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NPEAUCJIOBHE

IMpepnaraemslii 3aflauHIK-NIPAKTHKYM COAEPIKUT 3aJaun MO pasje-
Jaam «[loHsATHE NMPOEKTUBHOrO npocTpaHcTBay u «OCHOBHBIE (HaKThI MPO-
eKTHBHOH TEeOMEeTpHUH» Kypca TeOMeTPHH MNeJarorHYeCKHX HHCTUTY-
toB. OH OopHEHTHPOBaH Ha yuebGHoe nocobue [2]: Bech MaTepuas pasbur
Ha TNsTb TJaB, COXPaHSIOUMX Te XKe Ha3BaHHS, 3AeChb HCIOJb3Y-
I0TCSl T€ K€ TePMHHOJOTHS W OCHOBHBIE onpejeneHns. Kpome Toro,
B 33JlaUHHKE HMEIOTCH CCBhLIKH Ha HeoOXOAHMBIH TEOpEeTHUecKH# marte-
puaj U Ha pelIeHHA TeX WJH HHBIX NPHUMEPOB, MOAPOGHO paccMoT-
pedHbIXx B noco6uu. Hanpumep, 3ameuanwe «Cm. § 12.2» orcbinaer
ygTaTesNss KO BTOpPOMY NMYyHKTY naparpada 12 noco6us [2].

3ajauHUK-NPAaKTHKYM cofepxkut 298 3anad, MHOTHE H3 KOTOPLIX
JaHbl C MOAPOGHBIMH pelIeHUsIMH HJH yKasaHusmu. OH [pH3BaH
0Ka3aTb [EefCTBEHHYI0 [IOMOIIb CTYJIEHTaM-3a04HHKaM B mpuobpere-
HHH HEOOXOAHMBIX MNpPAKTHUECKMX HABbIKOB, B BBHIMOJHEHMH KOHT-
posibHBIX pador, nNpu3BaH coaefcTBOBaThL 6osee TIyOOKOMY H3Y4YEHHIO
TEOPETHYECKOro MaTepHasa. ABTOPH CTapajuch H3beraTb BKJIOYEHUS
3a4a4y MOBBILEHHOH TPYAHOCTH, KOTOpPBIE B J0CTaTOYHOM KOJHMYECTBE
MOKHO Ha#iTH B KHurax [1], [4].

ABTOpPBHI CUMTAIOT CBOHM HPHSATHBIM JOJrOM BBIPA3HTb [YGOKYIO
npusHatesapHoctb O. E. u WM. B. Ilapracckum 3a noJiessble 3ameua-
HHsl, TO3BOJIUBIIHE YCTPAaHUTbL PSiil HEJOUYETOB.

Jlutepartypa

1. C6opuuk 3amay no reomerpun /I[lTox pen. JI. C. AranacsiHa.
M., Tpoceewenune, 1975, 4. II.

2. IMessuep C. JI. IlpoexruBras reomerpusi. M., Ilpocse-
weHue, 1980.

3.IMessunep C. JI., Haanenmko M. M. Pykosouctso
K pelleHuto 3ajay no npoekTusHol reomerpuu. MI3IIM, 1979.

4, Yepusaen M. II. CGopuuk 3ajsay mo CHHTETHYECKOH reo-
merpuu. PI'Y, 1961.



ri1ABAI
MPOEKTUBHAS TEOMETPHUSl HA MPSIMON

§ 1. PACLIHPEHHASl EBKJIHIOBA MPSIMAfL.
NMPOEKTUBHAS MNPSMAS.
MPOEKTHUBHAS CUCTEMA KOOPAHHAT

Jlurteparypa: [2],§1, 2.

1. Ha eBksnaoBOH MJIOCKOCTH JAaHa OKpPYKHoCTh. [log Toukof
MHO)kecTBa M OyieMm MOHUMATb 1BE AHAMETPAJIbHO [POTHBOMOIOXK-
Hble TOYKH JAHHOH OKPYXHOCTH. JlOKaXKHTE, UYTO MOCTPOEHHOE MHO-
ectBo M aBJIsieTCS NPOEKTHBHOH MPSMOH.

Pewmexue. B COOTBETCTBHH C ONpENENEHHEM MPOEKTHBHOM Mps-
mo#t (§ 1. 2)! HyXKHO NOCTPOUTb GHEKTHBHOE OTOOPaXKEHHE MHOMKECT-
Ba M Ha Kakof-iu60o My4OK npsIMbIX €BKJIMAOBOH MIocKocTH. PaceMor-
PHM MYYOK NPAMBIX &, LEHTP KOTOPOTrO COBMAJAeT C LEHTPOM OKpYXK-
Hocty O. Omnpenenum oroGpaxenne g: M — § ciefyouium ycaoBH-
em: ob6pasom Touku (A, A') € M aBnsierca npsmasg AA’ € § (puc. 1).
HetpyaHo npoBeputh, 4TO nocTpoeHHoe otobpaxkenue M Ha § Guek-
THBHO.

2. Ha npoexkTuBHOI1 NpAMOH 32/1aHbl ABE CHCTEMBL KOOpAHHAT R u R,
CBsi3aHHblEe CJEeJYIOIIUMH YpaBHEHHSMH [epexoja:

{ A, = x1 + Xo,
Ax, = 2x1 — Xo.
3uag koopiuHaThl Touek B cHcreme R': A (1: —1), B (0: 1),

C (—3 : 1), HaliuTe UX KOOpAHHATHI B cHcTeMe R. 3Hasi KOOPAMHATBI
Touexk B cucreme R:D (0:1), E(1:—1), F(2: 7), naifigute ux
KOOpAMHATHl B CHCTeMe R'.

Ykasanue. Jlag onpenenaeHus Ko-
opAuHaT Toukn D B cucreme R’ pelunte cu-

AI
D cTemy
{0 = x; —}-— Xg,
A=2x — xo
g
1 waiiante X xp = = | t(—=1)
1t Xg=— 1 —=1:(—1).
A 3 3
1 CcbliKH Ha onpefle/ieHHs, TeOpeMbl H NpHMEpHI
Puc. 1 JAI0TCs 10 nocobuio [2].



3. Ha npoekTHBHON npaMoilt 3afaHbl ABe CHCTEMbi KOOpAMHAT R
u R’. Haligute ypaBHeHHs mnepexoia OT OJHOH CHCTEMBI K IpYrof,

€C/Id H3BECTHbl KOOpAMHATH (yHIameHTalbHbIX Touek Ey, Ey, E; cH-
crembl R’ Bcucrteme R:

a) Eo(—1: 3), Ei(l:2), Ej(—2: 1)
6) Eo (l:1), Ei(1:0), E» (I:2);
B) o (1:2, E(1:0), Ey (0: 1)
r) Eo (0: 1), Ei(l: 1), Es(—I:1).

Y xasanue CM. peleHne analoruusoi sagauu 8 § 2, npumep 1,
4. Ha pacmmpeHHOH eBKJIHIOBOH NpPsMON B OXHOPONHBIX adguH-
HbIX KoopauHaTax Aaubl Toukun A (1:1), B (2:3), C (—3:5),

D (1:0), E(©:1). HafinnTe uX KOOpAHHATHL B COOTBETCTBYIOLIEH
HEONHOPOJHOH CHCTEME.

Yxaszaunune Ilo Teopeme u3z § 2.5 cobcrBeHHas Touka X
NpsMOH, HMeIollas HEOAHOPOAHYIO KOOpAHMHATY X, B COOTBETCTBYIO-
WeH ONHOPONHOH CHCTEME HMeeT ONHOPOAHBIE KOOpAHHATHL (x : 1).
3HauuT, A9 J060H mapel OAHOPOAHBIX KOOpAMHAT TOUKH X crpaBes-

x
JHBO cooTHOWeHne x = =L, Takum o6pa3oM, HEONHOPOAHAS KOOPIHU-
X9

Hata Toukn A Gyner pasua | =ll.

5. Ha npoexkTHBHOH mNpsMOil B HEKOTOPOH CHCTEME MPOEKTUBHBIX
KoOpAHHAT R’ naHbl (yHIaMeHTaJbHbe TOUKH IPYrofl CHUCTEMBI KO-
opauHat R:E, (1:0), E;(1:3), E, (1: —3). Haiigure koopau-
natel Touek A, B u C B cucreme R, €ClH U3BeCTHbI HX KOOPIMHATHI
B cucreve R':A(1:1), B(@:-3), C@O:1).

Y kasaunue Haiinute ypaBHeHus nepexopa

1
B = %+ %,
uxe = 3x; — 3%,,

3aTeM KOOpAHHATHI HCKOMEIX TOUEK.

6. Ha eBkaupoBoil mpsiMOli GaHBI CBOMMH HEONHOPOXHBIMH KOOp-
IuHataMy (yHIaMeHTaJbHble TOUKH MPOEKTHBHOH CHCTEMBI KOOpHLH-
Hat: E, (0), E4 (1), E; (—1). Hafizute nNpOeKTUBHBIE KOOPIMHATHI
Touek A (2), B (3), C (—2), D (—3) u HecoG6CTBEHHOK TOUKH Koo.

Ykasaunue Cum. mpumep 3 B§ 2.

7. Ha eBknupoBofi npsmoll maHbl (GYyHAaMeHTa/bHble TOUKH K|,

E,, E, npoexTHBHO# cHcTeMbl KoopauHart. [Toctpoiite Toukn A (1: —1),
B @2: —1), C@3: 2).

YkaszaHnue PaccMoTpuTe mydok NpsIMBIX € LEHTPOM B IIPOH3-
BOJIBHOM TOUKe S, He MpuHalJiexalell f1aHHOH npsMol, u adduHHYIO

cHCTeMy KOOpIHMHAT R ¢ HaualoM S, 6a3uCHbIE BEKTOPHI €4 U €5 KOTOpO#
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A /E, /] o Fs\

Puc. 2

COOTBETCTBEHHO NaPAIENbHEL NI AMLIM SE u SE2, npHueM ey + e2 =

= SEO (puc. 2). 3artem noctpoiite BEKTOp a = (l —1)z. Hcxomoit
TOYKOH OyIeT TOuKa MepeceyeHus JaHHOH NPSMOH H NpsMoi Myuka

C HalpapJ/IAIOIHUM BEKTODOM a.

§ 2. ABONHOE OTHOWEHWE YETbIPEX TOYEK. TAPMOHU3M.
JABOMHOE OTHOWEHUE TOYEK HA PACHIMPEHHOM
EBKJIUJIOBOY NMPSIMON

Jdurtepatypa: [2], §3, 4.

8. Haitnute npofinoe otnomenne (ABCD) cienyiomux YeTBEPOK
TOYEK NPOEKTHUBHOH MpPsAMOH:

a) A = 1||,B=_51”,C= _g{,o= 5,
6) 4 =] B=_Z,C=_{,D=_§’“;
5 4=|1] B=—i,C=_l},D=3“;
r)A=i B= _g,c= _g D= 7”
S e e I L
e)A=} B=~é,c.—_;“, D=’ 3"

Y kasanue Cnauala npoaHaJusupyiite peieHue npumepa 1
us § 3.
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9. JlaHbl TpH TOYKH H ABOHHOE OTHOIUEHHE YETBEDKH TOYEK NpOEeK-
TUBHOHN npsmoil. Hafinute ueTBepTyio TOUKY.

_ 1 |2 =|! =1 i
a) A = —lﬂ’ =11 C ol (ABCD) . Hatigure D.
6 A=| ! U B = ? C= (1), (ABCD)=—1. Haiigute D.
B) A = _i“ B = % C = (1), (ABCD) = 1. Haiigure D.
r) B = (1)“, e i , D= % , (ABCD)=—2. Haiigure A.
0 A= 2” ~ —Q‘l, D =|2|, (ABCD)=—2. Haiizure B,
0 A= é" - " ” D= i , (ABCD) = 0. Haiigure C.
Ykasauwue CHauana npoaHaJu3upyHTe pelIeHHE NpHMepa
2 us § 3.

10. Pewmte 3amauy 5, Hcrosb3ys Teopemy 2 us § 3. 3.

Vkasaunue. Cm. npumep 3us§ 3.
11. Pemmnte 3agauy 3a) Ha ocHOBaHuM Teopembl 2 § 3. 3.

Pemeunue. Ilycre Touka M B cucreMe R HMEET KOOpJAHHAT-

ubii croster || ¥t “ a B cucreMe R’ — ‘x‘,‘. Torza
| X2 Xy
X
(E\ELE M)y= —.
%)
C npyro#t croposl, (Ei Ez Eg M) = 5_ . 57,

rae ,
{Eo = OLEl -I-- ﬁEz,
M = o'Ey 4 p'Eo.
’ ’ ’
[ToacraBisieM clofia KOOpAMHATHBIE CTONIOUBI Touek Ei, Eg, Eo, M,
BbIYHCJIEHHLIE B CHCTeMe R:

|75l ==lal + ¢ ] 7l

Ak H A
—l = a—24, x4 =oc',-—2|3:,
{ 3 =2a 4+ B, {x2=2a+[5.

Peurasgs 311 cucTeMs! omocmenbno a, pua, B, Haxomumt
2 1
=L B=1 & =gn+ttnm b =—2n+gh

x1|

HJIH



2 1

x, l - “5_x1 + €X2
TToaTom s S
y x, 1 1 2
Exl + g—xz
Xl 2
OTKyna SR k. I
Xq —2x; + %,
H, CJIEI0BaTENbHO, {px} = X +2x,
Uxe = —2x; + X,.

Peas 3TY CHCTEMY OTHOCHTEJLHO Xy U Xy, MOJYUYAEM:

{?»x1= x;—?lxg, e o= 5

Ax, = 2x1 -+ X9, i

12. Pemmre sagaun 3, 6—r Ha OCHOBaHHH TeopeMnl 2 u3 § 3. 3.

13. Cpenu 4eTBEpOK TOUYeK 3ajauH 8 HalAMTe TakMe, AJS KOTOPBIX
A, B+ C, D, u takue, s Koropuix 4,8 == C, D.

14, UYertsepky Touek A (—1 :2), B (—1:3), C (—3: 8), D (—4: 11)
pa3beliTe Ha pasfeseHHbIE Naphl.

15. (ABCD) = 2. Haiipure (DCAB), (BACD), (DBCA), (CABD),
(ADBQ).

g’ Ka3aHune CHagana npoaHaJu3upyilTe pelieHHe mpumepa 2
us § 3.

16. (ACBD) = —%. Haizure (ADBC), (BADC), (ABCD).

17. Hdauet Touku A (1:2), B (2: —1), C (1: 0). Haiinure Touky D
TaKYy0, 4TO6bl Gbiid TapMOHMYECKUMH CJIEAYIOLIHe YeTBepPKH:

a) A,B,C,D;6) A,B,D,C; B) A,D,B, C, 1) D, A, B, C.

18. MoxHo Ju u3 uernipex Touek A (1: 0), B (1: —1), C (1: 2),
D (2: 1) cocraBuTb rapMOHUYECKH pas3jejieHHble Naphl?

19. [laubl IBe mnapbl TOYEK NpPOEKTHBHOH mnpsmoi: A (2: —1),
A" (0: 1) u B (1: 0), B’ (1: 4). Haiinute mapy TouYek, rapMOHHYECKH
pasfessomy0 KaxXAylo 3 JaHHBIX Mnap.

Yxkasaunue Ilyctb X u Y — uckomble touku. [Tosoxum
{X=ocA—|—oc'A',
Y = pA 4+ p'A4".
=3p_lp ' lpy lp
Tax kak A = 4B 4B, A 4B-|-48,
TO

= _9_ _l ’ __l_ 1 ’ ’
X—(4oc 7o;)B-|-( 4oc-|——4—a)B,

= .g —_ lor _‘_ l ’ /
Y-(4(3 T(3)B+( 4[3+4[3)B.

VYuurteiBasi ycmoBusi rapMonusma (AA'XY) = (BB'XY) = —I,
NpHXOAMM K CHCTEME ABYX ypaBHEHMH
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l A
a B
1 1 1 1
(%) i — et —5B+h |
9 1 9 1 -
— — —a — _ B
Ut T Plimired
C ,U,B}’Mﬂ HEH3BECTHLBIMH 2’_ u %—, peLUHB KOTOPYIO MOXXEM 3aTeM HaHATH
a

KOOPAMHATBl HCKOMBIX TOYEK.

20. [JaHpl 1Be mapel TOYeK MNPOEKTHBHOH mnpsamoi: A (2: —1),
A" (1:4)u B (0: 1), B'(1: 0). lokaxuTe, 4TO HE CYLIECTBYeT Maphl
TOYEK, TapMOHHYECKH PasfessiomMX KaXKAYy U3 JaHHbIX Nap.

Ykasauue. CM. ykasanue kK npeapiayuieii sanaue. Ilomyuus
CHCTEMY, aHAJOTHUYHYIO CHCTeMe (%), HNOKa)KHTe, YTO OHAa He HMeeT
JEeHCTBHTEIbHEIX pelIeHU .

21. Hokaxute, uro ecnu (ABXY) = a, 10 o (ABMX) = (ABMY)
s moboit Toukn M € (AB).

22, Jlanol HeofHopoaHbie addHUHHBIE KOOPAHHATHI YETHIPEX TOYEK
eBkIunoBo#l npsamoi. Ha#imute asoiinoe orHoweHue (ABCD) atux
TOUEK.

a) A (—2), B(1), C@), D(—4);
6) 4 (3), B(—1), C(), D),
B) A(—10), B(3), C(), D (—6).

23. HaHbl HeomHoponHble ad@HHHBIE KOOPAMHATHL YETHIPEX TOUEK
eBrANIOBOI mnpsmoi: A (a), B (b), C (c), D (d). Haiigure (ABCD).

24. Jlanbl HeopHoponHble aduHHBIE KOOPAMHATH Tpex COOCTBEH-
HBIX TOUEK paclUHpeHHOH eBkau0BO#H npsamoii: A (3), B (—1), C (2).
Hai#igure a) (ABCDo); 6) (DCBA); B) (CBDA), rae Do — Hecob-
CTBEHHAs TOYKA NAHHOH MpsaMoii.

25. JlaHbl HEOZHOpOAHBLIE addHUHHbIE KOOPAMHATH TpeX COOCTBEH-
HBIX TOYEK pacUIHpeHHOH eBKJHAoBO# mnpsamoi: A (a), B (b), C (c).

Haiigure: a) (ABCD.); 6) (CD«BA); B) (CAD.B), rne
D, — HecoOGCTBEHHASI TOYKA NAHHOHA MpSMOH.

26. B tpeyronbuuke ABC nposenensl meguaHa CM n GHCCEKTpH-
ca CH. Hafinute (ABMH), ecnu usBectHo, uto |AC| = p, |BC| = q.

27. Tlycts P — TOuKa nepeceyeHHsi AuaroHasefl Tpaneuus, a Q —
TOUKa MNepeceyeHusi GOKOBHLIX CTOPOH. JlokaxuTe, uTO Mapa TodYeK
nepeceueHnss npsamoil PQ c OCHOBaHMSIMM Tpameund TrapMOHHYECKU
pasnensercss Toukamu P u Q.

3aMmeuanue 3ra 3agaya npencTaBiasieT coGofi YaCTHHIH
cayyafi TeopeMbl O FapMOHMYECKHX CBOHCTBaX IOJHOI'O YeThipexBep-
mHHHMKa (eM. § 10).



rmABA [l
MOHATHE NMPOEKTHUBHOX NJIOCKOCTH

§ 3. PACLHLUPEHHASI EBKJIMJIOBA MJIOCKOCTD.
NMPOEKTUBHAS MJIOCKOCTh

JJutepatypa: [2], §5.

28. B TpexMmMepHOM €BKJHAOBOM MpocTpaHcTBe fAaHa cdepa. [lox
TouKOH MHOXecTBa M Oynem MOHHMaTb 1B€ AHAMETPajbHO MPOTHBO-
noJioKHble TOUKH 3ToH coepnl. Ilox npamoit — MHOXecTBO map aHa-
METpaJbHO MPOTHBOMOJNOXKHBIX TOUEX, JIeKalWUX Ha OKPYKHOCTH
Gosibioro Kpyra (puc. 3). JloKaxuTe, 4TO MOCTPOEHHOE MHOMKECTBO
SIBJISIETCS] MPOEKTHBHON IJOCKOCTDLIO.

Y kasauue. Pemenue ananoruuHo peweHuto 3agaun 1. Pac-
CMOTpHTE CBSI3KY S MpSAMBIX H IJIOCKOCTeH ¢ LeHTpoM B Touke O, rue
O — uentp HgaHHOH cdeprl, H nocTpoite orobpaxenne f: M — 8§,
onpenenaaemMoe cCaeAyromuMH yCJIOBHAMU!

a) obpasom Touku (A, A')€ M asnserca npsvas AA’ cBsskn §;

6) obpasom npsiMoii a € M sBasercs miockocth a€ 8, comepxka-
masi mpaMyio a.

3arteM nokaxure, 4yTO f — OMEKTHBHOE OTOGpa)KeHHE, COXpaHsIo-
mee UHIUIAEHTHOCTD.

?Lai
29. Knacc nponopuUHOHAJbHBIX HEHYJEBBIX CTOJOLOB | A,
Aag
a
Ha30BeM TOYKOH, BBeAs AJs Hee o6o3HaueHHe |a,|. [Ipsmol Ha-
as
X1

30BEM MHOXKECTBO TOYEK Xolly AJIST KOTOPBIX

X3
l Usxy + Ugky + ugxs =0, npuuenm uf + uf +
u3 >0. Jlns npsMoi HCNOJb3yeMm 06O3HA-
X1
ueHue | uuyug). Toury | x,
X3
| ugusus|l Oynem HasbiBaThb HHUMAEHTHBIMH
Puc. 3 APYT APYTY, €CIH UyXy + UsXy + Ugxs = 0,

H [psaMyio
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T. €. eCJIH TOUKa NMPUHAMJIEXUT npamoi. JlokaxuTe, YTO MHOXKECTBO
Bcex Touek K $BJseTCSl NMPOEKTHBHOH IJIOCKOCTBIO.
Ykaszauue. Paccmorpure cBasky 8§ u adduHHbIE penep, Ha-

4aJI0 KOTOPOr'0 COBMajaeT ¢ LUEHTpoM cBs3kH. Otobpaxenue f nocrpo-
X1

Te Tak, 4ToObl 00pa3oM TOYKH | X, | Oblyia npsiMas CBA3KH, HanpaBJsio-
X3

Ui BeKTOp KOTOPOH MMes Obl KOOPAMHATHI Xy, Xy, X3 OTHOCHTEJIBHO

BbIGpaHHOro penepa. 3artem nposepbTe, 4To f: K — 8§ — Guekuus,

COXPAaHSIOWAS HHIHACHTHOCTD.

30. Jloka)kuTe 3KBHMBAJEHTHOCTb CJEAYIOUHX OMNpefeNeHHi Npoek-
THBHOH TMJIOCKOCTH.

Onpeneanenune 1(§5. 5). [Iyctb Py, — MHOXKECTBO, COCTOS-
€€ U3 3JEMEHTOB IBYX POLOB, Ha3blBAEMBIX COOTBETCTBEHHO TOUKAaMH
M MPAMBIMH, NPHYEM TOYKH M MNpPAMble CBS3aHbLI OTHOLIEHHEM, HAa3hl-
BaeMbIM HHUWAEHTHOCTBIO (A/ST KaxXKAOH MAHHOH TOYKH M KaXKIOH
IaHHOU NpsIMOH M3BECTHO, HHLHMAEHTHH OHH HJHM HeT). Eciu cyiecTBy-
er GuekTHBHOe oToOpaxeHue g: P, —§, rae § — cBsA3Ka NpsaMbIX H
MJIOCKOCTEH, MPH KOTOPOM Kaxkaas Touka A € P, orobpaxkaercs Ha
NpsIMYIO CBSI3KH, a KaxJas npsmas a € P, — Ha MJIOCKOCTb CBSI3KH
H coxpaHsaercs (B ofe CTOpPOHbI) MHUHAEHTHOCTb, TO P, Ha3blBaercs
APOEKMUBHOL NAOCKOCMBIO.

Onpenenenwune 2t [lycts Vg — TpexmMepHoe BEKTOpHOE Mpo-
cTpaHCcTBO. MHOXKECTBO [T, = & Ha3bIBaeTCS NPOCKMUBHOL NAOCKOCTbIO,

€cH 3aJlaHo clopbekTHBHOe oToGpaxenue: m: (Vg \ {0}) —1,, ynos-

JIETBOPSIIOLIEE YCIOBHIO: Ti(X) = n(y) &y = A X,
rae h — HeACTBHTENbHOE UYHCJIO.
D/ieMeHTH! NMPOEKTHBHOH MJIOCKOCTH HA3bIBAlOTCS TOYKaMH, 06pashl

7 (Vy\\ {0}) — npsambiMu.
kKas3aHue. Jokaxure, uro /I, yIOBJETBOpSET oOmpenese-
uuio 1. Touka X u npsiMast ¥ JIOCKOCTH [], HAa3bIBAIOTCS HHIUMAEHTHBIMH,

ecin Touka X TpUHANJNEKHT T1mpaMoi x  (ecim X = o (}) "
x=n(Va\ {0}), 10 X €xe x€ V,\ {0}). Orobpaxenne g
nocTpofite Tak, 4Tobbl o6pasom ToukH X = z (x) Obl1a mpsMas CBA3-

KH C HampaB/sIOUIMM BEKTOPOM X. 3aTeM HOKaxKHuTe, 4to P, yjpoie-
TBOPSAIET OMPENEEHHUIO 2. lnsa storo noupom‘e 0T06pa>KeHnef

V3\ {0} — S Takoe, yTo 06pa30M BEKTOpa a 1 6bina Ol npsiMasi CBSI3KH

f(a) C HanpasJISIOMM BEKTOPOM @, H paccMoTpute gt - f.

31. ChopmynupyiTe OnpeneseHue k-MepHOro MPOEKTHBHOIO Mpo-
CTPAHCTBAa aHAJNOTHYHO OMPeNeJeHHaM, NaHHbIM B 3anaue 30, U mpuse-
aute npumepn! 3-, 4-, ..., k-MEDHLIX NPOEKTUBHBIX MPOCTPAHCTB.

1Cm.:Baswaen B. T., Dyuuuen K. U Teomerpusa 1I. M., Ilpocse-
meHHe, 1975, pasnen 3, § 1,
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32. Kaxkue u3 cjenyomux NpeijoKeHUH CHpaBel/IUBLI Ha [MpOEK-
THBHOH IJIOCKOCTH U KaKkue — Ha E€BKJIHAOBOH IIJIOCKOCTH:

a) CyIeCcTBYeT OofHa M TOJbKO OJHA MpsaMas, MHUMAEHTHAs IBYM
pa3/HYHBIM TOYKaM;

6) cyuiecTByeT OJHa M TOJIbKO OJHA TOYKAa, HHUHAEHTHAsA IABYM
pas/HYHBIM [P IMBIM?

33. Kakrve u3 HHKENDHUBEIECHHBIX NPEIJIOXKEHHH ChpaBelJIuBH
B TpeXMEpHOM MPOEKTHBHOM MPOCTPAHCTBE H KAKHE — B EBKJHJO0BOM
NpOCTPAHCTBE:!

a) CYIECTBYeT OJHA M TOJLKC OJHA MpsMas, HHLUHIACHTHAsA MABYM
pas3uYHbIM TOUYKaM;

6) CyLIeCTBYeT OfHA U TOMbKO OJHA TOYKA, HHIHAEHTHAS ABYM pas-
JIMYHBIM P AMBIM;

B) CYILECTBYET OJHa M TOJbKO OfHA NpaMas, UHLUHAEHTHAS ABYM
Pa3JIMYHbIM MJIOCKOCTSIM;

r) TPH pas3/HuHbIE MJIOCKOCTH HMEIOT MO KpaiHel Mepe OfHY OOLLYI0
TOUKY;

I) TP pa3JUYHbIE MpAMbIE, HE JieXKallue B OAHOH IJIOCKOCTH, HO
TIONapHO MepeceKalollecs, HMEOT OfHY H TOJbKO OIHY OOLLYIO TOUKY;

€) TpU pas/iMyHble NpAMble, MOMAapHO HE CKpEIUBAIOLIHECs H He
NpOXOJfAlIMe uepe3 OAHYy OOULyI0 TOUKY, JeXaT B OLHOH MJIOCKOCTH?

3ameuyanue. [lonx NpPOeKTHBHOH MJIOCKOCTBIO TPEXMEPHOrO

NPOEKTHBHOrO npoctpaHcTBa Mbl noHuMaem nt (Vs \ {0}), roe V3 —
TPEXMEpHOe BEKTOpHOe MOANPOCTPAHCTBO YETHIPEXMEPHOrO BEKTOPHO-
ro mpocrpasctea V.

34. O6mbsicHuTE, MOueMy B FeOMETpPUM MPOEKTHBHOH MJOCKOCTH He
paccMaTpHBalOTCSl TaKue TMOHSTHS, KaK «apaJjJleJibHOCTb [P SIMBIXY,
<TepMeHAHKYMSIPHOCTb MPSIMBIX», «OHCCEKTpHCA YIJja», «CepeinHa OT-
peska», «KBajpar», «Tpamnenusd».

§ 4. MPOEKTHBHASl CUCTEMA KOOPAWHAT HA MJIOCKOCTH

Jlurtepatrypa: [2], §6.

