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Ceera0id nasaru
AHJIPESl AHIPEEBHYA MAPKOBA,
co3datesn Teopuu aA20puUPMO8

NPEJNCJIOBHUE

KOTOpoOe asTop coseTyer npouecTo 0COBEHHO BHUMATENbHO

CoBpeMeHHOe IIKOJbHOE MaTeMaTHYeckoe oGpa3oBa-
HHE OPHEHTHPOBaHO [JaBHEIM 00pa3soM Ha BOCHHTaHHE
y yyamuxcs (YHKUHOHAJbHOINO MBIIUJIEHHs, Ha YMeHHe
o6pauiaTbCsl C HENpPEPHIBHEIMH MaTEeMaTHYECKAMH OGb-
ektamMd. HameuaeMble H3MeHeHHsT B IIKOJNbHBIX TpO-
rpaMMax no MaTeMaTHKe UAYT B TOM K€ HanpaBJCHHH.
BMmecre ¢ TeM B mocieaHee BpeMsi CTajd HHTEHCHBHO
paspabaTeiBaTbcsl HOBble 00,1aCTH NPHMEHEHHs1 MaTeMa-
THKH: COCTaBJIeHHe INporpamMM AJs1 BbIYHC/JAHTENbHBIX
MallHH, HEKOTOphle acHeKThl KHOEPHeTHKH H HCCJAeHO-
BaHHUA onepauuil, MaTeMaTHYeCKasi 3KOHOMHKAa, MaTeMa-
THYecKasl JHHIBHCTHKA H T. I. OcBoeHHe 3TUX o6JjacTeil
HAayKd HapsAy C COBepLICHCTBOBAaHHEM KJaCCHYECKOro
annapata TpebyeT pa3BuUTHSI KOMGHHATOPHOH TEXHHKH,
aHaJu3a JHCKPETHOTO H CO3JaHHUSl HOBHIX IJIOJOTBOPHHIX
a6erpakuuii. IlepeunciieHHBle CTOPOHBI MaTeMaTHKH
JOJIKHBl OCBeLlaTbCs] H B HayYHO-NONYJSIPHOH JIHTe-
parype.

* * *

C onmywmku Jeca B yally BeAEeT MHOMECTBO TPONHHOK.
OHH H3BHJIHCTBI, OHH CXOASITCS, PACXOASATCSA BHOBb H Me-
pecekaloTcs ofgHa ¢ Apyroii. Ha mpory/sike MOXHO TOJIbKO
3aMeTHTb obujie 3THX TPONHHOK, MOXOAUTb MO HEKOTO-
pPHIM H3 HHX H TNPOCJeJHTb HX HalpaBjleHHe B IIy0b
gaeca. Jlasi cepbe3HOr0 H3yYeHHs Jieca HYXKHO HATH MO
TPONUHKAM, 1IOKa OHH BOOOlle pa3iHYUMH CPeAH CYXOil
XBOH M KYCTHKOB YepHHKH. JLJis1 TOro 4yTo6H A06HTH Aaphl
Jleca, MPUXOAUTCS BOBCE MNMOKHAAThb XOXEHble TPONHHKH
H INPOAHPaThCA CKBO3b CIJIETEHHS KOJIOYHX BeTBedl H
Cy4beB,
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Hacrosmyio 6pomiopy MOXHO paccMaTpHBaTb Kak
ONHCaHHe OJHOH H3 BO3MOXKHBIX NPOTYJOK IO ONYIIKe
coBpeMeHHO MaTeMaTHKH. M3joxenue OCHOBHHIX ¢ak-
TOB, OTHOCSILMXCA K NpPH3HAKaM MAeJUMOCTH, SIBJSETCA
B HeHl TNOBOAOM 3aTPOHYTb HEKOTOpble JOBOJNbLHO a6-
CTPaKTHHe BONPOCH AHCKpeTHOH MaTeMaTukd. K uucay
TaKHX BONPOCOB OTHOCATCA, NpPeXAe BCEro, yTBEPKACHHS
9/leMeHTapHOH TEOPHH 4YHCeJ, IPYNNUpPYIOLIHeCs BOKPyr
OCHOBHOIi TeopeMbl apu(pMETHKH WU aHa/JH3a KaHOHHYe-
CKOTO pa3JIoXKeHHSI HaTypaJbHOrO YHCJAa Ha MNpPOCThHE
MHOXHTeaH. [lasee, caMa JeJUMOCTb YHCeJ paccMaTpH-
BaeTcsl KaK OTHOLICHHE Ha MHOXKECTBe HEeJBIX YHCeT, T €.
KaK peajdsalus AOBOJbHO o6uiero # abCcTpakTHOro Mo-
HsATHs, HakoHel, npusHak# [eJHMOCTH TPaKTYIOTCH
34ecb - Kak aJjropu¢mel, mnepepabaThiBaloliHe KaXXaoe
YHCJIO B OTBET, JEJHTCA JH OHO Ha JaHHOE YHCJIO HJIH
He Jenautcs. ABTOp cues uesecooGpa3HBIM CpeaH MpHs
3HAKOB JE€JHMOCTH 0COGO BBIJENHTb «IPH3HAKH pPaBHO-
OCTaTOYHOCTH», NepepabaThiBaiollHe YHCAAa B OCTaTKH
NpPH UX AeJIeHUH Ha JaHHOE YHCJIO.

Jas Toro uto6H OTTEHHTb pa3HOOGpa3Hble B3aHMO-
CBSI3H MeXAy OTAEJbHHIMH MaTeMaTHYECKHMH ¢(aKTaMmH
H BO3MOXHOCTH PasJIMYHBIX MOAXOJOB K OXHOMY H TOMY
e npeAMeTy, HEKOTOpble YTBEPXKIEHHs YcTaHaBJH-
BalOTCA ABYMS Pa3/HYHBIMH NMyTSAMH.

L T

KHuxka paccunTaHa Ha LIKOJBHHKOB CTapIUMX KJjacs
COB, HHTepPEeCYIOIHXCS MaTeMaTHKON U (eCaH He CUHTATh
HECKOJIbKHX YNOMHHaHU# o ¢opmyne GuHOMa) He mpeA-
nojaraeT HHKakMX [peABapUTENbHHX 3HaHHH, KpoMme
yMeHHsI TPOM3BOAHTb HECJOXHble TOXAECTBEHHbIE Ipe-
ob6pasoBanusi. OpHaKo JIOTHYeCKasi CTPYKTypa Mare-
pHaja JI0BOJIbHO CJIOXHA, TaK YTO YCBOEHHE €ro BO BCeX
AeTansix MoxeT norpe6oBaThb HeMaJO BHHMaHHS H Tep-
NeHHsl.

UnkraTeNl0 MOXKHO NOPEKOMEHAOBATb CJEAyIOLWHA
NJIaH U3YYEHHS KHHXKH.

IIpy mepBOM uTEeHHH MOXKHO OrPAHHYHTHCS JIHIIb
OCHOBHBIM TekcTOM § 1—4 u He pewaTh 3ajnau (3a
HCcKMoueHHeM 3agau Ne 31, 34, 36, 45, 47, 49, 50). 3to
Hact ofuiee, omHcaTeJbHOe 3HAKOMCTBO C MpPeAMETOM.
Tak Kak GOJBUIHHCTBO HEUCKYIUEHHHIX B MaTeMmaTHKe
Jionet yoexaeHsl B H3HAYaJbHOH CIpaBelJIHBOCTH TEQ-
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peMbl 006 OXHO3HAaYHOM pa3JioXeHHH HaTypaabHOro
YHCJIa Ha NMPOCThle MHOXKHTeNU (cuuTas ee, NO-BHAMMOMY,
CBOEro pofa aKCHOMO{i), OHM MOryT MOHHMaTb TeOpeMbl
9—13 Kak ee cJaeACTBHSA.

IIpu BTOPOM UYTEHHH HYXKHO MOMBITaTbCH CaMOCTOS-
TeJIbHO A0Ka3aTb BCe TEOPEMBl B TOM IOPsIAKE, B KaKOM
OHH npuBefeHbl. UTOGH 4YHTaTe/Nb HE MOALABAJICA CJHLI-
KOM uacTo co6/a3Hy NO/Mb30BaThCA TOTOBHIMH JOKa3a-
TeJIbCTBAMH TEOPeM, BCE STH J0Ka3aTeNbCTBAa OTHECEHB!
B ocoGblii pasgen. MckiioueHne cocTaBiasieT JOKasaTellb-
CTBO TeOpeMHl 7, KOTOPOe NPH3BAHO CJYXKHTb KaMep-
TOHOM, HACTPaUBAIOLIUM YHTATE/IS yXKe NMPU NepPBOM 4YTe-
HYHU Ha JOJIXKHBIH YPOBEHb CTPOTOCTH.

ITpu BTOPOM Ke YTEHHH CJaeAyeT H3yuuTb § 5, a Tak-
JKe pelaTh 3alauyd OCHOBHOTO TEKCTa.

HakoHnen, npH TpeTbeM YTEHHH H3y4aeTcsl TEKCT, Ha*
GpaHHBIN MeJKHUM LIPH(TOM, H OTHOCAILHECS K HeMy 3a<
Jlaum.

Uuratenio, xenaiouieMy YriayGUTb CBOH MNO3HaHASA
B 06J1aCTH TeOPHH 4YHCeJs, ClIeAyeT o6paTHTbCA K KJaccH-
yeckoMy Kypcy: Burorpanos M. M. OcHoBH TeopuH
yucesn. — M.: Hayka, 1981.

H3yuenne aGcTpakTHOH TEOPHH OTHOWIEHHH Ha MHO-
JecTBe M JAajbHefIHX CBSI3aHHBHIX C 3THM BONPOCOB
MOXHO pekoMeHzoBaTb no KHuram: Kypouw A. I, Jlek-
uuy no obuwedi anre6pe. — M.: Hayka, 1973; CkopHs -
koB JI. A. DaemeHnTn oOmefi anre6pul. — M.: Hayka,
1983 unu Bupkrog I. Teopus pemwerok. — M.: Hay-
Ka, 1984,

HaxoHnen, Gosiee nmofpoGHOe H CHCTEMAaTHYECKOE Pa3b-
fICHEHHe MOHATHS aJropuMa COZEpKHUTCA B KHHre:
Tpaxten6por B. A. AropuTMbl H MAaUIMHHOE pe-«
weHne 3agauy.— M.: ®usmarrus, 1960, a cTporoe HsJo«
JKeHHe TeOpHH aJaropH(pMoB MOXKHO HaliTH B OCHOBOIO-
Jaraioweii MoHorpa¢uu: Mapkos A. A. Teopus ajaro-
pu¢pmos. —M.: Hsn-so AH CCCP, 1954.—(Tp. wmar.
un-ra AH CCCP um. B. A. CreknoBa. — T. 42.) uiu xe
B kuure: Mapkos A. A, Haropuun it H M. Teopus
aaropudmos. — M.: Hayka, 1984.

BTopoe H3zaHHe OTJIMYAeTCs OT NEPBOro JHUIL OT=
JeNbHBIMA PELaKIHOHHBIMH YJIyYIIeHHsIMH. 3a HEKOTo-
phie H3 Hux aBTop Guaarojaped mpod. I'peamo (I'IP).

H. H, Bopobses



NMPENHUCIOBHE K TPETbEMY H3JAHHIO

B TpeTbem H3JaHHH MO CPaBHEHHIO C MPeAbIAYLIHMH
Gonee 0OCTOSITENIbHO pa3bsiCHEHa aJropHpMmuueckas
CYLLHOCTb NPH3HAKOB PaBHOOCTATOYHOCTH H [EJHMOCTH,
a TaKxKe BBOJHUTCS pacCMOTpeHHe TAKUX NPU3HAKOB B MpO-«
H3BOJBHBEIX CHCTEMaX CUHCJEHHS.

Bripuua H. H, Bopoboses
1979 r.

NMPEOUCJIOBUE K YETBEPTOMY HU3JAHHIO

‘IeTBepToe H3JaHHe OTJ/IHYaeTCsa OT TPEThero OTAe/b=
HBIMH MEJKHMH HCIIPaBJ/IEHUSAMH.

Buipuua H, H, Bopobves
1987 r.



§ 1. AEJJUMOCTb YHUCEJ

1. CyMMa, pasHOCTb H NpPOU3BeJEcHHE ABYX LEJBbIX YH-
ceJl — BCeraa LeJsble yucaa. ATOT (pakT HHOIAA NMPHHATO
Ha3bBaTb 3AMKHYTOCT6I0 MHOXECTBA LEJHX YHCeJd MO
OTHOLIEHHIO K AEHCTBUSM CJOXKEHHS, BIYHTAHHA U YMHO-
JKEeHHs.

ITo oTHOWeHHIO Xe K NefACTBHIO AEJCHHS MHOXECTBO
BCeX LEJBIX YHCEJ 3aMKHYTHIM He sBJISIeTCA: Y4acTHOe OT
JleJIeHHs1 OZHOrO LeJIOr0 4YHMc/ia Ha ApPyroe Moxer, BOOG-
le roBops, U He OLITb LEJbIM.

ITosroMy npu H3yuyeHHH OOCTOSITEJNbCTB, CBSI3aHHMIX
C JeJIeHHEM LeJIhIX YHCesI, OZHUM M3 NepBHX BCTaeT BO-
npoC O BHIMOJHUMOCTH 3TOTO IeHCTBHS AJS AAHHBIX ABYX
yucea, T. €. 0 Oeaumocru stux uucena. Ilpu paccMmorpe-
HHH OCTaJIbHBIX apH(MeTHYECKUX AeHCTBHA HajA WeJbIMH
YyucJIaMH NOJOGHBIH BOMPOC, OYEBHAHO, HE BO3HHKAET.

B pasnbHeiilieM Mbl OyZeM CYHTaTh H3BECTHBIMH
OCHOBHble CBOHCTBa apu(pMeTHYECKHX NeHCTBHA Han le-
JILIMH YHCJIaMH, a TaKXe Npocrefiliye cBOficTBa paBeHCTB
H HepaBeHCTB. ITox «4HCIOM» Bcerza, ec/id He OrOBOPEHO
NPOTHBHOE, Jajiee GyAeT MOHUMATBCA L €JIOe YHCJIO.

Kak oGbluHO, Hejble HeOTpHUATeabHHE 4uciaa: 0, 1,
2, ... GyayT Ha3nBaTbCsl HaTypassHoimu. ToBopsi 0 Bcex
HaTypaJbHBIX YHCJaaX, Mbl GyJeM INOJAb30BaTbC TEPMHU-
HOM MHOJCECTB80 8CeX HATYPAAbHBIX HUCEA.

Onpenenenue. Yucno a deaurcsa Ha aucio b (ui,
4TO TO Xe caMoe, YUCJIO b QeauT 4HCIO @), eclu cylle-
CTBYeT TaKOe 4HMCJIO C, YTO a = bc.

dT10T (akT HasbiBaeTcss OeAUMOCTbI0 UHMCAA @ Ha
yucJo b u o603HavdaeTcs Kak a : b.

IloguepkHeM, 4TO 3amHch a : b 0O3HauaeT He KaKoe-TO
LeficTBHE, KOTOPOE HaAJIEXKHT NMPOH3BECTH Hal YHCJa-
MH a U b, a HEKOTOpOe yTBep X A eHHU e, Kacawleecs
STHX 4YHceJ. B 3aBUCHMOCTH OT TOrO, KaKOBHl 4Hcja @ H
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b, yrBepxkaeHue a : b MoxeT GbITb BeDHHIM WJIH HeBep«
HuM. Tak, nanpumep, 4 : 2 BepHo, a 4 : 3 — HeT.

HOns BLISACHEHHS TOTO, sIBJSETCS JH YTBepXKAEeHHe
a : b BepHBIM WJIH HET, T. €. [AJs BbIICHEHHS [AEJHMOCTH
Yyucaa @ Ha 4YHcJo b, WmeeTcsi AOBOJbHO MHOro pasHo-
o0pasHbix cnoco6oB. OnuH n3 HUX COCTOHT B HEMNOCPen-
CTBEHHOM [eJIeHHH 4uciaa a Ha yuciao b. Oanako Takoe
BeNIeHHe 4YacTO OKa3blBaeTcsl CJAHLIKOM AOJATHM H YTO-
MHUTEJIbHBIM 3aHSITHEM, H €CTECTBEHHO INOSBJAECTCS XKeJja<
HHE YCTAHOBHTb HCTHHHOCTb HHTEpeCylOLleH Hac HAesH«
MOCTH, He Npou3Boas ¢akTHueckoro AenaeHns. He anie
HHM IIpeACTaBJ/sieTc W TakKoe coo6pa)KeHHe: IOKa Hac
HHTEpeCyeT TOJNbKO GaKT A€JHMOCTH 4YHC/IA @ HA
YucaAO b; ecaH e MBI BHIIQJIHHM JAejieHHE, TO MH [0«
NyTHO Y3HAeM elie H YacTHOe OT 3TOro JeJIeHHS H OcTa<
TOK OT Hero (eCJd Je/eHHe HaUeJO «He MOJYYHJIOCH») 3
BCe 3TH YHCJaa, OAHAKO, [IJi HAaC HHKAaKOH LEHHOCTH He
NMPeLCTaB/SIOT, TaK KaK Mbl B JaHHbIH MOMEHT HHTepe-
cyemcsi TOJMBKO TeM, OyaeT JH oOCTaTOK OT JeJNeHHs
PaBeH HYJIO WIH HeT. 3HAYHT, €CTh OCHOBAHHSA NpeANo/as
raTh, 4TO, BLIMOJHSASA JeJieHHe, Mbl KaKylo-TO (M, Mo-BHIH=
MOMY, HeMaJylo) uyacTb pa6GoThl NOTPaTH/JM Ha HoJyde-
HHEe «OTXOLOB IIPOH3BOACTBa». MOXHO HajzesTbCs, UYTO
Gosiee mnpsiMble CHOCOOGbI BBHISICHEHHSI [OEJHMOCTH, 4eM
«rpy6oe» HesieHHe, KOTOpble He AaAyT HaMm CTOJb OOHJIb-
HBIX OTXO0B, OYAYT 3KOHOMHEe M MO3BOJIAT YCTAaHOBHTb
takT meanMoctH GoJiee KOPOTKHM NyTeM. DTH HaZeXAHl
B JefACTBHTEJbHOCTH ONPAaBALIBAIOTCA, H TaKHe CIMOCOOLI
BLISICHEHHSI AEJHMOCTH CymiecTBYlOT. OHH Ha3bIBaloTCs
npusnaxamu GeaumocTu.

HekoTopbie npu3HakH AEeNHMOCTH, HECOMHEHHO, M3«
BecTHH untarenio. Llenblo 3TOR KHHXKKH siBAsieTesl pace
CMOTpEeHHEe pPa3JIMYHbIX NPH3HAKOB AEJHMOCTH, I'VIaBHHIM
06pa3oM ¢ NPHHUHMHAJBHONA CTOPOHBI.

CyImHOCTb BESIKOIO MpH3HaKa AEJMHMOCTH Ha AaHHOE
YHCJa0 b COCTOMT B TOM, YTO IIPH €ro MOMOLLH BOMPOC
0 JleJIUMOCTH J1060r0 uKcaa a Ha b cBOAMTCA K BOMpOCY
O eNUMOCTH Ha b HEKOTOpOro ymucja, MEHbIIErO YeM 4.
(HeTpyaHo BHAeTb, 4TO NPOBEPKa NEMHMOCTH OOBIYHHIM
IleICHHEM TaKXe OCHOBaHa Ha 3Toil niee.)

Takum oGpa3om, NPH3HAK AEIHMOCTH SIBJSIeTCS Ma-
TeMaTHYeCKHM OOGBEKTOM BeCbMa paclpoCTpaHEHHO,
XO0T1 M He Opocaomieficsi B TJasa NPHPOAH. DTO He
¢dopmyna, He TeopeMa, He ONpPeneJieHHe, a HEKOTOPHIf
npolleccC, COBEPIIEHHO TAKOrO e THINA, YTO H NPOLECC

8



YMHOKEHHA YHCEN «CTOJOHKOM®» HJH, CKameM, mpolecc
BBIYMCJIEHHS1 OJHOr0 3a APYrHM YJIEHOB apH(METHYECKOMH
NpOrpeccuH.

IlonsiTHe mnpu3HakKa JAeauMocTH OyAeT YTOYHEHO
B cjeayiouteM naparpade.

2. B onpeneneHny AeJHMOCTH 49uce] HUYEro He roBO«
pUTCA ©O TOM, CKOJbKO pas/IHUYHBIX 3HaYeHUH MOXKeT
HMeTb YaCTHOe OT AeJIeHHS JaHHOrO 9HcJa 4 Ha AaHHOe
yucso b, BrisicHHM 3[ech 3TOT BONPOC A0 KOHIA, 4TOGH B
pajbHelfinleM K HeMy GoJbllle He BO3BpalllaThCA.

Hyctn

a=bc (1.1)
U BMecCTe C TeM
a=>bc'.

V3 3THX paBeHCTB MBI MOJayYaeM
be=bc’,

b(c—¢')=0.

Ecau npu atom b0, 10 c—¢’=0, 1. e. ¢c=¢". Eciu
ke b=0, 10, oueBuaHo, u a==0, a paseHctBo (l.1)
BHIMOJIHSAIETCSA NPH J1060M C.

Takum oGpa3oM, HAa Hyab MAENUTCSH TOJBKO HYJIb,
a YacTHOe OT TAKOTro AeJieHHsl HeonpeneseHHO. HIMeHHO
9TO U HMeeTcs B BHAY, KOrAa rOBOPST O HEBO3MOMKHOCTH
«JleNleHUus Ha HyJab». Ecin e AesuTesb OT/IHYEH OT HYJs
H JAeJUMOCTb HMeeT MeCTO, TO YacTHOE HMeeT OJHO,
BHOJIHE OlNpe/e/ieHHOe 3HaueHHUe.

l'oBopsi 0 nenenuu, Mbl Bceria GyaeM MpeanoJiaraTh
Je/UTe/]b OTIHYHEIM OT HYJISL.

YcTaHOBHM HECKOJbKO MPOCTEHLIMX CBOACTB [e/H«
MOCTH.

Teopema l.a:a.

ST0 CBOACTBO AENHMOCTH HA3LIBAETCHA €e pedhrexcuss
HOCTb10 (WIH BO3BPATHOCTHIO).

Teopema 2. Fcaua:bub:c, Toa:ec.

3T0 CBOHACTBO AEJHMMOCTH Ha3HBAeTCS ee TPAH3UTUBs
HOCT610 (MM NEPEXOLHOCTHIO).

Teopema 3. Ecau aib u bia, 0 aubo a="b,
Aubo a==—>b (AHTUCUMMETPUYHOCTS ACIHUMOCTH).

Teopema 4. Ecaua:b ulbl>|al, 7o a=0,

Caeacrsue, Ecawa:bu a0, ro|a|=]|b]

9
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Teopema 5. Jsa Toe0 urobuo a:b, #eo6xodumo
u docrarouxo, urobus |a|:|b|.

Ha ocHoBanuu 3Tol TeopeMnl B ja/bHefilieM nocra-
TNYHO OTPaHHYMBATLCA' PaCCMOTpPeHHeM cJjydas, KOrjna
peJHTEeJ]b eCTh HOJOXHUTENAbHOE yHCJaO0. Pas-
HLIM 00pa3oM NeJHMOCTb IPOH3BOJIBHBIX LEJBIX YHCE
CBOAHTCA K NEJHMOCTH HEOTPULUATEJIbHBIX YHCEI.

Teopema 6. Ecaua, b, ay: b, ..., a,:b, T0
(al+a2+ LI +an)5b.

CnencrtBue. Ecau cymma dsyx uucear u 00HO u3
crazaemolx 0eautcs Ha Hekoropoe uucao b, To Opyeoe
caazaemoe Taxxce deaurca Ha b.

He caenpyer cuutath Bce 3TH TeopeMbl OYEBHAHBLIMH
U He HYXJaoWUMHCS B KaKoM-1160 oco6oM AoKasaTelb-
crBe. leso 3llech maxe He B TOM, YTO B MaTeMaTHKe
Jl0Ka3aTe/JbCTBY NOAJEXKHT BCSIKOE YTBEpXKIAeHHe, KpoMe
akcHoM H omnpefeneHuil. JlokasaTesbcTBa 3THX (aKTOB
(HanmpuMmep, TOro, 4TOo BCSAKOE YHCJO AEJHTCS Ha cebs)
NPHHUHUNHAJIbHO HEOOXOAHMBl, TaK KaK OHM He MOryT
O6biTb MOJY4YEHbl TOJBKO H3 ONpefe/eHUs HAeJHMOCTH,
a HYXKAAlOTCA B HCMOJb30BaHHH CBOACTB CaMHX YHceJ.

Paso6GpaTbcs B 3TOM moapoGHee MOMOXET HaM CAEAYIOLIMA fMpH-
Mep. Takoro pona mpuMepH YacTo Ha3HIBAOTCA MOOeAaMU.

OueBnaHO, CyMMa, PasHOCTh M NPOH3BELCHHE YETHHX YHCEN BCe-
raa yeTHe. Bmecte ¢ TeM JesieHue OXHOFO HETHOFO YHCAA Ha Apyroe
He BCeria BHINOJHHMO, a €CJH H BHIIOAHHMO, TO YaCTHOe He 06s3a-
TeJbHO YeTHO. IT03TOMy MOXHO BBECTH MOHsITHE YE€THOH AeNH-
MOCTH YeTHHX Yucel.

Onpeaenenne YeTHoe UHCAO a 4eTHO OeauTca Ha YeTHoe
YHCIO b, eCliH CcylllecTBYeT TaKoe 4YeTHoe 9HCJO ¢, uTo a == bc.

OueBnaHo, AJs YeTHOM AeNUMOCTH TeopeMa | HeBepHa, TaK Kak,
HanpHMep, He CYIIeCTBYeT TAKOrO WETHOrO YHCAA ¢, AJs KOTOPOro
a=ac.

K BompocaM, CBsi3aHHHM C YeTHOH AEAHMOCTbIO UETHHIX UHCe,
MHl elile 6yeM HeCKOJIbKO pa3 BO3Bpawathes.,[IpuMep ueTHol Aenu-
MOCTH [OKa3biBA€T, YTO MOXHO CTPOHTb Pa3JIHUHEIE TEOPHH HEJHMO-
CTH C Pa3/IHYHBIMH CBOACTBAMH, H TEOPEMHl, BepHHEe [ OAHHX Ta-
KHX TeOpHHl, MOTYT OKa3aTbCsi HeBepPHHIMH IJisi APYTHX.

3adauu. JlokaszaTb CAefyIOlHEe YTBEPKACHNA,
1. 0:a.

2.a:1l,

8. Ecam 1ta, 10 a=1.

4. KakoBo 6 HH ObUIO @ = 0, cyllecTByeT Takoe
OTJIHYHOE OT @ YucJ0 b, uT0 b : a,
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5. KakoBo 6bl HH GBIO YHCJIO @, CYHIeCTBYeT TaKoe
uyncsa0 b, 4TO U3 b i ¢ H ¢ :a caepyet aubo ¢ = b, nubo
c=a.

6. IlokasaTb TeopeMH, aHaJOrdiHHe TeopeMaM 2, 3, 4 ¥ 5, aas
YeTHOR AeJHMOCTH.

7. TlocTPOHTb TaKyi0 TeOpHIO («MOJeJb») HeJUMOCTH, B KOTOPOH
TeopeMH 1, 3 ¥ 4 Guiu OB BEPHHIMH, a TeopeMH 2 H 6 — Her.

3. Yke nmpu camom G6erJjoM 3HaKOMCTBE C KOHKpeT<
HHIMH ()aKTaMH JeJUMOCTH GpocaeTcsi B Ijasa CJaeAylo-
niee OOCTOSITEJNbCTBO: BO3MOXKHOCTH JEeJAHMOCTH YHCEJ
HpaKTHYeCKH He CBsI3aHBI ¢ UX BeauuyuHoOH. C oxHOH cTO-
POHBI, CyLIeCTBYIOT MaJjieHbKHe 4YHCJa, KOTOphle AessiTCsI
Ha CPABHHTeJbHO GoJblOe KoJHYecTBO yHcea. Hanpumep,
12 penutcs Ha 1, 2, 3, 4, 6 u 12; uncsao 60 umeer 12 pe-
aureneli. TakuM GoraThiM AeUTeNIMH YHC/IaM MOXKHO
NPOTHBOMOCTABHTb BecbMa OO0JblIHE 4YHCJIa, KOTOpbie
HMEIOT MHHUMAaJIbHOE YHCJIO Ae/IHTeJel, T. e. 2 (coraacHo
Teopeme 1 ¥ 3ajave 2 KaxAoe OTJIHYHOE OT eAUHHILI
YHCJIO AeNHUTCS XOTd Obl Ha ABa pas3iU4HBIX YHCAA). XOTH
B HefCTBHTeJIbHOCTH U H3BECTHH HEKOTOpble 3aKOHOMep-
HOCTH, CBSI3bIBAIOIHE CBOMiCTBA [AeJHMOCTH YHCea C HX
BEeJIHYHHOH, HO 3TH 3aKOHOMEPHOCTH HOCSIT CTOJIb CJOXK=
HbIH M 3amyTaHHbIH Xapakpep, 4TO MB He Oyaem HX
3lleCb KacaTbcsl.

4. Tem Gonee HHTepeCHHIM OKasbiBaeTcs TOT (akT,
YTO caMa JeJIHMOCTb MMO3BOJISIeT YCTAHOBUTH CPelH uYHcell
HEKOTOPHIi MOPALOK, OTJIHYAIOUIHACS OT UX OOBIYHOrO NOo-
psAlKa no BeJHYHHe, HO HMEIOWHH ¢ HUM MHOro obulero.

B camom jpene, BoyMmaeMcsl, KakKofi TOUHBIH CMBICJ
BKJIaAblBaeTCsl B CJ0BA O BO3MOXKHOCTH YHOPSAO4HTD
HaTypaJbHble YHcaa no HX BeaxudHe. ITox 3Toft BO3MOXK-
HOCTbIO, KaK HeTPYAHO BHAeThb, MOHHUMAeTCHA TO, YTO MJs
HEKOTOPHIX Map uHceJ a H b HMeeT MecTO OTHOLIEHHE
«060/bille HJIH PABHO»:

a=b,

KOTOpOe O3HAauaeT, YTO PasHOCTb a — b HeoTpHIlaTe/NbHA
(T. e. DOMIXHO CyLIeCTBOBAaTb TaKO€ HaTypa/bHOe YHCJO
¢, uto a="b-+c). Ho Beap M sBJIeHHe HEJHMOCTH CO-
CTOMT B TOM, YTO OTZE/JbHBHIE Mapbl 4HceJ a H b mopuH«
HAIOTCS HEKOTOPOMY, BIOJIHE OINpeleJeHHOMY YCJ/OBHIO
(uMeHHO: cylllecTBYeT TakKoe uesoe ¢, 4to a =b¢)! Ta-
KM 006pa3oM, OTHOIIeHHE MAEJHMOCTH H OTHOIIeHHe
«6o/ibllle HMJIH PaBHO» NPEACTaBJAIT COO0OH NOHATHSA
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ONHOM NPHPONH, H MOTOMY MOXHO TOBOPHTH 00 HX 00-
INMX CBOMCTBAX HJH, Hao60pOT, MPOTHBONOCTABJMSTH HX
Apyr Apyry.

B gacTHOCTH, MOAOOHO OTHOINEHHIO AEJHMOCTH, OTHO-
mweHne «0oJblle HJIM PaBHO» MeXAY ABYMs HaTypaJb-
HBIMH YHCJIaMH §BJSeTCS HEKOTOPHM BLICKa3BIBaHHUEM
06 3THX YHCJIaX H MOXeT OHTh BepHHIM (HampHMep,
5=3) uu HeBepHHIM (Hanmpumep, 3 =5).

3aMeTHM cpa3y e, YTO OTHOIUeHHe <«GoJblle HJIH
paBHO» HMeeT O6oJbile OOIIHX CBOACTB C OTHOLIEHHEM
JleTAMOCTH, YeM OTHOINeHHe <«GoJsbiie». DTO CBA3aHO
C TeM, YTO OTHOIIeHHe «GoJibllle WJIH PaBHO», NMOAOCHO
OTHOIUEHHIO JEJIHMOCTH, pedJeKCHBHO (AefiCTBHTENbHO,
COOTHOINeHHEe a == a CNpaBeAJHBO AJs Jio6Goro a), a OT-
HolleHHe «GoJible» pedJeKCHBHBIM He sBjsieTcsl (Hepa«
BEHCTBO @ > a He HMeeT MeCTa HHkorza). MIMeHHO mo-
STOMY 3Jlecb B KaueCTBe OTHOINEHHS MOpPSfKa MEXAY
HaTypaJbHBIMH YHCJaMH paccMaTpHBaeTcs OTHOLUEHHE
«GoJsblile WM PaBHO», a He, Ka3aJoch GH, 6ojiee mpocroe
H eCTeCTBEHHOE OTHOINEeHHe «GoJbliey.

5. OTHolleHHe = oGaafaeT CJAeAYIOLIHMH JIETKO NPOBepPAeMbLIMH
cBoficTBaMH:

1° a = a (pedaekcHBHOCTD).

2°Ecitna=bu b=a, 10a=>0 (aHTHCHMMETPHIHOCTD).

3 Ectn a=b u b=¢, 10 a = ¢ (TpaH3HTHBHOCTB).

4° Bo BcfiKOfi MOC/IEA0BATENLHOCTH HATYPaNbHBHIX YHCEN

Q=== 0ot =A== eony

Bce YJeHH KOTOpOfi OT/IHYHH APYr OT Apyra, HafileTcsi moC/lefHee
9HCN0. DTO CBOACTBO OTHOLIEHHSI HHOTAA HAa3bHIBAeTC CBOHCTBOM
n04r0% YnopaOO4EeHHOCTY MHOXKECTBA HATYPaJbHHIX GHCEN.

CBOHCTBO MOJIHOM YNMOPALOYEHHOCTH HOBOJBHO CJOXKHO MO ¢op+
MyJIUPOBKE H BBHINIAAHT HECKONBLKO HCKYCCTBeHHO. OZHaKO OHO BCKpH«
BaeT 4pe3BHYANHO BaXKHHE YeDTH B CTPOEHHH MHOXeCTBa HaTypalb-
MBIX 4HCel, YNOpAXOYEHHHX OTHOUleHHeM =. M3 Hero BHBOAATCH
MHOrHe ApyrHe CBOWCTBa 5TOro oTHOlleHHs . KpoMe Toro, Mu yBHAHM,
YTO HMEHHO Ha HeM OCHOBaHH CTOJb YNOTpeGHTe/bHHE B pa3HHX
BONPOCaX MaTeMaTHKH PacCyXJAeHHs «NO HHAYKIHH».

B xauecTBe NMOJE3HOro MPHMEHEHHS 3TOr0 CBOHCTBA OTMETHM CJie-
Aylollee: CymIeCTBYeT Takoe YHCIO @, 9TO H3 a == b clenyer a=b
(3mech a u b — HaTypaJbHHe YHCIA).

B camoMm JHene, eciu OB TAKOro uucaa He GblJIO, TO MH MOIJH GH
10 KaXAOMY @p HaXOAHTb TAKOE Gn+i, 9TO dq = Qn+1, HO Qn 5 Gn+.
Hauas ¢ npou3BOJBHOTO @), MH MOJYYHIH GH TNOCTeN0BaTeNbHOCTD

algazgaag gangaan cory
B KOTOpOH BCe WIEHH pa3JIHYHH M KOTOpas HHKOrJa He KOHYaeTCH.
Ho cymecTBoBaHHe Takofi NMOC/IeXOBaTeNBHOCTH NMPOTHBOPEYHT CBOMs
CTBY MOJHOHA YMOPSAOMCHHOCTH MHOMKECTBA HATYPa/bHHIX YHCEN,
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Takum 06pasoM, ykasaHHOe UHCIO @ AEACTBHTENBHO CYUIECTBYeT,
OHO Ha3LBaeTCs nepebiM, MM MURUMAAGHOIM, UuciaoM (OYeBHAHO,
3TO HYJb). 3aMeTHM 3JeChb e, UTO MH CelYac He YETaHOBHJH eXHHs
CTBEHHOCTH MHHHMAJbHOrO YHcJa. DTa eAHHCTBEHHOCTb OynAeT 3aduke
CHPOBaHa JaJjiee CHEUHAJBHEIM PacCyKJACHHEM.

5° KakoBo G HH 6blIO YHCIO @, CymeCTBYeT OTJIWUHOE OT @
yucso b, ans KOTOporo b = a.

3710 CBOACTBO MHOXECTBAa HAaTYpa/bHLIX YHCeJ HA3bIBAETCH €ro
HEO2PAHUYEHHOCTEI0 B CMBICJE OTHOIUGHUS =.

6° Kakoso 6u HH 6blJI0O WHCJIIO @, He SABJSIOLIeECS MHHHMAJbHHIM,
cyluecTByeT Takoe b, uto a = b, a 5= b u Ass mo6oro uncaa ¢ H3
@ =c=b creayer au6o ¢ =a, mu60 ¢ =">0. dro ¢opmaapHOe
yTBepXKJeHHe B MepeBOoJie HAa COMepXKaTeNbHHI S3HIK O3HAyaeT, UTO
KaXXJoe HaTypajbHOe WUHCIO, KpOMe HYJs, HMeeT Hemocpen-
CTBeEeHHO npefiecTBylomlee HaTypaabHoe gucio. (Huave 10 MOXK-
HO chHOpMYJHPOBATh TaK: CPeXH BCEX UHCEN, MeHbIUHX RAaHHOro, eCThb
HauGoJbluee.)

7° JIu6o a=b, au6o b = a ITO CBOHCTBO OTHOLICHHSA Ha+
SbiBaeTCsi ero OQuXOTOMUYKHOCT6I0, a TaKkKe noaxorod. B mare«
MaTHKE TEPMHH <«JHXQTOMHYHOCTb® OGHYHO BHIpaXaeT 06s3aTelbe
HYI0 peaJH3aLMIO OXHOH H3 ABYX BO3MOXHocTeii. Camo 3T0 cJo-
BO TpeyecKoro NPHCXOXKJAECHHSA M O3HAaUYaeT BO3MOXHOCTb paszelies
HHfi Ha JBe 9aCTH».

IMonuepruem, uto 1°—7° gBas0TCS CBOACTBAMH CaMOTO OT-
HOIIEHHA HAa MHOXECTBE BCeX HAaTypajbHLIX YHCeJ, a He CBOfi«
CTBAMH TeX HJHM HHBHIX YHCeJ, CBA3HIBAEMHX OTHM OTHOLICHHEM,
ITosToMy BroOsHE MOXeET OKa3aThCd, YTO A/ KaKOro-HHGYAL ApPY-=
roro OTHOIUEHHS, CBA3LIBAIOLIEr0 YHCJAAa B MapH, HO He MO BEJHYHHE,
a KaKuM-au60 MHHM CNOCco60M, HEKOTOpHE M3 YTBepKAeHuil 1°—7°
MOTYT OKa3aThCA H HeBepHLIMH.

3adaua 8. Omupascb TOJBKO Ha cBolcrBa 1°—7° OTHOLIEHHS
= H He NOJb3yfACh HUKAKUMH CBOHCTBAMH CAMHX UHcead H JAeHCTBHHA
HaJ HHMH:

a) AOKa3aTb eAHHCTBEHHOCTh MHHHMAJBHOrO 9YHCIHIA;

6) ROKa3aTb ERUHCTBEHHOCTb HeENOCPEeJACTBEHHO IMpeAlIeCTBYIO=
1leTo 9HCaA;

B) chopMyaupoBaTh oONpefefieHlie YHCJIa, HENMOCPEACTBEH ~
HO cleAylomero 3a RaHHHM 9YucaoM a (T.e. uuciaa a--1), u
A0Ka3aTb ero CylecTBOBaHHe H €{HHCTBEHHOCTb.

