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[NPEJHMCJIOBHE

B 1951 romy 6wmin wu3maH 3apmaynuk A, M. Tloropenosa mo unre-
rpaJbHOMY HCHHCJIEHHI0O M IH¢d¢epeHInanbHbIM YPaBHEHHAM, KOTOPHIH 3a-
pekomMeHzoBan cebsi Kak xopollee IHOCOOHe MIisi CTYIEHTOB-3a0YHHKOB
¢usnKo-maTeMaiHyeckux GaxKynbTETOB MeXarorHyecknx MHCTUTYTOB, [lepBas
YacThb 9TOTO 3aJayHNKA, IOCBSILEHHAS KYPCY MHTErpaJbHOrO HCYHCIEHNS,
COXpaHH/a BCe CBOH JOCTOHHCTBA M B HACTOsIlee BpeMs, TaK Kak H3Me-
HeHHs B IpOrpaMMax MajJ0 3aTPOHYJIH STOT paslen MaTeMaTHYeCKOro
aHanusa.

B HactostmieM uamanuu samaynuk A. M. IloropenoBa no mHTerpanb-
HOMY MCYHCJIEHHIO OblA NOABEPrHYT HE3HAYHTENbHBIM COKpPAILleHHAM B YacTH
3aay, HpejiaraeMbix Uls CaMOCTOSITENBHOTO pelieHHs cryneHTaMu. Kpome
TOro, ObUIH HCNpaBA€Hbl HEKOTOpPHIE 3aMEYEHHHE OMNeYyaTKH W HETOYHOCTH.
Pa6ota no momrotoBke 3rtoro u3maHus Owpuia mpomenana E. C. Kynuukoii.

CrnemyeT OTMETHTb, YTO B 3aJaYHHKE OTCYTCTBYIOT 3amayd Ha MpH-
GMMXKEHHOE BLIYIC/AEHHE ONpPCAE/EHHHX MHTErpajJloB H Ha BBHIYMCIEHHE
CTATHYECKHX MOMEHTOB H KOODAHMHAT LEHTPA THKECTH IVIOCKHX (uryp.
[ToaroMy npu mnpoBemeHHH MNpPAKTHYECKHX 3aHATHH 1O HHTErpajibHOMY
MCYHCAEHHIO HA CECCHSX STHM JABYM TeMaM IPOrpaMMbl HYXHO YIEeNuTb
ocoboe BHHMaHHe,

B. U. Jlesun



Vmeepacdeno yuénom cosemom
Hayuno-memooduuecroeo rabunema
10 3a04HOMY O00yYeHu0 yuumeneil

FJIABA NMEPBAY
HEONPENEJEHHBIE MHTEIPAJIbI

§ 1. HemocpencTBeHHOe MHTErpupoBaHue

B kypce nuddepeHnrantbHOro HCYUCAEHHs OblIM BHIBEIEHB! (HOp-
mMyasl gud¢depeHINpOBaHHA 3/E€MEHTapHBIX (QYHKUMH M JaHBl o6LiMe
npaBuia nuddeperunpopanus. Ilpexae yem IPHCTYNHTb K HHTErpU-
POBaHHIO, CTYJEHT JNOJKEH XOPOINO 3HaTh 3TOT Martepuas. O6palue-
uue Qopmys nuddepeHUNpoBaHuA Ja€T BO3MOXHOCTb HAXOJMTb HH-
Terpajbl OT HEKOTOPHIX (yHKumil. [Ipu pemeHuy NmpHBEIEHHBIX HUKE
IPUMEPOB CJELyeT MOMb30BaTbCA TabJMLEH HHTErpaJoB.

L Su”du_ :_1—]—0 ecad n He paBHO — 1.
IL. S%=1n|u|+c.
IIL Scosudu:sinu—]—c.

IV. Ssmudu—-—cosu—]—C

V. S o u_tgu—l—C
VI Ssﬁi‘ —=—ctgut+C.
VIL mf—”_—;:arcsin%—{—c.
VIIL Sﬁ?—_——;—-arctg%—l—ﬁ
IX. ga"du=lg—z;—|—c.

Ecan mox uHTErpasoM CTOMT ajrebpamyeckas CyMMa, TO CJIELYET
[0/b30BaThCs (POPMYJIOf:

g [fl (x)—l_fz ('x)_fs (x)]dx=
= (i) ax+§ fi)dx—§ £ () dx. X)



TlocTOSIHHBIEI MHOXHMTEJNb MOXHO BBIHOCUTH 32 3HAK HHTErpaJa u
BHOCHUTb IIOX 3HAK HHTErpaJia:

{ Af(x)dx=A[ f(x)dx, (XD)

rie A—rmocrosiHHas BeauyuHa. ([lepeMeHHyl0 BENHYMHY BBIHOCHTH 32
BHAK MHTErpaJa Hesb3sl.)

Ipumep. Bruucauts uHTErpas Sx4 dx.

Pemenue. [Ipumensem dopmyay I, nonaras B Helt u=x, n=4;
mosiyyaem:

{xtax= ;:1+c=~;— x5 4C.
Ipumep. Boluncaute uHTErpas S 3 cos x dx.
Pewenue. INpumensem dopmyast XI u Il u momyyaem:
S 3cos xdx=3 S cos xdx=3sinx-}C.
INpumep. BruncauTh uHTErpast S (x*—2cos x -} 3x—2)dx.
Pemenue. IIpumensem ¢opmynsr X, XI, I u III u nonydaem:
S (x*—2cos x+3x—2)dx= S xdx—2 S cos x dx -
—|—3Sxdx— 2de=—i~ xt—2 sinx—[—-;’—xz-—Qx—]—C.

BreluCIHTD HHTErpaJIbl.

L (x)ax (ors. ’§+1nx+c)
2. {(Bx*—3x*4-2x+1)dx (o1B.: X° —x°+x*+ x4 C)
3. S(e”—k%}cz)dx (o18.: ¢*-1-2arc tg x - C)
4. S(Elz—x—csc”)ﬁ dx (otB.: tgx-}ctgx+C)
5. y( _1_2) dx (otB.: tgx-}arcsinx-}C)
6. S( ¥ —sin x)dx (OTB.: %—f—cosx—kC)
7. S(IO" In10-4-2 ) (otB.: 10*-21n x4 C)
8. 5(1/1—:62 2 >dx (otB.: 3arcsinx-}2arc ctg x4 C)



Npumep. BhYMCAHTL HHTErpan S (3 Vx J% — 2xV)—c> dx

Pemenune. [IpeacrasasemM kaxjgoe cjaraeMoe B BUIE CTENEHH
M MHTETPHDYEM CYMMY CTemeHeii:

S(3W+;‘§—2XV}) dx=35x’§'dx+§x-3dx—2gx%dx=
=3£;+f_~1._2 te=2xy% 2 xVx+oe.
3 Pl

5‘2)65——330—1
xz

Ipumep. Briuncaute HHETErpa dx.

Pewmenue. IlpeacraBnsem Apo6b B BHAE CYMMH H MHTErPHPYEM:

S2x5_x3;x_ ! dx:S (2x3—~%——$) dx=%x4—3lnx+%—]—c.
Ipumep. BuluuciauTe HHTErpas S(x———~> dx.
Pemenue. BosBomum aByu/ieH B KBaZipaT M 3aT€M HHTErPUPYEM:
X (x—— 316—)2dx:S (x2—2—]—xl2)dx=-;—x3—2x—~;—+ C.
9. (e —1pdx (om. —;-xv—-g-x5+x3—x+c)
10. §(2V2—3f/})dx (OTB.: g-x]/)—c—l——g-xf/.:—c—l—C)
11. 5(————]—301/)62) dx <OTB 4a1/x—|— 4= cx?—{—C

12. S(Vc_z——]/'t)adt <0TB.: a%t—Qat%—}—% a-zl_tz—l—%t%—l—C)

B HEKOTOpHIX NpPUMepax CJOXHOE Ha NepBblfl B3IVIAL MOXHHTE-
rpaJibHOE BbIDaXKEHHE YJHIaéTcs Npeo6pasoBaTh M CBECTH K OCHOBHEIM
aJeMEHTapHbIM (GOpMyJIaM MHTErPHPOBaHUA.

Ipumep. BoluucauTh uHTErpas j

——* 4
1-,/ o



Pemenune. Uncaurenr npobu mpeicTaBHM B BHIE Da3HOCTH KY-
60B, 1po6b COKPaTHM M 3aT€M HHTErPHUDPYEM:

Sll_—‘;_dx_gll—_(gs S(l— ;/—)1(1_+/u/x_+ V) g

[+ YFt+ VP armrt 234 24

dx
elFx)"

Pemenue. IlpubapnseM u BbYMTaeM B YHCJIHTENE X* M Tpen-
cTaBasgeM IpoOb B BHAE IBYX CJaraeMbIX:

dx  _ (l4x*—x , 14+x xdx
{enr={For = Sx2(1+x2)d —{ s =

%6“ lixxz————l——arctgx—|—6

[Ipumep. Beuucauth uHTErpas S

x*dx
Mpumep. Berucauts HHTErpan Xm

Pemeunne. Beluuraem u npubaBiseM B YHCJAHTENE ENHHUIY H
npeicTaBaseM ApoOb B BHAE ABYX CJaraeMbiX:

I e Si%dX+§de—L=

-—-—S(x —1) dx+§x2+1 x®— x-}-arctg x| C.
Ipumep. Brluucautb HHTErpad Sx((l—:_x:;) dx.
(Ax2 , Cl4-2x0+4% ,  ( 2xdx
Pemenne. Smdx—— —mdx 1+x2)+
1 2
+S#’__I_%§)—dx=2arc tgxtInx-4C.
BBIUBCIUTL HHTETPaJIbL.
13. S cosc::s_zzmx (otB.: sinx — cos x -} C)
14. s‘ :—;;dx <0TB 2x—-—x x—}—C>
15. Sx%'{‘j’_xxz) <0TB.: ——%—]—arctgx—i—C)
16. S S;:lnz;c (otB.: 2sin x4 C)
sin® x -+ cos® x o
17. Ssiﬂzx —Sin % Cos x - o5 % dx (otB.: sinx —cos x}C)



§ 2. MeTon HONCTaHOBKH

Ecau nmox smakoMm HHTErpasa CTOMT BhIpaxcenue F[o(x)]¢’(x)dx,
T. €. JaéTCs NPOU3BEJEHHE 3SJEMEHTapHOH (YHKUHH OT HEKOTUPOMH
¢yHKuuM Ha AupQepenuHan nocJaennes, Hanpumep, sin(x* 1) 2xdx,
(x*41)*2xdx, Ino(x)de(x), e** do(x), TO HHTErpaJ BBIYHCISIOT
METOZIOM INIOJCTaHOBKH, KOTOpBI BHITEKaeT U3 NpaBuiaa JuQepeHuH-
pOBaHHs CJOXHON (DyHKIMU.

Ipumep. Beraucaute uHHTErpas S cos (x*+41)- 2x dx.
Pewenue. Ilonaraem u=x*-41, orcioga du=2xdx.
BBINOJIHUB NMOACTaHOBKY, IOJyYaeM:

{ cos (x* 1) 2x dx={ cos udu=sinu -+ C=sin (x* + 1)+ C.
Ipumep. Brruucauts uHTErpas S (x*41)° x* dx.

Pemenune. Bsomum noacranoBgy u=x*-}1; orciozxa
du==3x"dx. Ilosp3yemMcsi NOACTaHOBKOH H NOJy4YaeM:

S(x”‘—l—1)5x2dx=%5‘(x3+1)5-3x2dx=%5u5du=
=5 ZpCc=gwt1r4-cC

IIpumep. BeluucauTty uHTErpad S ex* x* dx.

Pemenue. Iloab3ysch HOACTAHOBKOH #=—X°, C/eI0BATENLHO,
#u=3x*dx, nonydaem:

S‘ex“-xzdng Sle"’-szdxzé—S‘ e”du:%e”—kC:%e"H—C.

3ameyanue. O603HaYEHHsA U MOJACTAHOBKH, IPUMEHEHHbIE B pac-
CMOTpEHHBIX IIpHMepax, YNIpPOLIA0T BBYHC/IEHHS MHTErpasa, HO 3allUCh
pelIeHus Ke/aloT J0BOJBHO rpomossikoi. Ilocae mpuobperenus HaBbIKa
B NPHUMEHEHHH 3TOrO METOfa BCE 3TH BHIKJAJKH JKEJaTeJbHO JeaaTh
YCTHO.

dx
Ipumep. Brluucautb uHTErpad 5cos Vx- Vi
X

Pemenue. jcos Vx- %=2£cos Vx- 2“{;;:2 sin}/ x4-C.

BoluncauTh HHTErpasbl.
18. Ssin(x2+2x—|—2)(x—|— 1)dx
(OTB.: — % cos (x*+2x4 214+ C

19. Scos (ax -+ b)dx (OTB.: Lsin(ax+0)4-¢



20. S esin*.cos x dx (otB.: esin* ()

21. { (ax+0)*dx (oms. %4-0)
22.S(sin 15x — cos 3x) dx (om —-—cos5x—-—sm3x+C)
23. Ssec’(—:;——x) dx (om.: —tg (%—x)+c)
2. Szm, - ( th3x—]—C)
2. [e+odx (ors.s 5 e=+e-C)

Ecan nomuHTErpasbHOE BBIPaXKEHHE MOXHO IIPEACTaBUTb B BHAE
NPONSBEJIEHUA CTENEHH (C MOKasaTeNeM 71, HE PaBHBIM MHHYC €[IH-
HMIE) Ha Au(depernnas OCHOBAHHA, TO HHTETPA] CJELYET BBHIYUCIATH
no ¢opmy.e:

S[w(x)]’”dw(x [(P(x) ST +C

Tpumep. S %—%:S‘ (arctg x)® % = % (arctgx)' 4+ C.

Mpumep. S%‘ dx=5‘1n3x-gxf=—jj In*x-+C.

2

(x4 1)dx 1 s — =
IIpumep. —— X 2x 3 5.2(x )dx=
pumep tgi/(xz+zx+3)2 QS( +2x4-3) °-2(x4-1)
=2 —|—2x—|—3)5 1C.

dx . -3 dx
Ipumep. f(wsmx Vl_xz_f(arc sin x) T
_Z(arc sin x)2+C'

2 1
26. Ssec 3x (tg 3x - 1) dx (om.: E(tg:>,x-]-1)5+c)
217. Ssinsx-cos xdx (OTB.: %sin"x—!—C)
28, ffg’sﬂ (otB.: 3Y/$inx4-C)
/sin’x



29. XL_xdi‘_— (otB.: — 2V T cos*x+C)

Vi -+ cos? x
1
30. SL’Q (o1B.: (@*+ x*)Z +C)
(@*+x7)*
31. Slns’;dx <0TB.2 —é—ln“x +C)
32. X cos® 2x sin x cos x dx (OTB —1% L cost 2x -+ C)
2
33. (2 tl _dx £ (2 B
f/x3+3x+1 X (OTB 5 (x*43x 1) —]—C)
34. gafigxf dx (om.: %arc tg4x—|—C>
35. o
j‘ arccos’x- Y'1T — x? <OTB arc cos x )
_cosxA-sinx
36. S (sin x — cos x)? dx (OTB': sin x — cosx_l_C)

37. 5 @dx (OTB.: % V({1 +1nx)P 4 C)

Ecan noaunTerpanbHOe BBIPaXKEHHE MOXHO NPEACTaBUTb B BHIE
IpoGu, B yucautesne koTopoi crout AubdepenumMans 3HaMeHaTels,

T. €. ApoGu BHAa (P(—()), TO MHTErpasj CJeLyeT BBIYUC/IATL MO (op-

MyJse:

dg (x)
S o) =Ing(x)+C.

d. 1 ¢ 2xd
Ipumep. S — =73 —x—x —ln(x —1)4-C.

x2
I BBIYUCJAUTL HHTErpad zij'—1a,'x
pumep. p 5% 13 4%

Pemenune. Eciy B yucauTesne pamuoHa/lbHOH APOGH CTOMT MHO-
ro4jeH, CTelmeHb KOTOPOro GO/blI€ HIM PaBH4 CTENEHH MHOTOYJIEHA,
CTOSIETO B 3HaMeHaTesJe, TO M3 JAPOOHM CJAELyeT BBIAEJUTH LETYIO
4aCTb, @ NOTOM HHTErPHPOBATH:

ox—1, _ (243—4, _ ((2%+3 4 .
5% 3% 2x—|—3—dx_S(2___x—|-3 _2x+'3')dx—




-—S dx—2 525‘1‘3 x—21In(2x+3)-C.
Mpumep. S ctg x dng %c dx=Insinx--C.
[pumep. ‘;: T dx =(B yucauTene Apobu crout auddepe-
uuaJs sHameHateas)==In(e*-}-e~*)C.
ﬂpPlMep. ‘S‘ldx ___‘Sl-l—x—l—x 5‘1 xzd +S1xdx .

= 1+x 25 2 dx=ln (14 x)—+ln(x*—1)+C.

Bouncauts HHTEr paJbl.

s8. (Co0 (18 5 In(a+ 0t +-C)
39. Stgxdx (orB.: —In cos x4 C)
10. (5 (otB.: In (1 4-sinx)4-C)
41. jmf%?;; (otB.: In(arcsinx)--C)
a2, (5% (o5t f5in(3x* —5)-+C)
43. S’%;—:Bi‘dx (OTB.:%ln(l—}-x’)———%(arctgx)z—{—C)
44. S’;—_T_—lex (018.: x—2In(x--1)4-C)
4. [ pdx (OTB.:%Z—%)C——%;M(&C—FLI)—{—C)
46. %dx (ot8.: In (1-sin® x)4-C)

Ecnu noauHTErpajbHOE BBIPAXKEHHE MOXHO IPEICTaBHTb B BHIE
Apobu co 3HameHaTeneM a®-|¢(x)]' u uucaurenem dy(x) (B 4ucIH-
TeJe JOMKEH CToATh AuddepeHnyas OCHOBAHHA KBajipaTa BTOPOTO
YleHa 3HAMEHATE/s), TO MHTErpas CJeLyeT BBIYHCIATH IO (opmy.ie:

_de) 1 kil
e

e*d *d
IIpumep. S IF ej:"_S%e (:x)e arc tg 3 —|— C.

sin 2x dx 2sinx cos x dx
Mpumep. |y Fsinx ) TF@Entap (8 uncmurere  made-

10



PEHIMasM OCHOBaHMS KBaJpaTa BTOPOro uJjeHa)==arc tg (sin*x)- C.

xdx x dx .
Mpmer. |5 =] sy (vaer —
1 2V 2x dx 1 V22
=T ) W+ Vs Ve arctg —— 6 +C.

2 2
Mpuvep. S:Ztgx sec’ X g _S2tgx sec xdxzfarctgtgx_l_c

J 44-tgtx 4+ (tg* x)* |

X ax .

47. S;;z_l_—az (OTB.. Ziarctg;;}—C)

48. gﬁ“—ﬁf <OTB.: %arc tg%—|—C)

49. Sg,,__l{_—‘z; <0TB.: ,—llzarctg%n—l—c)

50. T—I%?W (OTB.: —é—arc tgfs———éi—kC)
dx .

51. SW ( (oTB.: arc tg(lnx)—!—C;
52, |\ oo OTB.: —arc tg X4 C
25 - sin® x 5
53. -#12%—; (OTB.: garctg -2——-]—C)

d. 7
54. j‘T_'__:;F (OTB Vo arctg x://_ -1—C)

Ecan IIOMMHTETPAJbHOE BBLIDAKEHHE MOXKHO HNPEACTaBHTb B BUIAE

xpobu co sHameHatedeM V a®—[o(x)] u uucaurenem dg(x), TO
HHTErpaJ CJEAyeT BHIYHCIATL MO (hopMyJe:

dg (%) 0 20
yVa*— T =1arcsin —=—+ C.
(B umcamrene apobm JOMKEH CTOATb AU(PdEpeHuMans OCHOBAHHST
KBaJpaTa BTOPOTO 4JIeHa.)

Ipumep. Y x dx l Ox dx —é— arc sm 5 —]— C.

JVa—9xt VY E=@x%?

2xd. dx
sec’x dx sec’ x — arc sin + C.

lipumep. _SVV?"tg % SV( —tgx
efde 1 V'3 e*dx
nowse. | VmETYE Vv

V_ arc sin ( —3—3") + C.

BrlyucauTs HHTErpaJbL.
55. j—l%w (OTB ?arc sin*r 2 VS —+C )

11



dx 1 n3% 1 ¢
56. 51/4_—9;52 <OTB.. 5 arc smi—l—C)

57. j’ ﬁ (otB.: arcsin(lnx)-4C)
58. j% (otB.: arcsin (sin® x) +C)

Ecan mopuHTerpaJibHoe BBIDAXEHHE MOKET OBbITb NPEICTaBJIEHO
B BUIE APOOM CO 3HaMeHaTeneM a®—[¢(X)]* u yucauteneM dy(x),
TO HHTErpaj CJAELYeT BHIYHCIATH MO (opMyJie:

dy (x) __ a—i—:p(x)
S o =nni ey +C
V7dx -
pmep. [ 527 =7 f VI —GViF
1 V3 +xV7
Y2 In V3—xV7 T
sin2xdx _ ( sin2xdx 1 14-sin® x
Mpumep. SI — sin% x S‘ 1 —(sin®x)? ™ 1 — sin%x —+C.
n dx _ dx -
pumep. 5.3 —4sin?x ) 3(sin®x - cos® x) — 4sincx

dx
3cos? x — sin?x

sec? x dx 1 V3 +tg x
S?J—tgzx 21/3 Vs—tgx

BrlyncauTh MHTETPaJIbl.

= (paseJHM YUCJHTENb ¥ 3HaMEHaTeJb Ha COS* X) =

e*dx 1+e
59. Sl P (OTB. 7 )
cos x dx L1 2+smx
60. S4 sin® x <0TB" Tlnzmsmx )
61. _____lxid;ca (OTB 1 + x )
sec? x dx V3+2 tg x )
62. 3‘3—4@:2 (OTB’ 473 fn V3—2tgx+c

Ecai nomuHTErpasbHOE BBIPAKEHME MOXET ObITh NpPEeACTaBICHO
B Bue ApoGH c snamenateneM V[o (x)F = a* u uucaurenem do(x),

12



TO MHTErpaj CJeLyeT BBIYUCIATH N0 dopMyJe:

W —in[o(x)+ V(T £]+C.

Virswr=a
x dx 2x dx
[Ipumep: Vite _——j VW——(B YHCJUTEIE CTOHT AHD-

¢epeHIMan OCHOBAaHHMs KBaZpaTa BTOPOrO 4JeHa)=—

=iln(x2—|— V4+x4)4C.
cos x dx 1 5 cos x dx

Mpuvep. 5V25sm2x—l T 5 ) VEsmaE—1 =
=?1n[5smx—|—]/25sin x—1]+C.

V3iFxe—VY3=x _J‘ dx f dc
npnwep. | Vicw P viee lvare
=arc sin V—_—ln(x+V3—l—x2) +cC.
BelyucauTs HHTErpadsibl.
2 1 T
63. yv—’s';—_l_ix; (OTB.: —4—ln(x4—|—1/9—{—x*’)—|—0)

o4 S(szrﬁ +V4ix2)dx
(OTB.: 3ln (x+V2Fx*)+2arc sin%—l—C)
65. 5‘(1/:521-!-1 —Vx’l-—l )dx (OTB' xiy;i‘;_}. )

66 [ L=V E dx (omm: garctg F—In(x+VEF ) +-C)

§ 3. BoluucieHde MHTerpaioB THIIa
Mx+4 N
S s el

4dx o
Ipumep. S T x —|—1—]' Ecan yucauress mocTosHHBIN, a4 B 3Ha-

MEHaTeJ/NE€ CTOHUT TpeX‘{JIEH BTOpOﬁ CTENEHH, TO 3HAaMEHATENb HYXHO
NPEACTaBUTb B BUAE CyMMbl HJIH PasHOCTH KBaapaTOB:

13



Y w
el

x-|—
V?T arcig V32 —1—C_—V_ arctg 2’;/_':1—]— C.

3 o
[pumep. Smdx=1. Uucautesnb MOCTOSHHBINA, a B 3Ha-

MeHaTeJe TPEXuJeH BTOPO# cTemeHu. [IpencTaBUM 3HaAMEHaTe b B BUIE
PasHOCTH KBaApaTOB:

. dx _3 2dx 3. 2—Q@x+1) | .
1—3$ Grarn—i—2)oxrr—r— 38 PaFrexry T C=
3

1 —2x
'_'E' In 3———_'_ 2x—l— C.

3x—1 o
[Ipumep. g mdx:l. Eciu B uucauTene CTOMT JMHe-

HBI JByYJIeH, a B 3HaMeHaTese TPEXUJIEH BTOPOH CTENEHH, TO HpeXAe
BCEro HY>HO Npeo6pas3oBaTh YHUC/UTENb TaK, YTOOBI M3 HEr0 MOKHO
ObIIO0 BBHILENUTh IPOU3BOLHYIO 3HaMeHaTess. [IpousBoiHas 3HameHa-

2
Teas 2x— 1, a MOTOMY YHC/HTENb HYXHO YMHOXHTb HAa — H Ile-

3
Pe€n HHTErpaJsioM BBECTH MHOXKHTEJb 7

—2—(3x——1)dx 2x——£ 2x—l+-l—
P e L 1 Wi SRS 1 ot P
—2) x—x+1 T 2 gx*—x41 T 2) —xF1 :

I/IHTeraJI npeacTaBuM B BHAE CYMMBl IBYX HHTErpaJoB:

(2x — 1)dx dx 3
=380 4 2 —j———“———mw—m-lw
Sx x-41 2 x’—x—l—% % 2

+%S(x_%‘il(yzi)z:%ln()cumlw
—|——Vl—3_arctg2’;/—;_—l—|— C.

5x — 3)d. 1 5x — 3) d.
Ox —3)dx =7Sﬁ—)—”l=[ B uncautene Bh-

[pumep. §2——x, — e —1

2— — s
X 4x o)

JeJIAM [IDOHM3BOAHYI0O 3HAaMEHATEJsA:
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2
[——LES 3(5:5 3) x——sg (2x——5-)dx—
—2'2)7 I — 7 2 —
x—4x——2- x—4x——§-
14
N 2x_4+3d 5(_2x—4 , 7 dx
=7 TeX=7 X+ =
xP—dx— — x? 4x—7 4x — —

+7'41?—an£;2— +C= %ln(x’——élx———%)—}-
' V_+<x—2)

7 3—x—2V2
+ 6V‘2‘1n3+(x—2)1/2_+c

BBIYUCTHTD MHTETPadIbL.

@x — 1)dx
67, S\Sx —x—|—2

(OTB.. sIn(Gx’—x+2)+ SVEJC tg 1(;;39 + C)

4__ 5,3 2
68. S(G” 2x25"_ ;"_;ixl)dx . Yxasanue. Bomeuts Heayio yacTh

H IOTOM HHTErPHPOBATh (OTB.. X—% —l— Lin 2x*—x—+1) 4

1 4x —1
+ V_arctg VT —|—C>

2%+4+3—V5
(OTB VETI 26+34+V5 +C)

(OTB.: _x——lT+C)

69. jx2—|—3x—|—l

70. Sx2-|-2x—|—l

2% 3
N (Gt dx

(OTB.: é—ln ex*++x+1)4 1/57_ arc tg4x+l—|—C)

(Bx —2)dx
72. Sxa—l—lix-{—l

(OTB s In(x*43x41)— 2V5

2x+3—1f57
Yo tsr Vs

+c)

15



§ 4. Boluncienne MHTErpajoB THIIA
Mx -+ N
—_——aX
Vax* Fbox+c

dx
—— =1. ECJII’I YHUCJHUTEJNb HE COlIep}KHT ne-
4x — 4x°

ITpumep. j 73
PEMEeHHOH X, a B 3HaMEHaTeJe TOJA PaAHKaJOM CTOUT TPEXYJEH BTO-
poit CTemeHH, TO STOT TPEXUJEH HYXKHO IPEACTaBUTh B BUAE CYMMBI

WM PasHOCTH KBaJApPaTOB:
1

.. 142x
5 arcsin—— -+ C.

