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SO B et dasas ML

NPEQUCJIOBUE PEJAKTOPA CEPHN

IpoGnemMa npuHATHA pemeHmi miu HpobreMa BHGODa
aJIbTePHATAB — DTO, MOKeT OHITH, CAMHIi PacIpOCTPaHeH-
HEIA KJIace 3af[ad, ¢ KOTOPHME CTAIKHBAeTCS He TOJIBKO HC-
crenoBaTelb, HO W WHKEHED-KOHCTPYKTOD, X03sHCTBOH-
HHH pyxoBojmTenp W T. I. M MaTeMaTHKa, BOOPYKeHHAsS
COBPEMEHHHMY CDEICTBAMA BHYHCIHTONbHOH TeXHHKH,
B aHAJ®3e STHX Hpo6ieM MOKeT CHIPaTh BHAAKIIYIOCH
pOIB, HO JHUINb B TOM CIy9ae, eclH NPEMEHATH €e «upa-
BHJBHOY, T. ©. HCIOJB30BATH MaTeMaTHIECKHE CDPeACTBa
COOTBETCTBOHHO HX BO3MOKHOCTAM, He IleDeONeHMBAsA U He
yManAs PONE MATEMATHKH W MaTeMaTHKa B mpomecce IPH-
HATAA peImeHmi.

BreapeEme MaTeMaTHKH, PacIImpPeHEe Kpyra BOIPOCOB
ger0BeUeCKOll IMPaKTHKA, B KOTOPHX MaTeMaTHKa OKAa3H-
Baercs dPPeKTEBHOH, IACTO TOPMOBATCA PANOM HILTIO3HA.
Jlionu, He Biaafeomue MpodeccHORaNbHO MaTeMaTHISCKAMA
MeToJaMH, WHOTAA AyMaloT, Uro moGas mpobmema Moxxer
GLITH IepeBeleHa Ha A3HK MAaTeMAaTHKH H, CIefl0BaTeIbHO,
pemena ee cpefcTBaMu. JacTo BHICKA3HBAeTCA ¥ B TOU-
HOCTH NPOTHBOHONOKHAA TOYKa 3spemus. [ledcrBurens-
HOCTh TOPA3N0 CIOKHee TAKHX KpalHAX yTBep:KmeHmi.

Jlobse curyamun, TpeOyomue NOPHHATHA pemleHmi,
cofiepikaT, KaK NpaBmio, 60JBIIOe KOJEIECTBO Heompe-
nemenmocreit. VIx NpEHATO paspenATrh Ha TPE Kiacca.
Tipeskge BCEro 9TO — ¢HEONPENEIEHHOCTH NPHPONED —
$axTOpH HaM IPOCTO He HBBECTHEH. 3areM — «Heompe-
[leIeHHOCTh TPOTHBHEKA». JeloBex BCersa CymiecTByer
B VCIOBEAX, NPA KOTOPHX Pe3YJBTATH ero pelleHmi He
CTpOro ONHOSHAYHEI, OHE 3aBHCAT OT HelicTBmi Apyrmx
Jur (IapTHEPOB, MPOTHBHUKOB X T. IL.), EfiCTBEA KOTOPHIX
OH He MOJKeT IIOJHOCTHIO yIecTh WJd Ipefckasars. M ma-
KOHeI, CYIecTBYIT TAK Ha3HBaeMHe (HEONPele]IeHHOCTH
sxe;agmiy wim menmedl. B camom meme, mepem mccaemoBa-
TeseM BCeTJia CTOHT HECKONbKO Heaelt. OmmeaTh mX OfHAM
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moxasaTeaeM (KpuTepmeM) HeBo3aMokHO. Homcrpyxropy
caMonera, HampaMep, Heo0Xomumo oGecmeInTh He TOJBLKO
6e30MacHOCTH NACCAKUPOB, HO M MEUHEMAIBHYIO CTOEMOCTD
mepeltera. OKOHOMHCTY HYKHO IOCTPOHRTb TaKoid IUIaH,
qro6H ¢ ¢MAHAMYMOM 8aTpar HoOHMTBCA MAaKCEMyMa BH-
mycKa IPOAYKOWE» H T. I., NpHYeM dTH TPeGoBaHMA, Kak
ME BUAHEM, 9aCTO IPOTHBOpeYaT APYr APYTY.

Jlerxo mOHATH, 9TO CBeCTH NOROOHEIE 3aaud ¢ Heompe-
[eIeHHOCTAMA K TOYHO TOCTaBJIeHHHM MaTeMaTHYeCKHM
3afadaM HeJb3A B HODHENWANE — JJIA OTOT0 HAKO TeM
maM MHEM 0Gpa3oM «CHATHY HEONpefelleHHOCTH, T. €. BBe-
¢t Kakme-1u6o rmmoresdsni. Ho dopMmpoBamme rmmores —
3TO Yy:Ke OpPEporaTWBa COMEPKATEIBHOIO AaHAJAW3a, 9TO
dopmanmsanua HeGopMaNBLHHX CHTYAIui.

TaxnM o0pasoM, aHAnWs 3afgad NPUHATAA PpemeHmE
B YCNOBHAX HEONIPeReJeHHOCTH He MokKeT ONTh 3aBepIIeH
cHJaMu offHEX MaTeMaTnkoB. M Bcerma yMeHHme ¢axcmepTan,
T. e. mpodeccHoHasa B JAaHHOH KOHKpeTHOH oOmactm, G-
BaeT HeOOXOJHMEIM, a IOAYAC B pelIaloImuM.

Ho aro BoBce He yMaJseT 3SHATCHHs MATEMATAKHE H Ma-
TeMaTAIeCKuX wucciaenoBanmi. Ilpexpme Bcero, cmryammsa
¢ mpo6ieMaMH IPHHATAA pelleHWi TANMYHA AIA MIOGEX
Haydnux upo6GaeM. CHadana mper PopMEpOBaHHE TIHIIO-
Te8 — aKT HedopMaAbHHA B NPHHNEIE, ONEPAIOMANACH
Ha omuit. Tak oGcromT meno m B Pm3mKe, 1a H B caMoil Ma-
TeMaTHKe — BcroMuEM aprymenTH Ilofia B ero mpeBocxof-
Hoit xumre «llpaBmomomoGHEIE pacCyXEeHHM).

Ho Bor rumoresn cdopMyampoBass, n MaTeMaTAIeCKas
Mofiexs roroBa. U 3uech, eciim 3agadd, KOTOPHeE PemaTCA
C ee IOMONBIO, JOCTATOYHO CJIOKHHE, (e3 MareMaTHKH
yxe oboiitmch me ymaerca. Ilo cymecty, m06asg mocras-
JeHHAasA 3ajada, OTBeYAlOMas TeM WM WHHM THAIOTE3aM,
npencraBiser co00i 3aKOTEPOBAHHEYI0 HHPOPMAIHAIO O CBOK-
CTBaX HW3Yy4YaeMOTO ABJIEHHA, O pe3yJbTaTaX NPHHATHSA
TOT0 WM WHOTO pemeHma. VI msBieds sTy murdopManwmio,
PAaCKOIEpOBATH ee, IPENCTABAThH ee oNepUpyomeil cTopore
B TOM BHpe, KOTODHIil elf focTymen, IIOMOYb m30e:KaTh
OIHEGOK W IPeofiofieTh HEONPEeHeIeHHOCTH MOKET TOJBKO
Marematmk. TakoB adopmcTHImEE CMEHCI 5ToH ¢opME
AeATeJbHOCTA MaTeMaTHKa: mpo0ieMa IPHHATAA PeINeHHR
B YCIOBHAX HEONPe[eNeHHOCTH He ABNACGTCA MareMaTd-
KOM, HO TOJTBKO MaTeMAaTHK MOKeT HM3yYHTh BCe MHOIO~
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oGpasue 0coGeHHOCTel 5TOff mPOGIEME H CO3JATh CHCTEMH
mponeAyp, KOTODhe NPHBEAYT OMEPHPYIONYIO CTOPOHY
K BapHAHTY TeX PelIeHHWI, B KOTOPHX OHA JeHCTBHTEIBHO
HYK/[aeTcA.

. Bor modeMy B mocJaemHHe [Ba JeCATHJIETHESA 3Ta mpolie-
MaTHKa IpPUBJIEKaeT K cefe ycmimsa MHOTAX MAaTeMAaTHKOB
Kak y Hac B cTpaHe, Tak u 3a pyGe:om. I0. B. T'epmeiiep,
P. Beaxaman, JI. 3age — 3T0 nmms Hambolee ApKHe MMEHA
73 TOr0 NJIWHHOTO IEPedYH: JIUI, PaGOTH KOTOPHX BHECIH
¥ HOBHE WJeHW, W HOBHE METOAL M PE3YyJIbTATH B TEOPHIO
OPUHATAA peImeHui.

Ecaz pemenwe npmaAMaercsa B YCIOBEAX HeOUpeeIeH-
HOCTH, €CIIH, HAIPHEMeD, MH He 3HaeM TOYHO CBOeH Ieid H
pesyJbTaT ONepANWd OMEHHWBAETCA MHOTAMA KDHTEPHAMH,
TO W CaMO pelIeHEWe GECCMEICIEHHO TOYHO (JHKCHPOBATH.
MosxHO TOBOPHTE 0 Kiacce «HOAXONANMX» PeNIeHHA — He
Gosee! ITor paKT OTYETIMBO MOHEMAETCA CIEIUANHCTAMH,
b, 10 CYIeCTBY, OH yKe JaBHO MCHOJb3YeTCA IPH aHAJIN3e
aJbTePHATHB BO3MOKHHX pemendii. [lepBuiM ero mocra-
TOYHO 9eTKO CQOPMYJIZPOBAJ HTANBAHCKEA DKOHOMHUCT
HMapero eme B 1904 rogy B ¢opMe Tak Ha3HBaeMoOro mpUH-
nuoa Hapero. Cormacuo Ilapero, BosMo)KHEIE pemmeHms
ClefyeT WCKATH JAINb CPefE HEYIyJImaeMHX ajJbTepPHa-
THB, T. €. QAbTEPHATHEB, yJIydYlleHAe KOTODHX IO OXHEM
KPATEPHAM OPUBOAHUT K X YXYAUEHHIO IO APYTEM KpH-
repuaM. [IpmHOED 3TOT FOCTATOYHO OYEBHAHHME W O9eHD
BajKHBIN ¢ IACTO NPAKJIATHON TOYKE 3PEHHA: OH MO3BOJIAET,
BO-IIEPBHIX, CKATh MHOKECTBO aJbTePHATHB, BO-BTODHIX,
OH JIEMOHCTPUPYOT Te IOTEPH, KOTOPHE MMEET OMePHUPYIo-
masd CTOPOHA IO TeM WJIM WHHIM IIOKAa3aTedsAM, CTPEeMACH
YAYYIOATh KaKOH-TO OIpPeJeNIeHHHH HOKasaTelb. Y Melas
paGora ¢ MuoskectBoM IlapeTo mo3BosseT celaTh HarJIAfl-
HHMH MHOTHe OCOGEHHOCTH W3yuaeMOdl omepamud.

ITosnuee mosABmIICA emje IeJH PAX HOXXOXOB, IO3BO-
AAKIAX OTOPAKOBHBATH 3aBeJOMO HeIpHeMJIEMHE aib-
TOPHATHBH, CYSHTh MHOKECTBO AHAIW3UPYEMHX BapHaH-
rToB. MHOoTHe W3 STHX NOAXOJOB, TaKWX, HAIpHMeEp, Kak
npuHnun paBHoBecus Hama, ABAATCA ceifuac BaKHHME
HHCTDYMEHTaMH 3HAJZ3a OPHKJIANHHX 3agad.

Tlokoitunit I0. B. Tepmeitep Bcerga moguepkmsaj, 9TO
B Ipo6IeMax UPHHATAA PEIIeHU B YCIOBUAX HEOIPEXeIeH-
HOCTH MOKeT OHITh JWIIb ORNMH CTPOTWE MaTeMaTHEIeCKNi
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pesyJIbTaT — 3T0 ONEHKA, IOJYIeHHASA HA OCHOBe HPWH-
nEnma MakcuMuEa. [apaHTEPOBAaHHHIE pe3yabTaT — BTO
eIMACTBeHHASA OMOPHAsA ToUKa. Jlaxbme JeKaT TEIOTe3H
7@ puUCK. ITO yTBeP:KJAeHEe COBEPIICHHO HE 03HAUAET, 9TO

BHOHEpATh HY;KHO HMEHHO Ty ahbTePHATHBY, Ty CTPATEeTHIO,.

KOTOpas peald3yeT JTOT TapPAHTHPOBAHHHE pPe3yJIbTAT.
O MoKeT GHITh W 049€Hb XOPOIIMM, W COBePHIEHHO HEIPH-
eMAEMEIM — 3TO BCETO JHIOb penep, mHPopMamus, KoTopas
moliesHa CcyObeKTy (omepEpylomeil ctopone). B komeunom
cueTe HUKOIAa HUKAKOA MaTeMaTHIECKHH aHAJIA3 HO MOKET
HaTh CTPOTOTO TOYHOTO pe3yJbrara BHOOpa ajlbTepHATAB
B YCIOBAAX HEOIPEREIEHHOCTH.

MenHO ¢ 3THX HO3WIUE HANO OMEHUBATH W IOHHITKY
OJTHOT'0 W3 M3BECTHHX COBPEMEHHHX CIENUAJHUCTOB B IPH-
KiIagmEo#t MareMarmke JI. 3age, KOTOPHIE UPeRIOMKAI OT-
Kas3aThCs OT KaKoro-ITmGo YeTKOro ONMCAHHA B 3agadax
OpPHHATAA PelleHni.

B ocmoBe Teopmm JI. 3ame neKHT TOMe OCTATOIHO
09eBUIHHE (aKT— CyOBeKTHBHEE MPEICTABICHAS O LeIH
Bcerna Hederkun. Ho om pgemaer m cinefyommit mrar — oH
moJiaraeT, UYTO W BCe ONCHKE Ccy0BhexTa W OrpaHMYeHHsd,
¢ XOTOpHIME OH paforaer, TaKke, KaK IPaBMIO, HEIETKH,
a @mHOTJa ¥ Boo0me JHMImEHH B CBOEM HAYaJbHOM BHJE
KOJIMYEeCTBEHHEX XapaKrepucTHK. TaK OH NIPUXOJAT XK IO-
HATAIO JIWHETBECTAYECKOH IepeMeHHOI — KpacHoe, He 09eHb
KpacHOe, COBCeM He KpacHOoe H T. II. — a 3aTeM BBOJAT
HeKOTOPYI (YHKIMIO NPHHAZIEKHOCTA Kak cmocod ¢op-
Majm3agal CyOBEeKTHBHOTO CMHICIA STAX KaveCTBEHHBIX
moxasarenei. Tor ske mpreM ImO3BOJISET 0XAaPaKTePH30BATh
IPUHANIEKHOCT KaKOMy-1u00 MHOKecTBY. XapaKrepn-
cTHYecKoll (ymKIueld MHOKECTBA OXa3HBAeTCA TOrJAa He
PaspuBHaA QyHKOIUA

1 — ma mmosxectBe, 0 — BHe ero,

a HeKOoTOpoe paclpefeleRde, HAMOMUHAIONIEe HHTYWUTHB-
HEE - BEPOATHOCTHEI® pacOpefesieHAA. 3afe pa3BHEBaeT
TeXHAKY HCIOJb30BAHUA NONOGHHX ONEHOK W ONpefedeH-
HHT dopMananaM, maromuil HOBoe ONWCAaHWE Mofieneil mpu-
HATAA pemeHHil B yciosuax HedeTKoll mudopMammu. KHak
MHe KayKeTCsd, OCHOBHasA IeJIb HOXOOHEIX MCCIeNoBaHHN —
Hay9uTHCA W3BJEKATh W3 DTOT0 HEI6TKOTO ONHCAHEA
OPaBHJIO BHOOpPA adbTepPHATHB, IPAYEM 3TO HIPABHIO TAKIKe

et
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HOJKHO HOCHTH HedeTKHE xapakrep. OHO TaxsKe NOJKHO
(PopMynEpOBaTECA B TePMAHAX QYHKIUIE MIPUHA]IICKHOCTH.
Npew sdpdextmBEHX Komupommccos Ilapero, rapas-
tapoBaEux omeHoK 0. B. TIepmeiiepa, mmem snibopa
pemeHEA Ha OcHOBe HedeTkoro ommcammsa JI. 3ame — Bce
OHH OTHOCATCA, IO CYImECTBY, K OXHOMY Kpyry mueit —
PAa3BHTH NPHHOANH ¥ CO3JaTh AUNAPaT, MO3BOJAIIAN IO
BO3MOJKHOCTH CY3HTh MHOJKECTBO JONYCTEMEIX aJbTepHa-
TaB. MaTeMaTHKa He MO’KeT [JaThb OKOHYATEJILHOrQ KpHUTe-
pua orGopa, ecI® Ha caMoM fdeide mx HecKoabko! Eciam
rakoBa mpupoaa kougumkra! Ho or6pocuTs HeKoHKypeHTO-
CIOCOOHHE \BHIeJIATH HanGoee NepCHeKTABHEC MAOKEeCTBA
BapMaHTOB — 9TO y’Ke 3aada MaTeMAaTHKA ¥ MAaTEeMAaTHKOB.
U Bce 3TH HAeH CIENYIOT TOMY €CTECTBEHHOMY X0y de-
JIOBEICCKOX MBICJIM, KOTOPHI CBOWCTBEH Y€JI0OBEKYy, aHaJH-
sEpyomeMy Gojiee MIH MeHee CJIOKHYI0 CATYAIui0. JTH
mnem BocxomAaT eme K A. A. Mapxosy, momo:kmBmeMy
Hagamo ¢opMaNH3amUE Impomecca MOCIEeNOBATENbHOI'0 aHA-
aw3a. ITo HampaBieHme, TPaHCPopMUPYsCh geped paboTH
Bansga u Aifsexca, IpuBesO K MOABIEGHHI0 TUHAMAIECKOI'O
nporpaMMupoBanus P. Beanmana m K Merony BerBeit m
rpasnn. B Coserckom Cowse B. C. MuxanesmueM Grina
JaHa Ha CeTONHAMEHHA [eHb, BepoATHO, Hambosiee obOmiasa
cxeMa (OpPMaIH30BAHHOTO ONHCAHHA IOCJIENOBATeJIHHOrO
aHAJIM3a, BKIOTAOMasa B ce6a H CXeMy JAHHAMATECKOIO
IPOrpaMMUpPOBAHMA, A METOS BeTBeif W IpaHWUI.

IlenTpansHasn mpomexaypa 3Toro o0mero MOgXona K mpo-
6aeme BHOOpa aIbTePHATMB ONAPAETCA HA pasImIHEIE
NpEHOANH 0T6paxkoBKHE. VI B 5TOM KOHTEKCTe NPHHIYEIEI
ITapero, rapaHTEPOBAHHOTO pPe3yabTara, PopManumsM 3ame
3aHEMAIOT CBOEe BIIOJIHE ompenenenHoe Mecro. fI myMmaio,
HanpmMep, YTO Pa3BATHe IPONeNyp THIA BeTBeil W rpaHmL
Ha OCHOBE HEYeTKHX aJrOPHTMOB B CMEHICHe 3afie Oymer
BeChMa CEDPHE3HHIM pAa3BATHEM MeTO[0B IIOCIe/0BaTelb-
HOTO aHAIm3a.

Ouens Ba)kEOE MeCTO B ImpobieMax NUPHHATHA peIIeRmil
3aHAMAaeT aHajAWs CATyanuil, B KOTOPHX OIpe/easiomuMn
ABIAKTCA HE KOJHWISCTBEHHHE, a KaUeCTBOHHHIES Xapak-
TePUCTHKE — XOJONHHH, HE OYeHb XONONHHIM, TeIIHA
ANE KPAacHHH, TOMHO-KDaCHHIA, 1OYTH KPacHHE @ T. A.
Koneuno, B Ka)KTOM KOHKDETHOM cirydae [AJA (KaveCTBEH-
THX NMOKasaTenell» MOJKHO BBECTH ONPEeNENCHHYI0 KOJHTe-
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CTBEHHYIO MKAJIYy — YPOBeHH Tellla XapaKTepPH30BaTh Ipa-
fycaMH, a I(BeT — [IMHOA BOJHE unHE# TOTIOMEHEA.
Ho momofHas «MeTpHBamus» KajJeKO He BCerga HOMOTaer
nexy, 160, BO-IEPBHX, OHA BOOGme He BCerja BOSMOJKHA,
a BO-BTOPHIX, He JjaeT AOCTATOYHO aZeKBATHOIO HPEACTaB-
nepms mexoguoil madopmanmm. Hagap eme B mecrmpecs-
THX TOJAaX B3aHEMAThCA HpoGieMaMd HEIETKHX MHOMKECTB
g HeueTKHX omumcaHmi, JI. 3ame oOpaTmi BHEMaHEe HA
ror (arr, 9T0 3TOT cmocod ommcaHmsa ocobemno ymoGem
Op:m aHaIW3e CHUTyanuit ¢ BeIWYWHAMY, OIeHHBACMEIME
KaueCTBeHHHIME XapaKTepHCTHKAaMH. Tak BO3BHAKIA ero
Teopus JUHTBECTAYECKUX HEePeMeHHHX, TOODHA, KoTopas
CYIIEeCTBeHHO pacmupser 00JacTh TPajiHNEOHHHX oOIepa-
OUOHAJHACTCKAX WMCCIeOBAHMI,

o pabor JI. 3ame momoOHas kadecTBeHHasa mHPOpMa-
ous, 00 CYIEeCTBY, IPOCTO TepAxach — OHII0 HeNOHATHO,
KaKk ee WMCHOJB30BATh B (OPMAJBHHX CXeMaxX aHAJIHESA
aaprepHaraB. IlosToMy mar, xoropmit cmenanx JI. 3age,
HOCHT [eiicTBATeJbHO NpWHOWMUmMANbHEN xapaxrep. Ho
B CBA3M C 9TEM S XOTeJ OH eme pa3 HOAYePKHYTEH, YTO
TeXHHKa, passuBaeMasn JI. 3aje, OCHOBHBAETCHA HA WCIONb-
30BaEAN QYHKOWN NPUHATIEKHOCTA. JTH QYHKOAN ABIA-
10TCA, BCera ABNANTCA, rumoredaMn! OHu 1a10T cyO'beKTHB-
HOe IpeJCTaBleHme dKcuepra (mcciegosarena) o6 ocolen-
HOCTAX WCCJEAyeMoii omepaiyn, o xapakTepe orpanndennd u
nexe nccaenoBanus. ITO Beero JIMIMb HOBasA opMa yTBEp-
JKIEHUSA rANO0Te3, HO 0HA OTKPHBAET H HOBHE BO3MOKHOCTH.
Nmea B cBoeM pacmopskernd pyHKOAA HPAHANICKHOCTH,
HCCIeNOBATENb IOJYIaeT B CBOM PYKHU I OUpPefelIeHHNHA an-
mapar, NO3BOJAKMHEE CTPOMTH ONEHKH MJIA aJbTePHATHB.

Hrax, B cxemMax amammsa, passmBaeMux JI. 3ape,
TaK k¢ KaK W B TPAJANUOHHHX MeTojax WCCIeJOBAHAS
omepanuif, CTPOMTCA HEKOTOPas CHCTEMa T'HIOTe3, TOJBKO
Tenepp OHH (POPMYJIHDPYIOTCA B TepMHHAX «CYOBeK-
THBHOH» mpusamieskuoctd. [lamee, B pesyibraTe aHanm3a,
TaK jKe KaK I B OGHYHHX 3agadax C HEOIPE/IeIeHHOCTAMH,
MH IoNy4YdeM pesyIbTaT CHOBAa B HedeTKoi ¢Qopme —
B QopMe (yHEKOUE NPEHAJIEKHOCTE HEKOTOPOMY MHO-
ecTBY. OJHAYHT, TeXHMKa J3afe, NMOXOOHO NPWHNHEIAM
Ilapero wim npmamENy MaKCHMaIbHOTO TapaHTHPOBAH-
HOI'0 PeayabTaTa, HO3BOAMACT CKATh MHOKECTBO BO3MOKHEIX
JIbTepRATHBE.
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Bynyuee moxasxer, HaCKOJIbKO MONOGHKM HMOAXOR cHe-
Jaercsd TOJEe3HHM [JIA PelleRuA NPHKJIafHHX 3anad. Ilox-
9epKHEM TOJbKO, UTO BONPOC O GYIYIIHOCTH BCEro 3TOTO
HaNpaBleHAA pemaeTc HE CTOJLKO MaTeMAaTHIeCKAM
COBEPIIEHCTBOM pa3BHBAEMOI TeOpHH, CKOJIBKO yHoGCTBOM,
KoTopoe ofecmedmBaeTcs OIEPHPYIOMEi CTOPOHe IPH aHA-
am3e m BHOOpe albTepHATHB.

Teopmsa JI. 3age eme He Mmoxydmaa FOCTATOTHO IMEPO-
KOl W3BECTHOCTH B Halle# cTpaHe, W MyOIMKaIUE HA pyc-
CKOM fA3HKe OIPAHAYABAIOTCA IMOKA B OCHOBHOM TOJBKO
nmepeBofaMu AByX KHmr. llosroMy mosBienme mepBO# oTe-
4ecTBEeHHOX MoHorpadmm, IOCBAIIEHHOH H3JI0MKEHHMI0 0C-
HOBHEIX HOJ0KeHnit Teopun JI. 3ane m ee pa3Buruio, mpea-
CTaBJIAETCA HE TOJHKO MOJE3HKEM U BajyKHHIM, HO W CBOEBpe-
MeHHEIM. Humra C. A. OpioBckoro oTHIOAb He IepecKas
cxemsl JI. 3ame. B meli caenana MONHTKA eme OMHOTO mara
B [aHHOM Hampasjenmnu. JI. 3ajge Moxasaj, KaKEM o6pasom
He4eTKYI0, KaYeCTBEHHOTO XapaKTepa MH(POPMALHI0 MOYKHO
HCIOIb30BaTh B (OPMan30BaHHEX NPONeXYypax aHAJIMBa.
ITo cymecTBy, 0B mHpeqIoKMI TaKoe pacIIHPEHHE A3HKA
MaTeMaTHKH, KOTOpPOe II03BOJIAeT YYATHBATH HEYETKOCTH
HCXONHOW WHPOpMAEE B MATEMATHIECKHX MOJONIAX.

Cnenylonmu mar — 3T0 mpoGieMa MaTeMaTHIeCKoi
oGpaGoTka To# HedeTKOX mEPOopMAanmmm, KOTOpas BBeJeHa
B MOfielb, W Hpe/e BCero — IpoGieMa CYKeHHS MHO-
/KecTBa aJbTeDHATHB Ha OcHOBe 3Toil mEpopMmammu. Ilep-
BHI IIar Ha 5TOM LYTH — IOCJeJoBaTeJbHas mepedop-
MYJIHDPOBKA BCEX 3aJad MAaTeMaTHYeCKOTO IIPOTPaMMEPO-
BaHEA. JTa HpobGireMa falleko He TPEBUAJILHA, KOTMA Heie-
BHe (YHKOUU # OrPAHAYEHAA 3aIACAHH HEIeTKHMM 06pa-
30oM. Eme cmosxuee mpo6iaeMr Teopnum mrp, Korga cyOobeKT
TEITaeTCA BHOpATh CTpaTerwio IIpu HedeTKodl mEdopMamum
0 MOBENEHMH JPYTAX CYOBEKTOB (APYTHX HIPOKOB), Aa
ellle B YCIOBHAX, KOTZA MHOKECTBO COOCTBEHHHIX CTpaTe-
TH# ONmpejesieHo HedeTKO.

IIpennmaraeman KHEra Kak pas3 @ IOCBAMEHA 06Cysxme-
HAI0 NORXOGHBIX BOINPOCOB M IPENJaraeT ONpefeJeHHEHe
mpueMnl 06paGoTKE HeTeTKOH - WEQOPMANME, 3afaHHOR
B opMe HEYETKAX MHOYKECTB, KOTOPHE NPHBOLAT K HOBHIM
POpMyIApPOBKaM ONTHMH3ANHOHHHX H HIPOBHX 3afad.

1979 H. H. Moucees
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Jlns HACTOAMEro BPeMEHH XapaKTePHO CTpeMJeHHe
/ Ko Bce 0oJee IMPOKOMY IPHMEHEHHI0 MaTeMaTHYeCKHX
METOZOB [IJIA ONUCAHUA ¥ AHAJIU3A CJIOKHHX DKOHOMHEYe-
CKUX, COIUAJBHEX, 9SKOJOTHIECKHX H [PYTUX CHCTEM.
OTInuATeNbEAs OCO0EHHOCTH MHOTMX W3 3THX CHCTEM
B TOM, UYTO IOMHMO OGHEKTHBHHX 3aKOHOB B WX (YHKI[HO-
HAPOBAHUA CYIECTBeHHYIO POJIb HIrpaoT CyOHeKTHBHEIS
IOpefCTaBlIeHAs, CYAeHAA W Jajke SMONEH IIofei.
AHaImsHAPysA KOHKDPETHYI0 CHCTEMY, MH (aKTHYeCKH
paccMaTpEBaeM BHIIEIEHHYI0 HAME dacTh 0ojiee ITOJMHOM
caoxuoit cmcreMunl. CaMo 9TO BEIIeJeHMEe MH IIPOMBBOIMM,
IIOCKOJIBKY H€ B COCTOAHWH OXBATHTH M JOCTATOYHO KOM-
DaKTHO MAaTeMaTH4eCKA OIMUCATh U MCCIAENOBATH BCE MHOTIO-
o6pasne CBOMCTB IOJHOX cmcreMHl. To, Kakyio dacTh 00-
jiee IOJHOX CHCTEMH ME BHIJENAEM, ONPEAeNsAeTCA eJAMA
HCCIEN0BAHUA W HAIIUMH NpPeJCTaBIeHAAMH O IIOJHOR
cacTeMe. .
Bupensa momemcreMy, Mu (aKTHYECKH BBOAHM Tpa-
HEUOH, KOTOPHIX Ha caMoM fele He cymecrByer. llonmas
CHCTEeMa He ©CTh [AHCKPETHasg COBOKYIHOCTH IIO[CHCTEM,
a CKopee CBOEro pofa «KOHTAHYYM», B KOTOPOM IIOACHCTEMH
B HEKOTOPOM CMEICIIe «IIPOHHKAIOT» Apyr B Apyra. Ilepexom or
TOJCHCTEMBl K IOACHCTEeMe IPOHMCXOJHT HE CKaYKo00pasHO
qepe3 YeTKYIO I'PaHUIlY, a IINIaBHO, HempeprBHO. IlosToMy 1
TPaHUI] B 0GLITHOM CMEICJIE MEKIy HIMH YCTaHOBHTH HEb3A.
ABanusApysa BHIEJIEHHYIO IOXCHCTEMY, MH HE MOIKEM
HTHOPHPOBATH €€ CBA3H C OCTAJABbHOH YacThio 0Gojiee IOJ-
HO# cmcremni. He mMes BO3MOKHOCTH W CPEICTB TOYHO
ONIECAaTh BCe JTH CBA3H, MH HCIOJb3yeM Jub0o cBom C00-
CTBeHHEIC IIPeICTaBIeHMA 06 3TEX cBA3AX, ambo obpa-
maeMcsa 3a IOMONIBI0 K BKCIEepTaM, KOTOPHE 3THMH IIpefi-
eTaBieRAAME 00aamgaoT. Baskmo To, 4ro aTH mpefcTaBIe-
HNA WA, WHHMHA CjJIoBaMu, mEQOpDMamEs O TpaHHIAX
aHAAWSAPYyeMOX IMOXCACTEMH Jalie BCero ORHBAET BEHIpasKeHA
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B HOHATHAX, KOTOPHE MMEIT HEYOTKHH CMEHICI C_TOYKH
3peHAA KJIAaCCHYeCKOH MaTeMaTHKH.

BwMmecre ¢ TeM Jel0BeK, MOLeIMPYA PealbHOCTh B TAKHX
HOHATHAX, 9aCTO HAXOAMT NYCTh He HaWJIydmee, HO IPH-
eMJIeMoe AJI Hero IOBefeHWe B CIOKHeHIMuX ¢ TOIKH 3pe-
HAS BO3MOYKHOCTHE MaTEéMaTHYeCKOr0 ONMCAHWA PeaTbHHIX
caryaqasax. B cBAs® ¢ 5TEM MOKHO rOBOPHTH O TOM, 9TO
ASHK TPAAUIMOHHOA MaTeMaTHKH, OUNEPAlOIiedcs Ha Teo-
PHI0 MHOJKECTB M JBY3HAYHYIO JIOTHKY, HEJOCTATOYIHO I'H-
60K A MOXeNWPOBAHHS pPealbHHX CJIOKHHX CHCTeM,
HOCKOJIBPKY B HEM HOT CPelCTB J0CTaTOYHO aJeKBATHOIO
ONHCAaHWS UOHATHE, KOTODHIMH 4NO0JIb3yeTCA 4YeJOBEK W
ROTODHE HMEIOT HEOIPeJeJeHHHHA CMEICI.

IIpocreitmuit mpmMep — kriaaccEPUKANEA 0GHEKTOB IO
aBery. IlycTs menm mccaemoBaHWA TAKOBHL, 9TO AOCTATOYHO
pasamuaTh JIAIIb KPacHBIO, jKEJITHE W 3€JIeHHEe 00BEKTH.
B rpagunmonnoil MaTeMaTHKe KiIacCHUKALHA — BTO pas-
OmeHHe 3aJaHHON COBOKYNMHOCTE 00BEKTOB Ha TpH Hemepe-
CeKAaIOMAXCA IOAMHOKeCTBa, T. €. BBeJeHHMe TeTKHX Ipa-
HEN, OTHAENAIMAX O0BEKTH OJHOr0 HBETa OT OOBEKTOB
apyroro neera. Opgmako mofo6HAasA KjaacCHQUKAmas MaJio
COOTBOTCTBYeT HameMy IPeACTAaBICHHIO O IBETe OOBEKTOP.
Ha camoM feite Mu He B COCTOSHMM 0GOCHOBAHHO IPOBECTH
9eTKYI0O TPaHANY MeKAy KjaccaMd, HalpEMep, KDPaCHHIX
® KeaTHX 00BexroB. B mameM mommMammm mepexom oT
KPacHOTO K JKeJITOMY HempepmnBeH. Mm momyckaeM, 9ro
HEKOTOPHEe O0BEKTH MOTYT B TOH MW WHOH CTemEHH OTHO-
CHTHCA K pPAasAdIHEIM KJaccaM OJHOBPEMEHHO, T. €. 9TO
TPaHHIE MEAY 3THEMHA KiIaccaMd HedeTKue.

OpHa B3 OCHOBHHIX Ieleil IOCTPOCHHAA MaTeMaTHIeCKAX
Mojieiell peallbHHIX CHCTeM — HAHWTH cmoco0 o6paborkm
mMeromeiicsi wHpoOpMamE® [AAfA Bubopa PpamEOHAJIBHEIX
BAPHMAHTOB ymOpaBieHumsa cucTeMoit. Odenh 9acTo, H 0CO-
6eHHO NpPH MCCACNOBAHAA JKOHOMHIECKUX, COI{HAJBHEIX
X Apyrmx cmcreM, B (yHKIMOHMPOBAHMH KOTODHX yda-
CTByeT 49el0BeK, 3HATYHMTENbHOe KOJAMTIeCTBO HHPOpMamum
0 cmcreMe MOKeT OHITh IOJYYeHO OT JIofell, MMEIomuX
ONKT paGoTH C JaHHONX CHCTeMOH W 3HAOMUX ee 0ColeH-
HOCTH, OT JIOfedl, MMEINAX MNpeACTaBIeEWe O IeIAX
PyEKNEOEMpPOBAaHUA CHCTEMH H T. H. Jra mEOpPMamusa
HOCHT Cy0beKTHBHHII XapaKTep, 1 ee IpeACTaBJIeHEE B €CTe-
CTBeHHOM MA3HKEe, KaK IPAaBUJIO, CONEP/KAT GOJBIIOE TUCIO
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HeollpeMleJIEHHOCTe THNA «MHOIO», (Mao», (CHIbHO yBe-
JMUNTLY, (BHICOKHID», «09eHb dPPeKTHBHEIN» W T. I., Ko-
TopHe He MMEIOT aHAJOroB B s3HKe TPaXUIHOHHOHA MaTe-
matekd. IlosTroMy m ommcanme momoGHOE wWH@OpMamum Ha
sAsHIKe TPAJHMIEOHHOR MaTeMaTHKH ofegHdeT MaTeMaTHTe-
CKyI0 MOJeNPh HCCIeIYyeMOW pealbHOH CHCTEMH M [elaer
ee caWImKoM rpy6oii. BMecre ¢ TeM majgmume MareMard-
geCKUX CPEJICTB OTPaKeHHS HEYeTKOCTH HCXORHOX mHOp-
MamEd I03BOJMIO OH, IO-BEAWUMOMY, IOCTPOHTH MOJENS,
omee AaJeKBATHYI0 PeaJbHOCTH.

TaxkuMm oOpasoM, [MiIdA AajbHemero ycHmemHOI0 IpH-
MeHeHHSI MaTeMaTHIeCKEX MeTOJi0B B KadecTBe MOIIHOIO
AHCTPYMEHTa [JIs aHAjAu3a Bce 00JNee CIOKHHX CHCTeM
Heo0X0qIMo, MO-BEAMMOMY, CO3aHHe CPefCcTB 0oxee TOU-
HOTO yYeTa HeIeTKUX IPe[CTABIECHHN WM CY:KHeHWH Jioxeit
0 peajbHOM MApe B MaTeMaTHIeCKAX MOJIEJIAX.

OfEVM W3 HAYAJBHHIX IIaroB Ha 9TOM OYTH MOMKHO
cudTaTh HOBOE HANpaBieHHe B NPUKJIAJHOW MaTeMaTHKe,
CBA3BAHHOE ¢ MMEHEeM BHAHOTO aMePHKAaHCKOI0 MaTeMaThmKa
JI. A. 3ajge W monyudBImee Ha3BaHWE TEOPHH HEUYETKHX
MHOKeCTB. Jle)Kamee B OCHOBe 9TOM TeopHH IOHATHE HE-
YeTKOr0 MHO)KeCTBa INpeAjaraerci B KadecTBe CPefCTBa
MaTeMaTHYeCKOro MOMeIMPOBAHASA HEOUPENeICHHHX NOHS-
TH#, KOTOPHIME OIIEPHpPYET YeJIOBeK IIPHW OUHMCAHWH CBOHUX
IpeCTABJICHAA O peaJbHOHX cmcreMe, CBOUX JKeJAHMIA,
mene m 1. m. Hederkoe MHOKeCTBO — 3TO MareMaTmde-
CKasA MoJleNb Kjacca ¢ HeYeTKUMHA WM, WHAYEe, PasMBITHIMA
rpaEmmaMa. B 3TOM IIOHATHM YYATHBAETCA BO3MOKHOCTH
IOCTeIeHHOTO Mepexofa OT NPHHAJIEKHOCTA K HeNpH-
HAJUIGKHOCTH DJIeMEeHTa MHOKecTBYy. HMHHME cloBaMd,
3JIEMeHT MO’KeT, BooOme rosops, WMeTh CTeNeHb IPHHAJ-
JIeKHOCTH MHOECTBY, HPOMEKYTOUHYI0 MEKAY IOJHOK
OPAHAIEKHOCTHI0O M HOJHOA HENPHHANIEKHOCTHIO.

OcmoBomoaaraiomas paGora JI. A. 3ame «Fuzzy
Sets» [1] 6mna omy6amkoBana B 1965 roxy. K macroamemy
RpeMeHM PaGoOTH, TOCBAIIEHHEE MHOr006Da3HHM aclex-
TaM 3TOM TEOpHM ¥ ee IPUJIOKeHHWi, MCIUCIAITCA COT-
HavMu. CBHIETeIbCTBOM PACTyIIero mHTepeca K 3TOMY Ha-
OPaBIGHWI0O B NPUKJIAJHOA MaTeMaTHKe MOKeT CHYKATH
2 oprammsanua B 1978 roxy cumemmanbmoro Mesknymapon-
Horo ;xypraJa «Int. Journal of Fuzzy Sets and Systems»,
IIpuMenenmio A3HKA W MeTONONOTME HEYETKAX MHOMKECTB

2 C. A. Opnoscknit
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B MOJIeIHPOBAHAM WM AQHAJIWB3E CJIOKHHX CHCTEM OHIH IO-
CBAMEHH MHOTOYHCIEHHHE CeMHHADH ¥ KOH(epeHIHH
B pa3iW4HHX cTpaHax, B ToM umcie m B CCCP.

JaHBEas KHUra DOCBAMEHA OHOMY U3 BAYKHHIX HAIPAB-
JIeHWA NPEMeHEeHHA HOBOTO IOAXO0fa — mpobieMe IpHHA-
THA pemeHMA NP HEYETKOH MCXOZHOH WHPOpMammm.
Ilo cyrm pmena, B Heil amaNHMBUPYIOTCA Pas3iHIHEE KIACCH
MaTeMaTHYeCKEX 3afad OPHHATHSA pemeH:mi, B KOTOPHIX
mCXOofHasA HHPOpDMamHA ONMCAHA B TOPMAHAX HETETKHX
MHOKEeCTB W OTHOImeEHHHE B cMuiciae JI. A. 3ame. B mamem
OOHAMAHWE MAaTeMAaTHYeCKUH aHAJAW3 8ajadd HJW CHUTya-
OUE NDPHHATHA peNleHHd BaKI0TIaeTCd B «OTOPAKOBKE»
HePanUWOHANBHHX aNbTePHATHB WIM BapHAHTOB, T. ©.
B TOM, 9700HI, HCIOIH30BaB MaTeMAaTHIOCKHE CPONCTBA MJIA
o6paboTkm Bceit mMeromeiica mupopManmu, Cy3uTh MHO-
7KeCTBO BO3MOJKHEIX BaPHAHTOB WJM aJbTepHATHB, 0TOpO-
CHB Te W3 HHX, JJIsA KOTODHX HMMEIOTCA 3aBefoMo 0oJee
IpueMjeMEe BaDUAHTH WA AJbTePHATHBE. JTOT IOXXOL
HCHOJB3YeTCS BO BCeX MOMENAX, PACCMOTPEHHHX B KHHTe.

OcHoBHaA HeJh KHATH — CTAMYJIHPOBATH MATEPEC K HO~
BOMY HAIPABJIEHAIO B 00JacTH MaTeMaTHIeCKOT0 MOMeJIH-
POBaHWA H aHAJHE3A CJIOKHEIX PEaJbHHX CHCTEM. DHTH
MO;KeT, fa)ke M3JIHITHE OTMEYAaTh 3[eCh, UTO M3JIOKEHHEIE
B KHATe NOCTAHOBKE 3afad M IOAXONE K WX AHAIHA3Y —
JUINb ONUH W3 BO3MOKHHIX IyTeHd WCHOJIH30BaHAA MaTeMa-
TAYECKEX CPENCTB Mias 00paGoTKE HedeTKOH mcxomHOM
mapopmanmmu. Ho BMecte ¢ TeM CTONE Ke W3IAmMHe, IIO
HameMy MHEHHIO, NOKa3HBaTh HEO0XOQAMOCTh IOWCKOB
H HCCIeJ0BaHWA B 3TOM HAIpPaBIGHOH.

B cBoeit paGore B aToit obmactm, a Takke B pabore
HaJ KHUro#fl s IIOCTOAHHO MDOJb30BAJICA BHUMAaHHEM H
monpep:xkoit H. H. MomceeBa. 3a Bce 3T0 A mpuHomy
eéMy CBOI0 HCKPEHHIOI OJarofapHOCTb.

Haxonen, s xorem OH BHPAasUTh CBOK HAJEKAY HA
KPHTHKY BCEr0 HW3JI0K€HHOTO B 3Toi KmmWre. lloaBieHme
KPHTHKHA CBHUETEILCTBOBAMO OH O BHIOJIHEHWN OXHOM
W3 OCHOBHHIX 3ajad, CTOABMINX HEePefo MHOH Ipu ee Ha-
OACaHWH.

1979 C. A. Opaoscruli

wio s oy



TTIABA 1

HEYETKUE MHOJKECTBA
" HEYETKUWE, OTHONEHUA

[Ipe)xge YeM NPHCTYHHTh K OIHCAHAI W AaHAJIA3Y
pasIHIHBIX Mojielell IPAHATHASI PEUHIeHHH C yueToM Heder-
Kol mcxomEOil mHPOpMAmEm, MH HW3JI0KIM B 3TOH IjaBe
OCHOBHI MAaTeMAaTHIECKOro ammapara TeopU:d HeYeTKHX
MHOKECTB 1 OTHOINEeHWil, oNmpasch I'IaBHHM 00pa3oM Ha
pa6ots JI. A. 3ame [1—5]1. BeoguMeie 3fech ompenenenns,
omepamAl HAK HEYETKEMH MHOKecTBaMd, oTo0parkeHHWs
HEUYEeTKHX MHOKECTB W HMX CBOMCTBA COCTABIAIT MaTeMa-
TAYECKYI0 OCHOBY pacCMATPHBAIOMMXCA HIKe CI0COG0B
DOCTPOEHHS TAaKUX Mojeiaedl m oOpaboTKM HedeTKOH mCXOM-
go#i mHpOpMammm.

OTMeTHM, 9TO B Ty I'NIaBY BKJIIOUEHE IJIaBHHM 06pasoM
JWMb Te CBeNeHHWA, KOTOPHE HOTPeOYIOTCA B HajdbHeHmeM
npu popMyIHpOBKe M aHAJIW3e 3afa4 NPUHATHA pPelleHUi.
Bosnee momHoe mpefcTaBieHHe O TelepeNIHEM COCTOSHHHA
TEOPHH HEIETKAX MHOKECTB ¥ OTHOIICHUH MOKHO IONTYYIHTD,
03HAKOMEBIIHCH C IMUTAPYEMOA HWKe JHTEPaTypoOH.

1.1. Heuerkme MHO:KeCTBa

1.1.1. Onpenenenne HEYETKOTO MHOKECTBA H TEPMHHO-
aorus. B TpagummoHHOR NHPWKIAMHON MaTreMaTHKe MHO-
eCTBO MOHMMAeTCS KaK COBOKYNHOCTH 31eMeHTOB (00BeK-
TOB), 00majalommXx HEKOTOPHM o0muM cBoiicrBoM. Ha-
TIpEMep, MHOKECTBO YUCE], He MEHHIIAX 3aJaHHOTO IHCJA,
MHO{eCTBO BEKTOPOB, CyMMa KOMIIOHEHT KajK[OTO M3 KO-
TOPHX He IpeBocXoquT emEWUH, m T. n. Jaa mwoboro
3JIEMEHTa IIPH 3TOM PacCMaTPHBAIOTCA JAIMb JBe BO3MOJK-
HOCTH: JHMOO 3TOT DIEMEHT INPHHANJIEKAT NAHHOMY MHO-
yecrBy (r. e. oOxamaeT NAHHHIM cBoiicTBoM), am00 He
OpUHAIEKAT JaHHOMY MHOKECTBY (T. e. He oOxamaer
nmaHEEM cBodcrBoM). Takmm oGpasoM, B OOHCAHHH MHO-
MeCTBa B OOHYHOM CMEICJIE NOJKEH CONEPIKAThCA JeTKmi
KpATepHuid, N03BONAIMMA CYAUTh O NPHHAMNJIEKHOCTH HIHA

2.



¢

Vo et
7

- 20 HEYETKHAE MHOMXECTBA |

HenpuHAJIeKHOCTH ai060ro »meMeHTa JaHHOMY MHOKe-
CTBY. ¢

Opsako, Kak yKe rOBOPHJIOCH BO BBEJeHHMH, IpH IIO-
IETKaX MAaTeMAaTHIeCKOro ONHMCAHHA CIOMKHHIX CHCTEM
SI3HK OOHYHHIX MHOKECTB MOKET OKasaThbCA HEJOCTATOTHO
rubkmm. VMeromasca madopManusa o cucTeMe MoKeT OHTH
chopMynupoBaEHOH Ha S3HKe HEUETKHX IOHATHHA, KOTO-
pHe HEeBO3MO’KHO MaTeMarmuecKm (opMajamsoBaTh C IO-
MOINBI0 OOHIHEIX MHOKECTB.

IlomaTHe HeYeTKOro MHOKECTBa — IONEITKA MaTeMa-
tTAdecKoil PopManmsanyym HedeTKOH WHEQOPMAMUE C LEIBIO
ee WCIOJIb30BAHUA NPH IOCTPOEHWH MAaTeMATHIECKUX MO-
feneit CIOKHHX cHCTeM. B 0CHOBE 2TOr0 IOHATHSA JIEHKHT
npejcTaBJeHEEe O TOM, YTO COCTABIAIINUEe NaHHOE MHOKe-
CTBO 3JeMeHTH, ofxapgaomme o6mEM CBOHCTBOM, MOTYT
obxamaTh BTEM CBOMCTBOM B DPa3jIMIHON CTeIeHH H, CJe-
0BaTeIbHO, NMPHHAMJIEKATh NAHHOMY MHOKECTBY C pas-
anuHO# cremennio. Ilpm TakoM HOAXofe BHCKAa3HBAHUA
THOA «DJIEeMEeHT Z TPHHAMIEKAT HKAHHOMY MHOKECTBY»
TEPAIOT CMHICI, IOCKOAbKY HeOOXOIEMO YKa3aTh «(HACKOIBKO
CHIBHO» WM ¢ KAaKOM CTeHeHbI0 MaHHHM dJeMeHT IpHHAJ-
JIe/KUT JAHHOMY MHOKECTBY.

Opne m3 mpocrefmmx cHoc0GOB MaTeMaTHIECKOTO OME-
CaHAA HEYeTKOro MHOKeCTBAa — XapPaKTepH3amusa CTeIeHH
IPHHAJIE;KHOCTH DIEMEHTAa MHOKeCTBY IUCJIOM, HAIPIMep,
n3 marepsaxa [0, 1]. IIycte X — HeKoTOpoe MHOKECTBO
(B o6rraEOM cMEICTE) BaeMenToB. B mansmefimem Mu Gymem
paccMaTpHEBATh IOJMHOKECTBA STOTO MHOKECTBA.

Onpenmenenue 1.1.1. Hevemrum mnoxcecmeom C
6 X HasmBaercs COBOKYNHOCTH Iap Bmpa (r, p, (7)), rme
z € X, ap, — dyskmuaa X — [0, 1], nasuBaemas QyHk-
nEell TPUHAJIEKHOCTH HEYETKOro MHOKectBa C. 3Hade-
HEe p., () 810 GyHKOME JJsA KOHKPETHOIO T HA3LIBAETCA
CTEeNeHBI0 TPUHANJIEKHOCTH JTOTO BIEMEeHTA HEeTIeTKOMY
muoskecrsy C.

Kak BHAHO M3 3TOro OUpPEeIeHHSA, HOJETKOe MHOKe-
CTBO “BIIOJIH® ONHCHBAaeTcaA cBoeid QyHKmmedl mpuHamIeH-
HOCTH, I03TOMY HHKe MH 9acTo GygeM HCIOIB30BAThH 3TY
PyHKIHI0 Kak 0003HAYeHHe HEYOTKOrO MHOKECTBa.

«MoxEo ompefeiuTh HedeTKHe YMHOKecTBa B Gonee
o6mero smma. Tak, manpmmep, B krmre [5] JI. A."3ape
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BBOJET B PACCMOTPEHFe HeYeTKEE MEOIKECTBA ¢ O YHKIUAME
NpHEHAZVIOKHOCTH, BJHATCHHAME KOTODHIX ABJAITCA He-
gerkme TMOAMHOecTBa mHTepBana [0, 1], m HasmBaer mx
gedeTKEME MHOKecrBaME Tama 2. OOHTHHE HedeTKHe
MHOKECTBA, COOTBeTCTBylOmHue ompenenesmio 1.1.1, mHa-
aHBAIOTCA TPH BTOM HEUETKAMH MHOMKecTBaME THma 1.
[IpOROIKAA BTO 06GoOmenne, JI. A. 3ane nmpuxoaur K cie-
IyIOIeMy OIpefeIeHuIo.

Onpenexenne 1.1.2. Heverkoe MEOMKECTBO ecTh
Hoxcecmeéo muna n, n=1, 2, 3, . . ., ecI¥ 3HAYCHUSAMA ero
YHEKOUE NPUHATIEKHOCTHE FBIAIOTCA HEUeTKHe MHOKe-

crea TEHa n—1. (DYEROWA NPHHANIEKHOCTH HEUETKOTO
MHEOKECTBA THOa 1 IpWHNMaeT 3HAYeHHA W3 HHTEpBala
[0, 11.

B pa6orax k. T'orema [6, 7] paccMarpmBaroTcs He-
gyeTKEe MHOKECTBAa, QYHKIWE NPUHANJIEKHOCTH KOTODPHX
mpepcraBasaioT coboit orobpaxenma X — L, rge L —
IpOUSBOJIBHAS CTPYKTYPa THOA PeIIeTKH.

Beiony B 9TOH KHATe PacCMaTPHBAIOTCA HeYeTKHEe MHO-
JKecTBa, COOTBeTCTBYIomme ompepesnenmio 1.1.1, r. e. mo
repmuuosioran JI. A. 3ajme HedeTkme MHOKeCTBA THma 1.

O0nuHEEe MHOKECTBA COCTABJIAIT IOAKIACC KJacca
HEYeTKHX MHO3KecTB. [leiicTBHTennHO, pyHKmmed mpuHAj-
nexHOCTH 00HYHOro MHOKecTBa B C X saBaserca ero
xapakrepucrrieckaa (QyHKOUA

{ 1, ecnin z € B,
bp (@)= 0, ecnm z G B,

Z B coorBercTBum ¢ ompepmenenmeM 1.1.1 oGmumoe MHO-
’ecTBO B MOKHO Takke OOPeAeNHTh KaK COBOKYIHOCTBH
map Bafa (2, p, (7). Takmm o6pasoM, HedeTKOe MHOXKe-

CTBO mpeficTaBiasgeT cofoit 0ojies MUpoOKoe NOHATHS, TeM
0o6KYHOe MHOJKECTBO, B TOM CMbH Cle, 410 QyHKOuEA OpH-
HAJIEXHOCTA HEIETXOTO MHO¥ecTZa MoxeT GHThH, BooOme
roBops,” HPOH3BONLHOR GyHKNUWeHd miam nake IPOM3BOJB-
HEIM O0TOGparkeHMeM.

Mpumep 1.4.4. llua cpasEeHEA paccMoTpEM oOHMHOE
MHOKecTBO uncel B={z|0 € z < 2} m He4YeTKOe MHOKECTBO THCENX
C={(z| «smavenne r Gamaxo kK 1»}. OyHEKUEE OPHHALICKHOCTH

9THX MHO)XECTB HIpencraBleHH Ha puc. 1.1.1. 3aMermm, wro BER
GYHROER DPAHAJIGKHOTTA [, HEYETKOTO MHOMecTHA C IABHCAT
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OT CMHICJIA, BKJIQJHBAEMOTO B MOHATHE «OJHSKO» B KOHTEKCTE aHA-
NA3NpyeMO’ CHTyanmm,

Heuerroe MHOKeCTBO Ha3HBaeTCA nycmbiM, €CIH €ro
(yHKOUA DPAHAMIEIKHOCTH paBHA HYJII0 Ha BCeM MHO-
sxectBe X, T. e.

by @=0 Vz€X.

YamBepcanbHOe MHOKeCTBO X TaKKe MOKHO OIHCATE
dyrroumeit mpHHANEsKHOCTH BHAA
py()=1 Vz€X.

Hocumesem nederroro MmuoskectBa A (o6osnauenme
supp 4) ¢ ¢yHExnumeit mpmEaNIeKHOCTH 1, (Z) HaBHBaeTCA

/o) % ¥
7

|

X
[ S,

z J
Puc. 1.1.1.

MHOKeCTBO (B OOHYHOM CMEIicde) BHA
suppd = {z|z € X, p,(z) >0).

Heuerroe MmuoskecTBO A HaA3HIBAETCA HOPMAALHHIM, €CIIH
BHIIIOJIHEHO PAaBEHCTBO

u =1.
gegxu(x)

B upormBEHOM ciaydJae HeJeTKOe MHOKECTBO HA3HIBAETCHA
cy6ropmarvnuin. Hanpmmep, mHederkoe MuOKecTBO C
B mpnMepe 1.1.1 mopmansro. CyGEOPMAIbHHM 9aCTO OKa-
3HBaeTcsA HepeceueHme HedeTKEX MHOecTB. CyGmopMans-
HOE MHOIKeCTBO MOKHO Ipeo0pasoBaTh K HOPMAJBHOMY
(mopManm30BaTh), Ppa3fgeddB (QYHKOWI0 NIPEFHALJIEKHOCTH
p () sToro MHOKecTBa Ha BenmumHY sup p. (z). Opmako cne-
x6X

IyeT yduecTb, UTO, IPUMEHAA Takoe NpeoOpasoBande B KOH-
KpeTHO# 3ajaue, HeOOXOAEMO IIPEXCTaBIATH cebe ero «pu-
SHYECKHIT CMBICI».
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ITIycts A ¥ B — Heuerkne MuOXKecTBa B X, a p,(2) ¥
pp () —MX QYHKIME HPHHAIJIKHOCTH COOTBETCTBSHHO.
ToBopat, 4ro A exaiouaem B ceGa B (1. e. B C A), ecan
maA n16oro x € X BHIONHEHO HEPABOHCTBO P, (Z) < 1, (%)-
MuoxecrBa A m B cosnadaiom (SKBHBaleHTHH), eciH
pp(@)=1, (r) mpm nmwob6om zEX. Ecim Heuerkme MHO-
xecrBa A m B TakoBH, uto BC A, 10 n

supp B C supp 4.

¢y Hpumep 1.1.2. PaccMoTpuM HeueTKE® MHOMOCTBA
A ={z| Benmumna z 6amska k 1},
B = {z| Benmumna z ovemn Gumaka K 1).

flcmo, 9T0 BC A, T. . (QYHKOEA OPHHATENHOCTH STHX MHO-
AECTB by M Up AOJKHH YJOBIETBOPATL HOPABOHCTBY [ p (%) € Py (z)

Y1
/ —————————

N et - -

Pumc. 1.1.2.

npu gwo6oM z € X. I'padpmaecku sTu GyHKIUM MOryr BHITJIAAGTSH,
HaIpaMep, KaKk HokasaHo Ha pmc. 1.1.2.

1.1.2. Onepanmm mag HeyeTkmMm MHOkecTBamu. Ome-
pamuy HaJf HEYeTKHME MHOKECTBaMH, TaKWe, HaIpmMep,
Kak o0beuHEHWMe W II6peceIeHEWe, MOKHO ONPeIeIHTh
rasamuasME cmocobamm. Hmke Oymer mamo HECKOIBKO
TaKUX ompepeneanit. BuGop KOHKPETHOTO M3 HAX BaBUCHT
OT CMEICJIA, BKJIAJKIBAGMOr0 B COOTBETCTBYIONIIME OII€PAmAR
B paMKaX paccMaTpmBaeMoil 3ajaud.

: BBoma omepamum HajJ HEYETKMMI MHOKECTBAaMH, He-
00X0lEMO TOMHHTh, UTO KJIACC HETETKAX MHOKECTB OXBa-
THBaeT W MHOMKECTBA B OOHYHOM cMruicje. IlosroMy BBO-
JUMEIe ONPEeNe/IeHAsI B YaCTHOM ClIydae OORIHEIX MHOKECTB
JOJKHEL COOTBETCTBOBATh OOHYHEIM ONEpPaNAAM, NMPAHATHM
B TeOpHH MHOKeCTB. PasyMeercs, 9T0 H6 OTHOCHTCH K TeM
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73 BBONUMHEX HEJKe oNepamuil, KOTOpHE [JIA OGHYHHX
MHOKECTB He HMEIOT CMEHICIAa, HAmpuMep, K OIepammaM
KOHI[eHTPHPOBAHMSA, PACTAMEHHSI W BHIOYKIOH KoMOm-
HaOWHA.

Onpepmenennme 1.1.3. O6vedunenuem Heuemruz
muoxaceeme A u B ¢ X HasuBaeTca HedeTKOe MHOMKECTBO
A U B c¢ pyarnumelt mpuHAIE;KHOCTA BHAA

Paun () = max {P’A (=), pp (x)}, zeX.

Ecim {A,} —xomeunoe mnm GeckomeiHoe cemelicTBo
HeYeTKHX MHOKeCTB ¢ (PyHKUMAMH INPAHANIEKHOCTH

y's
&

Puc. 1.1.3.

By, (=, y), rme y €Y — napamerp cemeiicTBa, TO 0OBeAMHE-
muem C =) A, MHOKecTB 3TOrO CemeiicTBa sABIAETCH He-
Y

yeTHOoe MHOKEeCTBO ¢ (yHKOUell IpHHAAIEKHOCTA BHAA
po(@)=supp, (z,y), z€X.
yeY ¥

Onpenenenne 1.1.3a. O6wedunenue nevemrux mHo-
aecme A u B ¢ X MOKHO ompepenuTs M 4epe3 anreGpam-
9eCKYI0 CyMMY HX QYHKUZI TPHHAJIEKHOCTH:

1 mpa p., (2) + pg(z) 21,

Pays (®)= p, () + pz(z) B mpormBHOM caydae.

IMpamep 1.1.3. IycTs HedeTKHe MHOKECTBA A B B B 9HCIO-
BOil OCH OHNHECHBAIOTCA QYHKNAAMA HPAHANICSKHOCTH, MOKA3aHHREMHA
ma puc. 1.1.3. /HupHoil anEmed ma puc. 1.1.3 mokasama QyHKIHA
NPUHAMIEKHOCTA O0BbeiMHEHAR JTHX MHOKECTB IO ONpefeleEHN

edede
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Ounpenenenme 1.1.4. ITepeceuenuem nevemruz mHo-
aweems A u B e X HasHBaeTcsi HeueTKOe MHOKECTBO
ANB ¢ QyHKNUe# OpEHAANEKHOCTH BHJA

anp (@) =min {p, (2), py(z)}, zE€X.

Ecin {A,} — GecKoHeuHO® HIH KOHEYHOe CeMeHcTBO
HeJeTKHX MHOKeCTB ¢ GYHROUAME  IPHEAIEKHOCTH
By (z, y)» rme y €Y — mapamerp cemeiicTBa, TO mepecede-
HgoM C=A, MHOKecTs >TOro cemeiictea ABIIETCA

Y

HETIeTKO® MHOYKeCTBO ¢ (pyHKUmeH HPAHAJIEKHOCTH BHIA

Pe (x):irgp“y(x, y), rEX.

Onpenenenume 1.1.4a. Eme onmm cmoco6 ompepe-
NeHMA IepeceueHHds HEUYeTKHX MHOKecTB A m B — ucmons-
3oBaHMe aiareGpamueckoro mpom3sefeHAA HX QYHKIHUY OpH-
HaJJISSKHOCTH:

Pans ()= Py (2) Ep (x), z€X.

Hoxanyi#t, B BamOonpmeil cTemeHH OTIHYHEe ITHX
ompeflelleHM# JApyr OT Jpyra IpOsABIAETCA B Clydae He-
geTkEX MHOXKecTB A M B Takmx, uto BC A, 1. e.
pp(z) S, (x) mpm mobom zEX. Ilo mepsomy m3 armx
onpepenenmit

Pans (@)=pp(®), z€X,

T. e. QyHKOUA TPHHAIEKHOCTE MHOKecTBa A (axrmye-
CKH (He yIaCTBYeT» B 9TOM OIpE[e]eHHH B PesyIbTHPYIO-
meit pyHKIUE OPEHAJIEKHOCTH, TOTAa KAaK IO Ompeaeie-
gm0 1.1.4a QyEKROUA OPAHANNEKHOCTH BCETa CONEPIKAT
QyHKIUE MpUHAMIEKHOCTA 000MX MHOKECTB.

ITomesHEIM MOKET OKasarhca cCiefyomee CBOXCTBO
HOCHTeJeil HEeYeTKHX MHOKEeCTB:

supp (4 U B) == (supp 4) U (supp B),
supp (4 N B) = (supp 4) N (supp B).

Jlerko mposepuTh, 9TO STH PABEHCTBA CHPABEIHBH JJA
mo6oro us NPHWBOAeHHHIX BHIIe oIpefieleHHi 0oGbefmHe-
HAS W OepecedeHnsd,
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MNpamep 1.1.4. Ifycrb dyHRUHEE OpHHALJIEKHOCTA HEYETKAX
MHOKeCTB A W B WMeIoT BHJ, NOKa3aHHL#A Ha puc. 1.1.4. Fupmoit

ApHEMell HA ®TOM pHCYHKe IIOKasaHa (yEKINA NPHHANJIEKHOCTH
HepeceueHHs MHOkeCTB A H B 1o onpepenenmio 1.1.4.

V1

pd

sY

Pmc. 1.1.4,

Onpenenenme 1.1.5. [onoanenuem Heuemkozo
muoxcecmsa A 6 X masbiBaeTcd HeUETKO® MHOMecTBO A’
¢ ¢ynknueli NpUHAANSKHOCTH BHJA

pp@=1—p,(@) z€X.

WnTepecHo, 4TO NpH TAaKOM ONpeJelleHAHM JONONHeHH,
BooGme romopa, ANA's< Q@ (mo ofouM mpHBeJEeHHEM
P BHII® OIpEeNeNeHUAM Iepe-
ceueHMA), B OTIHYHE OT
OGBIYHEIX MHOKECTB.
MIprmep 1.14.5. Pac-

CMOTPUM HEIeTKOe MHOKECTBO
A={mnomecmeo wuces, zopasdo

18 7z 06avwsuz nyss), W OycTh QyHK-
OuA OPHHAJIEKHOCTH  3TOTO
Puc. 1.1.5. MHOKeCTBA NMeeT BHJ, HOKa-

saHENi# Ha pmc. 1.1.5 (cmrom-

Hafg KpmBas). Torfja myHKTHp-

Had JWHAA HA BTOM PHCYHKe COOTBETCTBYeT QYHKIWH NpPHHARJEHK-

mOCTA fomoiHeHAA A’ MHO)kecTBAa A B MHO)KeCTBe BCeX WHCEI.

CroBaMH MHOeCTBO A’ MOKHO OINHCATh KAaK MHOKECTBO YHCel,
e ABJIAOIMAXCA ropasgo Gonpmmmm HyJs.

Hemycroe nepecedenne MEOeCTB A B A’ B 5ToM IIpAMepe 1Upef-
cTaplseT co0o0if HeYeTKOe MHOKECTBO HHCEN, «ropasgo Ooapmax
HyJA A OJHOBPEMEHHO He ABIAIMAXCA Topasno GOMLMUME HYJIAN.
HemycroTa 5TOr0 HEJETHOTO MHOKECTBA OTPasKaeT TOT ($aKT, |TO
caMo HoHATHe «OHTH ropadfo GoJBIIAM» ONHACAHO HEYETKO, BCAEH-
cTBHe dero HEKOTOPHe YHCIA MOTYT C OIpefie/ieHHON CTeleHbIo
IpAHAJIEKATH OJIHOBPEMEHHO ¥ TOMY H JPYroMy MHOKeCTBY. B He-

M. e . e

e ST SR 8-t 0 (o ke 7 3
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KOTOPOM CMEIC]Ie 3TO IlepecedeHre MOKHO PacCMATPABATh KaK HeueT-
KylO (TDaEWIy> MexAy MHOkectBamm A m A'.

Onpenenenue 1.1.6. Pasnocmv muoxecme A u B
¢ X ompejensercA Kak HeuyeTkoe MHO:KecTBO AN\ B ¢ ¢yHK-
nueil NPUHANIEKHOCTA BHA

g, () — pg(2) mpu p, (7) > pg(2),

xz) —=
P‘\B( ) [ 0 B IIPOTUBHOM CJy4ae.

OTMeTHM, YTO DPHBEJEHHO® BHINIE ONIpeNeNeHHe IOIOI-
néHUA HOUETKOTO MHOKECTBA BHTEKAeT W3 JAHHOTO OIpe-
nenenna 1.1.6.

Ounpepenenume 1.1.7. [lexaproBo mpou3BeneHme
A;X...XA, Bederkux muokecTs 4,8 X,, i=1,2,...,n,
ompejeideTcd KaKk HeYeTKoe MHOMKecTBO A B JerapToBOM
mpomsBemeEnEm X —=X;X...XX, ¢ d¢yHrmmeli mnpuHan-
NeKHOCTH BHAA

py(@)=min{p, (), ... 1, (@)}
x=(.‘l:1, .. .,x,,) EX.

Oupepenenue 1.1.8. Bunyknoit xoMOuHanueit He-
YeTKHX MHOecTB A, ..., A, B X HasHBaeTca HeYeTKOe
MHO)KecTBO A ¢ pyHKIuell OpEHANNEKHOCTH BHIA

@)= 3\t @),

n
rge A, >0, i=1, 2,...,n, ‘21,=1.
=1
Bunykane KoMOmHAmum HEYETKAX MHOMKECTB MOTYT
HaliTy IpUMeHenue, HANPEMeD, B 3afa9aX NPHHATHS pemre-
HEX C HECKOJIBKAMH HEYeTKAMHA OrPaHHICHHAMH. 3aMe-
THM, 910 [ OOHIHHIX MHOJKECTB 3T OIepamusa HO WMeeT
CMEICIA.
Onpegenenme 1.1.9. Onepannm rowyenmpupo-
sanus (CON) m pacmascenusn (DIL) newemmozo mmosce-
cmea A ompefenaAnTCA CIeRyomuM o0pasom:

CON A =42, DIL A4 =A%,
rae p.(z)=pi(z), z€X, «>0.
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IIpuMenéiine omepanuWe KOHIEHTPHPOBAHEA K 3afaH-
HOMY HEUYETKOMY MHOKeCTBY O03HAadaeT, II0 CyTH [eia,
YMeHBIIeHAE «HeYeTKOCTH» STOTO MHOKECTBa. B peadbmoit
3ajlage 9TO MOKeT 03HAYaTh NOCTYIIeHHe HOBOH HHPOP-
Manem, mo3BoasAnmei Goiee TouHO (Gosee YeTKO) omECATH
JaHHO® HeYeTKOe MHOJKeCTBO. AHAJOTMIHHM 00pasoM,
omepam#s DACTAKEHEA MOKeT IPHEMEHATHCA JJIA MOJeNd-
POBaHHA CHTyaIWHM, CBA3aHHOH ¢ moTepedl mHEPoOpManmm.
B xmmre JI. A. 3apme [5] o6cyxpaerca mpuMeHeHme 3THEX
omepanuil [AA NPeACTABICHHA JIWHTBHCTHICCKAX HEOIpe-
IeJIeHHOCTeH., .

1.1.3. Muo:kecTBa ypoBHS H [CKOMIIO3HI{AS HEYETKOrO
MHOKecTBAa. MHoMeCmBOM YDOGHS o HEIETKOTO MHOMKe-
crBa A B X Ha3HBaeTCA MHOKeCTBO B OOGHIYHOM CMEICIe,
cocTaBJeHHOE U3 dieMeHTOB 2 € X, cTemeHHm UpWHAMJIEM-
HOCTH KOTODHIX HETeTKOMY MHOKecTBY A He MeHbIIe
wmcna o. Taxmm oGpasoM, ecim A, — MHOKeCTBO ypOBHA
o HeTeTKuro MHOskecTBa A, ToO

°‘={:1:|:t:EX, pA(:L')}a}.

Hax Gymer BugHO HWKe, MHOKeCTBAMH YPOBHA yh06HO
0IH30BaThCA NPH QOPMYIMPOBKEe M AHAJIM3® HEKOTOPHX
33729 NPHHATHA PeIIeHWi.

Iyers (A U B), m (A N B), — MEOKeCTBa yPOBHA a
o0peuEeHNA H IIepecedeHUsA HeIeTKHX MHOMecTB 4 m B
COOTBETCTBeHHO. PaccMoTpEM CBA3SL 3THX MHOMKECTB
¢ MHOKecTBaME ypoBEA A, m B, Ecim gua omepa-
muit oGbefUHEHUS M TEPeceIeHHs NPUHATH ONpPeNeeHHs
1.1.4 1 1.1.3, T0, KAaK HETPYAHO BHUJETH, 3Ta CBA3Bb TAKOBA:

(AUB),=A4,UB,, (ANB),=A4,NB,.
B cnygae e ompepenemmit 1.1.3a m 1.1.4a mmeeM nmmsn
(AUB),D4,UB, (ANB),CA4,NB,

3aMeTmM, uTO B IOPABHX YaCTAX BCeX 3THUX HeTHpPeX CO-
OTHOIMEHWA MCIOJB3YIOTCA OOHYHEE omepammu olbefauue-
HOA W @epPecedeHHAS MHOKECTB, KaKAYI0 H3 KOTOPHX
MOJKHO paccMaTpPUBaTh M KaK JaCTHHE clydail omepammd
mo Jio00My 73 COOTBETCTBYIOI[UX OIpefeleHuil, IpHBe-
meEHHX B m. 1.1.2.

