
npu tv—- £, T. e. KaK npousBonHas [/ (f):

v()=F ().

Ecau ckopocts v(f) HemocTosiHHa, T. €. MEHSIETCH CO
BpeMeHeM £, TO roBopsAT 06 yckopenuu. CpeiHee yCKO-
peHne oT ¢t Ho 1T onpejpensercd KaK OTHOLICHHe
—0-(12—:—:—“-2-. a yckopeHue u(f) B MOMEHT BDeMeHH f
onpejensiercss Kak npenes 3TOro OTHOWIEHHS OPH T —>{,
T. e. popmyaoit u(t) = v’(f). Mbl BHAMM, YTO yCKOpeHHe
v’ (¢) ectb mpo3BoaHas npousBogHol f'(f). Ona Hasw-
BaeTcsi BTOpOi mnpoussoiHofi ¢ynxuuu f(¢) u obo3na-
yaerca uepe3 [/(¢f). Takum o6pa3oMm, yCKOpeHHe TOUYKH
sajnaerca gopmyiolt u(t) = [’ ().
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. - .-§-12. Heonpeneaennsiii. HHTErpan -

B §§ 10 u 11 6na onucana mpoH3BOAHAs, HMEHHO,
AJia 3apaHHOM QYHKNHH (3Jech MBI ee 0603HAUHM uepe3
h(z)) meACTBHTENLHOTO HJIH KOMILJIEKCHOTO NEePEMEHHOTro
2 Guna moOCTpoeHa ee NMPOH3BOAHAs (yHkuus h’(z) Toro
e nepemenHoro z. IlpousBomnas h'(z) ¢yukuuu h(z)
HMEeT M JIpyroe 4uacTo ymoTpeGiaseMoe. 0Go3HaueHue,
HMEHHO ‘ .

W (@)=22 L
HOM

("cﬁ. § 10, (15)). Onepanus nepexona oT GpyHKuuH fi(z)
K yHKUHH ‘ . . N
f(@)=h(2) )

Ha3biBaeTCA onepayuell 63aTus npou3sodnold GYHKUMU
h(z) nnn onepayueii duggepenyuposanus 3Tofi PyHK-
LHA.

Besakuit pas, Korga MareMaTHKH paccMaTpHBAlOT Ka-
Kyl0-1u60 omepanHio, BO3HHKaeT BONpoC 06 onepauus,
K Hefl ob6parHofi. Tak, B anre6pe Hapsaiy ¢ onepanHei
YMHOXEHHSI pacCMaTpHBaeTcsi o6paTHas K Hell onepauus
AeJeHHs, HapsALy c onepaunueii BO3BeNeHHS B CTeNeHb
paccMaTtpuBaercsi ob6paTHasi K He#l omepauusi H3BJjeye-
nusi KopHdA. ['oBopsi 06 oGparTHOi omepallyiH, Mh BCerza
JAOJIKHBl TIOCTABHTb Nepel coGoi ABa BaXXKHEHAIIHX BO-
npoca. [lepBuifi— Bo3MOXHa sH o6paTHast onepauus,
BTOPO¥ — OJIHO3HA4YHa JH obpaTHast omepauus. Tak, He-
JieHMe He Bcerfa Bo3MoXHO. OHO HeBO3MOXKHO, KOTrAa
MB XOTHM pasfieJuTh Ha HyJb. M3BieueHue KopHs He
BCerja ONHO3HAYHO: TaK, H3BJIeYeHHe KBaJAPaTHOTO KOp-
Hs M3 4HCJa, KaK NPaBHJIO, ABY3HAUHO.

Onepanus, obparHas K onepanun AudepeHuupo-
. BaHus, T. €. ONepalus HAaXOXKAeHHS GYHKUHH h(2) mno
dynknun f(2)= h’(2), HasbiBaeTcs onepayuer unrezpu-
posanus 1 HMeeT CNelHaNbHYIO 3aNHCh : '

@ =@ d. @

3nax S HaahﬁaeTéa untezparom n q)Opmy;na (2) an-

TaeTcs CAEAYIONHM 06pa3oM: ‘
h(z) paena murterpany f(z)dz.

132

v s,




To 06CTOSATENBCTBO, UTO' ONEPALHS UHTErPHPOBAHUA: ABe -
asercsi o6partHoil K onmepauun AHGPEPeHUHPOBAHUA, O3«.
HAaYyaeT B TOYHOCTH, 4TO ¢opmyasi (1) u (2) pasuo-
CHJIBHBL: : : :

®ynkuuio-- h(2), yaoeaetsopsiomyi ycrosuio (1),
4aCTO HAas3bIBAOT nepsoobpasnod dyukuuu-f(z). Taxum
06pa30M, MHTErPHPOBAHHE eCTb HaXOXKMIeHie NepBooG-
pa3Ho# yHKUHH. ' ' ’ .

Ha nepsbiii ocHOBHO# BONMpPOC OTHOCHTE/BHO omnepa-
UHH HHTETPUPOBaHHs, — HMEHHO, Ha BONPOC O ee BO3-
MOXHOCTH — Mbl He JaJuM B 3TOM mnaparpade CKOJib-
HUOyZp oblwiero orBera, a JHMIIb 3aMETHM, 4YTO B psge
clyuaeB oOnepainHs HHTETPHPOBAHHMA BO3MOXHA M., pe-
3yJIbTAT €e Jlerko Bbimucarth. Tak, Mbl HMeeM

S cos zdz ==sin 2, S sinzdz=—cosz, 3)

Ot ¢popmyan caenyior us dopmyn (15) § 11. Touno
TaK JKe JIeTKO NPOBepseTCcs, YT '

S'(ao_+auz+azz2+ v 02 dz=
=az+ 32 +F2 4 .+l (9

Ora ¢opmyna Burtekaer us dopMyan (8) § 11. Ta-
KHM 0GpasoM, B pfifie C/yuaeB ONepauHs HHTErpHPOBa-
HHsl BO3MOXHa, H, H3yyas ee, MBl NPOBOJMM . BIIOJIHE CO-
JepkKaTeabHbBle HCCENOBAHHUS.

HUro KacaeTcs BTOpPOro OCHOBHOTO BOMPOCA OTHOCH-
TEJbHO ONepalHH HHTerpHPOBaHHSA, — UMEHHO, BOMpOCa
00 ee ONHO3HAYHOCTH,— TO MHl CMOXEM JaThb B 3TOM
naparpacde nonnwit oTBeT Ha Hero. IIpexne Bcero, sicHoO,
4TO OMnepalyus HHTErPHPOBaHHS HeOAHO3HauHa. MMeHHo,
€CJId. HMeeT MEeCTO paBeHCTBO (2), TO HMeeT MeCTO H pa-
BEHCTBO

{f@de=he)+e )

e C— NPOH3BOJbHAS IIOCTOAIHHAfA. DTO CJAeAyeT U3
TOrO, 4T0 ' o

h@ 4o =K @)+’ =H @)

(em. § 11, (1), (3)).
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TakuM 06pa3oM, HHTerpaJs OmpejeseH JHIb ¢ TOU-
HOCTBIO O NOCTOSHHOro caaraeMoro. MMeHnHo mostomy

{7 dz

Has3bBaeTcs HEONpe/e]eHHbBIM HHTerpasoM. B sTom na-
parpade Mbl JOKaXKeM, 4TO 3THM MNOCTOSIHHBLIM cJlaraes
MBHM HeoNnpeleJeHHOCTb HHTerpaja M OrpaHHYHBAET-
csl, — UMeHHO, Gy/leT A0Ka3aHO, YTO €CAH

Vi@dz=n@), (f@d=n@E  ©

TO MBI HMeeM
hy(2) =h (2) + ¢, (7

rje ¢—mocTosiHHas BeanyuHa. OTMerHM, 4TO 3TO YT-
BepXKJeHHe BePHO JHIIL C HEKOTOPHIMH OrpaHHYEHHSMH,
HMEeHHO, B TOM cJiydyae, Korga ¢yHknus f(z) ompegmenaeHa
Ha HEKOTOPOM CBA3HOM MHOXeCTBe £, T. e, COBOKYII-
HOCTb BCeX JOMYCTHMBIX 3HAYeHHH aprymMeHTra 2 ecThb
CBSI3HOE MHOXKeCTBO Q.

Cpasy Xe HYXHO CKa3aTb O TOM, 4TO MOHHMAIOT HOJ
CBSBHBIM MHOXecTBoM Q. B cayuae meficTBuTeabHOrO me-
PEeMEeHHOro CBSI3SHOCTb MHOXecTBa 2 03HauaeT JHIb, 4TO
€CNIM 2o U 2* — JBa JIONyCTHMbIX 3HAYEHHS aprymeHta 2
¢ynkuuy f(z), npuueM 2o << 2*, TO H BCAKOe YHCJIO 2,
YROBJIETBOPSIOIEe HEPABEHCTBY 2p << 2 << 2*, mpHHajJe-
HKHUT K YHCJY JNONMyCTHMHIX 3HaueHHH aprymeHra ¢yHK-
wyu f(2), T. e. K MHOXKecTBY Q. B cayuae kommiexkcHoro
NIepEeMEHHOr0 2 MHOXecTBO Q eCTh HEKOTOpOoe MHOXe-
CTBO Ha MJIOCKOCTH KOMMJIEKCHOTO MepeMeHHOTo 2, H B
3TOM CJy4yae CBI3HOCTb O3HauaeT Apyroe. FimenHo, ecan
20 H 2* — ]1Ba NPOH3BO/IbHBIX 3HAYEHHS apPTYMeHTa PyHK-
uuH f(2), T. e. ABe TOYKM MUIOCKOCTH, NpHHAAJIEXKallHe
MHOXecTBy L, TO CYLIeCTBYeT JoMaHas JHHHS

205 21y ooy 2n=2*9 (8)
LeJHKOM NpOXoAsllas Mo MHoxecTBy Q. B mocnemoba-

TeJbHOCTH (8) yKasaHbl JIHLIb BePUIMHBI 3TOH JIOMaHOM,
CaMa sloMaHast COCTOHT H3 BCEX OTPe3KOB BHAA

212141, rme j=0,1, ..., n—1,

I'oBopsi, uTo noManas (8) MPOXOZHT BCA MO MHONKECTBY
Q, Mbl monpasyMeBaeM, 4TO KaXAbiil OTPe30K [2;2/41]3
j=0, 1, ..., n—1, npuHagneXuT MHOXecTBy Q.
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HOaa Toro 4ToOB JOKa3aTh, ¥TO H3 paBeHCTB (6)
cnexyeT paBeHcTBO (7), KOCTaTOYHO AOKa3aTh, YTO H3

paBeHCTBa ,
B (z)=0 ©

cjenyer

h(z)=c, (10}
rae ¢ — nocrosiHHas. Ilpeamonaraor npu 3ToM, YTO MHO-
KeCTBO Q, Ha KaTOpoM ompexeseHa yHKuus h(z), ectb
,¢BsisHoe MHOXKecTBO. [lonaraa h(2)= hy(2)— hy(2), mMbl
'u3 paBeHcrsa (10) moayuaeMm paBenctBo (7).

[MepefizeM Temepb K NO3TAaNHOMY JOKa3aTe/lbCTBY
TOro, 4ro u3 paseHncrsa (9) caexyer pasenctso (10).
JlokasaTeJabCTBO 3TO HENPOCTO, H €My Mbl NpeATNoIlIeM
JI0Ka3aTeJbCTBO HECKOJNbKHX TNpeNJIOXKeHHH, KOoTophle
BaXHH caMH 1o ceGe.

Maxkcumym 1 MHHUMYM HenpepbiBHON ynkuun. [TycTb
h(x)— neficTBuTesNbHAs HempepHBHas QYHKuuA aedl-
CTBHTEJIbHOTO MePEMEHHOro X, OnpejiesieHHas Ha OTpe3Ke

a<<x<b, (11)

rle a U b— nBa uucaa, npuueM a << b. Takum o6pa-
30M, apryMeHToM x QYHKUUH A (X) MOXET CIYXKHTb JIIO-
6oe meHCTBHTEJNbHOE YHC/IO, YAOBJETBOPSIOIIEe Hepa-
BeHCTBY (11), a JapyrHe 3HayeHHs apryMeHTa He pac-
cmarpuBaioTcsi. Oka3niBaercs, 4To 3ra (PyHKHUS HOCTH-
raetr CBOEro MHHHMyMa H CBOero MaKCHMyMa, HMeHHO,
CYLIEeCTBYIOT TaKHe 3HAU€HHsS apryMeHTa x = o H x =f
GyHKIHH A (X), YTO BHIMOJHEHO HEPaBEHCTBO

hO)<h(x)<h@) (12

IIDH NPOH3BOJILHOM X, YIOBJIETBOPSIOIIEM HepaBeHCTBY
(11). Huxe B npumepe 2 GynxeT nmokasaHo, 4TO pasphbiB-
Has GyHKUHS MOXeT He o0Janarh 3THM cBoficrBoM. Ta-
KuM 00pasoM, YCJIOBHE HeNPEepHBHOCTH 3[€Cb BeCbMa Cy-
LIeCTBEHHO.

HdokaxeM npexje Bcero, uro Hama ¢yHRuusa h(x),
‘orpannyeHa. JlokasarenbctBo OyneM BeCTH OT NPOTHUB-
Horo. domycTum, uTo OHa He orpaHuyeHa. Torpa nAns
KaXJ0oro HaTypaJbHOrO 4HCJIa n MOXHO mojo6paTh Ta-
Koe 3HaueHHe ee apryMeHTa X = y,, YTO HMeeT MeCTO

HepaBeHCTBO .
(h(Yn) | >n. (13)
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Tak Kak 4HC/1a .y, PacnofioXeHH Hd oTpeske @ << X <<

<< b, To 13 NOCJ€XOBaTENbHOCTH

Yo Y25 ¢ e ey Yas oo . .(14)
MOXHO BH6paTb cxXomamyoca NOANOCJAEeN0BATENBHOCTD
61 = ana 62 = v”” 0‘. .y ék = ;v"k’ . - .’2 " ', (15)
‘TaK, 4To : .
lim ék = 6, . v )
k>0

. . T
rae §— Hekoropoe uHCJO, NpHHajJEXallee OTPedKy

[[ab] (cM. § 4, orpannuennsie MHOXecTBa umced, 0 § 1,
(18)). Tak xax ¢yHkuus h(x) HenpepbiBHA, TO ' MH

HMeeMm ’
- lim & (8,) = A (8),
k~>»co

HO 3TO HeBO3MOXHO. JlefiCTBHTe/BHO, = MOCJeXOBaTeNb-
HOCTb (15) ABAsieTCA MOANOC/IENOBATENbHOCTBIO 114), H,
CJIeloBaTeNIbHO, B CHJy HepaBeHcrBa (13) unciao

HeOrpaHHYeHHO Bo3pacraeT BMecte ¢ pocrtoM k. Hrak,

MB J0Ka3aJd, YTO MHOXECTBO BceX uuces BHAa h(x) -

OIrPaHHYEHO KaK CBepXy, TaK M CHH3y, NO3TOMYy 3TO
MHOXECTBO YHCeJ] HMeeT HHXHIOI0 rpaHb, KOTOPYIO ‘MH
0603HaUHM uepe3 p, H BEPXHIO0 TrpaHb, KOTOPYID Mbl
o00o3HauuM uepes ¢, Tak Kak ¢ sBJAseTCH BepXHed
TPaHbi0 MHOXeCTBa BceX 4HceJ BHAa h(x), TO H3 3TOro
MHOXECTBa MOXHO BHOpaTb NOC/IEIOBATEAbHOCTL YHCEH,
CXOAfAYIOCS K ¢, a 3TO 3HAYUT, YTO HMEETCH MOCJIeNo-
BaTeJbHOCTb

B, M2y, coey Upy oo (16)
3HaueHu aprymeHTa x, yAOBJEeTBOPAIOIHX YCJOBHIO,
,,]l"l h(p,)=gq. (17)

Tak kak Bce wucna nocaegoBatenbHoctd (16) npn-
Hapjexat orpe3ky [ab], To M3 3Tofl mocaemoBaTenbHO-
CTH MOXHO BHIOpaTh CXOAALLYIOCS MOANOC/EA0BATENb
HOCTb

. ’Vlzun}, ‘V2=pn’, ey ’Vk=pnk, cen (18)
TaK, YTO MK HMeeM '
lim v, =8,
~k>oo

136

h(8:) |




Ho Tax. Kak nocaenoBareabHOCTh .(18) sBagerca mnox-
nocsenoBaTeNbHOCTEIO (16), TO u3 dopmyan (17) .cae-
AYy€T, 4TO
” lim h(v;)=h @) =gq.
k—>co

Takum 06pa3oM, BepXHefl TPaNBIO ¢ MHOXECTBA BCEX
unces BUAa h(x) sBnseTca 3navedne QyHKUMH h(x) mpu
x=P4. A 310 H 3HauuT, uTo QyHKuUHA h(x) HOCTHraeT
cBoero MakeHmyma npH x == f. ToyHo Tak Xe AOKa3Hb-
Baerca, 4To QyHKuus A(X) ROCTHraeT CBOEro MHHHMyMa
~IIPH HEKOTOPOM 3HaUeHUH X = q. .

Caencreue (treopema Pouans). Honycrum
Tenepb, YTO PAcCCMOTPEHHas Bbille HenpephbiBHas (yHK-
ung h(x) BA8 KaXAOro 3HAYeHHS CBOEro AapryMeHTa
a < x<b uMeeT NpPOHM3BOJAHYI0 H UTO 3HAYEHHS 3TOM
(YHKLHH Ha KOHLAX oTpe3ka [ab] paBHH Mexny cobo#,
T. €. h(a)=h(b). Oka3nBaerca TOrAa, 4TO BHYTPH OT-
peska [ab] umeerca uucio £ (310 3HaAunT a < < b)

TaKoe, YTo
KWE=0 - (19)

HokaxeMm srto. Ecanm ¢yuxkuma h(x) mocroaHna, To
NPOH3BOJHAsA ee TOXAECTBEHHO PaBHa HYJI0 Ha BCeM
oTpe3ke [ab] u Torza 3a § MOXHO B3ATh NPOH3BOJbLHYIO
BHYTPEHHIOIO TOUYKYy 3TOro orpeska. Ecau ¢ynkuusa h(x)
HeNOoCTOSIHHA, TO TOTJAa HMeeT MeCTO Mo KpafiHelt mepe
ollHa H3 ABYX Bo3MoxHoctefl. IlepBoe — dyHKHHA A (),
NS HEKOTOPHIX 3HaueHHH cBoero aprymeHnra G6oJblue,
uyeMm £ (a). Bropoe — dyHKIuA A(x) NPU HEKOTOPHIX 3HA-
YeHHAX CBOEro aprymeHTa MeHblie, 4eM h(a). B mepBoM
caydae ¢yHKnus h(x) IZOCTHraeT CBOero MaKCHMyMa B
HeKOTOpo# Touke §, sieXalle#ft BHyTpH oTpe3ka [ab]. Bo
BTOPOM CJyuae OHa JOCTHTaeT CBOero MHHHMyMa B He-
KoTopolt Touke §, Jsexaumefi BHyTpH oTpeska [ab].
B o6oux cuayuasx mnpousBonHas ¢yHkuum h(x) npu
X =1¢ paBHa HyJI0, T.e. HMeeT MecTo paBeHcTBo (19)
(cM. mpumep 2 § 10). ' i
" Koneunoe npupamenne (dopmyaa Jlarpanxa). [lo-
MYCTHM, UTO XHefiCTBHTeJbHas HeNpephBHAsA OYHKUKA
h(x) neiCTBHTENbHOTO NEPEMEHHOrO X, 3afaHHAas Ha OT-
peske “[xox;], MMeeT NMPOH3BOLHYIO B KaXXJ0d BHYTpEH-
Heli TOuKke OTpesKa [xox;]. Torma mMeeT MecTo paseH-

CTBO . .
h(x)) — h(xo) = h' () (x1 — xo), - (20)
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e ——

rae §— HeKoTOpas BHYTPEHHAA TOUKa OTpesKa [xox].
Jdas 1oKasartesbCTBa PacCMOTPHUM (BYHKIHIO '

g(r)=h(x) — HELZAGD) @)

®yHKuHS g(X) HMeeT ONMHAKOBHIE 3HAYEHHS B TOYKAX
xo ¥ x1. lefictButennno,

80— g o) = h(x) — h(sa) — LERZT) ()1~

Takum obpasom, B cuay Teopemn Poaas cyulectsyey
TaKas BHYTPeHHss TOUKa § oTpeska [xox], uto )

g'®=0

(cm. (19)). Iloacrasasis B 370 paBeHCTBO BEIpaXKeHHe
(21) nns g(&), nonyuaem

hl(g) — h (xl) —h (Xo) —_ 0

X1 — Xo ?

OTKyZla cjlefiyeT cooTHoueHue (20).

s ¢opmyast Jlarpanxa (20) HemocpeACTBEHHO BHI-
TEKaeT, 4TO B CJayyae AHCTBHTEJbHOH OGyHKunH h(x)]
ACHCTBUTENBHOTO IIEPEMEHHOrO ¥ HMEET MeCTO Halle 0Cs
HOBHOE YTBepXKJEHHE, T. e. 4TO U3 PaBeHCTBa

B (x)=0 (22)
{cp. (9)) caeayer paBeHcTBO
h(x) =C

(cp. (10)). B camom gene, u3 (22) caenyer, uto h’(E)
B (opmyse (20) ecTb Hyas, u, Cel0BaTe/IbHO, B CHIY
dbopmyast (20) h(x1)= fi(xe), rme xo X1 — IBa #POHU3-
BOJIbHBIX SHadeHHs! aprymedTa QyHRUuM A (x), 3aganHok
Ha CBA3HOM MHOXeCTBe, TaK 4TO (yHKuHA A (x) ectb
NOCTOSTHHAS. )

Ilposenem remep» moxasaTesbcTBO Hamero ocHOB-
HOTO YTBepPXKIEHHS [ KOMILIEKCHOH dyuruun h(x)
AeHACTBHTENLHOrO NepeMeHHOro x. Mbl HMeem A(x)=
=@ (x)+ iP(x), rae @(x) u ¥ (x) — melicTBHTENbHEIE
OYHKUHH NefiCTBHTEAbHOrO nepemersoro x. M3 ¢opmynu
(2) § 11 caeayer, uro i (x)= ¢’ (x)+ iy’ (x). Taxum
oGpasoM, H3 paBencrBa A’(x)=0 caepyer @' (x)=0 u
Y'(x) =0, Tak uro, mo JAOKA3aHHOMY, QOYHKIHH @(X) H
Y (x) cyTb mocrosinHble, CJEN0BATENbHO, H GYHKUHUS A(x)]
TaKXe NOCTOsIHHAA.

138




DokasareibCcTBO cooTHOWweHus (10) aag KoMmaexc-
Horo aprymenrta. PaccmoTtpum cnepBa cayuait, Koraa Jo-
maHasi (8) COCTOMT M3 €XMHCTBEHHOIrO OTpesKa [Zp21].
Jlns aTOro Ha oTpe3ke [202;] BBeneM JNeliCTBHTENbHHR
napaMeTp f, HOJOXHB

z=z (1 =042t . (23)

Korpa neficTBHTeNbHOE NepemMeHHoe ! u3MeHseTcs or 0
no 1, Touka 2, sajaHHas paBeHcTBOM (23), mpoGeraer
otpes3ok [z021]. ®ynkumio h(z) Ha orpeske [20z;} pac-
CMOTPUM Kak (QyHKUHIO ZefiCTBHTEABHOrO NEpeMeHHOro f,

110J102KUB
AO=nh(z(l — 1)+ 2).
Mbl HMeeM

B (6) = b’ (2o (F — 1) + 2f) - (21 — 20)

(cm. § 11, (21)). Tak kak oyukuus h’(2) Ha orpeske
[z02:] paBma Hymo, W, carexoBateanHo, dyHKuus A ()
paBHa HyMo Ha oTpeske 0<C ¢ << 1, To Qynkums £ (f)
NOCTOSIHHA, T. e. Fi(1) = A(0); Ho Tak Kak /(0) = h(zs),
a fi({l)= h(z1), To h(2;)= h{zs). Ecan teneps aomanas
(8) cocroHT H3 NPOH3BOJBLHOrO UHCJAA OTPE3KOB, TO Ha
KOHEZX KaXJIoro orpe3ka h(z) uMeer paBHbIe 3HaueHHA,
Taxnm oGpasoM, Mb HMeeM PaBEHCTBa

h(20) =k (1),
h(z) =h(2y),

B (Zae) = A ()= h (),

OTKyAa caenyer, 4to
h(2") = h(2),

TaK YTO 3HaueHHe PyHKUUH A (2*) mna a060oro 3HayeHUd
2* paBHO NOCTOSHHOH BeJHuuHe A (2p) M, CleOBaTeNbHO,
¢yHkuusa A (2) ecTh NOCTOSTHHAS BeJHYMHA.

Cayuaii hyHKuMM HECKOJbKHMX mepeMeHHbIX. Ecu noa-
Jexallas HHTETPHPOBAHHUIO (PYHKUUS 3aBHCHT HE OT Of-
HOro mepeMeHHOro, a OT HEeCKOJbKHX, HalpHMep IBYX
nepeMeHHHX, T. €, HUMeeT BHI [(2, W), TO MB JOJKHH
YeTKO yKa3aTh Ty H3 JIBYX MNepeMeHHBIX, 0 KOTOpoil
NPOH3BOAUTCS HHTErpUPOBaHHE, 4TO, BIPOYEM, HOCTa-
TOYHO SICHO BHIpaxaercs caMoli GopMyJol (2), rae 3Hak
dz o3HavaeT, YTO HHTErPHPOBaHHE MPOH3BORHUTCA IO 2.
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B cayuae d)'j'}ikhu'n f(z, w) :au'rerpa;l :

- Sf'(z9 w)dz

- €aM, €CTeCTBeHHO, 3aBHCHT OT ABYX: MepeMEHHbIX- 2 H W,

TaK 4T0 cooTHouwenue (1) moaywaer Bu
: . a . e B
[(z, )= 5-h(2, w) .
(cM. § 10, (17)). B 3toM cayuae us coorHomesus
a
3z (2 ©)=0

BHITeKaeT COOTHOWIeHHe h(z, w)=c(w), rae BesHuuHa
¢(w) ectb npou3BosibHas (PYHKUMA w. BMecTo cooTHO-
enust (7) Mbl noJy4yaeM Tenepb COOTHOUIEHHE -

ha (2, w)="h, (2, w) + ¢ (w).

IIpumep 1. Eciu MHOKECTBO BCeX HOMyCTHMbIX
SHaueHHHA 2 QyHkuun h(z) He CBA3HO, TO NMPOH3BOAHAA
h'(2) dynkuun h(2) moxer paBHATbCS HyJio 6e3 Toro,
4T00H caMa ¢yHkuus h(2) Oblaa nocrosinHO#. B Kaye-
CTBE mNpHMepa TpHUBeAEM JEHCTBHUTEJNBHYIO (YHKIUHIO
Sign x JeACTBUTENLHONO NEPEMEHHOro X, ONpeieseHHYIO
AJNsl BCEX HEHYJIeBBIX 3HAYeHHH x, NMpUYeM AJs MOJO-
KHTeJNbHBIX 3HAYeHHH apryMeHra signx =1, a aas or-
pHLATe/NbHLIX 3HAYeHHHA apryMeHTa sign x = —|. ®yuk-
LM 3Ta 3ajlaHa Ha HECBS3HOM MHOXKeCTBe, HMEHHO, Ha
MHOXeCTBe BCeX MeACTBHTEJbHHX 3HAUeHHH x, 3a Hc-
KniodenueM 3HaueHHus x = 0.. Ee npousBoznag B Kaxnoii
TOYKe paBHA HYJIO, HO GYHKUMSA sign x HEMOCTOSIHHA.

[Ipumep 2. ®yukuuio A (x) LefiCTBHTEJIBHOrO Mepe-
MEHHOro x onpefenum Ha orpeske 0 << x << 1 ycnosuamu

h(0)=0, |
h(x)=1—x npn x> 0.

SlcHo, uto ompeneseHHas TaK (QYHKLUHS h(x) paspviBua,
HMEHHO, OHa HMeeT pa3phiB B TOuKe X = 0 M He JOCTH-~
FaeT CBOero MakCHMyMa, TaK KaK BePXHAS rpaHb ee 3Ha-
YeHHH paBHa |, a caMa OHa 3TOro 3HaueHHs He IPHHH-
Maer.. . . : ) e
[Tpumep 3. Damum opmyay mBHKeHHS TOukH, me-
peMelllaloNenCcs ¢ MOCTOSTHHBIM YCKOPEHHEM a (CM. MpH-

‘Mep 1 § 11). Eciu 06o3uauuts depes x = f(t) xoopau-
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HATy .B. MOMEHT BpEMEHH ! TOUKH X, ABHXKYLIeACH TO OCH
abcuuce, To ansi GyHKuun f(f) MB MMeeM COOTHONIEHHE
}”(t)= a. Orciona B cuny dopmyn (4) u (7) MuH uMeeM

- L. )=vo+at, . (24)

TA€ Uo— CKOPOCTb JBHKEHHS TOYKH B MOMeHT f= 0,
B cuay Tex xe dopmya (4) uw (7) n3 paBencra (24)
BhITEKaeT

nace att

f (i)——;xo+vot+—2—.

‘TR Xo-—NOJOXEHHe TOYKH B MoMeHT { = 0. D10 ecThb
M3BECTHAsi OPMyJIa pPaBHOYCKOPEHHOTO ABHKEHHS TOYKH.

§ 13. Buiuncaenne HEKOTOPLIX HeonpeaeneHHbiX
HHTErpaJion

HanuM Teneps HeckONBKO NMPaBHI HAXOKIEHHS HEON-
PEAC/ICHHBIX HHTerpasoB. CooTBeTcTByMolHe (GOPMYJIL
HENOCPeACTBEHHO BHITEKAIT H3 Qopmya auddeperuupo-
‘Banud, AaHnbix B § 11. B npasoit wactu kaxao#t dop-
MyJibl GyIeT CTOATh NMPOH3BOJBLHOE NOCTOSIHHOE CJarae-
Moe c.

Hurerpan crenennoro pspa. Us tdopmyanr (10) § 11
RHQQEPEeHIHPOBAHHS CTENEHHOTO pSfa BhITEKaeT dop-
MyJla MHTeIPHPOBAHHUS CTENEHHOro psaja ’

S(ao+a1z+a2z2+.,. +q,,z"+ ce)dx =

M1

=ctaztaftad . talr .. O

Caenyer 3aMeTuTb, 4T0 pajamycH CXOAHMOCTH 06OHX pa-
H0B, BXOASAIIKX B 3Ty (OpMyJay, paBHH MeXxy coGoil.
THTETPaJbl HEKOTOPHIX KOHKPETHBIX (YHKUMH.

Se‘dz=c+e’; ' (2)

S sinzdz=c—cosg, Scoszdz=c+ sinz; (3)

d . dz .
S =cttga (o —c—cge @

" Ml



Boimucanusie GOpMyJibl BBITEKAlOT HEHMOCPEACTBEHHO K3

dopmya (14), (19), (20) § 11

Sd_zz =c+Inz; ®)
S \/_ld-z—?= ¢ + arcsin z; | (6)
SJ—Z’—‘ ¢+ arctg 2. ()

tu_dopMyan BuTeKaloT H3 dopmya (27)—(29) § 11.

B HacToAmu# MOMEHT Mbl HMeeM BO3MOMKHOCTb BHIMHU-
catb B BHAe (OPMYJbl HHTErpajs HeKOTOPOH (GyHKUHH
JUlb B TOM CJy4ae, Koraa 3Ta OyHKnHs Obljia yxe
paHblle MoJyuyeHa KaK TNPOH3BOAHAS HEKOTOPOH (YHK-
uun. [lomoxenne ¢ uHTerpHpoBaHHeM, TakuM 06pasoM,
Pesko OT/IHYaeTcs OT MNoJoXeHHs ¢ auddepernuposa-
HueM. CorsacHO npaBHiaM, H3JIOXKeHHHIM B § 11, Mul
MOXKeM HaliTH MPOH3BOAHYIO OGO 2JeMeHTapHOM TpaHC-
IeHNeHTHOH (DYHKLHH U BHIMHCATb e B BHAE APYrofl aje-
MeHTapHOR TpaHcHeHXeHTHOH ¢yuxuuu. OKasweiBaeTcH,
UTO HHTErpajl 31eMeHTapHOH TPaHCIEeHAEHTHOH (GyHKUMH
HE BCErJa MOXHO 3alHCaTh B BHAE dJMeMeHTapHON TpaHc-
ueHJeHTHOR ¢ynkuuu. Ho u B Tex caywasx, Korga ero
MOXHO TaK 3amHcaTth, HaXOXJeHHe HHTerpaja B BHJE
dopmynni npepcrasnser Gosabliwe TpyamoctH. Cyie-
CTBYIOT, OJHAaKO, HEKOTOPHE IpaBHJa, INO3BOJAOLHE
npeo6pasoBaTh MNOAJeENKAUIYI0 HHTETPHPOBAHHIO (PYHK-
UHIO B APYryio GYHKUHIO, KOTOpas yXKe SBJSETCH MPOH3-
BOJIHOH HEKOTOPO#H H3BecTHOH (yHKUHH. 31ech MH ApH-
BelleM JBa TaKHX NIpaBH/Ia: 1) 3aMeHa mepeMeHHOrO MpH
HHTETPHPOBAHHH; 2) HHTErPHPOBaHHE MO YACTHAM.

3aMena nepeMEHHOTo MPH WHTErpHPOBaHUH. Ecau n3-
BECTHO, 4TO (QYHKUHA f(2) ABJASETCH MPOM3BOLHON HEKOe
Topo#t yHkuuu h(2), 1. €. ecan

f@="H ()

HJIH, B Aipyro# ¢opwme,
{fde=n0),

T. €. €ClH MBI yMeeM BBIIHCATb HHTerpa’ (yHkuuu f(2), -
TO NyTeM 3aMeHbl NEePEeMEHHOro 2 = (W) MH MOXKeM
HaHTH HEKOTOPYI0 HOBYIO (pyHKumio g(w), AAs KOTOpoi
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HHTETPaJl TOXKE JErko BhHIMHCAaTh. /15 5TOro AOCTaTOYHO
clesaTh NMONACTAHOBKY z == ${(w) B ¢yHkumo h(z), mo-
AyunB QyHKuHIO A(Y(w)), H BHIYHCAHTD NPOH3BOJHYIO
atoil QYHKIHH

(B (P (@) =1 (P (w)) + b {w) =T ( (w)) ¥’ (w).

Iloaarasa

g (@) =T (¥ (w)) + V' (w), ®

MBI TOJIy4aeM
{2 @ dw=n(ww.

Takum o6GpasoM, ymes BbimHcatb HHTerpan  GyHKuHu
f(2), M myreM noacraHoBRu 2z =1 (w) noayyaeMm Ho-
By QyHKumio g{w) (cM. popmyay (8)), mas KoTopoit
TaKXe MOXKHO BHINHCaThb HHTerpasd. OueBHAHO, 4TO H3
$yBKUHH g(w) MOXKHO 06pPaTHO MOAYUHTH ¢ynruuo f(2)
TyTeM NOACTAHOBKH W == @{(2), rae @(2) ecTs (pyHKIHS,
obpatHas K ¢yHkuud Y (w). OnucanHas 3nech cBS3b
Mexny QyHkuHsMH f(2) u g(w) RocTaTouHO mpocTa, HO
OHA CTAaHOBHTCS COBEPUIEHHO aBTOMAaTHYECKOMH, eCJIH MO~
CTaHOBKY Z == {(w) JAenaTh B BbIPAXKEHHH, CTOSILEM IOJ
S8HAKOM HHTerpaJa, T. €. B BhlpaxeHuH f(2)dz, sameHsisi
2 yepe3 P (w) Kak mOA 3HAKOM (YHKUHH f(2), TaK W NMOL
3HaRoM AH¢pdepennnana. JlefcTBUTEIbHO, MH HMeeM

@) dz=1 (9 (w) db (@) = f (% () ¥’ () dw

(cm. bopmyny (14) § 10). Croas tdopmanbHH# nepexon
OT OAHOTO MOABIHTErPAJbHOTO BHIPAXEHHS C NEpeMeH-
HBIM 2 K JIpYroMy NOALIHTErpajbHOMY BHIPAXKEHHIO ¢ Ie-
PEMEHHbBIM W NPH 3aMeHe 2 == (w) ONpaBALIBAET TOT
(axT, 9TO B NOAMLIHTErpaJbHOM BHPAXKeHHH BHIIHCAH
CHMBOJ d2 — U depenHan He3aBHCHMOrO NepeMeH-
Horo. Ilponanocrpupyem stor cnoco6 uHTerpHpoBaHHs
NIPOCTHIM gzl)mepom, HUMEHHO, TIOACYHTaeM HHTerpasd
?

@ynxuunw, rie @(z)— HeKoTopas 3aLaHHAas (YHKs
1M, T. €. BHYHCIHM $yHKUHIO
9’ (2) dz
S 9 ° : ©

Henas sameny ¢(2)=w, MH B CHJIy HaIIHX IpaBua
MoxeM nepenucatb HHTerpaia (9) B ¢popme

S%f—z=s-‘:7w-=c+lnw=o+lmp(z). (10)
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- ~Hurerpuposanue no uacraM. [Ipasuao auddepenun~ -
POBaHHS NPOH3BENCHUS KAeT HaM R

@YY =r @@ +u@v @
(cM. popmyay (16) § 11). Orciona Mbl nojy4aem .- -
' S.u(z) v (2)dz+ S v(z).u'(z)dz=c + uo.

Tlonaras ‘ )
W (2)dz=du(2), v (2)dz=dv(2), 08

Mbl nonydaeM Qopmyay

Su(z)dv(z)+ S v(@)du @) =c+u(@)v (2
HJIH, HHave, ‘ ,
Ju@do@ =c+u@v@—{v@au@. an

[Tonyuennas ¢opmyna nasmBaercsi opmyaoidl unrezpu-
posanus no uactam. OHa NpHMeHseTCA B TeX CJay4asx,
KOria CTOALIMI cnipaBa HHTErpan Jerde BHIYHCIHUTD, HYeM
HHTerpaJl, CTOSIUI cieBa.

[Ipumep 1. Jagum npumep npuMeHenus Audpde-
PEHIMPOBAaHHA H HHTErPHPOBAHHA K 3aJlaye eCTeCTBO3Ha-~
Hua. las sToro pa3bepeMm moBeAeHHe HUAEANLHOrO rasa,’
HaxoAsAWerocss B COCyJe -NepeMeHHOro oGbeMa, HamnpH-
Mep B UMJMHAPE C MOJABHXHHM nopiiHemM. Mu Gymewm .
TaKXe CYHTATh, YTO a3, 3aKJIOYEHHHl B UHJIHHAD, He
HMeeT TemIooOMeH C OKpyxKaloueH cpemodt H 4YTO mop-
HIeHb ABMXKeTCA 6e3 TPeHHs, MacCy e rasa MpPeAnoso-:
UM DaBHOH ofHOH rpamm-moJekynae. laBneHne rasa,
Haxojslulerocs B UMAMHApe, 0603HauuM uepe3 P, ero
o6beM uepes V, a abGcoaioTHyio TeMneparypy depes T. .
Torna umeer mecto H3BecTHOe cooTHomenue Kianefpona

PV =RT, (12)

raé R ecTb KOHCTaHTa, He 3aBHCAWAS OT COCTOSHHSA ras
3a. Bropoe coorHomenue, Kotopoe Mb GepeM u3 ¢u-
3MKH, llaeT HaM BeJHuYHHY BHyTpeHHe#t sHepruu U rasa,
HaxoJAIErocss B IHJAHMHApe, NPH NOMOIKH (DOPMYJIbI

v U=C,T, '

rie C, ecTh KOHCTAaHTA, 3aBHCALIas OT ras3a, HaXOAf-
Iérocss B WHJIHHAPE, HO He OT ero coctosinus. Jas toro
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1To6b- YACHATH (pHSMICCKUl CMBICA KOHCTaHTH: Co, Aped~ -
crasum cefe, .9TO. MB NOAGTPEAR Fa3, “HAXORAUWUHACH 8- -
puaHHAEDe, OT TeMnepaTypol T, 2o Temneparypn Ts, He
meHsis o6beMa rasa, T. -e. He ABHras- nopiiHa. Toraa:
BHYTPEHHSIS- SHEPrHs Tra3a "YBEJHUYHTCA Ha - BeAHUHHY
Co(T2—T;). Tak kak-B-mpolecce 3TOro ‘HarpeBaHHA ras
He MPOH3BEJ HHKaKOH paboThl (MOPIUIEHb HE CMECTHJCH),
TO BCe TelJo, NMpHAaHHOEe rasy, MOWJIO Ha MNOBHILIEHHE
ero TeMieparyp, TakuM o6pasom, C, ecTb Temnioem-
KOCTh Hallero rasa HpH NMOCTOSTHHOM o6beMme.

O6osnauuM uepe3 ¢ MJOLLafb CEYeHHS LHJIMHAPA H
yepes | paccTosinve OT AHA UMAHHAPa A0 nopiuHd. Toraa
V = ol. CoxMeM Tenepb cjerka ras, H3MEHHB [0JIOXKe-
HHe NOpIIHA, T. €. BEJHUHHY [/, Ha Maayio OTpHUATENb-
Hylo Beauuuny 8/. Torma ob6beMm rasa V u3MeHHTCA Ha
oTpHUIlaTeIbHYIO BeuyuHy 8V, onpexnensiemyio popmysioi
8V = 08l. B TeueHHe 3TOrO nepHoOAa CXKaTHS rasa CHia
HaBJeHHs rasa Ha NOpLIeHh MNPUGJH3HTENbHO paBHA
6P — npubau3nTeNLHO MOTOMY, 4TO XAaBJEHHE B Mpolec-
ce CXKATHA CJerka MeHsieTcs, TaK YTO CHJIa 3Ta B TOYHO-.
ctd paBHa F = ¢(P--¢), rae e cTpeMHTCH K HYJI0 BMe-
cre ¢ 6/. ITo usBecTHOMy 3aKkoHy (u3HKH pabora, 3aTpa-
YeHHass Ha CABHT NOPINHS, PaBHA CHJe BO3AEACTBHA HA
aauHy — 8! npoiaenHoro nopusem nytu. Takum o6pa-
30M, 9Ta paboTa paBHa

— Po (8! 4+ o (81))
— P8V 40 (8V).

BBuay orcyTcTBHS TpeHHS H Temioo6MeHa Bcs 3Ta pa-
GoTa [HOMKHA NPEBPATHTHCS BO BHYTPEHHIOI ISHEPTHIO
rasa, T. e. BHyTpeHHss1 oHeprus rasa U = C,T moaKHa
yBeauuntbest Ha Co0T, Tak 4yTO MBl HMeeM :

C,0T = — POV 40 (8V). (13)

Boiuucasns Beamuuny P no dopmyne Knameipona, Ml
nojiydaemMm RT

2k

HJIH, HHaYe,

Moacrasass 370 3HaueHue BeauyuHsl P B dopmyay (13),
HOJIyyaem

.