3adaua 9. Mposeputhb, Kakue u3 yTBepxAeHuH 1°—7° ocraiorcs
B CHJIe AJIf OTHOLUeHHs «GoJbiue» (>).

6. CnpaBeAIHBOCTb CBOHCTB OTHOlleHHs == (Kak, BHpoYeM, H
M11060r0 KPYroro OTHOIUEHHA) MOXeT GHITb YCTaHOBJeHa ABOsKO. Bo-
NepBHX, MBI MOXeM BOCHOJAb30BATbCA CBOHCTBAMHM TeX HJIH HHHIX UH<
CeJl WJIH M3BECTHHMH OCOGEHHOCTSIMH CTPOEHHfi MHOXECTBA BceX Has
TYpaNbHEIX UHCe]. FIMEHHO Tak M NpoBepsAJMCh BaMH CBoiicTBa 1°—7°,
Bo-BTOpBHIX, MH MOXeM, yXXe YGeRHBIUMCh B CIPaBRENTHBOCTH CBOHCTB
1°~7°, 0TBneubCs OT TOro, YTO OTHOLIEHHE == CBA3LIBAET WHCJIA
B NapH, ¥ BHBOAUTH AajibHeflunHe CBOACTBA 3TOr0 OTHOLUCHHS TOJBKO
u3 ero cBofict 1°—7° Tak Hamu GHJIM JOKa3aHHl CYIECTBOBAHHE MH+
HHMAJbHOTO YHCJIA M yTBEpKIeHHs 3anauu 8.

Bropo#i NOAXOA K BONPOCY BecbMa YNOTpeGHTeNleH B COBpeMeHs
HOM MaTeMaTHKe H HOCHMT HasBaHue akcuomaruuweckozo. Ilpu Takom
TOAXO/e YCTAHABJHBAIOTCH HEKOTOPHe AKCUOMbL (B HameMm ciyyae
KMH fIBASIOTCA yTBepXAeHHs 1°—7°), KOTOpHe OTPAKalOT OCHOBHHIE
CBOACTBA H3y4aeMbHIX NPEeIMETOB H He MOAJeXAaT JOKa3aTelbCTBY, a
13 HHX YHCTO JIOTHYECKHM nyTeM, Ge3 MNOBTOPHOIO oO6pallieHHsi K
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cBOficTBaM HCCAEAYeMHX TPEAMETOB, BHBOAATCA BCE OCTaJLHHE
yTBepXKAeHHs, KOTOPHE Ha3HBAOTCA TeopeMamil.

BHTb MOXeT, HEeKOTOPHM H3 YHTaTejefi PacCMOTpPeHHe CBOHCTB
OTHOIIEHHA B OTPHIBE OT CBA3LIBAEMHWX ™HMH OTHOIIEHASMH OObeK-
TOB (HanmpHMep, HCeNT) MOKaXKeTCs TeM BepXOM MaTeMaTHIeCKofi aG-
CTpaKukH, KOTOPHA B NPAaKTHYeCKOf KU3HH COBEPIIEHHO He HYXKeH.
Ilo sToMy MOBOAY CJefyeT CAeJaTh ABa 3aMeUaHHs.

Bo-nepBHX, C TOUYKH 3PeHHs COBPeMEHHOMi MaTeMaTHKH BCe NpH-
BOAUMHE 3Jech paccyXJeHHs BOBCe He ABJAOTCA <«0coGeHHO a6-
cTpakTHHME». Boslee Toro, MaTeMaTHKaM yKe RaBHO MPHXOAHTCA pac-
CMaTpHBaTh OJHOBPEMEHHO MHOro OTHomeHH#A W Aaxe (!) CBA3BLIBATH
flapu Pa3/iMUHHIX OTHOIWIEHWA HOBHIMH OTHOWMEHHAMH (TaK CKa3aTh,
OTHOIUEHHSAMH «BTOPOro MOPSAAKa»).

HanoxeHHH 10 CHX MOP MaTepHas NMO3BOJSET NPOHJIOCTPHPO-
BaTh NPHMepPOM MOHATHe OTHOIIEHHS MeXAY OTHOUIEHHAMH.

Iycts a, B, ...— HeKOTOPHA Ha0Op OTHOWIeHHA, CBA3HBAIOLIHX
HaTypasbHHE 9HCTa. DTO 3HAUHT, 4TO AJA JoGofi mapu uHces a H b
H JioGoro OTHOUIEHHA Y M3 Hauero HaGopa MH 3HAaeM, CBA3HIBAaeTCH
MU napa a, b oTHowleHHeM y HaH HeT. Ecin a # b oTHomweHHeM Yy
cBasaHH, GylleM nucath ayb.

ByleM roOBODHTb, UTO OTHOMIEHHE @ CUAbHee OTHOMeEHHS P, U 3a-
mHCHBaTh 9TO Kak & D f, ecau Jno6as mapa ducen, CBA3aHHAs OTHO-
uiendeM [, OKasmBaeTCd, TaKXKe CBA3AHHOR M OTHOLICHAEM q, T.e.
ecan 3 afb caenyer aab.

Tak, HanpaMep, 0603Hauasi OTHOWIEHHE YETHOR HAEIMMOCTH Y2
pes :, MH MOXeM HanucaTpb : D :. [laiee, oueBHaHO, UTO = D >,

4 q
a TakkKe == D :. DBMecTe C TeM CyllleCTBYIOT €CTeCTBeHHHE OTHO-
HICHHS Ha MHOJKECTBE HATYPaJbHHX 4YHCEJ, OTHOCHTEABHO KOTOPHX
HeJb3s yTBepXKAaTh, 4TO OJHO M3 HHX CHJbHee HJH cjaabee Apy-
roro. Tak, Hanpumep, eciu AAA ABYX HaTypaJibHHX uHcel a H b
nonarate a > b, ecau nocaenusas uudpa B ReCATHYHOM 3amHCH
gicaa a Gosbille mocieAHed Ludpu uncaa b, To He Gyaer Hu >D=,
HH = D >.

Koneuno, aas cBOGOLHOrO ONEPHPOBAHHS CTOJb CJOXKHHMH IO-
HATHAMH, KaK OTHOLIEHHS MeXJYy OTHOIIEHHSIMH, HEOGXOAHMa Clie-
LHaJbHasi TPeHHPOBKA. .

Bo-BTOpHIX, Takue U Jdaxe ellle Gojee OTBJeUeHHHE PacCyKAeHHS
BCe Yallle H Hallle HAUYHHAIOT BCTPeYaTbC B NPHJAOKEHHAX MaTeMa-
THKH K SKOHOMHKe, GHOJIOTHH, JIHHI'BHCTHKe, BOeHHOMY feay. K co-
JKajeHuio, Gosee NOAPOGHLHIE MOSCHEHHS HA STOT cYeT yBeJH OHl
Hac CJHUIKOM AaJieKo OT OCHOBHOro MpeaMeTa.

7. C ynopsiio4eHHOCTbI0O MHOXeCTBa HATypaJbHHX
YHCeJl OTHOIIEHHeM == TeCHO CBs3aHa BO3MOXHOCTb NPH-
MeHSITh METON NOAHOU uHOyKkyuu (HasbiBaeMHii Takxke
MeTOOM CO8epuieHHoll MHAYKUHH HJIH METOAOM MaTe-
maruseckol uHAyKuun). OOBIMHO 3TOT MeTOA mNpHUMe-
HseTcs B ciedyiowed ¢opme. IMycts A (n)— Hekoropoe
yTBepKAeHHe, Kacalollleecss INPOH3BOJbLHOTO HaTypaJb-
HOro upcjaa n. DTO, NO CYIIECTBY, O3HAYaeT, YTO MHI
uMeeM Jeno ¢ OGeCKOHe4HOH IOC/AeN0BaTEJbHOCTbIO
yTBepKAeHHH

A0), A(1), vosy A(n), v0auy
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KaXJI0€ H3 KOTOPHIX OTHOCUTCS K COOTBETCTBYIOMIEMY Ha-
TypajabHOMY uuciy. [Ipexnosnoxum, 4To: .

a) crnpaBeanuBo yTBepxkaenue A (0) («ocHOBaHHe HH-
LYKUHH») *);

6) u3 cnpaBeAJHBOCTH yTBepXKaeuus A(n) cienyer
crnpaBefJIMBOCTb yTBepxKaeHHs A (n -+ 1) («HHAYKTHBHHI
nepexon»).

[punuun MartematHyeckol MHAYKUHMH yTBepXKAaer,
4TO B MpeinosioxeHHsx a) u 6) A(n) cnpaseanuso muist
J11000r0 HaTypaJsbHOIO f.

TpruuKn MaTemaTHYeCKO/ MHAYKUHH He SBJASETCA KAKUM-TO ca-
MOCTOsSITeIbHEIM YTBEPIKAEHHEM, a MOXKeT GHITb BHIBEAEH H3 CBOHCTB
1°—7° ynopszouenns MHOXeCTBa HaTypaJbHHX YHCEN OTHOIIe-
HueM =.

IeficTBHTeIbHO, MPEANONOXHM, YTO yC/I0BHA a) W 6) NpHHUHNA
HHAYKUHH A yTBepKAeHHA A(n) BHIOJNHeHL, HO 3aKJIOUeHHE 3TOrO
CPHHINNA He HMeeT MecTa. IlocniefiHee O3HauaeT, YTO JOMXKHH CYle-
CTBOBaTb TakHe YHCJIAa m, LS KOTOPHX yTBepkKuiehne A(m) HesepHo.
Tlyctb m; — onno u3 Takux umced. Eclu nas Bcex n << m; yrBep-
xiaedane A(n) BepHO, TO m; — HauMeHbLlee M3 YHCeJd, ANl KOTODHIX
A(n) uve umeer mecta. Ecau xe A(n) sepHO He AJs Bcex n << my,
TO JOJIXKHO CyUIeCTBOBaTb TakOe mgp << m,, 49t0 A(m;) HeBepHo.

B uTOre MH NPHXOMHM K HEKOTOPOH IOC/]eZOBATEJILHOCTH pas-

JIHYHBIX YHCeJa
m=mz=...=2m=, ..., (1.2)

IS Kaxaoro u3 Koropuix A(m) He umeer mecra. Ilo cBoficTBy moJ-
HoOil ynopsmouyeHHocTH 4° B nocaenoeaTenbHocTH (1.2) nomxedH GHTH
nociaenHuil uned m,. OueBHAHO, YHCIO M, ABJAAETCS HAHMEHbIIHM H3
BCeX yHces, AAs KOTOpHX A(n) HeBepHo.

IMockoabky 4(0) BEPHO MO ycloBHIO, m, = 0, Tak 4TO Cyile-

CTBYeT YHMCJIO M, HEMOCPelCTBEHHO MpenutecTBylollee m, (B Aefl-
*
CTBHTEJIBHOCTA 3THM YHCAOM siBAsercs m, —1). Tak kax m, <m,,

»
yTBepIKAEHHE A(rn,) N0/MKHO GHiTh BepHeIM. Ho Torma mo yciaoBuio
6) nMpHHUKNA MaTeMaTHYeCKOR HHAYKUHH AONXKHO GHTh BEPHBIM TaK-
XKe H yTBepXAeHHe A (m,+ l), T. e. A(m,), u MBI TOJYYHIH TPO-
THBOpeyHe. DTO MPOTHBOPeuHe MOKA3LHIBAET, YTO HET 4HCea m, AJs
KOTOpHX A(m) He uMeso Gbt MecTa (T. e. He OuJIO OB CHpaBex-
JIHBO).

CnenaeM clenyiollee 3aMedaHHe. [IpoBesieHHBIe TOJBKO YTO pace
CyXJAeHHsl He CJAeNyeT CUHTaTh HH J0Ka3aTe/JbCTBOM NPHHIHNA HHIYKe
1uuM, HH ero oGocHoBaHueM. OHHM O03HAYalOT JHIUL BO3MOXHOCTH BH
BOAa OJHOTO MAaTeMaTHYECKOTO yTBePMAeHHS (MeToda HMHAYKUHH) U3
Apyrux (M3 cBOACTB OTHolleHHWs ==). CaMH e 3TH CBONCTBA MPH-
HHMaJHCh HAMH B KayeCcTBe aKCHOM H INOTOMY He JOKa3hBaJHCh,
a UMb NpoBepsJinchb. BesAKas MONMKITKA HX MaTeMaTHYECKOTO MOKa3as

*) Yacro 3a ocHoBaHME HHAYKUMH MNPHHHMAIOT yTBepXKACHHE
A(1). OueBugHo, 3T0 pa3jnuHe He sBAfAETCH CYlleCTBeHHHM. Baxuo
JMIB, YTO OCHOBAaHHE WHIYKLHH KacaeTcsi NePBOrO M3 paccMaTpH-
BaeMbIX HaMR UHceld,
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TeJbCTBA HeH3GeXXHO HATONKHYJNach OW Ha HeoOXOAHMOCTb BBeNEHHS
B KaueCTBe aKCHOM KaKHX-TO HOBHIX YCJIOBHI,

B 4acTHOCTH, BCiKasi MPOBepKa CBOHCTBA MOJHOA ynopsALodeHHO-
CTH NOJKHA HCNOJNb30BATh Te e HUAYKTHBHHE DAacCyXIeHHs (IuTa-
Teqb n,ome‘r B 5TOM yGeluTbCs caM).

MeTony MaTeMaTHYeCKO HHAYKUMH B €ro pasHYHbIX
Bapuanrtax mocesuienn Kuuru: Comuuckuii H. C
Metoa MaTeMaTuueckoii mHAyKumu. — M.: Hayka, 1974;
IF'onosuua JI. U, firaom HU. M. Hunykuus B reo-
metpun. — M.: Tocrexnsnat, 1956, cosepxaiue GOJb-
110e KOJHMYeCTBO NMPHMEPOB NPHMEHEHHS 3TOr0 MeTOoAa.
Ha npoTsiKeHun JaHHOH KHHIH STOT MeTOA Takxke Oyjer
YacTo MPHMEHATHCS.

3adaua 10. TTycts Hapu 06beKTOB MPOH3BOJNBHON MPHPOAH (HMH
MOTYT OHTb UACJ]a, TOYKH, (DYHKIUHH, TeOpeMB H T. I.) CBASHBAIOTCH
HEKOTOPHM OTHOIIEHHeM &, KoTopoe o6GjajaeT CBOWCTBaMH, aHajo-
rHUHBIMH cBoficTBaM 1°—7°, Jloka3aTb, YTO TOTAa 3TH OGBEKTH (3Je-
MEHTH) MOXXHO NepeHymepoBaTth (T. €. BHNHCaThb HX B HEKOTOpPOM
nopsgke) A, As, As, ... TaK, uTo A; &~ A; TOrRa M TOMBLKO TOTrAA,
Koraa i = j.

CkasaHHOe, MO CYLIeCTBY, O3HadaeT, YTO OTHOIIeHHe, 06Jajaio-
wee cBoHcTBaMHu 1°—7°, ynmopsjounBaeT MHOXECTBO B JHHefHY IO
IENoYKY SJIEMEHTOB; :

A4 34:3...,

8. BepueMcs, ofHAaKO, K OTHOLIEHHIO AeiduMocTH. B ciaysae mo-
JIOXKHTEbHLIX YHCEN TeOpeME 1, 2, 3 u 3azauu 3, 4 1 5 NOKasHBAIOT,
YTO B YTBepXKAeHHAX 1°—6° MH MOXeM 3aMeHHTb OTHOUIEHHE =
oTHoleHUeM : . UTo Xe Kacaercss yTBepXKAeHHs 7°, TO B NPHMEHEHHH
K REJHMOCTH OHO IJIaCHT: «H3 JBYX YHCeJN XOTH GH OXHO MEJHTCS
Ha Jpyroe».

Ho sro HeBepuo! Takum 06Gpa3oM, OTHOllleHHe HKeJHMOCTH 0G-
JIafiaeT BCEMH CBOACTBAMH OTHOUIEHHS NOPsAAKA, 32 HCKIOYeHHEM
onuoro. B cBA3n ¢ 3THM OTHOWEHHe AEMUMOCTH YNOPAAOYHBAET Ha-
TypaJbHHEe YHCAA He B BHAE JHHeHHON LENOYKH, a HHHM, GoJee
CHOXHHM 00pa3oM (cM. PHCYHOK). 3ameTHM, 4To 4uc/aa, GaH3KHe MO
BeJIHYHHE, MOTYT OKa3aThCfl AOBOJILHO «AaJleKUMH» ApPYr OT Apyra B
;Mug.ue nenuMoctu. Harmsauo memoscrpupylor 10 uncaa 4 u 5 uau
7u8.

IMonpoGyem OT NeMUMOCTH LieJHX NMOJOXKHTENbHHX SHCeN mepefi-
TH K JIeTHMOCTH 9HCeJ HaTYpaJbHHX, T. €. BKJIOYHM B PacCMOTpeHHe
HyJab. Torla cxemMa Ha pHCYHKe NOMNOJHHTCSA KJETKOM, Jexalllell Bhlme
BCeX OCTAJbHHX KAETOK CXeMH, HGO HyJb JeJHTCH Ha JMoGoe YHCAO
M HH OLHO H3 YHCeJ, OTIMUHHX OT HyJs, Ha HyJb He JeJHTCH.

-YyraTeo MNPeROCTABJAsSETC CaMOCTOATEJNbHO mepedopMyaupo-
BaTh M TNpOBEPHTh HIMEHEHHWe ANl STOr0 CIyyass yTBepXKACHHA

9. Onpeneneunne. JlioGoe OTHOUIEHHE &, MONYHHEHHOEe YC-
JIOBHSAIM:

1° pedaekcuBHocTH (a &a);

2° anTHCHMMeTpuuHOCTH (H3 a$&~b u b§—a cleayer a = b)}

3° tpansuTHBHOCTH (M3 @ &b H b'& ¢ caemyer aiv— ¢),
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Ma3bLIBACTCS %ACTUUHO ynopadodusarowum oTHoulenuesm, YactHuno
YNOpsI04HBAIOIHE OTHOWICHHS HPAKT GOJBIIYID POJb TaM, IAe <Ha-
cTosilliees, JIHHEiHOe YNOPsOYeHHe He HMeeT MecTa, HalpHMep TaM,
rie KaxAu# OGBbEKT OMHCHBAETCA HJH OLEHHBAeTCs MO HeCKOJBbKHM
PasAHuHEIM, KAueCTBEHHO HECPABHHMBIM MexXny cOGOfi MNOKasaTelsiM,

B KauecTBe npuMepa MOXHO NpHBECTH OlEHKY pe3yJbTaToB
CHIOPTHBHEIX COPEBHOBaHHf MO HeCKOALKHM PAa3iHUHHM BHIAM CMOPTae
Ecau o1Ha M3 KOMaHI 3aHAJNA MO BCEM BHAaM NPOrPaMMH COPEBHO-
BaHH GoJlee BHICOKHE MecTa, YeM HpYyras, TO €CTeCTBEHHO CUHTATh,
4TO nepBasi KOMaHAa noGHiach GOMbmIHX ycrmexoB. EciH xe 3Tu 60
Jlee BHICOKHE MeCTa GBUIH 3aHATH 1O BCeM BHAAM MPOrpaMMH, 3a
HCKJ/I0UEHHEM, CKaXKeM, HIPH B KPOKeT (KOTOpasi Mo4YeMy-TO Ha 3TOT
pa3s oKasaJacb BKJIOYEHHOR B NPOrpaMMy COPeBHOBaHH), rie BTO-
pas KoMaHIa OKa3ajach CHJbHel, TO OTBET Ha BoNpoc 06 OKOHYa«
TEJILHOM paclpefie/leHHH MeCT MeXIy HAlUMMH KOMaHIaMH OKa3H«
BaeTCA YXKe He CTOJb OYeBHAHBIM. DHTY3HACTH HIPH B KPOKET MOTYT
Jaxe HacTaHBaTh Ha 06oJiee BLICOKOM MecCTe HJSi BTOPOA KOMaHZH.
Bo BcakoM cayuae Ji060e cyMMapHOe paclpeleseHHe MeCT MOMKHO
6HITh CBS3aHO C HEKOTODHIMH YC/IOBHBIMH IlepecueTaMH (HampHMep,
C NpPHNHCHBAHHEM OUKOB HJH «6ajioB»).

10. Ycnosua 1°—3°, co6mojeHne KOTOPHX HeJMaeT OTHOIIeHHE &—
OTHOIIEHHEM YaCTHYHOTO YNOPsAXOUYEHHS, ABJIAIOTCA AOBOJBHO CBOGOI-
HbIMH. TT09TOMY 4acTHYUHO YNMOPSALOUEHHBIMH H NPHTOM YMOPAAOUEH-
HEIMH BeCcbMa Da3JIHYHHMH CMOCOGaMH MOrYT GHITh CaMble Pa3HOOG«
pasnbie 06beKTH. B CBA3H ¢ 3THM O NMPOH3BONLHOM YaCTHIHO YNOPSI-
JOIHBAIOlleM OTHOLIEHHH MaJi0 9TO MOXKHO CKa3aTh CBepX TOro, 4T0
OHO YaCTHUHO YymopsijounBaloilee. B wacTHocTH, K OGbekTaMm, Ang
KOTOPHX ONpeAe/]eH0 YacTHYHO YMOPsAMOYHBAIOlECe OTHOUIEHHS, Helbs
31, BooGule roBOpsS, NMPHMEHATH METOJ MaTeMaTHYeCKOR HHAYKLHH,

JlonosHuM, OXHAKO, YycaoBHA 1°—3° cillepylOLHMH}

4° MoJiHas ynopsaOIeHHOCTD}

5° HeorpaHHYEHHOCTD;

6° KaXAuifi OGDBEKT, OTVIHYHHI OT MHHHMAJBHOTO, HMeeT HeIlo-
CPelCTBEHHO NMpeAllecTBYIOIHUM;

8° KaxAHH 06beKT HMeeT He GOJiee KOHEUHOTO YHCJA NpeAilecTs
BYIOIIHX;

2 H. H, Bopolnen - 17



9° kakoBH Gb1 Hu 6bM a U b&~ a (b = a), cymecTsyeT Taroe
€, HenoCpeACTBEHHO MNpeluiecTBYiollee b, YTO € & a.

Oxa3biBaercs, YTO Ha OCHOBe YaCTHYHOM YNOPAHOYEHHOCTH MHO-
JKecTBa HaTypasbHbIX UHCeJd OTHOLIEHHEM, KOTOpOe YIOBJETBOpsSieT
yeaosusiv 1°—6°, 8° H 9°, MOXKHO NMOCTPOHUTH HEKOTOPOE BHIAOH3MeHe-
HHe MeTOAAa HHAYKIHH, COCTORIee B C/eAYIOILIEM.

Mycte cnosa A(n) — yTBepXKaeHde, Kacaiolleeci NMPOH3BOJIBLHOrO
yucaa n. [TpennonoxxuM, uro:

a) cmpaBeAJHBO yTBepxKaeHue A(a), Tle @ ecTb MHHHMaJbHOE
YHC/IO B CMBIC/IE YNOPSALOYEHUS &—;

6) eciM n — HEKOTOpPOe YHC/IO H CMpaBeVIHBOCTb BCeX YTBep-
SKIeHuit Buaa A(m) LJa BCeX TaKuX m, 4TO n&—m H n 5= m, ycra-
HOBJIeHa, TO BEPHO H yTBepXAeHHe A (n).

HoBas ¢opma npHHUMNA HHAYKUHMH YTBepXKAaeT, 4TO Nphu cobiio-
zéemm ycaosuil a) u G) yrsepxienne A(n) crnpaBeAsHBO fpH JiO-

oM n.

3adaua 11. BuBecTH «HOBYIO (OpMy» NMpPHHUHNA HHAYKUHMH H3 ee
«cTapoit GopMbl».

Tak Kak OTHOWIeHHe eNMMOCTH ycaosuam 1°—6°, 8° u 9° ynmo-
BJieTBOpAET (c«popux.unpyme H NpOBepbTe NJSi OTHOLIEHHA AEJIHMO-
cty yciosus 8° u 9°), 9TOT NPHHUHI HHAYKUHH K OTHOLICHHIO AEJH-
MOCTH NpPHMEHHM.

B npuMeHeHHH K AEJHMOCTH HOBH NPHHUMN HHAYKUHH MOXeT
66Tb CHOPMY/IHPOBAH TaK: eClH HeKOTOpoe yTBepxaexue A(n) cmpa-
BeLJIMBO MpH n =1 H H3 CNPaBeAJIMBOCTH ero NJs BCeX HAe/uTeled
yKcAa n, OTAMYHHIX OT N, CJAelyeT €ro CHNpPaBeAJIHBOCTb MJIS 7, TO
oHO MMeeT MecTo AJs JMoboro ducia.

11. [leneHue ueabIXx 4HCeJN, KaK Mbi y¥Ke TOBODHJIH,
BHINOJHHMO He Bceraa. ITostomy nesecoobpasHo Hapsny
¢ HeficTBHeM JeJIeHHS paccMaTpuUBaTh U Apyroe, Oosee
obliee JfeficTBUe, KOTOPOe BCerjpa BHLIMOJHHMO, a B
cjlyuae BHIMOJHHMOCTH JAeHCTBHSl JleJieHHs, MO CyLIeCTBY,
coBnafaer ¢ HUM. TakuM JelicTBHeM siBJAsleTcsl Jesexue
€ OCTATKOM.

Onpenenenue. Paszdesurs uucjio a Ha yucjIO b
(b >0) c ocrarKkom — 3HAYHT NPEACTAaBHTb YHCJIO a
B BHIe

a=bg+r,
roe 0 =r<b.

Yucso g NPH 3TOM HA3BIBAETCS HENOAHOLIM 4ACTHbLM,
a 4ucJ0 r— OCTATKOM OT JeJieHHss a Ha b. OueBHAHO,
r="0 Torna u ToJAbKO TOrAa, Korjaa a : b. B arom ciyuae
g PaBHO YaCTHOMY OT AeJieHHs a Ha b.

[TokaxeM, 4TO AeJieHHe C OCTaTKOM BCerfa BHIMNOJ-
HIMO, a HEMOJIHOe 4YacTHOe H OCTAaTOK BIIOJHE ompeje-
NSI0TCA AeJUMBIM U JeJHTeNeM, T. e. e AHHCTBEHHBHI.

IMycrb cHavana a = 0. Bynem BoinuchiBaTh OZHO 32
JApyruaM ducia

a, a—b, a—2b, ... (1.3)
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[0 Tex nop, Noka He MOSIBUTCA OTPHLATEJNbHOE UHCIIO
(oueBHAHO, PaHO HJIH MO3LHO TaKOe YHCJIO AOJIKHO IO-
asutbcst *)). IlycTh moc/AeHHM H3 HEOTPHUATENBHBIX
4iIeHOB mocsefoBaTenbHocTH (1.3), T. e. caMHM MaJieHb-
KHM H3 HHX, OKaxercl 4Hcio a — bg. OGosHnauasi ero

yepes r, Ml HMeeM
a=bqg+r. (1.4)

OueBupno, r << b (unaue Ob uucjo r—b, T. e, a—
—(g -+ 1)b, 66710 OB HEOTPHUATENLHEIM, a 3TOIO HE MO-
}KeT ObiTb, TAK KaK r—HaHMeHbIlee H3 HEOTPHIla-
tesibHEIX uucesa cpeau (1.3)). Takum oGpasom, (1.4) u
SIBJISIETCS] HCKOMBIM TNpeACTaBJeHHEeM YHCTIa a.

Ilycte Tenepr a << 0. Paccyxnasi aHaJOrHYHO mpe-
ABIAYLeMy, OyaeM BHIHCHIBaTb IOCJEA0BATENbHOCTD
qHce

a, a+b, a+2b,...

IO Tex Nop, MOKa He MOSIBHTCS NepBOe HEOTPHUATEJIBbHOE
4HCJIO r (J1erKo MPOBEpHTb, uTo r << b). Ilyctb

r=a-+bq’.
Toraa, o6o3nauasi —q’ 4epes g, MBI MoJy4aeM
a=bq+r,

a 370 H TpeboBaJoCh.

B03MOXKHOCTL JeJleHHS C OCTaTKOM J0Ka3aHa BO
BCeX Caydasx.

JokaxeM Telepb OJHO3HAYHOCTb 3ITOr0 JAeJIeHHS,

T. €. 4TO H3
a=bg+r (1.5)
H
a=bq,+r, (1.6)
clenyer
9=q, r=r.

OT Takoro AOKa3aTeJbCTBa €JMHCTBEHHOCTH HeJb3sl
OTMaxHYTbCS, MONPOCTY 3asiBHB, 4YTO, TaK Kak, NecKaTb,
JiefiCTBHe BBHIYHUTAHHA OJHO3HAYHO, NOCJIENOBATENBHOCTb
(1.3) moxer OHTb NMOCTpPOEHa €JHHCTBEHHHIM CIOCOGOM;
ROC/AeNHHA ee HEOTPHUATE/bHHIA 4JEeH TaKXe BIOJHE

*) Tounee rosops, 510 ClefyeT H3 TNOJHOA YHOPAACTEHHOCTH
MHOXeCTBAa HaTyPaJIbHHIX YHCEJ OTHOLUCHHEM =%.
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onpeleneH; myctb aro 6yaer Hawe r ,.. H T. A. Takoe
paccyxjeHHe ellle He H36aBJseT Hac OT BO3MOXKHOCTH
NOJy4YuTh APYTHe 3HAUEHHA ¢ M r KaKUM-HHOYAb coBep-
IIEHHO HHBIM TyTeM.

ConocraBiassi otHowleHua (1.5) u (1.6), MBI BHAHM,

YyTO
bg+r=0bq,+ry,

"_"l=b(‘h—‘7),

T. e. r—r; geautcs Ha b. Ho |r—ri|<<b, a mo Teos
peme 4 3TO BO3MOXKHO JIHIUb NPH

oTKyna

r—r;=0,
T. e. pu r =r;. Ho toraa
b (g —q)=0,
H BBHAY HepaBeHCTBa HYJIIO 4ucsa b
q9,—q9=0,

T. €. q1==¢q. OLHO3HAaYHOCTb HEJNeHHA C OCTATKOM MO~
KazaHa. Takum o6pa3oM, HaMH JOKa3aHa clejyiolwas
Teopema.

Teopema 7 (o menenun ¢ ocratkom). Jaa npous-
BoabHbIX uucea a u b (b>0) cywecrsyor u eduu-
CTBEHHbL TAKUE HUCAQ r U g, 4TO

a=bqg+r,
npuden 0 = r < b.
3aMeTHM, 4TO, B YaCTHOCTH, Npu b =1 ROJXKHO GHITH
r=20, oTKyAa a ==¢. DTo COOTBETCTBYeT YTBepPXKIEHHIO
3agauH 2. fIcHo BMecTe ¢ TeM, uTO ecau b > 1, To a>q.

3adaua 12. ChopMyaHpoBaTb H AOKa3aTb TeOPeMy O AeJeHHH
C OCTaTKOM JJIsi YeTHOH AeJHMMOCTH.

12, Onpenenenune. Unuciao p, He paBHOe eRHHHIE,
Ha3bIBAeTCA NPOCTbLM, €CIH OHO ASJNHTCA TONbKO Ha cels
U Ha eHHHLY,

IIpocThiMH uHCcIaMH SBJASIOTCS, HaNpHMep, YHCAa 2,
3,5,7,11, 13 u T. n.

Uncao, OT/IHYHOE OT eNHHHUB H He fABJASOLIeecs
IPOCTEIM, Ha3LIBACTCH COCTABHOLM.:

Teopema 8. IIpocroix wucea 6eckonedno mrozo.

dTo yTBepXKIeHHe ClefyeT MOHHMATh TakK, YTO AJs
KaxJoro NMpoCTOro 4Hcja Haiaercs eule XoTa Obl OLHQ
npocToe 4HCio, GoJbillee ero
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Besikoe uncso, Aensiee oJHOBpeMEeHHO yucia a u b,
HasniBaeTcsl obujum OeauTesem 3THX uucesa. Hau6omb-
WHHA H3 OOIIUX HeJHTeJell yHceJa ¢ H b Ha3bBaeTcs HX
nauboavum obuyum OeautTesem ¥ 0603Havaercs OOLIG-
Ho yepe3 (a, b).

Ecau HanGoapluuii o6mMi AeauTeNb YyHCesa @ U b pa-
BEH e[HHHIE, TO 3TH YHC/JIAa HAa3HBAIOTCA B83AUMHO npO-
CToLMU. :

Huaue rosopst, uucsaa a H b Has3bIBaloOTC B3aHMHO
NpPOCTHIMH, €CJIH OHH OZHOBPeMEHHO He ARJATCH HH Ha
KaKoe YHCJ0 KpoMe eJHHHIIBL.

Teopema 9. Ecau a u p—HaTyparshele uucaa,
npuuem wucao p npocroe, T0 Aubo a i p, AU60 4uCIA @
U p 83AUMHO NPOCTOL.

Bcsakoe uucso, Aensuieecss OXHOBPeMEHHO Ha YHCJIA
a u b, Ha3biBaeTca 00wumM KpaTHeim 3THX yucea. Ham-
MeHbliee TO0JI0XKHTeJbHOEe ofllee KpaTHoe @ H b HasH-
BaeTCA HAUMEHbUWIUM OOUUM KPATHbIM 3THX YHCel.

Teopema 10. Ecau M —obujee kpatHoe a u b, a
m— ux Haumeroiiee obujee KparHoe, o M : m.

Teopema 11. Haumenowee obujee xparHoe 08yx
B3QUMHO NPOCTOHIX 4UCEA PABHO UX Npou3sedeHuro.

CanepcrBue. Hasa 1020 4TOG®L 4UcA0 a 0eAUAOCH
Ha 83aUMHO NpoOCToie uucaa b u ¢, Heobxodumo u 0Jo-
CTQTO4HO, 4TOGbL OHO 0eAUAOCh HA UX npoussederue.

Teopema 12. Ecau ab:c, npusem uucisa b u c
83AUMHO NPOCTbiE, TO a * C.

Teopema 13. Ecau npoussederue HeCKOAbKUX CO-
MHoxcuTenell 0eAuTCs HA NPOCTOe 4ucao p, To xors Ool
00un u3 comHoxcureneil Geaurcs Ha p.

Caneacrsue. Ecau p—npocroe u 0 <<k <p, 10
Yuca0 coueTanutl

Ct— 1-2-...-(p=1)p
P10 .. k—Dk-1-2e... (p—E—1)(p—F)

Oeaurcs na p.

Teopema 14 (ocHoBHas TeopeMa apud-
MeTHKH). Bcakoe yeaoe nososuUTesbHOe 4UCAO, KpOME
edunuyol, Moxer 6uiTo npedcrasieno 8 sulde npousse-
Oenus npocTulx cOMHONCUTEREL U NPUTOM eOUHCTBEHHLIM
cnoco6om (TMpOH3BENeHHs, OTJIHYANOUIHECS TOJbKO IIO-
PAKKOM COMHOXHTEJIEH, Pa3jHYHBIMH He CYHTAIOTCS).

OcHoBHasi TeopeMa apH(MeTHKH yKa3blBaeT Ha NpPHH-
L{INMHAJAbHYI0 BO3MOXHOCTb Pa3JjoXKeHHs JI00ro uucia
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Ha npocThie COMHOXKHTeNH. OAHAKO NMpaKTHYeCKoe OCy=
LieCTBJIEHHE TAKOrO pasJloxeHHs1 BcTpevaeT GoJbliHe
TPYAHOCTH, KOTOpPHE COBpeMeHHas MaTeMaTHKa HHOraa
elle He MOXeT npeonoJerb. PasnoxeHne GOMbLUIHX YHces
Ha MHOXHTEJIH HJH YCTaHOBJEHHe HX NMPOCTOTH B Ha-
crosiliee BpeMs OCYLIECTBJISIETCA Ha OCHOBE MpPHMEHEHHS
9JIGKTPOHHBIX BHIUHCJHTEJbHBIX MawmuH. Tak, JHLIb C€O-
BCeM HeJaBHO 6bLIO O6HApYKeHO, UTO yHcjao 2'99%7 — |
(B HeM GoJiee wecTH ThIcAY UH(DP) gBASETCS NPOCTHIM.

Ilyctp HekoTOpOE uMCJO a pa3jioxkeHO B NMPOH3Bele-
HHe NpocThiX comHOXKHTeJel. OG6GbeiuHAs paBHHE CO-
MHOXKHTEJH, MBI NOJAYYHM ¢GOpMyJay BHAA

a=pip3? ... p,", (1.7)

rAe p1, P2, «.., Pr — Pa3jHUHBIE NPOCTHIE YHCJAA, A& i,
o, ..., O, — HEKOTOpHIE LeJible MOJOXKHTEJNbHbIE YHCJA.
Ilpoussenenne, crosimee B NpaBoil vactH ¢opmyan
(1.7), Ha3bIBaeTEA KAHOHUUECCKUM PA3AOKHEHUeM YHCIA a.

Teopema 15. Han Tozo 4robel uucaa a u b Goiau
83QUMHO NpPOCToLMU, Heo6x00umo u O0OCTATOUHO, 4TOGbL
HU 00uH U3 RPOCTLIX COMHOXCUTerel, 8X00Awux 8 Ka-
HOHUYECKOE DA3AONCEHUE HUCAQ A, He 8X00Unr 8 KAHOHU-
yeckoe pasaoxcerue wucaa b.

Teopema 16. ITycrs (1.7)— xanonuueckoe pasaro-
oicerie wucaa a, Toeda das deaumoctu b : a Heobxodumo
u docTarouro, 4Todel 6610

bipy, bipy, ..., bippr

U3 a70ii TeopeMbl BhHITEKaeT, YTO AEJIHMOCTb Ha Mpo-
H3BOJIbHOE YHCJIO PaBHOCHJbHA OJHOBPEMEHHOH HeNHMo-
CTH Ha HEKOTOpBIE CTEeNeHH MPOCTHIX YHCeJ.

3adaua 13. OueHuTb cBepXy HaHMeHbUIHA MNpPOCTOMH
JeJHTEJb COCTABHOIO YHCJIA Q.

Teopema 17. Ilycro

a, «, o
a=p/'py?...p"
— KQHOHUueckoe pasaosxcenue uucaa a. Tozda Oaa de-

AUMOCTU @ * b Heobxo0umo u 0ocTaTouno, 4TobbL KAHO-
Hu4eckoe pasnolcenue b umeao eud

b=pi'py* oo PEs
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BecoMa BaXXHBM IS ueJiefi JaHHOH KHHTH OKa3bl<
Baercd caenyiowui ¢axr.

Teopema 18. ITycre m u t— natypasrsrele wucaa.
Toz0a m moxuo npedcrasurs 8 sule Takozo npousge-
Oenusa m = mumz, uro (my, t)= 1 u naildercs raxoe k,
045 xotopozo t* i m,.

Sror (akT HMeeT CBOH JaJjleKo HAyuiHe ajareGpaHye-
CKHEe aHaJIOTHH, HO MH HX 3aTparuBaTth He GyneMm.

3adaua 14. YKa3ath cnoco6 MOCTPOEHHS MO KaHOHH-
YeCKHM pa3JIOoXKEHHSIM IBYX 4HcCeJ KaHOHHYECKHX pasJo-
JKeHHIl HauMeHblIero o6IUero KpaTHOro 3THX YHCEJN H HX
HauG60JbLIEro OOIUEro AeJHTEs.

