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¥ OPAKTAKY, B KOTOPHX BOZHHKAKT 33434l
YNCIeHHOTO HAXOMIEHNA SKCTpeMyMa QyHK-
it ¥ pynknuoHanoB. OCHOBHOe BEMMaHHME
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BAlOTCA MeTOJH MHHUMH3AUWM (yHKIHH
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HHUYeHH .
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NPEANCJIOBHE

BoumcanreibHEEE METONH peIIeHHA PasidIHEX IKCTpe-
MATBHEX 3a7aY B IOCTeTHAe TOJH PasBABAIHCH Ype3BHYAIA-
HO HMHTEHCHWBHO. Dubiamorpadmda mo 3THM BOIpocaM B Hac-
Tosmee BpeMs HACUMYEIBAET COTHH HamMeHoBammit. Takoi
MHTepec K PasBHTHIO BEHYMCIHMTEIBHHIX METOJIOB HE CIyYaeH.
OH oTpa)kaeT Ty BAXKHYI0 POJIb, KOTOPYI HIpaioT 3KCTpe-
MaJIbHHE 3379 B PasiWIHHEIX IPo0aeMaX IPHKIASHOTO Xa-
paxrepa. IIpoGieme sdPeKTHBHOTO HAXOMK[EHAA MEHEMYMa
¢yHKOEE OpE PasIMIHHX OTPAHUWICHUAX HA NEpeMeHHEe M
mocBAmeHa [aHHAs KHHATA.

Cpasy sxe cilefyerT MOTIEPKHYTb, ITO B MOCIE/[HAE O
IpOM30IIIO M3MEHeHWe TeX TpeboBaHMH, KOTOpHIe IIPeIbsiB-
JAIOTCSH K HOBHM BHYNCIHTENbHEIM aaropmrmam. Eciam eme
JeT AecATh — NATHAALATH Hasaj ¢ HHTePecoM BOCHPAHAMAT-
¢A M060# HOBHI aXTOPUTM AJA TOMl HJIM HHO# 3ajadu MH-
HEME3ANOAY, TO TENeph IPOCTO HOCTPOeHHE HOBOTO AJro-
parMa HefjocTarouHo. HeoGxonuMo mOKa3arh, 1€M OH JTydme
y:Ke M3BECTHHIX. TakmM 06pasoM BO3HHKAeT mpo6ieMa cpas-
Henms o(PeKTHBHOGIE DPasIMIHEX ajnropurMoB. K coxare-
HUIO, 3Ta mpoGleMa He JOMYCKaeT IPOCTOrO POIIeHHS. Hexo
B TOM, 4TO AAA CpaBHeHHA 3PPeKTHBHOCTH HeobXoaumo 3a-
HaThcA KpHTepueM 3QQPeKTHBHOCTH, & 3TH KPUTEPHH MOTYT
6uTh pasmre. Hampumep, kpuTepueM 3GQeKTHBHOCTH MOKET
GEITH TOTHOCTH OIYIAeMOTO Pe3ylIbTara, BpeMs cueTa, 00beM
HE0GXOUMO#t TAMATHE BHYMCIATEIbHONR MamuHH K T. 1. IIpn-
geM 3a9acTyl0 TpeGyercs ONEHHBATh AJTOPATM IO JI0BOJIBHO
OPOTABOPEIHBHM KPHTEPHAM.

IIpr or6ope ajiropuT™MoB, BKIKNYEHHHX B NAHHYIO KHH-
Iy, aBTOPH B OCHOBHOM HMCXOJIHJIM M3 KPUTOPHA TOTHOCTH




IIPEOUCJIOBUE 9

pesyabTaTa U GHICTPOTH CXOAMMOCTH HTEDAIHOHHOTO MPOIeC-
ca. OmHAKO ma)ke TaKoe OTPaHWYGHHE He MO3BOJAET OJHO-
3HAYHO YHODPSAO0YHTH BCe AJATOPATMEL U CKas3aTh, KaKOH u3
HAX JTy9me, a Kakoir xyse. Jle;ro B ToM, UTO mosyvaemble
ONEHKN CKOPOCTH CXOJAUMOCTH SIBIAITCH OLEHKAMH He s
KOHKDeTHHIX 3a/lad, a JJIs KaaccoB 3ajfad. Ilosromy airo-
puTM IIOXOH I MHPOKOTO KJIacca 3afad MOKET OKasaThCHd
opdeKTHBHHM Ha Gojee y3koM Kiaacce. ITO jenaeT Heob6Xo-
OUMBIM I BHYIACINTENA UMETh B 3amace Goapmoii Habop
aJITOPUTMOB M B 3aBHCHMOCTH OT KOHKDETHOH 3ajaud IpH-
MEHATH TOT HJIM HHON M3 HHX.

CoBepmeHHO He 0e3pasiIvYHO TAaKKe, 3a CY6T KAKUX
CPeACTB AOCTHTAeTCs BHICOKAfg CKOPOCTH CXOMMMOCTH AJIro-
puTMa. B mpakTmuecKMX 3ajagax 9acTo BEMYHCICHIE [ae
mepBHX NPOM3BOAHEIX OT (YHKIWEM BHBHBAeT TPYAHOCTH,
KOTOPH® IPA HOUHTKE BRYMCIATH BTOPHE IPOM3BOMHEE CTa-
HOBATCA HEIpeoAoluMbMu. 1103TOMy 0CHOBHOA yHmOp B KHHTe
flellaeTCA HA OOMCAHAe TAKAX AJTOPATMOB, KOTOPHE TPelyioT
JWIIL BHYUCIGHHSA MePBHX HTPOHM3BONHEX JAN60 TOJBKO BEHI-
9ACAeHUA 3HaYeHHA QYHKIHU.

IIpn M3MOMKEHMM BHHCIMTENHHHX METONOB MH DPaccMar-
puBaeM KOHEYHOMEDHHIH ciydait. 910 06yCIOBIEHO HBYMA
npuamHAME. BO-mepPBHX, HpUM pacyeTax HA BHYHCIHTEIbHOM
MampHe 3afady TAaK HIA WHAYe HAA0 ANIPOKCHMHAPOBATH
KOHeYHOMEPHOA. Bo-BTOPHX, GOIBNIMHCTBO M3BECTHHX AJIrO0-
PHTMOB CPDaBHHTEIBHO IpPOCTO 0600maioTcsa Ha CIydail Mu-
HAMHA3Aad (QYHKIOAOHAIOB 063 KAKMX-IH00 CYI[eCTBEHHEIX
n3menennii. IloaToMy HaM Kasaloch Heleco00pa3HEM BECTH
BCe WM3JIOMKeHAE [ KOHEIHOMEPHOTO CJIydag. ITO TAKIKe
MO3BOJUIO CeNaTh KHATY AOCTYIHOM HMIHPOKOMY KPYTy 9m-
TaTeJIell, MOCKOJbKY AJA NOHAMAHWA GOJBIIMHCTBA M3Jarae-

MHX pesyJIbTaToB TpeOyeTca JuWmIb BHAHHE® OCHOB MaTeMa-
TAYECKOTO0 aHANW3a W JWHEHHOH aJNre6pH.

Yro6u He 3arDOMOKIATh H3JIOKeHHE, CCHUIKA Ha JIH-
TepaTypy B OCHOBHOM TeKCTe IOYTH He IPHBOIATCH, a



10 NPEIUCIOBHE

BHIHECeHH B KpaTKylo Oubamorpadmio, KOTOPO#l COIPOBOK-
gaeTcsA Kamas riasa. Ml He IEITANHCH OXBATHTD BCIO JHTE-
paTypy IO DPaccMaTPUBAEMEIM BOIIPOCAM, TAK KAK 9TO HEBO3-
Mo3KHO BBEAY ee obmupHocTH. [TosToMy cnmCOK auTepaTypHl
BKJIIOYaeT B OCHOBHOM JHIIb Te CTAThH M MoHOTpadum,
KOTOpHIe HEIIOCPE/ICTBeHHO HCIOMb30BANNCE MPH HANMCAHHH
9TOMl KHHTH.

3amernM, 9T0 B AaHHOH KHATe MH COBEDIIEHHO He pac-
cMaTpEBaeM MeTOJsl Pemenns oOMHEPHOTO ¥ BaXKHOTO RIACCA
HEKODPPeKTHHX OKCTPEMANbHEIX 3a/ia¥, KOTODHE paspabarsi-
patorca B paGorax A. H. TmxomoBa m ero y4eHMKOB H IO-
ciemoBaredeit. MBl TamKe MOYTH He KacaeMCA BOIPOCA O
pemieHmE 3afa¥ ONTHMAIbHOIO yIPaBICHHA. N3yuenue Taxkmx
3aad ¢ PasIMIHBIX TOUEK 3DPEHHS M METOJ0B MX DeIICHHS
nposopures B Momorpadum H. H. MonceeBa «Uuciaennne Me-
TOAH B TEOPHA ONTHMAJIBHHIX CHCTEM).

OnmcaEHHe HEKe AATOPETMH HOCAT HTEDAIMOHHEBIA Xa-
paktep. DTo BHAUMT, WUTO CTPOMTCA HEKOTOPafA KOHEI-
gasg mam  GecKOHeYHAs  IIOCIEROBATeNIbHOCTH  TOTeK-
Zy, k=0, 1, ..., OTHOCHATEIBHO KOTOPO#l MOKHO yTBEP: K-
JaTh, 9TO OHA B TOM WM MHOM CMBICI@ CXORHTCH K PEIICHHIO
3afayn MEHAMHE3ANEH. I1IpHM 3TOM IOCHEfOBATENbHHE TOUKA
CBABAHH COOTHOIIEHMEM

Tper = Tp + ApDrs

Ifie P — BEKTOD CBHTA W3 TOUKH Ty, & Op — INAT BJOJH
HaImpaBJIeHHA Py. IlosToMy onmcanme m1060T0 N3 IPABOAUMEIX
HWKe AJTOPHTMOB COCTOHT B Ba[iaHAH cHocoba BHGOpA BeK-
TOpa Py W BeAWYWHH mara o,. Ciefyer OTMETHTD, 9TO eCiH
cmoco6 BHGOpa BexTopa p, ompepenser O0myo CKOPOCTH
CXOTEMOCTHE IIpomecca, TO €mocol BrOOpa o CYMECTBEHHO
BIEAET HA KOMMIECTBO BHUMCIGHAA Ha KAKOH HTepalmH.
TTosToMy ME CTapaimch BCIOAY BajjaBaTh TaKoi cnocol BH-
6opa G, KOTOPHIA GHI I03BOJAN HAXOMUTh HYKHOE 3HAUCHHE
0., TOCTe KOHEYHOTo UMCHa omepanuii, He CHIKAA IPH 9TOM
00Imy0 CKOPOCTH CXONHMOCTH.




IIPEJHUCJIOBUE 1

OcTaHOBHMCA KDaTKO HA TeX OIEHKAX CKOPOCTH CXOAd=
MOCTH, KOTODHE damie BCero HCIONb3YIOTCA B KHHTE.

ToBopAT, ITO IOCHE[OBATEIBHOCTD {z,} cxommTca K TOU-
KO Ty C AUHEUHOU CKOpOCTbl0, BIIH CO CKOPOCIbIO 2€0MempU~
weckoli npoepeccuu (CO BHAMEHATENEM q), ecim, HaIAHAA C
HEKOTOPOTo k, BHIOMHAeTCA HEPABEHCTBO | Tprn — Ta 1<
< glan—zul] TREO<g < 1. Ilpm BHOOJHEHHH HEpaBeH-
ctBa | Trin — T4 | << Qr | zp — x4 | TR g — 0 npuk — oo,
rOBOPAT, ITO CKOPOCTMb cxodumocmu nocaedosamesvhocmu {Ty}
ceepTAUHERAR, IR 6buue CKopocmu czodumocmu ai0boil 2eo-
MempUHECKOLi npozpeccult. Ecar g, <<C|zn— z4 | —0, TO
Gymer | zre — Za | < C|zr — x4 [?. Ora omenmka Xapak-
TepuayeT K6a0paAmuHHYI0 CKOpOCMb cxodumocmu.

IIpuBegenHaLe oMeHKH GyXyT BCTPETaThCA B KHHTe H B
HOKOTOPHX JAPYTHX SKBUBAJICHTHEIX dopmax.

Hecko IbKO CI0B OTHOCHTEIbHO 0GO3HATCHHH.

Kak yske FoBOPHJIOCH, H3JIOMKEHHe BOJeTCs A cayias
n-MEPHOTO TPOCTPAHCTBA BEKTOPOB, KOTOPO® 6yner obo3Ha-
garsca gepes E". Camm BEKTOPH GyayT oGosHawaThCA Ja-
THHCKEMA OYKBaMH Z, Y, 2 B T. 1., B TO BPeMA KaK HX KOM-
HOHGHTH 0603HAYalTCA HHAEKCAMH CBePXy, Tak dTO zt —
oTo i-f KOMIOHeHTa Bexropa . Hmxmme HEJEKCHI o6osHa-
qaloT 9IEMEHTH HEeKOTOPOH IMOCIef0BaTeIbHOCTH. MaTpuns
o06ospavaTcsa Gonpmumu OyxBama A, B,C mr. 1 3Beafod-
Ka cBepXy mpH dToM 00o0sHadaeT TPAHCIOHAPOBAaHHEe, T. €.
A* — 5T0 TPAaHCHOHWPOBAaHHAA MaTPHNA A. Tlox BeKTOpOM Z
Gyner, Kax IPaBWJIO, IOHAMATHCH BEKTOp-CTOJ0eN, TaK 4TO
* ofosmagaer BekTop-cTpoKy. CKaXspHOe IPOM3BEJEHHC
JBYX BEeKTOpOB 0003Ha4Yaercs Kak (z, y), T.e.

n
. i1
(33’ y) = 2 zy.
i=1
IIpm oToM, eciIn He OTOBODEHO HPOTHBHOE, IIOX HOPMO# BeK-
TOpa IMOHUMAaeTCsA €ero @BKJIXA0BA HOpMA:

|z =V @2
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B saxiiogenue aBTOPH BHPAsKalOT CBOI0 HCKPEHHIO MpH3-
HATeIbHOCTh 33 HEONGHHMYI0 IIOMOIb, KOTOPYI0 HM OKa-
saam I'. E. Jlo6apckasn, JI. A. Co6onenxo, 9. M. Borycaas-
ckag m B. M. Ilanpua npH HOATOTOBKE 3TO# KHHTH.

TnaBm I (sa mexkmaiouenmeM § 5 m wacrmumo § 2), III
(3a mexmouennem § 9 m gactmano § 3) manmcanu B. H. ITme.
HEIHEIM.

Tnasm 11, m.3—4§ 2w § Sra. [, m.5,6§ 3m§ 9ra. III
manucan [0. M. JlannamHEIM.

B. Muenuunwii, 0. Januiun




rTABA I

BBEJEHNE B TEOPHUIO
MATEMATHYECKOI'O MPOrPAMMUPOBAHHNA

B bsrToit riaBe W3MO0KEHH HEKOTOpPHIe (PAKTH W3 TEODHH
BHIIYKJIHX MHOKECTB B HEOOXOJMMEIX YCIOBHIl JKCTpEMyMa,
KOTOPHE Heo6XoMuMH I MOHAMAHNA MaTePHaja HmocIenyo-
m@\X IJaB. .

§ 1. Brinykssle MHOKeCTBa

B arom maparpade MH pPaccMOTPEM OCHOBHHE CBOHCTBA
BHINYKJAHX MHOMECTB B N-MEDHOM eBKJHMJOBOM IIPOCT-
pamctBe E™.

1. Oupenenenue. Teopema orTnesmmMocTH.

Onpenenenmue 1.1. Mrowecmeo X mouer ¢ E" na-
3616AEMCA GBINYKALIM, eCAU 6Mecme ¢ A0BMU CEOUMU MOY-
Kamu I, T, = X oHO codeprcum u ece mouku euda

z=Azr; + (1 — Az, 0 <AL

Ha reomerpmueckoM ssHKe 3TO 03HAYaeT, YTO 6CJHH KOH-
Bl HEKOTOPOTO OTPe3Ka MPHHAIEKAT BHITYKIOMY MHOKECT-
By X, TO W Becb OTPe30K NPHHAJJIOKHT ITOMY MHOMKECTBY.

Jlemuma1.1. Cnpasedauswt caedywouue ymeepicoenus:

1. ITepeceuenue 4106020 “uUCAQ BHNYKABL MHONCECME 6bi-
nykAa0.

2. Ecau ;= X, i =1, ..., m, mo npu ecex Ay, i =
m
=1, ..., m, y0oeremeopaowur Ycioeumo 2 A=1,M>0,
<
m U
i=1,...,m, mouka = 2 Mix; npunadsexcum X.
i=1

Cnenyloma;{ TéOpeMa u ee CJeACTBUA SABIAITCA OCHOB-
HBIM MHCTPYMEHTOM, ¢ MOMOIBIO KOTOPOTO yAaeTCAa IoJy4aTh
pe3yabTaTh, XapaKTepuayoliue Te HJIWA HHbLI CcBOiicTBa BHI-
OYKJABIX MHOKECTB.
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Teopewmail.l. ITyemv X — eunykaoe MHOXcECME0, 4
X — ezo samwranue. Ecau mouka x, He npuHadaescum X,
mo Hatidemes makol eexkmop a & E™, a #= 0, u makoe uucao

e >0, umo
(a, 2) < (@, Tp) — &
das ecex v & X.

JlokaszaTeabcTBO. X — 3aMKHyTO® MHO3KECTBO
mo ompepenenuio. IIokameM, 9T0 OHO BEITYKJIO. IleiicTBR- -
TeIBHO, 6CIH I & X, TO HaiilercA TaKas HOCJIef0BaTeNb-
HOCTH Zp, k=1,..., 910 z, € X, x, — z. llycrs Temeps
2,y X,0 <A< 1. Hoxamem, uro Az + (1 — Ay E X.
Tax kKak X — BHIYKJIOe MHOMKECTBO, TO H3 Ty, Yp E X,
Tp —> &, Yp—> Y CIeAyeT

A+ (1 — My E X,
Az, + (1 — Ays — Az 4 (1 — V.

Ho aTo xak pas m o3Hadaer, 9to Az + (1 — Mye X, . e.

X BHIYHKJO.
Bospmem Touky y & X, paccroanme KOTOpO# OT X, AB-
AAeTCSA NauMeHbIOIWM, T. .

le — 2l >0y — 2ol ze X.
Tak kak X BHIyKI0, To Opu Jo6Hx z € X X oAk

M+ —ANy=y+ri@z—peEX

ITosTomy
[he + (1 =My —z P =ly—zo+ A==

=y—zo+A(z—phy—2,+AlE—) =
= (J— 2z Y — o) + 24 (y — 2Tz —Y) FA =y z—Y) =
=y — zo |? +2 @y —zpz—Y) +?»’le—yl]2>

>y — =zl

ITociemHee HEPABOHCTBO CHOPaBeJJIMBO IPH BCEX A, m3Me-
HAOMAXCA B Opefelax OT HyJIA M0 e[HHHUIEL Yupomasn
ero, moiydaeMm

2(y —zpz—y) +Alz—yP>0
oTKyma OpH A = 0
(y —zppz—y) >0

UonmoskmM a = ry— y. Torga mociefHee HEPaBEHCTBO
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mepenmmercst B Bume (a, ) < (a, y). Ho
(a, y) = (@, z)) — (& 2o — V) = (a, zg) — | al
Hrag, molxoxms € = | @ [?, OKOHYUATENBHO TOJIyIaeM
(@, ) < (a 7o) — E.

D10 HEPABEHCTBO CIPABEJIMBO TPH TIOOHX T & X. Kpowme
roro, & >0, nbo z,E X u, 3HAUAT, Y F Z. IToaToMy

e —laf =]z —y[>0.

TeopeMa MOKasaHa.

B3ameuanune. [oxaswBag Teopemy 1.1, M HOIyTHO
OKa3ad, UTO 3aMBIKAHHE BBIIYKJIOT0 MHOKECTBA TakKie
BHIYKI0. B KadecTBe MPOCTOT0 YIPAKHEHH: MOMHO JokKa-
3aTh, UTO MHOJKECTBO BHYTPEHHHX TOYEK BHIYIJIOTO MHO-
JKeCTBA TAKKe BHIIYKJIO.

Cnepcreme1.1. ITyemv X — evinykaoe MHOMECMEO
u z, — epanusnas mowka X. Tozda nalidemcs Makoli 6€k-
mop a %= 0, umo

(a, 2) < (@, zp), zE X.

CanencrBumel.2. Ecau X u Y — Henepecekaioujueca
BNy KAbe MHONCECEW, MO CYUECeyem makoll 6ekmop a 7= 0,
ymo

(a’ x)<(a’ y), ze X, er.

CnemgcrtBue1.3. Ecau X u Y — eunyravie 3aMrHy-
mble HenepeceKauuecs MHOIeCmsed, 00HO U3 KOMopuz 02pa-
Huuero, mo cywecmeyem maxroil gekmop a == 0 u uuco € >0,
umo

(@) <(ay —e z=X, yev.

2, Boinykjbie KOHYCHI.

Onpenexenmue1.2. Muowecmso K nasueaemca v~
NYKABM KOHYCOM, €CAU OHO 6WMRYKAO U éMmecme ¢ kaxcdoti
moukoi z < K codepaum éce mouku Az npu A > 0:

Herpyauo BHAETH, 4TO €CIH Z, Y & K, 0o z +yeE K.
B camom pneme, mockonbky K — BHIOYKJIOe MHOKECTBO, TO

TO9Ka -;— z + -;—y npuragaexar K. Ho

x+y=2(—§—w+—é—y),
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OTKyfa clemyeT, uTo r -+ y & K B cmiy ompefieleHusi KO-
uyca. Hauboisiee BaKHEIE CBOHCTBA KOHYCOB (OpMYIHPYIOTCH
B TEPMHHAX, YCTAHABIMBAIOMUX 3aBHCHMOCTh MEKAY HCXOJ-
HBIM KOHYCOM ¥ COIpPSUKeHHHM WJIH ABOMCTBOHHHM K HeMY
KOHYCOM.

Onpenenenue 1.3. ITyemv K — eunyravii koHYC.
Mmuoaxcecmso ecex eexmopos y & E™, ydosesemsopaowur npu
ecex x = K mHepasencmey

(z, y) >0,

HA3bBAEMCA CONPANCEHHBM KoHYycom U obosnauaemcs K*.
dleMeHTapHAA NMpPOBepKa MOKaskBaeT, uro K* — rawske
BHIOYKIHH® KOHYC. .
JJemmal1.2. K* — samsnymuil eunyravii Kowyc.
Jemuma 1.3. Iyemv K — sunykanii kowyc. Toz0a xy &=
& K mozda u moavko mozda, koeda (ry y) >0 0as ecex
y & K*. Ecau K samknym, mo

(K*)* = K.

DHoxasaTteabecTso. OueBmaHO, 9T0 ecan zo = K,
10 (29, y) > O s Bcex y & K*. Jloxasxem obpaTHOe. MTaK,
myers (24, y) > 0 nas seex y = K*, wvo 2z, & K. Iockoms-
Ky K — BHIOYKJI0e 3aMKHYTOe MHOXeCTBO, TO Ha OCHOBAHHH
TeopeMn 1.1 cymecTByeT Takoi BeKTOp @, UTO

(@ xp) < (a,2) —e, zeE K.
Ho samrmyTHii konyc K Bcerma comepxur Toaky 0. IlosTo-
My, B 9aCTHOCTH,
(a, zg) < — & 1.1)

C nmpyroii cTOpOHH,

(@, ) >0, z= K. (1.2),
IleiicrBurensro, ecan (a, x;) << 0 mrsa meroroporo z; & K
TO, MOCKOIbKY Ax; &-K mpm A >0,

(@, zg) <A (a, ;) — &

H IOCHefHee HEPABEHCTBO [OJNIKHO OHITh CIPABEJJIHBO IPH
BCOX A, UTO HeBO3MOKHO, ecad (a, z;) <O0. Mrak, (1.2)
cupasenimBo u, smaumt, a = K*. Ho rorma (a, z,) >0,
qro mportmsopequt (1.1). Tem cammim mepsoe yrBep;KAeHHE
JeMMH JI0Ka3aHO, :
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HokaskeM Temeph BrOpoe yTBep;kaenme. Ecam z = K,
10 (%, y) > 0 npm Bcex y & K* mo ompeyieleHAI0 M HOITOMY
z e (K*)*, K C (K*)*. OGpaTHo, IO ONIpefeNeHnio, r e
e (K*)* rorma m TomBKOo TOrHa, wKorma (x, y) >0 nmasa
Bcex y & K*. Ho Bume MH mOKasanu, 9TO B 9TOM CIydae
ze K, r.e. (K*)* C K. Takam oGpasoM, (K*)* = K, uro
n Tpe6oBaIOCh HOKA3aTh.

BaskHHI KJIacc KOHYCOB, BCTPEUAIOIMUXCA B TEOPHH JH-
HEAHOTO NPOTPAMMHPOBAHUSA, COCTABIAIT MHOTOTPAHHEIe
KOHYCHI.

Onpeneaxnenme 1.4 Kouyc K Hasweaemes mHozo-
2DAHHBM, eCAU CYuecmeyem makoll KoHeUHvl Habop n-MepHBLL
eexkmopog a;, i =1, ..., m, umo uz x & K caedyem cnpa-
6e04UB0CMb PANOHCEHUS

m
x.—-E Ma;, AM>0, i=1,...,m, (1.3)

i=1

u, o6pamno, (1.3) eseuem 3a coboii erawuenue r < K.

Taxk uTo MHOrorpaHHHH KOHYyc K — 3T0 mpocTo MHO-
ReCTBO TOYeK, mpesicraBuMHX B BuAe (1.3). Ilammas Touxa
z & K B Bupie (1.3) mpeacraBasiercsi, Boo6me roBops, Heof-
HO3HAYHO.

Jdemma 1.4 IIyemv z & K, 20e K — MHo202panHbii
ronyc. Tozda cywecmsyem makoe pasioXcenue x no 6eKmMopam
a; ¢ HeompuyamesvHuMU Koddduyuenmaniy A;, 4mo uucao
undercos i, das womopwxr A; > 0, ne npesocxodum pasmep-
Hocmu npocmpancmea n. IIpu smom éexkmopw a;, coomeemcm-

sylwue HeHYyseeulM A;, AUHEUHO He3aeUCUMbL. m
HorxaszatreanctBo. llycth z= K, 1. €. x=2 \a;, =
i=1

J — MHOKeCTBO TeX HHMIEKCOB §, HJIA KOTOPHX A; > 0.
Homyctum, uro ducimo siaeMentoB B J Goapme n JIm60 5TO
9HCJ0 He IPeBOCXONUT 7, HO BEKTOPH a;, i & J, ammeitno
3aBHCEMH. TaK KaKk B N-MEPHOM IPOCTPAHCTBE HE MOKET
CyIIecTBOBAThL 6ojlee 4eM n JMHOHHO HEe3aBACHMEIX BEKTODOB,
TO B HM06oM ciaydae HafiAyTcs Takme KodduumentH o,

He BCe pPaBHEI® HYJIO, 9TO 2 a;a; = 0. Kpome Toro, mo ompe-
=y
mexenmio Y, A; = 0, ecam i & J, rak uro

.’c=27~,~ai, Xi>0, ieg.

=4
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Briuntas m3 3TOr0 COOTHOUWIEHHS npeasiayiee, YMHOKUB €ro
Ha &, Doly4aeM, HYTO ’

= Z (A — &) a;.

ey

Bes orpaHmYeHHs OGMIHOCTH MOKHO CHUTATD, aro a; > 0

A
nns  HekotopHx i E J. MMozonm € = min —.
iy, a;>0 %i
Torpa, eciam TOJOKHATB A; = A; — €%y
= Z Mai,
=y

npuaem A; >0 u mo kpaitmeit Mepe s ORHOTO i A; = 0.

TaknM 06pasoM, Mbl IONYIHIH DasioeHHe I [0 BOK-
TopaM @; C HEOTPHMATeJIbHHMH kodPUImeHTAMH, OFHAKO
YHCI0 CTPOTO MOMOKATONHEIX K0d(PHIIERTOB YMEHBIIAIOCT.

Ms Temeph MojkeM HPOJOIKATH OTOT IPONecc R0 TeX
Top, MOKA IHCIO HEHYIeBHX K02(pUIUeHTOB HEe CTAHOT MEHb-
me HIE DPAaBHO 7 W BeKTOPH @;, A KOTOPHIX A; >0, me
CTaHYT JIHHEHO HEe3aBHCHMH.

TloCcKOMBKY MBI MMeeM AelI0 C yMeHBIIEHHeM HeJI0Tro Hie-
Ja, TO ACHO, 9UTO IPOIECC He MOKeT HPOROJIKATECH Gecko-
HOWHO, W TOCJe KOHEIHOTO UMCia MAroB Mbl IPHJEM K Das-
J0JKEHHI0, Y/OBIETBOPAIMEMY YCHOBHAM JEMMEL.

JTemma 1.5. Munozozpanhvuil KORYC 3aMKHYM.

Memma 1.6. ITycmv wowye K sadan cucmemotl AUHET-

HbBlX HEepageHcme
(ai’x)>0’ i=1,...,m,

2de a; = E™. Toz2da COnPAICCHHBUIL KOHYC K* seasemces MHO-
202PAHHbLM KOHYCOM U COCOUM U3 MOLER Y, npedcmagumulr
6 eude

m
y=z Ma, M>0, i=1,...,m.

i=1

I[onasaTeJIBCTBo.PachOTpnM KOHYC

I?={y: y=él7»iai, M >0, i=1,...,m}.
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Ilo onmpenenennio K* ecTh MHOKeCTBO TOYEK X, AJIA KOTOPHIX

(z,y) >0, y= K, t.e. (x,z Mai) >0 opm Bcex A; > 0.

i=1

(""’ § )"iai> = ﬁ M (x,a;) >0.

i=1 i=1

Ho Ttorpma

[TociemHee ke HEPaBEHCTBO BO3MOKHO HPH JIOOHX A; > 0
04eBHJHO IHIIb TOFAa, Korma (a;, z) >0, i =1, ..., m,
r. 0. eciu z &= K. Takum oGpasom K* = K. Ilockoabky
R — mHororpammHii KOHYC, TO OH 3aMKHYT H B CHIY JEM-
me 1.3 (B*)* = K. Taxmm ob6pasom, K* = K, uro m Tpe-
60BaJIOCh /IOKA3aTh.

3damMeuanne. J[okazaHHAs geMMa HOCHT HA3BaHMe
nemme @Daprama — MHEHKOBCKOTO ¥ CIYKAT OCHOBHEIM
MHCTPYMEHTOM IIPH NOJYYeHUA HEeOOGXORUMHEX YCIOBHI DKCT-
pemyMma.

3. CTporo m cmiabHO BBHINMYKJIbe MHOMKECTBA.

Onpenenennme 1.5, Muoxecmeo X C E™ nasusa-
emcs CMmpozo 6LiNYKABIM, ECAU NPU A0GBL Z,, Xy = X, X, 5= Ty,
ece mouku euda

A, (1 — Nz 0<A<<1,

ABASIOMCA GHYMPEHHUMU MOYKAMU 9MO20 MHOHCECMEA.

Onpenenenne 1.6. Muowecmeo X C E™ nasvsa-
emca CUALHO BMINYKABIM, eCAU CYuyecmeyem MAKAS NOCMOLH-
nas y >0, umo awbas mouxa

nin L yeX,

ecau T, 2, E X u |yl << vl 22 — 2
Jlerko yGeaumrncs, 9TO0 CHIBHO BEIIYKJIOEe MHOKECTBO $IB-
JseTCA W CTPOTO BHOYKIAHM (HO He HaoGopoT).

§ 2. Bumykabie @gyERnun

Bunyrame gyExmua, o0Iafgas PARKOM BAKHHX CBOHCTB,
COCTABJAAIT OMMH W3 OCHOBHHIX OOBEKTOB HM3YI6HHA B TeO-
PME MarTeMaTHYeCKOro NpPOTpaMMUpoBaHHA. B TepMmHaX
BHOYKJINX QYHKIENA PopMyIuUPyeTCd 3aiada BHIYKIOTO Ipo-
rpaMMHPOBAHHA — Hambogee HCCIeJOBAaHHAA 3ajada Ha
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axcrpeMyM. OfHaKO H B obmei HeapHeAHOM 3a71aue BEIIYKJIBI®
QyHKIAA ArpaloT pemaimyio pos, 160 TOJBKO B CIydae,
Korjfla IPOHM3BOJHEE II0 HANMPaBJIEHHIO B JHaHHOH TOUKEe OT
BXONAMEX B 337ady QYHKIEH ABIAIOTCA BBHIYKIHMH QyHK-
IEAME OT HATPABIeHHsA, yAaeTcs cHopMyIHpOBATE AOCTATOU=
HO o6m7e W HCUEPIHBAKI(He HEOGXOAUMEIe YCIOBHA SKCTPe-
MyMa.

B manbmeiimeM ME GyaeM n3yJaTh B OCHOBHOM BHIIYKJIBIE
QyHKI[EE, OMpeieJleHHEe BO BCeM MPOCTPAHCTBS, TAK 49TO
ecIm 3aJaHA HEKOTOPAs BHINYKJIAs $yurnusa, To ee 3HATe-
Hme KomeuHo B Kakmoir Touxe z & E". C Toukm 3peHAA
o6meit Teopun GHIBaeT esecooGpasHo paccMaTpUBaTh TAKIKe
BEIIYKJble QYHKIWH, KOTOPEHe MOIyT B HEKOTODHX TOTKAX
IpUHEMATh 3HAUeHHme -|-oo. Opuako BHOYKJIHe (QYHKIAH,
OpUHEAMAMuUe 3HAYeHAe 00, GynyT B fadbHeimeM BCTPe-
9aThCA AOBOJBHO PEAKO — TOJBKO IIPH H3yIeHHH IBOMCTBEH-
HEX 3239 BHIIYKJOTO IPOrPaMMHPOBAHHS. ITosToMy BO BCEX
yTBePKIEHHAX TOro maparpada, ecium He OTOBODEHO mpo-
THBHOe, GyneT TPeJmOAaraThCf, UTO PacCMATPHBAEGMAA BRI~
myKiIag QYHKIHEA oIpefieJleHa BO BCeM HPOCTDPAHCTBE E" u
IpUHEMAeT KOHEUHEE BHAYCHH.

1. Onpepesienne. OcHoBHbIE cBoiicTBa.

Onpepgexnenme 2.1. dynryus f (x), onpederennasn
das ecex x = E™ Hasvieaemcs 6vINYKAOU, ecau

f (Mzy + Aas) < Mf (z1) + Aof (22)

05 6CeT Ty, Ty U Ay Ay =0, Ay + Ay = 1.
3ameuvanue. Ecuf(zr)= 1 oo aiA HEKOTOPHX Z,
TO OIpeMeJeHHe OCTaeTcs B CHIe.
Hemma 2.1. Iyemo f, (z) u f (x) — sunyrive PYrE-
yuu, @ ¢, C; — HEOMPUYAMEAbHYIE TUCAA. Toz0a

f @) =eafi (2) + caf2 (2)

— makace evnykaas PYHEYUA.

Memma 2.2. Iyems f; (), i=1, ..., m,— eunyx-
ave gynkyuu. Tozda f (x) = max f; (z)— makxe  6bi-

nykaas PYHEYUIL.
NMemma 2.3. Ecau f(x)— eunyraas PyHnkyus, mo

f(’”lxl‘l" sz + L + )‘mxm) <
KMf (@) + Ao f (@) oo + Af (Zm)
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0as A06UT HeOMPUYAMeAbHUZ M;, Ydosremeopaowur ycaosuio
M. o A, =1,

HoraszaTeancTso. llpam = 2 yTBepxpenwue cie-
AyeT H3 oUpejieNeHHsa BHNyKio# ¢pyrknmm. Ilycrs omo ysxe
morasano aas m < k. IlokaxeM, 4to omHo CIPABeJIABO HIA
m=kFk +1. Hrax, oyetb A >0, i=1, ...,k + 1,
A + ... 4 Apyy = 1. OueBmano, Mosxmo CIATATh, UTO BCE
A; ctporo Goabme HydZs, mGO WHAYE MBI GH HMeIH clIydai,
AJA KOTOPOTO HePABEHCTBO BHIOJIHSETCSA IO MPEII0I0KEHHTIO.

HT&K, kk+1>OK1 —7\«k+1 = )\q +... +?"k>0°

Wmeem mo onpepenenmio Brmykmoit OyHKIEA

Fazi+ o Mgt AgaaZiesy) <<

A
< —Mivg) f(i_——’k}tk_ﬂ ...+ T‘KTH xk) 4 Mesaf (Tiaa)-

(2.1)
Ho mo mpepnonosxenmo mupyrnnn
M Ay
f(1_xk+1x1+ R + T_’_Tﬂxk)g
M A,
ST /@ +. + T, | @) (2.2)

n6o

M k
it ——=1.
1 —A'k+1 - + 1_A'I:+1

Comocrasasia mepasencrsa (2.1) m (2.2), momyuaem TpeGyemsrit
pesyibraT.

Ha ocroBammum npmanmma wmaremaTHuecKoi HHAYKIHA
JTeMMa [l0Ka3aHa.

Jdemma 2.4 Pyusyus f(z) ewnyrsa mozda u mosvko
mozda, Kozda npu wobuz z u p & E™ eunykaa Pynryus 0dno-
MEPHO20 apeymenma t:

Pxp () =/ (z + 1p). (2.3)

2. Tnddepenumannubie cpoiicTna, Ilyers f (z) — Bumyk-
J1asg HempepHBHO Auddepennupyeman GyHKmEA ¢ Tr'PaguenToM
I (@).

Jdemma 2.5. Caedyowue ymeepadenus sxeusarenmmn:

1) f (z) — ewnykran gynryus.
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2) f(z) — f@) > (f @), z—z) 042 41066 Ty
z

s EL.
3) (' (= + Ap), p)— Heybusawal Fpynkyus M.
Ecau f (x) — 06ascdn HenpepuisHo dugppeperyupyema, mo
4) 1" (x) — mampuya 6mOpuL NpPOU3E0OHHLT NOAOHCUMENLHO
onpedeaena, m. e. (" (x) p» P) 2 0 das awobuz z, p € E".
JloxazarTeabCcTBO. 3aMeTEM Ipe)kAe BCero, 9ro
ecaa

Pxp (W) =1 (& + D),

10, KaK IOKA3aHO BHINE, Qx,p (A) — BoimyKIad pyHRIAA 7
o () = (7 (@ +3p), P) ey ) = (po [ @ 30D 2D
(2.4)

[MokaskeM, 9TO U3 yTBEPKACHHA 1 caemyer 2. JleiicTBAT®Nb-
HO, IOCKOJBKY

f((i—l)wa+7~xz)<(1—7v)f(x1) + M (@), 0<A<t,

TO

f (21 -+ M (za —; x1)) — f (=) < f (xg) - f(x1)°

{Tepexogs K mpesery 0O )\ — 0, monydaeM
(f (z1)y 22— z) < /(2 — f (z).
firax, U3 yTBepsKuAeHUA 1 camepyeT 2 HWIH, KOPOTKO, 1 —2.
Tloxamem, uro 2 — 3. Ha ocHOBaHHE YTBePHKJeHUS 2

aMeeM AIA @z, p (M)

cP;c,p (Ay) (A2 — M) < O, p(Mg) — @x, p (M)s

(P;c,p (M) (M — Ay) < Py 2 (M) — Ox,p (Ae)-
9tm ABa HepaBeHCTBA IpH Ay > Ay pamoT

(py, P (M) - (px, D (M)

Ae—M

9, , (M) S < @ (M)

1. e. (f (* 4+ Mp); D) < (f (& + Aap)s p), uro m Tpeosa-
70Ch A0Ka3aThb.
3 5 1. Myers (f (& + Ap), p) — HeyOmBalomas pyHKIEA

M. Torma gr,p (M) < Px,p (he) TPH Ay > Ay Bemm0< p <1,
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TO
1

0<p (o — ) S0l , (700 — M) —
0

— @, (b F T (ke — M) T = (1 — 1) s, p(ha) -+ PP (Ro) —
— @x, p (1 — 1) Ay A pho)e

T. €. Qgp (A)— Bumyknas ¢ymxmma A. Ho memma 2.4 rorna
NOKa3kBaer, 4ro f (x), — BHIOYKIasg QyHKHHUA.
3 — 4. Tak Kak @y p (A) = (f’ (r + Ap), p)— HeyGuBaw-
mas QyHEOEA, T0 Qrp (A) >0, T. 6.
(b, 1" @ +29) ) >0, (2.5)

OTKyJa cJefyeT, 9TO MaTpuia /7 (z) moyommTeaBHO OIpE-

NeleHa.
4 — 3. O6parHo, ecam (2.5) BHIOIHeHO, TO xp (A)

HeOTPHIATeAbHO, a 3HAUMT, @up A = (f (x +Ap), P)—

HeyOHBaomas QyHKIHUA.
Tak kKak Mu mDokasamu, 90 1 —2-+>3—1, 4—3

7 3—4, To TeM caMHM ODKBHBAJIEHTHOCTh BCeX dYeTHIpPeX
yTBepKIeHWH JeMME MOKasaHa.
Canencrsume 2.1. Keadpamuunas ¢ynryus

f @) = 5 (2 A2) + (b, 2)

ewnykaa mozda u moavko mozda, Kozda mampuya A nosoxcu-
meabHo oOnpedeseHa.

B camom neite, f (x) fBasK/bl HeIpePHBHO AuddepeHIEPYE-
Ma u f” () = A. IlosToMy yTBep:KfeHHE CHE[CTBHEA Cpasy
mosyJaeTcA W3 yTBeP:KAEHHA 4 JeMMH 2.5.

IloxazanHasa JeMMa JaeT ekl psj KPATEPHeB BHIIYKJIO-
cTH (yHKOEE, HA OCHOBAHEH KOTODHX MOKHO YyOemuthbCs
B BHIOYKJOCTU TOM Hid MHOE QyHKIUH.

Onpenenenne 2.2. [Tycmb meneps gunyrias gynk-
yus f (x) onpedeseHa & mouke To U NPUHUMAEM KOHEUHOe
sHauenue. Bekmop g Hasvisaemcs cyb6zpadueHmoM UAU onop-
HoM K yrkyuu f () 6 mouke xo, ecau 0as 6cex T 6UNOAHACMCA

Hepasercmeo
f(x) — f (zo) > (8 = — x). (2.6)

MosxHO moKasaTh, uTO ecam f (Z) HempepHBHA B TOUKe Iy,
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To B 9TOH TOYKE CYMECTBYIT CyOTpajideHTH ¥ MHOMKECTBO
cyGrpanenToB BHIYKIO, 3aMKHYTO M OT'DaHMIEHO. N3z mem-
ME 2.5 (yTBepsende 2)) cienyet, 4t0 f* (z,)— cyOrpajment
$ynEnun f () B TOUKe Iy, €CIH f (x) — muddepennupyemas
¢pyukmusa. Tak 4ro moHATHe CyOrpapuenTa 0600maer MmOHsA-
THe TpajfHeHTa.

N3 ompenmesneHHEs JderKO BHRETb, 9TO €CIA gy B gy —
cy6rpafimenTs BHIOYKIHX QyHRIu fi(z) m fa(x) B TOUKE
Zo, TO 48y + Cogy — CyOrpamment  dymrmmm cify () +
+ cofs (2), €1, €3 > 0. Taxum obpasom, ecam 3HATh Cy6-
IpajEeHTH 1A HEKOTOPHX  BBIIYKIBIX QyHKIHWHA, TO
JerKo BHYUACIHTH CYOTPajMeHT H [JIA HX JAHOHHOH Kombu-
HAIAH.

Mycrs Temepsb f (z) = max f; (z), tme f; (r) — BHIOYK-

i=1,...,
nbe QYHKIEH, W OyCTh g; — CyOTpajmeHTs! f; (x) B TouKe
z,. Torma BekTOp &,

m
g§= Z Nigis
m =

Mh=1, >0, i=1,....m M = 0, ecam f; (o) < f (To)s
i=1
ects cy6rpamment QysrmmE f (z).

3. Crporo ¥ CH/IbHO BHIMyKJble hyHKIu. Bechma BakHYIO
poJb B MaTeMarTHYecKoM IPOTrPaMMHPOBAHHH HIpaioT PyHK-
IEH, 1A KOTOPHX YCIOBHE BEIIYKJIOCTA BHIIOJHSETCA B yCH-
nenHO# (opme.

Onpenenxenme 2.3. Pynkyus f(r) Hasweaemca
cmpo2o 6unYKAol, ecau

f@=Nz+A) < —1F@ +H @ o< A<,
, zF+Y.

Ecam cTporo BHIyKIas QYHKUAA [OCTATOYHO TIajKasd, TO
CTpaBeIMBH YTBEP)KIOHAS, MOROGHEE CHOPMYIHPOBAHILIM
B nemMe 2.9.

JTemma 2.6. Cacdyrowue ymeepacOeHUs IKEUSANCHIMHDL:

1) f () — cmpozo ewnykras PYHEYUS.

2) f (zg) — f (x1) > (f' (z1), 72 — %) das  a06HT Xy,
1,=E", x4 5= T,.

3) (/' (x + Ap), p) — cmpozo eo3pacmanyai Pyrryus A.
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Onpenenenune 2.4 Dyusyus f(zr) Hasweaemes
CUALHO BBINYKAOL, ecau npu awbur xi, T, = E"

A2 < T V@) + /@l —vle—ap, @7)

2de ¥y > 0 — npouseosvrho masas nocmosmHas.

CmnbHO BHUyKTas (YHKOUA ABJIAETCH, Kak HETPYAHO
yOe[uTBCSA, M CTPOTO BHIOYKJIOH, HO, BOOGmIE roBOps, He
Haobopor.

B panbmeiimeM GynyT paccMaTpuWBATBCA NBasKIH Hempe-
pHiBHO fuddepeHIAPYeMEIe CHIBHO BHIYKIHe $OyHKIMN.

Jlemma 2.7. Ecau f (z) — deancon HenpepvigHo dug-
depenyupyemas PynKyus, mo yciosue cuavHol HRYKL0CML
(2.7) okeusasenmmo ycaosuio

(" @ p, p) >m|p|t m >0, (2.8)

npu awbur r u p = E™
Bhinonnenne mociegHero HepaBeHcTBa 03HAAET, UTO MAT- A
puua f” (x) — cutbko nosoxcumesvhas.
Canegcrame 2.2. Cmpozo ewnykias readpamuuHnas

Pynryus | (z) =% (Az, x) + (b, x), onpedesennas 6 npocm-

pancmee E", aeasemcs u cuavno ewnyraot, u Haobopom.
Horasateanctso. Heobxomumo moKasaTh ammb
mepBoe yTBep:KIeHHe.
Ucmonpays ycnosme 2) memmer 2.6, momHO yGepmrhes,
q9ro AaA adiboro z =~ 0

(Az, z) > 0. (2.9)
B 10 ke Bpems

(Az,2) > A (2, 2) = Az |2, (2.10)

TAe A — HamMeHbIIEe COGCTBEHHO® 3HATOHAE MATPHIE BTO-
puix mponsBofubix A. s cpaBrenusn (2.9) = (2.10) BriTexaer,
a0 A >0. Ho npm sroM Bhimonnenmue mepaserctBa (2.10)
03HAYaeT, 4T0 f (r) — CHIBHO BHINYKJIAA QyHKIHA.

Hyers z, — npoussoasnas toura E™. PaccMoTpmM MHO-

/HKECTBO
Y= {£:/(0) </ (a0)-

Jdemma 2.8. Ecau f(z) — Osaxncdn mnenpepssno dug-
Peperyupyemas cuivho eunykian PyHryus, mo Y — saMEny-
moe, 02DAHUYEHHOE, CUALHO GHINYKAOE MHONCECTEO.
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NoxaszaTedbCTBO. BaMKHYTOCTh MHOMeCTBa Y
clegyer W3 TOrO, ¥TO f () — HempepHIBHAs GyHKIUA.
IlokakeM OTpaHMYeHHOCTH Y. o ¢opmyne Teitmopa

1@) = I @) + (' (@ @ — 70) + 5 (" ) (@ — 7o), & — o)
e &=z, + 0 (z — ), 610, 11. G yzerou (2.8)
f(z0) > (@) > @) + ( (o) 2 — 7) -+ - |z — 2ol

Orcrofa ciaemyer, 4UTo

m

5 “.’l' —xollz + (f' (xo),x —-xo)<0,

2o — 2o < @) e — 20)| </ @)llz —nol;
nim

I o)l
|z — x| <2 —7—-

9To HepaBEHCTBO M JIOKA3HIBAET OTPAHHIEHHOCTDH Y.

VeramoBnM, HakKoHem, 4T0 Y — CHJIBHO BHIIYKJIOe MHO-
aectBo. Ilyers 4, z, & Y. Ucmoansys dopmyry Jlarpas-
xka @ ycaome (2.7), moayImM

F(2E2 ) = 1 (252) + 0 @<
<A@ +iE) —1la—nk+ Myl @A)

3necs §= 14—5—”— +6y,06 =0, 1], M — MaKCEMAIbHO®
3HageHHme mpom3BoxHO# f' (r) Ha MHOKeCTBe Y.
: ' 1
Tpenonosmmy, uto f (23) > (). Toraa 5= [/ (z)+7 (@I

</(z). Bem [y < '}7"952—131“2, ro uz (2.11) caenyer

f (xl-[z-xz +y) /(@) 1o x—l_-;—xi +ye Y. lo ompenene-

HHIO 3TO 03HAUAGT, 4T0 Y — CHJIBHO BEIIYKIOe MHOMKECTBO.
JlemmMa [oKasaHa.
3amMedaHune SaMKHYyTOCTb H CHIbHAfA BHIYKIOCTH
MHO;KecTBa Y coxpaHserca M B ciIydae, KO f (x) — nng-
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depeHnEpyeMas MM HeNPepHBHAA CAIBHO BHIYKIafg QyHK-
nua. IIpE 9TOM [0Ka3aTenbCTBO CHIABHOH BHOYKJIOCTH Y
OIHEpPAaeTCs Ha TOT (aKT, 9YTO HeNPEPHBHAS CHIBHO BHITyKJIasd
GyHKIEA HA KajKAOM OTPAHMICHHOM MHOKECTBE Y/OBJIETBO-
paer ycaopmio Jlmmmmna (cm. H. Byp6axm [1], ctp. 116).

JHlemma 2.9. Ecau mampuya [” (z) ydosremeopsem
yeaosuio (2.8), mo cywyecmeyem ob6pamnas mampuya f’-1(x),
npuuem

)~ 1- b
(" (@) p, D) < | I

Ecau k¥ momy ae mampuya f” (z) oepanuuena, m. e.
(" @ prp) < Mlipl? (2.12)

mo
m

(™ @) s p) >~ P

4. Boruytsie QyHKIMM.
Onpengexenmne. Eciu das aobuz z,, 2, = E™ u aio-
6020 0 <A <1 eunoansemes wnepasencmeo

Rz + (= A)2) SM () + (1 — 1) f (),

mo gynryus f (r) Hasweaemcs eozHymoli. .

Orcona caenyer, 910 yHKOHA f () BOTHYTa TOTAA O TOMB-
KO Torna, Korga ¢yEKnuA — f(z) Bunykmaa. C ygerom 3Toro
BCe CBOMCTBA BOTHYTHX (yHKmmii MOTyT GHTH IOIYYOHH
pocToii NepedopMyIHPOBKOH COOTBETCTBYIOMAX CBOACTB BEHI-
OYKILX QyHKO®HH.

ITo amamormm ¢ TeM, KakK 9TO [AeIaNOCh JIA BHIYKIHX
GyHKOEA, MOKHO ONPENeNHTh CTPOr0 M CHIBHO BOTHYTHE
QYHKOWME ¥ H3y4aTh UX CBOIMCTBA.

§ 3. Beiuygsoe mporpammuposanue

IIpenmer BEHIIYKJIOTO HPOTrPaMMHEPOBAHMSA COCTABJIAET 3a-
Haga MEHEMH33IAHA BHIOYKIOH PyHKIAA B BHIYKIOH 061aCTH.
Brunykmoe mporpamMmmpoBaHme cocTaBisier HamGomee paspa-
GoTaHHYIO 9aCTh MaTeMaTAYECKOTO IPOrPaMMUPOBAHHMA.

1. Ilocranoska 3amaun. OcHoBmble coiicTBa. IlycTh 3a-
flaHa BHOyKIad HempephBHAaA ¢yHKnuA | (z), z = E",
onpejieleHHasA NOpH Bcex r & E™, m BHOyKI0e MHOKeCTBO X.
TpeGyerca maiiTe MmEmMyM f () BHa MHOecTBe X, T. e.
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HA#WTA TaKyl TO4KY Iy, 9TO
/() <f(2), zE X,

JMemma 3.1. Bunyksas nenpepwsrnas g@ynkyus [ (z)
docmuzaem c60e20 MUHUMYMA HA KOMNAKMHOM 6HNYKAOM
mroxcecmee X.

JlokasaTeaXbCTBO. YTBeDHKJeHAE JeMMH €CTh
OpoCcTO 9ACTHHIA caydail XOPOIIO M3BECTHOM TEOPEMBI Beitep-
mrTpacca O TOM, YTO HeNpepeBHAs (yHKOHAA ROCTHTaeT
CBOETO MHHAMYyMa Ha KOMIAKTHOM MHOKeCTBe.

JMemuma 3.2. ITycmo muoxcecmso X samknymo, a f( x)—
dsancou HenpepuisHo OudepeHyupyemas CuabHO 6HNYKAAR
dpynkyus. Tozda f(x) docmuzaem ceoezo munumyma Ha X.

NorxasareaxsbcTBo. Ilyerb z, & X. PacemorTpum

MHO3KOCTBO
Y={z:f(2) </ (z0)}-

OHo 3aMKHYTO W OIDaHWYEHO B CHIy JeMMu 2.8.

PacemorpmM Temeph mnepecedenme X (| Y. OueBmpHo,
910 eclu i, — Touka MuEEMyMa f () Ha MaOKectBe X (1Y,
TO 3Ta TOYKA GymeT u TouKoit MummMyMa f (r) Ha X. Ho mHo-
secTBo X () Y orpaAmueHo W 3aMKHYTO KaK HepeceIeHme
ABYX BAMKHYTHX MHOKECTB, Of[HO H3 KOTOPHX OTDaHHIEHO.
Tloatomy f (z) mocrmraer csoero Mmmmmyma Ha X (1Y, a
3HAYAT, X Ha BCeM X.

BHoykiag m ¢Tporo BHOyKIasd yHKIME MOTYyT B He JO-
CTHraTh CBOEr0 MUHEMYMA.

Jlemwma 3.3. Muowecmeo X, C X mouek, 6 KOmMopux
gunykaas @ynryus f(x) Odocmuzaem ceoez0 MUHUMYMA HA
X, euinykao.

Jemma 3.4. Cmpozo ewnykaas @Pyrwkyus Jocmuzaem
80620 MUHUMYMA HA EUNYKAOM MHOXcecmsee X 6 eduHcmeer-
Holi mouke.

OHoxasaTeabcTso. llyeTs 7, m 2, — pasiamIHbly
rouxs muEnvMyma f (z) Ha X. Torpa

f(—!z"iﬁ +-%—x,)<—;-/(x1) + "%"/(xz) = f(®1),
';_xl + '%‘%EX,

9T0 IPOTHBOPEYAT TOMY, 4TO Z; — TOYKA MHHEMYMA f (z).
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2. HeoGxopmvbie yemoBusa munmmyma. Ilycrs f(x) —
nenpepsiBHO fuddepennupyemas BuOykIas QyHKnus, a X —
BRIDYKJT0e MHOKecTBo. Hac Gymer maTepecoBaTs caepmymomuit
BONIPOC: eciam X, — ToYka MuHEMyMa f (z) Ha X, To Kakme
yCIOBHUA B 3TOHl TOYKE HOJNKHH BHIIONHATHCS?

Onpemenenme 3.1. ITyemsv zo= X. Obosnanun
uepes K (x,) Muoxecmeo eexmopos p makuz, umo pE
& K () mozda u moavko mozda, xozda cywecmeyem maxoe
a >0, umo z, + ap = X.

Mmnoacecmso K (z,) Hasvieaemes kowmycom donycmumvix
nanpasaernuii das X 6 mouke z,.

JTemma 3.5. K (z)) — evnyranii wonye. Ecau p =
e K(x) uzy+ ap = X, mo zy + ap & X npu ecex 0 <
<o A,

Teopema 3.4. Iycmov z, — mouka Munumyma we-
npepuero dudipepenyupyemori eunyraoli Pywryuu f(z) na
eulnykaom muoxecmsee X. Tozda

' (z4) € K* (). (3.1)

O6pamno, ecau (3.1) sunoanero, mo Ty — MOUKEA MUHUMYMQ
f(z) Ha X.

Hoxasarenxncrso. Iyers (3.1) B Touke Z, BH-
noxueno. Torpa (f' (z4), p) >0, p € K (z,). Ecan Temeps
re X, 10 p=2—z, = K (), ubo z, +(x —z,) =
=z & X. Ilosromy

(f (2e)y 2 —2,) >0, zeX.
Ho nas sunyxnoit pyarman mo temme 2.5
F(2) — 1 (ze) > (f (24), & — ).
(@) —f(zy) >0,z X,

OTKY[ia | ClefyeT, 9T0 I, — TOUKAa MmHEMYyMa f (z) ma X
HoxaskeM Temepp He00X0AMMOCTL YCIOBHS (3.1). Hycrs

Zy — TouKa MAHEMYMa. Torga mus awboro r = X m A, 0 <

<Ai<1, :

F(1 = Nzy +A2) = f (o + A (2 — 2,)) > F (),

nin

IToaromy

f (=, +7\(f—kw.))~ f(=,) >0.



30 MATEMATUYECKOE IIPOTPAMMUPOBAHUE [PII. 1

Ilepexona K mIpefexy A — 0, moaydaeM

Ilycrs Temepr p & K (z4). Torma zy +0op =T E X,
o >0, min

=g (@— )
Torpa
(" (@) P) = o= (' (@4, & —22) >0, (3.3)

rie ydreso (3.2) m To, ITO O > 0.
‘Wirax, mepaseHcTBo (3.3) BePHO A ao6oro p € K (),
oTKyAa @ caepyer, uro f’ (z4) E K* (z4).
Cnepcraume 3.1. I[Ipu ycroeuar meOpPEMHl mouka
Ty €CMb MOUKE MUHUMYME f (z) wa X mozda u moabro mozda,
Ko2da 6HLNOAHEHO HEePAageHcmso

(f (z4), * — 74) >0, zE X,

JleiicTBATENBHO, KAK TOIBKO IO 6rTo moKasaHo, (3.2)
sxsmBaxentHo (3.1).

IToxaskeM, KaKk IPAMEHATH TBOPEMY 3.1 gng crydas, KOTAA
o6macts X 3ajaercs cmCTeMoll JIHHeHHHX HEPaBEHCTB.

Ilycts B3afaHEL BEKTOPH &; =E ied U rme
4~ @ {0 — KOHEUHHIE MHOKECTBA HHMGKCOB, 1 COOTBETCTBYIO-
mue wM dmcaa b;. Iycrs obaacTh X sapmaerca cumcTeMoil pa-
BEHCTB W HEPaBeHCTB

(ai’ .Z') - bi < 01 i e g-y (ah .’L’) - bi = 01 e go. (3.4)

Ommmey komEyC K (%,)B IPOM3BONbHOH TOTKE zo= X. To-

JAOMEM |
5 (zg) = {it (@, To) — b:i = 0,ies J}.

Tlo ompemenenno p & K (z,), eCIE To + QAP E X npm po-
craTouHo MaudsXx . Ho HerpyAHO BHJETH, ITO Zo + ap &
e X, 1. 6. TOUKa Ty + P YAOBITBOPACT (3.4) mpm MaJHX
@ TOTHA M TOJBKO TOTJA, KOTAA

(as p) <0, ie I~ (o), (as p) = 0, ie J°. (3-5_)

Takum o6pasoM, Komyc K (z,) OMHCHIBAETCA crcTeMoi
(3.5), KOTOpPYIO MHB MOKEM mepemEcaTh B 9KBHBAJIEHTHOM
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BULE:

(—a;, )20, i J (xo), (a;, p) >0, ies I,
(_an P) > O ie 30

Ha ocHoBamum aemMe 1.6 Bekrop y & K* (z,) Mosker GuThL
OpeACTaBiIeH B BHNIO

== 2 — uiai + 2 —u*iai + Z u‘iai,

ST~ (%) =54 (=54l

rme u', u*!, uw! — meorpmmatenbmnie umcia. OGosmauas
ut =utt —uti, i e J° mDomnygaem

D ule,— D) ule, ul>0, i (z,). (3.6)

=T~ (x0) (=54l

Teopewma 3.2. ITyemv f(z) — ennyraas dudgpepen-
yupyemas PYHEYUL, a mHoxdcecmeo X onucreaemcs cucmemos
(3.4). Tozda das mozo, umobu mouka x* 6viia MOUKOU MUHU-
myma f (z) na X, neobrodumo u docmamoyro, wmobs HAULAUCH
maxue uwucaa ui, i = J™ | 3° umo

f' @)+ 2 uta; =0, u'>0, iy, u' =0,

iey-yoe

ecau (ai, x*) —_ bi < 0, ie 17'.

HJokasaTelIbCTBo. Pesynmatr mOJIyIaeTCsA Cpa-
3y, ecam BOCIONb30BaThCA Teopemoit 3.1 m mpencTaBIeHmeM
(3.6) mua smememroB K* (z(), a Tame moxoxumrh u' =0
A i & I (zg).

CanepctBue 3.2. Jaa mozo umobe. mouka z, 6uaa
Mmoukol MUHUMYMA ewnykraoli Jugdepenyupyemoii Gynryuu
60 6cem npocmpancmee, Heo6roduMo u GocmAaAmoLHO 6LNOAHE-
HUe paseHncmea

I (z4) = 0.

Carepcreume 3.3. Jaa mozo umobu, mouka x, G6vaa
moukoll MuHuMyma ewnyraol Jugdepenyupyemoil Gynryuu
Ha MHOdXCecmee )

>0, jEY

ede 3} — Hekomopoe nodmmuodcecmeo MHoucecmea j =1,
2, ...y N, HEOBTZOOUMO U OoCmamouno, UmoGvl EHNOAHAAUCH
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COOMHOWEHUS
M}O, ecaw ' =0, jE,
ox’
f%l =0, ecau 70 uu jE Y-
X

3. Teopema Kyna — Takkepa. PaccMoTpeHHHe BHII® He:
00XofuMble W MOCTATOYHHE YCIOBHA MUHEMYMa OCHOBHIBa-
auch HA aGCTPAKTHOM ONHMCAHHUM JOINYCTEMOro MHOKecTBa X,
Ha KOTOpPOM MuHEME3HpoBalach Qymrnus f (z). B mmpoxom
KJacce 3amad MHOKeCTBO X 3a/aeTCs B BHJE CHCTOMH Hepa-
BEHCTB M PaBEeHCTB. B 3TOM IyHKTe IPUBORATCA HE0OX0AuMEIe
yCIOBHS MEHAMYMA [IA TAKOTo, 6066 KOHKPETHOTO CIydas.

Hrak, mycrs 3agann Brunykiase Qymxoua f; (z), i = 0,

1, ..., m, m BuOykJIoe MHOKecTBo X. Tpebyercas MUHEMA3H-
poBath f, () mpm orpaEWICHmAX
fi@<0,i=1,..,m zEX. RGN )]

Teopewma 3.3. (Kyna — Tarrepa). Hycms z,, — mou-
ka munumyma f, (z) npu oepanuuenusx (3.7) u cywecmsyem
makas mouka x, = X, umo

fi (xl) <O, i= 1, veey m,
To20a cywecmeyom makue wucaa ui >0, i =1, ..., m, umo

To(xy) + Z u¥i(xy) < fol@) + 2 ufi(z), zEX,
i=1 i=1 (3.8)

u'fi (1'*) = 0, i= 1, ceey M.

ITpusedennvie ycaosus s6aomes U G0CMAMOUHBMU.

Onpepgenenmue 3.2. Jucaa ui, dgueypupyowue ¢
meopeme, Hasweaomces muoxcumeasmu Jlazparica.

4. ]IBoiicTBennaa 3agaya. PaccMOTPEM CHOBa 3ajady
MEHEMUOB3AIAA BHIYKIoH PyHrumu f, (r) Opm orpaHAIeHHAX
(3.7). Tyers ut >0, i =1, ..., m, ¢uxcupoBann. Brrame-
M

(0@ + 3, wi)]- (3.9)

i=1

= inf
@ (v) Jnf

Taxmm obpasom, giaa u > 0 ompenmenena Gynxnuma ¢ (u),
KoTopas, MpaBfia, MOKeT NPMHAMATH ¥ 3HaYeHHA — oo. [Ipe-
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JocTaBiAeM YHATATed0 ybemmthCs, 4To ¢ (u) — BOTHYyTaA
QyHKIHASA.

Teopema 3.4 Ilyemv u >0, a z ydossemeopsem
ozpanuvenuam (3.7). Tozda

¢ (1) < £ ().
Ecau arce 6ulnosneny ycaosus meopems 3.3, mo
max ¢ (u) = min f, (z),
max ¢ () = min /o (2)

20e D — muoscecmeo mouex z, ydosaemsopsiowuz (3.7)
HorasareabcTBo. UMeeM mia z&= D, u>0

QW) < fo(2) 4+ D) ulfi (2) < fo (2)-

i=1

Ilycts Temepr BHEmONHEHH ycaoBus Teopemu 3.3. Torma
Hafierca TaKoil BEKTOD u, > 0, YTO NI HEro BHIOJHEHH
coorromenns (3.8). Ho m3 aTmx cooTHomenmit ciemyer, uro

@ (o) = fo (@) + D Ubfi (x4) = fo (z4)-

i=1

Tax xak @ (u) < f, (z4), T0 orcIOMA CuemyeT, 910 BEKTOP U
maer MakcmMyM QyHrnun ¢ (1) B o6macta u > 0 n
max @ (¥) = ¢ (uo) = fo (x,) = min f, (z),
> x&D
9T0 W TPeGOBAIOCH IOKA3aTh.

3adaua marcumusayuu ¢ (u) npu ozparuveruu u > 0
Hasvieaemcs 0eoticmeeHHol 3adauell binYKA020 npozpammupo-
6AHUS, @ U — 6EKIROPOM O80UICMEEHHWE NepeMEHHBT.

CyTs Teopemu 3.4 Temeph MOKHO IPOHHTEPIPETHPOBATH
caepyomEM o6pasom: mpu ycaosuax Teopemu Kyma — Taxke-
Pa 8HaYeHMe MAKCAMYMa IeJeBoii YHKOUE B JABONCTBEHHOM
3ajjade COBIAJA6T CO 3HAYGHNEM MHUHEMYMa MEJNeBOH (yHK-
num ucxopmoi samaum. Ilpm sTom MHOkmTenm Jlarpamxa
HCXOJHOR 33139 ABIAITCA PelIeHneM [BOMCTBeHHOM 3agaun.

YacTo 3amava BEIIYKJIOT0 HPOrPAMMHAPOBAHHS BOBHHKAET
B Qopme: MUHEMHU3HEPOBATH f, (Z) IpH OTpaHMIEHAAX

@<, i€d, fi(@) =0, ied, z=X. (3.10)
3pech J” m J° — KomeUHIe MHOMECTBA HHAEKCOB, fo () m

2 B, H. IImennunnft, 10. M. Danuaun

S
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fi (z), i € J~ — BHOYKIbE bysxmmm z, f; (z), i E J° —
nupeiinsie QyHEnEA, a X — BHITYKI0e MHOMECTBO. .

Jlas Takoit B3amaiM [IBOMCTBEHHAA OIpefieIAeTCA KaK
sanava Maxemmmsamum ¢ (u) TP OTPAHMTISHHAX ut > 0y
i< Y, roe u EMeeT KOMIOOHEHTH v, ied Uia

o= int [fo@+ 3 wfi@]. @A)

iey- oo

Taxum 06pasoM, IACIO TBOHCTBEHHBIX NEPEMEHILIX DPaB-
HO YHCIy OTPaHMICHHH (3.10), m coOTBETCTBYIOMAS i-My.
OTPAHAYCHHI0 TEPeMEeHHAs u! mpuHMMaeT HeOTpHIATeNbHHE
3HAYGHM, CJH OHA COOTBETCTBYET OFPAHIIEHHMIO THIA HEpA-
BOHCTBA, I MPEHAMAET NPOWBBOJIBHH® 3HATEHUHA, €CIH COOT
BETCTBYeT OTDAHMYEHHIO THIA DABOHCTBA.

5. Bajaua JsMHEHHOTO DPOrPAMMHIPOBAHMI. 3apgaga IH-
HE#HOTO MPOTPAMMHPOBAHASA COCTOHT B MUHMMU3ALIHA PyHK-
nan f, (x) = (ay ) Opa OTPAHAIEHAAX (3.4)

(ai,x)—bi<0, iE:j-, (ai,l‘)—bi—_:O, iE.'j".

Dra 3ajjaga coBHmafgaeT C sapaueit (3.10), ecan
fi (1?) = (aia x) —_ bi’ X = En.

Moewma 3.6. Ecau oepanunenus (3.4) cosmecmmubl, mo
aubo sadaua AUHelH020 NPOZPAMMUPOEAHUL UMEET pewerue
Ty, AUGO SHAUEHUE nuscnel epanu fo (z) = (aq x) npu ozpa-
nunernusz (3.4) pasno —oo.

Jl0KasaTeIbCTBO JTOH JeMMb UMEETCA B Kypoax IgHeR-
HOTO IPOTPAMMHPOBAHHA.

Heo6xoquMee yCIOBHA, XapaKTePH3YIOMUE Ty, — pe-

meHme B3afadl JIHHEHAHOTo HPOTPAMMHPOBAHMA — AAIOTCA
IpoCTO mepedopMyTHPOBKOM TEOPEME 3.2, mockoasky fo (z) =
== ao.
Teopewma 3.5. Jaa mozo ymo6y, mouka Ty Obiaa pe-
wenuem 3a0auu AUHEH020 NPOZPAMMUPOSAHUSR, Heo6x00UMO
u docmamoyHo, ¥mobsl HAWAUCH MAKUE YUCAA iy Yy,
ymo

G+ D) ule=0, u>0, ied, ul =0, (3.12)

= Ve .

ecau (a; 1) — 0; <0, i E J.
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IMoctpomM 3afady, MABOMCTBEHHYIO K 3anade JIMHEHHOTO
TporpaMMUPOBAHHA. Ilo oupenmenenmio B STOM CiIy4ae

@) = inf [fo(w)—i— 2 uifi(x)]=
x=E™

ieg—yse

— inf [(ao’ ) + 2 ut (a5 x) — bi)-l =

x=E™ iey—-0
= inf [( (ao 4+ 2 uiai) ,x) — 2 lﬁbi] =
*x<E™ iey-yae iEey-y&e
— D) ulb;, ecam ao+ > ula; =0,
ies— oo iEy-yoo
— o<, ectn ag+ Yy ula;==0.
ieg—yoo

TakuM o6pasoM, 3ajaua, ABOACTBOHHAA K 3ajjade JWHOi-
HOTO TPOTPAMMHpPOBAHHSA, T. 6. 3afada Makcummsamma ¢ (u)
npu ycaoBusax ut > 0, i € J7, 9KBEBAIEHTHA 33/1a76: MaK-
CAMHA3HEPOBATH

— D uly (3.13)
iey-yoo
opu orpannqennax

a4+ D) wle =0, uix0, il (3.44)
icg—yoo

Teopewma 3.6. Ecau ucxodnas sadana aunelirozo npo-
2PAMMUPOBARUS UMeemn peueHue, mo mrodcumesu Jlazparsica
A6ARIOMCA  peweHueMm deolicmeenHol 3adaui, u npu  IMOM
SHAUEHUe MUHUMYMA yeresoll PYHKYuu 6 ucrodnol sadave
PagHO SHAUEHUI MAKCUMYMA Yeaeeoli PYHKYUU OeolcmeenHoL
sadauir. - ‘ _

Yacro B 3ajiaue JUHOHAHOTO IPOrPaMMHPOBAHHA, IOMHEMO
orpapmueHmit (3.4), TPHECYTCTBYIOT OTPAHWYCHHS BHJA

Z>0;j =%, (3.4")
rme % — mopmmomectBo mHAeKcoB 1, 2, ..., n. Hcmoms-
3ys Teopemy 3.6, durare]p JETKO MOKAyKeT CIEAYOMmi pe-

3yabrart.
- Teopema 3.7. Ecau 3adaua auneiinozo npozpammupo-
éanus ¢ ozpanuuenusmu (3.4), (3.4') umeem pewenue, mo

2%
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muoxcumea Jlazpandca, coomeememeyouyue 02PAHUNEHUAM
(3.4), ssaniomea pewenuem 960ticmeeHHOl 3adauu: MAKCUMU-

aupoeambd
—_ 2 u‘bi
iey-yoe

npu 02paru4eHuUsx

a4+ D) ulal>0, je¥,
ey~

d+ D wed=0, iE% w>0, i€y,
iey—-yoe

20e ai — j-A KOMnOHEWma 6eKMOpA a;. SHAUEHUL MUHUMYMA

yeaesoli PyHKYUU 6 ucrodHol 3adaue u marcumyma e 0soii-
CcmeenHol — cosnadaiom.

6. 3agava KBagpaTHUHOr0 nporpaMMmpoBaHmsA. 3ajgada
KBAIpaTHIHOTO IPOTPAMMUPOBAHAA COCTOMT B MAHAMH3AHE
KBaJpaTHIHONA PyHKIHH

fo(2) = - (2, C2) + (d, 2)

opu orpanmyeHdax (3.4). 3mech C — DOJOKHTENBHO OIpe-
MeJleHHAs CHMMETPWYHAS MaTpuma pasmepom n X n, d —
n-MepHHIi1 BEKTOP.

Jlevmsma 3.7. B sadaue ksadpamuxnoz0 npozpammupo-
6QHUA HUNCHAA 2panb aubo docmuzaemes, aubo pasHa —oo.

JlokasaTeqbCTBO 9TOTO pe3yJbTaTa MH He IPHBOIUM.

Teopewma 3.8. Jas mozo umoSe. mouka z, Ovia pe-
wenuem 300auu  K6aOPAMUUHOZ0 NPOZPAMMUPOSAHUS, HE06-
z0duMO U Odocmamouro, umobb. HAWAUCL MAKUE UUCAA Uy
ey Uy I, umo

Cry+d+ 2 uya=0,

isy-yoo
ulk =0, ecau (a; z,) —b; <0, iesd,
Uy >0, i€ I

JloxasareabCTBO MmOJNyJaeTCs IyTeM HPAMOro IpHMeHe-
HEA Teopemu 3.2.
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[ycrs Temepb MaTpuna C CTPOTO MOJNOMHTENBHO OIpere-
neHmAsf, T.e. cymeersyer Taroe y, uro (z, Cz) >yl zll®
B srom cIyuae Marpuna C HEBHPOK/EHA M MMEET obpartHyI0
C-1. TloctpouM ABOMCTBEHHYIO 3aKaTy:

o=t [n@+ 3 uhie)]=
xEE

iey-yoe

— it [F @ +@n+ 3 (e - )] =

*cE™ = e
— inf [— th + — (2, C ,d ig,)].
x«:;:"[ ieazu.‘/ou Lt 2 (e C2) + (x —I-E”Z,U‘”u a)]

[IpzpaBEEBas IPOM3BOJIHLIE OT IPABO TACTH HYII0, HAXOJUM,
9T0 MEHEMYM JOCTHTAeTCA OPH

z@u)=—C? (d+ ) u‘ai) .

iey—-yoe
Ilpm arom
pw=— 2 ubi—
iey-yoe
—g(a+ D vac? (a+ 3 wa)). (.15

isy-yoe e~y

TaxuM o6pasoM, ABOJCTBeHHAA 3afada COCTOHMT B MaKCH-
mmzanna (3.15) mpm orpaEmYIeHHAX w>0,iE J.

Teopema 3.9. Ecau munumyn ¢ sadaie rkeadpamui-
H020 NPOZPAMMUPOSAHUA OOCMUZAEMCA U MAmPUYaQ C cmipozo
nosoNeUMesbHo onpedesena, mo 9as sadauu KeadpamuiH0zo
npozpammuposarus eepra meopema Hyna — Takkepa (3.3)
u eepna meopema 3.4. Ilpu smom — MHOHCUMEAU Jazpanxa
UCT0OHOL 300aHU AEASIOMCR DeuleHuem O8olicmeeHKol 3adaqu,
U ecau U, — pewerue 060licmeeHHOU sadauu, mo peuwerue
ucxodnol modcem Gwumov Halideno no gopmyae

s =—C(d+ 3 uey) . (3.16)

(=Wl
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§ 4. HeoGxopumbie ycnoBas mMuanMyma

O6mas 3ajaua MaTeMaTHIeCKOTO MPOTPAMMHPOBAHASA CO-
CTOUT B MUHAMH3auuu QyHKnmz f,(z), r & E™, Ha MHOMKe-
CTBe, 3aJlaHHOM CHCTEMOH PaBeHCTB W HEPABEHCTB

i@ <0, ied, fi@=0 i, zX. (41)

3nech J~ m J° — KOHeUHEe MHOKECTBA WHIGKCOB. Beony
B oTOM maparpade Oyner mpepmonaratsCs, 4To f; (r) — He-
mpepHBHO fuddepennupyemsie yHKOUE, HMEINEe TIpajyu-
eHT f; (z). OTHOCHTeNbHO MHOKecTBa X IOKA IpeAUONaraTh
HEYero He Oymem.

I'nasmoit sapmaueit sroro maparpada GymeT BmBop Heo6-
XONMMHIX YCIOBHM, KOTODBIM [0JDKHA YJOBJIETBOPATh TOYKA
Zy, KOTOPAs naer MUHEMYM f,(z) mpn orpanwmdenusx (4.1).

1. OcHoBHbIe onpemesenns.

Onpenenennme 4.1. Muoxecmso D mouer, Yydos-
aemeopawwur ozpanunerusn (4.1), Hasweaemes donycmumos
obaacmovio. )

Mz Gynem mpemmomarath, 4TO 3TO MHOKECTBO HeIyCTO.

Onmpenenenme 4.2. Oyuryus f,(x), Munumusu-
pyemas na D, nasvieaemcs yeaesoii gynryuei.

Onpenenenme 43. Toura z,, ydoeaemeopaiowasn
(4.1), 42 womopoii .

fo(ze) <o (@), z € D,

HA3K80eMCL  MOUKOTE MUHUMYMA.

Onpenmemenme 4.4 Toura x, Hasweaemcs mourois
£0%KAAbHO20 Murumyma f, (x) na D, ecauw cyuecmeyem maras
OKpecmHoCmb Q MovKU Z,, Umo

. f(zy) <fo@), z=D N Q.

B nanbmefimeMm, Kak mpaBuio, paccMaTpHBAaeTCA 3ajmada
muHmAMAsannn f, (z). OdeBEgHO, 4TO 3aa4a MAKCUMA3ALEH
HEKoTopoil ¢yHknmn f (z) Ha D cBOgWTCA K 3a7aue MEUHEMII3a-
una Ha D Qymrnum fy (z) = —f (z).

2, Heobxonmmbie ycioBHA MuHEMyMa.

Onpenmenenme 4.5 Bekmop pe E*  onpe-
deasiem Oonycmumoe HANPABACHUE OMHOCUMEALHO MHONCECMEA
X 6 mouke zy = X, ecau das aw0bur eexmopos ¢; = E*, i =
€ I u awbux dynryuii ri(A), i = J°, ydoesemsopsiouuz
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ycaosuio ‘o
lim 2 — )
lim — 0, (4.2)
GLINOAHAEMCA :
go+Aip+ A rdesX (4.3)
sy

npu docmamouno maruz A > 0.

Temepp MoxHO chopMyampoBaThH OCHOBHOH pesyabTaT,
KOTODHI Oy/ieT 0Ka3aH B 3TOM ITyHKTe.

Teopewma 41. ITyemv z, — moura a0KAALHOZO MU-
numyma fo (x) wa D. ITycmo, kpome mozo, mHoxcecmeo donyc-
MUMBLT HANpasAeHUil omHocumeavho mHoxcecmeéa X & mouxe
x4 obpasyem eunykaniii konyc K (z,). Tozda naiidymes makue
wucaa u®, uwt = J° |4 J°, umo

W@+ D ufi(zy) = K*(zy),
iss-Uso
(4.4)
ulfy (z) =0, i, ut>0,i=0, i< 5.

MoxaszaTeasncTBo. PaccmoTpmM pBa cayuas.
1) Bekropm f; (z4), i & J°, numeitno saBucmmu. Torga
HafifiyTcA Takme ymeaa ui, i = [J° uro

Z uif; (.’L'*) = 0.

isdo

Honomms u® =0, ut =0, ie J, yGempmaemes, uto Bce
YTBED)KIGHHA TEOPEMH BHIIOTHEHH.

2) BexropH f; (z), i € J°, numeiino mesasmemmul. Torja
CYIECTBYIOT TaKHe BEKTODH e;, i &= J° dro

(ﬁ(x*)’ e.i) = Gij' i jEe 50! ’

rae 6” = 0, ecan i #=].l7[ Gii =1,

[Iycrs o6mee 4mcio MHEEKCOB i B MHOMecTBe /I~ A
paBHO m. PaccmoTpum B mpocTpamctBe E™*1 MpmoskecTBO Z,
ompenenenHoe cienyomuM o6pasoM. BekTop z mpmmagme;kut
Z Torga W TOMBKO TOTJia, KOTMA CYIeCTBYeT TaKOd BEKTOP
p € K (z,), 9ro

2t = (fi (zy), p)s ecam f; (z,,) =0, i Y~ Y ¥ mam i = 0.

HOMnoneHTH z'BexTopa z & Z, afa KoTOpHX f; (ze) < O,
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npousBoibubl. Tak Kak K (r,) — BHOYKIHA KOHYC, TO Jer-
KO BHUJETH, 94T0 Z — TaKKe BRIIYKJHIA KOHYC.

Omnpepennm Teneps MuoxKecTBO P. Bexrop w & P Torpa
TOJIBKO TOT[A, KOTHA

wi < 0,ecnn f; (z4) =0, i Y mmmi =0,
wi =0, ecam i = J°.
OcTanbHB® KOMIOHEHTH BeKTopa w mpomsBoabuH. OueBmp-
HO, YTO P — TaKe BHIIYKJI0® MHOKECTBO. .

Ioramxem, ato Z 1 P He mepecexaorcd. [lonycTHM OpOTHB-
moe. Torma maitgercs Taxoi BexTop po, = K (Z4), ITO

(fi (z4)s Po) <O,
(fi (z), Po) <0, ectm i € J™ = f; (z) =0, (4.9)
(f; (x*)’ po) =0, ies 0.
CocraBuM Temepb CHCTeMY yPaBHEHHH OTHOCHTEILHO dyHK-
mair rt (A), i = I
fi (24 + 220 + 2 rie) =0, i€ 9. (4.6)
icdo
O6o3naunM
Gt =1i(zs +rpo+ D rie), i€
sy
Torga cmcrema (4.6) 9KBHBaJIeHTHa CHCTeMe
gn=0ied (4.7

KoTopas ompepeiaser ri Kak HesBHHe ¢ymrmumm A. Tax kax
Ipejmoaaraioch, 410 f; (¥) — mempepsisHO nuddepeHNApye-
Mee QyHENEA, To g; (A, r) HempepuBHO AEpdepeHnupyems
mo A u r* rakske. Ilpm aTOM JeTKo BEIYHCIHUTH, 4TO

ag, (0, 0) ,
__13')“__ = (fl (x*)’ Po) = 09 ie go’ (48)
B cmiy (4.5), ’
o, (0, 0) ,
—— = i@ e) = byj- (4.9)

9g; (0, 0)

QO6o03HaunM uepes Ag/Or MAaTpPULy ¢ KOMIOHEHTAMH X
T 9
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i, j € J° Mo Teopeme o mesBHHX ¢ymrmumsax cucrema (4.7)
paspelIEMa OTHOCHTEIBHO & HPA MalHX A, €ClId MaTphmna
dg/or mesrposxnena. Ilpm artom r (A) ects nmpdepenmmpye-
masg yrxmusa A, r (0) =0 m

’ dg \-1 dg
rm=—(5)" 5 (4:40)
og 9g; 0, 0)
Ifie 5~ — BOKTOD ¢ KOMIOHOHTAME ——p—. B paccmarpm-
BaeMoM cJydae
o8 _ dg _
or L o 0, (4.11)

rge I — epmmmanas marpuna. Jrto caexyer u3 (4.8) m (4.9).

Taxmm 06pasoM, ME BHJUM, 9TO IPH MAJHX A OIPe/IeIeHH
pempepuBHO Auddepennupyemsie dymrmmm ri(d), i J°.
IIpm arom

ot =) o )
{lj’g—x——{‘_‘f,?‘r"‘ 0)=0 (412)

B cany (4.10) m (4.11).

Iycrs Temeps z (A) =z, +Ap, + > r*(M)e;,. Torga mpm

icyo
marex A >0 z (A) € X B cuny onpepenenns K (z,), nbo
Po € K (z,). Hauee, f; (x(A)) =0, i J° B cmuy Toro,
aro ri(A) ymoBmerBopsioT (4.6) mo ompemenenmio. [laiee,
opr Manux A >0 f, (z (A) < fo (z4). B camom pene, mo
dopmyre Teiimopa
fol® (V) = fo(ze) + (fo (B) 2 (A) — 24),

rae § — Touka oTpeska, coefuHAnmEro z, u x (A). Iloatomy

’ I‘i ’
eI fold) _ (7 @), p) + 3 T2 (15 @), @)

sy

Tak kak B cmry (4.5) (fy (Z4), Po) <O, a
MAJIHIX TOJOKATeNBHHIX A moxydaeM & — z, m

fo(x () — fo(®.)
.°__A_°_ <0.

—0, To npm

rt(\)
A

Amnanormumo, ecin i = J” u f; (z,) = 0, To u3 (4.5) caexyer

9To
fi (x (z’)) <0’ e g_’ fi (1'*) = 0.
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Ecam xe f; (z,) <0, ie J7, 7o f; (z (A)) <O mo mempe-
-PHIBHOCTH.

Wrak, Togxa x (A) OpE MaJdHX HOJOKATENIBHHX A yA0B-
nersopsier Bcem orpammuenuaM (4.1) m f, (z (M) < fo (z4).
Ho »To mpormBopeduT TOMYy, 4TO I, — TOYKA JIOKAJIBHOTO
MHHAMYMA.

IlonyuenHoe mpoTmBOpedrme MOKA3HBAET, YTO MHOKECTBA
Z n P ne nepecerarorca. Tak Kak 9TH MHOMK6CTBA BEITYKJHe,
TO HX MOMKHO pasfeauTb. ITO 3HAYMAT, 9TO HAMAYTCA TaKHe
He Bce paBHHe Hyaw0 yucaa ul, ut e J~ |J J°, gro

oot S umswst 3 el seZ we.
icr-yoo iey-yas (4.13)

Crpyxrypa MHOKecTB Z m P To3BOAAeT CJeJaTh HOKOTOPHIe
BHBOAH 0 umciaax ui. B camom peme, mo ompepeinenuio P
w® MoeT IPMHEMATH Jd1000e 3HAUeHMe, MeHbmee HylIs. Or-
ciofia caenyert, uto u® > 0, mGo mHAaYe IPABYIO 9acTh MOKHO
6sLIO OH celaTh KaK YrogHO 00JBINONH B TPOTHBOPEYHHA C
(4.13). AmamormuHo,

u'>0, ecan f; (z4) =0, is I (4.14)

Ianee, ecim i = J~ u f; (z4) <0, To w' mpomsBoabHO.
ITosTomy, uroGu HepaBeHcTBo (4.13) mmemo mecto HeoGXo-
AUMO, ITOGH

ut =0, ecnm f; (z,) <0, i I} (4.15)

Yerpemasia temeps w B (4.13) Kk HymIo Tak, TobH w < P,
yuarhBag (4.15) 1 ompepenenne Z, molaydaeMm

w0 (fy (zy), D)+ D) U(filze) p) >0, peE K(zy),
iey-yoe

ann

(@) + X wi@)p)>0, peK(@,). (416)

iey-yoe

Ioxaszamnsie yreepsknenus (4.14), (4.15), (4.16), ouesmpmHo,
OKBMBAJIGHTHH yTBOD)K/ACHUIO TEODPEMEI.

IorasaTerscTBO 3aBepIIeHO.

Caegcrtsue 41. Ecau X = E™, mo dasn mozo, umo-
6tk mouka I, 6GbAG MOYKOU AOKAALHOZ0 MUHUMYMA, He06xo-
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OuMo cyuecmeosanue marux He écexr PABHBIT HYAW uuces ui,
Ymo

W)+ X ui(ze) =0,

ies-yoo

W>0,u>0ic J, uif(g) =0, i I (417

HoxasareasbctTBo. Ecam X = E" To0 m€io6oe
HanpaBleHHe p ABIAETCA AOMyCTHMHIM, T.e. K (z,) = E".
IloatoMy komyc K* (r,) coCTOMT w3 eJUHCTBEHHOrO HY-
JeBOT0 BEKTOPa, W cooTHomeHms (4.4) cpasy mepexofsaTr B
(4.17).

CaepcrBue. 4.2, faa mozo umobe mouka x, 6baa
moukoli mupumyma f, (x) é obaacmu

>0, je ¢,
2de Y — nodmmoacecmeo umdercoe 1,2, ..., n, Heob6rodumo
8INOLHEHUE YCA08ULL
%>0, ecau x4 =0, j=%,
oo (2y) . . (4.18)
—2* =0, ecawzyx >0, jEY nim jE Y.

ox?

Hoxasarexanctso. Orpanmuenua z’ >0, j = %,
MOryT OHTh TepemmcaHn B Bufe (—aj, 2) <0, jE %,
rfie a; — BEKTOP ¢ KOMIOHEHTAMH a} =8;;i=1,..,n.
[Ipumenas mpeapifymee ClIefcTBHe, MOJXydaeM, UTO Haii-
AyTCA HE BCe paBHHe Hymi0 umcaa u’ u W, j &= ¥, uro

uof(') (24) — 2 uia’j =0, ul u’ >0, ujxf,‘ =0, je 7“ (4‘19)
ey
[TepBoe m3 cooTHomenmit (4.19) mMosxer OHTH 3ammcamo B
OOKOMIIOHeHTHOM BH[E:
0fo (24) 8. —
ul——= — A uwbi=0

P)
z =
uin

w o) _ i = uoa_f%u =0, i=%. (4.20)

i
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Us (4.20) cmenyer, aro u® > 0, nbo ecim w =0, To m
Bce u' = 0, wro mpormpopeumr cilemctamio 4.1. Iloaromy
MOJKHO CUHTaTh, 9To u’ = 1.

U3 (4.20) um (4.19) cpasy moiydvaercs yTBepHiIeHue CJIef-
CTBHA.

Onpenenenue 4.6. Touka MUHUMYMA T, 6 3ada-
ue munumusayuu fo (z) npu oepanuvenusr (4.1), 20e X =
= E", nasveaemcs pesysipHol, ecall 2paduenmul f; (zyg) Ona
undercos i maruz, wmo i = I~ |J J° fi(xy) =0, aunet-
HO He3QEUCUMBL.

Caemcrsme 4.3. Ecau mouka z, pezyaapha, mo 6
(4.17) mommo nosoxums u, =1, a mHONUMEIU ut,
i JJ° onpedesstomes 00HOSHAULHO.

HorasarenxscTso. B camom neme, u®> 0 B pac-
CMaTPHBAEMOM CIIydae. 6o ecam u® = 0, To B cary (4.17)
rpafmentH f; (z4), JAIA KOTOPHX i & U, fi(ze) =0
oKasajmch OH NAHeiTHO 3aBucHMEIME. Jlajnee, B CHIY COOTHO-
menni (4.17) ui = 0, ecan f; (z,) <<0. Iloaromy mepsoe
coorromerme (4.17) ¢ u, = 1 maer pasnoxenne

Bexropa fj (z,) Mo MMHEHHO HE3aBHCHMLIM BEKTOpaM f; ()

®, 3HAYAT, OJHO3HAYHO OIpefendeT K0d(PHIMeHTH ut.
Iycrs Teneps B 3ajave (4.1) orpannmienns THIA HOPABEH-

CTBa OTCYTCTBYIT, 4 MMEIOTCH TOJbKO OTPAHMIGHHS TANA pa-

BeHCTBA
filz) =0, i "

z X = E*. Ecam z, — Touka MEHEMYMA f, () Opm Takmx

OTDAHNYeHHAX M TPAJMOHTH f; (r,) JIAHEAHO HE3ABHCHMEI, TO
Heob6XonuMsle yclIoBua MmEEMyMa (4.17) sammmyTcs B BHA®

fo(@e) + D uifi(@g) =0.

=t
MHOKECTBO BOKTOPOB P, YAOBIETBOPAIMAX YCIOBHIO
(f; (1‘*), P) = Oy ie go,

B paccMaTpUBaeMOM CJIYy4ae Ha3HBAaeTCA KacaTeJIbHBM MHOTO-
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o6pasHeM K MHOKeCTBY
D={z:fi(x) =0, i I%

B TOUKE T,.

CanepmcrBume 4.4. Jaa mozo umobs mouka ., & Ko-

’

mopoii fi (z4), i J° auneiino Hesasucumvl, 6viaa mMouKol
munumyma gyrwryuu f, () Ha mroxcecmee D, Heobxodumo,
umo6u zpaduenm fy (z4) 6bLL 0pMOZOHANEH KACAMEALHOMY MHO-
2006pasuio k D 6 moukre ., m. e. ecau p npUHAdAEHCUM KACA-
meavromy MHo2000pasuto, mo (fo (z4), p) = 0. Apysumu cao-
eamu, npoekyus eexmopa fo (z,) Ha KacameavHoe MH02006pa-
sue DAsHa HYAI0.

HoxaszarenscrTso. Eciunz, onpu crerannsix npep-
HONIOMEHAAX — TOYKA MHHEMYMA, TO

(fo(24) D) = — D ! (fi (z), ) = O

=44

s 1060ro BeKTopa p m3 KacareilbHoro MuHorooGpasms. O6-
’

patHo, ecau (fy (z4), p) paBHO Hy;I0 mpm JXi060M p, IPHHAN-

JeKAIeM KacaTeIbHOMY MHOTo0Gpasmio, TO HMEeT MeCTO

IpefCTaBIeHTe

fo(ze) = — D wifi(zy)
«iego

KaK 310 caenyeT w3 JeMMH 1.6, ecim pacmmcaTh Kaskmoe w3
paBeHCTB (f; (z,), p) = O B Bu/le ABYX HePaBeHCTB

(fi (zy), p) > 0, — (fi (z4), p) > 0.

3. Munumakcuas sagava. Ilycrtp TpeGyercs maiiTm TOUKy
MuHEMyMa QyHKOAH

[(@)= max f(z), (4.21)

=1,e00y

rne f; (x) — HempepuBHO pumpdepeHmUpyemMbe (QYHKIAH,
z & E". Uro6H UOpAMEHATH W3I0KEHHHE B IPENHAYINeM
OyHKTe pe3yJbTAaTH, CBeleM 3amady MumHmMusarnuadm f (r) K
DKBUBAJIOHTHOM 3a7gade MAaTeMaTHIECKOTO NIPOTPAMMHPOBA-
HAA. A IMEHHO, JeTKO BHJETh, UTO €CJIH BBECTH /[OMOJHATEIb-
HYyI0 HepeMeHHy0 £"*!, T0 z, — Todxka MmHEMyMa f (r) — Oy-
JeT TAaK:Ke peIIeHAEM CIenyolneil 3ajgadd: MUHAMH3APOBATH
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g, (x, 2**1) = 2™*! mpum orpaHHIEHHAX |
g (@) =f (@) —2 <0, i=1,..,m (422)

n+l

n /
le?I(aT(;M MHUHEMAJIbHOE 3HAUEHHE g, (£, 2"*l) paBHO Ty =
=f ). ,

HP;MGHHM k samage (4.22) ciepcrsme 4.1 Teopemsl 41.
IIpm oTOM HamoO ydecTh, ITO PAcCMOTPEHHe TEIepb HPOH3BO-
muTcs B TpocTpamcTBe K™t mepemMeHHHIX z, ..., 2%, ™,
TaK 9T0 TpajWentH QyHKNmi g; (r, 2"*!) EMenT BHJ '

; 0
g (x, ™) = (é}‘?) , i=1,...,m, g, (@2 = (1) .

IIpumenennme ciaencTBus 1 Temeps faeT: HAHAYTCA TAKHe He

BCe paBHHE HyII0 wncaa u’, ui, i =1, ..., m, aro
0 i :
/ i=1 -
>0, i=01,.,m (4.23)

ut (fizy) — x:xtﬂ) =ul (f; (xy) — f (zg)) = 0,1 = 1, .., m.

Ilepsoe w3 cooTHOmeH i (4.22) Kaer, UTO ul = 2 ut. Orcropa,
i=1

rak kak u' > 0, caenyer, aro u® > 0, m6o mpm u’ = 0 Bce
u' Take OHLIM OB pABHH HYJT0. YUATHBAsA O{HOPOTHOCTH
cooTHOmeHNH (4.22) OTHOCHTeNBHO Wi, MOMHO CIHTATh, UTO
u® =1.

Mrak, OKOHYATeJABHO ME TOIYIWIH CIeAylomui pe-
3yJabTar. , N

Teopema 4.2. Jaa mozo ¥moGsl Mouka Ty 6blAG MOY-
koti munumyma f(z), onpedeseHHOU coommnoweruen (4.21),

Heo6TOOUMO, UMOobH HAWLAUCL makue uucaa ut, i = 1, ..., m,
umo
m
D uif;(zy) =0,
i=1
m
Du=1, ui>0,i=1,...,m, (4.24)
i=1

ut (f; (z4) — f(24)) = 0, i =1,..,m.

g T

PRSPy ——
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" 4. Heofxommble yCJIOBUsS BTOPOro MOPANKA. BosBpaTaM-
cs CHOBA K 3ajiale MUHMMH3ANAN fo () mpm orpaHUIEHHAX
(4.1), X = E™ 0O603HaIAM

Luw=fi@+ 2 v (4.25)

eI~y

JlomycTuM, 4TO TOUKA I, — PeINeHHe mocTaBJeHHON 3a-
jaun MHEHAME3ANAA — PeryrapHa (ompepenenme 4.6). Tor-
112 B CHLY CIe[ICTBESA 3 TEOPEMSI 4.1 nepsoe coormomenue (4.17)
MOKeT OHTH 3aMHCAHO B BH[E

Ly (x4 u) = 0. (4.26)

IomycTuM Temepb, ITO BCE bynxqun f; (z) ABaKAbL He-
npepHBHO AAQPEPEHIHPYOMS, T. €. CYmIeCTBYIOT HeIpePHIB-
HEle MATDHIE BTOPHX OPOM3BOAHEIX fi (z). HoaTomy omperie-
7JeHa W MATPHIA BTOPHX IPOM3BOAHBIX Lyy (24, u) GyHRIHE
L (z, u) mo z. . .

I3 mpeamoIoKeHnA PeryIAPHOCTH Ty CIEYeT, 9TO COOT-
pomenne (4.17) ofHO3HAYHO ONPEREIAIT MHOMKHTENH Ul
ie y U J° Obosnaumm

Yy (zy) = (i >0, ie I}
Y (@) ={i: fil®) =0, i€ I}
B cmry (4.A7), g (z4) C I (24)- IycTs Temepb BeKTOP P
yIOBJETBOPsET HOPaBeHCTBAM
i (z) 2) <O, i€ I (ma)y $E€ To (24)) (4:27)
(fi (xe)s P) = 0, i o (z4) U J°.
Tonomnm
Pp(ry) = (€Y (=) U Y% (fi(ze) P) = 0}. (4.28)
B cmay peryisapHOCTH Z, BEKTOPH fi (), i € Tp (z4), nE-

Heiimo HesaBECHMEHL. I103TOMy MOKHO MOKa3aTh, YTO CYIECT-
syer rakas Qyukmaa r (1) E", aro

@) =0, i Jp(za) (4.29)

e z(A) = x4 +Ap + 1 (), img r_gp = 0. lenaerca aTo

TOYHO TaK e, Kak Op; JA0KAa3aTeJIbCTBe TeopeMEL 4.1.
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Tanee, ecam i &= Jp (z4), TOo amO0 f; (z,) <O, ambo
(fi (z4), p) <0, aT0 B 060HX CIyUasX TapaHTHDPYET HOPABEH-
¢1Bo f; (z (A)) < 0 mpm manux A. Takum 06pasoM, rouxa z (A)
IpHE MaJHX A yoBIeTBopseT BceM orpammieHmaM (4.1), X =
= En. Wcmoassysa aToT dpakt, a rarmke (4.27) — (4.29), mo-

IygaeM
fo(z W) = L (z (A), w),

u60 ecam ul = 0, To B cury (4.29) f; (x (A)) = 0. B T0 xe
BpeMs, u3 (4.17) momyqaem, ato f, (z4) = L (24, u). YanTH-
Bag Temepb, u4T0 Z (A) yAOBJIETBOpSAET BCEM COOTHOINGHMAM
(4.1) m uto x, — TOuKa MEHEMYMA f, (r) IpH OrpaHEIEHAAX
(4.1) momywaem mpm MamHX A:

L (z (M), u) > L(zy, u).

Ho pasmaras ¢ TOYHOCTHIO 70 WIEHOB BTOPOTO HOPAAKA Ma-
xocta L (z (A), u) mo cremenam A, moiydaeMm

L@ (M), w)=L (@ ) + (L (@ u)s 2(0) —24) +
+ g LaEO )@0) =) 2 () =24 >L(@w W),
rie & (X) — Touka oTpeska, COeJEHAIIMEro Z, u Z (A), Tax

aro & (A) >z, mpm A— 0. BocmombsopaBmues (4.26),
HoJIyIaeM

P (L@, w (p+ 1), p+ ) >0

PaspmenuB Ha A? m yCTpeMHuB A K HYJI0, OKOHYATeIbHO MOJNY-
qaeM

(Lyx (24, w) ps p) > 0.

Joxasana clefyomas TeopeMa.

Teopewma 4.3. ITyemv gpynkyuu f; (z) deaxndn He-
npepuigho Ougpepenyupyemsl, U T, — De2YAAPHAL MOLKA
MunumyMa fo () npu oepanuuenusz (4.4), X = E". Toz20a
cywecmeyiom maxue wucaa ut, i < Y~ J J° umo

Le(ze,w) =0, wi>0, i€y, ufy(z,) =0, i€ I,
u
(L;x (24, u) p, p) >0

das ecex p, ydosaemsopsiowux Hepasencmeam (4.27).
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§ 5. Herotopsie aomnoHMTepbHblE CBETEHHS

B maremaTmueckoM aHadm3e paccmaTpmpaercs (PopMyaa
Hriorora — JleiiGEnma, ycTaHABIMBAKIMAA CBA3L MEMKAY
cKadAgpHo# QpyHKIHMel f(x) m ee mpomsBoaHOH. Ita PopMmyaa
0600maerca Ha CIy4al ONEPaTOPHHX QyHKIHA.

Ecau F (x) — Ougdepernyupyeman onepamopras @GyHx-
yua, onpedeseHHas HaA OMKEDPLIMOM GLLRYKAOM MHONcecTnEe Q &=
=Euzx,x+ he Q, mo

1
F(z+h)—F(z) =\ F' (z + oh) hda. G.1)
0

JlorasaTeabCTBO 3TOH QOpMYNHl (COpPaBeIMBOM HW JJAS OIe-
PaToOpoB, ONpefeleHHHX B (YHKI[HOHATBHHX HTPOCTPAHCT-
Bax) copmepskmrca, mHampmmep, B kumre A. H. Kommoroposa
n C. B. ®omuna [1], etp. 477.

IIpmBegeM eme ofgHO CBOMCTBO ONMEPAaTOPHHX (QyHKOUIA.

Ecau F (x) — HeauHelinas duggepenyupyemas onepamop-
Has gynryus, mo 04a awbux x, h, y &= E™ cnpasedausa gop-
Myaa

(F(z+h)—F(2), y) =F (z + 60k, y), (5.2)
0<0<1.

9ry ¢opmyny masmBaoT Qopmymoit Jlarpammxa mia ome-
paropoB (maum o6obmenHO#t ¢opmyrou Jlarpamuxa). Ioka-
3aTeJbCTBO (OPMYJH (mias omepaTtopoB 6Goiee oOIero Bm-
Aa) ggmno Haiitm B Mmomorpagmu M. M. BaitanGepra [1],
cTp. 33.

B mocaepyromux riaaBax M GygeM YacToO HMCIOJb30BATh
dopmyay Teitmopa ¢ ocraToTHsM wieHoM B dopme Jlarpammxa.

Ecan f(r) — mBaskan mHempepHBHO AuddepeHmuapyeMas
(YHKOMA Ha BHIYKJIOM MHOMKecTBe Q, To mpm J06HX I, x +
+heEQuacs][0,1]

f(z + ah) — f(z) = o (f (z + abih), h)

H
Jz o) =@ +a(f @) h)+ 5 (' @+ abh)h, B),
rge 6,, 6, = [0, 1].
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KPATKAA BUBJIHOTPADOUA /

CBOMCTEA BHIIYKIHX MHOECTB I BHIYKAHX (GYHKIHH B KOHeTHO-
MepHHIX NpOCTPAHCTBAX ommcaHe B KEMrax C. Kapamuma [1],
T.B3onmrenpesixa [1, .. Korum n B. Kpenme [1].
HauGouee monHoe ommcanme copep:xmr kmmra P. T, P(/Katbennapa [11.
CpoifcTBa BHIYKJIHX MHOKECTB H QYHKIHE B QyFKIUMOHAJBHEIX IPOCT-
paECcTBaX HOAPOGHO MCCIONVIOTCA B KHATe H. lasdoppa #
I. T.MIsapma

CrnennanpHEEe CBOHCTBA, CBA3AHHEIE CO cTporoft M CANBHOH BHIIYK-
nocTsio, npmeenent Beratbe E. C. JlesmrmA A ¥ B. T. loaxasa-
Ka

Cpe# MHOTOYHCIEHHEX PaboT, MOCBAMEHEHX TEOPHH HeoGxoH-
‘MBIX YCNOBHIl SKCTpeMyMa, OTMETHM KHHATH C. Kapamma [1),
I'Bosirenneiika [1],C.M.3yX0BAQXKOro 1 JI. 1. A B-
geesoi [1], . I. Kosnm n B. Kpexxe [1], rme paccmor-
PeHH 3ajauM JHHEHAHOro M BHIIYKJIOTO MPOTrPaMMHMpPOBAHI B KO-
HeYHOMEPHEHX IpocTpaHcTBaX. Bozee MONHYo TEOPHIO He00X OTUMBIX
VCIOBHi MepBOTO MOpsAKA B 06meM caydae duTaTelNb HaiieT B paboTax
A A.ly6osrnkoro BAAMUAOTHEHA [1], JI.B. H e ii-
mrangra [1], . Xaakmma = J. B.HestmTapnra [1],
B. H Hmemmnunoro [1], M.P.XecTeHCaA 21, K. Tx. 9p-
poy, I.Typrmma uX.¥YasaBH [1]. B rmmre M. P. Xecren-
ca TaKyKe WM3JIOMKEHH HeOOXOIWMBIe YCHOBHA BTOPOrO MmOpAAKA.

