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NMPEOUCIIOBHE

B Hawe# nonyaspHo# u yueGHON MaTeMaTHueCKoO# JuTtepaType
UMeeTCsl elle MaJO KHHI, MOCBSIUEHHBIX OCHOBHLIM MOHATHAM
MaTeMaTHKH. Mexny TeM HeoOGXOAMMOCTb B TaKOro pona JuTe-
paType B HacTOdllee BpeMs Ompenensercs 3anauyeit NOArOTOBKH
KanpoB BHICOKO KBAMM(UUHMPOBAHHHIX yuHMTeneH Cpepneil IUKOJEL.
W ecan yuurenr He HMEET BOSMOXHOCTH MOMHOCTBI) PACKPHITH
IIKOJbHAKAM CYLIHOCTh BCeX OCHOBHBIX MOHATHH MaTeMaTHKH,
TO CaM OH JO/KeH HWMeTb O HHX MOJHOe M OTYeT/MBOE Mpel-
CTaBJ/IeHHE.

[MpennaraeMas KHMra MNOCBSILEHA pasbSICHEHHI) OLHOTO M3
CaMBIX OCHOBHBIX MOHATHH MaTeMAaTHKW — MOHATHs Jjunuu. Ka-
Aylleecs Ha NEpBHH B3r/IAL OYeHb MNPOCTEHIM, NMOHATHE JIMHHMH
TpeGyer AJs CBOErO OOILEer0 M MOJHOTO ONpeNeNeHHs NOBOJBHHO
SHAYHMTE/bHbIX CBEAECHHH U3 TEOPHH TOYEYHBIX MHOXeECTB, I0JyYHB-
me#t ocoGeHHoe passuTHe 3a nociaenuue 50 Jjer. VmeHHO 3TUM
MOXHO OOBACHHTb TO OGCTOATENbCTBO, Y4TO BONMPOC 06 Onpexnene-
HHH TMOHATHS JWHHM, MOCTAaBJEHHbI ellle B JPEBHOCTH, HaLIel
CBOE MOJHOE H OTYeT/JWBOE paspelieHde Juilb B 20-x Troxax
TEKYLIero CTojeTHs. 3aciyra pelleHHs STOro Bonpoca NpHHAL-
Jaexut coserckoMy Matematuky [1. C. Ypeicony.

Hacrosiias kHura paccyuTana npexne BCero Ha CTyIEHTOB
YHHUBEPCHTETOB H. MeJaroruueCKuX HMHCTHTYTOB, KaK JONOJHH-
TeJbHbIf MaTepHan K TeM OOLIMM M CNEeUHalbHbIM KypcaM, B KO-
TOPHIX YYalIMXCS 3HAKOMSIT C OCHOBAMM TEOPHH MHOXeCTB. OTa
KHWra HMeeT B BHIY Takxe yuuteneft cpenHel wmkoJb, CaMo-
CTOSATEJbHO PpabOTAIOIMX Hajl TMOBBILIEHHEM YPOBHS CBOMX 3HA-
nuit. Tlox pyKOBOACTBOM YuMTENs HEKOTOPHE pasfefbi KHHIH
MOryT OBITb HCMOJb30BaHbl B pabOTe LIKOJAbHBIX MaTeMaTHYeCKHX
KPYXKOB.

Knura cocrout M3 uerbipex rJaaB: B NepBOf rjase naercs
KpaTkuft OuepK pasBMTHS NMOHATHA JMHMH M BHISCHAETCS BOMPOC

1*



4 NPEAUCJIOBUE

0 HeOGXOIMMOCTH TEOPUHM TOUEYHBIX MHOXKECTB IJsi OOLLero onpe-
LeJICHUs TOHATUS JIUHUY.

BTopas rnaBa mocBslueHa U3JOXEHUIO HEOGXONUMBIX CBeleHHuft
U3 TeOpUM TOYeuyHblX MHOkecTB. HauGosee TpynHbIMM B He#t
ABASIOTCA TeopeMa 5 § & u Teopemnl 2,3 § 6. droT MaTepHuan
NpH NepBOM YTEHUM MOXHO NPONMYCTHTb M BEPHYTbCH K HEMY,
KOrla STO CTaHeT HeOGXONMMBIM I/ MOHUMaHus MOC/ENYIOLIEro.

B Tperbefi riaBe pacCMOTpPeHO ONpeLeJeHWe JHHUH, JaHHOE
I'. KantopoM, n0 KoHlla HCuepnbiBaiolliee BOMPOC AJd CJaydas
IJIOCKUX JINHAUH,

Haxouneu, B uetBepTO#f rnaBe pnaercs ofuiee oOnpeneleHue
JUHAM M BBISCHSIOTCS OCHOBHble CBOHCTBA JIMHWHM, BHITEKAKOLIME
U3 ONpele/eHHs JHHUMY.

Kak u3 oO0uweft TeopHH MHOKeCTB, TaK W U3 TEODHH TOYEU-
HbIX MHOXeCTB MpHBeLeHbl JULIb OCHOBHBIE ONpelNe/eHus U (GaKThl.
Ilns Gonee MOJHOTO O3HAKOMJIEHUS C STHMH BOMPOCaMH MBI OT-
coinaem uutarens K kuure [1. C. Anekcanaposa «Bse-
IeHne B OOLIYI0 TEeOpHI0 MHOXeCTB M (yHKUHMH», 0COGeHHO
Kk raasam I, VI, VII. .

Jlnuam, KoTOpble MOXeJaioT ray6xe MOSHAKOMHTLCS C MOHA-
THeM JIWHHH, Mbl MOKeM peKoMeHa0BaTh paGoTy camoro IT. C. Y pui-
cona «O kaHTOpoBHIX MHOrooGpasusix», 4. II, Kauroposn Kpu-
Bble, TMOMEILEHHYI0 BO BTOPOM TOMe COOpaHMd COYHHEHHH
I1. C. YpuicoHa, M31aHHOTO MOA Has3BaHWeM «TpyIbl MO TOMO-
JOTHH W 1pyruM o6aacTsM MaTemaTHku», Mocksa, 1951 r.



TJNABA I
PA3BUTHUE NOHATHUSA JUHUHU

§ 1. Ucropnueckuit ouepk

JIunus gBJSeTCs ONHUM H3 OCHOBHBIX OGBHEKTOB TE€OMETpH-
yecKOoro ucciaenoBanusi. [lpuuMHa STOro JeXUT INpexae BCEro
B TOM, YTO MOHATHE JIHHUM BO3HMKJO M3 NMPAKTHUECKOH AE€STE/b-
HOCTH YesioBeKa, CBSI3AHHON C H3rOTOBJIEHHEM YepTexel, onpenee-
HHeM T'paHHLL 3eMeJbHBIX YYaCTKOB, H3yUeHHeM TPAeKTOPHH NBHXKeE-
HUA TeJl. BOSHUKHYB H3 MPAKTHKH, TIOHATHE JMHHH HAXOLHT B CBOIO
ouepelb INMPOKOE INPUMEHEHHe AJs1 MaTeMaTHYeCKOro ONHCaHHs
SIBJIEHUA TPUPOAH M MPOM3BOACTBEHHO-TEXHMYECKHX MPOLECCOB.

BoT noueMy C IpeBHHMX BpeMeH [0 HAWIHX JIHeH NOHsTHE
JIMHMM NPHBJIEKAJo K ceGe BHUMAaHWEe MaTeMaTHKOB. YueHble CTpe-
MHJIHCh TOYHO OMNpeNenuTb, YTO TaKoe JHHUS KaK MaTeMaTHyecKoe
IOHSITHE, T. €. BBHISCHUTb, YTO e OOLIEro eCTh y BCeX TeXx Belllelt,
KOTOpHE HAa NMpPAKTHKE Mbl HA3HIBAaeM JIMHHSIMHU?

ATH NOMHITKM JHIIb B HeJlaBHee BPeMs HAIIM CBOe 3aBep-
wenne B pa6orax coserckoro Marematuka I1. C. Ypeicona
(1898—1924), xotoprift B 20-X rogax TeKylIero CTOJETHs CyMel
natb HauGoJjee ofliee ONpelesieHHe JWHUM, MO3BOJSIOIEE 1O
KOHLA MCC/AeNOBaTb CYLIHOCTb 3TOro mnoHsatus. Ho paGoTwl
. C. YpricoHa MOMHM MNOSBUTHCH JHLIbL KaK pe3y/bTar riay6o-
KOr0 M KDHTHUECKOTO OCBOEHHS BCEro TOrO0 OrPOMHOI'0 HAyYHOrO
MarepWaja, KOTODbIH OblJ HAaKOMJEH UYeJOBeYeCTBOM 3a BeCb
npeiulecTBylolMit nepuox BpeMeHH. I1oaTOMy, uTOGHI NOHSATH
BCI0O €CTECTBEHHOCTb M HeOOXONMMOCTb COBPEMEHHOro OMpenele-
HUA THHMHM, MBI " JOMKHE GyAeM mpocJeluTb, KaK pa3BHBAJOCh
9TO (OHATHE B CBA3H C OGLIMM PasBUTHEM MaTEMAaTHKH.

EBkiun B csoux «Hauanax» onpenenser nuHHIO Kak O0A4uHy
6e3 wupunwv. («Hauana», onpenenenve 2) WM KAK 2PAHUBY
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nosepxnocmu (onpeneinexne 6)1). Takue onpenenenus, orpaxas
B U3BECTHOH Mepe CBOMCTBA JMHHM, He MOTYT, TeM HE MeHee,
CAYKUTb IS MaTeMaTHYECKOrO M3yUeHus NMOHATHS JHHHMH, TaK Kak
OnpenessioTCs uYepes NpYyrHe MOHATHSA, KOTOpbie CaMH, B CBOIO
ouepenb, HYXNAOTCS B onpenejeHud. [las MareMaTHUYeCKOro xe
H3YueHHs] KaKoro-iu60 o06beKTa Hano, Kak TOBOPAT, 3a4aTh ero
aKCHMOMaTHYeCKH, T. €. yKa3aTb Pl CBOACTB 3TOro 06beKTa, U3 KO-
TOPbIX MOXHO GbIJIO GBI JIOTHYECKH BLIBOIMTb APYTHe ero CBOHCTBA.

ITpu rorpaumseM ypoBHe DasBHUTHS HAYKM M XapaKTepe Tpe-
GoBaHuft, npenbsABIseMbX K He#t mnpakTuxo#t, EBkaua ne Mmor
B CKOJbKO-HMOYIb oOlelt Mepe CNpaBUTbCH C ONpeleseHHeM
MOHATHS JIUHMH H, OTPAHHYMBIUMCL BHILUENPUBENEHHBIMM Ha 3TOT
cueT oGLIMMM BhICKAa3bIBaHWAMH, OH B «Hauanax» ocranasamBaet
CBOe BHHMaHWe Ha M3y4YeHWM IBYX MNpOCTeHIIHX u Haubojee
ynoTpeGHTeNbHbIX JMHUM: NPIMOM U OKDPYKHOCTH.

DTO He 3HAYUT, KOHEYHO, YTO J[PEBHHE HE 3HAJH HUKAKUX
IpYrux JuHuH, KpoMme npaMoit M okpyxnocTH. Ewe sanoaro no
Eskauaa Obljla W3BecTHa Takash KpuBas, Kak kBanparpuca Jluno-
cTpata, a CTO JeT cnycTs AmoJsonu#t noapoGHo paspaGoTtai
TEOPHI0 KOHMYECKHX CeueHMit: sanunca, runep6osel, napaGoJbl
(ANOJJIOHHIO e NMPUHANJeKAT W STH HA3BAHHSA JIMHMH), — JuHUH,
NMOJYYAIOUIMXCA B CEUEHHH MJIOCKOCTbIO GOKOBOH MOBEPXHOCTH
KOHyca C KpyroBbiM OCHOBaHMeM. MexaHMKa TaKxke NPHBOAMJIA
K HEOGXONUMOCTH M3YyueHHs KpuBbiX (cnupats Apxumena). Onuako
BCE 9TO ObIIM JMIIL OTHeNbHble pPa3pOSHEHHble (AKTH U He
CyIECTBOBAJIO HH CKOJbKO-HHOYAb OOGLIEro ompeneneHus JUHHH,
HM MEeTONOB UX H3YYeHHs.

PemnreapHplft 1ar B 3TOM OTHOIUEHHHM NpHHanJexuT Jle-
kapty (1596—1650). BypHbiff pocT TOProBIH M NMPOMBIIILJIEH-
HOCTH B 3MO0Xy NepBOHAYaJbHOrO HAKOIIEHHS CNOCOGCTBOBAN
GLICTPOMY Pa3BHTHIO TEXHHKH, 4TO, B CBOW0 OuYepenb, MPHUBENO
K HeOGLIBAJIOMY 10TOJE pa3BUTHIO eCTECTBO3HAHHS M OCOGEHHO
MeXaHWKH. IDTO pasBUTHe HYXKIaJOChb B MaTeMaTHYeCKOM amma-
paTe, KOTODHI# Obla Heo0XOOMM MeXaHHKe 1/ TOYHOro BhIpa-
KeHus ee 3axkoHoB. OrpoMHas poJib B PasBUTHH 3TOrO MarteMa-
THYECKOr0 anmapata NpuHajdexuT llekapry.

Wnen JlekapTa BOOGLIE HMeld¥ OFPOMHOE BJIMSIHME Ha PasBH-
THE BCEH MaTeMaTHKH; er0 KOODAWHATHHH METOé, B YaCTHOCTH,

l)u«Haqana» Esxauna, xmurn [—VI, Tocrexusgat, M.— JI. 1948,
crp. 11,
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BIIEPBHIC IMO3BOJMHJ ONpene/UTb IMOHATHE JUHHH B OYECHb o61eit

s TOro BpeMeHH c¢opme. [To3TOMYy MBI OCTaHOBMMCS Ha HeM
HeCKOJbKO noiapoGHee.

BbiGpaB Ha NJOCKOCTH CUCTEMYy KOODAMHAT, MBl MOXEM IO-
CTaBUTb B COOTBETCTBHE KaXJAOH TOUKE MJIOCKOCTH napy nei-
CTBUTEJbHBIX YHCEN — KOOpAMHAT 3TOH TOukH. Ilpu 3TOM OKa-
3bIBaeTCAd, YTO pAasHbIM TOYKaM COOTBETCTBYIOT pasHbie Maphl
yucesd, W YTO KaxIOW mnape 4yucesJ COOTBETCTBYET BIIOJNHE OMpe-
Je/ieHHass TOYKa IJIOCKOCTH, HMEIoLlas 3TH YKCJIa CBOMMH KOOp-
auHatamu. Takum o006pasoM, ycTaHaBiuBaercs, KaK TOBOPAT,
B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXAY MHOXECTBOM TOUYEK
IUIOCKOCTH, C OIHON CTODOHbI, U MHOXECTBOM MNap INef#CTBUTeNb-
HBIX Yucesq— C Apyrofl. ITO COOTBETCTBHE IM03BOJSET HJs Kax-
JOH JIVHMH COCTaBHTb €€ ypaBHEHHE, T.-€. HaliTH TaKyio 3aBu-
CHMOCTb MEXIy KOOpIMHATAMM €€ TOYeK, KOTOpas ClpaBenJHBa
IJ BCeX TOYeK I39TOH JIMHUM M He MMeeT MeCTa HU [Js KaKux
apyrux Touek. Tak, Hanpumep, OKPY>XHOCTb C LEHTPOM B Hauaje
KOOpAMHAT W PanuyCoM r HMMEeT ypaBHEHHe

x2+y2 —_ r?;

GUCCEeKTPHCA YIiia MexIy OCAMH KOODIMHAT MMeeT ypaBHEHHe
x—y=0,1n 1 I

B03MOXHOCTb COCTaBHTb A/ KAXKAOH JHHHM ee ypaBHeHue
1aeT HaM B DYKH OueHb OOLMH M OueHb CWJbHEIH MeTOn HM3yue-
HUS y)Ke MSBECTHbIX JIMHWH; HO B Bompoce 06 o6uieM onpexnele-
HAM NOHATHA JIMHAM Mbl HE TOJYYMM HHYEro HOBOTO, MOKA He
«00epHeM» MOCTAHOBKY BOINpPOCAa CJeAyOLIMM 00pasoM.

[Tycth HaM 1aHO OJHO ypaBHEHHe C IBYMSl HeU3BECTHBIMH,
KOTOpOe, MepeHecss BCE ero u/eHsl B JIeBYI0 4acTb, MBI 3amHIleM
B Buge F(x, y)=0, oGosHauuB uepes F(x, y) BBIpaXeHue
(¢dyHkumi0), crosuiee B J1eBOH yacTH ypaBHeHHs. [Ipennonoxum,
lajiee, YTO STO ypaBHeHHe uMeeT OeCKOHEUHOE MHOXKECTBO Iei-
CTBUTEJbHLIX pelleHu#, T. e. 4T0o cyuecTByeT OeCKoHeuHOe
MHOKeCTBO Map NeACTBUTEJbHBIX YHCeN X, Y, YAOBJETBOPSIOLIMX
9TOMy ypaBHeHuio. Bylem paccMaTpuBaTh yucia X W y Kak
KOODAMHATH TOYKH OTHOCHTENbHO HEKOTOPOH CHCTEMBI KOOpDIMHAT
Ha MJOCKOCTM H HasoBeM JWHHel, 3afaHHOH ypaBHeHHeM
F(x, y)=0, MHOXeCTBO Bcex TeX TOYeK MJOCKOCTH, KCOPAK-
HaTbhl KOTODHIX YAOBJAETBOPAIOT ITOMY ypaBHeHuto. [lpunimu-
NHaAbHOe 3HAYeHHEe TaKOH MOCTAHOBKM BOMPOCA COCTOHT B TOM,
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YTO Temepb Mbl MOXeM 1aTb OOliee OMpele/ieHHe JHHHHA, OXBa-
ThiBaiolllee BCe M3BECTHHIE LO CHX MOP YaCTHHe MpUMEpHl JHHHH,
W 1o3BOJsioLlee, BOOOLIE TOBOPA, MOCTPOMTH CTOMLKO IKE JH-
HuM, CKOJLKO MMeeTCs DasiMuYHbIX ypaBHeHu#. Cdopmyanpyem
elle pas STO OMNpeneneHue: aunued, 3G0AKHOL YpasHeruem
F(x,y)=0, Hasvgaemcs MHONECMBO mMOH4eK, KOOpOUHAmb
Komopuix y008.4emsopaiom 3momy YPASHEHUI.

Otkpoitue Jlekapra HMMeNO pewiaioliee 3HayeHue nJd Bcel
MaTeMaTHKH, NOTOMY YTO, C OLHOH CTOpOHbI, OHO MO3BOJUJIO
M3yuaTh reoMeTpuueckue O6DbEKTHl METOLAMM aire6pel W aHa/M3a,
a C Opyro#t CTOPOHB!, — MO3BOJIKIO MMPUMEHHTb TEPMUHOJOTHIO M
MeTONbl TeOMeTpPHH K ajareGpe W aHaMM3y, YTQ COOOLIMJIO u3Y-
YEHHI0 STHX JUCUMMJMH OOJbIIYI0 NPOCTOTY M HArJfIHOCTb.
B 3TOM B3aMMONPOHUKAIOLIEM BJHSHHH ABYX MPOTHBOMOJOKHBIX
TeHJeHU W} B Pa3BUTHH MaTeMaTHKH — TEHIEHLUHUH reoMeTpHYeCKON
¥ aHaJUTHYECKOH, CKasblBaeTCs NHAJEKTHYECKuM XapaxkTep MaTe-
Matuku. OmnpelesneHne JuHUM, AaHHOe JlekapToM, fABJasgercd LJd
TOr0 BpeMeHH upe3BblyaiiHO oOWMM. OHO OXBAThLIBaeT BCE TaK
HasblBaeMble a.zelpaudecKue Kpusvle — AUKHUWR, YPASHEHUS KO-
mopulx ABARIOMCA aszebpausecKumu, m. e. umeiom 8ud
F(x, y)=0, 20e F(x,y)— unozousen ¢ 08yms nepemer-
oy x u y. Crenenb MHorouneHa F(x, y) HasbiBaeTcs nopsod-
Kom anreGpavueckoit JuHuM. AJreGpavyecKHe JHMHHH NepBOro
nopsixa CyTb HpsMble, MOCKOAbKY BCAKasg NpAMasd Ha MAOCKOCTH
BbIp@XKaeTCd B JeKapTOBbIX KOOPAHHATAX YPaBHEHHeM NepBoOM
crenenn Buna Ax-By-}-C=0 u BCAKOe TaKoe ypaBHeHHE
BCerJa BoblpaxkaeT npsMylo. AJreGpauyeckue JHHUH BTOpOTO
nopsiika — 3TO 3JJunc, runep6ona, napabosa (M emle JMHHH,
pacmajamlivecs Ha IBe NpsAMble), TaK KaK BCAKasd Takas JMHHS
BBIPAXaeTCsl ypaBHEHHeM BTOPOH CTemeHH H BCAKOE ypaBHEHHE
BTOPOH CTeMeHH, €CIH OHO NOMyCKaeT GECKOHEYHOE MHOXeCTBO
pellieHu#i, BCerfa BHIpaXkaeT ONHY M3 STHX JuHH# 1). DTH ¢akTH
COCTABJAIOT COJEPIKAHWE AHAJHTHYECKOH TreOMETpPHH M B OCHOB-
HOM ObliM yxe wusBectHbl Jlekapry. Mayuenue kpuBeix GoJee
BHICOKOT'O TMOpSAAKA COCTaBJfeT MNpenMeT ajire6panueckoft reo-
METpHH.

OnHAaKO yke B TO BpeMs GblIM M3BECTHbl KPHBHIE, KOTOpblE
WX BOBCE Helb3d GHIJIO 3a1aTb ypaBHeHMeMm Buza F(x, y)=0,

1) Mbl OrpaHHYMBAEMCA PACCMOTPEHHEM JHIIb AEHCTBHTENbHBIX
JIMHMH M HCKJIOYaeM M3 PACCMOTPEHMA CJy4aii,- KOPAAa ypaBHEHHE He
HMeeT NeHCTBUTENbHbIX pelleHHH.
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rne ¢yukuus F(x, y) Gblna Gbl AOCTATOYHO NpPOCTOH, T. e.
npencraBisja COGO KOMSMHALWO KOHEYHOTO UKMCAAa SJEMEH-
TapHHIX GYHKUMH, WIM Xe TaKoe 3alaHue, XOTd W OblJO BO3-
MOXHO, HO HHYEro He MOrJO JAaTh AJsS H3YYeHHs JUHMH., ITO
npexne BCero KpHBble, SIBJSIOLIMECS TPaeKTOPHAMU IBHXYLIeHCs
ToukH. TakoBa cnupasp Apxumena — JMHHS, ONMMCHIBaeMas TOY-
KOf, paBHOMEpHO Nepemeuiamoilefics Mo Jy4y, KOTOPbLIH, B CBOIO
ouepelb, BpALIAaeTCs C MOCTOSHHOR Yra0BO# CKOPOCTBIO OKOJO
HeMmoIBIKHOK TOuKH. Ecim 0603HaunThL uepe3 7 PacCTOSAHHE
JABMKYLIEHCT TOUKH OT Hayaja KOOPAMHAT, a Yepe3 @ — Yroa
BpALIAIOLIErocs Jy4ya C MOJOXHTEJbHbIM HaNpaBjeHHeM OCH 0X
NeKapTOBOA CHCTEMbl KOODIMHAT, TO JIJs CnHpaiu Apxumena
MOJyYuM OYeHb MPOCTYI0 3aBHCHMOCTb 7 OT @:

r=a?y,

rae a-— navHoe uucao. Ecimm M (x, y) — kakag-uuSynn, TOYKa
cnupamu Apxumena, TO

r=VxFfy, o =Arctg%.

TloacraBnsst STH 3HAYEHWS 7 W @ B DABEHCTBO 7 = 4, MbI
NONyYuM ypaBHEHHE CNHpand Apxumena B NeKApPTOBHIX KOOPIH-
HaTax:

V x*32—a Arcig {— =0.

OIHAKO 9TO YypaBHeHHe HHMYEro He AaeT NI HBYYEHHS
cnupain Apxumena, TaK KaK KaxXIOMy 3HaueHHI0 X 31eChb
COOTBEeTCTByeT OeCKOHeYHOe MHOXECTBO 3HAaUeHHH J W Ha-
060poT.

Ing wusyueHus JMHME, SBAAIOIMXCA TPACKTOPHAMH IBHXY-
mwe#ca TOukM, HanGOJMee eCTECTBEHHHIM OKAa3biBAeTCs 3ajaHue
KOOpDIMHAT TOYKH B 3aBHCHMOCTH OT BpeMeHH. IDTO MPUBOLHMT
K TaK HasbiBaeMOMY NapaMeTPHYECKOMY 3alaHMI0 JHHHH, §pH
KOTOPOM KOODIAMHATH €€ TOYeK BLIPAXKAIOTCH KaK (YHKUUH
HEKOTOpO# TpeTbelt mepeMeHHON BeqMuMHH £ (OOLIYHO BpeMeHH),
HasbiBaeMO nmapameTpoM:

x=09(), y=90®.

Tak, ecim Touka m n;BUXeTCS DaBHOMEPHO CO CKOPOCTBHIO ¥
1o npsiMo#t, npoxoxnsie#t Yepes Haya0 KOOPIMHAT M 0Gpasyiouieht
C OCbl0 0x yrom o, TO KOOPAMHATH ABMXYIIEHCA TOYKH
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BLIPAXKAIOTCH B 3aBUCHMOCTH OT BpEMEHH CJeNYIOLHMH (opMmy-
JIaMu

x=wvtcosa, y=vtsina.

ITH paBeHCTBA W SABJAIOTCS NapaMeTPUYECKHMH ypPaBHEHHSMH
npsaMoi.

Ecim Touka m paBHOMEpHO HBMXETCS MO OKPYXHOCTH pa-
aWyca r C IEeHTPOM 0 B Hayajle KOODAMHAT, TO KOOPIHHATHI
JIBHXKYyLIEHCS TOYKH BLIPAXAIOTCA B 3aBUCUMOCTH OT BPEMEHH
GyHKIHAMY

X =rcoswf, y=rsinwf,

rie © — yraoBas CKOPOCTb BpalIeHHs paaumyca om. IJT0 H 6Yy-
LYT NapaMeTpHyecKHe ypaBHEHHS OKPY:KHOCTH.
IMapamerpuueckue ypaBHeHHs Cnupaid ApXKMena MMeIOT BHIL:

x = vtcos wf, y=vtsinwt,

riie v—CKOPOCTb [BMXEHHS TOYKM MO BpallawLieMycs Jyuy,
a ©—yraoBas CKOpPOCTb BpallleHus Jyya OKOJO Hayajla Koop-
JIMHAT.

3ajanve JMHAN NApaMeTPUYECKHMHM yDPaBHEHHSIMH BMOJHE OT-
BeyaJo BceM Tpe6GOBaHMSAM, NpPENbSBIAEMBM K 3TOMY MNOHATHIO:
BCe H3BeCTHbIE JHHHH, Kak aiareOpanyeckue, TaK M TPaHCILEH-
IeHTHbIe, MOIJH ObiThb 3ajaHel B Tako#t ¢opme; Takas ¢opma
3ajaHds JWHMH HauayywuM o6GpasoM  COOTBETCTBOBaja OC-
HOBHOMY CMOCOOY MOJMy4eHHs JHHUM KaK TPaeKTOPHH IBHXyLief-
Csl TOUKH.

OmnpeneneHne JMHAM KaK TPAeKTOPHH IBHXKYLIeHCH TOUKM
U napaMeTpHyeCKuit Cnoco6 3amaHHs Ye WSBECTHHIX JHHMH IO-
CJYXUIH OCHOBO# /I HOBOTO OGOOGLIEHHS ONpPENe/eHHUs MOHATHS
JWHUK: JIMHHEH CTalyu Ha3blBaTh COBOKYMHOCTb TOYEK IJIOCKOCTH,
KOOPDIHMHATLl KOTOPHIX X M ¥y naHbl Kak (YHKUMH HEKOTOPO#H
TpeTbell NMepeMeHHON BeJWUYMHH f, KOTOpas OOLIYHO IOHMMAJacCh
KaK BpeMs, HO MOIJa HMMeTb W Apyro#t xapakrtep: yroia, NJHHA
Ayrd U T. I,

IMpu sToM Ha ¢yHKUMH @ W ¢ Hanaraaucb, KOHEYHO, HEKO-
TOpble OrPaHUYeHHs, KOTOpHE CTAHOBWJHCL TeM Gosee OOLIMMH,
yeM Oosiee OGWIMM [enaaloch caMo noHaTHe ¢yHKuuH. Takum
nyTeM, OTNPaBAAACL OT YAaCTHBIX HPHMEpPOB, MPHILLJIH BO BTO-
poit monoBure XIX Beka Kk cjenyiouieMy oOlleMy OnpeneneHuio
JIMHAH, CGHOpMYyTMpPOBaHHOMY B HauGoJee OTYETAMBOH QopMe
¢GpaHiyscKUM MateMaTHkOM JKopaaHoM: Aunuedi HA3blB8AEMCSH
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COB0KYNHOCMb MOYEK NAOCKOCME, KOOPOUHAMbL KOMOPYX CYmMb
HenpepbisHbie PYHKULL

x=0(), y=v(
napaxempa t, 3a0annve Ha ompeske 0 <t 11).

Ho Bckope oxasanoch, 4YTO XOpAAHOBO ONpENEJEHHE JHHHH
sBAsSeTC yxe uepesuyp obwwuM: B 1890 r. wurambsaHckuit Mare-
matuk [leaHo nokasan, 4TO MOJCHO max nodo6pams PYHKYuU
o(f) u 4(f), 3adannve na ompesre 0 <t 1 u Henpepoisusie
HQ 3mom Ompe3Ke, 4mo COSOKYNHOCMb MO4EK, KOOPOUHAMbL
Komopuix yoosaemsopsiom ypasHenussm: x = (f), y=1y4()
0Lt ), —3sanoansem yeavlli Ksadpam (cuATas BHYTpeH-
HHe W TPaHHYHBE TOYKH), T. €, Kakywo Ob Touky m (X, y) Ha
3TOM KBajpaTe MH HHM B3/H, BCerja Haliuercs Takoe 3HayeHHe
napametpa ¢t (0 £ 1), uto

x=9(), y=%(@.

DTOT mpHMep LEIUKOM HHCHPOBEPraer ONpeleseHue JIWHHH, NaH-
Hoe 2KopaaHoM, eciau B3ATb 3TO OMpene/eHHe BO Bcelt ero obui-
HOCTH: MHOXECTBO TOUEK, fIBJSIOLIEECS «/IHHHEH» B CMbIC/IE ITOTO
OMpejeJieHusi, 3amOMHseT LEJB#t KYCOK TJIOCKOCTH, YTO HHKaK
He COrjacyeTcs C HallMM MpejCTaBJeHHEM O JHHHH, cHOPMHUPO-
BaBIUMMCs Ha G6ase. pacCMOTpEHHS| DA KOHKPETHLIX JHMHHH, KO-
TOpHIE HHMKOrJa He SaMOJHAIOT 11eJ0r0 KycKa MIOCKOCTH.

§ 2. «KpuBsie» Ileano

Y106l HOHATb, KaK CTPOMTCH «KpuBas» IleaHo, MH mOMX-
HBl NMOKa3aTb, 4mo ompe3oK T MONHCHO HenpepvisHO 0Omobpa-
3ums Ha Ksadpam Q. OGbsicHUM noxpoGHee, UYTO ITO 3HAUMT.

1) Hanomuuwm, uto dyHkuus f(f), 3agannas na orpeske or 0 10 1,
HasLIBAETCH HENMPEPHBHON HAa STOM OTPe3Ke, KOTAa OHa oGialaet cae-
AYIOUMM CBOHCTBOM: €C/IM JOCTaTOYHO COJH3UTb 3HAYEHHA HE3aBUCH-
MOro mepeMeHHoOro #; M fy, Geps ux B npeneaax ot 0 Xo 1, To Bcersa
MOXCHO JOOHMTbCA TOTrO, YTO 3HaYeHHs (yHKuuM OYAYT OTAMYATBbCA NPH
9TOM _KAaK YrofHO MaJo.

Bonee TOYHO STy MBICHbL ClefyeT BHIPa3uTh Tak: Kak Obl HH OBLIO
Man6 Hamepel 3aJaHHOE IOJOXHTENbHOE YHCIO €, BCETJa MOXHO Halty
TaKoe AOCTATOYHO MaJIO€ MOJOXHTEJbHOE YHCIO 6 YTO eCNM TOJBKO IBa
SHAYEHHsA APryMeHTa ?; M fp, B3ATHIE HA OTPE3Ke or 0 10 1, oramyarorca
ApPYr OT Apyra MeHbIle, Ye€M Ha 8, TO COOTBETCTBYIOIHE UM 3HAYEHHs
QYHKIHH OTAMYAIOTCHA MEHbIUE YeM Ha ..
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IMycTb HaM naH NpPOM3BOJBLHEIH OTpe3ok 7 M MPOUSBOJBHBIH
KBaapaT Q.

3ajaua COCTOUT B TOM, YTOOBI MOCTABHTb B COOTBETCTBHE KA 10K
TOUKE OTPe3ka HeKOTOPYI0 TOYKY KBaapaTa W MPHTOM TaK, uTOGHI
Kaxaas TOYKa KBajpara COOTBETCTBOBa/la HEKOTOPOH TOuKe OT-
peaka. MuTepecyioliee Hac OTOGpa)keHHE OTPe3Ka HOKHO OHTb,
KpOMe TOTO, H HEMPEPHIBHLIM, T. €. YIOBJETBOPATL TOMY YC/IOBHIO,
yTOObl NOCTATOYHBIM CONMIKEHHEM TOYEK OTpe3Ka MOXHO OHLIO
10OUTbCA TOrO, 4TOOLI COOTBETCTBYIOIUME MM TOYKM KBaapara
GBIIH CKOJb YTOAHO GJIH3KH.

Bor kak cTpouTcss 3TO OTOGpaxenue. Paso6beM oTpesok T
Ha YeTHIPe PaBHble YaCTH H 0GO3HAUHM YaCTHYHBIE OTPE3KH B MO-
paAKe HX Cle]OBaHMS CJeBa HanpaBo OyKBaMH T3, T3, Ts, Ti.
ToyHo Tak ke pasoObeM KBaipaT ) Ha yeThipe PaBHHIX KBaapara

W 060sHauMmM STH KpaapaTh uepes Qi, Q3, Q3, Qi (uepr. 1).

2. )3

-~

Yepr. 1.

1 1 1 1
Orpesku T1, T3, T3, Ty U COOTBETCTBYIOILHE UM KBaApaThl
1 1
Q}, Q2, Qs, Qi 6yneM HasbBaTb OTPE3KAMHM M KBaApaTaMH mep-

Boro panra. PasoGbem, nanee, Kaxbi#t u3 orpeskos T3, T3, T3, Ti
CHOBA Ha YeThipe PaBHEIE YACTH U OGO3HAUMM YACTHYHHIE OTPE3KH,

nosyyawoluyecs pasGHEeHHEM OTpe3ka T}, NI0C/Ie10BATEIbHO yepes
T3, T:, T3, Tf; OTpe3KH, Ha KOTOpHIe pa3buBaeTcs T3, 06o3Ha-
YUM MOCJENOBATENbHO Yepes T§, Tﬁ, T?;, Tﬁ; pasbuenue OT-
peska T3 oGosHaumm uepes T, Tio, Ty, Tis; pasGuenue or-
pesaka T}-—qepea T3, Th, Ti, Ti 16 6Tpe3x03 T3 — T,
MOJIy4aloLIUXCAd NpPH ITOM BTOPOM pasbuenuu, GyneM HasLBATb
oTpesKkamMH BTOpPOro paura. PasoGbem, nanee, kawIb#t U3 yeTHpex

1 1
KBaJaparoB G, Qé, Qs, Qs Ha uyeThipe paBHBIX KBaapara. Mul
noayuuM 16 kBaapatoB Broporo panra. Ksamparbl, Ha KOTOphie
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pasobbercst KBaapar Q}, 0GosHaunm yepes Qf, Qg, Qg, Qs pas-
OueHue KBajpara Qfl_, 0603HauuM yepes Qg, Qﬁ, Qg, Qﬁ; pasbue-
mne Q;—uepes G5, Qio, Qi1 Qiz u pasbuenne Q; — uepes Qls,
Qf4, Qis, Qfs. [lpn 3TOM MBH 1OMKHB BEIOHPATb ~0GO3HAYEHMS
TaKk, 4TOOGH KBaApaTh, y KOTOPHIX HIKHHE YKasaTeJu OTJH-
yaloTcd Ha |, HenpeMeHHO MMeJM MO KpaiHed Mepe OAHy OOLLYIO
touky. Ho Tak kak uerbipe KBanapaTta, mnoJyvawoluinecs pasbue-
HHMEM OJHOrO KBajpaTa MepBOTO paHra, BCeria HMeT OOy
TOYKY — LEHTP 3TOro KBaapaTa, TO npu BeiGope 00603HaueHHMit
Hano CJAEAHTb TOJbKO 3a TeM, YTOOH HMMeJH OOUIe TOYKH Kax-

2 2 2 2
Inple 1Ba KBaxpara Qs U Qs, Q; 1 Q, sz ] Qfs, T. €. mocjaen-

HU} ¥ NepBH} KBaApaThl BTOPOrO PaHra, sBJfOLIAECS pasbueHHeM
COCeHUX KBaApaTOB NepBOro paHra (uepr. 2).

70 i
i

5 419 /2

s sl s

12 15 16 123456 L1
g

7

Yepr. 2.

TyHkTHpHAs JMHMS Ha YepTeKe YKa3hiBAeT B KAKOM MOpANKe
NPOXOAATCA KBaapaThl, KOrja OTPESKH MPOXONATCH MOC/]EN0Ba-
TeNbHO CJIéBa Hamnpaso.

Paso6beM Temepb KawAbHH H3 OTPE3KOB BTOPOr0 paHra Ha
YeTHpe paBHHIX OTPe3ka. Mbl MoayynM, Takum o6pasom, 64 or-
pe3ka TpeTbero pasra, KoTopeie OyneM o0Q03HayaTb MOCJEN0-
BaTeJbHO (cJaeBa Hampaso) uyepes Ti, Tg, cee 7'24; TOYHO
TaK ke pasobbeM Kaxau# u3 16 KBaapaTOB BTOpPOrO paHra
Ha ueTHPe paBHHIX KBaapaTa. M monyumM 64 kBa;apata Tperbe-

3

ro paura. OGOsHauMM 3TH KBaApaThl yepes Qi’, Qg, veey Qo

TaK, 4TOOBl KBanpaThl QL Qg, Qg, Qz Ol pasGHEHHEM KBal-
2

para @i, KBanpaTH Qg, Qz’, Q§, Qg — pasbuenueM KBaapaTa

QGur o
TMpu 0603HAYEHHH MBI JO/DKHBI TaKKe CAEIHTh 33 TEM, YTOOHI
KaxIHe 1Ba COCENHHX KBaaparta TpeThero paHra (HWXKHHE ykKa-
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3aTeJu KOTOPHIX OTAMyaioTcs Ha 1) uMenau o6uwyio Touky. Ho Tak
KaKk Kaxible UYeThipe KBaJpaTa TpPeTbero paHra, SBJSIOLIHECS
pasGueHHEeM ONHOTO M TOTO € KBaapaTa BTOPOr0 palra, BCer-
1a uMeoT 0Oy TOukKy (LEeHTp 3TOro KBaaparta), TO Hano cle-
IWTh JUWIb 32 TeM, YTOOH KawAHH KBalApaT TpPeThero pawra,
ABASOIIMACA TMOCAeIHUM B pasOMeHHM HEKOTOpOro KaaapaTa
BTOpOrO paHra, UMeJs OGLLYIO TOUKY C MepBLIM KBAaJPAaTOM TPEThEro
padra, BXONSIIMM B pa3bMeHHe COCENHero KpaipaTa BTOPOrO
padra (4eprt. 3).

4
-

H

3
13
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H
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L
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Yepr. 3.

[TyHKTMpHAs JHHAS YKa3biBaeT MOPANOK MPOXONIEHHS KBa.-
paroB, COOTBETCTBYIOIUMH TNPOXOXAEHHIO OTPE3KOB CJeBa Ha-
npaso.

OnucaHHb# mpouecc pasbueHHs OTPE3KOB M KBaAPATOB MBI
MOxeM TMPOAOMKaTh GecnpeneabHO; MPH 3TOM C BO3PACTaHHEM
HOMepa paHra pasGueHHs KaK IJHHB OTPE3KOB, TaK M CTOPOHbI
KBaapaTOB GYAYT CTPEMHTbCS K HYJIO, TaK KaK AAs pasOuenus
41—”, a AJMHB CTOPOH

1
KBanpara GynyT . TMocraBuM Tenepb B COOTBETCTBHE KaxIOMY

paHra n JJMHE OTPe3KOB OyAyT paBHbI

otpesky T panra n Ksaapar Q% TOro ke pawra, WMeiowu#t TOT
xe HOMep B, uTO W JaHHHIE OTpe3soK. Ml moayyMM TOrna AJs
KaXIOr0 paHra n B3aWMHO OJHO3HAYHOE COOTBETCTBME MEXAY
OTpe3KaMH M KBajapaTaM¥ DasOMeHHs 3TOr0 paHra. IJTO COOTBET-
CTBHE MeXJAy OTpe3KkaM¥ M KBaJpaTaMd H MO3BOJHUT [OCTPOMTH
HHTEpecyiolilee HAc HeNMpepeiBHOE OTOOpaxeHWe ortpeska I Ha
ksanpar Q. TlycTb #,— Kakas-HuGynb TOYKa OTpeska. JTa TOYKA
MPUHANJIeXUT MO KpakHel Mepe onHOMYy (M He Gosiee yeM IBYM)
OTpe3Ky MNepBOro paHra, no KpaHeH Mepe OLHOMY OTpPe3Ky BTO-
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poro panra, no KpaklHe#t Mepe ONHOMY OTPe3Ky TPETLEro0 paHra,
¥ T. 1. BosbMeM KBaapaTh, COOTBETCTBYIOLLHE OTpE3KaM, cOxep-
KalUM TOUKY #,. ME nonyuuM GeCKOHEYHYIO MOC/EN0BaTeNAbHOCTD
KBaapatoB. Tak Kak KaxAeli KBanpaT paHra n CONEPIKHUTCS
B HEKOTOPOM KBajpaTe MNPEAHLAYLIEr0 PaHra ¥ TaK KaK C BO3-
pacrtaHMeM HOMepa PaHra n JJMHA CTOPOHH CTPEMHUTCS K HYJIO,
TO BCE ITH KBaJpaThl HMMEIOT TOJbKO OJHY OOLLYID TOYKY m,
KOTOPYI0 MBI M MOCTAaBHM B COOTBETCTBHE TOuke f,. WTak, Mu
NOKAa3a/M, YTO KaXAOH TOUKE OTPe3sKa COOTBETCTBYET OJHA BMOJHE
onpene/eHHas TOYKa KBajaparal).

Ham HyXHO Tenepb nokasaTb, YTO NMPH TAKOM COOTBETCTBHM
Kaxcnasi TOYKa KBajapaTa COOTBETCTBYET MO KpaiiHe#t Mepe onHOH
Touke orpeska. IlycTb my— npousBo/ibHas TOYKa KBaapara Q.

OHa npHHAanMexuT Mo KpaHHe#t Mepe ONHOMY KBanparty Q} nep-
BOrO paHra, no KpakhHe#t Mepe OLHOMY KBanpaTy Q2 BTOpPOro

panra, comepxaieMmycs B kBaxpare Ql, mo kpattnett Mepe onHoMy
KBanpaty Q3 Tperbero para, cozepxaulemycs B ksaapate QF,

HT. A

PaccMoTpum oTpesku, COOTBETCTBYIOIME ISTHM KBaapaTaM.
ycts 310 GynyT oTpesku T}, T3, T?i, i T. 1. Kaxnwt us
9THX OTPE3KOB COLEPKUTCS B MpeldbAYylleM, MpPHYEM NJIHHA OT-
peska ¢ pOCTOM HOMepa paHra pasGUeHHss CTPEMHTCS K HYJIO.
CrnenoBaTenbHO, BCe 3TH OTPe3KH HMEIOT JHIIb. ONHY OBILYIO
TOUKY #. Dro#t Touke f, oTpeaka T W COOTBETCTBYET TOUKa
KBajpara Q. '

Ham ocraercss mokasaTb HEeNmpepuHBHOCTb MOCTPOEHHOTO OTOG-
paxenns. Ho ecin £, — Kakag-uubynp Touka OTpeska, TO NpH
moboM n BcAkas TOYKa f 3TOrO OTpe3Ka, AOCTATOYHO OJH3Kas

1) Oanako, ofiHa M Ta Xe TOYKA KBaZipaTa MOXET COOTBETCTBOBATb
HECKOMIbKUM pa3JHYHBIM TOYKAM OTPe3Ka, T. €. Halleé COOTBETCTBHE HE
ABNAETCS B3aMMHO OZHO3HAYHBIM. TaKMMM TOYKAMH KBajpaTa, Kaxjaas
U3 KOTOPBIX COOTBETCTBYET HECKOJbKMM TOYKaM OTpe3Ka, SABJISAIOTCA
BEPIUMHBI KBAJpaToB pPa30HeHHil BCEX PAHrOB: Ka¥(Jas Takas BeplLIHHA
COOTBETCTBYET YeTHIPeM pA3JIHYHBIM TOYKAM OTPe3Ka, 32 MCKJIQUEHHEM
UeHTpa KBajxpaTa (), KOTOPBHIi COOTBETCTBYET JIMIIb TPEM Pa3JIHYHbIM
TOYKaM oTpe3ka. TeM e CBOHCTBOM — COOTBETCTBOBaTb HECKOJb-
KHM TOYKaM OTpe3ka — o0JajaeT KaxuJasd TOYKa CTOPOHBI KBajpaTa
pasbueHuss moGoro pamra, M TOJNBKO Te TOYKH, KOTOpHE SABAAIT-
€A BHYTPEHHMMH JJs KBaIpaTOB BCeX PAHrOB, 0G1ajal0T TeM CBOMH-
CTBOM, YTO Kaxjas M3 HUX CQOTBETCTBYeT JMIUb OZHOH TOYKE
OTpes3ka,
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K TOuke f4,, Oyler JexaTb C Hell HA OXHOM M TOM Xe€ OTpeske
paHra n uaM Ha COCellHeM OTpe3Ke Toro e paHra. Ho rtoraa
¥ COOTBETCTBYIOIME TOUKaM f, ¥ £ oTpe3ka T TOUKM m, W m
KBanpara Q OynyT NpHHANJEXATb ONHOMY MJH COCeJHUM KBa-
aparam toro xe_ panra. Ilostomy, ecau OpaTh TOuUKHM ¢ HOCTa-
TOYHO OGJMSKHMM K TOUKe f,, TO COOTBETCTBYIOLIME MM TOUKH M
MOXHO CleJaTh KaK YrOZHO OJM3KHMH K TOYKE m,, 4TO M JO-
Ka3EIBAET HENpPepHLBHOCTb OTOOPaXKeHHs.

IMonyyennoe namm oroOpaxkeHMe OTpe3ka Ha KBaipaT Mo-
3BOJIAT MOCTPOUTH «KpuUBYI0» IleaHo. B camom nene, eciu sa
orpesok T B3fATb OTpe3ok umcaoBoit ocu 0 L f <1, a sa ksa-
ApaT Q — enuMHMuHHIE KBaapaT maockoctd XOY, KoopauHATHI
TOYeK KoToporo ompenensiorcs HepaBeHcTBamn 0 <x <1,
0 < y<1, TO NOCTPOEHHOE TOJNBKO YTO OTOGPaxeHHEe OTpesKa
Ha KBaJpaT MNOPOXIAAeT JBe HempepuBHbE QYHKUUH X = o (¥),
y=4(f), KOTOpbie MNOJYYalOTCs, €CAH KaXKIOMy B3HaueHH f
MOCTaBUTb B COOTBETCTBHE KOOPIMHATH TOH TOYKM m, KOTOpas
COOTBETCTBYET 3TOMY B3HAauYeHHI0 [ NpPH [AHHOM  HelpepHIBHOM
oTo6pakeHnu.

HenpepriBHOCTs PyHKLUME © M & creayeT u3 TOro, uto eC/u
B3ATb TOYKH £, ¥ f oTpeska T mOCTATOYHO OJM3KMMH, TO M CO-
OTBETCTBYIOLIME WM TOUKM m, U m OyayT KaK yroaHo GIM3KH,
M3 Yero B CBOI0 Ouepenb CJAeLyeT, YTO Kak HX abcumcch,
TaK ¥ MX OpAMHATH OyAYyT CKOJb YrOAHO Mal0 OTJIHYaThCH
Ipyr OT apyra.

Tak moayuaercs npuMep «KpPHBOH», 3aaaHHOH NMapaMmeTpuye-
CKMMH YPaBHEHHSIMH, KOTOpasi «IMPOXOAUT» yepe3 BCe TOUYKM KBa-
apara.

Kak mb yxe rosopuiu B cHocke Ha cTp. 15, paccMoTpeHHOoe
HaMH HenpepeiBHOE OTOGPaxceHHe OTPe3ka Ha KBaApaT He ABJSETCS
B3aMMHO OJHO3HAYHBIM; CYLIECTBYeT GeCKOHEYHOE MHOMECTBO TO-
4YeK KBajapara, Kaxkias U3 KOTOPHIX COOTBETCTBYeT HeCKOJbKHM
(1ByM, TpeM MJM UeTHIPeM) TOYKaM OTpe3ka. MoxHO OblIO Ol
NOKa3aTb, YTO 3TO He B3aBUCHT OT Cnoco6a, KOTOPHM oOcylie-
CTBJISIETCS HeNMpeprBHOE OTOGpaXkeHHWe OTpesKa Ha KBajpart: NpH
BCAKOM TaKOM OTOOpaxXKeHHU scezda Halidymcs mo4Ku Ksadpama,
Kaxcoas u3 Komopsx COOmMSemcmsyem HecKOALKUM MOUKAM
ompeskal).

1) Cm., nanpumep, Jly3sun H. H., Teopus dyukunit nefictButenn-
HOro mepemennoro, Yunearus, Mocksa, 1940, ctp. 209.
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§ 3. Mpocteie ayru. JluHum, cocTaBlAeHHBIE W3 NMPOCTHIX AYr

Hasosem npocmoi 0yzoi MmHOdNcecm8o mo%eK NAOCKOCMU
uAu nPOCM PAHCMEA, HQ KOMOPOe MONHCHO 83QUMHO .00HO3HAYHO
U HenpepsisHO omol6pasums npsamosureinsii ompesox. Ha nio-
CKOCTH mpocTasl Ayra Bceraa MoxeT OLITb 3alaHa AByMs napa-
MeTPUYECKUMH YPaBHEHHUSIMH:

x=e@), y=90, 0<t<1,
ecqu 3a NPsAMOJMHEHHEIH OTpe3ok B3iATh OTpe3ok 0 (<1 um-
cJ0Bo#t npsMOM, a 3a PyHKUMH © U Y — abcuuccy X ¥ OPAMHATY Y
TOYKHM m, COOTBETCTBYlole# naHHOMY sHauenmio {. Ilpum stoM oGe
GYHKUMH @ H ¢ OKaXyTCd HenpepbuiBHHIMH M OYLYT YIOBJETBO-
pATb TOMY YCJIOBHIO, YTO NJ ABYX Pas/HYHbIX 3HaueHu# £ u &,
HMEET MECTO MO KpaliHe# Mepe OJHO M3 ABYX HEPABEHCTB:

6o o (tl) =+ (.?(tg), 60 ‘{J (tl) * q" (t2)

(MOryT, KOHEYHO, BHIMOJHATbCS M 002 HepPaBEHCTBA).

[TpumepoM npocTOft AyrH MOXeT CJAYKHUTb Ayra JmoGo#t u3
M3BECTHEIX HaM KDPHUBBIX: OKPYXHOCTH, 3JJIHMINCA, Tunep6OJH, ma-
paGousl, cuHycoundl, cnupanu Apxumena u T. A.

B npoctpaHcTBe mnpocTas Ayra 3anaeTcs TPeMsi napaMeTpH-
YECKHMH YPaBHEHHSAMH:

x=0(), y=4%0), 2=y,

npuueM A48 KaXIBX JBYX SHaueHu# £ W /, mapamerpa uMeer
MecTOo, MO KpalHel Mepe, ONHO M3 TPEX HEPABEHCTB:

o(t) #oty), V() #+ 4 (&), ) # 1 (&).
ITpumepoM mpocTolt Ayru B MPOCTPAHCTBE MOXET CJAYXUTb AyTa
BHHTOBOH JIMHUH:
X==rcost, y=rsint, z=al,
rie a U 7 -—TMNOCTOSHHHE BEJHYMHBl, a f—napaMeTp, NMpHYEM
0Lt <L oo
lNpuBenem euie oauMH MpUMep MPOCTOH AYrH B NMPOCTPAHCTBeE,

KOTODBHIM MOKaKeT HaM, HACKOJBKO MPUXOTIUBO MOXET BeCTH cels
3Ta «npocras» juHua. C 3TOH 1esbl0 MPUOABHM K ypaBHEHHSM

x=0@), y=9%0), 0<tK1,
3apaiowuM Kpusylo [leaHo, TpeThe ypaBHeHHe
z=L.

2 3ak. 1377. A. C. TTapXOMEHKQ
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MHO¥eCTBO TOYEK MPOCTPAHCTBA, KOOPAHHATH KOTOPHIX YIO-
BIETBOPSAIOT STHM YPaBHEeHHSM, eCTb mpocTasi Ayra, TaK Kak BCe
TPH KOODIAMHATH TOYEK ITOrO

z MHOXECTBa HENpPEpPHIBHO 3aBHUCST

— OT f, ¥ pa3HHIM 3HaYeHHsM f Bcerna

ADXs COOTBETCTBYIOT ~pasHble TOUKH

i SY=9ie) MHOKeCTBA  (OHH  OTJMYAIOTCS

s T > TpeTbelt KOOpAMHATOR) (uepT. 4).
A z s Dra KpuBas HMeEET Ty OCO-
< y ~A |7 6eHHOCTb, YTO €e MPOEKUUs Ha

/'L g 7  TJIOCKOCTb "XOy €CTb KBalpar.

P g TakuM 06pa3oM, Hal Kaxaoh Toy-
117 q Kol KBaapaTa HaXOLMTCS TOYKa
KpHBOM, a Hal HEKOTOPHIMH TOY-

& KaMH KBaapara Jaxe 10 HeCKOJb-
Hepr. 4. Ky Touek (2, 3 u 4). OGpasHo

roBops, 3TOT KBalApaTHHH Yyua-
CTOK CIJIOWIb TMOKPHIT KPHIUIEH, cleaHHON U3 MPOBOJIOKH H Mpen-
crasJsollet coOo#t BCe ke JUHHIO, 4 He MOBEPXHOCTb.

ITpocmoii 3aMKHYmMOL Aunueii Mol 6y0es HA3bBAMb MHO-
JICeCTNBO MOYeK NAOCKOCMU WAW NPOCMPAHCMBA, ABALIOULECS
83AUMHO OOHOZHQUNBLM U HenpepuisHbiM 00pA30M  OKDYIHC-

Hocmu.
Ha naockoctu npocTast 3aMKHyTast JIMHASI MOXET OLITh 3anaHa

LByMsI MapaMeTPHYeCKUMH YPasHEHHSIMH

x=0(@), y=90, 0K,
npuyeM
9 (0)=109(1), $(0)=1¢(1),

LU BCIKMX JKe IBYX 3sHaueHu#t # # f,, M3 KOTOPHX XoTs Obi
o1HO oTuuyHo oT O u 1, NO/MKHO HMMeTb MeCTO, MO KpaliHef
Mepe, OIHO W3 1BYX HEPaBEHCTB

ety #2(k), ¥E)+ V()

Ipocras saMkHyTas JHHUS TaK »Ke, K3K W MpocTasg 1yra, Mo-
’eT OBbITb BECbMa MPHYYIJIHBO PAcrosoxkeHa Ha IJIOCKOCTH. OHa
MOXeT He MMeTb KacaTeJbHOH HHM B ONHON CBOelt TOYKE; MJOLIANb
o0aactu, OrpaHpyeHHOR npocmﬂ 3aMKHYTOH JUHHMEH, MOXKeT
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3aBuUceTb OT TOrO, NPHYMCIHTL JH K O0OJaCTM ee TpaHHIy
wm Het '),

OnHako npocTas Ayra M MpocTas 3aMKHYTas JHUHAS SIBJSIOTCS
npocTeAlINMH CpenM BCeX JMHMH, TAK KaK OHH MO CBOMM BHY-
TPeHHHAM CBOHCTBAM YCTPOEHH TaK e, KaK OTPE3OK NPsSMOH H
OKPYXHOCTb; pas/HyHble K€ OCOOEHHOCTH MX CTPOEHHs, O KOTO-
pHX Mbl TOBOPHJM Bhillle, CBS3aHH C MX PACMoOJIOXEHHEM Ha ILO-
CKOCTH MJH B MNPOCTPaHCTBe.

MoxHO 6Gbi0 OB Ha3BaTb JuHHeH /M060€ MHOXKECTBO TOYeK,

KOTOpOe MOXHO pa36MTb Ha KOHEYHOE YMCJO MPOCTHX AYr, He-
UMELIYX NONapHO HHUKAKAX JPYTHX
TOYEK, KpOMe CBOMX KOHLOB. Bce us-
BeCTHBIE HAM JHMHUHM MOAXONAT NOJ, 3TO
onpenenenue. Tak, HanpuMep, OKpYy*X-
HOCTb MOXHO paccMaTpuBaTh Kak
JHHHIO, COCTOSILYI0 M3 ABYX MNPOCTHIX
Ayr — ee MOJYOKPYXHOCTeH; JeMHH-
ckaty BepHyaan — Kak JMHHIO, COCTOS-
Iyl W3 4YeThIpeXx MNPOCTHX AYT
(cM. yept. 10). DTHM MyTeM noayyaercs
yXe NOBOJIBHO IIMPOKHH KJjacc JHHUH,
conepxaiuuit B ceGe, B YaCTHOCTH, BCE Yepr. 5.
anre6panyeckue Kpusnie. Ho cymect-
BYIOT JIMHHH, KOTOPHE He MOT'YT GEITb MPEACTABAEHEl B BUAE CYMMBI
KOHEYHOr0 YHcJa MPOCTHX AYr, He HMEIILHX MONapHO HUKAKHX
APYTHX TOYEK, KpOME CBOMX KOHLOB. TakoBa, Hanpumep, JIHHHS
(uepT. 5), 3anaBaeMas caeayiouum oOpasoM: GepeTcs rpaguk
¢GyHKLAH

y=sin2—1jc, 0<xLK1

U K HeMy NPHCOENUHSETCS «MpeneabHHHE OTPE3OK» OCH OpIAMHAT
=0, —I1<y<L

KaK Mbl MOKaXXeM HWXKe, 3Ta JUHUS He MOXeT GHITb NpencTaBieHa
KaK coejMHeHHe KOHEYHOIO YHCJa MPOCTHIX AYT. Mb YBUIHM TaKxe,
YTO 3Ta JJUHUS He MOXeT GbITb MpeicTaBleHa M Kak HenpepHBHHH
o6pas orpe3ka (T. e. He siBaseTcs AuHHeR B cMbicae 2KopaaHna).