CAT=—RT -+ 0(V). (1)
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Tak kak B npouecce cxarus rasa remneparypa 7 sB-
aserc PyHKuuell o6veMa rasa, To, feifi OOOTHOMCHRE
(14) na 76V, Ml mosyuaem

Co 3 _ R o@D

T 8 — 14 v -
Tlepefina B sTOM COOTHOIEHHH K mperexy apa 8V — 0,
MBI [I0JIy4aeM

Lo dT R
T av— V¥
HJIH, HHaye, co dr . R
T @ty =0 {13)

TaxuM 06pasoM, B CHIy OCHOBHOIO pesyabTara opean-
Aymero naparpada HeompefesieHHbI HHTErpad OT JeBOdk
YacTd COOTHOWeHHA (15) ecrb KOHCTaHTa, TaK YTO MH
HMeeM

Co dT _R_) _
S T av Fy)V=c
WJIH, HHavYe,

B cuay gopmyan (10) mur moayuaenm
C,InT4+RInV=c.

Hexns sto coornomenne Ha C, H NOTEHHHPYS €ro, MHI
NoNy4aeM PaBeHCTBO

R
TV Cy =4,
rie {— KOHCTaHTa, BOSHHKIIAs B Pe3y/abTaTe HHTErPH-
POBaHHA H NOTOMY 3aBHCALLAf JHUIIL OT TOrO rasa, KO-
TOPHI#i HAXOAUTCA B HallleM LHJMHApPE, HO He OT ero co-
crosinds. IloacraBaas B mocaennee coorHomenue T u3
paBeHcTBa (12) Knanefipona, Mbl nosyuaem
R4C,,
PV S, =, (16)

Flle — KOHCTaHTa, 3aBHCSAILAS OT Tas3a, HAXOARMENoCH
B LIUJIHHAPE, HO HE OT €ro COCTOSHHUS.

Benuunna C,, kKak yke OTMeuasoch, ecTh TemaoeMs
KOCTb rasa MnpH HOCTOSSHHOM o6beme. Beanunna C, =
= R 4 C,, Kak Jerko co06pa3uTh, €CTh TEMJIOEMKOCTH
TOrO Xe rasa IpH NMOCTOSHHOM JaBJeHHH, TaK Kak, eciH
Ta3s HarpeBaTb, COXPAHAA MOCTONAHAOE AABJEHHE, TO pacs
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XOAyEMOE TEHJIO YaCTbi MIET Ha yBeJHueHHE BHYTPEH-
gei¥ >HepFHR (T. €. B2 MOBHIIEHHe TeMNepaTypH) ra3a,
4acThio NPEBpaltaerTcs: B MeXaHHYECKyio paboTy cMemie-
HHS TIODHIHA.

Taxum oGpasoM, popmyna (16) sanucwBaercss B BHAE

PVY=g, (17)

Cp )

rae v=-g--

®opmyna (17) Hocut Haspanme ¢opmyast aduaba-
TUYECKO20 CHATUS 2a3q.

[Ipumep 2. Ilpumenum éopmyny HHTeTpHPOBAHHSA
o HaCTAM JJIS HaXOXKAeHHs HHTerpaia oT (QyHKIHH
f(z)=u(2)e? rme u(z) ecTb MHOFOUJeH CTeNeHH 7 OT-
HOCHTEJIBHO MepeMeHHoro z. Jlas sToro nonoxum ov(z)==
== €7, TaK 4T0 dv(2)= e?dz. Takum o6pa3oM, Mb HMEEM

Sf(z) dz=Su(z)ez dz=gu(z)dv(z)=
=c¢+u(z)e® — Se’du(z)=e+u(z)ez— Su' (2) € dz.

Hrak, MB cBenH HaXoXjAeHue WHTeFrpana OT GYHKIHH
u(z)e® k mHTerpany or ¢yHkuuu u’(2)e?. Ho u(2) ecTb
MHOTOYJIeH, CIe0BaTeTbHO, H 1’ (2)— TaKke MHOro4JeH,
HO CTeNeHH Ha eJMHHIY HHXKe. DTHM OTKpbiBaercs BO3-
MOXHOCTb IOC/JIE0BATENbHOrO NpuMeHeHHA (GopMYJIbl
HHTerpHPOBARMNS 1O YacCTSM, B pe3ysbrare KOTOpPOro MH
MOXeM 3amncaTh HCKOMEIR uHTerpasa B dopme

Sa'(z)e’dz=e+u(z)-e‘—u’(z)ez-i-u”(z)e"‘-l-

cee F—Wu @ =c+ e (u(x)—u )+
Fu” @+ ...+ (— 1D )

Bnaecy Mbi ynorpeGisieM NpOH3BOAHLIE He TOJBKO TEP-
BOTO H BTOPOro nopanxo,g,mno H TPOH3BOJILHOrO MOpsAX-
Ka, €CTeCTBEHHHIM 006pa3dm ompefensembie (moapOGHO-
cru cm. B § 15, (2)).

IMTpumep 3. INoassysce dopmysokt (1) mouseHHOro
HHTErPHPOBAHUS CTENEHHHIX PHAAOB, AaJUM pPasJioXeHHe
B creneHHue paan dynkuuii In(1 4 2) u arctg 2. B cuay
dopmya (27) u (29) § 11 Mbl uMeeM

, 1
In (I+z)=—l_l'_z. arctg’ 2= 57+
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Crosmue B DBPaBhX YacTaX TOCAEAHHX PaBEHCTB (PYHK-
IHH JIEFKO MOTYT OHITb Pa3jiOXeHH B CTeNeHHHE pPAAH
‘€ PaiHyCOM "CXOAMMOCTH | Ha: OCHOBAHHH-(POPMYJH AJs
‘CyMMbl reOMeTpHuYecKoil nporpeccun -(cM. (21) § 6).
Hmenno, MH 'umeem: - - ' S

"l"z =1—z42+ coo (=D
Bt Rt o PSR N G (S

ISR AN
: - . - . - RN
Huterprpys npa mocaegHux paBeHcTBa o ¢opmyae (1),
Mbl MOJNYYHM pasjoxenHe ¢pynkuuit In(l 4 2) n arctgz
B CTENEHHBHIE pAJAH MO 2 C pagHycoM cxomumoctd 1. das
ZIlOBeieHHs - flejla JO KOHLIa HaM OCTaeTcd TOJBKO BhI-
6pats 3HaueHHe KOHCTaHTHl ¢, BXOAsILEH B IPaBYIO 4acTb
paBencrBa (l). JIas HaxoXaeHHss 5TOH KOHCTAHTH JO-
CTaTOYHO NMPHAATb NEepeMeHHOH 2 KaKoe-HHOYAb onpeje-
JieHHOe 3HaueHHe, HampuMmep z == 0, U NOJYYHTHb 3Haye-
HHEe KOHCTaHTH ¢ u3 paBeHctBa (1). Takum oGpasom,
HaM Hajo 3HaTh 3HaueHHe Inl u arctg0. Ho rtak kaxk
¢ynkunn In u arctg HeogHO3HA4HBl, TO MH HMeeM

Inl=2kni, arctg0=~Fkn,

Flie k-—TNpoOH3BOJbHOE Lesoe uHcao. BriGpaB u3 Bcex

3THX  3HAYEHHA KakHe-nHOO BIOJIHE ONpeleseHHBIE: AJA
BeauyuH In1 u arctg 0, MH nonyyum Te pasioXeHHd B
cTeneHHble paabl pyHKuuM In(l 4-2) u dynxkuun arctg 2,
KoTopue npH 2 = () UMeloT 3ajaHHbBe 3HaueHUsA. MH BH-
Gepem as Inl u arctg 0 sHaueHue Hysab. Torga sHaues
HMe KOHCTaHTH ¢ B oboHX ciaydasix 6yneT TaKke HyJb,
H MBI NOJYYHM _cllefylOlllHe pPa3JiOXeHHs B CTeNeHHBIE

pAnH: .
, |
n+d=z—F+5 4. =+,

aretge=z — 5+ X . (=1 Er

Caenyer noauepkHyTb, 4TO MOJyYeHHHlE PasjOXKEHHA B
creneHnble psaabl ¢yskuuit In(l+42) u arctg z sapaior
B Kpyre pagnHyca 1 Te BeTBM MHOrosHayHHX (yHKEn#
In(1+42), u arctg 2z, Kotopsie npu z= 0 o6paiianTcs
B HyJb. S - L : -
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-~ §14. Onpeaenennniii uuverpan ~ -
. B.§ 12.Mbl BB OREPANMIO WHTErPUPOBAHUA KaK
obparHyio onepauun auddepennuposanus, Mmenno, Mol
00BABH/IH, UTO.HHTErpaioM -3afaHHOA QYHKUMH f(2). Has
3bIBATCA TaKan (QYHKUHS ¥ (2), KOTOpadA yAOBIeTBOpseT

YCJIOBHIO .
x (@) =F(2). (1)

Jlo6as dyskuns x(2), yrosnersopsowan ycaosuio (1),
HasbiBaeTcd nepsoobpasnod $yHkuuu f(z). CooTHole-
uue (1) mpeacrasaser coGoii ypasHenue, rae f(z)— u3-
BeCTHasl 3ajaHHasl QYHKUHA, a y(2)— HEeU3BECTHAfA HC-
KoMasi QYyHKuHS.

Cpasy xe Gblio o6HapyxkeHo, uTo ypaBHeHue (1)
HMeeT He eJHHCTBeHHoe pelleHHe. OUeBHIHO, UTO. eCau
¢yHKuHs ¥ (2) yROBIETBOPSiET STOMY ypaBHEHHIO, TO .0f-
HOBpPEMEHHO eMy Xe yJHOBJeTBOpsieT U JioGast (PyHKUHSA
Buaa x(2)+ ¢, rlie ¢— NPou3BoJbHAA NOCTOSHHAS.

CoBceM He mpocTo, a B pe3y/bTaTe NOBOJBHO CJAON-
HBIX HCCJeloBaHHH OblJI YCTaHOBJIEH H XapaKTep HEOAHO-
3HAa4YHOCTH pelleHuii ypasHenus (1). Beuio ycranosaeno,
YTO €C/IH MHOKEeCTBO JONMYCTHMbIX 3HaueHHA apryMeHra
2 dynkuuy f(z) cBSA3HO, TO BCS HEOLHO3HAUHOCTh pelie-
HHAl ypaBHeHHus (1) CBORMTCH K X0GaBJEHHIO KOHCTAHTHI
¢. Tounee, 6610 KOKa3aHO, UTO ec/H A(z) ecTb DyHKIHS,
yaosaeTBopsomas ypasHeHHio (1), T. e. yC/I0OBHIO

K (2)="f(2), (2)
TO OHA MOXeT 6HTB 3amnHucana B BUae
' h@=x@) +ec. (3

Takum o6pasom, aias Toro uto6u U3 Beex GyHkuuit ki (2),
YAOBJIETBOPSAIOIHX ypaBHEeHHIO (2), BbIOpATh OXHY BIOJ-
He ONnpeJe/ieHHYI0, NOCTATOYHO NPHAATh KOHCTAHTE C Ofl-
peneneHHoe 3HaueHHe. EcTh, ofgHako, Apyroit u B HeKo-
TOPHIX OTHOLIEHHAX Gosiee BaXKHbIH cmoco6 BhIGOpa om-
penenexHoro pemenus h(2) ypaBHenus (2). Onuuem
ero.

Mpenean unrerpuposanns. Ilycrs f(2) — HekoTopas
HedCTBUTEIbHAA HJIH KOMIJIEKCHafi (YHKUHS [Ae#CTBH-
TeJbHOTO HJIH KOMIVIEKCHOTO NEPEeMEHHOro 2,- 3afaHHas
Ha 'CBSI3BHOM MHOXeCTBe 3HaueHuH. aprymentra. 3aza-
AHMCS HEKOTOPHIM ONpeAesIeHHBIM 3HaueHHeM 2g.:ee ap-
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ryMeHTa M Bbibepem Takoit unterpan héz) OyHKuHH
f(2) (cm. (2), (3)), xkorophlit ynOB/IETBOPSIET YCJOBHIO

h(zey=0. )

Taxoff unrerpan Bcerna cyllecTByeT; B caMoM HeJe, AJst
HaXOXJEHHS ero ROCTAaTOYHO 3ajaTh KOHCTAHTY € TakK,
4TO0H GBIJIO BEIMOJNHEHO COOTHOLIEHHE l

X (20) + ¢ =0.
Tagum 0Gpa3soM, npH

¢=—12%(z)
MBI MoJIy4yaeM QyHKLHIO
' R =% —xta) 5)

YROBIETBOPSIONIYIO yenepusm (2) u (4). Dra Pyuxuus
h(z) nHasbiBaeTes ONpeACHEHHHIM HHTETPANOM (GYHKIHE
f(2) u 3anucHBaercs B BHAE

2z

rey=§r@ad. ©)

2

Ortor wunrerpan hfz) ¢ymrmun f(z) HaswBaerex onpe-
Oenenroim unTezparom, 3HAUCHHE APIYMEHTE Zg— HIIKC-
HUM npedesom WHTErPHPOBAHHY, a 3RAYEHWE aPryMeH-
Ta Z-—6epXHUM npedesom WHTErpHPOBaHHA. Bernunna
h(z2), onpenenennast popmysnoi (6), 3aBHCHT OT HCXOM=
HOW QYHKUMH f(2) M IBYX MNpefesOB HHTErpHPOBAHHS:
HUXKHETO 29 H BEPXHEro 2, HO He 3aBHCHT OT BEJHYHEHH [,
KOTOpas Ha3blBACTCH NepPeMEHHbLM UHTe2pUpOBaHus, ee
MBI MoXeM 0603HauHTh JI060H GyKBOH, Hanpumep GyKs
BOH £, TaK 4To HMeeT MeCTO PaBEeHETBO

froa={ioa.

_ W3 ycaoBuit (2) u (4), Hasmoxenuwx Ha GyHRIKIO
h(z), Mb BbiBenu Boipaxenue (5) s ¢ynxkuun h(z),
rae y(z)— mobas nepBooGpasuas ¢yuxkuuH f(z). OT-
clona crenyer, ure ycaosusMmi (2) u (4) ¢ynkuua h(z)
onpejensieTcsl ONHO3HaYHO H UTO ee BHpaxeHHe (5) ues
pes nepBoo6pasHylo He 3aBHCHT QT BmOOpa HEpBOOGs
pasHoii.
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Mpocreiimme caoiictsa onpeaeaennoro ‘MHTErpaJja.
Ecau fi(2) n fy(2)— gBe dymramu iepBOOOPA3HHMA
x(2) ¥ %x2(2), a a1, ay— ABa umcaa, ToO dyHRUuA
o)1 (2) + aex2(2) aABAseTCs mepmooGpasHof A dyHK-
uuH ouf1(2) + oof2(2). Otcrona caenyer

2

S [ouf1 (8) + 0of ()] dE =

2

= [ox1 (2) + s (2)] — [y (20) + )2 (20)] =
=0y [11(2) — %1 (20] + a2 [42 (2) — %2 (20)] =

z

=af i e+ (1.0 az.

20

Oxronyarenbho nonyyaem

2 2

Jeh©+ e = {f©da+a (Lo

2 2

Huxnut v sepxuuit Npeneanl 2o # 2 10 HEKOTOPOH cre-
TIeHH paBHompaBHH. i1 Toro 9To6Hi NOXYEPKHYTH 3TO,
0603HaYMM BepxHHl mpegel HHTErPHPOBaHHA uYepe3 zj,
foraa Mel nosyyum

§HQdt=1e)— 1 ™

(em. (5)). Menss mecramu npegenn HHTerpHpOBaHus,
MBI IIOJIyUHM

29 .
{10 dt=x(e) — x (). (®)
Ms papencrs (7) u (8) HemocpescTBeHHO BhITeKaeT
21 %
{foa=-{r@a ©)

15



. Ecau 3amansl - TPH 3HAYEHHS 29, 21,. 22 . apryMeHTa
$ynxuun f(z), T0O MH HMeeM , S

Sf(z;) dg =1 (21) — 1(20)

20

{fod=x) —x),

Sf (© dg =120 — 1(z0).
_ 2
1(13 STH);( 'rpex pPaBeHCTB BLITEKaeT BaXKHOE€ COOTHORICHHE'
V©a+h©a—hma (10)

EAuNCTBEHHOCTb OMpeAeNeHHOro HHTerpana. byaem
no-npeXXHeMy TNpeAnoJarath, 4To HCXOAHas quymmmi
J(2) 3amana Ha cBssHoM MHOXKecTBe. [losoxuM

Sf@) d=h@z). ()

Torxa B cuny (5)
h (29, 21) =, (21) — % (20)-

Has dyHkunu h(fo, 21) cootHoweHus (2) u (4) nepenii~
CHIBAIOTCA B BHJE

Rlnt)—fla) (12)
h(zo, Zo)—— . (13)

Tak kak cooTHowenus (2) u (4) omZHO3HAYHO ompeje-
asau ynxuuio h(2), coorHomenus (12) n (13) ORHO+
3HaUHO ompejensior dynguuio h(2o, 21).

Mensas B COOTHOIIEHUAX (12) (13) MecraMu zo " 21,

NnoJay4YuM COOTHOIIEHHUA N
0h (2),
Pott=fe), a9
. [ h (21, z]) - 00 . - (15)
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KOTOPHIMHE GyHKUHS h(2), Zo) OLHO3HAUHO OFpeleNAETEs.
3ameTHM Tenepb, uTo - -

h(zi, 20) = —h (20, 21) (16)

(cM. (9) n (11)). Takum o6paszoM, BeAHYHHH A (20, 21)
u h(21, 20) ONHO3HAYHO oNpefensaOT APYr Apyra. 3ame-
HAs B COOTHoWeHHAX (14), (15) dynxuumio A(z;, 2) no
¢opmyse (16), Mbl HONyyaeM COOTHOILEHHS

Rlot)— —fa), (17)
h(zy, 2)=0 . o (18)

Ans Gynkunn h(zo, 21), KOTOPHIMH OHA' OHO3HAYHO ON-
penensiercs. Pe3loMHpys, MOXKHO CKa3aTb, 4TO (YHKLHA
h(zy, 21) ynmoBneTBopsieT Kak nape coorHowennfi (12),
(13), Tak 1 nape coornowenut (17), (18), mpHueM Kax-
Ioii mapo#l COOTHOLIEHH# OHa onpefensiercs OXHO3HAUHO.
... Cymecrrosanue nepeooGpasnoii. Bee Ao cux mop pac-
CKa3aHHOe B 3TOM maparpade OmHpaercs Ha IPEANOJO:
JKeHHe, UTO CyllecTByeT mepBooOpasHas ¥ (z) (yHKUHH
[(2). OueBnnno, oxnako, uto ecan QyHkuus h(zo, 21),
yAoBaeTBOpsowas ycjaosuio (12), cymecrByer, T0 B
CHJIy 9TOro ycnoBHs A (2, 2;) ecTb nepBooGpasHast QyHK-
uuu f(z1), T. e. mepBooGpasHass GyHKumH f(2) Ccyiue-
crByer. Touno Tak Xe, ecau ¢yHruus h(2p, 21), yHOB-
JerBopsomas ycaosuo (17), cymecrsyer, To GyHKuus
—h (20, 21) ecTb mepBooGpasHast ¢yukuuu f(20), T. e.
nepsoo6pasHas ¢ynkuuu f(2) cymecrsyer. Peslomupys,
MOXHO CKd3aTb, YTO ONpefleIeHHbIH HHTErpa Co

»

{roa

2

HajileH, eclM yKasana &yHkuus h(2p, 2;), yAOBIETBO-
paiomaa au6o mape ycaosnii (12), (13), nubo nape yc:
aoBuit (17), (18). A _

. 3amMeHa mepeMEHHOro MHTErpupoBaHusa. Mul yxe 3a-
HUMaJlNCh BONPOCOM O 3aMeHe NMEepPEeMEHHOr0 HHTEerpHpo-
BaHus JJf CJydyasi HeOmpejeJIeHHOro HHTerpasta (cm.
§ 13, (8)). B cayuae onpeneneHHOro uHTErpasna Tpe-
Gyerca JOMOJHHTEJbHOE PacCMOTPEHHE BONpOCa O Ipe-
Jdenax MHTerpupoBaHusi, PaccMoTpuM onpefesieHHbii
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HHTErpaa
2

r@={f@a.

2

Bmecro z BBeseM HoBOe mepeMeHHOe W@ Mo (hopmyse

z=1(w),
HMelollelt obpallleHHe, T. €. SKBHBaJeHTHOHA dopmyae
w=¢(2),
TaK YTO BHIIIOJIHEHH TOXKAECTBA
e (@)=w; P(pR)=2 (19)

BuisicHuM Tenepb, KaK MOXHO 3amHCaTb B BHAE ONpeje-
JICHHOr0 MHTerpa/a ¢GpyHKUUIO ‘

B (@) =h ().

OxkasbiBaercs, 4T0 3TO MOXKHO CHeJaTh CJEAYIOMHM 06-
pasom:

(@)= g do, (20)
o {3 *
g (©)=F (¥ (@) ¥ (a); @)

wo=0 (), w=g (). ,
Haa nokasarensctBa Gopmyanl (20) nmokaxkeM, 4TO AJs
¢bynruun hA*(w) BuinosHeHb ycaosus (12) u (13). Hei-
CTBHTEJIbHO, Mbl HMeeM B CHJy GopMyan AuddepeHiu-
poBaHHus coXHOA ¢yHKuuu (cM. § 11, (21))
(" (@) = (h(H (@) =4 ($ () + $' (w) =
=f($ @)Y (v) =g (w)
(cM. (21)). Takum o6pasom, ycaosue (12) mas ¢yHk-
UMK A*(w) BuinosHeHo. Hasee, Mbl HMeeM
Ws
Mm@=gg@nm=a
w,
Takum o6pasowm, yciosue (13) Boimoaneso. Tak Kak aias

¢Gyukunn h*(w) ycaosus (12) u (13) BbIDOMHEHB, TO
OHa fIBJISIeTCA OMNpeje/eHHbBIM HHTerpajom (20).
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3aBucumoctb ot napamerpa. Ecan nojJiexaiass HH-
TETPHPOBAHUIO (QYHKIHS 3aBHCHT He TOJBKO OT OJHOO
NEPEMEHHOr0 2, 110 KOTOPOMY NPOH3BOAHTCS HHTErPHPO-
BaHHE, HO H elle OT HEKOTOPOTO MEPEMEHHOro 4, KOTO-
poe Mb 6yieM Ha3wBaTh MapaMeTPOM, T. €. HMeeT BHA
f(z,u), To ee mepBoOGpasHas TakKe 3aBHCHT OT napa-
MeTpa u, T. €. uMeeT BHUA ¥ (2, u). dra mepBoobpasnasn
yIAOBJIETBOPSET YPaBHEHHIO :

%x(z, u) =T (z, u).

Besikast apyras  dyukums  h(z, u), VAOBJIETBOpSIOIIAS
yYPaBHEHHIO

h(e w)=](z u), (22)

OTJHYAETCH OT (YHKUHH ¥ (2, 4) TOJBKO HA BEJUUHHY, HE
8aBHCALLYI0 OT 2, HO, €CTeCTBEHHO, MOTYILYI0 3aBHCEThH
or napaMerpa u. Takum obpasomM, dyuruus h(z, u) Mo-
XKeT OLITb 3alHCaHa B BHIE

h(z, u)y=1x(2, u) + c (u),

rae c(u)—npousBosbHas (yHKUHA mapaMerpa u. Bmu-
GepeM Teneph KaKoOe-HHGYIb BMOJHE ONpexeJeHHOe 3Ha-
YeHHe 2o apryMenTa z H MoTpeGyeM, uTo6H (YHKLHS
h(z, u) ynoBnersopsna ycaosuio

h (2o, u) =0. (23)
Has Toro 4to6b mocaesHee YCJOBHE HMEJNO MECTO, MH

ROJXKHBL BHOpaTh QyHKUHIO c(4) napaMerpa u4 TaK,
4TOGH BBIMOJIHANOCH COOTHOLIEHHE

X (20, u) 4 ¢ (u) =0,

4 (u) = '—X (ZOv u)v
u ans h(z, u), ynoBnersopsiomeit ycaosuio (23), MH mo-
Jy4yaeM BbIpaXKeHHe
h(z, u)=1x(z, u) — % (20, ). (24)

Oynkuus h(z, u), ynosiersopsiomas ycnoBuam (22) u
(23), aABaseTcs ompeleNeHHHIM MHTErpajoM (YHKIHH
(2, u), n 3anuckiBaeTcs B BHEE

2

bz, w)=Fe wat. (25)

2z

OTKyZa
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Takum'-06pasoM,” onpeneseHHblft HHTEFpaN"{25) umeer
BHA (24). Lnn T0ro YTOGH- MOAYEPKHYTH HEKOTOPOR Pas-
HONIPaBHe HHKHEro W BepXHEro- NpeAesaoB- KHTErpUpPOBa-
HHsi, 0003HAUMM  BEPXHHIl NpeJes HHTEFPHPOBAHHA - 2 4e--
pe3 z;. Torna mbl MOXeM 3amucarb - - > SRR
S S . , . S
S & u)db="h(zo, 21, u) =% (21, 4) — % (20, ). (26)

2z

dta popMyaa noAYEepKHUBAET, YTO ONpeleseHHbIA HHTer-
pan (26) 3aBHCHT OT HH)KHETO M BEPXHEro NpenesioB HH-
TErpUPOBAHHA H OT nmapaMerpa u. OnpemeneHusiii HHTEr-
pan h(zo, 21, #) Kak QYHKIHS CBOEro BEPXHEro npejgea
YAOBJIETBOPSAET YCHOBHAM

odTlh(Zo, 2[,.“.)=f(zl’ u)» . . (27)
h (20, 20, #) =0, - (28)

KOTOPBIMH OH H onpejenseTcss ofHO3HauHO. Omnpeaenen-
Hblil uHTErpaa h(2o, 21, ), paccMaTpuBaeMulft KakK QYHK-
IMA HHXKHEro fipeaena 2o, YAOBJETBOPSeT ABYM YCJO-
BHAM i
4 a-
9oy 1 (20, 21, ) = — [ (20, 0), (29)

h(2|, 21, u)=0’ . .(30)

KOTOPbIMH OH H_ompenenseTcss oAHo3HayHO. Takum oGpa-
30M, A7 TOro 4to6bl yGeIMTbCA B TOM, 4TO (DYHKIUHA
h(20, 21, u) Tpex mepeMeHHBIX ABJSETCH ONpPedeeHHBIM
HHTErpaJom: ' :

2y

bz, =¢ v,

23

MBI IOJKHB yOeUTbCA B TOM, uTO (yHKuHA A (2, 21, )
yaosiaerBopser Ju6o mnape ycaosuit (27), (28), aubo
mape ycnosuit (29), (30). ITostomy usnoxenHH croco6
HAXOXIEHHS ONpeReJEeHHOro HHTerpaja €cTs cnocob
nposepkH. Mu npocTo JOMIKHBL  yragath (YHKLHIO
h(zo, 2\, u), KoTopasi ynoBJIeTBOpSET JiHGO Mape ycAOBHi
(27) u (28), nmu60o nape yciosunt (29), ¢30).

~ Bce ckasaHHOe A0 CHX NOP OTHOCHTEJIbHO HHTErpH-
PpoBaHHs QYHKUKH, 3aBHCAIUEH OT mapaMeTpa u, He Mpef-
crasisieT co60f HHYero HHTepecHoro, CuTyauus crano-
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BUTCS HETPHBHAJIbHOA W Tpebyloiiel. 0cO6Oro BHUM aHug
B TOM CJIy4ae, KOrAa NapaMeTp.u COBRAAAaeT ¢ OAHHM M3
npeleioB HHTEPPUPOBaHHA, T. €. KOTAAa HMeeT. MeCTO
OAHO M3 JBYX pPaBeHCTB . S .

HIH U =2, HIH U=2),

,1;..e. KOrja Mul XOTHM Ha#TH OAHH H3 ABYX HurTerpaJioB
2y

e , h(ZQ, 21, Z)) = S f(g’ zl) dg: (31)
s o )
. h(z0, 21, 20) = S f (&, 20) dg. (32)

20 Vo Sy

Ilpn naxoxnennn unrerpana (31) mpensnoXeHublli HaMH
€noco6 NpoBepKH NPH NOMOWM COOTHOIIEHHH (27) n
(28) craHoBuTCA HerommbIM, HO 3aTO NpUrofieH croco6
IPOBEPKH NpH nomouu cootHowenut (29) u (30). Ecan,
Hao60pOT, Mbl XOTHM HaHTH HHTerpan (32), To mpepdo-
MEHHBIl HaMH CTOCO6 MPOBEPKH NpPH MOMOILH COOTHOIIe-
BHi (29) u (30) cTaHOBHTCA HEroXHHIM, HO. FOLHTCH CHO-
€06 NpOBepKH NPH NOMOLIH COOTHOUIEHHH (27) u (28).
O6bsacHuM, noueMy 310 Taxk. Paccmorpum cayuait nep-
Boro mHTerpana (31). B dyukunu h(zo, 21, u) u 3ame-
HEHO uepe3 2), H QyHKUHA A(2g, 2, 2;), nmojo3peBaemas
B TOM, 4T0 OHa ecTb HHTerpas (31), paccmMaTpuBaemas
KaK - pyHKUHS - IEPEMEHHOro 2;, yXe He YAOBJIETBOPAET
YCJIOBHIO o

| aizlh (26, 21, 2)) =T (20, 21). (33)

HeficTBHTENbHO, TIPH BHBEACHHH ycaoBusa (27) Mbl cuH-
TaJM, YTO apryMeHT u, CTOSWMHA Ha TPeTbeM MeCTe, eCTh
BeJHUHHA NOCTOfIHHAA, a B JIeBOA yacTH QopMmyanr (33)
npu RHGQPEPEHIHPOBAHNN 1O 2; MBI yXe CUHTAEM, YTO
APTyMeHT, CTOSAIIHA Ha TpeThbeM MecTe, €CThb NepeMeHHas
BeIHYHHA 2;. B aToM cayuae, aas Toro uto6n yGeanTh-
Cf, YTO (QYHKUUS ABYX NMEPEMeHHBIX A (2o, 2),2;) ABASIET-
CAi ONpeleNleHHHM HHTErpajoM (31), HyXHO NPHMEHHTDb
K Hell ycaosusi (29) u-(30), T. e. ybGeautbcs B TOM, uTO

| o 120, 215 21)=—1 (20, 1) (34)
. h(zi, 2, 2)=0.. . - (35)
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AHaJIOrHUHO OGCTOMT AeNO H B ClyYae HaXOXKJEHHA WH-
terpaia (32). B aToM caydae Mul JAOMKHH y6eaurnes
B TOM, YTO

5—2—1 h (20, 21, 20) = (20, 21)

3
h (20, 20, 20) =0.

UuterpupoBanue HepaBeHCTB. 31ech Mbl GyAeM pacs
CMaTpHBaTb TOJbKO AeHCTBUTENbHBIE (QYHKUMH HefCTBH-
TeJbHHIX TepeMeHHbIX. Mbl Jl0KaXKeM, UTO ecaH Aas ABYX
¢oyuxuuit fi(x, u) u fo(x, u) BHIIOJHEHO HEPABEHCTBO

fi(x, w) <Falx, ) (36)

IJs BCeX HHTEpPeCyIOLHX Hac 3HaYeHHi NMepeMeHHbIX X
H 1, TO IMeeT MeCTO HePaBEHCTBO

sign (x — x0) | 11 (& 0 & <sign(x —x0) { 12 & w)
Xo 3

@37)

T. e. 4To HepaBeHCTBO (36) MOXHO HHTerpHPOBaTb B
mpejeniax oT Xo A0 X.
Ilns JOKasaTenbCTBA 3TOTO YTBEPKAEHHS COCTaBUM

¢
YR f(xs u)= f? (x, u) - fl (xs u)-

SIcHo, uTo Ans Toro 4roGH A0Ka3aTh, YTO M3 HEpaBeH-
crBa (36) BHITeKaeT HepaseHCTBO (37), HaM A dyHK-
nuH f(x,u) AOCTAaTOYHO AOKa3aTb, YTO H3 HEPaBEHCTBA

fx,u)=>0 (38)

BhITEKaeT HEPaABEHCTBO
x

sign (v — %0 | [ & ) d&=>0. (39)
Xo
3afiMeMcsl HOKa3aTeJbCTBOM 3TOro CBOHCTBa (YHKUHH

f(x, u). Oas atoro mpexje BCero NoJOXKHM
X

h(x = wd.

X0
U3 coorHomenus (23) cneayer, 4To
h(x, w)y=nh(x, u) — h(xo, u). (40)
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Hanee, B cuny gopmyns Jlarpanxa (cm. § 12, (20))
MBl HMeeM ,

(%, 1) = b (x0, u) = (0, 1) (x — x0) = F (0, u) (x — x0),
(1)

rZie M — YHCJIO, 3aKJI09eHHOe MeXAY Xo H x. Tak Kak no
ycnosuio (38) f(n,u) =0, To 3 coorHomennit (40) n
(41) caenyer

sign (x — xo) « h (x, u) >0,

T. €. HepaBeHCTBO (39).

3aMeTHM, uTO Tak JOKasaHHas (GopMyna BepHa, B
YaCTHOCTH, H NMPH U = Xo, TaK KaK NPH ee JOKa3aTeb-
CTBE MBI MOJb3yeMcs COOTHowleHHAMH (27) u (28), 3a-
A20UHMH onpeneseHHbifi uHTerpaj. Ilosbsysick coor-
HoWeHHAMH (29) u (30), MOXHO HOKa3aTh, YTO Hepa-
BeHCTBO (37) BepHO H JJIS u = X.

HurerpupoBanne monyas dynxuuu. 3ech Mbpl onaTh
6ynem paccMaTpHBaTh AeHCTBHTENBLHYIO dyHKUHI nei-
CTBHTEJBHOrO nepeMeHHoro. Mul joKaxeM, 4TO ecsu

IFEwI<M (42)

Ans Bcex 3HaueHH#l § Ha orpeske [xox], TO UMeeT Mecro

HepaBeHCTBO
x

le(g, u) d

X

SM-|x—x0l (43)

Hoxaxem sto. Ua coorHowenus (42) caemyer, uro
—M<iE o<M

Hurerpupys 3To nBofiHoe HepaBeHCTBO B mpemesax OT

Xo A0 X, MBI IOJYYHM ABOIHOE HEPaBEHCTBO
' x

sign(x — x0)  (— M) (x — x)<sign (v — x0) | f € )t <
<sign(—x0- M- (s— 59, (40

H3 KoToporo HeNnoCPeACTBEHHO BBHITEKaeT HEPaBEHCTBO
(43).

§ 15. Papn Teiiaopa

Onvn W3 BaXHeHIIMX CNOCOGOB BHIYHCJEHHS 3Haye-
HHIl OYHKUMM MO 3HA4YeHHSIM €€ apryMeHTa OmHpaeTcH
Ha pasyoxeHue OyHKIMH B cTeneHHoi psaa. HMuorza cre-
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[eHHBIM PALOM- (PYHKIHA- ¥ 3anaercd. -Tak, bl 3aganu.-.
¢yukunio exp(2) npu MOMOLIH pAAA, (cm. § 7). HUnorna
QYHKUMIO, 3aAAHHYIO KAKMM-AHGO LPYTHM cnocobom;
yaaeTcsi Pa3NOXUTb B CTENEHHOM PSIA H MONYIHTb TaKUM
fiyTeM  CPEeACTBO ee BbluHcaeHus. Tak G6blio C - yHK-
HUAMH COSX-H Sin X AeHCTBHTENBHOrO - MEPEMEHHOro X,
KOTODHE TepBOHAYaJbHO 3aJaIOTCA TeOMETPHUECKH, a
3aTéM Mbl HAIIH MX Pa3joXeHHe B CTEeNEHHBle DAL B
§ 8, noa3ysck cBoiicTBaMH yHkuuu exp (2). Toansyace
pa3noxKeHHeM (YHKIHH B CTeNeHHOM pSAA, MOXHO H3y-
yathb ee cBoiicTBa. Tak 310 GbuI0 cAenano B § 7 ¢ PyHK-
nuel exp(2). B camom nadase § 7 Guin ycraHOBJIEH PR
ee cpoficTB. IIpH MOMOIH CTeMeHHHX PAAOB (YHKUHA,
3ajanHas AJs AEACTBHTEbHBIX 3HAUEHHH NepeMEeHHOro,.
pacnpocTpaHserca Ha 06JacTb KOMIUIEKCHOrO MepeMeH-
Horo (cM. § 9). Mbl yxe Hauwiu pasjioXeHue B psabl
MHOTHX TpaHclUeHAeHTHbX ¢ynkuuid. Temepr mopa mo-
CTaBUTb BONDOC O BOSMONKHOCTH Pas3JiOXKeHHs 3alaHHOM
(GYHKIMM B CTENEHHORX pAX. DTHM BOMPOCOM MBI H 6y-
IeM 3aHHUMaTbcA B HacTosleM naparpade. Mb cpasy
OyxemM paccMaTpHBaTb pasioxeHHe (QYHKUHH B pAl He
IO CTeneHAM He3aBHCHMOrNO NMEPeMEHHOro 2, a mo Creme-
HAM DasHOCTH 2 — 2o, TI€ 2y €CTb HEKOTOpOE€ MOCTOAH-
Hoe 3HaueHHe aprymenta. Ilpm 3TomM Mel Gyaem pac-
CMaTPHBATh OJXHOBPEMEHHO KakK JAeHCTBHTe]bHbIH, TaK H
KOMIIEKCHHIfl caydai, TaK 4TO paccMaTpuBaeMas QyHKs
una f(z) Moxer ObITh KaK KOMIUIEKCHOH, TaK H neft-.
CTBUTRJbHON, TOYHO TaK Xe KaK H ee apryMeHT 2.
CnepBa Mbl GyxeM HCXOAHTb M3 NpeANONONKEHHS, UTO
¢yukuus f(z) pasnaraercs B CTeMEHHOM DA mo creme-
HAM pPa3sHOCTH 2 - Zp, T. €. YTO MMeeT MeCTO PaBeHCTBO

f@=a+a(z=20+a(z—2P+...
+an(zfzo)”+ ver (’I')_

Psan 3T0T, 0YeBUAHO, CXOLUTCS NPH 2 == 2o, HO IJI TOTO
| 4TOGH WACCMOTpEHHE ero HUMeJO KakKoH-HHOyAb CMBICIH,
CleNyeT CUHTATh, YTO PAX CXOAHMTCA HE TOJNBKO NJIA 3HA-
YeHHs apryMmeHta 2z == 2, HO M JJs JAPYrHX 3HaueHHi.
N3 storo Bmtekaer, uto pAA (1) HMEET MOJIOXKHTENbs
Hblil pafMyC CXOZMMOCTH, T. €. OH aGCOJIIOTHO CXOZHTCH
IJi BceX 3Ha4YeHHdl 2, YHOBJETBOPAIOMIUX HEPaBeHCTBY,

‘ L lz=al<n >0
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Kosdduunentsl psaga. (1) OueHb JIerko MOMKHO BBIUAC-
nuTh Yepe3 MNpou3BOnHBle (yHKuuH f(2), nmpaBaa, Aa#
9TOr0 HYXKHa He TOJIbKO TepBas NPOH3BOAHAS, HO U NMPO-
H3BOJHble NPOH3BOJIbLHOrO mopsaaka ¢yHkuuu f(z). Oun
se 6blin elile GopMasbHO ONMpeAesieHbl, a MOTOMY AadHM
HX OTpejiesieHHe 37eCh.

MpousBonnbie pasupix nopaakos. Mbl yKe 3HaeM, 4TO
TaKoe npousBoAHas f'(2) ¢ysruuu f(z). Ona HasbiBaer-
¢ npoussodnoii nepsozo nopsadka. Ilpoussonuas (f'(2))’
¢ysKIHK f'(2) HasbIBaeTcs npou3sodHoid 8TOPO20 no-
padxa dynknuu f(z) u o6osnauaercs uepes [/ (z). Tou-
HO TaK Xe npousBopHas (f(z))’ Ha3weiBaercsi npoussod-
noti Tperveco nopadka GyHKumu f(2) um o6osnauaercs
yepes f*’(2) uau [®(2). TIpousBoaHasi NMPOH3BONLHOrO
nopsjiKa n onpejessieTcs HHAYKTHBHO Npu nomoinu $op-

MYJIBI ,
- @) =({"" ). @)

Mb yXe 3HaeM, UTO eC/IH CTENMEHHO# PSA CXOLUTCA
B Kpyre MOJIOXKHTEJbHOrO pajguyca 7, TO €ro NpPOH3BOA-
Hasi, BHIYHCJIEHHAS TP MOMOLIH NouseHHoro auddepes-
HYPOBaHHUA psAja, TaKKe CXOAUTCH B KpPyre pajuyca r.
dro 6BUIO AOKa3aHO A (QYHKUHH, pasJjaraloiiefics o
cremedsim aprymenta z (cm. § 11). Tak kak ¢ynxuus
f(z) (cm. (1)) pasnoxena mno crenmeHAM apryMeHra
2 — 2o, TO PAL MOXKHO AHPdepeHRHPOBaTL MO apryMeH-
Ty 2 -— 2y, COXpaHsis e€ro pajHyc CXOAHMOCTH, HO AH(pde-
peHUUPOBAaHHEe MO 2 — 2o M AH(DGdepeHUHpOBaHHE NO 2
9KBUBAJIEHTHH B cuay ¢opmyant (22) § 11, Tak kak
-‘!(z—d:z-“—)—é 1. Beps mpou3BOAHYiO mopsiaka n OT 06eux
yacreit paBencrsa (1), Mbl noJay4yaem

@ =n! a,+(n+Dnr—1) ... 20, (—2)+ ...

e+ FRE+E—D . (et DagaE—2f+ ...,

npuyeM 3TO PABEHCTBO HMEET MecTO JJ/A BCeX 3HAUEHHUT

z — 2| << r. Tlonaras B HeM 2 = zp, Mbl MOJIyyaem
f™ (20) == n'lan, oTKyna

(12)

o~ ©

TakuM 06pa3oM, Mbl BBIpasua# KOIDDUUHEHT a.,

psaga (1) uepes n-o mpoussoiHyl ¢yHxuun f(2) n

6 Ji. C. INoutparuu 16!




MOXEeM Telepb 3anucaTh paBeHcTBa (1) B RoBok: gopme:

@)=+ ez + ...
+%(Z—zo)”‘+ oo (9

Psaz, cTosuwmit B NpaBofi. YacTH NOEJELHEr0 paBeHCTBa,
HasbiBaercs padom Tedsopa nns dyHkuuu f(2) B. Touke
2 = 2o. DT0 pasJioxKeHHe BO3MOXKHQ JIHUIb. IPH YCJAGBHH,
4T0 YHKUHA f(2) HMeeT MPOH3BOAHLE BCEX MNOPSIKOB
B Touke 2. [Ipu moxasartenncrTBe paBeHcrBa (3) MhL Hes
XOLHJIH U3 NPeANoJIOKeHHus, yTo QyHKuuA f(2) yXKe pass
naraercsl B pAA (1) mo creneHsiM 2 — 2o M COOTBETCTRYIO
IWHA psJl HMeeT NOJOXKHTEeNbHHA paguyc CXOAMMOCTH.