3amaun JAWHEHHOr0 IPOrPaMMEPOBAHMA moapofHO PaccMOTPEHH
pxmmrax . Te#tma [1], ix. Jaanura [1],C. Kapamma [1],
C.H.3yxosmukoro u J. I ABpeenoit [1], rme mpHEBe-
HeHH TaKKe BHIYMCHUTENbHEIE aATOPHTMH H TEOpHA ABORCTBEHHOCTH
B JMHeHHOM OpPOrpaMMApoBaHmH. B obmem ciydae TeOpHs ABOACTBEH-
HOCTH B BHIIYKJIOM IMPOTPaMMHDOBAHAA PaccMaTpuBaiach B paGorax
E.l.Toasmrenna [1], 2l m P.T.Poxadennapa [1].

TeopeMy 0 HeABHHX YHKIHAX, KOTOPAS ACIOMH3YeTCA DK BHIBOJI®
‘HeOGXONEMEIX yCJIOBHE  DKCTpEeMyMma, YHTaTeNXb Hajizer B KHHTE
T.M.bumxternroansma [1]
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FrIABA I1

METOJIbI MUHUMN3AIIUN OYHRITAN
BE3 OTPAHMYEHUN

Hacrosmas riaBa HOCBAIMEHA H3YYEHUIO 3aaYd MEHMMM-
sanuu GyHKIuH f (), ompefieeHHOR B n-MEPHOM eBKIHI0BOM
npocrpancrse E". Taxmm oGpasoM, BCIORY B aTO# TiIaBe T —
n-MePHBEIA BEKTOD.

Jlaa pemenus safaun OyAyT HCIOJNb30BATHCA HTEPALHOM-
HHI@ IPOLECCH THIA

Tger = T + AP 0.1)

Iie p; — BEKTOD, ONpefelAlmnii HANPABIeHHe [BUKEOHU
13 TOUYKHE Zy, Oy — YHACIOBON MHOKHTENb, BOININHA KOTOPOTO
ompefieJser [UIMHY IIara B HANOPABICHUH Dj. A
Ipomecc (0.1) Gymer ompepenen, ecam GyAyT yKasaHH
¢n0CO6H IOCTPOGHHS BEKTOPA Py M BHYMCIGHHA BeJMIHHH
o Ha Kakmoit mrepanmm. OT TOro, KaxmM 06pasoM CTPOHTCA
BEKTOD py M ONPe[eJsaeTcs MHOKATENb O, HeNOCPeICTBeHHO
3aBHCAT CBOHCTBAa IIpomecca:. moBefeHHe (QYHKNWHA Ha 3Jie-
MEHTAX TOCHENOBATOABHOCTH {Zy}, CXOJHMOCTb MOCIe/0Ba-
TeJBHOCTH K PEMeHHI0, CKOPOCTh CXOAMMOCTH M [pyrue.
B To ke BpeMsi pasimdYHEI® CIIOCOGHI MOCTPOEHHS BEKTOPA Dy
1 MHOMKHTENA o TPeOyioT PasTMYHOrO KOJMTIECTBA BRITHCIE-
Huil, HaKJIaJAbBAIOT Pa3iu9HEe OIPAaHAYCHHA HA MHHAMUSH-
pyeMyn (YHKOHIO. .
TosicHEAM C0o00paskeHHA, KOTOPEIMA MH B [aAbHOHIIOM oy-
[ileM PYKOBOACTBOBATHCA MpPH BHGOpe HampaBiaeHAA ABHKEHMA
U BeJIMIHHH IHara. - '
Iaa Toro 4ro0H OPHGIH3ATECA K TOUKE Ty (B o6mem cay-
4ae I, — TOYKa, [fe BHIIOJHAKTCA — BO3MOMKHO, C Ompe-
IeJeHHOH TOYHOCTHI0 — HEOOXOXHMbIe YCJHOBHA BDKCTPEMyMa
¢ynxmmn f (r)), ecTecTBeHHO ABATATHCA H3 TOYKH Iy B Ha-
IpaBjIeHAn yOBaHUA QYHKIWH, T. 6. B HANPABJIeHHHA COyCKa.
Ecam touka z, He sBiAserca TOYKOH MEHHAMYMa HJIH CTalno-
HapHO# TOYKOi, TO CymecTByeT 6eCKOHEYHO MHOTO BEKTOPOB
P, ompefenfONEX HANPABIEHHA COYCKa H3 TOIKA Ty,
IpuYeM Kakgblil M3 HEX OMpeJensercs ycioBueM (B.cCIydae,
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roraa f (z) nuddepeHnupyema)
(' (zx), p) < 0.

9T0 BHTEKAST W3 CIEAYIONMX PaCCY;KIeHHH.

Mycrs = = zx + op. Mcmonpsysa pasnoxenne QyHKOIUH
B pap Teitopa B OKPECTHOCTH TOUKH T (PadyMeeTCs, IPH 3TOM
mpepmonaraercs, uro Gpymrnua AmddepeHnupyema K0CTATOL-
HOe 9’CII0 Pas), MOKHO MOTY9HTh MPECTaBICHH®

1@ = F (@) + oy P+ (Frop, P)-

3necs obosHaueno fx = f' (zk), frke = [" (The)s Tke = Tk +
+ 0 (z — zx), 6 =10, 1]. Oru xe obosmavenma (Aas Kpat-
KOCTH) MH 9acTo GyfeM HCHONb30BATh HA IPOTSAIKOHHH BCeH
ITaBH.

Ecan (f, p) < 0, To, Bo BcAKOM ClIydae OPH MaJbX 3Ha-
weHAAX mapamerpa a, f (z) < f(x;), Tak Kax OpHE 9TOM 3HAK
IpaBO# WACTH OUPENEIACTCH WIeHOM, JHHOHHEIM OTHOCH-
TEJIBHO O.

Bri6mpas pasiWYHEIME cmocofaMm HampaBIeHH® CIOYCKa
A MHOKHTOIb O, MOKHO IOJYyIaTh Ppa3IHIHEE aJTOPHTMH
MEHEMA3aNHH.

§1. T'paguenTHHIe MeTOIB

1. Merop Hanckopeiimero cmycka. IIpome Bcero BHGpaTh

HaIpaBlieHHe Dy, YAOBIeTBOpsiomee ycaosmio (fx, px) <O
(T. e. ABIAOMeecA HampaBieHmeM cmycka f(z)), momarad
’

pe = —fx
NrepaimoHHHI ITPOLECE
Tpn = o — ouf’ (@), g >0, k=0,1,..., (1.1)

HOMy9alomE#icsa IPA TAKOM BHOODe HAmpPaBJIeHHs JBIKeHHA,
Ha3HBAETCH Memodom Hauckopeliuezo cnycka, WIH epaduewm-
Hon memodom. B KooppummatHO# dopme mpomece (1.1) samm-
CHBaeTcsA cJAefylommM o0pasoM:

z of (=)

k+1 = ax‘i

B Hacrosmee BpeMsa MeTof, HAWCKOpEHIIero coycka fB-
JsAeTCA OHAM M3 Hau0 0166 H3BECTHHX METO/{0B MUHAMA3AIH.
B Goxpmoii cTemeHN ITHPOKOMY PAcIpOCTPAHGHAI0 9TOTO Me-

zi , i=1,2,...,n

¥ %
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rofa CHmOCOBCTBOBAIA 6ro CPaBHHTeJbHASA WMPOCTOTA M BO3-
MOKHOCTH TPAMEHOHHSA JJIA MAHUMH3AIMA BeChMa IIHPOKOTO
giaacca (QyHKROmA.

[IpmcTynaM K H3YYeHHIO CBOMCTB aJITOPHTMA (1.1). Onm-
[meM Ipeye BCero cmocol, KOTOPHIA MBI GymeM HCIOOIB30BATh
[7is BHOOPA BeIHIAHE CKAISAPHOTO MHOKUTOIS O .

1) Bui6mpaeM HEKOTOpOe HPOHM3BONLHOE 3HAUEHHE O (opm-
HO W TO Ke HAa BCeX HTepanusaXx) M OmpefeddeM TOUKYy T =

= Iy — afr. )
2) Brrumcasem f(z) = f (zy — ofx).
3) IlpomsBoguM HPOBEPKY HEPABEHCTBA

f(2) — f(z0) < ea(fi, P (1.2)

re 0 < & <1 — npomsBoibHO BHOpaHHAA KOHCTAHTA (om-
Ha m Ta ke mp: Beex k=0, 1, ...).

4) Ecam mepaBenctBo (1.2) BHIOJHHETCA, TO 3HadYednme O
7 GepeM B KauecTBe HCKOMOTO: oy = 0. EcJIm jke HepaBOHCTBO
He BHIIOIHWTCS, IPOM3BORAM ApoGIeHme o (HyTeM yMHOe-
HEA 0. Ha IPOX3BOJbHOe Tucio A << 1) o Tex mop, moKa Hepa-
BeHCTBO (1.2) He OKaKeTCsA CIPABEIMBEIM.

IIpmBeneRHHI cmoco6 BHOOpa o HYKTAETCHA B o6ocHOBa-
AEA: HeoOXOAMMO BHIACHATH, IPH KAaKHX YCIOBHAX CYyIecT-
BYIOT HeHY/IeBHe 3HAUOHAA NapaMeTpa o, TPH KOTOPHX Hepa-
senctBo (1.2) BmmonmsercA. Taxoe oBocHOBaHMe cmoco6a
BEOOpa O TPOBOJHUTCA B JOKa3HIBAOMOHl HWKe TeOpeMe.

Teopema 1.1. Ecau gynryus f(z) oepanuiera cru-
3y, ee ezpaduenm f' (z) ydoesemeopiem ycaosuio Junwuya:

1 (@ —Ff DISR|z—yl (1.3)

npu awbux z,y  E™, a enbop sHauenus oy npouseodumcs
onucanHuM ewwe cnocobom, mo dan npoyecca (1.1) 6ydem
I Fr |0 npu k-— oo, rarosa 6b HU OblLIQ HALAALHAL MOY-
Ka Zg.

Noxasarteuabctso. Ilo Teopeme o cpenueM

f@) —f(z) = (f" (Zko)s ¢ — Zi), (1.4)

e e = zx + 0 (z — z), 6 [0, 1]. Yrobs me orosa-
pHBATBCA KB Pas, OTMETHM, 9TO @ B JalbHeHImeM mH-
nexc «key («o»). Gymer ymoTpeGiaTHCA A o0o3HAueHHA He-
KOTOPOH ITPOMEKYTOIHON TOYKH COOTBETCTBYIOMEro OTPe3Ka.
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Pasencrso (1.4) Mo:xHO npeo6paszoBars K BuLy
F@) =y = (fior & — 20) + (fio — for 7 — z).

Orcroma, yumThBas, 9to £ — Iy = —ofy, memoanaysa (1.3),
norydaem

F@ =< —a(fer ) + aR | 2 — 2| I | <
S —o|filf + aR |z — o ||fi | = «ll fx P (—1 + «R).

Ilonygennas omemka mnoKassBaeT, dTO CYIECTBYIOT 3Hade-
HuA o % 0 Takme, uTo mepaBemcTBo (1.2) BHmOIHAETCA: A
9TOTO JOCTATOYHO BrIOpaTh o0 TakmM 06pasoM, arobur —1 -+
4 aR < —e. ITo Bcerga BO3MOMKHO CHEIATh, TOCKOJBKY

R — orpannvennas Beamumna, a 0 <g << 1. CrreioBaTebHO,

(1.2) 6yner Bo BeaAKoM ciryuae BHITONHATHCA HPH & < : ; ®,

Hrak, BeiGupas o B COOTBETCTBAM ¢ IPHBEJEHHHM BHINe aj-
TOPATMOM, WOJYIAM

o — o << —eoue || i 7, (1.5)

T. €. npm awbom k Oymer fuy — fr <O (upm ycaoBmm

| f | %= 0). Ilockoarky dpymkmms, mo ycaopmio, orpaHAIeHa
CHA8Y, TO M3 TOCJTEJHEr0 HePaBEHCTBA BHITEKAET, 4YTO NPH

k — oo
fen — fe > 0. (1.6)
Ns (1.5) caegyer
, fe — fi
1/ P<< k_wk-ﬂ . 1.7

3aMeTuM Temepb, UTO MPAMEHAEMEI aJITOPHTM Bhibopa o
rapaHTHpyeT, 4To npm JawboMm k Gymer a; > & > 0, rie B
KadecTBe G MOKET CAYKATH M1100asd KOHCTaHTA, HE MPEBHINA0-

1—e
Mas BeIHIUHE —p—, HOCKOIbKY, KaK YMe OTMeJalocs,
gepaseHctso (1.2) (mam (1.5)) 3aBemoMo BHmoNHAeTcA IpPH
— 8 o
o= —5. C ygeTrom aroro samedanus us yciaosuii (1.6) m (1.7)

caenyer, ato | fx [— O npm k — oo, uTo m moxaskBaer Teo-

peMy.
HKuace ¢yrrnmii, yaoBirerBopAomux TpeGOBaHHAAM Teope-
me 1.1, Becbma mupok. Takme QyHrmmm Moryt BooGme He

o ANy
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uMeTh TOYKH MEHAMYMA, MOTYT HMeTh JOKAJIbHbEe MAHAMYMBI,

cepgioBEe Toukd # T. . Teopema 1.1 morasmBaer, uro rpagu-

eHTHHI# MeToR ofecmedmBaeT CXOJEMOCTH mo QyHKImE au6O

K TOUHOR HmxHe#t rpannm inf f (x), 1u6o ke k 3mavenm0 PyHK-
X

nEA B HEKOTOPOl crammoHapHO# Touke. CXOMEMOCTH IOCIe-
moBaTeabHOCTH {I)} K CTAHIHOHAPHOHA TouKe (ecadm TaKas
CymeCcTByeT) IPH 3TOM TAKKe HMeeT MeCTO, HO yCTAHOBUTh,
KaKoBa e CKOPOCTh CXOJAWMOCTM IPH TeX TpeGOBaHHAX K
¢yHKIUA, KOTOphIe NpeNbABIANTCA B TeopeMe 1.1, sarpynnu-
teabHO. [Ipm pmocraTouyno kecTEMX Tpe6oBaHMAX O TIaf-
KOCTH M BHIOYKIOCTH (YHKOAA MOKHO [OKa3aTh He TOJBKO
CXOTHMOCTh IIOCIE[0BATeAbHOCTH {Zy}, HO H OUEHHTH CKO-
POCTH CXORHEMOCTH. :

Teopema 1.2. ITyemv f(x) — deandn wHenpepsiero
dudpepenyupyemas GYHKYus, npusem ee Mampuya 6mopux
npou3sodnux ydosiemeopaem YCA08UAM

mlyP<E @y, ) <M|yll, M>m>0, (1.8)

npu arobur z, y < E™, a nocaedosamesvhocmo {x;} cmpoumes
no memody (1.1), 20e o ewbupaemes onucAHHuM ewuie cno-
cobom. Tozda npu ai060l Hauarvholi mouke x, 6ydem x; —
= Zy, [ (2) = f(24), 20e xo — mouka munumyma (edurcm-
gennan) f(x).

Has ckopocmu “crodumocmu cnpagediughl oyenku

fr — Fu <" [fo — fal, “.’l}k_x*“<ch/20 (1.9)
C< oo, 0<g<.
HoxraszarteascTso. CymecrBosanme m egumHCT-
BEeHHOCTh MHHEMYMa f (Z) IpH YCIOBHAX TEOPEMH BHTEKaeT
n3 peayasTaroB demMMel 1.3.2. IloatoMy Ham Hy;KHO MOKa3aTh
JHIIb CXOAMMOCTH IIOCHO[0BATEIBHOCTH {Zy} K TOUKE Iy
n moayunts oueHKH (1.9). YcramoBmM BHauasme cmpaBepim-
BocTh mepBoit W3 omeHoK (1.9). Hcmonnaya ¢opmyrny Tei-
JIopa, mMOIyIaeMm

@) = 1@ + (@ 05— 2) +5 (@) (@4 — 2), 24 —2),
OTKyfa, ¢ yderoMm (1.8),
F@) = @) < (@), z2—2) — Flaz— 2, P <

SIF @[z — 2o — 5 |2 — z4 P (1.10)
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B 10 sxe BpeMsa (mockoabKy f' (zy) = 0)

1@ — [ (@a) = 5 (" (2) (z — T4}y & — )y

moatomy B cmay (1.8)
"o —nf </(0) = f @) < le—azal. (140)

Wcnoassys nesoe ms Hepasemcts (1.11) coBmectHO C (1.10),
yCTaHABIUBaEM, UTO

Jo — o] <L, (1.12)
a m3 mpasoro mepasenctBa (1.11) crenyer
2
lo — 2, > 1/ (@) — 7 @]

C yueroM monydenHsix omenok (1.10) MoxHO MpeACTaBHTH B
BHJO

1) — F () <R 211 (2) — F(za)l,

OTKYAa
17 @P>m(t+5) 1@ —F @l (1.43)
Hcmonbaysa Ty omeHKy B mepasemctse (1.5), momymm
fn—fe<—sum (L4 ) Ge =) (149)
Ilpa ycioBHAX TEOPEMEI
F @) — 1 @) = (o @ — 2 + 5 (o (@ — @) 7 —20) =
— i P+ E Gl <—a(t—2F) 15

Orciona ciexyer, uTo HepaBeHcTBO (1.2) 3aBe/{OMO BHIIOTHAOT-
cs1, ecam Gymer 1 — —2M>e, e o<a .—-——ﬂ- Cyuae-
toM aroro m3 (1.14) BriTexaer

fon — fu <[t — s (1 + §3) ] Ve — 1) <a G = )
rne q=1—-e€m(1+%)<1, T. e.
(fk—f*)<qk (fo—f*)° (1'15)
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2(1—e)
M

[ocKOIBKY O = , Gymer

2e(1—e)m ( m )

— —\tw,

OTKyJa cJjengyeT, 94T0 MHAHHMAaJbHOE 3HATCHHE 3HAaMeHAaTeJlA
1

OPOTPeCCUHA Gmin HJOCTHUTAGTCA NPH € = 50 opunueMm

len=1—%(1—|— %)

ciefoBarenbHo, B yciaosu:m (1.2) memecooGpasHo mojararh
e = 1/2. Onenxa (1.15), coBMecTHO ¢ IeBoii u3 oneHnok (1.11)
[O03BOJIAET YCTAHOBHTH CXONAMOCTh M OLEHKY CKODOCTH CXO-
AAMOCTH IIOCHE[OBAaTeNBHOCTA {Zy} K TOYKe MHHAMYMA:

(12—l < (2)" G = 10" < (2) "o — ) < Cap

Teopema moxasaHa.

AHaIu3 TMPOBEJEHHOr0 [OKA3aTEJIbCTBA IOKA3hIBAeT, 4TO
nasA monyyenus omeHkH (1.15) ME, B KOHEYHOM CUeTe, HCHOIb-
soBaim aumb ycaosusa (1.2) m (1.13). OTciofa MoskHO 3aKIIIO-
9uTh, UTO KiIAacC QYHKIHMA, MIA KOTOPHX OyfeT copaBefIuBa
omenka (1.15), B [elicTBETeJBHOCTH TOpa3fo IOMpe, 94eM
KaIace yEKOUi, yaoBaerBopsomux yeaosnaMm (1.8). A mven-
Ho, omenka (1.15) Oymer cmpaBemamBa AJs Bcex (QyHKumIL,
yAOBIETBOPAKIAX yciaoBhAAM Teopemel 1.1 m, Kpome ToOroO,

YCI0BHIO
1f (@) P > 8 1f(x) — f&l, 62>0.

IoxasarteancTBo cupaBepauBocta omenknm (1.15) B aTom cay-
vae (AKTHUECKH He CBA3AHO C BOIPOCOM O CYMIECTBOBAHHH
MEHAMYMa — MOXHO cumTaTh, 4ro f, = inf f (z), me mmre-
pecysch, OCTHTAeTCS JIM TOYHAA HIKHAA rpanb. QnEaKo cae-
JyeT MOYePKHYTH, 4TO0 Y (yHKIM TAKOT0 KiIacca CyMEeCTByeT
TOYKAa MHHEMyMa — He 00g3aTeJbHO eJWHCTBeHHAsd, IpPH-
9eM IIOCJIef[0BaTeAbHOCTD {Z} CXOmATCA K Kako#-mmbo Tod-
Ke Zy, N JJS CKOPOCTH CXONUMOCTH CIPaBeJMBA BTOpasA M3
omenok (1.9).
B camoMm pedne, ncnoanays (1.1) m (1.7), monyumm

1T — P = G P <E (fe— fin) <
< (e — 1) <R g1y — £o] < O

&

g=1—
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3nech Clmax — MAKCEMAJBHO® 3Ha49eHHe IapaMeTpa, ¢ KOTO-
poro HaumHaercs npoGiaeHme. C yderoM aToro Ajs JA060r0

m >k
m—1 m—1 k2

I2m — 2l < 2 200 — m| < 2 g2 < Ci/’1 - oy

i=k i=k

OTKyZHa caefyer, u4To mpE k— oo |z, — x;]—>0, T e.
mociesoBaTenbHOCTS {7y} CXORHTCA (K HEKOTOPOMY MHUHH-
MYMY Z4); OPH 3TOM

1
/s 2 k/g.

|20 — 2] = lim | 2, — 2] < G

2. Paznmunsie BapnanTel Merofa. OnucaHHHI BHIIE CHO-
co6 Bri6opa mapamerpa o B mpomnecce (1.1), cBAsamALIA ¢ MIpo-
BepKoit HepaBenctBa (1.2), He mABIAeTcA e[UWHCTBEHHO
BosMOKHEM. Ceifuac MH OCTAHOBAMCA Ha HEKOTOPHX [PYTHX
cmoco6ax BEIOOpa 3HAYGHHS Olp; KaKAHA M3 TAKHX CIOCOOOB
ompeyeifieT pasiMdYHLEE BapHAHTH rpafueHTHOro Metofa. Ilpn
noxasaTennsctse TeopeM 1.1 m 1.2 GElTO ycTaHOBIEHO, UTO He-
paBeHCTBO (1.2) saBefoMO BHIIOJHAETCA NP S3HAUCHHAX

a < (Teopema 1.1) au6o upm a<2(1ﬁ—4— J (reopema 1.2).

I/Imenno 3T0 06CTOATEIHCTBO M MO3BOIMIO JOKABATH YTBEPIKAe-
HAA o cBoiicTBax Meroma (1.1) mpm BrGope o) M3 yCIOBHS BH-
nonnerns HepasencrBa (1.2). Ecam maBectHrl KoHCTAaHTH R
mianm M, xapakTepH3yomue MaHAMAApyemyo yHarnaio f (),
TO B Me'rone (1.1) moxkHO BapaHee BHOpaTh o = G, THe

- 11— 2 1
I<ag Jm600<a< 2( —e)
1.2 coxpan;rr cuny. B raxom BapnaHTe rPafiueHTHOTO METO-
lla yraeTcs YTOYHUTH BeJIMYMHY 3HAMEHATEJSA ¢ B ONEHKAaX

cxopocr:m cxonmmocta (1.9).
Teopewma 1.3. Ecau ¢ynryua f(xr) ydosremeopsem

yeaosusam meopems 1.2 u 6 memode (1.1) oy = a, 0 a5z,
mo 0as  ckopocmu czodumocmu nocaedosamesvocmu {xy}
cnpasedausa oyeHka
lor — 2 | <@ | 20 — 24 |,
g=max {|1—oam|, |1 —aM |},

, 7 opd aToM TeopeMsr 1.1
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NPUYEM MURUMANLHOE SHAYEHUE Guin = docmuzaemcs

M—m
M+m

2
npu o = T Tm:
HoxasartenbcTrBo. HMmeem
[[Fr+r = Tx P = (@ — ofs — zy, L1 — Ly) = ,
= @k — Zoe — 0 (fk — f4)s Tpna — Zy).

Ucnonssya dopmyny Jlarpamma mus omeparopos (I.5.2),
HOJY9IAM

(@ (i~ Fa)s s — 24) = (0o (@5 — 24)s Zpos — ).
C yuerom sroro
i1 — T P = (I — 0fe ) (75 — 24)y Tpsq — Ty) <<

S — ofie |2 — 24 | | 241 — EM S
1. €.

ﬂxk+m—x*ll<lll—af§§cll l[x,,—:c,,[]: qnxk—x*lL
B cmny ycmormit (1.8)
q=||I—ocf';¢c|= max {|1 —am |, |1 —aqM I}

Ha wuntepBane (0, 2/M) numefimas $ymxmma 1 — oM
saBeqoMo MeHser 3HaK. IlosroMy mmmmManbmoe 3magemme
gmin (@) 6yneT moctmrathes, Korna 1 — am — —(1 — aM);

_ H _ M —_m
T. €. O == M+m: P 3TOM, OYeBUNTHO, (i, = m .

Teopema moxaszama. .

2
OtmermM, uT0 mpm o = M T m Tepnas ms onemox (1.9)
YTOUHSAETCA CaeyomuM o6pasom: A ’ \
M — 2
fea— 1< (37mm) " — ). (1.16)

VkaxeM eme oldH CI0c06 BbI0Opa mimEH mara. Moskmo
BHOUpaTh BEAMYHHY Oy W3 yCIOBHS MAHEMYyMa QyHKOUE B
HampaBneHWN JBWKEHHS, T.e. BHOpaHHOe BSHaYGHMe [
ROIKHO -06ecmeunBaTh BEIIOMHEHZE ycaoBAA o

f (@ — 04fi) = min f (2, — af). (1:47)
a0

Ipa rarom cmoco6e BeOOpa BelMYMHE mara Bce Pe3yabTaTH
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OTHOCHTEIBHO CBOMCTB METONA (1.1), mpEBefieHHEIe BHIIIE, OC-
TaloTCA B CHJe; KPOMe TOTO, yAaercs mOoLyInuTh Gonee TOIHEE
OLEHKH CKOPOCTA CXOJZHMOCTH.
IloxaskeM YTBEPKTCHH®, amanormanoe Teopeme 1.1.
Teopema 1.4. Ecau pynryua f (x) ydossemeopiem
mpe60sanHuim meopemsl 1.1, u 6 memode (1.1) oy ewbupaemca

us yeaosua (1.17), mo “fk | >0 npu k — oo, kaxosa 6v1 HU
66ia0 HAUAALHAL MOLKA To.

loxasaTeadIbCTBO. Kax m B Teopeme 1.1, momy-
qaeM OLEHKY

f@)— (@) =—olfib —alfo—fi < ,
< — o] fip + R f [

MgrEMyM OQyHKOEA @ (@) = —al fie P + «*R | j;t“‘t‘
1 0 filP
HKOCTATAETCA IPH Omin = 3R mpudeM ¢ (Amin) = — T

Mockonsky oPR | fi | sBaserca BepxHei OIEHKOH dWIeHa

’

’
— a (fke — fi» fx), TO ACHO, |TO sHad4eHHe O, YAOBIETBODA-
romee ycnosmio (1.17), Gyaer He MEHBIN® Gmin ¥ OpPE HTOM

fk+1“’fk<—“-%§“:- (1.18)

Orcionia, paccympaas TaK ke, KaKk B teopeme 1.1, ycramaBiam-
saeM, uro | fi | = 0. Teopema [OKa3aHa.

Jloxa3aTeNbCTBO CIPaBeJIHBOCTH omenok (1.9) pira Ba-
pmaHTa T'PajUeHTHOr0 MeTO/A C BHGOPOM [IMHE IIara u3 yc-
nosma (1.17) MOKHO IpPOBeCTH aHAJOIHIHO TOMy, KaK 3TO
felaercd B TeopeMe 1.2 ¢ Toit nIMmb pasHHUIEH, ITO BHPAKE-
mme (1.13) ciepyer mcmonp3oBaTh B omeHKe [fra1 — [k <<

< —2—1—-M I fe|?, moTopas moMydaeTCs TeM IKe myTeM, 49TO

u(1.18). Mui, opHaKo, IpoOBeLieM [0Ka3aTenbCTBO, HCIONAB3YH
pesyabTaTH TeOPeMH 1.3. TakaM myTeM yHaercd MOTYIATH
Gonee TOIHO® BHAUEHHe BHAMEHATEI IpOrpeccut g.

Mycts Ty = Tk — 37 f; TOTAa CHpaBejIMBA OLEHKA

(1.16):

2
+m

F ) — 1@ < (m) Ux—1s)-
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Ecau Touka zy,, BHOHpaeTcsd M3 yCIOBUA MHHEMyMa B Ha-
OpaBleHAN JBIKEHUS, TO

) — £ @a) < T @) — £ @0) <377 " Vs — 1) <
M — m\ 2 (E+1)
<(7Fm) 1

Bocmons3osaBmmch Temeps omenkamm (1.11) momyumm

2 2 (M —m\ 2D
T — T P <5 (e — ) <5 (m) 7 [ 20 — 4P

UJIHA, OKOHYATeJbHO,

M__ k+1
loen — 2l <€ (37mm)

me € = (¥) o~z

Takum o6pasom, cupaBenamBa

Teopema 1.5. Ecau Pynryus f(x) ydossemsopsem
yeaosuam meopemst 1.2 u ¢ memode (1.1) oy ewbupaemes usz
yeaoeus (1.17), mo nocaedosamesvhocmv {x;} cxodumes x
mouke MUHUMYMA CO cnojﬁocmblo 2eomempuneckoll npozpeccuu

-—_—m
M+4m’

OrmermM, uTo mMeHHO BapmanT Meropia (1.1), B KorTopom
BeIMYAHA IMara BHGMpaeTcs M3 YCIOBAA MAHAMYyMa OQYHK-
IMM B HAaNPaBJGHAW ABHKEHNAA, B JHTePaType IacTO Ha3HBa-
0T MeTOOM HaHCKOPeHImero cmycka.

3. Nlpyrue rpapmentnsie Metomnl. Ilycrs F (z) — npo-
H3BOIbHAA CHMMETPHYHAS MATPHIA, Y/OBIETBODPAIOMAA yC-
TOBHAM

Plyl*<(F@y, ) <RJy|? p >0, (1.19)

opu 1100ux z, y & E* Torpma, ecanm BHGHpPATH BEKTOpP p =
=—=F(2) [ (), 10 (f(2), p) = —(F', FIN < —p IF IP<
<< 0 npm ycroBmm, uro || f' (z) |+ 0. Taxum obpasom, Bek-
T0p p = —F (x)f’ (z) ompepensier ranpasienne cIycKa GyHK-
Onu f (z). Ucxons u3 atoro, A8 MHHAMHABALHAM f (z) momuo
TOCTPOMTH HTePALMOHHEIH Mpomece

Ty = Ty — Fyf’ (2), >0,k =0,1, ...,

The {F,} — mociegoBaTeNLHOCTs IPOMIBOJNBHHX MATDHI,

CO 3HaMeHamesrem q =



&
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ynosmersopawmux yeaosusm (1 A9). Il cBsA3H C MATBHEAIIHM
A3JI0}KeHZeM 9Tofl IiaBe (TOUHee TOBOPA, JHIIbL IS CBA3K
oGo3naueHnit) Mol GyaeM paccMaTpEBaTh LPOLECC

Ty = T — axFitfe, ax >0, (1.20)

B KOTOPOM HCIOIB3YETCS MaTpHUA, obparnas & Fy. Jro HE-
KaK HEe OTDPa)KaeTcsi Ha CYIecTBe fiela, TAK Kak ecid MaTpH-

ma F; ymoBIeTBOpsAET yCIOBHAM (1.19), To ana marpuiet F o
6yayT BHIOMHATHCA YCIOBHA (cm. memmy 1.2.9)

maly P <Py ) <MalyP,  ma= >0, M=
(1.21)

H TO03TOMY

(fir i) = —(frr Fi'Te) < —my | felF <<O. (1.22)

Pa3sipg9eEEM IOCIEN0BATEIbHOCTAM {F;'} Gyayr coorBercT-
BOBATH PA3JIMUHEE HTePAl{MOHHBIE NPOIECCH.

B upefinomM miIame maydueHHme MeTOAa (1.20) He comep:KHAT
KaKHX-IH60 HOBHX 5IEMeHTOB II0 CPABHEHUIO C «IHCTHIM) T'pa-
muenTHEM MetofioM (1.1). Bce pesyabTaThl, HONYYCHHLS ATA
metofia (1.1), coxpaHAIT cAIy H A METONA (1.20) opm omm-
HAKOBHX TpeGOBAHWAX, HPEADBABIAGMHX K MHHAMAIADYE-
Mot (YHKOHE H OJHHAKOBEIX cmoco6ax BhIOOpa BeIHIAHBI
mara. He3HauaTeIbHO H3MEHAETCS JTHIN TOXHAKA J0KA3aTeIb-
cTBa COOTBETCTBYOMMX YyTBep:ueHmA. Pasymeercs, KOIH-
gecTBeHIHE 3HAYEHHMSA IapaMeTpPoB B mpomecce (1.20) 6ymyT
OTAMYATBCA OT 3HAUGHMIA AHAJOTHYHHIX HapaMeTpoB MeTONa
(1.1). B wacTHOCTH, 9TO OTHOCHTCS K BEJHIMHE 3HaMeHaTeNd
IPOFPECCHA ¢ B ONEHKAX CKOPOCTH CXOAMMOCTH. ,

M ocTaHOBHMCHA ceifdac JuWINs Ha TeX pesyibTraTax, OT-
mocamuxca K Mmeropy (1.20), xoropee HaM noHano0ATCA B
HaJbHeAMmeM.

Teopewma 1.6. Pesyabmams meopems 1.2 coxparnsiom
cuay 0as memoda (1.20).

-JlokasaTeadbCTBO. Ecnm =z = xx + opy, THe

px = —Fi'fy, To
1 @) — 1 (@) = a(feps) + 5 Grobro PR <

, aM | p,. [P
<umm@+—lL)

2 (fir Py,
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Ho ¢ ywerom (1.19)

(fis ) = —(Fipis PO << —p Il (1:23)
CiIenoBaTeNIbHO,
@ =T @) <eCup) (1—5%) -

Orciona BHTeKaeT, 9T0 HepaBeHCTBO (1.2) Gymer 06A3aTeqbHO

M - —
BHIOOJHATHCA, ecad 1 — % >e, T. 6. 0.0 = 2(1M g) 0.

Tem camum oGocHoBam cmocol BerGopa oy.
Hockonbry (fi, pr) << O mpm | fx| 5= 0, m3 ycaosmsa

frern — fi << ey (Fi» P1) (1.24

CHIeLyeT, 9T0 fri; << fr. Lemepb, mcmoansys (1.24) m yumTs-
Bas OUPAHAYEHHOCTD J (Z) CHU3Y aHAJIOTAIHO TOMY, KaK B Teo-
peme 1.1 JlOKa3kIBAIOCE, UTO I f;c | = 0, ycramaBimBaeM, 4T0
upa k — oo (fg» pp) = 0. B cmay (1.22) ato osmawaer, 4ro
| fir v 0. Orciopa B cmny cmabHOR BmykiaocTd f (%), cie-
Iyer CXopmMocTh mocaegoBarenbrocTd (1.20) K pemeHHIO Zy.
Jlas monydeHusl OLEHOK CKOPOCTH CXONMMOCTH fo—=>fxr Tp—
— T, IpPEeACTaBEM HEPaBEHCTBO (1.24),, BOCIIOJIb30BABIINCH
(1.22), B Bage fra — fr S —€yimy I fd]2. amee, mpencra-
BB B 5TOM BHIpakeHHH |fx| ¢ momomisio HepaBerncrBa (1.13)
¥ TOBTOPSAA MOMHOCTHIO PACCYKAeHHs TeopeMsl 1.2, ycramas-
nAmBaeM cupaBefauBocTh A Merofa (1.20) omemox ckopocT:m
cxopmmoctu (1.9). IIpm aTom BermunHa 3HAMeHATENs IPOrpec-
cam Oymer )

g =1 —eamm (1+%) =1——eg—(%—8)-em1m(1+%) .

MunnMaIpHOe 3HAUCHHE 3HAMEHATENS [OCTUTAeTCs IpH
e =1/2:
. p2m m
min =1 — 57577 (1 + M) :
Teopema foxasaHa.
W3 morasaTelabcTBa TEOPEMH CJEAyeT, 49TO CXOLHAMOCTH
mpomecca (1.20) coxpamsercs, eCaH WONOKATH Oy = O,

O<a<M o (BapmaHT MeTofa C IOCTOAHHEIM IIaroM).
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Paccympaa Tak ke, kKak B Teopeme 1.3, MOKHO moxyInTh
OLEHKY }
| e — 2o | <1 — aFifee || zx — 24 |-

OnHAKO TMONYYATH OTCIONA ONEHKY 3HAMEHATEJ A IPOrpecHH
aHAJOTMYHO TOMy, Kak 9TO Aeialoch B teopeme 1.3, HeBos-

MOKHO, IOCKOJbKY MaTpHUIA F3 /,"w He ABJIAETCA B OGIIEM CIy-
4ae IOJOKATEIBHO ONPEeTeHHOM (Iocae/[Hee CBOACTBO BHIIOI-
HACTCA UMb OPH YCIOBUHM, 9TO MATPHUIIH F}’n f"(xkc) nepe-
CTaHOBOYHEL).

Moskno paccMaTpuBaTh BapuanTt Metopa (1.20) ¢ BuGopoM
mara @3 ycjaoBds MAHAMYMa f (r) B HampaBleHNN [BHKeHHAM.

Teopema 1.7. Ecau ¢ynryua f(x) ydosremeopsem
yeaoeusm meopemv 1.2 u 6 memode (1.20) napamemp oy 6vi-
Oupaemcs u3 ycaosus

f @k - oxpy) = 1:‘1;101 f (@ 4+ apy),

mo nocaedosamesvhocmv {xy} crodumces K mouke MUHUMY-
Ma CO CKOPOCIMbIO 2e0MeMPUMECKOL, npo2pecculs.

Jl0KasaTeIbCTBO TEOPEMEI MOKET OBITH IPOBEEHO IO CJIe-
nywomeit cxeMe. BocmonabsoBaBmECH pasioikeHAEM (YHK-
nau B psapx Teimopa fo 4iIeHOB BTOPOTO HMOPAAKA B OKPECT-
HOCTH TOYKH Z) W PACCYKAasA Kak B Teopeme 1.4, MoykHO mOITy-
9ATH OLEHKY

1 (fo P
fk+1_fk<—fﬁ}c'“';ﬁla—'

910 mepaserctBo B cmay (1.22) m (1.23) skBuBasenTHO Cle-
AYOmeMy:

fon — o — 5 A0l

Hamee, mpepcraBuB | fi | ¢ momompio mepaBemctBa (1.13),
cleyeT MOJIHOCTHI0 HOBTOPATH paccyskieHHs TeopeMn 1.2.
Mu He momyuaeM 37ech YTOYHOHHOTO 3HAYCHHsA 3HAMEHATENS
¢, TOCKOIbKY OHO GyaeT 3aBefoMo 6OMbLIe YeM B METOfe HaM-
CKOpeimero CIycka.

4. KavecrBennbiit anmanus MerofoB. CpaBHEM paccMoT-
peHHHe TPafHeHTHHE METORH W HM3IO0KEM HEKOTOPHE C€006-
PaKEHHA O KadecTBe STHX aJITOPATMOB, T. 6. 00 ux sPPexrns-
HOCTH NpHW peIIeHAH 3a/lad MUHEMH3AIWA.
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Mu mayunam Tpm BapmanTa Merofa (1.1), oTamuarommecs
ApyT OT Apyra cmocoboM BriGopa AamHH mara. CBofcTBa 9THX
BapUaHTOB ONH3KHE APYr K Apyry. OHE MoryT GHiTh HCIOIB30-
BaHH [AJAA MUHAMA3AOUA QYHKOUA OAMHAKOBHIX KIACCOB,
OpA STOM CKOPOCTh CXORHMOCTE (B Tex cilydasx, Korja ee
yHaeTcA OLEHHTH) TaKiKe mpmMepHO ommmakoBa. Ciemoma-
TeIbHO, LEJeco00pas3Ho [JIA pemeHHAs 3afad HCIOIb30BATH
TOT H3 BAapHAHTOB METORA, TPYHAOEMKOCTH KOTOPOTO MHHE-
ManbHA. TpymoeMKocTh KaKAo# WTepamiE BapHAHTOB IIPO-
mecca (1.1) mosxer OHTH pasIM4HON, OYEBHIHO, TOABKO B
CHIIy PasHHIH B cIoco0ax ompefedeHds mapamerpa oy, Ham-
MeHBIIEr0 KOJIMYeCTBA BHIYACIEHHWIA Ha HTepanm: TpeGyer Ba-
PHAHT MeTOfa C HOCTOAHHEIM IIArOM ox = o (B BTOM CIyd4ae
HEOOXOMMO BHIYHCJIATH JUMb TpaguenT f' (zx)). Opmaxo B
GombIIMHCTBE 3afad TaKoil cmocol6 BEIGOPA ) MPAKTHIECKH
HEeBO3MOKeH, OCKOJIbKY OOKYHO HEHM3BECTHH 3HAYEHHA KOH-
cragtT R, M, xapaxTepuaynmax QyHKIHIO.

CpaBHEM TPYmOEMKOCTh CIOC000B BHOOpa AAHMHH @Iara,
CBABAHHHX ¢ mpoBepkoit ycaosmit (1.2) m (1.17). Mu yecra-
HOBHIM, 4TO ecanm QyHKumaA f (Z) yHoBIeTBOpPAET ompeeineH-
HHM TpeboBammaM (Teopemut 1.1, 1.2), To mepaBemctso (1.2)
8aBe[OMO BHIIOJHAETCH IO KpaiiHeil Mepe IpH JOCTATOIHO
MaJIHX 3HAYCHHAX Ol (OmpefenseMHX BEIMIAHOH KOHCTAHT
R, M). B cmay sroro, ¢ Kaxoro On HaJaJibHOr0 3HAUYCHHA
Cmax MH HH Ha9aJlm OPoBepKy HepaBencTBa (1.2), gepes ko-
HeJHOe 9YACIO0 ApOoGIeHMA mapaMeTpa 5TO HEPAaBEHCTBO BHI-
HOOJIHATCA, T. €. AJIA BHOOpa HY;KHOTO 3HAYGHHA Ox IOTpe-
Gyercs BHYHCIATH YHKOHWIO KOHETIHOe IHMCIO pas. Brbop
sKe BeImIdHH o 3 ycaoBudA (1.17) npencraBnser coboit B 06-
meM ciIydae GeCKOHeIHOMEPHYI0 mpouexypy. llpakrmuecxm,
KOHEYHO, IPAXOAATCA ONPEAeNATh TOYKY MHHAMYMa B Ha-
OpaBJIGHAN JBYKOHHA, TAKIKE BHYACIAA (YHKOAI0 KOHETHOO
gmcao pas. fIcHo, uTo s Golee WIM MeHee TOIHOTO PeIIeHAS
OflHOMEDHO# 3ajaum MUHEMH3AaOum TpebyeTca mpomaBecTH
Gonpme BHIACIEHUN QYHKIEM, IeM [JIA YAOBIETBODEHAA He-
pasencTBa (1.2). BrickasanHEe c00GpasKeHAs TOBOPAT O TOM,
9r10 60JIee IPeANOUTHTEIHHEM ABIAeTCA ¢Ioco0 BHOOpa mim-
HH INara, CBASAaHHHE ¢ IpoBepKoil HepaBemcTBa (1.2).

Bce cpenanER®e 3aMedaHMA MOTYT GHTH OTHECOHH M K Me-
rogy (1.20).

Unratenp, KOHEIHO, MOHAMAET, 9TO PACCYKIEHHA, KOTO-
PHe MH OPOBOJEM, OCHOBHBAIOTCA JHIIb Ha MCIIOIb30BAHHH

3 B, H, Hmennunuit, 10, M, Jagunna
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caMux o0mux CBOMCTB MHHHMH3HPYeMoil (YHKOEA H H3Y-
9aeMHX aJATOPHTMOB H HE HCIOJAB3YIT cHenuPuKy KOHKpeT-
HHXx ¢yrxumi. IlosToMy BHCKaseiBaeMEe DeKOMEHJAIMH HE
MOT'YT PacCMaTPHBATHCA KaK aGCOMIOTHEE. JTO 3aMeUaHme ClIe-
JlyeT YYATHIBATH W B: JajJbHEMIIeM.

O6Gcyaum Bompoc 00 9PQeKTHBHOCTH TPAfHEHTHEIX METO-
moB. lisa mocTaTOYHO XOpOIIAX — € TOYKE 3PeHHA peIneHns
3aflad¥ MAHAMHBANEA — QYHKOAA (TAagKAX, BHIYKIHX)
TpafAeHTHEE METONH CXOAATCA K MAHEMYMY CO CKOPOCTBIO
reoMeTpHiecKoinmporpeccun. Bermunna sHaMeHATeN A IIPOTpec-
CHH, B YACTHOCTH JIIA CHJIBHO BEIOYKIHX (YHKIMIA, 3aBHCAT
or mHamGoapmero M ©W HaAMEHBIIETO M COOCTBEHHEIX
3HAYEHH# MATPHIH BTOPHX NPor3BofHHX PyHKumHE f (). [oc-
TATOYHO MAJIHIM 3HaMeHaTelIb ¢ Gyfger JHIIb B TOM cliydae, Kor-
Aa coGcTBeHHBIe UncaIa m B M Malo OTIMIATCA APYT OT APY-
ra, T. e. Korna Marpuna f” (x) xopomo oGyciroBiaeHa. B aToM
cIyJae TPAJiMeHTHHE METOXH OyAYyT CXOATHCA € BHCOKOL
cKopocThlo. OfHAKO B BHUMCAMTEIHHON IPaKTHKe TaKHe 3a-
AAaYl BCTpeHanTCd KpaiiHe pefko. Hak mpaBmiio, IPAXOAUTCSA
OTHCKHBATh MEHAMYM QYHKIAH, y KoTopHx MaTpmuma f’ ()

II0X0 00ycI0BIeHA (';4—‘-< 1) . Uem MeHbIIe OyReT OTHOLICHHE

m/M, teMm Goinee GAM30K K equHHUIE OyAeT 3HaMeHATeAb HPO
I'PECCHH g H TeM MeAJeHHee CXOfATCA I'DafiHeHTHLIE METO/H.
Mo:XHO [aTh IeOMeTPHYECKYI0 MHTEPIPeTAIdI0 9TOr0 (aKTa.
C yMenpImenneM oTHomeHAA m/M TOBePXHOCTA YPOBHA MH-
HAMAsHpyemol ¢ymkmmm (T. e. moBepxHocTH f (2) = C) cra-
HOBATCA Bce Goiee BLITAHYTHMHA M HampaBlIeHHe BEKTOpa rpa-
nméHTa f' () B GoabIIAMHCTBE TOYEK Bce 0oilee CYIECTBEHHO
OTKIOHAETCA OT HAIpaBleHHsA B TOuKy MmHEMyMa. MMernHO
9T0 W OPHBOXHT K 3aMejjIeHHI0 CKopocT: cxopmmocth. Oco-
GeHHO HATJAANHO MOKHO ceGe mpeCcTaBATh TO, pacCMaTPHBaA
B KadecTBe IPEMepa CTPOro BHIOYKIYI0 KBafpaTAIHyI0 QyHK-

9 1 x2 yz
nuo f (z) B mpoctpanctse E?, mampmmep, [ =+ (a-?-|-§-) .

MaTpnma BTOpPHX HPOM3BOJHHEIX dTOH QYHKIHA HMEET IOCTO-

AHHEIE JJeMeHTH, JIOBePXHOCTH YPOBHA €€ — DJJIHICH
1

22 2

5 (a—2 + ZT) = C, TOYKA MEHEMYMa COBIA/aeT ¢ IEHTPOM BJI-
auncoB. Co6CTBeHHBe WHCIAa MAaTPHIH BTOPHIX IPOHM3BOMHHIX
1/a® n 1/b2. Uem Gonpme orHOomeHme a%/b? oramuaeTcd OT 6fH-
HUIH, TeM CHIbHee BHTAHYTH JUHAN YPOBHA BLOIb OHOH M3
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oceit OX mam OY, u TeM Golbine maros B HAaNpaBIeHAN aHTH-
TPafiMieHTa HYKHO CJeaTh IPH [ABIKEHAN U3 IIPOM3BOIHHOK
TOUKHE (T, Yo) ALA TOTO, YTOOK MONACTD B AOCTATOYHO MAIYIO
OKPEeCTHOCTb TOYKA MUHHEMyMa.

Mennenrasa cX0AMMOCTH TPafHEHTHEIX METOJOB HE MO3BO-
JfAeT pemaTh ¢ UX MOMOMBIO CIOKHKE 3a/[aUA MAHAMHABAINH,
HOCKOJBKY Ha 9TO TpebyeTcs CIMIIKOM MHOI'O BPeMEHH JajKe
OpA HCHOIB30BAHHHM COBDEMEHHHX OHICTPOAEHCTBYIOMUX BHI-
9ucIATeNbENX MamuH. IlosroMy B HacTosimee BpeMs paspa-
6oTaHH m pa3pabaTHBAOTCA MeTONH MIHEMHBALAE C Goilee
BEICOKOH CKOPOCTBIO CXOAMMOCTH, B I'PAfHeHTHEIE MOTONH 3a-
9acTyI0 HCHOIB3YIOTCA B KoMOGMHAmmm ¢ Apyrumud, Goxee adh-
(eXTHBHHME MeTONaMH, Ha HAYAIbHOH CTA[MH DOIIeHHS 3a-
fa9d, KOTAA TOYKA Ty HAXOAUTCA JANEKO OT MUHEMYMA ¥ IIaTH
B/IONIH AHTHTPAJIAGHTa IO3BOAAKT JOCTAYh CYMECTBOHHOIO
yOuBarna ¢ynknun. Bmecte ¢ TeM eme pas mofggepKHeM He-
COMHeHHEI® [OCTOMHCTBA TDAJHeHTHHX METOJ0B — HX IIPOC-
TOTY X BO3MOKHOCT MCHOJIH30BAHMAA ISl MEHAMHU3AINA BeCh-
Ma pPasiIMYHEX IO XaparTepy QyHKImii.

§ 2. Merox Heioroma ¢ peryamposkoii mara

1. Tlocrpoenne meropa. B rpagmenTHEHX MeTomax Kasf om-
PefleleHAss HAPABIGHHA /IBHKOHHA HCIONb3yeTCA JHNIb JIH-
HeUHKI WIeH H3 pasnosennsa gynxunn B pax Teitropa, T. e.
Hcnonb3yercs Hambonee rpybas amnpoKCEMAaI@sd MEHAMA3M-
pyeMoit pyHKUHH.

Hycrs ¢ymkmma f (r), mmamMyMm koropoit TpeGyercs
OIPefeNInTh, HABJAETCA CTPOr0 BHOYKIOA M A OCTATOTIHO
TaafgKoi.

Pacemorpam  $ynrmmio

V@) =10+ @) =) ++ ("G @ —1), 2—y),

OPefCTaBIAMYI0 Co00fi yike KBagpaTHUHyIO AmIpPOKCHAMA-
nuio f (z) B OKpecTHOCTH HEKOTOPO# Toukm y. B cmay crporoit
BHOYKIOCTH f () yHKImA 4 (Z), Kak Jerko yOequThCA, TaK-
e OyfieT CTPOro BHIIYKIOH, I0TOMY MHHWMYM 9TOH (yHK-
OuA TOCTHTAeTCA B e[UHCTBOHHOM TOUKe, IPAYEM BEKTOD p =
= § — Y, MEHAMHASADPYOMKH ]\_g (x), ompepensercs mo dop-
myxze p = —(f" (y))"Yf' (y). Hanpasuemme, ompenmensemoe
BOKTOPOM p, ABJIAETCA HaUpaBJeHHmeM cmycka f(z), Tak Kak

3
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(f (v), p) =—("(y)p, p)< 0 B cmry Brmyxrocrz f ().
KBagpatnuras ¢yHKuudA  (T) B MaI0f OKPECTHOCTH TOUKHA ¥

ANIPOKCEMAPYeT MAHAMHE3EPYeMylo QYHKOEI0 ropasno Gomee
TOYHO IO CpaBHeHHIO ¢ JamHeiHod ¢ymkmmeit. IlosTomy ec-
TeCTBEHHO O’KHAATh, 10 KpailHeil Mepe eCJIH TOUYKA y HAXOAAT-
¢ B 0CTATOYHO MAJIOA OKPECTHOCTH POIIeHHS Z,, UTO [BH-
skeEMe W3 TouKE Y B HampasiaeHmE p = — (" (1)) f (v)
M03BONAT NOCTHIH 60Jee CYNMEeCTBeHHOTO0 yOHBaHMA (YyHKIAH
B IOTydInTh Goxee TOIHOE IPHOIMKEHNE K POIICHHIO, I6M IBA-
ykeHme B HampaBienum —f’ (y), HMCIOIb3yeMoM B T'DajHeHT-
moM Merone. OCHOBHBAfACH Ha NPOBeJeHHHX pacCY;KAeHHAX,
MOKHO IIPeAlON0KATh, 9TO HTePAIMOHHKIA IPOmece AJIA mo-
CTPOGHMS TOCIef0BATeABHEX TPHOIMKEHHE K POIIeHHI0 3a-
maum MmHEME3amEA QyEKOED f(Z):

Tpsy = T — ax (f) o o >0, E=0,1,.., (2.1)

oxasxeTcsa Golee 2PPEeKTHBHEIM IO CPABHEHHIO C METOROM Ha-
HCKOpe#mmero CIoycKa, T. 8. CKOPOCTh CXOAHMMOCTH Ti —> Ty,
f(zx) > f (z4) mpm memoassoBaHmE aaropmrva (2.1) Gyner
BHIIe, YeM LPHE HCIOIb30BAHAM T'DAfHEHTHOTO MeTofa. Pe-
3yJBTATH BTOr0 Hmaparpada MOKasKyT CIPaBeAJIHBOCTH BH-
CKA3aHHHX NPERmOJIOKeHNi .

Memod (2.1) mw 6ydem Hnaswieamv memodom Hoiomowa ¢
peayauposkoll waza, usu 0606upennum memodom Hvwomora.

O6pramsiit Merox HpioToHA COOTBETCTBYeT CIydao oy = 1.

Ecin p1eMeHTH MaTpHIH (f)~* 06osHaunTH Tepes @y (Zk),

i,j=1,2,..,n, i —BEAJEKC CTPOKH, TO MOMKHO 3aIACATH
merop, (2.1) B KooppuHaTHON dopme:
of (zy)
— ] k R
at =al— oy Zlcpi; prcab I =1,...,n.
]=

BametnM, 9T0 MeTof (2.1) MOKHO IIpeiCTaBHUTH elle B CIeAyIo-
meM BHJE:
fxpk = —fi Tk = Tk + Px

Wi, B KOOpAUHATHOH dopme,
i‘. Pl) )
— K

perwal 4 ot

j=1
ah, =alfopl, =1,

-
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Cnei0BaTeIbHO, VIS ONPERETIeHAS BEKTOPA Py MOKHO pemaTh
cUCTéMY JHHEeHHHX ypaBHeHAN BMECTO TOTO, YTOGH 00pamaTh
marpEny f” (zx).

Mu 6ymeM msydaTh [Ba BapuaHTa 0GOGIEHHOro METOMa
HpoToHA, B KOTOPHX HCHOONB3YIOTCA pPasiHIHKEe CIOCOOH
BrGopa mapamerpa o. llepBHii cmoco6 3axiaiogaeTcA B Cie-
AYIOMEM.

1) ITomaraem oo = 1 @ BHYmCAsIeM TOUKY & = Ty -+ APk

2) Buumcasem f(x) = f (zx + apr).

3) IlpomsBomgEM mpoBepKy HepaBEHCTBA

Fa) —flaw) <ea(fi, o), 0<<e<—g. (2.2)

4) Ecan 510 HepaBeHCTBO BHIOMHAETCSA, TO 3HaYeHHE O = 1
GepeM B KagecTBe HCKOMOro: o, = 1. B mporuBHOM caydae
OpOH3BOAMM ApPOOIeHHe G JI0 TeX HOp, IOKa HepaBeHCTBO (2.2)
He BHIOOJHHTCH.

B daavhetiuiem onucarHHulii cnoco6 ewbopa 3HAYEHUR Oy
6ydem Hasvieamdv ewbopor ay u3 ycaosus (2.2). Hax BmpHo,
TaKo# cmoco6 BHGOpa [IMHB mara CTPOMTCS AaHAJIOTHIHO
cmoco0y BhOOpa mapaMeTpa Oy B MeTOe HAWCKOPEMIIero
COycKa, CBA3aHHOM C NpOBepKoil HepaBencTBa (1.2).

B npyrom Bapmanre meroma (2.1) 3HageHme oy JOJKHO
JAOCTABAATh MUHAMYM (YHKIEA B HAIpPABICHUH [BVIKEHHI:

fax— o (7 = min f@e—a (7). @)

2. Teopemsr o cBoiicrBax meroma. Meroa Hriortona, kak
9T0 caefmyeT m3 QopMyan (2.1), MOKeT HPAMEHATHCA JHIIb
I MEHEMA3AMAA TAKAX (QYHKIHHA, ¥ KOTOPHX CYIECTBYeT
o6paTHMas MaTpUIa BTOPHX NPOH3BOAHEIX, IPHIeM, KakK Gy-
HeT BHAHO W3 JaidbHeitmero, Marpunma (fy)~! momkHA OHTH
orpapm4enHol. TpeGyeMuME cBoiicTBaME 001aal0T CHIBHO
BHIIYKJBeE [BAKIH HenpephHBHO AuddepeHmEpyeMEe GyHK-
nuu. IlosroMy Ha mpoTsiKeHHEM Bcero maparpada MH Gynem
opennoaaraTsb, 4T0 GyHKIMA f () yHAOBIETBOPAET YCIOBHIM

mlyP < @y <Mlyltm>0, (2.4

opa n06ux z, y & E". HanomunM, 9To Takme yHKUuA orpa-
HUYeHH CHH3Y H y HHEX CYI{eCTBYeT eI[HHCTBeHHaH TOYKA MH-
HEMyMa Z,.
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Teopewma 2.1. Ecau daa munumusayuu gyrwryuu f (),
ydoeaemeopsroweti ycaosusm (2.4), ucnoavsyemes memod (2.1),
6 Komopom eéwbop napamempa Oy RPOU3EOOUMCS U3 YCAOBUA
(2.2), mo Hesasucumo om 6v.60pa HAYANLHOU MOUKU Xy, NOCAE-
doeamenvHocmy {Tx} cxodumces K mouke MUHUMYMA CO c6ePI-
AUHEUHOLL CKOPOCMbIO:

|| IN+l — :L‘*II\< C"'N- . )VN+l° (2.5)
30eco N, C < o0, Any; < 1 npu mwbom | >0, A; — 0 npu

l —> 00,

HorxaszareaxbcTso. Merog (2.1) moxxHO paccmat-
puBaTh Kak mpomecc rpagmenTHoro tmma (1.20), cumras, uro
F3i' = (f)-!. TockomsKy MaTpmma fr o6magaer TpeGyeMEME
CBOMCTBAMH, CXORAMOCTH MeToAa (2.1) K pemreHHWIO BHITEKAeT
n3 o6muX pesyIbTaTOB O CXOAMMOCTH TIPafWEHTHHIX METOAOB
(reopema 1.6).

VYeramosum copaBefamBocTh onenkm (2.5). as aroro,
OpesKfe BCEro, 3aMeTHEM, UTO

(ks P) = — (Frpi P < — m | pi|® (2.6)

Tax xax (/;", p<0m (f,;, pr) — 0 (reopema 1.6), T0 m3
(2.6) BuTexaer, a0 | pi | — O mpm & — oco. Iloxasxem rereps,
4T0 HauMHAA C HEKOTopoil mrepamum B Merofme (2.1) Gymer
ox = 1. Bocnoassosasmuck ¢opmyioit Teitmopa m BHpaske-
gaama (2.6), momyumm

. a . a2 ., "
fin—Fe=0x(fr» Px) + %‘Ukpk’ Pi) + ik ((Fre — f5) P> 1) <<
' 0 oy | fro— il 12, P
<% (fis Px) (1 —F— '—kc';n-ﬁ';]ﬁ-ﬁ—) .
3necs  xy, = Ty + 0 (zpy — 1), 0 = [0, 1]. IMockoasry
lzx — zo | — 0, T0 mpE % — 00 °
| fo—Fel<Ufio — fil + 1 fa— Fe] = 0
B CHIy HempepHBHOCTE (omeparopHoit) ¢yHkmmm [ (z).
B cuny sroro miis mo6oit korcranTh 0 < & < —;_-naﬁne'rcn TaKoe
qucio N, (g), aro mpm k > N, (8) ycaosme

% ol fi,— fil
=g === >¢
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GyneT BHINONHATHCA IPHE &) = 1. A 3T0 03Ha¥aer, 4To Hepa-
BeHCTBO (2.2) Tame GymeT BHIOIHATHCA HPH O = 1. Ta-
KuM o0pasoM, HCIIOAL3YeMHH cIoco6 Bm6opa BOJIMIMHEI MIALa
Y YCJOBHAX TEOPEMEl FAPAHTHPYeT, 9TO Had@HAA ¢ HOKOTO-
poit HmTepammm MeTox (2 1) GymeT ocymiecTBIATHCH C eNWHAY-
HHM IIaroM, T. e. Iepeiiner B oGwunHr Merox Hriotona. Te-
mepb yKe MOKHO MOJYYHTH OIeHKY CKODOCTH CXOJEMOCTHA Me-
Tofia:

(a1 — Zar Tyss — Z4) = (@6 — Za— () i Tpra — ).

B cuny gopmyan Jlarpamxa Ams omepaTopos
() o T — 24) = ()7 (e — o)y T — 24) =

= () Y (@ — T4)y  Trs1 — Ta)e
3pmecs i, = ) + 0 (zx — z,), 6 = [0, 1]. CaepoBaresnnHo,
s — Zal? = (T — (1)) (26 — Za)s Tiss — 7a) =
LI o i ” -
= ()™ (i — fio) (@ — ), Tps1 — Tx) < | fe — Frel X

X [ — 24 | 2xe1 — 24l

“$k+1 — Ty ﬂ < A’k ﬂxk — Ty “, (2.7)

WInA

e Ay = 71;‘ | fx — fxo|- Hocromsxy | /5 — Fre | — 0, maiigerca
gmeno N takoe, aro mpu k=N 41,1 =0,1, ..., Gygmer
Ay < 1, npmaeM Ay, — Ompu [ — oo, Ilomaras | oy — .|| =
== C W YYHTHBAasA CHeIaHHLHE 3aMEYaHHSA, MH M DOJYIAM
omenky (2.5). Teopema moxasama.

IIpepnonosxuM Temeps, 9To Marpuma f” (), HOMHEMO yCJIo0-
Bmi (2.4), ymoBieTBopser eme yCJHOBHI Jlmmmuma

7@ -7 @I<Rlz—ylhznysE (29
B srom caywae B omemke (2.7)
1 ” R
M=l fie — Fre | << 12— 24l
I mosToMy Oymer

Iz — 24 << " z — Ty (2.9

CremoBatenbrO, crpaBefImBa
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Teopema 2&. Ecau gynryus f (x) marosa, umo 6vl-
noanstomes ycaosus (2.4) u (2.8), mo nocaedosamenbrocmbo
(2.1), 6 komopoii sHaAYEHUR Oy ELLOUPAIOMCA U3 YCA08UR (2.2),
He3a8UCUMO OM 660PA HAUALLHOL MOUKU To CZOOUMCS K peuLe-
Hul ¢ KeadpamuuHol cKOpocmbio, M. €. CRPasediusa OYeHKa

(2.9).
Onenky (2.9) MOKHO IIpe/ICTABATS elle B CJIe/[yIOMieM BH/e.
OGosmaamv M = — |z — ). Haiigerca ameno L Taxoe, 9T0

mpu k=L +1!, 1=0,1, ..., 6ynet pry < 1. Ilpmoarom
R R 2 R 2
R o — 2l < (Blznin —zel) < < (lm—2dl) -
OKoHYATeIbHO MOKHO 3aMHCATh
Y
lzLa — 2l <g BL-

OcramoBHEMCS Temeph Ha BapHaHTe Merofa (2.1) ¢ BxGopoM
mara u3 yciosdsa (2.3). CxoamMocTh TOCHE0BaTENIBHOCTH
{Tx} K pelIeHHI0 B BTOM CJHy4Tae BHITEKACT H3 o0mux pesyiib-
TATOB 0 CXOAWMOCTM I'DAfMeHTHHX MeETO/IOB (reopema 1.7).
CKOpOCTh CXOJEMOCTH, KaK W B BapmaHTe MeToAa ¢ BEHIGOpOM
o, B3 yeaousa (2.2), GymeT cBepXIMHeHHOHE B caydae, KOTMA
BHIOJIHAWTCA yeaosus (2.4), m KBaJ[paATHIHOM, €Cl¥, IOMAMO
Toro, BHmOIHAeTcA eme ycaoBme (2.8). [loxassBaercsa 9TO
caefyomuM 06pa3oM. i ) ..

Tyets Zg = ok — (B fir @ s = T — 0 (f) ™o
rfie o, BHOGpano ®3 ycaoBma (2.3). Torga, HCIOMB3YA OIEH-
km (1.11), moxyunm

r M
2 [2in — ol < Fins — T @rn) =< s — &l

B cury Q2.7) | % — 24| < Melzx — x4 A — 0 opa
k — oo. CimemoBaTelbHO, OPH BHIOJHEHHM yeaopmit (2.4)

M \1/
lokn — ol < () Melze —zal = Telox — 2, (240)

e Yk = (.%{-) %) . —0 npm k— oo. EcancipaBesusa omen-

Ka (2.8), 1O M<-§-‘-|‘xk — 3z m
M\1/2 R
Iz — 24 < (’—) lzx — zof- (2.11)

m m
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3. Mogudmuxanun oGodmernoro meroma Hrioroma. B ka-
qecTBe IepBoii M3 BO3MOKHHIX Mofmdpuranmit MeToAa (2.1) Mu
PacCMOTPHEM QJITOPHTM, B KOTOPOM IOCIHE0BaTeIbHEE IPH-
OGImKeHNA K peIIeHHI0 CTPOATCA 0 (opMyJe

Ty = T — o (o) Y, 0 >0. (2.12)

B arom metonie py = — (fo)1fr, T. e. A mocTpoeHHA HA-
IpaBlIeHAN COyCKa MCHONB3YeTCsS OfHA H Ta Ke MAaTpHNa
(fo~t. Meron (2.12) aBIAOTCA YACTHEIM CIydaeM aJITOPHTMA
(1.20) (F3* = (fo)-!), modTOMy MOKHO yTBEDX[ATh, 4TO IO~
caefoBaTenbHoCTh (2.12), HezaBHCHMO oT BHOOpa HaYAIBHOMH
TOYKHE Zy, OYAeT CXOAUTHCA K PEIIeHAI0 CO CKOPOCTHIO TeoMeT-
pHEYEeCKOi# IPOTPECCHN KAaK Opd BEHIGOPe AJMHK IIara M3 ycio-
BHA (2.2), Tak B OpH mCmoAb30BaHEA yCaoBuA (2.3) (TeopeMul
1.6 m 1.7). Onnaxo or BHGopa HaYaJbHOTO NPHGIMKEHHA I,
GynAeT CymecTBeHHO BaBHCETH BeAMIMHA 3HAMEHATENA IPOrpec-
CHE ¢, T. €. pealbHas CKOPOCTH CXOMMMOCTH. B camom peie,
yunTHBag, uro mam Meropa (2.12) (fy, pr) = — (fir fof 1)
MOJKHO, BOCIOJNb30BaBIACH (opMyioit Teiiopa, mOXYydIHThH
omeHKy (Kak B Teopeme 2.1)

, o u,v —f”“
fresr— o << e (Fy Pk)( ——— ‘z—k—%—o) .- (243)
3mecs zy, = x; + 0 (zgsy — 23), 6= 10,1]. Ecam zy —
~—> Zy, TO B CHIy HEIPEPHBHOCTA MATPHUIH BTOPHX IPOA3BOJI-

HHX
max | " (z) — " (o) | — 0
xES8

(S = {x: f(2) <[ (x)})). CaemoBarenbHo, deM Oamxe K
TO4YKe I, BHOpaHa HaJalbHAasA TOYKA Ty, TeM HpH GoiabImem
BHAUYCHHH O OyHeT BHIIOJHATHCS HepPaBeHCTBO (2.2), T. e. ¢
TeM GoxpmmM maroM Gymer ocymecTBIATHCA mpomecc (2.12)
npm BHOOpe NIHHKE mara us yciaosus (2.2). B wactmocTnm, mua

. 1 o
n060# KorcranTH 0 < ¢ < = HalNMeTCA TakaA DOCTOSHHAA
2

P (g), 9To ecm HadanbHOE MPHOIUKEHNE Z, BHOPaHO B cdepe
§ papmyca p, TO

L gﬂéxé}lf” (@) —

T &
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9r0 osHagaer, B cmiay (2.13), IT0 ecim HAIANIbHO nprGImKe-
gre BHOpaHO AOCTATOYHO GIHBKO K TOUKe Ty, HEPABEHCTBO
(2.2) GymeT BHIIONHATHECA MPH Cj = 1, T. e. mpomecc (2.12)
GyAeT CXORUTHCA ¢ eNUHUIHEIM IIATOM. Tenepb, aHAJTOTAIHO
TOMy, KaKk BTO JlellaeTCsi B Teopeme 2.1, MOKHO HOJYIHTH
OLEHKY

L2k — 2l <TG 1o — fidlzx — 2l < gloe— 2 @249)

3necy g = ;t— I’Icléxs [ fo— {"(2)]- Orcropa & ciepyer, 9TO BexH-

qHHA 3HAMEHATEJA ¢ 3ABHCHT OT BHOODa HATANbHOMK TOUKH T,
IpEYeM ¢ CTAHOBHTCSH TeM MeHBITe, TeM 6AmKe K PEMEeHHI0 Ty
pacmoio;eHa TOIKA Zo.

Jlna BapmaHta MeTofia (2.12) ¢ BHOOpPOM [IMHE IMara u3
yeaoBEA MEHEMYMa f (¥) B HANPABIGHAE ABIKOHHA MOKHO,
ncmonb3ya HepaBeHCTBa (2,14) m paccyskpas TaKike, Kak IpH
noryyeHEr omeHok (2.10) m (2.11), ycramoBATH, 4TO

M\1/2 ~
||$k+1“x*n<('7n') quxk—x*ﬂ = qlla:k—-:c*ﬂ,

~ M2 1 » ”
opmueM § = (——) — max|fo — fre]|— 0, ecam To— Ty.
m myees

Jlpyras BosMoKkHasA MojuEKanus MeTOAa HswoToHa 32~
KI09aeTCsA B CJIeMyIOMmEM.

Mycrs k=&t + i, E=0,1,..,i=0,1,..., t—1,
¢t > 1 — npomsBombHOe Le0e THCI0. MOKHO IOCTPOUTH HTe~
PanHOHHKIA IPOLECcC

Tetsin = Tars — Ogead (o) arris 06>0,
AIH, B HCXOAHHX 0003HaueHmAX,
T = T — 0 (fe) i 0x>0. (2.15)

Takolt MeToy 3aHAMAaeT IPOMEKYTOYHOE IIOJIOJKEHHE MEMIy
amropurMom (2,1), B KOTOpOM JUIf TOCTPOGHMA BEKTOPA Dy
KayKABIA pas WCHONb3yeTcA HOBasg MaTPHIA (fx)~!, m anropnt-
MoM (2.12), B KoTopoM JjiA ONPe/eleHAA HANPABIEHUA IBH-
JKeHHAS HCIOJBL3yeTCs OAHA M Ta )Ke MaTPHNA (fo . B Merosie
(2.15) obhoBIeHHe MATPHIE HOPOMBBOAUICS Uepes t maros.
9TOT aJIropHTM, KaK H METO/bI 2.1), (2.12), moxHO paccmar-
pEBaTh KaK OIHMH H3 BAPHAHTOB IPajMeHTHOTO METOAA (1.20),
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# DOJTOMY ero CXOfMMOCTh IPH PasiMIHHX crmocobax BrGopa
BOJIMYUHLI IIara BhITeKaer wa Teopem 1.6 m 1.7.

Nayumm Bompoc o ckopocTm cxopmmocTH Merofa (2.15),
cymTag, 49ro BHOOp mara mpodmsBOAETCA W3 ycaoBha (2.2).
IIpm sToM MH GynmeM mpepmosiararb, 9To Aif QyHKmuA f ()
cupaBe[IEBH yciaoBHa (2.4) um (2.8).

Hcmonnsysa gopmyny Teitmopa, momyamm

’ % [fe—fal
frn —fk<0‘k(fk,Pk)(1 — = ___2__cm_z .
B cmny cxommmoctm mpomecca |z, — g | = | Z@tie —

— Zet| @t — zee |+ .. + | Zaesi — Zersing [— 0 mprdk — o0,
CrenoBarensno, | fx. — fet | — 0. Cygerom sroro, paccyspas
TaK jKe, Kak B Teopeme 2.1, MOKXHO NOKasaTh, 4T0 HAYMHAS
¢ HeKoTopoil mrepammm MeTop (2.15) Gymer ocymecTBIATHCH
¢ efgHmIEEM maroM: ox = 1. Torma, B cmay Teopemn 2.2,
CIIPaBe[INBA OIEHKA

R
lzzn — 2ol < 12 — (2.16)

opa Bcex § > L, L — HeKkoTopoe MNONOKHATEILHO® THCIO.
Haiee, mo cxeme TeopeMsl 2.1 MOKeT GHTH MONydIeHA OEHKA

| zesse — Ty = | 2grs1 — (fgt)-lf ;:t+1 — x*ll <
e I fee — Ferrny el #zesa — 24l -
3;'5ecb Zgra) ¢ = Lgrg + 0 (24— -‘fztu), 010, 1]. B cuay (2.8)

M — faesny o] < Mee — Fol + | Fa— Fesn o) << R (| — 2l +
+ | #at41 — z4]). Temeps, yaurmmsas omerky (2.16), morygaem

R .
Tene — T S (122 — T+ [ wress — 24l [ Zeri — 24 <<

R? R
< mlza— 2l (1 + 5 lee— 2l ) |
T. e.

"“EH% - :v*ll <G, llxl’.t — x¢ﬂ3, Cy L oo,

Hpepnonosxmm, uro mpm mekoTopoM 2 <j<t— 1 Bumoa-
HAETCA OIEHKA

2zt — 2 < Cill e — 2oty C; < oo,
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Torma
“xzt+5+1 — 4 = [werss — (f gt).lf ;.tﬂ' — 2] <
e I for — Feen oM @aens — 24l <
< B (Jage — 2l + hess — w22 — 2l <

< Cinllze — zalf*?, Cin = i:; Ci (4 + C;llze — zll).

TakxaM oGpasoM, COpaBeJIHBa CJefylIas ONEHKAa CKO-
poctm cxoammoctH Metoxa (2.15):

|2y — Zal << Clge — 2l 2 (217

Jra omeHKAa 03HAUAET, YTO MOCIEXOBATENbHOCTs {Zz} CXOMHT-
¢4 K pemleHmI0 cO CKOpOoCThbio mopsaka ¢ -+ 1.

4, O6cyxnenne csoiicrs Metofa Hploroma. Mu ycramo-
puian, 9to Merof HpoToHA ¢ peryanmpoBKo# mara CXofuTcsa K
pemrenmio He3aBHCEMO OT BHGOpa HAYANBHOH TOIKH Ty W
oGaamaer au60 cBepXJaAMHEHHOE CKOPOCTHIO CXOAMOCTH, 6o
e KBa[[DATHIHON B 3aBHCHMOCTH OT TPeGoBaHH, KOTOPHM
ynosxersopsier Qymknua f (z).

CXOEMOCT € JMI060T0 HAYAIBHOTO NMpUOIMKEHAA ABIA-
eTCs CyIeCTBEHHKM IPEEMyIecTBOM MeToa (2.1) mo cpaBHe-
HUIO ¢ OGHYEEIM MeTofioM HbIOTOHA, B KOTOPOM CXOfHMOCTH
FapaHTHPYeTCsA JUIIb NPH HANHIAE JOCTATOYHO XOPOIIero
HAYaIBHOTO NPHOIMmKeHHA (T. 6. JOCTATOYHO GIH3KOrO K pe-
mennio 3agaun). K Tomy sxe mpoBepKa ycJIOBHid, FapaHTHPYIO-
mExX, 9T0 AaHHOE HawdanbHOe NIpHOAMKeHHe obecmedmBaeT
CX0AMMOCTD Tpomecca, B Merofie HpoToOHA IpaKTAYECKA TPY/-
HO BHIOOJHAMA, TAaK KAk Tpe6yeT 3HAHWA TAKHX CBe/IeHHI O
(yHKIMHA, KOTOPHE OGHYHO HEeW3BECTHH (HampuMep, 3HAYeHHe
KoHCTAaHT m, M).

CpaBHeHEe ABYX CHOCOGOB DeryIHDOBKE UIMHH IIara,
CBABAHHHX ¢ IpoBepKo# yciosmit (2.2) m (2.3), roBopar B
HOMB3Y IIepBOTo, HGO OH OKABHIBAETCS MEHee TPY/I0eMKHM IO
KOJIHUeCTBY BHUHCJeHW# QyHKOUE (B YaCTHOCTH, HAUMHAA C
HOKOTOPOH HWTepamuu IepBhIA cmocol TpebyeT AHIb OHOTO
BEMECIeHHsA yHKIWH, TaK Kak Gyger a, = 1), m obecmesn-
BaeT MOPANIOK CKOPOCTH CXO/IAMOCTH He HIKe, 1eM IPH BEGope
[UIAHE Imara 0o BTOPOMY CHoCOO6Yy.

Ecam cpaBamBath MeTox Hbi0TOHAa B rpafiieHTHEE METOJIE
IpAMEHATeIbHO K DEIIeHHI0 3aaY MAHEMH3AIMH BLHIITYKIBIX
¢yHKOMA, TO OKABEIBAETCH, ITO METON Hrorona obecnegnBaer

A
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ropasio 6oee BEHICOKYIO CKOPOCTH CXO{EMOCTH MOCIe/[0BaTeldb-
HHX NpAOGIMKeHUA K pemenmio. TakaM o6pasoM, ecad HOHH-
MaTh TOK 3PPEeKTHBHOCTHI0 METONA OHCTPOTY CXORMMOCTH, TO
OIpaB/bIBAETCS MPEAIOI0KeHAe, BHICKa3aHHOe B Hadajle mapa-
rpaga, o ToM, 9To Metof; HploToHa foMKeH GHTH ropasmo a¢-
dexTEBHEe rpajfueHTHHX MeTofoB. OpHako Goxee TOUHHIM
CMBICI MOHATHA 3QEKTHBHOCTH METORA 3aKJIIOYAETCSA B ONEH-
Ke 00IIEro KoJiMIecTBA BHIYUCJIEHU, 3aTPAINBaeMOro IPH HC-
mOJb30BAHAA KOHKPETHOTO alTopUTMa HA pemeHWe 334l C
omnpenenenHoi TognocTsi0. CieoBaTenbHo, 00 addexTHBHOCTH
TOro Au60 WHOTO AJTOpATMa MOKHO CYAHUTH IO UHCIYy HTepa-
nuii, HeoOXOMMMEIX [JIA pPeIeHHA 3a[a9H, W IO KOJIAIeCTBY
BHUHCJICHNA HAa Ka)K[0H MTepamuu.

KoanuecTBo BHUHCIeHM:A Ha mrepamumm Merona HeiotoHa,
Kak IPaBAIO0, 3HAYATEIHHO 00JbIIe IeM B IPaHeHTHHIX MeTO-
fax, 3a c4eT HeoO0XOAMMOCTA BEUMCIEHUA W 00pameHns MaT-
pHBl BTOPHX npousBoAuHX. Ho 3aTo Ha moaydeHwe pelmeHHsA
(c mocTaTO9HO BHICOKOMH CTENEHBI0 TOYHOCTH) C MOMOINBIO METO-
na HeloToHa 06EMHO TpedyeTcs B leCATKY ¥ COTHH Pa3 MeHbIIe
WTepanyii, YeM OpHW HCOOJIb30BAHHW TI'DAfMEHTHHX METO/OB,
Bcmry gero Meros; HrloToHa oKasuBaercs cymecTBeHHO Golee
apperTuBuEM. Tem He MeHee B psAfe 3a#ad TPYHOEMKOCTb
mTepammE MeTofa HpoOTOHa MOKeT OKas3aThCA HEIOMEDHO
6oJIbIIO MMEHHO 32 CIeT Heo6XOMMOCTH BHIYACICHHASA MATpH-
I BTOPHIX OPOH3BOAHHX f” () (Kak mpaBmio, IPH PeIISHAN
SKCTPEMAJIbHHX 33/1a9 HauGOIBIIYI0 TPYRHOCTH IPECTABIAET
BeMmcIende MatpunH /7 (z), a He ee oGpamenne). Takne 3a-
Haul HEKe eme OyAyT paccMaTpuBaTheA. B aTHX ciaydasx Ans
pellleHAA 3a/Ia9l MOYKHO MCIOJh30BaTh MONUAPUKAEA MeETOAA
Hrworona, xotopsie Mi masydanu. B ogHoi m3 Takmx mommdu-
Kanuil BEMHECIATh M o6pamarh Marpuny j” (z) Hy:KHO JAIIb
OflEH pas, B APYTOH# 9TO AelaeTcs Yepes KOHEUHOE UHCIO HTE-
pammii. ITpm aToM, eciim HagaibHOE MPUOIMKEHAE JOCTATOYHO
Xopomee, CKOPOCTh CXOJMMOCTH K PeNIeHHIO Oy/eT BHICOKOIA.
Onmako mcmoabsoBamme Mopmpumrammii Merona Hrelotoma He
ABIAETCA KaPAMHAJIbHHM DelIeHEeM BOIPOCA O COKpAINeHHH
TPY0EMKOCTH pelleHAs 3a4a9l (TPYHA0OMKOCTb, BOOOIe roBoO-
pA, MoskeT faske BoapacTH). IloaToMy BcTaeT Bompoc O BO3-
MOKHOCTH IIOCTPOGHHS METOXOB MHUHEMH3ANWH, KOTODH® IO
CKOpoCTH cXofmMocTH Onirm Ghl Gimskm K MeToxy HelotoHa,
HO KOoTopHe TpeGoBaIm OH A CBOeH pealnsalliy CyMeCTBeH-
HO MeHbIIE KOJAMIeCTBA BHYHUCICHWA HA KayKA0d HTepamuw.
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B macTosmee Bpems yixe paspaGoTaHo HECKONBLKO TAKHX METO-
JI0B, OCHOBAHHHIX HA HMCIOJH30BAHMH PAa3JIMIHEX COOGpake-
Hmii. Hak nmpaBmmo, oHE oKasHBawTca 6osee 3ddeKTHBHEIMI
10 CPaBHEHMIO ¢ MeTOAoM HbioTOHA M MO3TOMY HAXOMAAT Ceii-
q9ac Bce Gosee mumporoe npuMmeHenne. VI3ydeHNI0 TaKHX aJro-
PHUTMOB DOCBAMEHH CIeyOIe naparpadH HaCTOAMEH IIaBH.,

§ 3. Meroxnl fBOiicTBEeHHBIX HaNpaBJICHMI

1. CooGpaskenmsa o BbIGOpe cxembl mMeTonoB. B mpensimy-
meM maparpade MH OTMeYalH, 9T0 OCHOBHYIO CIOKHOCTh IpH
peanumsanmu Merofa HploToHa mpefcTaBiseT coboil BEYHCIE-
HHe MATPHIH BTODHIX OPOM3BOAHHIX MAHAMH3HPYyeMoil QyHK-
nuu. CireoBaTeabHO, aIT0PHTMEL, KOTOPHE OB IPEBOCXOAIN
Meto, HriotoHa mo cBoeit 3eKTHBHOCTH, He MOJIKHE COEp-
/KaTh BHYNCJICHWe BTOPHIX OPOM3BOJHEIX, COXPAaHAA TeM He
MeHee CKOpocTh cxopmmocte merona HriotoHa.

Bosaukaer Bompoc — HeIb3sA JH [JA MOCTPOGHHAS IOCIE-
JAOBATEJNbHHX NPHAGIMKEHAN K PeNIeHA0 CTPOUTHh HANPABIe-
HAA pp, OIM3KHe K HAaOPABICHHAM, MOJAYIaeMHM B METO[e
HrioTona, Bcnons3ys AN 9To IeJn JUMb IEPBYI0 IPOH3BOJ-
Hyl0 MOHAMABUpyeMoil (yHrmumm?

Mesxqy mepBHMH H BTOPHIMH OpPOHM3BOJHHIMA (QYHKIHE
/ () MosxeT GHTHL ycTaHOBIeHA CBA3H C IIOMOIILI0 (GOPMyJIHI
Teitmopa pmas omepaTopoB (KAaKOBHIM SMBJISIETCA TPAJUCHT

1 (@)
F@O—7r@=r@@y—2+o@y—2z, @1

e |o (@, y—2)l=o0(ly—=z|l).

PaBencTBo (3.1) HaBog®mT Ha MHICIB, 9TO €CJIH BHYHCIHTH
mpomsBoxHHe f' (r) B NpOMSBOJBHHX, HO OMMBKHX JAPYr K
APYTY TOUKAX &y, ..., ZTnyy, A OHNPEAGINTH KBaJPATHYIO
n X n-Marpuny 4 ¢ IOMOIBI0 CHCTeMH (BeKTODHBIX) ypaB-
HeHUIA

ff @) —f (@) =4 @im—2x), i=1,...,n (3.2

(zpeamomaras, KOHEYHO, 9TO BEKTOPH &Ly — X3, L = 1,. . ., 1,
JIAHEeHHO HEe3aBHCHMH), To MaTpuma A HolKHA OHTH GIH3KA
K MaTpHOe BTOPHX NPOM3BOAHKHX, BHYACICHHOH B mM000# M3
TOYeK Z;.

B camom pmexe, B cmuy (3.1) mpm mio6oMm i

[ @i — F (@) =17 (%) (@is1 — 7) + 0 (25, i — 2)
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n mostomy, ¢ yueroM (3.2), okasniBaerca

A (X — x3) = 17 (21) @304 — ) + 0 (2, 2144 — T3),
i=1,... n

9Ty cHCTeMy ypaBHEHH#l MOKHO IepemHcaTh B BHfe

A @iy — 7).

= f: (Tiva — 21) + ( - fa)(f”wl —z) + 0(x;, 2y — 73), (3.3)
i=1..,n1jn

Ecam marpuna f” (r) HeBHpOKAeHHAA W HempepHBHAaA, TO B
CHJIy IPEIOJNOeHHON GIAM30CTH TOUEK I; CyMMa MOCHeqHHX
NBYX WIEHOB IPaBoil 9aCTH KaKOT0 M3 yPAaBHEHHUI CHCTEMH
(3.3) momxHa GHTH CyIecTBeHHO MeHbIIe IePBOTo YiIeHa, T. e.

A ($i+i - xi) zf” (.'L'j) (xi+1 - xi)’ i = 1: ooy I

970 B O0I[eM-TO W TOBOPHT O TOM, YTO Marpumul A n f,, J=
=1, ..., r, BOMKBH GHTbH 6.m31m ApPYT K apyry. Herpynuo
mpeacTaBATh cebe, KaKUM 06pPasoM MOKHO HMCIONB30BATH BHI-
CKa3zaHHHE C000paKeHHSA [JA NOCTPOSHHAA MTePANHOHHHIX
mpomeccoB MuHEME3ammd. Ecaim {ry} — mocrpoeHHas opo-
H3BOJILHEIM 00pasoM IOCIEROBATEILHOCTh, CXOAAMAACH K
TOYKe MHUHAMYMA f (Z), TO B OCTATOYHO MaJlO OKPECTHOCTH
MEHEMYMA TOYKH Zk, Li-qy » + +y Ly-pn OMASKHE APYT K APYTY.
IToaromy, ompepmennB MaTpumy Ay ¢ MOMOIMIBIO CHCTEME yPaB-
HeHHi

A (Tpet — Tpmicd) = (@) — ' (@p-i0)y §=0,1,...,n—1,

MOKHO mocTpouth (& -+ 1)-e mpmGamuenme yxe mo Popmyie

—1 ’
Ty = g — QA fx, x>0, (3.4)
Ecam matpuna A i oKaeTcs OCTATOYHO GiImBKOd K MaTpmme
fio HampaBIeHHe Dy = — AFYy Gynmer GamskEM K Hampas.

JICHHIO — (fk)-lfk (T. . K HampaBIEHWIO [ABUKEHHSA B METOJe
Heiotona) m mosToMy Oyher HampaBieHHeM cOycKa. Eciam
AaJbIle ONIPeAeasATh AHAJOTHMIHEM o6GpasoM MarTpumu A vy

Ak+2, ... TO B CHIy HX OIA30CTE K MaTpHNam f,m,

/k+2, ... mpomecct (3.4) momkeH GHITH GAM30K IO CBOMM CBOM-
crBaM K MeTony Heiotoma. B 1o sxe Bpems B merose (3.4) me
Tpe0yeTcs BHYMCIATH BTOPHE NIPOW3BOMHHE (yHKIHH.
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OcHOBHBafACH HA NPOBEJEHHHX DacCYKAeHHAX, OKA3HBa-
eTCH BO3MOKHBIM IIOCTPOMTH TEJHIA KIacC IPOLNECCOB CIYCKa,
06TafalomuX CBePXJIHHeHAHOH CXOAMMOCTHIO H He TPeGyOIMuX
LA CBoefl peaNM3anyy BHYHCIHHA BTOPHX IPOH3BOJHEIX
$yHEmME, DTH OPOLECCH MEH HA3BAJH METORAMH JBOCTBEHHEIX
gampapiennit. [[pomcxoskaenne HasBaHUA CTaHET ACHO MO3J-
Hee, Korja OyayT H3yIaThCA CIIOCOOH BEIMHCIEHHA MATPHIH
A7 7 BexTOpa Py

Ceifrac MH OPHCTYIHM Y6 K CTPOTOMY 0G0CHOBaHHIO Me-
tomos Tuma (3.4).

2. ObocaoBanne MeToNoB. IlpesmonoxmM, uro f(x) —
¢yHKIMA, AMeomasn HenpepHBHLE IePBHe W BTOPHO HpOM3-
poxHse. IlycTh mMeeTca HeKoTOpas GecKOHeYHAs IHOCJIe0Ba-
TeJALHOCTD DJIeMEHTOB {z)}. OTOH HMOCIEN0BATEIHHOCTH MH II0-
CTaBEM B COOTBETCTBHE IOCIEAOBATONBHOCTh {Yi}, OIPeelHB

ee mo (opmyiae
Y = ZTx + T (3.5)

TJie BEKTOPH T TAKOBH, YTO BHIIOJHAIOTCA CJeYHOMEe yCIo-
BUA:
1) ecim Ay — ompepenHuTeNb, cToa6IaMH KOTOPOTO ABIA-

r rk +
OTCA  BEKTOPH -l“, .. s
k

I " e I
>n —1 | Ay | > &, ¢ — mpo¥3BOJABHO MajI0e MOJOKHUTENb~
HOe 9HCIIO;

2) |rx] — 0 mpm k — oo. B ocrampHOM BHIGODP BEKTOPOB
rp TPOM3BOJIEH.

IlepBoe ms TpeGoBaHmil, MPeABABIAEMEIX K BEKTODaM TI'p,
eCTh, 10 CYTH Aella, TpeGoBaHme X THHEHHOH He3aBHCHMOCTH.

JTemma 3.4. ITyemv {xy} — ozpanuuennas nociedosa-
meaviocms, | Ty — x| — 0 npu & — o0 u npu a06om
k > n — 1 mampuya Ay onpedeasemcs cucmemoli ypasheHul

Akrk_i = Ck-i, i = 0, '1, e ey B — '1, (3.6)

To mpu awboMm k& >

20e exiy = ' (Y- —f (Tx-i)s Ths Y — dALMEHMB nocaedosamenv-
noemu (3.5). Tozda

}:_1};“ A — " (@] =0.

NoxaszarteabcTso. Hemomssys dopmyny nus
IpefCTaBIeHHS 0IePATOPa ' (z) mo ero mpomsBoxHoH (1.5.1),

oy
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MOHO 3ammcaTrhb

1
F (Y=1) — f (@p-) = Sf" (@it + T (Yot — Ts)) rpidt =
0

1 1
= Sf' (Zx-i) Tg-i dv - S [ (Bt + Tre=s) — 1" (X=i)] Ppids =
0 0
1
= " (Tp=i) Th-i + S [F" (k=i 4 Tr=i) — " (@pi)] T A
0

C ygeroM aTOrO

(A — 1" (@) M=t = (" @) — F" (@0)) Tt +
1
4+ S [f" @kt + Trg—s) — f* (2p=i)] Pi-id.

0

Ecxm oGosHauuts Ay — fx = By, To moxyamm

| Biri—i | < | fomi — Fiel| s |+
+0~2£1||f" (@p-t + rp-t) — 7 (@) || ] - (3.7)

Hockonbky {rx} — orpaHMIeHHAA HOCIENOBATENHLHOCTH, IIPH
miobom k Gymer zx = @, Q C E™ — HeKoTOpoe 3aMKHYToe
orpaHMYenHoe MHoKecTBo. Ha mmomectBe Q pymrmua 77 ()

PaBHOMEDHO HENPePHBHA, CHeA0BaTeNbHO, |[fx_i — f;l =
=My =0 m Sup If" @x-i + tris) — 7 (@p-i) | = po—i =0
T

upu k — oo,
Taxmm oGpasom, m3 (3.7) BhTekaer

1 Burimi | << (hiws + Wi | Poi | = Bgi | ries],  (3-8)

rme hy; — 0 mpn k — oo.
Ilo ompepexemmio HOpMH omeparopa |By| = max | Bxz].
llzll=1

IIycte MakcEMyM focTHTaeTcs Ha BiIeMeHTe z;. Ecam

r r
k k-n+1
2 = 6k"rk" + LRI + 6k—11‘|'l||rk n+1ﬂ ’

To B caay yeaoBua | A | > & > 0 kosfdunumentn §x_; 6ynyT
orpammuenst: |8y | C, i =0,1,.., n —{. Hcnmomsaya
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OpefiCTaBJeHAe BEKTOpa Zy, HOJydaeM
I B = Bize| =

n-1 n-1
= 26;‘_537‘ T ll< leak.in_ri'i_“ .
i=0

7l i—0 Ire-sl

Orcroma ¢ yueroM (3.8) u orpammdenHocT: |O,_; | caeuyer

n-1 n-1
1Bl < D18t 2l Tcil = ) 84| By — 0
i=0

Il i=0

npu k — co. Jlemma moxasana.

Pesynbrar 0Ka3aHHOM JIEMMBI, 10 CYIECTBY, A OTKPHIBAET
OyTH AJA IOCTpoeHHS Merofos THma (3.4).

Jlemma 3.2. Ecau f(x) — Henpeptigno Ougdgpepernyu-
DYeMas CUALHO 6unYKaas PYHEYUS U Nocaedo6amesbHOCmb
{zx} marosa, wmo fry <[k U (fi» Thry — ) — 0 npu k —
— 00, MO || Zgy — x| — 0.

OHoxaszaTenbcTBo. B cmry ycaoBua fru <[k
upa abom k Gymer zpy & Sk Sk = {z: f(2) <[ (2h)).
MmuoskecTBo S SABIAETCA CUIBHO BHIYKIHM, IOCKOIBKY
f(z) — cuabro BEmykiaas ¢ynxnms (memma 1.2.8). Cmemosa-
TeJBLHO, CYIMEeCTBYeT MOJM0KHTeIbHOe Yucao A > 0 Takoe, 4T0

...+
mobas Toaka —LE L E e [E] M|z — oy [y AB-

JisfeTcA BHYTPeHHeH Toukoil mHo:kectBa Sy. [TycTs —’ﬁlz—" =

=040, e v & Ty, Ty — KacaTeabHad IIOCKOCTh K MHO-
s#KecTBY Sy B Touke =z, a ® | Ty Torma, yumrmBas, dTO
p k k Yy

1 (zx) L T momyunm

5 (o2 — 20| = | (o v + 0) | =[xl @] -

Ho|® ] >] & |, w6o B mpormBHOM caIydYae, HOMEMO TOUKH Zy,
CYIEeCTBOBAJHE GH H [pyrme o0le TOYKH MHOMKeCTBa Sy H
mI0CKoCTH T, 9TO IPOTHBOPEYHT CTPOrOH BHIIYKIOCTH S..
IlosToMy

1o it — 28) | > M il

[ k1 — 2k ||2-

OTtciona, ecau "f;‘ﬂyéo, caegyer, 4to | Ty — zx [— 0.
Ecam e [fx|—0, To B cmay cmapHO# BHIYKIocTH f (x)
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MAaKCHMAJbHHA pamaMerp MHoecTBa Sj dy —0, B cmiy
9ero Takke || 23y — zx||— 0. Jlemma mokasama.

Temeps M0;KHO DPHCTYIHTH HEMOCPEJCTBOHHO K H3YIeHMIO
cBoiicTB mpomecca (3.4). Mu Gymem mayuaTh 2TOT mpoiece,
Opefmosiarad, 4TO 3HAUYeHHe IAapaMeTpa Oy BHOUPAeTCA N3
ycaosua (2.2) (§ 2), ydumTHBasg, 9TO B JAHHOM CJIydYae pj =
=— A;‘f}c. MunnMusnpyemas QyHKOUA OIpeAIIoNaraeTca ra-
Kot cmAbHO BHIyKIod. O60ocHOBaHHEe BO3MOKHOCTH BHGOpa
mapamMeTpa ¢y B 9TOM CJIydJae IPOBOJHMTCA IO TOH e cXeMe,
KaK 9TO Melanoch B Hpefgsgymux maparpadax. Mcmombsys
pasioskenne ¢yHrnum B paAx Teimopa, moaydaeM OIEHKY

g a (AP’P) Oy quIF
— fr < 0 (i pi) |1 4 2 P D) _—,—]
frenn — e <C o (F Pk)[ + 3 Tord +— Tl

rae ax= Ilf’;cc —Ag | xxe = T + 0 (Tpss — ry), 0 10,11
3aMeruM, 4TO .

(fies P) = — (AkPrs Px) = — (i ARS)- 3.9
C ygeroM sTOTO

, o oa "pklrz
_ , 1 — .__1‘_ .L.’.‘,—— N
frenn — Fre << e (fe pk)[ 2 T3 (Fir Pk)]

OTKyfa cixexyer, 4To ycaoBme (2.2) GymeT 3aBeoM0 BHIOJ-
HATBCH, €CIH O YJAOBAETBOPSET HEPABEHCTBY

] oy | Pl
[P Sl o LS L NP 3.10
2 2 (f 1 Pr). ( )
Teopema 3.4. Ecau f(z) — dsamdn menpepweno
dugepenyupyeman Pynryus, das Komopoii cnpasediuss yc-
aosus (2.4), mampuya Ay npu awbor k >n — 1 onpedeas-
emcs cucmemoii (3.6) u ydosremeopaem ycaosuro

(A7 1) >0 (3.11)

a o onpedeasemes us ycaoeus (2.2), mo Hesasucumo om ewb6opa
HaYarvHol mouku o 0aa nocaedosamesvrocmu (3.4) cnpased-
auewl  ymeepacdenus: firy < fr u |zx — 24 [— 0, npuuem
CKOpOCMb CXOOUMOCTU CEePTAUHEIIHAR:

||$N+1 —$*|]<CKN e A'N+l- (3.12)



84 MUHUMHU3ANUA OYVHKIUM BE3 OTPAHUYEHME  [IJ. II

3decv C, N < o0, Anyy < 1 npu awbon 1>0, A;, =0 npu
1 —> 00.

HorxaszaTeaxbcTso. [laa Toro 9T06H BOCIOJB30-
BAaTbCA pesyiIbraToM JdeMMHl 3.1, MBI JOJKHEI IIPeae BCEro
MoKa3aTh, 9TO IPH YCIOBASAX TEOpeMbl Ais HOCIef0BaTelb-
moctr (3.4) 6ymer |y — zx |—0.

B cmry ycmosmit (3.9) m (3.11) mpm moGom k GyneT
(f¥, px)<0. Orciopa, Bo-mePBEIX, CIeyeT, ITO BCET/a HaAmeTCH
sHavenme O == 0, OpA KOTOPOM BHIOJHAETCA HEPABEHCTBO
(3.10) (a cmemoBaTembHO, H (2.2)); Bo-BTOpHIX, B cmy (2.2)
Oymer fri1 < fr DTo 0BHAUAGT, UTO Ty E S = {T: @) <
<f (z,)} upm m06om k m, KpoMe TOTO, MOCKOIBKY f (z) orpa-
HOYeHA CHEBY, TO fx — [y — 0. B cmry aroro m3 (2.2) cue-
Ayer, 9TO

ax (fr, Px) = (Fi» Tisa — z) — 0. (3.13)

Tak Kak [y < [x, ¥ BHIIONHAGTCS yCIOBHS (3.13), mocaepo-
BaTeNbHOCTh {Z;} YHOBIETBOPAET TPeOOBAHUAM JEeMMH 3.2.
CrnemoBaTenbHO, OpH Kk — o0

|51 — @] —O. (344

Taxem o0GpasoM, yCIOBHA TeopeMH 00ecHeumBaiOT BHION-
HeHme BceX TpeGoBaHmt JeMME 3.1, BCIeficTBHEe Wero IpH

k—
|4y — fx]—0. (3.15)

Otciofia ¢ yaeroM ycioBmii (2.4) BrTeKaer, 9TO IS ao6ux M,
a m,y TakEx, aro M, > M u 0 < my < m HaiifieTca THCIO L
takoe, 9To upE k > L puna mwoboro y € E" Gymer

myy | <@w, y) <Mi|y|* (3.16)

B cuay ycmosmii (3.9) u (3.16) HaunmHAA C HEKOTOPOTO k 6y-
met  (fi» Pr) << —my | px [ ? CiuepoBaTennHo, HEpPaBEHCTBO
(3.10) 6ymer 3aBeoMO BHIOJHATHCH, OCIH OKAMKOTCA BELINOI-
HeHHHIM HepaBEHCTBO

a

o o 1 1
Vumrssas, ato ay <M + M < oo, HeTPYAHO y6eauThCA, UTO
cymecrByer nocrosgHHas & > (0 rTakasa, 9T0 OpA ao6oM & He-
paserncrBo (3.17) Gymer BHIONHATHCA LOPH X > &. B cmay
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aroro u3 (3.14) cuenyer, ato | py| = —:— | k41 — 2] —0. Or-
k

cofila B CBOI0O O4epeah BHITGKAaeT:
“fkﬂ=“AkPk||<M1ﬂPkﬂ—>O~

Iocnennee ycioBHe, Kak HoKaskBaer HepaseHcTBo (1.12),
03HAYAeT, UTO Tk —> Ty.

YcranoBEM crpaBefiaBocTh oOmeHKH (3.12).

Mockonbry [ px|— 0 m BEmoxmseTcs ycmosme (3.15), a
BTOPHIe IPOX3BoHE® PYHKIWH f (£) paBHOMEPHO HeIPepHBHE
Ha MHOkecTBe S, Upm k — oo

ar </ @k + 0 (@pt — ) — 17 (»’%N“‘
+ 1/ (@) — Ax|—0,

oTKyna caenyer, aro npu jwobom 0 < e < 1/2 maunnas ¢ He-
KOTOpO# mTepammu HepaBeHCTBO (3.17) Gyner ynoBIeTBOPATH-
ca opm o = 1. Do osmawaer, aro mpomece (3.4) Gyner ocy-
IEeCTBIATHCA C eUHUIHEIM IIATOM.

Jlesan ms omemok (3.16) osmazaer, wro mpm &k > L Gymer

14 << %1- (1emma 1.2.9). Bmecte ¢ 06paTEMoCThI0 MATPHIEL A

npud m06oM & > n — 1 5Ta olleHKa I03BOJIAET C/leIaTh BEIBOJ,

9To CymecTByer KoncTanTa M, Takas, uro || Ax' | < M, mpm
k > n — 1. YauTnBad 370, MO;KHO HOJXYIATH OLEHKY CKOPOC-
TH CXOJUMOCTH TakKKe, KaK 9To fejaloch B Teopeme 2.1:

[k — x*||<||I——A;1/;c]||]xk—x*||<
SIAE I Ax — Frell 2 — 2ol < M| A — Frel | 2 — 25

BIE | 2pey — T [ << Mo — 24 ) THE M= M, [ Ay —
—fie | Hockomsky [ Ay — fic| < | 4 — fi] + [+ —
—/" (zx+ 0 (zx — z,)) | — 0, mamrpeTca wmcao N TaKoe, 9410
mppn k=N +1,1=0,1,...6ymerAy,; < 1, mpmuem mpm:
l — oo 6ymer Ay, — 0.

HonoxmB | zy — z4 | = C m yunTHBaA 3aMeYaHHA OTHO-
CHTeJbHO 3HAUeHHMH Ay, MH H mosyunM onenky (3.12). Teopema
AOKazaHa.

