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OT ABTOPA

B [1aHHOfi KHHTe WH3JI0XKEeH TeopeTHYecKui
yueOHBIH MaTepHaJ H JaHB COOTBETCTBYIOLLHE
ynpaxHeHUs IJs (GaKyJabTaTUBHBIX 3aHATHH IO
TeMe «JlomoJHUTeNbHBIE BONPOCH apH(METHKH
nesnbix uHceJ». ['aBHOe BHHMMaHHE INPH 3TOM
COCPefOTOYeHO Ha pPACKPHITHH COJAEPXKaHHsS II0-
HATHH JIeJUMOCTH M CpaBHEHMs YHceJ, C KOTo-
PBIMH TIPSIMO MJIM KOCBEHHO CBfiI3aHBl MHOTHE TPOG-
JieMbl TEOPHH YHCeI.

B nmpoumecce u3yueHHs COOTBETCTBYIOLLErO
yueGHOr0 MaTepuasa Bbl IO3HAKOMHTECH C aJIro-
putmMoM EBkauza mnas OThICKaHHS HauGoJblIero
obllero JenuTessi, C TeOpeMOH O CyILIeCTBOBAHUU
CKOJIb YrOJHO GOJIBIIMX TPOCTBIX YHCEJN, C OCHOB-
HOH TeopeMoll apU(METHKH O DasJIoXKEeHHH YHCeJ
Ha NIpoCThle MHOXKHTENH, & TaK¥ke C OTHOLIeHHeM
CpaBHEHHUsl YHCeJ, ABJSIOUIUMCS 00OO6LIeHHeM NO-
HATHA paBeHcTBa. IlofoOHBEIE TEOpeMBl CYILECTBO-
BaHUSl H €JMHCTBEHHOCTH, aJrOPUTMBl U 0606lLe-
HHSl M3BECTHBIX IIOHATHH SBJAIOTCA IIpHMepaMH
BOIIPOCOB, KOTOPBIMH 3aHHUMAeTCss COBpeMeHHas
MaTeMaTHyecKasl Hayka.

[Ipy u3yueHHH TeOpeTHUECKOro MarepHasa
peKoMeHJyeTcss ~ pelllaTb  BCe  IpejJiaraeMble
B JaHHOM naparpage InpHMepHl M 3aJaud.
Ecau xe B TekcTe B KauecTBe IIpuMepa IIpHBe-
JIeHO pellleHue TOH WM HHOH 3ajauH, TO U B 3TOM
cJydae MonbiTafiTech pellHTb €€ CaMOCTOATEJbHO,
a NOTOM CBepbTEe CBOE pellleHHe C INOMeIeHHBIM
B KHHUre.



i NOBTOpEHHST M 3aKpelJieHHs IeJiecool-
PasHO HCHOJb30BATh YNpaXKHEHHS, KOTOPHE JaHbl
nocje kaxpgoro naparpada. Iloutu KO BceM H3
HHX B KOHIEe KHHTH IpHBEJEHbl pelleHHs WU
yKasaHHus.

s Tex w3 Bac, KTO moXenaer GoJjiee rJy-
60KO M3YYHTb BOIpPOCH JE€NHMOCTH YHCeJ, COBe-
TyeM pelIUTh Bce NMpUMepbl M 3aJaud MOBbIIIEH-
HOH TpyZAHOCTH, moMelleHHble B § 10. dtH ympax-
HEHHSI MOXKHO HCIOJb30BaTh H MPH INOJTOTOBKE
K MaTeMaTHYeCKHM OJIUMIIHa[aM.



§ 1. JEJIMMOCTb YHUCEJI

I. Korpa B Kypce apupMeTHKH NpejJaraioch Iesoe
YHCJIO @ PasJeNUTh Ha JPYroe Lejoe 4HC/Io b, OTIMYHOE OT
HyJs, TO, B 3aBHCHMOCTH OT YCJIOBHIl 3ajaHus, Tpe6GoBa-
JIOCH OJIHO U3 JBYX:

a) Ju6O HaHTH Takoe YUCJIO ¢, KOTOpoe, GYyAyYH YMHO-
JKE€HO Ha b, JaeT B TOYHOCTH @, T. €. b-q = q;

6) 6o Ha¥TH JBa TAaKUX LEJbIX YHCJAa § U r, YTOOBI
HMeJIO MeCTO PaBeHCTBO: a = b-q + r, mpuueM 0.<Lr < b.

Henenve B mepBOM cilyyae YacTO HasblBalOT TOYHBIM
JeJeHHUEM, a JieleHHe BO BTOPOM CcJyuae — JeJieHHeM
C OCTAaTKOM.

O6a 3TH JeficTBUA COBNAJAIOT, €CJAM OCTaTOK ¢ paBeH
HYJIO, ¥ TOTAa IOBOPAT, YTO YHCJIO @ JeJHTCS HalesNo Ha
uypcyo b, npuyeM IojpasyMeBaeTcsl, YTO @ — HATypasbHOE
YHCJIO WM HYJb, @ YHCJIO b-—— HATypaJbHOE YHCJIO.

Tak Xak JeneHHe UeJbIX YHCEJN, C Y4YeTOM IIpaBHJa
3HAKOB, CBOAUTCS K JIeNI€HUIO HATYpaJbHBIX YHCeJ, TO M0J00-
Hble JBa JeHCTBHS MMEIOT MECTO M BO MHOXKecCTBe LeJblX
yHcel.

[Tycte @ — moGoe 1esoe uncio, b — HaTypasibHoe (Lesoe
HOJIOXKUTEJbHOe) uncyo. PaccMoTpuM umucsa, KpaTHble b:

0, —=b, ==2b; —=3b; ....
Ecnu 3TH uesble KpaTHble HaHECTH Ha YHCJIOBYIO IPAMYIO,
TO NOJIYYHM OTPE3KH, KaXbli JIJHHB b, OTJOXEHHbE OT
HyJs 1o obe cTopoHsl. KakoBo Gbl HH GBUIO IleJIoe YHCJIO &,
OHO JiN6O COBIAJeT C OJHHM U3 KOHLOB TaKHX OTPE3KOB,
" Torga a=b.q, quGo mnomajeT BHYTPb OJHOTO H3 HHX,
uTorna a=b-g+r, rue 0 << r<b.

Hanpumep: a = 8, b = 2, snauur, ¢ =4;

a=—15 b=3, torna ¢ = —5;
a=27, b=4, 3Hauutr, =6 u r = 3;

=-—32,b=5, torja g=—7 ur=23.



1. a) Haiipure q, ecmu: a =27, b=9; a = —38,b=2.
6) Hafinute ¢ u r, ecmu: a=31, b=05 a=121,
b=13;, a=—87, b=15; a=—121, b=13.

2. MoxXHO /M yTBepXiaTh, 4TO ecad a=0b-q+ m, TO
m eCTb OCTAaTOK OT JeseHus a Ha b? PaccMoTpuTe npHMepsl:
24=7-343;31=7-3+10; 20=7-3—1, rne b=17.

HanomHuM, uTO paccMoTpeHHBIe BhLle yHCHA @, b, ¢ H 1
Ha3BIBAIOTCS COOTBETCTBEHHO JENHMBIM, AEJHTEJEM, YacTHBIM
H OCTaTKOM.

Ecin  ycomoBuMess  paccMaTpuBaTb M OCTaTOK, pPaBHBI
HYJIIO, TO MOJIyYHM:

Kakogo 6ol HU 6blA0 yeaoe HUCAO Q U HAmYpanssHoe
yucao b, ecezda Halidymces maxue yeasie wucaa q u r, 4mobol,
80-NepevLx, UMes0 Mecmo paseHcmgo a=b-q+r u 6o-emo-
poix, 4mobor umeso mecmo wepasercmeo 0-<r < b.

Ecmu r=0, To roeopar, uto b JeIUT @, HIH YTO @
nemurcst Ha b. IlpenJoxkenue: «a neautcss Ha by 0603HAUAOT
Tak: a:b (unraercs: ¢ jeautrca Ha b). Uucno b HasbiBaercs
JeJNHTeJIeM UKCJa @, a YHCJO @ Has3blBaeTcsl KpaTHeIM b.

Ecnn ocraTtok r He paBeH HYJIO, TO TOBOPAT, YTO
«UHCJIO @ He JAeJuTcs Ha uucjo b», ¥ 3TO NpelJoXKeHHe
00603HayaT Tak: a He: b.

3. Kaxofi HauMeHbUIHH NOJOKUTENBHLIH NeJIHTENb UMEeT
YHCJIO a?

4. Kaxkoii HauGosbmuil genuTe b UMEET HHCJO a?

5. Jokaxute, uto Jo6oe megoe uuciao a~=0 He MOXKeT
MMeTb GoJiee |a| MOJIOMKUTENbHBIX Pa3JIMYHBIX JAeNuTesef.

II. TakuMm o6pazoM, MBI 3HAEM, UTO YeL0e YUCAO & OeAlmcs
HG Hamypaabroe uucao b=~=0 moz0a u moabko mozoa, Ko20a
cyujecmayem makoe mpemoee yeroe HUcao ¢, 4mo a=b-.q.
Temepb MOXHO pacCMOTPETb OCHOBHEIE TEODEMBI O JEJIH-
MOCTH II€JIBIX YHCEJN, H3BECTHBIE M3 Kypca apH(METHKH.

Teopema 1. Ecau «kaxdoe u3 Osyx cirazaemvlx
Oeaumca Ha 00HO W MO 9ke YucAo0, Mo U ux cymma pasde-
AUMCS HQ 3Mo uucaol.

HdoxasateabcTBo. Ilycth a'b u cib, 3Hauut,
CYIIECTBYIOT TaKue LeJble 4Yucaa ¢; H ¢y, 4T0 a = bq,
¢=0bq,. Ho Torna a--c=bq, -+ bq,=b(q, + q;). Cymma
IBYX LEJBIX YHCEN ¢; + g, €CTb uucjo mejoe. O603HAUUB
€ro uepes g = g, + ¢,, NOAy4YUM: a + ¢ = bg, 3HAUHUT, cyMMa
a -+ ¢ penurcs Ha b.

1 Jlas KpaTKOCTH B janbHeluieM GyfeM TOBOPHTb «YHCJIO» BMECTO
«IIeJIoe YHCJION .
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6. [MoxkaxkuTe 3Ty Ke TeopeMy JJd cJaydas Tpex
cjlaraeMblx.

7. Ecnn yMeHblllaeMOe H BBIYMTaeMOe JeJATCS Ha OJHO
H TO e YHCJO, TO U X Pa3HOCTb Pa3fesUTCA Ha 3TO YHCJIO.
Joxaxure.

8. JloxaxuTe CjefyiOmIHe YTBEepPXKIEHHS:

1) Ecmu a: (bc), To a:b u a:ec.

2) Ecom a: b, To u—a: b.

3) Ecim a:bubic, 10a: c.

4) Eciw a: b, To u ax’@b npu mo6oM LeJOM X.

5) Ecrm a:buc:b, 10 (ax+cy): b npu mobex
LeJblX X H Y.

JlokaxkeM ellle OJlHy TeopeMy.

Teopema 2. Ecau 00HO u3 cageaemoix He Oesumcs,
a ocmanvrole OeAsmMcs HA OOHO WU MO dKe 4UCA0, MO UX
cymma He pasOesumcs K@ Mo 4UcAo.

HdokasateancTBo. Ilycts a:b, HO ¢ He: b. Ilpex-
MOJNIOXKHM, 4TO HX cymma (a+c¢):b, Torma a-+ c=bg,
oTKyla ¢ =bg—a. Tak kak bg:b u a:b (no ycjosuwo), TO
H HX Pa3HOCTb C NOJ/IKHA JeJUTbCS Ha b, YTO IPOTHBODEUHT
ycsoButo. CrefoBaTesbHO, CyMMa @ -+ ¢ He MOXKET JeJHThCS
Ha b.

9. BepHo su ytBepxkienue: «Ecam cymma IByx cijarae-
MBIX JeJHTCS Ha Kakoe-HHOYAb YHCJIO, TO M KaxIoe cJa-
raeMoe JieJIUTCS Ha 3T0 Xe uucJjo»? [IpuBeaute mnpumepsl,
HOATBEPXKAAIOIIHE 3TO.

10. BepHo sn yTBepxkjeHue: «Ecam HH OJHO ciaraemoe
He JeJHTCS Ha Kakoe-HMGYJb YHCJO, TO M CyMMa He pas-
JleJUTCA Ha 5TO uncjio»? TlpuBenuTe NpHMEpHl, MOATBEPKAAIO-
IiKe Ball OTBeET.

H1. Mb BHAEJH, YTO KaKOBO Obl HH O6BLIO 1I€JOE YHCJIO
a ¥ HarypajbHoe uHcJao b, Bceria MOXKHO HaiTH Takue
neJsble yneJa ¢ M r, uto a=bq+ r, rne 0 Lr < b.

JlokaxeMm, 4TO Takue ILeJbple 4Yucsaa ¢ (4YacTHoe) U r
(ocTaToK) ompefesiAlOTCS € JHHCTBEHHBIM 006pasoM.

[IpeAnosoxuM, YTO CYLIECTBYIOT TakKHE i M Iy H Gy H Iy,
uto a=0bq,+r, u a=bg,+r, npmuem 0<Lr;<b
n 0<ry < b. TlpumeM, A7 ONpPEAENEHHOCTH, UTO ry > f7.
Torna umeem: bgy + ry = by + 1y, WM bgy — bqy = ry— 1y,
oTkKypa ry—ri=>b(q—¢q,). MBl BuIMM, UTO r,—r;
zemurcss Ha b, a 3TO BO3MOXHO TOJBKO TOTJAa, KOrjia
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re—r, =0, 060 0<ry—ry <b. Tonyuum: b(q; — qy) = 0,
HO b=%0, sHauur, ¢;—¢q,=0. CleloBaTe/bHO, ry=r,
H G, = (5.

Msl foKasamu, 4TO cywecmeyem eOWHCMBEHHAR napa
yeablx ucen q ur makux, 4mo a = bq - r, npusem 0 <r < b.

YnpaxkHeHus

11. JlokaxuTte, YTO ecqM OCTAaTKM OT JeJIeHHs JBYX
ygcesa @ M € Ha YUCJIO b paBHBI MeXJy COGOH, TO PasHOCTb
a — ¢ jfeautcs Ge3 octaTka Ha b.

12. [lokaxure o6paTHOe yTBEpKIEHHe: ecJH pa3HOCTb
JBYX UHC&T @ M C JeJUTCA HA 4YHCJIO b, TO OCTAaTKH OT
IeJIeHUs @ U ¢ Ha b paBHBI MeXay COGOM.

13. Bepubl sim yrtBepxkpuenust: 1) Ecaum umesno memurcs
Ha 4, TO OHO Jenutcsl U Ha 2. 2) Ecau umcio genutes Ha 2,
TO OHO JeJHUTCA U Ha 4.

14. Bepusl qn ytBepxkaenus: 1) Ecau upcno He pgemures
Ha 5, TO OHO He Jequtcs Ha 10. 2) Bcskoe umeso, He
neasineecss Ha 10, He geautcs Ha 5.

15. JlokaxuTe clefyioUlHe YTBEPKIEHHUS:

1) CyMMa JByX HeYeTHBIX YHCEJN eCThb YMCJO YeTHOe.

2) CyMMa UYeTHOr0O M HEUYETHOTO UHMCJA €CTh YMCJO
HeyeTHOE.

3) CymMMa Tpex moCJeNOBaTe/bHBIX LEJBIX YHCEN HeNHTCS
Ha 3.

4) CymMMa JIBy3HaUHOTO YHCJAa M YHCJA, HAMMCAHHOTO
TeMH 3Ke LudpaMu, HO B 06paTHOM NOpsiiKe, Jneautcst Ha 11-

5) PasHocTb MeXAy [BY3HauHBIM UHCJIOM W YHCJIOM, Ha,
IHCAHHBIM TeMH e I[HuppaMH, HO B OOpPaTHOM IOpSJKe,
nenurcs Ha 9.

16. JlokaxwuTe, 4YTO PA3HOCTb MeXJIy TpeX3HAUHBIM
YHCJIOM ¥ UYHCJIOM, HAaMmHCAHHBIM TEeMH Xe [udpaMu, HO
B oOpaTHOM IOpsiiKe, Aejutcss 4 Ha 9 u Ha 11,

17. Huxe mnpuBejieHH! yeThlpe yTBepxKAeHHs1. Onpejenure,
KaKHMe W3 HUX BepHbl, a KaKHe HEBepHHI.

1) Ecau cyMMa [BYX yuces — YHCJO YETHOE, TO Kaxjoe
U3 cJlaraeMblX — YHCJIO YeTHOe.

2) Ecan cymMMa JByX 4HCesJ— YHCNO YeTHOe, TO HX pas-
HOCTb — YHCJIO YETHOE.

3) Ecnn npousBenieHwe IBYX UHCEJ — YHCJIO HEYETHOE,
TO KaXJAbIH M3 COMHOXKHTeJeH — YHUCJO HeueTHoe.
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4) Ecn cyMMa JBYX 4HCEJ — YHCJO HEYeTHOe, TO HX
IPOH3BeleHHEe — YHCJIO YETHOeE.

18. okaxure, uto: 1) IlpousBenenune IByX IocCJ/e0Ba-
TeJIbHBIX LleJbX uuces aenutcs Ha 2. 2) IlpousBejeHue Tpex
nocJe/loBaTe/qbHBIX LEJbIX YHCEJ JeJUTca Ha 3.

19. JlokaxuTe, 4yTo ecJqu @ YHcjao weJoe: To: 1) a® —a
Jenutcs Ha 2; 2) a® —a fenuTcs Ha 3.

20. [okaxuTe, yTo pasHOCTb KBajpaToB: 1) ABYX mocneno-
BaTeJbHBIX ILEJBIX YHCEJ €CThb UYHCJO HeueTHoe; 2) JABYX
nocJieJoBaTeJbHEIX HEUeTHBIX uuces JejuTcsd Ha 8; 3) IByX
noc/IeloBaTeJbHLIX YETHBIX YHCces JejuTcs Ha 4.

§ 2. NIPUBHAKH JEJIMMOCTH

I. M3 kypca apudpmeTHKH Mbl 3HaeM IIPH3HAKH JeJH-
MOCTH YHCes Ha 2, Ha 5, Ha 3 U Ha 9 u MOXKeM, He BBIIOJHAA
JeJIeHUs, ONpeleNuTh, pa3fesuTCa JM HaleJo JaHHOe YHCJIO
Ha J000e M3 YyKasaHHBIX ueThipeXx uuces. J[[oKasaHHBIE
B IpeibiAylieM naparpade TeopeMbl II03BOJIAIOT — BIOJIHE
CTPOrO J0KasaThb BCe 3TH IpPH3HAKU M BHIBECTH HEKOTODBIE
HOBBIE.

ITyete MBI uMeeM (n -+ 1) — 3HauHoe yucao!, 3amHcaHHOE
¢ rmnomompio uudbp a, Gu—i, ..., G;, 0y B HECATHYHOH
CHCTEME CUHUCJIEHHS:

N=a, 10"+ a,;- 10" + ... + a,- 102+ a,-10 + a,.

Tpebyercs HaiTH YCJIOBHS JeJuMOCTH 3Toro uucjaa N Ha
HeKoTopoe uucjo p. OGO3HAYyUM YacTHble U OCTaTKH OT

nenennsi 10 Ha umcno puepes g, u ry, rae k=1,2, ..., n.
10 = pgy + ry;
10% = pgy + ry;
10% = pgs + rs;
10" = PG Ty

[TopcTaBuB moJyyeHHble BhlpaxeHus Anas 10 B 3amuchk
yucaa N, nonyunm: N = a,(pq, + r,) + an—1 (PGn—1 + rn—1) +

+ .o+ aa(pgs + o) + a1 (PG + 71) + g

1 B stoM naparpade paccMaTpHBAIOTCS TOJIBKO HaTypaJjibHble 4HCJa.
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[Tpeo6pasoBaB 3TO BhIpaxkeHue AJjs N, HalijpeM:

N=(a,9,+ on-1Gna+ ... + aga+ a1q) p+

+(anrn+ Any I net1+ ... + Qora + a1r1 + ap).
(OG6o3HaumM BTOpoe caaraemoe GykBoit M:

M=a,,+ anirn—1+ ... + @l + oyt + ao,
torga N = (a,4,+ ... + aq)p+ M.

Mbl BHIHM, UTO ecJiM yucJ0 M Jenutca Ha p, To 1 N 6yaer
JeNuThcs Ha p, a ecan M He pmenautces Ha p, T0 U N He
JeJuTCsT Ha p. DTHM MBI JIOKasaju CJAEAYIOYI0O TeopeMmy !:

Hannoe uucaso N Oeaumcsa Ha uucao p mo2da U MOALKO
moeda, kozda cymma npoussedenuii yugp uucsa N Ha ocmamxgu,
noayuernsle om OeneHus coomeemcmsyrouwux cmenered 10 Ha
qucao p, OeAUMCA HA 3MO 4UCAO P.

a) Ilycte p=2. OueBupHo, uyTto Toriga r;=0; ry=
=0; ...; r,=0, 3Hauur, M = a,, cJeloBaTeJbHO:

Ha 2 JeJaTcs Te W TOJIbKO Te 4YHcaa, mocjefnsas nudpa
KOTOpBIX JAeNuTcs Ha 2.

6) TakuMm e o6pasoM nojayuyaeM IIPH3HAK JEJHMOCTH
ypces Ha O, TaK KaK r; = ry = ... = r, =0, sHauuT, M = a;
CJIeI0BaTeJIbHO:

yTOOBI YHUCJO JEJUI0Ch Ha 5, HeO6XOAMMO H JOCTaTOYHO,
yTOObl Tocsefnss uudpa 6bia 0 uam 5.

B) BeiBeileM mpusHak gesumoctd uucesn Ha 9. Tak kak

10 =941,

102=199 + 1,

102 =999 + 1,

10" =99...9+ 1,
TO OYeBHJHO, u4TO ry=1; r,=1; ...; r,=1, 3Hauur,
M=a,+ aa1+ ... + a1 + a, caenosBaresbHO:

I TOro 4ToGbl 4YHCJO JeJuwyaoch Ha 9, HeoGXOmHMO
H JOCTaTOYHO, 4TOOBl cyMMa ero nudp Aeaujach Ha 9.

r) ITopo6HEIM 06pasoM BBIBOJUTCA H NpPH3HAK JAEJUMOCTH
ypcea Ha 3. OctaTku or HeseHus creneHeit 10 Ha 3 6yAyT:
rn=1 ra=1...;r,=1, 3sHauur, M=a,+ a1+
-+ ...+ a; + a4 caenoBaTeNbHO:

IJs1 TOro 4ToOBl YHCJIO JeJujaoch Ha 3, HEOOXOLHMO
M JIOCTaTOYHO, YTOORl cyMMa ero nudp jAeaujach Ha 3.

} Tlpu menerun 1 = 10° Ha p Bcerpa moayuaem 0CTaTox, paBHHE |,
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il. PaccMorpum pesumocts umcen na 11, Herpyano
yOeauTbCA, UTO OCTAaTKH OT JeJeHus creneHeir 10 Ha
11 6yayr 10 wnm 1, B 3aBUCHUMOCTH OT TOro, OVAeT JHu
moxasareJsib cTerneHd 10 HeUETHBIM MJIM YETHBIM YHUCJIOM.

10 = 11. 0 10,
102 =11 941,
10°=11.90 4+ 10 u 1. A.

Ho 10 = 11— 1, nostoMy ypno6HO 3aMeHHTb
a;-10=a; (11— 1) =a,-11 —a;.

[Toctynas aHajoruuusiM o6pasoM ¢ rg, 7y ..., 4icao M
NpeicTaBUM B BHJE CYMMbl ABYX cJlaraeMbiX, OJHO H3 KOTO-
puIX JesuTcd Ha 1l:

M=(a1+a3+a5+ ...)'ll+[(a0+a2+a4+ -..)—‘
—(@+a+a+...)
cJle[JOBaTeJbHO:

Ha 11 pensTcs Te H TOMBKO Te YHCJA, Y KOTOPHIX pas-
HOCTb CyMM mudp, CTOSIIMX HA YeTHBHIX M Ha HEUeTHBIX
MecTax, jaenaurca Ha 11.

Hanpumep, uncio 368312 ne peaumrcs Ha 11, u6o pas-
HocTb (3484 1)—(6+3+2)=1 He pgemurca Ha 1l.
Ecan B3are umcso 271436, TO y Hero coOTBETCTBYIOIIAs
pasHocTh cymMmmM mupp 2+ 143)— (T +4+6)=—11
Jeautcsa Ha 11, 3HauuT, ¥ camo uucJao JAeautcs Ha 11.

21. Omnpenenute, KakHe M3 CJe[YIOUIUX YHCEJ AeNATCA
Ha 11:

5643; 14014; 35674; 5069812; 4192716.

III. PaccvotpuMm mpusHak pmenumocTdH uncen Ha 4. Tak
kak 100 penutcs wa 4, a 10=4-2-+2, 70 r;, =2; ry=0;
r3=20; ...; r,=0. 3nauur, M = q,+ 2a,; cael0BaTeJbHO:

Ha 4 JlendTcs Te M TOJMBKO T€ YHCJA, Y KOTOPHX CyMMa
nudp eXMHHUI, ¥ yABOEHHOH HUbpbl AECATKOB Jenautca Ha 4.