Tenepb BO3HHKaAeT BONPOC, pa3jaraercsl JH HEKOTOs

pas 3ananHas Qyukuug f(z) B pan Te#tnopa (4). Has
pelleHHsl ero, OueBHHO, CIedyeT COCTaBHTh Pa3HOCTh

Ry=Ry (20, 2) = (2) — ,
-[f (20 + I (20) (2 — 20) + .. + T () (z—zo)"]
()

Mexny ¢ynkumueii f(z) n KOHeUHHM oTpe3koM psima (4).
SlcHO, 4TO ecaIM UMeeT MeCTO COOTHOIIEHHE

lim R, (2, 2) =0, (6)
n->oo :

7z

To Gynkuns f(2) pasnaraercs B pan (4). Ecau coorno-
weHne (6) He uMeeT MecTa, To GyHKUHA [(2) He pasia-
raetesa B pax (4).

OxasuBaercst, uto BeanunHa R,(2o,2) MoXeT GHTE
3anucaHa B BH[e ONPEJeJIeHHOTO HHTerpaja OT CPaBHH-
TeJILHO MPOCTOH (YHKIUH, H 3Ta 3aMHCh B Psijie CAydaeB
TN03BOJISeT PelllUTh BONMPOC, BHIMOJIHEHO COOTHOWeHHe (6)
HaH HeT. Ilns Toro uroGul 3amucath QYHKLMIO R, (2, 2)
B BHJE ONpPEelEJEeHHOrO HHTerpajsa, Mbl BOENOJb3yeMcH
ycnosuaMu (34) u (35) § 14, cumras npu sToM, uTO

R, (20, 2) =h (2, 2, 2).

Hns npoBepku ycioBust (34) § 14 MBIl ZONKHHE BBIYHC-
JIHTh MPOH3BOAHYIO '

3% Ra (20, 2), (@)
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qro0bl TEM CaMbiM HEHTH bysruuo f(20, 2), CTOAMYIO B
apoii UACTH COOTHOLIEHHA (34). Hanee, 'Mbl JOJHHbI
npoBEPHTH YCADBHE (35).
3ajiMeMcs BHIUHCJIEHHEM TpousBoiHel (7), npH 3TOM
Mbl JIOJIAKHEl CHUTATb BEJHIHHY 2o nepeMenHofl, a BeJd-
ynHy Z — TOCTOHHOH. Torpa Mbl HMeeM

212 =0, 5l ()= (a). ®)
ITpu k>0
—52;%@ (z—2) =
=— ﬁ F®(20) (2 — 20)* "+ 7‘, FEHD (20) (2 — 20)*.
©

Cymmupyst ot 1 go n pasenctBa (9) u TMPHHHAMAs BO
BHUMaHHe cOOTHoweHHs (8), MBI IOJIyYaeM

5o Ry (2, A= — 77 [ (20) (2 — 20"

Texum o6pasoM, B HalleM Ccaydae QYHKIHA f (2o, 2),
crosimas B MpaBofl wactu paBeHcrBa (34) § 14, ompene-
JISIETCSl PaBEHCTBOM

f (20, 2) = o 1™ (20) (2 — 20)"

Hsas nposepku cooTHomlenHs (35) § 14 MBI JOMKHH B
paBeHCTBe (D) 3aMeHHTb 2o Uepes 2. Torpa Mul, oueBHI-

HO, MONyHaeM
R, (z,2)="0.

B cuny pesynbraToB § 14 Mbl MOXeM Tenepb 3amucarh
Rn(20,2) B BHfe ONPENEIECHHOIO HHTETpala
k4
1
Ry =Ry (2, D=7 | I Q=2 . (10)
2y
U3 dopmya (5) u (10) HemocpeACTBEHHO BEITEKAET pa-
BEHCTBO |
f@)=f()+ @ E—2)+...

z

L) ez + o O = ()

20
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Bennunna (10) HasHBaeTcsl OCTATOYHbIM HYACHOM (HOP=
myan Teisopa. ®opmyna Teimopa (1) umeer mecto
Toraa, Koraa ¢yHknus f(z) uMeer BCe NPOU3BOAHHIE 0
n - 1-ro nopsinka BkJaoounTesbHO. OHA BaXXKHA He TOJb-
KO IJasi pasyioxeHHs Gynkuud B psig Tefsiopa. Oas Toro
uTo6Hl cooTHomleHHe (6) uMeno cMuica, Heo6XoLHMO,
uTo6H (yHKuus f(z) HMesa NPOH3BOAHBIE CKOJb YFOAHO
BbICOKOro mnopsinka. TakuMm o6pasoM, 1jis Toro uToGHi
oynkuus f(z) pasnaranacs B psan Te#iopa, Heo6XomHMO,
uTOGbl OHa MMeJla MPOH3BOJAHHE BCeX NMOPSAKOB M YTOGH
pax (4) cxoxuicsa. droro, ofHaKO, HexOCTAaTOUHO. B npu-
mepe 2 Gyaer nocTpoeHa (YHKUHSA, HMeIOWas NPOH3BO~
Hble POU3BOJILHOrO MOpsiAKa, NpuueM pax (4) cXomaurcs
npH 2o == 0, KoTOpas, OAHaKO, He pasjaraercsi B psj
Teiiopa npu 2 = 0.

ITonb3ysch nonyYeHHBIMH pesyabTaTaMy, NagAM pas-
noxeHue B pan Tefijopa no cTeneHsaM x AefCTBHTeNbHOM

By =1+ 2y (12)

NeACTBATENILHOTO TIEPEMEHHOr0 X, Tlie r — NPOH3BOJbHOe
AeicTBuTeNbHOE yHCa0 (cM. § 11, (30), (31)). Pasnoxe-
BHe 3TO CJefylollee:

Uty =14Fet D oy

g LD lemnd D a0 gy
Koraa r — narypasbnoe uucio, gopmyna sra coBnagaer
¢ ¢opmyaoit 6unoma Helotona. Ecrecrsenno coxpanuts
3a Hell 5TO Ha3sBaHHe M AJA CJydas NMPOH3BOJIBHOLO r,
TeM Gouee, uTo dopmyna (13) Guina ussectna Hrlotony.
Mu nokaxewm, uTo pasnoxkenne (13) mmeer Mecrto npn
lx| <1 Ilna nokasaTeabcTBa STOrO BHIMHIIEM IpeXie
BCEro NPoHU3BOANYIO nopsaka n GyHKuuu (1 4 x)’, noabs
sysicb dopmyJoit (31) § 11. Mul umeem

P @=r@r—1)... (r—n4+1)04x""

Mbl nokaxeM, u9TO OCTaTOUHL uWJeH B HalleM cJaydae
CTPeMHTCS K Hyao npu |x| << 1. st 3TOro MH ONEHHM
BEJIHYHHY :

p=I (14)
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raé & — HeficTBHTeNbHOE TiepeMeHHOe, MPUHHMAIOLee
sHayeHus u3 orpe3ka [0x]. FimMeHHo, Ml JOKaxeM, 4TO
lel<<Ixl (15)

Ecau x TOJIOXKHTENILHO, TO § TOXKE MOJIONKHTENbHO, H
torga M3 QopMmyan (14) cpasy BumHo, yTO BepHa ¢op-
myaa (15). Ilpu x oTpHmaTesbHOM E TaKXKe OTPHUATENbs
'HO, H TOTJa H3 (OPMY.IHI :

—

b ——
TFE

tTakxKe caeayer coorHouwenue (15). Hasg dyukuun (12)
oCTaTouHHlit uieH R, maercs popmyJoi

Ro=4, {0+ x—9"dt=4, [ w" 1+ "az,

- 0 0

r(r—=1)...(r—n)
n!

A,=

Tax kak |x|<<1, a  Mensierca B npesesax ot 0 mo x,
To BesqiMuHHa (1 4 E)™! He mpeBOCXOAHT HEKOTOPOH KOH-
crantel 6. Takum oGpa3oM, B CHJIy OLEHKH HHTerpasa
(cM. § 14, (43)), Mb umeeM |R,|<< A.6]x|*+'. Benu-
yuHa A, MOXKeT ObITh 3amMcaHa B BHAE NPOH3BEAEHHA

r—1 r—2 r—n
A,=r- "5 -

Takum o6pa30M, 3a HCKJ/IIOYEHHeM MHOXHTeJNA 7, BeJdH-

r r
ynHa A, eCTb NpOH3BeAeHHE YHCEJ BHAA =% i.
OueBHAHO, UTO

lim (£ —1)=—1 (16)

k-»oo

Ecnu Tenmepb BbIGpaTh MOJOXKHTENbHOE YHCIAO S Tak,
yTo6Hl GBLIO

[xi<s<l,
TO U3 cooTHoumeHusi (16) cuaenqyeT, UTO CYLIECTBYeT Ha-
CTOJIbKO GOJIbIIOE HATypaJsibHOE YUCJO {, 4TO J
r—k

npu k>lrmeeMl = xl<s.
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Tenepb Ml HMeeM

| Ry | =D U0 g ety i,

Tak kak § <1, T0 $*?—0 npH A— o0, B COOTHOmEe«
nue (6) xag namel ¢ynkumn f(r) Roxasamo., Mrak, gop-
myaa (13) Bepra npu |x]|<< 1.

[Tpumep 1. Bunuiem tenepr ocrarosmnidt waen
popmyasl Teftiopa R, ans neficTBHTeNbHOA (yHKIHH
JeHACTBHTEJbHOTO NEPEMEHHOro B HauGoJsee NpPHHATOM
npoctoft dopme. [af 3TOro npemnosnoxkuM, 4T0 (GyHKs
uua f*+H(E) Ha oTpeske OT xp J0 X HernpepuiBHA U 4TO
MUHHMYM €€ DaBeH p, a MakKCHMyM ¢, TaK 9T0 HMeeT
MeCTO AepaBeHCTBO

p<f""E<aq. (17)

OxkasrniBaeTcsi Toraa, 4ro

R — (X — xo)*+!

n=Tmrnr W (18)

rie y — BHC1O, DPOMEXYTOYHOE MEeXAY p U . Mul Mo~
JeM 3aBHCaTh YHCAO y B BHAE .

y=F""" @),

Te 1 eCTb YHCJO, 3aKJlIOUeHHOe MeXAY xo H x. Toraa
OCTaTOUYHbI ujieH R, mproGpeTaer OBLICNPHHATHH BHI

- ntr
Ry =Ll ft0 ), (19)

HoxaxeM dopmyay (19). Has sroro BOCIIOJIb3yeMCH
dhopmyaoit
X

S (x—8dt= (n‘-:-l)— (x — xo)"*1,

Xo

3Hasl, YTO 3HAKH BeAWuuH (¥ — &) n (x — xo) cosna-
Jal0T, yMHOXHM [BOIHOe HepaBeHCTBO (17) Ha mOJIOXKH-
TeJbHYI0 BEJBHUUHY (X — )" sign (x — xo)™:

(x—8)" psign (x — xo)" < (x — &) F* (@) sign(x — xo)* < -

< (x — )" gsign (x — xp)"
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WuTerpupys 3TO HBOHHOE HEPaBEHCTBO B Npegesax OT
%o AO X, MBI TMOJIyIuM (cM. § 14, (44))
rfr (x — %)™ sign (x — x)"T' <<

<ssign (c — x™ { (r— g ) ds <

n+l n+a

< 5 (e — %)™ sign (x — x0)™

Jlens 3TO ABOHHOe HepaBEHCTBO Ha n!, MOJyYHM

-(7:’;_—1)—! (x — xo)" ' sign (x — x)" ' <
<Ry sign (x — x0)"™ < gy (e — )" sign (e — )"

Orciofa HemocpeAcTBeHHO caeayet ¢dopmyaa (18).Iloub-
3ysiCb OCTATOYHBIM uJjieHOM B hopme (19), serko moay-
4UTb pa3jioXeHHe B psAAn Telnopa GyHKuui e, sinx,
€os x, HO pasjoxeHue Gynkuuu (1 4 x)” (cM. (13)) nmpu
nomoliy olenku (19) He mosyuyaercs.

[Tpumep 2. JaauMm Temepp npumep (yHKIHH, He
pasnarawoweiica B pan Te#inopa. Hdna atoro mnpexne
BCEr0o OTMETHM, YTO OYHKUHsA €5 pacTeT GhicTpee, ueM
GyHRUMS E” NpH MOJIOXKHTEbHOM £, KOrAa § CTPEMHUTCS
K oo. JleficTBUTEABHO, Mbl HMeeM

LB B g
eg_ +T!_+T+'“+(n_+i'i!_+'“ S ¢
B & (a+Dr
OTKyZAa HenoCpeACTBEHHO CJeayeT, UTO
. eg
lim —5 == oo,
>0 §

Ilepexoma K OOpaTHHIM BeJHYHHAM, MH BHJIHM, 9TO e~
1
CTpeMHTCS K HyJdi0 OblcTpee, ueM ™ npu E— oo, Ilo-

1 -
naras §==—y W cuutas, 4to x— 0, MH H3 cKasaHHOro
1
BHBOJAUM, YTO ecau P (?) €CTb MHOI'OWJIEH OTHOCH-

1
TCALRO ?, TO 1
. 1 -
lim P (£)e ¥ =o. (20)
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1
®yuxuus f(x)=e * onpegenena aas Bcex 3HaueHHi
x, oranunbix OT HyJas. Ilpu x = 0 oHa He onpepenena,
HO eCTeCTBEHHO cYuTaTh, uTo f(0)= 0, 6o Tak poompe-
JeseHHas QYyHKUHA f(x) HempepbiBHA H B TouKe x = 0.
Ilpn BesakoM 3HaueHHH X % 0 NpPoH3BORHAs (YHKUUM
f(x) nerko BhuMcCaAsfieTCs MO MpaBHJaM, JaHHHIM B § 11,
M 3aNHCHIBAETCS B BHJe -

1
) =P, (5)e ™.
B cuny cootHomenus (20) Mul uMeeM
| lim f* (x) = 0.
x>0

Hs sroro, omnako, ne caeayer, uro f™(0)= 0. Ioka-
XKeM, gto f™ (0)= 0, no uHAyKuuH. ByneM cuurarb, 4ro

f*D(0)=0, u nokaxeM, yto u [ (0)=0. B camom:

AeJie, o

3

1
- - Po(—) - L
i (0) = lim 220 ="V @ _y; (%) e T =0

x>0 X x50 X ' T

(cM. popmyny (20)). Takum obGpasoM, Kak cama (QyHkK-
uusi f(x), TaK H BCe NPOU3BOAHEIE €€ MPOU3BOJIBLHOrO I0-
psAAKa paBHbl Hyalo npH x = 0. Ecan 661 3ty dyHKuHIO
f(x) moxno 6my0 pasnoxuts B psg Teisopa B Touke
x =10, To Mbl moayunau 6u f(x)== 0, 4TO, OXHAKO, OYe-
BHJHBIM oﬁpasolM HeBepHo. Takum o6pasom, 3Ta GyHk-

mist f(x)==e * He pasnaraercs B psj Teitnopa B Tou-
Ke x = 0.

IMMpumep 3. ByaeM HCXORHTB H3 HEKOTOpOH Aefi-
CTBHUTENIbHOH HenpephBHON (yHKuHH f(x) neficTBUTEND-
HOro NepeMeHHOro x, 3aJlaHHOl Ha CBA3HOM MHOXKecCTBe.
JonycTuM, YTo 3Ta (pyHKUUS NPUHHMAeT [ABa 3HaUEHHS
Yo U Yy, T. €. CYUIECTBYIOT TaKHe 1Ba 3HAUeHHS ee apry-
MEHTa X H Xg, UTO

Yo=1f (Jéo)» Yo =[ (x2). (1) :

Torza nas Kaxpaoro AefCTBHTEJNBHOrO YHCAA Yy, 3aKJIO-
YEHHOTO MEXKNY Yo M Y2, HalileTcss TaKoe 3HaueHHe apry-
MeHTa x;, 3aKJIOUeHHOe MEXAY Xo H X, UTO HMeeT Me-
CTO paBeHCTBO y; ==f(x;). KopoTko roBopsr, uto Aeii-

168

g

pr

e R N e B



cTRUTEJbHAS HeNMpepbiBHAs GYHKIMA NMPUHHMaeT Bce 3Ha-
yeHHs, IPOMEXKYTOUHHE MeXIy ABYMs JIOGLIMH ee 3Ha«
yeHUSIMH. .

[Tpu [OKa3aTeNbCTBE 3TOTO YTBEPXKJEHHS Mbl 179
ONpeNeNEHHOCTH TNPEANOIOKUM, UTO Xo << X2, Yo << Ya.
Mbl MOXeM CUHMTaTb, YTO Y| He COBMajaeT HU C Yo, HH
¢ Yo, TaK KaK, €ciH Gbl TaKoe COBMajeHHe MMEJO MecTo,
70 (QyHKIHA f(x), odeBHAHO, mMpuHHMana Gbl 3HaueHue
s (cm. (21)). CoGepem Temeph BMecTe BCe Te TOYKH
oTpe3ka [XoX2], AJA KOTOPHIX BHINOJHEHO HePaBEHCTBO

TJ@<y.

MHOXeCTBO BCEX TAaKHX TOYeK X OTpe3ka [xoxz] MH
o6o3naunM uepe3 M. DTo MHOKECTBO HENyCTO, TaK KaK !
OHO COEEPXXHT TOYKY xo. JeficTBHTEIBHO,

[ (x0) = yo < y1.

BepxHioio rpaHb MHOXecTBa M (cM. § 4) Mul 06o3Hauum
yepe3 X H JIOKaXeM, YTO

F(v) = . (22)

JlokasaTteabcTBO paBeHcTBa (22) GymeM BecTH OT
nporuBHoro. MiMeHHo, MBI NpPeANOJOXHM, UYTO OHO He-
BEPHO H 4TO, CJeJl0OBaTeqbHO, - :

e=|f(x)—uy1>0.

Tak kak ¢ynkuus f(x) HempepbiBHa, TO AJS 3TOrO MOJO-
JXUTEJBHOTO 4YHCJAa €& HalifeTcsd TaKoe I0JO0XKHTENbHOEe

YHCJO0 §, 4TO NpH
|x—x1<d (23)

HnMeeT MecTo HepaBeHCTBO
) —TF(x)l<e.

CoBOKYITHOCTb BCEX TOYEK OTpe3Ka [xoxz], yaoBaeTBO-
pAIOINX. HepaBeHCTBY (23), o6o3nauum uepe3 U. fcno,
yTO ecaH f(x;1) << yi, TO Bce TOUKH MHOXKecTBa U npunan-
JexaT MHoxectBy M. Ecau ke, HaoGopor, f(x;) > y;,To
Bce TOUKH MHoXectBa U Jsexar BHe MHOXecTBa M.
B nepBoM cayuae n106asi Touka x MHoxectBa U, jexa-
mas chupaBa OT TOYKH X, NMPHHALJNEXKHT MHOXeCTBY M,
H NOTOMY X; He SIBJISieTC BepXHeH rpaHbi0 MHOXKECTBa
M. Bo BTOpoM cayuae Bce TOUKH x H3 MHOXecTBa U, Je-
Xallie CJeBa-OT TOYKH X, ¥ ¢aMa TouKa X; He NpPHHAN-
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JekaT MHOMeCTBY M, M moToMy TouKa «; HE MOKer ¥
6uTh BepxHell rpaHbio MHoxectBa M. Takum ofpasom, °
Mbl TDHINIM K NPOTHBOPEYHIO, T. €. PaBeHCTBO (22)
HMeeT MecCTo.

ITpumep 4. Slcwo, wro psax (13) cxozmres u TIpn
8aMeHe JNEHCTBUTENbLHOTO YHCJA X KOMIJIEKCHBIM GHCIOM
2, MpAYEM PAJHyC CXOXHMOCTH €ro He MeHblie 1, B geit-
CTBHT@ILHOCTH OH P@BeH 1, eClH TOJIBKO r He €CTh HATY-
panbHOe uncio. Takum 06pa3oM, Mbl MOXKeM ONpeRE/IHTD
¢yHKUED (1 2)", rIe 2 — KOMILIEKCHOe YHCTI0, MpHYeM
|z| < 1, mosoxus

(+2f=1+Fe+20D 2y |
...+r(r—‘l).--(r—n+l) zn—l—.,. (24)

nl

"

i

L e

Bocnonbsyemca temepn pasnoxennem (24) mia pas-
JoxeHust Qyskunn arcsinz B pan Tedsnopa. B cuiy
tdopmyant (28) § 11 M HMeeM

Sy b

1
arcsin’.z=(1—2?  Z,
B cuny hopmysni (24) Mb nMeem

arcsin ’z=——1+—;-z2+ +%l;33-'—”7'l(uz2"+...
(25)

Bubupas Ty BerBb (ymKuuH arcsin z, Kotopas abGpa-
HiaeTcs 8 Hyab NIpH 2 = (), MBIl IIyTeM HHTErpPHPOBRHHA
paBeHcTBa (25) mosyuaem

. 1
arcsmz=z+5-%z3+

1 1 1-3...(2n—1
et T 2n=D ey L (26)

Takum 06pasoM, Ml TIONYUHIR Pas/eeHHe (26) dyuk-
LHH arcsin z B pag Teiaopa.
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Fnasva NI
HHTEIrPAJbHOE UCYHCJIEHUE

HuTerpanbhoe HcuncieHHe HauHHAeTCS € OMHCAHMA
ONpENEJEeHHOr0 HHTerpaja [eHCTBHTENPHOH (YHKUHH
f(x) RmeficTBHTENBHOrO MEpEMEHHOrO X KAk MAOLIALH, 3a-
KNIOYEHHON MeXAy rpadukoM OGyHKUHH [(x), AByMs op-
AMHATaMH H KYCKOM ocH abcuucc. [Ipu sToM He moasep-
raercd COMHEHHIO TOT (akT, 4TO MJIOWaZb 3Ta Cylle-
crByeT. JloKasbiBaeTcst, YTO ONMHCAHHBIA TaK ONpefeJeH-
HHIl MHTEerpas sBJsercs nepBooGpasHoll mis (YHKUHH
f(x). Takum o6pasoM, KOKa3LIBaeTCs CYLIECTBOBAHHE
nepBoo6pasHof, HCXOAS M3 CYLIECTBOBAHHSA INIOLLAAM,
KOTOpOe CYHTaeTcss HHTYUTHBHO sicHBIM. Jlasee ompeje-
JIeHHBIHl HHTErpaJl ONMHCHIBAETCs KaK Mpejes IocJefoBa-
TeJNbHOCTH KOHEYHBIX CyMM. 31echb yKe MPOBOAMTCA
GesynpeyHO TOYHOE NOKA3aTeNbCTBO €ro CYLIECTBOBAHHS.
B koHILle rnaBbl Kal0TCSA HEKOTOpHe MPUJIOKEHHS ONpese-
JIEHHOrO MHTErpaljia, BhIUNCJAETCS. JIHHA KycKa rpaduka
QYHKWMM. ¥ JJHHA KDHBOH, 3aJaHHON mapaMeTpHUECKH.

§& 16.. Onpenenennuifi: URTERPAT KaK HAOCIHAND.

B § 14 6bi10 naHO omHcaHHe OMpeJeJEHHOTO HHTEr-
pana dyukuum f(z). MiMerHo, dyukuus h(z) cunraerca
ONpeleJeHHHIM HHTerpajoM ¢yHKUMH. f(2)- 1 3anuchi-
Baercs B BHIE

ne={1©d

€CJIH OHa YNOBJETBOPSAET ABYM YCJIOBHSM:

W (@)=Ff(@), h(z)=0.
17



ATto onmHcaHue ONpPeeNeHHOr0 HHTErpaja HMeeT TOT He-
JAOCTATOK, YTO OHO He yKa3blBaeT HHKaKOoro cnocoba ero
HaxoxAeHHs, Mbl NMpOCTO HOJ/IXKHBI yrajaTh KaKylo-HH«
6ynb nepBooGpasnyio GyHKuMIO ¥ (2) ¢ynkuuu f(2), T.e.
(GYHKUYIO, yIOBJAETBOpSOUY ycaoBuio g’ (2)=f(z).
Ator crnocob yraiblBaHHs He TaK yX MoX. Bo Bcakom
cayyae, MOJb3ysCh UM, MBI CyMeJH IPOHHTErPHPOBATH
MHOTOUJIEHBI, CTeleHHble PSAAbl H LeJbfl psj 3JeMeHTap-
HBIX TpaHcueHaeHTHbIX GyHkuuit (cm. § 13). Ho Bce ke
OH He KOHCTPYKTHBEH: OH He AaeT HHKAKOro ollpejesieH-
Horo crnoco6a aJis MOCTPOeHHsl HHTerpasoB. Ectb apyroi
cnoco6 ONHCAHHS ONpelAeieHHOrO HHTerpaja nanas Jew-
CTBUTE/NbHBIX HeNnpephiBHBIX (QYHKUHMA AEACTBHTEIBHOrO

A

72),2) -
¥ <
~{%
2,2
7 Z T &

Puc. 11.

MepeMeHHOro, HCTOpHYecKH Oosiee paHHHH, CBA3aHHBIA
¢ BhiuHcJeHHeM mioltagy. OnuimeM ero.

Mnbl MoXeM oONHCaTh ONpefeJeHHBIH HHTerpaj Kak
IIoLaib HEKOTOPOro KycKa IJIOCKOCTH, OrpPaHHYeHHOro
YaCTHYHO NPSAMOJIHHEAHBIMH OTPe3KaMH, YaCTHYHO KpH-
Bo#i snunuedi. Ecin CUNTAaTh HHTYHTHBHO IOHATHBIM, YTO
Takoe MJOIIaAb KycKa IJIOCKOCTH, TO MH IOJiyyaeM Ha-
[JIIIHOE TEeOMETPHUECKOe OMHCAaHHe OIpPeJeJeHHOr0 HH-
rerpana. Ecau gaTh Kakofl-mH60 KOHKPETHBI# crocol
npHGINKEHHOrO BHIYHC/IEHHS IVIOIIAAH, TO Mbl MOJY4HM
cnoco6 npuOIHKEHHOTO BLIYHCJIEHHS ONPENSEHHOrO HH-
Terpana, Ho 310 Gyzner cxenaHo mozxe (cM. § 18). 3xecs
e Mbl YCTAHOBHM CBSI3b MEXJY OINpeJdeNeHHBIM HHTer-
pajioM H MJOLAIbIO, HCXOAS H3 YHCTO HHTYHTHBHOIO
npejacTaB/IeHUs O MJIOLIALH. :

NMaowans rpaduka. BygeMm uCXOAUTH H3 HEKOTOpOH
H3BeCTHON HaM AeHCTBHTENBHON HeNpephIBHOH (YHKIHR
f(8) meificrurennroro mepemensoro E. Ilpexnme Bcero
noctpouM rpaduk C sroét dynkuuu. Qasg sToro Ha mio-
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ckocTn P nailero ueprexa (puc. 11) ropusoHtasbHO
npoBeieM ochb abcuucc M BEPTHKAJbHO — OCb OpJAHHAT.
Tlo ocu abcunce Mb OyleM OTKJaAbBaTh BeJHUHHY &, 3
110 OCH OPAHHAT BEJHYHHY

y=fE. .

Touky Ha ocu abcuuce, abcuucca KoTopoit paBHa , M
6yznem obo3HauaTh Takke uepes £ BuibGepem Temeps Ka-
KHe-HUOYIb JIBa COBepIIEHHO NPOH3BOJIBHHIX 3HAYEHHA
apryMenTa § 1 0603HaYUM HX yepe3 xo H x. Uepes Touku
Xo U X TNpoBeleM BepPTHKAJbHble NpPAMbie H TOYKH HX
nepeceyeHuss ¢ KpuBoir C 0603HaUHM COOTBETCTBEHHO Ye-
pe3 ao ¥ a. Ecan Kycok aoa rpaduka C JeXHT MO OXHY
CTOPOHY OT OCH abcLHCC, TO y Hac COBepIIEHHO ecTe-
CTBEHHBIM 06pa3oM BHIIEJNAETCS KYCOK MJIOCKOCTH P, or-
paHHUEHHBIH ¢ GOKOB OpAHMHaTaMH [Xo@o)]; [xa], cuusy
orpe3koM [xox] ocm abcuHce, a cBepXy OTpeskoM [apal
rpatuka C. HecMoTpst Ha To, YTO 3TOT KYCOK MJIOCKOCTH
C OJHOH CTOPOHHI OrpaHHYeH KpHBOH JHHHeHl, Bce XKe
BNOJIHE €CTeCTBEHHO CUHTaTh, YTO OH HMeeT IJIOIIafb.-
Ilnomanpr mo mpupoje cBoeil — BeJHUHHA MOJOXHTENb-
Has HJH, B KpafiHeM cJyuyae, paBHas HyJIO, HanpHMep
TOrAa, Korjga xo = x. Mul anre6pausupyem IIIOWafAb ue-
THPEXYroJbHUKA XoXQQo, NPHIAB el olpefieleHHHEI 3HaK.
Ilpu xo << x MHl OyaeM CUHTaTb 3Ty IJOILAAb MOJOXKH-
TeJNIbHOM, eCHM KpHBasi @oa JEeXHT Haj ocblo abcuuce,
H OTPHUATEJbHOH, eC/M KPHBAsl Qo4 JIEXHT TOJ OCHIO
abeuuce. Ilpu xo > x MH H3MEHHM YCTAaHOBJEHHHI Ta-
KMM 006pa3oM 3HaK Iuomagu Ha obpatHuil. Tak aare6-
Pau3HpOBAHHYIO NJIOAAb YEThiPeXYroJbHHKA XoXQ Qo MBI
.0603HauuM uepes h(x, X).

CpaBHuM Tenepb nuaomanb h(xe, X) ¢ NJIOWAAAMH
IBYX €CTeCTBEHHO BO3HHKAIOLIMX NPSMOYrOJbHHKOB. [nst
.aTOr0 0603HAaYUM uYepe3 p(Xo, X) MHHUMYM OQyHKUHH
f(¢) na oTpeske [xox] H uepes g |[xo, x] MaKCHMYM (yHK-
uun f(§) Ha ToM e orpe3ke [xox]. IToctponm Temepn
Ha orpe3ke [xox] KaK Ha OCHOBaHHH NpPSAMOYTOJbHHKH,
ONMH BHICOTOH p(Xp, X) H BTOPOM — BHICOTOH ¢ (xo, x).
Tlpu 3TOM mocTpoeHHH MB GyZeM YYMTHIBATh 3HAK BeJH-
yuH p(xe, x) U q(xp, X), T. €. CTPOHTb NPAMOYTrOJbHHK
Hag ocbl0 abCuuce, ecaM BHICOTA €ro NOJIOXKHTeNbHa, B
noj ocblo abchucc, eCcaM BLICOTA €ro OTpHIlaTesbHa.
Ecan xpusas aoa mpoxoAuT Hax OCbio abCUHCC, TO KPH-
BOJIHHEHHBIA YeTHIPEXYTOJbHHK XoxQQo COAEPIKHT BHYTPR
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ce6sl MepBMii M3 MOCTPOCHHBIX TIPAMOYFOALHHKOB H CO+
Aepaurcad BO BropoM. M3 storo mpu ycmosmm, ‘uro
%o << X, BBITEKAET [BO{IHOE HEPABEHCTBO

(x = x0) p (%0, %) (0, 2) << (¥ — x0) ¢ (0, x).

Ecan xo > x, To nanncannee msofinoe HEPaBEHCTBO ykKe
HEBEPHO, U J/isl MOJYueHHs NPABH/ILHOrO ABOHHOTO Hepas
BEHCTBA Mbl AOJXKHB H3MEHHTh 06a BXOASILHX B HEro
SHAKa HepaBeHCTB Ha o6GparHbie. UTo6s QuHOH hopmy-
JIofi OXBATUTbL 062 Cayuas xo << x U xo > X, MBI yIOTpe-
O6uM yskumio sign ¢, Kotopas pasHa -1 npu f moso-
JKHTeHOM H —1 npu ¢ orpunavensiom. Toraa exuHoe
HepaBeHCTBO, BEPHOE AJI OOOMX CAYHACB X << X H o >
i>> X, 3aNHIIETCA B BHAE

(x — x0) p (x0, %) sign (x — x0) < b (xp, x) sign (x — 1) <
(8 — x0) (%o, x)sign(x — x). (1)

Ara dopmyna, BoiBeneHHas B NPENNONOMEHHH, YTO HPH-
Bad aga NeKHT Hag ocbio abCcLHce, ‘BepHa Tak#ke W B
ciyuae, KOraa KpHBas &oa JICHKHT TOZ OChIO dGCLHCT,
4TO JIErKO TIPOBEPHTE.

Ho cux mop Mmi mpexmosaranm, uro KpuBasi aou se-
JKAT TIO OZIHY CTOPOHY ocH abenuce. PacemoTpum “FETIEpPb
H TOT caiyvail, KoTZla OHa TiepeceKaeT OCb @BCHHCC B -He-
CKOJIbKHX TOuKaX, TGBITb MOXeT, naxke B BGECKOHEUHOM
JnCre Touek. B sTOM csiywae He cymectsyer 4eTepex-
YPOJIBHUKA XoX@@o, TaK KaK KPHBAA Qg0 YACTHUYHO JICHHT
Hazl ock0 afeuHce, a yaCTHYHO Mof ochio abenuce. Ciio-
KHM BCe MJIOWANH, JeXallHe MeKIy BEpXHeH uacThio
KPHBOil @¢@ M OCbi0 &6CUHCC, H BHIYTEM H3 ITOro CyMMy
BCEX miomazgeil, Jexallux Mekny HUKHeH 4acThio KpH-
Boil H ocblo aGeuuce. IToayuenHoe Tak wmeso VMHOKHM
Ha sign(x — xo) H mnonyueHnyio BEJAHYHHY ©0603HaYnNM
gepe3 h(xo, x). Jlerko nposepuTs, 4TO M B 3ITOM cayqyae
Benuunna h(xo, X) yHosaerBopser ABOVHOMY HepaBeH-
crBy (1). Kak noauepkmBaior sto camn o6o3naueHns,
B RafbHefllleM MBI GyAeM CuMTaTh X, NOCTOSHHON BejH-
HHHOM, a X — epeMeHHOH H MOJIOKHM

h(x)="h(xy, x).
h(x)=h(xo, x0) =0, (2)

OueBuano, uTo
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KpoMme TOro, MH JOKaxem cefiuac, uro
K (x)=F (x). (3)

M3 cooTHollennt (2) u (3) 6yner ciemoBats
X

h=(f@a ()

‘%

(cM. cooTHomenns (2) u (4) § 14). Takum o6pasom,
6yner HalimeH FEOMETPHYECKHHA CMBIC] omnpejesieHHOro
unterpafna. s saBeplmieHns 3Toro nam OCTaeTCs TOJIb-
KO HoKaszatk ¢opmysy (3). 3alimeMcs sTHM,

Ilpu nposeneHnn nokasatesnbcrsa bopmyan (3) pa-
8YMHO NpPEICTaBJAATL cebe cayyal, Koria KpHBast aqoa
NPOXOMHUT Hal OCblo abcuMce, OMHS NIPH 3ToM, OJHaKOo,
UTO BCE BBIMHCHIBAeMble (DOPMYJIBI BEPHBI H B CAMOM OG-
IIEM CJIydae MOBENeHHS 3TOH KDHBOH, uro, KOHeyHo,
KaXJbl pas crenosaso Gbl TIIATENbHO nposepaTs. das
BEIMHCJICHHS NPOH3BOAHON GYHKuuH A(x) Mb BHIGepeM,
KaK T0JIOXKEHO, BeHUHHY §, GIH3KYI0 K X, HO He paB-
Hy10 x. Touky mepeceuenus BEPTHKaJIH, NIPOBEJCHHON Yes
pe3 & ¢ rpadukom C, 0603HauuM 4epe3 o M COCTaBHM

Pa3HOCTDb.
h(E) — h(x)=h(x, &) — h(x), x).

Teomerpuyecku OYeBHJHO, 4YTO
h{ocos &) — B (%0, X)=1h(x, E). )

. OT0 BHTekaeT us PEOMOTPHYECKOTO PacCMOTPEHHSt NBYX
KPHBOJIHHEAHHX YETHIPEXYNO/LHUKOB- o€y W xpxaae
(cm. pme. 11), npuuem paBeticteo (5) BepHO Kaw npu
¥ <<, TaK M npH x > E. 3amenss B HepaBeHoTBe (1) xy
uepes x, a x yepes E, MH HoJIyanM' NBOHHOE HepaBeh-
CTBO

E—x)p(x, &signt— »)<h(x E)sign(f —x) <<
SE—x)g(x, &)signE — x).

Hens ato nBofiHOE HEPABEHCTBO Ha IOJIOXKHTEJLHYIO Be-
JAHYKHY (§ — x)sign(E — x), Mb NOJIyYHM HepaBeHCTBO

Pl H<AEZEW <4 ), ©)
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Tak kak B CcuHJIy HenpepbiBHOCTH OYHKUMH [(x) Mut
HMeeM '

lim p(x, §)=Iim q (x, &) = (x),

t>x E>x

TO, mepexois B JBOHHOM HepaBeHcTBe (6) k mnpeneny
npHu § — x, MBI OJIyyaeM

(%)= (x),

T. e. coorHomenne (3) nokasano. Mtak, maMu mnoJayuena

reoMeTpHYeCKas HMHTEpNpeTauus ONpeieNeHHOr0 HHTer-

pana Kak IJOIAAH H OJHOBPEMEHHO HaH CMoco6 BBIYUCH
JIeHHs 3TOH NJIOWIAAH B TOM CJydYae, KOrZa Mbl MOXKEM
yragate HeonpefesieHHH HHTerpan ¢yHkuuu f(x). Boc-
MOJIL3YEMCS 3THM [JIl BHIUHCJEHHS IJIOLanH KyCcKa IJIO=
CKOCTH, I'DaHHL@ KOTOPOIO YAacCTHYHO KPHBOJIHHelHa.
ITpumep 1. B maockocTu P Halllero yepTexa Bbi-
GepeM rOpH30HTAJbHO OCb aGCUHCC M BEPTHKAJIbHO OCh
OpJHHAT, HauaJo KoOpAHHaT o6o3HayuM uepe3 o. Pac-
CMOTPUM B 3TOH MJIOCKOCTH mapaboJjy, ompelensieMyio

ypaBHeHHEM
2yg = yz»

rle y — NoJIoXHTeJbHOe uHc10. Ock 3TON mapaboJib coB-
najaer ¢ TNOJOXHTeJbHOH mosyockio abemuce. Yepes He-
KOTOPYIO TOUYKY X NMOJIOXKHTEJNbHOH mosyocH abcuucce mpo-
BeJleM BepTHKaJbHYI0 MpsAMylo U 0603HaYMM ee mepece-
yeHHe C BepXHell BeTBbIO mapaboJibl yepe3 @ W C HIDKHER
BETBbIO MapaGosnl uyepe3 a’. BuiuncauM Ttemepp 1m0+
uany S(x), 3aK/IOYeHHYI0O MeXJAy KYCKOM mnapa6ossi
aoa’ u BepTHKaAbHHM orpe3koM [aa’]. Ockio” aGeuuce
3Ta njowlanb pa3buBaeTcs Ha IBe PaBHBle 4acTH. Bol-
YHUCJIMM IVIOIAAb BEPXHEH YacTH, 3aKJIOUEHHYIO MeXAy
oTpe3koM [ox] ocu abcuuce, BEPTHKAJbHBIM OTPE3KOM
[xa] # KyckoM mapaGosbl [oa] Bepxuss BerBb napa-
Gouibl 3aJaeTCHl ypaBHEHHEM

) Cy=+ V2%

Takum o6pasoMm, B cHly paHee AoKa3aHHoro (cM. (4))
BepXHfis MOJIOBHHA Hallefl mJuoulafu onpepensercs ¢op-

MyJ0#
h(x) = S A/2VE de.
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HenocpeACTBEHHO NPOBEPSETCH, 4TO
3

- 2
h(x)= /2y 5 £7%,
TaK KaK LJs 3T0# OYHKIHH Mbl HMeeM

h(0)=0, A (x)=+/2yx.

TakuM 06pasoM, BCS HHTepecylOllast Hac Mo agb S (x)
paBHa

8(x) =2k (x) = 5 VEVF.

§ 17. Onpenenennniit unTerpan xak npeneJ
NOC/IE10BATENbHOCTH KOHEYHbIX CyMM

B nmpeabiaymem § 16 Mbl BOJIOTHYIO mopomad K KOH-
CTPYKTHBHOMY ONHCAHHIO ONpejesleHHOro HHTerpajia. Mu
AaJ(IM 5TO KOHCTPYKTHBHOE ONHCaHHe 34ech. OnHOBpe-
MeHHO OyneT naHo (opMasbHOe ONpesesieHHe MOHATHUS
NOWANH, KOTOPHIM B MNpeAblAylleM maparpade Mol
. OJIb30BAMIMCh YHCTO HHTYHTHBHO. [Ipu sToM Mul Gymem
N0/b30BATECA  MOHATHEM DABHOMEPHO  HENpepHBHOM
¢yuknun. lanum ee onpepenentue.

