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NMPEAHCIIOBUE

* MHOroskcTpeMaJsbHbe 3aJauH, METOAH pelleHHs KO-
TOPBIX pPacCMaTpHBAIOTCA B 3TOH KHHUre, IIHPOKO BCTpeya-
I0TCSl B NpHJOXKeHHsX. Tak, Hampumep, MHOrue 3anaud
annmpoKcHMaluy, SBIAIIIHECS XapaKTePHHIMH NpH MpPO-
eKTHPOBAHHH PaHOTEXHHUECKUX YCTPOHCTB, 06/1afal0HX
3aJlaHHBIMH YaCTOTHBHIMHM HJIH BpPeMEHHBIMH XapaKTepH-
crukaMH (cM., Hanpumep, . U. Barumen [1]),
a TaKxXe MHOTHe 3aflauH OTLICKAHHS pellleHHs CHCTEM He-
JIHHEHHBIX ypaBHeHHA MOryT OBITb CBELEHBl K MHHHMH3a-
MM HEKOTOPOH HEeBSI3KH, KOTOpas 4YacTO OKashlBaeTcsl
MHOT03KCTpeMaJbHOH. MHOrosKcTpeMasbHble 3ala4d MO-
I'YT BO3HUKATb M NPU MUHHMH3ALHH JOCTATOUHO MPOCTHIX
(HanpuMep, JHHERHBIX) (QYHKUMH, ecau JAomycTHMas 006-
JlacTh, ONpedelsieMass OrpaHHYEHHAMH, ABJAETCS HEBbI-
nykmoii. ClefyerT Takxe OTMETHTb, UTO HeH30eXHbEe TpH
NpaKTHYECKHX BBEIYHMC/IEHHSX MOrPEIIHOCTH MOryT NaBaTh
TaKO# Ke BBIUMCIHUTENbHBIN 3ddeKT, Kak ecan Ob cama
MHHHMHSHDYeMasi GYHKUHS ABJIATACH MHOTOSKCTpEMalb-
Ho#t (cm., Hanpumep, H. H. Mouceesn [1]).

B ykasaHHBIX 3amauax (cm. tTakxke M. b. Moukyc
[1]) o6BuHO HenOCTAaTOYHO OTBHICKAHHS HEKOTOPOro JO-
Ka/JbHOro pelleHus, 160, ¢ OLHOH CTOPOHHI, r/i06asbHOE
pellieHHe MOXeT J[aBaThb CYIIeCTBEHHBIHl BBIMIPBILI IO
CpaBHEHHI0 C_ JIOKa/JbHbIM (HampuMep, ri06ajJbHO OMNTH-
MaJbHas KOHCTPYKIHS, onucaHHasa B pa6ore B. I1. M a a-
koBa u P. I. Ctpouruuna [1], na 35% uaerue, yem
JOKaJbHO ONTHMAaJbHasl), a ¢ APYrod CTOPOHH, B psafe
3ajilay (HanpuMep, NMPH peIIeHHH CHCTeM HeJHHEeHHHIX
ypaBHEHHH) HCKOMbIE BeJHUYHHE ONpee/saioTcs JHIIb Ye-
pes rao6anbHoe peueHue. [Tocieanee BepHO, B YaCTHO-
CTH, H JIJSl TOJyyalouux Bce Gojiee IIHPOKOe PacmpocT-
panenne (ocoGenHo mocie Bhixoga Kuurm 0. B. T'ep-
Mefiepa [1]) MakCHMHHHBIX IOCTaHOBOK, IIOCKOJIbKY
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BHYTPEHHHH MHHHMYM B MaKCHMHHe JO/KeH OHITb IJIO-
6a/JbHBIM (MHaue NponafaeT CMHCJ TapaHTHPOBAHHOTO
pesynbrarta).

[lepBrie MOOXODH K peIIEHHI0 MHOTO3KCTPeMaJsbHBIX
3alay OBLIH CBSI3aHBl C MOMBITKAMH OOOGLIUTH METOIB!
JIOKaJBbHOA ONTHMH3alLUHd Ha MHOTO3KCTPeMaJsbHBIH CJay-
yall (KpaTKoMy 0030py TaKHX MOLXOZOB mocBsuleH § 2
ra. I). Bosiee Mosooe HampaB/aeHHE COCTOUT B NOCTPOe-
HHH onTHUMaJjbHBIX MeTomoB (cM. § 3 ra. I). Tlpu atom
BaXHAa He CTOJbKO caMa ONTHMAaJbHOCTE METOAOB B TOM
HJIH MHOM CMBICJIE, CKOJbKO NDHHIHIN BBIBEJEHHS aJro-
pPHTMa H3 HEKOTOpPOH MaTeMaTH4YeCKOH IOCTaHOBKH 3a-
Jaud, B NMPOTHBOBEC BHeCEHHIO FOTOBOH cXeMBl MeTOna
C NMOC/TEYIOLIHM ee H3yUeHHEM.

B Hacrosiiee BpeMsi HHTEHCHBHO Da3BHBAIOTCH ABe
BEeTBH TaKOr0 NOJXOJa: IOCTPOEHHE MHMHHMAaKCHBIX aJl-
ropuTMoB (OGBIYHO B NPEATIONOXKEHHH JUNIIHIEBOCTH MH-
HUMH3HPYeMOH (DYHKLHH) U BBIBeJeHHE aJIrOPUTMOB (OI-
TUMaJIbHBIX B CPEJIHEM) H3 HEKOTOPHIX BepOSTHOCTHHIX
npeanosnoxeHuii o Gynkuuu. Ilepsoe Hampas/eHHe OT-
paxeno, Hanpumep, B Kuurax 0. B. Fepmeiiepa [1]
n A. T. Cyxapesa [1]. PesynbraTol, OTHOCSIIHECH
KO BTOPOMY HampaBJIeHHIO, MO CYIIECTBY, OCBEIIEHH
JHUIIb B Psfie XKYpHaibHBIX craTell. Hacrosmas Kuura
IpeacTaBasieT co6O0f MOMBITKY HECKOJNBbKO BOCIOJHHTD
3TOT NMpo6es M ILEeJHKOM IOCBslleHa OJAHOMY H3 IepBbIX
BEPOSITHOCTHEIX TOAXOJAOB K 3ajauaM OThicKaHHA abco-
JIIOTHOrO 5KCTPEMyMa, MoJyYHBIleMy Ha3BaHHe HHpopMa-
IIIOHHO-CTaTHCTHYECKOrO NOAX0Aa.

®opmupoBaHue ykasanaoro moaxoxa (lO. M. Hei-
mapk u P.T. CtpoHrun [1]) 6bl0 BEI3BaHO CTpeM-
JeHHeM HalTH Tako# (opMasibHBIN “A3BIK IS ONHCaHHS
anpHOPHBIX NPEANONOXKeHHH O MHOrOIKCTpeMaJsbHOH 3a-
Jaue, KOTOPHIH MO3BOMUI OBl Pa3BUTh AOCTATOYHO 3D dex-
THBHHI KOJIHYECTBEHHBIN ammnapaT NOCTPOEHHS OILeHOK
SKCTpPEMyMa MO pe3yJbTaTaM BBIYHCJIEHHH 3HaueHHH omn-
THMH3HPYeMOH (DYHKLUHH B psfie ToueK 06JacTH onpefe-
JeHus. DTy 3amauy B ONpeJeNeHHOH CTeNeHH ynanoch
pEIINTb, HCNONB3ysl HEKOTOPhie BEPOATHOCTHblE MOJE/IH
(§§ 5, 6 ra. I), onHako (aKTHYECKHH BEIBOL TNPOCTHIX
QIrOPHTMOB OCYLIECTBJICH JHIUbL JJfA OJHOMEPHOro ciy-
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yag (ro. II). las peumreHusi MHOrOMepHbLIX 3ajgad Hc-
NoJMb30BaH MOJAXOM, XapaKTepPHBI N/l MHOTHX pasie/ioB
BHIYHC/IUTENBHOH MaTeMaTHKH,— MHOTOMepHas 3ajaua
NPUBOJNUTCS K OLHOMepHO# 3ajaue (MM K HOCHeNOBa-
TeJNbHOCTH OJHOMEPHEIX 3afau). B KHHUre paccMOTpPEHH
J(BE CXeMBl TAKOTo NMPHUBENEHHA: CBelleHHe K MHOrouaro-
Boit 3amaue (§ 2 ra. III) u penykums pasMepHOCTH NpU
nomorniy passeptok (§§ 3 u 4 ra. III).

Henbto KHUrH fIBAsSieTCH, C OJHOH CTOPOHBI, O3HAKOM-
JIeHHe WIMPOKOro Kpyra uHrarejell ¢ HOBHIMH UHCJEHHBI«
MH METOJLaMH pelleHHfl MHOIO3KCTpeMaJbHHIX 3ajady,
NpOUIeJIIHMH MpaKTHUecKyl0 anpobauuio, a ¢ ApYrofi
CTODOHHI, NPHBJEYEHHE BHHUMAaHHUSA CHELHaJHCTOB K BO3+
MOXKXHOCTM HH(OPMALHOHHOTO MOAXO0Ja, YTOOB CTHMY-
JIHPOBaTh pa3paboTKy HOBHIX MeToJ0B. OrpaHHueHHOCTb
o0beMa KHHTH He MO3BOJIH/IA PAacCMOTPETb BCe 3ajlauM,
B KOTOPHIX yaJOCh YCIEUIHO HCNOJb30BaThb NpeaJsarae-
MBI mojxonx (ABe TakHe 3aJaud KpaTKo 06CyXKAaOTCA
B pononHeHun). [lo To# Ke mpUYMHe NPH ONMCAHHU al-
TODUTMOB B psilie C/IyyaeB yKa3aHHl JHIIb CAMH BeJIHYH-
HBI, HCHOJIb3yeMble Ha KaxXJAOM luare, 6e3 oO0Cy:KIeHHS
3¢ (dEKTHBHBIX PUEMOB HX BhlUHCAeHHA. CCHIIKH HA ONH-
CaHHfl CTAaHLAPTHHIX NPOrpaMM, peaH3yIOIHX HEeKOTO-
pble U3 ONMHCHIBAEMBIX METOAOB, W MX NpPHMEHeHHs JeJa-
I0TCSl MO0 XONy H3J0XKeHHA. B KHHre Mcnosnb3oBaHbl 06-
nlenpuHaThe 0603HauYeHUA M OOBIYHAf CHCTEMAa CCHIIOK
Ha ¢opmynbHeie Bhipaxkenus. Hampumep, (1.2.4) yka-
3bIBaeT Ha uverBepTylo GopMyJay M3 BTOporo maparpada
nepsoii rmaBbl. CHMBoal E(X) O3HAuaeT LeaYI0 4acTb X.

B sakmioueHHe s CUHMTalD CBOMM INPHATHBIM [OJIOM
no6aarogapurs H. H. MonceeBa 3a HWHHUHATHBY Ha-
NHCaHUS 3TOM KHHUMH M BHUMaHHe K Moell pabore.

P. I. Crpoueun




FITABA :

O NOJAXOIAX K MOCTPOEHH
YUCJIEHHBIX METOAOB
PEIEHHA MHOTO3KCTPEMAJIbHBIX 3AAY

§ 1. 3anauu HA JOKAJbHBIH 3KCTPEMYM
M MHOrO9KCTpeMaJibHble 3aJa4H

Mertoapl ONTHMH3AIMH, PACCMOTPEHHIO KOTOPBIX MO-
CBsllleHAa 3Ta KHHra, NpefHa3HauyeHBl AJfA DeLIeHHs cle-
ayouieli 3agaun. Ilyctb @(x) ecTb AeHCTBHTE/bHAA
dyHkuus, onpefenennas B runepky6e D N-mepnoro es-
KJAUI0Ba mpocTpaHcTBa RY, T. e.

D={xeRV:a,<x<b, 1<i<N}, (L)

rae a, b=RY ecth 3anaHHbBle BEKTOpH], H NYCTb B TOUKE
x* (mpeamosiaraercsi, uTO TaKasg TOYKA CYIIeCTBYeT)
GbyHkuus @(x) AOCTHraeT MHHHMAJAbHOTO 3HAaYeHHS Ha
MHOXKecTBe D, T. e.

@ (x*) = min g (¥). (1.2)

Tpe6yercsi MOCTPOUTD OUEHKY X, & D Toukm x* (m1sl He-
KOTOPOrO MPHHSTOrO NOHATHS GJH30CTH, HANpPUMeEp, UTO-
ol flx* —x,)l < e wm |@(x*) —@(x,) | <e, rue e ectb
3aJaHHAsT TOYHOCTb) Ha OCHOBE KOHEUHOro yuc/ia R 3ua-
YeHHH (YHKUHH, NMOCTeLOBATENbHO BBIYHC/IEHHBIX B BB
Gpannbix Toukax obmactn D. Ilpu 3TOM pesy/ibTaTOM
onepalmud BHIYMC/IEHHS 3HaueHHs GYHKUMH B TOUKe
xi=D (B manbHefilleM 3Ta Onepauds HMeHyeTCs UCHbl-
TaHuem B Touke x!) B obuieM c/ayyae SIBJASIETCA YHCJIO

Lo d=e(x) +T, 1<i<E (1.3)

rie §i ecTb MOrpelIHOCTh i-TO HCHBLITAHHS (B TOM 4YHCTe
cayualiHasi MOTPeLIHOCTh, BO3HHKAlOLLasl, Hanpumep, Npu
OlleHKE 3HaueHHs (DYHKUUH NyTeM CTaTHCTHYECKOro MO-
IeNHPOBAHHA), NpHYEM MOC/Aef0BaTeNbHOE IIPOBELeHHE
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HCTIBITAHUH INpeamosaraer, uto Touyka X! Moxer OHTb
BhG6paHa ¢ yueToMm pesyabTatoB 2!, ..., 2! npeauecr-
BYIOIIMX HCOBITAHHH.

Pasymeercs, yT0 MHOrHe ONTHMH3ALHOHHBIE 3aJa4uH,
BO3HHKAIOIIHEe B MNPHJAOXKEHHSX (BONpOCaM MHOCTAHOBKH
3a7lay ONTHMH3alHUH NOCBsIEHa ofLIMpHAsl JUTeparypa,
B uacTHocTH, KHUrY H. H. Monceena [1], U. B. Mou-
kyca [1],. M. OcrtpoBckoro u IO. M. Boauna
[1] u MmHorme apyrue), B cBOell (OPMYJHPOBKE MOTYT
orauyateest ot 3amaun (1.1), (1.2). Hanpumep, mHOXeCT-
BO, CcO/leprKalllee ONTHMAaJbHYIO TOUKY x*, ompejessiercs
Gosiee c/I0XKHBIMH ycaoBusamu, uem (1.1); 3agmaHo He-
CKOJIbKO DYHKUHH @1(%x), ..., m(X) ¥ B paMKax u3dyyae-
MOH NPHKJIAJHON 3aJauyH JKeJaTeJbHO OGeCNeyHTh MHHHU-
MaJbHOe 3HAYeHHe KaXAOH H3 5THX (QYHKIME U T. I.
OnHako, ecaM BOCHOJb30BATHCA METOAAMH IITPaHBIX
GYHKUMN (M3J/I0KeHHBIMU, Hanpumep, B KHure A. @ u a k-
kKo u I Mak-Kopmuka [l]), Metonamu cBepThiBa-
HHA HECKOJIbKMX ONTHMH3HPYeMBIX (DYHKUMH B eNHHHIH
CKaJsApHBLIA KpHTepu#l (noApoGHOe pacCMOTPEHHE KOTO-
peix mpoBesieHo B kuure 0. B. I'epmeiiepa [1]),
a Takxe JADYrUMH NpHeMaMu (cM., HampuMep, KHHUTY
IO. Y. Batuumesa [1]), To B GoablIOM unc/Ie clyyaes
YHCJEHHBIH aHa/Iu3 TaKHX MOJesed MoxXeT OhITh CBeleH
K pelleHHIo 3afa4u (HMJIH NOC/JeI0BaTeNbHOCTH 3a/ay) BH-
aa (l.1), (1.2). Takum oGpasom, 3agaua (1.1), (1.2)
fBJIleTcsA J0CTaTOYHO obLieit.

TpyanocTb uHCIEHHOrO pellleHHst cHOPMYJNHPOBANHON
3ajaun CBs3aHa ¢ TeM OOCTOATENbCTBOM, 4TO HCKOMasl
Touka x* ABAAeTCA HMHTErpajbHOH XapaKTepHUCTHKOM
(yuxuud @(x) B objacti D, Tak Kak LJs OTOXKIECTBJe-
HUSI HEKOTOPO# TOUKH C TOYKOH HAHUMEHBIIEro 3HauyeHHs
Heo6X0JHMO COMOCTAaBHTL 3HaueHHe GYHKIUUH B 3TOMH
TOUKEe CO 3HaueHHAMH (DYHKIHH BO BCEX OCTAJbHBIX TOUY-
kax ob6nactu. OTciofa caelyer, 4TO BO3MOXKHOCTb pe-
[IEeHHs] 9KCTPeMaJIbHBIX 3ajJay (QYHIaMEeHTaJbHO CBf3aHa
¢ HaJHuMeM JOCTaTOYHOH amnpHOpHO!l HHPOPMAUHH O
CBOHCTBAX MHHHMH3UDyeMOH (GYHKUHH, NOCKOJBKY AJs
NPOH3BOJIbHON HenpephLIBHOH HeHCTBHTeNbHOH (QYHKUHH
npu Jg060# 3a1aHHON TOYHOCTH (NO KOOpAHHATAM HJH MO
3HauYeHHI0 (QYHKIHH) OLleHKa MHHHMYMa BooOule He MO-
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sKeT GbITh MOCTPOEHA 1O 3HAYEHHSAM (QYHKUHH, BBIYHC/IEH-
HBHIM B KOHEYHOM NOAMHOXKECTBe TOYeK 00JacTH ONpene-
JIeHHS.

OIuH U3 MHTEPEeCHBIX B NPHKJAaJHOM OTHOLIEHHH CJY-
yaeB, paccMaTpHBaeMb#i MHOTHMH aBTOpaMH, CBA3aH C
npeanooxkeHueM, uto B o6aactd D cyuiecTByeT eIMHCT-
BeHHasl TOuKa x*, B HeKotopo#i okpectHoctH U (x*) xo-
TOpO# cnpaselHBO C

o(x*<g(x), xaDNU(x*. (1.4)

dynxuun, obnajamiie TaKuM cBoficTBOM, OOBIYHO Ha-
3BIBAIOT O0OHOIKCTPEMANbHOIMY, WIH YHUMOOAAbHELMU
(3amMeTuM, 4TO IS HeNpephBHOA (YHKIHH @ (x) TouKa
x* 3 (1.4) Heo6x0aHMO ynoBIeTBOpsier ycaosuio (1.2)).

Ecan ycuautb Tpe6Gosanue (1.4), Hampumep, mpea-
noJiaras BHINIYKJIOCTh (M B pAde ClIydyaeB Ty HIH HHYIO
cTeneHb AuddepeHUHpyeMOCTH), HIH KBaAPaTHYHOCTb,
WIH CHJBHYIO BBIIYKIOCTh OYHKUHH @ (x), TO MOXKHO
nocTpouTh 5MEKTHBHbIE UHCACHHBIE METONB MHHHMH3A-
IIMH, OCHOBAHHBEIE JHOO HA reoMeTpUUECKOH HJee rpanu-
EHTHOTO CIycKa, Ju60 Ha HCIOJIb30BAHHH HEOGXONMMbIX
¥ JOCTATOYHHIX YCJOBHH sKcTpemyma. OnucaHHs Takux
METONOB, UACTO HA3LIBAEMHIX [OKAAbHOLMU MmeTOodaMiL,
¥ MHOTHe Pe3y/abTaThl HX H3yueHH B HacTosllee BpeMs
WIHPOKO NPOHHKAH B YyueGHyIO JHTepaTypy H B KHHIH,
npefHasHaueHHble /s WIHPOKOro Kpyra YHTaTesed (cm.,
nampumep, H. C. baxBaJnos [1], ®. II. Bacuabes
[1], P. TaGacos u ® M. Kupunnosa [1],
B.” ®. dembsnoB u B. H. ManosemoB [1],
A.II. Uobpen B. M. Tuxomupos [1], B. . Kap-
manos [1],B. H.TTmeHHYHbH H I0.M. laHuauu
[1], a rakxe, nanpumep, 0. Il Anxep u zp. [17,
M. Basau [l1] o rpagMeHTHOH ONTHMH3aUHH NpH Ha-
JHYUH TOMEX H Jp.).

B cayuae, Koraa B oq.nacm onpenenenns D cymect-
ByeT HeCKOJIbKO TOueK Xi, 1<i<im, Kaxiasa U3 KOTODIX

HMeeT CBOIO OerCTHOCTbU (x: ) TaKylo, UTO
o(x)<o®), xeDNU(xi} (1.5)
OYHKOMIO @ (X) HasbBIBAIOT MHO203KCcTpemasorol. Tlpu
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3TOM TOYKH M3 (1.5) Ha3BIBAIOT TOUYKAMH L0KAAbHOIX
Munumymos, a Touky x* u3 (1.2), koropas coBmamaer
C OHOIl H3 TOUeK Xi, — TOUKOH 2406a46H020 WIH a6GCO-
At0THO20 muHumyma. Ecan HepaBenctBo B (1.5) saBas-
eTcsl CTPOTHM TPH X = Xi, TO TOBOPSAIT, YTO X; €CTh TOUKA
U30AUPOBAHHO20 AOKAALHO20 MUHUMYMA.

Cnenyromue naparpadsl HacTosiiell rJIaBbl MOCBSIIe-
HBl KPaTKOMY 00630DY PasMHYHBIX MOAXOJ0B K pelleHHIO
MHOTOIKCTPEMaJbHEIX 32124, IPHYEM 3TOT 0630p He mpe-
TEHJYeT Ha HCYePNbIBAIOULYIO MOJHOTY (YHCIO MyGsHKa-
UM 1O YKa3aHHOMY BONPOCY COCTABJASIET HECKOJIBbKO CO-
TeH). OCHOBHasI LeJb COCTOHT B BBISIBJEHHH CB3H a3«

JIMYHBIX METOMOB C XapaKTePOM IPEANOJOXKeHHH 0 MHO-

FO9KCTpeMaIbHOH MHHHMH3HPYeMoH (yHKIHH,

§ 2. OGo6eHnss METOLOB MOMCKA
JOKAJbHO ONTHMAJbHBIX TOYEK
AJS pelieHHs] MHOTO9KCTPEMaabHbIX 3a1ay

1. O6aacTH NMPUTSIKEHHS! W BbIGOP HAYAJBHBIX TOYEK.
ITycte B HekoTopo#i momo6aactu D;, 1<<i<<m, o6mactu
D w3 samaun (1.1), (1.2) dynkuus ¢(x) spasercas yHu-
MOJANbHON (TOUKY JIOKAJbHOFO MHHHMyMa (YHKIHH

@(x) B momo6aactn D; 0603HauMM uepes Xi), M mycTb
m .
0 Di=D. (2.1)

Torna, npumeHsas o6CyK/aBLUIHeCs BHIILE JOKAJbHblE Me-
TOJbI, Ha3bIBaeMble HHOT/IA TaKXKe METOo0amu A0KAAbHO20
N o 0 .
cnycka, nas 10600 HauaJbHON TOYKHM X;, Jexaled B
nojgo6aactd D, MOXKHO BBIUHCJIHTH COOTBETCTBYIOLLYIO
”*
TOYKY JIOKaJbHOrO MHHUMyMa X;< D;. B c¢BAsu ¢ stuMm
roBopst, 4to nofobaacte D; ABasiercs obaacToro npurs-
*
OeHus JIOKaJbHOrO MHHHMYyMa Xi. Takum obpasom, pe-
IIeHHe MHOTO3KcTpeMaJsbHolt 3amauyn (1.1), (1.2) npm
YKa3aHHbIX MPEANONOKEeHHSAX MOXKeT ObITh CBEAEHO K pe-
IICHUIO M 3ajlay Ha JIOKAJbHBIH 3KCTPEMYM, ecaH 3a]aHo
0 .
MHOXKeCTBO HauyaJbHHIX TOueK Xi & D;, 1<{i{m.
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OpHako 3TO TocaefHee TpeGoBaHHe OKasblBaeTcs
CJMUIKOM CHJABHBIM AJ9 GOJIBIIOrO YHcJa 3ajlay, BO3HH-
KaloI[HX B MPHJIOKEHHSAX (AaxKe uncao m u3 (2.1) obbiu-
HO SIBJfieTCSl alpHOpPH HEN3BECTHHIM), B CBfI3H C YeM IpH
TaKoOM MOAXO0J€ BO3HHMKaeT AOMOJHHUTeJNbHAasd 3ajaya BHI-
Gopa HauaJbHbIX TOYeK. OJIMH M3 MPOCTEHLIAX COCOGOB
COCTOHT B TOM, uTOGH BbIGMpDaTh HayaJibHble TOUKH rpa-
JIHEHTHOrO cnycka mo cxeme Meroga Mownte-Kapao (cm.,
nanpumep, M. H. Bouapos u A. A. ®ennabaym
[1], /1. C. Typuu u B. I1. JTo6au [1]) miu ucnons-
30BaTh B KauyecTBE TAKHX TOUEK Yy3/1bl HEKOTOPOH pery-
nsipHO¥ ceTkH B o6actu D.

ITocko/bKy peanusanys JOKaJbHOroO clycka Aas Ao-
CTATOYHO GOJIBLIOrO YHCJIAa HayaJbHBIX TOYEK MOXKET OKa-
3aTbcsi (BBHAY BLICOKON TPYIOEMKOCTH) MPAKTHUECKH
HEBO3MOKHOH, TO HCIIOJb3YIOTCS Pa3iH4YHbIe CNOCOOH OT-
Gopa MpHEMJEMOr0 YHC/Ia TaKHX TOUYEK H3 BbHIGOPKH 3HA-
YHTEeJBbHO O6oJblliero o6beMa, B KOTOPOH IIPOBOJHJIHCH
pcnbiraHus. TOYKH 3TOH BHIGODKH, MOJyyaeMOH OOBIYHO
no Merony Monre-Kapao (cm., nanpumep, U. M. Co-
6oab [1]), 1u60 cpaBHHBAIOTCA MO BHIYMCJIECHHBIM B HHX
3HaueHHAM (YHKUHH, JU60 HCHOAB3YIOTCA Gojiee CI0XK-
Hble cXeMbl O0T60pa, OCHOBAHHBIE HAa HEKOTOPBIX CTaTH-

* CTHUECKHUX NPEANOJNOXKEHUAX O BEPOSATHOCTHOM pacnpene-

JIEHHH 3HaueHHH (QYHKUHH-B CJAy4yalHHO BHIOMpaeMBIX TOY-
Kax o6JacTH ONpeJe/eHus, UTO MO3BOJSAET HCNOJb30BATh
IpH TOCTPOEHHH TAKHX CXeM MAEH TEODHH CTaTHCTHUe-
CKHX pemeHHit (cm., Hanpumep, ¥I. B. Moukyec [1]).
[Tpu sTOM mocC/eNOBaTeNbHbI OTOOp TOYEK HAua/JbHOrO
npHGIHKEHHsT MOXKET COYeTaThCs C NepecTPOiKoi ciy-
yallHOro MeXaHH3Ma, MOpOXKAalollero BbIGOPKY, 4TOGHI
MOBBICHTDH BEPOSITHOCTb IPOBE/IeHHsA HCIBITAHUA B OKpecT-
HOCTH MHMHHMAJbHOTO M3 paHee BBIUHC/IEHHBIX 3HaueHHi
dynkunn  (nanpumep, I. Jx. Maxk-Myprtpu n
K. C. @y [1]). Eme onna cxema ot6opa (ucro/b3yeMas
B OJHOMEpHBIX 3afayax) cBf3aHa C MOCTPOEHHEeM amn-
NPOKCHMAIUH QYHKIHH MO ee 3HAUEHHSM, BBIYHUC/ICHHBIM
B yanax rpy6oil ceTkH, ¢ mocienylomefi OLeHKO# pas-
6uenusi (2.1) o6nactu D Ha noao6aacTH MPHTSKEHHA
D; (0630p TaKuX METOLOB COAEPKHUTCSA, Hanpumep, B KHH-

‘re . U. Batrumesna [1]).
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[TpenBapurenbHbli  OTGOP HayaJbHLIX TOYEK — He
€[HHCTBEHHBIH cnoco6 cOKpallleHHUst BBIUMCIHTENbHBIX 3a-
Tpart. JIpyro#i Bo3MOXHLIH cn0oco6 COCTOMT B TOM, YTOGHL
yepeaoBaTh HTepalHH JIOKAJbHOrO chnycka (HayaThie B
OIHOH HJIM NMapaJ/elbHO B HECKOJbKHX HAuaJbHBIX TOY-
Kax) ¢ BHIGODOM HOBBIX HaYaJgbHHIX TOYeK. IIpH 3ToM
HTEpPallid M3 NEepPBOHAYAJbHO BLHIGPAHHBIX TOUEK MOTYT
OBITb OKOHYATeNBHO NMpPEKpalleHbl, /U HTePaliuy H3 MO-
‘CIeAyIOIMX TOYEK NPHUBOASIT K CYUIECTBEHHO MEHBILHM
3HaveHusAM Gynkuuu. IlocremoBaresnbHEIi BHIGOP Ha-
YaJbHBIX TOYEK B TAKHX METOJAaxX MOXKeT OCYLIeCTBJIAThb-
csl KaK peryaspHo (Hampumep, pa6ora k. II. Xuana
[1]), Tak u cayuaiino (cm., nanpumep, A. U. [Touxo-
BUHKHH [1]). Bonee cloXHBE cXeMBbl moc/efoBaTeNlb-
HOTrO Mepexofa OT OAHHX HayaJbHBIX TOYEK K JAPYTHM
OCHOBAHBI Ha JOMOJHHTENbHBIX (OGBIYHO He()OPMAJIbHBIX)
NpeAno/oKeHHs X O 3ajaye, Kak, HallpuMep, cXema He-
aokanpHoro Meroxa (M. M. F'eavdann u ap. [1])
018 QyHKUHH OBPaXKHOHA NPHUPOLEL :

2. CayyailHeiii mOMCK M aBTOMaTHbI noaxon. Auro-
PHTMBI AJ51 pellleHHS MHOrO3KCTpeMaJsbHBIX 3aJay, BXO-
JsliHe B KJI4acC METOLOB CJIy4YaiHOro MOHCKa (cM., Ha-
npumep, JI. A. Pactpuruu [1]), ornvaiorcs ot 06-

CyXIaBIINXCA BbIllleé METONOB OTCYTCTBHEM KaKHX-1H60

HTepauuil JoKaJbHOro cmycka. IIpu aToM Touka x'*!
OYepeJHOr0 MCIHITAHHSA BHIGHPAETCH COIJIACHO BHIpaxe-
HHIO

xt+l=xt+at’

rie E' ectb peannsanus N-MepHOH BeKTOPHO#H cayuaii-
HOH BeJHMYHHEI, pacmpee/eHHe BePOSITHOCTeH KOTOPOi
onpejensiercds KOHKPETHBIM THIIOM aJTrOPUTMA CJydYaiHo-
ro noucka. OaHuH H3 cnoco60B ONMHCAHHUS TAKHX aJrOPHT-
MOB CBSI3aH C HCIONb30BaHHEM S3bIKA TEOPHH BEPOSITHO-
CTHBIX aBTOMaToB (CM., HampuMep, 00630pHYIO paboT
I0. M. Hetimapka [1], a rakxke kuuru . A. ITo-
cnenosa [1], JI. A. Pactpuruna u K. K. Punwu
[1]), uro, B wacTHOCTH, OTKpLIBAeT BO3MOXHOCTH /s
YCTAHOBJICHHSI PasJHYHBIX aHAJOTUH mpolecca pelleHud
MHOTO3KCTPeMaJIbHOH 3aJaud H NOBeJeHHs GHOJOrHue-
ckux cucreM (M. JI. Llermnn [1]).

.
.
[
|
|
|
|

e —
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XapakTepHHIMH 4epTaMH YKAa3aHHBLIX aJrOPHTMOB fB-
JISIOTCS OTPAHHYEHHOCTb HOPMBI BekTOopa Z' (T. €. TOu-
Ka x'*! HaxomMTCs B MAOCTATOYHO MaJoH OKPECTHOCTH
TOYKH X') M H3MeHEeHHe CBOHCTB CIyuyalHOro MeXaHH3Ma,
HCXOMaMH KOTOPOTro SBASIOTCS BeKTOpH E‘, B 3aBHCHMO-
CTH OT Ppe3yJbTaToOB MNpEeAIIeCTBYIOUIHX HCIBITAHHHA
(amanTalus cJay4afHOro MOMCKa HJH aBTOMAaTHOrQ OMNTH-
musatopa). Takum 06pasoM, NOCAeLOBAaTENbHOCTb {x'}
MOXKHO paccMaTpHBAaTh KaK pea/M3allHio caydaiHoro
npouecca (BONPOCH aHalNH3a TaKHX TNpolleccoB 00CYyK-
JaioTcs, HanpuMep, B o63opHoit paGore I A. Mense-
nesa [1]), KoTopast npu ‘Bo3pacTaHHH ! NOJXKHA mepe-
CEeKaTbCA C 3a/JlaHHOH OKPECTHOCTBIO TOUKH aBCOJIOTHOrO
MHHHMyMa, NPHYEM KeJaTelbHO, YTOOH aaropuTM obec-
MeydBaJ JOCTATOUHO BHICOKYIO BEPOATHOCTb NMpeCbiBaHHs
x' (HauWHasg ¢ HEKOTOPOro Iara f) B 3TOH OKPECTHOCTH.
ITocnenHee TpeGoBaHHe INpeANoJaraerT M CyleCTBOBaHHE
TaKoil BepOSITHOCTH.

3. MHoroakcTpeMajbHas CTOXacTHYeCKasi anmnpoKcCH-
MauMs. B cxeMe MHOrOSKCTpeMaJsbHOH CTOXaCTHYECKOH
annpOKCHMALUH OCYIIECTBISAETC COBMELIEHHEe Omepanui
BbIGOpa HAyaJbHOH TOUKH H JOKadbHOro cmycka., Cwe-
IHIeHHe TOYKH IPH NMepexofie OT OAHOro HCIBITaHHS K ApY-
roMy BKJ/IOYaeT KOMIIOHEHTY, MPONOPUHOHAIBHYIO aHTH-
rpajiHenTy GYHKUHH (MTepallifi JIOKaJbHOrO CHycCKa),
¥ KOMIIOHEHTY, BIAIOUYIOC peanusanuell ckaukoobpas-
Horo cayuaiinoro mpouecca (3¢¢dexT Bo3aeHCTBHA KOTO-
poil aHaJOrHyeH Mepexoly B APYTyio Hava/bHYIO TOUKY),
IpHyeM LOCTH!KeHHe aCHMITOTHYECKOH CXOAUMOCTH K al-
COJIIOTHOMY 3KCTpeMyMy (B HEKOTOPOM 0G6OGIIeHHOM
BepOAATHOCTHOM cMEIC/Ie) OobecreynBaercst myTeM COOTBET-
CTBYIOLIEro YyNpaBJeHHs [JIHHOH rpajiMeHTHOro liara H
MHTEHCHBHOCTBIO CJyyaiiHbX TomukoB (. M. Baiic-
6opnu A. B. 0Oxun [1], 1. B. I0anu u 3. M. Xa-
s3eH [1]).

4. Mpumenenne criaaxxupanus U puabrpaunu. Ocyiue-
CTBJIEHHE HCHBITAHHH B TOYKAaX HEKOTOPOH BHIGOPKH C
OLIGHKOH CpeIHero 3HauyeHHs pPe3yJbTaTOB 3THX HCIBITA-
HHlI, KoTOopasi 3ateM (B psile a/nrOpHTMOB, OOCYXKIaB-
IIHXCS BhIE) HCMOMBb3YyeTcs AJs1 OPraHH3aluH CjAenylo-
Hiero uiara BHIYHCJHTENBLHOrO Hmpollecca, MOXKHO paccMar-
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pHBaTh M Kak IepexoJ, OT MHHMUMH3ALHUH HCXOMHOMN
QYHKUMK @(X) K MHHHMH3AaLHH HEKOTOPOTO yCpeAHeHHS
sToit ¢yHkuuu. I[locnenoBartenbHOe NpoBefeHHe TaKoit
TOUKH 3DEHHs NMPHUBOJHT K MOCTPOEHHIO HHTErpaJjbHOrO
npeo6pasoBannsa @ (x) (ycpeaHeHHOH (YHKUHH) (YHK-
LHH @(X) TaKOro, YT0 MHHHMAaJbHEE 3HAUeHHA (YHKUHH
®(x) 1 @(x) cosmapaior, Ho ®(x) ABJAETCH ONHO3K-
CTpeMajbHOH (YHKUMEH, MHHUMH3aLus KOTOPOH MOKeT
BBIMOJHATBCA JIOKaJdbHEIMH Metopamu (B. §I. KaTtkos-
Huk [1], P. 3. Xacbmuuckuit [1], 4. 3. Lun-
kuHu [1], B. K. Ununnanse [1], A. B. Oxun [1]
H Ip.).

OnHako omepanuss HHTerpUpOBaHHS ~ (BHIONHAeMas
OObIYHO B OKDECTHOCTH TeKylle#l HTepaluH, XOTH BO3-
MOXHB M JADYrHe CXeMHl), Mopoxjamoumas QyHKIHIO
@ (x), cama ABIAETCA NOCTATOUHO TPYAOeMKOM. [IpHGH-
XKEeHHOe BBINOJIHEHHE ITOH onepaluyu (HampuMep, MeToAa-
MH Monte-Kapsno) npuBoauT K 3ajauye MHUHMMH3ALUH
MaTeMaTHYECKOTO OXHAAHUA  (CrJIaXKeHHOH (YHKIMH
@ (x)), 3HAUEHHA KOTOPOTO BBIUHCISIOTCA €O CAyYaiiHH-
MU norpewiHocTAMH. [losToMy J/0Ka/dbHAs ONTHMH3aLHS
OCYIIeCTBJIAETCA aJArOPUTMaMH CTOXACTHUECKOH aNmpok-
CHMallHH (pacCMOTPeHHEIMH, Hanpumep, B Kaure M. B a-
saHa [l]) WM MeTomaMH CTOXacTHYeCKHX KBa3urpa-
nnentoB (0. M. Epmonses [1]), oGecneunBaromumu
HeOOXOAUMYI0 GUIBTPALMIO (CM. TaKXKe 0630pHYIO pabo-
Ty B. fl. KatkoBruka [2]).

5. Hcnoab3oBaHue aHaloruii ¢ (U3HUECKUMH CcHCTe-
mMaMu. HexoTopbie aJropuTMbl ONTHMH3aLHH OCHOBaHLI
Ha OTOXIECTBJIEHHH pellaeMOfl SKCTpeManbHON 3ajmauu
C MaTeMaTHYeCKHM ONHCaHHEM (DH3HUECKOH CHCTeMB,
B IBHMXKEHHSIX KOTODOH peasH3yeTcsl ONpedesieHHHI Ba-
pHauMOHHBIA npuHuuN. [IpHMeHeHHe TaKOro moxxoma K
3ajlauaM JMHEHHOr0 M KBAJPaTHYHOrO NMPOrPaMMHPOBa-
Hua (OAx. B. Ilennuc [1]), oToxnecTBasieMbiM ¢ omu-
CaHHeM HEKOTOPOro Kjaacca 3JMeKTPHUECKHX Iemell, mo-
3BOJIWJIO CO3[aTh CHELHaJH3HPOBAaHHbIE MaTeMaTHUYeCKHe
MalluHBl A5 pelIeHHs TPaHCHOPTHHIX 3aJay JHHEHHOIo
NIPOrpaMMHPOBaHHS,

Psj anropuTMoB A1 PelleHHS] MHOTOIKCTPEMaJIbHbIX
8aJlay OCHOBAH Ha HHTEPNpPeTalHH MHHHMH3HPyeMOil

\
|
i
|
!
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(yHKIMHM KaK HEKOTOpPO# NMOBEPXHOCTH, MO KOTOpPOH ABH-
xkeress Taxenwh mapuk (B, H. ITmerHuunHw#i u
. U. Mapueunko [1]). IIpn atom ycraHaBauBaercs
4HAJOrHsl ¢ MeXaHHYeCKoH CHCTeMOH, comepzKalued mno-
TEHIHaJbHOE MOJie, B KOTOPOM HPOHCXOIHT [BUXKEHHE,
npuyeM MHHHMH3HpYeMash (QYHKIHUS ONMHUCHIBAET MOTEHLH-
aJ 3TOro moJsi (HEeKOTOpble APYrHe BO3MOXKHOCTH TaKoMH
aHaJoruu obcyKpaaworcsi, Hanpumep, B kuure 5. 3. Ll bl o-
kuua [2]).

CyluiecTByIoT M [ADYrHe aHaJ/IOTHH, KaK, HampHMmep,
npefJioXKeHHas MJISl pellleHHs CHCTeM HeJMHHEeRHBIX ajre-
O6pauyecKHX YpPaBHEeHHI aHaJOrHsl ¢ MOAEJSMH CTATHCTH-
yecko#i ¢usuku (T. Tcynmo, T. Kuouno [1]). dror
MeTOJ MOxKeT OBIThb HCIOJb30BaH H B MHOTO3KCTpPeMaJb-
HBIX 3afauax (cMm. o6cyxnenne B kaure C. M. EpwMma-
koBa [1]). Mau ananorus MeTofoB ClAyyafiHOro MOHCKa
H THAPOJHHAMHUYECKOH MOJeNH, cayxaluas IJs yCTaHOB-
JIEHHS1 BapHALlHOHHBIX TNPHHIMNOB CJAY4YalHOro MOHCKa
(A. . SI6nouckuit [1]), n HeKoTOpHIE Apyrue (cMm.
nanpumep, B. C. Jlepuep [1]).

6. HcxopHble npennoJoKeHUss M CXOAHMOCTb aJjro-
PUTMOB. ACHMINTOTHYECKAs CXOAUMOCTb PacCMOTPEHHBIX
BHIILE a/JITOPUTMOB K abCOJIOTHOMY SKCTPEMYMY NpH cJja-
6bIX TpPEANOJNOXEHUAX HENPEePHIBHOCTH H TOH HJIH HHOM
creneHu AHGbGepeHIIPYEeMOCTH MHHUMH3UDYyeMOH (YHK-
nuu @ (x) ompejensercd TeM 06CTOATENIbCTBOM, UYTO KaxK-
nas Touka obJsacTu ompeneseHus D saBisieTcsl Npefesb-
HOH TOUKOH mocJ/ief0BaTeJNbHOCTH ucHbiTaHul {x'} u, cie-
J0BaTeJBHO,

lim min @(x?) = ¢ (x*), (2.2)

100 1<I<T
rie x* ecTb Touka abcoaorHoro MuHHMyMa u3 (1.2).
IIpn sToM NOCTpOeHHE BCIOAY IJIOTHOH INOCAeN0BaTEb-
HoctH {x'} obecmeunBaercsi HJAH BHIOOpOM HOC/JeI0Ba-
TeJbHOCTH HAYaJbHBIX TOUEK JIOKAJbHOTO CIyCKa, HJIH
clyuafiHEIMH TOJNYKaMH, HJIH ycpelHeHHeM H T. 1. (B 3a-
BHCHMOCTH OT THma ajroputMa). C Apyroii CTOPOHBHI,
BBeJlleHHe HTepalHil JIOKaJbHOTO chnycKa obecneuyHBaert,
B CHJY cCyllecTBOBaHHsS oGJaacTedl mputsixkenuss D; u3
(2.1), mocratouHo GOJBIIYI0 BEPOATHOCTb (ecjH Jomyc-
THTb, 4TO {x'} — peasu3alys cJayyafiHOro Inporecca H

2 P. T. Crpourus

.-
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yKasaHHasi BePOSATHOCTb CylIecTByeT) mpeGHIBAHHS x' B
3aJlaHHBIX OKPEeCTHOCTAX JOKAJbHBIX HJIH TIJ1006aJbHOTO
MHHHMYMOB NpH (PHKCHPOBAHHOM 3HAYEHHH ! UM ACHMI-
TOTHYECKH IIPH BO3pacTaHuH f.

He ocranaBnuBasice Ha MaTeMaTHUeCKHX acmeKTax
06GOCHOBAaHHSA TAKOH aCHMITOTHUYECKOH CXOIHMOCTH, KOTO-
poe siBjsieTcsl BecbMa TOHKHM (HampuMep, B CJOydasx
COBMelIeHHsI HTepaluil JOKaJbHOrO chmycka co cayvai-
HEIMH TOJYKAMH HJH TPH HCIOJb30BAHHH YCPeLHEHHH
MHHHMH3HPYEeMOH (YHKLUHH), OTMETHM, UTO YTBEP:KIEHHSA
CXOJMMOCTH B YKa3aHHOM CMBIC/IE ellle HEeAOCTATOUHO MJIS
GOpMY/IMPOBKH YCIOBHS OCTAHOBKH BBHIYHCIHTENBHOTO
npolecca 1o 3aJaHHOH TOYHOCTH pelIeHHS 3aJayi.

Takue OmEHKH CTAaHOBATCS BO3MOXKHBIMH NpH GoJjee
CHJIBHBIX MPEANOJNOXEHHAX 0 MUHUMH3UPYeMO# (QYHKI[HH.
Hanpumep, npeanonaraercst 3afaHHOH HHXKHSIA OllEHKa
HEKOTOPOH Mephl 06s1acTH NMPHUTSKEHHsT [106aJbHOrO 3K-
CTPeMyMa, 4TO [MO03BOJsET OLEHHTb BEepPOSTHOCTb OIpe-
IeJieHHsl 3TOr0 3KCTPpeMyMa IIpH BHIGOpPe KOHKPETHOTro
YHC/Ia HayaJbHBEIX TOUEK JOKa/JbHOro cnycka., Mau (cnek-
TPaJbHOE MPE/NOJIOKeHHe) CUHTAETCS BO3MOXKHBIM Mpef-
cTaBHTb QYHKLUHIO B BHJE CYyMMbl ABYX (YHKUHI, OXHA
M3 KOTOPHIX sBJsAETC YHHMOAAJAbHOH (H ee MHHHMYM
COBNaJaeT ¢ HCKOMHIM), a BTOpast — OBICTPO OCLHJINUPY-
Iouled Npu Bapuauuu ¥ B D, 4To JaeT BO3MOXKHOCTb pea-
JIN30BaTh JIOKAJbHHIH CHYyCK, OrPAHHUHBAsCh YCPEAHEHH-
eM (¢uabrpanueli YHMMOZANBHOH COCTaBAsIOILEH) MO
TpaekTopuH cmnycka. HuHorma 3To e Tpe6GoBaHHe ¢op-
MYJHPYeTC KaK anpHOPHOe YTBEpH<AeHHe CYIIeCTBEHHO
MeHblIero 3HaueHHss (QYHKUHH B rJ06ajJbHOM MHHHMYMe
[0 CPaBHEeHHIO € JOKaJbHBIMH MHHHMYMaMH.

HcnonbsoBanne NONMONHHTENLHON aNpHOPHOH HHGOp-
Mallk{, N0-BUAHMOMY, HIpaeT peIIaoyI0 poab s
YCKODEHHSl BLIYHCJAHTEIbHOrO npouecca. OAHaKo Teope-
THUECKOe MNPOJBHXKEHHEe B 3TOM BOIpOCe MNpeiamoJaraer
HaJHyHe HEKOTOPOro JOCTAaTOYHO DA3BHTOrO anmapara
JJ151 OMHCAHUA JONMOJNHHTENbHBIX HPeANOJNOXKEeHHH 0 3aja-
ye. [Ip¥ Ha/MHMYHM TAKOTO ammapaTta ecTeCTBEHHO I10CTa-
BHTb H BONPOC O HaWJAyyllleM YHCJIGHHOM MeTofe (masi
NPUHATHIX NPeANoNoXenHii). ITOT Bonpoc o6cyxaaercs
B caeAyiollieM naparpade,
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§ 3. IocTpoeHHe onTHMAJNbHBIX METOLOR

ONTHMH3AUHK ‘

Bui6op Hauayuliero B TOM HJAH HHOM CMBIC/JIE aJro-
pUTMa ONTHMH3AalUUH NPeANoJaraer, YTo 3aaHO MHO-
JKEeCTBO S BceX paccMaTpHBaeMbIX aJrOpHTMOB § H JJs
A1060fi mapel aJrOPUTMOB M3 3TOTO MHOXKECTBa MOXKHO
OlEHHTb, KaKo# M3 HUX Jyuire (1u60 OHH PABHOLEHHH),
T. €. Ha MHOXECTBe aJrOPUTMOB 33aJaHO OTHOLIEHHE IIO-
psAlKa, AJaA KOTOPOrO HCKOMBIH aJrOpHTM fIBJSETCS 39K-
CTPEeMAaJIbHBIM 3JeMeHTOM. B clelylomux NyHKTax Hacro-
Amero naparpada mnocaeloBaTeNbHO PacCMaTpPHBAOTCSA
BONPOCH peaH3allid TaKoro MOAX04a K MNOCTPOEHHIO
ONTHMAJBHOIO MeTOAA.

1. MHoxectBo aaroputmoB. Haunem ¢ dopmanbHOro
ONMCAHUA alropuTMa § M MHHHEMH3aOUH (YHKUHH
¢(x), x*=D, npuHajIexalUX HeKoTOpomy Kiaaccy O.
Kak yxe orMeuanoch B nepsom maparpade, airoput™ §
JOJKEH OCYLIECTB/IATb IOCTPOEHHE HEKOTOPOH OIEHKH
TOUKH x* a6GCOMIOTHOrO MHHHMyMa OQYHKIHH ¢(X) HJIH
OLleHKH 3HaueHus ¢(x*) ¢yHKIHHM B 3TOH TOuKe Ha OC-
HOBE pe3y/IbTAaTOB 2! HCmHTaHull B Toukax xf, 1<Ci<Ck,
o6nacTy onpeneieHns D, koroprle B obliem cilyuae ocy-
MeCTBASIOTCA mocaexoBaTenbHo. CiefoBaTeNbHO, aJro-
DHTM COZEPXKHT HEKOTOphie MPaBU/a BBHIYHCAEHHS TOUKH
x**1 ouepefHOro HMCMLITAHHA B 3aBHCHMOCTH OT pe3yJb-
TaTOB NPEAIIECTBYIOLINX. HCIIBITAaHUH.

Ecsu 0603HaulTh yepes ©, MHOXKECTBO Iap

or={(*", 2"), ..., (¥», 24)}, | (31)
COOTBETCTBYIOLUHX TOYKaM H pe3y/bTaTaM MNepBbIX B HC-
NbLITaHHH, TO MPaBHJa BLIUMCIEHHS TOUKH x*F!kaxmoro
OuYepeJHOr0 HCIHTAHHA MOXHO ONHCATh I0C]eL0BaTe/b-
HOCTBIO (YHKIHH S

xtl= Gk(ﬁ)k), k=1’ 2) ey (3'2)

0TOGpaKAIOMKX COOTBETCTBYIOLIHE 3HAUYEHHIO HHeEKca k
npsiMble Tpou3seaenns npocrpancTs DX R¥B o6nacth
D, npuyeM TouKa x! MepBOro HUCHLITAHHS CUATAETCS Tak-
e 3aaHHON M COCTaBJfET 3JEMEHT ONHCAHHA aJrOpHT-

o
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ma. OyHkuuu Gy, u3 (3.2) Ha3BIBAIOT HHOIJA Peulaiouju-
MU PYHKYUuAMU.

Haa monyyeHHs (TeKyI[MX) OLEHOK 3KCTpeMyMa Ha
Ka)XZIOM 1Iare BHIYHCJAHTEJNBHOTO mpolecca B (HOPMYJH-
POBKY aJropuTMa cCJeAyeT BKJ/IOUHTb MOCJIeA0BaTeNb-
HOocTb (yHKuMEA Ep, OnpelensomUX TaKHe OlEHKH e,
a HMEHHO, . _

e=Ey(wz), k=12, ... (3.3)

ITpu sTom Bennyuna e® nHGO HrpaeT posib OLEHKH 3K-
CTpeMyMa 10 KoopaHHaTaMm (1.e. exsD),ubo naer ouen-
Ky MHHHUMaJ/JbHOrO 3Hauenus ¢(x*) (r. e. e, =R!'). Ho
BO3MOXHBI H JPyTHe BapHaHTbl, KOTODHE Mbi PaccCMoOT-
puM mosxe. Kaxabifi U3 TakHX BapHaHTOB oONpefessieT
CBOE MHOXECTBO 3HaueHHH GyHKuMHE u3 (3.3).
Ycaosue ocranosKku BBIYMCIHMTENBHOrO INpolecca B
CBSI3H C JIOCTHXKEHHeM 3aJaHHOH TOUHOCTH pellleHHs 3a-
Hauyd WM H3-32 OKOHUAHUS HAJNHUYHBIX BHIUHCIHTENbHBIX
pecypcoB TaKxke MOXKeT GBITh OMHCAHO BBEAEHHEM COOT-
BeTCTBYIL el noc/eqoBaTeNbHOCTH GyHkuni F,

fr=Fp0n), k=12, ... - (34)

oto6paxalouux npousseieHus D*-1% Rk B nByxsnemeHT-
Hoe MHOxkecTBO {0, 1} M TakHX, 4TO eCJH NMPH HEKOTOPOM
o, cnpasennnBo fk=0, to f*v=0, v=1, 2, ..., He3aBu-
CHMO OT 3HaueHHil (x*+!,2+1), ., (**1Y, 2k+Y), Brrume-
JIUTEJNbHBIA Tpollecc Npekpallaercs nocie wara T, ecan
fl=...=f""1=1 u [*=0. [Ipu 3TOM OKOHYaTeJLHOH
OLIEHKOH 3KCTpeMyMa CYHTaeTcsl OlleHKa e’, COOTBETCTBY-
I0I[asl WIary OCTaHOBKU 7.

Jls anropHTMOB, BBINOJHSIOUIMX anpHOPH (GUKCHPO-
BaHHOe uHca0 T HCHOBITaHHH (MHOMKECTBO BCEX TAKHX aJ-
roputMoB o6Go3HaunMm S;r), ¢yHkuuu (3.4), oueBHIHO,
YIOBJETBOPAIOT YCJIOBHAM

Fp(op) =1, 1<k<T; Friv(or) =0, 0<<v, (3.5)

H, CJeI0BaTebHO, B 3TOM cCJyyae [OCTaTOYHO 3a1aTh
guuib nepsele T—1 ¢yuxunit G, u3 (3.2) u nepswbie T
¢yHkuui nocnenoBaTtesabHocTelt (3.3) ¥ (3.4).
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TakuM o6pa3oMm, Mbl MPHHHMAaeM, YTO KaxKIHH aJro-
PUTM § ONHCHIBaeTCsl TOYKOA x! mepBOro HCNBITAHHA H
TpeMs mocaenoBateapHocTAMH OGyHKuui {Gp}, {Ex} u
{Fx} coorBercTBenHo u3 (3.2), (3.3) u (3.4), 1. e. ero
MOKHO NpPEICTaBUTh KaK Habop

s=(x', {G}, {Ex}, {Fi})=S.

2. 9ddekTuBHOCTb aaroputMa. MHHMMAaKCHBIA noA-
xona. CoefylOLIKi War COCTOUT B TOM, YTO BBOJHUTCS Be-
niecrBenHass GyHkuus L (g, §) Kak HekoTopas KOJHYeCT-
BeHHasT Mepa 3bGeKTHBHOCTH (kpuTepull 3ghgexrusHo-
CTu) pelieHHs 3afaud MUHHMH3aLUMH QYHKUHH 9= ¢
NOMOLIbIO aaroputMa S&S. B KauecTBe TaKOro Kpurepus
MOXKeT OBITh NMPHHATA JHO0 MOTPEIIHOCTb PelIeHHd, T. €.
HeKoTOpast Mepa TouHOcTH oleHkn e’ u3 (3.3), coorser-
CTBYIOLLEl 1Iary ocTaHoBKH I (NIpH OCTaHOBKe 1O 3a/JaH-
HOMY 4YHCJHy LIaros), Ju60 uyHCIO waroB k, HeoOXOmH-

‘MO€e JJId MOJY4YeHHA OLEHKH ek, ynoaneTBopmomeﬁ Tpe-

6yeMOil TOYHOCTH (KOTr[Ja YCJOBHE OCTaHOBKH, NpeKpa-
Llalollee BHUHCJIUTENbHBIH Npoliecc, onpeaensercss I0-
CTHXKEHHEM 3aJaHHOH TOYHOCTH), U T. A.

ITockoabky Kputepu#t L(g, S) 3aBHCHT OT ¢, TO OH
TMI03BOJISIET, CONOCTABAATD 3 (HEeKTHBHOCTb PA3JHYHBIX Me-
TONOB § JHUWIb A/ OAHOH M TOH XKe QYHKUHH ¢. UTO6H
CpaBHHBAaTh AJTOPHTMH MO HX 3((PEKTHBHOCTH AJs KJac-
ca @ B UeI0M, HeOOXOAHMO HEKOTOPOE JONOJHHTENbHOE
npennosoxenre. ONMH M3 MOAXOJA0B, Ha KOTOPOM MHI
OCTAHOBHMCSI B TOM IYHKTE, CBA3aH C BBeJeHHEM 2apaH-

- Tuposannoeo 3nauenus W(s) sddeKTHBHOCTH aaropur-

Ma § Npd MHHHMH3auuH GYHKUHE =0, T. e. L(g, §) <<
<W(s), p=0, uiu ‘

W (s) = sup L(g,s). (3.6)

Eciu npuHATH ynopagodyeHHe BCeX AJATOPHTMOB S&S
To HX 3(QdeKTHBHOCTH ,ompelendemoe pyukuuei (3.6),
TO ONTHMAaJbHBIl OTHOCHTEJIBHO 3TOr0 NMOPSJAKA aJrOPHTM
s* JOJI)KEH YAOBJCTBOPATH YCAOBHIO

W (s*) = igfsW (s). (3.7)
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B cayuae, xorga aaroputm s* u3 (3.7) He cyuiecTByer,
MOKHO BBECTH NOHSTHE £-ONTUMAAbHOZ0 ANTOPHTMA Sy,

YIOBJIETBOPAIOLIEro (MNpH 3aJaHHOM MOJOKHUTEJIBHOM €) -
HEepaBeHCTBY :

sup L (o, s5) < inf sup L (¢, §) + e. (3.8)
= §=8 =P .

HpOBeﬂ.eHHbIe paccyxXaeHus, NMPpUBOASILINE K IOHATH-

SIM ONTHMAJIBHOTO §* M €-ONTHMAJbHOTO §; AJTOPHTMOB,
omnpeleNifieMBIX COOTBETCTBEHHO ycsoBusiMH (3.6), (3.7)
u (3.8), npencraBadioT co6oil NIpHMeHeHHe 06Iel cXeMBbl
TEOPHH  HCC/IENOBaHHi  omepauuii  (cM., HampHMep,
IO. B. Tepmeidiep [1]) k Bompocy BhiGOpa Jayullero
MeTola onTHMH3auuH. COrliacHO TePMHHOJIOTHH TEOPHH
HCC/eIoOBaHUA onepallii 06BbEKTH (Posb KOTOPHIX B Ha-
IeM C/Iyyae HrpaloT aldropHTMbI S&S), nomjaexaiiue Bh-
Gopy u onpelensioiiHe cnoco6 MOBeAEHHS B ONepalluH,
Ha3LIBANOTCA CTpaTezuamu. B CBA3H ¢ 3THM aIrOpUTMB
ONTHMH3ALHH Ha3blBAIOT TaKXKe CTPATe2UAMU ONTUMU3A-
yuu. Kpome Toro, nockoabky yciosus Buaa (3.6), (3.7)
Hian (3.8) HasHIBAIOT YcA08UAMU MUHUMAKCA, a onpefe-
JsieMble HMH CTPaTeTHH — MUHUMAKCHOIMU CTPATe2UAMU,

TO §* M §; €CTb COOTBETCTBEHHO ONTHMAaJdbHAasf M &-OM-
THMaJ/bHasi MHHUMaKCHBIE cTpaTeruu *), .

3. AnpHopHble NPEANOJNOXKEeHUs ¥ MHUHUMAaKCHbie Me-
TOAbl. YCJI0BHS MHHHMaKca, OMNpelesiollHe ONTHMAab-
Hbli a/lropuTM ONTHMH3aUMH GYHKUHA M3 3alaHHOrO
kaacca @, Moryr ObITb HCNOJb30BAHH [JSi BHIBEAEHHS
3TOro ajJropuTMa NyTeM pellleHHSl YKa3aHHBIX YCJOBH.
OnHaKo 3TH YCJNOBHS B CBOIO OUepelb TaKXKe OMHCHIBAIOT
9KCTPEMAJ/IbHYIO 3a/auy, IpHYeM B OGILeM cIyyae 3HAyH-
TenbHO Gosee c/0XkHYM0, yeM 3agava (l.1), (1.2), ko-
TOPYIO JOJIXHBEl PelllaTh HCKOMbe ONTHMaJIbHbIE aJrOpHT-
mbl. [TosTomy BhIBeJleHHe ONTHMAJbHBIX aJrOPHTMOB MY-
TeM pelleHHs YCAOBHH MHHHMakca BO3MOXKHO JIHIIb MPH
HaJHYMM JOCTaTOYHO PA3BHTOTO MAaTeMaTHYECKOro af-
napara [/s ucciaegoanus ¢ynkuuu L(g, s).

*) TlepBoe paccMoTpeHHe a/JrOPUTMOB ONTHMH3AUHH KaK MHHH-
MaKCHHIX CTpaTerHHl B HeKOTOpOH onepaunu (uepe ¢ npupodoii) GHIO
ocyuiecTBaeHo, no-suauMomy, Jx. Kudepom [1].
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s

Hanomuuwm, uro ¢ynkuus L (@, §) BBeZeHAa Kak He-
KOTOpasi KoJiHuecTBeHHad Mepa 3((eKTHBHOCTH pellieHH:
szagaun (1.1), (1.2) ¢ momompio aaropurma 8. [Tpu aTom
BHIUHCJeHHe KpuTepus L (g, §) HeoOXOAMMO BKJIKOYaeT
MOCTpOeHHe OlLEeHOK ek u3 (3.3) HCKOMOro MHHHMYyMa
(xora 6Bl QA IL1ara OCTAaHOBKH), H60 3(PQPeKTHBHOCTH
MeTOJa ONTHMM3ALHH Hepa3phIBHO CBSI3aHa € KOHEUHOH
nenbto peirenus 3agaun (1.1), (1.2). [TocTpoenne Takux
OLLEHOK, KaK yKe OTMeyaJochb B NepBoM naparpade, omu-
paeTcs B CBOIO ouepellb Ha cBOHCTBa (PyHKLHH, 3aj1aBae-
Mble onpcaHueM kiaacca @®. B cBAsm ¢ sTHM anmapar
Hccaen0BaHusa Kputepua L (g, §) B caMo CyllecTBOBaHHe
TaKOro anmapata OINpelefNdAloTc] B OCHOBHOM Xapakre-
poM TMpEeANoJoXKeHHH, BuAeasomux kiaace ®, u rem dop-
MaJbHBIM SI3LIKOM, Ha KOTODOM 3alHCaHBl STH HpeAlo-
Ja0xKeHusl. PaccMOTpHM HECKOJNBKO HPHMEDOB.

[Tpumep 1. [lycts MUHUMH3HPYeMAs GYHKUHSA @ (X)
NpHHANMEXHUT KJaaccy @ BceX YHHUMOJAJBbHHIX (YHKIHIH,
onpeneneHHHX Ha oTpe3ke D=[a, b] BelllecTBeHHO! OCH,
T. e. oaa Jw6oii dyHkuHn @@ cyulecTByeT TOYKa

* *
x* = Xy TaKasi, 4TO

() >0 () >0(x), o<y <x"<xp (3.9)
o(xp) <o(X) <o), re<¥ <x"<b. (3.10)

ITpu stom x;, ABJISIETCS] TOUKOA MHHUMYMA QyHKUHH 9.
[MpexnonokuM, uto pesyabrartsl 2' u3 (1.3) HcnbiTaHHA
B TOuKax x'eD coBmajalT co 3HaueHUsIMH @ (¥') OYHK-
IIHH @ B 3THX TOYKaX (T. €. BHIYHCJEHHS OCYLIeCTBJAIOT-
csi 6e3 morpeuwrHocTeH).

Torpa ycaosusa (3.9), (3.10) mo3BoJAIOT NOCTPOHUTDH
NPOCThIe OLEHKH TOYKH X* HCKOMOrO MHHHMyMa IO pe-
syspratam 2!, ..., 2% ucnbitaHuit B Toukax xl, ..., xk,
MOpOKAAeMBIX pellalomuMu npasBuaamu (3.2) paccmar-
puBaemoro anropurma §. Onpenennm 4ucio f,

t = arg min 2%,
1I<i<k
MHOoxecTBa X-, X,

Xo={x I<<i<<k: x'<<x'} U {a},
Xi={, 1<i<hk: x'>x'} U {b},
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H TOJIOXKAM
** = max x,
= (3.11)
x% = min x.
xEX+

s onpenenenus (3.11) u ycaosuit (3.9), (3.10) BhITEKa-

et (puc. 3.1), uro x*.< X < x% u, cie0BaTeNIbHO, B Ka-
yecTBe OLEHKH e® n3 (3.3) MOXKHO OPHHATH YKa3aHHHIH
HHTepBaJ, colepxamui x*, T. e.

et =(xk, £). (3.12)

OrpanHyuMCA PacCMOTpPeHHEM ATOPHTMOB SESr, 1A
KOTOpuIX GyHKuuu (3.4) ynosnerBopsioT ycaosusim (3.5),

@),
/
/
/
/
Zt
Lt o b
Puc. 3.1.

T. €. OCTaHOBKA INPOU3BOAUTCA MOCJE OCYIIECTBJIEHHS 3a-
HaHHoro uHucna T HCnbiTaHui, W GyleM OLEHHBAThL 3¢-
(GEeKTHBHOCTb TaKHX aJrOPHTMOB INPH MHHHMH3aLHH

dyHKUHH Q&® pasHOCTbIO BepXHeH X&. W HUKHeH x.L

*
OLICHOK 3KCTPeMyMa Xy, 00ecneuHBaeMbiX M0 OKOHUaHHH
BHUHCAEHHH *), T. e,

L(g,s)=xT —x". (3.13)

*) 3amernm, uto npexnosoxkenus (3.9), (3.10). onucmBamomue
KJacc pacCMAaTPUBAEMbIX (YHKUHA, HENOCTATOUHBl NS NOCTPOEHHS
HHXKHell OUeHKH MHHUMAJbHOTO 3HaYeHHs @(x*) no . us 3.1).
[Tostomy B (3.12) ucnoabsyercs ouenka HHTepBaia, COZlepIKariero
KOOPAHHATY MHHHMYyMa x*, Mepa sddekTHBHOCTH Kortopoil (3.13)
NPONOPLUHOHA/IEHA NOTPELIHOCTH 0 KOOpAHHATE.
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* OTMETHM, 4TO B CHJy NPHHATHIX B JlaHHOM INpHMepe
npeano/oxkeHuit o sanave (l.1), (1.2) mposenenne oue-
pelHoOro HcmweiTamus B Touke ¥'e{x!, ..., x*} nim B
rouxe x*T!e (x%, x%) ne mamenser omenku (3.12). ITo-
5TOMy pellaiolie MpaBHa ONTHMAJbHOrO aJlropHTMa
JOJJKHBI YAOBJETBOPATb YCJAOBHAM -

t
AHa(ah, 2, el

Takum 006pa3oM, Ha KaxKIOM IlIare BBHIYUCIHTETBHOrO
npoliecca pelraomue GyHKuuu (3.2) onTHMasNpHOro ai-
roput™Ma ONpeJessiloT BbIGOP TOYKH £t zaBHcAMM
ammb ot uHTepBada (x*, x%), or Toukm x!, mpuHamTe-
)KaleHd 3ToMy HHTepBaJy, B KOTODOH HM3BECTHO 3Haue-
HHe QYHKIHE 2'=@(X'), H OT HOMepa uIara k.

Hanuune Takoil cranjgapTHolt 3ajauu Bbibopa, 3a-
BHCSled JHIIb OT MABYX MapaMeTpPOB (OTHOCHTENbHOE
noJIOXKEeHHe TOUKH X' B HHTepBaje W HOMep luara k),
rio3BosisieT 3(pPEKTHBHO HCNOIb30BATh CXeMY AUHaMHye-
ckoro nporpammuposatusi (P. Beaxaman [1]) aas on-
pelneneHus 8-OPTHMaﬂbHOﬁ (B knacce Sr) MHHHMAaKCHO#H
cTpaTern# S, ynosaerBopsiomefi  ycmosuio  (3.8)
(Ox. Kudep [1]; nompobroe onucanne n o6CyxaeHHE
conepkutes Takxke B kuure . Jx. Ya#hana [1]). Oty
cTpaTeruio o6bIYHO HA3bIBAIOT MeTO00M PuUGOHAU4U.

B03MOKHOCTh NPHMEHEHHd anmaparta JAMHAMHYECKOro
NpOrpaMMHpOBaHUS COXPaHAeTC H NPH HEKOTOPBIX JO-
MOMHUTE/NBHBIX YCJIOBHAX, BBOAHMHBIX B DPacCMOTPEHHYIO
Bhille 334y MHHHMH3aLHH OJHOMEPHBIX YHUMOJAJ/IbHBIX
¢dyukuui. OnHO U3 TAKMX yCJOBHH CBS3aHO C MpoBelle-
HHeM HCHBITAHHH MOc/efOBaTeJbHBIMH cepusiMu (G6J0Ka-
Mu) no [ ucnuitanuit (/>>1), npuueM HCHBHITaHHS KaxKIOH
CepHH BHIIOJHSIOTCA OJHOBPEMEHHO, T. €. Pe3yJbTaThl
OJHHX HCNBLITAHUH cepHH He H3BECTHBI NPH BHIOOpPE TOUYeK
APYTHX HCIIBITAHHI 3TOH JKe cepuu, HO Pe3y/bTaThl BCEX
npefulecTBYlOmHMX cepuit  u3BectHol (M. ABpHa H
O. Ix. Yaian [1]). Opyroi cayuait (dx. X. Bu-
mep u . Jx. Ya#dan [l]) xapaxrepusyercs TeM,
YTO MCHBITAHUA BHINOJHSIOTCS MOCJAeN0BATeNbHO, HO pe-
3yJIbTaT MNOCJELHEr0 BBIMOJHEHHOTO HCIBITAHHS CTaHO-
BUTCS M3BECTEH JIHLIb [IOCAE HAayaJa CJEAYIOLero 3a HUM
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ucnpiTanus. PaccMorpen Takxke cayuafl, Korza Toyka x!
nepBOro HCneitanua 3agasa (B. Kpucrtod [1]).
KpoMe ynoMsiHYTEIX IIOCTaHOBOK, B KOTOPBIX HAJI03Ke-
HEl OrpaHHYEHHS, CyxKalollHe Kjaacc mpasua (3.2) BHI-
6opa HCIBITaHHA, MHHHMaKCHEIE aJTOPHTMEL HOCTPOEHH
takKe (. JI. HepHoycbko [1]) ma aunwuuesbx ¢
32/laHHOH KOHCTaHTOH K YHHMOZAJbHBIX (DYHKUHH, T. e.,
kpome ycnoBuit (3.9), (3.10), sTH dyHKuHH yHOBIETBO-
pPAIOT elle HepaBeHCTBAM |

Vo) —e (") |[<K|¥—x"|, &, x"=D. (3.14)

ITpumep 2. PaccMorpum Temeps 3ajlauy u3 mep-
BOTO NpHMepa, nmojarasi, 470 MHHHMH3HDYeMble (BYHKLHH
MOTYyT He YNOBJIETBOPSTL YCJIOBHAM YHHMOLAJbHOCTH
(3.9), (3.10), HO mas HMX cnpaBenJHBO YciaoBHe JIum-
wyua (3.14), Ha KOTOPOM H JOJKHBI Telepb OCHOBI-
BaTbCsl OUEHKH 3KCTpeMyma H Kputepuit L (g, ).

ITyctb mo anropuTMy S&Sr OCYIIECTB/IEHO % HCMBITA-
HUH H NOJIyueH pesyabTaT o, U3 (3.1), KoTopomy clenyer
COTIOCTaBUTb HEKOTOPYIO OLIEHKY SKCTPeMyMa ¢* u3 (3.3).
Beenem ¢ynkuun :

Pi(X) =q (') —K|x—x'|, =x&D, 1<i<k,

Il KOTOPHIX B cuay (3.14) cnpaseasnso, uto

P()=W(x), xeD, 1<i<h,

HJH :

Q(x) =¥ (x) = max ¥, (x), xe&D.
1I<i<k

Torma mnst MUHHUMa/NbHOTO 3HAUEHHS @ (X*) HMeeT MecTo
olleHKa (puc. 3.2)

2 <o)<, (3.15)

rue ;
P =miny(x), 2&=min 2,
x=D 1<ise

4

H, KpOMe TOro, .
eXt={reD:yx) <L) (3.16)
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MutepBanbl, cocTaBisoliHe MHOxectBo X* B cayuae,
NpeJCTaBICHHOM Ha pHC. 3.2, OTMeueHbl ILITPHXOBKOH
cBepxXy. Takum 06pa3oM, 1JIs JHNUIALEBEX QYHKIHA BO3-
MOXKHA KaK OlleHKa MHHHMAJbHOTO 3HaueHHs ¢(x*), ec-
7 TOJIOKHTB, uto e* = [2F., 2% ], Tak ¥ olenka Koopmu-
HaTel X* ToukM abcoOMIOTHOrO MHHHMYMa (DYHKLHH

129

Puc. 3.2

g0y, Moryr ObITb MHOTO3KCTPEMadbHbIMH), €CIH NMpH-
HaTh ek=X k. PaccmoTrpum o6a ciyuasi.

[Tycth mpuHATA OlEHKAa KCTPeMyMa 10 KOOPAHHATE,
1 nycTb 3¢ dekTHBHOCTb L (¢, §) MPUMEHEHHS CTpaTeruu
s = S; ni9 MuHEMH3anud ¢yHKuun ¢ & Ox paBHaA cywm-
MapHOH [JIMHe HHTEPBANOB, COCTABJSIOLIAX MHOXKECTBO
X™ u3 (3.16), T. e. kpuTepHi 3(GGHEKTHBHOCTH, KaK H B
(3.13), mpomopuyoHaJeH IOrPelHOCTH OUEHKH KOOpAHu-
HaThl, B 3TOM cayuae Ji06oii cTpateruu § & Sy COOTBET-
creyer W(s) =b—a, ectn o¢ynkuua ¢(x) = const.
CnenoBatelbHO, Kaxaas cTpaterust § & SrynoBaerBopsi-
er ycaosuam (3.6), (3.7) u siBAfeTCA MHHHMAKCHOH.
PesyabTaT 3TOT, ONHAKO, He HHTepeceH, HOO rapaHTHPO-
BaHHAsl TOYHOCTb pEIleHHs 3aJayd paBHa JJHHE HCXON-
Horo uureppasaa D.

[TpumeM Tenepb OLEHKY 3KCTpeMyMa IO 3HAYEHHIO
GYHKUME H TOJOXKHM, 4TO 3((eKTHBHOCTb aJropHTMa
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s & Sy onpeflensieTcs NOrPEUIHOCTbIO OLEHKH MHHHMAJb-
HOrO 3HAYeHHd, T. e. .

L(g,s)=25—2", ' (3.17)

Inst npussitoro Kpurepus (3.17) pemaromue npapuaa
(3.2) onTuMmaibHOK B Kiaacce Sy cTparterun s$* u3 (3.6),
(3.7) mmeror mpocroit Bua (I0. B. Fepmeidiep [1])

H=ade@2—1), 1<i<T, (318)

Thie e = (b—a)/T, 1. e. oAHA U3 ONTHMAJDBHBIX cTpa-
TErHHd COBMAfaeT C W3BECTHHIM METOAOM nepe6opa Ha
PaBHOMeDHOH ceTke. IleHiCTBHTENBbHO, NS 1060 ¢byHK-
unn @ & @, cpasennnso 2t >4 —Ken L(g, s*) < Ke.
Onnako, ecin @(x) = const, To L(g, s*) = Ke u, cie-
HoparenbHo, W(s*) = Ke. C napyroit cropons, ecanu
byuknua @(x) = const MHHHMH3HDPYETCS € [OMOLIbIO
NPOH3BOMLHOR cTpaTerun § & Sy, 10 L(g, 8) = Ke, T. e.
W(s) = W(s*).