B sapauax 35—68 KoopaMHATHI TOYEK M TP IMBIX 1P OEKTHBHOHM MJ10C-
KOCTH JaHbl OTHOCHTENBHO MPOEKTHBHOTO penepa. Hamomuum, uTo
MPOEKTHBHLIE KOOPAMHATHL TOYKH — 3TO KJACC NPOMOPLHOHAJBbHBIX

Axy
Tpoek uuced. B panpHefimem BMecTo A = |Ax, OyieM mNHCaThb:
Axg
X1
A =|x,| mmu A (xy:%y:Xxg). AHaJOrMYHOe COIVIAllEHHE MpPHHH-
X3

Maercsl [J/1s1 NDOEKTHBHBIX KOODAHMHAT NPSIMOH, AJA KOTOpuIX Oyjem
ynoTpeG/aTh 0603HAUCHHE G = |u lqg| WM @ (uy: Uyt Ug).

12



35. Cpenu cjenyloUuX TPOEK TOYEK:

2 —1 1
a) A=|—3 B=| 5|, C=|2f:
1 3 4
—4 1 3
6) D=| 2 E =|0], F=|2];
3 3 7
6 2 2
B) K=|—I1|, L =2|, M=|—5
3 1 1

HalguTe KOJJHHeapHbIE,

Pemwenne. Cornacro § 6. 2 gi1s Toro, yro6ul Touku A, B, C
OblTM KOJLTHHEapHb!, HEOOXOAUMO M HOCTATOYHO, YTOOLI ONpeNeTHTE b,
COCTABJIEHHBI U3 KOOPAHHAT 3THX TOYeK, ObLI paBeH HYJM0. Buunciass
3TOT OIpEeALNUTENb

2 —11
—3 5 2|,
1 34

HaxOIHM, YTO OH paBeH Hyo. 3HauuT, Touku A, B, C KOJJIMHEapHBI.
36. Halimute ypaBHeHHE TMPAMOH, MNPOXOAALIEH uyepe3 TOUKH
M@A:0:1)u N(1:1:—1).
Pemenue. CorgacHo § 6.2 ypaBHenue nmpsmo#i MN umeer
BUA:
x 11
x, 01
xg 1 —1

o

HJTH
Xy — 2%y — x5 = 0.

37. Hafizute ypaBHEHHE NpsIMOH,
A(1:4:3) u B(2:1:3).

38. Haiinute ypaBHEHUSI OpSIMBIX,
e Mapbl TOYeK:

ay A@:—1:00u B(O:1:0);
6) C(—2:0:1)uD@:—2:1)
B) E(1:1:—1)u F(—1:0:1).

39. Hafnute KOOpAMHATHI TOUKH [1€pecEUEHHs NP AMBIX
2%y + xp + x5 = 0 u 3x; + 3x, + 2x3 = 0.

Pemenue. Touka nepeceueHnss 3afaHHBIX IMPSAMBIX
TBOpSieT OXHOPOAHOM CHCTeMe JIMHEHHBIX ypaBHeHHH
2% + x,+ x3=0,
3%y + 3xy + 2x3 = 0,

NpoXoAsiille uyepe3 TOUKU

NPOXOASIIUX Yepes Caefyio-

yIOBJIe-

13



paHr xotopo# paBeH 2. M3 xypca anre6pnl H3BECTHO, 4TO OOIIEE pele-
HUEe 3TOH CHCTEMBI HaXOJHTCSl NO (hopMyJaM

=it

,x2=—}»|§é,x3=7\«‘§é.

[MTosToMy a/iss yKa3aHHOW CHCTeMBl Xy = —A, Xy = —A, X3 = 3A.
3HauuT, HCKOMAas TOUKa MepeceyeHns uMeeT KoopauHate (—1 : —1 : 3).
40. Hailigute ypaBHeHHE NpPSIMOH, NMPOXOASLIEH yepe3 TOUKY mepe-
CEYEHHS MpPSAMBIX Xy + Xy — X3 = 0 U 2%y — Xy + 4x3 = 0 u uepes
Touky (4 : —2 :5).
41, Haiigure TOYKYy mepeceyeHHs NPSIMOH 4 : 2%y + Xy + x3 =0
¢ npsMmo#, mpoxoxsmeii uepes Toukt M (1:1:6) u N (2: —1:0).

Ykasanue. I-icnoco6. CHavaja HalijuTe ypaBHEeHHe IpsIMOH
MN (cM. pewieHne 3amaugn 36), a 3aTeM KOOpAMHATBbI HCKOMOH TOYKH
nepeceueHusi (cM. peweHde 3agaud  39).

2-ii cnoco6. Tak Kak uCKOMasi TOUKa (xy @ X, : Xg) J€XKHUT Ha NpsiMo#
MN, To mapameTpHuecKue ypaBHEHHS 3ToH npamoi (cMm. § 6. 2, pa-
BeHcTBO (6. 8)) OynyT HMETb CJefYIOMHH BHA:

Xy = o + 28,
[X2 = o, — B,
X3 = 6&.

Yro6el HANTH, MPH KakUX o U [ HCKOMast Touka 6yIeT HHUHICHTHA Nps-
MO# u, MOACTAaBMM HaHJEHHBIE KOODIAHHATBI B YpaBHEHHE MPAMON:
2 (o + 2B) + (@ — B) + 6 = 0. Orcrona 3o + f = 0. B3aB ka-
Koe-TH00 HEHYJIeBOe peLIeHHe MOCJEIHEero ypaBHeHHs, HampHMep
o =1, p = —3, DonyuuM H3 MEpBOHAYANBHOH CHCTEMBI: X3 = —bH,
Xg = 4, xs = 6.

42, Hailinure TOUKY [epecedeHuss NpsSIMOH, NpoXoAdUIed uepes
Toukn A (1:4:2) u B (2:6:1), ¢ npamoit u: 3x; —4x3 = 0.

43. Haiinure TOUKy nepeceyeHHss MNPSIMOH, MPOXOAALIEH uepes
ToukH A (—4 : —3:2)uB (2:0: )cnpamoit u : xy — 2x, + 2x;=0.

44, J1aHbl KOOpAHMHATHl TOYEK:

6 1 2 4]
A=| 1| B = |0, C=|3| D = | —1}j.
10 0 4 2

Haiiqure koopauuartel Touku nepeceuenus (AB) u (CD).
Ykasanue. Haligure ypaBrenus npsmbix ABuCD, a 3ateM pe-
LIMTE CUCTEMY 3THX ypaBHeHHH. J[pyro# croco6 OCHOBaH Ha HCMOJIb-
30BaHHM MapaMeTpuueckux ypasHeHuil npameix AB u CD (cM. § 6,
npumep 4).
45. JlaHbl KoopAMHATH 4eThipex Touek A, B, C, D. Haiigute ko-
opAMHATH TOUYKH nepecedenuss M npameix AB u CD, ecian

3 0 —9 1
a) A=| 0|, B=|[4], cCc=| 1|, D =|—1
— 2 —3 1
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0
6) A=|1

—1
9

3 0
—3|, 1.
1 0

46. Haiinute ypaBHeHHe NpsAMOH u, MPOXOASLIEH Yepe3 TOUKY Me-
peceueHuss npsiMbIX

I: 2%y + 4x, + x3, =0, m: xy + xo+ x3=20
u Touky A (2: 1: —1).

Ykasauue MoxHO HaliTH KOOPAHHATH TOYKH B =1l m
M 3aTeM [0 ABYM TOYKAaM COCTABHTb ypaBHeHHE HCKOMOH npsmoi. Ilpy-
rol crnoco6 OCHOBaH Ha HCHOJb30BAaHHH YCJIOBHS TMPHHALNEKHOCTH
TpeX NPSAMBIX OQHOMY Myuky (cM. § 6, mpumep 5).

47. Hafiznte ypaBHeHHe NpsMOH, NPOXOAALIEeH depes TouKy I[e-
PECEYEHHS MPSMBIX

B= s C= D=

I: 3xy — x5 + 6x3 = 0, m: xg —4xg =0

u Touky A (1:—2:3).
48. JlaHbl yeThipe OpsMble:

a3xy+ 2%, —x3 =0, ¢:2x+ x3=0,
b:dx, —x, =0, d:xy —xy + x5 =0.

Hafinure ypaBHeHHe npsaMoH, Mpoxoisiiedl yepe3 TOYKH a () b u
¢ ) d.
49, JlaHbl yeTkbipe MpsMble:

axy + xg —x3 =0, C: Xy — Xy — X3 =0,
b:2xy + xg —2x3 =0, d: 2%y — x4 + 2x4 = 0.

Hafinute ypaBHeHue npsMol, Ipoxoasiel yepes Touku a (| buc () d.
50. JaHbl ueTblpe NpsMble:

a: X+ xy — 4x3 =0, € 2xy — 3xy + x3 =0,
b:xy+ x4 + x5 =0, d: 5%y 4+ x4 + 3x3 = 0.

Ha#fizute ypaBHeHue npsAMOH, npoxoasiuel yepea Touku a () buc () d.
51. JlaHbl yeThipe TOUKH:

1 0

—1l, c=|1 —1|.
2| 2 0

Haymme KoopauHaThl Touek P = (AB) | (CD), Q = (AC) N (BD),
= (AD) N (BC). Haiipute ypasHenus npsambix PQ, QR u RP.
52. JlaHbl geTkipe npsMble:

1 2

, B=

o)

a:x;+ x, =0, e xy+ xp + 2x3 =0,
bt —xy+2x3=0, d:2xi—x,=0

15



Hatinute ypaBHEHHH npameix ACu BD, rne A =a ) b, B=
C=c¢c(d = d () a. Halizute xoopAHHATBL TOueKk P =
Q=(40) N (BD), R=a(fc

53. IlaHbl TpH TOUYKH:

A e

u npsamas b : xy -+ x, — 3xg = 0. Hafinute ypaBuenne npsmoit, npo-
xoxsueit uepes toukn A u B = b (] (CD).

54, JlaHbl Tpu TOYKH:

—-l 4
-l e}

1 i

u gse npsivele d :3x; — X, +x3 =0u e: xy + x, — x3 = 0. Haii-
IHTE TOUKY mepeceyeHus npsiMoii (AB) ¢ npsmo#, npoxoxsiuieii uepes
touky C v Touky D = d () e.

55. Jlaunl wmectb Touek A;. Jokaxute, urto Touku P = (AA4,)
N (Ads), Q = (A245) N (Asde), R = (A3A44) N (AgAy) Jexar Ha
ONHOH TNpAMOk:

n ’
bNd

—4|
)

0
l
0

A= , D::

A=

3 1
2) 4, — \ g1 A4=| ol
ol
1
1 —1 1 5
6) Ay L, A, = “ As='—l“, A= VO,
1 1 1
0
Ay = V2 ’ Ae=
1 1
1 1 1 1
B) A, =|1], A,=]|2], Ay =|1], 4,=]o],
0 0 9 2
1 1
o= i 2|
—2 3
2 2 9 1
r) Ay =|—1|, 4,=|1]|, Ay =|—1|, A,=]o],
0 9 1 1
' 6 !
A, =|—=3], A,=]1l
2 )
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56. Ilycrs Py = (A14) N (4:45), = (A5 N (As Ae)
Ry = (A,A;) I (AgA,), rme A; — TouKH u3 3azlaqn 55, a —r.
KaXHre, 4To TOukH Py, Q, R4 Jnexar Ha OAHOH NpsMOH.

57. Ilyete P, = (A;44) N (A144), Q: = (4eds) N (4:4,),
R, = (A3A) N (A,A,), rme A; — Touku u3 3ajauu 55, a — r. Jloka-
XKHTE, UTO TOUKH P,, Q,, R, JexaT Ha OJHOH MpsMOH.

58. [lanbl WIeCTb MPAMBIX @;, TOUKH NEPECEUEHHUs STUX [MPSAMBIX
o6o3HaueHH cjenylowuMm obpasoM: B; =a; ) @y, By=a, (| as,
By=ua3; N a, Bi=a, N a, By=a; ) as Bg=05 N a,. Io-
KaxkuTe, yto mpsimMple p = (ByB,), q¢ = (ByB;), r = (B3Bg) mnepece-
KalTcsg B OAHOH TOYKe:

a) a;:xy—x3 =0, 6) a;: %y + x5 + x5 =0,
Qy Xy - x3 =0, Qy @ Xy — Xy — X3 =0,
as : 3x; + 4x, + 5x3 = 0, Qg Xy — Xy + x5 =0,
a4:x1—x3=0, a4:V2xi+X3—O
ag Xy — x5 = 0, as i V 2%y + x5 = 0,
ag 1 —3x; + 4x, + 5x3 = 0; aezVﬁxi—xs—O

B) a1 : X3 + x4 =0, r) a;:2x —x, =0,

Qy X+ 2%, =0, Qg 1 2xy -+ x5 + 4x3 =0,
Qg : Xy + Xo + 2x3 =0, ag: 2xy — x5 + 2x3 =0,
a,:xy + 2x3 =0, a,: x + 2x3 =0,

a; : xy + xy — 2x3 = 0, a5:x3=0

Qg t Xy — Xy + 3x3 = 05, DX+ Xy + 2x5 = 0.

59. Ilycts A. B, C, D — uetbIpe NPOH3BOJNbHBIE TOUKH, H3 KOTOPBIX
HHKaKHe TPU He KoJIHHeapHbl. [lasnee, nycTh

Ay = (AD) N (BC), By = (BD) N (AC), Cy = (CD) N (AB)
u
P = (BC) N (BiCy), Q =(AC) N (A«Cy), R = (4B) N (A:By)
(puc. 4). Hoxaxure, uto Touku P, Q, R KoNIuHEapHBI.

17



Pemenue. Bsegem cHcTeMy TpPOEKTUBHBIX KOOpAHHAT, moJia-
rasg touku A, B, C, D ¢byHIaMeHTaNbHBIMH:

1 0 0 1
A =0}, B =1, C = |0f, D = | 1].
0 0 | 1
Hatinem koopaunatei Touek Ay, B;, C;. VMeem:
1 1 0 10
A,=oc0—|—|31=oc11+[510.
0 | 0 1
IlepBass koopaunara ToukH A, paBHA HYRIO, MOSTOMY MOXKHO MOJO-
0
®uth o = —I1, B =1 Tonyunm: A, =|1 )74 aHaJIOrHYHO
1 1
B;=|0|, C,=|1|. Tenepp HaiineM KoOpAHHaTH TOuek P, Q, R.
1 0
MeeMm:
1 1 0 0
P=v9|0) +6|1)=m|1]+ 6,.)0}.
i1 0 10 1
[TepBas koopauHata TOUKH P paBHA HYJIO, MO3TOMY MOXKHO MOJOXHTD
0
vy=1,8 = —1. [lonyuum: P = || —1|| u aHanoruyxo
1
1 | 1
Q=| 0l R=|—I1}.
—1 0|
Onpepenurens
0 1 1
—1 0 —1},
I -1 0

cToJ6UAMH KOTOPOTrO SfBJSIOTCA KOOpIMHATH Touek P, Q, R, paBeH
HYJIIO, CJEIOBATeNbHO, TOYKH P, Q, R KOJJUHEapHHI.

3ameuanue. JlokasaHHas 31eCb TeOpeMa — YaCTHBIA CJy-
gaii Teopemsl [lesapra (cM. § 8).

60. Ha nByx pas/jMuHBIX NPSMBIX M U 1 TPOU3BOJNBHO B3SITHI pas-
JauuHble Toukd Ay, Ag, A; u Ay, A,, Ag cooTBeTcTBeHHO (pHC. ).
Iokaxure, uto Toukd P = (444,) N (A.4;5), Q = (4.435) N (454,),
R = (A3A.) N (AgA,) npuHamjgexxar ogHoOH npsMoil (Teopema Ilac-
kaas — llanna).

Pemenue. BeeneM NPOEKTHBHYIO CHCTEMY KOOPAHHAT, NpH-
HsIB YeTblpe M3 NaHHBIX TOUeK 3a (GyHAaMeHTaJbHbIE:

I 0| 0
A1=O l, A3=0
lo 1

, Az=0‘ , A=

1
1
1

18



Puc. 5

1 0
ol + plo
0 1

Tak xak p 5= 0 (B nmpoTHBHOM cJiydae Touku Ay u A, coBnanu 6nl),
TO MOXKHO MOJNOXUTb P = | M, creroBaTe/bHO,

Toraa Ay, =0A;+ PAs =«

.

o
A, =|0|.
1
Anajoruuso
1
Ay = Al
1

Haxozum koopauHatel Touek P, Q, R. s 3TOro MOXKHO HaliTH ypaB-
HeHus wecTH npsambix A A,, A,As, ..., AgAy U 3aTeM, pemas COB-
MECTHO COOTBETCTBYIOUIHE YpaBHEHMsi, HAHTH KOOPAHHATHI Touek P, Q,
R. OnHako B JaHHOM cllydae, KaK W MpPU pelleHHH OpenblAyiled sana-
yH, €CTb BO3MOXHOCTb YIMPOCTHTb BBHIKJAIKH.

Tak kak P € (A44,), To, UCIONIB3Y s MapaMeTpHYeCKHe yDaBHEHHS
npsiMOH, MPHXOAUM K BLIBOAY, 4TO TPEThsl KOOpAHHATa TOYKH P paBHa
nymo. [Tostomy u3 P€(A,A;) cnenyer

o—1 0
P=A, —A, =l —1|. Ananoruuno Q = adgy — Ay =| ahl.
l 0 ar—ll
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Tak xak R € (A;4,), To y Toukd R 1Be nepBble KOOPAHHATHI PaBHBI
Mexay coGoii. Torma BenencTsie Toro, uto R € (AgA,), Haxoaum

A
R=A3+(A/'—1)Ai= 71\1.

[ToxcunTeiBast ONpenennTeb

o —1 0 A
—1 o MM,
Qa —11

BUJMM, UTO OH PaBeH HYJIO H, CJELOBATENbHO, HJs1 TOYEK BHITOJHEHO
yCJIOBHE KOJITHHEAPHOCTH.

61. Uepes xBe pasnuynble Touku M u N 1poH3BONBLHO MPOBELEHEI IPsi-
MBIE a4, O3, @y U Gy, Q4 Qg COOTBETCTBEHHO. TOuKM mepeceyeHuss 3THX
NP SIMBIX: Bi=a 1 a, By, = a, (| as, Bs = a3 (| as
B.=a. N a;,, By =a; N a5 Byg=as N ai. Jokaxure, 4t0o Mnps-
muie BB, B, B5, B3;B, mnepecekaloTcs B OIHOH TOUYKE.

62. JToxaxuTte, 4TO YTBep:xkJAeHHE, CHOPMYJIHPOBAHHOE B YCJAOBHH
sagaun 61, Moxer ObITh mosyueHo u3 TeopeMmbl [lackana — Ilamna,
JIOKa3aHHOH B mpoluecce pelueHuss 3agauun 60 Kak ee mpsMoe cJjef-
CTBHE.

63. Jlokaxure, YTO yTBepKAEHHS, cPOPMYTUPOBAHHLIE B YCIOBUAX
3agau 55 (s,r), 56 (8,r), 57 (8, r), caeaywor u3 teopemsl [lackansg —
[Nanna (3apaua 60).

64. Jloxaxure, YTO yTBEpPKIEHHS, CGHOPMYJIHPOBAHHEIE B YCJIOBHU
3ajgaun 58 (B, I), CAEAYIOT U3 YTBEpPXKAEHHS, cHOpMYJIHPOBAHHOrO B
ycaoBuM 3ajgaun 61.

65. JlaHer KOOpAMHATE! ()YHIAMEHTANbHBIX TOYeK Ei (1:1:0),
Es (1:—1:0), Es (1:1:—2), Eg (1 : —1:2) npoekTuBHOH cHC-
TeMbl KOOpAMHAT R’ OTHOCHTENbHO MpoeKTHBHOH cucrembl R. Hakiau-
Te YpaBHEHHS Nepexoja OT OJHOH CHCTEMBI K APYTofi.

¥ ka3aHue CuM.peuenue aHajJoTuyHol 3agaun: § 6, npumep 6.

66. Touxa M B cucreMe R’, 3sajaHHOH B yCJIOBMH 3ajauy 65, uMeer
koopauHate (1 : 2 : —1). Hafinure ee xoopaunaTel B cucreMe R.

Touka N B cucreMe R, 0 KOTOPOH MJeT peub B YCJOBHH 3afaud 65,
umeer KoopauHathl (1 : 0: —1). Hafizure ee xoopauratel B cucteme R'.

YkasaHue. CM peureHne aHaioruyHo# sagaun: §6, npumep 7.

67. lanbl Qopmysi nepexoaa oT npoeKTnBHou CHCTeMbl KOODJH-
HaT R K OpPOEKTHBHOH cHCTeMe xoop;mHaT R

?»xl = x1 — x3,
sz = X1 -|— 2)63,
7»x3= x;— x2—|— x3
a) Hafinure ypaBuenre npsamoii [ B cucreme R', €clu H3BECTHO
ee ypaBHeHHe B cHcreme R:
xi + 2x2 = 0.
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6) Hafinure ypaBHeHHe mpsiMoH m B cHcTeMe R, €CiM M3BECTHO ee
ypaBHeHue B cucteme R':

x1 + 2xg = 0.

68. B npoexTuBHOI cHcTeMe KOODAMHAT R IaHBI KOOPAHHATH (yH-
JaMEHTAJLHBIX TOYEK [POEKTHBHOH CHCTEMBI KOOpAHHAT R':

| 1 ‘ 0

) 2 = 0 ) EO - 0
| | 0 1]

Ha#inure:

a) Gopmysbl nmepexofa OT OAHOM CHCTEMBI KOOPAHHAT K APYrof;

6) KOOpAMHATHI TouKH A B cucreme R, eC/iM H3BECTHBI €e KOOpAUHa-
ThI B cHcreme R':

A(—4:0:1)

B) KOOpPIMHATHI TOUKH B B cucreme R’, eC/ii H3BECTHbI €6 KOOPIH-
HaThl B cHcreMe R:

B@:—1:3)

) ypaBHeHHE nmpsMoi B cucteme R’, €CH U3BECTHO €€ YpaBHEHHe
B cucreme R:

Xy + xo + x3 = 0;

[} ypaBHEHHeE NPsSMOH B CHCTeMe R, eC/IH H3BECTHO ee ypaBHEHHe B
cucreme R':

2X|—X2——x,, 0.

§ 5. OAHOPOAHDbIE A®®PHHHBIE KOOPAHUHATDI
HA PACIUMPEHHON EBKJIMJOBOHM NJOCKOCTH

Jiuteparypa: [2], §7.

69. Harfinure onnoponsele apduUHHBIE KOOPAMHATHL TOYEK EBKJH-
IOBOH IJIOCKOCTH, 3aJaHHBIX CBOHMH HEONHOPOIHBIMH KOOPAHHATAMH:
00;0, A1;0), B(©0; 1), C(25), D(=3;1),
E (4; —2), F (—1; 5).
Ykasanue. Bocnoabsydrech paBencrsamu (7.2) us § 7. 2.

70. 3anuuwuTe B OAHOPOAHBIX apdHUHHBIX KOOpAMHATAX YpaBHEHHS
NPSIMBIX

x=0, y=0; 3x—y+2=0 x+y—5=0
2x +3y —1=0.

71. 3anuuinte B OJHOPOAHBIX ahUHHBIX KOOPAMHATAX YpaBHEHHE
HecOOCTBEHHOH MPAMON pPaCUIMPEHHOH IJIOCKOCTH.
72. Hafinute oAHOpOINHBIE KOODAMHATBI HeCOOCTBEHHOM TOUKH
npsiMoit
3x —5y + 1 =
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Pewenue. I-4cnocod. Hanmpapnsromuit BEKTOP NaHHOR Ops-
MOH HMeeT KoopiauHaThl (5; 3), MO3TOMY COrJacHo Teopeme u3 § 7. 2
UcKoMmasi Touka umeeT koopauHatel (5 : 3 :0).

2-i1 cnoco6. OpHOpPOLHOE YpaBHEHHE NaHHOH NpsAMOH 3%y — S5xy +
+ X3 = 0 pemiMM COBMECTHO C YpaBHEHHEM HEeCcOGCTBEHHOH mNpsMoH
x3 = 0. D10l cucreMe y0BJETBOP AIOT TPDOHKH YHCE, MTPONOPLHOHAD-
uele tpofike (5:3:0).

73. Haifizure oJHOpPOJHBIE KOOPAHHATHI HECOOCTBEHHBIX TOUYEK CJle-
AYIOMHX HPSMBIX:

x=0;, y=0;, 3x+2y—1=0; x—y+3=0.

74. Haiinure ypaBHeHue P IMOH B OXHOPOAHBIX aphHHHBIX KOOPAH-
HaTax, npoxoxsiueil yepe3 Touky A (1 : — 2 :3) u HecoGCcTBEHHYIO
TOUKY mpsiMoit 2x; — x, + 3x3 = 0.

75. B onHopoaHbIXx ad@HHHBIX KOOpAMHATaX HaMAUTE YpaBHEHHE
npsaMoH, mpoxofsiuedi yepe3 HecOOCTBEHHBIE TOYKH MPSIMBIX

X1 —Xo+x3=0 u x;+ 2x, + 3x; = 0.

76. Onpenenute, K KakuM abhPuHHBIM KjaaccaM MOXKeT MpHHau/Ie-
JKaTb KpUBas

x> — 12xy — 2y* — 20 = 0.

Y ka3aHue Hafiture HecoGCTBEHHbIE TOYKH JaHHOH KPHBOIT
B MO UX YHCIy onpejenute adUHHBIE KIacChl, KOTOPBHIM OHa MOXET
NpHHAAJexaTh (CM. pellleHHe aHaJOTMYHON 3ajauu § 7, npumep 2).

77. Onpenenute, K KakuM apdUHHBIM KJaccaMm MOTYT NpHHajje-
JKaThb CJe[YIoMHe KpHBBIE:

a) 4x* + 9y* — 40x + 36y + 100 = 0;

6) 9x2 — 16y* — 54x — 64y — 127 = 0;

B) 9x* 4+ 24xy 4+ 16y* — 18x + 226y + 209 = O;
r) x2 —2xy +y? —12x 4+ 12y — 14 = 0.

78. Toukn E, (1; 0), Ey(1; 1), E5(0; 1), E, (0; 0) eBxmroBOif
IJIOCKOCTH TMPHHSTH 3a (QYHAAMEHTaJbHbIE TOUKH MPOEKTHBHOH CHC-
TeMbl KoopauHat R (puc. 6). Halizute KoopAMHATH HECOGETBEHHOH

TOYKH Ha ocu Oy B 3TOK CHCTeMe
KOODJMHAT.

Y
Koo Koo YKasaHue. Hckomas
Touka K. — €CThb TOUKa nepeceye-
Hus npamelx EGE, u EGE,.
£y /[2 Loo 79. Haiigute KOOpAHHATHI He-

coO6CTBEHHOH TOUKH ocH Ox OTHO-
CHTEILHO CHCTEMBI R M3 mnpelbl-

£, Jz, Lo Lyiled 3ajauf.
0/ / ] Ykasauue.  Hckomas
Touka L., €CcTb TouKa mnepeceuye-
Puc. 6 HHA npaMbiXx FoEq u EE,.
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80. Hafizure xoopauuatel touek A (0; 1), B (—1; 2), C (3; —1)
B cuctemMe R u3 3amaun 78.

Ykasauue. KoopauraTel ¢GyHIAMEHTaNbHEIX TOUEK CHCTEMBI
R u naunbix touek A, B, C 3ajaHbl B HEOQHOPOAHOH ahPUHHON cHCTe-
Me KoopauHatT. OGO3HAUHB COOTBETCTBYIOULYIO € OJHOPOAHYIO CHCTe-
My uepes R’, HailiquTe ypaBHeHHe nepexona or R K R’ (cM. § 7, nmpumep 3).

81. Haiinure KoopAuHATH HECOOCTBEHHLIX TOYEK MNP SIMBIX:

a)x—2y+1=0;

6) 2x+y—2=0;

B) (E1Es)

B cucreme R u3 3ajgaun 78.
82. Haiigure ypaBHenne npsiMoit x — 2y = 0 B cucreme R u3 3a-
nauu 78.

83. B mpsIMOYrOJIbHBIX AE€KapTOBLIX KOODAUHATAX AAHO ypaBHEHHE
KpHBOH

X2 —2xy + y?+4x + 4y —8=0.
Haiigure:
a) ypaBHeHHE NaHHOM KDPHBOH B COOTBETCTBYIOUIUX OJHOPOIHBIX
KOOpAHHATAaX;
6) HecoOCTBEHHBIC TOUKHM KPHBOH, JOKa3aB IpPH 3TOM, YTO AaHHAs
KpuBas siBjisercs: napabosoit;
B) HanMpaBJsIOMKN BEKTOP OCH MapaboJbl;

) KOOpPAMHATHI BEpIUIMHLI M YpaBHEHHe OCH NapatoJbl B HEOAHO-
POMHBIX KOOpAMHATaX.

