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NPEAHCNOBHUE

B Kypce MaTemMaTukH cpeiHeid WIKOJAB yd4aUlHACH 3HaAKO-
MHTCSl CO CBOHCTBAMH HepaBEeHCTB H METOLAMH HX pelleHHd
B nNpocTeAlluX caydanax (HepaBeHCTBA MepBOH H BTOpOIi
CTeneHu).

B atofi KHHXKKe aBTOp He cTaBu/ ceGe Le/1bI0 H3A0XKHTb
OCHOBHble CBO/iCTBa HEPABEHCTB, a4 CTPEMHJICA JIHLIb MO3Ha-
KOMHTb YYalHXCSl CTAPLIHX KJaccoB CpellHeH LIKOJH C He-
KOTOpPHIMH 3aMeyaTe/IbHbIMH HEPaBeHCTBAMH, HIDAaIOLIHMH
6oJblIYI0 POJb B Pa3/MYHHIX pasfenax BhICIIed MaTeMa-
THKH, U NPHMEHEHHEM HX K HaXOX/eHHIO HaHGosbliero u
HAHMEHbUIEero 3HaYeHHs BeJHYHH H K BHIYHC/JEHHIO HEKOTO-
pHIX TIpeseJos.

B kHuxKe npuBoguTca 62 3anaud, u3 koTOpLIX 36 C mMoO-
BpoGHBIMH peLlIeHHSIMH COCTaBJIRIOT OCHOBHOE ee COJeplKa-
HHe, a 26 3anay galoTcs B KoHue §§ 1, 4, 5 Menkum wpHd-
TOM B KauecTBe ynpa)XHeHHi. PeuweHue ynpakueHuit uuta-
TeJlb HaleT B KOHLE KHHXXKH.

CamocrosiTenbHoe pellleHHe HECKOJbKHX TPYAHBIX 3a-
Ray, HeCOMHEeHHo, NMpHHeceT YydauHMcs OOJbIIYIO MOJb3Y,
yeM peliende 60JBLUIOrO YHCa 3a/1a4 MPOCTHIX.

[Tostomy Mbl mpeanaraem yyauumca ofpamaTbes K pe-
HIeHHAM YHOpaXXHeHWA TOJIbKO Nocje Toro, Kak Oyner.Hait-
IEeHO CaMOCTOATeJbHOe pellleHHe, OGbITb MOXeT H OTJHYal0-
meecs (4To OueHb XoOpouio!) OT pellenHsl, YKa3aHHOro
aBTOPOM.

[pn noxkasarenbcTBe HepaBeHCTB M pellleHHH 3ajay as-
TOp NOJB30BaJjicHd JHIIb CBOACTBAMH HepaBeHCTB H Mpese-
JIOB, H3yuaeMbIMH B 9 Kjacce cpegHeR WIKOJIbI,

I1. Koposkun

1*






§ 1. Lenoit uwacmero uucaa x (o6osuavaercs [x]) Hassl-
BaeTCs HauboJbllee 1e/oe YHC/AO0, He [PeBuCXOisllee X.

Hs storo onpesenenns caeayer, uro [x|<{x, Tak Kak
uesas 4acTb He npeBOCXOAMT x. C Apyroft cTOpOHbl, Tak Kak
[x] — HanGoAbLIEE LEN0E YUCTO, YAOBMETBOPSIOULEE OCAEAHEMY
HepaseHcTBy, TO x|+ 1 > x

Takum o6pasom, [x| ecTb uesnoe 4HC/IO, OpenesiOLIEECs

HEepaBeHCTB {MH
[x] <x < [x]+ L

Tak, nanpumep, u3 HepasencTB
3<n<4 5L <6, —2<—V2<—1,5=5<6
caeflyer, 4to

] —3, [%]=5, |—VT)|——2. I5|—5.

3agaya |. Hafith neayio uacts uucaa
1 1

1 1
=yt ye Tty tyse
Pemenue. Bocnonbsyemcs tiepaBeHCTBaMH:
1< 1 <L,

07< )/ L<os8
0s< /L <os
05< )/ <os,
04< )/ <05

1/,2 1. T1. KopoBkHy



(oHu monyyatorcst pH H3BJEYEHHH KOPHEl ¢ TouHoctbio A0 0,1
C HEAOCTATKOM W H36biTKOM). CnoMHB 3TH Hepaseucrsa'), mo-
JYUHM:
14+07405+05+04<x<1+08+0,6+0,540,5,
T. e. 3,1 <x< 3,4 u, caenoparenvHo, [x]= 3.

3anaua 2. Haiity uenyio dacts yucna
1 1 1 1
v=ltE sty v o

Pewen e Dra3agaya omIHYaeTCs OT ApeAblLyLleli TOIbKO
KOJIH4ECTBOM CNaraemplx: B MEpBOH C/AaraeMeix 5, BO BTOpOH—
1000000. Ho yxe 310 06CTOSITENBCTBO AeNdeT MPAKTHISCKH
HEBO3MO2KHBIM IpHMEHEHHE NpeALIAyllero METOAa peluCHHUA.

Jins pelueHHs 3ajadd H3yYuM CyMMy

1 1 { 1
1+’ﬁ+ V-——:3——+V-—T—+---+Vf.

C 310li HeNMbio NOKaXKEM HEpaBeHCTBa
—— - 1 -
2Vn—{—1—2Vn<i/T<2l/n—-2Vn——! (1

B camoM aene, Tak Kak

VR T il—oYn=20rtl—¥VnWrtl+yn _

Vatl+Vn
_ 2
T Va¥i+Vn
H
YVnri>yn,
10

2Vn—{-l——2]/71<2—‘/2—_n—=17%—.

dtuM j0Ka3aHa NepBas dyacTe HepaBeHcTBa (l); BTOpasd ero
uacTb AOKa3biBaeTCs aHaJOrH4HO.

1) A. Tl. Kucenes, Aare6pa, u. II, 1956 r., crp. 68.



Ilonaras s Hepaseuctmax (1) n=2, 3,4, ..., n, noayuum:
2 B—2)2T< l7‘2:<2V§—2,
2VZ_2V*<VL§<2V§~2V§,
21/—_2V4(V <2V4—2V3,

]/r1+1—2]/n<l/—<2]/n—2]/ n—1.

CnoxuM Tenepb 3TH HepaBeHCTBA

2V n+1—2y2<

1 1 A

l'lpuﬁaamm KO BCeM 4HacTiaM NOJYy4Y€HHDbIX HepaBeHCTB 110 l,
HalAeM:

2Vn+1-—21/2+1<
1 1 1
< +V +V3+V.4_+"'+W<QV"_1' 2

Tak kak 21'2<3, a Vn+ 1 >V n. 10 ua nepasercre (2)
CAENYET, HTO

2V7~2<1+V%+V%+ '

l .
== <2V n—1,
g7 Tt s <

(3)
[loap3ysich HepaBeHCTBaMH (3), JIErKO HalieM remephb (eayio
4acTb 4MC/a
1
y=1+ ==

Tt e

i I
V2 V3‘+I/T
Ins aroro, mnonaras B HepaseHctBax (3) n = 1000000,
MoMyYuM:

2]/’_‘—1000000—2<
<1+V V3+ +m<21/1oooooo—l,
HJIH

1998 < y < 1999.
Caenosaresbro, [y| = 1998.



3anaua 3. Jokasats HepaBeHCTBo

1 3 5
X=3'7% 1oo<10'
Pewenue. [lonoxkum
_ 246 100
Yy=35 7 - 101
Tak kak
1 2 3 4 5 _6 99 100
— _ —_— — —_— T e
<3 T<®H FT<T 0100 101
10 X < Y H, CAeN0BaTE/bLHO )
2 1 23 45 6 9 10 1
X< Xy=5 -3 756 7 100 101 0l

Usenekasi kBaapaTHbi Kopetb H3 0GeHX dacTeil HepaBEHCTBa,
noJyqum 2);

x <L — VW < 0,1,
Yupaxneuus

1. Jloka3ath HepaBEHCTBa

I
2Vnti—2ym<—

1
CAREEL

2, Joka3aTh HepaBEHCTBA

L oV m—T
+-.. +’/,-1—<2Vn 2Ym—1

i 1 1
1800 < V10000 + V10001 +...+m< 1800,02.
3. Hai#itw [50z), rae
! 1 1
= Vo000 T Y1006t T+ T 3T000000 -

Oma. |50z}= 90000,
4, MeTonoM MaTeMaTA4eCKOH HHAYKUMM HOKA3aTh HEPaBEHCTBO
} 3 5 2n — | 1

246 ' 2a <'/3,,_*_1'
5. JlokasaTh HEpaBEHCTBO
L 3 5 99 1
2 "4 '6 100 <12

1) A. Tl. Kucenes, Aare6pa, a. 11, 1956 r., crp. 68.
2) Tam xe, cp. 99,



§ 2. lepefineM Tenepb K H3YUCHHIO HEKOTOPHIX BAXKHLIX
HEpPABEHCTB, NpPHMEHAEMBIX MPH DPEIleHHH MHOrMX 3anad.

W3 HepaBeHCTRA (x;— X,)*> 0 ciexyer, uTo xi + X2 > 2x.X,
OpHYEM 3HAaK PaBvHCTBA HMEET MECTO, TOJNLKO KOTHa Xy==X,.

Ecan x; v xy— nosioxutesbHBIE YHCJA, TO, pasjienns obe
9acTH TOCJEIHEr0 HEpaBeHCTBA Ha X Xy, MOJYYHM:

X X
§+f>2. 4

[Tombsysicb HepaBeHCTBOM (4), JIEFrKO JOKaXeM 49TO CymMma
08YyX NOAOKCUMEAbHBIX 4UCEA He MeHbwe 2 ecau npousse
OeHue ux pasHo edunuye.

i
B camom nene, ecnin xy=1. 10 y=—. Hepasencrso

x+y>2, 1. x4+ l—x > 2 cnenyer w3 HepaseHcTBa (4) npn

X=X " x=1

JlokaxeM Tencpb TeopeMy

Teopewma 1. Ecau npousgedenue n noOAOKUMEAbHOIX
qUCeA PABNO | O UX CYMMA HE MEHLUIE n

JLpyruMH cl0saMH, W3 PaBEHCTRA X(X»X3 . . . X,= | caexyer,
4T0 X, + X3+ X3+ ..+ x, >n, upudeM x + xy-4 x5+
4+...4+x,>n ecay 4yncjaa X,, X, Xz ..., X, HE BCe
OLLHHAKOBHI

JRokasateanctBo. [Jokaxem 3Ty Teopemy METOLOM
M3TeMaTH4CCKON HHRYKIHH ).

Panee Mb 10Ka3aaH crnpaBeAiHBOCTL TeopeMul | aaa cay-
4as ABYyX MOJOKHTENbHLIX HHCeN (n = 2).

IMpeanonaras, uro Teopema Bepua ans n==~k > 2, 1. e.
npeanosaras. 4To HEpaBencTBO

Xt xtx+ .. Fx, >k

HMEET MECTO. eC/IH X XoX; ... X, = |l. BOKawem reopeMy ujs
n==%k-+1, T. e. DOKAKEM, 4TO

x1+x2+x3+...+xk+xlg+l>k+ l‘

€CHH X XpX3 ... X Xpp1= |, nprueM £, >0, x>0, >0....
et Xy > 0, xp31>0.