[— dx . dx
_§V4—1—4x—4x2 _5 Vi—(1F 2%

dx .

dx ( dx
npatep. | o—t—| v T =
—ln[(x+3)+V EFIF—4l+C=ln[(x+3)+
+VEF6xF5]+C
(cm. dopmyay ctp. 13).

I

dx dx
[Ipumep. SV.__:S =
S5 —T7x —3x* 1/ 7 49 49
5—3(x2+-§x+ﬁ—%)
_ 7 —
dx 1 ) V3 <x+’6‘)2 V3
= ——arcsin ot +C=
109 4, TV V3 V109
12 6
1 . b6x4-7
= ——arc —— -
73 arc sin V1% -+ C.
(x —2)dx o
HMep. e
[pnvep ij2_10x+29 1. Eciim B uncauTene CTOUT JMUHEHHBIA

JBy4JIEH, TO IPEXIE BCEro HYXXHO 4YHUCJUTENb OPeo6pasoBaTh TaK,
yTOOBl M3 HEr0 MOXHO OBLJIO BBIAENMTb HPOH3BOAHYIO INOXKOPEHHOIO
Bhipaxcenus. [IpousBonHas momkopeHHOTO BbipaxeHHa 2x— 10, a mo-
TOMY YHCJMTE/Nb HYXHO YMHOXHUTb Ha 2 M NEpel HHTEerpajsioM BBECTH

MHOXKHTEJIb 5 :

1__1§ @x—4dx 1 26—1046 __ 1 (_(2x—10)dx +
T2 )V Ee=10xF29 2 )VeE—T0x+29 2V —10x+29

—|—3517(x—_%=1/x2 —T0x 29+ 31n[(x — )+

+V x*—10x+29]+ C.
16



—

[ @r—%dx [ 2+2—5 . [ 2c+2
Mpumep: f Vi [V | Ve

_ Sdx —_ A oy v . 14-x
EV———m 2V 8—2x—x*—5arcsin—=+C.
Brlynucanth uHTErpajIHl.

dx
3. j V2 FxF 51

(om.: %ln[mx—]-l +V206x5 Fx+9) +c)

(x+3)dx
7. V3 ax — dx®

(OTB': _% 3+4x“‘4x2+%arcsin —2162—1 +C)

75 (x4 3)dx
V 3 4xf4x®

(OTB.: %1/3—]—4)\:—{- 4x”-§—%ln(2x—]— 14+1V3F4xF4x) —l—C)

I N L D S —
76: EVm <0TB.. 111/3—1—66): 11x*4-C

dx . . x4 1 ’
71. j———]f"‘__zx___x? (OTB.. arc sin Ve +C)

SN————

§ 5. MeTox MHTErpHpOBaHHUsl II0 YaCTAM

DTOT METOA ONMHMPAeTCs Ha PaBEHCTBO:
S udv =uvy — S vdu, 1)

IOJIyYEHHOE B TEOPETHYECKOM Kypce. IIpu BHIYMC/IEHHH HHTErpaJos
BAXXHO NMPABHWJIbHO YCTaHOBUTb, KAKUM METOAOM HUHTEIPHPOBAHHS CJe-
AyeT IO0JIb30BaTbCA. JTHUM METOLOM MNPHXOIMTCA IONb30BATHCA B TEX
cJyyasX, KOTAa IOJ SHAKOM HHTErpasa CTOMT IPOM3BEJEHHE TPaHC-
IEHAEHTHO! (YHKUMHM Ha MHOTOWIEH WM IPOOHYIO aire6paHyeckyio
GbyHKIMIO.

Jl11 IPUMEHEHHsI 3TOrO METOAA IOAMHTErpaJbHOE BBIPAXKEHHE Clie-
LyeT NPeACTaBUTb B BHIE NPOMSBENEHMA ONHOM (QyHKIMM Ha aud-
¢epenuunan apyro#i Qpynxuuu. ECad mox MHTErpajoM CTOMT IPOHU3Bese-
Hue JorapudMHUyecKoi MM OOPAaTHOH TPHUrOHOMETPHYECKOH (GYHKUUK
Ha aJreOpaMyecKyio, TO 3a u CJeAyeT DPHHMMaTh (YHKIMH arcsin x,
arc cosx, arctgx, arcctgx u Inx.

Ecsu e MOA MHTErpanoM MMEETCs NPOM3BENEHHE TDHIOHOMETDH-
yecKOoi WM NoKasaTesnbHOH (yHKnuu Ha asnreGpamyeckyio, TO 33 u
OGBIYHO NPHHUMAIOT aare6pandeckyio qyHKIHIO.



Ipumep. Boluucants wuuTErpas S xarctg xdx.

Pewemnue. Ilon uaTerpanoM npousseleHHe OGPATHOH TPHUIOHO-
MeTpHyeCcKo# (yHknuH Ha x. [lpuHumaem u=—arctgx, dv=xdx,

oTCroaa:
x2

di—=— ——— 'U=T.

T -[—x’ ’
[Toabsysace pasenctsom (I), moayuaem:

1 1 { xPdx
jxarctgxdx——jx arctg x — 51+x2_

1, i 1—1 1,
=X arctg,x——5jx 1+—|—xz dx==x arctgx—gj‘dx—f—
1

+ jl—l-xz: x? arctgx—fx—|—%arctgx—|—0.

IMpumep. Boluucoute uHTErpas S x*lnxdx.
Pemenune. [Ilonaraem n=Inux; dv=ux*dx. Orcoona:
dx 1

I — - 43
du—x, =7 X"

[Monwsysce ¢opmynoit (I), momyyaem:
jx*lnxdx:%slnx—%jxzdx=f;-1nx—%+c=
x3 1
=X <1nx—§)—1—C.

Mpumvep. Brluucauts HHETErpad S arc sin x dx.
Pemenue. [lpuanmaem u==arcsinx, dv=dx, orcooaa:

du—= , V=2X.

dx
Vl — x?
INonb3ysice dopmyaoi (I), monyyaem:

xdx . —
arc sin x dx==xarcsin x — =xarcsinx+}1—x*4C.
{ N + +

Mpumep. Beruucautes uHTErpad S x (Inx)*dx.
Pemenue. [lpunumaem w=(Inx)’, dv=xdx, orcoaa:

2
du—21nxi’f, 'v=%-.

[Monwsysicy pasenctsoM (I), mosmyyaem:

2
j‘x (i x)* dx = x? (12n x) ___S xInxdx= (HOCJIC}IHHﬁ HHTErpaJ BbIYH-
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cJageM Mo 4acTaM, moJsaras u#=—Inx, dv=xdx ¥, CJeL0BaTEJbHO,
__dx _x*\__ x*(nx}  x? x .
ai = ‘0—7)——2-————5—1nx—|—5‘—2—dx__
x? x?
=S hx-(Inx—1)45+C.

INpumep. Boluucauts HHTErpad Sx5 arctg x dx.

Pemenue. starctgxdx_—:(npunumaem u=garctgx, dv=
=x%dx, orcioza:
_ dx 1 e\__ 1 1 x8 _
du_T-F?’ V=g X )——6-x arctgx—Fgmdx_

__l 6 1 (JC“—'—I)—] ___] 8
——6-)6 arctgx—gj\wdx—gx arctgx—

—%S(x“——x‘—l—l—ﬁ)dx:%(x“—}—l)arctgx—

x arcsin x
Mpumep: Buuucauth HHTErpad 1—/—1——2d .
— X
x arcsin x dx :
Pewenue. Vi — ( NpUHHMaeM u=arcsinx, dv=—
— X
xdx
= ———, OTCI0fa:
V1i—=x

dx T 2\—_ 1/ 1 __ »2 : —
du_lf_l—_x” v=—)1—x >_ V' T—x*arcsin x—{—j dx =
=x—V T —x%arcsinx4C.

Ipumep. S Xx?sin x dx == (npuiumaeM u=x°, dv=sinxdx,
oTCIOJa:

du=2x dx, v=— cos x)=—x" cos x |2 S X cos x dx = (nocaen-
HUfi MHTErpas BBIYHC/ISEM IO YaCTAM, moJjaras #==X, dv==cosxdx
U, CaefoBaTelbHO, du=dx, v==sinx)=— x*sinx--2xsinx—
—2 S sin x dx =— x* cos x + 2 x sin x +2<cos x - C.

Ipumep: S e~* x*dx=(nonaraeM u=x?, dv=e"*xdx;
oTcoza:

du—=2xdx,0—=— L e )= % ¢~= 4\ xe Fdx=
= U= =7

=g (1) +C
19



Briyncantb HHTErpaJibl.

78. jxlnxdx (OTB.: xTzlnx——’f——l—C)
79. Sarc cosxdx (otB.: xarccosx—) T—x*4-C)
80. Sarctgxdx (OTB.: xarctgx——é—ln(l—{—x*)—]—c)
81. {in(x+a)dx. (otB.: (x+a)ln(x+a)—x+C)
82. stinxdx (otB.: — x cos x+sinx 4 C)
83. Sx’cos xdx (otB.: (x*—2)sin x - 2xcosx -C)
84. Se"”-xdx (otB.: —e *(x+1)4-C)

85. je”‘x“dx (OTB.: e*” (%xs———i—x’ -}—% X ——%) -+ C)

86. {in(x4+VTFx)dx
(otB.: xIn(x+V TF£)—V1F x4+ C)
87. f% (otB.: arctgx(In|arctgx|—1)-4C)
In x dx . x In x
88. (_l—-_-l——T)i (OTB.- In l_—l—x——l_:——x_}_c)

Ecnu mox uHTErpaJoOM CTOMT NPOMSBEICHHE SinX H/IM COS X HA
MOKa3aTeJbHYI0 (YHKUMIO, WIH TPUTOHOMETpPHYeCKas (QyHKHMS OT
Jgorapu¢ma, MM APYrHe NOXOOHBIE BBHIPAXKEHHS, TO B De3yJbTaTe
MHOTOKDATHOI'O MHTETPHPOBaHHsl MO YaCTAM HHOIJA MOXKHO NOJNYYHTb
yPaBHEHHE OTHOCHTEJbHO MCKOMOrO HHTErpaJa.

Ipumep. S e*cos xdx=1. Tlomaraem u=—¢€", dv=cos xdx;
oTCIOJa:

du=e*dx, v=sin x, [ =e*sin x — S e*sinxdx. Tlocnemuuit wuHTe-

rpajl BBIYHC/IAEGM IO 4acTsaM, moJarags u=—e*, dv=sinxdx u,
CJIe0BaTENbHO,

du=—e"dx, v=—cosx, I=e¢"sinx-}e*cos x —S e*cos x dx.
Hrak,

S e* cos x dx =e*(sin x -}- cos x) —-S e*cos x dx.
[lepeHocuM NMOCJHEAHUH MHTErpaj B JIEBYIO YaCTb YPaBHEHHA:
2 { e*cos xdx=-e"(sinx+cosx)+C

20



H, pellas ypaBHEHHE, IOJy4aeM:
% e* (sin x - cos x)
je cosxdx=——5—="+C.

Ipumep. S cos (Inx)dx==1. Tlonaraem u=cosln x,dv=dx ¥,
CJIEZOBATEJBHO,

du= —sin(Iln x)‘i—x , v=ux, [=xcos(In x) —l—j sin (In x)dx.
B nmocneanem uuterpasne mosaraeMm #=sin (ln x), dv=dx u orcioza:

du = cos (In x) ii;— » V=ux,[=x cos(Inx) 4
—+ xsin (Inx) — S cos (In x) dx.
Hrak,
S cos (In x) dx = x[sin (In x) 4-cos (In x)]— S cos (In x) dx,
2 S cos (In x) dx = x[sin (In x) +cos (ln x)]+C

H, CJeI0BaTE/IbHO,
5‘ cos(ln x)dx — x[sin(In x) 4~ cos(lnx)] + C
D) .

BryucuTe MHTErpassl.

89. fe" sin x dx (OTB.: % e” (sin x — cos x) C)
90. j sin (In x) dx ( OTB.: -;— x[sin (In x) —cos (In x)]+ C)
91. je"”‘cos bxdx (OT bsmb%cosi "‘"—l—C)

92. Se"coszxdx (o'rB.:e5—x(cos’x—|—2sinxcosx—|—2)+0)

Ipumep. S V a* — x* dx =1I. TleperecéM MppPaLHOHAJIBbHOCTb B 3Ha~

MeHaTeb:
[— - at—x* dox — a*dx x*dx
Va—x VaE—x2 Vaa—x°

BTopofi uHTErpas BBIYHCIASEM MO 4YacTAM, HNoJaras u=—ux, dv—=—
_ xdx
T YVaE=x

dn=dx, v=—Va&—x", [=a’arcsin> -

+xVa—x—Va—xax.

H, CJEL0BaTEJbHO,
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Hraxk,
yVaz—x’dx=a’ arc sin =~ + xJ/ a’—x’——j‘l/az—x2 dx.
QOrcropa:
j]fa’—xzdx =-;— (a2 arc sin—f;—]—xlfa*—x“) +C
93. (VTFxax
(ors: 5V TFF+51n (c+VTF#)+C)
9. (Va—bxrdx
{ 1 P a . xVb
\0TB..—2—xVa—bx + 575 arcsin J= —|~C)

§ 6. HaTerpupoBanve pauuOHAAbHbIX (DYHKUUH

[TycTs moxm HHTErpajJoM CTOMT palMOHaJbHasg APOOb %(T;)) , e
2

P, (x) u P, (x) —MHorounensl. Mpl OyzmeM mnpenmosaraTe, 4YTO CTe-
neHb MHOTO4JIeHa P, (x) MeHbllle CTENeHH MHOrouneHa P, (x) u koad-
(GUUMEHT IPH yieHe C HauOOJIBIIMM IOKa3aTesJeM B 3HaMeHaTeJle PaBeH
enuHULe. B Tex ciayuyasx, Korjga CTENeHb YHCJIUTENS GOJbLIE WK PaBHA
CTENeHH 3HaMeHaTeJs, HEOOXOMHUMO BBIIENUTD LEJYIO YaCTbh, PasIeuB
YUCJIUTENb Ha 3HAMEHaTelb.

l-if cnyuyait. Kopau sHameHaTesss — NeHCTBUTENbHBIE 4HCIA: @,
Q,, G, ..., Q,, 1 HA ONUH W3 HUX He NOBTOpseTCHA, T. e. P, (x)=
=x—a)(x—a,) ... (x—a,).

B srtom ciyyae npobp MOXKHO NPENCTaBUTh B BHAE CyMMBI 3Je-
MEHTapHBIX IpoGedt, T. e.

P (x) A A, A A,
Pz(x)—x—al+x—a2+x—aas+"'—l_x——a,,’ U

rge xoadduuuenter A,, A,, ..., A, — NOCTOSHHBIE.
(x— 1) dx
E+DHE*—49°
Pemenue. Ilox uarerpasom naHa paunuoHaJbHas 4po6b. Crenenb
YUCJHUTENS HIDKE CTENeHM 3HaMeHaTelsd, H 3HAMEHATENTb HMeeT HeH-

CTBHTEJIbHBIE PasTHYHBIE KODHH.
[Noab3ysice paBencTsoM (I), mosyyaem:

Ipumep. Brruncautsb mnerpa.nj

x—1

A B c
(x—[—l)(x’——4)=x+l+x+2+x——2’ ()
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x—1  AF—=49+Bx+Dx—2+Cx+1)(x+2)
(x+DEE—4 " E+D)Ex+2)x—2)
Teneps HyxHO momo6paTh KO3(QGHIHEHTH TaK, YTOOLI APOGH OLLTH

paBHBI TOXKAECTBEHHO, a CJEX0BaTENbHO, 4yTOOBI HMEJIO MECTO TOXK-
JXECTBO:

x—1=AKx*—4)+Bx+1)(x—2)F+Cx+1)(x+2). (2
I BbruncIenus kos3duuuentos A, B, C nonb3yeMcs METOLOM HEonpe-

AenéHHbIX Koa(duuuenToB. PackpbiBaeM CKOOKH B TPaBO# 4YaCTH
IOCJIEHEr0 PaBEHCTBA M PACHosaraeM 4YieHbl IO CTENeHAM X:

x —1=(A-+B—4C) x* +(3C — B) x +(2C — 2B — 4A).

Eci MHOrOY/JIEHB! TOXIECTBEHHO PaBHBI, TO PaBHBI KO3 (HUIHMEHTHI
NPH OIHMHAKOBEIX CTeneHsax x. [IpupaBHuBas K03 (HULUHEHTH IPH OAHUiA-
KOBHIX CTENEHAX X, MOJYy4aeM CHCTEMY YpaBHEHHIl:

k03¢ uueHTs npu X* 0=A+4B+4C,

» » X 1=3C—B,
» » X° | —1=2C—2B—4A.
Pemas cucremy, Haxomum: A——~, B=—>, C=.1
n CA=3 g’ 2
[TomcraBasas HaijieHHble 3Ha4yeHMs B paBeHCTBO (1), moaydaem
2 3 1

x—1 3 T 12
CFNEE—=9 x—|—l+x—|-2+ x—2°
Ecin snameHaTenp APOOHM HMMEET HEHCTBUTENbHBIE PAa3/IHYHBIE KODHH,
10 KO03(hdHuHeHTH ynoOHee H ObICTPEEe BBIYUCJIATH HHAuYe.

[NpumernM BTOPO# Cnoco6 I/t BEIYMCJICHHA TeX XKe K03((UIHEHTOB.
Bepém paseHcTBo:

x—1=A( —4) 4B+ 1) (x—)+Cx+1(x+2) ()

4 TOACTaBJsieM BMECTO X 3Hayeus — 1, —2, 2.

Kaxmoe u3 satux yuces ofpaiiaeT B HyJb JBa YJ€Ha NPaBOH YacTu
paBeHcTBa. Boo6liie mpH npHMEHEHHH 3TOro crocoba CaeLyeT BMECTO X
NOACTaBAATb TaKHe 4YHCJIa, KOTOpble OOpAlIalOT B HYJb DAl YJIEHOB
npaBOH 4aCTH.

W3 paBeHncTBa (2), BBINONHAA MOACTAaHOBKY, NOJyYaeM:

npu x=—1 —2=—34,
y X=—2 —3=4B8,
y X=2 1=12C.

Orcrona: . |
Azg, B=_T’ C='l-2'.
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Tenepb MOXKHO BBIYHUCJ/IUTb HHTErpaJs:
(x— 1) dx 2 1 3 1 11 .
S(x-{-l)(x”-—tl) S (? ‘xF1T & x+2+1‘§‘ x—2>dx—
=2 )= in(x4+2+5in(x—2)+C.

x‘—-3x2—3x—1
—2x a.

Pemenne. Tak kKak cTeneHb YUCJAHUTENs BHIIIE CTEINEHH 3HaMe-
HaTe/d, TO HYXHO BBIIENHTH LEJyl0 4YacTb. PasfenuB yuc/aHTENb HA
3HaMeHaTeJb, NOJNYYUM:

Ipumep. Boluucaure uuTerpan [/ ——S

xt—3x*—3x—1 x41
x® — xt — 2% —x+l—x(x2-—x—2)'
Cie10BaTeNbHO,
x‘—3x*—3x-—-l _ (x4 1)dx
== S P — dx= S(x—l—l dx—Sm.

ITox BTOpHIM HHTErpPajoOM CTOHT PallMOHaJbHAS APOOb, 3HAMEHATENb
KOTOpO! HMeeT MeACTBUTEJNbHBE pasjMyHble KOpHH. [losb3yscek pa-
BeHcTBOM (I), mosydaem:

x—41 A B o
(x-—-2)(x+l) +x—2+x+l'

Orcropa:
x+1=Ax—2)(x+1)+Bx(x41)+Cx(x—2). (3)
[loncraBnsas B paBeHCTBO (3) sHauennsas X—0, x=—1, x=2,
TOJTyYaeM:
npu x=0 —21—=—2A,
y X=— 0=3C,
» X= 3=6B.
Orcrona:
1 1
A=———2' ’ C:0 B=7.
Hraxk:

11
1=Su+nu—j(7z+£5+;%%U=
=£22+x+lnx—%1n(x—2)—|-c.

BBUKCIHTD HHTErPAJIBL.

xdx

%. {erietoe—s
@mg%m@+4y~@m»+m+%m@—m+c)
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(5x* — 3) dx
9% x—2)@x*+2x—1)

@m;%mu—m+%m@»—n—2mu+n+q

l x—3 2
(OTB. % x+3—|—20 x+ —l—C)

97SF—§q36

(@x*+5)dx
=2 (x+3x—49)

(orss —3ln(x— m+%m(+a+mmu—@+c)

xtdx
9. (=613

2 1 —1 16
(OTB.: %—2x—l—€'1n(;:—_’_—i-)‘3+'§'ln(x+2)+6‘)

98.

2-f cayuvait. 3HaMeHaTeNb PalMOHAJBbHOK JpoOH Pl—i)) HMeeT
ACHCTBUTE/bHBIE KDAaTHbIE KODHU: @, @, ..., @ T. €. P,(x)=
=(x—a,) (x—a,)s...(x—a,) %

B srom cnyyae pauMoHaJbHas APOOb MOXET OBITH NIpexCTaB/eHa
B BHJIE CYMMLI'

P (x)__
P,(x)" (x—a)“ —I—(x—a,)"“1+ +x——a +(x—a)°‘ +

F,
+(x_a)¢_1+ —I—x_a+ —I_ a)ul‘—{—-
-I-( ),,,_.-l— +x—a,, (I1)
rae A, A,, ..., Ay, B, B, ..., By, ..., F, Fy ..., Fy —

OCTOsIHHBIE KO3((HULUHEHTDI.

[pumep. BHYHCIHTD HHTErpa Swy;;zx—dj—l)z

Pemenne. CreneHb 4YHCIHTENS HHXKE CTENEHH 3HaMeHATels.
3HaMeHaTe b HMMeeT HeHCTBATEJNbHBIE KpaTHblE KODHM. Ilosb3ysich
paBencteoM (II), mosyyaem:

x—1 A B F
x’(x—-2)(x+l)”=7+—x—+x——2+(x+l)2+x+l'

[TpuBoguM NpaByI0 4acThb K OOGLIEMY 3HaMEHATeN 0 M NPUPaBHH-
BAEM YHCJIUTEJH:

x—1=A(x—2)(x+ 1)+ Bx (x—2) (x4 1)*+Cx* (x 1)+
—+ Dx* (x —2) 4 Fx* (x4 1) (x —2).
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B mpaBo#t yacTu packpblBaeM CKOOKH H TDYNNHPYEM WIEHH IO
CTENeHAM X:

x—1=(B+C+F) xt+(A+2C+D—F) x*+
4 (—3B+C— 2D — 2F) x* -+ (— 34 — 2B) x -+ (— 2A).

[IpupaBHUBas xoambdmuuemm IPH OJZMHAKOBEIX CTENEHAX X, LHOJY-
9UM CHCTEMY ypaBHEHHIi:

x* B4-C+ F=0,
x* A+42C+D—F=0,
x? —3B+C—2D—2F=0,
X ——3A—-QB=I,
Xx° —1=—2A.
PewmnuB cucremy, moJyynm:
1 5 1 2 11
A=7, B:—T’ C:36’ ng, F=§

Hrak
’ 15 1 2 11

x—1 2 4 36
FE—xF1F  *¥ _I_x—? =()6—!-1)2_|_JC+1

CnenoBaTe/bHO,
(x—1)dx 1 5 1
Sromerr=—m—qhr—ght—y—

_%%m+%mu+n+a

Bruncants HHTErpaJbl.

100. g X +1,)a (OTB.: —(x_’fl)z—l—ln (le)’_'_c)
101. Sﬂ“;jﬁﬂx (ma:xi2+4&”;mi+c)
102 § i
(OTB" 1?:3(&1 1))— 1612:;}_—1 1)"32(%—4-1)1)2 '|"_1“ g +P)
103, Xxxa—(xzx ;);4
(OTB. —In ( +2x> 2(xl__T2)+C)
104. ‘S’xx:;x '11‘)22@',( (OTB.: 2gtiz)+ln f/(T-F_lJ;:_—__l)”—l_C)

3-it cayuail. 3HaMeBaTesb PallMOHAJBHONH JAPOGH Pl E x)) (mMHOTO-

yleH C JeHCTBHTENbHBIMH KO3(GHIHEeHTaMH) HMEeT KaK JeHCTBHTE b
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Hble, TaK W KOMIUIEKCHBIE KODHH, NPHYEM CPEIH KOMILIEKCHBIX KOp-
Hell HeT NOBTOPAMIMXCA. B TOM ciyyae 3HaMEHaTenb MOXET ObITh
OPEACTaBJEH B BUJE NPOU3BELCHUS JHMHEHAHBIX MHOXHTEJIEH H MHO-
JXKUTeJe# BTOPOH CTENeHH:

P,(x)=(x—x)1(x —x,)...(a,x*+b,x+c,)...
(@t byx-cy),
TaK KaK NPOM3BEJEHHE MABYX JIHMHEHHBIX KOMINIEKCHBIX CONPSKEHHBIX
MHOXMHTEJEH DPaBHO KBAaJAPaTHOMY TPEXWIEeHy C JAEHCTBHTENbHBIMU
k03¢ duumeHTaMu:
[x— (@ bi)][x — (@ — bi)] =[(x — @) — bi] [(x — @) + bi] =
=x*—2ax-+ta*4 b
Hpobb, crosmas IOX MHTErPajoM, MOXET OBbITh INpEICTaBIeHa
B BHIE CyMMBbIL:

Px)__ P, x) _
P(x) 7 (x—x)u(x—x)5. . (@xtFbxtc)... (@t bpx+cp)

A, A, Ay, B, B,
=x——x,+(x—x1)2+' "+(x—x,)“«+x—xa+(x—x2)”+

B,, Cx+D, Cix+ Dy
TotemE T e T T aE et
rne A, A,y ..o, Ay By B,, ..., By, ..., C, C, ..., D,—mocro-

SHHBIE KO03((ULMEHTHI.

Ipumep. BrluncauTs HHTErpas S (xg_’;)++l).

Pemenune. 3namMeHaTesqb HMeeT JBa JAEHCTBHTENBHBIX KODHS
x,=1, x,=—1 u 1Ba pasIMYHBIX KOMIIEKCHBIX KODHI X, =i,
X,=—1, a IOTOMy MOXET OBbITb IIpEJICTaB/J€H B BU/€ NPOH3BEIEHH:

(x—Dx+1D)x+)(x—)=x—1)(x+1)(x*+1)
JEHCTBUTENbHBIX MHOMHUTEJNEH NMEPBOH U BTOPOH CTENeHeH.
[lonwsysce pasenctBoMm III, momyuaem:

x A B Cx+D
(x’—l)(x’+l)—x—l+x+l+ x*41°

[TpuBopuM mnpaByI0 4aCTb K OOLIEMy 3HAMEHATENI0 W NPHpPaBHH-
BaeM YMCJHUTEIH Apobeii:

x=A(x+1)(x*+ 1)+ B(x —1)(x* + 1)+ (Cx 4 D) (x* —1).

npellCTaBJIHﬂ npaByIO 4aCTb B BHAE MHOTOWIECHA, PAaCIIONOXKEHHOTO
no CTeneHaM Xx, nojJydaem:

x=(A4B+C) x*4+(A— B+ D) x*+(A+B—C) x +
+(A—B—D).
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[lpupaBruBas KO3((MMUHMEHTH IPH OAMHAKOBBIX CTENEHAX X, IO-
JIy4YdM CHCTEMY YpaBHEHHH:

ko3¢ duuuentrl npu x* | A+ B4 C =0,
» » X*| A—B-+ D=0,
» , X | Ad+B—C=]l,
i » XX | A—B—D= 0

Pemus cucremy, nonydaem:
1 1

1
A=Tr Bz?’ C=_§', D=0.
Orcropa:
1 1 1
x 4 4 T
(xz—l)(x2+1)=x—1+x+1—x2+1 :
CiieroBaTeNbHO,

Se=em={Trmt1em—wmm) &=

= nx—1) g1 —tinxF1)4C=

1 x —1
=7l x’+l+c

[pumep. Bemucaute HHTErpal SJ;—fT .