IlpusHak penuMocTH uyucel Ha 4 O0GbIYHO (OPMYJIH-
pyercsi B Jipyroii, Gonee yHOGHOH MJsI NpUMEHEHHs (opMe.
Jlio6oe umcio N moxHO npefcraBuTh B Buge N = A.100 -+
+ 10a, + a4, rie A— uucao, BelpaKeHHOe LH(paMH yHCJIa
N Ge3 a; u a,. 3neck M= 10a, + a, ectb uucnO, BbHIpa-
XKeHHoe IByMA nociefHumu nudpamu. Tak xak 100 = 4-25,
MOXHO YTBEpXKIAaTh:

Ha 4 fenarcs Te M TOJBKO Te UYMCJA, Yy KOTOPHIX JBe
nocjefHHe HUQpHl BEIPAXKAIOT YHCJO, Aensuleecs Ha 4.
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22. OnpejennTe, Kakue H3 CJeLYIOUHX 4YHCEN JeJATCS
Ha 4:

326; 2348; 2405; 483568.

23. YuurwBast, uto 100 pmenutcs Ha 25 u Ha 50,
BHIBEJIUTE IIPHU3HAKH JEJUMOCTH uuces Ha 25 u Ha 50.

IV. PaccmoTpeHHBlE NpPH3HAKH JEJIHMOCTH YHCEJ Cylie-
CTBEHHO CBSI3aHBl C IPEACTABJEHHEM YHCEJ] HMEHHO B Jecs-
THYHOH CHCTeMe CUHC/eHHs. DTH IPU3HAKH, BooOlle TOBOpH,
HEINPUMEHUMB! NP APYTHX CHCTEMAX CUHCJEeHHs .

Hanpumep, B nATepuyHOM cHCTEMe uHC/a, OKaHUYHBAKO-
muecsi HyJeM, MOTLYT JeJuTbCs Ha 2, a MOryT H He
JleJUTbC Ha 2.

15 = 30, — He penurcs Ha 2;
20 = 40, — penutcs Ha 2.

Ecau ocHoBaHMe cHCcTeMB 0G03HauuTh OyKBOH d, TO
Jqio6oe unucao N MOXKHO 3amucaTb B BHJE:

N=ad"+ a,1d"'+4 ... 4+ a;d + a,.

Paccyxkpad, kKak U B cJayyae JeCATHUYHOH CHCTEMBbI, MBI
MOJIyYUM TeopeMy:

Hannoe uucao N Oeaumcs wa uucao p moeda U MoOALKO
mozda, koeda cymma npouseedenuil yugp uucra N Ha
OCMamKL, NOAYUeHHble om OeeHUSL COOMBEmCmeYuwux cme-
nenetl ocrosanus cucmemst cuucsenus (d>=1,d,d*,...,d")
HQ 4UcA0 p, OeAUMCA HA MO 4UCAO P.

[lycts d =4; p=3.

Bce octaTku OT JesieHus cteneHell uucsaa 4 Ha 3 paBHH |1,
sHauur, M=a,+ a1+ ... + a3+ a;+ a,.  Cueposa-
TeJbHO:

B YETBEPUYHOH cHCTeMe Ha 3 [eNATCsd Te H TOJBKO Te
yucsaa, cyMMa LUdp KOTOpBIX AeJNHTCA Ha 3.

¥Ynpaxuenus

24. YuyutbiBas, uyro 1000 = 8-125, BeIBeguTe IpH3HAKU
IeJIMMOCTH yHces Ha 8 u Ha 125.

25. BMecTO BONMPOCHTEJNBHHIX 3HAKOB IIOCTaBbTE TaKHe
nugpsl, 4TOOB KaxKAOe K3 JaHHBIX uHcels, H306pa’KeHHBIX
B JeCATHUHOH CHCTeMe, HeJIHJIOCh:

1 Ecain BHl HE 3HAKOMBI C HeJleCATHYHBLIMH CHCTEMAaMH CYMCJIEHHS, TO
3TOT pa3fie] CJelyeT ONyCcTHTh BMecTe C ynpakHeHHsMH Ne 28—36.
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1) na 5: 483?; 34?0; 5?231;
2) Ha 9: 179?; 54?7, 5724,
3) ma 3: 24?; 1?6; 722,

26. M3 xaxpmoro psja uuces OJHO HYXHO YAQJIUTh: OHO
He o6JafaeT CBOMCTBOM, KOTOpO€ €CTb Y OCTaJbHBIX UHCEJ.
Kakoe 310 uncio?

1) 855; 640; 401; 365; 220;

2) 855; 711; 540; 366; 342;

3) 276; 342; 444; 524; 692.

27. Baamu 5 smuctoB Gymard. HekoTopble 3 HHX paspe-
3aM¥ Ha IlecTb yacred. HekoTopele H3 IOJYyYHBIIHXCSA
JIMCTKOB CHOBa paspesajy Ha IlecTb yacTei. Ilocse ToTO,
Kak 3TO IIpOojeNaji HeCKOJbKO pa3, COCUHTANH YHCJO IIOJY-
YuBIIMXCA KycKoB. Mx okasamocy 54. Kak mokasaTh, uToO
IpH TOJCYeTe NpOM30IJIa OLIHGKa?

28. ChopMmyupyiiTe MpU3HAKH AEJIHMOCTH:

1) ma 10 gaa uyuces, 3aNMCAHHBIX B JECATHYHOH CHCTEME;

2) Ha 2 anA uuceJl, 3aNMCAHHBIX B JBOMUHOH CHCTEME;

3) Ha 3 AJIs1 uMceJ, 3alMCAHHBIX B TPOMYHOH CHCTEME;

4) Ha 5 01 umceJs, 3aNHCaHHBIX B NSITEPHYHOH CHCTEME;

5) Ha moGoe faHHOe uHCJO, O6OJbII€e eNUHMIB, AJST
Y{CeJ, 3amMCaHHBIX B CHCTeMe CUHCJEHHs, OCHOBaHHeM
KOTOPOH SIBJISIETCS 3TO K€ UYHCJIO.

29. ChopmynupyiiTe npH3HAK AEJMMOCTH Ha 2 IJId YHCel,
3aIIMCAHHLIX B CHCTEME CUHCJIEHHS C YeTHHIM OCHOBaHHEM
2, 4, 6, 8).

30. 1) Ecsum paccmaTpuBaTh 4YHCJIa B BOCbMEPHYHOMH
CHCTEME, TO Kak chopMyJiHpyeTcs NpH3HAK JeJIUMOCTH Ha 4?
CpaBHMTe C mnpH3HAKOM JEJUMOCTH Ha 5 B JeCATHYHOM
CHCTeMe.

2) ChopmymupyiiTe npH3HaK JeJTUMOCTH Ha 3 B LIeCTepHY-
HOH cucTeMe.

31. CohopmynupyiiTe nmpu3HaK AeJUMOCTH:

1) Ha 9 pas unces, 3anMCaHHBIX B AECSATHYHON CHCTEME;

2) Ha 2 A/ 4HCeJl, 3aMCAaHHBIX B TPOHUHOH CHCTEMe;

3) Ha 6 1J19 uMceJs, 3aMMCAHHBIX B CEMEPUUHOH CHCTeME;

4) Ha 7 py1s uKceJ1, 3aMIMCAHHBIX B BOCbMEPUYHON CHCTEME;

5) Ha moGoe paHHOE UMCJO JJISI UHCEJ, 3alHCAHHBIX
B CHCTEME CUHCJeHHs, OCHOBaHME KOTOpoH Ha 1 Gosblle
JAHHOTO YHCJIa.

32. ChopMmyaunpyiiTe NpuaHaK OE€JHMOCTH:

1) Ha 3 ang uwcen, 3amHCaHHBIX B JIECATHYHOH CHCTEME;
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2) Ha 2 I YHCeJl, 3aNUCAHHLIX B MATEPUYHOH CHCTEME;

3) Ha 3 AJ4 4YHCeJ, 3alUCaHHBIX B CEMEDUYHOH CHCTeMe.

33. Ompepnenute, Kakue U3 CHAEAVIOUIMX YHCEJ FABJISIOTCS
YETHBIMH (eJIATCA Ha 2):

10104; 1001y 10015 4305 2135 1100, 6541g; 5604s.

34. OmnpejlenuTe, Kakue U3 CHEAVIOIHUX YHCEN JeJATCS
Ha 3:

21014 2205 3124; 2004 421, 231; 483, 222,.

35. Omnpefenute, Kakue H3 CJAeJYIOUUX UYHCEJ JeJATcH
Ha 5:

3245; 3205 421 523, 1254 5204.

36. Ompenenure, Kakue U3 CJEAYIOIHUX YHCeNa JeJaTcs
HA 7:

331, 2010, 4640, 16374 254 A730,.

§ 3. COCTABHBIE U NPOCTBIE YHCJIA

I. Hamypaasroe wucaro Hasvieaenica npOCmMoLM, €CAU OHO
umeem 06a U MOAbKO 08 PABAUUHOIX HAMYPAALHOLX OeAumens
(elMHULY M CcaMO YHCJO), U COCHIQBHbLM, eCAu Y He2o
00see 08YX PA3AUHHLLX HAMYPAAbHLLX Oeaumens.

Uucno | He NpUHAJJIEXHT HU K IPOCTHIM, HH K COCTaB-
HBIM  uxcsiaM. Bcesdkoe e HaTypajbHOe uyHCJO, GoJsbliee
eJVHUIB!, ABJAeTCs JUGO IPOCTEIM, JIUGO COCTABHBIM.

JlokaKeM HecKOJIbKO TeopeM, OTHOCSIIHXCS K IPOCTHIM
yHcsaM.

Teopema. Besakoe cocmasroe yucaio umeem no Kpaiineli
Mepe 00ur npocmotl Oeaumeans.

JdokasaTenbcTBo. Bcskoe cocTaBHOe YHCIO
JOJIKHO HMeTb LeJUTeNH, Gosiblune enauHunbl. Cpexu 3THX
JIequTesieli 6yneT HauMeHbIUW#A, 0603HauuM ero OYKBOH p.
STOT HaUMEHbIIMHA JesuTenp OyAeT NMPOCTHM YHCJOM.
Ecnu 6pl OH GBI COCTABHBIM YHCJIOM, TO HMesa Obl HEKO-
Topull jenutens d, Goaplmit emuHunbl U MeHbluit p. Ho
TOrJla NepPBOHAYAJbHOE YHCJIO, HENsich Ha p, JeJHA0Ch OBl
H Ha ero Aejutesb d, MeHbUIHA p, uero GBHITb He MOXKET,
HO0 'p —HAaUMEHbIIUN JeJUTENb.

37. [okaxkurte, 4yTo BCAKOE HATypa/JbHOE YHCJO, KpOMe
eJVHHUIBl, HMEeeT MO KpaiiHell Mepe OJIUH TNPOCTOH JAEJHTe/b.
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38. Ecnmu p=~=1 — HauMmeHbIUMH U3 JeJUTEJEd COCTaB-
Horo uyucsa N, to p* < N. Jlokaxure.

39. Kak cJenctBie W3 IPeNBIAYIIETO yTBEPKIEHUS
JOKaxkHuTe, yTo ecju yucao N > 1 He JesquTcsa HHW Ha ORHO
IOPOCTOE 4YHCJO, KBaJpaThl KOTOpbIX He Gosblue, ueM N,
T0 N sBJSeTCS IPOCTHIM YHCJIOM.

40. [enuMOCTb Ha KakHe IPOCThle YHCJA JOCTATOYHO
NpoBepUTh, UYTOOHI YyTBEpKJaTh, YTO uHcao 97 sBisgercs
MIPOCTBIM YHCJIOM?

Teopema. Pad npocmeix uucea

2,38,5 17, 11, 13, ...

beckoHeder (TO eCTb CYILIECTBYIOT CKOJb YTOJHO GOJiblLIKe
NpOCThIE YHCJIA).

Eme B apeBHeli I'penuyu 3HaMeHHTBHIH MaTeMaTHK EBKjup
(III B. mo H. 3.) foKa3aj 3Ty TeOpeMy.

HdoxasarteabcTBO. [IpefmosoxkuM, YTO IPOCTHIX
4HCesl KOHeYHOe 4YHCJO M 0003HauuM HauGoJiblllee U3 HHX
6ykBoii p. IlepeMHOXUM Bce 3TH NIPOCTHIE YHUCJA ¥ NPHOABUM
K [OJyuyeHHOMY npousBefeHuto eme 1. Tlosyunm Heko-
Topoe uucjo N.

N=2.3.57.11- ... .p+ 1.

Ato yucao N He MOxKeT OBITb IPOCTHIM, HGO OHO GoJblle p,
a IO HalleMy IpeANOJNOXKEeHHI0 caMoe GOJIBILOE ITPOCTOE
ypcsao — 310 p. Ho OHO He MoOKeT OBITh M COCTABHEIM.
[TepBoe ciaraemoe 2-3-5- ... -p Jeaurcs Ha JoGoe Ipo-
CTOe uHucJ0, MO0 MO IPEANOJIOXKEHHIO 3[eCh IepeMHO-
JKAIOTCA BCe MPOCTHE UYHCJA. 3HAUUT, MOPH JeJEeHHH Ha
Jgioboe NpPoOCTOE YMCJIO BCETJa B oOcTaTke GylneT efHHHIA,
TO €cThb 4yucao N He MOXKeT HMEeTb IIPOCTHIX JeJHUTesel.
A mo npeppinyuieit TeopeMe BCSAKOE COCTABHOE YHCJO HMEET
MPOCTOH AeNUTE/Ib.

[Tosryuusu mpoTuBOpeure, HOO BCSIKOe YHCHO, GoJibliee
eIMHUIE!, Jubo mpocToe, JUG0 cocTaBHoe uucsao. ClenoBa-
TeJIbHO, NPEeJIINoJIoXKeHHe, YTO PAJ IPOCTHIX UHCE]T KOHEueH,
OomKGOYHO, 3HAUUT, PSA NPOCTHIX uuces GeckoHeuer l.

41. B 1850 ropy II. JI. YeGrimieB no0Kasaji, uTo MEXKLY
JIOOBIM HAaTypasbHbIM YHCJIOM, GOJIBLIMM €MHHIE, H YHCJIOM,

! HauGoJibIlee uyc/I0, 0 KOTOPOM B HacTOfANlee BPeMsi H3BECTHO, UTO
OHO TpocToe — 22281 — 1,
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BJiBoe GOJILIIMM €ro, BCerja uMeercss XoTsl Gbl OJHO IIpOCTOe
ypcJo L.

Cuyurast M3BeCTHBIM 3TO yTBepxKJAeHHe UYeObllleBa, I0Ka-
XKHTe CaMOCTOATe/JbHO GeCKOHEUHOCTb psia NMpPOCTHIX YHCEJ.

II. Kak onpenenuTsb, SBASETCS JIM AJaHHOE YHCJIO IMPOCTHIM
WIM  cocTaBHBIM? [y HeGOJBIIHX YHCEJ 5TO CHeJaThb
HECJIOXKHO, JOCTaTOYHO JIMIIb HAaHTH BCE €ro JeJHTEJH.
Hanpumep, uwucsna 2, 3, 5, 7, 11, 13, ...— mpocThie,
a uncaa 4, 6, 8, 9, 10, 12, ... —cocraBurie. Ho ecqau
JaHHOe 4YHCJO BEJHKO, TO TaKOH crmoco6 yCTAaHOBJIEHHS BHAA
yhcsa TpeGyeT MHOrO BpPEMEHH.

BMecTo OTBICKaHMS Bcex JesuTesell MOXKHO  IIOCJIEJ0-
BaTeJIbHO IIPOBEPHTH, AEJUTCA JH JAHHOE YHCJO Ha INPOCThie
yucJia, KBaJpaT KOTOPhIX He O0O0Jblle NAHHOTO 4YHCJA, 4YTO
HECKOJIbKO ympomaer pagoty (cM. 3azauy Ne 39).

CyliecTBeHHblE YIpPOIIEHHS MOJy4aeM IIPH HaJMYMH
TabJyuisl npocTelx yuces. B yuebnuke M. H. IleBuenko,
Apudmernka, V — VI xkmaccsl mnpuBefeHa TabiHIa Bcex
npocThlx yucesa no 1000. B Hacrosllee BpeMsi coCTaBJeHBI
Ta6JMIEl IPOCTHIX YHCEJ, MPOCTHpAIOHecs L0 MUJIHOHOB.

PaccmorpuM  Haubosee mpocToH C€roco6 CcOCTaBJIeHHsI
TabJIMIbl IPOCTHIX 4YHCeJ, KOTOPHI Has3bIBAETCH «pelLlieTOoM
dpaTocdeHa» Mo MMeHH  BBLAAIOUIETOCS  T'PEUYECKOro
acTpoOHOMa M MaTeMaTHKa, mKuBliero B 276 — 192 rr. gno
HalleH 3phl

[Iycte, HampuMep, TpebyeTcsi BBbIJEJIUTb BCE MpPOCTHIE
yuc/a u3 nepeoi coTHu. CocTaBUM TabJHLy H3 CTa KJETO-
yeK, B KOTOphIe BIIHILIEM BCe HaTypaJsbHele yucsaa ot 1 mo 100
(cM. puc.). BeluepkuBaeM 1, Tak Kak eAHMHHIIA — YHCJO He
npoctoe. Crexnylomee 4Yuca0 2 — IPOCTOE, €ro COXPaHSEM.

22 [3 s B 7 s R n [l P s |17 1819 0
22023 D |28 26 2% 28|20 [ 31 |32 38 3 |38 37 |38 3a 20!
41343 2|23 473 20 Ba By [Br |53 By % Ba [ Bx/ D59 [Bn
61083 b4 Ba/b%|67|Ba/Ba |71 |73 | N e | P R [Ra{ 79 [Ba
By |B2/83 R Be Ba (B [Ba 89 [Ra /D¢ [Ba [Da D4 Da]Ba]97 |98 [ [y

BrluepkuBaeM Bce uucsia, KpaTHble 2, KpoMe 2, TO ecTh
BbIUEDKHBAaeM Bce YucJa yepe3 OAHO, HauuHad c 4.

1 dakTHyecKH TeopeMa yTBepkKAaeT, YTO Kakoe Gbl HH GHLIO HATY-
pajibHOe YHCJO n >3, MeKAY n H 27— 2 COAEPHKHTCH XOTs Obl ONHO
IPOCTOE HHCJIO.
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BeluepkuBaeM Temepb Bce 4YHCJa, KpaTHbe 3, KpoMe 3,
160 3 — YHCJIO mpocToe.

[Tepeoe mocse 3 HesauepKHYTOe YMCJO 5; OHO HPOCTOE,
TaK KaKk He JeJMTCH HHM Ha OJHO MeHblIee ero HpocToe
yhcjo. OTCUuTbIBaeM OT HEro yucjaa IO NATb M Kaxjoe
IATOe BHIYEDKHBAEM.

ITopo6HbIM  0o6GpasoM BbluepKHBaeM M BCe COCTaBHBIE
yHcaa, Aedsinvecsa Ha 7.

Tak xak cuaenywomee mnpocroe uucsao 11, npuuem 112
Goabie 100, crefoBaTesbHO, BCe OCTABIIMECS HEBBIYEPKHY-
THIMH YHCJIa B IEepBOH COTHE — IPOCTHIE.

42, HcnoJbsys mosiyueHHYI0 Ta6JauLy, ONpefeuTe, KaKue
U3 CJEAYIOIIHX YHCeJ NPOCTHE, a KaKHe COCTaBHbIE:

41; 57, 59; 67, 91; 97.

43. MetonoM «dpaToceHOBa pellleTa» COCTaBbTe TaGJIHIY
Bcex npocTeix yuces, Menbmux 200. IToxcuurafite, CKOJBKO
BCETO IPOCTHIX YHCes] CPefH YHces IepBOH COTHH H CKOJBKO
CpellM YHceJ BTOpOH COTHH.

III. CopmysupyeM TeopeMy O pa3jioXKeHHH YHCe] Ha
IIPOCTBIE MHOXHTEJIH.

JIroboe 4ucao, 6oasiuee eQuHUYbL, UAL RPOCITIOE, WAL MOJCE
6oimeb  npedcmasgaeno 6 eude npoussedeHus NPOCMbLX 4lUCen,
Mo ectmb PA3A0NHCEHO HA NPOCHible MHOXCUMEAU.

HoxasateabctBo. Ecim uucimo N> 1 mnpoctoe, TO
yTBepXKJeHHe JoKasaHo. Eciu e uncio N cocTaBHOe, TO
o JI0OKa3aHHOH paHee TeopeMe OHO MMeeT IpOCTOH JesH-
teAb p;. Torma N =p,-n;, mnpuuem 1< n <N, wubo
1<p <N.

Ecau n; — yncsio npoctoe, To TeopeMa JioKasaHa, eCJH XKe
n; — YHCJIO COCTaBHOE, TO OHO HUMeeT IPOCTOH JeJHUTeNb Py
H Ny = Py-Ny, NpuueM 1 < ny < ny; torna N = py-py-n,.

Ecau n, — yucsio mpocroe, To TeopeMa J0KasaHa; eCJIH
OHO COCTaBHOE, MBI NPOJOJIKAeM HAIlM pacCyXKJeHUs.

Tak xak N >n;; ny > ng ng>ng ..., TO HallM pac-
CYXJeHHsl MNOJKHB paHO MJH TO3NHO 3aKOHUUThbCH, HG60
IEJIBIX NOJIOKHTEJbHBIX YKuces, MeHbIINX N, KOHeUHOe YHCJIO.
Ho 3akoHuMTbCcS [JaHHBIH @pomecc MOXKeT TOJbKO TOTAA,
KOrja Kakoe-HHOYIb Mp—1 = p, OKaXKeTCs YHCJOM IIPOCTHIM.

[TomyuenHoe pasnoxenue: N = p;-py-ps+ ...-p, U OyIeT
HCKOMBIM pasjioxkeHHeM yucaa N Ha IpPOCTble MHOMKHTEJH.
CrezoBaTesbHO, BO3MOXKHOCTb IIpeJcTaBjeHHs unciaa N
B BHJe IIPOM3BeJleHHsl IIPOCTHIX YHCeJ AOKasaHa.
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MoxXHO BIOJHE CTpOro JoxasaTb H eLHHCTBEHHOCTD
TaxKoro passoxkeHus (cMm. sagauy Ne 156).
IlpencraBneHye uyHcJa B BHAE NPOU3BENEHUS INPOCTHIX
yycesl Ha3blBaeTCd KAHOHHUYECKHUM pasjoXeHHeM YxcIa.
44. PaznoxxuTe Ha TIIPOCTHlE MHOXKUTENIH CJeAyIollue
yycsa:
15; 147, 31; 12; 360; 1274.

MoxeT oxasaTbCs, 4TO B KaHOHHUECKOM DasJOXeHHU
ygcsa CpeiH INPOCTBIX MHOXHTesNeHl OGYLyT paBHBlE MeXIY
co60#, KaK HanpuMep:

15525 =3-3-3.5-5-23.

I/ICI'IOJ'II:SyH 0003HAUEHHE CTEIEHH BMECTO IpOU3BEACHHUS
PaBHBIX COMHOXHUTEJEH, MocJefHee pasJjiozXeHue MO2KHO 3a-
IIUcaTth TakK:

15525 = 3?-5%-23.

B ofueM ciyuae KaHOHMYECKOe pasJioxkeHue uyucyaa N Gyjer
HMeTb BHI:

— 7 o @
N_pll.p2l' ---'Pnn,
rne py, Pz, ..., P, — pasjUyHble IPOCTBIE UYHCJIA, a Ay,
g, «.., O,— HATypaJbHbBIE YHCJIA.

45. HanumuTe KaHOHMYECKHe pPa3/OXKEHHs CJ/eLYHIOUUX
qHCeJI:

120; 160; 600; 16800; 39600.

IV. C ppeBuefiliux BpeMeH IIpOCThHE uYHcJa OBUIM Npef-
METOM MHOTOYMCJIEHHBIX HCCJe[0BaHHH. MHorue yueHble
CTapaJiuCh OTHICKATb 3aKOH COCTABJIEHHU IIPOCTBIX YHCEI,
4TOObl OJHOM HJIH HECKOJbKHMH (OpMYyJaMi MOMKHO OBIJIO
BBIPASHUTb BC € IPOCTBlE YHCJA.

M3BecTHE! IONBITKH OTHICKAHUSA (OPMYJ, KOTOpPEE XOTSH
U He BbIPaXKaloT BCe€X IPOCTBIX YHCEJN, HO I03BOJIAIOT HANTH
CKOoJNb yrojgHo Goablloe mpocroe uucjo. Hampumep,
¢pannysckuli maremaruk XVII B. TI. ®epma wnHamen, 4to
tdopMysa 2"-4-1 paeT mpocThle uHcJa TPH 3HAUEHMAX A,
paBHBIX 2°, 21, 2% 23 wGo 2!+ 1=3; 22+ 1=5; 2¢+
+ 1=17; 284 1= 257.

depma BBHICKasal IpepnosoxeHue, 4yto ¢opmyna 274 1
JOJXHA JaBaTb IIPOCThHIE YHUCJA IIPU BCSKOM 1, PaBHOM CTe-
neru 2. OTO IPeNIOJOXKeHWe JHOJrOe BpeMs PHHHMAJOCh
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KaKk BepHOe yTBepxkjeHHe. [ajbHefillas mpoBepka (a 3TH
YHCJIA TIPU BO3pPAaCTaHWM CTENEHH 2 YBeJUYHBAIOTCA OUYEHDb
Geictpol) moaTBepauma, uto npu n = 2*= 16 uuciao 2¢ 4
-+1 = 65537 siBasieTCA NMPOCTHIM.

BriepBble 3TO yTBepxKJeHHe ObIIO ONPOBEPrHYTO 3HaMe-
HUTBIM MaTeMmatukoM JI. Diimepom (XVIII B.), useHoMm
ITerep6yprckoil AkajeMuu HayK, KOTOpBIH JOKasaJ, 4TO IpH
n=2% cdopmyna 2"+ 1 paer uucao 4294967297, nens-
meecss Ha 641.