1) TMoapoGuee o MeTole MaTeMaTHUeCKOd HMHAYKUHH PACCKa3aHO
B wamkke: M. C. Comnmrckuii, Meron MaTemaTHuecKOH HHAYK-
uuy. u3A. 7, [NaBHA® pelakuUHA PU3HKO-MAaTeMaTHYeCKON JIHTEpaTyphi.
1965 (cepus «IlonyaspHsie NekUHu N0 MaTeMaTHKey, BHOYCK 3).



[Mpexme Bcero samerum, 4ro e€cniH
X1X2x3 . .xkxk+| = ]'

TO MOTYT NpeACTaBUTHLCH ABA Caydas:
1) Bce MHONKHTENH X;, Xy Xz - .., Xy Xe41 ONHHAKOBHI,
T €.
Xy ==Xy=Xg=...= X, = Xp41,

2) He Bce MHOMHTEAN OAHHAKOBHI

B nepeoM ciyyae Kax bl MHOKHTENIb PaBeH elHHHLE, 8 UX
cymMma pasHa k4 1, T. e

X+ttt Xt X =k L

Bo Bropom cayyae cpesH MHOXHTENed NPOH3BeAECHHS
XXy .. . XpXry) HaBLyTCH uHucia Kak Oosblie, Tak H MEHbIUE
eaHHUUL (ecniH Obl 8Ce MHOXHTENH OBIIH MEHbIIE eAHHHIH, TO
H OpulsBeleHHe HX OBLIC 6 MeHbllEe €IHHHUIUH)

ycTb., HanpuMep, X, < 1, a xey > 1. Mul nmeem:

(X4 Xp41) XpXg o - o X, = 1.
IMonaran y, = x Xe1, nONyUHM:
YXaxy . X, =1

Tak xak 3jnech npousseneHHe R NOAOKHTENEHBIX YHCEJ PABHO
e1MHHLE, TO (COMIAaCHO NPEfNoNOKEHHIO) HX CYyMMa He MeHblue &2,

T. €.
Bttt .+>k
Ho

Xy + X+ X34 .o+ X+ Ko =
=+ttt . .+x)+Xean—y+ x>
Sk4xep—y+x=F+ D+ xeer—y +x — L
Bcnomunas, 4to y, = x,Xpy), UOJYUHM:
Y+ %4 G+ X X >
>R+ D+ o —xxe0+x,—1=
=k + 1)+ (et — (1 —xy).

Tak kak x <1, a xga>1, 10 (e — (1 —x)>0 u
C/IeI0BATEIBHO,

XXX+ Xt e >
S (k4 1)+ (ke — (1 —x) > b+ 1,

ATtum teopema | jpoKkasaHa.
10



3anaua 1. Jokasath, 4TO €ClU X, X3, X3, ..., X,—
MOJIOXK HTE/IBHLIE YHCIa, TO

x X3 Xn_ X
wto bt

X, % > n,

npHYeM 3HaK paBEHCTBA HMEET MECTO, TOJNbKO KOrjia
Xy =Xy =X3=...=X,.
Peweyne Tak Kak

LI T W7 R |
X x " %, X ’

TO HepaBeHCTBO cjeayer U3 TeopeMu |. 3Hak paBedcTBa HMeer
MECTO, TOJILKO KOrja

h B e A
X, X3 T T x,  x !
T. € KOTHA X, =X,=Xz=...=X,,.

3anaua 2. [lokasaTs HepaBeHCTBO
¥42

Vﬂ—l>2'
Pemwenne. Umeem:
x4+ 2 - x4 1 ) —VELT 1
Vafl Vx9+l+]/x9+l VE+T + 2 F 1

Tak Kak npousBeleHHe claraeMbiX B MPaBOil 4aCTH pPaBEHCTBa
paBHO €fMHHIE, TO HX CyMMa He MeHbllie ABYX. 3HaK paBeH-
CTBA HMEET MeCTO TO/bKO npH X = 0.
3apaua 3. Jokasars, uto opn a > 1
Ig a4 log, 10 > 2.

Pemwmenne. Tak kak log,10-lga=1, 1o

lg a+ log, 10 = lga+lgla > 2.

3apgaua 4. Jokasate HEpaBEHCTBO
x2 1
<

TFa>72-

11



Pewenune PasgenuMm Ha x? uHCAHTENb B 3HaMeHaTeJb
JieBoll 4acTH HepaBeHCTBa

X2 1

1+ 6 1 )
+ §+x2

1 1
Tak Kak x—a-x2 =1, 10 &+ x> 2, u, cNenoBaTeALHO,

1 1
] S7-
el

F e e ——

Ounpenenenne. Uneno g =y xx,...x, HasHBaercs

CDEGHUM 2e0MempPULECKUM TIOJIOKHTEBHBIX UHCEH Xq, X;5... , X,

X X “es X

a ugcno g = At ’t 1% yasuBaercs cpednum apu-
Memu4ecKum S9THX XKe YHCeJ.

TeopeMa 2. Cpednee 2eomempudecKoe norOHCUMENbHbIX

wucen He Goavuie cpedHezo apughmemu4ecko20 IMux xe 4ucen.

Ecau uucra x,, %y, ..., X, He 6c€ OOUHAKOBH, MO cped-

Hee 2eomempuvecKoe IMuUX 4ucen meHoule ux cpedrezo apug-

Memu4eckozco.

p——
NokasaTenbcTpo. U3 pasenctsa g=y %%, . . . X, cae-
AyeT, 4TO

n
| =17/ 5% % pmA b % _

g g’ ¢ g g g

Tark Kak npousBejeHHe 7 NONOXUTENLHBIX HHCeN paBHO 1y
T0 (TeopeMa |) ux cymMMa He MeHblue £, T. €.

X1 Xa Xn
—-—t=4...F=2=2n
gty T3>

YMHOXHB 00€ 4acTH noc/eqHero HepaBeHCTBA HAa g U Pa3fesinB

Ha 7, NONYYHUM:

a= ::,-1-):;;;&-...::,l >z

3ame'ruM, YTO pPaBEHCTBO HMeEET MECTO, TOJIbKO KOrina

Xy X3 Xn 1 _ _ . _
—_———= L, .= = = T. €. X, = Xo=...=X,= 4.
g g g ’ 1 2 n g
Ecin xe uucaa Xy, X3y ..., X, HE BCEC OAHHAKOBLI, TO
a>g.

12



3anaua 5. M3 Bcex napaenenunenos c RaHHoOM cyMMoit
Tpex B3aUMHO NepneHinKyAsapHuX peGep HaiiTu TOT, 06BEM KO-
TOPOro HanGONBIIN.

Pewenue. Ilyctb m=a+ b+ c—cymma peGep, a
V = abc — o6vem napannenenunena. Tak Kak

Y=y catbae_m
3

T0 V< g5 3nak paBeHCTBAa HMeeT MECTO, TOJBKO KOria
c

m
a="b=c= —» T. € KOrja napajjeiienuie] ecre Kyo.

3anava 6. JokasaTb HepaBeHCTBO

m< (32 n>e ®)

Pemenue. [llomsysace Teopemoit 2, monyunm:

L S e 14+24-34...4+n
Yyul=y1.2.3...n< — =

_(a+1)n _n41
- 2n 2 -

Bosseast 8 71-10 cTeneHb ofe 4YacTH [OC/ENHEr0 HepaBeHCTBa,
Mbl H DONYYHM HepaBeHCTBO (5).
Onpenenenne. UYncno

af +af +...+a% la'
0(;: — n

HasbiBAeTCA CpeGHUM CMEneHHbiM YuCeR ay, a4, ..., 4, No-
paaka a. B uwactHocTH, uHCnO

ata+...+a,

C, = "

ecTb cpefHee apH(METHYECKOE YHCEN a, @, ..., &, YHCIO

af—{-ag-f—...—{—aﬁ %
62= n

HasHBAETCS cpedHUM Keadpamudeckum, a YHCIO
. (al_l+a;l+...-4-a,‘,"\)—' n
1=

n =1 1
ET+&?+'“+—

an

HaSbIBAETCH CPEORUM 2APMOHUMECKUM YHMCEN 4,, s, . .., 4,.

3 I1. I. Koposkusu 13



Sanaua 7. Jlokasats, yTo &CJIH @, @y, .- ., d,— NOJO-
KUTENMBHBE yucna H a <0< B, 10

Ca < g0, (6)

T.-€. CpeiHee CTelleHHOE C OTPHIATENbHBIM [10Ka3aTe/ieM He
NPeBOCXOAMUT CPELHEro reOMETPHYECKOro, a CpeaHee cTeneHHoe
C DOJOKHTENLHBIM [IOKa3aTesIeM HE MeHblIle CPEAHEro reoMeTpH-
YeCKoro.

Pemenne. Tlonbsysice TeMm, 4To cpepHee reoMeTpHEecKoe
0OJIOKHTENBHBIX 4YHCEl HE NPEBOCXOJUT CpeAHero apudMerH-
YEeCKOro, HMeeM:

e ey tayt+...+df

o g7 A
! ayay ., . .a; m .

1
BosBoasi o6e 4acTH OOCJEAHEro HEpaBEHCTBA B CTENEHb o H

1
yunTbiBas, 4ro — < 0, nmonyunm:

3 x o 1
np—— ay+a3+...4a —
g=1/a,a2...a,,>/( L2 ")“:ca.

n

DTuM poKasaHa nepsasi 4acTp flepaseHcTBa (6); BTopas uacTb
JIOKa3biBaeTCH aHaJIONHYHO.

M3 HepasenctBa (6) clegyer, B YaCTHOCTH, HTO CpenHee
rapMOHHYECKOE C—; He [PEBOCXOAUT CpeAHero apudmerude-
CKOro €.

3anaua 8. [okasars, uro ecau ay, 4y, ..., a, — 00JO-
KUTEbHBIE YHCNa, TO

2

1
(a,+a2+...—|—an)(’;l-+gl;+...+$)>n‘.

Pewenue. Tak kak ¢, < g<¢, 10

a+a+...1a,

M3 3TOro HepapeHCTBA CJEAYeT, 4TO
1 1 1
n<<(a +a+...+a,) (E—_*—a—+"‘+~>'
1 ?) a,

3azava 9. Jlokasatb, 4To /il JMIOGBIX MOJOMKHTENBHBIX
uncest a, b (asb) cupaBerTHBO HepaBeHCTBO
n+l—— a4 nb
n
Vab < T
14



Pemenne. Wmeem:
at+b+b4...+b
———— e et

1 1
"Yabh =" abb.. b< " —atnb
S ﬂ+l n 4 1

n

4TO U TPebOBaJOCh.
3anaua 10. okasaTb, 4TO C yBesiHUEHHEM HOMepa 7 Be-

JAUYHHBI
1 \n 1 \2
x, = (l +—r7) H z,‘=(l—7)
YBEJHUYHBAIOTCA, T. €.