Pemenue. 3HaMeHaTeNb MMeEeT ONHH HeHCTBUTENLHBIN M [ABa
KOMIUIEKCHBIX CONPSXKEHHBIX KOPHA, a INOTOMY MOXeT OBITb Ipei-
CTaBJeH B BHIE NPOH3BEJAEHHS AEHCTBHTE/BHBIX MHOXHUTENEH NEepBOH
u Bropo#i crenenu. [loawsysace pasenctBom (III), momyyaem:

X
1 :x—l—l_l_x’—x-]—l'

[lpuBozuM NpaByl 4YacTb K OOIIEMY 3HaMEHaTeNi0 U NPUPaBHH-
BaeM YHCJIHTENH:

x=Ax*—x-+1)+Bx+C)(x}1).
Orcropa:

x=(A+B)x"+(—A+B4-C)x+(A+Q).

[TpupaBHHBas KO3(hGHUMEHTH MDY OXMHAKOBBIX CTENEHAX X, IO-
JYYUM CHCTEMY YpaBHEHHii:

ko3 duuuents mpu x* A+ B=0,
» » X | —A4+B4+C=1,
” » xo A C= 0.
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Pemus cucremy, momyuyaem:

Taxum o6pasom,

x _ "3 3ty
*+17 x+1 P 2exf1°
CaeoBaTeNIbHO,
Sxdx S x+Ddx
B4+17 x+l B—x4+1
1 2x
— (x4 1) ¢ &szM=Himu+n+
4l fzmoids,, 2% —
S x+1 i)+ [ oy det
g =—gln(x41) gl —x+ 1)+
i
1 2x—1
—I—)ﬁarctg—y—g—l—a
[Ipumep. Bouuucauts uHTErpas S(xz —]—x—(fj—c;)— (;lc)zﬁ yrt

Pemenue. 3maMeHaTenr HMEET YeThipe Pa3/IHYHBIX KOMIIEKC-
HeIX KOpHA. Ilombsysch pasenctBoM (III), monmyuyaem:

x41 __ Ax+B Cx+D
x+x+2 (x2+4x+5)_x2+x+2+x2+4x—|—5'

[IpaBylo yacTb HpPUBOAMM K OOLIEMY 3HAMEHATENI0 M IPHUPaBHH-
BaeM YHCJIHUTENH:

x4 1=(Ax~+ B) (#* 4 4x+5)+(Cx+ D) (x4 x4 2).
OTciona:
(x+1)=(A+C) x*+(4A+B+C+ D) x*+
+(5A 4 4B+ 2C- D) x4 (5B 2D).

[TpupaBuuBas Kk03()(HUUHMEHTH NPH OIXMHAKOBBIX CTENEHAX X, MO~
Jly4aeM CHCTEMY ypPaBHEHHIA:

koaduumenTsl mpu x° A}C =0,

\ , x| 44+B +C +D=0,
, . x | bA 2C +D=1,
. . x| 5B+2D=1.
Pemus CHCTeMy, noJaydaem:

A=0, B=4, C=0, D=—1.
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Takum obpasom:
1 1

x41

(x2—|—x+2)(x2—|—4x—|—5):x2—|—x—|—2+x”-|—4x—|—5’
CirepoBaTeNbHO,

(x4 1)dx
S(x’—l—x+2)(x"—|—4x—|—5) 3Sx’—|—x-|-2 3Sx TrAx+5
1 dx 2+1
35 1T 3)E BT 3y 5=
el A

- garc tg(x+2)+C.
BLIYHCIHTD HHTETPAJBL.
105. Sixz—_l_—g—)(%ﬂ) (OTB.: %arc tgx—%arc tg%—{—C)
106. S‘Jgfl- ’;x:)f’; (OTB.: —é— In J’% + % arc thx_— - C)
107. 5‘9(&5——%%{1;—4 (OTB.: i%lng’j: _T_g;j:;—l—C)

4-fi cnyuvaii. 3HaMEHATeNb DallMOHATBHOH APO6H plgg AMeeT
2

KaK AeHCTBHUTE/]bHBIE, TaK M KOMIVIEKCHBIE KODHH, NIPHYEM CPEAU KOM-
IVIEKCHBIX KOpHEHl ecTb mHoBTopsiomuecs. B atom Ciyyae 3HaMeHa-
Tesb MOXET OBbITh IPENCTaB/JeH B BHIE INPOH3BENEHHUS:

P,(x)=(x—x)...(x—x)%(a, x>+ b,x+c, )% ..
(a,x* 4+ b,x+c,,)Pm,

a1+az—|—' "+ak+2(§l+ﬁz+"'+ﬁm)=

T. €. CyMMa INOKasaTeJedl PaBHa CTENEHM MHOTOYJIEHa.
B sToM cayyae npo6b MOMXET ObITb HPENCTaBJIEHAa B BHIE CYMMBI:

P _ P, (x) .
Px) T (e—x)n. (e — xp)" (@ X - b,x )P . (@, X" - by + cm_) B

A(ll) AD (1)
+ + (X — xg) xk)% +

rue

A(k) A(k) (l)x + D(l)
+ o=t (x—x D) H—1 + ...+ X —Xp + (a,x? + bx+c)b +
s+ DP Chx+ DY)

oy B T ey e



+ C{™x 4 D™ ™% 4 D™
et (@ X Fbpx FcpPm 1 (@px® L bpx + cppPn—1 T

C™x 4 D™
3"! Bﬂl
_|_...+(amx2+bmx+% , (IV)

1 1 k
re AD,..., AQ,..., AP,..., C¥’, DY — nocrosmmsie Koa(-
¢umyenTe!.
Ipn BHMHCJEHMH HHTErpasioB, OTHOCSIIMXCA K LAHHOMY CJyyao,

Ax + B
HNPUXOJHUTCSA BBl —_—
p JUTCSA BbIYUCJATD HHTErpaJinl BHOA S(axz + bx +C)" dx, KOTOpHIE

6epyTca mo Qopmysie, BHIBELEHHOH paHee.

x4 x" x4 x
IIpumep. Beruucaute HHTErpan LTIy dx.

Pemenne. Tak kak 3HaMeHaTeJb HMEET KPaTHBIE KOMILIEKCHBHIE
KOpHH, TO ApoOb MOXeT ObITb pasJoxeHa mo gopmy.se (IV):

x’+x5+x3+x__Ax+B_l_Cx—|—D+Ex+F Mx+ N
@243 427 T xt2 T xP43 T k243

[lpuBoxuM mnpaByl0 4acThb K OOLIEMY S3HAMEHATeNI0 H IPHPaBHHU-
BaeM YMCJIMTENIH NPaBOH M JIEeBOH dYacTeit:

x4+ x*+xFx=(Ax+B)(x* 3 -+
4 (Cx+ D) (x* +2) (x* 4 3)* - (Ex 4~ F) (x* 4-2)* -
+ (Mx - N) (x* 4-3) (* +-2)".

B npaBoﬁ 4YyaCTH TPOHU3BOJMM YMHO2KEHHE H pacnoJara€M MHOro-
4JIEH IIO y6bIBalOU.lPIM CTENEHAM X:

X+ x4 x4 x=x"(C+M)+x*(D+N)+
+ x* (A+8C+E~7M)+x*(B+8D+F-+TN)+
% (64 ++21C+ 4E + 16M) + x* (6B~ 21D + 4F 4~ 16N) +-
L x (9A 4 18C - 4E + 12M) (9B + 18D +4F + 12N).

[MpupaBruBaeM KO3(Q(HUHEHTE NPH OJMHAKOBBIX CTENMEHSX B Ipa-
BOH M JIeBOH 4acCTAX M NOJYyYaeM CHCTEMY YpPaBHEHHIi:

C+M=1 6A-+21CH4E+16M=1
D+N=0 68 21D 4 4F 16N =0
A+8CH+E+TM=1 9A4 18CH4E+12M=1
B4+8D+F+7N=0 9B+ 18D--4F-12N=0.
Pemas cuctemy, Haxomumm:
F=D=B=N=0, A= —5, C=19, M= —18, E=-20.
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Tenepb MOXXHO BBIYHCJIHTb HHTErpaJ:
x4+ x° - x2J-x 19x —20x
e —S(x=+2)*d +Sx*+2 ax + { padat
— 18 19
+ (5 ax =grryty (e 9+ g —9ln (¢ 4-3)C.
Ipumep. Boluncautsb HHTerpa.nS % .

Pemenne. [loapsyacs c¢opmynoir (IV), mpeacraBuM xaHHYIO
Jpo6b B BHAE CYMMbI 3JIEMEHTapHBIX ApOOeit:
4x*—8x A , B Cx—|—D_I_Ex—[-F
=11 @x—1F T x—1 ’|“(x2+ T Ef1

[NpuBeném k obuIEMYy 3HaMEHATeNI0 NPaBYI0 YaCTb M IPHPaBHAEM
YUCJHUTEIH NPaBOA M JIEBOH 4acTeli:

4xt —Bx=A(x* 1)+ B(x — 1) (¢ + 1) -
+(Cx+D)(x — 1)+ (Ex+F) (x* 1) (x — 1)*.

BrimosHsieM yMHOXKEHHE B IPaBOX YaCTH PaBEHCTBA M pacClosaraeM
MHOTOYIEH IO YOBIBAIOIIMM CTEHEHAM X:

4x* —8x=x° (B~ E)+ x*(A— B— 2E -+ F)+
+ x* (2B~ C+ 2E — 2F)+ x* (2A — 2B— 9C+ D — 2E -+ 2F) -+
1 x(B4C—2D -+ E—2F)+(A— B~ D-F).

[TpupaBHuBaeM KOS((HUIMEHTH NIPH OAMHAKOBBIX CTENEHAX B Ipa-
BOH M JIeBOH 4acCTAX M IOJy4YaeM CHCTEMY ypaBHEHHMH:

B+E=0 9A—2B—2C+D—2E-+2F=4
A—B—2E-+F=0 B4+C—9D-+E—9F=—5§
9B+ C4-9E—9F=0 A—B-+D-+F=0.

Pemas cucteMy, HaXOIMM:
A= —1,B=2,C=—2, D=4, E=—2, F=—1.

[ToncraBaseM HajiieHHblE 3HAYEHHS U BBIYUCISEM HHTErpaJ:

(4x*—8x)dx _ ( —dx 2dx —2x 44
(x-1)2(x2+1)2— (x—l)z_’_Sx—l wrydxt
—2% —
+§ 5 St Dt g4
—In(x*41)—arctg x. (1)

BrlyncauM HHTErpan:

S @ CF 1’)6:) Z=arctgx— | (x_f-%)'“ (mocnepuut mrre-




rpas 6epém o yacTam)=arc tg X + 5 (x, 7 ; arctg x = 2(%4_1) -+

-+ 7arc tgx-C.
[MoncraBnsiem Haﬁl[eHHbIﬁ pesyJabTaT B paBeHCTBO (1) M momyuaem:
(4x* — 8x)dx
S(x—l)z(x’—l-l)” 1+21n(x_1)+x2+1+x2+1+

+2arctgx—In(x*41)—arctg x4+ C=In (x’—l-l —+arctg x4~
3x?— x
Te—nErn TG

Brruncauthb HHTErpaJeol.

2x dx 1 1 2
108. Xm(OTB.:———ln(x—!—l)—]——Iln(l—l—-x)—I—-

i te)
109. SW’(OTB (x'l'll—l— x+1 —|—2arctgx)-|—C).

X

dx
110- S(x_l)g(xz_l_x_l_l)z (OTB':—?,(x—l) (x2+x+l)—|—
—|—£l;1n(x2—|—x—]—l)—|—2V3urctg2:/_|3:l——§ln(x~—l)—|—C).

B HEKOTODEIX CJyyasX I HHTETPHPOBAHMH DAUMOHAJBHBIX APO-
Oeil MOXHO NOJNYYHTL HYXKHBIH DesyabTaT, He MNpHUOeras K OOLLMM
IpaBHJIaM, PaCCMOTPEHHBIM BhIle, a MOJb3YfACh NPOCTEHIIUMH Npeo6-
pasoBaHMAMH. XapakTep NpeoOpasoBaHHil NPUXOIUTCA YCTaHABIHUBATH
OTAE/IBHO JJIf KaXAOro CJyyas.

PaccMOTpHM HECKOJbKO NPHMEPOB Ha HHTErPHPOBaHHE PaIHOHAJNb-
HBIX (YHKIMHA NPH IOMOLIIH 1eeco00pasHbIXx NMpeoOpasoBaHMil.

B dx
ITpumep. BbluuCAHMTL HHTErpa’ | ——0s .

dx l—x2+x (1
Pemeﬂue.S —= ) ea= dx Sx’(l dx—]—
. l—l-x
+Sx =y 3= S ax +§1 :?+
-|—1nx—1n(l—x)—|—C
*x*+3x)dx 1 £ 4x*+12x dx ==

l'lpﬂMep- Sx4+4x2+8 7y ,)x‘-l—4x’+8

4xs+8x—|—4x 4x® 4 8x xdx
i x4+4x2+8 r=glwtar st Ety—

=Zln(x J-4x —|—8)—|—4arctgx g'z—l-C.




d a2 1
Mpumep. st —I-xx“= x}'_(lx _'_x;’; de= (2 TX _gx—

x5 F %%
x* _ 1 dx 1  (l4x*—x
_Sx°(1+' o 4x = _Bﬁ_Sx4 TFx)— ~ 5x° x4(1+x=) dx=

1 1 l+x —x*
S +_§x2(1+x2) gﬁ_l_g;c—s—'_ x”(l—l-x’) dx =
1 1 1
5x5+3x3+5 - 1+,xz g—l—gg—;—arctgx—}-a

54 5 __ 48 3 3 (5% — 1
Mpuvep. (2% = (T2t 2 g = (TE 25 L = dx+
x%dx x*dx B—x4x 4 x*dx
+ S T—xF — (1 - xZ)‘ S = X = S aT— xz)**
x (1 — x*) dx x%dx xdx .
— =+ e S T ==F — it =
1 x"—l—x dx_.. x“——x-|-2xdx__

YT (1 ) (1 ) A=)

1
(1 —x2)4+4(1 —x2)2—3(1 —x2)3+C'

x%dx
Ipumep. Berducauts unTErpan Y

Pemenne. DT0T uHTErpa/l BHIMUC/IMM NPH NOMOLIM HHTErPHPO-

BaHusa mo 4actaMm. [lonaraem u=ux, dv—= (xefcl)z’ orciona: du=—dx
H V= — 'z*(leﬂ [Tonbaysce hopmy.10it HHTErPUPOBAHUSA IO YACTSM,
noJsyyaeM:
I xdx s tg x - C.
[Fy ) 2(x2+ ) Sz @En T I -|- ) +2 arctg
[Noab3yscy npeo6pa3soBaHUAMH, BHIYHCJIHTH HHTeraJIbI.
dx 1, x—1
111. m (om e x+1+c)
112. x4+x (OTB.: lnx—-——ln(x -+ 1) —|—C>
dx . 1
113. Sx"(l O (OTB.. m 2xz—|—' ln x2+C)

§ 7. UnTerpupoBaHye HEKOTOPHIX HJIACCOB
UppanioOHAIbHBIX (PYyHKIMNA

Ecau mox 3HakoM uHTErpasja CTOUT HPPallMOHaJMbHas (YHKIHS, TO
B pAe caydaeB ynaércs, NOJb3YACh IpeoOpasoOBaHHEM INepeMEeHHOH,
NPHBECTH MOAMHTETPaJbHYI0 (QYHKUMIO K PalliOHAJIbHOMY BHLY H BbI-
YMCJ/IEHHe 3aJaHHOrO HHTErpaja CBECTH K BBEIMHCJIEHHMIO HHTErpasia pa-
LHOHAJTLHON (DyHKLMH.
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Hmxe nepednciieHbl Te KJ1aCChl HPPamHOHAJBHBIX (DYHKIMI, KOTO-
pble HOCJe COOTBETCTBYIOLIErO NpPeoOpasOBaHUSA NEPEMEeHHOH MOTyT
ObITb CBENEHBl K DallHOHAJIBbHBIM (YHKIHAM.

1-# cayyait. Ecin mox 3HaKOM HHTerpaja CTOMT pallMiOHAJbHAs
GbyHKIHA OT LPOGHEIX CTeneHel He3aBHCHMON [ePEMEHHON X, T. €. QYHK-

P £ 4
it R (x, x?, x",..., x‘), TO Takas QyHKIHUS BCEra MOXeET ObITh
npeo6pasoBaHa B palMOHAJIbHYI0 (OPMy IPH IOMOLIM IIOACTaHOBKH
x=2", rne m ecTb obllee HaHMeHbllee KPaTHOE BCEX 3HAMEeHaTeJel
JIPOOHBIX IOKasaTesneil X, T. €. M eCTb Obllee HauMEHbLIee KPAaTHOE
qucesnr ¢, r,..., S.

Taxkum 06pa3oM, ykasaHHBIA Bbllle OPUEM NPHMEHMM K MHTErpasam
THIA

4 k

S
Z
XR (x, x?, X", x
X —X
Mpumep. BouucauTs uaTerpas \ ———— dx.

Pemenune. Ilox unterpajoM CTOMT pauMoHanbHast (yHKuus OT
npoOHbIX cTemeHeft x. OOlLiee HauMeHbllee KpPaTHOE 3HaMeHaTeseil
3, 4 u 2 paBHO 12, a notomy mosaraem x = 2%, dx — 122'*dz. Tloxcra-
BHMB B NOJHMHTErpPaJbHOE BHIPAXKEHHE X W dX, IOJy4YaeMm:

3 2 3

2 3 19y 4
2 =2 dx— G =€ _iz ) 1224z = zs;zg
x? (21?2

=12 S (2®*—2")dz= 8 e g— 2" | C= (nmoxcraB/isieM 3HayeHHE
1

<1221 gz —

7
k3 2 5
z:x“) _—_gx“ —g—x4 '_I_C

DTOT MHTErPajJ MOXHO OBITO BHIYHC/IUTH OBICTPEE, €CJIH CBECTH
€ro K MHTETPHPOBaHHIO CTENEHHBIX QYHKIHH, Pasfe/HuB YHCIHTENb HA

3HaMEHaTeJb.
3 2 6

Mpumep. BulyuCauTL HETErpas Swdx,

x(1— /%)

Pemenue. [NTonaraem x=2° dx==62°dz u nonyyaem:

Ptttz (20t o (o dz__
(Gtirer-orde=6{ Gt de =6 [2det6 [ 2=

=§-z‘—}—6arc tgz—]—C=2§x?—]—6arc tg?I/E-I—C.
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Beluucnuth HHTErpadHL.

114, S:—;}gdx (o18.: —x+ 2V x—1n(14 2V x)+C)

115. lﬁr_’f‘i"/_(m —18["“+”s—|—4’°2—l—4 >+

-+ l6x%+ 321n (x%— 2)] + C)

_VEHL .
116. /_+ /_ dx (OTB.. —

1/ —|—V_—|—21nx—
_241n<1,2/2+1)+c>
117. Sxf“/";_ (OTB 2V x+463/x+31n :;x+1+c>

2-# cryyait. Ecmn mox 3HaKOM MHTErpasa CTOMT palMOHAJNbHAst
GyHKIMA OT X M OPOOHBIX CTemeHel APOOHO JIMHEHHOH (yHKIHH

k r
ax+b ax+b\7T ax-+b\s o
pr e. R | x, (cx—l—d) yenes (c—m , TO TIOACTaHOBKOLX

ax-+b n
cxyd—% TAE I ects obllee HauMEHbIIEE KPaTHOE 3HaMeHaTe-
aeit ,..., s, nanHas Qynxuus OyneT npeo6pasoBaHa B PalMOHAJb-

Hy10 ¢opmy.
Mpumep. Bruucauts uaTErpas S

dx

3 P
1+ +14x*
Pemenue. Ilonaraem 1-}x=2° crenoBaTensHo, dx=2 zdz
H TOJyYaeM:

d. 2zd 2d.
S n X l=S‘Zsfl_f5=s1—_l_i/22=23rc’[gz—1—0=
A+0* +0+0°

=2arcthl-|—x—|—C

IIpumep. Bemuucauts mHTETpan j T

l""‘a’x

1
Pemenune. Ilonaraem 1+ =2°. OnpejenseM OTCIOfa X YePes 2
H mosy4aeMm 1—|—x——z —x2%, x(14+-2°)=2* —l,x=f—+——;§,
22—1 2
dx—(l_i_za),dz, l_x_l_T—W:—l——I—_zT"
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3aMenss B MOAMHTErPAJbHOM BBIDAXKEHHH X YEPE3 2, MOJNyYaeM:
14-x 62° .
Sl—x)‘ Vi dx—S (1+z“)2dz__5z3dz_
1 + .zs
3 14 x
—3pqc=2 ( ) +c

[Ipnmep. Beuucauts uHTErpal | . S
V e+ P e—1

Pemenue. Ilpexne Bcero HyXHO npeoOpa3soBaTh NOLHHTErPab-
Hyl0 (QYHKIMIO TaK, 4TOOHl IOJ 3HAKOM pajuKaia CTosa JIpO6HO
JIMHeHHas cbyﬂxnna BeiHOoca 3a 3HaK paaMKajga IPOHM3BEJECHHE

(x4 1)(x— 1), nomyyaem:

S(x+1>(x—1> ]/"_1

=2% HaxonuM:

(1)

[Tonaras

o
1428 _1—|—z .
X=1—"2w dx —(—_33)2 x+1= +l 1——z3’

142 2

r—l=r—m—l=r—%

3aMeHsis B MOAMHTErpaJbHOM BhIpaxceHHd (1) x yepes 2, moayyaem

S S 62°dz _is‘gg__
. 2 225 2
(x_l_l)(x_l)'l/T z3).1T;§._1___;§-2
3 1+x
dx

Ipumep. BrruucauTe HHTErpas ( Vs

Pewm e nue. [Ipeo6pasyemM NOAMHTETPabHY IO QYHKIHIO TaK, YTOOBI
IOX pajyKaJoOM CTOsIa APOOHO JIMHEHHAss QyHKHHS:

5‘ dx =" dx —
1—xV1T—=2x jl—x)V<1—x)(l+x)

S(l —x)(14x) ]/l+x

(1)
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IMonaraem i—__lf’—c =2%, OTKyJza:

1—22 __ —4zdz _ .
TFz =g | —*=1—
2

1 — 22
Itx=l+1rm=rra

3amenas B (1) x yepes z, moJayuaem:

S dx _S dx
l=x)VT—=x (1—x(1+x)l/l+x

_-—-S 421212 3 = — —=.__|_C__]/i+x—l—c
1+ 2% L -
( T2 122

BBIYHCJINTD HHTETpaJbL.

X=

18, |t/ st ax (ome: £/ (3E2)+¢)
119. yu_;)”“‘%*f“? (om.: e —arcsin x+c>
120. SV"JF‘_I (018t X144V x T4
+4n(Vx+1—1)40)

121. ij+aﬁVm (OTB b ((x+a)%”
—<x+b)%)+c)

3-#t caywait. Harerpans Thma SR(x, Vax® —|—bx—|—c) dx.

a) Eciv mOX SHAKOM MHTErpata COAEPXKATCA TOJMBKO PaJHMKabl
Buna V ax® - bxJc, npu ycaosun a>0, TO NOIMHTErpajbHOE Bbi-
paKeHHe MOXHO NDEJICTABHTh B DalMOHAIbHON (OpME IpH IOMOLIHK
noacrauosku V ax* 3~ bxJ-c=2z—xV a (nopcranoska diinepa).

3ameyanue. Ciemyer OTMETHTb, YTO 3Ta IOACTAHOBKA YacCTO
UPHBOZHT K OYEHb IPOMOSAKMM BHIK/AAKaM, a HOTOMY HOJb30BATLCH
€10 CELYET TOMBKO B KPaHMX CAyyasX, T. €. TOTJa, KOTZa TPYIHO
yKa3aTb JpyTHE CIOCOGHI A BHMHCTEHHS JAHHOTO MHTErpaJa. STo
e 3aMeyaHHe OTHOCHTCA M K TOACTAaHOBKAM, KOTOPHIE MAIOTCH Jasee
IpH PaCCMOTPEHHH CJy4aeB b H c.

PaccMOTpUM IpUMEpHI, OTHOCSIUMECSH K 3TOMY CJyYalo.
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dx
IMpumep. Bouuucauty uHTErpad jVT“—x-I——;

Pemenue. [Tox uuterpasoM He COLEPKHUTCH HHBIX DaIHKAaJOB,
KpOMe pajHKaja yKasaHHOTO BHINE BHAa, M Ipu 3ToM a=1>0.
[Ipeo6pasyemM moAMHTErpasbHOE BBIPaXXEHHE B PallMOHAJBHYIO (GopMmy,
N0JIb3YSCh NOACTaHOBKOMH ViFxFxr=z—ux (1)
BosBbimas B kBagpaT o6e yacTH paBeHCTBa (1), BbIpasuM x uepes z:

1 +x+x3=z2—2zx—|—x2. x(l +2z)=zz_ L, x:'lz:;z.
CaegoBaTeJbHO,

_2(*+ 24 1)dz s 22—1_  224-z41
dx—az—_l_l)z )44 I/ l—l—x—l—x —-z—l+2z— T2z *

Brinonnus NOACTaHOBKY, NOJy4YHM:
224241 (2z4 1) dz 2dz
le—l—x—{—x” f Ce+1PEE+z+1) _§22+1—
=In@2z4+1)FC=mQVTIFxFx*L+2x}1)}C

dx
[Ipumep. Brluucauts mHTErpat | ———————.
JxVFx—1
Pemenue. Jauapil HHTErpa/ NPHHALIEKHUT K YKa3aHHOMY BhIIIE
THIY ¥ MOXET OBITb BBIYUCJEH NPH NOMOIIM NOACTAaHOBKM OJilnepa,
1
HO B 3TOM CJlyyae ynoOHee NPUMEHHTb NMOACTAHOBKY X=-, TOria

dz
ax=— Pt
BrlinmosHus HO}ICTaHOBKy, HOJ]quIMZ

dz

fxvzzfx——f ‘/zz+ “fljr%=

— arcsin —— +C
WY
i V_—]—C.

(- +VTE)"
Vite O
Pemenue. [Tonp3ysacs MoOACTaHOBKOHA Dilsiepa, mosydyaem:

=——arCSlﬂW+C=

Ipumep. Beiupcauts HHTErpan

Orcrona:
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BHIIOJIHUB OACTaHOBKY, MOJYYHM:

(x+ViFz)* (z22_21 zzgtl)m'zzz-ztl
j——dx: dz=

Vite 1l
Z
= (2 (pa=Lmc=FG+VITR)+C

z

BrlynC/NTE HHTErpasIbL.

dx x4+ ViftxFx
123. j<l+x) Vitats 2+x+V1“_+x+x*+C)

dx L1 Ve —xF24x—V2
124. y T (om. e s V§+c)

125. L—W%T (otB.: 2arctg(x+Vx*F2x—1)4C)

(OTB.: In

126. g VX —9x—ldx (OTB.: Sx— VX —2x—1—
—1n(x—-1+1/x2——2x—_1)+c)
(OTB.: 1 d —I—C)

dx
127. f Ve Fx+1 o xt2Vetsatl

b) Ecam noax sHakoM HHTerpaja COJEPIKATCA TOJBKO DaXHKaJIbl
Buaa V ax* -+ bx—+c, 10 npu ycnosuu ¢ >0 mOmMHTErpajJbHOE BbI-
paX¢€HMEe MOXKHO NPHMBECTH K PallHOHAJbHOMY BHAY NPH NOMOLIH HOA-
cranosku V ax® - bxJ-c=xz—V ¢ (noncranoska ditzepa).

dx
(1+x)V1—|—x——x2'

Pemenue. B nawHOM npumepe HOIMHTErpaJbHOE BbIPAXKEHHE
COAEPXKHUT TOJBKO pajMKaJbl YKa3aHHOrO Buja, npuuém c=1>0,

a MOTOMy NPHUMEHHM IIOJACTAaHOBKY V14+x—xt=xz—1.
Orcrona onpenesnseM X, BO3BbIIas 00e YaCTH PAaBEHCTBAa B KBajpar.
[Tosyyaem:

—_— X = X% . oy — 2 ___Oye __1_—{—_22!
1+ x—x'=x*2*—2xz2}1;, 1—x=x2"*—22 X=1ge-

Ipumep. Brucauts uHTErpan

CJ1e 10BaTEJNBHO,

_2(l—z—z’)dz’ 1__l_x=1_l__l-|-2z_2—|—2z-|-z2

dx—_(l+zz)2 T+22 TF2z2 °
T 142 2 —1
Vidx—x =z-lizf—l=%,—.
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Brinosinus MMOACTAHOBKY, MIOJYYHUM:

dx _(20—2—2142)(142Y)dz _
I+0Viftr—x JU4+292C+22+29@E+2z—1
2dz
— Sz2+2z+2 25(2_'_1)2_'_]=—2arctg(z—|—l)—|—C—

= —2arcth1+’°—xx T1+x, e

Belyuc/HTD MHTETpaJIBL.