3adaua 15. OGo3naunM 4epes t(a) YHCAO Pa3NHYHHX Aeauteneid
yHcaa a (BKMOvas eAuWHHUY M caMo uHcao a). Ilokasath, gto Ana

a Oy Cp
YHCHA @ C KAaHOHHYECKHM pa3jioxKeHHeM pl p2 cer Pr
T(@=(a+ D@+ ... (ar41).

3adaua 16, Hafitn a, ecnu u3BecTHo, u4to a: 12 H T (a) =14.

3adaua 17. Kanounyeckoe pasnomeﬂue YHCIA @ HMeeT BHJ
PP, a t(a2)§81 Yemy pasuo 7 (a°)?

3adaua 18. UeMy pasHo a, ecin a = 2t(a)?

3adaua 19. Iokasatb, 4T0, KakoBo GH HH Geto K > 0, Haii-
JleTcAl Takoe HaTypaJbHOe UHCJO K, 94TO A/l BCAKOrO UHCHA g, HMelo-
ptero k MPOCTHIX COMHOXHTeJed, 6y11e1'

T (a®)

@) > K.

3adaxa 20. BepHH JH AJs 4eTHOi NeJHMOCTH aHAJOTH TeO-
pem 11—14?



§ 2. AEJIUMOCTb CYMM W NPOHU3BEJEHUN

1. Bo MHOrux cjayyasx npH JeJIleHHH C OCTaTKOM HH=
TepecHO HalTH HMEHHO OCTaTOK OT AeJIeHHS 4HcJa a Ha
yycJo b, a BeJIHUHHA HEMOJIHOIO YaCTHOTO OT JeJIeHHS He
HTpaeT POJIH.

Ilycrp, HanpuMep, MBI XOTHM Y3HaTb, KaKofi JAeHb He-
peau Gyner 1 auBaps 2000 r. (pasymeercs, eciHu A0
TOr0 CpPOKa CcoXpaHHTCS MNeHCTBYIOIIMA B HacTosllee
BpeMs KaJieHXapb). Jlerko cmpaBHTbCS MO KaJieHAaplo,
uyto 1 siuBapsa 1988 r. — naTHuua. JIBeHanuath Jer, pas-
JeJasioline 3TH AaThl, coctoar u3 12-365 4 3 (nmocaenHee
cJaraeMoe — YHCJO BHCOKOCHHX JIeT 3a 3TO BpeMms),
T. e. U3 4383 nHefi. DTH IHH cocTaBAAOT 626 LeJbIX He-
Jeab u ewe 1 nens. ITo mpowectBuu 626 wesabix Heneab
CHOBa HACTYNMHT NATHHIA, TaK 4TO eule uepe3 | neHs,
1 siuBapa 2000 r., 6ymer cy66ora. QueBHAHO, AJS pe-
LIEHHS MOCTaBJeHHOH HaMH ceiiuac mepen coboii 3a-
JauH cOBepLIEHHO HeBayKHO 3HAaTh, CKOJIbKO HMEHHO le-
JIBIX Helelb mpoiger 3a 12 Jer, a HHTEPeCHO TOJbLKO
YHCJIO JHeH, npolleuIHX cBePX 3THX Helelb.

C 3amayaMH Takoro poxa NPHXOAHTCS HHOrAa CTaJ-
KUBaTbCsl HCTOPHKaM, OCOOEHHO BOCTOKOBeAaM, NpH CO-
NOCTaBJEHHH JaT, YKa3aHHBIX IO Pa3HBHIM KaJeHAapsiM.

Kaszamoch Gbl, /I HAaXOXIEHHS OCTAaTKa OT AeJeHHs
OJHOrO 4HCJa Ha Jpyroe mpouie BCEero NMPOH3BECTH HeJe-
Hiie ¢ ocTaTKOM HenocpencTBeHHO. OAHAKO NMPAaKTHYSCKH
BHINIOJIHHTD TaKoe JAeJieHHe HEePeAKo IMPeNCcTaBJsercs
BecbMa 3aTPYAHHTENbHBIM, 0COGEHHO ec/H MoAJiexKallee
HccleNOBaHHIO HeaHMoe 3afaHO B BHAe HEKOTOpOro
CJIOKHOTO BbIPaXXeHHs BpoJe, CKaxeM, 210004 31000,
BwMecre ¢ TeMm JibBHHAS [0Jd 3TOA pab6oTH 6yler mortpa-
YeHa Ha HAXOXKJEHHE HEeMOJHOro YacTHOro, KOTopoe HaMm
camo0 mo ce6e He HyxHO. Heob6xomnmo mostomy mno-
ObTaTBC BHPaboTaTh Cmocol HaxoXK/JAeHHs OCTaTKa
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HEeMmoCpenCTBEHHO, MHHYSl BHIYHCJIEHHe HEMOJHOr0 49act-
HOro.

[MponeMoHCTpHpPYeM OAMH H3 TAKHX NPHEMOB Ha
TOJIbKO 9TO pellaBllefics HaMH 3afaye o Aarte 1 siHBaps
2000 r. Mu MOXeM paccCyKAaTb cJeAylOIHM 0GpasoM.
Kaxasifi mnpoctofi (HeBHCOKOCHHIH) ToOf COCTOHT H3
365 pHeit, uTro cocraBisger 52 moJIHble 'HeleJH H elle
OJlHH “JleHb. BHCOKOCHHIH 2Ke roL COCTaBJjsieT CTOJNBKO XKe
Helenb M JABa JAHA. 3HAUHT, BeCb CPok or | suBapd
1988 r. no 1 sirBaps 2000 r. coCTOHT H3 HekoToporo (co-
BepLIEHHO HeBaXXHO, KaKOro) YHCJIa MOJIHBIX HeAeJb INI0C
YHCJIO [JHel, paBHOe YHC/IY COAepXKallUXCS B 3TOM CPOKe
JIeT, NpHuYeM KaXXAblfi BHCOKOCHHIH roj CUHTaercs 3a ABa.
drto uxcao AHeit paBHO 124 3 =15. Uckimiouus H3 Hero
2 MOJMHKHX HelesH, nosyyaeM | neHb, KOTOPHIl H CleayeT
OTCYMTHBaTh OT Hamed mATHHUH. OxasbBaercsl, Takas
«3aMeHa Trofia JHeM» eCTh NpOsiBJIeHHe BecbMa oOlIero
npueMa, HayueHHeM KOTOpPOro Ml 3afiMeMcs B m. 3.

2. Jpyro#i npuMep, KOrja LeJblo JeJeHHS C OCTaT+
KOM SIB/isieTcsl MOJIyueHHe HMEHHO OCTaTKa, a HENoJiHOe
yaCTHOE pacCMaTpPUBaeTCs JHIIb KaK HCXOAHBI Mare-
pHaJ MJs JaJbHEHIIHX oNepauuil, faeT HaM 3alHCh YH«
ceJl B TOH HJH HHON NO3UYUOHHOU CUCTeme CUUCACHUS.
HanomuuM, yto yucao A HasHBaeTcd 3alHCaHHHM B (mO-
3HIIHOHHON) CHCTEMe CYHCJEeHHA C OCHOBaHHEM {f, HJH,
Kopoue, B «f-HUHO» cHcTeMe cuHciaeHHs (The f— uesoe
NOJIOXKHTENbHOE YHCJIO0, GoJsblilee eNHHHIH), €CJAH OHO
npeAcTaBeHO B BHIE

A=au"+ apit"' 4 ... +aif + a0,

rie

0§a‘<t npﬂ i=0, l, o0y n. (2.1)
Yucna ao, ai, +.., @n HA3HBAIOTCHA f-udHoimu unppamu
yucaa A *).

[Tpu ¢ = 10 MBI nosyyaeM OeCATUUHYIO CHCTEMY CYUHC-
JeHusd. 3anuCh 4ucjaa B 3TOH CHCTEMe HAaCTOJbKO MpH-
BbIYHA IJIf HAC, YTO, FOBOPS O YHCJe, MBI OGBIYHO TOJIBKO
B aT0it hopMe ero ceGe u mpeacrasasieM. B neficreurens-
HOCTH, OJHAKO, eCIH cooOparkeHHs MPHBLIYHOCTH TNepe-
CTalOT HMrpaTh PoJb, KaK 3TO, HampHMep, HMEET MeCTo
npu QUKCAUMH YHCeN B 3JIEKTPOHHBIX BBHIYHCAHTEJbHBIX

*) DneMeHTapHOe, HO BMecTe C TeM Tiy(oKoe H3JOKeHHe BoO-
NpocoB, CBA3AHHBIX C CHCTEMAMH CUHCHEHHS, CONEPIKHTCA B KHHre:
®omun C. B. Cucremm cuucnenns, — M.: Hayka, 1987,
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MalinHHaX, Gojiee yNOOHBIMH MOrYT OKa3aTbCsi H JApyrue
CHCTEMHl CYHCJIEHHS (JBOHYHAsi, BOCbMEPHYHAs H T. A.).
Tak kak MBI B 3TOJ KHHXKKe He GyaeM pacCMaTpHBaTh
HEMO3HUHOHHBIX CHCTEM CuUHCJeHHA (HampuMep, 3anuceit
yHCces «pHMCKHMH» HHdpaMHu), MBI JaJjiee YKa3aHHe Ha HX
MO3HIHOHHOCTh GyJeM, KaK MpaBHJIO, ONYCKaTh.
$lcho, uro u3 (2.1) ciaenyer

A=(aut" " Fant" P+ .o Fa)t +a,

T. €. NoCJHefHsAs f-uuHasi uudpa ao uyucna A sBasercs
OCTaTKOM OT AeneHHs A Ha ¢ ¢ ocraTkoMm. Hemnosnoe
YacCTHOE OT TaKoro AeJeHHs CTOHT 31ech B cko6kax. Pas-
IeJIHB 3TO HeNOoJIHOe YaCTHOe Ha f ¢ OCTaTKOM, MH MOJY-

unM
(@t 2 auat 2+ ...+ @)t +au.

OcraTKoM oOKashiBaercsi NpepnociaefHAs f-HuHas uudpa
uncaa A. Ilpogoskas 3ToT Npouece NOBTOPHOTO AeJeHHs
C OCTaTKOM Ha f, MH GyZeM MOCJeROBaTEJNbHO MOJy4aTh
Bce f-nyHble uudpol yucia A, cuhras cIpaBa HaleBO
(T.e., oT HU3WHX pa3pARoB K BeicluM). OueBugHO (a TOY-
Hee — B CHJIy TOJIHOH YNOPSILOYEHHOCTH MHOXECTBA Ha-
TYpaJibHEIX YHCeJ MO BeJHYHHE), STOT Mpollecc Mocaeno-
BaTeJbHOTO JeJIeHHA C OCTaTKOM JOJIKEH PpaHO HJH
nosgHo oGopBaThcs. B pesyibraTe MB moJayuHM Bce
t-nunble uuppH uyucaa A, T. e. ero 3amuch B {-HUHOH CH-
CTeMe CYHCJIeHHS. :

Tak, B 9aCTHOCTH, OCYLIeCTBISeTCA INePeBOA 4GHCeJ H3 ORHOM
CHCTeMBl Cunc/eHHa B Apyryio. Hanpumep,
10000 = 6-1 666 -} 4,

1666 = 6-277 44,

277 =6-46 4- 1,
46 =6-7 44,
7=6-141,
1=6-041.

TlostoMy 10000 B miecTepHYIHOM CHCTeMe CUHMCJEHHS 3alHCHIBaeTCs
Kak 114 144,

VI3 TeopeMnl 7 BHITEKaeT, YTO KaxKAoe YHCJIO MOKHO
samMcaTh B JI060H CHCTeME@ CUHCIEHHS H NMPHTOM E€NHH-
CTBEHHHIM 06pa3om,

3. Onpenenenue. Hasosem uucia a u b pasno-
OCTATOYHbIMU TIPH JeJIEHHH HA m, eClAH OCTATKH OT Aes
JIeHHs g U b Ha m PaBHBL
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YCTaHOBHM HeCKOJbKO CBOMCTB PaBHOOCTATOYHHIX
yHce.

Teopema 19. [aa 1020 utobor wucsa a u b 6oiau
pasHooCcTaTOYHOIMU npu OeseHul HA m, Heo6xo0umo u
docrarouno, 4Tobor (@ — b) : m.

. Cnencreue. Ecau uucaa a u b pasnoocraroumst
npu Oenenuu Ha m u m:d,To a U b PasHOOCTATOUHbL
npu desenuu Ha d.

Teopema 20. Ecau npu denenuu na m uucaa a,,
Q3, ..., Qn COOTBETCTBEHHO PABHOOCTATOUHOL YUCAAM b,
by, ..., bn, TO paswoocrarounvimu O6ydyr cymmor ay +
a4 ... +anubi+ba+ ... + bn, a Taxxke npous-
gedenus aiaz ... Ao U biby ... ba.

CanencrtBue. Ecau npu desenuu nHa m ducaa a u b
PABHOOCTATOUHbL, TO TAKUMU e RBARIOTCA U CTenenu
a* u b™ npu 21060M HATYPANLHOM .

Teopema 20 u ee cieacrsHe AAIOT yKe HKOBOJIBHO Go-
rathie BO3MOXKHOCTH HJISi HAaXOXKAEHHA OCTATKOB OT Je-
senns. [IpuBesieM HeCKOJbKO MPHUMEPOB.

Mpumep 1. Haliti octaTok ot feneHusa Ha 3 uucaa

A=136_9%.505,

OueBngHoO, npH JeneHHH Ha 3 uHcao 13 paBHeocTa«
TOYHO ¢ 1,2 paBHOocTaTO4HO ¢ —1, a 5 Toxke ¢ —1. 3Ha«
YHT, HA OCHOBAHHH J0Ka3aHHOTO 4HCJIO A mpH AeJeHHH
Ha 3 paBHOOCTaTOYHO € 4HcJOM 1'6 —(—1)25(—1)15 =
= 1—1=0, 1. e. HCKOMBI OCTaTOK paBeH HyJio, H A

IenanTcs Ha 3.
[Tpumep 2. Hafitu ocTaTok OT JeNeHHSI TOrO Xe

yucaa A ua 37. 4
[MpencraBum aas storo A B cCiaefyiolleM BHIE:

A=(13%)% — (255 - (5%)P°.
Tak kak 132 =169 npu neneHun Ha 37 PaBHOOCTATOYHO

¢ —16, 25=232 paBHoocraToyHo ¢ —5, a 5% =125—
¢ +14, To Bce uncio A paBHOOCTAaTOYHO C

(—16)* — (= 5)°(+ 14)°
WJIH, UTO TO JKe CaMoe, C

(16%* 4 705,

Ho 162, T. e. 256, paBuoocraTouno ¢ —3, a 70 —c —4.
3HauuT, A paBHOOCTATOYHO C

(=3 +(—4P



HJIH, 4TO TO K€ caMoe, ¢
81 — (25?2,
a nmoToMy —C
81 — (— 5)?=281 — 25 =756,

Haxonen, 56 npu Aenenunu na 37 paBHOOcTaTOuHO C 19,
EOTOpPOE HEOTpHHATeJbHO H MeHblle 37 H NMOTOMY fiB-
JIfeTCSI HCKOMBIM OCTaTKOM.

3adaua 21. Hafitu ocTaToKk OT AeJIeHHS:

a) A=(116417"7)2 ya 8; 6) A =146 ya 17.

3adava 22. [JokasaTh, 4To npu JwboMm n:

a) (n*4-11n): 6;

6) (4" 4+ 15n—1):9;

B) (10%3* —1) : 3nt2;

r) npu mobom a (a+' 4 (@ —1)"%) { (@ —a+ 1)

1) npu mobom k& (n*—1): (n—1); ‘

e) npH mo6oM HeuetHoM & (n* 4 1)t (n41).

4. PapHoocTaTOuHEIe NPH JAeJleHHH Ha m 9YHCAA a ¥ b HasbBalOT-
¢ TaKxXe CpasHumeimu no modyawo m. DTo o6o3HayaeTcd TaK:

a = b (mod m),

a cama 3ta GopMyJia Ha3LIBAETCH CPABHEHUEM.

CpaBHHMOCTb ABYX 9HCe] MO HEeKOTOPOMY (HKCHPOBAaHHOMY MO-
LYJMI0 m HJH, 9TO TO Xe CaMoe, HX PaBHOOCTATOYHOCTb NMPH JelleHHH
Ha m, TaKXKe SIBJAETCS HEKOTOPHIM OTHOIUIEHHEM, CBASHBAIOLIAM Me-
KAy coboit uense 9ucia.

OTMETHM HEeCKOJNbKO CBOHCTB OTHOIUEHHSI CPAaBHHMOCTH N0 MO-
Ayaio.
1° PedaexcuBHocTb: @ == a(mod m).

IeficrButennuo, a —a=0: m.

2° CuMMeTpHYHOCTb: eciH a == b(mod m), To b == a(mod m).
5 B camoMm gene, ecim (@ — b) : m, To (xoTd GH Mo Teopeme 5) u

—a):m.
( 3° TpausurusHoCcTb: ecH a == b (mod m) n b = ¢ (mod m), To
a = ¢ (mod m),

Jlnsa noKasaTesbCTBa JOCTaTOYHO 3aMETHTh, UTO H3 (a —b) i m
o (b —c):m no Teopeme 6 cnenyer, uro (a —¢) : m.

Ecnn HekoTopoe oTHouleHHe (0GO3HauMM ero yepes ~) o6na-
JlaeT CBOMCTBaMH pe(JIeKCHBHOCTH, CHMMETPHYHOCTH H TPaH3HTHB-
HOCTH, TO OHO HA3hIBAETCsl OTHOIICHAEM IK6UBAACHTHOCTU (HIH IKBU~
8aAeHTHbIM OTHOWweHuem). TIpocrefilnM NpHMepPOM OTHOLUEHHS 3K-
BUBAJIEHTHOCTH Ha MHOXKECTBe UMCeJ ABJSETCH OTHOIIEHHe PaBEHCTBA.

3adaua 23. DKBHUBaJEHTHOE OTHOLIEHHE ~ 1ia MHOXECTBe Yuces
pas6uBaeT 2T0 MHOXKECTBO Ha TaKHe KJaccH (HasHiBaeMble KJacCaMH
SKBHBAJIEHTHOCTH), YTO JIOGHeE JBa YHC/Ja H3 OJHOrO KJjacca cpf3a-
HH OTHOLICHHEM SKBHBAJIEHTHOCTH, 2 HWKaKHe JBa YHCNA U3 Pa3HHX
KJ1accoB 3THM OTHOlUeH#eM He cBA3aHH. ([loxa3saTb.)

B aroii 3ajaue peub HAeT 06 OTHOWEHHH KBHBAJEHTHOCTH, CBf-
sbiBaiolieM 9ncia. QAHAKO 3TO HeCYILIeCTBEHHO, H YTBepXJeHHe 3a-
Jaun CcIpaBe/UIMBO VI SKBHBAJEHTHHIX OTHOLICHHM, CBASHBAIOLIHX
OGBEKTH COBEpIICHHO NPOH3BOMNLHOH MPHPOAH.
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Taxk Kak OTHOLIeHHE CPABHUMOCTH MO MOAYMIO 71 — OTHOUIEHHE
SKBHBAJICHTHOCTH, OHO TaKxXe pa3GHBaeT MHOXECTBO LEJLIX YHced
Ha KJacChl. DTH KJMACCH HAaSHBAIOT KAQCCAMU BbI4€TO8 TO MOAYJIO m.

4° YHeno KIaccOB BHYETOB MO MOAYJIO 7 PaBHO m,

B camoM gene, ABa uHCAA @ M b NpHHAANEXAT OLHOMY KJaccy
BHIYETOB N0 MOAYJIO m TOTAAa H TOJBKO TOrjAa, KOrja oHM MpH Jele-
HHH Ha m JaloT OJHH H TOT Xe ocTaToK. Ho ocTarok mpu AeneHu:
Ha m MoOiKeT NPHHHMAaThb POBHO m 3HayeHuid: O, 1, 2, ..., m—1.
CrnefoBatesbHO, H YHCJO KJaCCOB PaBHO m, R

OTMeTHM OAHO upe3BhLMAHHO HHTePecHOe OGCTOATENBLCTBO, SAB<
Jsiolieecs: YTOUHEHHEM CJIeJACTBHA TeopeMul 19.

Ons Toro 4ToOH KaXAWH KNacC BHYETOB 1O MOAYIO M, CO-
JepiKajcsi B HEKOTOPOM KjaCce BHYETOB IO MOLYJIO My, KeoGXORH-
MO H JOCTaTO4HO, 4TOGH OHLIO My & my.

JleficTBHTENBHO, paccMOTPHM Kiacc BhueToB K; mo monymio niy,
copepxamuit yneno 0. OueBuzaHo, Knace Ky COCTOHT M3 BceX yHced,
JAIOIUX NpH JeJeHHH HAa m; B ocraTke 0, T.e. AeldI{HXca Ha my.
B uacTHOCTH, OH COAEpKHT UHCAO ;. Knace BHIYETOB MO MOAYMIO
my, coflepxamuit K, Takxke cofepxutT 0 H MOTOMY COCTOHT H3 BCeX
uuces, JeNAlIXCA Ha My Tak Kak B Hero BXOAHT YHCJIO My, LOJMXK-
HO GHTL Mi; My DtuM AOKa3aHa HeoGXOAMMOCTb, AOCTATOYHOCTb
e OueBHIHA.

. Takum o6pasom, oTHOilleHHe AeNMMOCTH MOXKHO ONpe/le/IiTh de-
pe3 COOTHOIUEHHSI MeXAY KJacCaMH BHYETOB. DTOT MpHEM MO3BOJSET
onpefieNaTh AeNHMOCTb AJisi 06BEKTOB ropasfo Gosee ofuiell H C/IOXK-
HOH MPHPOALI, YeM HaTypaJbHble yHcaa. [TocllenoBaTenbHoe pa3BHTHE
9THX HAeil MPHBOAHT K TEOPHH TPYIIl, BaXKHOH OTPaciH COBPeMeHHOH
anreGpHl, HMelOLIell NPHJIOXEHHS B reOMeTPHH, B TeopeTHYeckoH ¢u-
3HKe H B KPHCTajIorpaduni.

Tpogosnxum nepeuHcienHe CBOHCTB CpaBHHMOCTH umcend. K3 Teo-
pembl 20 Heme[JIeHHO CJeAYIOT:

5° Ecan a = b (modm) u ¢ = d (mod m), To
a+c=b-+d(modm)

3adaa 24. Ecniu Ha MHOXKeCTBe LeJIBIX YHCeJ 3aJaHO SKBHBA-
JIeHTHOe OTHOUIeHHe ~ , pa30HBalolllee 3TO MHOXKECTBO Ha m KJaac-
CO8 H TaKoe, 4TO U3 a ~ b U ¢ ~ d cneayer a-+c ~ b+d, To
OTHOIIEHHE ~ eCThb CPaBHHMOCTb N0 MoAyMOo m (T.e. a ~ b Toraa
H TOJBKO TOTAa, Korda a == b(mod m)).

CnepncrBHe. Ecau a= b(mod m), To daa awbozo yenozo r
a+r=>b+r(modm).

6° Ecan a = b(mod m) u ¢ = d(mod m), To ac == bd (mod m).

CpoficTBa 5° u 6° MOKA3HBAOT, YTO CpaBHeHHA NMOAOGHO paBeH-
CTBaM MOXHO MOYJEHHO CKJaJbIBaTh H MePeMHOXKaTb.

3adaua 25. CopMyanpoBaTh H HOKa3aThb NpaBHJa COKpalleHHT
cpaBHeHHH.

3ada«a 26. Ecnu uHciO p MpocToe H @ He JeNHTCA HAa p, TO HH-
KaKHe fnBa uHcaa u3 @, 2a, 38, ..., (p—1)a He cpaBHHMH JApYT ¢
apyrom no Mmoayaio p. I[Tosromy mpH fmeneHHH Ha p uHcen a, 2a,
3a, .¢y, (p—1)a nonyuum mo omHOMy pasy BCe OCTaTKH, kpoMe 0.

3adaua 27 (reopema Buavcona). Jaa roeo 4robol uucao
p 66La0 npocroim, Heobxodumo, u doctarouro, 4tobel (p—1)! 41 =
=12:,.,+(p—1) + 1 deausoco ra p.

3adaua 28. CdopmyanposaTh H J0Ka3aTb AJf PaBHOOCTATQYs
HOCTH TeopeMy, aHaVIOTHIHYIO Teopeme 16,



§ 3. NIPU3HAKH PABHOOCTATOYHOCTH
H NMPHU3HAKH AEJHMOCTH

1. BecbMma o6wuit cnoco6 HaxoXAeHHS OCTaTKa OT Je-
JIEHHSI POU3BOJIBHOTO, HO (HKCHPOBAHHOTO HATYPaJbHOIO
YHC/AA a Ha JaHHOe HaTypaibHOe YHCIO m 3aKNI0uaeTcd
B caeAyiomeM. ByaeM CTpOHTb NMOC/IEAOBATENLHOCTh Ha+
TypaJIbHHX YHCEJ

a=A0’ Alt Az: seey (3-1)

PaBHOOCTATOYHBIX NpH AejeHun Ha m. Cnoco6 mocrpoe-
HHA 3TOM NOCJNEAOBAaTENbHOCTH BhIGepeM Takoi, 4TOGH
TocJie BCSIKOTO ee uJjieHa, GOoJIbLIero HiIH PaBHOTO m, CJe-
JoBas eme XoTA Obl OAMH uJeH. Toraa, OYeBHIHO, BCsi+
KHii unen mocaenosarteipHocTH (3.1), MeHbWHE YeM m
{(ecan, KOHEYHO, TaKoH cymiecTByeT), OyAeT paBeH OCTaTKY,
OT JeJieHHs a Ha m. TakuM 4jeHOM MoxXeT GHiTh, HanmpH«
Mep, MOCHERHHH YJieH MOCJeNOBaTeNbHOCTH (ONMATh-TaKH,
€CJIH TaKoil HMeercs).

OnnuM H3 MpOCTeHIIHX NPHMEPOB NMOCTENOBATENIbHO«
ctu (3.1) MoXeT CIYXHTb MocieloBateabHocTh (1.3) u3
n 1l §1:

a,a—m, a—2m, ...

B CcyumHoCTH, K MOCTPOEGHHIO NOCAEN0BATE/BHOCTEH TAKOrO
THIA CBOAATCA 3aJa4YH HaXOXJEeHHS OCTATKOB B MpHMe-
pax | u 2 3 mpeaniaymero naparpada.

Besikuii  citoco6  NMOCTPOEHHST  NMOCJEeLOBATEJILHOCTH
(3.1), ob6nanamomeii NOCAENHHM YJIEHOM, HA30BEM npu-
3HAKOM PABHOOCTATOUHOCTU npu OeseHuu Ha m.

W3 ToAbKO UTO NMPHBEACHHOTO NPHMepa cleiyer, 4To
OIHMM H3 NPH3HAKOB PABHOOCTATOYHOCTH NpH JeJeHHH
Ha m sIBJSeTcs Mpolecc NOCNeN0BaTEJIbHOTO BHIYHTAHHSA
ypcaa m RO NMOJydYeHHs MePBOro YHCJaa, MEHbLIEro m.

2. OueBHIHO, MJIsl YBEPEHHOCTH B 6e30TKa3HOCTH pas
60TH NMpH3HAKa PABHOOCTATOYHOCTH NMPH AeJNEHHH Ha m
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Heo0X0AHMO, YTOOH OH YHOBJETBOPAA CJAEAYIOUIUM TpeM
TpeGOBaHHSAM.

1. Ilpu3Hak paBHOOCTATOYHOCTH MOJKEH OHLITH MpPH«
MeHHM K JIo00MYy HaTypajbHOMY uucay a. MHbiMH cio-
BaMH, KakoBO Obl HH OBJIO YHCJIO 4@, KOHCTPyHpyeMas
no HeMmy mociaefoBaTeNbHOcTh (3.1) geficTBHTENBHO
DoJKHA 00J1ajaTh YKa3aHHBIM BHIILE CBOMCTBOM: MOCJ]e
KaXJoro ee YjeHa, He MeHBUIEro YeM m, JO0JKeH Cjaelo-
BaTh elle XOTA OBl OJHH 4jeH. DTO CBOMCTBO NMpH3HAKa
Ha3bLIBaeTCsi €ro MaccoB80CTbiO.

2. TlpusHak paBHOOCTATOYHOCTH AOJKEeH GHITb TOYHO
onpedeneHHbiM, T. €. YHCIO a JOJIKHO BIOJHE ompese-
JATb BCe YJeHH nocjenosartenbroctd (3.1), He ocraBass
MecTa Kakof-1160 NPOU3BOJBHOCTH.

3. Hakonen, MH HOJKHH HMeTb FapaHTHIO TOTO, YTO
B nocjaejoBateibHocTH (3.1) xoTa 6w ofuH uJjieH OyaeT
MeHbllle yeM m. DTo TpeGoBaHHe GyNeT BHIOJJHEHO, €CaH
CTPOUTh NocjaenoBaTebHOCTh (3.1) Tak, 4To6H oHa 06s-
3aTeJbHO HMeJa JUIIb KOHEUYHOE YHCJIO YJIEHOB, T. €.
4YTOGH MpPOLeCC ee MOCTPOEHHSI He MOT NMPOAOJIKAThCA He-
onpejeieHHO J0JT0, a PaHO MJH MO34HO 3aKaHYHBaJCH
NnosBJeHHEM OCTaTKa OT jAejeHdss a Ha m. Chopmyaupo-
BaHHOe CBOHCTBO MpH3HAKa PaBHOOCTATOYHOCTH Ha3HI-
BaeTCs ero pe3yAbTATUBHOCTOIO.

3. Ilpouecch, obnapaolue CBOACTBAMH MacCCOBOCTH,
onpeneseHHOCTH H pe3yJbTaTHBHOCTH, HAa3HBAIOTCHA @A20-
pugmamu 1 UTpaloT B COBpeMeHHOH MaTeMaTUKe BaXKHYIO
H BCe 6oJiee BO3pPacCTaIOLIYI0 POJb.

Pasymeercs, ToNbKO 4TO NpHBENEHHAs XapaKTepH3as
uug aaropudma xak mpouecca, o6Jaajaouiero Tpems me-
pEeuHCIeHHBIMH CBOHCTBaMH, He SBJISeTCs €ero TOYHBIM
onpeznenenneM. Takoe onpesnenenHe, XoTd H BhpaGoTaHO
COBpEMeHHOl MaTeMaTHKOH, HO CPABHHTEJNbHO CJOXKHO H
He MoxkeT OuIThb 3mech cpopmynaupoBano. Ogsako mepe-
YHC/IeHHBE NMpeNbsBiseMble K ajropupmaM TpeGoBaHUs
JIOBOJIbHO MOJIHO OTPaKaloT T€ YCJAOBHS, KOTOPEIM JOJIKHBI
YIOBJETBOPATh Ha3hBaeMhle ajaropupmaMu MaTeMaTH-
yeckue mpouecch. Ponb anarepHdmos onpefensercs Tew,
4TO OHH SABJAIOTCS €AHHOOGPA3HBIMH CNOCO6AMH pellleHHs
HeJIoro psiia OXHOTUMHHIX 3ajau. Tak, KaXAHi nMpH3HaK
PaBHOOCTAaTOUYHOCTH MO3BOJSIET HAaXOJAUThb OCTAaTKH OT Je-
JIEHHS BapbHPYEMOTo YHCJa @ Ha HEKOTOpoe (PUKCHPO=
BaHHOE m.

loBops Hecko/MbKO BOJMBHO, K aarophH$maM cBoasdTtcs
Bce Te MaTeMaTHYeCKHE 3aJlauH, pellieHHe KOTOPHIX MOX-

31



Ho aBTOMaTH3HpoBaTh. IloaToMy He cayuafiHo pasBuTHe
TEOPHH aJTOPU(PMOB HCTOPHYECKH COBMAJIO C MOSBJEHHEM
H pacnpoCTpaHEeHHEM 3JIeKTPOHHHX BHYHCAHTENbHBIX
Mauiu.

K anropudmam CBOAATCA He TONBKO BHIUHCHHTE/bHBIE
3ajlaud B Y3KOM CMBICJIE€ 3TOTO CJIOBa, T. €. TaKue 3a4auH,
B KOTOPHIX MO 0oJiee HJIH MeHee CJIOXKHHIM MNpaBHJIaM
MOXHO Ha OCHOBE HCXOAHHX JaHHBLIX MOJYYHTh YHCJEH-
HH# orBeT. MOXHO Takke CTaBHTb BONPOC O NOHCKaX
aaropudma, nosBoJsiiouiero pemarb J06ylo 3agayy
H3 HEKOTOPO# (pa3yMeercs, CTPOro ouepueHHoi) obaactu
MareMaTHKd. DTOT aiaropudM JoJKeH yMeTb Nepepaba-
THBaTh (POPMYNHPOBKH TeopeM B HX JOKa3aTeabCTBa.
Kak HH daHTacTHYHO 3TO MOXKeT NMOKas3aThes, TakHe aj-
Topu(MH CYILIECTBYIOT, XOTl H He LI O4YeHb MIHPOKHX
obGsactefi MaTeMaTHKH. BMmecre ¢ TeM A/ HEKOTOPHIX
ee obsacreii (HanpuMep, AJs JI060H 06JacTH, OXBaTH-
Baoliell BCcIO apH(pMeTHKY) TakHX aJiropudmMoB NpPUHLH-
NHAJBHO OHThL He MOXKeT.

4. YTOYHUM NPHMEHHTENbHO K MPH3HAKaM paBHOOCTa«
TOYHOCTH COJepXkKaHHe, a TaKxKe MOCAeNCTBUA OT COOJIIO«
JleHHSl TpeX NnpeibAB/sSeMHX K aaropudmam TpeGoBaHuIL.

W3 maccoBoCTH NpU3HAKAa PAaBHOOCTATOUHOCTH BHI-
TeKaeT, 4T0 OH J0JKeH NepepabGaThiBaTh pasjHUHbHE YUC-
Jla, U pe3y/abTaThl 3ToH NepepaGOTKH TaKXKe NOJIKHH
6biTh, BOOOLIE TOBOPA, PasiHUHHMH (160 NpPH NeNeHHH
Ha Kakoe GBI To HH GHIO m > 1 He Bce 4HCJa paBHOOC-
TaTOYHHl ApPYT APYry). 3HA4UT, HEOGXOAHMOH COCTaBHOMH
YaCThI0 3TOTO MPOILECcca NOJKHO GHTbH pa3iHUeHHE UHCeJ
(no ux BeanuHHe).

CBOHCTBO ompeneIeHHOCTH MNPU3HAKA PaBHO-
OCTAaTOYHOCTH O3HayaeT, YTO YyXKe BHIHCAaHHHE YHCJa
Ao, Ay, ..., A mociegoBatesbHOCTH (3.1) mOMKHBI GHITH
HaCTOJNbKO <«OMO3HaBaeMHIMH», YTOOH Ha HX OCHOBaHHH
MOXKHO GblJIO HAMHCaTh Cjelylolilee YHCO oc/aeA0BaTe N b-
HOCTH, Apq1.

Hakownel, cBOHCTBO pe3yAbTaTHBHOCTH BJeyerT,
KpoMe Bcero npoeuero, eiie H HeoOXOAHMOCTb HEOTpaHH-
YeHHHX BO3MOXKHOCTell cpaBHHBaTh (MO BeJHYHHE) NOMY-
yaeMoe Ha KaXJAOM Ilare Haulero mpomecca uuciao A,
C JeNHTeNIEM m.

Takum o6pa3oM, cobG/ofeHHe KaxIoro H3 Tpex Tpe-
6oBanull anropHPMHYHOCTH I/ MpPH3HAKa pPaBHOOCTa«
‘TOYHOCTH Ymupaercd, NpeXje Bcero, B HeoOGXOAUMOCTb
yMeTb CpaBHHBATb B NPOH3BOJILHBIX Mapax YHc/ia MO HX
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BeJHUYHHe M YKa3biBaTh, €CJAH OHH Pas3JHUHBEL, Kakoe H3
HHX GOJIbllIe, @ KAKO€ — MEHbIIIe.

5. Tonbko yto ymoMsHyTass «HeoGXOAHMOCTb YMETb»,
OYEBH/HO, TaKkKe HMeeT aJropHMHUeCKyI0 NpPUPOAY:
CPaBHEHHIO 10 BEJHYHHE AOJKHH NoAJexKaTh JIoOne aBa
HaTypaJbHHIX YHCJAa (MacCOBOCTb), pe3y/abTaTOM CpaBHe«
HUA MOXeT OHITb He 06oJiee YeM OJHMH OTBeT: OoJblie,
MeHbllle HJIH paBHO (ONMpeleNEHHOCTB), H STOT OTBET AOJ+
¥KeH BcerJa JOCTHraTthbCsl (pe3y/JbTaTHBHOCTb). 3HAYHT,
MBI NI0/Iy4YaeM OCHOBaHHE FOBOPUTb 06 ajJropudpmax cpaB«
HeHHus [AByX uucesa no BeauuuHe. Iloctpoenue Takoro
anaropu¢mMa He fABJAfAETCS CTOMb YK CAMOOUEBHAHBIM Je-
JIOM, K8K 9TO MOIJO Gbl MOKa3aTbCsi HA NMEPBHIH B3Ms.
Hanpumep, Bompoc o TOM, OAHHAKOBH HJH Pa3jH4YHBL
qyycJaa

2?0 —3.5%.11.31-41 u 3°—2.3.13.757, (3.2

H ecaM pasjiMYHB, TO Kakoe H3 HHUX Goabuie, Tpebyer
AJIS CBOEro pelleHHs] H3BECTHHX YCHJHH, XOTA B AEHCTBH«
TeJIbHOCTH NepBOe H3 ITHX HYHCeJ eCTh Bcero-uascero 1,
a BTOpOE 3.

SlcHO, uTO cpaBHeHHe MO BeJHuHHe yucea u3 (3.2)
3atpyanserca ¢dopmoi ux 3anucu. CiaenoBarenabHO, IS
NOCTPOeHUS NMPHU3HAKOB PaBHOOCTATOYHOCTH BeCchbMa BaXK+
HO HMeTb [esI0 C mpejcTaBJeHHeM YHCeJ B Tako#t ¢opMe,
KoTopasi ofecneunBaja 6B BO3MOXKHOCTb HX CpaBHEHHS
no senuunHe. Takue GOpMH 3aMUCH CYLIECTBYIOT.

Hanpumep, uMu ABJIAIOTCA 3aNHCH YHCeN B TeX HJIH
HHBIX (MO3ULHOHHHX) cucTeMax cuucieHus (cm. § 2,
n. 2). AnropudM cpaBHeHHS [IBYX uucCes, 3aMHUCAHHBIX
B OJHOH H TOH XXe CHCTeMe CUHCJEHHS, COCTOUT B CJe-
LYIOLIEM.

1. CHayasa B KaXIOM M3 YHCeJ 3auepKUBAIOTCA
nudpe no onHo#t (HauuHasf, CKaxkeM, CIpaBa); eciaH
nocJjie TOro, KaKk OJHO H3 YHCeJN OKaXKeTcsl 3aUePKHYTHIM
MOJIHOCTBIO, B JPYTrOM ellle OCTaHyTCH HUpH, TO BTOpoe
yucao Gyler OGoJbllle MepBOro; €CHH XKe 3amacel mudp
B oGoux uHcaax OyAyT HCueplnaHb OXHOBPEMEHHO, TO
ISl CpaBHEHHsl 4YHCeJ BBIMOJHAETCA CJelylolias mnpo-
Heaypa.