1) Cm. Jly3aun H. H. Teopua ¢ynxuuii neicTBHUTENbHOTO NEpe-
MeHHoro, cTp. 240.

2%
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Mbl BHIMM, UTO Kiaacc auruli JKopoana, a8aa3Ce cAumKoM
WupoKum, ecad He Haxiaadvisams Ha dyuxyuu @ (f) u $(f)
HUKGKUX OpYyeux OPAHUYEHull, Kpome HenpepuisHOCMU, He
oxsamoisaem mexm He MeHee 8cex
AURUE, Bcmpeaowuxcs npy pac-
cMOmperun paoa Bonpocos Mexa-
ruxu u gusdru. Kpome ykasaHHod
yXe JHHMM ClOAa OTHOCATCH, Ha-
npuMep, JHHUH, COCTOSIIME U3 OK-
DYXHOCTH ¥ HaBMBawLUelcs Ha Hee
cnupamu  (uept. 6). Takue JaunHuMH
NPUXOAUTCA DPacCcMaTpuBaTh B pa-
IMOGU3HKE TIPH H3YUYEHHH KOoJe-
6aTe/bHEIX MPOLECCOoB, @ TAKKe MpPH
PacCMOTpEHHH pexuMa  yCcTOHYM-

Yepr. 6. BOCTH HEKOTOPbIX aBTOMaTHYeCKUX
YCTPOKCTB.

Taxkum o6pasoM, BCe pACCMOTPEHHHIE HAMH [0 CHX TOp
cnocoObl OmpejeNeH!s] JMHANM BCEerfa OKAa3bBAJHCh HENOCTATOY-
HBIMM, TAK KaK Kaxabi#t pas HAaXOAWNMCh JIMHMH, He MOIXO-
IsuMe MOA STH OnpeleneHus.

§ 4. 3HaueHHe TeOpHH TOYEUYHBIX MHOXKECTB
B BOmpoce 00 ompeneneHHH JHHHH

K konuy XIX Bexka B MaremMaTHky Bce TrayGxe u raybOxe
HayMHaeT MPOHHKATh TaK HA3bIBaeMas TEOPETHKO-MHQXeCTBeHHas
TOYKA 3peHus, 3aKmoualouasics B TOM, uTO BCAKMM MaTeMarHue-
cku#t OGbeKT pACCMATPUBAETCH KAaK MHOXECTBO TeX MM HHBbIX
aneMeHTOB. TIpH 3TOM CaMO MOHATHE «MHOXECTBO» YXe HMKaK
He ONpelessieTCs] W OTHOCHTCS K YHCHAY 3JIeMEHTApHHIX MOHSTHHR.
C/10BO «MHOXECTBO» PaBHO3HAYHO CJIOBAM: «COBOKYMHOCTb®, «CH-
cTeMa», «coOpanue». B yactHOocTM, reomerpuueckas ¢urypa pac-
CMAaTPHUBAeTCs KAK MHOXeCTBO TOYeK, 00/1analouuX TeM HJIH HHHM
cofictBoM. Tak, OKPYXHOCTb €CTb MHOXeCTBO (reoMeTpHYecKoe
MECTO) TOYeK ILUIOCKOCTH, HAaXOASWMXCH OT NaHHOM TOUKM Ha
JaHHOM DAacCTOSIHMH. 3aMeHsd B reOMeTPHYeCKMX TeOopeMax BH-
paXkeHHe «reOMETPHYECKOE MECTO» CJIOBOM «MHOKECTBO», Mbl Ha
MepBLIX MOPAxX Jyullle BCEr0 OCBOMMCH C STHM MOHATHEM, SABJSI0-
LLIMMCS OCHOBHEIM /11 BCeli COBpPeMEHHO!H MaTEeMaTHKH.

HauGonee oTueT/MBO CHOPMYIHPOBAT TEOPETUKO-MHOXECTBEH=
Hyl0 TouKy 3penuss I'. Kanrop (1845—1918) B psne cBoux pa-
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60T, otHocAwMxca k 70-m u Hadany 80-x rr. XIX Beka. Emy
NPUHALJNEKAT BCe OCHOBHEIE MOHATHS TeOpPHUHM MHOxecTB. Teope-
TUKO-MHOXXECTBEHHas TPAKTOBKA BOMPOCOB MAaTeMaTHKH BooOiie
6nta GosbiiuM nporpeccoM Hayku. OHa, B 4aCTHOCTH, O3BOJHJA
Kanropy npoaBunyTh Jajleko Bmepes Bompoc 06 ompeneneHHH
noHaTHd JuHuM. C M3ydeHHS KaHTOPOBA OMpeNeJeHHs JHHHH MBI
¥ HauHeM OGoJsee noxpoGHOe Hcc/enOBaHMe MOHATHA JuHMH. Ho
npexjae 4eM STO CHeJNaTb, HAM NPHIETCS BBECTH DSl NOHATHH
TEOPUH TOYEUHLIX MHOXECTB, MOTOMY 4YTO Ge3 STOr0 Mbl He MO-
KeM Jaxe cHOPMYINPOBATL CaMO ONpelelieHHe KaHTOPOBOH JIMHUM.
DTH NOHATHSA MOHANOOATCA HAM M JaJbuie MPH U3yYeHHH 0OLLero
onpenesennss auHuy, aanxoro I1. C. YpeicoHoM. 3HaTh HX BoOOLIE
HEeOOXOIHMMO KaXAOMY, Kakoi Obl OTPAac/Ibl0 COBpPEMEHHOH MaTe-
MaTHKH OH HHM 3aHMMAJCH, TaK KaK OCHOBHble MOHATHS TEOPHH
TOYEUHHIX MHOXECTB MNpHMEHSIOTCS Tenepb BO BceX 06/aacTAX
COBPEMEHHO! MaTeMaTHKH.

Bo Bcem naibHeftmieM Mbl GyleM MO NpeHMYILECTBY FOBOPHTb
O TAKHX CBOMCTBAX TOYEYHBIX MHOXECTB, KOTOpDbie HEe MEHSIOTCA
MPH TAaK HA3LIBAEMBIX TONOJOTHYECKHUX HJIH FOMEOMOP(HBIX OTO-
GpaxceHudX.

['oBopst omnmcaTeqbHO, MOXHO CKa3aTh, YTO TOMOJOTMYECKOE
OoTOGpaXKeHHe —3TO TaKOe HA/NOXKeHHe ONHOI0 MHOXecTBa Ha
Apyroe, mpH KOTOPOM HHKAaKHe 1Be TOYKHM OLHOrO MHOXeCTBa He
C/HBAIOTCA B ONHY TOYKY JPYTOr0O MHOXECTBA H AOCTATOYHO G./M3-
KUM TOYKAM OJHOTO MHOXeCTBA COOTBETCTBYIOT CKOJb YTOIHO
6/uskue TOUKH Apyroro. ['oBops coBCeM KOPOTKO, TOMOJOrHYe-
ckoe OoToOpaxceHHe mepeBOJUT ONHO MHOXECTBO B Apyroe Ges
CKJICMBAHHS M DPasphLIBOB.

Tounblt cMBICT 3THX BHICKA3HIBaHMH CBOIMTCH K TOMY, 4TO
TOMOJIOTHYECKOe OTOOpaxieHHe sB/SeTCS B3aWMHO OJHO3HAYHLIM H
B3aMMHO HeNpephIBHLIM,

C TonosornuecknM oTOGpakeHMeM HaM YxKe NPHXOAMIOCH
HMEThb JeJ0, KOrja Mbl TOBODWJIM O TNOHATHH MNpPOCTOH AYTrH.
Tenepb MBI MOXeM CKa3aTh, 4TO MPOCTast AYra ecTb TOMONOrHYe-
ckult o6pas npsMosmHeHHOro orpeska. [1puBeneM HeCKOIbKO MpH-
MepOB Pas/HYHBIX FOMeOMOP(HBIX U HErOMEOMOP(HHEIX MHOXECTB.

Kpyr, kBanpar, TpeyroisHUK roMeOMOP(HE Mexkny COGOH.
F'omeomopdubsiMu GynyT ¥ TakWe MHOXecTBa, Kak GokoBas mo-
BePXHOCTb LHUIMHAPA U KPYroBOE KOJbLO, T. €. MHOXECTBO TOUEK,
BaKJIIOYEHHHLIX MexNy IBYMS KOHLEHTPHYECKUMH OKPYXHOCTAMH
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(BK/OYasl M CaMH OKPYXXHOCTH); rOMeOMOpdHEr GynyT Bcs mps-
Mass W MHTepBaa (OTPe3OK 0e3 KOHLOB). I'omeoMopdHbi Mexny
co60lt OKPYXHOCTb, SJUIMIC, KOHTYp KBanpata W T.n. Hanporus,
TaKuHe MHOXECTBA, KaK OTPe30K M KBalpaT MM OTPe30K U OKPYK-
HOCTb, MeX1y co6oit HeroMeomopdHel. HeromeoMopdHEIMY ABASIOTCS
TaK)Xe OTPe30K M BCA MpsaMasd.

MOXHO 10Ka3aTh, YTO HEKOTOpHe CBOHCTBA MHOXECTB, TaKue,
KaK CBfIBHOCTb, KOMMAKTHOCTb, YMCJIO H3MepeHuit (omperesieHue
KOTOpHIX NaHbl B riaase lII), cOXpaHsiOTCA npu roMeoMOPQHBIX
oToOpaXKeHusx; Apyrue e, Kak DPACCTOSHHE MeXAy ABYMS TOY-
KaMi, NPHHALNEKHOCTb TOYEK ONHOW MPAMOM MM IJIOCKOCTH,
npu roMeoMopdH3Me He COXPaHAITCA (3TO MOXHO MPOCAEAUTH
HA BLILIENPHBEJEHHHX NPHMEPax).

Mamemamuneckas OUCUUNAUKG, U3YLQAIOUW,AL me CBOLCMBA
MHOJCECMB, KOmMOpble COXPAHAIOMCA NPU BCAKOM 2OMEOMOPPH-
HOM Omobpascenuu, Ha3vsaemcs monosozueli. Ta Hayka oco-
GenHo GypHO pasBHBa/NaCh B MepBOH MOJNOBHHE TeKylllero CToJie-
THS W TpPHBEJA K CO3LAHHI0 PAAa (YHNAMEHTANbHBIX MOHATHH
COBpEMEHHO!t MaTeMaTHKH M, B YACTHOCTH, MOHATUS JIMHHH.

Benyuee MecTo B pasBHTHM TONoJOruM sanmmaer CoBeTcCkui
Colo3 B JMUe KpynHeHmMX mnpeaCTaBHTeNeit 3SToft Hayku:
1. C. VYpuicona, I1. C. Aunekcannposa u JI. C. ITonrpsruua.



FTJIABA 1I

HEKOTOPBIE CBEJEHHS1 U3 TEOPHH TOYEYHbLIX
MHOXECTB

§ 1. OcHoBHBIe MOHsATHA 00meli TEOPHH MHOXECTB

[pexne yeM mepexOIMTb K M3YYEHHIO TOYEUHHIX MHOXECTB,
HANOMHHM CaMble OCHOBHbIE MOHATHs OOLIet TeopuH MHOXECTB.

Bcsikoe MHOXeCTBO COCTOMT M3 OTHeJbHHIX 3JeMeHToB. Eciu x
ABJISIETCS 3JEMEHTOM MHOecTBa A, To Mbl 6yIeM rOBOPUTb TaKXe,
4YTO X MNpUHALJIeXUT A W nucarthb

x € A

IlBa MHOMecTBa A M B CuuMTalOTCS PABHBIMH, €CIM OHH CO-
CTOSIT W3 OJHHX M TeX )K€ 3JIEMEHTOB, T. €. eClIH KaxIbift dJe-
MEHT MHOXecTBa A NpPUHALIEXUT MHOXKECTBY B, a Kaxiwuh 3sie-
MeHT MHOXecTBa B npuHanjexxur MHoxecTBy A. Ecin MHOxe-
ctBa A u B pasHb, TO Mbl GyaeM mucath A= B.

Ecau kaxnpit sneMeHT MHOXecTBa A NPUHAJJNEKHT MHOXE-
cTBy B, T0 A HasmBaeTcs MOIMHOXecTBOM B. Mbl OyneM roso-
putb, uT0 A cozepxurcd B B u mucatb AcB; B 3TOM ciayuae
Mbl OyleM TOBOpHTb Takke, uTo B comepxur A u nucatb BDA.

Ecmm A=cB u Bc A, to A= B.

OGbenuHenneM HJIM cyMMolt 1ByX MHOXecTB A ¥ B Haswl-
BAeTCd MHOXKECTBO S, KaXKIBI# 3JEeMEHT KOTOPOro NpPHHAIJIEKHT,
no kpatiHe#t Mepe, onHoMy us MHOxectB A wiau B. To o6crog-
TEJ/bCTBO, YTO MHOXECTBO S ecTb CyMMa MHOXeCTB A M B, M
6yneM samuchiBaTh Tak

S=AUB.

ITousaTHe CyMMbl MOXeT GHTb PacnpOCTPAHEHO Ha MOGYI0 KOHEY-
HYI0 U JaXe GECKOHeYHYl0 COBOKYMHOCTb MHOXECTB,
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 Tlepeceuennem nByX MHOMECTB A M B HasbiBaeTcsi MHOXe-
CTBO P, KawABH# 3/1eMeHT KOTOPOro MPHHANJEXHT KaK MHOXeE-
cTBy A, Tak U MHOXecTBY B. Mbl 6GyneM roBoputh TaKxke, UTO
MHOXecTBO P ecTb obuias 4acTb MHOeCTB A ¥ B M nucathb

P=ANB.

[MoHATHe nepeceyeHHss MHOXECTB TAKXE paclpOCTpaHseTcs Ha
Mo6yio (KOHeuUHyi0 MM OeCKOHEYHYI0) COBOKYIHOCTb MHOMXECTB.

PasHocTblo 1Byx MHOXeCTB A U B HasbiBaetcss MHOXecTBO D,
COCTOAIIIEE M3 TeX SJEMEHTOB MHOXeCTBA A, KOTODhHle He MpH-
Hapaexat MHoxectBy B. To oGcrosreabcTso, 4To D moayuaercd
BLIYUTAHHEM M3 MHOXecTBa A MHOXecTBa B, Mbl GylneM 3amuchi-

BaTb TakK: D= A\B

Ilpu sTOM He npeanojaraeTcs, YTO MHOXeCTBO B LeIMKOM
conepxxutcs B MHOoxxectBe A. Eciu Bc A, T0

D=A\B

Ha3bIBaeTCs TaKe NOMO/IHEHHeM K MHOXeCTBY B B MHOXecTBe A.
Muoxectsa B W D Ha3HIBalOTCA B STOM CJayyae B3aUMHO AOMNOJ-
HUTEJIbHEIMA,

Wnoraa panu oOGLIHOCTH paccykaeHH#t NpUXORUTCs ynucTo dop-
MaJbHO BBOJMTb B PAacCMOTpeHHE MHOXECTBO, He cojep)Kaulee HH
OIIHOTO 9JEeMeHTa, TaK HAa3LHBaeMOe MyCToe MHOXecTBO. Mbl GydeM
ero oGosHauath cumoioM 0. Ilo onpenenenmio, mycroe MHOXe-
CTBO SIBASETCS MOAMHOXECTBOM BCSKOIO MHOXeECTBA.

Mpumep. Ecim A— muoxecTBo Touek orpeska 0 L x <2,
a B—wMHoxecTBo Touek orpeska 1 Lx <3, to AUB ectb
MHOXecTBO Touek orpeska 0 < x < 3; A) B— MHOXeCTBO TOYEK
orpeska 1 < x < 2; AN\ B—MHOXeCTBO TOuYeK MOJYHHTepBaJa
0L<x< 1.

Onepaunu oGbelnHEHHs, NepeceyeHnss U BHYATAHHS MHOXECTB
00121210 PANOM CBOHCTB, MPHUCYILHMX OMePaLUsM CJIOMKEHHS, YMHO-
XeHuss W BHYMTaHus uucen. OJHAKO BO MHOrOM ONEpaLU¥ Han
MHOXXECTBAMM OT/IHYAIOTCS OT omepauuit Ham yucaamu. Mol 31echb
HEe OCTaHaBIMBAaeMCd Ha H3y4YeHHMH CBOMCTB onepauuit Hajg MHO-
KECTBaMH, MOCKOJbKY B 3TOH KHMre MH GyneM penKo MMM MOJb-
3oBaTbCs. IlonpoGHoe OcCBellleHHE 3THX BOMPOCOB MOXHO HalTH
B CMELMAaJbHEIX KHHFaX MO TEOPHH MHOXECTB 1),

1) CM., Hanpumep, Anexkcaungpos II. C, Bsegenue B ofuyio
TEOPUI0 MHOWKECTB W QyHkumid, [ocrexusgar, M, —JI, 1948 r,, rx, 1,
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Eciau HaM naHb nBa MHOXecTBa A U B, TO Mbl MOXeM yCTa-
HaB/IUBaTb COOTBETCTBHE MEXIY WX 9JIEMEHTAMH, yKasbiBasd, Kakoi
3/MeMEHT MHOXecCTBa B COOTBETCTBYeT JaHHOMY 3J]EMEHTY MHO-
xecTBa A.

To 06CcTOATENBCTBO, UTO JIEMEHTY X MHOXecTBAa A CTaBUTCH
B COOTBETCTBHE 3JEMEHT y MHOXecTBa B, Mbl GyldeM OGHYHO
3amUCcHBATbL B BHIE

y=f(x).

CumBonoM f M 0003HauyaeM 3fech TOT 3aKOH, MO KOTOPOMY dJie-
MEHTaM MHOXeCTBa A npHBOIATCSA B COOTBETCTBHE JJMEMEHTH MHO-
wxectBa B. [lonaTHe O COOTBETCTBHM [BYX MHOXECTB SBJSETCS
00006LeHHeM OGBIYHOrO MOHATHA ¢yHKUMH. ToJbkO mpu ompene-
NeHUH (YHKLUMH KaK MHOXeCTBO A, KOTOPOMY MpHHAAJEKAT 3Ha-
YeHHs apryMeHTra X, TaKk ¥ MHOXecTBO B, cocTosliee M3 3HaueHHH
¢$yHKUUR Y, ABAIOTCS MHOXECTBAMHU NeHCTBUTENBHEIX yncen. Tak,
HanpuMmep, ¢yHKLUUSA

y=tgx,

k] ™
3ajaunas B MHTepBANE — - < X < -, YCTaHAB/IHBACT COOTBET-

CTBHE MEXIY MHOXECTBOM YHCEJ, MPUHAIMEeKALINX STOMY HHTep-
Baly, ¥ MHOXECTBOM BCeX IeHCTBHTEJbHBIX UYHCEN.

Ecau rasxcoomy asemenmy xnosxcecmsa A coomsemcmsyem
Herxomopuili 8nosHe onpedefeHHbli 3aemenm MHOXcecmsa B,
mo mul 2080puM, 4mo MHOXMCecmso A omobpaxcaemcs 8 MHO-
gicecmso B. Tlpu 3TOM He 06s13aTe/bHO, YTOOGB KaXIABIH dJEMeHT
MHOXeCTBa B COOTBETCTBOBaJl KaKOMY-HHOYIb 3JIEMEHTY MHO-
wectBa A. Ssemenm y muoscecmsa B, coomsemcmsywoujui
JaeMeHmy X MHOXMcecmsa A, Ha3bi3aemcs 00pa30M INeMeRMA X,
a gnemenm X —npoo6pasom 3semenma y. Ecau MHOXecTBO A
oto6paxaercd B MHOXeCTBO B, 1 N — 0JIMHOXXeCTBO MHOXeCTBa B,
M — COBOKYMHOCTb BCEX 3/JIeMEHTOB MHOXecTBa A, 06pasbl KOTO-
PHX CyTb 3JieMeHTH MHOxecTBa [N, TO M HasLIBaeTCH NOAHbBLM
npoo6pasos N.

Ecau rasclomy sisemenmy mroxcecmsa A coomsemcmsyem
HEKomopuili 8nosxe onpedesennviii semenm MHoNcecmsa B u
KaoicOuili 3s1emenm uHoxicecmsa B coomsememsyem HeKomopomy
JNeMEHIMY MHONHCECMBA A, MO Mbl 2080PUM, 4MO MHONcecmso A
omobpadcaemca Ha #MHoxucecmso B. Tlpu stoM He mpenmoJa-
raercsi, YTO PasHLIM 3JEMEHTAM MHOXecTBa A COOTBETCTBYIOT
pasHbie 3JeMeHTH MHOXecTBa B.
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Ecau xascoomy asemenmy muoscecmsa A coomsemcmsyem
HeKomopuili dsemenm mHONcecmsa B, raoscowlii 3sesmenm MHO-
Jgicecmsa B coomsemcmsyem HeKOMOPOMY 3AEMEHIMY MHOKHCE-
cmea A u DO3HUM 3LeMeRMAM MHOKCecmBa A coomsemcmsyom
pasuvie 3aeMeHmbl MHONCeCcmsa B, mo mvl 2060pus, 4mo MHo-
Jicecmeo A omobpaxcaemcss 83QUMHO OOHOZHAYHO HA MHOJMCe-
c¢cmgo B. B 3TOM ciyuae KaXIOMY 3/EMEHTy MHOXecTBa B coor-
BETCTBYET BIOJIHE OMpeJe/CHHEIH 9/IEMEHT MHOXeCTBAa A; nmo3ToMy
MB MOXEM TOBOPHTb TaKXe O B3aHMHO OJHO3HAYHOM OTOGpa-
JKeHHH MHOXecTBa B Ha MHOXecTBO A. IDTO 0TOGpaXKeHHe MHO-
wecTBa B Ha MHOXeCTBO A Ha3LIBAETCHA 00PAMHBLM K UCXOLHOMY
oToGpaeHui0 MHOXecTBa A Ha MHOxectBO B. Takum 06pasom,
ecid MHOXeCTBO A OTO6paxKaeTcss B3aWHMHO OJHO3HAYHO Ha MHO-
XecTBO B, TO W MHOXeCTBO B orobpaxkaeTcs B3aMMHO OIHO-
3HAYHO HAa MHOXecTBO A. B 3TOM cayuyae roBopaT Takxe, 4TO
MeX1y MHOXeCTBaMM A M B YCTaHOBJICHO 83QUMHO 00HO3HA4HOE
coomsemcmaue.

ViTak, npu B3aMMHO ONHO3HAYHOM COOTBETCTBHH MEXNIy 3Je-
MeHTaMH MHOXecTB A M B KaxIOMy 3JeMeHTy MHOxecTBa A
COOTBETCTBYET HEKOTOPbfl 3JEMEHT MHOXeCTBa B; KaxaoMy s.ie-
MeHTy MHOXecTBa B COOTBETCTByeT 3/JeMeHT MHOxecTBa A; pas-
HBIM 3JIEMEHTAM MHOXKeCTBA A COOTBETCTBYIOT pasHhle 3JEeMeHTH
MHOXECTBA B; pasHbIM 3/€MEHTaM MHOXeCTBAa B COOTBETCTBYIOT
pasHble 3JeMeHThl MHOxecTBa A.

IMpumep. Ecau abcd — xBanpar, To, NPOEKTHPYs €ro opTo-
FOHAJIBHO HA CTOPOHY @b, MBI MOJYYMM OTOGpaxieHHe KBaapara
B npaxuyw ab. D10 Ke camoe NpoeKTHpoBanue Gyder M oToGpa-
’KeHHeM KBalpara Ha ompe3ox ab. Tlpum sToM oTpesox cd oTo-
OpaxcaeTcs Ha OTPe30OK @b B3aMMHO OJHO3HAYHO.

MHoxecTBa GHIBAIOT KOHEYHble W OGeCKOHeuHble, Ec/M 3/1eMeHTH
MHOXecTBA A MOXHO NPHUBECTH BO B3aUMHO OJHO3HAYHOE COOT-
BETCTBHE C YHCAAMH HATYPaJbHOrO psAna, oT 17 10 Hekoroporo
YHCAA N1, TO MHOXECTBO A HasbiBaeTcs KOHEYHHM. MEI roBopum
B 3TOM Clyuyae, YTO MHOXEeCTBO A CONEPKHUT 1 3JeMeHTOB. Ecau
TaKoe COOTBETCTBHE YCTAHOBHUTb HEBO3MOXXHO, TO MHOXXECTBO Hashl-
Baercsl GeCKOHEYHBIM.

Ecan 3/eMeHTH MHOXeCTBA A MOXHO NMPUBECTH BO B3aHMHO
OIHO3HAYHOE COOTBETCTBME C MHOXECTBOM BCEX HATYPaJbHBIX
yncea 1, 2, ..., n, ..., TO MHOXKECTBO A Ha3LIBAETCS CUYETHHIM.
Yucno n, KOTOpOE CTABUTCA B COOTBETCTBHE IJEMEHTY X MHO-
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xectBa A, Mbl OyneM HHOrAAa Ha3HBATh HOMEPOM 3JEMEHTAa X,
a TO OOCTOSATENbCTBO, YTO 3JEMEHTY X MOCTAaBIEHO B COOTBET-
CTBME HATypalbHOe YHCJO n, GyleM 3aNMCHIBaTb B BHIE X,; MH
GyLeM TOBODHTb, 4YTO 3JeMeHTH MHOXecTBa A NepeHyMepOBaHH!
C MOMOLIBI0 HATYpaJIbHHX YHCeld, a4 CaMOe COOTBETCTBHE MeXIY
MHOXECTBOM A M MHOXECTBOM BCeX HATYPalbHbIX YHCE] 3aMHChi-
BaTb B BHUIE MOCJeNOBATEIbHOCTH

X1y Koy cvny Xpy ons

[TpuMep. MHoXecTBO BCeX palMOHAJbHHIX YHCEJ, 3aKJIO-
yeHHIX Mexay O u 1, cuerno. CuerHiM OyZeT W MHOKECTBO
BCEeX PALHOHAIBLHHIX ymcesal).

Ecin MHOxecTBO A MOXeT OHTb NPUBENEHO BO B3aHMHO
OJIHO3HAYHOE COOTBETCTBHE C MHOXECTBOM BCeX JeHCTBHTENbHBIX
yucea, TO FOBOPAT, YTO OHO MMeeT MOLIHOCTb KOHTHHyyMa. Ilpu-
MEpaMH MHOXECTB, MMEIOIIUX MOLUIHOCTb KOHTHHYYMa, MOFYT CJy-
*KHTb: MHOXECTBA BCeX MPPALMOHAJLHEIX YMCEJ; MHOXECTBO TOYeK
NpSMOR; MHOXeCTBO TOYeK oTpeaka or 0 10 1; MHOXecTBO Bcex
TOUEK MJIOCKOCTH; MHOXECTBO BCeX TOYeK NPOCTPAHCTBA U Apyrue %),

§ 2. 3aMkHyTHle H OTKDHITHIE MHOXECTBa

BosbMeM HAa MJIOCKOCTH WM B NPOCTPAHCTBE INPOM3BOMbLHOE
MHOXeCcTBO R. DTO MHOXeCTBO R MOXeT, B YaCTHOCTH, COBMAaAaTh
CO BCeM MNpPOCTPAHCTBOM, HO MOXeET M COCTABIATb JHIUL YacThb
npocTpaHcTBa. Bo Bcex onpenesieHnsx, KOTOPEIE MBI cefiyac BBeAeM,
Hac OyLyT MHTEpeCOBaTb TOJIbKO TOYKH MHOXecTBa R. O6 ocTajb-
HBIX TOYKaX MPOCTPAHCTBA, €CJH OHM He BOLLIM B MHOXECTBO R,
MBI MOXeEM 3albITh.

Hs Bcex cBolicTB, KOTOPHIMH 06J1aRal0T TOYKM MHOXecTBa R,
JIeXAIero Ha MpsiMOH, HAa MJIOCKOCTH HJHM B MPOCTPAHCTBE, CaMbIM
BAXKHBIM 1] HAC fBASETCS TO, YTO AJA KaXIHX NBYX TOUEK X, ¥
MHOXeCTBA R MOXHO OMpeje/HTb PACCTOSHHE MEXAY HUMU.

Paccroaune mexnay nByMa TOUkaMH X M y MH Oyzem 06o-
3HauyaTb vyepes p(x, y). VI3 MHOTOUMC/IEHHBIX e CBOHCTB pac-
CTOSHMSI MEXAY TOYKAMH HAM MOHAROOGATCS TOJbKO CJeLyIOLiHe:

1) Cm. Aaexcaunpos Il C. Bsenenne B o6ulyi0 TEOPHIO MHO-
xecTB H Qynxumi, crp. 29, Teopema 8.
2) Tam xe, cTp. 63—65 u crp. 159, Teopema 26.
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1°. Ecim x M y—JBe DPasinuHHE TOYKH MHOXecTBa R, TO
pacCTosiHHe My HHMMM eCTb MOJNOXHTeNbHOe yucao. Ecan xe
TOYKH X M y COBNANAIOT, TO PACCTOSHHE MEXAy HUMU PABHO
HY 0.

2° Jlna BeAKMX NBYX TOYEK X M y MHOXKeCTBa R

plx, M)=p(, x).
3°. KaxoBbl Gbl HM GbiIM TPH TOYKH X, y, 2 MHOXeCTBa R
BCErla MMeeT MeCTO caelyloLiee HEPaBeHCTBO:

plx, 2)<Lp(x, )+p0y, 2).
910 HepaBeHCTBO MbI OyleM HasbLIBaTh HEPABEHCTBOM TPEYrO/b-
HHUKA. OHO ABJSAETCH IO CyU.leCTBy 3aMUCbhio TOH I‘eOMeTpH'{eCKOﬁ
'reopeMb[, YTO BO BCAKOM Tpeyronbnuxe Kaxxnas CTOpOHa MEHbIIIe
CYyMMBI IBYX APYFHX CTOPOH.

3ameuaHue. Bo Bcex nocnenyoiuux pacCMOTPEHHAX B KauecTBe
"MHOXECTBA MOXHO B3ATb HE TOJbKO MHOXECTBO TOYEK NMpPAMOH, MJo-
CKOCTH MJHM MPOCTPaHCTBA, HO BooGmie M060€ MHOXECTBO 3JIEMEHTOB,
obnajaioniee TeM CBOHCTBOM, 4TO KaXJOH Nape SJAEMEHTOB X H Y MHO-
#ecTBa R coorBercTByer uucio p(x, y), yAoBiaersopsiomee ycao-
“Buam 1°, 2°, 3° Taxoe MHOXECTBO HAa3bIBAIOT MempPUuH4ecKuM npocCmpan-
CmgoM, €ro 9JEMEHTH — TOYKAMH, a YHCJO p (X, ) — PacCTOAHHEM MEXAY

" TOYKaMH X H Y.

TlpuMepoM MeTPHYECKOTO NMPOCTPAHCTBA, OTANYHOLO OT MHOXECTBA
TOYEK OGHIKHOBEHHOrO0 NPOCTPAHCTBA, MOXET CJAYXHTb 71-MEpHOe Ipo-
crpaHcTBO. TOUKaMu ero SBAAIOTCHA YNOPsSAOYEHHblE CHCTEMBbI M3 72 yuced,
a paccTosHMe MexAy ABYyMS TOYKAMH X M Y ONpelensieTcs CAELYOLIUM
o6pa3om: eCnu

X=X X2 000y Xp)y YV =(V1s V20 o+ 0s Yn)—
-JiB€ TOYKH A-MEpHOroe npoCcTrpaHCTBa, TO

P )=V r— 1P+ 02— x4 ... +p—x,)2-
BBenenHoe TakuM 00pa3oM paccTOsiHME OOnajZaeT BCeMM CBOMcTBaMH 1°,
2° 3° Ha noka3aTennCTBE 9TOTO YTBEPKJIEHHS MBI OCTaHaBAHBATbLCA He
6ysem ). Bcaxoe NOAMHOXECTBO 1n-MEPHOTO MPOCTPAHCTBA ABJAAETCA
METPHYECKUM NPOCTPAHCTBOM.

Ha nporsxenuu Bcero NOCAEGRYIOMEro H3NOXKEHHa NOoA R MOXHO
6bino0 65 MOHMMATh NM06GOe METpHYeckoe mpocTpaHcTBo. OnHako, YuTa-
TeNb, KOTOPOMY TaKol MOAXOZ K Jeny NMOKAaXeTCs CAUIIKOM a6CTPAaKTHbIM,
"MOXCET paccCMaTpHBaTb B KayecTBeé R MOAMHOXECTBO OGHIYHOTO 9BKJIH-
JoBa mpocTpaHcTBa. HHKakoro BAMAHMA Ha MOHMMaHMe CyLieCTBa jena
9TO UMeThL He Oyjer.

1) 310 40Ka3aTeJbCTBO MOXHO HaiiTH, Hampumep, B KHure A jek-
cauaposa II. C, BeeneHne B 0o61iyI0 TEOPHIO MHOXKECTB U ‘(DyHKIHi1,
crp. 228.
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OCHOBHHIM /11 BCelt TEODHM TOYEUHBIX MHOXECTB SIBJASETCS
NOHATHE npedeavnold mouxu MuoxectBa, [1ycTe M — MHOMXECTBO
TOYEK, COCTaBJMIOIIA YacTb (MOIMHOXKECTBO) MHOXeCTBa R.

Touka x MHOXecTBa R HasbIBaeTCs npedefvHOl MO4KOE MHO-
wectBa M, ecim B Jio6o#t OaM30CTH OT X B MHOXecTBe M
Hatimercs Touka y, oTMuHad oT Toukn x. CioBa «B JoGoit Gm-
30CTH» HalO0 MOHMMATh TAK: KaK Obl MaJO HU GBLIO MOJOXKUTEIbHOE
yucJao e, B MHOXKecTBe M HaltmeTca Touka y, yAajleHHas OT
TOYKM X MeHee YeM Ha e. TOuyKa X MOXKET NMPUHALJIEXKATb MHO-
XecTBY M, HO MOXeT M He HpPHHANJIEXKATb eMy.

[Mycte R —npamas jusus. Torna AJjs MHOXecTBa, COCTOS-

LIEr0 M3 TOYEK
1 1

1
1, T Facers e

npejenbHOR TOuko# Gyner Touka HyJb. Jlns MHOxecTBa A paumo-
HAaJbHBIX TOYEK NpsAMOH npeneibHO# OymeT BCsiKas TOUKA MPSMOH
(xak palMOHa/NbHAdA, TaK M UPPALMOHA/IbHAS), MPHYEM PAaLHOHAJb-
HBle TOYKH MNPHHALIeXKAT MHOXKECTBY A, a MPPAlMOHAJIbHBIE He
MPHHALIEKAT eMy.

MuoxecTBO F Ha3bIBAeTCH 3AMKHYMulM, €CIH BCAKASA TOYKA X,
KOTOpas fBJISETCS NPENe/bHON I MHOXKecTBA F, NMPHHAJIEKHT
3TOMY MHOXECTBY.

Ecau onatb R — npsMas JMHHS, TO OTPE3OK MPAMOH SBJSETCS
3aMKHYTHIM MHOXECTBOM, TAK )K€ KaK M BCd NpAMad, TOrAa Kak
MHOXECTBO DALMOHAJbHLIX TOYEK YKe He OYIET 3aMKHYTHIM MO
OTHOILIEHUIO KO BCell mpaMOH, TaK KaKk MPpAUHOHAJIbHEIE TOYKH
npsiMoit, OynyuH mNpedeJbHHIMH 11 MHOXECTBA PALMQHAJbHEIX
TOYEK, He NMPUHALNeNKAT 3TOMY MHONKECTBY.

Eciu F— 3aMKkHyTOe MHOXECTBO M TOYKAa X He NPHHANNEKHT
eMy, TO, [0 onpejeleHHI0, OHA He OyneT W npeleabHOH TOYKOH
9TOr0 MHOXECTBA; 3TO 3HAYMT, YTO CYLIECTBYET TAKOE UHCIO e,
YTO HAa pACCTOSHHM OT TOYKH X, MeHbllleM e, HET HHM OJHOH
TOYKM, NpHHAJJexaiiel MHOxeCTBY F.

OTMeTuUM 1Ba OCHOBHHIX CBOMCTBA 3aMKHYTHIX MHOXECTB.

Teopema 1. Cysuma 08yx 3aMKHYMOHLX MHOKHCECME ecmb
MHOJCECMBO 3QMKHYymMOe.

HeitctButensno, ecim F; M Fy— 3aMKHyTble MHOXECTBA H
X — TOYKa, He MpUHaAJexauas HX oObeIHHEHHIO, TO X HE NpH-
HaIJeKHUT HH OJHOMY M3 MHoxecTB F, m F,. Tak kak F, u F,
MHOXECTBA 3aMKHYTHie, TO CYLIECTBYET TAKOE€ YHCJIO &, 4TO Ha
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PACCTOSHUH OT TOYKH X, MeHbIIEM e,, HeT HH ORHON TOUKH
MHOMeCTBa F;, W TaKoe YHCJO &y, YTO HAa PACCTOSHMM OT TOYKH X,
MeHblIeM &,, HeT HH OXHOH TOuYkKH MHOxecTBa Fy. Ecim npen-
NOJIOXKHTb, YTO e, < &y, TO HA PACCTOSHHH OT TOYKHM X, MEHb-
meM e;, He GyIeT HH ONHOH TOUKHM HM MHOXecTBa F,, HH MHO-
KecTBa Fy, a TeM caMbiM M HM OfHOHM TOYKHM MHOxecCTBa Fy U F,.
Taxkum oOpasoM, eca¥ TOYKA X He MNPHHALIEKHT MHOXECTBY
Fy; U Fy, 10 oHa He GylmeT M mnpelelbHOH TOYKOH STOro MHO-
KecTBa.

ITonoGHbIM e 0GpasoM MOxHO Obl0 OH MNOKAa3aTbh, %Mo
CYMMA 2106020 KOHELHOZ0 %UCAQ 3AMKHYMULX MHOJXCecms ecmb
MHOJCECMB0 3QMKHYMOe.,

Teopema 2. [lepecesenue 1106020 MHONCECBA 3AMK-
HYmuiX MHONCECMS mMAKdCe SABALEMCA 3AMKHYMbLM MHOJKHCE-
cmsox. -

JleflcTBHTEIFBHO, NMYCTb HAM [JaHA CHCTeMa 3AMKHYTHX MHO-
xectB {F,}. O603HaunM yepes F ux o6uyio yactb. [Ipennonoxum,
YTO TOYKA X HE NPUHANJIEKUT MHOXKecTBY F. DTO 3HAYUMT, YTO
OHa HE MpPHHANJIEKHT MO KpalHe# Mepe OIHOMY M3 MHOXECTB
cucrems {F,}. Ilyctb ato Gymer MmuOxecTBO Fo.,. Tak Kak oHO
3aMKHYTO, TO CYILECTByeT TAaKOE€ YHMCJIO e, YTO HAa PACCTOSHUH
OT TOYKHM X, MEHbLIEM e, HET HHM OJXHOH TOYKH MHOXecTBa Fo,
a 3HAYuT, ¥ MOAABHO, HU OXHOH TOUKH MHOXecTtBa F. Takum
o6pasoM, F sB.sieTcss 3aMKHYTHIM MHOMKECTBOM.

MuoxectB0O G — R HashIBaeTCss OmMKPuimbuiM, €CIA ero 00-

nosxenue
F=R\G

ecTh MHOXeCTBO 3saMkHyToe, I3 TeopeM 1 M 2 BhITeKaioT Cie-
IyiolMe OCHOBHbIE CBOHCTBA OTKPHITHIX MHOXECTB.

Teopema 3. [Ilepecenenue 08yx (& 4106020 KOHe4H02O0
YUCAQ) OMKDLLMbLX MHOJNCECMS eCMb MHOXNCeCms0 OmKpuimoe.

Teopema 4. Cymma 4100020 MHONECMEA OMKPHIMbLX
MHOJNCECME eCMb MHONCECME0 OMmKpuimoe.

Ioxaxem nas mpuMepa teopeMy 3. Ilycts Gy B Gy— or-
KpHiThle MHOXecTBa M (G —ux nepecedenue. [lo ompenenenuio
OTKPHITOIO MHOXECTBA, MHOXECTBa

F,=R\.G,

F,=R\G,
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ABJSIOTCA 3aMKHYThiMH. Ilo TeopemMe 1 3aMKHyTHIM MHOXKECTBOM
OyneT W HX CyMMa
F=F,UF,.

Ho wmuoxectso G = G, Gy sIBISeTCA NONOJHEHHEM K MHO-
xectBy F. B camoM nene, eciu TOYKa X NPHHANIEKHT MHOXe-
crBy G, TO OHa TNpPHHANJEKHT KaK MHOXeCTBy G;, TaK H MHO-
xkectBy Gy M NMOSTOMYy He INPHHAMJEKHT HH MHOXecTBy F,,
zononHuTeNbHOMYy K G;, HM MHOXeCTBY F,, NONOJHHTEILHOMY
K G,, ClenoBaTeNbHO, TOYKA X NPHHALIENUT MHOXECTBY

R\ (F; U Fy)=R\F.
O6parHo, ecin
XERNF=R\(F U Fy),

TO X He NPHHAJJEKHT HU MHOXKeCTBy F,, HH MHOXecTBy F,,
M, CIeNIOBATE]bHO, TOYKA X NPHHAIJIEXHT KaK MHOxecTBy G,
TaK U MHOXeCTBY G,, @ 3HauuT, U MHOXeCTBy Q.

Mbl nokasand, TakuM O0GpasoM, 4TO MHOXECTBO

G=G, N G,
SIBAIETCA NOMNOJHEHHEM K 3aMKHYTOMY MHOXECTBY

M TaKk Kak F — MHOXeCTBO 3aMkHyTOe, TO G Gy#eT OTKpHITHIM
MHOXeCTBOM. AHAJOTMYHO JOKa3HIBAETCA TeopeMa 4.

BBenem opHO BCnOMOraTenbHOE MOHSATHE, KOTOPHIM Mbl He-
OJIHOKpaTHO OyAeM NO0Jb30BaTbCA B HaJjbHeffLleM.

[TycTb X — npousBojbHad Touyka MHOXecTBa R M e—mpo-
M3BOJIHOE MOJOXHTeJIbHOE uHca0. HasoBeM e-oxpecmrocmsio
TOYKH X COBOKYNMHOCTb BCeX TOUEK Yy MHOXeCTBa R, pacCTosHue
KOTOPHIX OT TOYKM X MeHbllle & €-OKPECTHOCTb TOYKH X M
GyneM HasoiBaThb WHOTAA TaKke ChepHyecKoR OKPEeCTHOCTbIO M
06osHauaTh uyepe3d S(x, e).

Ecan R osnauaer Bce NpPOCTPaHCTBO, TO €-OKPECTHOCTbIO
TOYKM X OyneT COBOKYNHOCTb BCeX BHYTpDEHHHX TOYEK Imapa
C LeHTPOM B TOYKe X M paauycoM e. Ecam R — naockoCTsb,
TO €-OKpECTHOCTb TOYKHM X €CTb BHYTPEHHOCTb KPyra C LEHTPOM
B TOUKE X U PaiHyCoM e.
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HokaxeM, YTO €-0KPECMHOCMb MOYKI X eCMb MHONCECmB0
omipsimoe ). Jlas 3TOro HaM HYXHO NOKa3aTb, YTO MHOXECTBO
F=R\ S(x, &) ecTb MHOXeCTBO 3aMkHyToe. B camom neue,
NyCTh y — NPOU3BOJbHAA TOUKA ChepruecKolt OKpecTHOCTH S (X, €).
Touka y He npuHAANeXUT MHOxecTBY F. Yto6el yGenuTncs
B 3aMKHYTOCTH F, Hano HaliTH Takoe 4HC/IO 8, uTO nAf BCAKOH
TOYKH 2, YAaJeHHOfl OT TOYKH ) MeHblle YeM Ha 8, z He NpH-
Hajae:xkuT F. JIOCTaTOYHO MOJIOKHTH

d=e—p(x, J)
Torpa GynmeM uMmeTb

plx, 2)<p(x, Mtp(y, <p(x, N+8=
=p(x, Y)Fle—p(x, y))=-.

TakuM o6pasoM, ecau Touka y € S(x, €), TO M BCAKad TOUKA 2,
IOCTaTOYHO GaMsKas K y, Takie npuxapaexut S(x, e). Orciona
caenyer, 4To F=R\ S(x, &) eCcTb MHOXeCTBO 3aMKHYTOe,
a S(x, &) — MHOXeCTBO OTKpPHITOE.

Mbl BuauM, YTO cdepuyeckas OKPECTHOCTb TOYKH €CTb MHO-
MeCTBO OTKpbiToe. C J[pyroi’ CTODOHBI, 8CAKOe OMKpbMOe
MHOJICECMBO MOJCem Gbimbs npedcmasAeHo KaK cyMiua cthepu-
HeCKUX OKpecmHOcmeli €20 mo4ex, NMpUYEM MHOXECTBO CJjarae-
MEIX MOXeT ObiTb KaK KOHeuYHbIM, TaK M GeCKOHeYHbLIM.

B camom nene, mycTb X — mpoOHM3BOJIbHAS TOYKA OTKPHITOrO
MHOxecTBa (; Tak Kak MHOXeCTBO F=R\ G 3aMKHyTO, TO
CYyLIeCTBYeT YHCJAO € Takoe, YTO BCSKas TOYKa Y, ylaJeHHas
OT X MeHee ueM Ha e, He MNpHHANJEXKUT F MU, CJen0BaTe/bHO,
BxoauT B G. Ho BCe Takme TOuKH OOGPasyOT e-OKPECTHOCTb
TOYKH x. TakuMm o0pasoM BCAKas TOUKA X OTKPHITOrO MHOXe-
ctBa G oGnanaer cdepnudCKOH OKPECTHOCTHIO (Paauyc KOTOPOH,
KOHEYHO, 3aBHCHT OT NAHHOM TOYKH), cojepKaileHcs B MHOKe-
ctBe G. MuoxectBo G W NpencTaBaseTcs B BHAE CYMMbl TaKuX
OKpecTHOCTEH.

Ecmu R — npamas nuHMS, TO €-OKPECTHOCTbIO TOUKYM X Oymer
uurepsan (6es KOHLOB) AJMHBI 28, CepenMHa KOTOPOr0 Haxos
AMTCA B TOUKe X.

1) B naabheiieM IOX OKPECTHOCTbIO TOUKM X Mbl GyAem HHOrNIA
HOHHMATh JI060€ OTKPHTOE MHOXECTBO, COAEpiallee TOUKY X, a He
TONBKO €€ CepPHYECKYI0 OKPECTHOCTD,
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Tak Kak MO JOK43aHHOMY BCAIKO€ OTKDHITOE MHOXECTBO eCThb
CyMMa e-OKDeCTHOCTE#t ero TOYeK, TO OTCIOAa ClelyeT, 4YTO
BCAIKOE OTKPHITOE MHOXECTBO Ha MPSMOA eCTb CyMMa KOHEYHOro
Wi GeCKOHeYHOr0 MHOXeCTBA HHTEPBaJOB. MOXHO BHICKA3aTb
u 6ojee TOYHbIE YTBEPHIEHHS, —a HMMEHHO, YTO BCAKOE Om-
Kpoimoe MHONCECMS0 HA NPAMOL eCmb CYMMO KOHEYHOZO Uau
CHEMHOZO MHOJCeCM8a UHMepsasos, He UMeUUX NOnapHO
o6wux mouex. Konuyvk asmux unmepsasos npuradsexcam
3QHKHYMOMY MHOJCECMBY, OONOAHUMEAbHOMY K OQHHOMY
OMKPHIMOMY MHOJKHCECMSY .

*B camoM nene, mycTb X — NPOH3BOJBHAS TOYKA OTKPHITOrO
mHOkecTBa G. Tlo mpenbiaylieMy, CylIeCTByeT HHTepBaj, Coxep-
KAIMK TOUKY X M colepxawuiicd B MHOxecTBe G. OO603HauMM
yepe3 (G, CyMMy BCeX TexX HHTEPBaJIOB, KOTOphie COpepXKaT
TOUKY X M caMu conepxarca B MHOxectBe G. Muoxectso G,
Gyner HamGOJbIUMM H3 HHTEDBAJOB, COLEPXALIMX TOUKYy X H
copepxkaiuxcad B MHoxectBe G. Ecam y — touka mHoxkectBa G,
He npuHannexamas G, To eit cooTBercTByeT WHTepBan G, He
uMeolMi HU onHOM oOule#t Touku C uHTepBanoM G, TaKk Kak
ecim Ob unTepsann G, u G, HMemn OOyl TOYKYy 2, TO HX
cymma G UG, Takxke Oblia Ob HHTEPBAJIOM, COAEPKALLMM
TOYKy X, colepxaileMcs B MHOXecTBe G u GoablueM ueM

* Mu BUIUM, YyTO MHOxecTBO G pacnmandeTcs Ha CyMMy MHTep-
BAJIOB, HE WMEIOWHX MONapHO OOWMX TOYek. MHOXecTBO 3THX
MHTEPBAJNOB MOXeT OuTb He Gojee yeM CueTHHIM. YTOGH B 3TOM
y6enuThcs, NOCTATOYHO B3ATh B KaXIOM M3 HHTEPBAJIOB KaKylo-
HUGy1b pauMoHaJbHYI0 TOuKy. Tak Kak MHOXeCTBO BCeX paiuo-
Ha/lbHEIX TOUEK CYETHO, TO MHOXECTBO TeX M3 HHX, KOTOpHIe
NpUHALJIEKAT PacCMaTpHBAEMbIM MHTepBanaM, OGyldeT HJIM KOHey-
HBIM MJHM CHETHBIM,

VI3 3aMKHYTHIX MHOXECTB, JeXallMX Ha npsmMoft, B jnajpHei-
IleM NpPH PacCMOTPEHHH KOHKPETHBIX NPHMEPOB HAM NPHAETCH
BCTPETHTbCA € TaK HA3HBAEMBIM KAHMOPOSHLM CO3EPULEHHSM
MHOJCecm8oM. ITO MHOXKECTBO CTPOHMTCA CJedYIOIUM O6pasoM:

1 2
n3-orpeska [0, 1] ynansercs uHrepsan (3, 3) (cpenHsst TpeTh).
M3 Kaxmoro u3 OCTaBIUMXCY ABYX OTPE3KOB NEPBOr0 paHra

[O, —:13—] " [%, 1] CHOBA YZaJseTCs €ro CpeaHss TPeTb, T. e,

3 3ak. 1377. A. C. ITapxomenko
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1 2 7 8 .

HHTEPBAJbl (3, ﬁ) H (g, 6)' B kakaoM M3 MNOJy4YeHHBIX
1 2 3 6 7

TaKHM O6pasoM 4YeTHIPeX OTpPEe3KOB [O, 5], [3, 5]’ [6’ 9—],

8
[3, 1] BTOPOrO paHra CHOBAa YNAJAeTC €ro CpPelHss TPeTb,

T. €. HHTEPBaJbl (—1- Z (l '§ (1—'9 2—1' (2§ 2'6 H TakK
+ € HMHTEp w5) (@ @) (@ 7) & #)

najee 1Js BCAKOIO HATypaabHOro 1.

MuoxectBo P, ocraBileecss NOCJe BHINOJHEHUS BCeX 3THX
onepauyit, mMpoaeNaHHHIX [IJs BCeX HATYpPaJbHbIX YHCea 7, Ha-
3bHIBAETCH KQHMODPOSHLM COBEPULCHHBLM MHONCECBOM.

OTMeTHM HeKOTOphie CBOHCTBA KAHTOPOBA COBEPLIEHHOI'O
MHOXeCTBa.

1°. Mnoscecmso P 3amxnymo, Kaxk nepeceyeHue yGbiBaio-
el noc/aen0BaTENbHOCTH 3aMKHYTBIX MHOMECTB: MepBOe MHOXe-
CTBO 3TOH MOCJENOBATENLHOCTH COCTOMT M3 NBYX OTPE3KOB Mep-
BOr0 paHra; BTOpPOE€ H3 YeTHpeX OTPe3KOB BTOPOrO paHra,
TPeTbe — U3 BOCbMH OTpe3KOB TPeTbero paHra M T. I.

2°, Mnoscecmso P He codepacum 8 Kauecmse nOOMHOd CE-
cmsa Hukakozo ompesxa. Yro6bl B 3TOM yGeduTbCsd, AOCTa-
TOYHO MOKAa3aTh, YTO KakoBa Gbl HM GbJIAa TOYKa X MHOxecTBa P
M MOJIOXHTEJNbHOE YMC/IO e, HaljeTcd TOYKa y, NPHHaLJekKaias
OIHOMY W3 BbIKMHYTHIX HHTepBa/JOB M ynaJeHHas OT TOYKH X
MeHee yeM Ha e. BosbMeM 7 ctosab 6oJbliMM, 4YTOOH OBIIO

1
3% <e.
1
Tax kak a/JMHA Kaxa0ro H3 OTPE3KOB 1-r0 paHra <—37,

TO Ha#ilercs TOYKA y, NMpHHAAJeXKawlas HHTepBaly n-ro paHra
M ylaneHHas OT X MeHee yeM Ha e.

3°. Cosoxynrocmb mouex KQHMOPO3QA COSEPULEHHOZO MHO-
Jcecmsa, fexdcawux Ha ompesKe n-20 PaHa, 20Me0MopPHa
KAKmMOpPO8Y Co8epUleHHOMY MHOJCecmsy. B 3ToM MOxHO yGe-
IUTbCS, MOpo6HO mpeoGpasys orpesok [0, 1] B oTpe3ok n-ro

padra ¢ KodpduuuentoM nopobus 30

4°, Kaumoposo coseputeHHOe MHOKHCECMSO uMeem MOUHOCH

KOHmMuHyyMa.
Mbl He OyneM OCTaHaBJAMBATbCS HAa J0Ka3aTeJbCTBE 3TOrO

yTBepKueHns. Yurarear Haltmer ero, HanmpuMep, B KHHre
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M. C. AnexkcannpoBa, Bsenewne B OOLLYI0 TEOPHIO MHO-
kecTB W ynxumit, ctp. 139.

M3 3° u 4° HemocpeiCTBEHHO BbITeKaeT

5°. Ecau xy— npoussorshas mo4xa KGHMOPOSA CO8epUleH-
HO20 MHOJNCECmsa, mo 8 40604 ee OKpecMHOCMU COOePHCUMCS
Hecuemmuoe MHONHCECMs0 mo4eK KaAHmMOopPosa CO8EPULEHHOZO MHO-
acecmsa P.

[Monbsysacr mnousaTHeM cdepuueckoft OKPeCTHOCTH, JAOKakeM
ONHY TeOpeMy O 3aMKHYTBHIX M OTKDHITHIX MHOXeCTBaX, KOTOpas
HaM mnoHano6uTcs B paibHeltmeMm (§ 6, Teopema 1).

Teopema 5. Ecau A u B— 08a 3aMKHymblX MHOJCE-
cmea 6e3 o0wux mouex, MO CyuweCmsyiom 08Q OMKPbIINGLX
xuoaxcecmsa G u H, codepacamux coomsemcmsenno MHodice-
cmsa A u B u HeuMenouwux o5uux modex.

JokasateabcTBo. [lycTh X — npousBoJbHas TOYKAa MHO-
xectBa A. Tak xak B — 3aMKHyTOe MHOXeCTBO M TOYKAa X He
NpUHAAJMEXKHT MHOXKECTBY B, TO TOUKa x He fBJASeTCH Npeneib-
HOH 1ns MHOxkecTBa B. IlosToMy Halinercs MNOJNOXKHTENbHOE
YHCNO &, TaKOe, YTO NJ BCAKOR TOUKM y MHOXecTBa B

p(x, y) >e,
PaccMoTpuM cdeprueckyio OKpPecTHOCTb

(s )

€
C LEHTPOM B TOUKe X M paauycom - . ITocTpoum TaKyio okpect-

HOCTb 1/l KaXIOM TOuKM x MHOxectBa A u 0003HauuM yepes G
CYMMY BCeX 3THX OKpeCTHOCTeH.

Touno Tak e a9 KaXmOH TOYKM ) MHOXeCTBa B MOXHO
HalTH NOJOXKUTENBHOE YHCJIO g, Takoe, 4TO N/ KaXJ10i TOUKH X
MHOXecTBa A

p(x, ) >e,.
TlocTponm nas kaxao#t TOukHM Yy MHOXecTBa B cdepuueckyio

OKPEeCTHOCTD
s )

€
C LEHTPOM B TOYKE y W PALUYCOM _2y_ ¥ o006o3HauuM uepes [

CYMMYy BCex TaKHux oxpecmocmﬁ.

3%
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Mnuoxectsa G u H sBJSIOTCS OTKPHITHIMH, TaK KaK Kakuoe
M3 HUX eCThb CyMMa cdepHyeCKHMX OKpecTHOCTelt. JlokaxeM, 4TO
mHoxKecTBa G M H He MMelOT OGLINX TOUEK.

IMpeanonoxuM NpOTHBHOE, W NMyCTh 2z — OOlIas TOYKA MHO-
xectBa G u H. Tak kak z € G, 1O B MHOXecTBe A Hainercs
TOYKAa X TaKas, YTO

zES(x, —Zﬁ),

plx, <,

a Tak kak z € H, to B MHOXecTBe B Haiinercs Takasa TOuKa y,
uTO

€,
es(y. 7).
T. €.
fy
Py, )<
HO
e <p(x, ).

TouyHO TaK Xe
ey<p(yr x)=P(xr y)‘
IMostomy

€ ey 1
p(x, y)<p(xr 2)+P(}’: z)<—2_‘l""2_<59(x! y)+

450 (%, ) =p(x, 3.
OTKyna
plx, M)<p(x, ¥).
INonyueHnoe MNpOTHBOpeuHe MOKAa3bIBaeT, YTO HE CYILECTBYeT
TOYKH 2, OOwel MHOectBaM G u H,

Sanvikanuerm mroxcecmsa M (codepicawezocss 8 MHoOHCe-
cmse R) mu Gydem Haswsams mnoscecmso M, cocmosuee u3
moyuer muoxcecmsa M u mouex, npedeabHulx 04 MHONHCE-
cmsa M. VI3 onpenenenns 3aMblKaHHs HENOCPeNCTBEHHO CJELYeT,
yto M = M.

Mpumepn. Ecaim M — MHOXeCTBO TOYEK

1 1 1
1, TG e
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T0 M nojyyaercs NpHCOEIHHeHHeM K MHOxecTBy M Touku 0.
Ecim M — MHOXKECTBO pauMOHa/JbHHX TOYeK mnpsamoit R, TO

M=R. Ecimu muoxecrso M ectb unrepsan (@, b), To ero sa-

MbiKaHHeM M saBiseTcs OTpesok [a, b], moayvawoummiics npHcoe-
IMHEeHHeM K uHTepBady (a, b) ero KoOHWOB a u b.