128. fvl——’ﬁ—d—x————z (OTB.: _;_(3—x)]/1—2x——x2+

+2a.rcsmx+1—|—0)
lw.y%dx (om.:(-—7 ___) V=x"FxF4i+

+§arc sin V—ﬁ~—|— C)

xdx T . ,:‘3
130. ( iTe—= (om.. — V' 2F-4x —x*}-2arcsin 75 -+ C)

c) Ecim nmop sHakoM HHTErpaja COZEPKATCA TOMbKO PafHKaJbl

Buga J ax*+bx—-|c u a u B — nefCcTBUTE/IbHBIE KODHH TpPEX4JeHa
ax*-bx--c, TO NOAMHTErpasbHOE BbHIDAXKEHHE MOXHO MPHBECTH
K DPallMOHaJbHOMY BHIY IIPH TOMOLIM IOJCTaHOBKH
Vax*+bx+c=V a(x—a)(x—B)=(x—a)-2 (n0ACTaHOBKA Dii-
Jepa).

dx
x+9V P F3x—4

Pemenne. Tpéxunen x*-}3x —4 umeer ABa JEHCTBHUTENbHBIX
KOpHA X, =1 M x,=—4, a C/Jef0BaTeJbHO, HHTErPaJ MOXHO BBI-
YHCJIUTH C IOMOLIBIO IOACTaHOBKH

ViFax—a=V{EFHx—1)=(x14)z.

[pumep. Boiuncaute uuTErpan

BosBriliaem B KBagpart ob6e 4yacTH NOCJEIHEro paBeHCTBa U onpene-
JAEM X:
14 42°

(x+4)(x—1)=(x+4)2.22; x—l:(x+4}z”; X = T

Orcrona:
dx=g25, Ve Pai—i=(75 -l—4) 2, xtd=
_ 1442
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Bremosans noACTaHOBKY, IIOJYYHM:

dx 102dz dz—
S(x—|-4)l/x2—|—3x— S(l_zz)z S
__2Vx+3x—4 2 x—1
=3 T xF4 +C l/x+4_| C.

BryncauTb HHTETPaJIbl.

dx Vx—1—V3—x
131‘j(x_2n/_—3¥1m (OTB V —1—|—V3—x+c>

ax . EF:
132. \S‘W:—BT—JC’ (OTB.. 2&1’Ctg ]/x_3—I—C)
dx
133. jvﬁ (OTB —2arc tg ( ) —l— C)
(x*+4 1) dx
134. j————,,___ ——

1 9 27 .
(OTB.: — (7x—|—z) V— x*+3x —2+4-Farcsin (2x-—3)—|—C)
3amaud CMELIAaHHOTO XapaKTepa Ha HHTErPHPOBaHHE HPpAlHOHA/Ib-
HBIX (YyHKIHH.

135. 5 l/(x-i-i)):dx

22° 10 10 2 1
(OTB e ]),—|-3(zsz 1)—|— In@E4-z4+1) ————actg—zi-;%_

x—1
(x4 1) dx .1
136.;(216_[_162) Vo o <0TB.. —V2x_-|—xz+c>
dx
37' T L e——
187 | =iy
(OTB.: —(;Lzs'l‘glg‘l‘c’ rae z=#——’°2)

1—VifFxFx 24 x—2VTFxF
138. j Viriie dx (01‘3.. In e —]—C)

_ﬁlﬂ(z—l)—l-C, e z= ] ’m)

139. jV1+ +/1+x
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(otB.: 2V T Fx+3YTFx+63y/TFx—n(14+y/TEx)+C

1—Vx
140. S]/H_Vx dx

(otB.: (V x—2) YV T—x—arcsinV x-+C)
141. j V(2d+Tx=)= (om: V——’;x‘;lx2+c)
142. f WT—"I’)‘(’C_@
<OTB _lnz(jzl—l); ‘"Vgamtgk—'_ +C, rre z= l/iiD

B HeKOTOpHIX CJyyasx BEHIYHC/IEHHE HMHTErpaJja HpPalHOHAJbHOM
(GyHKIMH MOXET ObITh BBHINOJHEHO 6€3 NPMMEHEHHs] YKa3aHHBIX BBIIIE
NOACTaHOBOK. PacCMOTPHM OIMH CIOCOO BBIYMCJEHHS 6€3 NOMOIIH
TIOZLCTaHOBOK.

INpumep. Bruucaute uaTErpan SVx”—?x— ldx.

Pemenwne. [as toro yroOsl HaHHBIA MHTErpajs CBECTH K IIPO-
cTefiieMy CJydyalo, BBIYHCJEHHE NPOBEAEM IO CJELYIOLIEd CXeme:
1. lpuMeHnM K JaHHOMY MHTErpajy METOA MHTErPUPOBAHUA MO

yacTaM, moJsaras dx=—du, v=Vx*—2x—1 u, CIeIoBaTeJbHO,

. _ (x—1)dx
x=u, ==y
[Monyunm:
oy Py, e (x* — x) dx
jVA 0xX—ldx=xVx*—2x—1 j_——lf:?———mc‘—_l' (1)

2. B paHHOM HHTerpaje HppalMOHAJbHOCTb NEpeBeJEM B 3HaAMe-
HaTeJb:

Vxr—2x—1

3. Cnoxum paBencTBa (1) u (2) n momyyum:
S]/xz—Zx—— 1 dx__x]/gtg}‘{':]_fv(x —x)dx _I_

2
—|—§(x 2x l)dx (cymmy JnByX HOCJEIHHX HHTErpajoB 3aMEHHM

jl/x —ox—Tdx=( Z=2=L g4y, 2)

OZHHM) =x]/x —ox—1— %%%:xlfx —9x—1 —
x_1 2 S Vg pryy g
_f(sz—zx—l-l—V(x IF— 2»dx—x x—2x—l

—Vx—=2x—1—2In(x—14+Vx*—2x—1)+C.
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Pasnenus Ha 1Ba 06e 4aCTH NOCJIEIHErO PABEHCTBA, TOJYYHM:
S Vx—2x—ldx=
=5 =)V F—2x—1—In(x—1+4+Vx—2x—1)4C.
Mpuvep. BouucauTs HHTErpas Sdex.

Pemenue. 1. JlanHplii HHTErpas BBIYUC/IAEM IIO YACTAM, NOsaras

X
— —1/ 2 2 — =
du=dx, v=) a*+F x* u, cienosarenbHo, u=x, dv VAo X
[onyunm: l
— T % —T = x%dx
2 2 J— 2 2 l
S]/a Fxtdx=xVa}x*— e ey (1)

2. B namHOM MHTerpa/se MppalHOHAJLHOCTb IEPEHECEM B 3HaMe-
HaTeJIb:

— a —-{—x
2 2 2
jl/a +xtdx= V— (2)
3. Caoxus pasenctsa (1) u (2) u pasmemuB obe 4YacTH Ha [Ba,
HOJTyYHM:
P V VaTea L[ %4
fVa +xtdx=5xVa 4 x5 Vars—
= [xV@Fx +a (x4 Ve F)]4-C
[Tosp3ysiCh yKa3aHHBIM BbIIE CIOCOOOM, BBIMHCIMTH HHTErpPaJbl.

143. (V> —aiax
(OTB —Vx —a ———ln(x—l—l/x a)—I—C)

144. SVa —x*dx (OTB TVa—x x—l—garcsm —|—C)

145. {Vox—xiax
(OTB.: % [(x — 1)V 2x —x*J-arcsin (x — )]+ C)
146. S Vx*—4xJ1dx
(OTB.: -;— (x—2V ¥ —dxF1 -—% In(x—24+Vx—dxF 1)—|—C)
Hixe H37OXEH METONL HMHTErPMPOBAHHA OZHOTO BAaXHOTO KJjacca

UPPALMOHANLHEIX (QYHKIMHA, NPeINOMXEeHHBII OAHMM M3 BeJHYaHIIMX
pycckux MatemaTHkOB—IL. JI. Ue6nmeBr M (1821—1894).
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Huddepernnan una x™ (a 4 bx") dx, rne a u b — Kakyue yroaHo
TIOCTOsIHHBIE, @ NOKas3aTeNId 71, M, p —YHCJIa PalHOHAJIbHBIE, Ha3bl-
BaeTCs OuHOMMaJbHEIM Aubdepermuanom. I1. JI. YebrimeB mokasad,
YTO €CJIM HOJ 3HAKOM MHTErpasa CTOMT OHHOMHaJbHEIH AuddepeHuual,
TO MHTErpas BbIPaXKaeTCsl B JEMEHTapHHX (YHKUHAX B CJeLYIOLIHX

Cayyasx:
l-fi cayuait. a) Ecau p — 1enoe moN0XUTENbHOE YHCJI0, TO IOX

MHTErPaJoM HYXHO PaCKPHITb CKOOKHM MO npaBuay O6uHoMa HbloToHa
M 3aTEM BBIYHC/IATH IOJYYEHHBIH HHTErpal.

Ipumep. SV)_C(I + v/ %) dx=‘s1x;_ (l —]—x1_8>4dx=
—Sx (l—[—4x —[—6x +dx4x* )dx—j( +4x —|—6x e
axt ) dx=2xVi+ 2 /o800 xt
2V x4y +-C.
b) Ecnn p — nenoe otpHuaTebHOE YHCJIO, TO NPH UHTETDHPOBAHHUH

NpHUMEHsIeTCs MOACTaHOBKa x =— 29, rue g — oOuuil 3HaMeHaTe b JPo-
6eit m u n. Takas NOACTAHOBKA INPHBOAHMT INOAMHTErPaJbHOE BhIpa-
MEHHE K PallHOHAJbHOMY BHALY.
x
Ipumep. Bouucauth uHTErpas 5‘( V TV dx

1
Pemenue. B namHom cayyae p=—3, Mm=-, n=-x,amno-

TOMy NPHUMEHHM NOACTAHOBKY X=—2%, TaK KaK OOLIuH 3HaMeHaTeJb
npobeit m u n paBeH ABYM; dx==2zdz. [lonyyaem:

y( Vixds z.zzdz:2§(lz2dz __2jz =141,

I+ VxF ) TF2r For T+ 27
z—1
”2S<l+z)sdz+2ga+z)“ (1+z>=’dsz Su+z)*
o (ztl=2, 1 __ gtz 4S
s <1+z)* TFor T+ 2 <1+z)=
=21n(1-}—z)-|—1—_|_—;—(1—_|_——z)2—|—0=21n (14+V %)+

1+Vx 14V
dx
Ipumep. Briuucauth HHTErpal y m .

Pemenue. p=—2, m=—1, n=%. [Tpumernm moxCTaHOBKY

x=2% dx =32*dz, Tak Kak 0OmMMii 3HaMEHaTeJb APOGEH m u n
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pasen Tpém. [Tonyyaem:
dx =j‘ 3z2%dz —3 3 14+2z—=z
fx(1+ xp ) FAAFa fz(1+z)*“‘ jz(l+z)= dz=
. (1+z)dz___ zdz
=3 (it s Sz(l+z)* e Fe e
o 1+2—2 (1+2)dz zdz
_35 z(1+2) dz +1—l—z z0F2) 3Sz(1+z)+1+z

=31nz—31n(1—|—z)+.1__|_—2-—|—0=31n1_l_‘/l—;_ 1+";3/;+c.

BBIYHCIUTD HHTErpaJIHL.
147. § /X @4V xpdx
(OTB 3x,/_—|— x,/;g _|_7 2?/x—|—C>
148. SV}(I—I—V})“dx (OTB.:ngx—}—z-x?—[—gxz]/}_F
+ %x3—|—6>

2-#t cayuait. Ecin B nuddepenunanssHoM 6HHOME YHCIA M H 1

m--1
TaKOBBI, 4YTO -Ill_ — [eJoe 4ucJao, TO PIHTeraJI BBIYUCJISIETCA IIpH

[IOMOIIM MNOJCTaHOBKH a—bx"=2°, rine s — 3HaMeHaTeJb JPOGH
yucsa p.

1
INpumep. Boluucants HHTErpal Sx*’(l + x*)* dx.
Pemenue. B nannom npumepe m=3, n=2, p= 7 HS=2.

1 341
Tax kak m-’lz— —_——';—=2—uenoe YHCJIO, TO CJEAYET NPUMEHHTD

noxacTaHoBKy 1 x*=2*% rme s=2— 3HamMeHaTeJb yucia p. Pemas
IOCJENHEE paBeHCTBO OTHOCHTEJNbHO X, HOoJydaeM x*>=—2°—]1,

x=VzZ—1mn dszi

BBINO/IHUB TOACTaHOBKY, MOJYYHM:
Sx (14 x%)* dx={ (VZ=T)- () -
=5’z (2 —1) dz:j’(z —zz)dz=3z —1zdC=

dz——

5
2

3
1 oy 14 x9° (35 — 2
— (1) _|_C=(_iﬂ%"__)_]_c,

tak Kak z=}1J-x%

=5(14x)
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dx

sVa—x

dx -1
Pemenune. Tak kak j——:_—_—_:j x~'(e*—x*) *dx, 10
xVaE—x°

Ipumep. Brerucauts vHTErpan y

m=—1, n=2, p=_% u s=2. B naHHOM ciayyae ’"—'}l'_l=

=— l2+ 1—0, a IOTOMY TPHMEHHM MOACTaHOBKY a°— x*=—=2".

Orciona: x* =a* — 2%, x =V & —2* 1 dx = — 2% _ . Tlonyuaem:
Va2 — 22

dx . —zdz _
\gx]/az—xz_\s‘]/az——zz zVat—2° §Z’—a
=5{ (- s )de=3;[ln(z—a)—In(z+a)]+ C=

_ 1, z—a 1 Vad—x*—a
i+ C=glny s +C

BelduCINTD HHTErpAJIBL

dx
9. | =
(OTB.:_(3x=+2)V1 —x2_§1n1+1/1 —xz_]_c>

8x4

3

150, { % (14 2x7)° (om (1 20yt —}—C)

3-fi cnyva#i. Ecau yucna m, n u p, Bxopaumue B nuddepen-

5
2

o m-41
IHaJIbHEIA OHHOM, YOBJIETBOPSAIOT YCJAOBHIO, YTO — ~+p | — uucao

eJ0e, TO B 3TOM CJyYae HHTErpaJ BEIYHC/ISETCS NPH IIOMOLIM MOA-
CTaHOBKM a - bx"=2°x", rne s—3HaMeHaTeJb YHCIA P.

[Ipumep. BoruuciauTh HHTErpad L&—V‘% .
Pemenue. Tax kak —di_==jx‘4(l—|—x’)_;_dx TO
B ViFxt ’
m—=—4,

n=—2, pz—% Hs=2.

il cél 1

B manHOM ciydae 3 y==—2 ecTb uenoe

4uCJ0, @ TOTOMY JAJS BBMMCJEHHS MHTErpasa [NPHMEHHM IOICTAHOBKY
1} x*=x"2%, Tak KaK 3HaMEHATelb YMCJa p PaBEH ABYM.
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Pemas nocsnenuee PaBEHCTBO OTHOCHTEJIBHO X, MOJYyYaem:

1 zdz
1= 2 2—1 _— —_—
x*(z ) x sz_lndx -

(2% — l)?
[Noncrasiasiem HafileHHEIE 3HAYEeHWsd B NOAUHTErPaJIbHOE BbIpaXxe-
HUE U BBIYHUC/SEM HHTErpaJs:

zdz
3
(__ax __ __ _(zz__iz_______ 2 ___ Yy
(= [ —ne=:

@—=1¢ 1
(=1

-—is—i—C=V1;C""2 ;V(l'l‘”z)s_]_c Mﬁ‘_&”;ll_{_q
Vifs
T

TaK KaK 2=—

dx
[Ipumep. Brunucauts uHTErpasI ,T/_T—T; .

%
) sdx, Tom=0,

dx
Pemenue. Tak kak | -———==
f/l —2x3
n=3, p= -—% U 3HaMeHaTeab YHuCja p paBeH S =—3.

041 1
Bripaxenne —— + +p —+———§ PaBHO HyJIO, a NMOTOMY MOJb-

ayemcs nozxcmnoaxon 1 —2x°=x%% Orcioma: 1=ux*(z*} 2),
a2
X= .g;__ ndx=— _fﬁ .
v2+2 4
@2-+298

oncrapnas HafifieHHEIE SHAYEHHs B MOIMHTETPAIBLHOE BHIPAXKEHHE,
nosydaem:

dx _
f;—/ﬁ——

22 dz zdz
5‘ j 5Tz 3_(Bbl'-IHCJIH€M HHTErpaJ
(2+ 3)3
yire

OT palHOHaIbHOMN npo6u)—_ /_ n(z4+ 32—

—Wl/&:ln(z —z Y24+ /- l/_.dCI’th3 ;z
3/T—2x%
rae z=Y——.
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Bouncauts HHTErpaJbl.

: d 1 1 1
15].]71—_%;4— (OTB. Tlnjtl——z—arctgz—l—c
Ly
roe z:ﬁi)
152.S__‘“”‘—3 (om —a (145 (2x+ )-1-0)

x2(1 + xz)T

Hmxe npensiaraioTcsa mpuMepE! Ha HHTErPHPOBAHHE HPPAUHOHANbHBIX
GyHxuMid, OpY PEIEHHH KaXXAOTO M3 KOTOPHIX CTYAEHT LOJIKEH CaMo-
CTOATEJNbHO HaiTH Gosee yNOOHBIH CIOCOO BBHIYHC/IEHHS.

153.jV?—adx (om.:—-@-]-ln(x—]— Vl—l—xﬂ—[—C)

154, j 1/—7‘3"; (om arcsm———l—C>
155.&:?‘??’—‘/5 (ot8.: 31n(1 4 &%) 4-C)
156. j TV (OTB': u +’;/3c>2+c>
157. jx—sz—l <0TB.:%x(x—|—l/m)—

—gl(x+VF=T)+C)
198. | o (o 31/ E+0)

<OTB.: —Vl—g_ln (Bx-{— —;-_|_
+ V0 F3xF3+C)

dx
159, f Vit

§ 8. UnTterpupoBanue TpaHCUEHACHTHbIX (DyHKUMA

Ecan mon uHTErpasioM CTOMT OPOM3BEAEHHE CTENEHM CHHYCa Ha
cTeneHb KOCHHYCa, NpH4éM XOTs Obl ONMH W3 MOKasaTeJe#d CTemeHed
€CThb HEYETHOE MOJIOXKHTEIBHOE YMCJIO, TO BBLIYMCJEHME HHTErpaJd

OPOBOAUTCA CJAELYIOLIMM 06pPasoM:
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S sin x cos*™** xdx = S sin® x cos *” x cos xdx =
_—:S sin® x (1 — sin®x)" cos xdx:S sin® x [1 — nsin® x4
n(n—1) nn—1)(n—2) . .
+—5—sin*x — ?smﬁc—{— « oo F(—1)"sin** x | cos xdx=

=S sin® x cosxdx—ngsink“xcosxdx—l—...—]—
ink+1 ink+3
— 177 ( sipF+en __sin*flx  sin®tix
+(—1) 5‘ X cos x dx= AET T "TRES
n(n—1) sin®ts x ,,sink“”“x_l_c

+— kL5 e )k+2n-|—1

Ipumep. Bouucaurb unTErpan S sin® x dx.

Pemenune. S sinsxdx=g sin x sin xdx =
= S (I —cos*x)*sinx dx= S (1 — 2cos® x -} cos? x) sin x dx =
= S‘ sinx dx—2 S cos® x sin x dx —+- S cos* x sin x dx ==
= — cos x—|—%cos“x—% cos® x+-C.

[Mpumep. BuIYHCAUTD HHTErpaJ Ssinzxcos“xdx.

PemeHnue. S sinzxcossxdxzs sin® x cos® x cos x dx =
-.::S sin? x (1 — sin® x) cos x dx = ( sin® x cos x dx —
—Ssin“x cosxdx:—;’-sin“x—% sin® x4 C.

cos® x
d

[Mpumep. Bbluucute HHTErpan Sm

Pemenne cos3x cos® x-cos x dx ___
¢ : sin® x —J 7 simbx T
= Ssin“‘x(l — sin® x) cosxdx:S sin % x cos x dx —

. sin~dx  sin3x 1 1
— —4 — — e
Ssm X cos xdx —5 —5 T C=3357 55T C

B uiuncants HHTETrpaJlbl.

160. Scossm:cdx (OTB.: —gﬁ—Q sinx—]—s‘r:';x—l—C)
161. S::)r;sx (OTB.: 21ncosx—|—-—2—cj?;—c°%c+0>
162. Ssm xcos? xdx (OTB.: %cossx(3 cos2x—5)-|—C)
163. S sin® x dx (OTB.:—COS x—]—% cos”x——gcosf'x—[—

—|—%cos7x—%-cos9x+(])
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sin® x dx .55 14 5 5/—3—
164.j‘7/2?—x (OTB.. 14 V/cos™ x — }/cosTx - C)

165. S sin’ x-cos® x dx

(OTB.: % sin® x — —g— sin® x —%— sin*®* x — sm“ X —I— —=sin'® x 3~ C)
cos x b 1
166. Ssm‘ (OTB sinx  3six —I_ C)

co X B T
167. —J—sx—d- (OTB.: 3 3,/s1nx——7— V/ sm’x—I—C)
y/ sin*x

Ecan nmoa sHakom MHTErpaja CTOMT NPOM3BEAEHHE YETHBIX CTeme-
HEll CHHyCa M KOCHHyCa, TO, IOJbL3YACh (QopMyJamu:
14-cos2x . 1 — cos 2x
cos”x=—+——2—, sm’x:——z—-,

MOHMXKAIOT CTENeHH CHHyCa M KOCHHYCa M 3aT€M HMHTErpUPYIOT.

[Ipumep. Brruucaute HHTErpaT S cos*xdx.

Pemenue. S‘cos‘xdng(cos’x)zdng (W)Z’x:
= [ +2c0s 2x—|—cos’ 2.x) dx:—;-S dx+i$cos % dx |

45 cos*2x dx=— x—l— 7 sin2x 4+ S 1+L054x ax =
=%(x—]—sm2x)—}—§(x—|——4— sm4x>—}-C=—8—x—l——4—sm2x—|—
—[—3]5 sin4x 4 C.

[pumep. BrluncauTe uuTErpan Ssin‘xcos“xa,’x.

Pemenue. Ssin‘xcos“xdle—lb—,g(Qsinxcosx)‘cos%cdx:
= I%S sin*2x- iczosidx=3l—2 [Ssin“ 2x dx -} Ssin“ 2x cos 2x de =
=3%S‘(l—c%4x)zdx —[—gé—osins 2x=6|—4§(1 — 2co0s 4x - cos*4x) dx—|-

L ins 2x=ix—‘l sindx -1 (1 4 cos 8x)dx

320 64 128
—|—ﬁsin52x=6—14x 31n4x+128x—|—1024sm8x—|—3—20 sin® 2x=

3 1. , -
_l—2§x—m5m4x—|—msm8x—|—3—2osm2x.

BrunucauTh, MHTErpadbl.
4 , 3x , sin2x |, sindx
168. Scos xdx (OTB.. “§+T+_3§_+C)
P 4 X sindx | sin®2x
169. Ssm x cos* xdx (OTB,. IE_T4"+ e _I_C)
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170. Ssin“ xdx (OTB.: % . sin42x 3 sin 4x_l_sm 2x )

171. Ssin4xcos2xdx (OTB.: r%x—,i sin4»x—|—4—85in3 2x—{—C)
172.Ssin“xcos“xdx (OTB. % (3x sm4x—|——sm8x>—{—C)

Ecin moausTerpanpRyio QYHKUMIO MOXHO NPEACTaBHUTb B BHIE
IpOU3BeLEHHsT YETHBIX CTENEeHell CHHyca M KOCHMHYCa, NPU4€M XOTH OBl
OIMH U3 mOKasaTe/Nefl OTpUUATE/NbHBbIA, TO MOC/AE NPeo6pa3oBaHuMit
MOXXHO HOJIYYHTb NOJA HHTErpajoM (yHKLUHIO, BBIDAXKEHHYIO uepes
TaHMeHCbl (WM KOTaHMEHCHI), U IOTOM HHTErPHUPOBATb.

sin® x
cosb x

[Ipumep. Bobluuciutb HHTErpasn S
Pemenue. Ob6a mokasatesns YéTHble, MPHYEM ONMH U3 HHUX OTpH-

HbI Sin'x dx—St‘x- ! d. —Ligs x C
UATeNbHBIM. | cogs @X == | g X Fras dx =518 +C.

siné x
[Ipumep. Berunucaute uHTErpan ‘S' o x
Pewexnue. S 8";6;6 :Stg“xdx =Stg4x-tgzxdx=

=Stg x (sec® x — 1) dx:Stg4xsec’xdx-—Stg4xa’x=
:%tgsx———gtgzx(seczx-—-l)dx:%tgax—Stgzxseczxdx—l—
+Stg2xdx =%tg5x—%tg”x—|—5(sec2x—l)dx:%tg"x—-—
—%tgax-{—tgx———x-{—c.

d
[Ipumep. Breluncauts wuBTErpan S ad

cos*x ”

Pemeﬂue.S _Ssec xdx_gseczx sec? x v —

cos*
:S(l —|—tg2x)seczxdx=§sec xdx—]—Stgzx-seczxdx=
=tgx+—é tg® x4 C.

[Ipumep. BulunCIUTE MHTETpaJ g dx

siné x °
Pemenue. Saﬁf—x gcosec xdx—Scosec x-cosec® X dx =
=S(l - ctg® x)? cosec® x dx = Scosec xdx -+ 2Sctg x-cosec’ xdx -+
2 1
—i—Sctg‘xcoseczxdx:—-ctgx—? ctg’x — =ctg® x4 C.

cost x
——d.

Mpumep. Brunciauts HHTErpaJ it 5 3%
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cos‘xd _ (1 —sin*x)? dx —

Pemenue. 5‘

sin® x sin? x
1 —2sin*x4sin*x , 1 _
S dx—S(sin* —2-}-sin® x) x=—ctgx—
1 —cos2x 1
—2x—|—S——§—dx=—ctgx—2x—l-g — g sin2x+-C.