2. 3anucu cpaBHHBaeMBIX YHCeJ BOCCTaHaBJHBAIOTCS,
cpaBHHBalOTCA HX nepshe (caesa) uuppe. Ilpu stom
Oousbliell uuppe GyAeT COOTBETCTBOBATh GOJbllee YHUCIO;
ecqH IepBhle HU(PH OKa3HIBAOTCA OXHHAKOBBIMH, TO
CpPaBHHBAIOTCA BTOpPHE LHGPH H T. A. A0 IepBOro
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pasnuuus uudp. IIpu stom onsAthb-Taku G6abwIas umudpa
GyneT yKasbiBaThb Ha GOabiuee yucsto. Eciu Bce coorser-
CTBeHHBle LHQPH YHCed OKaXKyTcd OAUHAKOBBLIMH, TO
yucaa OyAyT PaBHH.

[Ipu nposeseHnn BTOpoii H3 yKa3aHHHIX NPOUERYP
NpeAnosaraercsi, YT0 CpaBHeHHe MO BeJHUYHHE OJHO3HaY-
HBIX, T. €. MEHbIIHX 4eM OCHOBaHHe CHCTEMBbl CUHCJEeHHS,
YHCeJ Mbl MPOM3BOAUTHL yMeeM. DTO 3HAUUT, UTO B KaXK-
JIOH cHCTeMe CUHC/JeHHSI HCXOAHble 3HAUKH-UHPH 3apa-
Hee 3aal0TCA B HEKOTOpPOM (HKCHPOBAHHOM MOpPAJKeE;
HanpuMep, B OOLUEAPUHATON JeCATHUHON HyMepanuu 3Ha-
YOK «2» TpeallecTByeT 3HAa4Ky «3» B TOM CMBbICJIE, 4TO
3HAaYOK «2» ONUCHIBAET MeHblllee KOJHYECTBO, YeM 3Ha-
40K «3».

C ToukH 3peHHS TAKOro aaropHdMUYecKoro cpabHe-
HHSl YHCes MO BeJIHYHHE BCe CHCTeMbl CUHC/IEHHS Teope-
THYeCKH paBHOUeHHE. CpaBHeHHe XKe B 3TOM CMBIC/IE CH-
CTEM CUMCJECHHSl MO HX NMPAKTHYECKOMY YAOGCTBY MOXKeT
CJIYKHTb NPUMEPOM HearopupMuueckoil MOCTaHOBKH BO-
npoca (He BBHIMOJHSAETCS YCJIOBHE ONpPeeNeHHOCTH), H
MH Ha HeM OCTaHaBJHBaTbca He GyneM. O6paTHM TOJIBKO
BHHMaHHe Ha TO, YTO B 3TOM BONPOCE CHJIa NMPHBHIUKH
K JeCATHYHOH cHCTeMe CUHCJeHHs HHKaKHX OCOOBbIX mpe-
HMYIIECTB 3TOH cuCTeMe He JaerT.

6. Kpome anropudpmMoB cpaBHEHHS HHCeJ, 3aHCAHHKIX
B OAZHOH W TOH XKe CHCTeMe CUMCJIEHHS, CYIIEeCTBYIOT
H ajaropué¢Mbl BHMNOJHEHHS apHPMeTHUECKHX neficTBHI
Hajx HumH. Mu aBasorca o6lien3BecTHbe (U, OYEBHIHO,
3aBHCSIIHe JHIIb HeCyliecTBeHHUBIM 06pasoM OT OCHO-
BaHUA CHCTEMBl CUHCJEHHS) CHOCOGH CJIOXKEHHS, BHIUM-
TaHHA U YMHOXEHHS YHCeJ «CTOJOGHKOM» H HX HeJeHHS
«yraom». SICHO, 4TO B MOCJAeAHEM ciayuae GBLIO Gbl, MO-
XKaunyii, yMecTHee rOBOPHTb HE NMPOCTO O JeJNeHHH, a O Je-
JIEHUH C OCTaTKOM.

B ciyuae BHIMONHEHHS AeHCTBHH HaBHIKH B o6palie-
HHH C JECATHYHOH CHCTEMOH CUMC/JEeHHs NMPHHOCAT Cylie-
cTBeHHoe obJseryenne. Hampumep, BHIMONHeHHE B msTes
pUYHOH CHCTeMe CUHC/IeHHsl AeiCTBHS

13110 | 224
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TpeGyeT H3BeCTHHIX YMCTBEHHHX yCHaHi,
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U3 anroprudMHYHOCTH HAeseHHS C OCTATKOM, COTJIacHO
CKa3aHHOMY B 1. 2 § 2, BHTeKaeT H aJropH(pMHYHOCTDb
nepeBojda 3anucedl uyHces H3 OXHOH CHCTEMH CUHC/TIEHHS
B Apyrylo. CiienoBaTesbHO, MOXKHO TOBODUTb TaKxke 00
ajropupmax cpaBHEHHS 4YHcel W JAeHCTBHH Hald HHMH,
ec/lii OHM 3aMHCaHBl B Pa3JIMYHBIX CHCTEMax CYHCJEeHHS.
Kak pasnbHefillee clefcTBHe OTCIOLA MNOJydYaercsi, 4TO
anropudMaMy SIBJAAIOTCS BCEBO3MOXHBIE BBIUMC/IEHHS 110
apudmMernueckuM ¢opmyJaaM, B KOTOphle BMeCTO OYKB
MOKHO MOACTABJATb T€ HJIH HHbIE YHCTIA.

OGparuMm, HaKOHel, BAHMaHHe Ha TO, YTO MBI He o=
BOpHM 3echb 00 ajnropudme caMoro npouecca 3anHcH
NpPOU3BOJIbHO 3aJaHHBIX HaTypaJbHBIX YHCesN B TOH HJIH
HHOH cHcTeMe CuHcJIeHHs, HOO MaJo JIM KakKHM MOXKeT
0Ka3aTbCsl 3TO UCXOZHOE 3ajaHHe.

7. B kaueCTBe WJUIIOCTPATHBHOrO NMPHMePa PacCMOTPHM CJeAYI0o-
Iee mocTpoenune. il KaxAOr0 HaTypaJbHOrO YHCIA A COCTABHM MOe

cnenosatenciocts ayY, al, al), ... ommosHaunmx umcens, saensio-

muxca umppamn GeCKOHEUHOro AeCATHYHOrO pas3soxeHHA 4YHCNIA '\/-f:
(eCJIH YHCJIO n He fABAAETCA TOYHBHIM KBajpaToM, TO 3Ta MocJjiel0Ba«
TeJbHOCTb, OYE€BHAHO, OKa3blBaeTCs Henepnonnqecxoﬁ), H NyCcTh

(n
r(ln), ,gzn), «++— HOMepa Bcex TeX uup, KOTOpPHE PaBHH HYJIO: ar(fl) =

i
=0(=1,2...). Eciu Tenepb 4HCJI0 paBHHX HYyMIO uuIp KO~
HewHo (MycTb MOC/ERHAS H3 HHX HMeeT HoMep 74, Tak uro al" >0

npu i > rsf)), TO MOJIOKHM

(n) (n) ()
Fn)=10"" 4102 4 ...+ 10"% 41,

8 eCIH HX YHCI0 GECKOHEUHO, TO MOJIOXKHM, cKaxeM, f(n) == 0. Kax.
Joe M3 uMces f(n) ABagerTca HaTypadbHHM. OAHaKO elBa JIH MOXKHO
TOBOPHTb 06 ajropH¢Me, KOTOPHI nepepabaThBajJ GH YHCJO 72 B 3a-
MHCb YHCAA f(n) B necATHYHOH CHCTeMe CUHCHAEHHS,

Pasymeercsi, Bcsi HeaJropHGMHYHOCTD 3TOA KOHCTPYKUHH COCTOHT
B TpeGOBaHHH pacno3HaBaTh, OyJeT JH B AeCATHYHOM pPasJoXKeHHH

4/n KOHeuHOe HJH GeCKOHedHOe YHCJIO Hynefi. Mexay npounM, B u3-
BECTHOM CMhIC/Ie (B KakoM HMEHHO — MHEI He ctaHeM 3/eCb BHIfICe
HATB) €CTECTBEHHO BEepPHTH, 4T0 f(n) = 0 Ana moGoro Has
TYpaJbHOro 2.

8. OanuM u3 HaunGojiee BaXXHBHIX B MaTeMaTHKe aJropHbMoB siBe
JseTcs TaK HashBaeMulii aszopugpm Esxauda, KOTOPHA cOCTOMT B
CyIeYIOIIEM.

[Mycts a U b — ABa HaTypaJbHHX 4Hcaa, npHyeM b > 0. Pasge-
JUM a Ha b ¢ ocTaTKoM: a = bgo+ry, tie 0 = r1 < b. Eciu r; 5=
5 0, To MBI HMeeM BO3MOXKHOCTb DPas3leJHTb C OCTaTKOM b Ha ry
b = r\q; + ry, npuyem 0 = r; << r;. [Ipogomxasa 9TH nocsienoBaTENb
Hble [eJleHHsl C OCTaTKOM Ha OCTaTOK OT MpeJBIAYIIEro AefeHHs, Mhl
ROMyYHM  AafbHEAWIMG PaBEHCTBAl Iy =Trafs+7rs, ry==riyqs+r,
T A
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TMokaxeM, 9TO oOnHcaHHHIA npouecc AeACTBHTENBHO ABMSETCS
anaropudMoM, T. e. o6najaer CBOHCTBAMH ONpefelleHHOCTH, MaccoBoO-
CTH H pe3yJbTaTHBHOCTH.

3aMeTHM, YTO pacCMaTpHBAaeMblii HaMHM NPOLECC COCTOHT B MO-
C/lel0BaTeibHOM BBINOJIHEHHH [leHCTBHA AeJIeHHA C OCTaTKOM.

IMTosToMy onpese/IeHHOCTb H MacCOBOCTb 3TOTO Npollecca SB-
NISI0TCA CNEACTBHEM HEOrpaHHYEHHOH BHIMOJHHMOCTH H OJHO3HAYHO-
CTH JeHCTBHA Ne/leHHA C OCTaTKOM. Pe3y/bTaTHBHOCTb HalIero npo-
Lecca yCTaHaBJIHBAETCS TakXe AOBOJBHO mpocTo. Yneno b H ocraTKH
OT AeJIeHHii, COCTaBJSIOLINX Hall npouecc, 06pa3yloT, oueBHAHO, YOH-
BAIOLLYI0 MOCJIe0BaTeJIbHOCTh HEOTPHLATENbHBIX YHCeN:

b, Fiy, T2, eos (3.3)

Ho uncno Bcex HeoTpHuaTenbHHX W He MPEBOCXOAAWHX b ducen
paBHO b + 1. [TosTomy H mocseoBaTeqbHOCTL (3.3) He MOKET HacuH-
THBaTb GoJiee 4eM b 4JIeHOB, TaK YTO HaLl NMPOLECC MOMKET COCTOAThb
He Oojee yeM H3 b nenenuit ¢ ocratkom *). Takum o6pasom, pac-
cMaTpHBaeMHii npoilecc [AeACTBHTENbHO SABJAAETCA AaJropupMoM H
BMOJIHE ONpaBALIBAE€T CBOe Ha3BaHHe.

BrIsicHUM yCJIOBHSL OKOH4aHus mpouecca. OueBuiaHO, nocsenHe
JleleHHe ROJKHO OBITH TaKMM, YTOGHl JaJibHefilllee neNieHHe Ha er
OCTaTOK GHJIO yXXe HeBO3MOXXHO. Ho 3TO MoXeT GHITH JHIIL B TOM
clydae, KOrga 3TOT MNOCJEAHUH OCTAaTOK paBeH HyMO, T. €. KOraa
noc/ieiHee JeJleHHe COBEPLIHJIOCH Haleso.

3adaua 29. a) TlocnepHn#i OTJHYHHIY OT HYJNST OCTATOK r, B NpH-
MeHeHnn ajropuéma EBkampa x uucnam a u b ectv (a, b).

6) KakoBbl 6ol HH OHJH HaTypajbHHEe @ H b, CyHIeCTBYIOT Ta-
KHe ueinle A 1 B, uro aA 4+ bB = (a, b)

3adaua 30. BuBectH H3 pesysabrata 6) 3amaud 29 Teopemn 9,
12, 13 u 14. (ITonuepkHeM, ITO HAWUH pacCyXaeHHS, CBA3AaHHHe C aJ-
ropudmoM EBkauza, GbIM OCHOBAHBI TOJNBKO Ha BO3MOXHOCTH Jele-
HHSL ¢ OCTATKOM. MH He MOJb30BaJuCh B HHX HH TeopeMaMu 9—14,
HH KaKMMH-TH60 UHEIMH COOGpa)KeHHAMH, QNUPAIOWIHMMCS HA OCHOB-
Hyl0 TeopeMy apH(GMETHKH.)

9. IIpumenenHe aiaropupmoB (HX, TaK CKa3aTb, «pa-
60Ta») MOXET 0KasaThCs AOCTaTOUYHO 'POMO3JAKUM. B ka-
yecTBE MNpHMepa pAaCCMOTPHM IpOHecC TNOJydYeHHs MO
YUCy n ero KaHOHHYeCKOTo pasJioXKeHHs (HHBIMH CJIO-
BaMH, aJropudmM, mnepepabaTHBaIOWIHA HaTypaabHOE
YHCJO B €ro KaHOHHYecKoe pasjoxeHHe). Ias orrene-
HHS aaropH@MHUYecKol CYyIIHOCTH 3TOTO mpouecca BKJIO
YHM ero KakK 3Tal B NpPOLECC NOCJAeJOBATESbHOI0 HAX0XK-
IeHHs: KaHOHHUECKHX Da3/JOXKEeHHHA OIHOro 3a Apyrum
BCeX HaTypaJbHLIX yHces. TO 1aeT HaM OCHOBaHHe BECTH
paccyxieHus «no HAAyKuuu» (cM. 1. 7 § 1). IIpexmoso-

*) Ha caMoM fJesie UHCJIO STHX JeJIeHHA He MOXKeT NPeBOCXOLHTD
uucaa 5logz b. To cnenyer u3 paccMoTpeHus uucen GuboHawun (cM.,
nanpuMep, kuury; Bopo6bes H. H. UYucna Pubonayuu, — M.
Hayka, 1984, — C. 82—83),

36



KHM, YTO JJIA BCEX Yuces, MEHbUIMX 7, KaHOHHWUecKwe
pasjioxenus yxe BenucaHol. M3 3Toro cmucka MOXKHO
(BnosHe anropHdMHUHO) yCMOTpeTb, KakHe H3 4YHCe,
MEHbBILHX n, ABJAIOTCA NPOCTHIMH. [TepeuncauB HX Bce Mo
BO3DacCTanHu1o, OyAeM JeJHTb n Ha KaxKJ0e H3 HHX (BBHAY
pesyabrata 3amaud 13 Ham JOCTAaTOYHO NMPOM3BECTH Ae-
JieHHe JIHLIb Ha Te p, Aaa KoTopux p? <<n). Ecau
n pasienuTCs Ha HEKOTopoe p, TO Gymer n=mp H
ny << n, a KaHOHHYeCKOe Da3/ioXeHHe fn; B HalleM IMe-
peune mo npeanoJoxeHHoMy yxe umeercs. [Toatomy ka«
HOHHYECKOE pPasJIOKeHHEe n MOJYUHTCH H3 KaHOHHUECKOTO
Pas/oXeHHs n; MyTeM yBeJHUYEHHS B HeM MOKasaTelsl p
Ha eJUHHLY.

10. Bepremcsi, ojHako, K NMpH3HAKaM paBHOOCTATOU=
HOCTH. AsropudMHueckoe NOCTpOEHHE IOC/AeJ0BaTENbx
HoctH (3.1) MoxKeT GHITH OCyLIECTBJIEHO BecbMa pa3Ho0G6-
pasaeiMu nyTaAMH. HauGosee ecrecTBeHHBIH H3 HHX €O«
CTOMT B CJIEAYIOLIEM. ;

[TonpoGyem HaliTH GyHKUHIO f(X), MOAUHHEHHYIO CJe-
JLYIOUIUM YCIOBHAM:

a) 3HaueHHe f(x) NpH x=m ecTb HaTypajJbHOE
YHCIIO;

6) 3nauenHe f(x) npu x << m He onpeneneHo (T. e.
He UMeeT CMHICJIA);

(HeT HYUero yAMBHTEJBHOrO B TOM, YTO Ta WJIH HHAS
(GyHKUHS TepsieT CMBIC/ NPH HEKOTOPHIX 3HAYEHHSIX apry-
MeHTa; HanpuMep, He UMeeT CMHICIAa 3HaueHHe (PyHKUHH

1 _ —1)
TE=T1 "Pn x=0 umu npu x=1);

B) ecain x=m, 10 [(x) < x;

r) €ClH X == m, TO 4HCIa X H f(x) paBHOOCTaTOYHH
NpU JeJeHHH Ha m.

Takue ¢ynkuuu cymecrsyior. IIpumepom sBiserca

¢ynkuusa fo(x):

xX—m, ecqn x=m,
fo(x) =
He ompeleJseHO, ecIH x <m,

HmenHo sta QyHKHHMA H OCYHIECTBJSET MOCTPOeHHe
nocnenosatenbroctd (1.3) B m. 11 § 1.

Kaxpo#t ¢ynkunu f(x), yROBIETBOPSAIOLIEH yCIOBHAM
a)—r), oTBeuaeT HEKOTOPHH CNOCO6 MOCTPOEHHS mocie-
HdoBateabHoctH (3.1), T. e. HeKOTOPHIH NpPH3HAK paBHO-
OCTaTOYHOCTH NPH JAeJeHHH Ha m.
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B camom mene, BO3bMeM NPOH3BOJALHOE HATYPasdbHOE
9HCJI0 @ U OyAeM CTPOHTh MOCJAENOBATEIbHOCTL YHCEJ

AO» Al» A2’ ooy (304)
TAe

Adv=a n Appi=f(Ar) npu k=0,1,... (3.5)

Ecnu A, = m, 1o snauenue ¢pynkuuu f(A.) onpene-
JIEHO, U MoToMy 3a A, ciaeqyer XoTs Gbl OXHH ujeH. Ecan
xe Ar <m, To f(Ar) He ompeneneHo, H Ap sBasercs
nocaeJHUM YJIEHOM MocjeroBaTenbHocTH (3.4).

Hrak, MBI feficTBHTENIbHO HMeeM HeKOTOpHIH MpH3HAaK
PaBHOOCTATOYHOCTH.

11. IlokaxeM, yTo HafileHHH NPU3HAK PaBHOOCTa«
TOYHOCTH OO6J1afiaeT BCeMH TpeMs CBOHCTBAMHU aJiro-
pHdMma.

YenoBue maccoBocTH 3/ech COGJIOZAETCS NMOTOMY, YTO
J1060e YHCJI0 JaeT HayaJo HEKOTOPOH MOC/JeI0BaTelb+
Hoctu (3.4), o6nanaronieit cBofictBoM (3.5).

YcnoBHe onpeleneHHOCTH COGJOLaeTCs BBHIAY TOTO,
YTO JJ1s1 BbIYHCJeHHA 3HAueHuH f(x) ¢ynxkuuu f mocra-
TOYHO YMeThb CPaBHUBAThL MO BeJHYHHE YHCJAA X MU m H
BHINOJIHATh ONEpalHio BHYHTAHUA (OTHHMAaHHA m OT x).
OGe atu mpouexypbl (ecau Mbl HMeeM [eJO C YHCAAMH,
3allHCAHHBIMH B HEKOTOPOH CHCTeMe CUHCJAEeHHd), KakK
OBLTIO BHISICHEHO, SIBISIOTCA ajropupMaMu M TEM CaMBIM
06J1aJal0T CBOHCTBOM ONpeJeneHHOCTH.

OGpatumcs K yCJaOBHIO pesynabratHBHOCcTH. Ilo ca-
MOMY CBOeMY MOCTpOoeHHI0 QyHKUHSA [ BbIOpaHa Tak, YTO
uJeHBbl NMOCNeR0BaTeNbHOCTH (3.4) MOJIOXKHTENbHE H YObI-
BaioT. [loatomy B Hefl Hafizercs HaMMeHbIIWA HeOTpUILa-
tenbHblil uieH. (Homep 3aToro ujiena, Kak HeTpyaHO Mpo-
BEpHUTb, He MPeBOCXOAMT uyHcaa a.) Ecam 6w 3T0T uiteH
(o6o3nauuM ero uepe3 o) Gbl GoOJbile HJIH XOTA GBI
paBeH m, TO cylLiecTBOBaJo Gbl 3HaueHHe f(a), mo-npex-
HEMY HeOTpHIaTe/]bHOe, HO MeHbllee o. 3HAUHT, WIEeH &
He OB GBI MOCJEIHHM CpelH HeOTPHLATeJNbHbIX YJIEHOB
nocaepoBarenbuoctd (3.4). ChenoBaTesbHO, MOCAeXHHI
HeoTpuIaTeJabHbIH uieH (3.4) OoMXKeH OBLITb MeHbIIe
uem m. Ho Torna 3nauenue f(o) He HMeeT CMHIC/IA, H &
OKa3blBaeTCsi BOOOIIEe MOCAEIHUM HYJIEHOM Halled mocJje-
JoBaTesqbHOCTH. [Ipolecc MOCTPOEHHS NOC/AeI0BATENbHO<
CTH, TakuM 06pa3oM, 3aKaHuUHMBaeTesi, M MOCHeLHHH ee
y/leH SABJISETCS OCTAaTKOM OT ACJEHHS @ Ha m.
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B pesysbrate MBI YCTaHOBH/M, YTO ONMHCAHHBIA HaMu
NpU3HAK PAaBHOOCTATOYHOCTH AeHCTBUTENbHO obJajgaer
TpeGyeMBIMH CBOHCTBAMH ONpefeJeHHOCTH, MaCCOBOCTH H
pe3y/IbTATUBHOCTH, T. €. ABJAETCS aJATOPUPMOM.

12. Tlonbsysicb M3JOKEHHBIM B M. 9 NpHEMOM MO«
CTPOEHHS IPH3HAKOB PaBHOOCTATOYHOCTH, HaHAEM Hes
CKOJIbKO TaKHX TNPH3HAKOB. B cooTBeTcTBHM cO cKasaH«
HBIM Bhillle 6y/AeM cuuTaTb, YTO YHCJIA, OCTaTKH OT Aele-
HHSl KOTOPBIX TpebGyeTcsl HaHTH, 3aMHUCAHBEl B MO3UIHOH<
HOH CHCTeMe CYHCJEHHSi C HEKOTOPHIM OCHOBaHHeM f.
IlpH3Hak paBHOOCTATOYHOCTH MpPH JAE/NEHHH Ha HEKOTO=
poe m mepepabaTrBaeT B OCTaTOK OT AeJleHHs Ha m daK-
THYECKH HE CaMO 4YHCJIO, a €ro 3alhch B COOTBETCTBYIO«
uied cucreMe curcieHua. IToaToMy npusHak paBHOOCTa-
TOYHOCTH TpPH AeJeHHH Ha JaHHOe (PHKCHPOBAHHOE YHCIO
m O6yleT, BooOllle roBopsi, 3aBHCETb OT OCHOBAHHA CH<
CTeMHbl cuncjeHus. Bmecre ¢ Tem GykBajbHasi GoOpMyJiH+
pOBKa MNpH3HAKa PAaBHOOCTATOYHOCTH MNPH JAeJeHHH Ha
JaHHOe m B {-HYHOM CHCTeMe CUHCJIeHHS BIMOJHE MOXET
MOAXOAHTb [JIfl MPH3HAKA PaBHOOCTATOYHOCTH MPH Aeses
HUH Ha JApyroe m’ B CHCTeMe CUHC/IEHHSI C IPYFrHM OCHO=
BaHueM ¢. CoOTBeTCTBYIOLIHEe MPUMephl GyAyT NOJSyYaThb=
¢ u3 conepxaHusa Teopem 19, 20 u 21.

Bo n36exxaHHe BO3MOXKHBIX HeZOpa3yMeHHH ycCJ/os
BHMCS B fajibHeHLleM KakK JeJUTeNb m, TaK H OCHOBaHHE
cCHCTeMBl CUHCJeHUsl ¢! 3aNUCHIBaTh (KHa3bIBaTb») B Je«
CATHYHOH cucTeMe cuHcieHus. Tak, roBopss O NpH3HaKe
PaBHOOCTaTOYHOCTH MNpPH AeNeHHH Ha 12 B cemMepHuHOMN
cHCTeMe CUHCJ/IeHUs, MBI GyneM nox |2 nmoHUMaTh HMEHHO
yucno 3-4, a He uucao 3:3 (kak 310 6BLIO GBI, ecnd GHl
yncao 12 paccMaTpuBasoch Kak 3amuch B CeMepHYHOM
CHCTEMe CUHCJIeHHS).

B kauectBe mepBoro mpuMepa HafiieM NpH3HaK paBs
HOOCTATOYHOCTH NpH JeNleHHH Ha 5 B JecATHYHOH CHs
cTeMe CUHCJIeHHU .

IMycte A —muatypanbHoe uucno. Ilpeacrasum A
B Bugle 10a+ b (b —nocnennas uudpa uncia A) u no-
JIOXKHM

b, ecmin A= 10,

fi(A)=4b—35, ecir 5= A<10,
He omnpeaeneno, ecamm A <5,
YuraTtenb caM MOXeT NMPOBEPHTD, YTO TaK ONpeseseHs
Hasi (yHKUHSI YZHOBJIeTBOpSeT ycjaoBHSIM a)—r) m. 10.
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TakuM o6pasoM, AJs HaxOXIeHUA OCTaTKa OT Hene-
HHS HEKOTOpPOro 4HcJa Ha 5 HOCTaTOYHO B3ATH MOC/]en:
HI0I0 Ludpy atoro uncia. Ecnu ata uudpa MeHbule nsrH,
TO OHAa U OyJeT HCKOMBIM OCTATKOM; B NPOTHBHOM CJay-
yae OT Hee cJleAyeT OTHATb 5. 3aMeTHM, 4TO NPHMeHeHHe
3TOr0 NpPH3HAKA DABHOOCTATOUHOCTH K JIOGOMY dYHCHY
MPUBONHUT K MOCTPOEHHUIO MOCJAeL0BaTeNIbHOCTH THIIA (3.4),
cocrosilliel He GoJliee ueM H3 Tpex UJIEHOB.

Pasymeercd, nenbio BceX MPOBeNEHHBIX pacCyXAeHHH
ABaseTcd He OOHapyXKeHHe H3BeCTHOTO BCeM «IMpH3HaKa
JeNMMMOCTH» Ha 5, a moJiyueHHe ero TeM HMEHHO eJHHO-
o6pasHbLIM NpHeMOM, KOTOpbifi Gl onucad B 1. 10.

3adaua 31. YkasaTb U NMpOaHAJIU3HPOBATL aHAJNOrHY-
Hble MPU3HAKH PaBHOOCTATOYHOCTH NMpH JeJeHHH Ha 2, 4,
8, 10, 16, 20 u 25 B mecATHYHOH CHCTeMe CUHCJIEHHS.

3adaxa 32. Ykasarb H NMpOaHaJH3HPOBATL aHANOTHY+
Hble TIPU3HAKH PABHOOCTATOYHOCTH NPH HeJeHHHU:

a) Ha 9 4 27 B TPOUUHOH cUCTeME CYHCJIEHHS;

6) na 8,9, 16, 18, 24, 36, 48 u 72 B nBeHazuaTepHy+
HOH cucTeMe CUHCJEHHA.

3adaua 33. TlpeacraBuM HaTypanbHoe uncio A B Bule

10f%a+6 (0=0b<10%

H TOJIOXHM
b, ecan A = 105,

f(A) =1 ocratky ot nenenns Anam, ecnnm =< A< 10,
He olpejeseHo, ecan A<m.

Ina Kakux uHcen m Tako#t aaropudMm npu HEKOTOPOM
k siBNsieTcsl MPU3HAKOM PaBHOOCTATOYHOCTH?

Teopema 21. IIpedcrasum npoussosbroe HATYpasb-
Hoe uucao A 8 sude at* + b, ede 0 = b << t*, u noroscum

b, ecau A=tF,
f(Ad) =3 b—m, ecou m=A<t,
He onpedeneno, ecau A<Lm.
YroboL Aas Oannoll dynkyuu f areopugm nocTpoenus

nocaedosareavroctu (3.4) no npasuay (3.5) 6oir npu-
3HAKOM PABHOOCTATOYHOCTYU npu Oesenuu KA m, Heobxo-
dumo u doctaTouno, 4T06bL 66110 1* % m.

13. B kauecTBe BTOpPOro MpHMepa paccMOTPHUM NpHs«
3HaK PaBHOOCTATOYHOCTH NPH JeJeHHH Ha 3 B JAECATHY~
Holl cHCTeMe CUHCJEHHS.
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3anucek watypanbHoro yncaa A B JecATHYHO cHcTeMe
CUHCJIEHHSI HMeeT BHJ

10" + a,10%-1 4, .. 4 a, - 10 4 ay,
rie
0=ag,<10 pgna (=0, 1,..., n

ITosioxum
w+a+...+a-1+a, ecam A=10,
fa(A) =19 ocratky ot nenenns A Ha 3, eciu 3 = A< 10,
He ompejeJieHo, ecan A < 3.

3adaua 34. TlpoBeputb, 4T0 QYHKUHS fo(X) yHOBes
TBOpSIeT YCJIOBHAM a)—T) M ONpefensieT TeM CaMbIM He+
KOTOpHIH MPH3HAK PABHOOCTATOUYHOCTH NMpPH AeNeHHH Ha 3.

3adaua 35. TlpuMeHHTH MOCTPOEHHBII MPH3HAK paB-
HOOCTATOYHOCTH NpH AeJeHHH Ha 3:

a) x uncnam 858773 n 789 988;

6) K uucay, AecATHYHAs 3aMHChb KOTOPOrO COCTOMUT H3
4444 yeTBepoxk.

3adaua 36. Ykasatb H MpOaHaNN3HPOBATh aHAJOTHYs
Hble IPH3HAKH PABHOOCTATOYHOCTH NpPH JeNeHHH Ha 7, 9,
11, 13 u 37 B necaTLYHON CHCTeMeE CUHCJIEHHs.

3adaxa 37. YkasaTb H NpOAHAJNH3HPOBATb NMPH3HAKH
PaBHOOCTATOYHOCTH NpPH AeJEeHHH:

a) Ha 2, 4 u 8 B TPOHUHOH CHCTEMe CUHCJEHHS;

6) Ha 2, 4 1 8 B ceMepHYHOH cHCTeMe CHHCJEHHs.

Teopema 22. [Ipedcrasum npoussosbroe HATYpaLb=
Hoe 4ucao A 6 sude

ant*® + @p P -0 L 4 0tk 4 ay,
ede
0o, <t* npu 1=0,1,..., n,
U nosoKHCUM
a+ard . F a1+ an, ecau A=,
f(A)=4A—m, ecau m=A<tt
He onpedeaero, ecan  A<m.

Tozda, O0rs TO20 uTOGBL nopoxcdaemeii pynxyued f
arzopupm noctpoenus- nocaedosaresvroctu (3.4) no
npasusy (3.5) 6bir NPUSHAKOAM PABHOOCTATOYHOCTU NPU
Oesenuu na m, Heo6xodumo u 90CTATOUHO, 4TOObL GblAO

*—=1):m,
41



3adaua 38. YKasaTh moanajamllye MOJ 3Ty TeopeMy
NPHU3HAKH DPaBHOOCTATOYHOCTH /sl UHCeN, 3anHCaHHBIX
B IJ.IQCTeBHlIHOﬁ, CeMepHUHOMH, NeBATePHYHON H TPHHAAIA-
TepHYHOH CHCTeMax CUHCJEeHHS.
Teopema 23. [Iyctro A — naryparsroe uucaro, nped-
cTasneHHoe 8 gude
Apt** + ot =D L it + a,
20e
0=a;<t* npu i=0,1,..., n
ITonoxcum

G—a +a—...+a, ecau A = t¥,

f(4) = d A =A<t
ocTatky or deaenus Anam, ecau m = A<t5,
He onpedeieno, ecau A< m.

Tozda, 0aa TO20 4TOGbLL NnoposcOaemell pynkyued f
aseopugpm nocrpoenus nocaedosareavrocty (3.4) no
npasuay (3.5) Oobia npusHAKOM pPABHOOCTATOHHOCTU NpU
Oesenuu Ha m, Heo6xo0umo u AocTatourno, 4To66l 6bL10
*+1):m.

3adaua 39. Ykasath noamagaiouie noj 3Ty TeOpeMmy
NpH3HAKH DPaBHOOCTATOYHOCTH A/ UHCEJ, 3amHCaHHBIX
B TPOHMYHOH, NMATEpHYHOH, BOCBMEPHYHOH H JAeCATHUYHOH
cHCTeMax CUHCHeHHs.

14. Bo MHorux 3afauyax HeCylleCTBeHHa He TOJBKO
Be/JIHYHHA HEMOJHOTO YaCTHOTO OT AeJeHHs OJHOro yHucaa
Ha Jpyroe, HO TaKxe M BeJIHYHHA OCTAaTKa OT JeNeHHs,
a HHTepeCHO TOJBKO, 00paliaeTcss 3TOT OCTaTOK B HYJb
HJH HeT, T. €. JAeJUTCS HJH HeT MepBoe YUCI0 Ha BTOpOe.
ITocne ckasanHoro B m. | scHO, Kak MOAXOAHTH K 3afas
YaM TakKoro popa.

HasoseM uHclia a U b paswoleaumbiny npu AeNEHHH
Ha m, ecau aubo U a, u b menarcs Ha m, 1u60 HA m HH
a, HH b He gensaTcs.

3adava 40. KakoBo G HH GbLIO m, JIOOBHE paBHO-
OCTaTOYHble MpPH JeJeHHH Ha m YHcaa [BAAIOTCS PAaBHO-
nenumbimu Ha m. IlokasaTh Ha mpumepe, 4T0 o6paTHoe
HeBepHO.

3adaua 41. Jns Kakux m N3 PABHOLENHMOCTH JABYX
yice/ NPH AeleHHH Ha m clellyeT HX PaBHOOCTAaTOYHOCTb
IpH 3TOM JleleHHH?

3adaua 42. Jloka3aTb, 4TO OTHOILUEHHe paBHOJENH-
MOCTH NpH AeNeHHH Ha JaHHOE YHCJIO m SABJAETCA 3KBH-
BaJleHTHHM OTHOILEHHeM W pa30uB3aeT MHOXKeCTBO LebIX
Yuces Ha ABa KJacca,
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3ada4a 43. Bynser nn cnpaBepnHBa AN PaBHOAENI
MBIX uHcen Teopema 20? Ee cienacrsue?

15. TIycTh HYXXHO BBIICHHTb JeJUMOCTb Ha m YHCJA
A. ByzeM cTpOHTb NOC/J€L0BATENbHOCTb YOHIBAIOLUX Has
TYpaJbHBIX YHCeN

A=A0, Al, AQ, e 0y (3°6)

paBHOZENHMBIX ¢ A NpH AeleHuH Ha m ¢ ocratkoM. Cno-
co6 nocTpoeHHs MocjaefoBarenbHOCTH (3.6) BEIGepeM Ta+
KOH, 4TOGH 3a BCAKHM YJIEHOM 3TOH MOCJeJ0BaTeNbHOCTH,
6OMbIIMM MM PAaBHHIM m MO a6GCOJIIOTHOH BeNHYHHe, clies
IoBaJ euie X0Ts 6Bl oAMH 4neH. Ecau npu aToM mocjefs
Huit uned (3.6) Gyder paBeH HYyJI0, T0 A AenuTcs Ha my
a eCM He paBeH-HYJIO, TO He JeJUTCS.

Besakuit cnoco6 nocTpoeHus nocienosatenbHocTd (3.6)
Ha30BeM NpusHakom 0eAumocTu Ha m.

3adaua 44. JlokasaTb, 4TO BCAKHH NpPH3HAK paBHO+
OCTaTOYHOCTH NpH [JefleHHH HA m SIBJiseTCsl MPHU3HAKOM
JIedUMOCTH Ha m.

OueBHHO, MPH3HAKH AEJTHMOCTH AOJKHEI GBITH aJro-
pHUPMHUYHEIMH, T. e. YAOBJETBOPATb TAKHM XKe YCJIOBHAM
onpejeNeHHOCTH, MAacCOBOCTH H pe3yJbTaTHBHOCTH, YTO
H NPHU3HAKH PaBHOOCT™aTOYHOCTH.

Herpynno nposeputb (3T0 mpenocraBjsieTcss YHTas
TeNI0), YTO NpPH NOMOIUM BecsKOH ¢yHKuuu f(x), ymoB«
JieTBOpsAollefl ycnoBusaM a)—B) H3 n. 10 u yciaosuio

r*) ecau f(x) umeer cmbica, To uncaa x u f(x) pas-
HOZe/TUMBI Ha m,

MOX(HO NMOCTPOHTh NMPH3HAK AEMUMOCTH Ha m TOYHO Ta+
KHM e 06pa3oM, KaK CTPOHJCSl NMPH3HAK PAaBHOOCTATOY«
HOCTH NpH JAeJeHHH Ha m MO BCAKONH (YHKUHH, YIOBJe-
TBOpSIOLeH yc/I0BHAM a)—T). :

Hafizem HecKOJIbKO NPH3HAKOB AEJMHMOCTH.

CorstacHo Teopeme 16 mOCTaTOYHO yMeTb ONMpenensiTh
JeNuMOCTb YHcesJl Ha 4ucaa BHAA p% (T. e. Ha CTeneHH
OPOCTHX YHCen).

16. [IpusHak RKeJNHMOCTH Ha 7 B Jecfis
THYHON cucrteMe cuncaeHnud. Ilycte A — Hary-
panbHoe uncio. Ilpencrasum A B Buge 10a+ b, rze
0 = b < 10, kaK 310 yXe Aenanoch pasbure. ITomoxum

la—2b}, ecmn A= 19,
f3(A) =1 ocratky ot Aenenua AHa 7, ectn 7= A< 19,
He OmpejelNieHo, ecnn A<7,
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3adaua 45. TIpoBepuTb BHIMONHEHHE IS - QY HKUHH
f3(A) ycaosuit a)—B) u r*),

®ynkuua f3(A) Kaer Ham H3BeCTHHA NMPHU3HAK JAeNH-
mocti Ha 7: gucno 10a 46 (0 = b < 10) menurcs Ha 7
TOra M TOJbKO TOTAA3, KOTAa Ha 7 HeNHTCA Yhcao a — 2b;
NOoJNy4eHHOe UHCJIO CHOBA NPOBEPSIETCS ITHM 2Ke CIOCO-
6oM Ha AeAHMOCTb HA 7 H T. .

3adaua 46. JlokasaTb, 4TO NMOJNyYeHHBIH MpPH3HAK Je-
AUMOCTH Ha 7 He $IBAsieTCs NMpPH3HAKOM pPaBHOOCTATOY-
HOCTH NPH AeNeHHH Ha 7 C OCTaTKOM.

17. llpusunak peaumMoctu Ha 13. [Ipeacrasum
HaTypanbHOe uncao A B Buge 10a 4 b u nonoxuM

a+ 4b, ecan A = 40,
f4(A) =1 ocratky ot genenus Aua 13, ecan 13 = A < 40,
He OmnpejeseHo, ecim A< 13.

3adaua 47. TIpoBepUTb BHIMOJHEHHE YCIOBHA a)— B)
H r*) pas ¢yskumu fq(x) u chopMyaHpPOBaTh MOJYYeH-
HBIH MPU3HAK AeNHMMOCTH Ha 13.

3adaua 48. K KakuM MOCNeACTBHAM NMpPHUBENET 3aMeHa
B onpefeneHHH QyHKuHH f4 yHcaa 40 Ha MeHbluee?