PaBHoMepHas nenpepbiBHOCTB. Mpl Gyaem paccMatpu-
BaTb HEKOTODYIO JNeHCTBHTENbHYI HIH KOMIJIEKCHYIO
Gyuruuo f(2) ReHCTBHTENBHOTO HIH KOMMJIEKCHOTO Ie-
PeMeHHOro 2. Mbl IOTXKHBI OOBACHUTD, NPH KAKHX ycao-
BHAX (DYHKUHS 5Ta CUATAETCA DPaBHOMEPHO HeMpephiB-
HoW. [laist aToro Kaxnao# nape (2,() 3HaueHH#t ee apry-
MeHTa MOCTaBHM B COOTBETCTBHE JBAa HEOTPHIATENbHBIX

Yncia :
[Z—zlL 1FQ—F@]

Moxer ciyuuThCs, YTO NIPH BCSKOM H3MEHEHHH maph
ancen (2,§), npu KoropoM |§— z|—0, K Hyui0 ke cTpe-
mures |f(C)—f(2)|. Ecan sto umeer mecTo, To dyHk-
uus f(z) HasbiBaeTCs paBHOMEDHO HenpephiBHOH. Bouee
TOYHO, (yHKUHS [(2) Ha3bLIBAETCH paABHOMEPHO Henpe-
polénod, Koraa AN BCAKOTO MOJIOXKHTENBHOTO YHCAA &
MOXHO MNOA0GpaThb HACTOJbKO MaJioe MNOJOXKHTENbHOe
4ucyao §, YTo U3 yCAOBHS

[E—z]l<d (1)

F@Q—=f@I<e. , (2
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KOpOTKO 5TO CBOWCTBO MHl 3alHIIeM B. BHIE.

lim [f()—f(2)]=0.
1t-z >0

Ecau B 3TOM onpefeseHHH 3aUKCHPOBATh BeTHYHAY
2, a CUHTaThb NMepeMeHHOH TOJBKO BeJHUHHY , TO MBL HOs
JYYHM ONpeJesieHHe HelpephLBHOCTH (QYHKUUH B TOUKE 2
(cm. § 10, (5)).

Kak u3BecTHO, (YHKUHS Ha3blBaeTCs HeNpephIBHOI,
€CJIH OHa HenpepelBHa JJIS KaXKIOro 3HAYeHHS CBOEro
apryMeHnra. TakuM 06pasoM, BHAHO, YTO (YHKIHS paB-
HOMEpHO HeNpepHBHasf #BJSeTCS. HenpepuBHOH, OKash-
BaeTcd, OAHaKo, yTo ofpaTHoe BepHO He Bcerfa (CM.
npumep 1).

Mpl foKaxXeMm cefiuac, uTO ecJH MHOXecTBo M Bcex
JIONYCTHMBIX 3HayeHHH apryMmeHTa (yHKuUMH f(2) 3amk-
HYTO W OrpaHHYeHO, TO M3 HENPEPHBHOCTH (DYHKIHH Cje-
JyeT ee paBHOMepHas HeNpepbIBHOCTh. JlOKa3aTeshCTBO
6yzeM BeCTH OT TNpOTHBHOro. VIMeHHO: MBEl mNpenmoJio-
XKHM, 4TO HempepbiBHas ¢yHKuus f(z) He ABaseTcs paBs
HOMEpPHO HeNnpephIBHOMH, T. €. YTO AJS HEKOTOpOTO MaJo-
JKUTEJIBHOTO YHCJIA & Heab3s 104006paTh JOCTaTOYHO
MaJjoe MOJIOXKHTeNbHOe YHCI0 & (cM. coorHouweHus (1)
n (2).

Takum o6pasoM, AJs 3TOr0 MOJOMKHTEJNLHOrO uuciaa
€ MOXHO mnojo6paTb Takylo MOCJELOBAaTeJbHOCTh Map:

2L G %y Loeees Zm Cpyoeees
YTo
HO
| f(Cn) — [ (24) | =€>0. )

Tak Kak MHOXecTBO M 3aMKHYTO ¥ OrpaHHYEHO, a BCE
TOYKHU

‘ 21, 22 seey 2y veo (5)
npuuagnexar M, To us nocaefoparesbHOCTH (5) MOXKHO
BLIOpATh NMOIIIOCTELOBATRNLHOCT, CXQASINYIOes K HEKO-
TOpO# Touke Zp Muoxectea M (cm. § 4). Idas toro yro-
Obl He BBOOHTb HOBLIX O603HaueHu#t AJst 5Tk NOLIIOCTHE-
JOBAaTeJbHOCTH, MH OyneM NpPOCTO CUHTaTh, YTO CaMa

MocJIefOBaTeNbHOCTh (5) CXOLHTCS K TOUKe 2, TaK 4TO

HMeET MeCTO COOTHOUIeHHe

lim z,= zo.' (6)
n-»o

DI Y W



Hs coornomenuit (3) u (6) .nrerxo crnenyert, mro
lim ¢, =2, @)
Th=p:00 :

B camMoM pese, MbE HMeeM
12— 20|18 — 2, |41 2, — 25|

Ilepexons B sToM HepaBencrse k npejeny MpH n— oo,
ML TIOMyTaeM cooTHomleHue (7). Tak Kak (yHKUuS f(2)
HENPEPLIBHA, a C/Ie/0BATENbHO, HENpepbiBHA H B TOUKE
29, TO MBI HMeeM

Jim F(z) = f (20), (8)
Jim [ €)= (20). ©)

Hamee, Ml HMeeMm
[T ) — F2a) I<I F (Z0) — @) 41 f(za) — F(20) I

Ilepexons B stoM mepasencree k npeleny npu n— oo,
Mbl B CHJTy cooTHoulen## (8) u (9) moayuaem

Jim 17 ) — () =0,

9TO NMPOTHBOPEUHT COOTHOIUEHHIO (4).

Takum 06pasom, Mbl mpuwTH K IPOTHBOPEUHIO H TeM
Aokasany, 4To Gynkuus f(z), saganHas Ha 3aMKHYTOM
OTPAaHHUEHHOM ‘MHOMXecrBe M, Gymyun HenpepLIBHOM, A8-
JIETCS ‘ONHOBPEMEHHO W PABHOMEDHO HenpephIBHOM.

ITepefinem teneps x KOHCTPYKTHBHOMY ONHCAHHIO OM-~ -
peaeseHHOro HHTErpasa

h={t@a (10)

X

AeHCTBUTENLHOM HenpepsiBHON Gbynxkunn f(E) peficrsu-
T@JIbHOrO nepeMeHHOro £, 3alaHHOf HA CBSI3HOM MHOMKE-
CTBe 3HayeHHui#l aprymenra. Onucanue HHTErpasa Gyxer
OMHPATbCS Ha BLIYUC/IEHHE €ro NPHOIMIKEHHHX 3Ha-
YeHHH.

Tak xe, xaxk B § 16, 0603naunM gyepes

p(x, x) 1 q(xo, x) (11)

MHHHMYM H COOTBETCTBEHHO MaKCHMYM GYHKIHY f (&)
Ha oTpeske [xox]. [Tosmoxum panee

e (xg, x) =g (%o, X) —p (%o, X). (12)
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HeoTpnuatenbHast BeJHYHHA €(Xo, X) XapaKTepH3yer
pa3Max Konebanu#i pynkunu f(E) Ha orpeske [xox]. Oue-
BHIHO, YTO AJf JABYX TNDOH3BOJBHHIX TOYEK W H v OT-
pe3xa [xox] HMeeT MeCTO HepaBEHCTBO

[ —F ) [<e (xo, ). (13)

Nonpa3snenenne otpeska. Paso6oem oTpesok [xox] na
OTPe3KH HeKOTOPOil MOHOTOHHON MOCJELOBATEbHOCTHIO
TOYEK

X=(%0, X1y vouy Xiy «0uy Xp); Xp=4xX. (14)

B cayyae xp << X MOHOTOHHOCTBb O3Havyaer, 4To
<< .. <5< vee < Xpe (15)

B cayuae xo >> X MOHOTOHHOCTH O3Hayvaert, 4To
RS> S>> e > (16}

Taxkum o6pasoM, B 06oux cayuasx HMeeT MeCTO paBeH-
CTBO
sign (x; — x;-1) = sign (x — xo). (17)

IocnenoBarenbnocT 3Ta mompaspessier OTpe3ok [xox]
Ha k OTpe3KoB BHJa
frioix).

To noapasaenenne oTpeska [xox] Mb 6yseM HasbBaTh
nodpasdeaenues X. B uacTHoMm ciydyae MB MOXKeM HMETb
nojpasjesienne, onpejenseMoe IOCAEL0BATEIbHOCThIO

X = (xo, x), (18)

T. €. OTPe30K BOBCce He mNoApasfieneH. KOHCTpYKTHBHOE
onucanHe uHrerpana (10) ommpaercs Ha paccMOTpeHHe
MHOMHX TNoJApasjejeHult OTpe3Ka [xox], Tak uro nox-
paszenedre X Mul GyjaeM B falbHefilleM paccMaTPHBAaTh
KaK MepeMeHHYI0 BeJMYHHY, 3HAaYeHUSIMH KOTOPOH sB-
JAI0TCA NPOH3BOJIbHbIE MOAPa3fesIeHHs OTpe3Ka [xox] Ha
NPOH3BOJILHOE YHCJIO R OTPE3KOB, Ile k2 He (PHKCHPOBaHO.
Ilepemennas Benuunna X Gyner B AanbHefilleM CJOyXHTb
apPryMeHTOM HECKOJbKHX HYXHbIX AJis1 Hac JeHCTBHTeJib-
HBIX 4HCAOBBIX (yHkuul. O603HaunM uyepe3 &8(X) nau-
Gosblee H3 yHCeN

fxi — xi_y), i=1,2 ...,k

Bennunna 6(X) ecrp ¢ynkuus aprymedta X, Tak Kak
OHa MOXeT ObiTb BHIYHCJIEHA, ecaH noApasjeneHre X 3a-
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-naHo. Benuuuna §(X) XapaKTePH3yeT MEJKOCTh MOAPa3«
nenenus X. UeM MmeHble wucsio 6(X), TeM menbue nos-
pasaenenne X. Ecnu nompasnenenue X pennr OTpe3oK
[xox] Ha k paBHBIX oTpe3kos, To

8(x)=122nl,

Takum oGpasom, cymectsyior npoussonbio Menkie noj-
paszesieHuss oTpeska {xox], TaK Kak IpH & NOCTaTOYHO

00J/IbIIOM BeJHYHHA CTAHOBHTCSH TIIPOU3BOJILHO

MaJIof. o

Hepes e(X) o6osnauum mnauGompmee u3 qHces
e(Xi-1, x)  (em. 12)). Heorpuuarensnoe uncsio e(X)
TaK¥Ke SBASeTCHA (YHKUHEH NepeMeHHOH BeJHYMHM X,
TaK KaK OHO MOXeT GbiThb BBHIYHCAEHO, KOTZa noapasze-
aerne X 3agano. OueBugHO, uTo eciiu M H v-—1Ba yHCs
Jid,” MpHHaxNexXalHe OZHOMY M TOMy XK€ OTDE3Ky NOj-
pasgenenus X, To umeer MecTo HepaBeHCTBO s

[F) —F W) I<e(X)

(eM. (13)). Tak Kak ¢yHKuUuSA f(§) mempepeiBHa, To Ha
OTpe3ke [Xox] oHa paBHOMepHO HenmpepbiBHa. [Tostomy
AMIA KAXKIOTO NOJONHTEBHOTO YHCAA € MOMNKHO MOgO-
6paTh HacTONBKO Masoe NOJIOXKHTENbHOE YHCJIO §, uTo
ecnu  moxpasnenenne X yjpoBierBopsier HepaBeHCTBY
6(X)<<6, To nmasm wmero BLINIOJIHEHO H HepaBEHCTBO
e(X) <e. Hnaue romops, eciu noapasgesnenne X wme-
HiA€TCA Tak, 4To yHca0 §(X) B mpomecce 3Toro maMmene-
HUS CTPEMHTCHA K HYJIO, TO 4HCIO &(X) Takke CTPEMHUT-
¢ K Hyno. B Buge dopMysas 3To coficTso byHKUMR
e(X) Mbl 3anuuiem rak: :
lim e(X)=0. (19)
8 (X)->0 .
Bsenem B paccmorpenne ene OAHY QyHKUHIO mepe-
MeHHOro nozxpasaenenus X. Mbl no/10xKum

o(X)=(x—x)fE)+ ... Flo—x)fE)+ ...
‘ e T (e — ) FER), (20)

TRe & ecTb NMPOHM3BOJIBHAS TOYKa oTpeska [x.x;]. Ta-
KHM 06pa3oM, B TOYHOM cCMHIC/AE CJOBA 6(X) He ecth
byHKUHS TOMBKO MOApa3zesenns X, Tak Kak IJIs1 BBIYHC-
MeHHs cymMbl (20), KpoMe noapasgenenus X, ‘HyxHo
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3HaTh ellle TOYKH

gl’ §2’ ceey gb sey glv (@l)
H cJenoBajo 6H HamHucaTh '
0(X)=Q(;X,.§.l,...., gi’ eooy gk)-

MoxHo, 0HaKO, CUHTaTh, 4yTO cymMMa (20) ABIseTcH He
onHosHauHoH QywHrmmed o(X) mepemennoro X, a moxer
NPHANMATE JI000€ 3HaYeHHe, KOTOpPOe MOJIYJa€TCT MpA
NPeUSBOJILHOM BBifOope mocsienoBaTenpHocts (21), mpm
KOTOpOM, OAHaKO, Kaxjasf TOYKa §; NPHHANMEKUT OT-
pesky [xi-1x:]. Bce cBoiictBa ¢ynkuuu o(X), KoTophle
GynyT noKaselBaThesd. HmKe, GYAYT BepHH AJS JIOGOTO
€e 3HAYeHHd, T. €. LA J060ro BeGopa MOCAEIOBATE b~
HoctH (21). Jlas Toro 9ro6sl COKPAaTHTh AJHHY (OpMy-
Jabl (20), Ml 3anuuIeM ee UHAye, HMEHHO!
k

o(X)= Zl (& — x;2) [ E). (22)

i=

B nanbreiimeM MBI TOCTOSHHO 6yZeM MOJb30BATHCH

3HAKOM CYMMHDPOBAHHS Y. @opmyna (22) uMeeT CMBICH
KaK NP X > Xo, TaK U OPH X < Xy, HO MPH % = ¥y OT-
PesoK [xox] mpeBpaimaercsi B TOUKY M HUKAaKHE MOAPas-
ZleTIeRNst ero HeBosmMoXHEEL. Mbl GyieM dopmaibHO CuUM-
TaTh, YTO B 3TOM COyTae

o(X)=0. (23)

Roneunsie cymmsr o(X) 6ymyT nmpuGImiKeREbIMA 31a-
yenusiMu uurerpana (10). Ipubnnxenme ato Gyger Tem
TOYHEe, YeM MeJbye Noapasgenedue X, T. e. gem GJHxKe
K HyJI10 BeJHuKHa 6 (X).

Onpenenienne unTerpama. Mul MOKaXKeM, UTO €C/IH T~
pasnenenue X MeHseTcd TaK, YTO MeJKOCTb ero §(X)—>
— 0, T0 BesuuuHa @ (X) cTpEMHTCS K HEKOTOPOMY oflpe-

AENIeHHOMY mpeleny, KOTOPbiH Mbl 0003HAYHM Uepes.

h(x). YtBepxaenne 310 B Buie GOPMyJbl MbI 3amHIIEM

TakK:
lim o (X)=#h(x). (24)
8§(X)->0
‘PasBepuyThlii cMBica 3TOTO VTBEPKACHHA CJACLYIOHH:
JAJS1 BCAKOrO IMMOJOXKHTEJRHOTO YHCIA § Haﬁaerca Ha~
CTOJIbKO MaJioe NQJI0XKHTeJbHOe YHCJIO G, 4YTO H3 COOT-
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HTISHIST
¢ 8(X) < &

BHITEKZET COOTHOMIEHNE
[6(X) —h(x)|<e. (25)

ITepefinem Temepsn k HOKa3aTeNbCTBY CYINEeCTBOBAHHS
BeJHUHHB A (x), YROBJICTBOPAIOIIEH ycioBHIO (25).

3aMeTHM Tpexne Bcero, uTo A moApasnesieHus
(18) ™Mb HMeeMm

o (%0, %) = (x — xo) f (),
rae §— MpOH3BO/MbHAN TOYKa oTpeska [xox]. Joxaxem

Tenepb, 4ro Aa4q MMPOHU3BOJILHOIO noapasneneHus X Mpbl
HMEeM HepaBeHCTBO

10 (x0, %) — & (X) <] £~ xy | (xo, ). (26)
HeficTBurensHo, .
o (0, x)= 2 (i ~ 5 F 9). (27)

i=

Buunras us paseucrsa (2?’) paBeHcTBo (22), monyyaem
k

oo )=o) =X (i —x)(FO—FE). (28)

B cuny dopmyan ( 13) Mbl uMeem
[FE)— @) I<e(ro, x). (29)
M3 dopmya (28) n (29) caenyer, uro

k
[ 6(x0, %) — 0(X) | < ;Z‘.; L — %y & (o, x) =

=lx—x0 le(xo’ x)v
T. €. HepaBeHCTBO (26) mokasaHo.
Ecau monoTonnas nocnenopatenbrocts

7/
X' = (xg, Xis wner Xy vy 1), Xg=1x, X|=2x

(eM. popmyan (15), ( 16)) comepxut Bce uncaa mocse-
AoBarenbHocTd X (cM. (14)), To noxpasgenenne X’ Ha-
SHIBAETCA uW3MeLbUeNuesm NOApasiencAns X, Jokaxew,
UTO €cmH noxpasnenenue X’/ SBISETCA H3MeJIbyeHHeM
Honpaspenenus X, T0 AMeeT MECTO HEPABEHCTBO

10(X) =0 (X)I<Ix — x]e (X). (30)
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Te Touku noapasienenus X’, KoTophe NONajaioT Ha
oTpe30K [Xi-1Xi], MOApa3fensloT 3TOT OTPE30K Ha Ky-
couku. DTO MoApasieseHue OTpeska [Xi-i, xi]. Mb 0060~
snaunM uepes X7. [IpuMensis K orpesky [xi—ixi] u ero

noapasaenenuo X; ¢dopMyay (26), BepHyo Ajs NMpOH3:

BOJIHOTO OTpe3Ka [Xox], MBI MOJY4YHM
AR 1O AT RN EZAE 7N LY CARAEA RS

<lx—xile(X). @1

OuéBHHO, YTO
k

o(X)=X o) (32)

i=

k

S o (X)= ) o(xi_1, X)) (33)

i=1

BbiquTaa (32) ns (33), B cuay (31) nmonydum
. k
lo@) — o (X)1=| L [0 (%, x) — o (X])]| S

k
<A§llx,~—xa_xle(X)=|x—xole(X)-

Takum o6pasom, HepaBeHctBo (30) mokasano.
INycts X n X’ — nBa NpoH3BOJIbHEIX MOApa3AeNeHHs
orpe3ka [xox]. [lokaxeM, 4T0 ‘

lo(X) —a (XM I<Ix—x0l(e(X)+e(X"). (34

OGbeauHHM Bce 4HCJa, BXOJAllHE B MOCJEAOBaTENbHO-
cti X u X", U pacnoJoXHM IMOJYYeHHYIO TaK COBOKYI-
HOCTb uHMCeJ B MOHOTOHHOM mopsjke. Tak nosayyeHnyio
MOHOTOHHYIO NOCJIELOBATENbHOCTh YHCe] 0603HAUUM Ue-
pes X’. OueBnaHo, uTo noipasfenenne X’ ssnserca us-
MeJibuenneM oGoux nozapasaeneHuit X n X”. Takum 06-
pasom, Hapsaly ¢ nepaBenctBoM (30) MBI HMeeM Kepa-
BEHCTBO

lo(X") — o (X)I<Ix— xole(X"). (33)

W3 nepasencTs (30) 1 (35) BbiTeKaeT HEPaBEHCTBO (34).
Tenepb Mbl MOXKeM NMOCTPOHTH YHC/IO0 h(x) (cM. (24)).
Jlas 3TOro BHi6EpEM NMPOH3BOJBHYIO MOCJEA0BATENbHOCTD

X1, Xoy ooy Xy one
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noapasieseHnii oTpesKa [xox], YAOBJIETBOPSAIONIYIO YC-

JIOBHIO ) .
lim 8 (X,) =0. (36)
n-»oo
Oxa3bIBaeTcs TOTAa, YTO NOCAeL0BATENbHOCTD ,
O(Xl)’ Y (X2)’ L] .,’ Y (Xn), L) (37)
cxonutcs. Ilpenen ee M n 0603nayuMm uepes h(x), Tak
YTO
lim o (X,)=h(x). (38)
n-»oo

Mbl IOKaXeM, YTO NOCJIeN0BATeNbHOCTD (37) ynosaer-
BOPAET yC/OBHIO cxonumoctd Komm (cM. § 3). Ilas
9TOrO BHIMHIIEM OUEHKY pasHocTH |o(Xr)— o(Xs)|, omn-
pafch Ha olleHky (34). B cuny (34) Mbl umeem

lo (X)) — o (X)I<Ix—xol(e (X)+e(X).  (39)

- Tak kak Bennunna §(X,) crpemurcs k Hya0 (cM. (36)),
To BeJHUHHA £(X,) TaKXKe CTPEMHTCS K HyJIO (cM. ( 19)).
Taxum oGpasom, npasas- yacts (39) CTPEMHTCS K HYJIIO,
'KOrla HaTypalbHbie YHCAa r M § 06a HeOrpaHHYEHHO
BO3pACTaOT, a 3TO M 3HAUYHT, YTO NOCHELOBATEJBHOCTE
(37) ynoBaerBopsieT ycaoBHIO Kown, Tak uro cyme-
CTByeT ee mpefen h(x) (cM. (38)). :
Tenepr Mb MoOXeM 10KasaTb, 4TO NMo/yueHHAS BeaH-
YuHa h(x) YZOBJIETBOpSET YC/JOBHIO (24). Oas storo
oueHuM Beipaxenue |6 (X)— h(x)|. Msl HMeem

o (X) = h(x)I<IoX) =0 (X)) |+]0(X,) — h(x)|<
Slx—=xol(e(X) +e (X)) +10(X) —h(x)).

Ilepexonst B 3TOM coOTHOWEHHH K npefeny npH n— oo,
MBI noJlyyaem :

1o (X) — h(x) <] x — xo0le (X). (40)

M3 sToro Ha ocHoBanum cooTHourenus (19) nonyuaercs

COOTHOIIeRHe (24).
Tenepr MBI MOXeM OKOHYAaTeNbHO BHITHCATDH onpene-

JienHe HHTEerpana
X
= i X).
mea.s)dg ylim o (xX)
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BomuteM Tenepb OLHY BaXKHYIO OUEHKY BeJHUHHH
HHTErpaja, HMeHHO:

(x — xo) p (xo, x) sign (x — xo) <

<sign (s —x0) {F(©) 4 < (v — 20 9 (50, ) sign (v — xo).

Xo

(41

Jl1s nokasarenbcTBa HepaBeHcTBa (41) BeiGepem mpous-
BOJIbHOe moppasjesnenne X orpeska [xox]. Mbl nmeeM

plro, <FE)<q(xo, x), i=1,... k

(em. (11) u (14)). YMHOXKAs 5TO HEpPaBEHCTBO Ha IMOJIO-
WKHUTEJNbHOE YHCIO (X; — Xi—1)SigN(Xi — Xi—;) H CYMMH-
pya no i or 1 mo k, Mbl moayyaeM, yuutniBast (17), He-
PaBEHCTBO

(x — %) p (x0, x)sign (x — x) < (sign (x — xp)) 0 (X) <<

< (x — x0) g (%o, x)sign(x —xo). (42)

Ilepexoaa B 3TOM HepaBeHCTBe K npeaeny mpu 8 (X)—-0,
MBI HOJIYYaeM HepaBeHCTBO (41).

Teneps nmpuinao BpeMst GOKa3aTh, 9T0 (GyHKIUA k(X)
YAOBJETBOPSET YCAOBUAM

h (%) =0, ‘ )
B (x) = (x), (44)

T.e. GQynkuus A(x) sBJsieTCA ONpeneJeHHBIM HHTerpa-
aoMm ¢yHkumru f(E) ¥ B cMbitie OHpelNeNeHHS, NAHHOTO
B § 14 (cMm. § 14, (2), (4)).

CooTHOIeRHE (43) crexyer u3 dopmyan (23), no-
KaxeM COOTHolleHHe (44).

Orpesok [xox] pa3o6beM Ha ABa OTpe3Ka TOUKOH x!,
JieXalle MeXay TodKaMu xp M x. IIpu sTomM mepeo6o3-
HayHM TOUKH Xo; X, MOJOXKHB Xxo == x¥; x = x2 Bnibepem
HeKkoTopoe noxpasjesnenne X! orpeska [x%x!] m Hekoro-
poe noppasnenenne X2 orpeska [x!x?]. BhinucaHHble
NOAPAR TOUKH NocJaeqoBaTteasHocTell X!, X2 cocrassar mno-

caefoBaTesqbHOCTh  X'X2, nonpasnenmomyxo OTPe3OK -

[x°x?]. Mb uMeeM OueBHAHOE PaBEHCTBO
o (X)) + o (X)=0(X'X?. (45)
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IMepexoas Kk mpeneny mpu 8(X')—0, §(X2)— 0, mn mo-
Jyd4aeM H3 COOTHOIIeHHS (45)

o e Croa. e
x° x! X0

Jlast BolUMCTEHHS TpouaBoxHON A’ (¥} MBI, cormacuo
npaBusy, BuGepeM TOUky &, G/IM3KYIO K X, HO OTVIHYHYIO
OT Hee, H COCTaBAM DasHOCTb A(E)— k(x). Ins Berumic-
JeHusl 3TOH pasHoCTH Bocnoabsyemcst ¢popmynodr (46).
Ecin § 7exur BHe oTpeska [%x], To x mennt orpesox
[x0E], 4 B cHay (46) Mu umeem

gf(t)dt+ fi(t)dt= ng(t)dt.
Ecnn § JIe)K;T Ha OTpes:ce [xox], ':o B cHay (46) mmeer
MeCTO COOTHOmIEHHe :
S§f ) dt + §f (1) dt = §f(t) dt.
Taknu o&pasZM, B rrepao?w crygae z;u HMeeM
h(E) — A (x) =x§f () at —ji () at =5f(t)dt, (47)

a BO BTOPOM cJydae
E % x
hO—he)= {10 a— (foa=—(fou @
%0 X £
IMpumenas x NpaBHM TacTAM paBeHCTB (47) u (48)
ABOMHOE HepaBeHCTBO (41), M noayumm B HEPBOM
Cly4ae

E—x)p(x, &)sign(E — )< (sign (& — x)) (k&) — A ()<

SE—x)q(x, B)sign(E—x) (49)
" BO BTOpOM c.nyt:ae

(x—8)pE x)signr—2) < (sign(x —E) (h(x) — 2 (®) <
SE—8qE x)sign(x—g. (50)

Tak Kak p(x,8)=p(t 1), q(x,2)=q(t x), 10, xens
Kaxnoe u3 HepaBeHCTB (49), (50) Ha NOJIOXHTE/NBHYIO
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BEJIHYHHY
(& — x)sign (& — x) = (x — &) sign (x — &),

Mbl B 060HX cjaydyasX HOJNYYHUM OJAHO H TO K€ HepaBeH-
CTBO

h h
plr, H<EE=EE <, 9.
E—x)
ITepexons B 3TOM HepaBeHCTBe K mNpeleny NpH §—-x,
no.nytlaeM
F)<h () <f(x).

Takum o6pasoM, cooTHouenHe (44) goKa3aHo.

Iposenem HekoTOpOoe 0606I1UeHHEe NAaHHOTO 3/eCh CIO-
coba HHTErpHPOBaHHUS.

Kycouyno nenpepwoiBHas ynkuusi. Ecau jpeficTBUTE b
Hasi GOyHKuus f(x) HDeHCTBHTENBHOrO NMEPEMEHHOTO X B
HEKOTOPOH TOYKEe ¥ = a He SBJfAeTCA HeNmpepHBHOM, TO
TOYKa @ Ha3blBaeTCH TO4KOU pa3psiéa 3TOH (GYHKLHH,
OnuureM npocTeifilliie TOYKH Pa3pbiBa, HMEHHO, TaK Ha-
3plBaeMble TO4ku paspeida nepsozo poda. Touka pas-
peiBa a . pyHkuuud f(x) HasbiBaeTcs TOYKOH pasphiBa
HepBOro poja, eC/H BBINOJHEHH IBa c.nenytomux yCi10+
BHS:

1) B6MH3M TOUKHM a HET APYrHX TOYeK pasphiBa
¢yHkuun f(x), 3TO 3HAUMT, YTO CYLIECTBYEeT HACTOJBKO
Majioe MOJIOXKHTeJbHOe YHCJIO €, YTO Ha HHTepBaJe
|x — a| << & Her TOUek pa3phiBa q)ym{mm f(x), kpome
TOUKH a;

2) ecau 4MCJIO x NPHGAHIKAETCS K @, OCTABasICh MEHb-
we a, To ¢GyHKRuus f(x) pH TaKOM H3MEHEHHH X CTpe-
MHTCA K npejesy, KOTOPHI# Mbl YCJIOBHO 0G0O3HaYHM Ye-
pes f(a —0). B Buge Gopmyssl 370 3anuchiBaercs cie-

AyouHuM o6pa3om: A

lim f(x)={(a—0).
x<a

x=>a

[

Ecnu yucaio x crpeMurcsi K a, ocTaBasicb Goabllle a, TO
npexnen GyHkuuH f(x) NPH TakoM H3MEHEHHH X Cyllle-
cTByeT U 06o3Hayaercsl ycjaoBHO uepe3 f(a + 0). B Buge
¢opMyinl 3TO 3anHCHIBaETCH TakK:

lim f (x) =f(a+0). -
x>a .

xX=->a
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BHauenye f(a) Gynknun B Touke Pa3pbiBa a 06LIYHO He
HIPaeT HHKAKOH DPONH u He 6yner paccMarpuBaTbes.
@yukuMs f(x) HasbBaercs KYycouno nenpepoisrod, ecan

BOr0 pola H eC/lH Ha KaXJ0M KOHeuHOM OTpe3Ke H3Me-
HEHHA OYHKUMH f(x) oTux Touek PaspriBa KoHeyHoe
uncio. Jlerko onpenennts MHTerpasn

X

frea

Xo

KyCOUHO HempepmbiBHOM (yHKuHH f(x). Crenaem 310 B
DPEAINIONOXKeHHH, uTo xy << x. [Tpexnonoxum crepsa, yro
Ha otpe3ke [xox] ¢yHruus f(x) He nmeer npyrux Touex
PasphiBa KpoMe, GHITH MoXeT, ero KOHUOB, KaXAblii H3 -
KOTOPHIX MoOXKeT 6HhThb AH6O TouKol paspbiBa mepsoro
poaa, sH60 ToYKOMH HENPEPLIBHOCTH (GYHKUHK f(x). Ecan
%o €CTb TOYKa paspuiBa (ynKuuu f(x), To 3snauenne ee
B TOUKe xo ompenenum popmy.on [(x0)= f(x0 4 0). Ecan
KOHell x ecTb Touka paspriBa byHKuNH, To 3Hauenne
OyHKUHE B TOouke x onpelesuM  dopmynofi  f(x)=
= f(x—0). Hononnennas rax BEIGDaHHBIMH 3HAaYeHHs-
MH B TOYKaX Xo, X (GyHKuHS f(x) yxe HempepelBHA Ha
BeeM otpeske [xox] m noromy HHTErpas ee ompepeJieH.
Ecan renepn [x0x] ects nponssosbHEL OTPE30K HHTer-
PHPOBAHHS, TO OH MOXKeT GOHIThH Pa3bHT Ha KoHeunoe
YHCJIO OTPe3KOB, BHYTPH KaXXAOro H3 KOTOPHIX HET To-
x

YeK paspeiBa H Sf () @& onpenensercs B srom cayuae
X

KaK CyMMa BCeX HHTerpaJioB, B3ATHX Mo OTpe3KaM pas-

6uennsa. B cayuae x> x HHTErpas ompenensiercss aHa-

JIOTHYHO. -

Kycouno raanxas tdyHxuns. HenpepoiBnas byHkuns
h(x) nasmBaercs KYCOUHO ruiajiko#, ecqim npousBomnas
ee h'(x) ecrb ¢yHruus KyCcOuHO HenpepuiBHas., Jlerko
BULETB, YTO HHTerpan

X

= {r0a

Xo

KycouHo menpepriBHOH QyHKunH f(x) ects KyCOYHO raiag-
Kas dyskums h(x) u uro umeer MECTO COOTHOIIeHHe
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K (x)= f(x), BepHOe 11A BCEX 3HAYeHU# x, OTIIHUHBIX OT
ToueK paspuiBa HYHKIHH f(x).

HHuTerpupoBaHne KOMITEKCHOH dpyHKUHHU f(x) meit-
CTBHTEBHOFO NMEPEMENHOro w. DYHKIHA f(¥) MOMKeT GbTh
3anucana B BHAE

f ) =19 (x)+ ip (x),

rie @(x) ¥ P(x) cyTh AefCTBHTENbHBIE GyHKIHMH HeH-
CTBHTEJbHOrO mepeMennoro x. IlycTb X — HeKOTopoe
noipasjiesienne OTpe3ka [xox] HHTErpHpOBAHHSA. s
KoMIUIeKCHOH ¢yHKuuH f(x) COCTaBHM CyMMy THHA O,
HMEHHO, MOJIOKHM

£
o (X)= iZ_ll (g — x0T €, (51)
rae §;-;Hexoropaﬂ touka orpeska [¥j—1x;]. Tlonoxum

&k
o, (X)= gl (x; — x1-0) 9 1)

k
02 (X) =;§_:‘,(x1 — x-) V).

OyeBHIHO, ITO
’ 0.(X) = 0, (X) -+ o2 (X). (52)

Tak KaKk ANA AeHCTBHTEMbHBIX HENPEPHIBHBLIX {YHKIHH
@ (E) 1 (B) uMeiOT MeCTO PABEHCTBA
X

lim o ()= { 0@,

BX)=->0 Pt
x

lim oo (X)="{ @),

8 (X)->0 Pt

To B cuay dopmya (51) u (52) npemes BeIHUHHBI o (X)
npu 6(X)— 0 cymecrByer M MoOXeT OBITb TPHHAT MO
onpefieeHHI0 32 MHTerpaj, TaK YTO Mbl MOJy4HM
x x X
{i@a= tim o= (o@at+i{v@an 63
P 8 (X)->0 P Py
Ecau ucxomHas KoMmueKcHas ¢ynkuus f(§) He Hempe-

pbIBHA, a KyCOUHO HeMpephiBHA, TO HHTErpaj ee MoXKer
GbiTb ONHCAH TAK e, KaK HHTerpaj; JAedCTBHTE/NbHOM
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KyCOUYHO HENpepHBHOR (YHKUEH, M TpH STOM onpeneJes
HHH HMHTErpana cootHowenue (53) coxpamsercs,

Tak kak aas dyskuui ¢(x) n Y.(x), umeor MmecTO
paBeHCTBa

fe@a=0, [vea=o
. . X Xo .
i Jooa=0m, L (soa—yw,

TO LIS KOMIVIERCHOH (YHKUHM [(X) MH uMeeM Te e
paBeHCTBa

Xo

froe=0 L{roa=rw. o

Xo

Mbi ycraHoBHAH, 4TO ompeseseHEHE B 3TOM napars-
pade uHTerpan
x.

(reya (55)

Xo

KOMIIIEKCHOR (DYHKUHH HefiCTBHTeIbHOrO nIepeMeHHoro x
YAOBJIETBORAET ycJaoBusM (54), T. e. assgercs HHTeTpa-
JoM B cMuicae § 14:. ITostomy Bce pe3yJabTarsl, noJy-
YeHHHe B § 14, HMeloT MecTo u nnw unrerpaaa (55),
B YaCTHOCTH

jioa+ {roa=ioa (56)
Xo *1 X
Ecau B nuTerpane
(rea (57)

OT KOMIJIEKCHOH (yHKUHH RefiCTBHTENBHOrO nepeMeH-
Horo E moAuiHTerpasibHas QyHKUUSA YZOBJIETBOPSET Hepa-

BEHCTBY
If e l<m,
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TO nas HHTerpasa (57) Mbl HMeeM OLRHKY
x

Jr@de|<mic— ). (8)

Xo

310 HENnoCpeACTBEHHO BHITEKAeT U3 paBeHCTBA
%

k
i@ ds= lim 0;1 (= %120 F &)

X0

(cm. (51)).
[Ipuwmep. Ilpusenem npumep HempepHBHOH, HO He
pasHOMepHO HenpephiBHOH ¢ynkuuu. ITonoxum f(x)==

= —. Oynkuuw 31y GyaeM paccMaTpuBaTh a8 BCeX

3HaueHWHd X, yJNOBJIETBOPAIOUIHX HepaBeHcTBy 0 < x << 1,
SIcHo, uTO OHa HempepbiBHa, HO He paBHOMEpHO Hemnpe-
PBIBHA, TaK KaK BeJIHYMHA

1 1

f(§)—-f(x)=—§-_.7= xx—§§

mpu |E— x| << 8 MoXeT CTaThb NPOHM3BONBHO GoJBIIOH,
ecn x U § G/IM3KH K HYJII0.

§ 18. Maomans u aauna rpaduxa

B § 16 mMul roBopuin 0 miOWAKH UYeTHIPEXYrONBHHKA,
OrpaHHYEHHOr0 CBepXy KpHBOH JHHHel, rpadukoM He~
NpepuiBHOH (PYHKIHH, KaK O BelH caMo coOofl MOHAT-
HO#l. IS KaXJ0ro 3ApaBOMBIC/ISIIErO YeJOBeKa, Kas3a-'
JI0Ch GBI, JOMXKHO GBITh OYEBHMIHO, YTO MJIOWALb MOXeT
6uith usmepena. Ho rtakoro poma oueBmaHOCTH HHOr;a
OKa3bIBAIOTCA NMPOCTO HeBepHBIMH. [To3TOMy MBI HoOMKHBL
TIATEJIbHO OGBSACHHTb, UTO CJIELyeT NOHHMATb NOX MJO~
IaAbI0 KyCKa IJIOCKOCTH, OrpaHHYEHHOrO KPHBOH JH-
Huell. TouHo Tak ke O6CTOMT AeJI0 M C AJHHOH KPHBOK
auHud. Jasi. toro uytobs mn3bexaTh HeJlopa3yMeHHui,
HYXHO, KaK rOBOPAT MaTeMaTHKH, AaTh CTPOroe Ompese-
JeHHe ITHX MOHATHH. 3afiMeMCHl 3THM H OJHOBPEMEHHO
BBIYHCJIHM COOTBETCTBYIOILHE BEJHUYHHB NIPH MOMOLIM HH-
TerpaJos.

Maowans. Bygem uHcxomuTh H3 HEKOTOpOH AeficTBU-
TeJbHON HenpepoiBHOR (yHKuHH [(E) KeHcTBHTENBHOrO
nepemenHorce §. I'paduk stoli GyHKUMM Ha KOOpAHHAT-
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HOH MJIOCKOCTH 0603Haynm uepes C. Ha ocu a6emuce
BrI6epeM HEKOTOphHIft OTpesox [xox] u 4epes xommm ero
MPOEEAEM BEDTHKANbHbIE NPAMbIE, TIepeceyenye KOTOPLIX
¢ rpadukom C 0603HagnM COOTBETCTBEHHO Hepes ay, a.
Jns onpenenenHoctu Gynem NpeArnonaraTh, uTo x, < x
H 4TO KYCOK [apa] rpaduka C qexur Haz ochlo abenuce,
Toraa Bo3HHKaer HETHIPEXYTONbHEK XoX@ Ao, OrpaHHYeH-
HBHIH CHH3Y OTDE3KOM xox aBClHCCH, ¢ 6OKOB OppuHa-
TaMH Xolo, Xa M CBepXy KyCKOM a,a rpaduka C (cu.
puc. 1l1). TlocraBum Iepen coGoit 3apauy H3MepHTh
TIJIOIANb 3TOrO YETBIPEXYTOJbHUKA U B Hajexae Ha To,
4TO HaM 3T0 ypacrcs, o0603HaunM 8apaHee BeJHUHHY
9TOH IuIomany vepes S.

Ecan Mb umeem gpe TOUKH p, v OcH abcuuce, To ye-
pes p(m,v) Mu 0603Hauum MHHHMYM ¢yHrnuu f(£) na
.otpeske [uwv], a wuepes g, v)— Makcumym byHRIHN
f(E) Ha ToM ke orpeske [uv]. Tak Kkak HenpepriBHas
dyHKUMS, paccmaTpuBaeMas Ha OTpe3Ke, NOCTHraeT Ha
HEM CBOEro MHHHMYMa H CBOero MaxkcumyMa (cm. § 12),
TO MBI HMeeM IBa paBeHCTBa

p (IJ, ‘V) =f(§,)’ ll(l‘»: V)= f (g”)>

rie £, & — nse ToukH orpeska [uv].
Bribepem temeps KaKoe-HuGy b nompasneseHne

X=(x0, xl, e ey xi, 0y xk)! xk=xy

otpeska [xox] (cm. § 17, (14)). Yepes &, 0603Hauum
TOuKy, B Koropoit ¢ynkuua f(£) nocruraer CBOEro Mu-
HUMyMa Ha oTpeske [xi_;x;], a uepe3 § o6o3HayuM Ta-

KyI0 TOUKy, B KOTOpo#t hyrxuus f(§) mocturaer cpoero
MaKCUMyMa Ha oTpeske [x;_; x:]. CocraBuM nge CyMMbl

k
o (X)= g:l (%, — xz—l)f(gf)’
k
o’ (X)= i_Zl (e —x, ) f (&)-

W3 stux pasencrs BHAHO, 4TO BemwuuHs o’ (X), ¢”(X)
ABJIAIOTCS JIByMS 3HAYCHUSMH MHOTO3Ha4YHOH DYHKI MK
o(X) (cMm. § 17), u nostromy umewr Mmecto ZIBa
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paBeHCTBa

Jlim o (x) =,§ f &) de, 1)
Jim o” (X)=x§ f (®)dt. 0)

[laxuM Temepb reoMeTpHYecKoe ONHCAHHE BO3HHKaK).
weil spech KapTuHH (puc. 12). Ias srtoro 0603Hayuy
yepes P; npsMOYrOJIbHUK C OCHOBAHHEM Xi—jXi H BHICQTOR

~a. -
\‘ oo -
. £

. —-—"‘
o % W4 &5 -

Puc. 12.

f (&), a uepes Q; — mpsaMoyroabHIK ¢ ocHOBAHHEM Xio1%
H peicorodt f(&). Ilnomaas mpamoyronpuuka P; paBHa
(%, —x,_)) [ (§)- Taowans mpamoyroabauka Q: pasua
(% —xi_,)f(gg'). Tak kak Bce npamoyrosbHHKE p;,
i=12 ...,k COAepKaTCA BHYTPH YeTHIPEXyroJbHHKA
XoXAQo, TO CyMMa HMX WJOMafed He MPEBOCXOAUT MJIO
WagH S YeTHPeXyroibHHKA Xoxaa, Tak Kak COBOKYII-
HOCTL MpPAMOYTOMLHUKOB Qi, i =1, 2, ..., k, comepur
BHYTPH Ce0sl UeTHbIPEXYrONbLHHK XoXado, TO mwromans S
He MPEBOCXOLMT CYMMYy mJomlajell NPSIMOYroMLHHKOB Q.
Takum o6pasom, ncxoas us NPENNOJNOXKEHHS, YTO MJIO-
llafb YETHIPEXYTrONbHHKA XoXQ Ao MOXKHO H3MEPHUTb W OHa
PaBHa 4HCHy S, MBI IIOJIy4aeM AJIfi-9TOrO YHCJAA XBOHHOE

HEpaBeHCTBO o
o (X)<S<o" (X). (3)

Teneps pasymno NOCMOTpeTh Ha JeJN0 TaK, 4TO BeJiH-
unHbl 6'(X) n ¢”(X) aBasorcs IpHOMHKEHHBIMH 3HA~
UCHHAMH BEIUYHHBL S, npuyeMm, Kak 3To clenyer u3
ABOMHOrO HepaBeHCTBa (3), BeJHuHHA o’ (X) ouenuBaer
BeHUMHY S CHH3y, a BeJHuHHa o’ (X) oueHusaer Be-
JuuuHy S cBepxy. Tak Kak [Be 5TH OlEHKH [IPH Heor=
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aHHYEHHOM H3MeJbUeHHH mopapasfencHus X crpeMsrcs
«x OJHOMY H TOMYy e mpemeay (cM. (1), (2)), To cie-
AyeT TMPUATH K BBIBOXY, UTO Hallle H3MEpeHHE I.IOWlajH
4eTHPEXYTOJbHAKA XoXAdo yNaNoCh, H BeJIHYHHA S ompe-

peaserca GopmyJof

3=@@@

TakuM o0GpasoM, (opMasbHOe olpefesieHHe MJOLIaAH
cOBNIafa€T C HHTYMTHBHBIM NIPeACTaBJIEHHEM O pe3yJbTa-
Tax ee U3MepeHus.