Bbl‘-IMCJIHTb HHTErpaJsl.
173. <OTB.: -—ctgx—%— ctg"x—l—C>

174. cossx (OTB.: tgx—l—%tg“x+—é~tg5x—|—0
175. Sctg"xdx (OTB.: —%ctgsx—]—%ctgsx—c—ctgx——x—]—C)
176. Std—x (ow.:—%ctg’x—]—%ctg5x—~éctg3 x—+ctg x+x+0)
1717. S sit” x dx (OTB.: tgx—]—;lt—sin 2x—%x—}—C>

cos®

sm4 x

Ecmu nomuuTerpasbHyi0 (YHKIMIO MOXHO INPEICTaBHTh B BHIE
NPOU3BELEHHSl OTPULATEJbHBIX CTeNeHel CHHyCa M KOCHHyca: sin~".x,
cos™™x(n>0, m>0), cymma mokasaTeJell KOTOPBIX €CTb YHCJO
yéTHOE: —m—n= — 2k, TO HYJKHO YHC/IUTENb ¥ SHAMEHATED Ipobu
pasneauth Ha cos®® x (mm sin®* x), BHIPasuUTb pPe3yJbTaT uepes TaH-
reHCHl (WM KOTaHTEHCHI) M 3aTeM BBIYHC/ATb HHTErpaJl.

dx
[pumep. BHUMCIAUTL HHTETPAN |——rm——————.
}/sint x- cos x
Pemenune. IlogunTerpasbayio (QYHKIHMIO MOXKHO INpPEICTaBUTD
ll l

o 11
B BUAE IIPOU3BENCHHSA sin JC COS JC. Cmea IIOKa3aTeJieu i

1 "
—§=—4—qemoe YKCJI0, a TOTOMY HYXXHO UMC/IUTENb U 3HAMe-
HaTeJb Pa3feJUTb Ha Cos’ x.

Hrak,

cos!? x

dx . cos* o5t %~ sectxdx
3/ sin'" x cos x i/ sin x cosx ‘/ tglix

11 11
= {tg—fx-seczx-seczxdx—j tg 3 x(14-tg* x)sec’ xdx =

8 2
-y(tg Tx4-tg 9 x)sec*xdx————tg T3x —%tg—7x+ C=
————‘/ctg X — ]/ ctg®x - C.
IMpuvep. Bouucauts uuterpas Sm‘%s—x.
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Pewmenne. Tax kax B mpousseseHun sin~®xcos™'x eymma
nokasatenei —3—1=—4 ecTb uuCIO YETHOE, TO pa3LENHUM HH-
CIUTEJb M 3HAMEHaTe/b Ha cos’ X M pesyJbTaT BLIPAa3HM 4Yepe3 TaH-
FEHChI:

dax
dx cos® x sec’ x dx _s 2 .
S Siffx-cosx _ \sinx-cosx ) fgox =Stg - sec’ x-sec’ X dx =
cost x

= S tg=®x (1 4-tg* x)sec’xdx = S(tg”x—l—tg“x) sec?xdx =
=tg__22x—|—ln tgx—l—C::—%ctgzx—l—ln tg x4 C.

dx

Ipumep. Beruncants unTerpaa Sm

Pewenue. B nanHom cayyae ymoGHee NmepeiiTH K yHABOEHHBIM
yrJaam:
dx dx dx dax
S sin?x-cos*x ™ 16S 16 sin® x cos* x 165‘ (2sin x cos x)* 165‘ sin?2x

=16 S cosec’ 2x dx =16 S cosec® 2x (1 +ctg?2x)dx =
=—38ctg 2)6—%ctg3 2x+4-C.
BBIYHC/IUTD HHTErpaJbl.
dx L1, 10 , ,
178. S‘W(OTB.. -g'tg x—|—5tgx— 10 ctgx-—~3— Ctg X —
——ctg“‘x——;—ctg’x—}—C)

dx —
o |\ YT/ . 2
17 j‘ Vsinx-cos’x (ots Vtg * _|_ )
dx .9 5/
180. f———-—]s/m <0TB.. 7 Vtg x—|—C)
dx tg® 3, .
181. Sm (0TB.:—Cg2x—|—3lntgx—[——2—tg )C—l—
4 otgtx -|-c)
sin®™ x
Econ nomunrerpanbHas (QyHKuus uMeeT BHL oamrig (1) wm
cos®” x

ST, (I), T. e. B yuCJaMTENE CTOUT CTEHEHb C YETHBIM IIOJOXKH-

TeJNbHBIM [OKa3aTesJeM, a B 3HaMeHaTeJe CTeNEeHb C HEYETHBIM MOJIO-

XKHTEJbHBIM [IOKa3aTesNeM, TO HYXHO YMCJIHTENTb M 3HaMeHaTeJb

Ipoby yMHOXHTb Ha cos x B cayyae (I) wiu Ha sinx B cayyae (II),
BBHIPa3UTh APOOb Yepes CHHYCHl HJIH KOCHHYCHI, CAE€/aTh MOACTAHOBKY
W [OTOM HHTErpHpPOBaTb.

sin* x dx
cos® x

Ipumep. BriyucauTh HHTErpaJ S
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Pemenue. B unciaurene uyéTHast CTeneHb, a B 3HaAMeHaTesle —
HeyéTHast. YMHOXaeM 4HCJUTEJb U 3HAMEHaTeJb Ha COS X:

S‘ sin'xdx__ (sin*x-cosxdx__ (sin*x-cosxdx
cos®x cost x T J (1 —sin®x)?
(no.naraeM z=sinx, dz=cosxdx W CHeJaeM WOACTAHOBKY)=—

_S(l P (vuHTErpHpYyeM MO yacTAM, mosaras u=2z°, dt —(l—z-_fiz—z)i ,

OTCroja:

B 1 2 30 2%dz 2
du—3z2dz ‘0—2(1 22))_2(1—22)——51_22—2(1_zz)—

2 21—1+1dz—‘2(1z3 2)“"35‘& 351_22 ‘)(1—22)+2
1 1
~3miEE o= 28 | Sinx— S EWE

2cos?x sin x

sin® x
MNpumep. Breluucauts uHTErpan Scosx dx.

Pemenue. YMHOXAEeM YHCJWTENb M 3HAMEHATEJb Ha COS X H
noJMydaeM:

sint x sm“ X COS x sint x-cos x dx .
= = = (moslaraem z =sinx,

cosx T costx 1 —sin®x
dz=cos xdx M HenaeM NOLCTAHOBKY)=

4d. 4141 4——1 d 2
=2 =t = a4 Z=—[ 1+ =) de+

+§ii—25=—z—§+— nifﬁ—C:—sin x-5it§”+
1+ sinx
+—l Slﬂx+c

Bblync/uTh HHTErpadibl.

182. Scs(:;; (OTB.: cos x - lntg%-[_c)
183. { iz (o E’ZZZ’LHf;‘;"+§1nctg(;--;)+c)
184. S“’:mif & (o — £25% —cosx— S1ntg 2 4-C)
185, (2% (oms —5( gy 3) 4 B2 o
186. Ssam (OTB.: lntg—z—_‘_c)
187. Scosx (om.: lntg(%_}_%_l_c)

Ecau nox uHrerpasom naHa QyHkuus R (sinx, cos x), pauyoHaJb-
Hasi OTHOCHTENbHO CHMHYCa M KOCHHyCa X, TO 3Ta (YHKLHS MOXeT
ObITh Npeo6pa3soBaHa B BbIPAXKEHHE PALMOHAJBLHOE OTHOCHTE/BHO 2Z

o X
HOACTaHOBKOH tg7=z. ITpu stom:

smx—H_ s (D), cosx—l_l_ 2(II) dx= i’_iz (I11).
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OTa MOACTAaHOBKA NPUBOAMT K TPOMO3AKHM BBIKJIAAKaM, U €0 ClAelyer
I0JIb30BaTbCA TOJIBKO B TeX CJy4yasX, KOrjJa BbYHCJIEHHE HHTerpaJja
He MOXeT ObITh CBEAEHO K paHee paCCMOTPEHHBIM NpHMepaM.

14 sinx
sin x (1 4 cos x) ax.

Pemenue Taxk kak nmox MHTErpajoM CTOMT (QYHKUHS DamHo-
HaJbHAaA OTHOCHTEJBHO Sifn X M COS X, TO Mbl MOXEM NPUMEHHTb YKa-
3aHHYIO BbllIE MOACTaHOBKY:

Ipumep. Brluncants uHTErpas S

"(1 2z ) 2dz
Gtsnmax _ \ !TTF2 l—{—z“‘_S‘ 4242
sinx(l 4-cosx)™ 2z 1 1—22\" Jz(l+224+1—2% 2=
l—l—z2( +1+22)
1 1 1 1,
=7S(7+z—|—2)dz:7(lnz+7z -|-2z)-|-c=
1 x 1, o x x

X
Tak Kak z=tg~2—.

dx

[puvep. BoluncauTts uHTErpad Sm .

Pemenne. [logn wuHTErpasoM CTOMT pauMOHa/bHAA QyHKUUS
OTHOCHTEJILHO SinXx ¥ COs xX. [IpumeHnsa moacTaHOBKy, mosydum:

2z dz
dx _ 1422 __‘S‘ 2zdz 2z—-2—i—2d_
Ssinx-{-cosx_ 2z 1—22" J2z41—2"" Fo oz — 1%
1+z2+1+z2
(22 —2)dz dz -

= m"‘QSm—“‘“(z’—Qz-‘)—
_ 42 (2 — 921 I 1 VZ4z—1 _
QS(z—l)"—?“ n (= ¢ )+2Vi‘an‘—z+1+C—

| V2——1+tg%
—In
R R

:—ln(tg”%—mgg—— 1>-—{-

sin x dx
[Mpumep. Boruucauth unaTerpan TFigx"

sinxdx__ (" sinxdx __ (" sinx-cosxdx _
[Ftgx™ sinx~ ) sinx-4cosx

ttoosx
2z 1—2* 2dz
1+z21+z21+zz_45‘ (1 — 2% dz
2z 1 —22 = 1T+222224+1—2%)°
2T iFz
Jlanee HyXHO MHTErpHPOBaTh KaK PalMOHAJbHYIO Apo6b. [Ipome-
JlaiiTe 3TO CaMOCTOSATEJNBHO.

56

Pewmenwue.




BBIYuCIUTD HHTErPAJBL.

dx 1 x x
188. _Ysinx(2-]—c05x—2sinx) (OTB" ?lnth_ln(tg_f_ l) +
5
+3in(tg3—38)+ c)
24 tg 2
1 2
189. S3+5cosx OTB.: Tln2—tg% C)
dx 1 x 1 x 1 x
190. S(—_l—{—cosx)“ (OTB.: Ttg?""ﬁtgs?““z—otgs—g—l—c )
dx 1 X 1 x
191'S(l—]—cos.ac)2 (OTB': 7tg7+€tg3—2—|—C)

[py BEIYHC/IEHHH HHTETPAJIOB S sinax sinbxdx, S sinaxcosbxdx,
Scos axcosbxdx Heo6xoguMO mpeo6pasoBaTb NPOU3BEAEHHE TPHUTO-

HOMEeTpHYeCKuX (YHKLUMH B CyMMy HJH DasHOCTb, NOJb3YACh OJHOH
U3 CJELYIOWHX (HOPMY.JI:
sin ax sin bx =—é—[cos(a—b)x—cos (a4 0b) x] (D)
€OS ax COS bx=%[cos(a+b)x+cos(a—b)x] (1)

sin ax cos bx=%[sin (a-+b) x+-sin(a—b) x]. (1)

IMpumep. Bruucaute uHTErpa Ssin x-cosdxdx.
Pewewnue. [lompsysace dopmyanoi (III), momyunm:
sin x-cos 4x =% (sin 5x — sin 3x).
Orcrona:

Ssin xcosdxdx= —é—g(sin 5x —sindx)dx = %( — L cos 5.x -

—l——cos 3x>—l—C—_ —é—cos37c—- cos 5x - C.

Ipumep. Brruncauts uHTErpasn Scos 4x.cosdxdx.

Pewmenue. [lonrsgysace (bopmynoﬁ (II), momy4um:

cos 4.x cos Sx = (cos 9x -} cos x).

Orciona:
Scos 4x cos Sx dx= S(cos 9x -} cos x) dx = 15 sin 9x —]— sinx +C.
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Ipumep. Belyncantb HHTETpat gcos2 x sin 3x dx.

Pemenne. [IpeacraBuM NOAMHTErpajbHyI0O (YHKIMIO B BHAE
npousBeleHHs TPEX MHOXKHUTeNel: Scos2 x sin3x dx =

= Scos X (cos x sin 3x) dx = [IIOJIbSYﬂCb dopmyaoii (II), samennm
npouase,u.eﬂple CyMMO#i: cos x-sin 3x =l (sin 4x —4-sin 2x)] =
2 cos x (sin 4x - sin2x)dx = Xcos x-sindxdx -+

(‘cosx sin 2x dx (DO KaxIABIM MHTErpaloM MPOU3BEHECHHE TPH-

rOHOMETPUYECKHX (DYHKIMI 3aMeHsieM CyMMO#)= S 5 (sin x4

—+ sin 3x)dx + §S7(81n 3x—}—smx)dx=z ( —c—ozﬂ—zc—%‘c’gf—

— COS X ) +C.
192. Scos 2xsindxdx (OTB.: — Tli cos 6.x — % sin 2x - C)
193. Ssin 2x sindx dx (OTB —é sin 3x —i sin 7x - C)
194. Scos X cos 3x dx (OTB. < sin4x 4 T sin 2x -+ C)
195. Ssm x-sin3xdx (OTB — & cos 3x —|—20 €os X - cosx+ )

Eciu nox HHTErpaJoM CTOMT NPOU3BELEHHE MHOrousleHa P (x)
Ha sinx (WIM cos x), TO HHTErpajbl TaKOr0 THIA MOTYT OBbITb BBI-
YUCJIEHHl MHOTOKDaTHBIM INPMMEHEHHEM (HOPMYJ/IBI HHTETPHPOBaHHS
o YacTsM.

[Ipumep. BruucauTh uHTErpas S‘(;c2 +x+1)sinxdx.

Pemenue. HpumeHnM (opMys1y HMHTErpupOBaHHS 1O 4YacTsM,
nonarast u=x*4x-41, dv=sinxdx, orcioga: du=(2x-}+ l)dx
H v= — COS X. HOJIY'{I/IM

f(er x4 sinxdie= — cos x (x° 2 1)+ [(2x+ 1) cos xd.
[Nocsiennuii MHTErpaJ BBLIYMCJ/ISEM IO YACTSAM:
§(2x41) cos x dx=(2x 4 1) sinx — 2 {sin x dx —

=(2x - 1) sin x 2 cos x. Hrak, S(x”—l—x—l— l)sinxdx=
= (2x 4 1) sin x (1 — x — x*)cos x + C.
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Beuucaunts uMHTErpassl.
196. X(x’ +3 x4 5)cos 2x dx <0TB.: cos 2x (—é— X —|—7i’-) +
. 1 ., 3 9
-+ sin 2x (—2—x —[—7)6—}— T) + C)
197. S(x—[—l)cos xdx (otB.: (x4 1)sin x4 cos x4 C)

B HEKOTOpHIX Cillyyasix MHTErpaJ TPHTOHOMETPHYECKOH (YHKIHH
MOXET ObITb BBIMHCJIEH B PE3yJbTaTe NPHMEHEHMS NOAXOAAIIMX Npe-
06pa3oBaHiii TPUTOHOMETPHYECKHX (YHKUMH.

Ipumep. Brruucauts uHTErpad S‘Vl -} sin x dx.

Pewenue. [lon xopHeM npousBeaéM 3aMeHy, NOJb3YACh pa-
BEHCTBaMH:

=sin* = 2 X in x =2 sin> cos =
=sin® 5 +-cos’s H sinx=2sin cos 5.

[Tonyunm:
SVI ~+sin xdx =S‘ ]/sinz —;——1— cos'*’%—]— 2sin % cos % dx =

——S ]/(sm G fcos 5 ) dx=S(sm——|—cos )dx—.‘lsm T
—2cos—+C

sin? x cos® x dx

IMpumep. Bouucautbs HHTETpas S o) °

Pewenue. BuiHOCA B 3HameHaTese cos®x 3a CkOOKy, NMOJY4YHM:
Y,

5‘ sin®x.cos® x dx __ S sin®x-cos’x dx tg? x-sec’ x dx

(sin®x - cos®x)® ) cos® x (tg3x -} 1)° = (tg®x 4 1)

=S(tg3x_l_1)-2.tg2x.seczxdx____—3_1(tgsx_l__l)—x_l_C:

1
T3t ) +C

i B c0s X -} sin x d
pUMEp. DBIYMCIUTE HHTErpaJ Vsin ox

Pemenue. Cymmy B yuciauresne npeo6pasyeM B NPOM3BENEHHE:
. T T U
cos X -}~ sin x = cos x —}- cos (7—x) =2 Cos 708 (T—x) =

=2. V_ cos (Z—x)=]/2_-cos(—2-——x>.
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B snamenaresne mepeiiiéM K KOCHHYCY NONOJHHTENbHOTO YTJa:

— T
cos x-sinx ;. V2cos(7—x)dx_
Vsin2x ]/ cos (%—2)6)

B 3HaMEHaTesJe CHenaeM npeo6pasoBaHHE, NOMb3YACh (OPMYJIni
2sin*x =1— cos 2x; oTkyza: cos 2x =1 — 2 sin*x u, creoBaTeNbHO,

cos (5 —2x ) =1—2sin* (§—x)| =

V2 cos (%—x) dx arc cosV/Tsin( =
= V2sin( +—x )|+ C.
l/l—Zsin(%——x) [ (4 )]

Ilpumep. Brluncants HHTErpas S

cos 2x d
sint x

cos 2x cos® x — sin® x cos? x
Pemenue. \-5—dx= \——F——"dx= S x dx
sint x sm x sin

szxdx— costx dx __ = \ctg’x- Jdx
T Jsintx 7T Jsin®x o sin®x smz g X cosec® X

— Scosec2 Xdx= — % ctg®xfctgx 4 C.

cos 2x
ﬂpHMep. Bruucautb HHTErpaJ Sm X.

cos 2x dx S‘cos x — sin® x

Pemenue. Scos‘*x——sin“x cos? x — sin® x ——Ssmzx—l—cos X

=de=x—|—C.

sin 2x
Mpumep. Beuucmuts uaTErpaN | -—om d
sin 2x sin x-cos x sin x
Pemenne. gco 7 x QS cos x —QSmd"—

= 2\cos~* x sinxdx = 2':05 X flc= +C
- - 5cossx )

inI pelenuy CAEAYIOUUX npumepOB CTYAEHT OOJKEH CaMOCTOS~
TEJIbHO BbI6paTb HauboJsee ynatmbm CIOCO0 BBIYHCJ/IECHHUS.

198. 5‘ l/cs:slllx dx (OTB.Z 5 Vtgs x + 5 tg® x + C)

199. S;_T_:gi X (otB.: In(sin x 4-cosx)-4-C)
sin 2x dx ) 9

200. S % (ors.. — g+ C )
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201, (Ltfx 4, (OTB.: %tgx—]— %lntgx—l—C)

sin 2x
202. (> a (om.: 2t c)
203, | ——— OTB.: 4 : n C
j‘:/sin”xcossx ( l/g T4

Ecnn noa shakom wWHTErpasa CTOMT palMOHa/NbHas (YHKLHSA OT
nokasaTesbHOR (GyHKOMM @, TO NOLCTAHOBKOH y=—a”* BHYHCJEHHE
CBOJMTCS K MHTErPUPOBAHMIO DPaUMOHANbHON a/are6panyeckoll ApoOH.

Mpumep. BuuncauTte unTerpan S(Il——t%,dx.
Pemwenune. [lpumenuM noncraHoBky y=—e”*, orcioga x=Iny
" dx=‘-?,'—.
[Nonyyaem:
14¢* —(0+ydy __ 1=y'+y,
Se"(l—c”")dx_ y(I—yhy ytl—v) Sv(l—y)
(1 —y3ady y'dy 1+y dy dy dy
y(l—y)_l_Sy(l-—y) S d_l—Sl _S +S +
d
+S1 y =————|—]ny—ln(l—y)—|—C ex—l—ln St
BuIuncauTh MHTETpajbl.
d. x
204. S—xf (otB.: x—In(e*41)4-C)
e dx ! 1 e
205. S(1+€2x)2 <0TB.- 7al'ctgex+ '2—'H_7+C)

PaccmoTpuM mpuMephl Ha MHTErpHPOBaHHE TPAHCUEHIAEHTHBIX (YHK-
1M, pelieHHe KOTOPbIX HE MOXET ObiTb CBEAEHO K PacCMOTPEHHBIM
paHee CJyvasm.

[Ipumep. Briuncantb, HHTErpad Ssin Inxdx.

Pemenue. [lpumenuM ¢opmyny HHTErpupOBaHHs 0O 4YacCTAM,

moJsiaras
u=sinlnx, dv=dx
H, CJIEJ0BaTEJbHO,

dx
du=coslnx-? , V=2uX.
[Nonyunm:
. . 1 .
Ssmlnxdx:xsmlnx—-gx-;coslnxdx:xsm nx—

—Scos Inxdx. (0

[ocnepnuii uHTErpas BBHYMHCJIMM IO 4acCTsAM, IHoJaras
u=coslnx, dv=dx
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H, CJEI0BaTENbHO,
. 1
du=——sin lnx-? dx, v=ux.

Hrax,
S‘cos In x dx=x cos lnx—]—Ssin 1nx-x~)—i—dx=x cos In x -}

—|~Ssin In x dx.
TloxcraBnsem monydyenHbl#i pesysabTaT B paBeHCTBO (I):

S‘sin Inxdx=uxsinlnx—xcoslnx— Ssin In x dx. 1

Pemas ypasnenue (II) oTHOCHTENBHO Ssin In x dx, nomyuunm:
Ssin (lnx)dx= % X (sin In x — cos In x) 4 C.

[pumep. Berucauts unterpan Ssin x-lntgxdx.

Pewmenne. Muterpupyem mo yacrtsaM, moJaras

n=Intg x, dv=sinxdx
H, CJeXOBaTeNbHO,

1 2 - dx o
du_t—é—x-sec xdx_m, U=——COs X.
Tlonyqaem:
Ssinx-lntgxdx:—cosx-lntgx—]— sii—jic:——cosxlntgx—[—
1
dx coszg—
+\—F—F=—cosx-Intgx+ — dx=—cosxlntg x|
2Slﬂ7COS'§— 2tg—2—
+lintgz+C.

4
I1 pumep. Brluucauth uHTErpas ‘S‘arc tgx % .

Pemenne. HMurerpupyem mo wacrtsam, mosaras

_ __ x%x
u=arctg x, dv—m

H, CJeI0BaTEebHO,

_ dx __(x*dx _ (x*—1+41 _ 2
du—l_l__xz,’v— l+x2—S I+ dx_‘gl(x _l)dx+
.|_Sr_li‘_%_—_%x3—x—]—arctgx—|—c.
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[Tonyyaem:
3
garc ’co'x-—ﬂ——(’L — )arc tg x - (arc tg x)* —

x4 1 A 2
—S(——x—l—arctgx)l+x, ( x) arctg x - (arc tg x)* —
x%dx xdx arctgxdx __ (x°
—3 1+x=+51+x2_ T4 "(?“x)amgx—l_
—|—(arctgx)*-—§5%f;—xdx+%ln(l —l-xz)—-;— (arctg x)* =

= (%3 — x) arctg x4+ % (arctg x)* — %‘S‘xl(l_:;fz) dx -}
+%gm%dx+%ln(l + x*) = (%3 ——-x) arctgx —{——;-(arc tg x)* —
2 2 .
—%—l—? In(14x*)C.
Ipumep. Briuncauts HATErpan Sx’ cos xe*dx.

Pemenue. MaTerpupyem mo yacTaM, moJaras:
u=x*, dv=—rcos xe*dx,
CJIeI0BaTENbHO,

du=2xdx, v= Scos xe*dx=e" cos x | Ssin xe*dx =

=e* cos x |- e”sin x — Scos xe*dx.

Orcroza:
1
— X — X :
v= Scos xe*dx = 5 e* (cos x 4-sin x).
[Tonyyaem:
1 .
Sx” cos xe* dx = - X'ex (sin x - cos x) — Sxe"(cos X —+sinx)dx =
1 . .
=5 x’e"(sinx - cos x) — Sxe"cos Xdx— Sxe” sin xdx.
[Tocnenuue nBa MHTErpasia BHIYMCAHTE CaMOCTOHTeJIbHO TOJIb3YACh
(bopMyn0if MHTErpHPOBaHUs IO YaCTAM (OTB 5 [(x* — 1)sinx —

—(x—1y cost—C).

Ipumep. Brelunucautb uHTErpan S In (V [—x+VI Fx)dx
Pemenue. MarerpupyemM mo yacTaAM, moJaras

a=1n (V1—=x+V1+x), dv=dx;

oTCroaa:

1 D ST
b=y 7R T 2V__m)dx=
LVI=x—VIitx d¢ _1Vi-®—1, .

T 2Yi—x+Vitx Vi—e 2 &I—x
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IMonyuum:

(o (VT=x4-VTFx)de=xln VT—x+VTFx)—

_%j lfcllf_lx — ! dx—x. m(YT—x4+V1fx)—

1 1 .
—gX-tgarcsinx+C.

BuuucauTs HHTErpaJbl.

x arc tg x . x 1 1 arctgx
206.5(l e dx (OTB.. Yy +garctgx — 3 1+x’~’+C)
207. { ¥ gy (orss—x—222* 4 C)
208.S cos In x dx (OTB.: 5 (sinln x+-cos In x)—|—C>

Tpnronome'rpnqecxne HOACTaHOBKH

Ecin non 3HakoM MHTerpasa CTOMT HppalMOHasbHas (yHKIHA,
comepxalllasi TONbKO paaukanbl Buma ) a®— x* wm YV x* +a?, 1o
AN npuBeleHHs (YHKUMM K PalMOHAJbHOMY BHLY UEIeCO00pasHO
HOJb30BaTbCS TPUTOHOMETPHYECKUMH O/ CTaHOBKaMH.

B cinyuae uppaumoHanbHOCTel Buna ) @® — x* MOJB3YIOTCA OXHOM

. T
U3 MOJCTAHOBOK: X=—asint WIH X=a COSZ, Iie — 5 <i<< % W

0<<t<m. Jliobas M3 3THX NMOACTAHOBOK NPHUBOAUT (YHKUHIO K pa-
LIMOHA/ILHOMY BHAY OTHOCHTEJBLHO Sint M COSZ.

B cayuvae uppaumonaibHocTH Buaa )V x*-a® caemyeT mosb3o-
BaTbCs NOJCTAaHOBKOH x=—atgt. Eciu mox HHTErpajoM HMEITCH
TOJBbKO palHKajbl Buaa ) x*—a®, TO MOJB3YIOTCH NOACTAHOBKOH
x=asec*?.

PaccmMoTpuM HECKO/IBKO HHTErpasioB, NPH BHIYHC/IEHHH KOTOPBIX
yZOOHO NOJIb30BATLCSA TPUIOHOMETPHYECKHUMH MOICTAaHOBKAMH.

x%dx
INpumep. Brluucaute HHTErpad Vi
—_—X

4

Pemenne. [lna BEIYHC/IEHHS STOrO HHTETpaja YyIZOOGHO IpHMe-
HUTb TOACTAaHOBKY:

x=2sint, (1) dx=2costdt,

TaK KaK 3Ta NOACTAHOBKA MPHUBOIMT MOJMHTETPAJbHYI0 (YHKIMIO
K pal{OHAJbHOMY BHJY OTHOCHTEJbHO SinX M COS X,
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[Nonyuyaewm:
x*dx __ (4sin®¢2costdl __ (‘8sin"fcostdt —q j‘ sin®fcostdl
Vi—x? Vi—4sin’t 2V 1—sin®¢ cos !

—4 Ssm=tdt=4 S‘:T—C"S”dt=2g(1 — cos 2) dt — 2t — sin 2 |

+C=2arcsin > — sV I—x*+C,

TaK Kak M3 paBeHCTBa (1) umeem:

t =arc sin ’21 M sin2t =2sint cost=2sint Vl—sin”t_—_—

=2-% ]/l —’;:-é-x Vi—x

Ipumep. Brruucautb uHTErpan Sl V 2x — x* dx.