4. AnpuopHas undopmauus u APHHUMI ONTHMAJNbLHO-
¢ti. TTpomomxum o6eyxpenue BTOporo npuMmepa. Ecuau
AN YHUMONAMBHBIX QYHKUME H aJrOpPHTMOB, OGecreyH-
BAIOIUX OUEHKY (3.12) 3KcTpemyma mo KoopauHaTe,
NPUHUAN MHHHMAKCa NPHBOAHT K OTKPHITHIO €-ONTHMAJb-
HOM CcTpaTeruu, o6bIYHO HasbHiBaeMoil MeTogoM PHGOHAY-
un (k. Kudep [1]), 10 TOoT e npunmunm (3.6),
(3.7), mpUMEHEHHBIH A/SI OTHICKAHHS OLITHMANbHBIX AJIro-
PHUTMOB MHHUMH3AUHH JHIIALEBBX GYHKUHA, yTBepiK«
AaeT ONTHMAJbHOCTbL MeToAa mepeGopa (3.18), xoTopwiii
MOXKET OKa3aThbc Heap(MEeKTHBHBLIM, eC/AH (YHKUHA OT-
JHYHA OT KOHCTaHTH. OCTAHOBHMCS Ha 3TOM MOApPOGHee.

s yno6ersa 0603HaueHui nepeHymepyeMm (HHKHHUM
MHJIEKCOM) B NOpPSAJKe BO3PACTAHHA 3HAYEHHil KOOpAHHA-
Tl TOYKH %!, ..., x*, BXo&simMe B o, u3 (3.1), u 0603-
HauuM Xo==a, Xp,1=b, T. e. e

=X <N <., . <<< Xy = b,

Tenepy onmpenenum oGbenmnenne D, Bcex mnureppasos
(41, %) 1 <j<<k+1, ne nepecekalomuxcs c
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mHo:KectBOM X% u3 (3.16),

‘ Dk = U(xl"b xj)’

- i&J
rue :

I={1<j<sk+1: X} (%1, 1) = T}
HurtepBaljbl, cocTaBisolHe MHoXecTBO D, B ciayuae,
npeLcTaBIeHHOM Ha pHc. 3.2, OoTMeueHH IITPHXOBKOH
CHH3Y.

. 3ameruM, uto npu x**!e D, oueHKH 3KCTpeMyMa
(3.15), (3.16), cooTBeTCTBYIOLIHE ®4 COXPAHSAIOTCA NPH
®r+1 H, CJAENOBATeNbHO, HCIBITAHHA B HHTepBajlax
(%=1, X;) €D, MOXHO He OCYWIeCTBAATb, HdaxKe €C/IH
(x;— xj=1) > 2¢, rne ¢ u3 (3.18). Ilostomy mnpencras-
JsieT uHTepec GOPMYJIHPOBKA NMPHHLHNA ONTHMAJbHOCTH,
onpefessiiomas crpaterud §° & St, pemaiumue GyHKIHH
KOTOPHIX MOPOXKAAT TOUKH xF*1¢£ Dy H OAHOBPEMEHHO
ynoBaetsopsaioT ycaosuaMm (3.6), (3.7), T. e. mpuHanie-
JKaT MHOXKeCTBY MHHHMAaKCHBIX CTPaTerui.

OIHH M3 BO3MOXHBIX MOJAXONOB K (OPMY/JHPOBKE Ta-
KOro MPUHILANA COCTOHUT B ciexymomieM. [Tyctsb

O(0p) = {p= 0: ¢(x') =2, ..., p(¥) =2}, (3.19)

T. e. @ (0,) ecTb MOAMHOXKECTBO TeX QYHKUHH H3 Kaacca
@, 1/s1 KOTOPBIX BO3MOXKHO COOTBETCTBYIOIlee 3HaueHHe
o 13 (3.1), u nonoxuM :

W,(s) = sup L(g,sS). (3.20)
=P (o)

Takum oOGpasom, Wyi(s) ykasbBaeT rapaHTHPOBaHHYIO
5(peKTHBHOCTb MPHMEHEHHs anropuTMa S§& St Aaa
¢yukunit u3 kaacca @ (ox). Hanee onpeaenuM noamHo-
3ecTBO aaroputmoB St(wx) < St TaKHX, yTo RIS 1060
dynxkuun @< O(wr) Kaxabi anroput™ s Srt(o) B
pesyJbTaTe MepBHX R HCIBITaHHI MOPOXAAeT OLHO H TO
Ke (yKaszaHHOe) 3HAUeHHE O .

Tenepnb BBefeM NOHsTHE Hauay4uieeo T-uiazo08020 ar-
eopurma s°=Sr (A. T. Cyxapes [1]), ana Kotoporo
npu ao6om &, 0 << B < T, 10/1KHO BBEIMOJHATHCA

Wy (s°) = inf )L((p,s), (3.21)

sSST(oy
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npuyeM cuuraercs, uto Sr(w,) = S, O (0) = ®. U3
(3.20), (3.21) caenmyer, uto HaWTy4lliHe aJrOPHUTMHI sIB-
JAIOTCS TaKKe M ONTUMANbHBIMH, M60 npu k=0 ycio-
Busi (3.20), (3.21) nmepexomsr B yciosus (3.6), (3.7).

Bepremcsa x Bropomy npumepy. Haunnyumas crpare-
THs §° LIS 3TOTO cayyas, T. e. AMa (YHKUUE H3 Kaacca
@« npu L(g, s) u3 (3.17), B otauune or nepBoi 3amayH,
He MOXKeT OHTb 9((EeKTHBHO MOCTPOEHA ¢ MOMOLIBI Me-
TOA2 NMHAMHYECKOr0 NMPOrpaMMHpPOBaHHA, H60 MHOKeCT-
B0 D\ D,, comepxamee Touxy xt*! OYepefHOr0 HCIHI-
TaHHs, 32BHCHT OT MHOTHX IapaMeTpOB, NMpHUEM YHCJIO
STHX MapaMeTPOB Pa3jHUYHO NPU Pa3/JIHYHBLIX 3HAUEHHAX
k. Onpenenenne pemarmommux npasua (3.2) sroii crparte-
THH OCYLIECTBJIAETCS MyTeM HENMOCPEACTBEHHOTO pelleHHs
yeaosuit (3.20), (3.21) B mpomecce MUHMMH3ALHH KakK-
JOf  KOHKpeTHOH (yHKuuu ¢ < Dy, IpHYEeM pellleHHe
STHX yCNIOBHH MOXeT OmThb cBemeHo (A. T. Cyxapes
[1]) k mocarenosatenbHoMy mocTpoenHio HeKOTOPBIX MO-
KpuiTHit o6nactu DN\ D, nns nonyuaembx B npoiecce
MHHMMH3aUHH 3HAYCHUR ok, 1 <k < T-(touka x! Moxer
6uiTh B3sita M3 (3.18)). Tostomy cTpaTerus s° oKasnbiBa-
€TCsl 3HAYUTENBHO CJOXKHee Merona PuGoHAauyM, mpef-
HAa3HAYEHHOTO JJ/If YHUMOJAJbHHIX (QYHKIHI.

I[Tpumep 3. Ilycrs B 3amaue u3s NepBoro nmpumepa
MHHHMHSHPYeMble QYHKUMH SBASAIOTCH CTPOrO BHIMYKJIHL-
MH, T. €. YIOBJETBOPSIOT YCJIOBHAM

Plax’+ (1—a)x") <ap(x) + (1—a)p(x”), (3.22)

rie 0<<a<<1u x’, x”=D. 3amerum, uro Hpeanoao-
KeHue (3.22) aBnsiercss 6onee CHIAbHBIM, yeM Tpe6oBaHue
YHUMOJAJMBbHOCTH, H6O ycaoBua (3.9), (3.10) Heo6xoxnmo
caenyoT u3 (3.22). .

Ins mpUHATEIX npepmonoxenuit (paccmartpuBaemas
3ajava mofpoGHO H3yuaercss B pabore . JI. Yepuo-
yebko [2]) ontumanbHOB MHHMMAaKCHOR cTpaTerue
aBasercs MetoJ Pubomayuu, ecau 9KCTPEMYM, KakK H
B (3.12), oueHuBaercs mo KoopaHHate, a 3¢ PeKTHBHOCTD
L(g, s), xak u B (3.13), NPONOPIUHOHAIbHA MOrPeLIHO-
CTH OUEHKH 3KcTpeMyMa. To ecTb CBOMCTBO BHINYK/IOCTH
HE H3MEHSeT ONTHMAJbHOLO a/JrOPHTMA, MOCKOJBKY TOY-
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'

Hble BEpPXHHMe rpaHd BeJduuH L (@, §) COOTBETCTBEHRO B
KJacce BBHINYKJABIX M B KJacce YHHMOAANbHBIX (yHKLHH
COBNAaJaIoT. -

OnHako, ecad NpHHATh, KakK B (3.15); omeHky skcrpe-
MyMa He 110 KOODAHHATe, a 10 MHHEMAaJlbHOMY 3HaueHHIO,
1 30 (eKTHBHOCTh aJTOPHUTMOB H3MepATh, Kak B (3.17),
MOrPELIHOCTBIO 5TOH OLEHKH mocjie T HCIBITAHHH, TO OM-
TuMaJbHHE anroput™ u3 (3.6), (3.7) yxe oTingaercs
oT Meroma ®ubonauyyn. Bmecte ¢ TeM 3ajaua BHIBOJA
3TOr0 ONTHMAJbLHOIO ajJropuTMa SABJSETCS TPyLHOH, H6O
pewafouine npasuaa (3.2) NpeacTaBasOT COGOH CI0XK-
Hble (YHKUHUH 3HAUeHHS @, BHIBOJ KOTOPHIX Tpebyer
YHCJIEHHOr0 pellieHHss MHOTOMePHOH 3KcTpeMal/bHOH 3aza-
yn (3.6), (3.7), Bkaouas rabyaupoBaHHe Tabaul (yHK-
uMi MHOrMX TNepeMeHHBIX. BO3MOKHBII BHIXOJ COCTOHT
B TOM, YTOObl 3aMEHHTb MpPHHIHN onTHMajbHOCTH (3.6),
(3.7) Gosiee mMpOCTHIM yCJaOBHEM, AOMycKalomuM sddek-
THUBHHIH BBIBOJ, ONTHMAJbHHIX cTpaTernii. OfHH U3 TAKHX
NPHHUHUNOB O6CYXKAaeTcs B CAeAYIOIeM NYHKTE.

5. OpHowaroBasi onTHMajabHOCTb. Bepuemca x c¢op-
MaJIbHOMY ONHCAHHIO aJropuTMa ONTHMH3allHH, JaHHOMY
B NEepBOM NyHKTe HacTosillero maparpada, u BBeJEM IIO-
caefoBaTeabHOCTh GYHKUMA L,(p, ), k=1, 2, ..,
onHcHBAOUMX 5Q(EKTHBHOCTh OLEHKH e® sKcTpeMyMa
¢yukund =0 (©,), MOJYUeHHOH B pe3y/bTaTe BhHINOJ-
HeHHsl k HCObITaHuil no aiaroputmy s & S(w,), obecre-
yHBLIEMY De3yJAbTaT @, TaK, HampuMep, A/A OleHKH eP
u3 (3.12) MoxHO npuHATb L, (¢, ©) =t —x, e
3¢ $eKTHBHOCTb IIPOMOPLHOHATbHA MOTPELIHOCTH ONpeje-
JIeHHsI KOODJAHMHATH 3KCTpeMyMa [ocje k 1arop 1o aj-
roputmy s < S(wx). Ananornyno aaa ouenkd (3.15)
MOXHO mpuHATL Ly (9, 0,) =2 — 2% u 1. 1.

- TakuM 06pa3oM, aJropuTM § OmHchiBaeTcs HabopoM

s=(x, {Ga), (B4}, {F), {Lhyes, !

rae uepe3 S 0603HAUEHO MHOXECTBO BCeX TaKHX aJjro-
purmoB. Tenepb nogo6Ho ycaoBHiO (3.20) MOX<HO BBecTH
BEJHYHHY '

Wies (041) = sup Lyia (9, 0p41),  (3.23)
B e D)
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YKAa3bIBAIOULYI0 TapaHTHPOBAHHYIO 3GEeKTUBHOCTb NpHU
BuinoJHeHuu (k- 1)-ro ucnblTaHHsT B TouKe x**!'&D,
€CJ/IH NMpPEeJIIEeCTBYIOIHM HCIBITAHAAM COOTBETCTBYeT MHO-
KecTBO wp H3 (3.1). Oynkuus (3.23) mosBosisier ompenc-
JINTh MOHATHE OOHOWA2080-ONTUMAALHOU CTpaTe2uU § €
€ S, pewaomye npasuaa (3.2) KOTOPOH MOPOKAAIOT

TOUKH HCOBITaHHE Xr, k=1, 2, ..., YLOBJeTBOpAIOLLHE
YCJOBHAM
W, (x*) = inf W, (x"). (3.24)
xheD

3akaHuuBasi O6GCYXKIeHHe TpeTbero mnpuMepa, OTMe-
THM, YTO Ja)€ OQHOLIArOBO-ONTHMAaJ/ibHAasl CTPaTerus M3
(3.23), (3.24), oOecneyuBaoilas MHHHMH3ALHIO OJHO-
MepHbIX (YHKUHMII, YLOBJACTBOPAIOIHX YCJIOBHIO BBINMYK-
aoctd (3.22), oxa3piBaeTcsl BecbMa CJI0XKHOH, XOTS CYyILe+
cTByeT GoJee MNpOCTOf aaropHT™, OJHU3KHE K Hel IO
s¢pdexturoctu (®. JI. HepHoycbko [2]).

BBegenue MOHATHUS OJHOIIAroBO-ONTHMAJbHBIX
CTpaTeruii, Kak y:Ke OTMEYaJoCh BHIIE, Npec/ea0Balo
Hesb ynpolleHus (GOpPMYJHPOBKH NpHHHHIA ONTHMAJb-
HOCTH, PacCUIMpPSIOUIEro BO3MOXKHOCTH BLIBEJEHHS CTpaTe-
ruil, onpefenaseMblx 3TuM npuHuunoM. OaHaKo 3HayeHie
OJlHOIIarOBO-ONTHMAJbIIBIX aJrOpPUTMOB B 3ajayax no-
cTpoeHHss 3(PdEKTHBHBIX BBIYHCAHTEJNbHBIX METOM0B He
orpaHHunBaeTcsi 3THM o6cToATeabcTBOM. [leno B TOM,
YyTO MaTeMaTHyeckKas MOJeJb, B paMKax KOTOpPOH HC-
MoJb3yeMblli METOA J0JKeH ofecneydBaTh pelleHde 3a-
Jayd, BO MHOTMX CJyyafiXx BK/IOUaeT mapaMmeTphbl,
3HAUEHHs] KOTOPbIX HEHM3BECTHBl H AOJIKHBH OLEHHBAThCS
B XOJle BHIYHCIUTENBHOrO Mpolecca Ha OCHOBE NPOMEXY-
TOYHBIX pe3y/abTaToB. Tak, HampHMmep, B ycJAOBHAX Jlum-
wuua (3.14), OMHUCHIBAIOIUMX KJAaCC MHHHMH3HPYEMbIX
GyHKunil, 3HaueHHe KOHCTaHThl K MOXKEeT GbiThb HEH3BeCT-
HbIM H MPH 3TOM Ha Ka)XAOM llare npollecca MUHHMH3a-
MM HMCMOJb3yeTcsl CBOSl OLEHKa 3TOH KOHCTaHTHI, MO-
CTpoeHHasi 10 TeKylleMy 3HaueHHio ®; u3 (3.1). Takum
o6pasoM, mpeanojoxenue ¢ & ®x (LA KOHKPETHOrO
3Hauenuss K) cnpaBediuBO JHWb HAa NAHHOM Liare &,
W npu BeIGOpE TOYKH x**! OuepesHOTO HCTILITAHUS €CTECTs

e e mleamol g
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BEHHO NOTpe60BaTh OAHOIIATOBOH ONTHMAJbHOCTH METO-
Ia, T. €. BBINONHeHHs1 ycaoBHi (3.23), (3.24). '

CiefyeT OTMeTHTb, YTO YTOYHEHHE MaTeMaTHUYeCKOro
ONUCaHUSI B XOJAe BHLIUHCJACHHA XapaKTepHO He TOJbKO
IS 3a71ay ONTHMH3aLHH, HO H AJST MHOTHX ADYTHX BBHI-
yHcaAUTeNBHBIX 3a1au (cM., Hampumep, H. C. BaxBa-
aoB [1]). B cBa3u ¢ aTHM yacTo rosopaT o6 adantu-
pyrowuxca U camoxacrpausaouuxca npozpammax (cM.,
nanpumep, H. H. Moncees [1]).

6. MHoroakcrpemaJjbHble 3aaYyd ¥ anpuOpHbie Mpea-
nosoxerus. Ilpumepnl, paccMoTpeHHble Bbille, MOKa3bl-
BalOT, YTO KOHKpeTHas (GOPMy/JHPOBKa ampHOPHBIX Mpen-
NOJIOXKEHNH, BBUIENHIOUIMX  KJacC MHUHHMH3HDPYeMBIX
GyHKUUA, onpelensieT BHA M CTeNeHb CJOXKHOCTH oOle-
HOK 3KCTpeMyMa, KOTOpble MOryT ObiThb IOCTPOEHH IO
pesyJbTaTaM HCIBLITAHHH, THI KPHTepH ONTHMAJIbHOCTH,
XapaKTepH3YIOIero HauAyullnii MeTOJ, M Ha/jHyHe MOA-
XOASIUIero ammapaTa HCC/eNOBaHHs [/l BhIBeJIEHHS HaH-
Jy4lllero MeTofa H3 YC/JIOBHH ONTHMAaNbHOCTH.

_ B macrositiee BpeMsl H3BeCcTHO JiHLIb OZHO (opMaJb-
HOe ONHCaHHe KJjiacca MHOTOIKCTpeMaJsbHBIX —3ajau,
o6ecrnieynBaiolllee BO3MOXKHOCTb MOCTPOeHus1  JocTosep-
Holx (He BepOSITHOCTHBIX) OLEHOK B3KCTpeMymMa MO pe-
sysbTaTaM HcnblTanuil. Peub maer o kaacce aunwiuye-
8blx 6 TOU uau uHoli meTpuxe ¢pynrkyull (ONHOMEpPHBIX,
KaK BO BTOPOM IpHUMepe, HIH MHOTOMepHBIX). OTH (PyHK-
IIUH YAOBJIETBOPSIOT YCIOBHAM

¥ [p(x)—q(x”) | <Kp(x, x"), ¥, x¥'=D, (3.25)

rie (YHKUHS p OMHCHIBAGT HEKOTOPYIO MeTpHKY (noa-
po6Hoe o6cyxaeHHe HeOOXOAHMBIX CBOMCTB (DYHKUHH 0
conepxurcsa B kuure A. I'. Cyxapesa [l], u KoH-
cranta K cunraercs 3agaHHoi. J[na ykasaHHbIYX mpeino-
JIOKEHHH BBIYMC/JEHHE OLLEHOK SKCTpeMyMa M NOCTPOeHHe
ONTHMAaAbHBIX METOJOB CBfI3aHO (B MHOTOMEPHOM CJy-
yae) ¢ pelleHHEM CJOXHBIX 3aJady TeOPHH MNOKPHITHI
(B. B. UBanos [1], B. B.Jleonos [I], A. I. Cy-
xapes [1]).

TpynneeTd NOCTPOEHHA ONTHMAJbHLIX NOKDPHITHH NpH-
BOJAT K pa3paboOTKe ajJrOPHTMOB, HCIOJAB3YyOWHX GoJee
npocThie (He ONTHMaJbHbIE) MOKPHLITHA IS OUEHKH IKC-

3 P. I. Crpourus
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tpemyMa (cm., nanpamep, 0. M. D anunun u C. A. I u-
apckui [1], 0. . EBtymenko [1] u ap.).

CrepyeT OTMETHTb, YTO NMPHJOXKEHHS, B KOTOPBIX BO3-
HHKAIOT 3aJaud MHHHMH3alHH, BO MHOTHX CJay4asix IO-
3BOJISIIOT yKa3aTb HEKOTOpble CBOMCTBA MUHHMH3HPYEeMOH
(QYHKUHH, HO OOBIYAO 3TH CBOHCTBA XapaKTepHuayloTcs
HeOpManbHO (HampHMep, yTBEpxKAaeTcs, 4TO (QYHKUHSA
SIBJSIeTC «OBPaXKHOM» WJIH 4TO TJIOGaJbHHH 3KCTpEMyM
SIBJASIETCA «IIHPOKMM») H TNMO3TOMY He NOpOXAAIOT am-
napara GpopMaJbHLIX OLEHOK 3KCTPEMyMa, HEOGXOAUMOro
IJ151 TOCTPOEHUSI ONTHMAaJbHBIX METOJOB.

B cBs3u c sTHM pa3paboTka (GopMaJbHBEIX Marema-
THYECKHX CXeM OIHCaHHf anpHOpHOA HHGpOPMaUHH
0 KJlacce MHHUMHU3HPYEMBIX GYHKUHHA HrpaeT LEHTpasb-
HYI0 pOJMb B 3ajauyaX NOCTPOEHHS ONTUMAJbHHIX MeTO-
noB ontumuzauud. OAHMH H3 TyTeH CO3MaHHA TaKHX
CXeM, paccMOTPEHHIO KOTOPOro IMOCBSLIEHO BCe mocie-
Aylolllee H3JM0XeHHe, OCHOBAH Ha BBEJeHHU BEpPOATHOCT-
HOrO OINHUCAHHS CBOACTB MHMHHUMH3HpPYeMOH (YHKIIHH,
MO3BOJISIIOIIEr0 Pa3BHTh HEKOTOPHIH ammapaTr BEpPOAT-
HOCTHBIX OLICHOK 3KCTpemyMa.

7. O BepoOATHOCTHOH mnocTaHoBKe 3amaun. IlycTob
MHHUMH3HpYeMas (QYHKIHS sBJASeTCA JUIILHLEBOH, T. €.
yaoBJeTBopsieT ycaoBHAM (3.25), HO 3HaueHHe KOHCTaH-
tol K Jlunmuna He 3anaHo. IlockoJbKy 6e3 KOHKPETHOTO
3HaYyeHHs KOHCTAHTHl HEBO3MOXKHO NOCTPOHTb MOKPHITHI,
ONpEENsIONMX OlEeHKH 3KCTpeMyMa MO pesyabTaTaM
HCIBITaHHH,- TO MOXXHO NPHHATb HEKOTOpoe 3HaueHue K,
B KauecTBe NpHO/JMXKEHHS K HeH3BEeCTHOMY 3HaueHHI0 K
¥ pewnTb 3agauy aaa K, (cm., nanpumep, 10. I'. EB-
rywenko [1]). Ecau npu atoM okaxercs, uto K, <<
<< K, 10 mocTpoeHHble OLeHKH OyAyT B ofuieM ciayyae
HEJOCTOBEPHBIMH.

C npyroil CTOPOHH, B psilie cjydyaeB yaaercs JaTb
rpy6yio BepxHiolo oneHKy K° koHcTaHThl K, 11 KOTO-
pol 3aBemoMmo cnpaBemauBo, uto K << K° (Hampuwmep,
H3BeCTeH BEpXHUIl MOpPOr MOLIHOCTH, ONpejesAIonHi Xa-
pakTep BO3MOXKHbLIX H3MEHeHHH B MOJENHPYeMOH (H3HU-
4ecKo# cucteMme, H T. .). OJHAKO MOCTPOEHHE MOKPHITHS,
o6ecreynBaloOLIero 3aflaHHYI0 TOYHOCTb PelIeHHs 3afauH
MHHHMH3ALHH B NPeANOJOXKeHHH oleHKH K° MoxeT mo-
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Tpe6oBaTh HempueM/JIeMo GOJIBLUIOTO YHC/IA HCNBITAHHA,
MOCKOJIbKY 3HaueHHe K° o6bluHO Benuko. B Takom cayuae -
BHIOHpaeTcs HeKoTopoe 3HaueHue K,<<K°, ompenensiemoe
BO3MOXKHOCTBIO BHINOJNHEHHS] He0O6X0AHMOro 06beMa BbI«
yHCJIeHHt ¥ HeOpMaJbHEIM MPEANMOJNOXKEHUEM MaJIOi Be-
posiTHocTH cobeitus K, < K.

Jlpyrofi BO3MOXKHBII MNyTb COCTOHT B TOM, YTOGH
BBECTH HEKOTOpOe pacnpejiefieHHe BepOATHOCTEH BO3-
MOXKHBIX 3HaUY€HMA KOHCTaHTH K M IOCTPOHTH BEpOAT-
HOCTHBIE OLEHKH 3KCTpPEMYMa, COOTBETCTBYIOIIHE 3TOMY
pacnpenenenuio. Tak Mbl NPHXOZMM K BepOSTHOCTHOMY
ONMHCaHHIO, NPH KOTOPOM BMECTO OJHOI0 MNpPOU3BOJIBLHO
BbIOpaHHOre 3HaueHHs K, paccMaTpuBaeTCsl BeCb CIEKTP
BO3MOXHBIX 3HaueHHMH KOHCTaHTBl, XapaKTepH3yeMBIi
NPUHATON BEPOATHOCTHOH Mepoi.

[Tono6Ho TOMy, Kak pacnpeieleHue BepOSITHOCTEH
JUIl. KOHCTaHTH JIMMIIHIA AONOJHAET ycJoBHe Jluniuua
(3.25), MOXHO BBECTH ampHOPHOE pacnpefeseHHe Be-
POSITHOCTEH, XapaKTepH3ylolllee PpacnoJ/oXeHHe TOUKH
HCKOMOTO MHHMMyMa Ha oTpe3ke [a, b] u monoaHsiiomee
npeAnonoxenue yHumomanaeHoctd (3.9), (3.10), u BoC-
NoJb30BaTbCsl  3TOH  JONMOJHUTeNbHOH  uHpOpManuef
LIS YCKOPeHHMs TIIpomecca OTBICKaHHSl 3KCTpeMyMa
(H . M. Emenbsaunoga [1], A. O. Kouseps [1]).

[TpunsATHE MOJOGHBIX BEPOSTHOCTHBIX MPEANOJIOKEHUH
O3HauaeT, YTO MHHHMH3HpyeMas (GYHKUHA paccMaTpHBa«
eTcsl KakK HeusBecTHas peasH3allus 3aJaHHOH caydaiiHO#
(GYHKIHH, YTO MO3BOJsEeT MOAXOAHTH K 3ajayue OTHICKaHUS
9KCTpeMyMa 3To¥ QYHKUHH KaK K OLHOH H33amau TeOpHH
CTaTHCTHYECKHX pellleHHi *). PassnuyHble MOAXOBI K TOCT+
POEHHIO aJITODUTMOB pelleHHSl MHOTO3KCTPEMaJbHBIX 34«
Jay KaK CTaTHCTHYECKHX pelIalollNX NMpaBHJ Npejsara-
I0Tcs1 U 06CyXIaI0TCs MHOrMMH aBTopaMH. [lpu 3toM
yKa3blBaeTcs CBfA3b TaKHX INOCTAHOBOK C MOCJAENOBaTe/b-
HBIM cTaTHCTHueckuM aHanusom (. M. Xaszen [1]),
npexsaraeTcsi MHTepOpeTals npoliecca ajanTallUu KH-

*) OCHOBHI TeOPHM CTATHCTHUECKHX pPelIeHHA H3J0XeHbl, Hanpu-
Mep, B kunrax JI. Baekysana m M. A. Tupwuka [1] n
M. Jle Tpoota [1]. OnHako paccMOTpeHHe, NPOBOIMMOE HUXKe,
fIBJisieTcA JOCTATOYHO 3aMKHYTHIM H He npeanosiaraer 06s3aTeJbHOTO
H3yYeHHS ITHX KHHI,

3*
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BbIX OPraHH3MOB H aBTOMAaTOB KakK mpouecca (opMHpo-
BaHHUfl M yYTOUYHEHHS HEKOTOPOTO BEPOSTHOCTHOTO OIHCA-
HUSI Cpefibl, B KOTODOii OpPraHW3M HJIH aBTOMAT peliaer
okerpemadnbubie 3anayn (. B. O nuw [2]), usyuaior-
Csl  KOHKpDeTHble  THNBl  BEPOSITHOCTHBIX  ONHCaHHMH
(A. T. )Kuanuckac [1, 2], A, T. Xuaunckac
ull.B. Moukyec [1],X. Kymuep [1], P.T. CTpoH-
rud [1—6], B. P. Waatsaunc [l]), craparca son-
‘POCHI O HEKOTOPBIX OOLIMX CBOHCTBAX MaTeMaTHUeCKOf
MOJEJIH TPHY BEPOATHOCTHOM PaCCMOTPEHHH 3KCTpeMalb-
Hpix 3afau (M. B. Moukyc [2]), BepositHOCTHOE OnH-
CaHMe paccMaTpuBaeTcsl KaK fA3bK  (DOpMyJHPOBKH
HUMEIOIUUXCA NPefNoNoXKeHHH O 3agaye, MO3BOJISIOUHI
CTPOUTHL OLUEHKH SKCTPEMyMa 10 pe3y/abTaTaM HCIBITaHHE
(0. HW. He#imapk n P. T. Crpourun [l],
P.T. Crpourun [7,8]) ur o

HanbHefimee H3n0XeHHe GyAeT MOCBAIIEHO PaccMOT-
PEHHIO JIMIIL TNOCJEJHEr0 M3 YKa3aHHBIX NMOAXOJOB, O«
uLasi cxeMa KOTOporo HedopMasibHO 0oGCyKAaercss B cie-
AywoouieM naparpade.

§ 4. UndopmMauHOHHO-CTATHCTHYECKHI NOAXOL,
K 3ajla4yam OTbICKaHus a0COJIOTHOTO 3KCTPpeMyMa

1. O6mas cxema noaxoga. B oGcykmaeMom mopxone
NPHHEMAETCH, YTO alpHOPHBbIE MPEANOJOXKEHHA O 3aja-
e (1.1), (1.2) omucbiBaioTca NyTeM 3alaHHs paclpefe-
JIeHHst BeposiTHocTedl F Ha Kiacce (M3MepHMBIX) MOAMHO-
XKecTB MHOkKecTBa @ BceXx OYHKIHHA ¢, ONIpeneseHHbIX
B 06aactu D. Ilpn 3TOM BepOSITHOCTb TOrO, YTO MUHH-
‘MusnpyeMas QyHKuHA ¢ 06JanaeT HEKOTOPBIM CBOMCT-
BOM, ONHCbIBaeTcsi Kak BeposiTHOCTb F(®’) npuHamdex-
HOCTH 9TOH (YHKUMH K mnoikaaccy @ Bcex OYHKUMI,
006/1alaI0MIHX STHM CBOKCTBOM *).

Jlio6asi JonosHHTENbHAS HHPOPMANHA © = @) M3
(3.1), xoTopas MoKeT ObTb NOJy4yeHA B pe3yAbTaTC
NPOBEJleHHsT HCNBITAHHH, BKJIIOYAETCd B BEPOSITHOCTHOE
ONHCaHHE NYyTeM MNepecyeTa AnNPUOPHO20 paclpeneseHus

*) Hcnonb3osahne CTaTHCTHYECKOrO OMHCAHHA MHGOPMALUA O MH-
HHMH3HPYeMOH (QYHKLUM W ONpelesifieT Ha3BaHHE NMOAXOLA.
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F B anocrepuoproe (yc/I0BHOE MO OTHOIIEHHIO K PE€3yJb-
TaTaM HCIbiTaluil) pacnpepenenue F,. s ocyluiecTBu-
MOCTH TaKOro nepecyeTa NpH HCHLITAHHSIX, COMPOBOXK-
JalolHXcs NoMexaMH, HeoOXOAHMO 3ajxaTp TaKxkKe pac-
npejesieHde BepPOATHOCTEH Ha MHOXKeCTBE BO3MOXKHBIX
HCXOJ0B HCIBITAHUH. s
HMudopmauus o MHHEMH3HPYeMO# yHKIHH, HAKOTIEH-
Has B (opMe amoCTePHOPHOro pacmpeneneHuss F,, Mo-
KeT OBITb HCNOJIb30BaHa MM OUEHKH pacroJOKeHHs
SKCTpeMyMa, MyTeM BbluMc/IeHHs BepoATHOCTed m(X/w)
' TOrO, YTO TI10Ga/bHBI MHHEMYM (YHKUHH ¢ HOCTHraer-
cs1 B Touke x = X < D. Ilpu stom

n(X/0) = Fo(®s), | 4.1)

rie O®x @ ecTb MNOAMHOXKeCTBO (YHKUHH ¢, 3KCT-
peMyM KOTOpBIX JOCTHraeTrcsi B TOUKax MHOKecTBa X.
Pacnpenesnenne F, m03BoJIsieT TaKkKe NPOTHO3HPOBATDH
pe3y/abTaThl CJAeAYIOUIHX HCNBITAHHA C NOMOIbIO HHAY-
LHpYyeMbX BeposTHOCTel g (Z/wy, x**1) ToOro, uto pesyJb-
taTt 2**! u3 (1.3) mcobiTaHua B Touke x%! MpUHAMIEKHT.
MHOXecTBY Z < R!. B cayyae ucnbiTaHHii 6e3 moMmex

- g(Z/(Oky xh+1)=Fm(®Z)’

rne ®; < @ (w,) ecThb NoAMHOXKecTBO GYHKIU us-(3.19),
YIOBJIETBOPSIOLIHUX YCJOBHIO @ (¥**1) & Z.
BeposaTHocTHOe onucanue F, H HHAyLHpYeMble HM
pacnpejesienusi v M-g NO3BOJSAIOT MOJNOHTH K pa3paGort-
Ke a/JrOpUTMOB ONTHMH3AUMH KaK K MOCTPOEHHIO CTaTH-
CTHYECKHX pellalomHx npasusa. [lpu 3ToM pasanuHble
YCJOBHSI, TIpelbsiBAsieMble K pEIICHHI0 3aJaud ONTHMH-
3alliM M oONpelenslolle npaBuna OcCTaHOBKU (3.4),
O6GBLIYHO MOXHO 3aAaTh Yepe3 HEeKOTOpOe YCJIOBHe MJif
pacmpenenenus (4.1). Hanpumep, B ciyuae, xorma Tpe-
Oyercs Ha#iTH §-oKpecTHOCTh U < D, comepxallyio HCKO-
MbIi a6COJIIOTHBI MHHHMYM C BEPOSITHOCTbIO, HE MeHb-
ulefi, yeM 1 — g, 3TO yc/JiOBHE HMeeT BH[
n(Ulo) = 1—e.

v

4.2)

- Manee, ecim npHHATH HEKOTOpPHIA KpuTepuit L (g, §)
9 QEKTHBHOCTH pelleHHs 3ajayd MHHHMH3AUHH (QYHK-



38 O PEIMIEHUM MHOIO3KCTPEMAJIBHBIX 3AZIAY ra. t

LMK @ C MOMOIBIO aJrOPHTMA §, TO CONOCTABJIEHHE pa3s
JIMYHBIX aJTOPHTMOB MOXHO OCYIIeCTBJATb He MO Bepx-
He#i rpann kpurepus u3 (3.6), a Mo MaTeMaTHYeCKOMY
0XHJAHHUIO :

W(s) = [L(g.s)dF. ’ (4.3)

Torna supaxenns (4.3), (3.7) 6ynyT ompenensiTh aJro-
puT™, Haubosee 3(PDeKTHBHBIA B CpeaHeM (B OT/HYHE
OT OpHeHTAaLUHH HAa XY[IIHH C/lyyal, oTpa)kaeMOH YycJo-
BHeM (3.6)).

B Teopun craTucTHYecknx pelllennit Kpurepuit L (g, s)
OObIYHO Ha3BIBAIOT (YHKYyUel noreps, a MaTeMaTHUe-
CKOe OXHuiaHue notepb — ¢yukyuell pucka. CoraacHo
STOH TepPMHHOJOTHH cTpaTerns §* us (4.3), (3.7), Mu-
HHMHU3UpYIOWAs PHCK, Ha3biBaercs Oaiecosckoti (ropos
PAT TaKkKe, YTO OHa fABJAeTCA Oateco8ckum pewarouyum
npasusom). B 310i cBA3H HCMOJib3yeTCs TaKiKe TEPMHUH
6aitlecosckue merodoL ontTumusayul.

EcJiin BMecTO anpHOPHOIO MaTeMaTHYECKOTO 0XHAaHHA
W (s) us (4.3) BBeCcTH anocTepHOpHOE, T. €.

Wi (s) = [-L(p,s5)dF., (4.4)

T0 ycaosus (4.4), (3.21) GyayT ompenensTb wauayuuiue
GaiiecoBckue MeTombl §°. Hakowmen, ecim Ha Kaxjaom
lnare BBIYHCJIHTENBHOrO IpOIlecca HCMOJb3yeTcd CBOS
Gbyukuua norepb Li(gp, ©r) H BBEeLEHO MaTeMaTHUeCKOe
OXHIaHHe i

Wapt (41 = [ Lot (@, 0ns1) Py, (4.5)

T. €. PHCK, COOTBeTCTBYIOWIUHA HCNBITAHHIO B Toyke x**!
MpH YCJIOBHH, YTO PE3YJbTaThl ©, MPEALIECTBYIOUIHX HC-
NBITAHHA 3allatbl, TO ycaoBua (4.5), (3.24) ONpENeIsIoT
OJIHOLIAroBO-ONTUMAJIbHLIH GafiecnBCKHi MeTon S, mnocT-
poenue KOTOPOro B OGLIEM cjyyae MpOLLE, yeM MNOCTpoe-
HHe HaWIyyuux 6afiecOBCKHX a/rOpHUTMOB.

B sakiioueHHe OTMETHM, YTO OCHOBHOE OT/IMYHe pac-
CMOTDPEHHO# CXeMBl OT CXeM JPYTHX BEPOSITHOCTHBIX MO~
xomoB (cm., manpumep, V. B. Moukyc [2]) cocrout
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B HCIIOJIb30BAaHHH IBHBIX OLEHOK sKcTpemyMa (4.1), uto
npeponpefeaseT W pasjaHyHe NyTel MOCTPOEHHS BepOAT«
HOCTHBIX ONMCaHHUI B KOHKPETHBIX 3ajauax.

2. O peanmnsaunn noaxona. [IpuHsTHE BEpPOSITHOCTHO-
ro OMHCaHHS O3HauaeT, YTO MHHUMH3HpyeMasf GYyHKUUA
¢ paccMaTpuBaeTcsl KaK QYHKIHS JBYX apryMEHTOB, T. €.
¢ =¢(x, 0), npuyeM x= D, 6= 3, rie T ecTb MHOXe-
CTBO  3JE€MEeHTAapHBIX HCXOAOB H3  BEPOSITHOCTHOTO
npoctpanctBa (2, A, P) c curma-aare6poit A u Mepoi
P, xotopoe u sBaseTcd (GOpMaJbHBIM CpPeACTBOM 3aja-
HHSl BepoAITHOCTHOro onucanud. Ilpu stom ¢opmanbHoe
OMHUCaHHe MOJKHO oGecrneyHBaTbh BO3MOXKHOCTb NPAKTH-
4YeCKOH peaNu3allid pacCMOTPEHHOH BhILIe CXeMbl, T. €.
BO3MOXKHOCTh BEIYHC/AEHHS OLEHOK 9KcTpemyMa (4.1)
1 BO3MOXHOCTb BbiBeleHHSI peHIaloLiHX NpaBHJ ONTH-
MaJ/IbHOTO aJrOpHTMA.

B cBs13u ¢ 9THMH TpeGOBaHHAMH OTMETHM CledyIOllHe
nBa obOcrosATe/bcTBA. Bo-mepBhIX, ampuopHasi HHbopMma-
uus O 3ajaye He Bcerja AOCTaTOYHa, YTOObI OJHO3HAUHO
onpefieNuTb BeposATHOCTHOe onHucanHe. O6GbIYHO 3TO OMH-
caHHe 3aBHCHT OT HEKOTOpbIX MapaMeTpOB, 3HaueHHs
KOTOpHIX HEeH3BecTHbl (MOAOGHO TOMY, KaK MOXKeT ObiTb
HeH3BeCTHa KOHCTaHTa B ycaoBuAX Jlunmuna (3.25)).
[MosTomy B ofmemM cayyae Heo6xonuma ajantauis
MOAETH B XOJ€ BBIUHCAHTENBHOrO IIpolecca, T. €. HC-
NO/Mb30BaHUE pe3yJbTaTOB HCMBITAHHHA [/ OUEHKH TeX
HEH3BECTHBLIX NapaMeTpOB, N0 OTHOIIEHHIO K KOTOPHIM
3ajaya OTbICKaHUs JKCTpeMyMa He HHBapuaHTHa. [lo-
CKOJIBKY TIpH 3TOM BEpPOSTHOCTHOE ONHCaHHe MOXKET ObITL
pas3JHyYHBIM Ha pa3/JHYHBIX LIarax Mpolecca ONTHMH3a-
uuu (momo6HBEIE BONPOCH ™ MBI YKe o0Ocyxpaann B § 2,
n. 5), TO ecTecTBEHHO HCIO/b30BATh OJHOLIAr0OBO-ONTH-
MaJ/ibHble anropuTMel u3 (4.5), (3.24).

Bo-BTOpbIX, MOXO6HO TOMY, Kak B cjaydae JUMLIHLe-

BbiXx (YHKIHH NOJyueHHe OLEHOK 3KCTpeMyMa MPUBOAHT

K TPYAHBIM 3ajiauaM I[OCTPOEHHS MOKPHITHH, Henocpen-
CTBEHHOE BBIUHCJ/IEHHE BEPOSITHOCTHBIX OuUeHOK (4.1) cBsa-
3aHO C TPYAHBIMH 33aJlauaMH WHTErPUPOBAHHMS 1O BEPOST- .
HOCTHBIM MepaM. Mcrnosb3oBanHe BepOSTHOCTHBIX OLEHOK
MHHHMaJbHOrO 3HaueHus ¢yuxkuun (M. B. Moukyc
[2]) HaTanxuBaeTcs Ha Te Ke BbIUHC/IHTENbHblE TPYH-
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HocTH. ITosToMy pa3BHTHE HEKOTOPOro JOCTAaTOYHO MpO-
cTOoro anmapara NpPHOJHIKEHHOrO IIOCTPOEHHSI OLEHOK.
3KCTpeMyMa SIBJSETCA HEeOOXOAMMOH NpPeANMOCHLINKOH A/
NpaKTHYECKO# peasu3alHt JOObIX NOAXOLO0B K CO3JaHHIO
ONTHMAJbHBIX METOM0B ONTHMH3alHH.

3. 3akaountenbHbie 3amMedanus. [TycTs xl, 1 <i<k,,
ecTb y3abl g-ceTd B obnactu D u3 (1.1), u nycts sana-
ua (1.2) pemaerca mo meroay mepe6opa Ha yKasaHHO{
CeTKe, IPHYEM Pe3y/nbTaThl HCIILITAHUN PaBHBI 3HAUYEHHIM

GyHKUMH B y371aX, T. €. 2l = P (wﬁ) Torpa nas ¢yukuuy,
ynoBsaeTBopsiiouiedl ycnosuam (3.25), cnpaBeminBo, uTo

‘min zi — @ (£%) < Ke, (4.6)
1<i<he

T. €. NOKPHITHE, TOpOXKaaeMoe nepeGopom, obecneynBaeT
TOyHOCTb Ke 1no 3Hauenuto Gpyunkuuu. C Apyroi cropoHsl,
ecii MeToj TnepebOpa MNpPHMEHAETCS MHOTOKDATHO MJS
NoC/Ie10BaTebHO YMEHbLIaeMbIX 3HAYEHHH & U QYHKUHA
HelpephiBHA, TO
lim min 2} = ¢ (x*). (4.7)
e—0 1<igh, .

Takum o6pasom, B NpHHIUIE MeTOA nepe6opa NO3BOASET
I0CTHUb HEOGXONMMYIO TOYHOCTb (4.6) pelueHHs 3amauu
(I.1), (1.2) nnu oGecneyuTh acHMOTOTHYECKYIO CXOJH-
MOCTb (4.7), SBJAIOULYIOCA YaCTHbLIM CJy4aeM YCJOBHS
(2.2). ‘

Onnako meton mepe60opa BO MHOTHX Clyuyasix TpeGy-
€T HenpHeMJeMO GOJIBLIOTO YucJ/ia HCOBITAHMI H HMEHHO
3TO OOCTOATENbCTBO BhI3bIBACT Pa3paGOTKy APYTHX Me-
TOJI0B, 06ecleunBalolUlHX pelleHHe 3afaud NPH MeHbLIHX
BLIYHCJ/IMTENbHBIX 3aTpaTax.

YMeHbllelne yMcia HCMBITAHHA TPH Tex e Tpe6o-
BAHUSIX K TOYHOCTH pelIeHHS BO3MOXKHO JHIOb 3a CyeT
6oJiee TOJHOTO HCMOJb30BAHUA aNpPHOPHBIX NMPEANOJokKe-
HHA O MHHHMHU3HpyeMOH (YHKIHH, 4TO. NPUBOAUT K 06-
CyKJaBLUIMMCAl Bblllle aJTOPHTMaM OITHMH3AIHH, KOTO-
pbie HeOOXOAMMO ABJAAITCA GoJee CJAOKHBIMH, ueM
meTon nepebopa.

Onun M3 myTell CO3MaHHsS TaKMX a/JrOPHTMOB CBSI3aH
C BbIBeJlCHHEM B TOM HJH HHOM CMBIC/IE ONTHMAaJbHbIX
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metonoB. CHIBLHON CTOPOHOH TAKOro nojxoja sABJAETCA
BO3MOXKHOCTb CTPOHTb HOBble METOMBI, HauGoJee NMOMHO
yUHTHIBAIONIHE NOCTY.JHPOBAaHHEIE CBOHCTBA 3afauH, XO-
T8, pasyMeercs, yuHThIBasl YCJOBHOCTb KpHTepHEB 3(-
(eKTHBHOCTH H HeOGXOJAMMOCTb YTOUHEHHs MaTeMaTH-
yeckOM MOJeNH 3ajauM B Ipolecce BbIYHC/IEHHH, He
caeayeT abCosIOTH3MPOBATL caMy Mo cebe ONTHMAJb-
HOCTb BbIBEJEHHBIX aJrOPHTMOB,

[TosToMy BbIBeJ€HHE ONTHMAJBHOTO IPH TeX MHJH
HHBIX MPENNOJOKEHHAX MeTola MOMXKHO paccMaTpHBAaTh
JMIb KaK NepBblil Liar, KOTOPHIH 11eecoo6pasHo AomoJ-
HHTb H3yYeHHEeM MOCTDOEHHOTO a/ropHTMa ONTHMH3ALHA
¢ TpajHUHOHHBIX MO3HUMH (BONMPOCH CXOJAHUMOCTH, CKO-
POCTH CXOIAHMOCTH, YCTOHUMBOCTH, YHCJEHHBIE 3KCNEpH-
MEHTBI, CONocTaB/JeHHe ¢ APYTHMH MeTONaMH NpH pelie-
HHM MPUKJIAAHBIX 3aj4a4 H T.1.). IMeHHO B TakoM IJiane
MBl 6yleM paccMaTpHBaTbh HH(POpPMALHOHHO-CTATHCTHYE-
CKHMe aJropATMbl, MpejsaraeMble B 3TOH KHHre.

B caenywouyix JAByX naparpagax paccMaTpHBaeTCs
-ONMH KOHKpETHbIfi cnoco6 MOCTPOeHHS BepOATHOCTHBIX
onucaHuii AJS1 3afay MHOTOSKCTPEMAasJbHOH  ONTHMH-
3alyi, OCHOBAHHBIH Ha HCHOJb30BAHHM MJIOTHOCTEH pac-
npefeseHnii BepOATHOCTEH H HEKOTOPbIX NPOCTHIX (YHK-
uuii pacmpejesennii BepoatHocteln (§ 5). BuisacuAwoTCA
yCOBHS, NIPH KOTOPHIX YKa3aHHbIA croco6 ONHCAHHA 1O-
3BOJISIET YNPOCTHTb BBIYUC/IEHHE BEPOATHOCTHBIX OLEHOK
skcrpemyMa. O6cyKaaeTcss HEKOTOPHIH KOHKPETHBI NMpH-
Mep OMHMCaHHSI ¢ MOMOLIbIO TMJOTHOCTEH, HCIOJIb3YeMbIl
B caeayloliefi riaBe, AJs KOTOPOrO BBINOJHAITCA yCJIO-
BHSI, YOpOLLaollHe OUeHKH sKcTpemyMa (§ 6).

§ 5. BeposiTHOCTHOe ONKCAHHE H OUEHKH 3KCTPEMyMa.
. [MTocTaHoBKa 3afaun

Pacemotpum  3agauy (1.1), (1.2) B AaHcKperHOH
gocranoBske. [lycth B ob6nacTu D 3amaHa e-ceTh, y3aa-
MH KOTOpO#l fABIAIOTCS TOUKH x; & D, rae :

iel=1{0, ... n}, (5.1)

T. e. I ecTb MHOXECTBO HOMEPOB y3JOB 3aJlaHHOH CETH.
TpeGyercss ONPENENHTb Xs, B KOTOPOH (YHKuHA ¢ (x),
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i eI, nocturaer abCcoNIOTHOrO MHHHMyMa, T. €.
ex)<o(x), isl, ., (52

H, CICN0BATENbHO, HCKOMBIM pellleHHEM SIBJAETCS TaKoe,
KOTOpOe nan Obl MOJIHLIA mnepe6op 3HaueHuit yHKIHH
Ha BBelleHHOH ceTke. Paccmorpum ykasammyio 3afayy
¢ TMO3HUKA HH(POPMANHOHHO-CTATHCTHYECKOrO MOAX0JA
(§ 4). Heo6xopumble noHATHA BBOZATCS B cleyIoUuX
NYHKTax. ' .

1. AnpxopHxoe onucauue., ITockonbky mo6ast Gpynruns
¢(x), Y=l noaHocTbIO onpeneasercd 3HAUEHHAMHU
=), 0<<i<<n, To ee MOXKHO NMPeACTaBUTh Kak
TOYKY - .

' ¢ = (9o, ..., ¢) E R"*!

(n+1)-MepHoro eBkIMAOBA npocrtpancrsa R™1l, Takum
06pa3soM, MHOXKECTBO Bcex paccMaTpHBaeMbiX (YHKUHH
OTOXAECTBHMO ¢ R™*!. Torma BO3MOXKHBI cl0CO6 ong-
CaHH1 alpHOPHBIX TPEANOJIOXKEHHH o MHUHHUMH3HPYEMOX{
GYHKUHE @ & R™! COCTOMT B 3afaHHHM MIOTHOCTH f(9)
PaClpeleIeHsl BepoATHOCTell Ha mpocTpaHcTBe R+,
AN KOTOPOH HeOGXOAMMO BBLINOJHSIETCA YC/O0BUe HODMH-~
pPOBKH - SN

00

f f(@)de = f ~--_ff(%, cens @n)dgg ... dey, = 1.

R+ —o0
(5.3)

S10T €noco6 anpHopHoro BEPOATHOCTHOTO OMHCAaHHA ¢
TNIOMOLIbIO NJIOTHOCTeH M GyHeT HCHOJIB30BATHCH B fallb-
HeflllleM, IPHYEM Mbl OFpaHHYHMCS CIy4yaeMm, KOria nJjor-
HOCTH f () NONOKUTENbHB H HENpephIBHLL.

2. ANpHOpHbIE OLEHKH dKcTpeMyma. Beenem pas6ue-
HHe npocTpancTBa R™*! ya nogkiacce @,

Pi={9=R"": (vac4) (vie \A)
9> r;,leirll P =qa}, (5.4)

COOTBETCTBYIOLIHE HENYCTHIM MOAMHOMKecTBaM A —/. Mpu
9TOM MHOXECTBO TOYEK aGCOMIOTHOTO MHHHMYMa (yHK-
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’

unn @ & R™*! cosnagaer ¢ A Toria H TO/NbKO TOrAa,
koria @ = ®4. B naabneiiuieM, 415 KpaTKOCTH, oynem
o603Hauath MHOxecTBa ®,, COOTBETCTBYIOIIHE OQHO3JE-
meHTHEIM MHOXecTBaM A = {a} < I, uepe3 Q..

OGosnauum uepes m(A) anpuopHyrw 6epOATHOCTL
TOrO, UTO AGCOMIOTHBII MHHHMYM (YHKLHH @ & R™*! no-
cruraetcsl B Kaxnoi Touke MHoxecTBa A C /[ u H
B Kakoii apyroii touxke, T. e. m(A) ecTb BepOATHOCTh
cobuitus @ € @ 4. CoenoBaresbHO,

n({a)) = d)ff(@)d¢>0, wel, (5.5)

ec/li MHHHMYM [OCTHraeTcsi B €IHUHCTBEHHOH TOUKE,
u n(A) =0, ecnu MHO:KECTBO A CONEPKHT 6oJiee ORHOTO
sqeMeHTa (MOCKOMBKY B IOCJAeIHEeM cayyae IOAKJace
@, cornacHo (5.4), JEeXKHT B JHHEHHOM MHOroo6pasuu
pa3MepHOCTH, MeHblIell, uYeM n41, n maorHoctb f(@)
spJseTcd HempepbiBHO#). KpoMe TOro, 3 yc/aoBHA HOp-
mupoBkH (5.3) BbITEKaeT CIpaBelJIMBOCTb CJEAYIOLIero
paBeHCTBa: . )

\ C Saay =1 (5.6)
7= 4

 TakuM 06pasoM, NPHHATHE anpHOPHOro OnHCaHMA
¢ MOMOIIbI0 HEeNpepbIBHBIX MOJOXKHTENbHBIX IJIOTHOCTEH
f(p) Heo6XOMMMO TPEeANoNaraer, 4To a6COMIOTHEIH MU-
HHMYM ONTHMH3HPYeMOH (QYHKUHH C BEpOATHOCTBIO, paB-
HOll efMHHlE, AOCTHTaeTcs B €IHHCTBEHHOH TOUKE MHO-
xkectBa [.

3. Mopeab ucnbiTaHuil. Pelienne sanauu (5.1), (5.2)
npeanosaraeT BHUHCICHHE 3HAUCHHH (YHKUHH B HEKO-
TOpHIX y3/1aX CETKH H MOCTPOEHHE OLEHOK 3IKCTpEMyMad
Ha OCHOBE pe3y/abTaTOB ITHX BBIYHCICHHH H MPHHATHIX
anpHOPHBIX MPEANONOXKeHHH. YKa3aHHbIE BEIYHCACHHA Mbl
yenoBuiuch (§ 1) Ha3BIBAaTb UCLITAHUAMU.

[MTockonbKy B 00LIEM c/ayyae pe3y/bTaThl HCIIBITAHUA
MOTYT COflepKaTh CJyyaiiHBIe NOrpelHOCTH, TO He00X0-
[MMO TPHHATh HEKOTOpbie NpPEINONOXKEHHs O MPHPOAE
STHX MOrpelrHoCTel, MpHUeM I COXpPAHEHHS ELHHCTBA
nogxoxa MH OymeM paccMaTpHBaTb pa3fHyHble THIH
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TaKHX MPEANOJNOMKEHHH KaK YaCTHblE CJydau HeKOTOpOfl
ob1elt MOReJH.

CorsiacHo 3TO# MopenH, pesyabraT (ucxod) ze R!
HCIIBITAHHS B Touke i/ (B y3ane x,&=D) IpU MHHHMH-
3auMH QYHKUMK @ & R™! paccMatpuBaeTcs Kak peann-

' 3alMs CYYaiHOH BENHYHHBI C YCJOBHON bynkuneir pac-
npenenenus sepoAtHocTedn W (v/@), onuchiBaomes yc-
JIOBHYIO BEPOATHOCTb COGHITHSA 2 << v. Ecuu, Hanpumep,
TNOTpelHOCTH MPEACTaBAAIOT cO60f peanH3auuu Hop-
MaJbHOH CJAYYalHOH BeJHYHHH C HyJeBHM MaTeMaTH-
HECKHM OXHAAHHEM H CTaHLAPTOM G, TO

(ool =2
1 2_(Pi
Wi (U/q’) = 072_5‘ Sl exp {— _202—}(12. (57)

B cayuae ke, korna norpemsoctu OTCYTCTBYIOT, ;

l, v> Pi,
- Wi (U/Q)) = { 0 <
y U@y,
T. €. BEpOATHOCTb HCXOMa 2 = ¢; PaBHA eNHHHUIIe.
Takum o6pasom, Momenb wucxona 2z HenmTamig
B TOYKe [ ompejessieTcst TPOHKOIl

. O RLRL (o), el (5.9)

'

(5.8)

KOTOpyI0 Oy/leM HasuBaTh APOCTPAHCTEOM UCHOITANUS
8 Touxe i. IIpu sTom BEIuHC/IeHHE (BO3MONKHO, ¢ norpeti-
HOCTbIO) 3HaueHHA GyHKUHH @ & R™! B Touke =y
pacCMaTpHBaeTCi Kak HalJIoJleHHe HcXola ze< R! us
npocrpaHcrsa (5.9). .

ITepeiinem Temepn x onucanuio COBOKYIMHOCTH HCIIBI+
Tanuit. Ilycts B Toukax iy, ..., i, u3 I, COCTaBJISIIOUINX
MHOZKECTBO . . ‘
=Iy={i, ... i}, (5.10)

OCYILLLECTBJIEHE  HCIBITAHHS, PesyabraThl aTuX ucnbiTa
HUfl (T. e. 3HAaueHHs HCXONOB H3 npocrpancts  (5.9)
C HMHJIEKCaMH H3 J,) COOTBETCTBEHHO 0603HAUUM yepes
215 ..., 2 ¥ OyIeM paccMaTpHBaTh Kak TOUKY -

2= (2, ..., 21) =R* (5.11).
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MpHYeM NPHMEM, YTO ycaoBHas k-MepHas (YHKUHA pac
npenenenns ¥, (v/g) ans ucxoma z us (5.11) cosokyn-
HOCTH HCNBITaHME B Toukax wMHuoxectBa J, u3 (5.10)
IIOJTHOCTBIO ONpefesseTcs yepe3 YC/OBHble (QYHKIHH H3
npocTpaHeTs (5.9), T. €. R ’

¥, (0/q) = ﬁi%v (0] 9), (5.12)

mehhel, 1<Svs<kuv= (01,014 V)
TakuM 06pa3oM, COBOKYIMHOCTH HCHBITHHH B TOYKax
MHOXKeCTBa J, TAKKe MOXKHO CONOCTaBHTb TPOWKY

(R, R+, ¥, (v/g)) (5.13)

W paccMaTpHBATb TPOBeJieHHE HCIBITAaHHA B TOUKAX yKa:
3aHHOTO MHOXKECTBAa KaK HaGJIIOJeHHE HCX0Ja H3 MPOCT+
paucraa (5.13).

ITo anagorun ¢ (3.1) BBeAeM MHOXKeCTBO nap

| 0=on={(i 2): 1<s<k),  (5.14)

conepxatiee Touku i, J u ucxonn 2, w3 (5.11), Koro-
poe GymeM HasbiBaTb GOMOANUTEAbHOH, MM noucxosot
ungpopmayueil o MHHUMH3MpyeMOll QYHKIHUH ¢ =R\
[Ipu 3TOM YCJIOBMMCS FOBOPHTb, 4YTO HCHBITaHHE, MpO-
BOJAMMOe NpH Ha/JHYHH HHPOPMAUHH ® H3 (5.14), sBaA-
et (k+1)-M HCNHTaHHeM, HIH UCHbITAHUEM HA
(k+1)-m waee.

4. AnoctepuopHble oueHkn 3Kkcrpemyma. ITycTb mpo-
BeJeHBl HCMBITAHHS H MOJyYeHa JONONHHTeNbHas HHGOp-
mauua o u3 (5.14). OleHHM anocrepuopHbie 6¢pOAT-
#octu n({o}/®) TOTO, 4TO aBCOMOTHEIA MUHUMYM YHK-
MM JOCTHraeTcsi B Touke o & [, T. €. BEpPOATHOCTH CO-
6Tl ¢ € Q.

BBeneM 6e3yc/iOBHYI0 (YHKUHMIO pacrnpeneneHus /s
ucxona 2 u3 (5.11) ‘

v,0)= | Vewl@d 65
ar+

U QYHKUHIO pacrpeneneHns
¥, (0, {a) = |V, (@e)f(@)de,  (5.16)

\®a
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OTMHCHIBAIOLIYI0 BEpPOATHOCTb TOro, uto ¢ = @, u Hcxox
2z u3 (5.11) ynmoBaerBopsieT yCIOBHAM 2; << 0, | <<i<C
<< k. Ecan dyukunu pacnpenenenns (5.15) u (5.16) Mo«
I'yT GBITh COOTBETCTBEHHO 3aJaHbl C NOMOILBIO IJIOTHO«
CTeﬁ ¢J(z)11ﬂh(z,{a}),T ¢

¥, (2 {a})
N ({a}/o) = —JT, (5.17)

rae 2 u3 (5. ll) [Tpu atom N
Z n({a}o) =1,

NOCKOJMbKY M3 onpefenenus (5.4) mHoxecTB @4, (5.15),
u (5.16) cnenyer PaBeHCTBO

(0) = 2 ¥; (0, {a)),
(234

cnpaBe[/MBO€ TakxKe M I/ IJOTHOCTeH ¢yHKIHHA pac-
npenenenus (5.15), (5.16). Ocraercst BHACHATH YCJAOBHSA
CYIECTBOBaHHS YKa3aHHBIX MJIOTHOCTEH.

[Tpn MCHBITaHHAX C NMOTPEINHOCTAMH YCJIOBHbIE (YHK+
uup pacnpefenenus u3 (5.9) o6bYHO MOryT GBITH 3aja<
Hbl C IOMOLIbIO HEMPEepBLIBHBLIX INOJOMKHTENbHBIX MJIOTHO-
creit V,(2/@); Kak, 3T0, HanpuMep, uMeeT Mecto B (5.7)
IJf TOTPeIlHOCTel, MOAYHHEHHBIX HODMAaJ/IbHOMY 3aKOHY,
B atom ciyuae ¢yHruus pacnpepnenenus (5.12) rtakxke
MOXKeT ObITh 3alaHa C MOMOLIbIO HENpPepbIBHON NOJOXKH-
TeJbHOH moTHOCTH VY, (2/@), roe 2 u3 (5.11), npencras-
asiollelr co60ft NpoH3BeneHHe COOTBETCTBYIOUINX IJIOT-
Hoctelt P:(2/@). IlosToMy mnioTHOCTH, BXOASAIIMe B mpa-
BYIO uacTb BeIpaxkeHusi (5.17), cyluecTByloT, npuueM

b= [ v (20 f(@de>0,  (5.18)
gpn+1

b5 (2, {a}) = J b; (2/9) F (@) de >0, (5.19)

OTKyJa CJeLyeT CYLIeCTBOBAHHE anoOCTEPHOPHLIX BEpPOST-
nocreit (5.17).

ITpn ucnbitanuax Ge3 norpeuHocret QyHKUMs pac-
npepenenns (5.8), ompeaensomas ¢yskumio (5.12),
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He MOKeT GBITh 3a/1aHa C TOMOLIbIO HeNmpepbIBHOM MOJIOMKH-
TeJbHON NJIOTHOCTH, ONHAKO, KaK INOKa3aHO B CJedylo-
meM NyHKTe, MJOTHOCTH H3 MPaBOH YacTH BbIpaXeEHH:
(5.17) cymiecTByIoOT.

5. OUeHKH dKCTPEMyMa NPH HCMbITaHUAX 6e3 morpeiu-
nocreit. ITpeqnoNoKHM, UTO BCe TOUKH MHOXKecTBa J u3
(5.10) momapHo pasauuHel. s KpaTKOCTH 3amuCH
0603HAUNM uepe3 @, BEKTOp 3HAuCHHH PYHKIHH @ & R"*!
B TOYUKAaX MHOXKecTBa J, T. €. '

@5 = (@i -+ 1) = RY

AnajoruuHo, uepes @p O0GO3HAUHM BEKTOP 3HAUeHHH

(yHKIHM @ B TOukax MHOXkecTBa P =I\J, aBasiolero-

csi nomoaHenneM J, mpuuem @ = R', rae l=n-41—=%.
B HOBHIX 0GO3HAUEHHSIX YC/JIOBHMCSl 3aMHCHIBATh

f(@) =T (s ®r),

YyTO IM03BOJISIET, HamNpHMep, NPEACTaBUTb AaNnpHOPHYIO
YAaCTHYIO IJIOTHOCTb AJs1 KOMIIOHEHT BEKTOpa ¢, B BHAE

(=]

o= [ [ Fes, 00 (de),  (5.20)

—_00

-rae (dep) = ifelpd@z- .

Tenepn, coraacHo (5.8), (5.12), MoxHO 3amucaTb
dyukuuio pacnpenenenus (5.15) kak

vy g o s -
= [ .o f e [0 | @eniien o),

OTKYJa CHefyeT CyLLecTBOBAaHHE HEMpEepLIBHOM MJIOTHOCTH
$,(2) =[,(2) >0, (5.21)

rie f;(2) us (5.20). :
Jlns KOMOaKTHON 3amucH OGYHKUHH pacnpejeneHus
(5.16) BBemeM o6o3HayeHHe

p(x)= min x;
. 1igk
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A5l MHHHMAaJbHOTO 3HAYeHHs KOODAHHAT BEKTOpa X ==
== (X1, +.., Xz) H ONpEIeJSHM BEKTOp

(p}’ = ((pil’ L) (piv_p Uy, (piv.}_p LR (Pi;,)’

COOTBETCTBYIOUIUH MHOXKeCTBY J,, BEKTOPY ¥ H 4HCAy v,
I<v<k

[lyers a¢J. Torna u3 (5.8), (5.12), (5.16) caenyer,
4TO

¥;(,{a}) =
U Op u(‘pJ) od b
={ e [ @es) | doo § - § @ORt (@5 ),
. —o0 —00 —0 o1 ca
rae (do,),=I dg,. Mycrs Teneps @ = i,=J. B srom
ieP/la} | .
cayyae |
o Ov—1 Pyt vy
Y@= f ... [ [ . depux
» u(ey) - -

x [ doa oo [ Waniesen)

(o) n(®g)

Takum o6pasom, pynruus pacnpenesnenns (5.16) mo-
)KeT ObITh 3aJlaHa CJAEAYIOUIeH MIOTHOCTbIO: -

Py (2,{a}) =
n(2) L hd
§dow § oo [ dep)at(z. 00), =
-0 Vg (%% .
= l T | : ))
_ s' e Y (d(fP)f(z» ®p), a=I,, p(2) =z,
u(z) nz)
0, =1, p(@)<z,

(5.22)
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rie ycaoBus o =i, W(2) = 2, npeinonaralT TaKKe,
4TO MHHHMAaJbHOe 3HauyeHue 2, EJHHCTBEHHO, T. €.
2, < 2;, ecau i %= v, 1o nocneanee TpeGoBaHue BHIOJ-
HSIETCSl C BEPOSITHOCTbIO, paBHOH eJHHHLE, MNOCKONBKY
mI0THOCTL (5.21) AB/ASAeTCa HempephIBHOM.

B 3akisiouenne 06CyIUM NpHEMJIEMOCTh HCMONB30BAH-
HOTO BbllUEe MPEANoJIOXKEHHsT O TOM, 4TO BC€ TOUKH MHO-
skectBa Jx u3 (5.10) momapHo pasauuHel. B cayuae uc-
nblTaHni 6e3 norpemHocrelt ucxonx 2 u3 (5.11), coorser-
CTBYIOILHH JIOOOMY 3aJaHHOMY MHOXKECTBY J,, JOJKeH
COBNafaTh C BEKTOPOM @, 3HaUeHHH QYHKUHMH B TOYKAX

MHOXKecTBa Ji, T. €.
~ - z=qs, (5.23)

Tounass popMynupoBKka 3TOro yTBepXKAEHHS, OMNHpalO-
I[asiCsi Ha NPHHATYIO MUOAENb UCIBLITAHHH, COCTOHT B TOM,
4YTO HCXOAbl 2 M3 npoctpaHcTBa (5.13), ompenmensieMoro
ycaoBHol QyHkumeit pacnpemenennss u3 (5.8), (5.12),
yIOBJeTBOPSIOT ycmoBHIO (5.23) ¢ BeposATHOCTBIO, pasB-
HON eAMHHULe.

Taxum o6pa3oM, nNOBTOPHOE HCMLITAHHE B TOUKE i ja-
eT yiKe M3BECTHBIH pe3yJbTaT ¢;, U NO3TOMY MOXKHO MO-
TpeGoBaTh, YyTOOH Bce TOUKH MHOXKecTBa J, Obuid momap-
HO Pa3/IMYHBl, T. €. HAJNOXUTh OIPAaHHYEHHE Ha BO3MOXK-
Hble croco6bl Bbi6Opa HCNBITAHHA.

C npyroit CTOPOHBI, 3TO OrpaHHYEHHE KEIATEJbHO HE
HaKJaAblBaTh, YTOObl COXPAHHUTb €IMHCTBO PacCMOTpEHHS
JLJIS MCMBITAHUH ¢ NOTpeluHOCTAMH M 6e3 MorpelHoCcTel.
B cBsisu ¢ 3THM BOCNO/NB3yeMCSl CJEAYIOUIUM MOCTpoe-
HHeM.

YcnoBue i, =i, rae p*q u 1 < p, g < k, onpe-
fesieT OTHOLUeHHe 3KBHBAJEHTHOCTH Ha MHoxecTBe J,,
nopoxuatouee pasbuende 3TOro MHOXKecTBa Ha ! Kjac-
coB skBuBasentHoctu J' | < [ << <<k Uenoe uncio,
C KOTOPBIM COBNAaJaloOT BCe TOUKH U3 J;, 0603HaunM yYepes
ji © COCTaBUM MHOXKECTBO

S =dr={j1 e erjih (5.24)

BCe TOUKH KOTOpOro nomapHo pasiuynel. M3 (5.23) ciue-
AYeT, 4TO BCEM TOYKaM iy & j' COOTBETCTBYET .0JHO H TO

4p.T. CTPOHIHH
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e 3HaueHHe 24 = @y,, KOTOPOe MBI 0003HAYHM Hepes i,

u BBezneM Habop
2% = (U, eee W) (5.25)

TaKHX 3HaueHHi. Temepb OTOMIECTBHM Bce HCXOAB 2
n3 (5.23), unpekcam Jh KOTOPBIX COOTBETCTBYeT OIHO H
10 e MHOkectBo J; u3 (5.24), CO 3HAUEHHEM BEKTOpa
2* u3 (5.25), KoTopoe 6yaeM paccMaTpHBATb KaK HCXOJ
M3 NpPOCTPAHCTBA, ONpefeIsieMoro TpOHKOH

(R, ™, ¥y (v/g), J*c1, (5.26)

rie veR' u ycnoBHas (QYHKLUHS pacnpeleleHHs; CTPOHT-
cs corsacuo (5.8), (5.12) nmas samanHoro sHauenusi J*,
Takum ofpasom, HaGaiofenue J06Oro Hcxoga 2 H3
(5.23) paccmarpuBaer¢sl Kak Ha6/i0[eHHE BCEX SKBHBas
JIEHTHBIX HCXOJOB.

B KauecTBe KOHKPETHBIX npencmsmeneu yKa3aHHBIX
KJIaCCOB KBHBAJNEHTHBIX HCXOJOB YCJOBHMCS paccMar-
puBaTh HCXOAb 2* & R' u3 mpocrpaHctB BHaa (5.26),
rIe Bce TOYKH MHOxecTBa J* monapHo pasnuuHbl. Takum
o6pasom Beipaxenus (5.21), (5.22) cmpaBensuBH AJd
mHoxecTtBa J* u3 (5.24), COOTBETCTBYIOLLErO- 3anaHHomy
NPOH3BOJNILHOMY MHOMKECTBY J,.

_§ 6. IpuGauiKeHHbIE OLEHKH IKCTPEMyMa

" 1. YnpouieHue OUEHOK aGCONMIOTHOrO IKCTpemyMa. He-
MOCPE/ICTBEHHOE ONpejesieHHe anpHOPHBIX BepOsSITHOCTel
n({a}) u3 (5.5) ® anocTepHOPHBIX BEPOSTHOCTE!

{oc}/o)) u3 (5.17) npexmonaraerT BLINOJHEHHE oOllepa-
umx unterpupoBanua (5.5), (5.19), (5.22), uro B cuay
CJIOKHOCTH o6JiacTell MHTErpUPOBAHUSA TPHBENET K Tpo-
MO3JKHM YHCJIEHHHIM METONAaM M OKaXKercsl MPaKTHUECKH
HEBHIMOJHMUMBIM IIPH JIOCTaTOYHO GOJBIIHX 3HAUEHHAX
4HcaIa N Y3J10B CETKH.

B cBsidau ¢ 3THM MNpeACTaBJAsAET HHTEpeC MOCTPOeHHE
6osiee MPOCTHIX B BBHIYMCAHTENHHOM OTHOLIEHHH OLEHOK,
Bo3MoXHBI NyTh TAKOr0 MOCTPOEHHSI COCTOMT B IpH-
GNMKEeHHOM OMHCAHHM ANOCTEPHOPHBIX BeposiTHOCTEl
1({e})/®) c nomompio BeposaTHOCTEHN §(at/®) ANA HEKO-
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TOpOH cayuyaiiHOH BeNHUHHb @, AONONHUTESbHO BBOAUMOH
B alpHOPHOE BEPOSTHOCTHOE OMHUcaHHe f(¢) ¢ MOMOLILbIO

pasnoxKeHHus N
f(e) = %f(cp/a)&(a» (6.1)

rae f(@/o) ecTb HenpepuIBHbIE MOJOXKHTENbHBIE YCIOBHbIE
IVIOTHOCTH paclpejesennsi BepOSITHOCTEH Ha MpOCTpaH-
crBe Rl a E(a) ecTb anpHopHOe pacmpeieneHue 1Js

BBOLMMOf BeauunHsl a. [lostomy X E(2) =1, u ycio-
=74

Bumed, uto E(a) >0, a = 1.

Jas uenefi manbHeiilero paccMOTpeHHsi YAOOHO AaTh
crnenpajbHoe HasBanue GopMasbHO BBEAEHHON BeJIHUH-
He a. Mbl GyJ1eM Ha3bBaTh €€ COCTOAHUeM npupodsl *).

B cayuae ucnelTauuit co cayyaHHbBIMH IIOTPELIHOCTS:
MH, KOrma ycJoBHele (yHKuumu pacnpegenenus (5.12)
3a/lal0TCS1 HEMPEpbIBHBIMH IOJOXKHTEAbHbIMH IJIOTHOCTS-

MH WJ(2/¢),

a0 = £ (v, @) (o) o, 62)

Rrn+i

< -

rae ¢, (2) u3 (5.18), - _
Teneps onpepenum &(a/o) AnA ciyuas HCObITaHHH
Ges morpemHocrefl, BBelem ¢yHKUHIO pacnpeieneHHs

¥, (v/a) = f Y, (0/9)f (@/a)dp =
. gpn+i .

v K © oo
= § o o) § T o) (@5, 001,

—00 =00

ONMHUCHLIBAIOULYI0 BEPOSITHOCTb BHITNIOJHEHHS] HEPaBEHCTB
zi<v, | <i<<k, nna ucxoma 2 u3 (5.11) npu 3anan-
HOM COCTOSHMH NpHPOAb o. ITocKo/ibKy 3Ta GYHKUIHA
MOMKeT GBITb 3ajaHa C MOMOUIbI0O YAaCTHOH YCJIOBHOMH
njaotHocTH [y (@,/a) A8 KOOpPAHHAT BEKTOpa gy, TO,

*) TepMHH COCTOAHUE npupo0s. 3AHMCTBOBAH M3 TEOPHH CTATHCTH-
vecknx pewennit (M. He Tpoor [1]), u ero ucnosb3oBanne B HacTo-
llleM PAacCMOTPEHHH OGYCJOBJNEHO TOH pOJBIO, KOTOPYIO Hrpaiot
OlEHKH BEJIHYUHBI O, 06CYXAaeMble HHKE,

4#
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yuuThiBas Takxe paseHctBO (5.21), mosayuaem, uTo

E(a)f;(2/2)

E(a/w) = AT (6.3)
Hs (6.2), (6.3) u (5.18), (5.20) cienyer, uTo BBIUHC-
JieHne pacrnpenenenuii §(w/o) npeanojaraer HHTErpHPO-
BaHHE IO BCEMY NPOCTPAHCTBY. DTO 0GCTOATENBCTBO MO-
3BOJISIET B psifie CiyyaeB (Hampumep, BO BCEX cayyasix,
paccmMaTpuBaeMblX B CJAeAYIOIHX IViaBaxX) BHINOJHHTD
MHTErpHPOBAaHHE aHaNuTHYeCKH. B pesysabrarte, pacuer-
Hbl€ BbIpaXKeHHs MJs §(o/®) OKa3bBaIOTCA CYUIECTBEHHO
Npolle, YeM CXeMbl HEeMOCPEACTBEHHOrO BHIYHC/IEHHS Be-
positHoctell M ({a}/®). Ocraerca BBISICHHTb, KaKHe CBOi-
cTBa pasnoxenus (6.1) rapaHTupyloT 6/1H30CTH BeposT-
HocTell §(a/®) AJSI COCTOSHHMI NPUPOIB H BePOSTHOCTEl

n({a}/®), omuceiBalOWUX pacnoJoKeHHe abCOMOTHOrO
MHHHMYMa. e

2. Ycla0BHS annpoKCHMAalHH.

Teopema 6.1. [Tycto Henpepoisrbie noaoNUTEAb-
Hole ycaosnole naotnoctu f(@/a) u3 (6.1) sasucar or
BeULeCTBEHHO20 NOAOKUTEALHO20 NAPAMETPA € TAKUM
obpasom, 410

lim [ (g/o)dgp =1, ael, (6.4)
c—> ¢a .

u nycro pynxyuu pacnpederenus V;(v/@) us npocrpas-
crea ucnoiranut (5.9) aubo umeror sud (5.8), aubo mo-

2yt OboiTo 3a0aHbL  HENPEpPLIBHOIMU  NOAONUTEAbHbIMU
naotrhocTamu i (2/). -
Toeda : o

limn(e) =t@), sl (65
U ¢ 8epoOATHOCTHIO, pasHol eQunuye,
lim{n({ayo) —E(@/0)|=0, aesl (66
c—>!