DoJiblofi  mHTEpec MJsl  Y4YeHbIX IpeACTaBsId, Aa
U ceffuac ellle He YTpaTHJM CBOEro MHTepeca, BOIPOCH pa c-
npereJeHUs NPOCTHIX 4YHCeJ B HATypaJbHOM  PAAY.
Jlerko 3aMeTHTb, 4YTO IIPOCTBIE YHCJA C BO3pACTAHHEM
HATypaJbHBIX UHCeJ BCTpeuaroTcsi Bce pexe. Hanpumep,
B IepBOH COTHE HATYpaJbHBIX YHCEJ HMeeTcs 25 NpOoCTHIX
yuceJ, BO BTopoit — 21, B TpeTheli — 16. B mnepsoi ThicsAye
HaTypasibHEIX uucesn 168 mpocTeIXx uuces, BO  BTOPOH
toiciue — 135. MoxHOo nokasath (cM. 3amauy Ne 148), urto
CYLIECTBYIOT CKOJb YTOIHO MJIMHHBIE YYaCTKH HATypaslbHOTO
psilla, CIJIOLIb COCTOSIIME M3 COCTaBHBIX YHCEJI.

C Zpyro#f CTOpOHBI, CYIIECTBYeT MHOro Iap CJeAYHIOUHX
IpYyr 3a APYrOM HEuYeTHBIX YHces, KOTOpble 006a SBJIAITCS
OPOCTHIMH, HanmpuMmep mapet 3 ®u 5, 5 u 7; 11 u 13;
17 u 19; 29 u 31; 41 u 43. Taxue napsl HasbBaKOTCH
mapaMu yuces GJH3HELOB.

Yuenple HamM, yTo 1o 30 MHJIHOHOB uMeercss 152892
tTakux nap. Ho u ceropus eme He 3HalOT, CyLIeCTBYeT JIiH
6eCKOHEYHO MHOTO IIap IPOCTBHIX uHces OJIM3HELOB WM XKe
ecTh HauboJsblass Takas mapal.

BaHeflllne pe3yJ/IbTaThl O 3aKOHAX 4YepeloBaHHs IPOCTHIX
upceJ B HaTYpaJbHOM pPALY OBUVIH IOJyYeHbl BesH4aiIlIMU
matematukamu JI. ditnepom u I1. JI. HeObmeBHI M.

YnpaxHenus

46. 1) MoxHo Ju umcjo 1 HasBaTh IIPOCTHIM YHCJOM?

A cocTaBHBIM?
2) Hafith 3aKOHOMepHOCTb, MO KOTOPOH IOCTpPOEHA
caejyiomasl Moc/e/l0BaTebHOCT YHCEJL:

2; 3; 5, 7; 11; 13; 17; 19;

1 TToxa nauGoJNblIeH H3BECTHOH TNapoil OJH3HELQB fABJSIOTCA YHCJIA
1 000 000 009 649 u 1 000 000 009 651,
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47. 1) MoxeT Ju cymMMmMa JBYX MpOCTBIX uucesn OGBHITh
YHCJIOM IIPOCTBHIM?

2) Moxer /u GbITb NPOCTHIM UYHCJOM CYMMa JBYX IIpo-
CTBIX unceJs, Gospmiux 2?

48. (Ilytka.) TIlokaxure, 4TO NpH BCEX LEJBIX 3Haye-
HUAX X uyHcaa Buja 1* -4 2 — mpocTele.

49. JlokaxuTe, 4TO ecJH MPOCTOE YHCJO p NENUTCS Ha
HPOCTOE YHCJIO ¢, TO p = (.

50. IIpoBeppTe, Kakue M3 CJEAYIOIUX uuces NpPOCTHE,
a KaKue — COCTaBHble:

2+1; 2.341; 2.3.5+1;, 2.3.5:7+1;
2.3.5-7-11+1; 2.3.5-7-11-13 + 1.
51. PasnoxuTe Ha HpocTble MHOXKHTEIW HPOH3BeJeHHE
1.2-3-4.5.6-7-8-9-10.

(Kpatko oHo samuceBaercs Tak: 10! u uuraerca «10 — dax-
Topuasy) L.

52. B kakoil cTemeHH IpoCTOe YHUCJAO 2 BXOAHUT B KAHOHH-
YyecKoe pasjoxeHHe uucnaa 1212

53. B Kaxof cTeneHH NpoCTOe YHCJO 5 BXOAHUT B KaHOHH-
yeckoe pasJjoxeHue uucnaa 20!?

54. CkoJIbKUMH HYJISIMH OKaHuuBaeTcs yucsao 2017

55. CKOJMILKUMH HYJAMH OKaHuuBaeTcsl uucqao 1001?

§ 4. HAUBOJIbIUMA OBLUUNA JIEJIUTEJIb?

B stoM naparpage mnomelleH TeopeTHYeCKHH MaTepHaln
M COOTBETCTBYIOIIHe YIpaXKHEHHs, peKOMeHJyeMble HIJA TeX
yualluxcs, KOToprle B apuMeTHKe HE M3ydyajd HanOOJbIIMH
obmui JenuTeNb JBYX unces. Pemenue  ynpaXHeHu#
Ne 56 — 63 us panHOro naparpaga MOATOTOBUT UHTaTeJs
K BOCHDHATHIO JOBOJBHO CJIOKHOTO TEOPeTHYECKOoro Mare-
puana cJenyiomero naparpada.

56. 1) CxoJbKO pas/IMUHBIX JeJduTeseld HMeeT YHCJIO
1.2-3-5?

2) CKOJbKO  pas3JuuHbBIX  JeJuTeNiefl HMeeT UHCJIO
2-3-5-7?

1 [Tpu pemwennn 3afay Ne 51 — 55 caMu JHaHHBIe 9HCJA He BBITH-
CJIAIOTCA .
2 B osTom naparpade paccMaTpPHBAIOTCS JIHIIL HAaTypajbHBE 9HCHA,
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3) CKOJbKO  pa3NMuHBIX JAeJHTeJed HMEeT YHCJO
1.2.3.4.5?

57. 1) Uucno 90 pasnoxure Ha IIPOCTble MHOXKHTEJH
U HalijuTe Bce JEJNHTENH 3TOTO YHCJA.

2) Haiinute Bce nenmurenu uucaa 140.

W3 pellleHuss 5THX mpUMepoOB BHIUM, UTO MJs1 HaXOxKIe-
HUAl JlesiuTeslefl NaHHOro Yuc/aa BHayaje Halo pasfoXKHTh
€ro Ha NpOCTHe MHOXKHTENH. KaXIbli W3 3THX MHOMXKH-
TeJell OyIeT INpOCTHIM JeJuTes]eM JaHHOro uucia. Ilepe-
MHOXKasl IIPOCTble MHOXHTENH IO JiBa, IO TPH, IO YeThlpe
H Tak Jajee, IOJyyaeM COCTaBHblE JeJUTENH JaHHOI'O
uicna. KpoMe Toro, Kaxjoe 4uclo UMeeT IenauTess 1.

58. 1) Haiinure Bce o6miue pemutend uucen 90 u 140,
HCIONB3Ysl OTBET K 3ajiaue Ne 57.

2) B onno#t mkosme 90, a B apyro#i 140 (usKy/JIbTYpHH-
koB. Ha ¢uskynabTypHoM mapafe ofe IIKOJH JOJKHBI
NpOATH KOJIOHHAMH C PaBHBIM YHCJOM YYaUIUXCS B KaXIOM
pany. Kakue wuMel0TCS BO3MOMKHOCTH IIOCTPOEHHS] TaKHX
KOJIOHH?

Hauborewum obwum Oearumerem OaHHbIX HUcer HA3bL-
saemcs camoui Goiblull u3 ux obuux Oeaumeneti.

MoXHO CcKasaTh HHaue:

Hauborotuum obuum Oeaumenem OGHHBIX 4tces HA3bL-
saemcs camoe GOAbUIOe HUCAO, HA KOMOpPoe OeAsimcs 6ce
amu wucia.

Hanpumep, nas uucen 12 u 8 HauGospmiuM oOLINM JesH-
TesqeM OyzeT uucio 4 (mpoBepbTe!), YTO COKpalleHHO 060-
snHavator Tak: HOJI (12,8) = 4.

59. Haiigure HOI (90, 140), wucnosmb3ys pelieHHe
sagauu Ne 58.

60. 1) Yucna 18 u 30 pasjoxure Ha IPOCTHE MHOXKH-
TeJHu, HaliuTe WX OOiMe NeNUTENH U 3aNMHIIUTe HauGOJBIIUH
oOLHH JeuTeNb.

2) Haiipure HOI (120, 420).

OznHako Tako# cnoco® HaxoXKJAeHHs HauGoJblIEro oflero
ILenuTens TpoMosnkuit. CyliecTBYIOT Jpyrue CIOCOOHI,
6osiee TIPOCTHE, C OJHUM M3 KOTOPBIX MBI cefiyac M IO3Ha-
KOMUMCH.

Pasnoxum uyucaa 120 u 420 Ha MpOCThle MHOXKHTEJH:

120=2.2-2-3-5; 420 =2-2-3-5.7.

HpOCTbIMI/I OOIIUMH JIeJIMTENAMH  3THX 4YHCeJ SBJSIOTCA
IIpOCTblE MHOXKHUTEJNH, HMelHecd KaK B OJHOM, TakK
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U BO BTOPOM DPAa3JIOKEHHH. CocTaBHble OOHIME JEJUTENH
MOXHO IOJMYYHTb TOJIBKO JHIIb IPH INEPEMHOXKEHUH OJHUHA-
KOBBIX IPOCTHIX MHOXKUTeJEH.

CJIeILOBaTe.HbHO, obLIHe JEJUTENH MOMKHO HaXOJIHTb, He
BHIMHCHIBAs BCEX JeJHTeNed KaxJoro uucjaa. B jpaHHOM
KOHKPETHOM CJjyudae IIOJyuuM cCJjenyloiue obuiue JeJUTeNH:

1, 2; 3; 5 2.2=4; 2.3=6; 2:5=10; 3.5=15;
2.2.3=12; 2.2.5=20; 2-3-5=230; 2-2-3-5=060.

Orcrona HaxopauMm, yro HOJL (120, 420) = 60.

Ecnu ke HYXHO HalTH HauGOJbUIMH OOWIUE JeJHTeNb
JIAaHHBIX YHCEJ, TO MOXKHO He HaxXOAHTh HX OOIIUX JeJu-
Tesiel. HyXHO TOJIBKO MEepEeMHOXKHTL BCE IIPOCTBIE MHOMKH-
TeNH, MMEIOUIYecs B pas3JioXKeHHSIX KaXKJIOro U3 JaHHBIX
YHCEeI.

Haiinem, nanpumep, HOI (120, 540). 3anumeM ux pas-
JIOXXEHHUsT Ha MPOCThIE MHOXKHTEJH:

120=2-2-2-3-5; 540 =2-2-3-3-3-5.

CpaBHHBasi IIPOCTHlE MHOMHTENH B 3THX DPassOXKeHHSX,
BHAUM, 4TO OOLIMMH SIBJISIOTCSA CJEAYIOUlHe NPOCThle MHOXKH-
tenu: 2, 2, 3 u 5. Kaxuaeifi u3 Hux OyJeT ob6MUM Jesu-
tenem 120 u 540. IlepemMHoxas ux Mo JBa, IO TPH U Jaxe
Bce ueThlpe, OyAeM IogayyaTb OOLIMe JeJUTesH, a HauboJb-
i NOJYYHM, €cJIH IepeMHOXHM Bce ueThlpe oOlixe
JLeJIUTEH.

HOZI (120, 540)=2-2-3-5 = 60.

Ymobe. Haiimu Haubovwul obujul Oeaumenrs OQHHbIX
yucen, pasrqeaem Kascdoe U3 HUX HA NPOCHIbIE MHONCUMENU
U nepemHosicaem ece obujue OQHHbLM HUCAAM NPOCHIbIE MHONCU-
meau. IToayuerroe npousgederue u 6ydem HAUOOAGLUUM OOUUM
Oeaumenrem amux 4uceA.

61. Haiinure nHauGospluuii OOWIMH A€JHTEJNb CJEAYIOLIUX
YHCeI:

a) 18 m 12; 6) 27 u 18; B) 72 u 40; r) 240 u 112.

62. Hwmeercs 70 anenbcuHoB, 175 opexoB u 210 xoHbeT.
Kakoe HauGoJiblllee YHCJIO OAMHAKOBHIX IOJAPKOB AJA JeTel
MOXKHO CJesaTb M3 3TOro 3amnacar

W3 crocoba HaxoXJeHHA HauGOJbIIEro OOHIErO IEJHUTEJs
pasfioxKeHHEM Ha MHOXKHTENH BHAHO, YTO JIo6OH oO6muit
JenuTeNh JAHHBIX uMcen sapnserca  AequteseM HOZL,
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¥, HaoGopoT, Bcsikuil gequtenar HOJ spasiercs: o6miuM aesu-
TeJleM JaHHbIX unces. [losToMy MHOrAA AAIOT HECKOJBKO HHOE
onpepenenne HOJM, a umenno:
HOJT Oannbix uucea naseisaemcs maxoud ux obuuld Oeau-
meanb, Komopeoil Oeaumcs Ha 6ce obuyue Ceiument 3Mux uucen.
63. Haiinute Bce ofmue nenutenn unced 48 u 60, mpen-
BapuTeNbHO HalAs UX HauGOJIBIIMH OOLIMH IesUTelb.

§ 5. AJIFTOPUTM EBKJIMJIA

I. BosbMeM npou3BoJibHOE HATypajbHOe ukciao N U pas-
JOXHMM €ro Ha mpocThle MHOXHTedd. Ilycte N =
=pi-Pa* ... Pp. OUEBHAHO, UYTO KaXKJABIA M3 3THX MHONKH-
Tesed OyHeT NPOCTHIM JeJHTesNeM JAaHHOro umcjia N.

IlepemMHoxass ux mo 1Ba, MO TpH, II0 YeTHIpe H TakK
najee, 6yeM 1I0Ny4aTh COCTaBHBIE AEJUTENH JAaHHOIO YHCJIA.
Crnenyer yuuTHIBaTh, UTO KaXKJO€ UHCJIO HMEET JejuTeNb 1.

64. 1) Haiinure Bce nemuresnu uucaa 30, passoXuB €ro
NIpeJBapUTeNbHO Ha NPOCTBIE MHOXKHUTEJIH.

2) To xe nns uucaa 81.

Pemras nocnepnufi npumep, BHAuM, yTO ecau N = 3%,
TO €ro IeJHUTeNsIMU ABJSIOTCA CJeAyIollye CTeNeHH yucaa 3:

1=23°% 3% 3% 3% 34

AmnanoruyHo, ecqu yucjo N = p*, rlie p— mpocToe yucIo,
a k — HaTypasibHOe YMCJIO, TO KaXKAOe UHCJIO BHIA p*, Tle
0 < a <k, aeaserca penuteseM umhcaa N.

Iycts N = p*q%, re p U ¢ — npocThie yucaa, a k u s —
HaTypaJbHble yucja. HerpyaHo y6GemnTbcsi, 4TO BCe YHCJA
Buia d = p°q®, rne 0 <a< kb u 0P < s, ABASAIOTCS JeJH-
TeJsiMu uucaa N. [leficTBUTENLHO,

N = p'q° = (pp*=) (¢°¢*F) = (p*¢°) (P*—*¢°F);
Tak Kak k—a>0 u s—P>0, TO uucao progs—
SBJISIETCS I€JIbIM YHCJIOM.

[Togo6HbIM o6pasom mnoayuaeMm, uto ecau N = pi* X

X pst e, - p,:‘n—KaHox-mqecxoe pasJioxkeHue umcyaa N TO

KaxJoe Npou3BeJeHHe BHjaa d = pf‘~pgz- -pEﬂ, rae 0

<P <o 0P sty -5 0B, <, gBrdercs menH-
TeJeM uucaa N.
ITosxe (cMm. 3apmauy Ne 162) 6yaer jmokasaHo, uTO JIEOGOH

nemutenb uucaa N = pi*-ps*- ... -p.n MOMHO IIPE/CTAaBUTh
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8 .
B BHllE d = p1 Py ...opin, rae 0B <a; 0P <
&azy'--; \ﬁn\a’n‘
Bynem mnpumenaTs moka 3To yTBepkieHue 6Ge3 [okasa-
TeJIbCTBA.

ITyctb, Hanpumep, Tpe6GyeTcsi HaliTH BCe NEJUTENH UHCJIA
120 =28.3.5. Ouu wumeror Bup d = 20.3%:.50%, rme B, =
=0;1;,23 B.=0;1;, p;=0; 1. CJIelLOBaTeJIbHO, Jlesu-
TenaMH yueaa 120 GyRyT ciaeAyioulue 4YHCJa:

20.30.50=1; 21.30.50=92; 22.3°.5° = 4; 23.39.5% = §;
20.31.5%=3; 2!.31.5°=6; 22.3'.50 = 12; 23.31.5° = 24;
20.3%.5' =5; 2!.3°.5'= 10; 22.3°.5! = 20; 23.3°.5! = 40;
2°.3!.5! = 15; 2!-3.5' = 30; 22.3!-5' = 60; 23-3!-5! = 120.

65. Haiinure Bce nemuTenu CAeLyIOMIUX YHCEN:
a) 8 6) 36; B) 600.

66. He Haxons camux penuresed, onpejeliure, CKOJbKO
BCETO pasJUYHBIX IejuTeNiefl MMelT Cjejyioliue 4YHCaa:

a) N=2%.5% 6) N=pi-p; B) N=pi-ps, rie p, u py—
IpocThle YucIa.

II. BoseMeM [iBa npOM3BOJIBHBIX HATYpaJbHEIX 4YHCJHA
N, u N,. Ouu wumeror oOmui fgejuresab 1. Bo3MomxHBI
u Jpyrue ofliye JeJuTeNd 5THX YHCEJI.

Hauboavwum obwum Oeaumenem OQHHLLX 4UCeA HA3bL-
saemca Hauboavulee 4UCAO, HA KOmMopoe OeAAMCA MU 4YUCAA.

JlokaxeM ero cymecTBOBAaHHE M eIHHCTBEH-
HOCTb.

JlioGoe HaTypambHOe uucjao N He MOXKeET HMETh JejH-
Tesiel, OOJBIIMX 3TOro uymcaa N, 3HAYUMT, BCe IIOJIOKH-
TeJIbHBlE JeJUTeNH unciaa N 3aK/OYeHBH MeXJY YHCJIaMu
1 u N. CnenoBaTesbHO, YHCJIO pa3/IMUHBIX Jesurenell uncia N
KOHEYHO.

Ho ecnu umcyo penurtenefl y uuciaa N, KOHEUHO, W YHCJO
Inenutenell y uncjaa Ny KOHEUHO, TO M YHCJO OOGLIMX JeJH-
TeJel STHX UYHCeJ KOHEYHO. 3HAUHT, CPelH 3THX OOMHUX
JenuTeNedl, YHCJO KOTOPBIX KOHEYHO, eCTh HauOoJbUIMi
U IPUTOM OJHH.

Hau6onpmnii obuuit genurens yucen N, u N, o603Hayaor
tak: (N;, N,), a B IIKOJbHEIX YyueGHHKax yHOTpebJsieTcs
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n Takas samuch: HOJI (N, N,). Hanpumep, HOJI (6,8) = 2;
HOZM (24,12) = 12; HO (8,9) = 1.

Ecau 0Osa wuucaa He umerom Hukakux Opyeux obwux
Oeaumenell, kpome 1, mo maxue 4UCAQ HA36IBAIOMCA B3AUMHO
npocmeimu. Hampumep, umcia 15 u 22 B3auMHO NpOCTHE,
u6o HOJ (15,22) = 1.

Tak Kak Bce jJeautesan uuciaa N =pi*-ps’-....p.n
HUMEIOT BHJ d=p§‘-p§’- -p,fn, rie 0oy 0L
<Pa<ay ...; 0P, <, TO MOXKHO HaHTH BHJ OOIIHX
JenuTesiell IBYX JAHHBIX YHCEI.

Mycss Ny=pi*-ps'-...-pyr n Na=qi*-q3' ... -Gk,

Tlie p; ¥ ¢; €cTb yucja mpocTele. BesAkul oOUMHA Jenurelb
ypcen N; u N, MOXKeT cojepxKaTb TOJNBKO TaKHe HPOCTHIE
MHOXKHMTEJH, KOTOphle BXONAT M B pasJioxkeHue uuciaa N,
U B pasyioxeHue uucsaa N,, IpHueM IOBTOPSIOTCA He GoJbllle,
yeM COOTBETCTBYIOIIME IMPOCTHE YMCJA IMOBTOPSIOTCA B PasJfo-
KeHusx uucen N; u N,.

Hanpumep, Ny = 23.33.7 u N, = 2-3%.5% B pasioxeHue
Jqio6oro obmero peautens uumcea N; u N, MOTYT BXOJHTH
TOJILKO NPOCTHIE yucsda 2 U 3, mpUYeM 2 B CTeNeHH He BHIIe
nepBofl, a 3 —B cTeneHd He Bblle TpeTbeld. Hanbospiuui
OOIHf JleNuTes b MOy YHM, €CIH KaXKAblH K3 OOGLIMX IPOCTHIX
MHOXKHTeNeH B3ATh B HaWBBICIIEH BO3MOXKHOH JJI HEro
obmeit crenenn. HOI (NV;, N;) = 2-3% = 54.

67. Halinure nauGoJbiline oOlIHe JeJUTENH CJIeyIoIUX
nap uuces: (24,84); (120,420); (323,816).

68. 1) Tokaxure, uto Kaxawiit geaurens HOJl maHHBIX
ypces sBAfeTCA OOUMM JesauTeseM 3THX YHCeJ.

2) Jlokaxure, uyTO BCAKHH OOLIMH JeJuTesNh JaHHBIX
ypceN SsBJASETCS  JIeNUTeNeM HX  HauboJblilero  ofuiero
JenuTeds.

III. PaccMoTpeHHBIH HaMH cIIOCO6 HaxOXKIeHHs Han6GOJb-
mero oGLIero JeNuTess pa3NoXKeHHEM Ha MHOXKHTENIH He
BCerja sBJISEeTCSl palUOHAJbHEIM, HpocThiM. IlycTh, Hampu-
Mep, Tpebyercsa Haiith HOJL (464899, 232921). Bea tpya-
HOCTb COCTOHT B TOM, UYTOOBl pas3JIOXHTb 3TH 4YHCJA Ha
npocThle MHOXKUTeMH. He Tak Jserko u OBICTpPO HAHTH, YTO
464899 = 17-23-29-41 u 232921 = 13-19-23-41. Tloatomy
pacCMOTpUM ellle OXMH CIOCOO HAaxOXJeHHs HaubOJbLIEro
ofuiero JeauTesss JBYX UYHCeJ: MeTOJ IOCJ/ef0BaTeNbHOro
LeJIeHHs.
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DTOT MeTOL OCHOBaH Ha JABYX YTBEPKAEHHSX.

1) Ecau Gosstiee u3 0syx OaHHbix wuucer OeAumcs Ha
MeHoulee, mo HauGoabwum obuwum Oeaumesem amux 08Yx
uucen 6ydem Merolllee 4UCAO.

Hanpumep, HOII (48,12) = 12.

JleficTBUTeIbHO, OOJbIllee YHCJIO JAEJHTCS Ha MeHblllee
U MeHbIllee YHCJO JeJUTcs caMo Ha cebsi, 3HAUMT, MeHblllee
YHCJIO ecTh OOGIHUH HX JeJUTelb.

Menblllee unc/io He pas3fiendTCss HY Ha Kakoe Jpyroe
uncjo, OCoJblllee €ro, MO3TOMY 3TO MEHbIIee YHCJO ecTh
HauGoJMbIIHUH OOIMH feuTenb.

69, Halinute HauGoJbluiuifl oOLIMH IeJuTes]b YHCEJI:

75 u 25; 252 u 42; 216 u 27.

2) Ecau Goavuiee u3 0syx OaHHbIX 4uces He OeAumcs Ha
MeHollee, mo Hauboaswull obuuli Oeaumeno OQHHbLX 4ucen
pasen Hauboavuiemy obujemy Oesumento 0gyx Opyeux uucen:
MeHble20 U3 OGHHbLX 4duces U OCMAMKQA, NOAYYEHHOZ20 OMm
Oenerus 6OAbUIL20 HUCAQ HA MeHbliee.

Hanpumep, npu nenenun 72 Ha 16 noayuum B ocraTke 8,
snawutr, HOJT (72,16) = HOJI (16,8).

HokasateabcTBo. IlycTh a ¥ b—o6ble JBa Ha-
TypanbHble yucsa, npuueM 1 < b <a. Tak Kak a He:b, TO
HaWJyTcsd TakWe IeJble 4YWcJaa ¢ H r, 4TO @ = bg 4 r, rlie
0<r<b.

Besikuii o6wuit nenurtesnb d uncen b u r GyHeT ABJAATbCSH
U JesquTesleM uucaa @, ubo ecam b:d ur:d, 10 M a:d,
Tak Kak a = bg 4 r.

C zpyro# cTOpOHBI, BO3bMEM IIPOH3BOJIbHEIN OGIIMEH JeJIH-
Teqb dy uuced a u b. Torma r=a—bg Takxme O6yner
LeJUTbCS Ha 3TOT JeNnuTelb d,, 3HAYHT, AeJUTeNb dy
SIBJISTETCS OGLUM AJd r u b.

[Monyuunn, 4To Obmue [eNUTeNH UHCeJ a U b U uucen
b U r cOBNANalOT, HO TOrja COBMAJAlOT M HX HauGOJbIIHe
obLiye NeUTeNH .

Urak, HOJ (a, b) = HOI (b, r).