Teopema 6. Sanskanue M npou3soasHoz0 smroxcecmsa M
ecmb MHOJCECmB0 3QMKHYMoe.
HNokasateabcTBo. [lycTh Xx— npeneisHas TOYKa MHO-

xectBa M. Mbl n0MKHB 10KasaTh, 4TO X € M. Tak Kak x—
npejeibHas TOYKAa MHOXecTBA M, TO /Mo0Oas ee OKPeCTHOCTb

S(x, e) comepxuT TOUKy y, mpuHaanexawmyio M. Touka y mu6o
NPHHALJEKHT MHOXeCTBY M, /m60 siBAseTCs npejesbHOR 145
3TOr0 MHOXKecTBa. B 3ToM nocienHeM ciayuae moGas ee 3-OKpecT-
HOCTb COIEPXHT TOUKY z, NpHHaAJexawyio mMHoxectBy M. Eciu
Mbl BO3bMEM & HacTOIbKO MashiM, uytoGnl S(y, 8) = S(x, e),
To TOuka 2 Oymer comepxatrscs B S(x, ). Takum obGpasom,
B MOGOH OKDECTHOCTM TOYKH X BCeria COLEPKHTCH HeKOoTopas
TOYKa MHOXKecTBa M, W, C/leNOBaTe]bHO, TOYKa X, MpereabHas

IJisi MHOXeCTBa M, OKasbiBaeTCs mpenesbHOR U 1 MHOXecTBa M,
T. e. XEM.

Crenyiowee nousTne OylLeT NJs Hac OCHOBHBIM, KOTZa Mbl
nepefineM K HCCIENOBAHHIO ONpene/eHHS JWHHM, NaHHOrO YpHi-
COHOM.

I'panunyedi otkpuToro MHoxcectBa G Ha3bIBaeTCS MHOMXECTBO
BCEX TOUeK, SBIAIOIMXCA mnpeneibHsiMH aas G M He mpHHaz-
Aexawux G. I'pannuy orkpeitoro MHoxkectBa G Mbl Gynem 060-
sHayath yepe3 I'p (G).

Ecmu, nanpumep, G — unrepBaa (a, b) npsmo#t R, To I'p(G)
COCTOMT M3 ABYX TOYeK @, b — KOHIlOB 3TOr0 HHTepBaJa.

T'panuna 8cAK020 OMKPHMO2O MHOXHCECMBA €CMb MHOMNCE-
CMso 3aMKHYmMoe.

B camom nene, mo omnpejeneHHIO, TpaHulla OTKPHTOrO MHO-
xkecTBa G eCTb MHOXECTBO TeX TOdYek 3aMbikanus G 3TOro MHO-
HeCTBa, KOTOPHE He MpuHaniexaT MHOxecTBy G. CienoBaTtelbHo,

I'p(G)=G\G.

Ho G\ G=GN(R\G). Tak Kak Kak10e U3 MHOKecTB G H
R\ G sBnserca 3aMKHYTHIM, TO 8aMKHyTHM OyaeT H HX
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nepeceueHue _ _
GNRN\NG =G\ G=Tp(G).

ITUM Halle yTBepXKIEHWE NOKa3aHO.

MHoxecTBO M Ha3LIBAETCS 02ZPAHUMEKHbIM, €CIH PACCTOSHHE
KaOKIBIX IBYX ero TOYeK APYr OT JpYyra MeHblle OLHOTO H
TOrO e 4uCJa.

Ecau paccrosHue KaIbIX ABYX TOYeK MHOXeCTBa M MeHbllie
OIHOrO M TOrO e YhCia &, TO Mbl OyleM FOBOPHTb, YTO MHO-
KecTBO M WMeeT AMaMeTp MeHbLIMH e, W MHCATDH

S(M)<e.

ITpuMepoM OrpaHHYEHHOrO MHOXECTBA MOXeT CJYXKHTb OTpe-
30K mnpsMoit. OrpaHuueHHHIMH MHOXeCTBaMH OyayT KBadpar,
Kpyr, TPeyrojpbHHK Ha MJIOCKOCTH; Ky0, Iap, TeTpasap B Ipo-
cTpanctBe M Ap. Ilpsmas, NJAOCKOCTb M MHPOCTPAHCTBO YK€ He
SBAKIOTCA OrpaHHYEHHHIMK MHOXECTBaMH.

3ameuanne. JluaMeTpoM OrpaHHYEHHOrO MHOMECTBA HA3bIBAETCH
BepxHAA rpaHbl) paccTosHuH KaXJAbX JBYX ero Touyek. JlnaMeTpoM OT-
peska Gyner ero AjuHa; ZMaMeTPOM KBajpaTa — JAJMHA €ro JHaroHaiu;
QUaMETPOM Kpyra— ero JAuaMeTp B CMbICHAE 3JIEMEHTapHOH reOMETPHH.

Ilns mocnenyiomero Hago OTYETIMBO IPEACTaBAsATh cebe, 4TO 3Ha-
4T, YTO MHOMECTBO M HMeeT AHaMeTp, MeHbluMi pgaHHOro umuciaa. Ca-

MOe e onpefeleHHe IUaMeTpa B AajdbHeHlleM H3NOMEHHH HCIOAb30-
BaThcs He Oyger.

§ 3. CeasHoCTh

BBeneM crenyolee MOHSTHE, WMelOLlee BaXKHOe 3HAYEHHE BO
BCell TeODMH TOYEYHbIX MHOXECTB M Hrpaioilee OCHOBHYIO pOJb
B ONpeleJeHWH JWHMH. MBI ¥MeeM B BHU1y MOHSITHE CBSIBHOCTH
MHOXeCTBa.

MHuoocecmeo M Ha3bvi8aemcs CE8A3HLIM, ecau npu A060M
pasbuenuu ez0 Ha 0sa nodmroxcecmsa A u B, M= A\ B,
no xpalineli mMepe 8 O0HOM U3 3MuUX NOOMHONHCECMS Halidemcs
MmouKa, ASARIOWAACA NPedessHol 045 OPY2020 nOOMHOKHCECMBA.
IMostomy, ecm MHOMXECTBO M HeCBS3HO, TO €ro0 MOXHO Pa3GuTh

1) MuoxectBo M RefCTBUTENBHBIX YHCEN HA3BIBAETCS OTPAHHYEHHBIM
CBEPXy, eClAM BCe YHCHa, NPHHAAJexall[ie STOMY MHOXECTBY, MEHbLIE
ONHOr0 M TOro Xe€ yucia L. HaumeHnoiiee u3 uucesd, o6MafaloLUMx TeM
CBOIICTBOM, YTO BCAKOE WYHCIO MHOXECTBA M HE NpPEBOCXOAMT STOro
4HCna, HA3BIBa@TCA BepXHell rpanbio MHOXecTBa M.
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Ha [Ba HENmyCThiX NOxMHOXecTBa A M B, KOTOphe He TOJIbKO
He UMEOT OOLIMX TOYeK, HO M 00/1ajaloT TeM CBOHCTBOM, 4TQ
HMKaKasl TOYKA OJHOrO M3 HHX He BJAETCA NpejeabHOR s
apyroro, T. €. CyulecTByer Takoe pa3buenne M= AU B,
1 KOTOPOro

(ANB)U(BnNA)=0.

TMocMOTpHM, KaK BBEIFJSAMT MOHATHe CBS3HOCTH B TOM YaCTHOM
cilyuae, KOraa MHOXeCTBO M coBnajaer ¢ MHOXeCTBOM R, B KO-
TOPOM Mbl BeleM Bce paccMoTpenus. Ecam Mbl npeanonoxum,
yr0 R HecBs3HO U R = A | B — pasbuenne MHOXecTBa R Ha jBa
HemyCTHIX MOJAMHOXECTBA, M3 KOTOPHIX HH OJHO HE COAEPXKHT
TOYEK, MNpeleabHBIX NJS APYroro, TO OTCIOAA ClenyeT, YyTO 06a
mHoxecTBa A u B samknyTH B R. Ho Tak xax A u B sBas:0TCS
JONMONHUTENbHEMH APYr K APYTY MHOXKECTBaMH, TO OTCIOAa Cle-
ayer, 4to MHOxectBa A M B rtakxke M OTKpuTH B R. Takum
06pa3oM, Bce MHOXecCTBO R Gyner CBA3HO TOTAa M TOJbKO TOrAa,
KOrja ero HeJb3s MpeNCTaBUTh B BHIE CYMMBI IByX Hemepece-
KaIOIMXCS HEeMyCThIX MOAMHOMXECTB, H3 KOTOPHIX ‘KaXKA0€ SBJISETCS
ONHOBPEMEHHO 3aMKHYTHIM YW OTKDHITHIM B R.

JlOKaxeM, UTO OMpPe3oK NPAMON ecmb MHOJNCeCmBE0 CBA3HOe,
B camom nene, myctb [a, b] — oTpesok uucaoBoft mpsmoft. Ilpen-
TMOJIOKHM, BONPEKH YTBEPXKIEHHIO TEOPeMbl, YTO MHOXKECTBO TOYEK
OTpe3Ka HE SIBJSETCS CBSISHBIM, U MyCTb F; U Fy— 1Ba HEMyCTHIX
3AMKHYTBIX MHOXKeCTBa Ge3 OOWMX TOYeK, Aal0liMe B CyMMe OT-
pe3ok [a, b]. IlpennonoxuM, 4TO TOYKA b NPHHAAJNEKHT MHO-
KeCTBy Fy, TOrma MHOXeCTBO F; Oyner-coCTOATb W3 TOYEK X
oTpeska, AJd -KOTOphix Xx < b. OG6Go3HaunM uyepe3 ¢ BepXHIOIO
rpadb 1) Touek MHOectBa F;. Todka ¢ AHGO NPHHARAEKHMT MHO-
xectsy F;, am6o sBaseTca npefelbHOR 1/ TOrO MHOXECTBA;
4 TaK KaK MHOXecTBO F; 3aMKHYTO, TO M B 3TOM cayuyae ¢ € F.
Ecmn touka ¢ oramuna oT'H, TO BCe TOUKM X > C NPHHALJEKAT
MHOXecTBy F,. CienoBaTtenbHO, TOYKa ¢ fBAsSeTCS MNpene/bHOM
LA 3TOrO MHOXECTBA W NOTOMY MpHHajpJexur emy. Ecan Touka ¢
coBnanaer ¢ b, TO OHa TNPHMHALJEKUT MHOXKecTBY F, Mo mpeln-
nonoxenuio. Takum 06pasoM, BO Bcex cayuasx ¢ € Fp. Urak,
Mbl HaWJM TOYKY ¢, 06wyl nas MHOxecTB Fy, F,, KoOTOpbIE
NPeANnoNOKHIN HemepeceKaowumuca. IlonyyeHHOe NpOTHBOpeuHe
NOKa3biBaeT CBSI3HOCTb OTpe3Ka [a, b].

n

'T) Cm. cnocky Ha crp. 38.
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l'lpnmepOM HECBSA3HOTO MHOXXECTBA MOXET CJYXHUTb MHOXKECTBO
BCE€X palUOHAJBHBIX TOYEK OpsAAMOH. B camom aeJne, eClau Mbl

0603HauMM uepe3 A MHOXECTBO BCeX pallMOHAMbHBIX uncea <} 2,
a yepes B — MHOXECTBO PalMOHAJbHBIX yncen > V2, 10 uu onna

TOYKa MHOXecTBa A He OyneT npeneibHOH 19 MHOXecCTBa B H
HU OJHA TOYKAa MHOkecTBA B He OGyleT nNpeneabHOH AAd MHO-
xkectBa A.

Mmooicecmso, cocmonuee u3 00HOE MO4KU, MAK KHce, KAK
u nycmoe MHONCECMBO, CHUMAEMCS CBAIHHLAM.

JlokaxkeM psii TeOpeM O CB3HBHIX MHOXECTBaX, KOTOpble HaM
HEOJHOKPaTHO "OyAyT HYXHB B JaJbHefilieM.

Teopema 1. Ecau A u B—0sa 3amxuymslx uau om-
Kpoimblx MHOJKCecrisa 8 R, He umewwux obujux mouer; u
Henycmoe c8s3H0e MHOxcecm8o M codepacumcs 8 ux cymue

Mc AUB,

mo wMHOcecmso M HenpemeHHO codepicumcs 8 00HOM U3 cAa-
2aemMvix 3mol cymmo, m. e. au6o M c A, au6o Mc B.

HNoxasateabcrtBo. Ilyete Mc AUB. Torma M=
= (MnN A)UMn B). Tak kak MHOXecTBO A U B uan 06a onHo-
BPEeMEHHO 3aMKHYTH B R, M 06a OJHOBDeMEHHO OTKPHITH B R
¥ He uMeloT OOLIMX TOYeK, TO HM OLHO M3 MHOxectB M A
1 M1 B He 6yner comepxaTb TOYeK, MpejelbHbIX 1Js APYroro.
A rtak xak M CB3HO, TO OIHO M3 ITHX MHOXECTB, Hanpumep
Mn B, nomkHo ObiTb MyCTO, OTKyna cleayer, utro M < A.

Mbt gacto GyneM OmMpaThcs HAa TaKoe CJAeICTBHE M3 JOKa-
3aHHON TEOpEMbI.

TeopeMa 2. Ecau c8sa3n0e MHONCecmso M umeem obujue
MOUKI KAK C OmKpulmuls MHodcecmsom G, max u ¢ 3aMKHY-
Mo} MHONCECMEOM

F=R\QG,

Oonosnumensnoii K Mroscecmsy G, mo mnozcecmso M nepe-
cexaem epanuyy xroscecmsa G.
B camoM nene, Tak Kak

I'p(G)=G\G,

TO BCE MHOXeCTBO R MOXHO NpeacTaBUTb B BUAE CYMMH Cje-
AYyHOLUX . TpeX MHOXeCTB, HE MMEIOLUUX MOMapHO o0LIMX TOYEK:
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MHOXeCTBA (G, TpaHMlBl MHOXecTB& (G M MHOXECTBa JIOMOJHM-
TeJbHOr0 K 3aMmbikaHuio G

R=GUTp(G)UR\G).

Ecau Mbl MPEANoOJOXUM, YTO CBSI3HOE MHOXecTBO M He mepe-
CeKaeT rpaHHub MHOxecTBa G, TO oTclona OyleT ClelnOBaTh,

yTo M comepkHuTCA B CyMMe OTKpHTHX MHOxects8 G u R\ G,
He HMeolMX oOWMX TOYek, a Ha OCHOBAHWH MNpenbllylielt Teo-
peMbl OTCIOZa, B CBOIO Oyepelb, CJAedyeT, 4TO M leaukoM co-

nepxkurca anbo B G, 6o B R\ G, BONpeKH YCJIOBHIO HACTOs-
el TeopeMmsbl.

Teopema 3. Ecau scaxue dse mouru X,y mHoscecmsa R
npunadiescam Hexomopomy céasnomy mnoxcecmsy C,, (3asu-
CAleMY, KOHEUHO, Om mouex X u y), mo Muodxuecmso R
C8A3HO.

B camom nene, ecam Gul MHOXecTBO R OHIJIO HECBA3HO, TO
ero MOXHO OblI0 Obl MPeACTaBUTh B BHIE CYMMBl JABYX Helly-
CTHX 3aMKHYTHIX MHOXeCTB F; W Fy, Oe3 obuux Ttouek. Bssas
TOYKYy Xx B F;, a Touky y B F,, MbH MOXeM COECAMHUTb 3TH
TOYKH CBSSHBIM MHOXeCTBOM C,,. Tak kak F,; u F,— samkny-
Thle MHOXecTBa Ge3 OOLIHX TOYeK, TO MO TeopeMe 1 MHOXe-
c180 C,, NOMKHO LENMKOM COAepkKaThCs auGo B Fy, imbo B F,.
IMosmyyeHHoe npoTuBOpeyHe MOKAa3bBAeT, YTO R CBASHO.

Builme MBI MOKasal, UTO OTPe30K TPSMOH €CTh MHOXECTBO
ceasHoe. Tak kak BcAKHe JBe TOYKH MPAMOH MOXHO paccMaTpH-
BaTh KaK KOHLH OTpe3Kka, Jexauero Ha 3Toi npaAMo#, TO Ha
OCHOBAaHMH NpeNblAylle#f TeOpeMbl OTCIOAa CJAeAyeT, YTO H BCH
OpsAMas eCTb MHOXECTBO CBsidHOe. BooOliie Ha NpAMOH HMeTCH
TOJLKO C/eAylOlHe CBA3HBIE MHOXeCTBa: OTpe3ok [a, b], untep-
Ban (a, b), noayuurepsan [a, b) uau (@, b], Bca npaMas, mouay-
npsamas (6eCKOHeYHb ! MOMYRHTEPBA), Y4 C BHIK/IIOYEHHOH HCXOL -
HOM Touyko#. JOKa3aTe/bCTBO ITOr0 YyTBePXKIEHHS OCHOBHLIBAETCH
Ha TOM, YTO €C/IM ABe TOYKH NPHHAIJeKAT JeKallleMy Ha nps-
MOH CBSHOMY MHOXeCTBY, TO eMy MNpPHHAaAJIEXHT M OTpPe3OK
C KOHLAMH B 3THX TOYKaX.

Tak kak BcskMe 1Be TOUKM IJIOCKOCTH HJIH MPOCTPAHCTBA
MOXHO COeIMHHMTbL OTPE3KOM, TO OTCI0AA CJAedYeT, YTO MIOCKOCTh
M TpOCTPaHCTBO ABJSMIOTCH CBASHHIMH MHOXecTBaMH. Boobuue
CBASHLIM OyNeT BCSKOe BHIMYK/AOe MHOXECTBO, T. €. TaKOe
MHOXeCTBO, /I00bie JBE TOYKM KOTOPOrO0 MOXHO COCIHHHTb
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OTPe3KOM, LleMMKOM NPUHALTEKAUWMM STOMY MHOXeCTBY. Takoshi,
B YAaCTHOCTH, TPEYTrOJbHUK, KBaipaT, KPYr Ha IUIOCKOCTH, Te-
Tpasip, KyO, map B NMPOCTPAHCTBE.

Teopema 4. Ecau 08a (8A3HbX MHONMcecméa A u B
uxeiom, no KpaijHeld sepe, 00Ky OOWYIO MOUKY X, MO UX
cymxa S= A\ B ecmb marce csA3noe MHONCECMBO.

B caMoM nese, ecqM NPeNNOJNOXHTbH, YTO MHOXECTBO S He-
CBA3HO, TO €ro MOXHO NMPELCTaBHTb B BHAE CYMMbl IBYX He-
NYCTHIX 3AMKHYTHIX MHOXecTB F; u F, Ges oOwHX TOuYeK

S=F,UF,.

Ilpennonoxum, yTo Touka x, o6was MHOXecTBaM A u B, npu-
HALJIEeXUT MHOXECTBY F,; TOraa Ha OCHOBAHMH TeOpeMbl 1 Kak
MHOXeCTBO A, Tak W MHOXecTBO B conepxatcs B F; u, cieno-
BaTe/lbHO, MHOXeCTBO Fy mycto, T. e. S= A B cBssHo.

Kak cama TeopeMa, Tax u ee NOKa3aTeabCTBO MOYTH LOCJAOBHO
0606waioTca Ha caydalt moGOro MHOXeCTBA ClaraeMblX, a HMEHHO
HMeeT MecTo

Teopema 4. Karosa 6v. Hu Ouia cucmema C8A3HHIX
MHONUCECE, UMEIOUUX NO KPaiHeil Mepe O0HY 00U YI0 MOUKY X,
CYMMQ MHONCECMS 3MOLE CuCmeMbl ecmy MHONCECMBO C8A3HOe.

Tak kak Kaxnbiff OTPe30K SBJAETCH CBASHBHIM MHOXECTBOM,
TO M BCAKAas JOMaHast JUHWSA, T. €. NOC/JeN0BATENLHOCTb OTPESKOB,
B KOTOpOY Kaible [Ba COCENHHX OTpe3Ka MMeloT o0uiuit KOHell,
TaKxXe SABNAETCH CBA3HLIM MHOKeCTBOM. BooOlie, ecaH Mbl Ha3o0-
BEM Yenvio MHOJXHCecms TaKyl) KOHEYHYK MOC/Ief0BaTelbHOCTh
CBSI3HBIX MHOMECTB, B KOTOPOM KaxIble JBa COCEAHHX MHOXECTBA
uMeiloT OoOliHe TOYKH, TO CYMMQ CBA3HbLX MHOJKCECMS, cOCmMa-
BAAIOUWUX UeNnb, eCMb MAKJCe CBAIH0E MHOICECMEO.

Teopema 5. Ecau K csasnomy xHoxecmgy C, codepaica-
weémycs 8 R, npucoedunums a1060e MHOJCeCMS0 €20 npe-
OeIbHbLX MOUeK, MO NOAY4UM CHO8G C8A3HOe MHOdNcecmso C,.
B uwacmuocmu, ecau wroxcecmso C c8a3H0, mo Gydem c8a3-

Holx u e20 3ambikanue C.

B camoM nene, myctb MHOXecTBO C, MONYyYaeTcss W3 CBA3HOTO
MHOxecTBa C TNpPUCOENMHEHHEM K HeMy HEKOTOPOrO MHOXeCTBa
ero npenesbHuHX ToYex. [IpedmnonoxuM, 4To MHOXeCTBO C, mpen-
CTaBJeHO B BHIe CYMMB [BYX HEeNyCTHIX 3dMKHYTHIX OTHOCH-
TeabHo C, MHOXecTB Fy u F, 6e3 o6mux Touex. Taxk Kak MHO-
xecTB0O C CBS3HO, TO MO TeopeMe | OHO NOMKHO LEJIHKOM
colepxatbc B OJHOM M3 3THX MHOxecTB. [lycTh, Hampumep,
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C c F,. Ecin x —Kakas-uubynb Touka MHOXKeCTBa Cj, TO OH2
aBASETC HpenejbHOR Aas MHOxecTBa C, a 3HAayMT, M TMONABHO,
aas MHoxectBa Fy, comepxauero C. Ho tak kak F,; 3aMKHyTO
B C,, TO TOYKAa X MpHHaAnexHT MHOXeCTBY F,. Takum oGpasom
BCAKas TOYKa X MHOxecTBa C, mpuHaanexut F,. ClenosateabHo,
MHOXeCTBO Fy mycto M motomy C, CBSI3HO.

B nanbHefimieM BecbMa CYILECTBEHHYIO poJb B HalleM H3Jjo-
MeHHUH OyneT MrpaTh NOHSTHE JOKAaJbHOH CBS3HOCTH.

Mmnoocecmso R na3vl8aemcs A0KQALHO CBA3HbLM, eCAU Ka-
sic0an ez0 moOuKQ o6aadaem CKOAb Y200HO MQAOW CBA3HOU
OKpecmHocmysi0. DTO 3HAYMT, YTO KakoBa Gbl HU OblIa TOYKA X
MHOXECTBAa R M MNOIOXHTEIbHOE YMCJIO &, CYIIECTBYET CBSISHOE
OTKpbITOE MHOXeCTBO V, comepikainee TOYKYy X, AHAMETp KO-
TOPOr0 MeHbINE &; HJW, YTO TO Ke camoe, KaKoBO 6Ll HH OblI0
OTKphITOE MHONecTBO U, conepikauiee TOYKY X, CYIIECTBYeT
CBA3HOE OTKPHITOE MHOXECTBO V, comepxkalllee TOYKy X H
conepxaieecs B U.

Ilpamas, naockocms, npocmpancmso A3AKIOMCA MHONCE-
CM8aMU AOKAALHO C8A3HBLMUE, TAaK KaK BcAKas cdepuyeckas
OKPECTHOCTb TPOHM3BOJbHON TOUKM NpPSAMOH, MJIOCKOCTH HJH MpPO-
CTPaHCTBA eCTb MHOXeCTBO CBsi3HOe. [IpuMepom MHOXeCTBa, He
ABJISIOULETOCA JOKAJbHO CBSISHBIM, MOXeET CJAYKHTb MHOXeECTBO
TOYEK NpAMOH C KOOpAMHATAMH

1 1 1

1, ?2, ?;, ceey 7;, e ey 0.

9T0 MHOXeCTBO He OyLeT JOKaNbHO CBS3HO, TaK KaK BCAKOe
OTKpPBITOE MHOXECTBO, cojepxainee Touky 0, IOJKHO COAEPKaTh

1
H GeCKOHeyHOe MHOXECTBO TOYeK BHIA 3 H NOTOMY HE ABJAETCH

CBSI3HBIM.

[MpuMepoM CBIBHOrO MHOXECTBA, He SBJSAIOLIEroCsd JOKaJbHO
CBSI3HBIM, 'MOXET CJYXHTb Y€ YNOMHHABLIEeCS DaHee MHOXe-
CTBO, COCTOfALIEE M3 TOYeK rpaduka PyHKUUH

y=sin-i—, 0<xK1,

H TOuek npeneabHoro OTpeska
x=0, —1<y<L
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BMecTo 3TOr0 MHOXecCTBa ynoOHee paccMaTpHBaTb I'OMeO-
MOp¢dHOe eMy MHOXKECTBO (uepT. 7), coCTaBJeHHOe U3 MOCTEA0-
BaTeJbHOCTH YepelyIOLMXCA Mexay Co60# BepTHKAIbHEIX U rOpH-

30HTaJbHBIX OTPE3KOB: 1
At =45, —I<y<E
y B:icxgl, y=—1
+7 - 1'4\1\2’ ’
A2:x=z, __1<y<1’
1 1
By:g<x< 5, y=+1,
1
Aix=g, —I<y<L
. 1 1
e S T
s e e AI- e o o o e & o o
An:x—_-_ﬁ, —1<y< L
1 1
¥ . Byiga<x< g, y=—@r
qep’l‘ 7 H MpenejbHOro OTpe3Ka

Aj:x=0, —1LyLK1L.

DTO MHOXECTBO CBfI3HO, TaK KaK OHO TMNpeacTaBiaseT CoGok
3aMblKaHHE CBSI3HOTO MHOXECTBA, COCTABJEHHOIO W3 OTPE3KOB
GeCKOHeyHO-3BeHHOH JioMaHo# JunuM. OnHako, oHO He Gymert Jo-
KaJIbHO CBSI3BHO HH B OJIHOH TOUYKe NMpPefesbHOrO OTpesKa, TaK Kak,
eCJIi B3fTh NOCTATOYHO MAaJyI0 OKPECTHOCTb 3TOM TOUKH, TO OHA
Gynmer cozepxaTb TOYKH GECKOHEUHOIO MHOMXECTBA BepTHKAJIbHBIX
OTpe3KOB, He HMed OOUMX TOYEK CO CBASLIBAIOLIHMH WX [OpH-
30HTAJIbHBIMH OTpe3KaMH, M, TakuM o6GpasoM, 3Ta OKPECTHOCTb
He OymeT CBASHHIM MHOXECTBOM.

§ 4. KomnakTHOCTB

OueHb BaXHBIM [/ BCelt TEOPHH TOUEUHBIX MHOXECTB SBJSETCS
MOHATHE KOMMAaKTHOCTH.

Mnroacecmso R Hasbleaemcs KOMNAKMHbIM, eCal 8CAKOe
Geckoneunoe e2o nodmnoscecmso M umeem 8 R npedeasnyio
m ouxy. KOMNaKTHOe MHOXeCTBO Mbl 4acTo OyndeM HashBaTh
P OCTO KOMRAKMOM.
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JloKaxeM, YTO OTPe3OK NpAMOR fABJASETCS KOMMAKTHHIM MHO-
JKECTBOM.

B camom nene, mycte M — nmpousBoabHOe .GECKOHEUHOE MHO-
JKecTBO, JieKallee Ha OTpe3ke ab. Pasnemrum oTpesok ab momonam
touko#t ¢. Toraa no KpafiHeit Mepe onuH M3 OTPE3KOB ac WU cb
taikke OyneT comepxarh OECKOHEUHOe MHOXECTBO TOYEK, MPH-
HALJIEXKAIHUX MHOxecTBY M. Jleas 5TOT OTPe30OK CHOBa MONOJaM,
yOexnaeMcsi, 4TO Ha ONHOM H3 BHOBb [MOJYYEHHHX OTPE3KOB
GyneT Jexarb GeCKOHeYHOE MHOXKECTBO TOUeK, MPHHAMLJIEKALIUX
mHoxecTBy M. Paccyxnas Takke u najee, noayunM yGuiBaio-
LIy MOC/JeN0BaTeNbHOCTh OTPE3KOB

IyoT),oTyoT3>...oT,o ...,

KaXIbll M3 KOTOPHX BABOE KOpPOYe MNpEeiBIAYLIEr0 H CONEPIKHT
6eCKOHEYHOE MHOXECTBO TOYeK, NMPHHANJIEXKAUMX MHOXeCTBY M.

TTo Teopeme O cTaruBaoWMXCs OTpe3Kax 1) CylWeCTBYeT ennH-
CTBEHHAas TOUKA X, NpHHAL/IexKaas sceM otpeskam T,,. Touka x,
ABJSETCA TpPEefe/NbHOM A9 MHOMecTBa M, TaK Kak KakoB GOkl
HM OblT MHTepBAJ, comepxaluit TOUKy X,, Hainercs CToab GoJb-
woi HOMEp n, 4TO oOTpe3ok T,, uMewl Uit 9TOT HOMep, Gyner
1IeJTMKOM COxepKaTbCs BO B3fAToM HHTepBate. Ho rorma sror
HHTEPBaAJ OyneT conepkaThb GeCKOHeuHOe MHOMXECTBO TOYEK, TMpH-
HALIeXKAWNX MHOXKECTBY M. OTHM [1O0Ka3aHO, YTO TOYKA X,
ABAAETCA TpeneNsHOH i MHOXecTBa M, Tak kak B oot
OKPECTHOCTH TOYKH X, COLEPKATCH OTJHYHbIE OT Hee TOUKH MHO-
xecrea M.

IMonoGHuIM ke 0GPasoM MOXHO NOKasaTh, YTO M Ksadpam
ASNACMCA KOMNAKIMHbIM MHONCECMBO M.

B camom nene, mycte Q,— KBanpaT, CTOPOHH KOTOPOrO
napajie/bHbl OCAM KOOpAMHAT, W M — OeCKOHeuHOe MHOXKECTBO
TOUeK 3TOro KBaapara. Pasnmenum kpanpat Q, Ha ueThipe PaBHBIX
KBajpaTta MpPAMBIMH, Napa/VIeJbHHIMH OCAM KOODAMHAT, H 060-
3HAauWM yepes ; Kakof-HuOynb K3 KBaZpaTOB, CONEPXKALIAX
GecKoHEeYHOE MHOXeECTBO Touek H3 M. PasoGbeMm, nasiee, Kpan-
pat @, Ha ueTbipe PaBHBIX KBajpara, 0003HAUMM uyepes Q, KaKof-
HHOynb M3 KBaJpaTOB, COAEPXKAWIMX GEeCKOHEYHOe MHOXKECTBO
ToueKk, mpuHamgexawux M. IMocrynas nmonoGHbM e o0pasoM H

1) Joxa3aTeasCcTBO 3TOH TEOpPEMbl MOXHO HaiiTH B kuure I1. C. A nexk-
cangpoBa, BeeigHne B o6uiylo TeopHio MHOXECTB H QyHKuMiL, cTp. 54.
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najee, Mbl MOJYuHM yGbIBAIOLLYIO NMOC/IENOBATENLHOCTh KBANDPATOB

Q2@ D&L>D...0,>...,
Kau bl M3 KOTOPHIX CONEPHUT OeCKOHeyHOe MHOXECTBO TOUEK,
npuHaaaekawux M, TNpuueM CTOPOHa KaXIOro MOC/AeAyIolIero
KBAJpaTa BIABOE MEHbIIE CTOPOHbI MPENBIAYILEro.
Ecau Mbl CIPOEKTHPYEM 3TH KBaApaTh HA OCH 0X M 0y, TO
HA KaXIOH M3 HMX MOJYYHM YOLIBAOLIYI0 MOC/AEN0BATENLHOCT
OTpE3KOB
TeoTioTin...oTei>. ..
u
T¥oT{oT!>..oT¢>...,
IJMHBl KOTOPHIX C BO3PACTaHHEM 7 .CTPEMATCT K HYIO.
OGosnauumM uyepes x, TOUKy, oOulyio BceM oTpeskam Ty,

a uepes y,— TOuKy, obliyl0 BCeM OTpeskaM T, H PaCCMOTPHM
Ha TJIOCKOCTH TOYKY Mg C KOODAMHATAMH X, H J,. Touka m,
MPUHALJIEKUT BCeM KBaApaTaM @, U MOTOMY SBJAETCS NMpeleabHOH
IJs MHOXecTBa M, Tak Kak, KakoB Obl HM OBbI KPYT C LLEHTPOM
B TOuke m,, Ha#lgercds TaKOH Homep n, uTo KBaapatr @,
Oyner LeINKOM CONepPaThCAd B ITOM Kpyre; a Tak KaK KaXnbh
KBanpaT Q, CONepXUT OGeCKOHEeYHOe MHOXECTBO TOUEK, MPHHAJ-
aexawmux M, TO B Kpyr mnonaner G6eCKOHEYHOe MHOXECTBO TOYEK
u3 M. DTuM 1OKA3aHO, YTO My — NPenelbHas TOuka MHOXecTBa M.
TouHO TaK e NOKAasbiBaeTcd, YTO W KyO fBJSETCH KOMMAKTOM.
[psmMass yxe He ABASeTCS KOMNAKTOM, TaK KaK €CJH Mbl BO3b-
MeM Ha OCH 0X MHOXeCTBO Bcex Touek 1, 2, 3, ..., n, ...
C LEeJbIMH TOJNOXHTEJIbHBIMH abcuuccamMu, TO 3TO GeCKOHeuHoe
MHOXECTBO He OyneT WMeTb HM OAHOH mpenesbHO# TOuku. He
OyleT KOMMAKTHBHIM H MHOXECTBO PalMOHAJbHEIX TOUYEK OTpe3Ka,
TaK KaK eCJM Mbl BO3bMEM MOC/IENOBATENbHOCTh PALMOHANBHBIX
TOYEK, CXONAIYICS K MpPAlMOHANLHOMY uHCay, TO 3Ta Gecko-
HeyHass MOC/eN0BATENbHOCTh B MHOXECTBE PpAalMOHAJBHBIX YHCeN
npelelbHOR TOUKH MMeTb He Oyner.

YCTaHOBMM HEKOTOpble CBOMCTBA KOMMAKTHHIX MHOXECTB.

Teopema 1. 1° 3Bauxnymoe muoscecmso F, zexcaujee
8 KOMNAKMHOM MHOXMcecmse R, camo ssasemcs KOMNAKMHOLM
MHOICECMEO M.

2°. Bcakoe romnaxmuoe MHosxcecmso F, codepocaujeecs
8 R, samxnymo 8 R (npu smom caxo mnoxcecmso R He nped-
nosazaemcst KOMRAKMHbLM).
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HDokasarteabcTBo. 1° Ilycte M — npousBo/bHOe GeCKo-
HeuHoe TOJIMHOXeCTBO MHoxectBa F. Tak kak FCR, 10 u
McR; a Tak Kak R KOMNAaKTHO, TO Jexauiee B HeM GeCKo-
HeyHoe MHOXeCTBO A uMeeT mnpelelbHYI0 TOYKY X, NMpPHHalJe-
xauylo MHoxkectBy R. Touka x, Oyayud npeleibHO# A1 MHO-
sxectsa M, GyneT W MNONABHO MpejeabHOH A MHOXecTBa F.
Ho MHOXeCTBO F 3aMKHYTO; CJelOBaTeJbHO, TOYKA X MpHHalJe-
#ut F. Taxum oOpasoM, GeckoHeyHOe MHOxecTBO M, coaepika-
uieecs B F, UMeeT npelelbHyl0 TOUKY X, KOTOpas TaKxe MpH-
HanaexuT F. 3uauut, F— KOMIAKTHOE MHOMKECTBO.

2°. JlokaxeM BTOpOe yTBepxKIeHHe TeopeMbl. IIpenmooxum,
yT0 KOMNaKT FcR He sBaseTcs B R 3aMKHYTHIM MHOXECTBOM,
H NyCTb X — MpelenbHas TOYKA MHOXecTBa F, He mpuHalje-
®alnas STOMY MHOXKeCTBY. B MHOxecTBe F MOXHO HaliTH mocJje-
JIOBaTeNbHOCTh TOUEK

Xiy Koy veny Xpy o v e

UMeEIolyI0 TOYKY X CBOEH €NWHCTBEHHOH MpeneJbHOH TOYKOMH.

B camoM nene, 0603HayMM uepes X, TOYKY MHOxKecTBa F,
HAXONAIIYIOCS OT TOYKM X HAa PACCTOSHHH, MeHblueM 1; uepes
Xy 0603HaUMM Ty TOUKY MHOXecTBa F, pacCTosiHue KOTOPO# OT
TOYKH X MeHbIlle KaxIOro M3 JABYX YHCEN]

1
51 p(% %)

yepes Xy 0603HauuM Ty TOUYKY MHOXeCTBa F, paccrosihue KOTO-
poit OT TOYKM X MeHblle KaXIO0ro Hs uucen

1
3 P(x: xa),
H T. L
Touka x OGyner npeneabHO# Touko# OGeckOHeyHoR mnoc/eno-
BATeJbHOCTH
xl, x2, xa, oo ey

TaK Kak B /moOo#t 6AH30CTM OT TOYKH X HaxomMTCHd GeckoHeu-
HOE MHOXeCTBO TOYeK Hame#t MoC/en0oBaTeNbHOCTH.

Hukakas apyras Ttouka y He OyleT mpeieabHOR Aad 9ToR
NoC/ne0BaTe IbHOCTH. JleficTBHTENLHO, ecllM B3fTh 7y CTOMb §0Jb-
IIKM, YTO

1 1
"76<'_2"P(x1 y):
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TO mpu MOOGOM 7 > ng NJA BCeX TOYEK Halle#f NMOCAeLOBATENb -
HOCTH OyneM HMeTb

p(x, xn)< 2 <7 p(x »,
OTKyza

PU ) > 2 p (%, )

1as BCeX n >ng. Ho 310 osHauaer, uto Touka y He sBAseTCS
npenenbHOR TOYKOR mOCHEN0BATENBHOCTH

Xy, Xoy Xy oo

Taxkum oGpasom, B komnakte F Mbl Haliu GeckoHeyoe MHO-
KECTBO Xy, Xy, ..., X,, ..., He HMelllee B 3TOM KOMIMAKTe
npenenbHo# TOoukM. IlonyyeHHoe mpOTHBOpeune O03HAYAET, YTO
TOYKA X NpHUHALJEKUT MHOXKeCTBY F, T. e., uTo-F 3aMKHyTO.

Teopema 2. 1°. Yéusaowasn nocxzeaoaame/zbﬂocmb

FioF,>...oF,>..., 1)

SAMKHYMbBLX MHOMCECM8, fexcamjux 8 KoMnakme R, umeem
Henycmoe nepeceuenue.

2°. Ecau ¢ 8ospacmanuen n Ouamempw. mnoxcecms F,
cmpexamca K Hyanl), mo nepecewenue MHONICECM8

FyAFyN...NF,N...

cocmoum u3 00HOE mouku.

Hokasateabctro. 1°. Bes orpasnyenus oGIHOCTH Mbl
MOXeM MPeLHONOXKNTb, YTO BCE MHOXKECTBA HOCJENOBATEJIbHOCTH
(1) pasamunbt Mexny coGo#t. OTciona clenyer, YTO B MHOXe-
crBe F; Haltmercs Touka X,, He MpHUHAjNJexallas MHOXeCTBY Fo;
B MHOXecTBe F, Hafimercd TOuKa X,, He mNpuHandexawas Fg;
¥ BooGue, B MHOxecTBe F, Ha#nercs TOYKa X,, He MpHHAnJ’e-
kawas F, .. Tak Kak MHOXeCTBO R KOMMAaKTHO, TO GeCKOHeu-
Had NOCJeN0BaTeILHOCTD

X1, Xoy coey Xpooo ¥))

HMeeT npefenbHyio TOuKy x. JlOKaxieM, uTO TOYKA X MNpHHA-
JAXKHT KaXIOMy W3 MHOXeCTB nocienoBatensHocTd (1). Tloka-
*KeM, Hampumep, uto x € F,. Tak Kak

FuoFp1DFpi0D. .,

1) 310 3HAUMT, YTO, KAKOBO OBl HH GBLIO MOJOMHTENLHOE YHCIO €,
HaiizeTca Takoi HoMep no, 9TO JJIs1 BCEX 1 >y, 3 (Fp) <,
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TO BCE TOUKH TMOCJIENOBaTE/NbHOCTH (2), HAyHHAd C X,, NMpPHHAL-
aexatT MHOxecTBy F,. Tak Kak mocienoBaTenbHOCTb

Xns Xpi1r Xnpor - o 3)

OTJIHYAETCA OT MOC/ENOBATEAbHOCTH (2) JHIUL KOHEUHBIM YHCJIOM
TOYeK, TO TOYKAa X, Oyayuu mpelelbHON LIS NOC/AEI0BATENb~
HocTH (2), OyneT mnpelenpHOR M i TOCAELOBATENLHOCTH (3).
Ho Bce TOoukm 3Toit mocienHelt comepxarca B F,, clIei0BaTeNbHO,
TOYKA X SBASETCA MNpenei-HOR IS MHOXeCTBa F, H B CHJIY
ero 3aMKHYTOCTH HpPHHALJEKHT eMy. TakuMm o6pasoM, Mbl HAIIH
TOYKY X, MNPHHALJEKAIYI BCEM MHOXECTBAM IOC/eNOBATE/]b-
HoctH (1). CienoBarenbHo, TepeceyeHHe MHOXKECTB 3TOH MOCJe-
JOBATEJbHOCTH HEMyCTO.

2°. Tlpenmonoxum Temepb, YTO JAHAMETPH MHOXeCTB F,
CTPEMATCS K Hy/al0 ¢ BospacTaneMm n. Ecaun Ob nepeceuenue
MHOXECTB TO0C/Ie10BaTeqbHOCTH (1) comepxano IBe TOUKH X H Y,
TO 3TH TOYKM MPHHAHJexadd Obl KaKAOMY H3 MHOXECTB MOCJ]e-
nopateasHocTd (1). Ho Torma Mbl uMenn Obl NnpH BCAKOM 7
3(F,)>p(x, y), T. e. IMaMeTPsl MHOXKECTB He CTDEMHJHCH Obl
K HYJJIO C BO3PACTaHMEM 1, BONMPEKH YCJIOBHIO TeopeMbl. Takum
o0pasoM, nepeceyeHHe MHOXeCTB MocaefoBaTeabHOCTH (1) cocTout
H3 ONHOM TOUYKH.

HasoBem e-cempio MHOXecTBA R KOHeYHOe MHOXECTBO TO-
yek D, oGaanaioillee TeM CBOMCTBOM, YTO AN KaXKIOH TOYKH X
MHOXMecTBa R Hadimercs Touka d MHOXectBa D, oTcrosiuas OT
TOYKH X MeHee yeM Ha e.

JIlokaxem, uTo ecad R — KOMNAKT, TO B HEeM HMeeTCs e-cemb
npu swbox . TlpenmnonoxuM NPOTHBHOE, T. €. YTO CyLIECTByeT
TaKoe e, NMPH KOTOPOM KOMMAaKT R He HMeeT e-CeTH.

9710 3HAYMT, YTO KakoBa Gbl Hu Obl1a TOYKAa @, KOMNakTa R,
B HeM HalijeTcs TOYKA Q,, yAajeHHasd OT TOYKM @, Ha PacCTof-
HHUe, GoJbinee €. Tak Kak, MO MPeNNOJOMKeHHIO, KOMNAKT R He
MMeeT e-CeTH, TO HalneTcd TOUKa @y, yAaJeHHas KaK OT TOUKH 4y,
TdK M OT TOYKH O, HA paccrosnue, Goipimee e, TaK Kak TOUKH
ay, a,, Gy He 00pa3yIOT e-CeTH KOMNAaKTa R, TO B HeMm Hahtmercs
TOYKa a,, ynaleHHas OT Kaxio#t M3 TOYeK @,, d,, a3 Ha pac-
CTOsiHUe, Goabuiee e. Paccyxnas nonoOHbIM Xe 06pasoM H naree,
Mbl nOnyYdM GecKOHEeYHyI0 MOC/AeNOBATENbHOCTb TOUYEK

Ay, Gy Q3 vvvy By ves

4 3ar. 1377. A. G. TapxoMeHKQ
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TaKyl0, YTO pPAacCTOSHHE MEXLYy KaXKIbIMM ABYMs TOUKAMH 3TOMH
nocJefaoBateqpHocTH GoJble . HO Takas nocaenoBaTeNbHOCTh
He MOoeT HMeTb mpeneibHo#t Toukd. Takum o6pa3oM, Mbl HAILLIH
B KoMnakTe R OecKOHEYHOe MHOXECTBO A, He HMelollee mpe-
NeNbHOH TOYKH. DTO NPOTHBOPEYMT ONpefe/qeHHI0 KOMMAKTa.
CienoBatesbHO, Hallle NpennoJOXeHHe OO0 OTCYTCTBHH B KOM-
NaKTe €-CeTH /8 NAHHOTO & OKa3aJoCh HEeBEepHBLIM.

Bcaroe unoscecmso R, o6aadaroujee (npu Kaxom-iubo &)
e-cemosio, ABAAEMCS OLPAHUYEHHBLAM.

B camom Inene, MycTb X W y— 1B€ MNPOU3BOJbHEIE TOYKH
muoxectBa R. Haauume B R e-ceTH osHayaer, 4To HaknyTcs
IBe TOYKH @ W b Takue, YTO

pla, x)<e, p(b, y)<e.

OG6o3Hauum uyepes a HauboJbllee H3 PpACCTOAHHH Map Touek
e-cetd MHoxectBa R. Torma

pla, )<
H, CJIeNOBATEIbHO,

p(x, M<e(x, a)tp@ D)+p0, Y)<etate=ai-2e

H, 3HAYHT, MHOXECTBO R §B/SETCS OI PAHMYEHHBLIM.

V3 10Ka3aHHOTO YTBEPXIEHUS CAELyeT, UTO KOMNAKM ecmb
MHOJCECMBO 02PAKUYeHHOe.

Teopema 3. [Has mozo umobs. mHodcecmso R, sexca-
wee HA NPAMOL, HA naockocmu uau § npocmparcmsel), 6vi.40
KOMNAKMHBIM, Heo0X00UMO 1 00CcmAmo4Ho, 4mobst OHO 6blA0
SAMKHYMbLM U O2PAHUYCHHOLM.

Heo6xonumocTb. Tak Kak MHOXeCTBO R KOMIAaKTHO,
TO B CHIy YyTBepxkieHus 2° TeopeMbl 1 R 3aMKHyTO BO BCAKOM
colepxaleM ero MHoxectBe, Oyab TO NpsMas, MJIOCKOCTb WJH
BCe MPOCTPAHCTBO, 4 B CHIY KOMNAKTHOCTH R OHO OrpaHHyeHo.

JocrtatoynocTh. Tak kak R orpanuyeHo, TO BCe €ro TOYKH
NPHHALJIEKAT HEKOTOPOMY OTpe3Ky, KBaapaty Wiu KyOy, B 3aBH-
CHMOCTH OT TOrO, JIEXHT JH MHOXeCTBO R Ha mpsMOH, Ha mJo-
CKOCTH MJH B mpocTpaHcTBe. MHOXecTBO R, OyayuH 3aMKHYTO
OTHOCHTEJIBHO NMPSMOH, MJAOCKOCTH WM NpOCTpaHcTBa, OyneT TeM
6osee 3aMKHYTO OTHOCHUTEJNBHO COMEPXALIETr0 ero OTpesKka, KBai-
para uam ky6a. Ho orpesok, kBaapart, ky6 CyTb KOMMAKTHI.

1) Wau, BooGule, B n-MEPHOM EBKJIHAOBOM MPOCTPAHCTBE,



§ 5] HEMPEPHIBHBIE OTOBPAXEHHS 51

CnenoBaTeNbHO, M MHOXECTBO R, KaK 3aMKHYTOE MHOXECTBO
KOMIAKTa CaMO sBJSETCS KOMNAKTOM B CHJAy YyTBepxkieHus 1°
teopeMbl 1.

Mruoxcecmso D nasvisaemcs 8ci00y NAOMHOLM 8 MHOCE-
cmse R, ecau scarxoe omxpsimoe 8 R muoxwcecmso G codep-
Jicum, no Kpalineli mepe, 00OHY mouKy muodxcecmsa D.

Tak kak cdepHueckas OKPECTHOCTb TOUKM SIBJISIETCH OTKpHI-
THIM MHOXECTBOM, TO M3 STOrO ONpele/]eHHs HENOCPEACTBEHHO
clenyer, 4to 048 mo20, 4mobs. Mroz)cecmso D 6bin0 8cr0dy
nAOMHO 8 MHOJNCecmBe R, Heo6x00umo u Gocmamo4ro, 4mobo
Kaxcdas mouxa MHoxcecmsa R 6wmaa npedeasnoli 048 MHO-
acecmsa D.

Ha orpeske n/ioTHbIM Gyner, Hampumep, MHOXeCTBO D BCex
palMOHANBHBLIX TOYeK (TaK e, KaK M MHOXeCTBO BceX Hppa-
L{MOHATbHLIX TOYEK).

Teopema 4. Bo scakom romnaxme R, cocmosuer u3
0eCKOHE1HO20 MHONCECM3A MOYeK, UMEeM s CHemHoe naAomHuoe
muoxcecmso D.

Yr1o6bl B 3TOM yOenuThCsi, PACCMOTPHAM MHOXECTBO

D=D,yD,U...UD,U-..,

1
rie D, ectb - ~CeTb KOMmakTa R.

KakoBo 6bl HM GbIIO YMCIO & M TOYKAa X KOMmakTa R, Haii-
nercs touka d €D, ynaneHHas OT TOYKM X MeHEe 4eM Ha e.
HoctatoyHo B3aTh TOUKY d, NpHHALIEKAULYI0 MHOXKeCTBY D,

1
rie 7< e. Takum o6paszom, D maorHo B R.

§ 5. HempepsiBHEIe OTOGpaKEHHS

OroGpaxenne f MHOXecTBa X B MHOXeCTBO Y HashlBaeTcs
HeNpepuHBHLIM B TOuke X, € X, ecau, KakoBo Gbl HM Gblj0 MO-
JOXHUTeJbHO® YMCIO e, HalzeTcs Takoe 4uyuCaIO 8, YTO, Kak
TO/LKO

p(x, xp) <3,
p (f(x), f(xo) <e.

Ipyrumu ciaoBamu, orobpaxenne f OylLeT HempepHBHO
B TOYKe X, eciH, KakoBa Obl HM OblJa e-OKPECTHOCTb TOYKU

TO

4*
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Yo=1/f(x,), walinerca 8-OKpecTHOCTb TOYKH X, TaKas, 4TO
o6pas BCAKOH TOUKM, NpHHanJexauelt 3TOH &-OKPeCTHOCTH,
OyneT COnepxaTbCsl B €-OKPECTHOCTH TOUKH Y.

Ecau omobpascenue f nenpepugro 8 Kasxcooli mouke xEX,
Mo OHO HA3bBACMCSL HenpepuiBHULM OMOCPAJNCEHUEHM MHONCe-
cmsa X 8 MHodxcecmso Y.

B3aumno 00HO3HQ4HOe U HenpepueHoe OmobGpaiceHue MHO-
acecmsa X Ha MHO%UCECMBO Y HA3bIBAEMCS MONOAOZUYECKUM
omobpasceruen, ecau obpamrnoe omobpascerue f~1 (urooxce-
cmsa Y Ha muoscecmso X) Henpepwisro. [1sa muodzcecmsa
HA3bIBAIOMCA 20 MEOMOPPHBINIU, eCAll O0HO U3 HUX MOJNCHO
monosozusecky omobpasums Ha Opyzoe.

M3 TeopeM O HenpephBHEIX OTOGPaXKEHHSIX OTMETHM Cle-
LYyioLue,

Teopema 1. Jua moz20 umobs. omobpasceHue MHOdNCe-
cmsa X 8 MHOdCecm30 Y Obin0 HenpepuisHuolM, HE06X00UMO U
docmemouno, 4mobsl npoo6pas Kajicdozo OmKpPLMOI0 MHOKHCE-
cmsa Hc Y 6ba omipomuls Muoscecmsom 8 X.

Ycnosue Heo6xonumo. [lycts oro6paxenue f Hempe-
pBiBHO M MHOXeCTBO H — Y oTKpbiTOo. Bo3bmMeM NpOM3BOJIBbHYIO
TOUKY X,, MpHHaAjexaiiylo npooOpasy MHoxecTBa H. Tak kak
Yo=Ff(x,) conepxurca B H, TO HalineTcs e-OKPECTHOCTb
TOYKH Y,, TAKXKE LEAMKOM conepxawascs B H. B cuay uenpe-
DHIBHOCTH OTOOpakeHMs Halnercd uucao & Takoe, uto 06pas
BCAKOH TOYKH X 8-OKDPECTHOCTH TOUKHM X, GyneT colepKaThCs
B 2-OKPECTHOCTH TOYKH Y, M, CJENOBATE/NbHO, MPHUHANIEKATb OT-
KpuiToMy MuOXeCTBY K. TI03TOMYy &-OKDECTHOCTb TOYKH X,
conepuTcd B npooGpase MHOxecTBa H H, ClenoBaTesbHO,
no/Hei#t nmpooGpas MHOoxectBa H ecTb cymMa CdepuuecKHX
okpectHocTefi ero Touek. Takum o6pasoM, HOJHEIK MPooGpas
MHOXKeCTBA /1 eCTb MHOXECTBO OTKPHITOE.

YcnoBue goctatrouydHo. B camoM neie, eciu yc/IOBHE
BBINOJHEHO, TO, B YaCTHOCTH, MNpOO6Gpa3 e-OKPECTHOCTH TOUKH
Yo==f(x,) ectb OTKPbITOE MHOXECTBO (G, conepiallee TOUKY X,.
CilenoBaTe/bHO, HafjeTcss Takoe YHCAO &, YTO -OKPeCTHOCThb
TOYKH X, COAEPXHMTCS B MHOxecTBe (G W MOTOMY BCAKas TOYKa
3-OKPEeCTHOCTH TOUKH X, OTOOPa3UTCH B TOYKY, MPUHANIEKAILYIO
e-OKPECTHOCTH TOYKH Y,, YTO M JOKA3HBAET HENPEPLIBHOCTH
QroGpaxenus f B TOuKe X

Tak kak npooOpasbi B3aUMHO JONOJHUTENbHBIX MHOMXECTB
B3aHMHO [IONOJHHTEJLHE, TO M3 TeOpeMbl 1 BHTEKaeT
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Teopema 1. [Jusn mozo umobu. omoGpaixcenue [ muo-
scecmBa X 8 Mrodxcecm8o Y Guino HenpepolBHbiM, HEOOX00UMO
1 00CMAamo4HO, 4mobsl npoodpas Kandozo 3aAMKHYMOZ0 MHO-
gicecmBa, nexcauezo B Y, 6oin 3aminym 8 X.

Muorne M3 TeX CBOHCTB MHOXECTB, KOTOphHie MBI paccMaT-
puBany Bbillle, COXPAHSIOTCS MPH HENPEPHIBHBIX OTOGPaXKEHHsX.
JlokaxkeM 3TO 1Jd HanGojee HYXHBIX HaM CBOHCTB CBSIBHOCTH H
KOMIIaKTHOCTH.

Teopema 2. Henpepusnoii 06pa3 Y c8R3H020 MHOJNCe-
cmsa X ecmb MHOJXMCECMEO CBA3HOE.

[peAnosoXuM MPOTHUBHOE, T. €. YTO MHOXKECTBO Y HecBsi3-
Ho. TOrZa €ro MOXHO MPEACTaBUTb B BHAE CYMMBI IBYX 3aMK-
HyTBIX HEMYCTBIX Henepecekawoumuxcs MHoxects C u D. B cuny .
. TeopeMbl 1’ mpooGpasbl MuoxecTB C M D CyTb 3aMKHyThle
B X MHOoxectBa A u B. MuoxectBa A u B HemycTh, Tak Kak
X oro6paxaercs Ha Y. OHM He mepeceKalOTCs, TaK KaK MHO-
skectBa C u D He uMmeloT obuux Touek. Takum o6pasoM, Mbl
NOJyuuau pas3bueHHe CBASHOrO MHOXecTBa X Ha 1Ba 3aMKHYThIX
HenmycThix MHOecTBA A M B 6e3 o6mMX TOuEK, YTO HEBO3-
MoxHo. OTclona clenyer HeBOSMOXHOCTb MOAOOHOrO pa3GueHus
U U8 MHOXECTBA Y, T. €. ero CBSHOCTb.

Teopema 3. Henpepolsusii ob6pa3 Komnaxma ecms Komu-
naxm. TlycTb 1aHO HempepbiBHOe oTOOpaxcenue f kommakra X
Ha MHOXeCTBO Y. Mbl IOJ/KHBEI JOKa3aTh, YTO Y eCThb KOMMAKT.
[Tycrs N — GeckoHeuHOe MHOXECTBO, Jexaiuee B Y. Jlag kamnoh
TOYKH Jy MHOXecTBa /N BOSbMEM TaKyld TOYKY X, KOTOpas
AIBASETCH ONHHM U3 MPOOGPasoB TOUKM Yy, M OOO3HAUMM MHOMe-
CTBO BCeX TaKux Touek uepe3 M. Hukakue 1Be TOUKHM MHOXe-
ctBa M He OTOGpaxaioTCs B ONHY M Ty XK€ TOUKY Yy MHOXe-
ctBa N. Muoxectso M, Tak Ke KaK M MHOXecTBO N, SIBASETCSH
6eckoneunbiM. Tak kak X — KOMNAaKT, TO CYLIECTBYeT TOYKa X,
npenenbHas Aas  MHOkecTBa M. Ilycts  y,==f(x,); Toraa
TOuKa y, Gyder npeneasHolt Ans MHOKecTBa V. B camom neue,
TaK Kak OTOGpaxceHHe [ HENpPEepHBHO B TOYKE Xy, TO KAaKOBO
6bl HM OHJIO e, HafIeTCs Takoe &, 4TO ecad p(x, Xy) <8, TO
p(¥, ¥, <e. Tak KaK x,— npeneibHas TOUKa MHOxecTBa M,
TO CYLIECTBYeT GeCKOHEYHOE MHOXECTBO TOYEK X, NpHHaLJIexa-
WMX MHOXeCTBY M WM yAaleHHBIX OT X, MeHbwle yeM Ha 8. Ho
TOoraa ux o6passl y GyAyT npHHanjexarb MHOXecTBY N u OT-
CTOSITb OT y, MeHblle yeM Ha e. Takum o6pasoM, mnpu Jo-
O6oM & MOXHO HaHTH TOUYKY, NPHMHAJIEKAULYI0 MHOXecTBY N U
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yaaJeHHyo OT y, MeHee ueM Ha . Ho 310 3Hauut, uTO y, €ctb
npeneabHas TOYka MHOxecTBa N. KoMnakrthocTh Y, Takum oGpa-
30M, NOKa3aHa.

CnenctBue. [lpu Henpepvi8HOM O0mMOOGPAN’CEHUL KOM-
nakma X Ha MHOXMecmBo Y 00pa3 8CAKOZ0 3aMKHYMOZO
(omnocumeasno X) MHOJCECMBE eCMb MHONCECM3O 3AMKHYMOE
(omuocumeasro Y).

B camom nene, mycTb A — 3aMKHyTOe MHOXECTBO KOMNAKTa
X n B— o6pas mHoxectBa A. Ilo yTBepxnaenmio 1° teopemsr 1
§ 4 muoxectBo A komnakTtHOo. CrenoBarenbHO, HAa OCHOBAHMH
TONLKO YTO JOKa3aHHOH TeopeMbl GyNeT KOMIAKTHHIM M MHOXeE-
ctBo B. Ho B cuny yrteepxaenus 2° teopembl 1 §.4 mHOXe-
cTBO B Oyner 3aMKHYTO B Y, uTOo M Tpe6GOBaJOCh NOKa3aTh.