HokasarteabcTBo. M3 npexnonoxenus (6.4) n
paBeHCTBa

%(pff(wo dp= [ f(p/)de=1

Rrntl

[ P

P——
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cnenyer, uTo
lim (f(e)de=0, axicl (6.7)
c—>0 Dy,
IMpencraBum anpuopuyio BepoatHoctb 1 ({a}), U3 (5.5)
C MOMOLIBIO Pa3JI0KEHHS

e = 3 E0 Ji@nde i@ Jitwado,

H3 KoToporo, B cuay (6.4) u (6.7), BHTEKaeT crnpaBeLIu-
BOCTb yTBepxkAeHHa (6.5).

Jloxa3aTeqbCcTBO BTOPOrO YTBEPXK/JAEHHA TeopeMbl
BKJIOYaeT PacCMOTPEHHE ABYX C/yyaes.

1) IlycTh CYILECTBYIOT HeENpEpbIBHbIE MOJOXKHTENb-
Hble MIOTHOCTH V:(2/@), omperensouine GYHKUHH pac-
npenesnenus U3 npocrpancets (5.9). Mcnonb3ys pasioxe-
une (6.1), npenacraBum BepositHocTH 1 ({a}/w) wu3
(5.17)—(5.19) u BepOﬂTHOCTH t(a/w) us (6 2) B BHIE

ﬂ({“}/‘” ‘«P (z) zg(l) Rai:
Ea/o) = 55 EXIE(a) Riz, -

rae Ry = jllJJ (2/9) f (9/i)de. Tenepp maa pasuoctH

AJ(O‘» = [E(a/0) — n({a}/m)l - (6.8)

crpaBeiiBa OLE€HKA

0<A; (@, 2) < O {E(2) Ria+E (i) Ray). (6.9)
Yy (2) ieiN(a)

HOCKOJley jRa,dz-— Sf (9/i)dp, TO, MEHTerpupys

no 2 B R* Kax{nyxo 4acTh HepaBeHCTB (6.9), npensapu-
TeJbHO YMHOXEHHBIX Ha ,(2), MOJyYyHM YTBepKIeHHe

lim (A; (@, 2)%, (2)dz =0, acl, (6.10)
c—0 R‘h
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cnpaBeauBOCTh KOTOPOro sBasieTcs: caeictBheM (6.7).

[Ipu 3TOM mpeAnmoJOKeHHe CYIIeCTBOBaHHA 00JacTH

D, < R* rako#, uto .
limAj(a,2) >e>0, 2D,

c—0

H  lim [y @)dz>8>0,
[nd Da

NPUBOJMT K NMPOTHBOpeuuio ¢ yrBepxaeHuem (6.10). Ta-
KHM o6pasoMm, (6.6) nMeeT MecTO C BEPOSITHOCTbIO, paB«
HOH efHHHLe.

2) Ilyctb GyHKuuM pacnpefeleHHss H3 IPOCTPAaHCTB
(5.9) umeror Bun (5.8), 4TO COOTBETCTBYET HCMLITAHHAM
6e3 morpemHoctedl. I[lpeacTaBuM MmIOTHOCTH [(¢) H3
(6.1) mns BexTOpa

o= (95, 9») = (2, @r), 2ERY
B BHJE ¢

f(z’ (PP) =i§'IfP (‘PP/z, i)fJ (Z/i)g(i), (6'11)
rge - ” " '
p . 29
fp(@p/2,i) = —fn;%')—,

H BBefeM o603HaueHHe R,

nz) oo o0
§dou §oon [ (o) folepiz, D, agtl,
-0 Do, Dg,
Roci = 0 00 ,
S e S (d(pP) fP ((Pp/z, i)o Q= ivrl 1 (Z) = 2y,
u(z)‘ un(z)
. ... 0, a=i, pn@)<z,
JJig KOTOPOro CnpaBeAJUBO PABEHCTBO
§#s(2l) Rudz = [Fleiyde.  (6.12)
RR Dy,

[MoacraBass  (6.11) B (5.22) © ncnonb3ys BeeleHHOe
o6o3HaueHue Rg; u Bbipaxenue (6.3), onpenensiollee
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BeposATHOCTH §(a/w), mepemumem (5.17) B BuAe

n({a}/o) = §I £ (i/) Ray,

UTO MO3BOJISIET MOJYYHTb CJAEAYIOUIYI0 OLEHKY MJs pas-
HocTH (6.8):

0 Ay (e, 2)<<E(a/w){l — Roa} +
+ Eg{a} € (i/0) Ry;.  (6.13)

Tenepp momcraBum B HepaseHcTBO (6.13) mpaBble yacTu
Bhpaxkenu#t (6.3) u npomnrerpupyem no z B R* kaxayio
4acTb 3THX HEPaBeHCTB, NPeJBapUTENbHO YMHOXHB ee Ha
fs(2). 3arem Bocmonbsyemcs paBeHCTBaMH (6.12) u B
pesysbTaTe MOJyYHM

0< A, (@ 2)fs (2)dz< .
RR :

<E&(e) {1 — ¢S f (cp/a)dw} F D 2O dj f (/i) do,

-
OTKYAa, B cuny (6.4) u (6.7), ciaenyer cnpaBefJHBOCTb
yrBepxaenns (6.10) u nokasarenbcTBO 3aBepumiaeTcs Tak
e, KaK B IIePBOM cJjyuae,

TakuM 06pa3oM, eclu IIOTHOCTb pacHpefieeHus Be-
posTHOCTe#t [(@), ONMHCHIBAKOWIas anpHOPHYIO HHpopMa-
LHIO 0 MHHHMH3HpyeMoi ¢yHKuun ¢ & R"*1, npexcrapu-
Ma pasnoxennem (6.1), rne ycnosHbie mIoTHOCTH f(g/et),
3aBHCAILHEe OT NapaMeTpa ¢, YAOBJIETBOPSIOT YCJOBHAM
(6.4), TO MPH LOCTATOUHO MAJIOM 3HAYEHHH € ANOCTEPHOP-
HEIE BEPOATHOCTH §(@/®) AIS COCTOSHHH NMPUPOLBI MOXK-
HO MHTEPIPETHPOBATb KaK BEPOSTHOCTH JAOCTH:KEHHS IJI0-
6abHOr0 MHHHMYMa B TOUKaX o & / (NpH HCHBITAHHAX
C MOTpellHocTAMH U 6e3 morpeuiHocrel) .

Kpome Toro, nmpu Manom ¢ ¢opManbHO BBeleHHbIE
BepoATHOCTH E(a) AN COCTOSIHMA NPHPOABI GJAH3KH K
anpuopHbIM BeposaTHocTAM 1 ({a}) pacnosoxenus abco-
JIIOTHOrO MHHHMyMa B TOYKax MHoxectBa [. dTuM n
AOMKEH ONpefenaThcs BbiGOp pacmpenenenus E(x) mnpu
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MOCTPOEHHH BEPOSITHOCTHOrO ONHCaHHS B  KOHKDETHBIX
3ajauax.

3. Mpumep BeposTHOCTHOrO onucauus. [lycth anpu-
OpHas NMJIOTHOCTb f(@), ¢ & R™*!, npexcraBnexa pasJo-
2xkeHHeM (6.1), rae ycnosuble dyukuun f(g/a), 0 < o <<
< 1, UMEIOT BH[,

n n

f(p/a) = Hﬁ&——nem [— 2@%}««_))2 , (6.14)
i i

i= =

npuyemM
Voi=gi— @1, 1<<i<n, Vgo=gqo (6.15)
o=cm, 1l<ism, ¢>0, m>0, (6.16)

—_m, i<,
mi(a)= m i>a,

3amerumM, uto corsaacHo, (6.14) — (6. 17) nmepBbie pasHo-
CTH Vq)‘ (byHKLum ¢ U 3HaYeHHE o 3TOH QYHKUMH B TOU-
Ke i =0 npu Jio6oM ukcupoBantioM o &/ aBafTCA
peanu3alliMN HE3aBHCHMBIX CJIyYyalHbIX BeJIHYHH, MOj-
YHHEHHBIX HOPMAaJbHOMY 3aKOHY €O CTAHAapTaMH 0; =
=cm, 1 <i<<n, 6y 4 MaTeMaTHYeCKUMHU OXKUIAHHAMHU
mi(a), 1 <i<<n, my.

Teopewma 6.2. [TrotHocTu f(@/er) us (6.14) ydos-
sereopAaror ycaosuam (6.4) reopemor 6.1, ecau 8 kauect-
8e napamerpa ¢ u3 (6.4) ucnoavzosare Kos(duyuenr ¢
u3 soipaxcenus (6.16) 0aa crandapros o..

HoxasareabcTso. Ouesum HHTErpas or mIoT-
HoctH f(@/i) no ob6aactu @q. INonoxum

1<ign,  (6.17)

A=mc, 1<u<2,

rae m u ¢ u3 (6.16), u nna 3amanHoro [ == o npepcra-
BUM MHOXeCTBO @, B BHIE CYMMBI MHOMXKECTB

Dy = {@Ed)achag(Pig(Pa'l‘A}

: (D;i——"{q’eq)a: 9o +A <@}
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IIpu atom ,

- o ) Qg tA
ff(@/i)dq>< S S(d‘P)t S do,f (9/i) <
—00 -—00 ma

Pgi

A 1 me
iy max-(l, '—').
o, Von Von T

Corsacio (6.14) — (6.17) maotHocts  f(@/a) MOXKeT
OLITh 3anucaHa B BHJIE .

[ (@/a) = B (@) exp {,,,—2;2 (cp;.'—'cpa)},

e S ’
(emVT5)™" (Q—m? N (V0 = m)?
Blo) == X\~ "o —E 2(cme |

OTKyZla cJjaenyert, uTto

f(@/i) = [ (@/a) exp {— ;2;5 (ip{% %c)}
[ToaTomy ' . \ '
[ Homydo<enp (=75}
ai

Tenepb OLUeHKa AJs HHTerpana or f(g/i) mo @, ume-
€T BUL

®x—1
[

oTKyna npu ¢ —> 0 BbiTekaer cnpasentusoctb (6.7).
U3 (6.7) u ycaoBus HOPMHDPOBKH JJIsi TUIOTHOCTH f(@/at)
caenyer (6.4).

CnencrBueM TteopeM 6.1 u 6.2 sBisercd BO3MOXK-
HOCTb MHTepHpeTaund sepostHocrell E(a) H E(a/w), BH-
yHCJEHHBIX AJA onucauua (6.14)—(6.17) npu Jdocra-
TOuHO MaJjom 3HaueHHH Kodhduuuenra c¢ u3 (6.16), kak
BEepOSATHOCTEH pacrno/oxenus rao6aJbHOr0O MHHUMyMa B
TOUKax MHoxecTBa /. :



FJTABA 11
MHHUMU3BALUSA OOHOMEPHBIX
MHOTO3KCTPEMAJIbHbIX ®YHKUHUH

AN

Hacrosimas riaBa nocesiwena nocTpoeHuio u ucclie-
AOBAHHIO METONOB MHHMMH3aUWH OJHOMEDPHBIX MHOrO-
SKCTPeMaJ/IbHbIX (PYHKUHH, ONpefesleHHbIX HA ONHOM HJH
HECKOJIbKHX OTpe3Kax BeulecTseHHod ocu (P. . Ctpoun-
ruH [2—4, 9—14]). IIpu 3TOM cuHTaercs, 4To SHAUEHHS
QYHKUMH B TOUKax 0G1acTH ONpeNeJeHHs] BBIUHCASIOTCS
AOCTaTOYHO TOYHO M COOTBETCTBYIOMMMHU MOrPEINHOCTAMHU
MOXHO mpeHeOpeub (HCHIBHITaHMS Ge3 MOrpemIHOCTel).

[Tepsonavanbuo (§ 1) paccmatpmBaercst 3agaua Mu-
HHMH3AlUU Ha PABHOMePHOH KOHEUHOH e-ceTke

Xo=0Q, ..., xi=a-+ie, ..., %, =20 (0.1)

B orpe3ke [a, b]. Ucnonk3yercs annapat BepOSATHOCTHBIX
OLIEHOK 3KCTpeMyMa, BBeJeHHbIH B NepBoi riaBe, U Ha
3TOH OCHOBE BBIBOJAHTCS OJIHO(LIATOBO-ONTHMAJbHOE pe-
uiaomee npasuio Bhibopa HcnbTaHuA. OO6cyxpaloTcs
BONPOCHI OLEHKU 3HAYEHHH MapaMeTPOB, BXOAAUIHX B all-
pHOpHOe BepOATHOCTHOe omucaHue. [Ipennaraercs yc-
JIOBHE OCTaHOBKH.

3aTeM popMa/ibHO NpHHHMAeTcs, uTo war ceTky (0.1)
CTPEMHTCA K HYJI0, M BBISICHSIIOTCS NpeAesbHble 3Haye-
HHSL /ISl BBIPAKEHUH, ONACHIBAIOLINX BBIGOD WMCHBITAHHIA,
OLUEHKH 3KCTPEMyMa H YCJOBHE OCTAHOBKH.

Bo Bropom naparpade usyuaioTcs BO3MOXKHOCTH mpH-
MEHEeHHs TIOJNYYEHHOr0 MpPeAeNLHOr0 aJropuTMa s
MHHHMH3aLUHH MHOTOKCTPEMa/bHEIX (YHKUHH, yrOBJeT-
BopslOLMX HA OTpeske [a, b] ycaoBuwo Jlumwuua, dto
paccMOTPeHHE yiKe He ONHPaeTcsi Ha HCXOJHbIE BeposiT-
HOCTHbBIE MPEANOJOMXKEHHS M HalpPaBJeHO Ha aHAaJM3 Bbl-
MOJHHMOCTH TeX TpeGOoBaHHH, KOTOpble OGBIYHO Npeab-
ABJISIOTCA K YMC/JCHHBIM METO/aM ONTHMH3AUMH (CXOAH-
MOCTb, YCTOHYHBOCTb H T. I.).
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B Tperpem mnaparpacde npeanaraiorcs MoaudbHKaHH
npelenbHOro ajroputMma, obecrneduBaloimue 6GoJsee GBICT-
pylo cxomuMocTb. UerBepThlil maparpad comep:kut 06006-
L{EHHEe aJrOpHUTMa Ha Cayyal, KOria MHHHMH3HpyeMas
(GyHKUHSA yIOBJIETBOPSET YCN0BHIO JIMMIUHUA B HEEBKJIH-
IIOBOH MeTpHKe.

B sakawouenue raasn (§ 5) mpuBopATcsa pe3yabTaTH
NpUMEeHeHHsl NpelJoXKeHHbIX MEeTOJ0B /151 MHHHMH3aUHH
HECKOJIbKHX COTE€H MHOT0KCTPeMadbHbIX (DYyHKIHH.

§ 1. BbiGop ucnbiTaHHi U YCJIOBHE OCTAHOBKH

1. BeposTHocTHOoe omucanue. IlycTe dyHxuua ¢(x)
onpejneneHa Ha OTpe3ke [a, b] BelecTBeHHOM OCH X.
PaccmoTpuM 3ajauyy MUHMMH3AUHH 3TOH (PYHKUHM B AH-
ckpeTHoii moctaHoBke (1.5.1), (1.5.2), BBeneHHOH B mep-
BOH raase. :

Bynem MuHuMH3HpOBaThb (YHKUHIO @ (X)) Ha MHOXKe-
CTBe y3J10B X; KOHeUHO# paBHOMepHO#i g-cetn (0.1) B oT-
peske [a, b]. Ilpu atoM Kaxjo# GpyHknuu ¢(x) comocra-
BUM BeKTOp @ & R"*! 3nHaueHuil 370l QyHKUMU B y3nax
cetn (0.1) u onuueM ampuHOpHBbIE NMPEANOJOXKEHHS O 3a-
jJaye ¢ MNOMCIUBIO MJOTHOCTH pacHpee/eHdsl BeposATHO-
crefi f(g) nma mpoctpanctse R"*!, 3amaBaemoil pasmoxe-
ugeM (1.6.1) mno ycnoBHbiM nioTHOCTAM  f(@/ot) M3
(1.6.14)—(1.6.17), rne napamerp ¢ u3 (1.6.16) sBaseT-
ca MmanniM (0 < c K 1).

[Tonaras NOrpelHOCTH B BBLIUMC/IEHHAX 3HAUYEHHI
(yHKUHH NpeHe6peKUMO MabiMH, ONHILEM pPe3yJbTaThl
uenbiTanuit B ysnax cetkd (0.1) Kak ucxomel U3 mpocT-
paucts (1.5.9) ¢ ycn0BHBIMH QYHKUHSIMH pacmpe/eseHus
suaa (1.5.8). CooTBeTCTBYIOLIYI0O 3THM HCXOAAaM MONOJ-
HHTeNbHYI0 HHOopMmaumio o 3 (1.5.14) B nanbHedlneM
YCJIOBHMCS 3alHCHIBATh B BHAE

-—(»0=0)h= {(l.,, Z,) :Oésgk}, ’(1.1)

T. €. Haua/JbHBIM HCIbITAHUEM SBJASETCA HYyJeBOE H, CO-
raacio (1.5.23), 2,=@;, TnpHYEM Bce TOUKH s,

0 < s << k, AIBNIAIOTCA MONAPHO Pa3MHUHBIMA.
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[ockoabky ycnoBHast yukuua pacnpenesenns us
npocrpancrBa ucxopos (1.5.13) npencrasuma (ycaosue
HEe3aBHCHMOCTH) B BHfe npousBefedus (1.5.12), to Jio-
Oble YCJOBHLIE MO OTHOLIEHHIO K @, PacCHpeieNcHHS Be-
POATHOCTE! 32BUCAT JIMWIb OT 3HadYeHHd nap (i,, z,) H3
©y, HO HE OT MOpsAKa MX HyMepauuu mo s. [TostoMmy aas
yno6ersa 0603HAYEHHH YCJIOBHMCA HYMepOBATb TOUKH iy,
BXOJslINe B W, B NOPSAJAKe BO3PACTaHHsl 3HAYEHHH i, T. e.

0<ih<ii<...<ir<n. (1.2)

Takum o6pasoM, Kaxjaomy 3HaueHuio k COOTBETCTBYET
CBOsl HyMepauus nap (i,, 2,) Ew, no 8, 0 << s < k.

3ameuanue l. [IpuHATHE NpeANONOKEHHT O MH-
HHUMH3HPYeMOH (YHKUUM [OMyCKAOT CAEAYIOILYI0 (He-
¢popmasbuyio) uHTepnperauuio. Bo-nepBHIX, OHH SBJSIOT-
Csl HEKOTOPBIM BEPOSITHOCTHHIM aHAJIOrOM ycaoBusi JIum-
mypna (1.3.14), KOTOpOe OrpaHHYHBAeT MepBHle PA3HOCTH
yurunn @(x), x< [a, b], u obecneunBaer ee paBHO-
MEDHYIO  HempepeiBHOCTb.  [leficTBHTeNbHO,  ycsoBUe
(1.6.16) npennmonaraer orpaHHYeHHOCTb AMCIEPCHH pas-
HocTeldl Vg, QyHKuMM @, M, KpOMe TOro, 3TH pa3HOCTH
ABNAIOTCS Peaju3auusiMi He3aBHCHMbIX HODMAJNbHBIX Be-
JIHYHH, YTO NPU n—> 0o U mn = const maer BepoarHoct-
HOe CBOWCTBO, aHAJOTHYHOE DABHOMEPHON HeNpephiBHO-
cti_(cm., nanpumep, B. B. T'nenenxo [1], crp. 327).

Bo-BTophix, cornacHo (1.6.17), anpuopnoe matemarth-
4yecKoe OXHAaHHE

i i<a,

Ha (i) -—m.,—mx{ 200 —i, i>a,

3HaueHH# @; QYHKUHHM ¢ NPH (GUKCHPOBAHHOM o HMeeT
€JIHHCTBEHHBIN JIOKANbHBI MHHHMYM, T. €. QDYHKUHH @,
O/1M3KHE K KOHCTaHTe, SIBASIOTCS MAJOBEPOSTHBIMH., ITO
NPEANOJIOKEHHEe CYLIECTBEHHO OTJIHYaeT MPUHATOe OmH-
CaHue OT Mojeseli THIAa BHHEPOBCKOTO CIy4aiHOrO Mpo-
necca (A. I'. )Kunmnckac [1],)X. Kywnep [1]),
rlle anpHoOpHOE MaTEMaTHYeCKOe OXKHIAHHE ABASETCS KOH-
cTaHTOH. HekoTopbie BaxcHble CNEACTBHS 3TOrO MPeAIo-
N0XeHust 6yAyT PacCMOTPeHbl B CEAylOlleM naparpade.
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3ameuanue 2. [lpexnonoxeHne He3aBUCHMOCTH
JHCIEPCHH IEePBHIX PasHOCTeH U a6GCOJIOTHOrO 3HAYeHHHd
MaTeMaTHYeCKOr0 OXHJaHHSI 3THX pa3HocTeH OT HOMepa
y3aa OPHHATO AJS1 YIPOLUEHHS MaTeMaTHUeCKOl MOJeNH.
[Tpu maJjioM 11are ceTku 3TO MPEAMOJIOXKEHHE MOXKET OKa-
3aThCSl HE OUYeHb eCTeCTBEHHBIM JJI5l JOCTATOYHO IMIaJKHX
GyHKuMi (mepBble PasHOCTH B MaJsiOd OKPECTHOCTH MH-
HAMyMa OyAyT MeHbllle, YeM BHE 3TOH OKPECTHOCTH).
B03MOXHBIH MyTh NPeONOJIEHHST HEKOTOPHIX HEJOCTaTKOB,
06yc/IOB/NIEHHBIX YKa3aHHBIM YNPOIAIOMWIAM MPENoa0xKe-
HHeM, o6cyk1aeTcs B TpeTbeM maparpade.

3aMeuanue 3. MOXKHO OTKasaTbcsi OT HCNOJb30-
BaHHs B MOJENH NapaMeTpoB g, Gy, XapPaKTEPU3YIOUIUX
CpeaHee M JQHCHEPCHIO 3HAYEHHS (o, €CJAH NPUHATH, YTO
HyJIeBO€ HCMBITAHHE OCYLIECTBJASIETCS B TOUKe g = O,
YT06bl HCK/IIOUHTH BO3HHKAKOILYID MPH 3TOM HECHMMeT-
pHIO (3HaueHHe QYHKLUHH 3aJlaHO Ha JIEBOM KOHIE), yc-
JIOBHMCSl NMPOBOJUTL cJeflyiolllee (repBOe) HCHLHITAHHE B
TOuKe [y = n (T. e. Ha npaBoM KoHue). Takum o6pasowm,
nonosHuTenbHas HHadopmauns oy w3 (1.1), (1.2) npu
k = 1 Heo6XOAHMO CONEPAKHUT Maphl

(iOr 20) = (O’ q}o)v (ik’zh) = (n, (Pn)- (1-3)

[Tockoabky napamerp ¢ u3s (1.6.16) siBasercs MaablM,
TO, KaK ye 0TMeuasoch B ePBOii riaBe, pacnpeneaeHue
E(a) u3 (1.6.1) onmuceiBaeT anpHOpHEE BEPOATHOCTH pac-
MONOXKeHuss a06coIOTHOr0O MHHHMyMa (QYHKIHH ¢ B TOY-
Kax oo & /, ueM u ompejensieTcs BHIGOP 3TOr0 pacmpepe-
JICHHSI.

Yro kacaercs napamerpa m, BXOASIIEr0 B BEpPOSITHO-
CTHO€ ONHCaHHe, TO B JajbHeiilleM GyJeT NpelsioXKeHo
HECKOJIbKO CX€M OLIeHKH 3HaueHUH 3TOr0 mapaMerpa IO
pesyabTataM HcnbiTaHuil @ H3 (1.1) um npoBsemeno mnon-
po6Hoe H3ydyeHHe BJHSIHHSI 3THX OLEHOK Ha cBolicTBa aJ-
FrOPUTMOB MHHHMMH3ALHH, BbIBEJEHHBIX JJISi NPHHATOrO
ONHCaHHu4. )

2, OueHkH aGcoaoTHOrO aKcTpemyma. Hamomuum, uto
B CHJly MaJOCTH NapaMmeTpa ¢ anocTepHOpHbIE BEPOATHO-
¢t E(a/@) ANA COCTOAHMI NPHPOAHI, BBeJEHHLIE B Iep-
BOH rJ1aBe, MOXKHO HHTEPNPETHPOBaTb KaK BEPOSTHOCTH
n({a}/®) pacnonoxenus aGCoNOTHOrO MHHHMYMa B TOU-
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KaxX o MHOXecTBa /, mpuueM [Jisi NMPHHATOrO BEPOATHO=
CTHOTO ONHCaHHUA BeIUYUHH § (or/w) ompenensiioTcs BhIpa-
xenuem (1.6.3), koTopoe MOKeT GbITb MepPenucaHo B cle-
AyolleM BHIE.

Jemma 1.1,

h(o, 2)E(2)
g (a/o) =W, (1.4)

i€l

ede daa awboeo o« u3 untepsara i, < o < i,
I <<s <<k,

o—oa)? s
h(o, o) =exp {-—- (_29?1.)_} exp {;—%—(cl}, (1.5)

» is + iy zsﬂ"' 21
% ="% " " om

R(S) = mliy —iamt) - pd = — 22, + 21, (17)

— (T) (ig — is—1). ’ (1.8)

(1.6)

JoxasatenabcTso. [lockonbky nepBele pasHo-
ctn (1.6.15) B3auMHO He3aBUCHMHI H NOJYHHEHB HOp-
MaJbHOMY 3aKoHy co craHmaprom (1.6.16) u cpeanum
(1.6.17), To ycnoBHasi yacTHas IJIOTHOCTB f,(2/a), BXO-
namasi B (1.6.3), npu J H 2, COOTBETCTBYIOLIMX ® H3
(1.1)—(1.3), u i~ < o <<i, NPeACTaBHMa BBIPAXKEHH-
em

< M, (@)
f7 (2/@) = Aj exp {— 3 (,:,C)z > S e E » (1.9)

i=t ii — i1
rape

4

.
:.[=I cm)/ 2. (l —i5_4) ’

—m(iy—ij—1), i<s,

My(e)={ m(y—+ij—1—2a), j=s,

m(i; — ij—1), j>s.
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Cymma, crosimass B (HrypHBIX CKOGKaX B BhIpakelHH
(1.9), c nomoupbio anre6paHyeckux npeo6pa3oBaHHI
NPHBOAHMA K BHAY

Y P

i=1 lj t]—'
(a - a:)z R (s)
+ 2 (mc)? [——293 — %)

2mc?

rae  as, R(s), p2coorsercrBenno u3  (1.6)—(1.8) m
nepBhIe TPH UjieHa He 3aBHUCST OT a. ITockoabky A, Tak-
e He 3aBHCHT OT o H 3HameHateldb [;(2) B (1.6.3)
NpeJCTaBEM KakK

; fr(2)= EI fr (210)E (),

to us (1.9) u (1.6.3) cnenyer yrBepxknenue (1.4) —
(1.8).

Hasnnume mnpubanxkenus §(a/e@) ana BeposTHOCTel
é{a}/m) TO3BOIET BBECTH TaKXKe TOHCUHYIO OYEHKY
COL10THO20 9KCTpeMyMa, B KauecTse KOTOPOH MpHMeM

TOUKY a* HanBepomHeumero COCTOSIHHSI TPHPOZBI, T. €.

13 (oc*/m) max E(a/o). (1.10)

Caenymoouias TeopeMa yTBepxmaeT 4TO MPH JOCTATOYHO
manoMm ¢ u3 (1.6.16) Touka o™ u3 (1.10) aBnsercd Tak-
’Ke HauBepOATHedlweHd TOYKOH abCOMOTHOrO MHHHMYyMa

(I?yHKLlI/m @, T. €. -
1 ({a*}/0) = maxn ({a}/o), (1.11)

H yKasbiBaeT MPOCTON CNoco6 HaxOXKIeHHsl OlUeHKH aF,
He Tpe6y10m1m BHIUHCAEHHST BeposiTHOCTel E(a/w) Aas
KaxKJOH TOYKY o MHOXec1Ba /.

Teopema 1.1 MIycto napamerp m us (1.6.16),
(1.6.17) ydosaersopser ycarosuro

2—2

m> max S—’I (1.12)A

1<s<h i —L.» 1
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u 028 nekoropoeo t, 1 <t <<k, cnpasedrusol nHepasen-
cT8a o

R()>RE) + L, s+t (1.13)

Toeda npu docrarouno marom c¢ u3 (1.6.16) nause-
poatHejiwee cocroanue npupoder o* u3 (1.10) cosnada-
eT ¢ HausepoaTHelwel TO4KOU ab6CONOTHOZO MUHUMYMA
u3 (1.11) u pasno Gauscaiitieny yeaomy qucry K eau-

wune ai uz (1.6), 1. e.
at = E(a: + —;) (1.14)

HDokazaTteanctso. U3 (1.6) u (1.12) caenyer,
YTO BeJHuHMHA ¥, BbluucjieHHas uo npasuay (1.14),
YAOBJIETBOPsieT HepaBeHCTBAM

o <a*<i,. (1.15)":

Toraa us (1.5), (1.13) caemyer, 4TO MaKcHMaJjbHOE MO
o 3Hauenue h(w, o) nocruraercs B Touke a* u3 (1.14)
H, CJEeL0BATEIbHO, B CHJY I10JOXHTENBHOCTH BEPOSTHO-
crefl §(a), 3Ta TOuka yAoBJeTBOpsieT ycaosuio (l. 10)
NPH AOCTAaTOuHO MaJjoM c. [lasee, HOCKOJbKY TOuka o,
onpenensieMasi BbipaxenueM (1.14), He 3aBHCHT OT C,
T0 u3 TeopeM 6.1, 6.2 nepeoit rnae u (1.10) cienyer
CIpaBeNJIHBOCTD (l 11), ecau ¢ AocTaTOyHO MaJjo. HE

TaKHM 06pasoM, aJist OlipejleleHHs OUEHKH 3KCTpeMy
Ma a* HeT He06XOAMMOCTH HENOCPeCTBEHHO pellaTb Vc-
jgoBust (1.10) mam (1.11). JlocTaTOYHO BBLIYHCAUTL HOMED
{, KOTOPOMY COOTBETCTBYeT MaKCHMaJjbHas BeJHYHHA
R(?) —max{R(s) 1<<s<Ck}, u 3aTeM OKpYIVIHTb 3Ha-
yeHHe @ U3 (1 6) no Gumkaiiiiero LeJOro 4yucenaa, T. e.
no ouenku a* u3z (1.14).

3ameuanue. Ycnosua Teopemel 1.1 comepxar Tpe-
6osaHue (1.12), npexbABasgeMoe K Iapamerpy #1, KOTO-
PBIll MBI YCJIOBH/IHCL OLEHHBATb M0 pe3yJbTaTaM HCIbI-
Tanuit © u3 (1.1)—(1.3). B <cBA3M c 3THM MH
NpHMEM CJIeAYIOUlYIO -cXeMy OLEHKH 9TOro napamerpa,
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obecrneyuBatomyio BhinonHenue (1.12):

{ 1, M =0,
M = max
M, M>0, 1<s<k

ZS— Zs_i

r= l (1.16)

rae Koapouuuent r (mpeanonaraercs, uro r > 1) wmo-
*eT GbiTb KGO 3a7aHHLIM, JHGO B CBOIO OYepelb TAKKe
NOAJIeXKATh OLIEHKE,

3. IporHosupoBanue ucxonos ucnbitanuit. [Iycrs oue-
penHoe (k4 1)-e HCMbITaHHE NMPOBOXMTCA B HEKOTOPOHl
Touke I, i <I<i, 1 <s<k Ouenum YCJIOBHYIO
(no «) amocrepuopuyio (0 ®,) IJOTHOCTb g (2w, &)
pacnpejesenus BepOSITHOCTEH AIS HCXOAA 2 == ¢, 3TOr0
ucneiranus. [To popmyne Bafieca sta naorHocts ompege-
JaseTcs Kak

f ’ (z'/oz)
81 (2/0y, @) = ;_J_W’ '

rie J' u 2/ COOTBETCTBYIOT 06beAHHEHHIO Ohyy =
= {(l, 2)} U oy, npuueM ycnOBHHE YacTHBIe MAOTHOCTH
frr(2'la)  u [;(2/o) BBIUMCASIOTCS TaK XKe, KAK B JA0Ka-
3aresbcTBe JIeMMbl 1.1 (cM. nmpeo6pa3oBanus BeipaxeHus
(1.9)). Ectn nonomHUTeNIbHO BOCTIO/NB3yeMcst TOX1€CTBOM

(a — oc;')2 _ R _
293 2mc?
2
O (fg—ts—1)

==

{(fa — @) (fo—t — &) —

-2 (is___1 —a)—z,_ (i, -a-a)}
— — ,

YNpPOWAIOUIMM BBIYHCNEHHA, TO MOCAe anreGpaHuecKux
npeo6pa3oBaHuii MOJAYYHM

| z2—p, (D)2
g1 (z2/op, o) = ————ex {-—(—W)—}, (1.17)

SV an
rae gucrnepcus 6%() u MaTeMaTHUECKO® OXKHAAHHE [ (/)
& P. I. Crponrun
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HMEIOT BHJ,
i —=1(1—i
82 (1) = (cmy Lo - )_(i 18—‘), (1.18)
Mo (1) = p* (1) — va (1), (1.19)
U(zg—2,1) + (2s—_4i, —zi,_4)
p*(l) = i, =iy ’ (1.20)
2m -
va (l) = (__i,— is_l)x
0, a>i, a<i1,
x{ (s —D(a—ismy), la<a<l], (1.21)
(is — ) (I = is—1), <a<i,

PaccMOTpuM HeKOTOphie CBOMICTBA MaTeMaTHUECKOro
0XMAaHHA P () 3Hauenus ¢ GyHkuuu @ B Touke [. Ha-
soBeM maxcopantots pt(l) u munopanroi p~(l) dyHkunn
perpeccid Wq (/) coorBercrBeHHO (yHKIMH p*([) =
=max e (l) u p—({) = minpe (J).

acl acl

Jlemma 1.2. Cnpasedrusel credyroujue yrsepocde-
Hus:

1) pr(l) =p*(l), 0<isny (1.22)
2) p= () =m() = (25— (I —oa—wl, (123)

e i1 <I<i, 1l <s<<ku

) ° i i —
o = i +2s-—-1 _zs 4”‘:3-—1’ (124)

* __ 2m {(ls — is—“i)’ —_—
B = (is - 's—i) 2

 Gata ) (i) +(zs—’s-—i)’};/ (1.25)

4m im

3) ecau i <a<i, 1 <<s<k, To kpusaa pu(l),
paccmarpusaemas KaKk QYHKYUa HenpepsvleHo2o napamer-
pa I, 0 <I<{n, cocTour u3 0TPe3Kko8 Npamblx, coedu-
HAKOUWUX TOUKU

(0, 20), +- vy (Bsm1y Zo-1)s (2 po (@), (s 2}y oo ny (B,20);
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4) ecau O0as awboeo s, 1 <s<<k, cnpasediuso
[—i-y > 2r2(r—1)-2 1o

Bar (%) < pae (1),  I£a¥ (1.26)

20e a* ectv oyenka akcrpemyma uz (1.14).

HokasarenbcrBo. U3 onpenenennit MaxopaH-
TBl 1 MHHOpPaHTH H BhipaxkeHu#t (1.19)—(1.21) BuTeka-
eT cnpaseiyanBocTb (1.22) u paseHcTBa

W) = () = () = (== (= D (= tia)
s — b

KOTOpOe C MOMOLIbI0 ajre6panyecKHX mnpeo6pa3oBanHil
MOXeT OwITb npeicTaBieHo B Buge (1.23) — (1.25).
Tperbe yTBep:kaeHHE JIEMMBI TaKXKe JIETKO MPOBEPSIETCH.
IlepefiieM K 10Ka3aTeJbCTBY MOC/IEIHEr0 YTBEDIKIEHHH.

ITpunaras ouenka (1.16) mapamerpa m o6ecneuuBa-
eT cnpaselIuBocTb HepaBeHcTB (1.15), KoTopbie Heo6xo-
AUMO SIBJISIIOTCSL CTPOTHMH, HGO (IO HpPELNOJ0KEHHIO)
iy—1i;-1 >r(r—1)~1 Torma u3 TPeTbEro YyTBepPKJACHHA
Hacrosillell TeMMBI CIeAYeT, YTO ~

min e (1) = min{, -, 20—, B (3%), 24, .., 24)

[TockoabKy, cornacho (1.23), pe* (a*) = p~(a*), To Aaa
o6ocHoBanusa (1.26) ocraerca mokasaTh, UTO
p— (a*) < min z,.
. 0<s<h

[TpeanonoxxumM mpoTHBHOE, T. €. MYCTb CYIECTBYET
TaKkoe 2j, 4To

p—(a*) >2z; = min z,, (1.27)
0<s<h
- HMa (1.23) u onpemeneHuii ToueK o¥, af H o caenyer

- . m-|-|Z '—'2'__1l
(e <p (“:)“l"m.

oTkyza, yuutniBas (1.27) n (1.16), nonyuaem
B (@) =2 — (ml2).

52

+
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[ToxcTaBuM B JIeBYIO YacTh NOCJELHEr0 HEpaBEHCTBA ee

*
npencrasieHne u3 (1.23)—(1.25) nas a; u3z (1.6)
H YMHOXHM 06e YacTH 3TOro HepaseHcTBa Ha (— 4). B pe-
3yJbTAaTOM HMeeM HEpaBeHCTBO

2m(it—ipy)—2(21}210)) < —42i4+2m,
u3 xoroporo B cuay (1.16) cmemyer

R(t) < —4z;,4-2m, (1.28)

rie R(¢) us (1.7). lanee, mOCKONBLKY NPOHM3BOAHAS OT
R(j) mo 2z, orpunarenpHa (npu j=0 cieayer pac-
cmotperh R(1) u 2;), To u3s (1.7), yeaosus i—ij. >
>2r?(r—1)~2 u (1.28) BHTeKaeT olleHKa

R()>R(),

npoTHBopevamas HepaseHcrBaM (1.13) us onpenenenns
TOuKkH o*. [TonyueHHOE NPOTHBOpEUHe J0Ka3bIBAET HEBO3-
MOXKHOCTb HepaseHcTBa (1.27).

Ha puc. 1.1 aas unnioctTpannu H306pakeHsl MakopaH-
ta p*(l) (BepXHsist KyCOUHO JiMHeflHAash KpHBas) W MHHO-
" panta p~(l) (HMXKHAA KycOYHO KBajpaTHUHas KpHBas)
KaK (YHKUHH HenpepbiBHOro mnapamerpa [, 0 <<I<<n.
Hto6Hl NONYUYHTh HAriAJHOE NPEACTaBJEHHE O XapaKTe-
pe u3MeHnenusa aucrnepcuu 62(/) oxumaemoro pesy/braTa
2 == @ B 3aBHCHMOCTH OT TOYKH [ MpOBedeHHS HCMBITa-
HHS, PACCMOTPHM HOPMHDPOBAHHYIO BEeJHUYHUHY

82 () (1, —i,_
a2ty = — 20 Zlemt),
nJas- Kotopo#, cornacuo (1.18), npu i, <I<<i, cnpa-
BeJJINBO YpaBHEHHE

NSRS

T. e. kpuBast A(l), npomopuuonanvHas craupapry §(I),
€ClH ee paccMaTpHBaTh KakK (YHKUHIO HENPEphLIBHOIO
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napaMerpa /, COCTOMT U3 MOJOKHTEbHBIX MOJNYOKPYKHO-
CTeil, nepecekawIuXx ocb / B TOUKax OCYLULeCTBJIEHHBIX
HCNBITAHHH i,, 0 << 5 << B, M uMelomux LHEHTPHl B CPeIHH-
HbIX TOYKaX HWHTEPBANOB (i,-1, i,). DTa KpHBas TaKKe
HaHeceHa Ha puc. 1.1,

Z
Zs -
/{f
Z
\\\Zs—l
| “
!
I .
1 LY,
7 @ b g b by oy onm i
Puc. 1.1,

4. OnTuManpHble pellalOUMe npaBUaa. ITockoabky
MBl YCJIOBHJIHCH OLEHHBATh NapameTp M BEePOATHOCTHONO
ONHCAHHS MO MHPOPMAUUH ©,, NMOJy4yaeMOH B pe3ynabra-
Te HCNBITaHHHA, H,- Clel0BaTelbHO, B O0uWleM caydae Ha
KaXJIOM Llare MMeeT MeCTO CBOe BEPOATHOCTHOE OMHCa-
HHE, TO OTPAaHHYUMCH PACCMOTPEHHEM OAHOLIATOBO-OMNTH-
ManbHbX (ra. 1, § 3, n. 5) 6adecosckux (ra. 1, § 4, n. 1)
pewarowux npasua.

Hlis nocTpoeHust yKasaHHBIX PEIAIONMX NPaBHI He-
'06X0/INMO BBECTH HEKOTOPYIO QYHKUHIO MOTephb Le(q, @),
OLEHHBAIOLLYI0 5()(QEeKTHBHOCTL NPHOIHKEHHUs, NOJyUeH-
HOro B pesynbraTe B wmaroB. Mbl paccMoTpuM aBa THNa
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TaKuX QyHKUUH: _
0, ming; = min z

€1 0<s<k
Ly (g, 0,) = w, ming;< min Zsr (1.29)
El 0ss<h

T. €. IOTEPH PaBHbI HYJIO, €CJIH 3HaueHHe DYHKUUH B TOY-
Ke abCoJIOTHOIO MHHHMYMa YyKe BhIMHCACHO, H INOJOXKH-
TeNbHE  (mpeamoJsaraercsi, 410 w > 0) B NPOTHBHOM
cayuae; - .

R
L, (‘pgimh) = s§0 s (1.30)

T. €. NOTEPH TEM MeHblle, YeM MeHblue 3HaueHHs QyHx-
LHH B TOYKaX HMCIbITaHHH.

IMycrb ouepennoe (k-4 1)-e HcnmbiTaHHe OCYyLIeCTB./IA-
erca B Touke [e 1. Torma puck (T. e. MareMaTHUeCKOe
oxupaHue notepb) mas Gyrxkuuit u3 (1.29) u (1.30) co-
OTBETCTBEHHO ONpeNe/seTcsl BHPaKeHHAMH

k
Wi () =w {1 - s;ﬁn({is}/mk) — ﬂ({l}/wk)} (1.31)

H
k 00
Witi(l) = 3§0 zs + 5‘ 28, (2/wy) dz, (132)
rae g (2/o) = 20 g, (zlo,, 2)E(a/wg),  H, coraacHo
a=

(1.17), moxHo nepenucatb (1.32) kak
3 n
Wit (1) = Eo 2, + EO Mo (1) E(a/wy).  (1.33)

Tenepn onpeienum GaiiecoBckoe peruenue [*, MuHi-
MH3HpYIOLIlEe PHCK, T. €.

Wit (%) = min W14 (),
el

ansa ¢yukuui pucka u3 (1.31) u (1.33). B nepeom cay-
yae MHHHMYM pHCKa, OUeBHIHO, JOCTUI aeTcs npu I* = a*,
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rie a* u3 (l.11), T. e. creayeT NMPOBOAMTHL ouepenHOE
HCIBITAHHE B HaHMBepOsiITHeHINeH TouKe abCOMIOTHOIO MH-
HHMYMa, KoTopas NpH IOCTAaTOYHO MaJiOM ¢ COBMAajaer
¢ npoctoit oueHKoit us (1.14). )

Paccmorpum Bropoit cayuait. M3 teopemm 1.1 u BH-
paxenuit (1.4), (1.5) caenyer, uto mpu HOCTaTOUHO Ma-
Jom ¢ Bropas cymma B (1.33) onpeneasiercs ujeHOM
Pox (1) & (a*/0,), rme o * u3 (1.14), MuHEMYyM KOTOpOTO,
cornacHo ytBepxaeHnio (1.26) semmwb 1.2, mocturaercs
npu [ = o*.

TaxkuM o6pa3om, B NpeaNoJOKEHHH MaJoCTH C, TOY-
Ka a* u3 (1.14) sBasieTcs ONTHMAJbHBIM 6alieCOBCKHM
pewienneM M1 QyHkumi morepp u3 (1.29) u (1.30).

5. Ycaosue ocranosku. Ecau mpHu ouenke uapamerpa
m no cxeMme (l.16) mcmosbsyercs kKoadpduuument r > 2,
TO 3HaueHnne a* u3 (l.14) He coBmajaer ¢ TOUKAMH i,
0<<s<{k, u3 o, TOra M TOJBKO TOTAAa, KOrga i, —
— ;-1 > 1, rme ¢t u3 (1.13). [Toaromy npu

i—i <1 (1.34)

oueHka skctpemyma a* u3 (1.14) neo6xomumo coBmaja-
eT Jau60 ¢ i;—1, JH06O C i;, T. e. 3HaueHHe (QYHKUHH ¢ B
HauBepOATHeHIIe# Touke abCOMIOTHOIO MHHHMyMa YXke
OLEHEHO B XOJle NpejlIecTBYIOIIHX HCIBITaHUH. B cBA3u
¢ 3THM HepaBeHcTBO (1.34) ecTecTBeHHO MPHHATHL B Ka-
YecTBe YCA0BUA OCTAHOBKU.

3aMeTHM, YTO 3TO YC/JIOBHE aHAJOTHYHO TPeGOBaHHIO
(1.4.2), nockoapky  npu cnpaBemauBoctd  (1.13)
E(a*/w) — 1, eciu ¢ — 0.

6. JluckperHblii aaroputm. Brille MBI paccMoTpesn
YCJIOBHSA, ONpefe/sollHe aJrOPHTM MHHHMH3ALHH QYHK-
LMK ¢ Ha MHoxKecTBe /. DTOT airoputM Mel OyneM Ha-
3bIBaTh OUCKPETHOIM QALOPUTMOM 2A060A6HO20 ROUCKA
(coxpauenno JAT'TT). HanomuuwM, uto coraacuo JATTI
nepBble JBa HCMBLITAHUA  OCYLIECTBASIIOTCS B TOYKax
i=0 u i=n. Jliob6oe caenywoitee (k4 1)-e ucnuiranue
NpoBOAHTCA B TouKe o * u3 (1.14), coorBercTByiomei
Tekyilel MHOPMAUHH ©, NpPHUYEM TPeABapPHUTENbHO 3Ha-
yeHHe napamerpa m yrtouusiercd no cxeme (1.16). B ka-
YecTBe OLEHKH 3KCTPEMyMa Ha Iuare 2 MOXKHO NPHHATSH
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6o TOUKy a*, 160 3HaueHHe QF=2;= MiN 2, M COOT-

* 0<s<h
BETCTBYIOLLYID €My Toqui§=i,. [Tonck 3akaHuyuBaeTcs
IpH BHINOJHEHHH YCI0BHA ocTaHOBKH (1.34).

7. Panpomusauusa napamerpa. I[lpunaras cxema
(1.16) BBIUMc/IeHHS MapaMeTpa m COAEPXKHUT Koadduuu-
eHT 7, XapaKTepHU3YIOIHA COOTHOLIEHHe MeXKIy BBIYHC-
JsleMbIM MaTeMaTHUeCKUM OKHIaHHEM Ml pa3HOCTed MHU-
HUMHU3HPYeMOH (YHKUHHM H PasHOCTSIMH YXKe BBIYHCJIEH-
HBIX 3HaueHHH 3TOH (YHKLUHH, cofep:KaLIUXCi B HAKOIM-
JIEHHOH K JaHHOMY miary HHbopmauuu or IIpm stom,
MOCKOJIbKY YKa3aHHHIH NapaMeTp M BXOAHT B BhIpaKe-
Hus anaa senuuuH (1.4)—(1.7), To 3TH BeJHUHMHH SBJSA-
1oTeqd GyHKUHAME Ko3(ddHuUMeHTa 7, T. €.

E(a/o) =E,(a/0), R(s)=R(s,r), as=a,(r),(1.35)
H, cJeaoBaTeJbHO, AOJI BBIYHCIEHHA TOYKH

a* = a*(r) (1.36)

ouepeqHOro HcHbITaHus no npasuay (1.14) mosxua GHTHL
3aJlaHa HeKoTopas olieHKa r° Koadduiuenra r.
IMpocrefimnii ciayyail cBsi3aH ¢ NPeNNONOXKEHHEM, UTO
3HayeHHe 7 M3BECTHO, T. €. r°==r. PaccMOTpHM Tenepn
6osiee CMOXKHBIH cayuali, KOria 3ajJaHo He caMo 3Haue-
HHe r, a HEKOTOpPOe MHOXEeCTBO OLEHOK, OJHa H3 KO-
TOPLIX coBmajgaer ¢ r. /s OpPOCTOTHI pacCMOTPEHHSI Or-
paHHUUMCS JBYMSl TAKUMH OLEHKAMH 7] U rg, THe

l<r<<ro<<oo. (1.37)

Takum o6pa3oM, HeH3BeCTHOe 3HaueHHe 7, ONpelelsio-
llee BepOSITHOCTHOE ONMHCAHHE H, B YACTHOCTH, pacrpe-
ndenenne (1.35), mpHHaA/IeXHT 3aAaHHOMY MHOXKECTBY
{r1, re}, u oueHka r° Takxke NOJXKHa ObITh BhIGpaHa M3
9TOr0 MHOXECTBaA.

K Bribopy 3TO# OLEHKH MOXKHO MONONTH Kak K MpH-
HATHIO pelleHHs B HEKOTOPOH Hrpe C NPHPOAOH, Koria
HEH3BECTHOE COCTOSIHHE IIPHPOABl 7 H [NpHHHMaeMas
OLlEHKa r° 3TOr0" COCTOSTHHS TPHHANJEXKaT OLHOMY H TO-
My xe MHOXecTBY {ri, rz2}. UToOb BOCNOJb3OBATHCA Ta-

o

o A e v Ay
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KHM HIPOBBIM MOAXOAOM, HeOGXOAHMO CHe]aTh elle He-
KOTOpOe mpexnosoxenne 06 3hdeKTHBHOCTH Bbi6Opa
3HAauyeHHs 7° MPH COCTOSIHMH 7, KOTOpPYl0 OOBIYHO ONH-
cHIBAlOT BBelleHHeM OyHKUMM ToTepb p(r, r°). Brexem
Takylo QYHKUHIO AJMA paccMaTpuBaeMoH 3alayH.

Ecnu ponycTuth, uTo 3HaueHHe r H3BECTHO, TO Oue-
pelHOe HCMbiTaHHe Gyaer OcyIlecTBIEHO B TOuke a* H3
(1.36), T. e. B HauBepOsATHellIeH TOYKE SKCTPeMyMa,
U Pe3y/JbTAaTOM 5TOr0 HCNHITaHUA OyAeT 3HaueHHe @or.
OpxHako BBIGOD TOYKH OuYepelHOro HCNBITaHHA OCYIecT-
BJSIETCS He MO 3HAUYEHHMIO 7, a N0 NMPHHHMaeMOH OlleHKe
r°, H, CJelOBaTeJbHO, HUCHbITaHHe OyAeT OCYNIECTBJEHO
B Touke o°, BhiuHcaeHHON u3 (1.14) masa r°, 1. e. a°=
= a*(r°), 1 pe3y/JbTaTOM 3TOr0 HCNBbITaHUA OyleT 3Haye-
HHE Q@g°. MaTeMaTHuecKoe OXHIaHHe Da3HOCTH 3Haye-
HHH Qg+ H Qo°TIPHMEM B KaueCTBE KOJNHYECTBEHHOH Mephl
norepb p(7, r°) oT BEIGOPA OLEHKH r° NMPH COCTOSHHH 7.
Corstacio (1.17) 3To MaTemaTHuecKOoe OXHJAaHHEe MOXK-
HO 3amMcaTh B BHIE ' ’

p(r ) = 3 (1a(e) —pa(a)E (@), (138)

rie pacnpenesnenue §(a/o) us (1.35), T. e. cooTBeTCT-
BYeT COCTOSIHHIO 7, H Mo (°), Ma(a*) u3 (1.19)—(1.21),
npuuyem sHayeHne m B (1.21) Takxe onpejensercs Kosog-
(QHUIHEHTOM 7.

Boipaxkenne (1.38) no3poJisieT BBIUHCAHTH 2)X2-Mar-
puyy norepo -

OucHkra
. ry rs
CocroAannsa

r 0 p(ry, ra)

T pre, 11) 0

OMHCHIBAIOLLYIO 3afayy BLIOOPA OLEHKH r° H3 MHOXeCcTBa
(1.37) npu Hanmuuu uHPOpMauuu . Hrpa c rakoit
MaTpHuieHd MOXKeT ObITb YHCIECHHO pellieHa CTaHAapPTHEIMH

R Y
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MeTOJaMH Teopuu urp (cm., Hanpumep, H. H. Bopo65b-
eB [1],10. B.Tepwmeiiep [lf). [Tpu atom au6o mat-
pHlla HIPH HMeeT Ce0.408Yr0 TO4KY *) W TOrAa ONTHMAJb-
HOH OlEHKOH r°, obecneudBalOWed MUHUMAKC noTepo,
AIBiETCA TO U3 3HAYeHHH ry, r's, KOTOPOMY COOTBETCTBY-
eT cToaGel MaTpHIB, COAEpXKAIHA CeJOBYIO TOUKY,
U060 MaTpuIa He HMeeT CeJJOBOH TOUKH H TOTAA CJe-
AyeT BEIOMPaTb 3HaueHHe OUEHKH r° ¢ MOMOILBIO CAYy4aii-
HO20 MeXaHU3MQa, KOTOPHIH C BepOSITHOCTHIO

— p(rlh rﬁ)

p_P(’hfn)'i‘P(’s,’l) (1.39)
HMeeT HCXOf 7°==r; W C BePOSITHOCTBbIO 1—p uMeeT Hc-
Xon r°==rj.

IMockonbKky oOuEHKY 7° MOXHO BHOHpPaThb 3aHOBO Ha
KaXXJOM LIare mpolecca MHHHMH3aUUH QYHKIHH ¢ (OpH
STOM MaTpHlla MOTePb CTPOHTCA IO HHPOpMALHH ©,
COOTBETCTBYIOLleH NaHHOMY Miary), TO HCHOJb30OBaHIHe
cIyyafiHOro MeXaHH3Ma MPHUBOAHT K TOMY, 4TO caM aJ-
FOPHTM ONTHMH3ALUH CTAHOBUTCH PAHOOMUSUPOBAHHBIM.
Ouepennoe ucnbiTaHHE NMPOBOAUTCS B TOUKe a*, KOTOpas
fBJIeTCA peasu3alled CAyyalHOH BeJIHYHHBI C pacrpe-
IeieHHeM BePOATHOCTEeH

Pla* =a*(n)} =p, Pla*=0a*(n)}=1-—p,

rae p us (1.39). Ilpu 5TOM KOCTaTOUHBLIM YCJOBHEM paH-
JIOMH3allUH, T. €. YCJIOBHEM OTCYTCTBHSI CENJOBOH TOUKH
B MaTpHlle NoTepPb, ABASETCS, OUEBHAHO, TpeboBaHHe

p(r, r2) >0, p(ra, r1) > 0. (1.40)

Crenyiomas TeopeMa YKa3biBaeT HEKOTOPHie YCJIOBHS,
oGecreyuBaiolue CNpaBelJHBOCTb HepaBeHcTB (1.40)
H ynpollawmlive BbIYHC/AeHHE BepoaTHocTH p u3 (1.39).

Teopema 1.2, lTycrs npu Oannom o, cnpasedauso,

4TO
él_ic—l>q’ l<s<k’ (1‘41)‘

*) Ced.080il TOuKOH MATPUYbl HASLIBACTCH SJMEMEHT, sIBJS IOLLHH-
€51 MHHUMAaJbHBIM B COJleprKaulell ero CTPOKe MaTpulbLl ¥ MaKCHMaJb-
HBIM B COJlepxKallleM ero CToJlue MaTpHLbl.

g

S A v
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u koappuyuenter (1.37) noposcdaroT oyerKu IKCTpemyma

o= E(oi +3) o= E(e+)

us (1.14), 2de |ay—oa| >q, npuuem 048 nomepos t u ty
ycaosua (1.13) 661NOARAIOTCS COOTBETCTEEHHO NPU Ty U .
Toeda npu Oocrarouno masom ¢, 0<<c<Kl, u docra-
Touno Goavuom q > 1 uepa c¢ norepamu (1.38) umeer
PaHOOMUBUPOBAHHOE peulenue U 8epOATHOCTL p u3 (1.39)
MoKHeT 6biT6 ANNPOKCUMUDOBAHA OYCHKOL

i
P = rytrs’
d1+d2—R(f2,f2) t %t
2dy + 2dy — R (81, r1) — R (fa, 73) ’_. o »

‘tl = t2’

20e
,d\’ = rvM(itv - itv_i) —-(Ztv - Ztv__.j), v = 1, 2. (1.4‘2)

NokasarteascTBo. [lockoabky |ai—az| >1,
o npu g >2r? (r—1)~2 u3 yreepxaenns (1.26) nemmbl 1.2
cJaenyeT, 4To

Pa, (0,) — Po, (01) > 0. (1.43)

an/I NPUHATHIX NpeANnoaoKEeHHAX O BHIIOJHEHHH ycJao-
st (1.13) .

]‘rg'grl (/@) =1,

c—!

T. €. NPH JOCTAaTOYHO MajoM ¢ moTepu p(ri, ry) omperne-
asoTcs pasHocTbio (1.43), He 3aBicsllell oT €, OTKYyAa,
B 4acTHOCTH, CJelyeT ChnpaBelJMBOCTb I€pBOro Hepa-
pencrBa B (1.40). CnpaBei/HBOCTb BTOPOrO HEPaBEHCTBA
I0Ka3blBaeTCs aHaJOrHyHO. A

Jlajiee, IpH YKa3aHHBIX YCJAOBHAX MOXKHO TNOJYYHTb
npocTylo OLEHKY BEPOSTHOCTH p, 3aMEHHB po(ry, rs) B
(1.39) passocTbio (1.43) ‘¥ BBEIMOJIHAB aHAJOTHYHYIO 32-
MeHy BenHuHHH (2, r1). JlomosHHTeNbHOE ynpolleHHe
LOCTHraeTcsl MOACTAHOBKOH BeNHYHH O, M O ¢, BMECTO 0O
U o, (oTGpachiBaeTcst onepalus OKpyraenns 1o GiuxKaii-
LIero LeJ0ro 4hcaa). DTa 3aMeHa He BBI3BIBAaeT CyILecT-
BeHHbIX norpeiiHocTel, KGO OTHOCHTE/NbHble Pa3HOCTH
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Ho (@) — pg (B)
pa (O‘z) - l"’a (a)
3HaYeHHe ¢ JOCTATOYHO BEJNHKO.

OxonuaTesbHOe BhIpaKeHHe A/ OLEHKH p° noayua-
€TCsl MoC/Ie BEIUHCIEHHS Pa3HOCTe N o (B) —pa (&), pp (o) —

—ue(f) mpu o« =oc:1 H ﬁ=oc;, u3 BbipaxKenuii (1.19) —
(1.21). Ipu stom

. U
BH4 s THe a=ay, b= 0oy, "Maabl, ecau

’ tl = tzy

I(Zt. —Zt,—i)(l —:—;)
d1+d2—R(t2, r3)s tF#t,,

o (B) — pa (@) = 4 x

rie dy u dy us (1.42). Anatoruuno BBIYHC/SIETCS] BTO-
pasi pasHoCTb.

3ameuanue. Haubonmee cymecTsenubiy yCa0BHEM
PacCMOTPeHHOH TeopeMEl sIBJIsSieTC TPeGOBaHHe MAJIOCTH
napamerpa c. [lpexnosnoxennoe pasnnune ouemox o, u
%2 ONPEACNACTCS pA3/IHYHEM 3HAUEHHH 7| M ry (ecaAH MH-
HHMH3HpyeMasi (QYHKUHA OTIHYHA OT KOHCTAHTHL, T. e,
He BCE BEJHYHHH 2, 0 << s <C &, opunakosnl). Ho 3ana-
ua BEIGOpa oueHkn r°c{ry, rp} HHTepecHa UMeHHO TOrAa,
KOTJla 7| M ry 3aMEeTHO Pa3/IHYHBI

Yro Kacaercs Tpe6oBanus (1.41), To oHo serko ynos-
JICTBOPACTCA, €CH NPHHATD, UTO 3HAUEHHE N (YHCIO y3-
JIOB) CYIIECTBEHHO O6OJIbIIE BeJHYHMHBL (b—a)le, 1. e.
war ceTkH B oTpeske [a, b], paBHbiii (b—a)/n, MeHbme
Tpebyemoii ToyHocTH €. IIpH 3ToM ocTaHOBKa npouecca
MHHHMH3aUMH  NO/MXKHA BBHIOJHATBCA HE 10 YCJAOBHIO
(1.34), a no ycaoBuio

(” - “) (i, — i) <e, (1.44)

rae f u3 (1.13).

8. HempepbiBHblit cayuaid. BepHeMcs K HCXOZHON 3a-
Aade MHHHMH3auun QyHkumn @(x), x < [a, b], u nocr-
POMM aJNIFODHTM YHCJEHHOTO pelIeHHS 3TOH 3a4aul Kak
Mpefe/bHBIA alrOPHTM, MOJYYaIOMHicH U3 JNHCKPETHOro
NpH yBenHueHHH uyHcaa ys3noB cetkn (0.1), 1. e. mpu
n— 0o, ITOT nepexoi yA06HO BBHIIONHUTH cAenyIou UM
o6pasom.
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3amenum B BHpaxenuax (1.7), (1.16) umcna i,
0 << s << R, U3 0k COOTBETCTBYIOIIMMH Y3/1aMH

. [b—
xis=a+ls( a)

n

cetku (0.1), mpuuem ycJoBHMCH A/ KPaTKOCTH 0603HA-
yaTh y3en X; uepe3 X,. [Ipu Takoill 3ameHe 3HaueHHs Be-
auunH R(s) us (1.7) He uaMmensiorcsi. Anasnoruynas 3a-
meHa B (1.6) ZLaeT BHIpaxkenue

wfb— x, +x,__ 2, — 2 :
xh+1=a+at( na)___ t 2t 1 _ t2mt i’ (1.45)

b —

a o
NpHYEM TOYKA Xq+ = Q4 + a*( ), B KOTOPOH COrJIaCcHO

JHCKPETHOMY aJTrOPHTMY OCYIIECTBJ/ISIETCSl OuepefHOe HC-
nbiTaHHe, ABasfeTcs OaumkadwmuM ysiaom cetkH (0.1) K
toyke x**! u3 (1.45). Orcioga ciefyer, 4To NPH YBeJH-
YeHHH N TOUKA MCMBITAHHS Xq+ IEPEXOMHT B TOUKY XFT1.

‘B cBasu ¢ stuM BbipaxeHue (1.45) mpumem 3sa pe-
Iapllee NpaBUJIO alTOPHTMAa MHHHMM3alHH B OTpe3ke
~ [a, b], onpenensiomee Touxy x**! ouepensoro (k- 1)-
. ro ucnbTanua. Uro Kacaercs Touek NepBHIX JBYX HCIHH-
TaHUi, TO OHH He H3MeHs0TCs, u6o npu Jobom 7 UM co-
OTBETCTBYIOT Y3/Bl, COBMNajaiollue ¢ KOHLAMH OTpes-
Ka [a, b].

VcnoBHEe OCTAHOBKH MOXeT OHITb MOJAYdeHO U3 Hepa-
percTBa (1.44), KoTopoe cJeAyeT MepemucaTb Kak

X, — X <e. (1.46)

BrluucautenbHasi cxeMa IOCTPOEHHOrO HenpephBHO-
ro aJjroputva Oyner noApoOHO ONHcaHa H U3YyyeHa B
caenyolieM naparpade. dTo H3yueHHE NMPOBOAUTCA BHE
CBSI3H C BEPOSATHOCTHBLIM ONMHCAHHEM, MPHHATHIM MpPH BBI-
BOZe JAHMCKPETHOro aJrOPHTMa, XOTSi CBOWCTBA HENpephIB-
HOro MeToAa OOYCJOBJEHB XapaKTepPOM BepPOSITHOCTHBIX
NpennoJoXKeHui, UCMNOAb30BAHHLIX NMPH BbIBOJE €ro JH-
CKpeTHOTro npoo6pa3a, H Mbl B AaJbHEHIIEM OTMETHM 3Ty
006y CJI0BJEHHQCTD,
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§ 2. Aaroputm rao6anbHoro MoHcKa

PaccmaTpuBaembilt Huike aaropuTM mpegHasHaueH
I OTBICKAHMS TOYeK X* M 3HaueHHH @* a6COMIOTHOrO
MHHHMyMa JNeACTBHTeNbHON (YHKUMH @(X) Ha OTpe3Ke
[a, b] BewecTBenHoOl ocH %, T. e.

¢* = @ (x*) = "min ¢ (x). 2.0
x=[a,b]

CorsacHo npencraBjeHHAM, BBEIEHHHIM B II. 1 §3ra I,
J000# aJropuTM, NMpefHa3HAYeHHBIH A5 pelleHus 3a-
Zaun (2.1), mopoxjaer MOC/AeLOBAaTeNbHOCTb TOUEK X,
k=0,1, ..., B KOTOPHIX BBLIYUCAAIOTCS 3HAYCHUS 2* mu-
HHUMHSHPYeMO# (YHKUMH, NpPHYEM, MOCKOJILKY B HAaHHON
riaBe NPHHATO MNPEANOJOXKeHHe NMpeHe6PeKUMOH MaJo-
CTH NOTPEINHOCTE! B BHIUYMCJCHUAX 3HAUEHHH (DYHKIHHU, TO
CUHTAeTcs, uTo

Z=gY), k=01,...

Jast dopmMasbHOro ONHCAHHA KOHKPETHOTO aJrOpUT-
Ma, B KaueCTBe KOTOPOTO Mbl PaCCMOTPHM HeMpepbiBHBIH
aJropuT™, MOCTPOEHHHIA B 1. 8 § 1, Heo6xoauMo 3amaTh
Gynkuun (1.3.2) — (1.3.4), aprymeHTOM KOTOpHIX SBJIS-
eTcsl MHOXKeCTBO Nap

o= {(x, 2): 0<i<<h), (2.2)

COOTBETCTBYIOINX NEPBBIM £ ujeHaM MOC/JAeL0BaTe bHO-
ctu {x*}, Ha3bIBaeMO# n0CAe008ATEAbHOCTOIO UCHBITAHUL.

1. BbluncautenbHas cxema anroputma. CoxpaHuMm 3a
MHOXeCTBOM (2.2) Ha3BaHHe NOUCKOBAA uHpOpMAyUs,
BBeJIeHHOE® MPH BEPOSITHOCTHOM PaCCMOTPEHHH, H 6yjaem
Ha3bIBaTh HCMBITAaHHE, POBOJAMMOE NPH HAMHYHH HHOOP-
Mallld ©r, HCMBITAHHEM Ha (R+1)-M ware wim npocto
(k+1)-M ncnbiTanuem.

CornacHo HenmpepLIBHOMY aJrODHTMY IepBble [Ba
HCIBITAHHUA OCYLIECTBJAAIOTCS B TOUKaX

WO =a, x'=0, (2.3)

Buibop  Toukn x**!, k > 1, ouepemmoro (24 1)-ro uc-
MBITAHHS ONpeJensieTcs c/elylOUHMU NPaBUIaMH: :



§2 " AJIFOPUTM TIJIOBAJIBHOTO TOHCKA 79

1) nepenymeposare (HudHum undekcom) TOuKu X',
0<<i<<k, us (2.2) 8 nopadke 603pACTAHUA BHAYeHUU
KoopOunarsL*), 1. e.

a=t<n<..<x=D"b (2.4)

2) oyenuTo maxcumasbroe abCOAOTHOE BHA4erue OT-
HOCUTeAbHOU nepsoll pasHOCTU

X‘ — X4

M = max
1<i<k

t (205)

20e z; = @(X;) COOTBETCTIBYIOT NepeHyMepOBanHoiM 3HA-
yenuam eeaudun 2' uz (2.2);
3) noaoxcurs

/

{L M =0, (2.6)

fM, M>0’

20e r > 1 ecro 3a0annolil KO3Puyuent;
4) Oaa Kkaowdoeo unTepsaia (X1, X:), 1 < i<k,
BOLYUCAUTD BEAULURY

(3 —2n1)*
m (xi —xi_,)

R(i) =m(x; — xi—1) + 2(2; + 2i—1),

@.7)

HA3bl8aeMYIO XAPAKTEPUCTUKOU 3TO20 UHTepsaia;
5) onpedeautv unTepsar (Xi-1, X:), KOTOpOMY COOT-
8eTCT8YET MAKCUMANALHAR XAPAKTEPUCTUKA

R () = max R (i); (2.8)
1<igh

eCcAl MAKCUMAAbHASA XAPAKTepUcTuKa cooTgeTcTsyer He-
CKOAbKUM UHTEPBAAAM, TO 8 KauecTee t 8vlbupaercia mu-
Humarbroe uucao, ydosaergoparoujee ycaosuw (2.8);

*) 3ameTuM, YTo, B OTJHYHe OT HyMepalMuH MO BepxHeMY HHIEK-
cy, oTpakawileii MOPAAOK TNPOBeleHHS HCTBITAHMH, HyMepauus Tmo
HUXKHeMy HMHJEKCY 3aBHCHT OT HOMepa mara. [Ipn SToM SHaueHHe Xy
ana i=i(k) u i=i(k+4 1) MOXKET COOTBETCTBOBATbP PaMHYHEIM
TOuKaM mocaeqoBaTenbHOCTH {¥B}, . -
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6) noaoscure
X+ 2, 2, =2y

Kt . ek ) @9

IMpaBuna (2.4) — (2.9) onmucwiBaiorT HEKOTOPYI™ TO-
C/I€10BaTEJNbHOCTL OTOGPaXKeHHu

M= GL (a0 L. 20, e 2k), k=12, (2.10)

ONpeNeNsIOMHX TOUKH ‘
) XU (X0 xk} (2.11)
H 06/afaloUuX CE0LCTBOM UHBAPUAHTHOCTY
GL(x% .00, X85 20 .., 2k) = |

=Gy (x°, ..., xk; q2° +B,...,azk +B),

rae o > 0 u B — BellleCTBeHHBIE YHCaa, T. e, orpaHluen-
HO/ QyHKUMH @ (X) M GyHKuHH a@(x) 4B conocraaser-
Cl OJIHA M Ta K€ NOCJEA0BATeJbHOCTh HCIBITAHMN {xr}.
3ameruM, uto U3 (2.3) u (2.11) cnemyer cnpaBeaauBocTs
CTPOruX HEpaBeHCTB B (2.4), MOCKOJBLKY Bce TOYKH Mo-
caefoBatenbHoCTH {x*} ABAfIOTCA momapHo PasiHYHHIMHA.

‘Coraiacho (1.46) ycaosue ocranosku g paccMartpu-
BAEMOM a/IrOPHTME OMpefeNseTCsi NpPaBHIOM

X —-xg_lge, (2.12)

rae t us (2.8), T. e. wcnHTaHUS npekpamanTcs Ha k-M
lrare, ecau JIHHA WHTEPBANa (X1, %), COlepKamiero
TOUKY X**!, He mpeBHWaeT 3amauHOl TouHocTH & (npen-
nonaraercd, uro e > 0). Takum o6pasom, yciosue oc-
TaHOBKH COMOCTAB/sT TMOCIEA0BATENILHOCTH {X*}, mopo-
XnaeMolt npasunamu (2.3) — (2.9), KOpTex

Coxk= {0, L, xk) o
U3 nepBHIX 2 4 | uneHoB sTol [10c/1e10BaTeNBHOCTH, 06+ -
Janamuui CBOHCTBOM

min min (¥ — x%) e,
€Ly jEH,
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rae Ly = {0 < i< bxt << x4, h={0<j<
< k:XZ=x*1}, npuuem npu m06oM v, 0 < v < E, nep-
Bble V YJCHOB 3TOr0 KOpTeXKa TAKMM CBOHCTBOM He 06-
AalaloT. DTOT KOPTeXK MH GYleM Ha3biBaTh yceHeHuem.
nocaedosareavrocru {x*} no ycaosuro ocranosku wuam
yce4ennoll nocie0o8areAbHOCTbI0, @ YNCIO k YIIEHOB KO-
TekKa — O0AuHOLl yceueHHOH MOCTENOBATEAbHOCTH. 3aMme-
THM, 4TO AJIMHA YCEYEHHOH TNOCJAeA0BaTeJbHOCTH 3aBH-
CHT KaK OT MHHHMH3HPyeMO# (YHKIHH ¢(x), TaK H oOT
TOYHOCTH & H Koadduuuenra r.

B kauectse oyenxku skcTpemyma, cootsercrBylOmEedt
mary R, npuMeM 3HaueHHe

¢* = min 2zt (2.13)
oo
¥ KOOPJAHHATY .
X =arg min ¢ (xf). (2.14)
xlexk -

Onucauublii  aAroputT™M  MHHUMU3AIHH byHKIMH
¢(x), x < [a, b], B nanbHelimenm YCJIOBUMCS MMEHOBATh
AA2OPUTMOM 2206ANbHO20 NOUCKA (COKpalleHHO ATII).
Hasa  uanoctpauuu byukunonuposanus ATl  wua
puc. 2.1 npuBelleHa AMarpaMMa MHHHMH3alHH HEKOTO-
poit dyukumn @(x), 0 <x <1, npu KoaddHuuenre
r=2 u tounoctn & = 0,01, ToukM nmpoBefeHUS HCMBI- -
TaHUH OTMEYeHB IUTPHXaMH, OPTOrOHAJbLHBIMH OCH a6c-
liice, a HOMep 1Iara, Ha KOTOPOM MPOBOAHMJIOCH MCHEITA- -
HHE, NIPOCTaB/IeH B KPYXKKe, CBAI3aHHOM C COOTBETCTBYIO-
IMM IOTPUXOM. PesynbraThl APYrux BHIYHCIHTENBHBIX
9KCMEepHMEHTOB GYAYT paccMOTpeHH B § 5.

BosMokHOCTH a/irOpHTMa KaK YHCJEHHOrO MeTona
AN OTHICKAHHA abCOMIOTHOTO MHHHMYyMa MHOTO3KCTpe- .
Ma/NbHBHIX (YHKUHUH ONpeleaslOTcs  CBOHCTBAMU nopo-
KNaeMBIX HM TIOC/IEN0BaTeJbHOCTEH HCnbTaHui.  Hsy-
YEHHIO 3THX CBOHCTB MOCBALULEHE BCe CeAYIOLHe TYHKTH
HacTofillero maparpada. - ‘ ,

3aMeuanue 1. [lokasaTeNbCTBO MHOTHX yTBep-
’KIeHHuil, pPacCMaTPUBAEMBIX HHXKe, OCYIIECTBJSETCS ny-
TeM NpUBEJeHHS K NPOTHBOPEUHIO ¢ ycaoBuem (2.8), 1. e, -
nyTem MpUBELEHHS K CJAEACTBHIO, YTO OuepenHoe HCMBI-

6 p. I. Crpourua
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TaHHe MOJKHO NMPOH3BOJAMUThCS B MHTEpBaje, XapaKTepH-

CTHKa KOTOPOro He SIBJSieTCs] MaKCHMaJbHOM. :
OTMeTuM elle ofHo obcToATenbeTBO. B nmanbHefimeMm

PacCMOTPEHHH HEOZHOKPAaTHO HCMOJB3yeTcs onepauus

23

Ll 111
o@@)
nenenus Ha seauyuny M us (2.5). [Ipu atoM mpenmona-
raercsi, uto M >0, 1. e. 3HaueHus 2' = @(x'), 0 < i <<
< k, no/kHB GHITh He BCe OJHHAKOBB, H Mbl He OyleM
60Jiee 3TOrO OroBapuBaTh.

3amMeuanue 2. BuumciurenoHas cxema (2.4) —
(2.9) onucana B dopme, ynoOHOH AJA AajbHEHIIEro Teo-
peTHyecKkoro ucciefoBanua. Peamusauns stoii cxemu B
BHJ€ MPOTPaMMbl [JIsi BHIYHCAHTENBHOH MAalIHHB MOXET

OLITb BHIMOJHEHa GoJjce 3KoHOMHO. Hamnpuwmep, sHaue-
Hue M = M; u3s (2.5) MmoxeT OBITb BBHIUHC/IEHO KaK

it 01 () bl

Py %, — oL [’

S

Puc. 2.1,

M, = max ‘Mk_a.

’

rue Mh-] €CTh 3HAaieHHe, HCNOJb30BAHHOE HA npenmecr-'
ByiolleM ware, 1 T. I.
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2. YchoBHSA CXOAHMOCTH.

Jlemma 2.1. [Tycro Touka T ectv npedessHas TouKa
(rouxa naxonaenus) nocredosaresvrocTu {Xx}, nopo-
o0aemotl aLeOPUTMOM NPU MUHUMUSAYUL 02PAHUYCHHOU
pynkyuu @(x), x < [a, b], npuvem T+#a u T5#b. Toe-
da nocaedosaressHocTe {x*} codepacur dee nodnociedo-
8ATEAbHOCTU, OOHA U3 KOTOPbIX CXO0UTCA K TOuKe X
caesa, a Opyeasn — cnpasa.

HNokasarteabcTBo. QuepefHoe HCNEBITAHHE, MPO-
BoduMOe B Touke x¥**!, pasGupaer uHTEpBan (X:;, X{)Ha
ABa uHTepBana (¥._y, x**') u (x**, x,), @A KoTOpHIX B
cuay (2.9) » (2.5), (2.6) cnpaBseannBo, YTO

max {(x; — ¥**1), (Pt — xp_4)}<<

<%(1 +7‘)'(x, —xi—), (2.15)

rine r > 1. OGo3naunm uepe3 { = (k) HoMep HHTEp-
Bana [X;-;, X:], colepKallero TOUKY X Ha K-M luare
(kB > 0). U3 (2.15) u ycaoBus jgeMMmbl (Touka ¥ sIBJsIET-
csl mpenenbHol) caenyer

lim (x, e xt_i) =0.