Hauna rpaduka. ByseM HCXOLHTH U3 HEKOTOpPOH Jeli-
cTBUTE/IbHOA (YHKUMH [(X) HeACTBHTENHHOrO NepeMeH-
HOrO X, MMeIollell HenpepuiBHYIO mnpousBoxHyio. [lycts

- 2
) -y % 4
L%
i/
SO a Yy ey BEE
Puc. 13.

[xox] — HeKoTOpHIK OTpesok ocu abcuuce, MpHUEM Xxp <<
<< x, Ha xoropoM ¢yHKIuA f(x) ompengeneHa, a X — He-
KOTOpoe nojpasfelieHue oTpesaka [xox] (cm. § 17). I'pa-
¢uk ¢yHxkunu f(x) Ha KoopaHHATHOH maockoctH P o6o-
3HauuM uepe3 C (puc. 13). IlepeceueHne BepTHKaJbHOM
npsiMofi, NMpoBeleHHON uepe3 TOYKY Xi, C rpapukoM C
0GosnayuM yepes a;. [Toctponm soMaHyo

Qo A1y ooy Qp=2a,
COCTaBJIEHHYIO U3 OTPE3KOB
laca], [awaa], « .. [ap-1ae].

Hauny orpeska [ai—ja:] oGosHauum uepe3 [(ai-1, a:).
Hnuny aomanolt o6osnaunm uepes [(X), T, e. HOJOXKUM

k N
1(X)= ; I(a;_1, ap). )
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Jlerko yGenutocs B ToM, uTO ecan |x;i — xi_y|— 0, To "
l{ai-1, @)= 0. Tlo onpemenenuio GyieM CYHTATD, uTg
AMHA S(Xo, X) Kycka [a@ca] rpadura C onpeneniercy
KakK mpesen

s(x, %)=, lim 1(X).

Ham ecraercs nokasats, uro mpegen stor CYLIECTBYer,
M HalluCaTb €ro B puae HEKOTOPOT'O ONPENENEHHOIO HHs
Terpana. 3afiMemcs sTHM. Uepes TOuKYy a;_ nposejem
TOPHSOHTANbHYIO npsiMyl0 H OGO3HAUHMM NepeceyeHue ee
C BEPTHKANLHOK npaMof, MPOXOAAIEll uepe3 TOYKH k;
a:;, uepe3 bi. Torga pauHa oTpeska [ai-;a:] Kak AnuHa
THIIOTEHY3H NP sIMOYyroJIbHOIO  TPEYroJbHUKA 3aMHChls
BaeTCs NpHU NOMoIuu GopMyas

Hai1, a;)=4/([(ai-1, 6)*+ (L (s, ar))
Tak kak
Hagoy, bi)=x1 —x_ Ly, a)=If(x) —f(x:2) ],

TO /st AMUHB [ (a;_, a;) MBIl noTydaeM ¢GopMmyay
Haisy, a;) == A/{x;— 5P+ F () — T (i)
B cuny ¢opmysnwr Jlarpamka (cMm. § 12) Mbl nMeem
Oy — F o) =F &) (xi — xi1)s

rie & — HEKOTOpast TOuKa OTPe3Ka [Xi- x;]. Takum
o6pasoM, NJHHA {(xo, x) BCEH Hallelt noMaHOH 3ajmaeTcs
hopmyaoi

k
I(X) = i; (xi—x-) V14 (F E&))73.

lpaBas wacrs TIpescTaBadeT co60f He 4TO HHOe, KaK
CYMMy THNA G (cMm. § 17), cOCTaBJIEHRYIO IJisi QYHKIHR

—————

VI ()2, Tak uto MH uMeem

s (xo, )= {VIF (T OF de. ®)

Takum o6pasoM, wmp 0 HOBPEMEHHO JOKasaJjlu, 4TO Ipe-
» nen cyMMel (4) mipu §(X)— O cymecTByer, H BHUHCIHJR
STOT Npefies1 B BH ne uuterpana (5).
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§ 19. Bruna napaMeTpuyecku 32AaHHON JHHHH

[Ipy NOMOIWM ONPeAeNEeHHBX HHTErPajoB ONHCH-
paioTCl N ONDENENAIOTCA OYeHb MHOTHE BENHYHHSI,
pcTpeUalolliecss KaK B caMoff MaTeMaTHKe, TaK W B ee
npUJIOKEHHSX B €CTeCTBO3HAHMH. IIpH STHX omHcaHusx
HETErpajl 4acTo NOSBJSETCA KaK Ipejies NMOCJeN0BaTehb-
HOCTH KOHEUHBIX CYMM, aHaJOTHYHBIX CyMMaM, paccMoT-

esiM B § 17. OnHAaKO CyMMBl 3TH MOTYT HMeTh BHA
HECKOJIbKO Gosiee o6UIMA, YeM CyMMH, naHnbe B § 17.
Jlis TOro YTOOBl YCTAaHOBHTb CBSI3b MEXAy 3THMH 0oJee
o6IUMH CYMMaMH H CyMMaMH, PacCMOTPeHHBIMH B § 17,
Mbl BBEIEM B PacCMOTPEHHE CYMMBI, TaK CKasaTbh, Oec-
KOHEUHO MaJjkle, T. e. CTpeMsLIHeCs K HYJI0, KoTaa Noa-
pasaenenns X orpeska [xox] HeOrpaHHYeHHO H3MeJb-
yaTcs. 3aliMeMcs STHM.

ByneM ncxonutp H3 oTpe3ka [xox], 3amaHHOro Ha
ocH abcuuce, ¥ JOMYCTHM, YTO KaxAOMY OTpe3Ky [uv],
JexallleMy Ha OTpe3Ke [xox], MOCTaBJieHO B COOTBeT-
CTBHE JEeHCTBHTEJIbHOEe HJIH KOMIIJIEKCHOE 4HCH0 p(u, v).
Mu Gynem npexmoJarath, 9TO 4HCAO p(m,v) CTpeMuTCA
K HyJ10 BMecTe ¢ udciIoM |v — p|. Bosee Touno, mu 6y-
JleM mpeanoJaraTb, YTO AJS KaXKIOr0 MOJIOXKHTENbHOrO
YHCIa € CYLIeCTBYeT HACTOJBKO MaJioe MOJIOXKHTEJIbHOe
YHC0 §, 9YTO U3 COOTHOILEHHS

[v—p|<d (1)
eleflyeT COOTHOIUEHHE
lo(u, v)I<e. 2
B Bune dopmysant 310 cBOMCTBO QYHKIHH p(y, V) MH 3a-
NHIIeM TaK:
lim p(», v)=0. (3)
| v—p|->0

Oynxnuio p(u,v) orpeska [uv], obaamaiomyio >THM
CBOWCTBOM, Mbl 6yneM Ha3blBaThb OECKOHEUHO MAAOL.

Honycrum Teneps, 4To 3afaHO HEKOTOPOE NOApa3je-
JIeHye

X=(,x0’ X1y ooy xk)’ Xp =X,

orpeska [xox] (cm. § 17, (14)). D10My noapasaesenuio

OTpe3Ka [xox] MBI MOCTaBHM B COOTBETCTBHE YHCJIO

k

p(X)= ‘Z_Il (x; — x21) @ (415 %),
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ycxofsl H3 GeCKOHEUHO MaJioft GYHKIUH p(u, v) OTpeska,
OkasbiBaercsi, uTo BejuuuHa p(X)—>-0, Korza moapas.
| neneHHe X HeOrpPaHHYEHHO H3MeJIbYaeTcs, YTO B BHJe
(opMyJ/ibl MOXKHO 3aNHCaTh TakK:

i o000 g

Hna nokasarenbcTBa cooTHolleHHs (4) BhGepeMm
IIPOM3BOJILHO MaJIoe IIOJIOKHTENbHOe YHCJI0 & U moabe-
peM JIJSl HEro TaKoe MaJjloe INOJIOXKHUTeNbHOe YHCIO §,
YTO NPH BHIIOJHEHHH HepaBeHCTBa (1) BHIMOJIHAETCS Hes
pasencrBo (2). Byzem rtemeps cumraTh, 4TO moiapasaes
JgeHHe X NOCTaTOYHO MEJKO, T. €. YIOBJETBODPSIET YCJO=

BHIO
5(X) <.

Torga pas KaXporo orpeska noapasieieHns X Mu
HMeeM HepaBeHCTBO

% —x;11<6.

ITostomy B cuay HepaBeHCTBAa (2) BBHINOJNHEHO COOTHO=
IIeHHe
| lo(xi-1 x) [<e.

Torga ans ¢ynkuunm p(X) Mbl moJAyyaeM OLEHKY
k
le(X) < iz_llxz —xalle (o, ) I
k
<XZlu—xile=lr—xnle.

Tak xak e — NIPOH3BOJILHO MaJjioe YHCJIO, TO M3 MOCHAEN~

HEro HepaBEHCTBa BHITEKAET COOTHOLIEHHe (4).

| Kycouno raankas anuus. Ilycts ¢(f) u ¢ (¢f)— ase
aefcTBUTeNbHble (QYHKIHHM NeHCTBHTENBHOrO NepeMeHs

Horo ¢. IToaaras
x=0(), y=1v(), (5)

| MBI MOJIyYHM MapaMeTPHYeCKYIO0 3alHCh JHHHH, KOTOpas
pacrosioXeHa Ha KOOPAMHATHON IVIOCKOCTH P ¥ omuchs

BaeTCsl TOUKOM
(x, v)= (@), b)), (6)

Korxa ¢t MeHsieTCsl BoO3pacrasi unM y6wiBas. Jlunua sta
Ha3hIBAETCA KYCO4HO 2aadKoil, ecan o0e GYBKuHH @ (f)
1 P (f) Kycouso raankue (cM. § 18) u mpousBojHBIE HX
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MOR: mp’(t)‘ He o0pallanTcd B Hy/1b OJHOBPEMEHHO HH
ppH KaKOM 3HaueHHH f. Eciu aasi Kakoro-uu6ynb 3Ha-
yerus ¢ XoTd Obl onHa U3 QyHKuuil ¢’ (¢) nnu ¢’ (¢) tep-
[ET pasphiB, TO COOTBETCTBYWOIas TOYKAa [ Ha Hauledl
JMHHH Ha3blBaercs yeaosoil Toukoil. Mb 6yneM mpeamos
jgaraTh, 4TO NpH NMOAXOLE K YIJIOBOH TOUYKE MPOH3BOAHLIE
¢’ (t) u V'(f) He crpeMATCA K HYJMO OJHOBDPEMEHHO
(TOUKH JTHHHH, He fBJISIOLIMECS YIJIOBBLIMH, Ha3bIBaKTCA
roukamu 2radxocru). Hama nunus pas6usaercs CBOMMH
yIJIOBBIMH TOYKAMH Ha KYCKH, KaXKIBIH H3 KOTODHX yXKe
npexcrasisier coboit raaakyo AHHHIO. Jag Toro 4tobn
ONpeNeNuTh JIOTHYECKH H BBHIYHCIHTb JJIHHY KYCOUHO
rnaiKo#d JIMHHMH, JOCTAaTOYHO BBIUHCJIHTH IJAHHY JIHHHR
Ha KaXXJIOM H3 KYCKOB TJIaKOCTH, 3aT€M CJIOXHTb Me-
xkay coboii Bce aTH AaHHH. TakuMm o6pa3oMm, HaM [0OCTas
TOYHO ONpEeJeJNHTh M BHIUHCIUTH JJIHHY JHHHH Ha HEKO-
TOpOM KycKe [fot], Ha KOTOpOM Hamla JHHHS SIBJISETCS
ragKom.

Onpenenum Tenepb JOTHYECKH M BHYHCJAHM JJIHHY
r71ajKoro Kycka JIMHUH, 3aJaHHOro ypaBHeHHsIMH (5) Ha
orpeske [fot]. Tlyctp

T=(t0, tl’ sy 'tk)r tk=ts

~— HeKOTOpOe mnojpasieieHHe orpe3ka [fof] (cM, § 17,
(14)). Tak Xe, KaK u TaM, MB GyfeM CUHTaTh, YTO IIQ-
cnefoBatenbHocTh I MoHOTOHHA., OO603HauuM dYepe3 o
TOYKy ¢ KoopJAHHaTaMHu ¢ (%), P (¢:), nonoxkus

a; = (@ (), ).

Hocnenoaareabaocn
Oy Ofy ey Ojy o 0ey Op

Onpefe/sieT JOMaHYI0, COCTaBJEHHYIO M3 OTPE3KOB BHJIA
leiiu], i=1, 2, ..., k. Oanny oTpeska [aiwjou] Mu
0603naunM uepes [(ai-1, i), CUATas ee MOJOKHTENbHOH,
ecau tioy << ti, ¥ oTpULATeNbHOH, ecau #; << £y, JauHA
I(T) Bceit mameft somano#t ompegessercs GopMynol

k
I(T)= ;1 oy, @),

Takum o6pasoM, anuna [(T) nojoxuTensHa npH fo < ¢
H oTpuuaresabHa npu t << fo. AnasoruuHo TOMY, KaK Mbl
9T0 gmenanu B § 17, uepes 8(7) Mbl 0003HaYUM MaKCH-

199



\
\
\
\
}
\

MasbHOe H3 umcen |4 —tiq|, i=1, 2, ..., k. Mu 10-
kaxeM, uro npu &6(T)— 0 Beauunna [(T) crpemures x .
HEKOTOPOMY Ipefeny, KOTOPHLIH Ha3blBATCH OAUHOL AU~ -
Auu. IMeHHO, MB mOKaxeM, uTO .

t
lim 1(7)={+ V@WEPF@OF dr. (@)
8 (T)~>0 i
IepefizeM K pokasatenbcTBy Qopmyast (7). Bribes
peM KaKHe-HHOyAb 1Ba 3HAuUEHHS W, v napaMerpa { u
o60o3HauuM uepes B H y Touku (@(u), v(pn)) 7 (P(v),
¥ (v)). HDauny orpeska [By] oGosnaumm uepes [(B,v),
CUHTasl ee MOJIOXKHTEJbHOH NPH w << v H OTpHIaTeNbHOM
npH pu > v. Mbl, oueBuaHO, HMeEM

1@, vV=sign(v— W) Ve — e @WE+ M — b WP
CocraBuM ¢QyHKIHIO p(,v) oTpeska [uv], MOJNOKHB

o =" VT FWOF. @)

Mul noka)keM, uTO TOCTpoeHHass TaK (yHKUHA p(p, v))
YIOBJETBOPSET YCIOBHIO »
lim p(u, v)=0, ()

|v—u [0

T. €. 4t0 OyHKUHA p(p,v) ABAsSeTcd GECKOHEUHO MaJjoiH
(cm. (3)). U3 storo yxe serko Gynmer BuiBecTH -op-
myay (7). ,
[Tpuctymam K [HOKa3aTeJbCTBY COOTHOWEHHA (9),
B cuny ¢dopmyant Jlarpanxka (cM. § 12) Mbl HMeeM '

V) — @) =—w o (t), Y (V) — b (u) = (v—p) V' (t2),

rle YHCaa Ty H 1o JexaT Ha orpe3ke [uv]. Takum o6pa«
30M, MBl HMeeM

LB | T CEF @ @E.

v_

ITosoxum, panee,
o= (¢ (W)’ + W (W),  w=(@ )+ @ W)
Taknm o6pasom, #3 dopmyasl (8) crexyer, uto

o (1, V)='\/(T)—"\/Z¢;-
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Tax KaK KODeHb KBAJpaTHbI €CcTb PaBHOMEDHO Hempes
prBHaﬂ (bythuKﬂ, TO HAJdA BCAKOI'0 IOJOXKHUTEJbHOro
ygcJaa & HaHuJAeTCd HacCTOJBKO MaJjoe€ TMoJOXKUTeJbhHO8
YyHCcJIo €1, UTO NIPH

l ©W—w l <eg

lo (s, v)1=| Vo —Vu|<e. (10)
Ianee, MBI HMeeM |
o=@ <@ (1) — (@ (WP |4 (7 (7)) — (B W) .

Tak Kak _
v—mI<Iv—pl, |Iv—1nI<|[v—ypl

HMeeM

TO AJS 3aJaHHOTO 4YMcJa & MOXKHO HAHTH HACTOJBKO
maJjioe 4HcJso §, 4To NpH

[v—nl<$b {11)
MBI HMeeM

1@ (CP—@ @R I<S 1@ @P— W OP <2,

Takum o6pasoM, AJs BCSKOTO MOJOMKHTENLHOTO UYHC/IA &
Mbl NMOROGpadu Takoe &, UTO NHPH BHIOJHEHHH Hepa<
BeHcTBa (11) umeer Mecro HepaseHcTBo (10), T. e.
¢ysRUMSA p(n, v) ecTh GecKOHEUHO Majas (yHkuus. Tae
KAM 06pa3oM, MBI OJIyYaeMm

k
I(T)— ;_l (i — L) V(@ )+ W )T =

k
= Z U, @) = (b — i) VT OF + (& GF] =

k
— ;1 (i —ti)p iy ). (12)

Tak kak p(u,v) ecTb GecKOHeuHo Masas (YHKIHS, TO
lipaBast YacCTh COOTHOWIeHHA (12) cTpeMHuTCS K HYJIO MPH
6(T)—>0 (cm. (4)). TakuM o6pasoM, MB H TOJyYaeM
COOTHOIIEHHE

t
lim 1(1)={ V@@ + & @7 dv.  (13)

8(T)->0 b

Hrak, Mbl 10Kasasin, 9To AIMHA KYCOYHO TIagKOH JIH
HUM CylecTByeT H onpenensieTcd uHterpasoMm (13).
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ITpuwmep. Ha annum, sapannofi napamerpuueckn
ypaBHeHusAMH (5), MOMOMKEHHE TOUKH ONMpefe/IseTcs 3Ha-
ueHHeM napamerpa t (cM. (6)), mostomy mapamerp ¢!
€CTeCTBEHHO CUHTaTh KOOPAMHATOH, BBeAEHHOH HA JH-
nud. Kak MBl 370 yXKe MHOro pas nenann pawbllle, Mb
WHOTNa GyJeM Ha3biBaTh TOYKY JIHHHH, COOTBETCTBYIO-
LIyI0 3HAYEHHNIO MapaMeTpa ¢, IpocTo ToYko# £, [Ipu atom
MOXET CJAYYHTbCS, YTO ABYM DPasjHYHBIM 3HAYEHHSIM Ma-
pamerpa t=1¢" u t =1t", npuuem ¢’ 5% t”, COOTBETCTBYET
Ha MJIOCKOCTH OJHA U Ta XKe Toyka, MMeHHo, numeer Me-
CTO PaBEHCTBO

@), v =(@"), ).

Takue aBe TouKH t' H ¢/ MH BCe Xe 6yeM CUHTaTb pas-
JIMYHBIMH TOYKAMH JIMHHH, 2 COBNIAaJ€HHE HX Ha IIOCKO-
cTH OyAeM paccMaTpHBaTh KaK caMomepeceueHHe JIHHHH.
Huna s KycKa JIMHHH, 3aK/TIOUEHHON MeXAY TOUKaMH fo
u f, onpenenserca ¢opmymaoit (13), Tak uTo AJMHA 3Ta
ecTb (QDYHKUHA mapamerpa f

s=s(l), (14)
npuHyeM

%=+WWW+WW% (15)

ds
IpH STOM BeMHUHHA —7 BCIOAY MOJOMKHTEJbHA, YpaB-

HeHHe (14) MOXHO pa3peliNTb OTHOCHTENBHO £, H MBI
II0JIY4UM PaBEHCTBO
t=1(s), (16)

npHyeM

1
£ (s)=——>0.

dar

S He NPHBOXY 37eCh JOKA3aTeJBCTBA TOTO, UTO ypaBHe-
HHe (14) MOXHO pa3pellHTL OTHOCHTEJbHO f. I eoMer-
PHYECKH 5TO. JOBOJILHO SICHO, €CH Ha HEKOTQPOo# Koop-
RHHATHOH NJIOCKGCTH H306pasuth rpaduk bynkuun s (f).
[oacrasnsis B mapamerpuueckue ypaBHenus (5) Bwipa-
KeHHe BENHYHHBL ¢ Yepe3 s mo dopmyse (16), Mbl moay-
YHM paBEHCTBO

=0((@s), y=vp(©). (17).
Ypasuenus (17) MoxHo paccMaTpuBaTh KaK Mapamer-
PHYECKOE ypaBHeHHe MpexHeH JHHHH, B KOTOPOM BMECTO
202 ‘




napaMerpa ! BEBeJleH HOBbIl mapamerp s. Ero Mb Toxe
MOKeM paccMaTpHBaTh KakK KOOPAHHATY, BBEJEHHYIO Ha
paweil JauHud. Touke £y Temeph coOTBETCTByeT TOuKa ¢
KOOpIHHATOH §==0, T. e. Ha4aJo KOOpAHHAT. OTtpesok
JIMHMHE OT Hadajla KOODJAHMHAT N0 TOYKH S HMeeT HJHHY,
paBHy!o S. TaK BBeleHHHI Ha JIHHHH HOBBI Mapamerp s
apJsieTcs HauGosee ymoGHBIM, JIJsi TOrO 4TOGH He BBO=
LIHTb HOBBIX O0GO3HaueHuil, Mbl GyaeM CYHTATb, 4YTO JIH=
HHf 33/laHa MapaMeTPHYECKH B BHJe

x=0(s), y=1(s).

Coorrolllenre (15) Temepb moayuaer Bup,

L = VT T TP

Takum oGpasowm,
@ (&) + (W (s)P=1. (18)

Bekrop, Benymuit 3 Hawana KOOpAMHAT B TOUKY (@(s),
P (s)), Mbl 0603HauUuM uepes x(s), TaK 4TO MMeeT MeCTO

PaBEHCTBO
X(S) == (@ (s), ¥ (s).

B6nusu HemomBHKHOA TOUKH s BHOEpEM NONBHIKHYIO
TOUKY O H NpoBeleM uepe3 TOUYKH % (s), y(o) mpsamyio
JIMHHIO, CeKyllylo Halleii junuH. OGo3HauuM uepes
YroJl HaKJIoHa K ocH alcCIHcC BeKTOpa, BeAYILEro H3 TOYs
KH % (S) B TouKy % (0); TOraa Mbl HMeeM, OUEBHIHO,

cos&=d————q)(°;:(sp(s) , sin é=d-——-—¢'((2:;p(s).

e & — HeKOTOPHIfi MOJMOXKHTENbHbH Ko3ddunuent. Ie-
PexXoAs B 3THX PaBEHCTBaX K Ipelesy NpH ¢ —> S H 060~
8Hauas mpelesbHOEe 3HAaYeHHe yria & wepes o, a mpe-
AenbHOE 3HayeHHe Koa(doduuueHTa d uepe3 @, Mbl NOJY=
YHM paBeHCTBO

cosa=ag@’ (s), sina=ay}’(s).

Uz coornomwenus (18) caeayer, uto a = 1, Tak 4To MH
HMeeM
cosa=¢ (s), sina=1’(s). (19

Takum oGpasoM, BeKTOp
X (8)= (9" (s), ¥"(s))
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e D e

yMeeT AJIHY, paBHYMO l:
[x'(s)]=1.

Tak Kak IPH NMPOBEJEHHOM INpeJeNbHOM Nepexofie CeKy-
u(as MepeXOJNT B KAcaTeJbHYIO K Halle#l JHHHH B TOY:S
s, To BeKTop %’ (s) €cTb eJHMHMYHBIH BEKTOp, KacaloUllii-
csl Halllefl JJAHUH B TOYKe S W HampaBJieHHB B CTOPONY
Bospacranus s. M3 ypasrenuit (19) cienyer

V(s ‘
tga= AR (29)
Ouddepenuupys coorHomenne (18) mno s, Mb moJaydaem
COOTHOLIEHHE .

@’ (s) 97 (s) + ' () ¥” (s) =0,

M3 KOTODOro CJEeAyeT, 4TO BEKTOpH ¥’ (s) H x'’ (s) mep-
meHAMKyasapub (cM. BBemenue, (9), (10)). O6osHauum
yepes B yron HakiaoHa BekTopa y'’(s) K.ocu abcluuce,
TOrfa Mbl HMEeM

@”(s)=bcosp, 1V’ (s)=>bsinp, 2n

rae b =|y"’(s)|— HeKoTOpaa NOJIOXHTEJNbHAs BeJHYH-
Ha, ¥Yrael o # B aBisiorcs (QYHKUMSAMH Iapamerpa s,
d

@€
XOTS 5TO $IBHO He BBIMHCAHO. BHUHCIHM BEJHYHURY s’

TIPEACTaBISIOIYIO0 co6oii CKOpOCTb BpaLieHHA BEKTOpa
%/ OTHOCHTEJBbHO TMapaMerpa §. DTa BeJHYMHA XapakTe-
pH3yeT KpyTH3HY IIOBOPOTa KPHBOH M Ha3biBaeTcsl ee
kpupusnolt. Juddepenuupys mo s coorroumenue (20),
MBI HOJYUHM
da 1 - () (=9 ()P (s) __
ds cosfa @ (s))? —
_ V() =" () P ()
o cos? a :

U3 atoft Gpopmyas B cuay dopmya (19) u (21) caexyer
d: .
71%= b sin (B — a). (22)
U3 rtoro, uto BeKkTOpH %' (S) H '/ (S) mepleHAHKYIAPHbI
ApYyT APYry, CJAeAyeT, YTO
sin@—a)==x1.
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TaxuM o6pasom, H3 gopMyJnl (22) caexyer

do
‘K'—-
uIn XKe ;
o
= b.
[Toatomy
-]
T lds |t

d
ABCOMOTHAR BE/MYAHA CKOPOCTH ;= BDAIIEHHA BeK-

da
topa %(s) paBHa b. Beauunna —+ TOJOXKHUTEeIbH,

eclH BpalleHHe BeKTopa y(s) ¢ BO3pacTaHHEM S HAET
NPOTHB YacOBOH CTPeJKH, H OTPHLlATeJbHa, eCJTH 3TO Bpa-
IIeHHEe HJET MO YacoBoi crpeske. BesnunHa b HasbiBaer-
cs1 KpHBH3HOH Halllelf IHHHHU B TOUKe §.

Hapsany c xpususHoii B puddepeHIna bHOA reomMer-

1
puH paccMarpuBaercs o6paTHas K Hell BeNHUHHA r=—-,

Ha3biBaeMas paduycom Kpususnbl Halllefi KpUBOH B TOU-
ke s. HasBanue sT0 oObsCHSeTCA C/EYIOLIHM: BO3bMEM
Ha Haule#f KpHBON TPH TOUKH §; << Sy << §3, OJIH3KHE APYT
K JApYyry, H TNpoBeleM uepe3 TPH TOUKH %(S1), %(Sz),
% (s3) OKpYXHOCTb, pafHyc KOTOpOH 0603HauuM uyepes’. .
OkaspiBaeTcsl, YTO KOrfa BCe TPH BEJHUHHE! Sy, Sg, S3
CTPeMATCS K OAHOMY npelieny s, pagHyc # cTpeMuTrcsl K

npenpeay r =—b—. ,I[oxas.a're.nbcmo 3TOro HHTEPECHOro

reoMeTpH4YeCKoro q)aKTa HeCJOXXHO, H A PEKOMEHAYIO
YUTaTEeJIO NMPOBECTH €ro CamMoMy. .



T'nasa IV
AHAJJUTUYECKUE ®YHKUHH

B aroif raaBe JalOTCA OCHOBHBIE JOBOJBHO JaleKo
HAyLHe pe3yJabTaThl TEOPHH aHAJHTHUECKHX GbyHKIMA,
[Ipexxze Bcero ONpenesseTcs HHTerpasl KOMIIJIEKCHOH
GYHKIHH KOMIIEKCHOTO TepeMeHHOro BAOJb KpHUBOH,
npoxosiell Ha IJIOCKOCTH HE3aBHCHMOTO KOMIIEKCHOrO
nepeMentoro. Jlanee 10Ka3biBAlOTCA HEKOTOPHIE YaCTHBIE
cayuyan TeopeMsl Kollm o TOM, YTO HHTerpas MO 3aMK-
HYTOMY KOHTYPY OT KOMMJEKCHOH (YHKIHH KOMIJIEKC-
HOrO TNepeMeHHQro, MMewlledl NPOH3BOAHYH, paBeH
Hy/110. DTO AaeT BO3MONHOCTb BHIBECTH HHTETPaJbHYIO
dopmyay Komu u paTh pasiaoxeHde (QYHKIHM KOMII-
JIEKCHOTO NepeMEeHHOro BOJIH3H H30JHPOBaHHOH 0coGolt
touku B pan Jlopana. B KoHue raasbl pasbupaercs no-
BeJleHHe aHaJHTHUeCKOH (YHKUHHM BOJH3H H30JHPOBaH-
HOH CyllecTBeHHO 0coGol ToukH. HIMeHHO, 10Ka3HBaeT-
cs1, 4To PYHKIHS 3Ta BOJIM3H CyLIECTBEHHO 0COGOM TOUKH
cTpeMHTCsl K NPOH3BOJIBHOMY TMpejelly, eclH Hajsexa-
wuM 06pa3oM BHEpPaTh MOCAENOBATENbHOCTh 3HAUEHHH
ee apryMeHTa, CXOASUIyloCs K CYIIECTBEHHO 0co0o#
TOUKe.

§ 20. UnterpupoBanne (yHKUHHA KOMIIEKCHOrO
nepeMeHHOro

B § 17 6blj0 J0KasaHO, 4TO BCsIKasg HENpEpBEIBHAA
(GyHRIMSA AeHCTBHTENbHOTO IepeMeHHOro HHTErpHpyeMa,
T. €. uMeer HuTerpa. ToT ke BONmpoc 06 HHTErPHPYyeMO=
CTH €CTECTBEHHO IOCTaBHTh TaKXe H M QyHKUHH KOMI-
nekcHoro mnepeMennoro. OkaswiBaercs, 4TO /A HHTEr=
pupyeMocTH (pyHKIHH KOMIJIEKCHOrO NepeMeHHOro Hejpo-
CTaToyHO ee HempepbiBHOCTH. IIpHXORHTCS TNpeamnoso-
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sHTb, UTO OHa AHd(eperRUHpyeMa, T. e. HMeeT MPOH3-
BOAHYIO B Kaxkao# Touke. Ho npu BhinmosHeHuum 3Toro
JOBOJIBHO CKPOMHOrO TpeGoBaHHs (GYHKUHS KOMIJIEKC-
Horo NepeMeHHOro pasjaraercs B pan TeHlaopa B Kaxk-
pofi TOUKe, T. €. [Js KaXJIOro 3HauyeHHs 2o CBOErO apry-
MeHTa OHA DPa3JIaraeTcs B CTeleHHON PAA MO CTENeHSIM
z— 2o C TIOJIOKHTEJBbHLIM pajuycoM cxoguMocTH. Tarue
(YHKLUH Ha3bIBAIOTCH QHAAUTUYECKUMU. AHANATHYECKHE
(GYHKIUHH HTPAiOT B MaTeMaTHKe OuYeHb BaXKHYIO DOJb.
Vx u3yueHHIO NOCBSLIEH LeJbifl GoJblof pasges B Ma-
TeMaTHKe. [loKa3are/nbCcTBO TOro, 4TO Besikas AuddepeH-
uupyeMas QYHKUHS KOMIJIEKCHOTO MepeMeHHOro ABJAET-
¢ AHAJUTHYECKOH, AOBOJBHO cioxHo. OHO mnpousso-
JHTCSI B HEeCKOJILKO 3TanoB, H MHl IepefizeM cefiuac K
ero IOJArOTOBKe.

OTkpbiToe MHOKecTBO. [IOCKOJLKY aHaauTHYecKas
(YHKIHUSA KOMIJIEKCHOrO MepPeMeHHOro z pasJjaraercs B
CTENeHHOH PSA AJs KaXAOro 3HaueHHs 2z, CBOEro apry-
MEHTa, T. €, ONpejie/ieHa /i BCeX 3HaueHHIl apryMeHTa,
YAOBJIETBOPSIOIHX YCJAOBHIO

lz—2]<r, (1)

rie 7 — TMOJIOKHTENbHOE YHCJIO, TO MHOXECTBO AOMYCTH-
MBLIX 3HAYeHHH 'apryMeHTa aHaJHTHYECKOH (YHKUMH
JIOJ2KHO YAOBJIETBOPSATD CleAyloumeMy ycaoBHio. MHoxe-
ctBo G TOYeK MJOCKOCTH KOMILIEKCHOTO NEPEMEHHOr0 2
ABJSIETCH OTKPBITHIM, €CJAH HapsaAy ¢ KaXIo#W TOUKOH 2,
Bxogsulel B G, MHOXecTBO G COJEpPKHUT U BCe TOUKH 2,
yaAOBJeTBOpAOIHE yciaoBui0 (1), rme r— ZOCTaTOYHO
MaJjioe 4HCIO, 3aBHcAlllee OT BHIODAHHOH TOYKH 2.
B nanbHefimem MB Bcerma OyaeM NpeamojaraThb, 4TO
KaxJaa paccMaTpuBaeMasi HaMH (YHKUHA [(2) KOMIs
JIEKCHOTO IIePeMEHHOro 2 3ajaHa Ha HEKOTOPOM OTKpHI»
TOM MHOXecTBe ( IJIOCKOCTH KOMIJIEKCHOIO IepeMeHs
HOTO 2.

YcraHOBHM Temnepb HEKOTOPHIE OYEHb NPOCTHIE CBOH-
CTBa OTKPHITOrO MHOXecTBa U MJIOCKOCTH KOMIIJIEKCHOrO
HepeMeHHOro 2z, KOTopble NOHAafo0ATCS HaM B JaJjbHeli-
HmieM JJd H3YYeHHS KOMIJIEKCHOH (YHKLHH KOMIJIEKCs
HOr0 mepeMeHHOro.

ByzneM ucxoxuTh M3 HEKOTOPOrO 3aMKHYTOIO OrpaHH«
YEHHOro MHOXecTBa F IJIOCKOCTH KOMILJIEKCHOTO Iiepes
MEHHOrO M HEKOTOPOrO IMOJIOXKHTEeJbHOro yucna r. Uepes
F; MBI 0603HaYUM COBOKYNHOCTb BCEX TAKHX TOYEK § Ha-
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prefl MJAOCKOCTH, M KaXAofl H3 KOTOpHIX Haiigerca
TOYKa Z, BXOAsWasg B MHOXeCTBO F H yJOBJETBOpSIO-
1as yCJOBHIO

[E—zI<r. @)

OkassiBaercs, 4TO MHOXecTBO F, 3aMKHYTO H Orpa-
Huueno. Jlanee, okaseiBaeTcsl, 4TO eCJH MHOXKecTBO F
COMLEPKUTCS B OTKPHITOM MHOXKecTBe (, TO Haiigercsl Ha-
CTQJIBKO MaJjioe MOJIOXHTENbHOe YHCIO 7, YTO MHOXKECTBO
F, nosHocTbio coepikutcs B MHOKecTBe G.

Lasi pokasaTenbcTBa Hallero yTBepXKIEHHs, a Bep-
Hee¢, IBYX YTBepXJeHHi, GyneM HCXOAUTb M3 ABYX TO-
ciefioBarenbHOCTeH ToueK

21 22 cevy 2y ey (3)
ST TN ST 4

M HEKOTOPOH OrpaHHYeHHON MOCJAeN0BaTEeJbHOCTH MOJO-
JKHTEJbHBIX YHCeJ

F1y 72, eoey Ty o0 (5)

OtHocHTeNIBHO NOCAELOBATENbHOCTH (3) KOMIIEKCHBIX
unces Mbl OyaeMm IpeAmoJsiarath, YTO BC€ OHH IPHHaje-
XKaT MHOXKeCTBY F, OTHOCHTENbHO MNOCJEAOBATENLHOCTH
(4) KOMNIEKCHHX 4HCesq Mbl GyAeM MpeAnoJararb, 4To
OHH Y/IOBJICTBOPSIOT YCAOBUSAM

[Cn— 20 <1y n=1, 2, ... (6)

Mbt foKaxeM npexie BCEro, YTO M3 MOC/AEZ0BaTENbHO-
CTH HaTypaJsIbHBIX YHCeN

1,2 ...,n,...

MOXKHO BBIACJHUTh TAKYI0 NOANOCJEL0BATENbHOCTD Hary-
PaabHBIX YHCeN

Ny, Aoy vviy Ry vuuy (7)

9TO 3JEMEHTH mocJepoBaresbHocTedl (3) u (4) ¢ HoMme-
paMu (7) o6pasyloT HX CXOAsILIHecS IOAMOCJeI0BATE b~
HOCTH. B oTHowlenun nociemoBatenbHocTH (3) ToOuex,
NpHHALJIEXKAIUUX 3aMKHYTOMY OIDaHHYEHHOMY MHOXe-
ctBy F, 3T0 yTBepXJeHHe ykKe GblJIO JOKa3aHO HaMH
(cM. § 4). Inga Toro uTo6sl He MEHATb 0603HaUEHHH, Mbl
MOXeM IIPCCTO CYHTATh TeNepb, YTO IOCJAELOBATENb-
HOCTb (3) CXONHTCH K HEKOTOPOH TOUKe 2, MHOXecTBa F.
Tak Kak moC/ef0BATENbHOCTh NOJOXKHTEJNbHBIX YHCes
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(5) orpailHueHa, TO CyLlecTBYeT HaCTOJBKO G6OJ/IbLIOS
YHCIO {2, UTO BCE HHMCIIA noc/ne0BaTeNbHOCTH (5) Meris-
ure yeM p/2. M3 storo u wus roro, uro TIoc/IefoBaTe N b-
HOCTb (3) CXOHHTCH K 2y, JIerko CJIeAyeT, 4Td BCe yHCaa
nocNeiICBaTeIbHOCTH (4), HayuHas ¢ HEKOTOPOro Home-
pa, YAOBJIETBOPSAIOT YCJAOBHIO

18— 201<p. @8)

Tak KakK MHOXKeCTBO BCeX uucea §, YAaoBaeTBopsOLHX
YCJIOBHIO

Ig—20]<p:

3aMKHYTO H OTDaHHYEHO, TO H3 COOTHOLICHUS (8) BriTe-
KaeT, YTO MOC/eN0BaTeNLHOCTL (4) COIEPKHT CXOAsi-
LLyIocs TOoANOC/Ie10BaTe bHOCTD. [l TOro uTo6u He Me-
HATb 0003HaueHHN, M Gynem IIpOCTO CYHTATH, YTO MO-
C/lIeNOBATeNbHOCTh (4) CXOLHTCH K HEKOTOpoMy uHcay .
Hrax, ucxons us asyx noc/enosarenbHoctel (3) n (4)
KOMIIJISKCHEIX YHCeJ M OFPaHHYEHHON I0C/ef0BaTeNbHO-
CTH (5) IOJIOKHTENbHBIX UHCeJ, Mbl MOXKeM BHOpath
Takyl0 MOANOCIEN0BATENbHOCTL (7) HATypaJbHHX qucel,
4TO SJIEMEHTH mocaefoBatensHoctelt (3) u (4) c HOMe-
pamu (7) obpasyior ux cxopaummecs NOANOC/Ie[0BATE M b-
HOCTA. A 1719 TOro 4to6bl He MEHSTH 0003HaYeHHl, Mbl
OyIeM CuuTaThb, Y4TO HCXOJHHIE nocnenoBaresnbHOCTH (3)
H (4) caMu cXoAaTes K ToukaM 2o U L.

Hns nokaszatenscrsa 3aMKHYTOCTH H OIPaHHYEHHO-
CTH MHOXecTBa F, MBI NpeANOJOXKHM, YTO BCe YHCAZ
TocnenosarenbHocTd (5) pasHe r. Torga mocsenosa-
TENBHOCTL (4) €cTb NPOH3BOMLHAS MOC.IENOBATE/BHOCTS
HUHCeJ, IpHHAIeKAWHUX MHOXKeCTBY Fr, U MH JokasaJgy,
4TO 5Ta IOCNENOBATENHOCTb (4) OTpaHHuEHA H H3 Hee
MOXHO BHOpaTh CXoAsiuIylOCs HOANOC/IEA0BATENbHOCTS,
0U€BHLHO, Npunaanexamyio F,. Takum o6pasom, 3aMmk-
HYTOCTb M OrpaHHYEHHOCTb MHOXKecTBa F, J0Ka3aHa.