Teopema 4. Henpepusnoii 06pa3 AOKAALHO C€B8R3H020 KOM-
naxkma ecmo maxoce AOKAAbHO CBA3HBLL KOMNAKM.

Hoka3zateabcTBo. [IycTh X — NOKaNbHO CBA3HOE KOMMAKTHOE
MHOX(ECTBO M Y — HenpepbiBHuIi 06pa3 MuHoxectsa X. Ilo teopeme 3
MHOXXECTBO Y sABJsieTCA KOMMAKTOM. MBI LOMKHBI JOKa3aTh, 4TO MHO-
WECTBO Y JNOKANLHO CBSI3HO.

Mycrs y — kaxaa-HUGYy b TOYKA MHOMeCTBA Y M H — mpPOHM3BOJb-
HOE OTKPHITOE MHOX(ECTBO, COAepxailee STy Touky. Ha ocHoBanum Teo-
pembl 1 moamblii MPo0Gpa3 G OTKPHLITOrO OTHOCHTEJBbHO Y MHOXKecTBa H
€CTb MHOX(ECTBO, OTKPBITOE€ OTHOCHUTENbHO X. MHOXeCTBO (G COXEPKHUT
MOJIHBIH NMPoo6pas f TOUKH Y.

Tak xak MHOXeCTBO X JOKAJIbHO CBfI3HO, TO JJS KaMJOH TOUKH X
MHOXeCTBa £ MOXHO HaHTH TaKoe CBSI3HOE OTKpHITOE MHOXecTBO U(x),
KOTOpOE CONEPKHT X W camo cojepxurcs B (. O6Go3xHauuMm uepes S
cymMmy Bcex Takux MHoxects U(x), a uepes T—o6pa3 MHOMe-
crBa S.

OGo3naunM, paiee, uyepe3 A 3aMKHYTOE MHOXECTBO, HOMOJHHTENb-
HOe K MHOXeCTBY S, a uepe3 B — o6pa3 sToro MHOMeCTBA. Tak Kak
X — KOMIaKT, a A — 3aMKHYTOE MHOXECTBO, TO M MHOXeCTBO B Takxe
SBJSIETCST 3aMKHYTHIM (B CHIy CJAEeJCTBUA U3 MpeAbIRylleil TeopeMbl). .
[TosToMy MHOXECTBO

V=Y\ B
GyneT OTKPHTO B Y.
Jlokaxem, 4to
yeVcTcH
Tak kak F— nonHelli mpoo6pas TOUKH ¥y H
FcS=X\4
TO HH OJHAa TOYKAa MHOXeCTBa A He MMeeT CBOMM 06Pa3oM TOUKY ¥, M
TOTOMY
yevV=Y\B.

Tak xax o6pa3oM MHOXeCTBA A fBJASETCS MHOXECTBO B, a MHoxMe-
CcrB0 V sBAseTcA JOMONHUTENbHBIM K B, TO HHKakasg TOYKAa MHOXe-
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crBa V ue saBiasgerca o6pa3soM HH I KAaKOW TOYKH, MPHHAaIJexauiei
MHOXeCTBY A. HO MHOXECTBOM, IOMOJHHUTENbHBIM K A, ABAAETCH MHO-
wectB0 S. ChaejoBaTesibHO, KaXuad TOUKa MHOXecTBa V saBasercs
o6pa3oM HexoTopoi#l Toukun MHOxecTBa S. Takum o6pasom, MHOXecCTBO V'
COLEPIHUTCSt B MHOXecTBe T, sBagiomeMca o6pa3oM MHOXeCTBa S:

Vo T.

Hakonen, tak kak S < G, 10
TcH.

Taxum 06pa3oM, Mbl MOKa3ajH, 4TO
yeVaTcH.

TloxaxeM Tenepn, 4ro MHOXECTBO I CBA3HO. MHuOxecTBO T MOXHO
paccMaTpUBATL KaK CYMMy MHOM(ECTB, KaXJ0€ M3 KOTOPHX eCTh o6pa3
CBA3HOrO OTKphiTOro MHOxectBa U (x), rae x — Touka MHOxectBa F,
06pa3oM KOTOPOro sBjsieTCs Touka y. TaxuM o6pa3oM, BCe ciaraeMmble,
jJaiomue B CyMMe MHOXeCTBO T, CyTh CBS3HbIE MHOXECTBA, HMEOLHe
obumyio Touky y. [TosroMy m Bce MHOxeCTBO I sABJAsieTCA CBS3HBIM.

O6o3uaunM uyepes C, CyMMy BCEX CBA3HBIX MHOKECTB, COAEPHALUUX
TOUKY ¥ M COAEpXKAUMXCA B OTKPHITOM MHOXecTBe F.

HoMecTBO C, GYReT Hau6oAbuius’ CBA3HHIM MHOXECTBOM, COnep-
WAIMM TOUKY YV M COJEpAUMMCA B OTKphITOM MHoxectBe f1. CioBo
«Hau6oJbLIee» HANO NMOHMUMAThb 3X4eCb B TOM CMBICJE, YTO HHKAKOE MHO-
KecTso, colepxamee C, H colepxameecs B F, ywe He sBasercs
CBA3HBIM.

HNokaxem, uro C, OTKpmTO. B CamOM fede, MBl yiKe BHAENH, 4TO
TOYKA y MPHHALNEXHT OTKPHITOMYy MHOMecTBY V, comepxawemycs B 7.
Ho rak xax T cBfA3HO, TO

TccCy,

yevedl,.

Ilycrts 2 — mpou3BoAbHAA TOYKa MHOXeCTBA Cy. Kax u Bbiwe, nis
TOYKH 2 MOXHO OO GBI HalTH CBA3HOE MHOXECTBO T, H OTKPHITOE
mHoxecrso W raxue, 4ro

TakUM 06Pa3oM,

zeWc T,

OGo3nauum uepe3 C, HauGoJbllee CBA3HOE MHOMKECTBO, COLEpxallee
TOUKy 2z H cofepxaineecs B MHoxecrBe F. Torma Gymem uMeTb

zeWcT,cC,CH.

Muoxectsa Cy u C, cosnagaor. B camom jere, ecan Gbl, HampH-
Mep, MHOXecTBO C, COJEePKaNo TOUKH, He MpuHaarexaumue Cy, T0 MHO-

XeCTBO
U G

6BIIO Gbl CBA3HHIM MHOXECTBOM, COAEPXKAIIUM TOUKY Y, CONEpPXauuMcs
B MHOXeCTBE [ M GOJABIINM YeM Cy; Ho srto mporusopeunsio 6u1 Tomy,
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uro C, ecTb HauGoJblllee CBA3HOE MHOXECTBO, COAepialllee TOUKY y M
cogepxameecs B f1. Takum o6pasom,

Cy=¢C,
W Gy

H, CAE€IOBATEABHO,

Tak xak Touka 2z Obl1a TMPOU3BOJABLHOH TOUKOH MHOXecTBa C,, TO
OTCI0fa CJAENyeT, YTO BCAKAas TOUKA MHOXeCTBA C, COLEPXHICS B He-

KOTODOM OTKPHITOM MHOXECTBE, KOTOPOe CaMo, B CBOIO ouYepesab, Coxep-
wurcsd B Cy. TlosTomy C, MOXHO NMPEACTABHTb KaK CyMMy MOAOGHOTO

poxa OTKPHTHIX MHOXECTB, OTKyAa CiAeAyeT, uro C, eCTb MHOXECTBO
OTKPHITOE.

Takum o6pasomM, AJs NMPOHU3BOJBHON TOUKM y MHOXeECTBA Y M mpoO-
M3BOJIbHOIO OTKPBITOrO MHOXECTBA [, COAEPMKAIEro TOYKY ¥, Mbl HALLIH
CBA3HOE OTKPHITOE MHONecTBO Cy, TaKoe, uTO

yeCycH,

YTO M NOKa3blBAaeT JOKANbHYK CBA3HOCTb MHOMXECTBa Y.
Mbl yxe BuUAENH, YTO OTPE30K MPAMOH €CTb MHOXECTBO JOKaIbHO
CBA3HOE, TOTJa KAK MHOXECTBO, COCTOfIlEe U3 TOoueK rpaduka QyHKUMH

1
sin;, 0<<x<1,

H TOYEeK mnpenejbHOro OTpe3kKa
X = 01 —1 <y < 1’

He fABJlfgeTcA JOKaNbHO CBA3HBIM. ClefoBaTeNbHO, KaK MHl yXe roBO-
puau 06 sToM B raaee I, sTO moclegHee MHOXECTBO He ABJAETCS He-
OpepEIBHBIM 06pa3oM OTPe3Ka.

Teopema 5. Bcakoe 83auMHO 00HO3HQ4UHOe u 8 OOHY
CMOPOHY HenpepsisHoe 0mobpalCernue KOMNAKMA Henpepusro
u 8 Opyzyi0o CMOPORY u, CAe003amenbHO, AEAAEMC MONOAO-
2uteCKuMm omobpadceruen.

ITycth f ecTb B3aMMHO OJHO3HAYHOE M HENMpepLHIBHOE B OLHY
CTOpPOHY oToGpakenne koMmakta X Ha MHOXectBo Y. B cuay
TeOpeMbl 3 MHOXeCTBO Y ecTb KommakT. TpeGyercs n0Ka3athb,
yTo oTo6GpaxeHHe f~! komnakTa Y Ha KommakT X, oGpaTHOe
OTOOpaKeHUio f, HelpephlBHO, T. €. TpedyeTcs NOKasaTh, YTO
npoo6pas npu OTOGpaxkeHMH f~1 BCAKOro 3aMKHyTOro B X MHO-
KectBa F sBaseTcs 3aMKHYTHM B Y MHoxectBoM. Ho npooGpas
MHOXecTBa F npu ortoGpaxenun f~1 coBnagaer ¢ o6pasom MHO-
xectBa F npu oToGpaxeHHWH f, KOTOPHH B CHIYy CAEACTBUA M3
TeopeMbl 3 samkHyT B Y. Teopema n0Ka3aHa,
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MBl yxe BMIeNM, YTO MHOTMe M3 BBeLeHHHX HaMu CBOHCTB
MHOXECTB COXPAHSIOTCS NMPH HenpephiBHHX OToOpaxenusax. TakoBbl
CBSIBHOCTb, KOMMAKTHOCTb, JOKa/MbHas CBASHOCTb KOMNAKTOB. JTH
cBoficTBa TeM GoJee COXPAHAIOTCA MPH TOMOJOrMYeCKHX otobpa-
wxenuax. Ho npu TomojoruyecKMx OTOOPAXEHUSIX COXPAHSIOTCS
M MHOrMe Ipyrue CcBo#cTBa (KOTOpbie DaspylIaoTcs OGLIUMH
HeNpepHIBHBIMU OTOGPaxKeHUussMu). TakoBH, HampuMep, JOKaJbHast
CBSIBHOCTb MPOM3BOJBHEIX (2 HE TOJBKO KOMMAKTHHIX). MHOXECTB;
CBOMCTBAa MHOXeECTBa ObITh 3aMKHYTHIM HJH OTKPHTHIM B COLEp-
KaueM ero OOJbllieM MHOXECTBE; CBOHCTBO MHOXeCTBa OHITh
rpaHuliefi OTKPBHITOTO MHOXeCTBa; CBOHCTBO MHOXeCTBa ObiTh
IJIOTHEIM B COJepkallleM ero MHOXecTBe M Ipyrue.

3TO HANO MOHMMATb B TOM CMBICJE, YTO €CIM MHOXeCTBO A
o6nanaer KaKUM-HUGYIb W3 YKa3aHHHX CBOHCTB MO OTHOLIEHHIO
K coiepxaleMy ero MHOXecTBY X # X oro6pakaercs TONOJO-
rMuYecKH Ha MHOKecTBO Y, To 0o06pas B MHoxectBa A o6nanaet
TeM Ke CBOHCTBOM Mo oTHoweHuio kK Y. Tak, Hanpumep, eciu A
3aMkHyTo B X, To B 3aMkHyTo B Y; ecim A maotHo B X,
T0 B naorHo B Y.

Nayuenne CBOHCTB MHOXeCTB, KOTOphiE COXPAHSIOTCS MpH
TOMOJIOTHYECKNX OTOGPaXKEHUSIX, M COCTAB/SET COLEPIKAHHE TOMO-
JIOTHH.

§ 6. CBoficTBa KOHTHHYYMOB

OCHOBHbBIM OODBEKTOM Halllero NajbHeHllero HCC/IeN0BaHHUs
GyLyT KOHTHHYYMH. KOHMURY Y # 0 M HA3bIBACIMCA MHOJNCE-
cmso, ABAAIOUEECA OOHOSBPEMEHHO CEAHYM U KOMNAKMHbLM.

Brime Mbl mokasaau, YTO OTPe30K, KBaapaT, Kyl SBISIOTCS
CBAI3HBIMH KOMMAaKTHBIMH MHOX(eCTBaMH. Cle10BaTeNbHO, OHU CyTh
KOHTHHYyMbl. M3 TeopeM 2 u 3 mpenpmuayitero naparpada
HEMOCPEeACTBEHHO CJENyeT, YTO HenpepuigHuili 06pa3 KoHwmu-
HyyMa ecmb maroce Kowmuuyys. TaxuMm oGpasoM, CBOHCTBO
MHOXeCTBa ObITb KOHTHHYYMOM COXPaHAETCS MPH HENPEepPHIBHOM
oro6paxeHnn. D10 CBOACTBO MO3BO/SET JOKa3aTh, YTO KOHTHHYY-
MaMH SBJMIOTCS TaKWe MHOXKECTBAa, KaK OKPYXHOCTb, 3JUIHIC,
JleMHHCKaTa M Jpyrue, u60 Ka¥aoe H3 HHX MOXKHO MNOJYYHTb
KaK HenpepblBHHI 06pa3 HEKOTOPOH JOMAHOH JMHHM, COCTOsLIEH
M3 KOHEYHOI'0 YHCJa OTPE3KOB M MOTOMY sBJAIOlIEHCS KOHTHHYY-
MoM. BooGuie koHTMHyyMaMH GyLyT BCe NpOCTble AYTH U MpO-
CTHle 3aMKHYTble JWHHM. MH YCTaHOBUM B 3TOM naparpade He-
KOTOpble CBOHCTBA KOHTMHYYMOB, Ha KOTOpPbIX GyIEeT OCHOBAaHO
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B JajbHefileM uaydeHde JunHuit. HauGonee BawHOe M3 HMX BbI-
paxkaer cJjaenyiouias
Teopema 1. Obwan wacms C nocaedosamensnocmu

KOHMUHYY MO8
C;nC>...0C,>...,

u3 KOmOpuX KaoicOwii nocaedywujuii codepocumcs 8 npedsi-
Oyujem, ecnb MaKice KOLMUHYYM.

Tak xak MHoxectBa C;, C,, ..., C,, ... fBISIOTCS KOM-
naktamu M cogepkarca B C;, TO BCe OHM 3aMKHYTH OTHOCH-
teqbHo C;. TIo3TOMY HX mNepeceueHue

C=CNCN...NCphM ...

ecTh TaKXe 3aMKHYTOe MHOXEeCTBO. ITO MHOXECTBO HemycTo,
KaK nepeceueHue YyGbiBalouieli mOC/Ae10BATeNLHOCTH KOMMAKTOB.
Taknum o6pasoM, C ectb komnakt. Ocraercs A0KasaTb €ro -
CBSIBHOCTb.

JLoKa3aTeAbCTBO CBS3HOCTH MHOxecTBa C OCHOBaHO Ha Cle-
AYIOLUIEM YTBEPXACHHH:

Ecan C ecms obwjan uacmby yGwvisanoueli nocredosamens-
HOCMU KOMNAKMO8

01302:...:3_6,,::... 1)

u W — omxpoamoe muosicecmso, codepacauee srnodxcecmso C,
mo 8 nocaedosamessnocmu (1) naiidemcs maxoi Komnaxm C,,
Komopuii maKice codepycumcs 8 omxpsimos muoocecmse W.

[IpennonoXuM NPOTHBHOE, T. €. 4YTO HHKakoH Kkomnakt C,
He cozepxutrcs B W. Toraa Mpl Moxem o0pasoBaTh noc/enoBa-
TeJbHOCTb HEMYCTHIX 3aMKHYTBIX MHOXECTB

C\WoC\Wo...oC,\Wno...,

U3 KOTOPHIX KaxKaoe CJefyioiiee CONEPIKUTCH B MPENbILYILEM.
Tak KaK BCe 3TH MHOXECTBa KOMNAKTHH, TO MepeceyeHHE HX

uenycto. OHO COCTOMT M3 TexX ToueK MHOxectBa C, KOTOphie He

Bxonar B W. Ho rtak kak Cc W, 1o Takux Touek Her. M3

MOJYYEHHOrO MPOTHUBOPEYHS Mbl JOJDKHB 3aK/IOUHTb, 4YTO Cylie-

crByeT Komnakt C,, LeMMKOM coxepxauuiica B W.

BrieneM 13 10Ka3aHHOTO YTBEPX IeHUs! CBASHOCTb MHOXecTBa C. -
IMpeanonoxum, uro kommakt C He cBsuseH. Toraa ero MOXHO
NpeiCTaBUTb B BHIE CYMMBbI ABYX HeNyCTbIX 3aMKHYTBIX MHO-
wecTB A u B Ges o6wux Touek. B cuay Teopemnl 5 § 2 cyine-
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CTBYIOT OTKpHIThie MHOxecTBa U u V, conepxamue coorser-
CTBEHHO MHOXecTBa A M B W He wuMeiouiue oOLIMX TOYEK.
O6o3naunm yepes W cymmy muoxects U u V. Tak kak

AcU, BcV, C=AUB, W=UyYV,
TO
CcW.

B culy TOMbKO YTO [OKa3aHHOIO YTBEPXKIEHUS CYLUECTBYET
KoHTUHYYM C,,, ueaukoM coxepxawuiicas B W. Tak kak MHoxe-
ctBo C uMMeeT TOYKH Kak B MHOXecTBe U, Tak U B MHOXecTBe V,
TO ¥ MHOXKeCTBO C, IO/KHO COINEpKaTb KaK TOYKH, NPHHANIe-
kauMe MHOXeCTBY U, TaK M TOYKH, NpHMHALJIeXalihe MHOXe-
crBy V. Takum o6pasoM, KOHTHHYyM C, COXepXKHMTCS B CyMMe
IBYX HelepeceKawluxcss OTKPHITHX MHOXectB U u V, uMmes
C KaxIbiM M3 HHX oOwne ToukH. HO 3TO HeBO3MOKHO B CcHAY
Teopembl 1 § 3. IlomyueHHOoe MNpOTHBOpeYMe MOKA3LIBAET, YTO
Haille NpeanoJoxenue, GynTo MHOKkeCTBO C MOXeT GHITb HeCBSI3-
HHIM, gBJseTcsl HeBepHbiM, TakuM o6pasoM, C CBA3HO ¥ Haa
TeopeMa A0Ka3aHa.

JlokaxeM Tenepb TeOpeMy, KOTOpPOo# Mbl GylneM NOCTOSHHO
MoJb30BATLCA MNpPU HCCNENOBaHMM JMHUM. DTa TeopeMa NpeicTa-
BJISIET H CaMOCTOSITENbHBIHt MHTEpec.

Teopema 2. Ecau G — c8a3H0e U AOKAABHO CB8A3HOE OMm-
rpbimoe MHOJNcecmso Komnakma R, mo 8cakue 0se mouxu a
u b munoncecmsa G moeym Gwims coedurenvt npocmoii dyzoi,
yeaurom sexcauwell 8 muoxycecmse G.

IloxasaTeabcTBO. JlokaxeM Npexnae BCEro, 4To, KaKOBO
6Ll HM ObLIO MOJOKHTE/bHOE YHCJIO €, TOUKH @ U b MHOXecTtBa G
MOXHO COEIWHHTb KOHEYHOH IENOYKOH CBASHLIX OTKPHITHIX MHO-
KeCTB

u, U, ..., U, 2

auamerpa < e, colepxamuxcs B G M Takux, uto
agU, beU,, } ®)
UNU;#0, UNU,=0 npu |i—Fk|>1.
B camoM gnene, B CMJIy JOKaJIbHOM CBSIBHOCTH MHOXectBa G
KaxJaad ero Touka x OO6aanaer CBA3HOH OKpecTHOCThIO U (x)
nuamerpa < e, LeJuKoM coxepxauiefics B G. Jlokaxkem, uTo u3

STHX OKPECTHOCTEH MOXHO COCTaBHTH LENOYKY, COENMHSIOLLYIO
TOYKH ¢ H b. TlpeamonoxuM, uTO STOr0 CHENaTb He/b3s.
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OGosHauuM Torna uyepes U COBOKYNHOCTb TE€X TOYEK MHOXe-
ctBa G, KOTOpble MOTYT GBITb COeNMHEHH C TOYKOH & LENMOYKOH,
cocrosiedt U3 okpectHocTelt U (x).

[TokaxeM mnpexxae Bcero, 4YTO MHOXeCTBO U OTKpHLITO H
3aMKHYTO OJHOBpeMeHHO. MuoxectBo U OTKpHTO, Tak Kak, eCJln
Toyka X npuHasaexut U, to U COAEPKHT W OKPECTHOCTH 3TOR
TOUKH, H6O BCAKYIO TOYKY y STOH OKPECTHOCTH MOXKHO COeIMHHTDb
C TOYKOH @ 1enoukoM, cocrosuiedl M3 OKpPECTHOCTEH, CoenuHSIO-
IMX TOYKY @& C TOUKO# X, W oKpectHocTH U(X).

MuoxectBo U 3aMKHYTO, TaK KakK, eCIM X — NpelebHas
Touka nas MHoxectBa U, U (x)— cBi3Has OKPECTHOCTb TOYKH X,
to U(X) comepxutT mo KpafiHe#t Mepe OIHy TOUKY y MHOXe-
ctBa U. TouKy 3y MOXHO COeIMHHTb LIENOYKOH C TOYKOH a.
Ecan Mbl npucoeIMHHM K 3ToH 1uenouke okpecTHOCTh U (x)
TOYKM X, TO NMOJYYHM LEMOYKY, COSNMHSAIOUIYI0 TOYKH @ H X.

Tax xak MHOXecTBO U OTKPHITO M 3aMKHYTO, TO M ero Jo-
NoJIHeHue

V=G\U

TaKXKe OTKPHLITO W 3aMkHyTOo. KpoMme Toro, MHoxectBo V He
nycTo, TaK KaK OHO COXEePXHT Touky b. Takum o6pasoM, CBS3-
HOe MHOXecTBO (F pacnmanaercsi B CyMMY JBYX HEMyCTHIX OTKpbI-
THX MHOXecTB U W V 6e3 o6uIMX TOYEK, YTO HEBO3MOXHO.

W3 no/yueHHOro MPOTHBOPEYMS MBI NO/MKHH 3aKJIOYHTb, YTO
CYIeCTBYET KOHeYHas NOC/ef0BATEeNbHOCTh CBSIBHBIX OTKPBITHIX
MHOXeCTB

u, v, ..., U, 4)
Takas, uTO
acU;, beU], U;nU;, +0.

CocraBuM M3 3JeMEHTOB 3TOH MOC/AENOBATEJbHOCTH LENOUKY,
yaoBJeTBOpsiouLyio BceM ycaoBusaMm (3). OGosnmaunm uyepes U,
9JeMEHT Moc/enoBateabHoCcTH (4), comepxalMit TOUKY @ U HMelo-
wuf HauGoabwuit Homep. Yepes U, Mbl 0603HaYMM TOT 3JeMEHT
nocaenoBaTelbHOCTH (4), KOTOpHIft mepecekaer U, W uMeer B 9TOMH
NOC/e10BaTeNLHOCTH Hauboibuit HoMep. Yepes Uz Mbl 060o3Ha-
YHM TOT 3JEMEHT NOCAEN0BATENLHOCTH (4), KoTOpH#t mepecekaet U,
¥ MMeeT B MocC/jenoBaTelbHOCTH (4) Hau6oabLiMi HOMED, M T. A.,
noKa He jo#jeM 10 MepBOro U3 3/JeMEHTOB, COAEPKALUX TOUKY b,
KOTOpbi#t 0003Haunm vuepes U,, rae n—1-—uncio npexine
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OTOGPAHHEIX 9JeMeHTOB. MHlI NOJy4YHM, TaKUM OOpa3oM, llEeNnouKy
(2), ynoBaerBopsiomyio BceM TpeGoBanusM (3).

IlpumenuM 3TOT pe3yibTaT K N0Ka3aTelAbCTBY Halle#t Teo-
peMbl. Jlas 9TOr0 COeIWHMM TOYKM & U b 11enoyko# CBSI3HBIX
OTKDHITHIX MHOXecTB nuaMerpa < 1. Ilyctb 310 OynyT MHO-
KeCTBa

U, Uy, ..., Uy )

3(Un<1,

TOraa

a€U, bEU,, }
UNU; 1 #0, U;NU,=0 mupn |i—Ek|>1.

OGosHauuM vyepes ¢, Kakyio-HUOyIb M3 TOYeK NepeceyeHHs
mHokectB U; u U,; uepes ¢, — Kakylo-HUGYIb M3 TOYEK Nepe
ceueHust MHoxecTB U, W U; M T. L.; HakOHell, 4epes C,_,
Kakyio-HuOy1b M3 TOueK nepeceyeHus MHoxecTB U,_; u U,.

CoenunumM Tenmepb TOYKY a C TOYUKOR €;, TOUKYy €; C TOHu-
KO#t ¢ M T. A., TOYKY C,_, C TOYKOH & LeNbio CBASHHIX OTKPhHI-

(6

THIX MHOXeCTB AuaMerpa < . [Ipu 9TOM 'Mbl mpeamoJOKHM

ellle, YTG MHOMKECTBA, COCTAB/SIOILNE LieNb, COeIHHTIOUIYI0 TOY-
Ky a ¢ TOYKOH ¢,, copepxarcs B MHOxectBe U, BMeCTe O
cBOMMHM 3aMbiKaHuAMH. [ToZOGHBIM ke 06pasoM NpexNOJIONKUM,
YTO MHOXKeCTBA LleMH, COelMHsloLlel TOUKH ¢; M Cy, COMEPIKATCA
B MHOxecTBe U, BMeCTe CO CBOUMH 3aMbIKaHMAMH H T. 1., HaKoO-
Hell, MHOXeCTBa llenHu, coeluHsOWel ¢,_; ¢ b, comepxarcs
BMeCTe CO CBOMMH 3aMbIKaHMSIMH B MHOXecCTBe U,,.
OG6pasyeM u3 9THX OTHeJbHBIX Lieneft OAHYy lenb

Vi Vo oons Vy @)

COEeMHSAIOLYI0O TOYKH @ U & ¥ YNOBJIETBOPSIOILYI0 YyCJIOBHAM (3)
(BBIKMHYB, €C/IH HYXHO, JHUIHHe 3daeMeHTH). OGO3HauuM Temepb
yepe3 d; KaKylo-HUGYyAb TOUKY nepecedyeHus MHOXeCTB Vi u V;
yepe3 d, — KaKylo-HMOYAb TOUKY NepeceyeHHs MHOXecTB V, U V,
M T. I.; HaKOHel, 4epe3 d,_, KaKyiO-HUOYIb TOUKY mepeceve-
Hus MHOKeCcTB V,,_; u V,. CoemnuuM TOUKy a C TOuKOH d,

- 1
1enbl0 OTKPHITHIX MHOXECTB AuaMeTpa < 3> KOTOphie BMecTe
CO CBOMMH 33aMbIKAHMAMH COJlepXaTcs B MHOXeCTBe V; Touknu d
1
U dy.COEMHMM LENbIO OTKPHITBIX MHOXECTB IHaMeTpa <§_,
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KOTOpble BMeCTE€ C 3aMbIKAHHUSIMH COIEpPKATCS B V2, u T. I.; HaKo-
Hell, TOYKY dp—l COEeNMHUM C TOUKOH b 1lenbl0 CBSA3HBIX OTKPHITHIX

1
MHOXECTB AHaMeTpa <—3-, KOTOpble BMeCTe CO CBOUMH 3aMbIKa-

HusAMH conepkatcs B V. 13 9THX OTAeabHBIX Liene#t Mbl cHOBa
o6pa3yeM OAOHY lielb, COENUHSIOLYID TOYKM a u b.

IMoctynas nonoGHbiM ke 00pasoM, Mbl MOJYYHM MOC/eL0Ba-
TeJbHOCTb lenefl, COeIMHSIOLMX TOYKH @ M O M COCTOSIUMX U3
CBAI3HBIX OTKPHITHIX MHOXECTB, MNpHYeM [HaMeTpPbl SJeMeHTOB

-1
n-# wenn < ~ 1 8BeHbs KaXn0# mnocjienyiouwel ienu conep-

’aTCd B COOTBETCTBYIOLIMX 3BeHbSIX MNpenblayluefl Lenn BMecTe
CO CBOMMH 3aMbIKAHHSIMH.
O603HauUM CyMMy MHOXeCTB, COCTaBJSIOLIAX MEPBYIO LeMNb,
yepes C;, CyMMy 3BeHbeB BTOpPOH uenu yepes C, U T. A.
Kaxnoe u3 MHOXecTB

C, CQ, e ey C,n, PP
ABJAETCSH OTKpblTbIM CBSIBHBIM MHOXXECTBOM. HOSTOM}’ X 3aMbIKaHUA
Cy, Cy vy Cpy ...

ABJISIOTCS KOHTHHYYMAaMH.,

Tak Kak 3BeHbsl KaXAOH clelylOLlel 1lenu COmepaTcs B COOT-
BeTCTBYIOLINX 3BeHbAX npenbw.ymeﬂ Len4 BMecCTeé CO CBOUMH
3aMbIKAaHUSAMHU, TO

Choi1icC,yc=C,cC,.

Takum o6pasom, muoxectsa C,, C,, ..., C,, ... 06pasyioT no-
ClleI0BaTeNLHOCT KOHTHHYYMOB,

¢,oCp>...oC,>...,

M3 KOTOPbIX Kawabift mocaedylOu# COMEPKUTCA B MPEAbIAYIIEM.
e

Ha ocHoBannn TeopeMbl 1 mepeceueHHe BCeX 3THX KOHTHHYYMOB

€CTb TaKXKe KOHTHHYYM, KOTOpbIff Mbl 0603Hauum uepe3 C. ,

Tak kak kKaxiab#t KoHTHHYYM C;, C,, ... COILepXHT TOYKH @
u b, To ux nepecevenue C TaKKe COINEepPXKHUT 3TH TOukH. Jloka-
®eM, YTO KOHTHHYyM C eCTb MpOCTas Ayra, COenWHSIOIas TOYKH
a u b. lna toro uro6bl B 3TOM y6eIuThbCs, Mbl JNOJXHBI NMOKa-
3aTh, YTO KOHTHHYYM C MOXHO B3aHMHO OJHO3HAYHO W B3aUMHO
HeMpepLIBHO OTOOPa3HTh Ha OTPE30K

T=][0, 1].
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Pa3o6beM oTpe3ok T Ha n PaBHBIX OTpPe3KOB
T, T, ..., T,

KOTOpHle Ha30BeM OTpe3KaMH MepBOro PaHra, W MOCTaBHUM B COOT-
BETCTBUE KaXIOMY 3BeHy MepBOfi LiemH OTPe30K MepBOr0 paHra.
Pazo6GbeM, nanee, Kaxabif M3 OTPe3KOB MNepBOr0 paHra Ha
CTOJbKO PaBHBIX yacTeff, CKOJIbKO 3BeHbeB BTOPOH llemu colep-
KUTCA B COOTBETCTBYIOLIEM STOMY OTpe3Ky 3BeHe MepBOf Lemu.
Mul moJayunM, TakuM 06pasoM, Lielb 3 P OTPE3KOB BTOPOrO paHra

S Sou ovny S
[MpuBeneM CHOBa B COOTBETCTBHE 3BeHbSi BTOPOH LieNM H OTPE3KH
BTOpOro paura. Pas6uBas Kaxabif M3 OTPeskOB BTOPOTO paHra
Ha CTOJbKO DaBHBIX YacTe#t, CKOJbKO 3BeHbeB TpeTbell Liemu cO-
NepXHUTCS B COOTBETCTBYIOIIEM STOMY OTPE3KY 3BeHe BTOPOH
eNH, MB MOJYYHM Lellb M3 ¢ OTPe3KOB TpPEeTbero paHra

Ry, Ry, ..., Ry,
M TaK Jnajee.

Mbl uMeeM, TakuM 00pasoM, ABe MOC/TeNOBATEJbHOCTH lienefi:
llend mepBOH MOCHAENOBATENbHOCTH COCTOAT H3 CBSSHBIX OTKDbI-
THIX MHOXeCTB KOMNakTa R; Lenu BTOpO#l MOC/el0BaTe bHOCTH —
M3 OTPe3KOB, IMOJy4alOIMXCs monpasneienHeM orpeska [0, 1].
Tpu sTOM 148 KaXAOr0 HATYPAJbHOrO HHCIA 7 HMEeT MeCTOo
B3aUMHO OJIHO3HAYHOE COOTBETCTBHE MeXIy 3BEHbSIMH n-#i Lenu
OTKPHITHIX MHOXECTB M COOTBETCTBYIWOLUEH el 1enu OTpe3KOB.

Iycrs x — npousBoJbHas TOuKa koHTHHyyMa C. OHa npu-
HaJJeXUT HEKOTOPOMY OTKPHITOMY MHOXecTBY U, nepBo#t uenu!l),
HEKOTOPOMY OTKDHLITOMY MHOXeCTBY V; BTOpO#t LiemH, HeKOTO-
poMy OTKpHTOMYy MHOxecTBy W, Tpethelt uenu u T. n. Ilpu
3TOM KaXIoe CJelylolllee MHOXEeCTBO CONEPXKHUTCS B Mpenblny-
IeM BMeCTe CO CBOMM 3aMBIKaHHMEM, M C BO3pACTaHHeM HOMepa
Uend AMaMeTpbl STHX OTKDPBITHIX MHOMKECTB CTPEMSATCS K HYJO.

Ho sBeny U, comepxaileMy TOYKy X NepBO#f lenu, COOT-
BETCTBYET BNOJHe ONpeleleHHbifi oTpe3ok Ty; 3BeHy V;— oTpe-
30k S;, comepxamufica B Ty; 3seny W,, —orpesok R, coxep-
wawmuics B S;, u T. 1. C BO3pacTaHWeM HOMepa LemH IJIMHbBI
STHX OTpPe3KOB cTpemarcs K Hyao. CienoBaTesbHO, BCe OHH
HUMeIOT €JMHCTBEHHYI0 OOLiyi0 TOYKY y, KOTOPYI0O Mbl M MNOCTa-
BHM B COOTBETCTBHe B3ATOH TOUYKe X KOHTHHyyMa C.

1) Takux MHOXECTB MOxer ObITb M JBa, HO He Golee.
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Pa3HbIM TOUYKAaM X; U Xy KOHTHHYyMa C COOTBETCTBYIOT pas-
Hble TOYKH y, U Y, oTpeska T. B camom nene, TakK Kak C BO3pa-
CTaHMEM HOMepa 7 [IMaMeTPH 3BeHbeB n-H Lenu CTpeMATCs
K Hymo, TO Hafiiercs Tako#t HOMep /N, 4YTO, HauuHas C STOro
HOMepa, BO BCeX LleNsX TOYKH X; U X, OYyAyT NpHHALJIeKATb
Pa3JMYHbIM 3BEeHbSM, He HMemoliuM OOwWHX TOoyek. Ho Torna u
COOTBETCTBYIOLIME STUM 3BeHbSM OTPe3KH TaKie He GyLyT MMeTb
O6WMX TOYeK M, CJIeIOBaTENbHO, TOYKH ), H Y, oTpe3ka T,
COOTBETCTBYIOLINE TOYKAM X; H X, KOHTHHYyMa C, OynyT pas-
JIMYHbL,

Kaxnaa Touka y oTpeska T COOTBeTCTByeT HeKOTOpOH
TOuKe x KOHTHMHyyMa C. B camoM neie, Touka y NpHHaLJeXHUT
HEKOTOpPOMY OTpe3Ky T mnepBoro paura !), HeKOTOpPOMYy, COXep-
KalueMycs B HeM, OTpPe3Ky S; BTOPOro paHra, HeKOTOPOMY,
coiepxaliemycs B OTpe3ke S;, oTpesky R, TpeTbero paHra
u T. 1. Ho orpesky T; COOTBeTCTByeT BMHOJHE ONpeneNeHHOe
OTKpHTOe MHOMECTBO U, mepBO# Liemu; OTpPe3Ky S; COOTBeT-
CTByeT OTKpHITOE MHOXeCTBO V; BTOpOH Lemu, conepxalleecs
B U, BMecTe CO CBOMM 3aMbIKaHHeM; OTpPe3Ky R, COOTBETCTBYeT
OTKpHTOE MHOMKecTBO W, conepixaileecs BMecTe CO CBOUM
3ambikanueM B V,, u T. 1. Taxum o6Gpa3oM, noc/el0BaTelbHOCTH
OTpEe3KOB

TkDSlDRm: ce

MOXHO NOCTaBHUTb B COOTBETCTBHE yﬁblBalOI.l.lYIO nocienoBaTeNb-
HOCTb 3aMKHYTBHIX MHOXECTB

U,oV,oW,>...

[Ipu 3TOM C BO3pacTaHMeM HOMepa PaHra LemH, IJHHB OTpPE3KOB
M JHaMeTph COOTBETCTBYIOLIMX MM 3aMKHYTHIX MHOXECTB CTpe-
MATCd K HYJIO. )

OGo3HauuM depes X eNMHCTBEHHYIO OOLLYI0 TOYKY, MNpUHAL-
JIeKAIYI0 BCeM 3aMKHYTHIM MHOXeCTBaM

U, o V;2W,>...;

3TOR TOuKe X KOHTHHyyMa C W COOTBETCTBYyeT paccMaTphBaeMmas
TOYKa y oTpeska 7.

1) Ona MoXeT NpHHALNENAThb ABYM CMENCHHIM OTpe3KaM NepBOro
panra (OyAyun MX OGIIMM KOHUOM), HO' He GoJee ueM ABYM.
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Mbl nOKasanM, TakuM 0oG6pasoM, uto KOHTHHYyM C B3auMHO
ONHO3HAaYHO OToGpaxkaeTcs Ha oTpesok 1. Ocraercs 10Ka3aTh
HenpepHBHOCTb 3TOrO OTOGPaXeHus.

Iycrb - X,— NpOM3BOIbHAA TOYKA KOHTHHYyMa C u .e—
NPOM3BOJILHOE MOMIOKUTENbHOe YHCH0. OGO3HAYHM uepes y, TOUKY
oTpeska 7T, COOTBETCTBYIOLLYID TOYKe X, B MOCTPOEHHOM OTO0pa-
weHuH koHTHHyyMa C Ha orpe3ok 7. BosbMeM # ctonb Gonbminm,
yTO6H OTpEe3KH!) £n-ro paHra, Colepxaiue TOUKY Y, LEIHUKOM
3aK/I0YaauCh B MHTepBane (Y, —e, Yo ¢). Toraa-coBokynHoCTb
TOYEK, CONEpPKALIMXCST B CyMMe OTKPHITHX MHOXeCTB 2), KOTO-
pbiM TNpPHHAJIEKHT TOUKA X,, OTOGpakaercd B e-OKPEeCTHOCTb
TOUKH Y, YeM H [OKAa3biBAETCH HEMpPepbIBHOCTb pAacCMaTpuBae-
Moro otoGpaxeHuss KOHTHHYyMa C Ha orpesok T.

HenpepbIBHOCTb 06paTHOrO OTOOpaXeHHUs OTPesKa T Ha KOHTH-
HyyM C BbiTeKaeT (B CHJIy TeOpeMbl 5 § 5) u3 TOro, 4TO Hempe-
pbiBHOe OTOOpameHue KOHTHHyyMa C Ha OTpe3ok 7 sBJsercs
B3aMMHO ONHOSHAYHbIM. TakuM 06pasoM, Mbl 10Ka3a/H, YTO KOHTH-
HyyM C Tomosoruyecku oroGpaxaercss Ha otpesok [0, 1], npu
sTOM Touke @ coorsercTByeT 0, a Touke b — 1. CienoBarenbHo,
koHTUHYyM C eCTb NpocTas nyra ab.

Cienywouiass TeopeMa HMeeT BCIOMOraTeJbHbIt Xapakrep.
Ee npuMeHeHHe BO MHOTMX CaAy4asX 3HauyMTeNbHO OOaeryaer
H3NOXKeHHe TeOpuH JHHMH. YTeHue 9TOH TeopeMbl MOXHO OTJO-
KUTb IO TOrO MOMeHTa, KOrja Ha Hee GyleT ONMpaThCs AOKa3a-
TeJbCTBO Apyrux TteopeM (ra. IV, § 3). Mul npusonuM ee B 3TOM
naparpade MOTOMY, YTO OHa BbiPaXaeT CBOWCTBO, OOlliee BCeM
KOHTMHYYMaM, a He TOJbKO JIHHHAM.

Mel GyneM TOBOPHTb, YTO TOYKA X pa3busaem KOHTHHyyM C,
ecan MHOXecTBO C \\ X HecBsi3Ho. B nportuBHOM cayuae, T. e.
ecau MHOXeCTBO C \\ X CBfI3HO, Mbl TOBODHM, YTO TOYKA X He
pasbusaem xoHtuyym C.

Teopema 3. B raxoom rowmunyyiue C umeemcs no
Kpadinell mepe 08e mouKu, KOmopvie e20 He pasbusaiom.

HokasaTteabctBo. I[lycTb @ — npoH3BOJIbHAA TOYKA KOH-
tuyyma C (0 KOTOpO#f Mbl MOKa He He/aeM HMKAKUX Mpeamno-
JIOXeHHH OTHOCHTEJBHO TOTO, pa3buBaeT JM OHa KOHTHHYYM HJIH
Het). TTokaxeM, 4TO CylleCTByeT TOYKAa §, OT/IMYHAA OT TOUKM @
¥ He pasGuBaiowias KoHTHHYyM C.

1) Yx MoxeT GHTb OfMH MAH JBa.
2) Takux MHOXECTB MOXET ObTb OLHO HJAH 1Ba.

5 3as 1977, A. C. Tapxomeuxo
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IMycth A — cyeTHOEe MHOXeCTBO, IJIOTHOE B KOHTHHyyMe C
M He colepXKalliee TOUKY 4&.

Ecau kakas-auOyab TOYKa b, mpuHanjexalnas MHOXeCTBY A,
He pasbuBaeT KOHTMHYyM C, TO Hallle YTBepXIeHHe IOKa3aHO.

[Mpeano/ioxuM, YTo BCKas TOYKAa MHOXeCTBA A pa3GUBaeT KOH-
tHHyyM C. IlepeHymepyeMm Bce ToukH MHOxecTBa A. Torma Ml
MOJY4YHM MNOC/Ie0BaTeNbHOCTh

a;, Gy, Q3 ... ®)

Touka a,, no npeano/oxenuio, paséusaer xkonTuHyyMm C Ha 1Ba
MHOXeCTBa, KaXIOe M3 KOTOPbIX SfBASeTCS OTKPHLITHM (OTHOCH-
TeabHO C), M HMeeT cBOeft rpaHMiell eIMHCTBeHHYI0 TOUKY @,.
OG6o3HauuM uyepe3 A; TO H3. ABYX OTKDPBITHIX MHOXECTh, KOTOPOe
He COAEPXKHT TOYKH Q.

IycTb, nanee, g;, ') — nepsas TOYKAa HameH nocienoBaTeNb-
Hocti (8), koropas conepxurca B A;. Touka a; pasGuBaer
KOHTHHYYM C Ha nBa OTKPHITHIX MHOXecTBa. OGo3HaunmM uepe3 A,y
TO U3 HHUX, KOTOPOe He COLEPXHT TOYKY @,. ['panuua MHOXe-
ctBa A, COCTOMT M3 TOYUKHM @i, TOYHO TaK Xe MycThb @; — mep-
Basg TOYKAa Hawle# moc/lenoBaTeJbHOCTH (8), KOTOpas COLEPKHUTCS
B A, Ona pas6uBaeT KOHTMHYyM C Ha 1Ba OTKPHITHIX MOIMHO-
KecTBa. TO M3 HHMX, KOTOpPOe He COAEPXMT TOUKY @i, Mbl 060-
3HauuM uepe3 Aj.

[Mocrynas nonoGHBIM e OGPasoM, Mbl MOJAYYHM NOC/]eNOBa-
TeJbHOCTb OTKPHITHIX MHOXECTB

A, Ay, Ag, ... ©))
M M0CJHea0BaTeJbHOCTh TOYEK
a = a;, @, Giy, ... (10)

I'paHnua Kax1oro u3 MHOXecTB A, COCTOMT M3 OIHOH TOUKH @;, .

Ecan K MHOXeCTBy A, TNpPHCOJMHHTb €ro eaHHCTBEHHYIO

PAHHYHYI0 TOYKY @;,, TO MOJYYEHHOE MHOXKECTBO

Zn == An U a,-n
OyZeT KOHTHHYYMOM.

B camoM nele, MHOXeCTBO A, 3aMKHYTO M KaK 3aMKHYTOe
MHOXKeCTBO KoMnakTa C OHO sBiaseTcd KOMNAaKTHHIM, Ocrtaercs

1) ag=ay
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NOKa3aTb, YTO MHOXKecTBO A, cBa3HO. [lpenno/oxum NpOTHBHOE,
¥ nycth P U Q—1Ba HemyCThHIX 3aMKHYTHIX MHOXecTBa, Ge3
O6IIMX TOYEK, NAIWHX B CyMMe MHOXecTBO A,. Ilpennosoxnm,
4TO TOYKA @;, MpHHANJeKUT MHOXecTBY Q. Toraa

PcA,.

Tak xak Kaxnoe u3 MHOXKecTB C\\ A, H Q 3aAMKHYTO, TO 3aMK=-
HYTBIM MHOXeCTBOM Gymer u ux cymMa (C\A,)UQ. Mu mno-
JyuaeM, TakuM o6GpasoM, pas/OxeHHe KOHTHHyyMa C B CyMMy
IBYX HeNmyCTHIX 3aMKHyTHX MHOXecTB P u (C\A,)UQ O0e3
O6LIAX TOYeK, YTO HeBO3MOXHO. OTCiORa Mbl JOKHB 3aK/TIOYATD,
YTO MHOXECTBO A, CBS3HO.

MnoxecTtBo A,, OyAyud KOMMAKTHBHIM H CB3HBLIM, SIBJSETCS
KOHTHHYYMOM. PacCMOTpUM NOC/IeNOBaTeJbHOCTh KOHTHHYYMOB

A, Ay o, Ay, ...
M NOKaXeM, 4YTO KaxAHH clelylowMid KOHTHHYYM CONEPKUTCH
B MpEeNLIAYILEM:
Ay 1S A,

B camom nene, mo npennmosoxenuio, TOuKa a@;, pasbusaeT
KOHTHHYYM C Ha 1Ba OTKPHITHIX MHOXKeCTBa A, M B,. Tak Kak
MHOXECTBO A, ; HE CONEPXKHT TOYKH @; , TO OHO COAEPKHTCH
B cyMMe MHOXecTB A, u B,. Ho, Gynyun cBiasHbM, A, ; MOXeT
uMeTb o6uiMe TOYKH JHIUb C ONHUM M3 MHOXeCTB A, WM B,;
TaK KaK a;, ., € A,, 10 A, CA,CA,.

Mui nMeeM, TakuM 06pasoM, NOC/AeNOBATENbHOCTh KOHTHHYYMOB

AoA>...04,>...,

M3 KOTOPbIX KaX[Ablfl MOCHenyioliuii CONEPKHTCS B MpedblAyLIeEM.
ITo Teopeme 1 o6uiasi yacTh BCeX ITHX KOHTHHYYMOB eCTb TaKxke
KOHTHHYYM, KOTOpbIfi Mbl 06o3HauuM uepe3 K. B cuay Bkmouenus

Ape1C4,

KOHTHHYyM K MOXHO paccMaTpuBaTh KaK TNepeceyeHHe OTKphHI-
THIX MHOXecTB A;,. Ay, ..., 4,, ...

IMyctb b — npousBosibHas Touka koHTHMHyyMa K. Tak kak
HH oOaHa W3 ToueK a;, (m=1, 2'..., n) He NPHUHANJIEKHUT

5%
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KOHTHHYYMY A, ., TO OTCI0Aa CJeAyeT, 4TO TOYKa b He coBma-
1aeT HU C ONHOH M3 TOUYeK Qe
IokaxeM, uto Touka b He pa3buBaer konTHHyyM C. [Ilpen-
MOJOXMM MPOTHBHOE, T. €. 4TO MHOXecTBO C\\ b ecTb cyMma
IBYX OTKPHITHX MHOXecTB G u H, He HMelowux OOLIMX TOUeK.
Tax xax TOuka b He COBManaeT HU C ONHOM M3 TOYEK a;,

nocaenoBareabHocTd (10), To kKaxnas U3 Toyek 3TO#f mocrenoBa-
TEJbHOCTH TPUHANJIEKUT ONHOMY M3 MHOXectB G wan H. Tlpen-
NOJIOXHUM, HalpUMep, YTO HEKOTOpas TOUKa a@;  MOC/IeN0BaTe/b-
Hocty (10) npuHaniexut MHOXecTBY H, M 10KaXeM, YTO B STOM
cyyae MHOXecTBO G==G b UENMKOM CONEPKHTCH B MHOXe-
ctBe A,, MOCAen0BaTeNbHOCTH (9), COOTBETCTBYIOLIEM TOUKE ;..
3aMeTHM Mpexae BCEro, YTO MHOXECTBO .

G=GUb

ABJISETCS KOHTHHYYMOM. DTO 10Ka3HIBAeTC COBEPUIEHHO TaK XKe,
KaK M TO, YTO KOHTHHYYMOM SIBJfIeTCS KaX10e U3 MHOXeCTB

An=AnUain
nocaenoBartepHocT (9).
MuoxectBo G He CONepXHT TOUKYy a;, ¥ HMeer oOliyio

TOUKy & ¢ MHOxecTBOM A,,. CienoBatenbHo, G LeJIMKOM conep-
XHTCA B MHOmecTBe A,, TaKk Kak, OGyLyuu CBS3HbHIM, OHO He
MOXeT HMeTb OOMX TOYeK C ABYMs HellepeceKaloNUMHUC OTKPbI-
THIMH MHOXecCTBaMH A, u B,

JlokaxeM Tenepb, 4YTO MHOXeCTBO G 1EIHKOM COAEPXKHUTCA
B KaXmOM u3 MHOxecTB A, nocienoBatedbHocTd (10). Ias storo
HY’KHO MOKa3aTh, YTO eC/lM XOTA Obl ONHA M3 TOYeK a;, mocie-

nosateabHoctd (10) npuHaznexuT MHOXecTBYy F, TO 3TOMY MHO-
KeCcTBy NPHHAAJIERKAT M BCe TOYKH mocJenoBartensHoctu (10).

[pennonoxuM, BOMPeKH YTBEpPXKIEHHIO, YTO Kakas-HUOYIb
TOUKA Gy, nocaenoBateabHoctd (10) npuHaniexur mHoxectsy G.

Torna, xak W Bbille, NOKaXeM, YTO MHOXECTBO
H=HUb

LLe/TMKOM CONEPXKHTCA B MHOXecTBe A, MOC/TeN0BaTENBHOCTH 9),
COOTBETCTBYIOLIEM TOUKE &y,
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Be3 orpannuenus o61HOCTH MOXKHO NPeJNOJOKUTD, YTO p > m.
Tak Kak, N0 IOKa3aHHOMY,

A, Ay,
TO W3 COOTHOLIEHHSI
Hc Ay
c/lelyeT, 4TO
Hc An.

Taxkum o6GpasoM, HMeeM
Gc A, HcA,
OTKyZa, NMpHHHMas BO BHHMaHWe, UYTO

GUH=C,
HaxXoaunuM
CcA,,

YTO HeJeNno, TaK KaK MHOXeCTBO A, He CONEPXHUT, HalpuMmep,
TOYKY 4.

M3 nomyueHHOrO NpPOTHBOpPEYHS MBI JOJKHB 3aKJIOUHTb, YTO
ecnu Kakas-HuOYAb TOuKa a@;, nocienoBatenbhoctd (10) npunan-
JIEKUT MHOXeCTBY [, TO 9TOMy MHOXKeCTBy NpuHAajJexaT U Bce
TOYKH mnocaenoBatenbHocTd (10). Ho, xak Mbl nokasanu Bbille,

OTCIOZa clenyeT, 4To MHOXecTBO (G, a 3HauuT, TeM O0osee H
MHOXKeCTBO (, CONEPKHTCH B KAXKAOM M3 MHOXeCTB A, mocieno-
BatenbHocTH (9). B TakoM ciyuae MHOXecTBO G cONEPNKHTCS B
KOHTHHYYMe K, KOTOpbI# sBJIsIeTCS MepeceyeHNeM BCEX MHOXeCTB A,
nocaenosareiabHoctd (9).

, W3 mpennonoxenus, 4to OTKphTOE MHONKecTBO G HemycTo,
ClefyeT, 4TO CyLEeCTByeT TOYKA @, moc/ienoBateabHocTH (8),
ApUHaldexallas MHOXecTBy (, TaKk KaK MHOXectBOo A, H3 TO-
4eK KOTOporo Mbl 06pasoBaju MocaenoBatedbHOCTH (8), Bciony
niioTHO B C. BosbmeM B nocnenosatenpHocTH (10) Takyio TOuKy @, ,

HOMep Kortopolt i, Goiblie HoMepa k TOuxu a;. ViMeeM
ax€GcGeKc A, _,,

axCAy_y.

Ho, no npennonoxeruio, a;, ectb Touka nocaenosarenbHoctH (8),
MMeolIas HAWMEHbUIMR HOMEp M colepxamascd B A,_;, a MH
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HAILJM “TOUKY @; NMOCAenoBaTeabHOCTH (8), HoMep KoTopo# kB < iy,
npUHaAIexalulyl0 MHOXeCTBY A, ;. V3 mojy4eHHOro npoTHBoOpe-
YHS Mbl BHIHYXIeEHB CleJaTb TOT BHIBOL, YTO TOYKa b He pas-
6uBaeT KOHTHHyyM C.

TakuM 06pa3oM, B KOHTHHyyMe C Mbl HAlIM TaKYiO TOUKY b,
KoTopass ero He pas6usaer. YrToOwl mOKa3aTh, YTO CYIECTBYeT
Apyras TOYKa, He pa3budiomas KOHTUHYyM C, HaI0 IOCJOBHO
MOBTOPHTb BCe TNpHBeNEHHOe pacCyXIeHHe, TOJIbKO HAyaTh ero
yKe OTNpAaBIfsCb He OT NPOMSBOJNLHOK TOYKM @, 4 3aMeHHTb
BO BCeM pacCyXIeHHH TOYKY & TOYKO#t b, O KOTOpOH 3aBerOMO
M3BECTHO, YTO OHAa He pasbuBaeT KOHTHHyyM C. DTuM TeopeMma 3
6ynmeT nOKa3aHa.

[MpuMepoM KOHTHHyyMa, MMelOIIero POBHO jBe TOYKH, KOTO-
pbie ero He pasGMBalOT, sBAsSeTcs OTpe3oK. HepasGusaiowumu
TOYKaMH GynyT KOHLb OTpe3Ka; BCAKas BHYTPEHHSs TOYKa OT-
pe3ka pa36uBaeT ero Ha MABa MNOJYHHTepBajJa C OOLIMM KOHLIOM
B 3TOH TOUKe.

[TpuMepoM KOHTHHYyMa, KOTOpbif He pa3GHMBaeTcs HH OXHOM
CBOoe#t TOUKOH, MOXeT CAYKHTb OKDPYXKHOCTb.
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B 3T0i#t rnaBe MH GyleM pacCMaTpHBATh MHOXECTBA, Jexaliue
Ha IJIOCKOCTH, H posib R OyneT Urpath y Hac mJoCKocTb. ITostomy,
rosopsd 00 OTKPHITHIX H 3aMKHYTHIX MHOXeCTBaX, MH OyJleM UMETb
B BHIAY, YTO OHH OTKDBITHl MJHM 3aMKHYTHl Ha ITOCKOCTH.

I'. Kaurop omnpenensder juHuiO (Ha TMIOCKOCTH) KaK TakKoft
KOHTHHYYM, B J000#f OJHM30CTH OT KaXAOH TOYUKH KOTOPOro eCTh
TOYKH MJIOCKOCTH, He MpHHAIJekalllhe STOMy KOHTHHyyMYy. [lpy-
THMH C/IOBAaMH, aunuell Ha3vsaemcs Konmuryys C, obiadar-
wuii credyrouum C80LCM3IOM: Karosa Ov. Hu Obina moyKa x
Konmunyysa C @ noA0JiCUMENAbHOE HUCAO €, HQ NAOCKOCMU
Hafidemcs mouKa y, He npunadsescawan Koumunyymy C u
ylasennas om mouxku x menee 4exm Ha e. M3 3toro onpene-
NeHWs] HEMOCPENCTBEHHO CJlelyeT, 4TO KOHTHHYyyM C dBjsgeTcs
KaHTOPOBOH JHMHHeH{ TOrAa M TOJbKO TOrAa, KOrJa OH He coxep-
UT HHUKAKOTO OTKPHITOrO NOAMHOXeCTBAa. Bce Te MAOCKHE JMHHM
(npsiMasi, OKPYXXHOCTb M T. 1.), KOTOpEE MBI PacCMaTpPHBal# 10
CHX moOp, MOAXOAAT MOA 9TO ompeneneHde. Hanporus, Takue
KOHTHHYYMbI, KaK TPEyrojbHHK, Kpyr, KBaapaT (eCiM HMeTb
B BHIY WX BHYTDEHHHe ¥ IDaHHYHbIE TOUKH), YXe He ABJAITCH
JVHHAMH B CMbICAe ompeleseHus KaHnTopa, Tak Kak Kaxauf#t us
HAX CONEPXKHT [OCTATOYHO Majyi0 CepHyecKylo OKPeCTHOCTDb
(coBOKynHOCTb BHYTpPEHHHX TOYEK Kpyra).

Mpusenem ele OXMH 3aMeyaTedbHbIt NpUMEpP KaHTOPOBOH
NWHUHM, TIOCTPOEHHOH H3BECTHHIM TnOJbCKMM MaTteMaTukom Cep-
MUHCKWUM ¥ MOJyYMBIUEH BIOCJAENCTBMM Ha3BauWe «koBpa CepmuH-
CKOTo»,

KBagpar Q nequrtcs Ha neBATh PaBHbHIX KBAADATOB M U3 HEro
YAansioTcss BHYTPeHHHe TOUKHM LeHTpaabHOro kpanpara. Kawawiit
M3 OCTaBIIMXCS BOCbMHM KBaLpATOB NEPBOro PaHra CHOBa AeMUTCH
Ha 1eBATb paBHHIX KBajpaTOB M B KaXIOM H3 HUX YIa[IOTCA
BHYTDEHHME TOYKHM LIEHTPAJbHOrO KBajgpara. TakuMm o0pasoM, Mbl
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nonyyaeM 82=64 kpanpata Broporo panra. C KaXIbiM H3 HHX
MOCTyMaeM TaK e, KaK M Bhlle, W moayyaem 83 =512 ksax-
paToOB TPETbEro PaHra W T. A. AJs MOOOro HaTypanbHOTO YHCJa 1
(uept. 8).