R—00
Torna, ecnn ¥ 5= x*, npu 1060M 3HAUYEHHH R, T. €. TOUKH
HCMBITAHHH He COBMAafaloT C NMpeleqbHOH TOUKOH, TO B
KauecTsBe MOANOC/AENOBAaTeNbHOCTEH, CXOAALUXCA K T
cJeBa M clpaBa, MOXKHO COOTBETCTBEHHO B3fTb I1OCJEN0-
BaTEeNbHOCTh TOUEK X¢ = Xy(qy—1 JIEBBIX H IIOCJIENOoBa-
TENbHOCTb TOYEK XP == X;p, NPABHIX KOHIOB HHTEPBAJIOB,
colepKalHX TOYKY X. -

OcraeTcq paccMOTpeTb cayuali, KOrJa Ha HEKOTOpPOM
mare ¢ HCIbHITaHHE NPOBOAHTCA B TOUKE X! = X H MO3TO-
My npH Jo06oM R > ¢ cyilecTByeT Takoe j = j(k), uro
X; = X = x% JlonmycTum, 4TO BITOM CJyyae He CYyLIECT-
BYeT MOANOC/AENOBATEIbHOCTH, CXOAfIIeACd K TOUKe I
cnepa, Toraa

lim (x; — xj—1) >0
R—>X

H CYylLlecTByeT Takof HoMep p, uTo npH k> max(p, q)
HCNIBITAHUS He [MOMajaloT B HHTepBAl (Xj-;, X;) =

6*
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= (x?, x%)==(x?, ¥), KOTOPOMY COOTBETCTBYET XapakKre-
puctuka R(j(k)) us (2.7), paBHas

R() =m (5 — ) + Lell

—2(P—o(x)— 49 (x) =
= m(x — ") (1 — ) — 4 (%),
s 16))

m (x — xP)
HOMep KoToporo oGo3nauum yepe3 ¢ = j(k) 4 1, umeem

R(t) = m(x—2) (1 —B)* — 49(%),

rie o = .Aunanoruuno nas unrepsana (%, ¥i.1),

2, —9(x)
rine B=T:-.
"Hs (25)t( 6) cneuye‘r, yro (1 —a)?2> (1 —r12
(l—ﬁ)2< (14 r1)? < 4 u nostomy

R(j)+49(x) _ (x=+)(1—r—1)?
(t) + 19 (x) 4(x, —x) !

OTKyna BhITeKaeT, 4YTO, HauHHas C HEKOTOPOro liara,
R(j(R)) > R(t(k)), (2.16)

ubo Xy —x — 0 npu k—> oo (Touka I sABJIAETCHA lpe-
denbHoil). Ho HepaBencTBo (2.16) corsacHo yc/0BHIO
(2.8) nmpoTHBOpEUHT HEBO3MOXKHOCTH HCIBITAHMA B HH-
TepBasne (x?, X

Cnyua#t OTCYTCTBHSI CXOAMMOCTH ClpaBa K TOUKe X
paccMaTpHBAaeTcs aHaJOrHuHO.

Teopema 2.1. Ilycre Touka X ectv npedeavHas
rouka nocaedosareavnocru {x*}, noposcdaemod AIlIl
npu munumudayuu aunwuyesoll ¢ Koxcrantoill K ¢yuk-
yuu @(x), x=[a, b]. Toeda

1) ecau ynkyus @(x) umeer & uurepsase [a, b].
KOHEYHOe HUCAO AOKAAbHbIX IKCTPEMYMOB, TO TOUKA T
A0KQAAbHO ONTUMANbHA;
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2) ecau Hapady ¢ T cywectsyer Opyeasn npedensras
TOuKa X nOCAeA08ATENbHOCTU {r*}, 10 @(F) = @(x);

3) zk=(x" =q¢(x) npu r0bom k= 0;

4) ecau Ha HekoTOpom wiaze Oaf Beiudunsl M u3
(2.6) cnpasedruso nepasencreo

m > 2K, , (2.17)

T0 110608 TOYKA AGCONIOTHOZ0 MUNUMYMA x* u3 (2.1
ABAACTCA N,.e0enbHOL TOUKOH NOcAed08aTesbHOCTY {x*}
u, kpome 1020, at06an npedesvHas Touka T 3Toll nocie-
008aTeAbHOCTY ABASETCS TOYKOU ABCONIOTHOZO MURUMY-
na ynxyuu (%), _

Hokxasareanbcrso. Ilyers MHUHHMH3HPYeMas
(YHKIHSA HMEeT KOHEYHOE YHMCJIO JIOKA IbHBIX IKCTpeMY-
moB. Torja cymecrByer cTob MaJjoe Yucao & > 0, uto
B uHTepBanax (¥ —96, ) u (Z, T + 6) oyuxkuus @(x)
ABJISIETC CTPOrO MOHOTOHHOA (npu £ = b win ¥ = a
COOTBETCTBEHHO CYILECTBYyeT INePBHH WJIH BTOPOH u3
9THX HHTepBaJsoB). Eciu monycturts, yto Touka % He siB-
JseTCA JIOKaJbHO ONTHMAJbHOM, TO AJS BCEX TOYEK X,
NpHHAAMeKAIHKX XOTS Obl ONHOMY M3 [BYX YKa3aHHBIX
HHTEPBAJ/IOB, CNIPaBEAJHBO HEPABEHCTBO

?(x) < o(@).

Ho BhimoHeHHe 3TOro HepaBeHCTBA, YUHTHBas CyllecT-
BOBaHHE IOJNOCAENOBATENbHOCTEHl HCHBLITAHHH, CXOHS-
muxcsd K TOYke T c/ieBa u cnpapa (nemma 2.1), mporn-
BOPEUHT TPETbEMY YyTBEePKJEHHIO HACTOSILIEH TeopeMHI.

Honyuienne CcyliecTBOBAHHS MOANOC/AEN0BATENLHOCTH
HCTIBITAHNUH, CXOASLIeACs K TOuKe X Tako#, uto ¢(¥) 7%

F=@(X), TaK:Ke NPOTHBOPEUHT TPEThEMY yTBePKACHHIO
TeOpeMBHI. .

[TokaxkeM crnpaBelMBOCTb TPETBETO yTBEPKIEHHUS.
HonycTuM NpoTHBHOE, T. €. Ha HEKOTOPOM llare =0
fonyueH pesyabTat

2= (%) < @(Z). (2.18)

O6osnaunM yepe3 j = j(k) HUIKHHI HHIEKC, COOTBETCT-
BYIOLLKA TOYKe X Ha uiare &, T. e. 2;=2% W paccMmorT-
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PHM XapaKTepUCTHKY HHTepBasa (X;-1, X;), BHUHC/se-
Mmyto cornacHo (2.7)*). Ecau BBecTH 0603Hauénue

mi{x;—x
o ;—-1)’
125 =21l

TO
R(j) =z — zia| (@ +a71) —2(2 +2-1) >
> 2{max (2, 2;-;) — min(z; 2;-1)} —
—2(2+2;-1) =—4 min (2; 2;-1),

IIOCKOJIBKY, cornacHo (2.5), (2.6), a > 1. U3 nocaenne-
ro HepaBeHCTBa M mpeanoJoxenus (2.18) cuemyer, uto

R(j)) > —49(Z) + (9(%)—27). (2.19)

N3 orpaHHYeHHOCTH BeJHUYHHB M (MHHHMH3HpYe-
Masi QYHKUHS YLOBJETBOPAeT YcaoBHIO Jlunmmuuma) u
AeMMbl 2.1 BbITeKaeT cnpaBel/IHBOCTb BBIPAXKEHHS

limR(t(R) =—4¢9(x), ~ (2.20)
R—>00

/
rie wuepes f=t¢(k) oO6o3HaueH HOMep HHTepBaJa
(X:-1, X:), comep:Kallero TOYKy ¥ Ha mare k. [Toayuen-
Hoe BhipaxeHHe u (2.19) ofecneudBalOT BHIMOJHEHHE
(2.16) mas mocratodHo Goabluux 3HaueHHH k. Takum
o6pa3oM, TouKa ¥ He MO:KeT OHiTb Ipele]bHOH, eclH
cnpaBelnuBo fonyiienne (2.18).

IloxaxeM mocjelHee YTBep:KAeHHe TeopeMbl. [Iycrh
yeaosue (2.17) BHMOMHEHO Ha HeKoTopom Iiare ¢. Tor-
na, cormacHo (2.5), (2.6), oHo OyleT BHINONHEHO U Ha
nA1060M nocJeayoleM are & = 4.

O6o3naunm uepes j == j(k) HOMep HHTepBa/a, CO-
nepxaero Touky x* u3 (2.1) ua k-m ware. Ecin Touka
X* He fABJseTcs MpeJenbHOH, TO cyllecTByeT Takoil Ho-
mep p > 0, uto npu Jaw6om k& = p

& ximy, %5]. : (2.21)

*) Tpu g = 0 caeayet paccmotpers R (1).
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[Tocko/bKy (YHKUHA yA0BJETBOPsieT YcsaoBHiO JIum-
wuua (1.3.14), To AN yKa3saHHOTO MHTepPBaja chnpabe-
JIUBO HEPaBEHCTBO

2t 21— K (—x1) <29 (x*),  [(2.22)

KoTOpOe, yuuThiBas (2.17), mo3Bo/ieT MOJYYHTb OLEHKY
anst xapakrepuctuku R (j) us (2.7)

R(j(k)) > —4g(x*), (2.23)

cnpaBefiuBylo npu mwobom k > max(p, g). C apyro#t
CTOPOHBI, AJs J1000# NpefebHON TOYKH X CIPaBeLJHBO
(2.20), npuuem @ (x*) << (). Torma u3 (2.20) u (2.23)
TaKxKe ClelyeT BHNOJHeHHe HepaBeHcTBa (2.16) mpu mo-
CTaTOYHO GOJbINHX 3HAYEHHSIX K, YTO MPOTHBOPEUHT JO-
nyumenuo (2.21). Hrag, touka x* a6cosoTHOrO MHHH-
MyMa QyHKUHH @(X) SBJIseTcA npefesbHOM TOYKON Imo-
celoBaTeNbHOCTH {x*} mpy BLIMONHEHHH ycaoBHus (2.17),
HO TOrJla B CHJy BTODOrO YTBEpXK/AeHHS TeOpeMHl BCsKas
npefienpHasg ToYka ¥ HeoOXOAUMO SfBJISIETCS TOYKOH ab-
COJIOTHOTO MHHUMYMa. [

CnencrBue. Ecau ycrosue (2.17) 8oinosneno, To
MHOXMCECTBO npedesbHblx TOYEK NOCAe008ATEAbHOCTU UC-
noTarul cosnadaer ¢ MHONCECTBOM Touek abCOAOTHO20
MURUMYMA PYHKYUU.

B uacTHocTH, eciu x* eCTb eJMHCTBEHHas TOYKa ab-
COIIOTHOTO MHHHMyMa, T. €. @(x*) < @(x) npm xz=x*,
TO

lim x* = x*,
h—»

3ameuanne 1. U3 nokasaHHoi#l TeopeMbl BEITEKaer,
4TO TpeleJbHBIMH TOUKaMU MOCAEN0BATEIbHOCTEN HCIbI-
TaHu#, nopoxaaembix AITI, MOryT OHITH JHILIL JOKAJbHO
UK rn06abHO ONTHMAJbHEE TOUKH. DTO CYIIECTBEHHO
OT/IHYaeT paccCMaTPHBAaeMBIi METOA OT aArOPHTMOB, OC-
HOBAHHBIX HAa BePOATHOCTHOH MOAEJNH BHHEPOBCKOrO Ipo-
necca (cm., Hanpumep, X. Kywuep [1]), koTopre no-
POXJAAOT MOC/Jef0BaTeNbHOCTH HCHLITAHUH, BCIOAY IJIOT-
HBIE B OoTpe3ke [a, b].

3aMeuanue 2. AIroput™ MoxeT GHITh HCIOAL30-
BaH s OTbICKaHHs BCeX KOPHeHl ypaBHeHHs ¢(x)=0,
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x&[a, b], nyreMm MunHumMH3aUMH HeBA3KH | (x)].
ITpu 3TOM KaXKABIH KOPeHb SIBISETCS TOYKOH aGCoMIOTHO-
ro MHHHMYMa HeBA3KH. )

3. Ckopocth cxoauMocTH. CKOPOCTb CXOAUMOCTH Xa-
pakTepusyeT 3¢(deKTHBHOCTb METOAA ONTHMH3AIMH, CBS-
3bIBast 3aTPaThl BHIYMC/HTEIBHBIX PECYpPCOB, H3MepsieMbie
06BIYHO YHCJIOM HCINBITAHHEH, ¢ HEKOTOPOH OIEHKOH J0-
CTHraeMo¥ TOYHOCTH ONpeleneHUs MHHHUMYMa. B Hacrosn-
1ieM NyHKYe B KauecTBe Takol Mepnl 3(($EeKTHBHOCTH MBI
paccMoTpuM naoTHOCTL ucnsiTanuld P,y B noabiHTEpBa-
aax [e, B] = [a, b], xoropas npexncrasisier co6oii OTHO-
IeHHe yucna Touek Ngg IMOC/TEN0BATENbHOCTH HCIBITAHHIT
{x*}, npuHapnexxamux uurTepsany [a, B], K ero mam-
He, T, e, ¥

Pog = B—_“E& (2.24)

Crenyiomas TeopeMa AaeT -BEPXHIO OLEHKY MJOT-
HOCTH Pag 1 MOABIHTEPBAJIOB, HE COAEPKAILUX TOUeK
a6CoMOTHOr0O MHHHMYMa. D(GGEKTHBHOCTL MeTOla B OK-
PECTHOCTAX TOuYeK abcoNIOTHOrO MHHHMYMa Oyner 06-
cyxpatbes B § 3.

Teopema 2.2. Ilycre munumusupyemas Gynkyus
¢(x), x=[a, b], sasrserca Aunwuyesod ¢ KOHCTAH-
1080 K u :

o) =) +A,  xs[a, Blc(a, b],
ede Touxka x* u3 (2.1) u p—a > 2A/K > 0. Tozda
Pop < 375, (2.25)

ecau geauwuna m yodosaetsopaer nepasencrey m =2K.

HokasareanctBo. [Has aw060ro HHTepBaja
[%i-1, %], comepxauerocs B moamiHTepBane [a, B],
cnpaBe/JIHBO, YTO

2+ 2> 20 (x*) + 24,

OTKyaAa, yuuThiBasg (2.7) u HepaseHctBo m = 2K, moay-
qyaeMm

RS =49 () +{g m(xy = xi) — 48},
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C npyro#i cTOopoHBl, 17 HHTepBana (X;-1, X;), cofiep-
katlero Touky x¥* na k-m ware (k= 1), BEINOJHAIOT-
ca HepaBeHcTBa (2.22) u (2.23). IMoaromy R(j) > R(i),
ecau X;i—x;<<16A/5m, u, ciaenosaTenbHO, MOCJAENOBa-
TeJbHOCTh {X"} He mepeceKaercs; C HHTEPBANOM (X1, Xi),
[UIHHA _ KOTOPOr0  YNOBJETBOPAeT  YKa3aHHOMY yC-
aosuto. Toukn mocienoBaTenbHoCcTH {x*} MoryT mnona-
JaTh JHWIb B MHTEpBadbl (Xi-1, %) < [e, B], maa xo-
TOPHIX CNpaBeiIuBO o6paTHoe HepaBeHcTBO. IlosTomy,
corsacHo (2.15), paccrosiHHe MeEXKAYy TOYKAMH- Xi-1, X
u3 [a, B] npu mobGom k=1 ynoBieTBOPSET YCIOBHIO
X;i— Xi—1 = 4A/5m, u uncno N,z TOUEK NOCIeLOBaTe/b-
HocTH {x¥}, mexalux B nHTepBale [a, B]:

Nap< 2 B2) 1y, (2.26)
YuureBas, uto B — o > 4A/m, moayuaem u3 (2.24) u
(2.26) yrBepxkaeHune TeopeMmbl (2.25).

3ameuanue. Ecin MHHUManpHOe 3HaueHue ¢*
#3 (2.1) aunwuuesod dynruuu ¢(x), x < [a, b], orh-
CKHBaeTcsl ¢ ToyHocThio & = 0 mo MeTody nepebopa, TO
HCMBITAHHA OCYLIECTBJASIIOTCS B KaXKJIOM Yy3J/e CETKH,
pMeloliefl mwar £<<28/K, oTKyZAa c/eflyeT, 4To IIOT-
HOCTb HcmbiTanuii (0603HauuM ee yepes Pap) B JM1060M
noawinTepsane [o, Pp] u3 [a, b] yHoBreTBOpsier He-
paBeHCTBY

P> X (2.27)

[TockoabKy npH 3TOM KOHCTaHTa JIMmwuua mnpeinona-
raercd 3alaHHOH, TO, BMECTO HCHOJNb30BAHHSA OLEHKH
(2.6), moxHo npuuars B AITI, yto m = 2K. Toraa us
(2.25) u (2.27) cnenyer, uTo '

Paas(%'s) Pis. (2.28)

Mub yxe OTMeuasH, YTO NOC/AE10BATENbHOCTH HCHBI-
TaHufi, KoTopbie npepnoxeHnwlii AITl conocraBaser
(GyHKUHAM, OTIHYHBIM OT KOHCTaHTHI, He ABAAIOTCS BCIO-
1y naorseiMH, T. e. AIII saBaserca Gosee 3KOHOMHBIM
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meronoM, 4Yem nepeGop. Hepasencrso (2.28) sBisercs
HEKOTOPOH KOJIHUECTBEHHON OUEHKOH 3TOH 5KOHOMHH
IPH yBeNUYEHHM TOYHOCTH pelleHUs 3ajaud (T. e.
6—0). B n. 5 nacrosiero maparpada Me paccMOTpuM
3HaYHTeNbHO GoJiee CHJIbHBIE OUSHKH, uem (2.28), oc-
HOBaHHble Ha NPEANONOKEHHH JIHHEHHOCTH (YHKUHMH B
noaniTepsane [a, Bl < [a, b]. iy

4. YcnoBHe OCTAaHOBKH M YCEYeHHble MOCJAEI0BATEIb-
HOCTH. YcioBHe oOCTaHOBKH (2.12) comocraBasieT 1o-
C/1e10BaTeNbHOCTH {x*} ee yceuenue

Xh= {10, ..., x*},

3aBHCslllee OT TOYHOCTH &, KOIQOHUUAELHI4 r .U MHUHH-
MH3HpYeMOH (QYHKUHH @(X), IPHYEM H3 CYILECTBOBAHUS
npefe/bHBIX TOUEK MOCJAeN0BaTeNbHOCTH {x*}u nByxcTO-
pOHHeH CXOAHMOCTH K 3THM ToukaM (1emma 2.1) cire-
Ayer, 4TO yceyeHHe HEOOXOAHMMO CYLIeCTBYET AJS JIO-
Obix €, r H Q.

B 3TOM nyHKTe MBI pacCMOTPHUM HEKOTOPHIE CBOfCTBA
yceueHHH W COOTBETCTBYIOUIMX MM OUEHOK 3KCTpeMyMa
u3 (2.13), (2.14). 3amerum, uro ecaum x* ecTb yce-
YeHHEe [OC/Hel0BATENbHOCTH HCHBITAHUA MO  YCJOBHIO
OCTaHOBKH, T. €. yCJIOBHE OCTAaHOBKHM BHINOJHAETCS Ha
ware R, 1O, cornacuo (2.8) u (2.12), cyuectByeT uu-
TepBan (Xi-i, X:), AN KOTOPOrO CHpaBeiJUBH Hepa-
BEHCTBA

R(H>R(»), 1<i<t R(OZR(), I<i<k;
(2.29)
=t <e. (2.30)

OTOT HHTEpBA/l YC/IOBUMCH MMEHOBATh UHTEPBAAOM OC-
ranogku. Touka xF! 11060 Mnoc/ae10BaTeNbHOCTH HC-
NBITAHUH, AJS KOTOPOH X* siBMseTca yceyeHHeM, HeoG-
XOAWMO MPHHAMJIEXKHT HHTEPBaly OCTAHOBKH (MCHBITA-
HHE B 9TOH TOYKE He NPOU3BOAHTCH).

Teopema 23. ITycre x* ecto yceuenue no ycao-
8uto ocranosku nocaedosaresvroctu {xk}, nopoacdae-
moit Al npu munumudayuu Aunwuyesol ¢ KOHCTAH-
108 K ¢pynkyuu ¢(x), x < [a, b]. Toeda
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1) ecau Ha waee OCTAHOBKU BbLINOAHAETCA Hepa-
BEH(TBO

m> LD, @31

2de = mi "z"‘t—:)
a rinely(———e >1, (2.32)
I={I<i<k; x—xe1>e}, (2.33)

To 0aa oyenku (2.13), nocrpoenHoli no ungopmayuu
(2.2), coorseTcTeyrOUfell Yyceueruro, cnpagedruso

(P(x)>(|)’:’ XE[X,..I, X, iEJ,

7. e. Touka x* uz (2.1) abcoArOTHO20 MUHUMYMA HE MO-
wer npuxadienaTs unTepsasy, OGAUHA KOTOPO2O npe-
svuuiaer 3a0aHHY0 TOYHOCTb €;

2) ecaur>Y a|(Va—1).20e o us (2.32), (2.33), 10
mil’l (él—l’ zi)>q)':, iEJ,

1. e. oyenxa (2.13) MUHUMAAbHOZO 3HAUEHUS PYHKYUU
docTucaerca Ha OOHOM U3 KOHYOB uHTepsara, OAuHA
KOTOPO20 He NpesvluaeT TOUHOCTY €;

3) 048 awboeo noroKureabrozo &  cyujecreyer
cToab Goabuwioe 3Haderue KoIPPuUyuenta r, 4TO TOUKU
yceuenus x* o6pasyror (e 4 8)-ceto 6 untepsare [a, b];

4) ecau r=r.>Va/(a—1), 20e a u3 (2.32), 10
0an aw000e0 r uz unTepsasa (noAoca HewyscT8UTEAb-
HOCTU)

Vale —1)<r<r,

u 0anHo20 wr u3 (2.2) ycaosue 0CTAHOBKU BbINOAHALTCA.
JlokasaTeabcTso. Beerem o6o3HayeHus

1
Ay=x;— %o Si=2 =2 W=7 (& +2)
(2.34)

u nepenuueM (2.7) Kag

§2
R(i) = mA, +7§7 —dy;, I<ik (2.35)
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3aveTuM Takxe, 4to, comacno‘ (2.5) u (2.6),
IG‘I << MA4 = r"mA:. (236)

1) Tockonmbry MuHMMU3UMpYyeMast byHKuHa yroBJaeT-
BOpsieT ycaoBuio JIlunmuuna, to

KA
CP(X)>01=P'1_T§: re o, x], I1K<iLEk
(2.37)

IMostovy, cornacuo (2.35) u (2.36), nna unTepBaOB
(%=1, x:) B (%=1, %)), YIOBJIETBOPSIIOIINX YCAOBHAM

ﬁ=xi--x

=>1, R()=RG), (2.38)

Yp—*

CHIPaBEAJIHBO HEPABEHCTBO
0= R() —R()) =4(v;—v) +
A {(m —2K) (B — 1) — r-1M},

, KA,
KOTOpO®, y4HTHIBASL, UTO ;> min (2;_y, 2;) — —5% MOX-
HO mepenucath B BHAE
0= 4{min(2;-1, 2 — v} +
+Ai{m (B —1) —r-'M — 2Kp},
OTKyJa NpH
‘ M@ —1) —2Kpr — M >0, (2.39),
cornacHo (2.37), mosiyyaem
Ce()=min (7, 2),  x&[xey, 1], (240)
IpHueM LA cnpaBefauBocTH (2.39) 10CTaTOYHO BBIMOJ-
HeHHS yCIOBHE -

K@+

Ecmu o6osnaunth uepes ¢ nomep HHTEpBa/sa ocTa-
HOBKH, TO Hu3 (2.29) — (2,33) cseayer, uro yCJIOBHS
(2.38), (2.41) BumoamsitoTes gas i< J, ecanm modmo-
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KuTh j=1¢ u p=oa. Torga us (2.40) u (2.13) cae-

JyeT CIpaBelJUBOCTb MEPBOIO YTBEPKISHHS TEOPEMBI. - -
2) Tlycrp ¢ ecTb HOMED HHTepBaJa OCTaHOBKH. Tor-

Ja, MOCKOJBKY .

. 1
min(2;-1,2;) 2 Q% py=min(2;-4,2;) + 58],

s (2:29), (2.30), (2.35) n (2.36) ana awboro je=J
no.rlyqaeM HEepaBeHCTBO

0>R()—R()> |
>mb; (1= 7+ 75) — mA, +41¢} — min (zy1,2,),

U3 KOTOPOTO BEITEKaeT CMPaBeAJHBOCTb BTOPOTO YTBEPK-
AeHus TeopeMmbl npu a(r?—2r 4 1) —r2 > 0.

3) Jns noKa3aTeJbCTBA TPETbEro  yTBEPXKIEHHS
JIOCTaTOYHO YCTAHOBHTDb, YTO CYILIECTBYeT 3HAUEHHE KO3(-
¢dunueHTa r, npu KOTOPOM
) A; = max (x; — xi_l) e 4 8. (2.42)

1<igk

[Mpeacrasum Benuuudy A; u3 (2.42) B Buge A;=+ye u
BocnoJab3yemcs HepaseHctBamu (2.29), (2.30) mas uH-
TepBaja OCTAHOBKH, KOTOphe, yunThBas (2.35), (2.36),
JIAI0T BhIpaxeHue

N §2 §2
03 R()—R()Zm, (7 1)+ [t — o-+4w— 1),
)
rjge 4JeH B qmrypﬂblx cxo6xax MOXeT OBbITh 3aMeHeH

A,
HUXKHeR oueHkol — {4M (b — a) —|——}. B pesyabra-
Te MoJyyaeM HepaBEHCTBO AJIS BEJHUHHBI Y )
1 8(b—a)

VS + gr=y

mpM  BHBOZE KOTOPOTO  HCHOMB3OBAJOCh  CAENCTBHE
. . : .
A= %(1 ——;—), BuTekapmee n3 (2.15). TakuM 06-

pasom, y— 1 mpu r — oo,
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4) Cornacho (2.35), (2.36) npoussogHasws MO 7 OT
pasuoctu R(j) —R(f), rae ¢ ecTb HOMep uHTepBaja
OCTaHOBKH, YyINOBJIETBOPAIOIIHHA HepaBeHcTBaM (2.29),
(2.30), u j& J, uMeeT HHKHIOW OUEHKY BHIA

ma o (1 =) = 1]

H, CJel0BaTeNbHO, YKa3saHHasA NPOM3BOAHAs HeOTpHLA-
TeabHa npu 7= Va/ (o — 1). [TostoMy mas moboro 3Ha-
YEHHA 7 M3 INOJOCH HEYyBCTBHUTENbHOCTH, YKa3aHHOH B
YCIOBHAIX TEOPEeMBl, XapakTepucTHku R(j), j/J, ne
Goabuie, ueM XapakTepHCTHKAa R(f) HEKOTOpOro MHTep-
Bana (X;-1, X;), AJIHHA KOTOPOTO He NMpeBHILIAET g, T. €.
yerosus (2.29), (2.30) ynoBmeTBOPSIIOTCS A HEKOTO-
poro ¢, KoTopoe MOXeT ObITb Da3/JHYHBIM LISl PasJuy-
HbIX 3HAUEHMH I U3 MOJOCH HEYYBCTBHTEIbHOCTH.

3ameuanne. OrMeruMm cBsi3b ycaosua (2.31) u
AdocrartoyHoro ycaous (2.17) cxommmocTH Mertola H3
teopembl 2.1, Ilpn ¢—0 naa uxtepBasios, He cozepka-
IHX a6COMOTHOIO MHHUMYMa, HMEeT MecTo

(xj_ i—l)/e_') 0,

TaK KaK 3TH HHTEPBaJbl He COAePKAT NMpelelbHBIX TOYeK
nocnefoBaTe bHOCTH ucneiTanuil, [Ipn stom (2.31) ne-
pexoaut B (2.17).

5. CtpoeHne MOCJAEN0BATENbHOCTH B HHTEPBAJax JH-
HeiiHocTH ¢yHkumuu. ITycTs B uuTepBase [x?, ¥7] mexnay
ABYMA TOYKaMH MOCNEN0BAaTeNbHOCTH, {xk}, mopoxkiae-
MO# aJropuTMOM Try06aJbHOrO MNOMCKA, MHHHMH3HpYe-
Mas ¢yHKIHA @ (x) ABIAETCH JUHEHHOH, T. e,

e(x) =A(x—x") +o(x7), xe& [, 27,

u OycTb NpH k== max(p, q) sennunHa m u3 (2.5), (2.6)
He H3MeHseTcd (3TO HEeM3MEHHOe 3HaueHHe BeJHUYUHHE M
~00603HayUM uepe3 m,). Toraa pacmno/nokeHne J1060ro
gucaa s> 1 rtouek x*, ..., %",k <...<k, nocie-
ZosatenbHoctd  {x'}, nNpuHamNeKaAlIMX  HHTePBATY
[x?, x9], rne ’

{xre, o0, 2ol = (0, Lo, xPsh N xe, X9,
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cOBMajaeT ¢ Pacro/oXKeHHeM NMEpBHIX § HCNHITAHUA mpu
MHHHMU3ALMA YKa3aHHOH JHHeHHOR (YHKUMM B HHTEp-
Bane [x?, x?] ¢ nomompio ATTI npu sHaueHun Ko3ddu-
LHeHTa 7, DABHOM 7 == My [A.

B cBA3HM € 3TUM NOpeACTaBJAfeT HHTepeC H3yueHHe
PACIO/OKEHHsT TOYeK IMOCeN0BaTeNbHOCTe! HCIBITaHHMA
{x*}, mopoxiaeMblX aArOPATMOM AJIs JIHHEHAHHIX (YHK-
UMl NpH PA3IHUHBIX 3HAUEHHAX KO3QPHUHeHTA r, MPH-
yeM, IOCKOAbKY Ji06ast JHHeHHas OYHKUUA SBJASETCH
OJHOPONHOH, TO, YYHTHIBAsA C60UCTE0 UHBAPUAHTHOCTU
noc/efl0BaTeNbHOCTeH HcnbiTaHul (cM. M. 1 Hacrosulero
naparpada), AOCTATOUHO PaccMOTpeTb TPH cCaydas:

¢(x) =0, xe [0, 1], (2.43)
@(x)=1x, x=[0,1], (2.44)
Co(x) =—x, xe[—1,0],

rle [Ba NOCTEQHHX cayuas CHMMETPHYHH (33 HCKJIO-
yeHHeM CHTyalui#, Korja MakcHMa/bHOe 3HaueHHe Xa-
pakTepucTHKH H3 (2.8) OAHOBPEMEHHO NOCTHUraeTcs B
HECKOJbKHX HHTEpBalax).

Jlaa omucaHHs B3aUMHOTO DacHOJOXKEHHS TOYeK Io-
cJeI0BaTEeNbHOCTH HCIBITAHHWH BBeJeM IMOHSTHE TOTMOJO-
THH TIOC/AEI0BaTENbHOCTH.

Onpenenenne 2.1. Iycrs {{(k)} ecrb coorser-
cTByomas {x*} nocJel0BaTeJbHOCTE HOMEPOB HHTEp-
BaJoB, YIOBJETBOpsOUEX ycaoBuaM (238), (2.9), . e
cofepKAlIMX TOUKY X**! ouepennoro wemmiramus: tH! e
& (%,-1, %), t=t(k). Toraia mnocneLOBaTeNbHOCTD Lie-
JIBIX UHCEN Ty, Toy «.. THE Ty =1, T, =t(k—1), k> 1,
cooTBeTCTBylOIyl0 mociefoBaTeqbHocThH  {x}, Gyrem
Ha3wBaTh TOnosoeued nocaedosaresvrocTu {x¥} wam
TONOM02UEL NOUCKA, a ee TepBble R YJeHOB, T. €. Ti, ...
..., Tn HasoBeM k-Tonosozuedi. Takum o6pasoM, TOMNO-
JIOTHSI €CTh IOC/eJ0BaTEJbHOCTh HOMEDOB HHTEPBAJIOB,
B KOTOPHLIX HA COOTBETCTBYIOLIUX IIarax MOHCKA BHINON-
HAIOTCH WCMBITAHHS. .

BBejeHHOe MOHATHE IM03BOJAET YCTAHOBHTL KJjaccu-
(GHUKALHIO [0C]€10BaTEIbHOCTEH HMCIBITAHHA MO HX TO-
M0JIOTHSIM, H OCHOBHOH LE/JbI0 PacCMOTPeHHs, MPOBOLH-
MOrQ B HaCTOAllEeM NYHKTe, SBJASETCS BBIACHEHHE TeX
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-

KPHTHYECKHX 3HAaueHH# Ko3ddULHEHTa r, NPH KOTOPHIX
NPOHCXOAUT INepexoj] OT ONHHX TONOJIOTHH K APYTHM.
Kpome TOro, Mbl nosyuuM HEKOTOphle OUEHKH HJIOTHOCTH
HCIBITAaHUA B MHTePBa/laX JHHEHHOCTH (YHKLHH, He CO-
HepxKaulux ToyeK abCOMIOTHOrO MHUHHMYMAa. DTH OLUEHKHU
3HAYUTEJbHO CHJIbHEE, YeM HepaBeHcTBa (2.28), BHIBOJ
KOTOPBIX OCHOBaH Ha O6ojiee clabbiXx MNPEANOJNONKEHUAX.

Teopema 24. [laa scex pynxyud suda ¢(x) =
= const cywecrsyer eduncréennas Tonosoeus

T T ... =1, (1), (1, 3), (1,3,5,7), ...

cew (1,3, .., 2—1), ..., (245)

npedcrasasowjan coboil nocaedosareabrocTe epynn no
21 gospacraroujux HeueTHolx wucear, Hawumas ¢ 1 u
Konuan 2" —1, ede n=1, 2, ..., npusem camou nepsod
epynne (n = 1) npedwecrsyer 1.

-~ Ecau munumusupyeman pynxyus a8iseTcs Aunelino
so3pacrarowet, To

1) 1,7, ...=1,1,... npu 1<r<r(1°°)=2+]/3, ’

T. e. Kaxdoe ouepedHoe ucnelTanue ocywecreanercs 8
nepsom uurepsase; N
2) npu o ! ’,
(N (N—1
ri ) < f< ry ), N > 3)

ede ) =(1—=20")"1 4 MM ecro Oedcreuressnoul
KOpenb ypasrenusn

AWM —34+1=0, (2.46)
ronosoeun noucka cocrour u3 (N — 1)-ronosoeuu, co-
Oepacaujeld auwb eOunuysl, conposoxdaemol nocredo-
sareavtoctoro nap (1, N), r. e.
=1 ..., =1, (tv=1, TN+1=N), e

3) ree (tN-lv_2l= l’ 171\14-21-14:1\/)9 ey

3) npu 1Y =3 4 2Vh<r<rY,  ede > =

=(1=2A)"1 u A — desicreuresvrou Kopens ypas-
HeHus

MW—2A2—2) 41 =0, (2.47)
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TONOAO2UA COCTOUT u3 08Yyx edunuy, conpoeoolcdae/nbtx
nocaedosaresvroctoro nap (1, 3), 1. e.

T Ty ...=1,1,(1,3), (1.3), ...

HdokaszarteabcrBo. Ecan  muHuMu3upyemas
GyHKUUS SABASETCS KOHCTaHTOM, TO, coraacHo (2.43) u

(2.5) — (29),
2 ’

rae Homep ¢ = f(k) ompenensiercsi yCJIOBHSIMH

Xy — X1 > xj_xj—ls l < j < t)
Xp— Xpmy 2= Xj— Xj-1, t<j<k

]
CrnenoBaTesbHO, Kax<floe OuepeJHOe HCNHTaHHEe OCY-
IEeCTBJAAETCS B CEePeAMHHON TOYKe CaMOro JJIHHHOTO HH-
TepBajsa, JieBee KOTOPOrO HET HHTepBAJNOB TaKoH Xe
ILJHHBI, OTKyJda BHITEKaeT CﬂpaBeIlJI-HBOCTb yTBepxKae-
Hus (2.45).

Tenepp paccmoTpuMm caydai (2. 44) T. €. MUHHMHU3H-
pyemas GyHKUMS fABJAseTCs JHHEHHO BO3pacTaollei.
B stom ciayuae undopmanus (2.2) coctour M3 map BH-
na (xi, xi), 1. €.

o, = {(x, %):0< i<k},
_npnueM, cornacuo (2.3) u (2.4),
Il=xn<pn<...<xr=1 . (2.48)

[MostoMy BuipaxkeHus (2.7) u (2.9) moryt OHITH COOT-
BETCTBEHHO NepenucaHbl B Bpme

R(i) = (% = %i-1) 7—57, 1 —4x;y, (2.49)
X = x, + (1 —-A)x,_l, ©(2.50)
rjie MCHoJb30BaHO o603HaueHHe
1 1 :
A= ?(1 - 7). O (2.50)

7p.T. CTPOHIHH



98 MHUHHUMU3ALIUS OOHOMEPHBIX ®YHKLIUM [ra. 11

O6o3nauuM TOUKH X; H3 (2.48) M XapaKTepHCTHKH
R(i) u3z (2.49),. coorsercTBylollHe HHOOPMAUUH @y,
yepe3 x; = x;(k) u R (i) = R(i). [TokaxkeM, 4T0

xy (k) = A¥-1, - (252)

R (1) = 220 (2.53)

ecaiu k-tomosorus Mocnel0BaTeNbHOCTH {X*} colep:KuT
N unenoB (N << k), paBubix | (1. e. B TeueHue 2 waros
HenblTanuss N pa3 npOH3BOAHJIHCH B NEPBOM HHTepBaJe).
CnpasennuBocTe (2.52) HemenseHHo caenyer u3 (2.50),
ecqd ydecTb, 4rto, corsacHo (2.48), xo(k) =0 u mpu
k=1 umeer mecto N=1, 1. e. x,(1) = 1. Buipaxe-
Hue (2.53) BeITekaer u3 (2.49) mociae MOACTAHOBKH X
. H3 (2.52) u x=0.

[TepeiizeM K [10OKa3aTeJbCTBY MEepPBOro YTBep}KlIEHHH
TteopeMbl. [lockosbKy mpu Jawo6om r > 1 BeauuuHa A H3
(2.51) npunagnexur wuHTepBaay O0<<A<<1/2, TO
Ilvim R,(1) = 0, mpuuem xapakTepHcTHKa R,(1) sBiser-
—>»00

" cA MOJIOXKHTENbHOH I8 Bcex sHaueHud &= 1. Tlosro-
My, cormacHo ycaoBuio (2.8), uHTepBanm (X, (k),
Xk(R)) He MOXeT comepXKaTbh TOUEK IMOC/JeL0BATEIbHOCTH
{x*}, ecnn Ry(k) < 0.

N3 onpenenenns 2.1 u yciaoBus Hymepauuu (2.48)
cnepyer, 4To Ty =1 H Tp=1, T. e, 2-Tomojorus npu
mo6om r > 1 umeer Bua 1,1. TlostomMy (Xe-;, xx)=
= (A, 1) npu k= 2, u ycJOBHE HEMOJOXKHTEIbHOCTH Xa-
PaKkTepUCTUKH ITOTO MHTEePBaJja Noc/e MOACTAHOBKH 3Ha-
YeHHH Xp-1 = A H Xp= 1 B (2.49) moxkeT GHITb 3aMHCAHO
B BUJEe HepaBeHCTBa

A2—3h 410
KOTOpOE YIOBJETBOPSETCs MpH

0 < 7"< }"(100) = 3—2V5»

410, coryacHo (2.51), sKBHBaNeHTHO HepaBeHCTBY | <
<r<r®™ us NnepBOro yTBep:KAeHWUs TeopeMul. Hrak,
- {

3-TQNOJIOrHSA NPH r“gr{”’ COCTOUT M3 eJHHHII,
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[Tyctb k-tomosorusi (E>=3) coCTOMT H3 eIMHHIL
Torna us (2.52) BeiTekaer, uTo

o= {(0, 0), (A*%, A1), ... (A, 1), (1, 1)}, (2.54)

OTKy/a CJIELyeT, 4TO xapakrepuctukn R (i) u3 (2.49)
MOTyT OBITh BHIPaXKeHB! uepes R (k) xak :

Rr(i) =A-"Ry(k), 1<i<k.

Mostomy Rr(i) << Ru(k) mpu 1 << i << k u, caenoBareb-
Ho, (k- 1)-i uneH TOMOJOrHH TaKXe DaBeH eIUHHIE,
ecan r<ri™. '
Hoxkaxem BTOpoe yTBepxieHue. Urobw npu N-To-
noJjorny, cocrositled u3 enunun, (N -+ 1)-e ucmerranue
OblIo MPOBeLeHO B HHTepBajte (Xy—1, Xy) = (A, 1), He-
06XOIHMO H  JIOCTATOYHO BBHINOJNHEHHUS HepPaBeHCTBA
Ry(1) < Ry(N), KOTOpoe 5KBHBAJNEHTHO TpeGOBAHMUIO
r>r™, rae iV COOTBETCTBYeT eIMHCTBEHHOMY jefi-

CTBUTEJIbHOMY KOPHIO A ypasHenus (2.46). ITpu stom,
nockoabky iV <r{" " (samernm, uro 3mauenus re
He cywmectsyer), TO mpu r>r{V " N-romosiorus, co-
crosiuiasi u3 N eluHHIl, He MOKeT peajn3oBaTbei. [lo-
sToMy ass noayyenus (N 4 1)-tomosorun Buga

u=1 .., w=1 ta=N (255

HeOOXOAMMO M  JOCTATOYHO  BLINONHEHHA  YCIOBHE
M = e N> 3.

CornacHo (2.50) ucnbiTanue, NoMajamollee B HH-
TepBas (A, 1), Aeant ero ma aBa mOAbIHTepBa’da [A,
(2—MA)A] u [A(2—A), 1]. Tlockoabky 3nauenus r{?
He cymlecTByeT, To uHTepBaJ (A, 1) Oymer comepxaTh
He O0oJiee OJHOTO WCTILITAHWS, €CJAH XapaKTePHCTHKA
noaerepBana [A, (2—A)A] GymeT HemoJoKHTENLHOH,
IS 4ero 10CTaTouHo, utobm  r<ry”, rae ¥ coor-
BETCTBYeT  eIMHCTBEHHOMY MefCTBHTEJIBHOMY KODHIO
A;™) ypaprenus (2.47). Ipu stom ns Y =3+215 u
) >9 caenyer, uro aaa qo6oro N >3 HepaBeHCTBa

A< r << (2.56)
” ’
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ABJISIOTCS HENPOTHBOPEUNBEIMH U npu N = 3 nepexoaar
B HepaBeHctBa  rP <r<{r¥ (uamommmM, uro r?
He CYLIeCTBYeT), yKa3aHHHe B (OPMYJAHPOBKE TPETbEro
YTBEPIKIEHHS TEOPEMBI.

Takum o6pasom, [as 3HaueHui Koapduunenta r us
unrepBana (2.56) (N + l)-tomosorusi coBmamaer ¢
(2.55), n untepBamnl (A, (2—A)A), (A(2—A), 1) He
COLep:KaT TOYEK MoclaenoBaTeJqbHOCTH {x*}, n6o xapak-
TEPHCTHKH 3THX HHTEDPBAJOB HENOJOKHTeNbHL. Mckiio-
UHM 3T 1Ba MHTepBa/ia W3 JajbHeHIIEro paccMOTPeHus
H COOTBETCTBEHHO HCK/IIOUAM mapnl (A(2—A), A(2—21))
u (1,1) u3 MHOXKeCTBAa wy.i. B ocraBuiefica wactu [0,
A] obnactn onpenenenus comepxarcsi Toukn N — 1 He.
MBHITAHHA, KOTOPHIM COOTBETCTBYET (N — 1) -ronosorus,
coCToAUlasA U3 eNHHHUL.

3aMeHuM nmepeMeHHylo x Ha xA~! (Takas 3ameHa He
H3MEHFET TONOJIOTHIO, HOO NHHeHHAs (QYHKUUS ABJAgeTCSH
OLHODOJAHOH M MOC/IENOBATE/NBHOCTH, MOPOXKAAEMEIe aJ-
TOPHTMOM, 0061a1al0T HHBADHAHTHOCTBIO NMPH YMHOXKe-
HHH MHHUMH3UDYeMOH QYHKLUHMH HA MOJIONKHTENBHYIO KOH-
crauty). Torpa unbopmauns o, COOTBETCTBYyIOILIAsA OC-
TAaBLIMMCS TOUKAM HCHLITAaHHH (B HOBBHIX KOOpAHHa-
Tax) umeer BuA (2.54), eCAM NOJOKHTDH k=N—1,
ITostomy npu r u3 (2.56) ouepeanbie ABa wmembITAHHS
6YAYT COOTBETCTBEHHO TpPOBeleHH B uurepBajse (0,
A"-%) u B uurepBaze (A, 1) (B HOBHIX KOOpIHHaTax),
ocie uero uHrepBan (A, 1), cooTsercTByOMmH HHTEp-
Bady (A% A) B HCXOAHHX KOOpIHHATAX, TAKXKE MOMKET
ObITb  MCKJIOYEH M3  JajbHeiIero paccMoTpenus
HT I

3ameuanune. Mol paccmorpenn clyyall JIMHeHHO
BO3pacTaiomen Qyukumu. Paccmotpenne nuneino y6nl-
Bawlllefl (YHKIUH NPOBOAMTCA aHAJOTHYHO. [Tpu stom
TOMNOJIOTHA ~ MOC/NENAOBATeNbHOCTH HCHBITAHUH COOTBET-
CTBEHHO IJIA NEPBOTO, BTOPOrO M TPETHETO YCIOBHE pac-
CMOTPEHHOH TeOpeMbl HMeeT BUI

Ty, ...=1,1,234,56,7, ...,
™ T...=1123 .., N—1, (N, 1), (N+2,3),...
v (N2, 2041y, ..,
™ T ...=11,(2,1), (4, 3), (6, 9), (87),...
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Takum o6pasou, TeopemMa 2.4 omuceiBaer pasbuenHde

yHTEpBana (1, r§°°’]3ﬂaqeﬂnﬁ Koaduunenta r Ha cyer-
HOe 4HCJIO0 OobJsacTefl, KaXa0# M3 KOTOPBIX COOTBETCTBYET
CBOSI TOMNOJIOTHSl NOCAEA0BATeIbHOCTH TOUEK HCIBITAHHI
NpH MHUHMMHU3AUUH JIUHEAHBIX (YHKUHH, NpuyeM TOMO-
JIOTHH /I BO3pacTamlluX M yObBalomux (QyHKUMI sB-
JIRIOTCS Pa3/HYHBIMU M HE COBNAJal0T C TOMOJOrHEN IMpu
MHHAMH341lHd KOHCTAHTHl (MOCAEIHAA TOMOJIOTHA $IB-
JSIeTCSl  €AMHCTBEHHOH [/ BceX 3HaueHHH Koaddu-
LHEHTa 7).

[Tepsrie BOceMb 3HayeHHH (C TOUHOCTBIO MO TPeX
uudp nocre 3amATOM) BeJHUHHB ry) npuBeaeHH  pJs
WIJIIOCTPALHY B cJenyloled Tabauie:

N 3 4 5 [ 7 8 9 10

rM 15,828 14,675 [4,378 4,287 '4,255 4,243 | 4,238 | 4,237

ITpu stomM ans moboro 3Hauenus N > 10 cmpasea-
JUBA HHXKHSIS OLeHKa ry" > 4,236,

Bocrniosib3yemcss  NONyYeHHBIMH — pe3yJbTaTaMu AJs
BBIBOJA OLGHOK YHCJA WCTIBITAHHA H MJOTHOCTH HCIHbI-
TaHHR B MOJAbIHTepBaje O6JacTH OMpejeNeHHs, He COo-
JepXauleM TOYeK albCOMIOTHOrO MHHUMyMa (YHKLHH,
KOTOpas fABJAETCA JIMHEHHOH M OTJHYHOM OT KOHCTaHTHI
B 3TOM MNOJLIHTEpBaJeE.

CanenctBue. [lycte xP, x? ectv Touxku nocaedosa-
reasHocTu {x*}, nopoxmdaemol arecopurmom npu MuHu-
musayuu aunuwuyesod ¢ koncrantod K ¢ynkyuu ¢(x),
x & [a, b], koropaa asaserca aunelinol 8 untepsase
[a, B] = [x7, x7], .

p(x) =A(x—a) +o(a), *=[a, B], (2.57)
npuuem

min{g(a), ()} =@ (x*) +A > q(x*), (2.58)

2de x* ecto TouKa abcoaroTHo20 munumyma us (2.1), u
nycto npu k = max-(p, q)eesusuna m u3 (2.6) 841
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ercs nocToanHol u ydosiaersopaer nepasexcrsy (2.17).

Tozda 0aa uucaa Nog TOek nocaedosareavroctu {x*}, g
codepacausuxca 8 nodwinrepsare [a, B], cnpasedrusa ¥
OyeHKa

Nep <y In (2522}, 259

ede p=1, ecau m/|A| <4, u p=2, ecau mf|A| <09. ‘
HoxkasateanbctBo. [lpexnonoxuM aas onpene-

JIEHHOCTH, 4TO Koadpduunent A s (2.57) ABasercs moJo-

XKHuTeabHbIM. Tormga mMexnay ¢yHkuueh ]

Y(y) =y, y&]0, 1],

ﬁa (2.44) u dyukumeit (2.57) cymecTByer Cileayiolilee ﬁ;

COOTBETCTBHE: i

(P(x)=A(ﬁ_a)lp(g%§)+(P(°‘). r=F0—a)y+a, ’

i ’ l
npuyeM, corsiacHo (2.58),

@(a) = @(x*) +A. £ (2.60)

[Ipu stom u3 (2.5) — (2.7) cnenyer, 4TO XapaKTepHCTH- |
K# R, (i) uHTepBaNoB (Yi—1,4:;) U3 NMEPBOH 3amayu M Xa- i‘
paKTepHCTHKH R, (i) COOTBETCTBYIOLINX HHTEPBAJOB (Xi—j, H
X;) M3 BTOPOH 3alauM CBA3aHbI COOTHOUICHHEM

R(i) =A(B—a)R, () —dg(a). (261)

g

OGosnayum uepes j=j(k), rae k> max(p, q),
HOMep HHTepBana (Xj-1, X;) = (o, X;), JEeBBIM KOHLOM
KOTOPOro fIBJfIeTCS TOYKa o == xP, U npumem, yto N — |
€CTb YHCJIO TOYeK MOocAefoBaTeNbHOCTH {Xx*}, ymoBAETBO-
PAIOLINX YC/JOBHIO

e (x?, Ha-n < [a, B]. (2.62)

[Tockombky ycsoBHe (2.17) npeanosaraetcs BBINOJHEH-
HBIM U MHTepBaJl [a, ] He COMepXKHUT TOUeK abCOMIOTHOTO
MHHHMYyMa (yHKUHH @(x), TO u3 TeopemHl 2.1 cienyer,
uto- uucao N—1  apaserca koHneuHeM. [TosTomy cy-

AR
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llecTBYeT CTO/b GO/bIIOE S > max(p, ¢), 4To npu Jio-
6oM k& = s unTepBan (¥;_;, X;) He COLEPKHT TOUeK MoCJe-
noBatejbHocTH {x*}. Tak Kak 3TOT HHTepBai (CM.
(2.62)) oGpasoBasics B pe3y/abTaTe INOCJAENOBATENLHOTO
nonaganua N — | ucneiTanuii B 1eBull (MepBblil) uHTEpBa.I
noxbiHTepBana [a, B], TO, coraacHo (2.53), (2.60)
1 (2.61), ero xapakTepHcTHKa HMeeT BHJ

R(G)=AB—a) 2 4 () +4), (263)

rae A u3 (2.51) npn r = mA-L

Tenepb o6o3HauuM yepe3 { == {(k) HOMep HHTepBasa
(Xi=1, %:), colepxautero Touky x*. Jlns XapakrepHCTH-
KH R(f) sTOoro HHTepBaja cHpaBelJHBH BhIpaXKeHHE
(2.20) mn ouenxka (2.23) u3 teopemer 2.1. Iloatomy, co-
rnacHo (2.8), xapakrepuctuka R(j) HuHTepBasia (X,
X;), He cOIepiKallero TOYEK IMocJenoBaTeNbHOCTH {xk},
JIO/I?XHA YAOBJETBOPSITh HEPABEHCTBY

R(j) < —4o(x*),

KOTOpOoe, YyuHuThiBas (2.63), ompenejeHHe BeNHYHHB A
0 r =mA-', MOXKHO NPHBECTH K BULY

A
'“{m(ﬁ—-a)}
NHl<s—o—

U3 Tteopembl 2.4 caepyeT, uTO uyHc10 Nag TOuek no-
caefioBaTeNbHOCTH {¥°}, mpHHAAJexallHX HHTepBady [a,
B], cosmamaer ¢ N+4+1, ecin r=mA1<<241Y5,
H Nog << 2(N + 1), ecan r<9 < r¥”. Otciona, yunTsiBas
HepaBeHcTBa (2.64) u A << 1/2, monyyaeM yTBepKIeHHe
TeopeMul (2.59). R

3ameuanune. Ecanm npu 3afaHHOM 3HayeHHH KOII-
crautel Jlummuua K MuHEMH3auus  QyHkuun @ (x),
x < [a, b], Bunosnsiercss no meroay nepe6opa c Tou-
HOCTbIO § Nno 3HayeHHIO QyHKUMH (CM. 3aMeyaHHe K Teo-
peme 2.2), 1o uncio Nyg y310B coOTBETCTByIOUEH ceT-
KH, NpHHamJexalx uHTepBany [a, B], yroBrerBopsier
HEpaBeHCTBY - -

Kp—a)

Nep > ="g5—

(2.64)
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‘Torza u3 (2.59), nonoxus m == 2K, noayyaeM OLEHKY
46
Nop < o2 1n{( A)Naﬁ},

KOTOpasi CuibHee HepaBeHCTBa (2.28).
Caenyomas TeopemMa 00606LlaeT pe3ynbTaThl Teope-
MBI 2.4 Ha OJUH KJacCc KYCOYHO JHHEHHBIX 3ajad.
Teopema 2.5. ITycre ¢ynkyua @(x) onpedesena
npu x e [0, 27], raie p =1 ecto yeroe uucio, u

o (x) = |x—2n+1|, xe= [2(n—1), 2n], (2.65)

1< n<< 2!, 1. e. ynkyua umeer 2°-' rouex abcoaror-
HO20 MUHUMYMQ C HEYETHbIMU 3HOAYEHUAMU KOOpOUHAT:
1,3,5,...,2?—1. Toeda -

1) kpuruueckue 3Hatteuua Koappuyuenra r, pa3bu-
saoujue nPOCTPAHCTEO (r, ,00) Ha 06.4QCTU 00UHAKOBbLX
TOnoAoeuil nocaedosateavHocTell UcnbiTanull, cosnada-
10T C KPUTUHYECKUMU 3HAYEHUAMU I OAR AUHEUHbLX (DYHK-
yuil (He.KOHCTAHT);

2) npu p =1 a0boii Touke oTpesxa (l,r‘f° )] cooT-
eeTcTeyer 00HA U Ta dce Tonosoeus, a npu p > 1 odu-
HaKOBble TONOAO2UU COOTBETCTBYIOT O0OAACTAM OTPE3KA

(l, f(ioo)]7 epanuamu KOTopsvlx ABAAOTCA HUCAQ
1<2 -—-riao<-~. <r12<r11 = l +V2<f(°°),

_ 20e uwucaa riy onpedensarorca coesacHo (2.51) uepes Oeii-
CTBUTeAbHbLE KOPHU My YPABHEHUSA

NN —4r 41 =0. (2.66)

HokaszaTteabcTBo. Us Buaa dyuxkuun (2.65)
W onHcaHusl ajropurma (2. 5) — (2.9) caenyer, uyto nocsie
nepBux 2°~! 4 2 ucubTaHHi

©go—t,y ={(0,1), (1,0),(2, 1), (4, 1), (6, 1), ..., (2°, 1)}.

(2.67)

[TockoJbKy pesy/ibTaTaMu AajbHeHUINX UCHBITAHUI

B uHTepBajte (0, 1) 6ymyr 3Hauenus yOGbiBalolleil JuHel-
Ho#t QyHkuuu 1 —x, a B untepBane (l, 2) — snauenus

S SRR R

b

ol
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BO3pacraiouleit TuHefHoH GyHKuun ¥ — 1, T0 mpu p =1
KPHTHYECKHE 3HayeHHs MapaMeTpa r, NpH KOTOPHIX NPO~
HCXOJUT U3MEHEeHHe TOMOJOruil, 6yAyT coBmafaTh ¢ KpH-
THYECKHMH 3HAYEHHSIMU AJf JUHEHHBIX QYHKUHH.

3amerumM, uto B uHTepBase (0, 2) Ha s0O60M Mmiare
CyLeCTBYeT MOABbIHTEPBaJ/] C MOJOXKHTEJNbHOH XapaKTepH-
CTHKOH (Hanpumep, MOABLIHTEPBaJ, JIEBHIM KOHIIOM KOTO-
poro siBisieTcsa Touka l,— CM. OLEHKY XapaKTepHCTHUKH
NepBOr0 HHTEpBaja NPH MHHHMH3alUHW OQYHKIHA Braa
(2.44), naunyio B mOKa3saTeibcTBe TeopeMbl 2.4). [Tosto-
My npu p>1 u r<<2 TOUKM nocJenoBatesbHOCTH {Xx*}
He NMpUHAal/JexaT HUHTepBanaMm (2i, 2i 42), 1 < i << 27~
H60 3THM HHTepBajsaM COOTBETCTBYIOT HEMOJOKHTENb-
Hbleé XapaKTePUCTHKH, paBHble 2r — 4. M nockoabky
r<2<r{®, 1o obnacru (I, 2] 3HaueHuit KoadpduuneHTa
r COOTBETCTBYeT eIHHCTBEHHas TOMOJIOTHS.

Hanee, cornacuo (2.67),

R(1)=R(Q)=r+r'1-—2
M, CllefoBaTenbHo, npH 7> 142 XapaKTepUCTHKH HH-

TepBanoB (2i, 2i 4 2), 1 << i << 2P-1, 6yayr GoJbile, yeM
R(1) u R(2). ITostomy nocae 27 4 1 ucnwITanui

0, =1{(0, 1), (1,0), (2,1),(3,0), (4,1), ...
o (22 =2,1), (22 —1,0), (27, 1)}

M pe3yabpTaTaMu [JajbHEHIIHX HCOBLITAHHE B JI060M
nognitepBane (2i— 1, 2i), 1 <i<<27-!, 6ynyr 3Haue-
HUA JuHe#HO Bo3pacTaromux ¢yukuui x— 20 41,
a B noawiHtepsanax (2i, 2i 4+ 1), 0 << i << 27!, — 3naye-
HUSi JdHefiHo yOwnBalomwux ¢yHkuuit 2( 4 1 —x. Io-
ckonbky 1 4+ 1 2<rf, 10 o6nactn (1 +V'2, ri™] 3ua-
YeHHH Ko3(pduuHeHTa r COOTBeTCTBYeT (mpu AaHHOM
p > 1) eauncTBeHHasl TOMOJIOTHA, a KpUTHYECKHe 3Ha-
uenns B untepBate (r}”, co)coBnanaloT ¢ KPHTHUECKH-
MH 3HaYeHHAMH JLIA JHHEeAHBIX QYHKUHH.

Ocraercs paccmoTpeTh HHTepBan 2 <<r<<1-472
npu p > 1. Ilpu 3tom, Kak cieayer u3 (2.53), nocJe
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ocyutectsnenus 2N — | ucnbitanuii B uutepsage (0, 2)
MaKCHMaJbHast XapaKTepuCTHKa (OHa COOTBETCTBYeT
IByM INOAbLIHTepBaJaM, OOLIEH TPAHHYHOH TOYKOH KOTO-
pbiX sBAseTcd TOukKa x = | r/106aJbHOrO MHHHMYyMa)
paBHa 4AY*1(1—2A)-!. ITosTomy mast Toro, utoGbl mep-
BOe HCIBITaHHE, NpOBeleHHOe B UHTepBaae (2, 4), uMeso
HoMep 27~!' 4 2N + 1, Heo6XOQMMO U JOCTATOYHO BBIIOJ-
HeHHs YCJIOBHUH

HN+H
1—2h

KoTophle, yuuThiBad (2.51), MOXHO HepenucaTh Kak

any
—on

<2r—4<

¢ My <A M,

rie Ay €CTb NEHCTBUTENBHBI KOpeHb  ypaBHeHHS
(2.66). &

3ameuanue. Tonosorun ana ¢yuxkuuit (2.65) mo-
TyT- GLITb NOCTPOEHbl HA OCHOBE TOMOJIOTHH, COOTBETCT-
BYIOLIUX JHHEAHbIM (QYHKUMSM NPH TOM Ke 3HauyeHHH
napaMerpa 7, ¢ yueTOM KPUTHUECKHX 3HAUCHHH 7 y.

PaccmoTpuM ABa npHmepa.
MDpumep 1. Myers

o(x) =[x—1], xe][0,2], . (268)

7 1'< r<r{®, Torna, cornacuo Teopemam 2.4 n 2.5, ronosorus mo-

ClIel0BAaTENLHOCTH HCTBHITAHHA COCTOHT H3 IBYX €[HHHL, CCNPOBOXKIA-
eMBIX T0C/e0BaTe/bHOCTIO map uHcea Buaa (k, k + 2), rne k=

=1,2...,Te
T, Ty ... =1, 1, (1, 3), (2, 4), (3, 5), (4.6),..., (2.69)
4TO COOTBETCTBYET CXOAHMMOCTH HCMLITAHHA (C ABYX CTOPOH) K .TOUKE
MHHHMYMa X = L.
Tpn 73 < r < 7§ rtononorns (nas Toit xe ynkuun (2.68))
coctouT u3 4-tomoJsorHu 1,1,1,3, compoBoxaaemoil nocienoBaTedb-

gocnlo 4eTBEPOK uyHcen BHAA (2R, 2k + 2,2k — 1, 2k + 5), rae kb =1,
beees T €

N Tl T2 eesy = lv 11 I, 31 (2» 4: 17 7)’ (41 6, 3, 9),‘.. (270)

Mpumep 2 Myctb p=2 101+ V2Lr<rf. Toraa
Tt =1L 11,3 (1,3,57), (24,8 10),..., (@71
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T.e. TOMOJOrUst COCTOHT H3 4-tomosoruu 1,1, 1,3, conpoBoxzaemoit
noc/ieloBaTeNIbHOCTLIO YeTBEPOK uHcen Buaa (&, &+ 2, 3k+4-2, 3k +
+4),rne k= 1,2,... Ilpn 3TOM noc/jenoBaTeNbHOCTb TOUEK HCMBITA-
HUA MOXHO pa30uTb Ha [Be MOANMOCAEAOBATENBHOCTH, OfHA M3 KOTO-
PHIX CXOXHTCA (C ABYX CTOPOH) K Touke X = | aGCONIOTHOrO MHHH-
MyMa, a BTopasi — K TOYKe X == 3 BTOPOro aGCONIOTHOrO MHHHMYMa
(Takke ¢ ABYX CTOPOH).

6. YcrofiunBocTh NpH BapHauuax 3anayu. Ilpu Bh-
BOJIe aAropuTMa rio6a/jbHOro NMOHCKA M3 BepOsSTHOCTHOMH
MIOCTAHOBKH H NpPH Ja/bHeHLIeM H3yueHUH ero (BHe CBA-
31 ¢ HCXOJHON BepOSTHOCTHOH MOCTaHOBKOH) MBI Mpeano-
Jarajid, uTO pe3y/JbTaThl HCHOBITAHHA COBNANAOT CO
3HAYEHHAMH MUHHMH3HpyeMo#l (yHKIHMH @(X) B TOuKax
ucnbitanuil x®, 1. e. 2F= g (x¥), k=0, 1, ... Onuaxko
peasbHbI BBHIYHC/AUTEJNbHBIH NpOLECC HEeH36EeXKHO COmpo-
BOXKJaeTcsl MorpelHocTaMu. IToaToMy aas npakTHYecKoil
peasin3alliyl YHCJIEHHOrO METOJa BaXKHO OLEHHTb CTeNeHb
YCTOMYMBOCTH MOJIy4aeMOro NpHOIHKEHHS M0 OTHOUICHHIO
K BO3MOXKHBHIM NMOTPELUHOCTAM B BBIYHCIEHHAX 3HaueHHIl
byHKUHY *).

3aMeruM, uTo MHUHHMH3aUuA OGYHKLHH @(x), ¥
e [a, b], npy HanMUMH OrpaHHYEHHBIX NOrpelHoCTel!
MOXKeT pacCMaTpHBaTbCi KakK MHHHMH3alHsf HEKOTOpOH
apyro# (TouHo BelyHMcaAsieMofl) GYyHKUHH (1), x]a, b],
oTaHyawleiica oT @ (x) Ha (B oblleM cayyae HErIaIKyio
WM JaxKe Pa3phbIBHYIO) OrpaHHUEHHY0 BapHallHIo, T. €.

[v(x) —o(x)| <86, x=a, b], (2.72)

npuueM npubmmxenus  Y? u x* w3 (2.13) u (2.14),
NoJIyueHHble A QYHKUMH P (X), NPUHHMAIOTCA 3a OLEH-
Ki aKcTpeMyMa ¢yHkumH ¢ (x). Torpa ycTOHuUMBOCTH MO
OTHOLIEHHIO K OrpaHHYeHHBIM TIOrPEIIHOCTAM MOXKeT
6LITb OLEHEHa, HaNnpuMep, CTeNeHblo G/IM30CTH NPHOIH-

XeHHs V' U HCKOMOro MHHMMAJbHOrO 3HaueHus ¢ (x*)

*) HccnenoBanne yCTOHYHBOCTH YHCJEHHBIX METOJOB COCTaBJisfeT
Ba:KHYI0 T/1aBy He TO/IbKO B TEOPHH ONTHMH3AUMH (CM., HamphMep,
A . H Tuxouos [l]), Ho H B ApYrHX pa3fesaXx BHIYHCIHTENbHOM
MaTeMaTHKH (cM., Hampumep, A. A. Camapckuii n A. B. Tyanuu
[1]). Onnako B Hacrosu:3M nyHkTe GYAYT PACCMOTDEHH JIHLIb HEKO-
TOPHle OLEHKH, HENOCPEACTBEHHO OTHOCSILHECS K BBEIEHHOMY aJiro-
PHTMY MHHHMH3ALHH MHOTOJKCTpeMaJbHbX (QyBKIHi.
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u3 (2.1). Cuenyilomas TeopeMa COLEPXKHT HEKOTOpHIE
OLleHKH TaKoro poja.

Teopema 2.6. [Tycto x*= {x°, ... x*} ecro yceye-
Hue (no Tounoctu e) nocaedosaTeavroctu {x*}, nopos-
daemotl arcopuTmom npu munumusayuu Gynkyuu P(x),
x < [a, b], ydosaersoparoujeii nepasencrsy (2.72), 20e
(f.(x()? ecto aunuwuyesa ¢ynxyua (¢ Kowcrawrod K).

oeda .-

aKe

W — o) <52 +8 a>1,  (2.73)

ecAu Ha waze OCTAHOBKW OAA BeAudunst m uz (2.5),
(2.6) cnpasedauso HepasencT8o

m> K(l + ]/E—J%ﬁ_‘—‘ﬁ—'”) (2.74)
20e ) : .
2ré
p= Pl?-s(rr——l)’ (2.75)

HokasarteabctTso. U3 yeaosusa Jlunmuna, (2.13)
H (2.72) ciaenyioT HepaBeHCTBa

KA |
min (i — ) — <o () <V 48, (2.76)
1Iisk

B KOTOPBIX HCIOJb30BaHH 06o3HaueHHsa (2.34) mnpwu
z=9x), 0 <i<k

OGo3HauuM uepe3 ¢ HOMep HHTepBaja OCTaHOBKH.
Torma u3 (2.29), (2.35) u (2.36) caenyer HepaBeHCTBO

0=R() —R(t) = m{Ai— A1 +r2)} —4(mi—pe),

COIVIACHO KOTOPOMY
KA Ka,
pe— ot <y — = (2.77)

eCJIH
m(m—2K) (Ai— A) —AM2=0.  (2.78)

Mockombky <y, 1 <<i<<R, O

2 2
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ecan Ay << ae, rme o > 1 (u3 ycaosuit Teopemer). Ilpu
A: > ae HepaBeHcTBO (2.79) caenmyer u3 (2.77) u (2.30),
€c/lu BBINOJIHSIeTCA YC/IO0BHE

m}K(l—l—]/-l—l—leI:—l)), @80)

jocTaTouHoe Ans crnpaBemauBocTH (2.78). U3  (2.76)
u (2.79) BuiTeKaeT oleHka (2.73), u ocraercs nokasaThb,
yro ycaoBus (2.74), (2.75) o6ecmeyuBaioT BHIIOJHEHHE
HepaBeHcTBa (2.80). -

CorsacHo (2.15)Ai>-—;—(l—r"’), 1<i<k Tlo-

stomy u3 (2.5), (2.72) m ycnosus Jlunmwnna caeayert
OlLleHKa " o6
r
TSt
noncTaHoBKa Kotopoit B (2.80) maer (2.74), (2.75). BB
Teopema 2.7. ITycro {x*} u {y¥} ecro nocaedosa-
TeAbHOCTU ucnuiTanutl, noposcoaemoie aA20PUTMOM CO-
OTBETCTBEHHO NP MUHUMUBAYUL Henpepulerotl gynKyul
o(x), x=[a,b]l, u npu munumusayuu GyuKyuL
P(y) = o(y) +6A(y), y=[a, b], orruuawweiica or
Ha oepanudentyto éapuayuro. Tozda Oas aoboeo 3a-
3auuoao k=1 cywecrsyer Takoe nOAONUTEALHOE HUCAO
8, 4TO npu
0< 6] <6

k-trononoeuu nocaedosarenvnocreid {x¥} u {y*} cosna-
darot, ecau npu Munumusayuu ¢ (x) ypastenue (2.8) 011
kamcdozo v, 1 < v << k, umeer eduncréennoe yenoe pe-
wenue t==1t(v), CcOOTBeTCT8YOWECEe UHPOPMAYUL ©y
(1. e. Ha KaxOom u3 nepevix k wazos cyujecteyer edun-
CTBEHbL UNTEPBAN, UMEIOWUll MAKCUMALbHYIO XapaKk-
TePUCTUKY).
NHokasaTeabcTBo. s coBnafeHus k-TOMNOJNOTHH
JOCTaTOYHO, YTOOBI
limyt =, 0<<iLk. (2.81)
8->0
Us ycaosuit (2.3) cienpyer, uto (2.81) Heo6Xx0ZMMO BHI-
nonusercs npu. i =0 u i=1. donycrum, uyro (2.81)
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BHINOJIHACTCS A mo6oro i, 0 << i<<v << k. [Tokaxew,
4yTo B 3TOM cayyae (2.81) cnpaBensuBO TaKke H NpH
i=wv+1.

Cornacro (2.9)

xv+l = (xg_], xt)v, (2.82)

rae ¢ = t(v) ecTb pellleHne ypaBHeHHa (2.8), mpHueM mo
YCJIOBHIO TeOpPeMbl 3TO pellleHHE SBJSETCHS eLUHCTBEH-

HBIM, T. €. -
R(t) >R(i), i+t (2.83)

XapaKTépncTuKH R(i) u3 (2.5) — (2.7) HenpepbiBHHI
no X;, 2. Kpome TOro, H3 HomylleHHsl cnpaBeAJHBOCTH
(2.81) mpu 0 < i << v caenyer, uto

Im(y) = 2= (x), 0<i<y,
>0 -

u60 GyHKUHA @(y) HempephiBHAa H dyHkuus A (y) orpa-
HuyeHa. [ToaToMy u3 cTporux HepaBeHctB (2.83) BbiTe-
Kaer, YTO MPH [AOCTaTOYHO Ma/JOM 3HayeHHH |§]

v e (hi-r, 4, (2.84)

rie t = t(v) u3s (2.83). Tenepn us (2.82), (2.84) u He-
npepsiBHOCTH (2.5), (2.9) 1m0 x; 2, 0 << i<Cw, caenyer
cnpaBeaauBocTs (2.81) mpu i=wv + 1. :
3ameuanue. Iloguepkuem, uro ouenka (2.73)
TOYHOCTH MNOJIyYyaeMoro NpUOMHKeHHA M3 TeopeMH 2.6
W ycrod4usocts k-ronoaoeut, paccMOTpeHHasi B TeopeMe
2.7, npeanosiaraloT JHWb MaJOCTb BapHallMd MHHHUMH3H~
pyemoil (GyHKUMH (HampuMmep, MaJOCTb MOTPEeIIHOCTe;,
BBI3BIBAIOIIHX BapHALMIO 341aud) M He TPeOYIOT raajg-
KOCTH HJIH HENPepLIBHOCTH 3TOH Bapuauuu. TakuMm o6pa-

30M, TaKasl XapaKTe€pHCTHKa JIOKaJbHOIO TMOBeJeHUS -

(YHKUHH, KaK TIJaJKOCTb, HIPaiollass BaXKHYI pOJb
B TEOPHH METOJIOB BBIYHC/IEHHS JIOKAJbHO ONTHMAdbHbIX
TOYeK, He SBJAAETCS CYLIECTBEHHOH NPH MHHHMH3ALHH
MHOTO9KCTPEMAJbHbIX (DYHKIHKH C NOMOWIBIO NpeaaoxKeH-
HOrO aJropHTMa IVI06a/IbHOrO IOHCKa.

s AATI0CTpALMKE OTMETHM, YTO, HAalpHMep, OlleHKa
(2.59) ans wmena nenbiTavuit B noAsiHTEpBale [o, B] u3
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(2.57) ocraercs cnpaBeATUBO#l H B c/aydae, KOria B 3TOM
NOJAbIHTEpBAaNe MHHHMHU3NpyeMass (QYHKUHS OTJAHYaeTCH
OT JHHEHHON Ha NOCTAaTOYHO MaJjyio (B OCTaJbHOM I[pO-
H3BOJIBHYIO) BapHalHIo.

§ 3. Yckopernne CXOLUMOCTH

Leabio Hacrosimero naparpaga sBJfeTcs H3yuyeHue
BO3MOXKHOCTEl YCKODEHHS] CXOAHMOCTH MpH pelleHHH
MHOrO3KCTpeMaJbHbIX 3afgau Buga (2.1). Opun -cnocob
TAKOr0 YCKOpeHHs Mbl yXKe OOCYKAaJH B NepBOH TI/aBe
(§ 2, n. 1). CornacHo sToMy crmocofy pellleHHe 3afauH
pa36uBaeTcs Ha ABa 3Tana. CHayala OTHICKHBaeTCs MpH-
G/aMKEHHe, JexKalllee B 06/JaCTH NPHUTSKeHHA I106aJbHO-
ro skcrpemyMa (T. e. pemaercss cOGCTBEHHO MHOTO3KCT-
peMaJbHasi 3ajaya), a 3aTeM MoJydeHHOe NpHOJIHKeHHE
yTouHsieTcsl JOKaNbHBIMH MeTOJaMH, 06J/1aJlalolKMH Teo-
MeTpHuecKo#l (uau Gosee OLICTPOH) CXOAHMOCTBIO, YTO
i O06ecreyHBaeT YCKOpPEHHe Ha 3aK/IOYHTENbHOH YacTH
HOHCKa.

Tako#t noaXxOA mnpeanosaraeT BO3MOXHOCTh  (op-
MaJIbHOTO Onpe/ieleHUsl MOMeHTa IepeKMIoueHHst ¢ OJHOTO .
MeTOJda Ha APYrof, T. €. OLEHKY TOro, YTO HaMJeHHOe
NpUO/IUKEHHE JEKHT B 06JACTH NPUTSKEHHs TJ06aJb-
HOro skctpemyMma. TpyAHOCTb TOCTPOEHHA TAKHX OLEHOK
NPHBOIHT K TOMY, uTO B GOJIBIIHHCTBE METOAOB (CM., Ha-
npumep, 1. IV, § 1, B kuure . U. Batumena [1]
unu pabory A. I'. )Kununckaca [3]) sToT BOmpoC
peiaeTcsl 3BPHCTHUCCKH. B cBA3H ¢ 3THM npeacrasiser
HHTEpeC CO3aHHe MHOTrOIKCTpeMa/bHBIX METOAOB, A
KOTOPHIX CKOPOCTb CXOAHMOCTH, HauHHasi ¢ HEKOTOpOro
nara, cTaHOBHTCH GJU3KOH K reoMeTpHuYEecKoH, T. e. aJ- -
rOPpUTM aBTOMAaTHYECKH TePeXOJHT K YTOUHEHHIO TOUKH
MHHHMyMa CO CKODOCTbIO, XapakTepHOH A/ JOKaJIbHBIX
MeTO0B, XOTs NpaBHJa BBIMOJHEHHS HTepaluii B Ipo-
necce pelleHHs 3a/Jaud OCTAIOTC HEM3MEHHBIMH M rapas-
THPYIOT CXOAMMOCTb K aGCOIOTHOMY MHHHMYMY. OnnH
M3 TaKuX aJrOpPHTMOB NpeAjaraercsd B HaCTOsLleM na- .
parpade, npHyeM 3TOT aJTOPHTM ABASETCS AaJbHEALIHM
pasBuTHEM MeTOAa, H3yuaBulerocs B § 2. '
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1. MOHOTOHHast W MOYTH MOHOTOHHAS CXOAHMOCTb.
Onpeaenenune 3.1. Ilyctb mocienoBaTenbHOCTD
uenbiTaHul {xF}, mopoxnaemasi aAropuTMOM r06aJibHO-
ro noucka (cM. § 2, n. 1) npu MUHHMH3AUUH QYHKIHH
¢(x), x = [a, b]; cxonuTcs K Touke x* (ec/n BBHIMOJHEHO
ycaosue (2.17) Tteopembl 2.1, To Touka x* saBageTcs
TOYKOH aGCONOTHOrO MHHHMyMa), T. €.
lim x* = x*, 3.1
k-»o0
Ecau cymecTsyer takoe nemoe uucao §>>0, uyro npH
JI060M k= s u J060M j= j(k) H3 BLINOJHEHHA Hepa-
BeHCTBa

min (2, 2;—,) > @* = min 2! (3.2)
ik

C/IeNyeT, YTO HHTepBa/l (Xj-1, X;) He CONEPKHUT TOUeK
nocnepoBarenbHocTH {x¥}, To cxomumoctb (3.1) Gymem
Ha3blBaTb MOHOTOHHOW. B ciyyae, KOrma HHTepBa’
(%=1, x;) u3 (3.2) comepkuT He GoJee OAHOH TOUKH IO-
clIefloBaTeNbHOCTH {x*}, cxomumoctb (3.1) 6GymeM Hasble
BaTb NOYTU MOHOTOHHOU.