CrnegoBaTesibHO, 4TOOBI HAHTH HAHUOOJBLIIMH OOIIMH HeJH-
TeJb JBYX UHCEJ, MOXHO OOJbIlee YHCJIO pa3JeNUTb Ha
MeHblIlee; ecJH JieJeHHe BBHITIOJHHMO, TO MeHbIIee YHCJIO
U eCcTb HCKOMBIH HaubGOJbIIMH OOIIMH JeJHTeNb, €eCJH Ke
IpU JeJleHHH ITI0Jy4aeTcss OCTaTOK, TO HIIeM HauboJbLIHH
o6 JesqHuTe/]b MEHBLIErO YHC/A U NOJYYHUBIIErocs OcTaTKa.

Tak Kak oCcTaTOK MeHbIle JeNUTeNA, TO BCErja MojydaeM



HOBYIO Mapy uuces (MEHblUEe UHCJIO M OCTATOK), MEHbIIHUX,
ueM HUCXOAHBle umcna. Haiinem, nanpumep, HOJL (96,36).

96 = 2-36 4 24;

sgaunur, HOJI (96,36) = HOJ] (36,24).

Paccyxpas rtakum e obpasoMm, pjas uucea 36 u 24
IOJIY YHM:

36 = 1-24 4 12, snaunt, HOJI (36,24) = HOI (24,12).
Uncno 24 pemures ua 12, mosromy HO[J (24,12) =
Hrax, HOJ(96,36) = HO (36,24) = HO/ (24,12) =
Paccmorpum  o6muit cayuad. Ilycts a = bgy 4 ry, rhe

0Ly <b.

Ecmm ry =0, suauur, a:b u HOI(a, b) =b. Ecmu xe
r; >0, Tto mno Bropomy yrBepxueHuo HOJI(a,b)=
= HOL (b, ry).

Hemum b Ha ry, ycTb b=ry-Gs+ry, THe 0Ly < 1y.
Ecau ry =0, To HOL (b, r;) = r1, a snauur ¥ HO/ (a, b) =
= ry. Ecoin e r, >0, TO BHOBB JIeJIUM 7y HA ry, H TaK Jajiee.

AToT mponecc, KakoBHl Obl HU ObIIH YHCJA @ W b, mocje
OIpeJleIEHHOTO YHCJIA MOBTOPEHHH TAKOTrO IOCJIE0BATENBHOIO
JleJleHnsi, 06s13aTeJIbHO 3aKOHUHUTCS, HOO by >rq >ry > rg >
> ...>0, a HarypaJbHBIX uYHCeJ, MeHbIIHX b, KOHEUHOe
yucyo. CiiefioBaTe/IbHO, MOJIKHbI HAATHCh TaKHe OCTATKHU
fn—i U Iy, UTO Fp_i* 1,

Tor,ua HOJ (a, b) HOLO (b, r))=HOHO(ry, ry)=...=
- HOH (rn—l, n)

70. 1) Haiipure HOD,(464899 232921).

Pemenue. [TokaxeM, Kak yIOOHO pacnoJiaraTh 3alHCH
[OpH TIOCJIEfOBATEJHbHOM JeJIeHUH.

464899 | 232921

232021 !
232921 | 231978
231978 I
231978 I 943
1886 246
4337
_ 3172 HOJI (464899, 232921) = 943.
5658
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2) Haiipure HOJII (270, 114).

Pemenue. 270 |__114_
T 298 2
114 | 42
T84 2
42 |30
T30
_0 12
24 2
12 6
12 2

UTo6b! JUIIHUE pa3 NMPOCAEAUTh 33 PACCYXKAEHHSMU IIPH
JI0OKa3aTeJbCTBE BTOPOTO INpeAJIOXKeHHsd, 3aluileM Bce IOCJe-
JloBaTeJbHble JeJieHHs B BHJe IENOYKH DaBeHCTB:

270 = 2-114 4 42;
114 =2. 42 + 30;

42=1- 30+ 12;
30=2- 124 6;
12=2. 6.

Teneps OueHb XOpOIIO BHUAHO, YTO OCTaTKH BCSKHIl pas
yMeHbIIalOTCA. D10 Xe OyJeT HMeTb MeCTO ¥ JJs JoGoH
Lpyroii mapel uHuceJ, a HO3TOMY Takoe IIOCJIELOBAaTEbHOE
JeJileHne Bcerja IHoOCJe HEeCKOJBbKHX INaroB 3aKOHYUTCH
(xots 6Bl JeneHueM Ha 1).

HOJI (270, 114) = HOJI (114, 42) = HOJI (42, 30) =
— HOJL,(30, 12) = HOJI, (12, 6) = 6.

Ymobosr Halmu Hauboasuwuli obujuli deaumenv 0syx uucen,
Oeasm Goavliee 4UCAO HQ MeHbliee, MeHbulee HA nepebiti ocma-
moK, nepevii OoCMAmMOK Ha 6mopol ocmamox, 6mopoil Ha
mpemuli u max Oasee, 00 mex nop, NOKA HE MNOAYUUMCS 8
octnamke Hyav. To20a nocaeOruii Oeaumens u 6yoem Hau-
Goabtuum 06uwum Oesumenem OQHHOLX HUCEA.

Hnorpa nocnefinee npeasoxenne GopMyJIHPYIOT HECKOJIbKO
HHaue: Haubosbtuum obuum Oeaumenem ABAAEMC NOCAeOHULL,
OMAUYHOIL Om HYAsR, OCMAMOK.
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PaccMoTpeHHBIfl HaMM Tpolecc MOCJe0BateIbLHOrO Aelie-
HHSL OOBIYHO HAa3hIBAlOT «aJTrOpUTMOM EBKJaumpgay mo
HMEHH JIpeBHErpevyeckoro yueHoro EBK/nja, mpeiJjioXKUBLIETO
TaKOH crocol [Jis1 OThICKaHHs OO6lledl Mephl JBYX OTPE3KOB.

AnroputMoM (uaM anropudMoM) B CpelHHe BeKa HasblBa-
JIW NPaBUJIO, TIO KOTOPOMY BBHINMOJIHSIETCS TO HJM HHOe apud-
MeTHYecKoe JeficTBHe. DTO CJIOBO MNPOHCXOAUT OT HMEHH
BEJIHKOr0 y36eKCKOoro Matematuka A 1-Xopes3MH, KOTOpHIH
B IX Beke cdopmy/npoBas nomoGHbIE NpaBHJA.

B coBpeMeHHOl MaTeMaTHKe ajJrOPHTM — 3TO TaKOe Ipej-
[HCaHHe O BHIIOJIHEHHM B ONPelle/IeHHOM IOpsiIKE HEKOTOPOH
CHCTeMbl ONlepanmuii, IO3BOJAIONIEE pellaTh 3ajayd oIpeje-
JIEHHOr'0 KJlacca.

71. 1) Cnoco6oM mnoc/IefoBaTeJbHOTO JeNeHHsT HaHguTe
HauGOJbIINE O6LIUi JenuTelb CIeAYOmMuX nap yncen: 60 u 45;
56 u 42; 221 u 130; 273 u 170; 391 u 299; 15456 u 14041.

2) Crioco6oM nocJjie[0BaTeLHOr0 JeJIeHUus HalifuTe HauGo b=
mui obmui nemuress uuces: a) 12, 18 u 30; 6) 6, 10 u 15;
B) 350, 231 u 105; r) 1260, 2310 u 1995.

¥Yrazanue. Tax Kak oOIHUH JeJHTENb JIOOBIX JBYX YHCEJ
ABJIIeTCA JleIUTeNIeM HX HauOoJbllero o6LIero AesuTess, TO
HaubosblUMA o6uuit jAenuTens Tpex uncen Ny, N, u Ny
mi6o copmagaer ¢ d = HOJI(N,, N,) (xorza N; peautcs
Ha d), qu6o Gyner meauteneM d. CliefoBaTesbHO, 4TOOH Haki-
TH CIOCOGOM IOCJIEZIOBATENbHOTO JejleHHsT HauGoJbliuil 06-
WHH JejuTeNnb TpeX W Gojiee yMCes, HAXOLAT HauGOJbMIHH
OOIIMH NenuTesb KaKHX-HUGYAb JBYX M3 HHUX, NOTOM — HaH-
60/bIINE OGUIMH JesuTeNb HaHJEHHOrO NENHTeNs M KaKoro-
HHOYJb TPEThEr0 NAHHOIO YHCJA, 3aTeM — HauOOoJbIIUE 06-
LKA JAeJUTeNb MOCJAEIHEro JeJHTeNs H YeTBEPTOro JTaHHOro
yHucJa M TaK Jalee.

YnpaxHeHust

72. Hafigure aByMs crnocoGaMu (passioxeHMeM Ha MHO-
JKUTENH U TOCJeJoBaTeNbHBIM JleJieHHeM) HaHOObIIHE OOIUH
JeJuTeNb YHCEJ:

28 u 21; 80 u 64; 2688 u 512.

CpaBHuTe 06a cmoco6a.

73. 1) Typuctsl mpoexaju Ha BeJIOCHNENaX B TNEPBHIA
JeHb 56 km, a BO BTOpOH — 72 KM, IpHYEM KaxIblll JeHb
Obuld B IIYTH LeJee uHcJo uacoB. Hafinute cKopocTe HBHXKe-
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HHs{, €CJIM M3BECTHO, YTO OHA BbIPAXKanach UEJILIM YHCJOM
KHJIOMETPOB B yac, 6bl1a BCce BpeMs OAMHAKOBA H HaMGOJb-
uias U3 BO3MOMKHBIX.

2) TypucTsl npouIK B NePBHIH JeHb 36 KM, BO BTOPOH —
32 km B B TpeTud — 24 km, npuYeM KaXIuH JeHb ObIM B
OYTH 1eJoe yucgao yacoB. CKOJBKO YacoB OHHM GblIM B MYTH,
€CJIM MX CKOPOCTb Bblpaxasach LEeJBIM YHCJIOM KHJIOMETPOB
B yac, Obljla MOCTOSIHHOM M HAauGOJbIIEH H3 BO3MOXKHBLIX?

74. B onHOM cKopoM Toesfie 432 MaccaxupCKUX MeCTa,
BO BTOPOM — 576 1 B TpeTbeM — 480. CKOJIbKO BarOHOB HMEET
KaXJplfl Moesf, ecJiM H3BECTHO, YTO B KaKJOM BaroHe Ofu-
HAKOBOE YMCJIO [4CCaXMPCKHX MeCT, HauboJibllee H3 BO3-
MOJKHBIX?

§ 6. HAMMEHBIUIEE OBUIEE KPATHOE

I. BosbMeM [Ba HaTypadbHBIX uucia a U b. Bcakoe
uucao, Oesawjeecs Ha o u Oenaujeecs wa b, Hasesaemcs 06-
wum kpamrown yuces a u b. OueBujiHo, uto yucjao 0 Aenutcs
ma Jobble uucaa a u b. Ho Ml GyzeM paccMaTpHBATH JIHIIb
TOJIOXKUTENbHEIE OOLIHE KDaTHEIE.

Haumenotum obLyum Kpamroim OOHHbIX 4YUCEA HO3bIBOEMCs
HauMeHbllee HAMYpasbHoe 4ucao, Oessujeecs HA Kavcdoe U3
amux ucen.

YcTaHOBEM €ro Cym eCcTBOBAaHHE M €JLHHCTBEH-
HOCTB.

OueBnHO, YTO IpOH3BeJeHMe a-b siBIseTcsa OOlIMM KpaTt-
HbIM uncesl a ¥ b. Bo3MOXHBI M MeHbIIMe, YyeM a-b HaTy-
pajbHble uHcsa, Jessllvecs KaK Ha q, Tak M Ha b.

HarypanpHbX 4uces, He OOJbIIMX, 4eM a-b, KOHeuHOe
YMCJIO, 3HAUUT, MOMKHO IIDOBEPHUTb, KOTOPble W3 HUX KPATHEI
U a u b, u BEIOpaTb Cpeir 3THX HECKOJbKHX OOIMX Kpart-
HBIX HamMeHbllee. Cief0BaTe/IbHO, HaUMeHbIlee ofLiee KpaT-
HOe JIOGHIX IBYX HaTypasibHLIX YHUCEN CYLIeCTBYET U IIPHTOM
OJTHO.

3ameTuM, UTO OOHIMX KPaTHHIX @ U b GeCKOHeyHOe MHO-
JKECTBO, K60 BCSKOE YHCJO BHAA q- (ab) sBaseTcs: o6IUMM KpaT-
HBIM @ ¥ b, KakKuM Obl HH OBIJIO HaTypaJbHOE HYUCJIO ¢.

Haumenbiee ofiiee KpaTHoe umcesa a U b o6o3Hayaercs
[a, b]; B IIKOJbHOH MaTeMaTHKe OOBIUHO YmoTpebJsercs
o6osnauenue HOK (e, b). Hampumep, HOK (15, 20) = 60;
HOK (8, 9) = 72.
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II. Tionsitne o6lero KpaTHOro ABYX 4YHCEJ CBS3aHO C
NOHATHEM HX ofllero neaurens. [oxaxkeMm ciefymolliue JBe
TEOpeMBI.

1) Ecau d — obujuii deaumenv uucer a u b, mo npousge-

Oenue a-b Oeaumcs Ha d. Yacmuoe

aub.
HoxasarteanbcTtBo. Takkak a:dub:d, Toa=d-q
nb=d-q. Tostomy a-b=(dq:)-(dgs) = d(dg:qs). Msl Bu-

I¥M, 4to ab:d, mpuueM dYacTHOe Tb = dq,q,. OHo jenuTCs
ab ab

Ha a W Ha b, w60 ——=(dq1)qs=0agy u ——=(dgs)g: =
= 0gy.

CnenoBaTesIbHO, KaXXaoOMy OOIIEeMY JeJNUTENI0  UHCeJ
a u b coorBeTcTBYeT oflLlee KpaTHOE 3THX uuces, He 6OJb-
1ree, ueM a-b.

2) Ecau m =HOK (a, b), mo ab:m, npuuem uacmroe

ab
—— fAsAemca obuwum Oesumerem a u b.

HokasateanbctBo. Ilyctbab=mq+r,rae 0 <r <
< m. Ilockonbky ab mesuTcss W Ha @ W Ha b, U m JenuTcs
KaK Ha @, Tak U Ha b, T0 r = ab— mq JONKHO JEJUThCH
¥ Ha a u Ha b, TO ecTb r ecTb oblllee KpaTHOe uucea a H b.
Ho m — HauMeHblllee u3 NOJNOXKHTENLHBIX OGIIHX KPATHBIX
a u b, cnenoearesvHo, r = 0.

ab ab
O6o3HayUM YacTHOE —,~ uepes d, Torga = d, um
ab = md. [lokaxem, uto a:d u b:d.

ab
—g~ A6AAEMCA KpamHolm

m b
PaBencTBo ab = md MOXKHO 3amucaTh TaK: —— = —— WK

m a m mn
5 T4 Ho ' u 5 €CTb YHCJa Oedble, TaK KakK m =

= HOK (a, b), 10 1 —Z— " —Z——— caa mesee. 3Haunt, b - d

1 a:d, To ectb d — ecTb OOLMEl JeNUTeNs YHCeN a U b.
75. Hokaxwute, uro ecnu D = HOI(a, b), T0 Db
rge m = HOK (a, 0).
Pemne 3Ty 3ajauy, MBI MOXKEM 3aMHCaTh PaBEHCTBO:
a-b =HOM (a, b)-HOK (a, b).

III. Ha ypokax apudMeTvk# Bbl H3yUYajJH OTHICKAHHE
HauMeHBIIETO OOIIETO KPATHOrO Pas3joXKeHHeM JaHHBIX YHCel
Ha npocTele MHOXHTeaHd. [lostomy Mel He OyleM eme pas

=m,

31



paccMaTpuBaTL 5TH BONpPOCH, a O3HAKOMHMCS C e€lle OJHHM
C1Ioco60M OTHICKAHUSI HauMeHbLIEro OGIIEro KpaTHOro.

WHorza oueHb TPYZHO HAHTH pasJOXKeHHE NAHHLIX UYHCE
Ha TPOCTHIE MHOXKHTENH, TaK Kak Tpebyercsd MNpPOU3BOIUTD
MHOTO NPOOGHBIX JesleHu#, yacTh M3 KOTOPHIX MHOTAA BHINOJ-
Hserca nucbMeHHO. IlonyuenHas Bolie dopMmysa

a-b=HOJI (a, b)-HOK (a, b)

nossosster Haxoiutb HOK nByx umcen Ge3 06s3aTesIbHOIO
pasJIoXKeHHUs] JAaHHBIX YHCEJ Ha IPOCTHIE MHOXKHTEJH:

a-b
HOK (a, b) = m‘.

HOJl moxHo HaiiT, HampuMmep, ajroputMoM EBskiuza,
a Torja JIerko HafiTH M UX HauMeHbllee o0llee KpaTHOE.

Haumenvuiee obujee Kpamuoe 08Yyx 4uces pasHo npousge-
OeHuto amux uucer, OefeHHOMY HA UX Haubosvtuuil o6yl
Oeaumens.

76. Haittu HOK (2261, 1729).

Pemenue. MerogoM mOCJIELOBATENLHOTO  JeJEHHS
Ha#izeMm, yro HOJIL (2261, 1729) = 133.

2261 | 1729
T 1729 1
1729 | 532
BRI
_ 5% | 133
532 4
Haxonum, 4TO 2261-1729 = 3909269, 3HAYMT,

HOK (2261, 1729) = 3909269: 133 = 29393.

IIpumeyarue. BuluucjieHuss MOXKHO NMPOU3BOAUTL M B HHOH
HOCJIeJOBATENLHOCTH: OXHO W3 HAAaHHBIX uydced JeauM Ha
HauOoJbIINN OOLIUE AenuTes]b U MOJYydeHHOe YacTHOe YMHO-
JKaeM Ha Jpyroe naHHoe umucjao. IIpy TakoM BBIYUHC/IEHHH
olepalnyy NMPOU3BOAATCA HAJ MEHBIIUMHU YHUCJAMH.

HOK (2261, 1729) = (2261-1729): 133 = 2261-(1729:133) =
= 2261-13 = 29393.

YnpaxneHus

77. Hoxaxure, uto HOK 1ByX B3aMMHO MPOCTHIX YHCel
pPaBHO HX MPOH3BEIEHHIO.
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78. Haiigure nBymss crnoco6amMu HauMeHbllee ofluee
KpatHoe unces: 35 u 10; 36 u 32; 135 u 108; 1260 u 336.

79. Jlio6eM cniocoGoM Haiipure HOK caepyromux uuces:
21 u 28; 60 u 105; 4181 u 4847.

80. Hafigure HamMeHbllee ofllee KpaTHOe W HauGOJbUIMH
obmuit penurenp yuces: 6, 10 u 14. CpaBHuTe mpousBeleHHe
TpeX NaHHBIX YHCes] C NpPOU3BeJeHHEM HX HauGoJsbllero o06-
IEro JeJuTeNi H HauMeHblIero OOILero KpaTHOro.

81. Hatizure mo6emM cnoco6om HOK uncen:

a) 120, 60 u 40; 6) 54, 30 u 15;
B) 32, 36, 72 u 48; 1) 70, 110, 231 u 770.

82. 1) Kako#i HauMeHblIeH IJHHBI JOJXKHB OHITh JOCKH,
4yTOOBl HX MOXKHO GBIJIO paspesaTh MONEPeK KaK Ha KYCKH
JivHoM mo 40 cm, Tak W Ha KyCKH JAJHHOH mo 60 cx,
U 4TOOBl IIPH 3TOM HE MOJY4ajoch OGPE3KOB?

2) Kakyio HanMeHbIUYI0 KBajpaTHYIO MJIOWAAb MOXKHO
BIJIOTHYIO 3aMOCTHTh IIJIUTAMH, pa3Meprl KOTOPBIX 6 0x X8 om?

83. 1) Ha crose nmexar xuuru, He Gosee 100. Ompene-
JIMTE, CKOJIbKO HX, €CJH H3BECTHO, YTO HX MOXKHO CBS3BI-
BaTb B NAYKH IO 3 KHHUTH, IO 4 KHUTH H JlaXe IO 5 KHHT.

2) B Tpu MIKOMBbHBIX KHOCKA OTIPaBHJH NO OJMHAKOBOMY
yucay Tterpafied. [ ORHOH IIKOJBI OTIPABHJIH TeTpanu
no 150 mwWTYK B KaxJo#l nauke, AJs Bropo# — mo 100 mryk,
a JJs TpeTbed WKoJbl — o 200 IUTYK B Kaxjaof mauke.

CKoJIbKO TeTpajell OTIIpaBUJIH KaXJAOH LIKOJIE, €CIH YHC/IO
TeTpafiel HaHuMeHblllee, KaKkoe MOXeT OBITb YIAKOBAaHO B Ie-
Joe 4YHCJIO Nayek?

84. Tpu Ttemnoxofa 3axoZAT B IOPT IOCJE KaxKAOTO
pefica. IlepBmifl TemjoxoZ coBepliaer pelic B 3 JHs, BTO-
poii —B 4 1HdA, a TpeTuil — B 5 AHell. B noHenesbHHK OHH
BCTPETHWJINCh B NOPTY Bce BMecTe. Uepes Kakoe HauMeHbllee
YUCJIO JHeH BCTPETHTCS BTOPOH TENJIOXOA C MEPBBEIM; MEPBHIH
TENJOXOA C TPeTbUM; BTOPOH TENJIOXOX c TperbuM? Uepes
CKOJIbKO JHEeH BCTpeTATCs BCce TPH TeNJOXOZa H B Kakoi
o310 GyIeT IeHb HeIe/H?

85. B nepBoM Type IIKOJbHOH OJMMIHAAbl MNATHKJAC-
CHHMKaM OblIO NpeJJIoKeHO pemHTh AoMa 16 3amau. 3a Kax-
IYyI0 BEpHO pelIeHHYI0 3ajauyy YYeHUKY 3acUHTHIBadd 3 6aji-
Jla, a 3a HeBepHoe pellleHWe cHuUMaau 5 OGamios. [Ipu mox-
cueTe OKasajoch, 4Yro y Mumu HeT HH ojHoro OGaJja.
CKo/IbKO 3a7ay OH pelINJ BEpPHO?

86. 1) Haiinute HauMmeHblIee 4HCJIO, KOTOpOE MpH AeJe-
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HUM Ha 8 Jaer B ocraTKe 7, a HpH JejeHuH Ha 9 gnaeT B
ocratke 8.
2) Haliqure HauMeHblllee YHCJIO, KOTOPOe MpH [eJEHUH:

Ha 8 gaer B ocratke 7,
» 6,
»
»
»
»
»

»
»
»
»
»

’

-

RO W B U1~
— N W

»

§ 7. CPABHEHUSI U UX CBOWMCTBA

I. Pemenue u 060CHOBaHHEe MHOIHX 3alad Ha JeJUMOCTD
yuces, B TOM YHCJIE H BBHIBOAbI IIPU3HAKOB JIEJMMOCTH, CTa-
HOBATCSl SICHEE M TIIPOIle, €CJIH II0JIb30BATHCA TOHSTHEM
CpPaBHEHHUS H COOTBETCTBYIOIMMH 0603HaueHUsMH. OTHO-
LleHWe CPaBHEeHHs OBUIO BBEJEHO HEMEIKHM MaTeMaTHKOM
K. T'ayccowm, HO HauGoJsee MmoJiHOE U TJIyGOKOe H3JOKe-
HHe Teopuu cpaBHeHu#l Obwto gaHo I1. JI. UeGHmeBH M
B ero pabore «Teopus cpaBHeHwHil».

Iea uucia a u b HA3LIBAIONCA CPABHUMOIMU NO MOOYAO M,
ecau npu OeneHuu Ha m OHU Oaiom OOUH U mMOMm dce ocma-
mok.

O603HaualT 370 Tak:

a=b(mod m)

(uuTaeTcs: @ cpaBHHMO ¢ b 1O MomyJo ).

Ecnu ke a u b He CPaBHHMMBI 10 MOAYJIO 1, TO IMHIIYT:
a 5= b (mod my).

Hanpumep: 22=7(mod 5); 17=—4 (mod 7); 102=1 (mod 11);
27 £ 5(mod 4).

87. HanuimuTe HeCKOJIbKO CpaBHEHHI Mo MoxyJo 6, 7, 10.

CpaBHeHHSI BCTpedalOTcsi U B IIOBCELHEBHOH JKH3HH, Ha-
IpUMep, uacopas CTpeJKa YKashlBaeT BpeMsi IO MOmy.Jwo 12;
MHUHYTHas CTpeJKa YKaswiBaeT BpeMsi 10 MozpyJo 60; momari-
HUH 3JIEKTPOCUETUYHK YKAasEIBAE€T PACXOZ 3JIEKTPOHEPrud IO
moznymo 1000 (rcem-4).

II. Mbr 3HaeM, uTO IBa 4Hcjia @ W b TIpH JeJleHHH Ha m
HMEIOT DaBHBIE OCTaTKH TOrAA M TOJBKO TOTJAA, €CJIM pas-
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HocTh @ — b fesmtest Ges ocrarka Ha m (em. Ne 11 o 12),
CJIE[0BATEJILHO:

dea uucra a u b cpasumer no modyato m mozda U Mmoab-
Ko moeda, koeda ux pasHoctns a —b deaumcs Ha m.

OTOT INpU3HaK MO3BOJISET JOKashiBaTh MHOIME CBOHCTBA
CpaBHeHHUH.

88. Ilokaxure, 4T0 @ ¥ b CPaBHUMBEI IO MOAYJIO M TO-
rfla ¥ TONBKO TOrAa, Korja a=0b-+4m-k, rie k— mesoe
YHCJIO.

Pemenue. Ecima=b(modm), 10 (@ —b): m, 3nauur,
CyllecTBYeT Takoe Lejioe YHCJO B, uTO @ — b = k-m, OTKY-
na a=>b-+ km.