Ecnu (4,X ...XA4,), — MBOXecTBO ypOBHA & HeKapTOBa
TpoMsBe/leHAA HEUeTKUX MHOXKecTB A,, ..., A,, To H3 ompe-
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menenna 1.1.7 meraproBa NpOM3BEAEHMA JOIKO BUJETH, ITO
(ArX -+ XA = (A),X - - - X (A

T. €. MHOKECTBO yPOBHA « [IeKaPTOBa MPOM3BENeHHsA IPex-
craBiseT co6oif leKapToBO MPOA3BE/[CHNEe MHOKECTB YPOBHSA
o paccMaTpPHBaeMHIX HeYeTKAX MHOKECTB.

M=uosxecteo (4,) ypoBHA o moGoli BHIyKo# KoMGmHA-
mun Bederxnx Muoxkecrs (m. 1.1.2) A4,,..., 4, comepmmr
mepecedeHre MHOKECTB yDOBHA & BCeX 9THX MHOKECTB, T. €.

/ ‘él (A i)a c Aa’

B mexoropmx ciayuasx (cM., Hampmmep, pabory [8])
ymoGHO IONB30BATHCA PasOKeHHEM HEYETKOTO MHOMKEeCTBa
[0 ero MHOMKECTBaM YDOBHA, T. €. MPEACTaBIGHHEM JTOTO
MHOYKECTBA B BHJI®

A= a4,

The g (@)=op, (z), a o0BegmHEHHe HEYETKHX MHO-
mecTB aA, GepercA B COOTBETCTBHE C OHpEJielIeHWEM IO
Bcem a or O mo 1.

ODpamep 1.1.6. IIycrs X={1, 2,..., 6), a (pyExgua Opm-
HaJJIeKHOCTA HeweTKOro muoxkectsa A B X sajgama rabammeit

z|0123456

py#)f 0 04 03 05 07 09 1

Torpga nma A MoKHO BHIOHECATL CIOXYIOME® MHORECTBA YPOBHA:
A,1=(1, 2,...,6), 4,3=1{2, 3, 4,5, 6},
Ay 5={3, 4, 5, 6}, Ay q={4, 5, 6},
Age={5, 6}, A;,={6}
H Ipe[CTABAThH HOYOTKO® MHOMKECTBO A B BHAS

A=0,1{1,2 3, 4 5, 6,0,3(2, 3, 4, 5, 6)U0,5(3, 4,5, 6
{ U U{0.7 {4, 5, s))uuo,s {{5, 6} 1

CMuIcI mpomsBefileHMH TEOA aA, NOACHASTCA BHIe.

B

B xmmre [5] pasnoxeHme IO MEHOMKECTBaM YPOBHSA
HCIOAb3yeTcA IiA 0GOOmEeHHEA PasTHIHKNX IOHATHAR Teo-
PUE OGHYHHIX MHOKECTB Ha HEYETKHe MHOKECTBA.
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1.1.4. Heuerkne tomomormueckue mpoctpascTna. Ilo-
sBJIeHAEe HOBOTO HOHATMA HEYETKOTO MHOKeCTBA CTHMY-
JIAPOBAJIO PACCMOTPeHHEe TaK HASHIBAGMEIX Heiemkur mo-
noaozuteckux npocmparcme (H. T. 1.), 3IE€MEHTH TOHOJOTm
KOTODHIX CyTh HeUeTKHe MHOKecTBa. Umeercs yixe go-
BOJIBHO 3HAYATENbHOE YUCIO PaGor Ha 3Ty TeMy (cM., Ha-
npuMep, pabotu [9—17], n3 KoTropHX BEAHO, 9TO H. T. IL
00;1aal0T MEHOTEMHA CBOEOOpPa3HHMHE CBOHCTBaMHU, KOTOPHX
HeT B OGHYHHX TONOJOTMYeCKHX IPOCTPAHCTBAX.. Leo-
pEA H. T. I. B ee HACTOAMEM BHAe HmpefcTaBisdeT HHTepec
JUIIB ¢ IACTO MAaTeMaTUIEeCKOH CTODOHHEI, MOCKOJIBKY IOKa
eIe HeT NMPUMEPOB MCHOJB30BAHHSA € ammapara AiA pe-
meHUsA KOHKPETHHX B3ajxad.

Opmuoit n3 nHTEpEeCHHX O0COGEHHOCTER H. T. . ABJIACTCA
TO, 9TO IOHATHE TOYKA B HAX HE ABJAETCH CTOJb TPABHAIB-
HEIM, KaK B OOHYHEIX TONOJOTHYECKMX IPOCTPAHCTBAX.
OGn7HOe MHOKECTBO BCErJa MOKHO NPeJCTAaBHThH B BHJE
00beIMHeHUSA COCTABIAIOIIUX €ro OJHOTOYEYHHIX MHO-
mecTB. B ciaydae ke HeueTKOro MHOKeCTBa HONOOHEIE
OHOTOYeUHHE MHOJKECTBa, BOOOmE TOBOPA, ABIAITCA
HeUYeTKAMHT I TPe6yT ocoboro onpeneiennsa. B HexoTopoM
CMEICJIe POJIb «HEUETKHX TOYEK» B H. T. II. MOT'YT Hrparh
BBOAMMEIE HW’Ke 3JIeMEHTADHEe HEYeTKHe MHOKeCTBa.

IlorsaTHe TOYXKM B H. T. I. oﬁcymnae'rca m B pabote
K. Vomra [13].

B sToM paspmene mamaraloTcA JUIIF HEKOTOPEE CBefe-
HOSA W3 TEOPHH H. T. I., C TeM YTOGH JaTh THTATENIO Ipex-
crapjeHme 00 3TOM HHTEPECHOM HAUNPABJIEHWH pPAa3BUTHA
TEOPHA HEUYETKUAX MHOKECTB.

Onpenenenme 1.1.10. CemeitictBo I mHedeTKHX

MHO{ECTB B YHHBEDPCAJbHOM MHOKecTBe X Ha3nBaercs
Heuemkoli monoaozueli, ecin

1. X€T, O€T.
2. U A,E€T nna moGoro cemeiicrsa {4} Hewerkmx

MHO)KGCTB B X Taxoro, uro {4,}CT.
3. n A,€T pmna moboro KoHEYHOTo ceMeiicTBa {4,)

HOUOTKHAX MHOKeCTB B X rakoro, uro {4,} C T.
Muosxectso X ¢ BBeeHHOH B HEM HEYeTKOH TOMOJIO-

‘rmeit T HA3HIBAETCA HEYEMEUM MONOAOZULECKUM NPOCMPAH-

cmeom (. T. 1.) (oGosHauenme (X, T)). dieMeHTH ceMeii-

e O e SR
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crBa T Ha3HBAIOTCA OMKDBMHMU HEUEMEUMU MHONHCE-
cmeéamu. HedeTkoe MHOKECTBO, ABIAIOMEECA JOMOJHEHAEM
B X (cM. ompepesenme B 1. 1.1.2) K OTKPHITOMY HeYeTKOMY
MHOKECTBY, Ha3HIBAeTCSA 3AMKHYMBLM.

[IpuBefeEHOe oOmpefejeHHe TOIOJOTHE AHAJOTHIHO
0GHYHOMY OIpEeAENeHAI0, OTMETHM JHIIb, YTO OHEPAIAH
o0beMHEHNA W IepecedeHWsA HEYeTKAX MHOIKECTB IIOHM-
MAaIOTCA 37€Ch B COOTBeTCTBHH ¢ onmpefenernuamn 1.1.3'm 1.1.4,
ppussatTeME B u. 1.1.2 pamnoit xHmrm.

3amvikanuem A HederkOro MHOKecTBAa A B H. T. I
(X, T) ©BasoBeM «HamMeHbIIee» 3aMKHYTOe HEYETKOe MHO-
xectBo, copmepxamee A. Ilyers {B_} — cemeiicTBo Bcex
3aMKHYTHX HEUeTKAX MHO)KecTB Takux, uro A C B, T. e.

p, (@) <pp, (¢) mpE nmoGou z€X, torma A= B, mm

2z (x)=i2f pp, (@), z€X.

flcmo, uro pmna moboro HeueTkoro MHOKecTBa A ero
saMbikaEme A 3aMKHYTO.
CBoiicTBa Omepanuyu 3aMHEHKAaHHSA.

1. AC A.

2. Eciz B samxuyto, To B—B.

9Tm pBa cBOMCTBA C OYEBHAHOCTHIO CIEAYIOT M3 INpH-
Be[GRHHX BHIIE OIPefeNeHHiA.

3. A,Cc A, > A, C A4,

HoxasarenscrBo. Ilo onpenenennio

b1, @)= Il gy @), 1, (2) =100 1y (2),

B;={BIP'B($)>P‘A;(3) VIIJEX}, i=1, 2.

Nanee, 4, C 4, =>p., () v, (2), mostomy B, & B, m,
cremoBatensHo, py (z) <pyg (7) VzEX, 1. e 4, c 4,.

4 4, U4,=4,U 4,.

NoxasareascTBo. a) Iloxaxem, uro 4,UA,C
C A,U4, [onycrmM mpoTHBHOE, T. €. uTO Haiijerca
£E€ X, mna KoTOpOro

prgs, (8 > bz, (@)
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i;lf pp (£) > max {i;‘f pg (£) ian pp (E)}
B,={(B|py (@) >p, (@) Vz€X}, i=1,2,
B= {B [ 5 (%) > max {*".4l (2), Py, (z)}}
Torpa maifinyrea B'€B, u B"€B, Takme, aro mas
awoboro B EB Bumomamores ., (Z) >, () 1 opy(8) >

> g, (£). Omcroma cnemyer, uro Halimerca Taxoe BB,
uto Tpu A06oM B G B BrNONHEHO HEBO3MOKHOE HEPAaBEHCTBO

pp (&) > py ().

6) Ioxawem, wro A,UA4, D A,U4, Homycram mpo-
TmBHOe, T. e. 4r0 Halimerca ZE X, mna xoroporo

o1, @ > prgz (8)-

Orcioga 3akmiogaeM, urto Hadimerca B €B Takoe, uto mua
moGoro BEB, (mmm B EB,) sumonnserca ., (%) > py ().
Ho BB, u moroMy mocienee HepaBEeHCTBO HEBOBMOKHO.
U3 a) m 6) saxmouaem, aro 4,U4,=A4,U4,.
JneMeHTapHHEe HOYETKHEe MHOKecTBa. Jde-
MeHmapHLIM Hedemkum MHoxcecmeom E, (mna ¢urcmpo-
pagHoro z G X) HasoBeM IlepeceyeHrme BCeX B3aMKHYTHX
HEYeTKUX MHOKecTB B, Takmx, 910 pp (x) > 0. Paccmor-
PHUM HEKOTOpHe CBOHCTBA H/IeMEHTADHHX HOUETKHX MHOKOCTB.
1. by (@) >0 Es, C E,.
IDoxasarenbcTBO. Ilo ompemememmio ana mwoGoro
#€ X BHIOTHEHO PaBEeHCTBO

pr, (B =inlpy (B B=(B|p,() >0},

Hanee,
by, (z)=infp,y(z;) >0=>p,(z) >0 VBEB,

T. e. {BlpB(xl)>O} C B =, cnenoBaremsmo, s n0Goro

£€ X BHOONHAETCA HEPABEHCTBO pp (Z) < p, (£), uro m
EA z

osmagaer E, CE,.

2. Jlio6oe anemMeHTapHO® MHOKecTBO E, 3aMKHYTO Kax
TiepeceYeHHe 3AMKHYTHX HOUOTKHX MHOMKCTB,

cen e .
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HocnegoBaTenNbHOCTH HeYeTKHX MHO-
smectB. Ilyers {A4,) — mocneaoBaTenbHOCTs HEUETKHX
MHOXKECTB B H. T. II. PachOTpPIM COBOKYIHOCTH BCEBO3-
MOKHBIX TIOfmoclenoBarensHocreit {4, } 5TOil mociemoBa-
TeABpHOCTH, KaXKHasA W3 KOTODHIX NOjJyueHa BEHIOpacHBaHEEM
u3 {A,} HEKOTOpOro KOHEYHOro dmcjia WieHoB. IlycTs
By= UA — 3aMHIKaHAe O0BeIMHEHHA BCEX YICHOB MOJ-
uocnenona'renwocm {4, } Heuerrkoe wmmuO®ECTBO B,=—
= nB HazoBeM n peaeﬂo.u nocaedosameasvnocmu {A.}.

/K oMmakTHOCTH. Cmcreva {4,} HeYeTKEX MHOKeCTB

B H. T. I. (X, T) Ha3HBaeTCcA noKpbimMueM HEYEMK020
mHosxcecmea A, eenu A CUA, uim
L]

b @) Ssuppy (2) VZEX.

HeueTxoe MHOKECTBO HA3HBAETCA KOMRAKMMHM, €CIH
g3 M1060r0 OTKPHITOT0 MOKDHTHAS TOT0 MHOKECTBA MOKHO
BHICIATH €r0 KOHEYHOe MORIMOKDHITHE.

JlnA KOMIAKTHHIX H. T. II. CIPaBeJJIWBO yTBep:KIeHUe,
aHAJOTAIHOE COOTBETCTBYIOMEMY YTBEPHKIeHWIO AT 00BIT-
HEIX TOIOJOTHYeCKEX IIPOCTPAHCTB.

Teopema 1.1.1 [10]. Jasn mozo umobw . m. n.
Obl10 KomMnakmmuuim, Heobxrodumo u docmamouno, umolOH
OHO Yydoeaemeopaso Ycaosul: Kaxcdas YeHMpPUpPOSaAHHAS
cucmeMa €20 3AMEHYMUX HeYemKUT MHONCECME umeem
Henycmoe nepeceverue.

Teopema 1.1.2. Ecau H. m. n. Komnakmuo, mo
410648 nocaed08amesbHOCMb €20 HEeUemKUT NOOMHONCECTNE
umeem Henycmoti npedea.

Jror PaxT JErKo clHegyeT W3 ONpeNeNeHHWS Tpefela X
Teopemsr 1.1.1.

Teopema 1.1.3. B Komnakmmnom H.m. n. at06oe ase-
MeHmapHoe Heuemhoe MHoxcecmgo E, nenycmo (m. e.
E.s& @ 0as aobozo z € X).

HoxaszarenscTBo. CucreMa 3aMKHYTHX HEYETKHAX
MHOKECTB {B”I(J.B (:c)>0} ABIAETCA IEeHTPHPOBAaHHON
ana moboro z € X. ‘Cnenosarensuo, B CHy KOMIAKTHOCTH
H. T. II. OHa AMeeT HellycToe Hepecedenune (Teopema 1.1.1), T. e.

E,=NB*4g Vz€X.

3 C. A. Opnoscknit
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HagoBeM H. T. m. oTaenmMeiM, ecnd ansa nwobux z X
m yEX mHalimerca Takoe 3aMKHYTOe HEUETKOE MHOKECTBO

B, u4ro0 :
a) pp(@) >0 = 6) py(y)=0.

Teopema 1.1.4. B omdeaumom . m. n. aioboe oue-
MeHMapHoe Heuemkoe MHONcecmeo aubo nycmo, aubo
ofaadaem ceolicmeom:

) [0 2=
Pe, () —0 ¢ n DOMUBHOM CAyude.

10T $aKT ¢ OYEBHAHOCTHIO CIEAYOT H3 ONPefeleHHi
OTHENNMOCT M 5JIeMEHTAapHOTO HEeYeTKOro MHO/KecTBa.

Teopema 1.1.5. Ecau B -—3amkHymoe Hewemkoe
nodmHuoscecmso omdeaumoeo H. m. n., mo 0aa arb6ozo
Henycmozo E, evinoaneno odno us ycaosuii: E,C B uau
E.NB=¢.

HMoxasarenncrro. llyers E,Z B, 1. e. py (7) >
> pp(z). Tlpn s1oM He Momer GHTH pgy(z) >0, Tak xax
B 9TOM ciyuyae B sBasnoch OB YIEHOM cemelicTBa 3aMKHY-
THX HEYeTKMX MHOMKECTB, lepeceueHreM KOTOPHX ABIETCS
E,, nepaBencTso s, () > pp(z) Gemo GH HEBO3MOMKHO.
Orcioja B cuny OTAenuMOcTH H. T. I. u Teopems 1.1.4
nonyuaeM E,NB = .

K. Yaur [10] BBem cumepyiomiee ompefeieHde OKpecT-
HOCTH HEYETKOT0 MHOKecTBa B H. T. II.

Onpegenenume 1.1.11. Heuerxoe wmuoecrso U
B H. T. I. (X, T) HaseBaeTcA OKPECMHOCMbIO HEYEMKEO20
MHONMecmea A, eCNU CyMecTBYeT TaKoe OTKDHITOe He'eT-
roe MHOectBo A, uro ACACU.

Teopema 1.1.6 [10]. Heuemkoe muoxsecmso A
OMEpHMo mozda u moavko mozda, K020a OHO Seasemc
OKDECIMHOCMbIO 4106020 C60€20 HEHemK020 NOdMHOJcecmea.

IIycts A mw B — ;gBa HeUYeTKHX MHOMKECTBA H. T. I.
(X, T), m myctb A D B. Torga B HasuBaerca BHYTPeH-
HEM nNoaMHOectBoM A, ecim A ecTs oxpecrroCTh B.
O0bequHEEeENE BCeX BHYTPEHHHX IIOMHOMKECTB HEYETKOI'O
MHO<eCTBa A HaswBaercAd BHYTPEeHHOCTHRIO A m 0603Ha-
qaerca A°.

Teopema 1.4.7 [10]. ITyemv A — mHoxmecmeo
en, m.n. (X, T). Tozda neuemrae mnoxecmeo A° omrpwimg

v

o £y v < Loy

D e

RS

o SR < n,
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W ecmb Haubosbliee OMEDHIMOe ROOMHONCECTNEO MHOICE-
cmea A. Henwemrkoe mnoxcecmseo A omrpuimo moeda u moavko
moeda, koeda A=A°.

DMoxasarexsbcTBo. Ilockomsky A° — BHyT-
perHee HEUETKOe IO/MHOKECTBO A, TO IO ONPELeIeHHIO
1afileTCA TaKoe OTKPHToe MHOKecTBO 4, uto A° C A C A.
Ho A C A°, m, cnenosarensno, A=A°. Iostomy 4° —
pamboiblliee OTKPHTOE MOAMHOMKECTBO MHOMKecTBa A.
Ecan A orkpmito, T0 4 C A°, TOCKOJBKY B BTOM clydae
A — BHyTpeHHee OTKpHTOe moaMHOMKecTBO A. OTtcoopma
A fA°.'O6paTHoe yTBeps;KIenne oueBmAHO. Teopema [o-
KasaHa.

K. Your [13] BBen ompepesneHHe HeUeTKOH TOUKHM M
HcceNoBaj] ¢ ero HOMOMbBIO JIOKAJIhHEE CBOHCTBA H. T. II.
Heuemxoii moukoli p B MHOKectBe X OH HAa3BaJ HEYETKOE
MHOeCTBO ¢ (YHKOUeHd NpPHHAJJIEKHOCTH BHJA

Yy mpu r=2z,
by (@) = 0 mpm z£z,

rre 0<ly<{1. OnemenT z,CX HasHBaeTcA HOCHTEIEM
HEYeTKON TOYKH p.

Ilycts p — meuerxad Touka B X. Torma roeopar [13],
4TO0 p IPHHAAIEKHT HedeTkoMy MHO:KecTBY A (p € A4), ecan
pp () <p,(2) maa moboro z € X.

Teopema 1.1.8 [13). Ecau A= U A,, 20e I — npo-

i€l

u3804bHOE MHONCECMB0 UHOekcos, mo p & A mozda u moavko

mozda, ko2da Halidemca uwndekc iGI makoli, yumo pGCA,.
HoxasareascrBo. 1. flcmo, uro ecim p €A, 10

pEA.
2. Obparso, mycte pEA u mycTh ¥, — HOCHTENb He-
verxoit Touxu p. Torpa p, (xo):su? & (2,)-
i€

BosmoxuEH 1Ba caydad:
a) aubo Ji €I, xnA KOTOPOrO BHIOIHEHO

Py, (@) = b4 (2);

6) nubo p A;(x0)<t" 4 (@) mnn mwoboro i G 1.
3*
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B cnyuae a) mMeeM pEA;, T. e. yTBepiKIeHHE TeO-
pemu. B cnyuae 6) ms Toro, uto p €4, momnyuaem
Bp (@) < by (m)i= Supy, (o)»
H, cllefoBaTeNbHO, Haiimercs iy €I, xna koroporo
 (20) < (),

T. e. pEA;,. Teopema moxasana.
Omnmpaschk Ha BBeleHHOE OIpefielieHre HEYeTKOU TOUKH,
K. Your [13] mpepmaraer ciegyomee moHATHE CXOAH-

Moctd B H. T. . Ilyers p,, n=1, 2, . . ., — mocaegoBareis-
HOCTh HeYeTKHX To49eK B H. T. I. (X, T) ¢ HocHmreaamu
z,, n=1, 2. .. Ilyctb p — HedeTKas TOUKA C HOCHTEIEM

Z=£Z, IJA BCeX n > ng, Ife ny — HEKOTOPOe HaTypaibHOe
aucno. Torga rosopar, 4ro p, cxomuTesa K p, WIdA p, —> p,
ecam Aias Ja000r0 OTKPHTOrO MHOKecTBa A TaKoro, 4ro
p € A, wuaiimerca HATypaibHOE YHCIO 7% TAaKOe, 1TO
p, € A npm Bcex n > m.

C momompio BBemeHHHX onpemenenmit K. VYomr [13]
HCCeN0BAJ TaKWe CBOMCTBA H. T. I., KAK HAJHUYAe CYCTHOMH
6a3H, cemapafelbHOCTH, JOKANIbHAA KOMIAKTHOCTb M [p.

Bo Muormx paGorax, HOCBAMIEHHHX H. T. ., HCCIERY-
OTCA TaKKe TOIOJOrHIecKhe CBOACTBA OTOGpPaKeRu,
W3y9A0TCA NPOUW3BEeHHA H. T. II. W Apyrme ux ocolben-
HOCTH, KOTODHE 3a9acTyl0 He HMEIOT IPSAMHIX AaHAJOrOB
B OOWYHHX TONOJOTMIECKHAX IPOCTPAHCTBAX.

1.2. HeueTkme oTHOMIEHHUA

Hax Gyger BEAHO W3 HOCAeIYIOIIUX TIAB 3TOH KHHTH,
HeJeTKOe OTHOIIEHW® IIpefcraBiser coGoit BajykHoe MaTe-
MaTHUYeCKOe IOHATHE, MO03BOJAINee (GOPMYyInpOBATH M
aHAJIH3WPOBATH MaTeMaTHYeCKHE MOMNEJH PeajbHHX 3agad
ppurATEs pemennit. OTHOmMeHRWe HA MHOKECTBE aJbTep-
HaTHB, OOBEKTOB W T. II. B TAKAX 3a8a9aX BHIABIAETCSA
OOHYHO OyTeM KOHCYJBTAOWN C JANOM, IPHHAMAIOMHAM
pemendsA (A. I. P.), AN C SKCIIEPTAMH, KOTOPHE 3a9aCTYIO
He UMEIOT BIOJIHE ETKOr0 CY:KEeHus 006 3TOM OTHOUIGHWH.
B mogo6HHIX cirydasx HeUeTKOE OTHONICHEE MOKET CIYKUThH
yno0Ouoit m GoJsiee amexBaTHOl peasbHOCTH QopMoi mpej-
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craBleHUs HCXORHOA mHpopMammu, ueM OGHYHOE OTHO-
pieHne.

B nmanHOM pasmesie HEYeTKOe OTHOIIEHME BHICTYIAET
KaK YHCTO MareMaTmueckmil o00bekT. OnmchiBaeMsle 3IeCh
cBOMCTBA W OCOGEHHOCTH HEYETKHX OTHONICHMA MCIONb-
3yl0TCA B JajJbHe#ImeM IPH aHAIW3e Pa3AWIHBIX Mofejei
MPUHATHAA PEIIeHMUH.

Mui HauHeM W3JI0KEHHe ¢ KPaTKOrO0 O3HAKOMIIEHNA
co cBoficTBaMu OOBYHHIX OTHOmeHWiA. OOHYHOE OTHOIIE-
gue — 0oJiee MPHUBBLIYHEIA MaTeMaTWIECKUN 0GBEKT, X HaM

3aJI0Ch, YTO CBOMCTBAa HEYeTKHX OTHOmeHH: (Mam, CKo-
pee, CBOHMCTBAa OTPakaeMHIX HMH DeaJbHHIX OTHOIIEHHIT)
jJeryé TOHATb, MCIOJB3YS MX AHAJIOTHI0O CO CBOHCTBAMHU
OOBIYHEIX OTHOINEHUI.

Hcxopsa n3 morpe6uocreit 3amad, aHAIE3APYEMEIX B IO-
CHCRYOIUX TJaBaX, MH OTPaHAYEMCH pPAaCCMOTPEHHEM
Jumb OMHEAPHHX OOHYHHX M HEYeTKHX OTHONICHWH, T. €.
OTHOIIEHWH, CBASHBAKIIAX APYrL C APYroM aBa 0GBeKTa,
smeMenta u T. I. IlosaTroMy Bciogy =HmKe OmEApHOe OT-
HoIleHWe MH HAa3HBaeM OpocTo orTHOomernmeM. Ile-
peilileM Temeph K TOYHOMY OIpENENEHUI0 ITOTO IOHSA-
THA.

1.2.1. CpoiicTBa OGBIYHBIX OTHOLICHH W omepanAH HAJ
aama. Omuowenuem R na muoacecmee X HasuBaeTcs
IOIMHOKeCTBO feKaproBa mpomssemenmsa X X X.

B cooTBercTBEEM ¢ 9THM OIpEIEICHHEM 3afaTh OTHOIIE-
HUe Ha MHOKecTBe X 03HAYaeT yKasaTh BCe IapH dJeMeH-
T0B, Z, y € X Takwme, 9T0 z W y CBsA3aHH OTHOmeHWeM R.
Insa oGosHaTenus TOro, 94TO 3IEMEHTH Z W y CBA3AHEI OT-
nomenneM R, Mel GyneM HOAb30BATHCA MBYMA SKBHBAlEHT-
BEIMEA 3anmcamu: xRy mmm (z, y) € R.

IIpocTsiM mpIMEPOM OTHOIIEHWMA MOKET CIYKHTH OTHO-
menme «He Menbuiey Ha marepsaxe [0, 1]. Ha npmeegennom
3nech puc. 1.2.1 310 otHOomenme (T. €. Bce mapu Z, ¥ €
€[0, 1], cBsa3anHbe 9TEM OTHOIIEHWEM) HPEACTABIICHO 3a-
mrpuxoBarHOX o6Gaacteio. Herpynmo sBmgerb, d9ro oT-
HOIIEHUIO (PAEHO» B ITOM IpPHEMEpPE COOTBETCTBYeT IIO-
KasamHag mHa puc. 1.2.1 gmaromanp eJNHATHOTO KBaJ-
parta.

Ecnn muomxectso X, Ha KoropoM 3amaHo orHomexue R,
KOHEYHO, TO 5TO OTHOMeEHHe YAOOHO ONUCHBATH MaTDH-
ueit |r,;|, npepcramasiometi cofoii xapaxTepucTHIECKYIO
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dyaruuio muosxectBa R C X X X. OneMeHTH 5TO# MaTpHIH
ONPEeReNATCA CNeAYIOmMM 06pasoM:

I 1, ecuu (z,, z;)€R (unm x,Rz)),
710 B mporuBHOM ciydae.

OrHomenne B KoHe4HOM MHOKecTBe X MOMKHO OIMCATE

U OpPHEHTHDOBAHHHM rpadoM, BePIIMHH KOTOPOTO COOTBET-

CTBYIOT dJIeMeHTaM MHO;KecTBa X, a Jyra OT BepIIMHH I,

K BepIIMHE Z; IPOBOAMTCA B TOM

[ A TONBKO B TOM cCIydae, eciau
K z,Rz; (unu (z,, z,) € R).
- AN Ilycts Ha opmmoM M TOM Ke
N mHO:KecTBe X 3ajaHBl (B OTHO-
AN zry mesns A m B, T. e. B [eKap-
g N2 ToBoM mnpomsBegeEmu X X X 3a-
NG JaHH 7Ba HOAMHOMecTBa A H
B. Mnaoxxectrea C=A U B n
\\\ D=—A (N B ua3uBaioTca cOOTBET-
z 7 cTBeHHO OOBOJMHEHHEM M Iiepe-
ceueEmeM orHomemnmit 4 u B.
Herpyano moxasats, dr10 ecam
C=|c, |, D=|d,;|] n A=
=|a,;|, B=|b,;| — varpuns srmx orHOmenmit B ciyuae
KOHEYHOT0 MHOMkecTBa X, TO

Pmc. 1.2.1.

c;;=max {a;;, b;;}, d,;=min{a,,, b‘j}.

T'oBopar, uto omnowenue B exaronaem B cebsa orHOmIe-
HUe A, ecnu I cooTBeTcTBYIOmmX MHOMecTB A C X XX
n BC XXX Bunonumeno 4 C B. Taxk, manpumep, ecim
A=(<) m B=(<)— OTHOmeHHA Ha OJHOM H TOM >Ke
MHOykecTBe umcedt, T0 A C B. 3amersM, uro w3 AC B
u zAy Bcerpa cuepyer zBy.

Ecnm A — ornomenme Ha MHOKecTBe X, TO OGpPaTHRM
K A orHomeHmeM HaseBaerca orHomeHHe A~ ma X raxoe,
uro A ly Torga m TomBKO TOrpa, Korga yAz. Eemm A=
=|a,;;| m 47 =| ;| — marpuns srux orrOWeHM (B ciy-
yae KOHEUHOro MHOkecTBa X), TO 5JIeMEHTH 3THX MAaTpHI]
CBABAHEI COOTHONIEHMEM @,;==0,, T. e. MaTpuna A~ momxy-
yaeTcsi MyTeM TPAHCHOHMPOBAHUA MATpULH A.

ot
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Honoanenuem omunowenus R na munomcecmee X nash-
BAGTCA MHOKECTBO, ABJAOINEOCH TOIOJHEHHMEM MHOMKe-
crBa R B pexaproBoM upomssemenmm X X X. Marpuma
HOIOJIHEHUs OTHOWeHHS R mojdyJaeTca W3 MaTPHUIBl OT-
gomennsas R myreM 3aMeHH HYJIEBHX 3JI€MEHTOB e{WHUY-
HEMH, a eIUHATHHX — HYJIEBHIMH.

IIpousBenenve (wmm kommosmmusa) AoB ornomenmit
A n B una Muosxecrse X ompeseisercsa ciaexyomuMm obpa-
soM: zAoBy Torma m TOIBKO TOrga, KOrga HaWmercsa aiie-
medT 2z G X, 1A KOTOPOTO BHINOJHEHH OTHOWIEHUSA
#Az m zBy. Jnementm Marpun otHomemuit C=Ao0B, A
7 B cBA3aHH COOTHOIIEHWEM

ES m;xx min {a,;, b},

T. €. Marpuna oraomeHmsa C paBHAa MAKCMAHHOMY HpO-
naBefieHuIo *) Marpun orHomeHmA A m B.

IlepeiimeM K onmcaHHI0 OCHOBHEIX CBOMCTB OTHOIIGHHIA.

Orromenne R nHa MuokecrBe X HAa3HIBaeTCA pegiaek-
cusnuim, ecau (z, z) ¢ R (unu zRz) nas mo6oro z € X.
B wMmarpunme pediexcHBHOTO OTHOMIEHHWS BCe BJIEMEHTH
rIaBHOM qumaroHad# paBHH egummme. [IpmMepoMm pediex-
CMBHOT'O OTHONIEHHA MOKeT CIYKHTh oTHomeHme R (Z>)
Ha MHOKeCTBe dmcel.

Oramoménze R ma X HaswBaeTca aHMUDePACKCUSHbIM,
ecam @3 Toro, 9ro xRy, caenyer zs4y. Bce smeMenTH riaas-
HOH NWaroHa/J W MaTPHIE TAKOTO OTHOIIEHWS PaBHH HYJIIO.

Ornomenne R ma X Ha3HBaeTCA CUMMEMPUYHBLLM,
ecam u3 Toro, aro xRy, caepyer yRx. Marpuma caMMerprd-
HOTO OTHOMEHWA—CHMMeTpAYHaA, T. e. I,;=T;. I'pad

1 12
TAaKOT0 OTHONIEHHWS — HEOPHeHTHPOBAHHHIA.

Ornomenne R na X HA3HBAETCA AHMUCUMMEN DULHEIM,
ecau m3 toro, 9ro zRy m yRz, ciemyer x=y. Marpuma
TAKOr0 OTHONEHHA O00JagaeT CHELYIOMUM CBOACTBOM:
ecnm ik, to a;a,,=0.

OrHomenme R Ha X HA3HBAETCA [MPAHIUMUBHBIM,
eciam u3 roro, uro xRz m zRy, caegyer xRy. Ucmoapsya
ompefe/ieHNe NPOW3BeNCHHUS OTHOMEHWH, HETPYAHO IIPO-

*) B MaKCMAHHOM MpPOMSBeJeHAN MATpPHI BMecTo apndmeru-
UBCKUX OMepanuil CIIOMeHNA U YMHOMOHUA HCHOJIL3YIOTCH OIepa-
IMH max @ min COOTBOTCTBEHIUO,
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BePHTH, 9TO TPAH3UTHBHOCTH OTHOIMEHWA R 3KBHBAJEHTHA
yeaosaio RoR C R unm R? C R.

Tpansumuewum samvranuem R oromemma R ma X
HaSHBaeTCA OTHOIIeHMe, NOJyYeHHOe u3 R caenynomum
oGpasom: R

R=RUR*UR*U...U...

TpansuruBHOE 3aMEKaHWE MOKHO He(OpPMAJbHO OIpere-
JIATH KaK (HaEMeHbINee» TPAH3WTHBHOE OTHONIEHMe Ha X,
BKJIOYatomee B ce0s orHomenune R. MaremaTnaecku cTporo
9TOT aKT MOIKHO BHIDA3HTh TaK: AJAsA JI00Or0 OTHONIEHHS
R ero 71pamsWTHBHOEe 3aMHKaHWe PAaBHO IepecedeHuio
BceX TPAHSHTHBHHX OTHOWeHW, comep:kamux R.

Moskeo mokasath (cM., mampmmep, [18]), garo R —
TPAHSUTHBHOE OTHONMIEHZWEe TOTHA HM TOJNBKO TOTMA, KOrga
OHO COBIAfaéT CO CBOMM TPAaHBHUTHBHHM 3aMHKAaHWEM,
T. e. xorga R=R.

OTEM MH 3aBepIIaeM KpaTK@il 0080p CBOMCTB OGHITHEIX
OTHOMEHW# W HepeXofuM K HeJeTKAM OTHOMeHWAM. Uum-
TaTeN0, KejJalomeMy riy0ie pasoOpaTeca B CBOMCTBAX
OOHYHEIX OTHOIMeHWH W MO3HAKOMHTHCA C OTHOIIEHWAMH
PA3JIHYIHKIX BHEOB, MH DPEKOMEHAyeM 00paTHTHCA K KHHUTe
I0. A. Tlpeitnepa [18].

1.2.2. Onpepenenne neveTKoro oTHOmeHusa. B mammom
¥ ABYX IOCIEeAYIOIUAX pasfesaX OMACHBAIOTCA JHIB 06-
Iye CBOMCTBA HEUYETKAX OTHONICHWH W oNePAaNuy HaJl HAMH.
IIpz $opMynmpoBKe 3agad HPUHATAA pemendi B Iia. 3
MH"0y/leM OOMpaTHCA HAa HeYeTKUe OTHOICHHWSA IIPeAIovuTe-
gudg. K aTMM oTHOmMEHRAAM NPEMEHHMHL BCe BBOMUMEIE 3]IeCh
onepamuu, W OHA 00Jafal0T ONMCHBAEMHIMHA 37eCh CBOii-
crBamu. BMecre ¢ TeM, cocTaBIAsS OT/ENBHHIA Kiacc,
HeUYeTKHEe OTHONIEHHS XapaKTepHsYIOTCA pPAAOM ocoben-
HOCTeH, KOTOPHIE eNTAal0T X YMOOHHIM MHCTPYMEHTOM [JIsA
aHaiamsa 3afgau nOpmaAraa pemenumit. IlpexcraBasmercs
Gomee memecooGpa3HEIM ONHCHIBATH XapPaKTePHEE CBOM-
CcTBa HEYeTKUX OTHONEHWA IIPEfIOYTeHHSA B KOHTEKCTe
33{aY NPUHATAA PelIeHHmii, W MOTOMY MH OTIOKHIHA HX
paccMoTpeRme A0 Ti. 3.

WNsnoxenne MH OyaeM BecTHM IPEMEPHO B TOM 3ke
nopsnKe, 9TO W BHIIe B pasjeie, IMOCBAMEHHOM OOBITHEIM
OTHOINEHNAM, HO HECKONbKO NoxpoGHee. ITpm sroMm jerde
COTOCTABJATH APYT ¢ APYrOM CBOiCTBA Tex W XPYIAX OT-
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HOIIGHHWH W Jier'ye IOHATH CMEICJ OIl€PAIMH HaJl HEUYOTKUMHE
OTHOIMEHMSIMA.

Ecnim BcmoMEETBH, 9T0 OGHYHOE OTHONIEHHWE OLpefed-
eTcA KaK IOJMHOKECTBO [eKapTOBa IPOHWSBEJIEHUA, TO
CTAHOBHTCA SICHHM, 4T0 mepexof] (0000Imenne) oT 0GHIHOTO
OTHOIIEHHA K HEYeTKOMY B IPHHIUIE TOT K€, 9TO W Iepe-
X0 OT OOHYHOr0 MHOKECTBA K HedeTKoMy. Ommcanme He-
4eTKOr0 OTHOIIEHHUS JOJKHO BKJYATH B ce0A He TOXBKO
yKasaHHe BceX HAp B3JIEeMeHTOB HCXOJHOTO MHOKeCTBA,
CBABAHHHX JTHM OTHOINEHHEM, HO M 9YACJIA W3 MHTEPBaJa
[0, 1], oTpakaomme CTemeHE BHIOIHEHHS HEIETKOI'0
OTHOIIGHHA JjA sTAx map. [nsa onmcamms OTHOmEHHSA
He00X0EMO YKa3HBATh W MHOKECTBO, Ha KOTOPOM OHO
onpegeneno. CaMo 9TO MHOKeCTBO MOKeT OHITH HEYeTKIM
(ommcano HeYeTKO), IpHMIEM B HEYETKOM MHOKECTBE MOJKeT
OHTH ONIpefelieH0 W OO0HYHOE OTHOmeHWe. B pgamHOM =T
ABYX HOCIeRYIIAX pasfgeiaX MH OTPaHAYEMCH PacCMOT-
peHneM HedeTKHAX OTHOIEeHHA B 0OHIYHOM MHOKECTBeE.

Ounpepgenenne 1.2.1. Heuemkum omuouweHuem
R na mhoxcecmee X mHasHBaeTca HedeTKoe IOIMHOKECTBO
ZexkaproBa mnpomsBemermAa X XX, xapaKTepH3yoOmeecs
$pynxnmeit mpmragnexnoct: p: X XX — [0, 1]*. 3ma-
ueHme p, (Z, y) 9TO# QYHKIUE NOHEMAETCA KaK CyOBex-

TABHAA Mepa WU CTelleHb BHIOJHEHHA oTHOmeHHA TRy.

OOH4YHOe OTHOLIEHMEe MOYKHO pPaccMaTPUBATh KaK da-
CTHEIA ClIyd4ail ‘HEeYeTKOro OTHOMIeHMsA, QYHKIUA LHPHHAJ-
JIeKHOCTU KOTOPOTO NPWHEMAeT juink 3Havends 0 mim 1.

3xecs npejcTaBIAeTCA YMECTHHIM IIPHBECTH IPHEMeEP,
ALIOCTPEPYOIME OPUHANEOAAIBEOE pasimide OOHIHHIX
¥ HeueTKHX OTHomeHmi#. [{js aToro ayume Bcero paccMoT-
PeTh f[Ba (IOXOKMX» OTHOIEHHA HA ONHOM M TOM 3Ke
mareppane [0, 1], npraem omHO m3 3THX OTHOIIEHMHE 0GHY-
Hoe (ueTkoe), a Apyroe HedeTKoe. B KadecTBe OGHTHOIO
OTHOmEHWS BO3bMeM orHOImenmme R (Z>), a B KauecrBe
HEYeTKOTO OTHONIEHWS BO3bMeM oOTHomeHEme R (>)
(«MHOrO GoOJIBIIEY).

Ha npumeegernoM spech pue. 1.2.2,4 mapu (z, y) @3
unreppana [0, 1], ceazannne oraomennem R (1. e. z, ¥y —
Taxkge, 49ro x > Y), o0OpasyioT MHOKECTBO, IOKAa3aHHOE

*) HeueTroe OTHOLIEHHE MOMKET ONUCHBAThCH U GyHKIHeH mpU-
HajemnocTn Gosee obuiero Bupa. Ilo aromy mosopy em. m. 1.1.1.
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WTpUXOBKO#A. J[luaromanb elMHEYIHOr0 KBajipaTa fABJAETCH
TpaHANel 3TOro MHOKECTBA: BCe HapH (z, Yy), HaXOAdA-
muecs 3a 9TOil [UaroHaNbio (BAe MTPUXOBaHHOHR 06JacTH),
He CBA3aHH [JAaHHKEIM OTHOIIEHHEM.

B caywae ke orHomemma R cHTyammsa cjoKHee
HU3-33 TOTO, YTO IOHATHE (MHOro 00N sIIE» ABJACTCA HedeT-
kmM. Ilmrasce mocrpomTs cooTBeTCTBYIOIEE OTHOUIEHHIO
B mopMmoKecTBO eIMHEMYHOrO KBAaApaTa, MH OGHAPYKEM,
9TO B 3TOM KBajpaTe ecTh mapH (z, y), KOTOPEe MH OIpe-

g q
1 - 7
R P
) 7 q 7 2
a) J)
Puc. 1.2.2.

HeJEHHO OTHOCHM K IOAMHOKeCTBY R (T. €. cumTaeM mapu
(z, y) cBA3aHHRIME OTHOmMeHEEeM R), W NIapH, KOTOPHE Mbl
cunTaeM ompejeeHHO HE BXONANAME B 3T0 HMOIMHOKECTBO
(T. e. cumTaeM He cBA3aHHEME oTHomenwmeM R). Tak, ma-
mpmMep, MOKHO CUATaTh, 910 x;=0,9 onpegenenno MEOro
Gonpme y,=0,001, T. e. z, > y,- C gpyroit cropomm,
scHO, 9ro ana z,=0,8 u y,=0,6 MoxHO cTONB Ke ompe-
NeJNIeHHO 3aWHCATH T, > Y,. OnHako moxoGHO# ompenesnen-
HOCTH HeT B OTHOIIEHWH, CKakeM, mapu z,=0,9, y,=0,2,
Bwmecre ¢ Tem, ecnu cpaBunTh napy z,—0,9, y,—0,2 ¢ mapoit
z,=0,9, y,=0,3, To MoKHO cKa3aTh, UTO OTHOIeHHE (>)
B GosipImell CTemeHH IPAJIOKAMO K mape (g, Y3), 9eM K mape
(xb y4)

Takum 00pasoM, CYMmECTBYeT HEKOTOPas IPOMEKYTOU-
HaA o0macTh mepexofa OT Nap, A KOTOPHX OTHOIIeHMAE
(>) oupepenenHO BHIOMHAETCA, K HapaM, [UIA KOTOPHX 3TO
OTHOIEHMe OIpPENeJIeHHO He BHINOJHSIETCH, HpWIeM mapaM
(z, y) 3 aTOH 06;aCTH MOKHO NPUIACATH CTENEHH BHIIOJ-
HEHAs JAHHOTO OTHOIIGHWS WM CYy0beKTHBHEE OIEHKH,
aaBHCAIEe OT CMHICJA, BKJIAJHBAEMOr0 B IOHATHE «MHOTO
Gonbme» B KOHTEKCTe TOM wmim WHOH CHTyamud.

[

s s

e
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Ha puc. 1.2.2,6 oTcyrcrBme 4eTKON TPaHUL(BI MHOMKECTBA
B DOKa3aHO M3MEHeHHeM INIOTHOCTH IITPUXOBKH.

Ecnm MuoxecTBo X, Ha KOTOPOM 3aXaHO HEUETKOE OT-
nHomenme R, KomeyHo, T0 QYHKIHA NPUHANIEIKHOCTH {.p
3TOTO OTHOIIGHMs IPEJCTABIAET cO60H KBafpaTHYIO MaT-
puny. Ilo cMmEicty sTa MaTpEmB aHAJOrMYHA MAaTpHIe
0OH9HOTO OTHOIIEHWS, HO 3JeMEHTaMH ee MOryT OHTb
ge TOJbKO umcna () wim 1, HO W NPOWSBOJIBHEE YHCIAA U3
nurepana [0, 1]. Ecnm aaement r,; sTofi MaTpmmm

paBEH o, TO DTO O3HAUAET, UTO CTEIeHb BLINOJHEHHSA OT-
r£memm z;Rz; pasHa a.

Ilo amamormu ¢ OOHYHEIM OTHONIEHWEM HEJETKOE OT-
HOIIEHWe MOKHO OHHNCATh W OPHEHTHPOBAHHKM rpadoM
(medeTkmM rpagoM), Kazkmgo# Ayre KOTOPOro NPHIHECAHO
uncio m3 marepBaina [0, 1]. C meroTopHME cBoHcTBAME
HEYETKEX rpadoB MOKHO 03HAKOMATHCA 1o KHure A. Kod-
mana [19].

Hocumesem newemrozo omnowenus R na muoscecmse X
HA3HIBAGTCA IOJAMHO)KECTBO [IeKAPTOBAa NPOM3BEJEHHS
X% X Bupa

supp R={(z, y)|(z, ) € X X X, p,(z, y) >0}.

Hocurenr HedeTKOro OTHOIUIGHWS MOKHO IIOHAMATH Kak
o0nYHOE OTHONIEHME HAa MHOKecTBe X, CBA3HBAIOmee
BCe HapH (Z, y), AIA KOTODHX CTeNeHb BHIOJHEHUA NAH-
HOT'0 HEYeTKOr0 OTHOIIEHWA He paBHa HyIl. B caydae
KOHEYHOT0 MHOKecTBa X MaTpPUMy HOCHTEJNsI MOKHO IIOIY-
9ATh, 3aMEHHB B MAaTpHUIE HCXOJHOTO HEYeTKOTO OTHOIIe-
HUS eJUHANAMHA BCEe HEHYJIEBHE DIEMEeHTHL.

IIpm amannse 3amay DPHHATHA PEIICHWHA ¢ HEYCTKHMH
OTHOIMEHHAMH YXOGHO H0Jb30BaThCA MHOKECTBAMH YPOBHSA
HEYeTKOTO OTHomenvsA. I[0CKOJbKY HEYETKOE OTHOIIeHHE
onpenenAeTca KaKk HEYETKOe MHOKEeCTBO, TO M €ro MHOe-
CTBa yPOBHA ompenesawTca kKax B 1. 1.1.2, 1. e.

R,={(z, 9)|(z, ) €X XX, pp(z, y) >0a}.

Herpynuo Bmpmers, 4ro MHOKECTBO YPOBHS o HEYETKOTO
orsomenmss R ma X npepacraBiaser coboit oOnIHOE OTHO-
niende Ha X, CBA3HBAaiomiee BCe MapH (Z, y), JiA KOTOPHX
CTeleHb BHIONHEHUA OTHOMernuA R He Menpme o. MaTpumy
MHOeCTBA YPOBHA o MOKHO HOJYIATH, 3aMEHMB B MAaT-
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puIle HeYeTKOro OTHONeHWs R eIWHMOAaMd Bce DIEMEHTHI,
He MeHBIIMe YHCJIA o, W HYJIAMHA — BCE OCTAJLHHE dJe-
MEHTH.

Pasnoixenme HeYeTKOr0 OTHOMEHWS IO MHOKECTBAM
YPOBHA oONpefensaeTcd TaK jKe, KaK DAasiOKeHHe HeJeT-
Koro MHOkectBa (m. 1.1.3).

IIpamep 1.2.4. Ilycts MaTpuma HedeTxKoro oTHomeHms R
g8 MHO)KecTBe X={x;, z,, x3, ¥,} WMeeT BHUJ

E5 1 Ty Z3 Ty

z |t 05 0 0,2
z |03 1 t 0,4

2 [ 0 06 05 01
2 |1 07 03 0

Torga MaTpuna OGHYHOrO OTHOMEHUA, ABJAKWUIETOCA MHOMKECTBOM
ypoBEA 0,5 3TOr0 HEYETKOro OTHOWIEHNS, BHIJALUT TaK:

L3 o Z3 Zg
xy 1 1 0 0
|1t 0 o0

1.2.3. Omepamuu Haj HEYETKAMH OTHOIICHMAMH.
IlepeiimeM Temeps K paccMOTPEHUIO onepanuii Haj Heder-
knME orHomenmsaMu. Hexoroprie u3 sTEX omepammii AB-
JAIOTCA aHAJOraMH COOTBETCTBYIOIHX omepamuil Jis o6srd-
HEIX OTHONIEHWH, OMHAKO, KAK M B Cilydae HeYeTKAX MHO-
JKeCTB, CYMECTBYIOT OIepandd, XapaKTepHEE JWIIb KIA
HEUeTKAX OTHOIIEHHWH. 3aMeTHM, 49TO TaK JKe, KaK |
B Clyuae HEUeTKHAX MHOKECTB, olepanau o0befHHEHHS H
mepeceYeHds HEYeTKAX OTHONIEHWH (M OIlepamuio Ipows-
Be[[eHHs) MOKHO ONpefeN:uTh Pa3IAUHHIME cHocoGamu.

ITycts ma MHOKecTBe'X 3ajaHHl ABA HEYETKHX OTHOMIE-
mua A n B, T. e. B iexapToBoM npomssegerun X X X 3a-
IaHH [Ba HedeTKmx MHOKectBa A m B. Heuerkme MmO-
mectBa C=A U B m D=A (\ B Ha3swBaIOTCA COOTBET-
CTBEHHO 006e0UHEHUEeM T NEDeCeLeHUEM HELemKEUT OmHoule-
Huii A uw B na muoxcecmee X. Ecam BocmombaoBaThbea

|
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[epBHIMH K3 nprBefeHHHX B 1. 1.1.2 onpenenennit 06benn-
HeHWA W IepecedeHdsi HETCTKAX MHOKECTB, TO AaA QyHK-
nuit IpEHafIeKHOCTH oTHomeHmA C m D moaydaeMm

P'o(xy y):max {p',q (‘T' y), l"'B(x’ y)},
l"'p(x’ y):min {pd(.’t, y)’ Pg(z’ y)}.

Il'oBopAar, uto Heuemkoe omHoweHue B ekarouaem 6 cebs
Heuemroe omuouwlenue A, ecnm i HOYETKMX MHOKECTB A
u B Bumnonweno A C B. Iina &yuruuit npuzajpie;RHOCTH
5TMX MHOKECTB HepaBeHCTBO i, (Z, ¥) < p,(Z, y) BEION-
psaerca mpu awbux z, y € X. B paccmoTpeHHOM BHIIE mpH-
mepe oTHoumeHmit (>) m (3>>) Heuerkoe orHomeHme R copmep-
JKUTCA B OTHOWeHMH R, T. e. JomKHO GHTH p.(Z, V<

L pp(@, y) ana mobux umcen z, y u3 unrepsama [0, 1],
Ecain R — HedeTkoe OTHONenue Ha MHOKecTBe X, TO

HedeTKoe OTHomeHWe R, xapakrepusyiomeeca (QyHKI@elH
OPUHAJJEKHOCTH

Pa (T y)=1—pp(z, y), 2, YEX,

HassiBaercsa Jonoanenuem B X oruomenus R. Jlomoume-
HFe WMeeT CMEICH OTPHIAHUA HCXOZHOTO OTHONIEHW.
Hanpmmep, pnsa mederkoro oruomesmsa R=(aywuwe) ero
nomoxnennme R’ (ne ayuwe).

Ob6pammnoe £ R neuemroe omuowenue R~ na MEOMKecTBe
X ompepessercs caexyiomuM o0pasoM:

zRYy o yRx V=z, yEX,
UM ¢ HoMOmBI0 QyHKNMI HPHHAJANEKHOCTH:
Ppa (2, Y)=1tg(y, 2) Vz, y€X.

Baxnoe srauenme B UPWKIANHEHX 3agadaX HMeeT IPO-
U3BeJieHAe WM KOMIO3HIMAA HEYeTKHX oTHomeHui. B or-
jinuyMe OT OOBIYHEIX OTHOINGHWI, IPOW3BEleHWE HEIETKHX
OTHOIIEHWH MOJKHO ONIpEeNeJIATh PA3IMIHHIMHA CHOCOGaMH.
31ech ME NpHEBeeM HEKOTODHE M3 BO3MOKHEIX OIpefele-
HuUif 3roifi omepammm.

Onpegenernme 1.2.2. Makcmuunnoe npouase-
denue AoB meuerxkmx ormomenmit A m B Ha MHOMKecTRe X
Xapakrepusyercsd (YHKIHe#l NPWHAIEKHOCTH BHAA

P’A.B(x’ y)=§1égmin {P‘A(x’ z), P’B(z’ y)}.
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B ciysae KoueuHoro MHo;kectBa X MaTpmia HeUeT-
Koro orHOmeHuA 4 oB paBHa MaKCMUHHOMY IPOU3BEIEHHAIO
Marpur otTHomeHnwmit A u B, T. e. moaydaercsa ¢ IMOMOIIBIO
TeX JKe Omepamuif, YTO M MATPHUNa HPOH3BefeHnA OOETHEIX
orHomeHmiE (cM. m. 1.2.1).

Onpepmgenenne 1.2.2a. Munmarcrhoe npousge-
denue mederkumx ormomenuit A m B ma X ompegeinsercs
¢OyHKmue# opPUHAMIEKHOCTH BHIA

Pap (@ y)=1nf max {u, (z, 2), p4(2 y)}.

OrTMeruM, YTO HHTepeCHOe CpaBHEHHe CBOMCTB HedUeT-
KHX aBTOMATOB, OCHOBAHHHIX HAa MAKCMHHHOM ¥ MMHMAaK-
CHOM IIPOH3BeJ(eHMAX HEYeTKUX OTHOIIEHWH, MMEeTCA B pa-
Gore Y. Yu u K. @y [20].

Onpenmenenme 1.2.26. Marcmysvmuniukamus-
Hoe Ipom3BefieHNe HedeTKuX oTHomeHuit A u B ompepens-
ercsi QyHKnueHl OPHHANIEIKHOCTH BUAA

P15 (2 y)=sgg{m (z, 2) X pg(z p)}.
z
g cpaBHenus APYT ¢ [PYIOM BBeJeHHHIX OIeparuii
poW3BeleHNs IPHUBENEM HIPOCTOR HNPHEMeD IIPOW3BENEHN:I

oTHomennt A m B Ha KoHEYHOM MHOKecTBe X, COCTOAMEM
U3 OBYX 9JIEMEHTOB.

Opumep 1.2.2.

4.8

. 0,3 0,6\ MarcmnanOe
1 B 0,3 0,5/ mponssefenne
(0.2 0,6\, (0,5 0,7) - 0,5 0,7\ Murmmaxcaoe
0,5 0,8 0,3 1 0,5 0,7/ UpomsBenenme

— (0,18 0,6\ Makcmymsranmnka-
0’25 0’8 THBHO® npownsnefenne

Ilpoexmqupm HedueTKUX OTHOmMEeH T [5].
IIpoexnun HeueTKOro OTHOMIEHWS HTPAIOT BAKHYIO DOJb
B OIpeJeJeHnN pelleHmil 3afad, PaCCMaTPUBAEGMEIX B I, 4
mamHO# KEHWr”. [[JA TOro 4ToGH Jydmie HOACHATH CMBICI
®TOT0 IIOHATHAA, BHOBH o00paTEMCA K pPacCcMOTpeH-
HOMYy BHIIe NOpEMepy oOHYHOro orHomemma R (2>)
(cm. pme. 1.2.2, a).

.
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BriGepeM HEKOTOPOe YUCIO Y M PACCMOTPHM MEO}KECTBO
peex umcen z m3 mmrepsana [0, 1] rakmx, dro =Y
(puc. 1.2.3), 1. e. mEOkecTBO BEEa R W)={z lz>=y}.

Jins ¢uxcmposamnoro y € [0, 1] mHoxecTso R (y)
0Gpa3oBaHO BceMH 4YHCJIaMU U3 HHTepBaJa [0, 1], me
menpmuma y. O6nefmHEeHEe BCEX I )
TaKEX MHOKeCTB o BceM ¥ € l
¢ [0, 1] m=asmBaerca nepeoli ;
npoekyueli RV ommuowenus R, N\
™ e A

R¥= U R(y). N
yE00,1)

Muoxecteo R'™Y o6mamaer TeM
CBOMCTBOM, 4YTO JJIA Ka)KqOTo
ero 3JIeMeHTa & HaHgerca Ta- J Y 7y
Koii aneMeHT ¥, 9ro Ry (B nRam- Puc. 1.2.3.
HOM IpuMepe Z > y).

Ecam anamorngasiM o6pasoM BBeCTH MHOMKECTBA BHAA

R (z)={y | Ry}

u B3ATH MX o0BefUMHeHWe 1O BceM rEX, TO HOIyIuM

Rey)

Z A\

ﬁ”)

/(7(2) [
Pnc. 1.2.4.

emopyto npoekyuio R® ommnowenus R:
R® = ( R(x).
TEX

Hua mo6oro snemenra y € R'® maiigerca Takoit aneMeuT
z€X, uro zRy (B naHHOM HpHUMepe Z > ).
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B npmeefierroM npEMepe mepsas M BTOpas HPOEKIUM
oTHomeHHs R (Z>) coBmagaior co BceM mutepsazoM [0, 1],
T. 6. RY=R®=[0, 1]. Bonee o6muit caywaii mrmocTpn-
pyerca pme. 1.2.4.

Jlerko mpoBepuTH, 4WTO [[EKAPTOBO IPOH3BEJEHHE
R X R® mpexcrasnser coGoit HanMeHbIIee MPAMOYIOTb-
HOe MHOKeCTBO, cofgepamee R.

Bepremca x HewerkmM otHomemmaMm. Ilyers R — me-
9eTKOe OTHOIIGHWe Ha MHOMecTBe X ¢ ¢ymKmHed mpummaj-
JAeKHOCTH p (7, y). Jua npomssoanmoro y € X mneder-
KOe MHO)KeCTBO R (y) mpeAcrapiser cofoit HeueTKOe MHO-
KeCTBO DJIEMEHTOB I MHOKeCTBa X, CBA3aHHHX C BHOpaH-
HEM Y orHomeHmeM R. OyHKousa NpHHAJIEKHOCTH 3TOrO
MHOKeCTBA EMeeT BHJ ., (7, y), Te y — (UKCEPOBAHHHIA
3JIeMeHT MHO3ecTBa X.

Hanpumep, mus megerroro otaomernns R= (61msko K),
3aJaHHOr0 Ha YHCJIOBOX ocm, MHOecTBO R (y) MOkHO
HOHHAMATh KaK HOUETKOE MHOKEeCTBO YMCeN, GIMSKAX K Bhi-
OpaEHOMY YHCIY V.

O6rpenueEeHne HedeTKHX MHOMeCTB R (y) mo BceM
y € X =HasuBaerTcs nepeoii npoexyueli R neuemkozo
omnowenus R.

Cornacao ompefiesiermio (mepBoMy) omepanum o0Bexd-

HOHW: HeYeTKUX MHOKECTB QYHKIUA NPUHATISKHOCTH PR
uMeeT BHJ

Brey (.‘E) —=sup pp (xv .l/), x E X.
y€eX

Bmopas npoekyus R® newemrozo omuowerus R ompe-
ReNAeTCA aHAIOTHIHHBIM 06pasoM:

ey () =SUpy (@, y), yEX.

Ecnin B = R™ X R® — pexaproBo IpOM3BeJieHMe Iep-
BOil W BTOpOil Ipoeknmii HeueTKoro orsomeHusx R, ro R C
C R. 3ror darr cresyer us ompeneneHus ¢yHKIEA upn-

HA[JI;KHOCTH JeKapToBa IPOM3BEfeHNA HEYETKAX MHO-
xects (m. 1.1.2):

pg (2, y)=min {;,uepx e (2 ¥'), sup pa (2, 1)}
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Hpamep 1.2.3. Ilycrs mMarpuna HedeTKoro orHomenus R
Ha MHO:KectBe X={x;, Ty, 3, T4} HEMEET BHJ

I L3 Ty I3 Za

5z |03 02 01 06
z |0 05 04 01
zs |05 04 06 0,2
z |03 07 05 01

Torga ¢pyHKOEA TPAHANJIEIKHOCTA I€PBOH H BTOPOH mpoeKnu# sTOro
OTHOIIEHAS TAKOBH:

z I zy Zy z3 z,

B (2) 06 05 06 0,7
ppv(2) 105 07 06 0.6

1.2.4. CroiicTBa HEYeTKUX OTHOIICHHIA.
Pednexcusrmocts. Heuerkoe orHOmenme R
Ha MHOKecTBe X HA3HBACTCA pedaekCusHblM, ecad i
ai06oro z € X BHIOJHEHO pPaBeHCTBO
pp(z, 2)=1. :
B cayuae Komeunoro Mao)kectBa X TrJaBHasA JHAroHAJIb
MaTPHEOE peIeKCHBHOr0 HEYeTKOro oOTHomeHHA R co-
cronT ueamkoM u3 exmamn. [Ipmmepom pediaercuBrOrO
HEYETKOTO OTHOMEHHS MOKeT CIYKHTb OTHONICHH® «npu-
MEDHO DaéHBl» B MHOKECTBE JHUCeJI.
ArrapednercuBrocTb Dyarmua mupw-
HaJJIe;KHOCTA aHMUupePaercUusH020 HEIeTKOr0 OTHOIIeHUS
ofiajaer CBOHCTBOM
pe (e, 2)=0

npu ao6om £ ¢ X. AHTEpedIeKCHBHO, HAIpAMEpP, OTHO-
IIeHUe «MHO20 60abuiey B MHOKecTBe wmcen. fIcmo, uro
JomoJHeH”e pediieKCHBHOTO OTHOIIEeHAA aHTHPe(IeKCHBHO.

CmMMmMerpuuYHOCTSH. HedeTkoe orHOmemme R
Ha MHOKecTBe X HABHBACTCA CUMMEMPUNHLIM, €CId IS
M00sX z, ¥y € X BHIOJIHeHO PaBeHCTBO

< }LR(:I:, y):P‘R(y’ w)'

Ma’rpnua CHAMMETPHIHOI'O HEYETKOr'o OTHOImEeHWsd, 3aJgaH-
HOro B KOHEYHOM MHO;KeCTBE, CHMMETPHYHA. Hpnmep
4 C. A. Opuosckuit
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CUMMETPHYHOLO  HEeYeTKOI'0  OTHOmEHMs — OTHOIIEHME
(CUALHO DABAUYAMBCS MO 6eAUHUHEN.

AnrTmcuMMeTrpHaIHocTh DyERuua upu-
RAMJIEIKHOCTH GHMUCUMMEMPULH020 HEIETKOTO OTHOUIEHUA
obnagaer CAegyIOLAM CBOHCTBOM:

P’R(xa y)>0:>[lk(y, x)=0.

IJTO CBOWCTBO MOKHO ONMCATh HM ClEYIOMUMH IByMA SKBH-
BaJIeHTHEIMH CIIOCO0aMu:

l"‘R(x’ y)XP’R(y’ .’L’):O vz, !/EX,
min {p (2, y), v, 2)}=0 vz, y€X.

AHTHCHMMeTPUYHBIM, HANpPHUMED, SABIAETCA HEYETKOe OTHO-
nieHue «MH020 Oosblien.

3amernM, uT0 He BCAKOe Hepe(leKCHBHOE (HECHMMe-
TPUUHOE) OTHOIIeHUe ABIAETCA aHTUPe(IeKCHBHHM (aHTH-
CHMMeTPHIHEIM).

Tpausurusuoctn. Heuerkoe ornomenne R Ha MHO-
'KecrBe X Ha3HBaeTca mpaHaumueHvim, eciu RoR C R.

W3 sroro ompepeneHMA BHJHO, YTO CBOHCTBO TpaH3M-
THBHOCTY HEUETKOTO OTHOMEHHA 3aBHCHT OT cIocoba ompe-
JeNeHUsA MDOM3BefeHHA HEYeTKHX orHomeHmit. Ecam oGo-
snaumTh uepes R3, RZ m R? MakcMuMHHOe, MEHMAKCHO®
M MaKCMyJbTHIUIMKATHBHOE IIDOM3BeleHUA OTHomeHHA R
camo Ha ce6s (cM. m. 1.2.3), To HeTpyano yGexuTscs B TOM,
uro R2C R?C R [leiicrsurensso, npu nobux z, y, 2 € X
BHIIIONHAIOTC HEPAaBEHCTBA

max {p, (2, 2), pe(2, y)} Zmin{p,(z, 2), pg(2 y)}}
o 2@, 2) X pg(z, y),

M3 KOTOPDHX M BHTEKAIOT COOTBETCTBYIOIIHe BKIIOYeHHS,

Ecau X cI0By TpPaH3HTHBHOCTh HPHIHCHBATH HasBa-
111e COOTBETCTBYIOI[eHl ONepanud INPOH3BEfleHAS HeYeTKHX
OTHONIeHH{I, TO IOJXyIaeM: (MUHMAKCHAL MPAH3UMUE-
noemo R) = (makcmunnas mpansumusnocmd R) = (ma-
KCMYALMUNAUEAMUSHAA mpansumusrocms R). ViHsMA cio-
BaMH, HEUeTKOe OTHONeHHe, 00iajfaiomee CBOHCTBOM MUH-
MAKCHOH TPAH3HTHBHOCTH, 00JajaeT TPAaH3UTHBHOCTHIO O
ABYX APYTEX THIOB, a OTHOIEHHE, 06Iafaiommee MaKCMyJIb-

|,
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TAIUTHKATABHON TPAH3WTHBHOCTBIO, MOKET, BoOOIe ro-
BOPA, M 1e GHTH TPAHBWTHBHHM B ABYX JPYTUX CMEICIAX.

L1 00H9HOTO OTHOWIEHHSA, T. €. B ciiydae, KOrjma GyHK-
nuA p, OpuEEMaer aumb 3Havenna 0 m 1, makcMuHHAA H
MAaKCMYJbTHIVINKATHBEAS TPAH3UTABHOCTA JKBUBAJIEHTHEI
OOKYHO# TPAH3UTHBHOCTH OTHONIGHHS.

Bclony Bm;xe DOA TPAH3UTHBHOCTHIO HEUETKOIO OTHO-
meHnsA MK OyqeM IOHEMATh MAKCMUHHYIO TPaH3UTHBHOCTE,
T. €. CYUTaTh, 9YTO Opm AOHX z, y & X QPyHKIUA mpw-

\HaJJIe;KHOCTH TPAH3UTUBHOTO HEYETKOro OTHomenwms R
Ha MHOKecTBe X Y/IOBJIETBOPSET HEPABEHCTBY

P (2, y)>§g§ min {p, (2, 2), pg(2 Y)}.

TpaHsnTUBHEIM, HampUMep, ABIAETCA paccMaTpUBaB-
IeecA BHINe HeueTKoe oTHomeHHe R (5>).

B kauecTBe ympaKHeHUS MOKHO IIPOBEPHUTEL TDAH3UTHB-
11OCTh eYeTKOTO OTHONIEHUA ¢ MaTpHIedl BHIa

0,2 1 04 04

0 06 03 0

/= 0 1 03 O
0,1 1 1 041

TpamsutrusHoe 3aMuHKasme R Heuer-
Koro orHomeHus R ompenensercs mo aHAJOTHH C OOHIT-
HEIME OTHOIIEHWSMH:

R=RUR*U...UR"..

Beogsa TpaH3WTWBHOe B3aMHKaHEE, HE00XOJHEMO, KaK H
BHINE, YKasarTh Cmocob OTpeJleNIeH s OTepanun npons-
BelleHusA HeYeTKHX OTHOIMEHWIA.

Herpyauo upoBepuTh, 9T0 TPAHSUTHBHOE 3aMBIKAHUC
npefcraBiseT coGoil TPAH3HTHBHOE HEYeTKOe OTHOIICHUC
M 9TO TPAH3HTHBHOE HEYETKOe, OTHONIEHHE COBIIAaeT CO
CBONM TPAH3WUTHBHEIM 3aMEIKAHHEM.

Buiuncienne TPAHSHTHUBHOLO 3aMBIKAHUA HEYETKOTO
OTHOMEHNA — JOBOJBLHO YTOMHTEIBHOE NeJO0, Jake eciid
MHOKecTBO X COCTOMT ®M3 HebOoJBIIOro Ymciia 3JeMEeHTOB.
ITpumeps Takux BHYACIEHHA MOKHO HAUTH B KHHATE
A. Kopmana [19].

4*
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1.3. Orobpaskennsn HEYETKNX MHOKECTB

1.3.1. Nlpuanun oGo6mennsa. Bo MHorux 3ajagax
OPHHATAA pemeHA#l BO3HHKAaeT HeOOGXOZUMOCTH pacimd-
puth o6aacth ompepmedenma X 3aJaHHOrO OTOOpaMkeHUS
WIV OTHOIIEHHWS, BKIIOYAB B Hee HAPARZY C 3JIEMEHTaMHU
MHOKeCTBa X TNPOM3BONbHEE HEYETKHE ITOJMHOKECTBA
3TOTO MHOKECTBA.

ITycrs, manpumep, Ha MHo)KecTBe ymnpasienmit U 3a-
mano orodpaskenme f: U — V, ommceBaiomee (GyHKOEO-
HEpOBaHMWe yupaBiasemoil cucremel. OGpas v=f (1) ynpas-
aerdda u G U ecTh peakmusa JaHHOH CHCTeMH HA BHIOOD
9TOro yupasienus. Ecim BrGpanHOe yrpasieHHe OUWCaHO
HEUETKO, HAIpWMep, B (opMe HEIETKOrO MOAMHOKECTBA
o (u) MHOKectBa yumpasienmiz U, To [iIA HaXOKAeHOA
PeaKnuu CHCTeMH HA TaKO€ ympaBieHHe HeoGXOXEMO ompe-
neaduTh o0pas p (u) mpu orobpaskenun f. MarmMu caoBamu,
HEeo0XOZUMO pacIHpUTH 00JacTh OUPEEIeHUsA HTOTO OTO-
OpakeHHMA HA KJACC BCEX HEYOTKHX IOAMHOKECTB MHO-
mecrea U.

Kax Oymer Bugao 43 JaabHeiimero, aHAJOTMYHAS MPO-
fneMa pacmupeHHA 00JacTH OnpefeeHUs HEYETKOrO OT-
HONEeHHA BOSHUKAaeT B aHaju3e o0mel 3agaud HEYeTKOro
MaTeMaTHIecKoro IpoTpaMMUpPOBAHUA.

Cnoco6 pacmupenusa 00JacTd OmpexeleHHs OTOOparke-
Hu# HA KJAcC HEeYeTKHX MHOJKECTB W HA3HIBAGTCA HIKe
npuryunom ob6obwerus. DBaxHoe 3HaYeHHe IIPEHIHANA
0606menns emie m B TOM, 9TO OH II03BOJIAET 0006IIATH oIre-
panunm, BBefeHHEIE I HEUYeTKMX MHO;KecTB Tmma 1, Ha
HeUeTKHMe MHO;kecTBa Tmma 2, 3 m T. A. (cM. omperiexenme
B m. 1.1.1).

JI. A. 3age [5] nmpennosui ciexyomuii TpAEKAN 0606-
IeHHsA, B OCHOBE KOTOPOTO JIEKHT OIpefgeieHme obpasa
HEYeTKOr0 MHOKECTBA OPU OGEMYHOM (JeTKO OIMCAHHOM)
oro6pakenun. Ilyers ¢: X — Y — 3apmannoe orobpae-
HEe, W NycTh A — HEKOTOpOe HeYeTKOe IIOZMHOMKECTBO
mEO)kecTBA X ¢ OQyHKnEme#d mnpmEagIexHOCTH P, (7).

B coorsercTsmEm ¢ upuanumoM oGobmenma JI. A. 3ame
o6pa3 A np: oToGpaKeHUN ¢ ONpeesAeTcA KaK HEYeTKOe
TOZMHOKECTBO MHOMKeCTBa Y, NpefCTaBiAlIee Coboi
COBOKYNHOCTh Iap BHAA

(¥ v )= (2(@@), »,()), =z€X,

3

j
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rne pg Y —>[0, 1]— pynrnua npunagnexuoctn oGpasa.
Herpyano monaTs, 9TO (QYHKOWIO NPHHANNEKHOCTH L,
MOJKHO 3amicaTh B BHJE

pp ()= sup p,(z), ye€vY, (1.3.1)
zee™(y)
rae MHOMecTBO ¢! (y) AAA moGoro (PEKCHPOBAHHOIO
y € Y nMmeer BuR

\ e (y)={z]|z€X, 9(z)=y),

T. ©. IpeACTaBisgeT coGOfl MHOKECTBO BCeX 3IeMEHTOB
z € X, o6pasoM Ka;KgOro m3 KOTOPHX IPH 0TOOpPasKeHAH
¢ sABIAeTcsA diaeMeHT y. B paGore [5] memomcrpmpylorca
pasHoo6pasHEe NPEMEPH MCHOJH30BaHUA NpmHENUNA 06006-
mennsa B ¢opme (1.3.1).