3adaua 49. Tlo aHanOruu ¢ MOCTPOEHHBIMH MPH3HA<
KaM{ JeHMOCTH Ha 7 W 13 NOCTpPOHTL aHaNOrHYHBbIE
npusHaKu AeauMoctd Ha 17, 19, 23, 29 u 31.

3adaua 50. TlocTpouth nABa mNpH3HAKa AENHMOCTH
Ha 49.

18. IIpu3HAaKH JeNMMOCTH TOTO e THIA HMEIOTCA
H /9 YKces, 3alNHCAaHHBIX B APYTHUX, HEJECATHYHBIX CH-
CTeMax CYHCJeHHS.

I[IpusHak nenuMocTH Ha 11 B wecrtepHu-
HOH cucTeMe cuHucJaeHHs. [IpencTaBuM HaTypasib-
Hoe uucao A B Bune 6a+ b, rne 0 = b <6 (B cooTser
CTBHH CO CKa3aHHHIM BhIllle BCE PACCYXKIEHHs BeAyTCs C
ynotpe6neHneM 0603Ha4YeHHH H Ha3BaHHH 4HCeNn B Jecss
THYHOH CHCTEME CUMCJEHHs), H MOJOXKHM

a -+ 20, ecin A= 11,
f(A)=40, ecim A=11,
He ompexeneHo, ecad A <11,
3adaua 51. TlpoBeputrb co6mI0feHHe yCa0BHA a)— B)

H r*) ana QyHKuuu [ M chopMysHpoBaTh MoMYyYeHHBIR
NpH3HAK AeNHMOCTH.
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Badaua 52. Tlo amajnorum € TONABKO YTO MOCTPOEH-
HBHIM TIPH3HAKOM JeJHMOCTH INOCTPOHTb NPH3HAKH Ie-
JIEMOCTH:

a) Ha 5 B ceMepHYHOH CHCTeMe CUMC/EHHS,;

6) Ha 7 B OQMHHAALATEPHYHOM CHCTEME CUHCIEHHS]

B) Ha 17 B ABeHaAnaTepuuHOM cHCTeMe CUMC/EHHS.

19. B mpexwaymux NmyHKTax sToro maparpada Mh
TO3HAKOMHJHCh C GOJIbLIINM KOJIHYECTBOM CaMbIX PasHO+
06pasHBIX MPH3HAKOB PABHOOCTATOYHOCTH H IPH3HAKOB
Jennmocth. IlpakTHueckofl nenblo MOCTPOeHHs BCeX 3THX
NPH3HAKOB sBJsieTC NOJNydYeHHe YAOGHO paboTaroumux
ajaropuMoB HaxoXAeHHS OCTATKOB NPH AeJleHHH Ha Hes
KOTOpHIe OnpefefieHHble uYHCla (NPH3HAKH paBHOOCTAa«
TOYHOCTH) HJIH anropupMoB, o6HAPYKHBAIOIINX, PaBHHI
3TH OCTAaTKH HYJI0 HJIH HeT (Mpu3HaKH AenaumoctH). Ha-
CKOJIBKO e Mbl OCYILECTBHJ/IH NOCTaBIEHHYIO HeNb?

Hexoropble npu3Haku paBHOOCTaTOYHOCTH, TaKHe, KAK
npH AeneHud Ha 2, 3, 5, 10 B aecaATHUHON cuCTeMe CuHCe
JeHus1 (1 BOOGIe — Ha AeHTeNb CT€NeHH OCHOBAHHs CH+
CTeMBbl CUMCJIeHHs), OeHCTBHTEe/NbHO OKa3ajHCh BeCbMa
NpaKTHYHBIMU K YAOOHBIMH. [IpHMeHeHHe APYTHX NMPH3HA+
KOB CBsI3aHO ¢ 6oJiee HJH MeHee TPOMO3AKHMH BBIUHCIEs
HUSAMH.

EcTecTBEHHO NO3TOMY HCKaTh M NPHMEHATh TakKHe
NPHU3HAKH [EeNHMOCTH H DPaBHOOCTATOYHOCTH, HCIOJb30+
BaHHe KOTOPBIX NMPUBOAHT K LieJH ¢ BO3MOXHOCTH Gosee
IPOCTHM MyTeM. >

OpHa ©3 TpyAHOCTell, € KOTOPOH MH CTaJKHBaeMCH
npy TAKOrO pPOAA NOMBITKAX, COCTOMT B TOM, YTO MH
JOJIXKHE yMeTb MNpPOCTOTY (HJH, HA060POT, CJIOKHOCTB)
NpHMEHEeHHs] TOTO HJIH HHOTO NPH3HAKA OLlEHHBATb HEKO«
TOpHIM uHCIOM. B KauecTBe TakoH YHC/IOBOH Xapakres
PHCTHKH MOXHO, HampuMep, B3ATb YHCJIO apH(MeTHues
CKHX JeHCTBHI Hajg ONHO3HAYHBIMH YHCJIaMH, KOTOpHe
HeOOXOAHMO NpPOHSBECTH B Mpollecce NpHMEHeHHS HaHs
HOTO NMpPH3HAKa K TOMY HJH HHOMY UHCIY.

K coxadieHHio, Bcakas Takasd XapaKTePUCTHKA 00bs
eMa BHUHC/JeHHH B CHJBHOH Mepe 3aBHCHT OT HHAHBH-
AYaNbHBIX CBOHCTB TOrO 4HCNA, AENTHMOCTb KOTOPOTO MH!
XOTHM HCIBITATb.

Tak, HanpuMep, OYeHb JIeTKO YOeAHTbC B TOM, YTO
octaTok oT nejenus uucaa 31025 Ha 8 ecrp 1. dagatoro
JOCTATOYHO HAaHTH OCTAaTOK OT AejeHHs Ha 8 umcria 25.
Ho nns HaxOXAeHHs ocTaTka OT HReneHus 30525 na 8
Caefyer pasfenuTb Ha 8 ¢ ocratkoM uHcao 525, a aTo
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yxe TpebyeT 6Oabiiero uucna BBEIKJAAAOK (6e3pasauugo,
NPOBOAHMHIX B yMe WM Ha Oymare).

B kauecTBe ApYroro mpHmMepa paccCMOTPHM NpH3HAK
PaBHOOCTATOYHOCTH NPH HefieHnu Ha 37 (cMm. 3agauy 36).
Ocratok oT menenus Ha 37 uucaa 10014 023 maxoaurcs
cnoxenneM 10414 4-23 u genenveM nosydyeHHON cym-
MBI Ha 37. OcTaToK, KaK Jierko Buaerb, paBed 10. OgHako
HeMHOTHe CMOTYT B YMe NPHMEHHTb 3TOT NMPHU3HAK PaBHO+
0CTaTOYHOCTH K Yucay 782639 485.

[TosTomy, rosops 06 ymoGcTBe HCHOJNb3OBAHHS MpHe
3HAKOB JeJHMOCTH H DPaBHOOCTAaTOYHOCTH, HaAM cJeJjo+
BaJo OBl OTBJeubcsd OT CJOXHOCTeH HHIAHBHAYAJbHBIX
HCNBITAHHH YHces Ha AeNHMOCTb H OLleHHBAThb BO3MOXKHO-
CTH KaXAOro npH3HaKa «B cpeiHem». IIpu Takom mon-
Xole MH MOIMH OH HaleATbC TOYHO cHOPMYIHPOBATH
Mepy CJOXKHOCTH NMPH3HAKA NEeNHMOCTH HJIH PaBHOOCTa-
TOYHOCTH M Jaxe HalTH HauboJilee S5KOHOMHBIH B 3TOM
cMbic/le NpU3HaK. K coxaneHuio, Mbl JIHIIEHB 3]€Cb BO3<
MOXHOCTH Pa3BHUBATb 3Ty HCKJIOYHTENbHO TPYAHYIO CTO-
poHYy Bompoca GoJiee moapo6HO.

Ho 310 ewe He Bce. HMiMeeTcss H apyras TPyAHOCTb B
OlleHKe KauecTBa NMPH3HAKOB JeNIHMOCTH H paBHOOCTATOY-
HoctH. OHa 3aKJIouaercs B TOM, YTO TaKas OmeHKa Mo-
JKeT MPOU3BOAHTBCA ¢ PA3NHYHBIX TOUEK 3PeHHs: KpoMe
YOOMSIHYTOrO 4Yucjia apHpMeTHUeCKHX ONepauuii Hajg
OJHC3HAYHBIMH YHCJAAMH MBI MOXEM CYHTATb MNPOCTHIM
TOT W3 MpPH3HAKOB, NMPHMeHeHHe KOTOPOro (K KaXKaoMmy
YHCJY HJIH «B CpelHeM») TpeGyeT MeHbIIEro Yucaa Ila-
ros, T. e. Gojee KOpPOTKOH mnocnenoBaTeNbHOCTH (3.4)
(MM cOOTBETCTBEHHO mocjienoBaTtenbHocTH (3.6)); MOX-
HO, HaKOHell, 32 MPOCTOTY NMPH3HAKA NPHHUMATh TAK HJH
HHaue IIOHHMAaeMyl0 MNpOCTOTY (HampHMep, 3aNOMHHae-
MocTh) ¢yHKuuu f uz (3.5). B pesynbrate MBl OKa3hl«
BaeMCsl B YCJOBHUSX «MHOTOKPHTEPHAJbHOH OLEHKH», C
KO'll‘OpOﬁ MBI IO JPYroMy MOBOAY YiKe BCTPeYaNuch B 1. 9
§ .



§ 4. OBILME NMPU3HAKH
PABHOOCTATOYHOCTH M JEJIMMOCTH

1. Bce mocTpoeHHbe Bhillle NMPU3HAKH PaBHOOCTATOYUs
HOCTH, a TaKXe MPHU3HAKH [AeNUMOCTH BBINJALAT Hes
CKOJIbKO HCKYCCTBEHHO, U Ha MepBHIH B3TJsAA MOXKET MO-
Ka3aTbCs, YTO 3TH NPHU3HAKU HJH, BO BCAKOM cJyyae, Hes
KOTOpbleé M3 HHX OHIIH HalJeHbl cAy4YalHHO HJIM XKe B pes
3yJabrate npob M ucneltaHui. Ha camoM Jene 370 He Tak.
OkasbiBaercs, CyLIeCTBYIOT Cnoco6bl NOCTPOeHHd NMPH3Ha-
KOB pPaBHOOCTATOYHOCTH H JENHMOCTH Ha Joboe Hamepex
3ajaHHoe 4ncao. OHU HAa3BIBAIOTC 0OUWUMU NPUSHAKAMIL
PABHOOCTATOYHOCTYU WIH COOTBETCTBEHHO obOujumu npus
3naKamu 0eaumocTy.

OG6uwue NnpH3HAKH PaBHOOCTATOYHOCTH fBJIAIOTCA CIIO-
co6aMi MOJNyuYeHHs] KOHKPETHBIX NPH3HAKOB pPaBHOOCTA<
ToyHOCTH. [l03TOMY KOHKpeTHBle NPH3HAKH PaBHOOCTae
TOYHOCTH MOXHO CYATaTh TE€MH pe3yJbTaTaMH, K KOTO-
PBIM MpHBOAAT O6uwue npusHakh. C 3TOH TOUKH 3peHNd
o6lie MPH3HAKH PABHOOCTATOUHOCTH OTHOCATCS K KOH«
KPeTHbIM COBEpIIEHHO TaK e, KaKk KOHKDETHHIH MpH3HaK
PaBHOOCTAaTOUYHOCTH OTHOCHTCSl K P€3yJbTaTy CBOEro npH-
MeHEHHS K HeKOTOpOMY YHCay, T. €. K OCTaTKy OT Jeses
HHUA JaHHOTO 4Hcaa @ Ha JAHHOE YHCIO m.

O6iwue npH3HAKH PaBHOOCTATOYHOCTH H J€IHMOCTH
HATIOMHHAIOT aJrOpu(pMB, W NPHTOM AaJaropumMel 10+
BOJBHO cBoeoOpasHble: HX HTOraMH, pesy/bTaTaMH
JIOJIKHBl ObHITH CHOBAa aaropH(PMbl, HMEHHO: KOHKPETHHe
NPH3HAKH PaBHOOCTATOUHOCTH HJIH JAeMHMOCTH.

OnHako, AAsl TOro YTOGH TOBOPHTb 00 OOLIMX MNpHs
SHaKaXx PaBHOOCTATOYHOCTH H JeNHMOCTH KaK 00 a/ros
pudMax, Mb JOMKHH yOeAHTbCA B TOM, YTO OHH 06/as
JIal0T HYKHBIMH YCJIOBHAMH ONpe/leIeHHOCTH, MacCOBOCTH
M pe3yJbTaTHBHOCTH.
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ToBopsi moapoGHee, ykasbias o6uuil NMPH3HAK Ae/H«
MocTH (PaBHO KakK M OGLIUii MPHU3HAK PaBHOOCTATOYHO-
CTH), MBI JOJXKHBE IPOBEPHTb BHINOJHEHHE CJEAYIOWHX
ycnosuit. Bo-nepsHX, N0 BCAKOMY UHCAY m OH JOMKeH
AeACTBHTE/NIBHO AaBaTh NPHU3HAK JeJUMOCTH (paBHOOCTA-
TOYHOCTH) Ha 3T0 uHciao. OH JONXKeH, TaK cKas3aTh, «Ie-
pepabaThiBaTh» KaXJoe HaTypa/jbHOe YHUCJIO m B COOT-
BETCTBYIOIIMA NpU3HAK. MIMeHHO B 3TOM M COCTOHT ero
pPe3ynbTaTHBHOCTbDb. Bo-BTOpHX, OGWIHA NpU3HAK
JONXKeH OblTb ONpefeNeHHB M, T. €, NpUMEHeHHBIH
K 3aJlaHHOMY 4YHCJY m, OH AOJXKEH MNPUBOJAHTbL BNOJHE
onpefieJleHHHIM cNoco60M K BIOJIHE ONpefeNeHHOMY KOH-
KpPeTHOMY NMpPH3HAKY AeNMMOCTH (paBHOOCTATOYHOCTH) Ha
310 uncno. Hakonen, B-TpeTbux, NMpH3HAK NOJXKEH OHITH
MacCOBH M, T. €. JeHCTBUTENbHO OOILUM, H JaBaTh NpU-
3HAKH, JeJHMOCTH HJH PaBHOOCTAaTOYHOCTH Ha n06oe Ha-
nepel 3aJaHHOe HaTypa/JbHOE YHCJO.

B 3TOM cMbicie onucaHHbil B M. 6 § 3 cmoco6 3axa-
HHSl MPH3HAKAa PaBHOOCTATOUHOCTH, a TaK¥XKe OMHCAHHBIH
B 1. 9 § 3 cnoco6 HaxoxJeHUA NPH3HAKOB AETHMOCTH
He SBJISIOTCA OGIMMH NpU3Hakamu. JleficTBUTeNbHO, YKa-
3aHue PyHKUHHA, 06/1aRA0OMUX HYXKHBIMH CBOHCTBAMH, fIB-
JseTcs MpoleccoM, He YAOBNETBOPSIOUIMM IOKa HH OJ-
HOMY H3 TpeGOBaHHH omNpeleNeHHOCTH, MACCOBOCTH H pe-
8yJNbTaTHBHOCTH.

B camom mene, 3TH cnoco6bl He HAaKT HaM HHKAKoH
rapaHTHd B TOM, YTO HYXHasd QyHKuua GylneT HafigeHa;
SHAYHT, OHHM JIMILEHBl pe3yabTaTHBHOCTH. Jlanee, ecau
TpeGyemas QYHKIHS H CyLIeCTBYeT, K Hell MOXXHO NMPHATH
pasHbIMH MNyTAMH, HE TOBOPA YXe O TOM, YTO TAaKHX
$YHKIUA MOXKET 0Ka3aThCsl HECKOJbKO. 3HAUHT, 3TH CMO-
co6hl Jauiienbl onpenenenHoctd. Hakonen, emy He xBa-
TaeT U MAaccOBOCTH, TaK KakK, GHITb MOXeT, Tpe6yeMBIX
yHKUMA AN TeX WM HHBX KOHKPETHBIX 3HauYeHHH m
HaMm HafiTH He yaactcs. CaM cmoco6 Ham, BO BCAKOM
ciyyae, Huyero o6 3TOM He TroBopuT. Takum o6pa-
30M, AJfA Toro 4ToOH OMHCAHHHI mNpouecc CTan ajaros
pudMoM, OH JonxkeH OBITb elle AOMONHEH TOYHBIMH
yKa3aHHAMH, TapaHTUPYIOLIHMH TOCTPOEHHE BIOJHe
onpefiesieHHOR (GYHKIUH fm N1 KaXAOTO KOHKPETHOro
yucna m.

Sra 3afaua «aAropHGMHU3aLUUUY MOCTPOSHUS MPH3IHA+
KOB PaBHOOCTATOYHOCTH H MPH3HAKOB JENHMOCTH MOXKeET
6hiTh pelleHa, H Aaxe 6e3 0co6oro Tpyaa, a obuiHe npHs
3HAaKH JEJHMOCTH H3BECTHH yXKe AaBHO.
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Oauu rakoit o6uwult npUsHaK paBHOOCTATOYHOCTH ak-
THYECKH yxe Ob1 HaMH noctpoeH B m. 11 § 1 npu BHisic-
HEHUH BOINPOCa O JeNeHHH C OCTaTKOM. MH ero MoxeMm
ChOpMY/IHPOBATL TaK: KaxKAOMY LEJOMY MNOJOKHTENb-
HOMY YHCNy m CTaBHTCS B COOTBETCTBHE NpOLecC mocnae-
J0BaTeNIbHOTO BBLIYHTAHHSl 3TOTO YHCJAA m A0 NOJYYeHHS
yHcJa, MeHbIIEro yeM m (cM. mocaelHil0 ¢pasy n. 1
§ 3). fcHo, uto Takoe coorBeTcTBHE 06JMafaeT He0GXO-
IUMBIMH CBOHMCTBaMH ONMpefeNeHHOCTH (MBI TOYHO 3HaeM,
YTO CTaBUTCS B COOTBETCTBHE YHCJY m: NMPOLECC nocjaeno-
BaTeJbHOTO BBIYMTAHHS JTOTO uYHCAA m), MaCCOBOCTH
(npouecc mocief0BaTeNbHOTO BLIUHTAHHSA MOXKHO NBITATh-
Cs1 IPUMEHHTD K JI060My m) M pe3yJbTaTHBHOCTH (Takas
noneiTka o6si3aTeNbHO mnpuBeleT K ycnexy). Omnaxko
HpaKTHYecKas LEHHOCTb OMHCAHHOrO obLiero NpH3HAaKa
PaBHOOCTAaTOYHOCTH BeCbMa HeBEJHKA. .

HekoTopoe ycoBepuiencTBoBaHHe o0O6llero NpH3HaKa
pPaBHOOCTAaTOYHOCTH, OCHOBAHHOTO Ha NOCJef0BaTelbHOM
BBIYNTAHHH, NPHBOJNT K H3BECTHOMY Mpoueccy IeleHHS
LeJNBbIX YHCeNa YrJ10M». DTOT NpoLecc JeNeHHsl TOXe MO-
JKeT paccMaTpHBaTbCsl Kak oOIIMiI NMPH3HAK PaBHOOCTA-
TouHOCTH. HennwnuM 6yleT HanoMHHUTb, YTO NOJaBJsO-
mee GOJBIIHHCTBO Jiofel MOJAb3YyeTcss MPH HaXOXAeHHH
OCTaTKOB OT JeJeHHs] HMeHHO 3STHM npu3HakoM. [lpu
3TOM paccyxkJeHHe BeleTcsl Mo caelylolled cxeme, Ko-
TOpPYI0 MH BOCHpPOH3BEleM B ABYX BapHaHTax: Ha 0Oby-
HOM XHTefiCKOM fi3blKe M Ha fI3blK€ aJropudMos.

Ha XurefickoM si3bike Ha sa3sike anropudmos

1) S nosmen HafiTH ocTa- | OGuiMA MPH3HAK DPAaBHOOCTATOYHOCTH
TOK OT HeJeHHS AaH-| HauHHaeT mepepaGOTKy uHMcaa m;
HOro @ Ha RaHHOe mj .

2) nas storo A Oyny Ae-| oGuIMi NPHSHAK <«BHLLAET®» PE3yabTaT
JUTb Ha My nepepaGOTKH HHC/IA M: KOHKDPETHBIM

NPH3HAK PABHOOCTATOYHOCTH NpH je-

JICHHH Ha m, 3aK/AI0YaoIHuAca B He-

MOCPEACTBEHHOM JeJeHHH Ha m

C OCTaTKOM;
3) BOT # HauMHaKo f@-| MOJYuYeHHHA KOHKPETHHIH NpH3HAK Ha-
JIKTb @ HA M., ynHaeT nepepaGoOTKy 4HCIa a: fene-

HHE Ha M C OCTaTKOM;
4) ...nem0 H noOJyHalo | KOHKPETHbI MPH3HAK NPHUBOJMT K HEJH:
OCTaTOK. K OCTaTKy OT AeJIeHHS a Ha m
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B 3TOM paccyXAeHuH NepBble TPH Liara ykKe OUEHb
TIPOCTHI, H MO3TOMY He NPHXOAUTCS YAHBJATHCS, YTO YeTs
BEpTHIfl 1ar, COCTOSILHI B (paKTHYeCKOM BHIMOJHEHHH
JelleHHs, OKa3blBaeTcsd TakHM rpoMosikuM. Lleab cosna-
HHA OOLIMX MPH3HAKOB PaBHOOCTATOYHOCTH H Je/HMOCTH
H COCTOHT B pasrpyske 4yeTBepTOro liara myTeM ycoBep-
IIeHCTBOBaHHS BTOporo. MMeHHo 3TO M HMelOT 0OBIYHO
B BHAY, KOTAa roBopAT 06 o6wHX NMpH3HAKaxX AeNHMOCTH
H PaBHOOCTATOYHOCTH.

2. Hcropuueckn nepBbIM 0O6WMM TNPH3HAKOM JdefHs
MOCTH (TOYHee, JaxKe NPH3HAKOM PAaBHOOCTATOYHOCTH)
ABAsieTcs CAeAyIOULHH, NpeaNoXKeHHHH 3HaMeHHTHM (paH-
nysckuM MatematukoM Ilackanem eme B cepelHHe
XVII cronerus. CymHOCTh 3TOro MpH3HAKa TaKoBa.

ITycts m — natypanbHoe uucno. CoctaBUM mocaefos
BaTeJbHOCTb YHCel

Ty, Toy I3y eeey (401)
nonaras

ry paBHBIM OCTaTKy OT AeneHus 10 Ha m,
r, paBHHIM OcCTaTKy oT jeaenns 10r; Ha m,
rs PaBHHIM OCTaTKy.oT jejenns 107, Ha m

H T I
IpeacrasuM Tenepb NMPOM3BOJbHOE HATYypasbHOE YHCe
J0 A B Buje

10"a, + 10*=1a,—1 4 oo 4 10a; 4 ao
H ompejenuM (YHKUHIO
Fn (4)=
ay+ra+ray+ oo +raa, ectm 10" =m,
={ ocraTky or menenuss A Ha m, ecam 10" <m =<4,
HE ompejeJeHo, ecir A<m.

3adaua 53. Ilposeputb, uto QyHKUMA Frm mpu .0
60M m yHOBJETBOpAET ycaoBusAM a)—r) u3 n. 10 § 3.

WtaK, HaMH MOCTPOeH MNpPH3HAK pPaBHOOCTAaTOYHOCTH
NpH AeNeHHH Ha NPOHM3BOJBHOE m, T. €. HEKOTOPLI 06«
wyit IpU3HaK pPaBHOOCTaTOYHOCTH. ‘

3adaua 54. ChopMynupoBaTh nojyuaemble U3 obuero
npusHaka paBHoocTaToyHoCTH Ilackans mpusHaku pass
HOOCTATOYHOCTH IPH Jie/IeHHH!

a) Ha 2,5 u 10;

6) Ha 4, 20 u 25;
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B) Ha3 u 9;

r) Ha ll;

n) Ha 7.

3adaua 55. Ilyctb B nocaepoBatenabHoctu (12)

r; ecTb ocraTok OT nejeHua 100 wHa m,
ry €CTb OCTaTOK OT fAenenus 100r; ua m,
r3 ecTb OCTaTOK OT jejieHus 100r, Ha m

u T I

BriBectn orciona o6mufi npu3HaK paBHOOCTATOYHOCTII,
aHaJOrMYHbIH o6uieMy MPH3HAKy paBHOOcTaTouHOCTH [la-
cKasis.

3adaua 56. BriBecty OGLIHA NMpPH3HAK PaBHOOCTATOY«
HOCTH B {-M4HOH cHCTeM@ CUMC/IeHHs, aHaJOTHYHBIH MpH-
sHaky ITackans.

3. B n. 19 § 3 MHI rOBOpPHJIM O CPaBHUTENbHBIX Kaye«
CTBaX NPH3HAKOB JENHMOCTH (HJIH PaBHOOCTATOYHOCTH)
Ha JlaHHoe uHclo. Tak Kak oG NMPH3HAK AeAUMOCTH
JOJIKeH JaBaTb HaM NMPH3HAKH AENHMOCTH Ha J06oe Ha-
TypajlbHOE YHCJIO, TO HEeYAHUBHTEbHO, YTO OH MOXeT AJIf
PasJUYHBIX 4YHCeJ MPHBOAHTL K MPH3HAKAM HeJHMOCTH
BecbMa Pas3/IHYHOrO KauyecTBa.

Tak, Hanpumep, obwuii npusHak ITackans Hapapy
C BIOJIHE IPHEMJ/IEMBIMH NIPH3HAKAMH DPABHOOCTATOYHOCTH
npu JejieHHd Ha 3 u 11 maer BecbMa rpoMo3fkuil H Hes
YAOGHBHIH K TNpHMEHEHHIO MNPH3HAK PAaBHOOCTATOYHOCTH
npHu jgeneHun Ha 7 (cM. 3ajauy 54, n)).

B cBsiau ¢ 3THM NO noBoAy OGIUHX TNPH3HAKOB JesH+
MOCTH H DaBHOOCTAaTOYHOCTH MOXKHO BBICKa3aThb c00Gpa+
JKeHHsl, MOoAoGHBIe TeM, KOTOphle NMPOU3BOAHJHCH B 1. 19
§ 3 npu o6GCyxAeHHH KayecTBa KOHKPETHBIX NMPH3HAKoB
IeJIUMOCTH H PaBHOOCTaTOYHOCTH. B 3TOM CMBiC/ie HaH«
JYYLIUM OGIIHM NPH3HAKOM JeJHMOCTH (paBHOOCTATOY+
HOCTH) JOJIKE€H CUHTaThCH TOT, KOTOPHIH B NpHMeHeHHH
K JI06oMY Hamepes 3aJaHHOMY LIeJIOMY NOJIOXKHTEJIbHOMY
m naer Hawayyuwn#t NpH3HAK AENHMOCTH (PaBHOOCTAaTOY+
HoctH) Ha 310 m. Yntarenab (0co6eHHO B cBeTe CKa3aH-
Horo B 1. 19 § 3) no/keH oraaBarth ce6e OTYET B TOM, 4TO
3ajaud HaXOX/JEeHHs Haujayullero obuiero mpH3HaKa fe-
JIHMOCTH WJIH PAaBHOOCTATOYHOCTH AaJ€KH He TOJNbKO OT
CBOEro pelleHus, HO JAaxe OT CTPOrod NOCTaHOBKH.



§ 5. AEJIHMOCTb CTENEHEN

1. Haynem ¢ onucanus npouecca, KOTOPBHI MOXKHO
6bly10 Gl Ha3BaThb «OYeHb OGIIMM MPH3HAKOM pPaBHOOCTA-
TOYHOCTH».

ITyctb k& — HekoTOpOe HaTypajJbHOE YHCJO, a r eCThb
OCTaTOK OT AeJieHHs t* Ha m:

F=mg4+r O=r<m).

ITo cnencrsuio Teopembl 20 (cm. m. 3 § 2) npu Jo6oM n
ypcaa r* U t*" npu JeNeHHH Ha m TaKxe AOMKHHE GHITh
PaBHOOCTAaTOYHBIMH.

CocraBuM Tenepbp AJsi NPOH3BONBHOrO uucia A ero
pas6ueHyue Ha k-3HauyHble «TPaHH» CpaBa HaleBo, T. €.
npeACTaBHM €ro B BHAE

A = antkn + an—]tk (n=1) + see + altk + ao,
rne
0=a;<t* nmpn i=0, 1,..., n

TTonoxuM Tenepn

f(A)=
ar® At '+ oo Far4a, ecntm A=t

=1 ocraTky or menenus A mam, ecmn m=A<Fr,
He ompeleJsieHo, ecmn A< m.

gIcHO, 4TO, KaK H paHee B aHAJOTHYHBIX CJAYyYasx, Ipouece
NOCTPOEHHS YHCEN

A0=A: Al=f(A0)’ A2=f(Al): vee

ABJIsieTcd TMPH3HAKOM PaBHOOCTATOYHOCTH.

3adaua 57. Y6eautbcst BCe-TaKH B TOM, UTO 9TO Jeis
CTBUTEJBHO TaK.

3adaua 58. Tlonaras t =10 u k =2, HaflTH OCTaTOK
ot menenna uucaa 1048576 na 7,
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3adaua 59. Y6enutbess B TOM, UTO TOJBKO YTO OIH<
CaHHBIH NPHU3HAK PAaBHOOCTATOYHOCTH fABJsAETC JHIIb 6Oe
Jiee siBHOH (popMo¥#i Toro o6obuieHusi npusnaka ITackans,
KOTOpoe GblJIO YIOMSAHYTO B 3ajaue 56. .

2. T'oBops ¢opmanbHo, NpH cocTaBjeHuu B n. 1 06-
Hiero NnpH3HaKa pPaBHOOCTATOYHOCTH MbI I10J1b30BANHCh
CBOHCTBaMH cCTeleHeH, OTHOCAIUHMHCH K HX JeJIHMOCTH.
Oxnnako BONpoC O AeJNMMOCTH CTeNeHel Mo CYILecTBY sB-
JieTCs BONPOCOM O AGNHMOCTH HEKOTOPHIX MpOH3Bene-
Huil. [loaTOMy M peurHTh 3TOT BONPOC B NPHHIMIE yAa«
Jocb Ha ocHoBe pe3ysbratoB § 2. Bmecre ¢ TeM mpak-
THYeCKas peaju3auus MOJYYEHHOro INpPU3HAKa paBHO-
OCTAaTOYHOCTH AJIS TeX WM HHBIX KOMOHHAUM# 3HaUeHHH
yuces { ¥ m MOXeT MPHBOAHTb K KPYHMHBIM 3HAYeHHSAM B
H r, TaK 4TO BHIYHCJIE€HHe 3HaueHHH GYHKuuM [ Moxer
norpe6oBaTh BHIIONHEHHS 3HAYHTEJbHBIX BBIUHCJIEHHH,
BO3MOXKHO Ja)e NPeBOCXOAALINX MO 06beMy BHIKIaAKH
TI0 HENMOCPeACTBEHHOMY [eJIeHHIO Ha m.

SlcHo, uTO BHIYHMCTEHHe 3HAueHHH OGYHKUHH [ OKa3ble
Baercs TeM Ipolle, YeM MeHbMIHMH GYLYT 3HAUeHHS 4YH«
cen k u r. Pasymeercs, HanGoJsiee yno6HbBIM OKa3biBaeTCs
B 3TOM OTHOLIEHHH TOT ciyuail, korga r == 1, Torna 3ua«
yeHde [ MoJyyaeTcs B pe3yJbTaTe BHINOJHEHHS] HAUMEHee
TPYAOEMKOro AeHCTBHA: CJIOKEHHS.

CornacHo Tteopeme 22 ator ciayualt (r==1) umeer

MecTo TOTZa H TOMbKO TOrAa, koraa (t*—1):m nan,

HHBIMH CJI0BaMH, KOTAa f* NpH Je/eHHH HA m Jaer
B octatke 1. Beraer Bompoc: Hafgetcss JIM NMPH AaHHBIX
t u m Takoe k, uro (t*—1):im?

Bce ckasaHHOe NPHBOAUT K HEOOXOAMMOCTH 3aHATbCA
H3y4YeHHeM [eJHMOCTH CreneHefi HecKoJbKO G6ojee Mo«
Jpo6HO.

3. PacuinpuM HecKOJIbKO HaulHd MO3HaHUA B 00/1acTH
TEOPHH YHCeJI.

Teopema 24 (treopema Pepma). Ecau uucso
p npoctoe, TO pa3HoCT6 P — a 0eAuTCcs Ha p.

He cnegyer mytaTh 3Ty TaK Ha3bIBaeMyld <«MaJylo
teopemy ®Pepma» c «Benukoidl Teopemo#t depma». [lo-
CllefiHsAA YTBEpKAAeT, YTO NpPH LeJOM 7 > 2 He cylles
CTBYeT TaKuxX LeNbX @, b H ¢, uTo a” -+ b"* = c" He-
CMOTpSi Ha MHOTOYHC/JEHHbIEe MOMBITKH, BeJIHKas TeopeMa
®epma [0 CUX TOP He JOKa3aHa M He ONPOBEPTHYyTa.

Caepcraue. Eciu p mpocToe u @ He AesHTCS HA p,
TO af-! — 1 genutcs Ha p.
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3adaua 60. Tlpusectn mpumep, MOKa3biBaIOWIMA, 4TO
Kak TeopeMa 24, TaK M ee CJleACTBHe AJs COCTABHOTO p,
Boo61le roBops, HeBEpHHI.

3adaua 61. Jokasatp Teopemy Pepma, onupasich Ha
pesyJabTat 3ajaauf 26.

[Tycte HaTypa/ibHOe 4YHCIO m HMMeeT KaHOHHYECKoe
pasJoxKeHHe:

m=piip3? ... pgk; (5.1)
MNOJIOKHM
e(m)=p"" (P — 1) Py (P — 1) oo PR (P — 1),
(5.2)

®opmyan (5.1) u (5.2) craBiAT B COOTBETCTBHE KaX-
JOMYy HaTypasJbHOMY YHCJIY m HEKOTOpOoe BIIOJIHE ompe-
JesleHHOoe 4HCJI0 @(m). DTO 3HAYHT, YTO MBI MOXKEM ro-
BOPHTb 0 G YHKIHH ¢ HaTypalbHOro apryMeHTa.

Onpenenenue OmnpenenenHas Buiie QYyHKIHSA @
HaswlBaeTcs ¢ynkyueli Jiirepa.

Qynkuua Disepa HrpaerT HCKJIIOYHTETBHO BaXHYIO
poJb BO MHOTHX BOMpOCaxX TeopHH uuces. [axe B 3Toit
KHHXKKe OyIeT yKa3aHO HEeCKOJbKO NpHMeHeHHH 3ToH
¢byHKIMH.

Teopema 25. ITpu s3aumno npocreix my; 4 my
umeeT mMecTo pasexcreéo

@ (mymy) = @ (my) @ (my).

3adaua 62. Beuneauts ¢(12), ¢(120), ¢(1000).

3adaua 63. Onpenenutb BCe YHCIA m, AJSA KOTOPBIX:

a) @(m)=10;

6) g(m)=8.

3adaua 64. IokasaTb, YTO He CYLIECTBYeT TaKOro #i,
anst Kotoporo @ (m)=14.

3adaua 65. okasatb, 4T0 @(m) paBHO YHCHY Ha«
TYpaJIbHBIX YHCeJ, B3aHMHO NMPOCTHIX C /M H MEHBIIHX m.

D10 cBO#HCTBO OYHKUMH Dfinepa sgBIAETCH YPe3BbI«
yafiHo BaXKHbIM. ErTo 4acTo MpHHHMAIOT 3a ONpejeNeHHe
910l QyHKUHUH.

Teopema 26 (Teopema Diinepa). Ecau uucaa
a u m 63aumno npocrel, To a®™ — 1 Jdeaurca na m.

OcraTku NpH JeJeHHH OLHOTO H TOTO XKe REJIHMOro
Ha pasquyHble NEJIHTedH CBS3aHH MeXAay cobod nocrta-
TOYHO CJIOXKHBIM o6Gpa3om. M3 Teopemb diinepa MoxHO
MOJNYYHTh MNPHUHLUHMNHATLHO BAaXHYI0 JAJA HAC 3aBHCH=+
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MOCTb MeXAy OCTaTKaMH OT JeJieHHSl Ha B3aHMHO INpO-
CThle MHOXHTEJNH H OCTaTKaMH OT JejieHHs HA HX Ipo-
H3BefleHHe.

3adaua 66. Ilycts (my, mg)=1, a q; ¥ ay— yucia,
paBHOOCTaTOYHble ¢ A NpPH [eJeHHH COOTBETCTBEHHO Ha
my 1 my. Torna paBHOOCTaTOUHBIM C A TpPH [JesleHHH HA
mymy OyDeT 4HCIo

(aymg + agmy) (my + my

4. Ha ocHOBaHHH yCTaHOBJIEHHBIX (DaKTOB MbI MOXeM
chopmyanpoBaTh o0O0IUHHA NPH3HAK PaBHOOCTATOUHOCTH
JJI TIPOM3BOJIHOTO [eJUTeNss m B TNPOH3BONbHOH CH-
cTeMe CUHCJIeHHs ¢ B TOH sIBHOH H JOCTAaTOYHO yHOGHOMH
(opme, o KOTOPOIt rOBOpHIOCH B 1. 1.

HanomHuMm cHoBa, YTO BCAKHHA NPH3HAK PaBHOOCTa-
TOYHOCTH eCTb aJropHdpm, T, e, HEKOTOpBIH mpolecc, H
TIOTOMY BCSIKOE €ro ONHCaHHe AOJKHO HOCHTb XapakTep
Pa3BHBAIOLIETOCS IIOBECTBOBAaHHS.

Hrax, nyctp Ham paHbl yucia m u {. IIpeacrasum m
B BHJe TaKOTo NpPOH3BeldeHHs m == mymg, 4To (my, t)==
=1 u [JA HEKOTOPOro mMokasaTelsi k HMEET MeCTO [e-

aumoctb #* ¢ my CorsacHo TeopeMe 18 Takoe mpeacTas-
JieHne BO3MOXHO, B cuny 3agaun 66 Bompoc o paBHOOC-
TAaTOYHOCTH TPU HeJeHHH Ha mim, MOXeT OHTb CBeJeH
K aHaJOTHYHBIM BOIpoOcaM AJs AeJNeHHsd Ha m; H my. Ho
TpU3HAK PaBHOOCTATOYHOCTH IJ/1s1 JeNeHHs Ha my cOolep-
JKHUTCS B TeopeMe 21, a nmpu3HaK PaBHOOCTATOYHOCTH AJS
ZeneHus Ha m; — B TeopeMe 22. [Tocne npumMeHenns aTux
TPH3HAKOB PAaBHOOCTATOYHOCTH CJIeAyeT BOCHOJb30BaThCS
pesyJsbTaToM 3ajaun 66.

Hanpumep, B ci1yuae HaxoXAeHHs NpH3HAKa paBHO-
OCTATOYHOCTH IIPH IeJeHHH Ha 12 B NecATHYHOH cHCTeMe
CUHCJIeHHs], OYeBHIHO, m; =3, my==4 u k=2,

Onucanuplii mpolecc sABAsSeTCs OOLIMM NPH3HAKOM
PaBHOOCTATOYHOCTH B TOM CMBbICJI€, 4TO MO J106oMy m
OH BhIJaeT HEKOTOpPbIH KOHKPeTHHIi NPH3HAK PaBHOOC-
TAaTOYHOCTH, DTO BBHITEKaeT M3 aJropHOMHYHOCTH TNpen-
craBJjieHus 4ucaa m B (opMme, yKa3niBaeMOH B Teope<
Me 18, a cama 3Ta aNropuPMHYHOCTb CJefyeT M3 ajro-
PHPMHUHOCTH IOCTPOEHHS KaHOHHYECKOTO Pa3joxKeHHs
yucen (cm n. 9 § 3).