Ykasaunue. 6) YOemIuBIIHCh, UTO Y KPHBOU JIHIIL OJAHA He-
1

cob6erenHast Touka K. =| 1|, sakmogaem, uro 310 Jaubo napabo-
0
Ja, Jubo napa napasesbHbIX MPSAMBIX (LeACTBHUTEIbHBIX MM MHHMBIX)

¢ HanpasJflomuM BekTopoM u (1; 1). B nociienneM ciydae ypaBHEHHE
KPHBOH MOXKHO MpPeJCTaBUTb B BHIE

x—y+ax—y+0 =0

HetpynHo noxkasatb, YTO HH MPH KaKHX a U b 5TO ypaBHEHHe He COBMa-
JlaeT C NaHHBIM, IO3TOMY NaHHas KpuBas — mapabosa.

r) KoopanHaTel BepUIHHH HaXOAATCH C YY€TOM JBYX VYCJOBHH:
1) Ouu ymoBnetBopsoT ypaBHeHuto napaGonnl. 2) [Ipsimas, npoxoas-
as yepe3 BEpUIMHY NepHeHIUKYJNApHO HaMpaBJSIOLEMY BEKTOPY
oCH, HMEET C napabosoil TOMbKO OAHY OOLLYIO TOUKY.

84. B npsMoyronbHBIX AE€KapTOBHIX KOODAHHATaX JaHO YpaBHEHHE
HEBBIPOXKAECHHON KPHBOH

2x¢* + 3xy + y* —2x 4y = 0.

Haiigure:
a) ee ypaBHeHHE B COOTBETCTBYIOLIMX OJHOPOAHBIX KOOPAHHATAX:
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6) HecoOCTBEHHbIE TOUKH KPHBOMH, JOKAa3aB [pPH 3TOM, YTO JaHHAs
KpUBas sBJIsgeTCs runep6oJoii;

B) HampasJsioliHe BEKTOPH ACHMOTOT THIepOoJILy;

T) ypaBHeHHs aCUMNTOT H KOOPAMHATH LEHTPA B HEONHOPOLHBIX
KOOpAHHATAX.

Ykasauue. 6) CM. ykasanue K 3agave 83, 6.

r) B nyuke mapajsenbHBIX NPSIMBIX aCHMIOTOTHUECKOrO HalpasJe-
HHA acHMITOTA BbIIEJNsETCs TeM, YTO OHA HE HileeT ¢ rumnepbosoft o6-
wux Touek. LleHTp Moxer ObiThb HalJeH KaK TOUKa [epeceyeHHs
aCHMITOT.

85. B oaHopoAHbIX atddUHHEIX KOODAMHATaX AAaHO YPaBHEHHE KPH-
BoH

3x} + 3x3 + 2x3x, — 8x9x5 — 8x3x5 = 0.

Haiizure ypaBHeHHe 3TOH KPUBOH B NPOEKTHUBHOH CHCTEME KOOPAHMHAT
R ¢ dyHmaMeHTaNbHBIMH TOYKaMH

1 1 1 2
Ei = 1 ) Ez = 1 y Es = _l y Eo = 1 .
1 0 0 1

Y kaszanue. Crauana Ha#izure GopMmysbl nmepexofa OT OIHO-
pojHoi adpuHHOH CHCTEMBl KOOPJAHHAT K cucreme R.



r1ABA 111

NPOCTEAIUME ®AKTb! TEOMETPUM
NPOEKTHBHON IJIOCKOCTH

§ 6. MPUHUMM JBOUCTBEHHOCTH. TEOPEMA JE3APTA

Jureparypa: [2], §8.

86. HassaTb ¢urypnl, IBOHCTBEHHBIE CJIEAYIOUIHM:

a) TPexBepIUHHHK, O©) JABe pas3juYHbIE NpsAMble, B) TPH KOJJIH-
HeapHble TOYKH, TI) YEThIPEXBEPUIHHHHK.

87. Haubl gse npavble [ u [y, Toukn A,B,C npuHaniexar mnpsMoi
I, Toukn Ay, By, Cy npuHagiexxat npsiMoit /;. Jlokaxiite KoJIHHEap-
HocTh Touek Q =1 (| &, P = (AB) N (AB,), R = (BC)N (B,C),
ecan npsivbie AA,, BBy, CCy npuHaniexat ogHomy nyuky. Chopmyiu-
pyiliTe JBOHCTBEHHOE YTBEpXKIEHHE.

Yxasauue. Ilpuvenure o6patuyio Teopemy [lesapra K Tpex-
BepiunHuukam AA;P u CCiR.

88. Iloxaxure, 4ro yTBep:kJAeHHe, copMyJHpoOBaHHOE B ycJo-
BHH 3a4a4u 59, sBJSETCS YACTHBIM CJlydyaeMm TeopeMhbl Jlesapra.

89. ChopmynupyiiTe 3anauy, ABofcTBeHHYIO 3ajgaue 59. IToxamxu-
T€, U4TO YTBEpXKAEHHE, COLepxalleecss B JABOHCTBEHHOH 3ajauve, ecTh
yacTHBIH cJydalt obGpaTHON TeopeMbl [le3apra.

90. [aHwl npsamasi a, HekosJuHeapHwie Toukd A, B, C, npuyem
3TH TOYKH He HHUMAEHTHH! a. [JocTpoiite KoHdurypauuio [esapra Tak,
uyToObl @ Oblna 1e3aproBoH ocblo, a TpexBepuMHHHK ABC — pesap-
roBeiM TpexBepuinHHHKOM. CdopMynupyiTe JBOHCTBEHHYIO 3ajauy,

91. PaccmorpuTte uacTHble cayuyau Konpurypauuu J[lesapra Ha
pAacuUIHPEHHOHA MJICCKOCTH, KOraa:

a) nes3aproBa OCb — HEeCOOCTBEHHass npsaMad;

6) ne3apToB LEHTP — HeCOOCTBEHHast TouKka.

CchopmyaupyiTe COOTBETCTBYIOUIHE UYacTHbE CJiyyaH MOpPsAMOH M 00-
patHo# Teopem [lesapra B TepMHMHAX €BKJMAOBOH TEOMETDHH.

92, Jlaub uetnipe Toukud A, B, C, S, U3 KOTOpBIX HUKaKue TPH
He KOJIIMHeAapHbl, W NpsMas S, He MHUMJIEHTHAs HH OAHOH M3 HHX.
TocTpofite KoHdurypauuto Jesapra ¢ ueHTpoM S, oCblo S H TpexBep-
minHEnKoM ABC.

93. B xondurypanun Hesapra Ha pacliMpeHHON €BKJHAOBOH MJIOC-
KOCTH J[BE€ BEPLIMHBI OJHOTO H3 Je3aproBbIX TPEyroJbHHKOB — Hecob-
cTBeHHble TOUuKH. Crenaiite ueptexx KoHdurypanuu Jlesapra u chopmy-
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JHpYHTE COOTBETCTBYIOLIHE YacCT-
Hble clyuyau npsMod U obpartHoi
TeopeM [le3apra B TepMHHAX €BK-
MupoBoil reomerpuu. Jlokaxute
NOJIy4YeHHBIE TEOpeMbl CPeZCTBaMH
€BKJIHJ0BOH T€OMETPHH.

Ykasangue. [lpuBogum
(OpMYNHPOBKY MpPSIMO#l TEOPEMEL.

[Tycts ABC — npou3BOJIbHBIH
TPEXBePUIHHHUK, S — TOuka, He
NpUHaJJIeXKAIAs ero CTOPoHaM, H
C, — npousBoJibHas TOYKA Mpsi-
moit SC, ornnuras ot S u C. Ecau
Touku P u Q, Jexaliue COOTBETCT-
BeHHO Ha cropoHax BC u AC, ra-
koBbl, uTo (C4Q) || (AS) u (CiP) ||
[| (BS), to npsameie AB u PQ na-
paJjaenbHsl (puc. 7).

Ilns poxasartenbcTBa TEODEMB
CpPeJCTBAMH €BKJHIOBOH reoMer-
PHH PacCMOTPHTE OMOTETHIO C LEHTPOM B Touke C, MPH KOTOPOH TOu-
Ka S orobpaxaercs Ha C;. [Tokaxure, 4To oOpasom mpsivoit AB upu
3TOi romoretuu Oyner npsmas QP.

94. Cpnenafite yeprex KOHburypauuu Jlesapra B cjyudae, KOraa
OJHA M3 BEpUIMH OAHOTO M3 [e3aproBBIX TPEXBEPLIMHHHKOB HECOoB-
CTBEHHaA.

95. Cpenafite ueprexk KoHurypauuu Jlesapra B cJayuae, KOTraa
mapa HECOOTBETCTBYIOMIMX BEpPUIHH TPEXBEpIIHHHHKOB — HECOGCTBEH-
Hble TOYKH.

96. IlposepbTe, uTo AJA M0G0 NpsAmMO# M3 KoHGUrypauuu [esap-
ra MOXHO nojao0paTth Takue [Ba

TPEXBEPIIMHHUKA 3TOH Ke KOH-

¢durypanuu, LJIs KOTOPHIX NaHHAS

/ npsamas OyJIeT 1e3aproBod oChio.

97. Ha eBKINA0BOI MIOCKOCTH
Tpaneuus BMHCAaHA B YeTHIPEXYro-
£ (] JbHHK TaK, 4TO ee mapajjielbHble

\//\\ / /Y/ CTOPOHBI MNapaJJeJbHbl OXHOH M3

7 T 7 ero puarosajeft. Jlokaxure, 49rto
/\ HenapaJuie/ibHble CTOPOHBL Tpare-
IIHY NepecekaloTcs Ha Apyroi fua-

£ /H rosanu (puc. 8).
2 Pemenue, Tpaneuus
EFQH BnucaHa B YeTHIPEXYroJib-
Huk ABCD rak, uto (FQ) || (EH) ||
Puc. 8 |/(AC). Tpsimuie FQu EH, FBu DE,

BQu D H nepecekatorcs Ha npsiMoi



AC. CnepoBarenbHo, TpexBeplunHHUKY # FBQ u EDH ynosnetsopsior
oOpaTHO# Teopeme [lesapra u npsamsle FE, QH u BD nepecexaiorcs
B OJHOH TOUKe.

98. Ha eBkaumoBOH  MJOCKOCTH  BEpIIMHBI MapalliesorpamMmma
ABCD nexar ua cropoHax mnapasnnenorpamma A'B'C'D’ Tak, utc
A €(A'B"), B€(B'C'), C€(C'D"), D € (D'A"). Hoxkaxure, KCHOJb-
3ya Teopemy Jlesapra, uYTO LEHTP CHMMETPHHM MapaJJeNorpamma
ABCD coBnajaer ¢ IeHTPOM CHMMeTpUu napanienorpamma A'B'C'D’.

99. HMcnoabsya rteopemy Jlesapra, A0Ka)KuTe, YTO MEAHAHBI Tpe-
yroJbHHKa [epeceKkarTcss B OLHOH TOUKe.

100. Ha eBk/IHAOBOH MJIOCKOCTH JaHBI ABE MapaJjilesbHble Ops-
Mbie [ 1 m 1 Touka P, um He npuHaane:kamas. [Toab3ysch OQHOH JH-
HeliKoH, yepe3 TOuKY P nposeiuTe MpsiMylo, MapasjenbHYI MpsiMbIM
lum.

Pemernue. Anasus. Tlycts 3anaua peuleHa u npsiMasi 1 — HC-
komasi (puc. 9). Paccmorpum Kondurypauuto Jlesapra, LEHTPOM KO-
TOpOfl ABNSETC HEeCOOCTBEHHass TOYKa, NPUHALNEKAMWAA [P SIMBIM
I, myn. Ocbsurourn R €1, Q € m u R’ € [ moryr Gbith BHIGPAHbI
NMPOHM3BOJbHO, HO TaK, 4ToObl R, Q ¥ P He ObUIM KONTMHEAPHBIMH.
Eciu X= (RQ)Ns, Y =®PANs, Z={RP)Ns 10
Q =®X)Nm P=(RZ) N @Y.

Iocmpoerue. 1) [MpoussoibHO BeiGepeM ToukH R, Qu R’ Tak, 4ToGhl
P, Q u R He mpuHamiexaiu oanoii npamoit u (RR') =1[, Q € m.

Pue. 9



2) IIpou3BOJILHO MOCTPOHUM [€3aPrOBY OChb § TaK, YTOGbI OHA HE Gpi-
Jla napaJijiesibHa CTOPOHaM TPeYronbHHKa RQP U He NpOXOAH/Ia HH ye-
pe3 oiHy u3 Touek P, Q, R, R'.

3) Ioctpoum X = (RQ) N's, Y =(QP) N 5, Z=(RP) ) s.

4) IMoctpoum Q" = (XR') N m, P' = (R'Z) N (Q'Y).

5) TToctpoum uckomyio npsamyio PP’.

Hoxasameascmeo. Tpeyronbuukun PQR u P'Q'R’ ynoBnersopsior
obpatHoii Teopeme [lesapra, Tak kKak (RQ) N (R'Q) = X,
PQ N(PQR)Y=Y,(RP) N (R'P")=Z,arouku X, Y, Z nupunan-
Jgexat npsamoi s. CrnegosarenbHo, npsMasi n = (PP’) posxkHa mnpo-
xomlnb uepes oOIyI0 HECOOGCTBEHHYIO TOUKY NpAMBIX [ ¥ m, T.e.
nlli, miln

Hecnedosanue. Tak xak MOCTpOeHHs NMYHKTOB 1—5 Bceraa Bhimod-
HHMBI, TO 3ajaya BCErja HMeeT pellleHue, NpHUYeM EJHHCTBEHHOE B
CHJIY aKCHOMBI O MapaJjlielbHBIX.

101. Touky nepeceueHus ABYX mpsiMbiXx [ M m Oynem HasblBaTh
HEJOCTYIIHOMH, eC/TH STH MpsMble MePeceKaloTcs: 3a npefesaMH YepTexa.
TMosb3ysick omHO!M JHHEHKO!N, NMpPoBegHTe OPAMYI0 yepe3 ToukKy N u
HEJOCTYMHYIO TOUKY MepeceueHusr MpsaMblx [ U .

Ykaszanue. Pewenune 3T0f 3amaud  aHaJOTHYHO  pPeLICHHIO
3asaun 100, TOILKO BMECTO HECOOCTBEHHOH TOUKH NMPSAMBIX [ H /M HYX-
HO paccMaTpuBaTbh HEIOCTYMHYIO TOYKY MEPECeYeHHss MPAMBIX [ u m.

102. Jaunt npsMmas n 1 He Jjexamue Ha Hell Toukn M u L. Tloas-
3ysACb ONHOM JHHEHKOH, IOCTPOHTE TOYKY MepeceueHHs MPSMOH n ¢
npsamoit ML, He crposs npsimoir ML.

Vkasaunue. Koupurypauuo [esapra nocrpoiite Tak, 4yToObt
(ML) 6ba nesaproBoit ocbio, a Todkd M, L u nckomasi Touka N Obliu
TOYKaMH MepeceyeHnsl COOTBETCTBYIOLHX CTOPOH J€3apTOBbIX TPEYTo.Ib-
HukoB (puc. 10).
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Huas storo BepunHet A u C of-
HOTO M3 J1e3apTOBEIX TPeyTOJbHH-
KOB CJIeyeT BuiOpaTbh Ha NpsMOi
n. Torpa TpeTbs BepuwnHa B 6y-
jet toukoil mepeceueHuss (AL) u
(MC). Vickomas Touka N=(AC)
N (A4,C,), rne Ay u Cy — ToU-
KH, cootBerctByiomne A u C B
KoHurypauun [lesapra.

103. Ha eBkaugoBoil mnJjoc-
KOCTH JaHbl MapaJjuiesnorpamm
ABCD, touka M, npuHanIexa-
uiasi OfHOM M3 CTOPOH MapaJlie-
Jorpamma, u npamasa n (puc. 11).
[Tonb3ysick ofHOM MHHEHAKOH, npo- Puc. 11
BEIHTE MNpSMYIO uepe3 Touky M
napaJIeIbHO NPAMOH 1.

Yxasaunue. Ecmn jgasnas npsmas napajiienbHa OXHOM H3
CTOPOH MapaJjuiejorpaMva, To 3ajaua CBOAMTCA K 3agaue 100.

Ecin xe naHHas npsMas nepecekaer NpsMble, Ha KOTOPHIX JeXaT
CTOPOHH! MapaJuiejiorpaMma, To 0003HauMM TOYKH MepeceueHus npsaMbix
AD un DC c npsamoi#t n yepe3 K u L COOTBETCTBEHHO. 3ateM HYXKHO
paccMoTperb KoHpurypauuio [lesapra, ocblo KOTOpO# sBJsercs: Gec-
KOHEYHO yJaseHHas npsiMas, OJHUM U3 1€3apPTOBbIX TPEXBEPIUIMHHUKOB—
TpexsepwnHHuK DLK, a Touka M — BepmmueO# apyroro. Llentp
S Kouourypauuu BospMuTe Ha npsivoit D M. IIpu nmocTpoeHHH BOCHOJIb-
syiitecy 3agauei 100.

104. Ha eBkaunoBo#l miockoctd jAaHwl mapasienorpamv ABCD,
npsaMas n ¥ Touka M, He npuHajnje}ailas Hu NpsiMoH n, HH CTOPOHAM
napajienorpamma. Ilosb3ysice ofHON NHHENKOH, NpPOBEAUTE NPSIMYIO
yepes JAHHYIO TOYKY MapasulieNbHO MpAaMoH A.

Y kasanue. Hcnonpsys sagauy 100, mocTpoiite napaJeno-
rpamMm Tak, yToObl Tudka M npHHajJexasna OXHOH M3 ero CTOpOH, a
3aTeM BOCMOJb3YHTeCh YKasaHueM K 3ajaue 103.

§ 7. ABOMHOE OTHOWEHHME TOUEK W MPSAMbBIX HA NMJOCKOCTH

Jlurepatrypa: [2], §09.
105. [1aHBl TOYKH:

1 5 3 2
A=)2), B=|0)|, C=|l|, D=|—I|.
4 4 4 0

IlokaxuTe HX KONJIMHEaDHOCTb W HafjuTe [ABOMHbIE OTHOLIEHHS
(ABCD) u (DBCA).

Yxasanue.CM pewieHue aHaJOrnyHoH 3anauu B § 9, npumep 1.
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Ha gonmureapHocTy ABYX Tpoek A, B, C u A, B, D cjenyer KoJuiu-
HeapHOCThL Bceill ueTBepkH. [as HaxoxpaeHus (ABCD) wu3 paseHCTB
C =aA + BB, D = a’'A + P’'B naiigure «, B, o', p’. danee yuru-
te, uto (DBCA) = 1 — (ABCD).

106. [JaHbl TOYKH

1 0
—2/, —11, 0 —1 1.
1 1 —1 0]
Y6enutecb B HMX KOJIMHEAPHOCTH M HaHAUTE NBOUHBIE OTHOIIEHMS
(ABCD), (ACBD), (ADBC), (DCBA).

107. J1aHbpl TOYKH

l

1 1

A= B= C: , D=

1
0 —1i, 1.
1 2 0

JokaxkuTe, 4TO 3TH TOUKH KOJJIMHEAPHbI, U HAHIUTE JNBOHHBIE OTHO-
LIeHHS

(ABCD), (ABDC), (ACBD), (ACDB), (ADBC), (ADCB),
(BADC), (CDAB), (CABD), (CBAD).

108. Y6enurech B TOM, YTO CJEAYIOUIME YETBEPKH MNPSMBIX MPH-
HajJexxaT ORHOMY NYUKY:

a)a:x —2x +x3=0;, 6)a:x,=0;

5
—2|,
7

1

A=|0l, B= C= D =

b:—x, + x3=0; b:xy —x,=0;
C:x3—x3=0; c:3xy — x, =0;
d:xy—x, =0; d:bxy —x, =0.

Haiinure pBoitnbie oTHowenusi: (abed), (adbc), (dcba).

Ykaszanue. Peuenue anamoruu€o peweHuro 3apgaun 106.
Hcnonb3yfite KoopAuHATHbIE CTPOKH AAHHBIX MPSMBIX.
109. [aHEl 09Tb TOYEK:

1 —1 0 —1 0
, C=| 1

A= lf, B=| 2 , D= ll, P =]1].
—1

—1 2 —1 0

Y6enurech B ToM, uto Touku A, B, C u D Kon/nnuHeapHB!, HO OHH He

KoJITHHeapHsl ¢ P. HenocpeacTBeHHOH NPOBEPKOH MOKa)KHUTE, UTO

(ABCD) = (abcd), tae a = (PA), b = (PB), C = (PC), d = (PDj.
110. Jasbl 0ATh OpPSMBIX:

a:xy—2x, + x3=0;
b:2x + x, + x3=0;
¢ :5x; + 3x3 = 0;
d:xy+ 3x, = 0;
p:3x; —x, = 0.

Y6eauTech B TOM, 4TO NpsiMble a, b, ¢, d npuHajJIexaT OfHOMY NYYKY,
HO npsiMas p 3TOMY Ny4yKy HE mpuHajIexuT. IlyreM HemocpexcTseH-

80



HOPI MPOBEPKH TMOKAXKHUTE, UTO (abcd) (ABCD), tae A=p () qa
B=pnb C=pNec D—p
111. Haub mpsmere a (2:1:1), b ©0:1:3) uw c(l1:0:—1).
[IpoBepbTe, YTO 3TH TPH HpﬂMbIe npuﬂamemar ONHOMY MYUKY, H Haii-

IMTE B 3TOM MYuKe npsamyio d Takyiwo, YTobH (abcd) = —l—.

3
Ykasanue. Bopasure KooOpAHHATHblE CTPOKM MPSIMBIX ¢ M d
uepes  KOODAHHATHLIE CTPOKM NPAMBIX @ H b:c=aa- pb,
d=a'a+p'b u nasinure o u f. 3aTeM, noJabL3YACH ONPEAETEHHEM IBOAHO-

B

ro OTHOLIeHHA (abcd) = — : E, HalizuTe F_¢ L (cM. mpumep 2
a o a’ a 3
u3 § 9).

112. Ha paciumpeHHO# €BKJHIOBOH MJIOCKOCTH AAHBI YEThIpEe Mps-
Mple: a:y=0, b:y=1x, ¢c:y=3x, d:y=>5x Y6e-
JHTECh B TOM, YTO 3TH NpPSIMbIE NPUHALMEXKAT OJHOMY NYUKY, H Hail Au-
te (abcd).

113. JaHsl TpH MpsMbIE:

a:2x —x, —x3=0,
b:ixy+ 3xy+ x3=0,
€:5xy + x3 — x5 =0.

Y6enuTech B HX NPUHAAMEKHOCTH OXHOMY MYUYKY U HaliiuTe ypaBHeHne

npsimoit d M3 YCJIOBHIL: a) (abed) = —1, 6) (abed) = 3,
B) (dbac) = —2.
114. [Jaubl TpH TOYKH:
1 —2 —1
A=|—I ’ B = 0 ) C=j—I .

2 1 3

Y6eaurech B UX KOJIJIMHEADHOCTH U Ha#AauTe Touky D Takyio, 4TOGHI:
a) (ABCD) = —I; 6) (CDBA) = —I; B) (CADB) = —I;
r) (ABCD) = 2.

Ykasauue Peuenne anajsoruuso pemeHuto sagaud 111,

BmecTo KOOpAMHATHBIX CTPOK MNPSIMBIX YYacTBYIOT KOOPAHHATHBIE
CTOJIOLB! TOYEK.

115. JlaHbsl TpH TOYKH:

—1 3
2 0 —1{.

1 1 1

Y6enurech B HX KOJJIMHEADHOCTH M Ha#juTe TOUKY D Takyio, uTOGHI:
a) (ABED) = 2; 6) (ABDC) = —1;
B) (ADCB) = —5; 1) (DBAC) = 3.
116. [Taubl ueTblpe KomnuHeapHuie Touku A, B, C, D. Ckojbko
PasIMYHEIX YIOPSANOYEHHBIX YETBEPOK MOXKHO COCTaBHMThb U3 HUX? [[Bofi-

5
A= B= , C-_—.

’
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Hbl€ OTHOIIEHHS! KAKHX YeTBepPOK paBHHI? BrlunciuTe BCe 3TH JBOHHBIE
otHomenus, ecaun (ABCD) = a.
117. Hauel KoJJHHEapHbIE TOYKH
—5 —3
0 1
1 1

—1
2
1

1

A=| o] B= , C=| 2|, D=]3].

Haiinure pasiesneHHble M HepasjeeHHble Maphbl, KOTOPbIE MOXHO CO-
CTaBHTb U3 HHUX.

Pemenue.  CyumecTByioT Tpu crnocoba pa3bueHHss JaHHBIX
touek Ha mapn: (AB, CD), (AC, BD), (AD, BC). Hano nogcuntarb

COOTBETCTBYIOWIKE ABOMHEIE oTHOWEHUS. [Tockonbky C = —A -+ 2B,
D = —24 + 3B, 10 (ABCD) =?f 2=

Haxonum ocranbHbie JBOMHBIE OTHOUIEHHS:

(ACBD) = 1 — (DCBA) = 1 — (BADC) = 1 — (ABCD) = ——%,

1 I
(ADBC) = 1 — (CDBA) = | — (BACD) = | — o = .

Uraxk,
(ABCD) >0, (ACBD) <0, (ADBC) > 0.

CnenoBaTesbHO, Mbl HMeEEM:
A, B=-CD; A C+B,D; A, D=B,C.

118. Konnuneapuyio 4erBepky todek 3amaud 106 pasbeiite Ha
pasjesieHHble Maphl.

119. UerBepKy pas3jHYHBIX KOJJIMHEapHBIX TOYEK MOXHO pPasbuThb
Ha mapel TpeMs crnocobamu. [loKaxkHTE, YTO B OJHOM H3 3THX CJY-
yaeB MOJIYYAKCTCsT pas3jesieHHble napel, a B ABYX APYTHX HepasieleHHLIE,

120. [IBoiinoe otHoweHnue (ABCD) paBno —I1. Haiiaute (DBCA).

121. a) Ilano (ABCD) = 3. Haiiqute (CABD).

6) Hano (ABCD) = —2. Ha#igzure (DBCA), (CADB), (CABD),
(ADBC), (CBAD).

B) Hano (ABCD) = —I1. Haiigure (DBCA), (CADB), (CABD),
(ADBC), (CBAD).

122. Jloka)kute, YTO napa HECOGCTBEHHBIX TOYEK rumepGoJbl rap-
MOHHUYECKH JEJHTCS Napofl HecoGCTBEHHBIX TOYEK ee oceil.

123. Tlyets K u L_ — HecoGCTBeHHbie TOYKH TrHnepGosibl
23
x—4 —y*=1, A_ wu B_ — HecoOCTBEHHbE  TOYKM  MPSMBIX
2x —3y+1=0u x+ y =0 coorBercTBeHHo. Haiiaute ABOiiHOE
orwowenue (K L_A_ B_).

124. B npoexkTuBHOM cHCTEMe KOOPAMHAT R JaHbl KOOpIMHAThI
(GyHIaMEHTaNbHEIX TOYEK CHCTeMbl R':
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T T o .o
Er=|1|, E;=|1|, Es=][0|, Eo =]o|.
1) o) 0 1

[Mosb3ysich Teopemoit U3 § 9. 2, HafianTe KOOPIMHATHL TOUKH A B CHC-
TeMe R’, ec/H HM3BECTHBI ee KOOpAMHATH B cucreme R : A (2:—1:3).

Ykasanue. Bouuciure JBOHHBIE OTHOLIEHHA (E2E3E,Ay) 1
(E\E3EqAs),  tae  Eyg=(EiE0) (| (E2Es),  Ego = (E2Eo) N (E1Ey),
A, = (Eq:E3) ) (E14), A, = (E\E3) N (E:2A), a 3areM  Haiqure

X, . X
’ ’ ’ ’ ’ 2 ’ l
X1 Xg ¢ X3 u3 paBeHCTB (EoE3E jA;) = 1 (EL\E3E 4 A;) = —. Cpas-
3 *3
HHTe ¢ mpumepoM 3 u3 § 9.

125. Tlosb3sysick TeopeMolt u3 § 9. 2, Haliaure ¢opMysabl npeobpa-
30BaHUS MPOEKTUBHBIX KOOPAHHAT, CBSA3bIBAIOIIHE KOOPAMHATHI MPOH3-
BOJBLHOH TOUKH B cHcTeMe R u R’ u3 mpeiblayilel 3ajgaui.

Ykasaunue. Ira 3amavua anajJorduda sagaue 11.

126. Pewmnte, monn3yscs TeopeMoit u3 § 9. 2, sagaun 78, 79, 80, 8l.

127. C — cepenuna orpe3ka AB Ha eBKIHZOBOH mIocKocTH, D —
cepenuda BC. Hafizute nsoitupie ornowenus (ABCD), (ACBD),
(DCBA).

128. Ilycte A u A’ — uHBepcHBIE TOYKH, K 1 L — TOUKu mepece-
yenus npsamMod AA’ ¢ OKPYKHOCTbIO MHBepCcHH. J[OKaXKHTe, 4TO Naphl
A, A’ u K, L rapMOHHYeCKH AeJAT APYT ApYyra.

129. Hcrnonb3ysi pe3yabTaThl, [OOJYYEHHblE NPH PEIICHHH 3aXaydl
128, Hafigure crnoco6 NOCTPOEHHST YETBEPTOH TapMOHHYECKOH TOUKH
Ha EBKJHIOBOH MJIOCKOCTH.

§ 8. MOJIHbIA YETBIPEXBEPIIMHHUK H MOJHDbIA YETBIPEXCTOPOHHUK

Jureparypa: [2] §10.

130. ITosb3ysch onHOH JHHEHKOH, mocTpoiite Touky D, ueTBepTyio
rapMonuueckyio K ToukaM A, B u C B c/IefylOmMHUX Tpex claydasx:

a) (ABCD) = —1;  6) (ACBD) = —1;  B) (ADBC) = —I.