IIpumennM Temeps mnpumammnm oGoOGmerusa B ¢opme
(1.3.1) pna pacmumpenmEsa 06JacTd OnpeAeleHAs HEYETKOTO
orobpaskerna. Heo6XomEMOCTs B PaCcCMOTPEHHH HEIETKHMX
oTo0paKkeHHIT MOKeT BO3HMKATH, HAIpPUMep, IPHM aHAJAHA3€
sajad OPUWHATHA PEMIeHWA, B KOTOPHX pesylbTaT BEGOpDa
KOHKPETHOT0 DJIeMeHTa W3 MHOKeCTBa ajlbTePHATHB H8Be-
CTeH HEIETKO, T. €., HAIPEMepP, ONMCAH HEIeTKHEM MHOKe-
CTBOM B YHHBePCAaJIbHOM MHOKeCTBe HMCXOH0B. B 3apmaue
yIIpaBJeHHS STOMY COOTBETCTBYET CJydail, KOrfa HedeTKO
onncano YyHKOHOHADOBAHEE YHPABIAEMOH CHCTEMEI.

HeueTrkoe oro0paskeHme MOKHO ONHMCATh KaK orobpa-
’KeHme, IPH KOTOpOM dJeMeHTy z € X cTaBHTCA B COOT-
BETCTBHC HE KOHKPETHEHIA 3JeMeHT MHOKeCTBa Y, 4, BO-
ofme roBops, HeYETKOe IIOMHOKECTBO MHO;KeCcTBa Y.
OnmcuiBaeTcss HedeTKoe oOToOpakenme ¢yEKOmeidl BHEa
s XXY — [0, 1] rak, aro dpymrnus p, (o, y) (upu Pux-
CAPOBAHHOM T=1,) eCTh QYHKIWA OPAHANIE;KHOCTH HEYeT-
KOT'0 MHOECTBA B Y, HPENCTABIANIIEro co0oil HedeTKMiA
o6pa3 sjieMeHTa T, IPHW MAHHOM O0TOGpasKeHHH.

Hampumep, B ciyuae ympaBisfieMOX CHCTeMHE HETETKOE
MHOKCTBO i, (%o, Y) MOKHO HOHEMATH KaK HedeTKoe
OnMCcaHWe PeaKmUuE 3TO#l CHCTeMH Ha Bo3feiicreme (ympas-
neHme) x,.

Nrax, nycrs Bt XXY — [0, 1] — samamnoe Heder-
Koe oroGpakenme, W WycTb p, (¥) — 3aTaHHOe HETETKOE
MuoskecTBo B X. Ecam npuMennts npmanmn oGobmenus
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B Gopme (1.3.1) nua HaxompmeHusa o6pasa aTOro HeUeTKOTo
MHO)KECTBA IPH OTOGPA)KEHHH p.,, TO OJIYIUM COBOKYI-
HOCTh Hap BUAa

(("p (=, y), py (x)), TEX, |

e p, (z, y) mpE xammoM durcmpoannoM z € X (T. e.
B Kak[oll Takoit mape) mpemcraBiser coboii HedeTKoe
TIOfIMHOKECTBO MHO;kecTBa Y. B pesyasTaTe momyduaem,
ur0 00pas HEUETKOTO MHOKECTBA {, B JAHHOM CIydae

mpefcTaBageT co0ofi BechMa CJIORHHE OGHEKT: HEUeTKHH
TTOAKJIACC KIACCA BCeX HEUOTKHX HMOAMHOKECTB MHOKECTBA
Y. flcmo, 9T0 mCHONB30BaHME TMOJOOHHX OGHLEKTOB B aHA-
Ju3e peasbHHEX CHCTeM BeChMa 3aTpPYNHHTENBHO.

Nwmes 510 B BAAY, MH BBefeM 8[eCh nmpuHmum oGobme-
HOA B APYyroil ¢opMe, MOJOKAB B €r0 OCHOBY OIpe/ieJIeHHe
o0pasa HEYETKOr0 MHOMKECTBA NpH, BooOme roBopsA, He-
YeTKOM 0TOOpaKeHHH.

Onpenenenne 1.3.1. Odpasom B HeuemKkozo MHo-
aecmea A 6 X npu wewemkom omob paxerus p,: X XY —

— [0, 1] HasmBaercA HeueTkoe MHOKECTBO C (PyHKIUeit
NPHHAIEKHOCTH BHAA

by (y) =supmin {p, (@), vy (2, y)).  (1.3.2)

3daMeTnM, 4TO eClIM HOHEMATH (», KAK HEUeTKOoe yHap-
HOe OTHOmeHHWe Ha MHOkecTBe X, TO JIErKO BHAETH, 4TO
B OCHOBe 3TOTO OIpefleJieHHA 00pasa Ie;KHT BBeJleHHOe
Bure (n. 1.2.3) MakcMuEHOE IpowWsBefeHHe (KOMIIO3WMITHA)
HEYeTKAX OTHOINGHWH [, W P

Herpynwo mpoBepuTh, UYTO B YaCTHOM Clydae, KOLJa
+, — 00s1uHOe oTOGparkenne BuAa ¢: X —Y (t. e. p, (2, y) =
=1 mpu y=1¢ () n p, (z, y) =0 a1 ocranpunx Hap z, y),
oupepenenme 1.3.1 paer

pp(y)= sup p, (),
z€9~' (y)

4TO COOTBETCTBYET HpPHBEJEHHOMY BHIOIE ONpejeNeHuio 00-
pasa mpH ODBIYHOM OTOODAKEHMH, Je/KameMy B OCHOBO
npuanuna o6obmenua JI. A. 3ame.

Bo muormx cnyuasx sagamHoe neuerkoe orofparKeHme p.,
MOYKET 3aBHCETh OT 1 TePeMeHHEIX, T. e. WMeTh BHL [,
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XXY—=|0, 1], rae X=X,X ... XX, — nekapToso upo-
#3BeleHMe COOTBETCTBYIOMIMX MHOKecTB. llycte B MHO-
xectBe X 3aJlaHO HeUeTKOe MOJMHOMeECTBO |+,. B omex

ciydae QyHKIUA NPHHAJIEIKHOCTH 3TOr0 IIOAMHOKECTBa
HMeeT BHJL

g, (@, - z)=min {p, (7,), - - o p, (7,), V(2 - - 2}
(1.3.3)

rae p, (i=1, .... n), 1 v—3afaHHbIe HeUeTKHE MOJMHO-
KeCTBa COOTBeTCTBylomux MHOKecTB X, (i—1,...,n)u X.
3amucs (1.3.3) osHawaer, mo0 cyTH pena, 4TO MHOKECTBO
€CTh «COBOKYIIHOCTB» BCeX HAOOpOB Z,, ..., &, TAaKHX, 4TO
Z, (OPHHAJJEKAT» HEIeTKOMY MHOMkecTBy p, (i—=1,...,n)
n (2, ..., ¥,) COPHHAISKATY HEUETKOMY MHOKECTBY V.
IIpumenas B aroM cnyuae mpurmun o6o6menus B ¢opme
(1.3.2), momyumm caemyiomee BHpaykeHue A GyHKIUA
IpUHAJJISKHOCTH 00pasa HEYETKOTO MHOKECTBA {1,

Bp (y)=(z sup _min {p1 (1), -5 1, (2)s
V(@ e T (@ - T, Y)Y (1.3.4)

IlpuBeneM mpumep mpuMeHeHus npmHNUIOA oGoGmeHuA
B dopme (1.3.4) nann pacumpenuss obmacTd ompejeneHUA
apagMeTHIECKON OIEpaIMM CICYKEHUs Ha KIACC «HEUETKHUX
amceny, T. ©. HA KJIACC HEYETKAX IOMHOKECTB YHCIOBOI
ocm.

Onepanua cioykeHua B MHOKecTBe umcen R mpepcraB-
nser coboit oToGpakenme ¢: R' X R*'— RY, ¢ (ry, ry) =r=
=r,+ry Iyers py, p,: R'—>[0, 1]— aBa «HeueTrux
umcnay. Cymmoit p,=—1p, | p, HasoBeM o6pa3 mapsi (p,, »,)
npn oroGpaskennn ¢. C momompio paBenctsa (1.3.4) momy-
yaeMm

pp ()= sup min{p, (), p;(r)}- (1.3.5)
i

B wacteOCTH, ecam p, M p, mpexcTaBAAKT c0GOIi MHTEp-
Banu [a,, b,] u [ay, b,], To u3 (1.3.5) monyuaem

[ayy by]+[ag bol=[a, + @, b 4-b,].
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B n. 3.3.2 mogpo6Guo o6cyxnaercs 06obmenune Ha knace
HEYeTKHX MHOKeCTB 3aJaHHOTO HEYOTKOI'O OTHOIIEHMS Ipef-
LOYTeHHU .

1.3.2. IIpooGpas meveTkoro MuoskecTsa. Beeem Temeps
ompefiesieEne Mpoo6pasa HEYETKOr0 MHOMKECTBA IIPH HeUer-
KOM O0TOOpaKeHWH, a 3aTeM, MCIONb3yA MpAHUUI 06061ge-

maa (1.3.2), nHaligeM sBHOe BHpaKeHume NI ero QyHKUUHH
IPUHAISKHOCTH.

Onpenenenue 1.3.2[21). [ poo6pasom A mewem-
K020 MHoxecméa B 6 Y mpu HeuerxoM OTOODaKEHHH !

X X Y—>[0, 1] nasuBaercs oGmegUHEHHE BCEX HEUETKUX
MHOKecTB, 00pashl KOTOPHX OpH 3TOM OTOGpa’KeHMM IpH-
HaJJIeKAT (ABIAITCA WOAMHOMKECTBAMM) HEYETKOMY MHO-
mecTBy B.

Ecnu o0pas HeueTKOro MHOKecTBa ¢ NpU OTOGparKe-
HUM ., 0603HAYATH Kak aop,, TO B COOTBETCTBHH C OIpe-

nenenmeM 1.3.2 mpoo6GpasoM mHeueTkoro MHOKecTBa B
ApldercA o0begHHEHMEe BCEX MHOKECTB a, YHOBIETBOPAIO-.
IAX YCJOBHIO

aop, C B
unM, corjacHo mpurnuny o6o6menusa (1.3.2), ycioBuio

sup min {p, (z), p, (2, ¥)} <<pz(y) VyeY. (1.3.6)

flsroe BrpaskeHme A QYHKIMU NPUHANIEKHOCTH HPO-
o0pasa ompepensiercA OpuBeleHHOl Hmxe reopemoir 1.3.1.
Bregem MuO:KeCTBa

N={(z, y)[(z, PEX XY, p,(z, y) >Sv;@)}
N.={ylyeY, (z, y) €N},
N,={z|z€X, (z, y) €N},
X0=(z|z€X, N,# g}

Teopema 1.3.1. Bo esedennvix eviuie 0003HAHEHUAT
Heuemroe MmHoxcecmeo A (npoobpas mmoxcecmea B) onucwi-

saemca PyHKYUEl nPUHAOIEHHOCTU

inl py(y) npu z€X°,
py (@)= v€¥s
npu z € X\ X"
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HoxasarenscrBo 1. Ilokaxem cuavana, 49To He-
YeTKOe MHOXKeCTBO A, OMpeJlelleHHOe B YTBEDHKJGHHAH TeO-
peMsl, ynoBnersopser ycioBmio Aop, C B, T.e. uTo Hepa-
BeHcTBO (1.3.6) BEmonEaerca mpm moGom y €Y.

a) Ilycre anement 7 €Y TakoB, uto Ny~ ¢ . [onycrum,
uT0 Halimerca saemenT £ G Ny Takoil, uto

min {,,ien;'vf~ e v (@ D)) >Sv, @) (1.3.7)

Ilockoneky Z € Ng, To u €& N3z, B cllefoBaTeNsbHoO, He-
PaBeHCTBO

nt () > 5 9)

HEBO3MOJKHO, T. €. HEBo3MO;KHO HepaseHcTBO (1.3.7).

6) Mna & m § rmakmx, a0 Ny~ u £¢ Ny Hepapen-
crBo (1.3.7) TakKe HEBO3MOKHO, NOCKOJBKY IIDH 9TOM
(£, )¢ N mn, cuemoBarensHo (CM. ONpefeICHME MHOYKe-
crea V),

ke (B < pp (@)

B) Ecnim €Y rakoBo, uro Ny=— @, T0 pana moboro

z€X pumonseso (r, 7)¢ N, m BHOBB, Kak ¥ B m. 0),
nepaBeHcTBO (1.3.7) me BrmoOmHAeTca Hu mpw KakoM r € X.
Taxmm o0pasom, momyuaem, 4YTO

min {p, (z), v, (=, ¥)} <pz )

asa Beex map (z, y)€X X Y, otkynma caemyer, uTO Hepa-
BeHcTBO (1.3.6) BEmMONHAeTcs mpm moGom y €Y.

2. TlokaskeM, uro 4 — o0befUHEHNE BCEX HOUSTKHX MHO-
’KecTB a, ypmoBuerBopaomux HepasencTBy (1.3.6). Ilycrs
P — nexroropoe HeueTKoe MHOKecTBO B X Takoe, uro P A.
910 o3Hawaer, 4TO0 Haiimercsa amemenT I G X°, muIA KOTOPOrO

BHIIONHAETCA HOPABEHCTBO
pp (B) > p, (£). (1.3.8)

Ilpr s1oM m3 ompemenenus 1.3.2 cnepyer, 9T0 MHOKECTBO
Nz= ¢ u uro HepaBencrso (1.3.8) Mo:xHO 3ammcaTh B BEJE

) > inf .
P‘p( )/yEN‘i P’B(y)
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CnepoBatensHo, mpu HekoTopom 7 € Nz BHIIOIHRHO

tp (%) > pp(9)- (1.3.9)
Hanee, nocxonsky § € Nz, 10 (£, §) €N, orkyna
B (£ 4) > pp(9) (1.3.10)

Us (1.3.9) u (1.3.10) Brrexaer, uro
min {p, (£), p, (£, 7)) >z
H, cliefoBaTeJlbHO, HEPABEHCTBO
sup min {pp (2), (2, 9} <p5(9)

HEBO3MOXKHO, T. 6. Pop, & B. Teopema nokasama.

Herpynro mposeputs, uTo ecau otobparkeHue (., — deT-
Koo, T. e. p (z, y)=1 mpm y=1¢(z) u p,(z, y)=0 mn
BCeX OCTalNbHHX map z, y € X, rae ¢ — oroOpakeHne (0GEY-
Hoe) X — Y, To

py(@)=pp(p(z)) VzeX.

Bregernoe 3nech ompemenenne npooGpasa mpu HEUSTHOM
oT00paXKeHVH WCIONB3YeTCA HEKEe B aHANM3e 3aadd Bbi-
HONHeHUA HEUYeTKOo ompexenenHoii memm (m. 2.2.1).

1.4. CooTHOINEHAE ABYX MOKXOOB
K OmpefieIeHMI0 HEYeTKAX MHOKECTB H OTHOIIEHMH

Jlo cuX mop MBl ONHMpANMCh HA ONpEeleHNe HEedeTKOTo
maOkecTBa Kak ¢Qynrmun p: X — [0, 1]). Hcmonssysa sro
ompefeneHde, MBI BBEJM ONEpalMM Haj HEYeTKAMH MHO-
JKecTBaMM M OTHONIEHHWsMH. B maHHOM pasgene MH 06pa-
TAMCA K APYrOMy ONpDEJeNeHHI0 HEIeTKOI0 MHOMKECTBA M
DOKa)KeM, 9TO 3TO OIpefeleHAe B ONpPEAEIEHHOM CMEHCIe
9KBHBANEHTHO IPEIHAYINEMY.

1.4.1. Heuerxme mmokectBa. Ilycts X — mexoropoe
MHOK@CTBO B OGHYHOM CMEICIe, H TyCTs 2° — KIacC Beex
o6rmuux mogmuOKecTB X. Ilycrs ® — mnace ¢ysxmmit
Buga p: X — [0, 1], T. e. Knacc BceX HEYOTKMX IOJMHO-
aecte X mo ompenenennio 1.1.1. Haxonenm, o6osuauum O*

o 9X o
knace oro0pakenuit |0, 1]— 2. JlwoGoit snement 3Toro
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Kjiacca CTaBUT B cooTBeTcTBHe mwolomy umeay aE[0, 1]
HEeKOTOpOe MOAMHOKECTBO MHO:KecTBa X. DBymem momarars,
KpoMe Toro, uro JI0Goit 3nemeHt p* knacca ®* obGnapmaer
CNeNymMUMH CBOIiCTBaMU:

1.y, a€[0, 1], a3 > 0y = p* (o) C " (a)).
2. p*(0)=X.

B panHoM paspene MH BBejeM omepanuu B Kinacce OF,
COOTBETCTBYIOMME YK€ BBEeJEHHHM BHIIe OmepanudAM
B Knacce @, 1 mMOKayKeM UYTO 3TH KjacCH M30MOPPHEL OTHO-
cUTeNsHO 9TUX omepauuit. MakTuueckn 310 OyHer 03HAYATE,
4TO ONpeAeNneHdd HEYeTKAX MHOKECTB KAK dIeMeHTOB
rxnacca ® u kak snemeHTOB kiacca ®* paBHOmpaBHLI, T. €.
npu dopManu3aliy HeYeTKUX UOHATHII B MaTeMaTU4eCKHX
MOfeNAX B OPUHIANE MOMKHO IOJNB30BAaTHCA JIOOKIM U3 3THUX
onpepeeHdii. .

Pacemorpum orobpaskenue I: ® — @* Buja

[(p)={p"|p" €D p" (0)={(z|2€ X, p(z) >}, « &[0, 1]}

M DOKa)KeM, 4TO 9TO OTOOpaYKeHHe B3AMMHO OHO3HAYHO.
[eiicTBUTENbHO, OXHO3HAYHOCTD MPSMOr0 OTOOPAKEHUS OYe-
BUAHAa U J[OCTATOYHO TIOKa3aTh OJHO3HAYHOCTH COOTBET-

crTBylomiero oGparHoro oro0paskeHms, T. e. OToOpayKeHUA
I ®* - @ Bupa

IME)={plp€?® I({)=p).

Jonycrum mporusHOE, T. €. UTO HaWayTcA Takme p,, po € @,

UTO pysipy U py G171 (p"), pa € 7 (p*). VMuEIMEH caoBamm,
MBI oty eTuad, 4to I (p,) = I (p,) = p*, T. €. 4TO MHO}KeCTBa

Ar=(z|2€X, 1 (2) >a},
Az={z|2€X, p(2)>0)

SKBHBAJEHTHH mpu aiobom a G[0, 1].

IMockonbry ., 5~py, To cymecTByer z° € X Tako#t, 4To
1ty (2%) 5= py (20).  IlomokmM panA  OHmpeJeNeHHOCTH, YTO
py (2%) > py (2°), m oGosmadmy py (2°) =B, py (2%)=4,, . e.

1 > By Orciopa monyyaem, uro 20 @ A%, 20 ¢ AS, 1. e. MuO-
xectpa AP, A8 me skBMBaneHTHH, 9TO MPOTHBOPETHT CHe-
JAHHOMY BHIIIe JONYLUEHHIO, U, CIe0BATENBHO, | —-- BBANMHO
O[[HO3HAuHOE OTOOpasKentie.
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Jlerko Bupets, uTo oTOOparkenue I kaxxgoit pyHKIMU
OPAHANJIEKHOCTH HEYeTKOro MHOKecTBa (T. €. KaXKHoMYy
anemMeHnTy Knacca @) craBuT BO B3aMMHO OJHO3HAYHOE CO-
OTBETCTBHE COBOKYIIHOCTH MHOKECTB YDOBHSI 3TOrO Heuer-
Koro MuOoKecrBa (T. e. onemeHT kiaacca ®*). anee pua
Kaknoii w3 BBeaeHHHX B ®@ omepamumii MBI ompepgenmM cooT-
BeTcTBylomyio onepauuio B ®", npuuem Tax, 9ToGH 0TO-
Gparkenue | Gsn0 H30MOPPU3MOM OTHOCHTENBHO KaMKAOH
TaKo# IApH omepanuu.

, yems py, p €0 u pj, p; € D%, mpmuem py=1(p,) u
v, =1 (p,). Bynem mocienoBaTensHo paccMaTpUBAaTH BBEGH-
HEI® paHee OIepANUH HAJ| HEUYSTKUMH MHO)KECTBAMH W BBO-
JHATH COOTBETCTBYIOIWEe WM olepanud B Kiacce O

1. Omnowenue eaoxcennocmu.

tC e Lpl(@)Cpi(@) Veg[0, 17,

rue p, Cp, O3HAUAET, uTO g, () < Py (r) Vz € X. [loxasa-
TeJBCTBO 3TOro (axTa He NpeACTaBAAST TPyAa U 37ech He
TIPABOATCA.

2. Onepayus nepeceuenus (no onpedeaenuro 1.1.4).
Ilyers pg € @ Taroma, urto

pg(z)=min {p, (2), py(z)} VzE€X.
Beegem p;: [0, 1] Zx ciegyomuM 0o0pasom:

ps () =p (@ Np;(=) Vagl0, 1]
Herpyaro mokasarts, uTo
a) ps € D%, 1. e. py ynosunersopAer csoiicrBam 1 u 2
B ompenenenuu Kinacca D%
6) ps=1 (ny)-
3. Onepayus nepecenenus (no onpedesenuro 1.1.4a).
Myers py € P TaxoBa, aro

by (@) =py () pa(z) VZEX.
Beegey pi [0, 1]— 2% Buga

KHE= U HEINEE) V€D 11

18,20
a) [orasxem, uto pj(0)=X. [leficrBnTensno, Tak Kak
Bl pr €07 1o
LB NEmEI=m 0Nk O=2X.
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6) Iloxamem, uro pg(a,) C pg(a,) mna a06HX o), a3 €
€[0, 1], @, >0a,. [eiicremrensro, ecnm a,=—=0, To u3 a)
u Toro, 4ro g, p, €@, cuemyer p;(,) C p;(%). Ecmn
ay >0, T0

ps(e)=_U pi@B)Ne3(e/P), =1, 2
Be(o,1)

Torpa npu mo6om B G (0, 1] nonyuaewm
21 () N e (2y/B) S 17 (B) N 13 (@o/B),

ClIefioBaTeNbHO, M B 3TOM clydae pj(a,) C pj(e,). Taxmm
06pa30M, MH TOKasaau, uTo p; €D Hoxa&ceu Temeps, 4TO
pi=1(py), T. €. uT0

ps(0)={z|2€X, py(z) >} Vag[0, 1].
yers ' €p3(a), 1 e &€ U ui(3) Np2(P). Oro osma-
yaer, uTo Haiigyrea B, [326[(‘):/1], B\B, >« rakume, urto

z' € pl (By) N e3(Bo),

' €pi(B) mam p,(2') =B,
' Gy (By) mam py(2') 2B,

Ho torma py (&) 1y (&) >y > 0, . 6. py (a) >

O6paTHO, mycTH E{xleX g (x)>a} T. e.
pg(z’) > a. Tlokarkem, uto z’ € p;(2). Ilyers # (=’ )_.Bl
Pa (33)-—52, Tak 410 By, >« Ho Toraa z’ €y (By), m
2 €3 (8) m B8, > a, cnenomaremsno, o' € 3 (a)-

Taxum ob6pasom, p;=1I (pg).

4. Onepayus o67sedunenus (no onpedesenuro 1.1.3).
IIyers pgy €D rakosa, uto

pg (¢) = max {p, (z), 1, (2)} VzE€X.
Beepem pi: [0, 1] 2% Buma p’(2)=p! (@)U p; (2). He-
TPYZHO IIOKAa3aTh, UTO
a) p €0" m 6) py=1(py)-

5. Onepayus o6wsedunenus (no onpedesenuro 1.1.3a).
Iycts py € P rakoBa, uro

m (2) = (%) 4, (2), ecam m(2) 1,

ps(2) = { 1 B IIPOTHBHOM CIy4ae.
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Bseenem p: [0, 11— 2% Buga
ps@=_U piBINu:iB) Vee€[0, 1]

By, B, €10, 1]
1 2=
a) Jlerxo BupmeTh, uto pj(0)=X.
6) Iokamem, uTo pj(a,) C vy (%) MIA MOOHX uy, o, €
€[0, 1], @, >, [elicTBuTenbHO, Kak HETPYAHO BHETH,

g () = pg () U ( U 01 (B) N pl (B‘z)),

0By +-B,<<ay

T. 2. pg(a) C p;(,). Takum obpasow, p; € .
ITokasxen Temeph, uto py=17(p3), T. e. ut0

b @) =(z]2€X, ps(@)>2) V€0, 1.
Tyers 2’ € pl(a), 7. e. maitayron By, B € [0, 1], 8, +8, >«

TaKue, 4TO
' Gpi(B) mmm p, (=) >B
u

2y (By) mm py(2) 2> By

Orciona, u3s ompegeneHusa pg; U TOrO, uTO B, | B, >, cie-
AyeT, 4To pg(z') > a.

O6patro, mycts pg(z') > a. Ioramem, uto z’ € pj(a).
Obosmaumm p, (¢') =P, 1 py(z') =B, Toraa =’ €pi(F) u
2 €py(By) m, xpome Toro, fB,-+ B, >a, caemoBmarensHo,
z' @ py(x). Taxum obpasom, pg— I (pg).

6. [onoanenue muoncecmea. Ilyerb pg G @ rTakoma, urto

pa(2)=1—p,(z) VzEX.

Baenem pi: [0, 11— 2" suga

=X\, U wn(—f Ve€0 1]
v (0)=X.

a) Tlorakem, uro pg(e,) C ps(%y) ana mobuHx o, o, &
€10, 1], @, > a,. [eiicrurensno, ecnun ay =0, 10 p;(2,) C
C p; (29)=X. Iycrs ay >0, rorma
Y sl=f=( U wl=BU( U wl-=f)

BE[0, ]

Belo, ») BE [z )]
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Orciona @ u3 ompefeneHns p.g CIERYET, UTO 1 (o) C g (%)
Taxum oGpasowm, p; € D"
6) Ilokayxem Temepsp, uTo py=—1I(p), T. €. uTO

P§(a)={x|$EX, p3($)>a} VaE[O, 1]
ycrs >0 u 2’ € pj(a), T. €.
ZeXN U m(l—Bp).
Belo, o)

dro osHauaer, 4to z' € p} (1 —B) uE mpm raxom BE[0, «l,
T. e. oprm miobom B E[0, @] BEmONHEHO

p@@)<<1—B mmm 1—p (2')>B

Honycrmym, uto 1 — p, (2") < a. Torma maiigerca rtaxoe
B'<<a, aro 1 —yp,(z')<B’, a aro neBosmoyxmo. CnemoBa-
TenpHo, 1 —p, (2') >a, 1. €. py(z’) >a.

O6parro, mycrs

e{z|z€X, py(2) >a}, «>0,

T. e. pg(z) >a man p, (z') <1 —oa, HO Torma mpwm moGom

BE[0, «) Bumoaneno p,(z')<{1—B, T e.

Z€ N XNpi(t—=B=X\_ U sl —B=p;(»
Belo0, o) Belo, o)

Ecnm swe a=0 u z'€{z|z€X, ps@@)>a}=X, 10

2’ €3 (0)=X.

Taxmm o6pasom, Mu mokasanu, 910 py=1I (p;).

1.4.2. Hewerxme ormomenms. Cmmonom Pp Gymem
obosrHauate knacc ¢yErnmit v: X X X —[0, 1], a cumBo-
nom ®f — knace orobpamenmii v: [0, 11— 2% co cBoii-
CTBaMM, aHAJOTMYHHIMA CBOWCTBaM 9JI6MEHTOB BBEJEHHOIO
BHIIe Kiaacca D"

AHanOruYHO HpeHAYyIIEMY BBEJEM B3aHMHO OXHO3HAU-
Hoe orofpaxenue [: ®p—> O Bupma

I()={"|v* €Dk, v ()=
={(= y)|(= »EX XX, v(z, y)>a}, =€[0, 1]}.

Brme 8 m. 1.2.3 Mm ompenenunm omepanmwio KOMIO3M-
LUl ueYeTKUX OTHOUIEHKH Kak onepanuio B knacce ®p,

>
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BeepgeM Temeps cooTBeTcTBYMOLIYyI0 omepamuio B Kiacce Dk
U OOoKa)KeM, uT0 [ — m30Mopdn3M OTHOCHTENBHO 3THX OIle-
panmii.
WUrak, mycts vy, v, € Dr u v, v; € Ok, mpuuem vi =1 (v,),
v, =1 (vz) IIyers v;€@®Pr TakoBa, 4dYr0 vz(z, Y)=
=supmin {v, (2, 2), v(3, y)} Vz, y€X. [dna moboro
26X
otoGpakenus v*: [0, 1]— 25%%
YeHHA:
P@)={z|z€X, (z, Y€V (@)} V€0, 1],
P@={ly€X, (@ y) €&y @)} Ve€[o, 1].
Paccmorpay oroGpasxerme vi: [0, 1]— 2%% Bupa
V?(a)*—eeg Y @) X 2@) Ve€(, 1],
v (0)=X X X.

BBefieM clefyiomue o0osHa-

IToxasxeM, urto vg(a,) C v;(ap) AA mO6HX @y, @, €[0, 1],
a, >a,. B cayuae a,—0 sroT (haKT TOCTATOYHO OUEBHIEH.
IIyers a, >0. Torpa, Kax HeTpyAHO BHJETH,

iR (@) X i (B)=

Befo, =) EX

vir (B) X v B)) (22)

( n
BE o2 ) 16

U, CIeoBaTedbHO, vy (a,) C v; (@) OTcioma sakmouaem, 4Tto
VsE(I’R
TToxaxeMm, uto v;=1I(vg), T. e. 4TO

@) ={ v yYEX XX, %z, y) >a} Vag[0,1]
B cayuae a=—0 »sToT aKT ¢ OYEBHAHOCTHIO CIELyeT U3
onpeaeneHus v U vg. Ilyers « >0, u nyers (2', y') € v; (@),
T. e. paa moboro BE[0, «) maiiperca ZE X, mpm KorOpoMm

' €@ii(B) wmm v, (2, 2)>B,

' €vai(B) mm w(2 y') >B
Orciona monydsaeM, uro mpm moGom B E[0, a)

sup min {v, (z', z), v, (3, ¥')} >B,

a 970 O3Ha”aer, 4TO v4(z’, y')>u
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OGparmo, mycts vy (2, y') >a, 1. e.

sup min {Vl (-'13', Z), Vg (Z, y,)} > &.
z6X

Jro o3nauaer, grto gaa moboro B [0, o) maitgerca Z € X,
OpA KOTOPOM .

w(@s 2)>p mm 2’ €431,
w6 y) 2B wmm y €3 (P)

Ho rorpa mpm mo6om BE[0, «)

(@ )€ U X 20

u, clemosarentHo, (z', y') G v; («).

Taxum obpasom, MBI mokasamm, 9T0 v3=1I(v5), a 310 M
o3Havaer msoMoppHOCTH kiaaccoB ®p m Pr orHOCHTENBHO
BBeICHHHX B HHUX OHEparuii KOMIOO3MIIHU.

Ione3ysace ataM m30oMOpduUaMOM M OmpegeNeHHeM CBOW-
CTBA TPaH3UTHBHOCTH HEYETKOr0 OTHOmeEHHA (T. e.-
B knacce @g), MOKHO cieaywmuM 00pasoM OIPENENHATH
cBoiictBo TpaH3uTHBHOCTH B D% smement v € Pr mHasH-
BaeTCA TPAH3UTHBHEIM, €Clu

U vt B) X2 (B) S () Va0, 1.
B€L0,a) 26X
B sakmioueHme 5TOro pasjena BHIMIIEM IAPH COOTBET-
CTBYWOIAX ADPYr Apyry omepauuit B kaaccax ® u @*, or-
HOCUTENIbHO KOTOPHIX B3TH KIacchl W30MOPOHH NOpH H30-
Moppusme 1.

KJIACC ® | KIIACC o*
1. Omuowenue eaomennocmu
(@) Spa(2) VZ€X | ul@) <ufle) Va€, 1]
2. Ilepeceuenue mmoxecms
a) p3 (z) =min (i (z), ps (2)) #3 () =pI (@) Np3 (a)
6) 1 (2) =p (2) 2 () b3 (@) = a,a%a(p; (B)Nes (B2)

5 C. A. OpnoBckuit
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3. O6wedunenue mHoNecme

a) pg(2) =max {p; (), P2 ()} p3 (2) =p] () Ups3 (2)
6) pa(z)= p3 () =, +%J>a(e*i' (B Nes B2))
m (z) = pq (z) + 2 (2), i
= m(z) <1
1, m(z)>1
4. Honoanenue mmoxecmea
p(z)=1—p(2) Prla) =X\ U »*(1—B)
Belo, =)
€0, 1], p*(0)=X
5. Komnosuyus ommowerui
= * = *1
va=(::1’1pyl)nin {vi(z, 2), va(z, y)} e Be{-(}. " :(l‘g‘,x X
16X Xz (@), a>0, v(0)=X




.TITIABA 2

3ATIAUN

MATEMATHYECKOTO ITIPOIPAMMUPOBAHHSA
W UrPpl IIPM HEYETKHX

VICXOMHBIX YCIOBHAX

2.1. Brenenne

Bo MHOrmx ciyuasx 3ajada OPWHATHA pemeHdi B 00-
meM BHJe MaTeMAaTHYeCKH MOKeT OHITh ONUCAHA MHOKe-
CTBOM JONYCTEMHX BHGOpPOB (a1bTepHATHB) W 3aMaHHEIM
HA 3TOM MHOKeCTBe OTHOIIEHWEM HpeJNO4TeHHsd, KOTOpoe
OTPa)KaeT WHTePeCH JWuna, NOPHHUMAIEro pemeHus
(. m. p.). Hak mpaBmio, aT0 oTHOmeHme GHHApHOE, T. e.
IO3BOJIAET CPABHUBATH APYT C [PYroM JIWIb JBe ajabTep-
HATHBH, XOTA BO3MOKHH IIOCTAHOBKHE 3ajlad W ¢ TepHAp-
HME oTHomeHUAMHA. ColGCTBeHHO 3afada OMPUHATUA pemie-
HEA B3aKI0YaeTcda IPU 39TOM B BHOOpe HOIyCTUMOH alb-
TePHATHEBH, KOTOPaA Jy4Ylle WX HE Xy;Ke BCX OCTANbHHIX
aJIbTEPHATHB B CMEICJI€ 8aJaHHOT0 OTHONEHHS LPEeNIOTTe-
HUSA.

BrrapHoe oOTHOmEHWe HPEANOYTeHWS HA MHOKECTBE
aJbTePHATHB MOKeT OHTH ONHCAHO JABYMA cmoco0ammu:
B BUJie IIO/IMHOKECTBA [IeKaPTOBA IIPOU3BeeHUA MHOKECTBA
aJbTepPHATHB caMo Ha ce6s (T. e. kKaxk orHomenme B 1. 1.2.1)
mia B opMe TaK HA3HBaeMol (YHKOWE IIOJe3HOCTH.
QynxnuEa moiesHoCTE OGHYHO HWMeeT BHUE OTOGpaKeHHsA
MHO’KECTBAa aJbTEPHATHB B 9HUCIOBYI0 och. MEEME cio-
BaMH¥, KaK[0f aJbTepHATHBe 93Ta QYHKOHAA CTABHT B COOT-
BeTCTBAE 4HCIO (ONEHKY AaJbTePHATHBH), HpPHYEM TakK,
9TO0 DKBUBAJEHTHRIM aJbTEPHATHBAM COOTBETCTBYIOT ONH-
HAKOBHe THCJIA (3HAYeHHWA (YHKOUW IIONe3HOCTH), a U3
KOKAHX [BYX HEJKBUBAJEHTHHX AaJIbTEePHATHB .nqueﬁ
npunuceBaeTcd 6oJbIIee YHCJIO.

Cnegyer oTMeTHTH, 9TO He BCSAKOEe OTHOmEHHE IIpef-
HOYTeHWS W He Ha BCAKOM MHOKECTBe albTePHATHB MOKHO
onmcath (QyHKNHUe# momesHocTH. B HEKOTOPHX ciaydasax
OTHODIeHHWE y[[aeTCsH OIMWCATh He Of[HOil, a JHMMb KOHEYHHIM
HabopoM ¢yHKOHA NOJNE3HOCTH, HpPHIEM COOTBETCTBYIO-
IMue 3a7a4n IPUHATHA pPelIeHmi 0OKHYHO HA3HBAIOT MHOTO-

5#
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KpuTeprHajbHHMHA. BompocaM onmcaHHA OTHONIEHHWH Ipef-
mouTeHnsl (QYHKOUAME TOJE3HOCTH HOCBAIIEH CIEI[HANb-
HHi pasfge] HOPUKJIASHON MaTeMaTUKH — TeopHA II0Je3-
soctun. OcHOBHBIE pe3yNbTAaTH 3TOHl TeOpEM KOCTATOYHO
DOJHO W3NOMKeHbl, wHampmmep, B KHure II. Owm-
Gopua [22].

3afauyd OpPHHATAA pelmeHmil, B KOTOPHX OTHONIEHHE
OpefnouYTeHUsA ommcaHo B ¢opMe (YHKIUH ITONE3HOCTH,
HasHBAOT 3aJadiaMil MaTeMaTHYeCKOro IPOTrPaMMEpPOBa-
HuA. PanuoHanpHEIM pemmeHmeM B TaKHX 3afadax ABIA-
eTcsi BHOOD [OUYCTAMOH aJhTePHATHBH, HA KOTOPOi
QyHKOAA DOJNE3HOCTH NPWHUMAaeT MO0 BO3MOKHOCTH GOIb-
mee 3HAYEHUE.

HederkocTh B TOCTAHOBKE 3a4a9d MATEMAaTHIECKOTO
IpPOrpaMMEDOBAHUA MOKET COMePKaThCA KaK B ONHCAHHH
MHOKeCTBa aJbTePHATHB, TaK W B ONHCAHAH QYHKINAH
mosesunoctu. B maHHO# riase oGCy:KIalOTCA 3ajmadyd, B KO-
TOPHX HEYETKO ONHCAHO MHOKECTBO AQJbTePHATHB H
9eTKO — QYHKIuUSA moiesmocTd. Tawkme 3amagym MH Ha3bi-
BaeM HIKe 334a4YaMd HEYETKOrO MaTeMaTUIeCKOro Ipo-
rpammupoBaHnsa (u.M.1.). AHaams GOonee o6mmx B3agad
¢ HeYeTKO ONMCAHHON (yHKI[medl II0Je3HOCTH OIMHPAaeTCs
HAa ammaparT HEYeTKHX OTHONIEHWH NOPeNHOYTeHHs, # MH
OTIOMKUIN WX PACCMOTPeHHe A0 Ti. 3.

AHanmsmpys 3aady H.M.I. B JaHHOHU riaBe, MH GymeMm
ommpaThcA Ha ABa MOAXOAA K ONPefeJeHNIO PeleHHA 3a-
gaun. ITo mepBoMy M3 3THX HOJXOJ0B 3ajava H.M.O. (op-
MyJIEpyeTcd KaK 3afada BHIOOJHEHHA HETIETKO ONIpe/elleH-
Holl melm, NpUYeM pellleHWEM 3aa4u CIWTAETCS mepecede-
HHEe HEUYeTKWX MHOKECTB [eJH W OrpaHmyeHuit (Fomycrm-
MuIx adeprepuartus). PaGora P. Beanmana u JI. 3age [23],
B KOTOPOH GBI W3I0KEH 3TOT MOXXOX, 3aMedaTeIbHA emie
¥ TeM, UTO B Heil Ghuta BoepBHe chopMyampoBaHA 3ajgada
OpWHATHSA pemeHWA Ha fA3KHKe HEYeTKAX MHOMKECTB.
B meit e BHepBHE aHAIW3UPOBAJINCH MHOTOSTANHEE (X@-
HaMp4YecKue) 3afa9¥ UPHHATHA DPENIeHWil UpHA HETeTKHX
HCXONHHX YCIOBHAX METORXOM AWHAMOYECKOTO HPOrpam-
MupoBaHHUsS. B XaHHO# KHWre 3TOT MOAXOJR AOCTATOYHO IOA-
po6mo mamaraercd B nn. 2.2.1 m 2.2.2. B m. 2.2.1 o6eyxna-
eTcsi W HEKOTopoe 0000ImeHwWe 3TOro MOAXo4a Ha 3a4adm
yupapieHds cuCTeMaMH, (YHKIHOHHpOBaHHEe KOTODPHIX
OIMCAHO HEYETKO. ’

o
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MuTepecHHM W IPAKTAYCCKH BAJKHEIM IIPECTABISAETCSA
npuMeHeHWe Hmopxofa Bennmama—3age Kk aHaam3y u pe-
OIEHHUI0 3alaY HEYeTKOTO JMHEeHHOro IpOorPaMMEPOBAHEA.
JrtH sajau¥ BIepBHe aHalNW3WpoBaxmch B paborax
K. Heroiiter u cotp. [8, 24, 25], a rtaxme I'. [JTmmmep-
MaHHA T coTp. [26, 27]. VIm moceamen § 2.3.

B apyroM majiaraeMoMm 3fiech IIOAXOME K 3aJadaM H.M.IL.
Opefunojaraerca, 4YTO pelleHdsaA [OJGKHH BHOTPATHCA
nomoOHO TOMY, KaK 3TO JieJaeTcd B 3afadaX MHOTOKpHTe-
puanbHO# onTmMmaanuu. Ilpm sToM cumTaercsa, 4TO B pe-
NIeHMY HCXOJHOM 3ajadd NOKHH IIPUCYTCTBOBATH BCE Te
H TOJbKO Te ajJbTePHATHBH (He CpaBHUMEIE MEXKAY C00oi
B paMKaX [aHHOH 3aja4u), KOTOPHe He NOMHHHPYIOTCS
CTPOro HAKAKEMH APYTEMH ajJbTepHATHBaMu. lIpm momoo-
HOM [OHWMAHWHM pemmeHUd J.II.p. WMeeT BO3MOKHOCTH
B GoibImeil Mepe MCHOOJb30BaTh CBOM CYyO'heKTHBHEIC IpeJ-
CTaBIEGHHS O peajbHOH cHUTyamud, KOTOpHE He OhId
¢opManm30BaHK B MAaTEMATHYECKO#l IOCTAHOBKE HCXOJ-
uoit 3agaum. IlogpoGuee sToT moaxox maxaraerca B § 2.4
TAHHOM TIJIABHI.

OcoO6miit KyIace 3agad OPHHATUA PelmeHHi COCTaBIAIOT
TaK HA3kBaeMble WTPOBHIE 3ajadd, B KOTOPHX pPe3yJbTaT
OPUHATHS PelleHU# OmpejesiseTcA He TOJNBKO BHGOpamMm
€aMoro J.I.p., Ho ¥ BEHOOpPaMu ero pasyMHHEIX MapTHEPOB.
MaTemaTuueckaa GopMyaMpOBKAa mOMOOHOH 3afaduu OIpe-
nelsercda B MepPBYI0 odePeldb 3aJO0KEHHHM B Hell NPHHIHE-
oM npuEATEa pemenmii. Hmwxe B § 2.5 paccMarpuBaloTes
NOCTAHOBKH HI'POBEIX 33/1aY NPH HEYETKHX HCXOJHHIX yC-
J0BUAX, COOTBETCTBYIOIIHME ABYM YIOMAHYTHIM BEINE IIOX-
XO0JaM K DPemIeHHI0 3afad H.M.II. AHaIWsuWpyIOTCA XBa OC-
HOBHHIX TEOPETHKO-HIPOBHIX MPWHIHUIA: NPHHIAN HAWIYI-
IMero rapaHTHPOBAHHOTO pPe3yJabTaTa ¢ y4eToM HHPOPME-
POBaHHOCTH HI'POKOB W HpmHUUID pasHoBecms Hama.

2.2. 3agaua MOCTHIKEHMA HEYETKO ONpefeJNeHHON Ienn
(mogxon Bemrnimana—3ane)

2.2.1. ®dopmyanpoBKa ™ oOnpefeleHME peUICHHA 3a-
maun. OCHOBHHIM B [JAaHHOM NOAXONE K pEUIeHHWIO pac-
CMaTpEBaeMoil 3af{auu ABIAETCA TO, YTO EJH OPHHATHA
peIIeH’iA W MHO)KECTBO aJbTePHATHB PaccMaTPHUBAIOTCA
KaK DaBHONPABHEC HEYETKHE MOAMHOKECTBA HEKOTOPOTO
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YHUBEPCaJIbHOIO MHOKECTBA AJbTEPHATHB. JTO IMO3BOJAET
OIPefle/IUTh pelleHWe 3afadd B OTHOCHTENBLHO IPOCTOM
¢dopme.

ITycrs X — yHEBepcanbpHOE MHOKECTBO AJbTEPHATHB,
T. ©. YHHBePCAJIbHAA COBOKYIHOCTH BCEBOSMOKHHIX BEI-
6opoB nuna, npuAEMalomero pemenus (1. m.p.). Hegerkoi
neiasio B X ABIAETCA HEYETKOE MOAMHOKECTBO X, KOTOpOe
MH 6ynem o6osmagars G. OumchBaeTcsad HeIETKas Iedb
dymrnmeit mpmHapgmexHOCTH Py X — [0, 1].

Jonmycrum, saupumep, uto X — wmciaosasa ock. Toraa
HEYeTKOH meJbl0 DPHHATHA pemeHmit MoyKeT GHITH HedeT-
KOe MHOKeCTBO THIIa (BeIMIWHA I NOJKHA GHITH nPUMEDHO
PasHa 5» WMIE «xHesamesbHo, ITOGH BeamumHa Z ObLIa
anHayumeavno Goavwe 10» m T. m. BygeMm momxararh, 4TO
IPUCYTCTBYIOIAE B MOZOGHKIX ONMCAHWAX HETIETKHe IOHA-
‘THA BPOJE BHEJEHHHX KYPCHBOM B IPEALIAYIEX IpPH-
Mepax BHOJHE TOYHO ONYUCAHH (YHKIUAMY OPUHANJIICHK-
HOCTH COOTBETCTBYIOIAX HEUIETKAX MHOIKECTB.

Yem GoJbime CTemeHb NMPUHAMJEKHOCTH AIBTEPHATHBH
T HETeTKOMY MHOKECTBY HeJNH {,, T. €. UeM Goibiie 3Ha-

9enme p, (), TeM GoibIIe CTeleHb JOCTHKEHUA JTOH meanm

npH BuGOpe aIbTePHATUBH T B KauecTBe pemeHusa. B arom
CMbICJIe HEeYeTKAM OIMCAHWEM IeJAd B paMKax MAaHHOIO
MOAXOMa MOKHO CYHTATh X (YHKIWIO IMOJe3HOCTH B 3akade
H.M.I., €CJAd HOPMEPOBATH K e[JHHAIE 3HAYCHUA IDTOU
dyaxmum (cM., Hampmmep, [25]).

HeueTkme orpaHudYeHMA WIH MHOKECTBA IOIYCTAMBIX
albTePHATHB TAK/Ke ONHUCHBAIOTCA HEUYETKAMM IIOTMHOKe-
cTeaMu MHO)KecTBa X. B mpumBememHOM BHIIe ImpumMepe
¢ X=R! HeyeTKHWe OrpaHMYEHHsA MOryT HMETH, HAWpPHUMep,
TAKOA BHM: «Z NOJKHO OHITH He CAUULKOM 604bULUMY, X HE
HOJKHO OHITE 20pasdo 6oavwunm 30» m T. u. Kak m mpesxne,
3IeCh 10JIAraeTCs, 4UTO BHIEJeHHHEe KYPCHBOM HOHATHA
ONHCAHH (QYHKIEAMHA NPHHANIEKHOCTE COOTBETCTBYIO-

muX HEYeTKAX MHOKeCTB, KOTOphle MH OyneM o6osHa-
q9ath .

Boxee o6meil sABIsgeTCA MOCTAaHOBKA 3aJ[add, B KOTOPOM
HEYeTKHe IeJW W OrpaHWYeHHs IPeJCTaBIAIOT co6o# moj-
MHOKECTBA PasIMIHKIX YHEBEPCAILHHX MHOKecTB. I[ycTs,
Kak ¥ Bume, X — yHEBEPCAIHHOe MHOKECTBO ajJbTep-
HATHB, ¥ NyCTh B8aJaHO0 OJHO3HAYHOe OTOOpakeHHe

P,

i
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¢: X = Y, sHaueHHA KOTOPOro (3JeMEeHTH MHOKeCTBa Y)
MOKHO IOHMMATh KA3K DEaKIdd HEKOTOPOA CHCTeMH Ha
BXOJHHe BoafeiicTBusa z € X miAuM Kak HEKOTOPHE OMEeHKM
(a¢dexTH) BHOOPOB COOTBETCTBYIOINUX AJBTePHATHB.
‘HeueTkasA meJab Ipm 3TOM 3aJaeTcsi B BHAE HETIETKOrO
MOAMHOKECTBA YHHUBEPCAIBHOIO MHOKECTBA  PeAKIAA
(omenox) Y, T. e. B BEAe dpymKmEm p,: Y — [0, 1].
3amaga Ipm 3TOM CBORHUTCA K Hpe:KHEH IIOCTAaHOBKe
(r. e. K ciy9ao, KOrfa mnels — HedeTKOe IOIMHOKeCTBO
X) caepyomum npuemoM. OnpeneauM HedeTK0e MHOKECTBO
anbTePHATHB fi;, 00eCIeYABAIOIIEX KOCTIVKEHWe 3aaHHOM

Iend p,. JTO MHOMKECTBO HIpe/cTaBiIAeT CoGoi mpoobpas
HeYeTKOr0 MHOKeCTBa (1, mpH orobparkeHnmm ¢, T. e. (cM.
ompefienesde mpooGpasa B § 1.3) -

Be()=ps(2(@), zEX.

ITocae aToro mcxommas 3ajfaga paccMaTPUBAeTCA KaK 3a-
fada JOCTH/KeHHS HeYeTKOH IeJH {i, MPH 3a/aHHHIX HedeT-

KHX Orpanmd4eHUAX.

Ilepeitmem Temephr X ompefelieHAI0 pPemeHHS 3aJaqd
DOCTMKeRHA HedeTKoW menum. I'pyGo roeops, pemwurh 3a-
nady osHadaeT NOCTATHYTH IeJdH H YNOBJIETBOPHTHL Orpa-
HAYCHUAM, IPHIeM B JaHHOK HEYETKOH IIOCTAHOBKE ClIe-
IyeT roBOpPHUTh He TPOCTO O JOCTIKeHHW MeJdd, a 0 ee Jo-
CTHKeHHH C TOW WJIN WHOHA CTeNeHbIO, IpPHYeM CJIeayeT
YYATHBATh W CTelleHb BHIOJHEHNA orpanmIeHmit. B mox-
xofe Beanmana—3ame o0a sTEX (axkTopa YIATHBAKOTCH
caenyomuM obpasoM. Ilycrs, HampmMep, HeKOTOpasa alb-
TepraTEBa r obecmedmBaeT NOCTM;KEHWE TeaW (AW COOT-
BETCTBYeT IeJIA) CO CTEIeHBIO f, (Z), YAOBJIETBOPsET Orpa-
HugeHdAM (MJIM SBIAETCA JONYCTEMOHE) €O CTENEeHBIO
¢, (z). Torma monaraercs, 4TO CTemeHb NPHHANIEIKHOCTHE
5TOH AaJbTEPHATHBH pEIIEHHI0 3aJaYd PAaBHA MUHAMAJb-
HOMY W3 3THX 4gnceix. VIHnME CI0BamMH, aJIbTePHATHMBA, KO-
nycraMas €o CTemeHbio, Hampmmep, 0,3, ¢ To# e cre-
[eHBI0 TPUHAAJIEKAT HEICTKOMY DEIIeHHI0, HECMOTPA Ha
TO, 4TO OHA o0ecreymBaeT JOCTHKEHHe IeJH CO CTeNeHBIo,
pasmoit, maupumep, 0,8.

Taxkum o0paszoM, He4eTKHM peIIeHHEM 3aJa49d [OCTH-
JReHUWA HEYeTKOH L[eJIM HA3HBAETCHA IEPECeYeHH® HETOTKHX
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MHOKECTB Nelll M OTPpaHUYEHUIA, T. €. QYHKOUA HpHHAT-
JIe;KHOCTH PEIIeHHi p., uUMeeT BN

pp (€)=min {p, (2), p,()}. (2.2.1)

Ilpu Banpuud HECKOJIBKHX Iejlefl W HECKOJIbKAX OrpaHM-
geHHA HeYeTKOE pemieHHe ONHUCHBaeTcA (GYHKIHWEH mpm-
HaJJIeKEOCTA

() ()= {P'G, @), .. P, (2), te, () - - Ye,, (x)}

Ecnu pasiudnsie. meJd W OTPAHWYEHUA Pa3qAYAOTCA IO
BaKHOCTH ¥ 3aJaHE COOTBETCTByIomImEe XK03(YPHIueHTH
OTHOCHTeJIBHOH Ba)KHOCTH Ijeliefi A, W oOrpaHWdYeHWH v,
T0 QYHKOUA OPHHALJIEKHOCTH DpEmeHWsa 3afadl Ompefe-
JIfieTCA BHIpaKeHUEM

pp(2)=
=min {\pg (2), - - )‘nf"cn (2)s vatg, (2)s - - s Vileg, (2)}.

B orMeuemHoM BHIIe ciydae, KOrja 3afaHO OTOOpajke-
HHe ¢ MHOMKecTBa anbrepHaTMB X B MHOMKECTBO peaKIuil
HJIN OmEHOK Y, a HeueTKaA IfeNb 3ajaHa B MHOKecTBe Y,
HaM IIOHAJOOMTCA M cllefylollee SKBABajJeHTHOEe IIPHBEIEH-
HOMY BHIIE OIpejeleHYe HeYeTKOTO DermeHHs.

Ilyecrs G m C — HedeTKHe MHOKecTBa Lenu (B Y) m
orpanmdennit (B X). Heuemkum pewenuem 3amaum KoCTH-
ykeHNA melu G mpm orpaHudeHmax C Ha3HBAeTCS MaKCH-
MaJpHOe II0 OTHOIIEHWIO BJIOKEeHHOCTH HEYETKOE MHOMe-
crBo D, obGunagaiomee CBOfCTBaMH:

1. D C C (momycTEMOCTE DemeHus).

2. ¢ (D) C G (nocTmxenue Heuerkoit nenm), rae ¢ (D) —
oGpas D mpm oroOpaxkeHud ¢.

Npamep 2.2.4. PaccmoTpum 0dYeHbh IPOCTOH mpuMep, B Ko-
topom X={1, 2, ..., 10}, a meuerxkme Ueab G m JBa OrpaHmYe-
maa C, 1 C, 3ajaHH TaGamnei

x|12345678910

pe(z)| 0 04 04 08 1,0 07 04 02 0 0
bg, (2){ 0,3 06 0,9 1,0 08 0,7 05 03 02 0
ng,(2)] 0,2 04 06 07 09 1,0 08 0,6 04 0,2
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Torpa gna pemenus D moaydaeM
z |1 2 3 4 5 6 7 8 9 10

p,(z)|0 01 04 07 08 07 04 0,2 0 0

CroBaMy Heldb A OrPaHWYEHHsS MOKHO BHPAasuTh, HAIPHMEP, TaK:

G=«z doaxcen 6umv 6auskum k 5»,
Ci=«x Goaxcern 6umbv 6auskum k 4»,
Cy=«x doascern 6umov 6auskum £ 6».

Torga pemenne
D=«x doasxern 6umv 6auskum k 5».

Onpenenennoe TakuM 06pasoM pemeHHWe MOKHO pac-
CMaTPHEBATh KaK HEYETKO CHOPMYJIHPOBAHHYI0 HHCTPYK-
U0, WCOOJHEHWe XOTOpPoil ofecmedymBaeT JOCTHKEHHE
HEYETKO IIOCTaBJIeHHO mead. HedeTKoCTh IOJYYEHHOTO
pemeHus €Th CIEACTBAE HEYETKOCTH CaMO#l HMCXOXHOH
3agaum. IIpm TakoM mnpeAcTaBleHWH PEHmIEHWST OCTAETCA
HEOIPeJeIeHHOCTh, CBA3AaHHAA CO CIOCOOOM WMCIOJHEHHS
nofo0HO HEYeTKOM WHCTPYKIHH, T. €. C TeM, KaKyI0 ailb-
TepHATUBY BHOpaTh. Pasamunnie cnoco0H paspemeHus
3TOI HEONPeReNIeHHOCTH HPefIoJIaraoTcsa, HaIpaMep, B pa-
Gore JI. 3ame [28].

Opue m3 HamGojee pacopoCTPAHEHHHX B JIATEPAType
cmoco6oB cocTomT B BHGOpe albTepHATHBH, HMeloIei
MaKCUMAJBHYIO CTENeHb NPUHAMICKHOCTH HOIETKOMY pe-
HmIeH:I0, T. €. AJbTePHATHBH, peaju3ylomei

max ()= max min (g (@), 1o (2)).
Taxkue aabTepHATHBH HA3HBAIOT MAKCUMUSUDYIOUWUMU
pewenuany. OTMETEM, 4TO BOIPOC O BHGOpPEe KOHKPETHHIX
aJbTePHATHB IPH pPemeHHd 3aKaud H.M.I. 33CIYKEBaeT
OTHEJIBHOr0 0GCYsKIeHnA, 1 MH BepHEMCA K HeMmy B § 2.4.

B sakaiouenme mamHOro paspgena MH 00CyqEM IpmMe-
HeHpe mopxofa Bemxnmanma—3ame K 3ajaZaM H.M.I. C 3a-
RAHHHIM HEYeTKEM oTOo0pajKeHmeM M3 MHOKeCTBa albrep-
HATHB B MHOKeCTBO peaxmmit mam omeHox [21]. IIpm aroM
MH OymeM ommpaTthcsa Ha BBefeHHoe B m. 1.1.6 ompepeie-
HHe mpoo6pasa HEYETKOT0 MHOKeCTBa IIPH HEUeTKOM
oToGpaskenun.
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Ilycts X — yHEBepCcaJbHOe MHOKECTBO anbTEPHATHB,
Y — yHumBepcalbHOe MHOKECTBO DEAKIHA MIN ONEHOK,
¥ IYCTHh 3alaHO HedeTKoe oToGpakenme 3 X B Y, OmHCH-
Baemoe Qpymkmmeit p,: X XY — [0, 1] (em. § 1. 3) Hask-
Jloif aJbTepHATHBE 3T0 oTofpaskeHEe CTaBAT B COOTBET-
CTBHE ee HeUeTKYI0 OLEHKY.

ITo aranormu; ¢ mpmBeeHHKM BHIIE ONPeAeNeHAECM pelle-
HHeM TaKoil 3afjauM JOCTHKeHHs HedueTkoil Uenu G OymeMm
CUATaTh MAKCEMAJbHOE II0 OTHOIIEHUIO BJIOKEHHOCTH HeYer-
Koe MHOkecTBO ), oblagatomee cBOWCTBAMH:

1.DCC (Jxonyc'rnmoc'rb peleHnsn).

2. Doy 1, &G (nocrmxenne Heerxoi nexam), rae Dop,—
obpas D npm HeuerxoM oro0pakeHHH (. ‘

Bume B § 1.3 MakcumanpHOe IO OTHOIIEHHIO BIOMKEH-
HOCTH HeUeTKO® MHOKeCTBO [ Takoe, 9TO Dop. C G, 6un0
ompefieneHo kak mpooGpas MHOMKecTBa G npn 0T06pa>1<e-
HER p,. [laa Toro Ln'oﬁm BHIONCATh QYHKIUIO NPAHAIEK-
HOCTH MHO;KecTBa [), BBefieM MHOkecTBa (cM. § 1.3)

N={z y)|(x eX XY, p,(x y)>pe @)}
N,={yly€Y, (z,y) €N}, X’={z|z€X, N+ O}

Bo BBepenunix o0003maueHmMAX 9Ta (QYHKIUA OPHHAMIEHK-
HOCTH HMMeeT BHJ

inf p,(y) mpm z€X°,
py(z)=| ¥€¥=
1 opu z € X\ X°

Hasee, B COOTBETCTBHE C ONpefeleHHEM IONyYaeM, 4YTO
HEYeTHOe DeleHHe DacCMaTPHBAEMOii 3ajaud MMeeT BUJ
pp (z)=min {P‘D (), pg (x)},
T. e.
min {p, (), inf py(z)} opn z€X°,
pp (@)= yENz (2.2.2)
P (2) npz z € X\ X°

Herpynno nposepurts, uro ecan p, — 0Gb19HOe (4eTKOe) oTO-
Opaxenue, T. e.

1 mpu y=re(2),
P'(p(x’ y)=

0 mpm y+¢(2),

L’r :
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rge ¢ — OfHO3HauHOe oTobpaskenme X — Y, To pemenme
(2.2.2) npuanmaer obmunmi Bupg (2.2.1). [lelictBuTensyo,

B BTOM ciydae p;(z)=p,(¢(z)) m, crepoBarenvHo,
tp (2)=min {p; (), (e ().

IIpm HeoGxomuMmocTm BHOOpPAa KOHKDETHOH albTepHA-
THBH B KadeCTBe peIIeHAA 3afadd MO)KHO, HaIpPHMep,
BHOpaTh Ty, KoTopas ¢ MaKCEMAIbHO# CTeNeHBI0 NpH-
HAJIJIe)KUT HETETKOMY DEemeRHi0 p.,, T. €. albrepHATHBY,

peanusyiomyo BelMuMHy maxp,(z). Onmaxo, kak yixe
z€X

0TMEYaJIOCh BHIIe, TaKol cHoco6 BrOOpA HeJB3A CIUTATh
BocTaTogHo oGocHoBaHHEIM. Hwxe B ri. 3 MH BepHeMCA
K aHANIA3Y HTOi 3aadd KaK 94aCTHOro crydas Gojee oGmeik
3agayd NPUHATHSA pemIeHuil OpPA HEYETKOM OTHOIIeHHHN
TpPequOYTeHHS W yKa)keM ApPYrofl cmocol BHOopa ajbTep-
HATHUB, KOTOPHIA IPE/CTABIAETCSA HaM 60jiee 0G0CHOBAHHKM.

2.2.2, Muorosrannsie NPOECCH] HPHHATHA peImeHHiH
Opd HEYEeTKAX HMCXOAHBIX YCIAOBMAX. B aToM paspgelle MH
H3JI0KHEM NOCTAHOBKY MW aHAJIM3 MHOTOITANMHON 3amadnd
OpUHEATHA pemenwnii, onncarunit P. Bernmanom u JI. 3ame
B pabote [23].

PaccmorpmM 3afawy ynpapieHHms JHHAMHEIECKOH CH-
cremoit. ITycts X — KomeuHOE MHOKECTBO BOSMOKHHX CO-
CTOARMIA 3ToM cucTeMsl @ U — KoHeYHOe MHOMECTBO 303-
MOKHHX 3HadeHWH ynpapisiomero mapaMerpa. Cocros-
HEA CHCTEMH W 3HAYEHWE YIPABJIEHASA B MOMEHT BPeMeHH
¢, t=0,1, ..., N—1, 6Gynem o6osHauaTh , W U, COOTBET-
creeAn0. DyRKNMUOHWPOBaHWE CACTEMH], T. €. €¢ IePeXOJEl
U3 COCTOAHHA B COCTOSHHE, ONUCHIBAETCA CHCTEMOH ypaB-
HeHH# CcOCTOAHASA

za=f(x, u), t=0,1,.... N—1. (2.2.3)

Tun cmcteMH onpefeasieTcsl THIOM 3aZaHHOIO OTOOpa-
wennsa f. Ecan f — ogrosragnoe orobpasxenme X XU —»
— X, T. e. COCTOSHHE CHCTEMH B MOMEHT BpPEeMeHH
t4+1 opmHO3HAYHO ompeneiNseTCs ee COCTOSHWEM W 3Hade-
HOEM yOpaBieHHA B MOMEHT ¢, To MH HMeeM JIeJIo ¢ demep-
Munuposarroli cacremoit. Ecim f — oroGpaskennme X X U—>
-9, rne 4 — Kiacc HeYeTKHUX IOAMHOKECTB MHOKeCTBA
X, To MH mMeeM fleJI0 ¢ cECTeMO#, PYHKIHOHAPOBAHMS KO-
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TOPO# OMHCAHO HEYETKO, T. €. HEYETKO OMHWCAHA PeaKIusa
cECTeMHl Ha ynpasieHue u,. Ecuam jxe f — oroGpaxenme
X X U—->P, e P — rnacc pacupefelneHuii BEpPOAT-
HOCTA HA MHO;KecTBe X, TO CHCTeMa HAa3HBAaeTcA CMoxa-
CMu4eckKoll.

Hmxe Mu paccmaTpuBaeM IHNIb AeTEPMAHEDOBAHHEIE
CHCTEMH, T. €. CHCTeMEI, MJS KOTOPHX oTo0paxenme f
mmeer BEf X XU — X. Hac Gymer muTepecoBaTh 3amada
yOnpaBleHHA TaKO#l CHCTEMOH NOpPH HEYETKHX HMCXONHHIX
ycuoBuax. Bymem cumrarh, uTo B M0G0 MOMEHT BPEeMeHH
i 3HaUYeHHWe yIpaBleHHA U, HOKHO HORYMHATHCA 3aaH-
HOMY HedYeTKOMY orpaHmdeHmio C,, KOTOpPOe OIWCHIBAETCA
HEYeTKUM TMONMHO)KeCTBOM MHOkectBa U ¢ ¢QyHKIzeR
npuHajIexEOoCTE P, (4,). Beme B m. 2.2.1 yxe rosopm-
JOCh O BO3MOKHHX HHTEpHpETANASAX HEICTKUX OTPaHH-
JeHUH.

PaccmorpnM yupasieHme 3TOd cmcTeMoil Ha HHTepBale
Bpemern ot 0 ;o N—1. Ilyets 3agana HedeTKasA medpb yI-
paBiIeHAsa B BHUAe HEYETKOTO MOAMHO;KeCTBA (Fy MHOKeCTBA
X, mpemcraBnsiouiasg co6oil HeYeTKoe OrpaHAYeHHe HA
COCTOSIHME CUCTEMH Zy B NOC/IeQHUWI MOMEHT BpemeHm V.
3amaua, TakEM o6pasoM, 3aKI09aeTCA B TOM, YTOOK BHIO-
PaTh ODOCHeNOBATEIbHOCTh YOPABIEHAN Uy, Uy, . . ., UN_1,
KOoTOpas «yXOBJETBODPSETY HEYETKWM OTDAHWYEHHWAM N
«obecrmeamBaeT™ MOCTHKeHHe HeueTkou uneam Gy. Haganb-
HOE COCTOSIHHE CHCTEeMEI I, II0JiaraeM 3aJaHHBIM.

3aMeruM, 4T0 HeueTkylo Henb GGy MOKHO CYUTATH He-
9eTKAM IOAMHOKecTBOM MHOMecTBa U X ... X U, HOCKONBKY

N
COCTOSHHME Zy MOXKHO BHIDA3UTh B BUAE Tn (Zy, Uy, - - - UN-1)
IyTeM DemEHHA CHCTeMH ypaBHEHHi cocroasus (2.2.3) ana
t=0,1,..., N—1. Tlocne sTOro B COOTBETCTBMM C IIOJ-
xomoM Bennmana—3aje HeueTxkoe pemieHMe 3aadyd MOYKHO
peCcTaBuTh B BHJE

Pp g « - or Wy—)=min {p, (W), - - -5 py_, (Uy,), pGN(xN)},

T. €. B BHAe HEYETKOro IHOAMHO}KecTBa MHOectBa U X ...
v x U

Bymem wMcraTh MaKCHMHU3HDYIOIlee pelIeHWe 3ajauw,
T. e. MOCIOOBATeJHHOCTh yHpaBleHHUil &, ..., Ay-;, AMEI:



2.2]) HEYETHO OIIPEJEJIEHHAA IEJIb 77

oyl MaKCHMAaJIBHYI0 CTENeHb NPUHAIEKHOCTH HEUYETKOMY
pemenuo D, T. e.

P’D(uO’ N IZN_I)—_—'
= max min{p, (%), . . ., by, (By,), g, (Zx)}- (2.2.4)

oy eeer UN_]
Bocmonssyemca pna 310ro 00EUYHOM mpoHeAypOil [UHAMAYe-
CKOTO IporpamvmpoBaHmA. 3amuuieM (2.2.4) B cuexyromeit
¢popme:
tp(@p - - s By )= max maxmin {py(y,), ...
U ser UN_Q UN_]

e By By, Pey (f (zy_s, uN_l))}, (2.2.9)

ImMeer MecTo cnemymoomiee mpocTO [pPOBEPAEMOE DPABEHCTEO.
[Iyers 1 — Benuumna, He 3aBHCAMmAA OT Uy_1, U g (Wn—1) —
npousBonbHaA QyHKOHUA Uy_,. Torma

max min {y, g (u~-1)} =min {y, max g (uy-,)}.

“N-1 YN-1
C momompio sTOro paBeHcTBa 3amumeM (2.2.5) B ciaegyio-
me#t gopme:

pp(@y - - By )= max min {p.o (@)s -+ o By (By_s),
Ugs ceer UN_Q
ir;,ax min {P'N-l (@), Pey (f (=g, u’N—l))}}
-1

u BBegeM o0o3HaueHue

Poy_, (Tnr) = T;’i min {py , (1By,), b o (Zr, Byy)))-

QOyurnus Fay l(x _,) Tpexcrasiser co0oit yHKITHIO

OPUHAIJIEKHOCTH HEeYeTKOM Ifend [Uid 3afad¥ yIpaBIeHHUA
Ha untepsane Bpemend 0T 0 g0 N — 2, cooTBeTCTBYIOMIY10
sajaHHOii uenm Gy ynpaBineHusi Ha uHTepsane or O mo

N —1. Cubicn 2To#f PYHKIME MOKHO HOACHUTDH CIEXYIO-
muaM oGpasoM. Homycrusm, uto B pesyiabrare BeGOpa Kakmx-
nu0o ynpaBiaeHHH U, - . .. ly-p CHCTEMA HepeiiIeT U3 coCToA-
HHA Z, B COCTOAHOE Zy_;, ONpefeseMoe CHCTEeMOMl ypaB-
nwennit (2.2.3). Torma, xax HeTPyZHO NOHATH, BHIOOPOM
YODpaBIeHUA lUy_; MOKHO NOOMTHCA MAaKCHMAIbHON CTeIeHH
JOCTH;KeHMA 3alfaHHONM IeJdH, paBHOI Py, (x,;;_l), Tarkum
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o6Gpa3son, Pay_, (Zy_,) eCTh MaKcHMalbHAS /CTELeHb JOCTHKe-

HEA mea® Gy B ciyuyae, korja Ha N — 2 mare cmcTema
OKasajlack B COCTOAHUH Zy_;.

Janee, mockonsry zx_; = f(Zy-g, Ux-2), TO fACHO, YTO
BOAMIUHA pg (f(:zN_z, Uy_,)) €CTb MaKCHMAlbHAA CTEleHh

nocrmxenua mend Gy B ciyuyae, KOrja cucreMa OKasajach
(mocne N — 2 maroB ynpaBneHHA) B COCTOAHMH Zy_s ¥ HA
N —1 mare 6bii0 BHGpaHO ympaBneHue uUy_p. Herpymno
HOHATH, 9TO BHOOp uy_, Ha N —1 1mare ciexyer cxenath
TaK, 4To0H ob0ecmeunTsh (C y4eTOM HEYETKOrO OTDAHHYEHHS
HA Uy_g) MO BO3MOYKHOCTH OolIpINee SHayeHMe BelHYHHH

min {py , (), Py (F(Zys, By}

BsemeM cooTBercTByOmEe 00o3HaueHMe

Pay_, (Trog) = “mNax min {py , Uy,), e N1 (f (Zrgy  Bao0)))-

Bennumna Poy_, (Z_p) — MAKCHMAIBHAA CTETeHL JOCTHKe-

HEA 3ajaHHO# menw Gy B ciayudae, korna Ha N — 2 mare
CHCTeMa OKa3alach B COCTOAHHH Zy_s. .

IIpomomxasa sTm paccyxpaenms gna t=N—3, ..., 0,
HOJIyYMM CHCTEMY PEKYDPPEHTHHIX COOTHOIIEHUIT

oy, Ey) = T;x min {py_,(@y_,), Pap_, “(xn'-m)}’
xN—H-l = f (xl\'—n uN_y)- ' (2.2.6)

C moMompl0 3THX COOTHOMEHHH MHl IONydaeM IOCIe0Ba-
renbHo (HaumHag ¢ v=—1) ¢yurumm ay_, (Ty-,), Ar- X
X (Ty-2)y ---» By(T,), a 3aTeM DO 3afaHHOMY HAYAJBHOMY
COCTOAHUIO W IONB3YACH YPABHOHHAMH COCTOSHMA CHCTEMH
(2.2.3), BeumcageM B 0OpaTHOM NOpPSAAKe MaKCHMA3HPYIO-
mpe PemeHns ‘

By (%) By =10, (f (g By)), By=105(f (f (zq, Bo)s &) ---

Jaa BIAIOCTPANUH ONHCAHHOA NPONEAYPH pelleHAsA IPHBEREM
npumep #3 paboTe [23]. PaccMoTpum TpexsTamHHIiX MpoNecC yIpas-
JIeHHsd, T. €. IpAMeM, 9to N=2. B m06oii MOMEHT BpeMeHH yInpaBisi-
eMasg CHCTEMAa MOKeT HAXOZHTHCA B OJHOM H3 TPEX COCTOAHHHA oy,
Gy, O3, & MAPAMETP yIpaBJeHHWA u; MOKeT IPHHHEMATH JHIMNb [(Ba
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3HAYEHHA a; M ag. HeueTKad mexb ynpasienus (orpaHAIeHAe HA Zg)
ONACHBAETCA TaOJNANeH .