1 n+1 1 a4l
fo <tnr =Vt ) e <nn = (1=

Pewenne. Tlonaras B HepaBencTBe npenbinylleii sanadu
1
a=1, b=1 + - nonyunm:

nil/—l—'-(l—:_;zr)';-<l+n(l+‘,ll‘) __n+2=1+n—:7-l'

n+1 T+

BosBoasi oGe uyactH HepaBercrBa B (n -}- 1)-10 crenmenn, GyaeMm
HMETh:

1 \n 1 n+1
(1 + -n-) <(1 + m) v T e X, < Xpyre
BTopoe HepaBeHCTBO NOKa3blBaeTCsi aHaJorMYHO.
3agauva 11. Jokasath, uto
1 n41
yGHIBaeT C yBeJMYEeHHEM HOMepa 7, T. €.
t \n+42
Yn >yn+l=(] +n—+l') .
Pewmenune Hmeem:

AR T R 1
b= () = B -
(n+l)

3 15



(cMm. o6osnauenns 3anaun 10). Tak Kak 2, Bospacraer C yse-
JIHYEHHEM HOMepa 1, TO y, yObiBaer.
B 3amauax 10 u 11 Mb1 nokasanu, yro

x,=(1+-:-)'=2<x2=
=(1+-,1,-‘)2=2.25<x3<...<x,,<
n=(1+1)=4>0=
=(l+—;—)3=3,375>y3>...>y,.>...
C zpyrofi cropoHb,
2=t <ty = (14 ’;)"<(l+%)"+'=yn<y1=4-

Hrak, nepeMeHHas BeJHYHHA X, YAOBJETBOPSIET ABYM YCJOBHAM:

1) x, MOHOTOHHO BO3pacTaer BMecTe C BO3pacCTaHHEM HO-
Mepa n,

2) x, —orpaHHueHHas BeJuuuHa, 2 < x, < 4.

H3pecTHO ). 4TO MOHOTOHHO BO3pACTAIOILAsA H OT pPAHHUEHHAR
nepeMeHHasl BeJHYHHA HMeerT npegen. CrenopaTenbHo, CYILECT-
ByeT mnpejes nepeMeHHOH BeJHYHHBI X,. ITOT npeaen 060-
3Hauaior 6yKBoil e, T. e.

e=lim x, = lim(l + ':r)”

n—> oo N> o0

Tak kak BennunHa X, NpUGIKAETCA K CBOEMY MpefeNy BO3-
pacTas, TO X, MEHblle CBOero fpegena, T. €.

x,,=(1 +%)"<e. (7)

Herpynno aposepurs, uto e < 3. B camoM nene, ecau Ho-
Mep n BeHK, TO

% <t <5 = (14 5 =2,985084.

ChnepoparensHo, A
e = lim x, < 2,985984 < 3.

- 00

1) A. 1. Kncenes, Anre6pa, w. [, 1956 r., ctp. 206.
16



Yneno e Hapsay ¢ UMC/IOM Tt HMeeT B MaTeMaTHKe 60bluoe
snauexne. OHO ynorpeG/iseTca, HanpuMep, B KayecTBe OCHOBa-
HHS JorapH(MOB, Ha3bIBAEMbBIX HAMYPANLHBLMU A02apUPMAMU.
Jlorapudm uncaa N npH ocHOBaHHH e CHMBOJIHYECKH 0GO3Ha-
qaerca In N (uutaerc: aorapudM HaTypanbHBHA N).

HspectHo, yto uncna e U nu uppaunoHasbHb. Kakpoe us
STHX YHCeJl BBIYHCJEHO C TOYHOCTHIO Ko 808 3nakoB mocne
3anfAToi, npuHyeM

e=2,7182818285490. ..

Tlokaxkem temepb, 4TO H Npefes NepeMeHHON BEJIHUMHH Y,
paBeH e. B camom nene,

lim g, =lim(1 + =)' = tim (1 + iﬂ)(l + ‘,lr) =el=c

Tak kak y, npubamxkaercs K 4HCAy e yObeas (3ajaua 11),
TO

(l + %)Hl > e. ®
3anawa 12. JlokasaTb HepaBeHCTBO
nl > (g) ©)

Pemenne. Mu aokaxkem HepaseHcTs0 (9) MeToROM MaTe-
MaTtHyecKofl uuaykuun. OHO nerko nposepsierca ans n=1|.

B camom nene,
I \1

[pennonoxum, ato HepaBeHcTBO (9) cnipaBenuBo ana n = R,
T. e

B> (—':—)k

YMHOXKHB ofe 4acTH nocjeiHero HepaseHcrsa Ha k - 1, no-
Ay4uM:

(k + 1)kt = (k + 1):>(§)"(k+l)=("j‘)"‘”(l +’1>k
"k

Tak kak corjiacHO HepaBeHCTBY (7)(1 +%)k< e, TO

R+ > (k—j'—l)k“% - (g_—f;l)kﬂ.

e
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T. €. HepaBeHCTBO (9) A0Ka3aHo ANsi n = k + 1. DTHM caMbiM
JOKa3aHa cnpaBeliMBOCTb HepaBencTBa (9) ans BceX 3Haye-

HUA n.
Tak kak e < 3, T0 U3 nepaBencrBa (9) caexyer, 4TO

n\n
n! > (—3') .
C TOMOILBIO NIOCJIEZHErO HepaBeHCTBA JIETKO XOKa3aTh, 4TO
300! > 1003%,

B camom aene, nonaras B Hem n = 300, nonydum:

3001 > (%’)”L 10030,

CoBepiuenHo aHaJJOrHYHO HEPABEHCTBY 3aAavu 12 nokasni-
Baercsl HepaBeHCTBO

nl <e (" + I)MI.
e
3anaua 13. [oka3arb HepaBeHCTBO
na,a,...a, <ay +a; ...+ ay, (10)
rpe a, >0, a,>0, ..., a,>0.

Pemenne. Tak Kak cpeaHee reoMeTpuueckoe He npeBoc-
XOAHT cpefHero apH(MeTHUYecKoro, TO

n n n
R Gt a+...+a,
a1a~_)...an:l/ala2"'aﬂ< n ‘

YuMHoxasn o6€ yacTH 3TOr0 HEpPaBEHCTBA Ha 1, Mbl H [OJYYHM
HepaseHcTso (10).
W3 uepasencra (10) creayer, urto

2 2 3 3 3
20,0, << aj + a3, 3a,a,a, < ay + ay + a3,
4 4 4
4a,a,0,0, < al + a3 + a3 -+ ai,
T. €. ydeoenHoe npousgederue O8YX NOAOHUMEALHBLX HUCER

HE npesocxooum cymmol ux keadpamos, ympoeHHoe npousse-
Oenue mpex 4uces He npesocxodum cymmel ux Ky6os u T. 1.

§ 3. Tlpn pewmennun 3amay npeppinyuero naparpada Mei
MoJIb30BaJHCh TEM, 4TO CpejHee reoMETPHYIECKOE NOJIOKHTEb-
HbIX HHCe]l He IPEeBOCXOANT cpefHero apugpMeTH4ecKoro sTux
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Ke uhcen, T. e,
a X1 F X+ ...+ x
V X %...%, & ~ 4,

NpHYEM 3HAK PABEHCTBA HUMEET MECTO TOJAbKO MPH X, ==X,=
= =x,

B cheny lomeﬁ TeopeMe, N0Jb3ySACh STHM Ke HEP aBEHCTBOM,
JOKaXXeM BaxKkHed [ee HepaBeHCTBO 3TOr0 naparpada, Kotopoe,
KaKk Mbl yBMAMM B JajibHellleM, 9aCTO NPUMEHSIETCH NpH pe-
IleHWH 3ajpay.

Teopema 3. Ecau x> —1ul0<a<l, mo

I+ 2Ll +ax (i
Ecau e o <0 usu a>1, mo
+x%>1 4 ax. (12)

3nar pasencmea ¢ (11) u (12) umeem mecmo monvkn npu
x=0.
HokaszarteascTBO. [lpeanonoxkum, 4ro @ -— paunuo-
m
HaJbHoe uucao, npuueM 0 < o < 1. [lyerp o = —yrlemun—

ueqble NoJoKUTeNbHBE Yneaa, | <m <n. Tak kak no ycaosuio
1 +x>0, t0

(1 + %= (1 + 97 = VT F 7= =
=VI+90+ 0. 0+ 91 1...1<

. m {1t
Q+x0+0+0+...+0+x)+ 1+, +1
< 0
_ml4+x)+n—m_ nimx
- n - n

=1+7:-nx=l+ocx.

3HaK paBeHCTBAa UMEET MECTO, TOJNbKC KOFNa BCE MHOMKHTENH,
CTOsILKe N0 3HAKOM KOPHS, OXHHAKOBHI, T, €. Korga | 4- x = |,
x=0. Ecau xe x+# 0, 10

(T4 02 <1 4 ax

Takum o6pasoM, Mbl 1OKa3a/u NEPBYIO YacTh TEOPEMH /s
TOro cay4as, Korja o — pallHOHaJIbHOe YHCJIO.
[Npeanonoxum tenepn, 410 o — HPPAUKOHAALHOE HHCJIO,
O<a< 1. MNyetbry, 7y ...y 1, ... — NOCAEIOBATENLHOCTD
pPalHOHAMbHHX YHCeJl, HMeloulas npeue.nom YHCAO o, pHUCM
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0 <r,<1. U3 nepaBencrs
Q+07°Ll+rx, x>—1, n=1,23, ...,

yKe HOKasaHHblX HaMH AJA cjaydasd, Korja nokasarejieM cTe-
e’y nBJAdercss palHOHAJbHOC WHCJ/IO, CAC€RYET, 4YTO

(A + 22 =tim(1 +x* <lim(1 +r,%) =1+ ax.
rn—>a r"-»a

SruM HepaBeHcTBO (11) Z0KA32HO H 415 UPPALHOHAABHBIX 3Ha-
yenuli a. Ham ocraercs emie 10Ka3arh, YTO A/ HPPaLHOHANb-
HBIX 3HayeHuh o npu x#£0 ¥ 0 <a <1

1+ xF <1 4 ax,

T. e uto npu x ~ 0 B (11) 3HaK paBeHcTBa He HMEET MecTa.
C artoll menbic BO3bMeM pallHOHaJAbHOE YHCAO r TaKoe, uTO
a < r< 1. OueBUAHO, HMeeM:

(I +x= [(1 + x)%]’-

Tak kak 0 <3r- < 1, 10, KaK yKe N0Ka3aHo,

[+ 3
1+97 <1+ *x
CaenoBatesbHo,
r

(4 2P <(1+F2)
Ecnuxséo,ro(l+-':—x)’< l+r$x=l+ax, T. e

(1 4+ %<1 + ax.

StuM nepBas uacTh TEOPEMH JOKAa33aHAa MOJHOCTBIO.
[lepexofum K AOKa3aTeJqbcTBY BTOPOM HYacTH TEOPEMSI.
Ecau 1 + ax < 0, 10 HepaBenctBo (12) oueBuAHO, TAK KaK

NeBasi 4acTb €ro HEOTPHILaTeNbHd, a NpaBass OTPULATENbHA.
Ecm 1 4-ax>0, ax > —1, 10 paccMoTpuM OTAENBHO

oba cayuad.

Myers @ > 1; Toraa B cusly nOKasaHHOW nepBOf YacTH

TEOpeMbl HMeeM:

1
(1 +aX)E<l+—;-ax= I +x,

NpHYeM 3HaK PaBEHCTBA HMeeT MeCTO To/abkKO npu x =0. Boa-
BoAS 00€ 4YaCTH mNOCNEJHer0 HepaBeHCTBA B CTeMeHb a,
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NONYUHM:
1+ ax(1 + x)*.

[Tycte temepp a < 0. Ecin 1 4-ax <0, To HepapeH-
ctBo (12) ogesunno. Ecim xe 1 + ax > 0, To BoiGHpaeM nenoe
NOJIOKHTENbHOE YHC/IO 7 TaK, YTOGH HMEJIO MecTO HepaBeH-
CTBO ——-% < 1. B cany nepBofi 4acTH TeopeMb NONYUHM:

_e @
(1 +x) " < l _’?xs
@ 1 o
n>e——14 =
(1+x) | @ n

—X
n

o2
(noc.ne)mee HePaBeHCTBO CHPABEA/INBO, TaK Kak 1 > 1 — 5 xz).