Yenosue (3.11), acoonpayeMoe B TeopeMe, 03HATAET B CHILY
(3.9), uto manpaBieHme p; ecTh HampaBileHHe cmycka f (z).
Ha mnexoTopnx wMTepamusAX IpOmecca MOKeT OKaszaTbCH

(A7%, /9 <O0. Torna MoxHO am60 H3MEHHTH BEKTOP
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ri B 3aHOBO IOCTPOHTH MaTpuny A% (TakmM o6pasoM, 4TOOEH!
BEIIOJHAIOCH yeaoBue (3.11)), aubo crenars mar B HampaBie-
HUA aHTATpafueHTa. UWCIO IaroB mO AHTHIPA/[MeHTY, KOTO-
pHe MOTYT IOHAOGATHCS, Bcerya GyeT KOHETHEM, IOCKOIBKY
OpH COycKe [0 aHTUTPARAEHTY | Zxiy — Zx | — 0, 1 ecan BeK-
TOPH 7'y YAOBIETBOPAT CHOPMYIAPOBAHHLIM BEIIe TPeGoBa-
muaM, To | Ay — fr | — 0. CrenosareanHo, B CHILY yCIOBMii
(3.16) u (3.9) maumnas ¢ HexkoTopoit WTepanuHE HeoGXOmEMO
6ynmer (AR fx, fx) >0. Bupouem, ectm npm HexoTopoM k
Bumoanserca yeaosne (A7 fv) = — (Pr fx) < 0, To mpo-
me B Popmyie (3.4) mOMeHSTH 3HAK CKAJIAPHOTO MHOMKHIENA
o) — OPH 3TOM JBH}KEHHE U3 TOUKH Iy GyAeT MPOMCXOAMTH B
HaOpaBleHUA — Py, T. €. B HAOPaBIeHHH CIOyCKa.

3. MocTpoenne pasauuHbIX AJITOPHTMOB. TpebGoBanms, Ko-
TOPHIM MOJDKHH YAOBIETBOPATH BEKTOPH Iy, HMCIOJIb3YyeMEIe
IJIA TOCTPOEHAS NOCIEeA0BATENbHOCTH (3.5), He ABIAKNTCA
/KeCTKEMH ¥ TPpef0CTAaBIAT Goibmyio cBoGoxy B BHGODe
9THX BEKTOPOB. JTO MO3BOJAET CTPOUTH Pa3IMYHEE AJITOPUT-
M TEoa (3.4), DOCKONbKY pasidWuHHe IIOCIE0BATEILHOCTH
{rx} 6ynyr oupenmensars (B cmay (3.6)) pasimunbe mocaeroBa-
TeIbHOCTH Marpum Ay.

OcTaHOBEMCA Ha HEKOTODPHX BO3MOMKHHIX CIOCO6ax Io-
CTPOEHHS BOKTOPOB I'y. B KagecTBe ry MOKHO OpaTh BEKTOPH,
HaOpaBJeHHHE 10 KoopxuHATHEIM ocaM. Ecam, Hampmmep,
ro = Ao vy, TO IpH kK = In -+ i, THe { — IeJoe YHCIO, & I =
=0,1, ..., n—1,6yaerry = Ay v;44. 3MECH V;4y — CNHHHI-
HEIff BEKTODP COOTBETCTBYIOIIEH OCH, a Ay — UHMCIOBO# MHO-
JRUTeNb — JMOJKeH YJOBIeTBOPATh yciIoBmi0 Ay~ 0 mpm
k — oo. Taxoit BuIGOp BeKTOPOB rj, TapaHTHPYET BHIIOIHEHNE
yeaosua | Ay | > e. Ilpm sToM Ha Kasknoif HTepamud s
ompefeleHnss MATPALH 4 ; He0GX0{AMO BHYACIATH IPOH3BOJ-
HHE B JIByX TOUKAaX: Ty A Y. SaKOH yMEHBIIEHHA Ay MOKHO
BHOHpaTh IPOM3BOJIHHO, OHAKO BHUACIAATENbHAA OPAKTHKA
IOKasHBAeT, YT0 HamhoIbMAasa CKOPOCTh CXOAEMOCTH [{OCTATa~
eTCHA IIPA MOHOTOHHOM YyOHBAaHWE Ay, HampHMep, MOKHO IO-
marate Ay = 1/k2.

Eme oamH Bo3MOMHE c1oco6 ompefieleHHs BEKTOPOB Ty
saKmouaeTcA B caefyiomeM. Ilpu & >n — 1 BMecto (3.5)
MOKHO HEIOCPENCTBeHHO WCIIOJIH30BATh IIOCIE0BATEIbHOCTH

(3.4), T. e. momaraTh ry = Ty — T = — Cxd F k.
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JleficTBATENBHO, U3 TOKa3aTeabCTBa TeopeMu 3.1 scHoO, 9T0)
ecln A — IPOH3BOJbHAS MATPHIIA, YAOBIETBOPOMASA JIHAIb ,
yeaoBmio (3.11), a oy BHOmpaerca ms ycxoBua (2.2), TO»
| zk+1 — x| — O mpm k — oco. CmepoBarenbHo, eciam AJA:
HOCTPOGHHS BEKTOPOB 7y HCIOJb30BaTh HOCJIENOBATEIBHOCTS,
(3.4), To TpeGoBamme |ry|— O Gymer Heo6xomEMO BHIIOJ--
HATBCHA, W HYKHO LPOBEPATH JHIIb BHIONHEHHE YCIOBHAI
| Ax | > ¢. Ecam 370 yciaoBEe LPA HEKOTOPOM & He BHIIOJHA- -
eTcs, Hy;KHO BHIGPATh APYroit BeKTOp rj (yxke He mo gopmye:
(3.4)). B TaroM aIropuTMe I oNpefeleHAA MaTPUIE Ay Hay
Rasjioll mrepammm (Te IOCae0BaTeabHOCTH (3.4) obecmedm--
BaeT BHIOJHEHHE TPeGOBaHMA, HAKIAAHBAEMHX HA BEKTOPHI(
r;) HeoGXOAWMO BHYHCJIATH I'PAJHeHT JUIIb B OJHOMA TOUKE ..

JlomycTrMEL, pasyMeeTcs, ¥ APYTHe CIOCOOH IIOCTPOGHHA!
BEKTODOB Ty.

B cmcreme ypaBuenmi (3.6), ompegensiomel MaT--
puny Ay, Opa a060M k BCO0Ab3yeTCA IAMb OAWH HOBI BOK--
TOP Iy B COOTBETCTBYIOIMA 6My BEKTOD €j; OCTAIbHEIC BEKTO--
PH Tk—ty « « oy Th-ntt B Er—gy « « o3 Ey—pyq CTPOATCA HA MPEIIMITY-=-
mux urepanuax. MokHO BHAOMSMeHATH cHcTeMy (3.0) TammM(
o6pasoM, 4To6Hl Ha KaskAo# HTepamum mpomecca (3.4) B cme—-
reme (3.6) O0GHOBIATOCH IPOHM3BOIBLHOE YHCIO BEKTOPOB:
Thdg =+ T-ijs 1 <j < nr (a cooTBeTcTByIOmMEEe WM BEKTOPHN
Claigy oo oy ek_ij), a OCTaJIbHHIE N — ]' BEeKTOpPOB rk_ij“, coo s Theiy,
ACHOIb30BATKUCH C MpeARAymux mreparnuii. [Ipn atom cucremy,
(3.6) myame sammcmBaTH B BHJE

Akri = €&, i= 'l, IR (S (3.18»

Ecan Tpe6GoBanua nemMu 3.1 coxpaHswTCA, TO, HOBTOPAA J0--
CJI0BHO ee [0Ka3aTeldbCTBO, MOKHO y0egWThCHA, 9TO MIA MaT--
punnt A%, ompenensemoir cucremoir (3.18), Taxike BEHIDOIHA--
ercs ycxosme | Ay — T ] =0 npm &k — co.

IIpmmenss B cacreme (3.18) pasamansie cmoco6H mOCTpoe-:
HUS BEKTOPOB r;, MOKHO HOJYYHTh HEKOTOPHE XOPOIIO HM3--
BeCTHHIE aJITOPATMH MuHUMHU3anudA. Tak, ecim moaararh r; =
== Vy; (IPH 3TOM Y; = Zj -+ V;), TI8 Vy; — BOKTOD, HAIPaB-:
JeHHHA BAONB i-H OCH KOODAMHAT H TAKOH, 4TO | Vj; [— O
npu k—> oo, To cucrema (3.18) OypmeT mMeTh caefylOmuiA BHM:

Awg = [ (@ + o) —f (xe), i=1, ..., n
Marpuna Ay, oupesienseMas ATol CHCTeMOH, SBIAGTCA DPas~
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HOCTHBIM aHAJIOTOM MATPHIH BTOPHX NPOH3BORHHX f” (),
clIe7l0BaTeILHO, B 9TOM ciaydae mpomece (3.4) mpeBpamaercs B
pasHocTHHIT aHanor Merofa HrlotoHa ¢ peryimpoBKroii mara.
Ha ocmoBarmm TeopeMH 3.1 MOMKHO yTBEPKaTh, 9TO Pa3HOCT-
ot Meton, HeloToHa ¢ peryiampoBKoil mara CXORHTCA € JIO-
6oro HAYANbHOTO NPHOJMWKEHAA CO CBePXJWHEHHOA CKoO-
poctso. Ecam cumraTh, 9ro Marpuma f” (r) ymoBimeTBopser
yenosmo Jlnmmumma (2.8), To MOKHO mMOKa3aTh, HCIOAB3YH
IpejLIYIHe DeayibTAaTH, 4T0 B CIydae, KOTAa loei | <
< /x|, pasmocrmmiii merox HeloToHa cxofuTCsa ¢ KBajpaTHY-
HOH CKOPOCTBIO. ITO BHTEKAeT W3 Caexylomero. B memme 3.1
ONmeHKA BeJIWYHHH B,r; = Byvy; NpHHAMaET BHJ

Byvy; W) — [ ilfs
| BV ||<oi‘:21"f'(xk+ Vi) — 1" @) Hvwil

oTkyna ¢ yuerom (2.8) cmemyer, aro | Bk | << R |k |2
Mcmonbsya 9TO HepaBeHCTBO W OMEHKY | vy | <C|/fx' | Tak
e, Kak B jgemme 3.1, ycTaHaBIHBaeM

uAk—f;n=l|Bkn<R§ wﬂluvaRiZ 18:|17x] = R 7] -
=1 =1

B cuay (2.4) rpagment f’ (z) ynosierBopser yciaosmio Jlmm-
muna ¢ KomcranToir M. CremoBaTenbHO,

| Bel < BIfl = Blfx— £ < RM |2 — 24,

Temeps OMeHKA CKOPOCTA CXOAEMOCTH, IONydaeMas B TeopeMe
3.1, yrounserca ciaegyommm oGpasom:

"xk+1.—w*ﬂ<M2_l|Ak jficﬂﬂzk -z <<
KMy (|Ax — fel + ) fx — @+ 0 (@ — ) D2 — 24l <
S My (BM + R) |z — zos

[2ks1 — 24 < C |25 — 24l

OcTaHoBEMCA eme Ha OFHOM cmoco0e BHGOPa BEKTOPOB Ije

Myers r; = —Mf (¥3)s Y1 =%k, Ysr =Y+ 1, i=1,
2, ..., n. B orom ciygae cucrema (3.18) mpmamMaeT BHL
— MAY W) =F Win) — F @), i= 1, ..., n

o
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Marpuna Ay, ompenensieMas TaKoi CHCTeMoll ypaBHeHHi
(C TOYHOCTBIO 10 IACIOBOTO MHOMKHTEIN S Ax), HCIOIb3YeTCA ML
HOCTPOGHUS HTEePAMMOHHOr0 mpomecca JiitkeHa — Credden-
ceHa. Mu He GynmeMm sfech m3ydaTh CBOHMCTBa HTOTO MeTONA.
3aMeTHM Wb, YTO, DeryIAPYA 3HAYEHME MHOKHTONA A,
MO}KHO MOGHTHCA TOTO, 4TO CKOPOCTh CXOJEMOCTH IIpoImecca
OyneT KBajpaTHYHOIA.

4. Onpenenenne BexTopa Px. TpYT0eMKOCTs BENMHCICHHA
BEeKTOpa py B 3HAYMTEIHHOIl CTeNeHH ONpPe/eNseT TPYHOeM-
KocTh mpomecca (3.4).

Ceifgac MH PaccMOTPEM OJHH CTOCO6 HOCTPOSHHESA BOKTOPA
Prk= — AElfl':, Hemonb3ylomuil cuenudury crcreMu (3.6),
onpenensmiomei MaTpuny Ay. Y4er coemEQHUKA TOH CHCTEMH
[03BOJIAET CYIMECTBOHHO YMEHBIIUTH TPYHAOEMKOCTH IIOCTPOE-
HHAA BeKTopa pi. Hawumem MH ¢ Bompoca o6 ofpamerHn:m MaT-

puns Aj.

HeoGxopnMEM  yCcioBMeM CyHm[eCTBOBAHHS MATPHIH AP
ABJIAETCA HEeBHPOKAEHHOCTh MATPUOH Ay, ATA 9€ro B CBOIO
ogepenb HeoOXOAWMO, ITOGHL CHCTEMA BEKTOPOB €k,..., €x_niq
Onta JmmeliHo HeszasmcmMoit. Ilpm mocrarowrno Goabmmx &
marpuma Ay, Kak DOKaswBaoT yciosEa (3.16), Gymer
HeBHIpOKAeHHOM, OMHAKO HA HEKOTOPHX HTepalAAX HA9Adb-
HO#i crammm mpomecca (3.4) cmcTeMa BEKTOPOB €yy..., Ck-pit
MOKeT OKasaTbCA JHWHeiHO 3aBHcHMoOil. B 9ToM ciygae
MOXHO 160 MSMEHHTH OJWH M3 BEKTOPOB rp_;, JHGO CIeIaTh
mar no aHTHTPafHUeHTY, BCIEACTBAE 9eT0 M3MEHATCAH CHCTe-
Ma €y, ..., Ckyiy. B MadbHeimeM MEIOyeM OpeANoIararb,
910 mpm awbom Kk >n—1 cmcreMa ey, ..., €gpnit
JNNHEHHO He3aBHCHMA.

Cmcremy (3.6) mpm 5ToM MoKHO 3ammcaTr B BHIE

Ai'epi =15, i=0,1,...,n—1,
HIH, B BOJie MATPUIHOTO ypaBHEHHS,
APE, = Ry, (3.19)

rge Ey, R, — Marpunn, CTOJXOmAME KOTOPHX ABIAITCH CO-
OTBOTCTBEHHO KOODAMHATH BEKTOPOB €x—; H Ii-;.
Nz (3.19) moxyuaem

A = RER. (3.20)
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Taxmm o6pasoM, AJA HOCTPOEHUST MATPHIIEL Ay npesxae
BCero HeoOXOAHMO BHUHCIATH MATPHIY E3l. W3 auneiinoi
anre6ps mssectHo (cM., mampmmep, . K. ®ajnees, B. H.
®apneena [1], crp. 93), 9To CTpOKAME MaTPHIEH E7! 6ymyT
BEKTODH 6a3HCA Sk, -+ +» Sk-n+iy ABOMCTBEHHOTO (wnm 6rOPTO-
TOHAJBHOTO) K 6asHCY €, .  «y Ck-nil. HamomuuMm, u9To JH-
HoliHO He3aBHCHME® CHCTeMH BEKTOPOB dy, ... Gn H
by, . . ., b,HasHBawTCA J60liCMEEHHHMU, €CIA BHIONHAIOTCA
YCIOBHSA '

(a;, by)= 0 mpm i = J, (a: &) = 1.

Ecam 6asuc S, . . -y Sk-n+1 ABOMCTBEH MO OTHOMEHHIO K 6a-
BHCY €ky - « +» Ck-ni1s TO (B CHIY COOTHOMEHMA MBOHCTBEH-
HOCTH) SxEx = I, rne Sy — marpmma, croxbraMu KoTOpOii
ABIAIOTCH BEeKTOPH Sp-;. OTCIONA W CIemyeT, 1ITO Sk = Ex.
Kamnas ms marpmg Ey, £k =0,1, ..., ornmiaercs oT
COCefHMX CJeBa W CIPaBa TOJIBKO OJHUM croabmom. B cmay
TOro IPOIECC MOCTPOCHMS GasHCa Sk, . « +» Sk-n+1 MONKHO OCY-
MeCTBAATH ¢ MOMOIBIO PEKYyPPEHTHHIX COOTHONICHHI1, ITO CY-
MeCTBEHHO CHIKAET TPYROEMKOCTh TAKOTO IOCTPOGHHA.

Ilycrs MEL yske BRETHCININ MATPALY E3, T. e. MOCTPORIH

©a3mC Sk, «. -» Sk-n+1. IIOCTPOHM CHCTEMY BEKTOPOB Skerr
Sky o oos Sk-n+g CIHGXYIOIUM oGpasoM:
§k __ sk—n"'l
* (sk-n+lvek+1) ’ ) (321,)
Ski1-j = Sks1~j — (Sk+1-j» €k+1) Spry j=1..0n— 1.

T3 NnHeiiHO#t He3aBHCEMOCTH BEKTODOB Eki1, €ky o + +» Ck-nta

BBEITEKaeT, 4TO
(Skent1s €x+1) 7= 0. (3.22)

B camoMm fmeme, B CHIY RBOMCTBEHHOCTH 6a3mCOB Sk .+ o -
v e ey Sknt1 M €k o+ oy Cknir 6YJ.'[8T (sk—nﬂ, ek_,) =0 R
j=01,..., n—2uecan 6H (Spnt1s €k+1) = 0, TO OT-
‘cioga OH CiefoBala JHWHEHHAA 3aBHCHMOCTH BEKTOPOB
Ckity + - s Ck—ntg. GIIEMIOBATETIHHO, 945 nposepKU AUHELUHOU
HE30EUCUMOCTVU GEKMOPO8 ki1 €ky - - -5 Ck-niy 0OCTMAMOUHO
_nposepsmy ycaosue (3.22).

\ . V6emmmcs, 9TO CHCTeMa BEKTOPOB (3.21) sBusercsa Gasm-
COM, JBOHMCTBOHHHIM K 6aBHCY €ki1s - + 5 Ch-nta:
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JeiicTBATENBHO,
— (Sk41-n» Chia)
(8415 ek+1) = ——_— =1,

[CA)
- (Sks1-n Ciay)
(Sk+1-5> €k+1) = (Skar-js €ir1) — (Skw1-j» Cksy) o) 0
k+1-n* “k+1
(Sks1-nr €115
s = ~i
Shits Charg) = — BT
( i) (Sk41-n Cks1)
—B CHIY [BOHCTBEHHOCTH GAaBHCOB €y, ..., €pps WU
Skye o o9 Sken+1s
(Sk+1-» €hs1-m) =
(Sk41-n» €re1-m)

= (Sk+1-j> €k+1-m) — (Sk+1-j» Cks = §;

( k+1-j» ) ( /Al 1) (sk+1—n’ ek+1) jms
jhm=1,2, ..., n—1, §;, — cameon Kpomexrepa (6;; =
=1, 8;m = 0 mpu j = m). CaegmoBaTennHO, A CHCTEM BEK-
TOPOB €k41s « + +y Ckoniz B Skigs « + vy Sknsp BHIOIHAIOTCA YC-

" IOBHA [BOMCTBEHHOCTH, 9UTO M HONTBEPKAAeT HAIIe yTBEp-
meHue.

Hrak, ¢ mOMOmbI0 DPEKYPPEHTHHX COOTHOINEHHI (3.21)
HOCTPOGHHE 6ABHCA Sici1, - « -y Sgnsg (T. €. MaTpEmu Erp)
OCYIIEeCTBISAETCA BeChMa IPOCTO.

Teneps MBI MOseM IOTYTIATH TPOCTYI0 POPMYITY AJIA OIpe-
MeNIeHNAs HANPABICHUS NBIKOHUSA py. Jis sToit meam samm-
meM ypaBeerme (3.20) B Bupe

n—1
A;l = 2 rk_is;_i (323)
i=0
(3mech mHAEKcOM * 0Go3HAUAeTCH BEKTOD-CTPOKA).
Ucnonbays aro Brpaskenme, moxydaem
n-1 n—1

Pe=— A= = ricisicifi = — D) (ko f) ot (3.24)
i=0 i=0

Wwmenno ara gopmyna mus ompenenenns HAIPaBJIGHHSA CIyCKA
B MeTojax Tmna (3.4) ¥ jaa MOBOK HA3BATh TAKME AJNTOPHTMH
MeTORaM’ BOACTBeHHEIX Hampasiaenmid. C yuerom (3.24) dop-
Myaa (3.4) momer GHTh mpeficTaBleHa B BHAE

n—1

Tisy =T — O ) (Syois Jr) Tt (3.25)

i=D
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niam, B KoopaumaTHO# Qopme,

n—l1 n 8f($)
T = Zx — O 2 2 -"Jk—i——a—;k—' re-»n v=14,...,n
i=0j=1 v

ITparmunecku  nocaedosamevrbie npUbAUINCEHUR  HYIHCHO
cmpoumv UMeHHO no amol gopmyae.

BameTny eme, 9T0, HCIOIb3Y s Bhpaskenne (3.23), MOKHO
[OMYINTh PEKYDPPOHTHYI GopMyTy AJIA BEMTHCICHAS MaTpH-
ni A¥. Mu mpusesiem ee 3[eCh 6e3 BHBOJA:

-1 -1 1, &
Aily = At + (T — Ak epr1) Sk

B cmpasegiauBocTH GOPMYIH JETKO MOKHO yOenurbca He-
TOCPE/ICTBOHHEIM YMHOKEHHEeM HOCTPOEHHOH TaKHM 06pasoM
MATDHIB HA BEKTODHI €kiyy Cks + « +» Ch-nize OxasuBaercd, 4TO

-1 .
Ak+1ek+1-i=7'k+1-i, i=01,...,n—1,

T. . marpuma A%, YAOBIETBODAST ChCTeMe (3.6).

5. Oprammsanusi Hagasia mpomecca. [lo cEX mop MH pac-
CMaTpUBAJM HTePANHOHHHI IPomece (3.4) maummasm ¢ k =
—=n— 1, DOCKOJBKY RIS OIPe/eIeHN A MATPHIE Ay Tpebyerca
7 BEKTOPOB Iy M COOTBETCTBYIOIAX BEKTOPOB E.

IepBrie mTEpammm MPOIECCa (k < n — 1) moxuO ocymie-
CTBIATH PABIHYHHME CIOCOGaMH. Hanopumep, BOCHOIB30-
BATHCH METOMIOM HAMCKOPeAMero COyCKa: Tk = Ty — il
ax >0, k=01, ..., n—2. Jlng Toro urobn obecme-
TETH eqEHO0Gpasme BHYHCHMTENHHOTO aATOPHTMA HATHHAA C
mepBoii WTEpaNE|, MOKHO MCIOJIb30BATDH cIefynomui cnocob
oprammsanue mponecca mpr 0 < E<n—1.

Moxomum Ag' = I. IlpemcraBmM STy MaTpuny B BHje
A = R.ESY, rne R, =1, Es' = I, mam xe, HCIOIb3YA
(3.23), B BHEzE

n—1
-1 . A
Ao = Z To-iSo-1»
i=0

LA Tgy T—gs « + +» Topts B Sgs S—1y + « o S—nt1 — BEKTODH enu-
HEAYHOTO OPTOHOPMHPOBAHHOTO G6asmca. G ydgerom 3TOrO

n—1

Ty = To— o 2 (fos So—3) To-i-
i=0

o SRR A PR SWIR 1%

i b asieve:
——

A £

it

oo
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Jlazee, BHYACIAB BEKTOPH I'; H ;, T0 Popmymam (3.21) cTpomm
Gasmc:

S_ni1

§1=———=, S1j=81j — (S1-p€1) 1, f=1,...,n—1
Si=f oy S=a — G e)sy f=l..n—t,
H ClIegyiolee NPuGIMKOHHS:

n-—1

Xy =21 — 0y 2 (f15 §1-4) T2
i=0

ITocTpoenne ciaepyoIMmx WTepamuii yKe OYeBHTHO.

6. Mumanmmuzanus ksagparausoii dopmei. PaccmoTpEm B
KaveCcTBe IPAMePa MCHOIb30BAHAE METO/{OB {BOXCTBEHHHIX HAa-
mpaBIeHHH MIA OTHCKAHAA TOYKA MHHAMYMa KBagpaTHIHOM
¢yarnmu. Ilycrs

/@) = 5 (45, 2) + (b:2) + c.

3mecs A — cEMMETPHIHAS CTPOTO HOJOMKUTEIBHO OIPeeeH-
Hafg MATpHNa n X n ¢ NOCTOAHHHME djaeMeHTaMmu: (Az; ) >
> 0 opm n06om x 5= 0, b — BekTOp, ¢ — crangp. I'pagmenr
oroii ¢pyrrmmu f' (z)=Az + b, BekTOp

e;=f (x+r)—f (x)=Ar;. (3.26)
CnenoBarenbmo, €cidm ry, ..., I'y — JAHEHHO HE3aBHCHMANA
CcHCTEeMa BOKTOPOB, $;, . . ., S, — 0asHC, JABOMCTBEHHHHA K 0a-
BHCY €1, . . ., €, TO B cmay (3.20) m (3.23)

n
- —" *
Anl = RnEnl - 2 r.iSio
i=1
Ho, nockonsky u3 (3.26) caenyer, aro MmaTpuna A ompepens-
eTCA CHCTeMol ypaBHenmit Ar; = ¢;, i = 1, 2, ..., n, 6yaer
n
- -
Al == R.E: =D\ sy, (3.27)
i=1

T. e. Ay’ = A71. CregoBaremnsHo,
Tpay = %y — A fo = 2, — A7 (Az, + b) = — A1b (3.28)
B oy =—AAD 4 b =0, T. 6. gy = Ty '
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Taxam oGpasoM, [Id MEHEAMA3ANWHA KBaApaTHIHOA PYHK-
IAH ¢ IOMOMBIO METOI0B BOMCTBEHHNX HAIpaBieHmit TpeGy-
eTCA BHUHUCIATH IpagdenT QyHKumaA B n 4 1 Touxkax u mo-
crpourb 6asmc, MBOMCTBEHHHH K 6a3HCy BOKTOPOB €y, . . ., €p.
Ecam paccMaTpmBaTh HPOMECC IOCIE/[0BATEABHOTO BHYMC-
J6HHA BEKTOPOB €y, ..., €, KaK HEKOTODYIO WTepamHoH-
HYIO TIPOIERYPY, TO MOKHO CKa3aTb, YTO METOJH ‘JBOWCTBEH-
HHIX HAIpPAaBJGHAH IO3BOJAIT OTHCKABATH MHUHUMYM KBaj-
parmunof PyHKIHM 3a KOHeYHOe UMCJIO IIAroB.

OTMeTHM eme, 9T0 pacCcMaTpHBaeMasa 3a7auya YKBHBAJIEHT-
HA PpeNIeHAI0 CUCTeMH JAHOHHHX ypaBHeHmA Az = — b.
CieoBaTeIbHO, METOME ABOACTBEHHHX HANpPaBJIeHH# MO3BO-
JIAIOT PeIINTh CHCTEMY JIMHOHHHX ypaBHEHHA 3a KOHEYHOE
9ACJI0 MTepamuid.

7. OGcy:xnenne cBoiicTB MeTomoB. MeTo/s [{BOMCTBEHHBIX
HANPaBJIGHAH I03BONAKNT PEIIaTh 3ajady MAHAMHABAINA CTPO-
ro BHIIYKJIOH TiIafikoit (YHKIHE He3aBHCHMO OT BHOOpa Ha-
9aJbHOr0 TPHOIMKEHNA, IPHIeM CKOPOCTh CXOMUMOCTH IO-
Ciefl0BaTeAbHOCTH {Ix} K pemeHmio ceepxammeitnas. Cmocob
BHGOpa MapaMeTpa o oGecuegnBaer onpeyeaenne TpeGyemMoro
3HAUCHHUA O; 38 KOHEYHO® Imcio ApoGmenmit. Pasymeercs, B
nporecce (3.4), KaK # B MeToJjaX, PACCMOTPEHHHX B MPE/BIY-
mux maparpadax, MOKHO BHOHDATh O, U3 YCIOBHSA MEHAMYMa
dyHKINE B HaIpaBJIeHWH [BHKEHHs], OHAKO TAKOH cmocob
Goslee TPYAOEMOK.

Ilo omeHKe CKOPOCTH CXOZHMOCTH METO/ paccMaTpHBae-
Moro Kiacca mpmbimxanorca k meroxy Huioroma. Cpasmmm
TPYRAOGMKOCTb ATEPAIINA METO/IOB /[BOACTBOHHHX HampaBJIeHAH
n merofa Heioroma. B mpomeccax tuma (3.4) ¢ marpumeit Ag,
ompenensemoir cucremoin (3.6), AIA BEYMCAGHMA MAaTPHIEI
A3' TpebyeTcss BHYHCIHTH BEKTOD ex W 3aTéM IO PEKyPPEHT™
muM popmynam (3.21) mocrpouts Gasme, ABoiicTBeHHHI K 6a-
BUCY €Cky .« . oy Ck—n+1-

Ina mocTpoeHHms BeKTopa €y, KAaK OTMeJadoch B m. 3,
He0OX0INMO BEYACIATH rpaguedT (YHKINA B ONHOM HJIN ABYX
roukax. IlocTpoenme pnBoiicTBeHHoro Gasmca mo ¢opmyiam
(3.21) camKaeT TPYAOEMKOCTD ITOTO MPOMECCa 10 CPABHOHHIO C
OOHUHHIMA Cmoco0aME NOCTPOEHHA [IBOMCTBEHHOTO OGasmca
(I0. K. ®agnees, B. H. ®anneesa [1]) B » pas (ecim mpose-
PATDH YCIOBHA, 00eCIednBaloMue HePAaBEHCTBO HYII0 3HAMEHA-
Tens B o6mux opMyiax AIs HOCTPOSHHA ABOMCTBOHHOTO Ga-
amca, TO 3T0 oTHomeHme Gyner eme Goablme).
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Taxmm 06pasomM, Bo-IePBHX, B METO[aX ABOKCTBEHHKX Ha-
OpaBJeHni, B oTamame ot MeTona Hrlorona, me Tpebyercs B-
9ACAATH BTOPHE NpomsBofabie Gynkuuu. Ecan sxe mpoBoguts
CPaBHEeHWe C PasHOCTHEIM MeTooM Helorona, To oKa3mBaercs,
9TO KOJNMYECTBO BHMHCJIEHWHA B M3y4aeMHX MeTOAaX, He06Xo-
fEMOe JIs HOCTPOeHMA MarTpumu Aj', npuMepHo B n pas
MeHbIe, NOCKOAbKY B MeTofe Hbiotoma TpeGyerca ma rammoit
HTepayun BEYHCIAATH NPOM3BOfHKEE B n -+ 1 Toukax m o6pa-
mars MaTpuny Ay Ge3 NpHMeHeHHA DPEKYPPEHTHHX COOTHO-
IeHni.

B pasmoctmom Merope Hbioroma mua ompemenermms ma-
UPaBJIeHAA ABWKOHHSA P MOMKHO BMECTO 0GPAIIeHAsT MATPHIH!
Ay pemarh CHCTeMy IMHOHHHIX ypaBHEOHMI (AHATOTHIHO TOMY,
KaKk 9TO MOKHO [elaTh B OOHYHOM MeToJle Hsworona). Has
TaKOTO CHAydYas KOJIMIECTBOHHAA OIEHKA OTHONIEHHA TPYHO-
eMKoCTell MeTomoB THna (3.4) m meroga HrioToma 3aBmcHT oT
TPYROEMKOCTH C0CO0a POMEHAS CHCTEME YPaBHOHHIH, OIHAKO
npuMepHasA OLEHKA OTHOIEHHA TPYAOOMKOCTEH H B HTOM CIy-
9ae pasHa n. Hanpumep, ecim mis pemenns cuctemsr ammeit-
HHX ypaBHeHH NPAMEHATh MeTOJ JBOMCTBEHHHX HAIpaBie-
HE# (cM. myRKT 6), To 41A BTOr0 PaKTHUECKE HEOGXOAMMO BHI-
gpcauTh Matpuny Ap' 6Ges npumenemms PeKYDPPOHTHHX
COOTHONIEHHH, [JA 9ero, KaK yiKe rOBOPHIOCH, HEOOXOAHMO
B n pas GoubIle BHYMCIEHHI, YoM IPH HCHOIB30BAHHE (op-
mya (3.21).

IIpumepHO TaKas sKe TPYHOEMKOCTh PENISHHS CHCTEMH JIH-
HOMHKIX YPaBHeHHH ¢ IOMOIIbI0 METOMOB COHPSKEHHHX Ha-
TIPABIGHNH, O KOTOPHX MH GyaeM roBOPUTH B Clle{yIOmeM IIa-
parpade.

Taxmm 06pasom, MeTOAH BOMCTBEHAKX HaMpaBIeHHH, 06-
Jafiafg CKOPOCTBIO CXOMMMOCTH, GJIHM3KO# K CKODPOCTH MeTOHa
Heworona, Tpe6yoT B To ke BpeMsa 3HAYATEIBHO MEHBIIETO KO-
IAIecTBA BETHMCICHNA HA KAKAOH WTepammm.

HepocraTrom aTHX MeTOZ0OB ABiAsETCA TO, UTO ANA HX pea-
JH33INWA HA BEIMCIWTEIbHHX MAamMHAX Tpebyerca Goibmas
MamMHHASA HaMATh, HOCKOMbKY HE0OXO/EMO XPAHATH B IMaMs-
TH [{BE CHCTEMEI BEKTOPOB Tk Tkayy o « oy Fgepty B Sy Skegy - » «
«« e Sk-p+1y T. €. QAKTHIECKH JBE MATPHIH 7 X n. ITo 3a-
TPYAHAET MCIOIb30BAHAE METOMOB JBOACTBOHHHX HAIpaBie-
HUi 1A pemenns 3agad Goabmoi pasMepHOCTH Ha MAIIHHAX €
OTPaHMYIeHHOM ONePATHBHOK maMAThi0. 3amMeTHM, IpaBja, YTO
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9acTUIHO 3TOT HEOCTAaTOK YCTPAHACTCSH, €CIM B KAU6CTBO BEK-
TOPOB Iy HCIOJb30BATH BEKTOPH, HAIpPaBIEHHbIE 10 KOOPIAH-
HATHHM OCAM, TaK KaK B 3TOM CIy4ae B MAMATH MAaIIWHH (aK-
TH9eCKH He0OXO[MMO XPAaHWUTh JIHIIb OJWH N-MEPHBIA BEKTOP
BMECTO CHCTEMH Ty, . . ., Pk—pii.

§ 4. MeTtonsl conpsKeHHLIX HANpPABJICHRAMN.
Munnvuzanusa kBagpaTnuHbIX QyHEOmi

1. Conps:xennble HanpaBieHuss ¥ uX cBojicTBa. BepHemca
K 3afjade MUHEMHBAIHA KBAaJApaTHIHON (yHKIAH

/@) = (4n,0) + (0, 2) + <, (4.4)

rae (Az, r) > 0 mpu a060oM z 5= 0, KOTOPYI0 MH Y#e pac-
CMaTPHBAJM B IpeAsaymeM naparpade (u. 6). Kak merxo yGe-
AUTHCH, 3afada MUHAMHASANHA KBafpaTHYHOX (YHKOHH, IO
CYIIeCTBY, CBORHTCA K 0GPAMe 0 MATPALH A eCIH H3BeCTHA
marpuma A~!, pemeHHme cpasy jKe HaXOgUTCA IO HOopMyJaMm

(3.28)
Ty = 20— Ay = — A, (4.2)

rfe T, — OPOHM3BOJbHAST TOUKa.

Ecnm Beramenars marpunmy A1, mCHOAB3Ys BHPayKeHAA
(3.27), To HeoGxopxumo, BHOGpAB MPOM3BOJBHYIO JHHEHHO He-
3aBHCHMYI0 CHCTeMY BeKTODOB P, . . ., Pn—y (3/1€CH MH mHC-
noab3yeM 0003HAUGHHE D; BMECTO I';), BEIYACIATH COOTBETCT-
BYIOIIW® WM BEKTOPH

& =f(xi+p)—Ff () =4p;, 1 =0,1, ..., n—1,
(4.3)
Ifie Z; — IPOM3BOJbHEIE TOYKH, M IIOCTPOMTH Gasmc s, . . .
««+ Sp-;, JBOHMCTBeHHHIA x 06asmcy &g, ..., €uy, T. €.
YAOBJIETBOP AIOMMAA YCIOBHAM
(s1:€) =1, (54, &) =0 mpm i+ j. (4.4)
ITH cooTHOmEHHA B CHIy (4.3) MokHO sammcaTs B BHfe
(s0» Aps) =1, (81, Apy) =0, i 5. (4.5)

Oco0mii wmHTepec LpeACTABIAET CIydail, KOTMA 6EKMOpPH
Dos + + +» Pn-1 A6ASI0MCA A-0PMOZOHANLHELMU UAL, KAK euye




§ 4] MHUHUMU3ALAA KBAIOPATHYHBIX OVHKIIUN 97

zoeopam, CONPAHEHHBIMU, M. €. yaoe./temeopmom yc./weu:m
(pi» Ap;) =0, i £ 7j. (4.6)

Cucmema (Henyaesvir) 6exkmopoe Dy, . . ., Pn_y, Ydossemeo-
pawyas yeaosuam (4.6), seasemes aunetino nesasucumor (xax
OPTOTOHANBHASA B METPHUKE, OIPE/eNsIOMOil HeBHPOKISHHO N
MAaTPHIEi), CIef0BaTeNbHO, 0HA MOKET WCIONb30BATHCA IS
OIPE/IeIeHAST BEKTOPOB e; mo dopmynam (4.3). Bexropm s;,
YROBIeTBOpsIOmMue ycaoBAAM (4.5), mpm sTOM BEIIHCIAIOTCH
0 09eHb HPOCTHM dopMmymam:

P;

Si=m, i=0,1,...,n—1. (4.7)
Taxmm 06pasoM, ecim BeKTODH pg, . . ., Ppy A-oproro-
HAJIBHE, MaTpuma A™! Brruciasercs mo gopmyae (em. (3.27))
n—1 n—1 *
* p;p;
A — 2 pis; = 2 S (4.8)
i=0 i i=0 (Api’ pi)

T. 6. 3a7a4a o6pamenns MaTPUOH A, a TeM CAMEIM U OTHCKA-
HAsl MuEEMyMa QyHKOmE f (r), pemaeTcsa BechkMa IpoCTo.

Paccmorpum Temeps safawy ompepenenma Toukm Ty C TO-
MOMBIO CONPSKEHHBIX BEKTOPOB € HECKOJBKO APYTOH TOUKH
3PeHHA; NOMYTHO MBI BEIACHAM P UHTEPECHHX CBOMCTB CO-
OPsAKEeHHHX HanpaBJIeHmi.

Hockoasry p,, . .., pp-y — 6asmec mpoctpamcTea K",
TOYKa I, HPeACTaBEMA B BHJE
n—1
Ty =To+ D) ;- (4.9)
i=0
Ho B cmmy (4.2) u (4.8) '
n—1 *
—xy— B Bk p 4.10
L4 Zo ‘bgo (Api’pi) fO ( . )

U3 (4.9) n (4.10) caepyer

PP
z, -+ o0P; = Ty — _1_f
; (7 0 2 (qu',’p-i) [
uin, B Apyroii ¢opme,

S| S (for P;)
z + aip’l = Lo — __._"_pi' (4.11)
o< ¢ & p, p)

4 B. H. ImenuyHniit, 10, M. Jasuning
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B cuny egnHCTBEHHOCTH Pa3iIoeHHS BEKTOpa o ocAM 0asmca
U3 MOCJHefHEr0 PABEHCTBA OMPEeAANTCH 3HAYCHHS K0PPm-
OUeHTOB ¢; B pasaoxenun (4.9)

(fy» P;) (fo2) .

a; = — (_—Api» Pi) = — ——(Ei’ Pi) y L= 0, 1, Y (e 1. (412)

Taxnm oGpasoM, eciiu H3BECTHA HEKOTOPAs CHCTEMA CONPS-

JKEHHHIX BEKTOPOB, TO TOYKA MHHAMYMA KBafpaTHIHON QyHK-

nun (4.1) merxo ompepenserca mo dopmyiram (4.9), (4.12).

IIponenypy ompepenenns TOUKN Ly DO popMye (4.9) MO~

HO PaccMATPHMBATH KAK IPOLECC MOCIEZOBATENBHOTO IMOCTPOE-
HAS TOYeK:

Xy =% Fap;, i =0,1, ..., n—1, (4.13)

T/ie mIapaMeTpH o; onpeneasaioTcs no Gopmyaam (4.12). Cremo-
BATEJBHO, € NOMOWBI0 CONDPANCCHHYL HANDASACHUT 3adana MU~
HUMU3AYUYU Keadpamuurol GynKyuy Mmoxem Gumv pewera 3a
KOHEUHOE HUCA0 ULa208, He npegocrodaujee n (IUCIO TOYEK B
mrepanuoRHOM mpomecce (4.13) mosker oxasarbecs MembIIe 1,
eciim HEKOTOpHe M3 Ko3(dHImmenToB o; B pasnoxeHmd (4.9)
OKa;KyTCA PaBHHIMHE HYJIO, T. €. eCJIH AJA HeKOTOPHX i GymerT
(fo» p1) = 0). TIpuBeeHHOE CBOMCTBO ABIAGTCHA BasKHEHITHM
H3 CBOICTB CONIPsKEHHHX HampasieHwmit. OHO yKasHBaeT Ha
9 HeKTHBHOCTh HMCIOJb30BAHUA COLPSIKEHHHX BOKTOPOB A
MEHEMH3AIAN KBaAPATHIHOA QyHKOWN M ABIACTCA NPHIMHOK
IMAPOKOTO PACIPOCTPAHEHAS METOMOB COMNPIKOHHKIX HAIPaB-
JIeHnH.

B kagectBe WHTEpPECHOrO CJIEACTBAA M3 IOJYIEHHOTO pe-
8yIbTaTa MOKHO IIOKAa3aTh, YTO MOYKA Z;, NOCMPOCHHARL RO
Popmyran (4.13), (4.12), seasemes mouroii munumyma GyHr-
yuu (4.1) na nodnpocmpancmee, 06pasosanrom eexmopami
DPos -+ +y Di-1 U NPOTOOAUEM UEDE3 MOUKY Z,.

JeiicTBATEIBHO, MYCThH .

i—1

=20+ 2 %D

k=0

Ifie & — HEeKOoTOPHe MNpom3BodbHHEE Ko3(dummentsi. as
TOTO 9TOOH TouYKa Z; OHIIA TOYKOH MAHAMYMA CTPOTO BHIIYK-
Jo#t puddepennupyeMoir QYHKmUM HA HOZIPCCTPAHCTBE,
06pa3oBaHHOM BEKTOPAMH Do, . . ., D1, HeoOXommmo
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mocratodno (caeactBue I.4.4), 9roGH BHIIOIHANMCH YCIOBHSA
(f (), p)) =0,j=0,1, ...,i—1. (414)
Ho ans seex 0 <{j<<i—1
i—1

(" @), ) = (474 b, p) = (Ao + 3 8up) 4+ 5,53 ) =
k=0
i—1
= (Azo + b, pi) + 2 & (4w P) = (fos P3) + &; (Apj» Py
k=0
Orcrona ¢ yuerom (4.14) caenyer, aro Toura ¥; peaqmsyer Ma-
HEMYyM QYHKINH HAa MOANPOCTPAHCTBE, 00Pa30BAHHOM BEKTO-

paM# Py, . .., Pi— ¥ IPOXOJAMEM 9epe3 TOUKY I, B TOM (I
TOJIBKO B TOM) CiIydae, ecnd (fo, p;) + &; (Apj, py) =0, 1. e.
- (for P;)
Ol = — ——————— .
I (A.pj’ pJ)

Ho sTm xoaddunuents coBnafaior ¢ koadduimentams o ;, BH-
9UCICeHHHIME 0 popmyie (4.12), T. e. TouKa 7 ;, peaqusyiomas
ACKOMH MUHEMYM, COBIafaeT ¢ Toukoi z; (4.13). Caenona-
TeIbHO,

(f’ (xi)i pj) = 07 j = 07 1a o e ey i_ 1. (4.'15)

Temepsr scCHO, UTO OTHCKaHHe TOUYKM MHHEMyMa KBajpa-
THYHO} QyHKHEME B mpocTpaHcTBe E" mo ¢opmymam (4.13),
(4.12) MoKHO TOJIKOBATH KAaK IPOLECC NOCISA0BATENbHOM M-
HAMA3anun QYHKOAY B IOAIPOCTPAHCTBAX pasMepHoCcTH i -1,
i=0,1, ..., n—1, ODpuueM p§Ig OTHCKAHHUA KaKIOH
clefyomell TOYKE MAHEMYMa He0O0XOJMMO BHYHCJIATH JIHIIb
OJUH KO3QQUIEent o;.

OrMeTnM, 9TO AJIA OTHICKAHUA KodPPHIUEHTOB &; Mo Pop-
myiaaMm (4.12) pakTauecKm He HYKHO BHUACIATH MATPHULY BTO-
PHX IPOMBBOAHEIX A, a TpeOyercs BEYMCIATH JUIIH BEKTOPHI
& =1f (z; + p;) — f (z;) (em. (4.3)), T. e. aump mepmre
OPON3BOXHEGE (YHKI[HH.

Herpynno y6epurnes, ato dopmyinam (4.12) mis onpeneie-
HEA K03PPuMueHTOB O; MOKHO IPHUAATh WHOM BHNg. B camom
meie, ecam r; ompepexaserca mo ¢opmyrne (4.13), To

(Fop)=(o—h+h—-- —fi+fup)= ,
= (— 0dpy — APy — ... — a1 Apia + fir )
4%
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u B cuny A-0pTOrOHAIBHOCTH BEKTOPOB Dy, . .., P; OyAeT
(fo» i) = (fi» p;). CaemoBatenbHo,
(f P) (f» P)

l:—m=—w, i=0,1,...,n—1.
(4.16)

Orciofa caenyer, uto ecau mpu HekotopoM 0 <L i<Cn — 18
dopmyae (4.13) a; = 0 (1. e. z;4, = ;) , TO 3T0 03HATAET, YTO
(fi» p;) = 0. OGvenunsas 310 pasenctBo ¢ (4.15), moxywaem

(fisr» Pj) = (fsp;) =0, j=0,1, ... i

Taxmm o6pasoM, obpawerHue 6 Hyiv kodfduyuenma o;
0sHauaem, WMo CoOMEEMCMeEYuas movka x; peaiusyem Mu-
HumMym keadpamuunoll GyHkyuu Ha nodnpocmparcmee, no-
DONHCOEHHOM 6EKMOPAMU Do, . . ., P; U npoxodaujem uepes
mouky x,.

Haxomen, sametnM eme, 9o B cmiay (4.15) (fi, pi-1) = 0.
dto o3Hawaer, 9T0 BHIOOpP Ko3PPummeHTOB O; IO (GOPMYyIaM
(4.12) mam (4.16) coorBercTByeT BEIGOpPY ©O; U3 YCIOBHA

f(zi+ oap) = minf(xi + ap;).

0]

2. Ilocrpoenne meToros. ['oBopsa B mpeasAymeM DyHKTe 06
3(PeKTUBHOCTH WCIOTH30BAHMSA COUDSKEHHHX HaOpaBIeHWH
IS MEHHMH3ANUM KBagpaTHIHO# QyHKOEU, MH COBEPIIEHHO
He KacaJmuch BOIPOCA 0 CI0c06ax HOCTPOEHMS TAKAX BEKTOPOB
H 0 TPYJOEMKOCTH 3TOH HIPONERYPH.

IIpuctynmM Temepp K H3YYEHHUIO CIOCO00B IOCTpPoeHAA
A-opToroHaIBHHX BeKTOPOB. HasKapiil m3 TaKuX c1I0c0GoB Gy eT
ompepenATs TOT JuG0 HHOW MeTON COHNpPSKeHHHIX HAmpaBie-
HAH, 3aKI0YIAI0MUNACA B MOCTPOCHNA HOCAE[0BATeIbHHX IIPH-
GIMKeHNHE K PeleHno 3aaud MuanMusanun pyuroun (4.1) ¢
nomompio gopmya (4.13), (4.12) (uam (4.16)).

JPPeKTHBHOCTS METONOB CONP;KEHHBIX HANpaBJIeHAH 6y-
IeT HemoCPeACTBEHHO 3aBHCETh OT KOJWIECTBA BHUMCICHHI,
KOTOPHE MOTPeGyeTcsa 3aTPATATh IS MOCTPOCHUS CHCTEME CO-
OpAKEeHHNX BeKTopoB. Ecam BHOpaHHHHA cmoco6 mOCTPoeHus
CONPKOHABIX BEKTOPOB OKAaKeTCH CIUIIKOM TPYNOEMKUM,
3pPEeKTHBHOCTH ONmpeNeasAeMOTo UM MEeTOfa CONPSKeHHBIX Ha-
OpaBIEHMIT MOKOT 0KA3aThCs HABKOM (II0 CPABHEHMIO C AJTO-
purMamu apyrmx kiaaccoB). IJoaToMy mMeeT CMEICA cpasy ke
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OTOBOPHTH 00mne TPeGOBAaHUA, KOTOPHIM JOJKEH YIOBIETBO-
PATH 110007 13 CI0CO60B HOCTPOSHH A CONP SPKOHHBIX BEKTOPOB
IJIS TOTO, YTOOH COOTBETCTBYIONMI MeTOJ| CONPKEeHHEIX Ha-
IpaBleHAH OKasajcd FOCTATOYHO dPPEeKTHBHEIM.

Bo-nepsrix, mpoiecc MOCTPOSHHUS COINPKEHHHX BEKTOPOB
MOJKeT HCIOJIb30BaTh JAMb BHUKCIeHNe (YHKOUH X ee Ipa-
AUEeHTA H He J0J:KeH BKJI0YaTh BHYUCICHNEe BTOPHX MIPOU3BOJI-
ux ¢ynaxmmn. Ecam ato TpeGoBanme He OyfeT BHIOOMHATHCS,
TO A OTHICKAHMA TOYKA MEHIMYMA KBaApaTHIHOH QyHKIAA C
noMoImbio MeTo/a (4.13) MorKeT mOHAOGUTHCA BEYACAATD MAT-
pUIly BTODHX NIPOHM3BOXHHX H, IIOMEMO 3TOTO, IPOM3BOJUTH
eme BHYHCIGHAe TPAJMEHTOB B HECKOABKHX TOYKaX.
[TosToMy, Kak DPaBHJIO, METOJ CONPSKeHHHX HANpaBJEHHIL,
BKJIIOUAKINIH BHYACIEHNE MATPUNH BTOPHX IPOH3BOJHEX,
6ynmer memee spdexruseH, uem Merof HrloroHa (MCKIIOUEHHE
MOTYT COCTABATH JUIIb Té 3a[jaYH, B KOTOPHX o0pamenne MaT-
punsl A ropaspo Gojee TPYA0EMKO IO CPAaBHEHHMIO C €6 BHIAC-
JIeHAEM).

Bo-BTopHX, /i HOCTPOEHHS COIDPMKEHHHIX BEKTOPOB
JOJI3KHA HCIOJAb30BaThedA HHPOPMaAnuA o GyHKI KA AHIIb B TOY-
Kax mociefgoBaTeabHocTH (4.13). Jlpyramum cioBamm, mpoiecc
HOCTPOGHHA COMPAKEHHEX BEKTOPOB 0/ KeH OHTh OpraHm3o-
BaH TaKuM o6Gpas3oM, 9TOGH IS OIpeneleHHS BEKTOpa p;,
0 <i < r — 1, ucuoas3oBanach Iub AHYOPMAIAA O BHATE-
gAn QYHKOMA ¥ ee TPAfWeHTa B TOUKAX Zg, .. ., &i.

W3 sToro TpeGoBamms BHITEKaeT, 9T0 MOKHO paccMaTpH-
BaTh JIHIMb TAKAE METOAH IOCTPOSHHS COIPKEHHHX BEKTO-
POB, B KOTOPHIX YCIOBHE

(fop) =0,0<i<<n—1, (4.17)

BHIOTHAETCA TOIbKO TOTAa, Korpa f; — 0. [eficTBuTenbHO,
ecad BHIOJHAeTcH ycaoBume (4.17), To B cuny (4.16) a; = O,
cJIef0BaTeIbHO, B mocienoBaTenbHoctd (4.13) 234, = ;. ITO
o3nadaer, 4to Ha (i + 1)-# mTepayum mpomecca He HOCTYHOHT
HOBO# mHGopManuu o QYHKIHA W IO3TOMY HeNb3A GymeT Io-
CTPOUTH BEKTOD Py+; 7 P;. CeoBaTeqbHO, IPOIECC BEIPONT-
csa (3aCTOTMOPHTCA), He HOHAA A0 pemeHHns, ecam f; # 0.
Taxum 06pasom, s 1060T0 A3 CHOCOGOB IOCTPOCHHSA CO-
OPSHKEHHEX BEKTOPOB (M COOTBETCTBYIOMETO MeTOla COmpsA-
JKOHHHIX HANpPAaBJIEHUH) MOMKHO BEIIOIHATHCA yCJIOBHE

(fi» ps) # 0, ecam fi 5= 0. (4.18)
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9drto yciaoBHe rapaHTHpPYyeT, YT0 Ha BCeX MTepamuAX Mpomecca
6ymer a; 7= 0.

B npomecce paspaGoTkm aJTOPATMOB AJIg IOCTPOGHHSA CO-
IPSAKEHHEHX BEKTOPOB BHIOJHeHM® yCaoBuA (4.18) M momx-
HH TpeAIoJaratb. 3aTeéM, KOrf{a aIroOPuTMH GyAyT mOCTpOe-
HH, Heo6X0uM0 IPOBEPHUTH, AEHCTBATENbHO JH 9TO YCIOBHO
AMeeT MeCTO, M, 6CJAH MOHARX0oOUTCA, HAIOKHTh KaKHe-TO JOo-
HNOJNHNTeIbHEE OTPAHAIEHUA HA AATOPATM IS TOTO, 4TOOH
OHO BHIOJIHSAIOCH.

VuamTHBasg creqaHHEe 3aMedaHdsd, 3afiMeMcsd yiKe HeIO-
CPe[CTBeHHO Pa3paGoTKON COOTHOIIGHHWHE MAASA IOCTPOEHHS
A-0pPTOTOHAIBHEIX BEKTOPOB.

Bynmem pmaiee o6o3HAYATh

ry =Ty — Ty = &Py € = fin — fi = @i Ap;. (4.19)
B xagecTBe BeKTOpa p, MOMKHO BHOpaTh IPOHM3BOJbHOE Ha-
npaBieHme cmycka ¢yskummz (4.1), T. e. DOJOKHTH p, =

* 1
= — H,fy, rae H ,— caMMeTpHIHAA CTPOTO HOJIOKATEABHO OII-
peneinernHas MaTpuna. OupemennM TpeGoBaHUA, KOTOPHM J0J-
KEeH YIOBJIETBOPATH BEKTOD Py, 1 < k<< n — 4, maa Toro,
9T06H BHOOJHAINCH YCI0BAA A-0pPTOroHAIBHOCTH:
(pr Apy) =0, 0<<j<<k—1. (4.20)

C aT0ii Iesnb10 BOCIOIBL3YEMCS TeM 00CTOATEIBCTBOM, YTO B CH-
7y CBOHCTB CONPSKEHHKX HampaBileHmil (cM. (4.15)) mpm BH-
6ope o; B mpomecce (4.13) mo gopmyire (4.16) onHoBpeMenHo ¢
BHIOJHEHHOM yciaoBmii (4.20) MOMKHH BHIOJHATHCA TAKKe
paBeHCTBA

(fop)) =0, 0<<j<<k—1. (4.21)
Ecam monoxmrh

pr = — Hifr, (4.22)

rae H, — mexoropas KBagpaTHasg MaTpuma n X n, TO yCIO-
Busa (4.20) mMokHO mepemmcaTh B BHfE

(fka HkAp]) :O’ O<j<k—1‘

W3 cpaBHEHAA MOJydYeHHKX paBeHCTB ¢ (4.21) cramosmTCA
AICHO, 9T0 MpH BumoaHenun (4.21) ycaoBus (4.20) Taxxke 6ymyT
AMeTh MECTO, ecad MaTpuna H; yIoBIeTBOp 6T COOTHOMEHA AM

HyAp; = ap;, 0<j<<k—1,
rme a — np0n3BOJIBBaH KOHCTAHTA.

R e s
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Tax xak B cmry ycaosus (4.18) m cTporoit BHIyKJI0CTH
dyrrmmn (4.1) 0 < | a; | < oo mpm mr0bom 0 < i < n — 1,
TO, BOCHOJAb30BaBMHCh Popmyramn (4.19), pasencrpa (4.20)
(4.21) moxHO mpencTaBUTH B BHIe

(rme) =0, 0<j<<k—1, (4.23)
For) =0 0Kj<k—1, (4.24)
a YCJIOBHA AJA OUPeAeIeHnd MaTpHANB Hh 3anucaTth TakK:
Hiey =ar, 0<j<k—1. (4.25)

Takmm o6pasom, ycaoBus A-oproromambmoctd (4.20)
OynyT BHIMOMHATHCA, ecad Marpuna Hy, OIpeedAiomas BeK-
TOD Py Mo Popmyie (4.22), Gymer yAOBIETBOPATh yPaBHEHUAM
4.25).

Ilpu k< n — 1 umemo BexkTopHHX ypaBHeHmr (4.25)
OyneT MeHbINe 1, OTKY/A CIeAYyeT, 9To MaTpmna H onmpenemas-
©TCA HeeMHCTBEHHEIM o6pasoM. Hpome Toro, mpm pasamambix
3HAYEHMAX KOHCTAHTH 4 CHCTEMH yDaBHEHHWI [IA ompereie-
HusA MaTpunsl H Tak:xe Oynyr pasamantiMa. Bee aTo roBoput
0 PasHooOpas;W| AJITOPATMOB, KOTOPHE MOTYT OHTH HCIIOJIH-
30BaHHEl JAJIA TOCTDOGHAS CONUPSKEHHHX HANPABIGHHiH, TaK
KaK JJIg NOCTPOCHHA PasimYHbIX MaTpunm H TpeGyerca mpu-
MEHATH DPas3IdYHEE METOJIH.

Iockonbry ypaBreHms (4.25) HOMMHE BHIOIHATHCA IPH
aobom k =1,2, ..., n—1, ecTecTBeHHO NOIKTATHCHA
CTpouTh MaTpuny Hj ¢ NOMOIBI0 PEKYPPEHTHHX COOTHO-
IMeHWIt,

IIpenacraBam (4.25) B BHme

(Hk-l + AHK—I) e] = arj, O < j < k - 1.. (4.26)
Tax xKax MaTpuma Hk—l AOMHA yAOBJIETBOPATh yPaBHEHUAM
Hk-lejzarjv I<i<k-—2

To u3 (4.26) cmemyer, uro marpmma AH., omnpexmexsercs
CIEeAYOMUMHA yCAOBHAIMM:

AHk_le,- =0, 0 i< k—2, (427)
AHexy = argy — Hjepq.

Iocnexnee ns aTux paBeHcTB Gy/eT, 0OYEBHHO, BEIOIHATHCH,
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eCJHA IOJIOMUTHh

r_u'_ H__e_v*_
k-17k-1 klklkl’ (4-28)

AHk_ =a
! (Ue—1> €g-1) (V1> €x-1)

Te Ug-q, Vk—y — HEHBBECTHEIE BEKTODEL. JTu BEKTOPH HE0O-
XOJIEMO BHOWPATh TaKEM 006pasoM, qT0OH BHIOJIHATIHCH IEp-
prie u3 yciosmi (4.27), T. e. MOIKHO OLITh

(s ) = 0, (k- &) =0, 0TS E—2. (4.29)

PasyMeercs, BEKTOPH U1, V-1 AOJKHBI TAK3KE y/IOBIETBO-
pATH YCIOBHAM

(Wie-1» €5-1) +0, Uk ex-1)==0. (4.30)

C yuerowm (4.23) sicHO, 9TO YCIOBHA (4.29) 6ymyT BHIOMHATHCH,
ecad BHOpAaTh Ug-y = Vk-1 = T'k-1: Venosusa (4.30) npa aToM
TaKKe BHIOJHSAIOTCA, MOCKOJBKY

(Tk=1s k1) = (Tie-1s Arg) > 0 (4-31)

B cmTy cBoitctB MaTpHEOEl A.
MoskHO TaKKe BHOHPATh BEKTOPHI Ug-y, Vk-1y BOCIOIB3O0-
BaBImECH CJIEAYOMEME COO0pasKeHHAMH. [Ipr BHIDOIHEHAR

yenosmit (4.20)
1 .
(Apk—l’ pj) = (a €k-1y —ai-— Tj) =0, 0 <] < k—2.
k-1 ]

CnemoBaTelbHO, C YIeTOM (4.25)

a (ex-1, 15) = (€k-1, Hiaes) = (H ¥ oo =0, 0 i<k —2,
OTKY/a CIefyeT, 9T0 AJIA BHIOTHOHHA (4.29) mosxmno mOTAraTh
Ug-1 = Vk-3 = Hi 16

Boo6me, ecin BHOHPATh BOKTODH Up—y H Up-1 B BHUfiE
Uy = L1,k k-1 + t2,kH :—lek—l’
Vg = balies + tasH i1k (4.32)

tae tyx fakr s,k La,s — TPOMBBOJIBHEIE gpcaa (KOoTODHE,
B IIPEHIALE, MOTYT H3MEHATHCH C HBMEHEHHOM k), To ycaoBHs
(4.29) 6ymyT, OUeBHAHO, Y/OBIETBOPATLCA. [aa BHOONHEHAA

ycamosmii (4.30) cienyer, ecin norpebGyercs, peryInpoBaTh Be-
TmamEs e =1, . 4 (B WaCTHOCTH, KaK yKe oTMeda-
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q0¢h, yeaoBusa (4.30) OGyayT BHIMONHEHBl LPH Ik = lgk =
=1, tox = t4,k = 0; CM. ( 31) .

TakuM o6pasom, BHOHpas BEKTOPH Uy, Vk-1 B BHJE
(4.32), Mp cMoxem mo Gopmyame (4.28) mocTpomTh MaTpHIY
AH., ¥ TeM CaMHIM OIPefeJATh PEKYyPPEHTHHE COOTHOIIe-
HEA LA HOCTPoeHus Taroil Marpunsl Hy, 9ro OIIpeseT seMblH
@10 BEKTOD Py OyaeT yHOBIETBOPATH A-OPTOrOHATHHEIM yCI0-
pusv (4.20). Ilpm aToM Kakpoii BHOpaHHON mape BEKTOPOB
Uk-y, Vk-i M KOHCTAHTE @& GyMeT COOTBETCTBOBATDL CBOs MaTpH-
na AHy, @, ciaefoBaTeIbHO, MaTPHIA H,. Nuage rosop4,
BHIOMpAs PasIMIHBe BEKTOPH Uy, Ux ¥ KOHCTAHTY &, MEL Oymem
[OJIy9aTh PA3IWIHE® AJITOPHTME IOCTPOSHHA COUP AKEHHBIX
BEKTOPOB, T. 6. HOCTPOMM DPa3iIHIHBE METOJIBl CONPAKEHHEIX
HampaBIeHnH.

3. O6mmue cBoficrBa mertofoB. IlompiTaeMcs BHIACHHUTS,
KAKAMHE 0GIIAMYE CBORCTBAMHE 06144 f0T METO/IBI COIP AEHHBIX
HANPABIGHAH, KOTOPHE MOTYT ObiTh IOCTPOGHBI ONUCAHHBIM
BeIIe 00pasoM.

TIpexme Bcero HeOOXOUMO BHIACHATH, Oymer JIH I Y-
qaeMHEIX MeTO0B BHIIOTHATHCA yeiaoBue (4.18), HOCKOIBKY OpH
paspaGoTKe METOUKH IOCTPOEHHs AJTOPHTMOB IpeAmoaara-
JI0Ch, YTO 5TO YCJIOBHe HMeeT MeCTO.

JIpyroit maTepecHbI Bonpoc — GyAyT Ji HAUPABIGHUA P j,

j=0,1, ..., n— 1, onpemensemsle DasIUIHEIMA MaTpPH-
mamm Hj, orTamuathcs APYT OT JPYra, T. €. OGyfyT a7 TOUKH
Zyy . . ., Tp_y PABIAIHBIMHA JJA PA3IHIHEIX ANTOPUTMOB (zpm

yCIOBHE, 9TO TOUKA I, OfHA H Ta jite) MM ke oHE GyxyT COB-
majath. _

Ilas Toro 4T0GH OTBETHTh Ha IOCTABIEHHbE BOLNPOCH,
IpeficTaBHM BeKTOp — p; = H'if;, MCHOTB3Ys PEKYDPPEHTHYIO
dopmyny mus maTpunm H; W BLIpAKeHAA (4.28), (4.32):

HYf; = (Hjea - A )* fi-
C yuerom yciuoBmit (4.24)
051 (00 HE4F)

AHY.f; = — =

(v'-l» ej..l)

* * 4
(ty,5751 1 1y 5H5485-0) (510 H3 15

(Uj-lr ej..l)

Ecan eme yuwects, 49TO
* * ! * ’ * ,
H¥ejy = Hifi — Hinyfia = Hiafs + Pi1s
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TO BEKTOD —pj; MOKHO HIpPeACTaBHTh B CIeAYIOIEM BHAE:

wy g% g td,}' (e~_1, Hx:_]_f;)
H'f; = Hinf; [1 - (”;-1’ ej-;.) B

* *
ts i i-18-1 T 14,iPi1%2
(v -1 ej...l)

- [1 (1 _ a7 1) )_

(vj—lt ej—l)

H}\fi=

*
ri e t, . ,
J-17j-1 4,) *
(ta,j+ °‘"1 )]Hj—lfj.

o (vj_]_» ej..l) j—
Haiee,
Vi1, €-1) = (5751 + taH -10j1, €5-1) = to,3 (Timas €j1) +
* ’
+ t4,7‘ (eJ'—l’ H j=1 j) + t4,j (35—17 Pi-1)1 (4'33)
B CHIy 9ero

: . t .
(r,-p 33—1) (ts,j + 4,j ) =1 —

(v5-1, €5-1) %1

* ’

(vj-lv e]._l)

Hcnonsays modydeHHOe BHpakeHHme B QopMylae I H;f,f,
TOTYIAM
Hif: =1 ]‘Mﬂ;ﬂ_ HY.f (4.34)
2] J (rj—l' ej—l) =Vn *
rae
1 B3 f))
(vj_lrej-l)

i=1—

Ecnm Bexrop v;-, ynoBiersopsier ycaobmio (4.30) m mpm aTom
Qj-y tg5 5 — by, j, TO mpm aobom j =1,2,... MHOXKE-
Tedb P; 7= 0, TOCKOIbKY OTHOINEHHE
* ’
ty,i (€51 Hiafy)
(vj—]’ ej..l)

+=1

— B 9TOM HETPYAHO Y6equTHCsA, CPABHABAA UHCIHTENH DTOTO
oTHOmeHHA ¢ BupakenmeM (4.33). Hasvrelwue paccymcde-
HUs Mul 6ydem npoeodumv, rpPedNOAA2AR, UMO MHONCUMEL
ts,g U ly,; 6LLOUDAIOMCA UMEHHO marum 06pasom, umols. npu
j > 1 ewnosnsauce ycaosus (Vjy, €j) =0 u v; 0.
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.
VMuEoKEM 06e wactm paBeHcTBa (4.34) cramsipHO Ha fi:

(f;c’ H?fa) =1; [(f;t)*— —(M] J"lfJ (4.35)

(r -1’ ] 1)

IMockonsry v; 0, a (fes H f) = 0, (fk,rj) =0nopr j < k—
— 1 (8 cany (4.21) m (4. 24)), n3 (4. 35) clenyer

(fo Hiaf) =0, 1<<i<k—1. (4.36)

Brraaras n3 (4.36) paBencTBa (fr, H;‘_,f;_l) =0,1<j<k—1,
HONyUAM TaK;Ke YCIOBHS
(e Hi ) =0, 0 << i <<k — 2. (4.37)

IlokakeM Temeph, HMCIOAB3YA IOJYyUeHHEE COOTHOINE-
Haa, uto mpm 0 <C i <{j — 2 copaBesamBH DaBeHCTBA

H:+1f;' = H:‘f;, T. €.
HEf = Hf; = ... = Hof;. (4.38)

Hcnonwnsysa peuyppen'rnyro dopmyay pas marpumu H; un
yuTHBas yeaosua (4.24), MOXKHO TPeNCTaBATH BEKTOP
H,ﬂ]‘, ciaeyomaM obpasom:

(H,e;,
o = HEy— 20 )

(v €;)
IOns moxasarenncrBa paBeHCTB (4.38) HeoOxopmMo mMOKasaTsh,
qr0

, 0<i<<ji—2. (4.39)

(i Hie) =0, 0<<i<j— 2. (4.40)
BHOB® HCIIONB3YA PeKYPPEeHTHYI0O Gopmyrny mis H;, momyqamm
i .
, , (f.,Hse)(v,ei )
(f3s Huesn) = (fj» Hoe1sa) — 2 : (vs - )' 2, (44
8=0 878
0<i<i—2,
i
! ! (vs’f)(Hs s’e )
(UnH inein) = (fir Hoeina) — 2 Zv e,) M, (4.42)
8=0 s

o<i<ji—2.
B cmay ycaosmit (4.24) n (4.37)
Wi ) = tai (s ) + ta (Hien 1) = 0, 0<<i<(j—2. (443)
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C y4etoM oTHX DaBeHCTB m ycioBmii (4.37) u3 (4.42) cuenyer
(fir Hoenr) = 0, 0 <i <j — 3. (4.44)

Paccmorpum Temeph coorHomerms (4.41). Ilpm i =0

’ * ! ’
B cmry (4.37) (Hoeo, 1) = (Hoeo, 1) =0, a (fj, Hoer) =0
B cmay (4.44). CnepoBarensHo, oKasuBaercd, uro (Hiey, f;)=
= (. Paccyxpas nanee mogoOHEIM 06pa3oM, ME B yCTAaHOBHEM

cOpaBelImBoCTh paBeHCTB (4.38).
VumThBasg 9TH paBeHCTBA, BhpaskeHme (4.34) MoyKHO 3a-

oEcaTh B BUE

a3y =, (1 — =) 1 (4.45)

(rj—10 €1

Jra GopMyTa ¥ IO3BOIHT HAM HMOJNYIHTH OTBET Ha IOCTABIEH-
Hble B Hadaje INYHKTa BOIPOCH.

VMuoxuB (cKamapHo) o6e gacTh (4.45) Ha f; m yIMTHIBaA
yenosmsa (4.24), monydmm

— (i p) =1 (3 Holi)s 1 >>0. (4.46)

Ecam H, — cTpPOro IOJIOMKHATEIBHO OIpe/ielleHHasdA MAaTPHIA,
TO (f,f, Hof',-) > 0. CaegopatexnHo, eciam y; = 0, ms (4.46)
rrTexaer, o (fi, pj) 7= 0.

Taxam obpasom, us (4.46) caedyem, wmo npednosoxcerue
o ewnoanumocmu ycaoeus (4.18), xomopoe ucnoavsoea.noch
npu paspabomrke memoOUKU NOCMPOEHUS CONPANCEHHHT 6eK-
Mopos, O0KA3LIEAEMCA CRPAEOUSHM, eCAU 6 Kauecmee H,
evi6uUpaemcs CUMMEMPUUHAR CMPOZ0 NOAONCUMELLHO onpede-
AEHHASL MAMPUYQA.

Ilna Toro uToGH BHACHATE, PasIHYANOTCA JH BEKTOPH p;
M TOYKH Zy4y, = 0,1,...,n— 1, B PasIAYHLIX aJIropur-
Max, BHOBb oGpatmmca K dopmyie (4.45).

IlepBHiit mar B M1060M 3 MeTO[OB CONPAKEHHHIX HAIpPaB-
JeHH# NeaaeTcsa OMH B TOT ke (ecam BHOApaeTca OfHA H Ta

* ’
e Marpuna H), TOCKOIBRY ; = o — %ol ofo, 2 Gg BHIOH-
. %
paerca m3 ycioBua min f(z, — aHy fo). CiemoBatenbHO,
a

TOUKA Iy, a OITOMY ¥ BEKTODHI T'g, €9, [y GYAYT ONHE | Te e
IIA M00HX aJATOPHTMOB, KOTOPHE MOTYT OHITH IIOCTPOGHEI
wo ommcaHHoi BIme Meroguke. Ho rTorma, Kak ciaegyer u3
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(4.45), u HanpaBIeHH®
*
, o€, ’
21 th T1 (ro, e0) ol
TaKKe He GyeT 3aBHCETh OT BHOOpPAa BEKTOPOB WUg, Uy (YHOB-
JIeTBOPAOMEX CPOPMYIAPOBAHHEIM TPeGOBaHUsM), T. €. He
fymer saBuceTh OT cmocoba mocrpoenus matpunsl H,. Tounee
rOBOPA, BEKTODPH p;, HOIydalomuecs IPH Pa3iAIHEX CIOCO-
Gax mocrpoeHms Matpumu H,, Oygyr OTAMYATBCA APYr OT
Apyra JHIMb CKaJIAPHLM MHOKHTeNeM ;. Ho, mockoabky
BeJIMUMHA 0, Bh6Upaercs u3 ycaosma min f (z; -+ ap,),
a

TOUKA Z, B KOTOPOH 9TOT MEHAMYM pealmsyercs, Oyuer oxaa
@ Ta jKe He3aBHCAMO OT Ccmoco0a ImOCTPOeHHA MaTpmOu H,
(8 cmry crporoii Bumykgocta f (x)). CiemoBaTenbHO, BeNH-

9@HH Ty, €;, fa OYAYT OGHU ¥ Te 3Ke JIA PasIHIHEIX METOJO0B
conps;xenusx HanpasiaeHmit. Ilpogomxas atm paccysxpuenas,
OCHOBAHHEIe Ha TpeJCTABIGHAN BEeKTOpa py dopmyoii (4.45),
Msl yOemMCs, 9TO TOUKA Zy, Ty, - . ., Tn HE 3ABHCAT OT Bol-
6opa BEKTOPOB Uk, Uk, T. €. OT cI0cO6a TMOCTPOCHHA MATPHILH!
H,. Taxmm o6pasoM, mociefoBaTeIbHEe OPUGIMKEHHA K pe-
IMeHAI0 33/1a9l MAHAMH3AAM KBaJ[paTHIHON QyHKIHE OGymyT
OfTHY W Te K6 Il Pa3IMIHEX METOAO0B COUNPAKeHHHX HampaB-
JIeHHuH.

CnemaeM eme ogHO 3aMedaHHe.

Brime yme MoHO OBHIO 00parnTh BHHMaHHE HA TOT
daxT, uTo MepBas W3 BYX MaTpuL, obpasyomux Matpuny AH
(4.28), j =0,1,...,k —1, He ydacTByeT B IIOCTPOGHHH
BeKTOpa pjy. JleHCTBATENBHO, €CIH OIPeNedATh BEKTOD

’
AH *fg, o B cmny ycaoBmii (4.24) oxassiBaeTcs, 9T0

u; (5, f)
(uj’ e])

=0, 0<ji<<k—1,

k—1
T.e. B IOCTPOGHHN BEKTOpa — Py = Hifi = (Ho + AH,')*/;;
i=0
MAaTPHIE
r.u‘- N
a——, 0i<k—1,

(uj’ ej)

yqactua He npmEmManT. OgHAKO BIMAHWe 9THX MAaTpHUI Cy-
WecTBeHHHIM 06pa3oM OTpakaeTcd Ha CBOHCTBAX MATPHIE
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Hy, B wacTHOCTH, Ha cBoiictBax Mmatpunsl H,. Ha stor Bo-
mpoc Mul 6ygeM o6pamaTh BHUMaHHE IPH M3yYeHAN KOHKDPET-
HEIX QJITOPATMOB B CJIGAYIOMEM IYHKTe. 37eCh K6 OTMETHM,
9TO pasiImdde B CBoWCTBaX MaTpuiu H, GymeT cKaseBaThCa HA
CBOHCTBaX METONOB CONPMKeHHHX HANpPaBJIeHAN NpH MUHHA-
MHA3aIAn HOKBAXPATHYHON QYyHKIHH.

4. Komkperusie aaroputmel. Paccmorpum Temepn He-
CKOJIBKO DAa3IMIHHX QOpPMYJI, KOTOPHE MOTYT OHTH HCIOIb-
30BaHH JAJA HOCTPOGHMA CONPS;KEHHHX HampaBieruit. Eme
pas DOBTOPHUM, UTO KasKHasd m3 Takdx ¢opmyna Oymer ompe-
ReIATH TOT AMGO WHOE METOf CONpSKeHHHIX HANpaBICHHIA,
3aKII0YAIOMMUIACA B DOCTPOSHHH MOCIENOBATEIBHHX IIPHGIN-
JKEHH# K pemeHWI0 mo gopMmyinam

Tk = Tk + Axpry Pp = — Hife k= 0,1, ..., n —1,
) (4.47)

npuueM oy BHOEpaercsa m3 ycaoBus min f (xx + apyg), T. e.

ompepensercs BupaykeEAAMA (4.12) m:n (4.16).

1) Ilomaraem B (4.28) a =1, upy = re1, Upyq =
= Hy 165 (T. e.B dopmynax (4.32) tyx = t, =1, ty = t, =0,
ts,k = ts = O, t4’k = t4 = 1). TOI‘JIa

O o H,_ e e, H
Hk — Hk—1+ (rk 1: 1) _ k-i k=1"k-1"" k=1 . (4.48)
k=1 "k-1 (H 1810 €11)
W3syanm HexoTopHe cBoitcTBa MaTpmiul Hj, momxydaemoit Ta-
KAM cmocoOoM.

Mampuya Hp — cummenmpuunas. I1oT GaKT Nerko ycra-
HaBImBaeTca no mHEAyKnma. Matpmna H, — cammerpmunas,
o6e marpunu, obpasylomme AH,, Taxmke CHMMeTDHYHLI®
(BTopas m3 HmX — B cmay cumMerpmm H), mosromy H,
Oyner cHMMeTPHYHAA MATPHUIa. AHAIOTHYHHIE pPAaCCYKASHHA
cmpaBefImBH mpm Jawbom k= 2,..., n.

Mampuya H, — cmpoeo noaoxcumeavho onpedeseHHaA.

JokasaTelbcTBO HPOBOJHTCA 0o MHAYKnuH. Marpmna
H, — ctporo momoskmrenpHO ompepedeHHas. Ilycts Hp —
CTPOTO IOJOKHUTENBHO OIpefeNeHHAS MAaTpWia. 1orga mpm
aobom ¢ & E®

(rk’ z)? (erk' )

(Hys12, ) = (Hyz, ) + GRPAE - Hepn )
. (Hyx, z) (H e, e,) — (H e, )? (ry> #)?
h (Hyey €) (Toe)
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B cnny npennosioskenus o Matpmne H,cymecTByer KBajpaT-

mrit kopers Hj' (1. K. ®amnees m B. H. ®amneesa [1],
crp. 107). CremoBaTenbHO, ¢ y4eTOM CHMMETPHIHOCTH Mat-
punst Hy

(Hyz,2) = (H{H 'z, ) = (H 'z, H{’z) = (¥, y)-
Amaxorauno
(H ek, ex) = (H‘lé’em H‘lé’ek) = (z, 2),
(H e, 2) = (Hi* ex, H ') = (2, ).
an’runaa 9TA COOTHOMEHWsI ® HCOOJIb3yA HepaBenc'rBo

Komn — ByHakoBckoro, ycraHaBIHBaeM CIpPaBeIJIHBOCTH
HOPaBEeHCTBA

(Hyz, z) (Hyex, ex) — (Hyer, 2)* = (y,9) (z}5) — (z,9)* > 0,

OpadYeM PaBeHCTBO MMeeT MeCTO JHING B ClIydae z = Y, T. e
B CHIY HEBHPOKAeHHOCTH Hy, IMIb OPH YCIOBHH T = €
Ho npm arom (rg, z) = (rk, ex) = (rg, Arg) > 0. Takum 06-
pasom, npn Jio6om z 7= 0

@)=y, e
i, 2) = === =3+ oy >0

9TO0 W [OKAa3HBaeT COPaBeJIHBOCTh WHAYKTHBHHIX DaCCYK-
[eHuit.

Mampuya H, = A™%.

Deitcteurensro, Hy ynoBiersopsier ypasHeHEmaM (4.25)

npr a=1, 1. e. Hpe;j =713, j=0,1,...,n—1, nim
¢ yderom (4.19)

H Ar;=r;, j=0,1,..., n—1.
CieoBaTeIbHO, BEKTOPH T, . . ., 'y SBIAITCA COGCTBEH-

guME BexTopamm Marpuust H,4 ¢ coGCcTBeHHHIME dHCIaMH,

pasEnMu enmEHne. OTclofa BHTeKaeT ¢ yUeTOM JImHeiHOH

HO3aBHCEMOCTH COIPMKEHHHX BerkTopoB r;, i =0,1,...
wn—"1,qar0o HAd =1,T. ¢

H,= A"
Ho (cm. (4.8))

n—1

2 (Arl,r> Z o r) '
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T. €. OKa3HIBAeTCA, UTO MATPULy H, OmpeeaaIoT TOABKO MAT-
pHIH
* »
i N

rpe) — (pe)

(06 aToM mIa peds B KOHIE HPEfHYIero IyHKTa).
2) Opyroii {meTon mocrpoenmsa Hy momyumrcs, ecldm Io-
aA0KuTh B (4.28) a = 1 m Bu6paTh Uy = Vg, = rp,. Torga

7'._
Hy = Hyy + (rgy — Hiho) —— - (4.49)
(M1 €p-1)
Marpuna Hy, ompeneiasieMasa TakmM cmocoBoM, yie He sB-
aserca cammerpmuroil. Ilockoasky a = 1, 6yner H, = A-1—
9TO [lOKa3HBAGTCA TOYHO TAK Ke, KaK fAuasA MeTofa (4.48).
Hcnonpays (4.49), MOMKHO MOCTPOHTH HECKOIBKO OTIHY-
Hyio opmyny muas onmpepeneHns Hy. 3anmmem (4.49) B Bufe
k—1 *
r
Hy=Hi+ X (ri—He) ——~. (4.50)
=0 (r,p e‘i)
B cuny ycaosmit compsixeHmocTH (4.20) (¢ yuetom dopmyn
(4.19)) Gynmer (ey, r5) =0, 0 <j << k — 1. CremoBarennHo,
n3 (4.50) BerTexaer

Hey=Hep k=0,1,...,n—1. (451

C yuerom aToro gopmyny (4.49) MoKHO TmpefCTAaBATL B BHJE

r* -
Hy = Hyy + (ri1 — Hoep) (r—"k:‘l— (4.52)

k1 €k-1)
Ecam H, = I, sra ¢opMyna oxkaseBaerca HECKOAbKO IIpOIIe
(4.49).
3) Bubepem a = 0, vxy = ry—,. llpm aTom

*
Hy = Hyq— 2001 (4.53)

(1> €p—1)
Ms (4.25) opm a =0 caegyer Hue; =0, j=0,1,...
..., n —1. OTu paBeHCTBA B CHIy JHHOHHON HE3aBHCHEMOCTH
BEKTOPOB &, . . ., €, 03HA4AT, 9T0 H, = O (1nHeiinasa He3a-
BHCHMOCTH BOKTOPOB e¢; = Ary, i =0,1,..., n — 1, BuTE-
KaeT W3 JMHeHHO# He3aBHCEMOCTH CONPSAKeHHEIX BEKTOPOB

r; m cBoiicTB MaTpumel A).
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ITockonbry mass ¢opmyas (4.53) TaksKe BEIIOOTHAETCH
yeaoBue (4.51), ee MOKHO 3ammcaTh B BHJIE

H *
Hy=Hyq— ——ktk1 (4.54)

("j-1r €x9)

Mos&HO IPOMO/KATH MOCTPOBHME METONUB COIPS;KEHHHEIX
HaNpaBJeHdil, BHOWpasA pasiduHbEE COYETAHHA KOHCTAHTH 4
1 BOKTOPOB Uy, Uk IO Gopmynam (4.32), Ho ME 3TOTO fleIaTh
y:Ke He cTaHeM (37ech H fajee, TOBOPA O KAKOM-IH0O KOH-
KpeTHOM Merofie, Hanpumep (4.48), Mu mMeeM B BHAY MeTOf
(4.47), B RoTopoM mis mocrpoeHmA Marpunn Hjy mcmomnbay-
ercsi gopmyiaa (4.48)).

OrmermM ciaenyiomee. CTporo roBops, B KaKAoM W3 pac-
CMOTPEHHEIX BHINI6 METOHOB HEOOXOmUMO OHIJIO IPOBEPATH
BHmonHeHne yciaosmii (4.30) mas BeKTOpOB uy, Ug. Jlerko
y0equThCA, YTO BO BCEX HM3YYeHHHIX METORAaX 9TH YCJIOBHA
BHIIOIHAWTCA. TaK, KOTHA Uy = Vx = I'k, O BHIIOAHEMOCTH
yeaosmit (4.30) yme rosopumiocs B 1. 2. B merome (4.48)
vy = H}% ey, OMTHAKO B CHIY HOJOKHTEJIHbHOIN OIpeeIeHHOCTH
matpunu H, Oyner (v, ex) = (Hyex, ex) > 0, 1. e. ycixo-
BuA (4.30) Tarxe BrmonaawTcsa. CiregoBaTelbHO, B COOTBET-
CTBHM C pe3yJbTaTaMH O. 3 [JdsA DPAacCMOTPEHHHIX METOJ[0B
BHnonHAercA yciaosume (4.18), 1. e. rapamTHpyercsa HeBH-
POKIEHHOCTH METO/I0B.

IMonyaum Temeps (OPMYIH HEMOCPERCTBEHHO AJA BHIYHC-
JieHHsA BEKTOPOB Py, ONPE/eNAeMHX PasIHIHHME MAaTDPHIAMH
Hy. 3to mpocTo chenarh, eCIu BOCHONB30BATHCA (OPMYIOH
(4.45).

ITOCKONBRY Tk = Cg—qPk-1, U3 (4.45) caemyer

Pr = — Y& (Hof;i: — BkPk-1)» (4.55)
rme
_ (Hofy eyy)
[Bk - ( Pr1 ek-l) : (4“56)

* .
Ecam vy = Hyex, TO

(€1 Hyyf ;c)

Y - Uit = U
T (H -y €5y)
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B cuay pasencts (4.38) (ex—, H D) = (ex—pn H o]‘;c). Ianee,
B cuny (4.21) u (4.38) Gynmer

(Hyey, ex) = (ka;m’ f;c+1) +(Hk7;r’ f;c) = (Hof;cu’ f;:+1) — (Pw» f;c)-
Ilonydennse PaBeHCTBA IOKAa3HIBAKT, 4YTO
_ (Hof s g_y)

(Hofgs ) — (Proys Frt)

BameruM, uro u3 (4.45) B cmay (4.21) u (4.24) BuTexaer (npu
yeaosuu, 9ro y; 7= 0)

(Fe, Hof) =0, 0<j<k—1. (4.58)

(4.57)

Tk =

C yueToM 2TOr0 OKa3HIBAeTCSH
(Hof s ex-1) = (Hof s - (4.59)
Ncnonssya pasercrsa (4.59) B (4.57), ycranaBimBaeM

— Py ) : (4.60)
(Hof o 1) — (Pyy» Fia)

3aMernM eme, 9To

(Fer D) = (T P8) — (s PB) = — (e D). (4.61)

CpasumBas popmyms (4.56) m (4.60) ¢ yuerom (4.59) m (4.61)
HEeTPyAHO ycTaHOBHTH, 910 v; = 1/(1 4 Bi). Orcropa caenyer,
aro yxpr = 1 — yx CuepoBareasno, popmyra (4.55), ompe-
[eIAmas BeKTOp Py B Ciydae, KOT/a IS MOCTPOEHUA MAT-
puns Hj; uncmonb3yercA BEKTOD Uk = H ;.lek_l, MOSKET
OHITH IpefcTaBieHa B BH[E

pr = — veHof + (1 — YDkt (4.62)

rje KodpuImEmeHT Y OmpPefeiseTcA IO OfHOE W3 PopMyn
(4.57) nu6o (4.60). Mo:kHO eme 3anmCcaTh BOKTOP Pj CIEAYIO-
maM 06pasoM:

Pe = — Hofre + B (Holk + Pi-)s (4.63)

Tk =

roe
(Hofg f)
(Hof pr ) — (Piyr Fig)

Br=1—"Tc= (4.64)




§ 4] MUHUMU3ATIHA KBAJIPATHIHEIX GVHRIAN 115

MoKHO DOXYYHUTH M APYTHe BHIPAKOHUA A KoadpPunmenta
ﬁk, eciIm BOCIOJIb30BaThCA paBeHcTBamu (4.59), (4.61), (4.46);
3aMeTHM, YTO HOCAENHIO W3 3THX (POPMYJ] MOKHO IpeicTa-
BHTh B BHfE

(i P) = B — 1) (Hof s 11)- (4.65)

Borancasa B Bupaenmax (4.62), (4.63) xosddmumentst
Yk, Pr D0 pasiamuHHIM opMyTaM, MH TeM CaMHM (aKTHIECKH
OOJNYYAM pa3IHYIHBIe METOAH CONPSKeHHHX HAIpaBIeHMI.
IToguepkueM, 9T0 NIPM MAHAMA3ALMA HEeKBaJpPATAIHHIX QYHK-
quii pasamuHsie QOPMYIH RIS OIpefeNeHHA py OymyT ompe-
OeldATh pA3iuYHHe (E OO0 BeJIdYNHe, W OO0 HANPABICHUIO)
BEKTODHL.

OcoGeHHO mPOCTO HMOCTPOMTH BEKTOP P, MCIOIAB3YS BHI-
paskenme (4.45), B caydae, Korga AJs IMOCTPOEHHA MaTPHUI(H
Hy ncnonbsyercsa BEKTOP Vg, = Tg—. B aToM caryuae £y =0,
moatomy Yk = 1, m m3 (4.55) momygaem

Pr = — Hofx + ByPi1s (4.66)

rre Py Baamcasaercsa no Gopmydte (4.56). Ecam Bocmonb3oBaTh-
ca paBenctBamm (4.59), (4.61) m (4.46) — mociennee n3 Hax
B paccMaTpPEBAeMOM Cilyiae IPmoOpeTaer BHJ

(Pes 1) = — (Hof s 1), (4.67)
TO JAJA oupefeleHHsa KospdummeHTa Py MOKHO HOIYIATH,
HaOpPEMep, OfHY W3 CIeAyImaXx $opMyi:
B — _ Hofprepy) _ (Hofpf)  (Hofy )
¥ (Prps Fp-2) Py fr) Hofggs fpog)
(4.68)
Bripasxenns (4.62), (4.63), (4.66), onpenensomme BEKTOP
Px, B CBOI o0uepenb MOPKHO OpefiCTaBATH B BHAG pi =
= —H k]‘k, rie Marpuna Hy 3aBucHT oT BHIa Koa(bdmnnen'rOB

Vi, Bk Br. Tak, ecam B (4.63) xospdumment Py BrUmCITOTCA
mo ¢gopmyie (4 64), To cooTBeTCTBYIOMaA MaTpHUIA
Hofy, (Hof, ¥
Hy = Hy— —fe ol Py’ (4.69)
(Hofk’ fk) - (pk.p f}g—l)

3necy H, = H,(mockonsky fif = 0). Ecam B (4.66) B
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BHUKCIAGTCA IO mepBoi m3 dopmyn (4.68), To BEeKTOpP pi om-
penensiercs MaTpHIei

Hee. *
H, = Hy+ —Z1bet (4.70)
(P/c_lv fk—l)

Ecan pas Buumcienus Py B (4.66) mcmoapsyercsa ropad u3
dopmya (4.68), To
Hof;tp?—l

Hk = 'HO + 7 .
Py fr-1)

(4.71)

OtMmermM, qTo B Popmyie (4.71) H, = H, (mockoiabKy fn=0),
B (4.70) H, < H,.

JIpyrme QopMmyias pus moctpoerms H, umraTennr mnpm
HOMAHAN MOKeT IOJNYIHTH CaM.

Ham6onee mpoctyo $opMylny AJs BadmcieHns A-oproro-
HaJIbHHX BOKTOPOB MOKHO IOIYUHTDH, eCTH BHOpaTh B (4.66)
H, = 1. llpu arom

Pr= — fi+ BePr-1 (4.72)

rme Py ompepessercsa, HampuMep, mO OIHOA W3 CIefyIIHX
dopmyr:
(= (o fi) Uk fi)
(Ph—y> Foa) (Proy 1) (Feps T

. (4.73)

Merop (4.47), B KOTODPOM CONPAKEHHEE BEKTOPH CTPOATCA
no ¢opmyiram (4.72), (4.73), mMEpPoOKO M3BECTOH KaK METOX
CONPAKEHHEX TPAJHeHTOB (3TO HA3BAHME OIPeNEIAeTCH YC-
aosmamu (4.58)).

5. Munumn3anna BhInykjof Ksagparwunoii pyskmma. [lo
CHX IOpP MH paccMaTpmBaJm MeTofs A-OpTOroHAaJIbHEIX Ha-
OpaBieHHA AJA MAHEMHABAMEA CTPOTO BHIOYKIOH KBajpaTHd-
HO# (yHKIHHE, T. €. OPEAUmOIArajm, 4To Marpuma A CTporo
TONOKATENBHO OIPEefleIeHa.

IIycrs Temeps

1
f(2) = o (A, 2) + (b, ) + ¢
— BHIOYKIasAg QYHKIEA, T. €. Marpuna 4 — IOTOKATEIHHO

onpenenennasn: (Az, ) >0 mpm awbom z =+ 0. Bynem
CYMTATh, YTO MEHEMYM 5TO# QYHKIEH CyIIeCTBYeT.
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WNsyunM Bompoc O OPEMEHEHHH METOR OB COIPSKEHHBIX
HanpaBleHHN B 3roM ciaydae. OTMeTHM IIpefBapHTeNbHO He-
KOTOpHe cBoicTBa QyHKmUZ f(I).

1) Ecau (Ap, p) = 0, mo Heob6zodumo

Ap = 0. (4.74)
JleiictBuTeannHO, ecim (Ap, p) = 0, B0 p ecTh TOYKA MH-

HEMYMa BHOYKIOH QyHKmum @ (r) = -.%(Ax, z). Ho B Touke
MHUHEMYMa [OJ3KHO BHOOJHATHCA HEO00XOJMMOe yCIOBHE dK-
cTpeMyMa
¢’ (p) = 4p = 0.
2) Ecau p — mouka MUHUMYMG ewnykiol  PYHEYUU
¢ (z) = —;—(Ax, z), mo Heo6xo0umo
(b, p) = 0. (4.75)

[eiictBurensro, ecau (Ap,p) =0 u (b, p) >0, ToO
f(ap) = a (b, p) + ¢ —> — oo, ecmaor = — oo, T.e. f () He
OCTUTaeT MOHEMYMA, YTO HPOTHBOPETYHT HCXONHOMY HPefmo-
JLOKEHMAIO.

ABanmormuHo paccmaTpmBaeTcsa caydait (b, p) <O.

3) Tousa munumyma Pyrwryuu f(x) HeeGuHcmeeHHa.

B camom fene, n106ad TouKa MAHEMYMA BBHITYKIOA KBaf-
paTHIHOR GyHKOEE f (Z) JOIKHA ABIATECA pelleHHeM JTHHOH-
Hoit cmcreMsl Az + b =0, u Ha060poT, MOCKOILKY yCIOBHE
f () = Az + b = 0 ecTb HeoGxoxumoe (B BHAY CyIiecT-
BOBaHMA MEHHMMyMa f (r)) mocTaToIHOe YCIOBMEe DKCTPeMyMa
BuNyKIo# ¢yExmmm f (z) (caepcrBme 1.3.2). Ho Tar kak
paET MaTpummH A Medbe 9WCIa HEMSBECTHHX (YCIOBHE
(Az, ) > 0 osmazaer, 4ro MaTpEma A — BHPOKJEHHASA,;
cM. (4.74)), o cacreMa Ax + b = 0 mMeeT Hee[HHCTBeHHO®
pelneHHe.

4) Ecau (Ap, p) = 0 u z & E™ — npoussosbras mouka,

mo Heob6rodumo
(f' (2, p) =0. (4.76)

JleiticTBuTenbHO, B CHIy ycaoBmit (4.74) m (4.75)
(f' (2), p) = (42 + b, p) = (4p, 3) + (b, p) = 0.

PaseHcTBO (4.76) MOJKHO WHTePIpPETHPOBATH CIEAYIOMEM 06-
pasoM. MHOKeCTBO pelIGHMH 3afaii MEHAMH3ALAH QYHK-
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mam @ (z) obpasyer THIEPIIOCKOCTb pPasMepHOCTH 1 — {,
rge ¢ — panr Matpuugi 4. (9Ta rEOepmIOCKOCTh IPHHANIe-
JKUT IOBEPXHOCTH YpPOBHA QYHKIEH f (), MOCKOIBKY, €ClH

1
p — TPOH3BONBHAS TOYKA MEHEMyMa ¢ (r) = —- (4z, x),
T0 ¢ yueTom (4.79)

] () = 5(4p, p) + (b, p) + ¢ =)

CnefoBaTenbHo, paBeHCTBO (4.76) o3HagaeT, 49TO TPajHEHT
¢yuruun f (r) B 1000 TOIKe PACHONO0KEH B IOANPOCTPAHCT-
Be pPasMePHOCTH ¢, OPTOTOHAJIBHOM K IockoctHm Ap = 0
Orciofia BHITEKAET, YTO 9HCJIO JIMHEHHO He3aBUCHMHX BOKTO-
poB f’' (z) paBHO ¢ << n (I BHIOYKIOH KBa/paTHIHOE QYHK-
nua | (z)).

YunTHBasA npuBeJeHHEe CBOCTBa QpyHKNME f (Z), BepHEM-
cA K Bompocy 00 MCHONB30BAHMH METOJ0B CONMPSAKEHHBIX
HAIPaBJIEHHH A PeIIeHAA pacCMaTPUBaeMoi 3aKa1u.

ByneM camraTs gas npoctorsl, uro Hy =1, m paccmorpumM
merop, (4.72). OGosEauuM IOAUPOCTPAHCTBO, KOTOPOMY LPH-
HafeskaT BekTopH [’ (z), gepes E?. Jlerko ybepurncs, 49TO
BEKTOD pj, ompepenseMuiii gopmymnoi (4.72), mpuHapsiesxmt
E%. [eiictButenbuo, po, = — fo & E? m, ciepoBaTeIsHO,
mpu 1060M & BEeKTOp py ABIsAeTCA JHMHEHHOH KoMOmHarmeu
BEKTOPOB, mpmHafIe:kamux mnogupocrpanctsy E?. Caemo-
BaTeJbHO, IPH HCIOIb30BaHME MeTofa (4.72) MmHAME3aMHA
dyrrnma (mpouecc (4.47)) dakTHUECKH OCYNIECTBIAGTCH B
noxmpocrparctee E?. Ho B sTOM mogmpocTpaHCTBE BEIIOJ-
Hsaercs yeaosme (Az, z) > 0 gus mo6oro x 7= 0. dro ozHaTaer
B CHJIy KOHeYHOMEPHOCTH upoctpamcra E?, uaro pua mio-
6oro r = E? Gyper

m1||$IF<(A$,$)<M1|l$ﬂ2y my >0, M; < M.

Orciofia BHITeKaeT, 4T0 Ha pAacCMaTPEBaeMOM IOAOPOCT-
pamcTBe QpyHKmEsa f () ABIAETCA CTPOTO BHIIYKJIOW H I0ITO-
My BCe CBOHCTBAa METOJIOB CONPFKeHHHIX HaNmpaBJeHMH, pac-
CMOTpeHHH® B LPOAHAYIEX IYHKTaX, COXPAHAKNT CHIY
B JaHHOM CIydae. B 7acTHOCTH, COXPAHAIT CHIY PAaBEHCTBA
(4.58), moxkasmBaiomume, 9r0 BeKTOpH f;, i =0,1,.. .,k
ABAAIOTCA ImHeiHo HesaBmcuMmuMu. Ho B mogmpocrpaHCTBe
E? ge moxeT GHTH 6oiee 9eM ¢ IHHOHO HE3aBHCHMBIX BOKTO-
pos. CmemoBaTenpHO, mpE HeKoTOpoM k < g — 1 mpomecc
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NIOCTPOGHUS COMPSKEHHHX BEKTOPOB MOJIKEH IMPEKPATHTHCA.
B cuny =HeBnpokpeHHOCTH Meroma (cBoiictBo (4.18)) aT0
npousoiifieT MWL B ciIydae, Korma fr = O.

C yueToM cKa3aHHOTO SICHO, YTO NP MAHAMHA3ALAA QYHK-
nEE MeTofoM (4.72) mpu mexotopoM k < ¢ — 1 meo6xoxmmo
oramerca fr = 0. I[TocKoNbKy HampaBAeHHA Py, OIpejesse-
MHE DAa3IWYHHIME METOfAMH CONDPKEHHHX HalPaBJICHUH,
COBIIAlAIOT (C TOYHOCTHIO O CKANSAPHOr0 MHOKHUTENA), TO BCE
CKasaHHOe CIPaBeJJIuBO HE TOIABKO miasa Mmeroma (4.72), Ho m
IJaA APYTAX aJITOPATMOB, M3Y4YaBIIMXCS B HACTOAMEM Hapa-
rpade. HecKOTBKO yCI0KHEHB pacCy:KIeHUsI, MOMKHO IMOKa-
3aTh, 9TO YCTAHOBJIEHHLI Pe3ynbTaT COXPAHACT CANY H B CIy-
4ae, Korga H, — Ipom3BOIbLHAS CTPOTO IOJIOMKATEIHHO OIIpe-
AGJMeHHAA MaTPHLA.

Taxum oGpasoM, Memods conpancewHHL HanpasieHull no-
3604410M OMBICKUEAMb MOUKY MUHUMYMA uinyrioli keadpa-
muunoll PYHKEYUU, nputem peuieHue 3adauu nosyuaemcs sa
YUCAO ULAZ08 MeHblLe N.

IIpepnonoxmm remeps, uto BHOyKIaa Pymxuma f(z) =me
IOCTATaeT MHHMMYMAa; KaK CIEIyeT W3 [OKasaTelbCTBa pa-
BeHCTBa (4.75), 310 6ymer B TOM ciIydYae, KOTf{a A IIPOHM3-
BOJBHOTO BEKTOpPA P, MEHHMH3Upyomero QyEKRImEL @ () =
= (Az, z), Bunoauasercsa yciaosme (b, p) = 0.

ITocMorpnM, K YeMy IPHBOJAT HPOLECCH IOCTPOSHHS CO-
OPSIKeHHHX HAIPABICHHA B TAaHHOM CIydae.

ITpexBapuTesbHO MpUBEEM OLHO CBOACTBO A-0PTOroHATB-
HEIX BEKTOpPOB, HMeIoIee MeCTO HmpH ycioBmu, dro f (x) —
BHOYKJIaA QYHKIHAA (HO He CTPOTO BHIOYKIAA).

Ecau mampuya A — nosoxmcumenrviHo onpedeseHnas, mo
nro kpatinell mepe 04a 00H020 U3 CONPANCEHHBLT 6eKMOPO8
P, 0 < k < n — 1, ennoansemes ycaosue

(Apk, px) = 0. (4.77)

CupaBeJIMBOCTh 9TOr'0 YTBEDKAEHHA BHITEKAGT W3 Clle-
nyomero. Ecix OH BHIOIHAIACH YCIOBHSA

(4ps, pi) >0 (4.78)

mags Beex i = 0,1,...,n— 1, cacteMa BEKTODPOB p,,
Py - + -5 Dn-y ObliIa Obl THHEHHO HesaBHCHMOi. [leficTBATEIBHO,
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IpeImONoKEM, 9T0 ycaoBuA (4.78) BHIOXHAWTCA W MYCTH

n—1

}.‘1 8:p; =0,
i=0

npuuem, HanpEMmep, 8, %% 0. Torpa, ymHOKasA o0e uacTH pa-
BeHCTBa (CKalApHO) Ha Ap,, MONyIAM B JeBOH TacTH
8o (Apg, po) >0, T. e. mpEAEM K IPOTHBOPETHIO. CnemoBa-
TeIbHO, IPH BHIOIHEHHWH YCaOBHH (4.78) BEKTODEH {p:io!
o6pasoBsiBain G Gasmc B E™, m mosToMy a000# BEKTOP 2
JOmyCKax OBl IIPe/ICTABJICHNS
-
z = 2 a;D;»

i=0

rie mo Kpaitmeil Mepe ogumH #3 KoapduIEEHTOB @; F 0. Ho
TOTHA 0Ka3ajoch OH

(4z,2) = (A za’ipi’ Z a’ipi) = ;a? (Api, pi) > 0.

Aro mpormsopednT yciosmio (Az, ) > 0.

TaxaM 06pa3oM, HCXOXHOE MPeAmooKeHre 0 BHIOTHOHAN
ycaoBmii (4.78) HeBepHo.

B cmIy pacCMOTDEHHOTO CBOHCTBA A-OPTOTOHATbHHX BeK-
TOPOB IPH MCIOIH30BAHAH 11060T0 M3 METOI0B COMPAKEHHEIX
HaOpaBlIeHWH IPHA HEKOTOPOM k > 0 BHmOJIHATCA PAaBEHCTBO
(4.77). TlocKOABKY AIA PacCMaTPHBAOMOM dynKIOUE CBOACTBA
(4.75), (4.76) He mMeloT MecTa, IPH BHIIOTHOHEH (4.77) mapa-
Merp o B Gopmyie (4.47), BEUMCISAEMSEI O dopmyie (4.16),
ofparmrcsa B 6ECKOHEYHOCTH, T. €. naJbHedmes HTOCTPOEHHE
CONpPA/KeHHKX HANPABIEHHA OKAKOTCA HEBOZMOKHEIM.

6. OGcymmenme pesyapraroB. Urak, Msl paccMoTpend
HeKOTOPYIO 06IIYI0 CXeMy IIOCTPOSHHUS MOTOJIOB COIPSXKOHHAIX
HAIpaBJIeHMt K HA €6 0CHOBE IMOJYIHINA MHOTOTHCICHHEe KOH-
kperHsie aaropat™u. Jlo0ofi M3 METONOB paccMaTPABAeMOI'0
KJTacca TMO3BOJAET OTHICKMBATH MHHMMYM BHIYKIOH KBaj-
parmaHO (YHKNWE 3a 9YMCIO MAroB MPOMECCA (4.47), ne
npeBocxonsmee n. Kpome TOTO, MBI BEIICHHIA, 9TO HOCTSM0-
BaTeJNbHEe OPHOIMKEHAS K PEIIeHAI0 Lo, Ty, . -« Lk, MOMY-
JaeMEe OPA MCIOIb30BAHAN PA3IMIHBIX AJITOPHTMOB, OKA3EI-
BAlOTCA ONHA W TE 3Ke.

o i

i
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Ecsu oleHEBATh AJTOPUTMbl ¢ TOYKH 3PEHHS KOJIHIECTBA
BLIIMCIAGHMIA HA MTEpaluy, To, KOHEYHO, MPENNoYTeHne Ccie-
[yeT OTAATh AalIrOPHTMAM (4.62), (4.63), (4.66). Ocobenno
IIPOCTO BTH METOJbI PeanusyTCs, KOrAa B KadecTBe HATalb-
moii MaTpunsl H, BHOmpaerca eiMHAYHAA MATPHIA I, a B
GonbMAHCTBE 3a7ad, IMo-BEAMOMY, Bubop Hy = [ asuasaercs
nauGoiee Ieseco00pasHEIM.