X 61 G2 O3

P’G, 0, 3 0,8

HeueTkne OorpaHEYeHAsA Ha YNpaBieHAA B MOMeHTH =0 m I=1
AMeIOT BHJ

279 ay ag uy

, t=1:
0r7 I 1'0 1 (ul)

51 as

o (2o)

1,0 | 0,8

IlepexofH CHCTEMH A8 COCTOAHEA B COCTOAHHE ONMCHBAIOTCA MaTpH-
neir (oTobpaxenme f):

z
,& Y oz o3

ay (21 Cs %

as Oz 1 O3

IIpaMenEM Temeph peKyppeHTHHE cooTHomeHHs (2.2.6) mma pe-
menna sagasd. JMua (=1 momywaem

L5 1 S G2 3

g, (z1)| 0,6 [ 0,8 | 0,6

a COOTBETCTBYIOIAsA MaKCHMASHPYIOMasad PYHKIHUA HEMEeT BHJ

I S1 G3 Og

() | @z | a3 | @
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/ -

Hanee, Ha cregyomem mare =0 moiydaem

Ty S G2 Sg

g, (20) | 0.8 | 0,6 [ 0,6

a COOTBETCTBYIOIaA MAaKCUMH3HDPYIOIIaA (I)ynmma nMeeT BHUJ

Lo 9 ) O3

ap ay AJIA ay | ay HJIA ag

2o (%)

JomycTnM Teneph, 9T0 HA4YaJbHOE COCTOSHHUE CACTEMH (T. €. COCTOA-
mue mpm t=0) x,=0,. Torga coorBeTcTBylOmEe MaKCHMU3NpyoIIee
pelieHMe WMCXONHOH 3amaddm mMMeeT BWJ, Zy= ay, ;= a;, IPUIEM 3ITO
pemenne ofecmedmBaeT BHIOJHeHWe nea:m G, co cremempio 0,8.

B paGore [23] onncaHHEIN HOAXOX IpPHMEHSETCH TaKKe K aHa-
JA3y 3afa9 yOpaBJeHNA CTOXACTHIECKOH cucTeMOil ¢ (UKCMpOBaH-
HEIM KOHEYHKHIM MOMEHTOM BpeMeHHM N W [eTepMUHAPOBAHHON CHCTe-
MOA ¢ 3aJaHHHM MHOKECTBOM IOINYCTHMHX KOHEYHHX COCTOAHUI
CHCTeMEH.

IMogxom Beaamama—3ame omapaeTcsa Ha BO3MOK-
HOCTb CHMMETPHYIHOTO OIMCAHUA MHOMKECTB I[eJHX M Orpa-
HUYEHWI B BHe HeYETKUX HOAMHOKECTB OHOTO W TOTO Ke
YHUBEPCAIbHOTO MHOKECTBA aJbTEPHATHB. JTO IO3BOJIAET
OIIpeJeIATH PeIIeHWe 3aJa4du B AOBOJBHO HpocToil opme,
Kak onmcaHo Bemme. OgHAKO B gaibHeimeM MH yBHIEM,
970 He BCAKYIO 3a7ady NPUHATHA PelmeHui ymaerca cdop-
MyJHEpOBaTH B BHAE 3afaud NOCTIKEHHA HEYETKO OIpefe-
JIGHHOH Iej#, ONUCaHHO# B ¢opMe HEUETKOrO MHOKECTBA,
B CBA3H C YeM HWKe PACCMATPHBAIOTCA W JPYyTHWe HOAXOIHI
¥ TOCTAHOBKH 3afad NPHHATHA peIIeHUH.

B nocnepyiommx paspgesiaXx TOi IIaBH MH PacCMOTPAM
3afaum, KOTOpbie MOXKHO KJacCHQHIUPOBATh KaK 3amaum
HEUIETKOT0 MaTeMaTAIeCKOro mporpaMmuponanua. Hekoro-
phle U3 3THX 3a1a7 YEAeTCS PacCMOTPeTh B paAMKaxX MOXXO0Aa
Bennmana—3apme, Apyrde — cBeCTH K 3ajgagaM B Ooiee
MUPOKOA IOCTAHOBKE, PaCCMaTPUBAEeMHIM B TIJI. 4 93TOH
KHUTH. :

o
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Ilpeskpe dYem mepefiTd K pPacCMOTPEHHI0 PA3IHIHHIX
3afflad HEeYeTKOr0 MAaTeMaTH4eCKOro HPOrpaMMWPOBAHEA,
MH OpHBefieM B CleAyOIeM pa3fele WX KPAaTKYyl KIAacCH-
¢uKanuio.

2.3. Kaaccnpuranusa 3zagag
HEYEeTKOT0 MATeMaTH4eCKOTO HPOrpaMMHPOBAHUA

CraHfaprHas 3ajada MAaTeMaTAIECKOT0 HPOrpaMMHE-
poBaHEA (GOpPMyIHEpyeTcs OOHYHO KAk 3aKada MaKCHMWU-
sanuy (WI¥ MAHVMHBANAN) 3afaHHOX (YHKOWW HA 3a/1aH-
HOM MHOKeCTBe NOIyCTHMHIX aJbTePHATHB, KOTOpOe ONd-
CHIBA@TCS CACTeMOH paBeHCTB WiIW HepaBencTB. Hampmmep,

f(z) > max, ¢;@)<0, i=1,...,m, z€X,

rae X — 3ajjaHHOe MHOKeCTBO albTepHaTnB, f: X — R' u ¢:
X - R' — sajgaunble QyHKOUM.

IIpu mMomenwpoBaHWm B Takoit opMe peadbHHX 3amay
OPHAHATHAS peIIeHHA B PACIOPA:KEHHH WCCIeJ0BaTeNI-Ma-
TeMaTHKa MOrYyT OKa3aThCA JAmMb HEYeTKHe ONMCAHUA
¢yHKOEA f W ¢, MapaMeTpPoB, OT KOTOPHIX B3ABUCAT 3ITH
¢yaKnEA, fa  caMoro MuoskecTsa X. Ilomo6Hoe HedeTKOe
onucaHue CATYAIHY NPWHATAA PeImeHAd MOKeT, HaApEMep,
OTPaJKaTh HENOCTATOYHOCTH MHPOpPMAUUM 06 9TOH CHTya-
OUA HId CIYKHUTH GOopMOA MPAGIMKEeHHOTO ONHECAHAA CH-
Tyamad, ZOCTATOTHOrO A PemeHus NOCTaBIeHHOM 3aKaqn.
Boxee roro, B HeKOTOPHX CiIyd4asX TOYHO ONHECAHHOE MHO-
JKeCTBO OrPaHWYeHME (JONYCTHMHEX aJbTePHATAB) MOKET
0Ka3aThCsA JUIIb TPAOIMmKeHreM PeaIbHOCTH B TOM CMEICIIE,
9T0 B peaNbHO# 3apade, JeKameidl B OCHOBe MaTeMaTHde-
CKOfl MOJIeJIM, aJbTePHATABH BHe MHOKeCTBA OrpaHHICHUA
MOTYT OHITB He JOMYCTAMEIMH, a JHIOb B TOA WJIM HHOH CTe-
OeHH MEHee JKeJaTeJIbHHME NJA Jula, IPAHEMAKIIEro
pemenusi, 4eM AJbTePHATHBH BHYTPH 3TOr0 MHOKECTBA.

B xagvecTBe mpmmepa MO)KHO PacCMOTpPeTh CHTYAIHIO,
B KOTOPOA MHOMKECTBO JONYCTHMHIX AalbTepPHATHB IIPeH-
cTaBiager co00il COBOKYIHOCTH BCEBOSMOKHEX CIOCOGOB
pacmpefieleHHsA PpecypcoB, KOTOPHE J. I. P. co0mpaeTcs
BJIOKHTH B JAHHYIO omepamuio. B aToM ciydae, mo-Bugn-
MOMY, HemelecOOGpa3HO 3apaHee BBORHUTH YeTKYK Ipa-
HAIly MHOKECTBA JOOYCTAMHX AaJhTePHATHB (pacuperele-
HEil), HOCKOIBKY MOMET CIYIHTHCH TAK, 9YTO paciperpee-

6 C. A. OpnoBCKM
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HUA PecypcoB, JeKaIue 3a 9TOW rpaHuIei (T. e. BHe orpa-
HW9eHWIT), AaAyT 3PQeKT, «ImepeBemMBAWIIMAY MEHBLIIYIO
JKeJaTeIbHOCTh BTHX pacupefeneH:mil maa ia.u.p. TaxaM
o0pa3oM, HeUeTKOe ONHMCAHWE MOKET OKasaThCA OGojee
affleKBaTHEIM pEaJBHOCTH, YeM B ONpPEJEJEeHHOM CMEICIE
OPOH3BOJBHO IPHHATOE 9EeTKOE OMHCAHHEE.

@opMH HeYeTKOro ONHMCAHHA HMCXOAHON mHYOpPMAamum
B 3afadax IPUHATAA PemleHHmil MOTYT GHITH Pa3IMIHEIMU;
OTCIOfa W DPAa3iIWdydsA B MaTeMAaTHIeCKUX (OPMyIHPOBKaX
COOTBETCTBYIONIMX 33aY HEYeTKOro MareMaTHIeCKOro Ipo-
rpaMMupoBaHEA (H. M. IL.).

Ilepeuncamm HeKOTOpHE W3 TaKUX IIOCTAHOBOK.

Sagaua 1. «Marcumusayus» 3adannoii 06wYUHOU
Pynryun f: X - R! na sadannom Hewemrom MHONCECMEL
donycmumbix asvmepramus p,: X — [0, 1].

Hna pemenusa nopoGroit samaum K. Heroiira u [I. Pa-
necky [25] mpemnaraoT paccMmarpmBath QyHKDUIO [ ()=
=f(x)) sup f(x) (sopMupoBka k 1) kax pyHKUHI HpU-

ZESUpPp ivg;

HAJJIe;KHOCTA HEYeTKOrO0 MHOKeCTBA LEJH J.O.p. 3Hade-
gme f (z) aToifi QyHKmUEM paccMaTpHBaeTCA Kak CTeleHb
BHIIOJIHeHNA NeldW Npu BrOope adpTepHaTHBH € X. 910
TI03BOJIAET HEMOCPEACTBEHHO HPUMEHHTh K PENmIeHHI0 DTOH
safjau;m  nmoaxox DBemamasa—3ame. PanumonaabHEM
B Kuure [25] mpepnaraercsa camTaTh BHGOD aNBTEPHATHBHL,
EMeIIed MAaKCEMANbHYIO CTemeHb NPHUHANIEKHOCTH He-
9eTKOMY pemeHmi0, T. €. AJbTePHATHBY, pPealH3yIOmyI0
BEJINIHHY

max min {p, (), f(2)}.

HerpyaHo mpoBepHTH, YTO 3afaTy OTHCKAHHA TAKOM alb-
TepPHATHBH MOKHO CHOPMYJIMpPOBATH CIeRyoummEM o0pasoM:

A—>max, p,(z)>) F(@)>) zE€X.

Hmxe npefmaraercs HHOE IOAXOX K PeNIeHHIO 3TOM
sagaun. O mamaraerca B § 2.4.

3agava II. Heuemruii eapuanm cmandapmuoii
300auu MaAMEMAMUNECKO20 NPOEDAMMUPOSAHUS.

Ilycts ompepmesneHa ciegyiomias 8ajada MaTeMaTmde-
CKOro TPOrPaMMEPOBAHEA:

f(z)—>max, ¢(z)<0, z€X.
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HeueTkuii BapuanT 3To# 3ajadud MOJYydaercsd, €CIH «CMAT-
9ATHY OrPaHWYeHHsd, T. €. AONYCTHTH BO3MOMKHOCTh UX
HApymeHAsA C Toi mWam wunHOA cremenbio. Hpome Toro,
BMeCcTo MaxcmMmmusanum QyEKUEZ f () MOKHO CTPEMHTHCS
K MOCTHKeHWI0O HEKOTOPOro 3aJaHHOrO 3HAYeHHA JTOH
QyHKOHEE, OpUYeM pPAa3JIAYHEIM OTKIOHeHWAM 3HAYEeHUA
f(z) or aTo#l BelWdWHH NPUINCHBATH DPAa3IHYIHEIE CTe-
meH: JOMyCcTEMOCTH (HanmphaMep, JeM 0oJiblle OTKJIOHEHHUe,
TeM MEHbIIe CTeeHb ero JONYyCTUMOCTH). 3afady IPH 9TOM
MOKHO 3aIucaTh TaK:

f(x)'?/-'zo’ ‘?(x)\go’ rEeX,

rfie BOJTHUCTAA JHHASA CBHIETEIBCTBYET 0 HEJETKOCTH COOT-
BETCTBYIOIAX HEePAaBEHCTB.

OpnnH ¥3 BO3MOKHEIX HOXXONOB K (OpPMAJTHU3ALAA IIO-
JNOOHHIX He4eTKO CHOpMYIHpPOBAHHHX 3a7ad aHAJUBUDPY-
erca B paborax [26, 27]. Bakmogaerca oH B ciaegyomeM.
Mycts 2z, — samamHas BennmumHa Qyaxmum meam f (z),
NOCTHKeHTe KOTOPO CIATAETCA MOCTATOYHLIM IS BHIIOJ-
HeHUs IeJW NPHHATAA pPelleHMd, W IYCTh WMeITCH (3a-
MaHH J...p.) ABAa IOPOTOBHX YPOBHA @ m b Takwme, 4TO
HepaseHcTBa f () < 2,—a # ¢ (z) >> b 03HAYAIOT CHIIBHOE
HapymieHde COOTBeTCTBYIOIIAX HePaBeHCTB [ (z) >z =
¢ (z) < 0. MoxHO ciegyomuM 00pasoM BBECTH HeTETKHe
MHOKeCTBA IeJ¥M W OrpaHWYeHMH:

0, ecnn f(r) < z,—a,
B (®)=1 p(z, @), ecim z;—a < f(x) < 3,
1, ecnn f(r) > z,,
0, ecau ¢ (x) > b,
Po ()= 1 v(z, b), ecmm 0<eo(z)<b,
1, ecnn ¢ (r) <O,

rie p ® v — Hexoropwe ¢ymxmmm X — [0, 1], ommcu-
BAlOIWe CTeIeHM BHIIOJHEHHS COOTBETCTBYOINUX HEpa-
BEHCTB C TOYKH 3peHHA J. 1. P. ’

B pesyasTare mcxommas 3afada oxasmBaercs chcpmy-
NHPOBAHHO B JOpPMe 3a/{a9d BHIIOJHEHHS HEYIOTKO OIpese-
JIeHHO# meJd, K KOTOpPOil mpMMeHHEM HoAXoX Bexmmama—
3ae.

g*
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B paGorax [26, 27] onucanamM 31ech cmocoGoM aHAaIm-
3UPYIOTCA 3afauM HEYETKOrO JIMHEAHOro IPOrpaMMmpPOBA-
Hus, nprnueM paGora [27] maTepecma TeM, uro B Heit Pop-
MyJIHEpYeTCd COOTBETCTBYIOIad [BONCTBeHHAs 3ajgada o
C ee MMOMOMIBI0 IPOBORUTCS AHANH3 IYBCTBHTEIBHOCTH pe-
IMeHNsA HCXORHOH 3agadd IO OTHOMEHWIO K BapHANHAM
DOPOroBHX YPOBHE U mapaMeTpOB JWHEeFHHX (yHKmmi
p(z, a) u v(xz, b).

3 apmaua III. Heuemko onucana «maKcumusupyeman»
gynryus, m. e. 3adamo omobpaxcenue p, : X XR' —
- [0, 1], 2de X — ynuesepcasvroe mHoxcecmeo asbmepHa-
mus, R — wucaosas ocv.

B arom ciygae pyHKLEA p, (2o, r) UPH KasKAOM PuKCH-
poBaHHOM 7, & X mpencrasiaser coGofi HedeTKoe ommcaH@e
OIEeHKY DesyJIhTaTa BHOOpa AJbTEePHATHBH Z, (HEIETKYIO
ONEeHKY AaJBTePHATHBH T,) WIHM HEYETKO W3BECTHYI0 Peak-
OO0 YOPaBlsgeMOil CHCTeMH Ha yIpaBleHme Z, J3afaHo
TaK/Ke HETIETKOe MHOMKECTBO JONYCTAMHEX AaJbTepHATHB
pe: X > [0, 1].

Hax Gygmer BugHo n3 manbHeitmero (ri. 3), K TaKo#l mo-
CTaHOBKE CBOAWTCA IMHPOKH KJacc 3ajad H.M.HO. IIpo6-
JieMa pa#oHaNbHOro BHG0pa aIhTePHATHE IPHA TAHHOM CII0-
co0e ommcaHHS HEYETKOA HMCXOXHOM MEPOpPMAmUA OGCY«K-
maerca B § 4.3.

3amaua IV. Badanvl o0viuHas MakcuMu3wpyemas
Pynryua f: X — R' u cucmenma oz panunenuli suda @, (x) <
b, i=1, ..., m, npuvem napamempel 6 onucaHUAZT
Pynryull ¢, (x) sadansr Hewemko ¢ opme HewemEuxr MHO-
Jcecma.

Hanpuwmep, B nuneitnom cayyae (X = R") pynxumn ¢, ()
HMEIOT BHJ,

(3
go,.(x)zgla,.jxj, i=1,.. ,m,

a KaKJEH mapaMeTp «,; M b, ONMCAHH COOTBETCTBYIOIIMME
HeYeTKHMHM MHO;KecTBAMW 1, (a,;), v;(b,). O6 murepmpera-
UM TaKoro cmoco0a 3ajaHAA [APaMETPOB T'OBOPUTCA HWUKe
B § 4.3.

OREE U3 NOAXOXOB K PENIeHMIO 3a/{ad HEYeTKOro JTUHeil-
HOr0 IporpaMmmposanus onmcad B paGore C. Heroits u
M. Cynapma [24]. Hmsxe B § 4.3 mpeguaraem apyroit 6onee
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obmuii TWOAXO0[, KOTOPHIE 3aKJI0YaeTCA B CBEJeHHH 3TOH
3aa9¥d K IIOCTaHOBKe 3afa4yn Tmma [, ommcaHHoi B MNaH-
HOM Ppasfele.

3 anmawuaV. Heuemrko onucanv kak napamempu Gyrk-
yutl, onpedessiowylr 02panuyerul 3a0awiL, maK u camol Mak-
cumusupyemoli Pynryun.

Humme B § 2.6 npegnaraerca cmoco6 csemeHus 3Toi
samaud k 3agave III, omwmcamuoit B mamHOM paspeie.

‘ B nocaegyromuXx pasgeiax JaHHOU KHATE MH PaccMo-
TPHM IIepeYHCJeHHHEe BHIIe NOCTAHOBKE 33KaY H.M.I. W
OPeNNoKAM CHOCO0H HX pemeHHd.

2.4. 3apaya MaTeMaTMYECKOTO NpPOrPaMMHUPOBAHHA
PN HEYEeTKOM MHOKEeCTBE OrpaHuvYeHdmi

Ilycts X — yHWBepcaninbHOe MHOMKECTBO AJIbTEPHATHE,
g mycetb ¢ — ¢yuknua X — R, sHadeHmaME KoOTOpOH
ONEHHUBAIOTCA DPE3YJIbTaTH BHOOpPA albTEPHATHB W3 MHO-
yectBa X. B Muoxectse X 3a/faHo HEIETKOE IOAMHOKECTBO
pet X —> [0, 1], KoTopoe MK HasEBaeM HEIETKHEM MHOMKE-

CTBOM [JOIIyCTHMBIX aJbTepPHATHB. 3&]13‘18 3aKJ9aerca
B «MaKCHMHU3anum» B HEKOTOPOM CMEICHIe (bynmmn P
Ha HEYETKOM MHO)KEeCTBe Per

Ilocnemuee o6mee nDpeNIoKeHEWe MOKHO IIOHEMATH
neosako. Ilom «MaxkcmmMmsammei» MOMHO IOHEMATh BHIGOP
| HeIeTKOr0 MOJAMHOKECTBA MHOMKECTBA p., (HEYETKOro pe-

UIeHHSA), KOTOPOMY COOTBETCTBYeT B HEKOTOPOM CMEICIe
HamIydmiee HedeTKOe 3HaUYeHWMe QyHEnmuz ¢. PasyMeercs,
UpefCTABIEHAE PemieHuss B opMe HEUETKOr0 MHOKECTBa
1MeeT CMBICH, Korja Takasd opMa cofepraTelbHO IIOHATHA
Iuny, IPUHAMAIEMY pemeHud (T. e. Korjga J. I. p. TOHA-
_ TeH fASHK HedgeTKoro onmcanuma). Hax 6m To Hm GOm0,
I mofoGHoe HeUeTKOe ONHCAHHWe CTONh ke WHPOPMATHBHO,
KaK ¥ HEYETKOE ONMCAaHFe MCXOJHOTO MHOKECTBA XONYCTH-
MHX aJbTepPHATHB.

Ecam ke n.1.p. He HpHEMIET HEUETKOr0 ONHUCAHUSA
pemeHHd 3ajauW, TO LOJ «MaKCHMHA3ammed» (YHKIUE ¢
[ ClefyeT NOHEMATh pANAOHAJIbHHEIN BHOOP KOHKpPeTHOH
aTBTePHATHBEL MM MHOKECTBA aJbTePHATHB. PammoHass-
| HOCTh IIPH 3TOM DOHEMAETCH B TOM CMEIC]Ie, 9TO npHd BHGOpe
KOHKPeTHOH aJbTepHATHUBH . I.P. ZOJIKHO ACXORUTH H3

L
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Heo0XO0[IMOCTH KOMIPOMHCCA MEKIY SKeJIaHHeM IOJYYHThH
0 BO3MOKHOCTH GoJibmiee 3Hadenme QYHKIUM ¢ M Keja-
HEeM BHOpaTh OO BO3MOMKHOCTA 0(ojiee HOMYCTAMYIO
albTepHATHBY (T. €. JKeJaHHWEM IOJNYYATH IO BO3MOKHOCTH
Gonpmee sHadeHWe PYHKIUM IPUHANIEKHOCTA HEYETKOro
MHOKeCTBa MOLYCTAMHIX AlbTePHATHB).

B npammoM pasfene pacCMaTpHBAOTCA HBA IOAXOJa
K pemeHmio sTo#t 3afauw H.M.n. OfEH ¥3 HAX ONHpaeTca
Ha pasloKeHWe HEYEeTKOT0 MHOKeCTBA OTrPaHHYEHHHA II0
MHOKeCTBAM YPOBHA, a B JPYroM ABHO YYHTHBAETCH He-
o6xonuMocTs yxasaHHOro Bhme Kommpommcca. O6a sTmx
nopxoma ommcams B paGore [30].

2.4.1. Pemenue 1, onnparoimeeca Ha MHOKECTBA YPOBAA
HEYETKOT0 MHO:KECTBAa orpanmdenmii. PaccmarpmBaeMurit
3[1eCh MOAXOJ, IO CYTH Aelia, COCTOUT B TOM, UTO MCXOXHAS
3a7aya H.M.I. IPEeJICTaBIsAETCA B BHAE COBOKYIHOCTH
OORYHEX 3afa1 MaxcEMusanuu QYHKIWE ¢ HA BCEBO3MOK-
HEHIX MHOKECTBAX YPOBHA MHOKECTBA NONYCTAMBIX aJb-
repHaTEB. Ecam ambrepHaTtmBa Z,C X €CTh pemenme 3a-
Ja4m ¢ (r)—> max Ha MHOKeCTBe YPOBHA A, To, rpy6o
rOBOPA, MH CYHTaeM, UTO YHCJO A €CTh CTelleHb HPHHAJ-
JIeKHOCTA AJBTeDHATABH ¥, HE4eTKOMY MHOKECTBY pellle-
HEil mcxopmo#t 3apaum u.M.n. IlepeGpas TarmMm o6pasom
BCEeBO3MOKHEIE 3HAYEHWA A, MH IOAyIEM (yHKnwWo mpm-
HaJJIe/KHOCTH HEIETKOTO0 peIenus.

ITepeiineM x Golee mMoApOGHOMY ONMCAHMIO W AHAIU3Y |
aroro moxxona. Bynmem oGosmagats C, MHOKECTBO YPOBHSA
A HEYEeTKOrO MHOKeCTBa nonyc'mumx aJbTePHATHEB .

Taxmm oGpazom (cM. m.1.1.3),
Ci={z|z€X, py(z) 21}

Haa nwboro A >0 rakoro, uro. C, =%~ (J, BBEAEM MHO-
KeCTBO
NN ={z|z€X, ¢(z)=supe(z’)},
z' 60y

npencraBaAomee co6oii MHOKECTBO pemeRWd o6GHYHON
33/1a4¥ MaKCUMHU3amuy (QYHKOUE ¢ HA MHOKECTB® TeX
aJbTePHATHB, KOTOPHE CO CTEHeHBIO He MeHee A CYMTAIOTCH
OOOYCTEMHIMH B HCXOMHOH 3ajHade H.M.II.

Jna mocTpoenms (YHKOIWA UPAHANJNEIKHOCTH HeYeT-
KOro MHOKeCTBA pemeHmil HEOOXONWMO KayKHKOH axbTep-

4



2.4] HFRYETHKOR MHOMECTBO OTPAHMYEHUH 87

HateBe £ C X mpummcarh CTeIeHb HPHHAJIEKHOCTH dTOMY
muEoKecTBY. Caenaem ato clepyiomuM oGpasoM. CTemensio
OPEHAIJIEKHOCTE AJbTePHATHBH ¥y HEIETKOMY MHOKECTBY
pemenmii GyeM CIMTaTh MAaKCEAMAJIbHOE (TOYHEe, BEPXHIOIO
TPaHb) W3 GHCEN A, JIA KOoTOPHX Zo & N (A). Boxee crporo
3TO BHPAKaeTCs CIAEAYIOMAM OLpPeNeIeHEeM.
Onpenenenune 2.4.1. Pewenuem 18adauu 5. M. 11,
Ha3HBAaeTCA HEIETKOe IOJMHOKECTBO MHOMKECTBA {.,, ONH-

cHBaeMoe (yHKNueldl IPUHANICKHOCTH BHIA

1(z)= sup A\.
b () 1:::61‘?(1)

Cregylomee IpeiIo;KeHENe JaeT BO3MOKHOCTh BHPASHTH
pemenne 1 B Goxee mpocroit dopme.

Ilpennoxenme 2.4.1. Ecau z G suppp!(z), mo
P‘l ()= Pe (.’l:) *)-

HorxasarenscrBo. a) Ecau z Gsuppp! (z) u pt(z) >
> p(2), Tor xseug)m A > p, () ", cnenoBaTenbHO, HaAETCA

raxoe gmcao A, aro A >p (z) m 2 €N (X). Ho mo ompege-
nenuio 2.4.1 z GCx, m moatomy p,(z) >\, T. e. HepaBeH-
cTBO A > p, (Z) HEBO3MOKHO.

6) Ecau z Gsupp p! (z) m p! (z) < p, () man

A =y, 2.41
N < pg(@)=v (2.4.1)

10 i moboro dmema A Takoro, 4ro z G N (\), BHIOMHEHO
zeC,CC,. Kpome Toro, z¢ N(}), Tak Kax B IPOTHBHOM
cayuae u3 (2.4.1) cnemoBano G HEBO3MOJKHO® HEDPABEHCTBO
v<v. Orciona

¢ (z) < sup ¢(2") < sup ¢ (z') =19 (2).
z' 60, z! GOy

910 IPOTHUBOpEuUHe U 3aBepIlaeT JOKAa3aTelbCTBO IpPEJJIOHKe-
Hua 2.4.1.

*) HamoMHmM, 4TO MHOKECTBO Supp (» (z) ompegensercd TaK:

supp p (2) = {z |z € X, p () > 0}.
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N3 upepnosxenns 2.4.1 u ompepenenua 2.4.1 merpymsO
3aKJII0YATH, YTO pemeHme 1 mpemcraBmMO B BHje

pe (2) mpm zC U N (M),
p(2) = »>0
B OCTANBHHX CTyYasx,

u, TakaM o0pasoM, supp p!(r) = 7‘L>JON ().

Bynem roeopurs, uro -pemenme 1 cymectByer, ecian
p!(z) =£ 0 ma muoxectse X. Us ompepmenenma 2.4.1 momy-
uaeM, 4T0 pemenme 1 paccmMaTpuBaemoii 3ajauMm H.M.IL
CymecTByeT TOTHAa M TOIBKO TOrja, KOIfa Halijerca Takoe
ameno A >0, aro N (N5 &.

Heuerxomy pemenmio 1 cooTsercTByer HedeTkoe «MaK-
CHMalbHO®» 3HAYeHHE p(r) QyHKOEH ¢ (), IpeACTaBSAIO-

mee coboii o0pa3 Hederxoro Muokecrsa p!(z) mpu orobpa-
menmn ¢. Cornacuo ompenenennio o6pasa (§ 1.3) momyaaem

po(r)= sup pl(z)= sup sup X, (2.4.2)
€9~ (1) zE€e~I(r) X 2E€N ()

rae ¢ 1(r)={z|z€X, ¢(x)=r}.

Ecnm B 3agage H.M.n. pemenua | He cymecTByeT, TO
MOYXHO BOCIIOJIb30BaTHCA &-ONTHMAJLHBIM HEYeTKHM pelle-
HUeM, KOTOpoe muA 3ajaHHoro & >0 MOKHO ompeiendTh
caefyiomuM 00pa3oM:

pi(z)=_ sup
M TEN (e, )

N N={z|2€X, ¢(z) > sup o (') —¢}-

CoorBercTByIOmee HedeTKOe 3HAYEHHME PYHKIUHM ¢ OMHCH-
BaercA QyHknumell NpmHaAne:RHOCTH pf (Z)= sup p}(z).
z€9~i(r)

IIpenen p, mpu ¢ —> (0 MOKHO MOHUMATL KAK BEPXHIO0
HEUeTKyI0 I'DaHb (YHKIME ¢ HA HEYOTKOM MHOKECTBE ;.

3aMeTnM, 9TO NOHATHE ¢-ONTMMAJHHOTO PEIIEHHSA IIONE3HO
He TOIBKO B caydae, xorga p!(z)=0 mpm mobom z € X,
HO W B TeX caydaax, xorma N (\)— ) mpu HEKOTOPHX A
u3 marepsana [0, 1].

Hanee ycTanaBImBaoTcsA HEKOTOPHE CBOjicTBa pemenua 1,
KOTOpH€ IO3BOJIAIOT JAaTh 9TOMY PEHIeHUI0 HATJIANHYIO HHTED-
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nperanuio. Mu cpopMmynmpyem st cBoficTBa B ¢opme cire-
AyOIUX TpexX MpejjoKeHuil.
HOpegnoxenue 2.4.2,

ro€suppp,=> UNMN) Nt (4.  (2.4.3)
A>0

Hrolnu crosami, 9as 4106020 Ty Makozo, wmo p.,(re) > 0,
Hali0emcs maras asvmepnamusa TEX, umo ¢ (F)=r,
| u £€N (\) npu nHexomopom \>0.

MoxasarenscrBo. Cormacuo ompenerenuio p., (cm.
(2.4.2)) m mHOXecTBa Supp i, 3 JNeBoil yacTH (2.4.3) momy-
qaeM

sup sup A >0,
zEe~I(ry) A zE€N(X)
T. e. HaiifeTcAa TaxaA anprepHatuBa T’ G ! (r,), AIA KOTO-
poii
sup A >0,

A @ @N(\)

a 5T0 B CBOIO OdYepe[b O3HAYAET, YTO HANHMETCA TAKO® UCIO
A>0, gro z' € N (A). Orcrona momygaem 2’ € ¢~ (ro) NV (M),
410 M poKasuBaeT (2.4.3).
IMpepgnoxennme 2.4.3.
ro€suppp,=> sup pl'(z)= sup p,(2)
zE9~t (7o) €9~ (7o)

Hoxasarensctso. [lockonmeky us ompenenernus 2.4.1
cnemyer, uto p!(x) < p, () mpu mobom z € X, 1O

sup pl@)<C sup poy(2). (2.4.4)
z€e™ (7o) zE€9~! (ro)
Momycrem, 9t0 mpm HekoropoM r,Esuppp, B (2.4.4)
BHIIOJIHEHO CTPOroe HepaBeHCTBO. Torja I HEKOTOPOTO
Z, € ¢! (r,) HepaBeHCTBO

pt(z) < pg (o) (2.4.5)

BHIONHATCA TP moboM z € @7 (r,).
Hanee, MOCKONBKY Ty € SUPP fr,, TO COrNACHO IpENIOKe-

U0 2.4.2 wmadimyrea takme z'GX m A >0, uro z' €
€e(r)NN (2). U3 roro, uto 2" €N (A\) m A >0, caexyer
cornacHo ompegenenuio 2.4.1, uro pl(z")=yp,(z') >} n,

-
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ciaemoBarenbHo, u3 (2.4.5) monmyuaem, ut0 p,(zo) >,
T. e. 2,GC,.

Us oro, uro ' €N (N) m 2’ €¢72(ry), T. . ()=,
monyuaeM

¢ (z")= sup ¢ (z) =r, =10 (z,),
G0y

TaK Kak z, ¢! (r,). Orcooma z, €N () u, cormacHo ompe-
menennio 2.4.1, p!'(z,) =g, (%,), uTo mpoTuBopeunrt (2.4.5).
ITO IPOTHBOpEUME B3aBEPIIAET JOKA3ATENbCTBO IpeJIoyKe-
Hua 2.4.3.

Hpepnoxmenne 2.4.4. PDyuryus p,(r) monomonno
ybbleaem Ha MHoONcECTNGE SUPP P .

NoxasarenscTBo. J{0cTATOYHO TIOKA3ATH, YTO Bo(r) <
Sy (ra) AN MO0HIX 7y, 1y €SUPD p, TAKEX, UTO Ty T,
JomyctrM mpOTHBHOe, T. €. 9TO [IA HEKOTODPHX Iy > T,
U3 MHOKECTBA SUDDp., BEIIONHEHO HeDaBeHCTBO p(ry) >
> p, (ry). Torpa, cormacmo mpepnomenuio 2.4.3, momyuaem

sup p; (2)> sup p,(2),
2€9~" (1) zEe~t (1)

T. e. Hafimercn z, G ¢! (r,) Taroii, 4TO HepaBEeHCTBO

o (21) > 1 (2) (2.4.6)

BHIOONHsIeTCA npu JoboM z € X.
Manee, mockonbKy 7, € SUPP g, TO U3 UpeAIOKeHHs 2.4.2

3aKiioyaeM, 4TO0 Halixyrea Takme z, G 9 ' (ry) m A >0,
uro Z,EN(N), T. e. ry=20¢(z,)= seucp o (z).
z€0)
Kpome Toro, orciona u us (2.4.6) sakniouaewm, uro z, € C,,
CJIe0BaTeNBHO,

7'2-1:?(xz):':gg‘?(x)>‘?(x1)=rv

WA Iy 2> Ty, 8 5T0 NPOTHBOPEYHT JONYMEHHIO O TOM, 9TO
r, > r,. IloryueHHOe HpoTHBOpedMe 3aBepmiaeT HoKasa-
TeIBCTBO Ipefyiomenusd 2.4.4.

O6cymuM Temeph HEeCKOJBKO IOApoGHee CBOMCTBA pe-
merna 1, KOTOpoe YCTaHOBJEHO B UpeRIOKeHEmE 2.4.4.
Herpyano Bumers, 9ro QyHKOUA p., (r) onpemeneHa Taxmm
o06pasoM, 9TO ee 3HAUCHHE JJIA JaHHOrO r G R! ecTh MaKcH-
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MaldbHAS CTelleHb NPHHAVIGKHEOCTH MHOKECTBY p, ()
albTePHATHABH ¥, Ha KOTOPo#X QyHKmWA ¢ (r) mpuamMaer
spagenme r. Cormacmo wnpegnokenmio 2.4.4 ¢ysrmums
Po (r) MoHOTOHHO yOEHIBaeT Ha MHOKECTBE Supp Bo. ITO
03Ha4aeT, B YACTHOCTH, YTO B MHOKeCTBe X HET TAaKOH alb-
TePHATUBH, AJA KOTOPO# OJHOBPEMEHHO BHIIOJIHAIMUCH GHI -
HepaBeHCTBa p; (2) > p, (1) >0 7 ¢ (z) > 71, T. e. mHer
taxoro aiaeMenTta z & X, KoTopui mMea GH GoabmIyIo, 9eM
P, (), CTeNeHb NMPUHAMIEKHOCTH MHOKECTBY f., W JaBal
6  Ooxbmiee, dWeM r, B3HaUYeHME MAKCHMHUBHPYEMOH
¢yHKINH.

Ecam n. 1. p. mpeamoamTaer BHOpPATh B Ka4eCTse peime-
HAA KOHKPETHYI0 aibTepHaTmBy z (& X, TO ero BHGOD KO-
7eH OIMPAThCA He TONBKO HA CTeNeHb NPHUHAJJIeHKHOCTH
9TO# aNbTEePHATHBH HEYETKOMY MHOMKECTBY (., (z), HO ¥ Ha

COOTBeTCTBYIoMee 3HaTeHye ¢ymExmmm ¢ (r). Kak caemyer
u3 NpepnokenmA 2.4.4, 4eM Goiblle 3HAYEHHS Iy, TeM
MeHbIIe CTelleHb NPUHAMJIEKHOCTH p, (T) Toif ajbTepHa-
TUBH, KOTOpasA faer 3HadeHWme ¢ (z)=r,. [losToMy a. m. p.
AOKHO CHAJajda O6GpaTHThCA K HEIETKOMY (MAKCHMATIb-
HOMY» 3HaYeHHIO p, (r) ¢yHKNEE ¢ (z) @ BubpaTs mapy
(To, 1, (ro)), KOTOpaA COTIACyeTCsA C €ro ;KeJaHHeM IOJy-
9ATH 10 BO3MOKHOCTH (oJbIIee 3HAYEHHE I'y M B TO Ke
BPeMs IO BO3MOKHOCTH GOJBIIYI0 CTEHEHh NPHHAIJIEHK-
HOCTH BHIGPAaHHOIO ry, MHOKeCTBY , (r). Ilociae BmGopa
TaKO# NapH HMeeT CMEICJ BHIGPATh TAKyl0 ajlbTePHATHBY
2y G ¢ "t (ry), KOTOpadA MMeeT HAUGOJBIIYIO CTENEHH HPH-
HA[IIYKHOCTH MHOMKECTBY p., () (WIm anbTepHATHBY, KO-
TOpas B HEKOTOPOM CMEICIE OIH3KA K ). -
Nzinoxennrii 3MeCh WOAXOA K ONPENENEHHI0 PemeRHus
3ajadd H. M. II. HeyRo0eH B IByX OTHOmMEHHAX. Bo-mepBrix,
B HOJYIeHHOM peIIeHHH HEJOCTATOYHO ABHO YYHTHIBAETCS
HeoGX0[UMOCTh UIpPE BHOGOpe AaJTbTePHATHE KOMIPOMHCCA
MeKAY 3HAUCHWAME MaKCHMA3BWPYeMOi (QYyHKOHE m 3Ha-
9eHHAMHO CTeIleHH JOIYCTAMOCTH alXbTepHaTHB. Bo-Bro-
PHIX, 9TO DelIeHMWe HeyXoOHO AnA BEUUCIeHmil. B caemyro-
meM pasfene BBONUTCA [APYroe ONpefeleHWe pelleRnsd,
KOTopoe He o0/1afaeT yKa3aHHKIMH HEJOCTATRAMHE U B TO 3Ke
BpeMsi YKBHBAJIGHTHO pemeHmio 1 B TOM CMEICIe, 9TO [aeT
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TO ’Ke caMOe HeUYeTKOe 3HaYeHHe MaKCHMu3HpyeMoil QyHK-
oEd §.

2.4.2. Peulenne 2 M 3KBHBAJICHTHOCTb pelleHdil 060nx
TanoB. B mamaraemoMm specs mopxome K OIpeeNeHHIO pe-
meHHA 3a4add H. M. II. ABHO C CAMOTO0 HadaJjla YUHTHIBAETCS
TO, 9TO NIIPH BHODE albTePHATHB J. II. P. KOJIKHO PYKOBOA-
CTBOBAThHCS ;KEJAHMEM NOJYINTH BO3MOKHO Gonblme 3HA-
9eHMUs KaK MaKCHMUBMPYyeMO# (QYHKIWH, TaK U QYHKIHAA
OPHHATIEKHOCTH HEYeTKOTO MHOKECTBA JONMYCTHMHIX allb-
TepHatuB. [ 9TOTO B ONpefeleHHe pPeIIeHUsA BKJ0OYA-
I0TCA JHUIIb Te aJbTePHATHBH, KOTOPHeE B 3afadaX MHOTO-
KPUTEePHAJIbHONX ONTHMHU3AAY HA3HBAKOTCA 3PPeKTHBHEMHA
miI¥ MaxkcuMajbHEIMHE no Ilapero.

AnprepraruBa z,€C X wHaswBaerca 3QdexTHBHOH IpH
AByx ¢yuknmax ¢(r) u p,(r), ecmm maa moboit Apyroi
ansrepHatuBH ' € X 13 HepaBeHCTB ¢ (z') > ¢ (z,) M p, (') >
> v (o) cnemysor paBencTBa ¢ (') =¢ (,) U p, (') = p (2o)-
Nusnivin cnoBamu, ecau z, — dpdeKTUBHAA anpTepHATABA
maa pysruuit ¢ (z), p,(r) Ha MnoxecTBe X, TO BHOOPOM
mo6oit xpyroit anprepHatHBH €3 X HEBO3MOKHO YBEIH-
YUTH (IO CPaBHEHHIO ¢ ¢ () WU p,(T,)) 3HAUeHUe ONHON

QyHKIMU, HE yMEHLIUWB NPH 3TOM 3HAYEHMA APYTOi.

B sagauax npmHATHA pemeHmi ¢ HECKOJbKEMH KpHUTe-
pUAME MHOKECTBO 9Q(eKTUBHHX aTHTEPHATHB Ipefiara-
eTCA I. 1. p. B KAaUeCTBe MHOKECTBA €ro BO3MO)KHHEIX pa-
OUOHAJBHHX BuGopoB. (O sagayax OPHHATHA pPeEIIeHMI
IPA HECKONbKHEX KPHUTEPHAX CM., Hanpmmep, Kuury [31].)

Urak, nycts P — MHOKeCTBO BCeX 3(PeKTHBHHX alb-
TePHATHB JJIA PACCMATPHBAEMHX B 3ajaue H.M. . yHK-
nmi ¢ (z) @ p, (7).

Onpepmenenne 2.4.2. Pewenuem 2 3adauu w. M. n.
Ha3LBAETCA HEIETKOE MHOKECTBO ¢ YHKIWEH OPHHATIENK-
HOCTH BHJA

o2 (2) = o (x) mpu z € P,

0 B ocrampHEX CclyYaAx.

B aroM ompeneneHmM ABHO IPeAIOJIaraercd, I4To J. IO. P.
JOJKHO HCIIONB30BATH B CBOEM DeNIeHWH JIWIIH Te anbTep-
HaTHBH YHHBEPCAJIBHOT0 MHOecTBA X, KOTOPHe HAIOT
OTHOBPEMEHHO HeyJIydmaeMie 3HaUYeHUA QYHKOEHA ¢ A p,.
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CoorercTBylomee pemeHul0 2 HEYETKOE 3HAYCHHE
GyHKOEM ¢ 3aOUCHBAETCA B BUAE

2 (p) — 2 1
pe () S0P (z), rER

ITorasxem Temepp, YTO NMPM HEKOTOPHX IPERHONOKEHUAX
pemennsa 1 ®m 2 {alOT OgHO M TO jKe HeYeTKOe 3HAUEHUE
OyHKDHEH ¢.

Teopema 2.4.1. Ecau muoxecmso X komnaxmuo,
Pynkyus ¢ Henpepvisha Ha X, a PYHKYus p, noayHe-
npepwviena ceepry Ha X, mo npu abom r € R! evinos-
HAEMCA PAseHCmeo

pe (=13 ().

JoxazaTenbcTBO. 3aMeTUM CHAyana, 4T0 B YCJIO-
BUAX TEODEMH MHOKeCTBO ¢! (r) 3aMkHyTo B X mpH JIIO-
6om rGR' m, cnemoBarensHO, ANa aoboro rER' Hail-
Aeres o€ ' (r) Takoe, uTo

sup p!(z)=p! (z,). (2.4.7)
z€p~!(r)

HJonycray, gro Haitmerea ry€ R', paa xoroporo pi (rg) >
> (r,) nm
sup p!(z)> sup p?(2). (2.4.8)

zEe~1(r,) x€p~1(r,)

B cuny (2.4.7) u B ycnoBmax TeopeMn Bpaskenue (2.4.8)
MO)KHO 3amucaTh B caexylomeit gopme:
B (@)= max p,(z)= sup p'(z)> sup p*(z),
€~ (1) €9~ (1) €~ (1)
(2.4.9)

OTKyHa clemyer, 9To
e (Zo) > p? () mna moGoro z € ¢ (ry). (2.4.10)

a) Ecmm p?(z) >0 pgna msexoroporo zGe¢7l(ry), TO
p?(x) =p, (z) = momyuaem

¢ (Zg) =¢ (@) =1y Py (Zo) > 1y (2)-

Ho »T0 mpormBopeunt ToMy, 4TO Z — dddeKTUBHAA anb-
TepraTHBA WA QYHRIUA ¢ B p,.
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6) Ecan p (a:)—O Aansa moboro x G ¢t (ry), To mobGas
aJlbTepHATABa xEqa (ro) Be ABnserca sddexTHBHOH, T. e.
ana moboro z' o7l (ry) malimeress x € X rTaxoi, 4ro

@) Ze(@)=ry p,(@)>p, () (2.411)
A ’
?(@) > () =ro 1, (@) >0, (") (2.4.12)

Ho ecnmm 2" €97 (rg)NN(2) mna mexoroporo A >0 (cm.
npeanoxerue 2.4.1), To u3 (2.4.12) momyzaewm, uro z€C,
¥, Cllef0BaTe/IbHO,

¢ (@) Sro=r¢ (),
9TO IpPOTHUBOpEYNT HepaBeHcTBaM (2.4.12).
Uro kacaercs HepaBeHcTB (2.4.11), TO OHH He BHION-
HAOTCA JIA &' = Z,, WOCKOMBKY G ¢ (r,) m
g (%) = Jax g (2)-
, ~i(ro)
Orciopa monywaem, uro pi(r)=up2(r) Vr€R'. Teopema
JOKa3aHa.

Wrax, nmpueATHe pemeHWi 0 IePBOMY W BTOPOMY H3
ONMCAaHHHX MHOAXONOB leKBOIlHT K ONHOMy H TOMYy ¥Ke
pe3ynbTary.

Cornacuo ompefeneHmi0 2.4.2 HAXOMKIEHWE PENICHHUS
2 cBomETCA K OmpefeleHHMI0 MHOKecTBa P 3eKTHBHBIX
anbTepHATHB ANA QYHKNMIA ¢ ® ;. OMHAKO 5TO MHOMKECTBO
comep:KaT, BooOme ropops, GeCKOHEYHOE YUCIO DJIEMEH-
TOB, mpuIeM HeT 3PPeKTHMBHOro cmocofa ero ONHUCAHMS.
BMmecre ¢ TeM [iA mOAyYeHWA pemeHdA 2 B KOHKPETHOH
3aflade IPAKTUIECKH [OCTATOYHO YKA3aHAA KOHETHOTO
gncia 9PeKTHBHEX aJIbTePHATHB, OCTATOYHO PABHOMEDHO
BHODaHHHX W3 MHOKecTBa P.

Iln1a HaXoKOeHHMsA TaKHMX AalbTePHATAB MOKHO BOC-
NOJB30BATECA CJHENYIOIAM MHOYTH OYEeBHTHHIM (AKTOM.
Ecanm pgiaa sexotopux gucex v; > 0, v, > 0 axsrepHaTHBa
Z, HOCTABIAET MAKCEMYM (YHKIHH

L (z) =v,9 () + vair (2)

Ha MHOMKecTBe X, TO 9Ta albTepHaTHBa ABIAETCA dPdeK-
THBHOK A QyEKmmE ¢ m p,. [leicremTenrro, m3
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ROOyMeHHA O TOM, YTO YINOMSAHYTas BHIIe albTePHATHBA
He ABIAeTCA 3PPEeKTHBHOH, BHTEKaeT CyI[eCTBOBAHHe
anpTepHEaTEBH z' G X, IIA KOTOPOH BHIONHAKTCA IHGO
HepaBeHCTBA

¢ (2) >0 (o) 1 (%) 21 (),
nu6o
¢ (.'L") 2 9 (%o)s by (x,) > Pe (Zo)s

OpoTUBOpeYAInue TOMY, 9TO &, KOCTABJIACT MAKCAMYM QyHK-
mea L (z). .

Taxkum o06pasoM, mpuaaBas Pa3IMYHHE IOJOMKUTEIb-
BHe Beca QYHKOMAM ¢ W [, W MAKCHMH3UPYA COOTBET-

creylomue ¢pyrrmum L (z), Mo:xHO ompefennTs ao6Goe Tpe-
Oyomeeca 4mciI0 3PPEKTUBHEIX aJbTepPHATHE.
ITonydennsie OpE 9TOM aJbTePHATHBH BMeCTe C COOT-
BeTCTBYIOIIUME WM 3HAYeHHAMH (QYHKOWE ¢ m p, Ipef-
CTaBJIAIOTCA J.II.P., KOTOPOE U JelaeT OKOHYATeIbHEI
BHOOD W3 HEX, UCXOMA W3 CBOMX CYO'heKTHBHEIX IPeCTaB-
nenmit (WI¥W MOJAB3yACh MHEPOPMaNHell, He YITeHHOHR B [JaH-
HOH MaTeMaTHYeCKO# Mofean) 00 OTHOCHTeIBHON BayKHOCTH
3HaUeHHA QYHKIUA ¢ W CTeIleHH NOIYCTAMOCTH ., albTep-

HATHB.

B sakmouenme 3Toro pasgena M KPAaTKO 06CyamM
DOAXOM K 3afa4aM H. M. II., npeioskenari B kKanre K. He-
roiitar m 1. Pamecky [25].

CyTh 9TOro mOAXOAAa BaKIIIAETCA B TOM, 4TO 3ajaua
«(MaKcEME3anu#» (YHKIUE Ha HEIETKOM MHO;kecTBe (op-
MyJampyercs KaK 3ajiada JOCTHKEHHUS HEYETKO ONpeelieH-
HO# [eJu THNA PAcCMOTPeHHOW B MPpeNBIAYIIeM paspede.

3agaunas ¢yExoua ¢ (r) (sopmEpoBaEHAs K 1) momm-
MaeTcA IPH 3TOM KaK QYHKIHA NPHHALIEKHOCTH Heder-
KOrO MHO;KECTBA IeJd, a PemeHHe 3aJaud OHmpPefedseTCH
KaK IepecedeHre HEYeTKUX MHOKECTB NEIH H JOIYCTHMEIX
anpTepHaTms. VHEIME ClOBaMH, peNIeHMe HMEeT BHJ

¢ (z)=min {¢(z), p,(2)).

IIpm meoGxommmocTu BHOOpPa KOHKPETHOH aabTepHA-
THBH IpejjaraeTcA BHOMpaTh Ty, KOTOPasA HMeeT MAaKCH-
MaJIbHYIO CTeIeHb NPUHANIEKHOCTH 3TOMY PelleHHIO, T, €.
HOCTaBIAeT MaKCHMyM QyHRIAH p (Z).
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CpaBHEM Temeph 9Ty PeKOMEHJANMIO C TeM, KaK Ompe-
HesfAercA pelleHHe 3aadd H.M.I. IO ONMHCAHHOMY B 3TOM
pasgmene BropoMy moxxopxy (pemenme 2). Herpyauo yGe-
AUTHCA B TOM, 4YTO AaJbTEPHATHBA, MAKCHMHU3HPYOINAS
¢yukomio p (r), ABIAAETCA OXHOA 73 3PPEKTHBHHX aldb-
TepHAaTHB AiA Qymkmmit ¢ m p, Ha MHOkecTBe X. B pam-
KaxX ’Ke aHAJIU3UPyeMo#l MareMaTHWIeCKoil Momeam addex-
THBHHE AIbTEPHATUBH HE CPABHUME JAPYT C APYroM, Tak
KaKk B MOJeJd HeT HHQOPMANWHA, N0Jb3yACh KOTOPOi
MOKHO OBLIO OH CyoETH O TOM, 9TO OfHA 3QPeKTHBHAS
anbTepHATHBA Jydme (Wid He XYyKe) KaKo#-1ubo Apyroi
s>PpPexTnBHON anbTepHATHBH. ITO 03HAYAET, UTO BHOOD
cpenu SQPEKTEBHHX aJbTEPHATHB MOKET CHeNaTh JHUIMb
J. 1. p., obnaganmee Kakoit-nu6o nEpopmManmeit (maum coood-
pasKeHHAMH), BHEITHEH IO OTHOIIEHWIO K NAHHOU MaTeMa-
TAYECKOX MOJeIH.

Taxkmm 00pa3oM, pelleHHe paccMaTPHBAEeMOH MaTeMa-
THYECKOi 3aaqd JOJKHO BKIYATH B ceGs BCe MHOKECTBO
3 eKTHBHEX aXbTePHATHB WIH IO KpaliHell Mepe AocTa-
TOYHO GOJBIIYI0 BHIGOPKY M3 3TOr0 MHOKeCTBA. BriGop ke
KOHKPETHOH aJbTePHATHBH K3 JTOT0 MHO)KECTBA CIeXyer
OCTaBHTH HA YCMOTpPeHHE J. I. P.

2.5. Urps1 B HeueTKO omperielleHHO OOCTaHOBKe

2.5.1. Beenenne. [Jo cmx mop MH pacCMaTPHBAIU
3a[la9M NPHHATAS PemeHHil, B KOTOPHX Pe3yJabTaT (3Hade-
Hue QyHKIUE ¢) ORHO3HAYHO OIpefexsicsa pefcTBmAMU
a.u. p. Taxkme 3afaud MHEPOKO PacHPOCTPAHEHH B IPAK-
THKe.

BMmecre ¢ TeM B DKOHOMHKE, BOGHHOM [elle W MHOTHX
OPYTEX 006JacTAX 9eJ0Be4eCKOHD eATEeNbHOCTH daCTO
BCTPEYAIOTCS CHTYalWW, B KOTOPHX BHIIOJHEHWE IeNU
WM Pe3ylbTaTH NPHHATUA DENIeHWH ORHEM JUIOM (MiId
IPYIOIo# JIWif) 3aBUCAT He TOJIBKO OT [eAACTBHUI 3TOT0 JHNA,
HO H OT fAelicTBuil (pemeHUil) APYroro JWNa ZIA TPYINE
1HIn, TpeclelyiMPX CBOH COGCTBEHHEIE I(€JH.

B cBasm ¢ aTmM npu aHAJIW3e MOKOOHHIX CHUTyamui
C Ielbl0 ONPENeNUTh PAmUOHAJBHEIEA CI0CO6 mOBeXeHH
HeoGX0AMO YYHTHIBATh ¥ BO3MOKHHE NEHCTBHA mapTHe-
poB. B BoeHHOM [ene, HampuMep, ycHmex IPOBeeHES
omepanud HeBO3MOKeH 0es ydJeTa BO3MOMKHKIX jelfcTBuir
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nporuBHEEKA. [Ipm ynpaBleHHE 3KOHOMHYOCKOH CHCTeMOR
HeOOXOEMMO YJYUTHIBATH, UTO MOBEJEHWE MofcHCTeM (Ha-
nmpmMep,  OTHEJNBHHX  NpeAupHATHA)  OmpefelseTcs
He TOJBKO (H3WIECKAMM WJIW WHHMHA O0BEeKTEBHHIMHA 3a-
KOHOMEDHOCTSIMA, HO ¥ WHTEPECaMd YYaCTBYIONIUX B 3THX
MOACHCTEMAaX JIIofelf, KOTOpPHe MOryT He COBHA/ATh C HWH-
TepecaMm ympasisoomiero opraHa. flcEo, 4ro momoGHEIX
NPEMEPOB MOKHO IPHWBECTH O9Y€Hb MHOTO.

CaTyanmm 5TOr0 THOA OPUEATO HA3HBATH HTPOBHIMA
(urpamm). MareMaTHueCKHe Mofend TaKAX CHTyanuil m3y-
9aeT TeOpHsS WI'P — MOBOJBHO OOMIMPHEIA OTAEN IPHKJIAJ-
Hoit Mmaremarmku. (CMm., Hanpmmep, xmurm [32—35].) Oc-
HOBHOEe HANpAaBJIeHHE B TEOPWH HUTP CBA3AHO C BHPaboOT-
KOA W aHa/JIW30M OPHUHI[AIOB PAaUHOHAJBHOIO IOBEXEHUA
HMIDOKOB B PA3IUYHEIX YCIOBMAX.

IToskanyit, HamGoabimee BHEMAaHWE WCCIENOBaTeNER
B TEOPHH WD IPEBIEKAOT JBA TEOPETHKO-UTPOBHIX IPHH-
OHUOa PaNEOHAJBHOCTH: HOPHWENNN HAWJIYYOIEro rapaHTHd-
POBAHHOro pPes3yiabTaTa W NPHUHIHI, ONHPAIOIMAACH Ha IO-
HaTde pasHoBecusa. O06a 3THX NPHENWOA WCIOJB3YIOTCA
HIKe B aHAJH3e TP B HEYETKO OIpefelleHHOA 06CTaHOBKeE.
3necs MH KpaTKo OOGCYqEM 5TH NPHHIANL, CYATAA A
OPOCTOTH, 9TO B Wrpe YYacTBYIOT JWIIb ABa IapTHepa.

B cooTBeTcTBEE C npUHYUNOM HAUIYHWE20 2aDAHMU-
POBAHHO20 pesysbmama WUrPOBas CHUTYAIHUS pPacCMaTPH-
BaeTCA KaK 3ajaJya OPUHATHSA DeImeHdi OFHHEM W3 HIPO-
KoB (0JIA OmpefeJIeHHOCTHA Ha3oBeM ero mrpoxoM 1). Bu-
Gopu Opyroro HWrpoka (Arpoka 2) CYATAOTCA HeOIpe-
neleHHEME (akTopaMd. ITa HEONPEAEeJeHHOCTH MOIKET
3aKJII09ATHCSI, HAIPEMEP, B TOM, 9TO HIPoKy 1 B MoMeHT
NPHHATHA peIIeHNsA HW3BECTHA HE KOHKPETHAA peaxmus
(Bmbop) mrpoxa 2, a JUmMb HEKOTOPOE MHOMKECTBO €ro
BO3MOKHHX peaxnmit. YeM Goiabmie u3BeCTHO HIpoKy 1
06 WHTepecaX ¥ OrPaHMYEHHAX HTPOKA 2, TeM «YKed DTO
MHOKECTBO, T.” €.” TeM MEHBIIe HEeONPeIeJeHHOCTh B ero
MOBEeHNH C TOYKH 3PeHHs Wrpoxa 1.

B ocHOBe IpHHENEODA HAWIYYIIEr0 TapaHETHPOBAEHOTO
pesybTaTa JIE)KHAT MOJOKEHHe O TOM, UTO PANMOHAIBHEIM
ABIAETCA Tako# cmoco6 omenkm mrpoxkoM 1 csomx BHGO-
pOB, P KOTOPOM OH DPaCCYATHBAET HA HAMXYAMYIO A
Hero peakmuio MTPOKA 2 W3 MHOKECTBA BOSMOKHHIX Peax-
muii mocneguero. Hamiyume# npm 9TOM eCTeCTBEHHO CYH-

7 C. A. Opuoscknit



98 MATEMATHYECHKOE ITPOTPAMMUPOBAHUE [ra. 2

TaTh Ty W3 crpateruit (Bh6OpoB) mrpoxa 1, KoTopoit coor-
BETCTBYET HAWJIYImas OIEHKA.

BakHEEIM B IpPHMEHEHWHA B3TOr0 NPHUHNHIA ABJIAETCA
TOYHHI ydeT Bceii mHPopManumm o0 Hrpoke 2, KOTOPYIO
arpok 1 GymeT mMeTh B MOMEHT NPHHATHA PemeHns, IO-
CKOJBKY WMEHHO 3Ta wuHQOpPMANUA MNO3BOJAET 3TOMY
HTPOKY CYZHTh O BO3MO)KHHX peakmuAX IapTHepa Ha ero
BHIOODHL.

Cronrs rEOKO NHOHEMAeMHil NPHHOAI HAWIYYIEro
rapasTupPOBAHHOTO pe3yibTaTa OB BIEpPBHE CHOpPMyIn-
poBau 0. B. T'epmeitepom. Ilogpobuoe oGcysxmenne sToro
OPWHIAIA, a TAKKe aHAJIN3 OPHHATHAA DeIIeHH# Ha ero
0CHOBe B Pa3H000pasHHIX CHTyaNdAX, AMEETCA B KHHTaXx
[0. B. Tepmeitepa [33, 34].

Euje OQEH NpMHEOAI pPamUOHAJBHOCTH, KOTODHI Hc-
MOJb3yeTcsl HWKE B AHAJNW3€ UTP C IPOTHBONIOJIOKHEIMU
uaTEepecaM® (LeIME) HWrPOKOB, ONMPAEeTCA Ha IOHATHE
cumyayuu pasnwogecus no Hemy. Ou npumenmM B Tex
cayYasX, KOrja WCPOKH HMEIOT BO3MOKHOCTH JOTOBapH-
BaThCA APYT ¢ APYTLOM C IENbI0 BHPAGOTKE COBMECTHOTO
B HEKOTODPOM CMHICJIe B3aWMOBEITOXHOTO HOBENEHUA.

B cooTBeTcTBHE C 3TEM NUPHMHIANOM pPanAOHANbHEIM
CYHTAeTCA BHOOP MIpPOKaMuW HEKOTOPOA HapH CTpaTerwui
Zy, Yo (O OMHON KaKAHIM MTPOKOM), obiamaromeldl ycroi-
YABOCTHIO B CJHEAYIONEM CMEICJIE: OFHOCTOPOHHEe Hapyle-
HEe JIOTOBOPEHHOCTHM He BHITOJHO HA OJHOMY W3 MUI'DOKOB.
HNanMm  croBamu, ecau Hanpmmep, urpox 1 sreiGeper
CTPATerui0 & BMECTO Z;,, a HTPOK 2 OCTAHETCH (BEPEH»
CTpaTerdd Y,, TO BHEIPHII HrpokKa 1 B nyumeM caygae
ge mamenmrcsa. O6nafaiomas TakoH yCcTOMYMBOCTHIO mapa
crparermit (ry, Y,) Ha3HBaeTCA CHTyanueil paBHOBECHSA
o Homy.

IIp= Beeit cBOel NPUBIEKANBHOCTA 3TOT IPHARIIAIl HMeeT
IBa HEMAJOBAKHHIX HEOCTATKA. Bo-mepsHX, CUTyamum
paBHOBECHS, Kak IPaBHIO, HOYCTOHYMBH IO OTHOIIEHUIO
K H3MEHEHHIO CTpaTermii 060MMHE MTPOKAMA OXHOBPEMEHHO
(mampmmep, 06a ErpoKa MOTYT HOJY9IHTh GONbIIAe BHIHTI-
pHmE B Kakoii-nmGo APYyroi, BooGme rosops, HEPaBHO-
BecHoil cmryamnunm). Bo-BTOpDEHIX, B mrpe OOLIYHO MMeeTCH
MIEPOKOe MHOKECTBO CHTYAaNWd PABHOBECHS, IpPHYEM Off-
HOMY H3 HTPOKOB MOTYT OHTH IPEANOYTHTENBHE ONHH
W3 9TUX CHTyammii, a JPyroMy — Apyrume. JTo IPenATCT-
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ByeT MOCTIDKeHHI0 [OTOBODEHHOCTH MEXKAY HIPOKaMm
0 BHOOpe KOHKpeTHOH cwWTyamum papHOBecua. IlompoG-
Hee O CATyamuWAX DPaBHOBECHA MOKHO IPOYeCTh B IHTH-
POBAHHHX BHINIEé KHWUraX II0 TEOPWH HTP.

HawGonee «ymaumey cHETyammem (Wrps [gBYX JIHI),
B KOTOPHIX HMEIOTCSA CTPATerud WrPOKOB, PANMOHAIHHEE
OfHOBPEMEHHO 10 000MM ONHMCAHHLIM BHIIe IPUHIEIIAM.
TaxkuM cBoiicTBOM 001agal0T MHOTHE WIPH JBYX JIHI[
¢ HyJxeBoil cyMMoii (aHTaroEmcTAYecKue mrpH). Hmue Mu
MOKajKeM, 4TO B OIPeJeJeHHON CTeIEeHH 3TO CBONCTBO IPH-
Cylle ¥ HEKOTOPHM WIPaM C HPOTHBOIOJIOKHEIME IeIAMA
B HEYETKO OmpeeleHHOX OOCTaHOBKe,

B mannoMm pasfiesie OMECHBAIOTCSA UIPH B HEYETKO Ompe-
nmexernoir obcramoske [30, 36], T. e. WrpH, B KOTOPHX
oeJu ¥ JomycTEMbie BHIOODH (CTpaTermm) YYaCcTHAKOB
ommca"ll B (gopMe HEUETKHX MHO)KeCTB. IIpm amaamse
TAKAX Urp MH GymeM ImOJAb30BAaTHCA MOZXOMAMH K 3aqaiaM
H, M. 0., ONHCAHHKIMH B OBYX OPeJHAYIIEX pasgeiax.
Nsnomenne orpaHudmpaeTcA JWMb HrpaMam ABYX JIMI,
OHAKO MHOTMe W3 NHPHBEXEHHHX HIBKE Pe3ylbTAaTOB He-
TPYAHO pPACHPOCTPAHATH M Ha CJaydail Goixbmiero Ymcia
YYaCTHHUKOB.

2.5.2. Onucanue urpst. Ilycrs X m Y — ynusepcaiasb-
HEIe MHOKECTBA CTpDaTerHWil, KOTOpHE B HOPHHIUOE MOTYT
BrOupars mrpoke 1 =m 2 coorsercrBenHo. JlomycrmMuie
CTpPaTerud HIPOKOB ONMCHIBAIOTCA HEYETKAMH MHOMKECT-
pama pl: X - [0, 1] = p% X — [0, 1]. Bume B § 2.2
yKe TOBOPHJIOCH O BO3MOKHHX HMHTEPIpPETAmAAX ITHX
HeYeTKMX MHOKeCTB. 3amaHs QyHKUUHE f,, f,: X XY — R},
npundeM 3HaveHme f; (z, y), i=1, 2, mATepupermpyercsa
KaK OIEHKAa HMIpokoM i curyammm (z, y). Muroxectso R’
(amcaoBasA 0Ch) MATEPIPETHPYETCA IPH 3TOM KaK YHHBED-
CaJbHO® MHOMKECTBO OI[CHOK.

Kaxmsiit W8 HrpOKOB CTPEeMHUTCA K MOCTHKEHHI0 CBOEH
HedeTKO ommcamHo# menu. Bygem cumrars, 4ro Imean
ATPOKA i ONMCHIBAETCA HEYETKEM MHOKeCTBOM G, B yHH-
BepPCATbHOM MHOKeCTBe OmeHOK R! ¢ ¢yHKumme#r mpmuap-
neuocta i R'—[0, 1]. O6 muTepuperanmu Taxoi mean
ropopaiaoch B § 2.2, 3ameTEM JImmb, 4TO Iiejlb, MMOCTaB-
leHHAA Hepef MIPOKOM, MOKET OKasaThCA WJI0XO0 HJIA BO-
00Ime HECOBMEeCTUMOH C ero BO3MOKHOCTAMM, T. €. HAIPH-
Mep, ¢ MHOYKECTBOM ero JOIYCTUMEIX CTPATEruil WiH ¢ HMelo-

T*
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meiica y Hero mH(opManmeit 06 mHTepecax m orpamnmge-
HAAX Apyroro urpoxa. IlogpoGuee aToT BOmpoc paccMar-
pEBaeTca HEUKe.

Jna aEan@msa moBegeHHA UTPOKOB B CHOPMYJIEPOBAH-
HOM Wrpe MH BOCHOJB3YyeMCS MOLXONOM, ONHMCAHHEIM
B § 2.2. B cooTBercTBEE € 3TEM HOLXOJOM IIeJIb UTPOKA i
M GyfeM ONHCHBATH HEUETKHM MOJMHOKECTBOM MHOMe-
CTBa CUTyammE# BHIA )

ué (z, y)=p:(f:(x, y) (= y) €XXY.

Herpymno BupeTs, 4ro 3ajgaHHOe HeYeTKOe MHOMKECTBO
TaKoBo, 4To ero obpasoM B R! mpm oroGpaxenmH f; AB-
asercA 3sagaHHoe B R! HeueTkoe MHO;kecTBO meianm G,
(em. § 1.3).

Ecnn 6, Hanpumep, meab HrpoKa i GIa 9ETKO Ompe-
NelleHHOH, T. e. ONECHBAJAch GH (yHKIWel TpUHATIEK-
HOCTH, IPHEWMaOMeER Jumb 3Hadennsa 0 u 1, To Arpox
CTpeMmiICA OH K pealmsandd B Urpe Kakoi-1m6o curya-
mue (z, y), AnA Koropoit pé(z, y)=1.

Beenem Teneps meuerxme mMuoskecrsa D, u D, 8 X XY
CIeAYIOIAM 00pa3oM:

#p, (& y)=min {p! (z), p&(z, y)},
pp, (#, y)=min {p*(y), pé(z, y)}

Hnage rosops, meuerkme muomecrsa D;, i=1, 2, cyTs
mepecedeHAs] COOTBETCTBYIONIMX HEUYETKOIO MHOKECTBA JO-
TYCTEMHX CTpaTermii 1 HeYeTKOTO MHOKECTBA IeJIH.
CMmeict MHo;kecTB D, ® D, MOKHO IOSCHATH CIERYIO-
muM obpasom. Ecam, mampumep, mrpoxky 1, wmaBecren
HKOHKDPeTHHIA BHOOD 7 €Y mrpoxoM 2, To mepeg BuM (Hrpo-
KoM 1) cromT ommcamnag B m. 2.2.1 sajgadga JQOCTHKeRHA
HedeTKOX meam pf (z, ) OPE MHOKECTBe- AONYCTHMEIX
anprepratEB p! (z). B cooTBercTBHM ¢ HCIOJB3YEeMEIM
3lech moaxomoM DBennmama—3age pemenme D; Takoi
3ajaud oOmpejensdercs Kak IepecedeHie HeYyeTKUX MHOKECTB

u! o opg(z, 7)

pp, (@, §)=min {p! (z), ps(z, 7)}-
Takum o06GpasoM, HeueTkoe MHOMKECTBO P, (z, y) MoHO
paccMaTpHBaTh Kak ceMeiicTBO (IO mapaMeTpPy Y) pellenui




2.5] HIPHl B HEUETKO ONPENEJIEHHOR OBCTAHOBKE 101

3afjay JOCTW/KEHHsA HEUYETKHX Ieneil m‘;(z, y). Amanormu-
HE#l CMBEICI MOYKHO IIpUAATh M MHOECTBY P'Dz'

Jansa panpHeiimero aHajim3a HIPH HeOGXORHMO YTOY-
HOTh, KaK@e BHOOPH HIPOKOB CYATATh JONYCTHMEIMH.
Ilpm BamGosee obmieif MOCTAHOBKE JOMYCTHMEIMH HY}KHO
CYHATATH BHOOPH HTPOKAMHE HPOU3BOJABHHX HEUSTKAX MOJ-
MHOKECTB MHO}KECTB HMX JONYCTUMHX CTPaTerHii ® BecTH
aHAJIF3 UTPH B KJIACCaX MOMOOHHX HEYeTKAX CTPaTeTHH,
M= sxe ocraHoBEMCA 3hech Ha Goiee y3koit (m Gosee mpo-
CTOIT) MOCTaHOBKe 3aJa4d, B KOTOpPOil BEHOOpaMH HI'DOKOB
MOryT GHITH JHIIL CTPATErHA-JIEMEHTH COOTBETCTBYIOIIAX
yruBepcanbHuX MHOecTB X u Y. Ilpm atom GynmeMm cum-
TaTh, YTO IPHW KaKAOM (PEKCHPOBAHHOM BHOGOpe OXHOTO
HUrpOKa BTOPO# BHIOMpaeT CTpaTeruio, KOTOpPas MAaKCHMH-
BEPYeT COOTBETCTBYIOMYIO eMy QYHKIHIO P (x, y), T. e.
CTpaTeruio, KoTopasg MMeeT MaKCHMAJBHYIO CTeNeHb IpH-
HAJJIeKHOCTH HEIETKOMY MHOMecTBY D,.