CrpaBepiuBo u obparnoe. Ecau a=b-+km, To a—b=Fkm,
rie k—menoe uucio; 3Hauut, (@ — b):m, cjenoBaTesbHO,

= b (mod m).

89. IlposepeTe, uto: 1) Beerna a=a(mod m).

2) Ecnu a=b(mod m), to b = a(mod m).

3) Ecmn a=b(mod m) u b= c(mod m), 10 a=c(mod m).

Urak, cpaBHeHHs 06/afalOT MHOTMMH CBOHCTBaMH OGbIU-
HBIX DaBEHCTB, 4YTO IIOLUYEPKHBAETCA M OGO3HAUEHUSMH JJIS
cpaBHeHHH. JlokaxeM elle ONHO BaxKHOe CBOHCTBO CpaBHe-
HUH.

Teopema. Cpasuenus no o0Homy u momy e moO0Yio
MOJCHO NOYAEHHO CKAAOLIBAMDb, GOLIMUMAME U YMHONCAMD.

HoxasareabctBo. [lycTs u3BecTHO, uTo a=b (mod m)
u c=d(modm), torja a=b+k-m u c=d-}s-m, rie
k u s— neavle uhcaa. OTcioga MOJNYYAEM:

Da+c=@0+d)+ (k+s)-m, s3nauur, a+c=0b+

+ d (mod m);

2)a—c= (b—d)+ (k—s)-m, 3sHauuT, a—Cc=b—
— d (mod m);

3) a-c=0b-d+ (bs+ kd + ksm)-m, 3HaumT, ac=
= bd (mod m).

Jlerko BuleTb, uTO fOKasaHHad TeOpEMa CIpaBelJIMBa
JJIs1 TpexX, 4eThlpex U Gosiee CpaBHEHHH.

CnencrBusa. 1. K ofeuM uacTsaM CpaBHeHHS MOXKHO
npubaBUTh WJIE BHIUECTh OJHO M TO e YHCJO0, H 00e 4YacTH
CpPaBHEHHS MOXHO YMHOXHTb Ha OLHO M TO JKe YHCJIO.

2. UjeHBl cpaBHEHHs] MOXKHO II€DEeHOCHTb U3 OJHOM YacTH
CpaBHeHHsI B APYIYIO C NPOTHBONOJIOXKHBIMH 3HAKAMH.

3. Ecau a =5 (mod m), 10 a* = b* (mod m), rae k — moGoe
HaTypaJbHOE YHUCJIO.

4. Iycts P (x) = a,x" + ap1x" ' 4 ... + ayx + ay — qo-
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Goit  MHOrouneH C uedbIMH  Koaddunuentamu.  Ecuan
b=c(mod m), To P (b)= P (c)(mod m), T. e a,b* + an_1b"! +
+ ...+ ab+ay=a,c"+ an_ic" + ... + ;¢ + a,(modm).

III. Tlocnennee ciefcTsue CHYIKHUT TEOPETHUYECKHM OCHO-
BaHHEeM MJIsl BbIBOJa HauGoJiee BaXKHBIX NPU3HAKOB JEJIHMOCTH.,
ITycte HexkoTopoe uucio N B JeCATHUHOH CHCTEMe CYHCJe-
HUA u30o0paxaeTcs, CcuyuTas cJeBa Hanpaso, LHdpaMu
@, Qn_1, ..., i, O, TOTJ@ MOXKHO 3alHCAaTh:

N=a,10"4+a,_;-101 4 ... 4+ a,-10 + a,.

a) Tak xak 10=9+1, 10 10=1(mod9), oTKyza
10F=1(mod 9). TIlostomy N=a,-+adn1+... +a+
~+ a,(mod 9).

CaepnoeatenbHo, yuesao N genutcs Ha 9 Torfa M TOJBKO
Torja, korjia Ha 9 pesutcs cymma ero OUQD.

AnajiornyHO NoJiyyaeTcs IpPH3HAK AEJHMMOCTH Ha 3.

6) Jl1a mo6oro HaTypaJbHOTO YHCJIa R OYeBHAHO, UTO
10f=0 mo Moay.o 2, 1o moay/o 5 u mo mMopymwo 10, 3Ha-
UUT, N0 KaxAOMY H3 HHX N =4, NoJyuaeM H3BECTHHIE
NpU3HAKH JeJUMOCcTH yucesa Ha 2; 5 u 10.

B) Tak xak 10 = — 1+ 11, To 10=— 1(mod 11).

Ilo caencrteuio 4 umeem:

N=(—1ya, 4+ (— 1y~ap; + ... +(— 1)-a, + &, (mod 11).
CrnepoBatenbHo, uucao N mnpu HeneHun Ha 11 gaer

TOT Xe OCTaTOK, YTO H CyMMa e€ero I.IPI(bp, B3siTass C 4Yepe-
JAYIOIIHUMHCSA 3HAaKaMH

Mzao—a1+a2—a3+a4_--.

B uwactHocTH, uncio N pmenurcs Ha 11 B TOM H TOJBKO B
TOM cJyuyae, ecJH 3HaKoyepeAymOIasfcs CcyMMa ero KLudp
neautcst Ha 11,

r) PaccMOTpUM oCTaTKH, TNOJYyYarolluecss IIPH JeJeHHH
Ha 7 mocJjefoBaTeNbHHIX cTeneHdeit uucaa 10. JIerko Haxonum,
uTo 1o MopyJmo 7 6yjaer 10=3; 10°=2; 103 = — 1; 10*=—3;
10°=—2; 10°=1. [Hanmee octatku mnoBTopstoTcs. Cie-
JoBaTeJbHO, yucao N Jdeaurcs Ha 7 TOrAa W TOJBKO TOTA4,
ecmu yucato M = ay-+3a; + 2a,—a3; — 3a4 — 2a;5 + ag +3a,+
+ ... Ieautca Ha 7.

90. Onpenenure ocTaTKH OT JejeHus Ha 11 crenyromux
yyceJI:

234124; 1567394; 2-3.5.7.11-13-17-19; 101 =1-2-3- ...
-9-10.
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91. Kakue u3 cjefyoolux yhcena JensaTcs Ha 7:
234122; 1567394; 235437237

1V. CpaBHeHHUs MO3BOJISIIOT KPACHBO PEIIATb MHOTHE HHTE-
pecHble 3ajaud Ha JeJHUMOCTh YHCEJ, IpejJjiaraeMble 4acTo
Ha osuMnuajax. PaccMOTpUM HECKOJBKO TaKHX YIpaxHeHHH.

7
7°
. 7
1. HafiTu octaTox oT JesJeHHs 4ucJaa 5 Ha 6.
Pemenne. 5= — 1(mod6), Toraa 5% =(— 1)*(mod 6).
7

7
Ho uucio k=7 — HeYeTHoe, No3ToMy 5% =—1 (mod 6).
3HauuT, MCKOMEIH OCTAaTOK paBeH 5.

2. JlokasaTb, 4TO 4HCJIO 2255 — 5522 Jesurcs Ha 7.

Pemenune. 22=1(mod7), 3Hauur, 9995 — 155 —
= 1 (mod 7). 55=— 1(mod 7), s3Hauwr, 55225(— 1)22 =
= 1(mod 7). CneposareasHo, 2255 —5522=1_-1=0 (mod 7).

3. IlokasaTb, uTo yucao A = 776776 -+ 777717 -i—778778
He JeJuTcs Ha 3.

Pemenne. 776 = — 1 (mod 3), 3Hauur, 776776 =
= (— 1)"76 — 1(mod 3). 777 =0 (mod 3), smauur, 777777 =

= 0(mod 3). 778 =1 (mod 3), snaunt, 77877 S:I(mod 3).

CnepoBarensHo, A=1 40+ 1(mod 3), oTkyza crenyer,
4yTO NPH AeJleHHH uucaa A Ha 3 mOAYYUM OCTaToK 2.

V. B sak/oyeHue pacCMOTPHUM OAMH H3 CJyuyaeB, KOrAa
CpaBHeHHs BeAyT ceOs WHAue, ueM paBeHCTBa. Msbl 3HaeM,
uTo ecau ab=ac u a++ 0, TOo b = c. BeIicHUM, Bcerga Ju
BO3MOXKHO JelleHHe o0eHx uacTefi CpaBHEHHSI Ha OJHO H
TO Xe YHcJo, T. €. Bcerja Ju MOXKHO CpaBHeHHe ab=ac
COKpallaTh Ha MHOXHTENb Q.

B cpaBnennu 35=77(mod6) o6e uactu pensrcs Ha 7.
BbmonnuB  3TO JeseHHe, Mbl NOJYYHM BEPHOE CpaBHEHHE:
5= 11 (mod 6).

B cpaBuenun 45=75 (mod 6) o6e "acTH AexasiTca Ha 15;
HO, BLIIOJIHHMB 3TO JeJIeHHe, MBI MOJyYyaeM YIKe HeBepHoe
cpaBHeHHe, H60 3 == 5(mod 6).

PaccmotpuM Tenepn B o6leM Buie, Korja AJsi CpaBHEHHH
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UMeeT MeCTO MPaBMII0 COKpawleHusa Ha OOIIMH MHOXHTeIb,
HHBIMH CJIOBaMH, KOTJa H3 ycjoBus ab=ac u a==0, cJe-
LyeT, uTO0 b=c.

IMycte ab=ac(modm), 3Hauut, pasHOCTb ab—ac=
=a(b—c) penurcsa Ha m. Ecam faxke a He:m, TO HeJb3d
yTBEPXKIaTh, 4T0 b — ¢ Jeaurcsa Ha m. Ho ecsau uncnaau m
B3auMHO npocTel (cM. Ne 153), To Torma b — ¢ o6si3aTesbHO
JOJKHO JlesuThes Ha m. CleloBaTenbHO, eciin ab = ac (mod m)
n HO (a, m)=1, to b= c(mod m).

Taxum o6paszoM, obe uacmu cpasHeHus 6cec0a MOXCHO pas-
Jeaums Ha O0HO U MO gice HUCAO, 83AUMHO NpPOCIMOe C MO-
O0yarem.

92. Bcerza Jin BO3MOXKHO JeJieHHe O0eHX 4YacTeH cpaBHe-
HUS Ha OJHO M TO JKe YHCJO B CJyuyae IPOCTOTO MOAYJIS?

93. IlokaxuTe, 4YTO HMEET MECTO IIPABWJIO COKpAalleHHsS
Ha OOUIMH [IPOCTOH MHOXHTENb, T. €. €CJH IO JIoOOMY Mo-
Aymo m ab=ac W NpOCTOe YMCJO a4 He JeJUT m, To b=c.

YnpaxHeHus

94. Ilpu [eneHUH Ha m YHCJO @ JdeT OCTAaTOK ry, a UHC-
J0 b — ocTaTok r,. MOXHO JH YTBEpXKJAATh, YTO YHCJO a-b
JaeT OCTaTOK ry-ry TPH JejeHud Ha m? Kaxk HaMeHUTH ¢op-
MYJIMPOBKY, 4TOGLI IOJIYYHJIOCH BEPHOE YTBEpKJAEHHE?

95. Jloxaxure ClefyiolIne YTBEPKICHHS:

1) Eciu a=b(mod m), 1o Bcaxuil obLIui AesUTe b Yucel
a 1 m GyLeT BMecTe C TeM H OOGIIHM JeJuTesNeM uuces
b u m, v HaoGOPOT.

2) Eciu a=b(mod m), To HO (a, m)= HOI (b, m).

96. Jloxaxure, uTo uyucjo N JeauTcs Ha YHCJO m TOrjaa
U TOJNBKO TOTAAa, KOrja cymMma mnpousBeleHu# mudp uucaa N
Ha OCTATKH, NOJYUYeHHEBIE OT JieJeHHs COOTBETCTBYIOIIUX CTe-
neHe#t 10 Ha uyMcsi0 m, AEJNUTCA HAa 3TO YHCJO M.

97. Kak ycranoButh, yto umciao 100 ... 001, B Kotopom
YyHCJO HyJeH ueTHoe, Zenutcsd Ha 11?

98. TlokaxuTe, uyTO NpH JMO60M HATYpaJbHOM 1 YHCJIO
B2n+1.9n42 | 3n+2. 92141 pejuresa Ha 19.

99. BoiBepuTe npu3HaK AeNUMOCTH Ha 13, mOJOOHBIR BHI-
BeJICHHOMY B 9TOM naparpade NpH3HaKy JeJUMOCTH Ha 7.

100. Haiinure ocratku OT jefneHus yucaa 3162819 Ha
11; ma 7; Ha 13.

101. HafizuTe ocTaTKH OT feJieHHsT HA 7 CJAEAYIOUIHX UYH-
cen:

861 1 61050, 13.10% 4 7023.59; 11.18.2322-13-19.
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102. HMspecTHO, uTO ecau NpoH3BeleHHe [BYX UHCE
paBHO HYJIIO, TO XOTs Obl OAMH U3 COMHOXMHTeJeHd Takxke pa-
BeH HY/0. MOXKHO JIH YTBEpXKIAaTb, UTO €CJM IIPOH3BeJleHHe
JIBYX 4MCeJ CPaBHHMO C HYJIEM II0 MOAYJIO ml, TO XOTs Obl
ONIMH M3 COMHOXKHUTeJeH TakxXe CpPaBHUM C HYJeM IO MOAY-
JI0 m?

103. [TokaxwuTe, uTO ecJd MpPOM3BEIEeHHe [BYX UHCeJ
CPaBHUMO C HyJeM MO IIPOCTOMY MOLYJIO p, TO XOTA Ol
OJIUH W3 COMHOXKHTeJell TakKe CpPaBHUM C HYyJeM IO Mo-
LyJIo p.

§ 8. BbIYETbl. TEOPEMA $EPMA

I. BospbmeM HaTypasbHoe 4ucjo m = 6 u 6yaeM (MbICJIEeH-
Hol) menute Ha 6 Bce mesble yHcsa. [pymmupyss 9mciaa 1o
ocTaTKaM, MOJYYHM IIeCTb Pas/HYHBIX KJIACCOB uHceJ, 06be-
IVHEHHBIX HAMH B CTOJIGIIHL:

—12, —11, —10, —

9, —8 =1,

— 6, —5 —4 — 3, — 2 — 1,
0, 1, 2, 3, 4, 5,

6, 7, 8, 9, 10, 11,

15 16, 17

12, 13, 14,

B kaxJoM crosnfue mofHe [Ba YHCJA CPABHEMBl MeXIY
coboit mo Monymaio 6, HO HHKaKHe JBa 4YHCJA4d M3 pPa3HBIX
CTOJIOIIOB He CPaBHHUMBI 110 MOAYJO 6.

PaccmoTpuM Ternepb IpoH3BOJIbHOE HATYpPasNbHOE YHCJIO 1.
Jlro6ble 1Ba uHcaa b u ¢, cpaBHHMBIE ITO MOLYJIO /1 C OJLHHUM
U TeM e YHCJIOM a, CPaBHUMBI MeXIY COOOH, NMOITOMY MOXK-
HO BCe UYHCJa, CPABHUMbIE C JAHHBIM YHCJIOM @ IO MOAYJIO 11,
00BeMHATh B OJUH KJIacC CPaBHUMBIX MeXAY co00H uuces.
B pesyabrate Bce ILesble yHcsaa pa3GHBAIOTCS HA KJACCHl 110
MOLYJIO M1, TIPUYEM YHCJa OJHOTO M TOrO 3Xe KJjacca cpas-
HUMBI MeXJY cOo00if mo MOAYJMIO M, HO HHKaKue JBa 4UCJ/a
Pa3HBIX KJIACCOB HE CPABHHMBI 10 MOZYJIO 1.

Yucao marux Kraccos no modyaro m paeHo m, W60 UHCIa
OJLHOIO KJacca IpH IeJleHHH Ha m JaloT OJUH M TOT Xe
OCTAaTOK, a OCTaTKaMH MOTyT OBIThb JIMLIL CJAEAYIoUHe m
ypcea: 0, 1, 2, ..., m— 1.
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BriGepeM NpoH3BOJILHBEIM 06pa3oM 10 OJHOMY UHCIY (Ipen-
CTaBHTeJIO) B KaXJOM H3 KJaccoB. [lonyuum rpynmy U3 m
4HCeJl, HUKaKHe JIBa U3 KOTOPBIX HE CPaBHUMHI MEXKAY CcO0O0i
[0 MOAYJIIO M, HO Jio6Oe ILeJoe YKCJI0 CPaBHHMO HO MOAY-
JIO m ¢ OJHHM H3 uyMcesa 3Tofi rpynmel. Takyio rpymmy
YHCEJ Ha3bIBAIOT MOAHOU CUCMeMOLi 8bi4emos no MOOYAro m.

Hanpumep, mo monymo 6 NOJHEIMH CHCTEMaMH BbIYE€TOB
asjsores rpynnel guces: (0, 1, 2, 3, 4, 5);, (—6, 7, 2,
—9, 10, 17) u apyrue. OueBHAHO, YTO NOJHHEIX CHCTEM Bhl-
4YeTOB IO JIOGOMY MOAYJIO CYIIecTBYeT GeCKOHEUHOe MHO-
3KeCTBO.

104. Hanumure mno [ABe MOAHBIE CHCTEMbl BHIYETOB IO
moxyasm 3, 7 u 10.

II. Tak Kak BO MHOrHX BONpOCax TEOPHH JEJIHMOCTH
yygcsJa ONHOTO M TOrO Xe KJacca MOTYT 3aMeHsTb JIpyr
Ipyra, TO MOXKHO H36MpaTb BCAKHH pa3 HauGoJjiee Lesecoob-
pasHyIO NOJHYIO CHCTeMY BhueTOB. HOra BBIrojHO GoJblIne
YHCa 3aMEHATb MEHBIIMMH HeOTpPULATeJbHBIMH YHCJIaMH
WM BBIYETAMH OpaTh OTpULATEJIbHBIE YHCJIA.

Hanpumep, tpebyeTcsi yCTaHOBHTb JEIMMOCTb YHCJa
N = 1668%-320% 4 10¢-23° 4 89 na 13. Her Heo6xonuMoCcTH
BHIIOJIHAATD YKasaHHble JeHCTBUS W IOJNYUHBLIMHCA pe3yJb-
tat JAeauth Ha 13. MOXHO BHIMOJHATL JeficTBUA He HaX
CaMHMH YHCJaMH, a HaJl HMX BBIUeTaMH IO MopayJo 13.

166 mMoxHO 3aMeHHTh BblueTamu 10 max — 3; 320 — BHI-
yetamd 8 wim — 5; 2= 16 3aMeHseM BbUETOM 3 H T. I.
Yucno N mpu peneHud Ha 13 macT TOT 2Ke OCTAaTOK, YTO
H YHCJIOo

Ny = (— 3)3-(— 5)} + (— 3)*-3° — 2.

Ecnu 3aMeTHTh, uTO 3% = 27 MOXKHO 3aMEHUTb BHIUETOM I,
a 5 — 95 — BhiueTOM — 1, To JierKo HaHTH OCTAaTOK OT ,D.e-
JeHusi yueaa N mHa 13: —1-(—1)4+1—2=0.

B03MOXKHE M HHbBlE NPHJIOXKEHHS TaKoOH apHOMETHKH BHI-
yetoB. Hajo, Hampumep, foKasaTh, YTO YHCJO n° — A IIpH
JIoGOM [eJIOM n JeJHTCA Ha 5. BosbMeM NOJIHYIO CHCTEMY
BHIUETOB 110 MoayJo 5 B Buue (—2, — 1, 0, 1, 2). Jlerko
IIPOBEPHUTD, UTO IIPH JIOGOM SHAYUCHUW 1 H3 STUX ST BhYE-
TOB n°— n paBHO YHCIHY, JensueMycss Ha 5. CiefoBartesbHo,
n®—n JeauTcd Ha 5 IpH JMOGOM IEJIOM H.

105. [dokaxure, uyto n’—n npu JoOOM LeJOM n Je-
Jqutcs Ha 7.

III. BeiicHUM Temepb, KOrja 3HAueHHs IPOH3BENEHHS
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a-x o6pasyioT NOJHYK CHCTeMYy BLIUETOB IO MOAYJIO 1,
ecan x npoGeraeT IMOJHYIO CHCTEMY BHIUETOB IO MOAYJIO 1.

[Iycte m =06 u a=>5. Dymem mnpupasaTb x 3HayeHUs
0, 1, 2, 3, 4, 5. Torga nonyyuMm, uto mo Mopymo 6:
5.0=0; 5.-1=5; 5-2=4; 5.3=3; 5-4=2; 5.5=1.
CrnenoBaTenbHO, 3HaUeHUs NPOH3BENEHHUS 5-x Takxe o6pa-
3YIOT IOJIHYIO CHCTEMY BBIUETOB IO MOAYJO 6.

BoabMeMm a = 4 mpu ToM ke 3HaueHHH m = 6. OueBHIHO,
yt0 4-0=0; 4-1=4; 4-2=2; 4.3=0;4-4=4u 4.5=2
no mMoaymwo 6. B sToMcayuyae Mbl yxkKe He NOJYYHM MOJHOH
CHCTEMbl BLIUETOB IO MOAYJI0 6.

106. IlpoBeppTe It MoAyJs m =4, B KakoM cJyuae
3HaYeHHUs NPOM3BeJeHUSI ax 00pasyloT HOJHYIO CHCTEMY BHI-
4eTOB, €CJH X NpOGEraeT NOJHYI0 CHCTEMY BHIYETOB O MO-
dymo 4, 6eps a=3 u a=6.

Teopema. Ecau uucra a u m 63auMHO npocMol U 8
BOLPANCEHUL aX 4UCA0 X npobezaem NOAHYIO CUCTEMY 8bide-
mos no moO0yaro m, mo u NOAY4eHHble 3HAYEeHUs 9Mo20 6bLpa-
cenus o6pasyrom NOAHYIO CUCMEMY 8b14emos ho MoOYar m.

JokasateabctBo. Tak Kak x NpUHHUMaeT m 3Haue-
HUH, TO U 1] aX TNOJy4MM pOBHO m 3HaueHuH. UToOHI
yTBEpXKJaTh, YTO OHH OOPa3yIOT NOJHYIO CHCTEMY BHIUETOB,
Hajo TOKasaTh, YTO HHUKAaKHe [Ba U3 HUX He CPaBHHMBI IIO
Moxpymo m. Ilpenmonoxum, 4TO A/ HEKOTOPBHIX IBYX uHCeJ
Xy U Xy, NPUHAJJIEKAIMUX pa3HbIM KJaccaM II0 MOAYJIO m,
ax; = ax,(mod m). Ho a B3auMHO mpocto ¢ m, moatoMy o6e
YaCTH CpaBHEHHMS MOXKHO pasfes]uTb Ha a, TOrja JOJIXKHO
GBITb Xy = X, (mod m), yero GLITb He MoXeT. TakuM 0GpasoM,
TeopeMa JOKa3aHa.

IV. Tlpu pemenus ympaxHeHMH Ha JeJUMOCTb 4YHCe,
cofepxamux OoJblliMe IOKasaTesJd CTeleHeH, yJOOHO NpH-
MEHfITb TaK HasblBaeMylo «MaJjyio TeopeMy Pepmar.

Ecau p — npocmoe uucao, He Oeasjee yeaoeo wucaa @, mo
ar~1=1 (mod p).

OdoxasatenbcTBO. PaccMoTpuM uyMcsa, KpaTHble a:

m=a;, n=2a; ng=3a; ...; np1=(p—1)a.

Hukaxkue 1Ba M3 HHX He CpPaBHUMB MeXJAy COGOH IO MOAY-
JI0 p, U060 B HPOTHBHOM CJIy4ae WX PasHOCTb N, — N, = ka—
—sa = a(k—s) penunack 6Bl Ha p, 4ero GHITh HE MONKET.
JleficTBUTEJIBHO, p — YUCJO IIPOCTOE U IO YCJIOBHIO @ He : m;
C IpyroH CTOPOHB, U k—s He MOMKET JeJUTbCS HAa p, UGO
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l<s< k< p—1, 3Hauut, 0 < k—s < p. 3HAuMT, H NPOHU3-
BelleHHe a(k —s) He feauTcs Ha p.

AHanoruyHO yCTaHaB/INBAETCS, YTO HY ONHO M3 BHIIUCAH-
HBIX YHCeJ 1 He JeJUTCs Ha p.

CrnenoBaTesbHO, YHCJIA Ny, Mg, ..., Hp—1 00pasyloT NOJ-
HYI0O CHCTeMY BBIYETOB IO MOAYJIO p, OTCYTCTBYET JIMIIb
HyJb. [losTOMy CHE cpaBHUMH ¢ uucaamu 1, 2, ..., p—1,
B3ATBIMH, OBITb MOXKET, B HEKOTOpOH HX NepecTaHoBKe. Tor-
Ja my-fy-... =123 ...-(p—NHa1=1-2X
XK 3-...-(p—1)(mod p).

Ho uucao £=1-2-3-...-(p— 1) He ZHeaurca Ha mpo-

CTO€ YHCJIO p, IIO3TOMY obe yacTu CpaBHEHUSA MOXKHO COKpa-
TUTb Ha YHUCJIO k, TIIOJTYUHUM:

ar—~1=1(mod p).
107. IlposepbTe, yto 10°=1(mod 7);
510=1(mod 11); 4*2=1 (mod 23).

Pemenue. PaccmoTpum BoluucieHus npu a =4 [
Moayas p = 23. Ilo moaymo 23 umeem: 4°=—7; 43 =42 X
X4d=—28=—5, #4=434=—20=3; 45 = go.48 = 9;
A =48.3=—45=1; 42 = (4P =1.