Ocrapllieecss MOC/Ae BHIOJHEHMS BCeX 3THX OmMepauyit MHO-
swectBo S’ M ectb koBep CepmHHCKOro.,

|

=

Yepr. 8.

DTO MHOXeECTBO SBJSETCS JHHHEH B CMHIC/Ie KaHTOPOBA Ompe-
Ienennsi. [Ipexne Bcero MHQXeCTBO S’ SIB/ISETCH KOHTHHYYMOM,
TaK KaK OHO MpencCTaBiaseT COGO# OOLLYI0 YacTb MOC/IENO0BATE/]b-
HOCTH KOHTHHYYMOB: TMNepBbIi KOHTHHYYM COCTOHT M3 BOCbMH
KBAaJpaToB MNEpBOro paHra, BTOpo#f W3 64 kBaapaTtoB BTOPOro
padra ¥ T. I., MpHYeM B 3TOH MOCJEAOBATEJLHOCTH KaXKAbIH Cie-
Iyloln# KOHTHHYYM CONEPXKHTCS B mpenbinyieM 1),

Hanee, B moGoft 6/M30CTH OT KaxKAO# TOYKHM KOHTHHyyMa S’
HaltpeTcs TOuka, He NpHHaAJexalllas STOMY KOHTHHYYMY.

B camoM nene, kakoBa Gbl HM Gblia TOYKa X KOHTHHyyMa S’
H TOJNIOXKHUTENbHOE YHCJIO &, HARAETCS HATYpAIbHOE YHCJO 71, TAKOe,

1) Cu. ra, II, § 6, Teopema 1,
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YTO IHaroHajb kBazpata Q® n-ro panra Oyaer Mewbme e. Ho
TOTAA2 B &-OKPECTHOCTb TOYKH X MOMAAYT TOYKH BHIGPOIIEHHHIX
KBAIPaTOB, COCENHHX C Q®, He NpHHaLJexalle KOHTHHYyyMmy S’:

Taxkum o6pasoM, kosep CepnuHCKOrO— B CaMoM lele KaH-
TOPOBA JHHHA. DTa JMHMA 06/anaeT ONHHM 3aMeuaTe/JbHbIM CBOMH-
CTBOM: CoiepxaTb B ceGe Jo6yi0 TJIOCKYIO JHHHIO. A MMEHHO,
HMeeT MeCTO CJelyioias

Teopema. Karxosa 6bu. nu Owsra ranmoposa sunus C,
8 kospe Cepnurckozo gcezda Haiidemca nodmnoxcecmso C’,
20Meomopgroe xnoscecmsy C.

HoxaszateabcTBo. Tak Kak MHOxeCTBO C — KOHTHHYYM
U MOTOMY 3aMKHYTO M OIPaHHYEHO, TO CYILECTBYET MpPSIMOYTroJb-
HUK R, coxepxauuft KOHTUHYyM C. Pa3o6beM npsAMOYrojbHHK R
NPSAMBIMH, TApa/JIeJbHBIMM €r0  CTOPOHAM, + Ha NeBTh PaBHBIX
NpAMOYTOJbHMKOB (Ha uyepT. 9 9T JMHHUM -ZaHbl NYHKTHDOM).

™

Yepr. 9.

Tak xak C — KaHTOpOBa JHMHHS, TO OHAd HE CONEPXHMT HMKAKOro
OTKPHITONO [MOAMHOXECTBA W MNOTOMY HE MOXeT, B YaCTHOCTH,
WMETh CBOMM MOIMHOXKECTBOM BeCb LEHTPAJbHEIR MPAMOYTONBHHUK:.
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Tak Kak C —3aMKHYTOE MHOXECTBO, TO BHYTPH LIEHTPaJLHOTO
NPSIMOYTObHAKA CONEPXKUTCA MPSIMOYTOMbHUK R, CTOPOHBI KOTO-
poro mapajjiesbHbl CTOPOHAM MPSMOYTOJbHHKA R W KOTOPHIA He
conepxutT HU onnoft TOukM JuHMM C. TIpono/mKuM CTOPOHH
npsMOYTOJIbHUKA R, 10 mnepeceuyeHHs CO CTOPOHAMH OCHOBHOTO
npsiMOyroibHuKa R. TIpu 3TOM Bech mpAMOYyroabHuK R pasoGbercs
Ha [eBATb NPAMOYrOJbHUKOB. BHIOpOCHM W3 NpPAMOYToOJbHHKA R
COBOKYMHOCTb BCEX BHYTPEHHHX TOUEK mpsMoyroabHuka R,. Ocras-
1meecss MHOXeCTBO COCTOMT M3 BOCbMM NMPSMOYTOJBHHKOB, KOTOpHIE
MBI Ha30BeM NMpPSIMOYTONLHHKAMH NMEPBOro paHra U 0003HAUMM B KPYy-
rOBOM MOpsiIKE MPOTHB YaCOBOR CTPE/KH, HAUMHAS C JEBOTO HMXK-

HEro MpsMOYro/AbHAKA, COOTBETCTBEHHO Yyepes Ri, R%, R;, cen, R:.
COBOKYMHOCTb TOYEK, MPHHAMJIEKALIMX MPIMOYrOJbHHKAM TNEpBOro
panra, o6Go3HauuM yepes Sl

Yro6bi MOJAYYHTh NPAMOYTOMBHUKH BTOPOr0 PaHra, NOCTYNHM
crenyowum o6pasoM. PasoObeM Kaxnbift W3 NPAMOYTOJLHHKOB
NepBOro PaHra Ha JeBATb PaBHLIX NMPSAMOYTrOJAbHHKOB. BosbMeM mps-
MoyroasHuk Ri. Torna, MO MPeNbIYLIEMY, BHYTPH LEHTPaIbHOrO
NpSIMOYTrO/MbHUKA, TMOJYYHBIIEroCs NPH pasOHeHHH NPAMOYTOJb-
HUKa R}, MOXHO HafiTH TaKo# MPSAMOYTOJLHHK Pjo, BHYTPH KOTO-
poro He COLEPXHTCS HH onHo# Touku yunuu C. Tlponomxum ero
CTOPOHH [0 TepeceyeHHs CO CTOPOHAMH OCHOBHOTO MPSMOYToOJb-
HMKa. B 1eHTpaibHOM NpSMOYro/bHHKe, MOJYYHBIIEMCS NPH MO -
pasaeJeHAH NPAMOYroJbHHKA R, mo TeM xe €000paXKeHusIM,
MOXHO HaNTH TakKoh npAMOYroJbHHUK P;o, KOTOPHIH JIEXKHT B
noJaoce, 3aKMOYeHHOH MexI1y NPORONKEHHSIMH CTOPOH TOABKO
YTO MOCTPOEHHOr0 NPSAMOYTOJAbHUKAE P}o, U He coiaep¥aluuih HH
onHo#t Toukw aukuu C. CTOPOHH MPSMOYrOMbHHKA Py Mbi CHOBA
MPONOMKAEM N0 TepeceyeHus CO CTOPOHAMH OCHOBHOIO MpPSIMO-
yroibHHKa. TOUYHO TakK e B NPAMOYroOJbHHKE R} Ml Haizem
NPSIMOYTONbHUK P}, He conepxaumuii HA OAHOM TOUKM Muuun C
U COCTOfIIMH M3 TOYEK ILEHTPAJILHOrO MPSIMOYroJlbHHKA, 06paso-
BABLIErOCs MpPH MOApPasieseHnH R3, 3aKMOYEHHEIX B 06ied yacTn
M0JIOC, MOJAYYEeHHHX MPH NMPONONKEHHH CTOPOH MNPSMOYTOJbHH-
KOB P}o W Py. TlonoGHEIM Ke 06pa3oM MOJYYHM MPSAMOYrOab-
uuku Plo, Pso, Peor Pro, Pho.

OGosnaunm uepes Ryo (k=1, 2, ..., 8) mNpAMOYroaLHHK
conepxawuhcsa B Pho u cocTosupR W3 BHYTPEHHHX TOYeK fepe-



KAHTOPOBEI AMHHU 75

CeveHHs BCeX BePTUKAMLHBIX M TOPH30HTANBLHHIX MOJOC, 06paso-
BAHHBIX MPOLOJ/IKEHHEM CTOPOH MPSMOYrOJBHHKOB P ¥ mpoxo-
AsWHEX B Ri. PaccMOTpHM TnonpasieleHHe OCHOBHONO MPAMO-
YroMbHHKA MPOAO/KEHHIMH CTOPOH NPAMOYTOJbHHKOB Rio.

EC/M M3 KaX10r0 NPAMOYTOJbHHKA R} MEPBOr0 PaHra BHKHHYTh
BHYTPEHHHE TOUKH, MPMHANIEKAUIME MPIMOYTOMLHHKY Ro, TO OT
KaX10ro MpAMOYTro/MbHHKA NEPBOTO PAHTa OCTAHETCS MHOXECTBO, CO-
CTOSLIeE U3 BOCHMH MPAMOYTOJbHHKOB, KOTOphie Mbl HA30BEM MPSIMO-
yroAbHHKaMH BTOPOro paHra M 0003HAauMM B KPYTOBOM MOpsIKe
NPOTHB YacOBOH CTPENKH, HAUMHAS CHOBA C JIEBOFO HHMKHETO MpsAMO-
yroJIbHHKA, yepes R, Ris, - .., Ris. COBOKyMHOCTb TOUeK, TpH-
HajaJexauux BceM 64 mpsAMOYrosbHMKaM BTOPOIO paHra, Msl 060-
3HauuM yepes S,.

C KaxibM W3 TpsMoyroabhukos Ry (k,I=1, 2, ..., 8)
BTOPOrO PaHra Mbl MOCTYMMM TOYHO TaK Xe, KaK Mbl Mepel TeM
NOCTYNMUAX C MPSAMOYTOJbHMKAMH MEpBOro paHra. Mel moayuum,
takum oGpasoM, 82=0512 npamMoyroibHMKOB Rklm (B, I, m=
=1, 2, ..., 8) Tperbero pasra, COBOKYIHOCTb TOYEK KOTOPHIX
Mbl 0603HauMM uepes Sg.

[Moctynas nonoGHEIM e 00pasoM H najee, Mbl MOAY4YHM MO-
CJ1e0BATENLHOCTD KOHTHHYYMOB S, DS, D ... DS, D . . ., KaxXaH#
U3 KOTODHIX CONEpXHTCS B TpenbiayuieM. B cuay Tteope-
Mo 1 § 6 rnaBm Il nmepeceuenMe BCeX 3THX KOHTHHYYMOB
ecTb TaKXe KOHTHHYYM, KOTOpbIff Mbl 0603HaumM uepes S.
Jluans C LETHKOM COnepxuTcs B KOHTHHyyMe S. JlOKaxeM, 4TO
kontuHyyM S romeomopden kospy Cepnuuckoro. Ilycts x —
NpOU3BO/IbHAA TOUKA KOHTMHyymMa S. [10 oOmpenefeHHio KOHTH-
HyyMa S TOYKa X NPHHAILJIEKHUT Muomecmy S, u, crenosa-

TE/NbHO, HEKOTOPOMY NpPSAMOYTOJbHHKY R}, mepBOr0 paHra, MHO-
KeCTBY Sy ¥, C/IEIOBATENBHO, Hexompomy NpAMOYTOMLHUKY Ry
BTOPOr0 paHra, coaepxatiemycs B R}, Muo»cecmy Sg u, caeno-
BATEJBHO, Hexoropomy TPSAMOYTO/bHHKY R%im Tpethero panra,
conepaleMycs B R%. MH nOAyuHM, TaKuM 06pa30M y61>uaalo-
LIYI0 NIOC/Ie0BATENbHOCTb MPAMOYTONbHHKOB Rk:RmDszmD. ..

TMocTaBuM’ B COOTBETCTBHE NDAMOYTOJbHHKY R Ksanpat Q
nepBoro paHra, yuactsyiowufi B oOpasoBaHnu Kospa Cepnun-
CKOr0 ¥ 33aHMMAOWIMH 10 OTHOIUEHHI0O K OCHOBHOMY KBal-

1
paty Q TO e MOJOXeHHe, KaKoe MpAMOYrOJbHAK R;. sanumaer
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M0 OTHOIIEHHI0 K mpAMOYrojbHuky R (cM. uept. 8 u 9).
Jlanee, IPAMOYrObHAKY R BTOPOro paHra CTaBMM B COOTBeT-
cTBHe KBalpatT Qi CQk BTOPOrO paHra, KOTODHI# MO OTHO-
WIEHHI0 K KBanpaty Qi SaHMMaeT TO Xe TMOMOXKeHHe, KaKoe
NPAMOYTO/bHUK RY; 3aHUMaeT MO OTHOWICHHIO K MpPSMOYTOJb-

1
HUKY Ry, ¥ T. I.
TakuMm o06pasoM, yOniBaiollel MOC/AeN0BATENLHOCTH BJIOXEH-
HBIX TPSMOYTOJbHUKOB

RiloR2> ...oR®n> ...

CTABUTCA B COOTBETCTBHE IOC/EN0BATENLHOCTh BJOXEHHHIX KBal-
paToB
QLo ...oQ"> ...

1
Ho Tak Kak AJWHa CTOpPOHbl KBanparta n-ro paHra paBHa 7

10 (Mo Teopeme 2 § 4 ra. II) mepeceuenue KBanpaToB
Qanegn ... NQ*n...

HEMyCTO M COCTOMT U3 OIHOM TOYKH, KOTOPYI0 Mb 0GO3HAuMM
yepe3 x’. ATy TOUKYy x’ MB W NMOCTaBMM B COOTBETCTBHE TOUKE X
KOHTHHyyMa S.

Takum o6pasoM, Mbl NOKa3aJH, YTO KAKAOH TOuUKe X KOH-
THHyyMa S COOTBETCTByeT HekoTopas Touka x’ xoBpa CepmuH-
ckoro S’. TlokaxeM, uyTO pasHHIM TOYKaM KOHTHHyyMa S cOOT-
BETCTBYIOT pa3/MuHble TOUKM KoHTHHyyMma S’. Ilyctb x u y —
ABe TOYKH KOHTHHyyma S. Tak Kak CTOpPOHa MPSMOYTOJbHHKA

Kaxunoro cCaenymoulero paHra BCeraa MeEHbIIE YeM 3 COOTBET-

CTBYIOLIet CTOPOHB COZEPHKALIEro ero NpAMOYroMbHHKA MpPenbl-
AyLIEero paHra, TO C BO3PACTaHHEM HOMepa paHra AJIHMHE CTOPOH
MpPSAMOYTOJbHAKOB, 4 CJEeLOBATeNbHO, M MX IMAarOHaJM CTPEeMATCS
k Hymo. OTciona creayer, 4TO KakoBo Obl HM OLUIM 1BE TOYKH
X W y KOHTHHyyMa S, BCeraia MOXHO HAafiTH HACTOMbKO GO/bINOH
HOMEp 7, YTO JBa NPSMOYroJbHWKA 7-FO paHra, Coaepxaiiue
TOYKH X U y, He OGynyT uMeTb o6Gwux Touek. Ho Torma He
OynyT uUMeTb OOLIMX TOYEK M KBaApaThl, COOTBETCTBYIOLLHE STUM
npaMoyroibHukaM. CrenoBaTelbHO, TOUKH X ¥ ¥’, cOOTBeT-
CTBYIOLIME TOYKAM X M y, He MOIyT COBNMAanaTb APYT C APYyroM.

Mbl nokasanW, yTO KawIOH TOUKe KOHTHHyyMa S COOTBeT-
CTBYeT HEKOTOpas TOYKa KOHTHHyyMa S’ W uTO PasHBIM TOYKaM
KOHTHHYYMa S COOTBETCTBYIOT pasHbie TOYKHM KOHTHHyyma S,
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CoBepilleHHO TaK e MOXHO Ob/IO Obl MOKAa3aTh, YTO KaxIOH
TOYKe KOHTHHyyMa S’ Bcerza COOTBETCTBYET (M NMPHTOM TOJALKO
oiHa) TOuka koHTMHyyMa S. Takum o06GpasoM, COOTBETCTBHe,
YCTaHOBJIEHHOE MeXNy KOHTHHyyMamu S M §’, sBiasercs B3aMMHO
oIHOsHauHEIM. OcTaercs MOKas3aTb, YTO 9STO COOTBETCTBHE W
B3aHMHO HENpepHIBHO.

[Tyctb X, — NPOM3BO/LHAA TOUYKA KOHTHHyyMa S, e — npous-
BOJIbHOE MOJIOKHTENLHOE YHCIO, X, — 06pas TOUKH X, B OCTPOEH-

HOM Bbillle OTOGpaXKeHHH KOHTHHYyMa S Ha koHTHHYym S’. Tpe-
OGyeTcss NOKasaTbh, YTO CYLIECTByeT TaKoe YHCIO 8, UTO eCJH

p(x’ xo) < 8»
p(x’, x)<e,
rae x’—o6pas TOYKH X.

BosbMeM 7 cTonb 60JbINNM, 4TOOH KBaApaThl paHra n, cojpep-
XKallge TOYKY X, LEMMKOM 3aK/IOYaluCh B e-OKPeCTHOCTH 3TOH

TOUKH, U NIPUMEM B KaueCTBe § pa/inyC Kpyra C IIEHTPOM B TOYKE X,
IENTHKOM JIeXalllero B CyMMe NpPAMOYTOJbHUKOB M-T'O paHra, co-
JepKauux TOUKYy X,. Toraa mpu

plx, %) <3, plxg, x)<e.

AHa/OrMYHO 1OKa3HIBAETCH M HEMPEPLIBHOCTb OTOGPaXKeHUs
KOHTHHYyMa S’ Ha KOHTHHYyM S. TakuM o6pasoM, KOHTHHYyMbl S
u S’ romeoMopdHsl Mexay cOGOH.

Ho smuns C ueanmkoM conepxurcs B KoutuHyyMe S. Ilpu
roMeoMOp(pHOM OTOGpaskeHWH KOHTHHyyMa S Ha koBep CepnuH-
ckoro S’ nunus C roMeoMOpdHO OTOOpaxaercs Ha HEKOTOpOe
MHOXecTBO C’, conepxauleecs B S'. Hama teopema, takum o6pa-
30M, JOKasaHa.

3ameuyanue. CBoicTBO (NJIOCKOr0) MHOXECTBA GHITb KAaHTO-
poBo#t JMHHell COXpaHseTCs MPH TOMOJOTHYECKOM OTOOPAXKEeHHH.
10 3HAYMT, YTO ecAu KaHmoposa aunus C omobpascaemcs
monosozuteck Ha niockoe MHoxcecmso C’', mo mroscecmso C’
maroice asagemcs Kanmoposoi sunuei. To, uro MHOxkecTBO C’
AB/NSIETCS KOHTHHYyMOM, BHITEKaeT M3 TOrO, YTO CBOHCTBAa CBSI3-
HOCTH M KOMMAKTHOCTH COXPAHSAIOTCA He TOJAbKO NMPH TOMOJIOTH-
YeCKOM, HO JaXe npu HempepbiBHOM 0TOGpaxenun 1). Camoit
TPYAHOH 4acTbl0 J0KA3aTeNbCTBA  ABASETCS  JOKAa3aTeNbCTBO
YTBEPKIEHHS, YTO eCaAH MJIOCKOe MHOXeCTBO C He COLEPIKHT HH-

TO

1) Cm. raasy II, § 5, Teopemnl 2 u 3.
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Kakoro OTKPHTOr0 MOAMHOMECTBA, TO M MJIOCKOE MHOxecTBO C,
romMeoMop¢HOe MHOXKecTBY C, TaKie He CONePKHUT HHKaKOrO OTKphI-
Toro mogMHoXectBa. OHO BEITEKaeT M3 TEOPEME O TOM, YTO €CJIH
G — OTKpHITOE MHOXECTBO Ha MJIOCKOCTH M [ — miockoe MHO-
KecTBO, roMeoMopdHoe MHOxeCTBY G, TO MHOXecTBO H Takxe
OTKPHITO Ha IJIOCKOCTH. JTY TeOpeMy MH 3leChb 1OKasbiBaTh
He Gynewm !).

He Bcsikas KaHTOpOBa JMHHA MOXeT ObITb 3a1aHa mapameTpH-
YECKHMH yPaBHEHHSAMH

x=09(), y=49¢0®.

[pumepoM TaKOff JIMHHH, KOTOPYIO Helb3s 3anaTh NMapaMeTpH-
YeCKHMU YDPaBHEHHSMH, SBJISAETCH Y)XKe HEONHOKPATHO YMOMHHaB-
ieecs MHOXECTBO, COCTOflee M3 TOueK rpaduka ¢(yHKUHH

y=sin%, I<xL]1,

H €ro mpenejbHoro GTpeSK&
x=0, —1<y<1.

Bynyuu CB3HEIM M KOMMAKTHLIM, OHO SIBJISIETCS KOHTHHYYMOM.
ATOT KOHTHHYYM HE CONEPIKHT HMKAKOTO OTKPHITOrO MOJMHOXeCTBA
¥ TNOTOMY eCTh KaHTOpOBa JMHMA. B mpensinayuie#t riase (§ 5)
6bi0 TOKA3aHO, YTO 3TA JWHMS HEe MOXeT OHTb NMpenCcTaBleHa
Kak HenpephBHEIH 06pas orpeska. Ho orciona cienyer, yTo oHa
He MOXeT ObTh 3allaHa MapaMeTpHyeCKuMH ypaBHeHusmu. [Ipnunna
HeBOSMOXHOCTH TAKOrO MpPeNCTaBJIEeHHs 3aK/II0YaeTcs B TOM,YTO pac-
CMaTpHBaeMasl JMHHS He ABJAETCA NOKAJbHO CBSSHHIM MHOXECTBOM.

IlokasaHo, uTO 048 mo020, 4¥MmoOs KOHMUKYYH, 8 HACMHOCMY
Kanmoposa Aurus, Gbii HenpepulsHviM 00pA30M OMpe3Ka, He-
00x00um0 u Gocmamo4yro, 4molGv. OH OblA AOKAABHO CBA3EH.

Heo6x0INMOCTb 3TOrO YC/IOBHSI HEMOCPENCTBEHHO BhITEKaeT
u3 TeopeMbl 4 § 5 npenmymed riaBel, TaK Kak OTPe3OK eCThb
JIOKAJIbHO CBSIBHBI KOHTHHYYM, a NPH HENPEPLIBHOM OTOGPaXKeHHH
CBOMCTBO KOHTHHyyMa OHITh JOKAJbHO CBSSHLIM COXpaHSeTCs.

Mbi He GyneM 374ecCh JOKa3bBaTb AOCTATOYHOCTH ITOTO YCJO-
BHS. OTO 10KAa3aTe/AbCTBO MOXHO HaHTH, HampuMmep, B KHUre
Xaycnopda «Teopus MHOxecTB», CcTp. 186.

1) IloxasatenncTBo ee Aasi Clyyas NPOCTPAHCTBA JIOGOrO YHCIA H3Me-
PEeHHII MOXHO HaiiTH, HanpuMep, B xHure AnekcaHaposa Il C,
Kom6unaropuas tomosorus, ocrexusngar, M. — JI., 1947, ctp. 196.
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CBOHCTBO JIOKA/bHOM CBSIBHOCTH MOXET ObITb BHIPAXKEHO pas-
JUYHBIMH CMIOCO6aMH. YrnoMsHeM 6e3 JOKas3aTelbCTBA ‘TAKYIO Teo-
peMy: 0418 moz2o 4mobv. KOKmMuHYys C Ob4 LOKAABHO C8A3EH,
Heo6X00uM0 & 00CMAmMO4HO, 4Mmobb. NPl AIOT0M & €20 MONHCHO
6bi20 npedcmasums 8 §ude CYMMbl KOHEUHOZO YUCAQA KOHMUHY-
ymo3 ouamempa < el

OTHM CBOHCTBOM, B uacTHOCTH, oGjanaer kosep CepnuHckoro.
Mbr moayunm pas6Guenne koBpa CepmHHCKOrO Ha CKOJb YTOLHO
MaJjible KOHTHHYYMbI, €CJM BO3bMeM KBaApaTH NOCTATOYHO BBICO-
Koro padra. Yacte koBpa CepnuHCKOro, 3aK/IOYEHHAs B KaXIOM
TaKOM KBajpaTe, MpeAcTaBiseT coGo#t Taxxe kosep CepnuHckoro,
TOJIbKO MOCTPOEHHEHIH! A/ 9TOro KBaapara. B Bule CyMMbl TakuX
yacTeft (Kaxaas M3 KOTODHIX fBJSETCS KOHTHHYYMOM) MBI M TIpel-
craBuM Kosep CepruHckoro. 3 BO3MOXHOCTH TaKOro mpeiCTaBJie-
HHUS BbITeKaeT, yTO koBep CepmMHCKOrO eCTh MHOXECTBO JIOKAJbHO
CBA3HOE M INOTOMY €ro MOXHO MNPEICTAaBHTh KaK HenpephBHHIR
o6pas oTpeska M, CJeNOBaTeJbHO, 3alaTh MapaMeTPHYECKHMH
ypaBHenusmMu, Taxum o6Gpasom, kosep Cepmnuuckoro, 6yayuu
JuHMelt B cMbicie KanTopa, sBasercs iuHAeR U B cMbicae XKopaaHa.

Beuny G6osbioft OGUIHOCTH OMpefe/]eHHs KAHTOPOBBIX JHMHMM
OHH MOTyT HMeTb OYeHb CJIOXKHOE CTpOeHWe. Mpl pasGepeM 3TOT
BOMPOC B CBfI3M C TPaHMLAMU ILIOCKUX objacTeft.

Kak MBI 3HaeM elle W3 3/eMeHTApPHOM TeOMETPHH, OKPYKHOCTb
IeMUT TUIOCKOCTb Ha JBe 06JacTH: BHYTPEHHIO M BHEILHIOW — H
aBaseTcs oOlle#t rpaHuleft 3Tux obaacTeit.

OxaseiBaeTcsi, YTO 3THM CBOHCTBOM pa3busams NAOCKOCIMb
HQ 0Ose oOaacmu o6aadaem He MOALKO OKDYHCHOCMbL, HO U
8CAKAR AURUS, ell 2oMeoMopPrAs. DTO YyTBEPWAEHHE COCTABIAET
colepxaHHe M3BeCTHOH TeopeMbl Kopaana, KOTOpasi, HeCMOTpS
Ha CBOI0 KaXyLIylOCd OYEBHIHOCTb, JOKAa3HBAETCH AOBOJLHO
TpyaHo, JlemHuckara BepHysinm pas6uBaer MJIOCKOCTh yKe Ha
TpH 00/1aCTH, NpHYeM TOYKA S caMmomepeceyeHHs 3TOH JIMHHMH
NPHHANJIEXKHT TpaHuLe Bcex Tpex o6Gaacre#t (ueptT. 10).

Onnako Bce OCTaJqbHBIE €e TOUKH SBASIOTCS TPAHMYHBHIMH JIMIIb
AN 1BYX KakMX-HMOyAb oOJjacteft. Ha mepBhift B3I/l MOMKET
MOKa3aThCs, YTO MPUHALIEKATL rpaHulle GoJlee yeM ABYX obaacTet
MOTYT JHWIIb OTHe/bHHE TOYKH JHHMH. B camoM 1ene, TPYIHO
npeactaButh cebGe, uyTo6b MO Kako#-HMOyAb JMHMM Ha Kapre

1) Cm. Xaycnopd, Teopus Mmuowecrs, OHTHU, M,—JL, 1937,
cTp, 184,
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rPaHUyUIO Ccpasy TpH HaH Oojee TrocynapCTB, M TeM He MeHee
CYLUIECTBYIOT TaKHe JHHHMH, KOTOpHie SBJSIOTCS FPAHHLAMH Tpex
u GoJsee obnacteft B TOM cMbicae, 4TO B JiI06GOH GJH3OCTH OT
KaXIO# TOYKHM 3TOH JMHMM eCTb TOUKM Bcex obJacteft.

Y1o6b MOHATH, KAaK 3TO BHIMOJIHHTbL, MpelCTaBUM ceGe OCTPOB
B OTKPHITOM MOpe W Ha HeM J1Ba 03epa W BooOpa3um cebe cie-
Ayoollylo mporpaMmy pa6or. B nepBhift wac Bemercs KaHal OT

=\

1

=

i

Yepr. 10.

MOpSl M OT KaIOro U3 IBYX 03ep TaKUM 00pasoM, YTOGH Kaxabl
U3 3THX KaHAJOB GBI «CAenmbM» (T. €. Obla B NeHCTBUTENLHOCTH
3a/MBOM COOTBETCTBYIOLLEr0 BOLOEeMa), YTOOEI STH KaHAJb HUrLeE
HE CONpPHKACAIHCh MEexAy cOOO#t M YTOOB B pesy/bTaTe 4acoBOH
paboTH PAcCTOSHHE OT KamIOf TOYKM CYIIM 1O MOPCKOR BOIHI,
a Takxe 10 BOLB KaXI0ro U3 AByX o3ep OHJIO MeHblle 1 KA.
B caeaymoumue mnojsyaca Kaxib#h W3 MpPOBEINEHHHIX TpPeX KaHAaJOB
MPONO/IKEH TaK, YTO MOMpexHeMY BCe KaHAaJbl OCTAIOTCS «Clae-
MHIMA» M HE COMPHKACAIOTCS MeXLY CO60#f M yTO pacCTOsHHE
OT KaxIOo# TOUKM CYIUM 10 BOLH KaXIOrO M3 TPeX BOLOEMOB
CTAaHOBHTCA MeHbllle yeM 1/, Kx. B cienyiollyio 3aTeM 4eTBepPTb
yaca KaHaabsl TNPONO/KEHH Jajbllle TaK, YTOOH MONMpPEeXHeMY,
He COOOIAiCh Mexny coOO#, OHH C TAKOH «MJIOTHOCTbIO» MPOHH-
KaJ/| BHYTPb OCTPOBA, YTOOB PAacCTOSHHE OT KaXAoff TOUKM CYIUH
L0 BOJEI KaXIOTO 3 TPeX BOLOEMOB Ce1a/10Ch MeHbIle 1/, kM4 U T. I.
Yepes 1Ba yaca TaKoO# HeATEJbHOCTH OT OCTPOBA OCTaHETCH JMILD
Takol KOHTUHYYM C, B m060# 6JM30CTH OT Kama0#i TOYKH KOTO-
poro O6yIeT HaXOAUTHCS BOLA KaXIOTO U3 TPeX BOJOEMOB, MpHYEM
BCe 9TH BOJOeMbl (MOpe U JIBa 03epa) NonpexHeMy 6yAYT OCTaBaThCs
pa3o0LIeHHHIMH: BOAB HHMKAaKMX IBYX M3 HMX He OyLyT CMellu-
BaTbCd. OTH BONOeMH (MPONO/KEHHHE INPOBENEHHHIMH H3 HUX
KaHaJaMH) U SBISIOTCA TeMH TpeMs 00nacTsaMH, OOLLyI0 TpaHHLy
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KOTOPHIX 00pasyeT KOHTHHYyM C; o1Ha U3 3THX o6aacTell («Mope»)
He OrpaHHyeHa, OCTaJbHble IBe OrpaHuyeHs (yepr. 11)17).

Mbl motoMy Tak noapoGHO OCTAHOBHJIHMCh HAa KaHTOPOBBIX
JIMHHUSAX, YTO eCJH OIPAHMYHTHCS TOJNBKO MNJIOCKHMH JHHHUSIMH, TO
KaHTOPOBO OMpene/eHHe C MOJHOH OGLIHOCTBIO BEIPaXano Gwl TO,
4yTO B HAallell MareMaTHYeCKOH MPaKTHKe CBA3aHO C MOHATHEM
auauu. Ho mu xotuM narb ofliee omnpeneleHue JHHHH, OXBa-
THIBAIOLIEE HE TOJMbKO MJIOCKME, HO M NPOCTPAHCTBEHHbIE JHHUH 2).

Yepr. 11.

ITpocroe mepeHeceHue KaHTOpPOBa ONpene/eHHs JUHMM Ha NpPO-
CTPaHCTBO HeBO3MOXKHO, TAK KaK B MPOCTPAHCTBE KOHTHHYYMOM, He
CONepKAKYM HHKAKOr0 OTKPHITOrO MHOXeCTBa, ABJAETCS, HanpHu-
Mep, KBaZpaT. 3HauHT, MBI CHOBA CTAaHOBHMCS Nepea Heo6xo-
IHMOCTbIO OTBETHTb Ha BOMpPOC: YTO TaKoe JHHHAP? Mwb nepe-
XOIMM K ONpele/eHHI0 MOHATHA JHHUM, NAHHOMY Y PLICOHOM.

1) dtoT NpUMep NPUHALIEKHUT TOJNJIAHACKOMY MaTemaTHKy Bpayspy.
Hacrosiiiee H3/M0XE€HME 3aMMCTBOBAHO MHOIO H3 KHMrH AJekxcaH-
apoBa II. C, Beenesne B OGILyI0 TEOPHIO MHOXECTB M (yHKIHH,
cTp. 266—267.

2) U Maxe JuHUM, Jexalye B NPOCTPAHCTBE 6oJjiee BHICOKOrO YHCJA
H3MepeHHil.

@ 3ax. 1377. A. C. Ilapxomenko



FTTABA IV
OBLIEE OIPENEJIEHUE JIMHUHU

§ 1. Onpenenenue auHuu. OCHOBHBIE CBOiCTBA

[MocMoTpuM, KakuMH OOGIMMHM CBOMCTBAMH 06/1analoT Te MHO-
’KeCTBa, KOTOpHle Mbl HA3HIBaeM JIHHHIMH P

[Mpexae Bcero 3TH MHOXKECTBA SIBJASIOTCS CBA3HBIMH, T. €.,
roBOpsl He COBCEM TOYHO, OHM KaK Obl COCTOSIT U3 OMHOTO KYCKa
W He pacnanaioTcs Ha OTHelbHble YacTH.

Ilanee, ouyeHb MHOTHe H3 pacCMAaTPUBAGMBIX HaMM JHMHUR
ABJSIIOTCS 3AMKHYTHIMH M OPDaHMYEHHHIMH MHOXECTBAMH M, Clle-
NOBaTeNbHO, CYTb MHOXeCTBa KoMnakTHelie 1). TakoBel oT-
pesoK MpsMOH, OKPYXKHOCTb, 3JUIMNC, JeMHUCKaTa DBepuyia-
a4 U Ip.

B nanbHeHleM Mbl B KaueCTBe JMHMM GyleM DacCMaTPHBATh
TOJIbKO TaKHe CBSI3HBlE MHOXXECTBA, KOTOpDHE SBJSIOTCA KOMIMaK-
T4MH, T. €. KOHTHHYYMH 2).

Ho takme mHOXecTBa, KaK KBaapar, Ky0, TaKke sBISIOTCS
kontuHyyMamu. Ilouemy ke Mbl MX He HasbiBaeM JuHMAMH? [lo-
"TOMY YTO OHM HMEIOT 1Ba M TPH HaMepeHHs. JIMHMAMH ke 9B-
JFIOTCA JHIUL TaKHe KOHTHHYYMBI, KOTOphle MMEIOT OJHO H3Me-
penue». Ho uTo 3HauuT BhlpaxeHHe: «HMelOT OIHO M3MepeHHe» ?

1) Cu. raasy II, § 4, Teopema 3.

2) IpaBaa, MHOrHE reOMETpHYECKHE OOBHEKTHI, KOTOphE HOCAT Has-
BaHHS JHHHH, He 06J]ajaloT YKa3aHHBIMH Bblllle “CBOHCTBAMH KOMIAKT-
HOCTH H CBA3HOCTH. TakoBa NpexIe BCEro npsmas AuRus, He o6na-
Jaloitas CBOMCTBOM KOMNAKTHOCTH. [lanee, rumep6oia yxe H HE KOM-
MAaKTHA H He cBA3HAa. OIHAKO Mbl OrPaHHYMBAEMCH 3J€Ch PpacCMOTpe-
HHEM JMIUL TAaKMX JHHHH, KOTOpble ABJAIOTCS KOHTHHYYMaMH, TaK Kak
9TOT clyyaih OKasblBaeTCs HamGoNee BAXHBIM H K HEMy MO CYIUECTBY
TNPUBOJUTCSA PACCMOTPEHHE NaXKe H TAKHX FE€OMETPHYECKHX 0GBEKTOB, HE
SIBIAIOUHXCA KOHTHHYYMaMH, KOTOpble B MaTEMaTHYECKOH MPAKTHKE MO-
JYYHNH Ha3BaHWe JUHWI,
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Meul He Oynem 3lech OCTaHABJMBATbCS HA BOMPOCE O TOM, 4TO
Ha3bIBAETCA YHCJOM H3MepeHMH W/, KaK elle roBOpST, pasMep-
HOCTbIO MPOMBBOJbHEIX MHOXECTB, M NaluM JHIIb TOYHOE ompe-
JelleHHe KOHTHHYyMa, HMeIOLlero OJHO H3MepeHHe, HJH, 4TO
TO Ke caMoe, pasMepHOCTb 1.

Mbsi roBopuM, uto KoHmunyysx C umeem 8 mouxe x pa3-
MepHocmb 1, ecau cyujecmsyem cKOALb Y200HO MAAAS OKpecm-
HOCMb MOYKU X, 2PAHUUQ KOMOPOE He COO0epICUM HUKAKO0ZO
KOHMUKYYMQ, COCMOAuez0 60see wes u3 0010l mouxu. /py-
eumu crosamu, Koumuuyys C umeem 8 mouke x pasmep-
Hocms 1, ecau npu scakoxm e >0 cywecmsyem omrxpsimoe
MHOJNMCECMBO, colepicaujee mouKy x Ouamempa < e, 2PAHUYUG
KOmopozo He cOOepicum HUKAKOZO KOHMUHYYMA, COCMOsUe20
60see wem u3 00HOI mouKu.

Mzui roBopuM, uto Kornmunyyx C umeem pasmeprocms 1,
ecau OH Gydem pasmeprocmu 1 8 rascdod csoeli mouxe.

Tenepb Mbl MOXeM CKa3aTb, YTO AUuHUell HA3bLBAEMCS KOH-
munyys pazmepriocmu 1, m. e. makxoli KoHmumnyym, 4mo
Kaoxcdas e2o0 mouxa obaadaem CKOAb Y200HO Manrol oKxpecm-
HOCMbIO, ¢PAHUYA KOMOPOL He cOOepicum HUKAKO20 KOHmMU-
HYyMa, cocmonwe2o 6oaee 4em u3 o0Hod mo4uxu. B 3ToM u
COCTOMT ONpeje/eHHe JMHHH, JaHHOe YPHICOHOM.

IMpocTefiunM npUMepoOM OINHOMEPHOTO KOHTHHYyMa, T. €. JIH-
HHH B CMBICAe YPHICOHA, ABJISETCS OTpe3oK. B camom nese, ka-
KoBa Obl HU Obl/a e-OKPECTHOCTb MPOM3BOJBLHOH TOYKH OTpesKa,
OHa SIBJSIETCS OTKPBHITHIM MHOXECTBOM, IDaHHIA KOTOPOrO COCTOMT
U3 IByX TOYEK, eClIH X — BHYTDEHHAs TOYKAa OTpe3Ka, W M3 Ol-
HOH TOUKH, eClM X — KOHLeBasd TOYKa OTpe3Ka.

CoBepliieHHO Tak e YO6enuMcsd, YyTO M OKDYKHOCTb HMEET
B KaxXio#i CBOel TOuke pasMepHOCTb 1, T. e. ABJAeTCS JHMHHEH
B CMbicle YpBICOHA. JIOCTATOYHO ONATH B3ATh &-OKPECTHOCTb NMpO-
M3BOJILHOH TOUKM OKpYXHOCTH. 10 OGyneT nyra (6es KOHIOB),
cepenuHa Kotopo#t ectb Touka x. OHa saBaseTCS OTKPHITHIM MHO-
KECTBOM, I'DaHHMIA KOTOPOrO COCTOMT H3 JIBYX TOueK (KOHILOB
Lyru).

Boo6uue, scaxan Aunus 8 cmvicse Kanmopa agasemcs au-
Hueli 8 cmvicsie YpuicoHa.

Mpexne uem nepexoiuTb K J[OKAa3aTeNbCTBY 3TOrO yTBEp-
MIeHHs, OTMeTHM 1Ba (aKTa, KOTOpele OYAYT HaM MOJE3HH KaK
NpH [10KA3aTe/JbCTBE BHIILIENPUBENEHHOTO YTBePKAEHHA, TaK H
B psle Npyrux Ciayuaes.

6%
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Teopema 1. Ecau xormunyysn K ssasemcs nodunodice-
cmeom aunun C (8 cmvicae Ypoicona), mo OH caxu S8ASLEMCS
AuHueld.

B camom nene, nycTb X — MpPOM3BOJbHAY TOYKA KOHTHHYyyMa
K v e— npou3Bo/bHOE NOJOXKHTENbHOE 4HCa0. Tak xak C — nu-
HUSI, TO CYLUeCTBYeT OTKpbITOe (OTHOCHTedbHO C) MHOXecTBO G
auMamerpa < e, comepxalliee TOYKY X, FpaHHLA KOTOpOro He
CONepXKUT HHKaKoro KoHtuHyyMa. OGosHauum uyepe3 U coBokym-
HOCTb TeX TOYeK OTKPHTOro MHOXecTBa (, KOTOpbie NpHHan-
aexat KoutuHyymy K. MuoxecTso U OTKPBITO OTHOCHTENbHO K.
OHO colepXHUT TOUKY X; OuaMeTp ero < e, a ero rpanuiua (B3s-
Tasi OTHOCHTeNbHO K) He COINEpPXKHT HHMKAKOrO KOHTHHYyMa, TakK
KaK OHa sBJsSeTCS MOJAMHOXECTBOM T'PaHHLbI OTKPHITOTO MHOXe-
ctBa G, cnenoBarenbHo, K eCTb JIMHHSL.

Teopema 2. Tonosozuneckuii o6pa3 sunuu marxsice 3=
Agemcst Aunueld.

- B camowm zese, nyctb X — OZHOMEpPHBI! KOHTHHYYM M f— TO-
noJiornyeckoe oroOpaxieHHe MHOkecTBa X Ha MHOXeCTBO Y. Mbl
IO/MKHBl 10Ka3aTh, YTO Y eCTb TaKKe ONHOMEPHHIH KOHTHHYYM.

To, 4T0 Y — KOHTUHYYM, CJAeAyeT M3 TOro, 4TO KaK CBsi3-
HOCTb, TaK M KOMMAKTHOCTb COXPAHSAIOTCS INpH BCAKOM Hempe-
PHIBHOM OTOGpaXeHHH H, CJENOBATe/bHO, HPH TOMOJOTUYECKOM
orobpaxkenuu. Takum oOpasoM, Y sBasercs koHtuHyymom. Oc-
T4eTCH [OKa3aTh, YTO STOT KOHTHHYyM OydeT ONHOMEepHbIM.

Iyctb y,— npousBo/bHast TOYKa KOHTHHyyMa Y M e— mpo-
H3BOJIbHOE MOJOXKUTENbHOEe uucja0. OG603HauuM uepes x, mpool-
pa3 TOYKM Yy, a uepe3d & — Takoe NONOXKMTENbHOE YHCJO, YTO
ecJm

plxo, X)<8 1 y=f(%),
TO

p (Yo, ¥) <e.

Tak kax X—uHAA, TO MOXHO HafiTH TaKOe OTKPHITOE
MHOXecTBO U, conepxaliee TOUKY Xy U cOLepKalieecs B 8-OKpecT-
HOCTH 3TO} TOUKH, YTO rPaHHLA MHOXKeCcTBa U He cO/lepKUT HHKAKOro
KOHTHHYYMa, cocrosiuero Gosee yeM u3 onHOH Touku. OGo3Hauum
yepes V o6pas mHOxecTBa U. MHOXecTBO V sB/sSIeTCS OTKDPBITHIM
(oTHOCHTE/IBHO Y), CONEPIKHT TOUKY Yo M COLEPKHTCS B e-OKpe-
CTHOCTH .

Ilokaxem, uto rpanuua MHOXecTBa V He COIEPKHT HMKa-
KOro KOHTHHyyMa, cocrosiiero 6ojee ueM W3 onHOH TOukH. Tak
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KaK OTKpHITOe MHOXecTBO V siBisieTcs 06pa3oM OTKDHITOTO MHO-
wectBa U mpu TomojormyeckoM oroGpaxceHuH f, TO M rpaHuua
MHOKecTBa V' Oyner o6pasom rpanuusl MHoxectBa U. Ecmi G
rpaHuila MHOxecTBa V comepxana KakoH-uOydb KOHTHHYYM K,
cocrofAuuit Gosee yeM W3 OJHOM TOYKH, TO NpPH HeMpepHBHOM
oTo6paxenun f—1, o6paTHOM K oToOpaxeHHio f, o6pasoM 3TOro
KOHTHHyyMa Onia1 Onl koHTHHyyM C, Takxe cocrosiuit Gojee
YeM M3 ONHOM TOYKH M COJepXalMiiCs B TpaHHLLEe OTKPBITOTO
mMHOXKecTBa U, uTO NPOTHBOPEUHT oOmnpeldeneHul0o MHOxectBa U.
OTcioma MH JOMKHBI 3aK/IOYMTh, YTO IPAaHMLIA OTKPHITOIO MHO-
KectBa V He CONEPHHUT HHKAKOTO KOHTHHyYyMa, COCTOSLLErO
Gonee YeM M3 ONHOH TOYKH.

Mbl nokasanu, Takum -o0pasoM, uTo Jo0as TOUKA Yo KOH-
THHyyMa Y o6ianaetr CKOJb YrogHo Manao#t OKpecTHocThio V,
rpaHulla KOTOPOH He CONepIKMT HHMKAKOTO KOHTHHyyMa, COCTOsi-
uero 6osee yeM M3 ONHOH TOYKH. DTHM NOKa3aHO, YTO KOHTH-
HyyM Y ectb JuHus.

[Mocsie 3THX npenBapuTeNbHBIX PACCMOTPEHHH NMepeliem K I0-
Ka3aTeJbCTBY BbICKa3aHHOTO Bbillle YTBEPKIEHHS O TOM, UTO BCAKAs
JauHus B cMbicie KauTopa siBiseTcss JMHMe#t B CMEIC/Ae Y PBICOHA.

B camom nene, kak Mbl Bupean B ria. IIl, Bcikas kanroposa
qunus C romeomopdHa nonmHoxectBy C’ kospa Cepnuuckoro S.
Tak kak C— KOHTHHYyM, TO KOHTHHyyMOM OyleT M MHOXe-
crBo C’. Ecau mb_nokakeM, uto kosep Cepnunckoro S ectb
JUHUS B CMbICIe YpBHICOHa, TO OTClona GyneT ciaenoBaTb Ha OC-
HOBaHHH TeopeMbl 1, uto M KOHTHHYyM C’ sBiseTcs JHHHeH
B cmbicae Ypeicona. Ho torna B cuay teopembi 2 munueit (B CMbI-
cie Ypoicona) Gyner u KoutuHyyM C. Taxum o6pasoM, Ham
HYKHO IOK43aTbh, 4TO )

rxosep Cepnunckozo ecmb aunus (8 cmvicae Ypucona).

Mbl yXe BHLeNM B mpenbifylued raase, uto kosep CepnuH-
ckoro S sBaseTcs KOHTHHYyMoM. Ham HyXHO 1OKasath, 4TO
KakoBa Obl HH GblIa TOYKA my KOHTHHYyMa S, CYIUeCTByeT CKOJb
YrOZHO MaJoe OTKPHITOE MHOXECTBO, COAepxallee TOYKY 2,
rpaHuua KOTOPOro He COLEPKHT HHKAKOrO KOHTHHyyMa, COCTOf-
uero 6oJjee YeM M3 ONHOH TOYKH.

OGosHauuM uyepe3 X, ¥ Y, HPAMOYTOJbHbIE KOOPIMHATHI
TOYKM m, B CHCTeMe KOOpDAMHAT, OCH KOTOpOH HAyT IO
cTopoHaM KkBanpaTa Q, M3 KoTtoporo noxyuaercs kosep Cep-
nuHckoro S. IIJMHEL CTOPOH KBaapaTa Mbl MPeNNOJOXHM paB-
HbiMH 1.
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l'[ycrb € — NPOH3BOJIbHOE MOJIOKHUTENbHOE YHCJIO U & — TAKOoe
€
NOJIOXKHUTEJbHOE YMCJIO0, 4TO o < PR NpHYeM HH ONHO U3 4uCen

Xo—a, Xo—a, yo—a, yo—a He pasnaraercs B KoHeuHylw
TPOHYHY!0 1poGb 1). YeThipe mpsimbie

Xx=xy—a, x=x,-}aqa,
Yy=Yo—a, y=y,+a

06pasyioT KBaApaT, COBOKYMHOCTb BHYTPEHHHX TOYEK KOTOPOro
onpenenseTcs HepaBeHCTBAMU

Xp—a<x< Xy4a, Yo—a<y<y-ta.

Tak kak a < %, TO
xo—%<xo—a<xo<xo+a<xo—l—%,
)’o—% <J’o—°‘<yo<yo+°‘<yo+%-

Orciona crenmyer, uto ToukKa mg(Xo, Vo) SBAGAETCH BHyTpeHHeH
TOUKOH KBanpaTa. Bech kBaapat JeXHUT BHYTPH Kpyra C LeHTPOM
B TOuYKe My M panuycoM e. Kaxnas u3 mpambix

X=Xxy—a, x=xy+a,
y=Yo—a Y=yoto

nepecekaetr koBep CepNMHCKOrO 1O KAHTOPOBY COBEPUICHHOMY
MHOXeCTBY.

Ecau Mbl BO3bMEM COBOKYNHOCTb Te€X BHYTDEHHHMX TOYeK pac-
CMaTpPHBaeMOro KBaipaTa, KOTopbie npuHaniexar kospy CeprnuH-
CKOro S, TO MOJyYHM OTKPHTOE B S MHOXECTBO, colepxauiee

1) Mbi roBopuM, 4To uncio p, 0 p <1, pasnaraercs B KOHEYHYIO
TPOHYHYIO APOGb, ECNH OHO MOXET ObITh NPEACTABJIEHO B BHIE

p-pl+32+ +3n’

T YHCAA Py, P2y «.ey Py MOTYT TPHHHMATb aﬂaqenm 0, 1, 2. Takoso,
HanpHMep, 4HCJIO
7

n= 3+32+33'
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TOYKY M, W COLepxKalleecs B e-OKPECTHOCTH 3TOH TOUKH, rpa-
HH12 KOTOPOTO HE CONEPKUT HHKAKOrO KOHTHHYYMA, COCTOSILIErO
6ojee ueM U3 ONHOH TOYKH. DTHM JOKasaHO, uto koBep CepnuH-
CKOro eCTb NMHHS B CMhICAe YpHICOHA. BMecTe ¢ TeM ycTaHOBI/IEHO,
YTO BCAKAs KAHTOPOBA MHHHS SBASETCH JHHHEH B CMBIC/AE Y PHICOHA.

Bepno u obpartHoe yTBepxIeHHE, a MMEHHO: 8CAKAS NAOCKAA
AURUA 8 CMbicae YDulcOona ecmb Kanmoposa aunus. Jlokasa-
TeNLCTBO 3TOr0 YTBEP)KAEHHS CBOLHUTCH K TOMY, YTO HHMKaKas
NJOCKass JMHHS B CMBICHe YDBHICOHAa -He COLEPXKHT B ceGe OT-
KPBITOro (OTHOCHTE/JBHO MJOCKOCTH) MHOXeCTBA.

Eciu 6w sunus C conepikana OTKPBHITOE Ha NMJIOCKOCTH MHO-
KeCTBO, TO OHa coiepxana Ob B cebe Kpyr, LeEJIHKOM 3a-
K/I0Yaoluics B 9TOM OTKPLITOM MHOXecTBe. IJTOT Kpyr, 6y-
IyYd KOHTHHYYMOM, SIBJSIOLIAMCS MOAMHOXeCTBOM JuHHM C, Ha
OCHOBaHHHM TeopeMsl 1 caM Obln Obl JMHHeR B CMbicJe YpPHICOHA.

Wrak, Mbl CTOMM Nepen 3anayell 10Ka3aTh, YTO HUKAKOH
Kpyr (CuMTas ero BHYTpeHHHE U IpaHUYHbIE TOYKH) HE SBJSETCH
JHHHeH B CMBbICAe YpHICOHA.

[pennonoxuM mpoTHBHOE, H MYCTb K — COBOKYNHOCTb BHY-
TPEHHHX TOYEK HEKOTOpPOro Kpyra, X — HPOM3BOJbHAs BHYTpEH-
HAI TOUKA Kpyra, G—OTKPHITOE MHOXECTBO, COlepIKallee TOUKY X
U cocrosfiliee BMeCTe CO CBOMM 3aMbiKaHHEM W3 BHYTpPEHHHX TO-
yeK Kpyra, MpHuYeM IDaHMLA 3TOTO OTKPHITOIO MHOXECTBA

D=Tp(G)=G\G

HE CONEpKHT HUKAKOIO0 KOHTHHYYMa, COCTOsILero Oojiee ueM u3
OHOM TOYKH.

Ho wmur Bugemu (raasa II), uro ecim G — HemycToe OTKpPBHITOE
NOJIMHOXKECTBO HEKOTOPOr0 MHOXecTBa R, He coBmazaioliee cO
BceM R, To rpanuua I'p(G) STOro OTKPHITOrO MHOXeCTBa pas-
6MBaeT BCe MHOXECTBO R B TOM CMBICJIE, YTO €C/H U3 MHOXeCTBa R
BBIGPOCHTb TpaHMILy OTKPHITOro MHOXecTBa (G, TO oOcTaBLieecs

MHOXeCTBO
R\Tp(G)
NPEACTaBISETCS B BHAE CyMMbl ABYX OTKPHITHIX MHOXecTB G H
R\ G, He umeomwux OGLINX TOYEK:
R\TIp(G)=GU(R\G), GN(R\G)=0.

[Mostomy, utobbl yGemuTbcs B TOM, uTO Kpyr K He sBasdeTcs
JvHHe#t (B CMBICIe YpPBICOHA), HaM JOCTATOYHO [0Ka3aTb, HTO
ecau 3amxnymoe MHpoxcecmso D He codepacum HUKAKOZO



88 OBLUEE ONPEIEJEHUE JUHHH [ra. v

KOHMUHYYMQ, cocmosuezo Gosee uesm u3 OOHOE Mo4KU, MO
OHO He Modcem pa3busams Kpyz W, CIeNOBATENbHO, He MOXeT
OLITb rpaHHlledl HUKAKOTO OTKPHITOro MHOxecTBa (. Mol He GyleM
3lech NPHUBOAUTbL MOJIHOrO JOKAa3aTeqbCTBA TEOpEeMbl O TOM, 4TO
eC/li 3aMKHYTO2 MHOXeCTBO [) He CONEepKHMT HHKaKOrO KOHTH-
HyyMa, TO OHO He pa3bWBaeT Kpyr, ¥ HAMETUM JHIIb MJI3H 3TOrO
HOKa3aTe/bCTBA.

1°. Tlpexxne Bcero INOKasHBaeTCs, 4TO eCAM KomMmakt D He
€ONEePXKUT HHKAKOrO KOHTHHyyMa, TO NpH Ji0GOM & ero MOXHO
NpencTaBUTb B BHAEe CYMMbl KOHEUHOT'O YHCJA 3aMKHYTHIX MHO-
KeCTB IuaMerpa < e, He HMEIOIIMX MOMAPHO OOIMX TOYEK:

D=D,UDyU...UD,,
D) <e, i=1,2,..., n.

2°. Ianee nokasbiBaeTcsl, 4TO eCi¥ D — 3aMKHYTOE MOAMHO-
KECTBO KpyTra, He cOlepiKalllee HHKAKOIO KOHTHHyyMa, H

D=D,UD,U...UD,

— pas/oxeHne MHOxecTBa DD Ha 3aMKHyTHle NOAMHOXKecTBa D; nua-
MeTpa < &, He HMelOLIHe MOMAapHO OOLIMX TOYeK, TO KakIOe M3
3THX MOIMEOXEeCTB MOXHO 3aK/M0YUTb BHYTPb MHOTOYTO/MbHHKA P;,
LLeUKOM conepxauierocs B K Tak, YTO IMaMeTp KaXIOrO MHOro-
yroabHuka P; 6yner < e M HHKaKkHe IBa MHOrOyroibHHKa P,
P, He OynyT uMeTb OOUMX TOuYeK.

3°. Ha ocHoBanuu 2° MOXHO HaTH KOHEYHYIO CHCTEMY MHOIO-
YTOJILHHKOB

1 pl 1
Pi, Py ..., Py

nuamerpa < 1, He HMeEIOIIMX NONMApHO OOLIMX TOYEK, B CyMMe
KOTOpHIX colepxuTcs MHOxecTBO D. HasoBemM Hx MHOroyro/n-
HUKaMH nepBorO paura. [TomoGHLIM ke 0OpasoM nJs Kaxaoro
MHOrOYTOJIbHHKA MepBOr0 paHra MOXHO HaHTH KOHEUHYIO CHCTEMY

1
MHOTOYT'ONBHUKOB AHaMerpa < 5 » He HMEIOUUX NMONapHO o6mux

TOYEK, LETUKOM COLEPKAUIHXCA B COOTBETCTBYIOLIEM MHOrOyroJb-
HHKe TMepBOro paxra. Atu MHOroyroJbHUKH BblﬁldpalOTCS[ TakK,
u4TOOB MHOXECTBO D ConepxanNocb B CyMME BCEX 3THX MHOro-
Yro/IbHUKOB. Mur NoJ1y4yHM, TaKHM o6pasoM, KOHEYHY10 CHUCTEMY
MHOrOyro/JbHHKOB BTOPOr'0 paHra

2

Pi, P, ..., P,
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1
auamerpa < -, HE WMEOUHMX AONAPHO OGUIMX TOUEK, B CyMMe

KOTOPBIX CONEepXKHTCA MHOXKeCTBO D.

Paccyxnas nonoGHbiM ke 06pa3oM, Mbl AJs KaXIOro .Haty-
PajbHOTO uMCIa R MOJYYHM KOHEYHYIO CUCTEMY MHOFOYTOJIbHHKOB
k-ro pawra

3 '3 %
P, P}, ..., Py

1
nuamerpa < -, He HMEOWMX NONapHO OGUMX TOueK, colep-

KalUUXCd B MHOroyroabHukax (R— 1)-ro panra, B cyMMe Ko-
TODPHIX CONEPXKUTCA MHOXeCTBO D.

4°. O6ozHauasi yepe3 F; CyMMy BCEX MHOIOYTOJbLHHKOB R-rO
paHra, Mbl HOJYYMM YOBIBAIOILYI0 MOCAENOBATENLHOCTh 3aMKHYTHIX
MHOXeCTB

F,oF,>...oF>...,

nepeceyeHHeM KOTOPBIX SIBASETCA MHOXeCTBO D.
5°. BuluMTas u3 Kpyra Kamuoe H3 MHOXeCTB Fj, Mbl moJy-
YyuM BO3PACTAIOLLYI0 MOC/]eNOBATEJLHOCTh OTKPBITHIX CBSISHBIX
MHOXecTB Gy, .
G,cGyc...cGe.. .,

B CyMMy S KOTOpPBIX BXOAST BCe TOUKH KpPyra, 3a MCKJIOYEHHEM
TOYeK MHOecTBa D. MHoxXecTBO S, Kak CyMMa CBSIBHBIX OTKDBI-
ThIX MHOXecTB Uy, uMeowux O6WMe TOYKH, eCTb MHOXKECTBO
CBSI3HOE.

