


Netnsa wkona «CoBpemeHHas maTemaTuka»
Ly6na, utons 2005

B.A.Vcnencknii

HeTbipe anroputmmyeckmx
ANYa CNyHarHOCTH

2-e n3gaHune, ncnpassieHHoe

Mockea, 2009
Usparenscteo MUHMO



YIK 510.5
BbK 22.12

Y77

ISBN 978-5-94057-

y77

Ycnenckuii B. A.
YeTblpe aNrOPUTMUUYECKHX JIMLA CJYYalHOCTH. — 2-e U3M., HC-
npasJeHHoe. — M.: MITHMO, 2009. — 48 c.

ISBN 978-5-94057-485-9

Bpoluiopa HanuMcaHa no martepuanam JeKUMH, NPOYHTaHHOH aBTOpOM 23 HI0As
2005 rona B seTHelt wkose «CoBpemeHHast MaTeMaTHka» B [ly6He. OHa nocBsiweHa
(hopMasH3aLMK TaKOro MHTYHTHBHO SICHOrO TEpPMHHA, Kak «cJjyuaiiHocTb». B 6po-
LIIOPe paccMaTpHBAeTCsl YeThipe Pa3HbiX MOAXOAA K 3TOMY [MOHSITHIO, OCHOBAHHBIX
Ha XapaKTepHbIX CBOHCTBaX CJyyaiHbIX MOCJIENOBATEbHOCTEH: YacTOTOYCTOHYHBOCTD,
Xa0THYHOCTb, THITHYHOCTb W HerpejcKa3yeMocTb. BBoasiTcsi BaXkHellline B TeOpHH aJl-
FOPHTMOB T[OHAITHS TEPEUYHCJMMOCTH, BBIYHCJIHMOCTH, SHTPOMHH H KOJIMOrOPOBCKOH
cnoxHocTH. C MX MOMOILBIO M MOXXHO MOMBITAThCSl OTBETHTH HAa BOMPOC, C KOTOPHIM
He CMpaBJ/IfieTCsl KJacCHYecKasi TeOpHsi BEPOSITHOCTEH: OMpeesHTh, MOXXHO JIH, HanpH-
Mep, MHAMBHAYaJbHYI0 M0CJ/Ee0BaTeJNbHOCTh HyJeH H e[HHHLL CYMTAThb CJYYyaHHOH HJIH
HeT. B nocsienHeit raaBe npoBoauTcsi 06061UeHHE MOHATHH YaCTOTOYCTOHYHBOCTH, Xao-
THYHOCTH, THIHYHOCTH H HENMpeACKa3yeMOCTH Ha CJy4ai BBIYHCJHMMOro pacrpesie/eHHs.

Bpouwtopa anpecoBaHa cTapliMM IUKOJbHHKAM M CTyJleHTaM MJIaRLIHX KypCOB.
[penBaputenbHbIX 3HaHWH OT yuTaTesst He nortpebyeTcs, OHaKO OyeT MOJE3HbIM
3HAaKOMCTBO C TEOpHeH a/JrOpHTMOB, a JUIsl UTEHHs MOCJefHeH I'JlaBbl — C OCHOBHbIMH
TOHATHSIMH TEOPHH BEpOSITHOCTEH.

[TepBoe u3nanue kHury BoiLso B 2006 .

BbK 22.12

© Ycnexckuit B. A., 2009.

5-9
‘ © MUUHMO, 2009.

]i

9"785940"574859"™>



BBenenue

EcJm KT0-/1M60 CKa)KeT HaM, 4TO OH NMOAGPOCHUJ «YECTHYIO» MOHETY 1Ba-
IUaTh pa3 U, 0603HauYMB repb eHHLIeH, a PEUETKY — HyJIEM, MOJYUYHJT TAKOH
pesyJsbTar:

10001011101111010000 )

WJIK TaKOH:
01111011001101110001, (1)

Mbl Bpsig JM Gymem yauBjieHbl. OQNHAKO €CJH HAM CKa)KyT, UTO pe3yJibTaT
6pocaHuil 6bl1 TAKUM:

00000000000000000000 (1)

HJIH TaKUM:
01010101010101010101, (Iv)

Mbl 6y[eM nopa<eHbl U BooGle He NMOBEPHUM HJIH XKe YCOMHHUMCS B KOPPEKT-
HOCTH 3KCrepHMeHTa. Bo3HHKaeT Bompoc: nouemy?

[To-Bumumomy, uenouxu (1) u (II) BocnpuHUMalOTCs KaK ciyyaiHble, a lie-
nouku (III) u (IV) — kak HecsyuaiiHble. .

Ho uto o3HauyawoT cjoBa «BOCNpPHHUMAaeTcs Kak cuaydaiiHasi»? Kaac-
cHYecKasi TeOpHsl BEpOSITHOCTeH He NAéT OTBETAa HA 3TOT BaxkKHbli BOMpoOC.
He cTosb peko MOXKHO ycJbllaTh cJjeayiollee 0ObsICHEHHE: BEPOSTHOCTb
kaxa0i1 u3 uenouek (111) u (IV) camikom mana, osa passa 2720, yTo MeHbLue
OJIHOM MHJUTHOHHOH. Ho Belb POBHO TaKyl0 K€ BEPOSITHOCTb UMEIOT LIeTNIOYKH
(hu (0!

CpaenaeM TpH BaxKHbIX 3aMeyaHHUsl.

e Bo-nepBbix, Bneuat/ieHHe cJay4ailHOCTH 3aBUCUT OT pacrpefie/ieHHs] Be-
positHocTell. Ec/ii oHa cTopOHA MOHeThI TsKeJlee JPYroi HJIH eCJii YesloBeK
B fnpoliecce 6pOCaHHs HAYYUTCS MOAKUIbIBATL MOHETY TaK, YTOObl OHa naja-
Jia Ha HYXXHYIO CTOPOHY, TO nosiieHue uenouek (I1I) uau (IV) moxer cratb
BroJsiHe oxKuaaembiM. CHauama — AJ NPOCTOTHl — Mbl GyaeM 3aHHMAThCS
JIMLIb HE3aBUCUMbIMH GPOCAHHSIMH C BEPOSITHOCTSIMU OJ1HAa BTOpasi AJs repba
W OJIHA BTOpast AJIs PELUETKH.

o Bo-BTOpBIX, FTOBOPUTb O CJYyYaHHOCTH UMEET CMBICJ JIHLb B NPUMeHe-
HHH K OYeHb JJIMHHBIM llerioukaM. BeccMbic/ieHHO cnipauidBath, KOTopasi 3
uenouek 00, 01, 10, 11 6oJsee cayuaitHa, ueM Apyrue.

e B-TpeTbHX, TOUHOH TI'DAHHLII MEXAY CJAyYalHbIMH U HecJyyailHbIMH
(B HHTYHTHBHOM CMBbICJI€) LENOYKaMH HeT U He MoxKeT ObiTh. Benb ecau
B CJIyYyalHHOH lleroyke 3aMeHUTb OJMH 3HaK, OHa ocTaércsi cayyaiHoi. Ho,

3



3aMeHsisi MHOTO pa3, Mbl OT /060 Lenoukd MoxkeM npuiith K (I1I) uau (1V).
IT0 M3BECTHBIH NapafoKC KyuH.

HWrtak, cnenyer paccMaTpUBAaTh TOJILKO OYeHb JJIMHHbIE LIEMOYKH, a B Hje-
ajle — GeckoHeyHble (BooOLle, 6€CKOHEUHOCTb — 3TO Takoe MoJe3HOe MpH-
6JIMXKEHHe CBepXy K OueHb GOJIbLIOMY KOHeuHOMy). BeckoHeuHble Liernou-
KH NPHHATO Ha3blBaTb nocaedosamesvrocmamu. OKasblBaeTcs, NocJjeno-
BAaTEJILHOCTH YK€ MOXKHO JOBOJIbHO OCMbICJIEHHO Pa3feiiTh Ha CJydaiiHble
M HecsyyaiiHble. MIHbIMH CJIOBaMH, MOXKHO He 6e3 ycrnexa NbiTaTbcsl HaHTH
CTPOroe MaTeMaTHYECKOE OnpeesieHHe IS TIOHATHS CAy4alinan nocaedo-
sameanvHocmy Hyaed u edunuy. B HacTosiLEeH GPOLIIOPE Mbl H3JIOXKHM
pe3yJ/ibTaTbl TAKHUX MOMbITOK, NPEANPUHATBIX Pa3/JHUHbIMH aBTopaMu. OnHa-
KO cJleyeT YeCTHO NMPH3HATb, YTO AJIS1 IPAKTHUECKUX MPHJIOXKEHHH HHTepec
NPeACTaBJISIIOT UMEHHO KOHeUHble CJyyaiHble LeNouKH U NMOTOMY Hiealn3a-
LMs, TIPOMCXOASILLAs NPH Nepexole K Lernoykam 6eCKOHEUHOH UIHHbI, Heu3-
6eXKHO COTpSIKEHA C «OTPbIBOM OT 2KH3HH». BripoueM, aHaJOrHUHbIH OTPbIB
BO3HMKAeT U NPH U3yYeHHH COBOKYTTHOCTH 8CeX KOHEUHbIX LieroyeK, NOCKoJIb-
Ky B XKH3HM BCTPEUAIOTCS JIMIIb LIENIOYKH OTPAHHUEHHOH IUIMHBI, @ B OY€Hb
JUIMHHBIX CJIy4alHbIX Lieroukax BO3HHKAIOT Takue 3¢deKTbl, KOTOpble MOTyT
M He COOTBETCTBOBATb HAWBHBIM MpENCTABJEHHSM O chayuaiiHoctd. Caenas
3TO NPU3HAHHE, NPUCTYMUM K H3JIOXKEHHIO.

Hawm 6yayT noJsie3Hbl HEKOTOpble TEPMHHBI H 0603HAUEHHU .

Besikasi KoHeuHast Lenouka (iy, ..., i) HyJiell 1 elMHHL Ha3bIBAETCS TaK-
e 0BOUHYHbIM CAOBOM, @ YHCJIO 1 — OAUHOU 3TOro cJioBa. [linHa cjioBa x
o603Hauaercst Tak: |x|. JIiMHA cJI0Ba MOXKET GbiTh paBHa HyJII0; CJIOBO JUIHHbI
HyJlb HHUEro He COAEPXKHT W HasbiBaeTcs nycmuim. [lycroe caoBo 0603Ha-
yaercsi 6yKBO# A.

MHoxXKecTBO Bcex IBOMYHBIX CJIOB 0603HauaeTcss 6ykBoil =. MHoxecTBO
BCEX TMOCJIe]0BATEbHOCTEH Hysell ¥ eIMHHULL 0603HauaeTcst 6YKBoH €.

[nst nocyienoBaresbHOCTH (a|, A2, A3, A4, . . .) KaXKA0e U3 ABOHYHBIX CJIOB
(ai,ae,...,a,) aBasierca eé Hauarom. [lycTb X € E — [BOMYHOE CJIOBO.
MHoxecTBO Bcex Tex MnocJiefloBaTesIbHOCTeH U3 €2, AJIST KOTOPbIX X CJIYXKHT
HauaJsioM, 0603HauuM uepe3 2. Kaxaoe MHoxKecTBO BHaa §2y, rae x € =,
NPUHATO Ha3blBaTh wapon. lllapy Q, npunuceiBaercst ero 06véx v(x), pas-
Hblit 27 1%,

ConepkareJsibHO, KX AYI0 110C/Ie10BaTeJNbHOCTb U3 £ Mbl paccMaTpUBaeM
KaK CepHI0 pe3yJsbTaToB 6pocaHuil MoHeThl. ElLE pa3 momuepkHEM, uTo aJs
HarJIIAHOCTH Mbl OrpaHUYMBAEMCsl HAa MepBbIX NOpax CUTyauuew, Koraa pe-
3y/bTaThl Bcex 6pocaHuil paBHOBeposiTHbl. Ha MaTemaTHueckoM si3blke 3TO
03Hauaer, 4To Ha §) 3a[laHO TaK Ha3blBaeMOe PABHOMEPHOE pacnpedeserue

4



gepoamxocmed, a 3T0, B CBOI Ouepe/lb, 03HauaeT cjaeaylLlee: aJs Kaxaoro
1Iapa BepOSITHOCTb TOTO, YTO CJy4alHO BblOpaHHAsi MOCJ/IEA0BATEbHOCTb U3
2 nonaznét B 3TOT Wap, paBHa 06bEMY 3TOro LIapa.

Haua uenb — noneiTatbest BblAEUTb U3 {2 HEKOTOPOE TOYHO OMUCAHHOE
TIOAAMHOXKECTBO, MpeTEeHIyIollee Ha POJib MHOXKECTBA BCEX CJyYaHHbIX NO-
cJiefoBatesnbHOCTel. TpaauLMOHHAs Teopusl BEPOSITHOCTEH He TOJIbKO He MpH-
6JIM2KAeTCS K PELIEHHIO 3TOH 3alauH, HO Jaxke He MOXKeT e€ copMyJupoBaTh
B CBOMX TepMHHax. Ha nomollib NpuxoauT Teopusi anroputMoB. MoxeT noka-
3aTbCs NAapafoKCaJ/bHbIM, YTO MOHATHE CJAYYAHHOCTH YTOYHSIETCS HA OCHOBE
TAKOro yy»KA0ro CJy4adHOCTH MOHSTHS, KK aJFTOPUTM, — TEM He MeHee, J1eJ10
O0OCTOUT MMEHHO TaK: BCe M3BECTHblE 0 CHX MOp OMNpeaeJieHUs CJyyalHOCTH
MHIKBHAYyaNbHOrO 06bekTa (B HalleM NpUMepe — HWHIAWBHAYaJbHOH MocJe-
JlOBaTeJIbHOCTH HyJIeH M elMHMUL]) OMKPAIOTCH HA MOHSTHE AJTOPHTMA.

Uro6bl HaliTh TpebGyemoe onpenesieHre, 0ObIMHO MOCTYNAIT Tak: GopMy-
JIMPYIOT HEKOe XapaKTepUCTHUECKOe CBOMCTBO, KOTOPbIM 00JIafaloT CJydai-
Hble (B HedOpMalbHOM, UHTYUTHBHOM CMbICJIE) MOCJIe0BaTeJbHOCTH, a 3a-
TeM I0CJ/Ie10BaTeJbHOCTH, 06Jiafalolie 3TUM CBOHCTBOM, H OOBABISIOT —
10 ONpejeNeHHI0 — CJy4alHbIMH.

Kakumu ke cBoiicTBamMu o6safaer cJyyaiiHasi Noc/efoBaTeNbHOCTb Hy-
Jell W eMHuL?