Bo3Boass B n-10 crenenb o6e YacTH moc/efHEr0 HepaBeHCTBA,
NOJIyYHM:

a +x)“>(l+%x)"> +nlr=1+ax

3ameruM, uTO PaBEHCTBO BO3MOKHO TO/BKO B c/yuae, KOTAa
x={0. DTHM TeopeMa MOJHOCTbIO AOKA3aHa.

Teopema 4. Ecau a, a,, ..., a,— noroKumerbnue
qucaa u o <P, mo cq < cg, npudem cq = Cp, MOAbKO Koz2da
at-:"ag:-..=an.

JokasateabcTBo. Jas cayuas, Koraa uuciaa @ 1 f
MMEIOT pasHBle 3HaKH, TeopeMa 4 10Ka3aHa HaMu Bbllle (CM.
3ajauy 7 npegplaymero naparpaga u npepwectByoliee e
onpenenenne). Ham ocraercs jokasath TeopeMy TOJBKO AJs
clyuasi, Koria o u f HMEIOT OAUHAKOBLIE 3HAKH.

IMpexnonoxum, uto 0 < a <P, u nonoxum

i
af + a§‘+...+af,“)5
n

k=m=(

Pasnenus cg na k, nonyuum:
)P 1 (%) A0V
% _ ‘B ((k> + \") +"'+(k) ’
T e n
[onoxup renepb

d, = (‘%)“, dz=(9;-)“, d,,=(i’,;-‘)°‘.
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NoJTyuuM:

T
aK Kak a - (a,, )a .
(a,+a2+ )a ( T)"""'"" & )"‘
n

1
=k(a 1 +%+...+% ) =ITCG=%CG=I’

n
TO

dtdht. Ay g tdyt...+d,=n

n

[onoxum
di=14+x,d=14+x%, ..., dy=1+4x,
M3 paeencrsa d, 4+ d, + ...+ d, = n cienyer, 4ro
H+x+ ...+ x,=0.
B

Ha ocnoBanuu reopembr 3 (sameruM, utTo o > l) nMeeMm:

p B 8
=(14x)> 1+;xu

B
(1+x2) >1+£'X2,

B [
&= (141> 1+ Ly,

CloXHB 9TH HEPaBEHCTBA, MOJYYHM:
B

*)

B B
d‘."-+d‘§‘-|-...—|—d‘,’,‘>n+%(x1+x2+...+xn);n. (14)

M3 (13) u (14) caenyer, uto

¢ L
—,f—>(%)ﬂ=l, g k=0cy.

3amernM, 4TOCg = Rk =Cq , TONLKO KOrAd B (*) BCIOAY HMEIOT
MECTO 3HAK{H paBEHCTBA, T. €. Korja x, =Xy =...=x,=0

(teopemMa 3). B stom caysae d, =dy =...=d, =1
2

H,



CAENOBATENBNO, @, =@, =...=a,=k. Ecas xe uucna
a,, @3, «+-» 4, HE BCE ONHHAKOBHI, TO

Cp >Cq.
Stum teopema 4 HokasaHa jpas cayuas. koria 0 < a <.
Ecmia < B <0,100 < % < 1. Paccyxknas 1ar xke. Kak

W npexle, Mbl noayuum B (*) u (14) obpatHble 3HaKu Hepa-
pencrea. Ho rtak kak B <0, To U3 HepaBeHCTBa
il B i
dtds b

n

cg>k=2cq.

Stum Teopema 4 nokasaHa MOMHOCTBIO.

B nanbueiiniem Mbl HassiBaeM cpepnee reoMeTpuueckoe cped-
HUM CMENEHHbM NOPAOKA HYyab, T. €. NOJaraeM g = (.

3amerum, uTO Teopema 4 ocTaercs B CHJ€ H B 3TOM CJyuae,
TaK Kak (3agaua 7 §2)ca < g =cp ecma <0, Heg > g = ¢y,
ecan > 0.

M3 nokasaHHO# Teopembl cfefyer, B YaCTHOCTH. UTO

01 K6 K6 <0y

T. €. Cpe/lHee [apMOHHYECKOe He MPEBOCXORUT CPEAHero reome-
TPHUYECKOTO, CPEIHEE 'EOMETPHYECKOE He MPEBOCXOAUT CPENHEro
apudMeTHYECKOro, a cpeiHee apH(METHUSCKOE He MPEBOCXOAHT
cpenHero KBagDaTHUECKOro NOOKHTEIbHLIX uHces. Hanpumep,
ect g, =1,a,=2 a,=4, 10

c (a7 +a5 +a7! )"_ 3 _12_ .
=X 3 R A
Ttz t73
c() - ?/a1a203= l/l 2 3 = *
1+2+4_ 7 _
G=—j3—=73 =23...,
2 2 2N\ 1 7
a + a3 + a3\ T+4+16
02'—"(1 32 3)1= 3 :1/7::2,6.,,,
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B CheNoBaTeNbHO,
C_1==l,7... <2=00<2,3-..=C1<2,6...=02.

3anaga 1. Jlokasate, uto x%+ y® 4 22> 12, ecam
x+y+2=6.

Pewenne Tak kak cpepnee apudmernyeckoe He npesoc-
XOLHT CpEeAHEro KBajpaTHUeCKOro, TO

x+y+z [+ +2\L 2 9 (x+gy+2)?
g <( +% )2,1. e. x-+y2+z~>(——%———).

- 2
B namefi 3agage x4 y?+ 22> %- =12. 3naK paBeHCTBA HUMeET
MECTO, TO/bKO KOrfla r=y =2 =2.

3anaaa 2. Jlokasate, uto eCaH X, y, 2 — NONOKHTENbHEIE
upcnia B X2 4+ y* 22 =8, 10

xS + y3 + 23> ]61/%-

Pemenune. Tak kak ¢, <¢5 70

1 1
(x’+y“+zz)§‘<(x3+y3+ 23)3‘.
3 3

B Hamefi 3agaue
1 —_—
B+ )3‘ >1/8
3 3

x3+y3+23>3"%1/—'§'—=161/:§'

3apgaua 3. JlokasaTs, 4To A8 NOJAOKHTEbHBIX YHCeN 4,
@, Q3 ..., @, CNPaBEJIHBH HEPaBEHCTBA

@+a +...+a)<

<t @f+af+...4+a%, a>l, (15)
a1+a2+---+an)a>

>nl (@4 at4...+a0%, 0<a<l. (16)
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Pewenue. Ectg « > 1, 10
1

a?+“?+---+aff)a a+a+...+a
o =(THE >utat

n=01.

M3 storo nepasencrsa aerko caeiayer HepasencTso (15). Touno
TaK JKe JOoKaspiBaeTcsl W HepaBeHcTso (16). B sactaocru, us
HepaBeHcTB (15) u (16) caenyer, uro

F+ <2 (x> 4 ), a>1, x>0, y>0,
E+yr>2-1 (@4 y2) 0<a<], x>0, y>0.

3anaua 4. [lokaszate, uto ecau x° 4 y®4-2% == 81, x > 0,

y>0, 2>0,10
x+y+2L09.
Pewenne. Tak kax
(4 y+2° <B4 58 429 =9-81 =729
(nepaBenctso (15)), T0
x+y+2< V70 =9.
3anaua 5. Mlokasate, aro ecit 0 >a > —1, 10

(n_l_ 1)a+l __na+|

A+l _ g )&+
o+ 1 << S St

o+

Pewenne. Tak xak 0<a 4 1< 1, 10 B cuny Hepa-
BeHcrBa (11) umeem:

(1+%)a+l <l+a:—l.
(1_%)‘1“ <1—2+i

n

(17)

YMHO)Kas 3TH HepaBeHCTBa Ha ne+t NoJyuuM:
(n+ 1)+t < n%+ (a0 +1)n*,

M3 sTux HepaBeHCTB J€TKO caenyloT nepaseHcra (17).
3anava 6. Joxasark, uto ecan 0 >a > —1, 10

(n+ 1)a+l_ma+l
o1 <

<m*+m+ 1P+ o 0L




Pemenune. [Ilonoxkus B HepaseHctBax (17) n=m,
m+1, ..., n, noayuum:
t+o _ 140 4o . npl+a
(m+l)l+a n <me < m l:_ma 1) ,
2l+0-_ 1y 1+& p+e - pl+e
mrd_ Tmtl <m+4w<‘m+{+am

3 t+a +9 1+a g)l+e [yl

--------------------------

(n + )'+*—nl+e
l4+a

CaoxuB 5TH HepaseHCTBa, Mbl W moayuum (18).

3anaua 7. Haiitu ue.nylo qacTb 4Hcaa

]
X = . e
/—+V?+f‘+ +mem

Pemeune. [Monoxkue B (18 m =4, n= 1000000,
a——g. Oy YnM:

2 2 2 2
1000013—— 3 3 __ 3
()2 4 <x< 1 000 0(2) ,
3 3
Tn e‘
2 2 2 2
T -1000001 3 — 43<x<— 1 000 000 3 — —2—-33.
Tark kak

3 2 3 Z 3
- 1000001 3> —Q--l 000000 3 = 5 10 000 =15 000,

SYT=ysi<s, $Y953VE=s,
TO
15000 —4 < x < 15000—3, 1. e. 14996 < x < 14997.
U3 srux nepasencrs caepyer, uro [x] = 14 996.
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§ 4. B osrom naparpade Mbl npUMEHHM PacCMOTpEHHHIe
paHee HepaBeHCTBA K peLIEHHIO 333y Ha MAKCHMYM H MH-
HuMyMm 1),

3anava 1. Hafitu Hanmenbiuee suauenue QyHKUUH

*—ax, a>0, x>0, a>1.

Pemenne. 3anaua pemaercs oueHb npoCTo B TOM Cayuae,

Korza « = 2. B camoMm Zele, Tak Kak

gy [y 2V &
X ax_<x 2) T

’ a
TO HauMeHbllee 3HaueHHe (YHKUMS HMeeT 0pH X = — > 0,

a?
MpHYeM 3HAYEHHE STO DPABHO — .

B cayaae npoussosbHoro o > 1 3amaua peruaercsi ¢ HCMoONb-
3oBaHHeM HepaseHcTsa (12), nokasanxore BTeopeme 3. Tak kak
a>1, 10

(+22>1+az 2> —1,

IpHYEM PABEHCTBO HMeeT MecTo Tosbko npu 2 = 0. [Nonaras
3geck | 4 2=y, noayaum:

Ye2l4aly—1), yr—ay>1—a, y>0,

npHueM 3HAK PaBEHCTBA HMEET MECTO TOMbKG fp y = 1. YMHo-
®as obe 4aCTH (OC/ENHEr0 HEPaBEHCTBA Ha C* . MOJy4dM:

ey —a*(cy) > (1 —a)e*, y>0.
[Nonaras
1
X=,.cy n ac®l=aqa, c= (%)“"‘,

NoJAy4uM:

—ax>(l—a)ycr= (Il —a)(%):Tl,

a \o—i
fipuyeM 3HaK paBeHCTBA UMEET MECTO TOJIBKO MPH X =C= (a—)a .