Ykaszasnue  BocrnoabsyliTech TrapMOHHYECKHMH CBOHCTBa-
MH TOJIHOTO YeThIpeXBepIIRHHHKA.

131. a) BepwinHamM# NOJHOrO YeTHIPEXBEpPIIHHHHKA SBJSAIOTCH He-
co6CTBEHHbIE TOYKM M BepluMHbl rumepGosel x? — y2 = 1. Hafinure
KOOPJAMHATH JUarOHAJbHBIX TOYEK ¥ YPABHEHHS JuaroHaled uyeTblpex-
BEpIIMHHHKA.

Yxkasauune Cwu puc. 12, na koropom ABC_D_ — nasHbiit
YeTbIPeXBEPLINHHKHK, @ P _QR — ero auaroHaJjbHbI TPEeXBEPLIMHHUK.
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y P 6) BepwmHamu IMOJHOrO ue-
\\* ThIPEXBEPIIHHHUKA SBJSIOTCS He-

2 cOOCTBEHHBIE TOUKH OCell KOOpAH-
\ HaT 1 ToukH (1; 0), (0; 1). Haltnure
ero AuarosaJbasle Touku. Caenai-

8 =0 A, TE YepTex.

132. Tana mnapaGona. H306-
pasuTe Ha uyepTexe AHArOHa/b-
(4 HbIH TPEeXBEepIUMHHUK MOJHOrO ye-

/é THIpEXBEPIUHHHHKA, €CIH H3BECT-
e HO, UTO BEPLIHHB! YETHIPEXBEPLIHH-
Puc. 12 HHKa JexaT Ha mapaboJse, npu-
yeM OJHA W3 HHX B HecoOCTBEH-
HOH TOuKe.

133. Tlokaxure, 4T0 yTBepxkIemue, comepxaimieecs B 3ajgaue 27,
BBITEKAET U3 TEOPEeMbl O FaPMOHHYECKHX CBOHCTBAX MOJHOTO YeThbIpex-
BEpUIMHHHKA.

134. Ha eBK/IHI0BO#! IIOCKOCTH NaHbl ABE MapaJijiesbHbIe MpsMble

H OTpe3oK Ha ofHO# u3 HuX. Ilonpsysach onmolt nuHeiikol, pasjgenure
3TOT OTPE30K TMOMoJaM.

Ykaszanue. Cm § 10. 4,
135. a) Ha pacmHpeHHO#  eBKJAMZOBOH  MJOCKOCTH JaHa
tpanenus ABCD, B xotopoit (AB) || (CD); P = (CB) N (AD),
Q = (AC) N (BD); X = (AB) 1 (PQ), Y = (CD) N (PQ),

K = (AY) N (BD), T = (AB) N (KP).

ﬂoxax{lu3r)e, uto 0Tpe3ok AT cocraBisieT TpeTbio YacTb oTpe3ka AB
(puc. .

6) Ha esx/umoBoi miockoctu nana tpaneuusi ABCD, B KOTOPO#
(AB) || (CD); P1= (AD) () (BC). X — Touka otpeska AB, otcekao-

masi oT Hero — duactb, cyuras or A. Haaee: Y = (XP)N (CD),K=

n
= (AY) N (DB), T = (AB)(\ (KP). Nokaxure, uto Touka T OTCe-
Kaer oT orpeska AB l—%} yacThb, cuuTas or A.

B) Ha eBkamnnoBO# miockocTH NaHa mapa mapaJsiienbHbIX NpPSIMBIX
H Ha OJHOH H3 HHUX OTPE30K
% AB. Ilonb3ysack 0nHOH JTHHEHKOH,
pasgenaute [AB] Ha 3, 4, 5, ...
paBHBIX 4yacTeil.
Y Kk as3aHue. a) Paccmorpu-
~2/u/ [y c Te MOJIHBIH  YeThIPEXBEPIUMHHHK
ADYQ wu [poKaxuTe TapMOHH3M
uerBepku Touek D, Y, C, U, rue

Q U = (KP)(DC). YutuTe TaKxe,
4To Y — cepenuna [CD]
(cm. § 10.4).
/A /T /X 8 V 6) PaccmoTpuTe MOJIHBIA YEThi-
Puc. 13 pexBepunHEHK ADYQ.1qe Q=
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=(BD) N (PX), u moxkaxute rapMoHu3M yerBepku touek D, YV, U, V,
rie U = (CD)N (PK), V = (CD)) (AQ). IIpumMuTe BO BHUMAHHE, YTO

oTpesok YV coctaBisier — yacTh otpeska DV.
n

136. Kakas npsimas Ha eBKJHMAOBOH IJIOCKOCTH OymeT uyeTBepToH
rapMOHMYECKOH K TPeM NpsAMbBIM Nydka a, b u ¢, ecau npsmas ¢
JIEeMUT yroJi, o6pa3oBaHHBIA NPSMBIME @ U b, momosam?

137. Ha nJjockocTH naHbl TpH mpsiMble nyuka § : a, b, ¢. Tloab3y-
siCb OJHOH JIMHEHKOH, MOCTpOHTE YETBEPTYI0 FapMOHHYECKYIO NP SIMYIO
KnpsameiMa, buc : (abed) = —1.

Yrgkasanue. 1) HMcnonrbsyfite npuHUMT JBOHCTBEHHOCTH H
pewenne 3amaun 130 uau 2) nocrpoiite A, B, C — Touku nepeceue-
HHS TPSIMBIX a, b, ¢ ¢ Kakoi-mu6o npsmoii. 3aTeM moctpoiite Touky D
Takylo, u4ro (ABCD) = —I1, u npamyio d = (SD).

138. Ha eBkaHZOBOH NJIOCKOCTH AaHbl NPSIMEIE @, b B ¢ OAHOrO
nyuka §, npuuem ¢ nepneHAHKYJspHa a. [Toab3ysck o1HON JHHENKOH,
yaBo#iTe yroJj, o6pa3oBaHHBLIA NpsSIMbIMU a u b.

Yxasaunue. Hckomas mnpsvmas d ynoBIETBOPSIET YCJIOBHIO
(acbd) = —1.

139. Ha eBk/M10BOH MJIOCKOCTH JAHbI TPH MapasJejbHble IpsMble
a, b u c¢. [Tonb3ysacy OaHOH JIMHEHKOH, TMOCTpPoHTE NMpAMYI0 d Takyio,
uTo6bl (abcd) = —I1.

Yxasauue. HenonesyiiTe ykasanue K sajaue 137, cuuras
TOuKy S HecoGCTBEHHOI.

140. Ha eBKJIMAOBOI MJIOCKOCTH JaH oTpe3ok AB u ero cepeauna
C. Tloab3ysch ogHOM JHHEHKOH, NPOBEAHTE NPAMYIO uepe3 JaHHYIO
touky F ¢ (AB) mapaasenbHo npsmoit AB.

Y k a 3 a H ue. [locTpoiite nosHbIH YeThIpexBepUIMHHUK PFQE Tak,
ytobbl Q€ (AF), P = (FB)(QC), E = (AP)N(QB). Torza (FE) —
HcKomas mpsimMast (puc.

141. Ha eBkJaumoBo#i mJjo-
CKOCTH JaHBl JBe napaJijiejbHble
npsiMble ¥ Ha OJHOH HX HHUX OTpe-
30K AB. Tlonb3yscek ogHoi NnHel-
Kofi, yaBoiite orpesok AB.

Ykasaunune. Ecm D —

HecOOCTBEHHAS] TOUKA JAHHBIX Ma-
pasjiesbHBIX NPAMBIX, @ X — HC-
Komas Touka, To (AXBD) =—1.

142, Ha eBK/MA0BO#H IIOCKOC-
TH JaH mapaJjutejorpamm. [losb-
3ysCh ONHOH NHHEN KO, yepes Tou- )
Ky TepeceyeHHsl €ro JHaroHase
[pOBELHTE NP AMbIe, napaJiie/bHbie
€ro CTOpPOHAaM.

143. Ha npamo#t AaHbl TOYKH 74 /¢ 5\\
A, B, C. Tloctpoiite Touky D Ta-
Kyio, utobst (ABCD) = 2. Puc. 14
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T/ 1ABA IV
NPOEKTHUBHBIE MPEOBPA30OBAHMS

§ 9. MPOEKTUBHOE OTOBPA)XEHUE MNPSIMON HA TMNPAMVYIO

Jutepatypar [2], §1l.

144. TlpoekTuBHoe oToOpa:xeHue NPsMoil Ha MPSAMYIO 3aJaHO ABY-
Msi TPOHKaMH KOJIIHHEAapHBIX TOYEK:

A(l:—1:2) A" 2:—1:—1), B(0:1:2) B (0:1:0),
C(l:0:49)—-C"2:1:-=1).

Y6enurech B TOM, yTo Touka D (2 : —I : 6) neKUT Ha ofHOM npsiMOH
¢ Toukami A, B, C, u Haiigure ee obpas.

Pemenue. Koanmuneapsocts Touku D ¢ toukamu A, B, C
MOXHO NPOBEPUTb, UCIOJb3Ys YCJIOBHE KONTHHEAPDHOCTH TPEX ToueK
(§ 6. 2). Haxomum (ABCD). Tak &kak

C=A4+ B,
D =24+ B,
TO
(ABCD) = il :-12- = 2.

[To onpenenenuio npoekTHBHOro oToGpaxenus (A BCD)=(A'B'C’'D’),
rne D' — o6pa3 Touku D. 3Hauwr,
ABCD)=2, nu L. E o

a "o ’

C'=oaA" 4+ BB,
rae
D'=a'A" + §'B’.
HenocpencrBenHo HaxoguM o = 1, = 2, oTKyza %: %= 2uad=
2
=’ = 1. CnenoBaressso, D' = A"+ B = 0.
—1

145. TpoekTuBHOE oTOOpaxeHue ¢ npsmon [ Ha npsamyo [’ sagaHo
JBYMsl TPOHKaMM TOYEK:

A@:1:1)—>A"(—1:1:0), B(—1:2:—1) »B" (1:—2:9),
C@:—1:2) >C (1:1:—4).
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V6eautech B ToM, uto Touka U xoamuneapua todkam A, B, C €[,
Touka V' xomnuneapua toukam A’, B', C' € I’. Haiiaure ¢ (U) obpas
touku U € [ u ¢~Y(V') npooGpas touku V' € I, ecan

ay U@O: 1:0), V' (7:—11:8);
6) U(l:—5:1), V' (5.7 :4)
B) U(l: 0:1), Vi(—2:1 :2).

146. Hadigute o6pas u mnpooGpas TOYKH MEpeceueHHst MpsAMbIX [
i [ oTHOCHTENbHO OTOOpaXKeHHs ¢, 3aAaHHOTO B MpEIbIAYIIEH 3anauve.

147. TlepcrekrtiiBHOE oToOpaxKeHue NpSMOH Ha MPAMYIO 3aJaHo
NBYMs TMapaMH TOYeK:

AO0:2:1)>A"(—=1:1:1), B(@1:3:00—>B"(1:3:—1).
Haiigure M’ — o6pa3z touku M (1 : 5:1) € (AB).

Y kasauue Haifizure uentp nepcnextusbl S = (AA')() (BB'),
3aTeM HCKOMYio Touky M’ = (SM) ) (A'B’). Ipyroi cnoco6 peuieHus
(Gomee rpoMo3nKH#) OCHOBAH Ha TOM, UYTO AAHHOE MEPCHEKTHBHOE
otobpaykeHHe npeacTaBisieT co60f 4YacTHBIA C/ayuyall MPOEKTHBHOTO,
saganHorotoukaMmu A -~ A',B - B', X — X, rne X = (AB)(1(A'B’).

148. IlepcrnekTiBHOE oToOpaxeHHe 1P MpsAMOH Ha MPAMYIO 3ajaHo
JIBYMSI apamH TOYEK:

A(1:0:2) >A"(0:1:92), B(2:0:—1) =B (3:1:3).

Haiinute U’ — o6pas Ttouku U € (AB) u V —npoo6pas Touku
V' €(A'B’):

a) U@4:0:3), V' @3: 2:5)
6) U@ :0:-=3), V' @3 : —1:—Il)
B) UB:0:1), V@: 0:1).

149. IokaxKHTe, YTO MPOEKTHBHbIE OTOOpaXKeHHs NMPSIMOH Ha mps-
MYIO, 3a/1aHHme CNeNYIOUUMH TPOAKAMH TOYEK, MepPCIIeKTHBHBL:
a) A(3: —1) - A’ (4 0:3,B0:1:2)>B"(1:0:2),
C(325)—>C'(1 —3);
6) A(—2:1:1)>A' (1 .2.2), B(l:—2:1) B (2:3:2),
C(l:—1:0)—C" (3:5:4)
B) A(—1:0:2) A" (—2:0:1), B1:1:—=1)=>B"(1:1:-2),
C(l:3:1)—>C"(1:3:-—5).
Ykasaunune. Cm §lI.1-2
150. [IpoekTuBHOE OTOOpaXKEHHE ¢ MNpPSIMOA uy Ha NPAMYIO U,
33JaHO TpeMs MapaMH COOTBETCTBYIowMX Touek A; u A, = ¢ (4y),
By u By = ¢ (By), Cy u Cy = ¢ (Cy). IlpencraBbre ¢ KaK KOMIO3H-
MO JBYX T[EPCMNEKTHBHBIX OTOOPaMEHHH: ¢ = Py o Py,
Ykazanue. Cm §11.2
151. B npoektuBHOM oOTOOpaxKeHHH ¢, 3alaHHOM B 3anaue 150,
noctpoiite: a) M, — o6pa3 npousBosbHOH TOoukM M; € u;, 6) oGpas
u npoo6pa3s TOYKH IepeceueHust NPSIMBIX Uy U Uy, €CIH Uy F= U,

37



Vkasaunwue. a) [lpencraBpTe ¢ KaK KOMMO3HULHIO ABYX Mepc-
NEKTHBHBIX OTOOpa)KeHu# P, o ¢y u mocrpoiite M’ = {; (My),
M, = P, (M’) (cM. 3apauy 150).

152. ChopmynupyiiTe W peliuTe 3ajadyy, ABOHCTBEHHBIE 3ajauam
151,a u 151,6.

Y kasanue. OnpereneHue NnpoeKTHBHOIO OTOOpaXKEHHT MyY-
KOB U CBOHCTBa 3TOr0 0TOOpaxKeHus JBOHCTBEHHB! ONPENENEHHIO H CBOMH-
CTBaM MPOEKTHBHOrO OTOOpa)KeHHs npsaMbix (cM. § 11).

Paccmorpure npoekTHBHOe oroOpakeHue ¢* nyyKoB, 3a4aHHOE
TpeMsi MapaMH COOTBETCTBYIOUIHX MpPSAMBIX a3 U a, = @* (aj), by U
by = @* (by), ¢1 H C3 = @* (cy).

§ 10. IPOEKTUBHbIE NPEOBPA30BAHHMSA IMNPSAAMOH. WHBOJIIOLKHU

Jlurepatypa: [2],§ 12
153. IlpoektuBHOe mnpeo6pa3oBaHue MpPsIMOH 3ajaHO JABYMS TPOH-
KamMH Toyek. HaifinuTe ypaBHeHust mnpeoOpa3oBaHUs:
a) A(l 1) -A4"(1:2), B(1:0)—-B"(2:1),
C(l:—=1)—C" (1:0),
6) A(l:1) =>A' (2 1), B(@O:1)—B" (1:0),
C2:1)->C" (3:2);
B) A(2:1)>A"@3:1), B(l:—1)>B" (0:1),
C@O:1)—->C (1:—1)
r) A(l:1)->A"(1:0, B@2:1)—>B (4:1),
C@3:1) =C" (5:2).
YKasanue  KoopauHaThl JaHHBIX TOYEK IOMMKHDI YIOBJET-
BOPATbL YypaBHeHHsIM mnpeoGpa3oBanusa (§ 12. 2)

{?»xl = quiX1 + G1a¥Xs,
hxy = Ga1X1 + GaaXs.
CnenoBaresbHO, B ciIydyae a) MOJYYMM TPHU CHCTEMBI YPaBHEHMH:

{7”1 = g1 + G1a, { 2hy = qu4, {7‘3 = q11 — 19,
2M = Gq1 + Gya, 2 = (a1, = (21 — {23,

M3 KOTOPHIX MOXKHO HafiTu g;; (cm. mpumep 2 u3 § 12).
154. Hafigure Heno,uBmKHble TOYKH NPOEKTHBHOTO npeobpasosa-
HMS TPSIMOH, 33JaHHOI'O YPaBHEHHSIMH

{Kx{ = 2x; + x,,
7\.X2 = X1 + 2x2.

Pemenue Koopaunatel x;, X, HEMNOABMXKHBIX TOYEK, €CJH
TaKHe TOUKH CYIUECTBYIOT, HAXOAATCH M3 CHCTEMbl ypaBHEHHH

Axy = 2xy + Xy,
@) T
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KOTOpas MOXKET OBbITh nepenucada B CJACAYIOUIEM BHIE!:

(**) (2 —_ 7») X3 4+ Xy = 0,
x4+ (2 —A)x, = 0.

OTHOCHTETLHO HEH3BECTHBIX Xy M X, 3Ta CHCTEMa SIBJIseTCsl JIHHEH-
HOH, ofHOpoxHOH. Kak u3BecTHO u3 ajire6pbl, OHA HMEET HEHYJEBble
peleHus (& TOJAbKO TAKHE HAC W MHTEPECYIOT, TaK Kak HyJeBas napa
He HMeeT FeOMETPHYECKOr0 CMBIC/IA) JIMIIL TOTJa, KOTAa ee DAHT MEHb-
1€ YHC/Ia HEW3BECTHLHIX. B JaHHOM cjydae 3TO 03HayaeT, YTO ONpere-
JIMTEb CHCTEMBI DaBeH HYJIO:
)| 1 2—A ’
IT0 — KBaJpaTHOE YpaBHEHHE OTHOCHTENBHO KO3(G(HUIMEHTa MpOorop-
IIHOHAJbHOCTH A. Pewias ero, Haxomum: Ay = 1, A, = 3. [loacraBasis
3TH 3HAUEHHS B (%#), NMOJyuyaeM J[B€ CHCTEMEI:

X1+X2=0, —x1+x2=0,
X1+ x, =0, Xy — x5 = 0,
U3 KOTODHIX HAaXOIHM KOOPIMHATHI HEMOJBHMKHBIX TOUYEK:
K (1:-1), L1:1).

HanoxkeHHbIH 37ech Crnoco6 peIIeHHSI CHCTEMBl (%), CBSI3aHHBIH C
COCTABJIEHHEM TaK Ha3bIBAEMOTO XapaKTEPUCTHYECKOrO YPaBHEHUS

/

(**), 0co0eHHO ya0GeH B TEOPDUH M TPH H3YUEHHU MPOEKTHBHBIX

®
npocTpaicTB Gosiee BBICOKHX pasMepHocTeil. B Hamem ke ciaydae
HECJIOXKHO OBUIO PELINTh CHCTEMY (%) KaK CHCTEMY C ABYMs HEH3BeCT-

X;
HbIMH A H u = 2

Xq
Au=2u -+ 1,
A =u+2,
KOTOpasi HUMEeT pelueHus uy = 1 U u, = —1 (3HaueHus HEHU3BECTHOrG

A HaMm He HyxkHBI). OTCIOf2 CJIELYET, YTO HEMOABHUKHBIMU OYAYT TOYKH
A(l:l) m K(1:-—1).
155. Haiiaure HemojBH)KHbIE TOUKH CJIEYIOMHX NpeoGpasoBaHHM:
a) [Ax; = 2x; + X, B) {?»xll = 2%, — X,,
Axg = 2x; -+ 3x,; Axo = x; — 2x,;
0) [Ax; = 3%, +2x,, 1) {M{ = X, — X,
Axg = 2x; + 3x,; Axe = 2x; — X,.
156. Kakue npeofpasoBaHusi W3 yucja 3ajaHHBIX B 3ajaue 155
HHBOJIIOLHOHHBI? YCTAHOBUTE BHJbI HHBOJIOLHUH.

Ykasaunune. Hcnonbsyfite ypaBHeHHS HHBOJIOUHH, a8 TaKXe
onpeneNeHus SJMIHNTHYECKOH M TrunepOONHYeCKOH HHBOJIOUHMH (CM.
§ 12. 5—6).
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157. Onnu u3 npeoOpasoBanuil, 3ajaHHbIX B 3ajaue 153, uuBOJIO-
[[MOHHBL, & Apyrue HeT. B Kakux ciayuyasx BONPOC O MPHHAJJIEKHOCTH
npeo6pa3oBaHUil K KJ4CcCy HHBOJMIOUMH MOMXKHO pellHTb, He HaXxois
YpaBHEHHH 3TUX MpeoOpasoBaHUU?

Yrkasauwue Cm § 12 4.
158. Haligute ypaBHeHHS HHBOJIIOUMH, 3aJaHHBIX ABYMS MapamMu
COOTBETCTBYIOIU[MX TOYEK. YCTAHOBHTE BHIBI HHBOJIOLUI:

a) Al:1)< A" (5:—=3), B(l: 0)< B (2:—1)
6) A(1:0)«A'(1:—1), B@O: 1)< B (2:1)
B) A(1:1)« A" (0:1), B(l:—l)«< B (2:3),
r A(1:2)«-A"@3:—1), Bl:—1)«< B (0:1).

Ykaszaunue. Paccmorpure HHBOJIOUHMIO KAK MPOEKTUBHOE
npeoOpa3oBaHue, 3aJaHHOE TpeMsl MapaMH COOTBETCTBYIOLUIMX TOYEK:
A—>A'",B B, A —A (cM. npuvep 3 u3z § 12).

159. YcranoBuTe BUALI HHBOJIOUMI, 3afaHHLIX B 3ajaye 158, He
Haxolda WX YypaBHeHHuH.

Y KasaHHue. BbsicHHTe, pa3iesisiioT UK He PasjessioT APYr
Ipyra napbl COOTBETCTBYIOLIMX TOUEK, @ 3aTe€M NpUMEHHTe TeopeMmy |
us § 12. 6.

160. T'unepGosuyeckast MHBOJMIOUUS 3aJaHA ABYMS HEMOJABHXKHLIMH
toukamu K u L. Halizute ee ypasuenus.

a) K@:—1), L(1:—1); 6 K(:1), L(l:—1I).

161, Ilpu KakuX 3HAYEHHAX MapaMeTpa Q HHBOJIOLHUS

Ay = ax; — X,
Ay = 2x) — ax,

OyneT 3JJIMNTHYECKOH, a MPH KaKUX — runepso/uuecKoi?

162. [loxkaxute, 4To MNpsiMasi, He MPOXOAsUiAs Yepe3 BEPUIHHH
MOJIHOTO YeThIpeXBEpIIMHHHKA, [e€peceKaeT ero MPOTHBOMOJOXKHbIE
CTOPOHBI B TOYKaX, COOTBETCTBYWOUIUX APYT APYTY B OJHOH H TOH ke
HHBOJIIOLWY (BTOpas Teopema [lesapra).

Ykazanue 1-d cnocob. BeimonHute H0oKazaTeNbCTBA aHAJNM-
THUECKH, NPHHSAB 3a (YHNAMEHTAJbHbIE TOYKHM CHCTEMLI KOOPAHHAT
BEepIUUHEl YeThIPEXBEePIUMHHUKA. (DTOT crmocod MPHUBOAHT K TPOMO3-
KUM, XOTSl U HECJIOXKHEIM BBIKJIAJKaM.)

2-11 cnoco6. O603HaYMB TOUKH TMEpPEeceueHus AaHHOH NpsMoil ¢ npo-
THBOMNGJOXKHBIMH cTopoHamu uepes A u A, Bu B’, Cu C’ (puc. 18},
IokaxuTe cHauanma cootHowerue (AA'BC) = (AA'C'B’), npumeHus
CJIEICTBHE H3 OCHOBHOTO CBOHCTBA JBOHHBLIX OTHOWeHu# (cM. § 9. 5).

163. IlpoektuBHoe npeo6pa3oBanue ¢ MNpsMOH u 3ajaHO TpeMs
napami COOTBeTCTBYIOWIUX Touek A u A" = ¢ (4), B u B’ = ¢ (B),
Cu C’" = ¢ (C). IlpeacraBbTe @ B BHAE KOMMO3HIHUH TPEX MEPCHEKTHB.

Yxasanue. Cm. § 12, npumep I.

164. TToctpoiite M’ — o0pa3 mpou3BOIBHOM TOUKII M OTHOCHTENb-
HO NPOEKTHBHOIrO npeoOpa3oBaHus ¢, 3aAaHHOrO B 3ajaue 163.
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Puc. 15

165. ChopmynupyHTe u pemute 3ajauy, IBOHCTBEHHYIO 3a7a-
gye 164.

Ykasaunue PaccmoTpuTe NpoeKTHBHOE MpeobpasoBaHue ¢*
My4Yka MpPsIMbIX, 32JaHHOE TPeMs MapaMu COOTBETCTBYIOUIMX MPSMbIX
auna =o*@), bubd = o¢* (), cuc = o* ().

166. Ha npsamoil u faHbl ABe HeMOABHKHEIE TOUKH A 1 B npoekTus-
Horo npeoGpasoBaHus @ 1 napa coorBercTBYiomuX Touek Cu €' = ¢ ().
[Tocrpoiite M’ — o6pa3 npou3BoJbHOH TOYKH M.

167. JlokaxuTe, yTO BCsIKOe NMPOEKTHBHOE NpeoOpa3oBaHue ¢ nps-
MOH u MOxeT ObITb NPEJCTaBJeHO KAK KOMNO3MIUHA ABYX HHBOJIOLHMA.

Ykaszanne. Ecau ¢ — ToxjaectBeHHoe npeobpa3oBaHue, TO

¢ = Qo ¢, Ije ¢ — NPOU3BOJbHAS HHBOJIOUMSA mpsMoi u. Ecau ¢
He SIBJISETCS TOXKIECTBEHHLIM NpeoOpasoBaHHEM, TO PACCMOTPHUTE HH-
~

BOJIIOUMIO ¢y, 3aJaHHYIO CJELYVIOWHMMH ABYMsl MapamiH Touek: A u
(@ (4), o(A) u ¢ (A4). Tlokaxure, uyro npeoOpas3oBanue

@y = @y o @ SBJAETCS HHBOJMIOUHUEH.
~
168. MuBomonns ¢ npsivoit 4 3ajaHa IBYMsi MapaMu COOTBETCTBYIO-

uux Touek A u A’ = ?p/(A), Bu B =$(B). [Moctpoiite C' — 06-
pas mpousBo/iibHOH ToukH C € u.

YkasaHue. BocrnonbsyiiTech pewieHneM 3ajgaud 162.
~
169. MuBomonus ¢ npsMoll 4 3anaHa HeNOIBHXKHOH ToUKOH M
~
u mapoit coorBetctBytomux Touek A u A’ = ¢ (A). Ilocrpoiite BTO-
PYIO HEMOABHXKHYIO TOYKY N 3TOH HHBOJIOLHH.
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§ 11. KOJUIMHEALLMU

Jureparypa: [2], § 13.
170. lana KoJ/uMHeauuss «:

Ax1 = %, -+ 2%,,
[Axé = X, 1 2xg,
Mx's = X,.
Hafigure: a) A" — o6pas Ttouku A (I : —2) 6) B —npooGpas

touky B’ (—2:—2:1); B) I' — 06pa3 npﬂMou 1:2x + x4 = 0
r) m — npooGpa3 mpsMoit m’ : 2%, + X2 4+ x3 = 0.

1
1
—2
B ypaBHEHHs] MpeoOpasoBaHHS %X BMECTO Xj, X,, Xg H MOJYYHM KOOp-
IuHathl ee ofpasa A’ =x (A):

Pemenune. a) KoopauHaret Ttoukn A = MOJACTABUM

Axi=142-1,
{M; =142.(—2),
Ay =1,
3
i A'= —113 .
6) Ilaubl KoopiuHATH o6pasa: ¥ = —2, x3 = —2, x5 = 1. Tpe-

Gyercst HAUTH Xy, Xy, X3 — KOOPAMHATHI TouKkH %~ (B). M3 ypaBuenuntt
npeo6pa3oBaHUil HMeeM:

A (—2) = x; + 2x,,
‘7» (—2) = x5 + 213,

;\. 1 = xz.
Pemast sty cucreMy, mosyuyaeM KOOpPJAUHATHBIH CTOJOE TOYKH
8
x1(B) = | —2|.
3

B) 1-t cnoco6. Bepem mnpousBosbHO ToukH C, D € I u Haxomum
(C'D') — obpas npsmoit CD.
2-i cnocob. V3 ypaBHeHHI npeoOpasoBaHHS % BBIPASHM Xj, Xg, X3t
px, = x1 — 2+x3,
1
MXy = X3,
1 ' ’
Wxg = —2-(X2— x;;).
Tak KaK KOOPAMHATEHI Xy, Xy, X3 IPOM3BOJbHOH TOUYKH YLOBJIETBODSIOT

yPaBHEHHIO NMpPsIMOH [, TO , MOJCTaBHB HaHJEHHbIE 3HAYEHUS B ypaBHe-
Hue TmpsMoH [/, mosyuuM ypaBHeHHe npamoit [':

4y 4+ x3—9x3=0,
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r) I{Jm TONYUEHHST YpaBHEHUS ﬂpﬂMOH M IOCTATOYHO B YpaBHEHUE

IpAMON m'NOACTABHTb SHAYEHHS Xj, Xp, X3 M3 ypaBHEHHH mpeoOpa-
30BaHHUS %!