Bo-nepBbix, oHa wacmomoycmoii4usa. BoT 4to 3T0 03HauaeT aJs TOro
NpocTeHLIero cJyyasi, Koria HyJu W eIMHULbl PaBHOBEPOSITHBI: YacToTa Hy-
Jiel, KaK i 4acToTa eMHHLL, CTPEMHUTCS K OAHOI BTOpOH (vacmoma wyreld —
3TO MX [0JIS B HauyasJbHOM OTpe3Ke mnocJejoBarenbHocTH). Ho GoJee Toro:
B CJIy4yalHOMH N0CJIe0BaTeJbHOCTH YKa3aHHasi YCTOHYHBOCTb YACTOT BbIMOJ-
HSIeTCS He TOJIbKO ISl MOCJIeNOBATeNbHOCTH B LI€JIOM, HO W ISl JIIOOOH eé
3aKOHHOH, pa3yMHOH NMOANOC/eN0BaTeIbHOCTH.

Bo-BTOpbIX, OHA xaomu4Hxa. DTO 03HAYAET, YTO OHA CJIOXKHO YCTPOEeHa
M He MOXKeT UMeTb Pa3yMHOro onucaHusi. [IcMXo/oruueckoMy KCrnepuUMeH-
Ty, C KOTOpPOro Mbl Hauand, KosMoropos nan Takoe oGbsicHeHHe. llenouku
(I) u (II) noromy BOCNPHUHUMAIOTCS KaK CJydalHble, YTO OHH CJIOXKHbI, HX
YCTPOHCTBO Hesb3si KOpoTKo omucath. A Bor uenouku (III) u (IV) umeror
NPOCTOe, JIETKO OTNUCHIBaeMOE YCTPOHCTBO.

B-TpeTbux, OHa munuyxa. T0 03HAYaET, YTO OHA MPUHALJIEIKHT JIIO6OMY
pa3yMHOMY OOJILLUIMHCTBY.

B-ueTBépThIX, OHA Henpedckasyema. JTO 03HAUAET, UTO, Hrpasi MPOTHB
Heé Ha JeHbrd (T. e MbITasichb yrajarb uJeHbl NocJje]0BaTeJbHOCTH U JeJsas
CTaBKH), NOCJ/e]0BaTeIbHOCTb HEBO3MOXHO OObIrpaTh BHE 3aBHCHMOCTH OT
pPa3yMHOCTH CTpaTeruu.



CnoBO «pasyMHblii», BCTpeuarwlleecss B OODbSCHEHUSX MepeuyncseHHbIX
YeThbIpEX CBOHCTB, KOHEUHO, HyXX[aeTcsl B YTOYHEeHHH. Teopusi aJropuTMOB
KaK pa3 W npeanaraeT Takde yTOYHEHHUS, HAMOJIHSAS 3TO CJOBO TOYHBIM
CMBICJIOM — CBOMM JJISl KQXKJ0TO M3 HAlUMX YeTbIpéX CBOHCTB. TeM cambiM,
BO3HHMKAIOT 4YeTblpe aJrOpUTMHYECKHX CBOHCTBA: 4QCMOMHAA Ycmou4u-
80CMb, XAOMUYHOCMb, MURUYHOCMb, HenpedcKkasyemocmo. Kaxnoe u3
HUX NpeACTaBJ/sieT CBO€ COOCTBEHHOE AaJrOPUTMHYECKOe JIHLO CJydaiHo-
CTH, U KaXKA0€ U3 HHUX, C OOJbLUMMH UJIH MEHbIIUMH OCHOBAHUSIMH, MOXKeET
NPETeH0BaTh Ha POJIb CTPOrOr0 MaTeMaTHYeCKOro OnpefeseHust MOHSTHS
CJIy4aHHOCTH. MOXKHO CKasaTb M Tak: BO3HHKAIOT YETbIpe TOYHO OYepyeH-
HbIX KJIACCa MOCJEN0BATENbHOCTEN, KaX bl U3 KOTOPbIX NpeTeHAyeT Ha TO,
4TOObl CJYXUTb HCTHHHBIM» KJIACCOM CJYy4alHbIX MOCJEN0BATENbHOCTEH;
HEKOTOpble U3 ITHX MpeTeH3Hi 6oJiee ONpaBAaHbl, YeM ApyTHe.

Wrak, uenb naibHEHLIEro U3JoXeHUusl TakoBa. Bo-nepBbiX, NpeasoXKuTb
CTpOrue OnpeneseHusl LISl NepPevYUCeHHbIX Bbllle YETbIpEX CBOHCTB M, TeM
CaMbIM, [JIS1 BO3HHKAIOIMX HA OCHOBE 3THX CBOHCTB YEThIPEX KJIacCoB MO-
cJenoBarenbHocTeil. Bo-BTopbiX, chopMy/JHpOBaTh M3BECTHbIE HA CErOJHS
B3aUMOOTHOLLIEHHS] MEXK1y Ha3BaHHBIMH CBOHCTBAMH H, CJI€A0BATE/BHO, MEX-
Jly COOTBETCTBYIOLUMMH KJIaCCaMU NOCJEA0BaTENbHOCTEN.

Jlnuo neppoe: YacToToycTOHYMBOCTh U CTOXaCTHYHOCTDb

[lo-BuAMMOMY, OZHHM H3 NepBbIX MOCTaBUJ BONPOC O TOM, YTO TaKoe OT-
JleJIbHO B3siTasi CJyyaiiHasi NocJiel0BaTeIbHOCTb, 3aMeyarTesbHbId HeMeLKHH
maremaTuk Puxapa ¢oH Musec B Hauane XX Beka — B 1919 r. Bo Bc#-
KOM CJlyyae, HMEHHO OH NepBbIM MPELJIOKHJ CPABHUTEIbHO ydauHoe (XOTs
¥ HECTpOroe) onpejesieHue, NOC/yKUBLIee OTNPABHOH TOUKOH AJIS AaJbHel-
1Iero pasBUTHS.

Musec ucxoausa U3 TOro, 4To CJy4alHOH MOCJIe10BaTeNbHOCTH NOJIKHA
ObITb MPUCYILA YCTOHYMBOCTb YAcTOT, @8 HMEHHO: 1OJIST eAMHUL (KaK W A0JIA
HyJlell) B HauaJIbHOM OTpe3Ke CJIyyaiHOH NoCcJe0BaTeJIbHOCTH JO/KHA CTpe-
MHTbCS K OJJHO¥ BTOPOH NPH HEOrpaHHUEHHOM yBeJIMUeHHH ATHHbI HAYaJIbHOTO
otpe3ka. Ho storo HepocTarouno. Hanpumep, 3TuM CBOHCTBOM YCTOHUHBOCTH
yacToT 06J/1a/aeT 3aBeAOMO HecJy4aiHasi 10cJe10BaTebHOCTb

0,1,0,1,0,1,0,1,....

OueBuHbIM 06pa3oM HeO6X0AMMO, YTOOh! YCTOHUYMBOCTLIO YacTOT obJsafasna
He TOJILKO BCSl M0CJIeJOBaTeJNbHOCTb LIEIHKOM, HO M €€ MOANOocC/e10BaTe b~
HoctH. OJHAKO YCTOHYMBOCTBIO Y4acTOT He MOryT o6JiaaaTh gce MoAmnoc/e-
JoBatesibHOCTH. B camom pene, BO3bMéM caMylo YTO HH Ha €CTb CJy4ya-
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HYIO MOCJIEI0BATENBHOCTh H OTOEPEM B MOANOCJ/EN0BATENbHOCTb Te €€ uJje-
Hbl, KOTOPbl€ pPaBHbl HYJIIO... 3HAuUT, MOANOC/AEN0BATEJIbHOCTb, B KOTOPOH
JOJKHA coO/II0JaThCsl YCTOHYMBOCTL YACTOT, JOJKHA ObITh pa3ymHOL, I
donycmumoi. Hanpumep, ecsim oTo6paTh B NOANOC/AEN0BATEJNbHOCTD BCE T
YJieHbl, YbH HOMepa CyTb MPOCTble YHCJA, HJIH XKe BCe Te uJieHbl, KOTOpble
HeMnoCcpeNCTBEHHO CJEYIOT 3a HyJIeBbIMH, TO MOJIyUeHHasi B KaXKA0M H3 3THX
JByX BapHaHTOB MOAINOCJIEJ0BATENbHOCTD BJSETCS JONYyCTUMOH.

[locsenoBaTeIbHOCTH, B KOTOPBIX YCTOHYMBOCTb YacTOT COOJ0JaeTCs BO
BCEX €€ OMyCTUMbIX NMOANOC/eA0BATENbHOCTSX, KOJIMOropoB npeasoKus Ha-
3bIBaTh CMOXACMUYECKUMU.

CaM Musec OODBSICHSI, KaKHe MOCJELOBaTeJNbHOCTH CJELyeT CUMTATh
JIONYCTHMBIMH, B PACMJbIBYATLIX TepMHHaX. [lepBoe yTOUHEHHE MpeNoNKHUJI
B 1940 r. amepukaHckuii MareMaTHK AJioH3o Yépu — onuH U3 co3pa-
TeJed TEOpPHH anropuTMoB. Uépu npensoxui, uytoObl AOMYCTHMble MOA-
NI0CJIE0BATENLHOCTH CTPOUJIMCh HA OCHOBE ONpeeNEéHHbIX aJrOpUTMOB.
[TocnenoBaTeIbHOCTH, B KOTOPbIX YCTOHYMBOCTb 4acTOT HabJoJaeTcsi BO
BCceX AOMyCTHMBbIX Nno YeEépuy MoAnoc/enoBaTesbHOCTSX, MOJYyYHJIH Ha3Ba-
HHe cmoxacmuueckux no Yépuy. OnHaKo oKasanochb, UTO OMnpejesieHHe
Uépua CJMIIKOM LIHPOKO: CYLUECTBYET, HarlpUMep, cToxacTHyeckas no Yép-
4y M0cCJIe0BaTeJbHOCTb, NepecTarllasi ObiTh TAKOBOM MOCJE BblYHCIHMOH
NIepeCcTaHOBKH €€ UJIEHOB.

B 1963 r. KosiMoropoBs ycoBepLieHcTBOBaJl KOHCTpyKuuto Uépua, npen-
JIOXKHB 6oJiee OOLUMPHBIA KJacc LOMYyCTHMbIX aJroOpHTMOB OTGOpa UJIEHOB
HCXOJHOH MOCJIeN0BATE/NLHOCTH B MOANOC/EA0BATENbHOCTL H, TEM CaMbIM,
3aBEIOMO He MeHblUWH (a Ha aene GoJjiee OOLIMPHbLIN) KJacc AOMYCTHUMbIX
TNIOANOC/Ie]0BaTeNbHOCTEH; B YACTHOCTH, KOJMOIOPOBCKHI aJITOPHTM pa3pe-
IIAeT YJieHaM MOANOCJ/EA0BaTeJbHOCTH UMeTb HHOH TNOPSNOK CJEAO0BaHHS,
yeM B MCXOOHOH MocJsiefoBaTeJbHOCTH. [103TOMy Kiacc Bcex nocJienoBa-
TesqbHOCTEH, crmoxacmu4eckux no Koamoeoposy (T.e. Takux, y KOTOpbIX
YCTOHYMBOCTb YacTOT HabJI0AaeTcss BO BCceX AOMyCTHUMbIX no Kosmoroposy
TN0ANIOC/IeI0BATE/IbHOCTSX), SBASETCS MNOAK/IACCOM KJacca MocJ/eaoBarelb-
HOCTel, cToxacTHueckux no Uépuy, a Ha caMoMm gese, gaxe CTPOTHM MOJ-
KJlaccoM, T.e. He COBMafalolMM ¢ 06beMIIOLMM KaaccoM. [l nanbHedmux
CCBIJIOK KJIaCcC BCeX TMOCJIe0BATeNbHOCTEH, CTOXaCTHYEeCKUX Nno Koamoropo-
By, 0003Ha4yuM GyKBO# S.

BoisicHUJIOCh, YTO KJace S Takxke CJHLIKOM WMpok. OKasanoch, Hanpu-
Mep, UTO MOXKeT ObiTb MOCTPOEHa Takas croxacTuyeckas no Kosmoroposy
N0CJIe10BaTENbHOCTD, B KaXKA0M Ha4aJIbHOM OTpe3Ke KOTOPOH eIHHHLL 60Jb-
1€, 4eM HyJsel; a 5TO NPOTHBOPEYUT KAaK MHTYULIMH, TaK H 3aKOHAM TEOPHH
BepOsITHOCTeH (HanpuMep, 3aKOHY BO3BPATHOCTH COCTOSIHHI NMpPH CJy4ailHOM
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6aryxnanuu). Takum o6pasom, naxe HauboJee NPOABUHYTOE U3 U3BECTHBIX Ha
CETrOJHALIHUA 1eHb MaTeMaTHYECKH CTPOrHX YTOUHEeHUH uaed Museca He ja-
€T MOJIHOTO OTPaXKEHHS] HHTYHTHBHOTO NMPEeACTABJIEHHsI O CJAYy4alHOCTH (XOTS
H 3TO HEMNOJIHOE OTPaXKEHHE MOXKET OKa3aThCs MOJIE3HbIM).

Ins Gosblueil sicHOCTH npHBenéM KOHCTPYKuuH Uépua W Kosamoropo-
Ba. LleHTpa/bHbIM ISl 06€HX KOHCTPYKLIHMI SIBJISIETCS yKa3aHHe TeX MpaBHJI,
COrJIaCHO KOTOPbIM H3 UJIEHOB PacCMaTpUBAaeMO# MOCJEeN0BATENbHOCTH CO-
CTaBJIAIOTCSl IOMYCTHMbIE NOANOC/Ee10BaTeNbHOCTH. [10CKOMbKY Kaxkaoe Ta-
KOE TPaBHJIO MPOH3BOJUT OTOOP YJIEHOB MOCJEAOBATEJIbHOCTH AJISl BKJIOUE-
HHSl UX B JONYCTUMYIO MOANOC/EN0BATEJNbHOCTb, CAMH 3TH NPaBHJIa NMPHHSITO
Ha3blBaTb donycmumuimu npasuiamu omoopa.