1) O npHMEeHEeRHW HEpABeRCTB BTOPON CTEMeHH K PeleHHI0 3373t
Ha HaxoxjAeHHe HAUG0JBUIErO H HAUMEHLIUIETO 3HAYCHHA BEJHIHH PAc-
ckasano B kamkke: M. 1. Hartancou, llpocreftiune 3anagn Ha MakcH-
MyM B maaamMym. Paswarrua, 1960 (cepns «[lonyaspusie nexusd mo
MaTeMaTHKe», BHIYCK 2), HsA. 3.
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Hrak, dynxuns
—ax, a>1, a>0, x>0,
1
NPHHAMAET HauMeHbIIIee 3HAYEHHUE B TOUKE X = (%)”“, paBHoe
[+ 3

(1—a) (%)“". B vacruocty, gynkuus x2 — ax (¢ = 2) npuHH-

a\>=i_a
MaeT HaHMeHbllee 3HaYeHHe B TOYKE X = (7)2 l=?,paBHOC
2 R
a \2—i a
1—2 (?) = -— . DTOT pesy/bTaT COIACYEeTCs C Bbi-

BOAOM, MOJy4eHHbIM panee apyruM nyrem. Oyukuus x* — 27x
1
=
NPHHUMAET HAWMeHblUee 3HAueHHe B Touke x = (7| =3,
paBHoe (1 —3) (2?7)3_'= —54.

Mpumeyanne. Ormerum is najbHedero, 4to GyHKuuS
D 14 ax — x* = — (x* — ax),

ree «>1, a>0, x>0, npuuu-
MaeTr HanOoJbillee 3Ha4YeHHE B TOYKE

/4 y 1
__ _a_a.—l
=G
y Z
8 a \g=i
bue. 1. paBHoOe (o — 1)(—02) .

3anaua 2. HWskpyraoro GpeBHa BuIDH/MMTH GajnKy HaH-
GoJibIlieil npowHOCTH 1).

Pewenue. Tlycrb AB = x — mupuua 6anku, BC = y —
Boicota ee ¥ AC = d — nuamerp GpeBua (puc. 1). O6osnavas
yepes P npounocrs Gasikd, NOJy4HM:

P = kxy? = kx(d®> — x%) = k(d’x — x®).

1) TlpouHocTs Ga/lKM NPAMO NMPONOPUAOHAJAbHA NMPOH3BEAEHAID NIH-
pHHB 6aJAKH Ha KBaapaT ee BLICOTHI.
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Oynkuus d’x— x* npuHEMaer HaHGOMbLUee sHaueHHe HpH
[}
_(EN=_ 4 a2 22
x—(—3-) -—7_—3_, —-d—x-—ad,
y= -]—/—%V2=xl/ 2%1,4x=%x.
Takum o6pasom, Gasika Gyaer HMeTb HaHGOJIBILYIO POYHOCTH,
€C/¥ OTHOLIEHHE ee BBICOTH K IUHPHHe OyneT paBHO —-.

3anaua 3. Halith HauGosbluee 3HaueHHe yHKRUHH
y = sin xsin 2x.
Pemenne. Tak kak sin2x=2sinxcosx, 10
sinxsin 2x = 2 cos xsin® x = 2 cos ¥ (1 — cos? x) = 2(z — 2°),
rie z=cosx H, caegosaresbHo, —I1 Lz<{l. DyHkuusa

z—22=12(1 —2%) wuMeeT oTpHUATENbHOE 3HAYEHHe, €CIH
—1<2<0, a a1a 0z npuuuMaer noNoXHTeNbHOE

!
)
e
g
-y
8
6]

Pnc. 2.

snavenne. CnenopatenbHo, HanGosbliee 3sHaueHue (yHKUME
Jocturaercst Ha orpeske 0 < z 1.
B zagaue 1 nokasaHo, uro pyHKuus 2 — 2%, z > O npuHH-
MaeT HanGoJiblliee 3HaueHHe B TOUKe
_L -
2= (_‘-)3—'= 1,
3 V3

B 2toit Touke
. . 2 1 4
sinxsin2x =22(1 — 2% = -—=(l —-——) = ——,
( ) V3 3 33
Hrak, ¢yskuus y=sinxsin2x npuHumaer HanGosbmee
3HaYeHHe B TeX TOYKaX, B KOTOPhIX 2 = CUS X = -}-f%. H 310
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4 . .
3HayeHHe PasBHO — VT Cpapuxk ¢ynkuuu y = sinxsin2x
H306paxeH Ha pHC. 2.

3agaua 4. Halitn HanGosbiee sHaueHue GyHKIHHA
y§ = COS X COS 2x.

Pewenne DysRous y = cos xcos 2x He ApeBOCXONHT 1,
TAK KaK KaxIblii M3 COMHOXKHATENAed COSXH COS2X He

£\, N\ N\ /\

AN 7 Jfor iiNTm %
4 Z 4 é 4

"~

E

Pue. 3

npesocxoxur 1. Ho B Toukax x=0, +2n, +4=m, ...
cos xcos 2x = 1.

HMrak. ¢yHkuus y = cos xcos 2x npuHuMaeT HauGoJbliee 3Ha-
yenue | B Toukax ¥ =0, +2xm, +4=x, ... [padux pyuxnuu
y = cos xcos 2x u3obpaxken Ha puc. 3.
3anava 5. Halitn HauMeHbllee 3HayeHHe PyHKUHH
xX* 4+ ax,

rae a>0, a <0, x> 0.
Pemenune. Tak kak o <0, Tocornacto HepaseHcTy (12)

1+ 22> 14 az,

NpHUYEM 3HAK PABEHCTBA HMeeT MecTo TOJbK: mpH z = 0. [To-
naras 1 + 2=y, z=y—1, nonyqum:

Fe1ta@—1), g>0

npHYeM 3HaK paBeHCTBA HMEET MecTo ToabKo apu y = 1. U3
nocie AHEro HepapeHCTBa CJeNyer, 4To

Yr—oay>l—a, y*—ac(cy) > (| —a)c*.
0



[Tonaras a = —ac*-!, x = cy, noayumm:
(<]

*4ar> (1 —o)r=(1 —a)(-_%;)“_].

MpuyeM 3HAaK paBeHCTBA HMEET MECTO TOJMBKO IIpH X =C =
1

-—Q
Hrak, ¢yHKROUA X* 4 ax NpHHAMAET HaHMEHbluee 3HAUeHHe
i

(a&:l

a

B TOUKE x=(:—a)“", paBHOe

&

a ol

(1—0‘)(:;) .

Hanpumep, dynkuus
1

%/ —4+-27x, x>0
OpUHKUMAeT HauMeHbLiee 3HaUyeHHe B TOUKe
1
Y CIAVR N
X = i 3 = §-7-
)

210 2HaueHue paBHO

5 T
3

3anavya 6. Hafitu naubonee BeirofiHbie pasMepsi cocyaa
UHIHRJApHYECKOR dopmbt!), UMelomero AHO U KpblIKY (KOH-
cepBHast GaHKa).

Pemenue. Ilycts V = nr*h — o6veM cocyna, raer —
paauyc, h — Beicota unauunpa. IlonHas nopepxHocTs cocyaa
HMeeT oAb

S = 2nar® + 2arh.

1) PagMepnl cocyAa CyHTaloTca HauGojlee BHITORHBWIMH, eCTH MpH
sapaHHOM of6beme TpeSyeTcs HaHMeHbllee KOJNHYECTBO MaTepHalaa AJNA
€ro H3roTOB/IEHHS, T. € COCyA HMeeT HAaHMEeHbUIYI0 NJomaps mo-
BEpPXHOCTH.
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Tak Kak h = —,:’2, T0
v 2y
2 — 2
S =2ar® + 2qr — = 2ar? + -

INonaras x = —1— NOJyYHM:
S =223 2Vx = 2n (x—?—l- V; x).

Oyuguns x—2 + %x. COTJIaCHO pellieHiio peAblAyLLeA 3aaun,
MPHHHM3eT HaHMEHbUIEE 3HaYeHHE NPH

]
e YT
X = (—Z) = ]/ ?f .
2n v
Bosppaulasch K HalUHM NPEXHHM 0003HAYEHHsM, HafileM:

1 /% V __ nrih h
_;___.‘/__’ r-’,__-?_n._—?i—' r=§-, h=2r=d.

Takum 06pa3oM, COCyl. HMeeT HauGoJiee BLIFOAHHIE pa3Mephl,
€C/TH BLICOTAa M NHAMETP COCYNa ONHHAKOBBI,

YnpaxHeHus

6, Ha#ith nauGoabuwiee 3uadenwe ¢yuxuus x(6-—=x)? apu
0< x<6b.

Ykasaunue TNosoxnrs y=06—ur.

7. 3 xpaapaTHoro AMCTa €O CTOpOHOW 2a TpebyeTcs clenaTe KO-
po6xy 6e3 KpHImK#, Bupe3asd 0o yr-
JlaM KBaapaTu # 3aru6an 3ateM fo-
W/ % AYYAOWHECS BHCTYNW TaK, Y4TOGH

7 7 KOpo6Ka noJyYd/Iace Haw60/bluero

1 A
7 Yy p
\ 3 R
- Za—=55 L 2g-2z—
Puc. 4.

o6vema (puc. 4). Kaxoea losxna GHTb ANUHA CTOPOHH BHpeE3aeMuIX
KBajpaTos?
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8, Hafith HanMeHBllee 3HAYCHHe PYHKIHH
X6 4 8x2 4 5.
9, Hafits HaumeHbluee 3HaYesHe QYHKUIHH
X8 — 8x2 4+ 5.
10. Haitty nanGoabmee 3nayende QyHKIHH
& — ax,

ecan 0€a<l, a>0, x>0
11, Hoxasatb, 4970 npH x > 0 cnpaBeiHBO HEpPaBEHCTBO

;/7<%+2x.

12. [lokasatb, 4T0o npk n > 3 CIPaBelHBO HEPABEHCTBO
n+l

n
Vo> Vo4l

Y xa3amnmne Bocnonssyfitece uepaeencreom (7).
13, Ha#itn nauGonnuee H3 uHcen

3 4 5 n
L VE VT VT VBreees Ve oen

14. [Joxa3ate HepaBEeHCTBO
n 2
Val+y7-
15. lloxasaTb HepaBeHCTBO

MT+a)(l +a)...0+a)>21+a+a+...+a,

€cJAH 9HCJA @; OAHOro 3HaKa R He MeHbie — l.
16, [loka3ars HepaBeHCTBO

{ayby +ashy, + ... +aphp)? <
<ai(a+ay+...+ap (] +b5+.. . +bp) (19
Y kazaunne J[lokaxure cHayaJa, 9T0 MHOrodJeH
(@x— b2 4 (o x — b2+ ...+ (@px—b,)2 =
= x2(af—}—a§ + ... +a;‘:)—2x(a,b, +ashy +. +ab,)+
+( 0] + b3 +...+ b))
He MOXeT HMeTb JBYX DasJHUHHX JefCTBHTENbHHIX sOpHEH.
17. lMoassyace HepaseHcTBoM (19), RoKa3aTe, 4T cpefiuee apug-

MeTHyeckoe He GoOJIblIE CpeiHero KBaipaTHYecKoro.
18, [loka3aTb HepaBeHCTBO

T/‘Tq/m_w—_l.
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19. Monpsyscr HepaBeHCTROM ynpaxHeHus 18, nokasats Hepa-
BEHCTBO
- 1 1 1
ViFl+4+yYn—yV2>1 +W—+V—S_+...+V—;{.
20. Hafitu nauGonbliee 3nauene GyHKUMI:
x3
prga-y x6 — 0,610,

3
Iar

21. Tlpu Kakom 3BAYeHHH a HaMMeHbHlee 3HavweHne GyHKUNY

Oma. 0.4.