Hmesn sTo B BERY, MO)kHO 60JIee TOYHO CHOPMYINPOBATH
HeJW UTPOKOB B paccMarpuBaeMoii mrpe. MoxuO moxa-
rate, 4ro urpok i (i=1, 2) crTpeMHUTCA K TOCTWKeHUIO
[0 BO3MOKHOCTH 0ONbIIero 3HaueHusA (yHKIAA tp, (2, )
PaccmarpnBaemada urpoBas curyauma ¢GopMyaupyeTca IpH
aToM caexyiomuM (ueTkuMm) obpasoM: X u Y — MHOKecTBa
ctpareruit urpokos 1 u 2, Pp, W pp —HX QyHKIMK BH-
UTpHIOIeH.

2.5.3. MakcuManbHbie TapaHTAPOBAHHBIC BBIMIPBHINIH.
Ecam arpok meamkoM mosaraeTcsd JAIMb Ha CBOH BO3MOK-
HOCTH, TO €CTeCTBeHHOH IPEfCTaBIAETCA €ro OpHeHTa-
OuA Ha IoJydenue HAHOOIbIIEr0 rapaHTAPOBAHHOrO BHIMT-
puma. Ilpm sToM, Kak yie roBOpWJIOCH BHIIE, BA)KHYIO
POJIb HrpaeT MMEIOIAsACA B €ro paclopsyKeHHE HH(OPMA-
nEA o0 wHTepecaX ¥ OrPAaHHYCHUAX JAPYroro HrPOKa.
Or »T0it mMEpOpPMAmWE CYN[eCTBEHHO 3aBHCHT BeJAIHHA
BHUTIPHINA, KOTODHIA HTrPOK MOKeT cebe rapaHTHPOBATH.
Bonpocw madopMEHpOBAaHHOCTA W CBA3AaHHHE C Heil pas-
JIAYHEE HIOCTAHOBKY 3271 NPHUHATHA PEIIeHWA B YCAOBHAX
HeOmpeReJeHHOCTH (A MTPOBHIX 3afiad B YaCTHOCTH) HOA-
po6ro onmcaun I0. B. I'epmeitepom [33, 341].

IIycts, HampmMmep, Hrpok 1 mMeeT BO3MOKHOCTH Iep-
BHIM BHIGPATh CBOI0O CTPATErHWI0 W COOOINATEL ee UTPOKY 2.
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Torpa rHaubosvwuli 2apanmuposanrnli eluzpbius Arpoxa 1
pPaBeH
M,=max min p, (z, y)= max min {p! (z), mm pg (=, )}
Zz€X yE¥(z) z€X YEX(
({1 mpoCTOTH H3IOKeHHS OyZeM CYATATh, UTO BCIOAY
HEKe, Te ACHOIb3YIOTCA ONepaNAl Max ¥ min, COOTBETCT-
BYIOm¥We MAKCHUMAJIbHEIE W MUHEMAJILHEE 3HAYCHHA [0-
CTHraloTCs HA YKAa3aHHEX MHOKECTBAX.)
IIpncyrerBylomee B 3TOM BHPparkeHHE MHOKECTBO Y (z),
sapmcAmee oT r (M H3BeCTHOe MIPOKY 1), eCTh MHOMKECTBO
BOBMOKHEIX peakuuii (0TBETOB) Mrpoka 2 Ha COOGIIeHHEIH
eMy mrpokoM 1 BrmGop z. B aTOM cMmmcie 3aBECEMOCTB
Y (z) orpaskaer cTemeHb HHPOPMHPOBAHHOCTH Hrpoka 1
00 mHTepecax W OTpaHWYEHUAX HTPOKa 2.
Ecan mrpoxy 1 mspecTHo 06 Mrpoke 2 Jmmmp MHOKe-
cTBO Y, TO €ro Heu4eTKOe MHOKECTBO BHIGOPOB mMeeT BHUT

fi; (z)=min {g, (z), minpg(z, y)}.
yey

HouxpernsiM BrGopoM mrpoka 1 Gymer mpu aToM crpare-
rus, MaKCAMUSHPYIOIAA 3Ty QYHKIUI0 Ha MHOMecTBe X.

Ecam wmrpok 1 mmeer Goxbme wmHpOpMammm o CBOEM
mapraepe (T. e. B caydae Y (z) C Y), To HeIeTKoe MHO-
’KEeCTBO er0 BHIGOPOB WMeeT BHJ

fi; () =min {#1(z), min B (z, y)}-
yEX¥(x)

Herpymmo sBmpgers, uro mpm sroM fi (z) >, () maa
ao6oro z € X, T. e. npu Goabmei mi(bopmnponannoc'm
mrpoka 1 ero HedeTkoe MHO;KECTBO BHOOPOB OKAa3HIBA-
eTcA Gomee mmpoKuM. B 3ToM cMEICIe MOMKHO TOBOPHTH
0 ToM, uTO, mMes Gomabme mEPOpPMAmMEE O HApTHepe,
urpok 1 mMmeer Goxbme BO3MOMKHOCTeH TrapaHTHPOBATH
JOCTUKeHHne CBOeH menm.

Ecnu Beamumna M, ciammkom Maja, TO 3TO B3HAYMHT,
9TO0 meab, K [JOCTIMKEHHI0O KOTODOA CTpeMHUTCA HIPOK 1,
CIHIITKOM 3aBHINEHA (C YYETOM €ro Bo3MOkHOCTel). B aroit
CBASH €CTECTBEHHHM 00pasoM BO3HAKAaeT Clefyomas 3a-
maga. Ilycrs chopmynmposama HeueTKad MeMb Mrpoka 1
B BuJle HeYeTKOro MHokectsa up B R!. Haxoso momxHO
GHITH HEYeTKOEe MHOIKECTBO €r0 CTPaTerdii, KOTOpoe rapas-
THpoBano OB eMy (UpH 3aZaHHOE BWHOOPMEDPOBAHHOCTH
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00 HrpoKe 2) HOCTHM(EHHMe IIeJH CO CTeNeHbI0, He MEHBIIeH
HEKOTOporo samaHuoro umcia a? MruME cloBaMH, KaKoBa
noKHA OHTH (QyEKOEA p, (), ONUCHBAKNIMAA HEYETKOe
MHOKECTBO cTpaTermii mrpoxka 1, 9To6H BHIOJHANOCH
HEPAaBEHCTBO

M,=max min {p, (z), min p;(z, y)} >a?
z€X y€EY(z)

Insa pemenus sToii 3agaudm BBeleM MHOKECTBO
X,={z| min pi(z, y) >a} C X.
yEY(x)

Ecaiu X,= @, 1o, Kak jerxko smpers, M; < a, u ciefosa-
TeJbHO, WIPOK 1 He MOKeT rapaHTHPOBAThH NOCTHKEHHE
CBOe# meau CO CTemeHbI0 0OJbIIed WM pPaBHOA @ He3ap:-
CHMO OT TOro, Kaxoe MHOKECTBO CTDPATeTHHl HAXOLATCS
B €r0 pacuopssKeHdH (HaOpPEMep, B CHIY HEZOCTATOUIHON
mHPOPMUPOBAHHOCTE 006 WHTEpeCaX U OrpaHHmIeHHMAX
NTPOKA 2, KOTOpas OIpPeReNAETCA XapaKTepoM oToGpaske-
aaa Y (z)).

ITycrs X ,5~ @ , Torga HETPYAHO 3aKIIOYATH, ITO rapaH-
THPOBATh [OCTH;KeHWEe IEeJH CO CTEHeHBI0 He MeHee a
MOKHO TOTJ]a W TOJBKO TOTAA, KOTAAa p, (z) 2> @ mpm He-
KoTopoM = € X,.

Nmeer cmuica m o6paTHasA 3ajada: MMeeTCS HEYEeTKOe
MHOKECTBO MONYCTHMHX cTpaTermit mrpoka 1 p, (z).
KHaxwme meam mrpok 1 MoskeT rapaHTHPOBAHHO HOCTUTHYTH
CO cTemeHbI0 He MeHee a?

s pemeRnA 3TOA 3aXadd BBeAeM MHOKECTBO

X,={z| v, (z) >a}.
flcHO, 4TO AJIA MOCTIDKEHHSA IEJH CO CTEMEHBIO He MeHee a

Heo6X0QUMO ¥ ROCTATOYHO, 4TOOH HAmIach TaKas CTpa-
Ter#fg z € X,, AIA KOTOPO# BEIIOJHANOCH HEPABEHCTBO

min pg(z, y) =>a
y€¥(x)

unm
whiz, ) >a VyEY (). (2.5.1)
Ilycrs pg: R*— [0, 1] — nexoropas ¢yuknna menn urpoxa 1.
Bgeegem MHO}KECTBO
Z,={z|pt(z) >a} C R
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Toraa, oumpasicsk ma (2.5.1), 3araouaeM, 4TO QA JOCTH-
’KOHHA HelJd pf MrpoKoM 1 co cTemenbio He MeHee a He-
00xoguMo0 H HOCTAaTOYHO, YTOGH HANIJIACh TAaKasd CTpaTe-
rag z € X,, uro f(z, y) € Z, upm Bcex y € Y (z), rme
f (x, y) — dyEKuUMA omeHKw, BBOJEHHAA BHIIE.

2.5.4. Urps1 ¢ npoTHBONOIOKHBIMA HHTEPECAMA MI'PO-
¥oB. Pasiuume B mHTepecax UTPOKOB 03HAWAET, UTO pas-
JAYHH OTHOIIEHWS NPEeNIOYTEeHAsA THX HWIPOKOB HA MHO-
yecrpe cuTyanuit urpel. HanoMumM, 9T0 cuTyammeil Arpu
HasHBaeTcA m00oit siaemenT MmmoxkecTsa X XY, rme X
u Y — MHOKecTBa cTparermii. TakuM oOpasoM, xiobas
CATyamus HIDH mMeeT BHWA s=(z, y), roe & — CTpaTerus
grpoka 1, a y — mrpoxa 2. Ecam gna wrpoka i curyanusa
s, He Xye (He MeHee NPEIIOYTHTE]NHHA) CHTYAIHH S,

1

To MH OyfeM mmcatek §; > S,.

HecoBnafieEme mATepecOB HWrpOKOB MO3keT O03HAYATH,
HaOpmMep, YTO A KaKMX-Im60 cHTyamuil Sy, S,, Ss, Sy
BHIOJHEHH HPeAI0YTeHHA

1 2 1 2
$1 7 81 S127Sy Sz =Sy Sy xSy

T. . IPeII0YTeHHs HIPOKOB MOTYT OHTH OXMHAKOBHMH
IJIA ONHHX TAp CHTyamuit (s; W S,) X HPOTHBOMOJOKHKMHA
IJIA mpyrax map (s B §,).

Ecam ke npemmodYTeHdA MTPOKOB HPOTHBOMOJOMKHEL
VI écex TApP CUTyamuil HIPHI, TO HTPA HA3KIBAGTCA U2pOl
€ RPOMUBONOAOICHULMY UHMepecams ATPoxoB. NHKME cio-
BaMd, IPOTHBONOJOKHOCTh HHTEPeCOB Hrpokos 1 mu 2
03HAYAeT, YTO [AAA JNI0G0# mapH CHTyamEil s, ¢ crpasef-
JIMBO YTBEPKIeHUTE:

1 2
aubo s =g, m TOTHA q =S,

1 2
ambo g =8, ® TOTAA S 2= q.

Ecam, nanpumep, urpoxz 1 m 2 CpaBHHBAIOT CHTyaIAN
MTPH 0 3HAYEHHAM CBOUX (GYHKIWHA BHErpsumed o, (z,
y) 1 ¢, (z, ¥), npmaem ¢ (z, Y)+¢, (x, ¥)=0 npm nobrx
(z, y) € X XY, To mATepeCH 3THX HI'POKOB IPOTHBOIO-
noxus. Arpy B 8TOM cIydae HasHIBAIOT U2POl ¢ HYAe60l
cymmoli mIm awmazonucmuueckol. HoMmmakTHOe m3moxe-
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HEe TEOPHH AHTAMOHNCTHIECKHX HUT'D HMeeTCs, HAIPHMep,
s kamre T. Ilaprxacaparxm u T. Parxasana [35].

Hepoli ¢ npomugonososcHuMUL UHMEDECAMU 8 HEHEMmKO
onpedeaennoli obcmanoeke Mbl OyneM HA3HBaTh WHIpPY,
B KOTOPOH ()yHKOUH IpUHANIERHOCTH b (2) @ yHRIHER
f; (z, y), ommchBaOmue HEJIE HTPOKOB, TAKOBH, YTO

fé (20) > e (22) © %"0 §(z) < PG (22)s (2.5.2)
B6 (21) = B (35) @& (20) = P& (20), (2.5.3)
hiz, y)=f(z,y) Yz, y)€XXY. (2.54)

B 3ToM ompeneneHMM MPeRmONaraercs, 4TO UTPOKH OJHHA-
KOBO OIEHHBAOT cATyanuu urps (paseHCTBO (2.5.4)),
HO OeJW WX NPOTUBOMOJOKHH. [[efiCTBUTEIBHO, H3 He=
paBeHCcTB (2.5.2) ciemyer, 9TO eCIH HPHW BHHIDHIIe
(omenxe) 2z, cTemeHs HOCTHKEHUsA Teiad urpoxa 1 Goxasme,
4eM NPY BHETPHINE Z, (T. €. z, OpPeuodTATe]AbHee JJIA HI-
poka 1 B cMEICIIe JOCTH)KEHUS €ro IeJIH), TO CTemeHb XO-
CTIKEHWsA Neld UrpoKa 2 NpH BHATPHIIEe 2z, MeHBIIe,
9eM NIP¥ BHIUTDHINE 2, (T. €. JIA ArPOKa 2 BHUTPHII Zy
npeAnodYTaTe bHee BHIATPHIIG Z).

Ecam BocmoixpsoBaThes mopxomoM DBemamana—3age
(§ 2.2), To HeweTKyI0 IeJb WrpoKa i CiIeAyeT B3amUCATh
B BHJE

pé (z, y) =pb (f; (2, y))

T. €. KaKk HeUeTKOe MOMMHOKeCTBO MHOJKECTBA BCEX CHTYa-
muit mrpe X X Y. Ilens B stomM ciydae 3aBHCHT Kak OT
puga ¢yHxumm f§, Tak u or Buma Pyurmum f;. Vmesn
3T0 B BHAY, OPOTHBOMONIOMKHOCTH> HHTEPECOB HTDOKOB MOMKHO
copmyampoBaTh B caepyromeM .Gonee oGmeM Bmje: MHTe-
PecH HIDOKOB NpPOTHBONONOKHB, eclinm GyHRIEA §if ® f,,
i=1, 2, TaxkoBH, u4T0 AIA MOOHX (Z, ¥;), (%, Yy) U3
MHOKecTBa X X Y BHIONHEHO OZHO W3 YCIOBHIil

18 (Zy, Y1) > pé (T Ya) < 1 (Ty, Y1) << P& (22 Ya)s
1& (7 Yy) = P& (T2 Yo) © pé (), Y1) = p& (T2 Ya)-
Tak ke, Kak # B UpegHAyLIeM pasmene, MH cpopMy-

nupyeM paccMaTpuBaemyio wurpy B ¢opme HrpH ¢ PYHK-
IMAMHA BHUrDHIOIel Buma

pp, (2, y)=min {p, (z), pa(z, y)},
p, (z, y) =min {p, (z), Wz; (=, )}
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o wmHo)kecTBamMm crparermii X u Y. Hamomumm, gt0
$yHKOUE p, W (., ONUCHBAIOT HeYeTKUe MHOKeCTBa CTpa-
rermii mrpokos 1 m 2 B mcxommoil mrpe.

ITapa ctpatermit (z,, y,) HaswBaeTcs cumyayuel pasHo-
éecus TaKoi wWrpe, ecam pafg awOux rEX m y€Y BH-
NONHAIOTCA HEPABEHCTBA

©p, (Zos Yo) 2 tp, (%5 Yo)s (2.5.5)
Bp, (Zor Yo) 2 p, (Zer Y)- (2.5.6)

Humxe paccmaTpMBaOTCSH HEKOTOpHIE CBOMCTBA CHTyaumii
paBHOBECHA C Y4YeTOM TOr0, 9TO MHTEpPecH MIPOKOB IIPO-
THBONOJIOKHH B ONMCAHHOM BHIe CMHcIe. BBegeM MHO-
KecTBa

Ci={(z,y) [(z, ) € X XY, py(2) > pb(, ¥}
Ca=A{(z, y) I (z, Y) X XY, py(y) > l"‘(2¥ (z, )}

ITycrs, mampmMep, CHTyauus paBHOBECHUA (Z,, Yo) € C,.
910 03HAYAeT, YTO MHOKECTBO

C2xo: {y l Yy €Y, (-"70, y) € Cz}

memycro. V3 onpepenennsa MuokecTBa C, Clegyer, 4To
o (y) =pé (24 y) mpm m06oM y € Cas, W, CIEOBATENBHO,
npa mo6oMm y € Ca,, BHIOTHAIOTCA PaBeHCTBA
min {p, (4), pé (e ¥)} =& (Zo Y)-

Ho rorma ms (2.5.9) BHTEKaer, 4I0 Ipn moboM y G Cou,
BHIIIONIHEHO HEPABEHCTBO pd (Zor Yo) 2> 1& (2o, Y)-

Orcoopma, B cuny TpOTHBOLONIOKHOCTH MHTEPECOB HUIPO-
KOB, MOIy4aeM, 49TO pg (%o, Yo) << & (Zpy y) Tpm mi0GOM
Yy € Caz, B, clIeaoBaTeNBbHO,

min {g; (o) B (Te, Yo)} < Min {2y (2o), 12 (2o ¥))»
T. €. WPp (Zor yo)<P‘D, (%o ¥)-
Kpome Toro, (2.5.0) MOKHO 3ammcaTh B BHJE
p (Zor Yo) 2 1y (2, Yo) VZ € oy,
rae Coy,={z|2€X, (2, ) €C,}. B pesynerare mMH m0-
AyYNNA HEPaBEHCTBA
¥p, (o, yo) ZPp, (z, yo) Vz€ C2z/ov
—Pp, (xo’ Yo) = —Pp, (o y) Vy Ec‘lxw




2.5] HUrpbl B HEYETKO ONPENEJEHHON OBCTAHOBKE 107

Haxk HerpymHo BHIeTh, 95TM HepPaBEeHCTBA O03HAYAIOT,
4TO0 paccMaTpuBaeMasg CHUTyallusi paBHOBECHSl MCXOMHOI
UIPH (Zg, Y,) € C, upencraBasger coGoil CHUTyaLuI0 pPaBHO-
BecHsi HEKOTOpPOW Wrphw urpokoB 1 m 2 ¢ Hynesoii cymmoii
(bp, — PYHKUMA BHUTPHWEH HrpoKa 1, —{»p, — HIPOKa 2,
le—}-(_—pD‘)_—_O), B KOTODO# JNONYCTUMBEIMU CUHTAIOTCA HeE
Bce cuTyanuu MEHOKectBa X XY, a aump curyammm, co-
CTaBJIAIOINIME MONMHOKECTBO 3TOr0 MHO}KecTBa C,(C X X Y*).

AranormaasM o0pasoM MOKHO HCCIELOBATH W CJIydai,
Korja curyamus paBHoBecus (Z,, Yo) € C,.

Brime y:xe TroBOpHmIOCH 0 TOM, YTO OOHRYHHE WIPH
¢ TPOTHBONOJOKHEIMA HWHTEPECAMU XapaKTepHH TeM,
9T0 B HUX B JII00OH CHTyamud PABHOBECHA UTPOKH IIOTY-
9aj0T CBOM MaKCHMAJBHHE TapaHTHPOBAHHEE BHHTPHIIIH,
COOTBETCTBYIOIIWE WX WHQOPMUPOBAHHOCTH JHWOIb O MHO-
’KeCTBaX cTpaTerdii mapraepa. Mimes sTo B BEAY, HHTEPECHO
PaccMOTpeTh CBA3h MEKAY HauOOJBIIUMU TapaHTAPOBAH-
HHEIME BHIATDHIOAMZ WTPOKOB W HX BHUIDPHIIAMH B CHTYya-
OUAX PaBHOBeCHA B UrpaX B HEYETKO ONpeNeNeHHOR 00-
CTaHOBKe. .

Ilpm BruucieHun HauGONHHIUX TapAHTUPOBAHHHX BhHI-
HrpHmel GymeM mojaaraTh, 9TO KayKOOMY H3 MIPOKOB H3-
BECTeH JHIIb HOCHTENh HEUYETKOr0 MHOKECTBAa CTpaTerHit
napraepa. Herpymeo Bupgers, 9To npm sToM HamGoJbmime
rapaHTUPOBAaHHEE BHUTPHIIN 3aIHECHBAOTCA B BHIE

M, = max min p., (z, ¥),
76X y€Y
M, = max minp., (z, y).
y€Y x€X :
IpencraBum Benumuury M, B caepylomeil ¢opme:
M, = max {max p, (), max min p(z, y)}, (2.5.7)
z€X]

0 €Xo y€C1 7,
rue
Xo={z|z€X, C,# O}, o =X\ X0
Co={ylyEeY, (z, y) €Cy},

a MHOkecTBo C, BBefleHO BHIIIE.

*) Arpn Ha NpOM3BONEHOM IOAMHOMKECTBe MHOMKECTBA BCEX CH-
Tyanuil MCPE HAa3BIBAIOTCA MrpaMi ¢ 3aNpenieHHBIMHA CUTYannsAMH.
06 oco6eHHOCTAX TAaKAX Urp cM., Hanpmmep, paGotu [3%, 37, 38].
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Bynem paccmatpmBate cnyuait, xorga C,=C,=C.
Hycrs (24, y,) — CHTYamusaA paBHOBECHA HIDH, NPHIOM

(o Yo) € .
Hoxaxxenm, aro M, < pp (Tor Yo)- HeiicTBATEIRHO,

ana moOux (7, y) BHIONHEHO HEPaBEeHCTBO
min p.p, (, ¥') < vy, (25 Y)
y'€Y

' H, B Y4aCTHOCTH, min 0y, (=, y’)<ppl (z, yo)- Orcionma

M, = max min z,y < max x, — o, ,
! z€X yEr PD ( Z6X P,Dl( yO) lJ'D,( 0 y())

T. €.
Ml<¥"pl (o> Yo)- (2.5.8)

2. lHoxaxem Temeps, wro M, >p, (:zo, Yo)- Heitcrsu-
TeNsHO, ANA moboroy € C., = (y|y €Y, (xo, YEC} (Cai =D,
TaK Kax II0 HDeITIONO:KEHMI0 (xo, Y,) € C) BHIOIHEHO Hepa-
BEHCTBO 1 (Zg, Yo) > & (%, y). Orciona, B cuily OpOTHBO-
TONOYKHOCTH WHTEPeCcOB WHIPOKOB (CM. BHINIE), IIONyYaeM,
110 17151 106010 Y € C ., COpPaBEIMBO HEPABEHCTBO 1 (g, Yo) <<
< & (2 y) ¥, CleROBATENBHO,

min {P‘l (Z0)s 14 (Zos Yo)} << min {p (o), 16 (Tor ¥))s

T. €. pp (Zor Yo)= IIel(l"n Pp, (T ¥)= m(i}n o (%o, ¥)-
Yl g,

ASE N
Hanee, nerxo BHAETH, 4TO

max min z, y) > min Ty, Y) = Ty,
max min b, (Z, y) 2 min up( o Y) = tp, (Zor Yo)-

Orciona u w3 (2.5.7) monyuyaem
M, > tp, (%o Yo)- (2.5.9)

Hs (2.5.8) m (2.5.9) saxmiouaem, uro My =1, (o, Yo)-
AmnanormusasM 00pa3oM MOMKHO IOKasaTh, 4TO M M,=—
=pp, (o) Yo)-
Takum o0pazoM, MH NpHIIIM K BHBOAY O TOM, 4TO
B CcPOpPMyIMPOBAaHHONH 3/eCh HTPe ¢ OPOTHBOLOJOKHBIMU
MHTEepecaMM BHHUIDHIIN WI'DOKOB B CHTYamUM pPaBHOBECHSA
3 MHOKecTBa C ABIAITCA WX MAaKCUMAJBHEIMM TapaHTH-

=7
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POBaHEHMH BHUrpHmaM@ (HpH 3ajaEHON BHme HEEOD-
MHDOB4HHOCTH HTDOKOB). OTO 3HAYAT, B 9YACTHOCTH, ITO
BCe CHTyallHy DaBHOBeCHs M3 MHO)KecTBa C 9KBHBAJeHB THH
APYT NpYyry, MHOCKONBKY BO BCeX HHUX HTPOKM HONYYaloT
ONHM H Te K€ BHUIPHIIA. 3aMeTHM, YTO 9TOT ciydaif
TUNAYeH [ OGHYHHX HIP C IPOTHBOLONOKHHMH WHTe-
pecaM:m HUT'DOKOB.

O6paTuMcs Temepp K cnydai0, KOTNA CATyan®ms paBHO-
BecHs He NpHHANIEKAT MHOecTBy C, T. e. (%, y,) €C,
rie C=(XxXY)\C. Kak cirenyer u3 onpexeneHma MHO-
’KecTBa, NPA 9TOM BHIIONHAIOTCA PaBEHCTBA

tp, (%o Yo) = min {p; (zo), 1&(To, Yo)} = 11 (o), (2.5.10)
tp, (Zos Yo) = min {p; (yo), & (Zor Yo)} =2 (o). (2.5.11)

Hpove rTOro, mo ompepeneHMI0 CHTyalAu paBHOBECHA
IMEeeT MEeCTO PaBeHCTBO

tp, (Tor Yo) =maxp, (2, yo)- (2.5.12)

Iockomsry C, UC,, =X, 10 (2.5.12) MoykHO 3ammcaTe
B Bufe (cM. (2.5.10))

tp, (To, Yo) =max {sup p, (2, yo)» SUP gy (2, Yo)} =
xeﬁyo €0y,
=max { sup p; (z), sup pe(, yo)} =p4 (7). (2.9.13)
IEU% 160%
HomycTmMm, dTo

sup p (z) < sup pé (2, Yo)-
260y, #€Cy,
Toraa m3 (2.5.10) m (2.5.13) momyuaem

sup py (2) < 4y (o)

zEd.’/o
YTO HEBO3MOMKHO, IOCKOMBKY IO IPEIIONOKeHHIO (g, Yo) € C
u, caenoBarensuo, z,EC,. Orcioga m m3 (2.5.13) cie-
KyeT, 4To

#y (%) = max p, (z).

x€C,
Yo

AmanormyerM 00pasoM HolydaeM

ta (Yo) =maxp, ®)-

Zo
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B namsOM canyuae, kak M B cayuae (Z,, ¥,) € C, BHDOI-
HeHH HEDaBeHCTBA

M, < Pp, (Zor o) Mz<¥”p, (Zor Yo)-

Opaako o0paTHHIEe HEPABEHCTBA, BOOOIIE TOBOPSA, HE UMEIOT
MecTa. YYUTHBAA HSTO H pPe3yJIbTaT, MOTYYEHHHN Hias
(zs Yo) € C, MOKHO yTBep:;KAaTh, UTO JIA 000MX MIPOKOB

CUTyamHsA paBHOBecHS W3 MHO:kecTBa C He Xyke mi0boit
CHATyanuu paBHOBecHA W3 MHoKecTBa C, KoTopasa oGecme-
YgBAET HIPOKAM NOJNyYeHHe JUMb HUX MAaKCEMATLHEIX
rapaHTEPOBAHHHX BHETpEmedr M, m M,.

B BzaxuaoueHme 3TOro pasmena OTMeTHM, 4T0 (HopMy-
JIAPOBKA DPACCMOTPEHHKX BHINE WTCP ONHPAJACh HA TIOJ-
xonq DBeanmanma—3ame X 3agauaM NPUHATHA pelmIeHH
IpE HeYeTKHX ycaoBuAX. MH mojgaralm OpPH 3TOM, 4UTO
Ha OCHOBE STOr0 IOZXO04A WIPOKM IPHHWMAIOT pEIIeHHs]
o BuGope cBomx cTpaTermii. ITO MO3BOJHIO CHOPMYITHPO-
BaTh WrPy B HEUETKO OIpelesieHHOH o6cTaHOBKe B (opme
OOHYHON HUIrPH C YeTKO ONMCAHHEIMHM (YHKIHAMM BEIUI-
pumeii p, M p, ¥ MHOKecTBamu crparermii X m Y.

Ilna amanmsa TakuM o06GpasoM CHOPMYIAPOBAHHEIX
UTP B HEUETKO ONpefeJeHHOH O0GCTAaHOBKE NPUMEHHM all-
mapar Teopu# wrp. Bruio GH MHTepECHHM, B JaCTHOCTH,
HCCIEeNOBATH BOIPOC O CYINECTBOBAHWE ¥ cmocoGax Ha-
XOMIeHUA CHTyanuwil PABHOBECHsS B TAKUX WMIPax HM CBA-
3aHHBIA C BTEM BOIIPOC O BO3MOKHOCTH (H CMEICJE) HCHOJIE-
30BaHHWA UIPOKAMH CMENIAHHHIX CTPaTerwi, T. €. pacimpe-
JeneHmil BepoATHOCTH Ha MHOKecTBaX X ® Y. WATepecHsiM
I NPAKTHYeCKH Ba)KHEIM IIPECTABIAETCA TaKKe HCCIeNo-
BaHWE BIWSAHWA DA3IWMIHHIX CIOCOGOB oOMena mH(OpMa-
nueir MeKOY HIPOKAMH HA BEJIWYHHBI UX MAKCAMAJIbHHIX
rapasTEPOBAHHEIX BHRIUTDHIIIEH.

2.5.5. Heuetrrkoe paBHOBecHOe penienne urpel. Hak
y)Ke TOBOPWJIOCH BHINE, OPMYJIHPOBKA W AHAJIA3 WIPHI
B HEUETKO OIpefeJeHHO# o6CTamOBKe B3aBHCAT OT TOTO,
[I0 KAKOMY IPHUHIAIY ATPOKHE OPAHEMAIOT PEINeHWSI O BHI-
6ope cmoumx crparermii. Ilogxox Bennmama—3apge mnpm-
BogAT K (OPMYJIHDPOBKAM, ONHCAHHEIM B ABYX NpeIHIY-
mEx paspgerax. B maHEOM paspgese MH OCTAaHOBHMCA €IIe
Ha OfHO# (OpMyJIHpPOBKe, oOmWpaiomeiics HAa IPHHIAND
OPDUHATHA pemeHWit, omucauHwit B § 2.4. Ina yopome-
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HEA HBIOMKEHWS MHE, KaK W Hpekae, OyJeM paccMaTpu-
BaTh JIMIIb MIPH ABYX JHI[; pacOpoCTpaHeHHe OIpPHBe/eH-
HHIX BHIIe pacCy;kjeHuii Ha caydaii Goabmero dYmcaa
Y49aCTHOKOB He IpeACTaBJAsgeT TPyXa.

Hrak, oycrs X m Y — yHEBepcaldbHBIE MHOKECTBA
crparermi mrpokos 1, 2, a pi: X — [0, 1] m p,: ¥ - [0,
1] — mx HewueTKme MHOKECTBA [OIYCTHMEHIX CTpaTersi.
ODyHKIAY BHEUIPHIOIEA NTPOKOB GymeM, Kak W BHIIe, 060-
3HAYaThH f, (%, y) ® fy (, y). B oTnmume or mpemmyImero,
OymeM cudTaTh, YTO KaK[OE W8 WTPOKOB CTPEMHUTCA IO-
JIY9UTHh 0 BO3MOKHOCTH (oJibIlee 3HaUeHme CBoel PyHK-
WU BRIATPEHINIEH.

Hmxe Me mommiTaeMcs BBeCTH HEKOTOpOe TIOHATUE
HOUETKOTO0 PABHOBECHOTO PEHMIeHHA HIPH, KOTOPOe MOMKET
CIY}XUTh OCHOBOM [JfA HOCTHKEHASA HOrOBOPEeHHOCTH
MeKIy WIpoKaMu O BHOOpDe MX COBMECTHOTO IIOBef{eHHs
B Hrpe.

3amernM, 9To mnpH Ja06oit PEKCHpoBaEHOHE (I H3BECT-
woit mrpoxy 1) crparermm y € Y urpoka 2 mepeq arpoxom 1
cToHT paccMoTpeHnad B § 2.4 3afaua HPUHATHA pelie-
HEA 0 «MAaKCEMHE3anu®» ero QYHKINHW BHUTDHIIeH HA He-
9eTKOM MHOKECTBE ero JONYCTHMHX cTparermit. B coor-
BETCTBHH C ONMCAHHEIM B § 2.4 mOXXOZOM pemIeHEEM TaKOi
3a]aul CYMTaeTcA HEYeTKOe MHOKEeCTBO BHA

b, (2 y) mpm z€ U N, ),
Bp, (z, y)= >0 .
0 B OCTAlBHHX CIyYasax,
rae
N, y)={z|fi(z, y)= sup fL(z", )}
z' 60

Ci={z]2€X, m (&) >)).

3aBECHMOCTH MHOKECTBA By OT Y OTPAKAET TOT (ba!(T, 9To
1

3T0 MHOKECTBO SABJAETCA HEYeTKUM OTBETOM Wrpoxa 1 =Ha
BHIGOD WTPOKOM 2 CTPATermy Y.

AnanormauniM o6pasoMm, orBeToM mrpoxa 1 ma BEGOD
urpoxkoM 2 crparermu r € X cilemyeT cYATATH HEJETKOE
MHO}KECTBO BUJA

pa(y) mpm y € U M(p, ),
By, (T, Y)= >0
0 B ocranbHHX cayyasx,
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rae
M, 2)={y|fs(z, y)=:3up2f2 @, ¥')
v €0}
C:={yly€Y, pa(y) >0}

CMbicn, BKJNAJHBAaeME B TaK onpeflelieHHHe pemIeHHsd,
obcyxpmanca B § 2.4, ¥ N0OITOMY 8HeCh MH HA 3TOM BO-
mpoce He OCTAHABJIMBAEMCHA.

BBemteM Temeps ¢opmManbHOe ompepneseHdme HEYETKOTO
PaBHOBECHOTO PeIIeHHs pacCMaTPEBaeMOil WUIpH, a 3aTeM
YCTaHOBEM HEKOTODHE ero. CBOMCTBA, KOTOPHE MpOSC-
HAT €ro CMEICI.

Onpemenenume 2.5.1. Heuemkum pasnosechuim
DeuleHuem PaccMaTpUBAaeMOA WrPH ABYX JNAI[ HA3HBAETCH
He4eTKOe MOAMHOKeCTBO MHo;kectBa X XY Bmaa

p’ (2, y)=min {P‘D, (=, y) !"D,(z’ y)}

WEuME  cnoBamMm, HEYEeTKO® paBHOBeCHOe peNIeEHe
vmpefienAeTCA KAk IlepecedyeHHe HEJeTKHX MHOKeCTB D,
" D,.

Ilokaykem Temepp, 4T0 MHO)KecTBO p° o0nafaeT ciepyio-
ImMUIMHA Ba)KHEIMU CBOlicTBaMu:

1. Ecam (z,, Yy,) Esuppp’, 1. e. p’(z,, yo) >0, 0
Halixyres Taxkme gmeaa A° >0 m p® >0, ato 2, € N (A, y,)
B Yo &G M (% =z,). Har meTpyaso BHpmers (CM. ompepenende
CHTyanudm paBHOBecEsa B 1. 2.9.1), mociegnee osmauaer,
4TO Napa cTpaTermil (), Y,) IpeAcTaBisAeT co0oil CATyanuio
paBHOBeCHA HMCXOXHOH HMTIDPH, B KOTOPOii MHOMECTBaMH JO-
OyCTHMHIX CTPATerHii ABIAITCA OOHYHBIE MHOMKECTBA (MHO-
sxecrBa ypoBuA) Ch u Ch. [leiicrBurensno, u3 TOro, 4To
ZoE N yo) m y, € M (% =), m m3 ompeneneEma MHO-
mectB N(A, y) m M (p, x) caemyer

f1(@er o) = fi(2y o) VZ EClo,
fa(xe Yo) = a2y y) . VY ECh

Taras cmTyamma paBHOBECHA COOTBETCTBYET TOMY clly-
9ai0, KOrjga Urpok 1 cumraeT MONYCTHMEIMA B OIMHAKOBOH
CTEHEeHM BC® CTPaTeTWH, NpHHAJIEKAINe HEYeTKOMY MHO-
JKeCTBY |, CO CTeleHbI0, He MeHbmeil A% a mrpork 2 —
cTpaTerms, NpHHAIeKal(Ae HEUETKOMY MHOMKECTBY P, CO
cremenbi0, He MeHsmeil pl.
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U3 ceoiictea 1 BHTeKaer, uto miobag mapa (r, y) us
HOCHTOIA HEYeTKOr0 MHOKECTBA p° ABIAGTCA CHTyamueit
paBHOBecHA NOJOOHOH MIPH IPH HEKOTODHX MOPOTOBBIX
ypoBHAX A ®m p. CmpaBegnmBo m oGpaTHO® yTBepKAEHMe.

2. Ecim npum meroropuix A >0, p° >0 mapa (zy ¥,)
eCTb CHTyamuA DaBHOBECHA B HIpe ¢ tbynmmmvm BHIAT-
pumeit f,, f, W MHOXKeCTBOM cn'ryan;nn Ch X Cpo T0
(%o Yo) EsUpp p’, T. . p’ (2o, Yo) >0.

HeitcTBuTensuo, ec:m (%g» Yo) — cHTyamua paBHOBeCHs
B MHO)KecTBe curyammit Ch X C %, TO

F1(zos yo) = sup f,(z, yo),
zE 0y

fa(@os yo) = sup fa(zo y)-
!IE

910 B CBOIO OUepens O3HAYaeT, uro Z, €N (A% y,), Y, €
€M (p% z,) m, ciemoBaTeJbHO,

tp, (xo’ !lo) > 0, Uy, (-%r Yo) > 0,

otkyza p°(To, Yo) >0, T. e. (Z4 Yo) € suppp”.

3 cBOiicTB 1 m 2 BHITEKaeT, YTO HOCUTENIb HEYETKOTO
DPaBHOBECHOTO DelleHHs p° CONEDP/KHT Bce TAKHe H TOIBKO
Tak@e MapH (z, y), KaKAad M3 KOTOPHX ABIAGTCA CHTYa-
el paBHOBeCHA HMIPH Ha HEKOTOPHX MHOMKECTBAX YPOBHA
HEYETKHX MHOKECTB CTpaTeruii MIDOKOB.

HederkoMy paBHOBeCHOMY pEIIEHHIO COOTBETCTBYIOT
cneyiOmMe HOYETKNE BHIMTPHIIM HIPOKOB:

p()= sup  p’(z,y) VreR,
- @ EAtn
g, ()= sup p’(z, y) VreR,
(= 9)€s3 (1)
e
o) ={@= »|(= YeX XY, fi(= y)=r}) i=1,2

(mpm sTOM mojaraercs, 4TO Sup IO HYCTOMY MHOKECTBY
PaBeH HYIIIO).

Heuerxoe paBHOBecHOe pemende MOKeT CIYKHTH OC-
HOBOM JIJIfl [OCTH)KeHUS HOTOBOPEHHOCTH MEKAY HUTPOKaMHU
o BHGOpe Kom(pemoﬁ mapst (Z,, Y,) B HCXOAHOHR HOYETKO
ompefieleEHOI Hrpe. 3aMeTnM, 9T0 CATyamus 3HeCh aHa-

8 C. A. Opnoscknit
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JIOTAYHA CUTyaIEd, TUNUYHOA [NJA 3aJa9 OPAHATHA pelie-
HEU# 0 HeCKOJBKAM KPHTEPHAM, B KOTOPHX JIWNOY, IpPH-
HEMAOMmEeMy pelmeHdsA, Ipemjaraerca Halop He CpaBHU-
MHX MeKITy co00if HeJOMMHHPYeMHX pemeHmi (BMecTe
CO SHAYeHHWAMH KDHUTeDHEeB) A OCYI[eCTBIEHHA OKOHIA-
TeJIBHOro BHOOpa. B mammoM ciydae, HampumMep, UTPOKH
MOTYT BHODAaTh CATyamuio BHAA

(%o» Yo) =arg max p’ (z, y),
XxY

T. €. CHTyanuio, UMEIIyl0 MAKCHMAJIbHEYI0 CTemeHb IpH-
HaJIIe;KHOCTE DABHOBECHOMY pemeHmi0o. PasyMeercsd, 3To
He eJUHCTBEHHO BOSMOKHHI cmocof BrGOpa KOMIpOMHC-
CHOTO pemeHHA.

B oToif rmaBe MH WMelXH JeN0 C 3aZadyaMHM OPAHATHAS
pemeHmi, B KOTOPHX HEYeTKO OHUIA ONMCAHH JAIb MHO-
yecTBa aiapTepHarme. (1A amammsa Goxee CIOMKHEIX
3aja’ HaM IOTpebyeTcs ammapaT HeYeTKHX OTHONIeHW
OPeAIOYTeHAs, ¢ M3JI0KeHUA KOTOPOro MH H HAYHEM Clle-
AYOIYI TJIaBy.




QY.

rn1ABA 3

NPUHATUE PENEHMA

[P HEYETKOM OTHOIIEHWU .
MPEMIOYTEHNSA

HA MHOJKECTBE AJIbTEPHATHUB

3.1. Brenenune

IIpu mccremoBaHMHE pealbHOA CHTYAIUWd WIH IIpoIecca
¢ meabl0 OPUHATASA PANHOHAJIBHOIO PEHICHHS eCTeCTBeHHO
HAYaTh C BEIABJIEHUS MHOKECTBA BCeX MOINYCTHMHX pemie-
HUA WiIm ajgpTepHaTHB. B 3aBmcuMocTm 0T mMelomeiica
mHGOPMALAA 3TO MHOKECTBO YHAeTCA OIHUCAThH C TOA WM
mHo# cremenbo derkoct:m. llyers, mampumep, X — mHe-
KOTOPOe YHHBEPCAJbHOE MHOKECTBO AaJbTePHATHB M
t, () — BedeTKoe ommCaEMe ero NOJMHOKECTBA JAONYCTH-

MHIX albTepPHATHB. JHAUeHHsA (QYHKIWA p, ONACHBAIOT

CTeleHH [ONMYyCTUMOCTH COOTBETCTBYIOIIAX aJlbTePHATHB
B [aHHOHN 3ajade.

Ecau kpome 3Tofi GpyHKmEE HeT Apyrod madopMammm
00 mccaemyeMoil peaNbHOR CHATYAaI[WH, TO PAmAOHAJBHEM
0CTAaeTCsA CYATATH BHIGOD MI000if anbTepHATHBH W3 MHO-
’KeCTBa

X2 =(z|z€X, po (@) =supw,(v)),

T. e. JI000# aJbTePHATHBH, HMelomed MaKCUMAaIbLHYIO
CTeNeHb JONYCTEMOCTH, IIOCKOJBLKY HET OCHOBAHMM IIpef-
mo4ecTh KaKyo-In6o M3 STHX AJbTePHATHB OCTAJBHEIM.
Ilpm BBemeEmE B MOJenb NOMOJHHUTEJIHbHOH mMHPOpPMA-
OEd PAIHOHAJBHEIM MOKeT OKasaThCA BHOOP ajbTepHa-
THB M3 Gojiee Y3KOr0 IOAMHOKECTBA MHOkecTBa X2 wmianm
Kakux-im0o aJIbTepHATHB, He NPHHAMJIEKAIMHAX DTOMY
MHOKeCTBY. OTa HWHPOPMAIHA MOKET OKa3aThCA TaKoii,
B 9aCTHOCTH, YTO Ha ee OCHOBe Y[aCTCS BHABHTH eWHCT-
BeHHYI0 HAWIY9IMyl0 M3 BCeX AJIbTepHATABY, KaK, Hampn-
Mep, NUpE BHOOpPe aJbTEPHATHBE, MAKCHMHA3HPYIOmeR
(yHKOUIO, JOCTATAIOIMYI0 MAaKCAMyMa B OJHOH TOYKe.
HNugopManma o peanbHOl CHTyamwm HIM mDpomecce
NPUHATAA pelleHW, Ha OCHOBE KOTOPOR OfHM ajlbTepHA-

8*
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THBH MO)KHO IPeANOYeCTh APYrEM, MOKeT GHTHL 8ajaHa
pasamumeME croco6amu. B ra. 2 Mu paccMorpenm 3afaum,
B KOTOpHX 3Ta mHPopMamuma mpefcTaBiAmack B ¢opme
¢yEEKIEil nmoJe3HOCTH, IO 3HAYCHWAM KOTOPHIX aJbTepHA-
THABH CPaBHEBaIuUCh APYr ¢ apyroM. Ho, Kak ye orme-
9aJI0Ch BHIIIE, TaKOi CII0COG OMECaHMUA PeaJbHOR HHPODPMA-
OUE BO3MOKEH He Bcerga. bojee yHmMBepCaJbHBIM ABIA-
eTCsA OnHmCaHme mHOpManEE B (PopMe OTHOMIEHHS IIPef-
H0YTeHAsA B MHOKECTBe AJIHTEPHATHB.

Opume #3 CcHoCOGOB BHABIEHHA OTHOMIEHHA IPeAIOT-
TeHHS B MHOJKECTBE AJbTEPHATHB IDH IOCTPOCHHUZ MaTeMa-
TAYECKO# MOJEJN¥ peajbHOH CHTyamuu WiIW IpoIecca IpH-
HATAA PEIMIeHUNA — KOHCYJIBTAIUWA C J. II. P. WIH C DKCIEP-
tamu. [Ipn aToM mMeeTCs B BEAY, 9TO JI. 1. P. HIH SKCIEPTH
00IajaloT 3HAHUAMHA WIN OpeJCTaBJeHHuAME 00 mcciemye-
MOM 06BeKTe, KOTOpHe He OHUIE (OpPMATMB0BAHEL B MO-
Oeid B CHIY 4pesMepHON CI0HOCTH TaKoi ¢opmanmaa-
OUEA WIH 10 APYTHM NPAYAHAM.

HomyctaM, 9To ¢ TOMOMBI0 J. I. P. WIH SKCIEPTOB
BHIAIBJIGHO YeTKOEe OTHONIeHWe HeCTPOroro IpeAmouTenns *)
R B MHOMeCTBe JONYCTHMHX anbrTepEatms X. IJTO
3HAYAT, YTO OTHOCHTeJBHO JI000# mapH aJbTepPHATHB
Z, ¥y € X BHCK23aHO OHO W3 CIERYOI[AX YTBEP:KICHMUII:

1. «x ne zywe y», 1. e. z py nmm (z, y)€AR.
2. «y He zyme x», T. e. y =z wu (y, ) ER.
3. «x u y He cpasHumbl mexdy coboily, 1. e. (z, y)¢ R

n (y, r)¢ R.

Nngopmannsa B Takoit hopMe ImO3BOJIAET CYSHTH KJIACC pa-
THOEAIbHEX BHOOPOB, BKJIIYHB B HErO JHWIIb Teé AJBTEp-
HATHBH; KOTODHE He JOMHHUPYIOTCA HA ONHOM AaTbTepHA-
TEBO# MHOKecTBa X.

Hiaa Toro 491o0H HOACHHTH, KaKde AJbTEPHATHBH
CYATAOTCA HESOMAHHEDPYEMHIMHA, BHEIEM COOTBETCTBYIO-
'mi@e OTHONMIeHWI0 Hpemmodrenws R omuowenue cmpozoco
npednoumenus R° m ommowenue 6espasauuus RT. Bymem
rOBOPHTH, YTO AJbTEPHATHBA Z CTPOro Jydme AJTbTePHA-
THBH ¥, €CIE OJHOBDEMEHHO L =y Ayt z, T.e. (z, Y)ER
# (y; z) ¢ R. CoBoKymHOCTh BCeX Takux map (z, y) ® Ha-

*) HanomManM, 9T0 oIpefieIeEAA W HEKOTODHE CBOACTBA IeTKHX
H HeUIeTKAX OTHOIEHMHE paccMarTpusaiuch B § 1.2 (cum. Taxme [39]).
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30BeM OTHOIIEHWEM CTPOroro mpegmodyTendma R’ Ha MHO-
mecrtBe X.

s Golee KOMIAKTHOW 3amHCH OIpeeJeHAS OTHOINe-
BEHA R° BocmOJB3yeMcsa ompefeieHmeM OTHomeHHma R,
o6paroro ¥k R (cm. § 1.2):

(z, y) € R! sxBuBanentHo (y, )€ R,
anu

(z, y)ER < (y, 2)CR.

OrHomen®e CTPOroro IpemuouTeHHA R’ MOKHO 3ammcaTsh
Temepp B caegyiomeit ¢opme:

R*=R\ R

Coorsercryomee R oTHomenme Gespadamauma R! B X
ompenenserca caexyiomuM o6Gpasdom. Ilapa (x, y)ER?
TOTZla ¥ TOJTBKO TOrHA, KOrfqa Ju0o He BHIOJHEHO HE Ipef-
HOoYTeHHe Z 3= Y, HU OpelmouTeHde Yy >= z, ambo oba arm
IPEeANOYTeRnsl BHIIOJHEHH OfHOBpeMeHHO. MmmME Cio-
BaMu, (z, y) € R?, korma mMeromascsa nEgopMandsa B Gopme
OTHOUMIEHWSI NPEJNOYTEHHWs HEROCTATOYHA [JA ' TOTO,
9TOOKI CHesaTh BHOOP Me:kAy albTepHATHBAMEU T H Y.
Herpyaro nposepuThb, uto oTHOmeHHe RY M0oKHO 3ammcars
B BHJE

RI=(X X ) \(RUR™M)U@RNR).

Ecam (z, y) € R®, To GyneM roBOPHTb, 9TO aJbTEepHA-
THBA T JOMHEUpYeT ajbTepHATHBY Y (Z$— V). AnbTepHa-
taBy z € X HasoBeM HefjoMHEWpYeMoif B MEOxecTBe (X,
R), ecam (y, z) € R* gna mo6oir anprepHatEBH y € X.
NanMu cioBaMu, ecIE & — HeJOMHHWpYyeMasA ajbTepHa-
THBA, TO B MHOkecTBe X HeT HW ORHOHA AJbTePHATHBHI,
Koropasa OH gomMumrmpoBaisa z. HemoMmHEpyeMsie aibTep-
HaTHBH SABJIAIOTCA B ONpPEJeIeHHOM CMEICIe HeyIywmae-
MuMn B MEOKecTBe (X, R), m mx BHOOp B 8ajade OpHHS-
THS pelmeHuil ecTeCTBEHHO CYMTATh PANHOHAIBHEIM B Ipe-
Helax wWMelomeicsa maEGopManum.

Takam of6pasom, mupopmanua B (POpMe OTHOIIEHHS
mpepmodrenmsa R 1mosBoiaser cy3uTh KJIAcC pPanuOHANB-
HHX BHOOpoB B X N0 MHOMeCTBA HEAOMHEHEDYEMEIX
(. A.) ampTepHATHB BHAA

X""‘={$|xEX: (¥ x)&R\\R-l Vy € X}.
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flcno, uT0 4eM Goabme EMeeTCsa mHPOPMALHE O PeaJbHON
CATyaIu\ HWJA IOPOIEecce, TeM ke OTHOIIeHWe (e3pasim-
qus (KaK MOAMHOKECTBO AeKapToBa mpomspefeHEsd X X X),
Ve MHOKeCTBO X ™ ** W, ciIeoBaTeIbHO, MEHBIIE Heompe-
ZeJeHHOCTh B panWOHAJBHOM BHGOpPe albTePHATHB.

IIpm MopmenupoBammm peaJbHHX CHCT6M MOTYT BCTpe-
TATHCA TaK@e CHUTyamdd (ABIAIONHWecsd, CKopee, IPaBH-
JIOM, 9eM HCKJOUYeHHeM), KOrga y J. m. P. WIH y dKCIep-
TOB HET 9eTKOIr0 IIPeJCTABICHHS O NPEeNIOYTeHHAX MERIY
BCeMH HJIV HEKOTOPHIME M3 ajJbTepHATHB. B Takmx caydaax
Jq. I. P. WIK 3KCIOEPTH 3aTPYAHAIOTCA C IOJHOA Ompeme-
JIEHHOCTBI0 YTBeP;KJAaTh, 9YTO, HAOpPUMep, AJIbTEPHATUBA
Z He XYyKe aIbTepPHATHBH ¥ (T. €. 4To z 3= y). Ecam e dKe-
IepT MIOCTABIEH IiePéX HEOGXOAAMOCTBI0 BHICKA3HBAThH
geTKHe CYKIeHUA O IPeJIodTeHHuIX, TO IIPA dTOM OH GymeT
BHEHEYKJEH B HEKOTOPOM CMEHICJIe «Orpy0JaATHY MMeoImecs
y Hero 3HAHAA H NPEACTABIEHHA, a MaTeMaTHIecKas
MOJIe b OKajKeTCsl MeHee aJleKBAaTHOW peajbHOH CHTYya-
OHA.

‘Bostee rubkmM cmocoGoM ¢opMaiIusamUE WMEIIMIHXCSA
Yy SKCIEPTOB 3HAHWI O pealbHON CATYalHH IIPeNCTaBiA-
eTCA TaKoi, IIPH KOTOPOM OHA MMEIOT BOSMOKHOCTH OIH-
CHIBATH CTEIleHb CBoell YOEKOEeHHOCTH B IPeAHOITeHUAX
Me;K[y ajbTepHaTHBaMH 4uuciaa u3 wmHTepBaia [0, 1].
B peayibraTe ¢ HOMOIIBI0 YKCIEPTOB BHIABIAETCA, BOOOme
roBops, HEYETKOE OTHONIeHWE MPEeNIOYTeHWS B MHOIKECTBE
aJbpTePHATAB, B KOTOPOM KayKkqoii Iape aJIbTePHATHB
(z, y) COOTBETCTBYeT YHUCJIO, ONHCHEBAIONmEe CTEIeHh BH-
NOJMHEHWS IPEeANOYTeHHA T = Y.

dtor cnoco6 omAcaHWsA OTHOIIEHUWS IO3BOJAET B 0oxee
MONHOA Mepe BBECTH B MAaTeMaTAYECKYIO MOJeJb RHAHWA H
OPeJICTABIEHNUA SKCIEPTOB W TeM CaMHM CHelaTh MOJeNb
B OIpEeIeJICHHOM CMEICTe Dojee ajeKBaTHOH peasbHOCTH.
3ajada IpH 3TOM 3aKJII0YaeTCa B TOM, KaK HCHOOJb30BATH
uadopManMo B TaKoit GopMe ANA pamHOHAIBHOro BHGOpa
anbTepHAaTAB. TaKuM 3aadaM W IOCBAIMEHA JaHHAsA IaBa.

H3noxenne MaTepmajia I'IaBH MH HadHeM € O0CYsKme-
HOAA W aHAJIM3a CBOMCTB HEYETKHX OTHONIGHWI mpemouTe-
HEA, HA KOTOpHE ONUPAITCA pacCMATpHBaeMile HILKe
TIOAXOAE K PEIIeHWI0 COOTBETCTBYIOINAX 3afad NPHHATHA
pemenuii. [Tpm aToM ME GymeM cchuIaThCA Ha OOIIHe CBOA-
CTBA HEUETKHX OTHONMEHUI, M3io;KeHHEe Bumme B § 1.2.
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3.2.HeyeTkne OTHOLIEHNA HpPeAIOYTEHUSA

ITyers X — 3amamnoe MEO)kecTBO ajbTepHaTuB. He-
YeMKUM OMHOWEHUEM Hecmpozo20 npednoumenus (H.O.1L.)
Ha X GynmeM HasHBaTh M060€ 3aJaHHOE HA 3TOM MHOMKECTBe
pediexcuBHOe HeueTKoe oTHomeHme. Hax yske rosopm-
noch B § 1.2, He9eTKOe OTHONMIEHWE MOKHO IIOHVMATH KaK
HeYeTKOe IIONMHOKeCTBO JeKapToBa mpomsBemeHas X X X.
WNmes 3T0 B BHAY, HEYETKOe OTHONIEHHE NPEANOYITEHUS
R na Muoxectse X GymeM ommceHBaTh yHKNMell mpuHAag-
neskmocTd BEAa pp: X XX — [0, 1], obnagaromeit cBoit-
CTBOM peduieKCHBHOCTH, T. €. ., (2, z)=1 mpm m06om
zGCX. ’

Ecmm p,—m. 0. n. Ha MHOMXKecTBe anpTepHaTHB X,
TO IuA mo0oit mapwm anerepHaTMB z, Yy & X 3HaueHume
pp(z, y) moHmMaeTcss Kak cTemeHb BHIOIHEHHA IPEATIOY-

TeHHA «T He TYxce y» mAM z = y. Pamencrso p,(z, y)=0
MO;KeT O3HAa4YaTh JU0O TO, YTO C MONOKUTENBHON CTENEHBIO
BHIOJNHEHO o00paTHOe IIpefmOYTeHHEe Y =2, T. €. YTO
pp(y, )>0, mmbo 10, UTO anLTEPHATHBH T H Y He
CPDABHAMH MeXIy 000l HH ¢ Kaxkoil IDONOKATENHHON
CTeNeHb0, T. ©. uTo | pp(y, r)=0.

PednexcuBHOCTh H.O.I. OTPRKaeT TOT eCTECTBEHHHIH
daxt, uro mobaa ansrepraTEBa £ C X He XyKe camoii ce0a.

3.2.1. Heuwerkme orHOmeHnus Oespa3nmumsa, KBa3u-
3KBHBQJCHTHOCTA H cTpororo mpeamourennsa. Ilo saman-
HOMy Ha MHOKecTBe X H.0.I. R MOXKHO OTHO3HAYHO
OIpEeReNUT: TPH COOTBETCTBYIOMIMX €My HEYeTKHX OTHO-
menusa: Gespasauqus RT (p{,), K6a3UIKEUBAAEHIMHOCTIL
R’ (pk) u cmpozozo npednoumenus R®(pf), KOTOPEHE HCHONb-
3yIOTCA B fanbHeiineM jJjiA onpefelleHUsA W aHajIu3a CBOICTB
MHOKeCTBA HEJJOMUHMDYEMHX ajbTepHATHB B 3a7ayaX IPH-
HATEA pemennit [39].

ITo ananoram ¢ OGHYHKIMU OTHOIUEHWAMY MPEANOYTEHUA
BTH TPH OTHOIIEHUA MOMKHO ONDENENUTH CIeAYIOmMUM
00pasom:

RI=(XXXN\NRURYHU@RNRY),
R°*=RAR', R'=R\R",
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‘rne R™!— obparHoe k R OTHOmEHHE, ONMCHBAEMO® (YHK-
noueit mpuBagne:kHocTH (cM. § 1.2)

ppa (2, Y)=p W, @) V(z, Y) EXXX.

Henonssysn onpepenemmss mepeceueHms, oGBeqMHEHHA
¥ PasHOCTH HedeTKMX MHOKecTB (m. 1.2.2), momyuaem
cllefylomHAe BHIPaYKeHHsS 1A QYHKIEM OPHHAAISKHOCTH
S9THX OTHONEHHIA:

1. Heuemroe ommuowenue 6espassunus:

P’é(z» y)=max {1 — max {l"’n(xr y) gy x)},
min{flg (x’ y)» [“'R(y’ $)}}=
= max {min{i —pg(@ ¥ 1 —ve (v x)},
Iﬂin{[.LR(a:, .l/)v !"n(ya z)}}
2. Heuemkoe omnowenue ksasusksusaseHmuocmu *):
vk (z, y)=min {py(z, y), v, 2)}.
3. Heuemkoe ommowenue cmpoeozo npednoumenus:

pk(z, y)=
9’5("”9 y)—‘f"n(y» .’l:) npn p.R(:I:, y)}?‘n(y’ z),

0 mpu (2 Y) <pp ¥y 2).

HOnsa mnnocrpamEe  9THX ONpENENeHHH  pPaceMOTPHM
mOpocToii mpEMep OOKIYHOro (YeTKOrO0) OTHONMEHMA, OMUCAH-
HOro HaGopoM QYHKIHUI mOIE3HOCTH.

IIprmep 3.2.4. Ha wmuoxecTBe ampTepEaTHB X 3afaHH N

$yarnui f;: X— R, i=1, ..., n. Onpegesum B X orHOmenne
npeanourenns R caepyiomuMm obpasom:

zRye fi(z)=>f;(y) Vi=1,..., n.

Herpyamo BmAeTh, 410 PyHKOAS DPHHAAIIEKHOCTH (Xapakrepu-
crageckan QyHKnAs) orHomends R mmeer BHR

1 npu f;(2) > fi(y), i=1,....n,

x, ==
be (2. ¥) {0 B OCTAJILHKIX CIy4anx.

*) Ilo cyrn pena, 3TO OTHONIeHHe ONACKBAeT HEYETKYI0 SKBH-
BaJICHTHOCTh Ha MHOMecTBe X, HO MH OCTaBIAEeM TEPMAH (OTHOIIe-
HOe SKBHBAJEHTHOCTHY [JIA HEYeTKHX OTHOMEHHA, KOTOPHE ABJA-
jorcs pedieKCHBHEIMA, CHMMETPAYHEIMA W TPaH3HTHBHEIMA.
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3aMeruM, YTO IPH TAKOM OTHOMEHMM INPEJNOYTOHUA B MHO-
sectBe X MOryT GHITh He cl})zannuuue MeXARY coboil aJaLTepHATHBH
(T. e., Boobme rosopa, R{J R+ X X X), r. e. Takme albTepHa-
TABH , y € X, Mg KOoTOpHIX BeinosHeHo (z, y)@ RUUR-!, manpm-
Mep, ajgbTepEATHBH Z, y, AJA KOTOPHX f; () = f; (y) Vi# i, n
1, (@) <1, ().
C nomompio BBe[@HHEIX BHIIIE OMPeJeNieHMH MOJIydaeMm
. 1 npu f;(z)=f;(y) Vi=1, ..., n,
IJ'R (I) y) = 0
B OCTAJILHHIX CIyYafx,

: (2 )_{1 upn f; (z) > f; (y), i=1,...,n, ig: f; (2) >f; (¥).
PR V)0 5 ocransanx cIy4aax.

OTMmeTHoM, 9TO ajJbTePHATHBH, HEJOMUHAPYeMHEe IPH ONHCAHHOM
3fech OTHONIEHHMH IDPeNNOYTeHUA, HA3HBAIOT sfiffexmuenbimu WIA
onmumasvrnumu no Ilapemo nua HaGopa dyarumi f; (z), i=1,.. ., n.

PaccMoTpuM Temepr HEKOTOpHeE CBOJICTBa BBENEHHHEIX
HEUeTKHX OTHOMEHM pi W pk.

Herpyauo yGemurness B TOM, UTO HeYeTKMe OTHOIIEHMA
pf m pk pednexkcHBHH U CHEMMETPHYHH (CM. OIpefeleHUe
atax csoiictB B m. 1.2.4). IleitcrBurensHo,

1. ph(z, 2)=pl(z, T)=ps(zr, z)=1, nockoneky
HCXOZHOE H.O.T. ., PedleKCHBHO MO OIpeeleHHIO.

2. CuMMeTpHyHOCTh 00OMX OTHOMIGHHI cliefyer M3 CaMHX
HX OIpeJelneHuis.

Crons e MpOCTO IOKA3aTh, YTO H.O.I. P aHTAPePNeK-
cuBHO U amrucummerpuuno. IeiicTBuTensHO,

1. pk(r, z)=0, Tax kak mcxomEOe H. 0. I. P, ped-
JNIeKCUBHO, T. €. p,(z, r)="1 npm mobom z € X.

2. Myers ph(z, y) >0, 1. e pp(z, y)— ey, ) >0.
Torma pk(y, z)=0, a 210 m o3HaYaeT aHTHCHMMETPHI-
HOCTh HTOr0 OTHOIIEHHA.

IlokaykeM Temeps, YTO €CNH HMCXORHO® H. O. I. b, Ha
MHOkecTBe X TPaH3HTHBHO, TO TeM >Ke CBONCTBOM o0Iamaior
COOTBETCTBYIOIIUE HEYETKMe OTHONEHHWS P M (k.

Teopema 3.2.1. Ecau H. 0. n. p, Ha X mpansumuero, mo
MpPaH3UMUEHO U COOMEemcmeyioujee Heuemxoe OmHouLeRIe (k.

3ameTmM, UTO M3 STOf TEOpeMH W M3 PaCCMOTPEHHHIX
BHIIe CBOiICTB OTHONIEHMA (i BHITEKAeT, 4TO B YCJIOBHAX
TEOpeMH {4 TIpeACTaBasAeT co00# HeTeTKOe OTHOIICHNE SKBHBA-
nentHocTn (pedeKTHBHOe, CAMMETPHYHOE M TDaH3UTHBHOE).
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JoxasarenscrBo. [omycruM, 4YT0 B YCIOBHAX
TeOpEeMH OTHOIIEHMe p§ He ABIAeTCA TPAaH3UTHBHHM. Ilo
onpefenenuio TpamsuruBHocTH (u. 1.2.4) aro pomymenme
O3HAYaeT, 4TO HalixyTcA Takwe I, Y, 32 G X, MAA KOTOPHIX
BHIIOJIHEHO HEPAaBEHCTBO

pR(z, y) <min{pk(z, 2), pk(z p)}.  (3.2.1)

HomycTaM Temeps, 4T0 pp (T, ¥) >z (Y, ) (B mporus-
HOM Clydae JOKa3aTeJbCTBO COBEPIIEHHO aHaJOTMYHO).
Torga m3 ompenenemna pf momydaeM, 4T0 pk(zr, y)=
=pr(y, z). Ilons3yAce 3THM paBeHCTBOM, 3alAIIeM HepaBeH-
creo (3.2.1) B Bume

by, 2) <min(ph(z, 2), ph(z, y)).  (3.2.2)
TMockonbry pf cummerpmuno, To u3 (3.2.2) monygyaeMm
g (y, 2)<min{pk(y, 2), pi(s 2)}.  (3.2.3)
Hanee, 3 onpenenenus pg Clemyer, uTo
pR(Ys 2)<Spp(yy 2) pR (% 2) (s, 2),
T. e.

min {pk(y, 2), p&(2, 7)} < min {l"’n (¥, 2), P (2, .’13)}
(3.2.4)

s nepasencts (3.2.3) u (3.2.4) sarmiouaem, uTO
pa (U, 2)<min{pg(y, 2), pe(2, 2)}.

Iocnennee HepaBeHCTBO HPOTHBOPEUMT YCJIOBUIO TPAH3UTHB-
HOCTH HCXOJHOTO H. O. I. {1, OTHM IPOTHBOPEYMEM 3aBep-
IaerTcs JOKasaTelhCTBO TeOPEeMH.

Teopema 3.2.2. Ecau m. 0. n. p, Ha X mpansu-
MUEHO, MO MPAHUMUBHO UL COOMEEMCMBYIouee Hewemkoe om-
HOWLeHUe, CM 02020 N PeONOYMEHUR Pg.

HDorxasarenscTBo. JlomyeraM, 4YTO B yCIOBHAX
TeOpeMH OTHONIGHHE pj He ABIFETCA TPAH3UTHUBHEIM. ITO
o3Hadaer, uTo Halimyrca z, Y, 2 G X, A1 KOTOpDHX BHION-
HEHO HEpPaBeHCTBO

pk(z, y)<min{pk(z, 2), pr(z y))-  (3.2.5)
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Hockonexy pk(z, y) >0 opu mobux z, yEX, To0, MOME-
3yAch onpefeneHumeM pf, monydaeMm u3 (3.2.9)

vk (x, 2)= ) (zy 2)— g (2 .'13) > 0, (3'2'6)
ph(z, Y)=pg(5 ¥) —pg(y, 2>0.  (3.2.7)

a) [lomycrum, uto p,(z, y) < pgp(y, z). Torma, yumrs-
BaA TPaH3UTHBHOCTH {.,, MOYKHO 3aIliICaTh HEPaBEHCTBO

te (¥ ) > pg (2, y) Zmin{u, (2, 2), pe(2, y)}. (3.2.8)
U3 rpamsuruBHOCTH P W HepaBencrBa (3.2.6) cnexyer, uro
e (2 2) > pg(z, 2) > min{p, (2, y), v (¥, 2)). (3.2.9)

Uz (3.2.8) u (3.2.9) monyuaem
e (@, 2) >min{p,(2, ¥), pg(x, 2)}, (3.2.10)

T. €.

pg (%) 2) >y (2 1), (3.2.11)
u, cnenoBaTenbEo, u3 (3.2.8) MOKHO 3aKIIOYATH, 4TO

e (@ Y) 2> 1 (2, ). (3.2.12)

Jlanee, MOCKONBKY ., TPAHSHTHBHO, TO
ey, 2)Zmin{p, (¥, ), py(2, 2)}.

Orcropa, yuurnBas mepasenctso (3.2.11) u nmpueAToe BHmIe
JOUymeHHe O TOM, 4T0 pp (%, ¥) < Py (y, Z), momydaem

g (Y, 2) Zmin {p,(y, 7), p5(2 ¥)} 2
> min (p, (2, ¥), vg(% ¥)).
Us nocnennero mepaBemcTBa m HepaBeHctBa (3.2.12) cuae-

AyeT HepaBeHCTBO W, (Y, 2) > {.,(3, ¥), KOTOpOE HpOTHBO-

peant (3.2.7).
Takum oGpasom, MH moxasanm, 4To u3 (3.2.5) cmemyer
HEBO3MOKHOCTh HEpaBeHCTBA P (T, ¥) < iy (¥, 2).

6) Momycrmm, 910 pp(x, y) > pe(y, 2). Torna
pk (2, y)= P’R(x’ y) - P‘R(y’ .’12) >O
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u uépabeucTBo (3.2.5) MOKHO sammcaTe B BHJ®

pr(@ ¥)—pp(ys :v)\<f
<min {[pg (2, 2) = e (2 2)],
[ee(z ¥)—pe(y, 2)]).  (3:2.13)

Honyerum, uro p,(y, 2) > pg(y, z). Torma B (3.2.13)
BEeIMYUHY P.p (Y, Z) MOKHO 3aMEHHTh Ha BENUYUHY {., (Y, Z):

v (2, ¥)— pg (¥, ) <min {[P‘R (z, 2) —py (2 .’I:)J’
[#2(2 ¥)— vy 2]). (3.2.14)

IlpuGasus p,(y, ) k ofemM dacTAM BTOr0 HEPABEHCTBA,
oIy IAM

pg (2, y) < min {[p,(z, 2)4
+ (e W @) —pg (2, 2))], v2(2 ¥)). (3.2.15)

3pmecr clnexyer pacecMOTpeTh ABE BO3MOYKHOCTH:
1. Ecmm pgp(y, ) —pe(z, 2)<<0, To m3 (3.2.15) no-

JiydyaeM HeDaBeHCTBO

tr (@ y) min {py(2, 2), p5(2 1)},

KOTOpOe IPOTHBOPEYHT TPAHSUTHUBHOCTH [,
2. Ecnm pg(y, ) —pge(z, 2)>0, 1o, yunreiBaa rpaH-
BHTHBHOCTh pp MOKHO 3allHCaTh

e (¥s %) > pg(z, 2) > min{p, (2, y), vy, 2)},

OTKyJa cpasy CllefyeT HepaBeHCTBO p,(y, ) > pr(3, V),
KOTOpOe IIPOTHBODEUMT NOUYIIEHHIO O TOM, YTO (Y, Z) >
> (y, z), n mepasencrBy (3.2.7).

Takam o6pasoM, MH IIOKa3and, 4YTO NpPH YCJIOBHH
pg (T, ¥)>pp(y, ) n3 nepasemcrs (3.2.6) m (3.2.7) BH-
TEKaeT HepaBEeHCTBO

be s 2) <ty (9, ). (3.2.16)
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Paccy:xpan amanormunnM 06pasoM, MOKHO TIOKASaTh,
YTO OPH YCNOBHH pp(Z, y) > p,(y, =) us (3.2.6) u (3.2.7)
BHTOKAeT HEPABeHCTBO

g (2, 2) <pp(y, 2). (3.2.17)

Hanee, monssyscr HepaBeHCTBaMu
e (¥, 2) 2> min {pp (¥, 2), pe(2, 2)},
pe (2 2) > min{p (2, ¥), v (Y, @)},
n3 (3.2.16) u (3.2.17) monyuaem HepaBeHCTBa
by 2) g (25 2), pp(2 ) 2 pp (2 y),

KOTOpHe, KaK HeTPYJHO BUJETh, IPOTHBODPEYAT HepaBeH-
creaM (3.2.6) m (3.2.7). STuM mpOTHMBOpEUmEM 3aBepINAeTCs
NOKa3aTeNnbeTBO TeopeMul 3.2.2.

HanomMawnM, 9To 06nrdHOEe pediIeKCHBHOe W TPaH3HTHB-
HOe OTHOIeHMe Ha MHOKecTBe X HABHBAETCA KBaSHIODSAMI-
koM Ha X, a anTEpeIeKTHBHOE, AHTHCAMMETPUYHOE |
TPAaH3UTHBHOE OTHONIEHHE HA3HIBAETCA CTPOTHEM HMOPAZKOM
Ha X (cm. xuwury [18]). Ilonsaysce aTol TepMmHOIOrmei
7 IPOBOJSA AHAJOTHIO C OGHYHKIMA OTHONICHHSIMH, TEOPEME
3.2.1 m 3.2.2 MO3KHO CHOPMYIAPOBATH CIAEAYIOIUM 06Pa3OM.