Jl1s HarsiAHOCTH MpeacTaBHM cebe, YTO UJIeHbl HCCJIeAyeMOH MOoCJeno-
BaTe/IbHOCTH HamlWcaHbl Ha KapTax. KapThbl Jiexxat oHa 3a Apyroi, JHLEBOH
CTOPOHOH BHM3, TaKk YTO Mbl He BHAMM, YTO HAa HUX HanucaHo. Hawa uenb —
0TOOpaTh HEKOTOpbI€ M3 3THX KapT W COCTaBUTb M3 HHUX APYTyl MOCJEN0-
BaTeJIbHOCTh — JOMYCTHMYIO MOANOC/eA0BaTeNbHOCTh. (Kak Mbl yBUAHM,
B CJIyuae KOJIMOrOPOBCKOH KOHCTPYKLHMH TEPMHH «IOANOC/AEN0BATEIbHOCTbY
HMeeT 6oJiee IUIMPOKHH CMbICJI, YeM 3TO 0ObIYHO NMpHHATO.) JlonycTHMoe npa-
BWJIO O0TGOpa MNMpeACTaBJsieT COO0l0 aJropUTM, KOTOPbIM Ha KaX[IO0M 3Tarne
NOCTPOEHHUsT TOANOCI/IE0BaTEIbHOCTH MPEANHCHIBAET, BO-TEPBbIX, KOTOPYIO
M3 KapT HAaJIEXKHT OTKPbITb W, BO-BTOPbIX, CJ€AYEeT WM HET BKJOUATh 3Ty
OTKDbIBaEMYI0 KapTy B NOAMNOCJ/eN0BaTeNbHOCTb. Bxoxom anaroputma ciy-
JKMT MHOPMALIMS O BCEX YK€ OTKPBIThIX K 3TOMYy MOMEHTY KapTax. MoxeT
CJIyYHThCS, YTO AJTOPUTM OTGEPET JIMIL KOHEYHOE YHCJIO YJIEHOB UCXOAHOH
N0CJIEI0BATEJIbHOCTH; B 3TOM CJlyyae CUHTAETCS, YTO HUKAKOH NOMyCTUMOM
NOAMNOC/Ie0BaTeIbHOCTH He o6pasoBajnochb. (HanoMHuM, yTo HcxoaHasi no-
CJIeZI0BATEJIbHOCTb MPH3HAETCS CTOXACTHUYECKOW NPH HAJHYHM YCTONYHBOCTH
4acToT B /060K €€ NONMyCTHMON MOAMNOC/eA0BaTeJbHOCTH. )

[Tepexoaum K 6oJsiee TOUHOMY OMHUCAHHUIO.

DyHKUHST HA3bIBAETCS 8bLY4UCAUMOL, KOJb CKOPO CYLUECTBYET 8bl4UCAS-
rouyuil € anroput™. [Ipu 3TOM rOBOPSIT, UTO AJrOPHTM BbLuuUCAAem PYHK-
LM f, KOJIb CKOPO OH nepepabaThiBaeT BCSKHI €€ apryMeHT x, Ha KOTOPOM
(yHKUMS onpenesieHa, B COOTBETCTBYIOLLEe 3HaueHHe f(x) U He BbIIAET HUKa-
KOTrO pe3yJsibTaTa B NIPUMEHEHHH KO BCSKOMY TaKOMY apryMeHTy, Ha KOTOPOM
(byHKUMS He onpenesieHa.

Hccnenyemyto Ha yCTOHYHMBOCTb MOCJ/I€10BaTeNbHOCTL 0603HAUUM yepe3
ap,az,as, ..., Tak 4TO Ha n-H KapTe 3anucaHa uudpa a,, pastas 0 uau 1.

Honyctumoe no Yépuy npaBuiio oT60pa siB/sieTCS TPOU3BOJIbHOH BbIUUC-
auMolt dyHkuuell G, onpefeN€HHON Ha MHOXKECTBe = BCeX ABOHYHBIX CJIOB
¥ NpUHUMaloLlell 0HO W3 ABYX 3HaueHuil: Ja W Hem. KapTbl OTKpbiBaloTCS
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nocjenoBaTeNbHO, OJHA 3a NPYroi, HauMHasi C NMepBOK, H KaXIblid pa3 — 10
OTKPBbITHSI OUepefHOM KapThl — pellaeTcsl BOMpoC, BKJOYATh JM 3Ty Kap-
Ty B MOANOCJ/Ie10BATENbHOCTh. Bonpoc 310T peluaercs cienyouum o6pasom.
[TycTb y2Ke OTKpPBITbI 71 KapT, Ha KOTOPbIX 3aMHCaHbl, COOTBETCTBEHHO, LHPPbI
ay,...,an. Ecm G(ay,...,a,) ectb Hem, To caenywowas, (n + 1)-s, Kap-
Ta He BKJIOuUaeTcs B noamnocJ/enoBartenbHocTb. Ecau G(ay, ..., a,) ectb Ja,
To caenywouwas, (n + 1)-s, kapTa BK/OuaeTcss B MOANOCJEA0BATENbHOCTD
B KayecTBe ouepeHOro ujeHa. BKiouaTh WK He BK/IIOYATh B MOAMNOC/EN0BA-
TeJIbHOCTb UJIeH @), 3aBUCHT OT 3HaueHust G (A). Takum o6pasom, npasuiy G
oTBeyaeT 6eCKOHeuHasi OANO0CJIeJ0BATENLHOCTD (B C/ly4ae, ecJii TakoBasi 06-

pasoBasiach) Qn(l), An(2), An(3), - - - » TAe uucaa n(l), n(2), a(3), ... obpasyor
BO3PACTAIOLLYI0 M0CJE10BATEIbHOCTb, COCTABJIEHHYIO W3 BCEX YHCEN A, IS
Kotopuix G(ay, ..., a,—1) = Ja.

M3noxeHH0 KOHCTpYKLKMH KosmoropoBa npeanolu/iém o606L1eHHe NOoHs~
THs noanocJenosarenbHocTH. O606WEHHOL nodnociedo8amerbHOCMbIO
noc/Iel0BaTeNbHOCTH A, a2, ..., An, ... HA30BEM BCAKYIO MOCJen0BaTelb-
HOCTb BHJIA

Qep(l)s Ap(2)s + - - s Aep(k)s -+ »

LJ151 KOTOPO# BbINOJIHEHO YCJIOBHE
i< = o) # 9(j).

Jnst 06bIuHOM MOAMNOC/IeA0BaTeNbHOCTH (KOTOpast IB/ISIETCS YACTHbIM CJlyya-
eM 0606LEHHOH) 3TO yCJIOBHE 3aMeHEHO Ha 6oJjiee CHJIbHOE — C TpaBoOH
yacTbio Qi) < @(j).

Kaxnoe nonyctumoe no Kosmoroposy npaBu/io 0T60pa UMeeET LIeJbIo CO-
3/1aTb HEKOTOPYIO 060GILEHHYIO MOANOC/Ie10BaTENbHOCTb HCXOAHOMH NoC/Ie10-
BaTeJNbHOCTH. Mbl MOTOMY HamUcall «MMeeT Liesblo CO3[aTh», a He «C03Ja-
€T», 4TO NMpoLecC CO3aHUs1 MOKET NIPepBaThCsl, U Toraa B pe3yJbTare npume-
HeHHs NIpaBUJ1a BO3HUKAET He 6ECKOHEYHas! N0C/eA0BaTeJbHOCTb, a KOPMexXC
(T. €. KOHeuHbIH Habop), COCTaBJEHHbIH U3 YJIEHOB UCXOAHOMH NocJe10BaTe b~
HocTH. [lns croxacTHuHocTd no KosiMoropoBy Tpe6yeTcst yCTOHUMBOCTD ya-
CTOT B KaXK10H M3 IONYCTHUMBIX, T.€. 06pa30BaHHbIX KaKUM-JHOO0 AOMYCTUMBIM
no KosmoropoBy npaBu/ioM, 06061IEHHBIX MOAMNOCAEL0BATEIbHOCTEH.

Camo koamoezoposckoe (T.e. ponyctumoe no Kosmoroposy) npasuiro
COCTOMT M3 [IBYX BbIUMCJHMBIX (yHKuuil: F u G. [lepBast cayxut ais 06-
pa30BaHHs HEKOH BCrioOMoraTenbHOH 0606LIEHHON TOANOC/e10BaTeNbHOCTH.
OkoHuareJsibHasi xKe 0606LIEHHAS MOANOC/IE0BATENBHOCTb HCXOAHOH NocJIe-
JOBATeJILHOCTH CTPOUTCS TPH NoMoLuM GyHKUHH G B KauecTBe 0GbIUHON MO~
10CJ1Ie40BaTENbHOCTH BCIIOMOraTeJbHOH 06061IEHHON MO ANOCAe10BaTENbHO-
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cTH. ApryMeHTamH ¢yHKUME F W G cilyKaT ABOMYHbIE CJIOBA, TaK YTO Kaxaast
M3 3THX (GYHKLHI OnpeesieHa Ha CBOEM MOAMHOXKECTBe MHOXKecTBa E. 3Ha-
yeHUsIMH GYHKUHMH F cJIy»KaT LeJsble NOJIOKUTeNbHbIE Yicaa, y dhyHkuun G
[Ba BO3MOXKHbIX 3HaueHus: /Jla 1 Hem. CniepBa CTpOMTCS MOCJ/eN0BaTeNb-
HOCTb HaTypasbHbiX uucen n(l), n(2),n(3),...:

n(l) = F(A), n(2) = F(a,,(l)), ceey I‘l(k + l) = F(a,,(l), .. .,a,,(k)).

[TocTpoeHue 3Toii nocJienoBaTeNbLHOCTH NMpeKpallaeTcst (A BO3HHKAET KOHeu-
HbIil KOPTEXK), KaK TOJIbKO HACTYTNaeT OJMH M3 TPEX CJyyaeB:

o 3HaueHHe F(an(),. .., Ank)) HE ONPENLIIEHO;
o 3nauenue G(an(), ..., Ank)) HE ONPENLIIEHO;
e 3HaueHnue F(ay(1y, . - -, An(k)) COBNANAET C OAHMM U3 uncen n(l), ..., n(k).

Ecuin ke ocTaHOBKH B MOCTPOEHHH HE MPOM30LIJIO U BO3HHKJIA GeCKOHeYHast
nocJieioBaTeNIbHOCTb HoMepoB 71(1), n(2), n(3), .. ., To Kanee CTPOUTCS BCNO-
MorareJ/ibHasi 0606LIEHHAs! NOANOCE0BATENbHOCTD (1), An(2), An(3), - - - - V13
Heé, HaKOHell, OT6HpAIOTCs — B MOPSIAKe BO3PACTAHHS k — Te €€ UJIeHbl Ay,
LJ15 KOTOPbIX BBIMOJHEHO paBeHCTBO G (n(l), - - o Qn(k—1)) = Jla.

Jlnuo BTopoe: XaoTHYHOCTD

BepHéMcsl K mpHMepaM KOHEUHbIX Lenoyek W3 BBeneHHss W BCOMHHM
o6bsicHeHHe, npeanoxeHHoe KosmoroposbiM: uenoukd (I) u (II) Bocnpunu-
MalTecsl Kak cJiyyaiiHble, TIOTOMY UTO OHM a0 Hbl, uenoukd (1) u (IV)
BOCTIPHHHMAIOTCSl KaK HecJsyyaiiHble, OTOMY UTO OHH npocmet. [1o-Buau-
MOMY, Mbl OKHJAeM, YTO pe3yJIbTaT CJYYaHHOrO 3KCNEepUMEHTa OKaXKeTcsl
CJIOXKHbIM, U YAMBJISieMCS, KOT'la MoJlyyaeM YTo-TO MPOCTOe.

HexoTopble 06beKTbl MOXKHO KBaJHGhHUUMPOBATh Kak GOJbLIME WIH Ma-
JIeHbKHe, ApYrue — Kak TsKEble WJIH JIErKHe, TPETbU — KaK CJIOXKHble HJIH
npocTole. B Hauase 60-x rogoB KosMoropoB HaMeTH/ MateMaTHUECKYHO Teo-
PHIO, MO3BOJISIIOLLYIO OLLEHHBATh CJIOXKHOCTb 06bekTOB. Ceftuac 3Ta Teopus
Ha3biBaeTcsi TEOPUEW KOJIMOTOPOBCKOM CJTOXKHOCTH.

B ocHOBe TeopHH KOJIMOTOPOBCKOR CJIOXKHOCTH JIEXKHT CJieaytolasi npo-
CTasl ¥ eCTeCTBEHHAs Hlesl: CAOHCHOCM b 06BeKxma usmepsaemcsa OAUHOU
€20 Kpamualiweeo onucanus.

B camom pesie, Kaxablii 06'bEKT MOXKET MUMeTb CKOJb YFOJHO CJIOXKHble
OTUCAHHUS, HO CJIOXKHBIH 06BEKT HEBO3MOXKHO OMNHUCATh KOPOTKO.

[TycTb Y — MHOXKeCTBO Bcex OGBEKTOB, KOTOPble Mbl paccMaTpHBaeM,
a X — MHOXeCTBO BCeX MbICJHMBIX OMHCaHUI 3THX 06bekToB. Uepes |x|

10



0603HaunM AIHHY onucanus x. Cy10xKHOCTb 06bekTa y o603Hauum Comp(y).
B COOTBETCTBHH CO CKa3aHHbIM,

Comp(y) = mxin {|x]: x ecTb onucanue mas y}.

Ecan 06bekT y HeonucyeM, T. e. /1 HETO He CyLIeCTBYeT OMUCAHHS, TO,
€CTECTBEHHO, €ro CJI0XKHOCTb paBHa 6€CKOHEYHOCTH.

Pasymeercsi, pJIHHbl Hago MepUTb €IMHOOGPA3HbIM Crnoco6oM, UYTOGbI
He TOJIYYHJIOCh, YTO OMHCAHHEe OJHOTO M TOro e 0ObeKTa HMeeT Ha KH-
TaliCKOM s3blKe JJIMHY eJUHHLA (OAMH Heporiud), a Ha pycCKOM — cOpOK
(copok 6ykB). [TosTomy Bce onucaHHsl KOAMPYIOTCS B ABOMYHOM andaBute —
B BUJe JBOMYHBIX Lenoyek. BoT 3TH-TO ABOHUHBIE KOl Mbl U 6Y/IEM OTHbIHE
CUMTATb ONHCAHHSAMH, TaK UTO OTHbIHe X = Z.

MHoXeCcTBO Bcex TakHX map (x,y), 4TO X CJYXHT ONHCaHHeM LJs Y,
€CTeCTBEHHO Ha3blBaTb A3bIKOM ONUCAHURA.

3aMeTuM, UTO U OOMH H TOT K€ OGBEKT MOXKET UMEeTb B JAHHOM $3bl-
K€ MHOIO OMHCAHMH, H OHO U TO K€ ONUCAHHE MOXKET CJYXKHTb ONUCAHHEM
MHOTHX 06'bekToB. TakoBO, HanpUMep, ONMUCaHHe «ABOHYHOE CJIOBO, COCTOS-
lLlee TOJIbKO H3 HyJIel», a, CKaXKeM, BblpaxKeHHe «ABOMYHOE CJIOBO» TOAUTCS
B KauecTBe OMNUCaHHUs AJ51 J1I060r0 ABOHYHOIO CJIOBA.

Bcé ckasaHHOe HOCHJIO MpeaBapHTe/IbHBIN XapakTep, uToObl ornpaBaaTh
HIXKecqenytollee GpopManbHOe H3/I0MKEHHUE.