B sTOM ciydae mo TPYA0eMKOCTH MTePAL(My METOIE! (4.63),
(4.66) oueHH HE3HAUMTENBHO OTIMYAIOTCA OT TPA/IHEHTHOrO
MeTofa, HO BCJIEACTBHe KOHEYHOLIATOBOCTH IPOIecca (4.47)
CYIIeCTBEHHO IPEBOCXOAAT €ro o d¢(eKTHBHOCTH.

TlocTomucTBOM MeToRoB (4.62), (4.63) m (4.66) aBuiserca
TamKe @ TO, 4TO mpH peaidmsanuu ux Ha IL[BM Tpebyercs
ANmb He3HAUYATEeNbHOe yBeJIHdeHHe MAIIMHHOHA NIaMATH IO
CpaBHEHHIO C TO#, KOTODas MCHONB3YeTCA OPH PelIeHUH 3a-
[aud MeTOJLOM HAaWCKOpeHmero cuycka.

MeTofs CONDSKEHHBIX HANpPaBIeHAH, B KOTOPHX A
ompejeeHEA HANPABIEHHS ABIKEHHUA IPE/IBAPATSIHHO CTPO-
urea marpuma ((4.48), (4.49), (4.52) — (4.54)), B paccmor-
PeHHHX AaCHeKTaX HECKONbKO YCTYHAKT MeToaaM (4.63),
(4.66), omEaKO TaKKe COXPAHAIOT 3HAUATEAbHOE IPEHMYINe-
cTBO mepej IpajmeHTaMu Merofamu. llpemmymecTBoM BCex
MeTO[[0B paccMaTpPHBaeMOro Kiacca mepen Merofom Heiorona
ABIAETCA TO, YTO OHH He TPEOYIOT BEHIYACIGHHS BTOPHIX IPO-
N3BOAHHX (QYHKIHM.

MosxeT BOSHAKHYTh BONPOC — HMMeeT JHM CMEICI paccMaT-
PHEBaTh METO[H, B KOTODHX IPEBAPUTENBHO OCYMECTBIAET-
C51 MOCTPOEHMe MATPHIIH, €ClIM OHH IO TPYA06MKOCTH MTepa-
nuw ¥ mo TpeGyeMoil MaMHMHHON MaMATH YCTYOalOT METOAAM
(4.63), (4.72)? 3mech, OXHAKO, CIEAYeT yUeCTh, ITO MH [aeM
cyry6o TeOpeTHUECKY0 ONEHKY METOR0B H He yIATLHIBAEM
TaKo# BayKHBIA (PAKTOpP, KaK TYyBCTBHTEIBHOCTH AJTOPHTMOB
K IOrpEemHOCTAM BHYMCIeHWH. Yder ;Ke aTOro Qaxropa Mo-
JkeT 3HAUATENBHO H3MEHATH COOTHONIGHHe KOJHMYeCTBa BHI-
umcIeHnit, KoTOpoe HeobXoammo Oyfer 3aTpaTATh HPU peme-
HEE 3a7aud pasimdHEME anropmrMmamu. H Tomy ske caepyer
OTMeTHTH, UTO, Hampmmep, meropsl (4.48), (4.49), (4.52)
HO3BOJAIOT OXHOBPEMEHHO C peIleHHmeM 3a/a9d MAHAMH3A-
NUW OOIYyIATH OOPAaTHYI0 MaTpHIY A-1, 4TO0 B HEKOTOPHX
CIydafx MOKET OKA3aThCA IOJE3HEHIM.

OcofeHHO CYMECTBEHHO Pa3HAIA B CBOHCTBAX aJTOPATMOB
GyaeT CKa3HBATHCA NPH AX HCUOMB30BAHMY [I/1A MUHAMHA3A AN
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HEeKBaJipaTHYHbIX QYHKIHUI, 0 4eM HoiifeT peds B CiaeAyIOIEM
maparpade.

MeTonsl comps;KeHHHX HAOPaBIeHHH OKA3HBAITCA MO-
Je3HLIMA ele ¢ OJHOH CTOPOHHE — OHM INO3BOISIT BHACHHTDH
3HAKOOIpeJeleHHOCTh MaTPHIH. Tak, B COOTBOTCTBHA C pe-
3yABTaTAMM I. D, eciu MaTpAOa A — IONOKHTEJbHO OIpe-
meleHnad m QyHKIUA f (x) He mocTHTaeT MEHHAMYMa, TO Ha
HEKOTOPOM Imare OKa)ercA oy = co. Hcam ke Marpmma A4
He ABJISAETCHA IMONOKUTEIbHO OIMPeNeJeHHOH, To Ha HEKOTOPOM
mare mpomecca (4.47) oxamerca oy << 0. Taxum oGpasom,
10 BeIMYMHEe ImapaMeTpa Oy B MOKHO CYAHTH O 3BHAKOOIpefe-
JeHHOCTH MaTpunsl A.

IpPeKTHBHOCTH METOJ0B COMPAKEHHLIX HalpaRIeHdi 00y-
CJIaBIMBAGT WX Bce Golee MAPOKOe NPEMeHEeHMe A MAHAMA-
3aUA KBaApaTHYHHX (QYHKOUA ¥ PeIIeHHS CHCTEM JIHHEM-
HEIX ypaBHEHHIl.

§ 5. MeTogs! conpsskeHHBIX HAUpABICHMIA.
Muanvusanza npou3BOJbHBIX QyHKImiE

1. CooGpaskenusa o npuMeHMMOCTH MeTofoB. Ilpexmoio-
MKEM, 9TO MH XOTHM HCIOJIb30BATH IIPOIECC

Tk = Tk + Py, Pi = — Hifw, k=0,1,..., (5.1)

rae BeKTop py (mind ke Matpuna Hi) onpenenserca mo ogHOMY
M3 MeTON0B, HM3yYeHHHX B MOpPeNHAYIMEM maparpadge, KIA
MEHEMHE3AIEA TPOM3BOJIbHOM (HEKBAJPAaTHYHON) BHOYKIOL
¢yaxumn f (r). B sToM ciaydae B pasImUHHIX TOUKAX INOCIe-
nosatenbuocTH (5.1) Marpuna f’ (z) 6yaeT EMeTh pa3aHmIHEIe
DIIEMOHTH, B CHJY 4eT0 IIPX NOCTPOSHHH BOKTOPOB Py, . . +, Pg
no d06oMy W3 MeTORnoB OyHKTA 4 § 4 omm me GyayT yxe
ynoBaerBopATh ycaosusaMm (4.20), 1. e. He GYRAYyT CONpAKeH-
meiMp. OfHAaKo, ecim HadanbHAsA TOYKA I, BhOpaHa B [o-
CTAaTOYHO Majiofl OKPECTHOCTH MHHHMYMA T, IJIaJKOH# BBIIYK-
aoi ¢pyurgua f (r), To B M1060i ToIKe ITOH OKPECTHOCTH MAT-
puna f” (x) Gymer Gamska K marpume f” (z4), T. e. HCXONHAA
¢yaKua f(z) GymeT XOpoIIo amIpPOKCHMHPOBATHCA KBajpa-
TAYHOH QyHKIMel

Q(2) = o (" (£2) (& — 240, 2 — ) + ] (&),

CrnemoBaTeabHO, MOKHO OKANATH, 9TO CBOHACTBA BEKTODPOB
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Po» - - -» Pk, OIPeNeIseMHX IO MeTomaM § 4, OymyT Gamaxm
K CBOHCTBAM COHPS;KEHHHX BeKTOPOB (f” (z4)-opToromainsn-
HEIX) B I0ITOMY CBolicTBa mpomecca (5.1), B KoTopoM mapaMerp
oy BHIOMpaeTCA H3 ycloBuA MuHMMyMa ¢Qymrnmm f(r) B Ha-
OpaBJIeHAA Py, OyAyT OAMBKA K CBOWCTBAM H3YU6HHHIX METO-
IOB CONPsKeHHHX HampaBieHnit. IHawe roBops, MOKHO IpeJi-
DOJIOKHMTH, 9TO METORH HPeAHAyMmero maparpada oxaKyTcs
mocTaToyHo 9PPEKTHBHHME M NPM MAHAMHA3ALNAHM HEKBajpa-
tmaHNX Qyrxnmi. Pasymeercss, B 9TOM clydae OHH y:ke He
GyayT KOHEYHOUIATOBEIMHA, MOCKOJBKY CTPOTOT0 BHIIOMHOHHAS

YCIOBHI
(1" (z4) P, p1) = 0, i=~E,

He Gyaer npd a06oM BHOOpe TOUKH Z.

Urepanmonntie nmponeccH tama (5.1), B KOTOPHX mocTpoe-
HOe BEKTOPA Py OCYIIECTBIISAETCA 1O aaropmTMam § 4, a 3Ha-
9eHMe mapaMeTpa oy BHOUpaeTCA W3 YCIOBHAA

f(xx + oxpr) = min f(zx + apy),

MBI 6yneM OOo-mpeXHeMy HAa3hBaTh METOOAMH COIPAKEHHBIX

HATPaBJeHHAH.
3aMeTnM, 9TO yCiIoBHWe MIJA BHOOpA mapaMeTpa ¢t MOMKHO
MpPefCcTaBUThL €mie B BHUfe

(fesws P8) = (f (2 + axp), px) = 0. (5.2)

Ilenxr macroamero maparpada — 0GOCHOBAHHE CXOAHMOCTH
MeTOTO0B CONPSAKEHHKX HANPaBICHANA NPH MEHUMA3ANHEA He-
KBaJpAaTHYHHX QYHKOU ¥ DOTydeHne OMEHOK CKOPOCTH CXO-
ITHMOCTH.

2. Teopema o cxogmmocTm MeTonoB. B manbHeitmem Gymem
cunTaTh, 9To0 f (Z) — CHIBHO BHIOYKIAA ABAKIE HEIPEPHBHO
nuddepernupyeMas QyHKOHUA, T. €. BHIOIHATCA YCIOBHSA

mlyP<(GF @y, y) <MIylk, m>0, (53)

nus Beex z, y &= E™, a B rauectBe H, BHOmpaeTca cmMMeT-
pHYHAA CTPOrO IOMOSHUTEIBHO OIpefieIeHHAA MaTpuma

moly B < (Hoy, v) < MolylP, me>0, (5.4)

ang Beex y & E™.
Mzt Gynem paccMaTpmBaTh Ipomeccs Thma (5.1), Koropsie
OCYMmECcTBIAITCA HHGO ¢ BOCCTaHOBIeHAeM MaTpunu H; depes
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KOHEUHOe UHCJIO IIaroB, JAnGo 6Ge3 BOCCTAHOBJIGHHS MaTpPHIEL.
ToBopsi O mpoleccax C BOCCTAaHOBJIGHHeM, HAIPHMeED, depes
n maroB, ME EMeeM B BHIY, 4TO IpH JTi060M E=0,1,...
IPOM3BOJUTCA BOCTAHOBJIEGHNO MATPHIILI Hen, 1. . Hga = H,,.

Cpasy e OTMeTHM CJefyioliee. Ecnam ocymecTBIAOTCA
IPOIeCCH C BOCCTAHOBIGHMEM MAaTPHIH H) 4epes KOHEYHOe
4@EeIo0 MAroB, TO AAA Jd0000T0 W3 METO0B COIPSMKEHHBIX
HaIpaBieHuit GyfieT BHIOTHATHCA YCI0BHe

lim |/ (z)] = 0, (5.5)

MOCKOMBKY Ka/IBlil mMepBHIif IMar mporecca mocie BOCCTAHOb-
JeHHsA ABJIAETCS IIAroM PaHeHTHOTO CIyCKa, IS KOTOPOro
B cmay (5.3) BHIOOIHAITCA YCIOBAA CXOXMUMOCTH TPajUeHT-
manx MeromoB (Teopema 1.6), a Ha mociaeqylommx Imarax
MeKIy BOCCTAHOBJIEGHMAMI OCYI[ECTBIAEICA CHOYCK O MH-
HEEMyMa (QYHKOEE B HaOpaBlIeHHH ABWAeHAA. Brmomxmenme
yeaosus (5.5) Aas cTPOro BHIYRJIOH QYHKIMA 03HATAET, UTO
410601l us paccmompeHnuxr ¢ § 4 memodos, ocyujecmensemolii
¢ soccmanoesenuem mampuyv, Hj uepes Komeuroe uucio ua-
206, cxodumcs K peuseHul Ty. IloaToMy Hisi mpomeccos ¢ BOC-
CTAHOBJIGHAEM BayKHO TOMYIHTH OMEHKY CKOPOCTA CXOIHAMO-
cTH MaA Toro, uTobH MOKHO GRuIO CcyAmTh 06 WX dgdexTHB-
HOCTH.

BameTEM, 9To yciaoBme (5.5) A TMPOMECCOB C BOCCTAHOB-
jeHmeM Gy/leT BHIIOMHATHCA HE TOJNBKO JJIA CTPOTO BHIIYK-
AHX QyHEN@E, HO B MIA MOOHX QYHKIWMI, TI1A KOTOPHX BH-
noxHeHWe YCioBHA (5.5) rapaHTHpyeTCs NpPH HCIONB30BA-
HAR TpajiMeHTHEIX MeTofoB (cM. Teopemy 1.4).

EcJm s%e 0CYmecTBIAITCSA NPONecCH 6e3 BOCCTAHOBIGHHS
Hy, TO CXOZAMOCTH TAKAX IPOIECCOB HeobxomEMO 060CHO-
BmBaTh. KpoMe TOro, Kak ® A IPOLECCOB C BOCCTAHOBIE-
pueM, 37eCh HeoGXOAEMO ONEHATH CKOPOCTH CXOMMOCTH IIPO-
1eccoB.

ChopmynupyeM Temeph TeOpeMy, COAepiKaHHe KOTOPOit
COCTaBIAET OCHOBHOM Pe3ysbTaT HACTOAMEro maparpada.

Teopema b5.1. ITycmv 04a munumusayuyu PyREYUU
(), ydosasemsopsioweii ycaosusm (5.3), ucnoavsyemes npo-
yece (5.1), 6 komopom nocmpoerue mampuyst Hy ocywecm-
easemca odnum us memodos § 4 ((4.48) — (4.49), (4.52) —
(4.54), (4.69) — (4.71)), npuuem uepes n wazos npou3sgodumcs
gocemaroeaenue Hy. Tozda, ecau sHaueHue o evibupaemcs

s Rl
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U3 Ycaosus MUHUMYMa PYHKYUL 6 HANpasieHuu pg, nocae-
doeameavrocmy {x,} He3asucumo om 6u60pa HAYAALHOL MOUKU
x, CXOOUMCA K PEeuLenuio co ceeprAUHEHOL CKOPOCMbIO.

Hametum o6myio cxemy qoxasateasctBa TeopeMu. Ilpen-
NOJMOKEM, 9YTO YTBEP)KIAEHAE TEOPEeMH HEeBEepHO, T. ©. AIA
OIMCHIBAGMEIX HTEPATOHHBIX IPOMECCOB IPH J060M & BHITOI-
HAGTCA YCJIOBHE

ks — 2] > M| 2 — 2], : (5.6)

rae A > 0 — xomcrauta. Ecam BocmonbsoBaThCA HepaBeHCT-
pama (1.12) m

1F@I=1 @ —f (@) <Mz —2z] (5.7

CIPaBeIMBHIMA [ QYHKIMHA, YHXOBIETBOPAIOMEH YCIOBHAM
(5.3), To MoxuHO ybexmuThCSA, 9TO yciaoBme (5.6) sKBHBaJIeHTHO
ciaenywomemy:'

[762] > 81/l (5-8)

rae 6 >0 — xoHcraura. lsygas cBoiicTBa mpomecca (5.1)
B TIPE/IIOJI0KeHNH, YTO BHIIOJIHAETCA yciaoBue (5.8), MbI yera-
HOBHM, YTO HEBABUCHMO OT JATOPATMA MOCTPOSHMS MATPHIIBL
Hy 6yny'r 3IBIIOJHATHCS CASNYIONAE OLEHKH: :

Clel < Ire | <N Frls (5.9)
rge C, N — KoHCTaHTH, He 3aBucamue ot k, C >0, m

(eensis Tensi) = 0 (l€gnsi || rensi )y U727 O<CHLT<CR—1.
(5.10)

Ilazee MH mOKa)keM, 4TO IPH BHIIOJHEHHH 3THX OLEHOK
nocienoBaTeabHOCTs (5.1) cxomuTea K pemeHHmIO €O CBepX-
JTUHEeHHOH cKopocThio. Ho 3T0 IPOTHBOPEYAT HCXOAHOMY IIPeA-
nonoxenuto (5.6) (mam (5.8)), T. e. mus mpomecca (5.1) ycio-
Bue (5.6) BHDonHATECA He MOKer. Mcmombays aToT daxT,
yKe Jerko OyfeT yCTaHOBUTH CHIPABEAJIMBOCTH TEOPEMEI.

Taxmm o6pasoM, cxeMa J0Ka3aTeIbCTBA TEOPEMH €fUHAA
JJIA BCEX M3ydaeMHX METONOB; IO-PA3HOMY yCTaHABIMBAETCH
JUmMb COpaBefauBocTh omeHOK (5.9) m (5.10). loxasarean-
CTBO CIPABeJJIMBOCTH STHX ONMEHOK A PA3IMYHHIX AaJro-
PHTMOB MH IpPOBeA6M B CIHeAYyIOIeM IYHKTe, a B 9TOM H3J0-
JKEM 0OIylo IJsA BCeX MeTO/0B YaCTh JOKAasaTeabCTBA.
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IIpenBapuTenbHO CfleaeM OAHO 3aMeYaHHe IO IIOBOJAY
obosnauennit. B mambmeiiimeM, omepupysa ¢ BeKTOpDaMH H Ta-
paMerpamn

rEmi’fEnH’ €entis OEntiy BEnH’ i= 01 1, DEEY (A 1:

MH OyfleM 9acTo /JsA, DPOCTOTH BAaNHCH OMYCKATh MH/EKC
En, T. 6. ONEPHPOBATH ¢ BEKTODAMH H IAPaMeTPaMH r;, fi, €,
a;, B; m 1. . OpHaKo mogIepKHEM, YTO ITO [ENAETCHA JIAID NI
IPOCTOTH 3aIIHCH; IeHCTBATEILHEA HHIOKC COOTBETCTBYIOMAX
BeKTOpOB &n - i.

WTak, mpucTynmM K JAOKa3aTeJbCTBY TEOpPeMbl, CUATas,
aro BemosHmoTeA oneHKH (5.9) u (5.10). BocmonpsoBaBmuch
dopmyioit Jlarpamxa Ajds omepaTopoB, MOXYIHM

" ” " ”

(s 15) = (fieris 1) = (it 13) + (fie — fi)rin ). (5:11)
3nmech, Kak 06HYHO, HHAGKCOM i¢c 0603HAUAETCA HEKOTOPaA
OPOMEKYTOUHAS TOUKA COOTBETCTBYIOIEro OTpesKa:

Tic = Zi —|—97‘i, 0oL
Ecam |r;|— 0, To B cmry paBHOMEDHOH HEIPePHBHOC-
TH BTOPHX NPOHW3BOSHHX (QyHKNuE f(r) Ha MHOKECTB®

S = {z:1(2) <f(a0)} Gymer [fie —fi] >0 = ms (5.1)
caenyer, 9to npm BumoiaHenuu (5.10) cmpaBenJWBE TaK:Ke
OI[eHKY

(Firnry =0 (rellrs) +o0 Qe D

Ipu ycaoBmax (5.3) |e; | = "f;u — f,|| <M |r; |, cnemosa-
TelbHO, |e; | ® [r; | ABIMOTCA BeIMYHHAMHE OJIHOTO MOPAAKA
Mmaxocta. G ydueroM aToro Oymer

Frord=o(rllr D, i), 0<i,j<n—1.(5.12)
IIpa BHmonHeHWH OLEHOK (9.12) cymecTBYHT BeKTODH
fi=r;+wo;,i=0 1,...,n—1, (5.13)
rae fo; | = o (r; [), Taxme, d9ro
et ) =0, i£7, 0<i,j<n—1. (5.14)
IlokasaTh 3T0 MOkKHO TaK. IIpoHOpDMEDPYeM BEKTODH 7;:

r,

e 1

r1 = —_—— .
(fgnrio 7)™
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Torma (fzn7s, ) =1 n upn & — oo B CHIIY CXOIUMOCTH IpO-
mecca (5.1) (¢ BoccramoBmennmem H ) u yeaosmii (5.3) u (5.12)

" on o~ 1 ” ” ”
(fenTss T3) <m[(ﬁri’ 1) + (fen — fi) T3y 1)1 =0,
], 0<i, j<n—1

Iloatomy, ecim Rin — MaTpuna, cToJ6HaMu KOTOPOH ABJIAIOT-
~ *
Cs BOKTODH T, a Fy, = RinfenRiyn, 10 mpH & — 00

an — 1.
Tak Kak FE,{R?nfgann = I, 10, 0603HATEB FinRin = Qgns
Oy IAM
Qzn fenRen = 1. (5-15)

Ho, nockoasry Fg, — I, 6ynmer Takske FE% — [ u, ciemoBa-

*
TeabHO, Rgn—> Qfn, T. 6. BOKTODPH-CTOMOIH ¢; MaTPEIE Qg,
OPEJCTAaBUMHE B BHJe

qi=Fi+a‘i’ i=0,1,...,n—1,

rae | @; | — 0 mpm & — co. 3anmmeM mosyueHHHE paBeHCT-
Ba B BHe

(fenris 1) @y =13 + (fealsn 13) 12 00;.

B cuny (5.15) Berropw r; mF; = (feuri, 1) qs, i=0,1, ...

.., n—1, ynosrerBopsior yciaosuaMm (5.14). B To ixe
BpeMA BeKTOPH 7; YyAOBIeTBOpswT ycaoBuaMm (9.13),
HOOCKOJIBKY B cmay (5.3)

" mi " _ (f;nr,p r’i)‘/’ " g’i ﬂ
Il — A
TaxmM o6pasoM, cipaBeIuBocTh (5.14) ycraHoBieHa.

Bekropn r; mpmpocratogno Goapmumx § 6ymyT amHEeiiHo
He3aBHCHMH. B caMoM fielle, HyCTh CYMECTBYIOT MHOKUTeJIH

MB|r -
< . “i Jo; |- 0.
1

8;,i=0,1, ..., n— 1, mo KpaiiHeil Mepe ABa W3 KOTOPHX
n—1

He paBHH HYJIO, TaKkWe, 9TO 2 8;7,=0. Torma, ecam
i=0

8o # 0, moaygum
8o (enros Fo) + 2 85 (fznlor 75) = 0
j=1
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Opnrako mpHd MOCTATOYHO GOAbmEX § 5TO PAaBEHCTBO HE MOIKOT
BHIIONHATHCA. J[@HCTBHTENBHO, HOCKOIBKY | mi! =o(]r;:])
m opr §—oo |r;|—0, mpm pocraroumo OoxpmAX

¢ ygaeroMm (5.3) Gymer

(fk‘,nr()a Fo) = (fgnro, ro) -+ (fgn"m ) 7= 0,

B TO BpeMs Kak (fenro, 7)) =0, j =1,...,n —1, B cuny
(5.14). Cnenona'renbno, nonyqeno npomnopeqne, T. €. BOK-
TOPH 7, i=20,1,..., n—1, geiicteuresibHO OGyAYyT AH-

HeilHO He3aBHCHUMEI.
IIyerp 2g, — ToUKa Mnnnmyma KBajpaTHYHO#l ¢yHKIUE

@) = (fim @ — 2e) + 5= (fon (@ — Zan)s & — 220).

[IpencraBmM BeKTOD 2z, — Zg, B BHlE
n—1

Zgp — Tgn = 2 a;r;. (5.16)

i=0

IlockombKY @' (Zgn) == fen + fon (Zen — Zen) = 0, TO, HCTIOTB-
sya (5.16), momyamm

n—1
D) GifenFi = — fem
i=0

oTKyAa ¢ yueroM (9.14) cienyer, 9To K03QQHIMeHTH a; BHI-
qUCAAOTCA [0 PopMyIam

ai=_.$1i'_r_i2—’ i=0,1,...,n_1.
(fgnF 3> T3)

HpencTaBma YUCJIHUTEI b ]IpaBOﬁ 9aCTH B BHJE
i
’ ’ ’ 4 r ’ ""
(Femt) =(fo — i+ Fom oo — i+ fisnr) = — 2 (€T
el

(3mecp yuTeHo, 9TO (firy 71) == 0 B cmmy (5.2)). Otcioma
¢ yueroM oneHnok (5.10) BriTeraer, uTO
i—1

(o) = — (o) + 2 o(nlleh. (547
P
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B cmny ycaoBmii (5.8) m (5.9) BCe BEKTODHI rg, . « oy T'p—y fAB-
JAOTCA BeJHYAHAMA OJHOTO IOPAAKA MAXoCTH (HANOMHEM,
4T0 (AKTHIECKH UMEIOTCA B BAAY BEKTODH Fgnyi). IloCKoOABRY,
Kak yxe oTMedanock, |e| <M [r, Bextopm e, . . .
..+l Cn-q AMEIOT TOT jKe TOPsAAOK MaxocTh. G ydeToM aTHX 3aMe-
gaHWiA paBeHCTBa (5.17) M0oKHO 3aIACATh B CHEAYIOMEM BHJE:

()‘é,2 o) =— (e, r)i+o(ri =0, 1,...,n— 1.

Hamnee, yamrnBas (5.13), ycramasimBaeM, 9TO

(fenfi 13) = qﬁnri’ r)+ ({gnmir 21) = )
= (ficrss 13) + (fen — fie) Tis 73) -+ (fenis 13) =
= (e 1;) + o1 (i)
Taxmm o6pasom,
o = () +o(lr; )
v (e, 1) +o1(] r P
B cuay (5.3) :
(e 1) = (fryr) >m|r i =0, 1,...,n— 1. (5.18)

CaepoBarenbHo, npn & — oo (1. e. mpa |r; | — 0)

a—1,i=01..., n—1, (5.19)
n—1
ITocKOABRY Z(gi1yn — Tgn = 2 T3y TO
i=0
n—1
Taam — Zen = (TErn — Tgn) — (Z&n — Tgn) = 2 (r; — aify).
i=0

Orcoma ¢ ygeroMm (5.13) m (5.19) BHmTexaer
I#@svn — 2en] = ; o(rih

uad, ¢ ygerom (9.8) m (9.9),

|2Esm — 2eal = 0 (| fen])- (5.20)
Taxr kak 2z, — 2z, = — (f;n)‘lfén, to ¢ yueroM (5.20) Gygmer
Tgnm — Ten = (T@rn — Zzn) + (Zen — Ten)= — (fin) Yen + Tens

e [Mea|= 0(“fén")°

5§ B. H. IImennanmit, IO. M. Dasuaus
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Orcooma ciemyer, 4To CyMmIeCTBYeT HOCAEIOBATEIbHOCTH MaT-
pur; Dzr— (fen)~! Takmx, uTo

_1 ’
ZE+yn — Tgn = — Danfzn (5°21)
(HampuMep, MOKHO IOJAraTh, UTO

Dgh = (fen)*  —S G (£ g,
(fﬁn’ f En)

PaenctBo (5.21) ykassBaer Ha CBepXJIMHEHHYIO CXOAH-
MOCTh TOCJEe0BATeIbHOCTA {Zgn}, § = 0,1, ..., K peme-
HUIO: TOJNYYATH COOTBETCTBYIOMYIO OLEHKY CKOPOCTH CXOMAH-
MOCTH MOXHO TOYHO TaK jKe, KaK 9TO [eJaxoch B Teopeme 3.1
I TOCHeR0BATEIBHOCTH {Zy}.

Wrax, mpennomosxuB, 9o BHIOIHAETCH yeaosme (5.6) m cun-
Tas, 9T0 OHeHKH (5.8) m (5.9) mMeloT MecTo, MH oKa3aaH, 4TO
maa {Zz,} BHOONEAGTCA HEPABEHCTBO

[ zEiam — Ta) < Agn| Tgn — 24 (5.22)

rie Agn— 0 mpm & — oco. Ho, ecam cmpasepmmmBo yciaoBHe
(5.6), mepaBencTBO (5.22) BHIOIHATHCA HE MOMKET, MOCKOJb-
Ky Opu BHuOoJIHeHHH (5.6)

[Z@n — 24] > A" | 220 — 24 (5-23)

Taxmm oGpasoM, MH IPHOLIA K IPOTHBOPEUMIO. ITO 03HA-
qaet, 410 ycuaosme (5.6) (mmm (5.23)) mas mpomecca (5.1) BH-
HoaHAThCA He MokeT. HeBmmomamMocts ycmoBusa (5.6) mpm
ao6oM %k daxrmueckm osmHagaer, uwro auA mpomecca (5.1)
(c BoccTaHOBIOHMEM) HepaBeHCTBO (5.23) He MOKeT BHIIOJ-
HATBCS W HA KaKo#i-nmmbo mommocaemoBatenbHoctn {E,},

m=0,1, ... Ecim 6u cymecrsoBala mociefoBaTeIbHOCTD
{€+}, Ha KoTopoii
le(gmﬂ)n - x*" > xn"{tgmn - z*"’ (5. 24)

T0 mpu dbom §,n < k < (8, + 1) n-nasa MerooB ¢ BoccTa-
HOBJIeHHEeM BHNONHAIHCH OH omenk: (5.9), (5.10) — B aToM
MH y6efuMCs, H3ydasd CBOMCTBA TAKHX IPOIECCOB B CIOMYIO-
meM nynkre. Ilosromy, moBTOpsia mpoBeneHHble paccy:Kme-
HHA, ME IPANLIHA 6B K BEIBOAY, 4TO Ha MTepPamUAX, COOTBET-
CTBYIOIUX mocjaefioBareabHocTH {§,}, BHIONHsAETCS Hepa-
BeHCTBO (5.22), uTo mpormBopeumt (5.24).

v s

o e
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Wrag, gua npomecca (9.1), ocymecTBaseMOTO ¢ BOCCTAHOB-
nemmeM Marpunk H,, HepaBeHCTBO (D.24) BHIOJHATHCA HE
moxer. Orciofa caexyer, 4to qusa d06oit mocTosEHOE A > 0
maitnerca aucao I Taxoe, uro npu § > T GyneT BHOOIHATHCA
yexosre (5.22), T. e. IOCIENOBATeIBHOCTH {Tzn} CXORATCA
K PeIIeHAI0 CO CBePXJIMHEHHOH# CKOPOCTHIO.

3. Uzyyenue cBoficTB pas/MYHBIX AJITOPATMOB. 3aiiMeMcH
J0Ka3aTeIbCTBOM cIpaBemImBoctd omeHok (5.9), (5.10) ana
Pa3IAYHEIX METONIOB CONPSUKeHHHIX HANPaBICHHH, OCYIeCT-
BIAEMHX C BOCCTaHOBJIeHMeM Marpuuil Hj gepes n maros,
npefmoNaras, 9T0 BHIOXHSeTCs HepaBeHCTBO (5.6) (mnu (5.8)).

CopaBeIHBOCTh 3THX ONEHOK JAJA JII000TO W3 METONOB
YCTaHABIMBAETCA C NOMOMMBI0 MHAYKTHBHHIX PaCCyKFeHMii:
nOKasHBaertcs, 410 omeHk: (5.9), (5.10) mMmeror MecTo mpm
i+J, i, J =0, 1; sarem, mpepmosaras, dYTO BTH OIEHKH
mmeror MecTo mpum 0 i, j < t<<n— 1, nokasuBaercd,
910 OHH coxpaHmioT cuay u upE 0 < i, 7 <t 4+ 1.

1. MeTo n (4.48). Ecan ocymecTBisATh BOCCTAHOBIJIOHHE
MaTpuis (4.48) wepes KoHeuHOe YMCIO IIATOB, TO HpH JOOOM
k marpuma H, GynmeT orpaHmdeHa:

Hi | <L, L < oo. (5.25)
IloraskeM, KaxaM o0GpasoM 3TO AOKasHBaercsa. B cmiy

(5.2)
(kal'ﬂ f;:+1) = (pk’ fl't+1) =0,

mO3TOMY
(Hyerr ex) = (Hiftr 1) + (Hfrans Fran)- (5.26)

B cmay uomoskmrenbHOM ompenienennocTn  Hy (§ 4)
(Hxex, ex) > — (pi» f¥) = (pw» €x), oTRyma ¢ yuerom (5.18)

(erkr ek) > 'a"nk‘ urk ﬂ2- (5.27)
YunreiBag eme, 9o fe ] << M), momyuaem ms (4.48)
I P a | Hy P M2 ry [P
"Hk+1"<"Hk“+ m",.kﬂi" mir, [P

YumtuBasi ycaosme (5.4), HecaoxHO YyGeHTHCH, UTO
Qgn <. @ < 00, B CHJIy 9ero M3 PeKypPPeHTHOTO HePaBeHCTBA
maa [Hg. | ciemyer, aTo omenKa (5.25) fas maTpmmsl Hepyy
cupaBefauBa. Onmpasich Ha 9T0, HMKe GyHeT [OKAa3HBATHCH

5
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00 HHAYKIAH, 9TO Ogpny; <L & << 0o mpu JoboMm i = 1, ...
w.y n— 1. G ydeToM 9TOro W yCTaHABINBAETCHA CIpaBe/-
amBocTh (5.25).

JloraskeM Temeph, 4To Hpu [ = 1 UMEIT MeCTO COOTHO-

IMeHns
(r, €0) = 0, (€4, 79) = 0 (o [ 1ral)s
Colil <) < Nolfils (5.28)

rpe Komcraute Ny, C; He 3aBmcaT or k, mpmuem C, > 0.
ITepBrie W3 sTHX OLEHOK yCTAHABIMBAKTCA CICAYIOIIAM 00pa-
30M:

(r1, €0) = — g (Hlf;.’ €o) = — Q4 (fn Hey).
Ho Hye, = ry, moatomy (ry, €o) = — ay (f1, ro) = 0. Ilamee,

(é1s o) = (f:crl’ ro) = (r'1 f;cro) + (1 (f;c — f(l;c) ro) =
= (rueo) +o(Iriflrol) = o (1 frol)-
JokaeM Temeph cOpaBe[IMBOCTD OLEHOK mis |ry|. Us
(4.48) ¢ yuerom (5.2) m (5.26) caemyer
.o .o (Hoeo, 1,)? .
(Hufs h) = (Hohs h) — —gey = Hofus 1) @
(Hofg, Ty )

Ucnonssys omernxnm (1.14), (1.45) r (5.7), aerko ycramo-
BATh, 9TO 1A (QYHKIOHH, yRoBiaerBopaoomei (5.3),

72 2M2
m(l+5) V@ = D<IF @P<Z(@— 1) 629
C yuerom omeHok (5.4) m (5.29) ma wMmmuomecTBe S, =
= {z:7 (@ </ ()}
Hofy f) _ MolhP _ dili—1) _ a
Hofp, fg) > molfglt > da(fo—p) >’
rae dy, d;— KOHCTAaHTH, He 3aBHcam@e oT &. B cmay aroro

. Hofs, f, .
o >0 Sopip 630
1

dy

e a;=mg [ (1 + —%) He 3aBHCHT OT &,
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Bocnoansyemcsa mepaBemcTBamm (5.30) miaa omeHKm 3Ha-
4eHAA NApaMeTPa Qgpy;. TaK Kak

fo—fi=0 (fn p1) + (flcpn P1)s
a oy BHOEpaeTcs U3 yCI0BUA (5.2), TO SICHO, UTO
(fy» 1) (fp» P1)
T MInP SUS T mlpE

Ho B cmry (5.30) — (fl’ p1) = (Hlfl’ fl) ay ﬂfl a B cnty
(5.25) Ips|= | Hfi|<L| f1]; ¢ yderom oTEX omeHox

O0Ka3HBaeTCHA, UTO C; > TML? =0 >0. B ro e Bpema u3
(5.30) cmemyer, uro [py | > a4 | f1 |- BocmoxpzosaBmucs aTol
T = &-< oco. Ta-

1

OI[eHKOI, J6TKO YCTAHOBHTH, UTO O <

KuMm OﬁpaBOM, OKa3piBaeTcsa, 4TO
NilAal=aL 1] =] = au| Hifr| >cadfs] = Cilfa s

rae KOoHCTAHTH [N, Cy He 3aBHCAT OT &, T. . CIPaBeAIHBOCTE
omeHOK (5.28) ycramoBieHa.
IIpenmomosxuM, 970 CHpaBefTHBH OLEHKH

(ris ey = o (el IrsDs i = /, 0 < iy S t<m— 1, (5.31)
G < InI<MALI<i<T (5.32)

rae KomcTaHtH N, C; > 0 He saBmesar ot §. IlokameM, 4910
aHAJOTHYHHe OIeHKH mMeloT MecTo I mpm 0 < i, 7 <<t 4+ 1.

(Fesr ry) = (fa:+1» r)tat.. tenr) 07 (5.33)

B cmny ycaoBma (5.8) u omemox (5.32) BesmamHEH ]]fm[[

I/i | = |r;] mpm Beex 0 <Ci << THMeIOT OJIHH H TOT 36 MOPAKOK
ManoCTH. YUHTHBAS 9TO M ucnoabsys ycaosusa (5.2) u (5.31),
yCcTaHABIHBaeM Ha ocHoBamumu (9.33), 4TO

(Ferrs i) = 0 (| ferallrs D = o (s P 0<<i< .
Tak kax (f;ﬂ, r:) =0 B cuay (5.2), TO OKOHYATEIHHO

Gonr) =o(rPh0</<m (5.34)
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Onenmm Temepsr BeamduHy (H iy, f;ﬂ, fes1). BocmompsoBas-
muck Qopmyioit (4.48) m yumrmBas (9.26), momyuaem upm
aobom 0 j<Cw

’ , ’ , (r" f": )2 (H f; ),
(Hinfes Fer1) = (Hifrsas frnn) + (’T'j, e;)l’ - (}{i € 3

> (—g—‘——) [(H ifess fea) Hifinns Fiua)+ (Hiferns Fosa)(Hifs ) —
—(ij;+1: f;+1)2 - (ij;a ]‘;+1)2 +2 (ij;;+19 f;+1) (ijg:r f;+1) I

B npaBoit 9acTH moMydeHHOTO HEPABEHCTBA PAa3HOCTH II@PBOTO
W TPeThero WIeHOB WHCIHTeNs HeOTPUIaTeNbHA B CHIY HOpa-
BeHcTBa Homm — Bymakosckoro. YumruBag omeHk: (5.34),
(5.27) m (5.25) m orpaHHIEHHOCTH Oj, ] < T, IeTKO yOenHuTHCA,
9T0 OTHONIEHHE MOCHeTHAX ABYX WIEHOB YHCJIMTENA K 3HAMe-

Hatemo ecth BemmamHa mopanka o (Jrf [fea]) = 0 (|fesa|?)-
CrnenoBaTeabHo,

y e (H ifesgs fern) H150 1) .
(S fon) >l 0P,

Onenkn (5.32) osHaualT, 49TO CYMECTBYIOT KOHCTAHTH
a;, He 3aBmcAmume or &, Tarme, uro (H;f;, f;) =—(py fi) >
> a;|f; |P. C yuetom sToro m (5.25)

(st ) > S B o o) —0Ufon ) >

> & (Hif e fon) — 0 (feua )y (5:39)
rae d@; > 0 m me saBuenr ot § (B cmay (5.32)).
B mpepmeiymeM myHKTe 0TMEYAJoCh, 4TO AJISA HPOMECCOB

¢ BoccraHoBieHEeM Hy mpm k — oo [y — 0. Ioaromy
n3 HepaBeHCTB (5.35) clefyeT, ¢ y4eTOM IOJOKHTENbHON ON-
penenenHocTH Marpuubt Hy, 49To ecam mpu aiobom § Gymer

(H; frety fz+1) = ¥j [f-+1?, The v; > 0 m me 3aBmcur or §, TO
HalileTcA KOHCTaHTAa 7V, > 0 Takasg, duro mpm mobom §

Gymer (H)+1fr+nf1+i) > Vi llfmll Ho, onenmsas semmamny
(H fr1s fosa), B By T0TO, 110 (Hof 11, frrt) = Mo IIfmﬂ yGesx-
[aeMCs, 9TO CyMecTByeT KOHCTAHTa P, TaKkas, aTo (H ,f,“, f,+1)>
> 7 /=+1 [* mpm m;bom §. C yuerom sToro MpOBEJEHHEI®
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HHAYKTEBHHE pacCy;KAeHHA NOKA3HBAOT, 4TO CYMeCTBYeT
KOHCTAHTA U4y, HO 3aBUCAMAA OT &, TAaKASA, 9T0 (H cy1fzi1,fz+1) >

> @y | foea [P. Temeps TouHO Tak ke, KaKk M BHIe, yCTa-
HaBIEBaeM, 4TO

1+1 (f ;+1’ Pry1) (f ;+1’ Pzyy) L
<Ko — — .
FS T M P SOUS T lpn P S

T+l

IToaTomy Gyner
Nl fern | > renl = oo Heafon ]| > Con | fea ] (5.36)

ITokasxeM Temepb, 9TO
Hopey=r; 415 0/, (5.37)

rpe Il"li |= 0(“6]
YuuoKag obe gactm dopmyan (4.48) Ha e;, momyumm

re(ry ej) (Hs g €5) He,
(rs’ es) (Hs 8’ ) )

Hiye; = He; + (5.38)

Ecam npefmosoKure, 970 OpH Hexo'ropom 1 +1<
AMEIOT MecTO paBeHCTBa H.e; = i, THe Jg 5"
=o0(|r;[), To, mcmompsya omeHKH ('5.31), (5.27), (5.25) m
Y9UTHBaA, 9T0 BCe BeJIMIMHH [Iy| IMEIOT ONMH H TOT ke MOPA-
Mok MajlocTH, ybexnaemcs, B cuny (5.38), aro Gymer Taxxe
Hyey =r; +-my e [ny]= o([r;). Bo Hye; =ry,
cllefloBaTelbHO, M0 HMHAYKOHH yCTaHABINBaeM CIOpPaBe/Iu-
BOCTH paBeHCTB (9.37).

C ygerom (5.37)

(resns €5) = — Qg (H. =+1f;+1: €j) = — Oy (f;-m ri + M
mosToMy B cmily (5.34) oxasmBaercs, 4TO
(resnr &) = o([r;[*) + 0 (llf:ul“"i D 0<<i<T.

Hepasencrsa (5.8) u (5.36) noxaskIBaoT, 970 |44 ABAACT-

CA BeMHUMHOM OJHOTO H TOTO jKe HOPAAKA MATOCTH C | frus |
H, CIe[0BaTeIbHO, HMeeT TOT yKe HOPANOK MAJoCTH, UTO W Be-
amanes | ry [, 0 <7 << t. OTcoma caenyer, 4to

(resne) = o(reallrs) = o(renf) 0<i<<w. (5.39)

C y4eToM 3TOTO, aHAJOTHYHO TOMY, KaK 3TO [eJajoCh IpH
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i = 1, ycramaBImBaeM, 4TO H
(ec+1, 7'5) =0 (" Izy1 ||2)1 0 < j < T. (5°40)

Coornomenwus (5.36), (5.39) n (5.40) moKasHBaIOT, 4TO OLEHKN
(5.31) m (5.32) peiicTBATENBHO MMEIOT MecTo W mpH T - 1.
TeM caMbM yCTaHOBIEHAa CIPaBeAIHBOCTH OLEHOK (5.9),
(5.10) maa meropma (4.48) B mpepmoi;osKeHmH, 4TO IIPOIECC
(5.1) ocymecTBasieTCA ¢ BoccTaHOBIeHHeM Marpuuul H, gepes
KOHEYHOE YHCJIO IIaros.

IIpoBeneHEBIe pacCy K/IGHAA MOKHO [OCIOBHO IOBTODHTH,
OpPeANoNI0MHAB, 9UTO BHIOJIHAeTCA He ycaoBume (5.6) (mim
(5.23)), a mepamemctBo (5.24) (mam cooTBeTcTBYIOmEE €My
HepaBeHCTBO ||fzgm+1)n | > 6"| fe,ml) ® paccmaTpEBas JmmB
ATepalud, COOTBETCTBYIOIHe IoAmocienoBaTeabHOCTH {§,,}.
Ha stux mrepammsax ouenkd (5.9) m (5.10) coxpansaiorT cmiy.

OTrcroma caemayer, Kak IOKasaHO B IPeRHAyImIeM IIYHKTe,
CBepXJHMHEHHAA CXOMUMOCTH METOJA.

2. Meton (4.49). Ecam npomsBofuTh BOCCTAHOBIE-
mme H) depes KOHewHOe YHMCJIO IIAroB, TO IPH jo6oM &k MaT-
puma H, Oyaer orpaHmdeHa., IJTO CiIeRyeT W3 HepaBeHCTBA

eI NH | M|r, [
[ Hie| <|Hi | + mire P mrP :

Ilpm i =1
(HY fun 1) = (Hofws 12) > mo |l /11

YunTHBasg 3TH COOTHONIEHHSA M pPAcCy:KAadg TOYHO TaK ’Ke,
KaK 9TO feNajoCh MpH M3ydeHunm merona (4.48), ycramamim-
BaeM CIPaBeJIABOCTE oneHOK (5.28), a 3aTeM, IpeAmOIOAKHAB,
49T0 MMEIOT MeCTO OmeHKH (5.31) m (5.32), AoxaskBaeM cmpa-
BOAIABOCTE (5.34).

Haxee,

(H:i ;+ls f;+1) = (H %f; " f;+1) + 2' (Fernr

i=0

r) (r;— Hiey fou)
(Ti, ei) )

Otcrofa, BOCIOJIB30BABIIMCH OTPAHWYEHHOCTHI0 Hjy H OLEH-
rKamu (5.18), (5.34), a Tawke yumTHBasg, 9TO BCe BEOJHMIMHH
Iril le: | [fes1]) uMetor opmmakoBmiE mopspok [MamocTw,
yCTaHABIABaeM, 4TO

(H¥ 1 ferns Ford) > mo| fesr P 4 0 (| fosa J2)-

ot B
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CrnenoBaTelpHO, TpPH JOCTATOYHO MAJMHX 3HAYCHHAX
[ fesa] (1. e. mpm pocrarouro Gompmux E) Gyger

* ’ ’ ’ ”
(H-r+1f1+11 f‘:+l) > Qryy " f-r+1 "2’

7 G-y > 0 m He 3aBment ot §. C yueroM 3T0r0 OKasmBaeTcs

G >0y >0 > 0m C.py “ o " < " r1'+1" < Nan “frﬂ"-

Ncnoapsys paBeHCTBa

(re€;) .
Hge; = Hee, + (ry — Hee,) Taey !’ 1K,
8’ 78

yurThBas onenku (5.31), (5.18), orpammuennocts H, u pac-
CyMJasf Tak e, Kak mpu usydeHun (4.48), yGempmaemcs, dro
matpuna H.,; Oymer ynmoBieTBopsATh ypaBHeHuaMm (5.37), B
cury dero omeHkH (5.39) m (5.40) coxpamsawoT cmry.

Ha aroM 3akaHYmBaeTCs [OKa3aTelIbCTBO CIpPAaBeIHBO-
CTH WHAYKTHBHHX DAaCCyKIeHHI.

Nzywenme merofa (4.52) mpoBofHTCA COBEpIIEHHO aHA-
JIOTAYHO,

damMegwanune. FEcim BHa Kakoit-1u6o wmTepammm Ha-
qaIbHOH CTAJMH IIPOIeCCa OKameTcsd, 910 p; = — Hyf; = 0,
Heo0XoaMMO HAYaTh HPOLECC 3aHOBO, BOCCTAHOBHB MATpH-
uy H,.

3. Metopn (4.53). Texunka AOKa3aTeabCTB, CBA3AHHKIX
¢ Marpuneit Hy, 3ljleck TOTHO TaKas ke, Kak H B Merozie (4.49).
OrMernm nmmp, 9ro Marpuua H.,; B 3TOM MeTofie Gy/ieT ymoB-
JIeTBOPATH He ycaoBdAM (9.37), a ypaBHeHHAM

Hene; =m; 0/ <,
rae [m;| = o ([r; [). 10, BOpoueM, ToABKO ympomaer moiy-
9eHHEe OIeHKH

Meron (4.54) usygaercs aHaJZoruuxo.
4. Meronp (4.69). Marpuna H, (4.69) ompenexnsier Bex-

T0p Pk (4.63), B KoTOpOM f, BHUMCAseTCs WO Popmye (4.64).
Haa saToro mMerona

M2 et + Mol el NH ooy U ey
AR

I il

Iyl

[ Hy | < My +

B cmry (5.8) mpm mo6om k <%=d0, rae d,
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He 3aBucHT OT £. C y4eToM 3TOTO OKA3HBAaeTCs, YTO IPH JIO-
6om k musa mpomecca ¢ BoccTaHOBIeHHeM |H i ﬂ < L.
YcramosuM Temepb, 4ro mpH JoboM k Gymer Br < P < 1,

T. e. - _
1—Br>1—-p=p>0, (5.41)

rue B me sasmecmr or E.
C ygerom (4.65)
~ (Hofy, f1)

m=<mmm+aJ&4wm¢mp=

L+ (1 —By)

1
(Ho.f]’g-p f;c—l)
(Hof;gv f;g)

B cmay (5.4) = (5.8) mpm mioGom k
(Hof;g_p f;g..l) MOHf;c.lllz
Hofpo ) mol flt
rfe Y He 3aBHCAT OT &.
Kpome Toro, memombays (4.65) m (4.64), mo HEJYKIHR
JerKo yCTaHOBHTH, 9T0 mpm aioGoM k Gymer 0 < B <1.
CrnegoBaresanHO,

700,

1
1+0—Bpr

Orciofga, Y4YHATHBafg, YTO Egn =0,E=0,1,..., Moxuo
ycramoBuTh cupasegnmBocts (5.41). G ywerom (5.41) wus
(4.65) BrTeKaer, aTo mpH J060M k&

— (i 1) = Bmo | fx “2,
"Pk"> ﬁmo“f;cﬂ-

YunTHBasg 9T0 W orpaHMYeHHOCTh Hy, KaK W AJs pac-
CMOTPeHHHIX BHIIIe METOA0B, ycTaHaBiamBaeM, 9T0 0 < a <
Sop< an Clal<Irl<N il

9TEM caMHM JoKaszaHa CHpPaBeIMBOCTH OMeHOK (5.9).

VYerasosum cunpaBefianBocTh ouneHok (5.10). Ilpm & =

=E&n +1
(Pu eo)= “‘(HofL eo)+

B<<

T. e.

(Hofys 11)
(Hofy, 1) — (o, fo

) [(Hofi, eo) +(Po»eo)]-
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Ho (Hofi, e0) = (Hofis /) ® B cmry (4.61) (po, eo) =
= — (pos fo). C ydYeToM 3THX paBeHCTB OKA3HBAETCA, UTO
1 eo) =
Ecan copasemnmsu omenxu (5.31), To Tak ke, Kak B Me-
Tone (4.48), mokasHBaercs CHpaBedIHBOCT ONMeHOK (5.34).
Hamree, mcmonpsys (4.63), ycramaBmmsaem

(Pes1s ej) = (§1+1 — 1) (Hf ":+1, e)‘) + E;u (P, €5)-
Onernmm Benmamny (Hof:iy, €j). N3 (4.63) caemyer

’ 1 ~
Hofy === —in,.). (5.42)
7

C ygeTom sTOTO Gymer
1

1 ~ ~
B —1 (P3r1 — BjsaPj) B—1 (Pi — Bibj=1)-

Ucnmonnaysa a0 BEpaskeHme W yunTHBasA onenkd (5.34), (5.41),
yCTaHABIHBaEeM, 9TO

(f;+1, Hye;) = 0(“ Pc+1ﬂ2) =0 (ll 7'=+1||2)» <<i<r.

Hockonpky B cmry (5.31) Tarske m (P, ;) = 0 (|| 7esa]l2)s
0<j< T, T0 oKasmBaeTcs, UTO

(Pes1s &) = 0([rena[P), O < v

IIpr j=1
(Pesay €2) = (B.ru —1)#H of es1s e:) + ﬁ:ﬂ (Pz, &),
OTKyfa, HCmoabays (4.64) u (4.61), momryzaem
Hofps £) (s 1,
(Pessy &) = = (H:f;ii:+;‘;+i;)f (pf f);) ‘
B cany (Hyg, f241) fr11) >0 oxasmBaercs, aro
(Pesay €0) SS(H of;+1, f;)-

Ecan omemmts Benmauny (Hof:i1, f+), HCOONBL3YA BHpa-
menne (5.42) npmj = T, To ¢ yueToM (5.34) m (5.41) oramercs,

q9To , ,
(Hofw1y 1) =0 (reaf®

Hoej =




140 MHUHHMH3ALAS ®YVHKIHN BE3 OTPAHHYEHUN [rJ. 11

(3mecwh yme yuteHo, uTo B cmiry cupasemauBocTH (5.9) Bce
Benmumae | r; | m |fi|, i =0,1, ..., n — 1, uMeloT ofun
B TOT Ke MOPAJOK MAalOCTH).

Taxmm oGpasom,

(Pesas &) = 0(|rena)y 0T,

T. ©. AJA paccMaTPHBaeMoOro Merofa oueHkH (5.39) coxpaHs-
for cmry. CnemoBaTenpHO, COXPaHAIT CHIy H OLEHKH
(5.40).

Nrax, copaBegauBocts omeHok (5.9), (5.10) mas meroma
(4.69) B mpegmonoskenmm, uto BHmodHsAeTcs yciaosme (5.6),
yCTaHOBIEHA,

5 45. Mertop (4.71). Oas sroro merona B cmiy (4.67) m
-4)

—(Prs f5) = mo | [P (5.43)
C yueroM 3TOrO

LH | <] Ho|+ PN F e U H g I g |

mo ||f ;g—l g

Ilockonsky mpm mioboM & Ha MHOMKecTBe S, OTHONIEHHE
7] fé-1| ecTs orpammuennas Bemmumma m| H, [<M,, TO

"Hk"<M0 "I"d“Hk—l“,

rme d — xoHctaHTa. OTCloma clieyer, 4TO €CIW IPOU3BO-
AHTH BOCCTAHOBJIeHMe MATPHUIH depes KOHEUHOE YUCJIO0 Maros,
T0 IIpH MioGoM k mMarpuma H , 6yner orparmuensoi: |H | < L.
YunruBasg 3To U oueHKY (5.43), yGe:xkmaemcsa, 4T0 IpH JIO-
Gom k Gymer a>ax>a>0uN |fi|>|r|[>C|fk]
CnemoBarenbHo, muas Meroma (4.71) omemrm (5.9) cmpa-
BeAIEBH. [loKa)keM cmpaBeAaumBocTh omeHOK (5.10):

(H°f;c+1' f ;c+1)
(P 1)

(Prsns &) = — (Hofru, €6) — (Px» €x)-

Orciona, ¢ ygeroMm (4.61)

(Prsas €6) = — (Hofts, €) + (Hoftss frrd) = Hofas fr)- (5:44)
Ipm k = En ua (5.44) BrTeKaer

(.ph eO) = (Hl)]l;’ fl;) = (/£1 Po) = 0.
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Hcenmoanays (4.66), Mo)xHO mOTYYATH ClleqyOMue BhlPaKeHAA!
(P1+1, ej) = - (H0f1+1’ e.‘i) + B1+1 (p‘n ej)y
Hof; = — pj + BiPi-1,
Hoe; = — pjn + pj — Bisapj + Bipj-1-
Ecam 1upefnoso;xkuTh, 4TO CHpaBefImBel omeHK: (5.31), To
TaK JKe, KaK B Merofe (4.48), M0oKHO HOKasaTh CIpaBemIn-
BOCTh OIEHOK (5.34). 3amermM TarKe, 4T0 KOdPPUmueHT
(Hofys 1) Mol ek a
Bk = - g X 7 < 5 .
(pk_p fk—l) mo“ fk—]_ “2 dz

C y4eToM 3TOro, paccy:Kpaas Tak ke, KaK IPA H3yYeHAH Me-
rofa (4.69), ycramaBamBaeM, 4TO

(Pesny &) = 0 (=), 0<<Ti<,

", KpoMe ToOro,

(Hofer forr) = 0 (rona®),
B cmay gero ms (5.44) caemyer

(Pri1s €2) = 0 (| rena[?)-
Taxmm oGpasom,
(Pevs &) =0 (7= f), 0TI,

9T0 W J{0KAa3HBaeT CIpaBeAauBocTh omeHOK (5.39). Cmpasen-
AABOCTH omeHOK (5.40) ycramaBiImBaeTCA TaK jKe, KaK B Me-
Tosie (4.48). CnemoBarennHo, [JJIA PacCMATPUBAEMOTO METONA
onenk® (5.10) cupaBemamBH.

IIpm m3ywenm: merofa (4.48) MH oTmedannm, 4To HOKasa-
TeJABCTBO CIOPaBeAIHBOCTH omeHOK (5.9), (5.10) moxHO mpo-
BeCTH, OpeANOJaras, 9To BHIOJHAETCA yciaoBme (5.24) —
AJIA 9TOTO0 HeoGXOAWMO IpPOBEfleHHEE DPACCYKAHHA IOBTO-
PHTPH JAMb I COOTBETCTBYIOIIUX HTEPAIlHil. JTO 3aMeYaHHe
COXPaHAET CHIY U [IA APYTUX PAaCCMOTPEHHHX METONOB, 4TO
¥ yKasHBaeT HA AX CBEPXJIMHEHHYI0 CXOAWMOCTb.

Ha srom MH 3aKoHYEM M3ydeHHe CBOACTB mPOIECCOB C BOC-
cranoBiaenneM H . Ceiliuac MH paccMOTPHEM BOIpOC O CXOJH-
MOCTH HEKOTODHIX M3 pPACCMOTPEHHHX AaJTOPATMOB, He Ipef-
moJjiarasi, 4T0 HPOW3BOUTCSA BOCCTAHOBJEHME MAaTpuuil H .
Pasymeetcs, Bce cBoiicTBa mpomeccos 6e3 BoCCTaHOBIeHHSA,



142 MHOHAMMBAIIAA OVHKOUA BE3 OfPAHRWYEHMI (1. 11

KOTOpHEEe OymyT M3y4aThCsA, COXPAHSIOT CHIY H JJA IIpoIec-
COB C BOCCTAHOBIGHHEM.

4. CxozmmocTs npoueccoB 06e3 BoccranoBieHusa. Ilepen
TeM, KaK MOKa3HBaTh TeOpPeMy O CXOMUMOCTH HpoIleccoB 0e3
BoccTaHOBiIeHUA Hj, pacCMOTPEM HEKOTODHE BCIOMOTATeNdb-
HEe YTBePKACHHA.

Jlemma 5.4. Ecau mampuya Hgyy, onpedeasemcs
YCA0BUAMU

Hgapn eensi = Fensi + Mensiy 7=0,1,..,n—1,

npuyem 6eKmOpL Tgnij YyOosaemeopsiom mpebosanusm, npeds-
seasemum K eexmopan ry, 6 aemme 3.1, a || Menifl| = 0 (|| 7gnssll),
mo npu §— co 6ydem

| H gaaym — (Fgsnm) ™[ — . (9.45)

Jlemma 5.1 oGoGmaer peaymbrar JemMHl 3.1. JlokasaTenn-
CTBO TPOBOAHTCA caexyomuM o6pasom. OGosHaumB H{glﬂ)n =

= Agim By = A@in — fE+n B PACCYRIAA TaK jKe, KAK
OpH [A0KAa3aTeJbCTBe JeMMH 3.1, HOIydnM OmeHKY

| Besam (Tensi + Nensa) | <A | renss | + 1 fgsam | | Meneils

e hy — 0 npr § — oo. Ipm gocTaTodno 6OMBIMEX § BEKTOPH
Tentj -+ Nensj B CHIY CBOMCTB BEKTOPOB 7gnyj OYAYT JHMHEHHO
pesasmcuMel. C ygeToM aTOoro, BHOpaB B KadecTBe 6asmca BeK-
TOPH

Ten+j T Mensj

— = i=01,...,n—1,
" rEn+j+nzn+ju ! I ! "

¥ BHOBbH HOBTOPAS M0Ka3aTeIbCTBO JeMMH 3.1 (C o9eBHIHBIMA
A3MeHeHHAMH), YCTaHABIHBAeM CIPaBeIHBOCTD (5.45).

Jemma 5.2. Eciu ewnosnsiomes oyenru (5.42) u
I7gnsi | = O npu & — oo, mo cywecmsyiom eexmopu

VYenit = Tgnsi + Vensiy (5.46)
20e |vensi | = 0 (|rgnsi]), marue, umo
(f;n‘pznﬂs "I’znﬂ') = 0» i -'# j., 0 < i’ ] < n—1. (5'47)

IlokasaTeAbCTBO JTeMMH HPOBOAHTCA TAKHM ke oOpasom,
KaK JOKa3HBaJOCh CylecTBoBaHMe BeKTopoB 7; (5.13). Pas-

HANA 3aKI109aeTCA B caefyomeM. Marpuna Fg, = R‘;nfg,.ﬁg,. —
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CHMMeTPHYHASL CTPOTO IOJOKHTENIBHO OIpefeleHHas (OpH
mocrarouHo Goxsmmmx E), caemoBaTennHO,

Fol RenfonBenFe = I

O6o3HaumB ﬁgnFE,'{' = Qgn, DONyIAM

QenfenQen = 1.

[MockonbKky mpm & — oo Fy, — I, Gymer taxke F E,',’ — 1.
CxepoBatenbHo, Rgn— Qgn, T. €. BEKTOPH-CTOMOIE Qgny; MAT-
pursl Qg, TPECTABAME B BHJE

Jenti = 7En+i + 5Emia

rae | Ognsi [— 0 mpm & — co. Paccympas pamee Kak npm
mokasareabcTBe (9.13), ycramaBimBaeM, 4TO BEKTOPH

” 1 3
VYensi = (fenrvr )" qs, i=0,1,...,n—1,

ynoBieTBopsaioT ycaoBmaM (5.46), (5.47).
Jlemma 5.3. Ecau Ay, — onpedesumens, cmoabyamu
KOmMopo20 A8AKIOMCS 6EKMOpLL
04, a1,

el

mo [Agn| > e >0, 20e ¢ — nekomopas EKowcmawma.

B camoMm fiee, mycTh z — NPOM3BOIBHEI BEKTOD eAWHAY-
Holt mnumEl. IlocKOMBKY BEKTODH g, . . ., Py JTHHEHHO He-
3aBACHME, MOJKHO IPE/ICTABATH BEKTOD Z B BHfe

n—1 w
4
Va1 a; —— .
i§o : " ‘pi "
IIpr sToM

ﬁﬂr(f;“%’ 2) =g W%"T(f;n‘l’jy V), j=0,1,...,n—1,

orkya | a;| < M/m. Otcioma m BHTEKaeT CylleCcTBOBaHHE
ACKOMOH KOHCTAHTH €.

IIpofomxuM m3yueHdme MeTOJI0B CONPSKEHHHX HAIPaBJe-
HAi, HCOONb3YS YCTAaHOBJIEHHHE B 9TOM IYHKTE PE3YIbTATHI
U mo-Ipe;KHeMy Ipenmoiiaras, 9TO BHIOJHSETCS HEPaBeHCT-
Bo (5.6). Ecam OCYMECTBIATh IPOLECCH, IPOA3BOASA BOCETA-,
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HoBleHme MaTpuii H), uepes KoHeIHOe UMCIO IIAros, TO B
cary ®x cxopamMocTd |ry[|—'0 m BHOOIHAIOTCA YCIOBHA
(5.42). C yueroM 3TOTO0 PE3yIbTAT JHEMMB 5.2 MO3BOJAAET YT-
BEDIKJATh, UTO eCIH Agn — OLIpeMleJNTeNb, CTOAOMAMH KOTO-
POro ABIAAIOTCA BEKTOPH

.
II_:W i=0,1,...,n—1,

To IPA N0CTaTOYHO GoabmHX E 6ymer | Agn | > &4 > 0 (mo-
CKOMBKY |Agn| >e > 0).

Takuom oOpasom, OpPH AoCTaTOYHO Goabmumx § B mpormec-
cax ¢ BOCCTaHOBIeHHeM BekTopn r;, i=0,1,...,n—1,
YAOBIETBOPAIOT TPeGOBAHHAM, IPeIbABIAEMHM K BEKTOpaM
r, B xemme 3.1.

B meropmax (4.48), (4.49), (4.52) marpuna Heny; yROBIET-
Bopser yciosusaM (5.37), mpmueM, Kak TOJIBKO 9TO YCTaHOB-
J6HO, BEKTODH F'gny; YHOBIETBOPAIOT TpeGoBanmsaM eMMul 3.1.

B cuny sroro m3 geMMu 5.1 clexyer, 9TO IPH OCYMECT-
BueHEE mpomeccoB (4.48), (4.49), (4.52) ¢ BoccTaHOBIEGHMEM
H, Bunonmserca ycaosme (5.45).

Bamerum Temepsh ciaexyiomee. Ilpm BrGope MaTpEmn H,
B Tpomeccax C BOCCTAHOBJGHHeM MHl DYKOBOACTBOBAINCH
AByMA TpeGoBaHUSAMH:

a) HeoGXO[MMOCTHI0 00ecIednTh CXOMMMOCTH IIpomecca —
Aas sroro Marpmna H, momkHA GHTH CTPOTO MOJOMKATENHHO
ompeaeleHHOH, H

6) rapaETEpPOBaTh OTPAHAYEHHOCTH Hj — AJIsA 3TOTO MAT-
pua H, momxHA GHTH OrPaHAYEHHOH (T. €. JIOMKHO BHINOJ-
HATBCA mpaBoe m3 Hepasencts (5.4)). Ho o6a atm TpeGosa-
HAA GyAyT BHOOJHATHCS, 6CJAHM IPH ToGoM § BMECTO MATPHILH
H, dcmoib3oBaTh NPOM3BOJbHYI CHMMETPHYHYI0 MaTpHIy
Hyy, yROBIETBOPAMIIYIO YCIOBHAM

mo | 2P < (Heoz 2) < Mo |2 [P, mo >0, (5.48)

npu Bcex z & E™.

CnenoBaTelpHO, CBOMCTBA IPOLECCOB C BOCCTAHOBIECHHEM
COXpaHAITCA TIPH 3aMene H , Ha IpomsBoabHYI0 MATPUY Heo,
ynosaersopsaomyo (5.48). C yderom sroro saMevaHHA HCXO-
na ms ycaoBus (5.45), MOKHO yTBepKMaTh, 9TO 1A MI000H
nocroanHO# A > 0 HaliieTcsA TaKoe 4HCHO ), ITO HE3ABUCHMO
or BH6Opa mociaefoBaTexbHOCTH Marpuy, Hgy, yROBIETBOPA-

B e < I . .o
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fomux (5.48), opu & > &, mas opomeccos (4.48), (4.49), (4.52)
Gy/eT BHIOIHATHCA YCIOBHE

1Hen — (fen~ | <A (5.49)

Cunras, 4TO KOHCTAHTa A JOCTAaTOYHO MAaJjia, ME MOMKEM
yTBepKnaTh, aro npd § = &, anaMarpuns He, copaBenanBH

OMEeHKH
my |z < (Henz, 2) < My 2P, my >0, (5.50)

OpadeM MOJKHO CYHTATh, B CHIY IPOHM3BOJA BHOOpa mOCTOAH-
HHX mo 1 Mgy, a0 my > my, My << M,. Ho ato osmauaer,
aro Marpuna Hg,, Moer 6HTh BHOpaHa B KauecTBe MATPHIBI

H g, TIpm o10M st MaTpmmer Hig, +1n OKAMKYTCA CIpaBef-
nusriME oneHKH (5.49), (5.50), B cmay wero oHa MoKeT GHTH
B3ATa B KawecTBe MaTpumul Hg,.90. IIpomomxnus namee ostm
paccyskaeHnsa, Mu yOexpmaemcs, uro mpum aiobom i = 1,2,...
marpmna H, i MosKeT OHTBH B3ATa B KadecTBe MaTpH-

ust H (Ep+i+1)0°

TakmM 06pa3oM, eCIH LPEAIOJIOKATH, YTO BHIIOIHAETCSA
(5.6), To mpm & > &) mpomeccnr (4.48), (4.49), (4.52) momuO
OCYIIEeCTBIAAT, (€3 BOCCTAHOBIEHHMA MATpuus H,, He Hapy-
mag NOpd 9TOM CBOWCTBA MPOLECCOB € BOCCTAHOBIEGHHEM.
B vacrumoctm, aus mpomeccos (4.48), (4.49), (4.52), ocymect-
BAfieMHX 0e3 BOCCTAHOBIGHHA, COXPAHAIOT CHIY ONEHKH
(5.9), (5.10). Ho, Kax mokasamo B I. 2, OPH TOM YCJIOBHe
(5.6) BHImOTHATHCA HO MOKET, OTKY/a CIEyeT, 9TO CYIMecTByeT
GecKoHeUHAs MOCIeAOBATeNBHOCTh {r;} TaKad, d9TO

"xiﬂ — 2| M2 — 74 | (5.51)

(ecd TPEAIONOKHATH, UTO TOUEK Z;, AJAA KOTOPHX BHIIOJHSET-
ca (5.51), anmp KOHEYHO® WHMCIO, TO 3TO OyAeT O3HAYATH,
aro Haiiferca umeao I Takoe, uro upd k > T pmma Bcex
TOUeK Z; IO-IPeKHEMY BHIOJIHseTCs HepaseHcTBo (5.6), dro,
Kak MH!yGexnanch, HeBoaMokHO). ITockodbKky A — mpoms-
BOJIBHO Majag KoHCTaHTa, To U3 (5.51) caemyer, uTo

lz; — z4 | — 0,

T. e. Meroxmsl (4.48), (4.49), (4.52), ocymecTBIfgeMEle IpH
E > E, 6e3 BOCCTAHOBJIEHHA, CXONATCA K PEHICHHIO.

IpoBenennsie paccy:KleHAsS IOKA3hHBAOT, 9YTO CIIPaBel-
IuBa
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Teopema 5.2. ITyemv 042 MunuMU3AYUY PYHEYUL
f (), ydoeaemeopsroweti (5.3), ucnosvsyemcs npoyecc (5.1),
6 Komopom nocmpoenue mampuyv. Hjy ocywecmeasemcs no
gopmyaan (4.48), (4.49), (4.52), a napamemp o evi6upaemcs
us yeaosus (5.2). Tozda nocaedosameavhocmo {zy} npu awbom
eL60pe HAUAALHOL, MOYKU To CTOGUMCA K PEWeHUI0, ecau 80C-
cmanoesenue H, npouseecmu Hekomopoe KOHEUHOe UUCAO a3,
a samem ocyugecmeasmo npoyecc Ges eoccmarnosaenus. Ecau
mouka xo 6BOpaHa 6 JOCMAMOYHO MAAOL OKPECTHOCIMU MUHU-
myma, npoyecc (5.1) crodumes 6e3 60ccmar06AeHUS H,.

OKAa3aHHAS TeopeMa CIpaBeJJdmBa He TOJIBKO [JIA MeTOo-

moB (4.48), (4.49), (4.52), HO W fuA APYTEX aJITOPHTMOB, MaT-
puna H; KOTODHX yfOBIETBOPAET PABEHCTBAM (5.37) (upm
Bunoanenns (5.6)).

Ilns meroma (4.53) Teopema 5.2 He COXpaHfeT CHTLY.
IleiicTBATENbHO, B 9TOM Caydae MaTpuha Heim YAOBIETBO-
pAeT yCIOBHAM

Hgimeens = Mensis oiKn—14, (5.52)

rae |n;|=o (|r;P-Tlpm & — co BeKTOPH egn; - . -» Egnim-a
GynyT JAMHEAHO HE3aBHCHMEL — 3TO CHeAyeT H3 JIAHeAHOT
HO3aBHCHMOCTH BOKTOPOB Tenyyy, 0 < i< n — 1, m coorHo-
mennit (5.10). G ygerom sToro m3 (5.52) BEITEKaeT, 4TO
| Hen | = O mpm  § — oo, cieoBaTenbHO, MAaTPHLA Hg,, He
OyfeT yRoBIETBOPATH TPe6oBaHMAM, IPEABABIAGMEIM K Mar-
puxe H,.

Teopema 5.2 ocTaBIseT OTKPHTHM BOIPOC 0 CKOPOCTH CXO0-
mEMocTE mpomeccos (4.48), (4.49), (4.52), ocymecTBImeMEIX
Ges BOCCTAHOBIEHHS, G0 B CHIy Toro, 4ro yciosme (5.6)
B [eACTBATEIbHOCTH HE BHIOJIHAGTCSH, OKA3aTeALCTBO CIpa-
BOLIHBOCTH yCiaoBuA (5.45) TepsAeT Culy, a MOSTOMY HCHOJIB-
30BaBmAsCA B TeopeMe 5.1 MeTouKa He HO3BOJIAET BLHIACHATH
cBoiictBa Marpuusl M.

IlocTaTo9HO TPOCTO Y/AETCA MCCIENI0BATh BOIPOC O CBOH-
crBax Marpunsl H, merona (4.70) (opmm m3 BapEanToB 0600-
MEHHOTO0 MeTONd COIPSDKeHHHX TPAWeHTOB), BCJIEJCTBUE
9ero MOKIO YCTAHOBATH HE TOJIBKO CXOJAHMOCTH 3TOTO HPO-
mecca, HO W TMOJYYHTH OIEHKY CKOPOCTH CXORMMOCTH.

Mampuya H, memoda (4.70), ocywecmersiemozo 6e3
soccmanoeaenus, ozpanuuera: | Hy | < L. Borexaer sto u3
CiIeRyIoIero:

— (Pr-ps 1) = (Pr1s €61) = (/ s=1e"k=1 Pi-1) > M e | Pi-a |-

i

o e ”"‘"‘“w

I e
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YcraHoBHB OTpaHHYeHHOCTH MaTpmisl H, mokasaTenabct-
Bo cmpaBefqImBocTH oueHOK (5.9), (5.10) misa paccmaTpuBae-
MOTO TpOIECCAa B IPEANOTOKeHHN, 4TO BHIOMHIETCH YCIO-
e (5.6) ambo (5.24), MOKHO IPOBECTH TAaK JKe, KaK 3TO
Aenanoch miaa Merofa (4.71) mpm m3ydenmm mPOIECCOB C BOC-
CTAaHOBJGHHEM. B CHIy 5TOTO OKAa3HBAeTCA CIpPaBeJIMBOI

Teopewma 5.3. Pesyavmamu, meopemss 5.1 corpansiom
cuay 0as memoda (4.70), ocywecmeasemozo 6e3 eoccmanosae-
HUsa Hk'

5. OGcy:xnenne pesynpraroB. lTak, MH BHACHHIH, 9TO
BCe M3ydYaBmIHEeCH B § 4 MeTofAH MOTyT OHTH MCIOJB30BAHHEI
A MAHAMHE3ANAY HEKBAJPATHIHHX (QYHKIAHA, mpwIeM CXO-
AMMOCTH MPOI[ECCOB MOKeT OHTH apaHTHPOBAHA s KiIacca
¢yHKIAA, MEHAMHU3AIAI0 KOTOPHIX MOKHO OCYIIECTBIATH Tpa-
JWeHTHHIME MeToflamu. B cayuae, Korja MeTombl COIpSKeH-
HHIX HAOPaBICHWH MCHOJb3YIOTCH AJIS MAHAMA3ANAN CHJIbLHO
BHIIYKIKX QYHKIAHA, CKOPOCTh CXONMMOCTHE AX OKAa3HIBAETC.]
He HHKe CBEDXJIHMHOHHOW — IpPH OCYIIECTBIGHHA HIPOIECCOB
¢ BoccTaHOBIeHWeM. [l HEKOTODHX aJTOPHTMOB MOKHO
YCTAaHOBATH CBEPXIMHOHHYI0 CXOAUMOCTh B 06e3 IPeAmoIosKe-
HAA 0 BOCCTAHOBJeHWM MAaTpunul H.

CKOpoCTh CXOMMMOCTH MeTOAOB COIPSIKOHHHIX HaIpaB-
JleHnii yCTAHABIMBAJACH HAMH HECKOJBKO HO-APYroMy, deM
9TO0 [[€NAJI0Ch NIPH M3YIEHAH METOAOB APYTAX KIACCOB B Ipe-
AHAymuX maparpadax: MH paccMaTPHBANH He IIOCIeA0Ba-
TEIBHOCTH {Z;}, a HOCIeZ0BATeAbHOCTh {2z}, T. €., MO CY-
mecTBY, B KAaUeCTBe OJHOM HTEpPANMM MHl DPaCcCMATPHBAIH
o6pemEeHne 1 OOKIHEIX HTEPALAH IPOLOCCA: Tz, Lentir -« » «
+ + vy Tgnin-1. Bo0OOIIe TOBOPS, HCTHHHAA CKOPOCTH CXOAMOCTH
TaKNX MPOMECCOB MOKET OKA3aThC I HIKe 96M Y METOJI0B JBOH-
cTBeHHHX Hampasiaenmi (§ 3) m rem Gomee gem y Metoa Hrio-
tona (§ 2) (1. e. yOnBaHWe BeaWYMHH QYHKIWH Ha KaMaoh
mrepanua | fyss — fi | B MeTogax pacCMaTpPHEBAGMOTO KiIacca
MO3KeT OKa3aThCsd MEHbIe 4eM B MeTofax § 2, 3, a OTHOIIeHHE
| Zgrs — 24 V] e — 24 |, HAOGOPOT, Gombme). Tax, ecnm, Ha-
npuMep, B KaKOM-IuGo ajaropmTMe

Ty — Tp = — Dy, (5.53)



148 MUHAMA3AIMA OVHKLIUM BE3 OrPAHWYEHUM  [MVI. {1
a B MeTojie CONPSHKeHHEIX HANpaBleHHMA

—1 ’
Zgsm — Ten = —— Dinfen,

npmaem D, = Dg, — fi, To 8To 03HAYaer, 4TO n WTEPALHil
MeTOJ[a CONPSKEHHEX HANPaBJIeHHil YKBHBAJCHTHH B CMKIC]Ie
CXOAEMOCTH ofHoi mTepamum mpouecca (5.53). Tem me menee,
CKOPOCTh CXOJEMOCTH METOJOB DPaccMaTPHBAEMOTO KIacca
ABIAETCS ¢ MPAKTHIECKON TOYKH 3PEHMA BeCbMa BHICOKOH M
BHAYATEAHHO HPEBOCXOAAT CKOPOCTh CXOAUMOCTH TDajHeHT-
HHIX METOJOB.

B To e BpeMs, KaK ye 0TMeYaloch B § 4, mo TpynoeM-
KOCTH HTepaIEé METOR5 CONPSKEHHKX HAIPABIeHW He3Ha-
9UTeJBHO OTIMYAIOTCA OT T'PAAMEOHTHEIX METONOB.

Bce crazagHOe IO3BOJIAET CHEJNATh BHIBOA O TOM, 9TO Me-
TORH CONPSHKeHHKX HAUPABIOHAH ABIAITCA ONHAMA U3 HAHW-
6oaee 3 PeKTUBHEIX /I PeNIeHAA 3a7a91 MAHAMU3AIAH.

B macrosmem maparpage MH OTPAaHHIMIHCH HCCIef0Ba-
HAeM IAITh HECKOJAbKAX KOHKPETHHIX aJTOPHTMOB, KOTOPHIe
GHLIE TIOCTPOGHH B § 4, XOTA MOKHO OBLTO OH M3yIaTh CBOMCT-
Ba W APYTHX AJTOPHTMOB TAKOTO POfia, KOTOPHe MOTYT OLITH
IOCTPOEHH ¢ TIOMOTbIO 00meil CXeMH, PacCMOTpenHOl B § 4,
Onnaxo TeXHHKA MCCASTOBAHWA APYIWX aAropuT™MoB He Gy-
HeT CKOIb-HEOY[b CYIMeCTBOHHO OTAMIATHCA OT HCIONb30BAB-
meficsa B § 5. B camoM pexe, pasHHNa B TeXHHUKe AOKAa3aTelIb-
cTBa TeopeMH 5.1 3aridio9aeTcs JHWIbL B HECKOJIBKO DPasim-
qalmuUXCs IpEeMaXx MCCIeNoBaHEA cBoiicTs Marpmmsl Hy. Ho
B I1000M MeTOJIe pacCMaTPMBAaeMOTO KIacCa BEKTOPH Uy H Uy,
ACIIONb3yeMbe [id NocTpoeHnsa Hy,,, MOTyT ABIAATHCA JUIID
PasIMYHEIME JWHOAHHMEA KOMOWHANHMAMA BEKTOPOB Ty B
H‘kek (cm. (4.32)). BriGop jKe aIropuTMOB, M3yYaBIIUXCA B

4, 5, 6E1 mpoBeeH TaKEM 0o6pasoM, UTOOH IPH IOCTPoOe-
HpE Marpun H, @Cmoab30BalMCh PasimIHble COTETAHHA dTHX
9JIEMEHTOB.

CpaBHEM Temepb, HCIOJb3YA MOJNYICHHHE Pe3yTbTaTH,
CBOMCTBA Pa3AMIHKEX AITOPATMOB MPH MAHAMHU3ALAA HEKBAJ-
paTHIHHX (QyHKIHIL.

MH ycTaHOBWIHM, 9TO HEKOTOPHE H3 DPaccMaTPHBaeMBIX
npomeccon ((4.48), (4.49), (4.52), (4.70)) moxHO oCymecT-
BIATb AMG0 ¢ BoccTamoBieHmeM Marpuisl Hy, mambo O6es
BoccTamoBIenng. Haxoi ske W3 BapmaHTOB IPOIECCOB Ipef-
HOOYTHTeNbHEe?
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C TeopeTHueCKOil TOYKU 3PEHHA MPOIECCH 63 BOCCTAHOB-
JeHHusA NIpefmodYTUTeJSbHee B TOM CJIydae, KOTAA OPH § —- oo

Hyp — (fen) ™ (5.54)

Jle#icTBHTOIBHO, €CIH BHIOJHSAETCSI yciaoBre (5.54), To m mpm

no6om k 6ymer Hy— (fx)™!. B a10oM MosKHO yGemuTBCH, pac-
cMaTpuBas, Hampumep, gopmyist (4.48), (4.49): mpm BhmoI.
mennu (5.54) Heneen — Tzn, 3HAUHT, Hipnyy = (fonss)™ @ 1. 1.
CiemoBaTeIbHO, METOMH CONPSKOHHEIX HANPABICHHH B 2TOM
cayiae OYAYT MO CKOPOCTH CXORMMOCTH MPHGIMKATHCH K Me-
tony HeloToHa, B To BpeMs Kak B mpomeccax ¢ BOCCTAHOBIe-
HHWeM, KaK MBI BHIACHUJY BEINIS, CKOPOCTh CXOAMMOCTH MOKET
0Ka3aThCA HIKG.

Crporo ycramoBuTh BHOOMHEHHE yciaoBus (5.54) me ymaer-
¢ (BO BCAKOM CJIy9ae, 9TO HE YHAJI0Ch CEIATh K HACTOAIEMY
BPeMeHM) HH JITIF OfHOTO H3 METO/IOB CONP YKeHHKX HampaBJe-
. OfHAKO MOMKHO LpPE[NOJO0KHATH, YUTO TAKOe YCIOBHE
OyneT BHIOJHATHCA, 0 KpailHe# Mepe OpHM PemeHnd OTHedb-
HEIX 3afa4, /I MeTOJ0B H3y4aeMoTO Kjacca, 06IafaoImx
TeM CBOHCTBOM, 4TO IPH MAHAMA3AAY KBaAPATAIHO! QY HKIAH

H, =A™ (5.55)

K meromam sToit rpynnn oTHOCATCA aaropuTMu (4.48), (4.49),
(4.52).

TaxkmM 06pasoM, MCXOMSA W3 BHICKA3aHHHX CO00pPaKeHMIA,
3TH QJITOPHUTMH IejJecoo6pasHO OCYIEeCTBIATH, He mpuberas
K BOCCTaHOBIEHWIO MAaTpuuul H,.

B merope (4.70) cBoiicTBo (5.55) He BHIIOIHASTCS, HOITOMY
BapPHAaHT 3TOr0 MeTofa 0e3 BoCCTaHOBIeHHS He OyHer o6iaa-
AaTh NPeHMYINecTBOM (AMeEeTCsI B BAAY CKOPOCTH CXOTMMOCTH)
mepes; BapHAHTOM C BOCCTAHOBJIEHHEM. T0 j{e caMoe MOKHO
CKa3aTh W 0 APYI'AX AJITOPATMAX, 06IaalOIIUX TEM CBOWCTBOM,
9T0 IpM MAHAMHA3ANud KBafgpaTmIHo#d ¢ymrumm Gymer H, =
= H, (manmpmmep, Meromst (4.69), (4.71)) am6o H, Gamska
K H, (mvenHO Taxoi#l sBiserca marpuua H, B merome (4.70):
ReAcTBHe ee HA CHCTeMYy JMHEAHO HEe3aBHCHMHX BEKTODPOB
€0+ + .y €y TAKO® K€, KAK W AeiicTBme MaTpunul H,, 3a
HCKJIOY6HHEM NEHACTBU I HA BEKTOP €,-,). [foaToMy HeT ocoboro
CMBICJIA PacCMaTpPUBATh BAaPHAHTH TAKHAX METONOB 6e3 BoC-
CTaHOBJEHUA MATpunu H,.
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Bamernmm, uTo Teopema 5.1 mas metopmoB (4.70), (4.71)
OCTAaHETCA B CHJIE, eCaH BMECTO GHKCHPOBaHHOA MaTpHusl Hy
6parh mocaefoBaTeIbHOCTh MATPHI Hg,, yMOBIETBOPSIOMUX
yerosmam (5.48). 9o MokHO 000CHOBATH TaK jKe, KAaK 3TO
Kedaloch NPH J0KA3aTeIbCTBE TEOPeMBI 5.2 A MeTO/0B
(4.48), (4.49), (4.52). CremoBaTeibHO, CXOIUMOCTb METOZI0B
(4.69), (4.70), (4.71) coxpammrcs, ecim BHOEPATh NOCIERO-
BaTeJIbHOCTH MAaTPHI]

Heo — (fen)™ (5.56)

CKOpOCTb 6 CXO[[AMOCTH HPOIECCOB, IOCTPOSHHEIX TAKHM
o6pasoM, GymeT yBeIHMIHBAThCA (A NPHOIMKATBECA K CKOPO-
CTH CXOMEMOCTH MeTOI0B § 3), MOCKONBKY B 9TOM CIydae BHI-
nonxasercsa yeiosme (5.54).

IpakTmaeckn mocTpoeHme Marpul Hg,, YROBIETBODIO-
mux yeaosmio (5.56), MoxHO ocymecTBIATh IO (opMye
(4.8), ecim MCHOIB30BATH BEKTOPH Pgny Pént1s - + +» PE+1n-1-
OnHako BHOBL OTOBOPHMCHA, 9TO CTPOTO 0GOCHOBAThH BHINOJI-
nenme ycaosua (5.56) B 9TOM ciydae He Y[aeTCA; 3TO MOFKHO
GRUTO OH cesaTh IPHE BHIOJHOHHH ycaosmi (5.12), Ho mo-
CKOJIbKY yciloBme (5.6) 11a METOOB CONpKEHHHX HAampas-
JeHWil B [eACTBATEJBHOCTH He HMEeT MeCTa, TepAeT CHIY
0Ka3aTexbCTBO CcUpaBesimBocTH omeHok (5.10), a moaromy

w (5.12).

O6cynmM Kpatko cpoitcrBa Meropa (4.53). [lus 3TOTO

AJITOPHTMA IPH MEHWMW3AIWA IPOHM3BOIbHOH QyRKIHEE 6y-
IeT, BEJAMO, BHIOJTHATHCA YCI0BHE Hg,,— 0. CienoBareabHo,
B 3TOM MeTofe Heo6X0auMo IPOHM3BOMATH BOCCTAHOBIEHH®
MATPHIE, B CKOPOCTb CXOJMMOCTH ero Oyzer, mo Bced Bepo-
ATHOCTH, HIKe UM y PAacCMOTPEHHHX PaHee MeToJ0B.

B cBere BEICKA3aHHBIX COO0paskeHMil M3 KiIacca METOROB
COLPSIKEHHHX HAmpaBieHAil Hambomee dPPeKTHBHHIMEH LPH
MEHHMU3ALOAA CTPOTO BHIIYKIHX QYHKIHHA, ¢ TOIKH 3PeHHI
CKOPOCTH CXOJHMOCTH, ROJKHB GHTb MeTofsl, obrajaiomue
csoitctBoM (5.55).

IIp; MpaKTHYeCKOM pelIeHnH 3a7ad MOTYT, KOHETHO, Ha-
6II07]aThCA OTKIOHGHHA OT JTOTO BHBOAA — B TOM CMEICIE,
4T0, HAUpEMep, ¢ momompbio Merona (4.70) pemenme samaum
MUHEEMA3AUE (C OIpeeleHHOH TOYHOCTHI0) Oyser mOTyIeHo
3a MeHbIIEe UWCIO HMTEPaIdil 0 CPAaBHEHHIO, CKa)KeM, ¢ Me-
TomoM (4.48). [lemo B TOM 4UTO, KAaK MBI yiKe HEOJHOKPATHO
IOMYePKUBAJTH, HA CKOPOCTh CXOUMOCTH TOTO MJIM MHOTO Me-

[
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TOA OKA3HBAIT BIMAHME MHOTHE JOMOJIHATENbHEE PaKTODHI,
TaKkme, HAIpAMep, KAK MOTPENIHOCTH BEHYMCICHHHA, HETOYHEIA
BHGOD 3HAYEHHA O U JAPYTHE, & YCTOHIMBOCTH Pa3MHIHEIX
METOJIOB IO OTHOIIEHHI0 K BO3MYImeHHAM pa3iamdnHa. Hpome
TOr0, CPABHEHHE CKOPOCTH CXOAMMOCTH HMEET CMEHICJ JIUIIb
B [OCTATOYHO MAJO# OKPECTHOCTH MHWHEMYMA, BAAJH 3Xe OT
MEIHIMYMa CPaBHUBATh dPPEeKTHBHOCTh PA3IMYHHIX AJTOPHT-
MOB MOXHO, JHINb OCYIIECTBIsAA UMCICHHEE SKCIOPAMOHTH.

B psge pa6or, ony0InKOBaHHHX K HACTOANEMY BPeMEHH
(J. D. Pearson [1], J. Greenstadt [1], B.T. Iloaax [2],
H. Y. Huang, A.V. Levy [1]), mpmBomarcs pesyiabraTht
YHCJOHAOrO PEINeH:s Pa3IMYHHIX 33734, MOJYIeHHOTo C I0-
MOImBI0 METOIOB CONpsKeHHNWX Hampasiennmit. Hambomxee
TMOJIHEIA CPaBHUTEIBHHN aHaln3 3QPEeKTHBHOCTH DAa3IHYHEIX
aJIrOPATMOB IPOBOAMTCSI B MOCJTeHEH M3 OTMeYEHHHX paor.
B 1emoM pe3yabTaTH UYACIGHHHIX YKCIEPHMEHTOB IOATBep-
sKOAIOT BHIBOX O TOM, 4TO HamGouee 3PeKTHBHEIME ABIANTCA
METOJH, A KOTOPHX BHIOJHASTCS yciaoBme (5.55). B 1o xe
BpeMs oKaswBaercs, uro Merton (4.71) 6Gomee sdderTmBen
B TOM CIydYae, KOT[a OCYIIECTBISAETCSI BOCCTAHOBJIEHHE MAT-
pHuIE Yepe3 n WrTepammit (0 CPaBHEHHWIO ¢ mpomeccoM 0Oe3
BOCCTAHOBJeHUs). llpakTmueckum, BEguMO, # MeTox (4.70)
clexyeT OCYMECTBIATH, NPOWU3BOAA BOCCTAHOBIEGHHE MaT-
puns H.

Haxomen, ocTaHOBAMCA Ha BOIPOCaX, CBSA3aHHHX C BHGO-
PoM AJIHMHH ImIara B METOfIaX M3ydaeMoro kKiacca. Hak MH ysxe
TOBOPWIN, B METOJAX CONPSKEHHHX HaIpPaBIeHHA BHGOD
Iara NPOHM3BOMATCA W3 YCIOBHA MUHMMYMa QYHKIHH B Ha-
OpaBIeHAM [BUKeHWs. Mbl HeOJHOKPATHO NOMICPKHUBAJH
OCHOBHOH HEJOCTaTOK TAKOH HpOIEeAyPH — HEOOGXORWMOCTH
OPOM3BOAATh 3HAYATENbHOE KOJAIECTBO BHUMCICHHH (PyHK-
OuH, BBAAY 49ero TPYHOGMKOCTH €e MOKeT OKa3aThCA BechMa
3HAYUTENbHON B 3aJ[adaX, I[6 BHIMCICHH® (YHKIHHA TPYHXO-
eMKo. B HeKOTOPHX cIy4agX pacCcMaTpPWBAaeMHI cmocod BHGO-
pa mara IpakTHYeCKH BOOOIME He IMO3BOJAET PEIIHTH 3aAady,
ecjim, HAHPAMED 3HAYeHHe HapaMeTpa O CHJIbHO M3MEHAETCH
Ha RayKAOM mare. JTOT HENOCTATOK METOJ0B COIPKEHHHX
HampaBJaeHH oTMegalca Bo muormx paborax (C. G. Broyden
(2], B. H. Ilmermuawii [3], W. C. Davidon [2], M. J. D. Po-
well [1], R. Fletcher [1] u np.). Crpemnenne n36aBATHCA OT
06CyKIaeMOro HEeAO0CTaTKA IPHWBEIO K TOMY, YTO B OTMEUEH-
HEX paboTax paccMaTpHBAIOTCA METOAR, B KOTOPHX BHOOP
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BHAUeHAA 0, NPOM3BOAUTCA TAaKAM 06pasoM, dUTOGH JIMIIb
rapaETAPOBAThH OLPEeNeHHYI0 CTeneHb yOnBaHHA QyHKNUA.
OnHako B OCTAJIBHOM MOCTPOSHHE METOJOB OCHOBHIBAETCH HA
TeX ke mAeAx, KOTOpHe M3JIarajlmch BHIIe (HCKI0Iag paboTy
B. H. Ilmenuanoro [3]).

HcenemoBaTh CBOiCTBA METOMOB, B KOTODHIX BEIGOD IMara
yiKe He CBA3aH C OTHICKAHHOM MUHAMYMa QYHKIWH BIOJIB
HANPaBJGHHA [BIKEHAA, CTAHOBATCA TOPAas/fo TpPyAHee, H
TeOpeTHIecKoe 0GOCHOBAaHMe MHOTHX H3 HAX He IPOBEIEHO
Raske [JIA CIydas MEHUMHA3ANMAH KBafpaTHIHOH QyHKIHA.

C roukm 3peEma cmoco6a BeiGopa BHA4eHHs o Goiee
OPeIOYTATeNbHEMA ABIAIOTCA METO[AH IBOACTBEHHEIX HAa-
npasiaennit § 3. OmeHKa CKOPOCTH CXOAMMOCTH BTHUX METO/0B
TaK;Ke ABAsSeTcA Goiee BrCOKoi. OfHAKO METOAH ABOACTBEH-
HHX HampaBieHmit TpeGyior Goabmero o6heMa MAIIMHHOH
mamata (kak oTmegaisoch B § 3, TpeOyercs 3amoMmHATH 1B
MaTpEOH 1 X n), HOITOMY € WX IOMON[BI0 MOMKHO pemarb
3a7aun MUHEMH3AIOAN MEHbIIe# pasmepHocTH. MojkHO, mpas-
fa, COKpPATUTh TpebyeMyio MAIIMHHYIO IAMAThH, BHIOApPaA B Me-
TOfaX ABOHCTBOHHHX HANpPAB/JICHAA BOKTOPH I'p BEOJIBL KOOP-
AMHATHHIX Ocei, OJHAKO IPW STOM HA Ka)KA0# HTEpamud mO-
Hamo6UTCS HBaKAH BHYUCIAATH NPOMSBOJHYI0, UTO BeJleT
K YBGJIHYCHHIO TPYJOEMKOCTH TAKAX aJTOPHTMOB.

§ 6. Merons1, He TpeGylomue BHIYMCICHAA NPOM3BOHBIX

1. Beopmnie 3ameuaumns. [[o cmX mop MH paccMaTPHBAJIH
MeToAH MEHAMHBAINA, B KOTODHIX HAa KajKHO# HTepanuu He-
06xoxmMo OHLIO BHUHCIATH, moMmMo Pymkmumm f(z), ee rpa-
mment f'(z) (merommt §1,3,4,5), a B merome Hbiotona
(§ 2) — eme m maTpmuy BTOpHX mpomsBoxHEX f’(z). Ilpm
HTOM MH HEOJHOKDPATHO HOJIePKHUBAJIH, YTO BHIHCICHHE BTO-
PHX IIPOM3BOMHLIX BO MHOTHX CJIydasAX MpeficTaBaAeT Hauboxee
CIOMKHYI0 M TPYJ0GMKYI0 9acTh HOCTPOGHHA HTEPALHOHHOTO
opomecca, M MeTOAH § 3—5 paspabaTHBajmch Kak pas
¢ menblo m3bexarh BHUMCIEHAS BTOPHX IpodsBofmHx. Of-
HAKO B PAJe 3a7ja4 M BHYACIEGHUA I'PANEHTA MOKET OKa3aThCA
3HAYMTEIHHO CJIOKHEe, YeM BHUACIeHwme QyHKOUE (a2 HHOTAA
B0oOGIIe HEBO3MOKHO MOAYIHTH AHAIATHYIECKOEe BEIPAKEHHE
f(z)). B aTEX cIyuagx jKeJaTalbHO [JIA PENIeHAS 3aAadn
ACHOJb30BATh METO/AL, KOTOPHE TPeGyIOT TOJIbKO BHIHCIICHHU
3HAYeHMA QyHKIAH.
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Brruncnenne rpagumeHra mo anaiuTudeckoi popmyize Mox-
HO 3aMEHHTh OPHOIMKEHHHIM BHYNCJIEHAEM, BOCIOJIB30BAB-
IIMCh, HAOPHMEp, pPAa3HOCTHON AammnpoKCHMAIueilf YacTHEIX
npousBoaubix. IlocTymas TakuM o6pasoM, MOKHO LOCTPOUTH
MOMMPUKANMA DPAcCMATPHBABIINXCA B NPEAHAYIUX Iapa-
rpagax MeTOROB, B KOTODPHX HCHOJb3YeTCA JHIIb BEUACICHHE
¢ynrnua. TpeGysa ompesieleHHYI0 CTEHEHb TOYHOCTH ANIPOK-
CHMAlU¥ ¥ HAKJIA[bBAsA HOKOTOPHE MOIOJHHUTEIbHEE TpPebo-
BaHMJ Ha MOCTPOGHHe MTEPAHOHHOTO IPOINECCa, MOMKHO JO0-
6ATLCA TOTO, 9TO B GOJBIIMHCTBE CIyd4aeB CBOMCTBA TAKHX
MOMAQUIEPOBAHHKIX METOOB (CXOAWMOCTh, CKOPOCTH CXO-
maMocTH) OyyT NpuOIMKATECA K CBOKCTBAM MCXOLHHIX AJIro-
pUTMOB, B KOTOPHX MCHOJb30BANOCH BHYACIeHH® [ (),
f’(r) mo aHAMWTHYECKUM BHIDAKEHHAM.

Wsyuenme MeTo0B, He TPEGYOMEX BHYACICHHA TPagdeH-
T4, MHTEPECHO elle C TOil TOYKH 3PEeHHs, 4UTO, BHACHAA TOY-
HOCTh ANNPOKCHMAIH MPOU3BOAHEIX, OIPH KOTOPOH CBOMCTBA
TAaKHX AJTOPHTMOB OYAYT COBmALATh CO CBOMCTBAME COOTBET-
CTBYIOIIMX HMCXOTHHIX METO/OB, MB (JAKTHIECKH OIDeesseM
[OOYCTHMHE BHYUCAHNTEJIbHEE IOIDEIIHOCTH, KOTOPHE He
OPUBOAAT elle K HAPYIIEHHIO CBOMCTB aJTOPUTMOB (MCIOIb-
syomux Buamcaenume f'(x), f'(z)).

B macrosmem maparpade M H3ydUdM JHIIEL aJTOPHTMEL,
OOCTPOHHE KOTOPHX BeleTCS HAa OCHOBE MOTONOB IBOHCTBEH-
HEIX HaIIPaBJIeHHI § 3; B CBASH ¢ 9THM MH COXPAHHM JJIT HEX
opeskaee HasBanme. IloMIMO TOTO, ME OCTAaHOBHMCA TAaKKe
Ha aJAropwTMax [APYyroro THHA: B HHEX DeANH3yeTcs HAeH
TOCTPOEHAA CONPMKOHHHX HANPABIGHHA, Ho 6e3 HCHOJIb30-
BaHUA BHYACJIGHHS TDAJWeHTa WMIA €r0 Pa3HOCTHOTO IIPH-
Onmxenns.

2. Tocrpoenue MeTONOB JBOIiCTBEHHBIX HANpaBJICHMIL.
B osrmx Merofiax mociegoBaTeNbHbe IPHGIMKEHHS K peme-
HHAI0 cTpoATcsa mo dopmyie

Tp+1 = xl‘ —_— OLkD?gk, (6.1)

rge D, — mexkoTopasg MaTpmma n X n, g, — Bekrop. Cka-
JAPHHA MHOMHATENDb Oy, OIPeAeIA0Mui [IUHY Mara, B OTIH-
9he OT paHee PacCMATPHBABIIAXCA METOROB, MOYKeT HIPUHH-
MaTh KaK MONOKHUTENBLHEIe, TAK M OTPHIATEJIbHHE 3HAYCHUA
B 3aBHCHMOCTH OT TOT0, KAK0e M3 HAIpaBJeHMIA —D;lgk g

D3 g, 6yneT sABIATHCA HAIIPABICHHEM cnycka ¢pyrrnun f (z).
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MoskHO cumTaTh, HO-Apyromy, uro o > 0, HO Torma B Ka-
9eCTBe HANPABIGHHA JBIDKEHHS NDHHAMATH 1H0O BEKTOP

pr = — Dj'gy, 1mbo monarars py = D7 g, TarmM oGpasom,
9700H BHIIOXHAJIOCH YCJIOBHO
(fir Px) <O. (6.2)

Kak m B § 3, cumraeM, 9To f (z) — ABasKIH HEOPEPHIBHO
naddepeHIIpPyeMad CAIBHO BEITYKIAA QyHKIOHA.

Hocrpoernme MaTpHNH Dy mBEKTODPA &
OmnpepmeimM BeKTODH

N _( f(xk""l"kvl)—f(xk) f(“’k'l‘l‘k”n)—f(xk))
k= veen )

P P
( f(yk'l‘p'kvl) — f () fy, +ka") —f () )
P = m PICICIRY] m ’
K k
P = ¢ — i

rme 0<|pel <Irlls t>1, yy ry — dueMEHTH moCILe-
noBareabHocTH (3.5), ¥; — eNMHHIHEIA BEKTOP COOTBETCTBY-
omei ocH.

Nemma 6.4. Hyemv {x,} — ospanuuennas nocaedosa-
meavhocmy, | Tgs — Ty | >0 npu k—oco u npu A1060M
k> n — 1 mampuya D) onpedessemcs cucmemoil YpasHe-
HUil

Dkrk.,; = "-l’k-iy i= O, 1, T (R 1, (6.3)

20e Ty-; — dAeMeHmyB nocaedosamesbHoCmu (3.5). Tozda
lim | Dy — fx] = 0.
k=

JlokaszaTeXbhCTBO JeMMH B CYHOCTBOHHHX dep-
Tax COBIAAeT ¢ JOKA3aTeJIbCTBOM JIEMME 3.1. Mu paccmor-
pEM JIEmb BOBHAKAKIIAE PasIAInd.

KoMIIOHeHTH BEKTOPOB Uy B @ MOKHO NPEJCTaBHTH B BA/E

of , 0<6;<1,

¥ =L
dxd Mk+°51"k95

i o O '
(P{c 8t L-Ilk'l'ﬁﬁ"kv,’ O@<1’

i=1,... n
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Y9uTHBAaA 5T0 W HENPEPHBHOCTH BTOPHX IPOMBBOIHMX
$yHKRIUM, JeTKo yOequThCca B COPABEIMBOCTH OIEHOK

IO —F @) | < Cu Ly [ R Co)ry I, (6.4)
lox — £ ()] < Cslpeln < Cyfrilfs (6.5)
rge C,, Cy < 0o,
IIpencraBuM BeKTOP Y;—; B BUae
Vi = ' Yret) — ' (@ret) + (Pros — ' (W) — (O — 1/ (25)),
Torga, o6osHauas mo-mpeRHEMY ex—; = f'(Yp-1) — f'(ZTk=1),
OOMTyIaM
Dyri-i = exei + (@i — ' (Y1=t)) — (Ot — /' (211)), (6.6)
i=0, 1,...,71—1..
O6osmaumm By, = D, — f''(z;). IlocTymas amamormamo To-
My, KaK 9TO [1eJ1aloch B jJemMe 3.1, mOIyunM omeHKY
[ Birio—i | << Poci| s | 4+ | Oiems — 7 (@rei) | + | Pres — 77 (=) |
rae hy-; — 0 mpm k— oo. G yuerom (6.4) m (6.5) orcioma
cienyer
I Bl Sl rieal + Cslruasf,  Cs < oo,
i
| Bireas | < Poes | s

e Ry = by + Cs|re-i [ = 0 mpm k — oco.
JanpHefimee J0Ka3aTeIbCTBO NOBTOPAET PACCYKISHAA
aemmu 3.1.
OnpegennM Temepb BEKTOP

g = ( f(”k'l‘kal)_f(xk) - f(xk"‘ kan)'_f(xk) ) ’ (6.7)
Pk Pk

e [pe] << [ il (eomm py = i, 10 g = ).

flcHo, 4TO CXOXEMOCTD M CKOPOCTH CXOHMOCTH IIOCIIe0Ba-
TenpHocTH (6.1) 3aBHCAT He TONBKO OT 3HAWEHHWA MATPHIH
Dy, HO m oT TOro, HAaCKOIBKO XOPOIIO BOKTOD gy AIIMPOKCH-
mupyer rpapment f'(zy). Ias Toro uro6m rapaHETHpPOBAThH
BEHICOKYI0 CKOPOCTh CXORHEMOCTH mociemoBartensHoctn (6.1) K
pemennio, moTpe0yeTcsi, Kak CTAHET ACHO W3 AaJbHEHRIero,
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106K mpu M060M k BHIIOMHAJHCH HOPABEHCTBA
0 <loel < &Pl (6.8)

rae & — 0 mpomsBompHEIM 06pasoM IpH k — co. Ecam Ha
HEKOTOpOil MTepanud BHOPaHHO® 3HAUEHHE () HO Y[OBJIET-
Bopser yciaosusaM (6.8), HeoGxogmMO APOGHTH Q), BHYACTUTH
HOBHil BEKTOD gy, 3aTeM BHIYACIHTH HOBHE BEKTOP Py M
BHOBL mpoBepuTs BhmoxHenme (6.8). Tax Kak gy — fi OpH
lox] 0 = mpm orom |pel—>1D¥fil. a |D¥f|>0 npm
a060M I, 7= Ty (MaTpmIa DY meBmiposxpieHHas Kak ofpar-
HasA K mMatpune Dj; o BeIACIeHHA D7 cm. m. 3, BHUHCIEHAS
BEKTOpa py), TO HPH J0CTATOTHO MAIHX 3HAYGHMAX () YCI0-
Baa (6.8) OynyT BHIOIHATHCA.