Takum 06pasoM, eClH CXOOUMOCTb SABJSETCS MOHO-
TOHHOH, TO NpH k=S KaxAOe OuepeJHOEe MCHBITaHHE
AOJKHO OCYIIECTBJIATbCA B HHTEpBaje, cojepiKalleM
MHHHMa/bHOE U3 paHee BLIYMC/EHHBIX 3HaYeHHH (YyHK-

uum (3nauenne @), 1. e

min(z;—;,2;) = @, k>s, (3.3)
rae f u3 (2.8) u, cnenosaTeNbHO,

e (X, %), t=1(k). (3.4)

B ciyuae nmouTn MOHOTOHHON CXORMMOCTH npH k> s
AOJIKHO BBHIMOJHATHCA H60 paBeHcTBO (3.3), u6o Hepa-
BEHCTBO :

s g (3.5)

HeficTeutenbo, HapyueHne ycaoBua (3.3) osnauaer,
YTO WHTEPBAN (X(-, X;) He COAEPKHUT MHHHMAJAbLHOTO U3
paHee BBIYHC/JEHHBIX 3HAauYeHHH (YHKUHM H, COIIACHO
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Onpejie/IeHHI0 IMOYTH MOHOTOHHOM CXONMMOCTH, TOYKa
x**! no/KHA GHITb €IHHCTBEHHOM TOYKOH MOC/EA0BaTeNb-
HOCTH, JIexaulell B 3ToM uHTepBaJe. C JApyroii CTOpPOHH,
eci nonycmrb yTo ycnoBHe (3.5) TokKe HapylieHo,
T.e. 27 <! u, cremosatensno , ¢ft'= 2, 10 BHe
nmepsana (%X:=1, X:) TaKXe pacnoaoMKeHO JIHLIb KOHeY~
HOE YHCJIO TOYeK MO0C/]eN0BaTeNbHOCTH, HG6O HHTEepBaJbl
(Xj-1, X;), OTNIHYHBIE OT (X;-1, X;), HE COAEpPKAT MHHH-
ManbHOe 3Hauenme ¢!, [T03TOMy OZHOBpeMeHHOe Ha-
pyuwienue ycaoBuit (3.3) u (3.5) HeBO3MOXKHO.

Ilna uamocTpaunu yKaxem, uto cxoaumocts (3.1)
NpH MHHHMH3ALHH (byHKLmu (2.68) saBnsiercas MOHOTOH-
Hoit, ecan 1 <r<<r¥™ (cm. Tonomrmo (2. 69)), H fBJIf«
eTCl MOYTH MOHOTOHHOM, ecan ri <r<< r5”  (cM. ToO-
nosoruio (2.70)). [Mpu aToM x* =1 u s = 1.

BBefleHHble MOHATHA MOHOTOHHOM H MOYTH MOHOTOH-
HOfl CXOAHMOCTH OMHCHIBAIOT CXOAMMOCTb, KOTOpasi B Of-
pefleleHHOM CMbIC/Ie siBaseTCA 2eomeTpudeckod. Ilepeii-
JeM K TOYHOM Q)opmynupOBKe 3TOro CBOHCTBa.

BBenem BeniH4HHY

AR)= > (xf—x/-l) (3.6)
icd(k) \
H MHOXECTBO -
Uk)= U (xj-1, %7, (3.7)
) €I (k)
rae
J (k) = {j, 1<j<k: min(z;-1,2;) = ¢*}, (3.8)

T. . U(k) ecTb o6bepnHeHne Bcex nmepsanoa, conep-

KallliX MHHMMaJbHOE BEHIYHCJEHHOE 3HaueHHe @ pyHK-
mud, a A(k) ecTb cyMmapHas QJMHA BCEX TaKHX
nHTepBa/oB. Eciu CXO0ZMMOCTb 4BAAETCA MOHOTOHHOI,
TO . -
) e Uk), kz=s, v=1,2, .., (3.9)

a B cjyuyae Io4TH MOHOTOHHOH CXOOIHMOCTH MOU.IHOCTb
R, L MUK = v, (3.10)

T. €. MepeceyeHHe YKa3aHHBIX MHOXKecTB (npn k= s)
COAEpXKHUT He MeHee v Touek, v=1, 2, ... .

8p.T. CTPOHTHH
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Teopema 3.1. ITycro nocaedosaressnocts {x'}, no-
posdaeman AlIl npu munumusayuu pyrnkyuu @(x),
x e [a, b], yoosrersopser ycaosuio (3.1) u pynxyua
@ (x) ssaserca yrumoOaarvroll 8 HEKOTOPOU OKPeCTHOCTU
W rouxu x*. Tozda cywecrsyer takoe s >0, uro 0ia
seauuunol A (k) us (3.6) cnpasedauso :

A(R) < g'A(s), <], (3.11)
kh=s+2v,v=12,... o (3.12)

ede

ecau cxo0umocts (3.1) a8asaeTCA MOHOTOHHOL, U
k=2(s+2v), v=12, .., (3.13)

ecau cxodumocre (3.1) asaseTcs nouTU MOHOTOHHOU.

HoxaszareabcTBo. Ilycte npenenbHas Touka x*
fBJIsleTcA IPaHUyHOH, HampuMep, x* = a. K3 Teopembl
2.1 n ycaoBua (2.4) HyMepalHH HCOBITAaHHHE CJeLyeT,
4TO B 3TOM cJyyae :

Uk) = (%0, x1), k=1,

u noatomy U(k+ 1) = (x, x**1), ecau aasa ¢, us (3.4)
cnpaselinBo, yto = J(k). Torma wu3 (2.9) nmoayuaem
HepaBeHCTBO ' )

Atk 4+ 1)< A(k) (3.14)

ana BennuuHbl (3.6), cnmpaBemsuBOe Takke M mpH x* =1b
(B nocnenneM cayuae U(R) = (X1, %)).

Ilycte x* aBasercss BHYTpeHHell TOUKOH HHTepBaja
[a, b]. U3 npenmonoxeHus yHHMOAANBHOCTH (YHKLHH
(cm. ‘HepaBencrBa (1.3.9), (1.3.10)) B okpectnoctu W
TOYKH x*, ABASIOIENCA JOKATbHO ONTHMANbHON (TeopeMa
2.1), n ABYXCTOPOHHEH CXOIHMOCTH K 3TOH TOuKe (/eM-
Ma 2.1) cielyeT CyLleCTBOBaHHE CTOJb GOJBIIOrO YHCJA
So > 0, uto npu k = Sp

welUk) =W, #reW, v=01.., (315

npHueM '{I/ICJIO-p.(J‘(k)) "3/71eMEeHTOB -MHOxKecTBa J (k) ha
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(3.8) ynoBieTBOpSIET yCAOBHAM
: 2< (k) <s. "(3 16)

Kpome Toro, corsacHo MpeanosioxeHHIO TeopeMbl, 6yneM
CYHTaTh, 4TO cxomuMocTb (3.1) ﬂBJmeTCﬂ MOHOTOHHO
(naM MOUYTH MOHOTOHHOI) npu k& =

BeeneM K03 duuHEHTH

w=AJA, ] ted (k) (3.17)

rae Aj=x—x;-;, I<<j<<k, u nomep ¢ us (3.4). Tor-
na, eciu 2l = @ (¥**!) >o° npu teJ(k), To, co-

raacio (2.9), A(k+1) < A(k) _TA“ WIH
A(k+l),<A(k)L{l ( 2 ) ’}, (3.18)

<J(h
a ecnn 221 <<@f To A(k+1)=A,mm.
A(k+1)=A(k)( 3 a,)"'. (3.19)

jeJ(r)

Hakonen, npit 2#+! = @* cnpaseannso, uto A(k + 1) =
= A(k) u uyucao p(J(k)) yBemnumBaercs Ha eqMHHLY,
yro, yuuteiBasd (3.16), BoaMoxHO JHIIbL npH p(J/(k)) =
== 2. Takum 06pa3oM, H3 KaXIblX ABYX NOCJIEIOBATE/b-
HbIX Touek x**! u3 uHrepBana (3.4), rae { NpHHALIEKUT
J(k), xorss 661 nna omHOM cmpaBemauBo Ju6o (3.18),
au6o (3.19).

JlonycTHM, uTO CYLIECTBYeT TaKoe § > S, 4TO IIpH
aobom k= s xoadpduunmentr (3.17) ymosaerBopsioT
HepaBeHCTBaM ‘ IR

I<di<o<bh <o, jel(k),

npnqeivf, NOCKOJIBKY o= 1, TO Npexno/oxKeHHe OTHO-
cuTCA Jauub K 3HaueHHaM j %= f. Torna u3 (3.14) u (3.18),
(3.19) crenyeT HepaBeHCTBO

A(k+1) <qA(k

rae g < 1, U3 KOTOpOro corJiacHo (3 9) BHITeKaeT cmpa-
BefauBocTb (3.11), (3.12), ecnu cxommmocTb fABIfeTCH
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MoHOTOHHON. IIpH MOYTH MOHOTOHHON CXOLUMOCTH, YuH-
thiBasg (3.10), monyymM cnpaBeasHBOCTb YTBEPXKIEHHS
(3.11), (3.13), nockosibky u3 (3.15) u ycnoBus yHHMO-
NaNbHOCTH caenyeT, 4yTo B (3.5) BO3MOXKHO JIHIIb CTpO-
roe HepaBeHcTBO. OcTaeTcd NOKasaTb CYILIECTBOBaHHE
yKa3aHHOTO 3HAYeHHH §.

Ouenum Bennuuny a; csepxy. HepaBenctso R(f) >

= R(j), cnpaBepnusoe, cornacHo (2.8), mast HoMepa ¢
u3 (3.4), MOXKHO mepenucaTb B BUIE

MA
0>'7‘t {r2(ay — 1) — 2r (oju; — u;) + (@; uf — uf)},

(3.20)
rae g i=jui=t¢

f2; —2,_4|

“1 =3,

<L (3.21)

Ksanpartuuifi Tpexunesn B (3.20) umeer KOpHu

V&;uj-}-ut Vau,—u
=gt =—Ll _t (3
n=SESE n=Et 6
ITostomy, ecin a; > 1, To u3 (3.20) u Tpe6opanus
r > 1, Bxoasumero B YycaoBue (2.6), BHTeKaeT, 4TO
r << rp, OTKyAa, corsacHo (3.21) u (3.22), ciexyer oluen-
Ka
r

< (, L I)’ < o, (3.23)

Tenepp ouenum BeJuuuHy a; cHusy. U3 (3.15) cue-
NyeT CyllecTBOBaHHE TakKOTO WYHC/IA § > S, YTO NpH
k>=s pna mo6oro je& J(k) maiinercs wuuciao p, rae
. So << p < k, mpu KoTopom

xPH& (X5 -15 Xiny) U (p) (3.24)
H au6o

Xim-1=Xjpy=1, Xjuy=%P*+1,

an6o

Xym-1.= X**L, Xy = Xyp),




-
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ITpu atom, cornacuo (2.15),
1
Bion =5 (1 =7 Ao (3.25)

IMycts ¢t ==t(k) n3 (3.4) Bxomur B J(k) mpu k=
U uniexcy j5=t, rae j=j(k)<J (k), coorBeTcTBYeT tmcno
p u3 (3.24). B 3ToM cayyae Haljercs Takod HOMeEp
L= I(p), uto
(%11, %) < (%=1, 0) = U(p),
T. €.
' A< A, ) (3.26)

npuuem Jaubo I(p) = j(p), au6o I(p)#*j(p). B nepsom
cayuae, ucrnoabsys (3.25) u (3.26), monyqaem

A 1 1

&j:%}T(l—-r—)>0.

Bo BropoM cayyae u3 (3.24) u (2.8) caenmyer, uTO

1?3(]%7)) = R(I(p)), orkyna, cormacHo (3.23) u (3.25),
.26),

1 Aim < 1 1\? -
%y (l_ )Az(p)>2(l_ ’) >0.

B 3akJioueHHe OTMETHM, UYTO MOJYy4YeHHble OLEeHKH
K03 uleHTOB o; H HepaseHcTsa (3.18), (3.19) mosso-
JAIOT AaTh TpyOylo BEPXHIOI OLEHKY MHOXHTENA ¢, BXO-
asiutero B (3.11): -

2' 244
0<q<max{m, 2—(',;,“—-'_;_2)}<1,
roe x =1 ——-<1

2, Yc.nonml MOYTH MOHOTOHHOH CXOLHMOCTH.
Teopema. 3.2. ITycre @(x), x< [a, b], ecte aun-
wuyesa ¢ Koucrantot K ynxyus, yoossersoparowasn
ycrosuro
= K|x—x*|, »Wc[a, b], (3.27)

8 Hexoropoti okpecthoctu W Touxku x*, u Oas nocaedo-
8areabHoCTU {x*}, noposcdaemoti AI'll drn aroil Ppynkyuu
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npu r = 2, cnpasedauso (3.1). Tozda cxodumocts (3.1) |

ABAAETCS NOUTU MOHOTOHHOLL.

- JlokasarteabcTBO. [lycTh cyuectByer Takoe le-
Joe yucao g = 0, uro x? = x*. Torna u3 (3.1) u aByx-
CTODOHHEN CXOZMMOCTH CJeAyeT CYLIeCTBOBaHHE MBYX
HeJabX yucesa p, s > 0 Takux, 4to

(** ) U (x4 x) =W

(B cayuae, korga ¢ =0, T. e. ¥* = @, cyuIecTBYeT JHUIIb
unTepBan (x%, x°), a npu g=1, 1. e. x* = b, cymecr-
ByeT BTOPO#l M3 JBYX YKa3aHHBIX HHTepBaJOB), H, corjaac-

o (3.27), nna Beauunasl M u3 (25) cmpaBemsuBO, 4TO
M = K, ecan k> max(p, g, s). [Tocko/JbKy B HHTepBa-
Jae (x?, x%) ¢yHkuHa @(x) sBASETCA JHHEHHO YObIBaKO-
nieil, a B HHTepBasne (x%, x°*) — JIMHEHHO BO3pacTaloulel,

TO npu r =2 cxoguMoctb (3.1) sABAfAETCS MOHOTOHHOM,

a cJeJoBaTeNbHO, U MOYTH MOHOTOHHOH (CM. OmHCaHHe
COOTBETCTBYIOUIHX TONOJNOrWA B NeEPBOM YTBePKIeHHH
TeopeMbl 2.4 U B 3aMeuaHHH K 3TOH Teopeme).

Ocraercs cayuail, Korga

%, k=01, ... (3.28)

B sToM cayuae, corsmacHo (3.1), cyliecTBylOT Takue aBa

ueiblX uhesaa p, ¢ >0 (4asi ONpeNesEHHOCTH NOJIOXKHM

p > q), uto
e (27, x0) = (X, X)W, t=1(p), (3.29)

npuueM 6e3 NMOTepH OGIIHOCTH MOXKHO NMpHHATD M = K ==
= 1 npu k= p, oTKyxa, yuutnBasa (3.27) u (3.29), mo-
Jayuyaem .

p(x) = [x—x*|, xe (x7, x9). (3.30)

IMocKkoJbKY Bce TOUKH TOCJeNoBaTesqbHOCTH {x*}, Kpome
HEKOTOPOro KOHEYHOro 4Hcja, JexaT B HHTepBale (x?,
x7), TOo A1 JOKa3aTeJbCTBAa TeOPeMbl JOCTaTOYHO MOKa-

3aTb MOYTH MOHOTOHHYIO CXOOHMOCTb NOANOC/IAeI0Ba-

TeNbHOCTH TOUeK X* & {x*} N (x?, x7) npu k> p.
OGosnaunM uepe3 ¢ =f{(k) HOMep HHTepBa/sa, CO-
NiepKalllero TOuKy X* mpu k= p, T. e

e (X, ) < (27, x7), t=1(k), (3.31)



)

§3 YCKOPEHUE cXOAUMOCTH 119

M YCJOBHMCS CYMTATh YHCJO p HACTOJbKO GO/NBIIMM, UTO -
(P’: = min (2;—y, ).
Beepem uncno v =v(k), k= p, onpenensemMoe yc-
JIOBHSIMH o
vip) =0, v(k+1)=
'V(k)’ LA ¢ (xt—l’ xt)’

- {V (k) + l» xh+‘ & (xt—l’ xt): b=t (k)’ '
¥ conocTaBuM HHTepBasty (3.31) BeJMYHHBI
) Av = X;— Xi~-1 (3.32)
Hu
Gl = KIJ(x_t tha_w), @)

riie Heo6XOAHMO BHIMOJHACTCA
0<|a| <1/2, ST (3.38)
npuueM, cornacHo (2.9) n (3.30), (3.31), ay <O, ecau

2 << 2i-1, H 0y >0, ecan 2y > 2,1 (cayuait a, =0 He-
BO3MOXEH, TaK KaK MPHBOAHT K NPOTHBOPEUYHIO C Npen-

- monoxenueM (3.28)).

BblukciuM  xapakKTepuCTHKY (2.7) AJd uHTepBaja
(3.31). YuurniBas (3.30), ycioBue r =2 H HCNOAb3YA
0603Haqgﬂnﬂ (3.32), (3.33), nonyuum, 4To

R(t(r)) =203  v=v(k), (3.35)

npuueM, nockoabky u3 (3.1) u ABYXCTOpOHHER cXxonu-
MmocTH . caenyer A,--0 npu k—-oo, TO, NpUHHMag BO
sauMaHue (3.34), nmeeM s

lmR(t(r) =0. (3.36)

Jonyctum, uTo &y = 0 1 npH HEeKOTOPOM [ = p ToUKa
x*1 npuHamnexxut unTepBany (3.31), rae t=t(l).
Toraa x* & (x?, x*') u,-coraacuo (3.30), _—

Q(x) =x— x4 (x*—x*), xe (¥, x9). ;(3.37)':
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PaccMoTpuM  MHOXeCTBO TOYeK MOC/AENOBATEJbHOCTH
{*}, npunannexamux wunrepBany (x*!, x?]. O6osna-
4¥M 3TO MHOXKECTBO uyepes :

{thgy «vuytis) ={ato, ..o, x™} =M 0 ("1, %%, (3.39)

k .
rae u; =x ! ug=ky <...<<k, Ilockoneky r = 2, 10,
B cuny (3.37) u mepBoro yTBepkJAeHus TeopeMbl 2.4,
JIOJI2KHO BBINMOJTHSATBCS

Uimes (X, ), 0<i<s. (3.39)

Ouenum xapaxtepucTuky R; uuTepBadza (x'*!, u,).
U3 (2.63), (3.37) u (3.39), yuuTBIBaft, 4TO, COI/IacCHO
(2.51), A==1/4 npu r=2, u ucnosb3ys 0603HAUEHHS
(3.32), (3.33), BriBOAMM

R, = A, (%)i“ {(1—g, (24 —1)}.  (3.40)

Ecan o603naynth

1

S = —
R

s=0,1,..., (3.41)

10 H3 (3.40) caenyer, uto
Ro<<0, o'<<ap (s=0), (3.42)
R. <0, Rs-; >0, a<awm<<a~! (s>0), (343)

OTKyAa, yuuteiBaa (2.8) u (3.35), (3.36), maxoaum, uro
MHOXKeCTBO (3.38) comepxkHuT s+ 1 TOuKy (BKaIOUas x9),
€C/IH 3aJlaHHOE NOJIOKHTENTbHOE 3HAUEHHE @y YAOBJETBO-
psier HepaBeHcTBaM (3.42) mnu (3.43) npu cooTBeTCTBY-
omem 3Hayenud s. Torgma, mpuHHMas BO BHHUMaHHe
(3.39), MOCTAaTOYHEIM YCJIOBHEM HOYTH MOHOTOHHON CXO-
JAVMOCTH fIBJISIeTCSl BBINOJIHEHHE TPeGOBaHHS

2+ = gt (3.44)

npu s > 1 u ap 3 (3.43). 3amerum, uto B 3TOM cayuae
npH Jo6oM £, 0 <<i<<s— 1, J1eBOMY KOHLY HHTepBana
(3.39) cooTBeTCTByeT MHUHMMaJbHOE M3 BCEX BBIYHC/EH-
HbIX 3HaYeHHH YHKUHMH.
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[TokaxeM, 4To yKasaHHOe yc/JoBHe BHnoJnserca. Ms
(3.33) caenyer cnpaBennusocTb (3.44), ecin

1 <0, ..., v <0, v="(ke). (3.45)

Cornécao npasuny (2.9) u oGosmauenusMm (3.32),
(3.33) :

Avrr =4 Ay (1= 12ty ]) (3.46)
! 3
o, —1
2—(1-_—;‘3, a, >0,
Ayt = 3av+ 1 (3°47)
m, o, < 0.

IMyets o; < 0. Torma us (3.47)
(Ita)(+am)=p+a)—1, wp=-=3

H C NOMOIbI0 HHAYKIUH 1O j BHIBOAHM

,I=](,(l + o) =ay (4 o) —awy,  (3.48)

Al

Qupt = U@y — Qy—y, Qo= I, a=npn (3.49)

Mpumenss K (3.49) H3BeCTHBIH MeTOX NPOHU3BOAALIKX
dysKumit (cm., nanpumep, k. Puopaan [1]), naxo-
UM, 4TO \ .

a, = (24— 27). (3.50)

Tenepb u3 (3.48), (3.50), nonoxus i ==1 #u noacTaBaAA
oy u3 (3.47), monyuaem, u4To ycaosue (3.45) BBIMONHAET-
csl, eclIH

3
a0<ﬁv=5—+F, v=12,... (351) -

Torna u3 (3.43) u (3.51) BBITEKaeT cnpaBelIHBOCTb
(3.45) u (3.44), ecan .

oc“"§ ﬁv, v = V(ko-l))
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,OTKyZa, coriacHo (3.41), (3.51), mHOMKHO BBHIMOMHATHCS
v=v(ke) <s+ 1.

YuutwiBasa (2.8), ocraeTcs mokasaTh, uTO NpH oy H3
(3.43) u v(k,~1) =s+1 naa R,—; u3 (3.40) cnpasensiu-
BO HEpaBeHCTBO '

Rey>R(t(kyoy — 1)) = 20, y0is.  (3.52)
W3 (3.45), (3.46) u ycnoBus ay > 0 caeayer, 4To o

s—1
Ay (1 —
A= 2Gm [T (e (359

Bocnoabsyemes npenctasiennem

s s—1 —1
Aty = LL]o(l + y45) ] [}IJO(I + 051+j)] —1, (3.59)

rie oy u3 (3.47), n noxcrasum (3.48), (3.50) B (3.53),
(3.54). B pesyabTaTte noayuum

A oy (#11 +5) — 3]
3log(2-4° —5) + 3] %1

H, noxcrasuB (340) u (3.55) B HepasenctBo (3.52),
y6ex/aemMcs B CNpaBelJHBOCTH 3TOr0 HepaBeHCTBA. S

Cirenyomas TteopeMa yKasblBaeT, 4YTO yCTaHOBJEH-
HOe Bbille ycioBHe (3.27) MOYTH MOHOTOHHOH CXOLMMOCTH
ABJIAETCS CYLIeCTBEHHBIM,

Teopema 3.3. ITycre ¢ynxyus ¢(x), x< [a, b],
AeaneTca 2aadkoll u ynumodarovrol 8 HekOTOpPol oKkpecT-
noctu W rouxku x* & (a, b) u nocaedosarervrocto {x*},
nopoxcoaeman AI'll, cxoutca k arodi rouke. Toeda cxo-
OuMOCT6 He A84A€TCA NOYTU MOHOTOWHOU (u, ciedosa-
TeAbHO, He ABAAETCA MOHOTOHHOU). -

HokasareabcTBo. [IoNycTHM, YTO €XOMMMOCTb
(3.1) mpu £ = s > 0 aBasierca mouTH MOHOTOHHOH. s
3aJlaHHOr0 MOJIOXHTENbHOrO & CyulecTByeT Takas mnapa
yucesa p, ¢ > s (0N OnpeleeHHOCTH MOJNOXKHM p > q),
4To

20,1081 = (3.95)

e [x7 1] = [, ] < W, j=](p), (3.56)

L
M

do (x)
dx

<e xe|x?, \xq], | (3.57)

1l
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rie M u3 (2.5). Ycaosumes o603HauaTh uepes = t(k)
HOMEep HHTepBaja, COJAep:Kallero TOYKy x* Ha ware

k>p, T e _
x* e[x,-1, x] < [x7, x7]. - (3.58)

[Mockoabky cxonumocts (3.1) sABAsAETCA ABYXCTOPOH-
Hel, To u3 (3.56) crenyer cyllecTBOBaHHe TaKOro 4Hc/a
> p, uro npu k>=1! unrepBan (x?, x%) COAEPXKHT He
MeHee Tpex TOuYeK mnocjenoBartenbHocTd: {x*}, H, cileno-
BaTe/bHO, B CHJY YHHMOZAQNbHOCTH @(X), CNpaBemJHBO
X0Ts Gbl OJHO H3 CAEAYIOIIHX ABYX yTBEpXKIEHHH:

’ (xj-1, %5) = (xP, X;), m.in (27, 2;) > %, X (3'.59);
(X5-1, X;) = (Xj=1, X9), min (zl-_-l» 29) > @, )

rie j = j(k), k=1 Torga H3 ycloBUS MOYTH MOHOTOH-
HOM CXOJAHMMOCTH CJelyeT, 4TO WHTepBaJj, HJs KOTOPOro
yKa3aHHOE YTBep:KJIeHHe CNnpaBeJuBO (A/s Ompe/eseH-
HOCTH NpUMeM, yTo cnpaBelauBo (3.59)), comepkut He
Gonee ONHOM TOYKH MocaenoBaTenbHocTH {x*}.

JlonyctuM, uto HHTepBa] (3.59) He CONEPKHT Touek:
nocaenopateasroctd  {x*}. Torma u3 (2.8), (3.1) u
(3.58) caenyer nepaBeHcTBO R(t(R)) = R(j(k)), k=,
KoTopoe, yunthiBasg (2.5)—(2.7) u (3.57)—(3.59), npu-
BOAMUT K HEOOXOJHMOMY YCJIOBHIO

x3— xP

(1 —a) <dre(23 )+a32, (3.60)

rae A =x;—%-1 1 o= (x,—x._1)/A. U3 (2.15) BhHl-
TexaeT OLleHKa AJHHBI HHTepBaaa (3.59), BO3HHKalOLle-
ro nocje nonajgaHusi He GoJiee 4eM TpeX HCNBITAHHH B
HHTepBanl (xP, x7),

A> () (v =),

KoTopasi nociie mojctaHoBkH B (3.60) npu a =0 (3a-
MeTHM, uTo o,—>0; eciH k—-o00) naeT HepaBEHCTBO .

(r—1)% << 32¢r2,

[Tocko/bKy rocje[Hee HePaBEHCTBO He YIOBJIETBOPS
eTcsi Np¥ JOCTaTOYHO MaJoM e, TO -HHTepBaa (3.59)
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JOJIXKEeH COJlepKaTb XOTd OBl OAHY TOUKY I0C/]Ie10BaTeb-
HocTH {x*}. AHA/OrHYUHO NOKa3HIBAeTCs, 4TO OH COAep-
KHT He MeHee yeM ABe ToukH. [Ipu 3TOM posib uHTepBa-
Ja (X;-1, X;) Hrpaer JIeBHIH NOABIHTEPBAJ, BO3HHKAMOLLH
B pesyJbTaTe NMonafaHusl HCNbITaHHA B HHTepBaa (3.59),
H CJelyeT NoKasaTh, YTO 3TOT HOBBIH MOABIHTEPBAJ TaK-
*Ke COJepPKHUT XOT Obl OJHY TOUKY MOCJEN0BATENbHOCTH
HCIBITAHHH, eciH € M3 (3.57) mocratouHo MaJo (T. e.
MaJja paccmMaTpuBaeMasl OKpecTHOCTb (3.56) npenesb-
Holt Touku x*). Urak, cxomumocte (3.1) He sBAseTcs
NOYTH MOHOTOHHOH.

Sameuanue l. YcTaHOBJEHHbIE YCJIOBHS CyllecT-
BOBAaHHSl H HeCyLIeCTBOBAaHHS TOYTH MOHOTOHHOH CXOLH-
MOCTH TECHO CBfI3aHbl C BEpPOATHOCTHBIM IMPEANOJOXKeHH-
eMm (1.6.17), ncnonp3oBaHHEIM MPH BEIBOJE MHCKPETHOI'O
aJropuT™Ma, Ha ocHoBe Koroporo noctpoex ATTI. Cor-
JlacHO 3TOMY INpeANoJIOXKEHHI0 (CM. NMepBoe 3amedaHHe
B 1. 1 § 1) anpuoproe MaTeMaTHyecKoe oxulanue GyHK-
uuM @ (%), i I, B OKPeCTHOCTH TOYKH X, NPONOPIHO-
Ha/JbHO DAa3HOCTH |X;— Xo|, YTO aHAJOTHYHO YCJOBHIO
NOYTH MOHOTOHHOH cxonuMocTd (3.27). YkasanHoe mpej-
TNOJIOXKEHHEe SBJISIETCS BIOJHE eCTeCTBEHHBIM, HalpHMep,
NpH MHHMMH3aUMH QYHKUMH |@(x)|, sABAALWKMXCA He-
BSI3KaMH YpaBHeHHH BHAA

o(x) =0, x=[a, b], 3.61)

€c/IM JieBasl yacTb H3MeHfieT 3HaK B TOYKe KOpHs (T. e.
nepecekaeTr OCb X B 3TOH TOUYKe).

BMecre ¢ TeM, Kak yxe OTMeya/joch (CM. BTOpOe
sameuanue B n. 1 § 1), npeanonoxenue (1.6.17) ne
BNOJHE aJeKBaTHO [Jga (YHKUUH, KOTOpHlE SIBJAAIOTCA
rJaJIkHMH B OKPECTHOCTH TOYKM MHHHMyMa x*. [lostomy
€CTeCTBEHHO, HTO MM TaKuX (QYHKUHHA HEeJOCTHKHMA
6bicTpass CXOAHUMOCTb, BO3MOXHas NMpH ycaoBuu (3.27).
Bonpochl yckopeHHs cXOAMMOCTH /151 3TOr0 cayuasi 06-
CYXJIaloTcsl B CHEAYIOIeM NMyHKTe.

Jlas uaMocTpanuH CylleCTBEHHOCTH 3¢@eKTa MouTH
MOHOTOHHOH CXOZHMOCTH JJIS NMPaKTHYECKHX BBIYHCACHUN
PaccMOTPHM YHCJEHHBIA MpHMep.
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Mpumep. Paccmorpum ypaBHenue (3.61), sepas wactb KOTO-
poro, H3o6paxkennas Ha puc. 3.1, onpefensiercs BhIpaKeHHEM

@ (x) =sinx sin%x + Inx —0,84x + 3,
xe(2,7,7,5]. (3.62)

PemeHne 3TOr0 ypaBHeHHsi MyTeM MHHuUMH3auuu |@(x)| ¢ nomoumbio
ATTI npu 7 = 2 H TOYHOCTH € B YCJOBHH OCTaHOBKH (2.12) mopoxna-
€T YCeueHHYIO M0C/Ie0BaTe/bHOCTD, JMHHY KOTOPOH (T.e€. YHC/IO HCMbi-
TaHHH, NpPeAILECTBYIOWIMX BHIIOJHEHHIO YCJOBHS OCTaHOBKH) o6o3Ha-
YHM uepe3 k.. 3HaueHHs k. NI PsAla 3HAYeHHNl & NPHUBEJEHH B CJe-
ayouweit Tabauie, TOCJAeNHASA CTPOKA KOTOPOH COAEPKHT TaKkKe

J

R (AR [
’ 5 &

IR R
%

>

Puc. 3.1.

pasHoCTH Aé MeXIy BepXHeli M HHXKHeH OLEHKaMH NepBOro KOpHsA
*

x; (pasHocTn Ag H Aﬁ AN ABYX HAPYrHX KopHel x; H X3 PaBHH

COOTBETCTBYIOLIEMY 3HAUEHHIO €):

-2 —4 —8

e 10 10 10 10~

k 37 59 89 113

Al 8¢ 6e 3e e
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TIpn 5TOM moMyYeHHble HHKHHE OLEHKH Kopeft (c TouHoCTbIO M0
*
TPex unpp moce sanatod) mmeior Bup x; = 4,608; x4 = 5,836;

*
%3 =16,480. . Touku yceyeHHOH MOCJENOBATENBHOCTH (nas cayuas

e = 0,01) ormeuenn mrpuxamu Ha puc. 3.1 (Bepxnas puarpamma),
NpUYEM TPYNMbl HCHLITAHHM, DACNOJOMNKEHHBIX B OIH3KAX TOUKAX,
H306DaKeHE TEMHLIMH NpSMOYFOJbHHKAMH, OKO/O KNTOpPBIX MpO-
CTaBJIEHO UHCJIO HCMBEITAHHI B rpynme.

- Tenepb paccMOTpuM pesybTaTsl MHHHMM3ALHM C nomopio ATTI
raxxe npu r = 2) camoi ¢yHkunu @ (x) H3 (3.62), KoTOpas (B oT-
Juune. ot |Q(x)|) sBasercs raamkoil IIpu stoM anuHa yceyenuoly
NOC/Ie0BATENBHOCTH -COCTaBHAa 28 WCIBITaHKA npu € = 10-2 (cooT-
BETCTByIOLIHE TOUKM OTMEYEHH IUTPHXaMH Ha puc. 3.1 — cpepnss
AuarpamMma) u coctasuia 222 HCOBITAHHS npu & = 10-4, xorst dynk-
uus  (3.62) umeer €IMHCTBEHHYI0 TOUKY aGCOMIOTHOTO MHHUMyMa
(B OT/IIMUME OT TpeX ToUeK AAA DYHKLHH |@(x)]). B oboux cayuasx
OosIblIask YAacTb YCEUeHHON INOC/EL0BATEbHOCTH NpUHANAEKAT Manoi
OKDECTHOCTH 9KCTpeMyMa i 06pasyeT B 3TOH OKPECTHOCTH E-CETh, YTO
HAXOMHUTCS B NOJHOM COOTBETCTBHU C TPETBHM YTBEPXKIEHHEM Teope-
Mbl 2.3, MOCKONIbKY OLeHKa BeJMHYUHBI 71 H3 (2.5), (2.6) cywecrenno
Gonbule, ueM aGCOMIOTHOE 3HAYeHUE TIPOM3BOAHOR  QYHKUHH @ (x)
B MaJIOil OKPECTHOCTH TOYKH MHHHMYMa.

Iast cpaBHeHHS! OTMeTHM, YTO MOHOTOMHbLY QA20puTH, Tpemaa-
FraeMbifi B ClNyOWEM MyHKTE, MHHUMH3HDYeT ¢yHKuuio (3.62) 3a
15 maros npu-& = 102 4 3a 26 waros npu & = 10-*,

Sameuanue 2. XoT9 NOYTH MOHOTOHHASI cxXonu-
MOCTb  XapaKTeDH3YeTCsl T[EOMETPHYECKOH CKOPOCTBIO
(yreepxnenne (3.11) teopemn 3.1), XapakTep Takoil
CXOJLMMOCTH CYLIECTBEHHO OT/JHMYEH OT CBOHCTB MHUHHMH-
SHPYIOLIMX MOC/AENOBATENbHOCTEH, MOPOKAAEMEIX ONmepa-
TOpPaMH CXKaTHf, COOTBETCTBYIOIHMH JIOKaJbHLIM (Ha-
NpHUMED, rpajHeHTHbIM) aaroputMam. OTobpaienue
(3.47), paccmotpenHoe B TeopeMe 3.2, He SBASETCH CIKH-
MaomuM. OHO HMeeT CYETHOE YHCJO HEeYCTOHUHMBLIX He-
MONBHXKHBIX TOUEK, H NI 3HaueHHH v u3 (3.33), ompe-
AeNAIOMHUX TOYKH X**! moc/eN0BaTebHOCTH HCMBITAHHI,
CHpaBellINBO, YTO CKOJb YrOJHO MaJas BapHalHd o
NPUBOMUT K JMI000H (OTPaHHYEHHON JIMLIL TNpPHHALIENK-
HOCTBIO K HHTepBany (3.34)) BapHaluu o 3a NOCTaTOY-
Ho Gousibllloe umciao maroB. OTo6paxkenne (3.47) u cpa-
3aHHasA C HHM IOCHe10BATENbHOCTb {X*} sBAsIOTCH O1-
HUM H3 MPHMEPOB BO3HHKHOBEHHS «CTOXAaCTHUHOCTH® B
AMHAMHYeCKHX cucremax (cm., Hampumep, lO. U. He ii-
Mapk [2]). .. . . . S
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Al

3. MOHOTOHHbIE aaropUTMbl. BO3MOXKHBIA NYTh AOCTH-
XKeHHsT GBICTPOfi CXOAMMOCTH NPH MHHHMH3aUUH raal-
KuX (yHKUHH @(X), He YIOBJETBOPSIOIIUX YyCJIOBHIO
(3.27), cocToHT B TOM, 4yTOOH MHHHMH3HPOBATb He caMy
dyukumio @(x), a HekoTopoe mnpeoGpasoBaHne 3TOH

QyHKUHH
D (x)=F(9(x)),

yIoBaeTBopsitoulee ycaoBuio (3.27) u coxpaHsiollee pac-
MOJIOKEeHHe TOYKH X* aGCOJNIOTHOrO MHHHMYMa, T. €. H3
(2.1) moMXKHO cneloBaTh

4

(I)‘(x"‘) = xgl[ic?blq) (x).

Tak, HanpuMep, AJs MHOTOIKCTPEMaJbHOH (YHKIRM
@(x) = 2 — cos x — cos 2x, x&[—n/2, 3n/2] B KauecTBe
rakoro npeoGpasoBaHus MoxHO B3fATh D.(X) = Yo(¥)
(cm. pue. 3.2) *).

BoJsee o6LMM KJ1accoM NOZOOHBIX NpeoOpa3oBaHHit
aBJaseTcs, HalpuMep,

o) =Flue) =Y T=(T=aF (=1 n>],

(3.63)
rie
u=u(o(x) = L2=E, (3.64)
npuyeM -cp* us (2.1) u ' ~
¢° = max @ (x). - (3.65)
x[a,b] ]
[pu sTOM A
F(u) >~V na, © ecmn u—»0,
dF (u) ., n —
7 _T(Ifu) , ecm u-—»l.

*) Munnmusauus @(x) norpeGopana 135 waros, a MHHHMH3ALMS
V¢ (x) — 16 maros (B oGoux cayuasx r =2, &= 0,001). Pacnosio-
/KeHHe WCIIBITAHWA NSl BTOPOrO Cayuas OTMEYeHO UITPHXAMH H3
puc. 3.2. . . SR -

L
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Mostomy nasa smummnnesoit B oTpeske [a, b] dynkuuu
@(x) Tako#, uTo mpH X —>x*

o0 ~o*+alr—2*|, @>0p>1,

¢ynxuna @(x) u3 (3.63), (3.64) Gymer ymoBaeTBOPATH
yenoBusim (3.27) mpu x — x * ¢ TouHoctbio g0 O(|x —
—x*|), ecn nosnoxuth ! = W H BHOPaTh LOCTATOUHO

Puc. 3.2.

GoJblloe 3HaueHHe N (BO MHOFHMX NpUIOKeHusIX [ =
= | =2, u60 B MaJIOli OKPECTHOCTH TOYKH a6COJIOTHO-
roO MHHUMYMa ri1ankyio QyHKLIHIO @(X) MOXKHO CUHTaTh
KBaJpaTHyHOH),

Onuako, B o6uiem cayuae, HENocpelCTBEeHHOe HCMOJb-
30BaHHe mpeoGpasosanuit Bua (3.63), (3.64) oxasuBa-
€TCA HEBO3MOXKHBIM, MOCKO/NBKY 3HaueHHs @ * u3 (2.1)
u @° u3 (3.65) ABASIOTCA HEHU3BECTHBIMH. BO3MOMKHBIL
BBIXOZ COCTOHT B TOM, YTOObl 3aMEHHMTb 3TH 3HAUEHHS UX
TEKYIHMH OUEHKaMH @* H @* mocTpoeHHBIMH MO HHGOD-
Mal{u g, T. €. ‘

Py =% = min 2, @ == max 2\, (3.66)
*0igk S AN

U BOCMO/Ib30BaThCA NpeobpasoBanueM (3.63) mpu

u=uy(o(x) = HA=E, (3.67)

B pesyabTaTe Ha KaXAOM wIare £ Mpollecca MEHUMH3a UK
ucnonbsyercs, BooOlle roBops, cBoe InpeobpasoBaHue
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®.(x) ucxomHoit ¢yukunn ¢(x). IlosTomy ycaoBuMcs
BKJI0YaThb ONepanuio Npeo6pasoBaHHs 3HAYEHHH (YHK-
LMH HEMOCPEJCTBEHHO B OTOOpaxeHus Bufa (2.10), omu-
ChiBalOIIHe NPaBH/IA BHOOPA TOUEK HCMBITAHHE, UTO MpH-
BOJLAT K HOBOMY KJIacCy aJroOpUTMOB, KOTOpPble Mh 6yieM
Ha3BIBaTb MOHOTOHHOIMU QA20PUTMAMU 2A00AAbHO20 NO-
ucka (cokpamenno MATII),

Bruucanrenbnas cxema MATTI, coortserctByiomas
1000/ KOHKPETHOH HENpepbiBHON M CTPOro Bo3pacTaio-
wed yHruun F(u), 0<u<<|1, npu u=u, us (3.67),
MOXKeT ObiTb mosiyyeHa u3 cxeMel ATl (em. n. 1 § 2),
ecny 3aMeHHTb BTOPOH mNyHKT npasua 1)—6) BuiGopa
TOYKH X**! OuepeHOro UCTBITAHHS MPaBHJOM:

2a) 8bLMUCAUTS 3HAUEHUS

2= 0,(x) = Flu(o(x))], 0<i<h (368)

cooTseTcTsyoujue pesysvraram ¢(x;) ucnolTanul 8 To4-
kax x; us (2.4), u oyenurv coesacno (2.5) maxcumane-
Hoe abcoatoTHoe 3Hawenue M oTHocuTeabnol  nepsoil
pasHocTu.

3ameuanue 1. Ecin abconoTHblil MUHEMYM riaf-
Kol yHKIMH ¢ (X) JocTHraercs Ha rpanuie o6sacTu on-
pefesenus, T. € ¥ * = a uau X * = b (ykasauuwie cay-
4yau He COOTBETCTBYIOT YC/IOBHAM TeopeMmbl 3.3),To mpo-
H3BOAHasA 3TOH (YHKUHH B TOUKe X* MoOxKeT OHITH OT-
JIHYHA OT HYJA M NO3TOMY He CJeayeT npeo6pasoBHIBATh
Takyo ¢yHKUHIO. YTOOB ydecTb 3TOT cayuail, MOXKHO
BMECTO NpaBuJa 2a HCNOAb30BaTh CaAeAYIOlIee:

26) 86L4UCAUTL 3HAUEHUA e

{(P (xi)v min (20’ 21) = Qy,
zi =

@y (x;), min(2°2Y)>g,, 0<ik,

20e @y u @,(x;) coorsercreenno u3 (3.66) u (3.68), u
oyenuts geauuuny M coenracro (2.5).

[TpaBusio 26 umeer u apyroe gocrouHcrBo. OHO mpe-
IOTBpallaeT JesleHHE Ha HYJEBYI0 pasHOCTb @, —Qy
B (3.67). B nanbHeiillleM yCJIOBHMCS HCIIOIb30BATb HMEHHO
3TO NPaBHJIO, T. €. NEepPBble R UJeHOB MOC/IEI0BaTENbHO-
ctu {x*} mopoxknatorca npaBuiamu AlIl, ecainm Munm-
MajbHOe BBLIYHCIEHHOe — 3HAueHHEe QYHKUHH @y = QF

9p.r. CTPOHIHH
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[

COOTBETCTBYET HCIBITAHHIO B OJHOM H3 KOHIIOB HHTepBa-
aa [a, b]. ‘

3ameuanue 2. M3 ceoficTsBa HMHBApHAHTHOCTH
(em. m. 1 § 2) caenyer, yTO MOCAENOBATENbHOCTD HCIEITA-
Hu#, nopoxnaemas MATTI, He H3MeHHTCS, €CH BMecTo
npeo6pasoBanus F(u) HCNOAb30BaTb MNOCAENOBATENb-
HOCTb npeoGpasoBanuii Fy(u) = auf (u) 4 B, (. e. mpu
JNaHHOM R BeJquYuHH 2; u3 (3.68) BHIUMCIAIOTCS corsac-
HO F\,(u)), rme a» >0 u B, — BemecTBeHHblEe uHC/Ia
(=1, 2, ...). Orciona, B 4aCTHOCTH, C/IEIYyeT, YTO NpHU
F(u) = u nocnenoBaTeNbHOCTH HCHBITAHHE TOPOXKIae-
mbie MATTI u ATTI nna ofHo# U Tol XKe MHHHMH3HpYe-
Mo#t ¢yHKUuH, coBmanaiT. Kpome TOro, mocko/dbKy
up(9.) = 0, To 6e3 noTepu OGLIHOCTH MOXKHO IIPUHATB,
4TO

F(0) = 0. (3.69)

B sakmouenne moguepxueM, uro MATTI npumensiercs
AJs MHHHMH3alHH HenpeoOpa3oBaHHON (yHKuum ¢(x),
160 npeo6pa3oBaHHe BKJAIOUYEHO B NPaBHJIA BHIGOpA Hc-
neitanuf. s uamocrpanun GyHKIHMOHHPOBAHHS - MOHO-
TOHHOTO a/JITOPHTMa TOUKH YCEUEHHOH MOCJE/0BATE/IbHO-
cri, nopoxkaaemois MATTI nns dynkunu (3.62) npu r=2
u e=0,01, orMeuenn mrTpuxamu Ha puc. 3.1 (HHKHAS
auarpamma). Ilpu stom ucmoab3oBamoch mpeoGpasopa-
HHe (3.63) nna 3HaueHusl n=1u [=2.

4. CoxpaHenne xapakrepa cxoaumoctu. Cienyiowas
TeopeMa YTBepKJaeT, UTO JJISI MOCJAeJOBATENbHOCTE!H HC-
NBITaHAMN, MOPOXKA2EMBIX MOHOTOHHBIMH  aJrOPHTMAMH,
COXPaHAKTCA CNpaBelJUBEIME BaKHhIE CBOWMCTBA, ycTa-
HOBJIEHHble B Teopeme 2.1 maa nocaenoBatesdbHOCTEN,
nopoxnaembix AT, T. e. HCIONB30BAHHE TEKYIIUX Olie-
HOK @4 H @, BMeCTO SKCTPEMAaJbHbIX 3HaYeHHH @* u @°
(cp. Buipaxenusa (3.67) u (3.64)) He MPHBOLHT K H3Me-
HEHHIO XapaKTepa CXOAMMOCTH.

Teopewma 3.4. llycro Orn munumusupyemoii ynx-
yuu @(x), x < [a, b], u npeobpasosanus F(u), u >0,
u3 (3.68) svinoasnserca:

1) ¢ynryua F(u) searserca soinyxirol (86epx), ctpo-
20 sospacraioujed u ydosaercopser ycrosuio (3.69);
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2) pynryusn @ (x) = Flu(p(x))], 2de u(p(x)) us
(3.64), asaserca aunwuyesold ¢ xoucranwrod K u 8 He-
koTopoii okpecthoctu W touku x* & (a, b) ydosserso-
paer ycaosurw (3.27), npuuem x* ecTo eOUHCTBEHHAA
704KQ Q6CONIOTHO20 MUHUMYMA PYHKYuL @ (X).

Tozda daa nocaedosaressvrocru ucnviranuls {x*}, no-
poxOaemoti MOHOTOHHbIM QAOPUTMOM NPU MUHUMU3A-
yuu pynrkyuu @(x) 8 orpeske [a, b], cnpasedausel nep-
sole Tpu yreepacoenus Teopemst 2.1 u, Kpome 1020,

lim x* = x*,

R>00

ecau, Hauunaa ¢ Hekotopozo waza N, dra awb6oco k =N
geAUdUNHA M YOOBAETBOPAET YCAOBUIO s

m>2K($::$:). (3.70)

IlokasarteabctBo. [lycte T&(a, b) ecTh mpe-
JeJbHas ToYKa TMOcCJel0BaTeJbHOCTH {Xx*}, mopoxnae-
moii MATTI. Tora nocienoBaTeqbHOCTb {X*} COMEPKHUT
JiBe MOJAMOC/EL0BaTeNbHOCTH, OfHA M3 KOTOPHIX CXOJHT-
cf K Touke T ChpaBa, a Apyras — cieBa. O6ocHOBaHMe
9TOr0 yTBEePXKJAEHHS NPOBOJAUTCA aHAJOTHYHO [0Ka3a-
TeNbCTBY JeMMbl 2.1, Tak Kak ycJOBHSI paccMaTpHBae-
MOfi TeopeMbl O6ECNEeuHBAIOT OrPaHHUEHHOCTh (QYHKIMI
®,(x) u3 (3.67), (3.68) na MHOXecTBax

Xp={xela,b]: o* << (x)}

npu Jio6om k& > 1 (mpeamosaraercs, 4To @, = Qg— CM
3ameuanue 1 B m. 3).

M3 ycsoBuii TeopeMbl c/lefyeT TakxkKe, 4To QYHKUUS
@ (x) aBadercs HenpepniBHOH. Iloatomy, caenys mokasa-
TeAbCTBY TeOpeMbl 2.1, moJyuyaeMm crnpaBelJHBOCTb Mep-
BOTO H BTOPOTO YTBePKIEHHH, eclH CIpaBelJHBO TPeTbe
yTBEpKAeHHe.

JlokasaTe/bCTBO TPeThEro YTBePXKAEHHS B CBOIO Oye-
pelb TIPOBOAMTCA aHAJOTHYHO [0Ka3aTeNbCTBY COOTBET-
CTBYIOLILETr0 yTBepkKIeHHusa TeopeMbl 2.1, OIHAKO HaJaHuHe
npeoGpasosanus (3.67), (3.68) npuBoaurT K TOMY, 4TO

9#
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HepaBeHCTBO, COOTBETCTBYIOIlee HepaBeHcTBY (2.19),
uMeeT BUJ )
R(j(R)) > —40,(Z) + &4

rie g, = 0,(x) — 0. (x*) >0, Z, x*X,, H, KpoMe
toro, BMecto (2.20), monyuum

lim R (¢ (k) = lim {— 40, (X}

eCJIU MHOZXKeCTBO 3HaueHHH BEJHUHHBI m, COOTBETCTBYIO-
IMX TOC/AEL0BATENBHOCTH HOMEPOB R, HMEeT KOHEUHYIO
BEPXHIOIO TpaHb,

U3 (3.64), (3.67) caemyer, uTO U, = Wyd — U,, IAe

_(e—9 (=
wh_((p"—tpf)>l’ Uk_(q)f_ I:)}O’

o

NPHYEM Wiy << Wy H Upy1 S U, [lO9TOMY pasHocth g
HMeeT MOJIOXKHUTEJNbHYIO HHXKHIOI TpaHb npi kR =N >0.
Ocraercs mokas3aTb OIPAHHUEHHOCTb MOCJAELOBATENbHO-
ctu {M,} sHaueHwuil OLeHKH M usz (2.5).

Honycrum, uro @7 = ¢* npu uekotopom ¢ > 1. Tor-
na v,=0 npu mo6om k>=4q u, B cuny BbOyKiO-
cru F(u),

| @, (x:) — (d)k(xi—l)l O)kl(b (%:) — @ (xi-1) l,

npuueM, NOCKOJAbKY (yHKuua ® aBnfdercd JUNILIHIEBOMH,
TO

I4

9°— e\
Mh<K(q>(a)—q>*)’ k>q.

[lycte Temepsn cp“>q)* npu mo6oM 3HaueHHH &,

H MPeANOJIOXKHM, 4TO B 5TOM ciyuae nocne,uOBaTeJIb-
HocTb {M,} He AIBnSieTcs OrpaHHUEHHOH, T. e.

sup M, = oo, (3.71)
I<k<oo

IToxaxem, uTro npHu CIeaHHOM ~ NOMYLIeHHH —TOUKa x*
ABJAETCS NpeJeNbHOH TOUKOH MOC/IeN0BaTeNbHOCTH {x"}.
M3 (2.,5)—(2.7) un ycaoBus 0 << @4(x;) << F(1) BbITe-
KaloT Cjelyollie OUEHKH M1 Xxapakrepuctuku R (i)

1
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NPOM3BOJIBHONO HHTepBana (Xi-1, %), | < i< k:
M (% — Xi1) — 4F (1) S R(i) < tM(xi—xiy). (3.72)

IIycTe ¥ ecTh HeKoTopas mpefefbHas ToYKa TMOCAENOBa-
TeabnocTH {x'}. OGosnauum uepes j=j(k) u ¢ = t(k)
COOTBETCTBEHHO HOMEPAa HHTEPBAJIOB, COMEPXKALIUX TOY-
K X # x*. Ecau ponmycTutb, 4To TOuka X* He siBIsercs
NPEeNeTbHOM, TO PU £ —> 00 JIHHA MHTEPBANA (Xi—1, X;)
HMEET MOMOKHTENbHYIO HHUXKHIOW rpaHb. [10CKOMBKY Tipu
3TOM X;—X;-1— 0 u 3Havenne M wHeorpamuyeno, TO
u3 (3.72) cieayer  cnpaBedNHBOCTB HepaBeHCTBa
R(t(k)) > R(j(k)) npu mocTaTouHO GOBIUMX SHAUEHH-
X k, 4TO MPOTHBOpeuHT momymieHmio x*+! & (x,_y, %),

Taxum o6pasom, ecnn mociefosatenbrocTs {M,} He-
OrpaHHYeHa, TO U3 TOYEK MOC/IeOBATENLHOCTH {¥*} MOXK-
HO NOCTPOHTb MOANOC/EN0BATENbHOCTD, CXOASILLYIOCA K
TOuKe x¥*,

M3 ycnoBuit TeopeMHl BhITeKaeT CYLIeCTBOBAHHE OK-
pectHocti W Toukm X * Taxoii, uto

¢(x) = (¢ —¢*) F'(K|x—x*|) + 9%, xa W, (3.73)

rae F~! ectb (BorHyras u crporo BO3pacraiouas) ¢yHk-
uns, obpatHas o¢yukumm F (1. e. F-'(F(u)) = u).
Ilycts fBa 4ncaa p 1.¢ HACTOMBKO BeJMKH (/151 ompese-
JIeHHOCTH TNOJOXKHM p <<q), uTo npu Jao6oM k=g

r*e X-px)c(x )W, (= t(k), (3.74)
¢ X = [a, ]\ (¥?, x9) = X,,
i nycThb uncno [ > g ynoBaeTBOpsieT yCa0BHIO
min  (x) > ¢ +8(¢°— 9%, 0<8<1. (3.75)

O603HauuM NI KpaTKOCTH U (@ (X)) uepes u(x) u 3anu-

HieM TOXIEeCTBO l F (u (xi)) —F (u (xi-i)) .
|F (4 (%;)) = F (1 (xi_y)) l _ | X=Xy

| u(x)—u(nu_y) u(xy) —u(x—y) !
xt —x,‘_i

-~ (3.76)
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JeBas yactb Kortoporo npu 0 << u << 1 umeer nojoip-
TeJNbHYIO HHJKHIOIO rpaHb, 6o F(u) ecTb BHOyKIas
1 cTporo Bo3pacrawmias pynkuusa npu 4 = 0. [TosTomy,
B cuay JaunmuneBoctd ¢yakuuu O (x) = F(u(x)), mu-
HUMH3UpYyeMash QYHKUHA @(X), CBSI3aHHAS C 4 JIHHEHHBIM
Bhipa:xkeHneM (3.64), HeoOGXOXHUMO TaKKe SIBASETCH JHII-
IHIeBOH.

SaMmenuMm B (3.76) BenuuuHsl #(x) Ha u,(x) us
(3.67), nmas koropmix corsmacho (3.75) cmpaBeaJsuBa
oueHKa #,(x) =06, x= X, k=1 TlockoabKy AJAA BH-
nykiao#l ¢yukuuu F(u) cnpasensuso, uTo

F(“—"AA‘Z_F(”)_gf;—'S), d<u<<u+ Au,

10 3 (3.76) caeayer HepaBeHCTBO

D, (x;) — Dy (¥i_q)
xi '—‘xi_i

v

<K11 Xi—1, xiEXI

rie K, ecTb HeKOTOpast KOHCTaHTa u k == [.

Tenepb mokaxkem, YTO aHaJOTHYHOE HEPABEHCTBO
CHpaBeAJNHBO IJSl TOYEK Xi—j, X: & [xP, x7]. U3 (3.74)
ClIeflyeT, 4TO MpH kK > ! MuHMMaJbHOE 3HaueHHe @F
JIOCTHraeTcss Ha OJHOM M3 KOHIIOB HHTepBata (Xi—1, Xi).
Insa onpeneneHHOCTH MOJ0XKHM, uTo (cM. puc. 3.3)

Qxy) =ot, E=1(R) (3.77)
Tornpa us (3.67), (3.73) u (3:77) BHITEKaeT, uTO
up(x) = {F 1 (K|x —x *|) —
— F-Y(K|x, —x*|)}, ~ (3.78)

ecan xX, MW npun B>=qg (TOUKH 3TOr0 MHOMKECTBa OT-
MeueHBl IITPHXOBKOH Ha pHC. 3.3) H, caeloBaTeNbHO,

T 00 = F(u(®) < wKlx—x*|,

NOCKOJBKY BO3pacTatomiass Gyuruusa F(u) asasgerca Bb-
nykJsoil. Orciona, yuntsiBasi paBeHcTBo @, (x,) = 0, no-
JIyuaeM OLEHKY
Dy (%) — Pp (¥1—1)
xt —_ xt_1

| <wk.
i
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Ilyctb Teneps X, << X (cayvaht X; << X, paccmarpusa-
erca aHajoruuno). Us (3.68) u (3.78), yuurtniBas Boi-
nyKJaocTh F (%), BHIBOAHM

@4 (%) — @u(xir) | < K] 5— 5 %] —
TR e ) = F (K ) ),

rlie pa3HOCTb, CTOAIas B KBaJPATHBIX CKOGKaX, HMeeT

HIDKHIO OlleHKy (HamoMHuM, urto yHkuus F-! gpas-
eTcsl BOTHYTOH) :

(1——’ix—) F~H(K1x; — ¢*]).

[ToatomMy . : .

@y (x) = P (¥it) <ka(1 At )
Xi—y

X; — X

H OcCcTaeTcd NoKa3aTb OrpaHHYEHHOCTb OTHOIHEHHUA

A, X, — Xy = X, —x* -y
=== i+t
A, X, — Xy X, —%_ 4

Myctp k= 1. Toraa cyuiecTsyeT Takoil Homep § > g,
uto (X1, Xi) = (X%, X)), HAH (Xiep, %) = (X, x°),
rae j = j(s — 1), T. e. uHTEepBan (X;-1, X;) obpasoBacs
B pe3y/ibTaTe NPOBEJEHHA HCNBLITAHHSA B TOUKe X° & (X1,
x;). Ilpu stom, ecmn  j(s—1) =t(s—1), rae ¢ u3s
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(3.77), 70, cornacuo (2.15), e << (r41)/(r—1). B npo-
TUBHOM cJjyuae, T. €. Koraa j(s — 1) = £(s — 1) u, caeno-
BaTeIbHO, 2, <21 <2z M 0= R({(s—1)) —R(j(s—
— 1)), noBTOpPHB paccykIeHHS M3 JOKa3aTeqbCTBA TeO-
pembl 3.1, npuBoAsAmlMe K BhIpaxeHusiM (3.20)—(3.23),
NONYYHM OIIEHKY

HUrak, npeanonoxenue (3.17) npusomut K CBOEMY OT-
pUIaHHIO.

Ilepeiinem K n0Ka3aTeNbCTBY MOC/TENHEro yTBEpIKJe-
HHfl TeOpeMbl, Il 4ero AOCTaTOYHO MOKa3aTh, yTo x*
ABJIIETCA NMPeNeNbHON TOYKOH MOC/Nef0BaTeNbHOCTH {X'},
€cJH BHINOJHAeTcs ycaosue (3.70).

[TycTh Z ecTb HeKOTOpas mpelefbHas TOYKA MOCIEL0-
BaTeJbHOCTH {X'}, a Touka X* He sBJAsieTCA Npefe/bHOM.
OG6osHauum uepes j = j(k) u t = t(k) HOMepa HHTEp-
BaJIOB, COAEPKAallUX COOTBETCTBEHHO TOYKH X M x*.

Torza .
lim R(j (k) <O, wrtie&(xi_y,x,),  (3.79)
R->00

ecmu k mocraTouHo Besnko. Kpome Toro, us cnpasepu-
BOCTH TPETbEro yTBepKJAeHHs Teopembl 2.1 ciemyer, uTo

i =0 (x)> o (x*) = o*,

T. €. BeIHYHHH U, HMEIOT MOJOXHTEAbHYIO HHKHION
rpaHb.

[Tockonbky ¢ynkuus O (x) spaseTcs JHMIIHLEBOH,
TO

2K (% — xim1) — 2{®(x,) + @ (x,-1)} = 0. (3.80)
Hanee, yunTbiBass BHIyKJOCTH F (), monyyaem OLIEHKY
0, (x) = F{wu(x) — v} < w,®(x), xeX,
KoTopasi coBMecTHO ¢ (3.80) MPHBOAHT K HepaBeHCTBY

R(t(k)) >0, k=N, (3.81)

rae N u3 ycaosua (3.70). Ho (3.81) u (3.79) MPOTHBO-

pesat npasuay (2.8). B8

e G

R A
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§ 4. Aaroput™bl aas GyHKUMHA, YAOBAETBOPAIOWMX ~
00o0menHomy ycaosuio Jiunuwuua i

Henbio Hacrosimero naparpada siBasercs NOCTpOe-
HHe a/JrOPUTMOB pelleHHs 3ajgaud (2.1) Ana  cayuas,
Koria MHHMMH3Hpyemas GyHkuuA @(x), x& [a, b],
yaoBJaeTBopsieT yciosHio Buaa (1.3.25), xotopoe 6yaem
Ha3bIBaTb 0606ujentoin ycrosuem Jlunuwuya (BaXHB
KJacc TaKHX 3amay OyJleT pAaccMOTPeH B Caefyiolleil
rnaBe). [Ipu stom

lo(¥) —o(x”)| < Kp(#, £7),

» X, x" & [a, b], (4.1)
NpUYeM YCJIOBHMCS, YTO QYHKUHS P ONHCHIBAET HEKOTO-
PYIO METPHKY U

Cp( X)) = (| —x"]), (4.2)

rie Gynkuus [ umeer o6paTtayr ¢yHKuHIO ! (r. e.
[~ (f(Ax)) = Ax).

1. OGoOmenHble anroputmbl. OGo3HAUHUM paccTosHUe
B MeTpHKe (4.2) MeXLy TOUKaMH Xi-1, X; u3 (2.4) uepes
Py, T. €. \

0i = p(Ximy, %) = f(ti—xi1), 1<I<k,  (4.3)
U 3aMeHHM B BBIpaxeHusix (2.5), (2.7) m (2.12) pasmo-
CTH X; — X;~1 BeJUYHHAMH P, [Ipu 3ToM - -

|23 =2-q]

M = max ’ (4.4)

1<i<h Py

2, =—2z;_4)?
R =mp+EZ8=E 00100y, @)
pr<se WX — X < [l(e), (4.6)

4, KPOMe TOro, BBeAEM BhHIpa:KeHHe

L X, %y _sign (2, —2;_4) f—i 7 lzt-zt—il}
- 2 2r m :

(4.7)

Tenepp onpeldenuM aaropuT™, ONHCaHHE KOTOPOTO
MOJMHOCTBIO coBmajfaer co cxemofi AITI (em. m 1§ 2),

3
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ec/¥ B MOCAeNHeH 3aMeHHTb BCe CCHIIKH Ha BLIPAXKeHHS,
YKa3aHHble B JIeBOM cTOJ0LE caefaymolieill TaG/uubl, CO-
OTBETCTBYIOLIHMH CChIIKAMH H3 IPaBOro ctosibua:

(25) — (4.4),
(2.7) — (4.5),
(2.9) . — (4.7),
(2.12) — (4.6).

YcnoBUMcA HasblBaTh 9TOT HOBHI  anroputm 0606-
WeHHbIM AA20PUTMOM 2406AN6H020 NOUCKA (COKpallleH-
1o OATII). B crenyiolieM nyHKTe Mbl IIOKaXKeM NPHIOJ-
Hoctb OATTI mas munuMH3auWM QyHKHMY, yAOBJETBO-
pswomux HepaBeHcTBaMm (4.1), econ B (4.3) u (4.7) mc-
nosab3yercsi. Ta e QYHKUMSA f, 4TO H B ONpele/]enHu
MmetTpukna (4.2).

2. YchaoBHS CXOOMMOCTH H TMJIOTHOCTb HCHbITAHHIA.
Ias nocnenosartenabHOCTH HCmbiTanuii {x*}, KoTopyio
0600LIEHHbIH aJropuT™M (C MeTPHKOH p) comocTaBJsieT
MHHHMH3HDpYeMOH (yHKUMH ¢ (X), yAOBJIeTBOpsAIOWEl yc-
JosHio (4.1) (mas Tof XKe MeTPUKH p), CIpaBelJHBH
nepBHe TPH yTBep:kaeHus: Teopemb 2.1, UerBeproe yT-
BepKJeHHe TaKxKe CIOPaBeAJNHBO, €CIH 3aMEHHTb YCJO-

BHe (2.17) ycnoBuem .

m>4K. = = (48)

Joka3aTe/qbCTBO 3TUX YTBepKJeHHH NPOBOAHTCSA aHa-

JIOTHYHO Jl0Ka3aTe/bCTBY TeopeMH 2.1, mpuuem mnpensa-

puTeabHO (MOA06HO paccMoTpeHHIo B JeMmme 2.1) ycra-
HaBJINBAETCs ABYXCTOPOHHAS CXOAMMOCTb K NpeJesbHbIM
ToukaM X & (a, b). Pasnuune MOCTAaTOYHBIX yCJIOBHI
cxogumocta (2.17) u (4.8) BHiTekaer u3 Toro o06cTOd-
TebCTBA, YTO ycaoBHe (4.1) mopolkiaaer mas HHTepBaJja
[%;-1, x;], comepKalero TOYKy MHHHMYyMa x*, OIEHKY

zi+ 21 — 2Kp: < 2¢(x *), :
OTJIHYHYIO OT (2.22).

Caenymouas teopema sBasietes -o6oluieHneM Teo-
pembl 2.2,

N oV

A R et S
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Teopewma 4.1. llycre @(x) u3 3adauu (2.1) ydos-
aergopser ycrosuo (4.1) u

o(x) Zo(x*) +4, x&][a ] =[q b],

npuuem pynkyus [ us (4.2) ssanerca evinyxaroil -u f(p—
—a)=A4K>0. Toeda Oara  naorHoctu Py
(cm. (2.24)) nocaedosareavroctu {x*}, noposdaemoil
OATIl npu munumusayuu @(x), cnpasediusa OyeHKa

2 (4.9)

P < T amy

ecau m = 4K. ,

IHoxasarteabcTBO. Cleaya cxeMe JOKa3aTeJbCT-
Ba TeopeMbl 2.2, mJas Jio6oro wuHTepBa’da [Xi-1, X <
< [a, B] monyuaem oueHKY

R()<— () + (1 mp, — 44},

M3 KOTOPOH CJEyeT, 4To XapaKTepHCTHKAa WHTepBaJa
[%j-1, X;], comepxamiero Touky x* (cm. (2.23)), Gymer

6oablue, ueM R (i), ecmn f(x; — xiy) <7

[Tockoabky aas OAITI nepasenctBo (2.15) cnpasen-
auBo u m = 4K, To eBKJIHIOBO PacCTOSIHHE MeXAy TOu-
KaMu Xi-1, % & [a, B] npu nw6om £.> 1 ynosierBopsier
YCIOBHIO g A

. 3 —1/[64A —1[24A —1[ A
Xy — X1 =g | (m)?f ) = \m)

. . .

IMostomy

A
m

Np<(B -0) [—— +5=5|, (410
O

rae Nus ecTh UHCIO TOYeK moc/ienoBaTenbHocTH {X*},
npunaanexawux uurepsany [e, p]. ITo ycaosmio Teo-

A A
pemss f (B — &) 3> = 7 01Ky 5_a<f_1(A)
m
nocJe noActaHoBkH B (4.10) mpuBoaut, cornacHo (2.24),
K Boipaxenuio (4.9). [3 .

s UTO
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Bameuanue. Eciu MUHMMaNbHOE 3HaueHue pac-
CMOTPEHHOH (QYHKIHH @(X) OTEICKHBaeTCs 1O METOLy mne-
pe6opa ¢ TOUHOCTBIO & (CM. 3ameuaHue K Teopeme 2.2),
TO IIAT CETKH € ONpeAe/IsieTCs U3 YCJAO0BHA

(%)<,

OTKYAa clefyeT, 4TO MJOTHOCTb HCIBITAHUH PyjB Mi060M

noarutepsane [a, B] < [a, b] ynosaersopser HepaBeH-
CTBY

° 1
Poa>—1
= =T (5/K)

U3 nocnennero Hepasenctsa u  (4.9) npu m=4K y
A > 48, yuntsiBas BOrHYTOCTh (yHKUHM [-!, mosyuaem
OLIEHKY ) ‘

P << (12—6) P,

aHaJOTHYHYIO oueHKe (2.28), . -

3. Ycro#uusocts. [las mocienoBaTenbHOCTeH HCIBITA-
HHH, MOPOXJaeMbIX 0GOGLIEHHHIMH aJIrOPHTMAaMH, Cripa-
BEIJIHBO yTBEpXKJeHHe TeopeMul 2.7 06 ycToitumsocTH
k-tonosoruii, a TakXKe cupaseiJinBa ciefyiomas Teope-
Ma, [10KasaTe/bCTBO KOTOPOM MPOBOAHTCH  aHaJIOrHUHO
JI0Ka3aTelbCTBY TeopeMul 2.6.

Teopema 4.2. Ilycro x* ecTo yceuenue (no ro4no-
cTu &) nocaedosaresbHocTu ucnuiranuti, noposdaemod
OATl'll npu munumusayuu ¢ynkyuu P(x), x = [a, b],
yooeaersoparoujell Hepasencrsy N

[¥(x)—@(x) | <6, x=[a, b], '(4.11)

2de @ (x) us (4.1), npuvem pynxyus f us (4.2), ucnore-
syeman e OAIIl, seaserca svinykaod. Toeda dan  PF
u3 (2.13) u @(x*) uz (2.1) cnpasedaruso

.

[V — o) |<ake+8, a>1,
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ecau Ha waee ocTaHosKu

m>2K (1 + V14 TEE), (4.12)

2rd
20e §=—v———-KB(,__l).

4, CoraacoBaHHe METPHKH. YCJOBHSI CXOZHMOCTH H
OLEHKH TJIOTHOCTH MCNBITAaHWH W3 M. 2 mpeanojaraor,
yTo B 060GLIEHHOM aJrOPHTME HCMOAb3YyeTcs Ta XKe MeT-
pHKa, 4To U B ycaoBuH (4.1), KOTOpOMY yHOBAETBOPSET
muHaMusupyemasi ¢ynkuus. CBofCcTBO YCTOHYHBOCTH I10-
3BoJifieT U36€xKaTh TAKOro COIMIACOBAHHA METDPHKH.

JleficTBHTENbHO, MNYCTb MHHHMH3HpYyeMasd (YHKIHSA
P(x) ynrosnersopsaer ycaosuio (4.1) ¢ merpukoii (4.2),
W NycTh cyllecTByeT Oam3Kas K Heft dynkuus ¢(X),
ynosaeTBopsionlas Hepasencrsam (4.11) nns sapaxnoro
8 >0. Ecan npu 3toM (yHKuHsS ¢(x) yIOBJAETBOpSET
eme H yctoBuio (4.1) ¢ HekoTopo#t KoHcTauTolt K’ i Met-
puKoH

o' (x, x+ Ax) =['(Ax), Ax>0, (4.13)

To, coraacHo Teopeme 4.2, MHHHMH3auus P(X) MOXKeT
6LITh NPHOJHIKEHHO OCyllecTBJeHa OGOOGIIEHHBIM aJ/iro-
putmom ¢ MeTpukoit o’ u3 (4.13), naxe ecau dyHK1IHT
P(x) He yAosaerBopser ycaosuio (4.1) mpu merpuke
o/, T. e -

N

DM =0 |0t (414

I (Ax)

sup
a<a<xtAx<d

OnHako Takoi MOAXOA MPHUBOAHT K HEOrpaHHYEHHOMY
BO3PACTAHUIO IIOTHOCTH HCIbITAaHHI P.s(8) B nto6om no-
nnintepBane [, B] < [a, b] mpu 8 — 0, 1. e.

lim Pag (8) = oo, (4.15)

YTo YKa3HBAeT HA Yeaecoo6pasHoCT6  C02AaC08aHUA
merpuku B ycaosun (4.1) 1 B aNrOpHTMe, NOCKOJNBKY NpH
HCIIONb30BAHHH METPHKH u3 (4.1) NIJIOTHOCTb HCTBITAHH
ocTaeTcs OrpaHHueHHOH A8 TMOJbIHTEPBAJOB, He coaep-
XKaluX Touek abCoMOTHOrO MHHHMYyMa (cm. (4.9)).

‘
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IMokaxewm, uto (4.15) Buitekaer u3 (4.14). Kouneran-
ta K’, oueBHIHO, 3aBHCHT OT §, mpuueM, cornacHo (4.14),
K’(8) — oo npu § — 0, oTKyna caenyer, uto AJS 3Ha-
YEHHH M U3 NOCTATOUHBIX YCI0OBUF cXxomumocTd (4.8)
HiIu U3 Oojiee XeCTKHX ycaoBud (4.12) cnpaseisiuso
limm = oo.

80
Hs (4.1) u (4.11) BHITeKaeT HepaBeHCTBO

lo(®) | < [9(x*)| + 6 +Ki(b—a) =4,
x &=Ja, b].

[Toatomy nns xapakrepuctukn R (i) mo6oro uHTepBasa
(%=1, x:), 1 < i<k, cnpaBesnBa oueHka
mp; — 4A < R (i) < 2mp; + 4A. (4.16)

1

HonycTuM, YTO NPH HEKOTOPOM - R s 3aLaHHOTO
& >0 cyuiectByeT HHTepBas (X;-;, X;), He cOmep:KallHii
TOYEK NOCNELOBATEJbHOCTH HCNBITAHHUMH, H X; — X;—-; = €,
Torna u3 (4.16) ciexyer BhINONHEHHe HepaBeHCTBa

R(i(k)) > R(i(k)) (4.17)

AJisi HEKOTOPBIX NOCTAaTOYHO OOJIbLIMX 3HAUEHHH M U A,
eciu i(R) ecTb HOMEp HHTeDBaNa, COAEPKALIETO KaKYIO-
JMH60 TNpele/bHYI0 TOYKY MOCAEJOBATEJbHOCTH HCHBITA-
Hull (T. e. p;—0 npu k— 00). Ilpn sTOM HepaBeHCTBO
(4.17) NpoTHBOPEUHT CAeJaHHOMY AONYIIEHHIO (COTIaCHO
(4.17) u (2.8) wmHTepBan (¥;-;, X;) JOMNKEH CONepKaTh
X0Ts1 GBI OJIHY TOYKY MOCJEN0BaTeIbHOCTH HCIBITAHHH).