B nexaptoBoM npousBeneHHd E X Y paccMaTpHBaeM NPOH3BOJbHOE MO/ -
MHOXKecTBO E, KoTopoe Ha3blBaeM a3bikom onucarus. Ecim (x,y) € E, 6y-
JleM FOBOPHTb, UTO X fIBJISIeTCA onucaruem oobexra y. Caroxrocme Compg
o6beKTa y omHocumeabHo A3bika E onpenensieTcs Tak:

Compg(y) = min{|x|: (x,y) € E}.

HanomHuMm, 4To MHHHMYM N0 MYCTOMY MHOXKECTBY NPHHATO CUMTATh PABHBIM
6E€CKOHEUHOCTH.

Has sa3pika £ = Z X ¥, B KOTOPOM KaxkJi0e X CJIyKHT OTNHCaHHeM I
KaXKJI0T0 Y, CJI0’KHOCTb JII060r0o 06beKTa iy paBHa HYJIIO, TOCKOJbKY OJHHM K3
OMHCAHHI 3TOrO y SIBJISETCS MYyCTOe CJIOBO; TAKOH A3bIK MBICJIHUM, HO He Gy eT
BCTpeuaThCs B TeX CeMeHCTBaXxX A3bIKOB, KOTOPble Mbl 6y/leM pacCMaTpHBaTh.

[1pencraBum cebe nBa s3blka, NPUUEM ONMHUCaHHE KaKOro-a1u60 06'beKTa Ha
BTOPOM f13blK€ MPOUCXOMT NYTEM yIBOEHHSl ONUCAHHS STOrO e 06'beKTa Ha
nepBoM si3blKe. SICHO, UTO BTOPOIi SI3bIK «Xy2Ke» NnepBoro. [IpeanoururesbHee
Te f13bIKH, KOTOpble B COCTOSIHUH 1aBaThb 60J1€€ KOPOTKHE OMHUCAHHUS.

Bynem roBopuTth, uto f13blK A He xyice a3bika B u nucate A < B, ecan
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CyLIECTBYeT TaKasl KOHCTAHTa C, YTO JJISl BCAKOTO y CIPaBeNHMBO HepaBeH-
ctBo Compy(y) < Compg(y) + c.

Ec/d NpHHSTb, YTO A/ TaK Ha3blBaeMbIX €CTECTBEHHBIX fI3bIKOB, T.e€.
1151 T€X, KOTOPBIMHU T0JIb3YETCs! YeJI0BEYECTBO, MOTYT GbITh COPMYJIHPOBAHbI
npaBuJia NepeBoia C OJHOTO s3blKa Ha JPYroH, TO CTAHOBHTCS OYEBHMIHbIM,
YTO KaXKAblli M3 3THX SI3bIKOB He XyxKe apyroro. Benp, ckaxem, Typeuxoe
OMUCaHHE KAKOro-JH60 06'bEKTa MOXKHO COCTABUTb TaK: B3SITb MPOH3BOJIbHOE
SIMOHCKOE ONHCaHHe 3TOr0 0G'bEKTA U JOTNOJHHThL €ro NpaBHJIaMH SIMOHO-TYy-
peukoro nepeBosa. M Typelikoe, 1 SNOHCKOe OMNHMCaHHS, H NpaBUJIa NepeBoa
CUHMTAIOTCS 3aKOJHPOBAHHLIMH B BUI€E IBOMUHbIX CJ10B. [ToaTOMy MTHHA TakKo-
rO TypeLKOTO OMUCAHHUsI paBHA AJHHE SITOHCKOTO ONHCAHHS MJIIOC He 3aBUCH -
as OT BhI6Gopa 06beKTa [JIMHA MpaBUJ NepeBoia. B kauecTBe SMOHCKOro
OnHcaHHsl BbIGepeM KpaTuaiiliee. B urore mosyyaem, uTo TypeLKHH f3bIK
HE Xy2Ke SINOHCKOro.

Beraér Bonpoc 0O BbIGOpE ONTHMAJbHONO $i3blka — TaKoro, KOTOPbIf
He Xye qo6oro apyroro. [TycTb £ — HeKoTopoe A3bIKOBOE CeMEeHCTBO, T. €.,
TONPOCTY, HEKOTOPOE MHOXKECTBO AI3bIKOB. S13blKk A U3 cemelicTBa L Ha3blBa-
etcst onmumasvroim (nas L), €CJii OH He XyxKe Jito60ro Apyroro fiablka M3
3TOTO CeMeHCTBa, T.e. eCJit

V B € L Buinogxeno A < B.

Ecay onTHMaJibHbIH I3bIK CYLIECTBYET, TO HMEHHO C €ro MOMOLUBIO CJle-
JyeT U3MepsTh CJI0XKHOCTb. CJI0XKHOCTb 06BEKTa OTHOCHTEJBHO OJHOTO U3
ONTHMAaJMbHLIX $I3bIKOB HA3bIBAETCS QACOPUMMUHECKOU IHmMponuel 3TOro
06beKTa. DHTPOMNHIO U PACCMATPHBAIOT KaK OKOHYATE/IbHYI HCKOMYIO Mepy
CJIOXKHOCTH B paMKax 3aJ1aHHOTO s13bIKOBOTO CeMeHCTBa.

J1/151 HEKOTOPBIX BaXKHBIX SI3bIKOBEIX CEMEHCTB HMEET MeCTO TEOpeMa O Cy-
LLIECTBOBAHHH OMNTHMAJIbHOTO $13bIKa, @ TEM CaMblM H SHTPOMHH. DTa TeopeMa
HasbiBaeTcs meopemoti Coromorosa — Koamoeoposa.

Jl1s1 JaHHOTO CeMeNCTBa MOXKET CYLeCTBOBAaTh MHOTO ONTHMAaJIbHBIX A3bl-
KOB H TeM caMblM MHOTO 3HTponuit. OaHaKo, B CHJIy ONpefeeHHs ONTHMAaJlb-
HOCTH, JIIO6bIE IBE SHTPOMNHUHU (B3sIThle 4JIS1 OHOTO H TOTO 2Ke (PHKCHPOBAHHOTO
A3bIKOBOrO CceMeCTBa) pasJHualoTes He 6oJiee 4eM Ha aIMTHBHYIO KOHCTaH-
Ty. MHbIMH cyioBamu, ecan A U B cyTb 1Ba ONTHMaJibHbIX Anisi £ s13blKa, TO
CyLLECTBYET TaKasi KOHCTAHTa €, UTO JIfl BCeX Y

|Comp,(y) — Compg(y)| < c.

3ameuaHue. KoHeuHo, HEMPUATHO, YTO AJITOPUTMHUYECKAsl SHTPOMHS, Npe-
TeHayruas Ha poJib «UCTHHHOM CJIOXKHOCTH» onpenedssieTcsl He 0AHO3HAa4YHO,

12



a BCEro JIMILIb C TOYHOCTbIO 0 aAAUTHBHOH N00aBKH, He NpeBbILAIOLEH KOH-
cTaHTbl. OHAKO MONBITKH HAlTH Cpeay SHTPOMHI «HauboJiee ONTHMAJbHYIO»
MoKa YTO HU K yeMy xopouleMy He npuBesd. C apyroii CTOpoHbI, Bellb, CKa-
JKeM, U IJIMHA, U BeC TakxKe ONpe/esieHbl He 0OJHO3HAYHO, a C TOYHOCTLIO A0
MYJIbTHIJIHKATHBHOH KOHCTAHTbI, 3aBHCSLLEH OT BbIOPAHHOH €IMHHLbI H3Me-
penus (10 cm = 100 MM, 2 kr = 2000 r 1 T.11.).

W3 yBaxkeHnst K KoJIMOropoBy ajirOpUTMHUYECKYIO SHTPOMHIO 0603HAYa0T
06blyHO OykBOH K; MHOrAa K 3Toi 6ykBe K 106aBJsOT elié BTOPYIO OYyKBY,
YKa3blBaIOLLLyl0 TO A3bIKOBOE CEeMEeNCTBO, K KOTOPOMY OTHOCHTCSI paccMaTpH-
BaeMasi suTponus. Ecam K’ 1 K” cyTb Be SHTPOMUH, OTHOCSLLHECS K OHOMY
1 TOMY Ke 513bIKOBOMY CEMEHCTBY, TO, K&K OTMeUaJloCh,

IK'—K"| <c.

KosmoropoB He ToJ1bko chOpMyJIpoBaJl MOHSTHE aJrOPUTMHUYECKOH SH-
TPOMNUU 06'bEKTA, HO U NIPUMEHUJI €10 K HCCJIENOBAHHUIO CJIYYaiHbIX MOCJen0-~
BatesibHOCcTel. HabmoneHne KosMoropoBa coctosijio B TOM, UTO B CJlydaii-
HOM MOCJIe10BATEJNbHOCTH SHTPOINHS HAauaJIbHOTO OTPe3Ka PacTeT J0CTaTOYHO
OLICTPO NMpU HEOrpaHUYEHHOM YBEJHUEHHH AJIMHBI 3TOro otpes3ka. (Huuero
He MoJeJiaelllb; CJyyaiHasl Noc/e0BaTe/bHOCTh MOXKET HAaYHHATLCS C MHJI-
JIMOHA HyJiell, HO U 3TOT MHJIJIMOH — HHYTO nepea 6ECKOHEYHOCThIO, U €CJIH
B3Tb BCE HayajlbHble OTPE3KH B COBOKYMHOCTH, TO HX SHTPOMHUs HeU36eXKHO
6yneT pacTH.)

HMtaK, B KauecTBe OMUCHIBaeMblX OGBHEKTOB Mbl Gyl1eM paccMaTpUBAaTh
JBOMuHble Lenouky, takue, Kak (I), (II), (III), (IV) u 1. n. [ToaToMy OTHbIHE
Y =2

EcJin A3bIK conepkut napy (2, z), To 3T0 03HauaeT MONpoCTy, YTO LENoY-
Ka Z ONHUChIBaeT caMoé cebs. S13blk D, COCTOSILIHE B TOYHOCTH U3 Nap TaKoro
BUJa, Ha3blBaeTCsl OuUQ2OHAAbHbIM (TEPMHUH H3 MaTeMaTHKH), WIH asmo-
HumHowm (TepMuH W3 JuHrBHCTHKM). 1 Takoro sisbika Compp(y) = |yl
OrpaH14UMcs sI3bIKOBGIMH CEMENCTBAMH, COEPKAIMMU aBTOHUMHBIH $13bIK
(TakuM GyZ€T, B YACTHOCTH, CEMENCTBO MOHOTOHHbIX SI3bIKOB, OMUCAHHOE HH-~
xke). Torma asa Kakao#l sHTponuu K, COOTBETCTBYIOLLEH 3TOMY CeMEHCTBY,
1 MOAXOAsILIEH KOHCTAaHTbI ¢ GyeT BINOJIHEHO HEPABEHCTBO

K@) <ly| +c.

Takum 06pa30M, €CJIH npeHeépeqb alIUTHBHON KOHCTAHTOH, MAKCHMaJIbHO
BO3MO2KHO€ 3HAQUY€HHE NJi1 SHTPOMHUH LEMNOYKH pABHO AJIMHE LETOYKH. Koan-
MOr'OpOB TNPEAIoJIoKHJI, 4YTO Yy CJIyllaI;'lHOI;'l MocCJIe10BaTEJIbHOCTH 3HTPONUA
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HauaJIbHOTO OTpe3Ka NOCTHraeT 3TOr0 MaKCHMyMa, T. €. paBHa [JMHe 3TO-
ro oTpesKka — ONATb-TAKH, MPH NpeHeOpPeIKEHUH aJAMTHBHON KOHCTAHTOMH.
B 3toM cocTossa ocHoBHas uaes Kosmoropoa OTHOCHTE/IbHO XaOTHYHOCTH.

Hrak, dukcupyem HekoTopoe si3blKOBOE CEMEHCTBO M OIHYy M3 COOTBET-
CTBYIOILLMX 3TOMYy ceMeHcTBY 3HTponuii K. Ha3oBéM nocJienoBaTesbHOCTD

a,ag,...,Qn, ...
Xaomuueckou, ecyid CylLeCTBYeT Takasi KOHCTaHTa ¢, uTo
K(ai,ae,...,a,) >n—c.

OueBHAHO, CBOHCTBO XAOTHYHOCTH HE 3aBHCHT OT BbIOPAHHOH 3HTPOMHH,
a TOJIbKO OT BbIOPAHHOIo ceMeicTBa.

Okasagnoch, 4To NpH NoaxoAsiie BIGPAaHHOM SI3bIKOBOM CeMelCTBe CTpo-
roe MOHATHE XAaOTHYHOCTH XOPOLLUO OTpa)KaeT MHTYHTHBHOE MNpeiCcTaBJjeHHe
0 CJIyYaHHOCTH.

Co3znaBasi TeopHio CJI0XKHOCTH 0GBEKTOB, KosMoropos npuaas cooTHo-
LIEHHIO onucanue —o6sexm anroputmMuueckuii xapakrep. Caenys Koamo-
rOpOBY, OTPaHHYUMCS nepeduciumbimu a3vikamu. [Tonatne nepeuuciumoeo
MHONECmB8a — 3TO OJHO U3 OCHOBHbIX MOHATHH TEOPHH AJNrOPHTMOB (Aa
M MaTeMaTHKH B LIeJIOM). DTOMY TOHATHIO MOXKHO 11aTh TaKoe HarIsiAHOe 06b-
scHeHue. [IpencraBum ce6e 6€30CTaHOBOYHO pabOTAOLLMH NPHHTEP, nocJe-
J10BaTeJIbHO MeyaTtawoLluii cjosa. [locse HaneyaTaHus cJI0BAa NPUHTEp AeJaeT
npoGeJi, Tak 4YTO CJIOBAa OTAeJeHbl OJHO OT Apyroro. [lepen HaneuaTanuem
OuYepeIHOro CJI0Ba NMpPUHTep 6epET BpeMs Ha pasMblilljieHHe. DTO BpeMsl MO-
KeT 0Ka3aTbCsl 6€CKOHEUHbIM, H TOrJa CJIOBO He MeyaTaeTcsl BOBCE, B TAKOM
cJlyyae HarneyaTaHHbIM OyleT JIMIIL KOHEYHOe MHOXKECTBO CJIOB — B 4acT-
HOCTH, MyCTOe MHOXECTBO, €CJIH MPUHTEp B CaMOM HayaJje CBOeH paGoThl
3anymaisicsl HaBceraa. Tak BOT, MHOXKECTBO BCeX KOraa-sM60 HaneuyaTaHHbIX
TaKHWM TMPHHTEPOM CJIOB OKAXKETCS TMEPEUHCIMMbIM — M BCSIKOE MEPEUHCIIU-
MO€ MHOXKECTBO MOXKeT ObITb 10Jy4eHO TaKUM 06pa3oM TpH MOACOeIHHEHHH
TIPHHTEPA K «HAeajJbHOMY KOMIbIOTepY». [lepeunuc/iMMo 1 MHOXKeCTBO Teo-
peM J11060ii hopmaJibHOl TeopHH. 3ech HET MeCTa pa3bsCHATh, HU UTO TaKOe
HJealbHbIH KOMMbIOTEP, HU UTO Takoe hopmaJibHas Teopust. Ho onpenenenue
TIOHSITHS Nepeuucaumoe MHONCECMB0 Mbl CeHyac NpHBeIEM.