Vx-+ :—, paeno 2,5?

Oms. a = 8.

§ 5. B sTom naparpade Mbl paccMOTpuM elle HECKOJIbKO
BaKHLIX HEPABEHCTB H YKaXKEM [pHMEHEeHHEe HX K BbIYHCJCHHIO
HEKOTOPLIX TPEReos.

=1,

-QI-‘

3apnaua 1. okasarts, uto ecqau p > 1, %-}-
x>0, y>0, 10
A
<5+ (20)

Pemwenune. B Hauane §4 (3amaua 1) Ml 10Ka3aau Hepa-

BEHCTBO
a

@—axr> (1 — a)(%)“_“,
e a>1,a>0 x>0.
[Tonaras 8 3TOM HepaBeHCTBE & = p, @ = Py, MONYUHM:
p

L P
xP— (py)x > (1 —p) (’;,—y)”“ =1-py". @

1 1
Tak Kax ?—}-T—l, TO

=l P -
7= =5 = y g = p—1=

P
p p—V1 '

q
[Moacraenss 3Tw 3nadeHds B HepaseHCTBO (21), monyyum:

XP— pyx > —-s—yq.
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Pa3znenus Bce ysienbl noc/efHero HEPaBeHLTBA HA P H MepeHecs
8 0POTHBONOJIOKHYIO CTOPOHY OTPHUATENbHbIE YeHbl, Mbl IONY»
ynM HepaBeHncTBo (20).

3anaya 2. [lokasatb, 41O €CMH @y, Gy ..., Q, by,
9y « .. D,— MONOKUTENLHBIE YHCAA, 2 P U § YAOBJETBOPAIOT
ycnoBuAM 3ajaud 1, 10

(@by +ayb,+ ...+ a,b,)<
1 1
(ol +af ... +a)P(b{ + 63+ ...+ b0 (22

Pewenue. [Tonoxum

af +af 4 ...+ af== A7, b] -+ b+ .. + b= Ba.
Torna npaast yactb Hepapencrsa (22) Gyxer pasHa

1 1
(A?)? (B = AB.

Tenepy noaokuM

a, = Acy, a,= Ac,, ..., a,= Ac,
b,=Bd,, b,=Bd,, ..., b,=Bd,.

I

Tak kak
A =af +-a ...+ ab = Aej+ Archy + ... 4 Arcl =
= AP(A+ 5+ ...+ ch)
TO
A+d4+...+cf=1
Toyno Tak ke nposepsiercs, urto
df +di+... +dl=1.
ITone3sysich Teneps nepasencrsoM (20), monyduM:

f 4
abi=ABEed)<AB(Z 4+ ),

c d3
a,b, < AB (Tg -+ 72), +

*




W3 atux HepaBeHcTB ciepyer, uTo
aby +ab; + ... +apby <

<AB(cf+c’5-:...+cg+ df’+d3-:...+d: )

=AB(-L-+Lq)=AB

(nanomunm, 4TO lT—I——l"—=, f+B+...+ch=1,

df +di+ ...+ di=1).

Hrak, noxasano, uro jesas uactb Hepasencrea (22) He npe-
BOCXOAHT AB, T. €. He NpeBOCXOAUT NpPaBO# YaCTH.

Herpyano ykasarb TOT cayuait, koraa e (22) uMeer Mecto
3HaK paseHcTBa. B camoMm mesie, 3nak pasencrsa B (21) umeer

MECTO TOJIbKO I[pH

1
9

L |
1= (B = pi=yr =y

(cM. 3azauy 1 § 4). TouHo Tak e 3HaK paBEHCTBAa B KaX10O#
crpoke (¥) GyAer MMeTb MecTo, TOJbKO KOrAa
3 L3 LR
ag=4d», c=dy?,..., ¢c,=d,,
T. €. Korja
Cf=d|q, Cg=d‘2’v~--9 Cﬁ=dz-

Hakoneu, yMHOXHB 5TH paBencrsa Ha A”B?, nonyuum:

A . S
by BT b  BY b B
Takum o6pasom, 3Hak paBeHCTBa 8 (22) MMEET MECTO, €C/H
@ _d a,
o 8 A

MMpumevanne. [lonaras B Hepasencrse (22) p=2, =2,
nosyyaeM HepaseHCTBO (19) (cM. ynpaxHenne 16):

by + @by + ... +ab, <
<V@F &+ .. Fa)G+ B +... 5




3anaua 3. Iloxasarb HepaBeHCTBO
1 <In (1 + )
Pew enue. O6bennnss nepasencrsa (7) u (8) § 2, noayunm:
1\n 1 \n+1
(eaf <es(red]™
Jlorapugmupys 3TH HepaseHCTBAa NPH OCHOBAHHH €, OKOHYa-
TeNIbHO HaRaeM:
nin (1 + ;ll-) <Zlne=1<(n+ l)ln(l + ,IT),

A< (i) <k

l D (23)

1
= +5+F +y a=4+5+5+

1 1 . .
y 2, =_+m+m+"'+ﬂ' Haiitn lim 2,,.

n->o

3anaqa 4. Tlonaras zl_l-|-;- z2=;—+3—+:_'
1
=+

Pewenne 3amensns n Ha n — 1 B nepsoit wacTH Hepa-
Bencrea (23), no.nqua

1 n
—r-l—< |n(l+—n:l—)=ll’l g

M3 storo sepasencTBa H BTOpO#l YacTH HepaBseHCTBa (23) cae-

pyer, 4TO ) |
ln—n—;ll—_——<7<lnﬁ. (24)

Tenepb, noab3ysich HepaseHcTBaMy (24), HanuiweM HepaBeHCTBa:

m2tl ol oL,
n+2 n+l
InZ—v <n+1 < In——
n+3 n+2
In——5 < n+2<'“ n+l’
12"+‘< <lIng 2.

n 1 1
Infl + —r-l-) o6o3Hanaer Jorapugm or (l + 7) NpH OCHOBaHHB €

(em. ctp. 17).
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CavxkuB MX A YYHTHIBas, YTO CyMMa Jorape)MoB pakHa Jora-

puMy TPOH3BENEHHS, NOAYYHM:

m+)(n+D(n+3)...2n+1)
nn+N(n+2)...2n

In <

1 n{n41){n+2)...2n
<‘n‘+n+1+"'+%<'“(n—l)n(n+1)...(2n—1)'

T. €.

2n+l
In <+ +n+,+ <L (@)
Tak kax 2"—:‘—1=2—{-—,11, TO
lim In 221 — 1im m(2+ ) In2.
[ ek N~r oo
Touno Tak we n3 —— =2 + —7 cJeayer, uTo

llmln—?———ln2

[ 2 X4

Hrak, KpafiHge 4/I€HH HepaBseHCTs (25) HMEIOT OJMHAaKOBble
npeaenst. CnefosaTe/bHO, M CPeiHHi YA€H HMEET TOT Xe
npegel, T. €.

. 1

lim (—+n+l+ -I-Qn)_.llmz,l In2.

N> oo n

3aagaua 5. [lonoxus

1 ] 1
x1=1» x2=l—_7a x3=1—T+-5‘,...

L L U iy
cew =l st —gtE—g .+ (=D

BBIYACAHTL lim x,.

e 00

Pewenue Hmeem:

&



! 1 1
=ittt Twm
B mpeapiaymieRt 3anade Mbl NOJOXKHIH

1, 1
Z’l—Tj-n—_—‘_—l—i-...—F%.

CraenosaTenbHo, X,,= z, — —.Ho lim z, = In2 (cM. npenn-

=+ o

Ayuyio 3agady). Takum 06pa30M.
lim x,, = llm (z ———) in2,

L X4

i
3ameTHM ellle, UTO Xgnyp) = x.z,,-i-?—m, H, CleIOBaTeJLHO,

lim xgp41 == hm (x2n+ TR 1) = [n2.

n—+c
Urak,
lim x, = 1n 2.
n-» 0
Hpnmeqaune. Yucna x; = a, xy =a, + a,, X, = a,+
+a,+as ... X, =0 + G + ... a, Ha3bIBalOTCA “acmuy-
HoLMU cymmamu psma

a4+ a4+ a+ ... +a,
Psx HasbiBaeTcsl cxo0Aujumcs, eCiiv MOCJENOBAaTeNbHOCTh €ro

YaCTHUHBIX CYMM HMeeT KoHeunnli npeaen. B stom ciyuae
gucso S = lim x,; HasbiBaloT cymmod pada.

n—c

s 3apgaun 5 cnepyer, 4T0 psia

1 1 | | 1 1 1
l—s+g—7+5— 5+ FTom=—i—amt-

CXOANTCA H MMeeT CyMMy, paBHyio In 2.
3angaua 6. Pan
1 1 1 1
l+5+5+5+.- ++...

HasbiBaeTCs 2apmonuteckum padom. JLokasars, 4To rapMoHHYe-
CKHH pAl pacXoLuTCH.
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Pewenne. CorsaciioBepaBencray (23)

1 n+ 1
?>ll'l P

lMonaras n=1, 2, 3, ..., n, HanuweM n HepaBeHCIB
1>1n

W.—Iw

1
?>ln ]

1
?>In

| N

1 n+1
Wi

CxJiagniBas HX, NOJYYHM:
1 1 1
p=l+ts+5+...+5>
> In 2.3.4...(n+ 1)

23— n(n+ 1.
Hs storo nHepaBeHcTBa cnefyer, 4TO

limx, > limIn(n + 1) = oo,

n—>o0 n=ro>

C/lef0BaTeNbHO, FAPMOHHYECKHA PAA PacXOmHTCA.
3aanaua 7. Jlokasatb, 4T0 paA
1 1 1
4+ =+ .+ +...
tE T = +...+ = +

cxoautca npH mobom a > 1.

Pemenune. [NocnerosarebHOCTL YaCTHUHBIX CYMM 3TOTO
paaa

(26)

x, =1,

|
xz——l—i-—?;,

1 1
x3=1+ 2a+3ar

1 i i
x‘= —_— —_— _—

......

40



MOHOTOHHO BO3pacTaer, T. €.
5L, <

C apyro#i cTOpoHbl, H3BECTHO, HTO MOHOTOHHO BO3pacTalo-
11as Or paHHYEHHAA MOCNEAOBATENLHOCTb YHCEN HMeeT KOHEYHbIM
npenen. CnejioBaTe/IbHO, €CTH MBI JOKAXKEM, YTO N0C/1e10BaTe b -
HOCTb YHCeJI X, OrpaHHueHa, To OyjeT ROKa3aHa H CXOAHMOCTb
pana (26). Tonoxum

1 1 1 1
=l—— 4ttt = +...
Yan rtE e tTE"w
N
@n—-D*  @n)*

Tak kak
1 1 1 | 1
Yon = _(?_E&">’(F _37)_“‘_

. 1 _ 1 ) - i
((2n —2%  (@n—1)* 2n)*’

TO (4HCNa B KaxJao# CKOOKEe NONOKHTENbHH)

y2n<l'
C apyro#i cTopoHs,
-1t 1 1 _'__’
yz’l—l ?z+3a 4a+5a +o-+
1 1
+(2n 0 @) (+ + + =+
1 1
T T +(2n—l)°‘+(2n)“)_
-9 L+_l_.+_l_+ ! 1 —
2z o '“T(zn)“)_
=+ gtFrEtEtE ot
2 1 1 1
+ w+mﬂ #(l+FrEtotm)
Taxxaxx,,:l—{—;lg-}-%—(—...-(—;'&,m

2
Yapn = X3p— E{i Xpe

4]



Teneps, Tak Kak X,, > X,, ), <1, 1O

2 2% —2
l>y2,,>x,,—?x,,= = X,

Orciona caepyer, uro
2“

x< s

T. €. YHCJa X, npu o > | orpanuuens. Tem cambiM loKasaHo,
&

26 z
yTo psAk (26) cXomuTCH U CyMMa ero He 6oJblue R

Hanpuwmep, ecin a =2, 10

1 1 1 p
xn=l+§?+§'+-'-+ n? <'2———= )
S_’!irgx_l+22+3,+ 2—{—...<2.