Pemenue. XoTa nox MHTErpasoM CTOUT pajaukas 6ojiee CJI0XK-
HOTO BHJa, HO H B 3TOM CJyyae yAOOHO MO/Ib30BATHCA TPHrOHOMET-
PHYECKOH MOACTaHOBKOH, NpUBOAAILEH (DYHKUMIO K PalMOHAJLHOMY

BHULLY.
[Tonaraem
x =2sin’t (1),
OTCIOZA
dx =4 sint cos ¢ dt.
[Tosyuaem:

Sl/2x——x’ dx:SVZ-Qsin“t—-4sin"t~4sintcostdt=
=252 ]/sinzt(l—sin’t)-sin2tdt=2S23intcost-sin2tdt=
.2 | .
=2S sin 2tdt=S (1—cos4t)dt=t——zsm4t—|—c. (2)

B nosyyenHoM pesyJibTaTeé HYXHO ¢ BbIpasuTh uepes x. Iloabsysch
paBeHcTBOM (1), mosyumm:

t==arcsin ]/—;—, sin 4¢ = 2 sin 2¢ cos 2¢ = 4 sint cos ¢ (cos*t — sin*t) =

—4 ]/gl/f.—__;(l_.;i_g)ﬂ Vox—x* (1 —x).

[ToacraBass HafiieHHble 3HaYEHHs B PAaBEHCTBO (2), mOAy4YHM:

jl/2x—-x’ dx =—arcsin T3 x)VQ\—x + C.
IIpumep. Beruncauts HETErpads S x? Vl —+ x*dx.

Pemenue. B pmannom c.nyqae MOXHO 110JIb30BATbCA MOACTAHOB-
Koii x=tg?, orciona dx =sec®ftdt. DTOH NOACTAHOBKOH IOJHHTE-
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rpanbHas (YHKUMA TPUBOLMTCS K PallOHaJbHOMY BuAy. [lonyuaem:

S *VIFxdx= S tg*t V' 1Ftg’ tsec’ tdt = S tg*tsec’ t dt =
= fsm ‘d _‘g(] _Coszt)smtdt_Scos“‘tsintdt—Scos“‘tsintdt:

cos®? cos®z
1 1
__5-cos5t_3cosst+ C. )
K3 pasenctsa (2) mosyyaem:
1
CoSt—=—on—
VifFx’

a CJIeL0BaTeJ/bHO,
3 | AT _ Lvii T oe
(VT dx=3VTF2F — 5 VIF P +C
MNpumep. Beruucaute uuTerpan sz Vx*—1ldx.

Pemenne. [aa Toro yro6bl moj HHTErpajoM MOJYYHTb (DyHK-
M0, PALMOHAJIbHYIO OTHOCHTE/BHO Sin# W COS £, BOCIOJIB3YEMCS TOJ-

CTaHOBKOMH
=sect (1)
H, CJEL0BaTEJbHO,
sin ¢
dx == m dt.

Momyyum:
21/ T _ 2 -l/z—_ sin ¢ __ (sin®¢ -
Sx Vxr—1 dx_Ssec tVsec’t—1. —7dt=\ —dt=
. sin ¢
= ( MHTETDHDYeM 0O dacTAM, mosaras a=sin?, dv=_dt u,

1 sin ¢ 1 dt
cJiefoBaTeNbHO, du=costdt, v= Toodt t) = ot — T ) o —

__ sin¢ sm2t+cost dt — sin ¢ 1 ( dt 1 sinztdt__
— 4costt 4 T cos®t 4cos®t 4 Jcost 4 Jcostt T

sin ¢ i dt
== (IOCJEAHUA MHTErpas BBIYUCJSAEM IO YaCTIM)=— 4clos4 T A jﬁf—

o Smt 1 £=ﬂ—ii"—t——lln[tg(7—l—z)'+c- )

8cos’t ' 8 Jcost 4cost?  8cos®t 8
M3 pasenctsa (1) mosyuaem:
ot t
1 V=1 t | x|  Smgtcoesy
cost=—, sint="——— utg (_2'+T>_t—,7=
COS-E—SII]-E-

t 2
sm-——|—cos )
( 1-|—smt ]f_—z
Y sz —*TVx—L

Ccos "2—“"3111 ?
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Hrak,

Sx Vxr—T1dx= xan 1———x]/x—l—-
~§ln(x—l—]/x —1)4cC

dx
I+VR)Vi—x"
Pemenue. [Npumensem noicTaHoBky x=sin’f, dx=—
=2sint costdt u mosyyaem:

Mpumep. BouiumucauTs HHTErpad j

j dx 2sin ¢ cos ¢ dt 5‘ 2dt

VR Vi—® (1+81nt)]/51n2t—sln4t 1-|-sint_

=2 oar dt={ gt —2 [ Shat=21gt— o=
1?11/——x_1f1—x+c— (Vx_l)Jr

BblupC/IMTL HHTETPaJIbL.

209. 51/’6121’;2 (OTB. ;arcsmx—x1 1"”2_]— )

210. S]/Ez_———x%lx (OTB 7arcs1n —|—2x]/a —x* )

21l jw————)dl);l—TF (OTB V1+x2+ >

22 [ = e s

212(a).j7::-iiic;2 (OTB.: —2x+3a1/ ax —x* -+

—I—:% arcsin 2 a—}—C)

213. S_ﬁ% <0TB.: —?%:—%%—%arcsmx—}—C)
(1

MeTox HeompemeJEHHBLIX KO3 PUUMEHTOB NPH HMHTErpUpOBaHUU
TpaHCUEHAEHTHBIX (YHKIMH

B HEKOTOpBIX Ciyuyasx MOXHO 3apaHee IPENBHIETb, KaKOH BHI
JO0JDKHAa MMeTh nepBooOpasHass (yHKUMA AJsA JaHHOH MOXMHTErpab-
Hoi. Tak, Hampumep, JIErKO IOKa3aTb, YTO A (YHKUHH

P, (x)e* ()
nepBooOpasHas XO/KHA MMETb BHA NPOH3BEIEHHS:
Q. (x) €™, (T
rae P,(x) n Q,(X)— MHOrouneHs! cTeneHu #; AJd QYHKIUH
P, (x)sinkx (II) min R, (x) cos kx (I11)
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nepBoo6pa3Haﬂ JAOJ/KHAa HUMETb BUI CYMMb]:
S, () sin kx 4 T, (x) cos kx, (Ir)

rae P,(x), R,(x), S,(x), T,(x)— MHOrounessl creneHu n. B kax-
IOM U3 OTMEYEHHBIX CJy4YaeB MPHU BBLIYUCJAEHHH HHTErpaJja MOXET
ObITb NPUMEHEH METON HeompeneeHHbIX KO3I(DPHUHEHTOB, coxepHka-
HHE KOTOPOrO CBOAUTCS K CJELYIOLIEMY:

1) Hurerpaa ot mannoit dyuxuuu (I), (II) uam (1I1) npupaBuusaioT
cooTBeTCTBYfOlIel mepsoobpasuoii (I') mau (II'), B KoTOpOH MHOrO-
yreHsl Q, (x), S,(x), T,(x) 3amuchBalOT C HEONMPEAENEHHBIMH KO3()-

¢bunuenTamu;

2) anddeperuupy0T 06€ 4aCTH HaMHCAaHHOrO DPaBEHCTBA;

3) npupaBHHBAIOT KO3(GhHUHMEHTH B 00EHX 4YaCTAX PABEHCTBA NPH
NopOGHBIX caaraemblx x‘e®®, x‘sinkx u x‘cos kx;

4) pewaioT MONy4YEHHYI0 CHCTeMYy ypaBHEHHIl M ONpeAeasioT KO3(-
¢upentsr MHOrOUJeHOB Q, (x), S, (x), 7,(x).

[Ipumep. Brluucauths uHTErpad S (x*—2x*+4-5) e dx.

Pemenue. [leppoobpasHas ¢yHKHMA [LOKHA HMETb BHA IIPO-
U3BEJEHUA NOKa3aTeJbHO! (YHKIUMHY HA MHOTOUWIEH TPETbeH CTeneHH, a
IOTCMY COCTaBHM DPaBEHCTBO:

{(x"—2x* +5) e dx=(A,x" - Ax* + A, x+ A) e +C.
Hupdeperunpys ob6e 4aCTH MOCJELHEr0 PaBEHCTBA, MOJYYHM:

(x*—2x*4-5) e** =e**[3A,x*+3x* (4, + 4,) +
+x (34, +24,)+ (34,4 4,)]

[TpupaBuuBaeM KO3(QUUHUEHTH NPH MOAOOHBIX CJaraeMbIX M HOJY-
YyaeM CHCTEMY:

=34, (xoadpuunenTs opu x°)
—2=23A,+ 34, ( » » X
0=234,+424, ( » » X))
0=3A,-+ A, (cBOGOLHBIE YJEHHI).
M3 sroit cucrembl Haxomum: A, :% y Ay=—1, A, :% , A, =19§ .

CnenoBareJibHO,
S(x"‘—— 2x*+4-5)e* dx = (%—x“—x’—l—%x—l—%) e+ C.
[Ipumep. Bobluucauth HHTErpas S (x*+x+1)sinxdx.

Pemenne. Tak kak Bux nepBooOpasHO# (YyHKUMM HaM u3Be-
CTE€H, TO Mbl MOXEM HalHCaTh PaBEHCTBO:
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S (x*+x+1)sinxdx=(4,+A4,x+ A,x*)sinx+}
+ (B, +B,x -+ B,x*) cos x +C.
Huddepenunpyem obe yaCTH PaBEHCTBAa U MOJy4aeM:

(x*4x -+ 1)sin x =sin x[(4, — B,) + (24, — B,) x — B,x*| +
+-cos x[(A,+B,) (A, +2B,) x + A.x°].
[NpupaBuuBas K03)GHUIMEHTH IPH OAMHAKOBBIX CJAraeMblx, IOJMY4aeM

CHCTEMY YpaBHEHMH:

1=A, —B, (xoadpduuuestsr npu  sinx)
=24, —B, ( » » X sinx)
l=— B2 ( » »  Xx* sinx)
0=A4,+B, ( » » Cos X)
0=A,+2B, ( » » X COSX)
0=A4, ( » »  x*cos x).

Pemas cucremy, nonyyaem: A,=0; B,=—1; B,=—1; A,==1;

A,=2; B,=1. CunenoBaTenbHO,
S(xz—l—x—l— 1)sin x dx=(—x*— x4 1) cos x 4 (2x 4 1) sin x| C.

BHIYHCIUTD HHTETPAJBI.

214. sz sinxdx (otB.: 2x sin x -+ (2 — x*) cos x 4 C)
215. {(x*—x+43)evdx (o1B.: €*(x*—3x-6)4C)
216. § x%e™dx (018.: & (9x° — 9x* +-6x —2) 4-C)
217. { (x*—3x)sin xdx (o1B.: (2x — 3) sin x —

— (x*—3x—2)cos x+C)

OTUM Ke METOLOM MOXHO IOJb30BaTLCA MPH BBIYMCJICHUH HHTeE-
———___p” (x) dx , rae P,(x)— MHOrouJeH CTENeHH .
Vax*Fbox+c
M3 TeopeTHYeCcKoro Kypca H3BECTHO, YTO BCErjga MOXHO HaWTH Ta-
KHe NOCTOSIHHBIE BesuuuHb A, A,, A, ..., A,_,, B, LA KOTOPBIX
CIpaBeJJIMBO PaBEHCTBO:

Py (x)d n—-1 n—-2 n-3

+Anﬁ+ﬂnﬁvatraq$+ﬂy7aq$a: M

Bpynciende HMHTErpasios JaHHOrO THNA CJEAYeT NPOBOJUTH IO
CJIeAyIOlWEeH cxeMme:

rpajoB THIA j‘
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1) OuddepernupoBats obe yactu paBesctsa (I).
2) B paBenctBe, mnoayyeHHoM mocJte auddepeHuupoBaHus, NpU-
paBHATh KO3((bHUHEHTH NPH OZMHAKOBEIX CTENEHSX X.
3) Pemas cucreMy ypaBHEHHil, MOJYYEHHYIO B pe3yJbTaTe IpDH-
paBHMBaHHMA Ko3(dunuenToB, HaiiT koshduuuenTsr A, A, A, .»
—1
" 4) INoncTaBuTh HaiineHHble ko2(QduuueHTH B paBeHCTBO (I) M BbI-
YUCJUTh HHTErpaJ, mepel KOTOPBIM CTOMT Ko3dduuueHrt B.

Ipumep. BuluncauTh uHTErpaJ S M—*_Tﬁi

Pemenue. Ilompsysacy paBenctsom (I), samumem:
x3—x41 - CR
Ve e +2x+2dx At +Ax+A)V 202+

+8 | *)

Juddepennnpyem obe yaCTH paBeHCTBa M IOJydaeMm:
P—x+1 L0y 10
Vm - (2on—|—A1) V)C + 2}6 + 2 +
B

. x—1
+(Ax +A1x—|—A2)Vx2+2x+2—|_Vx2—,—2x—|—2

VumuoxaeMm obe uacTu paBeHCTBa Ha J/ x* +2x -+ 2:
xP—x4+1=02A4Ax+A4,) (x*+2x+42)+
+(AxX* - Ax +4,) (x+ 1)+ B.

PaCKpoeM CKOOKH B npaBon 4aCTH paBEHCTBa H PaCHONOXKHUM IOJY-
YedHBIH MHOTIOY/IEH IO y6bIBaIOIU.HM CTENEHAM X:

x*—x-+41=38A4x°+ x* (24,4 54,)+
+x (44,+- 34, + 4,)+- (4, + 24, 4 B).

[TpupaBHMBaeM KO3(QHUIMEHTH NPH OAMHAKOBHIX CTENEHAX X B
06eyx YaCTAX PaBEHCTBA W NOJNyYyaeM CHCTEMY YpPaBHEHMH:

1=34,
0—2A 54,
— 1_—_—-4A 34, 1A,
1=A, —|—2A +B
Pemas cucremy, Haxomum:
1 5 1 5
A0='§, A:l:_g’ A ———“-6— Br—“?.

[MoncraBum HalifieHHble 3HaueHMA B paBeHCTBO (I') u uHTerpupyem:
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e e R i

T2 ny2+2x+2 <;x __x+ )Vm_l_
T3 IIl| x+1)—|-l/x’+2x+2|_{_c
Mpumep. BbluucauTh MHTETpaJ Sx L) FxFTdx

Pemenne. Meros HeonpeaenéHHbIX KO3(DOUUMEHTOB MOXKHO
NPUMEHHTb ¥ K JaHHOMY HHTerpaJy. [Ipeo6pasyeM mOAMHTErpa/bHYIO
QyHkuMIO Tak, uyTOGBl B YHCJHTEJNE APOOM CTOAI MHOTOUJNEH, a B
3HaME€HaTeJle KBa/ApaTHBI KODEHb M3 TPEXUJEHa BTOPOH CTENeHH:

2 AT e L T/ — (DA x4+ 1),
j(x LW eFxTF ldx_f =
x4 x4 2%+ x4 1 dx.
j VEatst+T
I8 BEIUMCJIEHHA MOCJENHEr0 MHTErpaja HCIOJb3YEM METOH Heompe-
JenéHHbix  koadgduurentoB. CocTaBUM paBEHCTBO:
x’—l—x“—l—?x*’—l—x—l—ldx__
j Vifx +1 -
= T - 17 dax
p— 3 2 2 1 3
(on +A1x _l_Az'x_I_As)Vx _[_x_l_ _I_B\YVII_JCZ—,—T—I-C . (I)

Hanee wnyxno: 1) JduddepennupoBats o6e uactu paBeHctBa (I').
2) B paBeHcTBe, moJyuyeHHOM Inocae nu(GEepeHIHpOBaHUs, MNPHPaB-
HATh KO9(QULUHMEHTH NPY OJAMHAKOBBIX CTeneHax X. 3) Pewntsh cuc-
tTeMy M HafiTh ko3¢dduuuentel. [loacTaBHTh HafinenHsle koaddu-
ureHTsl B paBeHCTBO (I') ¥ BBIUMCANMTL HHTErpas. Bcé 310 mpopenaiite
CaMOCTOSITEJ/IbHO.

BblukC/IITh HHTETPaJIbl.

218. j" AWt x—1
Vx2—|—2x—l

(ona.: (%x2+%x+%)1/mx‘_-l_
-—21n(x—|—1—|—l/m)—]—0)

219. jnvjzx_i——z_}?—%dx (omB.: XV X" —2xF5 —
—51n(x— 14V x* —2x45)4C)

220. (V3 —bxFidx  (om: T2V —bxT1—
131/31 (6x-—-—5—|—|/36x2—60x+12)—{—0)
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FTABA BTOPAY
ONPE REJIEHHBIE UHTETPAJIbI

§ 1. Boiuucienue ONpefeJeHHbIX HHTErpajoB HermocpeCTBEHHbIM
CYMMHUpPOBaHHEM

[lycte Ha cermente [a, b] mana HempepbiBHas QyHKUMA f(x) u
b

HYX(HO BBIYUCJ/IHTb ONPEJENEHHbIH HHTErpaJ S f(x)dx, kak npemen
s=n ¢

CyMMBI Z S (&) (x;— x;_,), TOpH yCJOBHH, YTO HYHCJIO HPOMEIKYTOY-
i=l1

HBIX TOYeK HEeOlPaHHYEHHO BO3PaCTaeT, a MJHHBI YaCTHYHBIX Cer-

MEHTOB [X,_,, X,| CTpEMATCA K HYJIO.

B TeopeTHyeckoM Kypce AOKa3aHo, uTO ecan QyHxuusa f(x) He-
npepbiBHa Ha [a, b], TO mHpexes 3TOf CyMMbl CYULIECTBYET H paBeH
onpefenéHHOMY YHCJy, KOTOPOE He 3aBHCHT HM OT cmocoba pasbue-
HUSl CerMeHTa [a, b] Ha YaCTHYHbIE CErMEHTHl, HM OT BHIOOpa TOUKH
, B KaXIOM H3 YaCTH4HBbIX CErMEHTOB. BbluuC/ieHHe HHTerpasia B
,u.aHHOM C/yyae C/efyeT MPOBOAMTb IO CJAEAYIOLIEMY IJIaHy:

I. Mexny uucaamu a v b B3aTb pAl npomexcyTqube uKCes X,,
Xyye ooy Xy_yy Xp_, TaK, YTOOBI cerMeHT [a, b] Obl1 pasbuT mo onpe-
JeNEHHOMY 3aKOHY Ha 4YaCTW4Hbie cerMedThl. [losoxute a=x, u
b=x,. B xaxnoM oTAeJbHOM CJyuae HYXHO HOLOOpaTh Haubouee
YROOHbI [JI BBIYMCJIEHHMA 3aKOH Pa3OHEHHA CErMEHTa Ha YaCTHYHBIE.

2. B KaxIOM YaCTHYHOM CerMeHTe [X,_,, X,] HYXHO BHIOpaTh
HauboJsiee yno6HOe A/ JaJbHEHLIMX BBIYHCJEHHH YUCIO §,.

3. CocTaBHUTb HMHTErpasbHYyI0 CyMMY:

S :f(el) ()C, - xo) +f(sz) (xz —xl) —l—f(es) ()C3 —xz) —l_ s +
) (g )= 2 6 (54— 5 )

4, [Ipeo6pa3oBaTb CyMMYy K BHIY, YIOOGHOMY JJIi BBIYUCJIEHHS

n

npejesa, B BBIYHCIUTH lim Z F(Ge) (X — X o)

>0 p—j
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[pumep. Beruucauts usTErpas Sx dX HemoCPenCTBEHHBIM CyM-
a

MUPOBaHHEM.

Pewenune. 1. Paso6eém cermeHT [@, b] Ha n paBHRIX yacTelt
TOYKaMH:
3(b-—a)

b— 20—
X,=a; x,=a-}+ na; X,=a-+ (n a) Xy=a-F—; ...;

et EUOZ,

2. B KkaXaoM 4aCTHYHOM CErMeHte [X,, X,,,| BO3bMEM caMmyio
JIEBYIO TOUKY X,.
3. CoctaBuM P[HTeraJTbHYIO cymmy ana QyHkuuH f(x)=x, yun-

k(b _b—a,
H Xy Xy = ———

ThiBag, 4TO f(x,)=a -}
;lf(s» (e Xpmg) = (05) (2, —9) - F 0,) (1, — )+ ...
Ff s (g — Xy )= 2 (a0 10
+(a+2(b—a))b_—_g+“._I_<a_l_(n—l)(b—a))b—a=
=b-;a[ +(a+b—a) ( 2(b~a)) ( +3(b,,_a))+
a4 +(a__|_(n—l)(b—a)>] b——a[’z a+b—a(1+2+3+
d A (—1) ] a[ _I_(b-—-a)(rz—l)] =(—a)X

X[a__'_b;a'n-’—z-l].
4. BolyncauM npenen MHTErpasibHOH CyMMBI:

lim 2:‘f(Ek)(;ck—x,z_l)='lli_)r21o [(b——a)( b_z.a_ﬂ;;l)]

n—>co k=1
b2 — a?

=(b—a) (a+”_;_“): -

|

Hrak,
b
§ xdx=1 0" —a).
a

b
[Tpumep. BeruncauTh HHTErpad Se"dx HEMOCPECTBEHHBIM CyM-=
a

MHPOBaHUEM.
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Pemenue. Pasnemm cerment [a, b] Ha paBHBIE YaCTH TOYKaAMH:
2 (b —a. .
=a + b xn—] =a —l_
b — —1
+ (_a)lf" ); x,=b.

n

Xo=0; X,=

B Ka)IOM 4aCTHYHOM CErMeHTe [X,, X,,,| BO3bMEM CaMyl0 MHpaBYIO
TOYKY H COCTaBMUM HHTETpasibHyl0 CyMMy Ad (GyHkuuu f(x)=e%,

k(b—a) k(b—a)
n —pg%pe n HXp, , — Xp= .

at

YUMTBIBasA, 4TO f(X,)=e
[Tosryunm:
=n k (b—a) b—a

k=n
kgf(xk)( B N 1)——Zee i 1_1 =——e" " -+

k=1

b— b—
2(b—a) 3(b—a) n (b—a) b—a e na eb“‘e na
90— a -
+e " 4e " 4. 4e "t )=—1e —
l—e ™
BbluncauM npenes MHTErpaJbHOR CyMMBI:
pa— b—a b—a
b—a gse ™ —eh—a.p 7
lim Zf xk)(xk—xk_l)_hm — e’ =2
n—>o0 k=1
l—e ®

" b—a
BBeaéM 0003HaueHue — =h; ecam n— 00, TO h—> 0) =

3 b—a,h
. et — gV~ a¢ . _ heh he'
=limhe®——— " —lime*(l —e?~* e’—e hm
>0 1 —e” >0 ( )1— == (¢ ) ol—ef

(nonaraem 1 —e"=z; orciona e"=1—z, h=In(l1—z2); ecamn
(I1—2)In(l—2

— (0% __ o\ 15
h—0, To z—0)=((e e’)lim >

20

—_—(e"—e”)ling {—(1—2)In(l ——z)—%}——_e”—e".

b

[pumep. Boluncaute uHTErpan Scos XdX  HEnocpeacTBEHHBIM
0

CYMMHDOBaHHEM.
b

Pewenune. Pagobuém cermenr [0, b] Toukamn @ =x; x, =—

R

2b o
==; ...; b=ux, Ha n paBHbIX yacredl. JI/MHA YaCTHYHOrO cer-

2 n
b v
MEHTa paBHA x,‘—xk_1=71~. B KaxaoM CErMeHTe BO3bMEM CaMyxo
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[IpaByt0 TOYKY H COCTaBUM CYMMY:
k=n

k=n
D F ) (X — X)) = X COS Xy b=%[cos-——|—cos -+
k=1

—L-cos——[—l -+ os—]

Hanee mpeoGpasyem CTOAlIyI0 B CKOOKax CyMMY K BHAY, yAOGHOMY
IS BBIYUCAEHHUSA npenena'

b
cos —- - cos ———l— cos o cos— ( yMHO)KPIM " pasneJmM CyM-
. 1
My Ha 231n2%>= 5 (2 cos —-|—2cos 2b +

2 sin —
sin 5

+2 cos 28 sm —|— . +2cos® sm 2b ) = (KaX/I0€ CJiaraeMoe npen-

1 . 3b b
CTaBUM B BHAE PasHOCTH cm{ycoa)_—_ — | sing. —sin 4 n +
sin —
2n
5b 3b b @n + b
—|—<sm2—-—sm2 >—|—<sm2——sm )—l— —I—(sm
@n—1Hb\] __ 1 . @00 . b
n 2n ... b Sin 2n Sin 2n|°
2 sin 5
an
Tenepb BBIUMCIHM NpeJE/ HHTErpasbHOH CYMMBbI:
k=n
. b . b ] . 1 . b .
lim Cos X, — = lim— - [sm(l -—)b——sm—]:smb
,Hwkgl k n nsot o sin b_ +2n 2n ’
TaK Kak
b

. 2n i . b

lim = 1, limsin{ I —|— b=sinb u lim sm2 =0.

n—)OOsin §_ n->oo n—>oQ n
Uraxk,

b
S cos x dx=-sinb.
0

b

Mpumep. Brruncauts HHTErpas Sx”dx, pasbuBas cermeHt [a, b]
a
TaK, YTOOB abCLMCCH TOYEK MAEJNEHHA COCTABJAJIH TEOMETPHYECKY IO
NPOTPECCHIO.
Pemenue. Ilogbepém sHaMeHaTeNb NPOI'PECCHH TaK, 4YTOOLI
nocneIHu# uyneH mporpeccuu Obl1 paBeH b. A6cuucchl Toyex aese-
HAA OyAyT:

X,=a; X,=aq;, x,=aq* x,=aq’, ..., x,—aq"=y»,
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rae g —3HaMeHateap nporpeccuu. [losp3yscs paBeHCTBOM

aq"=2b, (1)
onpene/sseM 3HaMEHATE/Mb NPOTrpeCCHH g — l/-a_ ;
OTCl0aa
In i
a
=
Ing

1
b=
Ecim n—s oo, TO 3HaMeHaTesJb NPOTPECCHH ¢ = ( 7) * cTpemurcs K

eJHHHUIE.
CocTaBUM HMHTErpasibHyIO CyMMy mJs (QyHKUHM f(x)==x?, B34B B

KaxXXnoM 4YaCTHYHOM CErME€HTE CaMylo JIEBYIO TOYKY:

k=n

z;l J(Xeoy) (K — X)) =0’ (ag — a)+-a’¢* (ag* — aq) +

+atq*ag’ —ag’)+ ... +-a’q* " (ag" —ag" ) =a (g — 1)+
+agg—1)tfag(g—1)+... Fa*@ D (g—1)=
=a3(q— 1)[1_|_q8_l_qn_|_ . _l__qs (n—l)]zaa(q_l) 11——q;3 —
b3

G S, s S b —a®

q—l—q—l—l N E RN R RS G

TaK Kak q”:z (cM. paBencTBo I).

8

BblyucauM 1pejea HHTErpajbHOR CyMMEL:

k=n

b — a8 bs_aa
lim X X, — X ._hm
lim 3 f(aos) (e pn) = lim ooy =

Hrak,
b
xdx= 5 (0°—a).
a
HeHOCpe,ElCTBeHHbIM CYMMPIPOBaHHeM BBIYHUCJIHTDH onpeﬂenéﬂﬂme

UHTErpaJbl.
b

221. BeruucauThb de, pas6uBas cerMeHT [a, b] Ha paBHBEIE 4acTH.

‘ (otB.: b—a)

b
222, BpuucauThb szdx, pas6uBas cermenT [0, 4] Ha paBHEIE YacTH.
0

A
(OTB.. —3-)



1
223. BBIYHCIMTDL MHTErpas Sa"dx, pasobuBas cerment [0, 1] na

a—1
paBHble 4yacCTH. (OTB.. Ta_)

§ 2. Cea3bp Meway OmpefefEHHBIM WHTErpaloM W HeomnpenelEHHbIM

Briuncnenne onpeneséHHbX HHTErPaJoB MOXHO NPOH3BOAMTb C IIO-
MOlLbi0 HEOMpPEeAEIEHHOro HHTerpupoBanusa. Ecau F(x) ecTb Jobas
nepsoobpasHas QyHkuumn f(x), T. e. F'(x)=f(x), TO HHTerpax
b

S f(x)dx cnenyer BbuHcaATb mo dopmy.e:

a
b

{ f(x)ax=F@)—Fla).