HokasatenscTBo BTOpPO# wacTH YTBEpKJEHHud, T. e.
TOro, uTo A/t MOCTaTOYHO Majoro r MHoxectBo F, co-
Aepxurcs B obnactn G, MB GyaeM BecTH OT NpoOTHB-
Horo. Jluist 3TOro MEl NPENTIONOKHM, 4TO KOC/TeN0BATeND-
HOCTh nONOXHTENbHBIX uHcea (5) €XOAHTCS K Hyadi0 u
HTO BO BCAKOM MHOXKecTRe F,, nahnercad Touka §, He
IpuHajfiexkamas MHoxecTsy G. Tak Kak Touka ¢n npu-
Hajuexur MHoxectsy F,, TO Haiijercs TouKa 2z,
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MHOXecTBa F, JiIsi KOTOPOi BHIMOJIHEHO HepaBEeHCTBO
[Cn— 2, < 1he (9)

TakuMm 00pasoM, Mbl NPHIIIH K ABYM IOCJELOBATENbHOA
ctaM yucen (3) u (4) u nocrenoBatenbHOCTH (5), cXo-
Asliedics K HyJ0. Dynem cuutaTe Temepb, 4TO mOCJes
J0BATeJNbHOCTb (3) CXOAHTCA K TOYKe 2o, TOTLA H3 CO=
oTHOWIEHHA (9) M CXOZMMOCTH YHCEJ MOCJAefOBATENbHOA
crd (B) K Hy/IO cremyer, 4TO NOCJELOBAaTeAbHOCTb (4)
TaKxKe CXONHTCS K Touke 2. Ho Tak Kak Touka 2y npus
HaJJleXXT MHOXKeCTBY F M TNpHHaMJeXHT OTKDHTOMY
MHOXecTBY G, TO 1JSl Hee CYLUECTBYeT MHOJIOXKHTENbHOR
YHCJHO 7 TaKoe, YTO €CJH

l§—20]<r)

TO TOYKa { mpuHapjexuT MHOxecTBY G. Takum o6pas
30M, HOCJEeA0OBATENbHOCTb (4), CXOAAIAACH K TOUKE 2,
BCsl, HAUHHA ¢ HEKOTOPOTO HOMepa, COREPIKUTCH B OTs
KPHITOM MHOXecTBe G, YTO NPOTHBOPEUHT HAIIEMY HCs
XOfHOMY npexanojoxenuww. Takum ob6pasom, Bropas
YacTh Halllero yTBepXKAEHHST AOKasaHa.

B npanpmedmeM poJb 3aMKHYTOrO OrpaHHYEHHOrO
MHOXecTBa F Gymer urpaTh y Hac COBOKYNHOCTh BCeX
TOYEK, NpHUHAjJIeXalHX KpHuBoi K, mapaMeTpHYeCcKH
3aaHHOH ypaBHeHHAMH

x=0@), y=v(), (10)
rie @ (¢) 1 P (f)— KycouHo riagxue GYHKUHH Ha OTpe3Ke
BSSISv (11)

[TockonpKy y Hac cefiuac HmeT pedb O IIOCKOCTH
KOMIJIEKCHOTO IIepEMEHHOro 2, napy ypaBHeHuii (10)
€CTeCTBEHHO 3amucaTh B BHJe OJHONO ypaBHEHHS

z=z(l)=o )+ b (). (12)

Tax Xe kak B § 19, M Gyaem cuutath, 4TO Napa ypass
Hernit (10), mam, 4t0 TO XKe camoe, ypasHenue (12)
ONHCHIBAET KYCOYHO IMIaJKyI0 KPHUBYIO. 3aMKHYTOCTh MHO=
JKecTBa BCeX TOYeK, NPHHaAJexamux Kpusol K, cies
AyeT H3 TOro, 4TO MHOXKECTBO BCEX AOMYCTHMBIX 3HAdes
Huil ¢ (cM. (11)) orpaHuyeHO M 3aMKHYTO, a (QYHKLHS
2(t) nenpepniBHa., B naabHefieM kpuByio K Mbl GyneM
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accMaTpHBATh KaK IyTh, NMPOXOJMMEI! TOYKOH 2(t) B
ompe/eIeHHOM HaNnpaBeRHH, KOTJa ! BO3pacTaer oT
10 v. B 3TOM CMEIC/Ie OH OpHEHTHPOBAH. Bumecro napa-
\eTpa ¢ MBI MOXeM BBeCTH ADYroi mapaMmerp f, mpHueM
papaMeTPhl 3TH CBA3AHEl ABYMS B3aHMHO 0GpaTHHIMH CO-
OTHOLIEHHAMH

t=t(f), F=F@, (13)

TaK 4TO HMEIT MeCTO ToXaecTBa
t=tt@), t=ted).

[MoncraBassa B (12) ¢(f) BMecro f{, MB NOJYYHM ypas-
HEHHE

z=z20td)=20), (14)

KOTOPO€ 3aJjaeT Ty e caMylo KpuBylo K, 4TO H ypaBHe-
e (12). Mu 6ymeM mpegmoJsiaraTh, 4TO NPOH3BOAHAs
¢’ (f) na BceM mpoTsAXKeHHH KpHBoii K HempephiBHa H He
obpaliaeTcs B HYJb, a IIOTOMY HMEET ITOCTOSIHHHIH 3HaK.
U3 sTOro ciexyer, 4To M MpOHM3BOAHAs i’(f) HempephiB«
Ha, He ofpaulaercd B HyJb M HMeeT TOT e 3HaK, 4To H
npoussoanas t'(f) (cM. § 11, (26)). Ecau npousson-
ueie ¢/ (f) u #/(¢) nosoxurenbHsl, To Kpuas K mpH ma-
paMerpusauuax ¢t u £ (cM. (12) u (14)) mpoxoapurcss B
O/IHOM H TOM e HanpabJeRuH. Ecin npoussonubie ¢’ (f)
u #(t) oTpuUaTeNbHB, TO TMapaMerTpHsaumuu ¢ H f cuus
TAIOTCS MPOTHBOIOJOXKHO OPHEHTHPOBAHHLIMH, H €cJH
NyTh, .OMHCAHHBIA NPH MapaMeTpH3auHuH f, 0603HayaeTcs
yepes K, To myTh, OMHCAHHBLIA NPH NapaMeTpusanuu f,
o6o3Hauaercss yepes — K. DTO ecrecTBEHHO, TaK KakK NpH
Bo3pacTaHuu f KpuBas K mpoxogutcs B OJHOM Hampas-
JIeHHH, a NpH Bo3pactaHuu f KpuBas K npoxomurcs B
HPOTHBONOJOXKHOM HanpaBJeHHH.

Hurerpuposanne ¢yHkuun Baoab nyTH. Bymem Hcxos
IATh H3 HenpephiBHOH (YHKIHH f(2) KOMIJIEKCHOTO mes
PEMeHHOTO 2, 3aJaHHOH Ha HEKQTOPOM OTKPBHITOM MHO-
®ecrBe G, u Hekoroporo mytH K, ompenensieMoro Coot-
HoweHnHeM (12) u coxepikalulerocsi LEJHKOM B OTKPEHITOM
mHoXecTBe (, TaK UTO "MHOXKeCTBO F BceX TOYEK, HPH-
Hapnexamux nytd K, npuHagnexur mpoxectsy G. Mu
OnpeJeNHM Tenepb MHTerpajd (GyHKIHH f(2), BLOMb MyTH
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i, 0603HaUHB €ro Yepes Sf () dg, npr momomit opuyag
K

v

{toae= (i@ mas. (18y

K w

BuisicHuM Tenmepb, B Kakoil Mepe ONpene/eHHBIH Tag
HHTerpasj QYHKUHH BROJbL NMYTH 3aBHCHT OT IapaMeTPHs
sauun sroro nyTH. OkaspiBaeTcsi, 4TO €CJH JBe Napay
MeTpH3aUUH NyTH OPHEHTHPOBAHBI OJHHAKOBO, TO MOJYs
YalolKecs NPH NMOMOLIM STHX ABYX NapaMeTPH3aUHH HHe
Terpajbl paBHH MeXAy co6ofl. Ecnu xe mapamerpusas
LMH OPHEHTHPOBAHbI NPOTHBONOJOXKHO, T. €. BMECTQ
nytd K Mbl 6epem myTs — K, TO HHTErpaj MeHSET 3HaK,
Takum o6pasoM, uHTerpas 3aBUCHT JMIIbL OT HampaBJes
HHSI, B KOTODOM IIPOXOAHTCA MyTh, & He OT TOro cnocoOa,
KaKdM OH mpoxojutcs. Ilpu npoxoxiaeHuu MyTH B NpO-
THBOINOJIOXXHOM HaNpaBJieHHH, T. €. IPH Iepexoje K Ipos
THBOMOJIOXXHOMY NyTH —K, MH IOJy4aeM H3MeHEeHH]
3HaKa uHrerpaia. Utak, B popmyae

{fa

K

K ectp He oGbekr, 3amaHHbill dopmynolrt (12), a neit-
CTBHTEJNbHO T'€OMETPHYECKHH MyTb, MPOXOAHMbIH TOUKOH,
Z B ONpeJieJleHHOM HaNpaBJEHHH, MpPHYEM Crocol mpo~-
XOXJIEHHs, T. €. TapaMeTpu3anus, He urpaer poau. Ilpu
H3MEHEeHHH HaNpaBJEHHS NYTH MBI OJYYaeM BMeCTO NIyTH
K nyts —K u uHTerpaJnl AJs STHX NMyTedl CBS3aHBI CO» -
OTHOIIEHHEM )

{foa=-{iodw. (16)

-K K

Jlns  [poKa3aTenbCTBa BBHICKAa3aHHBIX yTBepKAeHHHA
pacCMOTPHM Hapsiy ¢ mapaMeTpu3aimuedi { mapaMeTpHs«
3amuio f, CBSI3aHHyI0 C mapaMeTpH3amueR f COOTHOILEY
auaMu (13). Ilpu aroit 3ameHe ¢opmyna (12) mepexos
aut B ¢popmyay (14). ITomoxkum, KpoMe TOrO,

p=i@), v=i@).
Ilpoussenss B unterpane (15) 3aMeHy mepeMeHHOro HH%

TerpUPOBAHUS T Ha NepeMeHHOe HHTerpHPOBaHHA ¥, NMPH#
uyeM v==1{(%), Mb IO NMpaBu/JaM 3aMeHH IepPeMeHHOI®
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gaterpupoBanud (cM. § 14) noayyaen
[fod={fems @da=

K W

£ ()
FEENZ @) YR di=
)

%

FE@ENZ (@) @#)dt=

P, St

.
_ S F(2(3) % () dt (eum. (14)).
ol
Htak, MH noJsyyaeMm
v v
{temz@ar={rempr@ma. a7
w o

Tenepn csienyer HanOMHHTE, 4TO B ONpene/eHHH (15)
HHTErpasia mo HYTH NpPEenoJaraercsi, TOo HHMKHUE mpe-
Zesl MHTEIDHPOBAHHA |1 MeHblIe BepXHEro mpefesia HH-
TerpupoBaHus v (u <<v, cm. (11)). Takum oGpasom, He-
PaBeHCTBO u <<V SBJAETCS CYUIECTBEHHBIM 3JIEeMEHTOM
onmpesfeneHus (15) HHTErpasa BAOJb NyTH.

B cayuae, ecan #(f) nmomoxuresbna, s HepaBeHCTBA
B <<v caenyer HepasencTBo [ < 9. Takum o6pasom,
paBencrBo (17) B 3TOoM cayuae moKasbBaeT, YTO JBe
ONMHAKOBO OPHEHTHPOBAHHbIE TNapaMeTPH3AUUH [NYTH
R2I0T ofHy M Ty XKe BeJHUHHY AJS HHTerpasaa (15).

B ciyuae #(f) <0 us nepasencra p < v ciaenyer
HEPaBeHCTBO A > ¥, H NMOTOMY, COIJIACHO ONpejeJeHHIO
(15), npasas wactb pasemctsa (17) He mnpexcTaBaser
Cooif MHTerpasa MmO MNyTH, TaK KaK HHXKHHE TIpenen
HHTerpupoBaHusi GoJiblle BePXHEro npejeJa HHTErpHpo-
Banud, yro HemomyctHMO. JlJsi ySCHEHHS TOro, 4To XKe
CTour B npasofi yacTH paseHcTBa (17), MH paccMoTpuMm
" HHTerpan

3

Jreans @a. (19)

9
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¥

,,,,,

CoraacHo OmpejeNeHnI0 HHTErpajia IO NyTH, Gopmyng
(18) maer maM HHTerpan

{1 @ac.

Ho rak kak " m
I3 9 |
{ewyzma=—{feanema,  ay
K4 [ :

TO U3 coorHowenu#t (19) u (17) crepyer cooTHoIeHHg
(16). Hrak, Bonpoc 0 3aBHCHMOCTH HHTerpasna Io NyTH
OT NapaMeTPH3ALMH IOJHOCTLIO BHSCHEH H HAUIH YTe
BEPXKIEHHS JOKAa3aHHI.

Eciu umetores nsa nmytn K, u K, npuueM Hauamo |
nytu K, coBmanaer ¢ KonuoM nytu Kj, T0, IPOXOAS MmO
C/le0BaTeNbHO cnepBa myTh Kj, 3ateM K,, Mbl noaydaem
HOBHIE myTh K, Ha KOTOPOM MOJKHO BBECTH eIHHYIO Ma-
paMeTpHu3alluio, H IOTOMY B cHIy ¢dopMyan (56) § 17
MBI HMeeM

{toa={roa+{roada (20)

K K K.

Napamerpusauns npu nomomu mauuel. Ecam 3a nas -
paMerp { MpHHATb AJIMHY NYTH § OT TOYKH 2(0) 1O TOU-
KH z2(s) (cm. § 19, npumep 1), To

[27(s)|=1. (1)

HeficTBUTEBHO,
127 (s) =1 9"(s) + iy’ (s) | =+ V(@ &)+ (W ) =1

(cM. § 19, (18)). D10 nmaer BO3MOKHOCTD NIPOH3BECTH
YROGHYIO OLEHKY MOAyJs HHTerpana ( 15), uMmenHo, ecan
Ha BceM nyTH K MMeeT MecTo OleHKa

I () I<m,

TO B CHJy oleHKH (58) § 17 Mul uMeeM

(i ez @ds

U

(o

Smv—u),  (22)
3 .

Te v— i €CTb AJIHHA BCEro NMYTH HHTErpHPOBAHHA.

|



CpaBHeHHe HHTerpajsa no nytn K ¢ uHTterpaaom mno
aomaHoit L, snucannoit 8 K. [Nonpasjesnm nyTb HHTe-
rppoBalins K Ha KyCcOukH, BBels AJs 3TOTO MOAPa3ie-

JleHHEe
T=(t01 tb ceey tk)) t0=l"" sz‘\’,

orpeska [uv]. m3Menenns napamerpa f. Toukn z(#j-1)
u 2(¢;) COemMHHM mpsAMOJIHHEHAHBIM oTpe3koM L; u o6o-
gnauuM depes L == L({) nyTh, BO3HHKAIOLHA IPH I10-
¢/1e/10BaTeJIbHOM MPOXOXKAeHUH 0Tpe3koB Ly, Ly, ..., L.
JloMaHB# NMyTk L BNHCAH B KPHBOJHHefiHBH myTh K.
Hamwa 3ajaya 3akjaioyaeTcss B TOM, YTOObl CPAaBHUTb HH-
Terpansl, B3ATHe Mo nytd K u no mytu L, — HMeHHO, J0-
KasaTh QopMyay

{toa=1im (1@a. (23)
K s@m->o0y

TakuM 06pa3oM, HHTErpas, B3ATH MO KPHBOJIUHEHHOMY
nytH K, MoXeT OHTb ¢ /11060 TOYHOCTHIO 3aMeHEH MH-
TerpajioM, B3SITHIM 0O JOMaHoi. B pmanpHelimem sToT
pesyabraTr Oyner urparb AJ4 Hac BaxHeiuywo~posas, Ha
NPSMOJIMHEAHOM NyTH L; MBI BBEIEM €CTECTBEHHYIO JIH-
HeHHYI0 NapaMeTpH3alHIO TaK, 4YTOOH MyTh 3TOT MNpO-
XOAWJICA TOUKQH 2*(f), Koraa ¢ MeHsieTcsl B mpejenax ofT
tj-1 DO ¢;. Ja51 3TOrO MBIl I00KUM

N z(’]-—l)(t]—t)'l‘z(f]) (t—tj-1)
= t—ti-1

o <t<t

, (24)

HemoepenctBenno mposepsiercs, 4To npH f, MeHSIOMEMCS
OT tj-p RO I, TOUKA 2*(f) NIPOXONHT MNPSAMOJHHEHHBIH
oTpe3ok L; Takum 06pa3oM, npu HU3MEHeHHH { OT p JO
v Touka 2*(f) mpoxo;utT Bech JomaHbli nyte L. Hrak,
rapamerpusanus Ha soMaHoM nytu L = L(T). BBegieHa.

B onpenenenuu unterpana (15) ¢urypupyer ¢QyHK-
Ius 2’(f), mosToMy mpeKae BCero NOACYHTAEM BeJH»
uuHy 2* (f) Ha oTpeske oT fj—; Jo f;. B cuay ompenede-
HHA (24) dyHKUuH 2*(f) MBI HMeeM

2 ()=

zt) —2(t=1) @ t) —ot-)
ti—ti-i T =t

Y (¢) ~ P (¢7-1)
tp—tj—y

+i
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Hanee, B cuay ¢opmyan Jlarpamxa (em. § 12, (20)y
MBl UMEEM
eUN—o(t~)

tj—t]—l =0 (a])’
P () — b (£j-1)
= 6),

tj—ti—l

TZe uuCaa o, 1 B; NpHHALIEXAT OTPe3KY [f— #;]. Tarum
006pasoM, Ha OTpesKe OT fj_; 4O t; MH HMeeM

ZO—2O=[¢O—¢ @I+l O— V)

TAe TOUKH f, ay, B; npuHagnexar oTpesky [fj—if;]. Tar
KaKk ¢yHKuus 2’ (t), OyAy4H KycCOYHO HENPEPLIBHOH, B«
JIAI€TCS KyCOYHO pPaBHOMEPHO HeNMpepHIBHOH, TO Ha BCEM
OTpe3Ke p << f << v HMeeM '

1270 =2 1<p(T), (25)
rane . H
limp (T)=0.
8(IN—>0

3necy o(T) ecTh HeficTBHTeNbHOE UHCJIO, 3aBHCAILER
or noapasneneHus T. Tak kak
t

2()—2 )=z ®—2" @) dr,

©w
TO B cuay ¢opmyant (58) § 17 MH u3 oueHkH (22) mos«

Jy4yaeM
' [2() =2 () I<p(T) (v —p). (26)

OGosnauas, xak paHslue, yepes F MHOXeCTBO BceX TOs
UCK, NpHHAANeXaMHUX NyTH K, BhGepeM HACTOJBbKO Mas
Jioe r, 4To0bl MHOMKecTBO F, NpHHALIEXKAMN0 OTKPHITOMY}
MHOMXKeCTBY G, u 6yleM CUHTaTh, 4TO MPH BCex paccMars .
puBaeMuiX Hamm noppaspenenusx T myrs L(T) mpoxos
AHT 10 MHOXecTBY Fr. Ilas storo mocratouHo, uto6u

6BlJ10
3K,

rie § — ZOCTaToOYHO MaJjloe MOMOKHTENbHOE uHcao. Tam
Kax QyHKUHS f(2) paBHOMEpHO HempepHBHA Ha 3aMKHY+
TOM OrpaHHYeHHOM MHOXecTBe F;, MO KOTOpPOMY NpOXOs
A5t o6a mytd K um L, T0O U3 HepaBeHCTBa (26) cnenyer

[P @) —F @ )< pu (D), 27)
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npHueM
P limp, (T)=0,
8(T)=>0

rae p1(T) ecTb HeKOTOpOe moJIOKHTeNbHOE YHesdo, 3a-
sucsilllee JHWDb oT nonpasfmenedus I. M3 Hepasencrs
(25) u (27) cnenyer HemocpeACTBEHHO

[T O —FE )2 ) 1<e(T), (28)

npHueM
limpy (T)=0.
8(I)->0

3nech po(T) ecTs HEKOTOpOE IMOJIOXHTENbHOE YHCJO, 3a-
BHCAILlEE TOJIBKO OT moppasaenenus T. B camom geue,

@2 O —FE @) @)=
=[O 26— i) O] —
—[FEO"O—Fe)"0]1<
SITEOE O ="+ E) —Flzo)2 ()<
<mp(T) +p1(T) - m,
The m naeT onenky moaysed oymkumi f(z(f)) u 2* (¢),

HMEHHO
[F M) I<m,
[27 () | < m.

Takast olenka cymectsyer, Tak Kak (GyHKuuH f(Z(#)) u
2¥(t), Gymyu4H KyCOYHO HempepHBHHIMY, OrpaHHyeHH.,
Taxum o6pasom,

02 (T) =m (o (T) + py(T)).

W3 coornomenns (28) B cuay bopmyner (58) § 17
clenyer .

|| F@de— oz | =
L

X

[N

<0:(T) (v —p).

(29)
W3 coorHomennii (29) u (28) caenyeT paseHcTBO (23),
KOTOpOe MBI JOJIXKHBLI ObIIM HOKa3aTh.

IIpumep. Ilpu nokasatenbcTse paBeHcTBa (23) =2
AB2X[Bl HEABHO BOCMOJIB30BAJICS IOHATHEM DaBHOMeps
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HOH CXOAMMOCTH, KOTOPBIM HaM MPHIAETCI BOCIOJb30-
BaTbCA B JajIbHeillleM yiKe B sBHOH (opme. Onpenennm
9TO INIOHATHE 31eCh.

ITocnenosarenbHOCTD

fl(z)> f2(2), "an(z), LR (30)

AeHCTBHTE/BHEIX HJIH KOMIVIEKCHHX (YHKUHH AeficTBH-
TEJIbHOTO HJIH KOMIIJIEKCHOI'O NEPEMEHHOr0 2 CYHTaercs
pasromepro cxodawelica kK Gyukuun f(z), ecnu pas Bes-
KOro TNOJIOXKHTeJBHOrO YHCJAa & MOXHO nonobpaTh Ha-
CTOJILKO GOJIblIOe YHCIO v, YTO NPH # >V 1/ BCex
AOMyCTHMBEIX 3HAa4YeHHH apryMeHTa z HMeeT MecTO Hepa-

BEHCTBO
[fa(e)—F (&) <e.

Ecan z ecrs geficTBHTeNbHOE UHCIO £, TO U3 paBHOMep-
HOI CXOAMMOCTH Tmoc/efoBaTesbHocTH (30) Jerko cue-
ZyeT, 4uTo

t

lim tgfn (1) dv = S f (7) d.
n-)oou

W

B camom neae,
¢ ¢ ¢

Vi@ e — (i@ ae|<|{ (ot — T @) av|<it—p e

w ] w

CoorsercTBylomel OLEHKON HHTerpaja Msl HOJB30BA<
JHCb TIpH JI0Ka3aTe/NbCTBE HepaBeHCTB (26) u  (29),
TOJIBKO BMECTO MEPEMEeHHOro HoMepa n MH Opaju me-
peMenHoe nmoapasxenenue T.

YuuThiBas CBA3L MeXAY MOCAENOBATENLHOCTAMH U
panamu (cM. § 5, (2)), sicHO, KaK cielyeT BBECTH MO~
HATHE PaBHOMEPHO CXOAAILErocs psifa M Kak HOKa3aThb,
9TO PAaBHOMEDPHO CXOAAILIMACA pHA MOXHO HHTErpHpO-
BaTh NIOWJIEHHO.

§ 21. Teopema Komn

Teopema Komm saBasercs uentpaabHOR TeopeMoit
TEOPUH aHaMMTHUIeCKHX ¢yukuuid. Ee obmas dopmynu-
POBKa M He OYeHb NMEJNAaHTHYHOE JAOKa3aTe]bCTBO NMpPHBO-
Asrca B npuMepe 1. B ocnosHoft wactu naparpada 6y-
AYT naHBI JHIIb 0COGEHHO BaXKHble YaCTHHE CAyYaH TeO-
peMnl Koy,
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HanoMHuM TpeXje BCero, 4To, COrMacHO TepMHI0M0
rud, BBeleHHOH B § 20, ypaBHenue .

z=z(l)=0o )+ (), 1

npuueM u << I, rie @(f) u Y (f) cyTh aeficTBHTENBs
Hple HeNPEpHIBHbIE KYCOYHO IMIafkHe (YHKUHH mnapas
MeTpa ¢, ONMHCHIBAET HEKOTOPHI nyTh K Ha MIOCKOCTH
KOMIIEKCHOrO NePEMEeHHOT0 2, KOTAa f{ BO3pacTaeT OT
i 10 v. DTOT MYTh HASBIBAGTCS 3AMKHYT6IM, €CJH HAUANO
H KOHELl €ro COBMAafaloT, T. €. €CJH HMeeT MECTO paBeH-

CTBO
z(u) =z (v). (2)

Tak onpenenenusiit nyrs K siBasercs nyTeM, BAOJb KO~
TOpOro MPOM3BONUTCA HHTEIPUPOBaHHe 3aJaHHOH HHDs
epenmupyemoli Gpynkuun f(z). Umenno, onpegeser un-

Terpaj
{foa
K

(cM. § 20, (15)). HMoraxem Temepsb HEKOTOpBIe NpejBa+
pUTeJIbHbIE Pe3yJbTaTHI.

Ilycry ¢ynkuns f(z), sagaHxas ua HEKOTOPOM OTs
KPHITOM MHOXecTBe G, HHTerpHpyeMa, T. €. HMeer meps
BoOGpasHylo pyHRuuIO A (2), YA0BJIETBOPSAIOMIYIO, CJAel0s
BaTeJIbHO, ypaBHEHHIO

b (2)=1(2), : (3)

npuyeM ¢ynkuus h(z) ompeseseHa Ha BCeM MHOMKeCTBE

H OJHO3HAYHAa Ha HeM (NOCJefHee YCJIOBHE HYKHO
0COGEHHO MOXYEPKHYTb, TaK KaK XOTA MEH, Kak npasuJo,
roBops O (YHKUWH, CYHT2eM, YTO OHa OJHO3HauHa, B
NEeACTBUTENLHOCTH e MBI yXKe BCTPeUaHCh ¢ HEOLHO-
SBHAaUHHIMH (YyHKUHAMH, HanpuMep Inz). Tak Bor, ecan
MMeET MeCTo COOTHoweHHe (3), To mHTerpas no nytu K
OT QyHKUHH f(2) Jerko MOXKer GHTh BHUHC/IEH. MIMeHHO,
HMeeT MeCTO COOTHOUIEHHE

{foa=rem) —new). 4)
K

Hokaxewm .pasenctso (4). B cuay mpasuna nubde-
PEHIUPOBAHHS CI0XKHOA QYHKIHH MBI UMeeM

LDy =) 0. 6
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IToatomy
N

{toa={femz@i=hem—rew

K w .
(cm. § 14, (20), (21)). Tarum o6pasom, paBeHCTBO (4)
J0Ka3aHo.

B uacteoM cayuae, korna nytb K samkuyT (cM. (2)),

MBI HMeeM
{foa=o.
K

~ JokaxeM Tenepb YacTHbIl cayuaii Teopems Kormn,
KOTOpPHI/i B JAeHCTBHTENbHOCTH COCTaBJISIET ee SAPO.
Teopema Komm pas TpeyronbHuka. JomycTHM, uTO
B. OTKPHITOM MHOXecTBe (G JIeXKHT TPEYroJbHHK abc.
OTo 3HAUHT, YTO He TONBKO TpaHula Iy TPEyroJibHHKA
abc, HO u Bea maomanka Ty, BKAOUAOWAss He TOJBKO
rpanuny Ty, HO H BCce BHYTPEHHHe TOUKH TPEYroJbHHKA
abc, NpHHANJIEKHT OTKpPHTOMY MHOXecTBy G. Uepes Ty
0003HaYNM NYTb, ONHCHIBAEMBIA TOUYKON 2 NMPH MOCJ]ELO-
BaTeJbHOM IPOXOXJEHHH CTOPOH TpeyroJbHHKa abc,T.e.
TIPH NOC/JeROBaTEIbHOM NPOXOXKACHHH OTPE3KoB ab, be,
ca. ByneM cuurtarth, 4TO NyThb STOT NPOXOAHUTCS IIPOTHB
yacoso#i ctpeakH. Ecan ¢yHruus f(z) umeer mpousBon-
HYyI0 B KaXJoff TOYKe 2z OTKpPHITOro MHoxXecrBa G, TO
uHTerpasa or Hee mo nmytu To pased 0. 3amumeM 3To B
BHZEe (opMyJIbl ) BT

{r@ar=o. (6)
K

PaBencrBo (6) 6yneM poKaseiBaTh OT IPOTHBHOTO.
HmenHo, Mbl JONyCTHM, YTO HMeET MECTO HepaBeHCTBO

|Sf(§)d§|>a, a>0. 7)

Ty
CepenuHbl CTOpPOH ab, bc 1 ca 0603HAUYUM COOTBETCTBEH-
HO uepe3 ¢, @y, by. Otpeskamu a,by, bici, c1@; ucxon-
HBIft TpeyronbHHK Ty pa3buBaeTcs Ha YeTHIpe TPEYroJb-

HHKa, rpaHHibl KOTOPHIX, NPOXOJHMBIE NPOTHB HacoBOH
CTPeJIKH, MBl 0003HaYHM COOTBETCTBEHHO yepe3

Ti, Ti, T3, Tt ®)
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Kaxablil H3 TPEYrONbHHKOB (8) MOZOGEH TpeyrOJbHHKY
To ¢ K03 duinnentom nomobus 5 - Hwmeer mecro paBeHs

7

CTBO

ffoac=3% Slf(ﬁ)dc- (©)
Tl

T, j=1

PaBeHCTBO 3TO HMeEeT MeCTO IOTOMY, UTO KaXKIblii H3
0Tpe3KOB aiby, bic1, €14, BXOAHT POBHO B [BAa U3 YeThI<
pex myTedl (8) H NPOXOAHTCS MPH MPOXOXKLEHHH STHX
ABYX TyTe#l B NPOTHBONOJOXKHBIX HaNpaBJeHHsX. 13 He-
paBeHCTBa (7) M paBeHcTBa (9) cileayer, 4TO CpeiH Iys
et (8) Halinerca xora Gbl OLMH MyTb, KOTOPHI MbI 06O«
3HauuM depes Ty, 11 KOTOPOrO BEINOJIHEHO HEpPaBEHCTBO

1S r@ar|> 2.

T

Paspensa Tpeyroasuuk 7| Ha ueThipe YACTH TaKHM e
06pasoM, KaK MB NMOCTyHa/JH C TPeyroJbHHKOM To, Mbi
HafizieM Takoit TpeyroubHUK Ty, 4TO AJS HEro BHIIOJ-
HEHO HepaBeHCTBO

|§’f(§)d§|>%'

9tor Tpeyronphuk Ty M0A06EH UCXOMHOMY TPeyTOJbHHKY
Ty ¢ KoadpduunentoM momoGus (%) . Tlponoaxas atot
npouecc jaJiee, MB NMOCTPOUM IMOCAEHOBATENBLHOCTH Tpe-
YrOJIbHUKOB

To, Tl, co ey Tn, see
Takyl0, 4TO TpeyronbHHK T, momobeH Tpeyrossuuky T
€ Koab(dUIHeHTOM HOoZ00HS (-;—)n, NIpHYEeM HMeeT MecCTQ
HepaBeHCTBO

!
Lsnf@)d€|>{%- (10)

OGosnaunm wuepes 7T, TpeyrosbHyl NJOWAKY HJIH,
npolle, TPEYroJbHHK, COAepXallMHd KaK BeChb NyTh 1,
TaK H Bce TOUKH, HAXOAALIHeCSd BHYTPH 3Toro nytd. Oues
BHIIHO, YTO TPEYrOJbHUK Tpi; LENHKOM COHEPIKHTCH 3
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rpeyroastuke T, =0, 1, 2, ... Jlokaxem Teneps, uro
cyuiecTByeT TOUKa £, NPHHAAJENKAIlas BCeM TDEYIObs
HUKaM o ~

To, Tl, 00y Tn, ] (11)

Ias storo 0603HauuM uepes ! mauHy HauGosblUed u3
cropon Tpeyroabuuka To. Torpa mauHa HanGosbluedt u3

l
cropoH Tpeyroasiuka T, 6yner pasHa g . Caenosarens-
HO, PaCcCTOSIHHE MeXJy ABYyMsl TOUKaMH B TPeyroJbHHKe
T, He NMPEBOCXONHT BeNHUHHH 57. [lanee, BeiGepeM B

KaxJI0M TpeyroibHuke Tp TOUKY 2, # =0, 1, .s. Mb
HOoKaKeM, YTO I0C/Aeq0BaTeJIbHOCTh

. 20y Rl 2v09 Cpy 0o (12)
ecTh mocsaefoBatenbHocth Kolu u uro ee mpenena 2 mpu-
HaJJeXHT BCEM TPEYroJbHHKaM IOCJeI0BaTeNbHOCTH
(11). B camom pene, mycThb v — MPOH3BOJBHOE HATY-
pajipHOE YHCJIO, a p H ¢— ABa HATypaJbHBIX UHCAA,
66apiux v. Toraa TOUKH 2, U Zg 00e NpHHALJEXaT Tpe:
yroabuuky Ty H, CJIeIOBaTe]bHO, PAacCTOSHHE MeXIy

HAMH He NPEBOCXOJHT HYHC/A T, @ 9TO M 3HAUMT, YTO
nocsaegoBareabiocts  (12)  ects mocaenoBaTeNbHOCTb
Kouuu.

Tax Kak Bce 3JeMeHTH nocaegoBatejbHocTH (12),
HauHHass ¢ HOMepa v, MPHHANJIEXAT TPEYroAbHHKY Ty,
TO H Tpefes ee MPHHANJIEKHT TPeyroabHHKY Ty, TaK Kak
TPEeyroJLHAK 3TOT €CTh 3aMKHYTOe MHOXecTBO. TakuM
06pa3oM, TOuKa 2 NpHHALJIEKHT BCEM TPEyroJbHHKaM
nocsaenosareapbHocta (11). )

Tak kak npousBogHas (yHKUHH f(2) CywecTByeT B
KaXJ0H TOuKe OTKPHITOro MHoxectBa (, TO OHa Cylie-
CTBYET U B TOYKe 2. A 3TO 3HAUHT, YTO Hpeael

L@@ g
lim —5=5—=F

cywecrsyer. IlocaegHee COOTHOLIEHHE MOXKHO IepenH-
caTb B BHAE

e (OERTON (13)
rae |y(2)| <<y, npuuem 7 — YHCJIO, YAOBJETBOPAIOLLEE
YCJIOBHIO limz vy=0.

2>
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Cootrnowenne (13) MoXHO mepenucaTh B BHAE
fRQ=F@+F@@—2)+v@RE—2. (14

3aNMHCaHHYIO B TakoM BHAe (GyHKUHIO f(2) MH GymeM Tes
nepb HHTErpHpoBath no mytH I, CyMMa mepBHIX ABYX
y/IeHOB B NpaBO# yacTH paBeHcTBa (l4) HHTerpupyeMma.
JLefiCTBHTENBHO,

L@ e—8+ LAC=D a5+ (2) 2 —2).

TakuM 06pasoM, HHTErpaj OT CyMMHbl MePBHX ABYX Yje-
HOB NPaBOH yacTu paBeHCTBa (14) mo 3aMKHyTOMY IyTH
Tn B cHIy paHee NOKa3aHHOro paBeH HyJo, HaMm ocraer-
¢ NPOMHTErPHPOBATh JIMLIb NOCJEJHEe Cjaaraemoe, T. €.

Y(2)(z—2).
Bennuyuny unTerpasna 3tofi (yHKUMH mo nyTH T, MH
oueHuM no ¢opmyae (22) § 20. Ilpexne Bcero, umé;ia
NyTH HHTErPHPOBAHHS HE MPEBOCXOAHT BENHUHHH 57

Hanee, Tak Kak o6e TOYKH 2 H £ NpHHaLIeXaT TPey«
roJIbHUKY Ty, TO

Iz—él<§’a.

Takum o6pasom, Mb uMeeM

| vore—naal< 3y,

n

npHyeM
limy==0. (15)
. n-yoo
Hrak, Mbl mosnyyaem
1§ road <
) idl<Zv. (16)

n

Hepasencrsa (16) u (10) mporusopeyar Apyr ApYry B
cuny coornowenus (15). Mrak, Mpl nmpuluyd K IpOTHBO-
peunIo, u paBeHCTBO (6) HMeeT MecTo.

OrmerHM, 4TO IpPH HOKas3aTejbCcTBe paBeHCTBa (6)
MBI HCNOJB30BaJIH JIHUIb CyLIECTBOBAaHHE INPOH3BOAHOH
' (z) sapauHo#t ¢ymkuuE f(2), HO HE HCIOJb30BAIH He-
NpepbIBHOCTL NPOU3BORHOH, T. €. HENPEPHBHOCTh (YHK=
uun f'(2).
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Buisenem Temeps M3 paseHcTBa (6) nsa CJIe[ICTBHs,
00a fBJAICLIHECS YACTHBIMH CHyYasMu TeopeMbl Komy,

Cnencrsue 1. Bymem cuuraTh, 4To B OTKpHITOM
MHOXecTre G, Ha KOTOPOM ompeeseHa Au(pepeHnHpye.
Mad ¢ynxuus f(z), sagaH saMkHyTH# nyTs K, ompere.
JseMbllf ypasHenueM (1) u ycaoBuem (2). Buibepem g
OTKDLITOM MHOXeCTBe (G HEKOTOPYIO TOUKY @ H IPeamoa
JIOXKHUM, 4YTO NPAMOJHHEHHLIH oTpe3ok [az(f)], mpose.-
AEHHBIl 13 TOYKH Q@ B NPOH3BOJIBHYI TOUKy 2{f) nyTm
K, uennkoM NMPOXOXHT B OTKpHTOM MHOXKecTBe G. OKas
3bIBAETCA TOTAa, YTO HHTErpa’ QyHKUMH [(2) MO 3aMKs
HyTomy nytn K paBen Hymio, unM B BHAe (HOPMYJIBI

{ roar=o. T

K

Ilns nokasartenbcTBa BhuileM B 3ajaHubili nyTh K
JOMaHblii myTb L, onpenesseMHil noApasneneHueM

T=(t0a ty ooy tk): to=un, =,

TakK, Kak 570 OBIO CHesiaHO B NpeAblAylieM maparpade.
Eciu noapaspenenne T 10CTaToOYHO MesaKo, T. €. €CJH
8(T) maso0, To JoMaHH# NyTh L MPOXOLHT OYEHb GJAH3KO
OT KPHBOJIHHEAHOrO MyTH K; H3 3TOr0 CJIEAyeT, YTO KaX-
ABIH OTPE30K, HCXOASAIIHA H3 TOUKH @ H BeAYUIHH B TOY-
Ky 2*(f) JoManoro myTs L, IPOXOAHT BHYTPH OTKPBLITOrO
mHOXecTBa G. Takum 06pas3oM, KaXKIblH TpeyroJbHHI
nyTth K;, cocTaBJIeHHbIH U3 OTPE3KOB

[z (t;-)], [2(t-Dz(@)] [=2¢)a],

OrpaHHYHBaeT TPEYroJbHYIO0 IJIOMaAKy K;, LeJHKOM Je-
¥Kalyro B OTKpPHITOM MHOXectBe G. TakuMm o6pasow,
AN KaXKIO0ro TpeyroJbhuka K; BepHO cooTHolleHne (6),
YTO B BHJe (DOPMYJIbI 3aMHUCHIBAETCH TaK:

S f(@)dt=0. (18)
K
Cymmupys 3t0 pasencrso (18) nmo j or 1 mo &, Mbl no-

JdyyaeM
k

> { t@a=o. (19

1=1KI
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Tax KaK KaxIbl#l oTpesok [az(#;)] Bxomur B ABa cocen-
X TPEYroJbHHKa K; u K1 M HNpu mHTerpupoBaHHH nO
5THM TPEYrOJbHAKAM MPOXOAHTCH B NPOTHBOMOJOMKHBIX
HANPaBJEHHAX, TO HHTETPANLl 10 S5THM OTPE3KaM B3aHM-
HO COKpallaloTes mpyu cymmuposanun (19). Us samxuy-
TOCTH NYTH K 9TO Xe BEpHO M A/Isl OTpE3Ka, HAYLEro
13 TOUKH a B TOUKYy 2(fg)==2z(fx). Takum o6pasom, B
pesy/abTaTe CyMMupoBaHus (19) ™Mbl noaywaem JHun
HHTErpaj mo myta L, yto B BHAE (OpMyabl MOXKHO 3amu-
cath TakK:

Vroar=o.

L

Tax KaK B CHJIy 0Ka3aHHOrO B MpeAbAyNieM naparpade
(cM. § 20, (23)) MBI HMeeM paBeHCTBO

Vroa=um (7@
K 6(T)->0L

10 popmysa (17) mokasaua.

fcHo, uTo saMKHyTHE myts K, 3a71aHHBIA ypaBHe-
HieM (1) u ycaoBuem (2), MOXHO NPOATH, HAauaB IBH-
ZKeHHC H3 NPOH3BOJILHOH €ro TOYKH, OTYEro MHTErpas mno
SAMKHYTOMY NyTH He H3MeHHTcsa. Takum 06pasom, HH-
TErpHPYs QYHKUHIO MO 3aMKHYTOMY MYTH, MBI He AOJIK~
HBl YKa3bBaTb Haya/j0 3aMKHYTOIO NYTH, a JOJKHE
YKa3blBaTbh TOJNBKO CaM 3aMKHYTHIl NyTh.