§ 5. Apyrue moandukauuu
H pe3yabTaThl IKCMEPHMEHTOB

Kpome BapuaHTOB ocHOBHOro asroputma (ATTI),
paccmotpennbix Beimie (MATITI, OATTI), Bo3MOXHH K
Apyrie MoAHGHKaUMH, TPH H3 KOTOPBIX OOCY:XKIAIOTCA B
CJIeyIOIHNX MYHKTaX. ‘

1. PaniomusupoBankblii  aaroputM. AJroput™ rJo-
6anbHOrO MOHCKa, CBOACTBAM H OOOGIIEHHAM KOTOPOro
NOCBsIlleHa HAcToALlasl IJaBa, CONOCTAaB/IAET MHHHMHS3N-
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pyeMoit QYHKIHH @(X) MOCJAeL0BaTeNbHOCTb HCNBITaHHH,
3aBHCALLYI0 OT Ko3dpduuuenra r > 1, Bxoasiuero B BLl-
paxeHue (2.6) ans BeauuuHbl m, Ilpn pelleHHH KOH-
KPeTHBIX 3ajlau 3HaueHHe Koadduuuenra r R0MKHO ObITH
JIOCTAaTOYHO GOMBLIMM, 4TOOBI YAOB/IETBOPSJIOCH HEpPaBeH-
ctB0 (2.31), rapanTupylollee NOCAe OCTAHOBKH BHIUHC/IE-
HHi 10 ycnoBui0 (2.12) TOYHOCTB, He MEHBINYIO, UeM B
MeToze Nepe6opa Ha ceTke ¢ waroM & (u3 (2.12)), niu
XoTsl 6B yIOBJETBOpPAJAOCH HepaBeHCTBO (2.17), sBasiiO-
meeca NOCTaTOUHBIM ycaoBueM cxopumoctd. Ho, ¢ apy-
rofi CTOpPOHBI, ¢ pOCTOM r Bo3pacraer (npubJanKasch
IpH 7 —> 00 K KOJHYECTBY Y3JOB CeTKH Merola mepeo-
pa) YHMCJIO0 MCHBITAHHH, MPEALIeCTBYIOUIMX BLIIONHEHHIO
yCIOBHSI OCTAHOBKH (CM. TPeTbe YTBEPMKJEHHE Teope-
MBI 2.3).

B caiyuae, Koria Aas MHHHMH3HDYeMOH (YHKUHH
u3BecTHa KoHcraHTa Jlunumuua K, Be6Op 3HaueHus r He
BLI3LIBAET 3aTpyAHeHuil, 6o ycnosua (2.17), (2:31)
umetor Bug m = YK, rae y > 1, u, cornacio (2.5) u
(2.6), m = rM, npuuem M < K.

OfHaKO BO MHOTHX NPHUKJAaZHBIX 3afayaX JOCTYIHH
JHlIIb OYeHb rpyOble alpHOPHbIE BepXHHE OLEHKH KOH-
cTaHTH JIMnmHma [AJAs8 MHHAMH3UpyeMol  (QYHKIHH.
B Takoii cHTyallid eCTeCTBEHHO BOCHOJAb30BAThCA pe-
3ynbTaTaMH PacCMOTPeHHs, TNpoBeleHHoro B m. 7 § 1.
Bynem cuuTaTh, uTO 3a/laHBl lBe OLEHKH KO3 dHuHeHTa,
ykaszauusie B (1.37), mnpuueM KOHKpETHOe 3HaYeHHE.
r e {r,, r2}, KOTOpPOE CJELYEeT HCNONb30BATh HA JaHHOM
1are, ompejiessieTcs ¢ MOMOLLbIO cIy4alHOro MeXaHH3-
Ma. Ilpu 3TOM BepoATHOCTb BbI6Opa 3HAYEHHA 7 == 1)
npHMeM PaBHOM oleHKe p° H3 Teopembl 1.2 u mpeoGpasy-
eM BbIpaKeHHe [JIs1 9TOH OLEHKH TaKHM 06pa3oM, uTOGHI
p° BBIYHCJSAJOCH He uepe3 HHJEKCH ij a uepe3 KOOpAHHa-
TH X; BXOAAllMe B ®, U3 (2.2)—(2.4). YkasaHHOe mpe-
o6pa3oBaHue BBHIMONHAGTCS aHAJIOrMYHO Mepexoay OT AH-
CKPeTHOro airopuTMa K HenmpephiBHoMy (cM. m. 8 § 1).

B pe3yabrate MOMYdYHM Clelyloliue npaBuia BeGOpa
HCMBITAHKI NIPH MUHAMH3ALHH GYHKUMK @ (x), ¥ [a, b].
[TepBbie 1Ba HCMBITAHHSI BHINONHSIOTCS B TOUKAaX H3 (2.3).
Ias Bei6opa Toukm x**!, k=1, ouepeanoro (k + 1-ro
HCHBITAHHA HEOO0XOAHMO:
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1) BbINOAHUTS nepsoe u 8TOpPOE npasusa u3 onuca-
Hus ATl (cm. § 2 m. 1);

2) noaoxute m = m,, 20e M, ecTe 3Ha4€eHue M u3
(2.6), sbluucrennoe npu r = r,, u 8LINOAHUTD yergeproe
u naroe npasuira u3 onucanus Al :

3) soiwucaure

d=m(x; — X—1) — (2, +2,1) (5.1)

U noaoxure dy=d, ty =t, Ry = R(l), 2de t u R(!) u3
(2.8); .

4) noaoxcure m =my, 20e my ecro 3Hauenye m uz
(2.6), soitucrennoe npu r =rsy, u 8o1NOAHUTS uerseproe
u naroe npasuaa u3 onucarnus AI'll;

5) seiuucaure d u3 (5.1) u noroxcure dy — d, ty =1,
Re = R(t), 20e t u R(t) uz (2.8);

6) ecau soinosnserca ycaosue t, = ts, To noaoxcurs

4]

P (5.2)
8 NPOTUBHOM CAyHae )
= G+td—R |
p= 2d1+2d3—Rl"Rs’ (5.3)

7) odrokpaTHO peasusosars CAYHQUHBLL MexaHusm ¢
dsyms ucxodamu 1 u 2, coorsercréento umerowumu se-
POATHOCTU Py = p u Py =1 — p; ‘

8) swibpare Touky x*! coeracno (2.9), 20e t=t,,

m == my, ecau CAY4QUHbLE mexanusm 0ar ucxod 1, y t =
== ly, M = My, ecau CAYUQLINbIE MexaHusm Oas ucxod 2.

OnucanHblii . anropu1M (yCJIOBHE OCTAHOBKH H TeKy-
liHe OLUEHKH SKCTPEMyMa ONpefe/sioTcs TaK Ke, Kak
u B ATTI) ycnoBuMcA uMeHOBaTh pandomuduposanHoim
ans2opuTmom  2206aAbHOCO0 - noucka (coxpamenno
PATTI) *),

*) Mbl He ocTaHaB/IHMBaeMcA Ha KOHKPETHHIX CXeMax peann3zauuu
CyyaliHEX MeXaHW3MOB NyTeM MOCTPOSHHS MOC/AEI0BATENbHOCTell
TCEBAOCTYYANHbIX UuCeN, MOCKOJbLKY STHM BONPOCAM 1OCBAILEEa 06-
IIHpHasa cneunajbHasi Jutepatypa (cm., Hanpumep, M. M. Co6o0ab
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Teopewma 5.1. ara 3epoz}nocru puz (5.2), (5.3)

cnpasedausel OYeHKU
r% —1 1

By <r<s

HokaszateabctBo. M3 (2.7) u (5.1) crenyer,
4TO

87

mA; >2d — R (t) = mA, — ——=mA (1 —r=2), (5.4)
¢

rlle UCroJb3oBaHb 0603HaueHHsi (2.34) u HepaBeHCTBO
(2.36). O6osHauuM, Agas KpaTkocTH, As, H At,cootBerct-
BeHHO uepe3 A; m Az AHaJjornyHo oGosHauum O: M 6,
yepe3 8, u 82. M3 onucanua anropurma cieiyer, uTo

Ry = R(ty, r2) = R(t, ry).
[ToaTomy

2(dy +dy— R,) << 2d, — R(ty, rs) +2d, — Ry =
L 82 62
=it (25~ ()] + (s 35) 69

i, kpome toro (cMm. (5.4)),

2d1 +2d3—R1_R2 =
& %
= mlAl —rm—l + mzAa—m . (56)

[Tockosnbky seBast uactTb (5.5) ecTb YABOEHHHH YHC/H-
Tesb BhipaxkeHus (5.3) u JeBas uacth (5.6) ecTh 3HaMme-
HaTeJb TOrQ e BbIPAXKEHHS, MPHYEM cjaraemoe B (u-
TYpHBIX cKOOKax u3 mpaBoil yacth (5.5) Menblile, uem
craraemoe B QUrypHBIX cKoOKax M3 mpaBoit yactu (5.6),
TO AJas BeamuuHH p u3 (5.2), (5.3) cnpaBennuBa Bepx-
HAA oleHKa p <<1/2. .

Tenepr 0603HauUM Yepe3 Wy ¥ W2 BEJIHUHHBH Wy H P,
u3 (2.34). Torma -

. .
2(d, +dy—R)) =4(p, — ) +2 (mlAl - WZAS)' (5.7)

10 p. 1. CTpourun
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HOCKOJ'ley, COIJIaCHO OIIMCaHHIO aJrOpHTMA,

Rl = R(tl, fl) > R(tz, fl),
to (cM. (2.35))

82 82
4y —py) = — m1A1+R%‘1) (ml ?+mA2)

M TOCIE NOACTAHOBKH MOC/ENHEro HepaBeHCTBA B (5.7)
noJayyaem .

’ 62 82
2(d+d,—R) = (mlAI - ,71%;) + (mlAz - zrz;)
(5.8)

3. (5.3), (5.6) u (5.8), yuntsiBast onenku (5.4), OKOH-
yaTeJbHO BBIBOLAHM

ml(l—rl—z)(AI—I-A,) ry—ry -1
p= 2myAy -+ 2myAy = 2r, !

yTo He mpotuBopeunT (5.2).

3aMeuaHnue. AIropuTmsl, nonoéﬂue PAFH MOX-
HO TOCTPOHTb U AJsI MOHOTOHHEIX H 06OBIIEHHBIX a1ro-
pUTMOB nyTeM (OPMAa/JbHOrO HepeHoca TOH Ke CXeMBI
paHaoMH3alMH Koabduuuenta r. B nepsom cayuae pouan
BeJIMYHH 2, BXOASWHKX B Ry u d,, v=1, 2, 6yayr urpatb
npeoGpa3oBaHHble 3HaueHHs1 u3 (3.68), a BOo BTOpOM —
CleyeT 3aMeHHTb pPacCTOsiHHA X,—X;—; B R, u d, ux
3HauyeHHsIMH B MeTpuKe (4.2).

PesynbTaThl 9KCIEPUMEHTOB, HIMIOCTPUPYIOLIHE LieJse-
coo6pa3HOCTb BBEJEHHS PaHAOMH3aLMH NPH ONTHMH3A-
LUK HEKOTOPHIX THNOB (PyHKIMH HpUBeNeHHl B IocJefn-
HeM naparpade ciaefyoollell raassl.

2. MunuMH3auug Ha cucTeMe OTpPe3koB. PaccmoTpum
3afiayy MHHHMH3aUMH JIUMIHIEBOH (YHKUUHM @(X) Ha

n

mHoxecTBe D, 1~11eD=il._J1 la;, b;l,npuuem a; < b; <

< a1 < by, 1<<i<<n, t. e. obnactb onpeneneHus
D npencraBnasier co6oii o6befiHHEHHE N Henepeprmaro-
HXcsi 0Tpe3koB. ITOCKOJIbKY pellleHHe x* 3ajaun

@ (+*) = min o (x) (59)

[
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*
CBSI3aHO C PelIEHHAMH Xi 3a1au ]
w* . . .
p(xi)= min o), 1<i<n, (5.10)
x&[a,bi]
COOTHOLIEHUS MH

=
X* = xg, o =arg min ¢(x;), (5.11)
1<ign
TO BBIYHCJAeHHE TOUKH x* u3 (5.9) MOXKHO BLINOJHHUTH
nyTeM He3aBHCHMOro pellleHH f 3anay suia (5.10) c
noc/eflyIOIHM CPaBHEHHeM MOJNYUYeHHBIX OLEHOK 3KCTpe-
myma corsiacHo (5.11).

Onnako B caydae, Koraa KoHcraHTa Jlummuuna npen-
nosaraercss OJHHAKOBOH, BO3MOXKeH 06oJjiee 3KOHOMHBIH
cnoco6. ByneM cumtath, uTo QyHKUHA @(Xx) omnpenedeHa
B uHTepBane [a, b] = [ay, b.], u npumenum ana ee mu-
uumusanun AI'TI us § 2. ITockosbKY npH 3TOM 3HAYeHHS
@(x) B moammiHTepBanax (b;, ai), 1 <<j<<n, Bbun-
CSIThCA He JNOJIXKHBI, BHECEM B aJIOPHTM HEKOTOpHIE H3-
meHenus. [IpuMeM, 4TO mepBble 272 UCHBITAHUH OCYILECTB-
JAI0TCA B TOUKax a; b;, 1<<i<<n, T. e.

N=aq;, x'=by, ... x¥"2=q,, x?*1=p,.

Ilns BoIOOpA TOYKH X**!-11060r0 C/IEAYIOUIEro HCHBITAHHS
(kR = 2n — 1) Heo6x0aHMO:

I)Bme/lHuTb nepeoe npasuro u3 onucanus Al
(em. § 2, m 1);

2) B6LYUCAUTD senuquuy M coeaacno swipasceruro

, (5.12)

2i1

M = max| —*+——
xi_xi—i

ieJ
J={i, | <i<<k: (X, x)=D} (5.13)

U zi=q(x);
3) BLINOAHUTG TPETbE NPABUAO U3 ONUCAHUSA AI" II;
4) esoiuucaute xapaxrepuctuku K'(i) uz (2.7) daa
ecex untepsanos (Xi-y, x;), ieJ, ede J uz (5.13);
" b) 3amenurs ycaosue (2.8) soLpascenuem

R(t) = maJx R (i) (5.14)

20e

U BLINOAHUTG NATOE U wectoe npasura usonucanus AT
10*

-
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TakuM o6pasom, nmpeanaraeMbil aJropuTM OTJIHYaeT-
ca ot ATIl snuwp TeM, YTO OTHOCHTENbHble Pa3HOCTH B
(5.12) u xapakrepuctuku B (5.14) moAcYMTHIBaIOTCA
TOJbKO JAJiSi HHTEPBAJOB  (Xi-1, ¥:), TNpPHHALJIENKAIHX
o6nactu ompenenenusi D (Homepa.3THX HHTEPBANOB CO-
nepxarcs B mHoxkectBe J u3 (5.13), KoTopoe sBaAAerca
pa3JHMYHEIM HAa Pa3JHYHBEIX IIarax BBIYHC/IHTENbBHOTO NMPO-
necca). AHaJIOrHYHO MOXKHO MOAH(HINPOBATH MOHOTOH-
Hble, 06006IIeHHbIE M DPaHAOMH3HPOBAaHHbIE aJrOPHTMHI
A9 MHHHMH3allHH Ha cHcreme oTpe3kos. [Ipu sTom m3y-
yaBllyecs BHIlE CXeMBl MHHHMH3AaLUHU Ha oTpeske [a,b]
MOXHO pacCMaTpHUBaTb KaK 4YacTHbIl cayuya#t (koraa
YHCJI0 OTPE3KoB 1 = 1).

o

'
\

Iapl
U va

andl
il

Puc. 5.1.

Mpumep. Ilycrs MuHuMu3npyemas ¢yHKuHA @(x)*) m MHo-
xkecTBo D, cocTosllee U3 TPeX HemepeKPHIBAIOUILXCS OTPE3KOB, ompe-
NeJIATCA YCI0BUAMH (cM. pHC. 5.1)

5
Q)= ksin((k+1)x+4k, xeD, (5.15)
k=1

D =[— 10, —8]U[— 6, — 2] U[0, 10]. (5.16)

*) YKkasannas QyHKums paccman;aBaaaCb B padore B. O Uly-
Gepra [1]. . .
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Pewenne 3Toft 3aKaun ¢ NOMOUIbIO MOHOTOHHOTO a/TOPHTMA (HCMOJb-
30Banoch nmpeoGpasoBanne (3.63) mis 3HaueHuft n = [ == 2) Ha cH-
creme oTpe3koB (5.16) npu r = 2 u TtouHocTn € = 0,00] B ycioBuu
OCTaHOBKH MOTPe6OBaN0 73 UCHBITAHHS (TOYKH PACMONONKEHHS HCIIbI-
TaHHA OTMeyeHbl IITPHXaMH Ha pHC. 5.1),

Hns cpaBHeHHS OTMeTHM, YTO TNpHMeHeHHe MOHOTOHHOTO aJjro-
puTMa (NpH TeX e 3HAUEHHSX MApaMeTPOB) A/ He3aBHCHMOTO pe-
LeHust Tpex 3afau Buaa (5.10), COOTBETCTBYIOLMX paccMaTpPUBaeMOMY
NpHMepy, ¢ nocienyolledl oneHKol pesyabrata u3 (5.11) morpeGosano
B o0LleH CIOXKHOCTH 96 HcnbITaHHI,

3. Buluucnenue koneGauus ¢ynxkuuu. B page npu-
KJIaJHBIX 3aJay BO3HHKaeT HeOGXOAHUMOCTb BHIYHCAECHHS
H MHHHMAaJbHOTO M MaKCHMAJ/JbHOro 3HaueHHH GYHKIHH
¢@(x) B unrepsane [a, b]. K umcny Takux 3agau oTHo-
CHTCS, HampuMep, olleHKa KosebaHus A ¢GyHKUHMH @(X)
B oTpe3ke [a, b]: o

A = max ¢(x)— min @(x), (5.17)

x&[a,b] x<[a,b]

ucrnosib3yemasl, B YacTHOCTH, B 3ajauax cTaGH.uH3aLHUH
(nanpumep, cTabunu3auMs 3HaueHHH TOKa NMpPH BapHa-
LHH YaCTOTHI).

Pasymeercsa, nna Buiumciaenuns (5.17) MoxHO He-
3aBHCHMO OLEHHTb MaKCHMyM H MHHHMYM (QYHKIMH
C TOMOIBIO AaJrOPHTMOB, PAacCMOTPEHHBIX B HACTOS-
meit raase. OnHAKO [/ 3KOHOMHHM 4MCJa HCOBITA-
HUI €CTeCTBEHHO BOCIOJB30BaThbCs MHMOpMalHed o, u3
(2.2), HaKon/JeHHOH NpH pelIeHHH ONHON 3ajauM, /s
peienns Apyrod. O6cyiHM BO3MOXHBIH BapHaHT TaKoro
KOMOUHUPOBAHHO2O AA20PUTMA, OCHOBAHHEIH Ha ATl
us § 2. .

[Ipexxne Bcero OTMETHM; YTO PaCCMOTPEHHBIE BhLILIE
aNrOPUTMEI TMpeJHa3HaueHbl [/ MHHEMH3aUHH QYHKUHU
P(x).

HsBecTHO, UTO MaKCHMH3aUud @(X) cBoAMTCA K
MUHMMH3aUMH QYHKIHH @;(X) == — @(x). Eciu BHecTH
yKazaHHOEe W3MEHEHHe 3HaKa HemocpeJCTBEHHO B BHIpa-
*KeHud, onuceiBaomue ATTI, To moJay4yuM aaroputm Max-
cuMH3aluH QYHKUHH @ (X).

Yr1o6sl arJopuTM OXBaThiBaJd o06a cayuas (MHHH-
MHu3allyss M MakcuUMu3auus), BBeleM Kod(h(ULHEHT
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Yr==1 H.nosoXKHM

‘ (2 —2i—1)? '

W —xg) 29 (2; + 214),
(5.18)

. , (5.19)

R(i) = m(x%; — xi—1) +

gt —

Xt Xy V(i —2 )
2 2m

Hakonen, samennm B omucanun AT cchliKn Ha BhIpa-
Kenuss (2.7) u (2.9) COOTBETCTBEHHO CCHIIKAMH Ha
(5.18) m (5.19) wu B momosiHenue K ouenkam (2.13),
(2.14) nna a6conOTHOrO MHHHMYyMa BBeeM OLEHKH

¢F = max o (x?), (5.20)
o o<i<h . _ |
" X} = arg max @ (xi) (5.21)
’ xlexh

Aas abconoTHoro makcumyma, Torjaa npu y, = 1 adgro-
PUTM BHIOJMHET MUHHUMH3aUHIO (YHKIHH @(X), a npu
Y» = — | — MaKkcuMH3auHIO 3TOH Ke QyHKUHUH. :
Ilnst ofHOBPEMEHHOro OmpelesNeHHs] MHUHHMyMa H
MaKCHMyMa MOXHO, HalpHMep, MOJOXKHTb Y,=1 aas
BCexX IIaroB C HOMepPaMmH R, MpeAliecTBYIOLIMMH BHINOJ-
HeHHIO YCJIOBHA ocTaHOBKH (2.12), a mocsie yceuenus
MoCJ/IeI0BATENbHOCTH MO YCJIOBHIO OCTaHOBKH MNPHHSATH
Y» = —1 H IPOJO/IKHTDL pellleHHe 3aJayu (COXpaHsia Ha:
KOIJIEHHYIO NPH Y,==1 HH(pOpMaLHIO ®,) 1O MOBTOPHOroO
BBINOJHEHUS YCJAOBHSI OCTAHOBKH.
BosmoxHBl M npyrue BapHaHTHL. IToMOXHM, HampH-
Mep,
= (—1)* k=0,1,... (5.22)

Torna nocnenoBaTeqbHOCTb {X*}, moposxk/aaemas aJaropuT-
MOM, COlePXKHT KaK IOANOC/Ief0BaTeIbHOCTb, CXOASILYIO-
¢l K TOUKe MHHMMyMa JHIMHIEBOH (¢ KoHcTaHTOH K)
byHKUHE @(X), TaK M IOANOC/AEIOBATEJIbHOCTb, CXOMASM-
Lylocsl K TOYKe MakcHMyMa 3Tofl (QYHKUUH (ecau BHI-
MOJIHsIeTCSl [JOCTAaTOYHOE YCJAOBHE cxoaumoctu (2.17)).

3aMeTHM, YTO HCIIOJb30BaHHe BhIpaxKeHu#l (5.18) —
(5.22) B MOHOTOHHBIX H PaHIOMH3HPOBAHHBIX AJTOPHT-
MaX TaK)Xe MO3BOJAET NPHMEHATb 3TH aJTOPHTMBI AJs
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OHOBPEMEHHOT'O ONpeleNieHHss MHHHMyMa H MaKCcHMyMa
GyHKIHH @ (X).

ITpuwmep. Ouenka konebanus (5.17) dyukunn (5.15) B o6nacta
x & [—10, 10] nyTeM 0QHOBpeMEHHOTO BHIUHCJIEHHA MHHEMyMa H MaK-
cuMyMa 3ToH (YHKHHH C NOMOLIbIO MOHOTOHHOrO anroputma (c mpe-
otpasoBandem (3.63) nnq n=1[0=2) npu r =2 u & = 0,001 no-
TpeGoBana 115 ucnuitanuil, npuyeM (€ TOYHOCTBIO IO TPex uudp nocae

a

vt ‘ 20
&l

wp— A

20 X =

ﬂ T T T T 1
w2 5w 2w? w7 st rwte
i Puc. 5.2.

sandaroit) A = 26,869. Pewenne 37101 XKe 3agaud MyTeM HE3aBHCHMOrO
BBLIYHCJICHHS] MHHUMYyMa H (OTAeNbHO) MaKCHMyMa norpefoBano B ie-
aoM 205 ucneirauuii.

4. Pe3yabTaThl YHCJEHHbIX 9KCTIEPHMEHTOB. B monosHedne K HAIO-
CTPalUsAM, PACCMOTPEHHLIM Bbillle, MPHBEAEM Pe3yJbTaTh GoJee npex-
CTABHTEJIHOFO BLIYAC/AWTENbHOrO SKCMEPHMEHTa MO MHHHMH3aNHK
¢ nomombio AT'Tl u MATTI HecKOIBKHX COTEH TECTOBBIX (YHKIHi, MO-
poxaaembix Boipaxenuem (Ixk. C. Xuanu Ox. . I'n6con [1])

N . .
cp(x)=ao-|-z{ajsin%x—l—bjcosf-;—]x}, xe[o,1], (5.23)
i=1

rae Kodbduunentsl a; U b; cyTh paBHOMEPHO DacnpeieieHHEIe B HH-
tepBase [—1, 1] HesaBHcHMbie ciyuaiiHble BesnumHel, a N — ciyuaii-
Hafd BeJHYHMHA, PaBHOMEPHO pacnpeflejieHHas Ha MHOXKeCTBE LEJHX
wlcesl, JAeXKawnx B Hatepsane [4, 14].

BuiGop cucremsl tecToBblx Qynkuui (5.23) cBasam ¢ Tem obcTos.
TeALCTBOM, uTO (PYHKLHH, siBAsIONLIeCs oTpeakamu pana Pypoe, BeTpe-
4aloTCs BO MHOPHX NPHKJAJHBIX 3a/laiaX ONTHMH3aUHH (HampHMep,
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B 3a/la4aX OLEHKH MAKCHMAaJbHOro SKBHBANEHTHOTO HAMPSIKEHUS BIOMDb
CeueHHH /IEMEHTOB COCTABHOM KOHCTPYKIHH, KOTOpble BO3HHKAIOT MpPH
pacuere mpoyHoctH —B. Il. Maakos u JI. Tl. Bex [11).

Pesysbrathl MumHMu3aump ans mectu Pa3JIHUHBIX BHIOOPOK MO
100 pynkumii Buna (5.23) npefcraBnieHsl Ha puc. 5.2. [Ipu smoM Bce
GyHKUHH OHOM BHIGOPKH MHHHMH3HPOBAJIHCH NPH ONMHAKOBOM 3Hade-
HHH TOYHOCTH € B YCJOBHH OCTaHOBKH (Kaxmoil BBIGOpPKe COOTBeT-
CTBYeT CBOe SHaueHHe €) H AJIA BCEX BHOOPOK HCIIONB30BANOCH OH-
HaKoBoe sHauenne r = 2 B ATTl u MATTL. Kpusas ,(e) Ha puc. 5.2
H300pajKaeT 8aBHCHMOCTb CPEIHEr0 YHCAA HCILITAHAI NpH MHHHMH-
3auun ¢ nomoutsio MATII oT TouHocTH & (BLIGOpOuUHBIE 3HaueHHS
OTMeYeHHl KpecTHkamu). Cpennsas spodektusHocTs ATTI (aucno uenbl-
TaHuf B pacuete Ha onHy (YHKIMIO) Ha TeX e BHIGOPKAxX 0603Haye-
Ha yepes Ua(e) (CM. KPYXKKH Ha puc. 5.2).

KCHePHMEHTaNbHbe NaHHEle, MPENCTaB/EHHEe HAa puc. 5.2, mo-
Ka3blBalOT, 4TO € POCTOM TPeGyeMOM TOYHOCTH MOHOTOHHSIL aJaropuT™
CTaHOBHTCA 8aMeTHO spdexTuBHee Hcxoanoro ATTI (cm. ans CpaBHe-
HHA Teopemul 3.2  3.3). Bu6opouHas HameXHOCTH (oTHOCHTeIBHOE
UHCJIO NPAaBHJbLHO PelleHHBIX 8a4a4) AN 0GOHX METOOB B LeNOM 1O
BCeM UIECTHCTaM (QyHKUHAM OKa3anach He xyxe 0,98,

B sakiouenne oTmetum, uto CTaHlapTHas nporpaMma (mias SBM
M-222) moHoTOHHOrO aaTOpHTMa (c npeoGpasomannem (3.63) nas
n=1n |l =2), ucnoab3oBaHHas B 9THX 9KCMepHMEHTaX, OMNHCaHa
B paGorax P.T. Ctponruna u U B. Tpuwnnoh [1, 2].




F'TABA III

MHOTOMEPHAS1 MHOTO3KCTPEMAJIbHAS
MHWHHMHU3ALLHA

B Hacrosime# rnaBe Mbl BO3BpalllaeMcsi K MHOromep-
HOl MHOTOZKCTPeMaJ/IbHOH 3anaue, chopmynHpoBaHHOHN B
§ 1 ron. I u cocrosillelr B olueHKe TOYKH Y* M 3HAUYEHHS
¢* abCoOJIIOTHOTO MHHHMYMa BelUECTBEHHON QYHKUHUH
¢(y) B N-MepHoM runepky6e (WM rumepnapaienent-
neae) D, T.e.

B 9* = @(y*) =ming(y, (0.1
y=D

v

D={yesR": o<y <b, 1<is N}, (02

rae ¥ = (Y1, ..., Yn). Ilpu ITOM OCHOBHO# wEIBIO NPO-
BOJHMMOro HHX€ PaccMOTpeHHs fABJAsAeTcs 0006lieHHe Of-
HOMEDPHBIX MHOTO3KCTPEMAJbHBIX aJTOPUTMOB H3 NpPEIbl-
Lyulell raaBbl A DPelleHHs MHOFOMEPHBIX 3ajay BHAA
(0.1), (0.2) B mpenmnosioxeHHH, U4TO SHAYEHHA (YHKIHH
@ (y) MOryr GHITb BBIYHMCJAEHBI JOCTATOYHO TOYHO (HCIbI-
TaHusa Ge3 MOrpelIHOCTel).

§ 1. MNpenBaputeapHoe 00CyKAeHUE

" B nepBo#i rmaBe Mbl YK€ pacCMaTpHBA/JH Pa3NHYHBIE
MOAXOAB K pELIEHHI0 MHOTOIKCTpeManbHbIX 3amau. Ogn-
HAaKo MpH 3TOM PAacCMOTPEHHH Mbl He Kaca/luChb TeX Jo-
NOJHUTENBHBIX TPYIHOCTEH, KOTOpble BO3HHKAIOT NMPH pe-
[IEHHH MHOTOMEPHBIX 3aJay 10 CPABHEHHIO C pellleHHeM
8ajlay OJHOMEpHHIX, OTJOXKUB Takoe oOCyxaeHHe A0 Ha-
cToslllero maparpaga.

OcHOBHasi TPYAHOCTb pelIEHHSI MHOTOMEDHHIX MHOTO-
skcrpeMaabubix  3agad Buga (0.1), (0.2) Bm3mBaercs
POCTOM BBIYHCJHTENbHbIX 3aTPaT NpPH YyBEeJUYEHHH pas3-
MepHOCTH NMpOCTpaHCTBa, conepxaulero obaacte D. Ecan
MHUHHMH3HpYyeMass OYHKUHSA sSBJAAETCA NUMNUIHIEBOH H pe-
leHHe 3ajayu OCYLIeCTBJAETCA MO MeToAy nepebopa
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7

(em. . 3§ 4o I), To ¢ pocToM pasMepHOCTH UHC/IO y3-
JIOB COOTBETCTBYIOLIEH CETKH YBeJHYMBAeTC 3KCIOHEH-
UHaJbHO. ‘

OKCNoHeHUMANbHOE BO3PACTAaHHE YHCAA HCMLITAHMI
OCTaeTCs CNPaBEAJHMBEIM M LISl ONTHMAJbHBIX /JrOPHT-
mMoB (B. B. Msamnos [l], B. B. Jleonos [,
A.T.Cyxapes [1]), KOTOpble SIBAAIOTCH 3HAYHTENBHO
60J1ee 2KOHOMHBIMH, YeM nepe6op. OfHAKO [JA51 3THX Me-
TOZIOB BOSHHUKAET ellle H BTOPasi TPYAHOCTb — MOCTPOEHHE
ONTHMAJBHBIX TOKPHITHA CJOMHBLIX MHOrOMEPHHIX 06/1a-
CTell, HeOGXOAUMOE AJS OLEHKH 9KCTpeMyMa M BhIGopa
UCTIBITAHHUH, ABIAETCA TAKENOH BHIUMCAHTENbHOMN 3aja-
yeil, MeTOJIbl pellleHHs KOTOPO#H H3BECTHBI JHIIb IJ151 He-
KOTOpBIX ciyyaeB. [lns Gosee npocTelX (He ONTHMAJb-
HBIX) MOKPBITHI yAaeTcsi MPeAJIOKUTb BIIOJIHE peanusye-
Mble anroput™el (cM., Hanpumep, 0. M. lauunun u
C.A Musasckuit [1]), HO U 37eCh BHUHC/IEHHE oue-
HOK 3KCTpeMyMa M BHIGOP TOUEK HCHBLITaHHI CyLIecTBeH-
HO YCJIOKHAKTCA € POCTOM Pa3MePHOCTH NPOCTPAHCTBA,
MOCKOJIbKY OHH CBSI3aHBI C PelIeHHeM BCIOMOTaTebHbIX
MHOTOMEDHBIX ~ MHOTOIKCTPeMasbHBIX  3amau  (Godee
NPOCTHIX, 4eM HcXoAHAas 3amaua (0.1), (0.2)). Ananoruu-
Hble TPYIHOCTH Peasin3alHy PellaloliX PABHA BO3HHKA-
IOT H IIPH BEPOSTHOCTHBIX NOAXOAAX (CM., HampuMep,
P.I.Crpourun [5], B.P. Waarsuuc [1]).

Ilna ynpouleHdss penieHus 3ajgaun (0.1),7(0.2), kak
yXKe OTMe4asnoch B NEPBOil 1J1aBe, BaXKHYIO POJb MIpaer
HaJlH4Ue HEeKOTOPBIX CHEeUMAJbHHIX CBOHCTB MHHHMH3H-
pyemoit pyHKUMH @ (y). DTH CBOMCTBA MOKHO OTHECTH K
AsyM:tunaM. CBONCTBa MePBOro THIA MO3BOAAIOT CBECTH
pelleHne MHOrO3KCTPEMaNbHOM 3aaud K PelIeHHI0 3a1a-
YH OJHO3KCTpeMasbHOH. CBoiicTBa BTOpOro THma obecrne-
YHBAIOT yMeHblleHHe (PeAyKUHIO) pPasMepHOCTH 3alauu.

[Ipeanonoxenust o ToM, 4TO T106abHbIH 9KCTpeMyM
ABIACTCA «INYOOKUM> (T. e. 3HaueHHe QYHKUHH B a6co-
JIIOTHOM MHHHMYMe CYLLeCTBEHHO MEHblle, YeM B JIOKaJb-
HBIX MHHHMYMaX) HJH «IIHPOKHM» (T. €. BEJHK OTHOCH-
TeNbHLIH 00beM -00/1acTH NPHTKeHU T106aJbHOTO MII-
HUMYMa), MPENCTaBASIOT COGOH NPUMEPHl CBOHCTB nep-
BOro THNa. B nepBoM M3 yKa3aHubIX ClyuyaeB MOXKHO Iie-
PeHTH K ONTHMM3AUMH «CTJIANEHHCN»  YHHMOAAbHOI
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¢yukuun (cm. n. 4 § 2 rn. 1), a Bo BTOpOM cayyae HO-
CTAaTOYHO, HANPHMepP, OCYILECTBHTb JIOKAJbHBIH COYCK U3
He60JIbLIOro YHC/Ia HavyaldbHEIX ToyeK (cM. m. 1 § 2 ror. 1)
v T, M.

Hdans o6cyxKaeHus CBOHCTB BTOPOro THIA BOCHOJb3Y-
eMcsl HM3BECTHBIM  yTBep:kjaeHueM  (CM., Hampumep,
Y. Kapp u U Xoys [l]), cBa3biBatouum pellexie
samaun - (0.1), (0.2) nna HenmpepbiBHOH GyHKUHH @(y) ¢
PellieHHeM MOCHeN0BATeNbHOCTH «BIOKEHHLIX> OHOMED-
HBLIX 3a]ay:

ming(y)= min ... min q)(yl,...,yN). (1.1)

y=D YiE[ay,b4] yNEIaN,bN]
Beipaxenue (1.1), Ha3biBaeMoe OGBIUHO MHO2OULAC0BOL
cxemoil pedykyuu pasmeprHocTU, B COYETAHHH C HEKOTO-
PBIMH JOMOJHHTENbHBIMU NPEANOIOKEHHAMH O (YHKUHH
JIEKHUT B OCHOBE pPsifla MOLUHBIX BBIUHCJIHTENBHBIX METO-
IoB ontumusauuu (cm., Hanpumep, P. BenamaHn [l]
B.C.Muxanesuu [l] H. H.Moucees [1]).

HauneM ¢ npocrefiwero cayuas. Ecau
N

P (y) = i§1 @ (),

to, corsacHo (1.1),
N

min @ (y) = }.:{ min (Pi(yi)}

y=D i=1 yie[ai, b.,,]

H pelieHHe MHOFOMepHOH 3aJlayd CBOAHUTCA K HQSaBHCH-
MOMY pelIeHHIO N OJTHOMEDHBIX 3axau.

B 6oJiee cJOXHOM H BeCbMa Ba>XHOM IJ4 nanxome-
HUH cnyqae Koraa

N
¢ (y)= Ez Qi1 (Yi—1, Y1),

us (1.1) caeayer (cm., manpumep, H. H. Mouc,eﬂeﬁ
[l])Y qTO - X ’

ming(y)= min  fyx(yr),
y=D ‘(y) UNE[eN-DN]



~
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ruoe
fit1 (Yi+1) =y"_=_1}13.nb‘] {f: (y:) + 0 (U5 i)}, 2<i< N,
fa (42) = min P1 (Y1, Y,).
vi€la,,by]

ITpu stom pemenne MHOroMepHo# 3agaun TpeGyeT Juwb
Ta6yAsIuud OXHOMEPHEIX (yHKuUUil fiy), 2<i<N,
NpHYeM BHIYHCJEHHE KaXKIOTO 3HAYCHHS fi(y:)) npexnona-
Taer pelleHne OJHOMEPHOH 3ajaun MHHHUMHU3ALUHK.

M, onHako, He Gynem OCTaHaBJ/IMBATbCA HA JeTalb-
HOM DacCMOTPEHHH YNPOWAIOWHAX AONYLIEHH nepBoro
HJIH BTOPOrO THMA (3TH BONPOCH OCBEILEHB B YKA3aHHbIX
BhILIE KHWraX) M OFPaHHYHMCH NDENNOIOKEHHEM, YTO
MUHHMH3UpyeMas QYHKUHA U3 3a1auH (0.1), (0.2) ss-
JAeTCs JUNIIKLIEeBOH. B aToM cayyae cxema (1.1) =e no-
3BOJAET 0GOATH TPYNHOCTH, CBA3AHHBIE ¢ 3KCHOHEHLH-
aJbHBIM BO3DACTaHHEM YHC/IA HCHBITAHHI NpH yBennue-
HHH DasMepHOCTH 3ajauyd, HO HCIOJb30BaHHE 3TOH cxe-
MBI CYIIECTBEHHO YMPOLLAET pellalOllHe NMPAaBUAA AMTroO-
PUTMa MHOTOSKCTPEMA/NbHOH ONTHMH3ALHH, MOCKOJBKY,
coraacHo (l.1), pemenue MHOromepHo#i 3anaum (0.1),
(0.2) cBoautesa Kk pemenuio OJHOMepHO# 3aKayn

* = i = .n , 1.2
® Iyl,_-_“g ?(y) y.e"{];;.b,l ?y (41) (1.2)
rae

Qi (Yry e eenty) = min Qi1 (Yrs oo ey Yy, Yit1),
Vit 1€[%i4-1,bi4 1]

I<i<N, (1.3)
(PN(yh ~--ny)=(P(!/u-~,yN), (]'4)

MpHIEM KaX[10€ BLIYHCIEHHE 3HAYeHHS ONXHOMEPHOH
dyHruun @) (y1) A19 3agaHHOTrO Y, npeanosaraer MHHHU-
MU3ALUIO N0 Y QYHKUMH @2(Y1, Y2) B T. A. (CM. (1.3))
RO BHIYHCACHUS! @y corsiacHO (1.4). B cBS3u ¢ 3TUM BEI-
paxenus (1.2) — (1.4), BbiTekamolue H3 CXeMbl (1.1),
B COYETAHMHM C OAHOMEPHHIMH aJArOPHTMAMH MOCAYKUJIH
OCHOBOH AJIsl CO3MaHHSI pSiga MHOTOMEPHBIX METOLOB

(cm., nanpumep, 0. T, EBrymenko [1], C. A. Tu- ‘
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apckuit [1], P.T.Ctpounrun [15])*). Ilocneanni
M3 3THX MeTON0B GyaeT paccMOTpeH B ClAeAylolleM mna-
parpade.

BMmecTre ¢ TeM ajaropuTMbl, NMOCTPOEGHHBIE IO CXeMe
(1.1), uMeroT M pAA HeAOCTAaTKOB. IIpM HCMOMB30BAHHU
5TOH CXeMbl TOYHOCTb B YCJOBHH OCTaHOBKH, obecmedyd-
BalollleM NpepbiBaHHE PELIeHHs JI060# BI0OXKEHHOH OLHO-
MepHoii 3amaun Buaa (1.3), monxHa ObBITH 3afaHa 3apa-
jiee, M €CJAHM 3Ta TOUHOCTb OKaMercsi HeLOCTATOUHOH, TO
pellieHHe 3aJauH B 1eJOM MNPUAETCH MOBTOPHTbL 32HOBO
(c Goabiuedt TounOCTbIO). C APYro#i CTOPOHHI, €CAH TOU-
HOCTb 3aBhILIEHAa M PelIeHNe 3ajJayu IpephiBaercsd B CBA-
34 ¢ OKOHYaHHEM BHIYHMCJIHTEJBLHBIX DPECypcoB, TO NOJY-
yeHHoe NpUG/HKEeHHe GyieT COOTBETCTBOBATh OLeHKE MH-
HuMyMa QYHKUMH B HEKOTOPOH Mon067aacTH o6nactu D,
nockoabky cxema (l.1) mpeamosaraer noc/enoBare/bHOe
pelleHHe 3ajay MHUHHMH3aUMH QYHKUHH ¢(Y) B mojxo6-
nacTsix o6aactn D (cm. Beipaxkenus (1.2) — (1.4)), xo-
TOpBle OCTENEeHHO 3anonusT D (mostomy B ciayyae mpe-
pHIBaHHA B 3HAuHTeNbHOM yacTH obaacTd D Moxer He
GBITh HH OJHOrO HCHNBITAHHS, XOTA B APYrod 4acTH yxe
[IOCTPOEHO TMOKPHITHE, OTBeyaloliee 3alaHHOH TOYHOCTH).

B cBsi3u ¢ 9TUM IIpENCTaBJASIeT HHTEPEC pacCMOTpeHHue
TaKXe H JAPYrHX CXeM, PeAYUHPYIOUIHX MHOTOMEpHHIE
sajaun K ofHOMepHbIM. Takas pelyKuus MOXeT, HamlpH-
Mep, ObITb BBINOJIHEHA C [IOMOILBIO KPHBBIX (mMpl 6ynem
Ha3biBaTh UX passeprxamu) IleaHo.

H3secrHo, uto otpesok [0, 1] BellleCTBEHHOH ocH MoO-
3eT GbITb OJJHO3HAYHO M HENpEephIBHO OTOGpaxeH Ha TH-
nepxy6 D < R¥. Oro6paikenns Takoro pojga oGbUHO Ha-
swiBalot kpussimu [leano (cm., Hanpumep, H. H. Jlysnn
[1]). Mycts y(x), x = [0, 1], ectb Kpusas Ilearo. Tor-
1a U3 HenpepbiBHOCTH ¢ (¥)  y(X) U paBeHCTBA

D={y(x): 0<x<1} (1.5)
cJelLyer, uTo
;nalgcp(y) = x'e“[‘o',’uq’(y (%)), (1.6)

LAl
*) 3aMeTuM, 4TO MeTox nepe6opa B MHOTOMEpHOM rumepkyGe
TaKxke o6nluHO peanusyercs mo cxeme (l.1).
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T. €. pellleHHe MHOrOMEpHON 3aJaul MHHMMHIAMHHU o(y)
CBORHTCA K MHHMMH3ALHA OAHOMEPHOH (ByHKUMH @(y(x))
(B. C. Bpycos u C. A, Muasckuin [1],
P.T.Crpouruu [10, 12, 13, 16]).

Cxema penyxuuu (1.6) o6ecneuuBaer NOCTPOeHHE 110-
CTENEHHO YMNJIOTHSIOWEACH NMOX 33afaHHYIO TOUHOCTH He-
PaBHOMEpHO! CeTKH cpasdy Bo Bceli 06JacTH D, u nosto-
* My B clydyae npepbiBaHH{ BLIYHCACHHI Gyner nonyuena

OLeHKa MHHUMyMa misi Bcelt oGnactu D (Ho ¢ Tou-
HOCTBIO, MeHbIlel, 4eM 3a1aHHast). Crenyer oTMeTHTB, uTo
H 9Ta CXeMa HMEeeT CBOM HefocTaTKH. [Ipu ee mcnoabso-
BaHHH Tepsercd 4acTb MHPOPMAUMK O GJIM30CTH TOUEK B
MHOrOMEDHOM MpPOCTpAHCTBe (TOUKH y W y”, GAu3KHe B
runepky6e D u3 (1.5), moryT umers npoo6pasel x” u x”
TIpH COOTBETCTBHH ¥ (X), KOTOPHle He SIBJASIOTCS GIM3KHMA
B orpeske [0, 1]). DToT HemOCTATOK MOMKeT GHITH B ONI-
Pelle/IEHHOH CTeneHH NpeofosieH, ecaH A/d TOYKHU Y, B KO-
TOPOH BBIYAC/IEHO 3HaueHHe (YHKUHH, BOCCTAHABIHBATE
BCE MPOOGPAa3sbl X, MePEBOAUMBIE B HEE COOTBETCTBUEM
y(x) (T. e. BbIUHC/EHHE OLHOrO 3HAYeHHS o(y), yes D,
HHTEPIOPETHPYETCST KaK BLIYHCICHHE HEeCcKOJbKHX 3Haye-
HEH ¢ (y(x)), x< [0, 1]).

Cé OSTH BONPOCBI M  COOTBETCTBYIOLIHE BHIYHC-
JHTEJbHBIE CXeMBl GYAYT paccCMOTPeHB B  TpeTbeM
M 4YeTBepTOM mnaparpadax.

Tam ke oO6cyXIaloTcsi  BO3MOXKHOCTH — HCHOMD-
30BaHMA Go/lee MpPOCTHIX, YeM KpuBble IleaHo, raaj-
KHX Da3BEPTOK, NOKDHIBAIOLIHX 3aJaHHYIO &-CeTKy B
runepky6e D (npH 3TOM paBeHCTBO B (1.6) BbImosHs-
eTcsl JIHLIb ¢ TOYHOCThbIO Mopsifika Ke, rie K — KoHCTaHTa
Jlynwuua dysxuuu @(y)).

[naBa 3akaHumBaeTcsi OmHcaHWeM pe3y/bTaTOB SKc-
NEPHMEHTAJILHOTO CPABHEHHSI HECKOJbKHX aJrOpHTMOB
MHOTO3KCTPEMaJ/IbHOH ONTHMU3AlKH Ha BbIGOpKe H3 cTa
3agay (§ 5).

B 3akmiouenne oTMeruM, uTo B HacToslee BpeMs pac-
CMaTPHBAIOTCS M HEKOTOPble npubiuNCeHHble METONbl CBe-
AleHHsI MHOTOMEPHBIX 32/1a4 K 3a/1a4aM MeHbliefi pa3mep-
HOCTH, C KOTOPBIMH UYHMTaTelb MOXET MNO3HAKOMHTHCS,
HanpuMmep, B paborax B. Ulaatsauuca u A. Ba p-
Hafite [1, 2].
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§ 2. MHoromepHbie aJropHTMbI
¢ pelyKuHeil PasMepHOCTH MO CXeMe MHOTOLWAaroBoi
ONTHMH3alHH

1. CxemMa MHOrOWIaroBOro ajJropuTMa M BOMPOCHI CXO-
aumoctd. [lycTh MuHEMH3HpYeMass OyHkuusa @(y) =
= @(Y1, ... Yy) ONpelesneHa B runepkybe (MM runep-
napaanenenunene) D u3 (0.2). Torna, kak yxe oTMeua-
nock B § 1, pelieHrne MHOrOMepHOM 3aJa4yd MUHHMH3AUHH
(0.1) MO2kKeT GHITH CBelEHO K DELIEHHIO  NOCJIe/0BaTe/b-
HOCTM BJIOXKEHHBIX OJHOMEPHBIX 3ajay, 3allHCaHHbIX B
npasoil yactu (1.1), KoTOpble MOXKHO TaKXe NpEACTaBHTH
B pume (1.2) — (1.4).

BaeneM 0603HaueHHs

V= (yl,..., yi)‘, 1<5<N.

u onpenennM GYRKUME ¥i, = yi, 4 (9;), 1l <I<N, Kak
pelieHHs] OAHOMEPHHEIX 3ajay u3 npasoil yactu (1.3), co-
OTBETCTBYIOLLHEe 3aJaHHLIM BeKTopaM U, 1 < i<<N,
T. €.

9; (0;) = Pit1(is Yip  (0:)) =

= min - q_) 1 v . ). 2.1
a3 L SYi+1Sbi4g o+ ( i y1+) ( )

[Tpu 310M YHKIHY @:(v;) omnpenenensl B obmacrax D;,
ABJAIOLNXCA NPOeKUuusiMu o6jactu D Ha KoopAHHATHbIE
OCH Y15 + « - Yiy T. €.

Dg= {uER‘:ajSujébj, lgjgi}.

Ecnn 0603HauHTh Yepe3 Yy} pelleHue ONHOMepHOH 3a1a-
yn u3 npaBolt uactu (1.2), 1. e.
¢ (1)) = axgig 1 P1 (!{1)1 (2.2)

To, cornacro (1.2) — (1.4) u (2.1), (2.2), BexTop Y’ & D,
onpegenﬂeMblﬁ yeaosuamu Yy = Yy Yipy = yf_H (yia

e Yy)s 1<SEKN, siBasietcs pewenuen 3agaun (0.1),T.e.

’ *®
=y
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BocnosbsyeMess aaroputMoM rio6anabHOro MoHCKa M3
§ 2 ro. II ans pemenns onnomepHbix 3anau (2.1), (2.2),
NalOUWHX pellleHHe MHoromepHo#i 3agauu (0.1), u Gyzem
COKpallleHHO HMeHOBaTb TakKol meron AI'TI-M (axscopurm
2100aab1020 noucka mHozowazossil). Ilpu 3TOM ecrect-
BEHHO JIONYCTHTb, YTO TOYHOCTb € B YCJAOBHH OCTAHOBKH
(2.2.12) npu MuHEMH3auMH TIO nepeMeHHOM y; (0603Ha-
UMM yKa3aHHOE 3HaU€HHE TOYHOCTH yepe3 g;) MOXKeT OT-
JMYaThCA OT Tpe6yeMOi TOUHOCTH NPH MHHHMH3ALHH 110
Apyroit KoopauHate. B cBaA3u ¢ 9TUM GyAeM XapaKTepH-
soBaTb AT'TI-M sexropom TO4HOCTEl & = (81, ..., Ex).
AHalOrHYHO BBeLeM BEKTOP 7 == (71, ..., ry) 3HaYeHHIl
K03 duuuentos r us (2.6), onpenensiiomkNX 3HAUYeHHUS Be-
JIUYUHEL M NPH MHHAMH3AUHK 10 ¥;, | < i< N (Gymem
0603HauaTh 5TH 3HAUEHHUS yepe3 m;).

3aMeruM, u4TO MOCKOJABLKY OJHOMEpHble 3amaun (2.1)
pelaTcs npub/iHKeHHo, To QYHKUHU @;(v;), onpeaeneH-
Hble Yepe3 onepaunuio B3ATHA MHHHMYyMa, He SBJAIOTCA
HeNnocpeNCTBEHHO BHIYHCAHMBIMH.,

JleficTBUTENBHO, BBIYHCICHHE Qn-1{Uy-1) AJS 3a7aH-
HOTO Uy-; COCTOMT B MHHHUMHU3alIHH c¢ nomouiblo AT
dyHkuun @ (Ux) = @(y) no Yyy. B pesyabrare Gymer
nonyyena npub/amKeHHas oueHka (2.2.13) MHHHMAaJbHO-
ro 3HayeHHS @y-1(VUy-1), KOTOPYI0 0603HaUUM Yepes
Yy-1(Ux-1). [TO3TOMY BbIUHCIEHHE @y—2(VUn—2) AJA 3a-
JLAaHHOTO Uy_g OYNET OCYILEeCTBJATbCA YK€ KaK mpu6JIH-
JKeHHas MMHHMH3aUHA QYHKUHH Yy-1(Uny-1) TO Yx—; H
pe3ynbTaTOM 3TOH MHHHMH3alHH OGYyIeT COOTBETCTBYIO-
mas oueHka (2.2.13), Krtopylo 0603HAUYHM uepe3
Prv-2(Un-2), u T. A. Hakonen, onenky (2.2.13) pemenus
3amaun (2.2) o6o3HauuMm uepe3 YP,. Tenepb ecTecTBeHHO
NMOCTaBHTbL BOMPOC O OJH30CTH NMONYYEHHON OUEHKH Y, H
HCKOMOTO MHHHMMaJbHOTO 3HaueHus @* wu3 (0.1), (1.2).
OTBeT Ha 3TOT BONMpOC JaeT ciaefylouias TeopeMma.

Teopema 2.1. Ilycro npu awbom i, 1 <i<<N,
pyukyuu  @;(vi), vi< D, a64810TCA Aunwuyesbimu C
koucrauramu K Tozda 0ra npubaunenus +§,, noryuae-
moeo npu pewenuu 3adaqu (0.1) nyrem munumusayuu
pynrkyui (2.1), (2.2) ¢ nomowsro ArlIl, cnpasedauso,

470
lim ¥, = ¢*, (2.3)

€0

g
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ecau
g =0(e), 1<Ii<N, (2.4)

U, kpome T0CO, NpuU NPepouIBaAHUL MUHUMU3AYUL NO Y 8bl-
NOAHAETCA HEPABEHCTBO

m=2K +A, 1<i<N, A>D0. (2.5)

HokasarteabctBo. Ilyete aas HEeKOTOporo |,
1 < i< N, cipaBeaauso, 4To

lg:i(v) —(v)| <8, v.esD. (2.6)

dTo ycsoBUe BHINONHAETCA NMPH i == N, eclu NOJOXKHTbH
1|)N('UN) = @n(Uy) B On = 0.

Honyctum nanee, 4To QyHKUHS v, MHHAMH3HpyeTcs
no y; B untepnane [a;, b:] ¢ momousio ATTT npu TouHo-
CTH & M 3HAYEHHH ry, OOECIIEUNBAIOIIEM BbIMOJHEHHE He-
paBeHCTBa

m; > K,(l+1/a+4£‘_1 ﬂil), a>1, (2.7)

e 2r.8
_ 19
ﬁi - Kiei (,. ___'_'l) . (2.8)

Torna u3 Tteopemn 2.6 va. II, yuutnipas onpepenenus
GyHKUEA @i-1(Vio1) B Pii (Vizy), DOTYyYaEM OLEHKY

oK .e
[Qi1(Di1) —Yi1 (Viy) |<6; + 2i L vigeDiy,

U3 KOTOPOH cielyeT, uTo HepaBeHCTBO (2.6) cmpasemnn-
BO Takxe npH { — 1 > 0, ecH MoJOXKUTh

8iy=0; +aKi i

[Mpexnonoxum Temnepsb, 4TO yenoBust (2.7) Beinosme-
HBIl Npu KaxkaoM 3Hauenud i, 1 << i << N. Torpa us (2.6),
(2.9) u 6y = 0 mosyuaem : -

N
lo* — 9, | <8, + 5 Kiey =% X Ky,

i=1

(2.9)

OTKyna, coriacHo (2.4), caenyer (2.3).
11 P. I'. Crpourun
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Ocraercs nokasath, uto ycaosus (2.4) u (2.5) obec-
MeYHBAIOT BhLINOJIHEHHE HepaBeHCTB (2.7) npu AocTaTou-
HO MafbiX &;, | <<i<<N. B cuny (2.5)

min (m; —2K;)>A >0,
1<iSN :

U, CJIe[0BaTeJbHO, NPH JAOCTATOYHO GOJBIIOM YHC/Ie
o > 1 u nocratouno MasoMm uucie B > 0, rae

> Q.
‘3/122\7 B (2.10)
-# B; u3 (2.8), Hepamenctso (2.7) MO/KHO BHIMOJHATHCS
npu ao6oM i. Hakonen, us (2.8) u (2.9) umeem

or N e
b= w2, ()

j=i+1

YTO MNO3BOJsAET BhIGpaTh AocTaTouHo Magoe B B (2.10),
ec/au g; AocTaToyHo Manao (cM. (2.4)).

Takum 06pa3oM, 10Ka3aHHAst TeOpeMa YKasbiBaeT He-
06x011MOe B3aHMHOE COT/acOBaHHe KOOPAMHAT BeKTopa
tounocteii & B AI'TI-M u cornacoBanne KoopauHaTt Bek-
TOpa KO3(P()HIHEHTOB 7 cO 3HAYEHHUSIMH KOHCTAHT JIun-
WANA, . COOTBETCTBYIOWMX (YHKIHMAM H3 OLHOMEpPHBIX
noxszafgay (2.1), (2.2). JlocTaTouHBIM YCJIOBHEM JIHMLIK-
IIeBOCTH 3THX QYHKIUHH BJISETCS JHMIIHIEBOCTb HCXOMHOM
¢yukuun @(y) us sanaum (0.1) B obanactu D u3 (0.2),
npudyeM B 3ToM ciyvuae K, = K, 1 <<i<< N (nokasartenn-
CTBO STOrO YTBepXKJAeHHA O6yJeT NaHO B C/EAyIOHEM
NYHKTE).

3ameuanue OnnomepHue noasagauu (2.1), (2.2)
MOXHO pellaTth U JPYTHMH aJrOPUTMaMH H3 TpeThbeil
I/1aBbl, HanNpHMep MOHOTOHHBIMH HJH DPaHIOMHU3MPOBAH-
HbIMH. B pesy/ibTaTe MONyuHM MOHOTOHHbLY MHO20WAZ0-
soui areopurm (MATTI-M) u pandomusuposanneiti muo-
eowaeosol arzopurm (PATTI-M). B HekoTOpHIX cayuasx
MOXKeT O0Ka3aTbCsl 1Lenecoo6pasHbiM MNpPHMEHEHHE CMe-
WAHKbLX MHOTOIIATOBBIX AJTOPUTMOB, KOrja AJAs OJHO-
MepHOH -MHHHMH3alH} 110 Pa3/HYHBIM KOOPAHHATAM HCe
NOJIb3YIOTCS Pa3JHUHble THIIBI OLHOMEPHBIX aJATrOPHTMOB
(MBIl BEpHEMCS K 9TOMY BONPOCY B CAeAyIOLIEM MyHKTe),
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2. MuHMMH3aUMe B BbIMYKJIOH 06MaCTH C BLIYMCAHMOI

"rpannueii. Cxema peaykuun (1.1) MoxkeT GHITH HCIOMB-

30BaHa U 474 6oJee CHOXKHBIX o6nacret, uem (0.2).
ITyctb, HanpuMep, GyHKUHS ¢ (y) ompeneneHa B obaacTu
D Buaa (nmaockuil TPeyrosbHUK)

D={yesR: 0y <y <1}
Torna
min @ = min [ min ¢ )l =
yED () 0<yi<t {0<u3<yn (8, yZ)} .
) = min [ min @ (Y, y,)\.
o<ua<t {yz<yl<t b Y1)}

PaccMoTpuM Tenepb npoH3BOJIBHYIO BEIYKAYIO 06/1aCThb
D <= R". O6osnauum uepes S;,; = S;,(v:) cewenue muo-
x)ectBa D, 1. e.

SH’I (vi) = {(yi-{-l’ ooy yN) = RN—!:
o h PV, Yigts oo Yn) €D}, 1 <P <N,

u S; = D. TMockonbky MHoxectBo D mpexanosaraercs
BBIYKJBIM, TO npoekyusa P(S;.;) Ha ocb Yy J1060ro
ceyeHHs S;;; HeOOXOIHMO SBJSIETCS HHTEPBaJOM, T. €.

P(Siz1(v) = [ai1, bin] = [@i1(vi), bia (v)],
' ) 1<i<N, . (2.11)

u P(S;) =P (D) = [ay, b;]. -

Onpenennm, cornacro (2.1), dyukuuu o;(v,), nona-
ras, 4To POJb IPAHHYHBIX Map Qi1, byy B (2.1) urpaior
TPaHHUBl COOTBETCTBYIOLIHX HHTepBasoB u3 (2.11), sa-
BHCALIHE OT BEKTOPOB ¥;. 3aMETHM, YTO YKa3aHHbIE PYHK-
uMH @;(v;) omnpeneneHs B o6aactsix D; ABJAOMHUXCH
npoekuusiMH MHOXectBa D nHa mpocrpaHcTBa R ¢ Koop-
JVHATHBIMU OCAMH Yy, ..., Yi, | < i< N. B pesyabrarte
peiienne mHoromepHoi 3amauu (0.1) mnaa mpousBosbHOM
BBIIYKJIOK ob6nactn D, Tak Xe Kak u aas o6aacru (0.2),
CBOJLUTCS K DELIeHHIO NOCAeJ0BaTeNbHOCTH OJHOMEPHBIX
noxsapay supa (2.1), (1.2), oxHako mpu sTom TpeGyer-
€4, yT06bl rpaHULEl M060ro uHtepsana (2.11) 6uiau BH-
YHCIUMBI ISl 3aJaHHOTO 3HAUEHHS BEKTOpA V;.

Teopema 2.1 ocraercs cnpaBeiHBOH H A 3TOTO
Cryyas, eciH QYHKUMH @;(V:) ABIAIOTCA JHMIUHLEBLIMH
, 11# .
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B obnactax-D;. Cienywowas JjemMMa ykasniBaeT HEKOTO-
pble YCJIOBHS, MPH KOTOPHIX JMOLIMIEBOH (YHKUHH @ (y)
COOTBETCTBYIOT JIMNIIHLEBH GYHKUHH @; u3 (2.1).
JJemma 2.1. lTycre ¢pyuxyus ¢(y), y = D, asazer-
ca aunwuyesod ¢ kouctantod K u epanuunsie naper us
(2.11) asaawTCca KYcouno AuneldHolmu PyHKkyuamu 8uda

aip1(9;) = max {efo; + 41}, I<i<N, (2.12)

I<v<pg
biy1(9;) = min {fiv; + B}, 1<<i<<N, (2.13)
1<v<g; ’
e0e aiv;, Bio; ecTo CKaAsaprble npouseedenus eex-

Topos u3 R* u Aj, BY ectv koucranro*). Tozda (ynk-
yuu @i(vi),v; = D;, asas0rca aunuuyessimy ¢ KOHCTAK-
ramu K, 1 <IiK<N,e0e = = =

N—1 -
Kn=K, K, =KI]II (1+1), 1<i<N,
= (2.14)
lj=max{ max [ef|, max |B}[).
1<v<p; 1svsy J -

JVSYj

3amernm, 4T0 ecu ob6aacte D aBasercs: rumepmapa-

JIeJIeNUNeIOM, TO BCe BEKTOPH & U PY  HOIKHBI GbITH
HY/MEeBbIMH H, coraiacHo (2.14), K, =K, | < i< N.

HoxkasartenbcrtBo. Us (1.4) u YCIOBHH JIeMMEL
CJIEAYeT, YTO @y ecTb JUMIIHLIEBa GYHKUHA (c KOHCTaH-
tolt Ky = K) na Muoxectse Dy = D

[Iyets mas Hekotoporo i, 1 <i << N, odynxunus Qisy
SIBJIETCSl JIMNIIKMUEBOH ¢ KoHcTaHToM K., u3 (2.14) ua
muoxectse Diyy. [TokaxeM, 4To B 3TOM ciydae dyHKuns
@; u3 (2.1) TakxKe SBJIAETCH JIHNIIHIEBOI C KOHCTAHTOM
K; u3 (2.14) na muoxecrse D,

‘OueHuM pasHoCThb

A=‘(P,~(‘5i) —(Pi(‘z’i”:
=i (v yir1(0:) — ¢ir1(9;, yits @),

*) Ilpexctasnenne rpanuinsix nmap (2.11) B Buae (2.12), (2.13)
BUSMUKHO, Hanpumep, ecin o6nacte D ABASCTCA BBHIMYK/IBIM MHOrO-
TPaHHHKOM,
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rae v, e D, v =v,4 Av, D; u, cornacio (2.1),
(91, yi+1©0) EDiyy, (91, yi+1(91)) € Dy,
Honyctum, uTo _
@i (vi) = @i(vs) (2.15)

(oO6paTHOoe HEpaBeHCTBO PacCMaTPHBAETC AHAJOTHYHO), ‘
1 pasbepeM TpU BO3MOXKHBIX CJayuas:

yier (0) < a1 (9:), @11 (9) < g (0,) < birs (92),

bir1 (0:) < yir1 (0)).

Ins sTux Tpex cnydaes, yuuteiBas (2.15) u cnpasensin-

BOCTb ycao0BHs Jlunwuna Anas q)yﬂxmm Qit+1, COOTBETCT-
BEHHO MNOJIyyaeM

0 (1) < @ig1 (03, @14 (01)) <
: a.cp, (9;) + K’i-{-l(l + max |} “)" Av, [,

1<v<p;
@Q; (51) @1+1(01, y1+1 (‘vi)) th ‘vi) + K1+1ﬂ Avi “’
9 (0:) < @i (03, biz1(2:)) <
<(Pl (i),) + [<f+1( _]- max " [3:,") Av ’

OTKylda CJelyeT, 4yTo A << K,-+1IIAviII(1 +7»,~), rae A; TO
Ke, uto U B (2.14). M3 nocnennero HepaBeHCTBA BHIBO-

JHUM OLEHKY
1(£ S Kt’+l(l + )’i)’

Koropas naer (2.14), ecau NpHMeHHTb HHAYKUHMIO 1o iR

3ameuaHue B obiuem cayuae w3 JIHNIIHLEBOCTH
¢byHkuuu @ (y) He caexayer, uTo QyHKUHH ¢ U3 (2.1) Tak-
e OyAyT JHMHLeBHIMH. [asg nasocTpanuu paccMoT-
puM npuMep GYHKUHH, KOTOpas SiB/AAeTCs JHMLHIEBOH
B Kpyre €JMHHYHOIO PajHyca ¢ LEHTPOM B Hayaje KOop-
AMHAT, NpejcTaBisiolleM coboil o6aacTb MHHHMH3aIHA,
T. €.

D={y=R: yi+y;<I} (2-15)
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B stom cayuae P(S;) =[—1, 1], P(S,) = [— VT—2i
]/l —y%] 1 OYHKUHS @2 = @ sBAseTCs MHMLIMLEBO ¢

KoHcTaHTOH K. UTo Kacaercsa ¢yHKuud @ (y,), TO, npo-
Belsl PacCyKNeHHsl, aHaJOTHYHBIE JOKA3aTeNbCTBY' JeM-
Mbl 2.1, MOMYyYHM OLEHKY

[ 1 (41 + Ay1) — &3 (1) S K| Ay, | + S R
+K|VT=T+ 0o - T=5|<
<K +V2)VThy],

T. e. dyHKuus ¢, (y,) ynoBaersopsier 06o6uieHHOMY yc-
Josuio Jlunmxua (2.4.1) B Merpuke (2.4.2), rae pyHKuUs
f umeer Bug Y|Ax|. IToaroMy ana MuHuMH3anuu (yHK-
uun @ (Y1, Y2) mo MHoromaroBo#t cxeme (1.1) B o6iacru
(2.16) MOXHO NPUMEHHTb CMEULAHHbLE AA20PUTM, COTJIAC-
HO KOTOPOMY MHUHHMM3aLHsA @2 MO Yo BHINOJHAETCS C IO-
mouibio ATTI us §2 rai. II, a MUHEMU3aUHUA @) IO Yy BHI-
NOJIHAGTCA C NMOMOIbI0 o606ueHHoro aaroput™a (OATTI)
u3 § 4 ra. II npu Merpuke (2.4.2), onpenensieMolt QyHK-
uMeil f yKa3aHHOro BblLIE BHMA. '

3. HeBbinykable n HeogHOCBsI3Hble 06acTH. B o6uem
cayvae, xorga obnacte D u3 3apaun (0.1) ne sBasercs
BHINYKJ0H, npoekuun P(S;) ceuennit S;(vi-;) Moryr 6bITo
OTAHMYHBI OT HHTepBasoB. Tak, HanpuMep, ecau

D={yeR: 1<y} +y;<4)

T. €. obnacte D — miockoe Koabuo, o P(S)) = [—2, 2],
HO ~

P (S, (1)) =
={[—aaa]’ '—2<yl<—lv l<yl<21
["‘ay'—'ﬁ]U[ﬁ:a]’ '_l<y1<l)

rae a=1/4—"y§ n =) T—4

Ho u B ofuem ciyuae MOXKHO CBecTH pelienne MHo-
romepHoit 3afayn (0.1) k pemenuio ogHOMepHO! 3agaun
(1.2), ecau onpenennts QYHKUHIO ¢, u3 (1.2) uepes
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I0CTe0BATeNbHOCTb (HYHKUHH

@;(v;)= = min Qit1(93) Yit+1), l'<i<N,
v i+1SP(5i41(%4)) -
@17

rne, Kak 1 B (1.4), v = ¢. 3aMeTHM, UTO pelIEHHE OJHO-
MepHBIX 3amay Bupa (2.17) mas npoexuu#t P(Sii), fB-
AfUHEXca O6beIHHEHHSIMH HemnepeceKalolnxcs OTpes-
KOB, MOXeT GBbITb BBHINOJNHEHO C MOMOLIbI0O MOAHGHKALHH
ATTI, npenHasHaueHHOH AJS MHHHMH3aLHUH Ha CHCTEMe
orpe3koB (cMm. m. 2 §.5 ra. II). [nsa mpakTuueckoit pea-
JIM3aUHH TaKOH CXeMbl BaXXHO JIHIIb, YTOObl IPaHHIBl OT-
PE3KOB, COCTABJSIOWHX NPOeKUHO P (Si1(vs)), Oblin Obt
HENOCPEACTBEHHO BBIUHCAHMBI A/ JIOGOr0 3aJaHHOTO
U ED{. R

B 3akniouenue 06CYKIeHHUS MHOTOIIATOBBIX aJrOPHT-
MOB TpPHBENEM NpPHMep YHCIEeHHOro pelleHHs MHOI'03KCT-
peMaJibHOM 3aJauyd MaKCHMH3aUUH B IJIOCKOH HEBHIMyK-
Joii o6aacrtu.

I1puwmep. Nyers makcuMusnpyemas GyHKuHA X} nmeer BUL-
@ (U1, 92) = 1,55F exp[ 1 — 43 == 20,25 (4 = 12)*] +
+ (0,54,%— 0,5)* (y = 1)* exp [2 = (0,541 == 0,5)* — (43— 1)*]
u o6nacte D ompenensiercs yCJA0OBHAMH -

2 P 2 (2 (%)
B1=222+ (- 122 <W9%  (57—) +(2) =21
Jlns mamocrpauun ®a pue. 2.1 m3oOpaxeHm rpamnua obnacth D

(«cepn») W NHHHH MOCTOSIHHOTO YPOBHS QYHKIUHH Q. -

3ajaya pelwanach ¢ NOMOIIbIO MOHOTOHHOTO MHOTOLIArOBOIO asl-
roputMa (MAITI-M — cm, 3aMeuanne B 1. 1) npn

a=07< <37 ="b,

—————————

i 5 y1—2)\? .
a5 (y;) = max {1,2 —=V1/2,25 — (y, — 2,2)%, 2] l—(—l,—i-)~ s. .

<y, <1,2+ V2,25 — (Y1 — 2,2)% = by (y,).

*) Vkasannaa ¢yHkipns paccmaTpusaniach B pabore K. Flocakn
aap. [1]. ‘ C
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[Tonyueno npubanxenne (3alaHHam TOUHOCTL & = €5 = 0,001)
y1=0942, y,=0945, @, =1,489.

Bpems pewenus (na OBM M-222) coctasuno menee 10 cekyua (Hc-
nosib3oBaNach CTaHAapTHas [NporpaMma, ONHCaHHai B padoTe

%4

- Puc. 2.1.

P.T.Crpournnan W B. Tpuwnnoi [3], vawenwas npume-
HeHHe B HEKOTODBIX CHCTEMaX ONTHMAJbHOrO NPOEKTHPOBAHHS — CM.
B.Il. Mankoe uJL [1. Bex [2]).

§ 3. MHoromepHble 06006LEHHbIE aJrOPHTMbI
€ pPeAyKuUMell Pa3MEPHOCTH NMPH MOMOWK Pa3BepToOK

B stom u creayiomem naparpadax 6ymyr paccMort-
PEHBl BOMPOCHI, CBfA3aHHHEe ¢ peuwieHueM 3agauu (0.1),
(0.2) mo cxeme (1.6), Korma MHOromepHas 3amaua peay-
uupyercss K OLHOMePHOH C TNOMOILBIO pa3BepTKH ¥(x),
oto6paxaromefi orpesok [0, 1] BellecTseHHoli ocH Ha
obaacte D (cm. (1.5)).

1. Passeprka Tuna Kpusoii Meano. PaccmoTpum ox-
"HO u3 oToGpaxkequii y(x), A/isi KOTOPOro CIpaBemJHBO
(1.5), (1.6) u KoTOpOE GyldeTr MCNONBL30BAHO B AaJbHeil-

I3



§ 3] PEAYVKLIMA 1TPU MOMOIIU PA3BEPTOK 169

1eM a8 MOCTPOEHHs YHCJEHHBIX MeToA0B. B KauectBe
Takoro oro6paxeHus BbibepeM Kpuyio Ileano, ompene-
JSIEMYI0 TOCTPOeHHEM, npejsoxeHHbiM ['uirb6epToM, H6O
Takoe NocTpoeHHe HaunGosee mpocTo 06oOIlaeTcss Ha
mHoromepHuit (N > 2) cayuaii. [lpum stom Ham norpe-
6yeTca’ Heckonbko Gonee feranbHOe, ueM OGBIYHO

15/? A%

1

. 209\002)| 960\ 0E2),

Vi 72)
200\ 209\ DEn\ 745

%\ s\ man\mao|

0 3)
200\ 040\ 232\ 039

m=7 Com=Z
Puec. 3.1.

»
(cm., nanpumep, H. H. JTyauun [1]), koHCTpyKTHBHOE
onucaHHe, NMPUroAHOe AJS IOCAeAyIOUIero co3laHus aJ-
rOPATMOB NPUG/IHKEHHOrO BbIYHCIEHHS TaKHX KPHBBIX.
YKa3aHHOe MOCTPOeHHe HeNpepLIBHOTO OAHO3HAYHOTO
oto6paxenus y(x) orpeska [0, 1] na runepky6

p={yerh: —F<u<q, 1<i<N}@ED

(o6nactp (0.2), oueBHIHO, MpHBOAMMA K BHAY (3.1) Jn-
HeflHBIM npeoGpa3oBaHHEM KOOPAHHAT) COCTOUT B CJe-
LyIolleM. ’

1) Tunepky6 D u3 (3.1), anuna pe6pa KOTOPOro pas-
Ha 1, pasjensercs KOOPAMHATHBIMH NJIOCKOCTSIMHM Ha 2V
runepky6os «mepsoro pasbmenusi» (¢ AJuHOH pebdpa,
paBHO#l 1/2), KoTopble 3aHyMepyeM uncaaMu 21 oT 0 10
9¥ — 1, npuueM rumepky6 mepBoro pasOHeHHS C HOMe-
poM 2; ycaoBuMcsl o60sHauath uepes D(z1) (cayuait
N = 2 usobpaxeH Ha puc. 3.1). '

Ianee, Kaxablil THNEPKY6 nepBoro pa3éHeHUs B CBOIO
ouyepeab Takke pasbuBaercA Ha 2" runepxkyGoB BTOPOro
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pasbuenus (c MmuHOM pebpa, pasHoit 1/4) THIepIJI0CKO-
CTSIMH, TnapaJ/jieJbHHIMH KOODAHHATHBIM H MPOXOAAILHMH
Uepes CepelMHHBIE TOUKH peGep rumepky6a, OpTOroHaJb-
HbIX K 3THM rumepmiockocTsiM. Ilpu sToM runepkyGbi
BTOPOro pa36GueHHs, BXOASIIHE B runepxy6 . D (z;), Hy-
MEpYIOTCA 4ucnaMu 2; or 0 10 2V — |, npuyem runepxys’

P a .. A A ., dY

~\r ~~ Tt i

- Y ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ Y ¥Y Y Y_Y 1
i A AT AT L S N S S S A

vk A A
ﬂWMWM#/IMMM//d(lf)a’(lﬂldfi)l/Z///iZW@W/JWQ’WZz’MW
‘ Puc. 32.

BTOPOro pa3GHeHHs C HOMEpOM 2y, BXOAAWME B D (z),
ycnoBuMcst 0603Hauath yepes D (2, 2;).

Ilponomxas ykasaHHEIA npouecc, MOXHO MOCTPOHTH
TUNepKYy6H JI060r0 m-ro pasGHeHHs ¢ AJIHHON pebpa,
paBHo#i (1/2)™, kotopble ycnoBHMcs 0603HauaTh yepes
D(z,..., 2m), npuuem

D(z21) D D(2;, 22) D ... ©D(z), 2y 2u)

v

H0<z2<<2"—1, 1<j<m.