JIiis HarsiAHOCTH HA4yHEM C TepMHHA «CUETHOE MHOXKECTBO». TepMHH
3TOT MMeeT [Ba BapHaHTa TOJIKOBaHHs. B nepBoM, Gosee yskoM (u GoJee
pacrpocTpaHéHHOM), TOJIKOBAHHH CYETHOE MHOXKECTBO — 3TO TaKOe MHO-
}KECTBO, KOTOPOE MOKHO MOCTaBUTh BO B3aUMHO OJHO3HAUHOE COOTBETCTBHE
C HaTypaJbHbIM psaoM. Bo BTopoM, 6oJiee LIMPOKOM, TOJKOBAHHH CUETHOE
MHOK€CTBO — 3TO TaKO€ MHOXKECTBO, KOTOPOE MOXKHO MOCTABHTb BO B3aUMHO
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0/IH03HAYHOE COOTBETCTBHE C KaKUM-JHGO HauyasbHbIM OTPE3KOM HAaTypaJb-
HOTO psiga. HanoMHHM, UTO HauaabHbIM OMPE3KOM HAMYPAALHO2O pAoa
Ha3blBaeTCsl NPOU3BOJILHOE MHOXKeCTBO M HaTypaJibHbIX YHces, colepxKa-
llee BMECTE CO BCSIKMM CBOUM 3JIEMEHTOM M BCe MeHblUMe uHcsa. Takum
06pa3oM, U BeCb HaTypaJibHbIi Psill, U MyCTOe MHOXKECTBO SIBJSIOTCS HayaJlb-
HbIMH OTpe3KaMu. [105ToMy npu BTOPOM MOHHMAHHH CYETHOCTH BCE KOHEU-
Hble MHOXKECTBA, B TOM UHCJIE MYCTOE MHOXKECTBO, OKA3bIBAIOTCSI CUETHBIMH.
meHHO 3TO BTOpOE, GoJiee LIHPOKOe NOHHMAaHHe CUETHOCTH YAOGHO 1JIs Ha-
IIMX LieJieli; ero Mbl ¥ NpuMeM. A Toraa CUéTHOMY MHOXKECTBY MOXKHO AaTh
H TaKoe ONpeJeJIeHHe: MHOXCeC MBO HA3bl8AEMCA CHEMHbIM, eCAlL OHO AU~
60 nycmo, aubo moxcem bbimob PACNOAOHCEHO 8 NOCAEO08aMENLHOCTLL
(m. e. ABaslemMcs MHOMNECMBOM YAEHO8 KAKOL-AUO0 nociedosamenbro-
cmu). Hanpumep, KoHeuHOe MHOXKECTBO {a, b, €} MOXKHO PacroJIoXKHUThb B 10-
cJefoBaTesbHOCTD a, b, ¢, ¢, C,C, . ... 3aMeHsIs B NIPUBEJEHHOM OMNpeeseHHH
CUETHOTO MHOXKECTBA TEPMHH «IOCJIEOBATEJBHOCTb» Ha TEPMHH «BbIUHC-
JiiMasl MOCJIe0BaTENbHOCTb», Mbl M0JIyyaeM OnpefesieHHe MepeurucHMOro
MHOKecTBa. UTo KacaeTcsl onpe/e/ieHHsl TEPMUHA «BbIUMCJIMMast MOCJe10Ba-
TeJILHOCTb», TO OHO ceiyac Gyner JaHo.

[TocJjienoBaTesnbHOCTD W), Wo, ..., Wh, . .. HA3bIBAETCS 8bLUUCAUMOU, eC-
JIH CYLLECTBYET aJrOPHTM, BHIUHUCJISIOLIMI €€ n-ii JieH W, 1o ero HoMepy 7.
[TosTOMy NOHATHE BBHIYHCJIMMON NOCJEN0BATENBHOCTH HA3bIBAT AA20PUM-
MUHECKUM AHAA020M, WU 3 exmusHbIM QHAA020M, TIOHATHS TIOC/eN0-
BATEJIbHOCTH, a MOHATHE MEPEUYHCIHMOrO MHOXKECTBA — aJMOPHTMHUYECKUM
aHaJIoroM, WJH 3(QEKTHBHBIM aHAJIOTOM, MOHATHS CYETHOTO MHOXKECTBA.
[Tepeunc/iiMble MHOXECTBA HA3bIBAIOTCS TaKkKe 3hPeKmusro cuémHblmu.
[ToBTOpHUM OMpee/ieHHe: MHONCECMBO HA3LIBAEMC NEPEUUCAUMbIM, UM
appekmusno cuémruoim, ecau OHO aubo nycmo, aubo moxcem Ovimo
PACHOAONEHO 8 BbIMUCAUMYIO NOCAE008aMesbHOCMb (M. €. A8alemca
MHONCEC MBOM YAEHO8 KAKOU-AUOO0 8bLUUCIUMOU nOCcAed08amMENbHOCTMILL).

Bce paccmarpuBaeMble HaMH I3bIKH CYyTh NOAMHOXKeCTBa 1€KapToOBa Mpo-
U3BeleHUs = X Z W, cjeoBaTebHO, cuéTHbl. Maeosorus Konmoroposa co-
cToslla B TOM, 4TOGbl paccMaTpPuUBaTh TOJIKO 3(PdEKTHBHO CUETHble (OHH
ke — TNepeuncJIMMble) SI3bIKH.

OxkoHuaTe/bHO HaaJexKallliilt BHIGOP S3bIKOBOTO ceMelcTBA MPOU3BEN
KOJIMOTOpOBCKHI yueHuK Jleonua JleBuH. MimenHo, B 1973 . oH BBéN B pac-
CMOTpEeHHe CeMeHCTBO MOHOTOHHBIX $I3bIKOB M H3YUHJ COOTBETCTBYIOLLEE
3TOMY CEMEHCTBY MOHSITHE XaOTHYHOCTH. [IpuBenéM HeoGXoauMble onpeae-
JIEHUS.

ByneM roBopuTb, UTO JABOWYHBIE CJIOBA U U U COSAQACOBAHbLL, U THCATh
U = v, €CJIM OHO W3 3THX CJIOB €CTh HauaJlo APYroro.
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SI3bik E Ha3biBaeTcs MOHOMOKHBIM, €CJIA OH MEePEeUYUCJIMM H BbINOJHEHO
YCJIOBHE!

((x1,91) € E & (x0,y2) € E & (x1 ® x2)) = (41 = y2).

Besikyto nocJie10BaTe/IbHOCTh, SIBJISIIOLLY FOCS XAa0THYECKOH /1l ceMelCTBa
MOHOTOHHBIX f13bIKOB, GyI€M Ha3blBaTh MPOCTO XAOMUHYECKOU.

AsropuTMHU€ECKasl SHTPOIHUS, COOTBETCTBYIOILASI CEMEHCTBY MOHOTOHHbIX
13bIKOB, Ha3blBa€TCsI MOHOMOHHOU 3nmponuel u o603Hayaetcs KM. Yeqo-
BHE XaOTHMYHOCTH T0CJI€N0BATENLHOCTH (@1, A2, A3, - . .) MOXKHO 3anucaTh TakK:

3¢ Vn BuinosiHeHo KM(ay, ag, . ..,an) > n —c.

Kunace Bcex xaoTHueckux nocJenoBatesibHocTell 0603HayaeTcs 6ykBoii C.

CuuTtaetcsi, 4To CTPOroe MOHSATHE Xa0THUECKOH M0CJ/IeN0BATENbHOCTH MO-
XKET CJIYXKHTb XOPOLUHM OTPaXKEHHEM HHTYUTHBHOIO MOHSATHS CJIyYyalHOM Mo-
cJenoBaTesbHOCTH. K ToMy ecTb Ba OCHOBaHHSI.

Bo-nepBbix, 1151 KAXK 108 OTAENbHO B3STOH Xa0THUECKOH MocJie10BaTeb-
HOCTH BBIMOJIHSIOTCS OCHOBHblE 3aKOHbl TEOPHH BEPOSITHOCTEH.

Bo-BTopbIX, K/1aCC Xa0THYECKHX MOCJIeN0BATeNbHOCTEH COBNAAET C APY-
MM «TIpeTeHIEeHTOM» Ha PoJib CTPOrOro aHaJsIora paciljIblBUaToOro Kjacca ciy-
yaliHbIX MOCJIEOBaTeJbHOCTEH, a UMeHHO ¢ kiaaccoM T Bcex THMHUECKHX
nocJjiefioBaTesbHOCTel (0 HEM GyeT pacckasaHo aaJiee):

C=T.

[TosTOMy XaoTHuecKHe TNOCJIeAOBATENbHOCTH MOXKHO Obi10 Obl Ha3bl-
BaTh MUNUYECKO-XAOMULECKUMU WIIH XAOMUYECKO-MUNUYECKUMU, 3 CaM
knacc o6osnauatb TC ugau CT. DtoT Kjacc yxke Kiacca S Bcex mnocie-
Jl0BaTeJIbHOCTEH, CTOXacTHueckux no KosmoropoBy (nocsenHuii, Kak yxe
OTMeYasoch, CJHMLIKOM LIHPOK):

TCcS, TC#S.

Jluuo tperbe: TunuuHocts

CkasaTb Npo Kakoi-JIM60 06'bEKT, UTO OH THMHYEH — 3TO 3HAUMT CKa3aTh,
YTO OH NPHHALJIEXHT K M0GOMY MoAaB/soweMy 60JbLIMHCTBY. Hanpumep,
THMHYHBIA YeJIOBEK, BCTPEUEHHBIH Ha MOCKOBCKOH YJIMLIE, HMEET pOCT Me-
Hee ByX MeTpoB (T. €. MPUHAJIEKHUT K MOABJISIOLIEMY GOJIbIIHHCTBY JIOAEH,
MMEIOLIHX POCT MEHEE IBYX METPOB), Bo3pacT GoJiee TPEX JieT (T. €. NpHHa e~
JKHUT K NOAaBJsIOLEMY GOJIbLIMHCTBY JIIOAEH, HMEIOLLHX BO3pacT 6oJiee TPEX
JieT) u T. A. KoHeuHo, /060€ U3 GOMbLIMHCTB, O KOTOPBIX HAET peub, A0KHO
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6bITb pa3yMHbIM, Belb Kakoi O0OBEKT HH BO3bMH, OH 33aBE€IOMO He NpHHAI-
JIEXKHT K N0aBJSI0LEMy 60JbUIMHCTBY, 00pa30BaHHOMY BCEMH OCTAJIbHbIMH,
OTJIMYHBIMU OT AAHHOTO, 06'bEKTAMH.

Mbl ucXoouM M3 HHTYMTHBHOINO MNpPEACTaBJEHHA O TOM, 4YTO CJy4YaHHBIH
00beKT 0J/2KeH 06J1alaTb CBOACTBOM TUMHYHOCTH. Hawa uesab — aatb cTpo-
roe MaremMaTHueckKoe ONpejeJieHHe 3TOro CBOHCTBA AJ1f1 MOCJEN0BaTeJbHO-
cTell HyJied M eJUHHLl MPH PAaBHOMEPHOM pacrpejesleHUd BepOSITHOCTEH Ha
NpocTpaHcTBe ) TakWX nocJenoBaresabHocTed. [locsenoBaTesbHOCTH, ya0-
BJIETBOPSAIOLLME 3TOMY CTPOrOMY OMNpeaeseHHI0, Mbl 6ylemM Ha3blBaTb rmufiu-
4ecKumu, OCTaBJAsl CJA0BO MUNUYHbLE NS yNOTPeOJeHUs HA HHTYHTHBHOM
ypoBHe. B cusly cka3aHHOro Bblllle, HAM Hal0 ONpeleJuTh CrepBa, 4To €CThb
nofaBJsioLLee 60JbIUIMHCTBO MOCJE10BATENbHOCTEH, @ 3aTeM — KakHe 60JIb-
LIMHCTBA CJIeAYeT CYHTATh PAa3yMHBbIMH. A TOTZa KJiacC THIHMYECKHUX NOcJ/en0-
BaTeJbHOCTElN aBTOMaTHYECKH OTIPENEJHUTCS KaK NepeceyeHue BCeX pa3yMHbIX
6OJIbILIHHCTB.

OcTaBnisil TepMHH «nojaBJsiollee GOJBLUIMHCTBO» [/ HHTYHTHBHOIO
ynotpe6saeHusi, Mbl OyaeM TOBOPHTb O 60OAbwiUX MHOXKECTBAX IOCJEN0-
BaTeJibHOCTeH. [lonoJiHeHHe K GOJIbLIOMY MHOXKECTBY 10 Bcero 2 Gyaem
Ha3blBaTb Maabim. OUeBHIHO, NOCTATOYHO ONpPEAENUTb, UTO TaKoe MaJjioe
MHOKECTBO, a Toraa OOJblIHE MHOXKECTBAa OMNpEAeJsTC KakK [NOTNOJIHEHHS
K MaJbIM.

Hrtak, nycTb 1aHO Kakoe-TO MHOXKeCTBO NocJiefoBaTtesbHOCTel @ C €.
Msl xOoTHM onpenenuTb, Koraa ero cJjenyeT CUMTaTbh MaaoiM. B TepmuHax
TEOPHH BEPOATHOCTEH Mbl CKa3aJju Obl, 4TO () MaJjoe, KOJb CKOPO BeposiT-
HOCTb NonajgaHus B () paBHa HyJio. B TepMHHaXx Teopuu Mephbl Mbl CKa3ajH
6bl, 4TO () MaJsoe, KOJIb CKOPO OHO UMeeT Mepy HyJqb. Mbl, 0qHaKo, nocrapa-
€MCsl ONpPe/esIMTh, YTO TaKOe MaJloe MHOKECTBO, B 60Jiee NPOCThIX TEPMHUHAX.

MHOXecTBO () Ha3bIBaeTCA MAAbIM, €CJIH €10 MOXKHO TMOKPBITh LIapaMH,
CyMMa 06'bEMOB KOTOPBIX CKOJIb YTOIHO Majia. OnpeneieHuo MaJjloro MHOXe-
CTBa MOXKHO JaTb TaKyI0 (hOPMYJIHPOBKY: MHOXKECTBO () Ha3blBaeTCsl MaAbLM,
€CJIM L151 KaXKI0r0 HAaTypaJsIbHOTO YucJla m Hahaércs Takasi nocJefoBaTesb-
HOCTb 1BOMUHBIX cJioB (x(1),x(2),...,x(n),...), utO

Q C U Qx(n);
n

_ Nkl o L
;v(x(n))—;2 <><m.