W3 npuBefeHHOro pellleHHs BHAHO, YTO HHOTJA HE TOJb-
Ko (p— 1)-1 creneHs, HO u 6ojiee HH3Kasl CTeleHb @ OKa-
3blBaeTCA CPaBHHMOH ¢ efuHued. Ho MoXHO AOKasaTh, uTO
HauMeHblasi creneHb k Takas, uto a*= 1 (mod p) oGs3a-
TeJIbHO fBJsieTcs fAejurteneM uuciaa p — 1 (cm. Ne 172).

Caepcreue. Ecau p— mpocroe uncso, TO AJs JOGOTO
IeJoro uucjia a uMeeM a’ =a(mod p), HHBHIMH CJIOBaMH, pas-
HOCTb @ — @ JeJIUTCA Ha p.

JleHcTBUTE/bHO, €C/Il a JeJUTCS Ha p, TO yTBEpXKJeHue
oueBujHo. Ecam Ke @ He fequTcs Ha p, TO IO TeEOpeMe
®epma aP~!=1(mod p). YMHOXHUB IIOYIEHHO HA @, NOJYYHM
Tpe6yeMoe CpaBHEeHHeE.

[Tpumenum TteopeMy Pepma k pemenuro 3apayu: «Hafitu
OCTaTOK OT JeJeHus Ha 5 uucyma 1967197y,

OueBupHo, uto 1967 =2(mod5), sHauur, 1967¥"'1=
=2%¥"1(mod 5). Ho 2¢*=1(mod 5), no3ToMy HafiieM OCTaTOK
oT genenusi 1971 Ha 4, nomyuyum 2197 = 2449243 — (24)492 ¢
X23=1-2%(mod 5). Tak xak 28=23(mod 5), TO HCKOMBIH
OCTaTOK paBeH 3.

PaccmoTpum peltenue einie omHOM 3ajaun: «Moxer Jiu
ObITh TOUHBIM KBaJpaTOM YHCJIO, CyMMa IHdp KoToporo 19707»
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[TycTh cymecTByeT Takoe YHCJO 7, YTO CyMMa LHp Y
n? paBua 1970. Tax kak 1970 =2 (mod 3), To u n%= 2 (mor 3).
OueBupiHO, uTO £ He : 3, HO Torja mo Teopeme Pepma OIK-
HO O6riTb n?=1(mod 3). OpHOBpeMEHHO HEe MOTYT HMeTb
MecTa cpaBHeHHs n?=2 u n?=1. CrefoBaTeJbHO, YHCJIO,
cymma nugp xoroporo 1970, He MOKeT OLITH TOUHBIM KBal-
paTom.

INIpumeuanue. HMmeer mecTo Gosnee ofas Teope-
Ma diinepa: ecau a 63aUMHO npocmo ¢ m, mo af M=
=1(modm), 20e @(m) pasHo wuUCAY HAMYPANLHBLX HUCER,
He 6oabuiux m u e3aumHo npocmeix ¢ m (cM. Ne 174).

YnpaxHeHus

108. Hanunumure mnoJsiHele CHCTEMBl BBIYETOB MO MOAYJIO 6,
cocTosLIHe:

a) U3 HaMMEHBUINX IIOJIOXKUTEJbHBIX YHCE;

0) U3 HaMMEHLIINX HEOTPHUIATENbHBEIX YHCEJ;

B) M3 HAUMEHbUINX MO aGCOJIOTHOH BEJHUKHE YHCEJ.

109. B apudMeruke BLUETOB IO HEKOTOPOMY MOIYJIO
yucaa 3-5; 4-4 u 6-4 saMeHUJM COOTBETCTBEHHO BHIUETAMH
1, 2 u 3. Hafinure HeusBeCTHBIH MOJYJb.

110. Ecau uncsa @ W m B3aWMHO IIPOCTH H B BhIpaxe-
HUM ax 4 b uuca0 x mnpoGeraeT MOJHYIO CHCTEMY BHIYETOB
0 MOAYJIO m, TO U IIOJNydaeMble 3HAUeHHs 3TOrO Bhlpaxe-
HHS 00pasylOT MOJHYI CHCTEMY BBEIUETOB IO MOAYJIO /1.
Hokaxure.

111. IIposepsre, uTo 28=1(mod 17);

3¥=—1(mod 17); 3= — 1 (mod 29); 5*=1(mod 29).
112. Tlposepbte Teopemy Pepma, B3ssB p=>5, 7, 11 u
NpUAaBasi @ pasJMyHbIE 3HAYEHHUS.
113. Haiigure ocrtaTok OT JesieHHS 4YHCJA 19711971 _
19671967 ya 7.

§ 9. YPABHEHHUS B LEJIbIX YHCJIAX

I. Hepenko npu permienun 3ajau COCTaBJIEHHEM ypaBHe-
Huit Tpefyercsas He BOOOIle pEUIMTb YpaBHEHHE, a HaHTH
IeJIOUNCICHHEIE 3HAUEHUs HEeH3BeCTHBIX, IIpHueM Kos(hdu-
[IMEHTHl B TAKHX YpaBHEHHAX TaK¥Ke Liesble uncia. Pemenue
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ypaBHEHHH B LEJEIX YMCJIaX, HapsAy C J[eJqdMOCThbIO YHcel,
SIBJISIETCA OJIHHUM W3 HauGoJiee HHTEPECHHIX BOMPOCOB TEOPHH
qHCeJI.

PemenneM Takux ypaBHEHHH 3aHHMAJIMCh BHJHBIE MaTe-
MAaTHKH JPEBHOCTH, TaKHe, KaK rpeueckuil MaTeMaTuk Ilu-
dbarop (VI Bex nmo H. 3.), ajeKcaHIpHICKHE MaTeMaTHK
Ouodant (II—III Bex H. 3.), MO HMEHH KOTOPOrO
YPaBHEHHS B LeJbIX YHCJaX Ha3bBAIOTCI AHOGAaHTOBBIMHU
ypaBHeHHSIMH. IDTOH TpyAHeiHuedl npoGJeMoil TEOPHH YHCEJ
3aHHMAJIICh U TaKHe KpyNHble MaTeMaTHkd, Kak [1. ®epmMma,
JI. Diinep u gpyrme. Ho u Ha ceropHslIHUHA [eHb HeT
0o0IUX METOLOB pelleHHs] TAKUX YpaBHeHHUH.

Pemenne n1ohaHTOBEIX ypaBHEHHI IepBOH CTENEHH C JIBY-
Ms HeHM3BeCTHBIMH BHJA ax - by = c TecHefuuM oGpa3oM
CBSI3aHO C pelleHHeM CpaBHEHUWH C HeW3BeCTHbIM. JleHcTBu-
TeJIbHO, 3TO YpaBHEHMEe MOXKHO 3amnucaTh B BHJE JBYX CpaB-
HeHuil: ax=c(mod b) umu by=c (mod a). HaoGopor,
cpaBHeHHe ax=c(mod b) MpHUBOZHT K YypaBHEHHIO B IEJIBIX
ypcaax ax —c = by.

II. PaccmoTpuM nofApo6HO pellleHHe CpaBHEHHH BHZAA
ax=c(mod b), conepxKallluX HeU3BECTHOE B IIEPBOH CTEMNEHH.
OueBHJHO, UYTO €CAH YHCJO X, YJAOBJIETBOPSIET LaHHOMY
CpaBHEHHIO, TO H JI060e YHCJIO X, CPaBHUMOE C X, IO MO-
nyJo b, TakxKe GyneT eMy YZOBIeTBOpATb. [l03TOMY OGBIUHO
pelleHHeM (MM KOPHeM) CpaBHEHHsl Has3blBalOT He OTJeJbHOe
YKCJIO, a LeJBl KJace (0 MOAYJo b) uuces, yJOBJETBOPSIO-
IIHX JAaHHOMY CpaBHEHHIO.

Ecau uucio @ B3auMHO MpOCTO C MopyJeM b M ecid x
npoGeraeT MOJIHYIO CHCTEMY BBIYETOB IO 3TOMY MOZYJIO, TO
1O J0Ka3aHHOH paHee TeopeMe COOTBETCTBYIOILHE 3HAUEHHS ax
6yLyT TOXe OO6pasOBLIBATL IIOJIHYI0O CHCTEMY BBIYETOB IIO
Moxymaio b. TlosToMy OZHO W3 HHUX M TOJBKO OfHO Gyner
cpaBHuMO ¢ ¢. CiefoBaTeNbHO, Mbl IOJYYUM H IIPUTOM
TOJIbKO OJHH KJIACC pelleHHH JIAHHOTO CpaBHEHHSI.

PewienusmMu cpaBHeHus1 ax =c(mod b) sBAAIOTCA TaKue
IeJible YHCJIa X, 4YTO € — ax JeJUTCS Ha b, 3HauuT ¢ — ax = by
uiu ax 4 by = ¢, rae y— uenoe uucao. I[losryueHHBIH HaMu
pe3yJbTaT O pelleHHH CPaBHEHMH MOXXHO NPHUMEHHTb K YpaB-
HEHHSIM B IIeJIbIX YHCJaX.

Ecau uucaa a u b e3aumno npocmet, Mo YypasHeHue
ax + by = c¢ ecez0a moscem Ovimb peuieHo 8 UesblX HUCAAX.
Ecnu (%, Yo) €CTh OJHO U3 €ro pellleHHH, TO BCe peLleHus
MOTYT OBITH 3allHCaHbl TaK:
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X =x,+ bk; y=y,— ak,
rie k— mo6oe 1ejIoe YHCIIO.
114, PemuTh B LeJBIX YuCJIaX YpaBHEHHE:

5x — 8y — 13.

Pemenue. 3aMeHuM 3TO YypaBHEHHE CpaBHEHHEM
—8y=13 (mod 5) umu 2y=3 (mod 5). OueBuaHO, 4YTO
Yo = 4 YIOBJIETBOpPSIET 3TOMY CpaBHEHHIO, IIOCJE Yero Jerko
HalTH X, =9, a Bce pelleHHs jpaloTcs dopMmynaamu: x =9 —
—8k; y=4—>5k, rue k— moGoe IEJ0e YHCJIO.

115. Pemure caenyiomie nuohaHTOBH ypPaBHEHHS:

a) 3x+4y=2>5; 6) 7x 4 8y = 3.

PaccmoTpum cayuaii, Korna a U b uMeloT HauGOJbIIHE
obuuit peaurens d > 1. Ilyetb a =d-a;; b= d-b;, npuuem
HOL (a;, b;)= 1.

Ecau ¢ He jenutcs Ha d, TO ypaBHeHHe ax + by = ¢ He
MOXeT HMeTb pellleHuil, u60 JLONYCTHB, UTO IPH HEKOTOPHIX
IeJbIX X U Y, OyneT ax, + by, = ¢, TO TOrAa cJjaraeMble ax,
" by, nenuiuch Obl HA d, a UX CyMMa, UMCJIO ¢, He IEJHUTCH
Ha d.

Eciu xe ¢ pemurcas Ha d, 10 ¢=dc,, U YypaBHeHHe
ax ++ by = ¢ MOXKHO 3aMEHHTb €MY paBHOCHJIBHLIM YpaBHe-
HUEM X+ biy=c;, Y KOTOpPOro KO3G(UIMEHTH IpH
HEU3BECTHBIX YKe B3aUMHO INIPOCTHI, & TaKHe YPaBHEHHS MEI
yMmeeM pematb. CilelyeT yuecTb, YTO B 3TOM CJyuyae BCe
pellleHust garoTcs opmyJiamu:

X=X+ kb, Yy=yo—k-a,.

116. Pemute caepyomue ypaBHEHHS B IeJbX YHCJAX
a) 3x + 6y = 22; 6) ldx 4 22y = 26.

IIl. Muorna mo ycjoBuio 3ajaud TpebyeTcsi HaHTH He
Jobble [eJble 4YHcJa, a TakKHe, KOTOpble YAOBJETBODPAIOT
HEKOTODBIM JIOIOJIHUTEJLHEIM ycoBusaM. Hanpumep, Tpebyercs
HaHTH Bce HeJble MNOJIOKUTENbHElE 3HAUeHHs X W Y, YHAOB-
JeTBOpAIOIIMe ypaBHeHHI0: 3x + by = 19.

Pemas sTo ypaBHeHue, Mbl HafiieM, uto x = 3+ 5k, y =
=2—3k. Ho k£ He MoXeT ObIThb JIIOOBIM LIEJBLIM YHCJOM,
n6o Hamo, uro6el x>0 u y>0, T. e. 3+5k>0 u

2—3k >0, oTKyla HaXOAMM, 4TO k>—% " k<—§—.

3Haunut, £ MOXeT NPHHUMATb TOJBKO OJHO IeJoe 3HAYeHHE:
k=0, a Torma x=3; y=2. Hukakux Ipyrux uesuX IO-
JIOXKHUTE/bHBIX PellleHHH ypaBHeHHe He HMeerT.
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117. Halinute Bce meJsble NOJOXKHTENbHLIE 3HAYEHHS
X ¥ Y, YAOBJETBOPSAIONUIME CJAEYIOIUM ypaBHEHUAM: a) 3x +
+2y=25; 6) bx 4+ Ty = 112.

118. Tpexanaunoe ymucyio okaHuuBaeTcs wubpoi 7. Ecan
nepecTaBHTb 3Ty LU(PY Ha INepBOoe MeCTO, TO MOJYUYHTCH
YKCJIO, B JBa pasa ¥ eme Ha 21 egununy OGoJbliiee INepBO-
HauaJsbHOro. OmnpefenuTe 3TO YHCJIO.

119. Hafinute nBysHauHoe uHCJIO, KOTopoe B 8 pas
GoJibllle CYMMBI CBOMX IHdp.

IV. PellleHue HeKOTOpHIX 3aJad CBOAUTCA K pelleHHIo
B IeJBIX YHCJaX CHCTEM IBYX YpaBHEHHH c TpeMs Heu3BecT-
HbIMH. Takue cucTeMbl OOBIYHO peLIaloTCs MeTOJOM IocJie-
Jl0BaTeJILHOTO HCKJ/IIOYeHNsT HeH3BEeCTHBIX: MCKJIOuUas OJHO H3
HEeH3BEeCTHBIX, IOJYYHM OJHO ypaBHEHHe C JBYMs HEH3BECT-
HelMH. PaccMoTpum, B KauecTBe IpuMepa, TakKylo 3ajauy:

«MoxHno s Ha 100 komeex kymutb 100 mnpeaMeTOB:
Kapagjalledl (UBETHBIX M IIPOCTHIX) U IepbeB, €CJIH HM3BECTHO,
4YTO I[BETHOH KapaHjall CTOMUT 5 KOI., IPOCTOH — 3 KoI.,
a nepbeB NPOJAIOT 3 IITYKH HA OJHY KOIEHKy?»

Pemenne. OGo3HAuWB UYMCJO IBETHHIX KapaHJallei
yepes X, NPOCTHIX KapaHjalleli — yepe3 y ¥ epbeB — UEpes 2,
JIETKO COCTaBHTb JBa ypaBHeHus: x + y -+ z= 100 u 5x 4

+ 3y + = = 100.
CnemoBaTesbHO, TOJNYUHJIH CHCTEMY JABYX ypaBHeHHH
C TpeMsa HEU3BECTHBLIMHU:
x+ y+z=100;
{ 15x 4 9y + 2 = 300,

rie ¥, y u z— lefble HEOTPUUATEJbHblE 4YHC/IA, He G6OMb-
mue 100.
HckiounB 2z, MOJYyYydM OXHO YpaBHeHHe C JBYMS HEH3-
BECTHBIMHL:
14x 4 8y = 200 wmn 7x + 4y = 100,

y= 100;7)6 =25_x_%TX.
OueBUAHO, UYTO X JOMXKHO OBITb KpaTHO 4, TnpHueM
7x = 100 — 4y, mostomy 7x < 100, To ectp x < 14.
Boluncaus 3Hauenus y ¥ 2 npu x = 0; 4; 8; 12, moayuum
yetepe pasamuHbix otsera: (0; 25; 75), (4; 18; 78), (8; 11;
81) u (12; 4; 84).
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Ecnu cuurtate, uTo mnepBelf OTBET HE MOAXOAUT MO
CMBICJIy 3afaud, TO TpedyeMas INOKYyNKa MOXKeT ObiTh IIPOHU3-
BeJleHa TOJIbKO TpeMs CIOCOGaMH.

YnpaxHenus

120. Pemmute ciepyomue cpaBHeHHS:

a) bx=4 (mod 7); 6) 6x=>5 (mod 15); B) 6x=23 (mod 15).

121. Pemnute clenyiolide ypaBHEHHS B HeJbIX YHCJAX:
a) 3x— 4y =29; 6) 91x — 65y = 42.

122. Ecou mexny uudpaMe ABY3HAYHOIO UHC/A BIHCATh
HyJb, TO IOJyYeHHOe Tpex3HauHoe umcJo OyleT B 7 pas
GoJiblile NepBOHayaslpHOro. Hafiaure 3TO uHCJO.

123. Ecau X JBy3HAYHOMY UHCJY [pPHIHCATb CJeBa
¥ CcIpaBa IO €JMHHUIE, TO IOJyYeHHOE YeThIpeX3HayHOe
upcJio 6yner GoJsblile IepBoHauajgbHOro B 21 pas. Hafinure
9TO YHUCJO.

124. bubmuoreka Ha 20 py6meli Kymuna 20 KHHT Tpex
BUIOB: No 3 py6md, mo 2 py6as u 50 Komeek 3a KHHTY.
CKOJIBKO KHMI KaxKIOro Bujaa Kynuja OuGIuoTexar

125. [loxkaxuTe, uyTO cpaBHeHMe ax=2b (mod p), rie
p — uucgo mpoctoe u a==0 (mod p), Bcerza ¥MeeT B TOU-
HOCTM OJHO pelleHue. YGemurech, uTo Xx=baP—2 (mod p)
ABJISIETCS pellleHHeM.

§ 10. 3AJIAYY NOBBIMEHHON TPYJHOCTH

126. okaxute, uto eciu a b u b :a, To a= 6.

127. Hokaxure, uto: 1) CymMma mATH NOCJe0BATEJbHBIX
nenblx yuces neiutcsa Ha 5. 2) IlpousBemenue mate mocie-
JIOBaTEJBHBIX LEJbIX Yuces AeJutcA Ha 5.

128. okaxure, 4To a®-—a HeJUTCT HAa b TpH JMOGOM
neJyoM d.

129. 1) Moxer /M cyMMa HeUeTHHIX uuCes GBHITh YHUCJIOM
ueTHBIM? 2) KakuM 4uc/ioM, YeTHBIM WJIM HeueTHBIM, Gyner
cyMMa HEUYeTHOTO UYHCJa cJaraeMbiX, KaxKJoe H3 KOTOPHIX
€CTb YHCJIO HeueTHOoe?

130. Unensl ¢yT60JIbHOH KOMaHAb MHOHEPCKOro Jareps
nepej OTHE3JOM LOMOH peluusid OOMEeHATbCA IPYr C APYroM
tdororpadpuamu. Kakum uucjoM, UETHEIM HJIH HEUYETHBIM,
6yner ofuiee uucyio Qororpaduil, KOTOPHIMH OGMEHSJIHCH
pebsara?

Ckonpko 6bIO  Takux ororpaduit, ecau B obMeHe
yuacTBoBaso 11 gesoBek?
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131. 1) 31 aprycra Ha ILIKOJEHOM [BOpE BCTPETUJIOChH
7 nstukjaccHukoB. HekoToprle M3 HHUX OOMEHSINCH PYKO-
noxartuaMmu. JloKaxKuTte, 4To XOTsl Obl OJHH M3 HHUX IOXaJ
PYKY YeTHOMY 4HCJYy Apy3el.

ITpumeuanue. Hyab— uuciao yeTHoe, MOITOMY yue-
HUK, HH C KeM He I[I03[0pOBaBIIMACS 3a pYKy, cHeJal
YeTHOE YHCJO PYKOIOXKaTHH.

2) B poswrrpeiie mpusa «KoxKaHBI MSY» yyacTBOBAJO
GoJibllloe 4yucsaI0 (YTOOJBHEIX JETCKMX KOMaHL B KaxIoH
Bo3pacTHO# rpynne. HekoTopele H3 HHX IpPOBEJIH YeTHOe
4UCJIO MaTyel, Apyrue — HeueTHOe 4YMCJIO MaTyedl. Kakum
YHCJIOM, UYEeTHbHIM UJH HeueTHbIM, OyLeT 4YHCJIO KOMaHZ,
KOTOpble INIPOBEJIM HeueTHOe YHCJO MaTyel?

132. B onHOi pykonucH IpHBELEHO OIHUCAaHHE TOpoJa,
pacmoJioxxeHHoro Ha 8 octpoBax. OcTpoBa Mexay coGoi
U C MaTepuKoM ObIM coeluHeHbl MocTaMu. Ha MaTepux BhI-
XOAMI0 5 MOCTOB; Ha 4 ocTpoBax GepyT Hayajo mo 4 MocrTa;
Ha 3 ocTpoBax GepyT Hayasno mo 3 MOCTa M Ha OJUH OCTPOB
MOXKHO MpPOHTH TOJBKO IO OJHOMY MOCTY.

[ToueMy TaKoro pacroJioXKeHHs MOCTOB ObITb He MOMKeT?

133. Ecnu cyMma JByX 4HceJ OKaHYMBAaeTCs HYJEM, TO
pasHOCTb KBajfpaToB 3THX uuces jenaurcsa Ha 10. JlokaxuTe.

134. MoxHo qu umucjao 1970 npeAcTaBUTL B BHIE pas-
HOCTH KBaJpaTOB JBYX HeJbIX YHCEJ?

135. Yuciso, samgcaddoe B JeCATHYHOH CHCTeMe, OKaH-
ypBaeTcsl HyJeM. ByJner JiM 5TO 4HCJIO OKaHYMBATbCA HYJIEM:
1) B narepuunoii cuereme? 2) B TpouuHoil cucreme? 3) bBy-
JIeT JH OHO KpPaTHO 5, ecjlH ero 3amucaTh B BOCbMEPHYHOH
cucreMe?

136. BMecTo TOueK IOCTaBbTe TakKHe LUDpPbl, UYTOOH
Kaxnoe 3 uucesq: 1011.5; 12-25 34-21; 3456 menusock
Ha 2.

137. Kakue nudppel MOXKHO INOCTaBHTb BMECTO TOYeK,
yTOObl Kaxkjoe u3 uuces: 1-2; u 5-26, GbLIO yeTHHIM?

138. BMecTo Touek mocraBbTe Takue LHUGDPH!, YTOOH KaxK-
qoe wu3 umcea: 201.5 120-04 4-34,; 336-, nesusoce
Ha 3.

139. BmecTo TOYeK moCTaBbTe TaKHe IHU(pPHI, YTOOH!
Kaxpoe u3 uucen: 32-; 2-40; 1-55 3-34 menmsoch Ha 5.

140. BmecTo TOuYeK MNOCTaBbTE TakKhe LHUPPbI, YTOCH
Kaxjgoe u3 yuces: 642-3; 2313., nenusock u Ha 2 ¥ Ha 3.

141, 1) MoXHO Jii M3 ONHHX «JBOEK» COCTaBUTb YHCJIO
(2; 22; 222; 2222; . . .), Koropoe HeauTcss Ha 9? Ha 5?
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2) MoxHO /i B ceMepMYHOH cHCTeMe M3 OJHHX «IsTe-
POK» cocTaBHUTb 4ucJyo (5; 55; 555; . . .), jAensumeecs Ha 3?

142. BriBeiuTe NpU3HAKH MNEJHUMOCTH uucesn Ha 4; 25;
50, cuuTasi OcHOBaHMEeM cHCTeMHBl cuuciaenus d = 100.

143. BriBenure oO0wuii npusHak jgejauMocte Ha 7, 11
u 13, cuuras ocHOBaHHMeM cHcTeMbl cumcjenus d = 1000.

144. A — 1970-31auHoe yucJo, Aensieecs Ha 9; b — cyM-
Ma uudp uyucaa A; B—cymMa mudp uucaa b.

Hatigure cymmy nucdp uucaa B.

145. JloxkaxXuTe, 4TO HET TaKHX 4HCEJ, KOTOpHle OT
MepecTaHOBKHM HauaJbHOH LM(pbl B KOHEI, YHCJA YBeJHYH-
Bajuch Gbl DOBHO B D pas.

146. Hafinute Takoe mnesoe uHcao, KOoTopoe B 7 pas
GoJsbile nUGppPH EIHHUIL 3TOTO YHCJA.

147. JlokaxuTe, 4yTO uMcJIO BHAa n* -+ 4 ecTb cocTaBHOe
npu Jo6oM mejoM #n, GoJblleM eIUHHIbL.

148. CyumecTBYIOT CKOJIb YrOAHO JJIHHHbBlE YYacTKU Ha-
TYypajIbHOTO psiZla, BOBCE He Cofepxallye NMPOCTHIX YHCeN H,
cJIeI0BaTeJIbHO, CILJIOUIbL COCTOSIIHE H3 YHCEJ COCTABHBIX.
Jokaxure.

149. JloxaxwuTe, 4YTO J[Ba COCEIHHUX [EJBIX UYHCIA N
u n-+ 1 Bcerjga sBAAIOTCS B3aHMHO IIPOCTBHIMH.

150. JlokaxuTe, UTO eciu a—b =2 U uucaa a u b He
SIBJISIIOTCA B3auMHO InpocTeiMi, To HO/ (a, b) = 2.

151, JloxaxuTte, 4TO KaKOBbl Obl HH OBbIIM HATypaJjbHbIE
uypcJia @ U b, Bceraa MOXKHO NOA06paTh ABa TaKUX LeJbIX
yucja x U y, 410 ax + by = HOM (a, b).

152. as toro uyto6bl uucja @ U b OblIM B3aUMHO IIpO-
CTHIMH, HEOOXOAHUMO M JOCTATOYHO, YTOOGHl CYIIeCTBOBAJH
JBa TaKUX LeJBIX YHCJIa X H y, uTo ax + by = 1. Joxaxure.