Teopema 3.2.3. Ecau p, — Hewemruil Kkeasunopadox
Ha Mmuoxcecmee X, mo L, — coomeemcmeylouee HeHemroe

OmHoWeHIE IKGUBGAEHIMHOCIMU, & L — COOMEEMmCmeyowuil
Hewemguli cmpoeuli nopadox na X.

3.2.2. JIuneiinocTsr HeyeTKHMX oOTHOImeHmMii. BakEEM
CBOMCTBOM 33aHHOTO Ha MHO;KeCTBe X' OTHOIIGHHS Ipe-
mo4TeHUS ABAAETCA ero JmHeiHOCTh. OTHomenme R =Ha
X Ha3HBAaeTCA JAUHELHWM, €CAH 3THM OTHOIIEHWEM MW
o0paTHHM K HeMy OTHOIIEeHHEM CBASAHH JI00He JBe alb-
TePHATHBH [IAHHOTO MHOKECTBA. WanMm crosamu, mpm
JAHEeHHOM OTHONIEHHH HA MHOecTBe X HET He CpaBHH-
MEX MEXAY C0o00# II0 IpefmodTeHHI0 AJbTePHATHB.

Herpyneo moHATH, 4TO JAMHEAHOCTH OGHYHOTO OTHO-
IHeHNs SKBUBAJEHTHA YCIOBHIO

RUR'=XXxX,
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rape R — o6paraoe k¥ R ormomenne. ragse sto ycnosme
MO’KHO 3allECaTh B CIEAYIOINEM BH[E:

zRy = yRz,

rpe R — momonmenne R B X X X, MM ¢ HOMOIBIO Xapak-
TePUCTUYECKUX (YHKIH i

P’R(x’ y):()jp'n(y’ x)=1

B Clydae HEYETKOTO OTHONIeHHs OJHO3HAYHO MOKHO
onpefeNnuTs JIHIb IIOJHOE OTCYTCTBHE JIMHEeHHOCTH: He-
YeTKOe OTHOImEeHHWe P, He ABIAETCA JMHEAHHIM TOrjga H

TOJIHKO TOrKA, KOTKA HAHAYTCA TaKHWe AaJbTePHATABH
z, y€ X, OnA KOTOPHX BHIIOIHEHO PABEHCTBO

P’R(x’ y):"p‘g(y’ z)=0,
rae (2, y) — GyHKROEA OPAHALJIEKHOCTH JAHHOTO HEYeT-
KOr'0 OTHOLIEHUA.

CBOHMCTBO Ke JIMHEHHOCTH HEIETKOTO OTHOIIGHHSA MOMKHO
OOHAMATH §0Jlee MHEPOKO, IeM B Clydae OGEIHOTO OTHOIIe-
HEA, B CAILY TOTO, 9T0 (YHKNUA NPHHAIICKHOCTH TAKOTO
OTHOIIEeRWsA MoKeT mpmHEMarh Kpome 0 m 1 moGmie mpo-
Me;KyTO4HbIe 3HadeHuA. [[0MB3yACH 3TEM, MOKHO BBECTH
MOHATHe CTeNeHHM JMHEAHOCTH OTHOIIeHHA.

Onpepneaxenue3.2.1 [39]. IIycrs A — meroropoe
gncio w3 muTepBaiza [0, 1]. Hewerkoe ormomenme .,
HABHBAETCA A-IUHEUHHM, €CIH ero QYHKIUA OPHHANIEK-
HOCTH YIOBJIETBOPSET YCIOBHIO

max {}LR (x, ¥)» &g (¥, -} >

mpm jgobux z, y € X.

Taxum o6pasoM, eCIE H.O.I. SABIAETCA, HAIpHEMEp,
0,7-naHeAREIM, TO B3 KaKIHX ABYX AJbTePHATHB II0 Kpai-
Helt Mepe OfHa He Xy:ke [PYroi co cremenbio, Goapmeit 0,7.

PaccmorpuM eme OQAH BHJ JUHEHHOCTH HEYETKOrO
OTHONmMEHHUA, KOTODHM OyJeM HONB30BaThCA B JalbHeMIneM.

Onpenenenne 3.2.2 [39]. Heuerxoe orHomenue p.,

HA3HBAETCA CUAbHO JUHElHbLM, ecau ero (GyHKoua upu-
HAJI&KHOCTH Y/OBJIETBOPAET YCIOBHIO

max {p, (2, ¥), pa(y, 2)}=1
npu mobux z, y € X.
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Wrage cBoficTBO cHibHON NMHEHHOCTH MOKHO OIpefe-
JIUTH CHENYIOIMHM 00pasoM:

Pr(@ ¥) > pp(ys 2) D>pp(z, y)=1 (3.2.18)

npu mobux z, ¥ € X.
YUTo6H mOACHATH CMHCIH CBOHCTBA CHJIBHOW JUMHEHHOCTH,
[OKa)KeM, 9TO OHO SKBHBAJEHTHO YCJOBHIO

pp(z y)=1—pg(y, 2) Vay€X, (3.2.19)

Tfie (4 — COOTBETCTBYIOIIe® HeYeTKOe OTHOIeHHe CTPOroro
npenumoutenus. eiicreurensHo, ecin sumoaHeno (3.2.18),
TO WO OmpefieieHmio ps momyuaem p (y, ) =0, 1. e. ycno-
Bue (3.2.19) rawxe Bumoaseno. OGpaTHO, ecId BHIIOTHEHO
(3.219) u py(z, Y)>pr(y, 2), 10 PRy, 2)=0 u
pp(z, y)=1, 1. e. Bumonreno (3.2.18).

OGpaTaMca Temeps K YCIOBUIO CHIBHON JHHEHHOCTH
B dopme (3.2.19). HerpynHo moHATH, 4TO €r0 MOXKHO 3alH-

caTb B BHJE
B1=(X X X)\ R, (3.2.20)

rae R — o6paruoe ¥ R Heuerkoe orHolueHue, a R® — coor-
BercrBylomee R Heuerkoe OTHONEHUE CTPOrOro HpeJIO-
YTeHUA.

Cmuca ke (3.2.20) MOKHO OACHHUTH CIGAYIOMAM 0Gpa-
soM. Ecnu, Hampumep, albTepHATHBH & W y TAKOBHI, YTO &
cTporo ayume (OpexnodTHTeNbHee) y (Z & y) co cTemensio 1,
10 (y, )¢ R, T. e. y =z HA C Kaxkoil IONOKHUTENHHOM
cremensio. Ecnm ke z&H-y, 10 (y, 2)ER™, 1. e. y =z
co crenensto 1. Ecnm, HaxoHem, Z$—y cO CTEEHBIO &, TO
cO CTeNeHbI0 1 — o BHIIOMHEHO MPeNIOYTeHHe J 3= L. LaruM
obpasoM, 1O €BOEMY CMEBICy CHJIbHAA JMHEWHOCTH B HamW-
Gonbuiell CTENeHM aHAJIOrMYHA CBOHCTBY NmHeHHOCTH OOBIY-
HOTO OTHOMICHHA.

Jlerko Bupmerh, 4TO W3 OIpejmeneHHA CUILHOW JWHeil-
HOCTH CllefyeT, YTO IPH CHJIBHO JUHEH{HOM HEYeTKOM OTHO-
menur R Ba MHOkecTBe X InA JMIOOHX JBYX ailbTepHa-
THB Z;, X, BHIOIHEHO M0 KpaiiHeili Mepe OXHO U3 DaBEHCTB

pp (@ T)=1, pg(z,, 2)=1.

Eme ogHO cBOHCTBO CHJIbHO JMHEHHOr0 HEYETKOTO OTHO-
IIeHAA COCTOMT B TOM, 4TO COOTBETCTBYIOINME €My HedeT-
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kue orHomeHms RI m R° coemagaior. [lelicTBaTensHo,
AOmycTHM, 4TO A HeKoTopoir mapw (z, y) € X Bemon-
HeHO pp (2, Y) >pgp(y, z). Torma ms ompemenemma 3.2.2

cnegyer, 4ro p.(z, y)=1, a wms ompemenemma p; momy-
vaem pl(z, y)=p,(y, z). B cuny cmmmerpmumocT:m pk

B ciydae pg (7, §) Spg(y, @) mMeeM pg(z, y)=pg(z, y)
U, ClIe0BaTelIbHO,

pz (2, y)=min {P‘R(xt Y)s vr (Y :c)}=p;,(x, y)-

B pganpHeiimeM MH OyZeM IO0JB30BATHCA ABYMSA THIIAME
JIMHEHHOCTH He4eTKOro orHomeHnma: (-ImHEHHOCTHIO, KO-
TOpy1 GymeM HasHBaTh Claboil, M CHNBHON THHEAHOCTHIO.
Kax caemyer ms ompenerenmsa 3.2.1, caalyo IMHEAHOCTH
MOKHO ONpENeNHTh M CJIeAylomumM o6pasoM: H.O.I. p,
Ha X HasmBaeTcsa ciabo JMHEAHHIM, eCiE OHO o0Jamaer
CBOMCTBOM

p.R(:IZ, y)=OZ>P‘R(y’ x)>0

npu mobux z, y 6 X.

B sakiaoueHde JaHHOTO pasfieia UPHBENEM A WIIIO-
CTpamu\ HpPOCTHE NIpAMePH HeYeTKHX OTHOIIeHHH, 06ia-
MAIEX JAHEAHOCTHI0 PA3IWIHHIX THIOB. Bynem cumrarh,
9T0 MHOKeCTBO X COCTOMT U3 YeTHPEX 3IeMEHTOB.

1. 0,5-aunelinoe Hewemrkoe omuowerue: =

1 055 06 0
(o 1 03 1
b0 2)=\02 06 1 o04]

08 1 07 1

2. CuavHo aumelinoe omHowenue:

102 1 0

1 1 1 05

z;, T)= ’
l"‘n( L] /) 0 0'8 1 1 .

1 1 03 1

3.2.3. Heuerroe mOMHOKECTBD HEHOMAUHAPYEMBIX AMD-
repaatus. OOpaTEMCA Temephr K B3ajave DPANEOHAIBHOTO
BHOOpA aIbTePHATHB U3 MHOKeCTBa X, Ha KOTOPOM 3aJaHO
HEYeTKoe OTHONmeHWe mpefmourenma p,: X XX — [0, 1].

Kar y:xe rosopmioch BO BBeleHME K JJaHHOX IiIaBe, B CIIy-
vae, Korga WHPOPMAMAA O CHTyanUd OPHUHATAA Pemenui
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onucara B (popMe OGHIHOTO OTHOMEHHS NPeNNOYTeHHA,
panuoHaIBHEIM €CTeCTBEHHO CYHTATH BHOOD HeOMHUHHpYye-
MHX ajJbpTepHATHB. MaTeMaTHYeCKHM TaKasa 3ajqada CBO-
IATCA K BHENEHHI0 B 3aJlaHHOM MHOKecTBe X IIOMHO-
JKeCTBa HEJOMAHHPYEMEHIX AJbTEPHATHB.

B sroM paspesie MH ChelaeM DONKTKY NPHMEHATH IIO-
HOGHHI MOAXON K 3afade NPAHATHSA PENICHAA IPH HEIETKO
ONMCAHHOM OTHONIEHWH MPEJIOYTeHnsA Ha MHOKECTBE alb-
tepuaTuB. IIpm sromM MH paccMoTpmM CHaJala 3amgaud,
B KOTOPHX CaMO MHOKECTBO QJbTEPHATHB ONACAHO IETKO,
T. €. KaK OOKTHOEe MHOKeCTBO, a 3aTeM oOpaTmMcA K Goiee
ofmeMy cCily4al C He4eTKAM MHOKECTBOM aJhTepPHATHB.

 Urar, mycrs X — o6HYHOe (WETKO ONHMCAHHOE) MHO-
’KeCTBO aJTBbTEPHATHB W P, — 3aJJaHHOE HA HeM HEeYeTKOe
OTHONmIEHWe HeCTPOroro mpepmoqrenmsa. IlycTs, Kpome
TOr0, p§ — COOTBETCTBYIOIIee (., HEYETKOe OTHOMeHHZe
CTPOTOro IPeRmOYTeHAA, BBefeHHOe B 1. 3.2.1. Ilonnraemca
OImpefeanTh HOTMHOKECTBO HETOMHHHPYEMEHIX ajlbTepHA-
THB MHOeCTBa (X , pR). 3aMeTHM, 9TO HOCKOJIBKY HMCXOJ-
HOEe OTHOIIEHHE IPEANOYTeHHS — HEIOTKOE, TO eCTeCTBeHHO
OKHUJATh, UYTO M COOTBETCTBYIOMEe IOAMHOKECTBO HEJO-
MOHHEDPYEMHX aJIbTEPHATHAB OKa;KETCA HEYeTKUM.

IlpegmonaraeMoe HmKe ompeleleHHe IIOAMHOKECTBA
HEJOMUHHDPYEMHX aJbTePHATHB ONHPAETCA HA CJefyIo-
mue paccyskgennsa. CorracHO ompefeieHUI0 OTHONIEHHA
b, BA MIOGHX anbTepHATHB Z, ¥ &€ X Beamamua pg (z, y)
€CTh CTelleHb, ¢ KOTOPO# aJbTePHATHBA Y AOMHHEPYETCSH
aasrepHaTusoil x. CiemoBaTeapHO, OPH (UKCHPOBAHHOM
Y € X onpenenernyio Ha X dynkmmo p? (y, ) MOxKHO pac-
CMATPEBATh KaK (YHKOHIO NPHHANJIEKHOCTH HEYeTKOTO
MHO;KECTBA «BCeX» AIBTEPHATHB X, KOTOPHE CTPOrO JOMH-
BEpyloTca ansrepHaTmBo# y. Ilycrs, mampmmep, cremens
IPHEHATIEKHOCTE AJbTePHATHBH I, BTOMY MHOKECTBY
(cooTBeTCTByIOmEMY HEKOTOPOMY (UKCEDPOBAaHHOMY )
pasHa 0,3. ITo o3mHagaer, 4TO T, JOMEHAPYETCA AJbTEePHA-
taBo# Yy co cremenbsio 0,3.

HeTpynuo HOHATH, 9TO MHOKECTBO «BCeX» ajbTepHa-
THB Z, KOTOPHE He JOMAHAPYIOTCA aJbTePHATHBOH y, Mpef-
crapiseT coGoii AomoiaHeHme B X BBEJEHHOTO MHOKECTBA
p% (y, x). Cornacno ompenesenmio momonHenns (m. 1.1.2)

J C. A. Opaoscknit
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moJydaeM, 9TO 5TO HOBOe HEe4eTKOe MHOKECTBO OIIYCHIBA-
erca (YHKOWeRA NPUHANIEKHOCTH BHAA

1—pi(y, ), z€X. (3.2.21)

Ecnu, mampumep, p}(y, ¥)=0,3, To co cremensio 0,7
anbTEpPHATHBA £ He NOMHUHUDYeETCA albTeDHATUBOH .

Temepp AcHO, 4TO MiaA BEeneHnsa B X IOAMHOKECTBA
«BCeX» AJHTEPHATHB, KaKAad H3 KOTOPHX HE NOMHHHDPY-
eTcd HU OfHOH axbTepHaTnBodl 3 X, HYKHO B3ATH Iepe-
cedeHre HeYeTKUX MHO;keCTB Buaa (3.2.21) mo Bcem y G X.
ITO mepeceueHde MH M HA30BEM HEYOTKHM IOJMHOKECTBOM
He[[OMAHEDPYEMHX aNbTePHATHB W 0003HAUEM ero pg*.

CoriacHO oIpefielieHHI0 IepecedeHHs HEIETKHX MHO-
sxecTs (. 1.1.2) monyuaeM ciaemymomee BHpa;keHHme IS
QYHKIEA NPEHAMJICKHOCTH 3TOTO MHOKECTBA:

pi- % (z) = inf [1 — i (y, a;)], z€X,
yEX
nin
pg.n. (x) —1 — sup p';) (y, a!), T E X. (3222)
7€X

Ompepenenue 3.2.3 [39]. Ilyers X — muOKecTBO
anpTepHATHB H ., — 3aJaHHOE Ha HeM HOYETKO® OTHOIIeHMe

mpepnouTeHnsa. Heuemkoe nodmuoscecmeo HeOOMUHUPYEMbLT
aabmepramue MHOMecTBa (X, ) omHchBaerca (QyHKume

npuHagnesxHoctn (3.2.22).
3uavenwme pi-A-(r) mpemcrasiser coGoil cTeleHs, ¢ KOTO-

poli anbrepHaTHMBa I He NOMUHHUDYETCS HH ONHON W3 albrep-
Hatme MHokectBa X. Ilycrp pB- (r))=—a mna HeKOTODOI

anbTepHATHBH Z,. Torga «, MOKeT NOMHHHUPOBATHCA APY-
roMd ajbTepHATHBAaMU, HO €O CTeNeHBI0 He BHme 1 —a.
JleiicTBATENEHO, IPA 3TOM

sup pt(y, z,)=1—a
yexpn(y o)

u, cuenoBareinnHo, p(y, ¥,)< 1 —a« mua mobo#t ansrepra-

tuBH y CX.
Ilonesysice ompenelieHEeM HEUETKOTO OTHOMERMA pf

HeTpYIHO IOKa3aTh, ITO
sup ps (y, z)=sup[pe(y, 2) —p,(z, y)] (3.2.23)
yEX yeX




5.2] HEYBTHIE OTHOMIEHUA IIPEATIONTEHUN 134

mpu awboM z € X. [eiictsurensuo, nycrs z €& X — npons-
BOIBHO BHOpaHHas aApTepHATHBa. BBeseM MHOKeCTBa

YI@)={y|ly€X, ppy 2)>pz(x v))s
V@) ={y|y€X, vy, 2)<pgplz, p))

ITonb3yscs Tem, uro Y (z) U Y“( z)=X mpm mo6om z € X,
sammmenm (3.2.23) B caexyiomei ¢opme:

sup pi (y, )=
y€X

= max { sup. PR (y» x), sup pi(y, z)}. (3.2.24)
yeY(x yET(x)

(¢
Hanee, omupadch Ha ompefieneHue pf, IOIyJaeM H3
(3.2.24)

sup g (Y, 2)=
:max{ sup [pR(y, z) —pp (@ ¥)], O} =
_max{ 21;‘1(;)[;»3 (¥, ) —pp(z, ¥))
sup [PR(y, z) —pgp (2, Y]} =

yET(x)
=sup [p, (Y, ) —p,(2, y)].
yeX

Pasencreo (3.2.23) mo3Boifer ommcaTs IOAMHOMKE@CTBO

HeIOMMHHUDYEMHX albTepHaTHB QyHKOueill NpuHAmIEK-
HOCTH BHJA

- Re ()= 1 — :{ég [p,R (y, zy— L (, y)]’ (3.2.25)

The (1, — HCXOfHOe H. 0. I. Ha MHOKecTBe X. Bripaykenme
(3.2.25) MokHO paccMaTpPHEBATH Kak c1ocob 00paboTkm mexoa-
HO#l HeueTkoil mHpOpPMaUH, 3agaHHON B fopMe H. 0. . PR,

A BHAeNeHWA B X IOAMHOKECTBA HENOMHHMPYEMHIX
anbTepHATHB.

Mockonsry Bemmumma pE-* () ecTh CTeleHb «HEIOMHHH-
pyeMocTH» albTePHATHBH Z, TO PaliHOHAILHHM IIpH 3afaH-
HO!i Hederkoit WMH(OPMAIMM ecTeCTBEHHO CYMTATh BHOOp
anpTePHATAB, HMEIOMAX IO BO3MOKHOCTH OONBIIyI0 cTe-
IeHb NPUHAJIE;KHOCTH HEUETKOMY MHOMKECTBY pj-#, T. e. Tex

g*
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albTePHATHB, KOTODHO Jalor SHavoHM® GYHKHUE pi-A (z),
10 BOBMOKHOCTH (olee 0/M3Koe K BelHYHMHE

sup p8-A (z) =1 — inf sup z) —p.(x .
Suppy (z) xexyex[nﬂ(y, ) — e (@ Y)]

AnprepHaTUBH, AalOm@e B TOYHOCTH 3Ty BeJHYHHY,
T. e. BIIEMEHTH MHOKeCTBa

Xnn=(z|2 € X, pi*(2)=suppi* (2)),
26X

M OymeM HA3HBATH MAKCHMAJbHHIMH HEJOMUHEDYEMHMH
anprepHaTMBaMu MHOKecTBa (X, pp).

IIpumep 3.2.1. Ilycth B KoHeuHOM MHOMKecTBe X=/{z,,
zy, T3, %4} 3aJaHO H. O. N. BHAA

I Ty Zo Zg Ty

, 1 0,2 0,3 0,1

o =z |05 1 02 06
P‘R(zn Ij)—‘ Z4 0’1 0,6 1 0’3
z (06 01 05 1

Ilonbaysach BBeNEHHHMW BHINE ONpe/eleHAAMH, HOAydaeM

A 2 zg EA

Zy 0 0 0,2 0
s (n. ny— T2 |03 0 0 0,5
9] (.‘t., zj) - s 0 0,4 0 0

2 |05 0 02 0

y Ty T3 Ty

p,}'i- Ko (z..) =0,5 0,6 0,8 0,5

Orciofa BHAHO, 4TO HAMGOABMYI0 CTeIeHb HE{OMHHHPYEMOCTH,
pasuyo 0,8, UMeeT anbTepHATHABA Zg, IIO3TOMY BHGOD ee B KadecTBe
pelleRns clefyeT CYATATH PANUOHAJIBHHM B PaMKaX paccMaTpH-
BaeMoro IOXXOfna.

3.2.4. Yerko HepoMUHHpYEMbLIC AALTEPHATHBLL W HX
coiicrea. B sTOM paspgele MH paccCMOTPEM 3ajadd pa-
NUOHANBHOr0 BHOOpa AJTBTePHATHB, B KOTOPHX MHOMe-

il




f.21 HEYRYHUE OTHOMERMHE NPEAMOYTEHAR 133

CTBO HOJOMMHUDYEMHEX ajbTepHATHB npepcrasiier coboit
HOPMAJIPHOEe HEYETKOe IMOJMHO}KEeCTBO MHOKECTBA X sy T. €,
(GYHKINA OPUHAIIEKHOCTH 3TOTO IOAMHOMKECTBa 00/IaKaeT
CBOHCTBOM

sup pi-A- () =1.
z6X

B stomM cayuyae ana nio0oit anvrepHATHBH 2 M3 MHOMKe-
crBa X*-A MAaKCHMANbHHX HeJOMUHHEDYEeMHX AalbTePHATUB
BHIONHEHO pi-A-(r)==1, T. e. cTemeHb HeJOMHHHPYEMOCTH

noboit Taxoil anbrepHaTuBH paua 1. UmmMmu cioBamu,
maa noGoit x € X®-A- m mo0oit anprepmaTEBH y € X mpm
9TOM BHIONHEHO paBeHcTBO pb (y, )=0, T. e. HE onHa
41pTepHaTHBA He JOMHUHHUDYeT ¢ IOJNO/KUTENbHOH CTeIIeHBIO
NAHHYIO albT€PHATHBY .

ViMes aro B BUiy, TakWe anbTepHAaTUBH MH O0yjeM
Ha3HBaTh YETKO HEJOMHUHMDYeMHMHM (T. e. Co cTemeHbio 1
HeJIOMIHAPYEeMBIMH) MM, COKDALIeHHO, 4. H. [l. ajJbTepHA-
THBaMM, a MHOKECTBO 4. H. Jl. aJbTepHATHB OyneM 0003HA-
yars X7-B-A. Taxum 006pasom,

XM H I — {x|xEX, pR (2) = 1}‘

OTMeTHM, 9TO 4. H. I. aJbTEePHATHBH IPECTABIAIOT 0CO-
65lit MHTEpeC B aHAJAUBHPYEMHX 3MeCh 3a/[a9aX PAamHOHAIb-
HOro BHOOpa, DOCKOJABKY MHOKecTBO X ™ " # MO;KHO pac-
CMaTPMBATh KaK B HEKOTOPOM CMEICIe YeTKOe peleHHe
HEYeTKO WOCTABJeHHOH 3agadd. Pasymeercs, He BCAKas
3ajada WMeeT TAaKoe peIIeHWe; HEeKOTOPHE JOCTATOYHEe
YCIOBHA ero CymeCTBOBAaHHA Oyayr cdopMyIupoOBaHH
B CIeRylOmeM paspeie. 37ecCh jKe M H3yYMM HEKOTOPHEe
oJe3HHIe CBOWCTBA 9. H. K. aJBTEPHATHB. '

PacemoTpum cHagasa Bompoc 00 9SKBHBAJEHTHOCTH
4. H. A. aasrepHatuB. OTMETEM Npe[ge BCero, 4TO 3TOT
BOIIPOC BeChbMa BayKeH B 3ajave PArAOHAJIBHOr0 BHIGOpA.
Kak ciegyer m3 mpmBeferHOro HmKe paBeHCTBa (3.2.26),
9. H. . aJbTePHATHBH MOTYT OHTh CPAaBHAMHMA JHIOb
[0 OTHONIGHWIO KBa3WIKBABAJEHTHOCTH. ECiIn OHE HE DKBH-
BQJIEHTHH JPYyr APYry, TO AJasA OGOCHOBAHHOTO BHOOpa
KOHKPETHOH aJIbTePHATHBH HEOOXOJUMO HPHBJIEKATH JI0-
TOJHUTEeJIbEYI0 HHOGOPMANWIO, BHENIHIOI) IO OTHONIEHHIO
K HM3y9aeMOii MaTeMaTWIeCKOil MOJeJH.
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C apyroit cropomni, ecam BCe 4. H, A, aabTepHATHBH
SKBUBAJEGHTHH APYT APYTY CO Cremenbio 1, To Takoi mH-
gopmanume He Tpebyercss W 0GOCHOBAHHHIM (pa{HOHANb-
HHM) fABJIAETCA BHOOD di00oit m3 HEX. B peificrBmTesn-
HOCTH 3TOT cCiaydail o3HagaeT, YTO B paccMaTpHBaeMoi
MofiesqEm Yy:ke mMeeTcss HMuoOpMAmusa, JOCTaTOYHASA [JIA
PAIMOHANBHOTO BHOOpA KOHKPETHON AalbTepPHATHBEL.

JKBUBAJIEHTHOCT 9. H. [{. AJbTePHATUB C IOIOKATENb-
HOH CTeleHbld, MeHbme# 1, — mpoMeKyTouHAsg CHUTya-
UEA, B KOTOpO# Ais 060CHOBaHHOrO BHGOpAa KOHKDETHOH
aJbTePHATHBH TpeGyeTcs UPHBIEKATh MEHBLIIE KOIOJIHH-
TeJIbHON HE(OPMANUY D0 CPABHEHUIO CO CIydJaeM IOJHOR
HEIKBUBAJEHTHOCTA 9. H.[. aJbTeDHATHB. 3aMeTHM, UTO
B 9TOM CMEICJIe MUHUMAQJHHYIO CTeNeHb IKBUBAJEHTHOCTH
9. H. [{. albTePHATHB MO;KHO PacCMaTPHBATh KaK HEKOTOPYIO
Mepy KoJHYecTBa @Melomeiicsa B 3ajate WHPOpPMANWH, He-
00XOXEMO# [JIA PAIHOHAJIBHOTO BHOOpa KOHKDPETHOR
aJbTepHATHBH.

Hax cnegyer us ompegenennit MuHOyKecTB X-H-1- g pp

AnA mo0oit 4. H. 4. adpTepHarTéBH (m06oro z € X9 u-3.)
BHIIONIHAETCA PAaBEHCTBO

sup p& (y, z)=0, (3.2.26)
yeX

B KOTODOM {f, — COOTBETCTBYIOIee (1, HEUeTKoe OTHOIIGHH®
crpororo npemmouterusa. OTcofa MOKHO 3aKIIOYHTB, UYTO
anA molHX z,, 2,6 X" ™™ BunonmeHo

Py (T T5) =pg (T2 7,)=0. (3.2.27)

Ms onpepenemma pi cnemyer, uro paserctso (3.2.27)
9KBMBAJIGHTHO DPABEHCTBY

pp (T Zg) =pyp (T3 1),
HO TOTHA
}"{g (xp .'132) =max {1 — P (xl’ zz)’ Pr (xlr xa)} > 0,5,

T. e. J00He ABe 4. H. [[. albTEPHATUBH CBA3aHHE OTHOIIE-
mneM Oespasnmuus coO cTeneHnio, He meHpmeit 0,5.
Tlo ompepmeneHmio HeWeTKOro OTHOmIEHMA p.§ HOMYdaeM

2 (21, ) =pg (21, Zo) =pg (s ) (3.2.28)
oA mobHX z,, T, € X%H-A.,
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Ilpn OpomsBonbHOM H. 0. I P, MOKET OKA3aThCA, UTO
pg (23, 2)=0 npm z,, 7, € X5, 1. e. u. H. I. ampTepP-
HATHBH MOTYT He GHTh SKBUBAIEHTHHIMHM HU C Kaxo#l I0JO-
’KUTENBHOM CTeHeHBI0. 3aMeT:HM, 4TO B 9TOM ClIyuae
pl(z,, z,)=1, 1. e. 2, M r, ompejeneHHO He CpaBHAMEI
mpyr ¢ mpyrom. Opmako 5To He Tak, ecau p.p oGramaer
cBoiicTBoM JamHeliHocTE (cM. m. 3.2.2). PaccmorpmM gBa
TANA JIMHEHAHOCTA H. O. H., BBeJeHHHEe B m. 3.2.2.

1. \-numetinoe H. 0. m. p, Ecnm p, A-nuneitno
" 2, Z,6X"E A 10 U3 ompenencHusA A-ITHHeHHOCTH B W3
paBencTBa (3.2.28) cinexyer, uro

pg (T, T) > A

"WHbiME cnoBaMm, mpu \-TMHEWHOM H. 0. I p, Mo0He KBe

4. H. JI. albTePHaTHBH SKBUBAIEHTHH CO CTEHEHBIO, GOIb-
meii A\. B wacraocTH, mpu cna6o nmHe#HOM H. 0. IL. p., N00HIE

IBe 4. H. . allbTeDHaTHBhE SKBUBAICHTHH ¢ HOJ0KATEIHHON
CTEIeHbIO0.

Hak y:xe orMeuanocsh Bhille, BeIAYUHY

l= inf  pg(x;, )
2, 7@ X4-H. L.

MO’KHO paccMaTpUBaTh KaK Mepy KOIMYecTBa HMMeromeiica
B 3ajade HHPOpPMAIEM, HEOOXOXUMON [IA OXHO3HAUHOTO
BHOOpa anbTepHATHB. 3aMeTHM, 4YTO 3Ty K€ BeIHYHHY
MOKHO CIMTATH M MepOil TMHEeHHOCTH H. 0. I. {,, IOCKOIbKY,
kak OyneT BUIHO HWKe, JIA CHILHO IHHEHHOTO (., OHA
paBHa 1, T. €. CBOEMy MaKCHMAIbHOMY 3HAYEHHIO.

2. CunbsHo nmueliHOE H.O. I pp. Ecaim B. 0. 1. p,
CHIBHO JuMHE{lHO W 2;, %, C XY H-A. 10 M3 ompemeJeHU
CHJIBHOM NuHefiHOcTH M u3 paBeHcTBa (3.2.28) cmemyer, 9To

ph (%), )= 1,

T. e. Jio0ne fBe Y. H, 1. albTePHATHBH JKBHBAJICHTHH CO
cremenbio 1 (T. e. ompeneneHHO SKBUBajleHTHH). JTO O3HA-
vaer, 40 BHOOp n1060# M3 HUX ABNAETCA 0GOCHOBAHHHIM
B MaHHON 3amaue.

Takum o6pasoM, cHIBHO NHHeiHOe H. 0. I p, TaKoe,

4TO B MHOKecTBe (X ) tp) EMEIOTCA 9. H. [. aNbTepPHATHBH,
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comepkuT B cebe BCI0 NHPOPMAIMIO, NOCTATOUHYIO JJIA
PaAOBANBHOTO BHOOpa KOHKPETHOH albTePHATHBHL.

Y. H. 1. anrpTepHaTHBH, COOTBETCTBYIOmMHE CHIBHO JH-
HefHOMY H. 0. I p,, 00JajaloT eme M CICAYIOMUMHA BaXK-
HHME CBolicTBaMm.

Teopema 3.2.4. Ecau p,— cuabHo auHeliHoe H. 0. n.

Ha mroxcecmee X, mo 045 A1060i arbmepramugbl o G X5 A
pasencmeo . (z,, ) =1 evinoansemca daa arboii arvmep-
namuevt x G X.

JorasarenscrBo. JonycTuM, 4T0 IpH HEKOTOPOM
2z’ € X BHIONHEHO HEPABEHCTBO

pp (2 ') < 1.

Torna m3 ompepenenma cunbHOW nmHeitnocT:m (m. 3.2.2)
nonyuaeM, u9ro p.(z’, z,)=1. Us ammx pgByx HepaBeHCTB
sakmodaeM, 410 pl(z’, 7)) >0, a 310 HEBOZMOKHO, IO-
CKONBKY Z, € X% H-7-,

Teopema 3.2.5. Ecau p,— cusbHo .unetinoe mpaH-

sumuenoe H. 0. n. Ha mHowecmee X u y @ X*-®A, mo
ps(z, y) >0 0aa aoboii arvmepHamussl z.

HorkasareascrBo. Ecom y ¢ X757, ro pi-2 (y)<1.
Orcioma, mONB3ysACH OMmpefeleHAeM pE ™, MOKHO 3aKII0-
4YUTH, UTO HAlfeTcA Takaa anpTepHarHBa z C X, I KOTOpOi

p (2, y) >0. (3.2.29)

Honyctam, uTo gna HekoTOoporo & & X9 H-A- BHIIOIHEHO
PaBeHCTBO

b (, y)=0. (3.2.30)

Kpome TOro, IO ONpefieIeANI0 Y. H. J. aJbTePHATHBH HMeeT
Mecto paBeHcTBO pi(y, z)=0. U3 sTmx nByX paBeHCTB,

M3 ONpeneleHAA OTHOMEHMA pf M IPA YCIOBHM CHIbHOK
NuHeHHOCTH 3aKII0YaeM, YTO

pely, z)=1p4 (zy, y)=1. (3.2.31)

TlockonbKy {1, TPAHSMTHBHO IO YCIOBHIO TEODEMH, TO
OTHOWIGHHE P} TOe TPaHSHTUBHO (Teopema 3.2.2). Orcioma,
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nonpaysck pomymennmem (3.2.30) m HepasemcTeoM (3.2.29),
monyIaeM

0> min {p (2, 2), py(z y)} VzEX,

T. e. p& (2, y)=0 npm mobom z € X, a 9T0 IPOTHBOPEUHT
(3.2.29).

Ilo cyrm pena, Teopema 3.2.5 yTBep)Kmaer, 4TO IpH
CHJIBHO NTHMHeHHOM TPaH3MTHBHOM H. 0. I {, Miofad 9. H. .
aJIbTOPHATABA CTPOTO C HOJO)KHUTEIbHOW CTEHEeHBIO NOMHHMH-
pyer 1100yl albTepHATHBY, He BXORAMYI0O B MHOMe-
¢TBO X% H.A.,

" CnepcrBume m3 TeopeMu 3.2.5. Ecau K. 0. n. p,
CUAbHO AUHEUHO U MPAH3umueHo, , € X% %A u din Hero-
mopoii aavmeprnamuesr T EX  evinoansemcs  ycaosue
pe (z, z) =1, mo z € X5~

Hoxaszareancrso. Ms roro, uro p&(z, z)=1,
BHTeKaeT, 4T0 pi (z, z)=0. Orcioga monyuaem, wuTO
x @ X9 B-A- gOoCKONbKY B IIPOTHBHOM Cly4ae M3 TeopeMH 3.2.5
caemoBano Ou pb (7, z) > 0.

9To ciefcTBUE W TeopeMa 3.2.5 HO3BOJIAIT yTBEPIKAATD,
9T0 OPH CHIBHO JMHEHAHOM TPAH3UTHBHOM H. 0. 1. (L, Ha

MHO;KecrBe X W.H.J. AJBTEPHATHBH COCTABIAT KJIacC
DKBUBAJEHTHOCTH CO CTemeHbl0 1, mpudeM nioGoii 9die-
MEHT 9TOro KJjacca MOMEHUDPYET C IOJOKHTeIBLHOH cTe-
meHBI0 JIOOYI0O aJpTepHATHBY, He BXOZAIYIO B 9TOT
KJacce.

3.2.5. Ycaorusa cymecTBOBAaHHA YETKO HEXOMHHHpYe-
MBIX aapTepHATHB. ME cdopmyrmpyeM 3mech YCIOBHS
CyIeCTBOBAHUA 1. H. [l. aJbTePHATHB ABYX THHOB. B ycio-
BUAX NEepBOTO THIA 33JaHHOE H. 0. . He IPeRUmO0Jaraercs
TPAHSUTHBHEIM, OfHAKO HA (YHKIWIO DPHHANIEIKHOCTH
3TOTO H. 0. II. ¥ HA CAMO MHOKEeCTBO ajbTepHaTmp X HaKIa-
MEBAIOTCA HEKOTODPHE TONOJOTHIECKEEe YCIOBEA H TpeGo-
BaHHA BHIYKJIOCTH. ¥ CIOBHA BTOPOro Tmma OymayT cdop-
MyJHPOBAHH JIAMb AJA KOHETHOI0 MHOKecTBa X M TpaH-
3ETHBHOTO H. 0. II. (L.

Ilpeskge dYeM mDepexXOfETh K OOCYKAEHHI0 YCJIOBHA
TepBOro THHA, BBeZEeM HEKOTODHIE BCIIOMOraTeJbHEIE OIpe-
JeJIeHUA.
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ITapa (2° y° € X masniBaeTcs cedao60li moukoii GyHK-
nuEa ¢ (z, y) (MaKCEMYM IO Z, MEHAMYM II0 Y), €CJIH IPH
mMo6HX 7, y € X BHOONHEHH CIeAymue HePaBeHCTBA:

¢ y)Ze(@% ¥) > e(z, ¥°). (3.2.32)

Ecmm (2° y°) u (2%, y')— nBe cemnosbie TouKm PyHK-
man ¢ (z, ¥), 10 (2% y¥') u (z', y°) — Tosme cemIOBHE TOUKM
9T0if QyHKOUHM U, KpOMe TOro,

?(@% ¥)=¢ @ ¥)=¢ @, ¥)=0¢ (@, ¥ (3.2.33)

OTO0 pPaBeHCTBO HEIOCPeNCTBEHHO BHTEKaeT W3 Ompejeie-
HOA CeQJI0BOA TOYKH.

QOyarumo ¢ (z, y) OyxneM Ha3HBATH GHMUCUMMEM PULHOU,
ecan npu MOOHX Z, y € X BHIONHsAETCA PaBEHCTBO

ez, y)=—9(y, 2).

Hmwxe mMm OymeM ommparbes Ha clefylol(ue CBOWCTBa
aHTHCAMMETPUYHOH PyHKOUU.

Ecam (2% y°) — cemnoBaa TOYKAa aHTHCHMMETPHYHON
byuxnmn ¢ (z, y), 10 (2°, 2°) m (¥° y°) — Toxke cemIOBHIE
Toukn 9TOi ¢ynrnumm. [leiicTBATENBHO, WO OIpEeNeHHIO
CeNIOBOM TOYKM WMEIOT MECTO HepaBeHCTBA

e 2) =% ¥) =@ ¥  (3.2.39)

C npyro#t CTODOHH, WCIIONB3YsA 5TO ONpefieleHHe W aHTH-
CAMMETPHYHOCTE QYHRIME ¢ (Z, Y), MO)KHO 3amHMCaTh

e (2% 2) <o (@' 2°) <o ¥). (3.2.35)
U3 (3.2.34) u (3.2.35) caenyer, dro
¢ (2% 2) =0 (% ¥) =29 ¥°)

1. e. (2 2°) m (y°, y°) — cemnoBrie TouKM QyHKRUUE ¢ (Z, Y).

Haxkonen, mockonsky ¢yHKOHUA ¢ (T, y) IPEHAMAET OJHO
H TO jKe 3HaYeHWe BO BCEX CBOMX CEAJOBHX TOYKaX,
rony4aeM

¢ (xo’ xo) =—° (zo’ xO) =0,

T. e. B N060# cexIOBOil TOYKE 3HAUEHME AHTUCHMMETDUU-
HO#i ()yHKIHEH PaBHO HYIIO.

OGparaMca Temeps K yCJIOBHAM CYIIECTBOBAHUA Y. H. 1.
anpTepHATUB B MHO;KecTBe X ¢ 3aJaHAEIM B HeM H. 0. IL {ip.
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HOyers z € X — 4. 6. 1. anbTepHAaTHBA B MHOKecTBe (X, ).
CorzacHO ompefielieHWI0 3TO O3HA4aeT, 4TO

pER- (z) =1 —sup [y (¥, 7) —pg(z, y)]=1,
yeX
T. €.
jtég[z»,,(y, 7) —pg (2, Y)]=0=1pz(z —2) — (2, 2).

Orcioma monyuaem
e (¥, 2) —pp(z, ¥)<O (3.2.36)

mpu mobou y € X. Iockonsky [p,(y, ) —ve(z y)]—
aTHcHMMeTpHuHaA PyHKunA, To u3 (3.2.36) MOKHO 3aKmIO-
YuTH, 9TO mapa (x, &) — CellIoBasg TOYKa OTOH QYyHKIUH
(MakcuMyM IO y, MEHUMYM 10O Z).

Bepro u nerxo mposepseMoe OGpaTHOe YTBeD:KAeHMe:
eciu mapa (r, x) — cennosas Touka QyHKDUE [p,(y, Z) —
— py (2, y)] Ha MHOKecTBe X X X, TO Z — 4. H. 1. anbTep-
HaTHBa B MHOKeCTBe (X ) BR).

Taxum oGpasoM, cIpaBe[jiuBa clemyomasn

Teopema 3.2.6. Ecau py: XX X —>[0, 1]—n. o. n.
Ha Muoxecmee asvmepramus X, mo zy€&X —wu. n. 0.
asvmeprnamusa ¢ muoxecmse (X, pp) mozda u moavko
mozda, kozda napa (x, z,)— cedaosan mouka GYHKYUU
[z (z, ¥)—pp(y, 2)] (Marcumym no z, murumym no y).

W3 oroit TeopeMs ¥ éTMEUEHHHIX BHIIE CBOMCTB AHTH-
CHMMeTpHYHOH# (YHKIOUA HENOoCPe[CTBEHHO BHITEKaeT Clie-
ayomee

CnemcrBue. Jaemenmol z,, Y, C X asaaromcs 4. H. 0.
asbmepHamueamu 6 Muoxecmse (X, pp) mozda u moavko
mozda, ko20a napa (. Yy,)— cedaosas mouka @GyrkyUL
(g (z, ¥) — gy, 2)] (Makcumym no z, muwumym no y)
8 muosxecmee X X X.

N3 Teopemu 3.2.6 cnexpyer, 4To n0GHE yCa0BHA, JOCTA-
TOYHHE JJA CYImeCTBOBAHMA CENIOBOH TOukM (yHKIHA
[pp(z, ¥)— pg(y, 2)] Ha mEOKecTBe X X X, mMOCTATOWHEI
M [ CyIIeCTBOBAaHMA 9. H. [[. aJbTEDHATHB B MHOKECTBe
(X, pp). Pasnumunnie pocraTouyHEe YCNOBHA CYIMeCTBOBAHUA

OGJ.'[JIOBOﬁ TOYKM HM3JjlaraloTci BO MHOTHAX MOHOI‘pa(bHHX o
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Teopn urp (cM., Hampamep, [35]). /[ mimocTpanuu IpH-
BeeM 37ech CleAYIOmue OTHOCHTENBHO IPOCTHE YCIOBHA.

Teopema 3.2.7. Ecau MmHoxecmeo X eeinykio u KoM-
nakmuo, Pynkyus pp (T, y) HenpepvleHa HA MUTOHOECKOM
npouseedernuu X X X, keasueoenyma no x npu arobor y ¢ X
u keasusvinykaa no y npu aobon x & X, mo sma gynryus
umeem no kpatiHell mepe 00HYy ceD408Yl0 MOUKY 8 MHOM€CE-
cmee XXX u, caedosamesvro, € MHONMECMEE (X ) )

uMeemcs no kpaiineii mepe o0Ha 4. H. 0. asbmepHamueaq.

HamomnuM, uto ¢pynrums ¢ (z) HasHBaeTcA KBaSHBOTHY-
Toit, ecnm MHOxecTBo {z|z € X, ¢(z)>>\} Bumyrio B X
npE ao6om A >0, W KBasUBHIYKION, €CIM MHOMECTBO
{z|z€X, ¢(x)<{\} Bumykno mpm mobom A > 0.

B sakmiouenue srTOoro pasmena copMyIHEpyeM IMPOCTOe
IOCTATOYHOE yCJIOBHEe CYNECTBOBaHMs 4. H. . aJbTEPHATHB
B MHOKecTBe X ¢ 3afaHHEM Ha HEM TPAaH3UTHBHEIM H. 0. IL.
pp (ycnosma sroporo tmma). Ilna sToro BBesieM B MHO-

»KecrBe X OOHYHOe OTHONIEHDEe BUAA
S={(z, y)|z, y€X, py(z, y) >0}

Jlerko ybemureca B TOM, 4TO eCIM H. 0. O. p, TPaH3U-
TEBHO, TO S aHTApedIEeKCMBHO W TPAHSUTHBHO M, CleJ0-
BaTeIbHO, KOHEYHOe MHOKecTBO (X, S) comep:xmT aibTep-

HaTHBY I, oGnamanomyio cBoiicTBOM (Y, Zo) ¢ S mpu nioGom

yEX.
Ina srofi anbrepHATEBH OONydaeM

pe(ys 2)=0

npu moGoM y € X, m moatomy z, € X* *-*. Takum oGpasom,
MH IONYYHIM ClelyloIee JOCTATOYHOe YCIOBHe.

Teopema 3.2.8. B roreurnom mroxmecmee X ¢ 3adau-
HblM HQ HeM MPAH3UMUSHBIM H. 0. N. (., UMeEMCs no Kpaii-
Hell Mepe 00HG u. H. 0. asbmepHamuea.

3ameTmM, uTO W3 3TOW TeopeMH @ U3 TeopeMh 3.2.6
cnefyeT, UTO TDAH3UTHBHOCTh H. O. M. p., — JOCTaTOYHOE
yCIOBHe  CYIECTBOBAHMA  CeJJIOBOM TOYKHM  (QYHKOUH
[er (2 y)— pg(y, )] B KomeunoM MuokecTBe X X X.

IIpusemeM HAMIOCTPaTMBHHI npAMep TPaH3UTHUBHOTO
H. 0. II. B KOHGUHOM MHO;KecTBe X.
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Mpramep 3.2.2. MycTe MHOMECTBO albTePHATHB X COCTOWT
H3 NATH 3JIeMeHTOB: Z;, I, T3, Z;, Ts. Marpuma H.0. 1. pp

AMEeeT BH[

t 07 08 05 0,5
0 0 030 02

prlen z)=0 07 ¢ 0 0.2},
06 1 09 1 0,6
0 0 0 0

UOGTPOHM MaTpuny COOTBOTCTBYIOIEr0 HEYEeTKOr0 OTHOIMOHHA
CTpOroro opepIouYTeHna:

0 0,7 0,8 0 0,5

o 0 o0 00,2
}.L;f (.‘E‘, zj)= 0 0,4 0 O 0,2 .

0,4 1 0,9 0 0,6

0o 0 o0 00O

(DyHK[[ﬂFl NPAHALJIGKHOCTH HEYeTKOro MHOKEeCTBA HeJOMHHH-
pyeMuX aJIbTepHATHB MMEET BUJ

zy Ty T3 Z4 s

pi A (z2)=09 0 01 1 04

Takmm ofpasom, B paccmaTpEBaeMoM MHOkecTBe (X, pp) mMeerca

e[MHCTBEHHAA 9. H. [i. anerepHaTnBa z4 (bf ™ (z4) =1). 3amernM,

9T0 3TAa aJbTEPHATHBA [OMHEHHUDPYET C HOJOKATEIHHON CTEHeHHIO
Bce OCTAJIbHLI® aJbTePHATHBH, T. ©. L} (T4, zj) >0,j=1,2,3,5.

-

3.2.6. Cmemannoe pacmupesme 3ajavyd NPUHATHA pe-
menuii. Ecau tpeGylommecs B Teopeme 3.2.7 ycnosus
BOTHYTOCTH-BHIIYKIOCTH (QYHKIUH {2, (Z, ) He BEIIOIHEHH

TO B MHOKECTBe (X, p;) MOEeT, BoOOme rosops, He OHITH
HA ONHOW Y. H. J[. aJAbTEPHATUBH HIIM, YTO SKBHBAJIGETHO
mpepsiaymeMy, QYERmEA [pg (2, y)—pe(y, z)] Moxer
He MMETH HM ONHON ceIoBOil TOUKM.

B aTEX ciyyaax B TeOpHM HTDP MCIONB3YETCA CIEAYIO-
muii mpueM. Buecto MHOMecTBa X paceMaTpuBaeTCsA €ro

pacmupenue («BHIYKIAA 0GOTOUKA»): MHOMKECTBO X Bce-
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BO3MOKHBIX DPaclpefielieHnii BePOATHOCTH (CMeINaHHHIX CTpa-
termit) Ha X, a Bmecro 3agaHHO#l QyHKmuE ¢ (Z, y) —
$yBROUA

3(P, Q=1{{¢( y)dP(@)dQ )

XX

ompejeneHHaA Ha MHOKecTBe X X X.

3uauenne & (P, Q) HoBoit pyHKNEE npm PEKCEPOBAH-
HHX pacupeneresnsax P (z) m Q (y) upencraBiser coOoii
MaTeMaTHYeCKoe O)KuJaHuWe 3HAYeHHR QyHKmum ¢ (Z, V).
NaTepupermpopaTh Takoe pacmmpesme MO)KHO, HanPHEMep,
cremyomum ofpasoM: seamamuaa § (P, () mpepcraBiser
€000l CpemHMI «BHIUTPHIIY, DOJYydaeMbll IPA MHOTOKpAT-
HHX BHOOpaxX CTpPaTeruii ¢ BEPOATHOCTAMH, COOTBETCTBYIO-
muEmMu pacupepenenusm P m Q.

«MartemaTEuecKmii BHIATPHIIY OT TAKOTO PACHIAPEHHS
3aKJII09a€TCA B ToM, 9T0 yukmasa § (P, Q) Gmnuneitna Ha
mHoxecte X XX m, ciemoBaTespHO, BOrHYTO-BHIYKIA
A B TOM ciaydae, Korga mcxopHas ¢yuxmma ¢ (z, y) me
ABIACTCA TAKOBOM, ¥ MHOMECTBO X BHmywio. Iloaromy
EJIA CYIEeCTBOBAHAA CEMJIOBOH TOYKE pAaCIIAPEHHOH
¢yaxnum § (P, Q) ma mcxomHoe MHOKecTBO X W HCXOf-
"y (yHEOUIO ¢ (2, y) HOCTATOYHO HANOKATH JUIIb TO-
moJiormdecKme TpPe0OBAaHMA THOA NpPUBEIEHHHX B Teope-
Me 3.2.7.

Mu BocmoabayemMca 8mech 3TEM NOpWEMOM B 3ajade
BHGOpa anbTepEatmB. IlycTs X — MHOKECTBO BCEBO3-
MOJKHHEIX pacupefiejieHuil BePOATHOCTH (CMEMIAHHKIX aJIbTep-
HATHUB), OHpENEJEHHHX HA HCXOMHOM MHO)KeCTBEe ajbTep-
marus X. BuGop pacupemenerma P € X mu Gymem um-
TepOpPeTHPOBATH KAaK NpPOMecC MHOTOKPATHOTO BHOOpa
aJIbTePHATHEB U3 MHOecTBa X C COOTBETCTBYIOIIIMY Be-
POATHOCTSIMH.

Ecin P, Q€ X, 10 Gymem cumraTh, 910 «B *CpeHEM»
mpefuouTeHne P - () BHIIONHEHO CO CTEIEeHFIO

iz (P, Q= (| ps (@ v)dP(2)dQ ().

Qynxnusa fi, npeacrasiAer coboit pacmupeHHe HCXOXHOTO
H.O.I. pp Ha MHOKECTBO CMENIAHHHX aJlbTEPHATHB X.
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flonp3yncs Temm ke paccy:xaeHdsaMu, 4to ¥ BI. 3.2.3,
HeTPYJHO MOJyYHTH, YTO HEYETKOE MHOKECTBO HEIOMHHU-
PYEeMHIX CMEIIaHHHX aJbTePHATHB ONMCHBaeTca QyHKIuei
TIPMHAJNEKHOCTA BHAA

pEA (P)=1— sup S S (> 2) — pg (=, y)| AP (z)AQ ()

XX

Tar sxe, xax ¥ B m. 3.2.3, ompemenuM MHOKECTBO Y. H. J.
alpTepHAaTAB B MHOKECTBE (X y fig):

X"H°n~={P|PEX g1 (P) __1}

Teopemy 3.2.7 mna mojgo0HO pacHIEpeHHOH 3agadd
MOJKHO BHPAasuTh B Cilegywiomeil ¢opme.

Teopema 3.2.9. Ecau mHomecmeo X komnakmmo,
Pynryus pp(z, y) HenpepvléHG HA MUTOHOGCKOM N pousee-

denuu X X X, mo ¢ mHoxecmee (X fi) uMeemcea no kpaii-

Hell Mepe o0Ha u. K. 0. aivmepHamua8a.

Ilo oTHomeHMI0 K WCXOMHOW B3amade CMEICIA NOFOOHOH
CMEMAaHHOH 9. H. [I. AJbTePHATWBH MOKHO IIOSICHHTH CJe-
nyommuM oGpasom. M3 ompenenenus 4. H. . aJbTePHATABH
HEeTPYAHO 3aK/IIOYHATH, 9TO

[ 1k 2 & —pa(a, 9] P ()=0

XX

npu mobux y€X m P°E X% "4, 3ro osHaaer, 4TO HE-
KakafA anbrepHaTEBa Yy & X He JOMUHHDYET € ITOJIOMKHATEIb-
HOH CTemeHBI0 CMENMIAHHYIO 9. H.[. aJbrepHaTHBY. HHME
cI0BaMmu, B MHOrOmaroBoM (fopMaibHO GeCKOHEeYHOmAro-
BOM) mpomecce BHOOpa aJbTepHATHBH W3 MHOMecTBa X
B COOTBeTCTBHE C pacupemeienueM P° (z) «cpemusay (Ma-
TeMaTHIeCKOe OKUJAaHWe) CTelleHb JOMUHADOBAHUA BHIOH-
paeMbIX aJbTePHATHB ajJbTepHaTuBOi y C X paBHA HYIO.

CnegcrBue w3 TeopeMHu3.2.9. B xorneunom
muoxcecmee asvmeprnamus X ¢ 3a0aHHBM HQ Hem H. 0. I.
ppt XXX — [0, 1] (nempansumuensm, eoobwye 2060ps)
umeemcs no kpaiineil mepe 00Ha cmewawHas 4. 1. 0. atvmep-
Hamusa.
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3.3. HeckoabKko OTHOMEHHI mpefUOYTEHUs
HA MHOKECTBE AJbTEPHATHB

PaccmorpuM Temepp ciegylomyio 3amauy. Ilycrs 3a-
JDaHO MHOKEeCTBO albTepHAaTHB X H KajKHas ajlbTepHATHBA
XapaKTepusyeTcs HECKOJBKHMHI IPH3HAKAMA C HOMepaMy
j=1, ..., m. Iadpopmanus o mOmapHOM CPABHEHHH AaJab-
TePHATAB IO KaKAOMY N3 IPHWSHAKOB j IPeACTaBIeHA
B fopme ormomenms mpexmourenns R ;. Taxmm o6pasowm,

EMeeTCH m OTHOImeRHit mpenouTenus R ; Ha MEOKecTe X .

3agaua 3aKI09aeTCA B TOM, ITO0H 0 JaHHOH mHPopManHA
COeNaTh PAHOHAILHEIM BHOOP aJbTEPHATHB M3 MHOKECTBA
(X, Ry,..., R,).

O6patmmcs cHag9ajla K IpocTeifmeit cATyammm, KOrAa
OTHOmMeHHA R; oNMCHBANTCA 3aJaHAHIME QYHKIHAME
nosnesnocra f;: X — R, rme R! — umciaoBag oCh. 3Ha-
venne YyHKIAN f ; (x) MOHO IOHAMATE KaK YNCJIOBYIO OLEHKY
albTepHATHBH & [0 NPUSHAKY j AnbrepuaruBa ¢ 60iab-
meit omenkoit f, (z) momaraercs Goaee peRIOYTHTEIBHON
o mpusHAKY j. 3agaua 3aKJII0YaeTCA B TOM, YTOOK BHOPATh
aJIbTePHATHBY, HMEOIIYI IO BO3MOKHOCTE G4abmue
OIEHKH II0 BCEM HPHW3HAKAM.

PamuoranbEEIM B 3TOM CJIyd9ae eCTECTBEHHO CYHTATH
Bui6op aaprepHaTEBH Z,C X, oOxamaiomeit CBOHCTBOM

fj(y)>fj(xo)1 i=1... m:>fj(y)=fj(xo)’
j=1, ooy, M. (331)

Taxkne anpTepHATEBH OOHYHO HA3HBAOT 3(PPEKTUBHEIMH;
pelmeHmeM jKe JAaHHOM 3aJauM BHOOpa ABJIAETCA MHOMKe-
CcTBO BCeX 3(PeKTMBHHIX aJIbTOPHATHB.

Herpyano mouaATsh, 9T0 Kanas u3 QyEKnwmii f; omuCH-
BaeT OOHYHOe OTHOIIEHHWe NpefqmodreHds Ha X c.nenylo-
mero BUIA:

R;={(z, y)|z, y€X, f;(x)>1,; )}

m
Oycrs @y = N R;. IloxaxeM, uT0 MHOMKeCTBO BeeX addex-
J=1

THEBHHIX (HeJOMEHUDYEMH X) aIbTePHATAHB B MHOKecTBe (X, Q)
COBIIAZaeT ¢ MHOYKECTBOM 9(PPEeKTHBHHX ajbTepHATHB JJid
naGopa dpymkmumit f;, j=1,...,m.
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Iyers 2, — HemoMuHEHWpyeMasA albTepHATHBA B MHO-
xectBe (X, Q,). 9ro osmasaer (cm. m. 3.2.3), d9ro maA
n106oro y € X BHIOIHEHO

(y, z,) €05 (3.3.2)

rae (2 — coorsercTBylomee (J; OTHONMEHHWEe CTPOrOTO IPeJ-
nouTeHms, mMetomee BHUp (cM. 1. 3.2.1)

Qi={(z, )|z ye€X fj(‘z)>fj(y)’ i=1,...,m,
et 1, @ > 1, ).

Orcrona u ms (3.3.2) saxniouaem, 4TO

fj(y)>fj(‘t0)’ i=1, ---»m3fj(y)=fj(xo)’
i=1,...,m,

T. e. Zo— apdexrmBHan anbTepHaTHBA INA QyEKIEE |,
j= 1, ey m.

Cronp sxe mpocTo mnokasaTe m oGpaTHOE, T. €. TO, 4TO
mo6as spdexTuBHaA amprepHaTHBA AnA ¢ymkmmit f, (),
j=1, ..., m, sABiadercA HENOMHHHWDYEeMOi B MHO}KECTBO
X, Q).

Takum oGpasom, Al HaXOKHeHASA MHOMKecTBa dPdex-
THBHBIX aJIbTEPHATHB MOMKHO BMecTo HaGopa oTHOmenMi R,
j=1, ..., m, B3ate mepeceuerme STUX oTHOmeHHH Q,
7 HafiTH MHOKECTBO HEJOMAHHMDYGMHX albTePHATHB B MHO-
xectBe (X, Q).

IIpencraBuM Temeph mepeceyenue orHomenuit R, B He-
cronpko mHO# ¢dopme. Ilycrs

1 mpm (z, YER,,

o] (x’ y): { 0 npu (.’E, y)(ER,, (33'3)

— ¢ynknua npunannesxnocTH orsomenua R ;. Torma mepe-

CeYeHWI0 9STUX OTHONEHHH CcOOTBETCTBYeT (PYHKUWA mNpu-
HaJJIe)KHOCTH

o, @ ¥)=min (2, 1), - - pu (@ y))  (3.3.4)
aHaJoTHYHAA CBePTKe KpuTepues f; BUMma
F(z)= min A,
J m

=1, ...,

10 C. A. Opnosckuit
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OpUMEHAEMOH B MHOTOKDHTEPHAJBHKX 33a4aX NPUHATUA
pemenuit (cM., BHampumep, kumrm [31, 33, 34]). Yucna
A; B 9TO# CBEPTKe MTpAOT PoJib KodddummenToB OTHOCH-
TeJBHOH Ba)KHOCTH paccMaTpmBaeMHX QyHKnumii. B cBepTke
oraomenmit (3.3.4) A;=1,j=1,..., m; aT0 COOTBETCTBYET
TOMY, 9TO BCe 3aJaHHEEe OTHOMEHHS ONHHAKOBO BAXKHO
VYATHBATH UPH BHOOpe ajlbTepHATHB.

Ecnu 3agannsie oTHOmenua R; pasiamvaiorcs IO BasK-

HOCTH, T. €. Pa3IAYaiOTCA [0 Ba;KHOCTH COOTBETCTBYIOIIAE
OPU3HAKH, 10 KOTOPKM HY}KHO CPABHHBATH aJbTEPHATHBH,
T0 B cBepTKe (3.3.4) MOkHO, BooOIIe roBOPA, HCIOIb30BATh
pasnmyHLle 00 BeawduHe KoapdumumenTtn A;. Ommaro npnu

3TOM paccMaTpWBaeMHe B HCXORHOM 3afade OTHOLICHHS
mpeAunoYTeHus HeoGXOfAMO IOrpy3uTh B Gojee IEPOKMIT
RJIacc HeYeTKWX oTHomeHmil. lHmMA cioBamm, B ompepe-
aeapd QyHKnud npunamguexsoctr (3.3.3) umeaa 0 m 1
clenyeT IOHMMATh He KAaK 3HaueHusaA OyieBofl IepeMeH-
HOH, CHrHAJUBHPYIOIEA O NMPHHANNEKHOCTH WUIA HENPH-
HA/IJIeKHOCTH dJEMEHTa MHOMeCTBY R;, a Kak Kpaiume

TOYKHA eAUHUYHOT0 HMHTEPBaJa BO3MOXHEIX 3HAYEHUHA CTe-
OeHA NOPHAHAMIECKHOCTH.

B pesynprate cBeprKm HCXONHHIX OTHomeHHi R;

m
¢ wkooppumuenranm A; raxmmm, wro X h;=1, >0,

J=1
j=1, ..., m, nonyuyaeM QYHKIAIO OPAHAJJIEIKHOCTH BUIA

o, (@ 1) =it (\ypy (2, )y - o Dyt (20 9)}s (3.3.5)

T. ¢. (YHKIWI0O OPAHANIEKHOCTH HEIETKOr0 OTHONIEHUS
mpenmoureHns. HerpynHo BugeTh, 9TO 3T0 OTHOIIEHWE
npepuourenusa (3.3.5), BooGme rosops, He pedIeKCHBHO,
T. €. He fABIAETCA OTHOMEHWEM IIPENOOYTEHHS B CMEICIE
onpepeneHnsa B 1. 3.2.1. IloaTomy cBeprka (3.3.5) HeymoOHa
npm HeoO0XOJEMOCTH Yy4era pasjidiuii B OTHOCUTEIBHON
BaXKHOCTY 3aJaHHHIX OTHONIEHHUM.

BBeneM Temepr CBEPTKY HMCXORHEIX OTHOMIEHHH APY-
roro BHAA:

B, (@ Y) =]§l M (@, Y) (3.3.6)
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7 o0cyxuM ee ponb B CHOPMYIMPOBAHHONM 3ajaue pammo-

HANBHOTO BHIOOpa anbTepHATHB. 3aMeTHM, YTO Pe3yabTHPYIO-

mee HeYeTKOE OTHONICHHE p, —TONyYeHHOE B pe3yibTaTe
2

CBePTKM HMCXONHHX OOBIYHEX OTHOmEHui R o pedrexcuBHoO,
TaK Kak peieKCHBHH HCXONHBHIE OTHOmeHUA R .

Iycts, Kak ¥ mpexne, Bce MCXOLHHE OTHONEHHA IpeJ-
NOYTeHHA OXMHAKOBH mo BaksocTH. B (3.3.6) aro coorser-
crByer ToMy, uto A,=1/m, j=1, ..., m. [locrpoum neyer-

KOe IIONMHO)KeCTBO HEJOMHUHHPYEMHX albTepHATHB MHO-

xecrsa (X, #t,), HOIB3YSACH OMpENeNeHUsIMH, BBEJeHHEIMA
2

B . 3.2.3;

pi e (2) =1 — vex ,§ ;@ 2)—p;@ 9l zE€X.
(3.3.7)

OGosnauum X{H-A NOMHO)KECTBO Y. H. I. AIbTEPHATHB

muokecrsa (X, p,) (1. e. X|-¥A — MHOKecTBO dhpexTus-
t

HHIX anbTepHATHB N1A Habopa ¢pymkmmii f; (z), j=1,...,m)
u X3-™-% — cooTBeTCTBYyIOmEe MHOeCTBO B (X, Bo,)- IIoka-
weM, gyro X3-HA C XJu-R.,

HeificrBurensno, myers z, G X{-®-1.. Cornacuo ompesene-
HMIO 4. H. /. anprepHatuBH (m. 3.2.4) u (3.3.7) aro o3Ha-
yaeT, 4TO

sup X [p; (y, To)— pj(Te ¥)]=0
YyEX j=1

AIn
ng [0, (@ ) — 1 (ze VIS 0 (3.3.8)

npu mobom ¥ € X.

Honmycram, uwro z,@ X*=. Torma, cornacmo (3.3.1)
n (3.3.3), momywaem, d9TO HaiimeTcs y €, X makoit, uro
p;(y, £)=1, j=1,...,m, n Opn HexoTOPOM j = j, BHIIOI-
HEHO p (z, y)=0. Ho Tmorma mpm »sTOM y He BHIOI-

Hierca HepaBeHcTBO (3.3.8). Orcioma sakimouaeM, dTO
xOEthl.H.u., T. e. X;l.n.n.gX'il.n.n..

3ameruyM, uTO, BOOGIIE roBopa, MHOKecTBO X H-M- He
oxXBaTHBaeT Bce 3PpPeKTHBHHE albTEePHATUBH AIA PyHK-

10*
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mait f;, j=1, ..., m, T. e. He coBmajaer ¢ MHO)XKe-

crBoM X{T-H-A.. OpgHako MOJKHO [OKa3aTh, 4To niobas addex-
THBHAaA ansTepHATHBa, T. €. nw06o# »sneMenT z € X9 ™%,
NPAHAJIEKAT MHOKECTBY pf-* ¢ HONOWKHUTENBHOMN CTelleHbIo,

T. €. 9TO
Xy C suppp .

HeiicTUTensHO, ecaK A8 HEKOTOPOH anbTepHATABH T € X
BumonHeHo p¥ R (z) =0, To ns (3.3.7) monyuaem, uTo Haii-
2

nerea y € X, maA KOTOpOro
pi(y, 2)—p, (@ y)=1, j=1,....m,

T. e. p;(y, )=1 m p;(z, y)=0 npu Beex j=1,....m.
710 O3HayaeT, YTO ankTepHATHBA Y NOMEHWPYET albTepHa-
THBYy Z, T. €. fj(y)>fj(x), j=1, ..., m, u, cnemosa-
TeNbHO, £ He MOKeT OHTh 5(PPeKTHBHON aNbTepPHATHBOM
nna gabopa dymxmuit f;.

O6cynuM Temeph cBOiicTBa alNbTEeDHATHB M3 MHOMKECTBA
supp p.*, 1. e. anbTepHaTHB Z € X, AnA KOTOPHIX pf ™ (z) >0.
Herpynuo Bmmerp, 4o QyHRuua pf ™ (z) mpuUHMMAeT W6
3HaYenua Bupa k/m, rme k — HaTypanpHOe ymcno, u k< m.
Ilyecrs pansa  Hexoropoit anbrepHaTuBe &’ € supp p‘é; R
pg (z"y=Fk/m. Cornacuo (3.3.7) aT0 03Hauaer, 410

sup X [p,; (y, o) —p, (@, Yl=m—k (3.3.9)
YEX j=1 ,

niIn

2l )=y YI<m—k - (3.3.10)

npn mobom y G X.

Iockoneky uwnenst cymys B (3.3.10) mpurMMaoT Amms
smavenna 0 ® =41, m3 (3.3.10) cnemyer, uro pasHocTh
M@Ky YHMC/IOM 4YJIEHOB 3TOil CyMMH, paBHHX -1, u umciaoMm
4eH0B paBHHX —1, He npeBrmaer 1 — & mpu ao6om y € X.
Wraue 5TOT PaKT MOKHO MOACHUTH CIEAYIOIEM 0Gpa3oM.
Iycrs p(y, x) —umeno ¢yHkumii f; w3 sagaumoro Habopa,

0 KaXmoii m3 KOTOPHIX albTepHaTHBa Y CTpPOro JjJyume Zr,



3.3] HECKOJIbKO OTHOMEHUN 11PEXIIOYTEHHUA 149

u ¢ (y, ) — umcino GyHKOAiA, IO KOTOPHM T CTPOrO Jyudile y.
Torpa, ecan p‘é;ﬂ- (z")Y=Fk[/m, T0

@ z)—q(y, 2 Y<Km—k

npu aobom y G X.

Taxkum oGpasoM, PyHRuIA {5, ymOpAKOYMBAET anbTep-
HATHBH II0 CTelleHW WX HemoMuHEHpyemoctu. Hampumep,
ecan pg- (z,) =3/4 (1. e. m —k=1) u HeroTopan ansTep-
HaTMBa y G X cTporo nyulle anbTePHATHBH I, II0 KaKHM-
6o ABYyM KpuTepusMm (OpU3HAKAM), TO He MeHee ueM MO
OMHOMY W3 OCTalAbHHIX IPH3HAKOB aJbTepHATHBa I, CTPOTO
nyulle anbTePHATUBHL Y.

Ecau B3arh mnepecedenme MHOMecTB Xj-H-A m e
TO TONYYMM COOTBETCTBYIOUIEE YIOPANOYEHWE HA MHO/KeCTBe
3pQeKTUBHHX aNbTePHATHB, MOIB3YACH KOTOPHIM MOMKHO
OCYIIEeCTBUTH BHIOOD cpeal HUX.

Ecnm me B ceprke (3.3.6) Beca A; HeommHaKOBEHI, TO
Ka)KIas W3 BBEJEHHHIX BHIIE XapakTepuctuk p (y, z') m
g (y, z') Gymer mpemcTaBaATH C000# HE YHCIO COOTBET-
CTBYIOMIUX NPHU3HAKOB, & HX CYMMAapHEI OTHOCHTEIbHHIN
Bec (BasyKHOCTB).

Nrak, npmmeneHme ceeptku (3.3.6) mcxomHmX 0OHY-
HEIX OTHONIEHWH NPEeANOoYTEeHNs B 3afave NIPUHATHA pele-
Hui mo HaGopy QYHKOmWH mO3BOJAET MOJAYIHTH [ONOJHH-
TEJBEYI0 AHPOPMAIIIO 06 OTHOCHTEIBHOM CTEIIeHN HeJOMH-
HEpyeMocTn 9(QQEeKTHBHHX albTepHATAB H TeM CaMHM
CY3WTh KJACC PpanHOHAJIHHHX BHOODOB [0 MHOKECTBA

YLH A = X H. 1. —_ H.O. ('
X {zlz€X, v (x) sup . (2)}.

z' exg.ll.

B o6meit 3amaue, Korga Ha MHOYKeCTBe AalIbTePHATHB
3ajaEbl M HeYeTKHX OTHONeHWE mpexmodTerds R,
j=1, ..., m, & 3aKags KO3PPUOWEHTH A; OTHOCHTENbHOH
Ba)KHOCTH STHX OTHONMIEHWH, MO:i HO DOCTYNaTh aHAJIOIWY
HHM 00pasoM.