B uactHom ciyuae, korna K — oKpyxHOCTb, Jexa-
Ilas BMecTe CO BCeMH CBOHMH BHYTPEHHHMHM TOuUKaMu
B OTKPHITOM MHOXKecTBe G, TO, NPHHAB 33 @ LEHTP 3TOH
OKDY>XHOCTH, MBI IOJy4YyaeM AJI Hee PaBeHCTBO

S f(g)dz=0. (20)

K

Caencrsue 2. JlomycruM, 4To B OTKPHITOM MHO-
XKecte G, Ha KOTOpoM 3ajana puddepeHnHpyeMas
dyHkuHs f(2), nexar IBe KOHLEHTPHUECKHE OKPYMKHOCTH

1 1 Ky ¢ obmuM ueHtpoM o, mpuueMm K; Gosbme K,
HonycTuM nasee, 4TO B KOJblle, 3aK/IIOUEHHOM Mex 1y
OKpYXHOCTAMH K u K, JeXHT okpy)HocTh K3 ¢ 1eHT-
POM B 03, BCe BHYTPeHHHE TOUKH KOTOPOH TaK:kKe NpHHAJ-
7exar KoJaply. Mu 6yseM cyHTaTh, UTO Bce TOUKH, Je-
Kallne Ha OKPYXHOCTH K M BHYTDH Hee, 3a HCKJIOUe-
HueM, GBITb MOXeT, JBYX TOUeK Oy H 03, MPHHALIEKAT

8 /. C. Montpsarun 225




OTKpHTOMY MHOXectBY G. Bynem cuurats okpyxHOCTH
Ky, Ky u K; myTAMH HHTerpUpoBaHMs (YHKLAH f(2),
NIPDOXOAHMBIMH IIDOTHB YacoBOH cTpesku. Torma okazwi-
BaeTCcsl, YTO HMEeT MECTO PaBEeHCTBO

{t@a=roa+|roax (21)

K K K

Hpu nokasarenncree pasencrsa (21) OyzneM IoJb30~
BaTbc uepTexoM (puc. 14). das rtoro utobnl Gbilo

”

%

Puc, 14,

yAoGHee CJIOBECHO ONHCHIBATb WYePTEl, TPEeANOJIOKHM,
4T0 npsAmas P, npoxonsumas yepes TOUKH Oy H 03, FopH-
SOHTaJbHA H YTO TOYKa Oz JIEXKHT JieBee TOUKH Os. DTO
NPEATNONOXKeHHe HHKAK He CB3aHO C pPacmojoKeHHeM
Oceii KOODAMHATHOH IJOCKOCTH KOMIJEKCHOrO MepeMeH-
HOTO 2. MB NpOCTO BPEMEHHO MOBEDHYMNH YepTeX AJIs
yno6ersa onucarus. IlpsMas P fenuT KaXayio H3 Tpex
OKpyKHOCTe#l K; Ha HONOBHHBI — BepxHIOl K} H HUX-
Hoo Kji', Kaxkpas us okpyxHocreii K; Iepecekaercs ¢
npsaMo#i P B IBYX TouKax — npaBoit b; u Jepoii ¢;. Uacts
OTKPBITOTO MHOXKeCTBa G, 3aKJIIOUEHHYIO MEXIY OKpYXK-
HOCTbI0 K H AByMa oKpyxHocramu Ky H Ks, o6osnaunm
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gepe3 R. Ota dactb jenutca npsaMoft P Ha jgBa Kyckas
pepXHUH R’ ¥ HUXKHHAA R”. 3aMKHYTHI{i MyThb, COCTABJSIO
muil rpaHuny Kycka R’, mpOXOAHMBIH NpPOTHB 4YacoBOMH
cTpesiky, o603HayuM uepes C’, a 3aMKHyTHIH MyTb, CO-
cTaBJSAIOLHA TpaHuLy Kycka R’/, MPOXOZHMBI NpOTHB
yacoBoi cTpenkH, o6o3nayuM yepez C”. Tlycrs a’ — Hes
KOTOpasi TOUKa, JexKalgas BHyTPH Kycka R’, a a’’ — He-
KOTOpast TOYKa, Jexalas BHYTPH Kycka R’ Kaxnablit
OTPE30K, HAYIIHA M3 TOUKH @’ B JIOOYI0 TOUKy nytu C’,
OUEBHJHO, JIEXKUT B OTKpHTOM MHOXKecTBe G. TouHO Tak
e KaXJblil 0TPe3oK, uAylHi U3 TOUKH @’/ B TOUKY MyTH
C”, nexut B oTKpbiTOM MHOXecTBe G. Takum o6pasom,
B CHJYy C/IEACTBHA 1 Mbl HMeeM JBa COOTHOIIEHHS

{r@a=o, (22)
)
|Fa=o. 23)

3aMkHYTHII myTs C’ COCTOUT H3 HECKOJBLKHX KYCKOB —
TPeX NOJYOKpYyXHOCTefi H TpeX OTpe3KoB. Bhimuiiem
3TOT NYThb € Y4YeTOM HalpPaBJEHHA €ro MNPOXOXIEeHHUs
NIPOTHB YaCOBOH CTPeJIKHU:

C'= (Kl') €163y — Kér bzca, - K-'g; b3bl)'
Touno Tak xe sanumem nyts C”:

C” = (K1, bibs, — K%, c3by, — K¥, cacy).
3amernM, 4TO mUpAMoIHHeHHBE OTPe3KH, BXOAAIIHE B
nytd C’ u C”, npoxXonarcss B NPOTHBOMOJOKHEIX HANPaB-
JEHUAX, noayokpyxuoctd Ki v K1’ NPOXOAATCA NMPOTHB
4acoBO# CTpeskH, a noayokpyxuoctd K7 u Kji', j=2,3,
MPOXOAATCA MO yacoBo# cTpeske. TakuMm obpasoM, ckia-
AbiBast paBeHcTBa (22) u (23), MBI moJiyyaeM, yUHTHIBas
dopmyay (20) § 20, .

Vioa+] roa+] roa=o

1 -2 —aAs

OoTKypa B cuay dopmyast (16) § 20 HemocpeactBeHHO
Crenyer paBeHCTBO (21).

OGosnaunm uepes r; paxuyc OKpyxuoctdH Kj, j=1,

2, 3. @opManbHO Kakiblii M3 TPeX HHTerpasos B Gop-

Myse (21) 3aBHCHT OT pajHyca COOTBETCTBYIOIiEH OK-

PYXHOCTH 4 He 3aBHCHT OT PaJHyCOB JBYX IDYTHX OK-
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T P Y

py:HOCTe#l, HO TaK Kak paBeHcTBo (21) coxpaHseres
npu JO6BIX pagHycax OKpPYXKHOCTeH, TO SICHO, UTO KaKs
Ablf MHTErpaj, BXoAsfmu# B (21), B AeficTBHTENBHOCTY
He 32BUCHT OT pajiMyca COOTBETCTBYIOUIefl OKPYIKHOCTH,

Hurerpanbuan ¢opmysa Kown. OGosnauuM uepes
4 KOMIJIEKCHOE YHCJIO, KOTOpOe COOTBETCTBYET TOUKE Oy,
H PacCMOTPUM (DYHKIIHIO

g@)=(—u)",

rge n—uenoe uwcho. Takum o6pa30M, nepen Hamu
CTOHT 3ajiaya BBIYHCJIUTL UHTErpaJ

=\ ¢—uyd.
K,
[MapamerpusyeM OKpyHOCTb Kp, MOJI0XKHB
2(f) =u -+ re’.

Korpa t Mensiercss or 0 1o 2m, Touka 2(f) mpoGeraer
ECIO OKPYXHOCTb Ko. Jlanee, MBI uMeeM
2/ () =irse®.
Taxkum obpasom, B cuny ¢opmyast (15) § 20 Mb umeem
25 2n

h(u) = S rie™ire’ dv = irg™! S ol BT g,
0 .

B cayuae, ecau n+ 140, nepBoobpasHas ¢yHKuHS

' QYHKUUH, CTOAUIEH NMOA 3HAKOM MOCJENHEro HHTerpaa,

b L pltD T
eCTh Ty ¢ . TIloatromy mpu n -4 1540 umeeM

211

S et it gy —
0

o0pa3oM, npu nz= — | MH HosayyaeM

1 ) 1
Mean® " Ty =0 Tax

{ ¢—uyraz=o. (24)
Ko
B cnyuae, korna n = —1, uMmeem
21

hw=r3i{ dv=2m,
0
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Taxum o6pasom,

a.  _ o .
)T = 2ni. (25)

Tocnennsia GopMyna umeer sechMa BaKHOe o6o61eHne.
Iyers  f(2) — dynkuus, nupdepeHnrpyemMas Bo BceM
kpyre Ki. Mu nosoxum

f(2)

gR) == -
H TOACYHTaeM HHTErpan
h(u) == S () dt.

K, E—u
Mer nMeem
8@ =y + 1A=L _ 1O 4 b ) 4y (), 0

rre |[v(2)| <y u NpH 2, npuHandexamem Ko, lim0v=0.
r,=>»

2
Tak kax wuHrerpan mo OKpyXHOCTH K, oT JeBo#i ua-
CTH paBeHCTBa (26) He 3aBHCHT OT r; TOYHO TaK Ke
KaK HHTETpasbl OT NMePBHIX NBYX CJATaeMBIX MpaBofl ya-
CTH paBeHCTBa (26) He 3aBHCAT OT ry, TO M HHTErpaj or
TNIOCTICHero u/eHa npasoit yactH (26) He 3aBHCHT OT ra.
Msl umeem

Ifv@de|<y-2mn.
Takum o6paszom, K’

tim § y(@)az=o, (27)
r:=>0 K

HO TaK KaK WHTerpaJ, CTOAUIMH-B JIeBOH 9acTH (27), ne
S8aBUCHT OT rz, TO OH PaBeH HYJIO, H Mbl MOJydaeMm

Ks K,
(cm. (25)).
[Tepenumem sty ¢bopmyay saHoBo, 0603HaunB depes

K orpyxHOCTB ¢ meHTpOM OPHEHTHPOBAHHYIO IIPOTUB
9acoBOH CTpenKH

S SO gr — onif (). (28)

kt—w
3mecs npennosaraercs, uto OKpyx)HOcTh K u BCe nexa-
IlHe BHYTPH Hee TOUKH JIeKaT B OTKPHTOM MHOMKecTBe
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G, 8 KoTopoM OyHkums f(2) anddepenuupyema. Pop.
mysa (28) ecTb unrezpaivras opmyra Kowiu, urpaio-
1asi B TEOPHH aHAJUTHYECKHX GYHKUHH HCKIIOYHTENBHO
BaXKHYIO POJIb.

Mpumep. Jamum Temepp O6LIYI0 (HOPMYJIHPOBKY
teopembl Kolln W ee He BIOJHe NeJaHTHYHOE JOKa3a-
renbcTBO. JLOMYCTHM, 4TO B OTKpHTOM MHOXectBe G, Ha
KOTOpOM 3afaHa Juddepennupyemas GyHKIHA f(2),
HMEIOTCS 3aMKHyThle KyCOYHO IJIajKHe, He nepecekaro-
mHe APYT ApYyra H He HMelollHe CaMONepecedyeHHi NMyTH
K;, j=0, 1, ..., m, OpDHEHTHPOBaHHbE MPOTHB YaCOBOH
cTpesikH, DTH MyTH MBI OyleM NPOCTO Ha3kBaTh 3aMKHY-
THIMH KpHBHIMH. Mbl 6yneM mpepmosararh, 4TO 3aMKHY-

Thl€ KpHBbIE
Kl) K2y U] Km (29)

Bce JieXKaT BHYTPH 3aMKHyToro mytH Ko W 4TO HH OlHa
u3 KpuBbiXx (29) He HaXOJZHTCA BHYTPH APYroi M3 STHX
kpusbix. O603HauuM uepe3 R Ty 4acTb IJIOCKOCTH, KOTO=
pasi copepxurcs BHYTpH Ko H JIeXHT BHe KPHBBIX (29).
Bynem cuuraTh, YTO 4acTh IMJIOCKOCTH R COJEPXKHTCS B
oTKpuiToM MHoxecTBe (. OkasmiBaercs TOrAa, 4TO

{roa=1 104 (30)

Ko ]-l K]

Jns nokasaTeabCTBa paso0beM BCIO MJIOCKOCTb KOMII-
JEKCHOro NepeMEeHHOro z Ha MeJKHe KBaJapaThl BEpTH-
KaJbHBIMH H TOPH30HTa/bHbLIMH NpAMbiMu. PasMep KBan-
patoB GyZeM npeimosarath HAcTOJBKO MaJbiM, 4TO
KaXKJBH H3 HHX, epeceKalolluics ¢ MHOXeCTBOM R, ue-
JHKOM COJEPKHTCS B OTKPHITOM MHOXeCTBe G. Tlycrp

Cl» C2’ oy Cn

— COBOKYNHOCTb BCeX KBaJpaToB, KOTOpbie NepeceKaloT-
ca ¢ mHoxectBoM R. Ilepeceuenue KaXjaoro KBajapara
Cr ¢ MHOXecTBoM R oGo3aHauuM uepes B., a rpanuiy
Kycka Br o6o3naunm uepes A Ecim xsampar Cp ue-
JIHKOM JIeXKHT B MHOXecTBe R, To rpanuua A Kycka
B ectb mpocro rpanuna ksagpata Cp. Ecaum Xe KBan-
par Ci He MONHOCTBIO MOMellaeTcs B MHOXecTBe R, TO
Ay 4aCTHYHO COCTOHT H3 NMPSMOJHMHEHHBIX OTPE3KOB, BXO-
Aamux B rpanuly Ksaapara Cp, 4aCTHYHO XKe— H3 Ky-
CKOB KpHBOI, OrpaHHYHBAIONIell MHOXKeECTBO R, T. €. MpH-
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HaJJIeXHT ONHON HIM HecKONbKHM KpushiM K, j= 0,
1, ..., m. BuyTpn Kaxnoro kycka B sriGepem npoms-
BOJILHO TOUKY @y H COENHHHM 3TY TOUKY @k MPSMOMHHEl
HbIM OTPE3KOM C KaXJ0# TOUKOH rpaHuupl A Kycka Bp.
Bce TaKHe NPAMONIHHERHbIE OTPE3KH, OYEBHAHO, IPHHAL
neKaT OTKPHTOMY MHoxkecTBY G. Takum oGpasom, mu
HMeeM

{ roar=o. (31)

A

B sToM uHTerpase Mbl GyneM mpeamoJarath, 4TO 3aMK-
HyTas KpuBasi A, OpHEHTHPOBaHA IPOTUB 4ACOBOIH cTpeJ-
ki, Kaxnaelt npamonuseinmi OTPEe30K rpaHuusl Ag,
npuHainexamui Keaapary Cp, NpUHALICKUT OJHOBpe-
MEHHO U JpyroMy kBaapary C; M NDPOXOAHTCA NPH HHs
TETPHPOBAHMHM MO KPHUBBIM Ar M A; B IPOTHBONONOXHBIX
HanmpaB/eHusix. Kaxabi#t xpuBoMHHeHHBI OTPE30K rpas
HUUBl Ap NPHHALNEKHT OZHOH M3 KpuBHX Kj, j=0,
1, «.., m. Ilpu 3ToM, ecau ou NpHHANJIEXHT KpHBOH K,
TO TPOXOXHTCS B TOM e HANpPaBJeHHH, YTO H KPHBAs

o. Eciu e oH npumamsexur ommoil us KpUBHIX (29),
TO MPOXOMHTCH B HANpPaBJIeHHH, MPOTHBOIOJIOXHOM IPO-
XOXIEHUIO 3Toi KpHBOH. TakuM o6pasom, CYMMHpY$S Bce
cootHomenuss (31) mo k£ ot 1 xo #, MH moayunM B pe-

syJbTaTe
m

Viwa+Y, § roa=o.
Ko J=1 —K!
Hs sroro coornomenns caenyer pasenctso (30).
HokasatenberBo 910 BopMadbHO He GesynpevHo, Tak
KaK, HanpuMep, MpeanosaraeTcsi O4eBHAHBIM, YTO 3aMK-
HyTas KpHBas pasGuBAeT MIOCKOCTb Ha JBE YaCTH: BHYT-
PEHHIO U BHEILHIOW, YTO NOKA3HIBAETCS OTHIOAb He MpPO-
CTo, a'3/ech mMpHHUMaeTcs Kak oueBHgHoe. Kpowme Toro,
HEKOTOpEIe M3 JMHHH A; MOryT GHITb.yCTpOeHH He Tak
lIpoCTO, KaK 3T0 MOXKET NOKa3aThCs Ha MepBHI Barsg,
Hanpumep, onn moryr comepxaTh GeCKOHEUHOe MHOMKE~
€TBO KPHBOJHHEHHBIX KYCOUKOB.

§ 22. Panw Teiinopa u Jlopana

... 3mecp Gymer mOKasaHo, uTO auddepennupyeMas
$ynkuus f(z), sanannas na OTKPHITOM MHOXecTBe G, B
KaXno#i TOUKe 2y 5TOr0 OTKPHITOrO MHOXKECTBa pasaa-
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raercd B pan Tefimopa, T. e. Moxer OnTh 3ammeang
B BHIE '

(= +a(e—2) +arle—2f+ ...
e tae—a) (1)

(cM. § 15), npuueM psifi 3TOT HMEET HOJIOXKHTENLHBIN pas
AHMyC CXOJUMOCTH r. Bymer TakXe gaHa OLEHKA BeJH~
yitHel r cHu3y. MIMeHHO, 6yZeT MoKasaHO, YTO €CJH BCE
TOYKH 2 BHJA

lz—2| <’

cojepkKaTcs B OTKPHITOM MHOXecTBe G, TO pagHyC CXO+
JMMOCTH 7 HE MeHbllle, ueM r’:

r=r.

Hanee GyzmeT paccMoTpeH caydafl, Korja caMa TOYKa
2o He NPHHALJEXKHUT K OTKPHITOMY MHOXeCTBY G, HO BCsi+
Kasl TOYKa 2, YAOBJIETBODSIOUIAS YCIOBUIO

0<I2_20|<r,) r,>0’

NPHHAJJIEXKHT OTKPBITOMY MHOXecTBy G. IT0 cayuait
TaK Ha3bBaeMOH H30MPOBaHHOHN 0c000# TOUKM GYHKUHU
f(2). ®ynxnus f(2) He ompefesieHa B TOUKe 2y, HO Ompes
JleNleHa BO BCeX APYTHX TOUKax HEKOTOPOTO Kpyra ¢ HeH«
TPOM B TOUKe 2. B sToMm cnydae dynkuus f(z) pasna-
raercd B TaK HasbiBaeMbid pad Jlopana. ViMenHo, oHa
MoxKeT 6HTh pa3bura B CYMMY ABYX GYHKIHH

F2)=Fs (&) +F- (2), R

rae f+(2) pasmaraercs B pan Buaa (1) mo HeoTpuumas
TEJbHBIM CTENEeHAM BeJHUHHB 2 — 2o, a QYHKIUA f_(2)]
passaraercsi B Psifi MO OTPHIATEJbHBIM CTeleHAM BeJHs
YHHBl 2 — 2o, T. €. 3aNUCHIBAETCH B BHAE

f@Q=3"n+ ettt o et @)

2— 2
IpHYEM pAJ 3TOT CXOLUTCS NMPH JIOGOM
2542y, (4)
Cpasy xe npuBeneM npuMep TaKOH (GYHKIHH, KOTO=

PYIO MBI yXe€ Telepb MOXEM Da3JIOXHTb B P JIopaHa.

ITO ecTh .
z

fR)=e=. ®)
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ITe#CTBHTENBHO, MB HMeeM

1
€F =ldgtgmt ... +1- 540 @

(M. § 8, (4)). Han oymxkunn (5) fi(2)=1, a f(2)]
paBHa CyMMe BCeX 4JieHoB psaja (6), comepiallux OTpH-
1aTeNbHblE CTENEHH 2.

Mu Bunum, uro psix Teifiziopa ectb yacTHHI ciyuail
psaa Jlopana, mpH KOTOPOM TOUKa 2o MPHHAIJIEKHT OT=
KPEITOMYy MHOXecTBy (; Toria, Kak Mbl YBHIHM, QYHK-
uus f-(2) TOXKAECTBEHHO paBHA HyJIO,

Has nokasartenbcrsa Toro, yto QyHKUUSA f(2) pasma-
raercss B pax JlopaHa mo cremeHAM BeaHUMHB 2 — 2o,
MBl BbIGepeM INpexKjie BCEro OKPYXHOCTb Ky C HEHTpOM
B TOYKE 2j, LEJHKOM, CO BCEeMH CBOHMH BHYTPEHHHMH
TOYKAMH, 32 HCKJOYEHHEeM, ObITh MOKET, TOUKH 2o, CO-
Jep¥aluyrocs B OTKpHTOM MHoxecTBe G. [lasee, mycts
W — HEKOTOpas TOYKa, JeXauas BHYTPH OKPYXKHOCTH
K, ornnunas oT zo(w 7= 2o). BribepeM IBe OXDYXKHOCTH
K, ¢ mentpoM B Touke 2o 1 K3 C LEHTPOM B TOuKe w
TaK, 4TOObl OHH LEJIHKOM JieXKaJH BHYTPH OKPYXKHOCTH
K, n Haxomunnch Kaxpgas BHe APYrod. Terepb Mul mo-
JIOKHM -

A C))

g(z) z—w'

K sroit ¢ymkumu g(z) Mbl npuMenuM dopmyay (21)
§ 21, cunrasd, 4TO 20 =02 H W == 03. [I151 yn06CTBA BHI-
YHCAEHHH MBI A/ KaXJOrO H3 TPeX HHTErpaJios, BXOAs-
mux B dopmyay (21) § 21, sBesem ocob6oe oGo3HaueHHe,
NOJIOXKHB

@ =g | FEod,  m=1,23

2
m

torga Qopmyaa (21) § 21 Moxer 6HTh mepenucaHa B
BHJE
by (@) = hy (w) — b2 (w). (7

BriucauM Temepb MNOCJen0BaTelbHO (YBKUHH hg(w)),
hi(w) u ha(w). hs(w) HemocpeACTBEHHO 3a1aeTCsl HH«
TerpasbHoil ¢popmyJoft Kown (cm. § 21, (28)). B cuny
3TOH (OPMYJBI MBI HMeeM

hs (w) = [ (w). (®)
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Bruyucaum teneps ¢ynkuuio A (w). s 3Toro Mo 3a«
MHILeM BHPAaXKeHHE, CTOsIlee M0J 3HAKOM COOTBETCTBYIO
IUEro HHTerpaJja, B BHAE

@ __ f© —_1® . 1

v (C—z)—@=—2) L—2 | _w@w—2z
E—2
=if(§)_(w.__ﬁ)i. (9)
“~ (g_zo)n-l-l

Msbl pasnoxunu szgech B pPAA B BHIE TIeOMETPHYECKOH
NPOFPECCHH BHIpaXEHHE

w—2z '

| —
t—2

YTO BO3MOXKHO, TaK KaK BeJHYHHA
[£=5 =<t

- 20
HeficteurenbHo, Touka { JAeXHT Ha okpyxHoctH Kj, a
TOYKA W — BHYTPH 3TOH OKPYIKHOCTH.

Psx, crosmuit B npasoii uacta dopmynst (9), pas-
HOMEpDHO CXOAHTCS TO HepeMeHHOMY { (cM. mpumep |
§ 20) u noromy nomyckaeT mOuYJEHHOE HHTerpHpOBaHHE,
TaK YTO MH HMeeM

R F(D) d
h = - " T LT
1 () 2,“'“20((0 2q) 1§1(;_%)n+1
Hrak,

h=a+aw—2)+ ... +a,(w—2)"+ ...,
(10)

e 1 (_f@adt
“"=2ni,§<;-zo)"7*" (1n
H MBI IoJiaraemM
f+ (@) =hy ().

B cayuae, ecain ToUKa 2o NPHHALJIEKHUT OTKPHTOMY MHO-
KecTBY G, OyHKuua hy(w) TOXKIECTBEHHO PaBHA HYJIO,
TaK KakK Mbl HHTerpHpPyeM IO OKpyXHocTH Kj, KoTopas
BMECTe CO CBOeH BHYTPEHHOCTBHIO NPHHALJIERKUT 06JacTH
anddepennupyeMocTu GpyHkuuM f(2). B 3TOM cayyae Mu
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HUMEEM DaBEHCTBO

[ (@)= h (@)="F; (W)
(cM. (7) u (8)).

Briyucaum teneps yHKuMIO Ao (w) B cayuae, eciH 2o
He NMPHHAJJIEXXHT OTKPHITOMY MHoXecTBy (. ®yHKumio,
CTOSILLYIO IOJ 3HAKOM COOTBETCTBYIOIIErO HHTErpaja, 3as
nuleM B BHIE

P f @ _ o f® 1

1

f—v T lo-—zm-QC—2)  w—z |_Lt—z
w—2p
— (C'—zo)
= ;f()(—————w = 12)

3aech Mbl NPHMEHHJIH DPasjoXKeHHE B BHIE IeOMETpHUe-
CKOH NpPOrpeccHH BHIPaXKeHHs
1
1—f—=
w—2

’

TAaK Kak BeJIHUHHa
£—2

W —2p

=0<l.

HefictBUTeIbHO, TOYKA { JIEXKHT Ha OKDYHOCTH K, a

TOYKa @ BHe ee. Bcaeacrsue storo psag, crosmuii B npa-
BOH yacTH paBeHcTBa (12), paBHOMEpPHO CXOAHTCH IO §
H JONyCKaeT IOYJEHHOEe HHTerpHpOoBaHuHe. Takum oﬁpas
30M, MBI IOJIydaeM : 4

o %
— )= o g i
rue ;
6p= %méf(c) o —zfrde, (14)

Tenepb MbI NOJOKEM
f-(w)=—hy (w).

HecMorps Ha TO, 4TO 4YHCIO 2o He NPHHANJMEXKUT K OT-
KpHITOMy MHOXecTBY G auH(depeHUHPYeMOCTH (QyHKUHH
f(2), MoxeT cay4uTbcsl, 4TO BCe KOdDHUHEHTH a-—,
Q-2, ..y Q—p, ... pana (13) obpaimarorcsa B Hyab. B 3TOM
caydae QyHKHHA [-(w) TOXKAECTBEHHO paBHa HyJIO0, H
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TOoraa ciaeayert IOJIOXKHUTh
f(w)=F, (w),

Aoonpejenss TeM CaMblM HCXOAHYI0 GVHKIHIO f(z) g
TOYKE 2o Tak, yroObl OHa CTala aAHAJHUTHYECKOH u p
TOUKE 2. '

Hrak, Mpt pasnoxumn dyrkuuo f(w) B cymMMy aByx

QyHRUHH
f@) =Fi(w)+ - (@)

IlpaBna, sgech B BHAE apryMeHTa CTOHT GyKBa w, a He
2, HO @ MOXeT ObiTb 3aMeHeHO GYKBOH 2, H MBI MOJyYIIM
pesyabTar, KOTophlfl Obl1 chOpMyIHPOBaH BHauage (cM,
(2)). 3amernm, uro pan (13) ans Gysrumm f-(w) cxo-
JAUTCA TPH BCEX 3HAYEHHAX @ 7= 2. CornacHo mocTpoe-
HHIO OH CXOJHTCA AJSl BCeX 3HAUEHHH W, YIOBJIETBOPAIO-
LUX HepazeuCTBY

rn<lo—z|<r.

Ho, xaxk yxe oTMeuasoch, Ko3GUUHEHTH a—_p (CM.
§ 21) me 3aBucAT OT pa;uyca r, okpyxkHoctH K, Ta-
KuM o6pasoM, Ans mocrpoeHus psiaa (13) u ero cxoau-
MOCTH [JOCTaTOYHO, YTOOH OBbLJIO BBIOJHEHO HepaBeH-
CTBO

O<Iw‘—201<f1.

YUro xacaercs w, Haxonswuxcs BHe Kpyra K, To
CXOLMMOCTb 3TOrO psfa BHTEKaeT H3 TOr0, 4TO NpPH Bhi-
xone u3 kpyra K; unensl psana (13) mo Moaymamo cra-
HOBATCA MeHblle, Takum o6GpasoM, pan (13) cxomurcs
IIpH MPOH3BOJILHOM W = 25, TaK 4TO NOCTATOYHOCThH YC-
J0BHsA (4) ANA cXOZMMOCTH psisa (3) DOKasaHa.

Touka 2, He Bxoasuiasi B OTKPHTOE MHOXECTBO G,
Ha3bIBAETCA  UB0AUPOBAHHOL 0060l TOuKOU (DYHKIMH
f(2). Pasnnuaior Tpu pasiHYHBIX THOA OCOGHIX TOYEK.
Ecnu pan (3) comepxkur 6ecuncieHHOe MHOXKECTBO HJjes
HOB, TO TOYKa 2y Ha3bIBAETCH CYU,ECTBEHHO 0c0o60il TO4-
koil ¢yrxunn f(2). Ecam pag (3) comepXur JMuLIL Ko-
HEYHOE 4ICJO YJEHOB, OJHAKO OTJHYHOE OT HyJs, TO
TOYKa 2 Ha3ulBaerca noswcom Gynkuuu f(z). Ecau pax
'(3) BOBce 1le COAEPIKHT YJIEHOB, TO TOYKAa HAa3bIBAeTCH
ycrpanumoil ocoboil Touxkoi Gynkuuu f(z), Tak Kak, npus
HaB 3Tolt (PYHKUHHM B TOuKke 2zo 3HaueHHe [(Z)= @y, MH
nonyyaeM pasioxenue ¢yHKUHE f(z) B psax Teftnopa
B TOUKe 2.
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[MoabITOXKUBasA NMOJYUEHHBI PEe3yJbTaT, MH MOXKeM
zanucaTbh pasioxeHue ¢yHkuuu f(2) B psin Jlopana B
TOUKE 2o B CJEIyIOLleM BHIe:

f&)=2a, @ —a)", (15)

rie n TPHHUMAaET BCeBO3MOXKHLIE Iesble 3HAYEeHHS, Kak
OTpHIlaTe/IbHEIE, TaK M IOJOXKHUTeNbHble. Terneps BO3HH-
KaeT BOMIPOC, ONpPeAesIoTcs MU Ko3(D)UIHEHTH dy, BXOs
paime B pasaoxenue (15), camoit dyuxuuein [(z).
Huaue rosops, He MoxeT aH ¢yHKuus f(z) OuHTbL pas-
JOXKeHa B TOYKe 2o B pAA JlopaHa AByMs pasiHYHBIMH
coco6aMu, T. €. ¢ pasHEIMH Koadduuuentamu, Joka-
K€M, YTO 3TO HEeBO3MOXKHO, T. €. TOKaxkeM, UTO K03(ppu+
IIMEHTHl @, pas3noxeHus (15) onpenensiiorcss GyHKIHed
f(2). 3amerum mnpexpe Bcero, uto pAx (15) cxomures
paBHOMEPHO Ha BCAKOH OKPYXHOCTH K ¢ LEHTpOM B 2
[IOJIOXKHUTENHHOIO pajuyca, He NpeBOCXOASIIero ry. ¥M-
HOXHM paBeHCTBO (15) Ha Beauuuny (2 — 2p)—(*k+D),
rae k— Npou3BOJbHOE Lesioe Yucao. Torga MBI MOJy-
YUM PaBeHCTBO

@) =2 =Xa,e—2"" """ (1)

Tak kak psij, crosuiuit B npaBof yacTd paseHcrsa (15),
pPaBHOMEPHO CXOJHUTCS Ha OKpyxHOCTH K, To u psan (16)
TaKXe CXOAUTCS PaBHOMEPHO Ha OoKpykHocTH K. Takum
o6pasoM, MPH HHTErpHPOBaHHH paBeHcTBa (16) mo ok-
pyxHocTH K Mbl MOXeM INpaByl0 4acTh HHTErPHPOBATH
HouJeHHO. B pesysbrate 3T0r0 MHTErpHPOBAHHA MBI II0=
Jy4aeM paBeHCTBO

{foe—20* s =3 e, {@—20"""a. (17)
K K

n

B § 21 (cm. (24), (25) O6Bbli0 JHoKazaHOo, YTO

- 1
g(;—zo)" @+ gr 0 TOJBKO B TOM CJyuae, Korjga
K
nnoxasateJsb creneHu n —(k 4+ 1)==—1, T. e. 3TOT UHTEr=
paJ OTJIHYEH OT HyJsl JHULIL B TOM CJydae, Koria n =R,
Takum o6GpasoM, Mbl M3 coOTHOMeHHA (17) moayyaem

a=ar | TOE—2)*dz  (8)
K
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dopmyna 3Ta B SBHOM BHAE BHIpa)KaeT Kodbdulmenr
ar uepes QyHkuuio f(z). Tem cambiM Bce KO3 DULHEHTs
pasnoxenns (3) ¢ynkuuu f(2) B psax Jlopana B Touke
20 ONHO3HAYHO ONpelendioTca caMoli ¢yHKuHeH [(z).
3aliMeMcs Teneph ellle OXHHM BONPOCOM eNHHCTBEH-
HOCTH.

ITpumep 1. CBA3HOE OTKPHITOE MHOXKeCTBO G M
OyneM HaswBaThb oOsacTblo. HamoMmuHaio, uTo MHOXKe.
crB0 (G HasbiBaeTCs CBA3HLIM, €CJIH KaXible ABE ero
TOYKH MOXHO CBsSi3aTb JIOMaHOH JHHHEH, NpPOXOAsmed B
3ToM MHOXecTBe (cM. § 12). Ilycts G — HeroTopas 06-
JacTh, Ha KOTOPOH 3ajaHH [Be aHAJHTHUYECKHE (YHK-
und fi(2) u fo(2). Domyerum, yto cymecTsyer Takoe Gece
KOHeuHoe MHOXecTBO M Touek o6sactu G, uMelomlee
CBOEH MNpenesbHOH TOUYKOH TOYKY 2o obGaactH G, uTo
byukuny fi(z) u fo(2) coBRamaioT BO BceX TOYKAX MHO-
xKectBa M. OkaswiBaeTcs Torna, uro eyHKHHE fi(2) n
f2(2) ToXpecTBeHHO paBHE MeXay cobolf Ha Bcelt 06-
Jnactu G. JJokaxeM 3To.

[Iycts 2* —mpousBosbeast Touka obsacth G U 2 =
= 2(f)—nyTh, COENHHAIOUIUI TOUKY 2y C TOUKOH 2*, Ile-
JIHKOM TpoXxojduiuit B obaactu G, Tak 410

z()=2, 2()=2" {(L<IKL, (19)

npuueM TOUKa 2z(f) mpuHamIexuT o6aactu G. Kak yxe

" 610 moxasana B § 9, w3 Toro, uro QyHkuum fi(z) u
f2(2) cosmajamT Ha MHOXecTBe M, enenyer, 4To B TOuKe
20 UX pasjoxkenus B paas Te#nopa coBmagaior. Tak Kax
paxuyc¢ cxoaumocTH r 3Toro psna Teftsopa nosoxures
JeH, T0 yacth nyTtH (19), naynnawowmascsa B Touke z(fo),
NPpOXOAHUT BHYTPH Kpyra pajuyca r ¢ LUEHTPOM B 2o, H
Ha 3TOM OTpe3Ke NYTH HMeeM

fiz®)="F2 (2 (). - (20

ITycrs Tenepb {; — BepXHHU# Npefies MHOXECTBA BCEX 3Ha-
YeHHH ¢, N7 KOTOPHIX MMeeT MecTo paBeHcTBo (20). Tak
Kak ¢yukuun fi(2(f)) u f,(2(f)) nepemenHoro ¢ Hempe-
PBIBHBI, TO B TOYKE f; MHl TaKXe HMeeM DPaBeHCTBO

fiz@)) ="Fa2(z(t). (1)

Takum o6pasom, B Touke 2, =2z(t) ¢ynxuun fi(2)' n
f2(2), coBmapgator. anee, Tak Kak TOuKa f; SBJSETCS
Npexe/bHOR AJs TOUeK #, YAOBJETBOPSIIOMMX YCAOBHIO
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{20), TO u TOuKa 2; ABAAETCH NMpeENbHOH IJIA TOUeK 2,
A719 KOTOPBIX BHINOJHEHO PAaBEHCTBO

f1(2)={2(2).

W3 mocaennero cienyer, uro pansl Teiiopa gas ($YHK-
unit fi1(2) u fa(2) B Touke z; comamawor. Paguyc cxo-
AUMOCTH 3T0ro psina Tehimopa MBI 0603HAUHM uepe3 r.
Ecnu tenepe momycruts, uto #) 7= £*, TO OKAaMercs, uTo
UMEeTCs UeNblil oTpesok myTu (19) npu ¢, npuHamIexa-
IeM OTPesKy ) << ! << fp, LeNUKOM JIeXallluii B Kpyre
papuyca r; C IGHTPOM B 2, H MO3TOMY TOuKa f; He §IB-
AACTCA BEDXHUM IpelesioM TeX TOYeK, A KOTODPHIX
IMeeT MeCTo paBeHCTBO (21). Mirak, MH p0Kasann, urto
{; = {* H, cAeOBaTe/NbHO, B TOuKe Z* = z(f*) QyHKUHU
f1(2) n [2(2) paBumb Mexnay coboit. Tak Kak Touka z*
€CTb NPOM3BOJIbHAA TOYKA 06aacTH G, To QyHKUuH fi(2)
u f2(2) coBmanaior Bo Bcex TouKax o6.acTd G.

M3 pokasanmOro HenocpejncTBeHHO BHITEKaeT, YTO
€ClH HekoTopas (QyHKuHA f(2) ob6pamiaercs B HyJab BO
Bcex TouKax MHoxectBa M obnacti G, To GyHKHuA 3Ta
TOKIECTBEHHO paBHa HYyJ/I0 Ha Bced obGaactH G.

[Ipumep 2. Xora onpepenenne IPOU3BOJHON meHi-
CTBUTE/NBHON (QYHKUMHM NeHCTBUTENBHOTO NepeMeHHOro H
onpejesieHye NPOH3BOAHON KOMIIEKCHOH (GYyHKUHH KOMII-
JIEKCHOTO MepeMeHHOIo (OPMAaJbHO COBEPLIEHHO OXHHA-
KOBHl (cM. § 10), uTo U naeT BO3BMOKHOCTE tdopmyanpo-
BaTh MX OJHOBPEMEHHO, peajibHOe cOxep:KaHHEe THX IO-
HATHA BechbMa pasJHyYHO. IIpennonoxenue, uto meii-
CTBUTeNbHAA (QYHKUUA JAefiCTBHTEABHOrO IepeMeHHOro
nupdepernuupyema, T. e. HMeeT NPOUSBOHYI0 B Kakof
TOYKE, SBJIAETCS CPABHHTENBHO CJAGBIM OrpaHHYeHHEM
Ha ¢yHkumo. [Ipexmonoxenne Xe, 4TO KOMIJIEKCHAS
(QYHKIUA KOMIIEKCHOTO NepeMeHHOro nu¢ppeperuupye-
Ma, T. e. HMeeT HPOU3BOJAHYIO B KaXAOH TOYKe, IBASETCH
TPeGOBaHHEM YPEe3BHUANHO CHILHBIM. DTO IayGoKoe pas-
JHYHe BHAHO, B YACTHOCTH, B TOM, YTO AeHCTBHTEJbHAs
- GYHKIHSA [1eHCTBHTENLHOTO HepeMEHHOr0, HMeKuas npo-
H3BOAHYIO NPOH3BOJBHO BHICOKOTO NOPSAKA, MOXKET He
passiarateCsl B CTenmeHHO# pax (cm. § 15, npumep 2), Ho
KOMIJIeKCHAs (YHKUHS KOMIJIEKCHOrO IepeMeHHOro,
HMerolas Nulllb NPOH3BOAHYIO MepBOro MOPSAKa, pasJa-
FaeTcs B Kax/OH TOUKe B CTeNeRHOd psai. drta riy6o-
kas pasHulla oGbsICHSETCA TeM, YTO KOTJa MbI ONpee-
/A€M NPOHSBOAHYIO ['(x). AeficTBUTeNbHOR QyHKIEH f(X),
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IefiCTBHTE/IBHOTO MepEeMEHHOr0 X, T. €. H3y4aeM OTHO«
HIEeHHE

IO =i
E—x

npH §— X, To £ MOXeT NPHOIHKATLCH K X TOJBKG C IByX
CTOpOH, yObniBas uam Boapacras. Ilpu onpenesnenun xe
NpOH3BOAHOH ['(2) KoMmeKcHo# OyHKuuH f(2) Komm-
JIEKCHOTO NEePEMEHHOr0 2 Mbl H3y4aeM OTHOIIEHHe

M HIUEM Npejes 3TOro OTHOLIEHHS MpH §— 2z, mpuuem §
MOXKeT NPHO/INKATBCA K 2 0 GeCKOHeuHOMY MHOXECTBY
HanpaBJleHH, TaK KaK { HaXOLHTCS He HA MPAMOM, a Ha
NMJIOCKOCTH KOMINIEKCHOrO nepemenHoro. Tak, Touka {
MOXeT NpHONHKATBCA K TOYKE 2, ABHrasch TOPH30H-
TaJIbHO, HJIM XK€ 3TO0 NPHOGJHKEHHE MOXKET OCyIIECTBAATh+
Cs NpH ABHXEHHH TOYKH { MO BepTHKaNbHOMY Hampas-
JeHH0. B obounx ciyuasix B mpegese A0MKHA TOJYUHTH-
Ci OJHA M Ta XKe BeNHYHHA, a 3TO yXe HaJaraeT Ha
dbynxuuio f() BecbMa CHIbHBIE OrpamHueHHS. S TOro
4TOGKl pa3obpaThest B 3TOM, pa3obbeM BEJHUYHHY 2 Ha ee
AeACTBUTE/ILHYIO H MHHMYIO YacTH, MOJOXHB 2 = X +4-iy.
Benmuuny f(2) Takke pasnoxuM Ha AefCTBHTENBHYIO
H MHHMYIO YacTH, MONOXKHB [(2)=u(x,y)-+ iv(x,y).
[Monoxum nanee
E=&+ni;

TOra oTHOlleHue (22) sanuileM B BHIe

u(En)+ivE n)—u(x, y) —iv(x, y)
E—nFit—0 - @
Ecau teneps § — z ropusouranbHo, To B dopmyne (23)

CleNyeT TNOJOXUTb N —y =0, u Ipeae] OTHOWeHHA
(23) nmpu ¢ — 2z noayuaer Bun

ou(x,y) , ;. dv(x, y)
o Tl (24)

Ecan {— z BepruxannHo, 10 B bopmyne (23) cae-
AyeT noaoxKuTh § — x =0, u npeses (23) noayuaer suz

1 du(x, y) v (x, y)
T oy + o (25).

Tag Kak Bbipaxenns (24) u (25) Ro/KHBI GLITH paBHBbI
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MeXIy co0oH, To Mbl MOJyYaeM ABa COOTHOUIEHHS
oul(x, y) __ 0v(x,y) Julx,y) __ _ Ov(x,p)
ox dy i dy ox
CooTHOLIEHUA 3TH HasnlBawTcs ycaosuamu Kouwiu — Pu-
mana. V13 3T0ro BHIHO, HACKOJNbKO BEJHKH TpeGOBaHUS,
KOTOpbI€ MBl HajlaraeM Ha KOMINIEKCHYIO GyHKUIUIO KOMIi-

JIEKCHOTO NepeMeHHOro, tpebys, uTo6b OHa HMesaa Npo-
H3BOJHYIO.