153. Ecou 4yucsa @ u p B3auMHO NIPOCTBle H IIPOU3BejE-
HHe a-b Jenutcs Ha p, To b menuTcs Ha p. [{oKaxure.

154. BepHo Ju yTBepXKJIeHHe, UYTO €CJH [POHU3BeleHHe
a-b nenuTcs Ha p, TO OJUH H3 COMHOXKHTeJEH AeNHTCS Ha p?
[lpuBenurte npuMepsbl, NOATBEPKIAIOLHE 3TO.

155. JlokaxuTe c/elylollue YTBepXKIeHHs:

1) Ecau p mpocTtoe uyucJio, TO Jio6oe HATypaslbHOE YUCJIO @
J160 HeNUTCA Ha p, JUGO B3aUMHO IIPOCTO C HHUM.

2) Ecian npoussejenne a-b nenuTcs Ha IIPOCTOE HHCJO P,
TO NO KpaHHell Mepe OLMH M3 COMHOXHUTeJell AeJuTCA Ha p.

3) Ecau npousBeleHHe HECKOJBKHX YHCEJ JIeJUTC Ha
NpoCTOE YMCJO p, TO IO KpalHe#l Mepe OJUH H3 COMHOKH-
Tesell JeNUTCA Ha p.
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156. JlokaxuTe eIHHCTBEHHOCTb PAa3JIOXKeHHs Ji0GOro
HATYpasJbHOTO YHCJA HAa NpPOCTHle MHOXKHTEIH, TO €CTh UTO
BCAKOE COCTaBHOE YHCJO MOXKeT ObITb IpencTaBJeHO Kak
Npou3BefieHHe NPOCTHIX MHOMKHUTeJIeHl eIHHCTBEHHBIM 0GpasoM,
€cJIH He YUYHTHIBATH NOpsiKa MHOXKHTeJel.

157. Ilpumendas samauy Ne 153, ycTaHOBHTE, UYTO eCJH
UHCJO @ JAeJHTCS IOpO3Hb HA JBa 4YUCJIa P U ¢, KOTOpHIE
B3aHMHO IIPOCTHl, TO @ JEJUTCS Ha HX IIPOU3BeJIeHHE pg.

158. CchopmynupyifiTe npU3HaKu AeJHUMOCTH YHCesJ Ha 6,
12 u 15.

159. [lokaxkuTe clejyoliie yTBepXKIeHHS:

1) [IpousBeneHHe TpeX HOCJENOBATENbHBIX LEJBIX YHCE
Jnenurcss Ha 6.

2) IlpousBenieHHe UYeTHIpEX MOC/JEeLOBATENbHBIX IeJbIX
ypces JAeNUTCs Ha 24.

3) IlpousBefieHHe NATH NOCJELOBATEJbHBIX LIeJBIX YHCEJ
neaures Ha 120.

160. YcraHOBHTE, YTO €CJH @ I[eJIoe YHCJO, TO

1) a® —a penurca Ha 6.

2) a’—a penutcs Ha 30.

3) a(a® + 5) memurcs Ha 6.

4) a5——5a32—|— 4a JIennTes Ha 120.

5) -—g— -+ aT—I— aT €CTh 1IeJIOe YHCJIO.

6) - 24 + — 4 + ui —|——— ecThb lieJoe YHCJO.

161. Jloxaxurte, 4ro BcsAKoe ofllee KpaTHOe WYHCeN d
u b nenutca Ha m = HOK (a, b).

162. JoxkaxHTe, uTO BCAKHH neautesar d uyucaa N =
=pa-pge ... p umeer BuRL d=pit-p-.. .-piﬂ, rle
0P <oy 0P -3 0K, <

163. Hafinute uuc/O BceX passUUHBEIX Je/uTeNed yucia

N=p‘;1p;z .. .p‘;n.

164. aiite cTporoe 0oOOCHOBAaHHE H3BECTHBIX BaM CIIO-
co6oB otbickanua HOJI (a, b) u HOK (a, b) pasnoxeHuem
a ¥ b Ha NpoCTEle MHOXKHTEJIH.

165. Ilpu nenenun yucsaa Ha 2 B ocraTKe Iosyuaercs I,
a npu jJeneHun Ha 3 —ocrarok 2. Kakoii 6yner ocrarok,
€CJIM 5TO YHCJIO pasjesiuTb Ha 67

166. 1) Hafigute HauMeHblllee UHCJAO, KOTOpOe HpH
JeNleHHH Ha 3 JaeT B ocTaTke 2, HpH [JeJeHHM Ha 5 Jaer
B ocTaTKe 3 M INpH HAesNeHHH Ha 7 — cHOBa 2.
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2) Haiigute nauMenbiilee yHC/IO, KOTOpOE€ KpatHo 7, HU
npH JeJleHHH Ha 3, Ha 4 n Ha 5 jmaer B ocraTke l.

167. 1) BMecto TOuek NOCTaBbTE TaKHe LHGPbI, YTOObI
yucaa 8. u 1. 4 penuauch ¥ Ha 3 ¥ Ha 4.

2) BmecTo Touek mocTaBbTe TaKue LU(PHl, YTOOH Kax-
Joe U3 ymucena: 2.. u 86.. mesmyoch OJHOBPEeMEHHO H Ha 5,
u Ha 9.

168. 1) M3 nmudp 0, 2, 3 u 4 cocTaBbTe YeTHIpEX3HAU-
Hble 4YHCJa, KOTOphle Henwsuch 6bl Ha 4, Ha 5 ¥ Ha 9
(0AHOBpPEMEHHO).

2) U3 oudp 5, 8, 4 u 1 cocTaBbTe HECKOJBLKO YEThIpeX-

3HAYHBIX yHCeJs, KOTOphle Jesuiuch Gbl Ha 4, Ha & u Ha 9.

169. Cxo/nbKo HaTypasibHBIX uHces, He Oompmux 500

H He JAeJsIIMXCS HH HA 2, HH Ha 3?
7

7
170. HafiguTe ocTaToOK OT [AeJeHHsI YHCJA 57 Ha 7.

171. Tenstes mm uncaa 222990 1 555222 ;4 99995555 .

+ 55552222 ya 7

172. [lokaxuTe, 4yTO HauMeHbllIee HATypajbHOE YHCJO &,
IJst KoToporo af=1(mod p) (rie p — NpOCTOe YHCJIO, He
Jensllee @), IO/DKHO ObITh jAejureneM p— 1.

173. Mbl 3HaeM, 4YTO eCJaH OJHO H3 4YHCeJ JAHHOIO
KJacca BBIYETOB IO MOAYJIO 7 B3aHMHO IIPOCTO C m, TO
M BCe 4MCJa 3TOrO KJacca B3aMMHO IpocTel ¢ m (cM. Ne 95).
[TosTOMy MOXKHO TOBOPHUTE O KJlaccaxX, B3aUMHO IIPOCTBIX
c moayJseM. I'pynna uuces, cojepxalias 1o OLHOMY Hpej-
CTaBUTEJIO OT KaXKJOro KJacca, B3aUMHO IIPOCTOTO C MOAY-
JieM, HasblBaeTCss NpUBeJeHHOH CHCTEeMOH BHUETOB
N0 JAaHHOMY MOZYJIO.

JokaxuTe, 4TO eclIM YMCJIA @ W M B3aHMHO MPOCTHI
U eclH B BBHIPAXKEHHH aX YHCJIO X IpobGeraer Kakymo-au6o
NIpUBEJIEHHYI0 CHCTEMY BBIUETOB IO MOAYJIO f, TO H IOJY-
yaeMble 3HaueHHs BHIPAXKeHHs ax o0pasyloT IMpHBEeAEHHYIO
CHCTEMY BBIYETOB II0 MOAYJIO .

174. [oxaxute Teopemy ODiJjepa: ecau uucaa a u b
B3aUMHO IIpOCTH, To a?(™=1(mod m), rae ¢(m) paBHO
YHCJY HaTypaJbHBIX UYHces, He GOJIBIUHX m H B3aHMHO
TNPOCTHIX C M.

175. Haligute ocTaTox OT HeJieHHA 4HCJA 127107 Ha 15.
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176. PemnTb nHO(AHTOBH YpaBHEHHS:

a) 11x 4+ 12y = 58; 6) 153x — 34y = 51.

177. Ha#inute TpexaHauHoe uncao, Kotopoe B 11 pas
GoJsibllle CYMMBI CBOUX IHGD.

178. Ilanwl Tpu pasuele nudpsl. CymMmMa Bcex Tpexs3Hau-
HBIX YHCeJ, KaKHe TOJIbKO MOXKHO COCTaBUTb, KOMOHHHPYA
5TH TpU UHPpH, paBHa 2886. Ecau pacnosioxuTbh JaHHBIE
uudpel M0 yOBIBAHMIO HX 3HAUEHUH W H3 MOJYUEHHOrO 4YHCJa
BbIUECTb YHCJIO, COCTABJEHHOE H3 3THX e LH(pP, HO B3ATHIX
B 00paTHOM NOpsilKe, TO pasHocTh coctaBuT 495. Haiinure
3TH TPH LHUDPBI, €cJd U3BECTHO, UYTO CpeAd HHUX HeT HYJs.

179. B yupexpeHudn cToaT 14 KaHIENPCKHX CTOJIOB
C OJIHHMM, JBYMSf, TpeMsl H YeThpbMsi sAmuKaMud. Bcero
B crtojax 33 smuka. CKOJBKO CTOJOB C OJHHUM SIIMKOM,
eCJIM H3BECTHO, YTO HX CTOJIBKO, CKOJBKO C JIByMf M TpeMs
AMUKAMH BMecTe?

180. JIropa ¢ wmaMoil fenajd TOKYIKH. ¥ HHX OBLIO
HeMHOro MeHee 150 pyGseli, mpuueM TOJBKO NATEPKaMH
u py6asmu. [lo Bo3BpallleHMH AOMOH Yy HHX OCTaJoCh DOBHO
TpeTb IlepBOHAyasbHOH CYMMBI, IIPH 3TOM NATEPOK CTaJO
CTOJIbKO, CKOJIbKO paHblle OblIo pybJielf, a pybJsel cTOJBKO,
CKOJIbKO paHbllle Obl1o mATepok. CKOJBKO JAeHer OHH HCTpa-
THJIM Ha INOKYNKY?

181. B 1axmaTHOM TYypHHMpe Yy4acTBOBaJO JBa YYeHHKa
CeIbMOro KJiacca M HECKOJbKO BOCBMHKJACCHHKOB. J[IBa
CeMHKJIaCCHHKa Habpanu BMecTe' 8 OUKOB, a KaxJblii BOCHMH-
KJaCCHUK Habpasl OJHO ¥ TO Xe YHCJAO OYKOB. CKOJBbKO
BOCBMHUKJIACCHHKOB Y4acTBOBaJIO B TYpHHpe?



OTBeTbl U pellieHUs

1.6)6ul; 9u 4 —18u 3; —10u 9.

4. |a].

5. HauGompImuii moJoXuTebHBIH JeJHTENb UHCIA a eCTh
|a|, snauut, ecn a: b, rae 6> 0, To b <|a|. Ho pasmuunbix
HATypa/bHBIX uHceJ, He GOJBLIMX |a|, TOMBKO JIHIIb |a|.

11. Tlycte a=0bg, +ry ¥ ¢ = bgy+ r,, TIpHUEM 1y = r;.
Torpa a—c¢ = (bqy + r1) — (bgs + r2) = b (g1 — G)-

12. UsBectHo, uT0 a@— ¢ = bq. Ilyctb ¢ = bg, + r, TIe
0Lr<b,orpaa=c+bg=0bg, +r+bg=>b(q.+q) +r,
rie 0 <r < b, 3HAuuT, r €CThb OCTATOK OT JAeJeHus a Ha b.

15. 4) JIBy3HauHOe 4yHCJIO, Y KOTOPOro LHdpa HNEeCATKOB &
u nudpa enunun b, copepxut 10a + b epunun. Yucno, 3a-
IHCaHHOe TeMH ke Iudpamu, HO B 0OpaTHOM IOpAJKe, ecCTb
100 +a. HUx cymma (10a+ b)+ (100 + a) = 1la+ 116 =
= 11(a+ d).

16. Ecmu N; = 100a + 106 + ¢, To oGpaiieHHOE YHCJIO
N,=100c + 106 + a. 3nauur, Ny — Ny, =(100a + 106 + ¢) —
—(100c + 106 + a) = 99a — 99¢ = 99 (a — ¢).

18. 1) PaccmatpuBaem jBa ciayuas: n = 2k —uHcJIO YeTHOe
U n= 2k -+ 1 — uhcjo HeueTHoE.

2) PaccmarpuBaeM Tpu BO3MOXKHBIX CJyuYasd: YHCIO A Je-
JUTCS HA 3, 3HAYMT, A = 3k; YHCJO 1N NpPU JeJeHHH Ha 3
JaeT ocTatok 1, 3Hauut, n = 3k 1; yuCJO n TpU HeNeHHH
Ha 3 gJaeT ocTaToK 2, 3HAuyuT, n= 3k -+ 2.

20. 2) BosbMeM jBa mocJiefOBATENLHBIX HEUETHBIX YHCJA:
m=2k—1 u ny=2k+ 1, torga n?—ni=(2k—172—
— 2k 1) = 4k (— 2) = 8(— k).

21. 5643; 14014; 5069812; 4192716.

22, 2348; 483 568.

25. 1) 0 umm 5; moGywo wuppy; Takyio Ludpy HaiTH
HeJIb3s.

2) L, 2, 7.

3)0,3,6um9; 2,5 wm8; 2, 5 uin 8.

26. 1) 401, ocrajbublie fesaTcs Ha 5.

2) 366, ocrambHbie genaTcAd Ha 9.

3) 342, ocranbHble fesaarcs Ha 4.
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27. BeskHH pas uMCJO KYCKOB YBeJMUHBAJIOCH Ha 5, 1lu-
3TOoMy oOfillee YHCJIO KYCKOB JOJIKHO IENUThCS Ha b.

28. Te W TOMBKO Te uHMCJia, KOTOpblE OKaHYHBAIOTCS
nucppoit 0.

29. Te u TOJBKO Te uucsa, KOTOPbIE OKAHUMBAIOTCHA YeT-
HOH uudpon.

30. 1) Te u ToMbKO Te uuCJa, KOTOpble OKaHYMBAIOTCH
HyJeM uau nMppoi 4.

2) Te ¥ TOJBKO Te uHCJa, KOTOPble OKAHUMBAIOTCH HYJEM
Hau 1uppor 3.

31. Te u TonMbKO Te uyMcsa, y KOTOPBIX CyMMa UHdp Ze-
JHTCA Ha JAHHOe YHCJIO.

32. Te u To/MBKO Te 4yHCsa, Y KOTOpbIX cymMma Hudp ne-
JIUTCSl Ha JAHHOe YHCJIO.

33. 1010, 1001g; 2135 1100, 5604,.

34. 2205 3124 231, 483,.

35. 3205 523,.

36. 2010,; 4640, 255 4730,.

38. IlycTb HaMMEHBUIHA OTJHYHBIA OT €JMHHIBI MOJIOXKH-
TeJbHBIH JeJHTeNb COCTaBHOrO uuciaa N ecTb p, 3HAUHT,
N=p-q, tne q>p. Torpa p> =p-p<Lp-q=N, TO ecTb
PP N.

39. Ecau 6bl umcsio N GbIJIO COCTABHEIM, TO OHO HMEJO
6bl HaMMeHBIIMA NpPOCTOH JesuTesb, KBaApaT KOTOPOro He
6ogbuie N.

40. TocraTouHo mpoBeputh Aas 2, 3, 5 1 7, u6o 112> 100.

41, Ilo teopeMe UYeGnimeBa, AMA KaKAOrO HATYPAJILHOTO
YpcJia M CYIIeCTBYeT NMpOCTOe uucso, Gosbiuee ero. Ho Tak
Kak 7 MOXeT OBbITb CKOJIb YTOAHO GOJIBLIMM YHCJIOM, CJeL0Ba-
TeJbHO, HAauGOJIbLIEro MPOCTOrO YHCJa OBITb HE MOXKET.

47. 1) Ha, nanpumep: 34-2; 1142 u papyrue umcna-
OJIH3HELBL.

2) Her, u6o cymma Takux mpocThIX uuces (HeyeTHbIx!)
€CTh BCerja YHCJO 4YeTHOe.

49. TlpocToe 4YHCJIO p MOMKET HEJUTbCS TOMNBKO Ha 1 M
Ha p. Ho g — uucJyo npoctoe, oHO He paBHO 1, 3HAUMT, ¢ = .

50. 2-3.5.7-11-13+ 1= 30031 =59-509; ocrajbHbE
BCE YHCJA ITPOCTHIE.

51. PasyoxuM cHayasa Ha IpOCThle MHOXHTENH BCE CO-
CTaBHBIE MHOJKHTEJNH, a 3aTeM cobepeM BCE IpOCThle MHOXKH-
TN, CKJaJblBasi COOTBETCTBYIOIIME MOKa3aTesNH CTeneHed.
TTonyunm

10! = 28.34.52.7.
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52. B pmecaTol cTemneHH.

53. B uerBeproit cTemenu.

54. UeTblpbMA HYJIAMH.

55. 24 myaaMu.

56. 1) 8 2) 16; 3) 16.

57. 1)12356910 15, 18, 30, 45, 90.

2)12574101435202870 140.

58. 1) 1, 2, 5, 10.

2) Ilo 1, mo 2, no 5 wiu nmo 10 yuamuxcs B OLHH pAX.

59. 10.

60. 1) 6; 2) 60.

61. 6; 9; 8; 16.

62. 35.

63. 12; 6; 4; 3; 2; 1.

64. 1)1235610 15; 30.

2) 1; 3 9 27; 81.

65. a) 1;2;4,8. 6) 1;, 2; 3; 4 6; 9; 12; 18; 36. B) I;
2; 3; 4, 5 6; 8; 10; 12; 15; 20; 24; 25; 30; 40; 50; 60; 75;
100; 120; 150; 200; 300; 600.

66. a) 4 X 3 = 12 pemurenedt; 6) 4 X 5 = 20 penurened;
B) (k+ 1) (n—|— 1) nesuresed.

12; 60; 17.

67

. 1) 15 14 13; 1; 23; 1.
2) 6 1; 7; 105.
72. 7, 16; 128.
73. 1) 8 km/u; 2) 23 uaca.
74. 9, 12 u 10 BaroHoB.

75. Tlo noxasaHHOMY TIepBOMY YTBEpKJEHHIO %sz
ecTb obilee xpaTHoe uucesa a u b. Ilo Bropomy yTBepXKie-

ab o
HUIO —— = d ecTh o6mui fnesautenb uyucea a H b. Cierosa-

TeJibHO, ab = MD u ab = md, otkyga MD = md.

D =HO[ (a, b), sanaunur, D> d, Ho Torga M- m, uTO
BO3MOXKHO JIMILIb B TOM CJyuae, korga M = m, u6o m — Hau-
MeHblIee oflllee KpaTHoe.

78. 70; 288; 540; 5040.

79. 84; 420; 547 711.

81. 120; 270; 288; 2310.

82, 1) 120 cm; 2) 24 Om X 24 Om.

83. 1) 60 xHuur; 2) 600 TeTpanefl.

84. Bce Tpu BeTperarcs yepes 60 AHeH, B MATHHLY.
85, 10 3apau.
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86. 1) HOK (8,9)—1=72—1=7T71.

2) HOK (8, 7, 6, 5, 4, 3, 2)— 1 = 839.

90. 0; 4; 0; 10.

91. 234 122 u 23543723.

92. Bceraa, KpoMme JeJleHHs Ha 4HCJO, CpaBHUMOE C HY-
JIEM 0 JAaHHOMY MOJYJIO.

93. Tak XaK a—4ucJ0 MPOCTOoe, TO @ U /1 B3AUMHO IPOCTHL.

94. MoxeT o0Ka3aTbCsl, UTO ry:ry > M, IO3TOMY MOXKHO
JUIIL YTBEepXKJaTh, YTO OCTATOK IPOU3BENEHHS CPaBHUM
¢ TpoHu3BEeJieHUEM OCTaTKOB IO MOLYJIO .

95. HocraTouHo cpaBHeHue a = b (mod m) 3aMeHHUTb 3KBHU-
BaJICHTHLIM €My YyTBepXKJAeHHeM, 4To a = b+ km.

97. IlpuMeHHUTh NpuU3HaK JeauMocTH Ha 11.

98, 52n+1. 2n+2+ 3n+2 22n+l (52)/1 5.9n.92 _I_ 3r. 32 ><
X (22y%-2 = 20-25"-2" 4 18-3"-47 = 20-50” 4 18-12”. Ho no
mopymo 19 mmeem: 20=1; 18=—1 u 50=12, nostomy
20-50" + 18.12"=1-127—1.12" = 0 (mod 19).

100. OcTaTKH COOTBETCTBEHHO paBHEL 0; 2; 10.

101. Tlo mopy/o 7 MOXKHO 3amUcaTh:

861 + 610505 161 _|_ (___ 1)1050 — 2

13-10% + 7028.59=—1.3*423.3=—81 + 24 =
= —b7=6.

11-18-.2322-13-19=4-4.5-(—1)-5 = — 20 = —
—(—1P2=—1=6.

102. Henb3s. Hanmpumep: 3-4=0(mod 6), 1o 3 == 0 (mod 6)
u 4 =% 0(mod 6).

103. HMcnonb3oBaTh yTBepXKAEHHE, UYTO €CJIH IpOU3Befe-
HUE JBYX 4YHCeJ AeJUTCAd Ha IIPOCTOE YHCJIO p, TO XOTS OBl
OIMH M3 COMHOXKHUTesell nemutcs Ha p (cM. Ne 155).

105. IlenecoobpasHo B3ATh TaKYI0 MOJHYIO CHCTEMY BbI-
yeroB: (—3, —2, —1, 0, 1, 2, 3).

106. ITpu a = 3.

108. a) (1, 2, 3, 4, 5, 6); 6) (0, 1, 2345)13)( 3,
—2, —1, 0, 1, 2) wm (—2, —1, 0, ).

109. 7.

113. 1.

115. a) x=—14+4k y=2—3k 6) x=—3+ 8k
y=3—"7~k.

116. a) Her pewenus; 6) x=—6-+F 11k y=5—7k.

117. a) (1; 1), 6) (21; 1), (14; 6), (7; 11).

118. O6o3Hauum nudpy coTeH yepes x, a LUPPY AecdAr-
KoB uepe3 y. Torja wuckomoe uucjo OyJeT HMETb BHA:
100x + 10y 4 7. Tlocse nepeHecenust uugpel 7 Ha MepBoe
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Mecto noayuum uucyo 700 + 10x + y. MoxkeM cOCTaBHTDb
ypaBHeHHe:
700 + 10x—[— y=2(100x + 10y + 7) + 21.

Ilocne ympourenunit nomyuum: 10x 4+ y = 35.

Ho x m y—nuudpe, 3HAUuT, €AMHCTBEHHBIM peLIeHHEM
JAaHHOTO ypaBHeHHus1 OygeT x =3, a y=>5. KckoMoe YHCIIO
paBHO 357.

119. 72.

120. a) x =5+ 7k; 6) Her pelweHuii; B) x = 3 4 5k.

121. a) x = 11 4 4k; y= 1+ 3k; 6) Her pelueHut.

122. Ecan uudpa pecsiTkoB x, a uudpa enuHul y, TO
ypaBHeHne umeeT BHA: (10x 4 y)-7 = 100x 4+ y uam 30x —
—6y =20, otkyna y=>5x. Tak Kak x W Y— HUDpH, TO
3ajlaua UMeeT eIHHCTBeHHOe pelleHne X = 1; y = 5. Hlckomoe
JBy3HauHOe 4McJ0 paBHO 15.

123. 91.

124. 1 xHury 3a 3 py6as, 5 KHUr no 2 py6as u 14 KHUT
mo 50 Komeexk 3a KHHTY.

125. HO[L (a, p)= 1, 3sHauur, cpaBHeHUe HMeeT eIHH-
CTBEeHHBIH KJacc peuleHuil. [lojcTaBup 3HaueHUe X B JIEBYIO
YyacTb CpaBHEHHS, MoJayuum: a-baP—2=b.aP—'=b-1(mod p),
6o no teopeme Pepma a’~!'=1(mod p).

126. Ecim a: bub:a, 7o a=b-q. u b=a-q,, TOrza
a = a(g1g.). Coxpamas o6e yacTH paBeHCTBa Ha @, IOJYUYHM
G1Gs = 1, UYTO BO3MOXKHO JIMIIL IPHU YCJNOBHM, 4TO ¢y = Z=1

" g,=2¢1.
127.2) n4 (14 D+ (n+ D+ (n+ 3) + (n+ 4 = 5n +
+10=5(n+2).

6) Jlio6oe wesioe 4YUCAO 1 MOXKET OBITb HpEeACTaBJIEHO
B OJHOM H3 ISTH BOSMOXKHBIX BHIOB: 1 = bk, n= 5k |;
n=>5k-+2; n=>5k-1+ 3;, n=>5k+ 4, rie k— nenoe yUCIO.
KakoBo Obl HH OBLIO 1, OJWH M3 COMHOXKHTeJEH Npou3Beje-
uusi n(n+ 1)(n+ 2)(n-+ 3)(n+ 4) neautcsa Ha 5, a 3HAYMT,
H BCe NpOH3BeJieHUe JNeNuTcs Ha 5.

128. PaccmaTpuBaem AJs1 @ NATH BO3MOMKHBIX CJY4aes,
KaKk 4 B INpelpiyuiell 3ajaue, IpeiBapUTEbHO pPa3JIOXKHB
a’—a Ha MHOXuTequ: a®*—a=a(@—1)(@+1)=@—
— Da@+ 1)-(a®+ 1).