HaMm ocraercs copmyanpoBaTh B fBHOM BHJE yKa-
SaHHLIl MPH3HAK PaBHOOCTATOUHOCTH NPH [EJeHHH Ha
m;, NOJIb3YsiCh BO3MOXKHOCTbIO ONpPeAe/NHTb NIOKa3atelb &
Ha OCHOBaHHH TeopeMbl Jiljiepa,

)‘P (mima)—1
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5. IIpuMensis NoKa3aHHble TeopeMbl, NMOCTPOHM He-
CKOJIbKO O6LIMX NMPH3HAKOB AENHMOCTH H PaBHOOCTAaTOY-
HOCTH.

duKcHPYeM HaTypaJsibHOe m M NPeACTaBHM 4Hcao A
B BHIe

A=qy+ a,10%™ 4 g, 102 L | 4 q,10k0(m),

riae
0=qy a, ay ..., ap = 109(m,
T.e.Bce a; (i=0, 1, ..., k) asnaworca ¢(m)-3HayHbIMH
YHCIaMH.
Dynkuya
F(A)=
ay+a 4+ ...+ a, ecan A = 109im),
=4 ocTaTKy OT AeJjeHuss A Ha m, ecou m = A < 109 (m),
HE OINpeJeseHo, ecan A<m,

onpenensieT, Kak HeTPYJAHO NpPOBEPHUTb, HEKOTOPH# 00-
HIMH MPH3HAK PaBHOOCTATOYHOCTH.
3adaua 67. TIpoBepuTh 3TO 06CTOATENBCTBO.
TeopeMa 27. Ecau uucra a u m 83aUMHO npocToL,
a ducaa ky U ky pasnoocTaTo4nel npu Oesenuu Ha ¢ (m),

TO 4ucaa ak u a* pasHooCcTATOYHBbL NpU OeneHul HA m.

3adaua 68. ChopmyaHpoBaTh nosydyaeMble Ha OCHOBE
9TOro oGlIero npH3Haka PaBHOOCTATOYHOCTH KOHKpET-
Hble TNPH3HAKH DABHOOCTATOYHOCTH NpPH JeleHHH Ha 7,
11 u 13.

3adaua 69. CdopmyaHpOBaTh aHAJOTHYHBIA OGLIME
NpH3HAK PABHOOCTATOYHOCTH AJS MPOH3BOJNbHOH f-HUHOMN
CHCTeMbl CYHcJeHHs, YOeaAuTbCs B TOM, YTO IOJYy4YaeMbli
TaK o6wmMuiA NpH3HAK PaBHOOCTATOYHOCTH MO cBoeH ¢op-
MYJHPOBKE He 3aBHCHT OT OCHOBAHHfA CHCTEMH CuHC-
Jdenus t. -

3adaua 70. Iokasarb, uro (n'® — n) ¢ 2730.

6. [TocTpoenHbllt 0o6WHA NPH3HAK PaBHOOCTATOYHO-
CTH He SIBJISIETCS BO MHOTHX CJy4asX, TaK CKasaTb, «4O-
CTAaTOYHO SKOHOMHBIM®, TaK KaK 4HCI0 @(m) MOXer,
Boo6llle TroBOpsi, OKa3aTbCi  JOBOJbHO  GOJBIIHM.
ITosToMy, ¢ ORHOH CTOPOHBI, IPH MONB30BAHHH 3THM MPH-
3HAKOM MPHXOAHTCH CKJIAAbiBaThb OOJbllIHe uHCcIa, a C
Apyroil CTOPOHH, @ (rn)-3HayHble YHC/Ia NPH 3TOM NPHXO-
JIUTCS HeJHTb Ha m HeNOCPeACTBEHHO (HJH e IMO0Jb30-
BaTbCAd KaKHM-HHOYAb JAPYrHM NPH3HAKOM JeJHMOCTH
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H paBHOOcTaTOyHOocTH). JKesaTelbHO NO3TOMY IIONH-
TaTbCAd B3ATb BMECTO @(m) ApYrofi,.MeHbIIHH IOKa3a-
Tesnb. B page caydaes 3to ypaercs caenatb. Hampumep,
npu m =37 BMecto ¢(m)=236 MOXKHO B3fiTb NOKa3a-
Teab 3, n6o 1000 npu meneHunn Ha 37 maeT B OCTaTKe
eIUHHIY; npH m ==11 BMecTo @(m)==10 MOXHO B3sTb
noxkasarejb 2 H T. .

Onpenenenne. Haumensiuee uucio §, a1s Koro-
poro ad mpu geneHdH Ha m C OCTaTKOM AaeT B ocraTke 1,
Ha3bIBAETCS NOKA3ATeAeM, KOTOPOMY Npuxadiexur quc-
A0 a NPH AeJIeHHH HA m C OCTaTKOM.

Ero wacTto HaselBalOT TaKXe nokasaresrem, KOTOPOMY
NPUHAOAEHCUT YUCAO @ NO MOOYAIO m.

OueBHaHO, KaKoBbl Obl HH OblJIM B3aHMHO INpPOCThbie
YyHcIa ¢ U m, NOKa3aTeab §, KOTOPOMY NPHHAIJIEXKHT @
NpH JelleHHH Ha m, He MPEBOCXOAHUT ¢(m). DTOT MOKa-
3aTellb H MOXHO B35Tb BMecTo @(m) B (GOPMYyJHpPOBKE
obuiero mpusHaka paBHOOCTATOYHOCTH H3 I 5.

3adaua 71. MoauduUHPOBaTh MNOCTPOEHHBIH O6LIMH
NMpPH3HAK PaBHOOCTATOYHOCTH, HCIOJBL3Ysi BMecTO ¢{m)
MmoKasaTeJsb, KOTOpOMY NpHHaadeXuT 10 npu gefeHHH Ha
m C OCTaTKOM.

3adaua 72. To XKe Aas {-UYHOH CHCTEMBI CUHCJIEHHS,

7. ITokasaresb, KOTOPOMY NpPHHAMJIEXKHT UHCIO a4 MPH [eNleHHH
Ha m, MoxeT, BooGllle roBopsi, 6biTb H paBHEIM @(m). Hampumep,
1OC/IeI0BATEbHOCTBIO OCTATKOB OT [eJIeHHsi cTemeHeli umcaa 2 na 1l

Gyner
2, 4 8 5 10, 9, 7, 3 6, 1,

TaK uyro MpH HeneHuH Ha 11 uucio 2 npuHazneXuT nokasaremo 10.
3naunT, ANA NpHMeHeHHs NPH3HAKA DABHOOCTATOYHOCTH H3 M. 5 B
9TOM CJydyae MPHXOXHTCA 6paTh £ = 10 = ¢(11).

OnHako BO MHOTHX CJy4asx yjaaercs OGXOAHTbCA IOKasaTeneM

1
——2-q)(m). Ilycts, HanpnMep, m eCcTb CTemeHb NPOCTOr0 uUHC/as

m=p® u p % 2. Toraa ¢ (m) =p°‘" (p—1), rn TeopeMa dilaepa

a=1,_ s a0
npuo6peraer BuA: Aas (a, p)=1 nonxno GHTb (a” (=1 _ 1) P
Tak Kax uncyIo p““(p— 1) 4erHoe, MocjexHee AeJHMOe €CTb pase
HOCTb KBaJpaToB, H MH HMeeM

L %= 1(p-1 )(—'—p“-l(p-n )
(azp ? ’+l a? -~1):p%

Tak Kak p =2, 06a COMHOJKHTEJS OJAHOBPEMEHHO Ha p NEJHTbCH

@ (m)
He Moryr. 3HAuHT, Ha p* nemutrcs nnGo a? -+ 1, au6o
1
- @ (m)
a? — I, B nepBoM ciyyae MH OKa3hHBdeMCs B YCJIOBHAX
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TeopeMul 23 ¢ k= —;— ¢ (m), aBo BTOPOM — B YCJIOBHSIX TeOpeMur 22
¢ TeM Xe k =% @ (m).

8. Tlpumenenns ¢pynkuun Dilnepa u TeopeMbl Diepa
He OrpaHHYHBAlOTCA NPH3HAKAMH [JENHMOCTH H DaBHO-
ocraToyHocTH, Hanmpumep, mpuH uX NMOMOIIH MOXKHO pe-
LIATh YPaBHEHHS B HeENBIX YHCAAX.
Teopema 28, Ecau ducaa a u b 83auMHO npocrel,
TO ypaeHeHue
ax+by=c (5.3)

8cez20a paspeuwiumo 8 yeablx 4UCAAX, U YesblMu e20 pe-
wenuanu b6ydyr sce naper 4ucea (xt, yi), 20e

X == ca® (-1 + bt’
Yyp=cC s at

(t — ar060e yearoe 4ucao).

3adaua 73. JlokasaTb TeopeMy, aHaJOTHYHYIO Teo-
peme 28, He mnpeanosaras B3aHMHOH INPOCTOTH YHCEN
aub.

3adaua 74. Haiitu cmoco6 pellleHHst ypaBHeHH# BHIA
(5.3) B umenHX yHcIaX Ha OCHOBE pe3yJbTraTa 3a-
paun 29,6).

3a0a4a 75. Pemuth B LeABIX YHCIAX YPaBHEHHS:

a) 5x47y=29;

6) 25x 4 13y =38.

9. Teopema 29. ITycre m e3aumno npocro ¢ 10 u
k pasnoocrarouno ¢ 109™-1 npu desenuu na m., Toeda

qucaa
10a-+-b6 u a-}-kb

pasroOeaumol Ha m.

Omnupasicb Ha 3Ty TeopeMy, MOXKHO IOCTPOHTb Clle-
Aylomui o6mwui npusHak AeidumoctH., OG6Go3HauuM ye-
pe3 k ocraTok or jenenus 109°™-1 ya m c ocrarkom,
NpeACTaBHM NIPOHM3BOJbHOE UHCIO A B BHIE

10a+b (0=b6<10)

H NOJIOZKHM

F(A)=
a4 kb, ecin A>a- kb,

=4 OCTaTKy oT HdeJjienusd A Ha m, ecmd m = A < a -+ kb,
HE OIIpeJe/IeHo, ecan A<m,
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Ecin k Beauko (6am3k0o K m), TO BMeCTO Hero
B (opMy/nHpOBKe COOTBETCTBYICLIEro HPH3HAKa lieJeco-
o6pa3Ho 6paTb kR — m.

3adaua 76, TlpoBeputhb Ans QyHkuuu F BHITONHEHHE
ycnoBuit a)—B) u3 M. 10§ 3 ur *) uz m 15§ 3.

3adaua 77. Ha OCHOBaHHH TOJIbKO UTO MOCTPOEHHOT'O
o6Liero mMpH3HaKa JAeJHMOCTH BBIBECTH KOHKpeTHbIe MpH-
3HaKH JeJHMOcTH Ha uucaa 17, 19, 27, 29, 31 u 49.

3adaua 78. TlocTpOUTb aHANOTHYHBIN OGIIHH MPH3HAK
IeJNHMOCTH, MpeNCcTaBJAs NPOH3BOJbHOE HaTypa/ibHOe
YHCJIO B BHAE

100a+4b6 (0 =0b<100),

M BBIBECTH M3 HEero KOHKpeTHble NMPH3HAKH AEJIHMOCTH Ha
17, 43, 49, 67, 101, 199.

3adaua 79. TlocTpouTb aHaNOTHYHBIA OGIIHA TpH-
3HaK JEeJTHMOCTH B {-UUHOH CHCTEME CUHCJIEHHS.

3adaua 80. Ha ocHOBaHHH IOCTPOEHHOTO OGILEro
NpH3HaKa AEJTHMOCTH BHIBECTH KOHKPeTHble NMPH3HAKH Je-
JIHMOCTH:

a) Ha yucyao 21 B BocbMepHUHOH CHCTEMe CUIICJCHHSA;

6) Ha uyucno 31 B ABeHaALaTePHYHOH CHCTeMe CYHC-
JIeHH .,



AOKA3ATEJIbCTBA TEOPEM

1. ocTaToyHo 3aMeTHUThb, 4TO a==a-l.

2. Ilo ycnoBuio, HafigyTca TakHe d; U dy, uTO a = bd,
H b=cd,. Ho Torna a=cd\d,, T. e. a : c.

3. Mu nMeeM g==bc, u b=acy;, OTKyAa Cclegyer,
4TO Q@ ==aciCy, T. €. ¢icg=1. Tak Kak yucjaa ¢; U ¢y NO
YCJOBHIO Liefble, AOMXKHO OHITH JHOO €} ==Cy==1, 1160
¢i=c3=—1, B mepBoM H3 3THX c1yYaeB a =2, a BO
BTOpOM g = —b. ’

4. TMlyctse a==bc. Ecam |c|=1, To, mnOCKOABKY
|6| >]|a|, monxno 6mTHL H |bc|>|a|, yr0, OAHaKO,
NIPOTHBOPEYHT NpeANoNoXKeHHOMY. 3Hauut, |c|<<1, a
TaK KaK MO YCJOBHIO YHCJO ¢ lenoe, AOMKHO GbTh ¢=0,
a notomMy u a=0.

5. OueBnaHo, u3 a=bc caenyer |a|=|b||c|, a us
|a|=]b||c| cnenyer a=bc nau a=~b(—c), npuuem
yucaa ¢, —c U |c| LeJble HIH HeT OZHOBPEMEHHO,

6. B camom gese, mycTb

ay=be,,
a2=b02,
a,=bc,,
rae BCE yHucaa Ci, C2 ..., Cn LEJBIE, ClI0XHB Bce 3TH

PaBeHCTBA MOYJIEHHO, MOJYYHM
aqta+...ta,=blc,+c+ ...+ cp). ]

B cko6Kax CTOHT Lesoe YHCJAO, YTO H AOKa3blBaeT Tpe-
6yeMoe.

8. [lokasaTeJibCTBO BejleTcs OT npotuBHoro. Ilpenno-
JIOXXHM, 4TO NPOCTHIX YHCe] KOHEYHOE YHCJIO, TaK YTO
BCE& OHH MOTYT OHITbL BLIMHCAHBI:

P1r P2y ooy Pns (ﬂ-l)
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IlpousBenenne Bcex 3THX vuucead o0603HaYUM yepe3 P
H pacCMOTpPUM pasHocTb P — 1, drta pasHocTb OOJblie
KaXJIoro H3 MNPOCTHIX YHCEN, MEepPeyHCJIeHHBIX B CIHCKe
(A.1), 1 notomy He MoXeT GOBITb NPOCTHIM YHCJIOM.
CnenoBatenbHO, OHA HEJHTCHA XOTA 6H Ha OJAHO MPOCTOe
yucno pr. Ho P Taxxe penutcs Ha p. [losTomy Ha ocHO-
BaHHH CJAEACTBHS TeopeMbl 6 Jo/KHO OhiTh H 1% pg,
OTKyaa CJeLyeT, YTO pr==1, a 3TO MPOTHBOPEYHT mpO-
cToTe 4ucaa pr (cM. c. 20).

IlpuBenenHoe [gOKa3aTeNbCTBO GECKOHEYHOCTH MHO=
JKeCTBa MPOCTHIX uucesa Obulo HafiieHo EBkaugom
(IV Bex mo H. 3.).

9. Ecnn yucna @ H p B3aHMHO NPOCTH, TO TeopeMa
Ioka3aHa, Ecnu e 3TH uHC/la He B3aHMHO MpPOCTHI, TO
06a OHH JAeJATCA Ha OJHO H TO K€ YHCJO, OTJIHYHOE OT
efAMHHUB. BBHAY mNpOCTOTHI p TaKUM YHCJIOM MOXKET
OLITb TOJIBKO CaMO p. 3HAYHT, B 3TOM cCJyyae a : p, a 3T0
H Tpe60BaJIOCh.

10. Pa3nennB M Ha m Cc OCTaTKOM, HOJNYYHM

M=mq+r,

rie 0 =r<<m. Tak Kak M u m nenarca Ha a u b, no
CJIeJCTBHIO TeOpeMH 6 uwHC/IO 7 TakXKe AONKHO fe-
JIATbCA M HA @, ¥ HA b U TeM caMbiM OBITb OGILUHM KpaT-
HHIM 3THX 4yHcea. Ho r <<m, a m ectb HauMeHblIee no-
JIOXHTeJbHOe ofllee KpaTHoe a W b. 3HauuT, r He
MOXET SABJATbCA NOJNOXKHUTENbHBIM YHEJIOM, TaK 4YTO
r=0. Ilostomy M : m.

11. IlycTp yucna a H b B3aUMHO NPOCTH H m — HX
HauMeHbllee ofLlee KpaTHoe. Tak Kak ab:a m ab: b,
mo npeanipyulefi Teopeme ab i m. Ilycts ab ==mk. Ilo-
JaoxuM m==ac, Torna ab==ack, 1. e. b=k, Tak uto
b:k. TouHo Tak ke yGexJaemcsi B TOM, 4TO H a4 : k,
Tak Kak 4yucia @ H b MO YCJIOBHIO B3aHMHO INpOCThHIe,
JNOJIKAO GBITh £ ==1, a 9TO M 03HAYaeT, YTO m == gb,

12. O6osnaunM uepe3 m HaHMeHblliee ofliee KpaT-
Hoe uyuces b u ¢. Ilo npeaniayuieil Teopeme m == bc. Ia-
Jiee, MO YCJNOBHIO ab i c; KpoMe TOro, o4eBHAHO, ab : b,
3uauut, no teopeme 10 ab: bc, T. e. ab=bck unm,
nocje COKpauleHHs Ha b, a == ck, a 370 u Tpe6oBasoch,

13. Jloka3aTelbCTBO BeleTCs HHAYKUUEHd No wHCay
coMHoXuTenel, Ecin cOMHOXHUTENb OJHH, TO TeopeMa
TpuBHaibHa. IlpeAnmomoXHM, YTO TeopeMa J[OKa3aHa
Ans 11060ro NpOH3BEAEHHA n coMHOXKHTeNeH. [lyctn
Q132 0o Gt} po OGO3HAUHM Q103 ... Gn uepes A.
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Torna Aan41 ! p. Ecan anyg P p, TO TeopeMa [oKasaHa,
a ecaM HeT, TO N0 TeopeMe 9 YHCIA Qnt; U P B3aHUMHO
npoctel. Ho Torza mo mpexpinymemy A : p. Tak kak A
eCTb NpOHM3BEeAeHHEe 1 COMHOXHTeNeH, no HHAYKTUBHOMY
NPeANOJOKEHHIO OJHH H3 HHX [HOJXKeH JeNTHTbCA Ha p.
TeopeMa moka3aHa.

CnexcrtBue. Bca dpobe npedcrasaser coboil ye-
A0€ HUCAO, T, €. ee YUCAUTEeAb OeAUTCS HA 3HAMEHATeNb,

ByneM cuuTaTh, 4TO YHC/IHTeNb ABJAAeTCA NpOU3Be-
IeHHEeM [BYX COMHOXHTened: p u 1:2- ... «(p—1)=

=(p—1)! Hu omuH mu3 coMHOXHTe/jell 3HaMeHaTesd
LpoOu He genuTca Ha p. CiemoBaTesnbHO, MO NpeAbIAy-
el Teopeme, Ha p He HeJUTCHA M Becb 3HaMeHare b, Ho
TOrla Ha OCHOBAaHHM TeopeMbl 9 OH B3aHMHO NPOCT C p.
[TosToMy Ha 3HaMeHaTe/nb HOJIXKEH AEJHTbCA BTOPOH CO-
MHOXKHUTeNb uHcauTeNd. O603Hayas yacTHOe OT 3TOro fAe-

NeHHA uepes ¢, MH HMeeM Ck=pq, n TpeGyemoe no-
Ka3aHo.

14. CHayama noKakeM BO3MOXHOCTbHb pasjiokes
HHAl MOOGOro 4ucia, OTJIHYHOrO OT eAMHHIb, Ha NMPOCTHE
mHoxuTe U, [IpeAnosoxum, 4yto Bee yHcaa, MeHblne N,
MoryT OHITb TaK pasJjoxKeHbl. Ecau uncao N mpoctoe, TO
OHO aBTOMAaTHYeCKH pasjaraercss B NpPOH3BefeHHe MPo-
CTHIX (MMEHHO, B NPOH3BeJEHHE, COCTOsIIee TOJBKO H3
OJHOrO COMHOXHTeNd — camoro uucia N), H TeopeMa
AokasaHa, IlycTb temepp N cocTaBHOe, N|— HeKOTOpHIH
Jenurtenb N, oTanuHbIH KakK oT N, Tak U OT eXMHHIH,
H N, — vactHoe ot geneHus N Ha N,. Torma N = N|N,,
npuyeM, Kak Jerko nposeputb, 1 < Ny < N. Tak Kak
N1 u N; Menbumie N, no npeAnosioXKeHHIO OHH pasJja-
ralotc B NpoH3BeleHHA MNpocThlx MHoXuTeneil, Ilyctb
Ni=pip2 ... pr 1 No==q1qs ... g1 — 3TH pa3/IOXKEeHHUA.
Torma pip2 «vv Pr§1q2 «v. i ABASETCA HCKOMBIM pasJio-
XKeHHeM uucna N. Bo3MOXHOCTb pas/oXeHHS, TaKuM
o6pa3oM, foKa3aHa.

[epexoaum K moKa3aTeqbCTBY € AMHCTBEHHOCTH
pasnoxenuns. I[TycTs Ham JaHBl ABa pas/oxKeHus uucna N
Ha NPOCThle MHOXHTENH: PiP2 ... Pr H G142 ++v Gu. Oue-
BHJHO,

PP v Pe=q192 ... q;. (1.2)
Tax Kak §iq2 ,.. g DeauTcs Ha p;, NO Npelblayllel
TeopeMe XOTA Obl O/IHO M3 UHCEN g1, g2, +.., G ACTHTCA

Ha p,. Ilyctb ¢, ¢ p; (TO, YTO MBI CYUHTaeM HMEHHO mep-
Buill coMHoXHTenb B ([1.2) cmpaBa pensuiumcs Ha py,
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HHKAKOro JOMOJHHTENbHOTO TPEANONOKeHHsT He O3Ha-
yaeT, TaK KaK Mbl BIpaBe NepPecTaBJsTb COMHOXHTeJH
MeCTaMH H 0GO3HAYHTb Yepe3 g; UMEHHO TOT K3 HHX, KO-
TOpHIi Aenutca Ha p1). Tak Kak uMcio g, MpoCToe, 3TO
BO3MOXHO JHIIb NpH p;==q,. Cokpallag paBeHCTBO
(O4.2) una p;, nonyuyaem

PoPs o oo PE=0sq3 «+. qp. (1.3)
AHanoruyHo npeppliynieMy y6exAaeMcs B TOM, YTO He-
KOTOpOE U3 UHCeN ¢y, g3, ..., §i (HaMpuMep, g;) Aenurca

Ha pg, U MOTOMy ps==g,. Cokpamas pasencrso ([1.3)
Ha py, MBI YMeHbIIaeM YHCJIO COMHOXHTeJeHl B ero wac-
TAX ellle Ha eguHHuy. Takoil mpouecc COKpauleHus, oue-
BHJAHO, MOXHO MNpPOAOMKATh A0 TeX NOp, TOKA MBI He
COKpPaTHM OJHO H3 Mpou3BeleHHH moNHOCTBIO. IlycThb
nepBBIM COKPaTHTCSI MPOH3BeJeHHe, crosmee B ([.2) cae-
Ba. [Ipouseenenue, crosuiee B (M.2) cnpasa, Toxe JOJXK-
HO NpH 3TOM COKpaTHUThCA HAalLe/O, TaK KaK B MPOTHBHOM
ciydae Mbl HOMYYHIH Gbl paBEeHCTBO BHAA

l=qk+1 oo qu,

KOTOpOe HEBO3MOXKHO, TaK KaK eIHHHIA He JeJNUTCA HH
Ha Kakoe mpocree uyucao, IIpx ateM MH mosiyuaem Tak-
Ke, YTO

Pi={q1, P2={2 esey Pr=_p.

TeopeMa MOMHOCTBIO JOKa3aHa.

15. Tycts pi'pl2 ... p* u ¢P¢fe ... Pt — coorner-
CTBEHHO KaHOHHMYeCKHe pa3sioXkeHus uucen @ u b, a d —
HekoTopuil o6wni genutens 3Tux uucen, Ecau ds=1,
TO d JenuTcs Ha HeKOTopoe mpocToe 4ucao p. Torga mo
TeopeMe 3 a: pH b : p, TaK 4TO p HAXOAHTCA Kak cpenH
qucen py, pe, ..., Pr, TAK B CPEH UHCET g1, G2, ..., q1.
TlosToMy cpelH NMPOCTHIX 4HCeJ, BXOAALINX B KAHOHHYe-
CKOe pasjiokKeHHe @, CyLIeCTBYeT XOTA OHl OJHO, BXOHs-~
liee B KaHOHHYeCKOe pasyoXeHHe b.

Hao6opot, eci a@ 1 b B3aHMMHO NPOCTH H p BXOAMT
B KaHOHHYECKOe pasJjioXKeHHe a, TO b He JeJHTcAd Ha p,
TaK 4TO p He MOXKeT BXOAMTb B KaHOHHYECKOe pasJjo-
XeHue b.

16. Heo6xomumocts., Tak Kak aipjt (i=1,

2, ..., k), Mol u3 b:a meayyaeM TpeGyeMoe mpocToit
CCHIJIKOH Ha TeopeMy 2.
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JocTaTO4YHOCTDb JoOKa3nBaeTcsd IO HHAYKIHH.

HenumocTb b : pi' MBI UMeeM B uucie ycaosuit, IIpeamo-
N0XKHM, UTO HAMH Yye YCTaHOBJIEHO, YTO

biph ... plt (1=I<k).

KpoMe ToOro, B HallleM pacmopsKeHHH HMeeTcd MAeJH-
Moctb b i piitl. Tak kak uncnma p{!... p/' n pitt! mno
npeblayliell TeopeMe B3aHMHO NMPOCTH, MBI MOXKeM MpH-
MEHHTb C/efCTBle TeopeMH 11, KOTopoe maeT HaM

. (] aQy _Criq
bipt...ptp it
DTHM MHAYKTHBHBI Mepexoj 060CHOBaH.
17. Heo6xoaumocrtb. Ilycts aib. U3 Teope-
Mbl 13 ciaeayeT, YTO KaxKAblfi MPOCTOH HenuTenn b fAB-

JISIeTCS MPOCTHIM JeNHTesneM a. TakuM o6pas3oM, b HMeeT
BHI )

p?lpgz .o pgk’

rie 0 =8, 0=0By ..., 0= Bs Ilpennosoxum, uTO
B, > a,. Tak kak

a, a a Q. a
Py'P? ... Py* Pt ... pg®

= B, By = B—e, By B

=
PL'Pa% - p* Py Pt ee-Pp

a
b

— LleJloe YHCJIO, YHCAUTeNb NochefHell Apo6H JNOMKeH
LeJHTbCS Ha 3HAMEHaTeab W TeM GoJee Ha uncao ph—™,
Ho torga mo teopeMe 13 Ha p, HOJIKHO AENUTbCA XOTH
66l ONHO M3 YHCeN pg, ..., Pr, U€TO He MOXKET OHITb,
3nauur, B1 = a,. Tak KaK HyMepalus NPOCTHIX AeJHTE~
Jed a Ans Hac 6e3pasyiHyHa, Mbl TeM CaMBIM HOKa3alid,
4TO U P2 = 09, ..., Pr = 0. HeoGxomumocTbp jgoKa3zaHa,

Ins gokazaTenbCTBA JOCTAaTOYHOCTH 3aMeTHM,
YTO eCJH b MMeeT yKa3aHHBIH BuJ, TO

 pa=p  a,-B a,—B
a_bpll |p2z 2,,. pkk k,
18. Hamuiiem KaHOHHYeCKHe pasJIOKeHUusdA 4ucea m
H L
(u a
m=p*...p," t=q?‘ . q?‘.
OT6epeM cpeAn NMPOCTHX p1, ..., Pn T, KOTOPHIE HAE-

Jat t, T. e. cofepkarca cpeid qi, ..., qu. IlycTh nas
ONpe/ieIeHHOCTH 3TO OYAYT Py, vy, Pr, PaBHHE COOTBET-
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CTBEHHO YHCJIAM g1, 5., gr. IlONOXKUM TOrAA
- 4 a . a
m2—'pl‘ e e prr, m‘—pr_"‘_-,l-l e e pnna

CornacHo Tteopeme 15 Gyner (m;, f)=1, Kpome ToOro,
BO3bMeM HATypasbHOe YHCJIO R, KOTOpoe Onlio OBl He
MeHbllle KaXXAO0ro U3 OTHOLIeHHH

o
"BT: see

gr
Br'
OTo 3HaumT, 4TOo Kfi =; ana i=1, ,,., r, oTKyaa co-
riacHo TeopeMe 17 ¢* i m,,
19. Heo6xoaumocTtn, Ilycth

a=mg,+r; O=r,<m), (1.4)
b=mg,+r, (O=r,<m). (1.5)

BBuay paBHOOCTaTOYHOCTH g H b HOMKHO ObTb ry==r,
3HauuT,
a—b=m(q—q,),

T.¢. (@a—0b):im.
HocratouHocTs Ilycts (a—b) i m. Pasgenus a
H b Ha m ¢ ocraTkoM, Mbl moayunM ([.4) u (I.5), Ipu
3TOM
a—b=m(q—q)+r —ry
T. €. .
(@=b)—m(g—q)=r—r,

ITo Teopeme 6 (ry,—ry) : m. Ho |ry —ry| < m. 3uauur,
no TeopeMe 4 ry—r;=0 HIH r;==ry, a 310 H Tpebo-
BasoCh,

20. U3 ycaoBHsi Ha OCHOBaHHH TeopeMH 16 MBI HMeeM

ay=b,+mgq,
ay = by + mg,, (11.6)
ap="b,4mgq,.

CnoXuB TOYIEeHHO 3TH PaBeHCcTBa, MHl NOC/E Mpo-
CThIX Ipeo6pa3oBaHuil MoayuyaeM

@ +a+t...+a)—(O+ b4 ... +b,)=
=m(g+39+...+q,),
N1 no TeopeMe 19 u O3HAUAET PABHOOCTATOYHOCTH CyMM.

65



CxonHbIM 06pa3oM AOKa3biBaeTcsd PaBHOOCTAaTOYHOCTh
npousBefieHuii. IlepeMHOXUM NOUIEHHO BCce PaBeHCTBA
(1.6):

@as ... 8n=_(b14+ mq\) (b2 4 mqz) ... (bn -+ mq.).

PackpniBasi cnpaBa cKOGXH, MBI MOJNYYHM NpPOU3BEAEHHE
biby ... b, u ewe 2" — 1 npousBeleHHH, B KaXXAOM H3
KOTOPBIX HMeeTCs XOTsA Gbl OAHH M3 COMHOXHTeJeH, pas-
HBIA m. DTO 3HAYMT, YTO MOCJAefHee PaBEHCTBO MOXKeT
6LITh 3aNIHCAHO B BHAE

aas oo an=b1b2 cee b,,-l—mt,

rie !—HEKOTOpoe MLenoe YHCA0. PaBHOOCTaTOYHOCTH
npousBeieHuil, TakuM o6pa3oM, AOKa3aHa.

21. Heo6xoagumocTs., Ecnum onucaHHblfi aJro-
pudM fBJIAETCA NPH3HAKOM PaBHOOCTAaTOYHOCTH NpH Je-
JIEHHH Ha m, TO Yucia A U b NpH AeJeHHH Ha m HOJKHHL
GBITb PaBHOOCTATOYHBIMH, B uwacTHOCTH, 3TO Oygmer Tak,
ecd A = t¢¥ 4 b. Ho 310 3HAUHT, YTO

A—b=t":m.

HocraTouHocTb. B Hamux 0603HauYeHHAX
A—b=atk, T. e. uucnia A u b paBHOOCTaTOYHH MPH
IelleHuH Ha t*. Ecau £* © m,T0 no cleACTBHIO TeopeMu 17
OHM PaBHOOCTAaTOUHBl M NpH AeleHHH Ha m. Iloatomy
KOHCTpyHpyeMasi anropu¢MoM B 3TOM cjaydae NOCIeJ0-
BarenbHOCTh Aoy, Ay, ... COCTOHT H3 PaBHOOCTATOUHBIX
npu aejdeHHH Ha m uuces. ClexoBaTeNbHO, NpPOLECC MO-
CTPOEHHSI 3TOf MOC/eNOBATEeNbHOCTH fBJAETCA NpPH3HAa-
KOM PaBHOOCTATOYHOCTH NPH AeJIeHHH Ha m.

22, Heo6xoaxumocTh. Ecau onucanuwit ajro-
pudM AeACTBHTENIbHO SABJAETCA NPH3HAKOM paBHooOCTa-
TOYHOCTH OpPH AeJIeHHH Ha m, TO OH, B YaCTHOCTH, H0J-
XKeH ObiTh NpHMeHHM H K uucay A = t¢ 4 ao. 3pech
f(A)=uao+ 1, u paBHOOCTaTOYyHOCTb umcen A u f(A)
npu nelleHHH Ha m O3HayaeT t*—1):m.

HdoctatouHocTh. Ilyetb A = t¢, Torga us om-
penenenus GyHKLuH f ciaepyeT, 4yTO

A—f(A)=
(" — 1) ey (PO = 1) - oy (= 1).

3nech Kaxjpoe cnaraeMoe (cM., HanpuMep, 8agauy 221))
Aeantcs Ha t*—1. 3uauur, ectu (tF—1)im, To W
(A —f(A)) : m. PaBHOOCTaTOYHOCTb OCTa/JbHHX WYJIEHOB
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nocjiefoBaTeNbHOCTH (3.4), a TakXKe ee UJIeHOB, eCJIH OHA
HayHHaeTcs ¢ yucna A << t*, BHITeKaeT U3 ee MOCTPOEHHH.
23. Heo6xonumocTe. B cayuae A=t*+4 ao
paBHoocraToyHocTb yucean A u f(A)==ao—1 npu neie-
HUHM Ha m Haer Ham ((*+ 1) i m.
HdocratouHocTh. MH uMeeM B HalleM Cjydae
npu A = t*

A—f(A)=a,(*" 1) +a,, (" "F1)+ ...
veota (@41 (A7)

(3HaK <«IJIIOC» CTOUT 34ech B ujeHe, COOTBETCTBYIOLIEM
HeueTHOMY Ko3(d:puuHeHTy NpH k B MOKasaTele, a 3HAK
«MHHYC» — B uJieHe, COOTBETCTBYIOIeM 4YeTHOMY Ko3(-
¢unuenty), CornacHo n) H e) 3amaum 22 npH Heyer-
HOM r BHIpaXkeHue t*” 4 1 genutca Ha t* 4 1, a npu uer-
HOM r Ha t* 4 1 penutca BhipaxeHHe (*" — 1. 3Hauwr,
ecin (*4+1)im, To HAa m OenHTCd KaXAHH WieH
B (I.7) cnpaBa, a moroMy u Bca pasHocTe A —f(A).
Tem cambiM uncia A u f(A) oka3biBalOTCA PaBHOOCTa-
TOYHHIMH TpH IeJleHHH Ha m. PaBHOOCTaTOYHOCTH OC-
TaJbHBIX YJEHOB IocjenoBareibHOCTH (3.4), a Takxe
u/IeHOB 3TOH MOC/eA0BaTeNbHOCTH, eC/IH OHa HaYMHaeTcs
¢ uucaa A << t*, BHITeKaeT HeNOCPeICTBEHHO H3 ee IO-
CTPOEHHS.

24. TokasaTelbCTBO BefieTcd HHAYKUHeHd no a. Ilpu
a=1 umeeM

a?—a=1—1=0
uo0:p.

IpeanonoxuM, 4To @ — q HeMHTCA Ha p, H JOKa-
KeM, uyto (a+1)?—(a-+ 1) rTakxe peaurcs Ha p.
HeiictButensHo, pasnaragd (a-1)? no dopmyne 6u-
Homa HeloToHa, uMeeM

@+ 1) —@+1)=
="+ Cla" '+ C" P .. 4+ atl—a—1=
=a" —a+Cha" ' +Ca" ... +Cla.  (I.8)
31ech aP — a JeNUTCA Ha p no npeanooxenuio. Ilo ciaen-

cTBUIO TeopeMH 13 C'; (mpu 1 = k = p—1) TakXKe ne-
autca Ha p. CregoBarellbHO, Ha p JeJIHTCS KaXKjaoe
cnaraeMoe npasoii uacTi cooTHoumenus (I.8), a motomy
(treopema 6) M Bca cymMMa.

WuaykTuBHHI nepexof 060CHOBaH, M Bcid TeopeMa
JoKa3aHa,
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CnexncrBue. ITo reopeme Pepra
a?—a=a(@-'—1):p.
Ecau npu atom a He Oeaurcsa na p, T0 no Teopeme 13

Ha p 00A%xHO Oeautsca aP—t — 1,
25. Ilyctb

m=pft ... plt, my=gq% ... g
ITo Teopeme 15 kaxgoe u3 uyucena py, ..., pr OTIHUYHO OT
KaXIoro H3 uucea g, ..., g 3HAUUT, KAHOHHYECKHM
pasnowenneM mym, Gymer pit...plgP ... g%, Tos-
TOMY
o (mm)=py~" (b= 1) cen P (P —1) X
X (g, —1) ... ¢ (g,—1),
T. e
@ (mymy) =@ (m,)  (m,).

26. JlokaxkeM CcHayaja MHIyKUHeH MO a, uTo
a?® "' -0 — | pemutcs ma p®. Ilpu e=1 nokasbiBaeMoe
yTBepXKJeHHe ABJsAeTCHd, OYeBHAHO, CIEACTBHEM TeOpeMBbI
®depMa, cnpaBeAJHBOCTh KOTOPOro yxe Obljla yCTaHOB-
aeda. TakuM o6pa3oM, OCHOBaHHe HHAYKUHH JOKa3aHO.

Ilpeanonoxum Tenepb, 4TO

(@~ o= —1) 1 po,
H paccMOTpuM Buipaxenne aP*(P=D—1, Mu HOJKHEI
0Ka3aTh, YTO OHO JeJurcs Ha p°t!l, Ho
ap® (=D — 1 = (" o-1)" — 1,
Tak kak a’®~'®-D_—1 no NpeANOJOXKEHIIO HeJUTCH
Ha p® uncio a?*~' - umeer Bug Np®+ 1. 3uaunr,
@ =0 — 1 = (Np*+ 1Y — 1,
T. e. o opmyse 6uHOMaA
a1 — | =
1 -1 -1 -1
=Np™ +CpN? ' p* PV L CETINP 11

B mocaenHell cymMMe mepBoe ciaraeMoe AeJHTCS Ha p%tl,
TaK KaK OHO JeJuTcd Ha p* u ap = o -+ 1. B Kaxznoe u3
caefyiomux p — 1 ciaraeMblX 3TOH CYMMBl BXOZHT p C
nokasaTe/neM, He MEHbIIUM ¢, H, KpOMe TOro, GHHOMHA/Ib+
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Hufl Koapduunent, B cuny cnaenctsus TeopeMu 13 aens-
muica Ha p. 3HAYHT, KaXJ0e H3 THX CJHaraeMhX TaKKe
jgenutca Ha p*tl, Hakonen, pasHocte 1 — 1= 0 moxer
6uiTh 0TOpoIeHa. IToaTomy no Teopeme 6

(ar* -1 —1) § pot1,

Cayuail, Korja 4HcJ0 m HMEeT TOJBKO OAUH MpPOCTOH Je-
JINTENb, TAKUM 06pasoM, pasobpaH.