2 (g - 220) o (g + 255) 5% = 0,

wiM xy + 3x, + x3 = 0.
171. JlaHa KoJJuHHeanus #x.:

7"x1 = X1+ X,
?»xz = X;— X3
Axs = 2x, -+ X

Hafigure: a) o6paset A', B', C" touex A (2: —1:0), B (1 :1:—2),
C@O:0:1)

6) mpooGpaset D, E, F touek D’ (5:—1:1), E" (0:1:—1),
F'(1:—2:3);

B) obpasel a', b, ¢’ npsAMBIX a: Xy + 2x, — x5 = O;
b:2xy+x3=0; c:x,=0;

r) npoobpasel [, m upsMmeix [ : x; + 2x, — x5 = 0,
m':x, + x3 = 0;

1) obpas G’ kBagpuku G: x4 x5 3 + 2x,x, = 0;

e) npooGpas H xsanpuku H': xi+ x5 — x3=0,

172. JlokaxuTe, 4TO OTHOCHTENbHO KoJHHearmuu % :AX' = PX
o6pa3 mpAMOH 4 MMeeT KOOPIMHATHYIO CTPOKY u + P~l, rae u — ko-
OpAMHATHas CTPOKa JaHHOH MNpSIMOH.

173. Hafinute ypaBHeHHS KOJIIHHEAUWH %, 3ajaHHOH JBYyMS 4eT-
BEPKAaMH TOYEK:

AO:0 :1)>A"(0:0 :1),
B(2:0 :1)—>B'(2:0 :1),
cC(l:1 ::1)=>C'"(1:1 :0),
D(l:—1:1)—-D"(1:—1:0).
PeweHnue B ypaBHenusa npeoGpasoBaHus

7»)5; = G11X1 + Gi9%; + Gis¥s,
7‘7"2 = (o1X1 T aoXs + o33,
Ay = @31%1 + 32Xy + G33%3

I0JCTABUM KOOPJHMHATHI JaHHBIX Touek. [lonyuum cucreMy u3 aBeHaj-
LATH ypaBHEHHH:

[0 = qys, Ay = quy + q1p + Gus,
0 = ggs, A3 = Qa1 + a2 -+ Gas,
hy = qgs, 0 = g3 + g3 + g33,
2hy = 2q44 + Gy3, Ay = qu — G13 + Gus,

0 = 29,51 + qas, —hy = Ga1 — Gaz + Ga3,
Ay = 2031 + g33, 0 = g3 — gs2 + gss.
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W3 gaxno#l «moAcHCTEMbly HCKJIIOUHM A;:

0 = g3, 0 = 2941 + q15 — 4931 — 2933,
0 = gy 0 = 2¢54 + gas;

0 = gy + G1a + G135 — G21 — Gaz — a3,

0 =¢s1 + g35 + g3

0 = g1 — G13 TG13 + o1 — oz T Gas,
0 = g31 — q33 + Gss.

Utak, g5 = o3 = ¢4y = 0. OcTaercss natb ypasHeHHH:

291y — 4931 — 2955 = O,
qit + G1a — Gas = 0,
gs1 + s + Gs3 = 0,
G11 — G1a — Gaz = 0,
gst — Gs2 T gs3 = 0.
M3 BTOpOro W YETBEPTOrO YpaBHEHHIH HAaXOLHM, UYTO g, = O,
G11 = a9, U3 TPETBETO H MATOTO — g3, = 0, ¢34 + g33 = 0. M3 nep-
BOTO YyPaBHEHHs TMOJYYaeM: Gy = 2G31 + G35 = G31 + (@31 1+ Gss),
T. €. g1 = G31.

[Monoxum ¢y = 1 (KoapduuuenTh ypaBHeHHH npeoCpa3oBaHHSA
HLIEM C TOYHOCTBIO IO MHOXHTENS), TOTAA Gy = oy = (34 = —(33 =

= |. [losTomy ypaBHeHHS Nnpeo6pasOBaHUS X UMEIOT CJEAYIOWHE BHI!
’
?"x} = X,
7\.x'2 = x2)
7»)63 - x1 —_ x3.

174. Halinure ypaBHEHHS KOJJIMHEAalWH, 3aJaHHBIX ABYMSl 4er-
BEpKaMK TOYEK:

a) A(1:3:0)>A4"3:0:—1), 6) A(1:2:0)>A"(2:0:1),

B@2:—1:2 —B (—1:2:2), B(0:3:4) —B' (7: —4:0),
cCa:1:1) —-C' (1:1:-=1), C0O:0:1) »C'(—1:1:0),
D(1:0:00) —D'(0:0:1); D@:—1:1)> D' (0: 1: 4).

175. Haiigure ypaBHeHHe KOJJIMHEallMH, 3aJaHHOH CJELYIOLIUMH
uyeTBEpKAaMH TOYEK M3 3axaud 174, a):
A - B, C -D’,
B (', D - A'.
176. Hafinute ypaBHeHHSs KOJJIMHEaUHH, Kotopash QyHAAMEHTA/b-

Hele Ttoukn E;(1:0:0), E,(0:1:0), E3(@0:0:1) ocrasaser
Ha Mecre, a Touky E, (1 : 1 : 1) oro6paxaer Ha Touky Eo (a: b :c).
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177. Hafizute HemojsH>KHbIE TOYKH KOJJIHHEAlWH, YpPaBHEHHS
KOTOpOH OBbLIM MOJYYEHB! NPH pElIeHHH 3ajaud 173.

Pemenune. OrmeruM, 4To JiBe HEMOABHXKHBIE TOUKH npeobpa-
30BaHHUS JaHbl B YCJIOBHH 3ajaun — 370 ToukH A u B. HenoxasuxHas
TOYKa XapaKTepH3yercss TeM, YTO OHa COBMAJAET CO CBOHM 06pPasoM.

Cne;lgaarenbﬂo, JJ1s1 HENOJBHXKHOH TOUKH TPOHKH Xy, Xy, X3 H Xi,

Xo, X3 TMponopiuoHadbHbl. [losTOMy M3 ypaBHeHuit npeo6Gpa3oBaHUs
MOJy4aeM CHCTEMY YpaBHEHHH, NO3BOJAIOUIYI0 HAHTH HENOABHKHLIE

TOUYKH:
}"xi = Xy,
)Mx2 = st,
Axg = xj — xg.

DTy CHCTeMY 3aMuiieM B CJIEAYIONEM BHIE:

(l —?»)xi = O,
{(1 —7»))62 = 0,
xy— (1 + Mx3 =0.

[Nonyuuiach JuHefiHast OJHOPOJHAS CHCTEMa OTHOCHTENBHO Xy, Xg, Xs.
Ko3(h(puUHEHTH KOTOPOH 3aBHCAT OT mnapamerpa A. Kak usBectHo
3 ajre6pbl, Takas CHCTEMA HMEeT HeHyJieBoe DellleHHe TOTAa M TOJbKO
TOrza, KOrja ee OMpPEeNeNHTeNb DAaBEH HYJIO, T. €. MPH YCJIOBHH

1—A O 0
0 1—A 0 = — (1 —=M2(14+2)=0.
1 0 —1—»a
Taxkum 00pa3oM, HeHyJeBhie pemeHusi 6yayr npy A = —l u A =1,
1) A = —I1. B sToM ciyuae H3 CHCTeMBI HaxXoauM: Xy = x; = 0.
X3 — npousBosbHO. ITosmyuaem HemoaBxHYIO Touky A = |0].

1
2) A = 1. Cuctema CBOAHTCS K OAHOMY YPaBHEHHIO X3 = X; — X3.
B sroM ciyyae mojyvaercs npamas p . Xy — 2x; = 0, cocrosumas u3
HermoABMKHBIX Touek. OtMeruM, uto B € p, A ¢ p.
Takum 06pa3oM, MHOXKECTBO HEMOJABMKHBIX TOYEK KOJJIHHEALHH
COCTOHMT M3 TOYKH A M BCEX TOYEK MpSIMOH p.
178. Haiigute HemojBHMKHBIE TOUKH CJEIYIOIWHX KOJJIHHeAluH:

a) (Axi= 2%, — X, 2%5 B) [Axi= ¥,
Axs = 5x; — 3%, + 3xs, Ay = —x,,
Mg = —x; — 25 Axs = X; — Xg}
0) (Ax)= 3x; + Xy, 1) (hxy = 2x; + X
Ao = X, -+ 3%, Ay = X, + X5 + Xg
Axs = dxg; Ax3 = —x;.
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179. Haiigure HenogBukHbIE NpsMbE! KOJMJIMHEAUWH, YpaBHEHUE
KOTOPOH OBLIO TMOJY4eHO MPH pelleHuH sagauu 173.

Pemewnue. CorracHo 3afaue 172 KoopauHaTHasi CTpoKa u He-
TIOABHIKHOM NPAMOH MOXKeT ObITh MOJyYeHa W3 MAaTPHUHOTO YpaBHEHH:

Au = P7'y unu u3 ypaBHeHHa uP =—;-u, rae

v

10 0
P=]01 Of—
10 —1

MaTpHua maHHol xosnmHeauumu. Takum o6pasowm, cucrema ypaBHEHHH
LS OTHICKAHHS KOOPAMHATHOH CTPOKH HEMOABHIKHBIX NPSMBIX Oyner
caenytouiei:

1 1

Tl =l + U ‘(1-—I)u1-}-u3=0,
—;:u2 = u,, HJIH (1 ——;:) u, =0,
1 1

—?‘—’us = —Ug, (1 + I) Ug = 0.

Hcenenys sTy CHCTEMY TaK K€, KakK HCCIeLOBajach aHaJOrHYHAs
cucteMa B 3agaue 177, HaxXoAHM, 4TO OHA MMEET HEHYJIEBbIE pelleHHs
mpu A=1u A= —1I.

1. Pewas cucremy npu A = [, ycrauwasauBaeM, 4to ug = 0, a uy
H Uy MPOH3BONbHEL. Cle0BaTeNIbHO, HEMOABHKHBIME Oy YT BCE NP SIMBIE,
ypaBHeHHs KOTOPBIX HMeloT BHA ox; + Bx, =0, rae o u B — npo-
H3BOJIbHBIE TTApaMETPhI, HE pPaBHBIE OJHOBPEMEHHO HY M0, JIErKo BUAETS,
4TO 3TH MpaMble 00pa3yior nydok ¢ uedtpom A (0:0: 1),

2. Pewas cucremy npu A = —I1, HaxomuM 2uy + ug = 0 u, = 0.
CnenosarenbHo, u (o :0: —2¢), H MOTOMY HENOABHXKHA MNpsMas
pixy — 2%x3 = 0.

180. HafinuTte HemoABHKHBIE MpPsSMbIE KOJJIHHeAUnH U3 3agaun 178.

181. Jloka)kute, 4TO €CJIM TPH TOYKH MPSMOHM HENOABHKHEI MpH
HEKOTOPOH KOJIIMHeAlHH, TO HEMOABMKHEI BCE TOUKH 3TOH mpsaMOi.
Chopmyupyiite I1BOHCTBEHHOE YTBEpXKAEHHUE.

182. [loxkaxkuTe, yTO BCAKAS KOJIMHEAUUS HMEET HENOABHXKHYIO
TOYKY H HENOABHXHYIO NMPSIMYIO.

Yxkasaunue, OCM. pewmerus sagau 177 u 179.

183. Touka m mnpsimMasi, HEMOABIKHbBIE OTHOCHTETBHO HEKOTOPOH
KoJTUHeanuu (M. 3agauy 182), He MHUMIEHTHHL. [{oKaXHTe, YTO ypaB-
HEHHUS TaKOH KOJUIMHeAUMH B NMOAXOAsilell CHCTeMe KOOpAHHAT HMEIOT
BHJ

’

7\:)6} = Xy

Axg = ax, + bx,,
’

Ax3 = cx, + dxs.

! Cnenyer pas/iHuyaTh HETIOABHKHYIO MPSMYIO H NPSIMYyIO, COCTOALLYIO H3 HEMOA-
BUXKHbIX TodeK (cM. § 14. 1),
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Ykaszanue HenogBukHYI0O TOUKY NPHUMHUTE 32 KOOpAHHAT-
HYI0 TOUKY E;, a KoopAiuHaTHble ToukH E, u Eg pacnoJioxure Ha He-
TOABHXXHOH npsiMOH.

184. Touxka u npsmasi, HEMOABHKHBIE OTHOCHTEJILHO HEKOTOPO#
KOJITMHEealuuH, HHUUAGHTHH (M. 3ajauy 182). JlokaxKuTe, 4yToO ypaBHe-
HUSl TaKOH KOJIMHEAlUH B NOAXOAALIEH CHCTEME XOOpAHMHAT HMEIOT
BHJ,

’
Mxy = %1 + %5 + X3,
Axy = x, -+ cxs,

!
Ax3 = dx,.

Ykasanue HenomsHxKHYIO TOYKYy NPHMHTE 332 KOOPAHHAT-
HYIO TouKY E,, @ KOOpAHHATHYIO TOUKY E, pacrnoioXuTe Ha HEHOaBHXK-
HOH npsMOH.

185. YpaBHeHHe KONJIMHEAUMH B MaTpUYHOH ¢OpMe HMEEeT BHI
AX' = PX. JlokaxuTe, YyTo eciy B MaTpHulle P CYMMbl 3JE€MEHTOB
B KaXJIOH CTPOKE paBHbl, TO €AMHUYHAA TOuKa E HEMmoJBMIKHA, 4 eCJH
paBHBEI CYMMBI 3JIEMEHTOB B Ka:KJOM CTOJIOLE, TO HeMOABHKHA MpsAMas
Xy + x5 + x5 = 0. okaxutre oOpaTHbIE YTBEPKIEHHA.

186. okaxkurte, 4TO KOJJIHHEAUUs

Axy = xq,
7»JC2 = 2x2,
?»x;; = 3x3

HMeeT TOYHO TPH HENOABINKHBIE TOuKH. CocTaBbTE elle HEeCKOJbKO
IPHMEPOB KOJJIMHEaUuH, HMEIOIKX TOYHO TPHU HEMOJBHIKHBIE TOYKH.
187. JloraxuTte, 4TO KOJIIHHeAlHs

’
= 51+ 1
AXQ = 2x2,
?»X:; = x3
HMEET TOYHO JB€ HENnOoABUNKHbIE TOUKH. CocTaBbTe €le HECKOJbKO npu-

MEpPOB KOJIMHEANWH, HMEIOmMUX TOYHO JBe HEMOJBHXKHBIE TOUKH.
188. JloxkaxkuTe, yTo KOJJIUHEAIHs

Axi = x; — 2x,,
Axo = 2x1 =+ X5
Axs = x4

HMEET TOYHO OAHY HEMOABHAKHYIO TO4Ky. COCTaBbTE elle HEeCKOMbKO
NPUMEPOB KOJUIMHEAlHil, UMEIOUHX TOYHO OAHY HEMOABHXKHYIO TOUKY.

189. Ha pacumupenHo#t eBK/JIMAOBOM MJIOCKOCTH B OJHOPOAHBLIX
apOUHHBIX KOOpAMHATAX 3aJaHa KOJJMHHealHs @:

Axy = xq,
Axg = X,,
Axz = %, — X,
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Haitnure o’ = ¢ (a_) ofpas u b = ¢! (a_) npoobpas HecoGcTBeH-
HOH mpsaMo# a_.

Pemenue. 1) Us ypam—xex—mn npeoépasoBaHHﬂ HMeeM:
}»Xl, Xy = 7\4X2, Xy = A (x1 — X3)
ITostomy 06pa30M npsaMo# a_ix3=0  Oyser npsMas
’ . ’ o

a=9(,):x —x =0

2) YpaBHeHue npsAMOH @, paccMaTpHBaeMoH KaK 06pas MCKOMOH
npsimoit b = 7! (a_), 3anumem Tak: x; = 0. Mcnonesys ypasHenus
npeobpas3oBaHusl ¢, HAXOAUM YpaBHeHHe mpsamod b :x; — x, = 0.

3ameuanune B Hawem mpumepe nonyuuiocs @ (a ) =
= ¢~ a_). Takoe coBmajenue ciayuyaiHo.

190. Ha pacummpenHO# eBKJIHIOBOH MJOCKOCTH B OJHOPOAHBIX ag-
(PUHHBIX KOOpPAMHATAX 3alaHbl KOJJIHHEALUH

Ay = X; + X3, Mxp = 2%, 4 Tx, 4 3%,
P1i {Axg = X, — x5, P2t ?»xz = 3x; + 9x, + 4x,,
M3 = Xy; M= x;+ 5xy + 3%,
H TpsiMble
Liixy+ xg —x3=0; Iyt x3 =0,

Hafigure ypaBHEHHS CIEINYIOMUX IPSIMBIX:

a) o1 (W), 1 (L) B) @a (1), @73 (L);
06) o1 (l2), @ 1 (l2)s 1) @y (L), @2 (ly).

191. Cuuras npeoGpasoBaHue Axy = x; — 2x,,
@ {hxy = x4,
hxy = x; + 2x4

33J]JAHHEIM B OJHOPOIHBIX MPSAMOYTOJbHBIX JEKapTOBBIX KOOpAHHATaX,
HalinuTe oOpa3 oOKpYXHOCTH G, ypaBHEHHe KOTOPOIl MMEEeT BHJ,
(x4 22+ (¢ + 12 =
PemeHnue. YpaBHeHHE OKDY2KHOCTH 3aMHChIBaeM B OJHOPOJ-
HBIX KOOPAMHATAX M TMOACTABJAEM B HETO BMECTO Xi, X5, X3 HX Bbipa-
JKEHHs] 4epe3 Xi, Xp, X3 U3 YpaBHeHHHl npeoGpa3oBaHmsi ¢. Tocne co-
Kpauenuss Ha A% monyyaeM ypaBHeHue KBaapuku G' = ¢ (G) B Buge
’ . ’2 , ne 9 WY )
G :x, +-4—(x3-— X)) = (x5 — x,)%
Bo3Bpaujasicb BHOBb K HEOAHOPOAHBIM KOOpAHHATAM, MOJyuaeM YpaB-
HeHHe KBaJpPHKH

— 1)2 —1)2 2 2
G W= = X
4 4 4 4

9 9
rne Y=y —1, X =x"—1. 3ro — runepbona ¢ acUMNTOTaMH

Y ==+ % X, npuuem ocb OX MHuMas, a OY pefictButenbias (puc. 16).
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Puc. 16

192. TIpoekTuBHOE npeofpasoBaHue (¢ PACIIHPEHHOH EBKJHIOBOH
MJIOCKOCTH 3aJaHO B OJHOPOXHLIX MPSMOYTOJNbHBIX AEKAPTOBHIX KO-
OpJMHATAX YPaBHEHHSIMHU:

}Lxl = _xl,
. !
Q14 Axe = x; + Xy,
1
Axz = X1 — Xy — X3

!

Haiinure o6pasbl creqyomux KpUBbIX:

a) (x — 12+ (y —3)?2 =1, r) 4x* + yr =1,
6)}"—-’5; ﬂ) 2 4y=0.
B) x2 —y? =1,

193. Ha pacunpeHHON eBKJIHJOBOH IVIOCKOCTH JaHa OKPYXKHOCTb
c uentpoM O u ¢ quametpami AC u BD. B Toukax A u B K OKPY»XHOCTH
NpOBEeJEHbl KacaTe/lbHble, Mepecekawomuecs B Touke K. Konnunea-
s ® otoOpaxaer Touky A Ha HecoOCTBEHHYIO TOUKYy mpsimoit AC,
TOUKY B Ha HecoOCTBEHHYIO TouKy mnpsimoit BD, a Touky O Ha Touky K
u Touky K Ha touky O. Onpejenute BHA KpHBOH, siBAsIOUiecst obpa-
30M JaHHOH OKPYXXHOCTH OTHOCHTEJIbHO KOJ/UIHHEAUMH %, H H300pasi-
TE 3Ty KPHBYIO Ha uepTexe.

194. Ha pacmunpenHO! €BKJIHAOBOH MJIOCKOCTH 06pa3oM HEKOTOpOH
KacaTeJbHOH K HaHHOH OKPYXKHOCTH OTHOCHTENIBHO KOJMJIHHEAUHH $B-
JseTcs HecoO6CTBeHHAas npsMasi. Uto MoxKHO cKasaTb 06 ofpase caMoi
OKPY>KHOCTH?
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§ 12, TOMOJIOIHH

Jlutepartypa: [2], § 14.
195. JlokaxKuTe, 4TO KOJIJIMHEAUUS

7»)61 = Xq,
7\,)62 = Xg,
A3 = x;, — x,

ectb runepbosnueckass romosorus. Haliaure ee och, UeHTp, KOH-
CTaHTY.

Pemenue. [lpu peweHun sagauu 177 Oblin HafieHH HEnom-
BHXKHBIE TOUKH KoJUTHHealmuu %. Okasanoch, BO-NIEPBHIX, YTO HEMOJ-
BHXKHBI BCE TOUKM TpsAMOH p : x; — 2x3 = 0. [lo ompepesnenuio ro-
MOJIOTHH 3TO 03HAyaeT, 4TO % €CTh TOMOJIOTHS C OCblo p. Bo-BTOpHIX,
nenogsikHa Touka A (0 : 0 : 1). Tak kak A ¢ p, To paccMaTpuBaemas
KOJIJIHHeAlHs siBJisieTcs: runep6osinueckoil romoJorueit ¢ ueHtpom A.

HOns Toro utoObl HAaHTH KOHCTAHTY TOMOJIOTHH, BO3bMEM [POH3-
BOJIbHO TOYKY M, OTVIMYHYIO OT LIEHTPA H HE MHUUAEHTHYIO OCH, HanpH-
mMep M (1 : 0 :0). O6pas M’ Touku M HaXOAUM C IOMOLIbIO YPaBHEHH
kosmuHearun: M’ (1 :0:1). [lanee HemoCcpeACTBEHHO MOJydaeM:

A=—M+M,
U= M+ M,

rie U=p [ (AM), u BbuHC/IsieM KOHCTaHTY TOMOJIOTHH:

h = (AUMM’) = (MM’ AU) = -‘_l : i—= —1.

196. KonnnHeauus sagaHa Tpemsi HEKOJJIMHEADHBIMH HEMOJBHK-
HbIMH TouKaMHu P, Q, R u eile oXHOH mapoil pa3jiM4yHbIX COOTBETCTBER-
HbIX Touek A — A’, He nexawux Ha CTOpoHax TpexseplunHHuKa PQR.
Ilpy Kakux yc/JI0BUSX HaHHAs KOJNJIMHEAlus SBJSETCS TOMOJOTHEH
U KaKOB BUJ STOH TOMOJIOTHH?

197. Kakue u3 KoJsIMHeanufi, safaHHbIX B 3ajaue 178, sBasioTes
romoJoruamMu? Onpenenure BUABI TOMOJOTHH, HX OCH M UEHTPH, a
B Cjy4ae runepO0o/MYecKUX TOMOJIOTHH — KOHCTAHTY.

198. Haiigure ypaBHEHHSI TOMOJIOTHH, OCbIO KOTOPOH SIBJISIETCH
KoopAuHaTHas npsimas EE,, UEHTPOM — KOOpJAHHATHas Touka Ej,
ecJI1 KOHCTaHTa FOMOJIOTHH paBHa 3.

199. JlokaxuTe, 4TO YpaBHEHHE THIEPOOJHYECKOH TOMOJOTHH C
0CblO p, LeHTpos A M KOHCTaHTOH A B MarpuyHoil ¢opMe HMEET BHJ

A" = (h—1) (pX)A + (PA)X,
UM B NOAPOGHOH 3amucu:
lxl: = (h — 1) (paxs + paxa + ps¥s)as + (pray + Py, + paas)xy,
7"‘? = (h — 1) (px1 + paXs + Ps¥s)ag + (P1as 1 paay + Psas)s,
Mz = (A — 1) (paxy + paxa + psxs)as + (p1ar + paag + Psag)Xs,
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rie p = (p1paPs) — KoOpIHHAT-
ay p
Hasg CcTpoka ocu, a A =|a,
as
— KOODAHHATHLIH cToM0 ! IIEHTPA. A
200. T'mnep6osiuueckasi romo- 8
Jorus 3ajaHa ueHtpoM P, ocblo p K
p u mapo# Touek A —A'. Tlo- =
cTpoiite: 8’
a) o6pa3 NpOM3BOJLHON MHpsi- ,
Moii, mpoxossieil uepes A; A
6) o0pa3 mpou3BOJbHON TOU-
KH, He Jiexkaieil Ha npsiMoit AA";
B) 00pa3 NpOH3BOJILHOH TOY- Puc. 17
KH, Jnexamed Ha npsimoil AA’;
r) o6pa3 npou3BOJIbHOH mps-
Molil;
1) o6pa3 U npooGpa3 HECOGCTBEHHON MPSIMOM, CUMTAst, YTO TOMOJIO-
rusl 3ajaHa Ha paclMPEeHHOH eBKJMAO0BOH MNJIOCKOCTH.

Pemenne  B) O6pasa Touku B —rtouka B’ uHumjenTtHa
npsamoii PB. Touka K = p (| (AB) — HenoaBuxKHAs TOYKa, TakK
KaK OHa NMPHHAAJIEKUT ocH romojoruu p (puc. 17). Ilpsamas AK ne-
peitner B mpsimyio A’ K. Tak Kak roMOJIOTHs COXPaHSET MHLHEHTHOCTb,
TOo HCcKomast Touka B’ = (PB) | (A'K).

1) Mckomble mpsiMble nmapasiiesibHbl OCH p TOMOJIOTHH H MPOXOAAT
COOTBETCTBEHHO uepes o6pa3 M mpooGpas Mpou3BOJbHOH HecoGCcTBeH-
HOH TOUKH.

201. T'unepGo/anueckas roMoJIOTHs 3ajJaHa OCbIO, LEHTPOM H Mmapoi
npameix a —a’. [Toctpotite:

a) ofpa3 npousBOJBHONH TOuKH M, He Jexaued Ha g

6) o6pa3 npou3BOABHOH NpsIMOH m, nepecekaoweics ¢ npamMon
a Ha OCH.

Ykaszaunue. [loctpoitte o6pas mnpsmoit MA, rne A € a.

202. Tunep6onyueckass TOMOJIOTHs Ha paCIIHpPEHHON eBKJIWA0BOH
TMJIOCKOCTH 3ajiaHa COGCTBEHHOM OChbIO, LEHTPOM H apoii Touek A — A/ |
IToctpoiire:

a) obpa3 npousBONBLHOH TOuKH M,

6) o6pa3 npou3BOJBLHOH MpsIMOH 1,

B) o6pa3 HecoOGCTBEHHOH MpsiMOil.

203. T'unepGosnveckass TOMOJIOTHS 3aJaHa HeCOOCTBEHHBIM ILIEHT-
pom P_, cOOGCTBEHHOH OCbIO p M NApoH COOTBETCTBYIOWIMX ToueK A
u A'. KakuM aduuHbIM npeoGpa3oBaHueM SIBJSETCS JaHHAs IOMO-
qorusi? [Tocrpoiire:

a) o6pa3 mpou3BOJAbHON Touku M,

6) o6pa3 MpOM3BONBLHONH NPSMON M.

Yrxasauue Cum § 14.4.
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204. TunepGosnyeckass rOMOJIOrHsl 3ajaHa COOCTBEHHBLIM LEHTPOM
P, HEecOGCTBEHHOM OCbl0 p M Mapoil coorBeTcTBYlOUMX Touek A u A’.
KakuM ad¢uHHBIM npeoGpa3soBaHHEM SBJISETCS JAHHAS TOMOJIOTHS?
TlocTpoiite:

a) o6pa3 mnpousBoJbHOI TOUKH M,

6) o6pa3 mMpPOH3BOJNBHOH mNpsAMOH m1.

Ykasaunue OCm § 14.4.

205. JIoKaxXuTe, U4TO T'OMOJIOTHS, 3aJaHHAsl HeCOOCTBEHHBLIM IIEHT-
pom P_ u HeCOGCTBEHHOH OCBIO p_, SIBJISETCS MapaieJbHbIM mepe-
HOCOM.

VYkaszauue  Jokaxure, uro AA’'B'B — mapansienorpamm
151 mobuix Touek A, B u ux o6pasoB A’, B’ COOTBETCTBEHHO.

206. MuBosounoHHasi roMoJIOTHs 3aflaHa ocblo M UeHTpoM. Ilo-
crpoiite 06pa3 MPOU3BONLHOA TOUKH.

207. TMapaGonnueckas roMoJiorusi 3ajjaHa ocbl0 U Mapol COOTBET-
creyromux touek A u A’. Tloctpoiite:

a) o6pa3 MpOM3BOJIbHOH TOUKH,

6) o0pa3 npou3BOJBLHOH NPSIMOH,

B) o6pas u mpoo6Gpa3 HeCOGCTBEHHOH NPSMOH, CYMTad, YTO TOMO-
JIOTHA 3ajJaHa Ha PaCUIHPEHHOH EBKJIMAOBOH IJIOCKOCTH.