1. CrpouM HEIETKOe OoTHOIeHHE ¢, (mepecedenne MCXOJ-
HHIX OTHOIIEHMit):

Ho, (z, y)=min {p, (z, ), < s Pp (, )}
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WU ompefielsdeM HeyeTKOe IIOAMHOMKECTBO HEJOMHHMUDYEMBIX
QIFTEPHATHB B MHOKECTBe (X ' By ):
1

H I () =—-1 — su y L) — z, .
pit- 2 (z) sup [irg, (¥, ) — b, (@ V)]

2. Crpoum HeueTkoe orHomeHHe (), (CBEPTKA OTHONICHHIA
tuna (3.3.6)):

m

B0, (@5 1) :,é My (@, )

4 oIpefelsieM HeYeTKoe NOAMHOMKECTBO HEIOMEHHUPYEMEHIX
anbrepuaTdB B MHOKecTBe (X, p,):

P =1 —sup [, 0, )b o U]
3. Haxommm mepeceuenue MHOKECTB puf:% m pd-A:

pE- A () = min {90;’1‘ (), po (x)}

4. PanmonanbHEMEM cudTaeM BHOODH albTEDHATAB U3
MHOKECTBA

Xud={(z|z€X, po*(z)==sup p**(z’)}.
z'6X

3nech crepyer OTMETHTH, YTO B 3aBUCUMOCTH OT THIIA 3afadyd
PamHOHANBHBIMA MOTYT CUMTATHCA BHOOPH He TOJHKO anbTep-
HATHB W3 MHOXecTBa XM, HO M B TOM HJIM HHOM CMHCJe
cnao JOMAHMDPYEMHX albTepHATHUB (WM He OYeHb CUJIbHO
HeIOMMHADYEMbIX), T. €. anbTePHATHB, KOTODPhle NPHHAJJIe-
JKaT MHOKECTBY pH-A cO CTEmeHbI0 He HEKe HEeKOTOpoi
3aJ[aHHO.

Dpamep 3.3.1. Hycrs X ={z,, 2, 3} ¥ Ha X 3ajgaEu
TPH OFWHAKOBO BR)KHHIX OTHOMGHNA IIPSAIIOUTEHMSA:

I 7 & I 4 72
A, &
.23 \23 I3
Xy Ty g Ty Xy g Xy Xy I3
Zy 1 1 0 Ea 1 1 1 Zy 1 1 0
Zg 1 1 0 Ty 0 1 1 Ty 1 1 0
|0 0 1 5|0 0 1 |1 0 1
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1. Crtponm orHOmeHue Q; — R, (R, Rj:

110
pol (.‘E‘, .‘Ej)—"—‘ 0 1 0
00 1

nm HaXOAUM HOJAMHOKECTBO HOJIOMHHHDYEMHIX aJbTePHATHB B MHO-
JKOCTBE (X, p.ol);

Zy Zy Zg
A E) =1 0
1
2. Crpomm orEomeEme Q=3 (1 (z;, z;)+pa(e z;)+
+l“"3 (zs" zj)):

I zy Zo T3

z | 1 1 1/3
P, (T )= z2 | 2/3 1 2/3
z3 | 1/3 0 1

A HAXOMUM IOAMHOKeCTBO HeJOMHMHAPYeMHIX aJbTeDHATHB B MHO-
JKOCTBO (X . pog);

Zy Lo T3

pRE (z)= 1 2/3 13

3. Pesynbrapyloniee MHOMKECTBO HE/IOMAHNPYOMEIX aJlbTePHATHB

eCThb HmepeceveHHme MHOMKeCTB pg ™ u wy

zy Zg T3

pie ke (z;)= 1 0 1/3

Orcioga 3awjai04YaeM, 4YTO B [RaHHOM IIpuMepe pamnoHAJIbHEIM
clelyeT CUYHTATh BH60[) ajibTépHATHBH Iy, HMGIOﬂ\eﬁ MaKCAMAJIb-
HYI0 cTeéHb HEeJOMHHUPYEMOCTH.

3.4. OrHomleHMe mpefmOYTEHNA
HA HEYETKOM MHOKECTBE ajJbTepHATHB

Ho cux mop B 3TO0i Ii1aBe MH 06CY)KAQNH 3aa9M PANA0-
HAJBHOTO BHIOOpPA AalbTePHATHB, B KOTOPHX MHOKECTBO
X pmonycTHMHIX ajJbTepPHATHB OHIIO ONMCAHO 9ETKO, T. e.
B BHJie MHOKeCTBA B 00bYHOM cMEuIcae. OXHAKO HEYETKOCTH
HCXONHON mHPopMamEE B 3agade MOKET OTHOCHTHCA W
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K OIMCAHHIO CaMOro MHO)KecTBA X B TOM CMEICIe, YTO alb-
TePHATHABH MOTYT Pa3IMIATHCA IO CTENeHH AOLYCTAMOCTH
(EnE KeNaTeIBHOCTA WX HCHOOJIB30BAHHA JIHNOM, IPHHH-
MapoIuM pemenra). B mamnoM paspgene MEI 00CYZWM LOX-
XOff K NOJOGHKIM 3afadaM NPUHATHAA PeIIeHH.

Hrax, mycrs X — ymuBepcajbHOe MHOMKECTBO aJIbTep-
Hatas. B X samano HeueTKoe MOAMHOKECTBO JOIMYCTHMEIX
anprepaaTEB v: X —> [0, 1]. CMuca pyarmoan v (z) TOT Ke,
HampmMep, 49TO W B oGcy:xuaBmuxca B § 2.4 s3ajgauax He-
9eTKOr0 MaTeMaTHYeCKOr0 IPOrPaMMHUPOBAHEA. 3afaHHOE
Ha X HedueTKOe OTHOIIEHWE WPEeNIOoYTeHAsa GyneM IO-IIPerk-
HeMy o6osHauaTh pg (Z, y).

Ornmame dTOH 3amaum OT PacCMATPHBABNIMXCSA BHIIE
cocTouT B clefyomeM. B 3agagax ¢ 0GLYHEIM MHOKECTBOM
HZOIYCTHMHIX aJbTePHATHB PaNUOHANBHLINA BHGOD ompene-
IAJCA JHIMb 3aflaHHHIME HA MHOMeCTBe X HEUeTKHMHE OT-
HOmEHUAMY OpefmouTenus. Temeps ke B HaHHOH 3agade,
KpoMe TIPeJIOoYTeHMik Me:KAy aJbTePHATABAMHM, ONHCHBAe-
MHIME OTHOIICHWEM [.p, HYKHO YUMTHIBATH eIle W Pas3ImIus
B CTeNeHM [ONYCTAMOCTH 3THX ajJbTepHATHB. Boiee mpepn-
DOYTATEIRHEIMHA, KPOMEe BCEro IpoYero, eCTeCTBeHHO CUH-
TaTh AJbTEPHATHBH, UMEIOI[HE 110 BO3MOKHOCTH GGIBIIYIO
CTEIeHb [ONYCTEMOCTA, T. €. AaJbTepPHATHBH, KOTODHM
COOTBETCTBYOT IO BO3MOKHOCTH Goiblnee 3Hauenwme (yHK-
num v (z).

NenMa ciroBaMu, eCIE TOBOPETh O pPAaIHOHAIBHOM
BHOOpe aIbTePHATHBE B JaHHOK 3ajave, TO HeoOXOXAMO
YYATHBATH elle H CleAyiollee OTHONMEHWE HPequOITeHH,
mEgynapyemoe Ha X QyHKDEeH v:

1 mpm v(2) > (y),
Py (.‘l:, y)=

0 B ocranpHEX ciyYasx.
BBepmerneM 3TOro [ODONHHTENIBHOr0 OTHOIIEHWA MPeXIOY-
TeHAA [JAaHHAS 33/jada C HEUeTKO ONWCAHHKIM MHOKECTBOM
HOIYCTAMHIX aJXbTePHATAB CBORHTCA K IOCTAHOBKE, KOTO-
pas obcy:xmanacs B mpegEAYINeM pasfele, # JjIa ee pe-
IMeHAs MOKHO KCIOJB30BATH ONUCAHHYI0 TAM IIPONERYPY.




TIIABA 4

N\
OBIMAA 3AJAYA HEYETKOIO
MATEMATHYECHOI'O INPOrPAMMUPOBAHUA

4.1. Brenenue

3agaum MAaTeMaTAYeCKOro IPOrPAMMHEPOBAHHEA COCTAB-
NAI0T OPAKTAYECKH Ba)KHKIA IOAKJIACC 33/ad PamAOHAb-
Horo BHOOpa anbrepuaTEsB. Kax y:ke oTMedaioch B I'l. 2,
XapaKTepHHM I 9THX 3a4a9 ABIAETCA TO, 4TO OTHOIIe-
HEe NPeJuoYTeHHAA B HAX ONUCAHO C IMOMOIIbI0 HEKOTOPOi
¢yaKAn (m0JNE3HOCTH), 3aJaHHON HA MHOKECTBE AJbTep-
HATHB TaK, 9TO 0oJiee MPEANOYTHTEIHLHKEM aJbTePHATHBAM
COOTBETCTBYIOT O0Mbmme 3uaueHuA 3T0i GyHrumm. Darrn-
YeCKH ¢ TOMOIBI0 TAKO# (yHKIMM MCXOTHAA 3a7a4a BHI-
6opa aJpTepHATHB CBOAWTCA K, BoOOmE Trosops, Goiee
IpocTOiA 3amade BHIGOpA YmceN H3 HEKOTOPOrO IHOXMHOKe-
CTBA €CTECTBEHHO YIOPAZOYEHHOHA YHUCIOBOM OCH.

DyEKOEA MONEeSHOCTH WIH, KaK ee JacTo Ha3hBAamoT,
QyHKRIMA Headn OOHYHO COCTAaBJIAET OCHOBY MaTeMaTHIe-
CKoil MOJeNId pealibHON CUCTEeMEl. 3HAYEHUSA ITOH PyHKIHM
onuceBaoT 3pdexT oT BHOOpPA TOro HWJIM HHOTO CHOCoGa
peitcremit (anbTepHATHBH). B 2KOHOMHYeCKWX 3ajauax,
HAampuMep, 3T BHAYEHAA MOTYT OTPaKaTh BeJUYHHY IIPH-
OBUIM, TOJYYaeMON IpHW TeX WIM WHHX CIocofax oprasm-
3anUE MPOH3BOACTBA, B MOMEJHW DeryJIdpPOBAHHA PETHOTO
CTOKa — BHPa0OTKY 3JeKTPOSHEPIWH IIPA Pa3TAYHHX pe-
YKEMaX IpPOIyCKa BOXH Yepe3 TYPOMHH MEAPO3JIEKTPOCTAH-
nuit m 7. n. Ilo cyTm mena, afeKBaTHOCTH TaKO# Momenu
pealrbHOCTE B GOJBIION Mepe onpefeisercsi TeM, Ha-
CKOJBKO MPaBHIBHO OTPAKeHH B 3T0A PyHKOUHE B3ammo-
CBA3W pAa3IMIHHEX (AKTOPOB PEaJbHOTO IPOMEecca Wil
CHCTEMEL.

IIpm MareMaTHYeCKOM MOJEJHMPOBAHAU CJIOKHOH CH-
CTeMH HEBO3MOKHO y9Y€CTh XOCTATOYHO GOIBINOE YHCIO
peanbHHX (AKTOPOB, MOCKOJBKY B3TO HPHBEJO OH K dpes-
MepHoMy ycaoxreHHI0 Mopmenu. Iloaromy B Momens mpm-
XO[ETCS BBOJUTDH JIHNIb OTPAHHIEHHOE UNCHAO TAKAX (aK-
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TOPOB, KOTOPHE IO TeM HJIM HHHM CO0Gpa)KeHHAM CYH-
TalTCA Hambolee CymecTBeHHHMHA. 1Ipm 3TOM BO3MOKHH
nBa moxxopa. HeyurenHne B ommcaHmm Mofenn (GakTOpH
MOKHO CYATATh a6COMIOTHO HECYIECTBEHHEHMHE U IOJIHOCTHIO
X HUTHOPHPOBATH IPH OPWHATHE PEMEHHA C HCIOIb30Ba-
HEeM 3Toit Momenn. C Zpyroi CTOPOHH, OPH BTOPOM IOA-
XOfie MOJKHO SIBHO He BBOJHTH (HECYMIECTBEHHEIE (PAKTOPEHD
B MAaTeMaTH4YeCKyl0 MOJeJb, HO YUYHTHBATh MX BIHAHHE,
JONOYCTHB, YTO OTKJIMK MOJeJH HAa TO WJIM HHOE BO3Jei-
crere (BHOOD aNbTePHATHBH) MOKET OHTH H3BECTHEIM
Jumb OpEOIHKEHHO, HEIETKO.

Jng onmcaHus HEYETKOro OTKIMKA MOKHO IPHOErHyTh
K IOMOIIY YKCIEePTOB, KOTOPHEE HPEACTaBIAT cO00H BiIHA-
HUEe Ha (YHKOWOHHPOBAHME CHCTEMEH HEYYTEHHHIX B MO-
zeam dakTopoB. Pazymeercs, cTemeHh HEYETKOCTH OIHCA-
HESA OTKIUKOB CHCTEMH HA BO3XEHCTBUA TEM MeHbIIe, 9eM
Oonbmee 4HCAO0 (AKTOPOB ABHO YYaCTBYeT B ONHUCAHHM
MaTeMaTHIecKoil Momeld.

TaxuM o0OpasoM, DpE BTOPOM IIOXXOHEe CJOKHAA CH-
CTeMa OIMCHIBAETCSA HEKOTOPOil HeueTKoi QyHKUme# meaw,
KOTOopas KaKmoil aibrepHatuBe (BO3JeficTBHI0O HA CH-
CTEeMY) CTaBUT B COOTBETCTBUE HEKOTOPHIH HETeTKHER OTKIIAK
CHCTeMH Ha BHOOp 9TOH AaJbTEPHATHBHL.

Ecniu, nanpmMep, OTKJIHKH CHCTEMH OIHCHIBAIOTCHA
B ()opMe HEYeTKUX IOAMHOKECTB YHHUBEPCAaJbHOTO MHO-
JKECTBA OTKJIMKOB Y, TO OTpPakaoias @ yHKIMOHUPOBAHNE
cHCTeMHbl HeueTKasA QyHKOuA mend mmeer Bug ¢: X XY —

— [0, 1], rme X — MuOKecTBO anbrepHaTus. Ecom 20 —
anbpTePHATHBA, TO OompefeleHHaA Ha Y ¢pyHrmua ¢ (2, y)
npefcTaBisgeT co0oil QYHKOUWIO HPUHANIE;KHOCTH COOTBET-
CTBYION[Er0 HEYETKOr0 OTKJIMKAa CHCTeMH HA BHGop z°.

B 3amage paummoHAJBHOr0 BHGOpa aJbTEPHATAB NpPH
mon00HOM HEYEeTKOM OmHCAaHUY cHcTeMH (PyHKOWE mem)
albTepHATHBH TpebyeTcsa CPaBHEBATH APYr ¢ APYrOM IO
COOTBETCTBYIOIIMM WM HEYETKHM SHAYEHHAM (YHKIHAA
‘menm: Golee «IPeNIOYTATENHHHIM» HEIETKEM OTKIHKAM
COOTBETCTBYIOT (ojiee NPEQIOYTHTENbHEE AJTbTePHATHBHL.
TaxkuM oGpasoM, HEOOXOZMMEIM 3TAlOM B aHAJIW3e HOMO0-
HOI 3a7ja9’ BHGOpPa ABIAETCA MOCTPOSHHe OTHOMEHHS Ipef-
IOYTeHNsA B KiIacce HeIeTKUX OTKIMKOB. JTOMY BONIPOCY H
NMOCBANIEH cleqyiommii maparpad.
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4.2, OGolOmenue HEUETKOrO OTHOMEHUS
HA KJIacC HEUYETKNX MHOKECTB

4.2.1. Ilocrpoenme oGoOmentnoro ormomenmsi. Pac-
CMaTPHEBAEMYIO B 9TOM pasfesie OCHOBHYIO 3agady MOKHO
chopMmynmpoBath ciaepyomum obpasoM. Ha ymmBepcais-
HOM MHOKeCTBe Y 3aaHo .0.1I. B ¢ pyHERIAel npraagIeK-
HocrE p,: YXY — [0, 1]. ITyers % — xaacc Bcex He-
4eTKHX NONMHOMECTB MHOMKeCTBa Y, T. €. KJIacC BCex
¢yaxmmii suma v: Y — [0, 1]. Kaxoe medeTkoe oTHOmIE-

HOe NPEeINOoYTeHUsA HHAYIUPYET HA KJIacc g/ HACXOZHOe
H.0.I. B?

Jlna pemenmsa 9TOR 3aJaY¥ MEl BOCHOJB3yeMCs NPUH-
munoM o6o6menus, sBegenanM B § 1.3 (cm. Taxxke [40]).

HerpyaHo momars, 9To 3ajaEHOe Ha MHOKecTBe Y
H.0.. B MOXHO paccMaTpHBaTh KakK HedeTKoe orobpa-
aeHne Y — ? . O6pas mo6Goro siementa y° €Y mpm arom
0TOOpaKeHH: eCTh HeYeTKoe IOAMHOMLECTBO MHOMKECTBA
Y ¢ ¢yaxnumeir mpuHagaeskuocTa , (¥°, y). Ilo cyrn pexa,
pysxmma p, (¥°, y) omHCHIBAaET HeYETKOe MHOMKECTBO

R (y°) anementoB Y, cBasammmX ¢ y° orHomemmeMm R,
T. e. Takmx Yy €Y, uro y°Ry.

Iyers v: Y —[0, 1] — Hexoropoe HeueTkoe HOIMHOKE~
crBo mMuoectsa Y. Torga cornacmo mpmununy 0Go6menus

o6pa3 v IpH HEYETKOM OTOOpAKeHMH bz €CTH HEYOTKOE HOf-
MHO’KecTBO Y ¢ QyHKuMEN IpUHANIE;KHOCTH BUAA

u\3 y)=§‘él; min {v(2), pg(2, )} (4.2.1)

ITocrpoennas TaxkmM 0GpasoM QYHRIUA % ONHCHBAET
HeueTkoe orofparkenue 9/ — ? u npesicTaBiser coGoi 0600-
meHHe HKCXONHOI0 HEYeTKOro OTOOpaKeHHsA gt Y»?.
Herpyaro momaTs ®m TO, uT0 9Ta QyHKIUA OHHCHBaeT 0006-
menwe B’ wmexogHOro H.O0.I. B Ha MHOKECTBO ? X Y.
HabsiMa  crioBaMu, [ (QHEKCHPOBAHHOI'O voeg/ ¢yHRIAA
7 (vp Y) OMACHBAET HEUYETKO® MHOMKECTBO BIEMEHTOB Y,
CBA3AHHHX ¢ v, 0000meHHEM oTHOmeHHeM R', T. e. TaKWX
YyE€Y, uro vB'y. Benmunna (v, y), TakuM 0GpasoM, ecThb

CTeIeHb, C KOTOPOH HEJeTKOe MHO/KECTBO v, HPeAUOUTH-
TelbHee dJeMeHTa Y.
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Paccysxnan amanornunnim 00pasoM, mojiyyaeM, 910 BeIH-
YHHA

i (z, vo)_—.siuég min {v(2), pg(y, 2)} (4.2.2)

ecTh CTelleHb O0OpPATHOrO HpeANOYTEHHA ¥ = v,.
PaccmoTpuM mpocToit minmocTpaTMBHHIEA IpEMep.

Mpumep 4.2.4. Dyers Y — ymciaosas oCh M H.O. I pp—

ecTeCTBeHHHW mopaAfok (>) ma Y. Torga, Kak HeTPYXHO BHUJTH,
paBeHcTBa (4.2.1) m (4.2.2) sanmmyTtca B BHAe ’

(v, y)= supv(z), (4.2.3)
z,y€Y
zzy

M (y, v)= sup v(2). (4.2.4)
2, y€Y
Vo \

Ilycte HeueTKO® MHOMKECTBO v MMeeT BHfJ, TIOKA3aHHEI Ha
puc. 4.2.1.

)
7 _______
Y
e @
! |
: l
L
4 5 4 ¥
Pmc. 4.2.1,

Monssysacy (4.2.3) m (4.2.4), nomxyuaem
B n) =0y V) =1, T(v, ¥2)=H(y1, v)=0,7.

3aMeTuM, 4TO ®3 onpefedeHuil, mpusefeHHHX B I. 3.2.1, momy-
4YaeM, B YaCTHOCTH,

v 9KBUBAJEHTHO Y, co crenensio 0,7,
v crporo jgysme y; co cremensio 0,3,
v OKBABAJIGHTHO Y, co cremenpio 0,7,
Y2 CTporo jgyume v co crenensio 0,3.

ITpomomxumM mpomece 060GmeHus HCXOZHOTO H. 0. m. R.
Bynem paccmarpmeare monyuerHyio ¢ymrmmio 7 (4.2.1) kax
HeYeTKoe OTOOpaKeHHe Y—>'Z,7 , The "Z] — KJIacc Bcex Heuer-
KX MOOAKIAccoB Kiaacca 9/, T. e. Becex ¢yHknuit BHpa
?»[0, 1], u mycrs v, — DPOU3BONBHEIH ONeMEHT ? Co-
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rJIacHO NDHHLMIY 0GofmeHnsa o6pasoM v, Ipu HEUeTKOM
oTo0pa’KeHHHM 7 ABiAAeTcA HEYETKHH MOAKIACC Kiacca g/

¢ pyuxumeil mpHHAmNE;KHOCTH ?—»?:
(v, %) = Sup min {% (), %0 y)), (4.2.9)
Yy

IpEYeM ero MOYKHO NMOHMMATh KaK MOJKIAcC HEeYeTKUX HOX-
MHO)KECTB v TaKmX, 4T0 v »=v,. MHeMEH cnoBamu, ymk-
uuA T onucwBaer o0o0meHue H. 0. 0. B’ Ha MHOMKeCTBO
% X7, a cneposarenbro, u coorBeTcTBylommee 000Gmenue
UCXOMHOrO H. 0. 1. RB. Beamuuma 7(v,, v;) €cThb cCTremeHn
BHIIONHEHUA NPEAIIOYTeHUA v, 2= Vo,

U3 (4.2.1) u (4.2.5) monyuaeM caenyiomee BHpPasKeHHE
1A QYHKIMHA OpPHHANIEKHOCTH OOOGIIEHHOTO OTHOMEHHA
OpexnoYTeHNs:

10 v2)=3gg min {v; (¥), sup min {n(2), ey, 2)}} =
=zs;16pymin (M @), v (2), 1y (s 2)}- (4.2.6)

AuvanoruyHHM 00Da3oM MOKHO HNPHHTH K BEBOAY O TOM,
uyt0 0o0parHOe IpeAmouTeHue (v, >=v;) BHIONHAETCH CO CTe-
NIeHbI0, DaBHOH BeJIHYNHE

N (v v) = sugzmin (1) %2 (2), (2 y))  (4:2.7)
zl y
IIpumep 4.2.2. Ilycrs, kak u B mpumepe 4.2.1, Y — uncio-

BaAg OChb B R — ecrecTBeHHHI mopAmok (>) Ha Y. PaccMoTpum
ABa HeYeTKHX HORMHOKECTBA Y: v; M vy, IOKa3aHHKe Ha pHC. 4.2.2.

Pumc. 4.2.2.

Ionsaysch BHpaKeRAAME (4.2.6) u (4.2.7), noxydaeM 7 (v, v)=0,6
2 7 (vg, v)=1, T. e.

vi 9KBHBAJeHTHO v, co crenensio 0,6,

vp CTporo ayyme v; co cremeenio 0,4.
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4.2.2, Hexoropsieé cBoiictBa HHAYOHPOBAHHOTO OTHO-
menua npegnourenusn. Mccnegyem Temeps HexOTOpHe CBOI-
cTBa BBEJEHHOrO H. 0. II. 7], KOTODHE ONpeHelAnTca CBOii-
CTBaMH MHNCXOAHOIO H. O. II. Pr H KJaccOM HEYeTKHX MHO-

KeCTB, Ha KOTOPOM paccMaTpuABaeTCA MHAYIUPOBAHHOE H. O, I
Teopema 4.2.1. Ecau H.o.n. p, na Y pegpaercusno,

mo u uHOyyupyemoe um H.o. n. 1N pedieKcuéHO Ha Kaacce
6CET HOPMAALHLIT Heuemrux nodmHoxcecms mHoxcecmsa Y.

Moxasarenscrso. Eemm vE9% mopmansmo, T. e.

sup v(y)=1, 1o u3 (4.2.6) monyuaem
yeY

7 (v, v)=sup min {v(y), v(2), pp(y, 2)} >
z, yevY

>>sup min {v (y), v(y)} =supv(y)=1.
yery yey

Ilockonsky (v, v) <1 mpum mro6oM vEZ/, TO M3 3TOTO
HEepaBeHCTBA 3akiaiouaeM, 410 7 (v, v)=1 mpu mobom v E?,
970 ¥ O3Ha4aeT pedIeKCHBHOCTH 1.

B cnegyomux gByx TeopeMax H3ydaeTcs BOLIDOC O JH-
HeHOCTH H. 0. II.

Teopema 4.2.2. Ecau H.o.n. p, Ha Y cuavno au-
Helino, mo u uHOYyupyemoe UM H. 0. IL. 7| CUALHO AUHELHO
Ha Kaacce 6cex HOPMAALHLIL Heuemkux nodmHoxcecms Y.

HoxasarennscrTBo. Ilockonbky mo yclnoBHAM Teo-
PeMH H. 0. I. P, CHIBHO JMHEWHO, TO, KaK clefyeT u3
ompefeieHUA CHUIbHON JWHEIHOCTH, JOCTATOYHO IIOKA3aTh,
4T0 JJIA MOOHX ABYX HOPMAJHHEIX HEUETKUX IOAMHOKECTB
MHO}KeCTBa Y BHIOIHEHO II0 KpaiiHeii Mepe OmHO H3
paBeHCTB

100 w)=1, 10z »)=1.

I[O]IyOTHM MIpOTUBHOE, T. €. YTO [JA HEKOTODHX HOD-
MAIBHHX v; H v, OMHOBDEMEHHO BHIIOJHEHH HepaBeHCTBa

1 (v va) _—_’s;lgymin (@) va(y) pe(z y))=0a, <1, (42.8)
N(v2s v1) =’S;I.lé)ymin (@) @) vy, 2)}=a<]1. (429)
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BriGepem mpomspoasno umcno ¢ ma umatepBana 0<e <
< min {(1 —a,), (1 —a,)} n BBemeM MHOKecTBa

Yi=(IV€Y, %) >upy(e) —e=1—¢}, i=1, 2.
z€

TMockonbky p., cHIBHO JEHEHHO, TO A NIOOHX JBYX a3je-
MeHTOB ¥, G Y! u y, € Y? BHIOIHEHO OXHO U3 PABEHCTB:

a) pe(yy ¥2)=1; 6) Pe (e v1)= 1.
B cnyuae a) monyuaem
(v va)=sup min {y (2), v ¥), pe(z ¥)} >
Zmin (v (11), va(2), br(W ¥2)} 21 —2¢>a,.

AnanormunsiM o6pasoM B cayuae 6) monydaeMm 1 (v, ;) > a,.
Orciona sakmiouaeM, uto HepaseHcTBa (4.2.8) m (4.2.9)
He MOT'YT BHIIOAHATECA ONHOBDEMEHHO M, CIIE[0BATelIbHO,
H. 0. I. 7 CWIBHO JIHHEWHO.
Teopema 4.2.3. Ecau w.o.n. p, na Y \-auneino

(A>0), mo u undyyupyemoe um H. 0. n. | MAuHeliHo Ha
KJaacce 6cexr Hewemkur 100MHOXNcecme MHoxwcecmea Y, o6aa-

Oarowyux ceoticmeom supv (y) > A.
yEY
HoxazarennrcTBo. Ilycth v, U v, — IBa HeyeTKUX

IIOfIMHOKECTBA, V/OBJIETBODAIOINME  YCIOBHAM  TEOPEMHI.
Beenem mmOMecTBa

Y‘:{nyEY, v, () >N}, =1, 2

BriGepem npomsBoabHO y, G Y! u y, € Y2. U3 \-nnueitnocrn
3aK/II09aeM, 4TO BHIIONHEHO OJHO M3 HEePABeHCTB:

a) pp(¥p Y2) >r mau 6) py(ys ¥)) >M
B cayuae a) momyuaem
N (v, Vo) Zmin {v; (y1), v2(¥a)y B ¥2)} > M

Amnanorumgso, B cnyuae 0) momywaeMm 1 (vg, v;) >\
W3 pgByx nocnegHmX HeDaBeHCTB 3aKIOYaeM, 4TO

max {1 (v, v3), (v v)} > A,

T. €. 9TO H, 0. I. 7 A-JIHHeiHO.




160 OBIAA 3AJAYA HEUETKOTO IIPOTPAMMUPOBAHNA [TJI. 4

Takum o06pasoM, CBOHCTBO JMHEAHOCTH HMCXOZHOIO
H. 0. II. {1, TIEPEHOCHTCSA Ha MHAYIUPYyeMOe MM H. 0. II. 1) Ha
KJIacCe COOTBETCTBYIOIIMX HEYETKHX IOJMHOKECTB MHO-
xectBa Y. OgHaKo U3 TPAaH3UTHUBHOCTH H. 0. II. P, BOOOIIe

roBOPsI, HE BHITEKAET TPAH3UTHBHOCTH HWHAYIHPOBAHHOILO
H. 0. I. 7. ITOT PAKT MJLIIOCTPUPYETCA, B YACTHOCTH, IPH-
MepoM, UPHBEJEHHKIM B KOHIIE JAHHOrO pasfeia.
OOparmMca Temepb K CIydaio, KOTAa MCXOAHOe H. 0. .
p, Ha Y mpencraBinsgeT coboit 06HYHOe OTHONIEHHE IIpef-

mouTenusas R, T. e. ommChHBaeTcsa QyHxnumedl TpWHALIEHK-
HOCTH, NpuEMMapmel Jumb sHavenua 0 w 1. U3 npuse-
NEeHHOTrO BHIe BHpakeHud (4.2.6) momywaem, 9To OTHO-
medne R WHAym@pyeT H. 0. m. 7 CIeAyIOmEro BHAA:
N0 vo) = sugy min {v;, (z), v, (y)}- (4.2:6a)

”!/

zRy

Herpymao yOemmrbca B ToM, 94T0 00WYHOE JTHHEHHOE
oraomenne R (cM. 1m.1.2.1) ABnsercs CMIBHO JIHHEHAHHIM
B CMEHICJIe ONpefejeHHs, fanHoro B 1. 3.2.2. Orcoga m w3
TeopeMsI 4.2.2 BHITEKAaeT CIeRylomas.

Teopema 4.2.4. H. o. n. v, undyyupyemoe 3adan-
oM Ha Y OOBIUHBLM AUHETHHLM OMHOWEHUEM NPednoumenus
R, cunvro aumelino Ha Kiacce 6cex HOPMANLHVIX HEYEMKUZ
nodmroxcecme mHoxcecmea Y.

C mpyroit cTopoHH, Kak 00 mokasaHo B1. 3.2.1, mus
CUJBHO JHHEHAHOTO H. O. I. 7 BHIIOJHAKTCA pPaBeHCTBA

10 ) =1—"10 ) Vv, %€ ?v

rae 7 — COOTBETCTBYIOIIee 7 HEIETKOE OTHONIEHHE CTPO-
roro npeanodrernd. OTciona ¥ U3 NPUBEJeHHLX BHIIE Pac-
CY’KIeHHH moJydaeM, 49TO JJIA JIOGOTO H. 0. I. 7, HEAYNA-
POBAHHOrO OGHYHHM JHHEHHHIM OTHONIEHWEM IPeRNod-
TeHEA R ana mo0GHX HOPMaJBHHIX HEYOTKAX IIOAMHOKECTB
Vi, Vo MHOKeCTBAa Y, BHIIOJHSETCA PABEHCTBO
7 (vy va) =1 —sup min {v (y), v,(2)}.
(9, 2)ER
Ecam Y — ugmcnosas ocb # R — ecrecTBeHHHH mops-
Rok (>>) Ha Y, To H.0.I. Y ONHECHIBaeTCsa B Golee mpocToit

¢dopMe, mpasga, Ha HECKOIBKO GOnee y3KOM Kjacce HEUeT-
KX moaMHOkecTs Y. BmefeM cuaemyromee
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Onpenenenme 4.2.1. Hewerkoe moaMHOMECTBO
v MHOKeCTBa Y HAsHBAeTCA GWNYKABLM, €CIRE 060 MHO-
JKecTBO BHAA

Y.={ylyeY, v@m>e} 0,

BHIOYKJIO B Y'*).
JlokaskeM Temeps CIERYIONYI0 TeopeMy.
Teopewma 4.2.5. Ecmecmeennnii nopadox (=) na
yucaoeoli ocw Y undyyupyem H.0.n. 1 HA KEAQCCE 6CEX HEwem-
Kur nodmuosxcecms Y, obaadaioujee caedyiowum ceoli-
cmeom: 04 4106ux O8Yr HOPMAALHYWEL GWRYKABE Hewem-
KUZ MHOJICECTNE Vy, Vo GLINOAHEHO 00HO U3 DaseHcme

(v V) =1, M(v, vo)=sup min {v, (y), v (y)}
yEY

HoxasarenscTno. Beegem oGosnauenume
A (v, o) =supmin {v; (), v;(y)}-
yE€Y

Ilockoabry (¥, y) € R, TO nua mOOHX v,, v, BEIIOIHEHO
(v v2) Z Ay va)y 10 v1) 2 A (v a)-
Orciona, ommpascs Ha TeopeMmy (4.2.4), MOYKHO 3aK/IIOYATSH,

9TO0 ANA JOKA3aTelhCTBA TeopeMH 4.2.D JROCTATOYHO IOKa-
3aTh, 4TO AAA JNIOGHX v, U v, HEpaBeHCTBA

N0 va) > A va)s M(vas ) > A (v, v)

He MOryT BHIIONHATHECA OXHOBPOMEHHO.
HonycraM npormBHOE, T. €. 4TO ANA HEKOTOPHX v,
vzeg/ OXHOBPEMEHHO BHIOJHEHH HeDaBeHCTBA

fg}/) min {v, (2), va(¥)} > A (¥, va),
sup min {v; (2), v (y)} > 4 (v, va)-

910 o3mawaer, uro mHaliayrca Takme 2°, 10 z’, y' €Y, maa
KOTOPHIX

a) 2>y 2’ ]y';
08) v (2 >4 (v, )y () > A, )

() >A0L va), ) > Ay v)-
*) IIpm aToM HpegUONIaraercsa, YTO0 MHOMKECTBO Y 3aMKHYTO

OTHOCHTEJIbHO OIPEeNeJIEHHEX B HEM onepalmi CIIOYKeHBA H YMHO-
KeHHA HA YHCIO.

11 C. A. Opaosckni#t

’




162 OBIAA 3ATAYA HEUYETKOTO IPOTPAMMHUPOBAHNA [T 4

re
Herpynuo mpoBepHTh, 4TO M3 yCNOBHA a) BHTEKAaeT Hely-
cTOTa MHOMKECTBa

I =Con (2% z')NCon (y°, y'),

rae Con (z;, x,) — OTPe30K, 3aKNIOYEHHHIN MEKLY TOUYKaMU
Z, u z, [lanee, MOCKONBKY v; M v, BHOYRAH IO YCJIOBHIO
TEOPEeME, TO U3 YycloBuA 0) ciaemyer, 4To AAA mI000TO
7 €I~ BHOONHAITCA HEDPABEHCTBA

(@ >A0, v v (7)) > A va)
min {v (7), v (@)} > 4 (v, v)= Sy‘é!y’ min {v, (y), v (¥)}-

YrBepsknenne teopeMH 4.2.5 BHTeKaeT H3 HEBO3MOMKHOCTH
[OCNeJIHer0 HepaBeHCTBa.

Ecnin Heuerxkme MHOKeCTBA v; M VY, HEBHIOYKIH, TO
TeopeMa 4.2.5 Hesepua. IlokaskeM 3TO Ha CIELYIOLIEM
IpOCTOM IIpEMepe.

IIpamep 4.2.3. Ilycts HeYETKAE MHOKECTBA V; H Vp HMEIOT
BHJl, IOKa3aHHHI Ha pHc. 4.2.3 (Y — uHcioBasA ock). Jlerxo mpo-

v

Pme. 4.2.3.

BEPHTB, 9TO B 3TOM OpuMepe 7 (Vy, Vo)=1 (Vg, V)=1, HO 4 (v, v,) <
B saxiiouenne JaHHOTO pasyieia MH CHeJaeM HeCKOIBKO
3aMeYaHHA O HEKOTOPHX CBO#CTBaX BBEJEHHOrO H.O.I.
7 Ha Kjacce HeYeTKUX MHOKeCTB. PacCMOTpPHM TpHU HedeT-
KAX MHOKeCTBA V;, Yy, Vg UHCIOBOHE ocm (pme. 4.2.4).
C nomomgsio OpHUBEJICHHEX BHIIE ONpefeNeHnii monyyaeM

(v Vo) =1 (Vs vg) =1, ¥ (v, v)=0, 7°(v v)=1.

TaxuMm o6pa3oM, MHOKeCTBA v, ‘H v, DKBEBAJEHTHH CO CTe-
meHb0 1 (T. e. ompefeneEHO BKBHBAJEHTHH). IJTOT (aKT
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MOKET IOKa3aThCsA HECKOJIbKO CTPAHHHIM, IMOCKOJIBKY MHO-
ECTBO V, PACIONIOKEHO HA YUCIOBOA OCH IpaBee MHOKe-
CTBA V;, T. €. ¢CMEIEHO» OTHOCHTEIBHO v, B CTOPOHY 60ib-
mMAX S3HAYEHWHA Y.

OpmBako JaguM v;, v, B V3 CIAEAYIOMYI0 AHTEPIPeTariio.
Mycts TouKm ocu Y mpemcTaBadgnT co00il 3HAYEHUA [IMHH,
a MEOxecTBo v, (y), i=1, 2, 3, npencrasuser coGoir pe-
3yJbTAT H3MEPEHMsS JJIWHE HEKOTOPOro CTePKHA i, mpu-

VA
; ¥y V3

7 | ; Is N
T r r T ;
I' : ' Vz ' : .
[ . ' ' , :
: ' ! ' 1 '
[ ' ! ‘ ' 0
' ' ! ! 1 '
' 1 ' ' ' :
A
Lo :
' LN ) 1 ' .
' ' \ 0 ' '
| 1 ) ' 1

g o 7, b4 o b by .

Puc. 4.2.4.

gem «mupuEay (a;, b;) MHOmKecTBa v; (y) oTpakaer TOU-
HOCTB TOro maMeperus. HeTpyxro mHOHATH, 9YTO IIPHA 3aJaH-
HOH 3fech TogHOCTH (CM. pHuC. 4.2.4) HeT OCHOBaHMIA yTBEp-
AIATh O TOM, 9TO CTeP:KeHb 2 JimHHee CTepKHA 1 (@ TeM
Gonee yTtBep:xAaTh oOparmoe). Taxkmm oOpasoM, mpm nas-
HOR 37ech TouHOCTE crepkEn 1 m 2 Hepasiamummu 1o
IJEHe, W UMEHHO 3TOT (JAKT OTPAKaeTcsi PABEHCTBOM
T (v, w)=1.

C opyroit CTOpOHH, JaHHOA 37eCh TOYHOCTA KOCTATOYHO
IS YTBEP/KAEHHS O TOM, ITO CTeP3KeHb 3 JINHHEe CTeP:KHA

"4, YeMy @ COOTBETCTBYeT paBeHCTBO 7° (v, v;)=1.

N3 ganHoro mpEMepa BAZHO TaxiKe, ITO M3 TPAH3UTUB-
HOCTH HCXO[JHOrO OTHOmeHHWA (Z>) Ha Y He CciIefyeT TPaH-
SUTEBHOCTh WHAYNAPOBAHHOTO OTHOmeHHA 7. JlelicTBm-
TeJbHO, HOCKOIBKY 7° (vy, v4)=0, T0o m3 7° (v, v)=1 ®m
7 (v, vg)=1 He BuTexaer 1° (v;, v;)=1, KaK 3T0 mOMKHO
6b110 GH OHTH IpE TPAH3UTHBHOM H.0.m. 7 (cM. m. 1.2.4).

B caemylomeM pasgene MH NPEMEHEM NOJYYeHHHE
37leCh PeayJabTATH IS aHaiIusa o0meil 3agayd HEYeTKOrO
MATeMAaTHIECKOT0 IPOTPaMMHUPOBAHHAA.

11*
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4.3. HepoMmanpyeMeuie anpTepHATHEBI
B o0meii 3agaue HEYETKOro
MaTEeMaTHYCCROI'0 NporpaMMrIpoOBaHAA

4.3.1. HeueTkoe MHO€CTBO HEJOMHHHPYEMBIX aXbTeEp-
matas. OGpaTmMCA Temeps HENOCPEACTBeHHO K 3ajgade,
Koropas oGeymmanacs B § 4.1. Ilonpsysacs anmapaToM, pas-
BUTHIM B IPOJHAYIIeM Pa3fee, ME CBe/ieM ee K PACCMOTPeH-
o B § 3.2 3ajjaue IPHHATHSA DPeIIeHHH NPHW HEYETKOM OT-
HOMEHHA TPeAUOYTeHHs HA MHOKeCTBe AaJbTePHATHB.

@opManpaO0 06Iad 3afaga HEYETKOTO MATeMATHIECKOTO
NpOrpaMMHEPOBAHMASA ONHCHBAETCA CIeAYIOMEM 00pasoM.
Ilycrs X — yHHBepcaJbHOe MHOKECTBO AJbTEPHATHB H
e, X - [0, 1] — sagammoe HeweTKoe IIOJIMHOKECTBO
monycTEMHX anabrepHaTtuB. Ilyers Y — ymwmBepcaabHOe
MHOKECTBO OIIGHOK Pe3yJIbTATOB BHIOODOB aJbTEPHATHB H3
maoxecrsa X m p,: YXY — [0, 1] — sapgannoe =Ha
MHOKeCTBe Y HeueTKOe OTHOIEHH® IPeIouTeHAsI. BHGOPH
aNnbTePHATHB OIEHWBAIOTCS HOYETKIMH 3HAYeHUAMM 3a/iaH-
Hoit HeueTKo# Pyrkmum menm ¢: X XY — [0, 1] (cmucn
aroit pyEKmEE o6Ccy:xmanca B § 4.1). 3agaua sakmouaerca
B PamHOHAJBLHOM BHGODe aJbTepHAaTHB HAa OCHOBe WMH(OP-
Manpd, 3aJaEHOR B ONHCAaHHOM BHIe $opMe.

IIpu ananmae 3Toit 3a7auu B JaHHOM pasfete Mb GyaeMm
CYATATH JIJIA MPOCTOTH H3JI0KEHUA, YTO MHOKEeCTBO HOIY-
CTEMHIX aJhTePHATHB OMHECAHO 9eTKO, U GyaeM 0603HAYATH
3TO MHOKECTBO TeM 3Ke CHMBOJIOM X , 9TO ¥ BBReXEHHOE BHIIIO
yHEBepPCAJTbHOe MHOKeCTBO ~aJbTepHATHB. B KoHIme pas-
fela MH KPaTKO OCTAaHOBHMCS W HA 33a/aiaX ¢ HeYeTKHM
MHOKECTBOM MOIMYCTHMHIX aJIbTePHATHB.

Jlns pemeHUs MOCTABJEHHOH 3a/aud MEI IOCTPOHM HA
MHOKeCTBe albTepHAaTHB X HeYeTKOe OTHONIeHHE HpeRmod-
TeHUs, HHAYOUPOBAHHO® MCXONHEIM H.O.H. |1, H HEUETKOH
$ymknneit nexm ¢, a 3areM BugeanM B X HedweTKOe mOJ-
MHOKECTBO HeJOMHHHPYeMHX aJbTepPHATHB.

Jlio6oit anpreprarnse z° 3afaHHAA QYHKIHA ¢ CTABHT
B COOTBETCTBHEe HEYETKYI0 ONEHKY 9TOH aJbTepHATHBH
B dopMe He4eTKOro moAMHOKecTBa ¢ (2%, y) MHO;KecTBa
omeHok Y. Ilycrs 7 — HedeTKoe OTHONIeHHe IIPOAIOYTE-
HEfA, HHAYOEPOBAHHO® H.O.I. [, Ha Kiacce 7/ BCeX Hewer-

KAX HOAMHOKeCTB MHO;kecTsa Y (§ 4.2). Iloassysach aTEM
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OTHONIEHWEM, MOKHO CPaBHHUBATH APYT C APYroM IO Npef-
TNOYTeHHI0 HedeTKWe ONEHKW albTepDHATHB, a CleX0Ba-
TeJBHO, X CaMA AJbTePHATABH. VIHEIMA CIOBaMH, CTEIEHBIO
NPeAmoYTeHAs aNbTePHATHBH ; G X anbprepHaTHBe Z, G X
MH GyfeM CYATaTH CTelleHb NPEANOYTeHHS HEYeTKOH
OmeHKH ¢ (;, y) HeUeTKOH omeHKe ¢ (5, ¥), T. €. MOIOKAM

N (21 Z2) =7 (¢ (2 ¥)s ¢ (z2 ¥))s

rae ¢ (zj, y) m ¢ (r,, Y¥) — COOTBETCTBYIOIIHE I, H I, He-
YeTKHe HOJAMHOKECTBA (OMeHKH) MHOKecTBa Y.

Takum oGpasoM, mcmONB3ya ompepeleHMe H. 0. H. 7
(m. 4.2.1), Ma momyuaeM H. O. M. 1 Ha MHO)KECTBE AaibTep-
HaraB X cleqylomero BHMA:

(), 7)) = sugymin {o (21 2)s ¢ (22 ¥), R (2 y)} (43.1)

3ameTHM, 9TO B aHAIOTMYHON 3afja4e C YETKO ONMCAH-
Hoit Pynknueit memn f: X — Y (Y — umcnoBass oce) ompe-
nmenenme (4.3.1) cBoguTea k oOHuYHOMY:

Ty 7 Ty o> [(2) 2> f(2,)
HeiicrBuTeIbHO, B 9TOM CJIy4ae
1 upm f(z)=y,
¢z ¥ )2{ 0 B ocrTanbHHX CciIydasx,
a
1 mpm z 2>y,
ba(z ¥ )={ 0 B ocrampHHX ciydanx,
a paBeHCTBO (4.3.1) mpmaumaer Bupg
1 mpu f(zy) > f (20),
7 (21 %) ={ 0 B ocranpHHX ciIy4asx.

ITocne TOro Kak ® B MHOKECTBe aAbTEPHATHB BBEJEHO
H. 0. I. 7, WCXOfHAsA 3ajgada CBOJATCA K 3ajade, paccMo-
TperHO#t B § 3.2: mMeeTcA MHOKECTBO anbTepHATHB X
C SajaHHHM Ha HeM H. 0. I. 7. Herpyamo yGempurnes
B TOM, 4TO ecad QyHKOEA ¢ obiafaeT CBOHCTBOM

supe (z, y)=1 Vz€X,
yey
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T. €. eCIM ONeHKa /00oil aJbTepHATHBH — HOPMAIbHOE
HEe4eTKoe MHOKECTBO, TO H. O. I. 1 pedieKCHBHO, T. e.
M (z, z)=1 opm mobom z € X.

BuigenuM rtemepp B MHOXecTBe (X, 1) HeueTkoe IOJ-
MHOKeCTBO HeJOMHHEpyeMHEXx ansTepHaTuB. Cornacmo ompe-
nenenuio (§ 3.2) oHo mMmeeT BuJ

:iln.n. (.’E) —1 — i‘;‘& [1] (;1;', x) —1 (.‘II, x’)]. (4.3.2)

Orciona u m3 (4.3.1) monyuaem

75 (@) =1 —sup [sup min (o (=", 2), ¢(% ¥): pa (@ ¥)) —

—Zs;lepy min {¢ (z', 2), ¢ (2, ¥), vz(¥, 2)})]. (4.3.3)

HeoGxogumo orvernTs, uto ecam ¢yHKmua ¢ (z, y)
TaKoBa, 9YTO JJNA HEKOTOPOil ambTepHATHBH 2° BHIOJHEHO

sup ¢ (2°, y)=a <1,
y€Y

ro 3Hadenme ™% (z0) MoKer He OTpPaKaTh PaKTHIECKOR
CTCIEHH HEJOMHHUPYEMOCTH 9Toil axbrepHATHBH. Jliaa
HIAMIOCTPAIIAE PAcCMOTPHM Kpaitmil caydait, xorma a=0.
B mcxopHO# 3agade dTO COOTBETCTBYeT TOMY, UTO OLEHKA
albTePHATHBH 2° HeW3BeCTHA WJH He ompejeseHa (Had He-
M3BeCTHA peaKmusA YUpaBiAeMON CHCTEMH Ha yIOpaBie-
ume z°). B To e BpeMs, Kak HeTPyAHO yOeRHTHCA IO BHI-
pamenuaM (4.3.1) = (4.3.2), gna srToff aXbTEPHATHBE

(2% 29=0 u F** (29)=1,

T. €. albTepHaTHBA Z° OKA3HBAETCA OIpEeTeHHO HEeIOMHU-
HUPyeMO#, IpmYeM MCKIKYATEIPHO BBHAY OTCYTCTBHA
undopmanun o Heit. [loatromy Benmamuy 5** (2°) meobxo-
RUMO CKODDEKTHPOBATH, C TeM UYTOOH MCKIIOYHTH TaKue
(IIATOJIOTHYECKHe)» CIIyyad.

B TepMmHax HEYETKHX MHOKeCTB DABeHCTBO

sup ¢ (z°, y)=0
yEY

03HAYAET, YTO MHOKECTBO OIEHOK (MM peaxnmit), cooT-
BeTCTBylomee aibrepHarmBe z°, mycro. Ecam Beamumma
a> 0, HO MaJa, TO 3TO MHOKECTBO MO)KHO IOHHEMATh
KaK «I0YTH HyCTOe» W T. H. B COOTBETCTBHE C BeIMYMHOM
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a, KoTopas, TakuM 00pasoM, XapaKTepH3yeT CTeleHb Ha-
amuusa maopmanum o6 anpTepHaTHBe °. YUATHBAA, 4TO
MaJjHe 3HaYeHHHA @ MOrYT IPEBOJUTH K HCKYCCTBEHHO 3a-
BHIICHHHM 3HAYeHEAAM QYHKO@AA 7* * NJIA COOTBETCTBYIO-
MuUX aJbTePHATHB, AJIA KOPPEKTHPOBKH 3T0H QyHKOUU ee
3HAYCHHUSA HYKHO COINOCTABIATH C COOTBETCTBYIOMIEMM 3HA-
YeHHUAMH Q.

Onmpasgchk Ha 3TH pacCy;KHeHUA, pelNleHHeM MCXONHON
samagun  OymeM cymTaTh He QYHKOUIO NPHHANIEKHOCTH
%%, a CKOPPEKTHUPOBAHHYK (QYHKIMIO BHJA

%% (z) = min {(F** (z), sup¢ (z, y)}. (4.3.2a)
yEY

Herpynno moxasaTs, uTO a7 moGoro z BHIONIHEHO pa-
BEHCTBO

up ¢ (2, y)=1(a, a)

rpe 1 — HERyuupoBaEHoe orHOomeHwme (4.3.1). Torma BH-
pasxenue (4.3.2a) MOKHO 3ammeaTh B BHJE

n** (z) =min {7** (z), 7 (z, z)}. (4.3.26)

Eciu ormomenme 7 pedaexcuBuo, T. e. M(z, r)=1 npmn
mobom z € X, To, Kak ciaexyer u3 (4.3.206), Ppymkmmm
7 N"* copmafaloT JIPyr ¢ APYTOM.

i paccMOTPeHHOro BHIIIe KpaiiHero cllyyad IOnydaeM

T () =0,

T. e. aJbTepHaTHBa z° MCKIIOYAaeTCA W3 pelleHds 3agadd.

Ilo cyrm pena, Bmpaenus (4.3.3) m (4.3.2a) ommcri-
BalOT cu0co0 00paboTKE HCXOAHONE MHGOPMAUA AN HOXY-
9eHHSA HEIETKOI'0 MHOKECTBA HEIOMUHHDPYEMHX AaJbTep-
HaTEB. PammoHaJ-HHM B MaHHOA 3ajade eCTECTBEHHO CYM-
TaTh BHOOP ajJbTePHATHB, MJIA KOTOpPHX QymKOoms 7" *
(ckOppeKTHpOBaHHAM) HPWHAMAET IO BO3MOKHOCTH 00Jb-
mue 3HAYeHHA.

Ecam B o0meit 3agade HEYETKOr0 MaTeMaTMIECKOro
TPOrpaMMAPOBAHESA MHOKECTBO MONYCTAMHIX aJbTePHATHB
ONACAaHO HEYEeTKO, TO BHOOD aJbTepHATHB CIEAYeT OCYyIie-
CTBIATH C yYeTOM ABYX OTHONIEHWA NpeqmodYTeHHs: IO-
JYYeHHOTO BHIIe HWHAYOUPOBAHHOTO H.0.Il. 7 X OTHONMIEHUSA
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TPEeANOYTeHHS, OTPAKAIONMIEr0 CTEIIeHH JOMYCTAMOCTH allb-
repaataB. Boxee mompoGmo 3ror Bompoc obcy:KmaeTcs
Bume B § 3.3., rme Onuta mpefsokena BO3MOXKHAA MpO-
mepypa pelleHms HogobHo# 3amavm.

4.3.2. BuGop anrbTepHATHB B CIyYae YHCIOBBIX OIE-
HOK aianTepHaruB, OOparmMcs k Gomee mpocToii, HO TeM
He NeHee IIPaKTHYECKU BayKHOW 3ajaue, KOTJa MHOYKECTBO
OeHOK Y — umcnoBasg ocb. B 3ToM ciyuae BHpakeHue
(4.3.1) npurEMaer Bup

1@ 7)= sup min (¢ (@, 2), ola ) (43.4)

>y
a pemeEmeM COOTBETCTByIOINe#l 3ajadm HedeTKoro Mare- |
MATHYeCKOro IpPOrpaMMUpPOBaHUAA ABJIAETCSA HeYeTKOe IOJ-
MHOKeCTBO HEJOMUHUPYEMHX alJbTepPHATHB BHJA

"% (z) =min {{** (z), 1(z, 2)},
e

7% (z) =1 — sup [sup min (¢ (2", 2), (2, 1)} —
z'€X 5>y

— sup min {¢ (z, 2), ¢(z’, y)}]. (4.3.5)

>

Kar yxe rosopmiocs B § 3.2, Benmumua 1** (z) ectb
CTemeHb HEJOMHHHDYEeMOCTH alnbTepHaruBH . Ecau
7% (r) >a, To B MEHOKecTBe X HeT HH OJHOH ajlbTepHA-
TABH, KOTOpag JOMUHUpOBala OH aNbTEPHATHBY & CO
cTemeHbl0, Oombmeit, deM 1 — o.

IlokakeM, uTO AJIA HAXOKIEHHA aNbTEPHATHBH, HENO-
MHUHEDYeMO# cO cTeleHpl0, He MeHBmel «, JOCTATOYHO
PeIHATH CHeRyIOmylo 3anady MaTeMaTAYecKoro IporpaM-
MEpPOBaHEA: ;

y—>max, ¢(z, y) >, z€X, y€vY. (4.3.6)

Teopema 4.3.1. ITycmv newemkan Pynryus yeau ¢:

X XY —[0, 1] maxosa, umo sg? o(x, y)>o npu awbom
y

z€X, u nycmv m—mn.o.n. Ha X, urdyyuposarHoe
ecmecmeennulM nopadxom (=) Ha uucaoeoli ocu oyenox Y
u Pynryuelr ¢. Ecau (2°, y°) — pewenue sadauu (4.3.6),
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mo ™% (2% > a, 20e N** (x) — Heuemkoe MHONCECMEO He-
Odomunupyemviz asbmepramue 6 mHoxecmee (X, 7).
HoxazareascTBo. Ilyers mapa (2% y®)EXXY —
pemenne 3agadu (4.3.6). Toraa, xax caexyer m3 (4.3.5), ana
JIOKa3aTelbCTBA TEOPEeMBI JOCTATOYHO MOKAa3aTh, 4TO

sup [sup min {¢ (z', 2), ¢ (2% y)} —
z'€X 2>y
—sup min {¢ (2% z), ¢ (', Y}I<<1 —a.

=y

HonycraM mporusroe, T. e. uro Hadigyrea 26X m
e >0, nna xoropeix

sup min {¢ (2, 2), ¢ (2% y)} — sup min {¢ (2°, 2),
22y
? (x, Nz21l—a-te (4.3.7)

BuGepem 7 €Y, Tak, uto ¢ (2, ) > — & (cymecTBOBaHH®
TAKOr0 § Clexyer W3 MpeAmoackeHdmi o ¢yHKOEE ¢
B ycnoBuax teopemst). ITockonexy mapa (z°, y°) — pemenume
sagaun (4.3.6), T0 y°>7 wm, xpome Toro, ¢ (2% y°) >a.
Orcioma monyuyaem

sup min {¢ (z°, 2), ¢ (%, y)} >a—e¢,

l/y

HO TOrja HepaBeHCTBO (4.3.7) HEBO3MOMKHO, IOCKONBKY
JeBoe claraemoe B €ro JeBO dYacTm He mpeBmimaer 1.

W3 poxasammoii TeopeMH BHITEKaeT, 9TO JiOGHe yCiI0-
BUsA, JOCTATOYHHIE JJjIA CYI[ECTBOBAHHA PENIeHHsA 3aJauu
(4.3.6), mocTaTOUHH B AJA CYIIECTBOBAHUA COOTBETCTBYIOIAX
HeJOMEHAPYEMHX albTepHaTHB B MHOKectBe (X, 7).
B uvacrHOCTH, cmpaBemnuBa clemyiomas.

Teopema 4.3.2. Ecau mroxcecmea X u Y komnaxmHuol,
npuuem Y — nodmHoNecmeo uucaosoll ocu, PyHkyus ¢
XXY —[0, 1] noaynenpepviena ceepry HG MUXOHOSCKOM

npousgedenuu X XY, sup ¢ (x, y) > npu arobor zCX u

1—H.0.n. Ha X, unayqupoeannoe €CIMEeCMEEHHbIM  NO-
padkom na Y u Pynryueld ¢, mo 6 muoxecmee (X, m)
umeemcs no kKpalinell mepe 00HG aabmepHamusa, 048
Komopou 1™* (z) > oa.
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4.4, 3agaun MaTeMaTHIECKOTO HPOrpaMMAPOBAHMS
¢ HEYeTKO ONMCAHHBLIMH HmapaMeTpaMu

4.4.1. Breneane. B pamHoM paspmene obcy:KmaioTCs
3a7a9¥ HEYETKOTO MAaTEeMATHYECKOrO IPOrpaMMUPOBAHU,
KOTODHE ONHCHBaTCA nocranoBkamm 1V m V B § 2.3.

OOGpaTuMea O npuMepa K chaenyiomedl ymnpomeHHOR
MOfleI¥ pacOpefeJeRds BOAH MJS OPOIIEHHA CEeIBbCKO-
X03AHCTBEHHHX KyAbTyp. JlomycTEM, 9T0o Ha 3eMIAX 00meit
mwromanbo X TpeGyercs pasMeCTHTh IIOCEBHI M KYJIBTYD.
YposxaitHocTh j-#i KyJbTYPH 0003HAYAM C; TaK, ITO €CIH
Hof, KYJIBTYPY j OTBefieHa ILIOMAaRb IOCEBOB I ;, TO HOXHHH
Ypo:Kail 9TOH KyJIbTYPH OyAeT paBeH ¢,z ;. g obecmeue-
HHfL YPOKa#lHOCTH ¢; 3eMIH, OTBe[eHHEIe HON KYILTYDY J,
Heob6xonuMo opomarts. IlycTs R opomenns, efUHANE ILJI0-
Iman® 3eMiId, 3aHATOA IOA KyJabTYpY j, Tpebyerca w; exu-
HAL 0o0BeMa BOAH (3a Bech IepHOf pocTa KYJIbTypH). Ta-
KuM 00pasoM, [ OPOMEHHsA 3aMelb IJIOMAJbI0 Z; Tpe-
Oyerca w;-z; epmuun o6beMa BoXu. Beamumny w; Hash-
Baior HOpMoi monmBa. IlomHoe KonmYecTBO BOXHI, KOTOpOE
MOJKHO HCIOJb30BAaTh [JIA OPOIIEHHAS BceX m KYJIBTYD,
oGoznatmm W. Hakomem, mycrs p;, j=1,..., m, —
DOXON OT peal;m3amdM HA PHHKE eJUHUNH yPOKaA KyJb-
TYPH j.

3amaua 3aKI0YaeTCA B TOM, 9TOGH ONPENeINTh pacipe-
Zelenme 3eMelNb o6meil mromapgpio X IOJZ m KYJIBTYD,
ofecmeunBamomee M0 BO3MOIKHOCTA GONBIINIA JOXOR OT pea-
nAusamud yposkas Ha pruuKe. IIpm sroM HeoOxoammo yum-
THBATh OIPAHMYEHHOE KOJIMYECTBO MMeIome#cs BOXH A
opomends. MareMarrdecKn 3Ta 3afjada ONHECHBAETCA KakK
cTaHZapTHafA 3ajava JAHEAHOTO IPOTrPaMMHEPOBAHUA.

m
Bamaua I. Marcumusuposams eeauduny ) p,c;z,
J=t

npu 02PAHUMEHUAT
m n
jz_‘,le.xjgw, jglxjgx, z;>0.
Paccmorpum Temeph Godee BHAMATEAbHO IAaPaAMETPHI
aToii 3agawd ¢; m w,. Herpynso monaATs, 9T0 BeAMIAHH STHX
IapaMerpoB 3aBUCAT OT MHOTHX (aKTOPOB pPeajbHOTO HpPo-
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mecca, He YUTeHHHX B IDHBEJEHHOH 37ech Mopgead. ¥ po-
JKailHOCTb, HAUpPHWMEp, B3aBHCAT, W [gOBOJBHO CIOKHEIM
00pasoM, OT TaKEX PaKTOpPOB, Kak Hajmdde B IOYBe TexX
FAJIY WHHX IATATeJIbHHX BEIEeCTB, CPOKOB M TeXHOJOTHH
00paGOTKA IIOYBH ® BHECEHHA YHOGpeHmid, COMHEYHOH
AKTHBHOCTH W MHOTHX ApPyrmx. To ke caMoe OTHOCHTCA U
K OmapaMerpy w;.

Ecum, Kexas cenarb Mofieab GoJiee afleKBATHON peab-
HOCTH, BHECTH B Hee DTH 3aBHCHUMOCTH, TO 9TO HPHBEJET
K 3HAQYATEIHHOMY €€ YCJIOKHEHWI0 M IOBHICAT pa3sMep-
HOCTh 3afaud. Hpome TOro, MoKeT OKasaThCA — LpH-
4eM YaCTO HAa 9TO He o0pamaioT NO0JKHOTO BHUMAHASA —
9T0 yTOYHEHWEe MOXEIH TAKAM IIyTEM HA IPAKTHKE CBEIETCSH
Ha HET W3-3a HEBO3MOKHOCTH W3MEPHThH MM N3MEPHUTh C XO-
CTATOYHOW TOYHOCTHI0O BEJHMYAHH BBEJEHHHX B MOZeIb
darTOpOB.

C mpyroit cropomk, Momenh ¢ (PHKCEPOBAHHEIMHA 3HA-
YeHUAME HapaMeTpOB (HampuMep, ¢; W W; B JAHHOWE Mo-
IEeNH) MOMKeT OKasaThCH CIAMIIKOM (TPy0oii», HOCKOJBKY
9acTO 9TH BSHAYEHWS BHOGUPAIOTCA BeChMa IPOU3BONB-
HeM— o6pasoM. Ha camoM pmene caemyer, IO-BEEEMOMY,
VYATHBATh IO KpaliHefi Mepe TOT (aKT, 9TO HM3BECTHHIMHA
OHBAalOT He CaME 3HAUYeHWA IapaMeTPOB, a MHOMKECTBA UX
BO3MOKHHX 3HaveHmi. Mopens, B KoTopoifi mapaMerpam
OpPANHECAHH He KOHKPETHHE 9HWCja, a, HaOpEMep, WHTep-
BaJH BO3MOKHHIX 3Ha4eHWH, Gojiee TOYHO COOTBETCTBYET
peanbHOCTH.

Ha aroM myTu: Mut or 8agadm | mpmxopdT K ciaexyomeMy
€e YTOYHEHHOMY BapHaHTY.

3apgaaa II. Tpebyemeca onpedesumv payuonasvroe
pacnpedeneHue semenv o6weli naowadvio X nod nocestt m
Kyavmyp, ecau 0oxod om pacnpedeseHus r=(zy, . .., )
onucsigaemes 6 eude

m
C.x
j%l’uf

U 004JCHbL LINOAHAMBCS 03PpAHUYCHUA
m

Dz
j—.

Ez <X, 2,20, j=1,...,m.

Jj=1
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3necs ¢, j=1,...,m, —MHOXXECTBO BO3MOYKHHIX 3HAUe-
HHEA ypPOXKaWHOCTH KyIBTYpH J; W j= 1,...,m,—
MHOKECTBO BOSMOKHHIX 3HaueHHY HOpM monmsa; W — MHO-
’KECTBO 3HaUeHWil MMeIOmerocs IONHOIO KOIMYECTBA BOJH
A ODOMEHHS KYJIBTYp.

3alauy TakKoro TWMma MOYKHO HA3BaTh 3ajjaueil JumHeH-
HOTO MPOrPaMMAPOBAHMSA C MHOKECTBeHHO-3HATHHIMA K03 (-
¢nnumenramu. flcHo, YTO B paMKax 5TOH 8aJaum He EMeeT
CMEI¢Ia TOBOPHTh O MaKcmMmsanmue (QYHKomE meam (go-
X0/ia), MOCKOJbLKY 3HAYeHWA 3TOH (YHKOUE — HE 4YmCJia,
a MHOKecTBa 4muces. B sToM ciryuae He0OX0ZMMO BHACHUTD,
KaKoe OTHONIeHHWEe IPeIOYTeHWs B MHOKeCTBe aJbTeépHa-
TEB (T. €. B MHOKeCTBe BO3MOJKHHIX pacIpefelieHmit Iio-
majgy 3eMelb) MOPOKAaer aTa GYHKIHA, a 3aTeM HCCIEeL0-
BaTh BOHPOC O TOM, KaKHe BHOODH CYHTATh PamEOHAJb-
HHMHA B CMHICJe STOI'0 OTHOIIeHHWs NpeqmouTeHns. 3agadn
TAKOr0 THIIA AHAJWU3MPYIOTCA HEKE.

Bonee nmpocrasg 3agaga sToro THma ¢ OGHYEHIM MaKcH-
MU3HpPYeMHM JIAHEHHHM KpATepHeM M C MHOKeCTBEHHO-
S3HAYHHIMA NapaMeTPaME B OrpPaHMYCHHSX paccMaTpUBa-
erca B pabore A. Coitcrepa [41]. Ora 3agaua ommcuBaercs
clegyomuM oGpasoM:

Elbjxj-)mal(, zijJCK, ‘x,}o, j——'-l,.-.,m,

(4.4.1)

rze zE&R", a K, j=1,...m, m K={y|y€ER",
Y <\ g} —3ajaHHHE BHIYKIHE® NOIMHOKECTBA IPOCTPAH-
crea R". Cymma mpomssepenmit B (4.4.1) mommmaerca mpum
9TOM CIeAYIIMAM 00pasoM:

;lijjz{ylyeRn’ y=j§l$jaj, ajEKjCR”’
j=1,. ..,m},

rAe Z,a,— OOHYHOe NpOM3BEJieHH® BEKTOPa @ ;jER" na
amcno z;. B paGore [41] mokasamo, uro sTa 3ajmaua cBo-
ATCA K clenylomeil 3afade IAHEHHOr0 MpOrpaMMUPOBAaHMA:

bz — max, Ar< g, >0,
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B KoTopo#t Martpuma A onpexensercs N0 3ajaHHHM MHO-
wectBaM K ;1 K:

A=|éa,l, &;;=supa,, i=1,...,n; j=1,...,m,
GEKj

@, — KOMIIOHEHTA BEeKTOpa a.

CregyomaM maroM a IyTH YTOYHEHASA paccMaTpHBae-
MOii 37lech MOJieNd ABIAETCA ONACAHEE HaPaMeTPOB 3a/adl
B Popme mewerkmx MHOKecTB. IIpm aToM, KpoMe 3amammsa
MHOKeCTB BO3MOJKHHX 3HAUeHHH IapaMeTpoB, B MOJEIH
BBOJATCA NOMOJHHTeJNbHAsA mEPopManusa B Buae PyHKmmi
OPHHAJJIEKHOCTA STHX HEYETKHX MHOMeCTB. JTH (QYHK-
OHD MOJKHO PacCMATPHEBATh KaK CI0CO0 IpmOJIMKeHHOro
OTPasKeHHA OJKCHePTOM B arperEpOBAHHOM BHIe HMe0-
meroca Yy Hero HepopMaIM30BAaHHOI'0 IIPE/ICTABICHUASA
0 peaJbHOIl BeJJMUNHe JAHHOrO TapaMeTpa. JHAYeHUA PYHK-
MY OPWHAMJIeKHOCTE CYTh BeCOBHE KO3pPHIEEHTH, KOTO-
pPHe 3KCHePT IPHIECHBAET Pa3jIWIHHEIM BO3MOKHHEIM 3Ha-
9eHAAM 3TOr0 Iapamerpa.

HecoMuenno, 4ro yder moZoGHOE HKONMOJTHATENBHOM
nHQOPDMAEA YCHOKHJAET WCXOAHYI0 MaTeMaTHIeCKYIo
MoZlenb, HO TéM He MeHee OHAa MOJKeT OKasaThCA IIPoIne
(m BMecTe ¢ TeM IpHeMJIeMO TOYHOM) MOJeNH, yYHTHBAIO-
meit MEOTro0o0Opasne JOMOMHATEIBHHX $AKTOPOB, 0 KOTOPOM
TOBOPMJIOCH BHIIIE.

Nrak, M OpAmaIAm K IOCTAHOBKE 3aJaYd HETETKOTO
MaTeMaTHIeCKOT0 MPOrpaMMEPOBAHHA, ONIACAHHOMA B 3aaTe

V § 2.3.
damana «MaxcEMU3EpyeMas» guHeiinas dopMa BEAA
m
a,x
JE F it 4

B KOTOpPOil 3Ha9eHHA KOIPPUNHEHTOB a,; ONMMCAHK HETOTKO

B ¢opMe HEYeTKEX HOAMHOKECTB COOTBETCTBYIOIHUX YHH-
BepCAJILHHX MHOKECTB, T. €. 3aJaHH (YHKNAH IPHHAN-
mexuocTd %; (a;), j=1, . . ., m. Kpome roro, 3agans orpa-
HE9eHEsA (QIA MPOCTOTH H3JIOMKEHHA OXHO)

2 ¢z, b,

=1
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npaYeM 3HAYEHHs KOdPPUIMEHTOB c; U b ONHCAHH TaKKe
B ¢opMe HeweTKmX IopMHOMeCTB V; (¢;) m 7 (b) coorser-
CTBYIOIEX YHWBepCalbHHX MHOKecTB. Tpebyercsa ocymie-
CTBHTh PanUoOHAJBHHIE BHOODP Bexropa z € R™, KoTophit
B HEKOTOPOM CMHICIIé (MaKCHMW3EDYyeT» BafaHHYI He-
9eTKO JmHeARYyI ¢$opmy.

Ananusy 3ajja4 OPUHATAA PEIIeHHA TAKOrO THIA H IO~
CBAMEHH NOCIeNYIOIAe pPa3eis.

4.4.2. @opmyrmpoBka HCXOAHON 3ajaum HW cBejeHHE
ee K o0meii 3aKavye HEYETKOr0 MATEeMATHYECKOTO MPO-
rpaMmapoBaHnsa. B pamHOoM paspgene ME chopMymrmpyem
3afaYy MATEMATHIECKOTO IPOTPAMMHPOBAHHA C HEIETKO
ONMCAHHHIMA TIapaMeTpaMd ¥ CBefeM ee K ofbmed 3ajmade
HEYIETKOTO MAaTeMaTWYeCKOr0 IPOTpaMMUPOBAHUA, C TEM
9T00H BOCHOJIB30BATHCH PE3YABTATAMH, MOJYIYCHHHIMHE
B § 4.3, AnA IOCTPOEHWA MHOKECTBA HELOMHHHPYEMHIX
aJbTePHATHB.

IIyers X — sagamEOe yHHBepCaJbHOE MHOKECTBO
anbprepEaTuB. IlogMHOKECTBO [MOUYCTEMHIX aJIbTEPHATHB
ONNMCHBAaeTCA HepPaBeHCTBAMH BHUJA

$i (@ byjy o0 by) <O, j=1,...,n, (44.2)

rae ¢, — sagannse pynxmun X X RP - RY; b, ,, i=1,..., p;

j=1,...,n, — uncioBHe IapaMeTpH, 3HaYeHMA KOTOPHIX
OIIMCAHH HEYeTKO B (opMe HEUeTKHX HOAMHOKECTB THC.10-
Boit ocu; myers v;(b,5), i=1,...,p j=1,..,m,—

3afaHHHe (QYHKIUM NPHHAIEKHOCTH ITHX HEYETKHAX MHO-
JKECTB COOTBETCTBEHHO.