[Tpeanonoxum Temepb, 4TO TeopeMa Jiilepa BepHa
I NoKasaTesnelt my U my, NpHYeM YHCIA M1y H My B3aUM-
HO TMpOCTHE, H HNOKa)XeM ee AJs NOKa3aTelsl m = m;nl,.
Ecnu noToM moMoOXKHTH

a (] - aa
My=p;tees Pk my=pyith

TO MBI, OYeBHIHO, H NOJTYUHM HHAYKTHBHHIH mepexon, He-
O06XOJHMBIl HaMm I/ 3aBepleHHA [0Ka3aTelbCTBa TeO-
pemul. Mrtak, noKaswBaeM BHICKa3aHHOe yTBepXKAeHHe.

ITycTb uncna a U m B3auMHO npocThl. Torja a Takxke
B3aHMHO NPOCTO C my. 3HAYMT, H a® ™) B3aHMHO NMPOCTO
¢ my. [ToaTomy, N0 NpeAnosOKEeHHIO,

(a@ ) _ | = gem) @ (m) _ | = g@(mm)_ | =qg@ (m—]

Jenutca Ha my. TOUHO Tak ke y6exngaeMcs B TOM, YTO
a®m) — | nenuTCa M Ha me. A TaK Kak 4HCIAa my U Mg
B3aMMHO NMpPOCTHeE, a®™ — | neuTCA M Ha UX NPOU3BeJe-
HHe, T. e. Ha m. Teopema Diinepa goKasaHa.
27. Ilyctb

ky=o(m)q +r,

ky=@(m)q.+r.
Torna

ak = q®m) @tr = (qo (m))dt gr,

Ha ocHoBanuu TeopeMmbl Diinepa H TeopeMsl 20 uHcI0
a®(m) &g’ paBHOOCTATOYHO NPH A€JEHHH HA m ¢ YHCIOM a’.
AHaNOrHYHO yCTaHABIHBAaeTCd pPaBHOOCTAaTOYHOCTb NpPH
9TOM fAeJIeHHH 4Yuces a® W a’. 3HauuT, H yucaa ax H a*
NpH AeleHHH Ha m PaBHOOCTAaTOYHHI.

28. Hajinem cHauana xota GH oAHO peuieHHe (x/,y’)
sToro ypaBHeHHs. OueBHIHO, YTO HJIsi 9TOrO JOCTaTOYHO
Hafitu Takoe uucao x/, uro (ax’—c¢) i b. ITo Teopeme

diinepa (a®® — 1) ¢ b. 3uauut, (ca®®» —¢) { b, u B Kaue.
cTBe x MOXHO B3fATh uHCa0 ca®®)-l,

[Tycte Temepb (x”,y”) — Kakoe-To Apyroe pellleHHe
ypaBnenua ax + by = ¢. Iloxkaxewm, 4T0 uncia x’ u x”
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PaBHOOCTAaTOYHH Npu IHeneHWH Ha b. B camom pgene,

nycTb
ax' + by =c,
ax” 4 by” =c.

Briuntas nousneHHO BTOpOe PaBEHCTBO H3 IEPBOro, MOJy-
yaeM
a(x’ —x")—b(y —x")=0,

otkyaa a(x’— x”) : b. Tak Kak au b no ycJ10BHIO B3aHM-
HO NpPOCTH, MO TeopeMe 12 Gymer (x" —x”):b, u Ham
oCTaeTcsl cocaaThcs Ha Teopemy 19.

TakuM o6pasom, BCce UCKOMble 3HAUeHHA x HaXOAATCH

CpeaM uHceu,
Xy = ca®®-14 pt,

Ho (ax; —c¢) : b, Tak uro, moJaras

—ax;+c 1—a®®
Y= b =c b —at,

MBI TIOJTy4aeM, YTO Bce Maphl YHCeN Xt H Yy¢ ABMAIOTCH pe-
IIeHHSIMH HAIlero ypaBHEeHHS.
29. BBuzny B3aumHo#l npocrothl m u 10, uncna 10a+-b
u (10a 4 5) 109¢™-1 no Teopeme 15 paBHOAENHMH Ha m.
Ho
(10a + 6) 10° ™" = 10°™g 4 10°™~"p,

TaK 4TO N0 TeopeMme diinepa u Teopeme 20 uncio 10a 4 b
pPaBHOZENHMO Ha m C 4ucioM a + kb.



PEWMIEHHUSA 3ANAY

1. 0=a-0 npu a060M a.
2. a=1-.a, 3Hauut, a: 1.

3. Ilycre 1 ¢ a. D10 3HauHT, uTO | = ac NpH HEKOTO+
pom ueqom c. Orciona caeayer, uto |a|= 1. A Tak Kak
a =0, 1o1XHO 6hiTb @ = 1.

4. JocTtaToyHOo B3fATb A1060e ¢ > 1 H MOJOXKHTbL b =
= qac.

5. B kayectBe Taxkoro b MOXHO B3dTb, Hampumep, 2a.
IlycTb npu sToM Aas HekoToporo c H2a : ¢ u ¢ : a. D10
3HAYUT, YTOHafiayTcaTakHe dy H dy, 4T0 2a=d\c H
¢ =dsa. Orciona caenyet, yro 2a = d\d;a wiH, nocie
COKpallleHHd Ha a,

2=d1d2.

Ho npu uennix d ¥ d; TakOe paBeHCTBO BO3MOXKHO JIHLIb
B CJyyae, KOTZia OXHO H3 3THX YHCeJ paBHo 1, a npyroe 2.
Ecau di =1, 10 ¢ =2a = b; ecnu ke de=1, 10 c=a.

6. JlokasaTenbcTBa HHYEM He OTJAMYAIOTCA OT JAOKa3aTeJNbCTB B
caydae OOGLIYHOM AeMMOCTH.

7. Ilyctb n — HekoTopoe (HKCHPOBaHHOe YHCJO, GoJsbllee efH-
uuuw. ITosoxum a : b, ecan Hafigerca Takoe lieJoe ¢, 4T0 @ = b¢

n
¥ ¢ = n. CnpaBe/IMBOCTb TeOpeM, aHaJOTHYKHX TeopeMaM 1, 3 u 4,
nposepsieTcs Ges TpyAa. OnHaKko ecjiH Mbl BO3bMeM @ ==nb U b =
=nc, Toa:b u b:c B aroMm caysae a = n%, a Tak KaK n2 > n,
n n
IeJHMOCTb @ : ¢ He HMeeT MecTa. TOUYHO Tak XKe B 3TOM clyuyae He

n
HMeeT MecTa AenuMocTb (a -+ a) : b.
n

8. a) IlycTb MMelOTCS JBa MHHMMaJIbHBIX 4HCJIA @) H a. B cuny
IUXOTOMHYHOCTH JHGO @y = ap, MH60 a; = ay. Ecam a) = ay, TOo u3
MHHHMAaJILHOCTH @, CJleAyeT, 4T0 @ = as. Ecin ke a; = a;, To
@) = @y caefyeT H3 MHHHMAJbHOCTH @

TTycTs a — HekoTopoe uucio, a b, u by — ABa Hemocpexct-
BEHHO NpeAlleCTBYIOUHX eMy uHcaa. ITo AMXOTOMHYHOCTH HO/IKHO
OuTh JHGO by = by, AHGO by = b,. IlycTh, AN ompenefeHHOCTH,
by = by, Mu uMmeem @ = b; = by, a Tak Kak uHCIO by Hemocpei~
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CTBEHHO MNpelIUeCTBYeT YHCAY a, noaxio OuTh anGo by = a, aubo
by = by. Ho mo ycaosuio b, 5= a; svauut, by = by, u Tpelyemas
eJHHCTBEHHOCTb [0Ka3aHa.

B) Henocpedcreenno caedyroujum sa @ YHCAOM HasuBaeTcd Ta-
Koe b, yto b=a, b= a, u U3 b = ¢ = a caeayer aubo ¢ = b,
au6o ¢ = a.

IIpeAnonoxKHM, UYTO HEKOTOPoe a He HMeeT HeMoCPeACTBEHHO
ClefyIoOllero 3a HHM YHCAa. DTO 3HAUHT, 4TO AJA JI0GOro a. = a #
OTJIHYHOIO OT @ Hailercd TaKOe dn4+1, OTIHYHOE KaK OT Qn, TaK H
OT 4, 9TO an = Gn4i = a. Bo3bMeM Telepb NPOH3BOJbHOE g; == a H
OTJIHYHOE OT @ (B cHay 2° 3TO CHeNaTh MOXKHO) H, HCXOAf H3 Hero,
DOCTPOUM GECKOHEUHYIO MOC/e10BaTeJbHOCTh Pa3AHUYHEIX UHCEN

algaz_z_...gangan+lg...ga.

CylecTBOBaHHe e 3TO/ NMOC/Ae]0BaTeJbHOCTH npoThBopeunt 4°. Cie-
J0BaTeNlbHO, HEMOCPEACTBEHHO CleAyloliee YHCJIO CyllecTByeT. EpnH.
CTBEHHOCTb €r'0 YCT2HaBJIHBAaeTCHA MPI NOMOWH JHXOTOMHYHOCTH MNO=
I06HO TOMY, KaK 3TO JeJajoch B a) H 0).

9. Ocraercs B CcHJe TPaH3UTHBHOCTL (3°), HeorpaHIYeHHOCTH
MHOXecTBa uHcen (5°), cBOHCTBO 4° H CyIleCTBOBaHHE HENOCPEACT-
BeHHO mpeauecTBymolero uncaa (6°). JIMXOTOMHYHOCTb 3aMeHserTcs
TpuxoromusnocTero (a1n60 a > b, nn6o b > a, au6o a = b).

CraHOBHTCA HeBePHHM cBOHcTBO pediekcHBHocTH (1°), H60
a > a BCerjia HeBepHo.

Yro ke KacaeTcs, HaKoHell, yTBepxZeHHsa 2°, TO ¢opManbHO
OHO ocTaercd B CHJe (XOTd, GBITb MOXET, H BHIJIAAHT HECKOJBKO Mas
panoKcaJbic).

B camoM felle, TOBOPSA CTPOro, 5TO yTBeP:KAeHHe B HAaWeM Cay-
uae ¢opMupyeTca TaK: A MOOLIX HaTyPaJbHEIX YHCel a M b H3
a>bub>acienyera==b

IpestonoXKuM, 4TO 3TO BeICKA3bIBaHHe HeBepHo. Toraa Halinyres
TaKHe HaTypaJbHHe UHCIA @ H b, 4To OZHOBpeMeHHO GyndeT u a > b
H b>a, u a5 b, a aroro He Moxer GuTb. IlonyueHHoe nportuBo-
Pedre AOKA3HBAET HCTHHHOCTb HaLIEro yTBePiKAeHHs.

10. TlycTh MHOXECTBO YNOPAAOYeHO OTHOUIEHHeM &, 06aanaio-
mumM ceofictBaMi 1°—7° Kak yxe GbIO yCTaHOBIJEHO, OHO o6najaer
MUHHMaJbHBIM 3jeMeHTOM. OG03HAYHM 3TOT 3JeMEHT 4Yepes ap. M3
pesybTaToB 3ajaud 8 ClelyeT, YTO KaXAHi 3JeMeHT o6iafaer
HerocpeACTBeHHO clenyomum. O603HaYUM HeNOCPeACTBEHHO CleAyio-
LHA 3a Qo BJEMEHT Yepe3 4), HeNMOCPEICTBEHHO CIeAYOWMi 3a a; —
yepes az H T. A. B Hrore MH nonydaeM Hoc/ef0BaTeNBHOCTD

Qg, Gy, A3y ».oy (P.l)
B KoTopoil a, H&-an npu jwobom n. Ilo pedureKcHBHOCTH H TpaH-

SHTHBHOCTH OTHOMIGHHS &~ OTCIOfA CJeAYyeT, 4TO @; &~ a; TOraa H
TOJBKO TOrAA, Koraa i == j. Ham ocraerca nokasaTh, uTo mnocienopa-
TeapHocTh (P.l1) oxBaThHBaeT BCe paccMaTpHBaeMble HaMH OGBEKTEHI,
ATo HOCTHraeTCs AOBOJBHO TOHKHM PacCyXIcHHeM [0 HHAYKUHH.

Tpeanonoxum, 410 bo He NPHHALJIEKHT IOCTENOBATENBHOCTH
(P.1). IToayueHne 3TOrO by GyzeM CUHTaTb NEpPBHIM ILArOM Hallero
HHAYKTHBHOTO paccyxkaenus. IIycts # ero waros yXe nposefeHb, B
pesy/bTaTe 4ero HaMH MOJIUYeH HeKOTOpHIit aJieMeHT ba—p.

Ecan b.—1 = @o, TO Hall NpouecC GyAeM CYHTATh 3aKOHUEHHEIM;
eclH xe by—y = Go, TO 3JeMeHT b, _HMeeT HeNoCPe[ACTBEHHO Npel-
1lIeCTBYIOIIHH, KOTOPLIH Mbl H BO3bMEM B KauecTse ba. B pesyabrate
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MY NOMyuaeM TMOCe0BATeNbHOCTb PA3NUTHEX 3JeMEHTOB
bob= b1 & bat- ... & bn ...

Ha ocHosannu 4° sra mocnenoBaTenbHOCTh ROMKHA HMETb MO
cneannit wien. Ho no caMoMy mpuHuuny nocTpoeHHs 3TOH NOCAEAO-
BaTeJbHOCTH €e NOCJENHHM UYJIeHOM MOXET OhTh TOJAbKO aq. ITycThb
AN OnpefeNeHHOCTH b, = a.

HeTpynHo npoBepHTh, UTO eCIH HEKOTOPOe @ HemocpeACTBEHHO
npefwecTsyer b, TO b HemoCPeACTBEHHO cJeAyeT 3a a@. 3HAUMT,
bn—l = a, bn—2 = A2y 000y bo = Qn.

Tocnennee o3Hauaer, uro by MPHHALJIEKHT MNOCICKOBATENBHOCTH
(P.1), HO 3TO MPOTHBOPEUHT MpeAnoNOKeHHOMY. Clep0BaTeNbHO, Ti3-
cnenosareibHocTh (P.1) comepKHT Bce paccMaTpHBaeMble HaMH 06 b
€KTHI.

11. Tlyctb @ — HekoTopoe uHCHO. BeAKyio mnocnefosaTensHOCTS
PasIHUHLIX UYHCEN Qo = @, Q), G2, ++., Gn, A KOTODPBIX

QW& aEart...&an, (P.2)

rie a, MHHHMaJbHO B CMBICJe YMOPAXOUEHHS &, HA30BeM yens:o
npeduwecrsennuxos a,. Uncno n HasmiBaeTca Oaunod 3Tofi UenH.

IMokaxkeM cHaYana, YyTO NMPH TeX YCJIOBUSX, KOTOPbie MBI HaJjo-
XKHJAH Ha yNopsajodeHHe $—, Kax10e KOHKPeTHOe UYHC/I0 He MOMCT
HMeTb CKOJIb YFORHO IJIMHHBIX LemNeil NpeAlIeCTBEHHHKOB.

B caMom Zese, mycTb a — HeKOTOPOe YHCJO, a by, bs, o.., br—
HeNOCPEACTBEHHO MPelllecTBYIOlHe eMy YHCIa.

Ecan a, He npeXilleCcTBYeT @, HENOCPEACTBEHHO, MBI MOXEM Ha
ocHoBaHuM 9° BcTaBHTb B Uenb (P.2) HekoTOpoe HemocpeAcTBeHid
npelmecTsyioliee a 4HCAO0. [T03TOMY eclH HMEIOTCA CKOJMb YrOA:i0
IJIMHHBe LelH MpeAlIeCTBeHHHKOB @, ROJIXKHH HaATHCb H TaKkHe ero
CKOb YTOAHO AJIHHHHE HENH NpeXIleCTBEHHHKOB, KOTOPHIE HAUHHI-
I0TCA € uHMCeJ, HeMOCPeACTBEHHO mpelllecTBYOWHX a. Byrem pance
paccMaTpHBaTh TOJbKO TaKHe LeMH.

Kaxpaas Uenb NpeflIeCTBEHHHKOB @ POBHO Ha eAWHALY AJHH-
Hee HEKOTOPOi UeNH MpelllleCTBEHHHKOB OXHOTO H3 HeNMOCPeACTBEHRD
npeAmecTBYOIUHX eMy 4nced. Ecan GH Kaxnoe H3 HHX HMeJO wen:l
TNpeiIeCTBEHHHKOB OTPAaHHUYEHHON JIHHH, TO CaMO @ He MoOriao 6ui
HMeTb CKOJb YroAlO AJIHHHBIX lleNeH NpexRIIeCTBeHHHKOB.

3HauuT, NPH HameM NPeANOJIOXKeHHH XOTs Obl OZHO W3 UHceT,
HeNNCPeNCTBEHHO NpelIlecTBYIOUIHX g, HMeeT CKOJIb YTrORHO AJIHH-
HHe Lenu npeamecTBeHHHKOB. O6GO3HAaYHM 3TO 4YHCJIO 4Yepe3 a H,
MOBTOpAM B NpHMEHeHHH K HEMy BCe TOJMBKO 4TO NMPOBeAeHHHE pac-
cyxJeHns. DTO AACT HaM HEKOTOpOe HUHCIO dp, HENOCPeACTBEHHO
npefmecTBYyIoLee @, H HMeloee CKOJb YrOAHO AJIHHHbie NefH npel-
wectsennnkos. TToBTOpAst aTOT mpoiecc, MBl NPHXOAHM K NOCJAeLOBa-
TeJIbHOCTH

- Q& a&-aé...,

KoTopasd B cuiy 4° ZO/KHA PaHO HAH NO3ZHO o6opsaThes. DTO 3Ha-
UHT, YTO NOC/JEN0BATEJbHOCTh GyAeT HMETb TaKofi UjeH, K KOTOPOMY
HalH paccyXAeHus yxe Gynyr HenpuMeHumbl. Ho mnpnmennmocts
paccyXeHHil K KaXA0My MOCASAYIOIEMY UieHy NOC/eA0BaTeNbHOCTH
Hami yXe GOHja yCTaHOBJeHa. IlojyueHHOe TIPOTHBOpEUHe MOKa3kI-
BaeT, UTo HH OXHO UHCJIO He HMeeT CKOJb YrOZAHO JUIHHHHX Lenei
npeAlIeCTBeHHHKOB.

CrrenoBaTesbHO, A KaxIOTO YHCIA @ CPelH ero Heneii mpen-
IIeCTBEHHHKOB MOXHO BLIGpaThb camylo MiuHHYylo, OGo3Haunmm ee
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nouny vepes n{a). Ecan b HemocpelCTBEHHO MpeXUIECTBYET 4@, TO, oUe-
BugHo, n{b) = n(a) — 1, a aas Bcex MHHHMaJbHHX a n(a) = 0.

IMycrb, HakoHew, A(a) — BHCKa3hBaHue, 3aBHcsllee oT a. OGo-
sHauMM uepe3 B(n) BrickasuBaHHe «A(a) BepHO A BCeX YHcea 4,
AJs KoTophix n(a) = n». Toraa, Kak Jierko BHAETD, qup»fX'Jmpoaxa
NpHHUKNA HHAYKUMH B HOBOA ¢dopme Aas yrBepxJienui A(a) cos-
nafaer ¢ (OpMYJHPOBKOH 3TOro NpHHUHNA B CTapoii ¢opme AJs
yTBepxAeHuit B(n).

12. KakoBol Obf HH GLIIH UeTHble 4Hcsia a H b, cymecTBylOT Ta-
KHe YeTHbIe YHCJA ¢ U r, YTO

a=bq+r 0=r<2b)

Takue uncaa ¢ M r eZMHCTBEHHH.
JdokasateabcTBo. Pazaenum a Ha 2b c ocraTKkoM oGbiy-

HbIM 06pasom:
a=2bq+r 0=r<2b). (P.3)

Ipu stoM uucaa ¢ u r ompefeisiorcs OfHO3HauHo. M3 gerHocTH a
H 2bg ciefyeT YeTHOCTb HX Pa3HOCTH, T. €. uucja r. Ham ocraercs,
nonoxus 29 = ¢’, nepenucatp (P.3) B BHAe

a=q'b+r 0=r<2b)

H 3aMeTHTb, 9TO 00a 4HCIa ¢’ M r 4eTHhle H ONpeleNAIOTCH eLHH-
CTBEHHEIM 06pa3oM.

13. TlycTh p — HaHUMEHBIIHH NPOCTON JAEJIHTENb YHC-
aa a. Orciona ciaenyer, uto a = pb. Beskuit npocroit ae-
JIUTEJNb ¢ YHCJIa b ABJAETCS BMECTe C TeM H AEJHTEJEM a.
IMostomy ¢ = p, 3HauyuT, H b= p, Tak 4T0 a = p? u,
Hakonen, p = +/a.

14. Tlycts py, p2, ..., Pr— TOJHHI CHHCOK BCEX Mpo-
CTBIX YHCEJ, BXOASALINX XOTSA Obl B ONHO H3 KAHOHHYECKHX
pasnioxeHnuit a u b. Ilonoxum

a, a ]
a=p'p,2...p*5
— 81,0 8
b=p;'p;® ... pi*t
(Ecau a He meaurcsa Ha p;, To o; =0; ecau b He neaurcs
Ha p;, To p;=0.) ITyctp y; — HaunGoabliee H3 YHCEN O

Hp g i=1,2 ..., k a d— HauMeHbllICe H3 HHX.
Torga Ha ocHoBaHHH TeopeMHn 17 Hau6oJablwni 06-

muft fenuteab @ u b ecth p‘:'pg2 cos p‘,’}, a MX HauMeHb~
mee obuiee KPaTHOE €CTb P)'P3? «.. Pik.

15. Kak caenyer u3 TeopemMun 17, Kaxiuii AeiauTe]p 4YHCIA a C
KaHOHHYECKHM Ppa3jioxKeHHeM p?‘pg’ pak" NOJNXeH HMeTb BHA

p?‘ pz”, rae B, npanamaer @, + 1 snavennh: 0, 1, 2, ..., a;;

P2 npunnmaer op -+ 1 snavenn#t u 1. A. Tak Kak Jlo6He KOMGHHa-
UMH 3THX 3HAYeHH# BO3MOXHH H AAIOT HaM Bce AeJHTE]H @, NpHYEM
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KaxAuill Mo oxHoMy pasy (ecau OH Kakof-HHOYZAB fleJHTENb TMOBTO-
pHICH HECKOJbKO Pas, TO 9TO O3Hauajo OH HajJHYHe Y Hero He-
CKOJIbKMX KaHOHHYECKHX Da3JioXeHHI), YHCJIO JeiHTelefi a paBHO

@+ 1) (a+1) ... (@ +1). (P4)
- a a
16. IlycTh KaHOHMYECKOE DA3/OXKEHHe @ €cTb p,'py® ... p*

QueBHIHO, MOXKHO NMOJIOXKHTb p1 =2, &, = 2 H pg=3, az = 1. Ja-
aee, corjacuo (P.4) umeem

(@ +1(az+1) ... (@p4+1)=14.
Orciona k=2, a;+1=7 u a4+ 1=2. Takam o6pasoMm, a =

=26.3=192.

3nech @+ 1=2 u a; 4 1 =7 6HTb HEe MOXET, TaK KaK Tor-
na Oyger a=2.3% u a Ha 4 He jeJHTCS.

17. Mu umeeMm

% () = v (p}"'p3™) = (20, + 1) (20, + 1) =38,

Tak 910 (20 + 1) (202 + 1) ecTr pasnoxeHHe uncaa 81 Ha xBa
MHoxHTeNa. Tak Kak Hymepauus ONPOCTHX AeNHTeNell @ 3aBHCHT OT
Hac, OrpaHHYMMCH PaCCMOTPEHHEeM CJeAYIOUHX BO3MOXKHOCTEH:

2, +1=1, 20,4 1=381;
2a, +1=3, 2a,+1=2T;
2a,4+1=9, 2a;+41=09.

B mnepBoM H3 STHX caydaeB o = 0, YTO NPOTHBODEUHT MpPEAlNo-
JIOXKEHHOH INOJNOXKHTENBHOCTH 4HCJIa oy OCraBuiHecss ciaydad JaiorT
HaM

a=1 ay=13

a =4 ay=4
3uaunT, au6o

(a®) =7 (p}¥p3™) = v (p}p3’) = (3 + 1) (39 + 1) = 160,
6o
7 (a®) = v (p3*p3™) = v (p%p}?) = 13- 13 =169.
18. Ilycrs p, 'p2’ eee P kk — KaHOHHYeCKOe pa3JjioKeHHe YHCJA a.
YcaoBre 3ajaul paeTt naM

plpdt ... p,, k=2 (@, +1) (0 +1) oo0 (2,4 1),

HJIH

o™ p“z pak
1 2 R
S FT o FT " Gl =2, (P.5)
3aMeTHM, 49TO
2 4.2 a2
T+1T —i<r = <TET=i<TET @30
31 a
= 2),
1<1+1<2<o+l (e =2)
2 - (pr=5a=1)
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ITostomy B (P.5) cieBa kaxpass APo6b He MeHblle AHHHUH M,
cJle10BaTe]bHO, HH OAHA M3 ApoGefl He MoxKeT ObiTh GoJjblle ueM 2.
3naumt, B JeBoii yacTH (P.5) Moryr crosartb Juiib APOGH H3 ClEAYIO-
1ero Habopa:

2[ 22 23 31
1417 241" 341" 1417
npuyeM MX npoussefienHe ecTh 2. Ho ato moxer GuTh JHUb B ABYX

ciyyasx: xorga B (P.5) cnesa crouT TOJBKO 0aHa npom,m HJIH
2

2 3!
KOrZla Tam CTOSAT JBe APOGH SFT P T¥T OTHM ABYM ciyuadMm

CCOTBETCTBYIOT ABa OTBeTa 3ajaun: 8 u 12.
19, HanuieM KaHOHHYeCKOe PassioXKeHHe YHCJA (:

a a

a =p1l Yy pkk.

Torzna ) .
a a

a2=p| t oo pk k.

n coraacuo (P.4) (3apaua 15)
T (a?) — Qa;+1) ... Qax+1)
7 (a) (@+1) ... (@e+1) °
Jlerko BuAeTb, uTO Kaxaas Apo6b (20 4 1)/(a: 4 1) ¢ pocrom ay

po3pacraer (npuGJMIKasAch K 2), Tak 4TO HaHMeHblllee 3HaueHHe 3TOM
Ipo6u OyneT AOCTHraThCsi NMPH a; = 1 B Gyzmer pasHo 3/2. D10 3Ha-

9HT, 4TO @ 3 \k
T@ = (=)~

SlcHo, uro npm JocraTouHo Goabmom & Gymer (3/2)* > K. Ias
9TOr0 ZOCTaTOYHO B3SATh
Ig K

1g(3/2)°

Hanpumep, npu K = 100 xpocratouno B3aTh £ "> 2/0,18 = 11,1;
TaK KaK 4HCJIO R HOJIKHO GRITb UeJbiM, MOXHO B3iTb £ = 12,

20. Auanorn TeopeM 11—14 nns deTHofi NENHMOCTH HeBepHH.
B camom mee, uncaa 30 H 42 uerHo mpocTHe. VX pauMeHblee yeT-
Hoe KpaTHoe ecTb 420, a mpoussefenne pasHo 1260.

Janee, 60 = 6-10 ueTHO AesHTCH HA YeTHO mpocree Yucio 30;
6 u 30 ueTHO B3auMHO MpocTH, a 10 yeTHo Ha 30 He AmesuTCs.

Haxonen, 60 = 6:10 = 30-2 — nBa pasAMUHHX pa3nOKeHHs
yucaa 60 Ha YeTHO MPOCTHE MHOMHTEJNH.

21. a) 116 npu jenennu Ha 8 paBHOOCTaTOYHO c 4,
a 17—c 1. 3uauut, A paBHOOCTaTOYHO ¢ 52! ==(5?)10.5,
Ho 52 =25 npu AejeHHH Ha 8 PaBHOOCTATOYHO C E€QHHH-
ueﬁé CnenoBateabHo, A npu geneHuu Ha 8 xaer B oCTaT-
Ke 5.

6) 14 npu genennn Ha 17 paBHoocraTouno ¢ —3. Ilo-
aToMy A paBHOOCTAaTOUHO C (—3)256 = 3256 =(33)85.3,
Ho 3% Mu Moxem 3aMeHnutb Ha 10; 10%%.3 =(102)42.30,
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Haxnee, 102 npu neneHun Ha 17 paBHOOCTATOUHO C YHCJAOM
—2,a 2% ¢ —1. 3naunt, A paBHOOCTaTOUHO € (—2)%2-30=
=242.30 =(2)1°.4.30 =(—1)1°-4.30=120. [locaezn«
Hee e YHCJO NpH AejdeHHH Ha 17 paer B ocraTke 1.

22. a) Ilycrtb ny— ocTaTok OT Aedenus n Ha 6. Torza
ny MOXeT OpuUHMMaTh 3Hauenus 0, 1, 2, 3, 4 u 5,
a nd+ 1ln, npu nenenuu Ha 6 paBHOOCTAaTOYHO € né4-11n.
3HayHT, HaM CJeAyeT HUCNHITBIBATh AENHMOCTb Ha 6 yH-
cea 0, 12, 30, 60, 108 u 180. Ho Bce atu uyucia Ha 6 gme-
JATCA.

Jast nonyyeHus TOro e pesyJbTaTa MOXKHO BOCHOJb-
30BaThca U GoJiee YacCTHBIMH cooGpaxeHHsaMH. Yucao
nd®+ 11n paBHOOCTaTOUHO MpPH JesieHHH Ha 6 ¢ uucaox
m+lln—12n=n—n=((n-=1)n(n+1). Ho wu3
TPeX NOCAeAOBaTebHHIX LeablX uucen n—1, n u n+1
XoTs 6 OAHO YeTHOoe (T. e. AeJUTCA Ha 2) W POBHO ORHO
geautcs Ha 3. 3HAYAT (COTVIACHO CJIEeACTBHIO TeopeMH 11),
npousBefieHHe 3THX Tpex umcesn Aeautcs Ha 6. Kceraty,
MOXHO 3aMeTHTb, YTO

—é—(n —Da(n+1)=Cii.

6) Ipu n =2 mb uMeeM (noab3ysichk dopmy.oit 6u-
HOoMa)

4" 15n—1=CB+1)"+ 15n— 1=
=3"—3"CL ...+ 3C 43 1+ 15— 1 =
=9(3"243"%CL+ ... +Ci7%) + 18n,

# 06a cjaaraeMbiX, OUeBUIHO, AeadaTcs Ha 9.
[Ipu n=1 Hawe BhpaxeHHe paBHO 4! 4+ 15-1 —1 =
= 18. :
B) JloKa3aTeabCTBO BeJeTCs MO HHAYKUHH,
Mpun=0 .

10" —1=10'—1=9, 3"*=9,
[Tyctp Tenepb AEAHMOCTD
(10*" = 1) § 3"+
nMeer mecro. Toraa
10" = 1=(10") = 1°= (10" = 1) (10°*" 4 16" 4 1),

IMepBHIi COMHOXHTENb CIpaBa ASIHTCA Ha 372 no
HHIYKTHBHOMY mpeanojoxenuio. Bo Bropom xe comuo-
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JKUTeNe MBI MOXKEM 3aMEHHTh AECATKH Ha pPaBHOOCTaTO4-
Hble UM TPH JeJeHHH Ha 3 eAMHHIBI; NOJAYyYeHHoe YHCa0 3
MOKa3bIBa€T, YTO BTOPOHl COMHOXHTENAb HEJUTCH Ha 3.
CJepoBaTeNbHO, BCE TNPOHU3BEAEHHE JeAHTCHA Ha 38 =
= 3(*+D+2) y10 M Tpeb6OBaIOCh.

r) IIpu penennu Ha a2 — a + 1, oueBHAHO, a? paBHO-
ocratoudo ¢ a — l. 3Hauur, a?#*!+4(a — 1)*+2 paBHO-
OCTaTOYHO C

a?+! 4 (a?) n+2 _ pon+l + ati=q2+1 (1 4 a3) =

=a* (1 +a)(l—a+a),
9T0 U Tpe6OBaNOCh.
n (nF—1)=(@n—1)(n*"+n*24 ...+ n+1).
e) (4 )=@n+1)n*—nt14+.,...—n+1).

23. Tlycth ~ — 9KBHBaJIeHTHOE OTHOLIEHHe Ha MHOXeCTBe YH-
cel. BosbMeM MpoH3BOJIHOE YHCJIO @ H PAacCMOTPHM Bce HHCJA, 9K-
BHBaJIeHTHHe @. Bce OHH BBHAY TPAH3HTHBHOCTH OTHOLIEHHfi ~ 9K-
BHBaJleHTHH Mexay coGoii. OGosHaunm depe3 K Kaacc Bcex 3THX
yHcell.

Paccmorpum Tenepb nponssoJibHoe UHCHO b, He mMpHHamJexallee
K. Ecau 6u 6bi0 b ~ ¢, rie ¢ — HekoTopoe 4Hcao H3 K, To Gbiio
6u H b ~ a, 4ero, OXHaKO, He MOXeT GHTb MO BLIGOpYy b. 3Haumur,
HH OAHO H3 YHCeJ, JieXamux BHe K, He 9KBHBAJIEHTHO HH OXHOMY H3
uncen K. CnenosatesbHo, K ecTh KjlacC 9KBHBaJIEHTHOCTH, COAepia-
mui a.

Tak Kak YHCJAO @ GHJIO HaMH B3SITO COBePHICHHO TPOH3BOJBLHO,
npoBefieHHHe PAcCyKReHHs MOKA3LIBAIOT, UTO KaxA0e YHCIO TMpHHAX-
JIeXKHT HEKOTOPOMY KJIacCy SKBHBAJIGHTHOETH. 3T0 H TpeGoBaJsoch.

24. OuesugHo, cpenn uncen 0, 1, ..., m Hafinyrcs ABa, npuHaji-
Jexatine ojHomy knaaccy. Ilyers stuMn uncnamu Gyayr &k u [
k ~ l. Takux map yucesa H3 OJHOTO KJacca MoXeT OKas3aThbCsl, BOOGHLIE
ropops, H HeCKOJbKO. BbiGepeM Ty H3 HHX, AJS KOTOPOH BejHuHHA
|k—1]| 6ymer nanGombueft. ITockoabky — ! ~ —I, MH N0 ycnoBHIO

noayyaem .
v k—l~1—1=0.

Hanee, HaxoAuM, YTO H MpPH JIOGOM LENOM 7

n(k—1)~0.
Haxonen, npu noGom r

nk—=0+r~r,

T. €. U3 g == b(mod k— 1) cinenyer a ~ b. Taxum 06pasoM, knaccH
OTHOLIEHHS] ~ COZePKaT UEJHKOM KJAacChH BHYETOB [0 MOAYMIO m,
Jna Toro 4To6H KJAacCOB ~ -9KBHBAJIEHTHOCTH GLLIO m, HEOGXO+
JAHMO, 4TOGH KaXKAhI KJIacC ~ -3KBHBAJEHTHOCTH CORepxana He 6o-
Jiee 0HOr0 K/acca BHIYETOB H 4TOGH R — ! = m.
25. a) OGe uyacTH CpaBHEHHSi H MOAYJb MOXHO Da3sfeNMTh HA
OZIHO H TO Ke UHCJAO (pasyMeercsi, OTJIHYHOE OT HyJs),

B camom pene,
ad = bd (mod md)
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©03Hauaer, 4TO
ad —bd=(a—b)d: md,

T. e. (a—b):m, otkyna a = b (mod m).

6) OGe uacTH cpaBHeHWS MOXKHO pasfeAHTb HA WHCIO, B3aHMHO
IpocTOe C MOAYyJeM.

JHleiicTBATENbHO, eciH d B M B3aHMHO NMPOCTH, TO H3

ad = bd (mod m),

T. e. u3 (@ —b)d : m, crenyeT Ha OCHOBaHHH TeopeMn 12, uTO
(@ —b) : m, uTo B TpPeGOBANOCH.
26. TpeanonoxuM, uTo

1=k<l=p—1, ka=la(modp).

310 3HauuT, uto (I — k) a : p. [Tocko/bLKY a He AeJHTCA Ha p, ROJKHO
6uTh (! — k) ¢ p. Ho 1 aToro He MoxeT OHTb, TaK Kak 0 <!/ — £k < p.

27. Heo6xoxumocTh. Ilycts uncho p npocroe. BosbMem
0 < g < p. Mo npennaymeMy cpeau uucesn ¢, 2¢, ..., (p—1)q
HaiileTcsi POBHO OXHO, Aaioliiee MPH JA€JEHHH HAa p B OCTaTKe €NH-
Huny. Ilycrts sTaM uncaoM Gyner §q:

Gq = 1 (mod p). (P.6)

C npyrofi CTOpoHH, cpefin uuced §, 23, ..., (p— 1)§ Takxke moxer
6LITb JHIIL ORHO, Jaliiee NPH JeJeHHH Ha p B OCTaTKe eXHHHLY.
10, KaK yXKe YCTaHOBJEHO, GHCHIO ¢J.

BHiACHMM, B KakHX clyuasx ¢ = §. Bo Bcex Takux echaygasx
cpasHenne (P.6) mepenHcHBaeTcs Tak:

¢* = 1 (mod p),
HJH, 9TO TO XKe caMoe,

g®> — 1 = 0 (mod p).

@?—1=(@+ND@—-=1:p

Beuny Toro, uTo uHcilo p NpocToe, Mo TeopeMe 13 HOMKHO GHTHL
au6o (g4 1):p, 6o (g —1):p. Tak xak 4HCIO ¢ 3aKJIOYeHO
MexAy HyleM H p, HepBHA M3 3THX cJydaeB BO3MOXeH JHlb NpPH
g =p—1, a Bropoit —npu g = 1. Takum o6pasom, mpu p=2 n
p=23aBcerla g=§, IpH p=5—auWb B cAyYasx ¢ =1n ¢g=
pCJlenoaa'renbuo, npu p==5 BCe |0CTaBIHECH YHCAA 2, ;..
vevy p—2 MOXHO O6BEIHHHTb B TakHe (p — 3)/2 mapwl, 4TO NPOH3-
BeleHHe 4MCell, COCTABJAIOIIAX KaXAylo H3 map, nﬁpu JleNleHHH Ha
p Raer B ocraTke 1. Bumnuwem cpaBHenus supa (P.6) Aas Bcex rta-
KHX nap, Z0GaBHB B 3TOT CIHCOK CPaBHeHHe

DTO0 3HAYHT, YTO

p—1= p—1(modp),

N nepeMHoXHM Bce (p—1)/2 moayyeHHHX cpaBHeHHH HoOuJeHHO.
B pesyJbTaTe TaKOTO YMHOMEHHS Mbl NMOJYUHM C/eBa MPOH3BE-
ZeHne Beex uMcend or 2 g0 p— 1, a cnpasa p—1:

2.3. ...+(p—1)= p—1(modp),
BIH .
1:2:3¢...:(p—1)+1=0(med p).
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TTocnenHee cpaBHeHHe O3HAYaeT, UTO
(1e2eicae(p=1+1):p,
a 3To U Tpe6OBaJIOCh.

OcracTcsl MPOBEPHTD cnly)qu«é p=2u p=3. Ho aaa Hux, oue«

pugno, (1+1):2u (2+
JocTaToOYHOCTbh Ecaum 4HcIO p He MPoCTOe, TO OHO MO=
JkeT OLIThb Pa3jioKEHO B NMPOM3BeleHHe ABYX MEHbILHX MHOXHTeJefi2

P = pip2 .