Takum 06pasoM, NOKAa3aHO, YTO OI'PAHHYEHHOE 3AMKHYTOE MHO-
wectBo D, He comepxkalliee HHKaKOrO0 KOHTHHyyMa, He pasGHBaet
kpyrl). W3 storo caenyer, u4TO KPyr He SBJSETCA JHMHHEH
B CMbicie YpPHICOHA, a TEM CaMblM H HCXOIHOE YTBEpXKIEHHe,
YTO BCSKAs NJIOCKAas JIMHUSE B CMbIC/Ie YPLICOHA ABJSETCS JMHHEH
B cMuicae Kanropa.

§ 2. Unpekc BetnaeHud. Ipumepst

OnpenelieHue JHHUH, NaHHOE YDHICOHOM, He TONBKO 10 KOHUA
PacKphIBaeT CYILHOCTb 3TOrO IOHATHS BO BCeR ero OOIIHOCTH,

1) CoBeplICHHO TaK K€ MOXHO GblIO Gbl NMOKAa3aTh, YTO OrpaHUYEH-
HO€ 3aMKHYTO€ MHOXECTBO D, HE cogepxauee HHKAaKOro KOHTHHyyMa,
He pa36HBaeT IJIOCKOCTb. JT0 YTBEPXIEHHE COCTABIAET COAEpKAHHE
TaK HasmiBaeMoH Teopemm Pparmena — Bpayspa.
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HO M yKasbiBaeT MyTh, KOTOPOMY HalO C/eNOBaTh NPH H3YYEHHH
obuux cBoicTB JauHuA. lleHTpaJbHBIM TNYHKTOM ONpeneJeHHs
YpbicoHa ABISIETCS ONHOMEPHOCTb KOHTHHYYMa, Ha3bIBAEMOr0 B 3TOM
caydyae JMHWEH, T. e. TO €ro CBOHCTBO, 4TO mo6asi TOYKa KOH-
ruHyyMa C o06JanaeT CKOJMb yrofHO Majlof OKPeCTHOCTbIO, rpa-
HHLA KOTOPO# He CONEPKHUT HHUKAKOIO KOHTHHYYMa, COCTOSLIEro
Gosnee 4yeM u3 OnHOH ToukH. Mbl GylneM Teneph MHTepeCOBAaTbCs
JUIIb TEMH H3 OKPEeCTHOCTeH ToYeK KOHTHHyyma C, rpaHHIlbl
KOTODBIX COLEepPKAT «MHHHMAJbHOE KOJIHYecTBO Touek». IIpu sToM
BBIDAXEHHE <«KOJHYECTBO TOUYEK B JNAHHOM CJyyae» HaNO MOHH-
MaTb KaK MOLLHOCTb MHOMXECTBAa TOYeK TpaHHUIbI.

Mtui roBopuM, uTo JuHHa C HMeeT B TOYKE X HHIEKC BeT-
BJIEHHS M, €CAW INpH BCAKOM e Hainercs OTKPHTOE (OTHOCH-
TeJIbHO C) MHOXeCTBO nMameTpa < e, 'PaHHILA KOTOPOrO COLEPKUT
He Goseel) m Touek, TOrJa KaK NPH JOCTATOYHO MAJOM & Helb3s
HalTH TAKOr0 OTKPHITOIO MHOXECTBA AHaMeTpa < e, COJepKalllero
TOYKY X, TPaHHlla KOTOPOro cojepxana Obl MeHee 4eM M TOuYeK.
Eciu Touka x JuHMH C uMeeT MHIEKC BETBJEHHS M, TO Mbl
OGyneM mucathb

ind, C =m.

Ho rpanuila OTKpHITOrO MHOXECTBa BCerza eCTbh MHOXECTBO
3aMKHYTOe, a BCKOe 3aMKHYTOe MHOXECTBO, Jexallee B KOM-
nakte, MOXeT ObITb JHOG0 KOHEYHbIM, JUOO CUeTHbIM, THOO UMETb
MOWIHOCTb KOHTHHyYMa?). CnenoBaTe/bHO, M TpaHHLLA BCIKOrO
OTKPBITOrO (OTHOCHTE/NbHO KOMMAKTa) MHOXECTBA MOXET WJM CO-
CTOATb M3 KOHEYHOTO MHOXKeCTBa TOYEK, WU GbITb CUETHHIM MHO-
XeCTBOM, HJM MMeTb MOLIHOCTb KOHTHHyyMa. B cooTBeTcTBHH
C 3TUM Mbl NOJyuaeM CJAELYIOLLYI0 KJIacCHU(UKALHUIO TOYEK JIMHUU
C TOYKH 3peHHsT WX HHIEKCAa BeTBJEHMS.

1°. Mb roBopuM, uTO TOYKa X JHHHH C HMeeT KOHe4Hbili
undexc 8emsaenus n, TIE n—HATyPajbHOE YHMCIO, €CJIH NpH
BCIKOM € HalneTcs Takoe OTKPHITOe MHOXECTBO, IpaHHla KOTO-
poro cocTOMT He 0oO/ee 4eM W3 n TOYEK, TOrna Kak MpH AOCTa-
TOYHO MaJIOM € TPaHHLA BCSKOTO OTKPHITOrO MHOXeCTBa, COonep-
Xawero TOYKy X nuaMerpa < e, He MOXET COCTOSTb M3 MEHb-
LIero 4eM n YucJaa TOYeK.

1) B cMbicI€é MOILHOCTH.
?) Cm., nanpumep, Aaekcaupapos Il. C, Beenenne B obmymo
TCOPHIO MHOXECTB M QyuKumii, ctp, 342,
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2°. MH rOBOpHM, 4TO TOUKa X JHHHM C MMeeT Heozpawi-
YeHHblll uHOeKC 8emsAeHus ®, ecIM NpH mobGoM e Hainercs
OTKPHITOE MHOXECTBO JIHaMeTpa < e, COAepxkallee TOUKY X,
rpaHuila KOTOPOrO COCTOMT M3 KOHEYHOI'O MHOMKECTBA TOYeK, HO
¢ yOniBaHWeM e MHHHMaJbHOE KOJHMYECTBO TOYEK I'DAHMIL OTKPHI-
TOrO MHOXeCTBa AuaMmerpa < e, COLepallero TOuKy x, Gecnpe-
JleJIbHO BO3PAacTaer.

3°. Mul roBopuM, uto JuMHMA C MMeeT B TOUKE X cHuemHbsill
uHdexc semssenus §,, eCIn MpuH MoGOM e HafimeTcs OTKPHTOE
MHOXeCTBO JuaMerpa < e, COIepialliee TOUKY X, IpaHHua KO-
TOPOro COCTOMT He OO0Jee YeM M3 CUETHOTO MHOXKECTBA TOueK
(T. e. ABJAETCS KOHEUHHIM HMJHM CUETHHIM MHOXECTBOM), TOria Kak
NP NOCTATOYHO MaJOM & HeT HH OJHOr0 OTKPHTOrO MHOXeCTBA
IMaMeTpa <C e, COLEPXKAllero TOYKy X, TpaHHLA KOTOPOro co-
CTOsia GBI M3 KOHEYHOTO MHOXECTBa TOUeK.

4°, M roBopuM, YTO TOUKa X JUHUM C MMEeT KOHMUHYQANb-
Hblil undexc Bemsaenus ¢, €CJIH TpPH JOCTATOYHO MAJOM & HeT
HH OJHOTO OTKPHTOrO MHOXECTBA, COAepXKaulero TOUKy X Aua-
Merpa < e, TpaHHIla’ KOTOPOrO COCTOfJa Obl H3 KOHEUHOrO HJIH
CUETHOrO MHOXECTBAa TOYEK.

Touka JuHuM C, MHIEKC BETBJIEHHS KOTOpPOH Goiblie 2, HA3H -
BAETCA MOYKON BemBAeHUA AUHUW, TOUKA, WHIEKC BETBJEHHUS
KOTOpO# paBeH 1, Ha3bIBAaeTCAd KOHHEB0L MOUKOH.

B npenwniaywem naparpade MB BHAEIH, UYTO €C/AH KOHTH-
HyyM K siBJieTCS MOIMHOXeCTBOM JHHHU C, TO OH CaM sBJSeTCH
auHue#t (Teopema 1) M UYTO MHOMXECTBO, rOMeOMOP(HOE JHHHH,
caMo sBJseTcs JuHHeH (Teopema 2). Crenywlune IBe TEOPEMEHI,
NOKA3aTeNbCTBA KOTOPHX BBHAY MX NPOCTOTH MBI MPeNOCTaB/sEM
YUTATE/N0, HECKOJBKO YTOUHSIOT TpeNBILYIlee YTBep:KIeHHe.

TeopeMa 1. Ecau xonmunyysx K ssasemcs noomrodxces
cmsom aunuu C u x— moura rouwmunyyma K, mo unoerc
semsnenus mouku x omuocumessno K ne 6osee undexca sem-
8aeHus mouku X omuocumenssno C:

ind, K< ind,C.

Teopema 2. Ecau C u C' — zomeomopgrsie uexncdy co6ol
Aundu, X — npoussossnan mouxa sunuu C, a x'— moura
aunuu C’, coomsemcmsynouw,as moixe X npu OGHKOM mono-
202UneCKOM Omobpasicenut, Mo unoexco. movex x u X' paswol
HMeocdy coboli:

ind, C = ind,s C'.
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Yro6n paso6paTbCi B MHOTOYMC/EHHHIX ONpPEeNEe/]eHHsIX, CBfi-
3aHHEIX C JIOHSATHEM WHIeKCa BeTB/IEHHs, pPAcCMOTPHM DSl TNpH-
MepoB, WJMTIOCTPUPYIOIIUX 3TO MOHSTHE.

Mpumep 1. OTpesok BO BCEX CBOHX BHYTPEHHHX TOYKax
HMeeT MHIEKC BeTBJEHHs, PaBHEIl 2; HMHIEKC BeTBJEHHS KOHIIOB
oTpeska pasen 1.

B caMoM nele, C ONHOR CTOPOHE!, KaXAyI0 BHYTPEHHIOI TOUKY
OTpe3Ka MOXXHO OKPYHTh HHTEPBAJIOM CKO/b YTONIHO MAJIOH IJIHHEL.
Ho wuHTepBan fBJSETCS OTKPHITHIM MHOXECTBOM (OTHOCHTENBLHO
OTpeska), rPaHHLla KOTOPOrO COCTOMT M3 ABYX TOYEK — KOHIOB
untepsana. C/en0BaTelbHO, MHIEKC BETBIEHHsS KaX10H BHyTpeH-
Hell TOYKM OTpeska < 2.

C znpyro#t cTopoHs, nyctb G — KaKkoe-HHOYIb OTKPHTOE MHO-
WECTBO, colepxallee TOuky x. Ecau nuameTp OTKPEITOrO MHO-
xectBa G HACTOMBKO MaJ, 4TO KOHLL OTpPe3ka He MpHHAJIeXAT
MHOXecTBY G, TO MHOXeCTBO (G, OTKPHITOe OTHOCHTEILHO OTPe3Ka,
GyAeT OTKPHTHIM MHOXECTBOM M Ha BCeft TMpAMOH.

Ho BcsikOe OTKpHITOE MHOXKECTBO Ha MPAMOH COCTOMT H3 KO-
HEYHOro MJH GeCKOHeYHOro MHOXeCTBAa MHTEPBAJOB, He HMeWUX
nonapHo OOGWHMX TOueK, OJHOMY U3 KOTOPHX MNPHHANJEKHT
Touka x. Kouubl uHTepBana, conepaiiero TOYKY X, BXOLSAT
B TpaHuLly OTKPHTOro MHOXectBa (; c/enoBaTelbHO, TpaHHLA
OTKpHTOrO MHOXecTBa G, colepxauiero TOYKYy X, COCTOMT He
MeHee yeM U3 JIBYX TOUEK.

Takum 06pa3soM, BCAKas TOUK3 OTPe3Ka COLEPXKHTCA B OTKDHI-
TOM MHOXeCTBe CKOJb YrOIHO MaJoro juamerpa, rpaHuia KOTO-
poro COCTOMT M3 JByX TOuYeK, H B TO Xe BpeMs NPH NOCTATOUHO
MajoM e (MeHbLUEM MOJOBHHE PACCTOSHHA TOYKH X 1O KOHIOB
OTpe3Ka) IrpaHHLa BCAKOrO OTKPHITOrO MHOXeCTBA nuaMerpa < e,
colepiKallero TOUKy X, COJNEPXKHT MO MeHbliefl Mepe IBe TOUKH.
CnenoBarenbHO, HHAEKC KaXIOH BHYTpPEeHHel TOYUKM OTpeska
paBeH 2.

KoHeii @ OTpe3ka ab MOXHO 3aK/IOUHTb B NOJIYHHTEpBal
[a, X) ckoab yroaHo MaJo#f IJHHE; 3TO OyAeT OTKpHTOe (Ha
OTpe3Ke) MHOXeCTBO, TpDaHHIA KOTOPOrO COCTOMT H3 OIHOR
Touku x. C Ipyro#t CTOpOHBI, KaxIOe OTKPHTOE MHOXeCTBO,
colepxalliee TOYKY @, NHaMeTpP KOTOPOrO MeHbIle NJMHE OTpe3Ka,
BCerna CONEPXHT MOAyHHTepBal [a, X), CJeN0BaTe/bHO, MHIEKC
KOHLA OTpe3ka paBeH 1.

MNpumep 2. OxpykHOCTb B Kamaoft CBOeH TOuUKe HMeeT
HHIEeKC BeTBJIEHHd, paBHblft 2,
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B camoM nene, ¢ OIHOR CTOPOHBI, KaXLYI0 TOUKY X OKDYXK-
HOCTH MOXHO 3aK/IOUHTb B «OTKPHTYyO» AYry (6e3 KOHIOB)
CKOJIb yroaHo Majoft nauHH. Takas ayra OyneT OTKPHITHIM MHO-
®eCTBOM Ha OKPYXHOCTH. I'paHMILla 3TOr0 OTKPHITOrO MHOXECTBa
COCTOMT M3 IBYX TOueK — KOHLO0B Ayru. CienoBaTeqbHO, WHIEKC
BeTBJIEHMS B Kaxno# Touke okpyxHoctn < 2. C apyro# cro-
POHH!, Ka¥10e OTKpPHITOe MHOXeCTBO Ha OKDYXHOCTH COCTOHT
U3 KOHEYHOro Wau GeCKOHeuHOro (CueTHOro) MHOXECTBA OTKPHITHIX
Lyr, He MMEIOLIMX MOMapHO OOUIMX TOYeK, KOHLE KOTOPHX BXO-
JST B TPAaHHULY STOr0 OTKPHTOr0 MHOXecTBa. OnHOM M3 TaKmx
IyT TpUHAaLJIexXHT Touka x. CienoBarelbHO, WHIAEKC BETBJIEHHS
KaXa0H TOYKH X OKPYXKHOCTH > 2. ComocTaBiss 006a HepaBeH-
CTBa, MPUXONMM K 3aK/IOYEHHIO, YTO MHIEKC BeTBJEHHS Kaxio#
TOYKH X OKDYXHOCTH paBeH 2.

3ameuanue. Tak Kak B CHIY TeOpeMH 2 HAaCTOSILLEro
naparpada MHIEKC BETBJIEHUS TOYKH MPH TOMOJOTMYECKOM OTO-
Opa)keHMH He MeHsSeTCs, TO Ha OCHOBAHHHM TOJbKO YTO MOJYYeH-
HBIX pe3YJbTaTOB MH MOXEM 3aKJIOUMTh,
4TO

1°. Hnoexc semsasenus npocmoi 0yzu
8 Kaxwcool ee suympenHneli mouke pasexn 2;
underc semsieHus KOnya Oyzu pasex 1.

2°. Hulerc semsaenusn Kaxc0od mouxu
npocmoii 3amMKHymol sunut pasen 2.

INMpumep 3. Jluuus L cocrour us n
NPSMOMUHERHEIX OTPE3KOB

0a,, 04y, ..., 0ay,

BHIXOASALWIMX W3 ONHOH TOuKkM 0 (uepT. 12).
Wunexc BeTBiaeHMs JuMHMH L B TOuke 0O Yepr. 12,
paBeH n.
B caMom' nele, NycTh &-— NPOHM3BOJLHOE MOJOXHTEJIbHOE
uncio. PaccMoTpuM 7 nosnyuHTepBasoB

0Cy, 0Cyy « - ., OCy

JJIUHBI Jexalmux Ha JAaHHBX OTpe3KaX. COBOKynHOCTb 3TUX

€

7 ’
MOJYHHTEPBA/IOB €CTh OTKPHITOE MHOXECTBO JHHMM L, colepxa-
iee TOYKY 0, IPaHHLa KOTOPOrO COCTOHT U3 7 TOYEK — KOHLOB
3THX NMOMYHHTepBaJOB. Clle10BaTE/IbHO, HHIEKC BETBJICHHS JHHUU L
B Touke 0 < 7. C Apyro# CTOpPOHH, €C/H YHUCIO & MeHblIe JJIHH

BCeX OTPe3KOB 04, 04y, ..., 04, TO BCAKOE OTKpr'foe
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MHOKECTBO, CONEpXalllee TOUKY O, CONEPXKHT 7 NMONYHHTEePBA/IOB,
BHIXOAAUMX M3 3TOR TOUKH. KOHIH 3THX MOJYMHTEpPBAJIOB BXOAST
B 'PaHMILy PAaCCMAaTpHBaeMOro OTKPHTOro MHoxecrtsa. Cienosa-
TeJbHO, MHIEKC BETBJeEHUs JuHMM L B TOuke 0 > n.
Conocraiass 06a MONyuYEHHHX HEPaBEHCTBA, MPHXOAMM K Bhbi-
BOLY, YTO MHIEKC BeTBJeHHs JMHHH L B TOouke 0 paseH n. Bo
BHYTPEHHHX TOYKaX OTPE3KOB 04y, 0dy, ..., 0, HHIEKC Ber-
BJeHWs JWHMH L paBeH 2, a B

o KOHI[EBHIX TOYKaxX OH paseH I.
INpumep 4. Jlunua L co-
| CTOMT W3 CYETHOIO MHOXECTBA
R OTpe3KOoB
// ﬂz\\\ P
;oS \ 0a;, 00y, ..., 0Qy, ..,
\
I \,
{ ./ 0 ‘,a’ ! BHIXOMSAIIMX U3 Hauaja KOOPAHHAT
LUEEAN /o Z  (ueprt. 13). [luHH 3THX OTPE3KOB
\ / /
\ S~ 1 1
N i oa, = — 0a, = — .
\\\‘-—// 1 2 y 2 4 ’
1
Yepr. 13. ...,oa,,=2—n,...,

a yrabl, oOpasyeMble 3THMH OTPe3KaMH C OCbI0 0X, CYThb COOT-
BETCTBEHHO
T ™ (7]
‘5‘, Z, « .oy E;", vee
TakuM 00pa3oM, Kak IJHHH OTPe3KOB, TaK M Yrib, 00pasoBaH-
HHle STAMH OTpe3KaMH C MOJOXHTENbHHIM HampaBleHHEM OCH 0X,
C BO3pAaCTaHHEM £ CTPeMATCH K Hy/IO.

Touka o nuHuM L ¥MeeT HeOrpaHnyeHHHBI WHIEKC BeTBJEHHS ,
T. €. 00/1anaeT TeM CBOMCTBOM, 4TO XOTs NpH /JoOOM e Cylie-
CTByeT OTKPHITOE MHOXeCTBO IHaMeTpa < e, Colepxalllee TOUKY o,
rpaHyiia KOTOPOr0 COCTOMT W3 KOHEYHOrO 4YHCJ4 TOuYeK, OJHAKO
NpH CTPEMJEHUH & K HyJI0O 3TO yucja0 GecnpelelbHO BO3PACTaerT.

€
B camom nene, 5 — OKPECTHOCTh TOUKH O COCTOHT H3 KO-
HEYHOro YMCJ/1a MOJYHHTEpPBA/IOB, BHIXONALUINX M3 TOUKHM O M Jexa-
. €
WHMX HA TeX OTpesKaX, IIMHH KOTOPHX >3, H 6GeCKOHEUHOra

€
MHOXECTBA OTPE3KOB, MJMHH KOTOPHX < 7. ['panuua storo or-



§ 21 MHIEKC BETBJIEHHMS. NMPUMEPHI 95

KPHITOTO MHOECTBA COCTOHT M3 KOHEYHOrO YHC/IA TOYeK — KOHI0B
MOJYHHTEPBAJOB, BXOAALINX B COCTaB OKPECTHOCTH. J[luamerp
ero <e.

C npyro#t CTOpOHH, KakoBO GH HH GBLIO OTKPHITOE MHOXe-
CTBO JHMHMEt L, conmepxaiee. TOuKy o anaMetpa <1, ero xom-
MOHeHTa 1), cojepxalllas TOUKY O, eCTb OTKPHTOE MHOXeCTBO,
COCTOsIllee M3 KOHEYHOTO uHC/Ia MOJYMHTEpBaJOB, BEIXOAAIMUX U3
TOUKH 0, M OGCKOHEYHOr0 MHOXECTBA HCXONSLIUX H3 TOYKH O
OTpesKoB. ['paHulla 3TO# KOMMOHEHTH COCTOMT H3 KOHIEBBIX
TOYEK MOJYHUHTEPBAJIOB M BXOAMT B COCTaB FpaHHIbl BCEro OT-
KPHITOrO MHOXeCTBAa. YeM MeHpllleé AHAMETP OTKPHITOrO MHOXe-
CTBa H, CJENOBATENbHO, er0 KOMMNOHEHTH, COpepiKaliefl TOUKy O,
TeM GOJblue NMOJNYHHTEPBAIOB BXONUT B 3Ty KOMIOHEHTY H, clelo-
BaTeJLHO, TeM Gollblile TOUYeK — KOHLIOB MOJYHHTEPBAJ0B — BXOIUT
B IPaHHILy OTKPHITOrO MHOXeCTBAa. Korna nuamerp OTKpHITOrO
MHOXECTBA CTPEMUTCS K HYJI0, HYHCIO 3TO GecnpenesnbHO BO3-
pacraer.

Bo Bcex BHYTPEHHHX TOYKAX OTPE3KOB, M3 KOTOPHIX COCTOMT
AuHAS L, WHAEKC BeTB/JEHWS PaBeH 2; WHIEKC BETBJEHHS KOHLOB
3THX OTPESKOB paBeH 1.

Mpumep 5. Jlunua L (uept. 14) 4
COCTONT M3 OTpesKa 04, AJIHHE |
¥ OECKOHEYHOr0 MHOMECTBA OTPE3KOB 2,

oa,, 04y, ..., 04,, ...

ILJHHBEL 1, BHIXOASUMX M3 TOYKH O a
¥ 00pasyiomux ¢ OTPESKOM 04, YTJH,
COOTBETCTBEHHO DAaBHbLIE

T % ] 4 7

5, Z‘,..., 7,;,... 4
Jlunug L B KaXno# Touke OTpe3Ka o0q,
uMeeT CUYeTHHIH HHAEKC BeTBJIEHMS.

B camom gnene, kakoBO OH HHM GHINO OTKPHTOE MHOXECTBO,
colepxaliee TOYKY 0, OHO COCTOHT M3 KOHEUHOTO WM CYETHOrO
MHOXKECTBA UHTEPBAJIOB, JEXKALIMX HA OTPE3Kax 0a,, 0a,, 04y, ...
(3THX WHTepBaJOB MOXeT H COBCeM He OHITb) M KOMIIOHEHTH

Yepr. 14,

1) KoMIOHEHTOH TOYKH X B MHOXeECTBe R Ha3niBaercs HauGoJbluee
CBsI3HOE MHOXECTBO K, colepiauiee TOYKY x H cojgepxameecs B R.
«HanGosbuiee» B TOM CMBICJE, YTO HUKAaKOe MHOXECTBO M, coxepxainee K
B KavecTBe MOJAMHONECTBA, YXE HE ABJIACTCA CBSA3HBIM,
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TOUKHM O, COCTOsER H3 CYETHOrO MHOXECTBA MOMYHHTEPBAJIOB,
BHIXOAAILUX M3 TOYKH O.

Ecim m —BHyTpeHHAs Touka oOTpeska o0a, TO JioGoe,
cozepialllee ee OTKPHTOE MHOKECTBO COCTOMT H3 HHTEDBA/OB,
JexaluX Ha BCeX OTPe3Kax 04,, 04, 0dy, ... 32 UCKIIOYEHHEM,
GbITb MOXeT, KOHEYHOTO UHC/Ma OTPEe3KOB

oa,, 04y, ..., 0Q,y.

Haxoneu, BCAKO€ JOCTATOYHO MaJio€ OTKPLITOE MHOXECTBO,
cojepxaiuee TOUKYy a,, COCTOMT M3 CHETHOro MHOXKeCTBa NOJy-
UHTEPBAJOB C KOHLAMH B TOYKaX

aov Gy, Apity Apyos « oo

NpHHANIEXKAWHUX STOMY OTKPHITOMY MHOXECTBY, W KOHEUHOTO HJIH
CYUETHOrO MHOXECTBA WHTEPBAJOB (HX MOXET M COBceM He OHITb),
Jexalmux Ha OoTpe3Kax

0ay, 0ay,, 08y, 4, «..

TakuM 06pa3oM, MBI BHIHM, YTO BO BCeX CJyuasX rpaHHuA
OTKPHLITOTO MHOXECTBa, COJAEPXallero TOYKy OTpeskKa 0a,, BCeraa
COCTOMT M3 CueTHOro MHOXectBa Touek. CienoBaTenbHo, BCe
TOYKH OTPE3Ka 04, MMEIOT CUETHHIt WHAeKC BeTBIeHHs. B mpounx
TOYKAaX JMHMM L WHIEKC BeTBJeHHs paBeH 2 win 1.

[Tpumep 6. JluHUA COCTOMT M3 MOC/ENOBATEJBHOCTH OTpe3-
KoB (CM. uepT. 7)

Ay, Bj; Ay, By ... A, B, ...,
rae A, ecTb OTPe3oK, COCTOAUIMH M3 TOouek
1
x=g, —1<y<,

a B, — oTpesok, COCTOAUIMH M3 TOueK

1 1
T SE¥< 5, Y=

¥ NpelelbHOr0 OTpesKa
Ay x=0, —1Ly<KL

9T0 MHOXecTBO, KaK MH YkKe YNOMHHaIM Ha CTp. 44,
roMeOMOP(HO MHOXECTBY, COCTOfILLEMY U3 TOYeK rpaduka GyHKUUH

y= sin%, I<xL1,



§ 2] MHAEKC BETBJENWS. NMPUMEPbI 97

H TOYEK NpenejpbHOrod orpeska
x=0, —1<y< 1.

ITokaxkeM npexie BCEro, YTO MHOXECTBO L eCTh AeHCTBHTENLHO
JIMHHUS B CMEIC/IE HALUEro onpeje/eHus. 3TO MHOXeCTBO KOMMNAKTHO.
B camom pene, nyctb M — GeckOHeYHOE TMOJMHOXECTBO, COLEp-
wameecs B L. Ecam B MHOXecTBe M muMeerTcs GeCKOHEUHOe
noaMHOXeCTBO N TOuek, NPUHALIeKAHNX KaKOMY-HUOYAb ONHOMY
U3 OTPe3KOB

Ay, Ay, By, Ay By, ...,

TO B CHJy KOMMaKTHOCTH OTpe3ka OHO OyNeT MMeTb NpelesbHYIo
TOUKYy p, MPHHALJIEKALLYI0 3STOMY Xe oTpesKy. Touka p, Gyayum
npeneabHOH Aad MHOXecTBa N, OyIeT M TNOAABHO Mpele/bHOM
u njas MHOxectBa M. Ecium MHOxecTBO M CONEPXUT TOUKH,
npuHajaexaue OGECKOHEYHOMY MHOXECTBY Ppas/iHYHHIX OTpe3-
koB A,, B,, A,, By, ..., T0 Ha oTpeske A, HelnpeMeHHO Hafi-
HeTcs TOuKa, kortopas OynaeT mpelelbHOH HJs MHOXecTBa M.

MuoxecTBo L cBs3HO. B camoM Jene, MHOXeCTBO S, cocTos-
iiee U3 OTPE3KOB

A, By, Ay, By, ..., A, By, ...,

CBI3HO, TaK KaK KaXJble [Ba COCENHMX OTpe3Ka 3TOH moc/eno-
BaTe/BHOCTH HUMeioT o6uiylo TOuKy. IIpHcoenuHss K MHOXeCTBY S
TOUKHM OTpe3ka A,, sBJIOLINeCS NMpele/bHEIMA 1JS MHOXeCTBa S,
MBI TMOJY4HM CBSI3HOE MHOXeCTBO L.

MuoxectBo L, Oyayud KOMNAKTHBIM M CBSIHBIM, SIBJSETCA
KOHTHHYYMQM. JloKaskeM, uTO KOHTHHYyM L ectb auuusa. Ecim
TOYKAa m TPHHALJIEKUT KakoMy-HuOyIb H3 oTpeskos A,, B,
(n = 0), TO WHEeKC BeTBJeHMS KaxIOH TaKo# TOUKH paBeH 2,

1
33 MCK/IOYEHHEM TOUKH C KOOPIAMHATAMH <, 1 (KOHew OTpes-

Ka A;), ¥HIEKC BeTBJEHHd KOTOpO# paseH 1.

Ilycte my—Touka mnpenenbHOro OTpeska A, M e— npo-
H3BOJILHOE MOJIOKUTENbHOE YMCJO, MeHblllee KaXAOrO W3 pac-
CTOSIHU#l TOUKH m, 10 KOHLOB NpelelbHOro orpeaka. OGosHaumm
yepes U OTKPHITOE MHOXECTBO, COCTOslLlee U3 HHTEPBAJOB IJHHHI &,
NlexalnX HA OTpe3ke A, M Ha TeX OTpe3Kax

:
Ay, An+1’ Apios »o s

1
AJ11 KOTOPbIX 7< %, npuyeM CepeluHHbl BCEX 3THX HHTEPBAJIOB
JIeXKAaT HAa NpPAMOH, mNpoXonsfilei yepes TOUKY m, napajiesbHO

7 3ak. 1377. A. C [Ilapxomenxo
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ocu Ox. DTO OTKPHITOE MHOXECTBO COLEPKHT TOUKY mg,, nua-
MeTp ero <e, a TPaHHMIA COCTOMT H3 CYETHOrO MHOXECTBA
TOuYEK — KOHLOB HHTEPBAJIOB, COCTABJSIOWNX NAHHOE OTKPHITOE
MHOXKecTBO. C/lenoBaTe/bHO, I'pPaHHLA OTKPHTOrO MHOXecTBa U
He COLepXHT HHKAKOro KOHTHHyyMa, cocrosilero 6ojee 4eM W3
OIHOM TOUKH.

Takum 006pasoM, Mbl MOKa3a/M, YTO MHOXECTBO L eCTb JIMHHSA,
lokaxem, uTO 9Ta JHMHUS B KaXn0H TOuke OTpesKa A, MMeeT
CYEeTHBLI WHIEKC BeTBJIEHMS.

B camom pese, BCAKOe OTKPLITOE MHOXECTBO, COLEpKaulee
TOUKY m, NpPEeLe/IbHOr0 OTpeska Ay, COAePXHT B ceGe MHTEp-
BaJIbl, JeXKalune Ha OTpeske A) ¥ Ha BCeX BEPTHKANbHLIX OTpe3Kax

Ay Anyrs Aptgr <o os

HauHMHas ¢ HEKOTOPOro HoMepa n, TNpHYEM KOHIB 3THX HHTep-
BaJOB BXONST B I'DaHHLY PacCMaTpMBaeMOro OTKPHITOrO MHOXe=-
ctBa. CnenoBaTe/bHO, MPaHMLA OTKPHITOFO MHOMECTBA, COIepKa-
IEero TOUKY M, MNPEAEIbHOrO OTpeska A),, BCerna COCTOMT H3
CUETHOr0 MHOXECTBA TOYEK M, TAKMM OOpasOM, TOYKa m, MMeer
CYETHbI MHAEKC BETBJEHUS N .

0

Yepr. 15.

I[Tpumep 7. Jluuus L COCTOMT H3 OTPE3KOB, COEAMHSIOUIMX
TOUKY O C TOuUKaMH KaHTOpPOBAa COBEpIIEHHOTO MHOXecTBa C
(uept. 15).
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YcraHoBUM mpexae BCEro, YTO 3TO MHOXECTBO €CTh JIMHHS.
JloxasaTenbCTBO TOrO, YTO L eCTh KOHTHHYYM, MBI MpeNOCTaBJiseM
YuTaTeIO.

JlokaxkeM, 4TO NMpH JIOOOM MHOJNOXHUTEJBHOM & KaX1as TOuKa
KOHTHHYYMa L cozep:UTCS B OTKPBITOM MHOXeCTBe nuHaMmeTpa < e,
rpaHula KOTOPOTO He CONEPKHMT HHKAKOr0 KOHTHHYyMa, COCTOSI-
wero Gosee uyem u3 OnHOH TOukH. UToOb B 3TOM yOemUTHCH,
JOCTATOYHO B3ATh TPAMELMIO, COLEpXKalLylo BHyTpH cebs LaHHyI0
TOUKY, OCHOBaHWs KOTOPOfi NapaJie/IbHbl FTOPH3OHTaILHOMY OTPESKY,
a OOKOBHle CTOPOHHI JIeXKAT Ha OTPe3Kax, COENHHSIOLINX TOUKY O
C TOUKAMM CMeXHHIX HHTepBaJoB. Ilpm 3TOM Tpameuuio Hano
B35ITh HACTONBbKO Majoi, uTOOH JJMHEI €e CTOPOH M NUaroHajeft
6bin < e. COBOKYMHOCTh TOYEK KOHTHHYYMa L, Jexalux BHYTPH
sToft Tpameuuu, ¥ OyNeT TeM OTKDHITHIM MHOXECTBOM, IpaHHIA
KOTOPOrO0 He CONEpXUT HHUKAKOr0 KOHTHHyyMa, cocCTosiilero Gosee
uyeM M3 OIHOM TOUKM,” TaK KaK 3Ta TPaHulla COCTOMT M3 ABYX
KaHTOPOBLIX COBEPLIEHHEIX MHOMXECTB, TMOJyYalOUIMXCs B.Mepece-
yeHWH OCHOBaHMit Tpameuui#t ¢ koHTHHyyMoM L. Ecam Touka npu-
HalJeXUT MHOXecTBY C WM COBMAajaeT ¢ TOYKOH O, OTKPHITOE
MHOXECTBO CTPOMTCS aHaJOruuHO. ME nokasaiu, TakuM oGpasoM,
YTO KOHTMHYYM L eCTb JHHHS.

JlokaxkeM, 4TO KaxxJas TOUKA JMHHKH L MMeeT KOHTHHYaJbHHIi
MHIEKC BeTBJeHHs. MH 3HAaeM, YTO TpaHHIA BCAKOTO OTKPHITOrO
mHOXecTBa G, comepxkauierocs B R, pasbuBaeT MHOXKeCTBO R
B TOM cMucae, uro R\Tp(G) npencrasisercs B BHIe CyMMbl

IBYX OTKPHTHX MHOXecTB G m R\ U, He HMelolUX OOGLMX
ToueK. [loatoMy aas TOro, 4ToGH yO6eauTbCs B TOM, YTO Kaxkaas
TOUKA JMHUHK L MMeeT KOHTHHYa/IbHEII HHIEKC BETB/ICHHS, HA0 IOKa-
3aThb, YTO HHM IJ KaKOr0 OTKPHITOIO MHOXKECTBA €ro rpaHHia He
MOXeT COCTOSATb M3 KOHEYHOTO WJM CUeTHOr0 MHOXECTBA TOueK, a
BJS 3TOrO, B CBOIO OYepelb, NOCTATOYHO MOKA3aTh, YTO €CIH H3
auHud L BHIOGPOCUTH KOHEYHOE WJIN CUETHOE MHOXeCTBO A ee TOuekK,
TO OCTaBllieecsi NOC/Je 3TOr0 MHOXecTBO L\ A GyneT CBA3HO.

[Myctb A— cueTHOe MHOXeCTBO, He COAepXauiee TOUKH 0.
MHOXeCTBO S TOUEK TeX OTPe3KOB, KOTODHE He COAePKAT TOYeK
MHOXeCTBA A, CBi3HO. Bcakag e TOuka X KOHTHHyyma L
COJlePXKHT B CBOeH OKPECTHOCTH TOUKH, NMpHHAJ/eKalide Hecyer-
HOMY MHOXXECTBY OTpe3KoB, o0Opasyolux Juuuio L, nostoMmy
BCAKAs TOYKA X MHOXECTBa

B=L\A

7*
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GyneT nmpeneabHOM TOUKON CBA3HOIO MHOXKeCTBA S. Ipucoennnss xe
K CBS3HOMY MHOXeCTBY S €ro mpeieibHbe TOUKH, M NOJIy4aeM
CHOBA CBA3HOe MHOXecTBO. CilenoBaTe bHO, MHOXecTBO B=L\\ A
CBA3HO, M, TaKUM 06pasoM, MHOXeCTBO A He MOXeT CJIYXHTb
rpaHuilefi HMKAaKOr0 OTKPHITOrO MHOXeCTBa JuHMH L.

[Mpumep 8. Kosep Cepmunckoro S (cm. ra. III, crp. 71)
uMeeT B KaxIOH CBOelt TOYKe KOHTHHYaJbHHH MHIEKC BETBJIEHWA.

Y1o6H B 9TOM yGeAMTbCH, NOCTATOYHO, KaK H Bhllle, MOKa-
3aTh, UTO €CJM MH M3 KOHTHHyyMa S BHOGDOCHM CueTHOE 3aMKHY-
TOe MHOXecTBO F, TO ocTaBileecs MHOXECTBO

G=S\F
OyneT CBSSHO.

[MpexanonoxuM NMpPOTHBHOE, T. €. YTO OTKPHTOE MHOXECTBO
G=S8\\F HecBsizgHo. Torna oHO MOxeT OHTb MPeACTaBIEHO
B BHIE CYMMHl JBYX OTKDHITHIX HENyCThbIX, HemepeceKaloUuxcs
mHOXecTB G, u Gy

G = 01 U 02'

OGosnaunM uepe3 @ TOT eNMHHYHHN KBaapar, U3 KOTOPOro
nonyuyed kosep Cepnuuckoro S, a uepes C — KOHTYp 3TOro
KBaApaTta; NOKaXeM MNpexne Bcero, uto xoHtyp C kBaipata Q
IEJUKOM TMpPHHANEKUT 3aMBIKaHHIO OJHOro W3 MHoxectB Gy
na G,. OGosHauuM yepe3 P MHOMKECTBO, COCTOfllee U3 OTPe3KOB
anuHbl 1, conepxkamuxcd B S, mapaiieJbHHX CTOPOHaM KBaapara
M He COIepXaIliuX ToueK MHOxecTBa F. Kaxnui#i Tako#t oTpesok
KaK CBA3HOE MHOXECTBO He MOXeT MMeTb OOLIMX TOYEK C ABYMS
HemepeceKaloUMMHUCS OTKPEITHIME MHOXECTBAMH, B CyMMe KOTOPHIX
oH conepxurcia. OGosHauuM uepes D, Kakofi-HHOyNb W3 ITHX OT-
Pe3KOB, MNapa/uIeNbHHX TOPM3OHTAJBHOM CTOPOHE KBaapaTa M
conepxaumuxca B G,. Torma kaxas#t BePTHKaJbHH OTPE3OK,
He cozepxailuft Touek MHOXecTBa F, Takwe OyéeT LeJHKOM
MpUHaLJIexaTb MHOXeCTBY G;, Tak KaKk OH MMEET C 3THM MHO-
ecTBOM OGLLYIO TOUKY, a HMEHHO, TOUKY ero mepeceyeHus ¢ ropu-
BOHTAJbHBIM OTpe3koM D;. Ho B TakoM ciyyae M BCAKHH ropu-
30HTAJBHHA OTpe3ok D, He cozepxaluuii TOuek MHOxecTBa F,
mepecexas BCE BepTHKaibHHE OTpeskH (nexaiine B (), caMm
Oyner ueaukoM comepxarsCa B G,. Takum o6pasoM, MH MOKa-
32/, YTO MHOXeCTBO P, COCTOsllee W3 FOPH3OHTAJBHHIX W Bep-
THKAJbHEIX OTPe3KOB, HE COXEPKAIUMX TOYeK MHOxecTBa F,
uemukoM comepxkurcs B G,. Bcskas Touka kontypa C ecTb

npenenbHas TOuKa MHoxectBa P, u mostomy Cc=G,.
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OG6osnaunM uyepes Q" KBaapaT n-ro paHra, a yepes C»—
KOHTYp 3TOro ksaiapara. Tak kak uacte KpHBo# S, pacmnoJoxeH-
Has B (%, HMeeT COBEDIIEHHO TaKOe ke CTPOeHHe, KaK M BCA
KpHMBas B UEJNOM, TO TaK e, Kak W BHIUE, MOXHO OblI0 Gkl
10Ka3aTh, YTO NpH JoGOM 7 KOHTYp C” KaxIoro ksagpata Qn

n-ro paHra NMpUHALJIEXXUT OJHOMY M3 MHOxecTB G; uiu G,.

Ho ecin xBaapar Q#+1 (n -}~ 1-ro paHra) conepuTcs B KBan-
pate Q7 panra n, TO ero KOHTYp C»+l uMmeer o6LIMe TOYKH
¢ koHTypoM C» kBagpara Qm. W Tak Kak MHOXeCTBO 3THX OOLIUX
TOYEK COCTOHT H3 OJHOTO WM JBYX OTPE3KOB— CTOPOH MEHb-
Iero KeagpaTta M, CJeOBAaTe/bHO, €CThb MHOMKECTBO HeCueTHOe,
TO OTCioja cJaenyeT, u4ro Cn+l gy C? uMeloT o6LIME TOYKH, He
npuHagaexamye F. ITostomy koHTyp Cn+1 cOmepKHTCS B TOM e

mHoxectBe G; man Gy, B KOTOPOM COIEPXKHUTCA KOHTYp C?.
Tax kak, no npeanojoxenuio, Koutyp C xBaapara Q conep-

kurcs B Gy, TO OTCIOZA CJeLyeT, YTO M KOHTypH BCeX KBanpa-
TOB mepBoOro panra coxepxarcs B G;. TouHO Tak xe yGexmaemcs
B TOM, UTO KOHTYPHI KBa/IpaTOB BTOPOTO ¥ BCEX MOC/EAYIOLUX PAHIOB
conepxarcst B G;. Tak Kak, HaKOHell, MHOXeCTBO, SIBJSIOLLEECS
CYMMOI0O KOHTYPOB BCeX KBaZpaTOB BCEBO3MOXHHIX PAHIOB, MJIOTHO
B S, TO OTCI0Aa C/ENyeT, YTO M BCE MHOXECTBO S COAEPKHTCS

B G,, u notomy MHOxeCTBO G, mycro. Takum oGpasoM, HoKa-
3aHo, yTo ecau F— cueTHoe MHOxecTBO koBpa CepmmHckoro S,
TO MHOXeCTBO S\ F CBA3HO.

3ameyanne. Conocrasisa ueTHpe MNOCAEIHHX NpHMepa,
Mbl BUAMM, YTO TOYKM, HMeloliHe OECKOHeuHbIff WHIEKC BeTBJe-
HHA, He BCTPEYAlOTCS M3OMMPOBAHHO, M 9TO He cayuya#Ho. Kakx
noKasal YpHICOH, HX Bcerna OHIBaeT TaK MHOrO, YTO B J0GOH
€-OKPECTHOCTH KaxAOH TakKO# TOUKH COINEPXKHUTCA KOHTHHYYM,
CIJIOIIL COCTOALIMH M3 TOYeK GECKOHEUHOrO HHAEKCa BETBJIEHHS.

Mpumep 9. Jluuug L COCTOMT H3 CYETHOTO MHOXeCTBA
MONMApPHO CONMPHKACAIOIMNXCA OKPYKHOCTeH, AHAMETPaMH KOTOPHIX
CAYXKaT OTpPesKH

1 1 1 1 1
[L4] 5 e [E 2]
u Touku O (uept. 16).-

B rtouke O JuHusi L wMeeT MHIEKC BeTBJIEHMS, PaBHHH 1,
1
TaK KaK, eC/M MH BO3bMEM —--OKDECTHOCTb TOUKH 0, To rpaHuiua
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1
9T0#f OKPECTHOCTH COCTOHT H3 OJHOH TOYKH i B Toukax co-
l'lpHKOCHOBeHPlﬂ OKPYXHOCTEH JIMHUSA L wnmeer uHAEKC BeTBJe-

Yepr. 16.

HWS, PaBHHIA 4; B MPOYHX TOYKAX MHIEKC BETBJICHHS JMHAK L
paBseH 2.

Mpumep 10. Jluaua L (yepr. 17) COCTOAT M3 TOPHU3OH-
TaJbHOTO OTPE3KAa OCH 0X:

0<xLl, y=0

H TepneHNHKY/ISApHHX K HeMy BepTHKaJbHBIX OTPE3KOB, Mpose-
JeHHHX uYepe3 ero palHOHANbHble TOUYKH, JEKAUWUX B MOJOKH-

Yepr. 17.

1
TeJLHOR MONMYMAOCKOCTH M HUMEIOUWHUX NJIHHY rE rie —:——Heco-

KpaTuMast 11p06b, BhIpaxaiouias a6cunccy TOUYKH OTPe3Ka OCH 0X:

1
=2, o<y<
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B KOHIEBEIX TOYKAaX BEPTHKAaJbHBIX OTPE3KOB HHIEKC BeTBJe-
Hus JuHMM L paBeH 1, a BO BHYTPEHHHX TOUYKaX STHX OTPe3KOB
OH paBeH 2, TaK Kak NpH HLOCTATOYHO MaJOM € B €-OKPECTHOCTH
TOYKH BePTHKAJBHOTO OTpe3Ka He CONEPKHTCA HHUKAKHX APYrux
TOYeK, KpOMe TO4YeK 3TOro oTpeaka. VHmekc 2 MMeOT TaKke
¥ppaLMOHa/bHble TOYKH T'OPH3OHTAABLHOrO OTPE3Ka M €ro KOHILH.
B camom nene, xakoBa Obl HH OGblIa MppPAaLMOHA/TbHAS TOYKA X,
TOPH30HTANBLHOrO OTPe3Ka M MOJOXHTeNbHOE WYHCIO €, BCeraa
MOXHO HAaHTH TaKOe paLHOHAJIbHQE MOJOXHTEJbHOE YHCIO &', 4TO
BCe BEPTHKA/bHBIE OTPE3KH, 3aK/IOUeHHbHE B NOJOCE MEXILy mps-
MBIMH

x=xy—¢e n x=1x4+4¢,

6ynyT uMeTh AauHy < e. OGosHayuM yepes &’ umcio, GoJbluee
IJMH BCeX BEPTHKAJbHHIX OTpPE3KOB, 3aKJIOUEHHBIX B M0JOCE
MEXAY NpAMbIMH

14 4
x=xy—¢ nx=x,71¢,

u Menbllee e. OTKPHTOE MHOXECTBO, COCTOfUlEE M3 TOYEK JIH -
HUM L, 10J9 KOTOpHIX

xo—e' < x < xy-¢,
<y <,

CONEPUT TOUKY X, M CAMO CONEPXHTCS B e-OKPECTHOCTH 3TOH
TOYKH; €ro FPaHHUa COCTOMT M3 ABYX TOueK TOPH3OHTAJBLHOrO
otpeska, Hmeownx abcumccst x,—e’ u x,-f-¢’.

Ecmn x = -3— — pauMoHa/JbHAasA TOYKAa TOPH3OHTAJBHOIO OT-

peska, TO HHIEKC JMHMM L B Touke X, paseH 3. B camom zee,
€C/IM & MeHbIlle KaXXIOro W3 YHCel %—, l—i;— " -;—, TO rpa-
HHIA BCAKOrO0 OTKPHITOrO MHOXecTBa AumaMerpa < e, Cojepxa-
L1ero TOUKY X,, NEPECEKAET TPH OTPE3Ka, BHIXOLALLMX U3 TOUKH X,.
CnenoBarenbHO, WHAEKC JWHHH L B TOuke X > 3. C npyroit
CTOPOHBI, PacCyXAas TaK ke, KaK W Bbile, BCEraa MOXHO HaATH
TaKOEe OTKPHITOZ MHOXECTBO, COJepikallee TOUKY X, H COIep-
*Kallleecs B €-OKPECTHOCTH 3TOH TOYKH, TpaHHLa KOTOpOro Co-
CTOMT M3 TpeX TOYeK, JexalwuX Ha OTpe3kax, HCXOAALIMX K3
TOukH X, OTciona crenyeT, 4TO HHAEKC JUHHU L B TOUKE X, < 3.
Conocrasass 06a MoJayyeHHbIX HepaBeHCTBA, HAXOAMM, YTO HHIEKC
nuHuM L B TOuKe X, paBeH 3.
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Npumep 11. Jlunua C crpoutcs caenyiowuM oG6pasom:
B PaBHOCTODOHHEM TpeyroJbHHKe CO CTOpOHOH, pasHO# 1, mpo-
BOJATCS CPENHHE JHHHH, M M3 Hero BHIOPACHIBAIOTCH BHYTPEHHHE
TOUKH TPEYroJibHHKA, OrPaHHYEHHOrO CpeNHMMH JHuHMAMH. OcTaB-
1eecss MHOKECTBO COCTOMT M3 TPeX TPEeyrobHHKOB, KOTOPHIE MBI
Ha30BeM TPEYroJbHHKaMu mnepBoro pahra. C kaxabM H3 Tpe-
YyroJbHHKOB MEPBOTO paHra NPORENLIBAETCAd Ta e ONepalus:
B HEM IPOBOAATCA CPeJHHE JHHHM U BeIGPACHIBAIOTCA BHYTpPEHHHE
TOYKH OFPaHMYEHHOrO MMM Tpeyro/ibHuka. ITomoGHHIM e 0GpasoM
nocTynaeM € KaXIHM W3 NeBATH MNOJYYHBIUMXCS TPEYroJbHHKOB
BTOPOTO PaHra M MPUXOIWM K 27 TPeyroibHHKaM TPETbErQ paHra.
[Mocrynas TaK 3Ke W Jaiaee, Mbl a9 KaXIOr0 HATYPAaJbHOrO
yycaa # TMOJYYMM MHOXKECTBO, COCTOdllee M3 3" TPEyroibHHKOB
n-ro paura (uept. 18).

Yepr. 18,

OcraBuieecs mnocie BHINOJNHEHHS BCeX STHX OMEPaLUH MHO-
xectB0 C ecTb KOHTHHyyM. B camoM Zese, ero MOXHO mpen-
CTaBHTb KaK OOLIyI0 4YacTb KOHTHHYYMOB, M3 KOTODHX MEpPBbLIH
COCTOHUT M3 TpeX TPeyroJbHUKOB NEepBOTO paHra, BTOpOH — U3
IeBSTH TPEYTOJbHUKOB BTOpPOrO paHra, Tpetu#f—u3 27 Tpe-
YrOJbHUKOB TPETbErO paHra M T. I.; KaXAbIH M3 STHX KOHTH-
HyyMOB coiepxurca B npenbinyiuieM. CrenosareibHOo (Mo Teo-
peMe 1 § 6 ra. II), ux o6lias yacTb TaKKe KOHTHHYYM.
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91oT KOHTMHYYM C ectb JauHHA. UTOGH B 3TOM yGeAMThCH,
MH YCTaHOBHM, YTO TOYKHM KOHTHHyyMa C HMeIOT HHIEKC BeT-
Bnennsa 2, 3 uwm 4.

B BepmnHax OCHOBHOrO TpeyrojnHHKa KOHTHHyyM C WMeeT
#HIeKC 2. B camoM lese, C ONHONH CTOPOHHI, NMPH BCAKOM n Tpa-

1 .
HHALA %-OKPCCTHOCTH BEpPLWIHHEI COCTOUT M3 JBYX TOYEK, CJe-

JNOBaTe/TbHO, MHAEKC BEeTBJEHHA KOHTHHyyMa C B BepLIHHE OCHOB-
Horo tpeyroipHuka < 2. C apyroft CTOpOHEI, IrpaHHMIA BCAKOrO
JOCTATOYHO MAJNOr0 OTKPHITOTO MHOXECTBa, CONEpAKallero Bep-
INMHY OCHOBHOI'O TPeyroJbHHKa, NO/KHA HEMPEMeHHO HepeceKaTh
JBE CTOPOHHI, BHIXOIALIME W3 3TOH BEPUIHHH, OTKYAa ClenyeT,
YTO HHAEKC BeTs/eHHs KouThHyyma C > 2. Conocrasigas 06a
fIOJlyYeHHBIX HEPABEHCTBA, HAXONHM, YTO HMHAEKC BeTBJEHHA KOH-
THHyyMa C B pacCMaTpHBaeMHX TOYKaX paBeH 2,

B BeplIMHAaX TPeYroJbHMKOB BCEX DAaHTOB, MOJYYalOLHXCA
fIpH MOAPAa3Je/ieHH OCHOBHOTO TPEYroJbHHKA, WHIEKC BETBJEHHS
xontuHyymMa C pased 4. [lycth x—OnHA W3 TaKHX BEepIIHH.
%‘-oxpecr-
HOCTH TOYKH X COCTOHT M3 YEeTHIpeX TOUYeK — BEpIIMH TeX IBYX
TPEYroJLHUKOB 7-T'0 paHra, obuieft BepIUMHON! KOTOPHIX SBJIAETCH
Touka x. ClenoBaTenbHO, HMHIEKC BeTBJEHHS KOHTHHyyMa C
B Touke x << 4.

C npyro#t CTOpOHH, ecau k — HauMeHblllee YUC/I0, O/ KOTO-
poro TOYKa X SABJSETCA BEPIUMHOM TpeyroibHHKa 2-ro paHra, TO
CYLIECTBYET ellle OJHH TPeyroJbHUK KR-ro paHra, A KOTOPOro
TOYKA X TaKiKe sBiaseTcd BepunHo#. CienoBaTe/bHO, U3 TOUKH X
UCXOAAT YeThipe OTPe3ka — CTOPOHH TPEYTOJbHUKOB R-ro paHra,
uMelomux x coeft oGuwe#t BepmuHO#i. ['panuila BCAKOro 10CTa-
TOYHO MaJIOr0 OTKPHITOTO MHOXECTBAa, CONEPXKaLIero TOUKY X,
JO/KHA TiepeceKaThb 3TH OTPe3KH, M MOTOMY HHIEKC BETBJEHHS
xoHtnHyyMa C > 4. ComnocraBnss 006a HepaBeHCTBAa, NMPHUXONHM
X BHIBOLY, YTO HHIEKC BeTBJEHHS KOHTHHyymMa C B BepIUMHAX
TpPeyroJbHAKOB BCEX PAHrOB paBeH 4.

Haxkoueu, ecau x-— nmponsBoibHas TOuka KoutuHyyma C, He
SIBASIOLIAACA BEPLINHOX HH IJS OCHOBHOTO TPeYro/bHWKa, HH IJId
TPeYroJbHUKOB IMOApasie/eHnsd, TO HHIEKC BETBJEHHS KOHTH-
HyyMa C BO BCiko# Tako#t Touke paseH 3. B camom nene, npu
BCAKOM 1 Halinetcd TpPeyroJbHHK n-rO paHra, BHYTPH HJH
Ha CTOPOHE KOTOPOrO JeXHT TOYKa Xx. ['pannua OTKpHITOro

Torna, ¢ onHo#t CTODOHB, NpH BCAKOM 7 TPaHUNa
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MHOXECTBA, COCTOALIErO M3 TOYeK KOHTHHYYMa C, KOTOphIe JexaT
BHYTPH OKPYXKHOCTH, OMHCAHHOH OKOJIO YKa3aHHOTO TPeyro/nbHHKa
n-ro paHra, CONEPXKAUIEro TOYKY X, COCTOMT M3 TPEX TOUeK —
BepIIMH YKa3aHHOTO TpeyroibHuka. Tak Kak nuamerp 3toro
OTKPHITOrO MHOXECTB2 HalJexalluM BEIGOPOM 7. MOXHO CleJaTb
KAK YrOLHO MaJbiM, TO OTCIOAA C/AENYeT, YTO HHAEKC BETBJIECHHS
konutunyyma C B TOouke x He Gonee 3.

C npyroft CTOPOHBI, A9 KaxAO# TOUKH X MOXHO YKa3aTh
TaKylo NOCHeN0BaTe/bHOCTb TPEYTONLHAKOB, COMEPKALINX TOUKY X,
B KOTOpOR KaxIbifi NOCJAenyOWH# TPEYroJbHHK COLEPKUTCH
B nmpeiabiayuwieM. Touka x 4BAAETCA NPENENbHOM TOUKOH A/s
BEPLIMH TPeYTOJbHHKOB ITOH MOCAeN0BaTeNbHOCTH. Kawanie nsa
COCEJHHX TPEYroJbHUKA NMOCAeN0BATE/ILHOCTH HMEIOT TOJILKO OLHY
o610 BepUIMHY, 4 JBe APYrHe BEPLIHHH MNOCAEAYIOUIEr0 Tpe-
YroJbHHKA JIeXaT Ha CTOPOHAX mpeabiayuiero. Vs orpeskos CTo-
POH TPEeyroJbHUKOB, NMepeceyeHHEM KOTOPHIX ABJIETCA TOUKa X,
Mbl MOXEM COCTABHTb TPH GECKOHEYHO 3BeHHbIe JIOMaHLie JHWHHH,
A7 KOTOPHIX TOYKA X sBJASETCH MpefeabHOft TOouko#. DTH J0OMa-
HHE COCTABJSIOTCS U3 OTPE3KOB CTODOH, HAYILMX OT BEpIUHH
npelblAYLIEro TPeYroJbHHKA K BepIUMHAM mocienyiouiero. Tpu
MOJyYeHHBE TaKuM OOpAa3OM J/IOMaHble He HMe0T HHKAKHX
o6uMx TOUEK, M TAK KaK TOYKA X SBJAETCA INpelesbHOH %
Kaxno#t M3 HHX, TO TpaHula MOGOro OTKPHITONO MHOXECTBa,
conepkallero TOYKy X, NO/MKHA HepeceKaTb KakAyl M3 STHX
nomanbix. ClenoBaTesibHO, KOHTHHYYM C B TOYKE X HMMeET HHAEKC
serBieHus > 3. Conocrasass o06a HepaBeHCTBAa, NpPUXOLUM
K BEIBOY, YTO B TOUKE X KOHTHHYYyM C HMeeT HHIEKC BETBJeHHS,
pasHbI#t 3.