B Kypce BHICLIEHi MaTeMaTHKH JOKasblBaeTrcsa, 4ro
1 | 1 2
YnpaxHenus
22, Hafth cymmy pazna
1 ! 1 —1 1
S=l—gr+m—mgt . +=D" —F+..
VY xasaunne Hcrnonvsyiite pasencrso (27).

o

23, [okasate HepaBeHCTBa
na+l . = @ (n+ l)a+l
m<l+2“+3 et n <W' o> 0,

24, Moanaras
$,=14+2%1+3%4 ... 4 n%,
R0KAa3aib, 4TO

lim — ! >0
m = o N
n-+co n %+ 1 o+ 1
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25, IlokasaTb HepapeHCIBO
(@ybie) + Abocy + ... + Gpbuc,)P <
<(@+dd+.. . +8) B +3+... 8+ E+...+ D),

€CAN 4ncna 4y, bp, Cp NOJOKHTENBHBI.
Ykazauwue Hcnonp3yfite sepasedctso (10) # metoa mokasza-
TeabeTBa (22).
1 1 1

l
26. Monaras x, = — + +m+'”+7‘;'—' roe kB —

n n+1
fesioe MOJOKHATENBHOE YHCJO, NOKA3aTb, 4TO
lim x, =Ink.

00

Y xazanne Hcenoassyfite MeToR peweHHs 381394 4 HacToAEro
naparpaga,



PELIEHHS YNPA)XHEHHA

1. Nonaraem B HepapexcTBax (1) (c1p. 6) A=m, m+41, ..., M

2V m +1—-2VE<L<2VF—2V»;——1.

Vm
1 - —
2V'ﬂ+2—2]/m+l<7”'1—+T<2Vm+l—-2Vm,
1 — —_—
2y m+3—-2Ym+2< Yiarar <2Ym¥2—2¥Vm+1,

2Vnri—2¥Vn <#<2VF—2V::-—I.

CnoxnB 3T HepaReHCTBA, MOJYUHM:

—_ — 1 1 1
2 1—2 —
Vit Vm<}’r7:+ Vm

1
+ Ve +...+',;<

<2V n —2¥m=1.

2, Monaras ® HepapenctBax 3anadn | m = 10000, n = 1000000,
NOJYYHM:

2)/ T000001 —2 Y T0000 < ——==

I i
+ 3 iooor Tty Too0000

Tax kak
2/ 1000001 > 2)/ 1000000 = 2000, 2 10000 = 200,
21/99% = )/39996 > 199,98

<2y T000000—2Y 999 .

(nocsiensiee HepaBeHCTBO MOXHO JIETKO MPOBEPHTb, H3BJ2KaA Keaapar-
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Ho@ KopeHs ¢ TogHocTbio no 0.01), To
1 1
2000 — 200 = 1800 R
00 = 180 < 75566+ Viooor T T 1 T000006 <
< 2000 — 199,98 = 1800,02.

3. Ywmuoxkas wuepaseHcTBa 3anayn 2 Ha 50, nOOMyuYHM B HAWHX
0603HajeHNIX

90000 < 50z < 90 001,
{502] = 90 000.

4, MNpr n = 1 cnpaBennBoOCTb Hepa-eHCTBA OYeBHAHA:
1 1 1

T ymixi 2

oTcona

[pexnonaras renepb, 4T0 HEPaBEeHCTBO CrPaseAIHBO A 1 = ke

1 3 i 2k —1 1

JOKakeM ero CNpaBelJuBoCTL aJa n =k + |, T. e. n0Kaxem, 4rO
5 2k —1 2k +1 1
6%k %kt eSVmiae )

—

2k 4+ 1 )
YMHOXKHB HepaseHcTBO (a) Ha 9% § o+ Noayunm:

5 2%—1 2k+1 1 2 + |
"6 T2k R+ 2S Y1 2kt 2

OcraeTcs A0K83aThb HepaBEHCTBO

1 LES W
V3r+1 20+2° Y3k +4°

Ywuoxue ero Ha (2k + 2) V' 3k + 1 V3 +4 u soseoga ofe gacTu
no.nyqex-moro HepaBeHcha B KBallpaT. no.nyun:

(2k + 1)2 (3k + 4) < (2k + 2)2 (3% + 1),
3 ]
12k3 + 28k2 + 19k 4- 4 < 12k% + 28k 4 20k 4- 4.

MocrlegHee HEePaBEHCTBO O49eBMAHO, TaK Kak k > |
ATHUM A0KA&3aHO, 9T0 HEPAREHCTBO
! 2n— | < 1
2° 2n Van+1

3
=

crpaBefJHBo AJlf BCEX 1.
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5. lonaras B nepasencrse 3alayd 4 n = 50, noayunm:

13 0® 111 1
2 4 100~ 350 +1 YI51  yu4s 12°
6. Monarag y = 6—x, x = 6 — y, MBI CBeAeM 3aRayy K HaXOXjAe-
HMIO Hanbonbluero 3HadeHns PyHKOHH
(6—y) 4 = 657 — g
npu 0 < y < 6. lNonaran sateM y? = 2, NoayuuM ¢yHKOHIO
3
62— 22

Hap6oabilee 3HayeHHe KoTopofi (cM. 3amedaHme B KoHme 3agaus | § 4)
pasHo
3

3 6\ 2 1
(7— 1 )(—i>—3——l= —2—-43=32_

2)2

R JOCTHraeTca B TOYKe
1

(5N,
- (3)-
P]

Pyukuna 6y — y? npuunMaeT HaHGoAbulee 3HAdYeHHe B TOYKe
y = 4, H 3T0 3HayeHue pasuo 32.

Pyuxnna x (6 — x)¢? npuanaMaer danbosbliiee 3HaveHHe 32 B TOukKe
x=6—4=2.

7. O6bem xopoGkm (cM. Ha cTp. 32 puc. 4) paseH

V=x(a—2x)=4x(a—x)2 0<xr<a

MNonaras y = a—=x, Yy =2, NoJyuum:
3

V=4@z—29.
3

HanGonbiwee 3nauentne QyHxKumn az — 2 2

1

.- (3)= (%Y.

2

ROCTHTaercd B TOouKe

CnenosatesbHO,
2a 2a a
y=3, r=a—7 =3

Taxnm o6pasoM, 06beM KOpOOKH OyneT HauGOMbUIHM, eClH AJHHA
CTOPOHb! BhHIPE3aeMOr0 KBAajpaTa B WeCTb pas MeHbille AJHHH CTOPOHH
RAaHHOTO KBanparta.
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8. Haumenburee anasenme dynkunu x8 4- 8x3 + 5 pasuo 5 u mocru-
raetcd npy x = 0.
9. lMonarasa y = x2, CBeXeM 3anady K HAXOKACHMIO HaMMeHBLIEro

3HaYeHNA GYHKIHH
P—8+5

AAA TMOJIOXMTEJbHBIX 3HAYEHHHA y.
B 3agaue ! § 4 MM R0Ka3ajy, 4TO HaHMeHbllee 3HAuEHHe QyHK-

oHH y3 — 8y paBHO

3 3
8 \i—1 82 .
1-9(g) =—25=-2E
3

HanmeHslee 3navenne pyHruus 43— 8y + 5 paBHo

~2§i‘i+5=—3,6...

10. Tonaras y = x*, noayunM GyHKIUHIO

1 1
y-——aya=a(-‘:—y _VE), a>0, -;—> 1.
1 1
B cuny 3afagn | § 4, nanboaburee 3naqeHHe QyHKUMH Y — y*
pasHo

8 "lm...

NG 1 1
| a 1 l) i)‘l“_l—aaﬂ
il | B “le” Jla T Ta \a :
a
YMHOXas NoC/JenHIO BeJBYMHY HAa a, Mh H HaltneM HauGoibluee 3Ha-
1
1 o
yeHHe GyHKUHH a(Ty—— y ], Kotopoe, creloraTenbno, pasHO
]

1 1
—— 1 + — —
1—a)—- (—i—)"‘“' =(1— a)(%) e —w (—;—)““.

’
— 1
11, dynxnua Yx—2x, x>0, o =—3, « =2, HMeeT HanGOMb-

mee 3HauyeHne, paBHOE
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CrenonatensHo, ana scex x > 0 cnpaaerl.uuao HEPABEACTRO
3
Vx—2x<, —, WIg l/xg + 2x.

12. 3anuwenM HepaseHctBo (7) §2 B BHAE

n+1
( + > <e (n+ D? <en”

n

Ecmnn>3>e¢ 10
(n+ 1 <en < 2n" < an® = n"*¥h

1
Bossona ofe 4qacTh nocjaeaHero HepaBeHCTBA B CTeN€Hb n(T-{T_l—) ,

noJysnM:
+1

n
Vn+

n o——
l<yn.
_ 6 _ 6 _ 8 _ s
13. Tak kak 1 < V2 = VB < VI =V3, 10 V'3 uanGonbimee
3
w3 amcen 1, V2, V3. C apyrof cTopoHu, B MpenslAylieil 3a1aue Mb!
3 4 1
nokasanm, ato uncaa Y3, V4,...,.Vn, ... vousaor. Cnenosa-
3 3 a
renvho, V'3 — nanbonpmee u3 ncen 1, V2, V3, ..Vn, ...
n
14, Monoxua Vn=1+a, o, >0 Bossons B crenens n, uo-
Y9N
"

n=(l+ ot =+ R

n
MNpenanonaras, sro n > 2, -5 > 1, HA OCHOBaHHW TeopeMbl 3 ToAyaHM:

"

(l+a,,)7>l+_2':_a,,’n>(l+_2.a) 1+na,,—|—.__cz

Orciona crenye1, 910

’l/__ 2
= 1 ——
Yn=14a,< +Vn

Npumeuvanue [loasayscr Aunuomom Heworona, Jerko npo-
BEpPHTb, 410

ll— ?
Vrl<l+ e



B camom gene

5 \n 5 _
(1+]/_2_>.__1+,,1/3_+"_<H_J1+,,,>
n n 2 n
nn—1) 2
>l+——(—2——4—n-=n.