Ecan py % ps, TO M py ¥ Dy BXOAAT COMHOXKHTEJISIMH B NPOH3Be-
nenue 1:2-...:(p—1), KOTOpbie TeM CaMbIM HeJATCA HA PPz, T. €.
Ha p. [Tyctb Tenepb p, = p; = g. Torna p = ¢2 (T. e. p ecTb KBal-
paT nmpocroro uHcia). Ecium ¢ > 2, To p > 29, u B npousseneHue
1-2....-(p—1) BXOAAT MHOXHTENSIMH ¢ U 2¢, TaK 4TO B 3TOM CJy-
qae OHO AeNHTCS Ha @2, T. e. Ha p. B o6oux cayvasax 1-2-...-(p—"
— 1) 4+ 1 na p meantbca He Moxer. Hakonen, ecau p =4, 10 1.2+
.3—1 =1>5 u Ha 4 He JeaHrcs.

a, a a
28, Teopema. Ilycto m=p,'p,? «as pk”-—lcauonuueu.oe

pasaoscerue m. Tozda, das 1020 4TobbL Yucaa A u B 6oiau pasHo-
oCTaTOYHbLML npu Oesenuu Ha m, Heob6xoo0umo u AocTaro4no, 4TobbL

o [
OHu Goiau PasHOOCTATOUHbIMU npu Oeneruu Ha pi'y Ha p.% ..., Ha

a
Pkkb
HokasareabcTBo. Heo6xoazumocts Pasuoocra-
ToyHocTh A H B npda peneHHdn Ha m oaHauaer (A — B) :m. Tem
. a
Gonee (A—B):p,* (i=1, ..., k), u uncia A u B okasuBsaiorcs

a
PaBHOOCTATOUHHMH TpH Je/eHHH Ha Bce p,°.
ODocratouHocTb. Ilycts uncna A u B npu geleHud Ha

o
Kaxuoe p;’ paHOOCTaTOuHB. OBO3HAUHM Yepe3 r, OCTAaTOK OT Je-
e .
neuns A u B na p;t (i=1, 2, ..., k). 10 3nauur, uro

A=, (mod p?‘). (P.7)
TTonoxum, aanee,

o =my i=1, ..o, k&
p;

H ymHoXHM B cpaBHeHun (P.7) obe wacTH M MolyJb Ha m;.

Am; = myr; (mod m).
C/I0:KHB BCe TaKHe CPaBHEHHs! MOWIEHHO, MOJYYHM
A(my+ ma+ oos +mp) =myry 4 mgrg + ... + mpry (mod m).
(P.8)
a Q.

Beuny paBHooctaTouHocTH A M B npu nesenuu na p,', p,% ...

a
ceey pkk noJjlyyaeM TaKxe

B(my 4+ ma+ ces + mp) = mury+ mara+ oo + myry (mod r&)’-g)
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Buiura nouienso cpaBhenne (P.9) us (P.8), HmeeMm
(A= B) (my+ ma+ ... 4+ my) = 0(mod m),

T.e. (A=B)(m+my+t .. +mp)im.

Ho cymma m; 4 my 4 ... -+ m; B3aumuo npocra ¢ m. B caMom
JeNte, ecny Obl OHa HMeNa C m HeKOTOPHI ofmuii MpocToil AenuTelb
p, TO OH BXOAMN GH B KaHOHHYeCKOe pasJiokeHue m, T. € HMeld Ol
BHA pi. Ho Torma Ha Hero jenmiach Gbl KaK BCA CyMMa, TaK H KaxX-
Jloe craraeMoe, KpOMe ORHOro, m;, a STOr0 GHTb HE MOXET.

Tenepb Mbl MOXeM NpHMEHHTb Teopemy 12, KOTOpas HAaCT, YTO
(A—B):m, T. e. uucna A u B npu felleHHH Ha m paBHOOCTa-
TOYHBI.

29. a) Bunnuwem CHCTeMaTHYeCKH BCE PaBEHCTBA, OMHCHBAIOLIHE
AeNeHHs C OCTaTKOM, KOTOphle COCTABJSAIOT NMpHMeHeHHe ajropudpma
EBknuna K uncnam a u b:

a= b%'l'fn
b=rg,+ry
ry=rsq;+rs, (P.10)

® o o o o 0 0 o o 0 @
Thg=Tp_19n-1+Tn

T 1 =Twln

Mot umeem r,_, ir . Buecre cr,_,=r,_,q,_,-+r, oT0 naer
HaM 1

n—g i [, TlponBHrasch aHagfornIHLIM 06pa3omM BBEpX MO CHCTe-
Me paseHcrs (P.10), mosyyaem, HakoHew, 410 a :rp H b :ry. 3na-
YHT, Iy ecTb OOmHA Aeautens a u b.

Iycrs d — mio6oit o6wmit fenutenb a u b. Bmecre ¢ a = bgo +-
-7, ar0 naer Ham r,:d. Ilpomsurasic MO CHCTeMe PpaBeHCTB
(P.10) BHu3, M GymeM NocJeZOBaTeNbHO MONyYaTh, 9TO rz: d, r3:
:d, ..., rp:d.3uauuT, r, genurca Ha M0G0l OGWIKA AeNHTENb G H
b, aBnasicb TeM caMbiM HauGONAbII MM OGUHM JeiHTeNleM STHX
Yucel.

6) HokasateabcTBo Beflercs Mo uHAykumn, [Tonmaras Ao == 0,
By = l, A] = l, B = —(o, MBIl HMEEM Iy = b= aAo+bBo Hr =
== agA, 4 bB,.

ITyctb Temepb

fpy =40+ By b,
rp= Ara + Bgb.

Ho Torna

Toat =Toey = Tad041= (Abcy = Te1Ae) 0+ (Boy = Tp11Be) 0
H HaM OcTaercsa NOJNOXKHTh

Apy = Qaprhe=Apyp

By = 9441Br=Bpyr

Yncna A, H B, OkaxyTcs uckombiMa A n B.
30. Ecain b n ¢ B3aHMHO NPOCTH, TO MO RPEAHAYILIeMYy MOXHO
HaiiTn Takue Uene B u C, uTo

bB 4 ¢C =1,
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HIH, TIOC/E YMHOXEHHA Ha a,
abB 4+ acC =a;
ab : ¢ no ycnoBHIO; ac : ¢ OYEBUAHHIM 0Gpa3oM; 3HAUMT, H a4 : C}

31. OrpaHnyuMCS pacCMOTPEHHEM INpH3HAKa paBHO<
OCTaTOYHOCTH NMPH AEJEHHH Ha 8.

IMycts mpousBosbHOe HaTypasbHoe A npenctaBieHO
8 Buge 1000a 4 b, roe 0= b << 1000 (T. e. b —Tpex-
3HaYyHOe YHCJIO, KOTOPbIM OKaHuuBaetcs A), u

b, ecaun A = 1000,
f(A) = { ocraTKy ot nenenns A na 8, ecaiu 8=A4 < 1000,
He OMpeJeJsieHo, ecau A <8,

[TpoBepka Toro, uTo mpomecc MOCTPOEHUs MOCJaeL0Ba-
reabHoctH A, f(A), f(f(A)) (3mech f(f(A))<<8) neit-
CTBHTEJbHO SBJISETCA NPH3HAKOM PaBHOOCTATOYHOCTH,
OCYILIECTBJISIETCA CTAaHAaPTHO.

32. OrpaHuuyHMcsl pacCMOTPEHHEM MNpPH3HAKa pPaBHO-
OCTA4TOYHOCTH NpH HejeHHWH Ha 18 B HBeHaauaTepHYHOI
CHCTEMe CUHMCJIEHHS.

[Tyctb A npeacrasneno B Buge 144a 4+ b, roe 0 =
= b <144 (1. e. b— nBy3HayHOe B JBeHaAllaTePHYHOH
CHCTEME CUHCJIEHHS YHCJIO, KOTOPbIM OKAHUMBAeTCs 3alH-
CaHHOe B 3TOi cHcTeMe uncao A), u

b, ecan A = 144,
f (A) ={ ocratky ot nesenus A Ha 18, ecan 18 < A< 144,
He OINlpefeJieHo, ecan A < 18.

33. Ins Tex m, y KOTOPHIX KaHOHHYECKOE pasJsoiKe-
HHe uMeer Bua 2%.58,

34. YcnoBusi a) u 6) BBHIMOJHAIOTCS aBTOMAaTHYECKH.
[Mockonbky npu menenuu na 3 uucaa 10 u 1 paBHOOCTa-
TOYHHI, paBHOOCTATOUHBIMH K€ HOJIXKHbI GbITb H uHcaa A
n f(A). Haxkonen, to, uto f(A)<<A npu A =3, ycra«
HaBJIMBAeTCA NMPOCTHIM MOACYETOM.

35, a) f(858773)=238; f(38)=11; f(l11)=2.

6) f(A)=4444-4 = 17776; [(17776)=28; [(28)=
= 10; f(10)= 1.

36. TlpusHak paBHOOCTAaTOYHOCTH NpH AeJeHHH Ha 9
aHaJIOTHYeH PacCMOTPEHHOMY NPH3HAKY PaBHOOCTATOYHO=
CTH NPH JeJEHHH Ha 3,
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Hns nmonydyenus NpPH3HAKA PaBHOOCTATOYHOCTH NPH
JeneHud Ha 11 npeacrasum uncao A B Buge

10", + 10" %a,_, + ... + 10%, + a,

rie 0 = a; << 100. OueBuaHo, Takoe npeicTaBJeHHE CO-
OTBETCTBYET Pa3GHEHHIO YHCJIa Ha ABY3HAUHBE «IPAHU»
(cnpaBa HaaeBo). IlycThb

f(A)=
a+ta+...4+a, ecan A = 100,

={ ocratky or Aejenuss A Ha 11, ecanm 11 = A4 <100,
He onpeleJieHo, ecan A <11,

Hawm ocraerca ykasatb, uto uncna A u f(A) meficteu-
TeTbHO PaBHOOCTATOYHH NpH meaeHun Ha 11 u, kpome
Toro, f(4) < A.

Hpyrofi npu3HaK paBHOOCTATOYHOCTH NPH HeJeHHH
Ha 11 monyyaeTcsi Ha ocHOBe OGHIYHOM JAECSATHUHOH 3aMHCH
yncaa A,

A=10"a,+10""a,_, + ... + 10a, + ay,

H Hcrnoab3oBaHHA Toro, uto 10 npm gesnenun Ha 11 pas-
HooctaTouHo ¢ —1, a 100 —c 1. [Tostromy A paBHOOCT2-
TOYHO C YHCJAOM Ao— a1+ as—as-+ ... =an, u Pop-
MYJIHPOBKA COOTBETCTBYIOILEr0 NMPH3HAaKa PaBHOOCTATOY-
HOCTH HE COCTaBJseT TPyHa.

Haxkonel, M0oXHO, pa3buBas uucio A Ha Tpex3HauHble
«TpaHU», MPEICTaBHTb €ro B BHIE

10%a, + 10* %0, + ... + 10%, + a,

(0 = a;, << 1000). Torna A npu nenennn Ha 37 paBHO-
OCTaTOYHO € CYMMO# @o -+ a1+ ... - an, a npu nejeHuu
Ha 7, 11 u 13— co 3HaKonepeMeHHOH cyMMoO# ao — a1 +
+ as— ... d:an.

37. na npuMepa paccMOTPHM TNpH3HAK PaBHOOCTa-
TOYHOCTH Ha 8 B TpoHuHO# cHcTeMme cuncaenud. [Ipenpcra-
BHM JJIsl 9TOrO NPoH3BoJbHOEe A B BHIe

Q3"+ a, g+ 3+ i+ a1 Ftay, rre 0=l0,<9,

3aech a; cyThb ABY3HauHble I'PaHH, Ha KOTOPHE pasGu-
Baetcs uucao A, cuMTtas cmpaBa HaneBo, HaM ocraercs
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TNOJIOXKHTD
owt+a+...+a, ecm A=H9,

f(A)=<? 0, ecit A=38,

He OIlpefielieHo, ecmtn A<LS8,

H IIPOBECTH CTaHAAPTHbIE PACCYKACHHUS.

38. B mwectepHuHOil cHcTeMe cyucieHMs: 5 (k=1),
7 (k=2),43 (k=3),

B cemepuuHnoii cucreme cuucnenus: 2, 3, 6 (k=1),
4, 6, 12, 16, 24 (k=2), 171 (k=3);

B neBsitepuuHoii cucTeMe cuucaeHusi: 2, 4, 8 (k= 1),
5, 10, 20, 40 (£ =2),7, 13,14, 26 u 1. 1. (k—3),

B TPHHaJUATePHYHON cucTeMe cuucaenus: 2, 3, 4, 6
(k=1),7,14, 21 ur & (k=2).

39. B TpoWuYHOH CHCTeMe CYHC/IeHus: 2, 4 (k-— 1),
8,12, 24 (R=2), 13, 26 (k=3), 41 (k-4),

B nsaTepuyHoil cucreme cumcienud: 2, 3, 6 (k=1),
8, 12,24 (k=2), 31 (k=3);

B BocbMepuyHoil cucreMme cuucaenus 3, 9 (k=1),
5 13 (k=2);

B necstnunoit cucreme cumcaenus: 11 (k=1), 101
(k=2),7,11,13 (k=3).

40. ECJIH uhcsaa a M b paBHOOCTATOYHB, TO (a—Db) : 1.
ITostomy B cuiy TeopeMbl 6 uuca @ M b AeNATCA HIH
He JeJATCA Ha m ONHOBPEMEHHO.

Yncna 4 u 5 paBHOAENIHUMBI, HO HE PaBHOOCTATOYHHI
npH JeJIeHHH Ha 3.

41. Tlyctb U3 paBHOAENHUMOCTH Ha m CJEAYyeT PaBHO«
OCTaTOYHOCTb NPH JeJIEHHH Ha m. DTO 3HAUHUT, UTO BCE He
JeNsIiHecs Ha m YucJaa HMeIOT NPH JeJeHHH Ha m OfuH
H TOT e OCTaTOK. 3HAYHT, 3TOT OCTATOK AOJKEH GBITh
paBeH eIyHHLe, TaK UTO m =2,

42. OTHolieHHe PaBHOASJIHMOCTH Ha m, OUEBHAHO, AB-
Jasercad pedJeKCHBHbIM (BCAKOE YHCJIO PaBHOASIHMO Ha
m ¢ caMuMm co6o#), CHMMeTpHYHbIM (ec/IH @ paBHOAEJNH-
MO C b, TO H b PaBHOLENHMO C a) H TPAH3HTHBHHIM
(ecin a paBHOZENHMO C b, a b paBHOAENHMO C C, TO.H @
PaBHOJENHMO C C).

CrnenoBaTtesibHO, 3TO H €CTb OTHOIIEHHE 3KBHBAJIEHT+
HoctH. [Ipyu 3TOM B OAMH Kjacc MOMagaloT BCE YHMCJIA, A€+
JAfliHecs Ha m, a B ApYroil — Bce He Aeslyuecs Ha m.

43. HetpyaHo npoBepHTb, YTO NpH m > 2 paBHOAE-
JUMOCTb CyMM He CJeflyeT H3 PaBHOAEJHMOCTH cjaraes
MBEIX.
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HOas Toro 4Yto6H paBHOAEAMMOCTb TNpPOH3BEHAEHHMH
BhITeKalla M3 DPaBHOAEJAHMOCTH HX COMHOXHTeJeH, He-
00X0AMMO H [JOCTAaTOYHO, YTOOW uYHcNO m OBUJIO MNPO-
CTHIM,

B camom gene, ecnu oqHO M3 MpPOH3BEAEHKI AenHTcs
Ha MpocToe p, TO Mo Teopeme 13 Ha 3TO p HO/IXKeH ne-
JIMTbCA XOTH OBl OAMH M3 COMHOXHTEJEH 3TOro mpousBe-
Jeunst. Ho Toraa na p menutcs paBHOZENHMEI eMy co-
MHOXHTeNb APYroro NpoH3BeAEHHS, a IOTOMY M BCe Npo-
nsBelenne. Ecin xe 0QHO NMpOH3BeJeHHE HA p HE JEJHT-
cfl, TO H APYroe Ha p AeJHTbCA He MoxeT (16O B MPOTHB-
HOM C/yyae Ha OCHOBAaHHH TOJbKO YTO YCTaHOBJIEHHOTO
Ha p Jeauoch Gbl 1 mepBoe MPOH3BEJEHHE).

Hao6opor, ecain uncao p coctaBHOE, TO NPOH3BEAEHHS
PaBHOJEIUMBIX COMHOXHTEJEH MOTYT YK€ PaBHOAENHMBI-
MH He ObiTb. JOCTAaTOYHO MOJOXKHTb p==p1ps (p1 5= 1,
p25=1). Torna uucna 1 u p;, a Takke uncia 1 u pp pas-
HONEJNHMH Ha p, a npousBefieHHs 1-1 u p;-ps, OueBHAHO,
HeT.

44. HenocpencrBeHHoe ciaeactBHe 3axauu 36.

45. BrinosHeHHe YCIOBHH a) u 6) OYEBHIHO.

Ecan, panee, a —2b =0, To, oueBngHo, f3(4) << A.
Ecnu xe a —2b < 0, To 3T0O HepaBeHCTBO MOXeET U Ha-
pywntbesi. Ilpu 3Tom HauGosbuiee 3HaYeHHe MOAYJSA
|a —2b] mocturaerca npu a =0 u b =9 u pasno 18.
CanenoBatenbho, npy A = 19 pomkuo G6HTb f3(4) << A.
CnpaBea/IMBOCTb 3TOr0 HEPaBEHCTBA MPH MEHbUIHX 3Ha-
yeHHAX oGecneynBaercs onpejenesneM QYHKUHH f.

Hakonen, 10a-+ b pasHogennmo Ha 7 ¢ 50a - 5b
(n6o umcna 5 u 7 B3aMMHO NPOCThIE) M TEM CAMHIM C
50a 4+ 56 —7(7a 4 b)=a — 2b.

46. Yucno 15 npu menenun Ha 7 paer B ocratke I,
al—2.5=—9 naer B ocratke 5.

47. Ycnosue B) f4(A) < A osnauaer a - 4b < 10a+-
4 b, T. e. 3b << 9a. IToaTomy npu a = 4 HyKHOe yC/IOBHe
BLIROJIHAETCS.

Ycaosue r) oueBuaHo, 10a -+ b npu nenennn Ha 13
paBHogeauMo c 40a - 4b, a nocaefHee YHCIO PaBHOOCTa-
TouHo ¢ a - 4b.

48. TIpu3HaK AEIHMOCTH YTPaTHT pPe3yJbTaTHBHOCT,
mak Kak f4(39)==39.

49. TlycTb HaM HYXKHO MOCTPOHTb NMPH3HAK JENIHMOCTH
Ha Hekotopoe m. Ilocrapaemca nomo6paTb Takoe s,
B3aUMHO TIPOCTOE C m H MO BO3MOXHOCTH He60b-
woe, uto (10s41):m (rak Obo B caysae m =7,
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s OKasajocb paBHHM 3) mau xe (10s—1) ! m (manpus
mep, npu m =13, s =4).

B nepBom u3 3TuX cayuaeB A =10a + b paBHOmeNH-
MO Ha m ¢

10as 4+ bs=(10s 4+ 1)a — a -+ bs,
T. €. C a — bs, a BO BTOpoM — ¢

(10s — 1)a 4+ a + bs,
T. €. C a -} bs.
B c853u co ckasanuuM unciao 10a + b

npu geneHun Ha 17 paBHomenumo ¢ a — 5h,

npu peqaednn Ha 19 paBHomesanmo ¢ a4 2b,

npu AejeHHd Ha 23 paBHomeauMo ¢ a -+ 7b,

npu aeneHud Ha 29 paBHogeaumo ¢ a -} 3b,

npu jgeneHud Ha 3l paBHogesnmo ¢ a — 3b
H Boo6Lie

npu nesenun Ha 10k = | paBHomenumo ¢ a F kb.

3apepulenHne TOYHbLIX (OPMYNHPOBOK 3TUX MPH3HAKOB
AETUMOCTH MPEAOCTABJACTCA YHTATEIO.

50. a) Tak kak 100 npu neneHun Ha 49 paBHOOCTa-
TOYHO C 2, BCAKOE YICJI0 BHAA

10”2, + 10" %, _,+ ... + 10%,+a, (0 =a, <100)
NpH AeNeHKH Ha 49 paBHOOCTAaTOYHO ¢
2", +2"'a,_ + ... +2a, + aq.

6) 10a 4 b npun nenesnn Ha 49 paBHOAENHMO C
a -} 5b.

1. Ouenano, npu A = 6 nomxkuo 6uth f(4) < A.

52. a) B ceMepHuHONl cHCTEME CYUMC/EHHsI MpeJCTaBs
nenve A B BHAe 7a + b paeT, YTO MpH AeNeHHH HA 5 uuce
J0 A paBHogenumo ¢ a -+ 3b.

6) B onmHHaauaTepuyHO# CHCTeMe CUHMC/IEHHs mpeis
craBiaenue A B Bune 11a 4 b naert, uto npu genenud ua 7
uncao A paBHoAeaHMO ¢ a -} 2b.

B) B 1aBeHaguaTepuyHoii cHCTeMe CYHCJIEHHs, TNped-
craBaas A B suge 12a + b, nonyyaem, 4TO NpH JE€/NEHUH
Ha 17 uucno A paBHomenumo ¢ a — 7b.

53. YcnoBus a) u 6) BBHINONHSIIOTCS aBTOMATHYECKH.
YcnoBus B) u r) coGJI0AAIOTCS NMOTOMY, YTO MEPEXOL
oT A x Frn(A) cBomHMTCS K 3aMEHE HEKOTOPHIX UHCEN Ha
HX OCTaTKi NPH NeJeHHH Ha A (KOTOpHe MeHbllle CaMHX
uhcesl U PaBHOOCTATOYHH C HUMH).
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54. a) ro=r;=...=r,=0, T.e. rp=0 (k=2);

6) rs=ry=...=r,=0, T. e. r,=0 (k= 3);
B) n=ry=...=r,=1, T. e. r,=1,
N n=n=...=ry_1=—1, n=r=...=ry=1,

T, €. rp=(—1)%

Il)lfst+|=3, Tetr2 =2, Tot43="0, rgepa=4, rety5=>5,
regt= 1.

55. Tlpenocrasnserca yuTartadio.

56. BosbMeMm npon3BosibHOE /m H MOMOKHM

r, paBHLIM OCTaTKy OT AeJieHHsa ! Ha m,
ry PaBHBIM OCTa1Ky Ol [eJIeHHs [r; Ha m

v 1. 1. Toraa uncio

antn + an-llm-l + cee + alt + a

OKa3blBaeTCA NPH OE€JCHHH HA m PABHOOCTATOYHLIM C YHC*
JioM

aprp,+a,_ro1+ oo a4+ a,.

INocne 3toro moctpoeHue TpeGyemMoro nmpH3Haka He CO=
CTaBafeT TpyAa.

57. TlpenocraBasercss YHTaTENIO.

58. 102=7.144 2, tak uto r =2, H Mbl HMeeM

Ay=1048576, A,=1-23+4.22485.2+476=270,
A=2-2470=T74, A;=4.

59. Ecau ¢ paBHOOCTaTOYHO C r==r; NpH [eJIECHHH
Ha m, TO

{r; paBHOOCTAaTOUHO C r’=r, NpA HeJeHAH Ha m,
Ir, PABHOOCTATOYHO C r3=r; MpH JeNCHHH Ha m,

HT A

60. Hu 24— 2, uu 22 — | ne nendatcsa Ha 4.

61. Ecnu a i p, 10 a” : p,u Teopema gokasana. Ecau
e g He JeJHTCS Ha p, TO @ B3aHMHO MPOCTO C p, H MH
MOXeM MpHBEAEHHOE B YCJOBHH TEOPEMbl CpaBHeHHe CO-
KPaTHTb:

ar-1=1(mod p).

Jaa noxasaTtesbCTBa MOCJAENHEr0 CpPaBHEHHsS pasze-
JHM Ka)kJoe U3 yucea Buma ta (=1, 2, ..., p—1)
Ha p ¢ OCTaTKOM:

ta=qyp+ry.



310 MOXKHO nepenucaTth Tak:
a=rn (mOd p)t
2a=r2(modp), (p.ll)

® 0 o o o o o o o o

(p—1)a=r,_;(modp).

M3 pesynbraTa 3agauu 26 ciesyer, 4TO CPeaH dHcesa
r¢ POBHO MO OAHOMY pa3y BCTPETHTCS Kam[Aoe H3 uucel
1, 2, ..., p— 1. IlepemHoxkaa Bce cpaBHeHHs, Mbl MO+
Jyuyaem

1.2 e (p_l)ap-lgl,2 ee (p—l)(mOdp).

Ham ocraercs cokpaTuTh 510 cpaBHeHne Ha 1-2- ...

vee ~(p—1).
62. q;()12)=<p(22.3)=22-1(3—1)=2.2=4,
P(120)=@(23:3.5)=2"13—=1)(5— 1) =

=4.2.4=32,
®(1000) = @ (2° - 53) = 2*-153-1 (5 — 1) =
=402504-—_—4000

63. Bymem HcKaTb m B BHAE pj'p;? ... pyk. Toraa

a) PP (o = 1) P5 (e — 1) oo P27 (P — 1)=10.
Crosillee cneBa Npou3BeleHHe AOMMKHO JAelHTbca Ha 5.
3Hauut, AH60 OAHO M3 uHCEN pi, P2, ..., Pr €CTb D
(nycTh ANs OnpeneneHHOCTH p == 5), 160 Ha D JAeauTCs
omHa u3 pasHocteh pr— 1, po—1, ..., pr—1 (nycTsp
B 3ToM cayuae (p; — 1) : 5). B nepBom u3 aTHx ciayyaes
p1— 1 =4, uero He MoXeT OHTb, TaK Kak 10 Ha 4 Hue
Jenutcsi. Bropoit ciyua#, mockonbKy p; HAOJMKHO ObITh
npocteiM uucaoM u 10 i (p; — 1), BO3MOXKeEH JHLIb NPH
p1=11. Ho Toraa oy =1, u u3 Teopemn 25 caenyer, 4to

o (fr)=1

2 —1, aubo %=2'

11
B utore mbl umeeM m; == 11, my = 22,

6) P (o, = 1) p3 (pp— 1) ouv PR (P — 1) =8,

Ecnn m HeueTHoe, T0 oy =d2 = ... = ar=1 (H6O
nmpaBas 4acTb HAanMCAaHHOTO PpAaBEHCTBA €CTb CTeNeHb

ABOMKH) :
Pr—=1DP2—1)ee. (pr—1)=38,

T, e. Jubo
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910 BO3MOXHO auWb npu k=2, py=3, po=5 1. e
npu m == 15.

[Mycrs Temepw uncno m uerHoe. [Mosoxum AAs omnpes
AeNeHHOCTH p; =2. OueBHAHO, MO-NPEXHEMY a2 == ...
veo =0 =1, 1 MH UMeeM

2° Ny —1) ... (pe— 1) =8,

OueBunno, a = 4. Ecn @ =1, 10 cayua#t monoGen pace
CMOTPEHHOMY: HAMHCAHHOE HEPABEHCTBO BO3MOXKHO TaK+
Ke JUWb npH k=3, ps=3, p3 =5, T. e. npu m =30.

Ectnoa=2,10 k=2, po=5u m=20.

Ecima =3, 0 k=2, pp=3um=24.

Ecau, HakoHen, o =4, 1o k= 1u m = 16,

Hrak, pemenns Hamedl sagaun: my =15, my= 30,
ms = 20, my== 24, ms =16,

64. IpeanonoxuM, yTo

PO o = 1) P (py— 1) oo P (p— 1) =14,

Kaxnoe u3 uncen suia p; — 1 ectb An60 eannuna, au6o
YeTHOe YHCJ0, H MOTOMY He MOXeT OHTb ceMepKoH. By«
Ay4yd Ha eAHHHLY MeHblle [OPOCTOr0 YHE/Ia, OHO HEe MO+
XKeT paBHATbCA 14. 3HAuUT, ceMepKOH SIBIAETCH OXHO

u3 yncen pHi~'. Ho Torna p;— 1 =6, a 14 na 6 He gee
anTCA.
65. Tlycts m=p'p;? ... pgk. PaeccMoTpum cHayana

cayyail, Koraa m ecTb CTENeHb NMPOCTOro yHcaAa: m = p%,
Jast Toro 4ToGhl HEKOTOPOE YHCJIO OblIO B3aHMHO MPOs
CTHIM C m, HE0OX0AMMO H AOCTAaTOYHO, YTOGHI OHO He Je+
Jaunoch Ha p. Ho cpenn uncen 0, 1, 2, ..., m — 1 umeers

m
Ccd BCEro 7 AeJAUHXCA Ha p 4YHUCelN. CJle)J.OBaTe.JIbHO,

B3aHMHO MNpPOCTHIX C p 4YHCEJ B 3TOM CIHCKE HMeEETCH
CTOJILKO:

m—2=m(1=2)=p(1 —5)=p""(p—D)=0(m).

3aMeTuM Teneph, YTO AJAA B3aHMHON NPOCTOTH a U m
Heo6XOAMMO M JOCTAaTOYHO, YTOOW C @ OblJI B3aHMHO
NPOCT OCTATOK OT JeJIeHHS a Ha m.

[To TONBKO YTO YCTAHOBJEHHOMY YHCJO OCTaTKOB OT

(]
JeseHHs Ha p;!, B3aUMHO NPOCTHX C p;!, PaBHO (p(p‘;i).
Ho, kak 61O BHISICHEHO B MPOLECCE pelleHHs 3afauu 28,
H3 DaBHOOCTATOYHOCTH YHCEN NDH JENEHHH Ha Bce pié
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CleAyeT HX PAaBHOOCTATOYHOCTh NpPH JeJeHHH Ha m, H
Haobopor. Kpome Toro, ana B3anMHO#M NMPOCTOTH HEKOTO-
poro umucja ¢ m HeOGXOAUMO H HOCTATOYHO, YTOOH OHO
6BLLJIO B3aHMHO NPOCTO € KaXKIALIM H3 4HCeJ p'f‘.
CJacmoBaTe/lbHO, KaJoH KOMOHHAUHMH OCTAaTKOB OT
JeJeHHs Ha p‘,", pgz ye ooy pﬁk, B3aHMHO NPOCTHIX C COOT-
BETCTBYIOLIUMH JeJHTENAMH, COOTBETCTBYET POBHO OAMH
OCTaTOK OT JeJieHHs Ha m, B3aUMHO npocrtoii ¢ m. Ham
OCTaeTcs 3aMeTHTb, UTO YHCJIO TAKHX KOMOHWHALMH ocTaT-

KOB paBHO
o (ri)e(p) --- o(PiF) =0 (m).
66. Mb umeeM

ay=A+qm,, ay=A+ qm,.
INoatomy

(alm2 + agml) (ml _l_ mz)‘l’ (mum3)—1 —
= (A (ml + m2) + (Ql + ‘72) mlmz) (m, + ”12)‘D(Inxmz)—l =
= A (ml + m2)‘l7(m|mz) + (ql + ‘72) mym, (ml + mz)(v(mmlz)-l.

3nech no Teopeme Jilsiepa MepBoe ciaraeMoe NpH AeJe-
HHH Ha mymy PaBHOOCTAaTOYHO C A, a BTOpoe HdenHTCA
Ha mymy. 3HAUHT, BCA CyMMa NpPH JeJeHHH Ha m,my paB-
HoocTaToyHa ¢ A.

67. TlpenocraBisieTcsi YUTATENIO.

68. IlpenocraBasieTcsi yuTaTeNIo.

69. TlpenocTaBnsieTcss YHTATENIO.

70. n® — n=n(n?2—1). Ho

N2 = nP13) = p20(7) = p308) = e ) = 120 ),

IMoatomy am6o n:p, mu6o (n'2—1):p ana p=2, 3, 5,
7, 13. Ocraetcs cocnarbea Ha TeopeMy 16.

71. TlpepocraBasieTcsi YUTaTeJIo.

72. TlpenocraBasieTcss YUTaTENIO.

73. Tlyctb HauGoabiuMil OGIIKA AeAHTENDb Yucen a U b
ectb d. Ecan ¢ He aenutcs Ha d, TO ypaBHEHHe

ax+by=c

B LleIbIX yHucaax Hepaspewnmo. Ecan xe ¢ penutcs Ha d,
TO 00e YaCTH ypaBHEHHS MOXHO COKPaTHTb Ha d, H MH
NPHXONHM K yXKe pacCMOTPEHHOMY caydaio.

74. Tlyctb A u B TakeBH, 4TO

aA+bB=1.



ITonoxuMm
x;=cA-+ bt,

1—aA
Yyg=c— —af,

Torna
ax;+ byy=a(cA+bt) + b (¢ 1524 —at)=
=caA+abt 4 c(l —aA) —abt =c,

u (Xt Y:) NeHACTBHTeNIbHO $BJSAETCH pelleHHeM HALIETOo
ypaBHEHHS.
75. a) x;=9-5+7t=28125+4T7¢,

1 —58
Y= 9~ — 5t = —20 088 — 5.

IMockoabKy cBOGOAHBIE UleHH H KO3 dHLHeHTH TipH ¢
B BhIPaXKeHHAX MJIf X H Y, TaK CKa3aTh, «NPHMEPHO Npo-
MOPUHOHA/NBHLI», MBI MOXeM HalesThCs NOJYYHTb Npel-
CTaBJIeHHs HAILUX pellleHHH B MeHbIIHX yHcaax. B camom
Jlefle, Mbl MOXeM HamHcaTh:

x, =647 (t + 4017),
yr=—3—5(t + 4017),

HJIH, noJarasa

44017 =¢,
nojyyaem
xp =647t
Yy = -3 —5¢,

3aMeTuM, 4TO cnoco6 pelleHHs ypaBHeHHil B LeJHIX
YHCJaX, NPHBeAeHHHH B 3aj4aye 74, n03BOJIseT 0OXOAHTb-
csl MeHbUINMH YHCJaMH, XOT H TpebyeT HeCKO/bKO Oojee
CJIOJKHBIX BHIYHCJIEHHH.
6) Bocnoabsyemcs TeM, uTo 25 nmo moay.aio 13 mpHs
HaJJIeXKHUT noKasaTesio 2. Mbl MOXeM HanucaThb:
x;=28.:25+4 13t=200+ 13,
1 — 252
y1=8 —3—— 25¢ = —384 — 25¢,

HJIH TocJ/ie YnpolleHni
xv=>5-413¢,
Yy =—9—25¢,
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76. YcnoBue B) obecrmeunBaeTcsi aBTOMAaTHYEeCKH, a
ycoBHe T) ClefyeT H3 TeopeMbl 25.

77 m|17 19 27 29 31 49

"K|12 (um —5) 2 19 3 28 (wwm —3) 5

78. TlpenocraBasieTcst YuTaTEMIO.

79. TlpepocraBisieTcs YHTaTe 1o,

80. a) 89D-1 =81l = 645.8. [1pu nenennu Ha 21 3to
9HCJI0 PaBHOOCTAaTOYHO ¢ 8. 3HauuT, yucaa 8a-b u a+
-} 856 paBHOme/uMBEI Ha 21.

6) 1206h-1 =122 =(122)14.12 = 1444-12 npu pene-
HuH Ha 31 paBHogcTaTouHo ¢ 1114.12=1217.12=
= (—3)"+12 = —(3%)2:3.12 = — (31 —4)?(31 4+ 5), ur0
paBHOOCTaTO4YHO ¢ —16-5 = —80. ITocsenHee yncI0 Ove-
BHAHO paBHoOCTaTOYHO ¢ 13. 3Hauut, yucna 12a+b u
H a -} 13b paBHogenuMul Ha 31,
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TeopeMBL.

25. A. C. CmoropXeBckuii, JInHelika B reoMeTPHUECKHX MOCTpOe+
HHAX.

26. B. A. Tpaxrven6por. AnropHtMbl H MallHHHOE pelleHHe
3anau.

27. B. A. Ycnencknii. Hekoropbie nNpH/IONKEHH MEXaHHKH K
MaTeMaTHKe.

28. H. A. Apxanreabcknit 1 b. H. 3afiues. AsroMaTHuecKHe
uAGpPOBble MaLIHHBL.

29. A. H. Kocrosckuii. TeoMmeTpHYeCKHe NOCTPOEHHSA OAHHM
LHPKYJEeM.

30. T. E. WuaoB. Kak cTpouts rpaduki,
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Bun. 31. A. I. Jopdpman. OnTHKa KOHHIECKHX CEUeHHil.

Bruin.
Bumn,
Brin.
Bun.
Bwmmn.
Buin.

Buin.
Bumn.
B,
Broim,
Bhin.

Buin.
Bem,
Buin.

Buim.

Bun.
Boin.

Brin.

B

Buin.
Buin,
Buin.

Brin.
Brin.
Buim,
Buin.
Buin.
Bun.

32. E. C. Bentiedb. DjleMeHTH TeOPHIL HFp.

33. A. C. Bapcos. Uro Takoe JHHefiHoe nporpaMMHpoBaHHe.

34. B. E. Mapryauc. CHCTeMH JIHHEMHEIX YpaBHEHHI.

35. H. Sl. Bunenknn. Meron nocsnenoBaTe/IbHHX NpHOGAMKERHi.

36. B. . Boaranckwuii. Oru6Gatomas,

37. I. E. Wunos. Tpocras ramma (ycTpoficTBoO MY3HIKaMBHOM
IUKAa/H).

38. 10. A. Lipedigep. Uto Takoe paccrosnue?

39. H. H. Bopo6bes. [Ipusnaki pesuMocTy.

40. C. B. ®omun. CHCTEMB CUHC/IEHHS,

41, B. 10. Koran. Ilpuioxenue MexaHHKH K reoMeTpHH.

42, 10. W. Jlio6uy u JI. A, Lllop. KnHemaTHYeCKHH MeTOA B reo-
MeTPHUECKHX 3afadax.

43. B. A. Ycnenckuii. Tpeyronbuuk I[Tackans.

44. W. 4. Bakeabman. HuBepcus.

45, U. M. firnom. HeoGrikHOBeHHAs aare6pa.

46. H. M. Co6oab. MeTon MonTte-Kapio.

47. JI. A. Kaayxuun. OcHOBHasi TeopeMa apHMETHKH.

48. A. C. CononoBuukoB. CHcTeMBl JHHEHEIX HepaBEHCTB.

49. T. E. lliunos. MaremaTHuecKHii aHa/MH3 B 06JIaCTH paiHo-
HaJbHHX GYHKUH,

50. B. I. Boaraucknii, . Il. FoxGepr. Pa36uenne ¢uryp Ha
MeHbIIHe YacTH.

51. H. M. Beckun. H3o6paieHus npocTpaHCTBEHHHIX ¢Hryp.

52. H. M. Becknn. [lenenne oTpeska B AaHHOM OTHOIIEHHH.

53. B. A. Pozendeann u H. JI. CepreeBa. Crepeorpaduyeckas
NPOeKLHs.

54. B. A. Ycnenckuii. Mawmuna ITocra.

55. JI. Bepan. YnopsfoueHHbEe MHOKECTBA.

56. C. A. AGpamoB. DieMeHTH MPOrpaMMHPOBaHHS.

57. B. A. Ycnenckuii. Teopema I'efens o HenoJHoTe.

58. 10. A. llamkun. diiepoBa XapaKTepHCTHKA.

59. JI. A. CkopHskoB. CHCTeMI JIHHEHAHLIX YpaBHEHHI,
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