3ameuanue 1. Ecam Ml paccMOTPHUM MHOXECTBO, COCTOSI-
mee ¥3 NBYX KOHTHHYYMOB C; M C,, KakIbif W3 KOTOPBIX roO-
MeomopdeH KOHTHHYyMy C mpeneiayuiero mnpumepa 11 u korto-
pble He HMEIOT HHKAKMX ADYTrHX OOLUIMX TOYEK, KPOME TOueK,
COOTBETCTBYIOIUNX BEPLINHAM OCHOBHOrO TpPEYroJbHHKA KOHTH-
HyyMa C, TO MONy4YHM HpHMep JIHHHMM, COCTOAule#l H3 TOuek,
MMEIOLINX HHIEKC BeTBJeHus 3 u 4.

3amMevuanue 2. He6GoabuiHM BHIOMSMEHEHHWEM MNpelbILYy-
Iero TpuUMepa MOXHO JOGHTbCS TOrO, uTO JuHUS C OyldeT WMEeTb
TOJIbKO TOYKM C MHAEKCOM BETBJEHHA 2 uJau 3.

Iag 3Toro A0CcTaToyHO GpaTb He CpefHHe JIUHHH TPeyroib-
HHKAa, a HampHMep, OTPE3KH, COEIHHSIOLIHe TOYKH, OTCTOSIIME
OT BEpIUHH TPEYrOJbHHKOB Ha lfg NJMMHH HMX CTOPOH, H BHOpa-
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CHIBATb BHYTPEHHHE TOYKM MOAYYAIOUINXCH MPH 9TOM MPABHAbHLIX
uIeCTHYTOJbHUKOB (uepT. 19).

Yepr, 19,

§ 3. JluHHH KOHEYHOro BETBJEHHS

Te mouxu aunuu, unlexc 8emsAenuss Komopux Gossute 2
(6 moxm 4ucne u mMOUKUW C HEOZPAHUYEHHHIM 1 OCCKOHEUHbIM
undexconm semsaenusn), mu Hazsasu (§ 2) mouxamu semsae-
Hus OGHHOU AuHUW, Q@ Me MOYKU, UHOEKC BemBAeHUSL KOMO=-
pux pasen 1,— KOHYeSHLMU MOYKAMUE AUHUL.

Tpenpiayliue NpUMeps MOKA3LIBAIOT, HACKOLKO PasHOOGpas-
HBIM MOXeT GbLITb CTPOEHMe JHMHMH B 8aBHCHMMOCTH OT HAJIWYUSA
y HUX TeX HJM HHHX ToueK BerBJeHus. He MMes BO3MOXHOCTH
OCTaHOBHTbCS 31€Chb HA BCEM MHOroo6pasvH CBOHCTB JMHUH, CBfi-
3aHHBIX C MX BETBJSHHEM, MBI OFPaHHYHMCH PACCMOTPEHHEM TOJIbKO
TAKMX JIMHMH, KOTOpble HMEIOT JHIIL KOHEYHOe YHCJO TO4YeK
BETBJEHHA, B KaXIOH M3 KOTOPDHIX HHIEKC BETBJEHUA KOHe=
yeH. Takue JuHAH Mbl OylNeM HAsbBaTb AUHUAML KOHEYHO20
8emsnerusn.

B stoM mnaparpaje MB yCTaHOBHM psn (aKToB, KOTOpHIE
NOKa3bIBal0T, HACKOJbKO IMyGOKO XapaKTepH3YeT JHMHHIO MOHATHE
HH]EKCa BETBJEHUS.

OkKa3biBaeTcs, YTO €CAM Y JHHAA COBCEM HET TOYEK BeTBJAE~
HUSA, T. €. €C/IM B KaXKIOH TOUKe JMHHM MHIEKC BeTBJEHUA paseH L
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HIM 2, TO 5Ta JMHHA eCTb Ju6O0 MpocTas Ayra — TOMNOJOrHYeCKUuf
o6pa3 orpeska, JAM60 NPOCTasd SaMKHyTas JHMHHsS— TOMOJOrH-
yeckuit o6pas okpyxkHOCTH. IlpH 3TOM, eCiM HHIEKC BETBJEHHS
JVHHM BO BCEX TOUYKAaX pPaBeH "2, TO JMHUA SBJAETCS TONOJIOrH-
yeckHM 06pa30oM OKPYIKHOCTH (NpOCTast 3aMKHYTas JHMHHA); ECH XKe
y JMHMH €CTb KOHUeBble TOYKHM (MpH ITOM 1OKA3bIBAETCH, UTO
X HeMpeMEeHHO NOJKHO ObTb fABe), TO JHHHA OyJeT MPOCTOH
nyrou.

Ecau nvHMS WMeeT JMIUb KOHeYHOe 4YHCJIO TOYEK BETBJIEHHS,
npuyeM HHIAEGKC BETBJCHHA KawIOH W8 HHX TaKkKe KOHeueH, TO
TaKas JIHHAS MOXeT GHITb Pa3OMTa Ha KOHEYHOE WYHCJIO MPOCTHIX
AyT, He MMEIUX MONAPHO HMKAKHX NPYruxX OOLIMX TOYEK, KpOME
CBOHUX KOHILLOB.

JloKa3aTeAbCTBO BCEX ITHX yTBepKAEHHH OCHOBAHO HA LOM,
410 JMoObie JBe TOYKH JHHHH KOHEYHOrO BETBJEHHS MOTYT ObITH
CoelMHeHb TNpOCTO# ayroft. 31O ke NOCAefHEE YTBEPHKACHHE
(8 cuny Tteopemb 3 § 6 ra. II) BoiTekaeT M3 TOro, YTO JMHHS
KOHEYHOTO BETBJEHUS eCTb JOKAJbHO CBA3HbI# KOHTHHYyM. C 10-
Ka3aTeJbCTBA STOTO MpPELJIOKEHHS Mbl M HAUHEM BHIICHEHHE Crpa-
BeJLJIMBOCTH BCeX BHICKA3aHHBIX BhIlllEe YTBEPKIEHUH.

Teopema 1. Ecau c8a3H0e MHOJNCECMSO uMeem KOHeY-
Hblli uHOeKC 8emBAeHUA 8 KA%CO0H c80eli mouxe, mo amo MHO-
JiCecmso AOKAALHO CBA3HO.

Ilas pokasaTenbctBa 3TOH TeopeMbl HaM MOHANOOUTCA CJe-
Iylollas mpocTas

NNemma. Ecau nmuoxncecmso M ne mosicem Ovimp npeo-
CMQ3.aeHo 8 8ude CYMMb. N CBA3HBX MHOYcecms (T. €. eClH
NpH BCAKOM MNPENCTaBJEHHH MHOXKecTBAa M B BHAE CYMMH 7
cjiaraeMblX MO Kpalheit Mepe ONHO M3 9THX C/laraeMbiX He Oyner
CBASHO), mo MHOJCecmso M modcem Ovims npedcmasiero
8 sude cymMmu n--1 3amknymsix (omuocumeasno M) mro-
Jicecms, He UMEIOUUX NONAPHO O0wux MmoHex.

B camom nene, ecad MHOXeCTBO M He CBf3HO, TO OHO, MO
onpene/eHno, NMpPeACTaBaAeTcs B BHAe CYMMbl ABYX SaMKHYTHIX
(oTHocuTebBHO M) caaraemMblX, HE HMeOIIMX OOLINX TOYeEK.
Takum o6pasoM, Hamia JemMma cnpaseasuBa npu n=1. Tlpen-
fO/MIOXKHM, YTO JieMMa YXKe NOKasaHa IJa Bcex uucea oT 1 no
n—1, u noKaxeM ee AJA yucaa n.

Wrak, npennosoxuM, 4T0 MHOXECTBO M He/ib3s NPEACTABHTH
B BHIE CYMMbl n CB3HLHIX cjlaraeMblX. B TakoM ciayuae ero H
NOJLABHO HeAb3S NPEACTABHTb B BUAE CYMMbl 72— 1 CBA3HHIX CJa-
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raeMpix. HoO TOrAa B CH/Iy MHAYKTHBHOTO NPENNOJIOXKEHUs MHO-
xectBo M eCTb CymMMa

(n—1)4+1=n
NOMAPHO HEMepeCeKaloUUXC 3AMKHYTHX MHOMXECTB
A, Ay ..., A,

Tak Kak MHOXeCTBO M Henb3d mNpenCTaBUTh B BHAE CYMMH 7
CBIBHBIX CJ1araeMblx, TO MO KpaiiHe#t Mepe OIHO H3 MHOXECTB
Ay, Ay, ..., A, HecBssHO. [lycTh 3TO Gyner, HampuMmep, MHO-
kectBo A,. Toraa ero MoxHO NpeiACTaBUTb B BHAE CYMMBI ABYX
HeMmyCTBIX 3aMKHYTHIX OTHOCHTENbHO A,, a CJAel0BaTeNbHO, H
OTHOCHTE/NbHO M, MHOXeCTB A; uAa, +1» HE HMeloUInX o0wux

toyek. Taknum oGpasoM, Bce MHoxkecTBO M mnpeacraB/sercs
B BHJE CyMMbl #-}-1 3aMKHYTHIX MHONKeECTB
A, A, ..., A, A

n+1’

He MMeIOIIMX MOMapHO OOLIMX TOueK.

Hawa nemMma nokasaHna.

[MepefineM Tenepb K nOKasatenbctBy TeopeMul 1. Ham HyxHO
JI0Kas3aTh, YTO KakoBa Obl HH OHJAa TOYKAa X MHOXKeCTBA R H
OTKpHITOe MHOXecTBO U/, comepikauiee TOYKY X, CYILECTBYeT
CBA3HOE OTKPHITOZ MHOMECTBO V, conmepikauiee TOYKY X M CO-
nepxaieecs B U.

Tak Kak MHOXeCTBO R MMeeT KOHeYHHH HHIEKC BeTBJIEHHS
B KaXIOH CBOeft TOuke, TO CylLleCTByeT OTKpHTOe MHOXKeCTBO G,
cojepxalllee TOYKY X M COlepxaiieecss B MHOxectBe U, rpa-
HHIA KOTOPOrO COCTOHT M3 KOHEYHOrO UYHMCJ/Ia TOYeK

al, a2, “ e ey an.
JlokaxeM mpexne BCEro, YTO MHOMKECTBO
G=GUag UaU...Ua,
MOXeT ObITb MpENCTaBAEHO B BHIE CYMMBI 7 CBS3HBIX MHOXECTB.

l'lpelmonomuM, YTO 3TO He TaK. TOorna Ha-OCHOBaHHH TOJNBLKO UTO

JOKa3aHHOH JIeMMBI MHOXeCTBO G MOXeT OHTb NpeACTaBIEHO
B BHIe CYMMH f~}1 HemycTHIX NONapHO HemepeCeKalOLIUXCS
3aMKHYTHX (OTHOCHTENbHO G, a cnenoBaTebHO, M  OTHOCH-
TelbHO R) MHOXECTB

B, By, ..., By
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Hu onHo M3 3aMKHYTBIX MHOXECTB
By, By, ..., Bpyy

He MOXeT LleJUKOM COAepKaThCs B OTKPLITOM MHOXeCTBe G, Tak
Kak, ecad Gbl, HanmphMep, MHOXeCTBO B, corepxanock B G, TO
BCE MHOXECTBO R MOXHO OHlJIO 6Gbl NMpPENCTaBHTb B BHAE CYMMBI
IBYX HENmyCThIX HenepeceKalouMXcs 3aMKHYTHIX MHOXECTB

B,

1
)24

B,UByU...UB;_;UB;;;U...UBp.; URNG),
BonpekH cBasHocTH R. HO pa3 HM OIHO M3 MHOXeCTB
By, By, ..., By,

COCTaB/AIOIIAX B CyMMe G, He CONEpKUTCA 1eJukoM B G, TO
Kaxaoe W3 HHX CONEPXKHT N0 KpaliHe#t Mepe OnHY TOUKy rpa-
HHIB MHOXecTBa (G, T. €. ONHY W3 TOUYEK

a,, @y, ..., G,

Ho 3To HeBO3MOXHO, Tak Kak BceX MHOXeCTB B y Hac n-}-1,
a TOYEK @ TOJBKO n, MpHYeM HUKAKHE 1Ba MHOXeCTBa B o6umux
TOYEK He HMEIOT.

[MonyyeHHoe mpPOTHBOpEYMEe BLIHYXKAAET HAC CHelaTh BHIBOL,

YTo MHOXeCTBO G Henb3s MNPeACTaBAThL B BHIe CyMMH n -1
HeNmyCTBIX 3aMKHYTHIX MHOXECTB, He HMEIOIHX MONapHO OGLIKX
ToueKk. B cuay npenbinyuieft JeMMBl OTCI0Aa, B CBOIO Ouepelb,

cilenyer, 4t0 MHOXecTBO G MOxeT ObiTh NPENCTaBJAEHO B BHIE
CYMMB He GOJiee YeM s CBA3HHIX CaaraeMbiX. [1pennosoxuM, 4to
YHCJO 3THX CJaraeMblXx paBHO R. BafB 3aMbikaHHe KaXHOro M3

9THX CJaraeMblX, Mbl MNpeNCTaBHM B3dMKHYTOE€ MHOXECTBO G
B BHIOE CYMMEI k CBABHBIX 3aMKHYTBIX MHOXECTB

F,, Fy, ..., Fy (1)

OGoanaunm uepes C, CyMMy TeX B3aMKHYTHIX MHOXECTB CHCTe-
Mbl (1), KoTopHe comepxkaT TOuKy X. TOUKAa X NpHHAAMEKHT
MHOXecTBy G. Tlostomy, ecam Mbl BHuTeM W3 G Te 3aMKHYyTHe
MHO}XecTBa CHCTeMH (1), koTophie HE COLEpIKAT TOYKH X, TO IO-
NyYAM OTKDHITOE MHOXeCTBO [7(X), cOlepXaulee TOUKY X M
conepixatlieeca B C,,.

Urak, Mn goKasanu, 4yto Kakoa Ol HH OBlJIa TOYKA X MHO-
KecTBa R WM cojepxaimee ee OTKpHTOe MHOMecTBO U, Bceraa
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MOXHO HaWTH TaKOe CBSI3HOE MHOXeCTBO C, M TaKOE OTKpPHITOE
MHOXKeCTBO F (x), utO

x € H(x)cC,cU.

OGo3naunm uepes V HauboJblliee CBS3HOE MHOXKECTBO, COLEp-
Xaulee TOUKYy x M conepxaiteecs B U 1), Vmeem npexne Bcero

Cp,cVcU.

JlokaxeM, 4TO MHOXeCTBO V sIBASeTCS OTKDHITHIM.

[Mycts y-—mpousBoibHas Touka MHoxectBa V., Torna no
NpeABAYIIeMY IJs Hee MOXHO HAHTH TaKOe CBSi3HOE MHOXe-
ctBo C, M TaKoe OTKpbTOe MHOXecTBO H (y), uTO

YEH@y)=C,cU.

Tak xak V u C,—CBsi3HblE MHOMKECTBA, HMEIOLIME OOLLYIO
TOUYKY ¥ H conepmaumecu B U, T0 U uxX cyMmma

vuc,

€CTb TaKe CBSI3HOE MHOXeCTBO, coiepixkaueecs B U. Ho V
ecTb HauGoJbllee CBS3HOE MHOXECTBO, COLepxallee TOYKY X H
conepxaiteecas B U. CienoBarelbHoO,

c,cV.

Takum 06pa3oM, AJs BCAKOHt TOUKM y CBSIBHOrO MHOwecTBa V
HafileTcs OTKpbITOe MHOXecTBO F(y) Takoe, uTO

yEH()=V,

CirienoBate/ibHO, MHOXKeCTBO V' MOXeT GhITb NPENCTaBJEHO B BHIE
CyMMBl OTKPHITHIX MHOXecTB FI(y), LEIHKOM conepxKaumxcs
B V, ¥ noroMy caMo MHOXeCTBO V Takke SBJSETCH OTKDBITHIM
MHOKECTBOM.

Takum o6pa3oM, I BCAKON TOUKH X H COAEpHKaLIero ee
OTKPHITOr0 MHOXeCTBa U Mbl HallJIH CBS3HOE OTKPHITOE MHOXeE-
cTBO V, comepxallee TOYKY X u colepxaueecs B U, ueM u
IOKa3aHa JIOKa/bHAas CBS3HOCTb MHOXeCTBa R.

Teopema 2. Ecau xonmunyyn C 8 08yx moukax a u b
umeem undexc semsierHus 1, @ 80 8Cex OCMAALLHBLX MOYKAX
IMO20 KOHMUHKYYMQ UHOECKC BemBAeHUS paSexn 2, MO KOWmu-
Hyyx C ecms npocmasn 0y2a ab.

1) V ectb cymMma Bcex CBASHEIX MHOXECTB, CONEPHALMX TOUKY ¥
u colepxamyxcy B MHOoxecTee U,
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JdokasateabcTBO. Tak Kak KOHTUHYYM C BO BCEX TOY-
KaX MMeeT KOHEYHbIH HHIEKC BETBJIEHMS, TO OH JIOKAJbHO CBfi-
sed. CnenoBaTelbHO, Kahkible ABE €ro TOYKH MOTyT ObITb CO-
enuHeHn npocroi ayro# 1). [Tyctb ab—npocras ayra, coeaunsionias
TOuKH a ¥ b. TlpennosoxuM, BOMPEKH YTBEPKICHHID TEOPEMBI,
Y10 KOHTHHYYM C COZEPXHT TOYKY ¢, He NpHHALIEKAULYI0
ayre ab. B cuay sokanbHOM CBSIBHOCTH- KOHTHHyyMa C TOUYKY ¢
MOXHO COENMHHUTb C TOYKOM @ mMpOCTO#H nyroit ac.

OGosnaunM uepes d mocnefHIOl0 TOYKY AYrH ac (cuuras
B HANMpPaBJEHHH OT & K ¢), B KOTOPOH 1yra ac BCTpEYaeT
ayry ab.

Eciu Touka d He coBmajaeT HM C OJHOH M3 TOYEK @ WM b,
TO B TOuKe d KOHTHHYyM C MMeeT WHIeKC BeTBJeHHs > 3.

B camoM pene, Bo3bMeM OTKphiTOe MHOMECTBO (G, colepika-
uiee TOYKY d ¥ HACTOJABKO Maloe, YTO TOUKH a, b w ¢ He mnpu-
Hangexat eMmy. M3 Touku d ucxomsaT TpH AYTH, He MMeEIOLLHe
nonapHo obwux Toyek: nyr¥ da u db, BMecTe COCTaBJfIOLIME
ayry ab, u nyra de. Tak kak ayru da, db u dc cyTb cBssHbiE
MHOXKECTBa, COeluHsOLIHe TOYKy d OTKpHTOro MHOxectBa G
C TOUKaMH a, b ¥ ¢, He MPUHALJEXKAILUMH STOMY MHOXKECTBY,
TO OHHM NOJOKHBI NepeceKaTb FPAHHILY OTKPHITOro MHOxecTBa G.
CrenoBate/ibHO, TPaHHMLA BCAKOTO NOCTATOYHO MAJOrO OTKPHITOTO
MHOXECTBa, COIepHKalllero TOUKy d, CONEPIKHT IO Kpaitueit Mepe
TPH TOYKH, BONMpPEKH MNPEANOJOKEHNIO, YTO TOYKA @ KOHTHHY-
ymMa C uMeer uHIeKC BeTBJeHHs, paBHbifi 2. Ecium Mb npenmo-
JIOXHM, uYTO Touka d coBmagaeT C ONHOR M3 Touek a WM b, TO
YBHIMM, YTO 3Ta Toyka OyaeT HMeThb HHIEKC BETBJEHHs, paB-
Hetit 2. TpeanonoxuM, Hanpumep, yTo Touka d COBNajaeT C TOu-
ko#t a. Toraa rpaHuia OTKPHTOrO MHOXecTBa G, COZepKallero
TOYKY d, U HACTONBLKO MAJOro, YTO TOYKH b M c JekaT BHE ero,
nepecekaeT Kak Ayry ab, Tak W AYTY ac, W, CIe10BaTe/bHO,
TOYKa d, cOBmajawlias, Mo NpeinoJOKEHHI0, C TOUKOH a, HMeeT
MHIEKC BeTBJIEHHMS, PaBHHIH 2, UTO MPOTHBOPEYHT YCJIOBUIO TeO-
PeMbl, COrJacHO KOTOpPOMY MWHIAEKC BeTBJEHHs KOHTHHyyMa C
B TOYKe @ paseH 1.

Hrak, npeanonaras, yTo KOHTHHYYM C COLEPKHT TOUKY C,
HE MpHHAJJeXalyly ayre ab, Mbl BO BCeX CayyasX MNPUXOLHM
K TPOTHBODEUYHIO C ycJOBHAMH TeopeMbl, (C/e10BaTe/bHO, KOH«
THHYYM C coBnanaer ¢ ayro# ab,

) Ta. I, § 6, Teopema 3,
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Teopema 3. Ecau sce mouxu ronumunyyma C umeiom
undexc 8emsaenusn, pasuuiy 2, mo Koumunyyx C ecms npo-
cmas 30MKHYMAS AUHUSA.

HokasateabctBo. Buume (ra1. I, § 6, Teopema 4) mu
JIOKa3a/H, YTO BCAKUH KOHTHHYYM C COLepXHT No KpaliHe# Mepe
IBe TaKWe TOYKH a W b, KoTopble ero He pa3buBawT. DTO 3Ha-
YHT, YTO Kaxnoe u3 MHoxkecTB C\a W C\ b sBIsieTcs CBS3:
HbIM, Tak Kak B HallleM c/yuyae BCe TOYKM KOHTHHyyMa C HMEOT
KOHEYHBbIff MHIEKC BeTBJeHHs, TO OH JIOKaJbHO cBsideH. Cueno-
BaTe/JbHO, JMOObe 1Be €ro TOYKH MOXHO COeIMHHTb NPOCTOMH
ayro#t. CoenunuM mnpocToit Ayrof Touku a u b, KoTopbie He
pas6uBaloT KOHTHHYYM C.

B xoutunyyme C Hafiiercs TouKa ¢, He NpHHapJIexallas
ayre ab, Tak Kak_ecam Obl KOHTHHYyM C coBmajaj C mpoOCTOMH
ayrot ab, TO TOUKH @ W b 3TOrO KOHTHHyyMa uMenu Gbl HH-
IeKC BETBJIEHHS, PaBHHI{l 1, YTO MPOTHBOPEUHUT YCJOBHIO TEOPEMBI.

Tak Kak Toyka @ He pasbuBaer KOHTHMHYyM C, T. e. OT-
KpbITOe MHOMXecTBO C \\ @ CBSI3HO, M TaK KaK, KpOMe TOro, 3TO
MHOXECTBO JIOKa/JbHO CBSI3HO, NMOCKOJABKY BCE €r0 TOUKH HMET
KOHEYHBII MHIEKC BeTBJEHHS, TO TOYKH O U ¢ 3TOrO MHOXECTBa
Moryt ObITb CcoenuHeHbl mHpocTORt nyro#t bc, He comepxkauieh
TOYKY @. TOUHO Tak ke IBe TOYKH @ U ¢ CBS3HOrO M JOKAJbHO
CBSIBHOTO OTKPHITOr0O MHOXecTBa C\\ b MOryT GHITb COEIHHEHHI
npocro#t ayro#t ac, He conepxauieft Touky b.

IlokaxeM mnpewxne Bcero, uto nyru ab, bc u ca He Moryr
MMeTb TONAPHO APYTrHX OOLIMX TOYeK, KpOMe CBOMX KOHIIOB.
Moxkaxem, HanpuMep, 4TO AYTH ca@ W cb He HMEIOT HHUKAKUX ApY-
rUX O6LMX ToYeK, KpoMe TOYKH c. IIpenmosoxuM, uTO 3TO He
TaK, ¥ nycTb d — nocJjefHsis TOYKAa Ayru ca (CuuTas oT ¢ K @),
npuHanjexauias ayre cb. Ilyctb G — npousBoIbHOE OTKPBITOE
MHOXeCTBO, cojepxaiiee TOYKy d W HAacTOAbKO Majoe, YTOOHI
TOYKH @, b W ¢ Jexanu BHe 3TOrO OTKPHITOrO MHOXecTBa. M3
TOUKH d MCXOXAT Tpu nyru: nyru db u dc, Ha KOTopsle TOuka d
IeMMT nyry bc, u nyra da, He uMeiol¥e NMOMAPHO HUKAKUX ADPY-
rux oOwHX TOYeK, KpoMe TOUKM d. I'paHMLAa OTKPHLITOrO MHO-
KectBa G mepecekaeT Kaxaylo u3 9Tux Ayr. ITostomy Touka d
KOHTHHyyMa C WMeeT MHIEKC BeTBJIEHHs > 3, BONPEKH YCJIOBHIO
TeopeMbl. [lonyueHHOe mnpoTHBOpeuyMe. MOKA3LIBAET, YTO LYTH ca
U cb He HMEIOT HMKAKUX APYrux OOLIMX TOYeK, KpOMe TOYKH C.

MHb nokasanu, 4TO Ayru ab, bc W 'ca He UMEIT HUKAKHX
Apyrux OOWMX TOYeK, KpoMe CBOHX KOHIOB, CJeNoBaTelbHO,

8 Sar. 1377. A. C. NapxoMepko
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CyMMa STHX TpeX NYyr eCTb MpPOCTass 3aMKHyTas JuHus L. Mst
NO/KHBI NMOKAa3aTh Tenepb, YTO KOHTHHYYyM C He COLEpPXHT HHU-
Kakux INpYTHX ToueK, KpoMe Touek Juwuu L. IIpennonorkum
npotuBHOoe, M MycTb d OyneT TouKa KoHTMHyyMa C, He TIpH-
Hapaexauas auHun L. CoenuHuM Touky d C Kako#-uubynb TOY-
Kolt JuHMM L, Hanpumep C TOuUKo# @, mpocro#t ayrok ad u 0Go-
3HaYMM Yepe3 e MNOCJeNHIO TOUYKy nyru ad (cuutas oT a K d),
B KoTopo#i nayra ad BcTpedaer aunuio L. Iloabsysach MeTomom,
HEONHOKPATHO MPHMEHABWINMCA BHIIIE, JOKa)XKeM, uTO TOYKa e
GyneT UMeTb MHLEKC BETBJIEHHS > 3 BONMPEKH YCIOBUID TeOPEMbI*
CnenosartelbHo, B KOHTHHYyMe C HeT HH OHOH Touku d, He TpHU-
HalJiexalllel JuHAM L, ¥ HaM ocTaeTcs NOMYCTHTh, YTO KOHTH-
HyyM C coBnanaer C MpOCTOH 3aMKHyTOR JunHe# L.

Teopema 4. Ecau aunusn He codepicum mouex semsie-
HUusg, M. e. uHlexc sems.enus 6cex ee mouex < 2, mo AUHUS
AsAsemcs au60 npocmol 0y20i, Au60 npocmol 3aMKRYmOl
auHuel.

JloxasaTeabcTBO. Ecan qmuusa L, He comepxkailas TOYEK
BETBJIEHHMS, He }MeeT KOHLEBHX TOYeK, T. €. BO BCEX TOYKaX
JIMHAW MHIEKC BETB/JEHWs paBeH 2, TO Ha OCHOBAHHH TeOPeMH! 3
L ectb mpocrtas 3aMKHyTas JIMHHS.

Ecan ke auHus L, He coldepikallas TOYeK BETBJICHHS, MMeeT
IBE KOHLEBbIE TOUKHM, TO MO TeopeMe 2 9Ta JHMHHS eCTb MPOCTas
nyra. TakuM 06pa3oM, 4TOOB 3aKOHYHTb N0Ka3aT€JIbCTBO TeO-
‘PeEMBbI, HAM HYXHO NOKa3aTb, YTO ecAu AuruUf L ne codepacum
mouex BemSAeHUs, MO OHA AUGO CO3CeM He UMeem KOHYEBuLX
mouer, 460 umeem moAbKO 08 KOHUeve MOUKU.

Yt1o661 B 9TOM yOenuThCs, Mbl LOMKHH [0Ka3aTh CAELyIOLLue
IBa yTBEPHJCHUS:

1°. Ecau aunus L umeem mossko 0OOHY KOHUESYI MO%UKY,
mo ona umeem nO Kpalinel Mepe OOHY mMOUKY BemMBACHUS.

2°, Ecau 4UCA0 KOHYe3ux mouex sunuu L Goavwe 2, mo
HQ AURUL HenpeMeHHO uMeemcs no Kpalnell mepe 00Ha mouxa
8emsaeHus.

Hoxaxem yTBepxaenne 1°. Tpeanonoxum, yto iunus L uMeer
TONbKO ONHY KOHLEBYIO TOUKY a. Tak Kak L — KOHTHHyyM, TO
no nokasaHHoMy 1) Ha HeM HMeeTcs MO KpaliHe# Mepe 1Be TOYKH,
KOTOpble ero He pasOuBAIOT,

) Ta. 11, § 6, Teopema 3,
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OGo3HauuM uyepe3 b TOUKY JuHMM L, OTIMYAYI0 OT TOYKH @
u He pasbuaiomy Junu L. Tlpenmosnoxum, Bonpeku yTsep-
xaennio 1°, yTo JMHUA L He MMeeT TOYeK BETBJEHMS, T. €. 4YTO
WHIEKC BeTBJeHMs JuHMH L BO Bcex ee Toukax << 2. Torza
auHug L OGyZIeT JOKa/IbHO CB3HA M NOTOMY BCSIKME NBE €€ TOYKH
MOXHO COeIHMHHMTb NPOCTOH nyroi.

Coenunum npocToft ayroft Touku @ u b. Ha munun L umeioTcs
TOUKH, He MpPHHAJJeXauue ayre ab, Tak Kak ecau Obl jaunus L
coBmanana c nyro# ab, To y Hee OblIO Obl J1Be KOHIIEBhie TOUKH @
u b, BONpEKH NpPenNOJIOKEHHIO.

Mycth ¢ — Touka JnHuM L, He mpuHanjexamas nyre ab. Tak
KaKk Touyka b He pasbuBaer JuHHIO L, T. e. MHOxeCTBO L\ b
CBSI3HO (M JIOKAJbHO CBfI3HO), TO TOYKY @& MOXHO COENMHHTH
C TOYKOH ¢ MpOCTOH Nyro#t, KOTOpas LEJIUKOM JEXKHT B OTKPHITOM
MHOXecTBe L\ b M, C/e10BaTeNbHO, He cOnepHUT Touky b. OGo-
3HauuM vepe3 d MOC/IENHIOI0 TOYKY AYrd ac (CuuTtas OT a K ¢),
B KOTOpPOH 9Ta Ayra BCTpeyaer Ayry ab.

Touka d He MOXeT cOBmazaTh C @, TaK KaK B 3TOM cjyuae
MHIEKC BETBJIEHHS TOYKM @ Obla Obl paBeH 2, BONPEKH Mpearno-
JIOXEHHI0, YTO @ — KOHlleBas Touka. CJenosatejbHO, TOuka d
OT/IMYHA OT TOYKH a. B TakoM ciayuyae B TOuke d auHMs L uMeer
MHIEKC BeTBJAEHHS >3, TaK Kak rpaHuua mo6Goro AOCTaTOYHO
MaJioro OTKPLITOrO MHOXECTBa, COIepallero TOYKy d, HMeeT
¢ Junuelt L mo kpafiHe#t mMepe Tpu oOlLHe TOYKHM: NBe M3 HUX
Jexar Ha Ayrax da W db, cocTaBIsiOIMX BMeCTe AYry ab,
a Tperbst Ha ayre dc. CienoBaTelqpHO, d— TOYKA BETBJEHHUS
aunun L. TlosyueHHoe mMpOTHMBOpEYMe IOKA3HIBAET Halle yTBep-
Kaeune 1°.

i noxkasaTennCTBa yTBEpXIEHHs 2° HaM MOHamoGUTCH Cie-
ayowas

Jlemma. Kouyesas mouxa He pas3busaem AUHWIO, M. e.
MHONCECMBO, NOLYyHAOWeeC YOQNCHUCH U3 SURLL ee KOHUesOl
mouKu, C8MA3HO.

[ycts a—koHueBas Touka Jauuuk L. IlpeamonoxuM, uTo
oTkpuToe (OTHOCHTENbHO L) MHOecTBO L\ a HecBs3no. Torza
€r0 MOHO MPEACTaBHTb B BHJE CYMMbI IBYX HEMyCThIX OTKPHITHIX
mMHoxects G u H 6e3 oOWHX TOUeK.

Kaxnoe 13 3aMKHYTBHIX MHOXECTB

G=GUa
" I7=HUa

3%
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cBsi3HO. B caMoM lefe, eClH Mbl MPEANONOXKHM, HANpHMep, YTO
vHokectBO G =G |J @ HecBA3HO, TO €ro MOXHO NPEACTAaBHTh
B BHIE CYMMbl ABYX HEMyCTbiX 3aMKHYTbIX MHOXeCTB P u Q Ges
o6uux Touek. IIpelmoJoXHM, YTO TOYKA @ NMPHHALJEKHT MHO-

KecTBy Q. 3aMKHYThle MHOXeCTBa P u QU H ue umeior o6uwux
Touek M B CyMme coctaBasioT L. Ho 3to mporuBopeuut CBsi3-
noctu L. CaenoBarenbHo, MHOxecTBO G cBiasHO. TOYHO Tak ke

JIO0Ka3biBaeTCad W CBA3HOCTb MHOXECTBA H
IMycte U — npousBOJbHOE OTKPLITOE MHOXECTBO, CoAepxka--

mee TOYKY @ H CTOMb Majdoe, YTO BHE €r0 MMEWTCS KaK TOUKH
MHOXeCTBa G, TaK M ToukH MHOXecTBa H. Tak kak MHO)ecTBa G
¥ H CBA3HB M He WMeIT APYTHX OOLIMX TOueK, KPOMe TOUKH a,
TO rPaHHLA OTKPHITOro MHOXeCTBa U M0/KHA HMETh OOLIME TOUKH
kak ¢ G, Tak u ¢ H. Ho 3TH MHOXECTBA HMMEIOT TONbKO OXHY
o0y TOYKy @, C/leloBaTe/lbHO, rpaHHua MHOxecTBa U mepe-
cexaer MuoxectBa G u H B IBYX pasnuuHbIX Toukax. Mbl moay-

YHIM MPOTHBOPEYHe, TAK KaK, MO MpPENNOJOXKEHHIO, MHAEKC BeT-
BJeHus JuHMHM L B TOouke @ paseH 1. Ocraercd AOMyCTHTb, YTO
MHOXeCTBO L\ @ cBsisHo. Hawa semma nokasaHa.

[epexonuM K 10KasaTeabCTBY yTBepKIeHus 2°,

[lycts a, b, c— Tpu koHueBble TOYKM JunHuM L. Hu onma
U3 HMX He pa30uBaeT JWHMM L, T. €. Kawnoe W3 MHOXECTB

L\a, L\b, L\¢
CB43HO.

Eciu Mbl mpeanosoxuM, 4TO JMHMS L He ¥MeeT TOYEK BeT-
BJICHH, TO OHA JIOKaJbHO CBS3Ha M TNOTOMY KaXabie IBe H3
TOYEK @, b ¥ ¢ MOXHO COeNMHUTb NMPOCTO# AYro#, He colepxauieft
Tpetbelt Touku. VI3 Tpex Ayr ab, ac u bc Kaxabie NBe HMEIOT
obLiye TOYKH, OTAMYHBIE OT MX KOHIIOB, TaK Kak, ecau Obl, Ha-
npuMep, Ayr# ab u bc uMeau TOJABKO OJHY OOLLYI0 TOYKY b, TO
JauHus L uMena Gbl B STOH TOYKE MHIEKC BETBICHUS 2, BONPEKH
NPeAnooXeHno, 4YTO b — KoHueBas Touka. CienoBaTenbHO,
nyra ab u bc umewor obwyio TEUKY, OTauMunylo or b. ITycts
d —mocneansis Touka nyru bc, npuHaniexauias ayre ab. Torna,
KaK W Bbille, NOKaxeM, yTo JuHusg L Oyner uMeTb B Touke d
MHIEKC BEeTBJEHHA >3 u, 3HayuT, d OyleT TOUKO#l BeTBJEHHS.
Ilonyuennoe nporusopeune nokaswiBaeT yTBepIeHue 2°,
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Cruenylollas TeopeMa BHISICHSET T'eOMETPUYECKMH CMBICA
MHIEeKCAa BETBICHHS B TOM CJyuae, KOI'Ja STOT UHAEKC BeTBJEHHS
KOHEYeH.

Teopema 5. Ecau aunus L umeem Koweunoe wucio
moueK BemsAeHUs U UHOeKC 8emBAeHUA KANCOOU MAKOE mowKu
KOHeueHr; mo U3 mMo4Ku B8ems3AeHUS O UHOCKCA N 835X00iMm n
npocmolx 0y2, He UMEIOULUX NONAPHO Opy2ux O0WUX Mmo4ex,
KpOoMe mMOYKW O, npudesm BCAKAS OKPeCMHOCMb MOYKU 0, He
co0epical,an, KpoMe MOl MOYKE, HUKAKUX Opy2ux mouex
8em3AeHUS, COCMOUM U3 mO4eK amux n 0ye.

INlokasaTteabcTBO. Tak kak aunug L B cuay Teopemsl 1
JOKAaJbHO CBSI3HA W MMeeT B TOYKEe O WHIEKC BETBJEHHS 7, TO
CylLeCTBYeT CBSI3HOe OTKPHITOe MHOxecTBO U, 3aMblKaHHe KOTO-
poro He CONEpPKHT HHKAKMX NDYTMX TOYEK BeTBJEHHS, KpOMe
TOYKH 0, a TPaHHMIIA CONEPXUT He MeHee 7 TOYeK.

[Mycte

a, Gy ..., Gy

TOYKM rpaHuus MHOxectBa G,
IMpucoenunss K MHOXECTBY (G ero rpaHHlly, MBI NMOJYYUM

JOKaJbHO CBsi3HbIN KOHTHHYYyM G1), comepxawuit TOYKy o, no
OTHOIIEHHIO K KOTOPOMY BCe MHOXeCTBAa BHIa

U;=5\(a1Ua2U...Ua@-_an@-HU---Uan)
(i=1,2,..., n)

ABASIIOTCH CBSIBHBIMH OTKPBITBIMA MHOXKECTBAMH. B CUJy JIOKajlb-

HO#t CBA3HOCTH KOHTHHYYMa G TOUKY O MOXXHO COENMHHTb C KaxIOH
U3 Touek a;(i=1, 2,..., n) npoctoit ayro# oa; Tak, yTOGHI
Lyra 0a; UeJINKOM CONepXajacb B OTKPHTOM (OTHOCHTebHO ()
mHOXecTBe U; M, cilenoBaTenbHO, He copepajia HM OfHOR u3
TOYeK

@y, Qgyenny @iy, Qppqyeee, Gy (i=1, 2,..., n).

Hyru oa; (=1, 2,..., n) He UMeIOT NMONMapPHO HUKAKUX APY-
rux OGLIMX TOYeK, KpPOMe TOYKH 0. B camoM nese, ecau Obl,
HanpuMmep, AyrH 0a, U 0Q, uMeau oOLLyl0 TOYKY, OTJHYHYIO OT
TOYKH 0, TO 3TO He MOrJaa Obl GHITh HH TOYKA @;, HH TOYKA d,.
Eciv 0603HaunTbh uyepes b moclenHIO TOuUKy AyrH oa, (CuATtas

1} CMm. Teopemy 1,
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OT 0 K @,;), KOTOpas B TO ke BPeMs MNPHHALJIEKHT U NYre 0y’
TO 3Ta TOYKA MMena Obl WHIEKC BeTBJeHHsl, paBHHH 3, TaK Kak
M3 Hee MCXONWAM Obl TPM AYrH, He HMeOIlHe MONapHO OOMX
TOueK: 1YrH bo u ba, BMeCTe COCTaBJSIOILHE AYTY 0ay, U AyTa ba,.
Ho 3TO HeBO3MOXHO, TaK KAaK TOYKAa b NPHHALJAEHKHT MHOXKe-
ctey G, a nHuKakas TOuKa MHOxectBa U, OT/IMYHas OT TOYKH O,
no NPEANONONEHHIO, HE SBJSETCH TOYKOH BETBJEHH.

Taxum 06pasoM, Mb NOKa3a/H, YTO U3 TOYKH O MCXONMT MO
MeHbLIEH Mepe n MPOCTHIX AYT, HE HMEIOLIMX MONAPHO HMKAKHX
Apyrux oOwHMX TOYeK, KpoMe TOYKH o. IlokaxeM Temepb, 4TO
Kax1as TOYKa OTKPHITOro MHOxectBa G NpUHALJEKHT OAHOH M3
sTHX Ayr. [lpeanonoxuM MPOTHBHOe, T. €. YTO MMEETCs TOYKa C,
npuHanjexaiias MHoxectBy G M He Jexaulas HA Ha OLHOM
U3 nyr

oa;, 0a,,..., 0a,.

Torza TOUKY ¢ MOXHO COeNMHHTb C TOUKO# O mpocTo#t Ayroi oc.
Kak u Bbllle, MOXHO NMOKa3aTh, YTO AYra OC He MMeeT HMKAKMX
APYrux OOWMX TOYEK HW C OAHOW M3 .AYT 0@y, 04y,..., 04,,
KpOME& TOYKH 0.

Bo3bMey e-OKpeCTHOCTb TOYKHM O, BHIOMpas e TakK, yToObl 3TO
yuca0 ObIJIO MEHble KaxXIOr0 M3 pAacCTOSHHUH OT TOYKH O IO
TOYEK @, @y, ..., @,, ¢. TOraa rpaHiLa KaXAOro OTKPHITOrO
MHOXeCTBa, CONEPKAILEro TOYKY O M COAEpXKallerocs B YyKasaH=-
HOM e-OKDECTHOCTH 3TOH TOYKH, CONEPKHT MO KpaiiHelh Mepe
n-+1 TouKy, Tak Kak Kaxnas u3 AyT

oa,, 0a,,..., 0a,, oc,

uMess ONHY TOUYKY BHYTPH OTKpHITOro MHOxectBa G, a Ipyryio
BHE ero, nepecekaeT rPaHHLy 3TOro MHoxectBa. Ho 310 HeBO3-
MOXHO, TaK KaK JWHWA L MMeeT B TOUYKe O MHIEKC BETBJEHHS 7.
[MonyueHHOe MPOTHBOpeuHe MOKA3LIBAET, YTO BCAKAadg TOYKAa ¢ OT-
KPHITOr0 MHOKeCTBa G PHHAJIEKUT OJHOH U3 YT 04y, 00, ..., 0,,.
Hama reopeMa MOJHOCTBbIO NOKa3aHa.

3ameuanue. M3 noxasaHHON TeopeMbl, B YaCTHOCTH, Clle-
LYeT, YTO ecAu MO4KQ O uiseem UHOeKC 8emsAeHUs 2, mo u3
Hee ucxo0am 0se 0yzu, He umelOUjle HUKAKUX Opyux o0Uwux
mouex, KpomMe mouKu 0, & 0OCMAMOYHO MAAQSL OKPeCMHOCMb
mouxu o ecmbd omrxpumas 0yza (6e3 KOHYO8), 048 KOMOPOL
MO4Ka 0 ABAAemMC BHYMpPeHHel,
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Ecau o— konyesas mouxa, mo u3 Hee ucxodum eOur=
CMBEHHAR npocmas 0y2Q, uMeu,as MoKy O CB0UM KOHUOXM,
u 00CMamo4HO MAAAT OKPECMHOCMb MOUKU O eCmbd «Nnoty-
omkpumasns 0yea, OOHUM U3 KOHYO8 KOMOPOE SBAAEMCA
mouxa o.

CTpykTypa BceX JMHMH KOHEYHOTO BETBJEHHS BHIACHAETCS
cienyiwouieit Teopemod,

Teopema 6. [Jaa mozo #wmobv Auruio L #0%CHO 6bia0
npedcmasums 8 sude CYMMbl KOHEUHOZO HUCAQ npocmux 0y,
He uMeuux NONApPHO HUKAKUX Opyeux O0uwux mo4ex, Kpome
CB0UX KOHU08, HEOOX00UMO U OOCMAMOYHO, UmOoOb 3Ma AUHUS
uMena AUWL KOHEUHOe YUCLO MOUEK BeMBACHUS, npUYe M UHOeKC
8emsaeHus KOO0l marxoli mouku O00sscern Obimb KOHedeH.

fIpenocraBass yuTaTesI0 yCTAHOBHTb HEOOXONMMOCTh YCJIOBHS,
OCTAaHOBHMCSl JIMIIb Ha 1O0Ka3aTeJbCTBE €ro A0OCTaTOYHOCTH. OHO
OCHOBAHO HAa CaeAylolleH JaeMMe.

JlemMa. Ecau aunus L umeem sumbp KOHeUHOe HUCAO
mouex 8ems.aenuss U UHOEKC 8emBAEHUS KAXCOOL maroi mouxu
ABASEMCA KOHEUHBIM, MO MHONCECMBO KOHUESbX MO4eK AUHUL
maKice KOHe4HO.

[MpeanosioxxuM HPOTHBHOE, T. €. YTO MHOXECTBO KOHLEBBIX
ToueK OeckoHeuHo. Tak Kak juHuA L /1OKaJbHO CBsI3HA, TO JIO-
Oy10 ee TOUKY O MOXHO COEIMHHTb C KOHLEBOH TOUKOH mpoCTOMH
ayro#t. Ecim Gbl cpenyu 9THX AYr ObIIO GECKOHEYHOE MHOXECTBO
TaKMX, KOTOpHle He HMeT HHMKAaKMX JADYrMX OOLIMX TOUYeK,
KpOMe TOYKH 0, TO MHIEKC BeTBJEHHMS TOUKH O Obla Obl Gecko-
HEYHBIM MM HeOorpaHWyeHHbIM. ECiIM Ke MBI NMPEANONONKHM, YTO
uMeeTCss GeCKOHEYHOE MHOXKECTBO Map AYr, HMeomux, Kpome
TOYKH 0, Ipyrue OOlIHEe TOUKM, TO OTCiona OyIeT CJeNOBaTb,
4TO Ha KaXno#H H3 3THX AYr MMeeTcs 1m0 KpaiHe#t Mepe onHa
TOYKA BeTBJEHMd, HO TOrAa Ha JuHMM L OyneT GeCKOHEYHOe MHO-
JKECTBO TOYEK BETBJEHHS, BONMPEKH YCJOBHMIO JIEMMBL.

MMepefineM Temepp K 10KasaTelbCTBY TeopeMbl 6. ITokaxem
npexue BCero, YTO M3 KaxIOH TOYKM 0, WHIEKC BeTBJEHHS KO-
TOPOH paBeH 2, HCXONAT 1Be NYTH, He HMelOLIMEe HUKAKAX ApPY-
rHX OOLIMX TOYeK, KPOME TOYKH 0, KOHIIAMH KOTOpBIX CIyXKaT
anb0 KOHIEBble TOYKH JuHuH L, au060 ee TOYKH BeTBJEHHMS.
B nociepHeM cnyuae MOXeT OKa3aTbCH, YTO KOHLAMH OOeMX AYT,
BBIXOASAUINX W3 TOUKH 0, OydeT OfHA W Ta K€ TOYKA BETBJEHHS.
B 3ToM ciayuae o6e nyru BMecTe COCTaBJSIOT MPOCTYIO 3aMKHY-
Tyl0 Jqunui0 (uept. 20).



120 OBUIEE ONPENEJEHHE JHHHH [t 1v

B cuay 3aMeuanus, CHe/JaHHOIO B KOHIE NpeablAylleH Teo-
peMbl, M3 TOYKH O, MHIEKC BeTBJIEHHs KOTOpOH paBeH 2, BEHIXO-
IST 1Be AYTH, He UMeloliue JPyTruxX OOLIMX TOYeK, KPOME TOYKH O,
U He coiepxali¥e BHYTPH ceOs TOYeK BeTBJEHUS JUHUM L,
[Tyctb 0a u ob — MakcuManabHele AYTH, 06/analOLIME STHM CBOH=<
cTBOM. Torma KOHIH 3THX AYT He MOT'YT OBITb TOUKAMHM MHIEKCa 2,
B camom nene, ecau Obl, HampuMep, TOYKa @ HMeJa HHIAEKC
BETBJICHHS!, PaBHbIft 2, TO ee MOXHO Obi/IO Ghl 3aK/IQUHTH BHYTPb
OTKpHTO#t nyru cd, kotopas OyneT OKpecT-
HOCTbI0O TOYKH @, He COIepxKailei HHM OnHOH
TOYKM BeTBJeHWs., OIMH M3 KOHIIOB 3TOH NYTH,
HanpuMep ¢, OydeT NpUHALJEKATb TNPH ITOM
Ayre oa, TOria Kak Apyro#t ee koHeu d yxe
He Oyner npuHaniexatb oa. Ilyru oa u ad He
MMEIOT HMKAaKHX APYruX OOIUX TOYeK, Kpome
TOYKH a. [lostoMy od ectb Takxke npocras

a lyra, He coiaepxauias BHYTpH cebs TOYek
BeTB/JeHUst aunun L. TakuMm oOpasom, Ayra oa
COCTaB/AseT 4aCTb AyrH od M, CJeNOBaTe/]bHO,
Ayra ca He ABAAETCA M3KCHMaJbHOH Nyroi, e
coaepxauielt BHyTpH cebs Touek BerBaeHus. Hs

Yepr. 20. MOJIyYEHHOrO MPOTHBOPEYHST MBI JOJKHH 3aKJII0-

YHTb, YTO WHAEKC BeTBJEHHs JWHWUM L B TOuke @
He MoXeT ObiTb paBeH 2, T. e, YTO @ WM KOHIeBas TOYKa,
WX TOYKA BETBJIEHUS.

Ecim Mbl mpepmonoxum, 4tOo KOHUH @ M b 06eux MakcH-
Ma/JbHbIX LYT, HCXONSALMX M3 TOYKH O H He COLEPHKALIUX BHYTPH
ce0sl TOUYEK BETBJIEHWs, SIBJSIOTCS KOHLEBHIMH TOYKAMH JHHMM L,
TO B 3TOM cJjyuae JAuHMs L ectb mpocras ayra ab.

B camom gnene, ecan Obl MHOxecTBO L\ ab 6blio HemycTo,
TO OHO, Kak u Ayra ab, Obuio Obl 3aMKHYTO, TaK KaK BCsSKas
LOCTaTOYHO MaJjiass OKPeCTHOCTb J0GOH TOYKH AYr# ab comepuT
JHMIIL TOYKH 3TOH Ayru. CaenoBatelbHO, JMHMA L, MPeACTaBsIO-
11asiCs B 3TOM CJyyae B BHAE CYMMbl ABYX 3aMKHYTHIX HEMyCTHIX
MHOXeCTB ab u L\ ab, 6e3 o0uux Touek He Oblia Obl CBS3HBIM
MHOX€eCTBOM,

Taxkum o0pasoM, MB NOKa3aju, YTO BCAKAsd TOYKA O JWHWM L
MPUHALIEKUT TNPOCTOH Jyre, HMelollel CBOMMH KOHILAMH JHGO
TOYKH BeTBJeHHS (KOTOpbie MOryT M COBMAnaThb), JUOO TOUKYy
BETB/JEHHA M OQHY KOHLeBYl0 TOuky. HO Takux nyr MoxeT ObiTb
JULIb KOHEYHOe YHC/IO, TaK KaK COrJIaCHO HauleMy NpeanoJoxe-

0
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HUIO JAWHAS L ¥MeeT JIMIIb KOHEYHOE YMCJIO TOYeK BETBJEHH,
a No TOMbKO YTO NOKA3aHHOH JeMMe W KOHEUHOE YHCJIO KOHIEe-
Beix Touek. Ho B cuiy Teopembl 5 M3 KamIOH TOUKH BETBJICHHS
MCXOIHT JHIIb KOHEYHOE YHCJO LYT, a U3 KOHIEBOH TOYKH — BCErO
onHa nyra. CrenoBatesnbHO, yMCa0 Bcex nyr KoHeuHo. Hukakue
IBe H3 9THX AYr He MOT'YT MMeTb ADYFHX OGLIAX TOueK, KpoMe
CBOMX KOHLOB, TaK KaK MWHAEKC BETBJEHHS BHYTPEHHeH TOUKU
Kaxno#t Tako#l ayru paseH 2.

Mbl BHIENM, YTO OKPYXHOCTb (KakK M BOOOLLEe BCAKas MpocTas
3aMKHyTas JuHHMA) o6/azaeT TeM CBOMCTBOM, YTO BO BCeX ee
TOYKAX HMHIEKC BETBJIEHHS MNPHHAMAeT OJHO H TO Ke 3HAUeHHe
(paBHoe 2). BoauuxaeT BOMpOC, CYLIECTBYIOT JH IPyrue JHHHUH,
y KOTODHIX HHIEKC BEeTBJIEHHS BO BCEX TOUKaX NpPHHHAMAN Obl
OIHO U TO Xe 3HaueHHe (He paBHOoe 2). OxasbiBaeTcs, HU IJ4
KaKOro KOHEYHOrO 7. STOrO He MOXeT OBITh, TaK KaK HMeeT MecTo
caenyowas .

Teopema 7. Ecau sce mouxu suruu L umerom urdexc
8emsAeHUs > n, mo KA Aunuu rajfidemcs mouxa, undexc sem-
8aenuss Komopod > 2n—2.

Mbi GyneM [IOKashBaTb TeOpeMy B clenyiolielt dopme: Ec.u
sce mouxu sunuu L umeiom undexc semsaenus < 2n—2, mo
HO AURUUL HAEOemCS mo4Ka, UHOeKC 8em3Aerus Komopolh < n.

HoxasareabcTso. [lycTth Aj— NpOH3BOJLHOE OTKPHITOE
MHOXeCTBO JuHMH L M ero nuamerp < §,. Tak kak uuuexc Ber-
BJEHHS B KaX10H TOUKe MMHMM < 21— 2, TO CyUIECTBYeT OTKPHI-
Toe MHOXectBO U, colepikalueecss BMECTe CO CBOMM 3aMbIKaHHEM
B A, TFPaHHLa KOTOPOrO COCTOHT MeHee 4YeM H3 2n — 2 TOYeK.
IlycTb ay—onna us Touek rpaHuub MHOXecTBa C.

MuoxectBo G BXOIMT B A, BMECTe€ CO CBOMM 3aMBIKAHHEM.
CrenoBaTe/bHO, rpaHuia MHOXeCTBa G M, B YaCTHOCTH, TOYKA @,
NPHHANIEXHT MHOXKeCTBY Ay TaK KaKk A)— OTKPHITOE MHOKECTBO,
TO CYIIECTBYET TAKOE MOJOXHTENbHOE UHC/IO 8, YTO e-OKPECTHOCTh
TOYKH @, UETHKOM CONEPKHMTCH B MHOxecTBe A, Mbl mpeamno-

1
JIOKMM, KpOMe TOro, 4TO YHCAO & MeHblle -2—80 (rne 8, — nua-

MeTp MHOXecTBa Ag), a TaKXe MeHblle MOJOBHHB KaXIOro H3
paccrosuuit TOYKH @, IO OCTa/lbHBIX TOYEK TPAHHIHl MHOME-
crea C.

Tak kak JueHMs L BO BCeX CBOMX TOYKaX M, B Y4CTHOCTH,
B TOYKE @, WMeeT WHAEKC BeTBJAeHHS < 2n-—2, TO CYWECTBYeT
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oTkphiToe MHOXeCTBO U, conmepxkailee TOUKY @, H COAEpx alleecs

B %-oxpecmocm 5TOH TOuKM (TAe & BHIGPAHO COTVIACHO yKa-

34HHBIM BHIIIE YC/OBHSM), T'PaHHIA KOTOPOrO CONEPXKHT MeHee
yeM 2n—2 Touek. IlycTb B —vuucj0 TOYEK TFpaHUUB MHOXE-
crea U, Torna

k< 2n—2.
MuoxectBo U BMecTe cO CBOMM 3aMbiKaHHEM COJEPIKHTCS
B A, B camom nese, kaxosa Gul Hu GbiIa TOYKA X MHOXecTBa U,
t .
P(a'09 x)<7<8,
C/1eN10BaTe/NbHO, TOYKA X NPHHANJIENKHT €-OKPECTHOCTH TOYKH 4,
a 3HAYMT, U OTKPHITOMY MHOXECTBY :40.
0,
Iuamerp muoxecrsa U Menblie —-. B caMoM nene, eciau x

2
H y-—1BE€ TOYKH MHOXKECTBa U, TO

1
P ) <pldg )+t )< 5+5 =<5
OTKyZAa caepyer, YTo NHaMeTp MHOXECTBa U

BU)<e< 58

3ambikanne U MHOXecTBa U He CONEPKHT, KPOME TOYKH ay,,
HH OJZHON M3 ToueKk rpaHulbl MHOxecTBa (G, Tak KaK eciM x—

TOuka MHOxectBa U, TO
p(aO! x)<ey

a e BHIOPAaHO TaK, YTO OHO MeHbllle NOJIOBHHBI KaXIOr0 M3 pace
CTOSHHM TOUKM @, 10 OCTa/AbHHIX TOYEK rpaHulb MHOXecTBa G.
OGo3HauuM uepe3 H OTKpHITOE MHOXECTBO, NOMOJHHUTEJLHOE

kK MHOXecTBY G, _
H=L\G,

¥ DAacCMOTDHM OTKpbITble MHOXEeCTBA
unG n UNH.

U=UnouiunTp@iu@Wn H).

Hmeem
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Ho
UnTrp(G) =a,,

U=UNG)Ua,uUnH).

PaccmoTpuM rpanuuy orkpeitoro MHOxectBa UNG. Ona
colepKUTCS B CyMMe rpanui MHoxects U u G

Tp(UNG)=Tp(U)UTp(G).

MOSTOMY

Ho us Touex rpaHuubl MHOXecTBa G B IpaHHLly MHOMXKECTBa
UN G MoxeT BOHTH TOJNbKO TOYKA @, a U3 TOYEK rpanuup U —
TOMBKO TOUKM, NpHHanJexauye MHOxecTBY G. IToatomy

rp(UNG)=[Tp(U)NG1U g,
TouHO Tak e Halimem, 4TO
Fp(UNH)c[Tp(U)N HIU a,.

Tak kak rpanuua MHOXecTBa U COCTOMT M3 kB TOYeK H, Cielro-
BATE/BHO, SBJSETCS KOHEYHEIM MHOXECTBOM, TO KOHEYHBIMH GyLyT
H MHOXECTBa

Gnrp(U) n HAOTp(),

a 3HAYHT, TeM OoJee KOHeUHHIMH OYAYT M MHOXeCTBa
'p(UNG) u TIpUnNH).

[Tpennonoxum, uro rpanuua MHoxectsa (U G) CocTOMT u3
p Touek, a rpaHuua mHoxecrsa U H-—u3 ¢ Touek.

Torna MHoxectBO I'p(U)NN G Oyner coxepxarb He MeHee
p—1 Touek, a MHoxectBO I'p(U)N H He menee uvem g —1
TOYEK.

Tak KaK Kaxpasd TOYKa JUHHH L NPHHALIEKHT OIHOMY H3
muokects G, H wm Tp(G), a rpamnus muoxects U u G
o6LMX TOYEK He MMET, TO OTCIONA C/AEAYeT, YTO Kaxnas TOuKa
rpaHuuB MHOXecTBa U npuHasiexut au6o MHoxectsy G, au6o
muOecTBY H. UHMCJO TOuek, BXOAALIMX B FPaHHUIlYy MHOxecTBa U,
paBHO R; YMC/IO TOYeK IpaHHLbl MHOXECTBA U, BXOAAUMX B MHO=
xectBo G, > p—1; uucno Touek rpaHHulbl MHOXecCTBa U, npu-
HaJJIeKalux MHOXecTBY H, 2> g— 1, nostomy

P—DF+G—D<E<2:m—2,
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OTKyZa
p+q<2n.