§ 23. Bniuetn

Bynem HcXonuTh H3 HEKOTOPOH aHAAHTHUECKON (BYHK-
uuH [(2), 3aiaHHON Ha HeKOTOpOi obaactw G. Kak Mul
yXe roBODHJH B HpenmiayiieM Iaparpade, Moxer cay-
YHTBHCSH, YTO HEKOTOPHIH KPYr C LEHTPOM B TOUKE 2y MOJI-
HOCTBIO, 32 HCKJ/IOUEHHEM JHIIb CBOEro LEHTpa 2o, NpHu-
HaJJ1exkuT obaactd G. B atom cayuae Touky 2y MB Ha-
3LIBAJIH - H30JIMDOBAHHOH 0co60# Toukofl GyHRUuM f(2).
Mpl pasanyann TpH BHAA OCOOHIX TOUEK: CYIIECTBEHHO
oco0ble TOYKH, TOJIOCH H YCTpaHHMbiE OCOOble TOUKH.
B ciyuae ycTpanuMolt 0cOGOH TOUKM MOXHO NPHAATDH
Gyukunu f(2) onpemeneHHoe 3HaueHue [(zp) B 3TOH
TOYKE H TEeM CaMhIM ciesaTb (QYHKUHIO f(2) aHaduTH-
ueckOfl (yHKUHe# B Touke 2,. TakuM o6pasoM, ycTpa-
HEMY®0 0co0yl0 TOUKY 2o (QYHKUMH [(2) ecTecTBeHHO
BKJIIOYHTh B MHOXkecTBo (. B aByx npyrux cayuasx,
FOBOpSI, UTO TOYKA 2o SIBJSETCS CYIIECTBEHHO 0c000il
TOYKOH HJIHM NOJNIOCOM (GYHKIUH f(2), MBI TeM caMbIM Kar
Obl BKJIOYaeM TOUKY 2p B YHCJO TeX TOUEK, B KOTOPHIX
(yuknua f(z) paccmarpusaercs. I[TosTomy ecTecTBeHHO
BKJTIOUHTh BCE H30JIHPOBAHHLIE OCOOble TOUKH (YHKIUH
f(2) B o6nacts G, ¥ Tak pacluMpeHHOE MHOXKECTBO CHO-
Ba 00603naunTh 4epe3 (. DTO paclIHPEeHHOE MHOMKECTBO
G raxXe ABNSETCS CBA3HBIM OTKPHITHIM MHOMKECTBOM, T. €.
obnactbio. Mel 6yZeM roBopuThL Temepb, YTO aHAJIHTHYe-
CKas ¢yukuus f(2) 3agmana Ha o6aactu G, XoTq B gefi-
CTBHTE/JbHOCTH B 0COOBIX TOYKAX OHa He OMNpejeseHa,
Crenyer oTMeTuTb, UTO MHOXecTBO M 0COGBIX TOuex
Gynkuuu f(2) Moxer OniTb OGECKOHEUHHIM, HO OHO He
MOXeT HMeTh NpefeJbHOH TOYKH B ob6aactd G. B ca- -
MoM neste, AJis1 J11060H TOUKH 29 o6aactu G yHKuua f(2)
RudoepenunpyeMa B HEKOTOPOM Kpyre . ¢ LEHTPOM G
TOUKEe 2g, 3a HCKJIOYEHHEM, OLITh MOKET, CaMOH TOYK!
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20, ¥ TIOTOMY BHYTPH 3TOro Kpyra ®yHKUHA f(2) He Mo«

XKEeT UMeTh OCOOBIX TOYEK, OTJHYHBIX OT Zp. Takum o6pas

30M, TOYKA Zo He MOXKET GOBITh NMpPeNeAbHON MIJ MHOXe.
crea M.

NoBepenne eyukuun BGAM3M noawca u HeocoOok
TouKH. ITycThb f(2) — ananuTAdeckas GyHKmus, 3agannag
Ha obnactu G, U 2p— HEKOTOpas TOYKa 06JacTH G, He
ABJAIOWAACA  CYIIECTBEHHO 0CO00H TOUKOH (yHKIum
f(2) (cayuait nmomoca e uckmouer), Toraa B HEKOTO
pOM Kpyre ¢ LEHTPOM B 2z QyHKUHA [(2) MOXKeT GHITh
3anvcaHa B BHIe

fR)=@E—2)F@), (1)

rae
Feo=a+ae—z)+...+ae—2)"+..., (

npryeM do = f(20) 5= 0.

Hokaxewm sTo yrpepxaehue, Tak Kag 2, He sBJIseTCS
CYLLeCTBEHHO 0COGOH ToukKoA GYHKUMH f(2), TO byHKIus
f(2) B okpectHOCTH ToukH 2z MOXeT 6LITh 3amucana
B BHIe

Fe) =2 anle— 2, ®

rae ap 7 0. Takum obpasom, ¢yskumus f(z) moxer
OLITb 3aNHCaHa B BHAE

[R=e—2d"[ay+a, 11 (e—2)+ . . .+ mlz—20)"+. ... ].

(4)
Tem cambiv dopmyna (2) moxaszana.

B caywae orpumatemsroro p TOBODHT, 4TO (hyHKIHA
f(z) mmeer B Touke 2z, mosmoc nopanka —u. B cayuae
IONOXXHTEALHOrO W FOBOPAT, YTO GymKUms f(2) HMeer
B TOUKE 2o HYJIb KPATHOCTH {1.

Ornomenue aByx dynxumi, [Tycrs 9(2) u P (2)— ase
aHAINTAYECKHe QYRKUMH, 3aiaHHEe B 00MacTH G, H TOY-
Ka 2o — Heocobast TouKa STHX QYHKUu#, U mycTb

¢(z)=/&o+al(z—zo)+...+6;n(z—zo)“-l-.... 5)
b@=h+b—2)+... +Ble—2)"+... (8

— Pa3J0XKeHHA ITHX (yHRUME B pagbl Tefisopa B TOuKe

2o, IpHYEM

G=0(20) 70, Po=1 (20) 70, )
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Tlyctb o — pajiye CXOMUMOCTH PsAAa (5), o0— pannyc
cxoaumMocTa paxa (6) u o’ — paccrosiHue MeX Iy TOYKOH
20 0 OnuxafimiuM K Helt HysneM dymkumm P(z). Hau-
meublllee H3 YHceJs p, 0, 0’ 0603HauyuM uepes ¢’’, Torna
oTHOUIeHHE § (2)= :;2; pasjaraercs B psan Tefinopa

Ftne—at ot ue—a) o, @)

npuyeM paIHyC 7 CXOZMMOCTH 3TOrO psiia He MeHble
gem o”’/.

Jokaxem sro yrsepxaenue. Ortnomenue & (2)/P(2)
HMEET NIPOH3BONRYIO B Kax o Touke 2z (cm. § 11, (17)),,
yHOBJETBOpsOWEll yCJA0BHIO |2 — 20| < 6”, W moTromy
ABJSETCH aHaJUTHYeCKol ¢(yHKUHeHd B o6nactn G, om-
peneseHHoit ycioBHeM |z—2o|<<'o”. B cuay pesyias-
TaTOB INpeabigymiero mnaparpada OHa pasjaraercs B
TOUKe 2y B paAx Teliopa ¢ paguHycOM CXOAHMOCTH, He
MeHbmuM ueM o”. [lepsmiii usner %(20) psana Teiyopa
'(8), oueBHIHO, paBeH OTHOLIEHHIO

Bla) _ o 4, 9
V() |30 . ©)

Taxkum o6pasom, Hallle yTBepKAeHHE LOKa3aHO.
Iycts remepp @(2) u Y (2)— aABe GyHKUMH, 3aaH-
Hble B OKPECTHOCTH TOYKH 2o POpMyJaMH

() =(2—2)"9(2), VR =(z—2)"9(2)

‘(em. (4)), rme ¢yukuun § (2) H $(2) pasnaraiorca B
paxs Tehsopa no crenensaM (z — 2¢), IpHYEM

$(z0) =0, (z0) #0.

Torzma orHoLleHHe

1 C) p—q
% (@) =28 =z —2)""i(a), (10)
rae 4(2) pasaaraerca B pax TeHsopa B TOuKe 2y M
A i ® (zD) 0 11
§ (20)= ) - (11)

BTo yTBepkJeHHE BHITEKAeT HENOCPEACTBEHHO W3 ¢op-
Myn (8) u (9),
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Buiuersl. Ilycrb f(2)— ananutuueckas GYHKINS, 3234
naunas Ha obnactu G, H 2p— HEKOTOpas TOYKa 3ToR
obaactu. ITonoxnm : 4]

i ;

vE@=5r (1040,

K

rie K ectb OKPY2KHOCTb C LEHTPOM B 2y HACTOJBKO Mae
JI0r0 panuyca, 4To npaBas uactb (12) yxe He 3aBucHp
OT 3TOro pajuyca. Beamunna v(2p) Ha3hLIBAETCS 8b6lyes
ToM OyHKuuM f(2) B TOouke 20. Ecam 2z, He sBasiercy
ocoboit Toukolt yrKUHH f(2), TO BHUYET U (Z) Q)YHKHHE;
[(2) B Touke 2o, OueBHAHO, paBeH Hymo (cM. § 21, (20)).,
Ecan 2y ects ocobasi Touka ¢yHKuuH f(2), TO BeJHUHHa
v (20) ompenensiercs opmyJoi

v(0)=a.y,

T1e a_i ecTb Ko3hduuuent pana Jlopana npu (2 — 2p)~!
(cMm. § 22, (14)).

Iycts Ko — Takas 3aMKHyTass KPHBas, YTO BCE TOUs
Kd, JieXalllue Ha Hell W BHYTDH Hee, NMpPHHanJeXaT 06s
nacru G. Torna BHYTpH 3TOoii KpHBOH M Ha Hell caMof
MOXeT OBITh JIMIUb KOHEUHOE UHCJAO OCOGHIX TOYEK, Tar
KaK MNpefllesibHast TOYKa MHOXKECTBA BCeX 0COOBIX TOYeR
He MOXeT mnpuHaaiexats ob6nactH G. Mb Gymem npefs
nosiarath, 4T0 Ha caMoil Kpuso#t Ko HeT 0ocOGHIX TOYeR
OGynkuun f(2). O6Go3HauuM uepes 2y, 2, ..., 2m COBO=
KYIHOCTh BCeX OCOOBIX Touek OYHKIHH f(2), Jexamux
EHYTpH KpuBO# Ko. Torza mmeer Mecto dopmyna

= Od=0@) 4 0@+ ... 40 (13)
Ko .

Jlnsi mokasaresbCTBa 3TOrO YTBEPKAEHHS OKPYIKUM KakKs
Ayi0 TOUKY 2j OKPYXKHOCTbIO [; JOCTaTOYHO MaJjoro pas
auyca. Torna B cuay dopmyan (30) § 21 Mu uMeeM

2l i0a=Y 1 {foa=Y o)

Ko i=1 K; I=1

Takum o6pasoM, ¢popmyna (13) nokasana.’
Jlorapudpmuueckue Boiyersi. Ilycrs f(z)— PyHKUMA,
3ajnaHHas Ha obaactd G. Oyuruus
_ @
g (z) - | (Z)
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Ha3LIBACTCA  n02apupmuueckoil npouszsodnods byrxunn
f(2). LejicrBurenbno, Mb umeenm

g@=—1nf(2).

BrpoueM, nocnennss dbopMyna mam BoBce He HyX-
Ha. OHa.TONbKO 0GbsicHsTeT HasBaHHe QYHKUUH g(2).

ITycts 2o — npoussoabras Touka o6nacry G, He siB-
JANIAACA CYIIECTBEHHO 0C060f TOYKOi bynkuun f(2).
Torna B oxpectHOCTH Toukm 2, OyHknua f(z) sanuce-
Baetcsl B BHAe (4). Mul umeenm, naiee,

@) =ndz—2"" + (u+1)8,(z — 2 + ...
coo AR d, (2 —2) T 4L

g@=4E—ue—2+v (9

(em. (10)), rme y(2) ects PAL MO HeOTPHUATENbHBIM
CTCNEHAM 2 — 2), HMEIOUIHH NOJIOXHTENbHbIH pazuyc

cxopumocri. Torxa BrlueT v (zp) JorapudMuuecKoir npo-
H3BOIHOH g(2) (ao0eapudmuueckui 8obl4er) (DYHKL UM

Takum oGpasom,

f(2) onpenensercst bopmyaos —2%8 gi@)di=np.
K

[lyers rtenepsr K, — nekoropas 3aMKHyTasi KpHBasd,
npoxonsias B obnactn G, B KOTOpO# 3agana ¢byHKRUUA
f(z). Mbt mpexnosnoxum, uto Bee TOUKH, JexKallie BHYT-
pu KpHBO# Ko, npuHafiexkaT o6aacty G ¥ 4TO Ha caMoil
KDHBOH M BHYTPH Hee HET CYIIECTBEHHO OCOGHX TOUeK
¢yukuuu f(2). Kpome Toro, Msr 6yneM cudTaTh, 4TO Ha
KpuBoit K, HeT Hu HyJell, HH HOJIOCOB byukuun f(z).
Hycts Temeps 2y, 2, ..., Zp — COBOKYNHOCTb BCEX HY-
aeft ¢yHRuun f(z), aexawux BHyTpH Kpuso# K,, mnpu-
UeM 2; HIMEeT KpaTHOCTb ;. Ilycts, nanee, 21, 25, . .., 2;—
COBOKYNHOCTb ~ BCeX I0JI0COB  yHKuuu f(2), Jexa-
WHX BHYTPH KpHBOH Ko, mpuueM 2, uMeeT MOPANOK ve.
Iycrs h(z)— HekoTopast (YHKUHS, aHAJHTHYECKAsT B
obnacty G, He uMeOLIas B 3TOH 06JaCTH HHKAKHX oco-
GenHOCTeH, T. €. HM NOJIOCOB, HH CYLIECTBEHHO 0COGLIX
Touek. OKasbiBaeTcs, 4TO TOrja HMeeT MecTo crenyo-
lias oveHp BaxHaa dopMysna;

- , P q
2O FE a=Y unie)— Y vae. 1s)
K i=1 k=1
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O6o3naunM uepe3 K; DXpYyXKHOCTb MaJoro pajinyca
C LEHTPOM B TOYKEe Z2j, a Yepes Lk‘—'Opr}KHOCTb MaJoro
pazuyca C LIeHTPpOM B TOYKe zk. Torga MBl HMeeM

Feas
7 VB Q) To [rO 2 =whe)

Ky Ky
(CM (14) u § 21, (28)). Touno TaK xe uMeeM
T @adz L (—vy)dg .
oni S h (g) i (g) = oni S h (g) ——_E—z‘.—— = — 'th (Zk)
Lg Ly k

(cm. (14) u § 21, (28)). U3 dopmyan (30) § 21 cie-
LyeT, 4To

P q
r®ad __ *

9

B uwacrtHom cayuae, Korja A(z)=1, MH moJyuyaeM
BaXKHbIfI pe3yJbrar:

1L\ r® ‘
“2578 T E=e (1)
rie p— obmee 4ucao HyJell ¢ysknuu f(2), cofepKa-
LUXCsl BHYTPH KPHBOR Ko, ¢ y4yeToM MX KPAaTHOCTEH, a
v — oflilee YHCNO HOMIOCOB (GYHKHHH f(2), CORepKANHX-
csl BHYTpH KpuBO# Ko, ¢ y4eTOM HX NMOPSIAKOB.

B npyrom BaxkHOM cJaydae, Korda h(2)==2, MH

HMeeM
1\ g @dt
2m’S o E w2y — E ViZge (17)

Ko

Ipumep. Ionpsysce aorapnq)mmecxnm BBIYETOM,
JAOKaXeM OCHOBHYIO TEOpeMYy ajreGpH, T. €. AOKAKEM,
4yTO MHorowneH f[(z)= 2"+ @iz"'+ ... + an umeer
pOBHO n KOpHeHl C y4eToM HX Kpamocweﬁ Hdas aToro
COCTaBUM JlOrapH(PMHUECKYIO NPOUSBOAHYIO

@ _ n"~'+(n— l)alz"-’+ .+ an—
g(Z) f (Z) zn+ a;z"—‘ + + an (18)

H JO0KaXeM, 4To

2l e@dz=n,
K
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rae K ects okpyxuocts AOCTaTOYHO GOJBLIOrO pannyca
7 C UEHTPOM B TOUKe 2 == ().

Tak kax crosmuft B neBog 9aCTH NOCJIEHEr0 paBeH-
CTBA HHTErpasr GepeTcs 0 OKPYKHOCTH K 6osbworo pa-
AHYCA 7, TO 3aMEHUM BeJHYHHY 2, 0J0KUB

z2=1/u. (19)
Torza ans Gonswux sHauenust BEJHYHHL 2 Be/HuHHA 4,
obparnas eff, 6yner Mana. Cuenaem NoACcTaHoBKY (19)
B dopmyay (18). u moce aroro YMHOXHM YHCAHTENL U
SHaMeHaTeJb NOMy4eHHOH APO6H Ha u". Torma wmp o~
JYYHM,
IN_ nu4ugp)
e (&) ="t (20)
rie GYHKIHA ¢ (1) W (1) ABIAIOTCH MHOFOUIeHAMH 1o
CTENIEHAM i, NeNANMUCH HA & (T. €. KOHEUHBIMH pATaMu
6e3 csoGommbix uieHos). Toraa g (l/u) paanaraercs s
CHEAYIOWMA P O CTENEHAM i:

gMu)=nu+vul+ ... +yu™ 4 ... (1)

C HMOJIOXHTEJILHEIM PAafHyCOM CXOAUMOCTH p.
ITopcrasasis Temepn 1/2 BMecTo 4, MBH NOJyYHM B
cuiy Gopmya (20) u (21) :

gA=F+%+. .+,

Psn sTor mo oTpumaTensHHM cTememsM z pPaBHOMEpHO
1
CXoauTCA IpH [2|=r > 7 Y AOTyCKaeT OTOMY mouneH-

HO€ WHTErpHpOBaHHE MO OKpYyXHOCTH K pamuyca r, u
MEI noJiyuyaeM

1 S F@yae
2 ). 1@ ’

Tak kak MHorousen f(2) He umeer MOJIOCOB, TO
nocnennsis GopMmysaa ykasbiBaeT Ha TO, YTO B Kpyre K
HMEeTCs1 POBHO 1 HyJIell MHOro4YJeHa f(2).

§ 24. Haxoxnaenue o6parnoii byHKuuu

Hcnonbayem pesyabrarhl, nojyueHurle B § 23, ans
Haxoxpenus o6patHo#t ¢ymkumu (cm. § 11),
Paccmorpum ypasnenue -

P (w) =z, (1)
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rie P(w) ecTb amanuTHuecKas GYHKIHA NepeMeHHOrg
w, pagnaramomascs B paa Tefinopa B Touke w = wy, T. e,
B0 HEOTPHUATENBHEIM CTENEHSIM BeJHYHHB W — W,, NPH«
4eM IS 3TOM (YHKIHH BHINOJHEHB YCAOBHS 1 (W) = 2,
V' (wo) 7 0. B ypaBrenun (1) Beauumny w Mul GyneM
CUHTaTh HCKOMOH HEHM3BECTHOH BEJNHYHHOH, a 2 — HM3BECT=
HOH BeJHYHHOH. Mul noKaxeM, uto ypasuenue (1) uMeer
pewienne ® = @(2), rme @(2)=wy, HpHIeM @(2)—
aHanMTHYeCKas (QYHKUHUSA NMepeMeHHOro 2, pasJsaraiollasia
¢ B pax Tefinopa B Touke 2 =12y, T. e. M0 HeOTpHIa-
TEJbHBIM CTENEeHAM BEJHYHHH 2 — 2.

Ilns noKasaTenbcTBa BHIGEpeM B MJIOCKOCTH KOMII<
JIEKCHOTO NMEPEMEHHOT0 W OKPYXHOCTh K HACTONBKO Mas
Jioro  paauyca, uto0n ypaBHenHe Y (w)— P (wo)=0
MMEJIO BHYTPH 3TOH OKPYXXHOCTH JIHIIb OIHH KOpPEHb
W=wp KpatHOCTH | (cM. § 9) ® urToGH OyHKUHA
Y (w)— P (wo) He obpamanacs B HyJb Ha STOH OKPY XK=
HOCTH, TaK YTO I/ TOYKH W, MpHHAAJeRALEH OKpyXKs
HocTH K, HMeeT MeCTo HepaBeHCTBO

[P (@) — b (wo) | >8> 0. 2
Takum o6pasom, B cury dopmyant (16) § 23

1 P (@) do \
mlsc'w(o;)fw(wo) =1 @®)

B cuny dopmyan (17) § 23

1 oY’ (0)de
?ES( b — ¢y O “)
Bynem teneps HckaTh Hyb @ (2) dyHKUEH

P (@) —z2=( (@) — P (w,) — (2 — 2), (6)
HaxoAswuics B Kpyre K NIpuU [A0OCTaTOYHO MAaJjoOM 3Ha~
UeHHH BeJHUHHH |2 — 2. B cuay dopmyas (16) § 23
BeJIHUHHA :

1 S P’ (o) do
WK Y (0) — 2

SIBSETCS LEJbIM YHCJIOM, 8 TaK KakK NpH Zz =z, oHa
paBHa 1 (cM. (3)), TO H A/ HOCTATOYHO MaJIBIX 3Haues
HHH 2 — 2, OHa TaKXe paBHa | B CHlly coo6pakeHHs Hes
NpepHBHOCTH, TaK 4To ypaBHenne (1) npu mocrarouno
Ma/bX 3HAYEHHAX |2—2o| HMMeeT JHMIb OAHH KOpeHb
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T e e e e e

—— —— —— —— e

BHYTPH Kpyra K. B cuny dopmyam (17) § 23 myns
OYHKIH §(w)— 2z, KOTOpHA MBI 0603HAYHIH 4epes
9(2), 3anaerca dopmyoi

. 0P’ (0) do .
® (&)= §< (b (@) = $ (o)) — (z —2y) (6)

(cM. (5)).

DYHKIMIO, CTOAMYIO Ton 3HaKoM HHTerpasna B mpas
BOH YacTH paBeHCTBa (6), MOXHO 3amucatb g ClIeRyIo-
meM BHJE:

o}’ (o)
(¥ (©) = (wo)) — (2 — z,)

— o}’ (o) =
(P ()= (wy)) [I-MJ

— a0
=, 0% (@) I (co)(z- wzf;o prre ()
n=0 -

31ech MH PasoXuIy GbyHKIHIO
: 1

1 — 2~—2
P (0) — ¥ (wo)
B TEOMETPHYECKYIO IIPOrPeccHIo, KOTOpas CXoxurcs npn
|z— 2] <61 o, NpuHaLeXaleM okpyx)HOCTH K (cM,
(2)). Pan (7) CXOJIHTCA DaBHOMEPHO Ha OKpyxHoCTH K,
H €ro MOXHO NPOMHTETPHUPOBATHL 1O 3TON OKDY2KHOCTH,
TaK YTo MBI MOJIyYaem :

o
_ PR oY’ (0) do
VA=Y= | patet o @
n=0 K

IToT cTenenHoit psix no HEOTPHIATeNIbHEIM CTelleHsIM
2 —2 CXONHTCH NpH |2 — z,| < §. Caenyer samerurs,
YTO CBOGOMHHIMH YJieH 3TOro psna paBen wo B cuay ¢pop-
Myl (4). TakuM o6pasoM, Mb Hawy peuleHne ypas-
Henus (1) B ¢dopme crenmenHOroO Psilla Mo HeoTpHUATeJb-
HbIM CTeNeHsIM 2 — 2. JlomycTuM, 4To GyHKuHS Y (w),
SalaHHas B TOYKE Wy NPH NOMOWH psifa Tefiiopa, B
ReACTBHTENLHOCTH ONpefeeHa Ha HeKoTopo# oGaactn H
TVIOCKOCTH KOMIUIEKCHOTO NepeMeHHOro w, a QyHruug
9(2), 3anaHHasg pasjoKeHHeM (8) B Touke z,, B nefi-
CTBHTENBLHOCTH ONpejeseHa Ha HeKoTopoii obaactu G
TJIOCKOCTH KOMIIVIEKCHOTO NepeMeHHOro 2, nNpuYeM AJs
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BCSIKOH TOYKH 2 u3 06sactH G BHIIOJHEHO YCJIOBHE, yTg
¢(2) npunamnexutr H. Cocrasum Tenepb  PyHKIuig
Y(9(2)). Oua sBisteTcsi amanuTHUEecKOH a5 BCEX 3Ha-
YeHHd 2, NpHHaAJeXaUHUX 06JaCTH G, TaK Kak uMmeer
TIpPOUSBOXHYIO 1O 2 AJIs1 BCeX 3THX 3HadeHuit. Jis mcex
8HayeHHil 2, GJH3KUX K 2o, Mbl HMeeM TOXKAECTBO

V(@) == ©)

Ho rak Kak sesas u npasas wactu storo paBeHCTBa fB-
JSIOTCA aHANUTHYECKAMH (DYHKUHSIMH B 06/1aCTH G, 1o
OHH TOXIECTBEHHO PaBHBI AJIs BCeX 3HAaYeHHH 2z, mpu-
Baanexaiux obaactu G ompesesnenus o6eux byRRuM
(cM. § 22). Takum 06pasoM, gisi Bcex 3HAUEHHH 2z H3
o6aactu G MB HMeeM TOXIecTBO

P (e () =-=. (10)
ITpumep 1. Pemenue w=¢@(2) ypaBHeHHS
=14z (11)

0 OmpENeNIeHHI0 eCTb HATypaJsbHBI JorapHM BesH-
uHbl 1 + 2 @(2)=In(l + 2). Huddepenunpys T0x-
IeCTBO

e? =142, (12)

nonydaem @'(z)e®® = 1. 3aMenss B 3TOM coOTHOIe-
HHH BEJHYHHY %), B3ATyI0 M3 paBseHCTBa (12), mu
Cpasy mnosyuaem

o' (2) = 1/(1 +2).
Pasnaras npasyo wacts mocaenmero paBeHCTBAa B cTe-
NEHHOH DA KaK TeOMETPHYECKYIO NpOrpeccHio, noJy-
yaeM
P@R=1—z4+224 ... +(— %" ... (13)

Hurerpupys sTo paBeHcTBO M mpHEEMas Bo BHHMaHue,
"4ro ¢(0) == 0, MBI HOMTyyaem
2h+1

P@=z—F+ 5+ -0 E g

Otor pax mas GyHkumH @(z) umeer pazuyc CXommMo-

¢ru 1. Ha nepsuift B3rasa xaxercs, 4To Mo yXe moJys.

HHIH pasnoxenne Qynkuud In(l4-2) B pag (14). Oga-
HakKo 370 He Tak., Mu ucxoaunu us NPEANOJOKEHHUS, YTO
$yHkuus @(2), ecrb pelenne ypaBHeHus (12), Ho 3TO
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rpe/ioJIoxKeHHe He OGOCHOBAaHO B TOM CMBICJ/IE, UTO MHI
poo0lile He 3HAeM, CyLlecTBYeT Jau (GYHKUHA @(2), yAO0B=
seTBOpAIouUlas ypaBHeHuio (12). Mmu Tosbko poKasanw,
yTO €CH @ (2) yHOoBJeTBopsieT ypaeHeHuwo (12), To oHa
pasnaraercs B psin (14). Tenepr Ham ocraerca moka-
3aTh, YTO ecaH B ypaBHenue (12) BMecro ¢(z) mozcra-
Buth pax (14), To MB mosayuuM Toxpaecrso. OxHaKo Ccres
JaTh 5TO BOBCE He JIerkKo. .
Jlerko cpesnate Heuro apyroe. Mcxoas us mpeanoso-
xeHus, uto In(14-2) sagaerca pamom (14), Mu cpasy
noaydaeMm, uyto In’(l 4 2z) 3apmaercsa psgoMm (13) u uro,
caefoBareasHo, In’(1 4+ 2)=1/(1 4 z). Takum o6pa-
30M, JIerKo JoKa3biBaercs, uTo ecau ¢yHkuusa In(l + z)
sagaercsa pagom (14), to mpl umeeM In” u = 1/u. Orcio-
a JierKo BhIBeCTH, 4TO In e¥ = w. JeficTBUTEeNbHO, Hal-
JIeM INpOH3BOAHYI0 (GYHKUMH Inu, cyutas, 4rto u = €2,
Mbl uMeeM :

du

d e, e 1 d w
Wlnu_lnudw_uwe

1
-—;—u—l.

Takum o6pa3oM, MBE UMeeM
d w
To Ine¥= ],

OTKyZa cjlefyerT, uTo lne® = w + c.
ITonaras B stoM paBeHcTBe @ = 0, MBI NOJyYaeM
oas ¢ sHaueHwe ¢ ==0. Takum o06pasoM, COOTHOIIEHHE

ne=w

BHTeKaeT M3 mpeanosoxenus, uro In(l+-2) 3agaercs
paxom (14). M3 atoro, ogxHako, HAKAK He CJENyeT, 4TO
dynkuus ¢(z), saganHas psagom (14), ymosierBopser
ypaBHeHuio (12), tak kKak Mbl Booflle He 3HaeM, Cy-
LIeCTBYET JIM pellleHHe 3TOro ypaBHeHHA. DToT mnpoben
BOCIIOJIHSIETCS Pe3yJILTAaTOM HacTosilero maparpada.

CywecrBoBaHHe pelleHHsi ypaBHesus (11) oTHocH-
TeJbHO W B BHAE © == @(2) BHITeKaeT H3 NOKa3aHHOH
B 3TOM naparpade paspeurnmoct ypasnenus (1). Iedt-
CTBHTeNbHO, mojoxkum P(w)=e? — 1. Toraa ypaBHe-
Hue (11) mepenuchiBaeTcsl B BHIE

P () =2, (15)
npuuem $(0)=0, $’(0)=1. TlocTpoennoe peuenue
sToro ypaBHeHnsa (cM. (8)) w =q@(2) mpu Maanx
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3HAYEHHAX 2 3aMHCHIBAETCA B BuAE pajga

(@ =ar+t a2+ ... +a ... (16)
Tax Kak pis sTHX MaJBIX 3HAUEHHI 2 (byHKuHuS, 3alaHHag
pamoM (16), ynoBieTBOpsier ypaBHEeHHIO €9() = | + 2,

TO, 0 JI0Ka3aHHOMY paHee, (YHKNHs 3Ta pasjaraercy
B pan (14) npu MalbiX 3HaYeHHsX z, H, CJIe I0BaTEeJbHO,

Koaduunents paga (16) pasuwl Kos(buiueHTaM psaa

(14). CnenoBarenbHo, GyHKIHS ¢ (2), onpenenenHas ps-
nom (16), onpenenena Bo BceM Kpyre |z] < 1. Tak kak
PAR, onpeieadOUl ¢yHKuHIO Y (w), CXOXHTCH npH
BCEX 3HAYEHUAX W, TO, MOACTaBAAA B (15) dymkumo, on-
penesennylo pagoM (14), M noJyuyaeM TOXIecTBo
VY(9(2)) =z (cm. (10)). Takum 06pasom, Mbl JloKa3aJy,
410 pan (14) nekictsuTenbHO Raetr ¢ymkmmio In(l -+ 2)
npu |z| < 1.

[Tpumep 2. CoBepiienHo aHasormyHBIM o6pasom
0GCTOMT f1eno ¢ ¢ymKmuei arcsin z, KoTopas ompene-
JIAETCA KaK pellleHHe @ = @(2) ypaBHeHHS Sin w = 2,
Hcxons us npemmosoxennus, urto byuruua ¢ (2), ynos-
JIETBOPSOLIAS YPaBHEHHIO

sin g (2)=z2, (17)
CYLLECTBYET, Mbl C JIEFKOCTBIO 10Ka3bIBAEM, UTO

¥ R=1/4/T=2

(em. § 11, (15)). Orciona nerxo noJiyuaercsi pasJoxe-
Hue OYHKUMH @(2) B PAA MO z C PAZHYCOM CXOXMMOCTH
1 (cm. § 15, (26)). Ho aas npokasareibersa TOrO, 4YTO
oyrRUNS  @(2), YAOBIETBOpAOWIAA ypaBHeRHIO (17),
HEACTBHTENLHO CYIIECTBYET, MH JOJKHbH BOCHIONB3O0.
BarthCsl pesyJsbTaTaMH HACTOAWlEro maparpada, a satew,
TOHUHO TaK e KaK 370 GbIIO cleNaHO Ajs Jorapudma,
Mbl IOKaXeM, 4o QyHKUHA @ (2), 3agaHHas panom (26)
§ 15, mefictBuTenbHO YAOBJIETBOPSET TOXKIECTBY

sing(z) =2z (18)
Anisl Beex [z] < 1.

TO 2Ke BpeMsl OYEHb JIErKO J0Ka3aTb aHAJOrHYHO
TOMy, KaK 3To cHeJlaHO Aa% (YHKUMH Inu, yto nas
GyHKuME @(2) BHNOJHEHO TOXIECTEO @ (sin w) = w,
4TO B AEHCTBHTENBHOCTH 3KBHBAJEHTHO ToXAecTBy (18;:
ONHAKO He BHAHO HHKaKOrO NpOCTOr0 HOKA3aTeabCTBa
SKBHBAJNIEHTHOCTH 3THX TOXECTB.
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§ 25. Uenwe dynkuuu u ocobeie Touxyu

Qyurung f(z), obnacts G CyleCTBOBAHUS U aadde-
pEHUADYEMOCTH AJI1 KOTODOH COBNAajaeT Co Bcefl JIO-
CKOCTBIO NEPEMEHHOro z, HasbiBaeTcsi yesod. Kax 310
ClIENyeT U3 pesyabTaToB § 22, oHa pasnaraercs B pan
Teitopa B KaX[o0# TOUKe 2o MIOCKOCTH ¢ GeCKOHEUHbIM
paanycoM cxoauMmoctd. B dacrtHocTH, 3TO HMeeT MecTo
s Toukd 2 ==0. TakuM o6pasom, oHa 3amucwhBaercs
B BHIe

f(z)=ao+a1z+~..+a,,z"+...,' (1

rie psii (1) cXOmuTCA mpu BCex 3HAUEHHAX 2. B uacTHOM
crydae, Koria pag (1) uMeer suIlb KOHeuHoe MO
uneHoB, Qyukuus f(z) ssaserca MHorouseHom. Ho Mbi
HMesu H GoJlee COXKHBIE NIPUMEPI HEJHX (BYHKLUHH. DTo
OblH €7, sin z, cos z (cM. § 8).

Orpannyennsie ueavie dynkumn. Jokasenm npexne
BCEro, 4T0 ecau Henas ¢yHkuus f(2) orpaHudeHna Bo
BCeHl MJIOCKOCTH KOMILIEKCHOTO NepeMeHHOro z, T. e. AJsi
Hee BBITIOJIHEHO HepaBeHCTBO |f(2)|<< ¢, rae ¢ — moJio-
KHTENbHAST KOHCTAHTA, a 2 — NPOH3BOJIBHOE 3HAUEHHE,
TO GYHKIUS 3T SIBJAAETCH KOHCTAHTOM:

F&) = @

a5t mokasatenbcrsa Bocno.nbsyéMcsl bopmysnoir (18)
§ 22. Mu umeem

4y = 2’+1§ F@ e a,

rae K ects oKpyX)HOCTb pannyca r. Torza
4
[F@RE- =] < AT

H B CHJIY OLeHKH (22) § 20 monyyaeM

iorera

—_ 1
lanl'—? <-§70ﬁ-2nr=-r%. 3)
K

Tak xak a, He 3aBuCHT OT r H TpH n > | npaBas 4acTek
HepaBeHCTBA (3) CTPEMHTCS K HYJI0 NPH 7 — 0o, Mbi
nonydaem a,==0 npu n = 1. TakuM o6paszom, f(2) =a,

(em. (2)).
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MoBenenne MHorouwiena npu 2= oo. Ecam psag 1y
COAEPIKHUT JHIIb KOHEYHOE YHC/IO YJIEHOB, T. €. OYHKIusy
f(2) ecTb MHOrO4YJIEH, TO MBI HMeeM

fR=a+az+ ... +a,2",

rie a, % 0. Bynem cuurars, uro n>0. Torza wmm
HMeeM
Qp— a
f=2" (a,, + ="+t

Hs storo paBeHcTBa sICHO, 4TO [(2)—> 0o NPH Z— oo
HJH B BUAE GOPMYJIbI

lim f (2) = oo.

Z2~»o0

Cayuait nenoit Qynkuuu, OTAMUHOi OT MHOroujeHa.
Ecau pang (1) comepXut GecKOHEYHOE MHOMKECTBO YJe-
HOB, T. e. QyHKIHUSA f(2) He ABJAAETCS. MHOTOU/IEHOM, TO
OHa ofsafiaeT CJeRYIOLIHM 3aMeuaTeJbHbIM CBOHCTBOM:
KaKoBO Obl HM OBIJIO KOMIUIEKCHOE YHCJIO @, BCEraa Hai-
Aercsl Takasi GecCKOHeUHast 0CJe[0BaTeNbHOCTh

21, 22, ey Zn, s e

3HaYeHHU# apryMeHTa 2, HeEOTpaHHYEHHO BO3pacramwlas,
T. €. YIOBJIETBOPSIOILAS YCIAOBHIO s

lim lznl=°°r 4)
n-»oo

YTO HMeeT MeCTO PaBeHCTBO
lim f(z,)=a. (5)
n->o

YTBepxkaenHe 3TO Mbl GyAeM AOKa3HBaTh OT MPOTHB=
Horo. Ero oTpuuanne MoxHO (GOpMyJHpPOBaTh B CleAyio-
weld ¢opme. Hafigercs HacTONbKO Majioe MOJOXKHTE/bs
HOe 4YMC/JIO & H HACTOJNBKO OGOJBIIOE MOJOXKHTEJIbHOe
YHCJIO P, UTO

npu |z| > p umeeM |f(2) —a|>e. (6)

Paccmorpum Temeps dynkuuio g(2)=1/(f(2)— a). HUs
ycaosus (6) caexyer, 4To mpu |z{> p uMeeM g(2) <<
<< 1/e, 1. e. uTo Oynknus g(z) BHe Kpyra paguyca p
orpanuyesa. OxHako BHYTPH Kpyra pajuyca p oka Mo-
HKeT HMeTh NMOJIOChl, 8 HMEHHO B TeX TOYKaX, rae QpyHk-
uus f(2)— a obpamaercs B Hyab. B orpanuuennom kpy-
re paguyca p ¢yHkuus f(z)—a Moxer obpailnarbca B
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Hy/1b JIMIIb B KOHEYHOM uucsae ToyeK. O603HAYHM uX Ue-
pes a1, Qs ..., am. B Touke «; Pynkuus g(2) umeer
NOJIOC, TAK UTO B ee PA3NOKEHUH B pAf Jlopara B TO-
Ke «aj HMEIOTCA OTPHUATENbHblE CTENeHH BeJHYUHLI
z—a;. Cymmy Bcex ux o6o3naumm uepes @;(z). dynk-
und @;(2) €CTb MHOTOUNEH OTHOCHTENBHO BeJIMYHHBL
1/(z — a;). Takum o6pasom, IDH HEOrPaHHYEHHO BO3-
pacraimoulem z seanuynna @;(z)— 0. ITonoxum Telnepb

Ma=g®—%@%wﬂa~uw—%&l

QyHKUHS h(2) yXKe He MMeeT MOJIIOCOB B Kpyre pazuyca
p H OCTaeTCH B HeM orpaHHyeHHOH. B To xe Bpems oma
OrpaHnueHa M BHe Kpyra pamuyca p, Takum o6pasow,
OYHKUEA h(2) ecTh Uemas dyHKuus, OrpaRHYeHHasl Ha
BCEH IIOCKOCTH IEDPEMEHHOr0 2, H HOTOMY OHa ABJSETCA
KOHCTaHTOH (cM. (2)). Tarum o0pasoM, MBl HMeeM

1
Ta—a 0l —e@E—...—¢,@=c.

Orciona nonyuaem
f@=1v(),

rae ¥(2)"eCTb palHOHaNbHAsT (GYHKLHS, T. e. Ipo6s oT
ABYX MHOrouleHos mo z. Tax kak ¢ymkuus f(z) He
HMEET NOJIIOCOB, TO GyHKUHS 1 (2), KOTOPOH OHa paBHa,
B JeHCTBHTEIBLHOCTH SBJASETCA NPOCTO MHOTOYJIEHOM,
Hraxk, Mb npumn NPOTHBOPEYHIO, TAK KaK MpeAmoJa«
raju, 4to QyHKuUMS f(z2) He sABAsIeTCH MHOTOYJIEHOM, H
Haue yTBepxkaeHHe (cM. ¢opmyay (5)) mokasauo.

B atom paccMorpenun Bbimad cayyaii a = oo, Boc-
nonHAM 3TOT mpoGen. Otpuuanue yrBepxpenns (5) B
Clydae @ = co 03HayaeT, YT0 (GyHKIHS })(z), OrpaHHyeHa
BO Bcefl IUIOCKOCTH H NOTOMY $IBJSieTCS KOHCTAHTOLL
Takum o6pasom, MH onaTs NPHILIA K NPOTHBOPEYHIO.

NoBenenne dpynxunn BGaAn3U H30HpPOBaHHOU ocoboii
ToukH, I[Tycts F(2) uMeer usomupoBaHuyio 0co6yI0 TOUKY.
Torma oHa, coraacHo pesyabratam § 22, npexcraBuma

B BHIe
F(2)=F_(2)+ F, (2). (7)

Pasnoxenue B cymmy (7) dynkuum F(2) mMb cnenaem
HECKOJbKO HHaue, 4eM B § 22. MMeHHo, unen a, He co-
ZepKalluii CTENEHH 2-— 2o, Mbl OTHECEM K byHkHn
F_(2), Tak yto dynxuus Fi(z), pasnaraercs B psax no
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NOJIOKHTENbHBIM CTENeHSM B&JIMYHHDBI 2—20 H ﬂOTOMy

Fy (20)=0. )
Kak 6bu10 nokasano s § 29, pan
Fo@=ay+a_i(z—2)"'+ ... tan(z—2) "4 | |
CXOLMTCA NPH BCAKOM SHAYEHHH 2 7= 2o, Tak uro ObyHk-

1y
f)=ayda_u+ ... +a_ut 4 ...

€CTb Lenas Qynkuma. Eciu Touka z, ecrs noJIC dynk-
unu F(z2), To dynrums f(«4) ectb MHOrOuseH. Ecau 1oy.
Ka 2y ecTb cyliecTBeHHO ocoGast Toyka byHRUHK F(z),
To QyHKUHA f(u) ecTh GecKOHeUHHIH PAR NO crenensy
u. Ilycts Temepn d — IPOH3BOMIBLHOE KOMILIEKCHOE tjie.
s0. CornacHo paHee N0OKaszaHHOMY pesyarTaty (cm. (4)
# (5)) MoxHo noxo6parb Takywo [I0CJIE10BATENbHOCTD

Uy, Ugy vuny Uy, ...
3HaueHull aprymenta ¢yskuun f(u), uro

lim |1, | = o0 (©)
. |
lim f (1) =a. - (o)

1
IMonoxum remepn zn=zo+;—. Torna us ycnosus
n
(9) crenyer lim z,=2, a us cooTHOWeHHS (10) cae-

-> 00
ayer lim F_ (ré,,)=a. Tak xak Fy(z)=0 (cm. (8)), T
n->oo

Ans ¢yHkuun F(2) Mbi nonyuaem lim F(z,)=a. 3r0
n->o0
HMEET MECTO B TOM CJjyuae, KOLa TOUKa 2o SBJSieTCSH
CYLIECTBEHHO 0CO60# TOUKOH yHKuuu F (2). B cayuae,
€CAN 2o ecTb mosiioc, Mel uMeeM lim F (z,) = oo. Takum
zn—>zo
o6pasom, nosexenne GyHkuuu F () BOaU3H ee wu30MH-
POBaHHO! 0cO60H TOUKH 2z, COBEPIIEHHO pa3JIMYHO B
Clyqae IoJjioca H B CJydae CyWECTBEHHO 0COo60fi TOUKA.