2) Tenepb ocywecrsum nenenne orpeska [0, 1] na
2" paBHBIX yacTeli, KaXAyi0 H3 KOTOPHIX B CBOIO ouepelb
TaKkXe pasjienuM Ha 2V paBHBIX yacTeil W T. 1., pHUEM
9JIEMEHTHl KaXKA0ro pasbueHHS HYMepYIOTCA cJeBa Ha-
NpaBo uucaaMu 2; (j — HOMep pasbuenus) ot 010 2¥—I1,
Ilpu stoM uHTepBanbl m-ro pasbueHus yenosuMes 0603-
HayaTh Kak d(z1, ..., 2.), rAe, nampumep, d(z;, 2»)
0603HauaeT MHTEpPBa] BTOPOrO pa3bHEHHA C HOMEPOM
2p, ABAAIOUWHKACT YacTblo HHTepBada d (21) nepsoro pas-
GueHusi ¢ HOMEpOM 2;. 3aMeTuM, YTO ’

d(z,) pun} d(zl, 22) DD d(Zl, i 2,,.) ‘
H JLJMHA HHTepBasia d (21, +.., Zn) paBHa (1/2)™7,
Ilpennonaraercs, uto uuteppan d(z, ..., 2n) comep-

KHUT CBOH JIEBBIl KOHEN; OH COJEPKHT NpABhIH KOHeL -
TOTa H TOJNbKO TOrja, Korpa

L RI=n=,, . =2, =2V —1
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(crtyuait N = 2 usobpaxen Ha puc. 3.2 naa m=1u
m=2).

3) Ilpumem, uyto Touka y(x) & D, coorBeTcTBYOLLas
touke x = [0, 1], npu mo6oM m =1 coaepxurcs B TH-

nepky6e D (zy, ..., Zm), €CAH X NPUHALJIEKHT HHTEPBANY
d(z1, ..., Zm), T. €. :
red@, ... 2) —y(X) ED(21, 141 Z).

[TocTpoenHoe cooTBeTCTBHE ¥ (X) ABAACTCA ONHO3HAYHBIM.
4) IOns mo6oro x d (21, ..., 2m) CNPaBEANHBO, 4TO

(3" <Zul) <+ (3™

CrefoBaTebHO, €CIH MpeICTaBHThb X B BHJE JBOHYHOTrO
yucaa ¢ GUKCHPOBAHHOH 3anAToM, T. €.

oo

x= ai(g)‘. (3.2)

rle o; ecTb JBOHYHbIE WHDPH (o = 0 utu a; = 1), 1O
no nepsbiM MmN uudpam o, ..., Gmy ITOTO YHCIA MOKHO
yKasaTb runepky6 m-ro pasbuenus D(zi, ..., 2m), cO-
IepxKalluil TOUKY ¥ (X), MOCKOJNbKY
N—1
7= 3 an(@), 1<j<m,  (33)

rae oyt ¥3 (3.2). To ectb Touka y(x) Moxer OHITh
omeHeHa ¢ TouHoctbio (1/2)™*! mo ka0l KoopAuHaTe,
ecad gaHo (3.3). - C- .
5) Uro6bl mocTpoeHHOe OoTo6GpaxkeHne Oblio elle H
HEeNpephLIBHBLIM, HaNOXKHM TpeGOBaHHS HA MOPSLOK. HyMe-
palHiHu FUnepky6oB KaxKaoro pas3GHeHHs. '
OnpenenuM BeKTOp 2™ = (21, ..., Zm), COOTBETCTBYIO-
muii runepky6y D (21, ..., 2m) m-ro pasbuenus, H ycio-
BHMCS, UTO BEKTOp 2" npeduiecTsyer BEKTOPY 2", eC/H
npy m>=1 aubo 2; << 2z, Au6o cyuiecTByeT TakKoe R,
1 < kR < m, 4TO 2; == &, 1 <]< k, H 2,,+‘|'< Zrtle
BBe/lleHHOe OTHOLIEHHE NpeALIeCTBOBAHUA YCTaHABIHA.
BaeT COBEpLIEHHbI CTPOTrWi NOPANOK HA MHOXECTBE 2mN
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PAS/HYHBIX BEKTOPOB 2™, MHHHMAJIBHBIM 3JeMEHTOM KO-
Toporo saBagercst Bektop (0, ..., 0), a MaKCHMAAbHLIM —
BEKTOp (2% — 1, ..., 2V —1).

Bynem TOBOPHTb, YTO BEKTODH 2™ § 2™ (1 cooTBercT-
BEHHO runepky6u D (zy, ..., 2.) u D(z, ..., Z,,)) SIBJISA-

- I0TCH CMeNMHbIMU, ecan OIHH U3 HHX npeauecTsyer Apy-

TOMY H He cyumlecTByeT BeKTOpa 2™ TaKoro, 4To
<<z g Zn<am<Lam,
rie < — eHMBOJ OTHOIIEHHS NpellecTBOBaHUA.

Tenepb ans mempepriBHOCTH NOCTPOEHHOro OTOGpaske-
HHS JIOCTaTOYHO, UYTOGHI CMeXXHble runepky6el Ji06oro
m-ro pasbuenns (m>=1) umenn obuyio rpaub. Pac-
CMOTPHM OJHH BO3MOXHBIl COCO6 yCTaHOBJeHHS TaKol
HyMepauu.

6) Bsenem BcnoMoraTenbbiii THIepKY6

=sR": —2<u <2 I1<i<N, (34)

KOTOPLIH Pa3fesuM KOOpAMHATHBIMH NI0CKOCTAMH, npo-
XONALUMMH uepe3 Hayao KOODAHMHAT, Ha 2¥ yacTeli. 3a-
HyMepyeM uncaamu s ot 0 10 2¥ — 1 runepKy6sl, cocras-
JsI0lMe YKazaHHOe pasbuenue, n ycaoBuMCS 0603HAYaTh
4acTb runepky6a A, nonyuusyio HoMep s, uepe3 A(s).

Hazosem yenrpom u(s) runepky6a A(s) Touky
u(s)y eA(s), YZLOBJIETBOPAIOUIYIO YCAOBUIO

lu(s)| =1, 1<i<W,

T. €. a0co/IoTHOE 3HaYyeHHe J1060i KOOpAHHATH 3TOH
To4KH paBHO l. Tenepb ana Toro, uro6ur FTUNepKyGhl
A(s) m A(s+1) mpu 0<<s< 2% | HMeNH o6Iyio
TPaHb, HEOGXOANMO H JOCTATOMHO CYLIECTBOBAHHE TaKoro
HOMepa j=j(s), | < j<<N, uro

—uy(s), i=j(s),
“"S“):{ u(s), ise(s),

T. €. UCHTPH 3THX IUNEPKY6OB NO/KHE OTAHYATHCS JNHILIb
OHOH KOOpPAMHATOIL

Onuiem Bo3MOXHBIH crioco6 HyMEepaUHu 4uciaMu s,
yAoBJeTBOpsiomuil TpeGosanuaM (3.5). Beemem deouu-
Hoe Oepeso, copepxaliee N ApYcos, HyMepyeMbiX CHU3Y

(3.5)

gt
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BBepx (1BOHMUHOE AepeBo Aas cayyas N =4 usobpaxe-
HO Ha puc. 3.3)*). Bepuwunol v Y346. 3TOTO [epeBa 6y-
neM HasblBaTb TOYKAMU. 3aHyMepyeM TOUKH JepeBa 4HC-
7aMH S TakuM o6pasoM, uToGbl HOMep Ji060i TOYKH B
n1eBoM noddepese, cOOTBETCTBYIOLLEM HEKOTOPOMY y3ay,

() 1D (11D (D (4D QD (41D (14D

(4177
Puc. 3.3.

6Bl MeHbllle, a HoMep J1060# TOYKH M3 NpPAaBoro nojpne-
peBa, COOTBETCTBYIOILEro TOMY e y3Jay, Obl1 GoJblile, 4eM
HOMep oflLlero yala (KOpHa) STHX NOJLLEPeBbeB.

Toraa HyMepauusi B mo6oM MNOALepeBe HauHeTCA ¢
camoli JeBoH BepIIMHB BepXHero (N-ro) spyca, nmpHHan-
nexauieil jasHomy nopagepeBy. Ilocne sasepuienns Hy-
Mepanuu HEKOTOpOro MOANepeBa HyMepyerTcs yseld, /s
KOTOPOTO 3TO MojjepeBo ObIO JIEBbIM, H HauHHaeTcs
HyMepalus NPpaBoro MojJepesa, COOTBETCTBYIOUIEro AaH-
HoMy y3ay. B KxauecTBe MHHHMAJIbHOTO HOMEpA NpH-
vem 1. Torma MakcuMaabHbii HOMmep paBed 2V —1
(cM. puc. 3.3).

Temnepb YCTaHOBHM B3aHMHO OJ(HO3HauHOE COOTBETCT-
BHe MeX[y TOUKaMHM JepeBa H LEHTPaMH runepkyoos,
coCTaBASAOMKX pa3buenne MHoxkecTBa A u3 (3.4), unpu-
muiieM KaKJAOMy UEHTPY HOMep COOTBETCTBYIOILEH eMy
rouxs. ITomoxum #(0) = (—1, ..., —1) (3amerum, 4To
B JepeBe HeT TOYKH ¢ HomepoM 0).

IIycTh m3BecTeH BekKTop #(s), rie § = 0. Torna om-
pexesnM BeKTOp (S + 1) u3 (3.5), npuHAB B KauyecTse
j = j(s) HOMep spyca B AepeBe, COAEPHKALIEro TOUKY C
HomepoM s + L.

*) TlowaThe NepeBa naeTcs b Ji00O# KHHUre MO TEOPHH rpados
(cm., nanpumep, 0. Ope [1]).



174 MHOTOMEPHASl MUHHMU3ALIUS R 3 A 4

3aMeTuM, uTO eciu S — YeTHOe UHCJIO, T. €. § = 2k,
TO -
J@RR)y =N, 0kl

H60 BEpUIMHEI C HEYETHHIMH HOMepaMu S + | jexar B
Aapyce N u, cie10BaTeNbHO,

u; (26), 1<i<N,
“*(2"“)‘"‘{ W@k, e

ITockonbky B ZepeBe He CylIeCTBYeT MOCJeNOBATEN b-

HOCTH TOYeK c HoMmepamu I, ..., s, comepxaueii uerHoe
YHCI0 BEPIIMH H Y3JI0B M3 KaxJOro fipyca, TO pasiHy-
HBIM  HOMEpPaM S COOTBETCTBYIOT pa3/HUHLIE BEKTOPHI
u(s), T. e. HyMepauus oxXBaThIBaeT Bce 2V THIEePKy6OB
A(s), ecan conocraBuTh rHMepKy6y HOMep cojepxKaliie-
rocsi B HeM ueHTpa. OTmeTuM Takxke, uto #(2¥ — 1) =
= (1, —1,.., —1), u6o mpu mepexome or z(0) x
u(2"—1) npoxoaarcs (B mopsifike HyMepalHH) Bce TOU-
KM JepeBa, COAepiKallero YeTHOe YHCAO TOYEK BO BeCex
Apycax, Kpome nepsoro. s HHOCTPALUU HOMEpa S H
BeKTOpa u(s), COOTBeTCTBYIomHe cayyaio N = 4, ykasa-
HBl Ha puc. 3.3.

7) YcTaHOBUM HEKOTOpDble CBOHCTBA BBEIEHHOI HY-
Mepaunu A(S), Kotopble NOHAaZOGATCA B JajbHellleM.
Kaxzomy Bextopy u(s) comocraBum umcio [(s) u pek-
TOp v (S) TakHe, 4TO

[(2k) =1(2k—1) = j(2k—1),

| <k<< 2% 1], (3.7)
10) = 12" — 1) = N, (3.8)
rae j us (3.5), u ‘
v (2k) = v, (2k — 1) = )
RS i o
: (0) = (0). (3.10)

Takum o6pasoM, ecin s — HeueTHOe UHCJIO, TO I(s) ectp
HOMEp KOOpIHMHATBl, KOTOPO# BekTop (s -+ 1) oTiuua-
€TCsl OT BeKTOpa u(S), a v(s) oTHuaercss oT u(s) nuup

(3.6)
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N-# koopaunaroit u, B cuy (3.6), (3.9),
v(2k +1) = u(2k), 0<<k<<2"'—1. (3.11)
W3 (3.7) cnenyet, 4To
I(2k) = N, 1<k<2¥'—1,
160 j(2k—1) #* N. Toraa, moc/ef0BaTEIbHO HCMOJb3YS
(3.11), (3.5) u (3.9), nonyuum
v; (2k+1)= ‘
U; (Qk), i# l(2k)' i:'ié N) N—1
={—v,(2k), i1k, i=n, [SESZTT L
(3.12)
u, Kpome Toro, coraacto (3.10), (3.11), ’
v(1) = v(0). (3.13)

8) PaccMoTpeHHOe INpPaBHJIO HYMEpauHu NOPOXKAAeT
BekTop #(2¥—1), ormuuaomuiics ot Bektopa u(0)
aub nepBoll KoopauHartofl. ITocTpoum Ha ocHOBe 3TOro
npaBuia APYrylo HyMepauuio, mpy KOTOPOH HauaJbHbIA
W KOHEUHBM WEHTPBl OTJHYAIOTCH KOOPAHHATOH C HOMe-
pom ¢. Llentp, uMelomuit HoMep S NpH 3TOH HyMepauuu,
¥ COOTBETCTBYIOIHME €My BEKTOP ¥ M YMCJO [ COOTBETCT-
BeHHO 0603HauMM uepe3 u'(s), v'(s) u I'(s). Iloaoxum

u'(s) = (u:(s), u2(8), « v U=1(8), 4i1(s),
Ut (S),eem e (). (3.14)

Torza BeKTOpH v'(Ss) moayuaroTcs U3 v(S) mepecTaHOB-
KOft KOOPAMHAT U;(S) U U:(S), MOZOGHOM mnepecTaHOBKe
B (3.14), n :

L), L)L L(s)

I(s)= l 1, I(s)=t¢, ‘ (3.15)
. L. 1) =1L

Ipu stoM N - ,

't N _ Ui(o), i-'_/ét)

ui (2 —1)_{_%(0)’ it (3.16)
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3adpuKcHpyeM NpOU3BOJbHOE 1eJ0e 3HaueHue f,
1 <¢{<N, u npuMeHnM BBejeHHOE NpPaBHJIO HyMepa-
UMM ellle W AMS CAy4yas, KOTAa B KauyeCTBe HAYaJbHOTO
ueHTpa BbIOpaH npousBoJbHBIE Bektop u'(0), aGcoaior-
Hble 3HAYEHHS] KOOPAHHAT KOTOPOTO paBHH eIMHHLE.
Llentp, nmetomuit NPy TaHHOM HauaJbHOM BeKTOpe HOMED
s, 6ynem 0603HauaThb yepes u'(s), a COOTBETCTBYIOLLHE eMY

BEKTOp ¥ H LeJjioe uuciao [ —uepes v'(s) u I(s).
Torna

ui(s) = —ul(s) ub(0), 1<<i<N, (3.17)
v(s)=—0ol(9)al(0), I1<i<<n,  (3.18)
Ii(s) = I(s). (3.19)

Takum 06pa3oM, Mbl yCTaHOBUJM cNOCOG HyMepalHy
runepky6os A (s), mpHmHCHIBaIOUIKH JIOGOMY 3a1aHHOMY
runepky6y HyJeBofl HOMep, OGecNeUHBAIOIMA HaMHuHE
odwell rpanu y runepky6os A(s) u A(s+1) u ymos-
JeTBopAOIWNA ycaoBuio (3.16) aas 3azaHHoro £

9) Bocnoabsyemcst mpaBuJaMu HyMepalUHH 3JeMeH-
T0B A(s) pasbuenns rumepky6a A u3 (3.4) aas ycra-
HOBJIGHHS HyMepauHH N0 2, runepky6os D(z, ..., 2,)
Kaxjaoro m-ro pasbueHusi, obecneynBalOllell HaJHUyHe
obwei rpain y JoObIX JBYX CMEXHBIX TUNepKyGoB,

Has nymepauun runepky6os (m--1)-ro pasbuenus,
BXOAsiWHX B runepky6 D(zy, ..., z») (uau 8 D npu
m==0), BBelem JHHeiiHOe OTOGpaxkKeHHEe g, COMOCTAB-
Jsiolllee Touke ¥y & RY o6pa3 g(21, ..., 2 Y) =RY u
Taxoe, yTo

821, ..y 2wy D(21, ..., 20)) = A.

Tenepp npuvewm, uro runepky6y D(zy, ..., Zm, Zmy) cO-
NOCTABJACTCS HOMED Zmi) =S TOTAA M TOJBKO TOr1a,
KoTla OH fABJsieTcs mpoo6pasom aJeMeHTa A(S) pasbue-
HHA runepky6a A us (3.4), 1. e.

iyl = § > g(zl; coes Zmy D(zl, voey Bm,y 2m+l)) = A(S),
(3.20)

npuyeM HyMepaUHH 37eMeHTOB A(S) MO S NpH Kaxaom
Habope 3HaueHull 2y, ..., Zn MOTYT COOTBETCTBOBATL CBOH
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yauanbHbii Bexktop u'(0) ¥ cBoe umeao ¢ (em. (3.14)—
3.19)).
( Hg)osenenﬂaa HyMepauusi runepky6oB D(z1, s+, 2m,
€ny1) N0 Zmyp (A5 KaXKIOTO Hab0DA 21, +4., Zm) COIO-
CTAaBASET KaXIOMY TaKOMy THIEPKYGY HeHTP & (2m+1)
saeMeHTa A (Zmy1), ABISIOLIETOCS ero o6pagoM npH OTO-
6paxennu g (cM. (3.20)), m COOTBETCTBYMIIHE STOMY
ueHTpy UHCAO [(Zmy1) U BEKTOP U(Zmy1) #3 (3.7)—
(3.10), mpeoGpasoBaHHble Ais 3aAaHHbX #'(0) B .
Torna oro6paxenne g us (3.20), oqmag, MOXKHO

npeiCTaBUTb KaK "o
o ,
1\t
g(zl,.._.,zm;y>=2"‘+2[y-;(7) u(z;)}, m>1,
L . AN (3.21)
rne u(z1), ..., u(2,) ecTb LEHTPH, CONOCTABJIGHHbIE

runepky6am  D(2))>...DD(21, ++., 2m), NpHYEM
cayuato m = 0 cootBeTcTBYyeT g (y) =4y, y =R",

3aBepmuM Mpolece HyMepalHH, TNOJOXKHB, 4TO IpH
HyMepalUuH 10 Zm4y THNEPKYGoB (m~-1)-ro pa3bueHus,
pXomAmux B D(21, 4. 2m), HauanbHbifl uentp u(0)
(1. e. uentp snementa A(0) pasGuenns runepkyGa A)
¥ THCJO ¢ BRIGHPAIOTCS COMVIACHO MPaBHIY

u(0) = v(2m), t=1(2zn), (3.22)

nte 0(2zn) U l(2s) cOOTBETCTBYIOT THIEPKYGY D (21, .-
412+ Zm), IpHUEM NIPH m =0 npumeM N

x 2(0) = (=1, vew —1), t==l. (3.23)

Teopema 3.1. Bsedennas uymepayus obGecne4u-
saer Haauuue obujeil epanu Yy a0b66lx O0BYX CMENHHbLLY
eunepkybos u3 at06020 m-eo pasbuenus (mz=1).

JlokazaTeabCTBO. 3aMeTuM, YTO HpH J060M
2, 0<<z <2¥—1, runepkyGu 15(z1)' n D(z+1)
HMelT OOLlyI0 rpaHb, JeXKallyl0o B IJIOCKOCTH, OPTOro-
HaJbHOM K j(21)-l KoopauHaTHOM ocH, rae j(21) u3 (3.5),
NOCKOJIBKY TaKHM CBOficTBOM 0G6aajalor o6passl A(2y)
u A(z;+ 1) stux runepky6oB npu coomserctsud (3.20).

IIycTb TeopeMa chpaBelnBa s THNEPKYGOB M11060-
ro k-ro pasbuenus, nie 1<5k<<m. Tlokaxem, uTO

12pr. Grponrus
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TOrla OHa chnpaseiinBa H AAs runepky6os (m 4 1)-ro
pa3bueHus.

[Tockonbky runepkyGel D (21, ..., Zms1) COCTABJASAIOT
m-e pasbuenue rumepky6a D(z;), To mpu J0GoM GHK-
CHPOBaHHOM 2 CMeXHHe runepky6ut D (2y, ..., Zmy1)
umeoT obmyo rpanb. Ocraercsi mMokasaTh, YTO AJS JIO-
6oro 21, 0 << 2; << 2% — 1, runepky6u

D(z, 2" —1,,.,2"—1) u D(+1,0 .., 0

\(‘ (3.24)
TaKXe UMEIOT O6IyI0 NpaHb. ‘ .
3amerum, uTo, corsacho (3.21), Touka

| Y@, oo 2y) = 2 (';—')H-1 u (zj) (3.25)

i=1
NpUHANJNeXRUT BCeM Trunepky6am (m 4 1)-ro pasGue-
Hus, BxonsAWuM B D (2, +.., 2n). B cBA3K ¢ aTuM yemo-
BUMCA HMMEHOBaTb TOuKy (3.25) yenrpom runepky6a
D(z, ..., zn). Tenepp HeOG6X0AHMOE H IOCTATOYHOE YC-
JIOBHE CYILIeCTBOBaHWsA OOLleli NpaHH y TUNepKyGOB wu3
(3.24) MmoxHO 3amucaThb KaK YCJIOBHE CYLIeCTBOBAHUS

takoro HoMepa [, | <</ << N, uto -
i (2,2 — 1,0, 2Y —1) — gy (2, +1,0,...,0)| =
‘ 0 i1,
= (G, (21 6

T. €. IeHTPhl YKa3aHHBIX IHNePKY60B AOIKHB PA3JHYATh+
Cs JIMIIb OAHOM KOOPAMHATOH M abcosIOTHAST PasHOCTDb
3Ha4YeHHH 3TOH KOOPAMHATHI HOMXKHA PaBHATLCA JJHHE
pe6pa runepkyba (m < 1)-ro pasbueHus.
Beenem 0603HaueHHA #(21, vy Zmi Zmy1), V(21, 4.
v Zm; Zms), L(21, <01y Zmy Zmy1) AL BEKTOPOB U (Zmyy),
U(2my1) W uucaa l(2my1), COOTBETCTBYIOUIUX THIEPKYOY
D(z1, ..., Zm, Zms1), MOCKOJBKY HaMm moTpebyercs HH-
AuKauds runepky6a m-ro pasbHeHHs, CcOAepKallero
JaHHbIA runepky6 (m - 1)-ro pasz6uenus.
IMycte i =2k —1, 1 <kE<<2¥!'—1, 1. e. 2, ecThb
- HeueTHOe YHcJO, mpHueM 2y 7= 2¥—1, Torma npu Hywme-
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paluu no 2, runepxy603 D (2, 2p), Bxoasawux B D(2y),
B cuay ycaosuit (3.22) u (3.7), umeem

t=1(z) %N, u(z;0) =uv(z),
oTKy1a, yuursiBasg (3.9) u (3.16),

, == 1(2,), (%N,
ui(z1;21\ ) {u(21 i 1(z) T

—uz), i=1(z), i=N, &)

npuuem u3 (3.8), (3.15) u t== N creayer, uto I(2;
2% —1) = N. Kpome Toro, coraacio (3.9) u (3.27),
. oN . u; (21), i 7& 1(21),

vi (zl’ 2= 1) B { —u;(21), i=1(z).

.+ Temepb NpH HyMepauuu N0 23 rumepky6os D (2,
2% —1, 2z3), Bxomswux B D(z, 2V —1), cnenyer no-
JM0XKHTh (cM. (3.22))

t=N, u(ZI, 2N—I;O)=v(zl; 2N__l)’

(3.28)

*

otkyaa (cm. (3.16), (3.27) u (3.28)) .
u(z, 2—1; 2 —1) =u(z; 2 —1) (3.29)

u (cm. (3.8), (315))

I(z;, 2" —1; 2" —1) = 1. (3.30)
Toma corsacHo (3.9) u ycaoBuio (3.14),
u 4 y _1 ) i l’ .
vi(zl,QN—l;QN—1)=[ (2152 N ) #*
—u;(z;2V=1), i=1
- (3.31

Ianee, MOCKOJIBKY NPH ;lymepaunn 10 24
t=1,u(z,2"—1,2"—1;0) =v(z, 2" —1; 2" —1),

To (cm. (3.31), (3.16) u (3.8), (3.15))

cu(z, 2Y—1,2—1; 29 —1) = u(z; 2¥—1),
(2, 2 — 1,2 —1; 2 — 1) =N = I(z1; 2" — 1),
12%
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Y4TO CcoBHajaeT C CHTyalHell, PacCMOTPEHHOH MpH 3a-
BepIIeHHH HyMepauuH no 2. [loatomy npu .Jio-
6om m > 1

u(z, 2¥—1,...,2%—1; 2 —1) = u(z, 2" —1),

4TO nocJe noicraHoBku B (3.25) maer
y(z,2—1,...,2 - 1) =

=4 {aen+[1- (%)m]u (252" - ) @3

Tenepb mepeiinem kK Hymepauuu runepkyG6oB, BXOAs-
mux B D (2, 4-1). Coraacho (3.9) -

v(a+1) =v() (333)
u, B cuay (3.5) u (3.7), L
Uy (2, + 1) = {ui (21), i 1(zy), (3.34)

—uy(z1), i=1(z).
Us (3.10), (3.22) u (3.33) caenyer, uto

v+ 15 0) =u(z+1;0) =v(z)
H T03TOMY

u(zi+1, 0; 0) =v(z).
[Tponosxas, noayuum
u(z141,0,.,.0;0) =v(z),
4TO NnocJse NMoAcTaHoBKH B (3.25) aaer
¥y +1,0,...,00=
- -;—{a (2 + 1) +[x - (-;-)'"]fa (z,)}. (3.35)

Tenepp u3 (3.32) u (3.35) BHITeKaeT CHPaBeLIHBOCTb
(3.26) npu I = I(z), NOCKOMBLKY BeKTOPH u(2)) Hu (2,4
+1) (em. (3.34)) u Bekropnl u(z; 2¥—1) u v(z)
pasnuyaioTcsl JMWb [-MH KOOPAMHATAMU M, KPOME TO-
ro, w (214 1) = —uv,(21).
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Mycrs Temeps 23 =2k, 1<<k<<2"!1—1, T e

2, — uyetHoe uHcjo, nmpuyem 2y = 0. Toraa u3 (3.7) cne-

ayer [(z1) =Il(z1—1) =N u, Kpome TOro, COrIacHo

(3.9) u (3.5), P

(z)_{ux(zl)» i#=1(z), 1N,

Vi) =\ _y,(zy), i=1(z), i=N.

Mockoabky u(z; 0) =v(z1), 10 u3 t=1(z), (3.16)
u (3.36) moayuaem ~ -

.oN _ uy(21), iaﬁN’A‘\"
(222 _1)_{—“3(21), i=N,

(3.36)

(3.37)

u mostomy (HanmommumM, uto == N), coraacio (3.9),
v(z; 2¥—1) =u(z)).

Orciona, yuntbiBasi [(2;; 2¥ —1) = N, umeem, 4TO mpH
HyMepauuy yncaaMu 23 { = N u BeJqHuHHDI u(z, 28 —1,
2" 1), I(z, 2 —1; 2V —1), v(a, 2¥—1; 2" —1)
OnpefeJsioTCsl COOTBETCTBEHHO BBHIPAXKEHHAMH (3.29)—
(3.31), rme u(2y; 28 — 1) us (3.37). [Tostomy paBeHCTBO
(3.32) ocraercs cnpaBeiIUBHIM M TIPH YETHOM 2, %0,
ecaun u(2;; 28 — 1) us (3.37).
M3 (3.22) u (3.10) caeayer, uto

u(z1+1,0,0) =v(z+1;0) =u(z+1; 0) =

= v(zl + l)s
rae, coraacuo (3.12) u (3.36), v(zi+1) =u(z).
Tostomy B obwem caydae #(2; 41,0, ..., 0; 0) = u(z1),
OTKyJa

y( +1,0...,0)=
_ _;_{u (2, + 1) + [1 - (-;—)m]u(zl)}, (3.38)

rae, B cuay (3.6), sextope u(z+1) u(z)) pasau-
yajorcs JAnib N-MH Koopaunatamu. Temepp u3 (3.32)
n (3.38) caeayer cnpasemnuBocth (3.26) npu =N,
NOCKONMbKY BEeKTOpH #(21) u u(2;; 2¥ —1) Takxe pas-
Anvalores aumwb N-mu KoopauHatamu (cm. (3.37)), T. e
u(z;; 28=—1) =u(z1+1).
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Ocrasca cayyait 2 =10. B sTom ciyuae, corsacho
(3.8), (3.10) u (3.22), u(0; 0) =u(0) u t=N, uro
oGecrieyuBaeT cnpaBeaiuBocTbh (3.37) npu 2z, == 0 H,
Kpome Toro, B cuay (3.9), (3.14) u (3.8), (3.15),

v; (0;2YV — 1) =

{ui(O), is=l, i{#£N,
T l=u;00), i=1 i=N,
Teneps us (3.22) u (3.39), yuntsiBas (3.37), noJayyaem
(3.29), mpuuem [(0,2"—1; 28 —1) = N. [Mpumensis
HHLYKIHIO, yGexknaemcs, uto dopmyna (3.32) B cayuae

YETHBIX 2] OXBATHIBA€T U CaAyuYai 2, = 0,
Hs (3.10), (3.16) u (3.22) caemyer

b u(1,0,...,0;0) = v(0),

T. e npu 23 =0 ¢opmyna (3.35) Takke cnpaBesIH-
Ba. B

10;2Y —1)=1. (3.39)

2. MuoromepHblit 0606wenHbiii  anroputm. ITycrsb
y(x), x= [0, 1], ects kpusas Ileano, mokpwBaiouias
o6aactb D us (0.2). Torzxa, cornacuo (1.6), pemenne 3a-
Aaun (0.1) ceomumMo K MuHHMH3aUHH @(y(x), ¥ = [0, 1].

Crepyiowmas JeMMa ycTaHaBIHBaeT, uTO (YHKLHA
@(y(x)) ynosaersopsier 0606IIeHHOMY yCTOBHIO Jlum-
wnna (em. § 4 ra. II), ectu dyukuns ¢(y) ssasercs
- MTHNIHLEBOH, T. €. AJf  MHHHMH3aUHH @(y(X)) Moryr
OBITb HCIIO/Jb30BaHbI O0GOGLIEHHBIE AJTOPHTMBI H3 TPeTh-
efl IJ1aBHl.

Jlemma 3.1. Iycro @(y) ecTo aunwuyesa ¢ xou-
cranrod K ynkyus, onpedesennas 8 obaacru D u3
(3.1). Tozda ¢ynryus @(y(x)), x= [0, 1], 2de y(x)
eCTb Henpepolenoe 00HO3HAuHOE oTOGpaxcerue u3 n. 1,
ydosaeTaopser Yycaro8uro

[ (y (<) — @ (y (N ISK, V¥ =], (3.40)

2de v, x" = [0, 1] u K, = 4KYN.
Hokasateabcrso. IMyers |x"—x”| x 0. Torza
CyLIeCTByeT TaKoe Liesoe 4ucao m = 0, uro

1 \Nomt1) | \Nm
(T) <|x’—x”l<(-§—) . (3.41)

e S s AT I B K Ao T WA et - T e

&
£
%
¥
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TIpu 3TOM TOYKH X' H x” 6ymyT npuHaAIexartb aHGO on-
HOMY W TOMY XK€ HHTepBaly m-ro pa36uenus d(2i, ...
... 2m), 1160 ABYM Pa3HbIM, HO CMEXHBIM HHTEPBa/laM
m-ro pas6buenus. CiefoBaTeNbHO, HX ob6passl y(x')
y(x”) npuHannexar JHGO OAHOMY M TOMy iK€ cooTBeT-
cTByIOLIEMY Tumepkyby m-ro pas6ueHus, Jau60 IBYM
pasHBIM THIEpKy6am m-ro pa3buenus, HMeloWHM 06
uyto rpaHb. Toraa

ly () —y () I < VN (1/2)",

YT0, COIVIacHO (3.41), naer .

e —

Iy (¥)— 9 ISUVIVIZ=#T, (349

otkyaa caenyer (3.40), NMOCKOJIbKY dyukuust @(y) AB-
nsieTcsl JUNILHIEBOH ¢ KoHcTaHTOH K.

Takum o6pasoM, OyHKuHA @ (¥(X)), xe [0, 1],
yIAOBJIETBOPSIET YCJIOBHIO (2.4.1) c KoOHCTaHTOH K, npu

MeTpukKe
o, ) =[(¥ =¥ )=VI¥ =] (3.43)

rae ¢yukuus [ umeer o6paruylo ¢ynkuuio. Iosromy
a8 MpHHMH3anAH @ (y(¥)) MOXKHO BOCHO/MB30BATHCS
0GO6IeHHHM anropuT™MoM (cM. m. 1 § 4 ru. I1), coor-
percTBylOLUM MeTpHKe (3.43). Takoli cmoco® pelleHus
MHOTMOMEpPHOH 3ajayH (0.1) ycaoBumca B JanbHeHIIeM
JIMEHOBATb MHOZOMEPHLIM OOOOUEHHbIM  aA20PUTMOM
2206anbH020 noucka (coxpawenso MOATTI).

IIpu stom crnocobe pelieHHe OJHOMEPHOH 3alayd H3
npasoit yactu (1.6) ¢ nomoiupto- OATTI mopoxaaer mo-
CJIe10BATENbHOCTD TOUuEK HembiTaHuit {x'} B uHTEpBAIeE
[0, 1], oGpasoM KOTOPOH MpH COOTBETCTBHH y(x) 8-
nserca (mopoxnaaemas MOATTI) mnocrepoBaTebHOCTE
Touek {y*} B runepkyGe D, rae §* = y(xh).

3aMeTHM, yTO HpH H30paHHOM B M. 1 MOCTPOEHHH
y(x) mo6as Touka y & D spaserca He Gosnee uyem 2%-
kparunod, T. e. efi COOTBETCTBYEeT He Gosee uem 2% mpo-
o6pasos B unrepsazie [0, 1]. Tloaromy n06as_To4Ka y'
26COMOTHOT0 MHHUMYMa GYHKUUH ¢ (¥), y € D, nopox-
naeT He Gosee yeM 2V ToueK abCOIOTHOrO MHHHMYMa
dynKuun @ (y(x)), 4T0 MO3BOJIACT HEMEANEHHO 0600-
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IIHTL yCIOBHS CXOAUMOCTH U3 1. 2 § 4 ra. II Ha cayuai
MHHHMH3AIHUH ¢ nomolubio MOATTI.

Teopema 3.2. Mycre {¢"} ecro nocaedosarenvrocrs
ucnoiranud, nopomdaemas MOATLIT npu munumusayuu
Aunuwuyegold ¢ xoncrawrod K pynrkyuu @(y), y=D,
Toezda

1) ecau y’ u y” ecro dse npedenvrole Touku nocre-
dosarenvroctu {y*}, To oY) =o@");

2) ecau y’ ectv npedesvnag rouka nocaedosarervHo-
cru {y*}, 10 @ (¥) =0 (y');

ecau y* ecto To4Ka abcoatoTHOZO MUHUMYMQ

pyuxyuu @(y) u npu aobon 00cTaTo4H0  60abOM
k>0 daa seruuunor m us (2.6), (4.4) cnpasediuso
nepasencréo m > 16KYN, 1o y* ssaserca npedebHod
To4Kold nocaedosareasroctu {y*}, npuuen

lim yk == y*'

R+
ecau y* ecro eduncrsennas Touxa abcoatoTnozo mu-
HUMymQ.

3ameuanne. CooTBercraue y(x) u3 n. 1 onpeze-
JAAETCST Uepe3 MpENeNbHLIl NePexos H NpH mpaKTHIeCKO
peanusauun MOATLTI moxeT OwTb BHuHCIEHO JHIb
npubauKenHo. OnHako 0606weH e AJITOPUTMBI YCTOHY -
Ebl TIPH MAJBIX BapHalMAX 3afaun (cm. m. 3 § 4 ra. II).

3. Munumusauns B HeomHOCBSA3HBIX 0GaacTsIX, Iycts
B orpeske [0, 1] samana cucrema UHTEPBAJIOB, 06pasy-
0l1as8 MHOXECTBO -

! n
d= 1 d, (3.44)

rie d; ecTb  HEKOTODHE BJeMeHTH d(z, ..., Zm;)
pas6uennii orpeska [0, 1], paccmoTpennbix B o, 1, co-
OTBETCTBYIOLUIUX  (BO3MOXKHO, Pa3nIuuHRIM) BHaueHHAM
my, 1<<j<<n. Torna o6pas y(d) wmHOXecTBa (3.44)
NpH COOTBETCTBHH y(X) OyieT MPeACTaBAATH cOGOH 06
e1uHeHHe COOTBETCTBYIOUUX  3JIeMEHTOB D;=y(d)),
1 <j<<n, w3 my-x pasbuenup runepky6a D, T. e. He-
KOTOpOe B 0o6lleM C/lyyae HEOZHOCBA3HOE MHOKECTBO,
Ipu stoM MHHEMH3aIuA ynkunn @ (y(x)) Ha cuc-
TeMe OTpeskoB (3.44) (cM. m 2 § 5 ra. IT) 6ynmer
COOTBETCTBOBATh  MUHHMH3ALHU yHKunH ¢(y) B




§ 3 PEAYKLIMS [1PU [TOMOILHM PA3BEPTOK 185

HEOJHOCBSA3HOM MHOrOMepHOH 06J1acTH
n
y(d) = ’,Ui D,.

Lns unmoctpaunn paccMoTpuM mpumep.
Mpumep. Ilycry dyHRuus *)

@ (U1, Ya) = ¥} + y5 — cos 18y, — cos 18y,

1
onpenesieHa B KBajpare -—-—2—< n, Y < 1. Pacemotpum 3amauy mu-
HUMH3AUHH STOK MHOrOSKCTpeManbHON (yHKuuH B o6maacTy, KoTopas

Puc. 34.

nonydaercs Nocie HCK/IIOUEHHS H3 KBAAPATa NATH KBAAPAaTOB BTOPOrO
pasouenus (coorsetcTBylOmuX Keanparam D (0, 1), D(1, 0), D(1, 3),

*) Ykasaunas ¢yHkuMs paccmartpusanach B Kuure JI. A. P a-
crpuruua [l], - : -
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D42,2), D(3.2), usoGpaxenusiM Ha puc. 3.1), rpex KpaspaTon TpeThb-
ero pasGueHuss U JAECATH KBaLpaToB YeTBepToro pasbueHusa. ObnacTb
MHHHMH3aUuH H306paxkeHa Ha pHC. 3.4 (HCKJIIOYeHHBle KBajapaThl
NOKPHTH IITPHXOBKO#). 3anaua pewanacs ¢ nomomsio MOATTI, npx-
YeM oJHOMEpHAs MHHHMH3auua GyHKUHH @(y(x)) ocylmecTBasnach Ha
CHCTeMe OTPe3KOB, COOTBETCTBYIOIMX KBafpaTaM, COCTaBISIOWHM 00-
nactb muHumu3auuu., Toukn 127 npoBeleHHBIX HCMBITAHHA OTMeYeHbl
Ha pHc. 3.4 (Touka aGCOMIOTHOrO MHHHMyMa COOTBETCTBYeT Hauamy
KOOpJMHAT).

4, Kycouno auHeiiHas passeprka. BepHemcss K mno-
crpoennto, paccmoTpenHomy B m. 1. Corsacro (3.25)
2" 11eHTPOB Y (21, ..., 2m) THNEPKy6OB m-ro pasbueHus
D(21, +v., 2m) 00pa3yloT PaBHOMEPHYIO OPTOrOHAJNbLHYIO
cerky B obamactu D u3 (3.1), mpuuem war sTOH CeTKH
(mo mwo6oit koopAMHATe) paBeH 2°™, YCTaHOBHM cJe-
AyIOUYI0 HyMepauuio Y3/JOB STOH ceTkH. 3aHyMmepyeM
cleBa HampaBo MO § BCe HHTEPBAaJBl, COCTaBAAOLLIHE
m-e pasbuenue orpeska [0, 1], T. e.

-

d(z, ... 2m) =[x %),
0<i<2mN —_ 1,

rie uepe3 X; o603HAueH JeBbIH KOHell HHTepPBaJja, HMelo-
uero Homep i, u OydeM CUYMTaTh, YTO LEHTP Tunepkyba
D(z1, +.., Zw) UMeeT TOT XK€ HOMEp i, 4TO H COOTBeT-

CTBYIOIMI 3TOMY runepkyOy uurepsan d(zy, ..., Zm), T. €.

yi=y(zl’ vy zm)’
0<<i< 21,

[Tpu 3TOM UEHTPHl Y; H Yiy1 HEOGXOIHMO COOTBETCTBYIOT

CMEXHBIM runepky6am, UMelolUM oOLLYI0 IpaHb.
Paccmorpum otobpaxkenne I(x) otpeska [0, 1] 8

runepky6 D u3 (3.1), onpenensieMoe BhIpaKeHHSIMH

X

W (x) —
Lx)=1y; +()’x+1“3’t)(ﬁz—_—,f;), (3.45)
n<wx)< %4,

@(x)=x[1—(-§—)m'v], 0< <l (3.46)
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O6pa3\ 10600 noabiHTepBasna otpeska [0, 1] Buzna
[£,(1=2-™) =1, %y (1—27%) 1], 0<<i<<2"—1, (3.47)

npu coorBetcTBHU I(X), OueBHAHO, ABJSAETCA JHHEHHBIM
OTPE3KOM, CO@NHHSIOUIUM Yy3Jdbl ¥; H Yy, U, TaKuMm 006-
pasoM, I(x), 0 << x << 1, ecTb KycouHo JHuHeHHas KpHBad,
COeNHHSIOMAs Y34l y;, 0 << .
<Ii<<2™ — 1, B mopankKe HX rH | -
HyMepanuu. Ty KPUBYIO ycJo- | ju
BHMCS B JdaJjbHeflleM HMEHO-

I T

L ju

BaTh N1eanonoG0OHOU KYyCouHO -
AuUHelHol pa3sepTKol oTpesKa |
[0, 1] B runepky6 D u3 (3.1),
MOCKOJIbKY OHA SIBJSieTCA MpH-
6auxKeHHeM (C TOYHOCTBIO He
XyxKe 27™ 10 KaxJI0# KOOpau-
uate) K Kpuoit ITeano y(x)
u3 n. 1. Jns uadocTpanuu Ha
puc. 3.5 u3ob6paxen o6pas oT- i
peska [0, 1] mpm coorBercT- Puc. 3.3.
Bun Il(x) mas cayuas N =
=2, m=23 (y3Jibl CETKH OTMeYeHbl TeMHLIMH KPYKKaMHu).
Bpenennoe oroOpaxkenue [(x) comocTaBiisieT MHHH-
MU3UDYeMOi#l MHOroMepHOH GYHKUHH ¢ (Y) OAHOMEPHYIO
dyukuuio @ (I(x)), npuueM, ecniu GYHKUHA ¢ (y) ABASET-
ca aunmuuesolt (¢ xkoucranroit K), To ,

- m-+1
ming ()< min ¢( (1) +(KVF)(3)"" (349
y=D xe[0, 1]
1 NpUOJHIKEHHOe pellleHHe MHOTOMEpHOH 3aj1ayu CBOLUT-
c K peUeHHIO 3alayd ONHOMEpHOH, rae GYHKIHs
p((x)), 0<<x<1, ynosnersopsier 00OGIIEHHOMY yC-
josuio Jlummuina (2.4.1) B Merpuke (3.43).
Jloka3aTenbCTBO MOCJHENHEro yTBepKAEHHA A Ciay-
yasl, Korjaa s

(_é_)N(n—H) < lx, — <(%)Nnv - ’*1< m, (3.49)

jumy

4 1
d

I
r--lL
il

111

ju.)
andhen
-

M

NpPOBOAHTCA AHAJIOTHYHO J1OKasaTelbcTBY JemMbl 3.1,
B cnyuae, korna (3.49) He cnpaBefiHBO, T. €. TOUKH X’

~
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u x” npuHajnexar au60 OMHOMY NOJbIHTEepPBaJy BHAA
(3.47), u60 NBYM NOABIHTEPBAJIaM, HMEIOWIHM OGILYIO rpa«
HHYHYIO TOUKY (M cOoTBeTcTBYloune 06passi I(x') u I(x”)
JexaT JAu60 Ha oJHOM JIHHeHHOM oTpe3ke, AH60 Ha ABYX
pa3HbIX JMHHEAHBIX OTPe3Kax, MMeloUlHX 06Uyl TOYKY),
u3 (3.45) u (3.46), yuuThiBad, 4TO y3/bl Y; U Yiy1 Pas-
JAHYalOTCA JHIIb OXHOH KOODAHHATOH, NOJAydYaeMm OLEeHKY

—mlxr__x//‘

J () — L ()< N <L2VIF =+, (3.50)

nofoGHyi0 HepaBeHcTBy (3.42).

Takum o6pa3om, A5 pelieHys OJHOMEPHOH 3aJauu U3
npaBoil uacTu BblpaxkeHus (3.48) MOXKHO HCIIOJNb30BaTh
o6o6uienubit anroput™ (cM. m. 1 § 4 ra. II) ¢ toii xe
meTpukoil (3.43), 4YTo M NpH pas3BepTKe THNA KPHUBOH
[Teano. Ilpu 3TOM TOYHOCTH pelIeHHA OJHOMEpHOH 3a-
JAaud JOJIXKHA, OYeBHAHO, OBIT COrJacoBaHa C IOrpell-
HOCTbIO, OmpenensieMoil TeM 00CTOSITeNIbCTBOM, 4TO pas-
septKa [(X), 0 << ¥ << 1, NOKpHIBAET CETKY i

H(m, N) = {g:: 0<<i<<2™—1), (351)

Ho He Bcio o6mactb D. Ecim npHHATH, YTO MOrpPelIHOCTD
pelLIeHds: OJHOMEPHO! 3aJayH AOJKHA HMETh TOT Xe No-
pSIOK, YTO W BTOpOE cjaraemoe B MpaBol yactd (3.48),
10, cormacHo (3.50), TOYHOCTb & B YCJHOBHH OCTAHOBKH
(2.4.6) nns 0606LIEHHOTO a/ArOpUTMa H HOMEp m pas-
OHeHHs, ONpele/sIoOllero Hcmoab3yemyio cetky (3.51),
GyayT CBSA3aHBI COOTHOILEHHEM

g% = (1/2)m+, (3.52)

3ameuanue. [Tockonbky KpuBast I(x) cocrour us
JHMHeAHBIX OTPE3KOB W A mapul Touek I[(x'), I(x”),
Jeskalllefi Ha J1060M M3 3THX OTPE3KOB, CIIPaBeLJHUBO He-
paseHcTBo (3.50), To ¢dynkuus ¢(I(x)), cooTBeTCTBYIO-
Has JUNIIMOEBOH ¢ KoHcTaHTOl K QYHKIHH @ (¥), TaKKe
ABJISIeTCH JUMMIHUeBOH ¢ KoHCTaHTOH K, = K2m(¥V-1)
Bospacraiolleil ¢ poctoM m (T. e. BO3pacTaiolleil no Me-
pe yBesHueHHs TpeGyeMOii TOYHOCTH pelleHHs 3afauH).
[Tostomy (mo Tem e npuuuHam, 4o W B m. 4 § 4

o

ra. II) wmunumusanng @(l(x)) c nmomowsio ATTl wau

B —
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OATTI ¢ merpukoit p(x 4 Ax, x) = f(]Ax]), nas xoTo-
poi#t cpaBeAaUuBO o

N,j——
VA
Jim Frae = °

Helesecoo6pasHa M CJelyeT HCNOJb30BaTh METPHUKY
3.43).

( 5.) Mpocrota pa3BepTKH H CKOPOCTb CXOAMMOCTH.
W3 npenslnyliero NyHKTa CJAEeLyeT, 4YTO 3aJaHHOH TOY-
HOCTH pelleHus 3ajlaiyd MHHHMH3aUHH (YHKIHH o (y)
B runepky6e D u3 (3.]1) COOTBETCTBYeT BIOJIHE OIIpe-
nenenHasi cerka H(m, N) u3 (3.51), Koropas NOKpHI-
paercs passeprkofl [(x), 0 <<x << 1. Ilpu arom peue-
HHe MHOTOMEpHOH 3anaun u3 JeBoil yactH (3.48) cBOLMT-
¢ K MuHAMH3anuE GyHxuma @ (I(x)).

Coornomenue (3.48) ocraercs CnpaBeIMUBHIM U B
cyuae, ecld BMecTo passepTku [(x) u3 (3.45), (3.46)
HCII0Jb30BaTh JIO6YI0 APYryio HempephiBHYIO PasBepTKY
s(x), 0 < x <1, nokpeiBatomyio cetky (3.51). B cpasu
C 5TUM eCTECTBEHHO HCIOJb30BaTh Haubojiee MPOCTYIO
pa3BepTKY, MOKPHIBAOILYI0 YKa3aHHYIO CETKY.

Eciu OrpaHHUHTLCS DACCMOTPEHHEM KyCOUHO JHHeH-
HHIX pPa3BePTOK, TO NPOCTOTY pPasBepPTKH MOXHO oOle-
HHBaThb MHHHMAJbHEIM YHC/JIOM COCTaBJAAIOUWIUX ee JH-
HeliHbIX OTpeskoB. OueBHIHO, YTO MeaHonoAobHas pas-
peprka [(x) M3 m. 4 He sABJsETCS Ccamoil NMPOCTOH, n6o,
HanpuMmep, KyCOUHO IHHelHble KpuBble (THNA Cnupaiu
W THNA TeAesU3UOHHOL pa3sepTku), u300paxKeHHbIE Ha
puc. 3.6 u coorBercTBylomue caydaio N =2, m =23
(Y3/bl CETKH OTMeUEHH TEMHBIMH KpPYXKKaMH), COCTOAT
M3 MEeHbIIEero 4Hcjaa JHHeHHBIX OTPEe3KOB, 4eM IeaHo-
nmono6Has pasBepTka, NpeACTaBleHHas JJis TOro xe
ciyyas Ha puc. 3.5. [losroMy, ommucas, Hampumep, «Te-
JIeBH3HOHHYIO» KPUBYIO B NapaMeTpuueckoil (opme Kak

t(x),0<<x<<1, rne

b =5 (=0 {(g)" NPT 5}
)= {1+2) (z) =118l +8),
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W g=E(), l=x2"—2"), 6=I—qg—142m
nonyunM passepTky, Gosee mpocryio, uem [(x). ra
pa3BepTka MoxeT ObIThb 0606llleHa W Ha cayuait N > 2.

Onnako npocThle KYyCOYHO JHHeiiHble pasBepTKH
HMEIOT OJIMH CYLIeCTBeHHBIH HELOCTAaTOK, 06YC/AOBMEHHbI

- - -
EEN . = R P -

) o Y

) - . 1

b

p—t—g
4

S

Puc. 3.6. ;

N

HMEHHQ TeM OGCTOATENBCTBOM, HYTO COOTBETCTBYIOLLAf

KycOuHO JMHeNtHast KPUBAA CONEPIKHT JNHHEHHbIE oTpe3-

KH, NOKpPEIBaiowne GOJIBIIOE YHCTO (Hanpumep, 2™) ys.

noB_céfkn (3.51), OcTaHOBHMCH Ha sTOM noapoGHee.

CyjMapnas anuHa BCex OTpe3Kos, COCTaBJISIOLIHX

Kymclo-lgxflgh JHeiHE 06pa3 unTepBana [0, 1] IpH COOT-
BETCTBHH §(x), 0 << x'<< |, papua *)

v L= 9mIN-1) 9-m, .

o
ITyes s(x') ‘u §(X”) ecTb COOTBErcTBeHHO HAYaNBHAS
H KOHeUHasi TOUKH HEKOTOPOrO JIHHEAHOrO OTPe3Ka, co-
Aepxaiero 2™ ysnos cetku (3.51). Toraa

Is(x') =s(x)]=1 _(_;_)m>_%_,‘

gn—1  gm
’ ”
IX — X '=_“2mN_.]<2“WV’

7

*) Tlpeanonaraercs, uto nioBoii oTpesok, sBAsOmMICS YACTHIO
KpuBO#l s(x), napajieseH HEKOTOPOil KOOPAHHATHOH ocH. *

L BERNANE
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oTKyAa o
1) s> (20 Y=

CrlenoBaTeJbHO, naxe Npu Merpuke (3.43) He cyile-
CTByeT e AMHOMN (AN BCeX 3HAYSHHH m > 1) xoHcTaH-
TH, ofecneynBaplledl BHIIOJHeHHe 00600ILEHHOTO yCJIO0-
pusa Jlunwuna (2.4.1) aaa ¢yHxkuun @(s(x)), cooTBer-
CTBYIOLLEH JIMMUINIEBOH (GYHKIHH ¢(y), XoTa (QyHKIHH
@(y(x)) u @(l(x)) TaKomMy YCIOBHIO YAOBJIETBOPAIOT
(c KOHCTAHTOH, He 3aBUCSILLEH OT m). VBenuueHHe e KOH-
CTaHTHl C POCTOM M TpU HEH3MEHHOM KOJeGaHHH (pyHK-
u¥d (MakcHMaJbHasg PpasHOCTb 3HAUEHHH OJHOMEpHOH
dbynkunn @(s(x), 0 x <1, He 6osbliie, yeM Mak-
cuMa/ipHas pPAa3HOCTb 3HAYEHHH (YHKIHH o(y), y=D)
NpUBOAMT K BO3PAcTaHUIO IIOTHOCTH HCIBITAHUH, KO-
Topaa mnpubsukaercs K IUIOTHOCTH MeEToAa nepe6opa
(cM. n. 2 u n. 4 § 4 ra. I1). PesyabTaTbl UHCIEHHBIX
5KCIIEDUMEHTOB, HJ/JIIOCTPHPYIOLLHE STOT HELOCTATOK,
npuBeseHs B § 5.

TakuM o6pasoM, MPHMEHEHHE MPOCTHIX Pa3BEPTOK He
MmoxkeT obecmeuutb TOH 3¢ (EeKTHBHOCTH, KOTOpas [o-
cTHKMMa TpH pasBepTke y(x) Thma kpusoi Ileano n
IpH MpUOJHKAOUKEX ee KPUBLIX [(x) u3 I 4.

6. HeunbexkTHBHAsi pa3Beprka. HanomuuMm, 4TO KpH-
pas [leano y(x)- u3 m. 1 ompeneneHa uepe3 npenesb-
HbIl Mepexoj H MO3TOMY NMpaKTHYeCKH peasn3yemo JHIIb
TO HJIH HHOE IPUGAHKeHHe K 5Tol KpuBOil. OXHHM H3 Ta-
KUX NpHG/IHIKeHHI IBASETCA KYCOUHO-IHHeHHasA pa3BepT-
ka I(x) us 1. 4, TOKpHBapmas ysau cerkn H(m, N)
u3 (3.51), rme 3HaueHHe M OMpEAENsETCs TpebyeMoit
TOUHOCTbIO pellenns 3agaud (cm. (3.52)), T. e. -

1(x) = ln(x)

u nocrpoende I(x) Tem mpolle, ueM MeHble 3HauCHHE
m. Onnako 3Ta npocTasi pa3BepTka He ofsnajaeT AByMs
BaKHBIMH CBOHCTBAMH, KOTOpHe ecTb y Kpupoi Ileano
y(x), npubauxaemoi €.

[TepBhlli HEXOCTATOK CBA3AH C TeM, YTO CeTKa H(m+
+wv, N), umeromas wmar (1/2)™*, He COAePAKHT Y3J0B
Gosee rpy6oit cerkn H{(m, N). Ilostomy TtOuKa La(X')
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B OOLIEM clyyae He MOKET ObiTb MOKPBITA  KPHUBOM
Ine(x), 0< X< 1, 1, CJIe0BaTEbHO, 3HAYeHHs (YHK-
42074 cp(lm(x)), BBIYHC/IEHHBIE IPY MHHHMH3aLMH C MO-
Mowpio OAITI, xorma pasmepHocTh pexyuHpoBasnach
PasBepTKO# I, (x), He MOLYT GLITH HCNOAB3OBAHHI, eCAH
3aTeM B CBA3H C HeOGXOLMMOCTbIO GOJiee TOUHOTO pelle-
HHSl 3aJla4d TPHUMEHSeTCA pasBepTka Iy, (X), v > 1.
Pasymeercs, 10T HemocTatok MOXKeT 6HITL yCTpaHeH,
eC/lH HCNONb30BaTh 3HAYSHHE M Gojee BHICOKOE, uey
5TO HeOGXOAUMO 115 obeceueHHA MePBOHAYANBHO 3a-
AaHHO# TouHOcTH. Hampumep, MOXKHO HCIOJIB30BATH
MaKCHMaJbHO BO3MOXHOE 3HAYeHHe M, ONpelesie-
MO€ IJIMHOM MalUMHHONO C/0Ba (A KOHKDETHOTO THMa
npumensieMoii dBM), ommcrBatoniero KOODIHHATY X &
& [0, 1] (cm. (3.2) u (3.3)). Torna npu moGok 3anan-
HOH TOYHOCTH & B YCJOBHH OCTAHOBKH (2.4.6) mas 0606-
LIGHHOr0 AJITOPUTMA HCHONBL3YETCH OJHA H Ta XKe pas-
BepTKa Im, (X), coOTBeTCTBYIOUIAs 3HAUYEHHIO m,, KOTOpoe
npeBbIIaeT 3HaueHue m u3 (3.52), cornacoBammoe ¢
8allaHHOA TOuHOCTBIO e. IlpH 3TOM BO3MOXHOCTL He-
NONb30BAHNA Pe3yJbTAaTOB NPENUIECTBYIOMHX HCIHITA-
HHA B IpoLecce YTOYHEHHS! pelIeHHs 3a7aun (ecan
TaKoe yTouHeHHe norpefyeTca) MOKynaercs IEHOH npH-
MEHEeHHS CaMOM C/IOXKHON B BEIYHC/IHTENbHOM OTHOLISHHH
pasBepTkH Im, (X) AJst M1060# 3aMaHHON TOUHOCTH,
Bropoii HemOCTaTOK KycouHo aumeiiHOf pasBepTKu
I(x) cBfsaH ¢ TeM OGCTOATENLCTBOM, YTO OHA sBAETCS
B3aUMHO ONHOSHAUHLIM COOTBETCTBHEM MEXIY OTpes-
koM [0, 1] u MHOXecTBOM {L(x):0<x<1), nexa-
muM B o6nacty D, xors xpusas Ileano y(x) us m 1
TaKMM CBOHCTBOM He o6najaeT  (Touka ye=D =
={y(x): 0<<x<<1} MOXET HMeTh HECKONBKO npo-
o6pasos B otpeske [0, 1] mpu coorBercTBUH y(x), Ho
He Gouee, uem 2% —cMm. m. 1), Kparthocts TOUEK y = D
IPH  COOTBETCTBHH Y (X) ABASETCA (PYHAAMEHTANbHBIM
CBOHACTBOM, OTPaXKAIOUUM CYIIHOCTb MOHSATHS pa3mep-
Hocru: orpesok [0, 1] u rumepky6 D spasiores pas-
HOMOIUHBIMA MHOXCTBAMH, NePBOE H3 HHX MOXKHO 01-
HO3HAYHO OTOGPa3HTb Ha BTOPOE, HO €CJAU TAKOE OTO-
6paKeHHe HeNMPepHBHO, TO OHO He MOMKET GHITh B3aHUMHO
QIHO3HAUHBIM, NpHYeM pasmepHocTs N runepky6a omnpe-
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nenfieT BO3MOXKHYIO KpaTHOCTb (2V) Aas oroGpaxkeHHs

y(x). [TosTomy Touka y* aGCOMOTHONO MHUHHMYMa (YyHK-

uud @(y) B rumepkyGe D MOXKeT MOPOXKAATb HECKOJb-
* *

ko Touek Xi, rae y* = y(xi), aGcomoTHOro MHHHMyMa
dynkuad @ (y(x)) B orpeske [0, 1], xaxnas us xoro-
phIX GyfeT NpeleNbHON TOUKOH MOC/H@IOBaTeNbHOCTH HC-
NBITAHKH, MOPOXKAaeMOli OGOGLIeHHBIM aJIrOPHTMOM (CM.
n. 2). Onnako, ecin Gbl oro6paxenne y(x) Oburo He-
OCPEICTBEHHO BLIYMCIMMO, TO, BOCCTAHABJIHBas BCE,
npoobpasst ¥} B orpeske [0, 1] Ansg KaxIol TOuKH
y*eD, B KOTOpOH BHIYHMCIEHO 3HayeHHE (YHKUHH

2 =¢(y"), rae y*=y(x}), moxno 610 Gbl HHTEp-
NpeTHPOBATh BBHIYHCIEHUE ONHOTO 3HAYeHHA 2* B TOU-

ke y* & D Kak BhlukcaeHue 3HaueHui ynxuHn @ (¥ (x))
B HeCKOMbKHX Toukax x: e [0, 1]. BkiioueHue Bcex Ta-

kux nap (xf,2") B umpopMammio w, HakamIHBaeMyio
06061IeHHBIM aJrOPHTMOM NPH MHHMMH3aLHH @ (¥ (X)),
Moraio 6b KOMIEHCHPOBATb MOTEPIO YaCTH HHQPOpMalHH
0 GAM30CTH TOYEK B MHOMOMEPHOM IIPOCTPaHCTBE, MMeIo-
Iyi0 MEecTO NpH Mepexoje OT MHOTOMEPHON 3aiayH MH-
uumusauud ¢(y), y =D, kK ogHomepHOH 3amaue MHHH-
musauud @(y(x)), x< [0, 1]. Ho, Kak yxe ormeua-
Jocb, pasBepTka Yy(x) He sABIAETCA HENOCPELCTBEHHO
BHIUMCJAUMOH, a mnpubaxkawouas ee kpusag I(x) He
HMeeT KpamTHhIX Touek, xotsa GyHkuusa @(I(x)) moxer
MMeTb HEeCKOJIbKO TOYeK JIOKaJbHOTO MHHHMYMa, Ojau3-
KX (Mo 3HayeHHI0 (GYHKIMH) K TOuke abGCOJIIOTHOrO
MHHHMyMa (T. €. BO3pacTaHHe BBHIYHCJAHTENBHOH CJIOXK-
HOCTH 3ajiaul, 0O0yC/JOBJEHHOE <«pacluelJieHHeM» TOUKH
a6COJIOTHOTO MHUHHMYMa Ha HECKOJbKO IpooGpasos,
HMeeT MEeCTO M NpH pasBepTke I(x)).

B cBA3H C OTMEYEHHBIMH HEJOCTAaTKaMH KYCOUYHO
JvHEeHHON pa3BepTKH l(X) MOCTPOMM elle OAHY pa3BepT-
Ky p(x)=pn(x), oTOOpaxkaioulylo HeKOTOPYI pas-
HOMepHYIO ceTky B oTpe3ke [0, 1] na cerky P(m, N)
B runepky6e D u3 (3.1), umewomyio war (1/2)™ (mo
KaXJ0il KOOpAHHATE) M TaKylo, 4TO

P(m, Ny<P(m+1, N), (3.53)
mpHYeM PasBepTKa p(X) Takke sBJAseTCA NPHOIHKeHHEM
13p.T. CTpOlI“I“HH
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K kpupofi Ileano y(x) ® mMeer KpaTHble ToukH (y3en
cetkn P(m, N) moxer umerb go 2% npoo6Gpa3oB B OT-
peske [0, 1]).

[TpumeM, uTo MHOXKeCTBO y3/10B ceTku P(m, N) coBs
najaeT ¢ MHOXKECTBOM BepUIMH rumepky6os D(zy, ...
++. 2m) m-ro pa3buenus obaactu D u3 (3.1), paccmor-
penHoro B m. 1. Torga mar cetku (mo J106ofi KOOpaHHa-
Te) paBeH (1/2)™, ofuwee uHCIO Pas3iHUYHEIX Y3JOB CO-
craBager (2™-+1)¥ u Tak Kak BeplIMHH THIEPKY(OB
m-ro pa3bueHus SABJIAIOTCA TaKXKe BeplLIHHAMH CHIEpKY-
60B Ji060ro chaenywomiero pas6uenus m—4-v, rae v = 1,
TO BKJIOyeHue (3.53) cnpaBennnso.

3ameruM, uTo Kaxcaas u3 2% BepuiuH M060ro rumep-
ky6a D(z, ..., 2») m-ro pa3bueHus: sBJseTCS BEpLUIHHON
JHIIb OAHOTrO u3 rumepky6oB (m -+ 1)-ro pasGuenus
D(z), ..., 2my1), BxOAAMWHX B D(2y, ..., Zu). O6UyI0 Bep-
IIHHY FHNepKy6oB

D(z1, .vvy 2Zmy Zmp1) = D(21, ouuy 2Za) (3.54)

0603HayuM 4epe3 P (21, +:., Zm+1). [IOCKOIBKY, COrJIacHO
(3.25), uentp runepky6a u3 neBoil yactu (3.54) u wentp
runepky6a M3 npaBsoil uactu (3.54) CBsI3aHB COOTHOMIE-
HHEM

y (Zl' . °"zm+1) =y(21’ s -:2m) +
1 \m+2
’ +(T) u(zlr '“"zm;zm-ﬂ),
TO ' !

Pz .., zm-l—l) =3 (21, ." X 2'm) +

1 +1
+ (T)"‘ B(21y eey2miZmes),  (3.55)

NpHYeM, H3MeHAT Zmy1 OT 0 mo 2¥ — 1, nosyuum Bce 2¥
BEPUHH P (21, ..., Zm, Zms1) THNEPKYGa D (21, ..., Zn).

Bripaxkenue (3.55) ycraHaBiMBaeT OAHO3HAYHOE CO-
orBeTcTBHe Mexay 2(™*D¥ purepBanamu (m-1)-ro pas-
6uennsad(zi, ..., 2my1) OTPE3KA FO, 111 (2" + 1)" yanamu
p(21, ..., 2my1) ceTku P(m, N), npHuem yKasauHoe co-
OTBETCTBHE, OUEBHIHO, He fBJsSETCd B3aUMHO OJHO+
3HAUHEIM, :

[ —
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3anymepyeM, Kak B I. 4, Bce wuHTepBaan d(zi, ...
iv+ Zmy1) CJeBa Hampaso no i or 0 xo 2™*DN— 1 u o6o-
3HAYHM JIeBbIH M NMpaBblfl KOHILI HHTEpBajla C HOMepoM {
COOTBETCTBEHHO uepe3 X; M Xi;1. Temepb BBeleM HyMepa-
M0 LeHTPOB Y (21, ..., Zms1), MOJNATAS, YTO LIEHTP, COOT-
BeTCTBYIOLIUN HHTepBany d(2y, ..., Zmy1), HMEET TOT XK€
HOMep i, UTO M YKa3aHHBI HHTepBal. B pesysabrare
onpejie/ieH0 B3aHMHO OJHO3HAYHOE COOTBETCTBHE Y3JIOB

X, 0 i< omHDN ], (3.56)

paBHOMepHO# cetkH B HuTepBade [0, 1] u mentpos i,
nopoxpaoliee coraacHo (3.55) oaHO3HAYHOE COOTBETCT-
BHE Y3JI0B X; U y3/10B p & P(m, N).

3aMeruM, 4TO €C/aH LEHTPHl ¥; H Yiyq Je€XKaT B OJHOM
U TOM Xe runepkybe m-ro pasbuenus, To uM (a caeno-
BaTe/NbHO, H TOUKAM X, Xiy]) COOTBETCTBYIOT Pa3JHyHble
yaasl p e P(m, N). IlostoMy ofvH H TOT Xe y3esa p Mo-
JKeT COOTBETCTBOBATb COCEIHHM TOYKAM X; M X;.; TOrJa
H TOJMBKO TOTAA, KOTAA Yi U Yi1 MPHHANJNEKAT Pa3THUHBIM
runepky6am m-ro  pasbuenus. - IlockoJbky  uHc/a0
runepky6os. m-ro  pa36ueHus  paBHo 2™, To cy-
mecTsyer poBHO 2™ — 1  pa3iMuHBIX = CMEXHHIX
nap Xi, Xiy1, TO4KaM KOTOPBIX COOTBETCTBYeT OfHH H TOT
e y3ea p (B o6uieM clayyae pasHUHBIA A/ PasJHUHBIX
nmap). Kaxaywo Takyio napy yAo6HO 3aMEHHTb OJIHHM
y3/aoM, uTOObl COCeIHHM yalaMm ceTkH B orpe3ke [0, 1]
BCerfa COOTBETCTBOBAJH pasiHuHble y3aw.p e P(m, N).
CresnaeM 9TO cieiylomuM o6pasoM.

B orpeske [0, 1] mocTpouM paBHOMEpHYIO CeTKYy,
y3J/16I KOTOPOH 0003HAUUM Yepes

hy 0 << j << 2mHDN 27N = g, (3.57)

npuueM hy =0 u h,= 1. Tenepp comocraBum y3ay h;
cetku (3.57) ysen x; ceTku (3.56), rme T

i=j+E (EN—’:I-) (3.58)

u 6yaeM CyuTaTh, YTO Y3ay h; COOTBETCTBYET y3ea p &
e P(m, N), nopoxnaeMblii coraiacHo (3.55) LEHTPOM ¥
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npu i u3 (3.58). [TocTpoeHHoe 0TOGpaxKeHHe paBHOMEpP«
Hoil cetku (3.57) B otpeske [0, 1] Ha cetky P(m, N)
B runepky6e D GyneM HasbiBaTb NeaHONOOOOHOL Heuns-
eKTUBHOU paseepTKoll p (X) = pm(X).

IOns unocTpaund Ha puc. 3.7 H306paeHH Y3/
cetkH P(2,2) (TeMHble KPYXKKH) H OKOJIO KaXK/[OTO y3aa

| 7| 228 | H5 | &2

8122 | 21 ;4 35

% | H 27 | 26|54 |
25 | 24 25135 | %

Z | 79 8|40 79

77 0| 7| 2213 | 37

7 2\ | S|4 | # 47

4 J 4144 | 450 4| 4

Puc. 3.7.

mpocraBjeHbl HOMepa j BceX OTOGpaxKaeMBIX Ha Hero
Touek Ay u3 (3.57).

OcranoBuMcs Ha BONpOCE OnpeleleHHs Bcex NMPooG-
pas3oB h; 3amanHoro ysna pe& P(m, N) npu coorserct-
BuM p(x). Ilyctb U ectb MHOXKeCTBO 2¥ pasiHYHBIX BeK-
TOPOB # & R", YyHOBNETBOPAOWHX YCI0BHIO |uy| = 1,
1 <i<<N. Toraa, cornacHo (3.55), MHOKecTBO Bcex
LeHTpOB runepky6oB (m - 1)-ro pas6uenns, nopoxaaio-
WIHX OJMH H TOT Xe 3a/laHHbl y3en p € P(m, N), ume-
eT BHJ

Yp)={y=p—(1/2)"""4, u = U:y = D).

Kaxnomy nenrpy y & Y(p), wumeromemy Homep i, T. e.
Y = Y, OIHO3HAYHO COOTBETCTBYET y3ead X; ceTKu (3.56), i
KOTOpPBIH, HCHO/Ib3Ys BhipaxkeHuwe j=i— E(i/2"), cae-
LyeT nepecuuTath B y3eqd h; cetkn (3.57), mopoxnato-
IHHE Ty XK€ TOuky p. Pasnuunble y3nabl A;, Mnosyyaemble

)
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B pesyJbTaTe TaKOrO pacuera, H COCTaBJSIT MHOXKECTBO
npooGpa3oB TOYKH P MpPH COOTBETCTBHH p(x). 3amerum,
YTO BBIYHCAUTE/bHEIE ACMEKTH OYAyT PaccMOTpeHsl 60-
nee MOAPOGHO B cielyolleM naparpade.

7. MHoroMepHbifi 06061UeHHbIH AATOPUTM C HEMHDBEK-
TuBHO# pa3sepTkoil. s odyHKuuH @ (P (h;)), ompene-
nenHofi Ha ceTKe (3.57) M COOTBETCTBYIOUleH JHNIIALE-
Boli ¢ KoHcTaHTO# K ¢yHkuun ¢(y), cnpaBeiIHBO HEpa-
BEHCTBO

. . —_— m+1
min o ) < min @ (p () + (KV )]

ananoruuHoe omnenke (3.48). Otciona, 3amaBuuCh Tpe-
GyeMoil TOUHOCTbIO ~pelleHHs 3ajaud  MHHHMH3AUHH
dyHKUHH @(Y), MOXKHO OLUEHHTL SHAUECHHE /1 H NONYUHTH
pn(x). 3ateM A peleHHs OIHOMEpHOH 3aJayd MHHH-
mu3anuu @(p(x)) ciaenyeT HCHo/ib30BaTh 060011eHHbI
aAropuTM ¢ MeTpukoi (3.43), nofgo6HO TOMY, KakK 3TO
caenyeT AenaTh NPH MHHHMH3ALHH dyuxkunn @ (I(x)),
NOPOKAAaeMOH KyCOUHO JHHefiHON pasBepTKo# 3 m. 4.

OpHako ¢yHKuus @(p(x)) ompeineneHa He Ha BCEM
otpeske [0, 1], a /nuIb Ha KOHEYHOM CETKe (3.57) B sTOM
oTpe3Ke, U, KpOME TOTO, MPH OCYUIECTB/ICHHH HCNEITAHHA
B Touke p & P(m, N) 3naueHne QYHKUHH OlNpelensierca
ONHOBPEMEHHO 1J1fl BCEX TOYCK  Hj, .. ., hy,, obmnapato-
X CBOKCTBOM P = P (hy,), 1<<i<v<2", nbo npu
3TOM q)(pm(h,j)) = ... =@ (Pm(hy,)). TlosTomy me-
06XOAMMO BHECTH HEKOTOpbieé HEC/JOMXKHbIe H3MEeHEHUA
B 060GumenHstE anroput™ u3 n. 1 § 4 ri. II B cayuae,
KOrja OH MpHMeHseTcsd B cOyeTaHHW C HEeHH'BEKTHBHOM
passepTKoil. OTMETHM KOPOTKO, B 4e€M COCTOAT 3TH H3-
MeHeHHus.

[Ipu MuHEMH3AUHH QYHKUHHA @ (x) OATTI nopoxnaer
nocJenoBaTeqbHOCTh TOuek {x*}, B KOTOPBIX BBIYHC/IAIOT
¢ sHayeHus 2*= @(x*) MHHMMH3HDYeMOH (YHKUHH,
MpHUeM MHOXKeCTBO map (X', 2'), 0 < i<k, cooTBeTCT-
BYIOIIHX OCYUIECTB/JEHHHIM HCIBITAHHAM, Mbl YCJOBH-
JHCh HA3BIBATh MOHCKOBOH WH(pOpMalHed H 0603HAYH/IH
yepes

o= {(x, 2): 0<Ti<< R},
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Ipu sTom Touka x**! ouepennoro menmmTamus ompenens-
eTcsl Ha OCHOBE ®, MO npaBu/iam 1) —6), BxogAuUUM
B onucanue AITI (cm. m. 1 § 2 ra. II), B KoTOpHIX mpen-
BApUTE/JbHO H3MEHEHBl CCHIIKH HAa HEKOTOpHIE tdbopmyn-
Hble BbIpaxkeHus (cMm. m. 1 § 4 ra. I1).

[Tockoabky konusl otpeska [0, 1] siBasiotes yaiaamu
ceTKH (3.57) u (Kak c/ienyet u3 moctpoenus p(x)) Tou-
ki p(ho) u p(h,) mmewoT JHWDB O oxHOMY npoo6pasy
B unTepsane [0, 1], To mepBele 1Ba HCMBITAHHA MPH He-
NO/Ib30BaHHM HEHHBEKTHBHOH pas3BepTKh p(x) ocymecr-
BJIAIOTCA B COOTBETCTBHM cO cxemoit OATII nnsa o6uero
cnyyasi. ITycTb ocymlecTBJeHO k HCNBITAHWE H MOJyueHa
HHpoOpMaLH o, [lanbHeiiulee GpyHKUUOHHPOBaHHE aJro-
pHTMA C HeHHBEKTHBHOH Da3BepTKOH NpOTEKaeT Mo cJje-
LylolLlend cxeMe:

1) caedys npasuram OAII Ors merpuku (3.43),
solucauto TO4KY X*' uz (2.4.7) u onpedeauts unrep-
ean h; < XM < hyy us (3.57), codepaauyuil 3TY TOuKY;

2) onpedeauto ysear p = p.(h) =P(m, N) u 6o
4UCAUTL 3HAYeHUe 2= @ (p); ’

3) onpedeaurs ece npoobpase. hj,, .. -»hy, TOUKU
p = p(h;) npu coorgercreuu p(x);
4) noaomcure xhtl=fy, .. xhtV<=p; =

v =2V =2 u, yeeruuus 3snauenue k na wucio v,
nepedtu K nepeomy nyHKTy.

OcraHoBKa BHUHCAEHHHA OCyIeCTBASOTCS JIH-
60 mo ycaosuio (2.4.6), ecsim B 3TOM yca0BHHU HCIOJIB3Y-
€TCsl 3HauyeHHe €, NMpeBbILIalONlee Miar cetku (3.57), Ju-
60 npu coBmajgeHMd ysna h; (cM. NepBOe NpaBHIO)
¢ J1060# U3 Touek x!, ..., x*, BXONAWHUX B @, 3amerum,
UTO TIOC/€ BLINONHEHHS YCJIOBHi OCTAHOBKH pelleHHe
3a/1au MOXeT ObITb MPOAOJKEHO [/ NOCTHKEHHS GoJjee
BLICOKOH TOYHOCTH, YeM [epPBOHAYaJbHO 3ajaHHas.
B srtom ciywae crenyeT yBeanuntb sHauenne m (T. e.
UCMO/Ib30BATb PA3BEPTKY A/ CETKH ¢ MEHbLIHM LIarom)
W TepefiTH K BHINOJHEHHIO NMEPBOrO NpaBHJIa INpPH - TOI
HHQOPMALHH ®; KOTOpas Gbiia HAKOMJeHa K MOMEHTY
OCTaHOBKH (y3/1bl ceTKH (3.57) COCTaBJIAIOT MOAMHO-

" XKECTBO Y3JIOB COOTBETCTBYIOINEH CeTKH /I HOBOH pas-
BEPTKH), .