M3 3TOro HepaBeHCTBA CIeLyeT, YTO MO KpafiHe# Mepe ONHO H3

ykcesq p WM ¢ MEHbIUE Y4eM 7.
MBI BHIMM, TakuM OGpasoM, YTO T'PaHHLA OJHOrO M3 OTKPbI-

teix MuOXectB UG umn U H COCTOHT MeHee YeM W3 1 TO-
yexk. O6GO3HaYynM uyepes A; TO M3 OTKPHITHX MHONectB U G
wm U H, rpasiua KOTOPOro COAEPKHT MeHbIE YeM 7 TOueK.
Tak Kax .
AicUcUcA,

TO _

Al c Ao .
Ianee, Tak kak auameTp MHoxecTBa U MeHblue %Q, TO M JHa-

3
MeTp 3, MHOKecTBa A, H MONABHO MeHblle —2‘1,
1

Haxkoneun, rpaHuila MHOXKeCTBa Al COCTOUT MEHEe UYeM HU3 7 TO-

yekK,
Taxum oOpasoM, MbBl NOKa3anH, UTO eCAU AUHUSL 8 KaxOoh

csoell mouxe umeem undexc semsaenusns < 2n— 2, mo KaxKoso
6b. Hu O6bli0 omKpbuimoe MHOYNCecm8o Ay aunuu L, scezda
Hatidemcs omKpsimoe Muoxcecmso A,, codepicaujeecs 8mecme
CO CBOUM 3QMbIKAHUeM 8 MHOdNcecmse A, maxoe, 4mo ez20

1
duamemp < 780, a e20 2panuuya codepiucum Mewee 4em n

motex.
[IpuMenss 3TOT pesyabTaT K MHOXeCTBY A,, Mb HaiineMm

MHOXeCTBO A,, colepxauieecs BMecCTe CO CBOHM 3aMHKaHHeM
1
B MHOXeCTBe A; H TaKOE, YTO ero IHaMeTp < —4—80, a rpaHuua

COCTOMT MeHee YeM M3 7 TOYeK. Paccykmas nonoGHbIM ke
06pasoM M najee, MBI MOAYYHM YGHIBAIOLUIYIO MOC/IENOBATEILHOCTD
OTKPHITHX MHOXeCTB

AADA4D...DA,D ..., )]

TAKHX, YTO Kam1oe cielyiolliee MHOXeCTBO Ay, BMecTe CO
CBOMM 3aMbIKAHHEM COIEPXHUTCS B NpeAbylieM A,,:

Anyr S Am;
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3
JAHUAMETP MHOXeCTBa A'm MeHbllIe 2—;‘ , T’PaHULA KaXn0ro U3 MHO-

KecTB A, COCTOMT MeHee 4yeM wu3 n ToueK. Otcioga ciaenyer,

YyTO C BO3pACTaHHEM m IMaMeTpsl MHOXecTB A, (2, 3HauwuT,
u A,) crpemarca K Hymo. [Tostomy MHOKecTBa

A D>A4,D...04,>..

obpasyiouiye yOBIBAOWIYID MOCAeJOBATENLHOCTb, HMMEIOT EIHH-
CTBEHHYIO OOLIYI0 TOUKY X,.

IloxakeM, uTO B TOYKE X, JWHHS HMEET HHIEKC BETBJEHHA
< n. KakoBo O6bl HM OBUIO MOJOXKHTeJbHOE YHCJAO e, BCeraa
MOKHO HAWTH HATypa/lbHOE YHCJAO 7, TAKOe, 4TO

8o
W<€.
OTtkpbiToe MHONKECTBO A, MOCAeNOBAaTEJbHOCTH (2) MMeeT nHua-
3
MeTp <2—3‘<e. 'pannua MmHOXecTBa A,, COLEpPXKHT MeHee

4eM 1 ‘TOuek.

TakuMm o6GpasoM, JuHHSI L B TOUKE X, HMeeT HHAEKC BeTBJe-
g < n. Teopema 7 MOJHOCTHIO NOKa3aHa.

W3 nokasaHHO#t TeOpeMbl HEMOCPEACTBEHHO CJeAyeT, 4YTO
HHKaKasi JHHUS, KDOMe OKDYKHOCTH, HEe MOXeT HMeTb BO BCeX
TOYKAX OJHH H TOT ’Ke KOHeUHbf MHIEKC BeTBJIEHMs, TaK Kak
eC/HH BO BCeX TOYKAX JHMHMH L WHIEKC BETBJAEHHS paBeH 7, TO
Ha Hell Halimercs TOYKA, MHIAEKC BETBJIEHHS KOTOpO# > 2n —2,
anpu n>3

2n—2 > n.

Kax mnokasan T[I. C. YpeiCOH, NMpH BCAKOM 7 CYLIeCTBYIOT
JMHHH, COCTOfLME TOJAbKO M3 TOYEK, HMEOLIMX MHIEKC BeT-
BJenus n ¥ 2n — 2. B uactHoCTH, npu # =3 uMeeM 2n—2=4.
[Mpumep JuHMHM, cOCTOsILEH TOJbKO M3 TOUYEK C HHIEKCOM BeT-
BjaeHMs 3 W 4, Ob yKasaH HAMH B NpelbAylieM naparpade
B 3aMeuanuu 1 k npumepy 11.

YpHiCOH NOKasan TaKxe, YTO CYLIECTBYIOT JWHHH, HMeEIOLIHe
BO BCeX TOYKAX HEOrPAHHYEHHbIfl HHAEKC BETBAEHHS, CUETHbIA
HHIEKC BeTBJAECHHS M KOHTHHYa/JbHBIfl MHIEKC BeTBJeHus. [Ipume-
POM JIMHMM, KOTOpas BO BCeX TOYKAaX MMEET KOHTHHYa/bHbIH
MHIEKC BETBJEHHMS, MOXET CJIyXHTb koBep CepmuHckoro.
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§ 4. Hexoropnsle o6mue cBolicTBa JHHHMH

B »3tom naparpade Mel npuBoauM Pl (PaxToB, IIyGOKO
BCKPHIBAIOWINX CYIIHOCTh MOHATHA JHHMM M CBASHLIBAIOUIMX OOLiue
onpejeeHus JMHMH C HAllNM MNpeNCTaBJeHHeM, BLHIPAa6OTaBIUHMCH
npM PAcCMOTPEHHH KOHKPETHHIX JHMHMHA. Mbl OrpaHHYMBaeMcs
31eCb JHWb (GOPMYJIMPOBKAMH TeOpeM, He OCTaHaBJHBAfCH
Ha UX IOKa3aTeabCTBE.

Kak ™Mbl yXe roBopH/H, OompenelieHHe JIMHHH, NaHHOe Ypbl-
COHOM, OXBAaTbiBdeT He TOJbLKO MJIOCKHE, HO M NMPOCTPAHCTBEHHbIE
JuHuA. OHO NOCJOBHO MOXKET GHITb MepeHeceHO M Ha NPOCTPaH-
CTBO 7 H3MepeHHuit 1).

Ho tyr oOnapyxuBaeTcs ciaepylowuit saMeuareibHH#t ¢akT:
OKa3bIBaeTCs, YTO B KAKOM Obl npOCMPAHCMSBe Mb. HU nO-
cmpouan aunuio C, 8 00bLKHOBEHHOM MPeXMHEePHOM NPOCMPAH-
cmse scezda naiidemca aunus C', zomeomopdras (m. e.
¢ monosozutecKQli mouxku 3penus moogcoecmsennasn) sunuu C.
Bosnee toro, Bce 3TH JuHuM C’ cielayeT WCKaTb CPEeIM IOLMHO-
ECTB He BCero TPeXMepHOr0 MPOCTPAHCTBA, HO CPENM MOIMHO-
HECTB HEKOTOPOr0 KOHTHHYyMa TPeXMepHOr0 MNpOCTPAHCTBA,
KOTOpHI#t caM siBisieTcs JuHHeR. JIpyruMu c/oBaMu, 8 mpexmep-
HOM npocmparcmee ecmb MAKAS <YHUBEPCAMHAL> AUHUA,
Komopas codepycum 8 cebe He MOAbKO MONoAozu4ecKuii o6pas
8CAKOE AUHUUW MPEXMePHOZO NPOCMPAHCMSQ, HO U MONOAO-
2udeckuli 06pa3 BCAKOW AUHUU N-MePHOZ0 npocmparcmsa ?).

He uMes BOSMOXHOCTH NMpPHMBECTH 10Ka3aTe/]bCTBA ITOrO (hakra
BBHAY €ro TPYAHOCTH, MBI OI'DAHHUYHMMCH JHLUb OMHCAHHEM IO-
CTPOEHMS] YHHBEPCAJabHOH JIHMHHH, KOTOpOe ObJIO NaHO aBCTpPHi-
ckuM Marematukom K. Menrepowm.

Ky6 V, nemurcs Ha 27 paBHbIX KyGHKOB M M3 Hero BLGpa-
CHIBAETCH «LEHTPaJbHbIff KYOMK» H IUeCTb KyOHKOB, NMPUMBIKAIO-
IMX K HeMy MO rpaHsaM. Mbl moJjyuyaeM B pe3yJ/bTaTe 3TOH ome-
pauuu MHOXkecTBO V,, cocrosuiee u3 20 3aMKHYTHIX KyGHKOB
nepporo paura. C KaXIblM M3 OCTABLIMXCH KYGUKOB NEPBOTO
paHra Mbl mpoJe]biBAEM Ty Ke ONEpauuio, T. €. NeJUM Kaxabii
Takol KyGuk Ha 27 paBHHIX KyOMKOB M BhIGpAachiBaeM H3 Kax-
Ioro KyOMKa mepBOrO paHra Kak LeHTpaabHbfi KyOMK, TaK H
MpUMbIKAIOLIMe K HEMy MO rpaHsM wiecTb KyGukoB. OcTaslueecs

1) U BooGumie Ha MoGOe MHOXECTBO, B KOTOPOM ONPENENEHO MOHATHE
PaccTosiHusA, T. €. Ha MO60E METPHYecKoe MPOCTPAHCTBO.
2) Y naxe mo6Oro MeTpPHYECKOr0 MPOCTPAHCTBA.
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mHoxectBo V, cocrout us 400 ky6ukoB BToporo panra. C kax-
ABIM H3 HHX MBI NMOCTyNMaeM TaK e, KaK H BbIllle, B Pe3yJbTaTe
yero NOJAyYHM 3aMKHy TO€ MHOeCTBO Vg, cocToswee u3 203 = 8000
KyOMKOB TPETbEro paHra. ITOT NpPOLECC MOXHO NPOAOMKATH
GeCKOHeYHO 1Js J0GOro HaTypaabHOro uuciaa n (uept. 21).

_ﬁ_ f

i

Yepr. 21.

MHOXecTBO TOueK Ky6a V), ocraBuleecs mocie BbIMOJHEHHS
BCeX ITHX onepauuit, U ecTb HCKOMAs «yHHBEPCAJbHAaf» JHHHA.
Kak o6mas yactb GecKOHeuHOH MOC/e10BaTeqbHOCTH YObIBAIOLIMX
KOHTHHYYMOB, OHa CaMa SBJSIETCS KOHTHHYYMOM.

3HaYUTENbHO TPYAHEE YCTaHOBUTD, YTO STOT KOHTHHYYM OyIeT
pasmepHoCTH 1, T. e. NeHCTBUTeNbHO SBISETCH JMHHEM.

Kak ME BumenM, 115 NJIOCKUMX JHHHH POJIb «yHHBePCAJbHOM»
auuun urpaer kosep CepnuHckoro. BoshukaeT Bompoc: mouemy
OH He OyzeT yHHBepcaibHOH JWHMeH M 1 Bcex BOOOlle mpo-
CTPAaHCTBEHHbIX KpHuBHIX? Jlelo B TOM, uTO B npocmpancmse
ecmb AuUHUU, KOMOpble HeaAb3 0moOpasumb mMONOAOZUHeCKU
HE HG Kakyio naockyio aunuio. TIpocreHlun# npumep Taxoh
JUHUM Mbl I[OJYYMM, €C/JAHM PACCMOTPHMM JIHHHIO, COCTOALLYIO U3
wecTH pebep TeTpasApa M YeTHPEX OTPE3KOB, COENUHSIOLIMX
KaKylo-HHOyIb TOYKY IPOCTPAHCTBA C YeTHIPbMA BEPLIHHAMH
3TOro Terpasapa (uepT. 22).
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Ho yXe BCAKyI0 /JHHMIO, HanmpuMep YeTHIPEXMepHOrO Mpo-
CTPAaHCTBA, MOXHO TOMONOTHYECKH OTOOPA3UTh HAa HEKOTOPYIO
JMHHIO TpeXMepHOro mpocrpanctBa. OTciona, KOHeuHO, He ClelyeT,
YTO 9Ta JHHUA TPEXMEPHOr'0 MPOCTPAHCTBa 00/1anaeT BCEMH BooO1Lue
CBOHCTBAMM JIMHHM, JaHHOH B
YeTHIPEXMEPHOM  NPOCTPAHCTBE.
OnHako Bce Te CBOMCTBa, KOTO-
phle He paspyLIaloTCs TONOJOTH-
YeCKHM OTOOpaxKeHueM, SBJSIOTCS
OOLIMMH OGEUM JIHHHSIM.

OG6uHOCTE, € KOTOpOH MBHI
onpene/UaN MOHATHE JUHUHM, MO-
»KeT BbI3BATb €CTECTBEHHbIH BOI-
poc, He SBJAETCH JH CJHIIKOM
IUMPOKHM TOT KJIacC OOBEKTOB,
KOTOpHE Mbl ONpene/uan Kak
auann ? [Mpusenem nBa cBoHcTBa
JIMHUH], TOKA3EIBAIOLIHE HACKOIBKO
GJIM3KO COOTBETCTBYET TOT KJACC MHOMXECTB, KOTODblE MbI Ha-
3Ba/JM JMHMAMH, HalieMy OOLIYHOMY MNPEICTABJEHHIO O JIHHHAX,
CBSI3AHHOMY, Hpexie BCero, ¢ NMPAMOH M OKPYKHOCTBIO.

OTpe3ok mnpsAMOH MOMeT GHITb MpeiACTaBJeH KaK CyMMa KO-
HEYHOrO YHC/Ja CKOJMb YTONHO MajblX OTPe3KOB, MpPHYEeM HHKaKas
TOYKA OTpe3ka He IPHHAINEXKHUT GoJee ueM [BYM YaCTHUHBIM
oTpeskaM. AHAaJOHYHBIM CBOHCTBOM 006JajaeT H J06as JUHHA H
Jaxe XapaKTepusyeTCs 3THM CBOMCTBOM. A MMeHHO: 0.8 mo20
4mo6ol Konmunyys C 6bin sunueli, Heo6X00uMO u OOCMAMOUHO,
4molo. ez0 MOJNHCHO Obn0 npedcmasumb npu A0O60M CKOAb
Y200HO MALOM NOAONCUMENLHOM & 8 8Ue CYMMb KOHELHOZO
HUCAQ 3AMKHYMbIX MHOKCECMS, KAXNCA0e U3 KOmopux umeem
Oouamemp MeHbule e, U MAKUX, 4MO HUKAKAA MO4KA KOHMU-
HYYHMG He npunadsexcum 6osece “erm O8YM U3 3mux 3Q4MKHY-
moix MHoxcecms. ITta Teopema, nokasanHas [1. C. Ypwiconom
B ropasno Gonee obuie#i ¢opme, yTBepNaer, B YACTHOCTH, YTO
HHUKaKOH KOHTMHYYM, He SBJSIOLIMHCS JUHHMeH, yike ITHM CBOR-
CTBOM He o6Janaer. Ecnu BsaTb, Hampumep, KBaapaT W CIenaTh
ero -pasbueHrie Ha 3aMKHYTHE MHOMXECTBA JLOCTaTOUHO MEJKHM,
TO BCeria HaHmercs TOYKa Kpanpara, NMpUHAAJexaulas no Kpai-
Helt Mepe TpeM M3 3THX 3aMKHYTHIX MHoxecTB. Onmako Bceria
MOXHO HAaHTH CKOMb YroZHO Melkoe pasOHeHHE KBanapara Ha
8aMKHYTble MHOXeCTBa, 00Jajaiolue TeM CBOHCTBOM, YTO HMKa-

Yept. 22,
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Kasl TOuKa KBalpaTa He NPHHALJIEKHT Gojiee YeM TPEM M3 ITHUX
MHOXecTB (uepT. 23).

BosBpauasicb CHOBa K JIMHMSM, 3aMETHM, YTO B YKAa3aHHOM
I/ HUX B TeopeMe pa30HEHUH 3aMKHyTble MHOMECTBA MOTYT H
He ObTb cBASHBI. Jlag TOro 4TOGHI
OHH ObiJH KOHTHHYyMaMu, HE0OXOIUMO

1 ! HEl I
W JOCTaTOYHO, 4TOOH JMHHS Oblaa 4L :——:_ ]
HenpepbIBHEIM 06Pa3OM OTpesKa. 1] ;-J +54
Ipyroe cBo#icto, cOmxkaioulee L i e niil
BBEJICHHOE HAMH MOHATHE JHHUM C OGbIY- AR
HHIM [pencTaBjieHHeM 06 3TOM npej- P | EA P
MeTe, COCTOMT B TOM, uTo Beskyio | |11 by .
IMHHI0 CKOJb YTONHO MaibiM capuroM [T :‘4_ Il il
ee TOYEK MOXHO MEPEBECTH B JOMAHYIO I =
JMHHI0. Bosnee TOUHO STOT (akT, OT- N S

KPBITHIf ~ COBETCKHM  MaTeMaTHKOM

I1. C. AJekcaHipoBbIM ONSTb B FO- Yepr. 23.
pasno Gosee OOUMX MPEANOONKEHHSAX,

MOXHO CHOPMYIMPOBaTb TaK: 048 mMO020 4molb KOMNAKMHOe
Muoacecmso C 6ur0 sunuell, Heo6x00UMO 1 OOCMAMOLHO, 4M OO
npu 21000# CKOAb Y200HO MHAAOM NOAOHCUMENBHOM & €20
MOJHCHO ObLAO OMOOPAUMb HA AOMAHYIO AuHui0 L mak, 4mobst
Kajcoan mouKa 3mol A0MAHOL OmcmosAQ Om cOOm3emcmsyio-
weli mouxu muooxcecmsa C xseHee 4erm Ha e.

JLnst OKPYKHOCTH Takoe OTOOpaXKeHHe OCYLIECTBJSIETCS MpOLLe
BCEr0 TeM, YTO Mbl BNHCHIBAEM B 3Ty OKPYKHOCTb IPABHJIbHBIH
MHOTOYTOJbHHK C JOCTaTOYHO OOJBIIMM WYHC/IOM CTOPOH M MNpO-
exTHpyeM (OpPTOrOHaJAbHO) KaMAylo AYTY OKPYMKHOCTH Ha COOT-
BETCTBYIOLLYIO CTOPOHY MHOTOYrOJbHHKA. AHAJOTMYHO pelaercs
Bonpoc W B obwem cayyae. Ha ocHoBanun npepbiaylieit Teo-
peMbl JIMHUA DPasGHBaeTCs Ha KOHeYHOe YMCJO HOCTATOYHO MajbiX
KYCKOB Tak, UYTOOb HHKAaKas TOYKa JIHHHM He MpHHAaNJexana
Gosee yeM JBYM KyCKaM. B KkaxmoM H3 9THX KyCKOB Gepercs
no tTouke., Kaxmuabie nBe Takue TOUKH COeIMHSIOTCH NPAMOJMHeR-
HBIM OTPe3KOM B TOM C/yuae, KOrla KyCKM, B KOTODHIX OHH COAEp-
KaTCq, MMeloT OOliMe TOYKH. Mbl mojayyaeM, TaKuM o6pasoM, Jo-
Manyio JuHu0. Ha s1y-To JoManylo u oToOpaxaercs Hallia KpHBas,
npuueM, B3SB pasGHeHMe KpPHBOH [OCTATOYHO MeJKHM, MOXHO
NOGUTBCS TOTO, YTO KaxAas TOYKA KPHUBOH OyneT MepeBONMTHCS
B COOTBETCTBYIOILYI0 TOUYKY JIOMAHOH JIMHHH MajblM CIBHTOM.



NMPUBABJIEHUE
O NMOHATHH PASMEPHOCTH

[naBHOe, 4TO OT/IMYaeT JIMHUIO OT NMOBEPXHOCTH, TEJ H BOOOLIE
OT MPOU3BOJbHBIX KOHTHMHYYMOB, COCTOMT B TOM, YTO JIHHUS €CTb
KOHTHHYYM, HMEIOLAH OXHO M3MepeHHMe WJM, KaK Mbl ewe GyneMm
FOBOPUTb, PasMepHOCTb 1. MH pasbSACHHIM CMBICA 3TOTO MOHS-
TH B NPHMEHEHHH K KOHTHHYyMaM.

B nactosueM mnpuGaBieHMH MBI nanuM oOllee omnpeneseHHe
PasMepPHOCTH /i MPOUSBOJBHBIX MHOXECTB, MNpHHALJIEXallee
I1. C. YpbicOHy, U pasbicHMM ero Ha psae npuMepos. [1pu sToM
Mbl GyleM NpexmosaraThb, YyTO MHQXKECTBO R JEXHUT HAa NpsSMOH,
Ha MJOCKOCTH HJH B NMPOCTPAHCTBe (MJIH ndXe B MPOM3BOJHHOM
n-MepHOM npocTpaHcTBe) 1). Mbl He MCK/AIOYdEM H TOro ciayuad,
KOoraa MHOXeCcTBO R coBmazaeT co BCeM MPOCTPAHCTBOM, TaK
YTO MPHBOIMMOE HHXE Olpene/eHHe YHC/IA M3MEpeHHH MPUTOLHO
He TOJbKO 15 M0GOr0 MHOXeCTBa, JieXallero B IaHHOM Mpo-
CTpPaHCTBe, HO M HJA Bcero npocrpancrBa. OO6iuee onpeneseHne
PasMEPHOCTH BBOIHMTCH MO MHIYKUMH.

YUroGbl crenath ero Gojee MOHATHBIM, Mbl pasOepeM CHauaia
OTZeJbHO clyuau pasMepHoctd 0 M pasMepHOCTH 1, a 3aTeM
yxke chopmymupyem u oflliee onpeaeneHue. Mbl FOBODHM, 4TO
MHodcecmso R umeem 8 mouke x pasmeprocms 0, ecau, Kax
Obl Hu OblA0 MAAO NOAOHCUMEAbHOE HUCAO €, Halddemcs ma-
Koe omxpuimoe msroxecmso G, codepicaujee mMOYKYy X 4
umeiouee duamemp < e, 2PAHuUlE KOMOpo0 He codepicum HU
00Hol mouku (eCTb MyCTOE MHOXKECTBO).

Ecau  muosxcecmso R umeem pasmeprocms 0 8 Kaxcool
C80eli mouKe, MO Mbl 2080puM, 4MO MHONcecmso R umeem
pasmeprocms 0.

1) B dopMynmMpoBKax OGIUX OMPEACNEHHH M TEOPEM MBI IO Cylie-
CTBy OyjeM NONb30BaThCA TEM, YTO R €CTh METPHUECKOe NMPOCTPAHCTBO.
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dopMyaupys KpaTKO BHIILENPHBENEHHOE OMNpelreNeHne, Mbl
OyleM roBOpHTb, UTO MHOJXCecmB8o R umeem pasmeprocms 0,
ecau Kaxcoas e20 mouKa cOOepIHCUMCS 8 CKOAb Y200HO MAAOM
(no duamempy) OmKpumMOM MHOICECMSe, 2PAHUYA KOMOPO20
He codepxycum Hu 00HOE mo4xu. BcnoMuHas, 4To rpaHuue#t or-
KPHITO'0 MHOXECTBa HA3HIBA€TCH COBOKYNHOCTh TeX ero mnpe-
NeqbHBIX TOYeK, KOTOpHE He MNpPHHANMEKAT CAMOMY MHOXECTBY,
MBI MOXeM CKasaTh TaKxke, UTO MHOdcecms8o R umeem pas-
smeprnocmy 0, ecau KQ’cOQs e20 MO4KA COOepyCUMCA 8 CKOAb
Y200HO MQAOM OMKPLIMOM MHOJCecmse, KOmMopoe 8 mo dice
BpeMs ABALEMC U 3QAMKHYMOLH.

[MpuBenem Heckoabko mnpuMepoB. MHuoxkecTBO R, cocrosuiee
H3 ONHOH TOYKM WJH M3 KOHEYHOrO YHCJa TOYeK, BCeraa HMeeT
pasMepHocTb 0, Tak Kak B 3TOM cJjyyae mo0as TOYKa sBJSETCS
MHOXECTBOM, OLHOBPEMEHHO 3aMKHYTHIM W OTKDBHITHIM (M MMeeT
nuametp 0).

JT1060e cuemnuoe sHoiCECMB0 modex R umeem pazmeprocms 0.
B camom Ieje, MycTb X — NPOM3BOJbHAS TOYKA MHONKecTBa R,
a e— moboe mnonoxkuTeabHOe uucao. OG6GO3HAUuM yepes r moJo-

€
KUTEJIbHOE YHCJI0, MeHblluee D) U OTJHYHOE OT KaX1oro H3 pac-

CTOSHMH TOYKM X 10 OCTaJbHBIX TOueKk MHOxectBa R. Takoe
YHACJO CYLIeCTByeT, TaK KaK MHOXECTBO R C‘leTHO 4 MHOXXeCTBO

MOJIOKUTEJIBbHHX YHCEJ, 3aK/IIOUYEHHBIX MEeXNY On HMeeT MOLLL-

2
HOCTb KOHTHHyyMa. COBOKYNMHOCTb BCEX TOYeK MHOKecTBa R,
yIOaJeHHBIX OT TOYKM X MeHee YeM Ha 7, eCTb OTKPHITOE MHO-
KeCTBO nuamerpa < e, COLepxKallee TOYKY X, FPAHHLA KOTO-
poro He COLEPKHUT HH OLHOH TOUKH MHOXeCTBa R, TaK Kak Bce
TOYKM TIpaHulbl LOMKHB OblaH OB HAXOLMTHCS OT TOYKH X HA
PacCTONHMM, PaBHOM 7, @ B R TaKMX TOYEK HeT.

OTciona cjeayer, YTO MHOXKECTBO BCEX TOYeK MPOCTpaH-
ctBa m060ro uhcaa H3MepeHHH, Bce KOOPAMHATH KOTOPHIX pa-
LMOHaMbHE, Gyner pasmepHoctd 0, TAK Kak TaKOe MHOXECTBO
BCeria CYeTHO.

B yacTHOCTH, MHOXECTBO BCeX pAaLMOHAJBHHIX TOYEK MpPAMOH
uMeeT pasmepHocTb 0. MHOXeCTBO BCeX MPPALMOHANBLHHX TOYeK
npsMo#t Takxe uMeeT pasMepHocth 0, Tak Kak, Kakyio Gbl Hp-
PaUMOHA/LHYI0 TOYKY X Mbl HH_B3SIM M KakuM Obl Ma/ibiM HM
BLIGPAJM MOJIOKHUTENbHOE YHCIO e, BCETNa MOXHO HAHTH nBa
TAKHX PpalUMOHANLHEIX 4YHCIa @ W b, uTOGH WHMeNM MecTo

9*
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HEpaBEHCTBA

x—%<a<x<b< xg—e.

MuoxectBo G MppALMOHAJBHBIX TOYEK, 3aK/MOUEHHHIX MEXLY
TOYKaMH @ W b, sBAsSeTCS OTKPHITHM no otHoweHmio Kk R. Ero
TPaHMLla He CONEPKUT HM ONHOM TOUKM, TaK KaK HHKaKas Hp-
pauMoHanbHas TOYKa, He Bxoaswas B G, ue Oyner nas G npe-
nenbHOH Touko#t. Iluamerp MHoxectBa G MeHblie e.

W3 TeopeM, oOTHOCSIIMXCA K MHOXecTBaM pasMepHoctd O,
yTOMSIHEM CJeAYIOLLYl0 TeopeMy, KOTOpas HaM MNOHano0uTCs
B JajbHeHlueM:’

Zrs mo20 4mobs. KOMRAKMHOe MHOXHCECMSO0 UMEAO PA3-
meprocms 0, He0OX00UMO u OQOCMAMOYHO, 4mMOOb. OHO He CO-
0epiHCans0 HUKAKO20 KOKMUHYYMA.

Yto6bl OnpenesnTh MOHATHE MHOXKECTBA Pa3MepHOCTH 1, Ham
CYLIECTBEHHO MOHAaNOOUTCS TOJHKO YTO BBENEHHOE MOHATHE MHO-
xectBa pasMmepHoctd 0. B 3TOM cKasmBaeTcs HHIYKTHBHBIR
XapaKTep OnpejeleHus Pa3MEPHOCTH.

M&r roBopuM, uTO MHOJCecm80 R 8 npunadiaencaweii emy
mouxe x umeem pa3mepHocmp 1, ecau BuinOAHeHbl O00HI8Pe-
MEHHO Ccredyoujue 08 YCA08US:

1°. Kaxoso 6bvt Hu 6bi40 nOAOHCUMEALHOE HUCAO e, HAL-
demcs omxpuimoe mxuoxncecmso G ¢ ouaxempor < e, codep-
JcQuee MOUKY X, LPAHUUA KOMOPO2ZO eCmb UL NYCMOe MHO-
aicecmso uaun Muoscecmso pazmeprocmu 0.

2°. Cywecmsyem maxoe 4ucao 8, 4mo 8 panuyy BCAKOZO0
omKpumozo Muoxcecmsa Ouamempa <8, codepacaujezo moy-
KY X, 8x00um no Kpaiineli mepe 00HG MO4UKQ.

Ecau orpannuuthes aMwb TpeGoBaHHeM 1°, TO eMy ynoBie-
TBOPSIOT KaK MHOXECTBa pa3MepHocTH 0, TAK U MHOXeCTBA pas-
MepHOCTH 1; c/ie0BaTeNbHO, OHO BHIPAXAET YCJOBHE TOro, YTOOHI
MHOXeCTBO R HMMesio B TOUKe X Pa3MepPHOCTb, MEHbIUYI0 MJIH paB-
nyio 1. TpeGoBaune 2° o3HauaeT, YTO pasMepHOCTb MHOXecTBa R
B TOuke x OTIHYHO oT 0.

Mbl roBopuM, uTO MHONCECMBO R umeem pasmeprocms 1,
ecau pasmeprocms Muoxcecmsa R 8 Kascdod ezo mouxe < 1
u xoms 6bl 8 00HOH MOYKe pa3mepHocmy Muoxcecmsa R pasna 1.

IMpsimast auHus umeeT pasMepHOCTh | B Kaxno# cBoelt Touke.
B camom nene, ecin x — mpousBoJbHAs TOYKA NMPSAMOH M e — mpo-
H3BOJIbHOE TMOJIOKHTENLHOE YMCJA0, TO JMOOOH HHTepBan NJHHH e,
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colepKaluit TOYKY X, €CTb OTKPHITOe MHOXeCTBO, YAOBJETBO-
pawouee TpeGoBaHuio 1° onpeneneHHss MHOXeCTBA pPasMepHOCTH 1,
TaK KaK ero rpaHuia, COCTodAuas M3 IBYX TOYeK (KOHLOB WH-
Tepsana), uMeeT pasmepHoctb 0. C Apyro#f CTOpPOHBI, BCSIKOe
OTKDHITOE MHOKECTBO HAa MpPAMOH COCTOMT M3 OIHOrO WJH He-
CKOJIbKMX HMHTepBaoB!). [losToMy ero rpaHuia COAEPXKHT MO
KpaiiHeii Mepe 1Be TOYKM, a 3HAuuT, R He §BJsSeTCS MHOXe-
crBoM pasMmepHocTH 0. CrienoBate/bHO, BHINOMHEHO U TpeGoBaHne 2°
ompejeseHnss MHOXeCTB pasmepHocTd 1. Takum obGpa3oM, mpsMas
uMeeT PasMepHOCTb 1 B Kaxno#f cBoefi Touke,

[MonoGueIM #e 06pa3soM MOXHO MOKa3aTb, YTO H OKPYKHOCTb
B KaXao# cBOeH TOYKe HMMeeT pasMepHOCTb 1.

B camom nele, mycTb X — NpPOHM3BOJBHAS TOYKA OKPYKHOCTH
U &— NPOU3BOJLHOE MOJOXUTENbHOE YHCJIO0. Jlyra OKpY:HOCTH,
colepxaias TOYKy X M CTArMBaeMas XOpIoO# NJauMHB < e, ecTb
OTKDHITOE, MO OTHOLIEHHIO K OKPYXHOCTH, MHOXECTBO JHa-
MeTpa < e, colepxkaiiee TOYKY X, IPaHHMIA KOTOPOFO COCTOMT
M3 IBYX TOYEK — KOHLOB LYyTH H, CJIeN0BaTeJbHO, HMMeeT pas-
mepHocTb 0. C Apyro#t CTOpPOHB, TaK KaK BCAKOE OTKDHITOE
MHOXKECTBO HAa OKPYXKHOCTH COCTOMT M3 OLHOH WM HECKOJbKHX
Ayr (6es MX KOHLOB), TO IpaHHlla MOOOr0 OTKPHTOrO MHOXECTBA,
Jiexauero Ha OKDYXHOCTH, COLEPXKHMT MO KpaiHe# Mepe nBe
Toukn. W3 3THX paccyxldeHuit caeayeT, YTO OKDYXHOCTb
B TOUKe X HMeeT PasMepHOCTb 1.

Ha ocHoBaHMM ymOMSIHyTO# BEHIILIE TeOPEMH O TOM, YTO KOM-
NaKTHOE MHOXECTBO HMeeT pasMepHoctb O TOrza M TOJBKO
TOrAa, KOrAa OHO He CONEPXHT HHKAKOro KOHTHHYyyMa, Mbl MO-
’KeM CKasaTb Tenepb, UTO AUHUL — 3MO MAKUE KOHMUHYYMbL,
Komopbie unmeiom pa3mepHocms 1 B cMbicle TONBKO YTO NpHBe-
ILeHHOTO omnpejeJseHus.

Mepetinem Kk oOuieMy onpene/eHHIO MOHATHS YHCJA U3MepeHHH.

M5 yxe roBOpuiH, Y4TO MOHATHE YHC/IA M3MEPeHHH BBOLUTCH
M0 MHLYKUMH, [pHYeM HMHAYKUMIO 3ILecb YyINOOHO HayaTb
c uicia — 1. Tlpu sTOM pasmepHOCT — | MBI BBOAMM JIHlIb
IS yLOOCTBA H3/0MEHHUs, NPUNHUCHIBAA ee TeM «MHOXECTBAM»,
KOTOpHie BOOOLIE He COLepXaT HH ONHOH TOYKH.

[TpennonoxuM, Kak 3TO BCeraa Jejaercd B clyuyae HHIYK-
THBHHIX ONpeNeeHHH, 4YTO Mbl YyXe 3HaeM, KaKUM MHOXECTBaM

1) MHOXECTBO HHTEpBAJOB, U3 KOTOPbIX COCTOMT OTKPHITOE MHO-
HECTBO HA NMPAMOH, MOXET ObITh KOHEUHBIM HIH GECKOHEUHLIM (CYECTHLIM),
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npunuceiBaercs pasMmepHocts 0, 1, 2, ..., n—1, u, moabayscs
9THM, YCTAaHOBHUM, KAaKHM MHOXeCTBAM CJeLyeT MPHUNHCHBATh
pasMepHOCTDb 7.

MBbl roBopuM, UTO MHONCECMB0 R umeem 8 moure x pas-
MepHOCMb N, ecAu:

1° npu aw06om € wnaidemcs Omrpwumoe MHONCECM3O OUA-
Mmempa < &, 2PAHUUA KOMOPOZO eCmbd WAL MHOICECMSO pA3-
Meprocmu 0, usu muoxcecmso pazxeprocmu 1 um. 0., usu,
HAKOHeY, MHOJCecms8o pasdmepnocmu n—1,

2° cywecmsyem maxoe 8, 4mo IpAHULQ BCAKOZO OMKDbi-
moz20 mHoNcecmsa Ouamempa < 8, cOOepiHCau,ez0 MOHUKY X,
He A3AACMCA HU MHOJCecm30M pazmeprocmu 0, Hu MHO%NCeCm -
som pasmepwocmu 1 u m. 0., HU MHONHCECMBOM DA3MEDPHO-
cmu n—21),

TpeGoBanue 1° 03HauyaeT, YTO MHOXeCTBO R B TOUKE X MMeeT
v pasmepHocts O, Wi pasmepHocTh 1 W T. A., WM, HAKOHell,
pasMepHOCTb 7n— 1, c/enOBaTe/NbHO, OHO BLIP@XaeT YCJIOBHE
TOr0, YTO MHOXEeCTBO R B TOuUKe X MMeeT Pa3MepHOCTb < I.
TpeGoBanne 2° o03HayaeT, YTO pasMEpHOCTb MHOXecTBa R
B TOYKE x He paBHa HM OIHOMy u3 umcen 0, 1, ..., n—1.

MBI TOBOpDHM, YTO #HOJCECmS0 R umeem pasmeprocms n,
ecau 8 KaowOOi c80eldl mo4Ke OHO UMeem PA3MePHOCMbL < I
u no Kpaiineli mepe 8 O00HOZ mO4Ke e20 pa3MepHOCMb
pasua n.

Pas6epeM 3TO ONpenc/eHHe MPHMEHUTEJHHO K MHOXECTBAM
pasmepHocTH 1. YcaoBue 1° 3mech osHauaeT, YTO NpH J0GOM &
Haltnercs OTKPBHITOE MHOXecTBO AHametpa < e, colepxaliee
TOYKY X, TpaHHMI@ KOTOPOro HMeeT pasaMepHocth — 1 wm O;
yciaopue 2° uMeeT 31eCh TOT CMBICA, 4YTO €CJH Mbl BO3bMeM 8
LOCTATOYHO MaJbIM, TO IPAaHHHA BCAKOrO CONEPXKALIErO TOUKY X
OTKPLITOrO MHOXeCTBa IuaMeTpa < 8 He JOJ/KHAa WMeTb paa-
MepHocTb — 1, T. e. He 10/KHA OLITH MYCTHIM MHOMECTBOM.

B cayuyae pasMepHOCTH 2 Kaskiasd TOYKa MHOXECTBA MOJKHA
colepaTecs MpH MOGOM & B OTKPBITOM MHOMXeCTBe IMaMeTpa < e,
rpaHilla KOTOPOro umeer pasmepHocTs — 1, 0 uau 1; onHako
CyllecTByeT O TaKoe, YTO TIpaHHLA BCAKOrO OTKPHITOrO MHO-
xecTBa AuaMeTpa <8, COLEpXKALUIErO TOYKY X, He SIBJASETCH HU
MHOXXECTBOM pasMepHOCTH — 1, HM MHOXecTBOM pa3mepHocTy 0.

1) Otcoaa ele He CAEAYET, YTO IPAHHMLA JI0G0TO0 OTKPHITOTO MHO-
AECTBa AHaMeT 1pa <8, conepxaniero TOUKy x, HENPEMEHHO HMeeT pas-
MEpHOCTb 1 —
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BosbMeM, HanpuMep, maockocTb. Tak Kak Kaxnas ee TOuka
BJISETCS LLEHTPOM KpYyra CKOJb YTOAHO MaJoro Auamerpa, TO
MOXHO CKasaTb, YTO BCAKas TOYKAa MJOCKOCTH COLEPKHUTCA
B CKOJMb YrOLHO MAaJOM OTKPHITOM MHOXeCTBe, F'PaHHLa KOTOPOro
uMeer pasmepHocTs 1. CirlenoBaTesbHO, NJIOCKOCTH B KaXmok
cBoelt TOuKe HMeeT pa3MepHOCTb < 2.

Yr1oO6bl NOKAa3aTh, YTO Pa3MEPHOCTh MJOCKOCTH B KaxaoH ee
TOYKe B TOYHOCTH paBHAa 2, JOCTATOYHO MOKAa3aTh, YTO rpaHUlla
KaXIOro OTKDHITOrO OIPAHMYEHHOTO MHOXKECTBA HAa IVIOCKOCTH
He MoxeT ObITb HM MHOXECTBOM pasMepHOCTH — 1, HH MHO-
*ecTBOM pasMepnocTH 0.

Ecau Gbl rpaHuila OTKPHTOrO MHOXECTBA HA MJOCKOCTH Obijia
NYCTHIM MHOXECTBOM, TO 3TO 03Hayajo Gbl, YTO OTKPHITOE MHO-
®ecTBO OBIO ONHOBPEMEHHO M 3aMKHYTO, HO TOria U ero 1o-
MOJHeHHe Takke OBIO Obl OLHOBPEMEHHO MHOXECTBOM OTKPHITHIM
M 3aMKHYTHIM M, CJ1ef0BaTeJbHO, BCS MJOCKOCTb pa3buBanach Gbl
Ha 1Ba 3aMKHYTHIX MHOecTBa Ge3 o6uux Touek. Ho 310 He-
BO3MOXHO, TaK KAaK IVIOCKOCTb €CTb MHOMXECTBO CBSI3HOE.

BepHo W TO, YTO TrpaHHlAd OTKPHITOTO OrPaHHYEHHOTO MHO-
eCTBa Ha MJOCKOCTH He MOXeT OHITh HYJIbMEPHHIM MHOXECTBOM.

B caMoM 1ese, rpaHMla BCAKOrO OTKPHITOTO OrPaHHYEHHOI'O
MHOXECTBA HAa NJOCKOCTH SBISETCS 3aMKHYTHIM M OrpaHHYeHHBIM
MHOXXECTBOM M TNOTOMYy 00JanaeTr cBOHCTBOM KoMmakTHocTH. Ecam
NpeAnoN0OXKUTb, YTO OHA HWMeeT pa3MepHOcTb 0, TO Ha OCHOBAHMH
YHNOMSHYTOR Bbillle TeOPeMbl O HYJbMEPHHIX MHOXECTBAX OHA He
Gyner conepKaTb HUKAKOrO KOHTHHYYMa.

Ho Bbime (cM. cHocky Ha ctp. 89) MBl rOBOpHJHM, 4TO
ec/M KOMMAaKTHOe MHOXECTBO Ha IJOCKOCTH He CONEepKUT HHKa-
KOr0 KOHTHHyyMa, TO OHO He pas6uBaeT IJOCKOCTb, B TO BpeMs
kak rpanuua I'p(G) BcKOro OTKpHITOrO MHOXectBa (0 Ha MJIO-
CKOCTH pa3buBaeT MJAOCKOCTL R Ha 1Ba OTKPHITHIX MHOXecCTBa G

v R\ G Ges o6ux TOueK:
R\Tp(G)=GUR\G),
GNR\G)=0.

CnenoBartelbHO, TPaHHLA OTKPLITOrO OMPaHMYEHHOrO MHOXECTBA
Ha MJOCKOCTH He MoXeT ObITb MHOxecTBoM pasMepHoct 0. Ileio
OGCTOMT 3HAYMTENBHO CJOXHEE, eCJH Mbl XOTHM [10Kas3aTh, 4TO
MPOCTPAHCTBO B KaXAOH CBOEH TOYKe HMeeT DPa3MEpHOCTb 3.
Npu 310M OKa3bIBAeTCS, YTO HET CYULECTBEHHOH PAaHHUBI MEXAY
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c/y4yaeM TPEXMEepPHOro IpOCTPaHCTBA M NMPOCTPAHCTBA 1 H3MEpe-
nuit. [TosToMy MBI cpady o6GpaTHMCs K CJAy4ail0 pasMepHOCTH n.

He umes BO3MOXHOCTH OYEPTHTb 31eChb Iaxe NYTb, KOTO-
poMYy Halo cJenoBaTb, 4YTOObH YOeAMTbCH, YTO MPOCTPAHCTBO 7
M3MEPEHHH KMMeeT Pa3MepHOCTb A B CMEIC/e Y PHICOHA, MBI JIHIIb
NepeunciuM Te TeopeMbl TEOpPHHM PasMEpPHOCTH, M3 KOTOpHIX MO-
JIyuaeTcs 3TOT OCHOBHOH pe3yJbTaT, MOMYTHO MO3HAKOMHBIUHCH
¢ Haubojee CYLIECTBEHHHIMH (haKTaMu 3TOH BETBH TOMOJIOTHH.

CoBceM NpOCTO NOKAa3HIBAOTCA CJEAYIOLINE 1Be TEOPEMBHI:

Teopema 1. Ecau pasmepuocms mnosxcecmsa R pasua n,
mo pasmeprHocmb 8cAK0z0 nodxHoxcecmsa R’ muoscecmsa R
Modicem Goimb WAL MeHbuie N UAL DASHA . .

Teopema 2. Bcaxue 0sa 20meomopdHuLx meicdy coﬁoﬁ
MHOJCECM3A UMEIm 00HY U MY Jce Pa3MepHOCMb.

B uacTHOCTH, eciM MHOKecTBO R MMeeT B TOYKE X pasMep-
HOCTb 71, TO rOMeOMOP(dHOE eMy MHOXECTBO S TakKe MMeeT pas-
MEepHOCTb 7 B TOYKE ), COOTBETCTBYIOLIEH TOYKe X MPH JaHHOM
rOMeOMOpP(HOM 0TOGPaXKEHHUH.

TeopeMbl 1 u 2 nokasmiBaioTcs NMo MHAyKuuH. [Tlonbsysch
MMH M Bels pacCyXIeHus MO0 HHAYKLHH, JErko JA0KasaTb, YTO
HMeeT MeCTo

Teopema 3. IIpocmpancmso n uzmepenutl umeem pas3-
meprocms < n (8 cmbicae Ypolcona) 8 kancOoll csoeil mouxe.

Bcsi TpyAHOCTH 3akaouaercs B TOM, yTOOH JOKa3aTh, 4TO
pa3MepHOCTb MPOCTPAHCTBA # W3MEpPeHMH B TOYHOCTH PaBHA I.
CyLuiecTBYIOT pa3iuuHbie MyTH ycTaHoBAeHus dToro ¢akra. Ha-
METHM OIMH M3 HHX.

Ilpexne Bcero mokaseiBaeTcs Takas o0Lias

Teopema 4. Ecau rxomnaxmwuoe MuOxcecmso R umeem
pasmeprocms <K n 8 Kaxncdoli csoeili mouKe, mo npu A0O0M €
€20 MOJCHO NOKPYIMb KOHEUHOH CUCMEMON 3AMKHYMbBLX MHO-
Jcecms, Kaxic0oe u3 Komopux umeem ouamemp < e, mMaK 4mo
HUKQKQS MOLKQ MHOKCECMBA He NPUHA0 1excum 60/tee yemn -1
MHOJCECNBAM IMOU cucmeol.

He 1naBas nmokasatenncTBa 3TOH TeopeMbl, NpHBENEM JHLIb
HEeCKOJbKO MPHUMEpPOB 151 €€ WJIIOCTPALHH.

BosbMeM cHayana B kayeCTBe MHOMecTBa R OTpe3OK MPsSMOH.
OH uMeeT pasMepHocTb 1 B Kax1o#t cBoelt Touke. Pasnenum ero
Ha CTOJBKO PAaBHBIX vyacTed, YTOOb NJMHA Kaxno# yacth Obiia
MeHpllle YeM [aHHOe NOJOXKHMTEJbHOE YHCJO e; TOrAa Kakaas
TOyKka OTPE3Ka ABIAJETSH M6Q BHyTpeHl-leﬁ TOYKOH KayJaoro us
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ManeHbKHX OTPe30YKoB, JHG0 OOWHMM KOHLOM JABYX T4aKHX OT-
PesKOB.

BoabMem Tenepb ksaapar. OH, Kak M BCS MJIOCKOCTh, B Kak-
ot cBoe# Touke uMeeT pasMepHoctb 2. [lpu moGoM e ero
MOXKHO Pa30HTh Ha NPAMOYTOJbHHKM, CTOPOHH KOTOPHIX Mapais-
JIebHEL CTOPOHAM KBajpaTa, a JAMAroHaqd HMeOT IJuHy < e.
Ipr 3ToM HMKakas TOuka KkBajspara He OyleT NPHHALJEKATb
Gosiee YeM TpeM M3 3THX MPAMOYTOJBHHKOB (CM. uepT. 23).

Haxkonew, ecau 3a MHOXecTBO R BOo3bMeM Ky0, TO €ro MOXHO
paséuTb Ha MNPAMOYTOJIbHBIE MapaJjulellenunenbl, rPaHH KOTODHIX
mapajjesbHsl rpaHaM Ky0Oa, a IJMHB nuaroHane#t <e, TaK 4To
HHKaKas TOuKa Ky6a He OyleT mpuHanexaTb 60Jee YyeM YeThlpeM
uapaJiie/ienunenam.

Vmeer mecto u oOpatHas Teopeme 4

Teopema 5. Ecau Komnaxmuoe muodxcecmso R npu awo-
Gox e Oonyckaem pasbuerue HG 3GMKHYMbie MHONCecmsa Oua-
Mempa <e u maxue, 4mo HUKAKOSL MO4KA HMHOJNCecmsa R
He npunadaedcum 6osee dem n-1 u3 amux muoz’cecms, mo
8ce muosicecmso R umeem pasmeprocms < n.

Conocrapasisi yTBEpKAeHHs] NPsIMOR U OOpATHOH TeOopeM, MEI
NpUXOIUM K CJENYIOIEMY 3aKJIOUEHHIO.

Teopema 6. Zun mozo, umoGui KOMNnaKmwoe MHONCE=
cm80 R umeno pasmepnocms n, Heo0x00umo u 0OCMAMO4HO,
4mobo. npu AI060M & 3MO MHONCECBO MOICHO ObLAO NOKDPbIMD
cucmeMoil 3aMKHYmblx MHONHcecms Ouamempa < & maKx, 4moouvl
HUKQKAS mo4Ka Muoxcecmsa R He npunadaedcara 0osree
weM n—-~1 Muoocecmsy amod cucmembl; 00HAKO Cyuwecmsyem
maxoe 8, 4mo ecau 6ce MHONCECMBA cucmeMbv. umeiom Oua-
semp <8, mo Kaxue-nubyds n-+1 u3 smux HMnodNcecms
HENPeMeRHO uMeiom O6UYI0 MOUKY.

3TO CBOHCTBO HMeeT OYEHb BaX{HOe 3HaueHue AJ BCeH TEOpHH
pPa3MEepHOCTH M MNOTOMY €ro 4acTO MPHHMMAIOT 33 OMpele/eHHe
PasMEpHOCTH KOMMAaKTHBIX MHOXECTB, TOBOpS, YTO KOMRAKMHOE
MHoocecmso R umeem pasmepocms n, ecad npu 41000H €
MHOJICeCm80 R moocem Gvims noKpuimo cucmerol 3aMKHYMbLX
MHOJICeCmSs Ouamempa <&, MAK 4MO HUKAKOSL MOLKA MHO-
acecmsa R He npunadiesxcum Gosee wesm n-1 mHoocecmsanr
3Moli cucmersi, a ecM B3SITH & OCTATOYHO MalbIM, TO B R BCeraa
HaltleTcs TOYKAa, NpHHaljaexawas rn-}1 MHOXKECTBAM CHCTEMBI.

Iocae Toro kKak ycTaHoB/leHO 3TO oOllee CBOHCTBO MHOXECTB
pasMepHOCTH 7, JOKA3HIBaETCHA, YTO MM 00naAder BCAKHH n-Mep-
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ueit cumniaekc 1), CoBceM Jerko J[0KasaTh, YTO MNpH JIOGOM e
CHMIIEKC MOXHO pa3OHTb Ha KOHEYHOE YMCJO 3aMKHYTHIX MHO-
*ecCTB AuaMeTpa < e TaK, YTOOH HMKAaKas TOYKA CHMIJEKCa He MpH-
Hagnexana Gonee yeM n -1 MHOxecTBy pas3buenus. ILas storo
JOCTATOYHO 3aK/IOUHTb CHMIIEKC B M-MepHHIH Ky6, pa3buth 3TOT
nocneHHH Ha MNpPAMOYTOJIbHEE Napajielenumens, NLJIMHB 1Ha-
roHajzelt KOTOpeiX OblaM 6bl <e, Tak YTOOB HHMKakue 7~} 2
u3 3TUX MNapajJe/enunenoB He HMead oOlie#l TOYKH, M B3AThb
B KaueCTBE 3JIEMEHTOB pa30HeHHs CHMMJEKCa MHOXECTBa, fiB-
asiolecss obulel 4YacTbI0 CHMIJIEKCA M KaXIOro M3 mapane-
JIeNUne/0B.

Camoit TpyaHOH yacTbiO ABJIAETCS NOKa3aTeJbCTBO TOrO dakrta,
YTO CYIIECTBYeT TaKoe 8, YTO eCaH AWAMETPH 3aMKHYTHIX MHO-
eCTB, Ha KOTOphle pa3GMBAaeTCs CHMIIEKC, MeHblie 8, TO Cpelu
HUX HaflyTcs Takue n—-1, KOTOpbie HeMpEMEHHO HMEOT OOLLYIo
TOUKY.

Tak KaK CHUMIJIEKC SBJSETCS KOMMAKTHBIM MHOXeCTBOM, TO
M3 COMoCTaBJeHHs o0Liel TeopeMbl 6 ¢ 3THM CBOMCTBOM CHMILJIEKCA
M BBITEKaeT, YTO rn-MEpHHIf CHMIJIEKC HMeeT pasMepHOCTb 7t
(B cMbicnie YpeicQHA) MO KpafiHeli Mepe B OmHOH cBOel TOuKe.
[Tycte 310 Oyder TOYKAa X; TOTAa He TOJbKO CHMIJEKC, HO M
BCE MPOCTPAHCTBO HMEET B TOYKE X pasMepHOCTb n. B camom
Ieje, Mb yXe OTMEYanM, YTO pPa3MepHOCTb MPOCTPAHCTBA N
usMepeHuit B Kaxnoit ero Touke <z (Teopema 3). .

Menbllle yeM 7 OHa OBITh He MOXeT, TaK Kak CHMILIEKC
B TOYKE X MMEeT pasMepHOCTb > n. OCTaeTcs 3aKJ/IOYHTb, YTO
pasMepHOCTb MPOCTPAHCTBA B TOYKE X B TOYHOCTH paBHa A.

HaxkoHell, NpOCTPAaHCTBO 7 MH3MepEeHHH ONHOPOJAHO B TOM
CMEIC/IE, YTO BCAKYIO €ro TOYKY X MOXHO INepeBecTH B APYryio
TOYKY y C TOMOLIBIO rOMeOMOpGHOro orobpaskenusd. JLocTaTOYHO
X0oTs OB paccMOTpeTb napajlje/bHbIf mepeHoc, MNepeBonsLIMH
TOYKY X B TOuKy y. Ho B Touke x mpocTpaHcTBO HMeeT pas-
MEpHOCTb 7, CJAENOBaTe/NbHO, MO TeopeMe 2 oHO GyleT MMeTb
pasMepHOCTb 7 M B TOYKe y. Tak Kak TOYKY y Mbl B3sJH MPOHU3-

1) HyabMepHBIM CHMIIEKCOM SIBJSAETCH TOYKA, OXHOMEPHHIM — OTpe-
30K, IBYMEPHBIM — TPEYTOAbHHK, TPEXMEPHbIM — TETPasAp. 7-MEPHbI
CHMIUIEKC MOXeT GHTb ONpeleleH Kak MHOWECTBO TOYEK M-MEPHOrO
MPOCTPAHCTBA, KOOPAHHATH KOTOPHIX yAOBJIETBOPSIOT CUCTEME HEP3IBEHCTB;

x1>0, x5>0,..., x,>0,
K1t p+ ... 1, L1,
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BOJIBHO, TO OTCIOJA CJAelyeT, uTO MNPOCTPAHCTBO 7 H3MepeHui
uMeeT pasMEpHOCTb 7 B CMbic/ie YDHICOHA B KaXJOR CBOell TOuKe,

Msl paccMOTpeJH OJMH M3 NyTeH, MO KOTOPOMY MPOBOAMTCH
J0Ka3aTeJbCTBO TOro (paKra, YTO MPOCTPAHCTBO 7 H3MepeHHi
¥MeeT pasMepHOCTb 7 (B CMbic/ie YpHICOHA) B Kaxio# cBoe#
touke. CyuiecTBYyOT M Apyrie NyTH IOKa3aTe/lbCTBAa ITOH TeO-
peMbl, HO Bce OHH, KaK U yKasaHHble HaMM, U300MIYIOT TPYIHBIMH
Momentamu. ChpammBaeTcd, CTOMJIO JH TOrAa BBOIHTH TakKoe
onpeje/ieHHe PasMEPHOCTH, eC/H 1ae IJs 10Ka3aTenbCTBa TOrO
06CTOATE/NbCTBA, YTO MPOCTPAHCTBO HMEET pasMepHOCTb 3 (a 3TOT
cayyah HWKaK He mpouie oOulero ciyyas MPOCTPAHCTBA 1 H3Me-
penuit), MOHaROGMIOCH MOCTpOEHHE ueoH Teopuu!

dro onpeleseHHe MoxeT ObTb ONPAaBAaHO, BO-NMEPBHIX, TEM,
YyTO C €ro MOMOUIbI) MOXHO XapaKTepH3oBaTb C TOYKH 3peHus
HX PasMepHOCTH JMoGbie MHOXECTBAa MpOCTPaHCTBA 71 M3MEpeHui
(Mbl BHMAEJH 3TO Ha MpHMepe JHHHH); BO-BTOPHIX, H TO HE MeHee
BAXHO, YTO, TOJIbKO NMOJb3YACh 3THM ONpEle/eHHeM pasMepHOCTH,
Mbl MOXEM N0Ka3aTb, YTO [Ba MPOCTPAHCTBA, HMEIOLUX pasHoe
YHCJO H3MepeHHH, Hellb3sl B3aHMHO OJHOSHAYHO W B3AWMHO Hempe-
pHIBHO 0TOOpasuTh ApYyr Ha apyral). Temepb 3TO MpoCTO caenyeT
M3 COMOCTaBJIeHHs TOro OOCTOATeNbCTBA, YTO TMPOCTPAHCTBO A
M3MepeHUH HMeeT Pa3MepHOCTb 7t B CMbic/e YDhICOHA, C TeM, 4TO
IBa MHOXECTBAa, rOMeOMOpGHBIX APYr ApPYry, UMET OJAHYy H Ty
e PasMepHOCTb. [IpHBeleHHOE HaMH oOMpele/eHHe HeOoOXOLHMO,
B YaCTHOCTH, AJs TOro, 4ToOH JA0Ka3aTb, UYTO KaXAYyl0 TOUKY
MPOCTPAaHCTBA HYKHO 3a[aBaTh HEMPEMEHHO TPeMs KOODNMHATAMM,
ec/iy JKeJaTh, YTOOH KOOPNMHATH HENMPEPHIBHO 3aBHCEJH OT TOUKH,
a TOYKa OT KOOpAHMHAT.

1) D10 mpepsioxeHHE HOCHT HA3BaHUE TeOPEMBl 00 HHBAPHAHTHOCTH
qicna M3MepeHMHt M HMMeeT OyeHb BaXXHOe 3HAauYeHHe 1Jd BCeH Mare-
MAaTHKH.
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