IlpaByio yacTe mocsenHero paBeHCTBa OObLIYHO 0GO3HAYalOT Tak:
b

F(x) | =F () — F(a).

a
b

3unak Ha3bIBAETCA SHAKOM NBOMHOH MNOACTAaHOBKH; OH Yka3blBacer,

a

4yTo B (yHKUMIO F (X) HYKHO NOACTaBUTb BMECTO X CHayaJja YHCJIO b,
a 3aTeM YHCJIO @ W U3 NepBoro pesy.abtata [ (b) BbuecTb BTOPOi F(a).

Mpumep. (x”—l—-x—l—1)‘:_—:(2’—|—2—|—1)——(12—|—1—|—l)=4.

. 1 . . L]
Ilpumep. arc sin x l° =xarcsin |l —arcsin0= 5 -

Mpumep. In(x4V x*F9) ’:: In44+V#IF9)—

—In(0+V0F9)=In9—In3=In3.

Jsis BbIYMC/AEHHA ONPEAEIEHHOTO HHTErpana C MOMOLIBID Heolpe-
DEeNEHHOTO MHTErpUPOBaHHA CAeAyeT: 1) BBIYHCIHTL HeompenenEHHbIH
WHTErpaJ; 2) B3sATh nepBo0oOpasHyi0 (QYHKUMIO F(X) U BbYHC-

JuTh F(x) Z

1
=g tl=3.

1
0

Mpumep. f(x—]— l)dx = (x{—l—x)

1
x%dx
. Thb xax
IMpumep. BoyucauTbh HHTErpas T -
0

Pewenne. CHauasa BHIYMCIHM HEONpeENEHHBI MHTErpa.:

x%dx 1 4xPdx 1
THF = 1) oy —gacex +C
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CuegoBaTesbHO,

g x2dx 1

[ = 7 ar tg x* d
0

=%(arctgl—arctg0)=l~.

1
0

BBIYHC/IHTE HHTErpasibl C HOMOLIBIO HEONPEAEJEHHOrO HHTErPHUPO-
BaHHA.

224, ;{V}dx (om.: %) 224(a).5§-_7l_—;—dx (otB.: 1 —21n2)

225. fi_xx (m.: ;2) 225 (a). Lg sin x dx (o18.: 0)
226. §sin”xcos”xdx(\om.:%) 226 (a). S% ;%, ( OTB.: —;—ln %)
227. § sinmx cosnx dx (otB.: 0)
228. l&ﬁz—r,— (OTB.: %ln—g——;—;w
229. | — (orm: 1—3)
+l —4
230. l—_fc—ﬁ <0TB.: %) 230{a). g -li—xxz (OTB.: —12— lng)
231, L"—fl (om 10 )/ 3) 23160, [ & (or.: —1n2)

T

§ 3. 3amena nepeMeHHOH B OIpeleNEéHHOM HHTerpane
b
[TycTp TpeGyeTca BBMHCIHTb ONPEAEJNEHHBIH HHTErpan g f(x)dx,

a
rae f(x)— dynxnus HempephiBHas Ha cermente [a, b]. Beexém HoByIO
nepeMeHHyIo t, mosnaras X =¢(f) ¥ noguuHUB (QYHKIHIO ¢ (f) cJe-
LYIOIHM yCnoBUAM: 1) ¢ (Z) ompexeseHa M HempepulBHA HA HEKOTO-
pom cermente [a, §]; 2) Ha cermente [a, B] CymecTByeT HempepeiBHas
npon3BofHas ¢ (t); 3) ¢(a)=a, ¢(3)==0; xorma ¢ mamensercs Ha
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cermeHTe |a, B], GyHKUMS ¢ () OPHHHMaeT 3Ha4YEHHs, MPHHAIJIENKALILEe
cerMenty [a, b]. Torna MMeeT MeCTO paBEHCTBO:

b B
{rmae={flo@ne @at. (4)

U3 npusenénnoit ¢opmyJil BHAHO, YTO LPH BBIYHCJIEHHH OMpene-
JIEHHOTO MHTErpaja C NOMOLLbIO 3aMEHbl NEPeMEHHOH HeT HeoOXOomH-
MOCTH BO3BpAllaTbCid K CTapofi MepeMeHHOH X, KaK 3TO NMPHUXOLMIOCH
JenaTh NMPH BBIYUCJEHHM HeompeaesnénHoro uHrerpasia. Hamno tosbko
HaliTy nepBoo6pasHyl0 (YHKUHMIO, KaK (YHKUHMIO HOBOH HE3aBHCHMOI
[EPEMEHHOH f, U M3 3HA4YeHUss 3TOH (QYHKMH B TOYKE [ BBIYECTb
3HaueHHe (YHKUHH B TOYKE .

a
Ipumep. BrucIuTbL HHTErpas SVaz—xz dx.
0

Pemwenune. B maHHomM cayyae menecoo6pasHO NPHMEHHTb NOA-
CTaHOBKY X=asint, dx=a Costdt, Tak KaK 3Ta MOACTAHOBKa NpH-
BOJAMT I[OAMHTErpPabHYI0 (QYHKLUHMIO K DallOHaJbHOMY BHLY.

YcraHOBUM 3aKOHHOCTb TaKOH 3aMeHbl nepemeHHo#. I[lox uHTe-

rpa/joM jJaHa (QyHKUHA f(x)=V a*—x*, HenpepuiBHas Ha CcerMen-
te [0, a]. PyHxuua ¢ (¢)=a sin¢ MOHOTOHHO BO3paCTaeT M UMEET He-

NPEepPBIBHYI0 NMPOM3BOAHYIO ¢’ (£)==aCOS’ Ha CerMeHTe [O, —g—] , TIpH-

yém @ (0)=0 u go(—;—):a. Korma ¢ wusmeHserca Ha cermes-

TE [0, g-], byuxuus x = (¢) BO3pacTaeT M NPHHUMAET 3HAYyeHus,

npuHaasexaiue cermexty [0, aj.
[Tonbdyemcs paBeHCTBOM (A) M moOMydaem:

XVa”—xzdx———SVaz—az sin® z a cos tdt:azgcosztdt=
0 0 0

b

2 T

1+4cos2t ,, a® sin2¢)|? _ ma?

:a’S———2 dt——7<t+ 2 )lo — 7
0

2a
V'xz &
IIpumep. Breluuc/auTe HHTErpan ——x,—-dx.
a

Pemenue. [Ipeobpasyem DOAMHTErpajbHy0 (QYHKUHIO K pauxo-

o sin ¢
HaJbHOMY BHAY NOACTAHOBKOA X=asec?, dx=a_ 5 dt. Taxas

MOACTaHOBKA sIBISETCH 3aKOHHOH, Tak Kak (QyHkuus o(¢)=asect
MOHOTOHHO  BO3pacTaeT M HMMEET HENPEPHIBHYI0 MPOU3BOJHYIO
, asint b " . T\ __o..
© (t)=m Ha CErMeHre [O, g] , Ipuuém ¢ (0)=a u go(?)_Qa,
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19
KOrja ¢ M3MEHSETCa B CErMeHTE [0, 3] bynkuusa x=¢(f) BO3pa-
CTaeT W NPUHHMAaeT 3HAYeHMs M3 cermenta [a 2a].
[Nonbayemcs paBeHCTBOM (A) M mOJIyYaeM:

1! T
3

S‘sz_azd _AS"I/.(zzseCzt—a2 sin ¢ dt_____S\Sln tcostdt=
0

atsectt cos® £

_ 1 3V3_V3
__-3—0—-—————_‘8 .

__ 1 sin®¢
- 8

3

§N|
o ©|A

d
ITpumep. BriuncanTe uHTErpas S——x—_z
JV2+x

Pewenne. [Ipeo6pasyem momuHTErpasbHyio (YHKUHIO TPH TO-
—2 dit
MOILHK TOACTaHOBKH 2+ 4x=t¢ (1), x= l—;l— , dx=7 . Buuncim

npeienbl MHTEPHPOBAHMUA AJS HOBOH HE3aBHCHMOW IEPEMEHHOH ;
HOJCTaB/IsAf B PaBEHCTBO (1) mpemess! MHTerpUPOBAHMA JJs1 [EPEMEH-

HOH X, HOJy4YaeM:
24+4.-1=0a, a=6

2-+4-4=8, p=18.
dynxuusa x=t%‘2 Bo3pacTaeT Ha cermente [6, 18] u npunumaer

sHauenus us [1, 4]. Iloawayemca paBeHcTBOM (A) W mOsyyaeMm:

frite] 7 4] (- a-

16( 4Vt)[ 1_6(2‘8 41/18— —|—41/6)

dx
Mpumep. Boruucants umterpan | ——r—.
1+Vx
0
Pemenne. Bocmoasayemcs noacranoskoii }J/ x=1¢; orciona

x=t*u dt=2tdt. Ecm x=0, To Y 0=0 na=0; ecsm x=4,

10 V' 4=8 u B=2, 1aK xax dysxuus sospacraer B cermenre [0, 2].
HMrak, HesaBuCHMas rnepemMeHHass ¢ HM3MeHAeTCs Ha cermente [0, 2].
BeinosiHAeM TMOACTAaHOBKY M MOJIydaeM:

51fjlcf§=§|2fi=2§t-';_ll_;ldt _2Sdt—25 1‘.1ﬁ¢ —

=2, —2In(1+0)|,=4—2In3.
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BeluucanTh HHTErpaJbl ¢ MOMOLIBIO 3aMEHBl NMEPEMEHHOM.

233. S S [TogcranoBka x=a sin®z. (otB.: )
Vax — x*

4 4
234. S x*V a® — x*dx. [oxcranoska x=a sint. ( OTB.: "1‘; )
0

235. (x—-—2)2di . [ogcranoBka x — 2=2°. (OTB.: 8+ ?—’—12£§ n)
S x—2° 43

236. j(x _xfs) dx. TloxcraHoBka x=%. (otB.: 6)

1

8

B npumepax, NpHMBENEHHBIX HWXKE, CTYAEHT JOJDKEH CaMOCTOS-
TEeJBbHO NMOZ00paTh NOACTaHOBKY, Hambosee YAOGHYIO [Jsi BBIYMCJIE-
HUSL ONPENEJEHHOrO MHTErpaJa.

237. ( V (@ —x*)dx (OTB.: %na‘)
238. ISZVeT-:T dx (OTB.: 4'2' n)
239. l} Vxe +§ ! (oTB.: 4 —m)
240. S3+2cosx (OTB.: -Vi_g)

Ilpu BBIMHC/IEHNH OMpENENEHHBIX MHTErPAJOB MOMB3YIOTC (OpMy-
JIoH HHTerpHpOBaHm 0 4acTsIM, KOTOpas uMeeT BHL:

( F)-¢ (x)dx= ~ S o (x)f (x)dx.
[Ipumep. Sxe"dx:xe"“——Se"dx:e—-— 1 et+1=I1.
Bbl‘{I/ICJII/IT]: HHTErpaJibl, 0
241. Sz(ln x)*dx (01B.: 2(In2—1)%)
242, Sl x*e*dx (oTB.: € —2)
§

8%



243. f xParctgxdx (OTB.: %)

—y |

244. \ x*sinxdx (otB.: 0)
245. fxarctgxdx (OTB.: "'4'2)
246. 'S x®sin x dx (oTB.: — 4m?)

TEOMETPHUYECKHE NMPHJIOYXEHHS HHTErPAJIA
§ 4. Mrowans B NPIMOYrOJAbLHBIX KOOPAMHATAX

Huwxe saiiMéMCA BHIYHC/EHHEM IJOmMAne#d IIOCKHX (uryp npu
Y] nmomows wuHTErpasoB. [lpexne
BCEr0 paCCMOTPHM 3ajady 06
c ONpPEAENEHAN TIOMAIH KPHBOJIH-
i HeitHo# Tpanewuu ABCD (uepr. 1).
D OTa WIOWAAb OrPaHMYEHa CHHU3Y
oTpeskoM AB, COCTaBJAIOMUM
yacte ock OX, ¢ 60KOB — Op-
nudatamMd AD u BC, a cBepxy —
AR b kpusoii DC, ypaBHeHHE KOTOPO#
o 4 8 X y=f(x), rme f(x)—Henpe-
PbiBHAas M NOJIOXHTENbHAsA (hyHK-
U¥s Ha CerMeHTe [a, b].
B sTom cayyae miomanb BEYHCAAETCA N0 (opmyJe:

Yepr. L

b
L. ABCD=S f(x)dx, rne a u b—abcuuccsl Touek A wu B.

Tlpumep. BeunciauTe nuomans QUrypel, OrpaHUYEHHOR KyToM
napabosbl y=x"--1, opamMofi x=4 ¥ OCiAMM KOOpAMHAT (4epT. 2).

4 3 4
Pemenne. mu ABCO=S(x”—|—1)dx=(%—|—x)'_—_
0 0
4 76
=3 Ti=73
Pemre cienyommue saiayu.

247. BbYMCIMTH WIOLIALb, OTPAHHYEHHYI0 OCbl0 OX, rumep6osoi
xy=1 u npamMeiMa x=2 U x=4, (otB.: In2)

82



248. BpluncauTh maOLIab, OTPaHHYEHHYI0 o0cblo OX, KpPHUBOH
y=2-}sinx u npamMbIME X =T U X=2m. [oTB.: 2 (m—1)]
249. BbluMciuTe IUIOMIAAb, OrPAHHYEHHYIO B
oceio OX, xpusoit y=—e*, ocbio OV unpamoit Y
x=1. (otB.: e—1)
250. Beluncauts miomiazb, OrPaHHYEHHYIO
KpUBO# y=Inx, ocbio OX ¥ NPAMBIMH X =2
H x=4. [orB.: (61n2—2)]
251. BeruucuTh miouianb, OTPaHHYEHHYIO
X X

HenHOl JIHHHEH y:%(ez_—[—e- ), ocaMH KO-
OpIMHAT U HpAMOH Xx—a.
a, ,
[OTB.: 55(€"— 1)]
Ecou nomane orpanuyena kpusoit y = f(x)
u ocelo OX (4ept. 3), TO HYXHO BBIYHC/IHTH

abCHuCChl TOYEK IepeceyeHHsi KPUBOH C OChIO
OX u 3aTeM BBHIYUCJIMTH IVIOIIAAb IO (opmye:

b
S={r)dx.
a
pumep. Boluncauts  mJomianb, OrpaHUYEHHVIO napa6o.noﬁ
y=4—x* n oceio OX. )
Pemenne. Inomaner usobpaxena Ha yeprexe 4. Haitném a6c-
HUCCHl TOYEK NepecedyeHus: MapaboJbl ¢ ocelo OX:

Y

|

Y

0 /0 b\

Yepr. 3. Yepr. 4.

xY

SN
()

I~
x

4—x*=0; x,=—2; x,=2.

=(8—_§_)_

CiieoBaTebHO, i
S= §(4—x2)dx=<4x —-3)|

32

—(—8-{-%):'5



Tak kax HCKOMas IUIOIIAAb CUMMETpPHYHAa OTHOCHTesabHO ocu OVY,
TO MOXHO OBbLIO BBIUMCJAMTbL MOJOBHHY IVIOWIAAM U TOJYYEHHBIH
pesyJbTaT yABOHUTE:

2 2
2 . X\ __ 8\ 32
s=2{@—xax=2(ax—%)|=2(8—5)=%.
[] 0
Pewmmrte caenyromue 3ajgadu.

252. Hafitu miomanp kpyra x*— y*=r*. (otB.: r?)
253. Hafitu miomajib, COAEPHKAULYIOCS MEXAY KOODAHHATHBIMH

L L S 2
ocsimMu ¥ mapaGosoft x* -+ y* =a?®. <0TB.: %)
2 2
254. Hairn miomans simanca =+ 2=1. (oTB.: TMab)

Ecim nuomans orpaHuyeHa AByMs KpUBEIMU Y = f, (x) 1 y=Ff,(x)
(uept. b) wmm x =09, (y) ¥ x=19,(y) (4ept. 6), TO Hy>KHO BHIYHCJIHTDH

y
q
Y
£ ,(y)
P.(Y)
7, (%) c
ol a b X 0 X
Yepr. 5. Yepr. 6.

KOODJMHATEl TOYEK IIEPECeYeHHs KPHUBLIX M 3aTE€M BBIYMCIHTH INIO-
manxp no dopmyae:

s={{f.(0—filx)}dx (sepr.5),
)58)848 ¢

s={te.0)—0. )} dy  (sepr. 6)

Mpumep. Halith mioulafs, 3aKMOYEHHYI0 Mexny mNapaboJon
3

o 8a
X2 =4ay U KPUBOU yzm .
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Pemenune. Hcxomas mrowaznb (4epr. 7) CHMMETpPHYHa OTHOCH-
TeqbHO oCH OF, a mOTOMYy MOXHO BBIYHCJIHTH IOJOBHHY IVIOLIAAH
U pesyabTaT yABOMTh. [ljsi ompejenenis NpPeAe/]OB HHTErPHPOBAHHSA
HaUA€M abCUHCCH TOYEK nepeceqeﬂna JaHHBIX KPHMBBIX, DEIIUB CHCTEMY

8a®
T =5

yPaBHeHuii: y=—

Yepr. 7.

[Monyuaem: A(— 2a, a), B(2a, a). B nansom cayuae
AY 8 3
L= n fi0)=F

[Tosnbaysace q)opmynoﬁ, HOJNY4HM:

——2S(x Tz fg)dx=2<4a’arctg2 12a> ! =

2 — 2 2 2\ 2
=92 <4azarctg 1 —?az)__Q (‘na —3a )_Qa (11—?) .
Mpumep. Haiit muomwans, 3akMOYEHHYI0 MeXxIy mnapaGoJamMu
x=y" " x———%f —+1 (uept. 8).

3
Pewenune. Pemas cucreMy Xx=y°, X=-—y*-1, Haxonum

KoOpAMHATH Todek mepecevenus: A (4, —2), B(4, 2). Tak kak mio-
majgb CHMMETPHYHA OTHOCUTENbHO OCH OX, TO MOXHO BBHIYHC/IHTH

TIOJIOBUHY TIJIOMIAH.
B nmanHOM ciyyae ¢, (y)= 4y *+1uo (y)=y
[Toab3ysch (GOpMyJIOH, HOMYyYHM:

s=2{{ (3 1)y} o=2§ (1~ )=
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Peuiute cnepymouve 3amayd.
255. Haiitu niomans, ComepxKauyocs Mexay napabonoi y* =2x

H OKPYXHOCTBIO y*=4x— x*. (otB.: 0,950)
256. Haiitu BCio muomanp MeXIy KPUBOH y = x° U OpsaMoOit y — 2;2c.
(otB.: 2)
257. Hafiti miomanb, COAEPKANYOCT MEXAY ABYMs HapaboJaMu:
Yy¥=2px u x*=2pjy. (OTB.: %p’)
TA 258. BreryuciuTh mwiomanb,
B OTPaHMYEHHYIO TpAMO# Y=
=2x |- 3unapabosoit y = x*.

2
oTB.: 10 i)

259. Omnpepenuth mWiIOWIAAL
Gurypnl, OrpaHMYeHHOH mapa-

.yt — 1 .
] ~ 6omamu: y* —2x, y=7,xn

y=3— % (otB.: 8)

260. Haittu ob6uryio mio-

aab, OTrPaHHYEHHYIO KDPHBHI-

MM, 3a[laHHBIMH YDaBHEHHSIMHU:

A X*4y'=8u x* —3y*=1,

Yepr. 8. <0TB.: br — 2 V‘i_gl 2+ V§)

Ecim miomanes orpaHMyeHa CBEPXY MM CHU3Y IYTaMH HECKOJIb-
KuX KpHBHIX (4epT. 9 u 10), TO 1719 BEIYKCIEHHS HYXHO pasOUTDH
5Ty IVIOWIafib Ha YaCTH IPAMBIMH, NapajielbHbIMH ocu OY, Tak,
yTOGB! Kax¢Jas 4acTh OblJa OrpPaHMYEHa TOJbKO OIHOH KPHBOH Kak

Y Y
B
- ¥ (X)
0| SFS C
£\
1 ¢ 4 )
4 VZ/X) 1(,
fi(x) 8
ol a b c X 0} a b c X
Yepr. 9. Yepr. 10.

cBepxy, Tak M cHudy. Ha pucynkax 9 u 10 miowianb HyXHO pas-
OUTb Ha [BE 4YaCTH NPAMOK, MapasienbHoit ocu OY U mpoxomsuieR
4epe3 Touky B. B atux cayyasx IVIOI@nb onpenensior mo gopmyae:

S={{f(x)—f, (%)} dx -+ § {fo(x)— fo (%)} dx.
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dopmysa COOTBETCTBYET uepTexy 9.
[pumep. BrruucauTh mIomaAb, 3aKJIIOYEHHYIO MexAy mapabosamu

y=x, y=— lx u npsmoit y=23x (4epT. l1).
Pemeﬂue. Ciepxy miIOllanb OrpaHHYEHA

Iyroii mapabo/iel y==x* M OTPE3KOM IIPAMOA

y==3x, a CHU3Y KyTroit mapaboJbl y=—;— x*. s

BBIYUCJIEHHA HYXHO pas3OWTh INIOLIaJb Ha JBE
yactH npamoit BD, napasnnenpHo ocu OY, u
onpeieauTb KoopauHaThl Touek B u C. Pemas

=x2
cncremy{ y=—3x" maxogum A (0, 0); B (3, 9),
) .
a U3 CHCTEMBI 4{ Y=72% onpenensen A (0, 0),
[ y=3x
C(6, 18). Yepr. 11,

Bolukcasem miomane no Qopmydae:

5= g(x_gx)dxﬂ(sx__x)dx 4

0

< )l—6+(54—36)—(__26_7)__13;_

Ipumep. Bbl‘{HCJIHTb IJIoIaAb, OTPaHMYEHHYIO AyraMu mapa6o.:
y=x3 y:_—% x* n mpamoi y=4 (uept. 12).
Y

.
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Pewenue. MOXHO BBIYHCJINTb MOJOBHMHYy ILIOLIAAH (TaK Kak
¢Gurypa CHMMETPHYHAa OTHOCHTENBbHO OCH OY) M NMOMyYEHHBIH Pe3yJib-
TaT yJABOUTb.

I-# cmoco6. B manHOM ciyyae uesecoobpashee HHTErPHUPOBATH
no mepeMenHo#i y. Mckomas miomagb paBHAa yIBOEHHOH DasHOCTH
niomazneir OBC n OAC. CJIe,ZIOBaTEJIbHO,

S=— 2(3’21/‘@ SVydy)—2§V_d —iy

4

o] o

0

w

4 ,2 32 2
=34 =F=107

2-# cnoco6. Eciam BBYHCAAT IIOWAAb HMHTETPUPOBAHHEM IIO
HEePEMEHHOH X, TO NpExJe BCEro Hy:KHO HafiTh abcuucch Touek A u B.

y =x* -—l x?
Pemas cucrempt { " { V=13 , monyuaeM A (2, 4), B(4, 4).
y=4 y=4
Tax xak maomans, cBepxy orpaHnyeHa Ayro# mapaGossl W mpsi-
MO#, TO €€ HyXHO pPa36uTh Ha ABe 4acTH npsamoi AD, mapaanens-
HoOM ocn OY [Tonbsysce dopmyaoit, momyunm:

_2{5( _x)dx+g(4__;xz>dx} 2[§g§+
(

Yepr. 13.

Pemmre caepyioliye 3ajayM.
261. MuTerpupoBaHUEM BBIYMCIMTL TMJIOLIANAb, OTPaHMYEHHYIO Hpsi-

MbiMH y=x, X-+y=4 u y=3x. (oTB.: 2)
262. BuuHCINTL IUIOWIA[b, OTPAHHYEHHYIO HOPAMOH X y—=—2,
ky6udeckoit mapabosoft y=x* u ocsio OX. <OTB . %
2 2 2
x38 as,

263. Haiitn nuowazap, OrpaHWYEHHYI0 KPHBOH X

oowag
N

__'__3
(OTB
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264. Haiitu miowanp, OrpaHuyeHHylo mapa6osamu y=(x - 1)’,

y=(x— 1) u oceio OX. (OTB.: %)
265. BuuuCaIUTD IIOIIA b, OTPaHUYEHHYIO KPUBBIMU J — €%, y—e~*
o 1
aMoil x=1. . - —
H mpaMolt x=1 (OTB e+ 2)
Ecmu uckomas miouiams pac- y
MOJIOXEHAa YaCTHYHO HaZl OChIO \

OX, a 4acTHYHO TOL OCHIO
(uept. 13), TO @A BHIYHC/IEHHA
NOJIL3YIOTCA (opMy.IOfi:

S=|§f(x)dx|+|§f(x)dxl.

Ipumep. BoluupcauTs  IJI0-

uiaab, OTPaHHYEHHYIO IapaboJoi ? 3 o
y=x*—4x-+}3 1 ocamu Koop- 0 X
IMHAT.

Pemenne. Hckomazs mio-
1axb H306paxeHa Ha pHCYHKe 14. Yepr. 14.

[Tonb3ysace TNPUBEAEHHON BhILIE
¢dopmy.ioit, mosnyyaem:

szlj(x2-4x+3)dx’+’§(x2—4x+3)dx’=|i§f_

.0 1 X3 3 1 1
——2x2+3x|0+'§—2x2—|—3x11=|—§—2+3|—|—I(9—18—|—9)—
(-2t

Pemnts caexpyrouue sagayu.

266. Bulupcants miaomanb (GUrypsl, OrpaHMYEHHOH OCBIO abCLMmCC,
OCbI0 OpPAMHAT, MPAMON X =2 ¥ KPUBOK y=(x — 1)’ < OTB.: %)
267. BbYUCAUTD IIIOLLALb, OTPAHHYEHHYIO KPUBOH y = Sif1 X, 0CbIO

n 5
OX u psMBIMA X = H X=%T. (OTB.: 2)
268. BriuucauTh IUIOUIAfb, OTPAHUYEHHYIO Napabosod y—1— x?2,

ocblo OX u mpaMoi x=2. (OTB.: —g-)

269. Hafitn miomanb IBYyX CETMEHTOB, OTCEKAaEMBIX OT KPHBOMH
y=x-sinx opAMO# y— x=0 (CErMEHTH CHMMETPHYHbI OTHOCH-
TeJbHO Hayasla KOODJIMHAT). (otB.: 2)
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§ 5. Boluncienne miomaned, orpaHMYeHHbIX KPUBbIMH, ypaBHEHHS
KOTOpBIX 3aJlaHbl B IapaMeTPHYeCKOM BHIE HWIM B IOJSAPHBIX
KOOpIMHATAX

[Mpumep. BoyucauTs miomans, OrpaHHYEHHYIO OLHOM LYTOH LUHKJIO-
unbl x =a(t—sint), y=a(l —cost) u oceio OX.
y Pemenne. Hec-
KOMas IUIOalb H30-
OpaxkeHa Ha yepTexe
15. [Ilpexne Bcero
HY2KHO HAaHiTH HPENen!
HHTErPHPOBaHKs IO Ie-
pemenHo#i ¢t. OppauHa-
T Toyek O U A paB-

0 %% Hbl HymO, a IOTOMy
3HaueHus ¢, COOTBET-
Hepr. 15. CTBYIOUIME 3THM TOUY-

KaM, MOXHO HaiTH U3
ypasnenusi 0=a (1—cos t). [loayyaem: ¢,=0, ¢,=2n. CaexoBare/nbHO,

2n

b
S=Sydx= S a(l—cost)a(l —cost)dt=

0 y dx

on o
=a*( (1 — 2 cos t - cos* ) dt = (¢ —2sin?) o [y

0
° 2

=2na’ —l—a—; (t —I—Euélt) 0

Pemure caenyouye 3amgayu.
270. BuYMCJNTH TJIOAJb BEPXHEH NOJIOBHHBI KPyra X ==r COSt,

= 3na®.