208. JoKaXuTe, YTO KOMIO3HIHS ABYX THNepOOJUYECKHX TOMOJIO-
ruit ¢ oOlel OCbl0 €CTh FOMOJIOTHS C TOH K€ OCblo, MPHUYEM LEHTPH
BCEX TPEeX TFOMOJIOTHII JIeKaT Ha OXHOH MpIMOH.

Y kKaszauwue. I-icnoco6. O6paTuTe BHUMaHHE Ha TO, YTO mpSsi-
Masi, MpOXOAsSiasi yepes3 LEHTPHl TOMOJIOTHH, HENOABHXKHA M OTHOCH-
TeJbHO KOMIO3UIHH STHX T[OMOJIOTHH.

2-1 cnocob. Vicmosp3ayiiTe 3ajgauy 199, npuHSB 32 LEHTP ONHOH
romosioru Touky P; (0 :0:1) u 32 ocb ABYX TOMOJIOTHH TPSIMYIO
xa = 0.

209. JIokaxuTe, UTO KOMMO3HIHS ABYX FOMOTETHH HA €BKJIHAOBOH
IJIOCKOCTH €CThb JIH60 roMoTeTHs, THO0 napaJjiesbHbIH nepeHoc, NpHYeM
B MMEPBOM CJIyyae IIEHTPbl BCEX TPEX TFOMOTETHH JiexaT Ha OfHOH mps-
MOH, @ BO BTOPOM BEKTOp I[e€peHoca HnapaJlieeH NpsMoH, CoenH-

HSIOWEN LEHTPHl JAHHLIX TOMOTETHEH (TeopeMa O TpeX LEeHTpax MNOJO-
6us).

Y rkaszanue CHayajJa pacCMOTPUTE FTOMOTETHIO KAK FOMOJIOTHIO
Ha pacCIIHpeHHOH eBKJHJOBOH MJOCKOCTH U IIO3TOMY OCh T'OMOJIOTHH
cuuTaliTe HeCOOCTBEHHOH, & 3aTeM BOCMOJb3YHTECh Pe3y/bTaToM, MO~
Jy4YeHHbIM B 3amage 208.

210. [lokaxuTe, YTO KOMMO3ULMS MapaGoJHYeCKHX TOMOJIOTHH C
obuelt ocbio ectb napabosHyeckass TOMOJIOTHS ¢ TOH ke ockio. Mexons
M3 3TOr0 pe3y/bTaTa, NOKaXKUTE, YTO KOMMO3MIUS ABYX Mapalielb-

HBIX [EePEHOCOB Ha EeBKJAHJOBOH INIOCKOCTH €CTb NapaJJe/bHbIH
nepeHoc.
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Puc. 18 Puc. 19

211. TlocrpoitTe npsMylo, NPOXOASILYIO uYepe3 NaHHYIO TOUKYy A
H 4epes HeJOCTYIHYIO TOUKY, 3aAaHHYI0 napoll npsmMelx a u b (puc. 18).

YkaszaHnue. 3ajaiiTe roMOJOrHIO Tak, 4ToOb OfHA U3 HAHHBIX
npsaMelX OblIa OCblO, @ Apyrasi uMeja Obl CBOMM 00pa3oM HCKOMYIO
MpSAMYIO.

212. au napaanenorpamm ABCD cBoMMHM CTOpPOHaMmHu, [Be
erg BepiivEnl A u C — Hejoctynubie Touku. [loctpoiite npsamyio
AC.

YKaszauue. PaccMoTpuTe TOMOJOTHIO, OCblO KOTOPOH siB-

asiercst uckoMasi npsivasi AC, a o6pasom Touku B sBisercss Touka D
(puc. 19).



r1ABA V
KBAJPUKH

§ 13. KBAAPUKH H HX KJACCH®HKALHUA.
3AJJAHHE KBAJPUKH NMATbIO TOYKAMH

Jlureparypa: [2], §15.

213. TlpuBenuTe K KaHOHMYECKOMY BHAY YDaBHEHHE KBaJpHKHU
4xf + xg + 2x1x5 + 2x,x5 =0

M OIpeneuTe ee HpOGKTHBHbIﬁ KJ1acc.

Pemenmune  I-4 cnocob. Kpazparuunyio ¢opMy, CTOALLYIO
B JIEBOH YacCTH YpaBHEHHS, MOXKHO MPHBECTH K KAHOHHUYECKOMY BHAY
cnocobom Jlarpanxa (cMm. § 15. 2 u npumep 2).

2-0 cnoco6. PaHr wMaTpullel KBajpPUKH paBeH 3, TakK Kak

CJIQ,EOBBTEJII:HO, KBaJ[puKa HEBLIDOXKIAECHHAsdA, H TOTOMY OHa MpHHAA-
JIEKUT JTHOO KJIaCCYy MHUMBIX HEBBIPDOXKICHHLIX KBaApHK, nnbo  KJjac-

Cy OBaJbHBIX KBaApHK. Tak Kak Touka |0| NpPHHALIEKHUT KBaIpHKE

(mpoBepsiem HemocpeacTBeHHo: 4 - 02 4+ 02 +2.0:1 42 -0 - 1= 0),

TO JaHHas KBaJpHKa fIBJSETCS OBAJbHOH W IOTOMY €e KaHOHHYeCKOoe
,2 ’2 .2

ypaBHEHHe umeeT Bul: yx; + x, — x, =0,

214. YpaBHEHHSI HUIKETPHBEJEHHBIX KBAJAPHK MPHBEIUTE K KaHO-
HHUYECKOMY BHIY H ONpeAeNHTe HX NPOEKTHBHbIE KJIACCHL:

a) 21 + 3x5 + 413 — 2x,x, — 6x9x5 + 2x1%5 = 0;
6) xf + 3x§ _'l_ xg + 4x1X3 + 2X1X3 + 2x2x3 = O"
B) £+ x5 — x5 + 2xyx3 = 0;

r) 2)6% + x§ — 2x1%5 + 2x3x5 = 0;

1) X% + Xg + X% + 2x1xy + dxix5 — 2x9x5 = 0;

e) Xf + x% + 4)6% —_ 2)(1)02 + 4){1)63 —_ 4x2x8 = 0’
)K) x? - 3x§ - 2x1x2 + 2x4x3 —_— 6x2x8 = Q,
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215. Ha#izute ypaBHeHHE KBaIpHKH, NPOXOAsuEeHd uepe3 TOYKU

—4 0 2 5 1
0 0 — —1 0
1 1] 0 10 0
Pemwewnmne. I-i cnocob. TlogcraBuM KOOPAHHATHI JAHHBIX TO-
yeK B ofulee YypaBHEHHE KBaJpHKH:
2 2 2
81Xl + ZaaXe + GssXs + 2810X1X, + 2815X1%5 + 2€,5%x5 = 0
M MOJNYYHM [OCJe psifia YMpPOIEHHI CHCTEMY H3 NMATH YpaBHEHHH C
IIECTbIO HEH3BECTHBIMH g;;:

A= ’B= ,C:_—. ,D= ,E—__-

gu =0,
gis =Y,
833 =Y,
go2 — 4812 = 0,

g0 — 10g15 — 20g,53 = 0.

Ilo T€OpEeME O 3aJaHHH KBAaADHUKH MNATbIO TOYKaMH CYUIECTBYET
€IUHCTBEHHAsA KBaJpuKa, MPOXoAdAllas u4epe3 3TH TOUYKH. HOSTOMY
noayyeHHasa CHCTEMa UMEET €JUHCTBEHHOE (C TOYHOCTEBIO A0 MHO}KHTeJlH)
HEHYJ/IEBOE peui€HHe, KOTOPOE HaXOAHUM HENOCPENCTBEHHO:

811 =833 =813 =0, Loy 1812185 =40:10: 3.
MOXHO HOMOXHUTD gy = 40, gy, = 10, g,3 = —3 u, caejposa-
TEJbHO, YpaBHEHHE HCKOMOH KBaJpHKHM HMEET BHJ
20x5 + 10xyx, — 3x,x5 = 0.

2-ii cnoco6. 3ametuM, uto Toukd A, B, E KonauHeapHsl (OHH Je-
KaT Ha mpsmoil x, = 0). TloToMy KBajpuka pacnajaercs Ha mapy
npsMbix. Tak kak npamas CD umeer ypaBHenue 10x; + 20x, — 3x3 =0,
TO ypaBHEHHe KBAaJpUKHU OYyAET HMeTb CAeAYIOUIMH BHA:

Xy (10x4 4+ 20xy — 3xg) == 0.
216. Halizure ypaBHeHHe KBaJpHKH, NPOXOAslled uyepe3 TOUKH

1 0 0 2 2
a)A1=0’ A2=l, A3=0,A4= 2, A5=—l;
0 0 1 1 2
0 0 1 2 1
6) Bi= ] , B2= 0 , B:‘3 — 1 , Bg= 4 , Bb= —1 ;
0 1 —1 —1 1
l‘ —3 —2 0 0
B) Cy=|—2|, Co= 1, Cs=|—1|, Cu=|—2|, Cy=|0|.
1| 0 1 1 1

Ykasanue [ag peweHus 3agaun 216,88 uemecoobpasuo
HCIOMB30BaTh KoJIHHeapHocTh Touek Cy, C,, Cs.

2
217. JlokakuTe, UTO MHOTOWIEH Xi -+ 3x3 — 4xxy — dxxg +
-+ 4x,x3 pasnaraeTcsi Ha MHOXHTENH, U HaHJHUTE 3TO PAsJIOXKEHHE.
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Pemernue. [-dcnocob. [lanHblfi MHOTOU/IEH SIBASETCS KBajapa-
THYHOH ¢opmoii. Harnem ee paur:

1 —2 —9 | o
—2 2 3

Paur stoit dopmbl pasen 2. CilefoBaTeNbHO, KBagpuka xi - 3x3 —
— 4x1x, — 4xyx3 + 4x,x3 ABASETCS BLIPOXKAEHHOH H pacnajaercs Ha
napy npsaMbIX (BEIECTBEHHBIX HJIM MHUMBIX). Tak Kak KOOpJAHHATHI

0 0
Touex || 1| u 3|| yZOBMETBOPSIOT YPABHEHHIO KBAaIDHKH, a Mapa
10 —4

MHUMBIX TPSIMBIX HMEET JIHIIbL OAHY BEIeCTBEHHYIO TOUKY, TO KBafpHKa
pacmajiaeTcs Ha mapy BeileCTBEHHBIX MPSAMBIX, 8, 3HAUMT, JAaHHAS KBa-
JpatuuyHas ¢opMa pasjiaraercss Ha BelieCTBEHHbie MHOXHTENH. Pasio-
JKEHHe Ha MHOXHTEJIM HaHJeM MEeTOJIOM HeOMpEeAeTeHHBIX Ko3(pduIitu-

2
enToB. Tak Kak Koa()pHUHEHT MPU X paBeH 1, TO MHOXUTENIH, HA KO-
TOpHIE  pasjaraercs MHOTOY/IEH,  MOXHO  O003HauuThb  Tak:

Xy + Axy + Bxg u x4 + Cx, + Dx;, tie A, B, C, D — Heonpege-
JieHHble Koa(duuuentsl. M3 ypasHenus

X4 8x5 — dxyx, — dxyxg + drgxg =

= (%1 + Axy + Buxs) (x4 + Cxy + Dxy)
noJiyyaeM CHCTEMY OTHOCHTENTbHO HeusBecTHhix A, B, C, D:

AC =0,
BD =3,
A+ C=_—4,
B+ D= —4,
AD + BC = 4.
HO ,noxasaHHomy CHUCTEMA COBMeECTHA. Pemaﬂ ee, HaXxoAuM JBa pemeﬂnﬂ:
A =0, A= _4,
B=_1, B = —3,
C =4, C =0,
D = —3, D= 1.

O6a 3TH penieHus NPUBOAST K OJAHOMY M TOMY XK€ Da3JIOXKEHHIO MHOTO-
YJeHa Ha MHOXHUTEIH:
x4 3xF — dxyx, — dxyxg + dxoxg = (X1 — xg) (X3 — 4x, — 3x,).

2-1§ ¢cnoco6. CnocoboM Jlarpanka (crnoco6 BblAeJeHHsT MOJHBIX KBaj-
paToB) MpHBEAEM AAHHYIO KBajpaTHUYHYyio (opMy K CyMMe (Da3sHOCTH)
KBaJpaToB:

X+ 345 — dxxy — dx1x3 + dxyx3 = xi — 2%y (2%, + 2x,) +

9 2
+ (2xy + 2x5)* — (2x5 + 2x3)* + 3x3 + 4)522)63 =
= (%, — 20, — 2x5)? — (X3 + 4xpx; + 4x5) =
= (x; — 2xy — 2x3)° — (2x5 + x3)%.
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Pasnarasi moJyudBLIYIOCS Pa3sHOCTb KBaJAPAaTOB Ha MHOXHTEIH, HMEeM:
(x4 — x3) (xg — 4x, — 3x3).
218. [oxaxkurte, yTO HHXKENPUBENEHHbIE MHOTOYIEHHl pasJjaraior-
Csl Ha MHOXHTENH, U HaHAUTE 3TH PAa3/IOXKEHHS:
2 2
a) 5x} + 3x5 — 2x3 + 10x.x, + 4x,%5;
2
6) 4xf + x5 + 9x5 — dxyx, + 12x,%5 — 6X,5;
2 2
B) X+ x5+ 5x3 — 4xyxg + 2X,Xs.
219. JlokaxwuTe, 4yTO YpaBHEHME KBaipHUKH, NpPOXoAsiedl yepes

(GyHIaMeHTaJbHBIE TOYKH MPOEKTHBHOM CHCTEMBI KOODAHHAT H TOYKY
A (a: a, : ag), uMeer BHI

XoXg xllxa X1 X9 0

Ay0g 0,d3 010,
220. Hauwt A, B, Cy, C,, C3, C, — 1UECTb NPOHM3BOJBHEIX TOYEK

HEKOTOPOH OBaJNbHOM KBaJApHKH. [lOKaMHTe, UTO (@1d.03a;) =

= (bibybsb,), tae q = (AC)), b, = (BC;) (reopema Ilreiinepa).
Ykaszaunue IlpuMure yeTbipe M3 JaHHBLIX TOueKk 3a (QyHzaa-

MEHTaJ/bHble TOYKHM NPOEKTHBHOM CHCTEMbl KOOPAMHAT U BOCIOJb3YH-
TeCb pe3yJbTaToM 3ajauu 219.

§ 14. BBAUMHOE PACMNOJIO)KEHUE MNPAMOH H KBAAPHKH.
3AJAHHE KBAJIPHUKH TOYKAMH W KACATEJILHBIMH.
NoJII0Cbl U NMOJISPbI

Jlutepatypa: [2],§ 16.

221. Ha#iauTe TouxkM NepeceyeHHs MNpPSAMOH, NPOXOAsLIeH uepes
TOUYKH

A(l:2:1) uw B(1:0:—1), ¢ xBagpukoil X — 2xx4 + Xy —
— 3xy x5 — x§ = 0.

PemeHnue. Hcnonbsys napaMeTpuyeckoe  ypaBHeHHE
X = A 4 pB npamoit AB, naxoaum:
xp=M+p,
x2 = 2%,
Xg = A —p.

A Tak Kak KOOpAMHATHI TOUKH [€peceueHusi NpsIMOH € KBaJAPHKOH
YAOBJIETBOPSIOT YPaBHEHHIO 3TOH KBaJPHKM, TO MMEET MECTO PaBEeH-
CTBO

At p? =20 +p)- 22+ @ =30+ p) A —p)—(Ar—p)*=0,

uin A2 — p? =0, otkyza A = 4+ p. 1
CnenoBatenbHo, mojarags A = p = L

0
67
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222. Hafinute TOuKM nepeceueHns mnpsiMoii AB ¢ KBajgpuKoH
2
5+ x5 — = 0, ecau

1 7 4 —1
a)A=7\,B=—1;B)A=3,B= 7l
2| 0 1 0
1 1 1 —1
6) A =2, B=|—2l; r) A=|l|, B=| I|.
3 —1 0 10

223. Hafinure ypaBHeHHMe KacaTeJbHOH K KBajpuKe X7 — X2 +
+ x3x3 =0 B ee Touke A (1 : 2:3).

PeuweHue YpaBHeHHe IaHHOH KBaJAPHKH B MaTpHuHOH dop-
Me 3anuuercs CJaeIyomuM o6pasoM:

1 04+
2 [x
lxgxoxg][ - O —1 Of - | x5 = 0.
L 00 X3
2

YpaBHeHHe KacaTeJbHOH K JaHHOH KBajpuke B Touke A OyleT HMeTb
Bug A'GX = 0 uu

1 ot

2 |x
N1 23)-10 =1 of x| =o0.
% 0 o %

[epeMHOKHB MaTpHILI B JEBOH YacTH MOCJELHEr0 ypaBHEHHS, MOJY-
YUM HCKOMOe ypaBHeHHe Sx; — 4x, 4+ x5 = 0.

. 2
224. Hafigute ypaBHEHHS KacaTeJbHBIX K KBajpHKe X5+ 245 —
— X1Xy — DXyxg = 0 B ee TouKax:

1 —1
a)A———“O“; 6) B=| 1|, B) C=
0 2

1
1
0

225. Haiinute ypaBHeHHe H JOKAaXKHTe €JMHCTBEHHOCTb KBajipH-
KH, TPOXOAsuiefl dYepe3 TOUKH

1 0 0 1
Ei = 0 y E2= 1 y E3:'= O y E0= 1
0 0 1 1

H Kacawueiica npamo# x; + x, = 0 B Touke Ej.

Pemenue. IlogcraBum KoopmuHath Touek E,, E,, E; B ypas
2 2 2
HEHHE g1iX1 + Z20X2 1 G3s¥3 T 2@12X1¥s + 2815%1X5 + 28p3%yx5 = 0

KBaJPUKH U TOJYYUM g1y = gy = g3 = 0. CrefoBartenbHo, ypaBHe-
HHE MCKOMOH KBaJpHKH HMeeT BHJ

Z1aX1Xs + G13X1Xg + ZasXexs = 0,
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Tak Kak WCKOMOH KBaJpHKE TMpPUHALIEKHT touka E,;, TO
gip + G135 + o3 = 0. YpaBHeHue KacaTelbHOH K HCKOMOH KBaJpuKe
0

B Touke Eg = | 0| umeer Buj

0 g1 &3 Xy
ll001\l-g210 ges Xy =0
83 832 0 X3

WIH g31X3 + g39Xs = 0; OHO JOJKHO COBMAajaTh C YpaBHEHHEM
xy + x, = 0. CuepoBarenbHO,

8a1 _ 832

1 1
a TaK Kak g;; = gji U g1z T G135 + Qs = 0, T0 K03(hhHUHEHTH! ypaB-
HEHHS KBajJpHKH OMNpeleJeHbl C TOUHOCTbIO 10 MHOXHTES eIHHCTBEH-

HBIM 00pasoM: gi, = 2, 813 = Zo3 = —I1. Hrak, uckomas xBajpuxa
€JIMHCTBEHHA M HMEeT CJeNYIOee YypaBHEHHe:

2x1%y — X X3 — XX = 0.

226. Halinure ypaBHEHHE H JLOKaKHTE €IHHCTBEHHOCTb KBAaAPHKH,
npoxojsiuieil yepes TOYKH
1
0 —1
0 1
¥ Kacaromeica npamuix x; = 0, x3 = 0.

227. Halinute ypaBHEHHE M JOKaXXHTe €JHHCTBEHHOCTb KBaJpPHKH,
npoxoisiulefl uepe3 TOYKH

1

1 0
0

1

E, = , E;= , Eg=

0

0
| 0
0 1 1
H KacawoomeHcs npsaMbX 2%y — X, =0 u x, + x5 = 0.

228. aubt toukn Ay, A, As, A, U3 KOTOPHIX HHKaKHE TPH He
KOJUTHHEapHsl, H NpsiMast @, MPOoXofsilas yepe3 Touky A; U He MpoXxo-
JAI1Aas HY Yepes ONHY M3 OCTa/JbHBIX Touek. JlOKaKHTe, YTO CYIIECTBY-
eT of(Ha U TOJIbKO OfHA KBajgpHKa G, MpOoXoAsias 4epes HaHHbIE TOYKH
Ay, A, As A, m kacawuasics npsamod a.

Y kasauue. [lpumnretouru Ay, A4,, A5, A, 332 bydiaMeHTa b-
HBIE TOUKH MPOEKTHBHOrO pernepa

l 0
0 1
0 0

A=|l|, B= . C=

0
0 1.
l 1

Torma (cm. sapauy 225) gy = gyy = gss = 0. OcraBiunecst TpH Ko-
appuUHeHTa Gis, Z13, Zgs AOMMKHBI YIOBJETBOPATbL ABYM YCJIOBHSIM:
a) KoopaueaThl TOYKM A, YAOBJETBOPSIOT YpPaBHEHUIO

Z1aX1Xy + G13¥1X3 T GasXexs = O.

1

A1= ’ A2= ’ A8= ) A4=
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6) llanHas mpsMas a.X, + azxz = 0 sABJAfSETCA  KacaTesbHOH
K KBaJPHKE g1,X1Xy + Z13X1Xs + Gas¥exs= 0 (a; = 0, TaK Kak npamas
a TPOXOAHT uepe3 TOYKY Aj).

229, [laHbl HekosanuHeapHble Toukn A, B, C u 1Be npsiMble a u b,
npoxojsiuue yepes TouKH A U B COOTBETCTBEHHO, HO HE MPOXOASILIHE
yepes OCTAJbHbIE TOUKH. J[OKaXKHTe, YTO CYLIECTBYET OJHA U TOJBKO
ojHa KBajpuka G, npoxojsmas yepes aaHHble ToukH A, B, C u kaca-
omasnacs OpsiMbIX a " b.

230. a) [lasbl Tpu nmpsiMble a, b, ¢, He mpHHaAJeXaUIHe OXHOMY
nyuky, ¥ Toukd A u B, npuHaltexaniye NpsiMbiM @ 4 b COOTBETCTBEHHO,
HO He MpUHAJJIeXaumue APYruM AaHHBIM NpAMBIM. J[OKaxuTe, yTO Cy-
IIECTBYET eAMHCTBEHHAS KBaJPHKA, Kacalouascsa JaHHbIX NPsMbIX, IPU-
YyeM NPSMBIX @ U b B JaHHBIX Ha HHX TOYKax.

6) JlaHbI YeThblpe NpsiMble, U3 KOTOPHIX HUKaKHE TPH He NpHHAJJe-
’KaT OJHOMY NMY4YKY, M TOUKA HA OJHON M3 HHX, He MpUHaLJIexamas
IpyruM npsiMbiM. JIOKaxkuTe, 4TO CYLIECTBYET eMHCTBEHHAs KBaJpHKa,
Kacarouasicst BCex NaHHBIX NMPAMBIX, NpPHYeM OJAHOH M3 HUX B JAHHOMH
Ha HeH TOuKe.

B) JlaHBI NATh NPAMBIX, U3 KOTOPHIX HUKaKHe TPH He NpHHaAJIexKaT

OJHOMY NYUYKY. ﬂ,oxamme, YTO CYIUECTBYET eNMHCTBEHHAs KBAaJPHKA,
Kacammascsa BCEX HOAaHHBIX IMPSMBIX.

Pemenue a) JlaHHble nmpsMble NMpUMEM 3a KOOPAMHATHELIE.
Torxa

a:x; =0, b:x,=0, ¢:x;,=0.
KoopauHaruble cTo6Lb! TodeK A u B MOryT ObITh 3aMUCaHHL B CeYIO-

IeM BHJE:
0f 1
A=|1} B =|0].
o p

Ha#inem ypaBHeHne KacaTebHOH B Touke A K HCKOMO# KBaJpPHKE 10
¢opmyne A'GX = 0, rae G = || g;|| — MaTpuua KBagpukH:
(821 + 2@31)%1 + (g2 + @@s0) X5 + (825 + gs5)xs = 0.
Ho mo ycioBuio 3Toii KacatenbHOB siBisercst npsmast a. [lostomy
gat + agsy # 0,
() {@e2 + 00g3s =0,
gas + agss = 0.

Auasioruyso, MCXOAs M3 TOrO, 4To npsMas b Kacaercs KBaJpHKH B
Touyke B, nosyudaeMm

&1z + Pgs2 # 0,
g1s + Bgss = 0.

VYenoBue kacanus npsiMoit ¢ = (E(E,) ¢ KBaApDHKOH HMeET BHJ
(EIGE,)* — (E\GE,) (E3GE;) = 0

g1 + Pgst =0,
o
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(cm. § 16. 2), otkyza
TR 2
( ,:) 812 — g1y = 0.

Peiuasi CHCTEMY, COCTOSILLYIO H3 YDaBHEHMH H HEPABEHCTB (¥),(x*),
(**), HaXOMUM 3JIeMeHThl MaTpuubl G. OHa onpefensiercs €NHHCTBEH-
*

HbIM 06p330M C TOYHOCTBIO 1O MHOXHUTEJA:

p> —ep —P
G=|—af a® —al.
— —a l

TeMm caMblM CyuleCTBOBAHHE M €IMHCTBEHHOCTb KBAJPHKH, YIOBJETBO-
psitouleii yCJIOBHSIM 3ajayM, AOKAa3aHbI.
231. Haiigute ypaBHenue mnoaspel Touku A (1 :2:1) orHocu-
2 2 2
TeJNbHO KBajApuKH G : —x1 + x2 4+ X3 — 2x4x, = 0.

Pemenue  3anuueMm ypaBHEHHE NOJAPbI AaHHOH Touku A
OTHOCHTEJIbHO JaHHOH KBaapuku G B MaTpuuHod dopme A'GX = 0,
HJTH

—1 —1 0] |x
||121”-‘——(1) 6(1) -lxyf = 0.
X3

[TepeMHOKHB MaTpHIbl B JIEBOH YaCTH ypaBHEHHS, MOJYYHM:
3%y — Xy — x3 = 0.
232. Haiigure ypaBHEHUs MNOJSpP TOUYEK:

1 4 0 —4
a) A=|0; 6)B=|—2;, B C=| 2| r)D=| 2
1 3 —1 1

OTHOCHTE/JIbHO KBaJpPHKH

2 2 2
X — xg + 2x3 + 4dxyx, — 2x,x3 = 0.
Kakie U3 5THX TOYEK $IBJISIOTCS BHYTPEHHHMH M KaKue BHEIIHUMH IO
OTHOINIIEHUIO K HAHHOH KBaJpHKE?
Ykasaunue. Yurute, YTO MOJsipa BHYTpEHHeH TOUKH He me-
pecekaer KBaJpHUKY, a BHeluHel — nepecekaer (cM. § 16. 2 u § 16. 4).
233. Ha mpamoit 4xy -+ x, — x5 = 0 HaliguTe TOUKY, rapMoOHHUYEC-
KH CONPSKEHHYIO ¢ To4ukoH A (—3 : 1 : —3) OTHOCHTENBbHO KBaJPUKH
2 2 2
X+ x5 — x3 + 2x4x, + 4x3x3 = 0.
Yrkazaunue. lckoMas Touka sIBJISETCS TOUKOH NepecedeHust
nonsipel Touku A (—3 : 1 : —3) u paHHO# npsamoit 4x; + x, —xg = 0.
234. Ha npsamoi#i 3x; + x, — x3 = 0 Halinure TOUKy, rapMoOHuUYeC-
KH compsiKeHHyo ¢ ToukoH A (1 :2: —1) OTHOCHTE/IBHO KBaApHUKH
2
X 4 2x5 — x5 4 dxyx, — 20,5 -+ 6x3x5 = 0.
235. Ha#igure momoc npsmo#t a (0 : —I1 : 2) oTHOCUTENTbHO KBaj-
2
pukd G : xz -+ 4xxz = 0.

61



a
ol — MoJIIOC  HaHHOH
as
npsmoil a : —x, + 2x3 = 0. Torza ypaBHeHue 3ToH HPAMOH MOXKHO
samucath B Buae A'GX =0, uiu

002
OlO
200

Pemeunune. I-i cnocob. Tlyets A =

x1

| asa505]| - = 0.

x3
TlepemHOXAast MaTpHLBL, MOJTYYHM:

2asx; + asx, + 2a1x3 = 0.
CpaBHUBasi C ypaBHEHHeM MNaHHOH NpAMON — X, + 2x3 = 0,

1
nonyuaeMm: 2a; = 0, a, = —1, 2aq; = 2. Hrak, A =}—1 )
0
2-i1 cnoco6. KoopauHatel noJoca HaxonuMm mo gopmyte AAd = Ga’
(cm. § 16. 3), nomarag A = 1:

oo—; 0 1i

A=llo 1 of.||—1] = —11.
Lo o 2 0‘
2

B)x2—|—3x3—0

2
OTHOCHTEJIBHO KBAJPUKH x; -+ X2 — X% 4+ 2x4x5 = 0.

237. [aunl kBagpuka Gu touka A ¢ G. [ToJb3ysch OLHOM THHEHKOH,
NOCTPOHATE MOAAPY TOUYKH A.

Ykasaunue Jag Toro yro6hl MOCTPOUTh MOJSAPY TOUKH A,
JIOCTATOYHO [OCTPOUTL JBE ee TOUKH By M B,, Kaxras M3 KOTOPLIX
FapMOHHYECKH COMpsKEHa C TOYKOH A OTHOCHTENIBHO KBaAPHKH
(cM. § 10. 3). Tpu cnocoba pemenus sTofl 3ajmaunm ykasaHsl B § 16,
npumep 3.