- 4l
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IlAs WAMIOCTPAUMH OTMETHM, 9TO MHHHMH3aLHs IBYXMePHOH
@yHKUHH W3 NPHMepa, 3aBeplialowlero m. 3, B obnactu —1/2 < 4,
y2 << 1 ¢ wucnonb3oBaHveM HeHH'bEKTHBHOH pa3BepTKH M CETKH
P (9,2) B couetaHHu c OGOOLIEHHHIM airopuTMoM (mpH r == 2) no-
TpedoBana 63 MCIBITAHUS, MPHYEM K MOMEHTY OCTaHOBKH (o yc/ioBHIO
(2.4.6) npu e = 0,01) undopmanua ©x cohepxaia 199 nap. Pemwenue
Tofi JKe 3a4auf C HCIOJNb30OBAHHEM KYCOUHO JIHHEHHOH pa3BepTKH
s ce(;néu H (10, 2) mnorpeGoBano 176 ucnbITaHHA (npu r=2
ne = 0,01).

§ 4. Yucaennoe nocTpoeHne pa3BepTok

1. BuiuncaeHne pasBepTku THna Kpusoil [leaHo. Kpu-
pasi [leano y(x), BBeneHnas B m. 1 § 3, ompenrenena
yepe3 COOTBETCTBHE MeXJy HHTepBataMi d (21, « v Zm)
u runepky6amu D (2, ..., 2m) pa3OueHHA C HOMepoM M
(m=1,2,...) TaKoe, 4TO H3 X & d(21, «vs 2m) CHELY-
eT y(x) =D(21, ..., zn). [losTOMY Anst JIOGOH 3apail-
4Ol TOuHOCTH & > 0 MOXHO BHIGpaThb 3HAaYEHHE M = 1,
yIOBJIETBOpAIOLLEE YCIOBHIO (1/2)™*!' < e, U NOPHHATH
B KauecTBe OLEHKH TOYKH y(x) UEHTP ¥ (21, +..y Zm) H3
(3.25) rumepky6a D (21, ..., Za), COAEpIKaALLEro yKasaH«
HYIO TOUKY Y (X).

TouHocTb TaKoro NpuGIHKeHH NO JI060H KOOpAH:
HaTe GyieT He Xyxe g, H0O T

1 +1 .
Iyi(x)—yle,...,z,,;):g(T)"‘ <e,

I<iN.

. Takum o6pa3oM, NpHONHMKEHHOE BHIYHCIEHHE TOUKH
y(x) CBOZHMTCS K OTNpeleJeHHIO UeHTpa ¥ (21, «.. Zm) H3
(3.25), COOTBETCTBYIOLLETO MOC/ENOBATENBHOCTH HOME-
POB 21, ..., 2m 3 (3.3). [Ipu aTOM A48 KaXXAOro HOMepa
5 1<j<m, Heo06X0AMMO MOCTPOUTH BCMOMOraTe/ib-
HbIll neHTp #(2;) M COOTBETCTBYIOLUHE €My BEKTOp v(2)
u yucso I(z;), 6o, cormacio (3.22), ykasaHHbe BEKTOp
H YHCJIO HCMOJB3YIOTCS MPH MOCTPOCHHH U (Z541).

Ha puc. 4.1 npuBeseHa G/OK-cXeMa a/ropuTMa Bbl«
yHcaeHHs UeHTPa Y (21, ... Zm), ABAAIOUIErocs MpHGIH-
XeHHeM K Touke y(x). OmepaTopbl, BnucaHHbie B 6JIOKH
CXeMbl, YHTAIOTCA CJeBa HampaBo M cBepXy BHu3. Cum:
BOJIBI Ui, Ui, Ui, W; 0603HAUAIOT i-€ KOOPAMHATH COOTBETCT-
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BEHHO BEKTOPOB ¥ (21, + .., Zm), #(2}), v(2)), —0(2-1)*),
TNpHYeM 2; 0603HAYEHO Ha CXeMe yepe3 §, a CHMBOJbI [
H ! Ha cXeMe COOTBETCTBYIOT BeJHYHHAM H3 (3.22),

5=4 w,=1(1={%)

- f=z; {=1
T e J=0; ’732,'
e
u=t;1
”.ﬂ,*ﬁdl[l . /=j7‘,

y=-y ey =il

1

/ N
ﬁ-l R f=Ff*2
2 . s=£(f)
t=} Ff=F-5
—1 ]
¢ ) | | Berucrnenie s=2"7
! I=7- | u(s), vis) | €
Z { Us) r=7
1=”,,' Il,=/lt
) ll,=l; t=”/
J .
¢ U=ty yy=i
{
/
’ - 1=t
& , ,
Puc. 4.1.

Cxema anropuT™Ma BKJIOYaeT TaKiKe BHIIOJHEHHe
omepamnmui, ONMHUCHBAEMBIX BbipaxeHuaAMH (3.14) (mepe-
CTaHOBKa KOOpAMHAT ¢ Homepamu | u £), (3.15), (3.17)
H (3.18). UnraTenp Jerko pasGepercss B 3THX mpeoGpa-

*) 3uauenue v(2) onpesenserca kak u(0) u3 (3.23).
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30BaHUAX, €CJM NpPeJBAPHUTEJbHO BCIOMHHT MOCTPOEHHS,
onucaHHele B 1. 1 § 3. :
Tenepp paccMOTpUM aJ/irOpHi.1 BHIYHC/JIEHHS BCIHOMO-
raTeJbHOr0 LUEHTPa u#(S) M COOTBETCTBYIOLIHX €My BEK-
TOpa v (S) ¥ yHcaa I(s), ykasaHHBA Ha puc. 4.1 6J0KOM

r

, | k=s; £=2* wevrg |
"C oo N g-1; 1=w LA -
~ h=-7; i=7 ="t

Puc. 4.2.

C NBOMHBIMH GOKOBHIMH NuHHAMH. CxeMa 3TOro anaro-
puTMa mpencrasieHa Ha pHC. 4.2 (KOOpAMHATHI BeKTO-
poB u(s), v(s) u umcao [(s) Ha cxXeMe COOTBETCTBEHHO
0603HaueHbl uepe3 u;, v; u l). Jaa o60CHOBaHHS 3TO
CXeMbl BepHeMCsl K JBOHYHOMY JePeBy, BBEAEHHOMY A7
YCTaHOBJ/IEHUS HyMepalliu UeHTpoB u(S) B m. 1 § 3.

S
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Homep s, 1 << s<<2¥—1, n11060#i TOUKH yKa3aHHOI'O
AepeBa MOXKHO NPEeACTaBUTh B BHAE

N . ‘
s= a2V, (4.1)
j=1 .

rae kodbduunenTs a; 1 << j<< N, npuHnMaloT OAHO H3
aByx 3uauenuit, O uan 1. ITycTe KOpeHb HEKOTOPOro Mol-
JlepeBa HaXOAUTCS B sipyce C HOMEPOM i. YCTAaHOBHM HO-
ByIO HyMepalHMIO TOYeK 3Toro mojmepesa (OyaeM Hasbl-
BaTb ee BHYTPeHHel Hymepayuel B TNOANepeBe), NPH
KOTOPO# TOYKe MOALEpeBa, HMeIolleil HOMEp § H3 4.1,
COOTBETCTBYET BHYTPEHHHH HOMEp

k(i) = izi ;28 (4.2)

rie Kosdhduuments oy [ < j < N, Te Xe, 4T0 H B (4.1).
Jlis caydast, Koraa TOUKa § JIEXKHT B fpyce C HOMEpOM
j < i, dopmanbuo monmoxum k(i) = 0, uTo TaKxke onu-
ceiBaetca Gopmyaoit (4.2), u60 B 3TOM cayuae o =...
cos =ON =

Tenepb mokaxeM, 4TO KOOPAHHATBl BCNOMOraTelbHO-
ro LEHTpa ONpefe/sAoTCs yCAOBHAMH

ui(s)= —f(i—1,5) [(i, s),
iz, (4.3)
rae
—1, k(i)<2¥,

fO9==1 [G9={ " o ¢

4.4)

CorJacHO 3THM BBIpaXKEHHAM, KOOpIAMHATHl HayasJbHOTO
Bektopa #(0) sB/AAIOTCS OTpHUATEJbHBIMH, T. €. . e

u;(0)= —1,

l<i<N, (4.5)

YTO COOTBETCTBYET ONpPEJEJEHHIO STOr0 BEKTOpa, MPHHHA-
tomy B 1. 1 § 3.

M3 (4.5) Butekaer, uto ana Jwoboro s, I<s<<
<2¥—1, u(s) = — 1, ecan nocse0BaTe/NbHOCTb Bep-
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WHH H Y3/0B JepeBa C HOMepaMH 1, ..., S cOmepxKHuT
YeTHOE YHCJO TOYeK M3 sipyca ¢ HOMepoM { (B MpOTHB-
HoM caydae u;(s) = 1). Otciona, B 4acTHOCTH, caeayeT,
4TO

—1, s<2™,

U (s) =
\\1( ) l, s>2N—|’

npuyeM 3TOT Pe3y/bTaT TaK¥Ke ONHCHLIBAETCH BHIpaKe-
HuaMH (4.3), (4.4), nocko/bKy k(1) = s.

ITycte Temepb i>> 1. 3aMeTHM, YTO TOuYKa ¢ HOMe-
poM §

1) mpu k(i)=2"~" nexxur B sipyce c¢ HOMepoM I;

2) mpu k(i) <<2%~' jexur B JeBOM momiepeBe NO
OTHOLIEHHIO K KODHIO H3 fpyca ¢ HOMEpOM i;

3) mpu k(i) > 2¥-' nexur B NmpaBOM MOALEpeBe MO
OTHOLIEHHIO K KOpHIO H3 sipyca ¢ HoMepom i. Ilostomy
ui(s) = —1, ecan aubo k(i) =2 u k(i—1) =
=2V 6o k(D) <<2¥' m k(i—1)<2¥-**! " po-
CKOJIbKY B O00OHX CJyyasx' MOC/JeN0BaTeNbHOCTb Y3JI0B
1 BEePIIHH C HOMepaMH 1, ..., S COEpPXKHUT YETHOE YHCJO
TOYeK U3 sipyca ¢ HoMepoM i. Takum o6pa3oMm, BhipaKe-
nusg (4.3), (4.4) cnpaBemJHBH AJS 3TOro ciayuas. AHa-
JIOTHYHO TIPOBEPAIOTCA ABAa OCTABLIHXCS CJyuasi, KOrja
au60 k(i) =2 n k(i—1) << 2V jubo k(i) < 2%
H k(i—1)yz=2"-*! (mpu 5TOM UHCAO TOYeK U3
spyca I, comepxallHXci B TOC/JELOBATENbHOCTH Y3-
-JIOB H BepPWIMH ¢ HOMepaMu 1, ..., s, sBasercs He-
YeTHBIM).

Boipaxenus- (4.3) u (4.4) monoxeHH B OCHOBY aJ-
rOpHTMa, NPEJCTaBJIEHHOro Ha pHC. 4.2, MpHYEM CHMBO-
abl fo M fi Ha GJIOK-cXeMe COOTBETCTBYIOT BeJHUHHAM
f(i—1, s) uf(i, s), a BHyTpeHHuil HOoMep k(i) u umucao
2%=% coorBeTCTBEHHO 0603HaueHH uepe3 & u f. Ha cxeme
OTpaKeHH TaKKe OnepaluH, CBSI3aHHBIE C BLIYHCJAEHHEM
BekTOpa v (s) u umcia I(s), onpenensemble GopMmyaaMu
(3.7) — (3.10).

2. BoluHcieHHe KYCOYHO JaMHeHHOW passepTku. OG-
pas l(x) mo6oit Toukn x& [0, 1] npu KycouHo JuHef-
HO# pasBepTke (m. 4 § 3) MOXKHO ompejeluThb H3 BbIpa-
xKeHud (3.45) u (3.46), coryiacHO KOTOPHIM HEO6XORHMO
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OLEHHTb Pa3HOCTh
wW(x) =—x
A2 =5 gmn (w (x) — x;)
i1 %

¥ (B COOTBETCTBHH C aJrOPUTMOM H3 M. 1) BHUYHCIHTH
HeHTPH ¥ = Y (21, « s Zm) H Yiy1 ABYX CMEXHBIX THIIEp-
Ky6oB m-ro pa3fueHHs, COOTBETCTBYIOUIMX HHTEpBa/aM
[%4, xi01) = d(21, 004y Zm) B [Xig1, Xig2), TPHYEM

w(x) = x(1=-2"") €d(z, ..., 2n).

Ho<i<2™—1, -

Ecau yuectb, 4TO UEHTPH ¥ W Yiy1 PasIuyamoTcs
JHIIb OJHOH KoopauHaTo#t, To nanafA onpefenenus I(x)
JOCTaTOYHO BBLIYHCIHTD UEHTP Y (2, ..., Zm) H HOMED
k==Fk(z, ..., 2n) yKa3aHHON KOOpPAHHATH, HGO A/ /IO«
6oro i, | < i<<N, cnpasexnuso

() = 3 2oy z) + ) ()%

0, istk,
X{ A i=k z,=2"—1, (46)
—A, i=k z,#2"—1,

rae u(z,) w3 (3.25). Ocraerca ykasaTb cnoco6 BBIYHC-
JeHHsl HoMepa k. '

[MpencraBum  Habop 2y, ..., 2m B BHIAE 2y, ..., 2y,
Zoply o Zmy THE I SvKmu 2,5%2"—1, 2,51 =...
eo. =2, = 2¥ — 1 (3aMeTuM, UTO CaAyYall 2;=..,=2,==
== 2" — | HeBO3MOXEH, IOCKOJbKY UEHTD ¥ (21, ..., Zm)
He COBNajaeT C ysloM ¥,mn_,) M3 o 1 § 3 crenyer,

4YTO CMEXKHbie LIIEHTPH!
y(zl’ ciey 2y 2§ — l, oy N — l)

y(2|, o0y zv+l, 0, oo ey 0)

pas3nnyaloTCs TOM Ke KOCPAMHATOM, 4TO M BCIOMOra-
Te/bHble UEHTPH (BOCNOJIb3yeMCsi OGO3HAYEHUSAMH U3

L e
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JlOKa3aTelbCTBa TeopeMmbl 3.1)
B2l 00e 2v-13 20) HU(21 00n, 2o-15 20+ 1)

u3 (3.25). IloatoMy, ecan uHCIO 2, HEUETHOE, TO, CO-
raacHo (3.7),

—

s k(Z[, “oay zﬂl) ='l(zl’ sesy Zy-1y zV)" N lr(4'7)

:; 4 v ? 4 :H D ,(3'6)y (3.8) y
u( 'l ) H (3-22)’ e
N, t;é:N’

k(zlv LXK zm) ={ 1, ¢t=N, ’ (4'8)

rae t=1(z1, ..., 2v-2; 2v-1), 4 cayyal0 v=1, B cuIy
(3.23), coorsercTByer ¢ == 1.

Tenepb anropHTM BHLIYHCAEHHS LEHTPA Y (21, voey 2m),
6J0K-cXxema KOTOporo Hu3obpaxkeHa Ha puc. 4.1, Moxer
OLITb OYeBHIHBIM 06pasoM MOAH(HIMPOBAH AMSA BLIYHC-
JeHHsi 06pas3oB I.(X) KycOuHO JIMHEHHO# pa3BepTKH.
HeficTBUTEIbHO, €C/H 3aMEHHTb ONMEpaTop NpPHCBOEHHA
f=x (cm. puc. 4.1) omnepatopom == w(x), To aJnro-
pHTM ofbecneuuT BHIUHC/JIeHHe LeHTpa ¥, Homep k2 Mox-
HO OIpele/IMTh HenocpeAcTBeHHO U3 (4.7) unu (4.8), no-
CKOJIbKY CHMBOJIB ! H ¢ Ha pHC. 4.1 COOTBETCTBYIOT BesH-
YHHAM M3 NpaBbIX uyacTell ykasaHHHIX BeipaxKeHu#i. Hako-
Hell, IPH BEIXOJe U3 6/IOK-cXeMbl (T. e. npu | > m) f =
= A, u ocTaeTcs H3MEHHTb k-0 KOODJAHHATY BHIYHCJeH-
HOTrO LEeHTpa corjacHo (4.6).

3. BoluucieHne HEHMHBHEKTHBHON Pa3BEPTKH M ee Mpo-
o6pa3oB. OO6pasbl pn(X) HEHHBEKTHBHOH  pasBepTKH
onpenensiorca BepaxkeHuem (3.55). Ecau mo6aButh 310
BbIpa:KeHHe KaK MOCJeIHHH OmepaTop B aJrOPHTM Bbl-
YHC/MEHHA UeHTPOB ¥ (21, ..., Zmy1) (cM. pHC. 4.1), TO
MOJYYHM aJrOPHTM BLIYHC/IEHHS HEHHbeKTHBHOH pas-
BEPTKH.

Boiuncienne npoo6pasos y3noB cetku P(m, N) npu
pasBepTke Pn(X) yxe obcyxmAanoce B n. 6 § 3. OTKphI-
THIM OCTaJICAl JIHUIb BONPOC O TMOCTPOEHHH Y3JIOB X;CETKH
(3.56), COOTBETCTBYIOLIUX LEHTPaM -

Y= y(zl’ 30y zm+l)t '(4.9)

OcranoBuMCA Tenepb Ha PacCMOTPEHHH 3TOrO BOMpOCa,
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=1 (1=77) '
( Bwr = t1j0— S+ |
N | R=L; R=1

zZ

4=-1 =1 -T e i
U=ty % Wy
T .

i=u Bergcmnis l=0

> Uy =ty — S(u), v) | > U=

Us=i iy - vy=t
Up=~Uy*

(@=iA)

=7 I=¢ AR
T =2+ %S
¥

Puc. 4.3.
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U3 (3.2) u (3.3) crepyer, yTo TOuKa X; COOTBETCT-
ByloL1as BeKTOpy ¥; u3 (4.9), onpellessiercss BeIpaxKeHHEM

m--1
4; 1 \ni
Xy = 2. Zi\g) o
=1
rie 4yucaa 2y, ... Zmy1 MOXKHO HANTH M3 passOXKeHHA
(3.25) Bektopa y(21, ..., 2ms1) Ha BCIOMOraTeJbHbHIE
r=2"

/;-—, 3 lzl"', e
I=0; s=0

{':2,-"
/,':-},'&11‘
| ol %5

Puc. 4.4.

ueHTpbl #(2;), 1 <<j<<m-1. Bnok-cxema aaropurma
BBIYMCJEHHS 3HauyeHHs x; (0603HaueHO uyepe3 x) Ha oOc-
HOBE pa3JOXeHHS 3aJaHHOro BeKTopa Y(21, ..., Znm)
(oGo3HaueH yepe3 y) npuBefeHa Ha puc. 4.3. Ha puc. 4.4
u3obpaxena 6/OK-CXeMa aJrOPUTMa BEIYHCIEHHS HOMepa
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2; (o6o3HayeH uepe3 §) 3aAaHHOTO BCMOMOraTe/JbHOrO
meHTpa u#(2;). DTOT aATOPHUTM COOTBeTcTBYeT OJIOKY €
NBOMHBIMH GOKOBHIMH JIMHHAMH H3 pHC. 4.3 H, KpOME 2
BbIYHCAAET Takke unciao [(z) M Bekrop v(z;), 0603Ha«
yeHHee uepes [(#) (wam l) m v(u) (mam v). Tlpoune
o6o3nauerns Ha puc. 4.3 u 4.4 Te Xe, yto u Ha puc. 4.1
u 4.2.

Jnst o6ocHOBaHUSI aJrOpPHTMa, IpeACTaBJECHHOrO Ha
puc. 4.4, BepHeMca K BhipaxenusiM (4.1) n (4.2), us Ko-
TOPHIX CHAeLyeT, uTo Ko3(GOHUUHEHTH oy pasnoxenns (4.1)
HOMepa S MO CTeNeHsSM [BOMKH YJOBJIETBOPSIOT YCJIO-
BHAM

{0, k(i) <2V,
L k@ =2
uaH, yuntoiBas (4.4),

O’ f(i,S) = - l’
% ={1, Flis) =1, (4.10)
npuuem, coraacHo (4.3) u (4.4),
fli,s) =—f(—1,s)u(s), 1<i<N,

F0,s) =—1. (411)

AnropuT™, OMMCaHHBIA Ha pHC. 4.4, mocaef0BaTeNTbHO
peluncasger Beauudnl f(i, §) u3 (4.11) mns 3amaHHOrO
BCIIOMOTAaTeJNbHOr0 LEHTPa H, aHAJH3HuPys HX 3HaK, Ol-
penenser sHauenus o u3 (4.10), mo xoropniM COr/IacHO
(4.1) BoccraHaBiuBaeT HoMep S sToro uewrpa. Omnepa-
LMK BBIYHC/IeHHA BeKTOpa v(S) M uucaa [(s), BKJIOUEH-
Hple B AaJrOPHTM, COOTBETCTBYIOT YycioBHAM (3.7) —
(3.10).

§ 5. OueHka 3PEKTUBHOCTH AJTOPHTMOB
C NMOMOLbIO YHCJAEHHBIX IKCTIEPUMEHTOB

B nepsoti rnase (cm. § 3 u § 4) Mu yxe obcyxaanu
BOMpPOCH TEOPETHUECKOTr0 CPaBHEHHS pasMHyHHIX aJro-
PHTMOB ONTHMH3alUHH B CBA3H C 3ajaveil BbiGOpa OMNTH-
MaJbHOro aJropuTMa. TPYAHOCTH TAKOro cpaBHeHHA NPH-
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I

BOAAT K MHOTOYHC/IEHHHIM NONBITKAM COMOCTaBJIEHHS pas-
JUYHBIX METOMOB MyTeM YHCJAEHHOTO pelIeHHs HeKOTO-
pPHIX TECTOBHIX 3ajay (cM., Hampumep, OOGCyXIeHHE B
kuure . M. Barumesa [1]).

[TockoMBKY /i1 MHOrO3KCTPEMAaJbHBIX JIHMIIHLEBBIX
GyHKUHHA MeTol mepebopa ABASETCH ONTHMAJbHBIM (IpH
OpHEHTAallMM Ha XYyQIUHH caydaid, KOTOPHIM fBJAsSETCA
GyHKUHA-KOHCTaHTa,— cM. I. 4 § 3 ra. I), To madA Takux
3ajlay NpeACTaB/ser HHTEPEC COMOCTAaBJIEHHE METOJO0B MO
CpefHEeMy pe3yJbTaTy, JOCTHXKHMOMY B 3aJaHHOM KJjac-
ce GyHKUHMH (pa3ymeercs, 4TO ycpeJHeHHe MpeAnoJaraer
3aJlaHHe HEKOTODOH BepOATHOCTHOH Mephl, T. €. Jbas
KOHKpeTHasi MHHHMH3HpyeMas (YHKUUA paccMaTpPHBaeT-
csl KaK peasiM3allis HCXOLAa HEKOTOPOro c/ayyafiHOro me-
XaHHM3Ma, OMHMCHIBAEMOro ykasaHHoH wmepoi). OnHO M3
NIOCTOHHCTB CPEeIHHX II0OKa3aTesJell COCTOHT B TOM, YTO
HX MOXHO OLEHHTb SKCIEPHMEHTaJbHO (MO AOCTAaTOYHO
GosbIOi BHIGOPKE) ¢ NOMOILLIO METOAOB MaTeMaTHye-
cKoft craTUCTHKH. Huxke MBI Botnosn3yemca TakHM MOA-
XOJIOM [JISl CPaBHEHHSI HEKOTOPHIX aJrOPHTMOB.

1. OnepaumoHHbie XapaKTepHcTHKH. B kauecrBe mo-
Kasatejefl 3G(EKTHBHOCTH JJIi aJrOPHTMOB MHOTO3IK-
CTpeMa/ibHOH  ONTHMH3allMH  €CTeCTBEHHO  NPHHATDH
(B. A. Tpuwarun u P. I. Crponrun [1]) cpennee
yuca0 K NMOHCKOBBIX HCHBITAHHUIl, NMPeIIIeCTBYIOUHX Bb-
MOJHEHHIO YCJOBHSI OCTAHOBKH NPH MHHHMH3AUHH (YHK-
Uil M3 JaHHOro KJjacca, H BeposiTHOcTb P Toro, 4ro K
MOMEHTY OCTaHOBKHM rjo6anbHbIA 3kcTpemyMm 6yaer o6-
HapyXeH ¢ 3aJaHHOH TOYHOCTBIO. YKa3aHHyI Mapy rmo-
Kaszatesneil yno6HO M306pa3uTh Ha IJIOCKOCTH TOYKOH ¢
koopaunatamu (K, P). Kaxaomy anropuT™my IOHCKa
MOXKHO CONOCTaBHTh MHOXECTBO TaKHX TOUEK, COOTBET-
CTBYIOIMX Pa3/MYHBHIM 3HAYeHHAM MNapaMeTpOB, BXOAfA-
IUX B ONHCAHHE AJTOPUTMA. DTO MHOXKECTBO YCIOBHMCH
Ha3biBaTh ONEPAYUOHHOU XxapaxkTepucTukotd MeToja.

Ecau npu Bei6panHOM 3HayeHnd K omepauHoHHas Xa-
PaKTepUCTHKA OJHOTO METOAa JIeXKHT Bbllle ONepaluHoH-
HOH XapaKTepHCTUKH APYroro Merola, TO NepBbiii MeTOX
o6ecneyuBaeT GOJbUIYIO BEPOSATHOCTb MpPAaBHJABHOIO pe-
IIeHHs 3aflayd MpH TeX XKe 3aTpaTax Ha MOHCK (H3Mepsie-
MBIX CPEIHHM YHMCJIOM HCIBITaHHi), a eciu NpH BHIOpaH-

l4pr. CTpOHTHR
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HOM 3HaueHHH P omepanuOHHas XapaKTePHUCTHKA OJHOroO
MeTOla JIeXKHT JeBee ONepallOHHON XapaKTePHCTHKH
IPYroro MeToja, TO MepBHIH MeToX TpebyeT MeHbIIHX
3arpaT A4 JOCTHXKEHHSI TOH e HaJeXHOCTH. Takum
o6pa3oM, oONepal{OHHble XapaKTePHCTHKH MO3BOJIAIOT
cpaBHUBAaTb 3((EeKTHBHOCTb DPA3JAHYHBIX METOMOB.

2, CpaBHeHHe HECKOJIbKHX Me10J0B B OLHOM KJacce MHOrO3IKCTpe-
MaabHbIX 3apay. Bocrosib3yeMcs onepauHOHHBIMH XapaKTepHCTHKaMH
I8 CpaBHeHHMs 3G (eKTHBHOCTH CeMH MeTOROB [/00aNbHOrO MOHCKA
NPH MaKCHMH3aluH ABYXMePHBIX GyHKUMH BHAA

7 7 2
9 (x, y)={(2” (A (5 9 F Bty e y)]) +

7 7 2 1/2
+<2 Zilcif“u("’ Y) =D, by %, y)]) } '

i=1j=
rae :
aij(x, y) = sin(nix)sin(n jy), .

bi;(x, y) =cos(aix)cos(x jy),

onpefiefeHHbXx B obaacti 0 << ¥, y << 1. Makcumusauus noLoGHBIX
¢&yHKUui BO3HWKaeT, HanmpHMep, B 3ajaye OLUEHKH MAaKCHMAaJbHOT'O
HanpsixKeHHs (Onpelensioniero NPOYHOCTb) B yNpYyroil IOHKOH miacTu-
He NDH NomnepeyHo#i Harpyske.

Ouenka nokasateneft K U P ocyulecTasiach MyTeM YUC/IEHHOH
ontUMu3auun (KaxAeiMm Metogom) 100 ¢yHkuuii, BHOOP KOTOPLIX
onpenensiacs ciyuafiHbiM (PaBHOMEPHO H He3aBHCHMO) BHIGOpPOM KO-
sbduunentos Ay, Bij, Ci; u Di; Ha oTpeske [—I, 1].

B 3rcnepHMeHTe HCMOJIb30BAJIHCh:

1) metox mosiHoro nepeGopa (cokpawenHno I1I1) Ha pasHOMepHOf
IX l-cetke (I — Hemoe MOJONKHTEJNbHOE YHCAO, SBJAIONIEEC mapa-
MeTpOM MeTona);

2) meron Monre-Kapso (cokpamenso MK), cornacHo xotopomy
BeIGHpaerca (caydafio) Q Toyek B oGsactu noncka (Q — menoe mo-
7I0XKHTEJNbHOE UHCJIO, ABJAAIOLIeECS MapaMeTpoOM MeTOAa);

3) MeTox MHOrOKpPaTHOTO JOKalbHOrO mnoAbeMa (COKpALeHHO
MJIIT) u3 g (uenoe 4HC/IO — MapamMeTp METOAA) CJAyYalHO BhIOpaH-
HBIX TOYeK B 06J1aCTH MOHMCKA, MPHYEM JIOKAAbHBI MOHCK OCYUIECTBASI-
ca no RedopMHPYEeMOMY MHOTOTPAHHUKY (CM., Hampumep, PyKOBOA-
creo [, Xummeann6may [l]) npu rKoapdHUHEHTaX OTpaKeHHS,
CXKATHA H PacTAXKeHHs, COOTBETCTBEHHO paBHHIX 1, 1/2 u 2 (10Kanb-
HBIl TMOMCK H3 KOHKPETHOH HauyasjibHOH TOUKH mMpeKpauiancsa, Koraa
Pa3sHOCTb MeXKAy 3HAUeHHIMH (YHKUMH B BEPUIMHAX TEKYLIEro CHM-
nJeKca CTAHOBH/IAch MeHblile, ueM 107%);

4) MOHOTOHHBHI MHoromarosbifi ajaroputm (MATTI-M) u3 same-
yaHu#, 3apepuwamomero n. 1 § 2, npu ToynocTu & (mapameTp MeTozxa),

i
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ONHHAKOBOM MO 06eHM KOODAHHATAM, W 3HaueHHH KosddHlHeHTa 7,
yOLlBaIoOIleM NPH yBeJAHUYEHUH HOMepa wiara k, mpuyeM

I=l+2TO (5.1)

(tootHomwenne (5.1) ucnonbsopanocb B MAITI-M npu MaHHUMH3ALHH
N0 Kaxkao# KoopAHHaTe);

5) meron moManbix (coxpaumeHHo MJI), o6o6ieHHH HA ABYX-
MepHbI cyyall mo MHoromarosoff cxeme (l.1), mpu Tousoctu € (ma-
pamerp MeToja), OAMHAKOBOH NMo o6eWM KoopiauHaTaM. B merone Jo-
manpix (cM. C. A, Iluasckuit [1] nan @. I1. Bacuaves [1])
HEOOXOIHMO ampHOpPHOe 3afaHHe KOHCTAHTH JIMMIIMLA MHHHMH3H-
pyemoit ¢yHkuHH. B KayecrBe TAaKOH OLEHKH B pPacCMaTPUBaeMOM 3K-
crnepHMeHTe 6bljia McMoJb30BaHa (H3MeHSALIasics B Npolecce ONTH-
MH3alHH) BeJuuHHa m u3 (2.2.6) npr r = 1,3. Takum obpasom, Hc-
N0/Ib30BaHHLI aJTOPHTM HECKOJIbKO OT/IHYaeTCH OT MeTOoja JIOMAaHbIX,
ONHCaHHOrO B JHUTepaType (KpoMe TOr0, MHCIONb30BAJIOCh YCAOBHE
OCTaHOBKH BHAa (2.2.12));

6) mHoromepHsift 06o6menHslit aaroputm (MOAITI) w3 n.2 § 3
npu 3HayeHHH Ko3dduuuenta r = 3 u ToudHoctd & = 0,001 B ycnoBHH
ocTaHOBKH (2.4.6);

7) 0606IeHHbI aNTOPUTM C PeXyKUHell ABYXMepHO# 3aJauu B OX-
HOMEPHYI0 MpH NMOMOILHK TeJleBH3HOHHON passepTKH (cokpaienno TP)
u3 m. 5 § 3, nokprBatomeit cetky H (7, 2) us (3.51). B o6oGueHHOM
aJiIrOPHTMe HCIOJb30BaMOCh 3HaueHHe KosthduuHenta r =3 u TOu-
HOCTb & (MmapaMeTp MeToAa) B YCJIOBHH OCTaHOBKH (2.4.6).

Pemwenne, noayyenHoe merogamu 1), 2) u 4) —7), yTOuHsJIOCH
C NMOMOILBI0 TOrO e JOKaJbHOrO aAropHTMa (MOHCK Mo AedopMH-
PyeMOMYy MHOTOrPaHHHKY) H IpH TeX e napameTpax, YTO H B TPeTbeM
meroge (MJIIT), T.e. OKOHUaHHe MOHMCKA BO BCEX PACCMOTPEHHBIX Me-
TCHax GbJIO OXHHAKOBBHIM.

Pe3yabTaTh 3KCNEepPHMEHTOB (BHYHCAECHUS BbINONHEHH
B. A, 'pumaruun M) npeacrasiensl Ha puc. 5.1. Ilpu stom one-
pauUOHHbIe XapaKTePUCTHKH JJis MeTonoB 1) — 7) mocTpoeHnl (c/ieBa
HallpaBo) MO TOYKaM:

1) cserasie kpyxku (I1I1), coorBeTcTBYIOMUE Pa3NHUHBIM CeTKaM
(! = 5, 10, 20, 25, 30, 51);

2) temHple TpeyroabHHKM (MK), cooTBeTCTRyIOLIHE pa3/HYHBIM
oGbeMam BuiGopku (Q = 1, 5, 15, 30, 60, 120, 400, 900, 2601);

3) ceeranle Tpeyroabiuku (MJIIT), cooTBeTCTBYIONIHE PA3NHYHOMY
yucy HayadbHHIX Touek (¢ = 1, 5, 15, 30, 60, 120);

4) Temusle kpyxkH (MATTI-M), cooTreTcTByiOWKe pa3aHUHON
3anaHHol TouHoctu (e = 0,14; 0,1;...; 0,01);

5) TeMHble npsiMoyroabHHKH (MJI), COOTBEeTCTBYIOLIHE TOUHOCTAM
¢ = 0,03 u e = 0,01; e

6) 3pesanouka (MOATTI); i

7) cetabie npamoyroabHuke (TP), cooTBeTCTBYIOLINE PA3THYHBIM
aHayeHHsIM TouHoctd (&2 =102, 5.10-% 3.107% 2.10-3, 103
10-4, 10-5, 5 - 10-9). :

3aMeTHM, YTO NPH TMOLCUETe OLUEHKH P sKCcTpeMyM cuuTancd Hafi-
HeHHBIM, eC/H 3HayeHue QYHKLHH B TOYKE MOJYYEHHOrO MPHGMIHKeHHUS

14*



MHOTOMEPHAS MUHHUMH3ALLUS A, 1

o
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o

OTMHYAOCh OT MAaKCHMaJbHOrO 3HaYeHHA (B KauecTBE TMOCHELHEro
NpHHATO NpuOAHNKeHHe noiHoro mnepebopa Ha cetke 51X51, yrou-
HEHHOE JIOKaNbHLIM MeTofoM) He GoJsiee ueM Ha 1%.

VA

10— o TT
’ WY %54; Lo A
P 4 A
A MK
/ /4 / ‘
46 / —
/‘ ’ -
44 7 v
‘ /|
Wi .
42 /A
s .
0/0 ) o w1 Jmﬂ/ﬂm
Puc. 5.1,

3. Ouenka BausHHA paHaomu3auns. B Tpertbelt rnase HeogHOKpaT-
Ho ofcyxjaJjcs Bonpoc o BhiGope KoddduuKueHTa r, BXOAAIEr0 B ONH-
CaHHe BCeX PACCMOTPEHHBIX aJrOPHTMOB, NPH pelleHHH KOHKPETHLIX
sagau (cm., HanpuMep, m. 1 § 5 ra. II) u nmpemnaranuch pasnuunbie
cxeMbl BhIGOpa 3HaueHH# TOro Ko3dduilHeHTa B mpollecce ONTHMH3A-
uuH, Bocmosabayemcs Teneph onepauLHOHHBIMH XapaKTePHCTHKAMH AJist
SKCMEepHMEHTaNBHOro comnocrasieHuss 3GGeKTHBHOCTH HEKOTOPHIX Ta-
KHX CXeM.

B onucelBaeMhIX HMXKEe IKCHEPHMEHTaX HCHOJNb30BaNach BhHIGOPKA,
copiepxamas 20 AByXMepHEIX GYHKUHHA BHAA

e ) = |Pulx+in) |2+ 10[ (x—a)? + (y—B)?,  (5.2)

onpenenennbix B obnactu 0 << &, ¥ << 2, rme Py (x + iy) ectb noau-
HOM CTeneHH 25 ¢ KOpHAMH a; = if;, 1 < j<< s, T.e.

P (x+iy) = ;Hi {[(x =) 2=+ B,;] +1[20 (x— )]},

npuyeM riao6GanbHefl MHHHMYM OyHKIHE (5.2) RocTHraetcs B TOuKe
(%3, B1), coorBeTcTBYIOMEA mepBoMy KopHio nosnnoma. CiyyadHuid

oA

-

o~
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BHIOOD GYHKUNA M3 ykasaHHOro KJacca OCHOBAH Ha NPeNnoNoXKeH H,
4To uenble gucna daj, 58; (0 << 6oy, 5B << 10) m menoe umeno s
(B < s << 4) amnswores peanusauuaMH PaBHOMEPHO pacnpefe/eHHbIX
Cy4ailiHbIX BEJMYHH. 3aMeTHM, YTO [JIOGaNbHBI 9KCTPEeMyM TeCTOBBIX

yuRumit (5.2) 6ymer umers Majylo 06/acTh MPHTAMXKEHHA, eCNH KOPHH

1 | | Lo
i w N a

Puc. 5.2

TonHHOMA € HOMepaMu | > 1 GAM3KHe WJM KpaTHHe (8 3ToM cayuae
Gosiburyto 0GsacTh TPUTSAKEHHT HMEIOT COOTBETCTBYIOLIHE AOKAaAbHEIE
SKCT?iamyMH).

epBHA 3KCNEePHMEHT COCTOAT B MHHUMH3aLHU  BCex
GyHRUKA BHGOPKU C moMombio MATTI-M (cM. samevanne B 0.1 § 2)
Npu ToyHoCcTH € == 0,05 (omMHAKOBON MO 0GeHM KoopAuHaram), npu-
HeM SKCMEPHMEHT MOBTOPA/CA HECKOABKO Da3 AAs Pa3fHUHBIX SHAUe-
HHil r (r = 1,41; 2; 2,5; 3; 4; 5; 6). CootaercTayiolllas sTUM pe3y.b-
TaraM OLEHKA ONEpAUHOHHOH XapaKTepHCTHKM HaHeceHa Ha puc. 5.2
(TeMHble KPYXKKH, COelHleHH e MTPUXOBOI JUHHelt).,

Bo BTopoM skcnepumenTe wucnoab3oBascs aJrOpPUTM,
ornnyatomiics or MATTI-M smmb TeM, uTo 3HaueHHe r Ha KamaoM
lare BLIGHPAOCh CydaiiHbIM 06pasoM, npuueM r == 1,41 ¢ BeposiT-
HOCTBIO p H r = 6 ¢ BEPOATHOCTbIO § = | — p. IMockoabky npu Takom
41ropHTMe MOoC/IeI0BaTe/IbHOCTb HCIEITAHHKM, CONOCTABAAEMAs MUHHMHU-
3upyeMoit (YHKUHH, ABAAETCA peanusauueli cryyaiHoro npouecca, To
B ONHCHLIBAEMOM 3KCNEPHMEHTe MHHUMH3AUHMA KaXAON (BVHKUMH H3
BEIGODKH NPOM3BOAMNACH TPHXKAM (NIPH OAHOM H TOM K€ SHAYCHHH
q). DKCNepHMeHTANbHEe NaHHble A/ STOro cnydas u306paxkeHn Ha
PHC. 5.2 CBeTVILIMH NPAMOYroJIbHHKAMH, COOTBETCTBYIOLIHMH 3HAue-
HuaM g, pasubiM 0,2; 0,4; 0,6; 0,8 (3TH TOUKH CcOeflHeHH CIIOMIHON
JAHHuel),

B Tpernem skcnepuMenTe Menomm3oBancs MOHOTOHHf
PaHAOMH3HPOBAHHBIY aNrOPHTM, MUHHMHSHDYIOLUA (YHKUHH (5.2)
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no aByxmarosofi cxeme (1.1) (cM. 3ak/IouHTe/]bHOE 3aMeuanue B 0. |
5 ra. I1) npu Toii xe TouHoctu-£=0,05 no KaxAO# KOOPAHHATE.
DH 5TOM HCHOJb30OBANHCH 3HaueHHs ry = 1,41, ro =16 u r, = 2,5;
ro = 6. CooTBeTCTByIOILME OLEHKH ONEepPalHOHHOH XapaKTEePHCTHK:
H306paseHsl - 3Be3A0YKAMH Ha PHC. 5.2 (Kaxxas (yHKUHS BHOOPKH
MHHUMH3HPOBaNach TPHKAH).

U3 puc. 5.2 caenyet, uTo BHGOP Ko3dduLMEHTa r MO CXeMe ONTH-
MaJbHOM PaHIOMH3aLHH, OCHOBAHHOM Ha uHdOpMauuH, HMewOLlelcs
Ha ganHoM ware (cm. .7 § 1 ra 1I), obecneunBaer TOT XKe pesyJib-
TaT, 4TO W ONTHMAJbHBEI NOAOOP MOCTOSIHHOrO Ko3doHIHeHTa r (HO
Tako#l moaGop NOCTOSHHOrO Kos3hduuueHTa He BCErfa MONHO oOCy-
ILeCTBUTb anpHOpH).



AONOJHEHHE

B 3akmioueHue BOCIO/NB3yeMCSl PacCMOTPEHHBIM MOJ-
XOJ0M JJIl MOCTPOEHHS YHUCJIEHHBIX METOAOB elle B ABYX
safayax. JI1a KPAaTKOCTH H3JIOKEHH J0Ka3aTeJbCTBa
(OpMYJHpPYEMBIX HHXE yTBEepKIeHHIl OmylieHH (4uTa-
TeJb MOXET O03HaKOMHTBCA C HHMH, PYKOBOACTBYSICh CO-
OTBETCTBYIOLIUMH CCHIIKAMH).

1. MHOrosKcTpeMaJbHass MHMHHMH3AlMs TNPH MCHObITA-
HuaX ¢ nmomexamu. Paccmorpum BBegeHHyio B § 5 . I
3ajlayy MHHHMH3alHH (Ha KOHEYHOH ceTke) (yHKIMH
¢(x), i, nn1a caysas, Koraa BHYHCIEHHA 3HayeHHH
¢yHKIMH (HCNBITAaHHA) B Y3JaX CETKH CONPOBOXKAAIOTCSA
alJHTUBHHIMH HE3aBHCHMBIMH CJAy4YafiHBIMH NOTPEUIHO-
criMu (momexamu). Takwe NOrpelllHOCTH BO3HHKAIOT,
HampuMep, MpH HCNOJNb30BAHHH METOJOB BePOATHOCTHOrO
MOAENHPOBAHHS JJIs OLEHKH 3HaueHHH (YHKIMH.

Bocrosp3yeMcsi BepOATHOCTHOH MOJeJbI0 M3 IepBOH
rJaBhl, [oJIarasi, 4To alnpHOpHBIE CBOHCTBA MHHHMH3Hpye-
MOl (YHKIMH 3a[al0TCs IIOTHOCTBIO f () pacnpe.u.ene-
HH5 BEPOSITHOCTe! VISl BEKTOpA @ = ((po, oo @n) € R
3HaueHHH 5TOW (QYHKIMH B y31aX CeTKH, NpHYEM KOH-
KPeTHbIAl BHJ 3TOM IVIOTHOCTH TOT e, 4TO M B .3 § b
ra. I (1. e. mmotHocTh 3ajnaercs pasnoxeHueMm (1.6.
no ycaoBHbHIM mioTHocTsM, H3 (1.6.14)—(1.6.17), rne
napamerp ¢ u3 (1.6.16) aBasierca mannim). UTo Kacaer-
csl pe3y/IbTaTOB HCMBITAHHH, TO OyJAeM paccMaTpHBaTb HX
KaK Hcxonbl H3 mpoctpaHcTB (1.5.9) ‘¢ ycl10BHEIMH (QYHK-
UHAMH pacrnpefeleHns BepostHocrell Buma (1.5.7), 1. e.
MOrPEIIHOCTH BBIYHCACHHH 3HAaYeHHH QYHKUHMH CUHTAIOTCA
HOPMaJbHbBIMH CJAYyYafiHBIMH BeJHYHHAMH C HYJEBBIMH
CPeIHHMH 3HAUYEHHSIMH H CTaHJapTaMH, PaBHEIMH O (OAH-
HaKOBBIMH BO BC€X HCIIBITAHHSAX).

Ins npuHATOH MoJenaH, coraacHo TeopemaM 6.1 u
6.2 u3 ra. 1, anoctepuopHbie BeposTHOCTH §(a/w) Ans
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COCTOAIHMIA  TPHPOABI,  OMpeflensieMble  BHPa:KEHHEM
(1. 62) MOTYT HCIO/Ib30BaTbC KaK OLEHKH BEPOSITHO-
cTell pacrnosoxkeHuss ra06a/bHOTO MHHHMyMa (QYHKUHH
@i, i1, B Toukax MHOXecTBa /, ecIH BeJUYMHA C H3
(1.6.16) mocratouso mana. B cBfism ¢ 3Tum npeoGpasy-
em BhipaxeHue (1.6.2) K BuAy, NpUrogHOMY IS MHpakK-
THYECKHX BBIYHCAEHHHA. 3anuileM HHPOPMALHIO ®, H3
(1.5.14) kak © = o, = {Z1, ..., Zx}, TR

={zp =0y +ynt ISIKSk)  ISiSN,

eCTh MHOXECTBO De3yJbTaTOB R; BHIUHCIEHHI 3HAYeHHI
GYHKUHM @ B TOUKe [, [, conpoBOxkAaBLIMXCA MOMEXa-
MH, peaju3allid KOTOpHIX 0GO3HayeHH uepe3 y;. [lpu
9TOM NpeanoJaraercs, uTo

k|+...+kN=k H i[<.-.<iN.
Torma (P.T.Ctpourus [, 4])
E(a/0) =q(0, a) E(x) (%ﬂ(w‘, a) E(a))—i, ael,

rae

q(o, 0C)——exp{ Z(Mio (bf/kf))}

+ (0/%))
npHYeM , .
b]=zjl+--‘+z.ihj, I<I<Na (Ill)
i1
j JO + Mjoa —
f——'—'—ka;;o_l_o v Mipio=M; + 3;4 m; (), |
) ([.2)
20 s S (em) s — i), (L3)
j kjvfo +or’ i+1, i i ’

Mo == my, Zy==0o, lp=0. (11-4)

Kpome Toro, ecni 0603HaunTb uepes g (¢./®, o) amocrte-
pHOPHYI0 (110 OTHOIIEHHIO K ®) YCJOBHYIO (MO OTHOLIE-
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HHIO K @) MJIOTHOCTb pachnpefeseHHst BeposiTHOCTeH MJIA
3HayeHusi ¢, MUHAMHU3HPyeMOll (YHKIMH B Touke S &/,
rie

i1<...<ij_1<s< ij<.oo;<iN,

TO
_ 1 (9 =nGs a))?
g(0o @) =5 e"p{ ) }
. poo? — A2 oy 0283
p(s, a)= B " 6A (s) = B
npuueM ) , s

. ,”
= M;_ m ,
Mo i 1+i-i,~§1+1 i (@)

88 = 251 + (cm)® (s — 1j—1),

rae M-, u ;- onpenensiores u3 (M.2)—(1.4), u

N b i ) 2
a=Z e (ma—3) I (52),
i=j i vo

v=]

il ‘I—I‘ SV (2
o= (5 (2
igj v=j Ew \g zvo
rie Mo, 3, u Sy onpenensiorea no ¢opmynam (H.2)
n ([.3) B NpeanosoKeHuH, 4To

Mjo=ms+1(a)+ coe +-mij(a)» 2?0=(Cm)’(ll—s)°

/" Onupasic Ha YCTaHOBJIEHHbIE CBOfCTBAa NPHHATOH
BepOATHOCTHOH MOJIeNH, MOXKHO MOCTPOHTh OLHOIIAroBo-
ONTHMaJbHOE NpaBHJIO BHGOpa y3/ia s*, B KOTOPOM cJe-
LyeT mpoBecTH ouepeaHoe (k +-1)-e ucnbiTaHHe mpH Ha-
JAuupH HHGOpMalHM ®, DBBeneM OQYHKUHIO nOAE3HOCTU
Q(a, §), COOTBeTCTBYIOLleH NPOBENEHHIO HCIHITAHHA B
TOUKe S, KOrja HMCKOMBbIi MHHHMYM HaXOJHTCi B TOUKe
ae . Tlycts :
{ 0, s#a,
Qlans) = 8 (s), s=a,
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T. €. TI0JIE3HOCTb paBHA HYJIIO, €CJH HCHBbITaHHE IMPOBO-
JUTC He B TOuKe albCOMIOTHOro MHHHMYMA, U paBHA

1
v (v>0) cremeHy nucnepcuu 3HaueHHs (YHKIHH B

TOYKE 3KCTPeMyMa, ec/]H HCNBITaHHe NMPOBOAUTCA B STOH
TouKe. BEIGOD (YHKUHH MO/ME3HOCTH TaKOro BHAA OTpa-
KaeT To 06CTOATEJNbCTBO, YTO NPH HCMBITAHHAX, COMpO-
BOXJaeMbX NOMeXaMH, Ja)Ke NpH M3BECTHOH TOuKe aG6-
COJIIOTHOrO MHHHMYMa OCTaeTcs elle 3ajlaua OleHKH 3Ha-
UeHHA MHHHMH3HpyeMOH (QPYHKIHUH B STOH TOUKe.

B03MOXHEIM ONTHMAaJbHHM peUalolUM MPaBHAOM
ans BBefleHHOH ¢yHkuun Q(a, S) fBAsercs GaliecoBcKoe
peuleHHe, MaKCHMH3MpPYIOLlee MaTeMaTHYeCKOe OKuJa-
HHE 0JIe3HOCTH

Q(s) =a§1 Q(a,s) E(a/0).

OToMy IPaBHUJIY COOTBETCTBYET TOYKAa S$*, yI0BJETBOPSIO-
mas ycJIoBHIO

8 (%) & (s*/0) = max 8" (5) §(s/o), (11.5)

KOTOpPOe MOXKeT ObITb HCMNOJIb30BAaHO JJIS BHYHCIEHHA
3TOH TOUYKH.

IMpaBusio (I.5) MoxXHO, ORZHAKO, paccMaTpuBaTh H
HEe3aBHCHMO OT NPHHATON BEPOATHOCTHOH MOJENH Kak
HEeKOoTopoe oTo6pakeHHe MHOXeCTBa w, B /, onpejaessio-
ee MOCNefA0BaTeNbHOCTh TOYEK HCHBITAHHA NPH MHHH-
MH3alUHH QYHKIUH @y, i < [. Ilpu atoMm cnpaBeniuBo cie-
aywomee yrBepxienne (P. I' Crtpourun [17]).

Teopema [.1. ITycte munumusupyemas Gyrkyus
¢, =1, oepanuuena u Oucnepcus adduTusHbLX He3asu-
CUMbLX NOMEX, UMEIOWUX Hyasesoe cpedHee, TAKIE O2pa-
Hui4ena (pasnomepuo no scem ucneiranusam). Toeda npu
E(a) = (n+ 1), a1, u awboix purkcuposannoix 3na-
YeHUAX BeAUHUH C, M, My, O, Gy U V, UCNOAb3YeMOIX NpU
sotyucarenuu s* us ([.5), cnpasedauso:

1) munumanrvroui cpednui pesyasvrar (no 8cem To4-
Kam, 8 KOTOPbLX NpoBOOUAUCH UCNOITARUR) CXOOUTCS NO
BEPOATHOCTU K MUHUMANBHOMY BHAUEHUI0 pynKyuu, T. e.

min (b;/k;)—>ming;, ecau k— oo;
1Si<N i1
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2) ecau a1l ecto TOuKA QAGCONOTHOZ0 MUHUMYMA
pynkyuu @i, i1, a ki u R, ecT6 cOOTBETCTBEHHO uuUCAQ
ucnolTanuill, nposedennsix 8 Toukax i u a (npu OAHHOM
k), T0 npu k— oo ¢ 8epoATHOCTHIO, pasHol 1,

(ky/ka) — exp{— 4(9; — 9g)/vmc?).

To ecTh pacnpejeieHHe HCHHITAaHUA Mo TouKam obsa-
CTH ONpeJeJieHHs, OMHUCBIBA€MOe OTHOILIEHHEM ki/k, npu-
GauxKaercl K KpHUBOH, HMelOllell MaKCHMyM B TOYKe
HCKOMOTO a6COJIIOTHOrO MHHHMyMa M 9SKCIHOHEHIHAJbHO
crnajamoliefl Mo Mepe BO3pacTaHusi 3HaueHHA (QYHKUHH.

B 3akJioueHHe OTMETHM, YTO BHIUHCJHTENbHbIE acnek-
TH MpHMeHeHHs peuraiolero npasuna ([.5) ansa cosna-
HHS TOMEXOYCTOWUHBBIX aJrOPHTMOB (H COOTBETCTBYIO-
UlMe BBIYHCAHTENbHble CXeMbl M UYHCJIeHHble NpPHMepHl)
o6cyxknaiortes B pabore P. I CTpoHruHa [4].

2. Pewenne ypapHenuil. l3BecTHO, uTO 3ajaua OTHI-
CKaHHsl KOPHfl ypaBHeHHS

. p(x) =0, xe[ab], (1.6)

MoxeT OBLITh CBeleHa K 3ajaue MHHMMH3ALHH HEBA3KH
|@(x)| kKakuM-1H60 ONTHMH3AUMOHHBIM MeTONOM. OnHa-
KO TaKhe METOAbl, MOCKONbKY OHH NpelHasHauyeHbl 1
pelenus Gosee OOLMX 3ajay, HE HCNOJNB3YIOT TO am-
PHODH H3BeCTHOE 0O6CTOSITENLCTBO, UTO 3HAYEHHE HEBASKH
B HCKOMOi TOUKe KODHSl ypaBHEeHHs paBHO HyJl0. B cBs-
3M ¢ STHM AJIs pelleHHs ypaBHeHHH pa3paboTaHbl cre-
LHaJbHble METOAB, NpHueM JMJIs cayuas, Korja JjeBas
yacTh ypaBHEHHs ABJAETCA MHOTOIKCTPEMalbHO! U Y/0B-
JeTBOPAET YCJOBHAM, NOAOGHHIM YycJaoBHIO Jlunmuua,
NpeJIoKeH PAL ONTHMAMbHBIX (MHHHMAKCHHIX) alrOpur-
MoB (cm., Hanpumep, B. B. UBanos [2], A. T. Cy-
xapes [1], ®. J. Hepnoycbko [3]). Kpome muun-
MaKCHBIX AaJTOPHTMOB, BO3MOXHBI TaKXe MeTOMb,
ONTHMaJbHble MO BEPOSTHOCTHOMY KPHTEpHIO MPH HeKo-
TOPbIX BEPOSITHOCTHBIX NPEINONOMEeHHsAX O JeBO# yac-
™™ ypasuenus ([.6). OamH  H3 TaKHX METONOB
(P. T. Crpourun [6]) mb u paccmorpuM. Ilycrs
neBas yactb ypasHeHus ([1.6) ecTb Hekoropas peasu-
3alUs OMHOPOJHOTO CIydafiHOro mpouecca ¢ HE3aBUCH-
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MBIMH TIPHPALEHHAMH, KOTOPhIe YNPaBASIOTCS HOPMaJib
HEIM 32KOHOM. TaKoii mpouecc MoxeT GHITH ONHCAH CTO«
XaCTHYECKUM YDaBHeHHeM

(X +Ax) —o(x) =B(Ax), a<<r<xr+Ax<b,
.7

rae B(Ax) ecTr HOpManbHO pacmpelleseHHas cayuaiinas
BeIHYHHA, NPHYEM I/ M0060ro KOHEYHOro uHcJaa #1 He-
NEPEKPLIBAIOILUXCA MPOMEXKYTKOB (X, X; + Ax), | <i<<
<< 1, 43 [a, b] Beauunusl B(AX;) B3aHMHO He3aBHCHMBL
MatemaTuyecKoe OXKHAAHHE [ M AHCIEPCHS 02 BeJHUHHI
p(Ax) cooTBeTcTBEHHO paBHBI

= p(Ax) = ymAx, (1.8)
, o2 = 0%(Ax) = (cm)?Ax, (.9)

rie m>0 u ¢>0— HeKkoTOpble MapamerpH (mpuueMm
napamMerp ¢ mnpeanojaraercs MajiwM, c< 1), a y—
ClyyaiiHas BeJHYHHA, NPUHAMAlOUAsA 3HaueHdHe y == |
C BepoATHOCThIO M (l) M 3HaueHHe y=—1 ¢ Beposig-
HocThIo M (—1) = 1 —n(l). 3ameTu™m, uto MaTeMaTHue-
CKOe oxmAaHHe cayuaiinoro npouecca (H.7)—(4.9) npu
MOGBIX HAUaNbHBIX YCJOBHAX €CTb JHHEHHas QYHKUHS X
(sospacraiomas, ecan y=1, u y6uBawomas, ecan
= —1).

! OcraBuyiocs cBo6oay BHO0OpPa HauaJIbHBIX ycaosuit
HCMO/Ib3YeM, UTOGH OTPa3UTh NPEATOIONKEHHe O CYIIECT-
BOBaHHH XOTfl OBl OMHOTO KODHA ypaBHeHus ([.6) B
unTepBaJe [a, b]. a1 3TOro nonoxum

¢(a) =0, T (a.10)

rae o & [a, b] ectb HempepwiBHAs cayuaiiHas BeJqHuMHA
(nasoBem ee cocrosruem npupodsr) ¢ MIOTHOCTHIO (o)
anpHOPHOTO pacnpefie/ieHHst BEPOSTHOCTEH, NpHueM

b .
{&(a)doa=1. (I.11)

3ameuanue. [Ipexnomoxenuss  (I.7)—(J.11)
ofecrmeynBaloT PaBHOMEPHYIO HeNMpPEpPHIBHOCTh JE€BOI ua-



JIOTTOJTHEHHE 21

cru ypaBHenus (J(.6) B cMBIC/IEe TEOpHH BEpOSITHOCTell
(cm., manpumep, b. B. Tmenenko [1]). Kpome Toro,
OJHOKpATHOE TepeceyeHHe OCH X MaTeMaTHYeCKHM OXH-
fanueM QYHKUMH @(X) H MaJOCTb MapaMerpa ¢ MOXHO
MHTepNpETHPOBaTh KaK HEKOTOpylo ¢opmy 3alaHud yc-
JIOBUSI MaJofi BEPOSTHOCTH CYLIeCTBOBaHHs Gosee yeM
oxHoro KopHsi ypasHenus (I1.6).

Kak caexyer u3 ([1.10), cocrosinue mpHpOAb! @ COB-
najaeT ¢ OXHHM M3 KopHedl ypaBHenus (I.6). ITosromy
onpefieseHHe COCTOSIHUS NMPHPOALI SKBHBA/IEHTHO OTHICKA-
HHIO HEKOTOpPOro KOpHs. BBelleM amocTepHOpHYIO MJOT-
nocTh & (/@) pacrlpelelieHHs BEPOATHOCTEH 1A COCTOA-
HUSl TIPHPOJBL O, I/le ® €CThb MHOXKECTBO Map @ = @, ==
= {(x» 2:): 0<Xi<Ck}, coOTBETCTBYIOLIHX 3HAYCHHAM
z;= (%) aesoit wactu ypasuenus (I1.6), BbuHCIeH-
HbIM B TOUKaX @ = Xo < %] <...<<x =b. Toraa

—1 .

b
t(a/o0) =h(o, @) E(@) | [ A0, a)E(@)de] , (L12)

rie nas apboro a & [fi-1, X, | SI<<k,

. X, — %4 B (6, o)
h(o,a) = l/ = ;) @@=y exp {— _2_(_6'_'1)_2}’
(A.13)
[2; (e —= )tz (x,— a)]? .
(Fy = %i—1) (%5 — @) (2 — *i1) . (O.14)

B(w,a) =

Hapsany ¢ oleHKOA Pacno/oXeHHs KOpHA ypaBHEHH:
(1.6), sanaBaeMoil MJOTHOCTLIO E(e/®), YROOHO HMETb
HEKOTOPYIO TOHE4HYIO OYUEHKY o’ e [a, b]. Onnoit u3
eCTECTBEHHHX OLEHOK TaKOro poja fBisercsa Touka a’,
B KOTOpOM JOCTHTaeTcs MaKCHMMyM IJIOTHOCTH t(a/o)
(oyenka maKcumairbHO2O npasdonodobus). Onpenenenue
o° cpoguTes K Makcumusauuu §(a/o), A9 Uero, Kak
crenyer 3 (I.12) u (I.13), Heo6X0AMMO 3HAThH 3Hauye-
HHsl 1apaMeTpOB M, ¢ H anpHOPHYIO MJOTHOCTH E(a).

BriuncieHue o° CyLIECTBEHHO YNPOILIAercs B Cryyae,
KOr[a BeJMUHHA ¢ SIBJAETCS MalbiM napameTpoM (r. e.
anpHOPHO NpeANoJaaraercs, 4TQ HEH3BECTHAd dyuxuns
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@(x¥) B BepOATHOCTHOM cMbIc/ie G6JiH3KAa K JIHHeHHOMH).
B sToM ciyyae MOXKHO MPENJIOKHTb NMPOCTOi AJTOPHTM,
NO3BOJIAIIOIMA HaXOAUTb Xopoulee NpUOIHKeHHE K o
H He TpeOyIOIIHi 3ajaHusd m u &(a).

Onpenenenue. Hasosem oyenkoid nausepoarnel-
uleeo pacnoaoxcenus Kopus B uHTepBate [a, b] Beauuu-
Hy a*, YI0BIETBOPSIOUIYIO YCAOBHIO

B (o, a*) = min B(m,a{)= min  min  B(w, a).
1<i<h 1<k x5 <oy

(IL.15)

- Cuenyomasi TeopeMa YCTaHABAMBAeT CBA3bL OLEHKH
o™ ¢ OleHKOH MaKCHMaJbHOTO NMPaBAONOKOGHS.

Teopewma [.2. [Tycro naornocrs & (o) noroxurers-
Ha u dsaxcdo. Qupepenyupyema u 3navenus z; 1e80i
yactu ypasnenus (L.6), seluucaennole 8 Toukax Xx;
0 << i << &, orauunol or wyan. Tozda

lima® = a*,
c—0

ecau B(o,a*) =B(0,0;)<B(o,a),i=1,..,j—1,
i+1, ...,k

3ameuanue. B HekoTOpHIX 3alauax ¢yHKuus ¢ (x)
He H3MEHsSET 3HaK B OKPECTHOCTH KOPHSl ypaBHEHHS
(H.6), Takasi curyanus Hmeer MecTo, HampuMep, NpH
peleHun ypaBHeHus |@(x)| =0, Koraa BO3MOXKHO BbI-
YHC/IeHHE JIHIb a6COMIOTHOrO 3HAYeHHS (QYHKUHH @ (x).
BeposiTHOCTHOE OMHCaHHe AJMA TAKOrO CJAyyasd MOMKHO
NoJNy4YuTh NyTeM SaMeHHl ycjoBusf ([.8) ycmosuem

—myAx, x+Ax<La,

b= (x Ax) { mydx,  a<x

npH KOTOPOM Cpe/iHee 3HAueHHE Npoliecca MO-MPeXHeMy
JOCTUraeT Hyasd B TOUKE o, HO He U3MEHSET 3HaKa B 06-
_mactH [a, bg (IBAISIETCS HEMOJIOXKHUTEJIbHBIM MPH ¥ = —|
u HedTPHldTesbHbIM npH ¥ = 1). ONHAKO TaKOH MOLeJH
(cm. P, T, CtpouruH [6]) cOOTBETCTBYIOT Te e BHi-
paxedns ([.12)—(d.14), omnuchBawIlHe IOTHOCTD

§ (/o).



NOMOJHEHNE 223

-~ AJTOpPHTM TNOHCKa KOpPHS YypaBHEHH.
Kak ¥ B 3ajayaXx MHHHMH3ALHH H3 INPeIIeCcTBYIOIHX
I1aB, yCJIOBHMCA HMEHOBAaTb BHIYAC/JEHHE JEBOH 4acTu
ypaBHrenus ([1.6) B Touke x & [a, b] ucnoiranuem & TOU-
Ke X, NPHYEM HCIbITAaHHE, NMPOBOAMMOE NPHM HAJHUYHU
HHpOpMALKH @, OyldeM Ha3blBaThb UCNbITAHUEM HA
(84 1)-m ware. IIpeanaraeMblil a120puUTM nOUCKA KOp-
Ha (cokpauierHo AITK) cocrout B TOM, 4TO Ha KaxKAOM
1Iare moMcKa Ouepe/HOe HCIBHITaHHe OCYLIECTBJIAETCA B
TOUKe X = a*, AB/IAOLIeHCs OLEHKO! KOpHA (mepBbie Ba
MCMBITAHUA CJAEIyeT NPOBECTH Ha KOHLAaX HHTepBana
[a, b], uTo6bl 0GecneynThb BLINOIHEHHE yCJIOBHH, HCNOJB-
soamneix B ([.12)—([.14)). Amnanus BbIpaxeHuit
([d.12)—([.15) mo3BoJsieT MPeNJOKHTb MPOCTYIO CXeMY
BLIUMC/IEHHS TOUKH . B pesyabrate mojydyaeMm cie-
AylollKe pelialollHe TpaBuja, OMNpelelAiollne alf-
FOPHUTM.

[lepBhie ABa #CMBITaHHA OCYLECTBJAAOTCA B TOUKaX
x0=gq u x! = b. Bri6op 060 caeaymomeii Toukn x**,
k =1, onpenensieTcss yCJAOBUAMHU:

1) nepenymeposars (HUdCHUM unlexcom) Touku X',
0<<i<<k 8 KOTOPbLX BbIUUCAEHBL BHA4EHUA Z' = @ (X')
aesoli wacru ¢(x) ypasuenus (I.6), 8 nopadxe 803pa-
CTAQHUSA 3HAYEHUL KOOpOUHATOL, T. €. :

Q=X < X < ...<X%=Db;

-2) Oas Kamdoeo uurepsara (Xi-y x), | i<k,
BLLUUCAUTL BEAUHUHY
R (i) — { zizi—l/(xi - x‘i—l)’ zizi—i > O) (I[ 16)
-0, 2;2-1 <0,
HA3bIBACMYIO XAPAKTEPUCTUKOL 9T020 unTepsara (3ame-
TUM, 4TO BeAUMUNbL Z;= @(X;) COOTEETCTEYIOT nepeny-
MEPOBAHNOLIM BHAMEHUAM BeAULUN 2');

3) onpedeautrs unTepsar (Xi-1, Xi), KOTOpOMY COOT-
8eTCTBYET MUHUMALLHAS XAPAKTEPUCTUKA

" R({)= min R()). | (I1.17)
1<i<k

Ecau MUuHuUmMaibHaa XapakTepucTuka cooTeercreyer He-
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CKONbKUM UHTepBasaMm, TO 8 KauecTee ! ebibupaerca mu-
HumarbHoe uuciro, ydosaersopsaroutee ycaosuro (I.17);
4) noaoscuts

P L L R T L
|2+ 21|
B kauectBe oyenku Kopua ypasHeHus (O.6), coor-
BETCTBYIOLIeH 1Iary R, npUMeM TOUKY

(11.18)

X =4, a=arg min |z,

0<i<h
KOTOpOR . COOTBETCTBYeT MHHHMaJbHasi  HeBsi3Ka
@k = min | 2|
* o<igh

B anroputv MOXHO BBECTH YC/IOBHE OCTAHOBKH, npe-
Kpaumiaioulee BHUNCJICHHS, KOrAa HeBsi3Ka @* craHoBHTCA

MeHblIe 3afaHHOTO 3HAYEHHS g. . .
3ameuaHnue 1. AiroputM moucka KODHSl OKasaJjcs
polLe, 4eM aJArOpHTM MHHHMu3auud u3 § 2 ra. I (B ua-
crHoctd, AITK He comep»XHT HM OIMH M3 napaMeTpoB,
BXOAAIHMX B onucanue mopenu (MI.7)—(H.11), B To
Bpems Kak ATl comepxur mapamerp m, KOTOpHIH He-
06XOJMMO OLEHHBATh JHGO B MPOLECCE pellleHus 3aiauH,
" 160 ampHOPHO), YTO ABMSAETCS C/eLCTBHEM (mo cyuecrt-
By e[IHHCTBEHHOr0) BaXKHOTO DA3JHYHSA BEPOSTHOCTHBIX
MOZeJiedl, MCMOJNb30BAHHBIX NPH BLIBOAE COOTBETCTBEHHO
ATTI u ATIK,— B mociepneM ciyyae sHayeHue dyHKUMA
B HCKOMOH TOYKe KODHS CUMTAeTC 3aLaHHBIM (cMm. yc-
aosue (.10)). :
3ameuanue 2. Ecan uncaa

2, 0<<i<h,

He BCe OJIHOTO 3HaKa (HO BCe OTJIHYHBI OT HyJs), TO,
cornacHo ([.16)—([.18), Kaxnoe ouepeiHoe HChbITA-
HHe G6YZeT OCYILIeCTBISITLCS TAK XKe, KaK U B H3BECTHOM Me-
T00e xopd (M, TaKuM 06Pa30M, BHIACHAETCS CTaTHCTHYe-
CKHH KPHTepHii, OTHOCHTENBHO KOTOPOTO METOA XOpJA ABJAS-
€TCA  OQHOWIArOBO-ONTHMAJbHEIM). MeTOx XOpA M0Apo6HO
PaccMOTpeH BO MHOTHX Y4eGHHKax H MO3TOMY HHTepeceH
JINWD CyYaH, KOraa Bce BeMHUHHB 2, 0 << i << &, uUMeloT
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ONHMHAKOBBIA 3HAK (M1 ONMpeNeJEeHHOCTH GyleM B AaJb-
HeiflllleM cuuTaTh, uyto 2' >0, 0 < i << k). 3amerum, uro
B STOM CJyyae BCe 4YIEHH MOCHENOBATENBHOCTH {x*},
NOPOX/aeMO# a/ropuTMOM NPH peEUIeHHH YypaBHeHHS
([.6), 6yayr nomapHo pa3JHUHBIMH,

Ecau ponmycrurs, uro Bce umena 29, -,.., z* OTAHUHH
OT Hyast, Ho 2"*! =0, o ¥ == x*! npu mobom v>1,
T. €. BCe, KDOME KOHEYHOro 4MCJa, YIEHB NMOCAeLOBATE/ b-
HocTH {x'} sABasioTCs OXMHAKOBBIMH. IIOCKOMBKY STOT
ciyyalh  COOTBETCTBYeT NOJYYEHHIO TOYHOTO pellleHHs
ypaBHenusi ([.6) u yciaoBHe OCTaHOBKH

r<e

o
BbI30BET yceUeHHe MOC/IeA0BaTeNbHOCTH {x*} Ha mare
k41, naxe ecau

e =0,

TO INPH H3YYEHHH YCJIOBHH CXOAMMOCTH MOXKHO CUH-
TaTh Pe3yJbTaTbl HCIBITAHUI OTJHYHBIMH OT HYJS.

Teopema J1.3. [Tycte X* < [a, b] ects muoxecrso
kopred x* ypasuenun (I.6), nenpepoisnan sesas 4acte
¢ (x) xoropozo ydosaeropser ycaosuro

0<o(x)<Kp(x* x),

.19
x=[a, b], (A.19) ,
2de p ecTb Henpepol8HAL (YRKYUSL pacCTOAHUR suda
p(x, x+Ax) = f(Ax), (IL.20)
ax<<x+Ax<b,

npudem cyujecteyer ¢yukyus f-', obparnas f u raxas,

410 ) A
F~H(Kf(Ax)) < MAx,
Ax>0,

20e M u K — xoucrantol. Toeda awbaa npedesvnas tou-
ka nocaedosaresvrocru {x'}, noposdaemor arzopurmom
noucka Kopra npu peuienuu ypasnenus P(x) = 0, 2de

(%) =["(o(x)),
x &[a, b], (A1:21)
I5 p. 1. Crpourusn
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cosnadaer ¢ 0dHum u3 xopueld ypaswenus (J.6) (r. e.
npunadiexmur muoocectsy X*).

B kauecTBe HJLIIOCTPALHH YTBepKAEHHS JOKasaHHO#
TeopeMbl yKaxkeMm ciefylolliee mpocroe caeactue. Ecau
GyHRIMs @ (x¥) MaxopHpyeTci HEKOTOPHIM KOHycoM ¢
OCHOBaHHMEM B TOYKe X* eIHHCTBEHHOrO KODHS ypaBHEHHS
(1.6), 7. e

0<q(x)<<K|x— x*|, x # x*,
TO ;
P(x) = o(x)

H, cOorjacHO Teopeme, > '

e

x*— x* npu k— o0

(mocaienoBaTeIbHOCTL HCMBITAHHH, MOpOXKAaeMas AIIK

CXOAHUTCA K eJMHCTBEHHOH TOUYKe KOPHS).
3ameuanue. Ecau ypasuenne ([.6) He umeer pe-

IeHHsl, HATpUMEp, eIt . Vs

o(x)>0, x=[a, b]

(anmpHOpHas BEPOATHOCTb TAKOTO cayyas, cornacko ([.10)
u (H.11), paBHa HyJ10), TO Kaxpaas TOYKa HHTepBaja
[a, b] sBnfercs mpemesbHONH TOUKOH MOC/EAOBATEJbHO-
cru {x*}, nmopoxnaemoit AIIK. B wacrHocTH, s QyHK-
uuit Buja ¢ (x)=const TOUKH MOHCKOBBIX HCNBLITAHUH GY-
AyT 06pa30BHBaTH paBHOMepHOe pa30ueHHe HHTepBasia
[a, b], war KoToporo noc/efoBaTeNbHO YMeHbIIaeTcs
NpH NPOAOJKEHHH MOHCKA.

Pemenue cucrtem. ComocraBuM cHCTeMe HeJH-

HeHHBIX ypaBHEHHH
B0t 1) =0,
E I EE A

onpenesennoil B o6aacta D us (3.0.2), Heaasxy

A(y) = :4 2% Wy - yn) ) (I1.22)

Torxa, HCHmoab3ya Pas3BepTKy y(x) Tuma kpuso# Ileano




IIOMOJIHEHUE 297

u3 m. 1 § 3 ron. 111, MOXKHO CBeCTH OTHICKaHHE pelleHHs
CHCTEMBI K OTBICKAQHHIO KODHSl YPaBHEHHS

A(y(x)) =0,
x [0, 1],

MOCKOJIBKY 06pas ! '
~ ¥r=yk¥),

"YKa3aHHOTO KOPHS AB/IAeTCH PellleHHeM CHCTeMH. MoXKHO
nokasatb (P. T. Crpourun [16]), uTo ecau HeBsi3Ka
CHCTEMBI YIOBJIETBOPSIET YCJIOBHAM

0<<A(y) <Klly —y*l,
y* = Y¥
yeD,

rle Y* ecTb MHOXKeCTBO BCEX pelIEHHH CHCTEMH, JexKa-
mux B D, T0

AMy(<MYx—2], xel0, 1], (1.23)

rae M — koHcraHTa u X* ecth J060fi Mpoo6Gpas ToukH
y* npu cootBeTcTBHH y(x). IToaTomy, cormacHo Teope-
Me, chopmyaHpoBaHHOR Bhuile (cM. ycaosusa ([.19)—
(d.21) n ([.23)), pelueHHe cCHCTEMH MOXHO NOMY4HTE
NyTeM pelleHus ypaBHeHHA

A(y(x))=0,

x [0, 1], (A24)

¢ nomowbio AITK.

Mpumep. Pewntsh cucTeMy Tpex HeMUHeAHHIX YpaBHeHHH
2sin y; cos yp == sin 3y sinys,
sin yy sin g, + y3 In y5 = cos ys,
3/2 + In yys + cos ya sinys + sin§10y3/3) = 3y143/10
B o6nacTu:

0,1<y<b —2<p<s 27<ys¥T5:
15*
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I pewenna Ghisla tOCTaBJeHa HeBsA3Ka ([ 22) u oThICKHBAJCA
xopenb ypasrenus ([1.24) npu N=3 ¢ nomouwio AIK, npuuem o6pa-
3bl y(X) ToYeK X, B KOTOPHIX OCYIIECTB/SIHCh HCIILITAHHSA, 3aMeHANHCh
HX NPHOHKEHHSAMH, CTPOHBUIHMHCA MO AJropHTMY H3 M. 1 § 4 ra. 111
[TonyuyeHa oueHKa pemwenus (yTOUHANACH JIOKANBHLIM METOJ0M)

Y} =3,14159; gy ==0,58073; y3 = 441717,
Jns uamocTpantu MHOr03KCTPEMaJIbHOCTH YKaXeMm ellle 1Ba JOKa/lb-
HBIX MHHPIMyMa HEBSA3KH:

y1 = 3,141; y, = 0,816; ys = 6,116; A = 0,425;
y=2301; yo=1222; ys=1062; A=1893.
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