129. 1) MoxeT, ec/y cJaraeMblX YeTHOE YHCJIO.

2) HeueTHoe uucJO.

130. Yernpmm. 11-10 = 110.

131. 2) YeTHbIM.

132. Uucio KOHIOB y BCEX MOCTOB JIOJI)KHO OBITH 00s13a-
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TeJLHO ueTHOE, a B PYKOMHCH umeeM 5+ 4-4 + 3.3+ 1 =
= 3] — HeueTHOe YHCJO KOHIOB.

133. a + b= 10k; a® —b® = (a + b) (@ — b) = 10k (a— D).

134. Ilpeanonoxum, uro 1970 =a®—0b% rie a u b—
nesple yucaa. 3nauut, 1970 = (a + b)(a —b).

B 3aBUCHMOCTH OT YETHOCTH a ¥ b BO3MOXKHHI 4 cayuyas:
1) a u b—o6a uerHbe; 2) a U b— ob6a HeueTHHe; 3) a —
JyeTHoe, b — HeueTHoe; 4) a — HeueTHoe, b — yeTHOe. B mep-
BBIX JByX cJayuasix a-+b u a—b sBIAIOTCH YETHBIMH YHC-
JaMu, TO03TOMY HX ImpousBefileHne Aenautcsa Ha 4. Ciefopa-
TeJbHO, (a -+ b)(a— b) He MoxeT paBHATbc uucay 1970, He
JensmeMycss Ha 4. B mocrepyiomux JABYX caydaax a -+ b
U a — b— HeueTHble, 3HAYUT, HX INPOU3BeJleHHe YHCJO He-
YeTHOE H HE MOMKET paBHATbCA ueTHOMY uucay 1970.

135. 1) Ha. 2) He o6s3arensho. 3) Ha.

0; 1; 0, 2 wu 4; mo6yro uudpy or 0 1o 7.

. 1; 1, 3 um 5.

138. 0; mo6yro nudpy (0, 1 umu 2); 1 uan 4; 0, 3 uau 6.
. 0; mo6yo nuppy or 0 1o 4; 4; 0.

140. 3; 0.

141. 1) 222222222 u ppyrue nofoGHBlE 4Yxcga JeJsTcs
Ha 9; Her, H6O OHM Ha D JENUThCS HE MOTYT.

2) 555; 5555655 u npyrue mofoGHBIE YHCJA.

144. Camoe OGoubiioe 3HaueHue AJjs b 6yner, ecau Bce
1970 uudp yucna A pasunl 9, snauut, 5 << 9-1970 = 17730 —
nsiTH3HauHOe uucso. Torja cymMa mucdp uucia 5 MeHblie,
uem 9.5 = 45, npuueM fesutcs Ha 9. CnefoBatenbHO, yucyao B
MoXeT 6bITh 9, 18, 27 uau 36. ¥ Bcex 3THX YHCEJ CyMMa
nudp paBHa 9.

145. VcxoiHoe H BHOBb IIOJIyYyeHHOE YHCJIO HMEIOT OJH-
HaKoOBOe YucJo IHdp, UOO MHE TOJLKO IepecTasiseM Lubpy
¢ oxHoro Mecrta Ha Apyroe. Ho ecau npu yBenuueHHH 4ucia
B 5 pa3 uucso nudp He u3MeHsieTcs, 3HAYHT, nepBas Lubpa
y Takoro uucsa paBHa 1. Uueno, okaHumBaroieecs Ha 1, He
MOXKET AEJNHUThCS Ha 5.

146. Hckomoe umcjo o6sisaTesibHO JBY3HauHoe. Ecuau
udpy eAUHUI IPUHATh 332 OJJHY YaCTh, TO PA3HOCTH HCKOMOTO
yyucna M Uupel €ro eJMHHI, OKAaHYHUBAIOUIAsCS Ha HYJb, CO-
JepXuT 6 Takux yacTefl. EQMHCTBeHHOe 4HCJIO, OKaHYHMBaio-
meecs Ha HYJb, KOTOpoe IpH JeseHUH Ha 6 JaeT mesoe
yhcsio, Menbiiee 10, ects uneso 30. Mckomoe uywmceso 35.

147. nt4+4=n*4+4n*+4—4n>=n*+ 2> — (2np =
= (n? — 2n+ 2)(n® 4 2n+ 2).
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148. [Tycth n > | — moGoe HaTypajbHoe yucJjo. Pacemot-
puM n— 1 moc/efoBaTENbHBIX HATYpajbHBIX YMCEJ:

nl+2, 43 nl4+4, ..., nl4+n,

rie n!l=1.2-3-4.....n. Bce 3Ty uucaa cocraBHble, u60
nl -+ 2 penutcs Ha 2, nl+4 3 geaurcs Ha 3 W Tak JaJee,
HakoHell, n!--n Jeaurcs Ha n. Tak Kak n MOXHO B3AThb
CKOJIb YrojHo GOJBbIINM, TO STHM M JOKasaHo TpeGyemoe
YTBEpKJEHUE.

149. Tlycts HOO (n-+ 1, n)=d, toria pasHocTh (n -
+ 1)—n=1 pomxHa JeJuTbCs Ha d, YTO BO3MONKHO JIHIIb
npu d = 1.

150. ITycts HOJ (a, b) = d, Ttorja pasHocTh @ —b = 2
o6si3aTesbHO JAenutcst Ha d, 3Hauut, d =1 uau d = 2. Ho
TaK Kak a ¥ b He B3aUMHO IpocThble yucjaa, To d = 2.

151. IlpumenuM K uuciam a u b anaroputm Eskauna, no-
Jarasf a > b. [Ina onpeneneHHoctH 6yJeM cuuTaTh, 4TO IPO-
[[eCC IIOCJIeIOBATENBHOTO JeJIEHHS 3aKOHYHUTCS HAa YETBEPTOM
JTamne, TO €CTh

a=0b-q+r,
b=r1-Gy-+ 13,
ry=ry-qs+rs
re =r3-qs.

Torpa HOIL (a, b) = rs. U3 mpeanocyefinero paBeHCTBa Hai-
IeM rg = r; — ry- (3. [1oJicTaBuM Cloia 3HaUEHHUE 7y, HAHJEHHOE
U3 BTOPOI'O PaBeHCTBA: ry = b —ryq,. [loce ynpoleHnuit mo-
JyuuM: ry = b(— qs) + r1 (1 + ¢aqs)-

3aMeHUM Tenepb r; €ro BhIpaXKEHHEM U3 IepBOTO paBeH-
ctBa: r; = a— bg,. Tlocae ynpoieHuil mosydum:

rs= a(l - qxqs) + b(— g3 — 91 — §19:95)-

B o6Geux cxo6kax umeeM IeJble uHcsaa, 60 BCe YacTHEHIE
ABJIAIOTCA [eNbIMU yucaamu. O603HauuB 1 4 ¢fs = X H—(q3—
—q1—G19295s =Y, nonyuum, uro r3=HO/ (a, b)=a-x+b-y.

OueBHJHO, UYTO TAaKHM K€ pacCyXKAeHHEM Mbl [OJYYUM
tpebyemoe ang HOJL (a, b) BblpaKeHHe HE3aBHCHMO OT TOTO,
Ha KakoM »>Talle 3aKaHUYHMBAeTCs IPOLecC JAeseHHs.

152. Ecti a u b B3aUMHO IIpoCTEE  YHCJa, TO
HOL (a, b)=1, u no nokasanHomy B 3afiaue Ne 151 HafinyT-
Cd Takue 4yucsaa X u Yy, 4ro a-x+-b-y= 1.

CripaBeasiuBo H o6paTHoe. IIyCcTh Ipd HEKOTOPHIX LEJBIX
X ¥ y HMeeT MecTo paBeHCTBO a-x + b-y = 1. Torpa moGo#
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obuuit fenurenbp d udcesn a U b GyneT genuteneM uucaa 1,
4YTO BO3MOXKHO Juib npd d = = 1. CiaejfoBaTesNbHO, yHCTIa
@ U b UMEIOT TOJILKO OHMH IMOJIOXKHUTENbHBIH OGLIME JeJUTeNb
d=1, o ectb HOII (a, b) = 1.

153. Tak kak HOJ (a, p) = 1, To HaliAyTCs Takue LeJbie
yucaa X U Y, 4T0 a-x -+ p-y = 1. YMHOXKHUB 06e YacTH 3TOTO
paBeHcTBa Ha b, nmomyuuMm: (ab)x -+ p(by) = b.

ITo ycnoBuo (ab):p u pip, Torda u b= (ab)x -+ p(by)
JIOJDKHO JI@JIUThCSL Ha p.

154. HesepHo, Hanpumep, 3-4 fenautcs Ha 6, HO HH ORUH
U3 COMHOXHTeJeH He Jeautcs Ha 6.

155. 1) Ilyere HO (a, p) = d, 3Hauur, p:d. Ho p—
YHCJIO TPOCTOE, OHO MONKET [eNUThCcs Juimb HAa 1 U Ha p.
Ecmu d =p, 10 TOrma aip; ecau ke d =1, 3HayuT, @ U p
B3aHMHO IPOCTHIE.

2) Ecau a He Jenurcs Ha p, TO, IO JOKa3aHHOMY BHILIE,
HOI (a, p)=1, Ho Torja b nomkHO Aeauthcs Ha p (cM.
Ne 153).

3) IlycTb npousBelieHHE @;Qy0s- . .. @, LENUTCS HA IIPO-
cToe uucao p. PaccMaTpuBas JaHHOe INpPOU3BEJEHHE KaK
MpOU3BEJleHHE TOJBKO ABYX COMHOXKHTENEH a; U (A3 - . - *Qy),
MOXEM pacCyxJaTb Tak: €ecJu a, He JIeJUTCs HA p, TO
HOL (a;, p) =1 (cMm. Ne 155;), HO TOrj@a BTOpOH COMHOXKH-
TeNb (Qgls- . .. -Q,) AOMKeH Jenutbcs Ha p (cM. Ne 1563).

AHaJIOTHYHO pacCyXjasi, YCTAHOBUM, YTO €CJH d, HE Je-
JUTCSL HA p, TO (Ag- ...-a,) MOJNKHO JnemuTbcsl Ha p. Ilpo-
JOJKasi 3TH pacCyXJeHHs jajiee, Hal/leM, UTO €CJIH HH OJHO
U3 yucesa a,, dy, ds, ... , Gn—1 HE JEJIUTCA HA p, TO aQ, Je-
autcst Ha p. Mrak, Kakoe-HUGYb M3 JaHHBIX 1 yuces 00s3a-
TeJbHO JEJUTCH Ha p.

156. [Iycte jas HekoToporo uuciaa N Mbl uMeeM JBa
pasnoxkenusi: N=p;-py-...-p, u N=gq;-q,-...-q,, The
BCe p; ¥ ¢, — IpocThle yucaa. Tpebyercs JoKasaTb, YTO YHCIA
Gi, s - » (g JIMIIb NOPSJKOM PACIOJIOXKEHHS MOTYT OTJIH-
YaTbCsl OT YHCET Py, Py - -- 5 Pp

PaccMOTpUM paBeHCTBO: Py -Ps - -« “Pp = G1-Ga- « . . (. Jle-
Basl 4acThb €ro JeNUTCS Ha p;, 3HAYUT, U IIpaBas 4acTb AOJKHA
Iemutbes Ha p;. Ho p, — uucso mpocrtoe, mosToMy NpousBe-
JeHUe g;-qy- ..., JNEJUTCS HA p; TOJBKO B TOM CcClyuae,
KOT/la OJIUH U3 €r0 COMHOXHUTEJel JenuTcs Ha p; (cM. Ne 155s).
[TycTb ¢, penuTcs Ha p;, HO Tak Kak ¢; — YUCJIO IPOCTOE,
3HauuT, q; = p; (cM. Ne 49). Pasnenus o6e uyacTd paBeHCTBa

Ha Py, MOJYUUM: Py-Ps- ... Pp=1{qsG3" - .. (s
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AHanorH4Ho HalJeM, 4YTO §y = pPy; (3 = Ps M TaKk Janee.
[Tonyunm, YTO BCe MHOMKHTENH Py, Po, ... , P BXOISAT H B
NpaByl0 4acTb HCXOJHOI'O PaBEHCTBA.

PaccmatpuBas fesuMocTh Ha ¢, MOJNY4YHM, YTO BCE MHO-
XKUTENH (1, Gy, ... , §, BXOAAT B JeBylo yacte. Crejosa-
TeJIbHO, JIeBasl U NpaBas 4aCTH MOTYT OTJIHMYATbCS TOJBKO IO-
PAIKOM MHOXHTeNEH, a He CAMUMH MHOXKHTEJISAMH.

157. Tak Kak a : p, To @ = p-Q; HO a i g, 3HauuT, (p-Q):g.
ITo ycnoeuio HO[I (p, q)= 1, noatomy Q :q (cM. Ne 153),
To ecTb Q=g¢q-c. Torna a=p-q-c

158. Tak kak 6 =2.3, 12 = 3 4 u 15 = 3-5 npencras-
JieHbl B BHJE IPOU3BeJeHHll B3aUMHO IPOCTHIX YHCEJ, MOXKHO
COpMYJIHPOBATL CJIEAYIOU[HE NPU3HAKH JI€JIUMOCTH:

Ha 6 JenATcA Te M TOJMbKO Te YUCJa, KOTOphie NeJsTcs
U Ha 2, u Ha 3;

Ha 12 fenaTcs Te W TOJIBKO Te 4YHCJa, KOTOpble /AT
U Ha 3, u Ha 4;

Ha 15 nejATcs Te M TOJMLKO Te YMCJA, KOTOpble AENATCS
H Ha 3, U Ha 5.

159. 1) IIpoussenenne Tpex NocJ/efOBaTEJNbHBIX UHCEN Je-
Jutcs ¥ Ha 2, ¥ Ha 3 (cMm. Ne 18), 3HauuT, OHO JeJIHTCA
H Ha 6.

2) [1pousBeenue yeTbpex MOCJIe0BaTEAbHBIX LIe/bIX YHCeJ
nenurcs Ha 3 (cM. Ne 18). Cpenn comHoxHTeJell 0643aTeNbHO
ecTb JBa YeTHHIX uMcaa: 2k u 2k + 2. Mx npousseleHue Je-
aurcs Ha 8, u60 2k-(2k+ 2)=4k(k+ 1), a k(k+ 1) ne-
gurca eine Ha 2 (cM. Ne 18). 3Hauur, Bce mnpousBejeHHE
nenutcs Ha 24, Tak kak HOJI (3,8) = 1.

3) Ipoussenenue n(n+ 1)(n+ 2)(n+ 3)(n+ 4) IleJIHTCH
Ha 3, Ha 8 W Ha 5, caenoBaTesbHO, M Ha 3-5-8 = 120.

160. 1) a®*—a=a(@—1)=(@—1a(@a+ 1).

2) ab—a=a@@—1)(a+1)=(@—Da(@+ 1)(@+1),
IIpH JIIOGOM IIEJIOM @ 9TO NpOHM3BeleHHe NeJuTcs Ha 2, HAa 3
u Ha 5 (cM. Ne 128).

3) Kax u npu pemenun 3apauur Ne 18, ycTanaB/iupaem
JeqMMOCTh Ha 2 ¥ Ha 3.

4) a*—5at+4da=a@—1)@—4)=@—2)a—1X
Xa(a+ 1)(a+ 2). [Toayuunu npousBefieHHe NATH NOCIEN0Ba-
TeJIbHBIX IeJIbIX YHCe.

5) %“I‘%“{“%: 2a+3é12+a3 _ a(a—l—lé(a—|—2)'

B uucnuTene mnosyuusu npousBeleHHe Tpex IOCJeN0Ba-
Te/NbHBIX LeJbIX YHCes, KOTOopoe AeJHTC Ha 6.
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at ad 11a? a  a'4-6a®41la% 4 6a
O% + 7+ 5 7= 7

a@+1)(@+2)(a+3)
24

. B uncnurene nmeem nponsBeAeHue

yeThIpeX MOC/EJOBaTeNbHEIX LEJBIX YHCes, KOTOpOoe AeJHTCS
Ha 24.

161. Ilyctb M —o6umee kpaTHoe uucen a v b. m=
= HOK (a, b). Pasgemum M ua m.

M=m-g4r, rae 0Lr < m.

Tak kak M neiquTciu Ha @ uHa b, U m JenuUTCs U Ha a
H Ha b, TO M r JOJKHO JeJIMThCs W Ha a U Ha b, TO ecTb r
ecTb ofliee KpaTHoe uucesa ¢ 4 b. Ho HaummeHblIMM mOJIO-
JKHTeJbHBIM OOLIMM KpaTHBIM yHceJ a H b aBjaseTcs #1, 3Ha-
yut, r = 0.

162. Eciu penutens d = 1, TO €ro MOXHO NpPeACTaBHTh
B Buse pl-pd-...-pS. Ecim d>1, To OH HMeeT mpocToi
Ienuteab p. Tak Kak N:d u d:p, 70 Nip, 3HauuT, OfuH
H3 MPOCTHIX MHOXHTeNeH pa3noxeHHsa N JO/MKEH NeJHThCS
Ha p, 4YTO BO3MOXHO, €C/IH OH COBHNajaeT C p, HHBIMHU CJO-
BaMH, p e€cTb OJMH H3 p;,, BXOJALIMX B KaHOHHYECKOE pa3-
JoxXeHne uucaa N.

Ecin HekoTOpoe IPOCTOE YMCJIO P BXOAUT B PasJsOKeHHE
ypcja N B cTemeHH o, a B pa3joxeHue d B cremeHu f, To
B < a. Ilpepnonoxum mnpotusHoe, uto P > . Torma N =
= p*-q;, NIpUUEM @; He NeJuTcs Ha p, a d = pig,.

[To ycaoButo N :d, anauutr, N = d-q; = p*gyq;. CocraBum
paBeHCTBO: p°q; = p°qyq;. CoKpaTHB Ha p*, TOJYUHM ¢ =
= pP—°q,qs. TlpaBass uacTh HeJUTCH HA p, a JieBas He Jie-
Jurcsl. IlonyueHHoe HpoTHBOpeuHe M NOKashlBaeT, 4ToO P He
MOKeT OBITb 0O0JblIE .

163. Uucno penurenedt pasHo (ot + 1) (e + 1) - .. (2, +
+ D).

165. OcTtatox paBeH 5.

166. 1) 3-7+2=23. 2) 60-n-+ 1 = 301.

167. 1) 4; 4. 2) 25 uan 70 u 40 wm 85.

168. 1) 3420; 4320; 3240; 2340. 2) Henb3s.

169. 167.

170. Tak kax 5°==1(mod 7), AocTaTOYHO HAHTH OCTaTOK

7
OT JeJIEeHHA YHCJa 70 Ha 6. Ho 7=1(mod 6), nostomy
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77 = 1 (mod 6), 3Hauwr, 517 = Bontl = (6% 5=
=5 (mod 7).

171. Tlo mMonymo 7 uMmeeM:

a) 999955 + 555222 — 5555 + 9222 _ 56-92+ 3 +

1 96-37=53 1 1=0.
6) 22029955 | 55552222 — 35555 | 42222 _
_ 3692545 46-370+2_-35 , 425 90,

172. Tlycts p— 1 =kqg +r, e 0 < r < k, TOrga P~ ! =
= gki+r = (a*)7-a’. Ho a*=1(mod p) u a*~1=1(mod p),
3Hayut, 1=1.a"(mod p), yero GuITb He MoOXKeT, H60 0 <
< r <k, a 1o ycioBuIO0 £ — HauMeHbIlIee HATypaJbHOE YHCJIO
Takoe, uto a*=1(mod p).

173. Korpa x npoGeraer Bce ¢ (m) 3HauUeHWH W3 NpuBe-
JleHHOH CHCTeMbl BBIMETOB, IOJYUYUM @ (/1) NMPOHU3BELEHHH ax,
H TaK Kak @ M X B3aHMHO IIPOCTHI C #, TO H HX IpOHU3Be-
JeHHs B3aMMHO IIpOCTHl ¢ m. HerpyAHo mokasaTth, uYTO BCe
¢ (m) npousBe/leHUH NpHHAJJEKAT Pa3HBIM KJaccaM BHIYETOB
0 MOAYJIO 1.

174. BosbMeMm /mo6yi0 NpHBEJEHHYIO CHCTEMY BHIUETOB
ry, rey «.. , Iy The s= ¢ (m). Torpa uucna ary, ars, ...,
ar Takxke 00pasyloT NpUBEJEHHYIO CHCTEMY BBIYETOB IO TOMY
xe moaymo m. IlostomMy Kaxjioe U3 yHcesn ar, CPaBHHMO
N0 MOAYJIO m C ONHUM H3 uyHCe]d r;, a IIepeMHOXHB BCe
§ = @(m) STHUX CpaBHEHHH, MOJTYUHUM:

asm.rirg- . rg==r1ry ... rg(mod m).

Ho Bce r; B3auMHO IpocTHl ¢ m, TOTJa M UX IPOH3Beje-
HHE ryfy- ... -Iy B3AUMHO mpocTo ¢ m. Pa3jfenuB obe 4acTH
CpaBHEHHUS Ha 3TO NpoU3BeleHHe, noayuuM: af (M =1 (mod m).

175. CpaBrenne 12727 =71(mod 15) oueBupno. Hermo-
CpeACTBEHHO onpefienseMm, uro uucaa 1, 2, 4, 7, 8, 11, 13,
14 o6pasyloT NnpuUBeJeHHYIO CHCTEMY BBIYETOB IO MOAYJIO 15,
3HayuT, ¢ (15) = 8. ITo Teopeme Diinepa 78 =1 (mod 15), Toraa
7107 = 781343 — (78)13.73 =73 (mod 15). Teneps HaxonauM ocTa-
ToK: 7% =49.7=4.7=13(mod 15).

176. a) x=2+4+ 12k; y=3— 11k 6) x=1-+2k y=
=3+ 9%.

177. 198.
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178. O6o3HauuM HCKOMBIE LH(PLl 4epes X, y M 2z, MpPHUEM
6yleM cudTaTth, 4To x <y <z. M3 sTHXx Tpex OykKB
MOXKHO COCTaBUTb TOJIbKO IIECTb pasJMYHBIX TPYNN 10 TPH
OYKBBL: Xyz; xzY; Yxz; yzx; zxy u zyx. [loaToMy KOMOUHHDYS
TpPU LHUGPH, Mbl MOJTYYHM ULIECTh TPEX3HAUHBIX yHces, B 00-
LYI0 CYMMY KOTOpBIX KaxJas 6ykBa BXOJMT JABaxKJbl B Ka-
yecTBe LUDPBl COTEH, ABaMXK]Hl — JECATKOB H JBaXKJbl — elH-
Hun. CienoBaresbHo, (200 - 20+ 2) x + 222y + 2222 = 2886,
OTKyJa X + Y+ 2= 13.

C npyroit croponsl, (100z -+ 10y—|— x)—(100x+ 10y +
+ 2) = 495; 992 — 99x = 495; z—x =

Eciu x =1, Torga 2= 6 u y =6, yero GLITb HE MOXKeT,
nbo Bce umcppbl pasubie. Ecnun x > 3, Torga 2> 8, a y < 2
4TO IPOTHBOPEUYHT YCJIOBHIO x < Y < 2.

CnenoBarenbto, x=2; 2=7 u Yy = 4.

179. CroJioB ¢ OJHHUM SIIHKOM ObLIO 5, ¢ IBYyMS— 3,
C TpeMs— 2 ¥ C ueThpbMsa — 4.

180. IlycTp 6blIO X mATepoK M y pyOGJel, 3HA4UT, BCErO
6bl10 (5x + y) py6ued, a mociie MOKYNOK ocTanoch (5y + X)
py6aneii. M3 ypaBuenust 5x + y = 3(5y + x) Haxomgum: 2x =
= 14y nmu x = 7y. CienoBarejbHO, IlepBOHAayajbHAasA CyMMa
cocraBasaa 5-7y -+ y = 36y py6maeH, 4TO HEMHOrO MeHblIe
150 py6uielt Tonpko mpu y = 4. 3HAYUT, A0 NOKYNOK Yy HHX
6b10 144 py6ad, octajoch 48 pyGaeli, a Ha MOKYNKH M3pac-
xonoBann 96 pybJeil.

181. O603HaYNM YHCJIO BOCbMHKJIACCHHKOB Uepes 71, a YHCJI0
OYKOB, IOJYUYeHHBIX KaXJhM M3 HHUX, uyepe3 xX. Tak Kak 3a
Ka)1ylo MapTHI0 Hauucasercs Ju6o 1 ouko onHOMY, JHOO
no 0,5 ouka KaxjaOMy, TO YHCJIO 2x NOJKHO OBbITb LEJHIM.

Bcero yuacTHUKOB 6bUIO 1 + 2, 3HAUUT, HMH OBLIO CHITPAHO
n+2)n41 o
—(#l apTHA U CTOJIBKO e BCero GbIIO0 HAYHUC/IEHO

oukoB. CocTaBJisieM ypaBHeHHE: %ﬂ— =n-x+ 8.

n? + 3n+ 2 = 2nx + 16; 2nx = n® 4 3n— 14, otkyna
2x=n+3—1—4.

n

Ho n wu 2x—wuucna wesble, mo3TOMy 7 JOJKHO OBITH
TIOJIOKHUTEIbHBIM HesuTesieM uucaa 14. Honpu n=1un=2
nmoayunM, uto 2x < 0, uto GhThb He MoXeT. [Ipu n =7 mo-
JayuuMm x =4, a npu n = 14 6yner x = 8. Takum o6Gpasom,
B TYpHHUpe YyYacTBOBaJO HJM 7, WId 14 BOCHMHKJIACCHHKOB,
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