BriGope aNpTepHATHB OLEHWBAIOTCA 3HAUYEHMAMM 3a-
nanHolt pymrmum f: XX R?— R Bupa

fz, ay, ... a), (4.4.3)

B KOTOpO# a,, i=1, ..., g, — 9YHCJIOBHIEe IapaMeTpH,
3HAYEHAS KOTOPHIX TAKKe ONHMCAHH HEYeTKO B fopMe He-
9eTKAX IOAMHOKECTB YHCIOBOX ocH; IycTh x; (a;),
i=1, ..., g, — sagannEbe QYHKIUE IPUHANIEHKHEOCTE STAX
HEYETKNAX MHOKECTB. 3aMeTHM, 9T0 B CHJIY HEIETKOCTH OIH-
CaHUA NMapaMeTPOB @, OIeHKa Jiobolf amprepHATEBH Z € X
(r. e. sHauenme QyHKIEHE f) mpexcTaBiasger coboil HeueTKoe
TIOIMHO’KECTBO 9HUCJIOBOH OCH.
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[na 3aBepmenwms GOopMyIEPOBKHE 3afa%H HeoOX0OZEMO
onmcarh OTHOIIEHWE IIPefHOUTeHAs B YHABEPCAAHLHOM MHO-
’KeCTBe OIEHOK aJbTePHATHB (MHEIMA CJIOBaMH, B YHHBEp-
CaTbHOM MHOKecTBe 3HadeHmE Qymxmumm f). B pgammom
cIydae 9TO YHWBepPCAJIbHOe MHOKECTBO IPEACTABIAET CO-
Ooit umciaoBy0 ocs R! m Mu GymeM cumraTh, 9TO HCXOJHOE
OTHONIEHWE NPEJmOYTEeHHS COBIAJAaeT € EeCTECTBeHHHIM
mopsagkoM (Z>) ma R

ITpuBenennyo ¢GopMynmpoBKY B3ajaddm CiefyeT pac-
CMaTpPWBAaTh KaK ONWCaHWe MCXONHOA wHpOpPMAmuHm, HA
OCHOBe KOTOPOH JOJIKEeH OCYIECTBIATHCA BHIGOP ajbTep-
HAaTHB W3 YHWBEPCANbHOTO MHOMKecTBa X.

Haxee Mu copmyampyem ary sagady B gopme obmei
3aa9d HEUeTKOT'0 MAaTeMaTHIeCKOTO0 IIPOTpaMMUPOBAHWUSA
(8§ 4.2, 4.3). 9ro mosBoamT MOCTPOMTH B MEOKecTBe X HE-
94eTKOe OTHONmEHWe IpefIOYTeHHs, COOTBETCTBYIOmEE WHC-
xonHOll HedeTKo#l wrdopmammm. 3areM, UOJB3YACH pe-
3yJbTaTaMd, MOJYYeHHHMHA B IPeJHAYIUX pPasdgeiax, MEL
CMO3KeM BEIIeIATh B MHO)KecTBe X IOJMHOKECTBO HEOMH-
HUPYeMHX aJbTePHATHB, KOTOpPOe M OyAeT CIYKATH OCHO-
BO# 1A paq@oOHANBHOrO BHOOPAa aJIBTEPHATHE.

Hus dopMyampoBKE cooTBeTcTBYlomei olmedl 3agaum
MOJKHO ~HENOCPEJCTBOHHO IPHMEHHTs NPHHNUI 0GoGme-
mus (§ 1.3) A onpeneNeHns HeTOTKNX 3HAUCHHI (06pa3oB)
¢ynknui ¢; u f, COOTBETCTBYOMUX HEUSTKUM 3HATCHHAM
BXO[IANIHX B HAX HapaMeTpoB. MH e BOCIOIb3YeMCS 3[eCh.
OpyruM HpHEEMOM, KOTOPHIA HpeacraBiasercA HaM GoJjee
HaIJIAZHEIM,

OGpaTEMcA CHa9ana K HeYeTKEM orpaHmYeHumAM (4.4.2)
¥ IOCTPOHM COOTBETCTBYIOIIee WM HETETKOe IHOJMHOKECTBO
HBOIYCTEMHX aJbTePHATAB, (YHKOUI0 NPAHALIEKHOCTH
Koroporo GymeM oGosHawath p.; (z). Ilpm sTomM Mu Gynmem
ONHPATHCA Ha CIENYII(He PacCysKICHHA.

Hyers 2, i=1,...,p; j=1,...,n, —Hexoropue
KOHKDETHHE YHCIOBHE 3HAYEHHA COOTBETCTBYIOMHAX MHapa-
MeTpoB B orpaHMYeHHAX (4.4.2); cTemeHM HX IPUHAIEK-
HOCTH 3afaHHEIM HEYETKAM MHOKECTBAM DAaBHH COOTBET-
creerro v,;(8%,), i=1,...,p; j=1,...,n. OGosmaumm
p® MEUHMManpHO® W3 3THX uHceld, T. €.

p’= min v‘j ®9,)-

“_
j=], ey
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Ecnm Heroropad anbrepmarmBa &G X ymoBieTBOpseT
HepaBeHCTBAM

9,8 b B )<L0, j=1,...n,

TO €CTeCTBEHHO CYATaTh, 4TO 9Ta AJbTEPHATHBA NPUHAJ-
Je/KAT MHOKECTBY NOOYCTHMMHX albTepHAaTHB (T. €. JOmy-
CTHMA) CO CTemeHBIO, He MeHbmIeH p°, T. e. CIATATH, UTO
po () >p0 OrmM, cobcTBeHHO ToBOpA, Y/Ke M OIpefe-
JAseTcA HEIeTKOP MHOKECTBO HNONYCTAMHX AalbTePHATHB.
HOna ynoGcrea 3amucHm ero (PYHKOAA NIPHHALNEKHOCTH
BBelieM cliefyiomue 0603HaueHHA:

V(B)=‘_Ilnin V;j(b;j)’ B:—_"b‘j",
=0
P(z)={(B=|b,|, i=1,.... p;
j=1,...,n|q»j(a:,blj,...,bp,)go, j=1,...,n}.

B smux obozmaueHmAX molnydaem
g (2) = esg& Y (B). (4.4.4)

Hasxpoit ansrepuaTnBe YHKIHEA p, CTABAT B COOTBET-
CTBHE CTemeHb HRONMYCTEMOCTH 3TOH aJbTEPHATHBH C yde-
TOM HCXOAHON HeYeTKOH mHPOPMamuu 0 mapameTrpax orpa-
HOYeHAH.

OGparaMcA Temeph K 3afaHHOA HEYETKO (MaKCHMH3H-
pyemoii» pysxnam (4.4.3) m npefcraBAM ee B BHAe HETeT-
Ko#t yErnmE menm Bmaa ¢: X XR! - [0, 1]. Paccysx-
JeHAA 3[eCh BO MHOIOM AHAJOTHIHK HpeIEIYIAM.

IIyers af% i=1,...,q, — HEKOTODHO KOHKDETHH® YH-
ClIOBHe 3HAYeHMA HapaMeTpoB (ymkmuum (4.4.3); cremenm
MX OPUHANJIEKHOCTH 3aJaHHHM HEUETKMM MHOMKECTBaM
PaBHH COOTBETCTBEHHO x,(a?), i=1,...,q. Ilycrs ¢°—
MEHHMMaJlbHOE M3 9THX 4YHCeld, T. e.

¢®*= min x,(a?).

i=1,...,¢
ITycrs, makonen, £ G X — HeKOTOpasA albTEPHATHBA, & YUCIO
r°=f(i, a'{, .oy ag)

OPefCTaBAAET CO0OH COOTBETCTBYIOIIEE AJBTOPHATHBE £ H
3HAYCHAAM INapaMeTpoB a? sHavenme ¢ymrmmm (4.4.3).

FANBRE | s
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EcrectBenHo cumrarh, 9T0 3T0 3HadeHme (umcio r°) mpm-
HAJJIe;KAT HEeUYeTKOH OMEHKe aJbTePHATHBH I CO CTEHNEHBIO,
e Menbmeil ¢°. Orcioma MH mOonyYaeM, UYTO MCKOMas He-
ueTkasg QyHEmEA uweau ¢ (z, r) EMeeT BHA
¢(z, r)= sup x(a),
a€Q(x, r)
Tae
x(0)= min x,(a;), a=(ay, ..., a),

=1,..., ¢
Qz,r)={a|a€R!, f(z,a,...,a)=r}

OxonvaTenpbHO TMollydaeM, 4TO WCXOXHAd 3afada ¢ He-
YeTKO ONMCAaHHHIMHM IlapaMeTpaMu (opMyJupyercd B ¢opMme
clemyiomieii o0me#t 3ajadM HEYEeTKOTO MaTeMaTHYecKOro
IOPOrPaAMMHMDOBAaHUA: «MaKCHMH3MDPOBAThY HEYETKYI0 (pyHEK-
OU0 Lean

¢(z, r)= sup x(a) (4.4.5)
a€Q(=, )

Ha HEYeTKOM MHOXXECTBe JONYCTHMHX aJbTEPHATHB BUAA
p, ()= sup v(B). (4.4.6)
BEP(z)

Cnepyomuii  sTal — HaXOKJAEHHE  HENOMAHHDYEMHX
anpTepHATHB AiA cPOpMYIMPOBAHHON ofmieit 3amauw.

4.4.3. HepomuuupyeMpie albTepHATHBBI B 3a7aUe ¢ He-
9eTKO ONMCAHHBIMH mapaMerpamu. PaccMoTpuM cradaia
Gosee mpocTYIO 3a/1auy ¢ HeueTKoil Pymkmmed meau (4.4.5)
¥ OGHYHHIM (I€TKO ONHMCAHHEIM) MHOKECTBOM JONYCTHUMHIX
aJbTEPHATHUB, 3aJaHHBIM HEPaBEHCTBaMH

$i(@ by b, <0, j=1,..n,

¢ TOYHO W3BECTHHIMH 3HAYeHMAMH IIapaMeTpoB.
Qysxuua ¢ (z, r) ¥ ecrecTBeHHHiI mOpAmok (=) Ha
YncI0BON OcH (YHMBEpCAJbHOM MHOKECTBe 3HaYeHHH (yHK-

mun f) unpynupyior (§ 4.2) Ha MHOKecTBe X HOUOTKOS
OTHOIIeHME INPEeNNOYTeHHS BUJA

1 (2y, Tg)= zs;‘lgm min (¢ (z,, 2), P (g y)) ==
>y

=supmin{ sup x(a), sup x(a)}.
2y a€Q(#, 2) a€Q(x;, y)

12 ¢. A. Opnosekuit
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Ilyers 7" * (x) — cooTBeTCTByIOIlEE HEYETKOE MHOMKECTBO
HeJOMHHUDYEMHX albTepHaTHB B MHO)KecTBe (X, 7). Bh-
Gepem Hexoropoe umcao o u3 uATepBana 0<a <1 m
paceMOTpHM  3agauyy — HaxO/KAGHMA  aNbTePHATHBH, CTe-
IIeHb HEJOMUHHUDYEMOCTH KOTOpOil He MeHBIle «, HIH

7 (T) 2
Bynes mpepmonaraTs, uTO BCe HWCXOXHBHE HEYETKHE
MHORecTBa %, (¢,), i=1, ... g, TakoBH, 4TO supx,(a;) > «.
a;GR!

i

[Toraskem, uto B atoM cayuae ¢yuxnua (4.4.0) obnagaer
cBoiicTBOM

sup ¢ (z, r) >0
rGR!

opu awbom z € X. HomycruM, uto Haiiperca &€ X, mas
KOTODOI'0

sup ¢ (£, r)=d < a. (4.4.7)
reR!

9ro osmauaer (cM. (4.4.5)), uro mpm moGom r € R' u moGoM
a ¢Q (£, r) BHIONHACTCA HEPABEHCTBO

x(a) < d<la. (4.4.8)
BriGepeu mpou3BonbHO umceno ¢ u3 mHTepBanta 0 <e <
< a—d, n nyers @, i=1,..., q, TakOBH, uTO

w @) >1—e

(cymecTsoBaHue TaKUX &; ClefyeT W3 IPeNOIOKEeHUiT
o ¢yurnuax x;). B pesyibrare momnyuaem

x(@)= min x,(a;)>1—e.

=1, ...

Bvecre ¢ Ttem mgua F—=f(& a, ..., d,) BHIONHEHO
@€ Q (&, 7). Ognaro B cuny BrOOpa e HepaBeHCTBO (4.4.8)
He BHHOONHAeTcs A FER' m 4E€Q(F F) 4, cremosa-

TeIbHO, He BHIONHAETCA HEPaBeHCTBO (4.4.7).
rak, ecnn Bce 3ajjaHHbIe HEUTKHE MHOMKECTBA X, HMEIOT

BHICOTY, HE MEHBIIYIO &, TO BBHINIOJIHEHEl BCE€ YCIOBHA Teo-
peMbl 431 u oo3ToOMy [JiA HaXOKAeHUA albTepHaTHs,
cTeneHb HEeNOMUHUPYEMOCTH KOTOPHX He MeHblle «, B pac-
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cMarpuBaeMoM e€Jay4ae [JOCTAaTOMHO PpPEemHHTh ClAeayrmnyio
3ajayy MaTeMaTHYeCcKOro OpOorpaMMHPOBABUS:

r —> max,
¢(z, r) >0,

Y@, byje-o b, )0, j=1,..., 0, (4.4.9)
re¢R, zeX.

IIpegnonoskum fniA OPOCTOTH, UYTO MHOMKECTBO X KOM-
makTHO, Bce QyHkmud x,(a;), i=1,..., ¢, HempepHBHH
Ha R', a dymruma f(z, a,,..., a,) HeIpepHBHA Ha THXO-
HOBCckOM mpomsBemennm X X R?. Herpymuo moxasars, uro

B 9THX YycJOBHAX 3afada (4.4.9) oxBHBaneHTHa ciefyromei
3anage:

f(xv [ TRERS) a'q)—> max
IIpA OrpaHHUYCHHAX
x; (@) >, a,€R, i=1,...,4q,

4.4.10
8@ by b,)<0, j=1y..n A0

Heficteurensro, myers mapa (z° r° EX X R'— peme-
mme 3amauM (4.4.9). B npuHATHX BHIIe HPEAIONOKEHEAX
dyHKIMA  x (@) HempepwiBHA Ha R?, a MEOKecTBO Q(Z, r)
samxayTo B R'. Ilycrs Bexrop oG Q(z, r) — Taxo#t, uTO
x(@®) >a. Torma mo ompemenenmio mMuokectBa Q(z, r) mo-
nyqaem f(z° a,,..., a)=r"

HomyctumM, uro (z°, o) He ABIsercA pemenHeM 3afadyu
(4.4.10), . e. maiigyTea z', a', ymoBnersopslmue Orpa-
HuyenuaM sanauu (4.4.10), raxwme, uro f(z', al,..., a}) =
=r!>r 910 osHauaer, u4to a' G Q (z', r) u ¢ (2!, r') >a,
T. e. mapa (2!, r!) ynoBierBOpseT OrpaHMYEHHMAM 3a-
naum (4.4.9). Ho rorma me mosxer GHTH 1! > r® IMOCKOIBKY
(2°, r’) — Toxe pemenue 3amaum (4.4.9).

TONH K€ MHPOCTO MOKAa3aTh, YTO JI000e pelIeHHe 3a-
naun (4.4.10) ecrp pemenme samaum (4.4.9). )

PaccMoTpuM Temeps 3ajauy, B KOTODO Y€TKO ONMCAHH
napameTpn a;, i=1,..., ¢, mMakcmmm3mpyemoil PyHrmEH
U HedyeTKo —mapametpn b, i=1,..., p; j=1,..., n,
orpanuyenuit (4.4.2).

12%
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B srom cnydae HeueTkoe MHOMKECTBO JONYCTAMBIX allb-
TeDHATAB ONHUCHBAaeTcA (yHKIUell NpPUHANIEKHOCTH BHAA
(4.4.4):

— B),
P (2) Big?x)V( )

rae
B:“b;j"’ i=1,..., p; j=1,..., n,
v(B)= min vi; (0;5),

0:=l, P
J=l,...,n

P(x)z{B—_'“bij"’ i=1,..., p;
j=1,..., nlq)j(x, blj""’ bpj)go, i=1,..., n}.

TaxuM oGpasoM, manHag safada mpeacraBiaseT coboit
3afauy «MakcuMmMmusanuu» obOmuHo# Qymrmum f: X — R?!
HA HeYeTKOM MHOecTBe p., (cM. § 2.4). BuiGoprr ambprep-
HaTHB B TaKOH 3aJaye OMEHWBAIOTCA 3HAYCHHAMH OABYX
¢yurumit (KpurepueB): f-«3QPeKTHBHOCTBIO» aJbTEPHA-
THBH H [1,-CTelleHBIO €e JONyCTEMOCTH, IpHYeM PpaIuo-
HAJBHO TaK BHOHDATH AaNbTEPHATHBH, 9TOGH 3HAYEHHS
o6enx GyHrIUIl GHIA 0 BO3MOKHOCTA Gonbmumu. VEEME
cjloBaMH, faHHAA 3ajada cBelJach K 3ajade IPHHEATHA
pemeHm# HO JBYM KpUTEpHAM: [ W p,.

Herpyauo mnpoBepurh, 9r0 4. H.[. ajJbTepHATABAME
B PaccMaTPHEBAaeMOM ClIydae SABIAITCA HapeToMaKCHMAaJb-
HHe aJbTEPHATHBH A Haps QyHKOuA f m p,. [laa ma-
XOIeHUs TaKUX aJbTePHATHB JOCTAaTOYHO, HAIpHMep,
HallTH MaKCHMYM CIeNYIOmedl CBepPTKA 9THX (QYHKIHEA:

L@)=Nf (@ ay - a) -+, (@),

rge A, >0, >0, A+ r=1.
lonwsysace Berpamenmem (4.4.4) ana ¢ymxmum p,(z) n
CAGIaHHHMHA BHIIEe NPeINONOKeHMAMH, 3anumeM (yHKIUIO
L (z) B Buge
L(z)= max min {\f(z, a,..., PN b..)},
() Bebla) ':=}""”’{ 1 ( 1 ;) 4 gy, 5 (b;)}
J=l, ..., n

rae
B:"b.j", i=1,..., p; j=1,..., n

1]
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B pesyabrate samady MakcmMmmsanmpm ¢Qyaxnua L (z)
MOKHO COPMYJIHPOBATH CileqylomuM o6pa3oM (CM. TaKe
ompenenenme MHO;kectBa P (z)):

¢ — max,
(@ by - 8,)<0,
bl'jERI) i=1)“'7 p; j=1)"', n,

Mz, ey, aq) + Agv, 4 (bsj) > ¢,
i=1,...,p; j=1,..., n,
zEeX.

JIo6oe pemenme 2° G X sroit 3ajauu — 9Y.H.A. AIBTEP-
HAaTABa B MCXOAHOHN 3amade.

Jliobass pgomycrmMas aJbTepHATHBA, MXOCTABJIAIOM{AS
maxcaMyM ¢yHkmuE L (r) mHa MmuooxectBe X, sBIgeTcs
HmapeToMaKcAMaabHOH AiaA QyHENmi f @ p,, a mOTOMy m

9.H.I. aIbTepPHATHBOH NiadA mcXommoil 3agauu. Bubmpas
pasnuunsie KoadpdummenTh cBepTkE A, >0 m A, > 0,
MOXHO WOJY4YATHh [OCTATOIHOe MHOrooGpasme 4. H. I.
aJbTepPHATHB.

Kapgaa m3 9. H. 1. aaprepHatdB z° XxapaKTepHayercs
ABYMS 9YHCJIAMH: COOTBETCTBYIOI[UM efl 3HaueHmeM (yHK-
mua f (z°) @ cremeHb0 JONYCTHMOCTH 9TOX aJIbTEPHATHBHI
p; (2%). Ilpm BHGOpe KOHKDETHOH aXbTePHATHBH J.ILD.

MOJKHO MCXORHUTH M3 KOMIPOMECCA MEIKNY JKEeJIaHWEM BEHI-
6parb M0 BO3MOMKHOCTH (oJjiee ONYCTAMYIO aJlbTePHATABY
¥ jKelaHWeM IOJYYATh IO BOSMOIKHOCTH GoJjbimee 3Hae-
gue Qynknunm f. (IlogpoGuee 06 aroM cM. B m. 2.4.2).

O6masna sapmgaua. OOparmMca, HakoHen, K 00-
me# 3amaue, B KOTOPO# HEYETKO OMHCAHH KAk IapaMeTpPH
a; dynrmuum f, Tak m mapaMerps b, ; orpanmdennit (4.4.2).
Kax moxasamo Brme, 9Ty 3afiady MoKHO cOpMyIZpOBATH
B Bufge o0mel samaum (4.4.5) — (4.4.6).

3aMeTHM IIpe;Kme BCero, 4To B MaHHOU 3ajgade BHOOD
aJbTEePHATHB [OJIJKEH OCYIIECTBJIATHCA C YYeTOM JBYX
OTHONmIEHHH TIPeJIOYTEeHHS HA MHOKECTBE AaJbTePHATUB
X : Heuerxkoro, WHAynEpPOBaHHOTO QyHKOEmed ¢ (r, T)
(4.4.5), m derxoro, MHAYNUPOBAaHHOTO QYyHKOUe#k p., ©

€CTeCTBEHHHM NOpAgKoM Ha R!.
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Kaxk 6suto moxasano B § 4.2, ¢pyukmus ¢ (x, r) u ecre-
CTBeHHHII mopAmox (>>) ma R' mupymumpyior ma X Heuer-
KOoe OTHOIIeHHe NPeJIOYTeHHUS BHJIA

l S .
(g, Zp)= sup min {¢ @0 y), ¢ (20 2)} (4:4.11)
Y, 2
y>z

Bropoe ormomernne mpeamourenms Ha X oIpepenserca
TeM, 4910 0ojiee NPEANOYTHTENBHH aJdbTePHATHBE, HMeEI0-
mue GONBIIYI0 CTENEHb HONYCTAMOCTH, T. €. T€, KOTOPHIM
COOTBETCTBYIOT O6abmme 3Hadenms ¢ymxmmn p.,. Taxmm

obpasom,
1 mpu pg () 2>, (2,),

0 mpn pg () < prg (%2)-

3agaum Taxkoro THma (C HECKOJBKMMH OTHOIIEHHAMU
IpefmoYTeHu ) 00CyKAaanch Bume B § 3.3, rae 6una mpef-
JI0’KeHa IPOIEeAypa IMOCTPOEHUA HEYETKOTO IOAMHOKeCTBa
HEOMUHHUDPYEMHX ajJbrTepHaTuB. B cooTBercTBmm ¢ 3roOil
mponenypoit TpeGyerca IOCTPOHUTH [Be CBEPTKA HCXONHHIX
H.0.I W ® 7°:uX IlepecedeHne W B3BEIIEHHYIO CYMMY.
Ilepeceuenue ' m 7° mMeer BHT

W (zy, 2) =min {n' (z), z,), (2}, 2,)}, (4.4.13)

12 (2, )= (4.4.12)

a B3BellleHHasdA CyMMa IIPM YCIOBHM ONMHAKOBHX KO3(du-
[MEHTOB Ba)KHOCTH WMCXONHHX H. 0. I 0 ® 7)° UMeeT BHUJ

U EM x2)=%[n‘.(x1, z) -+ 2 (xy )] (4.4.14)

IIyers 4% * u 4% ' — HeueTKMe MOJMHOMKECTBA HeENO-
MUHMpYeMHX anptepHatuB Muoxkecrs (X, ') u (X, )
coorsercTBenno. Torma, cornacuo mponenype § 3.3, pesyab-
THpyomee MIOAMHOKECTBO HEJOMWHHDYEMBIX ajbTepHATHB
nMeeT BHJ

7% A (z) = min (™ * (z), P (2)}). (4.4.15)

DyHKGEA TPUHANJIEKHOCTH 7" * CIYRHT OCHOBOH HIiuA
BEIOOpPAa KOHKDPETHHIX aJbTeDHATHB B HCXOQHOH o0mei 3a-
Jade HEYeTKOr0 MAaTeMaTHIeCKOr0 NpPOrpaMMUpPOBAHASA.

Kax = mpexme, B faHHOH 3ajjaue HpefCTaBisgeT HHTE-
pec BOIIPOC 0 HaXOMKEEeHHH aabTepHaTuB = (X, NJIA KOTO-
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pux 1™ () > «, THe o — HEKOTOPOe 3aJaHHOE THCJIO
=3 maTtepsaiaa [0, 1], T. e. aabrepHATHB, CTENEHb HEOMH-
HAPYEMOCTH KOTOPHX He MeHbme o. OfHAKO MiIA yupome-
HUS U3J0KeHWA HUKe MBIl DACCMOTPHM 3aady Haxom[e-
HEA 9. H. . aIbTepHaTHB, T. €. Takux z & X, uto 7% * (z)=1
(caygait a=1). Paccy:xmennsa mias Gomee oGumiero caydas
o < 1 BO MHOrOM aHaJIOTWYHH IPHBEJEHHHM HUMKE.

Urak, paccMoTpuM 3amauy ONpefieNieHUsA allbTepHATHUBE
z€X, gna xoropoit ™% (x)=1. M3 (4.4.15) monyuaem,
YTO mAd 3TOro HeoOXOMMMO M JOCTATOYHO BHIIOIHEHMA
ycnoBuii

lﬂl(x)_i A2H K, x):1

7. €. 4ro0n z GHua Y. H. . AIbTEPHATHBO! OJHOBPEMEHHO
B muoxkecrBax (X, 7') m (X, #?).

BrisicHEM cHagana yciloBUA, IPU KOTOPHIX Z €CTbH 4. H. 1.
anpTepHaTHBa B MHOKectBe (X, ), T. e. A% (z)=1.
Ina sroro obGcymuM IpeXae BCero BOIPOC O JIMHEHHOCTH
H. 0. L. 7l

Ecnu w#cxofHHe HeueTKMe MHOYKeCTBa x,(a;), i=
=1,..., ¢, HODMANBHE, T. e. sup x;(a,)=1, i=1, ...

a;6R
..., g, TO, Kak moOKasaHo Bhme (a=1), ¢yrkoUA
@ (z, r) (4.4.5) obnapmaer cBoiicTBOM

sup ¢ (z, r)=1
rcR!

npu mobom z G X. Orciona m m3 reopemm 4.2.2 cnemyer,
YTO H. 0. II. 7' — CHJBHO JHHeHHOe OTHOIIEHWE.

Herpynano BuHaeTs, 4YTO 72— TOXe CHIBLHO JHHEHHO
ornomenne. Opuaxo nepeceuenwe 7' (4.4.13) armx ormo-
HMIeHU# BTUM cBoﬁcTBow, Booﬁme ropopsa, He obnagaer.
Hych, uanprmep, M (xy, ) =1, (2}, T3) =0 (0 lall),
7 (g, :1:1)_0 7 (z, 2)=1. B PTOM Ci1ysae Ui (xl, A
=all 7 (2 2)=0, 1. e (2, 25) > 7 (22 ),

(2, z,)7~1.

Ilockonsky H. 0. I. 7' He ABIAETCA CHIbHO NUHEHHHIM,
TO A71A HAaXOKAEHNA Y. H. i. aJbTeDHATHB B MHOKECTBO
(X, ') MH He MOKeM BOCHONB30BaThCA TeopeMo 4.3.1
opu a=1.

IIyers X3 ¥ A — nogMHOMeECTBO BCeX 9. H. . albTep-
HaTUB MHOXecTBa (X, n), T. e. MHOKecTBO Bcex z°€ X,
JA KOTODHX paBeHCTBO 72(2°, 2)=—1 BHNonugerca npm
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moGom z €& X. IlokarkeM, uTo 4. H. . aNbTEPHATHBH MHO-
xecra (X, 7') (T. e. 9. H. X. anbTepHATHBH IO H. 0. IL. 7')
JOCTaTOYHO HCKaTB cpeiu 3JleMeHTOB MHOkKecTBa Xj-H- X
ITycts 7% — HeueTkOe OTHONIGHME CTPOrO TPENIOYTE-
HHUA, COOTBETCTByIOmee H. 0. I. ' (cM. ompexeneHue
B m 3.21), m myers 2°CXFH-A, Tlokaskem, uTo
7t (z, %) = 0 mpu nrobom z ¢ X B~ I[onycTnM IPOTHBHOS,
T. e. 910 HalimeTcd anbpTepHATHBA I &X“ H.. nadg KOTo-
7t (2!, 2°)>0, 1. e. (cM. onpexenenme ' (4.4.13) m
'i;" (n. 3.2.1))

min {7* (', 2%), 7*(z,, 2°)) —
— min {7 (z°, 2'), 7% (2% ')} >0. (4.4.16)

Ho nockonsky z!'@ X% %%, 20 € X352 u Fl(xz, ) >0
npu 00X Z;, Z, € X, 10 7%(2', 2°)=0 um nepaBeHCTBO
(4.4.16) HeBo3MOXKHO, T. e. BHmONHEeHO Y (z,, %) =0
Taknm oOpasoM, HU ogHa anbrepHaTWBa z (¢ X3 ¥-7- He ;0-
MHUEHDPYET CTPOrO € NOJOKUTEIBHON CTENeHbI0 albTepHa-
THBH U3 MHO)KecrBa Xi-H-7.,

ITokaykem Temeps, yTO ecam ! — 4. H. A. alnbTepPHATHBA
B MHOKecTBe (XI-B-A-, q!), TO OHa ABIAETCA TAaKOBOiL
u B mHokectse (X, ). [eiictBuTensHO, Kak IOKa3aHO
BhiLIe, npu 3ToM 7'° (¢, ') = 0 paa aodoro z ¢ X™ " * C X.
Iyers #€ X3-®-A-, Torga 3 TOro, 4ro ' — 4. H. JA. alb-
TepHaTHBa B MHOKectBe (X3-™-7- ') m %' — cunvHO am-
HeitHoe H. 0. 1., mony4aem (teopeMa 3.2.4), aron! (2!, £) =1.
Kpome toro, 7% (2!, £)—1, mockonexy z! € X3 %, Orcioga
3aKJII0YaeM, YTO HepaBeHCTBO
7 (%, 2')=min {1(Z, '), *(&, =)} —

— min {7* (2, 2), 7*(z', %)} >0
HEeBO3MO/KHO.

Wrar, M noxasaim, 4To ecid z' BHODAHO ONMCAHHEIM
BHIe croco0oM, T0 paBeHcTBo 1 (z, z') =0 BumonHAeTCH
npu nwbom z € X, T. e. yro ' —u. H. A. anpTepHarmBa
B MuOXecree (X, 7).

Takum o6pasoM, 1A HAXOKINEHHA Y. H. [. albTepHA-
TuBn B MHOkectBe (X, ') mocrarouHo HadiTm 4. H. 1.
anprepHaTUBy B MHOMecTBe (X% ¥ A 1), IlycTs mcxopubie
neverkue muoxecrBa v, (b;5), i=1,....p; j=1,..., n,
TaKOBH, YTO CYLIECTBYIOT bw' AN KOTOPHIX v, ; (bg/.):i,
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Kak merpyaHo Bujers, mpu 3TOM MHOKecTBO Xi-H-% co-
CTaBIAIOT aNbTePHATHBH & X, y0BIeTBOPAIOINYE YCIOBUAM

(@ bypeen b,)<O0,  j=1,...m,
vi;j(bs;)=1, b,ER, i=1,...,p; j=1,..., n.

3amaua HaXOKAEHWA 4. H. J. AIbTEPHATHBH B MHO-
xecrse (X, 7)') amamormuma samaue, paccMOTDEHHOW B Ha-
Yaje JAHHOTO pasgena. EciM BHIOIHEHH BCe BBeJeHHEIE
B TO# 3ajaue IpeRNONOKeHHA O MHO)KecrBe X M QyHKHHU
f, To monyuaem cnexyiomyio 3amady AIA HaXOKEAeHUA
4. H. J. anpTepHAaTHUBH B MHOKecTBe (X, )

f(z, ay, ..., @) —> max (4.4.17)

OpPA OTPaHHYEHUAX
b, (z, blj’ D bpj)<0’ b‘jER‘,
v‘j(b‘.j):L i=1,...,p; j=1,..., n, (4.418)
x;(a;)=1, a,6¢R, i=1,... gq,
zEX.

Jlio6oe pemenne z°€ X zamaum (4.4.17) — (4.4.18) ects
4. H. 1. anpTepHatMBa B MHOKecrse (X, ') u B TO Xe
BpeMA 4. H. J. — anbTepHaTMBa B MHO:kecTBax (X, 7') m
(X, 1%).

IlokasxeM Temephb, uTo M0Goe pemeHme 3Toi 3agauud —
4. H. ;. anprepHaTmBa U B MHOKecTsBe (X, 7). Ieiicrem-

TENIbHO, HEYeTKOe NMONMHOKEeCTBO HeIOMUHHDYEMHX albTep-
HatuB MHO)kecTBa (X, %) mmeer Bump (oM. (4.4.14))

G (2) =1 — 3 sup [(7(y, 2) — 7 (=, y))+
, yeX

+ @y, z) — 1 (z, y)) (44.19)

Ilycrs 2° — pemenme samaum (4.4.17) — (4.4.18). Torpa,
NocKONbKY 2° —u. H. ;. anbrepHarusa B (X, '), TO mpH
mobom y & X BEHIONHEEHO

™ (y, 29)=0
nin

(Y, 2% — (2, y)<O0.
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Hpome Toro, z°—wu. H. ;1. anpTepHATHMBA B MHOMKECTBE
(X, %), n, cnepoBarensHo, mpu noGoM y € X BHIOIHEHO

(@, 2)=0 mmm i(y, 2°)—*(2° y)<O.
Ws pByx mocnegEmx HepaBeHCTB ciejyer, uTo B (4.4.19)
sup (1 (3, 29) — 7' (@5, )+ (P (v, ) — 7=, YII=0,

T. e.
28 A (20) =1,

Hrax, moGoe pemenme sagaum (4.4.17) — (4.4.18) ynos-
JeTBOPAET YCIOBHAM

P () =1, PR () =1,

® nosToMy (cM. (4.4.15))
T @) =1,

T. e. .-2%—vu, H. 1. aJbTepHaTHBAa A MCXOAHOH oGmeii
3agaum.

Hanuume B momydyenHwx Bhillle 3ajadaX MareMaTHye-
CKOrO NpOrpaMMHpOBaHVA OrpaHmYeHuit Buma v,;(b,;)=1
m x,(a,)=1 rosopur o TOM, UTO ANA HAXO)KAEHHWA 4. H. Ji.
albpTePHATHB B WCXOXHOH 3ajjade NOCTATOYHO YIHTHBATH
MOl Te 3HAYeHAA IIapaMeTPoB, KOTODHE 3aBEOMO, T. €. CO
cremeHbio 1, mpmHAEIexaT COOTBETCTBYOINAM HEIETKHM
MHO’KeCTBaM 3Hadenmid mapamerpoB. IloaroMy, ecim mmTe-
pecoBaThCs JUIIE 9. H. . aJbTePHATABaMH, To Ip:a dopmy-
JAPOBKe MCXORHOW 3aJadd MOKHO He TPeGOBaTh IOJHOTO
ONMCAaHNA HEYeTKHX MHOKeCTB 3HAUYEHWA IapaMeTpoB,
OTPaHWYWTHCA JIVINH YKa3aHWEM WHTePBAJOB MX 3HAYeHMI,
co cremeHbi0 1 IpHWHANIeKamUX ITHM MHOKECTBaM. 3a-
Jaga IpHW STOM aHAJOTHIHA TOH, B KOTOPO# B BHJE HHTEP-
BaJOB 33JlaHH Ppe3yJbTAaTH H3MepeHWil | 3HaUeHMA mapa-
MeTPOB C OHpeJeJeHHON CTEemeHbI0 TOYHOCTH.

AHAJIOTHYHKIMA PacCyKIeHUAMA MOKHO IPHWHATH K BH-
BOZY O TOM, 9TO [JIA HAXOKJAEHWS aJbTePHATUBEL, MMEIO-
meld creneHb HEZOMEHAPYEMOCTH, He MEHbIIYI0 3a/laHHOTO
ancaaa (4" * (z) > a), KOCTATOUYHO PEMHTH CASAYIOILYIO
3aady MaTeMaTWYecKOro IPOIpaMMHEPOBAHAA:

f(z, ay,..., a)—>max (4.4.20)

-
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Opd OrpaHMYEHHAX
$i(@, byjy.-n b)) <O, b ERY,
vij (i) =a, i=1,...,p j=1,..,
x; (@) >a, a,€R, i=1,...,4q,
zcX.

HyxHo oTMermTh, uTO (OPMYJIEPOBKA HOIyuaeMoOi
3afjaud QA HaXOKEEHHSA 9. H. 1. aJbTEPHATABH 3aBHCHT
oT mpmHATOro cmocoGa cBeprkm (Tmma (4.4.14)) HeveTkHX
ornomenmit 7' w v (cM. Bmme). Ilpm paccMorpennoM
3mech cmoco0e CBepTKE ¢ OfUHAKOBHME Ko3(duizmeHTaMu
BRJKHOCTH OTHX OTHONIEHMA [ias HaXOKaeHns 9.H.J.
anbTePHATAB JOCTATOUYHO YYATHBATH JIWIIH 3HATCHWUS IIa-
paMeTpoB, BXOAAINIME B COOTBETCTBYION[AE HEUYETKH® MHO-
JKECTBA CO CTEHEeHblo, He MeHbImell o (B 3agade (4.4.20)—
(4.4.21)). TIpm gpyrmx cmocofax cBepTKHA (C PasamIHKEMUA
K03pPUNEEATAME Ba)KHOCTH) MOMKET IOTPeBGOBAaTHCA MOJ-
HOE ONCAHEE DTHX HEIETKUX MHOKECTB, YTO MO;KHO BUETH,
HaIpEMep, B ONUCAHHOW BN 3ajade ¢ IETKAMH 3HATe-
NUAME NapaMeTpoB a,. Bmbop KomkperHoro cmoco6a
CBEPTKH pACCMaTPUBAEMEIX HEYETKWX OTHOUIEHWH [JOI-
ykeH ORITH CHeJIaH C yUeTOM OCOOEHHOCTEH paccMaTpHBa-
©eMOR 3aja4um NPHHATHA PEIIeHU.

Pemenme 3apmaum tmma (4.4.20)—(4.4.21) mosBoaser
OLpEefeUTh JWIILF HEKOTOPHE N3 HEJOMHHEDYEMHIX alb-
TepHATUB (C COOTBETCTBYIONIEH CTeNEHBIO o) MJIA MCXOAHOI
obme#t sagagm. Moskmo IOKasaTh, 9TO eIme ONHH CI0c0H
HAXO0KNeHAA HEJOMWHEPYEMHIX CO CTENeHBI0 o AJbTepHA-
THB 3aKJII0YaeTCA B PeNIeHAH Ciexyiomeil samadm:

min f(z, a,..., a,)—>max
By, oo aq

n,
(4.4.21)

0pA OrpaEMYEHHEAX
b (@, bygye o byy) <O,
vig (big) 2>, b‘jERl, i=1,..,p; j=1,...,n,
x, (@;) > a, N a,CR, i=1,...,4q,
zEX.

3aMernEM, 9TO NONydaeMoe B IocCIeqHeH 3amade 3HA-
genue QyBKIUE f mpefcraBiseT coboit HamGoee 0CTOPO K-
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HYI0 (¢DeCCHMHCTHYECKYIO») ONEHKY aJbTePHATHB, HeIo-
MHEHEDPYEMEIX CO CTeNIeHbIO, He MEeHbIIEH o, & COOTBETCTBYIO-
mee 3HaveHme [ B 3apmade (4.4.20)—(4.4.21) — namMmenee
OCTOPOJKHYIO (COITHMHCTAYECKYIO») ONEHKY. 3aK/II9eH-
HHHA MeKIy 9TUME OIEHKAMH WHTEPBAJ IO3BOJSET CYTAThH
0 BO3MO’KHHIX 3HAYCHHAX QYHKIOEE [ npm BeIbOpe aabTep-
HATUB, HEJOMUHEPYEMEIX CO CTEIEHBIO o.

JTHM MH 3aBepmIaeM OGCY:KOeHHWe 3aJad HEIETKOro
MaTeMaTHYeCKOr0 NPOTpaMMEPOBaHuWA. Bce cKasaHHOe
BHINE, HECOMHEHHO, HYKJaeTCcA B KOHKDETH3ANHE W
pa3BUTHH, IIpHYeM OIMCAHHEIE BEIIEe IIOAXOMH CIeXyeT
paccMaTpmBaTh JHEIIb KaK ONWH M3 BO3MOMKHHX IIyTei gop-
Maju3anyy W WCIOJAb30BAHHA HEUeTKOH mH(popMamum mpm
TIOCTAaHOBKE M aHAJIW3e PeaJbHHIX 3aa4 IPAHATHAS PelleHui.

4.5. 3agaud ymopAjOYEHHEA NPH HEYETKOIM
ucxoqHoil mAdopmannm

4.5.1. Beepnenne. Ilo cytn mena, B HaHHOM paspeie
ONHCHBAIOTCA INOMXONH K pPENIeHWI0 3afad OPHHATHA pe-
meHdii TP HECKOJBKMX OTHONMIEHWAX IPEeRIO0UTeHHsA Ha
MHOKecTBe ajbrepHaTEB. IlomoOHHeE 3agaum ys;ke paccMa-
rpuBaazch B § 3.3 mamHolf xmmrm. TaM mpegmoiaraiocs,
910 mEpOpMandsa 00 OTHOCHTENHHON BAKHOCTH OTHONIEHHHA
IpenumoYTeHNsA 3ajaHa B gopMe COOTBETCTBYIOIMUX K03(-
¢unmenToB BajKHOCTA. JTO WMO3BOJSIO BHOGHPATH aJbTEpP-
HATHBH, ONHPAsACh HA CBEPTKY HCXOJHHX OTHOIIEHWIA
B BHUeé B3BEIeHHOX CYMMH HX (QYHKIOUA NIpPUHAIER-
HOCTH.

3nech e Hac OyayT HETEPECOBATh CATYaMuH, B KOTOPHX
OTHOCHTENbHAS Ba)KHOCTh 3aJlaHHHIX OTHOIIEHWH IpeJ-
modrenms (NPW3HAKOB) ONHUCHBaeTca He Kodddumumen-
TaM#u BaKHOCTH, Kak B § 3.3, a, BooOme TroBops, HeueT-
KAM OTHOIIEHHEM THIIAa «He MEHee BajKHO» Ha MHOKeCTBe
PA3HAKOB.

3aMeraM, 49TO W3BeCTHHE KO03QPHIMEHTH BaKHOCTH
OpPH3HAKOB OXHO3HAYHO ONpENEJA0™ OTHONIeHAE «HEe MeHee
BayKHO» Ha MHO3KecTBe mpm3HakoB. I[losToMy ommcrBaeMsrit
HEKe II0X0[ IPEMEeHHEM ¥ K PeIIeHHI0 3aJad, PacCMOTPEH-
gux B § 3.3. Oxraxo HaGop Ko3uUEEeHETOB OTHOCHTENH-
HO¥l BayKHOCTH COZEpPKHUT B cebe Gosnnmme mHPopMannm, YeM
COOTBETCTBYIOIEE €My OTHOUIeHWe «He MeHee BajKHO», I
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T03TOMY [JIA DeIIeHHA 3ajad ¢ 3afaHHHIME Ko3QPunuEen-
ramMz Gosee mogxoxuT HpomeAypa, ommcamHaa B § 3.3.

Hymxuo ormermts emie m ToT aKT, 9T0 B pPEaNbHHEX
CUTYaIUAX OTHOCHTEIHHYI0 BAJKHOCTh OTHOINEHWIA Ipen-
TIo9TeHHA (MW NPA3HAKOB, 10 KOTOPHM ONEHABAIOTCA ajlb-
TEePHATHBH) He BCErJa MOKHO AJeKBATHO OMOHUCATH COOT-
BercTByomuMu kosfdumumentamMu. (MEEME ciloBaMum, He
BCAKOE OTHOIIEHWE MOJKHO omucaTh pyHKImeil mosesnocrtn).
9r0 0COGEHHO OTHOCHTCA K CiIydal0, Korfa madopManusa ol
OTHOCHTENHHOH BajKHOCTH OTHONIEHWMA INpefUOYTeHUSA
mMeer HederTkumil xapakxrep. Ilosromy paccmarpmBaeMsie
HEKe 3ajadd, BooOme roBOpsA, He CBONATCA K 3aja-
gam § 3.3.

4.5.2. PannonannHblii BHIGOP adbTEPHATHB € Y4ETOM
Habopa npuaHaxoB. IIycTh 3aaHO MHO’KECTBO aJIbTePHATHB
(m1m o6mpexToB) X W 3aKaHO MHOKeCTBO IPH3HAKOB (WM
axcmeproB) P. Kaxpmo#t axprepmarmee z G X B Toil mam
®HOW CTeNeHE NPHCYIN KaXKOHI n3 IPH3HAKOB MHOKeCTBa
P. NIna waskmoro ¢uKcmpoBanHOro npm3Haka p G P ms-
BECTHO HEUETKOE OTHOIIeHME NPERIIOYTeHHsA ¢ HA MHOKE-
ctBe anbrepEaTHB X HWIH, WHHMHA CJI0OBaMH, W3BECTHA
¢yurnua mpmeagiesksoctm ¢ : X XX XP — [0, 1], sHa-
qenme ¢ (Z;, Z3, p) KOTOPO# IOHEMAaeTcs KaK CTeleHb
NPEeANOYTATeIHHOCTE aJbTePHATABH Z; AJbTePHATUBE Iy HO
npusEaky p. Ecam P — MHOKECTBO JKCIepTOB, TO
¢ (%, 3, p) — OTHOmeEHWE LPEINOYTEHHS HA MHOKECTBE
aJbTepHATHUB, NpexxaraeMoe sxcueproM p. Takmm oGpasoM,
QYHKOUA ¢ ONMCHBAaeT ceMeficTBO HEYETKHX OTHOIMEHWH
IpeqmovYTeHAA HAa MHOKecTBe X IO ImapaMeTpy p.

dieMeHTH MHOKecTBa P, Boo6me roBops, pasamIasl HO
pokaocru. Ilyers p: PXP — |0, 1] — s3anamnoe He-
9eTKOe OTHONMIEHHe Ba)KHOCTH IPH3HAKOB (DKCIEPTOB);
pendumEa p. (D, P,) MOHEMaeTcd Kak CTeeHb, ¢ KOTOPOH
OpUSHAK p; CUATAETCS He MEHee BAaKHEIM, deM IpH-
3HAK P,.

3amaga 3akjo04YaeTcA B DPamEOHANIbHOM BHOGOpe ajb-
TePHATHB W3 MHOeCTBa X ¢ y4eTOM ONMCAHHON BHIITE
mapopManmn. Hmxe MH KpaTKO 0YepTHM OJHH W3 BO3-
MOKHHIX BapHaHTOB NPEMEHEHHS K DENICHHUIO 3TOU 3ajadd
pasBATOro BHIE ~IOAXOLa, ONMPAIOIMErocs HA NOHATHEe
HEYeTKOT0 MHOKeCTBA  HEJOMOHEDPYEMHX  aJIbTepHAa-
THB.
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ITycrs ¢":* (2, p) — HedeTKOe MIOTMHOKECTBO HEXO-
MHEHEPYEMHIX AaJbTePHATHAB, COOTBETCTBYIOIee H. 0. II.
¢ (z,, %5, p) UpE ¢EKcEpoBarHOM p G P, 1. e. (cM. 1. 3.2.3)

o™ (x, p)=1—sup[cp(y, z, p)—e¢(z, ¥y, P
YyEX

Ecnm Gu BHGOD anbTepHATHB OCYIECTBISAJICA JIUIOb C yde-
TOM OJHOTO HPHSHAKA p, TO PANUHOHAJIbHHIM CIeI0Ba0 OH
cuaTarth BHOOP aJIbTePHATHB, HOCTABJIAINIAX YO0 BO3MOM~
HOCTE OOnbmiee 3HAaYeHWe (YHKOUE IPAHAMICHKHOCTH
9" * (z, p) (cTemeHN HeZOMAHAPYEMOCTH) Ha MHOMKecTBe X .
B namuoM ke ciydae Tpebyercsa oCymecTBATEH BHOOD ¢ yde-
TOM COBOKYINHOCTH IPWSHAKOB, Pa3AuIal0MEXCA IO BasK-
HOCTH.

Herpyxao mnomarb, uro mpm ¢mrcmpoBamHOM z°(C X
¢yuarmma ¢*-* (2°, p) ommcrHBaer HeYETKOE IOIMHOKECTBO
IPM3HAKOB, 110 KOTOPHM aJBTePHATHBA Z° ABJIAETCA HEXO-
maawupyeMo#i. flcHo, dYro ecam HaA ABYX aJbTepHATHB
T, M T, HEUEeTKOe MHOKECTBO IPH3HAKOB @™ *: (z;, p) «He
MeHee Ba)KHO», 9eM HEUeTKOe MHOKECTBO IPH3HAKOB
¢H- % (25, p), TO E QJIBTEPHATHBY I, CJIEAYyeT CYATATH He
MeHee NPENmOYTHTEeNbHOM, 9eM aabTepHATHBA I,. TakuM
o6pasoM, cuTyandsd B JAaHHOM CJIyJae aHAJOTMYHA TOH,
KoTOpas paccMaTpmsajiach B 1. 4.3.1 upu amanmse oGmeit
3aJ{a9d HEYETKOT0 MAaTeMATHIECKOT0 IPOrpaMMEPOBAHHES.

Wrak, B namHOM cjayuae HY;KHO 0000murh 3afgaHHOE
HeUeTKOe OTHOMeHHWe p. (p;, P;) HAa MHOKECTBE IPHA3HAKOB
P ma Kaacc medeTKHmx IOAMHOKECTB MHOKecTBa P m cum-
TaTh MOJY4YeHHOEe HedeTKOe OTHOIIeHWe Pe3yIbTHDPYIOIMEM
H. 0. II. HA MHOKeCTBe ajbTepHaTHB X.

ITonbsysack pacCyKEeHHAME W Pe3yJIbTATaMH, IIPHBeE-
meHHNMH B Im. 4.2.1 m 4.3.1, moxrywaeM ciaenyiomee H. o.}o.
Ha MHOKecTBe X, MHAyHEpOBaHHOe Pymrmmei ¢™-*- (z, p)
¥ HeYeTKHM OTHONICHHEM p.:

N(2y, Ty)=
= sup min{¢™* (2, py), ™% (23 Pa)s (Py Pa)}-
2y, p2€P

D10 H. 0. II. MOKHO PACCMATPHEBATH KAKIPESYIIBTAT (CBOPTKEN
.ceMelicTBa HEYeTKAX OTHOMHeHWH ¢ (z,, 5, p) B efHHOE
peayapTHpyiomee H.o.H. ¢ yYeToM mEGopMamum o6 oTHO-
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CHTeJILHOH BaKHOCTH UPH3HAKOB, 3ajaHHOR B (opme He-
YeTKOrO0 OTHOIIEHHS.

ITocrpoenmem H.o.H. 7 UCXOLHAA 3afaia BhOOpa CBe-
OeHa K 3afjave BHOOpa ¢ e[UHCTBEHHHM OTHOIIeHHMeM Ipem-
nourenusi. J[J1s ee pemendsa ZOCTATOIHO OUPEAEIHTH COOT-
BeTCTBYIOIee OTHOIIEHWE 1, CKOPPEeKTHPOBAaHHO® HeYeT-
KOe MHOKeCTBO HEIOMHEHPYEMHX ajbrepHaTuB  (CM.
m.4.3.1) mBuIOpaTh aabTepHATHBH, JOCTABIAIOIEE MaKCH-
MyM Qysrmumm 7** (z).

s mamocTpamEd ONMCAHHOrO IOZXO0JA PacCMOTPHM
IBa IIPOCTHX IpHMepa. 7

Npumep 4.5.1 (veTrme ormomenms). Ilycre X=({(z;, x,,
zg, ¥4} — 3aJaHHOE MHOKECTBO AJbTePHATHB. AJIbTEPHATHBH CpPaB-
HABAIOTCA KPYr ¢ ApPyroM mo TpeM mpwsmaxkaM A, B, C. ITycrs pe-
S8YJBTATH CPaBHEHHsS AQIbTEPHATAB IO Ka:KAOMY H3 IPH3HAKOB
B OTAEJNBLHOCTH OHHCHBAIOTCA CIEAYOMUAMH MATPANAMN OTHOIIEHHS

HeCTPOroro IpefuodTeHHd:
I0 OPH3HAKY A:

Ty T2 T3 Tq

z |1 0 1 1
1o upusHary B:

e Zy Ty z,
z, | 1 1 0 1
29| O 1 1 0
zg | O 0 1 0
2, | 0 1 1 1

mo mpusHarRy C:

z | 1 0 1 1
zy | O 1 0 1
1 0 1t 1
2| O 0 0 1
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OTHOIIeHNe OTHOCHTENbHOM BA;KHOCTH IPH3HAKOB ONHCHBAGTCSH

MaTpunei
A B C
A1 1 1
B |1 1 1
cC 10 0 1

H3 KOTOpOH ciefyer, uTo HpW3HAKA A W B OHKBUBAJAEHTHH [pyT
Apyry (ORMHAKOBO BAa;KHH) H KaX{JHiH U3 HUX BakKHee IPH3HaAKa C.

B cootBercTBEEM ¢ OHACAHHKM BHIIe HOAXOXOM OIpPeReNHM
MHO}KEeCTBO He[[OMAEAPYEMHX aJbTepHATUB IO Ka)KAOMy H3 IPA3HA-
KoB. B pesynsTaTe momydgaem

z, Zo Zg Ty

¢ h(z;, A)=0 1 0 0,

zy Zo Z3 Ty

(Pn‘ K. (a:,-, B)= 1 0 0 0,

I Ty g Ty

¢k (2, C)=1 1 1 0.

WHNME caoBaMd, HETOMAHADYEMEIMN HBJAITCH aJbTePHATHBH:

a) mo mpmsHaKy A — aJbTepHATHBA I}

6) mo mpusmaky B — aabTepHATHBA Z;

B) mo mpusHaky C — aJbTeDHATHUBH Z;, Zy, Zg.

Hanee, Hcmoms3yA BHpasxeHue (4.3.1), moaygaeM wmarpuamy
MHIYNADOBAHHOrO OTHOINEHWA IIPeJIOYTeHHA HA MHOKECTBE A&Jlb-
TepPHATHB:

Z Ty Zg Zg

o _mlt o110
e )=l 0 1 o
|0 o0 o o

a mo BHpakeHN0 (4.3.2) — cooTBeTCTByIOMEe (HECKOPPEKTHPOBAH-
HOE) MHOKECTBO HE[JOMHHADYEMHX ajbTeDPHATHB:

Zy Zg Tg Ty

A A ()= 1 1 0 1.
Haxomen, mo dgopmyre (m. 4.3.1)
% A (2g) =min {§* & (z,), 1 (2 2:)}
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HAaxXoJdM CKOPPEKTAPOBaHHOE HEYETKOe MHOKEeCTBO HENOMHHHDpye-
MHEX aJbTepHATHB:

Iy Ty g Ty

7R (z;)= 1 1 0 0

TakuM oGpasom, OPAXOAUM K BHBOIY O TOM, 9TO PallMOHAIBHHIM
B MAaHHOI 3a/ja4e CjefyeT CYATATh BHOOD aJbTePHATHB Z; WIH Z,.
3aMeTnM, 4TO 3TH aJbTePDHATHBH HEJIOMUHUDyeMHe IO IIPHU3HA-
KaM A ® B, KoTophe sBaAI0TcA Hanbojee (OFWHAKOBO) Ba’KHKIMH.

IIpume p 4.5.2. (HeueTkme oTHOomeHnA). OOpaTnMcs Temeph
K ciepylomeil curyanuu. HekTo (1. m. p.) MOJDKEH OCTAHOBUTH CBOMK
BHGOD Ha OfHOH M3 UeTHpeX Mojejell My:KCKOro Kocrioma 4, B, B
uan I'. He moaarasach HEJIMKOM HA CBOH BKYyC, OH IPArJAacHJ 9eTH-
pex coBerunkoB (sKcmeproB) 91, 92, 93 u 94, mprueM K MHEHHAM
Pa3INYHEIX COBETYMKOB JI. H. P. OTHOCHTCA (LEHUT) IO-Pa3HOMY:
K MHEHHI0O OJHOTO COBETYMKA NPHCIYIWBAETCH B HEKOTOPOHA cre-
neHn GonbIme, yeM K MHEHHIO Apyroro. ITycTh oTHOCATeIbHEE BaXK-
HOCTH MHEHU COBETYHKOB JI. . P. ONMCHBAET ¢ IIOMOIMBIO MATPHIIK
HEYeTKOrO OTHOLIEHWA «He MeHee BAsKHO» (H. 0. I. W) CIEAYIOIEro

BHIA:
L 92 33 34

a1 0,4 0,6 0
2|1 1 0,8 1
9310,2 1 1 1
9410,8 0 1 1

ITo mEeHUIO COBETYMKOB, HE€YEeTKHE OTHOINCHWA HIpeqmodYTeHnsA
MEeXIy MOJeJaAMH KOCTIOMAa ONMCHIBAIOTCA CHeAYIOINAMH MaTpPANAMA:

M1 92:
A b B r A B B r
A1 08 1 0 A (1 01 05 03
B|O 1 0,2 1 5{08 1 0,8 0,8
B 0 0,8 1 0 B {05 03 1 0
rio o 0 1 ri{os8 o 0 1
93: S4:
A B B r A B B r
A |1 0 08 0 A |1 1 09 O
B |0 1 0 0 B |0 1 1 1
B|]041 0 1 0,4 B |04 0 1 0
r i1 1 1 1 rilo o o0 1

13 ¢. A. OpnoBcKmit



194  OBIIAA 3AJTAYA HEUETKOTO 1IPOTPAMMUPOBAHUA [TJl. 4

onbaysacs mpuBefieHBEIM B 1. 3.2.3 ompejenenneM, HailifeM COOT-
BeTCTBYOIie HeIeTKAE MHO)KECTBA HeJOMUHHPYEMHX aJbTePHATHB:

A B B r

guE(, ) [ 1 02 0 0
oA (-, 92) |03 1
g% (-,93) (0 0 03 1
g i (o, 94) | 1 0

Hanee maxopum H. 0. I. 1, HEAYNHPOBAHHOE HAa MHOMecTBe QyHK-
NHAMA ¢% A @ HeYETKHM OTHOIIEHHEM WM.

A B B r

1 0,4 0,4 1

1 1 0,5 0,8
0,5 0.5 0,5 05

1 1 0,5 1

Nwboh e

HaxoHen, HaXogEM COOTBETCTBYON S OTHONIEHHIO 7 HEIETKOE
IOIMHOMECTBO HEOMHHAPYEMEIX AJbTEPHATAB (MoJelel KOCTIOMA):

A B B r

fie K= 1 0,4 0,9 0,8

N KOPPeKTHpDyeM ere ¢ yd4eToM BHpakemms (4.3.26):
A B B r

P Re= 1 0,4 0,5 0,8

HanGonbmy®o cTeneHh NPHHAFIEKHOCTH STOMY HEYETKOMY
MHOKeCTBY (T. €. HanGOJBINYIO CTeNeHh HEJOMAHAPYEMOCTH) AMEET
MOfieib A, I09TOMY, B COOTBETCTBHH C HpeAJaraeMeHM IIOAXONOM,
BHOOD 9TOH MOJENH U ClefyeT CYHTATH PANAOHAIbHHM.

Ecan man6onsmyio creneHb HeNOMARNPYEMOCTH AMeeT He OfHA,
& HeCKOJbKO ajbTepHATHB, TO JI. . P. MokeT aubo caM BRGpaTh
o, W3 HAX, HCXORA M3 KAKHX-1a60 [ONOIHATENLHHX CBOHX CO-
ofpaskennit, 1a60 pacHEpHTH KPYr CBOAX COBETIHKOB H BHOBb
HafTR MHOKECTBO %' **, KaK 9TO ONHCAHO BHINe,

4.5.3. Yoopsapouenue 06bEKTOB 10 HaGOPY NPA3HAKOB.
OCHOBHEIM 5JIEMEHTOM H3JaraeMoro 3aech MOAX0Ja MOKHO
CIATATH CHOCOG pemeHmsa 3afjad¥ YIOPAZOIEHHA 0G'BEKTOB
0 BasRHOCTH (BecaM) IPH 3aJaHHOH MaTpHOE OTHONEHHI
BECOB BTHX 00BEKTOB, IIOCKOABKY HMEHHO HA 3TOT CHOCOD
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ommpaercsa Hpefio;keHnsit B paGore [42] Merox pemenwms
3afavyy yNoOpsAfodeHAA N0 HAGOPY IPHSHAKOB.
oCcHOBe »TOro cmocofa iekar ciaefgyiomme coobpa-
sxegus. Ilycrs mmeercss n o6BvexToB 4,, . . ., 4,, B Oycrb
o=(w;, ..., ®)— BEKTOD OTHOCHTeIbHHX BECOB BTHX
”

o6bextos, mpmaem X, o, = 1. [Ipenmonaraercs, uro pesyib-
1

TaTH NOIAPHOrO CPaBHEHHA 0O0BEKTOB IO BecaM ONUCHIBA-
I0TCA OTHOIIGHWAMH BeCOB 3TMX o0BexkToB. B aToM ciay-
4ae Pe3yJbTaTH TAaKOTO IONAPHOTO CPAaBHEHHSA 00BEKTOB
MO’KHO HpeAcTaBUTh B dopMe clegyiomeld MaTpumsl pas-
MepoM nXn:

A, 4, ... 4,
41 oo ofuy ... w1fo,
Ay wglog wpfug ... wplwy,
A, oyfo; wyfwy ... oy fo,

Herpynuo yGemuteca B ToM, uro Matpuuma A obnanaer
CBOITCTBOM

Ao—now

NI
(A—n-I)o=0, (4.5.1)

rge ] — enMEEYHAS MATPHIA, & ® — BEeKTODP OTHOCHUTENb-
HHIX BeCOB paccMaTpHBaeMHX OGBHEKTOB.

HomycruM remepb, 9TO BEKTOP BECOB ® HEW3BECTEH,
a maBectHa jqumsb Marpana A. Torga, Kak HeTPYAHO BEAETH,
IOJIA HAXOMKAEHHA BEKTOpa BecoB o 1o Marpmme A gocra-
To9HO pemmTh ypaBHenme (4.5.1). Ilockombky pamr Ma-
tpumst A paBem 1, To n — eWHCTBeHHOEe COOCTBeHHOE
9UCI0 OTOX MaTpPUmEl H, CJIeJOBaTelbHO, YPAaBHEOHHE
(4.5.1) aMeer HeHyIeBoe pemenme. bojee Toro, OHO mMeeT

n
eIMHCTBEHHO® pelleHue, o0jafalomee CBOHCTBOM 2 o,=1.
1

910 pemeHWe M eCTh MCKOMHII BEKTOP OTHOCHTENbHHX Be-
OB OOBEKTOB.

JomycraM Temephb, 9TO 3JIEMEHTH 4 4 MaTpHEIH A mpen-
CTAaBAAIT CO00H He TOYHHE 3HAYEHOA OTHONMEHHH BeCOB
00BEKTOB, a HX ONEHKH, OPeJIOKOHHHEe dKCIepTaMu, HpH-

13*
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YeM LO-Npe;KHeMY BHINOXHeHO a,;=1/a;. flcmo, 9ro mua
TaKO# MaTpHUIEI ONMEeHOK, BOoOOmEe roBOpA, HE BHIIIOJHEHO
CBOMCTBO 4,;a;,=a,, Heo0XomguMoe AJA CYmMECTBOBAHUS
HeTPHBUAJIbHOTO pelmenws ypaBerdms (4.5.1). Bwmecrto

3TOTO ypaBHEHHA CIEAyeT paccMaTpuBaTh Gojiee obmee
ypaBHEHHE BHIA

(A — Aporl) 0=0, (4.5.2)

TAe Ap.x — MaKCHMaJbHOE COOCTBEHHOE UHMCJIO MATPUOH
A (e >n).

Omnupascy Ha HpHUBEJEHHHE BHIIE PacCCyKIEHHA, He-
TPYAHO HOHATH, UTO CJAMIIKOM CHJIBHOE OTIMYAE Ay, OT
n CUTHAJWBHEPYeT 0 HEKOTOPOil BHYTPeHHEH HeCOTJIacoBaH-
HOCTH OIEHOK JKCIIEPTOM 3HAYEHWA 3JIEMEHTOB MAaTDPHIIH
A m o HeoOxoguMocTu WX mepecMmorpa, yrousenus. C mpy-
Io#l CTODOHH, €CJIA 3HAUYCHHE A, MOCTATOUIHO OJH3KO K 7,
TO HOPMHPOBAHHHE K 1 BEKTOD © — pemIeHue ypaBHEHWS
(4.5.2) — MOKHO IPHHATH B KAa9eCTBe IPHEMIEMOR OIEHKA
OTHOCHTEIHHEX BECOB DAacCMaTPHBAEMHX OGBEKTOB, BOC-
CTaHOBJIGHHHIX [0 MaTpHIEe OmeHOK A.

Ounummem Temepsr IpeAnoKeHHK B paGore [42] cmoco6
ynopsamodeHnsa 06beKTOB N0 HaGopy mpuauakoB. Bocmoas-
3yeMcs AJIA 9TOr0 OJHUM W3 IPAMepoB, IPHBEIEHHKX B Pa-
Gore [42].

Yemoseky He0o0X0QEMO OCTAaHOBHTH CBO# BHOOpP Ha Off-
HOM U3 npepjaraeMex emy mecr paboru 4, B u C. Kamx-
Hoe W3 HAX OH ONEeHWBAeT II0 IIECTH NPH3HAKaM: BO3MOM-
HOCTb HAaYTHO# paGoTHl (H.p.), BOBMOKHOCTH pocTa (B. P.),
MaTepHajJbHHE BHIOAH (M.B.), KOJJeKTAB (K.), MECTOIIOJO-
yernwme (M.), pemyramusa (p.), IpWdYeM 9TH NPU3HAKA PasJid-
gaioTcA 1o BaykuocTd. IIycTh pe3ynbrarTsl MONapHOTO CPaB-
HeHHA OPABHAKOB APYT ¢ APYTroM IO BaKHOCTE (MaTpHIa
OTHOUICHWH BeCOB NPH3HAKOB) HMeeT BHJ

H. p. B.pP. M. B. K. M. DP.
H. Pp. 1 1 1 4 1 172
B. P. 1 1 2 4 1 172
Ag= M. B 1 1/2 1 5 3 1)2
K. 1/4 1/4 15 1 1/3 13
M. 1 1 13 3 1 1
D- 2 2 2 3 3 1
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a pPesyJbTaTH HONAapHOTO CPaBHEHHA II0 BaKHOCTH MeECT
pabots A, B u C no kamqoMy U3 IPE3HAKOB B OTEIBHOCTH
ONHCHBAIOTCA CJIEAYIOMAMA MAaTpPHIAME (MATPHIH OTHO-
IeHH# BeCOB MecT PaGoTHI):

A B C A B ¢ A B C
At 14 12 A |1 14 15 Al 1 3 13
Bl4 1 3 B|l4 1 12 B|13 1 1
cl2 13 1 cls 2 1 cl 3 1 1

A B C A B ¢ A B C
Al 1 13 5 Al 10T A1 1 9
B|{3 1 7 B|t 1t 71 B |17 1 5
clis 1y1 1 ¢ |11 41 1 c {19 15 1

IlepBuiit 3Tam pemeHWs 3afaddm YNOPANOYEHHUA MECT
paboTHl — BOCCTAHOBJIGHWE OTHOCHTEIbHHX BECOB (Bask-
HOCTell) Mpm3HaKoB IO 3aaHHo# Marpmme Ap, T. e. Ha-
XO0KIeHNe HOPMHUDPOBAHHOTO K 1 COGCTBEHHOTO BEKTOpA
aTo#fl Marpmmu, COOTBETCTBYIOIIET0 MaKCMMAaJbHOMY cOO-
CTBEHHOMY 4HCJY, IIyTEM pPelleHHus ypaBHEeHud Tuna (4.5.2).
B peayasrare mnonygaeMm

H.p. B.p. M.B. K. M. P

o =0,16 0,49 0,49 0,06 0,42 0,30

3aTeM aHAJIOTHYHEIM 06p830M HaxXoauMM OTHOCHTEJbHEIE
Beca MecCT paﬁOTH 0 KaKIOMY IIPM3HAKY B OTHEJbHOCTH:

’ H.p. B.p. M. B K. M. p.

A |01 0,10 0,32 0,28 0,47 0,77
B= B | 063 033 0,22 0,65 0,47 0,17
c |02 057 0,46 0,07 0,07 0,05

B raskmoM cToibIe sTOH MaTPHI B YKa3aHH OTHOCHTEJb-
HHe Beca, NPHNACHBAaeMEe COOTBETCTBYIONMIEMY MECTY pa-
GOTH 10 COOTBETCTBYIOHIEMY IIPH3HAKY.

ITockonbry MecTo paborel, o6aagmamomee GOJBITEM Be-
coM, cumraercA Gosee IPeANOUTATENHLHEIM, TO pacupefee-
HEe BEeCOB MecT PaboTH /A AaHHOTO HpEsHaKa (cToAber
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Marpuns B) MokHO paccMaTpPEBATh KaK QYHKIHIO IeJH,
COOTBETCTBYIOI[YI0 JTOMY IIpH3HAKYy.: Takmm obpasom,
Ha [aEHOM 9Tame WCXOXHAA 8afada QOPMYyIHpPYeTCH Kak
3agada BHIGopa ajdbTepHATHB (MeCT PaGoTH) ¢ yIeTOM IMEeCTH
QYHEKIUA mexm, mpmieM 3agaHsl KodPQHUIEEHTH OTHOCH-
TeJIbHOH BayKHOCTH 3THX (QyHKIHEA.

Ina pemenus raxoil sagaum B paGore [42] mpemuara-
ercA OOHUHHIA IPWEM: CTPOMTCA B3BEIICHHAA CyMMa 3a-
BaHHHX QYHKOUA [ead ¢ safaHHEHEMI KosQPHmuEeHTaMH
Ba)KHOCTH ¥ BHOMpaeTca Ta albTepPHATHBA, KOTOPOH
COOTBETCTBYeT HAX0OIbIIee 3HAYCHHE OCTPOEHHOU B3BECH.
WNupME coBaMm, [IA IONydYeHHA Pe3yabTHPYIOIEro Ha-
6opa BecoB Mect paGorsl A, B m C A0CTATOYHO yMHOMKHTH
Mmarpuny B Ha Bexrop-croiaGern op. B pesyabrare moay-
9aeM CJefyIoIAe OTHOCHTENBHEIE Beca MeCT DPaGOoTH:

4 B c

0,4 0,34 0,26

HamGoapmum Becom oGaagmaer Mecto paborTs A, u moToMy
ero BHGOp clefyeT CIATATH PANHOHAIBHEHIM.

CpaBumM Temeph ONHCAHHYIO 37ech 3aAady ¢ 3ajadyaMm
OPUHATAA pemieHuil, paccMOTPeHHHMH BHme®B § 3.3.
3amermM Npesxae Bcero, 4ro madopMamusa B ¢opMme Ma-
Tpuns A oTHOmeHWH BeCOB albTEPHATHB CONEP/KHAT B ceGe
94eTKOe ONHCAHFe OTHOUIeHHS IPENIOITeHAA HA MHOKeCTBe
axbrepHATHB. [leficTBHTENBHO, €CAM HEKOTOPHH 3IeMEHT
a;; 9To#f MaTpuni GoxbIme WM paBeH 1, To 3TO 03HAUaeT,
9r0 BeC aJbTCPHATHBH [ HEe MEHBIIE Beca aJbTePHATHBLI
j, T. €. UTO aJIbTePHATHBA i OLpefeJeHHO (CO cremeHnio 1)
He MeHee Ba’KHa, 9eM auabrepmEarmBa j. Taxkmm oGpasoM,
Marpuna A OJHO3HATHO OIpeReNseT MATPHAIY COOTBET-
CTBYIOIIEr0 9EeTKOTO OTHOIIeHWs Ipemmourerms. lloaromy
ONMCaEHAA 37ech 3a7ada OTHOCHTCA K KIaccy 3agad Iph-
HATHA peIeHAA IPH HECKOIbKHX YEeTKHX OTHOUICHHAX
ApenoITeHAA.

ITomMnmo sTOrO, B Marpmme A COAEP:KATCA W MOLOIHH-
TeJbHAs KOJIWIeCTBeHHAA WHPOPMANHA 0 BeJIWINHAX OTHO-
feHA#l BeCOB AaJbTEPHATHB, KOTOpas IO3BOJAET ORHO-
3HAYHO BOCCTAHOBHTH BEKTOP BecoB. VmmMm ciaoBaMmu,
Marpuna 4 npepgcraBaser ¢o6oil ommcamme B ompemeeH-
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HOH (opMe QYHKUWA HOJE3HOCTH HA MHOKECTBE aJbTep-
HaTAB, 0 KOTOPOMY 3Ty (YHKI[HI0 MOKHO BOCCTAHOBHTH,
pemuB ypaBHeHme Ttuma (4.5.2). Ilpm sroM monaraercs,
9T0 NPH pPelNleHWHM OPAKTHIeCKHX 3ajad KCIepPTaM Jerde
6osee afleKBaTHO OTpPA3UTh CBOW LpEACTaBIeHHA 06 OTHO-
CHTeJBHOH Ba’KHOCTH aJbTEPHATEB B ¢opMe Marpumu 4,
9eM IyTeM HeNOCPeJCTBeHHOI0 3aJaHHS BeJIWYAH BJTHX
BECOB.
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