OnpepmeneHme HampaBaIeHHA MBHUIKO-
HU A OCYIMECTBIAETCA CIeAYIOMUM o6pasoM. 3ajaBIIACH
KAKAM-IH00 3HAUEHWEM 7Y, (ecTecTBeHHO BHOHparTh 9TO 3HA-
4eHMe OCTATOYHO MAJbIM), BHYHCIAIOTCA 3HATCHUS] f (@)
B TouKax Ty == YoD¥ g EcIm B OfHOE M3 DTAX TOTEK 3HA-
werme QyHKmEE MeHbme f (Ty), TO COOTBETCTBYIOIMNIA BEKTOD
— Dilg, mu6o Di'g,) m mpurmmaercst 3a py (ycioBme (6.2)
IpZ 5TOM BHIIOIHAETCH B CHJIY BHIIYKIOCTH f (z)). Ecam 3xe
oGa smaweHmA QyHENEE Goxpme f(Zy), TPOU3BOJHTCA npoo-
JeHHe Y, KO TeX Iop, MOKa Kakoe-1n60 13 3HAYCHHN yHKIAH
He craHeT MeHbpmIe f (); COOTBETCTBYIOIUA BEKTOP MPHHA-
MaeM 3a Dy.

Mosker, OHAKO, OKA3aThCsA, YTO IPA MAJTHIX 3HATEHAAX Y
He TPOMCXOAMT yOHBaHMA (YHKIEE HA IO OJHOMY M3 Ha-
npaBieHHH Dy'gy. 910 MOKeT 03HAYATH, TO aubo eme He
[MOCTHTHYTH B3HAYEHHA Y, HPH KOTOPHX npomnsoiiier yOuBa-
Hue QyHKIUE, TA00 5Ke BHEIIONHAETCS yCI0BAe (fv, Di'gy) = 0
(vax GymeT ciemoBaTh H3 [abHeHIIero, TaKo Ciydaid BO3-
MOMEH JUMb HAa HAYaJbHOH CTafmé mpomecca, Ompu I3TOM,
0UeBMHO, HH ONUH M3 BEKTOPOB = D3¥'g, me Moxer OHTB
BHOpaH B KauecTse py). [las TOro qr0o0H HCKIIYATH TAKYIH0
BO3MOKHOCTD, HEOGXOAMMO BHYHACIHTH HOBHIA BEKTOP g1
A3MeHHB Py (HO TaK, 9T005I yAOBISTBOPAIACEH YCIOBHAA (6.8)),
BEIYHCIET HOBEIK Bexrop Dy g, W, HATHHAA C HOKOTOPOTO
7 < 7o, BHUHCIATH QYHKNMIO eme M B TOIKAX T+ D% g

Ecam x; # Z4, TO ORHO U3 HanpaBJleHAH + Di'g, wim
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+ Di'g:, 3aBemoMo mBIAeTca HampaBieHmeM cmycKa. Co-
OTBETCTBYIOINZI BEKTOP A IPAHAMAETCH 33 Dy.

AnropmTm BaGopa mara. Bygem BubGumpars
oy ClefyiomuM o6pasoM: mmolaraeM BHAYAle

&, = min {1, R'(IT_’;,‘;’QL} , (6.9)
rie 0 << R <{oo, m mpoBepsieM CHpPaBeIABOCTh HEPAaBEHCTBA
f(2) — f(z) < ea®Br(gx, pr)s (6.10)

rae & =z + apy, Pr = — sgn (&, px), 0 << e <<

Ecim sTo HepaBeHCTBO BHINOIHSETCA OPH O = Gy, TO
3Hauenne &, OPAHEMAEM 33 MCKOMOe, eCJIH Ke HmPH o = &
HepaBencTBO (6.10) He BHIIOMHAETCS, IPOU3BONAM IpOobIeHNES
@; mo tex mop, moka (6.10) He oxraxkerca cmpaBenIWBHM, m
DoJyYeHHOe IIPH STOM 3HAYGHME O, IPHUHEMAEM 332 HCKOMOS.

Onucannsiit cmoco6 Bribopa @ IpeAmoNaraer, pasyMmeer-
cd, 910 (g, px) 7= 0. Ecan e Ha HOKOTOPOIt mTepanu; oKa-
xercs (g, pr) = 0 (970 MOKeT CAYIATHCA AWML HA HAYATE-
HOl CTafWm mpomecca), HYKHO NMPOH3BECTH JPOGIEHHE (-
¥ 33HOBO BHYHCIHTH BEKTOP £j.

Nsyanm temeps cBoiictBa mociegoBateasrocTd (6.1) mpm
HOCTPOeHHMHE MaTpHOsl D), BeKTOpa g, W IapaMerpa o OIH-
CaHHHIM BHIme CIOCOOOM.

Teopema 6.1. Ecau f(z) — dsanmdn nenpepusno
Ougpdepenyupyemas GHyHryua, YoO0eAemeopIOUAL YCAOBUAM
2.4), mampuya D, npu awbom k>n —1 onpedessemecs
cucmenott (6.3), eexmop g, onpedeasemcs evpancenuem (6.7),
20e py ydoenemeopsem ycaoeuam (6.8), a oy onpedessemcs
ONUCAHHVLM 6blle CROCOGOM, MO 04 nocaedosametvHocmiu
(6.1) cnpasedauen ymeepycderus, anarozuunse O00KA3AHHHM
¢ meopeme 3.1.

HoxaszarteancTso. Ilas Toro uro6u Bocmomb3o-
BaThCA pedyipTaToM JdeMMH 6.1, Heo6xoguMo mpeskme Bcero
M0Ka3aTh, YTO IPHA YCAOBHAX TEOPEMH [JIf IIOCIEL0BATEH-
Hoctm (6.1) BHmoTHAGTCA YCNMOBHE | Z)iy — 2y — 0.

Ucnonpsys pasmoskennme dymrmum f(x) B psam Teitmopa
0 WIeHOB BTOPOTO IOPAAKA B OKPECTHOCTH TOUKH Ty, IO-
nyaaM

(o ) | % (FrePr Py)
Fesr— Fe = 0Bk (G Pk)[gk(zk, ;k) - B:(gl;, p];)]'
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e T = T + 0@pn — @), 0O 1. IHockoabky
Bx(gy, px) <O, TO HepaBeHCTBO (6.10) 6ymeT BEITIONHEHO,
ecin , .
(fir Py) .dl. (fePy> Py)
Bk (g Pk) 2 Bk(gk’ J )
WIm, 9TO TO JKe,

_1_ (f;ﬂ Py) _1_ (f’l'ccpkv Py,
O Bk (gko pk) 2 Bk (8> pk)

> e

>e. (6.11)

B cmny (6.2) n BrGopa Py

(Fir Pp)
Ty

CaenoBaTelbHO, IIPH HEKOTOPOM Oy = 0 6yger BHOOAHATHCA
mepaserctso (6.11), a mosromy m (6.10). 970 M MOKAa3EIBaeT
BOBMOJKHOCTD BHOOpA Gp ONMCAHHHIM BHIIE CIOCOGOM.

WUrag, B cany (6.10) frry < fr. 9TO osHadaer, 4To Ty &
=8 = {z: f(z) < [ (z,)) upm mobou k, m mockoabky f(Z)
orpaHEYeHa CHH3Y, TO fr — frs1 — 0. B cmay storo m3
" (6.10) caexyer, uro mpm k — oo

ak | (g pr) |~ 0. (6.12)
Tar Kak oy < &, 10 H3 (6.9) BHTEKaET

o
| (€ PO | > Pl

C ydweroMm IOCIe[HEr0 HEPABEHCTBA YCIOBHE (6.12) morasH-
Baer, 4T0 |2y — Tyl = 0k | Px|— 0 mpm k — oco. CnemoBa-
TeIHHO, YCAOBHA TEOPeMH 00ecredmBaioT BHIIONHEHAE Tpe-
GosaHmit JeMMul 6.1 u mosTomy

1Dy — fi|—0. (6.13)
TToxaskeM Temephb, YTO IIPH YCJIOBHAX TeOPEMH MpH k — oo
(fk’ Py
m—-) 1. (6.14)
Nmeem
(flkv Pk) 1 (f;c—gk' Pk) 1 I f;c—gk“ “Pk“
By (8 Py) o —B; By (g1 Py) o~ E W '

(6.15)
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Jlna BexTOpa g cmpaBefJmBa ONeHKa (aHAXOIMYHAS (6.4))
lgr — fil < Co | px | ntr = Cq | py [- (6.16)

ITockoabry
I (&xs Px) I = l (Dypx> Pr) l’ (617)

TO, B cHIy ycnoBmit (6.13) m (2.4) orcioma caemyer, uto Ha-
9AHAA ¢ HOKOTOPOH HTepamuu

| (g, pP¥) | > my || px I, (6.18)

rae 0 < my < m. Ucnoansys omenxu (6.8), (6.16) r (6.18),
ybesxpiaeMest, 9TO HAYMHAA C HEKOTODO# HTepPamuE OyAyT
BEHIIONHATHCA YCIOBUA

If;c_gk“ Pk“ 'C7|Pk| “Pkll C7
=& — 0.
G 2l S il P S o

G yuerom aToro ms (6.15) BHTeKaeT, 4T0 HaYMHAS ¢ HOKOTO-
poii mrepammm Gymer fr = + 1 (B cmIy mOMOKATEIHPHOCTH
meBoit gacru (6.15)), a mosTomy ycaosme (6.14) neficrBuTensEO
BHIIOIHAGTCH.

Ha mnomectse S rpagumenr f' (x) orpammues: I fe] < L.
YuntrBas taxxe, aTom | p [ << p < o0, y6exnaeMcs, BCTIONb-
3ya (6.16), gro | g | << L, npm mo6om k. Ilo amamormm c
Teopemoii 3.1 MOKHO ycTaHOBATH, 9TO IpH M06OM K > n — 1

oymer | Di' | < M,. Cuexosateasro
Il < D' | | gk < Cs.

Hcnonways oty onenky m nepasenctso (6.18), yCTaHABIHBaeM,
9TO OPH ROCTATOYHO Gompmmx k
I(gks Pk)' m " Py 12 ma

Tl > U f > Tog >G>0 (619)

B cmry sroro ms (6.9) caexyer, aro Hawmmas ¢ mexoroporo k
Oymer

@ >a > 0. (6.20)

Jlerko ybepuThes Takxke, nemoassya ycaosus (6.14) m (6.18),
9TO OpH JiocTaTo4no Gombmux %k HepaBemctBo (6.11), a mo-
aTomy u (6.10) GyneT BHIONHATLCA OpH 3HAYCHAAX o0 > & > 0.
ITH HepaBeHCTBA COBMECTHO ¢ omeHkoil (6.20) moxasmBaioT,
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40 HAYAHAA C HOKOTOPOro k oxasmBaercs

B cmny momyuemHo#t omeHkm ®3 ycuxosma O | px|—0, o
BHIOJIHUMOCTA KOTOPOro ILiIa pedb BHIIE, BHTEKaeT, dTO
opn k — oo

| px || — 0. (6.21)

Mockonsky |8 | = | Dpil < Myl pxl 10 mpm ssmon-
genmn (6.21)

lgel—>0. (6.22)

B cmay ycaosmii (6.8), (6.16), (6.21) m (6.22) momuo yTBEp-
SRIaTh, 9TO IpH Kk — oo

I (zx) | = O.

Ho st0, xak caepyer ua mepasercrsa (1.12), cnpasepamsoro
JAA CHIbHO BHIOYKIHX QYHKIHMiA, 03HAYaeT, 9TO IIOCIe0Ba-
reabHOCTh (6.1) cxommrca K pemieHHIO.
ITonyuaM OLEHKY CKOPOCTH CXOAMMOCTH MOTOa.
B cmny ycnosuii (6.17), (6.21) u paBEOMepHOI Hempe pHB-
zocm BTOPHIX MPOM3BOLHHX QYHKIAX Ha MHOMKecTBe S mpH
- 0

(FePir Pk) —1.
(g Py) -
Hcmoubsys 810 ycioBme, a Taxke ycixosme (6.14), He cioskmo
yGenmThes, aro Hepaserctso (6.11), a moaromy m (6.10), mpm
KocTarodHo Gonsmmx k Gynmer BumonHATHCA mpd o = 1. Us
coorromenmi (6.19) npm Bunonmemmm (6.21) ciepyer, uro
| PRI .
“Pk“s

Iosromy npm Brbope &, m3 ycaopma (6.9) maummas ¢ Hexo-
Toporo k Oymer &, = 1.

CrenaHHEe 3aMeYaHAA HOOKA3HBAIOT, 4TO HAYMHAA C He-
KOTOpoii mTepaumm Oy = 1, m mpm 3TOM

-1
Thyp — Ty = — Dk 8k
B to mxe BpeMms Haﬁne'rcn MaTpHna ﬁ;l TaKas, 49TO

_1 4
Zgp— 2x = — D i

o

S —
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Hpn ycnoBusx (6.8) u (6.16) mociepoBaTeabHOCTH MaTPHI
D, Moxu0 BHOpPaTh TAaKEM 00pasoM, 9T0o0H

ﬁk - Dk’ (6.23)
nﬂf[ 3TOT0 MOXHO, HaanMep, nojarathb

(Fr — &)

*
—_—— (T — Tk) -
u T — , “2 ( k+1 k)

ﬁk = D/‘ _—
Teneps y:ke HeTPYJHO [0Ka3aTh CBOPXIMHEAHYI CKOPOCTH
cxopEmocT mociefoBateabHoctH (6.1). [na sroro, paccys-
Jasg Tak ke, Kak B Teopeme 2.1, ycTaHaBIMBaeM CIPaBeLIA-
BOCTH HEPABEHCTBA

Iz — 2| <IDF* 1 Dk — Fre| l2x — 2

Ilamee, Bocmonb3oBaBmuch ycaosmamu (6.13), (6.23) =
HENPePHBHOCTHIO BTOPHIX HPOM3BOJHLIX, yGeskpaemed, 49TO
npa k— oo | Dy — fre| =0, a | D¥'| ecrs orpasmuenmas
penmumHEa. B cmay sToro mpu k — oo Oymer

lzgss — Tl << Mellze — 24, (6.24)

rfe Axy — U, 9T B [{OKa3hBaeT CBePXIHHEHHYIO CXOAAMOCTH
{z;}. TeopeMa moOKa3zaHa. :

3. 3ameuanus OO peaIM3ANEM METOJOB [BOHACTBEHHBIX
paopasiennii,. PasimuHEEe aArOpHTMEL Tpebo-
BaHAA, KOTOPHM MO/KHH YMOBIETBOPATH BEKTOPH Ty, HC-
HOJIb3yeMsle IIPH mOCTPoeHAN MaTpuusl Dy, Taxme e, Kak I
Te, KOTOPHE DacCMaTPHBAIMCh OPH HOCTPOSHWH IOCIEJ0Ba-
rexsEoctE (3.5). IloaToMy Bce ckasaHHOe B II. 3§ 3 o mocr-
POEHEE DasNEUHHX aaropatMos TEma (3.4) coxpaHser cEIy
nas mpomecca (6.1).

BrHUYECAOHUH® BEKTODaA Pp. SAECH IOTHOCTHIO
mpamenmmul peayabTaTh m. 4 § 3. Tax, 0asnc Sy, Sy o on
w+«Sg-ntg, RBOHCTBEHHHHE K 6asmECy Pi+1s Piy -« o» Ph-nit
crpomTes mo (opmyram (aHAIOTHIHEIM (3.2

Sk-n+1
2
(Sg-n+1r 1)
]'=1, .o ey n—1.

Sky1 = Ski1-j = Sk+1-j — (Sk+1-3s €k+1) Sk+1s

Ipu sToM [ IPOBePKH JTHHEHHON HE3aBHCHMOCTH BEKTOPOB
Pks1s Pks - - - Pr-nig AOCTATOYHO BHIMCAHTH CKANAPHOE

6 B. H. Imenuunni, 10. M. laEmIuH
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TPOUBBONEHNA® (Sx-n+1, Ph+1): €CHE (Sk-ni1, Pker) 7= O — Bek-
TOPHL Pis1, Piy « + » 5 Pk-nig JHHEHHO He3aBucHMH. Ecam sxe
OKAKETCH (Sk-ni1, Prs) = 0, HEOOXOXMMO H3MEHHTH WIH
BOKTOP Iy, WIH KAKOH-THG0 m3 BEKTOPOB Uiy, Qkyy — IpH
9TOM H3MEHHTCA BEKTOD Yi+1.

IIpaxTrieckm mOCTPOGHEE HOCTEOBATENBHEX NPHONH-
KEHHE caefyeT Bectm mo dopmyre (amaior (3.25))

n—1

Tisa = T — O D) (Sk—tp i) oot (6.25)
i=0

Opramumsanmus HEagamda mpomecc a. ITep-
Bue mrepanmd mponecca (k << n — 1) MoKHO ocymecTBIATH
mo-pasHomy. Hanpumep, MoxHO OCymecTBAATH CIyCK B off-
HOM W3 HampaBueHHmid [y g, Py = =1, Bubmpas smax
TaKEM 006pa3oM, UTOOH 3HadYeHHs f(r) yOmHBaim.

Has Toro wroGu ofecnednts efmEO0Gpasme mTEpamEOE-
Horo mpomecca (6.25), MoxHO OpraHE30BaTH HadaJo Ipo-
necca aHAJOTHIHO TOMY, KaK 9TO mpejjaraercs B m. 5 § 3.

MuEmMusangus xkBagpaTmamO# $0pMH.
Tyers £ (z) = (4%, @) + (b, 2) + ¢, tne (4z, 2) > 0 upn
a06oM 2= 0. B arom ciyuwae, Kak HeCIOKHO ybennThed,
Berrop B = g = f' (7), Ok =1 (W), P = €, T.6.
Dy = Ay, m npomecc (6.1) cosmapnaer ¢ (3.4). CaegoBarensao
(em. m. 6 § 3), mpomece (6.1) mosBommeT OTHCKEBATH MHEHM-
MyM KBajpaTHIHOd QyHKImH 3a n maros. sIlIpm sTom Tpe-
Oyerca Bramcamrh (7 + 1)? 3HAweHHmHE QyHEKIWA.

OBnGope BexTopa g. B merome (6.1) mommmo
anmpokcHManuu Martpuns f'' (2) rpagment f' (r) Tamxe za-
MEHsOTCA PasHOCTHHM aHANOTOM — BOKTOPOM gx. LIpm sTom,
KaK MH OTMEYalm, [ HOJIYIeHWUs CBePXIMHOHHOM CXONH-
MocTd TpeGyercs BhmoaHeHme ycaopmit (6.8). Ecam aaa toro,
9r00H BTH YCNOBHA BHIOIHMINCH, HA HEKOTODOH HTepamum
moTPe0yeTcss HECKOTbKO Pas BHITHCIATH BEKTODP g, TPYHO-
eMKOCTh mpomnecca (0co0eHHO MJsA HPOCTPAHCTBA 6OIBMION
pasmepHocTH) Gymer BO3pacTaTs.

3aMernM, 1T0 ecm Ha Kaxok mrepanmmu | pil < | pi |
MOXHO BHGEpath | Qx| = |pxy |2. Ouwemb BeposTHO, uTO
OpH TaKOM BHOOPe p;, IO KpaliHeit Mepe Ha9MHAS ¢ HEKOTO-
poit mrepaumm, mepaBeHcTBo (mpasoe) (6.8) Gymer ymoBmxer-
BOpATECA. B camom fete, B KOHOUHOM cueTe A CKOPOCTH
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cxopmMocTH M moxydaeM oueHky (6.24). Ckopocts cxonm-
MOCTH IPOI[ecca, olfeHMBaeMas TakmM 00pa3oM, 00HIHO Me-
JeHHEee KBaJ[PaTHYHOH CXOJMMOCTH:

Dok — 2 | <@ — @ B @ — Zoa |0,

1. 6. npm omenke (6.24) obmuno | pr |* <| px | (manomEny,
qT0 HAYMHASA ¢ HOKOTOporo k 6ymer ox=1,T. e. py = Zky —
— ;). Ilosromy, ecam BHOGEpaTh HOCTE/0BATOIBHOCTE {Cx}
TaKylo0, 9T0 {; — 0 HOCTaTOYHO MeJIeHHO, MOXKHO HANeATh-
¢, 910 npu BEGOpe Py = | pr—1 |* Ana Bumonmenms (6.8) He
morpe6yercs MEOTOKpAaTHOTO BuUMCIenns gx. Ecam xe ycao-
pus (6.8) cpasy me BumoaHATcA (T. e. mOTpeGyercs apobie-
HAe (), BTO GyHeT TOBOPHTH O TOM, 9TO CKOPOCTb CXOH-
MOCTH mpomecca (ImsKa K KBaJ[DATHIHOM.

B sakiTioueHEe OTMETHM €I, 9TO, HCHOOIL3YA Pe3ylb-
taTe m. 3 § 3 m macToamero maparpada, MOKHO YCTaHOBHTH
ycaoBua cxonmmocTH Mopmpumkanmm Merona Heloroma, mHe
TpeGyromeii BHYACIEHHS TPOA3BOXHEHIX.

4, Merousl conmpsikeHHbIX Hanpasiemnii. Paccmorpam
OIMH CIOCOD IIOCTPOGHAA CONPSYKeHHHX HANpPaBIeHAH, OT-
nn;nzlﬁ 00 CBOeil mWmee OT METOMOB, PAcCMaTPHBABIIMXCH
B .

ITycts omaAThb
f(2) = 5 (Az, 2) + (b, 2) + ¢,

rne (Ax, ) > 0 paa Beex z 5= 0. JomycTnM, 9ro (HeHyIIe-

BHIE) HANPABIEHHA Dy, - - «, Py M << N, A-OPTOTOHAIBHH H
nyers E™(z,) m E™(x4,m) — ABa Pas3IMIHEIX M-MEPHEIX HOJI-
mpoctpaHcTBa E", 00pasoBaHHEE BEKTOPAMH Py, . .., Pm H

IPOXOAIMZe TePe3 TOIKH ZLoH Zg,m. 1 OTAA 6CHHE L B Lyym —
Toukm MmEEMYMa f(z) Ha DOAmpoCTpPaHCTBAX E™(zy) m

Em(xo, m)’ TO
(f'(xm)1 pi) = 0,

(f' (xmym)s 1) =0, i=1,2,...,m.
Cnenosarensto, (f'(Zm) — f'(Zm,m), p1) = 0, manm
(A (zm — Zmym)s P1) = 0, i=1,2,...,m.

Taxkmm o6pasoM, ecid ONPEREIHTh TOYKA MHAHAMYMA
f () Ha pasIMYHHX MOAIPOCTPAHCTBAX, 00pa3oBaHHEX A-op-
TOrOHAJHHEIMY HANPABIGHUAMHA Pq, . . -, Pm, TO HAaIIPaBJIeHAE

6*
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Pm+1 = Tmym — Ty,  OKAKETCA CONPSKEHHEIM K HAIpaB-
JA@HASAM Dy, . . .,Pm.

OnncamBmnii c10c06 DOCTPOGHHS CONPAMKEHHHX BEKTODOB
He TpeOyeT BEIYACIEHHA TI'pajHeHTa JHGO €ro pa3HOCTHOH
annpoxcmManmu. IIpmBesieM Temepb KOHKpETHHI aJTOpPETM
MAHAMHA3ANAA KBAIPaTHIHOH QYHKIHH, B KOTOPOM IOCTPOE-
HAe CONPSKeHHEIX BEKTODPOB OCYMIECTBIAOTCA MO ONMHCAHHOH
MeTofAKe.

BribupaeM mpom3BONBHYIO TOUKY Z, B BeKTOp p, (Takke
OPOM3BOMbHHIA); M- HTepanusa aaropur™Ma (m = 1,2, ..., n)
3aKJI0UAETCA B CIEAYIOMOM.

1) Buumcaserca Touka

Tm = ZTm-y + AmPm, (6.26)
The O, ONpeAeNsAeTCA W3 YCAOBAA MUHAMYMa (YHKIHA
(@) = f (Zm-1 + opm).

2) Brumcaserca Touka

Zoym = Tm + T'm,» (6.27)
I'm — OPOH3BOJBLHEIM BeKTOD, He SABIAMUcA JIXHeNHOKR
KoMOHHanmeii BeKTOPOB Dy, .. ., P, (HmKe MH Gomee mop-

poGHO OCTAHOBHMCS HA BOHPOCE® O BHOOpE I'p).
3) BuuncasaoTea Toukm

Zgym = Tg-1m + OgmPr, k=1,..., m,

ryle MHOKHUTONIb Oy, OUNPENeNsAeTCS M3 YCIOBHS MHHAMYMA
¢yrkmmn f (o) = f (Tg-1,m + aPr)-

4) OmpepessieTcsi BEKTODP Pmiy = Zmym — Tm. Ha aTOM
m-si UTepanAsa 3aKaHIMBAETCH. .

Bexrop r,, (B (6.27)) He momKeH mpuHAMIEKATH HOAIPO-
crpadcTBy E™(z,) — mad Toro, 4robH TO4YKa Z,,, He TpH-
Hapgaexana E™(zy). Ilockoxbry z,, ecTs TOYka MHEHEMYMa
f () Ba mogmpocrpancTtBe £™(x,), TO sCHO, uTO M060H Bek-
TOp £ — Z,,, B HaOmpaBJAeHWH KorToporo ¢yHxmus f (x) yboi-
Baer, He mpmHagIekar E™(z,). CiemoBaTelbHO, B KagecTse
r'm MoykeT OHTH BeOpaHO MI0G0e HampaBieHHme cuycka f (r)
A3 TOYKA Z,,. B dwacTHOCTH, yA06HO BHOMpPATH BEKTOp Ty,
BAOJNH ORHOH W3 KOOPAMHATHHX OCeH; IpH 3TOM, eCIH OKa-
/KeTCsI, 9TO BEKTOP 7',,, BHIODAHHEIA B0OIb HEKOTOPO# KOOD-
AMHATHOH OCH, He ABIAETCS HANPABIGHHWEM CIOYCKa, HEO00-
XopuMo BHIGPATH 7y, BIOJIbL APYroif OCH.
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B cooTBeTcTBHE ¢ pesyiabTaTaMu § 4 TOUKa I,, BHIMCIEH-
gas mo dopmyme (6.26), 6ymer Toukoir mumHEMyMa f(z) !
Zp = Ty. JAA HAXOKICHASA TOYKH I, mOTpeGyerca pemaTh

OIHOMODHLI® 3afa9d MHHAMA3ALHMA (IJIA OmpefeleHHs MHO-
RuTeNed O, A Aym)l+24 .. 4+ n= n-gl n pas.

Nenonb3ysa yKasaHHHH MOAXON K IOCTPOSHHUIO CONPSAKEH-
HHX HaOpaBIGHHA, MOMKHO CTPOHTH DPA3IMIHEE AJTOPHTMEI
MOHOMHA3AIAA HeKBafpaTuuHHX O¢yHKnmi. Pasymeercs, B
A1060M aJIrOPETME TAKOTO POJa HANIPABIGHHA Dy, . . ., Pmy
m < n, yxe He OyAyT CONPSAKeHHKMH (CM. IO BTOMY LOBOLY
o. 1 § 5). Ogmaxo MOKHO OKHMAATH, 9TO YAATHO PaspaboTaH-
HEE MeTOAH B TOCTATOYHO MAJ Ol OKPECTHOCTH MHUHAMYMA Ty
(BHOYKIOH TIafKolil (YHKOHA) IO3BOJAT CTPOHTH BEKTOPHI,
6Im3K@e IO CBOMM CBOMCTBAM K CONDS/KOHHEIM. TaKme ajaro-
PHTME MOTYT OKa3aTbCsA dPQEeKTHBHHMHA HOPH MHHEMHA3ANAR
HEKBAJAPATHIHHX (YHKIIIA.

Mu paccMOTpEM 3[eCh ORHMH AXTOPHTM, OCHOBAHHHIA HA
BHICKA3aHHHX €000 paKeHAAX.

ITyers 0 — IPOMBBOMNBHAA TOUKA M Upg, - - -5V —
OpPTOHOPMUPOBAHHHA KOOPAHHATHHIA Gasmc; fe-s1 nrepanud
aaropmt™Ma k =1, 2,... 3aKmiogaerca B CJ6[YIOmEM.

1) Ona i =1, 2,..., n BHUECIAEM

Tgi = Ti, 41 + O,iVk, 0
e Olp,; ONPENENAIOTCA W3 YCIOBHA MUHAMYMa (YHKIHE
f (@) = f (Th,11 + aVy)-

2 1I Zen — Tk,0

) HonaraeM vkny = — ,re Vi = | Zun —Zy0 |
d BHYHACIAGM TOIKY  Tgmil = Tgm + Ogm+l Vkmils IO
Olgn+1 OUPERENAETCA M3 YCIOBAA MEHAMYMa QyHKOUH

f (xk,n + “vk,n+l)- -

3) Hycrs oy, = max {o; i =1,2,...,n}, Ay —
ONpeMIeNNTeNb, CTONGIAMA KOTODOTO MBIANTCA BEKTODH
Uty + » 1Ufmr 8 €>0— nponsaonbno Majlad MOJOKHTEIb-
HAaAg KOHCTaHTa. Ecim

o

k,sk

—_— =t
Tk >e,

TONATACM Vgy1,; = Vg,; MAA i 55 8, B Ugq1, = Vk,n41} OPH STOM



166 MUHUMUSAIINA ®YHKIIUY BE3 OTPAHUYEHUN [ror. 11
Oyner
Ak+1 = —Tt, (6.28)

a, A
Ecim ke oKaercs —iq’,—s—"-< €, TOMATABM UVgi1i = Ug,;

masg Beex i = 1,2, .. .,n; opm atoM Agy = A,.

4) IlomaraeM Tyiy,0 = Tnta-

Ha srom k-1 mrepammsa 3aKkaHYMBaeTCH.

PasenctBo (6.28) myxpmaerca B poxasaTeanctBe. OpHa-
KO TPefBADATEIBHO Mbl OGCYRHM TpeIJIOKEeHHHH ajiro-
paTM™.

PaccMorpuM yupomeHHH# BapwaHT ajJropuTMa, k-si mTe-
panms KOTOPOTO BHIOJHAETCS CIAeAyIOmAM o00pasoM.

1) CrposaTcs Toukm zy,;, i = 1,2, . .., 1, TAK e, KaK Ha
atame 1) OCHOBHOTO aJTOpUTMA.

2) Brurumenserca Zyna = Ty 4 Ggner UVknet, TR Vgnir =
= Tyn — Ty,00 A Opyns1, MEHAMHE3ADPYET [ (Tymn | OUkmns1)-

- 3) Honaraerca Vi = Vg1, 0 = 1,2, ..., 1.

4) Tonaraercst Zyi1,0 = Tgmit-

ITyctes £k = 2. IIpm stom Gyper

Z3,0 = T1ni1 = L1,n -+ Omilinets

Zan = Tan-1 -+ Ognlon = Ty n-q + OonVinias

T. €. TOUKH T3 B Ty, €CTh TOUKH MHHMMyMa f(Z) Ha OomHO-
MeDHOM TONIPOCTPAHCTBe (0OPA3OBAHHOM BEKTOPOM Uj i),
OpoXofAmeM depe3 [Be pAa3IAIHBIe TOUYKA Z;, H Toyn-1.
Ecam f(z) — xBampaTHusasg $yHKUHEA, TO B COOTBETCTBHH
CO CKA3aHHHIM BHINe HANPABICHA® UVppiy = Loy — Loyg
OKajKeTCA CONPSKeHHBIM K HANDABICHUIO V)41 == Uyp.
Paccyxpas manrsme momo0HEM o6pa3soM, MO}KHO ybemmThes,

910 ecam np: dw6oM k = 1,2, . . ., n BOKTODH Uy, . . ., Uyp
JIMHEAHO HE3aBHCHMEI, TO TOCHe k-H HTepamuH OKaKyTCH
CON PSR HHALIMA BOKTOPHL Uy, n+1, Vkyny + + o9 Ukyneks, T. €. IIOCTO

n mTepammil mpomecca GYyMyT IOCTPOEHH 7 CONPAKEOHHHX
BekTOopoB. OfHAKO HPH TAaKOM CIIOCOGe MOCTPOEHHA BEKTOPOB
Uk,1s + - s Ug,n TAPAHTAPOBATH HX JHHEHHYI0 HE3aBHCUMOCTH
HOIL3A. B camoM feme, eciim mpm HEKOTOpPOM Kk OKaercs
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ok = 0, To, Kax HerpyaHO Yybepursncs, Gyper
n

Vel = Tk — Lh,0 = Thn — Tkl = 2 Oe,iVkyi 9
i=2

r.e. Ha (k + 1)-i HTepanumum cCHCTeMa BEKTOPOB Uy ; =
= Ugge1s = 1,2, ..., n, OKasKeTCA JIWHEHHO 3aBHCHMOI.
B 5TOM cliy4ae IOCTPOATH CACTOMY 7 COINPAKEHHHX BEKTO-
poOB yiKe HEBO3MOKHO; BTO O3HAUaeT, ITO € IOMOIIbIO YIPO-
IMEHHOTO aJITOPATMA HEJIb3A TaPaHTHPOBATH MOMydeHHe pelne-
HEA [ade MJIA KBaJApaTHIHOM (QYHKOUH. YCIOKHEHHe JTa-
0oB 2) m 3) B OCHOBHOM aJTrODHTMe MMEeT IelIbl0 KaK pas
n36e:xaTh JHHOHRHONK 3aBACAMOCTH BEKTOPOB Vg, i = 1,2,...
..., .n (oxasmBaercda, aT0 Ay > e).

3amermM, OHAKO, YTO IPH MAHEMA3AIWA KBajpaTHIHOMR
$YHKIHE C IOMOIIHI0 OCHOBHOTO AJTOPHTMa TapaHTHPOBATH
HONyUeHMe POIIeHHs 33a/[aif 3a KOHEYHOe JHCJIO0 HMTepanui
yiKe Heab3s, JeACTBUTENLHO, IPH MePEXO/ie OT CHCTEMEl BeK-
TOPOB vk’l, o ey vk,n K cCHCTeMe vk+l,1, DECERY vk+l,n MOKOT
OKa3aThCA 3aMeHEeHHEIM (CM. dTam 3)) OF[MH H3 ysKe WMOCTPOeH-
HEIX CONpSAKEHHHX BOKTOPOB, IOBTOMY TrapaHTHPOBATh IIO-
Jy9eHN® n CONPSKeHHHX BOKTOPOB 3a KOHEYHOe IMCIO HTe-
pamuii Henb3asa. Hpome Toro, cmcreMa BEKTODOB Ug,; MOMKET
1 He MEHATHCA npu nepexofe k (k - 1)-it nrepanum.

IMoxamem Temepsb, 9ro paBeHcTBO (6.28) cmpaBepumBo:

Agiy= det [(Vgs1,1s « - o> Vksan)]l =

= det [(vk,h o ooy Ukys—1y Ukntts Ukysils o o oy vk,n)]'
Ho
1 1 <
Vkni = o @k — Ti0) = = P
k k j=1
CiremosaTenbHO,
a a, A
Ty kys Ok
Ak+1 =-T_’ det [(U}gyl, .o ey Uk,s, o ooy vk,n)] = ’,r
k &

Taxmm obpasom, npu d0GoM k oxaseiBaeTcs Ay > e, 9To
H TapaHTHPYeT JHHEOHHYI0 He3aBACEMOCTb BEKTOPOB Uk, ...
LI Y vk’n-

WzyanM mexoropsie CBOHCTBAa aITOpHTMA.
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Teopewma 6.2. IIyemv f (x) — HenpepuigHo Oudgepen-
Yupyemas cmpozo inYKAas PYHKYUS, MaAkKas, unmo MHONECmeo
S = {z:f(z) <f(x,0)} o02panuveno npu npoussosbHOM
aulbope mouku x, . To20a nocaedosamesvHocmo

{xk,i}7 i = O’ 1" LS ] n7 k = 1, 2, o . ey (6.29)

ROCMpPOEHHAs ONUCAHHBLM blule CROCOOOM, CTOOUMCS K mouke
munumyma dyuryuu f ().

HJoraszarenscTso. CymecTBoBaHNe Hm e[HHCTBEH-
HOCTh MUHEMyMa I, QYHKOUH f () OpH YCIOBHAX TEOPEMHI
BHTeKaer u3 peayasTaToB memM 1.3.1 m 1.3.4. Ilostomy
HaM OCTAeTCHA [OKA3aTh JIHIIb CXOAMMOCTH IIOCHEL0BATENILHO-
cra {Zx,;}. Jlobas Touxa mocmemosarennpHocTH (6.29)1),; =
€ 8§, mockoabky f(zg,;) = min f(2,-1 + i) < f (Tpyima)

a

n f(xk+170) = f(xk,n+l) < f (ka)- Mmuoxectso S — orpa-
HAYeHHOS, T. €. (B E") rommakTHO. CiefoBaTeqbHO, M3 BCA-
KOl GeCKOHEYHOW MOCIefOBATeIbHOCTH JJIEMEHTOB 3TOTO
MHOKOCTBA MOKHO BHINEIATH CXOAAMYIOCA (K HEKOTOPOMY
aleMeHTY u3 S) IOIIOCIE0BaTeIbHOCTh. ECIm paccMaTpm-
BaTh MOCTENO0BATeIBHOCTH {Zy,;} OpA (QEKCAPOBAHHOM
i=20,1,...,n,ToBCcHIy CKA3aHHOTO CyMeCTBYyeT 6ECKOHOU-
Has HO/{IOCIe/{0BATeIbHOCTD { Ty, }, CXONAMIAACH K HOKOTOPOit
touxe z; & S. IIpm sToM B cany orpaHmuenHocTH f () CHE3Y
oynmer f (ZTyy,ie1) > f (%1y,,:)» OTKYZIA C yYETOM HEIPEPLHIBHOCTH
f (r) BHTeraer cmpaBegIMBOCTH pPaBeACTB

/(@) = Jim [ (zk,, 1) = Jim f(z,,,1) =/ (z)- (6.30)

[Moramem, ur0 Zy=2; pua i=0, 1,..., n—1.
B cury mocrpoenns | vy, | = 1 npu Beex k u i, crefoBaTenn-
HO, BOKTODH Uy,; MOKHO DAacCMaTpEBATH KAaK OJEMEHTHl
eMMHAIHOA Ccdeph (OTPaHMIEHHOTO MHOMKECTBA), a IOITO-
My mpm xiobom durcmpoBamHOM i = 1,...,n cymecTByeT
HOALOCI]E{0BATNBHOCTE  {Vk,,,i}, CXOAAMAACA K HEKOTO-
poMy Bektopy U;. ILoCKOMBRY k441 = &y + O, 441Vk,000 ¥
Tk 41— Tix1y Tk, 4> Tty Uk, 141 —> Viag, OyTIET

i1 = & + i, §=0,1,...,n —1,

THe Ly = }im O kyyi+1. TaK KAK B TOUKE Ty,;43 BHIOTHAOTCSH
m—»oo
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ycaosme f(ZTy41) = min f (Zy,; + QUgi41), TO MOKHO OHITH
a

TaKKe
f($i+l) = minf(:c‘ + a'U'Hl)’ i= 0, 1, ey — 1, (6.31)

1. e. MuHEMYM f (Z) B HAOpaBIEHAH V;4; POANTU3yeTCH B
tTouke Z;1. Ho ms (6.30) Bmreraer, aro f(z;41) = f (z:).
B cmny cTporoii BHIOYKIOCTA f () CYIeCTByeT egUHCTBEH-
HHil MHHAMYM B HANPABIGHAH U;y;, OTKYAA CIEyeT, 4TO
Tiv1 = Ty

Takum o0pasoM, OKAas3HBAECTCA Xy =T = ... = Zn.
O6o3Ha9uB 3Ty OOmMyI0 TOYKY uepes ¥, MOKHO 3ammcaTh
yeaosua (6.31) B Buge

AO<fE+an), i=1,2...,n (6.32)

npa I1060M .. ITH ycIoBHA AaA AuddepeHnEpyeMoint PyHK=-
OUA YKBHEBAJEHTHH CJHEYIOIIHM:

@, v) =0, i=1,2,...,n (6.33)

3amermM Temepb, uTo mockonbKy det [(vp,, . . .,Upn)]l>

> e, 6yner taxme det [(vy, .. .,un)] > &, oTkyma caegyer,
9T0 BEKTOPH Uy, . . ., Uy J@EHEHO HesaBucuMmbl. C yuerom

aroro m3 (6.33) cmexgyer, aro f () = 0. 10, B cmay crpo-
roit Bemykriaocta f (%), osHavaer, uTo ¥ eCTh TOYKAa MEHAMYMa
f(2): & = z,.

Nrak, MB [OKa3ald, 9TO CYMECTBYeT IOAMOCIE0BATENb-
HOCTH {Ty,,i}, CXONAMAACA K TOUKe Ty. Ho, mOCKOALKY mpm
mo6om ¢urcmpoBaraoM § = 0,4, ..., n f(Tru3) < f(Zh1),
a f(z) orpaEmyeHa cumdy, OyMyT BHIOIHATHCA YCIOBHA
i ki) = i ki) =1 (%) = .

lim f(ze:) = lm f(ze,,0) =7 () =7/
m

k—>o0

Otciola BHTEKaeT, 4T0 OPH (PUKCAPOBAHHOM i IIOCIeH0BA-
TENBHOCTD {Iy,;} — MEHEMHABHDYIOMAsA, CIe0BaTeJIbHO, H
mociemoBaTenbHOCTs (6.29) TaKKe MEHAMHBHDYIOmAA, a
NO03TOMY B CHJIYy efHHCTBEHHOCTH MHHHMYMa OHA CXONUTCA K
TOuKe Z,. TeopeMa ToKasaHa.

Herpynuro yGemuTncs, 9To OPH [OKA3aTeILCTBE CIIPaBeJi-
amBocTH yciosmit (6.32) Mu HErme He mcmoassoBadm AEGde-
permmpyemocTh PyHKDUE f (), T. . 9TH HepPaBeHCTBA COX-
PaHAOT CAIY H I CTPOTO BHIYKJIO# HelPe PHBHOK QyHKIHH,
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OpHaKO TOYKa % — HIpeflelbHAs TOYKA IIOCIENO0BATeIBHOCTH
(6.29) — B aTOM CIyuae yKe MOKeT M He GHITh TOYKON MUHH-
myMa f(z) (mocaenoBareapmocTs (6.29) mpm aTom Moxer
AMeTh B He eJHHCTBOHHYH IPEleNbHYI TOUKY).

5. OGcyxnenue pesyabraToB. IIpexme Bcero ormermm,
q9r0 06JacTh IPAMEHEHHS MeTOfla CONPAKeHHHX HampaBie-
HEil mmpe, 96M y MeTOJ0B JBOMCTBeHHHIX HAIPaBJleHHHA — B
aTOM Jerko yOGeamrhcs, CpaBHuUBasg TpeGoBaHHA, KOTODHE
HAKJIANHBAIOTCA Ha MIHMMH3APYEMYI0 QYHKIHIO B Teopemax
6.1 m 6.2.

CBoiicTBa paccMaTpUBaeMOT0 METO/la CONPSKEHHBIX Ha-
IpaBJieHAH H3yYeHH eIIe He0CTaTouHO. TaK, IOKa HEsACHO,
KaKoBa CKOPOCTh CXOHMOCTH ajropurma. TeMm He MeHee Io-
HATHO, 9TO OHA JO/KHA OHTH MeJjieHHee (DM MAHAMHA3AIAN
PymKOmiA omHOro Kaacca), IeM y MeTofoB § 5 — 06 sTOM
MOXKHO CYAUTh XOTA GH IOTOMY, UTO HM3yJaeMHA ajITOPHTM
He TapaRTHpPYeT OTHCKAHWe MAHAMyMa KBaipaTHIHO# ¢op-
MH 3a 7 mrepanmii (m Boofme 3a KOHEYHOE THCJIO IIATOB),
T. 6. HE rapaHTAPYeT IOCTPOSHME CHCTEMHl N COIPSKEHHHIX
BeKTOPOB 3a KOHeuHoe umcio mrepammii. CremosaTenbHO, ¢
TOUYKHE 3POHHA CKOPOCTA CXORUMOCTH METOME /[BOMCTBEHHEIX
HampaBlieHH#, o0aafalomue CBePXJIHHEHHOH CXOXHMOCTBHIO,
EMEIOT IIPEeAMYINEecTBO.

ITonmTaeMcsi CPAaBHUTH KOJIMYECTBO BHYMCICHHE Ha HTe-
panu; B M3y9aeMHX AJTOPHTMAaX.

B meromax tmma (6.1) ma raskmoil mTepanmmm Tpebyercsa B
3aBHCHMOCTA OT IPHMEHSEMOro BapmaHTa (CM. m. 3) BHIYHC-
aate n + 1 am6o 2 (n + 1) pas 3Havenme GpyHKIEA JJIA Om-
pemenernma matpuuil D' m n + 1 pas sHavermme yHKIAH
IIA TMOCTPOGHMSI BEKTOPA gy; IPH 9TOM Ha HEKOTOPHX HTe-
PaIAAX MOKET OKA3aThCH, UTO [IsA OMPeeTeHHA gy Boobme
He HY}KHO IIPOM3BOJHTH HOBHIX BHYACAOHHE QyHKmumm (ecim
P = i), WA K@ KOJMYeCTBO BHIYMCICHUH MOET BO3pPacTH
B HECKOJBKO Pa3 B 3aBHCHMOCTH OT TOT0, HACKOABKO XOPOIIO
2. Oymer ammpoxcmMupoBaTh rpapmeHT. Hpome Toro, me-
06X0IMMO NPOHM3BECTH €M HeCKOIBKO BHYMCIOHHH QyHKINH
AnA BeOGOpa HampaBieHHs [BVIKOHHA M BeJMIMHE IIara.

B Mmerome compsyKeHHBIX HAIIPABIGHAN Ha KMKMOH mTe-
panmm Heo6xoguMo 7 + 1 pas BHUMCIATE MEHEMYM QyHKIUE
B HaIpaBJIeHHH ABmkeHus. Eciu camTaTe, 4TO VIS pemeHns
OfHOMepHO# 3aJadl MEHMMH3ANEE B CPEHEM HYXHO 3—4
BHUMCAeRE QYHKIME, TO KQIMIeCTBO BHYMCIeHNH (yHFIAN
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Ha KajK[I0il ATepamuy B M3y4aeMbiX MeTOfax OymeT IpumMepHO
onmHakoBHiM. IIpaBfia, KakoBa mO/KHA OBITH TOYHOCTH BHI-
YACIeHAS MAHEMYMa B0Jb HANPaBICHHWA B METOE COHpPA-
JKeHHEIX HampaBleHWHA, 9YTOOK He HAPYIAJIACh CBOMCTBA
mpouecca, HOoKa He BHsACHeHO. G TOUKH 3peHHA BIHMAHAA Ha
CXONMMOCTh alropuT™M BmGopa oy B mpomecce (6.1) Goxee
npenoYTATeNeH.

B meaoM mpm yCIOBHH BO3MOKHOCTH MX HCIIOJbH30BAHUA
metonnl Tuma (6.1) momxHbl ObiTh 9PdeKTHBHE® METOxa CO-
OPA/KeHHBIX HampaBIeHMWil, ONHAKO, MOZYePKHEM eme pas,
00/1aCTh MPUMEHEHHs LOCJELHOTO IImpe.

Haxomen, ormernM emjpe, 9T0 OpPH H3yYeHHH IpoIecCa
(6.1) M QaxTEUeCKM BHACHHIA, 9TO IOTDEMIHOCTH B BHI-
amcnernmu BekTopa e, mopanka O (| ry|') (em. (6.4), (6.5),
(6.6)) m B Brumcienmm BexTopa f'(z;) mopsaxa O (& px |)
(cm. (6.16)) me HapymmaloT CBOHCTBAa (CXORMMOCTBH, OIEHKA
cKopocTn cxopmmocTH) nponecca (3.4). Ecam paccMaTpmBaTh
papmaHT mpomecca (3.4), B KOTOPOM Ty = Ty4y — Zg, TO
MOXHO HOJYIATh APYTHe BHPAKeHAA [ ONEHKH IOT'DeITHO-
creit. B mpormecce (3.4) maunnas ¢ Hexoroporo mara oy = 1,
caeqonareabHo, Oymer .

Il =1 Poea | = lox — zea | = | AkiSia | > ma ] Fia

C yuetom (1.12) Gyner |ry | > mym| 21 — z4 |-
Taxmm 06pasoM, €CIH Ty = Ty41 — Ti, . HOTPEHIHOCTH

B BHYHCNGHHHA BEKTOPOB e; B fi mopaaka O (| zx-y — x4 |)
u O(%y 2y — 24 |) B BamawT Ha cBoiicTBa mpomecca (3.4).

KPATHKAA BUBIUUOTPAON A

K § 1. Upea rpagmemtHOro Meropa Gbila BhicKazama eme A. H o-
m n [1?. C pasnMyHHIX TOYEK 3PEHMA METONHI TPafAMeHTHOrO THIIa M3yda-
much JI.B. Kamtoposmuewm [1], T. Keaawn [1], B. T.II o-
aaxkoMm [1[, M. Ansrmanom [1], O.U.JTIwb6urnuaem [1],
I0.N.ITwénuem a# I''I.MaicrpoBckum [1]. B orme-
4YeHHHX paGoTax MMeeTCA MHOTOYHMCIeHHasg Ombamorpagums.

PaccmarpuBaeMsli B maparpage BapmaHT MeTofa ¢ BEHIGOpOM miara
u3 ycuaosua (1.2) mybamkyeTrcda BIepBHe.

M3yyenne CKOPOCTH CXOAMMOCTH TPafMeHTHHIX MeTO/IOB, IPOBOMHA-
Moe B[ nlaparpaq)e, OCHOBHIBaeTcsa Ha pesyibratax paborst B. T. Ilo-
aska [1].

K § 2. Meron HsloToHa A7is 33714 MUHEMHM3ANWA W DeIIeHAS ypaB-
Henmit maygaics B paborax JI. B.Kanrtopormua [2],JI. B. Kanm-
Toposmuaul .M. Axunosa [I,J. Koamarya [1]map.
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M.H.fixosaeBuM [1] pmoxasama cBepxJamHeiiHasd CXOQHMOCTH
0606menHOro MeTofla mpH BHOGOpe BEJIWYHHE IIara M3 yCJHOBUsA MUHH-
MyMa (yHKOAE B HampasieHEM pmxeHnmsa. A, F'ompgcTeiiH
m . Hpais [1], k. Jarmaas [1], 10. M. Jaunanu [12]
m3yuaam MeTon HEploTOHA ¢ peryampoBKOil Imara, HMCIOIB3YS BuGOD
BEJIMYAHbI O, HE CBA3AaHHHIA ¢ OTHICKaHWEM MHHAMyMa (YHKIOWHA B Ha-
OpaBJeHNN [BHW)KEEHd,

K § 3. 10T maparpad manncan Ha ocHoBammu crarbu 0. M. [I a-
muaueEa n B.H IImemnnmumoro [1].

K § 4. IlepBuiit m3 METOOB CONpSUKEHHAIX HANPABJIEHHH — MeTON
CONPAKEHHKX TPAJMeHTOB — G NPeANoKeH [JsA pemeHus 3ajaq
anHeiiHoR amre6ps M. X ecrermcoMm u E. Mltudemem [1].
Ipyro#f mOmXof K IOCTPOEHHIO METONOB CONpPSKEHHHX HANDABJICHWA
OpUMeHATEN,HO K MAHAMW3AOWM KBaJpaTHuHOH QyHKOmM ORI mHpex-
nosxer B. D asmpgoroMm [1] m pasemBanca P. DmeraepoM
u M. Haysanom [1] m fp.

B anropurme B.H. Il mesmumOTrO0 [3]mocTpoerne compsiixeH-
EHX HANpaBjieHWii He CBASHBAETCA € OTHCKAHMeM MHHMMyMa (YHK-
OUM B HANPABICHWH [BWKEHHS.

Mrorme cBOHCTBA CONpsIKEHHHIX HAmpapleHWH paccMATpPHBAIOTCA
pranre J[. K. ®anneesa uB.H. ®apgaeesnoii [1]. Mcoons-
ayemaa B maparpade ofmas MeTOAMKA IIOCTPOEHH S METONOB COIPSIKeH-
HHX Hampasjemmit paspaGorama X. X yamrowm [t]. Hexoropue
PesyNBTATH ABIANTCA HOBHMHE — {opMmyna (4.45), merop (4.63).

K§b P.®aneruep mC. Pup3 [1] opeprosxmanm memons-
30BaTh METOR CONPS;KEHHEIX PAMeHTOB [ MHHHMH3ANUH HEKBajpa-
THYHHX (YHKOAIT. BOIPOCH CXOANMOCTH M OLEHKH CKOPOCTH CXOMMOCTH
MeTofia CONpSKENHHX rpaauenToB msydammcs [k, JlammaaeMm
[11, [2], B.T. Hoasakom [2], T.I. Ma#cTpPOBCKHEM [1],
[2], C.A.CMomaxom [1]. CxopamocTs Merona (4.48) W oneHKH
CKOpOCTH cxomuMocTH ycramoBiesn M. Tays xmxom [3] (srm_pe-
syabTaTH mpHBOuATcA B KmMrax k. Jlammoexa [1] m E. Il o-
maxa [2]). [oxasaTeIbCTBO CXOAMMOCTH METO[OB CONPSIKEHHBIX
HampapJieEWd, OpoBoAEMOe B maparpage, OCHOBHBaeTCs HAa CTaThe
IO.M.Jaanaunma [4].

K § 6. Meronm pBOiiCTBEHHHX HAmpapjieHnmit, He TpeGylomme
BHUHMCJIeHHA NpPOM3BOJHEIX (YHKIWH, pacCMaTPHBAIHCL B CTaThbe
10. M. fammamnaa ® b. H. Imeaundanoro l[2]. MeTopst
CONpSA;KeHHKIX Hampapliiemnii msywaames Cmmrom [1], M. Ila-
yaamowm [2], B. Bamrsmanom [1], ix. Jasnanem
[1]. OrMeuenHHe paboTH MCLONBb30BANNCH IPE HANMCAHHM Taparpada.
063%) MeTO[0B MEHUMHA3anwl (Ge3 BHUMCICHHA NPOM3BONHLIX HpoBefen
P. peatowm [1].
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METOJIbI PEIIEHHMA 3AJIAY C OTPARRYEHHAMU

B sroit riiaBe M3JaralTCsa pasiddHbIe METONK MHHHMHA3a-~
mud QYyHKOEHA OpE HAJTAYAN OTPAaHMYEHHH HA IepPeMeHHE.
B mepBoM maparpade paspabaTHBAIOTCA METOJbl PeIIeHHS 3a-
fau¥ KBafPaTAIHOTO IPOTPAMMHDPOBAHMA, KOTOPAA CHYKHAT
BCIIOMOTATeJBHOM 3a7iaueii B pasimdYHEIX ajropurMax. B mamxs-
HeleM M3IaralTCA aJTOPATMH pelIeHHA 3a[aud BHIOYKIOTO
¥ HeBHIYKJIOro MporpaMMmpoBaHmA. Bclomy, rae sTo Bo3-
MOYKHO, IIPHBOJATCA OL6HKM CHKOPOCTH CXOHMOCTH.

§ 1. 3agaua KBajpPaTHYHOrO NPOrPaMMHUPOBAHUIA

Tox 3ajaueil KBapaTHIHOr0 HPOrPAMMAPOBAHAA OOGLIIHO
DOHAMAIOT 33afady MEHHMH3AIMHA KBafpaTHUHOH (yHKIAH
NpH JINHeHHHX orpaHndYeHHsax. Takmu oOpasoM, 3apaga
KBaJPAaTAIHOrO MPOTPAMMAPOBAHHUA COCTOHT B MAHUMHASALAN

OyHROHA
}(@) = 5 (@ Cz) + (d, ) (1.1)

Opa OrpaHWIeHHSX
(a, 2) — 6: <0, ieJ,
(a;,2) — b; =0, i I

3gecy 2= E*, ;= E*, icd- I de E", b —
gpmena, a Matpmia C pasMepHOCTH 1 X N — CHMMETPHYHAA
O O;KUTENHLHO olpefenensas, 1. e. (z, Cx) > 0 maa Beex x.
J- 1 [ — KoHeuHBle MHOKECTBa MHIEKCOB.

B 0CHOBY 4nCJI@HHOTO METO[a PeIIeHns oToi 3amaqdn Oyaer
HOJIOKeH METOJN COMpSKeHHHX rpajgueHToB. OCHOBHAA HIeSA
npuMeHeHHs aToro Merona kK samaue (1.1) — (1.2) cocromr
B CJIe[yIOMmeM.

Ilyers z, — Kaxkas-ImGO TOUKA, YHOBIETBOPAIOMAsA OTpa-
HEmuennsm (1.2). Brpmenmu cpepm orpanmuenmit (1.2) e, Ko-
TOPHeE YOBIETBOPAIOTCA KAK PaBeHCTBA. JTH OrPDAHAYCHHA

(1.2)
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ONpeJed AI0T HEKOTOPYI0 TpPaHb MHOTOTDAHHOTO MHOKECT-
Ba, ONMCHBAaeMoro JgumHefimnvm mepaseHcrsamm (1.2). Haii-
nem mmpaMyM f () Ha 9TOHW TpaEd, NpPHMEHAA MOTOJ CO-
OpAKEHHKX rpafnenToB. Ilonydennaa Touka auGo ABIAETCA
pellleHneM MOCTaBIeHHON 3ajaud, AH00 MOKHO YKasaThb Ie-
pexo Ha HEKOTOPYIO HOBYIO TPaHb, IIOCJE IeTo BCA MPOLeny-
pa moBTOpserca. Tak Kak MeTOA CONPMKEHHHX I'DaTHeHTOB
mmEnMusnpyer ¢yHkiumo f (r) 3a KOHeYHoe UHCIO IIAroB
J TaK KaK 9YMCJIO0 I'paHell KOHEYHO, TO $CHO, UTO IORKOOHOTO
copTa alropuT™ Gyaer CXomuThCs 32 KOHEYHOe WHCIO IIaroB.

1. Oneparopst npoexTupoBannsa. Ilycrs Temeps J = J~
U J° a % — xaxoe-1n60 IIOMHOKECTBO HHIEKCHOTO MHO-
xectBa . CocrasuM MaTpumy Ay, CTPOYKAMH KOTOPOH CIIy-
KaT BEKTODH a;, i & %, rak 4To Marpuna Ay mMeeT pasmep-
HOCTh m X M, TAe m — YHCIO DJIEMEHTOB B MHOKECTBE .

JJemma 1.1. Ecausexmopria;, i & 3, AuHelino He3asu-

*
cumsl, mo mampuya AyAz Hesupoxcdena.

HJoxasareabcTBo. Ilycte y & E™ — HeHy-
JIeBOM BEKTOP TaKOH, 4TO
AzAzy = 0. 1.3)
Torpa * * * *
* * o\ w
Y A3 Azy = (A39)" Azy = (Agy, Agy) =] Azy " =0,
T. €.
Azy = 0. (1.4)

Ho A';y — 3TO WpoCTO NWHe#HAA KOMOMHAIHA BEKTOPOB
a;, i € %, ¢ xosdhpummenramu yi, i =1, ..., m, rge y* —
KOMIIOHEHTHL BEKTOpa y. B CmiIy DpeAmoNoKeHHA O JIHHE-
HO#l He3aBHCHMOCTH a;, i & %, OHa He MokeT OHTH paBHA
gyao. Iosromy (1.4), a smawmr, m (1.3), m3 Koroporo mo-
aygeno (1.4), meBosmokHo. Hrak, Marpuma A;A; MOJKOT
00paTHTh B HYJb TOJbKO HyJeBOH BEKTOD, OTKYAa ciefyer,
9T0 OHA HOBEHIPOMKIEHA.
Ilono:xuM Temepn

P = A (A;A3) Ay. (1.5)

Jlerxo BmaeTs, uTo omeparop P o6aamaeT clefyIOIAMHA CBOM-
cTBaAMU:

pp =P, (1.6)

b* = p, 1.7

PI—P)={I—PP =0. (1.8)

[p——
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Omeparop P ectb omepaTop OPTOTOHAIBHOTO IIPOEKTH-
ponasna B TOAUPOCTPAHCTBO, HATAHYTOE HA BEKTODH a;,
i

JefictBuTensHO, miIsA dio6oro Bexkropa r & E™

z = Pz + (I — P)a.
(Pz,(I — P)z) = (2, P*(I — P)z) =0

B caay (1.7), (1.8), Tax ato Pz u (I — P)z ecTh KOMIOHEHTHI
OPTOTOHANBHOTO pasnokeHHmsi Bekropa r. Hpome Toro,

Iaxee,

Pz = Aju = D) aut,
=¥

rae BekTop u & E™ ¢ komnonernTamu u! onpepenen mo ¢op-
myire u = (AyA3) 1Ay,

W3 monyuenHOro IpeAcTaBIeHHS BexTopa Pz Buamo, 4TO
OH IeIMKOM JIeAT B IONIPOCTPAHCTBO, HATHAHYTOM Ha BOK-
TODPH a3, | E 4.

3ameTEM Temepb, 4TO

Ay (I — P) = Ay — (A5 43) (A7 43) A7 =0. (1.9)

Ioatomy mnsa moboro xz & E™ Bexkrop y = (I — P)x ynos-
neTBOpseT cmcreme ypaBHeHmir Ayzy = 0.

2, Mpunmmsamusa KeagpaTrmuHoii ¢yHRDuM HaA DOXOpO-
crpaerse. JlomycTmM Temepb, 4TO HE00XOAEMO MEHMMHBH-
poBaTh KBagparmdHyio QyHKNmO f (r), 3afaHHYI0 BEIpake-
Hmem (1.1) mpm orpammuenmAX

(@, 2) — by =0, i #. (1.10)

BynemM mnpepmoiarath, 9TO BeKTOPH a;, i & %, ITHHEHHO
HE3aBUCHME.
Mycts x, — Kakag-1u60 TOIKa, yAoBIeTBopsiomasn (1.10).
3aMeTnM, 4T0 eciam uepes by 0603HATATH BEKTOP C KOMIIO-
HeHTamu b;, i & %, 10 cmcrema ypasmenmii (1.10) sammmercs
B Bume Ayr — by =0, Tak wro Ayzy — by = 0. Baenem
Temeph HOBYIO IIEPEMEHHYI0 ¥y o (opmyie

z=ux,+ T — P)y (1.11)
H paccMOTPHM KBAafPAaTUIHYI0 (PYHKIHIO

¢ (y) =1 (zo + (T — Py
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Tpagmentn dynxnumit ¢ (y) u f (z), kKak caemyer m3 mpaBmi
muddepeRnEpPOBAHAA CIOKHOM PYHKUAM X CHMMETPHIHOCTH
omeparopa P, cBA3aHH COOTHOITGHWEM

?'(y)= I — P)f'(x), (1.12)

rae = u y cBsasann (1.11).
Jlemmal.2. ITyemv § — moura 6esycaosrozo MuHUMYMA
dynryuu @ (y). Tozda coomsememeyowas et mouka

T=z,+—P)y

ecmb mouka Mmurumyma Pynryuu f () npu ozpanuuenusT
(1.10).

HorkaszaTexbcTso. B rouke j rpagment ¢pynxmun
¢ (y) obpamaerca B Hyab: @'(7) = 0. ITooromy B cmry (1.12)

(I — P)f'(z) =0,
aniu

1 @) — Az (AzA3)™ Ayf' (z) = 0.
Moxomus u = — (4743)45f(2), nomyms
f(z) + 45 u = 0. (1.13)

HKpome Toro, mcmomsaysa (1.9), momygaem
Agﬁ = Ag.’l)o + Ay (I—- P)y_ = A;xo = bg,

T. 6. Z yproBiaerBopsier yciaomam (1.10).

Wrax, Z — pgomycruMas TouKa, W B 9TOM TOUKe yOBJIeT-
Bopsorcss ycaosua (1.13), xoropsie sBasoTca HeoGxomu-
MHMA W JOCTATOYHHIMH IS TOr0, 4TOOH Z OHIa TodKO#
mzHEEMYMA [ (2) opu yexosmax (1.10). JIemma gorasama.

Jlemma 1.2 moxasmBaer, 94T0 paccMaTpHBaeMas B 3TOM
OYHKTe 3afada MojyKeT OHTH CBe[eHA K MAHMMHM3aUWM KBaj-
parmuHo#t ¢yHkmmaA ¢ (y) DpE OTCYTCTBHE OrpaHAYCHHI.
ITpumenmm pag MumHEME3anEA @ (Y) MeTOR COMPSKOHHHIX
rpagmertoB (ra. II, § 4):

Y%=0, pi=—¢ (0),
Yke1 = Ui + QpsaDks1s

R 9 (v,) I?
P = —@ () + TV W) F Dy-
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B orEX (opmynax BeNHIMHA Cjy BHTHCASAETCHA HO Npa-
BANY
' o . (9’ ('yk)v Pk.u)
i Prep A —P)C T —P) py,y)
TaK KAaK HETPYQHO IPOBEPUTH, YTO MATPHUIA, OIPEeAI0Omasd
KBaJ[paTWIHH wien QyEkmma ¢ (y), ¥MeeT BHJ
(I—P)C(I—P).
IIpuBefenrse BHme (OPMYJIH OIPENENAT Hmpomece IO
BCIIOMOTATeIbHEIM HepeMeHHHM Y. ¥7o0Ho, 0[[HaKO, HEePeHTH

K HWCXOMHHM IepeMeHHHM z. [lasg sToro mpeaBapHTeNbHO
MOKaMeM, 9TO MMeeT MECTO COOTHOIIeHHE

(I — P)pyp = p». (1.14)
Ieiicremrensuo, AIsa k = 1 mmeem

(I — Pypy = — (I = P) ¢’ (0) = — (I — P)I — P)f(a)=
= — (=P (z) = — ¢'(0) = pu

rge MM BocmoabaoBammch (1.12) m Tem, uTO
I—P{I—P)=I—P—I—PP=I-—P.

Iycrs Temeps coornomenue (1.14) Bepmo pus k, ® fokaxeM
ero cmpasefImBocTh mus k 1 1:

_ vy 19 GOP o o
(I —P)pen = — (I — P)¥ (1) + T U — P)Pe =
v Py ERCA]

- (I P) (I P)f (xk) +||q)r (yk-l) nzpk -

T Y lo' )P
- (I P)f (xk) + “ (P' (yk-l)" 2 Py = Pk+1y

rge MH BHOBb mcmoabsosanm (1.12) m (1.14).
Nz (1.11) Temeph cirefyeT COOTHOIIEHWE

Ty = Zo + (I — P) Yrs1s
Ty = 2 + (I — P) (Yrr1 — i) = & + (I — P) @gaPrsas
T. €.
Ty = Ty + Oga1Prare
Bocmoaszopasmuch (1.12), mpeobpasyem GopMyny AAA Pyirl

, 1I—P)f () P
pra=—UI—P)f @) +r=p7 ("’1:1) PPe
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QopMmyna fIA Gk OpPEOGPETAET BHUN

(Ir—prf (xk)» P]g+1) (.f' (xk)v Pk+1)

Oy = — = — .
1 ((I - P) Py c (I - P) p[(+1) (pk+1v Cpk+1)

Teopema 1.1. 3adava munumusayuu readpamunHol
dynryuu f (r) npu ozpanunenusx (1.10), ecau ussecmmna moura
x4, ydosaemeopawwasn (1.10), pewaemcs sa roHeuroe uucao
waz08 npoyeccom

h = —(I—P)f'(xo)’
Zgs1 = Ty + Ok+1Pke1s

) (I—Pyf(
Prpp = — (I _— P)f (xk) + n“([ —_ P))f{ (:;k_)lgsp Pis

(f' (@), Pisa)

———e B k=0,1,...
(Prs1» CPrsa)

Q1 =
Jloka3aTeabCTBO TEOPeMH (AKTHIECKA NPHBEJEHO GHLIO BHI-
e B pAacCysKAeHHAX, C INOMOMbIO KOTOPHX BHBOAWIACH
dopmynm mpomecca.

3 ameuasnne. Hak mssecrro (ri. II, § 4), ecam meron
COIPSKEHHHX TPAjHeHTOB NPEMEHAETCH K KBafpPaTHIHOM
dyHEKIEE ¢ BHPOAeHHOH MaTpuRed C, To IpOLecC CXOAUTICA
3a 4@CI0 IIaroB, He mpeBocxopsmee n — I, rae Il — wmcio
HyJeBHX co0CTBeHHHX B3HaweHmii marpumsl C. Ilpm mumHm-
MuE3anan @ (y) MB OPEMEHAIA MeToX K QyHKIHE ¢ MaTpumei
(I —P)C(I —P). Ho rar wkak Ay(/ —P) =0, Tt.e.
(I—P)A3=0, 1o (I —P)a; =0, i = %. Ilosromy B pac-
CMaTpHBaeMOM CJIydae KPATHOCTh HYJIEBOT0 COGCTBEHHOIO
snaverns Mmarpunu (I — P)C (I — P) mHe HEKe m, rhe m
ancao a;, i < %. IlosToMy mpensloseHHHH HpoLecc BCeraa
am6o CcoRmeTcA K TOUYKe MUHAMYMa, JTHGO IOKaskeT Heorpa-
HUYEHHOCTh CHA3Y KBagpaTudHod ¢yHrmmm f (z) mpm yciao-
pusax (1.10) sa 9mcao maros He Goibme 9eM n — M.

3. AaropurM [ o0mieii 3a7aYH KBaJPATHIHOrO MPOrpam-
muposannsa. BoaspatnmMcs Teneps k obmeit sagate (1.1), (1.2).
Jlas Kaskmoit TOUKH x, yAoBaerBopsiomei (1.2), momoxmM

% (x) = (it (@) — b =0, ic I UJI%.
Mmu 6ypmeM mpenmoJaraTh B faJbHelimeM, 9T0 BHIIOJHEHO

caIexyiomee YCJIOBEE HEBEHIPOKIEHHOCTH: NPH T1060M Z Bex-
TOPH a;, i & ¥ (), THHEHHO HE3ABHCHMEI,
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OmpmieM Temeps aJTOPHTM peINEHUA 3a7AYM.

Ilycts x, — mpomsBoJdbHAA TOYKA, YAOBIETBOPSIOMANA
(1.2) m aBImomascsa HaJalbHHM HpHOAMmKeHAeM. BozbMem
MHOKECTBO HHJIOKCOB 4, = % (Z,) ® mocTponM omepaTop Py,:

P?o = A;o (A%A;o)_l A?o’

BrapeanM BeIHMImHB

uo = — (Ag,Az)  AgJ @o)y (I — Py)f (o) = [ (%0) + A3ylo.

Bosmoxxus fmBa ciy4as.
1) (I — Py)f' (o) = 0. B srom cayuae

fxg) + Azu, =0, (1.15)

# TOYKA I, 6CTh TOUKA MEHMMyMa [ (Z) Ha rpaHH, ompemers-
eMOfl CHCTeMOHl ypaBHEHHi

(al, z)_bi=0’ ie%o
(em. ra. I, § 3).

Ecnm cpem uq — KOMIOHGHT BOKTOPA Ug, i & 3 (z,) )
N J°, mer orpumarexbHEX, To (cM. ra. I, § 3) Toura z, —
pemenme mcxopmoil samaum (1.1), (1.2), mGo B sToM ciryuae
(1.15) ecTp Heo6XoAMMEIE B AOCTATOIHE® YCIOBHSA MEHAMYMa
f (z) upm orpaumuenmax (1.2).

HomycraM Temephb, WT0 HAMIENCHA TaKOd MHAGKC [ &
& Hzo) () I rakoit, aro uf < 0. [locTpomM HOBOE HHIEKCHOE
MHOKECTBO ’(% oyTeM OTGDAcHBAHEA U3 3f, mHmekca j. Ilpm-
MEHHM MeTOJ CONPSKeHHHX I'DAJIHeHTOB, ONACAHHHE B m. 2,
RIS PelIeHHs 3afa9d MAHAME3ANUH [ (Z) OpH OrpaHHYEHUAX

(ai, ) — b; = 0, i E ¥o. (1.16)

OpgHako mpomecc NIpHMeHEHHAA METOfAa CONPSKEHHHX Ipa-
OUeHTOB He HOJIKeH BHIBOAUTH 3a JOMycTEMYH0 oGmracTh (1.2).
IlosToMy Ha KasK7oM Imary OPEMEHEHHs AJTOPATMA CIEyeT
TIPOBOJATH CIGAYIOIIYI0 MPOBEPKY. BEAmcIATH Belrwdmey

by (1.17)

Qg1 = min
! i (ai’ Piy)

rjpe MEHEMYM GepeTcs mo BCeM i, AJAA KOTODPHX (@i, Pr+) > 0.
B mpuBenenHo#t gopmyne x;, — odepepgHAd TOUKA, MOJydae-
Mas B OpoIecce AeACTBHAA AJATOPATMA, Dyi; — COIPMKEHHOE
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HampaBieHume B 3To#l Toure. IIyers Temepsr o4, — COOTBeT-
CTBYWOIAs JIMHA IIara METOHA COIPSIKeHHEX IPajgueHTOB.
Torpa, ecan oty << Ggi1y TO Tgpy = T+ Olge1 Pesy B TPOLECC
nopofo/Kaercsa.  Eeam ke Oy > Gy, TO Tyyy = Ty
-+ Gys1 Pps1 B TPOIECC NIPWMEHOHHS MeTOfA COLPSKEHHHIX
TPafiieHTOB OKOHYEH.

Taxkum o6pasom, amGo Gymer HaiifeHA TOYKAa MHHAMYMA
f (z) mpm ycaosuax (1.16), amGo mpomecc oGopBercs, KOTAA
Qis1 > Gyy1- B obonx caydasx moJy9IeHHYI0 TOUKY CUATaeM
33 HAYANBHYIO | paGoraeM ¢ HOBOil TOUKO# TaK e, KaK C
HCXOJHOM TOUKOR I,

2) (I — Py (zg) # 0.

B stoM ciywae MeromoM cCONpSHKeHHEIX TDAfHeHTOB pe-
maeM 3afady MUHAMASANA® f () mpm OrpaHEIEHHAX

(@i, 2) — by =0, i< #o (1.18)

HAUMHAA C TOYKH Z,. Ilpm 5TOM Ha Ka)KEOM mare, Kak H BH-
me, OpPOW3BOMATCH NIPOBEPKA MONYCTAMOCTH HOJIYYAEMEHX
TO4eK, T. e. mo Popmyaam (1.17) wasxawii pas BEYHCIAETCH
G431 M OIPAMEHMAEM IIPOIECC CONPSKeHHHX IPAAGHTOB [0 TeX
mop, moka ambo He Gymer HaiimeHa Touka MmMumHEMyMa f (Z)
opu ycxoBuax (1.18), 1uGo BHIOIHHATCS YCIOBHE Oy > Gyi1
B Gymer mONydYeHAa TOUKA Tyy = Ty + Gy Prs1. B obomx
clIydafx MOJYYeHHYI0 TOYKY CIMTAeM 3a HAYAJIbHYI H IO-
BTOpPsSeM B Heil omepamu#, KOTOPHE NPOH3BOJWIHCH C I,.

OGocHyeM cXomMOCTh METO/a 32 KOHEIHOe YHCJIO IIAroB.
Hnsa sroro maM Heo0XomuMO NpPE;KAe BCEro IOKAa3aTh, 9TO
Kak B caIyuae 1), Tak u B cayuae 2) GymeT coelaH YCHEIIHEIR
mar, T. €. U3 TOYKH Ly MK CABAHEMCS B HEKOTOPYIO HOBYIO TOU-
Ky, B KOTOpoi sHauenme QyHKINH f (z) OymeT cTPOro MEHBIIE
9eM f (zg). Tar Kak modydeHWe HOBEIX TOUEK IIPOHM3BOMUTCS
m0 MeTOHLY CONPsIKEHHHX TPAfHeHTOB, & B 9TOM MeTOfe Ha
KaKIEOM Imare mpomcxonnT yOuBanme ¢yEKmmm, To, cobCT-
BEHHO, @AWHCTBEHHOE, YTO HaM HeoGxomumo OyZeT mMOKAasaTh,
9T0 BCerga Gy > 0, T.e. orpammueHmsa (1.2) mosmoasior
CHeNaTh HEHYJEeBOA mar B BHIODAHHOM HANpPaBICHHE Dy
H, KpOMe TOro, 9410 B ciaydae 1) Touka z, He ABIAETCA TOUKOMH
muHEMyMa f () npu orpamudenmax (1.16), Trak Kak B mo-
cIegHEM CIydIae MeTOJ COUPSKEHHEX IPAJIeHTOB He CHBHHY
6H Ipomecc ¢ TOYKH Z,,.

JlokaskeM HECKOJIBKO BCIIOMOTATEeAbHEX JIEMM.

P




§ 1] 3ATAYA KBAJIPATUUHOI'O IPOI'PAMMUPOBAHUA 181

JJemma 1.3. Bekmop p, = — (I — Py)f (x,) ecmp
pewerue 3a0auu: MUHUMUSUDOSAMD

, 1
?(p) = (f @), P) + 5| P[*
npu 02PAHUYEHUAT
Az p = 0. (1.19)

Hoxasareuxncrso. JleficrBarensHo, B cary (1.9)
p: yrnosiaersopsier (1.19). Kpome toro, ¢’ (p) = p + (o).
IToaTomy

¢ (P)=p1+1 (@) =—I—Py)f @)+ [ (@) =
= Py [ (@) = — A3 o
IToatomy,

9 (p1) + A;ouo =0. (1-20)

Iocnenmee sxe ecTh HeoOXommMoe M [JOCTATOYHOE YCJIOBHO
TOro, 4TOOH BHIyKIag (QyHKOEA ¢ (p) mocTHraja CBOEro
MHHAMYyMa B Touke p, mpm orpaHmienmax (1.19). Jlemma
JOKasaHa.

IToctponM Temeph 3amady, ABOMCTBEHHYIO K 3afade Mu-
anvusanmn ¢ (p) opm orpammzenmax (1.19). Ilo mpasmuam,
u310KeHHsM B § 3 ra. I, momywaem, 9To AJis DTOTO Hafo HAl-
™ mMaEEMyM ¢yEKmum ¢ (p) + u*Ayp. Huddepenmupys mo
P ¥ IPHEPABHEBAS MPOM3BOAHLE HYII0, HaxomaM p + f'(zo) +
+ Aju =0, 1. e.

, *
p = —f(xo) - A?ou'
MopcraBasas 9To BHpaKeHHe A p, HOLYIHM, UITO

min (9(p) -+ u*4z.p) = — 17 (@) + A3l

Taxam 06pa30M, maoﬁc'rnennaa 3aJiada COCTOUT B HAXOM-
OeHAHW MHHHMYMA II0 BCEBO3MOKHHIM BEKTOpaM U CIJYHKI.II/IPI

9 (u) = — 517 (@) + A7 |P.

Temeps npsaMuM pudpdepenumpoBanmem ¢* (u) m mpmpas-
HMBAHWEM OPOW3BOAHHX HYJIK HETPYAHO HPOBEPHTh, 9UTO
BEKTOP

g = — (Ay,A3)7 AzJ' (o)
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eCTh pelleHHe [BOWCTBEHHOM B3ajavd, T. 6, MAKCAMHU3UPYeT
@*(u). HanoMHEM, 9T0 KOMIOHEHTAMHE 1L, CIYIKAT Ugy i € Fo.
Taxmm oGpasom, BeKTOD U, eCThb BeKTOp MHo;kHTeleid Jlar-
paH;Ka B 3ajavye MUHEMU3anuad ¢ (p) OpPH OTpaHMYEHHAX
(1.19). Kpome Toro, Mu moaygaeM, 9ro obImmee B CHIY TeopeM
ABOWCTBEHHOCTH 3HAYGHMe MAHEMyMa ¢ (p) Ipm orpammge-
Husax (1.19) m makcmmyma @*(u) O ¥ DAaBHO BelIWIMHE
1 * 1 ’ "

— 5|/ (@) + Aggtof mmm — = [ (I — Py,) /' (o) [P

Jlemwma 1.4. ITyemv mampuya A3’6 obpasosana us Ay,
ydasenuem cmpoku ¢ undekcom j, 044 Komopozo ug <0, u
nyemv (I — Py)f'(zy) = 0. Tozda eekmop p, = — (I —
_Pg;))f'(xo) omauyen om Hyas u (a;, p,) <O.

HJoxasarteunxsncrTBso. Bexrop p, MoeT GHTH mpef-
CTaBJIeH B BHJe

Pr=—( @)+ A0) v=— (A A4S ().

Ecam p, = 0, 10 f'(2o) + Ay,; v = 0. Ho, ¢ gpyroit cropouH,
B CHIY NIpPefmoJoKeHnl
(I =Pz [ (o) =/ (@) + Azuo=0.  (1.21)
BrumTas fBa PaBeHCTBA, MOJIYIAM
Ajuo— A%v = uda; + Dl(u — v a; =0,
o 145

9T0, TaK KaK uj 7= 0, HeBOBMOKHO B CHIY JIHHEAHOH Hesa-
BHCHMOCTH BeKTOPOB @;, i & 3.

HoxaskeM BTODPYIO 9aCTh JEMMEHL

Ilepenmmem (1.21) B moxoMmomeHTHO# Qopme

f (@) + D) uba; 4 (—ud)(—ap) =0. (1.22)
ij

BamermM, uro —ul > 0, m6o uj < 0.
Pacemorpum 3aagy: MuauMusaposaTh ¢ (p) = (p, f'(z,)) +
4+ 1/2] p | upm orpanmueHmAX

(ai, p) =0, iE Fo (1.23)
—(a5 p) SO

A 35
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Tak xar @'(p) = f(z,) + p, 0 ¢'(0) = f'(z,) m mosromy
(1.22) ecTs HEO6GXOAEMOE M JOCTATOUIHOE YCIOBHE TOTO, 4TOGH
touka p = (0 OmIa pemeHWmeM 3ajadu MEHEMH3ANum ¢ (p)
npu orpammgeHuax (1.23).
C mpyroit cTopons, p, B cany AeMmH 1.3 ecTh pemenue
3afjaun MuHEMu3anun ¢ (p) mpm orpammiIeHusax A sP = 0,
0

WIX B DOKOMIIOHEHTHOH 3ammCH
(ai, p) =0, i E %o (1.24)

Honyctum Temeps, 9to (a;, py) > 0. Torma Tax Kak P, ymoB=
nerBopseT orpanmieHEAM (1.24), To DTOT BeKTOp YAOBJIETBO-
paer n Bcem orpammdgenmsm (1.23). Ho

(' @ ) = — ( o) (I = P) f (z) =
= — (P @)+ (= P,ov @, I =P ) (@) =

= — (=P @h T =P @) = —| Bl
IloaTomy

@ (P1) = (f (=0), P1)+—||P1||’— - P1|P<0

TTocnenmee HEPaBEHCTBO MPOTHBOPETHT TOMY, UTO MHHHEMATb=
HOoe 3HagyeHme ¢ (p) mpm orpammuenmax (1.23) mocTmraercs
mpz p = 0 m paBHO HyJ0. ITO NPOTHBOPEUME IOKABLIBACT,
aro (a;, p,) <<O. Jlemma pmoxasama.

BossparnMcst Temeps K mocTpoeHHOMY ajdropurmy. Ilyers
AMeeT MecTo ciydail 1) H TouKa Z, He ABJIAETCS DEIICHHEM
3a[[ay; KBafpaTAYHOTO MPOTPAMMHUPOBAHHA. TOrga COriacHo
aATOPATMY NIPUMEHAETCA MeTOf| COMPSKEHHHX TI'DafHeHTOB
Iasi MuaEMEusanmy f (x) opm OrpaHHIeHHAX (1.16). B coot-
BeTCTBEE ¢ (GOpPMyJTaMu MeTO[a NEePBHIA mar AeJIaeTcs B Ha-
TIpaBJIeHAA BEKTOPa

by = — (I — P)f (xo)-
°

Cornacuo memme 1.4 p, = 0, Tak 910 TOYKA I, HO ABIAETCA
pemeHHeM pPaccMaTPMBAEMO BCIOMOTATONbHON 3aKa9u MUHH-
MU3aTAN.

Hamnee moxrasieM, 9ro & > 0. IleficTBuTeIbHO, BEKTOD J,
ymosaersopsaer ycaosuio (1.24) m (a; P;)<< 0 cormacHo
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nemme 1.4. IToatomy
(a;, P) <O, &%, (1.25)
IOas i € 9, no cmocoby BrGOpa MHOKECTBa 4,

(a;y ) — b; < 0.
ITosTomy
bi - (aiv o)
(ai, p1)

>0,

n6o MmamMyM Gepercs TOAbKO 1O TeM i, AAA KOTOPHIX
(a;, p1) >0, 7 3Ha9AT, AKTAIECKH IO HEKOTOPOMY IOJMHOKe-
CTBY HHJIEKCOB i, KOTopoe He mepecexaercsa B cmay (1.25) ¢
%o- A mns rakmx i b; — (a; zy) > 0.

Tor paxr, aro & >> 0, mOKa3HBAaET YTO BCE TOIKH Zy -+ 0Py
mpr 0 < a < &, yaosmersopsmor ycaoBusam (1.2). Heitct-
BHTEJNBHO, JIA i & 3,

(@i, o + apy) — b; = (a;, o) — by + a(a;, pr) =

_ [ =0, ic,
—a(aupl)—{<0’ i=jo

0; = min
i

Oaga i EY,
(ai, zo + apy) — by = (as zo) — by + afas, pr) <O,
ecau (a; p1) < 0. Ecam e (a;, py) >0, To
- b, — (a;, wo)
0o @
n I0ITOMY

= b, — (a;, o)
(@3, Zo + ap1) — b; < (a3, To) — b; +

ERCw (a;, pr) = 0.

3ameTnM, 9TO 3HAK HEpPaBeHCTBA B HIOCJeqHeM COOTHOIIE-
bi - (ai’ o)

(ai, p1)

CoraacHo aJropuTMy BO3MOKHHEL fABa CJIy9asa: 4 4 < Gy
n oy > &y. B mepBOM CJyd4ae moJdy4aeM HOBYIO TOUKY X, =
=x0—|—a,p1, KOTOpasAg YHAOBJIETBOPACT COOTHOIMEHHUAM

@5 T) — by =0, i For (a1, 7)) — b <0, i = .
(1.26)

HOM CTpOrmit, ecnm o <<& mam Oy <

Bo BTOpoM ciydae moiydaem TOUKY Z; = Zo + &p; H 9T
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TOYKA NPAHUMAETCA 32 HOBYI0 HAaYAJAbHYI0 TOUKY, C KOTOPOH
aJIrOPUTM HaYMHAeT paboraTh, mpoBepsas caydam 1) mim 2).
IIpn 9TOM TOUKA r; HOMHEMO COOTHOmeHu# (a;, 2,) — b; = 0,
i &€ %o, YHOBIETBODsET elle M PaBeHCTBaM (a;, x;) — b; = 0
b'i_ (ai, xo) -

= = a]_.
, (a;, P1)

Taxum oGpasoM, 4 (z,) D %o, IpHIEM HMeeT MeCTO CTPO-
roe BKJIIOYEHHS.

Bossparmmes x caygan a, << &. B sroM cmysae mpo-
ROJKAeTCA NPoIecc MpUMeHeHHs METORA CONpPSKEHHHX Ipa-
AHeHTOB, NPHIEM [[0 TeX TOP, HMOKA Oyiy << Gy, BCE TOUKH
Tx+ OYAYT ymoBmerBopsars coorHomemmam (1.26) Tar e,
KaK Z,, Tak Kak B cmny ¢opmyast (1.14) m (1.9) ¢ P = P?'

0

Ag;Pk = Ay") - Pg")) px =0,

RIS BeeX i %y, AIA KOTOPHX

T. €. B IOKOMIOHeHTHOR 3amucm

(@, px) = 0, i E %o
Hepasencraa sxe

(@ ) — b; <0, i E y’:»

TaK:xe He OyAyT HapymarbCsa, W60 MX HapyIIeHMe 03HATAIO
OHI, 9TO MMeeT MeCTO CAYIal Olyyy > Giyy.

Wrax, M mokasanm, 910 B ciayuae 1) mpomecc mrepammit
HOCTef0BATEBHO CTPOUT TOUKHE Loy Ly, « . & k> 1, 1
BJIOJIb DTOH IIOCJIE/I0BATENbHOCTH 3HAYCHH® f (X) CTPOro yOH-
BaeT, TaK KAK OHA IOPOK[AeTCH METO{OM COLPA:KEHHEIX
Hanpasinenmii. Homeumas Touka z, sBasercs ambo Toukoit
vuHEMyMa f (z) mpm orpammueHmsx (1.16), ambo B aTOil
TOUKe 3 (Iy) CTPOTO COMEPKAT MHOIKECTBO ’37«;.

B cayuae 2) mampaBieHHe NBHKEHHS W3 TOUKH I, COB-
majgaeT ¢ BeKTOPoM p; = — (I — Py )f'(zo) # 0, (a;, p,) = 0,
i € ¢ (= (# (x0), m mosToMy mHeTpygHO mOKasaTh, dTO
G >0 m Meroj CONPSKEHHHX HANDABIGHAH mO3BOJIET
celaTh IO KpajiHeir Mepe ONMH HEHYJIEeBOH mar B HOBYIO
TOUKY Z;, B KOTOPO# 3HadeHme f (r) cTporo MeHbIe.

Bce moxasarenmbcTBa 8j6Ch aHANOTHYHH TOJBKO UTO HPH-
Be[IeHHHIM Bume. B pesymbrate momyuaercs moclexoBaTelb-
HOCTb TOYEK Lo, Ty, ...,Tx, k>1, npmuem z, 1ubo ecTsh TOU-
Ka MEEEMYMA f (z) npm yexosmax (1.18), aubo 3 (zx) D %..
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3ameTnM, 9T0 Kak B caydae 1), Tak H B cilIydae 2), €CIH
TOUKA T, ecTh Todka MmHEMyMa f (z) mpm (1.16), To B 0Gomx
cIyd4aAx & ecTh TOYKa MmEEMyMa f () Ha TpaHd, Ompe-
nerAeMoil COOTHOUIEHAAMHA

(@i @) — b =0, i€ () (1.27)

g6o 1o mocTpoeHmo 3 (zx) D ﬁ{, B cayaae 1) m 3 (zx) D %o
B ciydae 2), a TOYKAa MHHEMYMa Ha 0ojee IIHPOKOM MHO-
JKECTBEe ABIAETCA TOUKOH MmHMMyMa M Ha Golee y3KOM.

[oxaskeM Temeph, 4TO HOCTe KOHEYHOTO YHCJA IIAroB
IpUMeHeHMs IPOIecca, HATHHAA ¢ TOIKH Zg, Ml 0058aTEILHO
IpHEAEM K TOUKe Ty, KOTOPAaf CaMa ABIACTCS TOYKOH MmHM-
myma f (z) npm orpammienmax (1.27). [leficTBuTenbHO, KaK
BHLHO W3 BHINEH3I0KEHHOTO, €CIH METO[| COLpKeHHHX
rpajiHeHToB He IPHBOJUT K HAXOKACHHIO TOUKH MEHHMYMA,
TO 9TO CPAa3y sKe BIedeT PACIIMPOHHE MHOKECTBA HHJGKCOB i,
A KOTOPHX oOdYepefHAs MolydaeMas TOUIKA YAOBJIETBOPseET
cooTHomenEAM (a;, zx) — b; = 0. Tax kax BeKTOpH a;,
i & % (z), TnHGHHO HE3ABHCHME B CHIY IPeJIIONOKEHH,
TO SCHO, 9TO TAKO® PACIIMPeHHe AOIKHO 06opBaThCA depes
KOHOYHOe UMCIIo IMaros, He GoJbilee 4eM n, TAe 7 — pasMep-
HOCTh Z.

Wrag, IpemjioeHHHHE airopuTM 9epes IHCIO INAros, He
Gosbmee 4eM 7, CTPOUT OUGPERHYIO TOUKY Iy, KOTOpAA ABIA-
eTcst TOYKOiM jMUEAMYyMa f(r) IpH OTPAHHICHHAX (1.27).

3amernM Temepb, UTO MHOKeCTBAa 2 (Zy) IPH PasIHIHHIX
TaKEX ; Dasimddsl, u60 B3HAYGHHe (YyHKIUH f (z) Bmoan
HOCTPOGHHOM IOCTeOBATOILHOCTH MOHOTOHHO yOrBaer. Jlei-
CTBHTONBHO, WUYCTh Tp B Ty, M <Kk, — TOUKE MHHEMYMa
f () opm orpammueHmAX

(a;, .‘t) -_— bg = 0,

i e % (zm)ni e ¥ (¥,) coorsercrenmo. Ecim (Tm) =
= % (zx), T0 s1CHO, 4TO f(Zm) = f (). Ho mo mocTpoenmio mpo-
mecca f (zm) <f(zx) mpm m >k, rak dUT0 paBeHCTBA
¥ (tm) = % (x;) OHTH He MOXKeT.

C mpyroit CTOpDOHH, Bce MHOKeCTBA ¢f (Zj) MPE[CTABIAIOT
cooit To/MHEOMecTBA KOHeuHOTo MHOKecTBa J = J~ |J J° 1
03TOMY UHCIO TAKHX IOJMHOKeCTB KomeuHo. Orciona cie-
[lyeT, 4T TpPeATOoKeHHELA IPomece 0MKeH 000PBaTLCA HOCTe
KOHEYHOro 4Ymcia maros. Ho oGpHB mpoimecca MoeT Ipo-
HB0NTH, ecid TOJBbKO Hafiema Touxka MmEmmyma f(x) opm
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orpanmiennsx (1.2), ubo muage, xak GHIO TMOKA3aHO BHIIe,
oporecc MOKeT OHTh IPOOJIsKeH.

Tem campiM goKasama cXOomEMOCTH IpoIecca 3a KOHETHO®
9HCJ0 MIATroB.

3amesanme. B ciyuae BmpomgemHoCTH MATPHIH
C CoriacHO TEODHH MeTOROB CONDSKEHHHX HaImpaBIeHAH
MOKeT BOSHHKHYTh CHTyamus, Koraa (f(zy), pra) %0 B
TOUKe Ty, HO (Dgi1, Cpys1) = 0. B a1OoM coryuae meBoaMok-
HO BHMHCJIHTH BOIAIHHY Oy, HOO
(' (“’k)» Pyyy)

a = — .
i (Phs1> CPrry)

Onuako B aroM ciywae f(zy -+ opy.;) HeorpaEmIeHHO yOH-
BAeT ¢ POCTOM 0 ¥ HO3TOMY MOKHO HOJOMKUTH Oyyy = - 00 &
NPOH3BOMUTH BHYACIEHHA Kak o6mwno. Ecam oy << + oo,
TO TPOIeCC HPHMOHEHHS METOfla COIPSIKeHHHX TPaJWeHTOB
BaKOHIATCA TOUKOH Zyyy = Xy + Qg1 Ppe1, UTO HEKAK He
HapyIIaeT BHIIEM3NOMEHHHX paccymienmil. Ecam e oy
TaK;Ke He OTPAHHYEHO, T. €. (@;, Pgy1) <O AIA Beex i, To
ABH}KEHMEe BROJD JNyda Iy —+ P41 OPHBOAAT K HEOTPAHMIEH-
HOMY yOmBammio ¢ymknmm f (z). Ilocienmee e o3mauaer,
UTO MOCTABIGHHAA 33/]ada KBA[PAaTHIHOTO IPOrPAMMHEPOBAHNSA
He HMeeT PeINeHMsA, TAK KaK HUKHAA TPaHb f (2) mpm orpa-
arvennax (1.2) pasma — oo.

4. BuuncimresnpHsle acmeKTHI. IIpepIOKeHHHE  BHIIe
AITOPHTM BKIKYaeT B cels, Mo CymecTBY, IHNIb OfHY CIOIK-
HYI0 BHYACIATEIbHYI0 ONEDANHWIO: HPOEKTHPOBAHWe TIpajid-
eHTA HA NOATPOCTPAHCTBO, T. €. BHYMCIEHHe BEJIMIMHE
(I — Py)f'(x). 910 BEMECIEHHE MOKET IPOMBBOIATHCST ABYMSA
OyTsAMH.

IlepBrift myTh COCTOMT B HPAMOM BEITHCIGHHM MATPHIEH
Py, t. 0. Py = A;(A;A;)‘lAy. IIpn stoM mpmxopgmres Bee
BpeMa BHUACAATH Matpuny (AyAy)~. Ecam ata MaTpuna
M3BECTHA, TO BHIYHCIEHMe TAaK)Ke HYKHOTO BEKTOpA U =
= — (AyA3) A 4f (%) CBOIUTCA K ONEPALAN YMHOMKEHHS MaT-
PHOE HAa BOKTOP.

JIA cOKpamenns BHYHCIGHH# HA Ka)KEOM INAre, KOTHA
MHOKECTBO 3 MEHSETCH, MOKHO BOCIOJb30BATHCA TeM (pax-
TOM, 9TO HpPH YAAICHAM W3 MHOKECTBA % WHIEKca j B

%
MaTpune AyAy BHYCPKABASTCS ONUH CTONGEN M OfHA CTpOKa,
*
mocie dero moiydaerca Mmatpmma Ay Ay. Touno Tak ke,
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npn npubaBiIeHn: K MHOKECTBY % MOmOMHATEIHHOTO HHJAGKCA
B MaTpuIe AyA% TOABIAGTCA MOUOTHUTONbHBLH cronben u
cTpoka. Bce 8TO I03BOJIsET HCIONB3OBATH Cle/ylomue n3-
pecTHHe n3 JmHeiiHo# aare6ps (cM. ® agmeeBa, D a n-
neeB [1]) pexyppeHTHHE COOTHOIICHMA. A wWMeHHO, TYCTb
B — mpousBoibHAS CHMMeTPHIHAs 7 X n-MAaTpANA, KOTO-
PYI0 MOIKHO IIPe[CTABHTHL B BHJIE

B(Du)
“\u* b))’

rie D — (n — 1) X (n — 1)-marpuna, u — (n — 1)-mep-
HHI BeKTOp-cTONGEW, u* — emy TPAHCIOHHPOBAHHEIH, b —
gucao. Torga, Kak JerKo LIPOBEPHTbH,

_ D-lyu*D-1 Dlu
D+ o v T T
1 _
B = u*D-1 1 ’
a ' a

a =b— u*D .

Mrag, ecam msBecTRa Marpuma D!, To MarpHna B,
rfie B moixydeHa AONMCHBAHMEM IIOCI]eEHETO croxbma m IoC-
JemHel CTPOKH, MosKeT GHTH MOJyTI6HA HPOCTHIME BETHCIE-
HEAMH.

O6patHo, ecim MaTpmma B~ mmeer BAR

r-(3.2)
p*t m)’

To poia MaTpumel D71 mmeeM

Dr=G— 2L,
m

TakaM o6pasoM, ecim HOBas MaTpuya NOAYyYaercs H3
crapoii BEHY6PKUBAHZEM mocaenHeii CTPOKE H CTOJOHA WIH
moGaBieHHeM CTPOKH H croxbIa, To 0GpaTHEEe K HAM MaTPHIIH
[OMYYAlTCA HPOCTHIME apHQMETHICCKAMH ONepAIHAMH. Tor
$aKT, 9TO B IPUBOJEHHEX (GOPMYTaX BHIEPKABANCA M J0-
GaBIsiCA TOCIeHMHA CTONOeN I CTPOKa, He HMIPaeT PoJH,
p60 JIerK0 IPOBEPHTH, UTO TMEPECTAHOBKA CTPOK B HCXOHOH
MaTpmie BefeT IPoCTO K mepPecTaHOBKe croa6moB B 06paTHO,
a mepecTaHoBKa CTOJOMOB — K NEpecTaHoBKe CTPOK.
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Wrax, moKasaHo, 4T0 BEIYHCICHHS MATPHIH MPOGKTHPO-
BaHHA MOTYT BeCTHCH IO PeKyppeHTHEM ¢opmyaam. Hemoc-
TATOK TaKHX PEKYPPEHTHHX BHYHCICHHIH COCTOAT B BO3MOIK-
HOCTH HAKOIUIEHHS GOJBIIOH BEIMCIMTENIBHOM MOTPEITHOCTH.

Onmmem Apyroii myTh BHMHCIEHH.

B 1. 3 Gro mokasaHo, 4T0 BexkTOp py = — (I — Py)f'(2)

eCTh pelmeHne 3afavu: MuaEMuA3EpoBats (f' (z), p) + —;—II pl?

opu orpammieHmAX Ayzp = 0. VYpmobmo mepeiiTm K [JBOi-

CTBEHHOI1 3afade, KOTOPasg, Kak OHLIO IOKa3aHO, GOCTOHT
B MAKCHME3AaNUM KBafpaTHIHOH QyHKOmE

— 1 @ + AJup

1o BeKTOpy u 6e3 orpaHwueHuii. ITa 3agaqda 6e3 TPyHa MOKeT
OHTb pemeHa MeTOJOM COUpPSHKeHHBIX Hampasiaenmit. Hax
NOKa3aHo B H. 3, ee DPENIGHHEM SBIAGTCA BEKTOD U, =
* -1 , o
=—(4345)'A4f'(z), T. e. Kak pas To BEKTOP, KOTOPHIL HY-
’KeH B IIPOL[eCCe NPUMPHEHAA aNTOPHTMA pemeHnd obmeii 3a-
fladd KBafpaTHIHOrO IPOTPAMMUDPOBAaHWS. Bextop p, de-
pe3 u, JeTKO BHYHUCIAAETCHA IO (opMyie

Po=—(I—Py)f @ = —If (x) — A% (4545 451 (2)] =
= —If' (@) + Azu),

Po = — If'(2) + Azu,l.

Taxmm o06GpasoM, IPE BTOPOM IyTH BHYHUCIEHHHE BCO JEI0
CBOJUTCA K MHOTOKDAaTHOMY IPMMEHEHHIO CTAaHJAAPTHOH mpo-
Iefyps MeTOfa CONPSDKeHHHX HANpaBIeHHI.

5. 3ajgava KBagpPATHYHOrO NPOrPAMMHMPOBAHAA C KO-
croivu orpanuvennavu. Ilon 3amaweit ¢ mpocTrMum orpamm-
YeHMAMH NOHHMAeTCA 3aJada MUHUMH3ANHN

1(2) = (5, C2) + (d, 2)

npu orpammienuax ri > 0, i = J, rre J — meroTopoe mop-
MHO;KecTBO MHOKecTBa {1, 2, . .., n}. B atom caywae axro-
pETM m. 3 CYIMECTBeHHO ympomaercs. BmecTo Toro, wroGm
IPOBOAMTDH 3TH YNPOMEHHS GopMalbHO, cHopMyImpyeMm aJ-
ropuT™, pemawnmuii 3Ty 3agady. M3 ero mamomemma Gyner
ACHO, 9TO J[OKAa3aTeJAbCTBO €ro CXOMEMOCTH 3a KOHETHOE
9@CII0 IMAr0B COBIIAAT ¢ JOKA3aTeIbCTBOM aATOPATMA II. 3.

T. e.
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Wrax, mycTh I, — OPOM3BOJNBHAA TOUKA, YAOBJIETBOPIO-
mas OrpaHEIeHAAM i >0,i = Y. Honomum

(@) ={i:z, =0, i I}

OunmmeM Temeph JEHCTBHAsA HAa ONHONM HMTEpALMH, HATHHAA C
TOUKH &, BbramcimM MHOMecTBO 3 (%o). Bosmommn ABa
cirydas.

1) (f'(zo)) =0, i E H(zo)s e (f'(20))* — i- KOMIOHEHTA
Bexropa f'(zo).

B aTOM cIydae TOUKA I, ABIAETCHA TOTKOM MAHEMYMA f (2)
npr orpammuenmax zi =0, i & ¥z, Ecim mpm sToM
(f (zo))} > O s i & #(x,), To o — peIIeHne 33/1a7H, TAK KaK
B TOUK® Z, BHIIOIHOHH He0OXO[MMEE I KOCTATOIHEIE YCHOBHA
mumEmmMyma (em. ra. I, § 3).

Tycrs remeps (f (o))} << 0 Axa meroTopux i & ¥ (Zo).

ITomosxmm
¥ =y @) (z0))? > 0}.

IIprMeHEM MeTOJ CONIpSKeHHHX TPajMeHTOB I MUHUMHA3A-
nua f (z), Geps B KauecTBe mePeMEHHEIX TOJBKO @, i E Y,
u ocTaBAAA Bee i paBHEME Hymo Ans i & Y. Ilpm Brrame-
JIeHUAX IO METONy COLpSKeHHHX IPajieHTOB BCe BpPeMsA BHI-
qucigeM BeNIMUHHY Oipiqt

2
- . %
Qg1 = m{ln ("' T) ’

Py

rle MEHEMYM GepeTcs mo BeeM i & 3, AA KOTOPHIX Pin <
< 0, m mpoM3BOTEM CPABHEHH® Olgyy B iy Ecam oy <
< @spy TO Thy = Ty + AguaPrasy L = Fs Tk = 2k = 0,
i 9. Eeamm  Ogyy > Gy TO Zhiy = Tk + TpraDhers
=3 2 zh, = zh =0, i = 4. Ipomecc BrrHECIeHHH 0GOP-
BeTCA TOCJe KOHeYHOTo gmcaa mraros. Ilpm srom mmbo Gyner
HaBileHa TOYKA Zy44 TaKasd, 9T0 B Heil f (z) BmocTHraeT MUHH-
myma mpa yeaosmax zi = 0, i & 3, ma6o TaKad, Iro Oy >
> Gx4q. B oTOM caywae ¥ (zx) D %', mpmYeM BKIIOUOHHE
TaKOBO, WUTO CYI[ECTBYIOT i & 3 (7)), Ho i &€ 3. B obomx
cITyd9asX TOUKA &y, CIATAETCA 3a HAYAIbHYI H THPOLECC
HOBTOPSETCH.