. wr?
y=rsint. (OTB.. —2->
271. BuYHC/IHTL WJIOLIAAL 3JUIMICA X==@a COst, y =20 sint.
(oTB.: mab)

272. Hafitu mromams, OrpaHHYEHHYI0O KDHBOH X =—a cos®Z,
148 . 3 2
y=asin’t. (OTB.. 3 e )
[lycts AB — nmyra KpHBOH, ypaBHEHHE KOTOPO# p = f(v) naHO B 1O-
JApHBIX KoopauHaTaX. [lnomans cexropa (4ept. 16), orpanuuennoro
nyroii AB n panuycamu-exktopamu OA u OB, BhuucasioT mo dop-

e

92
MyJe S=—;—S‘pa d(?, rpe ¢, u 9, — 3Ha4€HUA HE3aBUCUMOK nepeMen-

@
HO¥ @, COOTBETCTBYIOIIHE ToukaM A u B.
[Mpumep. Haiitu niomanb, OrpaHHYEHHYI0 OJAHHM 3aBUTKOM KpPH-

Boil r=a sin 20.
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Pemenue. Mckomas kpuBasg uaobpaxeHa Ha yepTexe 17. HyxHo
BBIYMCJNTh IJIOLIAAb, J€XKallyl0 B mepBoM KBajapaHTe. [Ipu usmene-

T
HHUH apryMenTra 6 ot O mo D) NOJMy4a€TCAd 3aBHTOK, a OTCIOJa CJaenyer,
T o
4TO npeneJbl HHTErpUPOBAHHSA Onu 7 - HavasnbHO#H TOuke rpannAlbl

cootBercTByeT =0, a KOHEYHOH TOYKe 0=%. [Inomans, orpaumu-

YEHHYI0 3aBHTKOM, BBIYHCAAEM IO q)opmy.ne, IAHHOH BHIIIE, U noJay-
qyaem:

Y

Yepr. 17.

3 T
10, 1 - 1 — cos 40
S=(pdp=asinWar=3 [ *=2F an—
6; 0 [
T Y
a? | 7 Ad
:—I<0—-TSIH46) =T'

o

IMpumep. Brwuucaute 1mi0-
manb, COZEpHKaULylocs BHYTPH
kapauounsl r=a(1 -} cos ).

Pemenue. Mckomas mio-
wanp H300paxkeHa Ha 4YepTexe
18. Tax kak mJjowllafb CUMMET-
puyHa OTHOCHTENbHO ocu OX,
TO MOXHO BBIYHCJIHTb BEPXHIOI
eé yacTb W pesyJbTaT YIBOHTb.
[Mpexenst uaterpuposanus 0 u m,
TaK KaK TOYKe A COOTBETCTBYET Yepr. 18.
=0, a Touke O COOTBETCTBYET
t =m. [Ipu nomeHenun 6 or 0 1O ™ TOMyyaeTCA BEPXHAsA IOJOBHHA
kpuBoil. IIpumensas ¢opmyiy, HOJTyYHM:

A@\Q\\
x
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S=2.Haz(1+cose)2de=a25(1+2 cos - cos® ) df =
0 [1]

—a* (012 sin0) z+§§(1 I cos 20) df =

0
—=ra* 5 (045 sin2) [ = ma’
2 2 0o 2 "
Pemure crepyroumye 3agayu.

273. BpluucauTh IUIOIAAL Kpyra r=—a. (otB.: Ma*)
274. Bpluuc/iuTh miIolafb Kpyra r=a COS ®. <OTB.: fjf—z)
275. BBlYHCIHTD NJIOLIAAb OXHOH NET/IH KPHUBOH

p==a cos 20. (OTB.: —é—'rr(f)

276. BbluuC/uTh ILIOWIAAb, ONHCHIBAEMYIO —pafHyCOM-BEKTOPOM
cnupaqu Apxumena p=al, npu omHomM ero ofopore, npu Hayaue

ABmxenus: ot 6 =0. OTB.: % n3a2>
2717. Hajitu BCIO miowmanb, OrpaHMYEHHYIO KPHUBOI p? =a® cos 2.
(otB.: @*)

§ 6. O6bém Tena BpalleHHs

O6bém Tesma, 00pPa3sOBaHHOTrO BpallleHHeM BOKPYr ocu OX mwo-
wanu ABCD (uept. 19), orpanuyeHHoif kpuBoii y = f(x), ocbio OX
M OPAMBIMH X =a H X==0D0, BbYHCIAIOT N0 (opMyJe:

Ecmu oceio Bpamenus 6yzer OY, 1o 00B€M Tesna (yept. 20) Bbuu-
casioT no ¢dopmyde:

a
V=n S x2dy.
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Ipumep. Beraucuth 065EM Tea, 06pa3yeMOoro BpalleHHEM 3JIIHIICA

x2 yz
E?_'L_b—*:l BOKpyr ocu OX (uept. 21).
Pemenwue. Us ypaBHeHus kpuBoii moayyaem: y*=— Z; (@* — x*).

O61bém BhluMCHIEM 1O (OPMYJE, NaHHOH BHILIE:

Ipumep. Beiyucaute 06BEM Tesa, 00pPa30BaHHOTO BpAlLlCHHEM BO-
kpyr ocu OY miowany, orpaHH4EHHOH OCSMH KOODIMHAT U mapaboJoi
1 1 1

x*+yr=a"
Pemenue. Teno o6pasosano Bpaiienuem miowmwanu OAB (yept. 22)
Bokpyr ocu OY. Ilpeaenamu uHTErpHpoBaHMs OyAyT OpAMHATHI TO-

yek O u A, 1. e. 0 u a. V3 ypaBHeHHA KpHBOH moJydaeM X =
1 1

= (a® —y?*)*. Vckomblii 06bEM paBeH:
3 1

(a*—4a*y® +6ay —

V=mn § x”dy=n§(a%—yl’)4dy=n
0

0

oL~ 8

1 3 3 3 1 5
242 2 2 8 2,2 2 8 7.7
—da*yT 4y dy=n(ay—z a7 +3ay' —5aTyT+
l 3 a__ l 3
+3Y )Io_l—Sm‘
Pemure caenymomue samayu.

278. Boiuucautb 06bEM Tesna, 00Pa30BAHHOrO BpalllEHHEM OIHON

RZ
BETBM CHHYCOMIBI y==sinx BOKpPyr ocu OX. <0TB.: 7)

279. Boiuncauth 06bEM Te€sa, 06pa3s0BaHHOrO BpAlEHHEM BOKPYT
ocu OX mowany, OrpaHMYEHHOR oOCpl0 abcuucc ©u  mapabosioi

y=2—x" (OTB.: i’g“)
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280. Brruucauth 06BEM Tesa, 06Pa30BaHHOrO BPAIEHHEM BOKPYT

oct OX miouiany, OrpaHMYEHHON IEmHOHR JHMHHEH
X

y=g(e*+e ?)
ocbi0 OX M mpAMBIMH X =—-a. [OTB.: -?(e*—él-—e")]

v 281. Brruucautb 06BEM TeJa,
06pa30BaHHOr0  BpAlLlEHHEM BO-

( kpyr ocu OY TOH 4acTH mapa-
6omsl y*=—4ax, KOTOpas OTCe-

KaeTcsd HIpaMoil x=—a.
16 _
OTB.: & TQ
282. Hatitu o6béM Tena, 06-

pasoBaHHOrO BPAlICHUEM THIIOLH-
2 2 2

gaouas x% 4+ y%=a3 BOKpyT

o % % OCH OX.
)

A

OTB.: 32 na®
B.. 'I—(E

Hepr. 22. 283. [TocpencTBOM HHTETPHPO-
BaHMs HallTH O0OBEM KOHYyca, Ipo-
M3BOLMMOrO BpalleHHeM BOKpyr ocd OX yactu npsamoi 4x—DO0y -+

~+3=0, comepxaueics MeXAy OCAMH KOODIHHAT. OTB.: W“)
O6béM Tesa, 00pasoBaHHOrO BpallleHHeM BOkKpyr ocu OX mio-

manu ABCD (yept. 23), OrpaHMYEHHOHR KPHUBBIMH ¥ =10, (x), ¥ =9, (X}
M OpAMBIMH X =@, X==>b, BLIYHCJIAIOT 10 (opmy.e:

Y
Y

Yeprt. 24.

b

V=nr{ {{o, (x)] —[o, (x)]} dx.

a

Ecau 06BEM 06pasopaH BpauleHneMm miowand ABCD (sepr. 24)
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BOKpyr ocu OY, TO 1719 BBIYUCJEHHS MOJMB3YIOTCH (HOpMyJIOit:

V=r {{ £, —Lf. (]} ay.

IIpumep. Breuncauts  00bEM, D vk C
06pasoBaHHBI BpAllE€HUEM BOKPYT
ocu OX miomansy, OrpaHHYeHHOH
napabonamu: y =1— x?, y=x*42
M OpaMBIMH Xx—=—1, x=1.

Peweunne. Teno ob6pasoBaHO
Bpauienuem maowasu ABCD (depr.
25) Boxpyr ocu OX. B mauHom
cayuae o, (x)=1—x', g,(x)=
=x*--2. Tlpenensl HHTErpUpOBa- A 0 B X
mag — 1 u 1. Tlomsayscy ¢op- Yepr. 25
MyJIO¥l, BBIYHC/JUM OOBEM TeJa: opT- 20

+1 1
Ve=mn {{(x* 427 —(1 —x*)}dx=n  (6x" 4 3)dx=
-1 -1

=m(2x*+3x)| T} =10m.

Ipumep. Brlumcaute 00BEM Tena, 06Pa30BaHHOrO BpallleHHEM
BOKpyr ocu OX miomany, OrpaHHYeHHOX mapabosoff y=x*-41 u
npamoii y =3x— 1.

Pemenue. Teno o6pasoBano BpaulenueM mnomamn ABCD
(uept. 26) Boxpyr ocu OX. [Ipenenamu uHTerpuposaHus OynyT abc-

= x4 1
muccel Touek A u C. Pemaem cucremy {j: —gxtl H ToJxyyaem
x, =1, x,=2. B srom cayuae ¢, (x)=x*41 n @,(x)=3x— 1.

v CnenoBaTelbHO,

Ve=n{ {Bx—1y—(@x+

+1)ppdx=mn{(7x" —6x —

5\ |2
—x“)dx—-rr(%x“—&c2 %) =
7 1
1_7
=B
0 X P
eluTe CJAEAYIOLlHe 3aia-
/l 4y

Yeor. 26 284. Haiitu 00bEM KOJIbLIA,

pr. 25 IPOM3BOAMMOIO  BpalEHHEM

kpyra x*+~(y — b)* =a* Bokpyr ocu OX (b>a>0). (o1B.: 2m’a’b)
285. HMurerpupoBaHueM HaiiTh 0ObEéM Tesa, 0OPa30OBaHHOIO Bpa-
wenueM BOKpYT ocd OX miomany, OrpaHMYEHHOH NPAMBIMHA ¥ = x-|-1,
y=2x-+1nx=2. (oTB.: 12m)
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286. Hafitn 06béM Tesa, OPOMCILEALIETO OT BPALUEHHs BOKPYT
o x? o
ocd OX ¢urypel, OrpaHA4eHHON ruIep60JIoi ?-—'Z—z_l npsAMOi

41/3 4V3—6 .. \

2ay —bx=—0 u ocri0 abcuucc. ( OTB.: a

287. Bobluncauth 06BEM Tesa, KOTOpoe 00pa3yercs npn BpallleHUH
ONHOH BETBH WHKJIOMAB X =a ({ —sint), y=a(l — cos ) BOKpyT
ocu abcrucc. (oTB.: 5m*a®)

§ 7. Bbiuuciende NJuHBI IIOCKOH KPUBOH

Ecam miockas kpuBas 3afaHa ypaBHeHHEM y=f(x) u QyHxuus
f(x) umeeT HenpephlBHYIO NPOM3BOJHYIO, TO AJMHY LYTH 3TOH KpH-
BOH BBIMHCJAIOT MO (opmy.e:

= S l 1-|—(y’)2dx,

rae a 1 b—abcuMccel, COOTBETCTBYIOLIME KOHUAM AYTH, WJIH MO
¢dopmyae:

d
— {VTF T,

rie ¢ u d— OpPIMHATE], COOTBETCTBYIOIIME KOHLAM HYTH.

Mpumep. Beruucaute miauHy nyru mapa6osel y*=—4x or x=0
a0 x=1.

Pemenue. 3necy ynobHee OpUMEHHTb BTOpPYIO QopmyJy, TaK

KaK X BHIPakaeTCsl PallMOHaNbHO yepes y. BepéM ypasuenne Xx= g y*

! l o
M HAaXONMM [MPOMBBOAHYI0 X =-J. Tenepp HyXHO HaiTH MpELEL!

HHTErpHpOBaHHA IO y. M3 ypaBHeHHs KpHUBOH HaXOAMM, 4YTO MPH
x=0 6yzer y=0, a npu x=1 Oymer y=2. Hrax, mnpexnenl
uuTerpupoBaHus 0 u 2. OyHKIMS MMEET HENpephIBHYIO NPOU3BOHYIO,
£J/1€10BaTEJLHO:

s={ V1 2= [ViTray=Vatna+va

Peumnte caenyronue samayd.
288. Haiiti N/uHYy ILyrd KpUBOR y=—e%, conepxauiefica MexIy
Toukamu (0,1) u (1, e).

[orB.: VIFe&—Ve+n(YTFe—1)—1—In(V/2—1)]
289. BoluuC/HTB AJMHHY AYTH KDHBOH x=% y*—-%ln ¥y, couep-
Kauiedca MEXJAY TOYKaMH, AJA KOTOPHIX y=1 n y=2.

(OTB.: %—|——21—1n2)
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x X
290. BupCHUTE LIHHY NYTH LEMHOH JHMHUK Y =~‘21—( e’ e “) ,

comepxauiefics MEeXAy TOYKaMH, AJA KOTOPBIX X=—a U X=a.
[ a(e—1)]
e
2 2
291. Beuucauts AauHY KpuBO# x°® -+ y* =a®. (orB.: 6a)

292. BblyuCIUTh AJMHY AYTH HOJYKyOHYeCKO# mapaboas ay®=x*
o 3
OT Hayaja KOODAMHAT NO TOYKM C abcuuccoii x=b5a. ( OTB.: %a)

Ecin ypaBHeHHe kpuBOH 38ajaHoO B TNapaMeTpHYeckoir Qopme
x=9¢ (), y=9¢(f) u CymecTByIOT HemnpepbBHbHE NPOU3BOIAHLIE
¢’ (¢), &'(t) Ha cermente [t,, ¢,], NpHyéM Ha TOM CErMeHTe ofe mpo-
M3BOIHbIE OJHOBDEMEHHO He 00pallaloTcd B HyJb, TO IJHMHY JyTH
KPHBOH BBIYHCJAIOT N0 (opmy.e:

12
s= (VI OF F[¥@F at,
t‘
roe ¢, W t,— 3HaYCHUs NapaMeTpa, COOTBETCTBYIOULHE KOHIAM AYTH.
Pemure sanauu.
293. BoiyucauTh  NMHY BETBH HMKJOMAB: X=a (t —sint),
y=a(l — cost). (otB.: 8a)
294. BbluMCauTb MJMHY AYTH 3BOJIOTH Kpyra:
=a(cos 6} 0sinf), y=a (sin— 0 cos 0),

conepxainyocs mexny =0 u §=2n. (oTB.: 21?&)
295. BbluncauTh AJHMHY LYTH KPUBOH Xx=a cos’y, y=asin®y,
ecau ¢ menaercs ot 0 no 2m. (otB.: 6a)

Ecnu ypaBHenue KpHBOH 3aaHO B MOJIAPHBIX KOOpAMHaTax r==¢(fl)
¥ (QyHKIMS MMEET HENPEPLIBHYIO NPOM3BOA-
Hyio ¢ (%), TO HIMHY KpHBOH BBIYHCJIAIOT
o ¢opmy.e:

g
s={VaFrar,

rx

roe o U f— 3HayeHHs BHIOPaHHON He3aBHCH-
MOIl NepeMEHHOH, COOTBETCTBYIOIIHE KOHUAM
LYTH.

[Ipumep. BbuuCAHTL AJHHY OKPYXKHOCTH
r=2a cos !

Pewenue. OkKpyxHOCT> H300paxeHa > o
Ha yeprexxe 27. Bcs OKPYXHOCTb mOJyqaer- Uepr. 27.
c mpH usMeHenun ) OT—-5 10 5. Dw
3HAYEHHs SBJAAIOTCS TMPELENaMH HHTETPHPOBaHUS 1O mMepeMeHHo# 0.
CocTaBUM NOAMHTErpaJbHOE BhIPaXKEHHE:

r=2acosf, dr=—2asinbadhy, Vdr | rav=
=)/ 4a’ sin® 0d6* 4 4a® cos® 1db* = 2adb.

97



Tloawsysice GopmyJiof, mosyyaem:

n

§— SQadﬂ:?aO = 2ma.

4 T

2
Pemure crepyomue sanaum:
296. BeluucauTs AJHHY mEpBOrO 060poTa Chupaau r=af.

(om.: raV TF 4w + 2o @2n+ /1 —}-411”))
297. Haiitu pnuny wapauounsl r=a(l--cosb). (oTB.: s=28a)
298. Haiitu BCIO qmaHY KPHBOM r=a sin® 5. OTB.: —g’—naz)

|3

§ 8. Bblunc/ienne IIOWANH MOBEPXHOCTH TeJa BpalleHus

[Tnomazns noBepxHOCTH, 00pa3oBaHHOH BpauienneM nyru AB
KpUBOHl y=f(x) (MMemomeli HenpepLIBHYI0 IPOU3BOMAHYIO) BOKDYT
och OX, BeuucasgiOT 0o ¢op-
YA 8 My Jie: ,
S=2n { yV T+ ) dx,
4 a
rae a u b—abcuuccel, CooTBeT-
CTBYIOIIME KOHUAM Ayrd A u B
(vepr. 28). Ecam mnoBepxHOCTH
o0pasoBaHa BpalllCHHEM IyTH BO-
kpyr ocu OY, TO miowanb Bbl-
0 a b X uncasior mo dopmyie:
d

Yepr. 28. S=29n S xV1F () dy,

Tae ¢ U d— OpAMHATH], COOTBETCTBYIOLIHEe KOHUaM A U B naHHoOi

JLYTH.
[pumep. BuYMCINTL MOIAAb MOBEPXHOCTH, 06padyeMmoii Bparie-
2 2 2

pueM kpusoii x° -+ y°® =a® Bokpyr ocu OY.
Pemenue. [loBepxHocTh oOpasoBaHa BpamenueMm nyru ABC,
u306pax€nnoil Ha yeprexxe 29. Mbl BBIYHCAHM BEDXHIOW I[OJOBHHY
IIOBEPXHOCTH, T. €. Ty €& 4acTb, KOTOpas 006pasoBaHa BpalLIEHHEM
ayru AB. Tlpenenbl MHTErpHpOBaHMA MO mepeMenHoi y 6yayT O u a.

W3 naHHOro ypaBHEHHS NOJyYaem:
2 2 8 2 2 1

T__ 5. 4 T__ Tz 2
x=@ =) F=—g@ =y 5y

-

3

| e

©
»

2 2 2
(%)” — (@ —y)y T=ay T—1.
Iannas (yHKIMA HMEET HENpPephIBHYIO. IPOM3BOAHYIO.
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JL1s1 BBIYHC/IEHHS IOMIA LM TOBEPXHOCTH BOCIIONIb3yeMcs (Gopmyroit:

a

2

CaeoBaTe/bHO,

2 2 2 3 2 2
—S—=2njx]/1—[—(x’)2dy=2n @ —y%)F V 14+a®y 7 — lay—

1 12 2 5
_'5

523 ),

a

Ipumep. Bbluuc/uTe miolans NOBEPXHOCTH, O6Pa3OBAHHOH Bpa-
urendeM BOKPYr ocH OX IVIOCKOR (Hryphl, OTpaHHYEHHOH KDPUBBLIMH:

y=x'u x=y".

Pemenune. Hcxomas
110BEPXHOCTH 06pa3oBaHa Bpa-
wenueM ¢uryper OABCO
(uept. 30) Boxpyr ocu OX.

y=x

Pemus cucremy { x =y,
HalaéM KOODAMHATHl TOUYKH
B (1, 1). Hansee ¢yHKUMM
HUMEIOT HempephbiBHBEIE IIPO-
usBoOAHbIE. [119 BBIYHC/ICHUA
BCEH MOBEPXHOCTH HYXKHO:

1) Beucauts miiomanb
S,, o6pasoBaHHyI0 Bpalle-
Huem xyru OCB. 2) Brlup-
cauth mwiowazs S,, obpa-
30BaHHYIO0 BpalIEHHEM AYTH
OAB. 3) Hatiti cymMmMy 9THX
wiomazgei S=3S,+S,.

1) BrpyucauM miowmanb

c

Yepr. 29.
S,. U3 ypaBHeHus x=—y* nosydaem:

y=-+Vx, ;96-22]}35_’ ({j—i’)z=i

IToas3ysce Q)opMyJIou, Hax0IUM nnomam,
S __211'&)1 VIiF(©)y dx~2n§]/x '/ 1 —|—-41;dx=

— O 5V4x+ldx_n S{V‘DC——F—Idx=%(4x+l)_:—|:=

3
2

=26 —)=126VE—1)
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2) Beyucaam miomans S,. M3 ypaBHenns nyru OAB nosyuum:
2 d dy\? 2
y=ux?, E%}:Qx’ (3%) =4x3
INonbayscwy opmyJoft, HAXOLHUM:
b 1
S,=(yVTF0OVdx=2n { xVT+2xdx.
a 0

Bce JaJbHEHIIHEe BBIYHCJIEHUS BBINIOJHHUTE CaMOCTOSITEJbHO.
[lpumep. Beluucaute  moBepx-~

vl HOCTb, 00pasoBaHHYI0 BpalIEHHEM
OIHOH BETBH LUMKJIOHIHI
B8 x=a(t—sint), y=a (1 —cost)

Bokpyr ocu OX.
Pemenne. Hcxomas mnosepx-
C HOCTb 00pa3oBaHa BpalLEHHEM AYTH
OAB (uepr. 31) Boxpyr ocu OX.
[Ipemensr uHTErpHpOBaHMs mno Ime-
A PEMEHHON ¢ MOXKHO ONPENENHTb H3.
ypaBHenuss y=a (1 — cost), moxa-
=, raia y=0. lNonyyaem: ¢,=0, t,—

0 ¥ —d9n Us YPaBHEHHs UMKJOMIBL
Yepr. 30. HaXonum:
dx d . dx \?
a—-—:a(l——cost), d—i’:asmt, ({-1?) =a* (1 — cos t)?,
dy 2 —_— 42 oih?
(E?) =a’®sin®t.

Jli1s BBIYHCJIEHHs NUIOLIAJAH MOBEPXHOCTH MO/b3yeMcsi (hopmysoii:

S= e | 3OV & FaF =2 909 V(&) +(&) a=
4 2

=2n5a(1 —cost)Va*(1—cost) Fa’sin’ t dt =

0

=2na’j(l — cos ?) V' 2 (1 — cost) dt = 2na* y(l — cos ) 2 sin é—dt—-:
L] )

—=4na’® g.(l — Cos %) sin%dt =8na* 5 sin® —;— dt =
0 0
2n

=8na2§<l—cosz—2{) sin—;—dt=8na2(—2cos%—|—
0

n 64

e )=t
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Mpumep. BulunciauTe momais NOBEPXHOCTH, O6Da3sOBaHHOI Bpa-
wenueM kapauouns! r==a (1l -} cosf) BOkpyr mosispHO# oOCH.

Pewenue. YpaBHeHHe KPHBOHA JaHO B HOJAPHEIX KOODAHMHATAX,
n (QyHKUMA HMeeT HEIpepHBHYIO IpOM3BOAHYI0. Ecam BpalieHue
IPOUCXOAUT BOKDPYT OCH, TO BBIMHCJICHHE IJIOIMIAAH NpOU3BOASAT IIO

dopmy.e:

[ Y l
S=2r{y(0)ds,
by

B

v (Y
(

Yepr. 31. Yepr. 32.

TZe y BHpaxaeM uepe3 He3aBHCHMYyH0 nepeMmenHylo 0, a ds—

=V dr* Fr*d¥® (mocnemuss dopMyJa ObLla JaHA AJNA BBHIYHCIAEHHS
JYTH KPHBOH, 3aflaHHOH B MOJIAPHBIX KoopAauHaTax). [lomwsysce dop-
MyJsiofi y=rsin, cBssbBalOUIE! NPAMOYTO/bHBIE KOOPAMHATHI C IIO-
JIIPHBIMH, U 3aME€HsAA B Hell r BbIPaXX€HHEM, NAaHHEIM B YCJOBHH, T. €.
r=a (1 4 cos ), monyuum y= (1 -~ cos ) sin 6. Urak, mel Bbipasuiu
y kax ¢yHxumoo ot .

Tenepb BBYHCIHM

ds=V dr' - rdP =V &> sin’ 1d* I a* (T - cos O) db* = 2a cos - d.
Tak kax nosepxHOCTL 0OpasoBaHa BpauienueM nyru ABO (uepT. 32),

TO mpefensl MHTErpupoBaHMs paBHel O m m. [IpuMeHuM yxasaHHYIO
Bole hopmydy:

T

S=2n des:Qn Ya(l -+ cos 0)5in0-2a-cos—§d0:
o [

T

T
0 .0 o ] 6 . 0
—_ 2 2", 7 g, v — 2 b b .
=4ma 52cos 5 2sin 5 COS 5 + COS di = 16mna Jcos 7 Sifl5 dl) =
0

<cos5 ——20 ) " 39
— 2 — 2
= — 32na 5 , =75 na’.
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Pemnre caenpyronve samauyd.
299. BbiyucauTh mIOIIaLbL ITOBEPXHOCTH, o6pasoBaHHou Bpame-

HHMeM BOKPYT ocH OX 4aCTH LENHOH JIMHMH y_—— e‘z “+e 7), co-

JepiKameics MexIy TOYKaMM, JJIS KOTODBIX X=a H X=—a.
na®

(OTB. 5 ( —52——}-4))

300. Hafitn nuomanr NOBEPXHOCTH, OOPa30BaHHOH BPaLIEHUEM

BOKpYr ocu OY w4acTu kKpHBOM y=1-—x*, pDacCIOJIOXXEHHOH Hax

ocvio abcuucc. (OTB.: +6VE— l))

301. Haiity nOBEPXHOCTb KOJblla, IPOUSBOAHMMOrO BpalleHHEM

kpyra x*—(y— b)*=a® Bokpyr ocu OX. (otB.: 4n*ab)

302. HafitTu DOBEPXHOCTb Tesa, OOPa30BaHHOIO BpAILEHHEM KDH-
(otB.: M%)

303. HaliTn nmoBepxHOCTb Tesna, 0OPa30BaHHOrO BpalICHHEM INps-
Moit y=Fkx ! Bokpyr ocu OX B mpemenax LJjas X OT a IO b.

B.: 9 (b—a) Vﬂ—k?[g(wrawrz})

304. HaiiTu noBepXHOCTb TeJa, 06Pa30BaHHOTO BpaLlEHHEM KPHBOK
x*+ y(y— 2b)=0 Boxpyr ocu OY. (oTB.: 4mb?)
305. Bbyuc/IUTh MOBEPXHOCTb, 00PAa30BAHHYIO BPALEHUEM KDPHUBOM

T

y=sinx Bokpyr ocu OX B npezenax aaa x ot 0 no 5 -
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