O‘{QBPIILHO, KaxkJaasl OTAeJbHas MoCJie0BaTeJbHOCTb U3 §2 06pa3ye1‘ Ma-
JlOE MHO2KECTBO, a NMOTOMY IOHATHE 60JIbLLIOTO MHOXK€CTBA HE MOXKET npe-
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TEHJ0BaTh Ha POJIb YTOUYHEHHsI MOHSTUS pa3ymHOeo GoablIMHCTBA. [lepece-
yeHHe BceX GOJIbIIMX MHOXKECTB MyCTO.

«Pa3yMHOCTb» BBOAHMTCS MyTéM cJlelyoleli KOPPEKTHPOBKH OMpe/leNieHHsl.

Bo-nepBbix, notpe6yeM, yTo6bl YNIOMHHaeMasi B ONpe/ieJIeHHH Mocjeno-
BATEJILHOCTb ABOHYHBIX cJioB (x(1),x(2),...,x(n),...) 6bljia BHIMUCIUMOI.
Jpyrumu cjioBaMH, Mbl TpeGyeM, UTOObI CyLLECTBOBAJ aJrOPHTM, BbIYHCIISIO-
UK €€ n-ii ujeH x(n) 1o ero Homepy 1.

Bo-BTopbiX, noTpe6yeM, UTOOb TaKasi BEIUHCJMMAsH IOC/e10BaATENbHOCTD
He MPOCTO CYLLeCTBOBaJA AJIs1 KX 00 1M, HO CTpOHUJIach Gbl M0 3TOMY m 3gh-
pexmusrno. CnoBo «3(heKTHBHO» 03HAUYaET € NOMOWbIO anrzopumma.
3nech Heo6XOMMMbl pa3bsicHeHHs. [lesjo B TOM, YTO arOpPHTM, MOJIy4aro-
LM HA BXOJ /M U BbIAAIOLIKMA Ha BbIXxole TpeGyeMylo NMOCJ/Ie0BaTelbHOCTD,
HEBO3MOXKeH MPOCTO NOTOMY, YTO NOCJIe10BaATENbHOCTD — 3TO GECKOHEUHbIH
OOBEKT, a aJrOPHTMbl OMEPUPYIOT JIMIIb C KOHEUYHbIMH oO6bekTaMH. OaHa-
KO B HallleM cJIyuae, MOCKOJIbKY MOCJIe0BATEIbHOCTb BbIYHCINMA, TO y Heé
€CTb aJIrOPHUTM, KOTOPBIi €€ BBIUHCJISIET, JaxKe OUeHb MHOTO TaKHX aJrOpPHT-
MOB. AJIFOPHTMBI (B IpYroit CHCTEMe TEPMHHOB — TPOrPaMMbl aJTOPUTMOB)
SIBJISIIOTCS KOHEYHbIMH OO'bEKTAMH, H NMOTOMY BIOJIHE OCMbICJIEHHO FOBOPHTH
06 ajiropuT™e, KOTOPbIH 1O YHCJY 71, TIOCTYNUBLIEMY Ha €ro BXO, BbIIAET
Ha BbIXOJe OMH M3 aJropHUTMOB (B APYroil CHCTEMe TEPDMHHOB — OJHY H3
nporpamMm), BEIUHCJSIIOLIMX nocJenoBaresbHocTs (x(1),x(2), ..., x(n),...).

BHecs B onpesiesieHHe MaJIoro MHOXKECTBa 3TH [1Ba 106aBJIeHHS], Mbl 10JIY-
yaeM onpeeseH’e 3¢ GexkmusHO Mar020 MHOKECTBA, @ TEM CaMbIM, U OMpe-
nenenne agpgpexkmusrno 60abu020 MHOXKecTBa. [lepeceuenne Bcex 3¢ dek-
THBHO OGOJIbLIHX MHOXECTB OKa3blBaeTcsi HemycTbiM. BoJsiee Toro, oHo ca-
MO siBJIsieTcsl 3QdeKTUBHO GOJbIIUM. DTO HaWMeHbllee cpead 3PdeKTHBHO
6OJIbLIMX MHOXECTB M eCTb MCKOMOe MHOXKecTBO T Bcex munuueckux mno-
CJle10BaTeJIbHOCTeH.

Tunuueckne nocsienoBaTeJIbHOCTH HA3bIBAOT TAKXKE CAYYAUHGIMU NO
Mapmun-Jlécpy — no umeHn yuenuka KosiMOropoBa, 3ameuaTesbHOro
wBeackoro maremaruka [lepa Maptuu-Jléda, kotopuii B 1966 r. chop-
MYJIMPOBaJl TOJIbKO UTO H3JIOXKEHHOe Ofnpe/e/ieHHe THIHYHOCTH B KauecTBe
CTPOTrOTro YTOYHEHHs] MOHSTHS CJIYYaHHOCTH.

Kak y»xe rosopuJjioch, knacc T Bcex THNHUeCKUX MOCJ/Ie0BATENbHOCTEN
coBnazaer c kjaccom C Bcex XaoTHYECKHX NOCJIe0BaTeIbHOCTEH:

T=C.

HOSTOMy, KaK y2Ke rOBOPUJIOCH, TUITHYECKHE NOCJ1I€N0BATEJIbHOCTH MO2KHO
HUMEHOBATb TaKXKe xaomu4ecKo-munu4ecKumu WM munuveckKko-xaomu-
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4ecKkumu, a caM KJacc BCeX TakuX rocJjiegoBarejbHocTell o603Hauath CT
i TC.
Kak Mbl yxe 3HaeM,

CTCS, CT#S.

Jluuo yerBéproe: Henpeackasyemocrtb

Bort Hauaso «JIBeHanuatu cryJbeB» Mibda u [lerpoa: «B yesaHoM ro-
poae N 6blI0 TaK MHOTO NMapHKMaxepcKHX 3aBeleHHH W 6IOPO MOXOPOHHbIX
NIPOLIECCHH, YTO Ka3aJoChb, »KUTEJH ropoa pOXKAAOTCS JHLIb 3aTeM, YTOObI
NMO6PUTLCS, OCTPHULCS, OCBEXKHTb IOJIOBY BEXKETAJEM H CPa3y Ke yMepeTb».
CyxzeHue ocTaércsi BepHbIM, ecaid 3aMeHuTb N Ha MockBy, napHkMaxep-
CKHe Ha 3aJibl UIPOBbIX aBTOMAaTOB, NIOXOPOHHbIE 6IOPO HA Ka3MHO, a Ueib
POXKIEHHS HA «UIPaTh». DTOT NeyasbHbli GakT, OHAKO, NO3BOJSET HAMISL-
HO OOBSICHMTb TO CBOHCTBO CJIy4aHHbIX MOCJIe10BaTeNbHOCTEH, KOTOpOe Mbl
Ha3blBaeM HemnpecKasyeMoCTblO.

VIHTYUTHBHO SICHO, UTO BCSIKas CJlyyaliHasi 10CJIel0BaTeNbHOCTD SBJISIETCS
Henpeodcka3yemoli B TOM CMbICJIe, YTO B KaKOM Obl MOPsiiKE Mbl HH BbIGH-
paJju eé ujeHbl, 3HaHHe 3HAUEeHHi y>Ke BbIOPaHHbIX UJIEHOB He IO03BOJISET
npe[cKasaTh 3HaueHHe TOro CJeYIOLIEro uieHa, KOTOPbli Mbl HaMepeBaeMcs
BbI6path. Takum o6pasom, KasuHo, obJajaroluiee Tako# NnocJjenoBaTeNbHO-
CTbl0 W npepjarawollee Mrpoky yraabiBaTb €€ uJjieHbl M JesaTb NPH 3TOM
JleHeXXHble CTaBKH, He pa3opHTCs; roBops 6oJiee TouHo, KasHHo yBepeHo, uTo
HHKakol MIrpok He MoxeT 06s1aaaTh TAKOH CTpaTerdei Hrpbl, KOTOpas NpHu-
BeJET K pasopeHHio KasuHo, KakuM Gbl KanuTajJoM OHO HH 06J1aJaJo.

HenpenckasyemocTs KakoH-JaM60 nocjeq0BaTe/bHOCTH, TAKHM 06pasoM,
onpenessieTcss B TEPMUHAX MIpbl, KOTOpylo Mrpok Beaér npoTuB obJsanao-
1Iero 3TOH MOCJe10BaTeJbHOCTbIO Ka3uHo, MJH, AJAS KPaTKOCTH, npomus
darHol nocaredo8amerbHOCMuU.

Urak, npencrasum cebe, uto Mrpok npuxoaut B Kasuno. Kaxnas u3
cTopoH — W Kasuno, u MIrpok — o6s1anaetT cBOMM HauaJjbHbIM KarnuTajoM.
KaauHo pacrnosiaraer HeKOTOpoH (HUKCHPOBAHHOH, HO HeH3BecTHOH Mrpoky
110CJ1e0BaTeJbHOCTBIO HyJlell M eMHHL U npejiaraetT Mrpoky npeackasbl-
BaTb €€ 4JieHbl — He 0053aTeJbHO B MOHOTOHHOM TOpSIAKE HX CJeL0BaHHS
U Aaxke He 00513aTeJIbHO BCe €€ uJleHbl.

s HarnsgHocTH npencTtaBuM ceGe, UTO YJleHbl NMOCJIE0BATENbHOCTH Ha-
NUcaHbl Ha KapTax, KoTopble JiexkaT py6alkamMu BBepx, Tak uTo Mrpok He Bu-
[T, uTO TaM HanucaHo. [locsenoBaresnbHOCTh npeactaér nepex Mrpokom
B BHIe 6eCKOHEYHOro psina Takux KapT. KMrpa cocrout B Tom, uto Mrpok
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Ha KaXK1I0M CBOEM XOJy YKasblBaeT Ty KapTy, KOTOpasi A0JXKHA GbiTb OTKpbI-
Ta, OHOBPEMEHHO MNpeACcKa3blBasi 3HauUeHHe, KOTOpoe OGHAPYKHUTCSl HAa ITOH
KapTe, U 06bsiBJIsIs pa3Mep AeHexKHOi cTaBku. Ecau npeackasaHue okaxercs
npaBuJibHbIM, KasuHo BeinsiaunBaet Mirpoky cyMMy CTaBKH, €CJIH HENpPaBUJIb-
HboIM — Hrpok BeimjiauuBaer 3Ty cymmy Kasuno. Cumrtaercs, uto Krpok
sbluepan, ecau oH cymes pasoputb KasuHo. Pasymeercs, ecau Mrpoky oT-
KPbIT HeOrpaHUUYEHHbIil KPEUT, OH BCEraa MOXKeT pa3opuTh KasuHo, ynpanBas
craBkd. Ho urpa uaér Ha Ha/nMuHble, TaK YTO BEJMUMHA CTAaBKH OrpaHHYeHa
TeKYLLMM KanurtaJjom Mrpoka.

[TocsienoBaTebHOCTL Ha3blBaeTcsi npedckasyemol, ecd CyllecTBYeT
BBIMIPIBAIOLLHI aJITOPHTM HIpbl. Bbluepsi8aouyum Mbl Ha3blBaeM ajrOpPUTM
CO CJIe[yIOLIHM CBOMCTBOM: KaKuM Gbl HauasibHbIM KanmuTajioM HU 06J1aaaso
KasnHo, 0HO paHO /M Mo3aHO GyaeT pa3opeHo, eciu Vrpok NpuMeHUT 3TOT
anroput™. [locJiefoBaTe/IbHOCTL Ha3blBaeTCs Henpeockasyemoli, ecyii oHa
He fIBJIieTCsl NPeaCcKa3yeMoi.

Ha maremaTHueckoM si3blke CHTyallusi OnHchiBaeTcst Tak. PaccmarpuBa-
eTcsi GeCKOHeYHasl M0CJ/e10BaTeNbHOCTD HyJIel H eIHHHIL

a=(a,agas,...).
[Tpu kaxnom xoae Virpoka Bo3HUKaeT TPOHKA yHCel
(n,i,v),

rape
neN, i€{0, 1}, veQ v3>0;

3fech, Kak o6biuHo, N 06o3HauaeT HaTypajbHblii pan', a Q — MHoxXe-
CTBO BCeX paUHMOHaJbHbIX uucesa. CoaepKaTesNbHO: HATypajlbHOE YHCJIO 71
€CTb HOMep TOro uJjIeHa MOCJIeN0BATEJbHOCTH, HA KOTOPLIH JAej1aeTcs CTaB-
Ka; [ ecTb NpencKas3blBaeMoe 3HaueHHe 3TOro UJIeHa; HeoTpHLaTesIbHOe pa-
LIMOHAJIbHOE YHCJIO U eCTb pa3Mep CTaBKH. XOAbl AesaloTcsi APYr 3a ApYy-
roM, HauuHasi ¢ NepBOro; TPOKKa, BO3HHKAIOLLAs Ha k-M XOLy, 0603HavaeTcsl
(n(k),i(k),v(k)). Bosee mMaTeMaTHuecKH IrpamoTHO GblIO Gbl CKa3aThb, YTO
KaXKIbl XOA ecmb TPOMKA UMCEJ W YTO XOIbl He JeNAlTCsl, a npedsasas-
romcs.

Kanuran HMrpoka nepen k-M xonom o6Go3nauaercst V(k — 1). be3 orpa-
HUYEHHs] OGLHOCTH MOXKHO CUHTaTh, YTO HayaJibHBIA KanuTaj Mrpoka paBeH
enunuue: V(0) = 1.

"HaTypanibHblit Pl MHOT/Ia HAUMHAKT C ENWHHLBI, @ HHOTJA (B YACTHOCTH, B GOJIbLIHHCTBE
HCC/IeIOBaHUI MO TEOPHH BLIYHC/MMBIX (DYHKUHMH) C HyJs. B faHHOM ciyyae Mbl He BK/IOUYaeM
HyJlb B HaTypaJlbHblil psill.
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[Tocne kaxkporo xofa kanutan Krpoka meHsieTcsi (eCJiH TOJIBKO CTaBKa
He Oblyla Hy/1eBOH). A UMEHHO:

o ecm i(k) = angr) (Mrpok yragan), To V(k) = V(k — 1) + v(R),
o ecam i(k) # anw (HUrpok He yrapan), To V(k) = V(k = 1) — v(k).

U ewé nBa npu6aB/ieHUs K CKa3aHHOMY.

Bo-nepBbix, Xonbl GbIBAlOT KOPPEKMHbLE U HEKOPPEKMHbLE, W YTOGbI
Hrpa npojoJ/mKasacb, He0O6X0AUMO, UTOOb! XOA OblT KOPPEKTHbIM. A MMEHHO,
k-H X0 CuHTaeTcst KOpPEeKMmMHbLM, €CJIH BHITIONHEHb 063 HHXKecJenyloLlye
TpeGOBaHHS:

1) HOMep OTKpbIBaeMOii KApPThl KOPPEKMeH: 3TO 3HAUHUT, UTO MOAJexKallas
OTKPBITHIO KapTa He Gblyla Y2Ke OTKpbITa paHee, T.e. (k) He coBnagaer
uu ¢ omuuM u3 uucea n(l),...,n(k —1);

2) nenaemasi Irpokom cTaBKa KoppexkmHa: 3T0 3HAUMUT, YTO OHA MeHbLie
€ro TeKyllero Kanurtaja, T.e. v(k) < V(k — 1).