238. Maubl kBagpuka G u Touka A. Uepes Touky A npoBejeHb! TPH
Cekyline, nepecekarouye kBagpuky B toukax X nu Y, Zu T, Un V.
[Moctpoennt Touku P = (XT) ) (ZY) u Q = (ZV) N (UT). Hokaxu-
Te, uTo npsmas PQ ectb monsipa Touku A

Ykxaszaunune Cm. § 16, npumep 3.
239. Jaubl kBagpuka G u BHemHss touka A. ITonb3ysick opHOH
JMHEHKOH, MOCTPOHTE KacaTesbHble K KBagpuke G u3 Touku A.

Ykasanue. Cum § 16, npumep 4.
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240. Hajiqute ypaBHeHHs KacaTeNbHBIX K KBagpHKe X -+ x5 —
— 10x1x3 = 0, mpoBejeHHRX u3 Toukn A (4 :7 :1).

Pemenwue. I-id cnoco6. B coorserctBuu ¢ § 16. 2 ypaBHeHue
maph KacaTelTbHbIX K KBajpuke G HMeeT BHJ

(A'GX)? — (A'GA) (X'GX) = O.

Tak xkak
10 —5 4 Xy
G= 01 Of, A=||7|, X =] x|,
—50 O 1 Xg
TO
A'GX = —xy + Txy — 20x,,

AGA = 95,
X'GX = £ + x5 — 10xxs.

Cnenosate/bHO, YpaBHEHHE MNapbl KacaTeJbHHIX HMeeT CJelYIomuk
BHJ:

(—xy + Tx, — 20x5)2 — 25 (53 + x5 — 10x3x5) = O
WIH TI0cje npeobpa3oBaHuil
125 — 12x3 — 200:3 + Ty, — 145x,65 + 140x5x5 = O.

OcTajioch pas3foXKUTh JIEBYIO YaCTb YDABHEHHS Ha MHOMHTENU. 37ech
JIyYlie BCEro BOCMOJMb30BAThCS CIOCOOOM HeONmpeAeeHHBIX Ko3(pdu-
HUeHTOB (cM. pemieHue 3anaun 217):

(8%, + Axy + Bxy) (4xy + Cxy + Dxg) = 124 — 1233 — 20045 +
+ Tx1xy — 145xyx5 + 140x,x3.

Otkyaa
AC = —12,
BD = —200,
3C +4A =17,

3D + 4B = —145,
AD + BC = 140.

IocTaToyHo Ha¥TH XOTb OAHO DEILIEHHE STOH CHCTEMBbI, TaK KakK pasJo-
JKeHHe MHOTOuJeHa Ha MHOXHTEJIH €IUHCTBEHHO (C TOYHOCTBIO A0 YHC-
JIOBBIX MHOXHTEJNEeH U nopsjaka coMHoxuresell). Pemas cucremy, mno-
ayuyaeM : A =4, B = —40, C = —3, D = 5. YpaBHeHus Kacartelb-
HbIX HMEIOT CJAeAYIOLIMHA BUI:

3xy + 4x, —40 =0, 4xy — 3x, + 5x3 = 0.

2-1i cnoco6. HaxonuMm TOUKH MepeceyeHust JaHHOH KBaApPHKH C MO-
a9poft TOYKH A, ypaBHEHHE KOTOPOH HMeeT BHJ

—x; + Txy — 20x3 = 0.
Pewas cucremy ABYX YpaBHEHHH, MOJyyaeM JBE TOYKH I1€DECEUEHHS:
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1 8
K=|3)|, L=\|4|. B coorserctBuu ¢ § 16.4 K u L — Tou-
1 1
KH KacaHHsl KacaTe/lbHbIX, MPOBEJEHHBIX K KBajJpHKe uepes TOuKy A.
ITostomy npsiMeie AK u AL — uckomele KacatenbHble. Tak Kak Koop-
JUHATH TOYEK HM3BECTHBl, TO HX ypPaBHEHHS JIETKO HAaXOAATCS:

(AK) : 4%y — 3x, + b5x3 =10, (AL):3x; + 4x, — 40x; = 0.
241. HaiiguTe ypaBHeHHS KacaTeJbHBIX K KBAADHKE X3 — XX, = 0,

NPOBEACHHBLIX 4Y€pe3 T€ H3 HHNKENPHBEAEHHLIX TOYEK, KOTOPbIE IMpH-
HajJjiexKat KBaJPHUKE HJAH ABJIAIOTCA BHEIIHHMH:

0 2 1 1
a) A=|0}|; 6) B=|0]; B) C= 1|; ry D=1{2].
1 1 1

Ykasaunune OCM. ykasauue K 3agaue 232.
242. [lana xBaapuka G u TpexBepiIMHHUK C BepmuHaMu A, B € G,

C ¢ G. Tlonb3ysach OJHON JNUHEKOH, MOCTPOHTE TPEXBEPUIHHHHK, [O-
JSPHBIA JaHHOMY.

Y kasanue. CropoHsl a, b, ¢ MOAAPHOrO TPEXBEPIUMHHHKA —
sTo noaspwe Touek A, B, C (puc. 20).

243. Haliqure ypaBHeHHe npsMO#, NPOXOAsIEH uepe3 TOYKY
(3 :—1:1) u nomoc npsamoit x; + x, + x5 = 0 OTHOCHTENIBLHO KBaj-
PHKH 2X1X, + 4X1x5 — x5 = 0.

244. Hafiqute TOYKY mepeceueHusi mnpsaMoll 2x; + X, — x5 =0
¢ momApod  TOYKM  (—3:1:2) OTHOCUTEJBHO KBaJpHKH
X 4+ x5 — x% 4 dxyxg + 6xyxg = 0.

245. Hafigute ypaBHeHust moJsip a U b
Touek A (2:1:0) u B(—1:1:1) coor-
BETCTBEHHO, a Takxe nojspy Touku C=a(] b
OTHOCHTEJIBHO KBaJIpHKH x4 xE—
— 2x,%3 = 0; myTeM HernocpejCTBEHHOTO MoJ-
cuera yGeauTeCh, YTO OHA COBNAAaeT C nps-
Mot AB.

246. Haiinute nomocet A 1 B npaMbix
a:x+x,+x3=0 u b:2x,—x,=0
COOTBETCTBEHHO, a Takxke mnoJioc C npsamoil
¢ = (AB) oTHOCUTE/NBHO KBaJPHKH £ — x5+
+ 2x,x3 = 0. IlyreM  HemocpeiaCTBEHHOrO
nojcuera yGeinTech, 4YTO OH COBMNAZAET C
TOUKOH [epeceueHus MpSIMBIX a H b.

247. Ha nonsape Touku A (2: —1: —1)

OTHOCHTE/IbHO KBAIPHKH Xi -+ X3 — 2X,%5 =
= (0 BO3bMMTE MPOM3BOMLHYIO TOYKY B u
Hafiaute Touky C Takylo, u4ToObl TpeXBep-
mwHHHEHK ABC GbT  aBTOMONSIPHBIM OTHOCH-
Pue. 20 TeJIbHO JaHHOI KBaJPHKH (CAETANTE PUCYHOK).
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Ykaszauwue. Coryacuo § 16. 5 tpexsepuinaink ABC siBiser-
cqa asromoasipuniM, ecnu A, B, C — nomocer ctopor BC, AC u AB
cooTBercTBeHHO. JIaa OTbicKaHMs TOYkH C ucnogab3yiite cpoficTso 1
3 § 16. 4.

248. Ha npsamoft a : x; — x, = 0 BO3bMUTE NPOU3BOJILHYIO TOUKY
B w mHafigure TakOH aBTOMOJSAPHBIA  OTHOCHTENbHO KBaJpUKH
o — 12+ x5+ X,x3 = 0 TpexBepUIMHHUK, YToObl Touka B Obiia
€ro BeplIHHOH, a MnpsmMas a — CTOPOHOH.

249. BblsiCHHTE, KaKHE U3 HIDKENMPHBENEHHBbIX Map TOYeK rapMOHH-
UeCKM pas[ensqioTcs KBajipHKOH x4+ x4 2x1x3 = 0. B kaxaom
c/yyae rapMOHHYECKOTO pasjeleHust HalauTe aBTOMOJSPHBIA TpexBep-
[IHHHHUK, ABYMS BEpIIMHAMU KOTOPOro SIBJSIOTCS JaHHbIe TOUKH A u B:

2
—1
0

1

1
—1
—1

, B= i B) A= , B=

.
?

1
a)A=“l
1

1
0
—1

—1
2 1
1 0
250. BbiacHuTte, Kakue M3 CAEAYIOUX Map MPSIMBIX MOT'YT CJay-
KHTb CTOPOHAMH TPEXBEPLIMHHHKA, aBTONOJSPHOTO OTHOCHTEIbHO
KBaJpUKH @ — 2x,%, = 0. JIna Takux nap HalAUTE TPETbIO CTOPOHY
aBTOMNOJISIPHOI'O TPEXBEPIUIUHHHKA:
a) xy —x, =0 u x4+ x3=0;
6) Xy —x, =01 x4+ x, =0;
B) 3xo + x5 =0 u x; + x, + 3x3 = 0.
251. Hafinute oOwMi BHA ypaBHEHUH KBaJpPHK, OTHOCHTENLHO
KOTOPbIX TPEXBEPLUHHHHK C BepIUMHAMH
1 4
0 —1
—1 0
SIBJISIETCS] aBTOMOJISIPHBIM,

l
2

0
6)A= ’B= ;F)A= —1,B=
1

2
—1
0

A= , B = , C:

YxasaHue 3anucaB MaTpHIy KBajpPHKH B Buie

m np
n o q ri,
p r s

HaliiuTe ypaBHeHus nosaap touek A, B, C 1 cpaBHHUTE HX C YpaBHEHH -
mu npsvbix BC, AC, AB cOOTBETCTBEHHO.

§ 15. TEOPEMbI MACKAJIE U BPUAHLIOHA

Jluteparypa: [2] §17.
252, a) Ha oBanbHO# KBaapuke naHwl liectb Touek A, B, C, D,
E, F. IloctpoiiTe mackasneBbl NpsiMble CIEAYIOMKUX [LECTHBEPUIMHHIKOB:
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/s “ \/3 ABCDEF, DBFECA,

ABFDEC, FEDCBA.
6) HaHb! mecTb KacaTelbHBIX
% % x oBaJbHOMN KBaipHKE: a, b, ¢, d,
S e, f. Iloctpoiite Touku Bpuanuio-
Ha CJIelyIOmHUX [IeCTHCTOPOHHHU-
KOB:

abedef, dbfeca,

abfdec, fedcba.
253. JlaHnl naTh TOYEeK Ay,
Puc. 21 A, A, A, A, xBagpuru G,

HUKaKHe TPH U3 KOTOPHIX He
Ko/anuHeapHbl. Tloab3ysch ofHOM

JUHEHKOH, MOCTPOHTe KaKylo-IHO0 MIeCTyl0 TOUKY KBaapuku G.

CoopMmynpyHTe ¥ pemHTe JIBOHCTBEHHYIO 3ajauy.

Vkasauune OCwm §17, npumep I.

JlpolicTBEHHAs 3ajiaua MOJIYYHTCS, €CJIH KaXKAYI0O U3 NaHHBIX TOYEK
3aMEHHTD ee NoJAsIPOfl OTHOCHTENBbHO KBaApHKHU G. DTta 3ajiaya GhopMyJiu-
pyercst caenyouuM o6pasoM:

JlaHbl NSAITh KAaCATeJIbHbIX a4y, Ay, Qg, A4, Ay KBAAPUKH G, HHKaKue
TPH M3 KOTOPBIX HE MpHHAL/IeXaT OAHOMY NyuKy. [lomb3ysch ofHof
JHHEHKOH, MOCTpoiiTe KaKyo-1100 WECTYI0 KacaTelbHylo KBagpuku G.

Srta 3ajaua peliaeTCs Ha OCHOBAHHH TeopeMnbl Bpuaniona. O6o3Ha-
YHB HCKOMYIO KacaTeJbHYI uYepe3 ag; PacCMOTPHM IIECTHCTOPOHHHK
CO CTOpPOHANH @;, BBEAEM TaKXe O0O0O03HAUeHHS €ero  BepLUHH:
Bi=a ) agy ..., By=1a, a4 By=as N a (puc. 21). B
HEM H3BECTHHI NSTb CTOPOH 4y, dg, dg, Ay, Ay W UETHIPE BeplIHHHL By,
B,, Bs, B,. TloctpoeHue HeHW3BECTHOH CTOPOHH ag = (BgBg) cBoauTCcs
K MOCTPOEHHIO BepliHH B; u By

[To Teopeme DpuaHumiona npsmas ag Kacaercst kKBaipuku G Torza
U TOJbKO TOrha, Korpa npsmele ByB,, B,B;, BB, nepecexaiorcs
B OfHOI Touke S. 3to mo3Bossger, BuGpaB Touky S Ha npsamo# BB,
NPOU3BONILHO, HAHTH HEW3BECTHHIE BepMHBl By = (B,S) 1 a3
Bg = (BsS) N a;, a 3ateM MOCTPOUTb HCKOMYIO MNPAMYIO Q.

254. Jaubl natb Touek Ay, A,, Az, Ay, Ay oBanbHOH kBagpuxu G.
IMonbsysach OAHOM JHHEHKOH, MOCTPOHTE NpPAMYIO, KacaTelbHYIO K

KBaJ[puKe B OfHOH u3 maHHbIX ToueK. ChopMy/aHpYiiTe H pelHTe ABOH-
CTBEHHYIO 33jJayy.

Ykasauue, Cm § 17, npumepn 2 u 3.

255. Jaubl nate Touek A, Ay, Az, Ai, A, OBaJbHOA KBagpUKH
G. Hafiznte BTOpyIO TOUKY nepeceueHns KBaApuUKU G ¢ npsMoii a, 1po-
xonsuel uepes Touxky A, (puc. 22).

Y kasaunue Hckomyw Touky oGo3HaubTe Az U paccMOTpPHTE
mectuBepwnHHUK [lackana A A,A3A,AAg; npsmas a — cTopoHa
AA,.
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256. Jlana ayra MN KkBag-
pukn G u mpsiMas a, nepecexa-
wimasa gyry MN B Touxe A. Bro-
past TOUKa nepeceyeHus: NpsaMol a
¢ kBajpukoii G He JIKHT Ha Ay-
re MN. Iloctpoiite OqHOH JTHHEH-
KOH BTOpPYIO TOYKY MepecedeHus
npsMoil a ¢ KBaapukoi G.

Ykasaunune  O6o3HaubTe
A = A,, Bbifepure Ha nyre MN
MPOH3BOJNBLHO TOukH Ay, Ag, A,
A,. Tlocnenywouuii xon  peure-
HHSl aHaJIOTHYEH pellIeHHI0 3aja-
up 255 (puc. 23).

257. Jlaubl ueTbipe TOuKH Aj,
A, Az, A, OBaNbHOH KBaIPHKH
G u npamasi @, KacatesjbHas K
kBagpuke G B Touke A,. [loabay-
SICb OHOH JIHHEHKOH, MOCTPOHTE:

a) KacaTeJbHYI0 B KaKOH-JH-
60 u3 Touek A,, A, A,

6) Kakylo-mu60 TOYKY KBajl-
puku G, OTIHYHYIO OT JA2HHBIX, H
KacaTelbHYI0 B 2TOH TOUKe,

Pewmenue a) Hcnosbay-
eM TpeleTbHbI cayuall Teopemsl
Tlackans A/ YeThipeXBepLIHHHHU-
Ka (cM. § 17. 2). Bynem cuutathb
Toukn A; = A, A, = A, nBoii-
HbIMH, Torga a = (A1A4;), a uc-
KoMas KacaTelnbHasg OymgeT Cro-
povoi A,A;. Tloctporm P =
= (4145 N (4544, Q = (4,435)N
N (A;4¢); Ttorma (PQ) — nac-
Kanepa npsamas. Haxomgum R=
= (PQ) N (A414y) u (4A4) =
= (RA,) (puc. 24).

Ykasauune 6) Hcnomab-
3yiite MpenebHBIH Cciydall Teo-
pemsl [Tackans nis nATHBEpLIMH-
puka. Cuurasg, uto A; = A,
a = (A14;), Ay — uckomast ToY-
Ka, TmocTpoiite Touky P = a ()
N (A3A,), TPOH3BOJBHYIO Mpsi-
MYIO p, TNpoXojsllylo uepes P.
Torra Q= (444)) N p, R=

Puc. 24
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(A45) Np u Ay = (QA) N (RAg). Ilna moctpoenus Kaca-
TeJIbHOH HCMOJNB3YHTE pelieHne s cayyas a) uiau M3 § 17 npumep 2.
258. JlaHbl TpU TOYKH OBaJbHOH KBaApPHKH G U JABe KacaTe/bHbIE
B ABYX U3 HUX. [losb3ysicb ofHON JHHENKOMH, mocTpoiiTe: a) KacaTelb-
HYI0 B TpeTbe#f TouKe; O) KaKyo-1H0O HOBYIO TOUKY KBajpHkH G.

Ykaszanue. Bocnomp3yiitech NpeieNbHbIMH CHYUYaSMH TEO-
pembl [lackang A/a1si TpexBepIUMHHHKA W YeTblpeXBepIIMHHHKA.

259. Haubl Tpu KacaTeJNbHbIE OBaJbHON KBaJpHKU G M TOYKHM Ka-
caHus B IBYX U3 HUX. [lonb3ysach onHol JHHEHKOH, mocTpoitTe: a) Tou-
Ky KacaHus TpeTheH KacarenbHOH; 6) HOBYIO KacaTelbHYIO KBa-
puku G.

Y kasaHue 3ajaua ABOHCTBEHHA MpeabIAYILEH.

260. Hokakute, uTO €caAH aBa TpexBepiunHHuka ABC u DEF
BIIMCAHBI B OBAJbHYIO KBaADHKY, TO OHH OMHCaHBI OKOJO HEKOTOpOH
Ipyroil KBagpHKH (T. €. CYUIECTBYET KBaJpHKa, Kacalomasics BCEX
IIECTH CTOPOH 3THX TPEXBEPLIMHHHKOB).

¥ kasaunue Hcnonbsyiite treopemy [lackans ais wecTusep-
muHEuKa ABCDEF u o6paTHyio TeopeMy BpuaHmioHa Ansi LICTHCTO-
poHHHKa co ctropoHamu (BC), (CA), (AB), (ED), (DF), (FE) u Bepiuu-
wamu C, A, (AB) N\ (ED), D, F, (BC) N (EF).

261. Jloka)kuTe, 4YTO €CJAH OKOJO OBAJTbHON KBaZPHKH ONHCAH
ueTblpexcTOpoHHUK ABCD, npuuem X, X,, X, X, — Tourku Kaca-
Hus npameix AB, BC, CD, DA coorBeTcTBeHHO, TO auaroHanu AC u
BD u mpsamble X ;X3 u XX, nepecekaiTcsi B OJHOH TOUKe.

YKkasauwue J[IBaxin HCNONAb3yHTe NpelejbHBIH ciydyail Teo-
pembl BpuaHniioHa A5 yeTbipexctopoHiuka ABCD, npuHsB 3a ABOH-
Hble TPSMble JBE NPOTHBOMOJIOKHBIE CTOPOHEBI, MJIH HpeNeNbHHH CIy-
yafi Teopembl [lackans pas deTbipexBepiiMHHUKOB X XX, X, u
X1 X X X5

§ 16. KBAIPHKH HA PACIHIMPEHHOR EBKJIMJIOBOW TMJIOCKOCTH

Jlureparypa: [2], § I8

262. Hafinure apduHHbBIE KJacChl CAEAYIOMHX KBajpHK, 3aJaHHBIX
B adduHHBIX KOOPAMHATAX Ha PaCIIHMPEHHON €BKJMAOBOH IJIOCKOCTH
YpaBHEHHAMHU:

a) x2 —6xy + 8y* 4 2y =0,

6) -+ xy+y2—1=0.

Pemenue a) 3anuumeM ypaBHeHHE KBaJIPHKH B OZHOPOXHBLIX

2 2

KOOpAMHATax: X] — 6x1x, -+ 8x3 4+ 2x,x3 = 0. Panr ee matpuusl

1 =30
G=|—3 81
0 10
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paBeH 3. 3HAUHT, KBaJAPHKA sIBJseTCS HEBBIPOXKIEHHOH. IlJg HaXoX-
JIeHHS] KOOPAMHAT ee HeCOOCTBEHHBIX TOYEK PEelIHM CHayaja CHCTeMY:

{x3 = 0)
xF — Bxyxy - 8%3 4 2x,x5 = 0.

2
Tonyunm ypaBHeHHe x; — 6x;x, + 8x3 = 0, pelueHusmMu Kotoporo 6y-
4 "
AYT 4HCIa (x—l) =2u x—‘) = 4. CrnenoBarenbHO, KBaJpUKa HMeeT

X, X

2 2 2 4
1 1
0 0
cHo § 18. 1 sta kpuBas sBJsgercs rumnepCosoi.

6) Pewas a1y 3agauy Tak xe, KaK W NPeAbIAYIIYIO, HAXOAHM, YTO
PaHT MaTPHIUBI KBaJPUKH paBeH 3, a HeCOGCTBEHHBIX TOYEK OHA HE HMe-
er. CrefoBarenbHO, AaHHAS KBaJpHKa — MHHMbIA HMJIH JEHCTBHUTE/b-
HBi# astune. YTo6bl BhISICHHTL, KAKOM HMEHHO, HaJ0 nepedTH K OJHO-
POIHBIM KOOpPAHMHATAM M ONPEAEIUTb MPOEKTUBHBIH KJacc KBaJPWKH

IBe GECKOHEUHO YJa/eHHble TOUKH K _ =

ul = Corana-

2 2 2 2 1 o 1 2 2 2
X{ 4 XXy + X2 — X3 = (xl 4+ x1x, + z—xz)——IXL’—l- Xo— X3 =

12 3\ 2
= (xl —I— ?xz) —l— (l/—2’x2) — X3 = 0.
[Mocite npeo6pasoBanus KOOPAHHAT

1
V1= X1+ 5%

1)
Yo = T5 X
Yg= X3

noJydaeMm:
¥+ v— =0

Ksazpuka oTHOCHTCS K NPOEKTHBHOMY KJ/acCy OBAJNbHBIX KBaipHK.
A TaK Kak y Hee HeT HeCOGCTBEHHBIX TOUEK, TO KPHBas SIBJSIETCH 3JI-
JIMTICOM.

263. Haiinute aduuHBIE Ksace CaefyIOLMX KBajgpPHK, SaJaHHBIX

Ha paCIIMPEHHOH EBKJIMAOBOH INIOCKOCTH B a(¢UHHBIX KOOpJAHHATax
ypaBHEHUSIMH:

a) 2x> 4+ 3y? —2xy + 4x + 3y + 4 = 0;

6) * + 3y +4xy + 2x + 2y + 3 = 0;

B) x> 4 2y2 + 2xy — | = 0;

r) 2x* + 4y? — 2xy + 14x + 1 = 0;

o) x* —xy —x —y=0;

e) x* + y* —2xy + 2x — 4y + 4 = 0;

X) x2 —2xy + 2x — 6y — 3 = 0.

264. Haiipute acumnToThl runepGosbl M3 sajaun 262.
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Pemenune Cornacuo § 18. 4 acumnrots! runepGosbl SBJSIOT-
Csl KacaTe/MbHbIMH K Hell B HeCOOCTBEHHbIX Toukax K u L. Mx ypas-

HEeHHA UMEIOT CJeAYIoIuHd BHLI:

K%GX = 0 u LL.GX = 0.
Ha ocHoBanuu pemenus sagaun 262 nmeem:

2 4
Ko = 1], Lo =|1].
0 0
Hafinem ypaBHeHMs acHMOTOT:
1 —=30] [x
2 10)-}—3 81} -|x5f=0
0 10f {x
H
—3 0] |x
||410”._3 8 1f -lxy,f =0
0 10 fxg

[TepemHOXKas MATPHUBI, NOJTYYHM:
—xy -+ 2%y + %3 =0 u x; — 4x, + x3 = 0.
B neoaHoponHBIX ad@UHHBIX KOODAMHATAX ACHMNTOTHL OYAYT HMETh
CTeNyIIIHe YPaBHEHUS:
kix—2y—1=0nl:x—4y+1=0.

265. Cpexn KBaApHK 3ajaud 263 Halaute runepboJbl U OMpeneny-
Te MX aCHMOTOTHI.

266. Hafinure nentp runmep6oJbl U3 3agaun 262.

Pewenne. Cornacio § 18.2 ueHTp KBaAPHKH — 3TO MOJIOC
HecoGcTBeHHOH npsiMo#t ¢ @ x3 = 0. CnenosartenbHo, ueHTp C MOXHO
Haiitn 43 cootHowenus AC = G7lcs:

3
= 1.
1

103
C=i001
B neonHopomHmx adduuubix koopaunatax C (3; 1).

311
3ameuaHue LIeHTp MOXKHO HaHTH U KaK TOUKY NepeCeueHHs
aCHMIITOT, PEIIUB CHCTEMY:

{x—2 =
x—4y+1=

267. Cpenn KBagpuk 3ajaun 263 nalaute s/aauncel U runepGo-
JIBl H ONPEeNeUTe UX LEHTPHI.

268. Haiinure ypaBHeHHs ocefl CUMMETPHM runepbos H3 3aJauH
263, cyuTasi, YTO YpaBHEHHS KPHUBBLIX JAHHl B NPSMOYTOJBHBIX J€Kap-
TOBBIX KOOPAHHATaX.
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Ykasanue Ocu cuMMeTpuH runep6oJibl HAHAUTE KaK GHCCEK-
TPUCH! YIJIOB, OOPa30BAHHBIX AaCHMITOTAMH,

269. Cpenn xBaJpuK 3ajaud 263 Halijure mapaGoJsbl W ONpeJiesHu-
Te HX OCH.

Y kasauue Ha pacmmpenHol nioCKOCTH HalH UTe HECOGCTBEH-
HYl0 TOYKY P_ napaGojibl H Kakywo-1i60 npsAMYyio @, mapasielbHYIo
OCH (T. €. Kakylo-1u60 npsmylio, Npoxoasulyio yepes P_). 3areM Haii-
IuTe NpAMYI0 b, MEpNeHIHKYJSAPHYIO NPAMOH a, U ee HeCoGCTBEHHYIO
Touky Q... Tonstpa g ToukH Q, SIBISAETCS OCbIO Mapaboibl.

270. Haiigute ocu saiauncoB M3 sajauu 263 a), B), T), cuMras,
YTO YPaBHEHHSI KPUBBIX J1aHBI B PAMOYTOJNbHBIX AE€KAPTOBBIX KOOPAHHA-
Tax (cM. 3ajauy 267).

Ykasaunue Ha pacimiHpeHHO# MIOCKOCTH Hafmurte HOJspY
NpOM3BONbHONA HecoGeTBeHHOM TOUKH K (a:b:0). Sra noasipa

6yner ocblo 3JIHNCA NPH TAKHX
3HAUEHHUAX g U b, TMPH KOTOPHIX
OHa MNepneHiUKyJspHA  MYYKY
npAMbIX, NPOXOASIHX uepes K.

271. JIokaxXuTe, YTO aCHMITO-
Thl  runep6osibl  rapMOHHYECKH
pasgensitor Jobyio napy conps-
XEHHBIX JHaMETpOB.

Pemenune Ilyete K u
L — HecoOCTBEHHbIE TOUKM TIH-
nep6oast G, k£ u | — ee acumi-
Totel, K_€k L_€l u C =
= k(Jl—ee ueHTp (cM. pHuc.
25 a, a Takxke  YCJIOBHbIHA
puc. 25 6).

Ilycets p u g — xakag-16o
napa CONpsiKEHHBIX JHAMETPOB
runepbosbl.  Torza uX MOJIOCH
P_u Q_ HaXoaaTCcs Ha 3THX
nuamerpax: P_ €gq, Q_€p (cMm.
onpejeseHHe CONMpSIKEeHHBIX AHa-
merpoB § 18.3). CrenosareinbHo,
TOUKH P_ 1 Q_ TrapMOHHYECKH
pasgeneHsl runepbosiol, W mo-
stomy (P Q. K_L.) = (gpkl) =
=—], 9r0 u TtpeboBajoCch HOKa-
3aTh.

272. Ilpsamble y = kyx u y =
= kyX SIBJISIOTCS CONPSIKEHHLIMH Puc. 25
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x2 12 o
}lHaMeTpaMH Juiunca ry + )— =1, HaHﬂHTe 3aBUCHMOCTb MEXKIY
a

b2
Ry u k.

Y xasauue HecobctBeHHass Touxka KaxjuoH U3 AaHHBIX MNps-
MBIX SIBJISIETCSI MOJIIOCOM APYro# npsamoi.

273. Tlpamble y = kix U y = kyX SBJSIOTCA CONpSR2KEHHBIMH JiHa-
x2 2 .
MeTpamH runepboss — — z—2- = |. HaiiguTe 3aBUCHMOCTD MeXKAY &, H k.
a

274. Haiinute ypaBHeHHe KacaTesIbHOH, MPOBEAEHHOH K 3JLIMMCY
x2 2
— —_—— ¢ !
= +b2 1 B ero touke A (xy ¥o).

YKasaHwue 3anmuHTe YypaBHEHHE 3JJIHNCA B OXHOPOX-
HBIX KOOpJAMHAaTax W HAHAUTE ypAaBHEHHE KacaTeJbHOH 10 ¢opmye
A'GX = 0.