2) CymecTByloT Takde HHAEKCH i, ITO (Fx))i=0, i E
E ¥ (z,). B aroM cirydvae NpEMeHASTCA MUHAMHIANAA / (@)
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N0 MePeMeHHEIM i, i & ¢ (%,), METOJOM CONpPMKEHHEIX Tpa-
puentos. Ilpn srom wommomentn zt, i & 4 (x,), ocramTes
BCe BpeMs paBHhME Hy1l. Hpome Toro, kak m B cmyuae 1),
BRITHCIAETCA HA KAKAOM MMArTy BeJHIAHA

i
-— . ?k
ak+1=mm(— : ),
i Pkn

rae MEHEAMYM Gepetcs mo BceM [ & ¥ (z,), p}m << 0. Oxon-
YaHAe mpolecca TaKoe e, KaK M B caydae 1),

Herpynno Bmpers, uto paccymnenus, amamormamiie opm-
BeIeHHEIM B 1. 3 9Toro maparpada, IPHBONAT K TOKA3aTeNTb-
CTBY CXO[IIMOCTH AJITOPHTMA 338 KOHEYHOE YHCIO IMAroB, THGO
K yCTaHOBIeHMIO ToTO (akrra, uTo f (r) HeorpammueHA CHH3Y
npm yeaoBmax zi >0, i < J.

§ 2. Merox BOBMOKHBIX HampaBieHwi

Meropn BosmoskHBIX HampaBienmit ABNASTCH OHEM W3 mep-
BEIX MOTOJI0B, NPEJJIO}KeHHHX [JIA PeNleHAs 3a/[aud BEIIYK-
JI0r0 IPOrpaMMHAPOBAHHA.

Ilycts Tpebyercs mumammmampoBaTh dynxrmuo f, (z) npm
OTPaHMIeHAAX

fi(x)<0$ i=1’ ..y mM,
Az — b = 0. (2.1)
3necs z S E™, f; (x), i =0, ..., m,— BEITYKJILe Hempe-

PHBHO nuddepernupyemsie ¢yExmmm, A — ] X m-Marpun-
ma, b — l-vepumit Bexrop. Bomee Toro, Mm 6yneM mpepmo-

Jarars, 4ro rpajgmeHTH QymERmmE f; (z), i = 0,1, ..., m,
YAOBJIIETBOPANT YcAOBHIO Jlmmmuma:
i (z) —fi@) I < Cllzy — 2, (2.2)

u |[fi () || < K nam Bcex Berpevaommxcs B manpHeRmeM
TOYEK Z.

OGosmaunm wepes D pmomycTmMyl 061aCTh, T. 6. MHO-
KeCTBO

D={z:fi(x) <0, i=1, ..., m, Az — b = 0}.
Bynem B pampmeiimem OpeAnoJaraTb, 94To MHOKECTBO [

KOMIAKTHO, TaK 9UTO YCJIOBH® OTPAHWIEHHOCTH TPagHeHTOB
BeINONMHAGTCA. IlycTs z, — Kakag-1mbo Touka D). Haiinem
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Hanpasienme p & L™ TaKoe, 910 mp: Madbx o (Zo -+ ar'
= D u, xpoMe TOTO, fo (Zo -+ ap) < fo (¥o). Taroe B> .
7eHHe HA3HBaeTcd Bo3MOKHEM. CABHHYBIINCH BHOJIB ¢
HaIpaBIeHHA HAa HEKOTOPHIii mar o, DOAYIAM HOBYIO :.
z, = Ty + ayp € D. OTy ToUKYy OPHHEMaeM 3a HAaTaJbHYIO,
1 TIPOIECC MOBTOPAETCSA..3a/a9a Telleph COCTOUT B TOM, ITOGH
paspaborath 5QQeKTHBHEIE MeTOA HAXOMOHHA BOZMOKHEIX
HampaBlIeHHi ¥ BHOOpA INara o TaK, IToGH 00eCHeTHTH CXO0-
AEMOCTh K TOYKe MAHAMYMA.

BymeM Bciofy B falbHeiimeM Opefnoiararb BHIIOJHEHHE
CIe/[yIOmero yCJIOBHSA HEBHPOIEHHOCTH: CYIIECTBYeT TaKasd
TOYKa Z, 4TO

Az —b=0, f;(9)<0,i=1, ... m
1. Merox BEIOOpa BO3MOKHOTO HANpPABJICHUA. Tloaosxmm
gg(a‘)={l:fl(x)>—6’l=1$ e ooy m}

g Kampoi Toukm z = D. Hyers §; >0,i =04, ..., m,
— IpOM3BONBHEe YMCIAa. PaccMOTpEM cClefymyio 3agaty
B KayKpo# Touke r & D:

min 7,
(fi (@), p) <&m, i€ T5 (@) U {0}
Ap=0, |pl< 1. (2.3)
3gecs n — umcao, a | p | — mpousBoabHAA HOPMA. Yrobu

zajaga (2.3) Onla 3ajadell JMHEHHOTO IPOrPaMMHPOBAHAA,
B KadecTBe HOPMH yA00HO B3ATH
|p|= max |p*|.
1i<n

Ilyers ps (2), M (¥) — HeKoTopoe pemerne safain (2.3).
Tak kak Bextop p = 0, n = 0, ynmoBaeTBOpsieT orpaHmYe-
Haam (2.3), To scHO, ITo 13 (7) < 0. IloxamkeM, 9ro ecim
ns (2) < 0, To ps (r) — BO3MOKHOE® HANpaBJIEHHE.

JleficTBATEIPHO, MYCTh & > 0. dua i = 0 mMeeM Ha oC-
HoBaHm:m Qopmyan Teitnopa

fo (z 4 ps (2) = Jo (@) + & (fo (B0), ps(2)) = fo (2) +

+a (fo (), Ps @) +a (fo (Bo) — fo(2)s Ps (@) <
</ (@ +a(fo(@), ps@) +a*C|ps @I
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n Py = = 4 Lo ps (2), 0 << {p << 1, ¥ MH BoCOOIB30BATACH
AEe tgro

aar 170 (80) — fo (@) | < C [0 — 2| < Cox [ ps (2) |-
Hamee, B cmry (2.3) (fo (z), ps (2)) << Eoms (2). TToaTomy

fo (z 4 aps (2)) < fo (x) + a2&ms () + a2C | ps (2) l“‘(2 A
4)

Amanormuno s i & Js (z)

fi @ +aps (@) <o () +akins (2) + a3 C |l pa (2) b )
2.

Jlanee, ansa i & s (z)

fi @ +aps (2) = f; (@) +a (i (0), ps (@) <
<fi@ +aK|ps (@[ (2.6)

BuGepem Temeps ¢ >0 Tak, 9TOGH BHIOJHAINCH HEPaBeH=
cTBa

fo (@ + oy (2)) < fo (@) + -5 0 (2),
Liz+aps(@) <0, i JTs5(x), 2.7
fie 4 aps () <O, 1E 3 ().

Jna sroro mocraroyHo, 9To0H BHIONHANHACH HePaBEHCTBA

C ) )
L4= z"'o—“';:((x))"’ <5 @+ oClm@P <O, ic Y@,
2.8)

— 8§ +aK|ps(@)[<0, i E T (2),
Tak KaK B cmry (2.4), (2.5) cupaBefIEBE HepaBeHCTBA

aC z) |-
fole + am @) < fo(o) + ot (o) 1+ TP

fi(z 4 aps (2)) < /i (@) + o [Ems @) + oC ps ()], @ € T()s
a Tak Kak f; (z) < — 0 qna i E s (2), 10
file +aps (@) <—8 +aK|ps ()]

7 B. H. Imenuunnit, 10, M. Januaug
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N3 nmepasenctB (2.8) moxyuaem

1 Eons (x) E{’]s (1‘) _6____
CS =T OIn@F * S T OIn@F CSER@1

(2.9)

Takmm 06pasoM, eCIH O Y/JOBIETBOPAET HePaBeHCTBAM
(2.9), T0 BEHmoNHsMIOTCA HepaBeHcTBa (2.7), OTKyMma CiefxyeT,
9T0 ps () — AEHCTBHTENbHO BO3MOKHOe HAampaBJIeHHe, TaK
Kak Aps (z) = 0 m moaromy A (z + o ps(2)) — b = Az —
— b+ a Aps (x) = 0. IloxkameM Telleph, ITO €CIM TOUKA Z HE
COBIAfiaeT C peIIeHWeM 3afail Z, — TOUKOH MHHHEMYyMa
fo () B o6mactm D, To ms (z) << O mpm Bcex mocTaTodHO Ma-
amx §.

Jevmma 2.1, ITyemv z & D ne seaaemcs  pewenuem
sadauu munumusayuu fo () npu ozpanunenusx (2.3). Toz20a
N5 (2) <0 dan ecex docmamouno masoix

HoxasaTeascTso. HamoMaam, 9To MH mpepmo-
JaraeM BHIOOJHEHHHIMHA YCIOBHSME HEBHIPOKIEHHOCTH, T. €.
CyImecTByeT TaKasg TOYKa Z, 4TO

Az —b=0, ;D) <<0o, i=1,...,m0c<<0.(2.10)
Iycts x, — pemenne 3afaud. [lamee, ecinm
Jol@)=(i:fi (=0, i=1, ..., m},
to npu §<< §
— 8, = max f;(2),
ié"’o_(x)
s (z) = U, (z). Jeficteareasno, ecanm i = Js(r), 8 << 8o,
10 f; () > — 8. Ho amascex i E J, () f; (z) < — 8o <
<—§,1.e.i= Y, (x). Bymeu camrars, uTo § << §), TaK 4TO
¥s (z) = ¥y (). Tomommm_
zo=p% + (1 —p)zyy 0<p <1

Torpma B cmIy BHIyKIocTd Qpymnkmumi f; (), i = 0,4, ..., m,
m Toro, uTo fi(zy) <O, i =1, ..., m, monyinm

filegd <pfi (@ +(U —p) fi (@) <po, i=1, ..., m
Tamee, msa i Y3 (2) f; (x) = 0 m moaromy fmsa 0 <A <1
Mps > M () = M (ze) + (1 — M) f1.(2) > 1 (Mo + (1—-Ma2)=

= fi (@ + Mz, — 7)) — £ (@) > M (fi (), 7o — ),
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Ifie MH BOCHOJb30BAJNCh CHPaBeJJIABHM IA m0Go#k mudde-
peHNuMpyeMo#l BHNyKJIO# ¢(yHKnEE HepaBeHcTBoM (ra. I,
2

@ —7@ > (), y— 2.
Taxmm oGpasom,
00 > (fi (2), 7o — 2), i € J5 (2). (2.11)

Haxee, IOCKONBLKY TOYKA T He [OCTABIsAET MEHEMYMA f (I) B
o6xacra D, To

0>v="/fo (@) — fo (2) > (ft') (), z4 — ).
Orcrona

(o(2), 20 — 2) = p (fo(2), 2 — 2) + (1 — P)(fo (@), 24— 2) <
<P (fol@), 2—2) +(1 —p)y. (2.12)

W3 (2.11) m (2.12) caenyer, aTo mpm gocTaTouHO MamHX p > 0
BHIIOJNHAKNTCA HEPaBEHCTBA

(fo(2), B) < 0, (fil@), P <0, i € 5 (a),  (2.13)
The P = T, — &, W YYTEHO, UTO o< 0, vy << 0. Ionoxum
Pe = Dp,ecam | p, | < 1, np,—n_“,ecnnﬂp‘,[[>1 TaK
aro || p, | << 1. Kpome Toro, mosommm

(f‘l (x)9 pp)

i=s5@U{0}

B cuny (2.13) 1, <0 ® ynoBmeTBOpsIOTCA HEpaBeHCTBA

(i@, P <EMpy i ET3@UIO}, M, <0, (2.14)
Haxee, Tak Kak £, = pZ + (1 — p) z, ¥ EMeIOT MecTo pa-
BEHCTBA
Az — b =0, Az, — b =0,

TO
Az, — b= 0.

3amernM, uT0o pp = af,=a (z, —z), e 0 <o 1.

IToaTomy

Ap, + (Az — b) = a [Adz, — b] + (1 — @) [Ax — b] =0.
(2.15)

7*
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Uz (2.14) m (2.15) caemyer, 9To BEKTOP P, M BeIMUAHA Tp
ynosaersopsior yciaosuaM (2.3). Tak kak 1, <0, 10 # mo-
maBHO 13 (£) << 0, mbo ns(x) < Mo T0 ompefeseHno. JleMma
noKasaHa.

2. AaropuTM MeTOoAa BO3MOKHBIX Hampasiemmii. IlycTs
Tenepr I, & D — mpomsBoibHOe HaYaIbHOe NPHOIMKeHHe
7 §, > 0. Onmmem o6mumit mar anropurMa. Ilycrs Ha k-M
mare mOJydeHA TOUKA Ty & D 78, >0.

Pemwus 3agagy

min 1,

(filz), p) <Em, i< Falz) U (O},
Ap =0, p]< 1,
HOTYTEM Py (%6) = Pk B Msy (@) = M-

3ameuanne. Ecim B KauecrBe HODMH BeKTOpa p
B3ATh BeJIWYMHY max | pi|, To mpuBemeHHaA BHIIe 33/1ada
i

eCcTh 3ajjada IHHEeHHOT0 HOPOTPAMMHDOBAHHS, M OHA MOMKET
GHITH pelmeHa OfHAM M3 CTAaHJZAPTHHIX METONOB.
Bosmokan pBa cayuas.

1) < — b .
B oroM caydae momaraeM IOCIEf0BATeIBHO O = 57, i =
= 0,1, ..., ¥ HAXOJUM LEPBOE I, TAKOe, /I KOTOPOro BH-
HOJHAKTCA HEPABEHCTBA
1
fo (xk + —'2% plc) Slo@) + - 7 2,. = &M

fl(xk + pk)<0, i=1,...,m.

2l

1 .
Ilonaraem ay = i B Tkl = T 4+ aypry Oxsp = O, TAR UTO

fo(@ra) < fo (@) + - Gkgonk,
f1($k+1)< i=1,...,m.

22). M > — O
IonaraeM 2y = Ty, Opy1 = 7 Gk.

TaxmM oGpasoM, B ]IepBOM clyd4ae IOPOMCXORAT CABHT B
HOBYI0 TOYKy, BO BTOPOM — TaKOTO CJABHTa He IPOMCXOJHT.

(2.16)

e i
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Cdopmymmpyem emme ycIoBHEe 0CTaHOBA ANTOPUTMA: OCIH
Ha HeKoTopom mare & 0, << 8%z,), rme

8 (zy) = — max f; (z))
iéy;(xk)

1 nx = 0, To z;, — pemenne nocrapiemHo#l 3ajaum, T. e.
Zj €CTh TOYKA MEHEMYMa fo(z) mpm orpanmaenusx (2.1).

3. OGocnoBanne cxommmocTu anropmrma. IlokaskeM, dTo
ecJIy MOCIeA0BaTeNIbHOCTD Z) 000pBaIach Ha HEKOTOPOM IIare
k B pesynbraTe BHINOJHEHHS YCIOBHA OCTaHOBA, TO I —
AeHCTBHTeNHHO pellleHMe 3aaud. B caMoMm fielte, mycTh BHIOI-
HUIACH YCIOBHA OCTAHOBA, T. €. My = 13, () = 0, m

0 << 8°(x) = — max f;(xy). (2.17)

i€ g(xy)

Ho, xax 610 mokasaHo mpn foKasaTeabCTBe deMMH 2.1, mpm
BEINONHeHAN ycuoBmit (2.17) 73, (rx) <0, ecam TombKo

He eCTh pelleHHe 3a7a4d. A TaK KaK IO IPEAN0JI0KeHHIO
N, = 0, To orcloma cuexyer, 94TO Iy eCTh TOUKA MEHAMyMa
fo(z) mpm x & D. Ilycts Temeps mpoljecc mTepamuit mpOKoI-
’KAETCSI HEOTPAHMYEHHO, TAK 4YTO MH HMeeM GeCKOHeTHYIO
noclIefioBaTelbHOCTE X, kK =0,1, ... Ilyerb x, — TouKa,
B KOTOPO# 1, << — 8, T. e. mMeer Mecto ciyuait 1). Torxa,
eci BOCHOJB30BaThCA omeHKaMm (2.9) @ Tem ¢darTOM, UTO
| ol = | s, (1) | <1, mommo yTBepspmars, wr0 mpE BH-
HOMHEHWH HEePaBEHCTB -

4 B

2 C?
~ ienm ey

6, L= -
a’<—1:'—? legky

Q
N

a

N

Tfe JJiA COKPaNeHns 3allACH MOJOKeHO J == s, (xy), OynyT
AMeTh MeCTo HepaBeHCTBa (2.7):. . o

o @+ 0p) < fo i) 3 5 0oy

filzg +ap) <0, i=1,...,m.
BcoomMamM Teleph, 9TO COTAACHO aArOPHTMY ‘BeJRYBHA ay



198 METONBl PEMEHUA 3A0AY C OTPAHHMYEHUAMU [TJ1. III

coBmanaeT ¢ mepsoi Bemmymmoit 1/2% i = 0,1, .. ., mus Ko-
TOPO# BHIOIHATCA HEPABEHCTBA (2.16). Orcropa ciemyer, 9T0
Hmocle KOHEYHOTo umcia Ipo6 HepaBeHCTBA BHIMOIHATCH.
IlycTs i, — IepBHIA TaKkodl HHJEKC, KOIMA STH HepaBeH-
¢TBa BHIOTHAIACH, TaK uTo o = 1/2%, Jro osmazaer, 4TO
g o = 1/24-1 mepaBercrBa (2.16) He OBLIM BEINOIHEHH H
[OSTOMY BelMYMHA ¢ He YHOBJIETBOPATA (2.18), 7. e.

1 . 1 Eonk 6}; . Emk
S mm{—T—c—"’T{"::_‘ ¢
k
ITosromy
R 1 . Emp O . &My
o = 3;>Tmm{——za—’7?' min — == . (2.19)
ie.'?k

Ecam yuecTs, 470 B paccMaTpHBaeMoM cirydae —m; > Oy, To
mepaBeHcTBo (2.19) MoKHO yCHIATH, 3aMeHHB —T); Ha Oj.
Ilocme Tako#t 3aMeHH MOJydaeM

8 ] 1
a’k>Tk30’ 30=mln{'2a_£v"’%l"7%"“°1_ién‘r?}‘ (220)

Bocmos30BaBIIECE Temeph HePaBEHCTBOM (2.i6), (2.20) =
reM, ato My < — O << 0, moiyuaem

o (Bra) < fo (@) + o < o (2) — “S 8% (2:21)

W3 sroro HepaBeHcTBa caexyer, 4ro 8 — 0 mpm k — oo.
B camoM feie, TaK Kak TociaefioBaTelbHOCTh Oy, A =
=0,1,..., MOHOTOHHO yOHIBaer, HpuIeM eCiH O+t << Oy, TO

1
Opn = 76k, 7 $axr, 9T0 §) He CTPEMHUTCA K HYIIO, MOKET 03-
HAuATH b, 9T0 §; = 8 >>0 A5 BCeX A0CTATOTHO GOIBITAX k.

Ho coxpameHme NOCTOSHHOTO O, O3HAYaeT BHIIOIHEHH®
ycaosag my << — O; W, BHAUHT, BEHIIOJIHOHWe HEPaBEHCTBA

(2.21).
TakmMm o6pasoM, MAIsS BCeX [OCTaTOTHO Gonpmux &
(k > k), 6y = 0 m BHIIIOJIHEHO HEPaBEHCTBO

o @) < folm) — 55> 6
ITozTomy (
C folan) <foler) — (N — ko) 278,

[
!
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T. @. fo (zn) — — oo mpu N — oo. Iocrennee e TpOTHBO-
peIAT OTPaHAYEHHOCTH HeNpPepHBHON QyHKOUHA fo(z) B KoM-
makTHO# o6mact: D.

Urak, M nmoxagaam, aro 8, — 0. Ho sro osmauaer, uro
HavalbHO® &, MOMOBHHHTCA GECKOHEYHOE UMCIO pas, T. e.
beckoHedHO® UHMCINIO Pas EMeeT MecTO cIydai 2): n, > — §,.

IIycrs 9 — MHOKECTBO TeX MHAEKCOB kK, 1A KOTOPHIX AMe
mecro cayuair 2). Torma v, —0, worma &k — oo, k =%.
9To cpasy ciemyer W3 HepaBeHCTBa — Oy << 1, << 0 m Toro,
aro §; — 0. PaccmoTpnM mocaexoBaTeasHOCTh TOUek x, & D,
k = %. Tax xax D — KoMIDaKTHOe MHOKeCTBO, To Ges orpa-
HUYeHAA OGIIHOCTH MOKHO CIHTaTh, 9TO I, CXONATCHA K He-
KOoTopoi#t Touke z,. IlokameM, 9To z, — TOUKa MUHAMyMa
fo(z) B D.

JomycTaM poTHBHOS, T. €. TOUKA I, He €CTh TOYKA MAHH-
myma fo(z) B D. Torna Ha ocHOBaHEE JemMMH 2.1 MOMKHO yT-
BepsK/laTh, 4To mpH Beex O << 8° (z,)

8% (@y) = — max fi(zy),
1E T o(xw)
Is(zy) = U5 (), B Bermunna ns (z,) < 0. Bomee Toro, Tax
Kak J5(24) = T (z4), TO M3 (24) = Mo (%) <0. [lamee,
s, (z) E Jo (z4) mpa pocrarouno Gompmux k = 3. Heii-

CTBHTeNBbHO, ycTh i & Jy (24). Torma f; (x4) << 0. Ioaromy
B cmry Toro uTo §, — 0, aus mocrarouno Goxsmux k f; (z,) <
< — Oy, B TAK KaK Ty —> Ty, To OpHE GoxbmoMk f; (z,) Tarsxe

Menbme 3eM —Oy, T. e. i € J5, (2). Taxum o6pasom, ecam
i € Uy (v4), 10 mpmGonsmux k i = .’)'Ek (zy), T.e. .’73,‘ (zx) ©

< Jo(zy). Tax xar mo mpeAmonosKeHHIO X, — He 6CTh TOYKA
MOHAMyMa fo(xK B D, TO cymecTByeT TaKoil BeKTOp p (), 910

Ap () =0, |p @0 [ <1,
(i@ pEN<EMo(@y), 1€ T5(@,)U{O),

nprdeM, Kak CKasaHO Beume, 1Mo(zy) << 0. Ho Torza mo =He-
IOPepHBHOCTH NpPH OOJALIIEX A BHIOJHAITCA COOTHONIECHUSA

Vi@ P @) S2-Bmo(@), i€ T7U 0
Ap (‘”*) =0, llp (x*) “ < 1,
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TaK KaK T, —> Ty, Sk & Jo (2,). OmHaKo mociepgHme COOTHO-
IMeHHs 03HAYAIOT, UTO

N = Moy, (Z1) < —;— Mo (z,) <0

IpE BCeX JOCTATOYHO GONBIIEX K, 4TO IPOTHBOPEYAT DaHEE
nokasaEHOMy Oarry n; — 0, k£ — + oo, k & . Iloxygen-
HOe IPOTHBOPETHe HOKA3HBAeT, 9TO. Ty 6CTh TOIKA MEHEMYMA
folz) B D.

Teopema 2.1. Ilocmpoennas memodom 603MONCHHEL
HanpasieHul nocaedoeamesbHoCMb MOUEK Ty obsadaem mem
ceoticmeom, umo fo(zy), MOHOMOHHO He 603pACMAR, CMPEMUMCA
K folzy), 206 Ty — MOUKQ MUHUMYMAG fo(x) & obaacmu D.

IToxasaTeasbcrso. Ilo mocrpoenmo mnocrenoBa-
TeabHOCTE (T} fo(Tr+1) << fo(Tx), TaK 9YTO IOCTIEOBATENb-
HOCTD THCET (7)) MoHOTOHHO He Bo3pacraer. IlockolbKy oHa
orpaEmueHa CHH3Y, TO OHa CXOJHTCA K HEKOTOPOMY HPefely
70. OpHako BHme OHIIO IOKa3aHO, YTO CYIIECTBYeT HopATmocie-
[OBaTeJBHOCTH {Iy}, & & ¥, TaKkas, 9T0 Iy ~> Ty. ITosToMy
fol@x) = 1 (@4)- Tak Kak BcAg CXONAIMAACA NOCIEJ0BATENb-
HOCTH CXO[{UTCA K TOMY K@ Ipefiely, 9T0 H IOANOCIe0BaTe b=
HOCTB, TO OTCIONIA CIAEAYeT, GTO fo(xy) —> fo(Ty), ITO M Tpe6o-
BaJoCh [I0Ka3aTh.

Bameuwanue 1. Cpenu orpanmuennmit f;(x) << 0 moryr
GHITH Takme, AIA KOTOPHX QyHKNuE f;(r) mmmeimn. Herpyn-
HO TOKa3aTh, UYTh-94yTh YAMMHAA IPe[HAyIIAe DPacCyme-
HES, 9TO [JIA TAKHX HHJGKCOB i MOMKHO HONOMATH §; = 0.

Kpowme Toro, ycIoBme HEBHIPOMKJIGHHOCTH B BTOM CIydae
TaK;Ke MOJKOT OHTHL ocCjalleHo, a MMeHHO JOCTATOYHO mOTpe-
GoBaTh, UTOOH CymecTBOBaJa TaKadg ToUKA 2 & D, wuro
7i(@) < 0 Tonbko ANA TeX HMHJEKCOB i, JIA KOTOPHX fi(x)
HeJIHHEeAHE, ‘

Bamewanue 2. CaMa IOCIeZ0BATEIBLHOCTD Ly, BooGmIe
roBOPs, MOKET He CXOJHUTCS, OJHAKO ©CIH TOYKA T, MHUHH-
MyMa fo(z) npum £ & D efuHCTBeHHA, TO JIETKO BAMETH, ITO
I — Ty. K COKATEHMIO, CKOPOCTH CXOMEMOCTH MeTofia BO3-
MOKHEIX HAIIPABJEHAH B HACTOAIee BPeMs HeM3BECTHA.

4. Tocrpoemme HayaibHOTO Hpubamxenms. Meron Bos-
MOKHHIX HAIpaBiIeHH TpeGyeT A CBOGr0 NPEMEHEHMs 3Ha-
Hpf HauaJbHOTO NPHOTHKeHHs, JdeKamero B obnacta D. [as
MOMydYeHHAA BTOTO HAYANBHOrO MPHOIHMKEHASA MOKHO BOC-
HOL30BATHCA TeM Ke METOIOM BO3MOKHHIX HAmpaBJIeHHH,

|
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€6JIH OPHMEHHTh €T0 K 3ajade MAUHHMH3ZAMUHA YUCJIA N Oopm
OT'PaHAYeHH IX

file) =<0, i=1, ..., m Az — b= 0. (2.22)
Tak rax cymecTByeT TaKasg TO4YKa T, 9TO
fi(#) <0, i=1, ..., m, A2 —b =0,

TO MAHHEMAJIbHOE 3HA4UeHHE 1] IPH ONACAHHHX OTPaHHIOHHAX
CTPOr0 MeHbIIe HYJA M IOITOMY IOCIe KOHEYHOTO IMCIA IIa-
roB IPEMeHEHAS alroputva GyAer MoJydeHA TOYKA X W 1 Ta-
Kue, uT0 1 << 0 m mepaBeHcTBa (2.22) 6yIyT BHIOJHATHCA.
JTo Gyner osHaYaTh, UTO MOAyYeHHAsA TOUKA T YOBIETBOPAET
OTrpaHHYeHAAM HCXOMHOA 3afauél W MoKeT OHTH B3fATA Kak
HavalbHAA MAJA UPHMeHeHWA MTOJa BO3BMOKHEIX HaIpaB-
JeHHH.

§ 3. Merox yenosHoro rpagmenta u merox Hpworoma

Merox ycmoBHOTO rpajmeHTa MOJKeT NPHMEHATHCA A
pemeHns 337a4M MAHHMW3aNd HeAMHOHHONA GyHKOWE B 06-
JaCTH, B KOTOPOH 3ajjaua MUHAMABALAA JAHEHHOH (yHKIAM
pemaerca 6es ocoGoro Tpyna.

Iycets f (z), * & E™, — HenpepHBHO nuddepennupyemas
B KOMIAKTHOW BHIOYKJI0# obmacta Q dyuwuus. Bymem raxsxe
Hpeqmojiarath, 4To rpagment f'(r) ¢yHkmmm f (z) B obractm
Q ynosnersopser ycaosmo Jlummuma, T. e.

llf'(xl) — /' (z0) "<L" Ty — o | T (3.9)

IS BCeX Touek obGmactu Q.

Meron ycmoBHOTO rpajEeHTa COCTOMT B CJIeYIONIEM.

Ilycrs  z; — npnGamsxenwe Ha k-M maTe HMTepamuoH-
HOTO0 mpouecca — yike mocTpoeno. Brrameamm f'(z,) m Haiinem
TOUKY MEHWMyMa JuHeliHON pyHKmum (f'(z;), 2) B obiacta Q.
Hyecrs 10 6ymer Toura z (z;). Mlonomnm py = z (x) — x, &
Tpiy = Ty - Axpy, THe o, >0 — BerwdmAa mara B Ha-
NPaBIeHHH D;. T0UKa 2,4 IPHHAMAETCS 32 HCXOMHYIO, H IIPO-
megypa DOBTOPAETCH. : :

Hmxe Gymer moxasaHo, 9To IpHE ONpeJieIeHHOM IPaBHIIe
BHYHCJIEHAA Q) IPOLECcC CXONUTCA H GYAET MaHA OMeHKa CKO-
poctr cxoEMocTH. Te sxe BompocH GyxyT OpoaHaIH3HPOBAHE
Ans Merofia HploToHa, KOTOpDHIA OTIMYaeTcs OT MeTONA yc-
JIOBHOTO Tpaj@eATa TeM, UTO MUHUMH3HWpyeMas (yHKOHA
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anmpoKCEMEpYeTcA Ha Ka[oi mrepanun KBajpaTHIHOi POP-
MOii, B TO BpeMs KaK B MeTOJie YCIOBHOTO IpajiHeHTa alipok-

cuManua JuHeliHa,

1. IpaBwio BHIGOPA [IMHBI IHara. IMyets « — mpoms-
pouapHas Touka m3 Q. Ilyers z (z) — KaKag-1a0o TOUKa MH-
muvyma dynxan (' (z), z) B o6racTH Q, Tak 4TO0

@), z2(@) <@, 2, 2EQ (3.2)

Ionoxmm p () = z (7) — 2,
n() = l:lel'lg (' (@), z—2) = (' (@), P(2))-

B cmay (3.2) n (2) << 0. Hac ceifaac 6ynyT #HTePECOBAT OLeH~
KH [UIA IpEpAMeHus QYHKIAE IPA C/BUre M3 TOYKH & B Ha-
npasiaennn p (z). BocmoxpaoBaBIIACh dopmynoit Teitmopa z
(3.1), momyuaem

flapap@ =/@ +alf @), p@) =1+
+a(f(@), p@) +af® — @), p@)</f@) +
Tan(@) +ail|p @ [% e 8 =z + bap (2,0 < E <1

Urax,
flz +ap @) <f@ +o@@ +allp @] 3.3)
W3 sroit Gopmyas cpasy ciepyer, IT0 mpa
1 1@
< =T I @4

cupasefjnBa OIleHKAa

fo+op@) <f@+ 2. (3.5)

2. Onmecanue AajaropurMa. AJropurM HaYHHAET pabory ¢
NpOM3BOJIBHON TOIKH Zo obmactm Q. OmmmeM obmmit mar.

IlycTn TouKa Z) Y@ mocrpoena, k > 0. Pemms samaty
vummvmsanmr  (f (zy), 2) B obmacTm ), BHTHCIEM z (z3),
p (zy), M (z;). CTpomM TOUKY Zyy = Ty + P (zx), THE
BOIMUMHA O, IOJIATaeTcsA paBHOH 2-%, a i, — TOT HEPBHN
mapgexc i = 0,1, . . ., A7 KOTOPOTO BHINOIHAGTCA HepaBeH-

CTB)

- T () <[z + 27 (3.6)

VeaoBre oCTaHORA: IPOIECC OKAHIHBAETCH, €CJIH 1) (zy) = 0.
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3. OGocHOBaHHEe M ONEHKA CKOPOCTH CXOJMMOCTH aJjro-
parma. B cmiy TonbKO 4TO MpHBeEHHOr0 NmpaBmiIa BHGOpa
[mara BHIIOJIHAETCA HepPaBeHCTBO

oM (%)

f@en) <T@+ ———- (3.7)

Ipesme Bcero paa 0GOCHOBAHHA CXOJEMOCTH AJITOPATMA
HEe0GXOIAMO TOKasaTh, YTO BCEIZa BO3MOKHO Y/IOBIETBODHTH
mepasenctBa (3.6), (3.7). HeiictBaTensno, B cmi1y ¢opMyan
(3.4) m (3.5) mepamerncrBo (3.6) GyneT ymoBIETBOPATBCA, KaK
TONBKO OyHeT BHIOJHEHO HEPaBeHCTBO

L M (zy)
2 Lip)P°’

a TaKk Kak iy, — 9To IepBHIl WHAEKC, OpH KoTopoM (3.6) BE-
mOJHACTCH, TO

- 1 (=)
204 = 20> — 3 TG p

2 —

OTKyJAa

o —nz)
Ol > WL W . (38)

N3 TonBKO 9TO CKazaHHOTO ciaefxyeT, 4To ecam 1) (z;) <O,
To HepaBeHCTBO (3.6) yaoBieTBOpHTCsA mOCHe KOHEYHOTO THC-
na npo6, u BuGpaHHOe O OyAeT yAOBIETBOPATH HepaBeH-
crBy (3.8).

JJemma 3.14. Ecau x4, k = 0,4, . . .,— nocaedosamenv-
HOCMb MOUEK, ROAYUEHHWT 8 npoyecce paGomyl aLz0puUmMMa me-
moda ycaoerozo zpaduewma, mo z & L, f (xx) monomowrHo
y6ueaem u M (zp) — 0 npu k — 4 oo.

OHorasatexancrtso. IIyers 2, Q pua k < m. Ilo-
KajKeM, 4UYTO0 Zpy & Q. HeiictBmTempro, 0 op << 1, a
2 (z;) = Q. IoaTomy

Tmit = Zm + %P (Tp) = Tm, + Op (z (Xpm) — zm) =
=1 —ap) ZTm + Az (zn) E Q,

u60 o6macTh Q BHITYKIA.

3amernM Temeps, 4r0 | p (zy) | orpammuema HexoTopoi
KoHcTaHTo C, W60 p (xx) = 2 (z) — Zyy 2 (2p) E Q, 7 E
= Q, a 2 — KoOMmakTHOe MHOKecTBo. BocmoapazoBaBmIACH
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temeps Qopmyinamu (3.8), (3.7), moxyImm
F @) — 1 (@) < — g T (@)- (3.9)

Caxoxus (3.9) mo Bcem £ = 0,1, ..., m — 1, momygaem

m—1

 (@n) — F o) < — g5 PR
=0

Tax Kak 067acTs Q KoMmakTHa, a QyHKIHA f (r) HempepHB-
Ha, T0 f (Zm) >> f4» TAG fy — MHHEMaNbHOE 3HaUeHwe f (z)
Q. Ilosromy

m—1

S ? (@) <BLCf (o) — f (@m)] < BLC[f (o) — fal-
k=0

V3 mocaemHnero HepaBeHCTBA CJIeAyeT, 4TO PAN
0
2
S (@)
k=0

cxomures. IlocaenHee Bo3MOMKHO, JMImb KorRa 1 (zy) — 0.
Jlemma foxasaHa. ‘

W3 ycnoBmit 0cTaHOBA AITOPHTMA H JIEMMH CIIefyeT, UTO
B 06meM CIydae JE6O aNTroPATM BAKOHYAT DPaloTy 3a KoHeU-
HOe 4MCIO0 IAaroB ® OyfeT BHINOJHEHO yCJOBHE 1) (z) = 0,
an6o 6Gymer moJyIeHAa MOHOTOHHO y6nBaiomas TOCJeI0Ba-
TeabHOCTH 3HAUeHHMH [ (z;) Pymxmuz f (z).

B mepsoM caydae yerosne 1 (z;) = 0 B cmay (3.2) axpE-
BaJIeHTHO YCJOBHIO

(o0, o) = (@, @) < @, 9 2E 2

Ho. mocae/jaee COOTHOIIEHHe eCTh He 4TO HHOe, Kak Heo0Xo-
IEMOEe YCIOBHE TOTO, 4T0 (QyHKOEA f (¥) MOCTHUTaeT CBOEro
MEHEMyMa B Touke zy (cM. ri. I, § 3).

O BTOpPOM CIy4ae TOBOPHUT CIEAyIOImad JIeMMa.

JemuMa 3.2. B awboii npedesvhoti mouke nocaedosament-
nocmu i, k = 0,1, . . ., esnoanamca Heobxodumre Ycaro6us
munumyma f (x) Ha muoxcecmse Q. .

Iycts =z, — mpefleIbHag TOYKA TOCIE/I0BATEILHOCTH
Z,, T. €. CymMECTBYyeT TaKas NOANOCITeNOBATeNBHOCTE T

B
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J—> 00, 910 Z4; —> x4. Cmpasepmmes cooTHomenms
n (xk) = (f, (xkj)’ z (xkj) - zk‘)’
V@) 2 @) < (@), 2)) 20,

Bes orpammueHEA OGIHOCTH MOKHO CYATATh, UTO 2 (xk) —

—> 2. Tak Kaxk 1 (z) >0 m f’ (%) saBmcur o1 Z nenpepuBno,
TO W3 IPHBOAEHHHX COOTHOIEHHWA CIEAyer, UTO

(f' (4)s 24 — 24) = 0,
(' (®4)s 2) <(F (24)s 2), zEQ
<

(f' (x4)y Z4) (f(zy), 2, zEQ,

9T0 W FOKA3HBAeT JeMMY.
Teopewma 3.1. Iyemv gynryus f (z) eunykaa. Tozda

lim f(ze) = fss

Orcronma

20e f, = min f (z). Boaee mozo, cnpasedausa oyenka
=0 :

fa) —fe <=

20e C — Hexomopas noAONHUMELLHAS KOHCMAHMA.
HoxasareanbcrBo. Tark kak f(z) — Bumykmas
GyHKOHUA, TO CIpaBefIHBO HEPABEHCTBO

L —f@=1@) =1 @ > (), 2, —2) >
>rzneig(f’(x),z—x)=n(x)-

Taxum o6pasom, 0 < f (2) — fo << — 1 (). HoaTomy mpm
Bcex k
0 </ (@) — Fa < — 0 (@) (3.10)

U3z nemmu 3.1 cxemyer, ato 1 (z;) — 0. IloaTomy mocaenmee
HepaBeHCTBO NOKasHBaeT, 4To0 f (z;) — f, W mepBag d9acTh
TeOpeMH JoKasaHa.

Cosmemasn (3.9) m (3.10), momywaeM

(@) — f) — (f () — f) < — 5 1 (@) — F .
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O6osnaume @, = f (z;) — [y, TOMydaeM

?
Prs1 S Py (1 - ’ST:‘J?)

niIn

1
Prer1 S Pr (1 — %P, % = 576w -
i UL
00KHB Telepb ¢ = —-, HOMYTHM, TITO
Thnn k41 ( Tk
HIn
T 1 % (k-+1)7
k+1 <1 +T _ "_kz_'}_‘-°

Tk

BosMoKHE TpH KaskaoM k fBa ciaydas.

Th+1
1

1
mﬁ?>t

L Tl T ST

Torpa %—%k—:;—iq'k>0, T. €.
1 k 1
< FFT <%
Hanee, m3 (3.11) momxysaem, aTo

T k41
;t+l < "II; < 2
k

s k > 1. Temeps BO3MOKHH JIHIIb [(BO CATYaIHM.
1) CymecrByeT JHIIb KOHEIHO® IHCIO HH/IEKCOB k, naa

KOTOPHIX — . Torna B cHIy BHINEH3JI0KEHHOTO /1A BCEX
k %

GoapmmEx % TOCHeNOBATENbHOCTH Y, MOHOTOHHO He BO3pa-
CTaer, T. €. OCTAeTCs OTPAHMIEHHOM.
2) CymecTByeT HeOTPaHHIEHHO® KOJHIECTBO HH[IEKCOB

1
k, nng xoropEX T, < —-- MHO0KecTBO TAKAX HHAEKCOB & MEI

0603HAUAM dYepes 7f, TaK 94TO Yj <% mia k = 3. Ilyers Te-

vl

.- .
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neps j & 3. Torpa maiinyTcs fBa Takux WHAeKca ky, £y = %,
aro ky < j <k, mk E Y nna Bcex ky <k < ky. Torna

2
Tt < 200 S
H VP4 OV Aag Beex [ =k; 1, ..., ky — 1. Ilostomy
2 L —
Ti<77 =y

Tem caMHM mOKa3aHO, 9TO M B HTOM CIyd4ae IIOCIEI0BATeNIb-
HOCTh OrpaHWYeHA HEKOTOpoit komctamToir C. OTcroma cie-
AyeT, 9To

c
P =% SF

9T0 3aBepINAeT JOKa3aTeILCTBO TEOPEMHL.
Ilonydennas omeHKa HOKAa3HIBAeT, 9TO AJTOPATM CXO-
puTcs He cammioM Owmictpo. IIpaBpma, modydeHa BepxHAS
OIGHKA, TAK ITO MOKET IOKa3aThCH, YTO HA CAMOM lejIe all-
roput™ cxoanrcsa GuicTpee. K cosxanennio, B 00meM ciydae aTo
me tak. Hak morasano B paGore Henumom m Kaamxawm
[1], nomyuennas onenKa ABIAGTCA TOUHOH B ciIydae, eCIH MHA-
HAMHE3HPYeTCA BHOYKIaA (QYHKOAA HAa MHOTOTDAHHHKE.
4, Onenka cxogmMOCTH i CHJBHO BBINYKJIOH oO0JsacTH.
ITycts obmacth Q cHIBHO BHIYKIA, T. . CYIECTBYET TaKOe

qucao § > 0, 910 AaA M0OHX z, y & Q TouKm z+y 4w
IpHHAIeKAT 114 BCex w Takux, dro | w ﬂ <6 x —vyl2
Tornma
N () =min(f (z), z —2) <<
z2=Q
min " (x), 1l T <
o<t i (7 @ =5+ )<
S (@), 2(2) —2) — 8] 2 () — 2P| f @)
Orcroma
1 ,
2@ < —8If @1z () —zP,
Hian

1 (x) ,
— 7 TraF > @ (3-12)
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Teopema 3.2. Ecauf (z) — eunyrias Pynkyus, a o6-
aacmo Q cuavho ewnykaa u | f' (z)| > ey >0 daa ecex
z = Q, mo memod Yca06H020 2paduenma cxoOUMCER o CKEOPOCMLbIO

2eomempueckoil npozpeccuu, m. e. || Ty — 2y | << Cah,q,<1.
Norasareasncrtso. Us(3.7)u(3.8)moryqaem, aro

_ 1 m()
q)k (pk+1 f(a:k) f(xk'l'l) > SL "P(“’k) IP .
Bocuonssosasmucs (3.12) u (3.10), moxymam

o rs
P — Prex > 88 (— 1 (2)) > 77 P

8
P S ( - '4%) P
IToaromy

, 5
P <q"pn ¢=1——p <1

B cmny Heo6XOTMMEX HW JOCTATOYHHIX YCIOBHH MAHAMYMA

(f'(z4), 2 — 24) > 0.

Iosromy maa Beex w, |w| < 8]z — x4 |

(7 @) 252 fw—2z,) >0,

OTKy7a

2 @) 2 —2) >8]z — 2, PF @)

Ho | f'(z4) | > &, m B cmny Bmmykaocta f ()

f(x) — f(z4) > (Fz4), 7 — 24)-
OKoOHYATEABHO HOTYIaeM
f(x) — f(z4) > 208, | 2 — 24| (3.13)

Orcroma
e

Iz — 2| < (m)% o< (ot )% (g")*.
OGosHauas
C=(2)" q0m (1— 20y,
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moiryIaeM

“.’L’k—.’l’* “<Cq§’

9TO W TPeGOBAIOCH [|OKA3aTh.

5. Merox Heioroma ¢ peryamposkoii mara. Bynem ceii-
9ac pacCcMaTpMBaTh 3afady MHHAMHBAIME BEIIYKIOH Taaf-
Koii yHKIuA f (r) Ha MEOKeCTBe (BHIIYKIOM, KOMIAKTHOM) Q.

Jns pemeHnsa oTod 3afauM MOMHO HCHOIB30BATH uTepa-
OHOHEHI mporece

Tyey = T + Py, o > 0, (3.14)

B KOTODOM HATIDABIGHHE MNBIKEHWA D, = %, — I; €CTh pe-
ImIeH7e 3a7a9d MEEAMH3aN¥HE Ha MHOKecTBe 2 KBaJpaTHYHOK

OyHKOIH
Vi (2) = (f (z4), T — %) + (f' (@) (® — 1)y T — 23)s

a B KadecTBe oy Oepercs Hamboxpmee 3Ha4eHM® HmapameTpa
o, moxydaemoe ApoOJeHWeM HaumHasA ¢ o = 1, ynoBierso-
pAIIee HepPaBeHCTBY

fxg + apr) — f (@) <eopy (Zx), 0<e<<i. (3.15)

Moxuo BHOMpaTh Oy W APYTEME CHOCO0aMH — aHAIOTHIHO
TOMy, Kak 8T0 onmcaHo B § 2 ra. II (cmocoGu (11.2.2), (I1.2.3)).

Hwmxe Mu yGegmmcss, 970 CKOPOCTh CXORHAMOCTH METONA
Hrioroma mpm ompefeleHHHX ycaoBHsaX Oymer amGo cBepx-
nmHedHO#, AnGo KBagpaTMuHO#. ClemoBaTeNbHO, e€CIH 3a-
maga MEEAMusanEd QyHKumE Px(Z), £ & Q, pemaercs gocra-
TOYHO mpocro, Metox HbioToHa oxasmiBaeTcs BechMa addex-
THBHBIM.

6. Csoiictea merona Hriorona.

Teopema 3.3. Ecau 0an munumusayuu eunyx.ioll
deaxcdu “Henpepuisro dugPepenyupyemol gﬁynm;uu f(2) Ha
BUnYKAOM 3AMEHYMOM 02D AHUNEHHOM MHONcecmse” £ UCnosb-
syemes memod (3.14), 6 xomopom o, u p; onpedeasiomes onu-
canHuM euwe o6pasom, mo (Hesasucumo om ewbopa Hawasv-
H020 npubauxceHus T, = Q):

1) f () moromowrro yGuisaem’

2) r}_lg f @) =1 (zs) = min f (z).

OMoxasatTelXbcTBo. Touka mMmHEMyMa Z; (Boa-
MO)KHO, He ©MHCTBeHHAA) HOIPePHBHOA QyHKOHE Py(r) Ha
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KOMIAKTHOM MHOKecTBe Q cymecTByeT (Teopema Beitepmrpac-
ca). Ilpm mobom k TOUKa Zyyy E Q, DOCKOIBKY Ty = Ty +
+oag (T — z) =oufx + (1 — ) 2, a2 o €10, 11
B cmry Bmmykmoct: QyEKmmE i(z) 6ymer P (ZTxs) =
=P By + (1 — o) o) << o (Z) + (1 — o) Pul)-
Ho y(xx) = 0, mosromy

Vi (Thsa) << % (Z)- (3.16)

Temeps, BocmOXb30BaBIIECH Gopmyinoi Teitmopa m yIaTH-
pas (3.16), moxyqumm

i) — (@) = i (1) + 5= (FiuPio PO

F
<o @) {1+ LERAL ), @)

rne  Fy =f" (z) — 1" (2, Ty, = + 0 (zprg — Zi)s
0 =10, 1]. Orciona crenyer, uro ecam P (Z;) 7 0 (B aTOM
crydae V(%) <¥i (zx) =0), To mpm HEKOTOPOM ax >0
6ymeT BHIOIHATECA HePAaBEHCTBO
o lle“[]Ple

1+ PR RCA R g (3-18)
Ho mpm 5TOM BHIONHsAETCA TakKe mepaseHCTBO (3.15), wro
7 JOKAasHBAaeT BO3MOMKHOCTH BHOOpa o ONHCAHHHIM CIO-
coboM.

Uz (3.15), cienyer, 910 f (Zs1) < f (zx). Ilonamem te-
neps, aro Pi(Z;) > 0 mpm k — co. Ha saMxEyTOM OrpaHm-
qeHHOM MHOecTBe Q HempepnBHas QyHkmuaA f’(r) orpaHmye-
ma: | f'(z)] << M. Caenosateasso, | Fy| < 2M. Bexrop pg
raxoxe orpammien: | py|<< max |z —y|=d. Ilpenmo-

x,
JoskEM, UTO mpm doboM k ﬁynell"etpk (Z) < — P < 0. Tornma

O IIFkllﬂPkll’ Mdz2
1""”7" w-k(zk) '>1_"ak‘_B-9

oTKyfia ciIenyer, uro HepaBeHcTBo (3.18) (a mosToMy m (3.15))
3aBeJIOMO BHIIONHAGTCA YiKe IPH O =—(-1—A_l-52—- =C>0.
Ho npm stom ms (3.15) Bmmexaer, aro f (k) — fz) <
< —eCP mpm awbom k, 9TO IPOTHBOPEUAT OTPAHAIEHHOCTA

f(x) camsy ma xommakTe .
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Takmm oGpasoM, ycaoBme VP (%) < — P mpu awbom k
BHIIONHATHCA HE MOKeT, T. 6. BO BCAKOM Caydae mpm k — oo
ROMKHO BHINOAHATBCA yciaoBHe Py (Z,) —0. Iro osmauaer,
970 B M1060H HMpeAeIbHON TOoYKe mociefoBaTedbHOCTH (3.14)
BHIOXHAETCA HE00XOAMMO® (M [OCTATOYHOe B CHANY BHIYK-
aoctm f (z)) ycnoBme mmHEMyMa QyHKUEHE f(Z) Ha MHOMKeCTBe
Q (eM. ra. I, § 4). C yueToM 3TOTO JOKABaTENLCTBO 3AKIIO-
YATENHHOT0 yTBePKAOHHS TOOPEeMHE MO;KHO IPOBECTH TaK JKe,
Kak B Teopeme 3.1.

JoxasaHEas TeopeMa MOKA3HBAaeT, 4TO B OTIMYME OT 3a-
a4 MEHEME3anHd 0es orpaEmueHmii, rge Merox Hrioroma
OpAMEeHAM JHIIb AJIA MAHAMA3ANAA CAIbHO BEIYKIKX QYHK-
nuid, B m3ydaeMoii 3a7{ade B CAIy OTPAaHHYeHHOCTA MHOKECTBA

BO3MOKHO npmMeHeHHe MeToa HbloToHa W s MmEAME3a-
oua BHOyKJIoX ¢yEkmmm. OpEako Hambonpmuit mHTEpeC
npencraBiaseT mcmoib3oBanme Meropa Heworoma mas MmEZ-
MHU3aOMA CHIbHO BHOYKIHX (YHKOW, H00 HAMEHHO B 3TOM
clyqae Mero[ Oy/ler CXOQUTHCA K PeINeHHWI0 ¢ BHICOKOI CKo-
pPoCThIO.

T eopewma 3.4. Ecau, 6 donoarenue k ycaosusam meope-
mvi 3.3, Pynryus f (x) cusvio eunyraa, m. e.

nlyP<F@ .y <Mlyp, m>0zsQyeE L,
(3.19)

mo nocaedosameavrocms (3.14) cxodumes k pewenuio co ceepz-
AuKeliHolk ckopocmyvio (m. e. cnpagedausa oyenra (11.2.5)).
HoxasarteabctBo. CymecTBoBaHEme H efUH-
CTBeHHOCTH DEIIeHWs PAacCMAaTPHBAaeMOR 3ajladyM BHITOKaeT H3
o6mux pesyiabraToB § 3 ra. I. B Toure Z; BHIOXHSAETCS He-
obxoxgmMoe ycaoBue MuHAMyMa QyHKUUE Pi(Z) Ha MHOKECTBe

Q(§ 4 ra. I):

(P (Zx), T — 25) <O,
T. €.

(' (k) T — ) + (" (z) (B — 20y T — 25) <O,

OTKyna
(f'(zx)y px) < — (F"(2) P> Pi)- (3-20)
C ygeroM sToro u aeBoit u3 oneHox (3.19) oxaswBaercs

Y (@) < — 5P (3.21)
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Hcmonp3ys ary oneHky B (3.17), monyaum
o | F. |
o) — 1 @) <oty (1 — 25EL). (3:22)

Tax xax Px(Z;) = 0 (reopema 3.3), m3 (3.21) cxemyer, dIro
| px|— 0 mpm k — oco. Orcrofia BBEY paBHOMEPHOi Hempe-
PHIBHOCTH BTOPOil mpomsBofHO# f’(z) Ha MHOKECTBE Q BH-
rexaet, uro | F| — 0. Ho mpm aToM, Kak ciefyer us (3.22),
maupHas ¢ HeKoToporo k = N, (&) mepaBenctso (3.15) Gynmer
BRIMOMHATECA mpa o = 1, T. . meron (3.14) mepeiiner B
o6rraHEE Meroy, HploToHa ¢ efmpmYEmM maroM. Ilpm k >
> N, (&) ¢ yaeroM Bmyraoct: P (z) Gyrer
Pe (Zr) = Vi @rend) = (1 @)y Tosa — Tp) =

= (f' (@) Trrr — ) + (F @) —F @-1)s Zsa — Zp)-
Ipeo6pa3oBaB IoCHefHee CKAIAPHOE IPOH3BeNleHMe C IMO-
Mompio Gopmyas Jlarpamka naa omeparopos (ri. I, § 5),
HOJyIAM TOCTe HOKOTOPHX IpeoGpasoBaHMid
Vi () = (" (z5-0) + 1 (@) (@ — L)y Ten — Tx) +

+ (D (@ — T-a)s Zisa — Tx)y (3.23)

rae
Dy = f' (T + 61 (T — Tx) — " (@), 0 E [0, 1].

Bamermm, wro (/' (@p-1) + /" (@) (@ — Tp-1)s Thsy — Tp) =
= (Y1 (&), ZTisa — 2p). 1IOCKOABRY iy () = :nelrrnl Pi-1 (2)

nopu mobom z & Q Gymer: (P31 @)y T —ax) >0 (meoGxonm-
Moe ycaosme wmumEEMyMa). CiemoBarTenbHO, —CHPaBeIBO
($i-1 (@) Zsa — Ty) >0 m mooromy u3 (3.23) BEITeKaer

— P (@) <| Dkl |2 — zral |26 — 2ra | = [ Pic | P[] Pkgﬂ~24
(

.

ComocraBasis onerkn (3.21) m (3.24), momrywaeMm

2| @ -
Ilm LS " llxk — Tk-1 “. (3.20)

l2r — @ | <
B cmny paBHOMEPHO# HENPEPHBHOCTH f(x) Ba MHOMKeCTBe
Q 6ymer |®;]— 0. CaepoBatenso, Haigrercs wmeao N (e)

2[ @, | <1

m

rakoe, uro mp:m k > N (e) oxamerca Ay =

————

e i A A 1T
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Monosmm |2y — an—y | = C;, 1 — Ay =7 > 0. Torna
i1
Ja: —aval < 2 2 — 2| <<
k=N+1
< Cl"‘N)"N+1 L 7"N+l (1 + Z'1\I+l+1 +’ 7“12V+l+1 + et M\;g:llﬂ))<

< 1_?17\‘ Q"N...KN+1=C7\,N...?\«N+1.
N

CaegoBatensHo, mph i, L — oo |z; — anal—0, . e. mo-
ClIefoBaTeIBHOCT {Zx} PyHHaMEHTAIbHA M B CHIY HOIHOTHI
mpocTpancTBa E™ mmeer mpefien Ty, & Q, npHIeM

|2y — Ty | << CANAN41 - - Ao (3.26)
B cmay Teopemsn 3.3 hlimf(x,‘) =f(zy) = migf(x).
oo poost

Taxkam o6pasom, mocaegoBarTensHocts (3.14) cxommres
K PelIeHHI0, IPHIOM CKOPOCTh CXONMMOCTH, KaK ITOKABHIBAeT
omenkxa (3.26), cepxammueitnas. Teopema moxasaHa.

Ecam Bropas npomssonHas f’(x) Ha MHOKecTBe 2 YHOB-
JeTBOpsAeT ycaoBmio JIMmmmna ¢ KOHCTaHTO# R, TO HepaBeH-
crBo (3.25) mpwHEMaeT BHJ

2
Niess — 2| << —,,?" Jzx — @ [ (3:27)

0O603HAIAM Bk = 2m£ u Ly — Ty “ Tax Kal(“ ZTp+y — Tg “ el Oy

10 maitnerca umcio L (¢) Taxoe, wro mpm k > L (g) Gymer
Br < 1. C yuerom (3.27) mpm k > L ,
ok-L

Br <P <<-.- << BL
CuenoBateasno, maa awoboro ¢ >L 41, 1 =0,1, ...,

-1 i1
kL
o — 2l < D o —zl<3gx DB =
k=L+1 k=Ll

i-1 s
L 2
~ 2R EBL*

TTOCKONBKY Ty —> Ty |21t — Tg | = lim|zpy — ], T e.
{—>00

(-3
8
l2ea — 24| <53 2 BE-

s=s]
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9Ty OlleHKY MOYKHO IPefCTaBATh B BHAE (YYHTHIBAs, ITO PAN

hag 8
2 B cxopmmumiics)

s=1
1
(B2 —x*ll<CBf y C<oo.

Ilonmyuennass OUEHKA O03HAYaeT, UYTO CIPaBENIHBA

Teopewma 3.5. Ecau ennoanawomes ycaogus meopemb
3.4 u, xpome mozo, mampuya f" (x) Ha mroxcecmse Q ydosaem-
eopsem ycaoeuto Junwuya ¢ kKoncmawmoii R, mo nocaedosa-
meavHocmb (3.14) (6 Komopoli oy U py 6WOUDPAMCA ONUCAH~
HuM eulute cnocobom) crodumes k peweHulo ¢ keadpamuuol
CKOpoCmbIo.

Nsyunm Temeps cBoiicrBa Merofa HrioToma mpm BhGOpe
BOJIMYMHH O W3 yCIOBAA MuHEMyMa f (r) B HampaBieHHH
OBIDKEHAA.

PaccyxjieHns, KOTOpPHE MH HCIOIL30BATH [Js ONEHKH
cropocTE cxommMocTd MeTofia Hplorona B 3amatax Ges orpa-
mmuenni (§ 2 ra. II), B mamHOM ciydae He roparca (mo-
CKOIBKY He COXpaHser cmry mpaBasg m3 omemox (II.1.11)).

Jemma 3.3. Ecau munumusupyemes g@yuryua f(z),
das Komopoli ewnoansiomes yeaosus (3.19), u ¢ memode (3.14)
oy evlbupaemca U3 ycaoeus

1 (@ + oypy) = min f(zy + apy), (3.28)
0ot

mo r, — Zy, nputem o — 1 npu k — oo.
NoxasaTtenncrtso. Ilo popmyne Teitnopa

f @kea) — F (@) = o (7 @)r P+~ (" (@) Pis P)-

Ipn smavenmm oy, yAoBiaeTBopsomeM (3.28), mpaBas
9acTh MONYdIeHHOTO PABEHCTBA, pacCMaTpHBaeMasd Kak QYHK-
LA IepeMeHHOTO ¢, NOMsKHA Aocrurath mmammyMa. Ilo-
aTOMy HeTpynHO yGemmrhca, yumreBag omeHkm (3.19) m
(3.20), uro

(f (x), Py) mllkaF
1>0> = pF = MIpF

i
I

Taxmm obpasom, oy > C >0, moatomy Tak ke, Kak B
teopeme 3.3, mokasmBaercs, 910 Py (Zx) — 0, T. e. mocaeno-
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BareabHocTh (3.14), B KoTOpO# o BHGHpaeTca W3 YCIOBHA
(3.28), cxopurea k pemenmio. Ilpm stom |py| —0 u | Fy | —
— 0 (reopema 3.4).

ITokaskem, aro oy — 1:

2
/ @51) = Wi (@s2) + == Fubir D) = i (@) +
(05 (5, T — 5i) + 5 Pk (B @ra — ), Tos — T) +
o
+ = (Fibis Py)-

YuaruBas, 9t0 Ty — Tp = (o — 1) py, DOTydaem

f (@) = Wi (B) 4 Pk (B0), Torn — Ti) +
—1)e 2
+ (ak_z)‘(‘l’k (Zx) P> Pi) + f;l (FPxs Py)-

3amernyM, 9T0 (P (Zx), Ty — ) >0, a (Y (Zx) pry pi) =
= (f"(2x) Pr, Px) => m| pi . B 1o e Bpems (Fypy, Pr) = o (| px |?)
(mockousky |Fy|— O mpm |py]— 0). CaenoBareasmo, mm-
HEMYM pasHOCTH f (ZTys,) — P (Ty) MOmeT HmocTHraThCH
TONBKO IPH o — 1; B mpoTmBHOM clydae mpm J00oM k GrIO
6 1 —opy >P>0 m mpr oromMm [ (Zyss) — Py (%) =
=O(|px [*) >0,B10Bpema kaxmpu o =1 pasHocTs f (7) —

— ¥ (%) = 5 (Fepwr Px) =0([p [?), 7. e.mpm pocrarouno

Goxpmom k saBegomo Ghuto 6w f (%) < f (Zy4y), ITO TpOTH-
BOpEdNT yCAOBHIO BEIOopa o). JleMMa morazama.
Teopema 3.6. Ecau ¢pynryus f (x) ydossemeopsem
mpebosanuam meopemst 3.4 u ¢ memode (3.14) napamemp o
eubupaemca u3 ycaoeus (3.28), mo zx — x, co ceeprauHeli-
HOU ckopocmbio.
HorxaszarteasncTso. Bcury onenox (3.16) m (3.21)
o

P @) < i (3) < 0 P (T) < — == m] piP,
Pi @n) < — 5 [ Zes — i [P (3.29)
C nppyroit cTopoHH, Wy (Tre1) = (F (Ty)y T — ) =

= (f' (@) Zkr1 — Zi-1) + (7' (@k)s Tk — 7). llockoabRy B TOU-
Ke &, [OCTAraeTcs  MHUHEMYM [(¥) B  HaIpaBIeHEH
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Zg—y — Tk-1, TO(f’ (xy), Zy-1 — zx) >0. C ywerom sToro

By (Trn) = (' (28)s Tirs — Tg-1) =
= (f' (xk—1)7 Tp1 — xk—l) + (f/ (xk) —f ’ (%—1)» T+l — fzk—1)-
Brupasas mociegHee ciaraeMoe B IPaBOi JacTH € IOMOIIBIO

¢opmyan Jlarpamka fid onepaTopoB W HPOFeIaB HEKOTODHE
npeoGpa3oBaHnsa, IOIYIAM

Yy (Trs1) = (F (@) + 7 (@p-1) (@ — Tra)s Tiern — Tp-1) +

+ (D (T — Ti)s Tisr — Ti-1)s
rae Oy = f" (@p—1 + 0 (Tx — Th—1)) — /" (X4-1)s 0 [0, 1]. C yue-
TOM TOr0, UTO X — ZL_3 = Oy (Fp-3 — Ty-y), OKABHBALTCH
Pi (Zks) > (f ! (1) + /" (Tr-1) (Fi-1 — Th-1)s Thaa — Zi1) +
+ (-1 — 1) /" (@k-1) (T2 — Zi-1) + P (T — Ta)y Thera—Tie-1)-

Tar kax
Pi-1 (Zk-1) = min Py (2),
=0

10 (i1 (Fy—y), g — 2) KO paa Becex z &= Q (meobxo-
ammoe ycioBme MuHEMyMa). CiemoBaTenbHO,
(‘l’;:-1 (Zg-1)s Tp-1 — Tiea) =

= (f (@5-1) + /" (@k-1) (Frmr — Tp1)s T1 — Ties1) << 0-

YauTHBasa 2T0, yCTaHABJIMBaeéM CIPaBeNIHBOCTHh OOGHKH

Py (Tie1) > ((i':—l——i I (@k-1) + (Dk) (T — 1)y Thn —.‘Ek-l)

k-1

Orcrona, oGosmaums | [0ty — 1)/ay—] f'(Tp-y) + Dk | = by,
monydmM
— P (Tienr) <Ok @ — T | fowss — i | <<
: bz — o | ([ — 2| + [ o — 2 |)-
Yuurnsag Temepb, 4TO
{—oa

Tpq — Xy = %, (g — Tp-1)s

m obosmagasa [(1 — ay,)/ax,] by = ¢, moxysaem
— Vg @kt < bk 2 — Toa || Zrn — 24|+ ek 2 — 2o [
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Hockoabky ay —>1, |px|— 0 (memma 3.3), t0 by~ 0,
¢x — 0. ComocTaBias monydeHHyI0 omeHKY ¢ (3.29), ycra-
HaBIHBaeM:

[k — [P << Bl 2k — Toa ]| [ Trsn — 2|+ il e — 26 P,
e '

2¢
k
» o=

Haxonen, pemas mnoayieHHOe KBafpaTHOe HEPABOHCTBO
OTHOCHTENBHO | Zyyy — Ty |, Haxomum

| Zprs — 2 ) <wi ] 2% — 2z s
rpe

| g g}
pk=_2.’£.+l/-Tk+pk->0 npr  k—> oo.

JanpHeiimee [OKa3aTeIbCTBO HMPOBOJHTCA TAK e, Kak
B TeopeMme 3.4.

§ 4. Merox orceraomieii runepmIOCKOCTH

Merop orcexalomeil TMIEPIIOCKOCTH NpeJHA3HAYEH A
pemeHnA 3afad BHIOYKIOT0 mporpamvumpoBaHuWA. OcHOBHaA
HJes MeTONa COCTOMT B TOM, ITO LONYCTAMAs 00JaCTh anIpPOK-
CHMHDYETCH HEKOTOPHM MHOTOTDAaHHHKOM, KOTODHA yMEHB-
maeTcA OT OHOTO HTePANEOHHOTO IMara K APyroMy, Bce JydIe
aOOpOKCHEMHDYS HRONYCTHMYI0 00JacTh B OKDeCTHOCTH pe-
[IeHAA.

Meron npmMeHseTca K 3afiaue BHOYKJIOr0 IIPOTpaMMH-
poBaHEHA B (opmMe: MEHAME3EPOBATH fo(z) = (¢, x) mpm or-

paHIYeHAR ]
f(x) <0, (4.1)

rne f (z) — HempepHBHAA BHOYKIAaA (QYHKIHA.

Tor gakr, aro MEHEMHABEDpYeMasd QyHKOUs fo(x) JnHelkHa,
a orpammienue (4.1) cocTomT MMM W3 OAHOTO HepPaBEHCTBA,
He WrpaeT 6oNbIION POIH, TAK KAk eclam o61acTs 3afiaHa He-
CKOXBKAMA HOPABEHCTBAMHA

fi(e)<<0,i=1,...,m, (4.2)

¢ BHOYKIHME QYyHKUAAMA f; (Z), TO 9Ty CHCTEMy HepaBeHCTB
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MOHO mepenmcats B Bupe (4.1), momoxus
/ (z) = max f;(z).
1ism

Ecnm xe Bmmykiaa ¢yHrumsa fo (r) HeammeiiHa, To, BBeAs
MOMONHATeNbHYI0 KOOPAMHATY Z™! m J06aBHB HEPaBEHCTBO

fra (@, 21) = fo (2) — 2™ <O

K cmcTeme (4.2), MOJKHO CBecTH 33j1aYy K MUHMMH3ALUA JIH-
HefiHo# ¢ymkmmm z"*! npm orpammdenmaAX (4.2). Ilostomy
6ynem mccaenoBath 3aady B gopme (4.1). IIpexe uem mepe-
XOIUTh K HMB3JIO0KeHMI0 aJITOPATMA, HAIOMHAM, UTO BEKTOD @
ABIsAETCA OMOPHHM K f () B TOUKe &, ecand f(z) > f(zo) +
+ (a, £ — z,) naa Bcex z. Kaxk ciaeyer m3 pesyibraToB§2
ra. I, §as HenmpepHBHOM BHOYKION QYHKIEHA MHOKECTBO Ta-
KHX BEKTOPOB HEIYCTO B J1000# TOYKe MPOCTPAHCTBA.
1. Aaropurm. Ilycts

Q={z:f(2) <0}

— memycTas gonycraMas obxacTs. Ilpenmonomxnm Takxe, 470
Q KOMOAKTHA M MH3BeCTHH TaKHe BEKTOPH a, k = — [,
—(l—=1),...,—1,0, = aucaa by, aTo 061aCTH

S ={x: (ak, :c)—bk<0, E=—1, ..., 0}

KOMIIAKTHA I COmepsKuT Q.

Teneps masa k > 0 mociegoBaTenbHNe MpubiImKeREna on-
pepensoTcsa mo clexyomemy npasmay. Ilomaraem Sy =S.
Ecan S} ye mocTpoeHo, T0 I ecTh 110060e pPeIeHHe 3afaTH
JMHEHAHOr0 HpPOTPAMMEDOBAHHA: MHHEMHBHPOBaTh fo(Z) =
= (¢, z) npu z & S;. Crepyooman o6xacTb Sy CTPOHTCA
0 mpaBHIy

Sk = {2 (@rs1r ) — b << 0} N Sk (4.3)
Tfie @y, — OMODHHI BeKTOp K f () B TouKe Ty, &
brir = (@is1s ) — f (2k)- (4.4)

A3 dopmyxn (4.3) caenyer, 210 Syyy C Sy m pa k > 1
Sg ={z: (a5, 2) — b; <0,
j=—1 ..., =1, 0, ..., k—1}

JJemma 4.1. Jua scex bk >1 QC S

(4.5)



§ 4 METOJ OTCEKAIONMEN TUIEPIJIOCKOCTH 21y

HoraszarteancTBo. Ilyers 2= Q, 1. 6. f(2) <
< 0. Torga

f@)>f(zj4) + (a5, z— z54) =(a;, ) —b;

m, sHaumr, (aj, ) — b; <0, =1, ..., k. Ipr j < 0 no-
Clle[(HA® HEDAaBEHCTBA BHIMOMHAKTCA B CHIy BHGOpa a; H
b; maa j < 0. JleMmma moxasaHa.

N3 nemmu 4.1 cpasy caepyer, 9To

folze) <o) <. .. <ol <folzpn) <. -

C npyroit cTOpoHH, eclim T, — TOYKa MmHEMyMa f, (z) B Q,
10 fo (%) << fo (¥4), mocrombky Sy D Q.

Teopema 4.1. ITyemo f (x) — HenpepvigHas eunykial
Pyrryus, obaacmv Q KOMRAKMHA U CYUjeCMeyem Marxoe HUcao
K, umo npu xaxcdom x = S sexmop a, A64310WUTCA ONOPHBM K
f(x) 6 moure =z, ydoesemeopsem wnepasencmey || a|l << K.
To20a awbas npedesvHas MOk I, ROCA008AMENLHOCIU
2, bk =0,1, ..., sersemca pewenuen sadauu (4.1) u f (z;) —
— 0.

HoxasareaxasctBo. Ilockombry Sy =S8, S;yD
D Sk+1, TO BCA IOCTEROBATENABHOCTH I HPHHANIEIKAT KOM-
naxktHomy MHOKectBY S. IToaromy mpemenbHbie TOUKE 9TOM
MOCJIe0BATeABHOCTA BCETHA CYIIECTBYIOT.

3ameram Temepn, uTo ecaut f(x,) << 0 mIA HexoToporo
k, to z, = Q m, smaumr, f,(zx) = [, (z4). OnHaro pamee
Onio mokasamo, uTo fo (z) << fo (z¢). Tarmm o6Gpasom,
fo (zx) =Ffo(x4), T. e. z; — pemeHHMe HCXOTHOA 3afadm.

IIyctes Temepsr moclIegoBATEIBHOCTh I OGCKOHEYHA W
f (zx) > 0 maa Bcex k. [oraskeMm, uro f (z;) = 0. Homycrum
nporuBHoe. Torga maiimercsa takoe umesao r > 0 m Takag mop-
HOCJIGI{OB&TOJILHOOTB HWHGKCOB K, KOTOPYI0 MH 0003HAYIAM
qepe3 J, qro f(zx) >r, k = J. He orpammumBasg ob6muocTH,
MOXHO CYATATh, 4TO X — Z, k= [J, Tax Kak mociIemoBaTelb-
HOCTb Z; HOPAHATISKAT KOMIAKTHOMY MHOKECTBY.

ITycrs Teneps k m j mpuuamieskar & m k > j. Torga Touka
Z; [0 TMOCTPOGHMIO Y/OBIETBOPHAET HOPABEHCTBY

(@331, @) — b; = (ajsy, 7 — z5) + f (25) <O,

OTKyNa
Flz) < (@, z5—2) < "xf — T l

Ho nocnenoBaTenbHOCTE Zx, k & J exonmrca K Z H MOITOMY
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| z; — z; § < r/ (2K) mast Beex mocTaTodHO GONBIEX kuaj,ran
aro f (2;) < r/2 paa Gonpmux j, 9ro mpormBopednt f (z;) >,
ied. :

Wrax, mokasamo, uro f(z;) — 0. IIycts Temepn Z — iio-
Gas mpefiebHAs TOUKA, T. €.Zy — %, k & J, e J — Hexo-
TOpas IOAIOCIE[0BATeIbHOCTh HHAEKCOB. Toraa B cuIy wemd-

PepHBHOCTH f (.’L‘) f(j) = llmf(xk) =0,
=4

T. e. 2= Q. C pgpyroit cropoms, fo (Zx) << fo (24) m mo-
aroMy fo (%) << fo (¥4), OTKyRa cpasy caenyer, uTo fo (%) =
= fo (24) ® Z — Tarme pemenme 3amaunm (4.1). Teopema mo-
KasaHa. : '

2. BolunciuTenbHbie ACHEKTHI. AJITOPHTM OTCeKaoei
TEIePILIOCKOCTH TpeGyeT Ha KaKIOM Iare pelleHAs 3alaun
JAMHeHHOT0 IPOTPAMMHDOBAHAA: MHHEMH3APOBaTh fo (7) =
= (¢, ) OpE OTrpaHAICHAAX

(ai,x)—big(),i=—l,...,k. (4.6)

TaxaM 06pa3oM, ¢ KaKAKM ImaroM ofbeM pemaeModl 3afain
yBeIMUMBACTCA. YBEIMIABAETCA TAK:Ke H LAaMATH, Heobxo-
AUMas OjiA XPAHEHHs BEKTOPOB ay. [l yOpoIeHns pemeHns
samaun (4.6) ymoGHO BMecTo Hee pemaTh /{BOACTBeHHYIO 3a-
naTy, xmgpaa B JAaHHOM CIydJae WMeeT BHJ: MaKCHMH3WPO-

BaTh — 2 uib; IpH OrpAHWIEHHAX
i=—1
: )
2 way +¢ =0, u*>0, i =—1, ..., k

i=——1

IIpm pemeHAm 3TOH Bajjladd CHMILIEKC-METO[,OM pelleHHe
HpefHAYIed 3afaul CIYHAT TOMYCTEMEM PEIeHHeM JIIA 1O~
caegyromeii. OHO TakKe CIYKAT XOPOIIEM NpPEGIAKeHHEM,
TaK 9TO PelieHme HOBOH 3afiaum OyjeT MONydIaTHCA MOCIe He-
60JBIIOT0 UMCJNA HTEpalui. } ) ‘

Ha xapmoM mare aaropurMa -Takxe TpeOyerca BHYHC-
AATH BEKTOP G4y, OMOPHHIA K f(z) B Touxe x;. Hamomumm
(em. ra. 1), wro ecam f(z) — nadpdepenuupyemas QyHK-
nuA, 10 gy = (). Ecam e f(z) ecTh MakcHMyM. W3
naddepermupyembrx: QyERUmHE, T.- e. fi(x)s= mdx f; (@),

1<ism
TQ B.KAUECTBE. Djiy . MOIKHO B3ATH JMI0G0# - BEKTOD BHUAA
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D Mfi(z), tme A >0, D A =1, Y(z) =
ed(x,) IEH(x))
= {i:fi(z) =f(z), 1 <i<<m}; B uacTHOCTH, MOKHO
TONLOKHTD Gyyy = fi (%), T i — moBoit magmexc u3 J (z,).

YKazaHHAIe TOTHKO 9TO IPABHIIA CIEAYIOT N3 H3J10KEHHOT0
B§ 2rm I.

3. 3axmounrenbHble 3amevaHus. [Ipm W3ToKeHHHm Me-
TOfla OTCEeKAIMEeH TANePINIOCKOCTE MH CIef0BajJd CTAaThe
Kexam [1]. B HacTonmee Bpema mmeeTcsa Wedwit paf Mo-
maguramuit aToro Meroma. VMXx MoxHO HAaHTH B cTaThe
E.C.Jlesarmaau B.T.Il oxaxa [1]. Ograko Bce
9TH MOAHMPUKAIMA, MO-BHAUMOMY, He YJIYydmAaT IJAaBHOTO,
9r0 HAC HWHTEPecyeT B JAAHHHINA MOMEHT,— CKOPOCTH CXOTH-
MOCTH, KOTOpas HEHmOCPE[CTBeHHO [JIA H3J0KeHHOTO BHIIIe
MeTO/la He OIeHeHA TOYHO, OfHAKO Pe3yJbTaTH, MOIyIeHHHE
B YKa3aHHOH CTaThe, MO3BOJAANT CYJATh O TOM, YTO 3Ta CKO-
pocTs He GymeT [a)ie reoMeTPHIECKOil.

§ 5. Merox numeapuzanum

B srom maparpage Ms1 paccMOTPAM MeTofi, pemeHHA o6me
3a/la4¥ MaTeMAaTHYeCKOTO MPOrPaMMHPOBAaHHSA, He Jexas Ka-
KAX-1160 JONyImeHni 0 BHIYKJIOCTH BCTpeYaomuxcsa QyHK-
muii. CymecTBeHHO# O0COGEHHOCTHI0 METOfa MBIAETCA BO3-
MOXHOCTb y4eTa HeJMHOHHHX OTPaHHYGHMH THIA PAaBEHCTBA,
9T0 ABISETCA KaMHOM NPeTKHOBeHWA MJs GONbIIMHCTBA APY-
THEX METOJOB.

Ilycts Tpebyerca MuEEMA3EpOBATH QYHKIHIO f, (7), T &
& E", npu orpaHHYEHHAX ' :

fi(2) <0, i€ 8, fi(@) =0, i ¥, (5.1)

rne S m J° — KoHeuHHe MHOKeCTBa WHIEKCOB. Ilpemmomo-
JKEM, 910 Bee QyHKIun f; (r) HempepEBHO [uddepeHnnpyeMH.
(Bomee monHO OrpaHHMYeHHs, OPH KOTOPHIX HCCIENYETCA 3a-
mada, GyayT OTOBOpeHH HM:Ke). 3aMEHEM B TOYKe I, BCe
orpammuenns (5.1) m fy(x) Ha inmmeiinnie, TWHeapHWs0BaB
fi (z) B Touxe z. B pesymsrare momyumrca HekoTopas 3ajada
auHeidHOro mporpammupoBanus. Ecrectsemno Gruro ‘6H pe-
IIeHW® JWHEAPH30BAaHHOHA 3a7laulm B3ATH B KadecTBe CIeYyIO-
mero mpuOIMKeHHs, KAK 3TO fedaeTcd B MeTofe HpioTOHA
IJil PeNIeHHs CHCTeM HeJIMHeHHHX ypaBuenuit. K comanenno,
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OpAMO BTOT NyTh He NPHBOAMT K IIeJNHM, TaK KaK, Kak
OpaBmIo, BCIOMOTAaTeIbHAA 3ajlada JIMHOHHOTO HPOrpaM-
MEpOBAaHAA He mveeT pemeHus. IloaTomy Heo6xopumo Hamo-
JKATH HEKOTODPHE OTPaHMYeHMA HA HPHpAMeHAe BEKTOpa X
B TOUK® T,, YTOOH peIIeHHe JWHEAPU30BAHHOM 333Ul B TOI-
Ke Z, H® YXO[IJIO CIUIIKOM JAJIKO OT Zo, 0CTABASACH B TAKOM
OKPeCTHOCTH Z,, B KOTOPOil THHEeapH3aNHs elle CIPaBe/INBA.
JTo m 6ymeT mpoaielaHO HIKe MyTeM N00aBIeHHsA KBalpaTH-
HOTO WIeHA K JMHEAaPH30BAHHON IeNeBOH QYHKIHH.

BamernM, d9TO Kakmoe paBeHCTBO f; (¥) =0 oxBHBa-
JIeHTHO JABYM HePaBeHCTBaM

fi () <0, —fi(2)<O.

IosToMy MOKHO OrPAaHHIATHCH PACCMOTPEHHEM JIHAIIb CIY-
gas HAJWYAA TOABKO OFDAHMUeHHE THIa HepaBeHCTBAa. Taxoe
OTpaHMYeHME YHOGHO IO KpaiHeil Mepe HPH TeOPeTHIeCKOM
060CHOBAHMN aJITOPHTMAa, XOTA y/BOeHHEe YHCIA HEPaBEHCTB
MOKeT GHTb HeynoGHHM mpm Brramciaennax. Hmxe Gymer ms-
JI0’KeHO TeOpeTHUeCKoe 00OCHOBAHHE aJTOPHTMA A 3ajadd
MuEEMA3anan f, (£) OpE OrpaHMYEHASX

f(0) <0, ie . (5.2)

O Mopmdpmranmumm anropmT™a AjaA obmei 3afadd (5.1) 6ymer
CKa3aHO OTHEJIBHO.

Taxkum o6pasom, He TepAs o6mHEocTH, MH Gysnem mccie-
[0BaTh aaropmT™ s 3apavd (5.2). flcHo, aTo BCerga MoMHO
IpejmoNarath HaJHUAe CPEfd HePaBeHCTB (5.2) TPEBHAIE-
goro: 0 << 0. ITosromy OynmeT mpefmoxaraThCA, 9YTO Cpefd
byrrmomit f; (z), i J, AMeercsa onHA, PaBHAA TOMIECTBEH-
goMy mymio: f; (z) = 0.

1. Ocnopanie npegnososkenns. Ilomosxum

Fm=£$h@’ (5.3)

Fy(2) =i € T fi (&) >F(2)— 8}, §>0.
B cmiy pamee cuenamnoro mpepmonoemma F (z) >0 mpm
Bcex z. IIpeAmomoKuM, 9TO CYMECTBYIT TaKHe KOHCTAHTHI

N >0, 8§ >0, gro:

a) Mmoxectso
Qn = {a: fo (2) + NF () < Co}s Co=fo (zo) + NF(20),
OrpaHAYeHO.
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6) I'pagmentnr pynrnmi f; (z), i< {0} U J, B Qn ynos-
NeTBOPAIOT yciaoBUw Jlummmma, T. e.

[Fi@z) ~fi(z) IS L)y — 2

B) 3afaYa KBafpaTHIHOr0 IIPOrPaMMHPOBAHUA
. g 1
min (f, (=), p) + 1P (5.4)
(@), D +1@ <0, ie % (@),

paspempMa OTHOCHTeNbHO p & E™ mpm nwobom 2 & Qy m
CymecTBYIOT Takme MHokmTenH Jlarpamxa ul (z), i S Js (2),

aro D, u'(z) < N. 3pecy m Beropy B sToM maparpade | p I
sy @)
0603Ha9aeT eBKIN0BY HOPMY BEKTOpa p.

B pansmeiimem pemenme 3agaum (5.4) Gymem oGosHadarth
uepes p (z), a MEoxumrenm Jlarpamska — uepes u'(z), i<
e s (2).

2. ®opmynmposka aaropurma. IlycTh 2, — HadadbHOE
npubamxenne w BrGpano €, 0 < & < 1. Ilycts B mpomecce
paGoTH aJropUTMa yike mOIyYeHA TOUKa Iy. llocTpoerme cie-
Aylomero mpubIdKeHnsA OIPOM3BOAEM B J[BA BTama. ,

1) Pemaem sapmagay (5.4) npm z = x;, HaxonguMm ee pemre-
HOE — BeKTOP py = p ().

2) Haxopmm mepBoe 3navenne i = 0,1, . . ., mp; KoTopom
Gyner BEIIOIHEHO HEPABEHCTBO

f(xk + %Pk)+NF($k+%Pk)<
< f@) +NF @) — e |pel.

Ecam 5T0 HepaBeHCTBO BHEPBHE BHIOIHEIOCH IPH i = g,
TO monmaraeM oy = 27%, ., = x; + 0Py

TaxmM 06paszoM, BHIONHAETCA HA KAKLOM IIare CJIeyio-
Iiee HEPABEHCTBO:

[ (@) + NF (244y) < f (2i) + NF (2) — oye | py 2.
(5.5)
3. Cxopumocts asropurma. IToxasxem, uto BHGoOp mara
Ol Ha KaKIOH HTepPallHd OCYMECTBJIAOTCH 3a KOHOUHOE TUCIO
ApoONeHAil eqWHANE MOIOIaM, B 0GOCHYeM CXOXEMOCThH aJI-
TOpHTMA.
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U3 pesymsraros, manosennux B ri. I, § 3, cremyer, dro
p (z) ects pemenue 3agadn (5.4) TOIfa W TOABKO TOTNA, KOT/A
cymecrByior Takme ul (x) >0, i & Js (), uro

i@ +p@+ 2 w@fi@=0, (5.6)

iETg(®)
ut (@) (i@), p@) + @) =0, i< Js().

1loaromy

Go@sP@)=— D #(@ (@), p@)—|p@ =

iSIg(x)

= D v@i@—=]p@P (6.7

iETg(x)

Jlemma b.4. [las mozo umobsn moura x ydossemeopana
Hepasenemeam (5.2) u 6 Heli 6unOAHAAUCL HEO6TOOUMBE YCA0-
eus munumyma fo (r) npu ozpanuuenuaz (5.2), Heo6xodumo u
docmamouno ewnoanenue pasencmea p (z) = 0.

HoxasarTeaxsbctso. Ilycts Touka z ymoBIeTBo-
psaer (5.2) m B Heil BHIOIHATCA HEOGXONAME® YCIOBHA MA-
mamyma Aad fo (z). Torga cymectByor Takme amena ul > 0,
ie Y, uro ’

@+ D ufi(x) =0, uf;@)=0, icy. (5.8
=4

Ecam z ynosmersopser (5.2), T0 F (z) =0, u mosromy J, (z)
COBHAfaeT C MHOKECTBOM Tex i, NIA KOTOpHX f; (z) = 0.
Hpome Toro, B cmry Broporo coormomenmsa (5.8) ui =0,
ecanm f; (z) <0, 1. e. ecam i & J, (z). [loaToMy, yumTHBas,
aro J5 (2) = I, (x), (5.8) Moxm0 mepemmcaTs B BHfE

h@+ 2 whi@)=0, uwfi(2)=0, i€ ().

=5

Ho comocraBuenne mociaegnmx coorromenmit ¢ (5.6) moxasu-
Baer, 4ro BeKTop p = 0 ects pemenne 3amadxm (5.4), u6o npm
p =0 ynosnersopaoTca Bce orpanmueHma (5.4) (@bo (5.2)
YAOBIETBOPAIOTCA), a BHIOIHEHWe CooTHOmeHHWH (5.6) mpm
p =0 ecTs HeoOXOHEMOE U JOCTATOYHOE YCIOBHE TOTO, UYTOOH
BeKTOp p =0 O6ma pemenmem (5.4).
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Ilycte Temepn p (z) = 0. 910 3HAaumT, 4TO OrpaHWUEHHS
safaun (5.4) ymoBaerBopsioress mpu p =0, t. e. f; (2) <O,
i = Ys (x). Tark Kar gaa i & Js (x)

file)) SF(2) —8<1;(2) <O,

e j & Js(x), TO Touka z yHOBIETBOPHET BCEM OTpaHMYe-
mnam (5.2). Kpome Toro, mpm p = 0 coornomenns (5.6) me-
pexopar B (5.8), ecam momomnats ul=0, i € J5 (z). Takam
o6pasoM HeoOxommMele ycaoBua MEHAMYMa f, (Z) mpum orpa-
HAueHHAX (D.2) TaKsKe Y/ OBIETBOPAIOTCSA, YTO 3aBEPINAET
[I0Ka3aTeIbCTBO.
OueHnM Temeppb W3MeHEHHEe BCEX BXONAMMUX B 3agady
¢OyHKIEA NPH CABHUTe W3 TOYKM I B HAIIDABIGHHH Pj.
Oua i & Js (x), mcoonsays ¢opmyny Teirmopa, momy-
qaeM
fi (xx + apy) =1 () + & (P> fi (20)) + )
+a(pi fi(8:) — filzx),
rae 0; =z + a&;pp, 0 << §; << 1. Tak Kak py — pemeHne
(5.4) mpa z = z,, TO
fi (zp 4 ap) <fi(x) —ofs (z) + @ | PP L <
< —a) fi () + & | pe P L, (5.9)
rfe Opd BEBOJE MH BOCIOJNb30BAIACH TeM, 4TO I'PAJAEHTHI
f; () ynoBaerBopsaloT yciaoBmw Jlmmmuia.
Husa i € Js ()
fi (zg + apy) =fi (z) + o (pr, £ (61)) <
SF (z) —8 + aK | pels (5.10)

rae K — BeanmumHa, orpaHMYMBAlOmas | fi ()] = 2.
Tak xax

(1 —a) F(zg) > F (z) — 8+ aK | pi]
AIA o, YAOBIETBOPAIIIUX ycaoBmio o < 1,

8
OSESFEITETRT

To u3 (5.9) m (5.10) caegyer, 9To A BCeX i MMeeT MECTO He-
pPaBeHCTBO

fi(zx + apy) < (1 — @) F (z) + L] p P, (5.12)
€CIIH TOJBKO O yAOBIeTBopAeT ycaosuio (5.11).

(5.11)

8 B. H. Imenuunsbi, 0. M. JaEnIuH
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AHAJIOrHIHO NPEAbIAYIIEM OLeHKaM
fo (2x + apy) = fo (x) + @ (P&, fo (zi)) + ’
+a (pk’ fO (eo) - fo (xk))’
0, =z + a&opy, 0 << g << 1)

BocnoanzoBaBmuces (5.7) m yeaoBueM Jlmmmmma mas rpajm-
€HTOB, IOJy9aeM

o+ op) <fold +a( X (@) fi (@) —

ST p(xy)
—a|pf? + 2L |py [P
Orcrona m m3 (5.12) cxexyer, dro

fo @+ O"P{c) + NF (zx + apg) < fo (@) + NF (z) +
o 3w file) — NF @) —alpl +
iET5(xy)
+0* (N + 1) L|pff. (5:43)
BemomamM Temeph, uto ul(zx) >0, F(z) >0 m
2 w@ISN

[ =4 s(xk)
ITosTomy

D wi (@) fi(z) — NF (@) <O

Eﬁa(xk)
Ho Torpa (5.13) nepenmimercs B Bafe
fo (2 + apy) + NF (z + apy) < fo (zx) + NF (z) —
—a|pslP (1 —a (N + 1) L)
AIH, ecId .
— 8

O<e<-wFT (5.14)

TO

fo (zx + apy) + NF (z + apy) < fo (z) + NF (zx) —
—ae| px P (5.15)

HUrax, ecanm
0 < o < dk’

5 — min (1 8 1—¢
“k—m“‘( ' FE) TRl DL ) ’

TO BHIOJHAETCA HepaBeHCTBO (5.15).
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Ho »ro osmagaer, uro HepaBeHCTBO (D.D) 6ymeT BHIIOI-
HeHO IOClIe KOHeYHoro gmeaa mpob o =271, i =041, .. .,
# npa 3ToM Oymer mMeTh MeCTO HePaBeHCTBO

o > 5 . (5.16)

IlokaskeM Temeph CIGLYOIIYI0 TEOPeMy O CXOXHMOCTH
mpomecca.

Teopema 5.1. Ecau eunosnenwt cleaannsvie, ¢ n. 4
npednoionceHus, mo npoyecc obaadaem caedyouuMy Ceoi-
cmeamu :

a) F (zx) = 0 npu k — oo;

6) 6 110001l npedeavHoll mouke x, NOCAEO0BAMEALHOCTIU Ty,
k =0/, ..., enosnsiomes Hepaserncmea (5.2) u Heobrodu-
Mbie yeaosus murumyma fo(x) npu ozpanuvenusr (5.2).

3ameuanmne. Crpemrenne F () K HyJIIO 03HAYAeT,
9T0 MOCIe{0BATEeILHOCTh X BCe 0oiiee TOYHO YHOBJIETBODSAET
orpaEmueHEAM (5.2). _

HorxasarteaxbcTBoOo. Bce TOUKE I, IpmHAAIEKAT
obnactu Qy, Tak Kak pyurnua f, (z) + NF (z) B cmry (5.15)
yOrBaer oT mara k mary. [lanee, Tak Kak QN — KOMIAKTHO®
MHOKECTBO, T0 f, (z) + NF (z) orpaHmdYeHa Ha 3TOM MHOKe-
ctBe, HO0 sTa Pymrmua HempepmuBHa. OTcioma ciaemyer, 49TO

ag|lpe 2= 0 (5.17)

npa k — oo, m6o B mporuBHOM ciaydae fo (z) + NF (x) me-
orpaHEYeHO yOHBaeT BJOAb IIOCIENOBATOIBHOCTH ITy.

Hoxasxem, ato py — 0. JleficTBATOIBHO, €CIU pj HE CTpe-
MATCA K HyIo, To u3 (5.17) caexyer, daro o, —- 0 BAOAB He-
KoTopoil mofmociaenoBaTenprocTn muAexcos k. Ho m3 (5.16)
1 BHDAKEHHA WA G CIefyeT, 9To s Goabmux k Torga

t. _+ 8
O > -G = 2 F@)+Kipl

ITosToMy momKHA CTPEMHATHCA K HYJII0 IpaBasg 9acTh IO-
clexHero HepaBeHCTBa. Tak Kak F (z) — HenmpepHBHAA QyHK-
ousa Ha KOMIAKTHOM MHOeetBe RQy, To F (r) orpaHmdena

)
CBepPXy H BHIpayKeHHE W'“TI‘—II'MO)KBT CTPEeMHATHCA K HY-

ap, aams ecan | px|— + oo. Ho ms (5.6) Mu monmyqaem,

£
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q9T1o

Ipel=]f@) + 3 v i) <KW+ 1.

ied5(x,)

Taxnm ofpasoM, Mb DPHILIE K IPOTHBOPEYHMIO, HPEJIIO-
JIO’KHB, UTO Dy H6 CTPEMHTCA K HYJIO.
Ilo ompepenennio p, BHIOIHAIOTCS COOTHOMERAS

(fi (@), P+ fi (z) <O, i & Fs (x).

MosTomy

fi (@) < —(fi (z), po) <K Ipel, i Is ().
Ho f;(z) < fi (%), € Js(z), i = s (x). Orcrona
F(z) = ’g:ffi (@) < K| |-

3naant F (23) -0 mpu k— oo, mbo F (z;) > 0. Iaxee,
nonosmm ut (x) =0, i & Js (z). Torna BHOI mOCTET0BATEN b
HOCTH Ty (5.6) MOKHO mepemmcaTh B BALE

fo @) + Py + iz# ut () f; () = 0,
ul (@) (i @) ) + Fi (@) =0, i 4.

Ilycts Temeph z, — mpefelbHAs TOUKA IIOCIETOBATENb-
Hoctm 7. Tak Kak ;& Qn # Qy KOMIAKTHO, TO TAKAE TOIKH
Bcerjga cymecTBynT. bes orpanmdenns o6mEOCTE MH MO;keMm
caMTaTh, UTO Iy —- Iy. Hpome Toro, tax kKax u'(z) > 0,
{ € J, m AX cyMMa OrDaHMYEHA, TO MOKHO CYATATE, 9YTO
ui (z;) > u! upm k — oco. :

Iepexons & mpemeay B (5.18), moxygaem

fo @e) + D uifi(@y) =0, wifi(z4) =0, i 2.

=04

(5.18)

HKpome toro, ui > 0, u6o u® (z;) > 0, a Touxra Z, YROBIeT-
BopAeT BceMm orpammuendam (5.2), mbo f; (x) < F (r) m
F (z;) - 0, oTkysa ¢ mOMOMBIO HPENETBHOTO MEPeXOfa Io-
ayqaem f; (ry) << 0. Tem camum Mu y6eguames, 9To He06xo-
AUMEIe YCIOBHSA MAHAMYMA B TOUKe I, BHOONHAKWTCA. Teope-
Ma JOKasaHa.

CanepgcrtBue. Ecam enmHCTBeHHOHE TOUKOM, B KOTOpOH
BEIIOAHAKOTCA He00XOZHMMEE YCIOBHA MHHAMYMA, SIBJIAETCH
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TOUKA MHUHAMYMAa, TO IOPOMKAAaeMadg AJTOPHTMOM IIOCION0-
BaTeJIBHOCTh CXOAUTCA K TOUKe MEUHEMYMa fo (r) mpu orpa-
gruennax (9.2).

JleiicTBATEIHbHO, B 9TOM CIydYae B CHAY TeopeMs 5.1 egmn-
CTBEHHOM I pefeJbHOA TOYKOM IIOCIE0OBATENBHOCTH I, MO-
;KeT OHITh TOJIDPKO TOYKA MHHHEMYyMa.

4. Burumcnurensabie acnekTl. OCHOBHOM omepanueit, Tpe-
Oyiomei#l 3HAYATENHHHIX BHUYACIEHUH NPH pealumsamud aj-
ropuT™Ma Ha KasK[OM INare, ABJIAETCA pemeHme samaud (5.4).
dTo Bamada KBafpaTHIHOTO HporpamMMmmpoBaHua. Ilpm BH-
Gope MeTOfla pelIeHAs JTON 3a[a4d HEOOXOJUMO YIATHBATh,
9TO0 MOCKOIBKY 3afada (5.4) ABAseTCS BCIOMOTaTedbHOH, ee
pelleHue HEOOGXOAMMO MOJAYIATH 3a KOHEUHOE YMCIO INAroB.
Kpome Toro, mockoabky KomctraHta [N sapanee, BooGIIe
roBOpA, He WM3BECTHA, NI KOHTPOJISA HPABAIBHOCTH BHGOpa
N npm pemenmm 3agaud (5.4) yqo0HO MOIY4HATH M COOTBET-
creyomue MuORHTenm Jlarpamma ul (z). Hexoma ms stmx
MO3UIHil, TpPeACTaBIAETCA IKEIecO0GPa3HHM NPH pelleHnH
(5.4) mepeiiTk K MBOACTBEHHOl 3afade, a MOCAENHIOKN peUIaTh
METOf[OM CONPSKEHHHX TIpPaJAeHTOB, H3IO0KEHHHM B II. O
§ 1 oTO# rIaBH.

ITocTponm pmBoficTBenHywW 3amady misa sagaum (5.4). Co-
raacuo ria. I, § 3, meneBaa QyHKIHuA IBONACTBeHHOH 3afayd
uMeeT BUJ

? W)=
= min[( @), B+ IpP+ 3w (i@, P+ )]

ST (%)
(5.19)
IIpmpaBHEBas HYI10 OPOW3BOAHEE IO P OT IPAaBOH 9aCTH IO-
cilenHero paBeHc'rBa, HaxoamM, 49YTO MnHHMYM ;u;oc’mra.e'rca

npn

=—fHh@— 2 ufi@). (5.20)

iETg(x)
Taxum o6pasoM, TOYKA p OZHO3HAUHO ONPEeasAeTCA BEK-

TOpoM u ¢ KoMmoHeHTaMm ui, i = Js ().
IoacraBus (5.20) B mpasyio gacTs (5.19), momygaem

1 ’ s 2 : X

P (u) =f“_2"Nfo @ + u’fi(x)” + D) v (). (5.21)
iET () iETy(x) R

Hrak, MH BHYHCIWIA IeJAeBYI0 (QYHKOHUIO ABOKCTBEHHOH
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safagn. Cama BOHACTBOHHAA 3a/laUa COCTOUT TemepPh B MAKCH-
musanme @ (X) mpH orpammuenmaAx ui >0, i = g (z).

Taxum obpasoM, momyummachr sagaua MaKCAMHA3aMAHA
KBafpaTHIHOA OPMH IIPU MPOCTHIX OIPAHWICHAAX, KOTOPYIO
YA0GHO pemaTb METOOM CONpSKEeHHbIX rpaguestos (m. 5,
§ 1, ra. III).

B pesymbrate pememma Mm momyumm MmEoxmrenm Jlar-
pamKa ul (r) — pemeHme ABOACTBeHHOH 3ajadm, a COTTACHO
manoxennomy B § 3 ra. I mopcramoBra ui(z) B (5.20) pmact
BEKTODP p (¥) — pemeHue HCXOJHOH 3agawqm.

Hpyras mpo6rema — ato BuGop KomcTarT N m 8. Bexn-
auna N, Boobme roBops, He n3BecTHA. Bubupars ee cammrom
Ooabmmoit He BEHITOAHO, TAK KAaK B CHIy dopmyan (5.14) sro
MO)XT IIOBECTH K B3HAUYATeNbHOMY [pobOieHmio mara. Ilo-
8TOMY IeJIecoo6pasHO OMEHMBATH 66 IO X0y paGoTH aaro-
purma. Hampumep, ecm Ha kakom-To mare oKasamoch, UTo

N D ui(zy),

iEJYS(xk)
To N cilegyer maMeHHTH, 3aMEHHB Ha

N=2 > ui,). (5.22)

=54 (xk)

IIparTuueckmit onbT mMOKA3HBaeT, YTO TAKAA KOPPeKIEA mpH-
BonAT K yeuexy. Kpowme Toro, sicao 3 Teopernyeckmx coobpa-
JKeHHH, UTO CIH Zy 10CTATOYHO GIM3KO K MpeelbHON ToUKe,
TO B peryiasipHoM caydae u!(z;) 6ymyr 6Imskm K MHEOKO-
TeasM Jlarpamika B Touxe z,, ABIA0Omecs pemenmeM 3a-
fawd, m moatomy dopmyra (5.22) npmsener k ycmexy. Ilo-
ApobHee o moBe/leHMN MEOKHATeN e 1) GyneT ckazaHo HmKe.
"~ Uro kacaercs BexmumHH 8, To ee clIelyeT yMeHBIIATH B
CaIydae, eclim BecHoMoraTelabHas 3amada (5.4) oxaskerca He-
PaspemmMoil Ha KaKOM-TO IIaTe.

Onmmenm Temeps rapaHTHPOBAHHEE YCAOBHA, IPH KOTOPHX
koHcTaHTH N m § cymecrsyior. Ha camom pere omm cyme-
CTBYIOT B CYIeCTBeHHO Golee MMPOKOM KIacce 3ajad.

T e 0pewmab.2. Mycms ece Pynryuu f, (), f; (z), i = 5,
A6AAIOMCA GUNYKAUMU, U CYugecmeyem makas mouka %, wmo

fl(z)<oz e J.
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Kpome mozo, nycmys f, (x) cmpemumes k oo npu xz — +oo
u mouka xy ydoeremeopaem osparunenusm (5.2). Tozda npu
aobom & >0 muomcumesu ut(z), i € Js(x) oepanuuersn

c6:pxry Ha MHowmecmee Qn npu docmamouro 6oavwur N,
a QN KomnarmHo.

Hoxasareunsncrtso. Hamomamm, uro
On = {2: fo(z) + NF (2) < fo (z) + NF (o)}

Orcrona u u3 HempepuBHOCTH f, (%) 1 F () caexyer, aro Qy
samMkEyT0. G npyrofi cropomn, Qy orpaEmdeHO, Tak KA IO
YCIOBHAM TeOPeMH f,(x) - 4 oo mpm & — -+ o0 m mo-

BTOMY
fo () + NF (2) > fo (zo) + NF ()

Opu BCeX Z, [0CTAaTO9HO Gonbmux mo mHopme. [anee, Tak Kak
Z, yRoBiaersopaer (5.2), o F (z,) = 0. IlosToMy npm Bcex N
Qv C Q,. JeiictBuTensHO, B3 = & QN ciIemyer, 4T0

fo(2) <fo(2) + NF (z) < fo (xg) + NF (z0) = f, (),

T. e. fo (z) < fo (zo). MuOMeECTBO Q,, 0UeBHIHO, TaKMmKe KoM-
OAaKTHO B CHIY ILPEeANOJOKeHHH TeopeM:l.
Jlanee, MOCKOIbKY Bee f; (Z) BHIIYKIH, TO

f1(2) + (fi (2), 2 — 2) < f1 (8) < 0. (5.23)

Hosromy cmctema orpammueHmit samaunm (5.4) coBmecrna mpm
aw06om § > 0, Tak kak eit ynoBmeTBOpAET BEKTOp P =T — 2.

Ilycrs remeps u'(z) — MHOxHETENH Jlarpamxa sagaum
(5.4). Torma cormacmo TeopeMe Hyna — Taxxkepa

TIP@PF + (i @), p@) < :
STIPP+G@ D+ 3 v @ el )+

E’s(&)
Ans Beex p. B wactHocTH, npup = =% —z B cany (5.23)

TIP@P+ (h @), p @) < .
STIBP+ @ n+ 3 v (@) p) + L)<
iET5(x)

STIFP+h @+ D v@he <

Sl + @), ) + v @ £ (@),
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Orcrona (f; (%) <0
1 , 1 ,
TP @R+, @ p @]~ [ 15F + 0, @), )]
7, '
(5.24)

UpHEdeM B YHCAHTeNe MmpaBoit gacTE (5.24) CTOHMT HemoaoKH-
TeJbHAA BelWYWHA, TAK Kak p (r) — pemenme samaun (5.4),
a p ynosierBopser orpaHmdeHusM (5.4).