Ecnu e X0oTs1 6bl OHO M3 3THX TpeGOBaHHl:l HE BbINIOJIHEHO, XO4 CYHTAETCH
HEeKOPPEKIMHbILM.

OCHOBHOE MPABMJIO OCTAHOBKH. Ecan Hrpok coBepluaer Hekop-
PEKTHBIN X0, Urpa ocTaHaBsuBaeTcsi. [Ipu atoM Urpok octaéresi npu ume-
IOLEMCS] Y HErO K JaHHOMY MOMEHTY KanuTaje — M, TEM CaMbiM, 3aBeJOMO
He BbIUTPbIBAET.

Bo-BTOpbIX, HE HCKJ/IOYaeTCsi BO3MOXKHOCTb Toro, uro Mrpok Booblie
He JeJ1aeT ouepeHOro xoia (aaxe camoro mepsoro xozaal), U B 3TOM cJay-
yae Mrpok Takxke oCTaércsi NpH MMEIOLLEMCS] y HEero K AaHHOMY MOMEHTY
KamnuTaje 4, KaK 4 B CJly4ae HEKOPPEKTHOro Xo[a, 3aBeOMO He BbIMIpbiBa-
eT. OfHaKo B 3TOM cJjlyyae — B OTJIMUHME OT CJlyyast HEKOPPEKTHOro Xona —
Mbl H36eraeM BblpaXKeHHUsl «Urpa OCTaHaBJMBaeTcsi». [leso B TOM, 4TO CH-
TyallHI0 HeJesaHHsl X04a MOXKHO HaNISAHO MpPeACTaBHTb cebe CJeLyIOLIHM
o6pasoM. [lepen kaxxabiM cBOUM xonoM Mrpok peliaer, kakoi xon emy cJe-
nyet caenatb. Peuienue Tpe6yer o6aymbiBaHusi, 1 Mrpok Gepér Bpems Ha
o6aymMbiBaHHe. BpeMsi 3T0 HHUeM He OrpaHHYeHo, M MPOLeCC Pa3MblLLIEHHs
MOXKET 3aTSHyTbCsl 10 GeCKOHeyHOCTH. B TeueHue BpeMeHH 061yMbIBaHHS
xona kanuran Mrpoka He mensietcs. [Tostomy ecsm Urpok Hu 3a Kakoe Ko-
HeYyHOe BpeMsl He IPUHUMAET peLleHHsl O CBOEM XOJle, ero KanuTas 3acThiBaeT.
B 3tom ciyuae Bbiurpbiiia Mrpoka npousoiiti He MoxkeT. OnHaKo B 3TOM
cJyyae (B OTJIMYHME OT CJlyyasi HEKOPPEKTHOrO XO[a) He HacTyrnaeT MOMEHTa
OCTAHOBKH MIpbl, H60 HHKOIZA He MOCTyrnaeT CHrHaja o6 ocTaHoBKe. TakuM
06pa3oM, y UTpbl €CTb TPH BO3MOXKHbIX ClieHapusi pa3BuTusi: 1) Mrpok ngenaer
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6eCKOHEUHOoe YHCJI0 X010B; 2) MIrpok mesaer JiHib KOHEYHOE YHCJIO XOIOB,
Y TIPHUMHOK 3TOrO CJIYKHT TO, UTO GblJ CleJlaH HeKOppeKTHbIi xox; 3) Mr-
POK [e/aeT JIMLIb KOHEYHOe YHCJIO XOA0B, H NMPHYHHON 3TOTO CJYXKHUT TO, UTO
Ha KakoM-To 3Tane Hrpbl Mirpok He B COCTOSIHMM NPHHATH K peLIEHHIO 00
oyepelHOM xofe. Pazymeercs], ckazaHHOe HOCHT MJIJIIOCTPATHBHBIH Xapakrep,
¥ MaTeMaTHyecKoe OMHCaHHe He BKOUYaeT B ce6sl CChUIKY Ha TakHe MOHSTHS,
KaK «pelartb», «061yMbIBaTb» H T.II.
[To onpenenenuto, Mrpok seiuepsisaem (npu urpe NpoTuB a), ecJu

sup V (k) = 400,
k

T. €. €CJI1
YW 3k V() > W.

CoaepxarenbHO 3T0 03Hayaert, yto Mrpok pasopsier KasnHo, kakum Gbl HC-
XoaHbIM KanutagsoM W KasuHo HM o6sanano. QueBuaHo, uto Urpok B co-
CTOSIHMH BBIMIPaTh JHLIb NPH YCJIOBHH, UTO BCSAKHI pas, Koraa eMy NpeicTOUT
JleJlaTh XO[, OH ero fesaeT W 9TOT XOJ OKa3blBAeTCs KOPPEKTHBIM.

Kak BbIrsiauT urpa, Mol onucasnu. [lepeiiném tenepb K MOHSATHIO CHCTEMBI
Urpbl, Ui cmpameeuu. CMbIC/ CTPAaTeruy B TOM, YToGbl H36aBUTb Mrpoka ot
HE0OXO0AUMOCTH CAMOCTOSITENIbHO MPUHUMATD PeLUeHUs:: CTpaTerust 6epéT sty
¢yHKUHIO Ha cebs. CTparerist eCTb NPaBUJIO, IJIST KAXKI0r0 XOAa yKa3bIBalo-
uee Mrpoky, kakoii Ha TOM X0y OH OJKEH clesaTh X0 (T. €. KaKylo TPOiKY
npexbsiBUTh). Pasymeercsi, cTpaTterusi BblIaéT Takoe yKasaHHe JHlIb B TOM
cJyyae, ecau Xol AoJ/KeH ObiTb cienaH. Beilie yxke oTMeyanach BO3MOXK-
HOCTb TOTO, YTO HHKAKOro XOJa He JeJiaeTcsfl; B 5TOM CJyyae, ecTeCTBEHHO,
CTparerusi He BblIa€T HMKaKoOro ykasaHusl. [Ipu ykasaHuH Xxoma crpaTerus
OMUpaeTcst Ha BCIO MpPEeNLIeCTBYIOLIYI0 HCTOPHIO HUrpbl. KlcTopusi ke Hrpbl
COCTOMT i3 BCEX yXKe CAeJaHHbIX K PACCMAaTPUBAEMOMY MOMEHTY XOJOB H H3
BCEX CTABLUMX YK€ H3BECTHbIMH YJIEHOB M0C/1€A0BATENbHOCTH. Mbl /ML MO-
TOMY He BKJIIOYaeM B HCTOPHIO Hrpbl HHdboOpMaUHMio 0 KanuTane Krpoka Ha
KaX[blii MOMEHT, 4TO 3Ta MH(GOpMALLUS JIErKO BbIYMCJISIETCS M3 TOJIBKO YTO
NepeyYHCJ/IEHHbIX CBEeHHH.

TakuM 06pa3oM, HCTOPHIO UIpbl Nepes 2-M XOA0M MOXHO 3aMucaTh B BUAE
TabJHLLbL:

n(l) n@) ... nk-1)
iy 2 ... k=1
o(l)y v@) ... vk=-1)
Qn(l)y Qn@) --- Quk-1)

(ecu k =1, Tabanua nycra).
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Ha maTemartuyeckoM si3blke cTpaTerdsi ecTb (yHKLMS, KOTOpasi KaxKaoH
nofo6Ho# Tabauue (B TOM uMcJje MycTOH) JMOO HHUEro He CTaBHUT B COOT-
BETCTBHUE, JIMGO CTABUT B COOTBETCTBHE HEKOTOPBIH X0/, T. €. TPOKKY (1, i, ).
[Ton «kaxxnoit nogo6HOU TabJiMleH» Mbl MOHMMAaeM OTHIONb He TOJIbLKO Ta-
Kyl TabJiMily, KOTOpasi OTpaXaeT peasjibHOe TeYeHHe MIpbl, @ MPOU3BOJIbHYIO
TabJIMLYy, B KOTOPOH B NEPBOH CTPOKE CTOST MOJIOXKHUTEJIbHbIE LieJible YHCJIa,
B TPeTbeH -— HEOTpHLIATe/bHble palHOHaJIbHbIE UUCJa, 8 BO BTOPOH M YeT-
BEPTOH — HYJIM U €MHHLBbI.

Ecsin Tabsvua peasibHO BCTpeTHJIach B Mpoliecce WUrpbl (B KauecTBe HC-
TOPHH Urpbl HA KAaKOM-TO 3Tare) W ecJ/M 3aJaHa CTpaTerusi, To nepsble TPH
CTPOKH Ta6JIMLbl OJHO3HAYHO BOCCTAHABJUBAIOTCS MO €€ 4eTBEPTOH CTpOKe.
B camoM nene, mpuMeHeHHe cTpaTeruu K nycroit TabJuue Aa€T HaM NepBbIi
xon (n(1),i(1),v(1)). TeM cambiM — NOCKOJIbKY YeTBEPTasl CTPOKA Mpeario-
Jlaraetcsl U3BeCTHOH — Mbl MOJyYaeM HUCTOPHIO MIpbl Mepej BTOPbIM XOLOM
B BUe TabJHLbl

n(l)
i(1)
v(l)

QAn(ly,

Tenepb K 370t Tab.MLe CHOBA NPUMeEHsIEM CTPaTETHIO, N0JIyyaeM BTOPOH XOX
(n(2),i(2),v(2)) u Tabauuy

n(l) n(2)
i1y i)
u(l) v(2)
An(ly  QAp(Q),

U TaK jaee.

CkaszaHHOe [aéT HaM NpaBo NpH OnpelesieHHH CTpaTerud 6path B Kaue-
CTBe aprymMeHTa He BCIO TalJHMlly B LIEJIOM, a JIHLIb €€ 4eTBEPTYI0 CTDOKY.
3aMeTHM, UTO B 3TOH YETBEPTOH CTPOKE CTOUT JBOMYHOE CJIOBO, T. €. JIEMEHT
MHOkKecTBa =. CTparerusi 10JKHA, HMesl 3TOT JJIEMEHT, /M He BblAABaThb
HHYEro, WJM BblAABaTh XO[, KOTOPLIH €CTb TPOMHKA, T.€. 3JIEMEHT JeKapToBa
npousBesenusi N x {0, 1} x Q4. 3necb cumBosioM Q4 0603HaUEHO MHOXKECTBO
BCEX HEOTPULATENbHBIX PALHOHAJIbHBIX UHCEJL.

Mbl TNpPHUXOAMM K OKOHYATEJbHOMY ONpelesieHHIO TMOHSTHS CTPaTerdu:
cmpameeus eCTb 0TOGpa)KeHHe HEKOTOPOro MOAMHOXKECTBA MHOXKECTBa =
BCEX JBOWYHBIX CJIOB B 1ekapToBo npousseneHue N x {0, 1} x Q4

= Nx {01} x Q.
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Jlns HawMx Lesell ocoObli HHTepec MpeacTaBJsieT ciayual, Koraa yka-
3aHHOe OTOOpaKeHHe 3a7aéTcsl KAKUM-TO ajqroputMmoM. [losicHuM, 4TO 3TO
3HauuT. [TycTe A — anropuT™, Ha BX0J KOTOPOrO MOTYT NOAABAThCS SJIeMeH -
Thl W3 MHOXecTBa X, a Ha BbIXOZE MOJYYaloTCsl 3JIeMEeHTbl U3 MHOXKecTBa Y.
B mHoxecTBe X BbluessieTcst 064acme pe3yrbmamusrHocmuy ajiroputMa A,
COCTOSILIAS U3 TeX M TONbKO TEX 3JIEMEHTOB, B NMPHUMEHEHHH K KOTOPbIM A
Naét pesyJbTar. Asroputm A 3adaém chenywllee oToGpaxeHue: 06/acTb
onpejesieH|st 3TOro 0To6paxeHusi coBnanaeT ¢ 06J1acTbio pe3yabTaTUBHOCTH
aJIrOpUTMa, M JIs KaXK[0ro 3JieMeHTa 3Tol 06J/1acTH 3HaueHHe 0To6parkeHus
Ha 9TOM 3JIEMEHTe COBMAJaeT C TeM pe3yJ/bTaTOM, KOTOpPbIH NoJyyaeTcs Nnpu
NPUMEHEHHH aJITOPUTMA K 3TOMY 3JIEMEHTY.

Ecsii cTpaTterus 3agaHa KakuM-To aJrOpUTMOM, OHA Ha3blBaeTCsl BbL4UC-
aumoti. (Ecan nomate Ha BXoJ 3ajalollero CTpaTerdio ajroputMa Takylo
HCTOPHIO HIDbI, AJS KOTOPOH O4YepefHOH X014 He OnpefesiéH, TO ajJrOpUTM
pa6oTaeT Ha 3TOM BXOJe GECKOHEUHO JOJIro, He NMPHUXOAS HU K KaKoMy pe-
3yJIbTaTy, HO M He BblaBasi cooGlLUeHHe 06 OTCYTCTBHHM TakoBoro. Jra bec-
KOHeuHasi paGoTa a/JropuT™Ma Kak pa3 M NMPOMCXOAMT 3a To B3siToe Mrpokom
Ha 06ayMbIBaHHe GECKOHEUHOe BpPeMsl, 0 KOTOPOM FOBOPHJIOCH BhILLIE.)

Crparerusi Ha3blBaeTcs 8oiuepol8aroujell 04 nocAe008amesbHOCMU a,
ecay Urpok, NnpuMeHsIIOLIMI 3Ty CTpaTerHio B Mrpe NMpOTHB &, BbIMIPLIBAET.

[TocnenoBarenbHOCTh Ha3blBaeTCst npedckasyemol, ecsiu 1Jsi Heé cy-
LLLECTBYET BbIMTPLIBAIOLLAST BHIYUC/IUMAs CTPATETHsl, U Henpeacka3yemol —
B TNPOTHBHOM cJiyyae. Kjiace Bcex HempeackasyeMblX MOCJ/EA0BaTeNbHOCTEH
o603HauaeTcs 6ykBoi U.

HM3BecTHO, yTO BCsIKas HenpeackKasyemas NocJe0BaTeNbHOCTb SIBJseTCS
croxactuueckoit no KosiMoropoy (npuHamJjiexxut kKjaaccy S) M uto BCsiKasi
THMHYECKO- Xa0THYeCcKasl MoCJ/el0BaTeJIbHOCTb (0C/e0BaTeIbHOCTb KJac-
ca CT) Henpenckasyema:

CTcucs.

HsBecTHO TakK2Ke, 4YTO KJlaCC CTOXACTHYECKHX I0 KOJIMOI‘OpOBy nocJnaeno-
BaTe/IbHOCTeH CYLIECTBEHHO LIKMpE KJlacca HenpeacKa3yemblX:

S+£U.