- 2
Va <1+ '/T
15, pp n =1 n a; > — 1 HepaBeHCTBO O4YEBHAHO:
14+a >14a,.
[lpeanoioxnM, UTO HepaBENCTBO CNPaBeANHBO AN A=k, T. e.
l+a)(4ay...(l tag>1+a+a+ ... +a
Ymuoxus ofe uactd uepasedcisa Ha (I + ag (), nonyuum:
Q+a)(l+a)...(0+a)(l +a,,)>
>(l4+a+am+.. . +a)ll+a,, )=
=l4+a+...Fap+a,, +00p + 00+ ..+ ARl

Tak Kak uHcaa @y, Gy, . .., G, Ay, OAHOTO 3HAKA, 10

Orciopa caeayer, ato

Dy + Qg+ oo+ 08y > 0
H, cJjefoBaleNbHo,
+a)y(d+ay...(l+apy(l+ap)>1 +a+art o +Hap+apy,,

1. e. HEpPABEHCIBO LOKA3aHO W A n= Kk 4+ 1,
StuM 3aBeplIeHO AOKA3aTe/bCTBO COPABEANHUBOCTH HEPABEHCTBA

U+a)(l+ay...d+ag)>1+a+a3+...+a,

AJIA BCEX 1.
16. Ecan mnrorownen (a;x — 0))2 4+ (@t — by)? + ... + (apx — b,)?
uMeeT AEHCTBHTIENbHB KOpeHb X = x(, T. €,

(@) — b)Y + (ayxy — bl + ... + (g — bp)2 = 0,

TO KA:KAO0E W3 YHCEN )Xy — by, Qpxy — by, ..., dpxy — b, DABHO HYJIO,
T. €
O=ax,—b=ay,—ba=...=aux — by
X1=21_=—2-= ...=_”_.
a; as a,

D1¥M MB A0KA3aJIH, YTO MHOTOUNEH
(@ — b)2 + (@x — b2+ . .+ (@ux—by) =
= x2(af + af 4+ ...+ tti)—?x (@16, +azbs + ... +a,by) +
+( 6+ b5+ ... + bY)
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He MOXel #MeTb JABYX pa3sJjHYHbX AeficTRATENbHBIX KOpHEﬁ, 4, CJieno-
BatetHO,

(@0 + asby + ... Fagbp—(af + ...+ ad) (O] + ...+ B]) <0
Otciofa # caenyeT Hepapescteo (19)

@01+ @by + ... +anba < (G+ait ... +al)( b} +h3+ ... +b]),

3ame'mM, 9TO 3HAK pAaBEeHCTBA HMeeT MeCTO, TOJbKO KOrja pac-

CMCTPeHHWIi HaMW MHOrouJieH wMmeel nefiCTBATENIbHLIN KOPeHb, T. €.
goraa

s|e

B _
v b )

17, Moabaysicy mepagercreom (19), nosaytum:

cf=(a1+a,+;...+an)"=(%_}/_ln__+m+%7’n=)’<

2 2
4 ) e, I I 1Y _
<(—+7+,,,+—n—)(—u-+7+.-.+—’—‘-)—

n

Orciona cJaenyer, uto
0 < 0y

(cpenuee apudMeTRUECKOE He MPEBOCXONNT CPeNHEro KBAAPATHUECKOro).
18. U3 HepasencTra

WVaFl+Vn—=1)l=n+14+2)yi=l+n—1=
=2+ 2Y 0T —1<21 ¢ 2y n? =4n

cnepyer, 4ro

YVn¥i+yYa—1<2yn,
1

1
oVr - Vartl+Va=1l
VaFi—ya=i _VaFi—ya—=1
WVrrt+Va=DWn+1—Va—1) 2

YmHO®Kas Ha 2, MONyYHM:

#dm-yr_—n.
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19. [losaraem B HepapeHcTee ynpaxueHus 18 n=2, 3, .., n

1
—=<¥y3 -1
Zh '
1 -
1 44—y 2
V3 <V f»
1 —
'—4=<V5—V3,
1 — _
°“5=<V6"‘V4J
1 — -
i/—?l:<]/n+l—]/n~—l.
CrnoXus HANHCAHHWE HEPABEHCTBA, MONYUHM:
| 1 1 —_— — —

—_—t ..., —_— 1 — —1.
V2+V3+ +Vn <Vun+l+¥Va—y2 —1
IMpuGasae no 1 k ofenM Y4CTAM HEepPABEHCTBA, OKOHUATEJAbHO HafiAeM:
1 1 1 1 1 —_ —

l —_—r—— ——— —_— = —r— e — l — R
tYEtyEtyEtEt ot <Va+ri+ya-—-Vy2

MMpumeaanne B § 1 6uso gokasaxo, 9to
1 1 1 — —
1 —_— == ... —=>2¥Vn 1—-2y 2 .
tyE et +Vn>V+ V2 +1

Yuena Va+1+V n—yY 2 a2¥a+1—2Y Z+1 orannaoresn
Ipyr or apyra medee uem Ha 0,42. Kaxnoe H3 3THX uaces MoxkeT Guith
83570 3a NPHOJMIKEHHOE 3HAYEHHE CYMMbi

1 1 1
b —=—4 —==+... + = =2,
FE YRt =
Otmersm Ge3 nokasatenpctsa, 9to unedo Yn+ 1+ Y n —y 2
MeHee OTIMTACTCH O THCA2 Z, HEM dHCIO 2V n+1—2Y2 +1.

X
20. dynkuas ;7 p MPUHHMAET OTPHIATeNbHME SHAYEHHR MpH

< 0. CnenosartesbHo, Haubohbllee 3Hagende (QyHKUHH AOCTHraeics
AIs NONOKHKTENbHHX sHayeundt x.
Tak xak

B I
xt + 5 1 ’
5(-5—x + x3
TO HauGobmee sHAYeHHe (YHKIHA LROCTHTaeTcA B Tofl e TOuKe,
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1
B koropoit QysKNHA “FX + 3 mpHHNMaeT HawmeHbuee 3HaucHne. U3

3agaun 5 § 4 chAeayer, 410 HauMebluee 3HaueHue I0R QyHKURH PaBHO

=
1 \=31 3
5 V1
(l+3)(§) =4(ﬁ) .
x4
HauGonbwee 3nauenve QyHKUABR 3¢ PABHO
2
1 154 15 3
1 = 'é—o' = = =y

) 4 ¢
015 W16

ol

UYro6m HaliTH Hanboabwee 3Hauende dymnkuumu x8 — 0,6x'0, nosomuM
y = £5 $lcuo, uto y > 0. Pynkuns
10

10
y—06y° = O,G(Jﬁﬂy—y")

npuaMMaeT HARGOJbLIEE 3HAaUEHHE (CM. 3ajavy 1 § 4), pasHoe
10
6

10\ 5~

10 6
0,6(—6———1) _l—g = 0,4.
6
21, llonaras B aToft 3ajaue y = —3, NOJNy4HM:

-4
q

- a
Vx +5r= + ay.

Hanmenbiiee 3uauenne GpyHKuUug y +ay, Kak 370 cRepyer W3
3agaud 5 § 4, paBHo

Monaran —- (4a)3 = 2,5, noayunm:

1
(40)® =2, 42 =132, a = 8,
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1 1 1 1 1
22.8:1-——274——3;——-7;;—%'?{‘—“?;4-....

1 1 1 1 1 1 1

=|l+t+tm+mgtEteEt.-- ~2lg t+ g +6_3+"')=
1 1 11 1 2 1

={l+mgt+gtagtErtegt - —& I+ 57 )

(Mbi BOCHOML3OBaAHCH HepaBeHcTBOM (27)).
23, Tak kak & > 0, To @ + 1 > | B, creaoBatentHo,

1\l+a 1 a

1\l+a l4+a
(l—'n') >lP 7 .

14+a

+ a8

YMHOXaA 3TH HepaBeHCTBA Ha
(n+ D>l L (1 + @) n®,
(n__ l)l-l-d > n|+a__(l + a)n“-
M3 31HX HepaseHcTB cJelyer, 9To

I+a __ (p __ IN+® l+a __ 140
n (n—1) <n®< fn+]) n'te
14¢ l+a

» MONYIUM:

3anuireM 5T¥ HepaBeHCTBA NpH 3HadYeHusx n=1, 2, 3, ..., n:

t+a _
1 <1<2 l’
1+a l+a

2l+a_l - 3l+a__21+a

1l +a < i+a '’

...............

At — (=)' e (at )Y —alte
1+ o 1 +a
Caoxus #X, HOJYy4IHM:
l+a t4a 140
n o (n+1) -1 _ (n+1)
1+2¢ s+ n® .
Tge 1T HE 4 < — <1

24, W3 nepaBeHcTB ynpaxHenwus 23 ciepyer, 4To

| 1 \14+a
1 14+ 2%+ F+... 40 (+")
T+ea < alte <7 1ra
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1
JleBas 4acTe NOC/EAHHX HEPABEHCTB €CTh NOCTOAHHOE YHCAO [ o~

o Koraa n cipe-

MATCA K Geckoveudocts. CJaefosarte]bHO, H CpefHAf 4acTb HepaBeHCIB
CTPEMHTCA K TOMYy Xe npepely, T. e.

{
a npasa# 4acTe CTPEMHTCA K mpeneay, pasHOMY [

lim 142 4+3%+...4n* _ |
n—+co nl+a l+a.

25. Beeapem o6o3nadenns
B=ad+a+.. . +ad B=0}+06]+...+0}
C3=c?+cg+...+ c?,,

an b1 bg bn
yeem Xp=T4 W= B2= g o0 Yn=

n R

a
Xy = Z‘: Xq=

! &1 __Cn

=g, B=Fr - =00

Ha ocuoBanun nepasexcts (10) umeem:
3
g+ +3
3 ?
cRTHYE
3 s

a,blcl= ABCx(ylzl < ABC

a,b.c, = ABCxgyq29 < AB

Qnbac, = ABCxpyp2y, < ABC —————.

CnoXkHB BuINACAHHBlE HEeDABEHCTBA, NOJAYYAMI

(a,blc, -+ agb‘)Cg F+ oo+ a,,b,lc,,) <

Brdr.+82 Brdri+4

z?+zg+...+zg)

3

_y‘ll!'lblBail BBefieHHHE 0603HaYeHHs, Jerko NoACUHTaTb, 4TO

al + 4. tad A
ER T R ha. M

3 ’
yf+y3+.--+y,3.=l, Z?+ 23+o--+z?z=1-
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ChenorarensHo,

@bic, + asboco + . .. + apbucy) < ABC (-%- + -%- + %) = ABC.
Boseoas B KyG o6e 49acTH HEPAREHCTBS, OKOHYATEJNBHO NOJyTHM:
(@1b16y + asboCy + - o« + 8ubucy)P < ABBCE =
=(d+g+ .. +a)(of+ 83+ ..+ )+ G+ ... +D).

26, BuinuumeM HepaBeHCTBd (24) A/ pas/iHYHHX SHAYEHAR n:

| nil _l { n
== <F <=
lnn+2 1 ln“+l,

n+|<n+l< n

kn + 1 _l_ kn
kn < FEn <1nkn—l'

In

Crnoxvs 3TH HEPABeHCTBA, NOJYYHM:

m+D+2)...(kn4 1) 1 1 1
In a(n+ D...kn <HtRritootE <
non4d kn
<in n—1 n "'kn—l}'
1. e
kn + 1 1
In n =In(k+7)<

1 1 1 1 kn —1nlk k
<n+n+l+n+2+"‘+kn <mn—l“‘ S Gy g
1
Ecau n crpemarca k OeckoHeaHocTn, To In (k+—n—) cTpeMuTes K In R

8 In (k + r—z?l) crpeMuTcs Kk sTomy e npefeny. Chefosatensro, wu

R 1 1 1
1 —_ —\_
,..I.Tn(n +n+l+u.+kn)—mk.
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