Hokaskem, uro mpaBas wacrb (5.24) orpammuena B Q.
HeitcTBATeNILHO, B CWIY HempepHBHO naddepenqEpyeMocT

dynarnmii f; (r) Beamumma

lff @) <t

S IBP+ (i@, B) = ~12 — 2P + (s (@), 7 — )

OrpaHMYeHa B KOMIaKTHo# obmactm . ITosromy Mempmas
BeJIAYdHA

1@ + (5 @), p @)
orpaHmdeHa cBepxy. UTo sKe KacaeTcsi ONEHKH ee CHHBY, TO
IP@P + (5 @, p@)> 1P @F =1/ @2 @)]>
>— 2 1h@P,

T. €. IPH Z & (, HCCTeAyeMasl BelIMdUdHA TAaKKe OTPaHHYEHA
CHH3Y.

Wrak, Mu noxasanm, uro B Q, npasule wact: (5.24) orpa-
HOYeHH cBepxy, T.e. u'(r) < M, z = Q,. Orciona cpasy
cleflyeT yTBEepIKAeHNE TeOPEeMbL.

Tawmm o6Gpasom, ecam Hcxonmas 3ajaua 6bIa 3amaveit
BEIIYKJIOTO IPOTPaMMHUPOBAHASA, TO A AJACOPHTMA TOTATCH
a06oe 6 > 0, ecarm TompKO FomycTuMas 06IACTh CONPIKHT
BHYTPEHHIOI0 TOUKY.

5. Heroropute oGobmenns. B mauane sroro maparpaga
YsKe TOBOPHIOCH O TOM, 4TO B CIydYae HaJIW4HsA OrPAHMICHMI
THNA PaBeHCTBA, T. e. KOLJA orpaHmdenus mmeor Bup (5.1),
3ajiaua CBOAHTCA K BHAY (9.2) myTeM saMeHH KaKJOTO PaBeH-
CTBa /IByMs HepaBeHCTBaMH.

Taxnm o6pasoM, aaroputv mpuMeHwM H K olmeil 3amage
(5.1). Ilpm oToM HaO TOJBKO YYHTHBATb, UTO €CIAM MW
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HEKOTOPOM &
fi(@) >F (@) —8 m —fi(x) >F (z) — 5,
rae i = Jy, T0 B cucTeMy (5.4) BXOpmAT 7iBa HepaBeHCTBA
(fi @), p) + fi (2) <O, — (fi (), p) — /i (2) < 0, (5.29)
KOTODH® 9HKBHBAJGHTHH OJHOMY DaBeHCTBY
(f; @), p) -+ 1: (&) = 0. (5.26)

ITosToMy Tmeeco0Gpa3HO HpH pemeHAN BCIOMOTaTeIBHOMN
3afiagd 3T0T PaKT yUATHBATH B 3aMeHATH B (5.4) mapH Hepa-
BeHCTB Bufa (5.25) ma oo paBencTBo (5.26). Ilpm mepexone
K JBOMICTBeHHO# 3ajade 3TO IOBEJIET K TOMY, 9TO COOTBOTCT-
BYIOIHA MHOKATENDb u! Gy/leT IMeTh IPOU3BOJABHHIA 3HAK, UTO,
OJTHAKO, He HAPYIMaeT BO3MOKHOCTH HPHMEHEHHA AJITOPHTMA
CONpsKeHHKX TrpagmeHToB (m. 5, § 1).

JlonycTEM Temeps, 9TO B MCXOAHOM 3a7ade KpoMe OTpaHH-
qenmit (5.2) mMeeTca orpaHWdYeHWe, 3aJaHHO® YCJIOBHEM, UTO
TOYKA r OPUHALIEKAT HEKOTOPOMY MHOKECTBY X, HMeOImeMy
OpOCTYI0 CTPYKTYpy. B atom caydae memecooOpasHo, 9ToGbH
HolyuaeMile HPUGIMKEHAS Je;Kalum B MHOkecTBe X. YKa-
JeM, KaK B 9TOM ciaydae Mogmpummpyercs aaropmt™. Hak m
paHee, Ge3 orpaHAYeHAsA OOIHOCTE PAaCCMOTDHM TOJBKO CIY-
4afi HaJIWYAS HEPAaBeHCTB B OrPaHMYGHHAX.

Nrax, mycts TpebGyeTcss MAHAMHASAPOBATH f, (z), z = ET,
Opu OTPaHUYEHHAX

L@ <0, iel, zeX, (5.27)

rae J — KoHeYHOe MHOKECTBO WHMEKCOB, a X — BHIYKIO
BAMKHYTO® MHOXeCTBO. IIpegmonaraercss, 4TO CyMECTBYeT
Tako# mHAeKC i, uto f; (¥) = 0.

Ipexmono:xaM, 9T0 CYImMECTBYIOT TaKHe KOHCTAHTH /V > 0
7 6 >0, 9T0 BHIOJIHEHH CJEAYIOIAe YCIOBHA:

a) M=nosxectBo

Qy = {2: fo (z) + NF (z) < Cy, z € X},
Co = fo (z0) + NF (z0),

OTPaHATeHO, I HAUaIbHO® NPHGIMKEHH® T, IpuHALIeRHT X.
6) TI'pagmentn ¢ymrmuit f; (z), i {0} U Y, B Qu
yAoBJIeTBOpsAIOT ycaopmo Jlmmmmma, T. e.

1/iGe) — fi (@) | < L2y — 23 |-
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B) 3apaua
min (fy (=), p) + —;—Ilpllz’ (5.28)
(fi(2), p) + /1 (@) <O, i€ @), =z+peEX,

paspemmMa OTHOCHTENBHO p NPH IOHX £ & Qy H cymecT-
ByIOT Takde MHoxuTeaum Jlarpamma u! (z), i & J5 (2), 4o

D @@ <N

3 ameuasnne. HanoManMm, aro MHO;KETenn Jlarpamka
nas 3afadn (5.28) — 910 TakWe HEOTPHHATEIHHEI® YHCIA, ITO
BHIOJHAOTCA YCIOBAA

(fo @), p (=) + (P (@), P (2)) +
+ D W@ k@), p@)+fHEN<

ie#s(x)
<@+ @@, p) + D w@I@) p) i @)
LSAYG)
(5.29)
JUId BCeX p, YHOBIETBOPAIHAX YCIOBHIO
z+peX. (5.30)

Hpome Toro,

ui (@) [(fi @), p () + /: @] =0, i € Y5 (2). (5.31)

TaxkaM o6pasom, ycioBme B) HpeAmoJaraeT He TOJbKO
paspemmMocTs BcooMoraTenbHoil sapmaum (5.28), HO m TO,
9T0 B TOYKE MUHEMYMA p = p () BHIIOIHAITCS HEOGXOANMEIe
O JocTaTouHHe yciaoBus, TpeGyemuie Teopemoit Hyma — Tak-
Kepa.

Anropurm pemenns 3agaqn (5.27) Temeph CTPOHTCA TOTIHO
TaK ke, KaK 5TO M3JI0KeHO B 1. 2 HacTosmero maparpada.
Toapko Temeph B KadecTBe p, OepyT BexTop p (zy), ABIAI-
muiics pelIeHMeM HOBoi BcmomoraTempHo#t 3safauzm (5.28).

TlokameM cXOOMMOCTH AJATOPHUTMA, T. 6. CIPABEIMBOCTH
BHIBOZIOB TeopeMsl 5.1, a Takme, 4ro x, & X mpm Bcex K.
W3 mocaegHero yreep:kAeHNsA, B 9aCTHOCTH, Gy/eT CIef0BaTh,
9TO BCAKAfA MpefelbHAas TOYKA MOCHENOBATENLHOCTH I Je-
s#ur B X. IlocKoIBKy HOKAa3aTeAbCTBO CXOAMMOCTH JIMITL

s BRI+
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HeKOTOPHIME JeTAJIsAME OTIHYaeTCS OT 0Ka3aTelIbCTBa Teope-
Mel 5.1, To HeT Hy;KAH IDPHBOMHUTHL 9TO AOKa3aTeABCTBO IO-
mpo6ro. OTMeTHM JMINb OCHOBHEIE OTIHYHTENbHHE METANH.

Bo-mepsHix, Tak Kak z, + py € X, X BHIYKIO, TO
z, + ap; € X npu BCex a, JeMKAMUX MEKIY 0 n 1. IloaTomy
ecin z, = X, 10 ® zy € X. A TaK Kak o € X mo mpen-
0JI0KeHHMI0, TO BCS MOCTeT0BATeIBHOCTD {Zy} ko N&KHT B X.

Bo-sropsix, m3 (5.29) — (5.31) mpm p =0 moxy-
gaeTcd, 4TO

(o @, P@) +Ip@F < 2 v @F: (@),

ET5(%)

fo@, pE)< D W@fi@ —Ilp@F (532

1ET5(x)

9T0 HepaBeHCTBO 3aMEHsET COOTHOIIeHHe (5.7), mcoonb30BaH-
Hoe mpn: momydennn omeHKH (5.13). Bce ocraabHbe BHIKIaZ-
KA IpH TOJyIeHAN OMEHOK OCTaoTcsi (e3 M3MeHeHHs.

Haxkomern, ecad B Touke Z, p(zy) = 0, To m3 (5.29) —
(5.31) cmemyer, UTO BHINOJIHAIOTCH YCHIOBHA

(o @e) )+ 2w @)(fies), P) >0,

ievg(x)
z, + pEX, Ul (zy) fi (T4) = 0, i Is(xy)-
Kpome Toro, m3 (5.28) B oToM caydae ciefyeT, IT0
filzy) <0, iETs (z4), za E X,
@, KpoMe TOTO, OYeBAIHO, UTO
fi (x4) <0, i & Is(24)-

TaxnM 06pasoM, TO9Ka Z, YAOBIETBOPAET BCeM OTpaHMYe-
masm (5.27), a yeaosus (5.33) mOKasHBAMT, YTO B 9TOH TOTKE
BEITIOJHEHH HeoO0XOJMMEe YCIOBHA DKCTpeMyMa.

Nrak, KaK u paHee, MH IIOKa3ajH, 4TO eCIH p (ze) = O,
T0 B TOUYKEe Z, BHIIOJHSIOTCS HEOGXOLMMBIe YCIOBHA 9KCTpe-
myma. Herpynmo mokasaTh u o0paTHOe, Tak 4TO yCIOBHe
p (z) = 0 sBIsAeTCA HEOOGXOAWMEIM M JOCTATOTHEIM YCIO0BUEM
Toro, YTOGH TOUKa & GLIa HONO3PHTENBHOH HA DKCTPEMYM.

JloKa3aTeABCTBO TOTO, YTO KaXKAAA HPEeNbHAA TOIKA Iy
mocaefoBaTeasHOCTE z,, k = 0,1, ..., ymRoBiersopser

(5.33)
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HEOOXOJIUMBIM YCJOBHSM 9SKCTPEeMyMa, IPOBOAHTCA TOYHO
TaK jKe, KaK IPH A0KAa3aTelbCTBe TeopeMH 5.1, myTeM Impe-
lleIbHOTO Tepexofia oT cooTHomeHmid (5.29) — (5.31), ymos-
JAETBOPAOIAXCA B TOYKAX I, K cooTHomeHmaM (5.33) B
mpeleabHON ToUKe.

6. Bagaua sampeiinoro mporpammuposanmna. llycTs Temeps
B 3amaue (5.2) Bce $pyurummu f, (z), f; (z), i = J, nuneins.
TaxuM o6pasoM moaydaeTcA 3ajada JTHHEHAHOT0 IPOrpaM-
MHEpPOBaHAA. XOTA UBI0KEHHHI BHINe AJITOPATM HMeeT
HauGouplIee 3HAYGHHE AJA HEJIMHEHAHOTO cIydas, OMHAKO €ro
OpUMeHeHAe [JA B3afaYyd JHHEHHOTO INPOTPAMMUPOBAHHA
TaK;Ke He JHIIeHO CMHICIAa. B wacTHoCTH, eClIEm MHOMKECTBO J
comepKUT GOJBINOe YMCIO MHAGKCOB, TO IOJydYaeTcsa 3ajada
JAUHEAHOT0 NPOrpaMMHUPOBAHEUA ¢ GOJIBIIAM YHUCJIOM OTPaHH-
genmii. B To )xe Bpems mpu MamoM § BcmoMoraTeJdbHasA 3ajia-
9a (5.4) Gymer mMers Jumb HeGOJBIIOE YUCIO OT'PAHMYEHUIA,
Tak 4To 06mag 3amaga CBOJUTCA K pelleHHIO cepuu Goiee
nPOCTHX 3afa4. HpoMe ToTO, B OTIMYME OT CHMILIEKC-METOJIa,
mpefIaraeMblil MeTofi He GyeT HaKaINIHBATh BEYACIATEIHHYIO
TMOTPENIHOCTh, TaK KAK He npeoOpasyeT MCXORHONW MAaTPHIH
" orpaHMYeHHH OT IIara K IOoary.

Iaa samaud JIuHEHAHOT0 NPOrPAMMHEPOBAHUA YCJIOBHA
a), B) (ycaoBue G) yTOBIETBOPAETCA ABTOMATHYECKH) OCHOB-
HOTO MPEANONOKeHUsI ABIAITCH HUIIAIIHE KECTKEAMA A
cxomumocTa aiaropurma. Mer He OygeM 3pech OCTAaHABIMBATHCA
Ha YCJOBHAX CXORAMOCTH IS 3aJa9d JHHEHHOTO IPOTpaM-
MHOpPOBaHAA, MOCKONBKY OCHOBHAS IeJb — HOJydeHHe ad-
ropuT™Ma AdsA HeiamHe#HOTo ciaydas. Hmwxe GyaeT mokasaHo,
uTO MO KpaitHeil Mepe IpW BHIOJHEHWH CAJAHHHX IIPOAIIO-
NI0KeHui a), B) LI 3a/ja4ld JHHEHHOTO IPOTPAaMMHUPOBAHMAA aJl-
ropurM 6ymeT CXOUTHCA 32 KOHEYHOE IHUCIO0 MAaroB, ITOT PaKT
B OLIPE/IENIEHHON CTeNeHN OyAeT XapaKTepH30BaTh HaM CKO-
POCTh CXOMAMOCTH AQJTOPHTMA.

Teopema 5.3. ITyembv ewnosHeHs. npednooiceHUs
a), B) n. 1, u ece pynryuu f, (x), f; (x), onpedeanowue sadany
(5.2), umewm eud

fi (x) = (ais .’13) - bi-

Tozda asecopumm n. 2 cxodumcs 3a KOHEUHOE HUCAO ULA208.

JloxaszaTeadbcTBO. 3aMeTHM cpasy, 9TO B pac-
CcMATPHBaeMOM cJydae mar o paBeH 1 mias gocraTouHo 60Jb-
mux k. [leficrBuTenbHO, MOCKOJABKY Bce f; (z) ImHe#HH, TO

.

R
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KoHcTanTa Jlmmmmma L mpocto pasma mymio. Ilosromy u3
dopmyaut m. 3 pgua &, cirexyer, 4UTO

- s . ) 1—e —
°"“mm<1’ FGp) + Klpgl’ (N+1>L)
. 8
== min (1, F(xk)'l'KllPkII)' (5.3%4)

Ho Bmme 6mno moxasamo, uto F (z)—0, || pxll—0.
IosToMy MIsS MOCTATOYHO GOABINAX k ————F—a— > 1
y AT RocTatot B Feg TEI5T =

u & = 1. Ho & mocrpoeHo Tak, 4To HepasemcTBo (5.15)
BHIIOJIHSGTCA TPH o = . Tak Kak BHOOD o Ha KamK/oi
ATepanun HaUYWHAETCA MyTeM NOJOBHHeHbA o = 1, To oTciona
clIefyeT, UTO HEPABEHCTBO (5.5), ompepeisiomee BHOOp o,
OymeT cpasy ke yHOBIETBOPeHO 6e3 NOMOTHHTEIbHBIX MOJO-
BUHeHHi, m mar o, 6yaer mpocto paBeH 1.

IycTb Temeps r, — KaKaA-ImGO mpefeJabHAs TOYKA IOCTe-
[OBaTeIBHOCTH Iy, IONYUeHHOH# B pesysibTaTe PalGOTH airo-
putMa. Kak ye M3BeCTHO, 3Ta TOUKA SBIAETCA PpelIeHAeM
sagaum (5.2), mbo oHa yMOBIETBOPSAET BCeM OTPAHMICHHAM
3ajaud, a, KpoMe TOro,B Heii cormacHo Teopeme 5.1 BHmIOJI-
HAIOTCA HeoOGXOoJWMEIe YCIOBES MHHEMyMa, KOTODHE B pac-
cMaTpHEBAeMOM CIydae 33/jadd JHHeHHOro NPOrpaMMAPOBAHASA
OKa3BIBAIOTCA H JOCTATOUHLIMH.

ITomosxum
Bo (@) = (i€ & fi (@) = 0} (5.35)
Torna f; (z4) <0 mua i & ¥, (z,), Tak 4rO
& = max f;(z,)<0. (5.36)
IETo(x,)

Ilotst ynpomenns AaibHeimux 06o3HaueHnil 663 OrpaHMIeHHA
oOmHOCTH GymeM CYATATh, 9TO BCA IIOCTEHOBATEIBHOCTDH Iy
CXOMHTCA K Ty.

PaccMoTpuM BemoMoratelbHyo 8ajady (9.4) B TOUKax
IOCIe0BATeIHLHOCTA Ty

min (fy (@), p) + 51 PI

(5.37)
(fi (zx), P) + [i (z) <O, i E Ts (2);
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Px = P (zx) — ee pemenme. OGo3HAIUM COOTBETCTBYIOIIHEE
muEouTenn Jlarpamxa wepes uy, k & Jp (r,), Tak dro

uf; [(f'i (zx), px) + fi (z)] = 0. (5.38)

TToxameM Temeps, 910 J, (24) C Js (2) AIA Bcex MoCTaTOd-
Ho Gonpmux k. JleiictBuTenpHO, ecaw i &= Js(z;), TO

fi (@) <F () — 8,

¥ mepeXxofid K mpeneldy mo &k ¢ yueroMm Toro, 4ro F (z) — 0,
moiysaeM, 9ro f; (r,) <X — 0, 9ro mpoTmBopeummo GH mpH-
HaIeKHOCTE | &= o (24)-

Janee, o6o3HagnM

() = {i e Js (zp): uk >0}

Crenyiomee yTBep:KeHHEe COCTOUT B TOM, 4TO JIA GOJBIIAX
HHIOKCOB

T (xh) C Yo (z4)- (5.39)

eitctButensro, ecan i & Jy (z4), T0 fi (z4) << 8. Tak rax
prx— 0, a fi (zx) orpaEMYeHH, U L) —> Z,, TO mpu Goxpmux k

I(f;(xk)v < — %, fi (@) <%,
B TO03TOMY

(i @, P + 1 (2) < 2 < 0.
TostoMy, ecam ub >0, 10
ui [(f; (@), Pe) + £ @)1 <0,

970 mpoTHBopeddT (5.38).

3aMeuannme. Bce mpoBemeHHHE pACCy:KAeHHA He
ACTIONb30BANH JIWHOHHOCTH f; (£) W mMOSTOMY YTBeDIKEEHH,
ato Yo (t4) C s (z) B F (2) T Y, (), BepHE B 06mem
ciyuae HeamHeiiHoM samaud. OHm OyAyT MCHOIB30BAaHH B
najJbHedImeM.

Kax 6nuto mokasaHo B m. 4. storo maparpada, sajauga,
nBoficTBeHHAsi K BCIOMoOTraTeabHo# 3amaue (5.37), cocTomT B
makcommsanun ¢yrknma (5.21) mpm orpammuenuax ul >0,
i & Js (x). lIpm sroM MHO:kmTenm Jlarpamka uh sBamOTCH
pemmeHWeM ABOMCTBEHHON 3afaud, M HMMeeT MeCTO PaBeHCTBO
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MERTY ONTHMAJbHHIMA 3HAYGHASAME B OpAMoOit B JABOHCTBEH-
HOM 3apade, T. €.

(o (@) ) + -1 =
1

——Flh@y+ 2 whElP+ D ulfi @)

Tax kak pp — 0, To JeBas IacTb HOCHe/HETO COOTHOIIGHAA
cTpeMHTCA K HYIO, a 3HAYHT,

i ’ ’
— e+ D WA+ X uifiE)—0- (540
ey (xy) isvy(xy)
BamernM Temeph, 9T0 Uy > 0 TOMBKO eCIH i & 5 (z,). Kpome

TOrO,
fi (@) = (ay @) — biy i€ {0} U,

Tak uTo f; () = a; W He 3ABHCHT OT Z. MosTomy (5.40) MosxeT
OHTh IepemuCcaHO B BHUJE ‘

e+ D daf 3 un@—o.

T 1S5 (%)

Ho ¥ (z1) C Yo (#4), Kak OBIO MOKA3aHO BEINE, M HOJTOMY
fi @) = fi (24) =0, u6o f; (z,) =0 maa 1 E Yo (z4) mo
ompepieaernio. IloaTomy

——%—“ao—l— 2 uiaiﬂ%o.

iey(xk)
Ho
1 i )
—T“ao + 2 uka'ilr<
ié:f'(xk)
. 1
<:omax - oo+ 2 wa,[ < 0. (5.40)
u >0, IS (xk) iey(x k)
ITonosxuM

®(}) = max —Ilao—l- Zu"‘ai“z;

ul>o, icy =y

o (3) ecrb QpyHKmusA, onpefeleHHAA HA MHOMKECTBE HHIEKCOB
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% % C Y. Tak rar # C J, To5Ta dyHKOMA MOKeT MPHHE-
MaTh JAIIb KOHEeTHO® quco 3HaZenmid. M3 (5.41) caenyer, aro

o (7 (z;)) — 0.

Ho ato osmauaer, ato o (J (z,)) = 0 maa Bcex pocraToumo
Goxpmmx k&, w60, KaK TOMBKO 4TO GEHLIO cKazaHo, ® (3) mpm-
HEMAeT JIWIOb KOHEYHOe UHCIO 3HAYeHHIL.

Urax, grsa Gompmmx k

o (7 (z,) = 0. (5.42)

BruiGepem Temeps k& macTombkO GombmmM, uTo o, =1,

BEINONHAGTCA ycaoBEe (5.42) m [ (z,) C Jp (z,). Tak xax
ay =1, 10 24y = 24 + p,. Tax xax Ty = Ty, Py — 0,
TO MOKHO CUHTATh, UTO

filrn) <5 <0, 1E Jo(zy)- (5.43)

Paccmorpum cmoBa BemomoraTemnmyIo saflaay (5.37).
Tax ®ax p, ypgoBierBopser orpaHEmIeHHAM (5.37), a f; (2)
JHMHeHAHH, TO

fi @xre) = (fi (@), ) + /i (@) <O (5.44)

ma i € Js (xy), a snaunt, mana i  J, (2y), 860 I, (z4) C
C s (). Tem cambiM moxasamo, 4TO . YAOBIETBOPSHOT
BCeM orpaHMIeHHAM 3afaym (5.2).

IToxaskem, 4To Ha camoM fele ., — pemeHHe 3afaum
(5.2). Heiicteurensmo, ma (5.38) m ompeneneHEs MEOKeCTBA

J(z) cmenyer, uTo
fi @) = 0, i = T (x)). (5.45)
Ho (5.42) osmawaer, wro Haligyres Takme wmcma uj > 0,
i Y (xy), ar0
ag+ D) uda; =0. (5.46)

iE(x)

Honoxus remeps uy = 0, i = J (x,), MH moTydnM, uto Ham-
IMCh TaKWe 4meia ug >> 0, UTO BHIOIHOHH YCTOBHSA

ao 4+ X uet; =0,  uif; (zgsy) =0,
sy

- - e
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Ho mocnemame coornomenus (em. ra. I, § 3) aBasmores
HEOOXO/AMBIME W JOCTATOYHEIMH yCJIOBHSAMH TOTO, 9TOGH
TOYIKA Zy,, OBIA peImeRmeM 3ajaud JHHEHHOTO oporpaMmu-
poBaHuA,

Tarkmm o6pasom anropur™ neiicTBETEIBHO OPHBOAHUT K
POIIEHMI0 334 KOHEYHOe 9MCJIO IIATOB, 9T0 W TPeGOBAIOCH [[0-
Kasars.

7. Jlokanbnas onenka ckopocTn cxogqumoctu. B mpenpi-
AyIMeM OyHKTe GBLIO IOKA3aHO, 94TO IOPEIOMeHHBH aJITopuT™
CXORATCA 33 KOHEYHOe 4MCIO WIATOB B JMHEHHOM ciaydae.
B arom mynkre 6yper mokasamo, uro IPA eCTECTBEHHHIX YCJI0-
BAAX B o0meM HeIWHeHHOM CIydae aATOPHTM HMEET TeoMet-
PUYECKYI0 CKOPOCTh CXO[MMOCTH, a IPH HEKOTODPHX G6Jaro-
IPAATHHX 00CTOATENBCTBAX faKe KBAAPATHIHYIO.

Teopema 5.4. Iycmo Z, — peweHue sadauu 5.2 u
6UINOAHEHbL caedylouue Ycaoeus:

a) s aw6ozo docmamouno manozo § > 0 eenomozamenn-
Has 3adauwa (5.4) paspewuma.

6) Dynryuu f; (x) deancon Henpeprisho dugpeperyupyems
u zpaduenmun f; () T Yy (2,), 20e

Jo(zg) ={isfi () =0, i I}

AUHEILHO He3asucumsl.
B) B mouke Z 4 6blnoAHSemMcs Heobxodumoe yeaosue MUHUMY-
Mma 6 dopme

fo@e) + 3 uifi(x,) =0

IE&o(x,)
1 .
uu >0, i Y, (z,).
T) Bunoansemcs docmamounoe yciosue 40kaavHoz0 Mukis-
Myma, m. e.
(P’ L (.’13*, uo) p) > O
Oas 6cex p£0 u Ydosaemeopsiowuzr ycaosuio

(P, fi (@) = 0, i 5, (z,),
20e

Lu=/fo(x+ D) u¥;@),

1=, (x,)

a L” osnawaem mampuyy émopulx npouseodnvx L (z, u)
omHocumeavho . Toeda cywecmeyem makas okpecmuocmes
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mouku z,, 8o >0 u makoe a >0, wmo npoyecc
Tt = Ty + APy (5.47)

crodumes K mouke Z, ¢ 4106020 HAYALbHO020 NPUOAUNCEHUS
zo &= Q ¢ eceomempuneckoll ckOpocmbio, M. €. cywecmeyem
makoe wucao 0 < g <1, umo |z, — ;| << Cq* Oan ecex
docmamouno Gorvwux k.

DoxasarteasncrtBo. OcHoBHaA HueA MoKasarTelb-
cTBa GyAeT cocTosATh B caepyiomeM. Hak moxasaHo Bhie,
B TOYKe I, YHOBIETBODAGTCH ypaBHEHHe

p(ry) =0.

Ipomecc (5.47) ecTp mpomecc MHpoCTol WUTepanud I
pemeHHsA TOro mNociaefHero ypasHemma. Ilosromy MorKHO
BOCIOJIB30BATECA A OLEHKH CKODOCTH CXOMHMOCTH Teope-
moit OctpoBcKoro, KoTopas OyAer copMyiHpoBaHa HIDKe.
9ta TeopeMa TpelyeT OLEHKH COGCTBEHHBIX UMCEN MATDPHUIH
IepBHX IIPOM3BOAHHIX OT p (z) B Touke r,. IlosromMy Hama
OCHOBHAA 3aJlada Kak pa3 H OyaeT COCTOATh B BHUHCICHAN
aToif MaTpMIH H ee COOCTBEHHHX 3HAUOHMIL.

JlokazaTeabCTBO TeOPEMH Pa3obbeM Ha HECKONBKO JaCTeid.

ITomosxmm

Yo (zy) = {ics I fi (zy) =0},
g = max f; (x4) <O.

IETo(%4)
JJemma 5.2. ITycmv evinosHens Ycaosus meopemv. U

<< — —822-. Toz20a cywecmeyem maras OKPECMHOCMYb MOYKU

Zy, umo Js () = {70 (x4) u p (¥) Henpepusro dugdepenyu-
pyemo no x & amoii okpecmmocmu. Boaee mozo, MHodxcecmso

¥ (@) = {i € s @): (i @), p @) + f: (z) = 0}

maxace cosnadaem ¢ muoracecmeom Iy (T4).
NorxasarTensncrTso. Tak Kak Bce Qymkmum f; (z)
HeNpepHBHE, TO CYMECTBYeT TAKasa OKPECTHOCTD TOIKH &, ITO

—82< i) <82, i€ Yoz,  (5.48)
fi (@) < eol2, P (2. (5.49)
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HanomamM temepsh, 4to
F (z) = max {0, max £, ()}
=

u i & J5(2), ecam f;(z) >F (z) — 6. Us (5.48), (5.49)
clIefyer, 9To
0F (2) < 8/2, (5.50)

u ecnm i E Yy (z,), TO
Fx)—8>—08>¢/2>f (2),

T. e. i &€ J3(z). C mpyroit cropoms, ecim i < J, (ry), TO
m3 (5.50) cmenyer, uro F (z) — 8§ << — 8/2 m, smaumr,

fi (@) > —8/2 > F (z) — 6,

T.e. | & s (2).

Urax, M moxasanm, aro Js (z) = J, (z,) B Hekoropoit
OKPECTHOCTH I .

Benomumm Temeps, uto ecam p (z) — pemenme 3amaum
(5.4), To BumonmmoTca yeaosma (5.6), KoTOpHe MOKHO me-
penmcaTh B SKBHBAJIEHTHOM BHJe

P@+h@+ X wi@fi@) =0, (5.51.0)

i (x)

(i@, p@) +74@ =0, i€F@), (6.51.2)
@ p@)+/H@<0, 1E T (@), ic s (@), (5.51.3)

rae ut (z) > 0.

BBemem oGosmavenma. Ilycts ¥ C J5 () (= I, (7 4)).
Uepes fy (z) oGosHawmM MATpEIy co cTpoKamm f; (), i =
€ %, depes [y (z) — BekTOp-cTONOE] ¢ KOMIOHEHTaME
fi(*), i ¥, a gepes uy — BekTOp-CTONMGEN ¢ KOMIOHeH-
ramu u', i  %. Torna ypasnenus (5.51), (5.52) mepemmmyT-
cA B BHe

, p (2) +f'; (2) +f; (2) u?“('x) =0, (5.52)

Jfa @) p @) +/5(2) =0, ¥ =T (a).
Ilocnepnme COOTHOMEHAsT MOMKHO pAcCMATpPHBATh KaK JTH-
He{iHyI0 CHCT6MY ypaBHeHH OTHOCHTeIBHO P (Z) B uy ().

Herpymso Bupers, 49To B HEKOTOPO# OKpPecTHOCTH Xy
cacreMa (5.52) ONHO3HAYHO pa3pelIAMAa W PeIIEHAE HAeTCA
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dopmyIamMu
us @ =05 @1 @M@~ H@A@L 55
p@)=—1o@ — f5 @u @)

W3 srux GopMya cilemyer, 9TO eCIHM MHOMKECTBO 4 3aduk-
CHPOBAHO, TO Uy (z) W p (r) HeNPepHBHO 3aBUCAT OT I.

Ilycte Temepp &z — . IokameM, uTo faA Bcex Goxb-
mix k5 (z) = Yo (z,).

HomycTuM, 4To Hame IpefN0JOKeHNe He BHIIOIHAGTCA H
CYImECTBYIOT KaK YrofjHO GoJaplime HOMepa K TakWe, dITO

J (zx) ecTh coGCTBeHHO® MOIMHOKECTBO Jo(z,). Ilockomapky

PasImIHEHX MHOKeCTB J () MoKeT OHTH JAmMb KOHEYHOE
9uca0, To 6e3 orpaHEIeHHS OOMHOCTH MOMKHO CYHTATh, UTO

BHOpaHa TaKas IOCIEHOBATENBHOCTD Iy —> Ty, UTO J (zy) =

= ?” y C 50 (x*)
[lopcrapnas reriepb z, BMecTo x B (9.51) m mepexoms K
mpepexy (p (zz) = P, u(zy) = @Y i %), moaydmm, 4TO

P4 fo (@) + D @i(ay) =0,

=7

(i@ D)+ 1@ =0, i€,

(i@ D) +H@E)I<0, iEY, i6T(r)= sz,
opagem it > 0, 6o u' (z;) > 0. Ho mociennme cooTHome-
HMA TOKA3HBAlT, 9YTO0 P — pelIeHAe BCOOMOTATEJbHOH 3a-

maum (5.4) pas Tourm ., T.e. p = p (r,). Ho Toura z, —
pemenme safgaum (5.2) m mosromy p (z,) = 0. 3maumr,

fo (x5) + 2 @ifi(zy) =0.
[=¥4

BocmonpsoBaBmucs Temeph YCIOBHEM B) TeOpeMH, WH3
DOCIERHET0 COOTHOMEHHA HOJIYIHM

D—a) i)+ 2 ufi(zy) =0,

s ISV o(%)\F
4TO NPOTHBOPEUUT ycioBuio 0) Teopemu. MrTak, B HeKoTOpoOi
OKPEeCTHOCTH TOYKH Z, MHOeCTBO J (z) coBmasaer ¢ Jy (7).
W3 aroro mocrosiHeTBa J (x) m dopmya (5.53) cpasy ke cie-
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AyeT HempepsiBHO AuddepeHunpyeMas BaBHCHMOCTD iy (x)
u p (z), 3 = Jo (x,) oT x, Tak Kak B cmay ycaosus 6) f; (z)
ABaKIBl HeIPePHBHO IuddepeHAPyeMEH. ‘
amMedanne. rak, B Manoii oxpecTHOCTH I, p (Z)
M Uy () eCTh pemreHdme cmcTeMmsl ypasHenmit (5.52) mpm moc-
TOAHHOM MHOMKecTBe g = [, (z,). IlosTomy mupexc % mpm
uy (r) MBl GygeM omycKaTsh.
Jdemma 5.3. Mampuya p’ (x) npouseoduwr eexmopa
p(x), m. e. mampuya ¢ osemenwmamu pi(z)/dx’,

i,j=1,...,n, 2de p* (x) — i-2 Komnonenma eexkmopa p (z),
6 mouke T, umeem 6ud

3 P'(zy) = — [P +(I—P)L" (x4, ug)l,

ede

P = forye) (T4 Ui (@) Trnie) @)™ Fornmy (Z)s

a uy, = u(zr,).
HoxasareanbcTno. Ilpamoe pandpepenmmpona-
HEe nepBo#t m3 ¢opMyn (5.52) paer

P@)=—L" (g o) — D 1@ @e))* (5.54)
iET(xy)
e
oul (x)
ox!

w' (z) =
lou (x)
"
W3 gopmynnt (5.51.2) momyuaem myTem muddepennmmpoBammsa
(p(z,) = 0)

r ¥ ’ ’ .

1) P ) /1) =0, i€ B (). (559
3aMermM Temeps, 4To omepaTop P, OmpefieNeHHHI TP ¢dop-
MyJIHPOBK® JeMMHI, eCTh OEepPaTOpP NPOEKTHPOBAHMA Ha IOJ-
LPOCTPAHCTBO, HATAHYTO® Ha BEKTODH f; (z,), i = J, (z,).
Heficteurensno, aTo BEAHO (cM. Tarske § 1 9Tof raaBH, I 1)
H3 JIETKO IPOBEPAEMHX COOTHOIICHMIN:

% Ix ’ ’
1) Pl (@4) = Lo (@4), BB PJi (2,) = 1 (0), 1€ Ho(2);
2) P* = p, p?=p;
3l —P)P =0.
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Ecam rtemepp (5.55) mepemmcaTh B BHJE
Fosd (24) P (@) + fosd (@) = 0,
TO, YYATHBAaf BHpa)KeHde AIA P, moxydmm
Pp' (z,) = — P. (5.56)

Ianee, kak caepyer a3 coorHomenus 1) pasa P, (I — P) fiz) =
= 0. ITostomy, npumensaa (I — P) k oGemm wacTam (5.54),
HOJydYAM, 9TO

(I—P)p' (@) == —P)L" (24 uo). (3.57)

CrnageBas (5.56) m (5.57), moxygaem TpeGyemyio dopmyry
A D’ (z)-

JemMma 5.4. Cobcmeennvie wucaa y; mampuys p’ (r,)
Mozym 6bimb 0TAPAKMEPUS0BAHYL CAeOYOWUM 006pasom: V; =

= —1 daa j=1,2, ..., my 2de m < n — uucao uHdek-
cos ¢ muoxecmse Uy (zy). V= — ANjom» J=m+1,...
.., n, 20e Aj, J=1, ..., n— m,— cobcmeennsie uucia

mampuysn (I — P) L' (x4, uo) (I — P), npuvem Ar; >0,
j=1,...,,n—m

pil ’o KasaTexasbcTso. Ilycts 0 — cobcTBeHHOE THC-
70, a y — cobcTBeHHHH BexTop Marpmmsl p’ (z,). Torma
COTJIacHO JeMMe 5.3

—Py—~I—=P)L" (zyyu) y=0y=0Py +0(I—P)y.

Bocmonpayemca cootHomendeM P (I — P) = 0 m, ymHOXHB
HocJefiHee PaBeHCTBO moodepenHo Ha P m ma I — P, mony-

e — Py = oPy, (5.58)
— (I —P)L" (4 ug)y =6 (I — P)y. (5.59)

BosMoskaE ABa caydas:

1) Py 0. Torpa ums (5.58) caemyer, uro o = —I.

2) Py=0. B srom caywae (/ —P)y =1y = (5.59)
MoKeT OHTH IepelMCaHO B BHJ®

(I—P)L" (24 ue)  —P)y = —oy,  (5.60)

T.e. 0 — coGeTBenHOe wHCA0 MarpEmu (I — P) L” (I — P).
Dra MaTpWIa CHMMeTpHYHAa, Tak Kak P = P*, a L"” =
= (L"")* ®ak MaTpuma BTODHX NpOM3BOAHHX ¢ymxomu L.
Bomee TOro, paccMaTpHBaeMad MaTPHIA HEOTPHIATENBHO
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ompenienena. [leficTBuTenbHO, MIA dI060ro w
(w,(I —P)L" (I — P)w) = (z, L'"2),

rae
z= ([ — P)w.

Ho fogry (24) &= fousy (2,) (I — P)w = 0 u mooromy
(2, L'’2) >0 B cmay ycmoBma r) teopemm 5.4, mpmuem
PaBEHCTBO HYJIIO BO3MOKHO, JAMS ecad 2z = (] — P) w = 0.
Us cmvmerpmm  marpummt ([ — P) L (I — P) cae-
Ryer, 4T0 ee CoGCTBeHHHe WYHCIA 4 COGCTBEHHE® BOKTOPH
neficreutenbri. Tak kak y =0 m y = Py + (I — P) y,
T0 w3 Py =0 caenyer, aro (/ — P)y==0 m mosroMy
n3 (5.60)

—0Wy=UUI—-P)L"I—P)y) = (y, L"y) >0.

Taxmm o6pasoM, — ¢ 7= 0 m, sHaumr, ¢ = — Aj, r7E
A; >0 — cobersennoe uncio marpunst (I — P) L'’ (I — P).

Hrak, Mu noxasanm, 4910 COGCTBEHHH® WHCIA MATDHIE
p' (z,) nmeiicrBETenbEH W paBEN ambo —1, aEGO — A,
A; >0. Ocramocr TOIBKO yYCTAaHOBHTH WHCIO COBCTBEH-
HHX 4YWCeJ, paBHHX —I1,

B cmay ycmosma

Pfi (x*) = fi (z4), i Y, (:E*),

omepatop (I — P) mMeer m CoGCTBEHHEIX BeKTODOB f; (z4),
COOTBOTCTBYIOIIMUX HYJIeBOMY COGCTBeHHOMY B3HaueHHIO. Ilo-
aToMy # Mmarpuna (/ — P) L' (I — P) umeer m HymeBHX
coOcTBennbix sHadenuit. C Apyroit cTopomH, Mmarpmna p’ (z),
KaK MH y0emuinch, EMeeT BCe n cOGCTBEHHHIX 9HCEN, OTIIMY-
HHX OT HYyJs, IpAdeM KayKI0e TaKoe Co6CTBeHHOe YUCIO JIH-
60 paBEO —1, aMGO ecTh coGCTBeHHOE WHCIO MAaTPHIH
(I —P)L” (I — P), ornmamoe or myuas. flcHo, 4ro ®TO
MojKeT GHTh JHUIb TOTHA, KOIZiA CIPABE[IHBO YTBEDPIKIEHHE
JeMMH 5.4,

Teneps Bce roToBo, 4TOGH 3aBepIINTH OKA3aTeIbLCTBO
Teopemnl 5.4. W3 reopemst Ocrposexoro (I1], crp. 130) care-
RyeT, 4TO ecld z, — pellieHHe ypaBHeHHA p (z) = 0 m cober-
BeHHHe umciaa MaTpuusl | - op’ (z,) MeHbIIe mo MORYTO
6AMHANL, TO MeTOJ| HPOCTOH ATEPAmUA Iy, = Iy -+ ap (z,)
CXOJUTCA W3 BCeX TOYGK HEKOTODPOi OKDECTHOCTH TOUKH Z,,
npadeM CHOpaBe[IMBA OHEHKa: AXA Kaxporo & >0 mHai-
nercs taxoe aucao C (e), ato |z, — i | << C () (g0 + &)F,
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Iie ¢, — HambONBIUMA M3 MOAYdeH COGCTBEHHBIX YHCET
marpunst I + ap’ (z,).

PaccMoTpuM Temepb CoGCTBEHHHI® gmcaa MaTpmmut [ -
+ ap’ (z,). Omn pasusl 1 — o mam 1 — ad;. Bribepem Te-
mepp @ TaK, 9To0H OBIM BBEIIOMHEHH BCe HEPaBEHCTBA

1—a>—-1, 1—ah>—1, j=1,...,n—m,

1.0. 0 <a << min {2, 2/A},rHed, = max A;j =1, ...
..., n—m. Torga Bce coGCTBeHHBIe UHCIA MAaTPHUII
I + ap’ (z,) OynyT mo MOLyTi0 MeHbIN® e[WHUIIE, OTKYyZa
CO CCHUIKOIT Ha ymOMAHYTHIT peayasraT OCTPOBCKOTO CliefxyeT
TeopeMa 5.4,

Teopema 5.5. ITyemv 6unoaHens ycaosus npedudy-
weti meopembl, U KpOME MO20, M — HUCAO UHDeKcoe 6 MHO-
acecmee o (x,) — pasno n (pasmeprocmu npocmparcmea).
B smom cayuae npouecc (5.47) cxrodumcs us Hekomopoi Ok-
pecmHocmuy mouku x, npu o. = 1 ¢ xeadpamuuroil ckopocmuio.

NokasarteabcTso. VI3 meMmn 5.4 musa pacemar-
pUBaEMOTO ciaydas CIeLyeT, 9To BCe COOCTBeHHEE 3HAYOHMS
marpunst p’ (z,) paBEs —1, a mosToMy coGcTBeHHBIe 3HATe-
mausa marpuns [ 4+ ap’ (z,) paBEH 1 — a. Ecam o = 1,
TO BCe co6CTBeHHHE umcaa paBHH HyaIo 4 ¢, = 0. Iloaromy u3
Teopemsr OctpoBckoro moxydaeM |z, — 2k | << C (e) &F,
970 03HAYAET, UTO MPOIECC CXONUTCs GhICTpee Moboil reoMer-
prdecKoit mporpeccmr. Ha camoM fielie B 3TOM Ciydae Ipo-
mecc (5.47) mpespamaercsi B Merof HploToma pemenms cuc-
TeMH ypaBmenui f; (z) = 0, i € J, (r,), KOTOpHii, KaK. H3-
BECTHO M Kak OyjeT mokasano B § 6, cXoquTca KBafpaTHIHO.

3aMmeuanue. Bce paccMOTpeHHsA B 9TOM IYHKTe MH
IpOBOAMIH [JIA CIyJas 3ajjaid, B KOTOPOH HMeIOTCA Orpa-
HWYeHHsA TOJABKO THIA HepaBeHCTB. OfHAKO 0YeBHAHEIM 06-
pasoM Bce pesyIbTaTH IePeHOCATCA Ha CIydYail HaIAIAA
PaBeHCTB B OTPAaHHYCHHAAX.

§ 6. MeTox nuHeapnsanmu: pemieHHe CHCTEM PABEHCTB
M HepaBeHCTB M HaXOKJAeHne MAHAMAKCA

B srom maparpade Merox JuHeapusanuu GyfeT mpuUMeHEH
IS BYX 3a7a4, TECHO CBABAHHHIX ¢ OOHYHBIMY 33739aMU Ma-
TeMaTHIeCKoTo TporpamMmmpoBanmsa. OKasHBaeTcCsi, 4TO LpH
5TOM YJlaeTCsA MOCTPOUTH 3QPeKTUBHEI® AJITOPATME, 001aKal-
mEe Xopome# CKOPOCTHIO CXOJHMOCTH,

PO —
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1. Cucrembt pasencrs u mepasemcts. Ilycts sajamsr nBa
KOHEUHEIX HaGopa mafekcoB J- u J° u dynxumu f; (z), r
€ E™. Tpebyercsi HaliTH pelmeHHe CHCTeME

@0, ied, fi(@) =0, ie 5. (6.1)

Otrocurensno Qymrumii f; (r) Mu GyneM mpepmolarars, 4To
OHM HMeIOT HempepHBHHE TrpagueHTH f; (r) u, Goxee Toro,

9TH TPaNMeHTH YAOBIETBOPAIOT yCJA0BUI JIMmmmma ¢ KOH-
cranToii L:

1 fi (z1) — /i (z2) | S Lz — z).
Hopma BekTopoB Besme eBKampmoBa.
O6o3Eaanm

F (z) = max (max f; (z), max | £; (z))
B@={ied, [fi@)>F @ -5},
K@) = (i€ % |fi @ | >F (2) —5).

ITycrs BmOpama HagadbHAsA TOYKA Zo M TPEANOIOKHM,
9T0 A1 BCeX I, YMOBIETBOPAIOMAX HepaBeHCTBY F () <
L F (z,), rpaguentn f; (r) orpaHMYeHH O HOpPMe KOHCTAH-
Toit K.

OcHoOBHOe NpeAmOTOKeEeHHe. Cymectsytor
Takue wncaa § > 0 m C > 0, uTo mas Beex z, Auas KOTOPHIX
F (x) >0, F (2) <F (x,), cacrema

(fi (@, p) + 1; (0 <0, i = % (@),
(fi (@), p) + /i () = 0, i = 38 (),

paspemmnMa OTHOCHTeIBHO p. Ilycre p (r) — pemenme (6.2),

o61afaomee MEHEUMAaIbHOR HopMoit. Torma mas x Takmx, |ro
F (z) > 0:

(6.2)

1p (2) | < CF (). (6.3)

Hepapencrso (6.3) xapakTepumsyeT B Kakoit-To cTemeHE
peryisapayio paspemmMocTh cucTeMn (6.2). B wactmoCTH,
ecan cucreMa (6.2) mepexofuT B n ypaBHeHHWH ¢ 7 Hem3BecT-
HHMH, To yciaoBue (6.3) DKBHBAJIGHTHO IIPEIIONIOMEHHI0 O
HeBHIPOK/IEHHOCTH MATPHI COOTBETCTBYOMEH cucTeMbl. Kak
Oymer mokasaHo B jlaidbHeiimeM, (6.3) BHmosHEHO, ecam
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rpapmentH f; (z), i € Ys5(x) UY3 (), nmmefino HesaBMCHMEL
aaa Beex xz, F (z) > 0.

IepefineM k mocTpoenmio airopurMa. IlociemoBaTembHEIe
OpubamKeHAs CTPOATCA mo (opmydTe

Ty = Ty + AP Px = P (T3), (6.4)

rjie mapaMeTrp oy Bmﬁnpae'rcﬂ OyTeM NOJOBHHEHbA ©IAHWMIIHI
0 TepBOTO BHIIOJNHEHHA HepaBeHCTBa

F (zx +oxpy) << (1 — ea) F (zy), (6.5)

rme & — Jio6oe Himepen BHOGpamHoe umcmo, 0 <e << 1.
flcmo, aro ¢dopmyna (6.4) unpmmensercs, ecam F (z) > 0.
B mpoTEBHOM clIydae IpOLIECC OCTAHABIHMBAGTCHA M Iy — pe-
menne (6.1).

2. Cxomumoers aqropurma. IIpomecc paboTeH mpepmarae-
MOT0 alrOpHTMAa XapaKTepH3yeTCsA Clefylomeil TeopeMoi.

Teopema 6.1. Iycmv ewnosnenws 6éce cOenarHvie 6
n. 1 npednoaoscenus. Tozda nocaedosamesvrocmdv Ty, k =
= 0,1, ..., nopoxudaemas aszopummonm no gopmye (6.4),
cxodumes k¥ & — peweHuto cucmemw (6.1) — u npu smom:

a) daa docmamouno Goavwux k ay = 1;

6) das docmamouro Gosvwux k

F (z51) << LCF? (23

B) daa mwobozo g, 0 < g < 1, Haildemca makoii HoMmep
k (g), umo

qzk-k(Q) 6.6
H:Z xk“< LC(1—y9) ( )

Oan ecex k >k (g).
HoxaszaTeabcTso. OuesnpHO, L 0] ecan

F (z)) << 0 Ha HexoTopoM mare, To Bce fokasaHo. Iloaromy
6ymeM mpepmosarate, 4to F (z;) >0 mas Bcex k.
IToraskeM B IepBYI0 04epefb, YTO BHGOP O M3 YCIOBHA

(6.5) Bcerna Bosmosken. as i & Js () MMeeM, HCIONB3YSH

¢opmyxny Teitmopa:

fo @ +ap) = fi (@) +a (i (@ +0opd o) = fil@) +
+a(fi (@)pe) + o (fi (@ + Biapd) — /i @m0,

rie 0 < 0; <1. Ho B cmry Toro, 4to p, YyAOBIETBOPAET

s
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(6.2), 6ymer )
(fi (), pp) << — [i (x).
Hamee,

(i (xx + 0,0p5) — 1 (xlg)i JORS )
< pell £ (@ - 6iap,) — fi () | <<
< Ipellepy [L <o L|pg|2

IToaromy, memoxbsys (6.3), momywaem
fi (@ +apy) < fi (7)) — ofi (@) + 2L | pif <
< —a) F (xy) + a®Le?F? (xy). (6.7)
Hna i, i€ s (x) fi (@) <F (x5) — 8 = moasromy
fi (xx + opy) = fi (z) + & (fi (2 + 8,0p), p) S F () —
—8 4+ AR |pi] <F (z) — 6 +aKCF (xp. " (6.5)
CoBepmenro amajormuno maa i & J3 (z;)
lfi @ +opi) | <A — o) F (z) + a?LCF? (z,) (6.9)

B s i & 3 (xx)
| fi (@ +apy) | <F (2) — 6 + aKCF (z)). (6.10)
3ameTEM Temeps, 4TO '
(1 —a)F (z) >F (z) — 8 + aCKF (),
ecam o \<\ai, rae

- 8
%= TTFCRF iz

HMosromy musa o < af m3 (6.7) — (6.10) caemyer, gro
F (z 4-opp) < (1 — @) F (z) + a?LC°F? (zy)

ana

F (zx +apy) <F (@) — oF (z) [1 — aLCF (xk)(lﬁ- 1)
Ecam temeps o < o}, rie

2 1—e
% = TCF @)
10 1 — aLC?F (z;) > &, # mosromy (6.11) MokHO mepemm-
caTb B BHJ®
F (zx +-apy) F (z) — aeF (zy),

o < min {af, @i} (6.12)
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Tenepsb yske ACHO, 9TO €CIH MOJOBHHHTH O, HAUMHAA C O =
= 1, To HepaBencTBO (6.12) BEIIOJHHTCA IIOCHe KOHEYHOTO
9mena Opo6 m TpH dTOM BHOpaHHOe Oy Oy/eT yAoBIeTBOPATH
HEpPABEHCTBY

@, > min {1, —%— ok, —;— ai} . (6.13)

TeM caMBIM MBI J0Ka3ald, 9YTO BO3MOKeH BHIGOD O M3 yCIO-
pasa (6.5) m sTOT BEHGOP OCYIIeCTBIAETCA 3a KOHEYHOe IHCJIO
onepanmii.

Hokamem, uro F (z,) — 0. [eiictutensno, ms (6.9)
caexyer, urto F (r,) MomoronHo yGmBaer. Iloatromy ms ¢op-
MyJT IS O} B Of MOKHO CHeNaTh BHIBOJ, YTO OTH BEJIMIUHb!
pacTyT ¢ pocToM k. 3maunt, dopmyina (6.13) mosBomser 3za-
KIOYETh, 4T0 o) > & >0, Tak 4ro

F () < (1 — ea) F (z) < (1 — e@) F ().

Tloatomy F () < (1 — e&)* F (x,), oTKyfa ® ciegyer, 9TO
F (z) > 0. Ho torma o}—> -4 oo, 0f—> -4 oo, Kak 270
cpasy BEmHO B3 opMya [ias oTHX Bermdma. Iloaromy (6.13)
HO3BOJAET CHeJaTh BHBOA, YT0 O, = 1 Jad [J0CTATOIHO
Goxpmux k. Ho maa Bcex raxkmx k (6.11) morasmBaer, eciu
B Hee mojcTaBuTh o = 1, 4To

F (@ger) << LOF® (). (6.14)

Wrar, yrBepsjiends a) m 0) TeopeMHl MOKasaHHL.

M5l Temepb MoKeM YTBep[aTh, UTO CYMIECTBYeT TaKoe
ko, uto o = 1 pas k > ko u Bemoinnserca (6.14). Iloaromy
B cury (6.3)

| Zps1 — 2k || =|pe| < CF (k)

Tlomoskmm vy = LC?F (x;). Torma v,—0 m (cm. (6.14))
Vit S vi. Iyers g TakoBo, 1To 0 << ¢ < 1. Torpa Halimer-

cs makoe k (g), uto vy <<g mia k >k (g). Iloaromy
Vst < QU k >k (9). Orcroma

k-k(q) k—k(q)
o <o LK E Ty v <gmvRo, m>k >k ()
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310 mosBoiger OOTYyYHATh OLEHKY

m—1 m—1
1
|2 — 2| < 2“x5+1"xj"< 573 2 Vi<
=k j=k
m—1—k

v, j v, qzk-k(q)
S g S IC(T—q) NIC(1—9) ° (6.15)

N3 aroii onenkm cienyer (mo WaBecTHOMY Kpurepuio Homu),
9TO TOCJIe0BATeNBHOCTh I, CXOANTCSA K HEKOTOPOH TouKe
z. Tockoasry F (x,) >0, To F () =0, 1. 0. 7 — pemenue
cucremsl (6.1). Bomee Ttoro, mepexoms mpm m — oo K npe-
mery B (6.15), momywaem
_ qzk—k(II)
17—l <zga—F5
9T0 M TPeGoBaIOCh MOKAa3aTh.
3. 3amevanmus.
3dameuwanme 1. IIycts pemaerca cucrema n ypaBHe-

Al f; (z) =0, i=1, ..., n, rne z = E". Torna
fi@)>F(x)—8, i=1,..., n
F (z) = max | f;(x) |
<i<n

1A OPOMBBOJNBHOTO §, 6CAM TONBKO Z MOCTATOYHO GAMBKO K

pemenmo z. Iootomy s () = {1, 2, .. ., n} m cmcrema
(6.2) mpmo6peraer Bup

(fi@, P) +/i(x) =0, i=1,....,n.  (6.16)

[ToaTomy mpepnmoskenHEI MeTOT mpPOCTO COBHAMAGT ¢ METO-
nom HepioToHa, B KOTOPOM HTepamum MPOBOJATCA IO dopmy-
1€ Ty = zx +p(xy), TAe p (z) — pemeHme cHCTEMH
(6.16). Ycaosaem cxommMocTn Merona HroToHa sBIsercs He-
BHPOMXK/JIEHHOCTh B TOYKe Z MaTpuusl /' (Z), Tne /,' (x) — mar-
puna n X n, B KaueCTBé CTPOK KOTODPOH B3ATH f; (z). B atom
crygae p (xr) = — (f' (z))-1/ (z), rme f (z) — BexTOp-cTOI-
Oexn ¢ kommonenramu f; (z). Ho m3 mocmemmei dopmyE cite-
yeT, 4TO

P @I<IE @1 @< Col(F (@)1 [F (2),}

rme Co — HeKoTopas KoHcTanTa. V3 3T0T0 HepaBeHCTBa BH-
HO, 910 (6.3) BHIOJNHAETCA B HEKOTOPOI OKPECTHOCTH TOYKH .
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Taxum o006pasoM, W3 JOKAa3aHHOHE TeOPeMEI CJIe[yeT JO-
KaubHAS CXOREMOCTh oOmumoro Meromia HploToHa mpE pe-
IIeHEH CHCTeMH 7 ypaBHeHHIl ¢ 7 HEHW3BECTHHIMH.

B3amMeuannme 2. Ecim pemaercd OJHO YypaBHEHHE
f (r) = 0 ¢ nHem3BeCTHHMH, TO CHCTEMA (6.2) mpmoGperaeT BHA

(' (@), p) +1@ =0, (6.17)

1 TpeGyeTcs HalTH pemeHme 3TOT0 yPaBHeHMs ¢ MHHEMAIL-
HO# HODMOH, T. . HAWTH MAHAMYM |p|® opm orpaEmIeHAH
(6.17). Mcmompsys IPABHIO MHOMKHTeIeH Jlarpamxa, He-
TPYAHO HOJY4YHTH, 9TO B 3TOM CIyIae

B 1C I
P@ =~ Trap’ @
OTKYZA
IP@1 = @7/ @

flcuo, gro dpopmyia (6.3) Gymer BEIIOTHATLCH, €CIH 7 (@) | >
> v A1 BCeX .

3ameuganne 3. Haxomgenne Ha KajKJOM IIare BeK-
Topa p () €BABaHO C peIIeHHEM 3aJaYl MHHAMUIANUIH
|p P mpm orpammuermsax (6.2). 9ro 3ajmaga KBaApaTHIHOTO
mporpammupoBanns. OTHOCATeIRHO cmocoGoB ee peleHHus
MOJKHO CHle7IaTh BCO Te jKe yKasaHHsA, KOTODHIe GEUIM CTleIaHb
B § 5 OTHOCHTeIBHO PEIIeHHS BCIIOMOIATeNbHOME 33/l KBajl-
PATHIHOTO IIPOTPAMMUPOBAHHA, BOSHUKAIOM[EH B METONe JId-
HeapH3aIAH.

4, JlocraTounbie yCJIOBHA CXORUMOCTH. OcHOBHOE YCIIO-
pue (6.3), oGecmedmBaiomee CXONEMOCTH AaJITOPHTMA, IJI0XO0
npoBepsemo. B aToM DyHKTE aatoted Gomee 3PeKTHBHO IIPO-
BepsieMble YCIOBHA. B WACTHOCTH, JUIA BEIIYKJIOTO CIydad
IpH HalMYMH BHYTDPeHHe# TOUKH Y 001acTH, ompefeIsaeMoi
cooTHomenusMa (6.1), CX0MMOCTD AITOPHTMA FaPAHTHPYETCH.

[lycTs CHCTeMa COMOPHKAT TOIHKO OTPAHMIGHMA THIA HE-
paBeHCTBA, T.e. HMEeT BHJ

fi(@ <0, iedJ-. . (6.18)

Torga BCIOMOTATeJIbHAS CHCTEMa (6.2) mpmoGperaer BHJ
i@, p) +4H @ <0, ieTs@. (619
flcHo, §TO 9Ta CHCTeMa paspelIEMa OpH F () >0, ecam
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paspemmnMa CHCTeMa
(i@, p) +F (@) <0, i = s (2). (6.20)
Jdemma 6.1. Ecau F () >0, mo cucmema (6.20)
paspewsuma mozda u moavko mozda, kozda

Li@=min| 3 wi@]>o,

Y e

20e muHumym Gepemcs no ecem Ay >0 makum, umo
Z 2.,- = 1.
S5 ()

IIpu smom pewenue p(x) cucmemn (6.20) ¢ munuMatbHOL
Hopamoli ydoesemsopaem pasercmesy

17 @) = 72 F @

Moxasarexsbctro. Ilyers A; >0 Takosm, uTo

ux cymma mo i € J; (z) pasna egmmmme. Ecam p — kaxroe-
aubo pemenme (6.20), To

— 2 M@, p)SF@),
5
nann
(~ 2 Mm@, p)>F@.

=Ty (x)

Bocnoxszosasmucs  mepasenctsom (2, y) <|z|]y|, momy-

qaeM
| 2 Mi@|iel>F ).
iS5 (x)

Ho mocaenmee mepaBencTBo cupaBemameo mpm moGom yEa-
3aHHOM BHIIe BHOOpe A; W mosToMy

Ls () |[p| > F (2),
Te Ly(z) >0 n

F
Ipl> 3 (6.21)
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Taxkum o6pasoM, HEOOXOZEMOCTb YCIOBHHA JeMMH [0-
KasaHa.

Honyctam Ttemepsb, uto Ls (2) > 0.

PacecmorpuM 3ajauy: HaliTH MEHEMYM O OpA OTpaHHAYe-
HAAX

(fi @, p) +F (x) —p <0, i< J5(2), (6.22)

_F@ -
Ipl<roro = I () > 0.

dTo 3agada BEIOYKJIOr0 OPOTPAMMHUDPOBAHHS, W BCe YCIOBHSA
reopemn Hyna — Takkepa, B wactHocTH ycaoBue Cieiitepa,
IJIsI Hee OUeBMAHHEIM 00pasoM BumoaHmTcA. Ilyers py, py —
pemenne. IIpumensas teopemy Hynma — Taxkepa, momyuaem,
9T0 malimytea takme A; > 0, aro |

oo+ D M((fi(@) po) + F (2) — po) <p +
=410)
+ D M((fi@),p)+F () —p) (6.23)

‘lEéVg(x)

B Bcex p, || pll <<rp 7 Bcex p. Hpome Toro,
A (i (@), Po) +F (2) — po) = 0, i € Js(2). (6.29)

N3 (6.23) B cuny mpom3BOJBHOCTH P Cpady clIefyer, dTO
D Mm=1.
eI
Kpome Toro, (6.23) B cuny (6.24) MoxHO mepemmcaTs B BHJI®
po<( 3 M)+ Fla).
=12YE))

Beps MmmmmuyMm mo p, |p| < ry, B mpaBoil gacTE mociIef-
Hero HEpaBeHCTBA, IOJydaeM

o< —ro] D Wi @] +F @ <—rols@ +F @) =0.

ey g(x)

Nrak, p, < 0, T.e. BeKTop po YMAOBIETBOPSET CHCTeMe
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HepaBeHCTB (cM. (6.22))
(7 (@) po) +F (2) <00 <O, i€ 5 (a),

npuieM | po | <ro = F (z)/Ls (z). Ho ms (6.21) cxenyer,
9To

F (z)
IToatomy
; F
IIPO | = Ls((xx))

u BeKTOP p, ecTh pemenme cucTemh (6.20). Boaee Toro,
(6.21) moxassiBaeT, uTO BTO pemeHEe ¢ MEHEMAIbLHOM HOD-
moii. Mtak, p, = p(z) m memma poxasama.

Teopewma 6.2. lycmv eunosnens ace cdesannve o
n. 1 npednosomcenus, sa uckaouenuem ycrosus ocrosrozo
npednososcerus. Ilyemv, kpome mozo, Ly (z) > Yy >0 das
ecex x maruz, ume 0 < F (z) < F (z,). Tozda ewnoansiom-
CA U YCLOSUA OCHOBHO20 nPEOnOAONCeHUR U 6eDHbL 8ce 6H800H
meopemsl 6.1 dan sadauu (6.18).

HorxasaTeasbcTso. ITockonbKy BcaKoe pememHme
cuctemtl (6.20) ects m pemenme cmeremur (6.19), To

lp @ I<1P ()]
ITosToMy B cmry memmsr 6.1

1
IP@IS T < -F @)

9TO HOKA3HBAeT, 9TO BCO YCHOBHA TeopeMH 6.1 BHmoMHs-
10TeA,

3amernM, uro ycaosme Lg (z) > ¥ > 0 mocratouno ecre-
CTBeHHO®, MO0 0HO TpeGyeT JNMHEHHOH HE3ABECHMOCTH BeK-
10p0B f; (2), i E I (a).

Teopema 6.3. Mycms f, (%) 6 3adaue (6.18) sunyr.in
U Henpepusno dufpepenyupyemi. Kpome mozo, obaacmo,
onpe('?e./me.uaﬂ' Hepasencmeom F (x) < F (z,), xomnaxmua,
2paduenmu f; (x) ¢ smoii ob6aacmu yabmemeopmom yeaosuo
Junwuya u cyuecmsyem makas mouka z, umo F @ =9y<0.
Tosda npu & << — y ewnoanenn ace ycaosus meopemu 6.1,

9 B. H, Ilmenuunnilt, 10, M, Jaguaun
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NokasaTeabcTBo. Tak Kak f; (z) BEINYRIH, TO
L@ >/@)+ (fi),s—2), €I
Inaie Ys (z) upu p=2 —
[i @ +8>fi(2) +8 +(fi (@), p).

Ho f; () +0<<F(2) +86=974+686<0, a fi(®) +6>
>F (z), i€ Js (z). Hooromy

0>7+6>F @ + (i@ p) i € s (@
Ioxosxus, y 4 6 = — e, moay4mm, 4TO
(fi@, p) +(F (@) +8 <0, i (2

Ho »To osHadwaer B cHIy JeMMH 6.1, 9To 1A BCeX Z TaKHX,
ato F (z) < F (o), F (z) +& >0 cmerema (6.20) paspe-
mmva # Ls (z) > 0 puasa taxknx z. Temeppb ysxe B CHIYy KOM-
paktrOocTH obaactm F (z) < F (z,) ® cooGpamenmit Hempe-
PHBHOCTH, HETPyAHO ybemmrtbesa, aro Ls (z) >y > 0 1na
BCex z, Takmx, uto 0 < F (z) < F (2y).

TaxaM 06pa3oM BHIONHAIOTCH BCe ycuaoBmsa Teopems 6.2,
970 3aBepIIaeT [OKA3aTeabCTBO Teopemul 6.3.

5. Pemenne sagaum o HaxokJennm:m MuHEMMakca. IIycTsb
samaHs QyErmuE f; (z), i = 1,..., m. CocraBmM $yHKIHIO

F(z) = ax fi (). (6.25)

Bajaga Temeph COCTOMT B HaXo)KfeHHHm Toukm r & ET, Ko-
Topas MumEMEH3HpYyeT F (z).

Herpynmuo BHAETH, YTO MOCTABIGHHAA 3a/jaa CBOIUTCA K
pellenuo cIefyIOMmell 3afaun MyTeM BBe[eHUA JOIOIHATENb-
HOH mHepeMeHHOH z"'l: MEEMMHE3EpOBaTH f, (z, Z™*!) = 2"
Opd OrpaHHIeHHAX

file) —2™1 <0, i=1,..., m

ITosToMy TpPWMEHMMHE MeTO[Hl, W3JOKeHHEe B MPeIByIMuxX
naparpadax, B 9YACTHOCTH MeTOJ JIMHEapH3aIHi. 3ameTEM
TaKKe, ITO TAKAM CII0COGOM MoKeT GHITH pelleHa M 3ajia-
9a o HaxokaeHmH MEEUMyMa F (z), ecim r MeHAEICHA B He-
KOTOpoit ofmacTé L, ONMCHBAaeMO#l CHCTEMOd PaBeHCTB HIH
HEPaBeHCTB.
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B sToM mynKTe MBI paccMoTpmM Metox MuEAME3anuu F (),
Korma « &E™. IToT MeTo[ OCHOBAaH HA HeGOJBLIIOM BWIO-
H3MEeHeHHH MeTOJla JIMHeapHW3amum.

CBsixeM ¢ KaKAOH TOUKOH Z BCIOMOTATelIbHYIO 3afavy:

min (B+5-1p 1) . (6.26)
(fi @), p) +fi () — B <0, ic Ys(x),
re § >0, a
Ts(@)={:1<<iK<m, f; () >F (z) — 6).

3amernM, uTo 3afa4a (6.26) ects 3agaua BHOYKIOTO OpOTpaM-
MHpOBaHHA, npmueM yciaoBue CieiiTepa s Hee BHIOJHA-
ercsi, mbo, BHOpaB [ A0CTaTO4HO GOJBIIAM, OTPAaHWUCHUSA
(6.26) Bcerma MOoKHO yMOBIETBOPHTH cTporo. llpamoe mpm-
MeneHnme TeopeM HyHa — Takkepa B guddepenumannHOi
dopme Temepn maer, uTo p (x) m P () ecTh pemeHEe 3amaum
(6.26) Torma m ToaBKO TOTAA, KOTHA HalimyTca Takme ui > 0,

i e Y5 (x), qaro
D ui=1,

1€5(x)

p@+ X uifi(z)=0,

ST 5(x)

w (@), p@) +fi (@) —B@) =0, i€ @.

Hamxee, Touka p = 0, B = F (z), oueBumHO, YUOBIETBO-
psaer orparmdenusaM (6.26). ITostomy

B@ + 7P @P<F@. (628

Cdopmynupyem Temeps aaropurM pemeHus sapgaud. IlycTs
Z, — HOKOTOpoe HadaabHoe mnpmbamxeHme. I[lycTh TouKm

(6.27)

zj, J =0,..., k, yme nocrpoens. Torma

Tt = Ty + APy, (6.29)
rae py = p (z;). Benmumma «, BuGupaerca paBHO# 2-,
rae i, — mepBHit u3 mHMeKcoB [ = 0, 1, ..., AIA KoTOpOTO

BHIIONHATCA HOPABEHCTBO
- 1
F (zx +27%p) < F (z) — 2% | pi | 2 T <e<l
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TaxuM 06pasoM, BHIOJHAETCSH yCHIOBHE
F (zy01) F (2) — 08 | px]2 (6.30)

CgopMyupyeM yCIOBAS CXOJHMOCTH AJITOPHTMA.

Nemma 6.2. p(z) =0 mozda u moavko mozda, Koz0a
¢ moure x Ydoesemeopaomes Heo6xoduMmbie Ycr08UL MUHUMYMA
F (z).

Jlns moKasaTelbCTBA HAX0 BCHOMHHATH reo6XomMEIe yC-
nopma MuEnMyMa F (z) m mpoBecTHd paccysKneHUs, aHATOTHT-
HEe H3JI0KeHHBIM, IPA JTOKa3aTeIbCTBE JEeMMEl 5.1.

Teopema 6.4 ITycmv f; (z) Henpepbisio dugppepen-
yupyemsl, obaacme

Q= {z: F (2) <F (z0)}

0zpaHUNEHa U fi (z) ydosaemeopsiom 6 Q ycaosuro Junwuya
¢ xonemanmoii L. To2da aw6as npedeibHas MOUKa Ty nocre-
dosameavrocmu Ty, k= 0,1,..., ydosaemeopsem Heo6xo-
Oumam yeaosusm Mmunumyma F (z) npu z &€ E". Ecau f; (x)
GUNYKABL, MO T4 — PEULEHUEe 3a0aHuL.
NoxkasaTeaxbcTBo. Tak e, Kak IpH [0Ka3a-
TenpcTBe Teopemhl 5.1, HETPYAHO HOJYdHTH ONEHKH

fi (zp +oapp) < fi (@) + a(fi (z), ) + L] pil’
i e Js (xy),
fi (@ +opp) <F (z) —8 + ak |psl 1 € Ts (),
rme K = max| @]
Ecam Temepb BOCIOJb30BATHCA YCIOBHEM (cm. (6.26))
(f; (zp), pp) <Bx—1: (z), Bx = B (zs)s
a tarxe (6.28), To mepBas omeHKA IPEMeT BHJ|
f; @i + apr) < (4 — o) fi (=) + Byo + o’ L) p P <
K F () — o (F () — Bi) + 0?Lpe P <<
<F (@) —%kall’ + @*L | pi [P

Taxee, Tak kar pus 0 <o ok 0F = 8 1
17,1 (K + 3 1m)

F (@) — 5 [P > F (@) — 8 + oK el

H
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TO
fi@s+0p) <F(z) — 5 | P+ 2L ps P (6.31)
mpr 0 < a < ay. Ilostomy
F(zi+op) <F (@) —alpe [ —oL], 0<a<ak
(6.32)

Ecam Temeps

_ e
0 < a <oy, o = min [1, Ty — 2 ] . (6.33)
T0

F (z;; +apy) <F (z) — o | pilP e

Orciofia cpasy caeayer, uro HepaBeHCTBo (6.30) BmmoammT-
ca, KOoTja

U > = (6.34)
mocje KOHETHOTO YHC/IA MOJOBHHOHWH €XWHMIIHL.
s (6.30) cpasy caenyer, ato ay |px|* — 0. Ho aro osna-

aaer, uro |pyx|— 0. Ieficteurensro, aj >y >0, u6o B
cany (6.27) ||p ()| orpanmuena ceepxy B Q. Ho ms (6.33),
(6.34) cmemyer, 4TO W Q) OTPaHHICHO CHH3Y HEKOTOPOH IO-
JIO3KATENbHOW KOHCTAHTOM.

Urak, p,— 0. Ilycrs Temeps z, — mpefelbHAdg TOU-
Ka mociefoBarenbHocTd., He orpaEmamBas OGIIHOCTH, MOMK-

HO CYMTaTh, UTO Iy —> T,. Bolee TOTO, TaK KAk uUj, i &
& s (z;), TOTOKATENBHH B B CyMMe DABHH 1, TO, IOMOIKHB
ut =0, i & ¥s (x;), Momuo cumrarh, 9T0 Uk — &, mpmIeM
i >0mn

Dt =1. (6.35)
i=

Iepenmmem Temeps (6.27) m (6.26) mas Touex z; B BHMe

Pk + 2 ubfi (z)) =0,

=1

A PO @)~ B =0 = dm

(fi (@) Px) +1i @) <P i€ Tn(m) - e
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W3 mocrenmero mepasenctsa (6.36) ciemyer, ecam BHIOPATh
i & Js (x;) Tak, 1to f; () = F (z):
B >fi (@) — K|px] =F () — K | Pl

Ho (6.28) moxastBaer, 1t By < F (z) — -g—“ pi |P. Toaromy
By — F (z,). Ilepexoas k mpefery B (6.36), moryymM
m

N a@if (z4) =0,

i=1
i (f; (xy) — F (z4) = 0, i=1,...,m, (6.37)
M at=1,at>0.

i=1

Ho 3To # ecTh He0OXOXUMEE YCIOBHA TOTO, g10086L F () mocTH-
raza cBOero MAHEAMYMa B TouKe Z, (cM. ri. I). Ecan f; (2)
BHIYKIH, TO 3TH YCIOBHs SBIAIOTCA OJHOBDPEMEHHO mocra-

TOUHHIMH, 9TO JOKa3bBaeT TeopeMmy.
I[amm Temeph JIOKAJBHYIO OIEHKY CXOJUMOCTH aJaro-

puTM™a.
Teopema 6.5. Ilyemb I, — mouka MUHUMYNG

F (z), pynryuu f; (x) dsagncdv HenpepbieHO dugpepenyupyeml.
Kpome mozo, nycmov epaduenmul fi(24), 1 E Yo (zy), 20e
Jolzg) = (it filze) =F (z4)} makose, wmo pasrocmu

f;(z*) - f;. (z4), i F i 10 E Io (x4),

AUHETIHO He3asUCUMbL U MHONCUMELL it empoeo Goabuie HYyas
oan i Uy (zy), @ (yy L' (@4, B) y) >0 0aa ecex y =+ 0.
3decv

m

L (z, u) = Z ui f; (x), a L” (z, u)

i=1
— MAMpPUya 6MOPHT NPOU3EOOHHLL OMHOCUIMEALHO Z. Toz0a
npu docmamouro masom & > 0 u o >0 cyyecmsyem ma-
KGR OKDECMHOCMb MOUKU Ty, MO npoyece

Tyl = Ty —I— op (Jfk), k= 0,1, . ey

ezodumes ¢ 4106020 HAHAALHO20 NPUBAUNCEHUL To U8 amol
oxpecmuocmuu |zy — x| << Cg¥, 20e l<g<1.
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HorasaTeascTBso. MHgaamm ToapKo o6myso cxe-
My /I0Ka3aTeJbCTBa, IOCKOJIBKY HOJHOE HOKA3aTeIbCTBO CO-
BepIIGHHO AHAIOTHYHO [OKA3aTeAbCTBY TeOpPeMH 5.4 m, IO
CyIecTBy, K HEMY CBOJHTCA.

Ecnm moxoxuTh

J@={c%h@: @, p@)+/i@—p@=0}
TO MOKHO TOKA3aTh (cM. JeMMy 5.2), aro mpm MaiaoM § Js (x)=

= U (xy) = % (z) pas Bcex z, GUHBKAX K . IlosToMy m3
(6.26) m (6.27) caenyer, 9To BeKTOp p (I) H COOTBETCTBYIOMHIE
MHOKHTeNH Jlarpamuxa u! yaoBIeTBOPAIOT CHCTeMe ypaBHe-

i p@+ D wifi@)=0,

, iSd(xe)
(fi (), p @) +1i (@) =B (2), i Eo(z4), (6.38)

2 ui= 1.

iETo(xy)
Iycrs iy — Kakoi-tmbo mEmeKe W3 [, (T,), a

fi@=rl@—ful@)  Fol@)=fu@:

Torpga cucrema (6.38) sxBHBameHTHA CHCTeMe

p@+fo@+ D uifi=0,

i=Tux,)
Fi@, p@) +7:@@) =0, ic Ty (@), (6.39)
To (@4) = Fo (@) \ {io}-

Ho ara cucTeMa coBepmeRHo dKkBuBajieHTHA cucreMam (5.51.1),
(5.51.2). Tak KaK JOKA3aTeIbCTBO TEOPeMH 5.4 CBOAMIOCH K
msyueHmI0O cBoitcTB p (x) — pemenma cucTemn (5.51.1),
(5.51.2), To oTCIORA cleayeT, 4TO AaNbHeHIee JOKAa3aTeAbCTBO
TeopeMH 6.5 mMPOCTO CBOAMTCSA K HMPOBePKe YCIOBHA TeOpPeMH
5.4. Ho cpenannsle B Teopeme 6.5 mpepmoioskeHAA, KaK He-
TPYAHO IPOBEPHTH, IIOJIHOCTHIO 00ECIEYMBAIOT BHIIOJHEHNE
ycaoBaii TeopeMu 5.4 musa PyHKImiA ﬁ, 9TO 3aBepilaer Mo-
Ka3aTelabCTBO TEOPEeMHL.

Crenyomas TeopeMa COBEDIIGHHO AaHAJOTAIHA Teope-
Me 5.D.

Teopema 6.6. ITycmv 6wnOAHEHB YCA06US MEODEMBL
6.5, u, xpome mozo, uucao uHdercos 6 Muoxmcecmse o (Ty)
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pasio n + 1. B smox cayuae npu masom 8 npoyecc

Ty = Ty + P () (6.40)

cxodumes ¢ K6adpamuyuroll CKOPOCMbI0 K Mouke Ty.
NoxaszaTelIscTBo. B paccMaTpuBaeMoM Ciydae
BeKTOp p (%) OJHOBHAYHO OIpeNeNseTCA CHCTeMOHl ypaBHe-

HUHA - — -
(fi (x)’ p (x)) + /i (x) =0, ied (x*)’

#60 BexTOpH /; (2), i = J, (x,), n1uHeiiHO He3aBHCEMH 1A
z, 6IM3KHUX K I, B cmIy mpeamoxoxenmit. Ho Torpa mpomece
(6.40) ects mpocro Meron HploToHa pelreHHs CHCTeMH ypaB-
HeHA#R

}:(w)=0, iez;o (z4), . (6.41)

KoTopsiit B cmry Teopemsl 6.1 m sameuammsa 1 m. 3 aToro mapa-
rpada CXONWTCA KBAAPATHIHO B OKPECTHOCTH TOUKH Zy. 3a-
MeTHM, 9TO TOuKa z, yroBuaerBopser (6.41), mbo f; (z4) =
= F (z,), i € J, (z4), B mO3TOMY

Ti (@) = fi @4) — Jio (24) = 0, i € Fo ().
§ 7. JlokannbHOe ycKOpeHHme CXOMAMOCTH

Kax 6nu1o mokasamo B § 5, MeToJ JMHeapu3al\u CXOJUT-
cd, BooOme TOBOPSA, CO CKODOCTHIO TeoMeTpHYecKOil Ipo-
rpeccur. B pspe 3ajad Takas CKOPOCTb MOKeT OKa3aThCS He-
HOCTATOYHOM M BO3BHHKAeT mpoGieMa yOHCTpPEHHSA CXOLHMO-
CTH IIpomecca.

B arom maparpade MH H3JI0KEM METONH, KOTOPHE HO3BO-
JAIOT ATO C/IeJAaTh, 6CIAN TOJBKO y:Ke HalijeHO NPHOIMKeHHe,
HoCTaTOYHO Oamskoe K pemenmio. IlociemHee 06CTOATEIBCTBO
ABIAETCS HEJOCTaTKOM IIpomecca, ONHAKO, K COMKAIEHHIO,
B HACTOAMEe BpeMs elne He CYMECTBYeT METO[O0B, HMO3BOJAI0-
mMuX CTPOHUTH NPOLECC ¢ JMI060T0 HAYaIbHOTO HPHOIMKeHH,
o6IafaOIEll acCHMOTOTHYECKH CBePXJHHEHHO# CKOPOCTHIO
CXOUMOCTH, KaK 3TO yAAeTcsA CelJaTh B 33fade MHUHUMHA3a-
nun QyHKIHH Ges orpaHHYeHHH.

N3naraemse HIKe METOMEI OCHOBAHH HA CIeAYIOINed mee.
3ajaua MEHAMHE3ANAA CBORATCSA K HEKOTOPO# cHcTeMe Held-
HETHHX ypPaBHEHHi, IOCIe Wero mpuMeHseics Merof Hsio-
TOHA [JI PElIeHHs 9TON CHCTeMH JuG0 KaKasg-To ero MomupH-
Ramusa. B Komme storo maparpada OymeT HBJI0KeH MeTOf,
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OpAMO HCHOOJNb3YOIMUA 3Ty WA, T. e. OYyAYT BHOACAHLI
Heo0XOfnMEe YCIOBHA MHHAMYMAa, M K HONyYeHHHIM ypaB-
HeHEAM Oypaer mpmMeHneH MeTon Hriotoma. Taxoii cmocob 06-
nanaeT PAAOM HEJO0CTATKOB, TNIABHHIA M3 KOTOPHX — HE0O-
XOJEMOCTL BBHYUCIATb BTOpPHE NPOH3BOTHHIE OT HMCXOMHHX
¢yrxnuit. IlosTomy MeTos MoKeT OHTH MPUMEHEeH JHUIb B 3a-
AagaX, TAe 9TH MPOM3BORHEE JETKO BHYIHCJIAIOTCA.

Bropoit meron ocrOBaH Ha ToM (daKTe, 4TO TOUKA I, ECTH
pemenme 3ajgaul MEHEMHE3anuma (5.1) Toapko TOrHMa, Kormga
OHa y/oBIeTBOpsAeT ypasHeHmio p (z,) = 0, rme Bekrrtop
p () — pemenme BcoMorartenbHo# 3amaunm (5.4). Bymer ms-
JI0JKeH MeTo], MO3BOJAKIIAN PeIIUuTh CHCTEMY HeJIMHEHHEIX
VpaBHeHHii W HpH 5TOM He BHUHUCIAATH Hpom3Bofauble. Hax
yiKe TOBOPHIOCH, METOJ OyNeT CXOMAThCA JHIb ¢ JOCTATOU-
HO XOPOIIero HAYaJbHOTO TPHGIHKeHHA.

1. MocramoBka 3agauu. OcHosabie dopmyant. Ilycrs
TpeGyeTcss pPemATh CHCTeMY ypaBHeHHI

p@ =0, (7.1)

ree p (x) — BexTop ¢ KommoHeHTam:m pt(z), i=1,...
..o n, x€& E" 3amernM, 9T0 p (Z) — mpOM3BOJbHAA BeK-
Top-pyHKOHs, HOKa YTO HAKAK He CBA3AHHAA C 3a7a4eit Mare-
MATHYI6CKOr0 IPOrpaMMAPOBAHMAA.

ITycrs z, — pemenme cmcremut (7.1)." Bymem Bciogy B
HaiabHe#meM IpefmojxaraTh, 4ro p (z) — AmpdepeBmEpyeMasn
BeKTOP-QyHKOAA B OKPECTHOCTH TOUKH T, HPHY3M MATPHIA
IPOA3BOKHEIX

vy [ 0P (@)
P = {5 fepen

YROBIETBOpAET ycxoBmi Jlmmmuma, T. e.
[P (@) —p DI L|z—y]

Tfie' Bceé HOPMH eBKIHIOBHL.
Hanee, Ge3 orpanmueHNA OGIIHOCTH MOKHO CYHMTAThH, 4TO
z4 = 0. O6osnaunm

P'(0) =4, o () =p(z) — 4z, 7.2)

1
0@ Y) = =g P@—PE) — A1)
ByneM mpegmo;arats, 6ro Marpmma A HOBHDOMJAeHA, TaK
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9T0 CHPaBeJJIHBH OIMEHKA
m|z] <|Az] < M =], (7.3)

rme M >m >0.
JJemma 7.1. Cnpasedauset oyeHku

o @] < Cilels o (@ I < Cymax {, i}

okaszaTteabcTBoO. IlyeTs p' (z) — rpajment
$yaxnun pi (z). Torna mo gopmyie Teitmopa

pi(2) = pt(0) + (p¥ (0), 2) + (P¥ (2) — P¥ (0),2),

e z = 6r, 0 <0 < 1. Hcnonssya To, 4TO pt (0) =0,
u ycaosme Jlunmuna s p’ (), moxydaeM cpasy

Ipi () — (@ (0), &) | <Lty i=1,...0 1
OTkyna m cuaexyer Gopmyrna

lo @] =lp () — p" ©) 2] < Cofof
Haxee,
P () = P (@) + (7 (@), y — 2) + (7" () — P (@) y — 2),

e z = 6z +(1 —0)y, 0<<0 1. Hoaromy

pi(y) — pt (@) —'(p" ©0)y —2)=
= (pi @) — P (0), y — 2) + (P¥ (2) — P (@), y — 2);

OTKy/la IoCJIe IPOCTHX Ipeo6pasoBaHmil, ACIOIB3YA YCIOBHE
Jlummuna, moxyIaeM

Pt () — pi(x) — (@ (0), ¥y —2)|<
<LPly—ad+LE—2dy—2=
=Lly—2(p] +0 —0) y—2) <

KL y—2@—0)l+1—96 W<
< 3L Jy — 2 max {fof, i}

W3 mocieHero HepaBeHCTBa Cpasy CJefyeT BTopoe yTBep-

JHAGHHE JOMMEI.

Iycrs' Temepb TOIKH Iy, Ta. » - 5 Tn Y#KE TOCTPOGHH,
p(zy) #0, k=1,..., n, ¢y — eQUANIHES OpTH B Ha-
mpaBieHEn k-i KOODAWHATHOX OCH.
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ITomosxum
Y = zx +p (@e)] ex
ry =Yg — 2 = [p (@) ews
ze=p(@y) —p (@) E=1,..., 1

BBemeM Mepy numHeliHO# He3aBECHMOCTH IPOH3BOJBHOTO Ha-
Gopa BeKTOpoOB by, k = 1, . . ., n. Ilomxomum

n
b,
Ay .. by = min |3 o]
Rl PR Ty
2|ai|=l
i=1

Herpynuno Bmpers, ato A (by, . . ., b,) >0 Torma m Toasko

Torga, Korga BEKTOPH by, ..., b, IWHeHHO HE3aBUCHMEI,
3aMeTEM TakKMe, 4TO
1
A(el,...,eﬂ)== V;;-.

Jemuma 7.2. Cyyecmeyem maras 0okpecmHOCb MOUKU
z, = 0, umo

A(ZI,oo '7Zﬂ)>?>0’
ecAl MOALED Ty, « « -y T, AEHCAM 8 IMOU OKPECTMHOCTNU.
NokasaTtexscrTBo. B cary onpenenenna o (z, y)
zp = Arg + o (Y z) Ird = [p (@] (e 4 @ (Y0 zx).

oaromy
g Aey 4o Yy )
llzkll — Aek +o (yk’xk)" ’
Ecam z,— 0, To

o

Izl N Ael”
Opnako merpygHo BHAeTh, 4T0 A (2, . . ., 2Z,) HeIPepPHBHO
3aBHCHT OT 2y |z]~!. IloaToMy Ans xy, MOCTAaTOTHO GIABKAX
K HYIIO,

Ay o1 20) > 5 A(dey, ., Aey).

Ho. A (4ey, . . ., Ae,) > 0, n6o Bextopu Ae,, k = 1,.. ., n,
ecTh IPOCTO CTONMOmH Marpumu A, a Tak Kak Marpmma A
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HOBHIPOKJEHA, TO €e CTOJOLH IuHe#Ho HesaBHCHMH. MTax,

Ay r22) > A (e, - ., deg) >0

IUISL BCeX Z, M3 HeKOTOpoil oKpecTHOCTH Iy = 0, 4To W Tpe-
6oBajoCh TOKAa3aTh.
Ilycrs 6 >0 — pajmyc OKDECTHOCTH HyJs, B KOTODOi

cupasepmesl aemMsl 7.1 m 7.2. Ilycts TOUKE Zy,. . ., Zn
BeGpams m3 orTo#t oKpectHoctu. Haiilem BeqAYAHB Bis
i=1,... n, #3 CACTeMH ypaBHeHHH
. n
—pen) = 2 Bt (7-4)
k=1

B cmny aemm (7.2) aTa cEcTeMa paspemmmMa. Ilomoxmm
n
Tny = Tn+ 2 Bie (7.9)
k=1
OmeHEM HOPMY Zpiq. IIOCKONBKY
p (2 = Azy + 0 (24), (7.6)
zp = Arg + 0 (Yo =) il
m3 (7.4) moxydaeM
n n
— Az, — 0 (@) = 2 Bedri + 2 B0 Wi T Il
k=1

k=1
IR

Axny = — 0 (zn) — 2 B0 (Uies ) | e |-

k=1

W3 mocnenuero PaBeHCTBa clexyeT

| 1| <[ Aznsa | < [0 @)+ 2 [BelImello @ 2] (7.7)
k=1

Ho B cuny memmu 7.1

lo (vp 2l < Comax {ly, [z} = Comax {|(z +
+1p @l el e} < Co (I + 1P () D-
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B paccMarpmBaeMoii OKpecTHOCTH
Ip (@l = Az + o (@] < Ml + Co bl
IosTomy

lo @i 20 |<Ca@ +M +Ci) il = Cs el

Wcnonpsya 5To HepaBeHCTBO, OmeHKY (7.7) MOKHO Hepemn-
caTh B BHME

J2nal < [Clﬂxnn -I—Csmaxllxkl] 2 IBk“lrk] (7.8)

k=1
3amerTnM Temeph, 4UTO

HZ Bkzk“ "2 By lhz, uz i ﬂ(z [B:] |2 )

= = 2 18 102

=1

3 1Bllal) -

k=1

>A(z1,...,zn)(

Yumnrusaa (7.4), momydaem

1@ >A Gz (3 1Bl Iad) . @9

k=1
Hauiee,

Iz | = [ (Ar, + o (Ui zi) |75 ) |>14r| —lrello @ z) | >
> || m — Cs|zi ) > il (m — Cslgcg [EAE

ITosTomy
3, 18elbzal> (3 18ellrel) (o — Cs max .
k=1 k=1

Hepasenctso (7.9), ecan
max |z | << m/Cs, (7.10)
1<ksn

Temeph faeT

1Bl < 557 Ip @) | . (749)

v.e.,2 )(m—Cs max{x
k=1 ’ n)( l<k<‘ll’ll kn)
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YunThiBasg Temeph, 4TO
Ip (@n) | = [Aznt o (2) | < M |2.] +Clu/~tn“2 Calzal,
(7.8) ¢ ygerom (7.11) m meMMH 7.2 MOKHO OKOHYATEJBLHO Ile-
penmcars B BHJe

Csmax |z, | Ca

1 n
Laun] <l [clnxnu TRNONG T et ] @12
1<k<Kn

~

Cdopmynmpyem HONydYeHHH De3yabTaT B BHJE JEMMHI.
JJemma 7.3. Ecau mouku zy, k = 1,. .., n, eubpann
6 makoii okpecmuocmu mouku zy, = 0, umo ewnoaHslMCR
yeaosus aemm 7.1 u 7.2 u nepaserncmeo (7.10), mo cnpasedrusa
oyenka (7.12).
2. Auaropurm. Cd)opmynnpyeM Temeph AJITOPATM PeINeHHA
cucteMH ypaBHenmi (7.1).

Bri6upaeM HA9alIbHEIE TOIKHA Ly, Ly, . . ., T,. 1IyCTH TOUKH
Zise + oy Tpye - -y Ty ye mocTpoeHH. Torma TouKa Ty
CTPOMTCS WO ciaepyomeil gopmyie:

n
3
Tre1 = Ty + 2 Bi Tk-nis (7.43)
i=1
rae
r;i = lp @)l emy ¥3 =2 + 715 2= p (¥)) — p (),
a BeJINYHHH ﬁf, i=1,. .., n, oOpeelAsIOTCA H3 CHCTEMH
ypaBHeHUIH
n .
k
—p (@) = X Bizknu (7.14)
i=1

WNnperc m (j) BHUmCIAeTCA IO ClexylolleMy IPaBHIY: €CIHA
j=1In +p, 1 <p<<n—1, rge | — nemoe, 10 m (j) = p.
Ecam e j = In, To m )—n.

TakuM 06pasoM, BEKTOPH 7y, I'y,. . ., 7'y IPONOPIAOHATE-
HHl eAHUYHBIM OPTAM KOODAMHATHHX oOceil, KoTopsie OepyT-
¢ B [UKJIAY6CKOM IODSAKE.

Hax Bmamo m3 mpuBefmeHHEHIX GOpMYyN, cXeMa AaJATOPHTMA
mocrarouno mpocTta. Ha kaskmoMm mare oHa BKI0OYaeT BHYHC-
aesne p (¥) B TOUKAaX Zy W Y, M DeleHHe CHCTEMH ypaBHE-
auit (7.14).
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Teopema 7.1. ITyemv 8, >0 makoso, umo dan x,
ydossemeoparouuz Hepasenemay x| < 8o, ewnoanaiomes ycao-
eun aemm 7.1 u 7.2 u, kpome moz0, HepaseHcmMsa

m—C3||x||>—';—, (7.45
o 2CsC
—m°-[01+—m?7—‘] <1 (7.16)
ITyemo 2y, . . ., Tn 6B6PAHYL MAK, UMO lzd] << 805 & =
=1,... n Toeda onucarnwwil eviuie ar20pumm cxodumcs

K pewenuio x, ypastenuil (7.1) u ckopocmo cxodumocmu ceepx-
AUHEUHAR,

JoxasateascTBo. I[loxkaxeM, BO-IepBHX, €TI0
|zi] << 8o AMs BeeX TOUEK Ty, MOCTPOEHHBIX B IPOLECCe al-
roputMa. B camom fere, ecam Iy, ..., Iy Jexar B
8,-OKPECTHOCTH TOUKH Ty, TO AIA TOUEK L i1y L-ntare + +» Tk
BHIOMHAIOTCA YCJIOBAA JEMMH 7.3 W IO3TOMY CIPaBEeAIHBO
HePABeHCTBO, AHANOTAYHO® HEPABOHCTBY (7.12):

CsCamax || zy_p,;
n

1
[zeel <l il —| Colel + 1<i<

1 (m—Csmax |z, _p.; )
1<i<?[! kn+z“

b

B3 Koroporo caefyer ¢ yderom (7.15), ato

[rraa | << ﬂxkl max | xk-mi“ Ce» (7.17)
1<in
Tae .
_ 1 2CsCs
Cy= o[ Cot 222].

Ho || &x-n+i] << 8o mO P00 KEHHIO. Tosromy
1z ] < 2] 80Cs < I2k] << Bos

aT0 E TpeboBamoch foKasaTs. Boiee Toro, M3 MOCHSAHETO He-
paBeHCTBA CIJIyeT, eCIH 0003HAUATH go = 8,C 5, 9TO

Iz | << 9o |- (7.18)

Tak kak B cmry (7.16) g, << 1, To oTcioma ciemyer OIeHKA

lzc] < g&" |#als T €. 0, Tar 9T mEPBOe YTBEPX/Ie-
HHAe TeopeMHl 0Ka3aHO.



272 METOIBl PEMEHHA BANAY C OTPAHWYEHWUAMHU [IJI. III

Hanee, m3 (7.17) momygaem, aro

/

[EPTY
Teg < Cs max | genal) (7.19)

Tax xak zx — 0, To mocaefHss omenxa 03HAYaer, 4To

" zk-i- 1 II 0.

||xk||

Mocaexnee coorHomenme mokasmBaer, aro z; — 0 OEICTpEE
n000it TeoMeTpHIecKoit Mporpeccun. Teopema moxasama.

IlponsBenem Gosee TOUHYIO OIMEHKY CKOPOCTH CXOMHEMO-
cra. Ilonmosxum vy = Cj|z;|. Torna (7.17) Moxer 6HTH e-
PenmcaHO B BHJe

l)k+1< Vg MAaX Vg_niie (720)
1<i<n
Homosxum Temeps ¥; = max v;, Jj=1,...,n, ® onpegennm
_ 1<i<n |
U, £ > n, mo peryppenTHO# dopmyie
Vkyy == Up MAX Ugpyye (7.21)
1<ign

Torma merxo Bupets, aT0 ) < Uy pas Bcex k. Jamee, mo-
CKOJIBKY

Vv = C5ﬂ1iu<0560=q0<1, i= 1,. T (N
0 U S go<<1,i=1,...,n m modToMy moOCIeTOBATENE-
HOCTb Uy MOHOTOHHO yGHBaeT. DToT (aKT bieMeHTapHO

RoKaskBaeTcsa wHAyKnmeir mo k. Otcioma caemyer, uto

g‘;{é Ug-n+i= Vg-ns1, ¥ (7.21) mepenmcrBaercss B BUze
n

Vg1 = UkUk-n+1e (7.22)
Iomosxmm wy, = In ¥,. Torma

Wgs1 = Wi + Wk-n41y k>0,
(7.23)

wg=1Inby, k=1,...,n.

Ws pesyasraror Ocrposeroro ([1], Teopemm 2.4 m 12.2),
clefyeT, 4To

ZEL g, (7.24)

PN
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rae Ay — HamGONBIIAIA NOMOMKATENbHBH KODEHH ypaBHEHHS
() =A"— A1 —1=0. (7.25)
Tax xak @ (1) = —1 <0, a gaa Goxsmmx A ¢ (A) >0,

0 Ay > 1.
Us (7.24) cnemyer, uto mua nwboro & >0, Ay —e>1,

3 3 w
Haifletcs: Takoir momep kK (), dro —u':"—’ > Ay — & Wim
k
In v,

2L >k —e. Tar kak Invg < 0 (U< go<1), T0 pas

ln»,

k>k()

In Desy < (o — &) In vy = Inof*™,

WA Vg, <UF, k >k (e). s mocaefHedt GopMymH creny-
~ ~( k—k(e)) ~
eT, uTo Uy <v§}(§)‘)( . Ho mocmenoBaTenbHOCTS V) MOHO-

ToHHO yOuBaer m v, < go< 1. Ioaromy

n<ad 0 k> k() (7.26)

Teopema 7.2. Eciu eunoswenws ycaosus meopems
7.1, mo das kaxcdozo € >0, Ay — & > 1, 20e Ay — Haubow-
wuii kopend ypasnenus A* — A"-! — 1 = 0, naiidemca ma-
kol Homep k (g), umo das ecex k > k (&) cnpasedauso nepasen-
cmeo

4 ek
losl <4 a7

g < 1. (7.27)

Horasatennctso. Hamomumm, ato vy= Cy]al,
vp < Uy. M3 aTHX HepaBeHcTB m (7.26) cpasy caemyer Tpefy-
eMHId Pe3yabTar.

3. Brrumcamrensusie acuerrtnl. [Ipumenenne k samage mMa-
TEMATHYECKOr0 mnporpamMupoBamusa. M3moskeHHHE B mpe-
ABIAYIEM IyHKTe AJATOPHTM AOCTATOYHO mpocT. Ha Kammgom
mare oH TpefyeT BEYMCIGHHS BeKTOpa p () B TOUKax
A Yyx ¥ DpeIleHAsA CHCTeMH JIHHeHHHX ypaBHemmir (7.14).
Ecnu o603HaunTh wepes Z; MATPALY CO CTOMOIAME Z_p.ir

i=1,..., n, 1o ypaBuenns (7.14) Mo:KHO TmepenmcaTh B BH-
ne Zyf* = — p (xx), rtme P* — BexTOp-cTOmberm ¢ Kommo-
mepramMu B, i=1,. . ., n,
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N3 amropmtma ciaepyer, uro Marpunbl Zi B Zy_, OTIH-
9AI0TCA TOIHKO OXHAM CTOJOIOM: CTOJGEN, 2; MEHACTCA HA CTOJI-
08I Zkiys & Zp-niiy | < N — 1, MEHAIOTCA HA Zg_n4ivy, L <L — 1.
TlosToMy misa BrIHCIeHHA Pil MOXHO WcmomB30BaTH IpH-
eMHl, m3joskenEHe B ra. 11, § 3, m. 4, 5. Crenyer Taxsxe 3a-
MeTHTH, UTO 3TH NPHEMH BeIyT K HAKOILIEHWIO BEYHCIHMTENb-
Hoit morpemmnoctd. IlosTomy, ecim Beramciaenme p (yp) Tpe-
Oyer cymecTBeHHO 0O0JbIIe ONMEpamuil, IeM pPeImeHHe CHCTEeMEl
(7.14), To ciemyer mpEMeHATH CTAHAAPTHYIO IPOrpaMMy pe-
IMIeHAsA CHCTeMH JWHEHHHX YpaBHeHHWH [JIA BEYACICHHS
pk, He McmONB3yA peKyppPeHTHEE (QOPMYJIHL.

Bossparmmcs Temepp K 3amaue (9.1) — (5.2), mamorxen-
ot B § 5. B cumny aemmu 5.1 mjsa HaxoKIeHHA JOKAJIHHOTO
MHHUMyMa JOCTAaTOYHO pemuTh ypasueume p (r) = 0, rae
p (z) ects pemenue sapaum (5.4). Ecam BHIOIHEHH Ipejno-
JOMKEHAA TEOPeMH 5.4, KOTOpHE [OCTATOYHO eCTEeCTBEHHH,
TO B CHIY JIeMM 5.2, 5.4 B I0CTATOYHO MaJOif OKPECTHOCTH pe-
INeHHAS Z, BHIOJHEHH U ycaopus TeopeMu 7.1. Ilosromy mpu-
MeHeHHe W3JI0/KeHHOIo B 9TOM maparpade ajdroparMa mosBo-
JsieT YCKOPHTDH CXOAMOCTD MeTO/ia JHHeapusanun. ITpu aTom B
KagectBe p (r) caenyer 6paTh BeKTop p (x), KOTOPHIA ABIsAET-
¢ pemenmeM 3afgaqd (9.4).

. 4. 3apava vuHMMu3ANEA ¢ OrPaHAYEHUAMH THNA PaBeH-
ctBa. Paccmorpmm sajady MuHEMm3an@mE QyEKOEE f, (2)
OpH OrpaHAUYeHHAX

fi (x) = 09 = 1»‘ .oy m. (7.28)

Ilyers z,, — pemmeHme 3a/{a9d M BHIIOJHEHH CIEAYIOI[EE PO/~
LOJOIKEeHNS.

a) @ynknun f; (r) ABaKAH HempeprBHO muddepenmupye-
MH H UX BTOPHe NPOM3BOAHEIG YMOBIETBOPAIOT YCIOBHIO
Jlanmuna.

~ 6) B Touxe z, rpagmentH f;(z4), i =1, ..., m, nuHei-
HG He3aBACHMEI, TaK 4T0 HeoOXOAHMEHe YCIOBHA MHHAMYMAa B
T, BHNOIHAIOTCHA B peryispHoii gopm> (em. ra. I, § 4). Ta-
KEM o6pasoM, CyImecTByOT MHoKHTenH Jlarpamma uf,
i=1,..., m, Takdme, 4TO

folzs) + § uif; (z4) = 0, .20

i (1‘*) =0,i= 1,. .., m.
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B) BrmomuswoTca fgocTaTodHHE YCAOBHA J0KAJIHHOTO MH-
HEMyMa, T. €. (Y, L” (x4, w)y) >0, ecim y =0 a1 (fi (zy),
m

y)=0,i=1,..., m. 3pecs L (z, u) = f, (z) + Z uif;(z),
a L" (z, u) — marpuna BTOPHX NPOM3BOJHEIX or Il, (x, u)
OTHOCHTEJIHHO Z.

Teopema 7.3. Ilycmv éwnosnens npusedennvie eviuLe
ycaosus a) — B). Tozda nocaedosamesvrwocmu xy, Uy, i =
=4,...,mk=0,1,..., eiuuciennvie us pexyppeHmHuT
COOMHOWEHUL

L" (zx, u) P+ D) Auif; (2i) + L' (2, ug) = 0,

i=1 (7.30)
(/;(xk)apk)""fi(xk):ov i=1,...,m,
N 7.3
Uk =uk+ Auy, i=1,...,m,

cxodamea K Zy U Ui coomeemcmeenHo ¢ k6adpamuuHoli cKopo-
CmbI0 ¢ 4106020 HAXALLHO20 NPUBAUNEHUA Lo, UL §=1, . . ., m,

docmamouno 6AUSK020 K DEUWLEHUI0 Ty, Uy i =1, ..., m.
HJoxasaTeaxbcTso. Ilpomece, ompepensiemMerit
dpopmymamm (7.30), (7.31) ects mpocro mpomecc, MOPOKAae-
muii MeromoM HbloToHa, mpm npmMenenumEm ero K cuCTeMe
(7.29). IlosToMy pmaA pmoKasaTeAbCTBA TEOPEMHE [OCTATOUHO
NpOBepUTH HA OCHOBaHHM 3aMeuanusa 1, n. 3, § 6, aro maTpm-
Ila OepBHIX HPOMBBOXHHX OT JeBHX wacreir (7.29) orHocm-
TeJIbHO BCEX aPTyMEHTOB I W u' HeBHIPOK[ieHA B pelleHHH.