275. Haiinure ypaBHeHHe KacaTesNbHOH, NMpoOBeleHHOH K runepbose
X2 2
£ _ Y — 1 B eeroure A (%) o).

a? b2

276. Hafinute ypaBHeHMe KacaTe/LHOH, NpPOBeJeHHOH K mnapaboJe
y2 = 2px B ee TouKe A (Xy; Yol

277. JloKaxkuTe, YTO OTPE30K KacaTesNbHOH K runepboJie, 3aKJ/OueH-
HBIfl MEXJY aCHMITOTaMH, A@MHTCS TOUYKOH KaCaHHsS MOMOJaM.

Pemenue Ilycte A u B — TOuKH TmepeceueHHs KacaTelb-
HOll ¢ acumnrotamu k u [, T — TOuKa KacaHus, ¢ — Auamerp, napalg-
JenbHblll (AB), u P_ = q | (AB) (puc. 26). quamerp p, compsizKeH-
HBIH C g, ecTb NOJIsipa ToukH P_ . OTta noasipa, no ceofictey 2 us § 16. 4,
NPOXOAUT uepe3 TOYKY 7.

Cornacno 3anaue 271 (klpg) = —I1. CnenoBarenbho, u (ABTP ) =
= —1, a sTo 3HaunT, yro T — cepeanHa orpeska AB.

278. Hafinute ypaBHeHHe MNpsaMOlN, NPOXOAAIIEH Yepe3 TOUKY

x2 2 o
A (1; 1), ecnin u3BecTHO, 4YTO 3JJIHUIIC v -+ 2 = | Bbicekaer Ha Hefl

XOpAYy, KoTopas AeiauTcss B Touke A momoJsam.
279. Hafigute ypaBHeHue npsMoiH, npoxoasiesl uyepe3 TOUKY

A (2; 1), ecau H3BECTHO, YTO ma-
pabona y* = 2px oOTCcekaer OT
Hee XOpAYy, KoTopas JeNHTCSl B
Touke A momoJsam.

YkKkasaHue. Hckomas
XOpZa MpPOXOAHT uepe3 MOoJIoC
npamoil y = 1.

280. Haiizute ypaBHEHHS Ka-

2
e caTesbHBIX K 3/uncy x> -+ XZ =
= 1, mDapa/JeJbHBIX NPAMOH
Puc. 26 x—2y+1=0.
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281. JloKaxuTe, YTO AUPEKTPHCHI JIUNCA, THIepOOJbl H napabobl
SIBJISIOTCS TOJIIPAMH COOTBETCTBYIOWIMX (DOKYCOB.

282. IlokaxuTe,uto Touku A; u3 3ajgau 55 a), 0) Jexar Ha OHOH
KBaJ[pUKe M UTO YTBEPXKJEHHE, Cojepzkalleecs B 3THX 3ajavax, cJje-
ayer u3 teopembl [lackasns.

283. Hokaxure, 4YTO YTBEPXKIEHHS, COAEpKallpHecs B 3ajayax
56 a), 6), crenyior u3 Teopemnl Ilackasns.

284. Jlokaxurte, 4TO YTBEpKAEHHS, COAEpKallMecs B 3ajadax
57 a), 6), caenyior u3 reopemsl [lackass.

285. Jloka)kuTte, yTO BCe NMpsAMBIE U3 3anauu 58 a) KacaloTcs KBal-
PHUKH A4+ x—x3=0 u wuro yTBEp:KJeHHEe 3TOH 3ajaud Caenyer
u3 TeopeMbl Bpunanuiona.

286. IokaxuTe, 4TO BCE NpsMble U3 3anauu 58 6) KacaioTess KBaj-
pukH 2¢; + 2%3 — x3 = 0 H uTO YTBepKIEHHE STOH 3ajaumM Cle-
JAyer u3 teopembl Bpuaniona.

287. Ha pacunpeHHOH eBKJIMJOBOH MJIOCKOCTH JAHBl MATh TOYEK
OBaJIbHOM KBaJpPHKH, MPHUEM OfHA H3 3THX TOUeK HecoOcTBeHHas. [lo-
cTpoiiTe:

a) Kakylo-jiu60 WECTYI0 TOYKY KBaAPHKH;

6) KacaTeJbHYI0O K KBajJpPHKE B OJHOH M3 JaHHEIX COGCTBEHHBIX
TOYeK.

Ecnu kBanpuka, onpejenseMas AaHHBIMH NSITbIO TOUKAMH, SBJASET-
csi runep60Jiof, TO MOCTPOHTE:

B) KacaTeJlbHYI0 B HeCOOCTBEHHOH TOuKe;

T) BTOPYIO HECOOCTBEHHYIO TOUKY,

I) UeHTp runepOoJIbL.

Ykasanue Bo Bcex cayuasix BOCHOJb3YHTECH TeopeMoit
[Tackans.

a) Cm. sagauy 253. YuTuTe, yto HecoOCTBEHHAss TOUKAa 3ajaercs
Ha yepTexe NP IOMOWIM COGCTBEHHOH MPsSIMOH, Ha KOTOPOH OHA Ha-
xoautcsa (cM. § 5. 4).

r) Uckomas Touka Haxogutcs Ha HecoOCTBEHHOH mpsMoH H, cJe-
J0BaTeNbHO, ABJSETCS TOYKOH MepeceyeHusi sTof MPsIMOM ¢ KBaAPHKOH
(cm. 3ajmauy 255).

n) Lentp rumnep6osbl MOxeT OBITh IMOCTPOEH KaK TOUKa mepeceye-
HHS ee acHMITOT.

288. Ha eBk/JMZOBOH MJIOCKOCTH JaHLl JBe MepeceKalouHecs
npsiMble, TNapaJlesIbHble aCHUMITOTAM HEKOTOpoH rumepOo/bl, U TPH
npuHajnexaumue e Touku. Iloctpoiire:

a) Kakywo-mu60o 4YeTBEPTYHO TOUKY TrumepOoJb;

6) acuMOTOTBI THIEPOOJLI U ee [EeHTP.

289. Ha eBk/JIMIOBOH MJIOCKOCTH JAHBI ACHMITOTH THMEpGONBL H
npuHaasnexauas e# Ttouka. [loctpolite kacateqbHylo K runepbole
B 3TOH TOYKe.

Y kKaszaHue Heco6CTBEHHbBIE TOYKH aCHMITOT H JAHHYIO TOUKY
CuWTaiiTe JBOMHBIMH BepIUMHAMH luecTHBepuIMHHMKA [lackans.
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=A, D 290. Pemmite 3anauy 277 Ha

\Y, OCHOBAHHH MOCTPOEHHS, HCIOJb-
3yeMoro B 3ajauye 289,

As=As 291. Ha eBksupoBo#t mioc-
KOCTH JaHbI ACHMITOTHI THIEp-
Gosbl M KacaTeJbHas K HeH.
TTocTpofiTe TOUKY KacaHus.

o)
> 3 Ykasanue  AcaMntors
&| /Reo M JAHHYIO KACATENBHYIO CUH-
TaliTe NBOAHBIMH CTOPOHAMH IleC-
THBEPIUMHHUKAa DBpuanuona.
292. Pemnte samayy 277 Ha
OCHOBaHHH MOCTPOCHHS, HCHOb-
s 3yemMoro B 3ajage 291.
293. Ha eBxJng0BOH MJIOCKO-
CTH JaHBl OCb, BEPIIHHA U elle
Q2 onHa Toyka mapaGosbl. [Toctpoii-
% Te KacaTelbHYI0 K napaGosie B
3TOH TOYKe.

(AZ AJ‘oo)

A1=A3
(A1A2) , p

Puc. 27 Pewenue KacarenbHas x

napafoJie B ee BePILIHHE H3BECTHA:

3TO MNEPNEeHJUKYJAAP K OCH, MO3TOMY BEpLIMHY napabofibl CYuTaeM

IBOHHOM BepuMHOM IecTHBepuMHHHKA [lackans u obo3Hauaem ee

nByms OykBamu Ay u A,. KacartenbHasi B 310H Touke OyneT CTOpOHOMH
AA, wectuBeplIHEHUKA (puc. 27).

KacarenrHas k napaGoJjie B HecoOCTBEHHOH TouKe (HEeCOOGCTBEHHOH
To4KOH napaGoJibl siBJsieTcss HecOOCTBEHHAsl TOYKa ee ocH, cM. § 7. 4)
TOXKe H3BeCTHAa: 3TO HEeCOOCTBEHHAs NpsiMasi, MO3TOMY HECOOCTBEHHYIO
TOUKY HapaboJibl TAKKE CYHTaeM JBOHHON BEPUIMHON LIeCTHBEP IIHHHUKA
INackans u o6o3HauaeM ee aBymMsi OyKBaMH Ago U A,e0. CTOpOHA A3l oo
IIECTUBEPIIHHHNKA SBJsSeTCs HecOOCTBEHHOH NpsIMOH.

Hanuyio Touky Takxke obo3nHauaeM gaByms Oykeamu A; u A,
CropoHa mectuBepuinEHuKa AgAgq — HCKoMas KacatesibHas. Takum
o6pasoM, B MNpeAeTbHOM luecTHBepluiMHHHKe Ilackanss M3BeCTHB Bce
BepIUMHBl M MSTh CTOPOH, LIECTasi — HCKOMas.

IMTo Toukam P = (A1A,) N (Auxd;s) 1 Reo = (AzxAu<) N (AAy)
(Touka R HecoGcTBeHHas, Tak Kak npsMas AgoAs. HecoGCTBEHHas )
cTpouM nackajnesy mnpsmylo s = (PR_). [lajee HaxoguM TOUKY
Q = (4,45:))s, the (AyAsx) — ochk mapabodbl. losnb3ysice TeMm, 4TO
Q = (A343%) N (Az4,), cTpouM ucKoMYIO npsaMmylo AgAg, OHa NpPoXo-
IUT uepe3 JaHHYIO TOYKY H TOUKy Q.

294. Ilyctb A — TouKa NepeceyeHHss KacaTeNbHO#, MPOBEIEeHHOH
K napaGose B touke T, ¢ ocblo mapabosni, a T; — OpTOrOHaJsibHAaA
npoekuHusi ToukH KacaHusi T Ha och. JloKaXKuTe, UTO BepilMHa mapa-
Gombl HaXoAHTCA B cepepuHe orpeska ATy

74



Y kKasaHue Bocrnontb3yfiTech MNOCTPOEHHEM, HCIONb3YEMBIM B
3ajaye 293.

295. Jlanbl yeTnipe KacatesbHble K mnapaboje. [locTpofite TOukRy
Kacaiusg KakoH-aubo U3 HUX.

Ykasanue. [larag xacartenbHasi — HeCoOCTBEHHAst MpsiMasi.
296. aubl Tpu TOYKH napabosbl M mMpsMasi, DapaJjiiejbHas OCH.
[TocTpolite KacaTe/bHYI0 B KAKOH-THOO0 U3 JAHHBIX TOUYEK.

Ykazanue HecoGcrBeHHylo Touxky mnapaGosibl, 3ajaHHYIO
npi MOMOLIH AaHHOH NPAMOH, paccMaTpHBafiTeé Kak ABOHHYIO BEpIIHHY
nacKaJjeBa MNPEeLeTbHOrO ILUEeCTHBEPILHHHHKA.

297. Jlanbl ocb ¥ ABE TOUKM MapadoJibl, HE CHMMETPHYHBIE OTHOCH-
TesnbHO ocH. IlocTpoiiTe BepunHy nmapa6oJbl.

Ykaszanune. Ocb mnepecekaer mnapa6oiy B HecOGCTBEHHOM
Touke M B BepmwnHe. C y4eTOM 3TOrO BOCMOJNB3YHTECH MOCTPOEHHEM,
HCMOMb3yeMbiM B 3ajnaue 255.

298. [lanbl Tpu TOUKH mapaboJibl M mpsiMasi, mapaJjiyiesibHasi ee OCH.
[TocTpoiite och M BepwinHY napaGoJibl.

YKkaszanue Uepes oHy U3 JaHHBIX ToueK A MpoBexuTe mNps-
MYIO @, NMEPNEHAHKYISPHYIO OCH (T. €. JaHHOH Mpsmoi), W Ha#xuTe
BTOPYIO TOYKY MepeceyeHHs NpsMod a ¢ nmapabosoit. Ock NPOXOAHT
uepes cepennHy oTpeska AB. [lanee cM. ykasaHue K 3ajaue 297.

Ecnu Be U3 Tpex AaHHBIX TOYEK JIeKAT Ha NPsIMOl, NepHeHAHKY-
JIAPHOM K JaHHOH NpsIMOM, TO pelleHue ympouiaercs.



OTBETHI
2. 40: g B(l:—Dg C@Np D(1:—Dgn E© g F (=3 Do

3. 2) (Ayy= x; — 2, B) (Axy = xq,
{hxz = 2x; + xy {sz = 2y,
0) (Ax; = x{ -+ x;, N (Ax, = x; — x'z,
[Ax, = Qx;; {l,xz = x{ =+ x;.

3
4, A (1), B (g-) C(—_5_)’ E(0). Touka D Heco6cTBEeHHAst, M TIOTOMY OHAa HE HMeeT
HEOJHOPOLHON KOoopAHHaTsL 5. A (2: I)R, B(1: 3)p, C(1: —1)p 6. A (3: 1),
5
B(@: —1), C(1: =3), D (1: —2), K (I: —1). 8. a) 4; 6) -—-3; B) —4; r) oc;

n) l;e) 0.9, a)D (5:1);6) D (1: 2);8) D (1: 0);1) A (3: 2); 1) B (3: —1);¢) C (1:3).
13. A, B = C, D B cayuasx 6), B); A, B == C,D B cayvasx a), A); B caydasix r),
€) OTHOLIEHHE pa3feNIeHHOCTH He HMeeT cmbicia. 14. A4, D +— B, C. 15. (DCAB) =
1
= (BACD) = (ADBC) = > (DBCA) = (CABD) = —1. 16. (ADBC) = %—,
3
(BADC) = (ABCD) = 1:. 17. a), 6) D (—3: 4); B), r) D (9: —2). 18. MoxHo, Tak

1 1 3 —
Kak (ACBD) = —1.19. X (1: —2),Y (1: 1). 22. a) 6—;6) —; B) 12—, 23. ¢ a:
4 3 8 b—c¢
d— 1 a—c¢ b—c b—a q
T —. 24, 6 ; 4, 25. ; 6 H . 26, —. . T
b—d 2.6 — 2 a)b—c )a—-cB)b—c p 87 9 +

+ 8xy — 7x3 = 0. 38. a) x3=0; 6) 2x; + 5x5 4 4x3=0; B) x; + x3 = 0.
40. 4x; 4+ 3x; — 2xg = 0. 42, (12 38:9). 43. (14:6:—1). 44. (64:5:50).

45. a) (—3:14:8); 6) (3:—2:1). 46. 3x; — x, + 5xz = 0. 47. 42x, + 9x, —
— 8x3 = 0. 48. 3x; + 13x, -——5x3 0 49, Xy — X3 — X3 = 0. 50. 17x; 4 17x, +
+ llxg=0. 51. P(5:2:6), Q(:1:-=3), R(l 2:0); (PQ):4dx; — Txy —

— x3=0; (QR):6x1—3xz+x3=0; (RP): 6x; — 3x, — dx3 == 0. 52. (4AC):

1 5xp T 2x, + 6x3 = 0; (BD) : x; + 2x3 = 0; P(:2:1), Q(—6'3'4),

R(I:—1:0). 53 x,+x =20 54 (1:1:1).65. Mxl—xl—xz—xs.
p.x =x1—-x2-—x3,
L 1y = 253,

66. M (—2:0:1), N (0:—1:1). 67. a) x; + x3= 08 R';6) dx; + 5xy — bxg =
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=038 R. 68. a) px1=x;—-xé,6)A (5:4:4:8) BB:4:1); 1) 35 —xy—

nxq = Xy — X2,

Uxg = Xy;
—x1;=0;n) ¥+ x%=069.00:0:1),A(1:0:1),BO:1:1),C(@2:5:1),
D(=3:1:1),E@4:—2:1),F(—1:5:1).70.x =0, x,=20, 3x; — x,-+-2x,=0,
X1 + x,—5x3=0, 2x;4-3x,—x5=0. 71, x3=10.73. (0:1:0),(1:0:0), (2:—3:0),
(1:1:0). 74. 6x; — 3x, — 4x3 = 0. 75. x3 = 0. 76. [nnepGosa nau napa nepe-
CeKAIOMHXCS NPSMBIX. 77. a) DnJHNC, MHHUMbIA S/IHNC HJIH Napa MHHMBIX mepece-
KaIoWH XCst NpAMbIX; 6) runepGosia UM Napa Nepecekalolluxcs NpAMbIX; B) napabosa
HJH 1apa napajeibHbiX NpsMbIX (BEUIECTBEHHHIX MM MHHMBIX); I) nmapaGoja uiu
napa napaJuleJIbHbBIX NpSMbIX (BElleCTBEHHbIX WM MHHMEIX). 78. (1:1:0). 79, (0 :
:1:1). 80. A(0:0:1), B(1:0:—2), C(2:1:—2). 8l.a) (1:3:2);6) (2:
i1:—1); B) (1:1:0. 82 Xy xy—2x=0 83 a)x —2nx,+ 12+
- dxyxg - dapxg — 8x2=10;6) (1:1:0);8) (1; 1); 1) (I;1), x=y. 84. a) Qxf-l-
+ Bxyxy + X2 — 20yx5 + o3 =0; 6) (1:—1:0) n (1:—2:0); B) (I;—1) u

(1;—=2);r) x+y—3=0; 2x+ y-+ 4= 0; (—7; 10). 85. 8x,‘— 2x; — x;:
= 0. 105. (ABCD) = —1, (DBCA) = 2. 106. (ABCD) = (DCBA) = 2, (ACBD) =

= —I1, (ADBC) = —; 107. (ABCD) = (BADC) = (CDAB) = ——l%, (ACDB) =

= (CABD) = -:;—, (ADBC) = —1-; (ADCB) = (CBAD) = ;, (ABDC) = -—%,

1

PX 6) (abcd) = (dcba) =
1 1 1

=175 (adb) =+ ML d(=1:1:4). 12 (abed) = 1= 113, a) 35 —

—5xy—3x3 = 0; 6) 13x; — 3x; — b5xg = 0;B) 7x; — 2x3 = 0. 114. a), 6) D3 : —1: 1);

B), ) D@O:—2:5). 115. a) D(11: —4:1); 6) D (4:1:2);8) D(59:—10:13)

r) D(29:—4:7). 116. 4! = 24,

(ABCD) = (BADC) = (CDAB) = (DCBA) = a;
(ACBD) = (CADB) = (BDAC) = (DBCA) =1 — a;

(ADCB) = (DABC) = (CBAD) = (BCDA) = O%

— (ADBC) = (DACB) = (BCAD) = (CBDA) =1 —-i—,

(ACBD) = 2-5)’1-. -108. a) (abed) = (dcba) = 2; (adbc) =

(ABDC) = (BACD) = (DCAB) = (CDBA) = -;—

(ACDB) = (CABD) = (DBAC) = (BDCA) = ll_oc

’

(

118. 4, C+ B, D. 120. (DBCA) = 2. 121. &) (CABD) = —— ©6) (DBCA) =
1 3 2

=(CADB) = 3, (CABD)= ., (ADBC) ==, (CBAD)=— 5) (DBCA)=(CADB) =

1 1
= (ADBC) = 2, (CABD) = (CBAD) =3. 123. 21 uau ol B 3aBHCHMOCTH OT 0603Ha-
yeHHH HeCOGCTBEHHBIX Touek runepGoasl. 124. Cm. otser x 3ajaue 68 B). 125. Cm. or-
1 2
BeT K 3ajaue 68 a). 127. (ABCD) = (DCBA) = —3— (ACBD) = ? 131. a) duaro-

HannHue ToukH (0; 1), (0; —1) v HecoGCTBEHHAst TOYKA OCH aGCUMCC C ORAHOPOAHLIMH
koopAunatamu (1 : 0:0). HOuaronann y=1, y= —I1, x=0; 6) (0;0), (1;1) u
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TOYKAa ¢ OFHOPOAHLIMH KoopiuHaTtamu (1 : —1 :0). 136. IIpsamas nyuxa, nepneriu-

5

KyasipHas npsamoit ¢. 145. a) (p(U)=“—Z ’I, (Tt (V')=”—.‘13‘; 6 ¢ U)=
7 0 —2 1

= \ —11 “, oL (V)= “ 1 B) @ (U) =” 1 ll, o1 (V") =“ 0 ‘ 146. ¢ (X) =
8 0 2 1

7 1
_ég ‘, o1 (X) =ﬂ —? " 147. (0:1:0). 148. a) U’ 3:—1:—1),
V(I:O:'-—S); 6) U 3:2:5), V(@:0:3); B U=V=U=V (3:0:]),

183. a) (dx; = 2% — xy, B) [(hx; = x; + xa
{Mé= X+ xg: (Axé:xl—xz;

6) (hx, = 51+ %y, 0 (hx, = x + 2%,
{}»x; = Xy; l?»x; = ¥ — X,

155. a) (1:2),(1: —1);6)(1:—1), (1:1);B) (1:(2— V3)), (1:Q+ V3); 1) ne
MOABHIKHBIX Touek ker. 156. a), 6) He uuBostouun; B) runepGosiueckas HHBOMIO-
HHs; ) IUNTHYECKAs] HHBOJIOLHS.
157. a) He wunBomiouus, 1ak kak C—~ C’, C' - B' u C=+ B’;

6) de wunsoaouns, Tak kak A > A', A' -~ C' u A+ C';

B) HHBOJIIOLHS, TAK KaK B—~B',B—B.

158. a) Axy = —2x; — 3x,, runepGonnyueckass HHBOJIONHS;
Ax; = x; + 2x,;
6) 7»x{ = x; — 2x,, runepGoJiueckas HHBOJIOUUS;
Mé = —x; — X5}
B) lx{ = x; — %3, 3/IIUNITHYCCKAS HHBOJIOLHS;
{?»x; = 2x; — X}
r) ?»x; = x, + %o, runepGosyeckas HHBOJIOLHS.
)»x'2 = X; — Xy,

Ay = x; + 2%y My = 1.

yeckast HEBoJOLHS, pia <} 2 — aaminTudeckas unsosmonns. 171, a) A’ (1:2:—2),
B 2:3:0, C 0:—1:1); 6 D(10:—5:11), E@©:0:1), H(1:0:3);
B) a,:2x1°—'3X2—'QX3=0, b':x3=0, c': 2x1—x2—:€3=0; F) l: 2x1+
43, =0, m: x4 2x,=0; 1 Sxf + 4x§ -+ x% — 8x1xy— 4xyxg+ dxox3 = 0;

€) 2x% — 3x2 - 2xyx, — 2xyxy — 4Xpxy = 0.
1 2

160. a) {Kx; = 9%, —3x,, O {?Lx; = x,, 161. Tpu a >V 2 — runepGou-

174. a) ( dx; = 3x,, 6) ( hx; = x5+ xa
7\x; = 3x,, kx; = —Xg,
hxé = Ox; — 4x, — 8x3; ?»x:; = —x.
175. ( Ay, = 18x, — dx, — l4x;, 176 (hx = ay,,
?»x; = —dx, + 4x,, lx’z = bx,, 178.2) Touxa (I : L:i—1);
Ax;' = —6x, — 2%, — X3. 7-.x; = (X3.
6) Touka (1 : —1 :0) u Bce TOURKH mpsMOE X3 — X3 = 0; B) Touka (2:0:1) u

Bce TOYKH mnpamoli x; = 0; r) Bce TOukH npaAMOi X; + xp = 0. 180. a) 2x; —
—xg3 + x3 = 0;6) npsiMasg X; — X, = 0 M BCe npsAMbIE Nyuka C LEHTPOM B TOuKe
(1:—1:0); B) npsamMas x; =0 H Bce npsAMbe Nyuka C UEHTPOM B Touxe
2:0:1); r) Bce npsMbie nyuyka ¢ ueHTpoM B Touke (I :1:—1).
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190. a) x, + x3 =0, B) 4x; — 5x3 =0,
2% — x, = 0 4x; + 1lx, 4 4x3 = 0;
6)x1—,\2—0 r)2xl—x2'—X3=0,
=0; X1 + 5%y 1+ 3x3 = 0;

192. a) (x+ y+ 12+ (7x+4y-r 3)2’ @x+y+ 13

6) 2+ (x+ ) 2+ y+1)=0; r)4)6'—l-(x—l->')2—(2x+y-l-1)2

B) ¥ —(x+ y)2= 2x+ y+ DX B x*—4(x+y)
193. Tunep6ona ¢ acumnroramu (AC) u (BD), K — BHyTpEHHﬂﬂ Toqxa rUnepGoIbL.
194, [MapaGona. 196. 'mnepGomuueckass romoJsiorus, ecau npsmas AA’ COACPKHT
OIHY H TOJIbKO OJIHY BEpIUHHY TpexBeplIMHHHKa PQR. 197. a) He roMonorus; 6) rH-
nepGouyecKasi TOMOJIOTHS C 0Cbio ¥; — ¥, = 0, nentpom (1 : : 0) u KoHCTaHTOM
1

~——; B) MHBOJIONMOHHAS FOMOJIOTH# C ochio ¥; = 0 n uentpom (2 : 0 : 1); r) napaGoau-

2
4eckas roMoJorHs € ochio X; + x3 = 0 u merrpom (I : 1 : —1). 198, ?»x; = X,
?\mé = Xo,
e ;\.Ya = 3)(3

.2 .2
214 a — 1) oBaJblas KBajplka xl 4+ Xg — x3 = (; €) nmapa COBMAaBIUHX MpSIMBIX
,2
"1 = 0; XK) napa nepeceKarou xcs l'lpﬂMle r, —xy =0.

216. a) 31 xy—x| x; — 5xp x3=0; 6) x1 + xpxy = 0; B) x| (x| + 3% + 5xp) = O,

218. a) (VBx;+ (V5 —Vxa + V2 x3) V551 4+ (V5 + V22 — V2 xo);

6) (2x;— x5 + 3x3)% B) (xl + Xol + (— + D)xg) (¥g — Xoi + (—2—0)x3).
222, a) He nepecekaiotcsi; 6) (1 : 0 : 1), ( : 1); B) He nepecekatotcsi; ) (3:4:5),
(4:3:—5). 224, a) x, = 0; 6) x1+7xz—3x3= 0; B) x; — x5+ 5x3=0.
226. x% — xyxy = 0. 227. x} + x5 — 0, — 2yxy + xoxg = 0. 232, 2) x;+ xp +
-+ 2x; = 0, Touka BHewHss; 6) 7x; + 8xz3 = 0, Touka BHeWHss; B) 4x; — Xo —

— 4x3 = 0, Touka BHelHss; ) X = 0, TOuKa BHyTpeHHsas. 233. (1 :—4:0).
234. (9:—8:19). 236. a) (2: —3:1);6) (1:0:0);8) (0:2:—1).
241, a) x, = 0, x, = 0; B) X; + X, 4 2x3 = 0;

6) X =0, x; + x, — 2x3 = 0; r) Touka D BHyTpeHHss.
243. x1+7x2—l-4x3-—0 244 @2: 9 13). 245 a: 2x;+ x, —x = 0; b X1+
+x3=0;c:ix —2x,+ 3x3=10.246. A (1 : l)B(—2 )C(l -—3)
249. a) He conpsixkeHsl, TaK Kak Touka B npnﬂazme}xm KBa)].pHKe 6) He conpﬂ}xeubx,
B) TpeTbs BepwnHa (1 :2:0); r) Tperbs Bepumna (1 : 1: —2). 250. a) He moryr;

6) TpeTbsi cTopoHa x3 = 0; B) TpeThsi CTOpOHa X; -+ 8x2 -+ 3xg = 0. 251. mxf—l—

-+ (6n — 8m)x§ -+ sxg + 2nxyx5 + 2mxyxg -+ 2nx.xy, A n = 2m, n~ 4m, s==
%= m. 263. a) daaunc; 6) runep6osa; B) 3MJIMNC; I) JIHNC; A) runepbosa; e) ma-
paGosa; ) mapa npsamblx. 265. 6) x+y=0, x+3y+2=0; 1) x+1=0,

x—y—2=0.267. a) (—1%; —l); 6) (1; —1); B) (0; 0); r) (—4; —1); 1) (—1; —3).

268. 6) 1+ V5x+ B+ VHy+2=001—VHx+@—-V5y+2=0;
HVZ—Dx+y+2+VZI=0; Ve+Dx—y—2+yY2=0.
269. e) 2x — 2y -+ 3= 0.
270. a) 2(1 + V5 x+4y+7+3V5=0,2(1—Y5)x+4y+7—3VY5=0,
8) (1 + V/5) x—2y=0, (1 —}5) x—2y=0,
D) (1+V D +y+5+4V2=0, (1 —V2x+y+5—-4Y2=0,
n)(V2+12)x—)'+V2;2=0, V2—Dx+y+V242=0
XoX XoX
272, kb= — . 27 kb= . 274.;—2+yb—"2y=1. 275, 2 ybiz” = L
276. yyo=p (x + x0). 278. 4x + 9y — 13 = 0. 279. px—y—(2p-——l)=0.
280, x — 2y + Y1I7T=0,x—2y—}y17=0.
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