Ecam 06osHaTATL Yepes /' (r) MaTpHmy co cTpoKaMH J; (z)
i=1,..., m, To HeTPyAHO BHAETH, YTO MATPHIA IIEPBHIX
OPOM3BOJAKIX OT JeBHX dacreit (7.29) mMeer caexyoomui
OJowHEH BU[:

L@au) £4e0\]
( f@) 0 ?)jnem

n4m
Jlna TOro 4TOGH yﬁenm'bca B e¢ HeBHIDOKJIEHHOCTH, [0~
CTaTOIHO IMOKa3aTh, ITO OJHOPOAHASA CHCTEeMa ypaBHeHKﬁ

L' (Zx w) § +1*(z4) =0,
(@) =0

(7.32)
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AMeeT TOJBLKO HyJeBoe pemenne. 3ugech j & E", i — BeKTOp
¢ KoMmoHeHTaM® ii%, i = 1,..., m. Urak, mycts j, T —
pemenne cuctemnl (7.32). YMHOKas IepBoe W3 ypaBHeHHi
(7.32) cramspHO Ha j, MOTydaeM B CHIy BTOPOTO ypaBHEHHS,
qTo

@ L (s w) §) + (3, " Mzy)7) =

=7, L' (@, 0) §) + (/' (@) §,8) = (§, L" (24, 0) §) = 0.
Ho B cmay mpeAmonosKeHHs B) IOCJIe[HEe COOTHOMIEHHE IIO-
KasuBaet, 910 j = 0. IlosTomy mepBoe 3 cooTHOmenwix (7.32)

nependmeTrcsa B BHAe
m

f* (@) B =D @i (zy) =0,

i=1

9TO BO3MOKHO TOJBKO eciam #'=0, i=1,..., m, TaK
KaK BeKTODH f; (r,) JIMHeHIHO HE3aBHCHMEI II0 IIPEIOJIOKe-
HALO 0).

HNrax, moKasano, 9To yciaoBua cxopmmocT# Merofa Haio-
TOHA BEIIOJHEHH, a3 TéM CaMBIM [0KasaHa H TeopeMa.

§ 8. Merox mrpadusix GyERNwii

Merox mTpadHHX GyHKIHA ABIAETCA ORNHEM M3 Hambolee
OPOCTHX W IIMPOKO H3BECTHHIX METONOB pelleHHA 3aa4YM Ma-
TeMarmdecKoro mporpammmpoBannd. OCHOBHasA Hed MeToja
COCTOUT B NPHONMKEHHOM CBeNEHUH 33/aYf MHHEMH3AIIUN
OpH OrpaHAYeHHAX K 3a7a16 MAHAMASAIINHA HOKOTOPOi QyHK-
nuu Ges orpanmuennii. IIpm sToM BcmomoraTenbHad QYHKIAA
moaGHpaeTcs TaK, YToOH OHA COBIAfAJNa C 33AHHOM MUHAMM-
3upyeMoii QyHKIWell BHYTpH [OMYCTHEMON 00JacTH M GHCTPO
Bo3pacTana BHE ee.

IomycTaM, 4ro HCCIefyeTcs 3ajada MUHAMH3ANWA QyHK-
qua f, (r), * & E™, npm orpaHm4eHAAX

fi@) <0, i=1,..,m. 8.1)

Bce ¢yurmmm f; (z), i =0, 1,..., m, HempepHBHH.
IIycrp
2, t>0, t, t>0,
@o (t) = {0’ t20’ P &= { 0, t<0. (8'2)
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CocraBuM (yHKI[AIO

Y@, r) =1 o (f; (@) (8-3)
i=1
Torma merxo BUAETH, 4TO

Y(x, =0 =9,

Q= {r: /i@ <0, i=1,...,m

Ecam sxe 2 E Q, 0o Y (2, r) >0 m ¢y (z, r) > + oo mpm
r— 4 oco. BcmomorarembHas 3ajada Temepb COCTOMT B
MOHAMHA3AMAR QYHKITUA

F(z, ) =/fo(2) +% (= 1. (8.4

EcrecTBenHO 0'XHIATH, 4TO pelnenue sToit 3agaqd x (r) Gymer
OIm3KMM K pemIeHH0 ACXOoAHo# 3amagn. Hmxe 6yayT cdop-
MyJIUpPOBAaHH TOYHHE YCJIOBHA, IPH KOTOPHIX BTOT (aKT Oy-
IeT WMEeTH MecCTO.

3amernM, uro BHGOp ¢yHKOmE ¢ (x, 7) He 06A3aTeIBHO
6HLIO feaaTh TaK, Kak 9T0 OHLIO cAedaHO BHme. Bymer mo-
CTaTO4HO, 9YTOOH dTa (yHKOHA 0071afala HEKOTODHIMH 00-
IM¥MHA CBOWCTBAMH, KOTOPHE 00ecmeuar CXOAMMOCTb METOfa.
B saBmcmmocTm 0T cmocoGa BHOopa ymknmit ¢ (r, r) MeTox
oGnajaer pasIMIHHIME CBolicTBaMHM., B wacTHOCTH, ecam mo-
JORUTH

rue

P (z,r) =r max @, (f; (%)),
1ISi<r

TO MeTOJ{ IMHeaPU3AMHA, HBI0KeHHKI B § 5, MOsKHO paccmaT
puBaTh Kak Merof MuEmMmsanmu OyHkmmm (8.4). IIpmaem
Kak IoKaszaHo B § O, B 9TOM ciaydae HeT HeoGXOAMOCTH yCT
pemiaarh r K Geckonegnoctn. Opuaro F (x, r) Gymer Heraap-
Koil QyHKIHei.

B o6mem cixydae F (x, r) cTpoETes TakK, 9TOOH oHA OnlIa
IJafiKo# W GHIA BO3MOKHOCTH HPAMEHATH OJWH H3 OHICTPO
cxomamuxcs meronos ri. II. K comanenmio, mpm stom r
HA/I0 YCTPeMIATh K GeCKOHEYHOCTH, 9TO BJIEUeT 3a C000i psax
HeABHHX TPYAHOCTeH, KOTOpHE, HA B3TJIAJ AaBTOPOB, 3HA-
9ATEJIBHO CHUKAIOT MEHHOCTh MeTofa INTpadHHX (QYHKIHI.
Humxe M 06cyaM 9TH TPYAHOCTH, & TAK:Ke GEII0 HBI0MKAM
eme ONMH MeTo[, GJIH3KHH IO Haee K METONY IITPaQHEIX

pynxmui.
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1. Obocnopannme| meronal mrpagmrix ¢yskmumit. (IIycrs
HEKOTOPasA HeNPePHBHA dyarmma P (z, r) obmamaer cie-
AYIOMYAMHE CBOACTBAMI:

1) $(x, ) =0, ectt 2= R, P(z, 1) >0, 2EQ, =

(xk, re) > + o0, ecam ;- xy o= £2, rg—> -+ oo0;
2) ¢ (z, r) MOHOTOHHO BO3pACTaeT ¢ POCTOM T.
Teopema 8.1. ITyemv muoxecmeo

Qc(r) = {a: F(z, r) < C},
F(JC, 7') = fo (x) +"|’ (x1 T),
komnarmuo. Toz0a gynkyus F (z, r) docmuzaem ceoezo mu-
Humyma m (r) no écem x ¢ Hekomopot mouke x(r), u npu smom

m(r) < m, 2de
m = min fy(z), m(@)—m
xsQ

u m(r) monomoHko eospacmaem ¢ pocmom r. Boaee moeo, ecau
z (rg) = x4y, k= 00, ry —> 00, Mo x, — pewerue UCTOOHOU
aadauu (8.1).

HJorxasateascrtso. Ilycre 7 — Kakag-nmmbo TOU-

ka m3 Q, C = f, (). Tormga mHoMmKeCTBO Q rex z = Q, pas
KOTOPHX fo (z) <CC, ecThb 3aMKHYTOe MHOJMHOKECTBO KOM-

HaKTHOTO MHOKecTBa £5 (r). [leitcrBHTeNBHO, ANA 2 & Q
B cuaIy cBoicts Y (z, 1)

fo@) +9(z, n=fo(2) <,
T. e. * & L5 (r). Ho acno, aro muammywMm f, (z) Ha Q momxen

aexxatb B mopmuokectse £2. IlostoMy caemyeT HCKaTh
MUHEMYM HempephBHOH (YHKu#E f, () Ha KOMIAKTHOM MHO-
sectBe §2. Tak Kak mempepuBHAas (QYHKIEA [OCTATAET CBO®-
T0 MHHAMYMa HA KOMIAKTHOM MHOKeCTBe, TG OTCIO/Ia
cxenyer, aro 3afada (8.1) paspemuma. AHaJoTHYHHE pac-
CY/R/IeHHSA IOKAa3HBAaWT, uTo ¢yHrmua F (z, r) mocrmraer
CBOET0 MHHEMYMa m (r) B HeKoTopoil Touke x (r).

ITycrs z, — HexoTopasm Touka mmuEMyMa f, (z) B Q.

Torpa
F (24, 1) = fo (24) + ¥ (24, 7) = fo (24),
u6o r, = Q, a P (z, r) = 0 npz z = Q. Iosromy
min F (z, r) = m (r) < m,

T. 6. z (1) = Q, ozr).
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PachOTpnM Temepb MHOKECTBa
Q, (r) = {.’II: fo (z) + P (z, r) < fo (.’t*)}

IJTH MHOKECTBA KOMIAKTHH 10 HIPEANOJOMKEHHI0O W B CHIY
Bospacranua P (z, r) ¢ pocToM r:

Qu (r2) T Qpy (1), 11 <1

IIycts Temeps ry, k — oo, — Bo3pacraomas IOCIEN0BATEIE~
HOCTH T, IPAIEM ', — -+ oo. Torna

Qm (rk) < Qm (r1)~

Tak kak, kak GHI0 HOKasamo BHme, z (1) & ., (), To Bee
TOYKA T () OPAHANIEKAT KOMIAKTHOMY MHOMKECTBY £ (ry).
[loaToMy Ge3 orpanmdendsi OGIIHOCTH MOKHO CIHTATh, UTO
TOCTIe/I0BATeABHOCTE I (ry) CXONUTCA K HEKOTOPOH TOdUKe i,.

Ioxamem, dto z, & Q # f,(x,) = m. [leiicTBATOMD-
HO, ecmHm Z, & Q, 10 (2 (ry), ) - + oo m, BsHaumT,
F (z (ry), r) = + o0, w0

fo(@(ry)) > min fy (2).
xeQ,, (1)

Ho ato mporusopeant Tomy, aro F (z (ry), ry) = m (ry) < m.
Hrax, z, = Q.
Naxee,

m (rs) = F(z(ry), ) = fo(z (1)) + ¥ (x(r), 1)) <

< fo (zo) + ¥ (2o, 1) = fo ().
Orciofa

’{im m (ry) = 1133; (folz (re)) + ¥ (2 (re)y 7)) < fo (o).

(8.5)
Ho fo (z (rk)) = fo (x,), moaTomy

}‘im Y (z (), 1) < fo (z0) — ’1‘:1?0 fo (x (ry)) = 0.

Tak xak ¢ (z, r) > 0, To orciofa ciaexyer, 9TO
lim ¢ (z (rg), re) = 0.
Urax, e
}‘1_210 m(ry) = lf:lo fo(@(r)) + }“_E'f.i Y (@ () ) = Jo (@o) >m.
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C ppyroit cropoms, m (ry) << m. Iloatomy lim m(ry) =

k—oo
= f, (o) < m. ComocraBienne mOCIE[HETO HEPAaBEHCTBA C
OpefHAYIEM MoKaswBaer, d4ro lim m (ry) = f, (2,) = m,
k—»c0

9TO 3aBepIIaeT J0Ka3aTedbCTBO TEOPEMHI.

Iloxazagmas TeopeMa MOKAasHBaeT, 4YTO 3aMeHA PeNICHHS .
safaun (8.1) mummmmsanmeit Pyxmmm F (z, r) mpm Goapmmx
r T03BOJIAET NPHUGIM3HTHCA K PEIeHAI0 HMCXOMHON 3afavud.
OnenmM XapakTep 9TOHl CXOMMMOCTH B HEBHIIYKJIOM CIydae.
3ajaua BHIYRJIOT0 MPOrpaMMEPOBAHAA GyReT HCCIefOoBaHa
B CJIeAYIOMmEeM IyHKTe.

Teopema 82. Iyemv Pynryuu f; (z), i =0,1,. ..
... m, HenpepuigHo Juddeperyupyemsl, U eLiNOAHEHBL YCA0BUS
meopemst 8.1. Kpome moeo, nycmo:

1) sadaua (8.1) umeem edurcmeernroe pewerue;

2) dynryus b (z, r) enbpana 6 gopme (8.3) u munumym
F (z, r) docmuzaemcs e eduncmeennoli moure z (r) npu 604v-
wuzx r; ,

3) e pewenuu z,, sadauu (8.1) 2paduenmu fi(x,), IS, (z4);
AUHEIHO He3asucumbl, 4

Holzy) = {it filze) =0, i=1,..., m}.
Toeda lim z(r) =z, u

r—00

}'ilgrq)l(f‘i(x(r))):%ui’ i=17°'°7m’

20e u' — muoacumeau Jazpanaca sadauu (8.1).

3ameuanmne Hamovamm, aro cormacHo Teopeme 4.1
(§ 4 ran. I) B TouKe z, BHOOXHAITCA HEOGXOMUMBIE YCIOBHSA
MuHEMYMa B (dopMme

folzy) + El uifi (z,) = 0, 86)

ut >0, ulfi(xe) =0, i=1,.., m

OHorxasareaxbcrTBo. Ilokaxem cmasama, d9TO
z (r) > z,. HMounycrmm mpormeHoe. Torma maiimerca Taxas
HOCIeOBATENBHOCTD Ty —00, UT0 [ Z (ry) — Z4 [ => 6o > 0.
Tak kak Opm fAoKasarTexbcTBe Teopemsl 8.1 GLiTo mokasamo,
ar0 z () € 8m (ry), a MHEOmecTBO R, (r) KoMmaxTHO,
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TO, He OIPAHWYMBAA OOGIMHOCTA (eCIH HAJ0 — MOMKHO B3ATh
TOAIOCTIeI0BATOIPHOCTD), MOMKHO CUHTATH, 9T0 I (Fp) —> gy,
OpuYeM fCHO, UTO | Zyy — Zy | > 8, > 0. Onnaxo m3 Teo-
pemer 8.1 caemyer, 4ro Z,, — pemenue 3afgadm (8.1). Takum
00pa3oM, TOJy4eHO ABa PasIdYHHX pemenns sagadn (8.1),
9T0 OPOTHBOPEUHT HPEAIOIOMKeHHIO.

Urak, mokasaHo, uto z (r) — z,. JJokaskem BTOpoe yT-
BepiKeHNe TeOpeMH. TakK Kak z (r) — TOUKA MAHEMYMa
¢yarnun F (z, r), To B 3T0# ToUKe TpagdeHT QYHKIAH

F(z,1) = fo (@) +1 D) 90 (f: (@)

i=1

NomxeH OHTH paBeH HYMO. IIpoCTHe BHYHCIGHHA HOKAa3H-
BAIOT, YTO 3TO IPHABOJAT K PABEHCTBY

F'(@(r),r) = fo(x (1) + 2 @roy (i@ () i (z () = 0,

i=1
AIu, eclIn 0003HAYUTH
ut (r) = 2r ¢y (fi (z (n)),

. S (8.7)
fol@ @) + D) wi(r) /i (z(r)) = 0.

i=1

3ameTnM Temeph, 9TO TaK Kak & (r) — Z,, o f; (z(r)) <O
ma L& U, (24), 860 f; (24) <0, i E I, (24). IoaTomMy
mpu GoxpmEX r

ul(r) = 2rg, (fi (z (1)) = 0, i & Jo (24)-

Ho u! f; (z,) = 0, m mosromy pas i € J, (x,) ut = 0. Tem
CaMBIM C Y9eTOM BHIDayKeHHA AJIA u(r) yTBepsieHme TeopeMH
moKasaHo mIg i &= J, (xy).

B cmry Tompko uTo cxasamnoro (8.7) u (8.6) moxmo mepe-
OHCaTh B BUJE

fo@@) + 2 w(fi@r) =0,

iE0(x,)

fo@e) + D ufi(xy) = 0.

ST o(%4)

(8.8)
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Ecan temeps ywects, aro z (r) — z,, fi (z) BempepwBHH 10O
zuf (74), i = Iy (z4), nmEeiino mesasmcmmrl, To ma (8.8)
yiKe HeTPYMHO CAeNaTh BHBOX 0 ToM, 4To Ul (r) — u?, uTO0 C
y4eToM BHIpaskeHHA &I u' (r) 3aBepmaeT IOKa3aTeIbCTBO
TEOPEeMBEI.

3ameuanme. Uz reopemn 8.2 caemyer, wroecanm
u* >0, to mpm Goabmmx r f; (z(r)) Tome crporo Goxsme
HylAa @ npm 3ToM f; (x (r)) cTpemMaTca K HYII0 ¢ TAaKOH Ke
CKoOpocThI0, Kak Bexmumba u' r-!., Taxum o6pasom mnpmGim-
JKEHHOe DeNeHme Bcerja OymeT HapyllaTh OTpaHHIEHHE
fi (2) <0, ecnmm ut > 0. , )

2. Brinyksioe mporpavmmpoBanue. _B_cayuae, safaum BH-
OYKJIOro IPOrPaMMHUPOBAHAA OMeHKH npubiamuerus z (r)
HCKOMOMY DeINeHHIO T, MOTYT GHT5 CAeJaHH_ G0Jee TOIHLIMH.

Teopewma 8.3. Myemv ece ynryuu f; (z), i = 0, 1,...
..y M, GHNYKAN, 6HINOAHEHY Yycaosus meopemvt 8.1 dan
Pynryuu § (z, r), e3amoii ¢ gopme (8.3), u, kKpome mozo, 6
mouke ., feisioWelica pewenuem 3adauu 8.1, ewnoamenw
Heobrodumeie ycaosus e gopme meopemws Kyna — Taxkepa,
m. e. cyyecmayom makue wucaa uw > 0, umo

fo(2y) <D u'f; (@) + fo(z)y Va, (8.9)
i=1 )
ulfi(xg) =0, i=1,...,m.
Tozda .
frle () < ecau fi(z (7)) >0, (8.10)
fo(@ (1)) > fo ) — o2, (8-41)
2de
7 m
=) 3 @y
i=1

JoxasaTeancTso. Beeem oGosmauenne 7, (z)=
= {i: fy (x) >0, i =1,..., m}. Tak rar

F(z(r),r)=fo@() +1 2 0olfi (@ (M) < fo (s

i=31
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to u3 (8.9) c.ne,n;ye'r, 970

fola (r) + rZ o (fi (2 (1)) < fo (2 (7)) +2 uif, (z (1),

i=1 i=1
nin

r2 e liEEN< S w0
i=1 =1
Ho mun i € 5y (= (r)
@ (fe (z (1)) =0, fi(z(r) <O,
a ¢ (fi(z (M) = £ (z () paies T, (x(r). Mostomy mo-
JTyYeHHOe HEPABEHCTBO MOKHO YCHINTH:

D A< 2 whE)<Ey/, N AEe).

iETo(x(r) i€ ox(r) 1T (1)

IIpn BHBOAE IOCHE[HEr0 HEPAaBEHCTBA MCIOJb30BAHO M3BECT-
Hoe HepaBeHCcTBo Homm — BymaxoBckoro.
Taxum oGpasom, .

het)<y/ 2 feO<+, @4
iETo(x(1))

oTkyna u caexyer (8.10).
HNamnee, gnsa Bcex z

fo () < fo () + 2 uh(@) <@+ D uifi(@)=

=1 1=To(x) \
=fh@+r X A@— D (Vrmx) ) +
€T o(x) iee‘/o(a) 2 Vr

+ 2 1 /o(w+r2 %0 (/s (2)) + -

‘ian(x) i=1 )
=F(z,1) + Z_

ITpm sToM yureHo, UTO

2 (i@ = X f, @), (8.13)

~

i=1 =Tl
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Kak 9To CJeLyeT U3 OUpefeleHHs @, (z) m J, (). Urax,

fo (@) <o (e () + 7 X 90 (i (2 () + 5 -

i=1

Ho wm3 (8.12) u (8.13) caemyer, urto

S @i @) <

Ioaromy
7X3
fola (1) > folay) — o2,

9T0 ¥ TPEOGOBATIOCH KOKABATH.

3. Bruncimrennnble acnekTol. 3mokeHHas BHIIEe MeTO-
nuKa copuT 3afady (8.1) k mmmmmmsanmn Qyrxumz F (z, r).
Temepp [JA DONYIeHAS NPHOIMKOHHOTO peINeHMA MOMKHO
BOCIIOJNB30BAThCA OJHAM H3 METOJ0B, M3J0;keHHHX B ri. II.
Opnako Hafo ydecTh ciaegyoomme ocoGenHoctd. Ecam ¢pymk-
nuu f; () HeBRIOYKab, To F (z, r) Takske He GyAeT BHIYK-
ot mo z. IlosToMy omHa MoKeT 06JafaTh JOKAIBHHIMH MHE-
HOMYMaMH, B TO BpeMs KaK BO BCeM IpPeIHIyINeM H3JI0KeHHH
TpeANoaarajoch, 9T0 HAXOAHUTCA TIOGATLHBIA MAHAMYM
z (7).

Tak xar Bce Merofsl I'. II mpemHasHad9eHH [JIA HaXO0K-
JleHUA JOKAaIbHOTO MEHEMYMA, el MUHEMH3ApyeMas QyHK-
17A HeBHIIYKIAa, TO IpPH IJIOXOM HAJaIbHOM HPHOIMKeHAHR
6ynmer HaiileH JOKaXbHEIA MuHAMYM % (r). 9To Hapymaer
CXOJHEMOCTh M ABJIAETCA CYMIECTBOHHEIM HEJOCTATKOM MeTofia
mTpadHEX (YHKIEA B IPAMEHEHAM K HEBBHIIYKJKM 3aJadaM.

B cayuae, ecim paccMaTpEBaeTcs 3alada BHIIYKJIOTO IIPO-
rPaMMIDOBAHES OpPH WCHOJb30BaHAM B Kadectse P (z, 1)
¢yaxnua (8.3), F(z, r), Kak HETPYAHO HPOBEPUTH, TAKKe
6yner Bumykioit. IlosToMy yKasaHHas BHIIe TPYIHOCTH
capMaetca. OIHAKO BO3HMKAaeT Apyras TpyAHOCTH. llexo B
TOM, 4TO AJA MOJYYeHUSA XOPOIIero HmpuOIMmKeHHS CJIemyeT r
6parb [OCTaTOYHO OOJBIIAM, KAk OTO ClefyeT W3 MOJYdeH-
HHX BHme oneHok. Ilpm atom Bce mpomsBopusie oT F (z, r)
mo z TarKe GyayT GoapmuMu, m60 OHM ITPOMOPHUOHAIBHEL
r. Ho npm aHaimse BCeX METO/[0B, MMEIOIMX CBEPXJIMHOHHYIO
CXONEMOCTh ¥ u3JokeHHHX B ria. II, Gmuro ycramomieHo,
qTO PasMeP OKPECTHOCTH, B KOTOPOR CXOQHEMOCTh CTAHOBHTCH
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CBEePXJIMHE#HO, 06paTHO IPONOPHUOHANEH KOHCTaHTe Jlmm-
IIATa BTOPHX HPOM3BOXHHIX, T. €. B PaccMaTpHBaeMOM CIy-
gae 3Ta OKPECTHOCTH GyHeT TakiKe Mala, I JasKe TeopeTHdec-
KH XOpOIIO B Ipeyese CXOAAMMACA MeTO[{ MOKeT CTaTh Hedd-
dexrmBEEM. Bonee Toro, Tak Kak gyEKRmuA @, (f) mpm ¢ = 0
He MMeeT BTOpOil mpomsBofHO#, To ® F (z, r), BHUHCIeHHAA
¢ mcnoanpsoBanmeM Y (z, r) 3 dopmyxns (8.3), Taxke He Oy-
IeT WMeTh BTOPHX IPOMBBONHHIX B TOUKAX %, MIAA KOTOPHX
fi () = 0 paa mexoroporo i. Ho eciam pemenne z, JIeRAT
Ha TpaHmuIe o06iacTd, TO WMEHHO JTOT CIydail Oymer EMeTh
mecro. C fpyroit CTOpoHE, BCe GHICTPOCXONAMMUECH METOMEI
Tpe6ylOT HAIWYAA Yy MUHAMH3EDYyeMO#X (YHKIHH BTOPHIX
OPOM3BONHHX IO KpafiHeii Mepe B HEKOTOPOH OKPECTHOCTH
HMCKOMOM TOYKH.

Bce ykasamnsle TPYAHOCTH, KaK IPABHJIO, IPOABJIAIT Cé-
04 B NIPAaKTHYECKAX pacIeTax, 4To CHmKaeT 3(deKTHBHOCTH
MeTofa.

4. Meton ®nakko m Max-Kopmugka. Jdror Meron Taxske
NPaKTHIECKH NPAMEHHEM TOJBKO K 3a7adaM BHIIYKJOTO IpPO-
rpammupoBaEusa. OH oCHOBaH Ha Hjee, GIHM3KOH K MeTONy
mrpadHHX QYHKUHAA, OfHAKO B HEM NPUOIMKEeHHS MOAXOMAT
K pelleHHI0 W3HYTPH 06i1acTd, a He HM3BHE, KaK 3To GHLIO B
Metoie MTPAQHHX QYHRIHI.

Onsars pacemorpuM 3amazy (8.1) m Gymem mpepmosaraTs,
qro Bce yHKOUH f; () BRIYKIH M CYMECTBYeT TaKadA TOYKA
z, o f; (z) <0, i =1, ..., m, Tak 4TO BHYTPEHHOCThb
momycruMoro MHo:kectBa Q Hemycra. CocraBuM (yHKIHIO

Pn=h@—2 5 >0
=11

onpefienennyio BHYTpE MuoectBa 2. Herpymso mposepmts,
aro P (z, r) Beinyriaa mo z BEyTpE Q. Ecam o6osgaanmTh gepes
z (r) Toury mmammyma P (z, r) B Q, To mpm gocraTouHo 06-
MAX IPefNONIOKeHHAX, AHAIOIHIHHX IPOII0I0KeHAAM Teo-
pem 8.1 m 8.2, MoKkHO mOKa3arb, UTO

lim z(r) = 2,
r—>+40

mz——zui, i=1,...,m.
r—0 f; (z(r))
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Taxum oGpasom, npubimmermoe pemende samaun (8.1)
CHOBA CBENOCH K 3afjade HAXOKMEHHA MUHAMYMAa (yHKmAmM
P (z, r) 6e3 orparEmuenmii.

06 ocoGennocTsix oTO# BCIOMOTATEIBHOM 3a/IaYM MOKHO
CKasaThb T03Ke, 410 GHII0 CKasaHO B I. 3 0 MerToxe mrpadHEX
$ynxumi. Yro6x mpommmocTpmpoBath BTH 0co0eHHOCTH H
HoxasaTh, MOYeMy fae dpQeKTHBHEE METONH MHHIMH3AMUH
F (z, r) man P (z, r) MOTYT He 06ecIeYnTD BHCOKOMN CKopocTH
CXO[IUMOCTH, IPHEBeeM HPOCTOi mpEMep.

Hyers fo () = — z, f,(x) = 2, z = EL. To ects pe-
IMAeTCA 3afava MAHAMHBANUA — Z NPH OrpaHEdennn z < 0.
Ouesmnnoe pemenne z, = 0:

r
P(z,r)= —r——.
lpupaBanBas mpomspoguyn or P (z, r) mo z mymo, momy-
JaeM

Plar)=—14+-"-=0, (8-14)

otkyma z(r) = — V'r. Ilpumennm  Temeps s pemenms
(8.14) metox ¢ wBajparTmumoOi CKOPOCTBIO CXOMUMOCTH — M6-
101 Hetorona, r. e. 6ynem momygars OpuGImKeHAs 1o Gop-
MyJIe
P (z,,r)
SR v

Hopcrasnas supaxkenns pia P’ (z, r)  P" (z, r), nocxe mpo-
CTHX IPeo06pasoBanmilt mMOXYIEM GOPMYITy

2Vr —x -
k p2
Vks1 = 2 Un me=am+ V. (8.15)
s popmyarr (8.15) scHo, 4ro ykmomenme z; ot pelenus
z(r)=— Vr OyZeT MOHOTOHHO CTPEMHTHCH K HYJII0 JIWOIE
IIA TeX HaYalbHHX TOYeK, I KOTOPHX
2Vr —=x
K
o [ve| < 1.

Tax kak zy <O (upmbamwxennme mmercs B 06racT: < 0),
TO

2V r —

2V lnl<t, fol <V

R
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Takum o6pasoM mocieguasa QopMylia NMOKa3HBaeT, 9YTO
KBafipaTAYHAA CXOXEMOCTH Metona Hrwortoma Gymer rapantn-
PoBaHA TOJNBKO B TaKo#l 00Jacté, B KOTOPOI Iy YKIOHAETCA

OT pelmeHHA He Oojiee 9eM Ha Vr, T. €. 00JaCTh CXOAMMOCTH
metona HploToma crpemurca K HYII0O C yMeHBIIGHHeM T,
I pasMepH 3TO#H 0061acTH IO HMOPAAKY BeJIWYUHH DABHH Be-
An4EHe YKIOHeHHA Z (r) OT MCTHHHOTO PeUIeHHA HCXOXHOR
3aflaul Z,. JTO IOKA3HIBAeT, UTO IJIABHAA BHYACIATENbHAA
pabora Gymer saTpaueHa Ha IONAJaHMe B OKPECTHOCTb CXO-
nuMoctH Mertoma HeioToma, B To BpeMsa Kak TaM, TJe METOR
HsrioToHa XOpomo CXOomdTCA, B HEM yKe HOT HeoO0X0auMo-
CTH, Tak KaKk HOJydeHO Hpub/IvM;KeHHe Ha CTOJNBKO jKe YKJO-
HAIOMEeCHA OT Z,, HA CKOABKO yKIoHAeTeA I (r).

§ 9. MeToxs! npOeKTHPOBAHHA ¢ BOCCTAHOBJICHHMEM CBA3el

1. Cxema mocrpoenus meTofoB. PaccMoTpmm 3afady Mu-
EaMuzanua QYHKOUE f, () Opm ycroBEAX

filzy=0, i=1,...,m, m<n. (9.1)
OGosraumm g = (fy, ..., fm)y Sg= {z:g(z) = 0}. By-
AeM cudTaTh, 9T0 Bee QyHrmuE f, (z), f, (2),. . ., fm (2)

HempepHBHO AupdepeHnupyemsl, a S, — IIagKoe MHOT000-
pasme ((n — m)-mepHoe), T. e. B dI0GO# Touke & & S, paHr

of, («
matpunu g’ (x) pasem m (g’ (z) = {—-—f;:’-—)-}, i=1,...,m,
j=1,..., n, i — magekc crporm). CiemnosaTedbHO, B
mo6oit Touke ¥ & S, MOKHO HOCTPOHMTh KACATEIbHYIO IH-
OepIIOCKOCTh K Sg:

g @ (zx—1z)=0. (9.2)

B panpHe#imeM 5Ty rANEpOIOCKOCTHL (T. e. MHOKECTBO TOUEK,
ynosiaersopsaiomux ypasmenenmio (9.2)) Gymem o6o3HavaTh
gopes T (%).

OnuHE W3 BO3MOKHHIX IOAXOROB K IOCTPOGHHIO HTepa-
OUOHHHX IPOMECCOB pemeHds CHopMyJIHPOBAHHON 3amadn
OCHOBHIBA@TCA Ha CIEAYIOIAX CO0ODPaKeHUAX.

H}"CTB I, — TPOM3BOJbHAA TOYKA S, Takas, UTO TpajHd-
entr fy (z,) He oproromanen rumepmiockocta T (z,) (r. e.
B TOYKe I, He BHIIOIHAETCH HEOGXOAEMOe YCIOBHE JKCTpe-
mMyMma ¢yHKnmE f, (z) Ha MEOTOOOpas3m; S;). Torna B mIocko-
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ctt T (z,) cymecTByeT G6eCKOHEYHO MHOTO HAIpaBJeHMI
cmycka fo (z) (T. e. cymecTByeT 6eCKOHOYHO MHOTO HAIpaBJe-
HUA I — 1, npuHagaexammx I (x,) # TaKux, 9TO
(fo (o), £ — o) << 0). IIpepmomOmKEM, 9T0 MBI OIpPeReAHIE
O71HO M3 TAKHX HANPABIGHHA vy, = Ty — Z, W TOCTPOMIH
TOUKy %, (@) = z, + v, TakEM 06pas3oM, UTOGH OKa3aI0Ch
fo(Zo (@) <fo (zo). Toura %, yxe He ynoBIeTBOpPsET ypaBHe-
HuaM cBaseii (9.1). Opgmako eciau 3Havenme mapamerpa o Ao-
CTaTOYHO Mawo (Maja Beamumua |z, — & (a)]), T0, mCmOAB3YSA
To9Ky £, (@), MOKHO PaB3IMIHEIME CIOCOGAMH NMOCTPOHTH Ta-
KYIO TOUKY Z; & Sg, 9TO OKajKeTCA

fo (z1) <o (20)- (9.3)

9T0 yTBEPIKAEHNEe OCHOBHIBAETCSA HA TOM, UTO HA INIAJTKOM MHO-
roo6pasmn S, MO3KHO BHGHPATh TOUKY ; (o) (mpruTOM He euH-
CTBEHHYI0) TaKHM 00pas3oM, YTOOH BHIIOJHAIOCH yCIOBHE

zy (@) — xp = & (@) — zo + 04 (),
e
[oo (@) =z, (@) — 2o ()| =0 ([ 2o (@) — zo . (9.4)

(Crporo »10 MOKHO JOKa3aTh, MCHONB3YSA TEOPeMY 06 OTO-
OpaKeHHH PYT B APYra OKPECTHOCTH TOUKH I, B MHOT006pa-
sum S; W B KacatelbHOM MHOroob6pasmm T (z,), copaseniam-
Byio B mpocrparctBe E"; cm. JI. A. JIwcTepHEEK,
B.U.Co6oxesn [1], crp. 481.)

IIprm Bunonmennm (9.4) B cmry puddepermupyemoctn
fo (z) mMeeM

fo (z1) = fo (£0) + (fo (Z0)y 21 — %0) + 0 (Jx; — i) =
= fo,(xo) + (fo (xo), %o — ) + 0 (uﬁo - xo") +
+ (fo (20)) 1 — ) “l' o (=, — 30“) = fo (zo) +

+ (fo (o), &0 — zo) + 0, (“ £o — x4

Otcioma m ciemyer, 9T0 ecim mapaMeTp O OCTATOYHO M,
TO GyAeT BHIOJHATHCA HepaBeHcTBO (9.3).

[locrpoms TOUKY Z; & S,, B KOTOPO# BHIOJHAETCH YCIO-
BEe (9.3), MBI TeM CaMbIM, 10 CYIIECTBY, BHIIOJHHIN HTepa-
A0 HEKOTOPOTo IpoIecca COYCKa IS MOCTPOeHHA IOCJe-
AOBaTeNbHHIX OpHOIMmKeHmit k pemenmio. Taxum oGpasoM,
k-a @TepammsA Ipomecca ONHCHBAEGMOTO THIA 3aKIOYAETCA
B CIe[yIOMmEM.

P T TN
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1. OmpenensieTcs HampaBJeHWE COycKa v = Ty — T
¢ymxmum f, () B Kacareasmolt rmmepiockoctm T (x).
. 2. llemaercAa 1mar ompefieleHHON [IMHK B HaIDPaBJIGHHHI
v dx (@) = zx + ovg (Tak, 49To6H oKaszadzoch fo (&) <
< fo (2x))-

3. C "mcmonb3oBaHMeM TOUKH iy (@) ompesmesaseTca TOUKA
Ty & Sg, B KOTOPOE BHIOIHAETCA YClIoBHE f, (zpey) <
< fo (xx).

N3 npepngymero m3ao;KeHHS fACHO, YTO AJIA [BHKCHUSA
M3 TOYKM I, MOKHO BHIOUPATh Pa3iAYHLIe HAIPABICHHS CIyC-
ka B miockoctrn T (xx). Bufop Benmumun o B 3aRI0YA-
TelbHAS YaCTh HTEPAIAH — IOCTPOSHHE TOUKH Iy, — TaK-
ke ompefensAnTca HeopHosHauno. OcymecTBaaAA pasnmd-
HEIMA cH0co0aMA KajKAHP M3 TpeX 3TAIloB MTEPANUH, MOKHO
TIOCTPOHUTH I[EJIHIA KJIACC MPOLECCOB COYCKAa ONMCAHHOTO THIA.

PaccMoTpuM ceifgac HeKOTOpHE BO3MOKHHIE CIOCOOH BHI-
6opa BexTopa v;. B KadecTBe BeKTOpa vy MOKHO BHIGHpATh

OPOEKOHI0 aHTHTpammeHTa — f, (z;) Ha nmockocts T ().
ITocTpoeHne TaKOro BEeKTOPA SKHMBAJCGHTHO POIICHHAID 3afadn
MUBREMA3AOUAA QYHKIAR

Fo@) = (@) 2 —2) +glz—azl  (95)

upu yeaoud z & T (xy). Ucmonpsys giaa pemenns 9Toil 3a-
jaum Mertop, MHo;kHTene#l Jlarpamska, ycraHaBimBaeM, dTO

* ’
v =— (I — g™ (g'g")7g) fo ), (9.6)
rae g = g’ (x).
Boxee agderTHBHEIe METONH NIPOEKTHPOBAHAA € BOCCTA-
HOBJICHHOM CBA3el MOKHO IOCTDPOHTH, BHIOHpas B KadecTBe
¥ BEKTOD, MUHAMH3HDYIOMUAA PYHKIUIO

Fo@) = (o @)y = — 2 + 5 (s (@) (@ — 2, 2 — ) (9.7)

ga maockocru T (zi) (Takoii Bekrop cymecTtByer, eciam Fy —
BuOykdag Qyakmua). IlockoasKy 8aech A HOCTPOGHHSA
HAOPaBJICHAA JBWKEHAA HMCHOJAb3yeTcH (PaKTHYeCKH KBafi-
PaTHYHASA ANNPOKCHAMANAA MAHAMH3ADYeMOd (QYHKIEH, ME
OynmeM Ha3HBaTh MeTOAH, B KOTOPHX Uy CTPOMTCS ONHCAH-
HEIM cOOCOGOM, Memodamu 6mopozo nopadka.

PaccmorpmM Temepp c¢mocol6 BOCCTaHOBJIEHHA CBA3el
(Tpermii sTam WTepammm), KOTOPHX GyZeT HCHOIBL3OBATHCH
B JaJbHEAIIEM.

10 B. H. Imennunnilt, 10, M. Jarunux
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Iycts cucrema ypasHemmil (9.1) B HEKOTOPOH OKPECTHO-
crd Ja1060# ToukE T & S, ompepenser QYHKOHIO Y = Y (2),
rae y — HeKOTODHA m-MepPHHIA BEKTOP KOODAMHAT, & Z —
(n — m)-veprmit pexrop. He orpammimpas OGIIHOCTH, MOMK-
HO moaarate ¥y = (2%,..., 2™), z= (2™ ,..., 2"). Ilo
TeopeMaM 0 HeABHNX (YHKOEAX AJA TOTO, YTOOH ¢yHRIUA
y (z) m ee mpomsBojHEIE CYIIECTBOBAIH, HE06XOAUMO, uT00H
B mio6oit Touxke z & S, ompepeanTexb

LA
ot
B sToM city9ae TOUKY Ziy; = (Zk+1s Yks1) MOIKHO CTPOHTH IO

dopmynam

| g, (x)| = 0, ij=1y...,m.  (9.8)

Zys1 = 2k + OPgs  Ye1 = Y (Zga1)y 9.9

I8 px = Zy — 2Z; — COOTBETCTBYIOI[aA dacTh BEKTOPa Uy.
Ilna mocrpoenma mocaeposatexsroctn (9.9) mer HeoOxopm-
MOCTH HaXOJATh ABHOE BHIpa:kemme QyHKumE ¥ (z); AOCTATOY-
HO yMeTb JHIIb BHYHCIATH ee 3HauYeHHMe (T. 6. pemarh CHCTe-
My (9.1)) opm PEKCEPOBAHHOM BEKTOpe 2.

Hocrpoerme mocaepoBarexsHocTH (9.9) MoxHO paccMar-
puBaTH (IIOMAMO TOT0, ITO TAKAM 06PA3oM peaansyercs OfiuH
M3 BOSMOKHHX CIOCOOGOB BOCCTAHOBIEHHA CBA3el) eme C Of-
HOl TOYKH 3PeHHS — KAK ATePATHOHHELA IPOLEeCC MIHAMI 3K
dysxnmm @ (z) = fo (2, ¥ (2)). OueBngHO, YTO HPH BHIOONHEHUH
yemosusa (9.8) MuHmMmsanusa @ (z) 9KBHBAJEHTA pPeMIeAMI0 MC-
xopHoi 3afiaud. BexTop p;; (ABNAOMMEIACA HaOpaBAeHAeM CIIYCKa
¢yarnun @ (z)) OpE 5TOM MOKHO PacCMaTPHEBATh KAk pemie-
Ame 3ajauM MumnMmmsamme QyERDEE Pk (2) = Fi (2, ya (2)),
re dynkmus Fy (z, y) onpemenserca mo ofHOE H3 (opmym
(9.5) mmm (9.7), a BexTOop-QYHKDHEA Yy, (z) ompeneiserca
A3 JIMHeAPH30BAHHOTO YpaBHeHHA cBfAzeir (T. e. W3 ypas-
HeHHA Kacarexbroit miockocta T (r))

gy (z) (¥ — yr) + g2 (z4) (2 — 2z) = 0.
Orcrona

Ya (2) = yx — &' (zn) & () (2 — 2)-

Tor $aKr, 9TO BEKTOP Pk, OIpeeIseMblil ONUCHBAOMBIMA
cmoco6aMu, ABIAETCA HampaBlieHHeM cmyckKa ¢ (z), clegyer

P =

-

i
4
i

e AREEPIPIRETINE . ..ol ..,

e

I_/“. e —
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m3 Toro, 9T0 B (2,) = @' (2), T IPOEBBOTHAA

@' (2x) = foz (z) + Y™ (2x) fou (%1)»

;=_3L Dfo N\ g, = (2o 3fo
0z am+1 LR | )’ oy = Ot ""?axm

n
x ox

>, (9.10)

Y (z) = — g;1 (xx) 82 (k).

Iockoasky mponece Tuna (9.9) MoxHO paccMaTpUBATh KaK Me-
TO[ MEENMA3ATAN QYHKIAA ¢ (z), TO MOHATHO, ITO B KaUecTBe
Px MOMHO BHOEpaTh BeKTOp — @’ (24); IpHE 5TOM IOCJefo-
patexbHOCTh (9.9) Gymer mpepcTaBIATH CO00OH TpafHeHT-
HH MeTop MAREMA3ALHA @ (2).

3aMeTHM, 9TO BEKTOP Py, HOCTABIAKNIIAA MAHAMYM QYHK-
nua Fy (2, Yz (2)), tae Fy (z, y) ompenenseTca BHParKeHHEM
(9.5), Bemumcaserca mo Gopmyie

pe=— T+ 37 (@) v ()" (z). (9.11)

CaepoBatenbHo, TocaefoBareasHocts (9.9), B KoTopoi py
ompenenserca no gopmyie (9.11), raxsxe mpegcTaBiseT coboit
MeToy; TPaJHeHTHOTO THIA A MuUEEME3arma @ (z). Memodu
epaduenmmuozo muna Mu Gydem Hasueamd MemodaMu nepeozo
nopsadka.

Nna vmraMusanus QyHKnEE @ (z), OPE BHIOJHEHAH He-
06XoquMHX Tpe6oBaHMH, B OPHHIANG MOKHO HCIOJIH30BATH
meron Hpiotoma m ero mopmdpuxanmm. Opmmako ciegyer oT-
MeTHTb, 9TO BHYHECJIEHHe BTOpo#l mpomssofHo#l ¢”(z)aABiser-
s, Kak IpaBHIO0, BeCcbMa TPYHOeMKHM, HGO TpeGyer BEIYMC-
JeHESA BTOPOil IpoWsBomHO# BekTop-QyHKmmE Y (z), T. e.,
[0 CyIEeCTBY, BHYMCHEHHA BTOPHX HIPOM3BOJHHX QYHKIHHE
Hi@), .o fm (@)

_ Ilpenmoaommm Temeps, aro yexosme (9.8) He mmeeT Mecra,
a BHmoxHsAeTcA Gojee ciaGoe TpeGoaHme: B 06O TOUKe
z & Sy mo KpafiHe#i Mepe OfMH ompefieNuTe]lb HOPARKA M
OTIMYeH OT HYIA

of;
{75} +0, 9.12)
j=j1’j2a°°'yjm’jiE[1,..., n],i=1,...,m.

Ocnabaennme TpeGoBaHME K QYHKIHAM f; 31eCh 3aKII0IaeTCA
B TOM, 94TO B Pa3jMIHHX TOYKAX MHOKECTBA S, MOTYT OHITBh
OTIMYHH OT HYJIA PasinYHEe ompefeanTenqn. B sToM ciaydae

10*
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KOOPIMHATH TOYKA T & S,, 00pasylomue BeKTOP 2z H BeK-
Top-PyHKIEIO ¥ (2), 6YAyT, BOOOIE TOBOPA, PA3IMYHHIME B
PasIHYHHIX TOYKAX MHOroo6pasua S,:z = (zimH,...,zin),
y = (zh, ..., 2™). VYuarmBag 2TO, MOMKHO, KaK H Ipe-
Jle, OJA BOCCTAHOBJGHHS CBsSeil MCIONb30BaTh (OP-
myas (9.9). Kaxnauit mar npomecca (9.9) mpm aTom MosxHO
TPAaKTOBAaTh KAaK INar IPONecca MHUHUMH3AMAA HEKOTOpPOi
dysxmum @ ('™, ..., ™), ONIA KOTOPO# COOTBETCTBYIO-
mMuil BeKTOpP Dy SABIAETCA HANPABIGHHEM CIYCKA.

Merons Tuna (9.9) Mu m Gynem maydats mmxe. IIpm atoM
a6y BekTOp-QpyHEDEIO (2,. .., ™) mam Gymer ymo6HO
0603HaTaTh Uepes Y, a BOKTODP HE3aBHCHMHX TIePeMeHHHX —
9epes z (KaKk 9TO fieaaloch NpH BumoaHenun yciaosmsa (9.8)).
CoorsercrBenno aToMy M0G0 us ompepennteinei |{df;/dzi)} |
nopanka m Oymem o6GosHadath depes | g,|, a Qymxkmmo
fo(2, y(2)) — gepes ¢ (z). AGcomwTHYIO BINIARY PYHKIANX
| gy ()| oGosmadamm gepes | gy, (z)|a-

B ciexylomux AByX OYHKTaX MH A3YIHM CBOMCTBA MeTO-
J0B IIePBOTO M BTOPOTO HOpsAAKoB. B m. 4 Gyxyr paccmarpm-
BAaThCA METOJNH JBOMCTBEHHEIX M CONPS;KEHHHX HANPAaBIASHHN
Aag MEEAMABAnEn ¢ (2) (AId e aaropHTMHL, 6asHpyOmmecH
Ha Merofjlax Takoro tuma). C TOYKHM 3peHHSA MPAKTHUECKHX
BHYACHIGHAH WMEHHO AJATOPUTME, H3ydaeMHe B 1. 4, Ipef-
CTaBAAIT HAWOOJBIIN HHTEpecC.

2. MeTons! mepsoro mopanka. Msyumm cBoicTBA MeTOAOB,
OCHOBAHHHX Ha JuHeapmsauun QyHmmm f, (r) m ceaseit f;,
i=1,..., m.

* PaceMoTpnM alropUTM, KaKIHI mIar KOTOPOTo IPe/CTaB-
AsAeT mar TPagWeHTHOTO MeTOa MHUHEMHU3ANMUH HEKOTOPOi

ynrnmn @ (2):
Zesr = Zp — 4@ (2k)y  Yre1 = Y (Zxe1)s (9.13)

TAe 2; — BOKTOD, COOTBeTCTBYIOMEA ompegeantenio |Z, (z)|,
AMeOmeMy B TOUKe Z; & S, MaKCAMAJIbHO® BHAYGHHE IO
abcoM0THOM BeAWIMHEe CPefH BCeX oIpefieHTeNel |gy|,
rpapuent @’ (z;) Beamcasnerca mo gopmyie (9.10), a mapamerp
Ol; MOKET OLpPeNIeIATHCA OJHAM U3 CH0COGOB, ONUCAHHKEX IPH
m3ydenun rpagueHTHHX MeToxoB (§ 1 ra. II). Mu GymeM BH-
6upars BYKauecTBe o HaMGONbIIee 3HAYGHH® INapaMeTpa,
KOTOpOoe TOoXydJaercd [ApoGjeHAeM, HAaIMHAA € HEKOTOPOH
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IIOJIO)KHTBJIBHOﬁ KOHCTAHTEHL, YIOBJIETBOPAIOMEe HEPABEHCTBY

fo (zv y(z))"fo (Zk’ yk)<—8a“(p'(zk)“2’ 0<8<1’

(9.14)
re z = zx — 0@’ (z) (amamor cmocoba Brfopa o B3 YCIO-
pua (11.1.2)).

Teopema 9.4. Ecau gynryuu fol@) u fi(z), i=
=1,..., m, 0saxcds HenpepusHo dugpdepenyupyems. U,
xpome mozo, PYHKYUL f; MaKoew, WMo EWNOAHAEMCS  Ycrosue
(9.12), a MHodcecmso S = SN Se(So=1{z: fol2) <
< fo (z0)}) o2paruuero npu  nPOUSGOALHOM avi00pe moukU
Ly, MO HA TOCAEH06AMEALHOCTIL (9.13) fo (xhs1) < folzy) u
lo’ (z¢)] > 0 npu k — oco.

NoxaszaTexabCTBO. Bo3MOKHOCTh OCTPOGHHS HO-
crenoBarensHocTd (9.13) BHTeKaeT M3 YCIOBHA (9.12): npm
0CTATOYHO MAJHX BHAUEHHAX MapaMeTpa O TOTKA Ziy
momaziaeT B OKPECTHOCTh TOUKH Zg, TAe OLPEfeleHa dyaRIAA
y (2). B aToit OKPECTHOCTH B CHIY ycaoB@il TeOpeMH QYHKIHA
¢ (2) = f (2, y (2)) ABaKA HEIPEPHIBHO naddpepennupyema.
C yJeToM 3TOTO CIPaBeAINBA OMEHKA

0 o) — 0 @) <arl¥ P (=1 + 19 GIl), (049)

e ¢ (2) = ¢ (@ + 0 (@ — 20), 010, 1], orryma
caeAyeT, UTO eCIH BHAYEHHe &y I0CTATOTHO MAJ0, HODABEH-
crBo (9.14) Gyner BHNOXEATHCA. B cBOK 0wepefh 5TO O3HA-
waeT, 4TO HA DIEMEHTaX MOCJeJ0BATeNbHOCTA (9.13) dymx-
mas fo (r) MOHOTOHHO yOLIBaeT.

Tloxaem, 110 | " ()] — 0. Ha saMKHyTOM OTPaHHYeH-
HOM MHOKecTBe S HempepmBHasg QyHKmmA [y (x)]a mocTm-
raeT CBOSI0 MHHWMAJbHOTO 3HaueHHsA y (reopeMa Beitepm-
rpacca), npmaem B cmry (9.12) y > 0 (dymxmus |g, (2)|4 Be-
npepHBHA KAK MaKCAMYM HeIPEPLHIBHEIX dynrumi |gy (2)|a).
PasmuEHX (YHKIMOHAIBHEX ONpefelInTesIel |gy| xoHeuHOR
9ECI0 W BCe OHEH B CHIy AupdepeHnupyeMoCcTH Pyuxunt fi
Ha MHOKecTBe S ABIAITCA PaBHOMEPHO HOIPOPEBHRIMU
pyrxmuamu. IlosTomy naa nm060it mocroamHEol 0 < v, < ¥
HaliieTcsa HOCTOsAHHAA P > 0 raras, 9To B JI0G0# TOUK® MHO-
ecTBa S, MpEHANIe:Kameit cdepe Ss pammyca p C NEHTPOM
B mpomsBoNLHO#M Touke ¢ & S, a0coMoTHOE 3HaYeHHe Ompe-
nexmTens |gy (z)|, DpPEHEAMAlOmMeEro B TOIKEe ¥ 3HaueHH®
|8y (9)], Gymer He MeHBIN® ;. Kpome TOTO, B CHIIy OrpanE-
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9eHHOCTA MHOKECTBA § M HENPePHIBHOCTH HIEPBHIX M BTOPHIX
9acTHHX NPOM3BOAHHX ¢yHkmmit f;, mpm mo6oM BGope
109k ¢ & § B cdepe Ss pammyca p sTH mpPOm3BORHHE orpa-
HI9eHH (HeKoTOpo# Komcramroirt M). YumThBas CKasaHHoOe,
B COOTBETCTBAM C TeOpPeMaMW 0 HEABHHX (QYHKIOHAX MOKHO
YTBePKAATh, UTO B HEKOTODOM Napaiijielenuuesne

[0 4801, i=1,...,n,

npuEajne;xameM cdepe Sy, cmcrema (9.1) ompemenser mo
KpaiiHeii Mepe Of{HY {Ba;K/H HeIPEPHIBHO naddepeETUPYyeMyIO
BeKTOPQYHKIOHUIO Y (2), mpmdeM B 9TOM mapaileienmmere
OPOM3BOJHEe MI000H TaKo# (yHKOHEH OrpaHNYeHH:

b @QI< N, 1y @< Ny (9.16)

Beany orpammuerHocT: mpomsBomEmX y’(z), y” (2), a rax
e OIPaHWIEHHOCTH HePBHX M BTOPHX IPOMBBONHKX (yHK
nna f, (z) Ha MHOKecTBe S, HPOH3BOAHEE QYHKIAH ¢o(z) B
napanxexenumene [§ + §9] raxme orpammuenm: ¢’ (2)] <<
SN, 9" ] << N,

C ydeToM C/lelaHHHIX 3aMeUaHMHE MOKHO ybenuThesa, 9TO
cymecTByeT mocrosHEas § >0 rarasm, uro ecmm oy < 9,
TO TOYKA Ty, Homafaer B cepy Sy, Ppammyca p. [leiicTem-
TeJBHO, NPEANONOKEM, UTO |Tyyy — Zx? = |24y — 242 +
+ 1Yk — yi|? = p*. Tlocrompry aTm paBeHcTBa 0O3HawaoT,
9T0 Ty € Sy, TO BTA TOUKA NPHHANIEKAT H TApPAILIele-

nunexy [z} + 82k], i = 1,..., n, B KOTOpOM WA mpoms-
BOMHHX (QYHROEE Y (3) BumodHsmworca omemkm (9.16). Cie-
ROBaTeNbHO, | Yr+y — Yk | < N [2key — 2x], mosTOMY mB
OpefHAYMuX PaBEHCTB BHTeKaer, 1to (N34 1) l2key — 22 =

= ai N3| o’ (2) |* > p?, orryna
P P
%> Wl Gl =~ Nl -

BTa omemka mnokasHBaer, 4TO PABEHCTBO [Zgsy — x| =p
BHIONHSETCA OpH BHAYeHHAX mapamerpa oy = p /(N,N,),
T. e. B KagecTBe O MosKeT GHTH BHOpaHa x106as mMOCTOAHHAS,
He mpeBocxopamas p /(N,N,).

~ Teneps, Bocmoxs3oBaBmucH HepaBercTBoM (9.15) (u yum-
THIBAS OI'PAHAYEHHOCTD DPOHM3BONHOR ¢” (2)), JTerKo yGenamTh-
¢#, uTo mepasencreo (J.14) Gymer BaBejoMo BHIOXHATHCH
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. 2(1—e)

OpHE 3HAYeHAHM o = INIn {6,-——1\,2——}. Ho sro osHauaer
B CHIY OTDAHWIEHHOCTH f, () CHEH3Y (=a MHOKecTBe ), ITO
npr k — oo HEOGXOTHMO lo" (zx)] = 0. Teopema Roxaszama.

Veaosme | (2x)|— 0 osHazaer B ofmeM cixydae, 9TO
mocaefoBaTenbHocTh (9.13) (mim HexoTOpas €e LOANOCIEN0-
BATEIBHOCT) CXOMHUTCHA K TOUIKE Ty, B KOTOPOi#l BHIIOJHAET~
cA HeoO0XoJEMOe YCJHOBHE IKCTPeMyMa dynxoan f, (z) Ha
mHEOr00Gpasud Sg (B TOUKe Ty TPaMeHT fo (z4) opTOTOHANEH
KacATeNbHON THIEPIIOCKOCTH g (74) (z —zy) = 0) —
rix. 1, §4. Hlockombry QyHKOUA fo (z) HOIPEPHBHAS, MUHEMYM
ee Ha MHEOKecTB2 S cymecrsyer. Ecim HOCIe0BATeIbHOCTD
(9.13) cxopmTCA K PEIIOHMIO 1 dynrgus ¢ (z), K MEEIMA3ATAR
KOTOPOii CBOJIATCA DelIeHne HCXOAHON 3afadd B HEKOTOPOi
OKPECTHOCTH MAHEMYMa, y[0BJIOTBODPAET yeaosram my [v[f <<
< (9" (@) vy VIS M |v]f mns aoGoro v & E™™, 10 CKo-
pocrh cxopmmocTr Gyzer He MeJJeHHee CXOJMMOCTH HEKOTO-
poit PeoMeTPHIECKON mporpeccHd — 5TO BHTOKACT N3 oomux
Pe3yabTaToB O CXOJUMOCTH TDajHeHTHHX MeTO0B (Teope-
ma 11.1.2). OcraHoBEMCS Ha HEKOTOPHIX BONPOCAX, CBASAHHEIX
¢ mpaKTHYeCKOR peaimsanuei MeToa.

B noxasaHHO# TeopeMe [ ONPEfeNeHHs BEKTOPOB Zx M
Yx HCIOABB0BANCA OIPEJeNUTeNh |2y (zx)|. Hua maxompme-
Hysi TAKOTO OIpPeJeTHTeNA HA KaK/oi mrepanud HYXHO BH-
q@eaAThH Bee ompefeanTen: | gyl. OnHAaKO NPAaKTAIECKHA B STOM
ger meoGxofmMocTH (B Teopeme OIpefeIATeNb |8y| memomnn-
ayeTcs AMMb JIA yOPOWEHAA noxazaTeanscTBa). CxommMocTh
METOJIa COXPRHAeTICH, eCilH BHOMpPaTh BEKTODH Zy M Yk, COOT-
BeTCTBYyIOIMue A060My M3 ompenenurexeii | gy |, abcomorHoe
3HadeHMe KOTOPOro B TOUKE Ty He MEHbIIe IPOM3BOILHO MaJoi
TOJIOYKUTENBHOM IOCTOAHHOR | (ommoii m Toif ke UL BCEX k).
Ilpa YCIOBAAX TEOPEMH TaKasf IOCTOAHHAAL CYIEeCTBYeT,
DOCKOMBKY CYIIECTBYET HOCTOAHHASA Y. ITosToMy IpH DpaKTH-
qeCKOM HCIONb30BAHAH QJIrOPATMA HYKHO BHIOIPATH BEKTOPH
2 @ Yy, COOTBOTCTBYIOIE OFHOMY H TOMY 3O OIPEMeTHTEIIO
[0 Tex Iop, mOKa B HEKOTOPOif TOUKe STOT OIpefieIATelb He
cragerT WO AGCOMIOTHOH BeIWIMHEe MEHBINe [i; JHIIL B 9TOM
ciysae HeoOXOMEMO IEPeXONHTh K APYTrAM BEKTOpaM ZH Y,
1. ©. BEIIHCHATH PYTO#l OIPeseanTeIh | gy|. HlocTogHEAA P
prOmpaeTcsa MPOM3BOIBHO. Mo:keT oKasaThCA, 9TO B HEKOTO-
poit ToIKe Iy BCO ompeneanTenn |gy| 6YyAyT mo abcomoTHOR
penmamEe Mempme W. Torma HyxHO BHIOHpPaTh HOBYIO
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KoHCTaHTY M << . Ilpm kampmom mpoGiemmm mapamerpa a,
HeOOXOMMOM [ TOTo, YTOGH BHOOIHMIOCH HEPABEHCTBO
(9.14), rpeGyercs samOBO BHumcaATH QyHKmmIO Y (2) (mis
BeUmCHeENA PyHRImE fo (2) = f, (2, y (2))), T. e. pemaTs
CHCTeMY HeIMHOHHHX ypaBHeHuit (9.1) mpu QurcmposammOM
3HAYGHAM BEKTOpa Z. [l COKPAIIeHAA KOMHYECTBA BHIYHC-
MeHU#l ompeniereHne TpeOyeMOro 3HAaYeHHA IapaMeTpa cle-
AyeT HPOM3BOAHWTH, MPOBePAA BHIIOJHEHHe HEPABEHCTBA

17

fo(z, ¥a (@) —fo(as y) < —ealo’ (),  0<e< 1.

(9.17)
Kax Tompko 9TO HepaBeHCTBO BHIONHHTCH, TPOBEPHTH IPH
nonyIeHEOM o HepaseHCTBO (9.14); ecam (9.14) me Bmmon-
HAETCH, OPONOIKATH KPOOJIEHH® ¢, B IPOTHBHOM CJIydae 0C-
TaBHTHh LOJYIeHHOe 3HAUGHHe IapaMeTpa AmGO MOMHETATHCA
YBeIHYHTH ero, npoBepsad BumonHeHme (9.14). 3amernm, uTo

y(@) =y +y () (32 —z) + 0 (2 —zf) =
=Ya(2) + O (|z — 2.

lpm mocraTouno MamoM zyi; — 2 6YAET fo (Zk41, Yn (Zr4y)) —
— fo (%k+1s Y (%k+1)), modTOMY mpm BHmonmemmm (9.17)
HepaBeHCTBO (9.14) Tarme GymeT BHIOOTHATHCA, T. €. HE IO-
Ha00HMTCA [OMOMHEATENHEX APOGIeHMI mara.

damMeganme. B Teopeme 9.1 MOKHO HOCKOIBKO OC-
nabuth TpeGoBaEMA K TriagkocTm QYHEmmE f,(z) m f; (%),
OTHAKO IIPH BTOM YCJIOKHHTCH [0Ka3aTeIbCTBO.

Koporko ocramoBmMcs eme Ha meropme tuma (9.9), B Ko-
TOPOM BEeKTOpP py BHOmpaerca mo ¢dopmyre (9.11) (BexTopm
Zk, Y ONPEJeNIAOTCA TaK e, KaK B IPeHLYIEM MeTofle),
a oy — MaKcHMaJbHOe 3HaUeHMe napaMerpa (moxydaemoe
ApolieHneM), IPH KOTOPOM BHIONHAETCA HEPABEHCTBO

~

fo(2, y(2)) —folzk, yx) < e (9’ (%), Px)y 2 =2k + opy.

Has Taroro amropmrMa Teopema 9.1 coxpamser cmay. Jloxa-
3aTeIBCTBO OymeT OTIMYATHCA JIHNIF B HEKOTODHIX JeTATIAX
(aHaIOrmIEO TOMY, KaK OTAHYAETCHA JOKA3ATENBCTBO TEOPOM
0 CBOMCTBAX MeTO/[0B TPaJHEHTHOTO THIA OT TEOPeM O MOTONe
HamCKopeimero coycka B § 1 ra. II).

OrmernM, 4TO TPYN0OMKOCTH MTEPAIMA TAKOTO AJITOPATMA
Beime 4em B Metone (9.13).
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3. Meron BTOporo mopanka. IlpegmonosxmM, uro f, () —
caabHO BHIyKiaaa QyHxmua. Torma kBagpatuuHas QYHKIAA
Fi(z) (9.7) — cTporo BHIOyKIasg, H, HOCKOIABKY (QyHKIHA
Y (2) —nmmeitnag, ¢yErmua Pk (2) = Fi (2, Ya(2)) Taxxe
6yner cTpOro BHOYKIOA. TouHee roBops, B CHIY CHIbHOMK
BHITYKIOCTH fo (2) M d060# ¢ynrmmm Py (z) mpm mo06oM
BeKTOpe U = E™ ™ BHIOXHAIOTCS yCIOBHA

mo v < Wk v, v) <MolvfP, me >0, (9.18)

’”
rae Matpmma Vi = fo; + ¥'* foyy ¥ + 2y"*fory (Bce mpo-
H3BOJHHE BEIACIAIOTCA B TOYKe Ix). B aTOM cilIyuae BeKTOp
Py, MEHAMHSHDYIOMUA Yy (2), BHUHCIgeTCA Imo (opMmyie

Pe = — (W) ¥ (25)- S (919

B wMerome BTOpOro mOpAAKA TOUKA &k, £k =0,1,...,
CTPOHMTCA CIeYIOMEAM 0Gpa3oM:

Zpy1 = Zp — (‘l’;c)-l Y (2k)y Ve =Y (@Erar)s  (9.20)

Ifie BEKTODH Zx U Y OLPEMeNAIOTCSA TaK jKe, KaK IPH IOCT-
poernn Metofa (9.13), a B kauecTBe o Oepercs Hamboubiee
3HaueHMe mapaMerpa (momydaemoe fpoOileHmeM), YHOBJeET-
BOPAIIEe HEPABEHCTBY

fo (@) — fo (20) <ea (¢ (2), PH), O0< e<C 5. (9.21)

3mecy x = (2, y(2)), 2 =2k + Opk.
Teopema 9.2. ITyemv f,(x) — deancdwn HenpepwuéHOo
dugppepenyupyeman PYHKEYUL, nPULEM

mlolt < (fo (@) 0, 0) < Mo, m>0,

das awboz0 eexkmopa o = E™, a gynryuu fi(x), i =1,..., m,
ydosaemeopsrom mpe6osanusm meopemn. 9.1. Tozda He-
sagucumo om ewbopa mouku z, pesysvmamu meopemw. 9.1
coxpansom cury das memoda (9.20).

JloxasaTeabCTBO TEOPEMHE OCYIIECTBIAETCA MO TOM JKe CXe-
Me, KaKk mpPOBOIMIOCH ToKasaTelbcTBO TeopeMu 9.1. Ioatomy
ME OCTAaHOBHMCH JHAIIh Ha H3MEHEHAAX B [[OKa3aTeJbCTBe,
BOBHHKAIOMHAX, [0 CpaBHeHHmIO ¢ Teopemoit 9.1, m3-3a pas-
NAYHHX cOoco6oB BHIGOPa BEKTOPA Pj.

B cuny crporoii Bumykmoctu f, (x) MHOecTBO S, orpa-
amgeHo. CirepgoBaTensHO, MHOKeCTBO S = S, (] Sy orpamm-
YeHO W 3aMKHYTO (IIOCKOIbKY 3aMKHYTH MHOMKECTBA S, H
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Sg). C yderom TOTO TaK e, KaK B TeOPeMe 9.1, moxasnBaeT-
¢ cupaBefamBocTh omeHOK (9.16) m ycTamaBiamBaercs orpa-
HmaeHHOCTh B mapammememmmene (9 489, i =1,...,n,
npousBogEbx @’ (2), 9" (2).

Hanee, B cumry (9.18) [](\p; )1 <”iu§, cJIef[0BaTeIbHO,
1Pel = 100~ ¥ (3) | =1 (b)~"9" (20) | < No/mo m  mo-
sroMy, ecam (N3 -+ 1) |2k — 2P = ok Ne|pel? > %
Gyner

o > o > (9.22)
k= Na[p, [ = NNz -

Orciofa clefyeT, 4TO B Ka9eCTBE KOHCTAHTH O MoxeT
6mrh BHOpaHa /a06aAg DOCTOAHHAA, HE IPEBOCXOAAMAA
pmy /[ (N(No).

Ucnonsaya pasioxernme pynrmun ¢ (z) B pax Teinopa,
ycraHaBImBaeM, 4T0 Bcdepe S, papmyca p

aﬁ
@ (Z51) — 9 (1) = & (¢ (28), Pi) + 5 (@ (2ke) P Pi) <

o N
<ou@ (a2 (1 4 %Tw‘%)

W3 (9.19) ¢ yuerom (9.18) BrTexaer, uaro
($k Pry pr) = — (@ (2x); Px) > mo | px [P
B cany sroro

@ (2r42) — @ (2) < 0 (@' (24), D) ( - .:‘;L %) )

VautuBas 5Ty oleHKY u HepaBercTBa (9.22), ycraHaBIHBaeM,
aro HepaBeHcTBo (9.21) Gymer 3aBe[OMO BHIIOIHATHCA HPH
. 2mo (1 — &)
O = min {6, —T}.

9710 G3HAYaeT B CHIy OTPaHMYEHHOCTH f, () cHE3y, ITO

(9’ (zx), px) = 0. (9.23)

Mockomeky — (¢ (z¢),  pr) = ((px) ~'¢'(zx), @' (21)) >
> my |9 (z)P, m3 (9.23) caenyer, uro [’ (zx)|— 0. IrmM
JOKA3aTeALCTBO TOOPEMEl 3aBepPIIaeTCH.
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Ilpn mpaxTEYecKOM MCIONb30BaHEE anroparma (9.20)
cIefyeT YIMTHBATH 3aMEUAHHA OTHOCHTeIBHO BHOGOpPa BeK-
TOPOB Zk, Yx W HAPaMeTPa O, CAEIAHHHE IPH H3YICHAH Me-
roma (9.13).

Ecam mocaegoBatensHocTs (9.20) cxomurca K PeIIeHHIO K
nas gyExmum ¢ (z), K MEHAMHA3ANEE KOTOPOH CBOIMTCA pe-
[IHAe WCXOQHOI 3aa4m B KOHEYHOM CUeTe, BEINONHAETCA

ycaoBme i
P = @” (24), (9.24)

TO CKOpPOCTh CXOTUMOCTH METOAa Gymer CBepXJIHMHeHHOM.
Jlas Toro 9To6H YCTAHOBHTH BTO, CIeAyeT ydueCTb, ITO IpH
”

pumonmenmE  (9.24) (¢ ywerom Toro, wro (Px Pk, Pk) =

=—((P,(Zk), PI:))
' o P" (2) Py
@ (5xr) — 06 = 34 @' (5 o) (1 — oS TLe RO

(‘P']'g Py Pk)
_ ﬁ.’f_ (@ (2 — D" (21)) Py Py) ) -
2 (PxPyr Py)
’ o @, (@ (5 — 9" (2 )Py Py)
— o (¢ (z,o,pk)(i e )
K P

o npx sroM dymEKmuA @ (z) Gymer B cury (9.18) m (9.24) cmnb-
HO BHIIYKJIOH B HOKOTOPOH OKPECTHOCTH MHHAMYMA. YuanrH-
Basi 9TH 3aMedaHMA, JOKAa3aTeIbCTBO CBEPXJIMHEHHOHE CXOAH-
MOCTH MOKHO IIPOBECTH TaK ke, KaK 9T0 [eJIal0Ch, BAPEMED,
upu maydennn merofa Hemoroma (§ 2 ra. II).

Takum o0pasoM, CKOPOCTH CXOXAMOCTH MeTOAa (9.20)
B pape sagad Gyper Goxee BHICOKOH, II0 CPaBHEHHIO CO CKO-
POCTBI0 CXOJEMOCTH MeTOJOB IEPBOr0 HOPAXKA. Opmako o
TPY/L06MKOCTh HTEPAIAA MeTO/a (9.20) Mosxer oxazaThCA 3HA-
q@TeJBHO BHINe 32 CUET HeOOXOJIMOCTH BHIMCIEHHA BTOPHX
npomsBopHEux QyEKmEE f4 (2). ' )

4. Merogsl MUHMMMBANMA C NOBbIIeHHOH ddderTus-
pocThI0. MeTO/[H IPOeKTHPOBAHAA, PACCMOTPOHHEe B IIPEL-
AyIAX DYEKTaX, ABIAKTCA B KAKOM-TO CMEICT® aHATOraMu
rpajiHeHTHNX MeTo0B M Merofia Hpworoma pus pemenus sa-
fad Ha GesycHoBHHIA SKCTPEMYM E MM NPHCYIIA HEJOCTATKH
COOTBETCTBYIOIAX MeToRoB: JamG0 MeAJIeHHAA CXOXAMOCTH
(MeTOfH mEpBOTO LOPAAKA), ar60 BHCOKAA TPYAOEMKOCTH
mrepanml (MeTOXH BTOporo mopsxpka). OmEaxo TOT ¢daxr, a1
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B M3yYaeMHX aJITOPATMAX PeleHre HCXONHON 3aa I/ CBONHATC A
K MuaEMusandd QyHKIAM 6e3 OTpaHWYeHHI (OfHON WA He-
CKOABKAX B 3aBECHMOCTH OT TOTO, BHIIOQIHAGTCA JU YCIOBHE
(9.8) mam (9.12)), mosBoAsAET HCHONB30BATH HAJA PEMIEHAS
3alaun Takme 3QPeKTHBHEE AJITOPHTME MUHHMH3AI[HU, KaK
MeTOfH ABOMCTBEHHHKX H CONPS:KEHHHIX HampaBieHmi (§ 3 —
5 ra. II)). Tak, ecim ¢pymrman f; (x), i =1,..., m, Ta-
KOBHI, 4TO BHMIoiHseTca yciaoBme (9.8) m mpm mo6oM PuKcH-
poBaHHOM 2 cucreMma (9.1) mMeer eiMHCTBeHHOE peIIeHHE Yy —
=y (3), To B cayuae, xorna @ (z) =f (2, y (3)) — mBasKOH
HeOpepHBHO mEPdepeHNEpPYyeMasas CHIBHO BHIOYKIAA (QYyHK-
n@d, A000ff m3 MeTON0B ABOACTBEHHHX WIH COIPSIKEHHEIX
HampaBleHW# (MEHEME3anmd @ (2)) GymeT CXORHTHCH K pe-
MIeHAI0 CO CBePXJMHEHHOH# cKopocThio. Ilpm sToMm, ecam mc-
mOAb30BaTh BapPHAHTH MOTOH0B C BOCCTAHOBJIGHHEM MAaTpHI]

A3 u Hy uepes xomeunoe umeso maros (cM. m. 2 § 5 ra. II),
TO CXOXMMOCTH METOfO0B /BOUCTBOHHHX M CONPAKEHHHX Ha-
npaBieHni Gy/eT rapaHTEPOBaHA IPH TOX jKe IPEeRUOJIoKe-
HOAX 0 QYHKHEE @ (Z), KOTOPHE HCIOIb3YIOTCA B TPafHeHT-
HBIX METOJ|ax.

PaccMorpuM B KadecTBe HmpHMepa 3afavy MHHAMHA3ALMAM
KBaJlpaTAYHON QYHKROEHA fy (¥) IpH IAHEHAHKHX OrpPaHAICHHAX:
g(@)=Ax+ b=0, e 4 = (a;;) —mMatpuma m X n,
b=(b..., ™.

IIycrs ompepenarens |(a;)| # 0, i, I =1,..., m, Torua
MOMKHO HONOKATH ¥ = (2%, ..., 2™); 2 = (™, ..., 2".

ITockonbky ¥y (2) — amEeiiHas QyHKOAA, TO @ (2) —
KBajipaTmaHasa (QYHKIAA IePeMeHHOTO Z, IpWdeM oHa Oyjer
CTPOro BHIITYKJIOH, eCIH TAaKOBOH# ABJIAETCA HCXOfHAsA (PyHK-
mas f, (z). [IpaMenenne mx060ro m3 MeTof0B [ABOMCTBEHHHX
AIH CONPS’KeHHHX HANPABICHAA MO3BOJIHT HANTH MUHEMYM
¢yuxnun @ (z) 3a n — m maros.

Ecam pymrmnm fo (2) m f; (2), i =1,..., m, ygoBier-
Bopsaior TpeGoBarEAM TeopeMst 9.2 (mpm atom ycmosme (9.8)
saMersaerca Gomee cinaGmm TpeGoBammeM (9.12)), To Meromsl
IBOMCTBEHHHIX HJIN CONPAKEHHHX HAUPaBIeHANX MOKHO HC-
mOIB30BaTh AJAA MHEAMA3ANME KaKgod ma Pymxmumi ¢ (z),
¢ KOTODHIMEH HPAXOJUTCA HMeTh JeJ0 B IPOLEcCe PeIIeHHs
sagaun. [ pyrumm cioBaMd, B anropurmax Tuma (9.9) MomkEO
BEKTOD Py X HapaMeTpP O OMPefeqATh TaK, KaK 9T0 AeIalI0Ch
B MeTolaX ABOMCTBOHHHX WM CONPAKeHHHX HAIpaBICHAH,
a BEKTOPH Zy M Yx BHOHpaTh TaKuM ke o6pa3zoM, Kak 3ToO

P

S N o T O
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ONECAHO NpH W3YUeHHH MeTofa (9.13). AnropmT™E, mOCT-
poeHHE® TaKEM 00pasoM (OCYIeCTBIAeMbe C BOCCTAHOBIE-

mmeM Marpuns Ayt wim Hy), GYRyT CXOMMTHCA IPH TeX Ke
YCIOBHAX, YTO H METOJH IPOKTAPOBAHMSA NEPBOT0 M BTOPOTO
nopaakoB. B To ke BpeMA d(pPeKTHBHOCT HX IO CpaBHEHHIO
¢ N3yYeHHHIMH MeToflaMi NPOeKTAPOBAHHA Oymer BHIIE;
B WaCcTHOCTH, OPA CPABHATOIBHO HEGONBIIOM YBEIHICHHH
TPYLOEMKOCTH HTepAlid, IO CPABHEHMIO C METOZaMU IEPBO-
ro MOPANKA, MOYKeT GHTH JOCTHTHYTA cBepxJaMHeHAA CKO-
POCTH CXOIEMOCTH.

ITpakmuuecku 048 peweHus usyuaemols 3adauu caedyem
LCNOAb308AMb UMEHHO AA20PUMMbL ONUCHLEAEM020 6 JMOM NYHE-
me suda.

OTMeTHM emie, ITO MOKHO YMOHBITATH TPYA0eMKOCTH HTe-
pamum (metoma (9.20)), ecam BMeCTO MaTPHILEL fo (zx) mec-
mOab30BaTh MaTpuLy D}, OmpeResaeMyIo crcTeMoil ypaBHEHHM

Dy (%= — Tpoim1) = fo @1) — fo @pmima)y  1=0,1,...,n— 1
(amamor cucremn (I1.3.6), HCIOIb3YyeMO TPH IOCTPOSHHR
MeTOf[0B /IBOHCTBEHHHX HAINpPABIeHWH), M CTPOHTH BEKTOD
pk = —Fi'o’ (@), rthe  Fx = Diw + ¥ *Diwy’ +
+ 2y"* Dyyy, a marpunsl Digzy Diyys D,y ABIAIOTCA 9ACTH-
Ma  MaTpEmsl Dy, COOTBETCTBYOMAMHA  MAaTPHIAM fozz
fovus  forv-

5. O pemrenmE ofmeii 3aaun MATEMATHYECKOro IpOrpaM-
muposanas. Ilycrs TpeGyercss MEHAMH3HDOBATH $yHKIHIO
fo (¥) mpm orpaHHIEHHAX

fi (2) <O, i =1,...,m. (9.25)
Takme orpaEmIeHAs MOryT GHTb CBe[leHH DasTHIHBIME Iy-
TAME K OTpaHMYeHHAM THma paBencts. Hampmmep, ecin BBe-

CTH MOMOJHATEIbHL® IepeMeHHEe 1, .., ™™, TO Or-
pammuennsa (9.25) Gy;yT BHIONHATHCA IPH TeX ke 3Hade-

HEAX NepeMeHHHX 2!, ..., Z", KOTODH®e Y7 OBJIETBOPAIOT
paBeHCTBAM
(@2 + fy (@) =0, i=1..., m (9.26)

Cief0BaTeIbHO, MEEEMYM QYHKIHE fo (¥) IpA OTPaHATEHAAX
(9.25) Gymer coBmajaTh ¢ MEHAMYMOM fo () mpm ycaoBHAX
(9.26). dus mmamMmEsanmd f, (z) Opu orpaHEIeHHAX (9.26)
MOKHO HCIIONB30BATh METOIH HepBOro IOPsfKa, PaccMoT-
peHHEe B m. 2.
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Meron (9.20) Axs wmEmMumsanum f,(£) mpm yeaoBmax
(9.26) me mpmMenmM, Tak Kak B mpocTpaHCTBe E™™ GyHRmms
fo (z) me Gymer crTporo BHIyKmoOH: Matpuma fj (), Kak He-
TPyAHO yGemmThesa, BHpOAeHa B E™™. B cmity aroit e
OPHIEHH TepPsAeT CMHICH M NPAMEHeHHe METOf[0B JBOACTBEH-
HHIX M CONPSKOHHHX HAIpaBlIeHHIL.

6. 3akmountesbHble 3avMeuanusa. I3 Bcero xiacca Merto-
AOB IPOGKTHPOBAHHA C BOCCTAHOBIGHWEM CBA3eH MH pac-
CMOTDEJIE JAIIb AJITOPATME, B KOTODHX JJA BOCCTAHOBJEHHS
ceasell memonbayorea $opmyan (9.9). B pame samaw Takoit
cmoco6 OCYMEeCTBIeHHA BaKIOUYATEIBHOrO (TPeThero) BsTama
ATOPANHA MOKET OKa3aThCA HEYKOOHHM, TOTHA 6CTh CMEICT 0CY-
IECTBIATL 9TOT dTall mo-Apyromy. Hampmmep, MoxHO ompe-
BeNATh TOUKY Try & Sy TakaM o6pasom, 9UTOGH Beamumea
| %41 (@) — &k (0)| MEEEME3MpOBanma paccTomHEme oOT TOYKM
$k (@) mo MHOkecTBa S,

TpymoemrocTs mTEpanu| METOROB IPOEKTH POBAHHS YMOHb-
maeTcA mO Mepe MPUOIMKeHAN K pemeHHI0 (Imbo K CTammo-
HapHO# Touxe QyHKmEE f, (T) Ha Sp), HOCKONBKY ympomaer-
CA 3afada OIpeJieJIeHHA TOUKH iy (C HCHOMH30BAHMEM TOU-
km gx). Tax, HampumMep, TpPYHZOEMKOCTH pemIeHHSA CHCTEMH
(9.1) mpm QEKCEPOBAaHHOM BEKTOP® Zki, (T. €. BHUMCIeHme
GYHKIOHR ¥ (244,)) YMEHBIIAETCA 1O Mepe MPHOIMKeHAS K pe-
MeHHUIO 3a/[a9d 33 CUET TOTO, UTO TOUKA Yy (Zkiy) C pocToM k
ABIAeTCA BCe Gonee JyummM UPHOIMKEHAEM K peIIeHHIO
Y(2k+1)- B 5TOM CMBICI® METO/H IPOGKTHPOBAHMA BHIOJHO OTIIH-
9al0TCA OT MOTONOB MTPadHHX (PYHKOWA, B KOTOPHX KIA
norysenns Gojee TOIHOTO HPAGIMKEHHA K DEMEHHIO IPH-
XOJUTCA pelaTh 3afail BCe BO3PACTAIMEH CIOKHOCTH.

KPATKAA BUBIUOIrPAON A

R § 1. Manosxennnlit B 9Toi raaBe MeToA, pelleHHs 3ajad KBajpa-
THYHOTO IPOrPaMMHPOBAHAA OCHOBAaH Ha NPEMEHEHAH METOfla CONps-
sKeHHHIX rpagumenToB. O HamGojee MpocT ¥ yAo6eH B Ciyuae mMPOCTHIX
orpaHWYeEME Ha mepeMeHHHe., CymecTByer G6oabmoe KOJAISCTBO
ApPYTEX METOOB PeIleHNs 3afaud KBafPaTHIHOIO NPOrPaMMAPOBAHESA,
KaK CXOAIMKXCsA 32 KOHEYHOE IMCJIO0 MAaros, TAaK # 6eCKOHeTHOMArOBHX.
9tE MeTOfH ommcamn B MoHorpagusax I'. Kiomgm, B. Kpeaae
[1],C.N.3yxoBEngKoro mAepgeesoit J.MH. [1],T. 3o ii-
Tenneﬁlznla [1], B.O.lembaroBa m# B.H Mauxose-
MoOBa .

B paGorax B.B.WsamoBa [2],[3], B.B.UsaHOBaA =
B.E.Tpyrens [1] amanmsmpyiorcs Bompocsl 3({eKTHBHROCTH
B TOYHOCTH pA3IUIHHIX AJTOPHTMOB.
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K § 2. IIpn m3uoxeHEH Merona BOBMO’KHEIX HANPABIGHAA MH
ciemoBal® B  OCHOBHOM pa6oram C. H. 3yX0OBHENKOTO,
P.A.NMonska, M,\E.IlpumMara [1}, [2]. OTmEame H3NOKEHHO -
ro B § 2 Merofa OT TPASHIEOHHOIO COCTOHT B mpasuie BHGOpa AJMEHEL
mara ga Kayknoii mrepanuu. PasiwvHEIC BAaPHAHTHL MeTO/ia BO3MOMK -
HHX HaIpaBleHHi MoppoGHO M3YIeHH 1 o6ocroBaEH B kmmre T'. 3 0 if-
rempenka [1), a TawKe B CTaTRAX T. B3orenpgefira [2]
mI.M.Tonkmca H A. ®.Besrmora [1l

K § 3. Meron ycioBHOTO rpafmeHTa IePBOHAYANBHO 6r1 M3NO-
sen B pagore M. ®pamka u O. Byada [1]. B narpHeiimem
OH mcceroBanca B paGorax B. O.TempaHEOBA H A M.Py6m-
posa [1], E.C.JlepmTHEA ¥ B.T.Moxaka [1], rue
[pHBEfIeEH ONEHKH CKOPOCTH CXOJHMOCTH. JloKa3aTeabCTBO TOTO,
9T0 STH ONEHKA TOYHHE, [aHO B CTaThe M. . KegsoEa =
C.O.Kammawm [1].

O6o6menne Meroa HeioToma s pemenus 3anat ¢ OrpaHHMYeHH-
MH IpPOBE[ICHO E.C.JleBETEHHM K B.T.MoaaxoMm [1].
Merop HploToHa € perympoBKO¥ mara Ipa HAJWINE OTPAHMICHHN
wayqancs JO.M. JagAAAHHM 11, [2?.

K § 4. Meropn orceraromei rAIEPIIOCKOCTH M3JI0KeH 37ech B COOT-
percrpEE ¢ pabotor [k, Heanm [1]. PasamymHEIe €T0 o0606menns ,
a TakKe OINeHKa CKODOCTH CXOMMMOCTH (If (z) — f (2] < C/n)
AJA CHALHO BHITYKIOH ¢yakmun f (¥) MpEBENEHH B CTATHe E.C.Jle-
pmruma # B.T.MMoaaxa [1].

K §§ 5—6. Wamonennme MeTofia JmHEA m3anuE B 9TOH TIaBe cie-
nyer papore B. H. Il memAIHOT O [4], rne mokasaHa CXONHMOCTD
Meronia. Bonee TOEKHME PeayJbTarTH Takme, Kax KOHEYHAS CXOTUMOCTH
A5 AMHEHHOTO IPOrPaMMEpPOBAHTA, IOKAILHAL OIeHKa CKOPOCTH CXOH-
MOCTH, a TaKke KBa[paTHIHAA CXOLMMOCTE B CHOeNUAJbHEX CIydaax
pamee He ITyGIEKOBAJHCE. To ke MOKHO CKazaTh O MPHMEHEHAM STOTO
Meroga K B3ajjaue HAXOJeHHMA MUHAMAKCA. HYra mocaemHAA 3afava
maydyena B KEHre B. ®O.lempAHOBA nB.H ManoseMO0Ba&a
9] = B mx cratse [1]. B aTHX paGoTax MOCTPOCH PAX aJTOPATMOB CIYCKA
[n1a ee pemeHH.

OTMeTHM TAKIKe, YTO 3afa¥a O MUHWMAKCE MOKeT 6HTH pemeHa
axropuTMoM 0GOGIEHHOr0 I'PAXEEHTHOrO cIycKa W €ro BapHaHTaMH,
PasBETHMHE B CTarThAX H.3.IMopa [1]—[4].

K § 7. Meropuka yCKOpeHH:A CXOLHMOCTH, manosxeEHas B mr. 1—3
§ 7 pamee He my6IMKOBAJNach, OHAKO B ¢BOeit OCHOBE OHA TECHO HJeHHO
npuMeIKaeT K paboram O.M.Tagmnzsa #B. HINOImennu-
goro[1], [2]. Merons! pemenss CHCTEM ypaBHeHMif, He HCHONb3YIOMAE
IpOU3BOAHEe OT JEBHX vacTel, paccMaTpUBaNHCh B MHOTOTHCIEHHHX
paboTax, W3 KOTOPHX MH 3/16Ch yIOOMAHEM JHIb PaGoOTH O, ix. 3e-
nesmmka [1], [lx. Bapreca [1], C.T.Bpoi#inena [1]
z# B.E.IMamMamcroro [1].

B n. 4 § 7 m3I0XeHO IPHMEHEHHe METONA HpioToOHa pENIeHHA
CHCTeM YDaBHEHHIl [ PeIenns ypaBHEHHil, BO3HEKAIOMAX NPH dop-
MyJHpOBKe HeoGXO/MMBIX yCHOBME BKCTpeMyMa. Bosee mnoapo6HO
CBN3AHHEe C STHM BONPOCH pPacCMAaTPUBAIOTCA B CTaThe B.T.II o-
aaxa [3].

K § 8. BecpMa momysspHOMy MeTONY mrpadunx $yRKOud TOCBA-
meHa (OIBIMAsA JHTEpaTYpa. Paznuunne CBOMCTBA aTOT'0 METOA MOMKHO
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Haiitn B MoEorpaguax H.Cea [1], A.®narko u'.Max-Ko
MmErka [1j, E.EIloaaxa [2], B cratbax B. BamrBHmaa [2';:
E.C.llepurana m B.T.Iloasaka [1], A. Dmaxko [1].
OneHKH CKOPOCTE CXOFHMOCTH HCCIefioBaHH B paGore M. H. E p e-
MaHa [1le/l.Jlaem6Geprepa [1]. Tecao cBA3aHALIL ¢ MeTonOM
mrpadBLX QyHEKOEE MeTox IeHTpoB mpenioken II. Tloappgom [1].
HoBulli, Man0_mccnenoBammmji BapHaET MeTofa ITPAdHHIX (DyHKIHI
mmeerca B pabore M. Xecrtemca [1].

K § 9. OgemM U3 mepBHX Havad MCHONB30BATH METONH HPOEK-
THPOBAEWMSA AJA pemeHHs 3a1a4 ¢ orpanmyermsmu k. Posenm [1].
B cratre A. Mmene, X. Xyanmra, I Xetigemana [1]
paccMaTpEBAlOTCA ANTOPHTMH HPOEKTHPOBAHHA C BOCCTAHOBJIEGHHEM
cBs30H, B KOTOPHIX [iIsi ONPeeieHHs HANPABICHAS [BMKCHAS MCIOIb-
3yeTcA TPajHeHTHHH MeToX AWGO MeTON CONPS/KEHHHX TPajMeHTOB,
a Ha 3aKIIOYHTENBHOM 3TAle pellaeTcs 3afada MAHWMU3ANAH PaccTos-
HUA OT TOYKH [0 CBsA3e.

ANTOPUTMEL IPOEKTHPOBAHMs, H3JI0KEHH e B Taparpade, paccmar-
pusayuck IO. M. lagunauaum [3].

Haxomen, 13 He OIMCAaHHHX B JAHHOH KHATE METO/[0B OTMETHM METOT,
deitepoBCKEX MpHONMKeHNI, pasBuTHi B paborax . U. EpeMun a
[2], [3], a Taxme Meron oGobmermoro rpaymenta H. 3. M o p a [1]—
[4]. KomOuEmpoBaRHEe METONH MOHCKA PKCTPEMYMa PACCMATPHBAIHCH
B.B.MpaEoBuM [1). Maorme mATepecHHe pesymhTaTH O CXONE-
MOCTH aJIrOpATMOB MuHAMu3anuy monyienn B.I.Kapmarnosum [1].

Us crareit o6sopHOro xapakrepa, NOCBSIIEHHEIX UHCICHHEIM Me-
ToxaM, yra;eM Ha crathe JO. M. EpmoanbeBa [1],T.3 0 Te B-
pRefira [2], a ratvie kamre I'. Ko enu mw B. Oerram [1],
®.I1.Bacuabena[l], B KoTopoii mpuBenena o6mupras 6uGruorpadus
10 paccMaTpHBaeMOMY BOIIPOCY.

Z24 a4
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NPUJOMEHUE

BBIYACJINTE/IBHBIE CXEMbI
OCHOBHBIX AJITOPUTMOB

I. Meron nsoficrBennnix Hanpasiennit (vo. II, § 3)

Meron mpenmasHaueH AJA MUHEMH3ANWH BHIOYKIOH (yHERIUH
f(x), z= E".

CxemMa mTepamum.

IIyers x5 — npuonasonbnaa TOUKA,  Syg0 So 31 - - *9 Sone
OpOU3BONbHAA JIMHEHHO HE3aBHCHMASA CHCTEMa BEKTODPOB.

IIpr 0 < k < » — 1 mTepanusa B3aRINYAETCA B CHELYIOMEM:

1) Crpomrca TOUKA

Ty, = T — Agf’ (), )
rae oy BuGmpaercs a6uM m3 cmoco6oB, onmmcammmnx B § 1 ra. II.

2) ITomaraem
Tierr = Ty — Tk

. pr = I @) — 1/, @
3) BramcaseMm
(S, k-n+17 Cies1)-
Ecan
I(sk, pensr Cpel =7 ||sk’ fe-naall ezl ®

rae y > 0 — mpomsBONIbHO Majas TOCTOSAHHAS, TO NEpexXox K 5).
cam

16k, kmsrs el YISk, ponsalllegl “
TO mepexof K 4).
4) Iomaraem
ki1 = Breaal i, jonaalh ©)
rae BermamEa B, . > 0 BuGHpaercs TakmM oOpasoM, 9TOGH BHIONI-
HAN0Ch yeunosme | rp . | <7k
Buamcasem rpapment f' (2 4 r,,,) ¥ CTPOEM BeKTOp ey =
= f" (zx + rgy) — 1 (v5). Namee mepexom x 5).
5) Crpomrcsi cmcTeMa BEKTODPOB:
Sk, k—n+1
’
(sk. k-n+1’ ek+1) (6)

Sk, k1 =

Skat, ki = Sk, k- — Sk, k=jCh+1) Sk41, k+1o
A i=01,...,n—2.
Ha 9TOM n’!‘epalmﬂ 3aKaHIHBAaCTCA.
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Ipa k > n:
1) Crpomrca BeKTOp
n-1
pPk=— 2 (f' (zx), Sk, ki) Tt
i=0

2) Bramcnsercs Benmamma (f' (zy), pr)-
Ecxam (f' (zx), px) S 0, cTponrca TOUKA zy,, WO onmoii w3 dopmyn

= &+ aypg, TAE O BHOEpaerca M3 ycaoBAA (2.2) ra. II.

Ecam (f (z), py) = 0, crpomres TOUKa Iy, HO I'PagMEHTHOMY

Merofy (cM. myEKT 1) mTepanum mpu k S n — 1 (manpHeimee mocTpOe-
HEe WMTEPaudH OCYHIeCTBIAETCA TaK e, Kak HpH k<n—1 (s371a-
mx 2) — 5))).

3aMedaHHdA

1. MH NpHEBeNE IWMb OfHY H3 BO3MOMKHHX BHTHCIMTOIBHEX
cXeM MeTONOB ABOMCTBeHHHX HaIpapjiennir. B paccMOTpeHHOH CXeme
peperie Erepamue (k < n — 1) ocymecTBIAANTCA 1O TPagueHETHOMY
merony. IoCKONbKY OOHMHO HA HAYAJBHHX IMArax HTePaNHOHHOIO
mpomecca TPajMeHTHHE MerTop 06ecIeIMBaeT JROCTATOIHO GrcTpoe
yOnBanme QyHEKOEA, TaKas OPraEWsanya Hauaja Opomecca Mpu peme-
EEE MHOTHX 38724 OKA3HBaercd nexecoolpasHoi.

2. Bpech MM piA ymoOcTBa HBMEHHIM 0003HATGHWs BEKTOPOB
nBoficTeeHHOr0 Gasmca (cp. (6) m (I1.3.21)).

3. Ecam BeKTop r,,, BhOmpaerca B BHAe (5), a dynrnna f (zr) —
rAagKad CHIBHO BHIYKIAasd (T. €. CHPaBeIIMBH YCIOBHA (11.2.4)),
TO HepaBeHCTBO 3) GYMeT aBTOMATHIECKH BHIUOIHATHCA IPH YCIOBHH,
9TO MOCTOAHHAS Y BHOpaHA AOCTATOYHO Manoil. B caMoM pexe, eciunm
dymknua f (z) ynoBaeTBopser copMynHpOBAHEEM TpeGOBaHHUAM, TO
lex] < Mlrg|, = cmpaBepgnmpa OHEHKA (11.5.18). B cmuy aroro
OKa3HBaeTCA

Zg11

1 m
(O, kons1> ) = By s €)= lIrysalP >
m m
>garlr vl Peadd = 37 B8k, s Dkl

m
TaxmM ofpasoM, ecim Y < i T HepPaBeHCTBO (3) BHIOJHAETCA.

4. Kak IOKA3HBAeT ONHT BHYNCICHHN, BeJIHIAHY Y MOKHO BHOn-
paTh BechbMa Majoi: y = 10-8 - 10-18, Ecam ycuoBme (3) make mpm
Bubope Bekropa ry,, B BUME (5) me GymeT BHIIOXHATHCA, BTO FOBOPHT
o ToM, uTO0 MarTpEna f” (r) UpH z — %, CTAHOBUTCA BCE 6Gosmee MIOXO
06ycIoBIeHHOl, T. €. MAHAMASHpyeMasn (YHROUA He ABIAETCA CHIBHO
BHIyKJIoit. B wacTHOCTH, MOBEPXHOCTH YPOBHA Takoil pyHKNUA MOryT
EMeTh De3KO BHPAKeHHEIH OBD&KHBIA XapaKrep. B sTOM ciygae HOILY-
9HTH BechMa TOYHO® MPHGIKeHre K PONISHNIO II0 apryMeHTy He yjlaer-
¢n. OnmaKo, KAK IWOKAsaja BHYMCIHTENbHAA MNPaKTHKA, MONyIarsh
smaueHus QYHKIHEHM, A0CTATOYHO Gim3Kkme K MHHEMAaALHOMY, YAAETCA
7 OpUN MUEAMHA3ANAN [aKe HEBHITYKIHX $yHEKOUE ¢ OBPAKHEMA MO-
BePXHOCTAMM.
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II. Merox compssxennnix rpaguenTos (ria. II, § 4)

Meron mpegmasmagen MiA MAHAMABAOWE BHOYRIOH (QyHROAH
f(®), zE E™
CxeMa wnrepammm.

Ilycrs z, — DpOM3BONBHAA TOUKA, py = — f' (z,).
0k rn—1, mepexog K 2),
1) Ecan
= n, mepexon K 5).

2) Crpourca Touka
Tpoy = T+ APk,
Tie MHOMKHTENb O ONpEfeldsiercsi W3 YCJIOBHS

f @+ axp) = 101‘1;; f (z 3 apy).

3) Buumcaserca BeKTOD

Py = — I' @pyy) +Bieiy Presss
rme
Bk+1 —— (f,(xk.q.l), f ($k+1) - f, (xk)) .
(" (@K), PK)
4) Ilepexom k 1).
5) IomaraeM =z, = z,, po = — f (zn), W HOBTOpsEM mpomecc

(nepexop k 1)).
3amezanme. Hospdummenr fB,,, Momer ompemensTscs mO
aw06oit u3 dopmyn (I1.4.73).

ITI. Merox Bo3MoxHbIX Hampasienmii (ria. III, § 2)

Merox mpefBa3HaueH fJiA peIIeHMs 3afavl BHIYKJIOTO IpPOrpaM-
MHUpPOBaHUA: MUHEMH3HPOBATHL f, (r) IPH oTrpaHMIeHUAX

fi@<0, i=14,...,m,
Az — b =0,

rie 2 € EM, f; (2), i= 0, ..., m — BHOYKIHe HeNmpepuBHO Audde-
pennupyemste ¢yEknum, A — ! X n-Marpuna, b — /-MEpHHIH BEKTOD.
06o3uavyerHns:

If@=§:Hi@>-8 i=1,...,m}

= max |p’
T2 A 121,
rie p € E™, p’ — KOMIOOHEHTH BeKTOpa p.

HcxonHble RaHHHE: z, — HAYAJbHOE NPHGIMKeHWEe, YHOBIETBO-
paomee BceM orpammaeHEAM; 8, >0, &, >0, i =0, ..., m — mo-
JIOKHTENbHEE 9ACha, BOOOme rOBODsA, MPOM3BOJBHEHE.

O6muii mar aJropuTMa.
Touka z; m amcao O > 0 BHYMCIEHH.
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1) Pemmrth 3ajaly JAMHEHHROr0 MIPOrPAMMHEPOBAHEA
min 1
(f; (=), ) <EM. EET5 (@) U (O},
Ap = 0,
-1+, =1 ..,

Ee pemenne — 1y, Pk
2) Ecam M < — Oy, TO

Ty =Tk =+ axpp 6)g-|-;|, = Op,

1
e O = E’T” a g, — mepBoe nemxoe umeio ¢ = 0, 1, ..., BIA KoTO-

PoOro BHIIOJHAKITCHA HepaBeHCTBa

1 11
fo (zk‘l-yipk) < fo (zx) + 7 520

f;(zk+2%pk)<o, i=1,...,m

1
3) Ecam ng > — Oy TO Tpy1 = T, 8jr1 =3 O

4) Bosspamaemca k 1).

BaMeuanue Bubop umcex 8, §; MOmer BIMATH HA XOR
mpomecca, ORHAKO OH [OJNKEH OCYIECTBIATHCA Ha OCHOBe AHANH3A
KOHKpeTHO# 3ajjail. AJITOPHTM MO)KeT IPUMEHATCA U K HOBHIYKIEM
3agagaM.

1V. Merox amueapnsamua (ri. III, §5)

Merop, mpegmasHaueH [JA pEINOHAA 3afaiM: MAHAMA3HPOBATH
fo (x) mpE orpaEHMYeHHAX:

fi@<o0, i=4,...,m,
fi@)=0, i=m+1,...,m+]
e fi (¥) — BempepuBHO nE(PepeHNUpPYEMEIS $yHRONT.

0603maueHns:
F(z) =max {0, 1 (@) « « o fm @) [ s @) |4« s 1 fmir @) |}
I3 () ={i: fi (@) > F (2) —8,i=1...,m}

R@={1f@|>F@~—8 i=m+1,..,m+10
Dy (x) = fo (¥) + NF (),

Ielp = D) (Phe.

i=1
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Hcxopusie [aHHEe: HAYaJbHOE IPHGIMKEHHe ro — MPOM3BOIBHO,
N, — nocrarouno Gompmoe, 8, >>0, 0 <e < 1. O6muit mar ajiro-
puTMa.

Toura z; m 49mcaa Ny B O; — MOCTPOEHEHI.

1) PemaeM 3apavy:

Ly 1
min (f, (zx), p) + 5 [Pl
(f; (@), ) + fi (@) <O, 1E Ig, (7x),
(f; @), P) +f1 o) =0, 1€ ().

Ee pemenne py. Ecam 3agaia HeCOBMECTHA, TO HONATaGM Ty,1 = T,
81 =75 O Ny = Ny m BosBpamaemcs K 1).
2) Ecim 3ajaga COBMECTHa W pj HaiifieHo, To IojiaraeM
Zypy = Tk -+ OkPks

B = O

1
rae o BHOWpaercA pPaBHHM U mepBoe M3 HENHX THCeNl ¢ =

=0, 1, ..., AIA KOTOPOro BHIIOJHAETCA COOTHONIEHHE
oA 1
Oy (21 5306) < w0 — g elpi

3) Iycrs umcxna u%, i elgk(xk) U ng (zx), ABIAKTCA MHO-

suTenaMu JlarpamKa BCIOMOTaTeNpHOM 3aadn, PelIeHHOH Ha IepBOM
srame. Torga, ecam

N> S+ Dl
ieT5, (=) iergk(xk)
TO Nk+1=Nk'
B mpoTHBEOM ciydae

Nep=2[ 3 s+ D Il

P J
iely k(x k) el 5k(x k)

4) Bosspamaemea K 1).

3amMevganme Yncana 8y m Ny HaIMHAA ¢ HEKOTOPOro Imara
mepecTaT MEHAThCA. ANTOPHTM Tpegyer spdextuBEO paboTaromeit
CTaEJapTHOA HpPOTPaMMH pelleHHA 3aAaid KBafpaTHIHOTO IpOrpaM-
MHpPOBaHHAA.
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V. AxaroputM pemreHns cHCTeMbI ypaBHEHMi
Ges Briuncsiennsa npomssopmbix (1. III, § 6)

AZNropuT™M TpefHA3HAUEH [JA pemeHHA CHCTEMH YPaBHOHWA

p (@ =0,
rae z & E™, p (z) — n-MepHas Bexrop-QyEKmua ¢ puddepermmpye-
MHMHE KoMmomemTamu p’ (z), j =1, ..., n.

McxonHsle NaHHBIE: HAYANbHHE OPUOIMKEHHMA 1, . .., Lp, BH-
GpaHHHE IPOM3BOJBHO B MOCTATOYHO MAIONH OKPECTHOCTH DeIIeHMs.

B wacrmOoCcTH, BCe xk, k = 1, ..., n, MOTYT COBHAjaTh.
n

O6osmaserns: | p () |* = ) (p/(2))%. @ (k) pasmo 1,2,...,n—1,

i=1
ecan k npm JeleHWH HA n fgaer B ocrarke 1, 2, ..., n — 1 coorBer-
CTBEHHO, @ (k) = n, ecim k pemmrcA HA n.
O6muit mar aaropmTMa I, . .., Zx yMKe HOCTPOCHH.

1) PemaeM OTHOCHTEIbHO HEHM3BECTHHIX ﬁi, i=1,... n, cuc-
TeMy ypaBHEHHIL

2 zk_nq.{B‘l = — p(zg),

i=1

1
Zj = m [P (25 + lp (z5)] %(5)) — p )l

e; — BEKTOD ¢ HYJIeBHME KOMIOHOHTaMH, 3a HCKII0OIeHHEM i-if, KoTopas
pasHa 1.
2) IMomaraem

n
Ty = Tk + 2 B € o(k-n+i)*

i=1

3) Bosppamaemca k 1).
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