OTKprTbIM 0OCTaércs BOMPOC O COBMNAAEHHH KJ1ACCOB XaOTHUECKHUX (OH XKe
KJiacc THHH‘{QCKHX) W HenpeackKasyeMbIX nocJie0BaTebHOCTEH:

CT<U.

Dra BaxKHas npo6JeMa XKIET CBOEro pelleHHs.
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O 6e30CcTaHOBOYHBIX CTPaTEerusix

Ecain urpa Hukoraa He ocTaHaB/JHBAeTCs, OHA HasblBaercst 6€30CmMarno-
sounou. Ctpaterusi Ha3biBaeTcsl 6€30CMAaHO804HOL, €CJi1, KakoBa Gbl HH
6bl1a MOCJIEA0BATENBHOCTD, NIPUMEHEHHE MPOTHB Heé 3TOM CTpaTerHd npu-
BOAMT K 6€30CTaHOBOUHON Hrpe. B onpeneseHHH npeackasyeMOCTH MOXKHO
OrpaHHYUTLCSI 6€30CTAHOBOUHBIMH CTPaTETHSIMH M AaTb TaKyl0 PaBHOCHJIb-
HYI0 (OpPMYJIHPOBKY: MOCJIEA0BATEJIBHOCT Ha3blBaeTCS npedckadyemol,
ecJid AJ1s1 Heé CYLeCTBYeT BhIMTPhIBAIOLIAs BbIUMC/UMAsi Ge30CTaHOBOUHASI
crparerusi. Uto6bl y6eauTbesi B PABHOCHJIBHOCTH, AOCTATOYHO OGBSICHHUTB,
KaK MOKHO aJIrOPUTM A, 33a1al0LLUK BLIMIPBIBAIOLLYIO CTPATETHIO, NepefenaTh
B asroput™ B, 3apaouinii BbIMrphIBawOLIyl0 GE30CTAHOBOUHYK) CTpaTerHio.
Takasi nepenesika ocyulectBisieTcsi BecbMa npocto. CriepBa no nocTynuB-
IeMY Ha BXOJ a/ropuTMa A JBOHYHOMY CJIOBY BOCCTAHABJIMBAETCS HCTOPHS
WTpbl, YTO MO3BOJISIET 3HATh KaK HOMepa BCEX OTKPBHITBIX paHee KapT, Tak
M BeJIHUMHY TeKyllero kanutana Urpoka. 3atem BCsiKWil X0[, NpeanuchiBa-
€Mblil HCXOHBIM aJIrOPUTMOM A, MpPOBePsSieTCsl HA KOPPEKTHOCTb, H €CJIH OH
OKa3blBaeTcsl HEKOPPEKTHbIM, TO HOBBIN anroput™ B Hukakoro xoma He Bbl-
1aéT, a O6bsBJIsIETCST He OnpeleéHHbIM HA YKAa3aHHOM JBOMYHOM CJIOBE.

O606uieHne Ha BbIYMCAMMbBIE pacnpeneneHus
BEpPOSATHOCTEM

Jlo cux nop, Ajsi NpoCTOThl U 60JMbLUEH HATJIAAHOCTH, Mbl OTDaHUYMBAJIHCD
CHTyalLlMeH, Kora Ha npocTpaHcTse {2 BceX ABOHUHBIX M0CJ/IeA0BaTe/bHOCTEH
6blJI0 3alaHO pasHomepHoe pacnpedeaerue sepoamrocmeti. Bce ocHoB-
Hble HjeH OblIM BUAHBI HA NpUMepe 3Tol npocTedlel cutyauuu. [as noJxo-
Thl KAPTHHBI Mbl HAMEPEHbI PACCMOTPETh Tenepb O6LLYI0 CHTyalUHIO, KOraa Ha
npocTpaHcTBe ) 3a1aHO NPOU3BOJIbHOE 8bL4UCAUMOE pacnpedeseHue 8epo-
amuocmed. Uto 3T0 Takoe, GyleT pas3bsicHeHO Mo3xe. A ceffuac Mbl XOTHM
CKa3aTb HECKOJIbKO CJIOB, HampaBJ/eHHbIX Ha TO, 4TOObI CAeJaThb H3JOKEHHE
JOCTYNHbIM H TakoMy YUuraTeso, KOTOPbIl He 3HAKOM C OOLUUM TOHATHEM
pacnpedenerus 8eposmrocmet, Wi 8epOAMHOCMHOU Mepbl.

ToBopsT, uTo Ha MHOXKecTBe M 3ajaHa mepa (1, KoJib CKOPO, BO-NepBbhIX,
BbleJieH HEKOTOPhIH KJacc NOJMHOXECTB MHOXecTBa M, Ha3blBaeMblX uU3-
Mepumbl MU, 1, BO-BTOPbIX, KaXK10My H3MEPHUMOMY NOAMHOXKecTBY A OTHece-
HO HeoTpHLAaTeNbHOe YncI0 [(A), HasbiBaeMoe Mepoli 3TOro NMOJAMHOXKECTBA.
[Tpu sTOM Tpe6yeTcs, uTOOb! BHINONHAINCh HEKOTOPblE aKCHOMbI, TPUBOAHTD
KOTOpble Mbl 31eCb He OylIeM; OTMETHM TOJIbKO, UTO CJIEACTBHEM 3THX aK-
CHOM SIBJISIETCH TaKOH (aKT: 06'befMHEHHE HENePeceKallHXCs H3MEPHMBbIX
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MHO2KECTB U3MEepPUMO M €ro Mepa paBHa CyMMe Mep 3THX MHoxecTB. Ecuu
w(M) = 1, mepa Ha3blBaeTcs 8epOAMHOCMHAHOL, WIH pacnpedeseHuem 8epo-
amrocmeli. B sToM ciydae u(A) conep:karesbHO TpPakTyeTcst Kak BEepOSITHOCTb
TOrO, YTO CJIy4alHO BbIGPAHHBIA 3JieMeHT MHOXKecTBa M nonanaet B A.

Kaxnasi Mmepa Ha ) xapakrepuayeTcsi Mepamu wwapoB. Tak, ol paBHO-
MEepHOTro pacrnpenesieHust (4 TOJbKO IJIsl HEro)

Vx € E Bbinosneno u(f,) = 27,

PaBHomepHoe pacnpeesieHHe BepOsiITHOCTell Ha mpocTpaHcTse {2 OTBe-
yaeT TOMY CLEHApHIO, KOTAa HyJIM U elMHHLIbl BO3HUKAIOT B M0CJ/e10BaTe b~
HOCTH C paBHbIMH BEPOSITHOCTSIMH. bBukaiinM 060611eHHeM PaBHOMEPHOTO
pacnpenesneHus sBasiercs pacnpedesenue bepryiu, um 6epryriuesckoe
pacnpedeserue (HasblBaeMoe TaKkKe OUHOMUAAbHbIM), TIDH KOTOPOM HYJH
H €[MHHLbl BOZHHKAIOT HE3aBUCHMO C BEPOSITHOCTbIO p AJIS1 €MHHLIbl U Bepo-
ATHOCTbIO | — p /IS HyJIS1; 5TO UMCJIO P YCJOBHMCS Ha3blBaTbh NAPAMEMPOM
6epHyJIJIHeBCKOro pacrnpenenenus. Ecyin napameTp paBeH 04HOH BTOPOH, M0~
JlysaeM paBHOMepHoe pacnpefeneHue. [oBopsi opMasbHO, pacnpeseseHue
Bepnysunu ¢ napametpom p 3apaércsi popmyioi

W) = p*(1 — p)*I=*,

rae k — KOJMMYECTBO €[MHHLL B CJIOBE X.

CuienyiouiuM 0606LLIEHHEM CJIYXKHT KJacc pacrnpenesieHHi, KOTopble Mbl
GyneM HasbiBaTb kg8a3ubepryriuesckumu. Ha copmepkaTesbHOM ypoBHe
KBa3WGEPHYIHEBOCTD Pacnpe/iesieHusi BEPOSITHOCTEH 03HAYAEeT, YTO €AHHHULIbI
M HyJIH MOSIBJISIIOTCS B KAueCTBe YJieHOB MOCJIE0BATENbHOCTH NO-NPEXKHEMY
He3aBHCHMO, HO C MepeMeHHOiH BepOSITHOCTbIO, 3aBUCSLIEH OT HOMepa uJe-
Ha. BeposiTHOCTb TOro, YTO ujieH C HOMEPOM K eCTb €IUHHLA, YCJIOBUMCS
o603HauaTh uyepe3 p(k); TOraa BepOSITHOCTb TOTO, YTO 3TOT UJIEH €CThb
Hy/b, OoKaxercsi paBHOH | — p(k). ®opmasibHOe onpenesneHHe KBa3uGep-
HYJUTMEBCKOTO pacnpenesieHds TakoBo. [lycTb AaHa MocJieq0BaTeNbHOCTD
[EHCTBUTENbHbBIX YHCE

p=(p(1),p@),....pk),...), O0<pk)<L

[Tpo pacnpenenenne u GyneM TFOBOPHUTb, UTO OHO KB8a3ubepHyiiuesckoe
C napamempom p, €CJid [Jisi BCIKOTO ABOMYHOTO CJIOBA X = (X|,...,X,)
MMeeT MECTO PaBEHCTBO

V(Qx)znfi,

i=l1
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raer; = p@E)npux; =1lur,=1— p(i) npu x; = 0. [Ins1 ICHOCTH: GEPHYJI-
JIMEBCKOE pacrpefesieHHe ¢ NapaMeTpoM p SIBJSIETCS KBAa3HGEPHYJTHEBCKHM
C napameTpoM P = (P, Py -+, Dy - -)-

B 3Toli rmaBke Mbl yKaxkeM, Kak OnpenesieHHsi CTOXaCTHYHOCTH, Xa0THU-
HOCTH, THIHYHOCTH M HENpPeACKa3yeMOCTH NOJKHbI GbiThb paCIIMpEHbl s
O6LUEH CHTYalUH Bbl4UCAUMOCO pacnpedeserus seposmrocmeli (4To 3TO
Takoe, 6yJeT pa3bsicHeHO HHXKe). OGbSBUM Harnepén, uTo MpH 3THX Pacilu-
PEHHbIX OMpeeNeHHsIX A5 MPOU3BOJILHOIO BBIUHCIUMOrO pacnpeesieHus
COXPAaHSIIOTCS T€ XK€ COOTHOLLEHHS, KOTOPbIE GblJIH BbINHCAHBI BbILIE 1JISI CJIY-
yasi paBHOMEPHOTO pacrnpeesieHUs:

C(u) = T(w) C U(u) C S(u);
S(u) # U(w)

(nocnienHee BLINOJIHEHO NPH YCJIOBHH, UTO Mepa JIOGOro Liapa MNOJIOXKHTENbHA).

3nech uepes C(u), T(u), U(u), S(4) cOOTBETCTBEHHO 0603HAUEHbI TE
KJlacChl MOCJ/IEA0BATEJIbHOCTEH, XaOTHUECKHX, THIHUYECKHX, HEMpeacKasye-
MbIX, CTOXaCTHYECKHX N0 KoJIMOropoBy OTHOCHTEJIBHO pacrpelesieHus {,
KOTOpble OynyT ompedesneHbl Huxke. (B HauMX NpexHHX 0603HAYEHHSIX
C=Cn, T=THn, U=Umn uS = S(n), rae n ecTb paBHOMepHOE
pacrnpezeseHue.)

dTa riaBka — s JIOGUTeNIel 06O0GILIEHHE, U Mbl NPH3bIBAEM yBaXKae-
moro UuTaressi nofyMaTb, CTOUT JiH €€ UuTaTh. Bo-nepBbiX, OHA HECKOJBKO
TPyAHee MNpeabilylMX r1aBoK. Bo-BTopbix, cama 3ajaua o ¢opMyJHpoBKe
CTPOroro onpejeieHus Cay4aiHoll oc/e0BaTeJbHOCTH A€NAETCS TEM MeHee
SICHOM, yeM GoJiee O6LIMPHBIM CTAHOBHTCS KJIACC PAacCMaTPUBAEMbIX pacrpe-
neseHui. Benb caMmo npencraBnieHye o Cay4aiHOCTH HHAWBHAYAJIbHOM MocJie-
JlOBaTeJbHOCTH HMEET CKOJIbKO-HHOYAb SICHBIH WHTYHTHUBHBIH CMBICJ JIHIIb
LUl NIPOCTEHIIMX pacrnpejesieHHil BEPOSITHOCTEH, TaKHX, KaK paBHOMEpHOe
U ero 6JMKanie 06006LIEeHHS.

Bbluncaumble Mepbl U BbIYHCJIHMbIE pacnpeneeHUs

XoTesioch 6bl Ha3blBaTb Mepy | HA MPOCTPaHCTBe §) BBHIYUCIUMOH, €CJIH
CyU1eCTBYeT TaKOH aJrOPUTM, KOTODbIH MO KaXK10My JBOHYHOMY CJIOBY X Ha€T
mepy W(€2) wapa 2. OfHAaKO aJrOPUTMBI HE MOTYT HMETb AEJO0 C JeHCTBH-
TeJIbHbIMH UHCJIAMH, @ TOJIbKO C YHCJIAMH LeJIbIMH, PALIHOHAJIbHBIMA U T.1. —
CTPOro roBOPS, AaXKe He C YHCJIAMH, @ C HX HMEHaMH B BUJE CJIOB B KAKOM-JIH~-
60 (PHUKCHPOBAHHOM KOHEYHOM aJihaBHTe (CL080M B JAHHOM ajiaBUTE Ha3bl-
BaeTcs Jil06asi KOHeUHas! 11eMoyuKa, CoCTaB/IeHHas U3 GyKB 3TOro aJgasuTa).
Hatb ke nMeHa BceM AEHCTBUTEJbHbIM YHCJIAM HEBO3MOXKHO, MOCKOJIbKY [Jisi
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KaXKI0ro KOHEYHOro asdasuTa Bce CJI0Ba B HEM 0GpasyioT JIMILbL CYETHOE MHO-
»ecTBo. [105TOMy MOKHO TPe6OBATh JIHLLIB HAJIHUKE aJrOPUTMa, AAIOLLETO He ca-
MO€ Mepy L1apa, a CKOJib YLOJHO TOYHOE PaLUMOHAJIbHOE MPHOJIMMKEHHE K Hell.

OkoHuaTe/ibHOe OnpejeNieHHe TakoBo. Mepy u Ha3blBaIOT 8bl4UCAUMOL,
KOJIb CKOPO CYLUECTBYET alrOpUTM, KOTOPbIi LIS K&XKIOTO ABOHYHOTO CJIOBA X
H KaxK10TO MOJIO?KHTEJIbHOTO PALMOHAJIBbHOTO UKCJIA € BbIIAET TaKoe pallHOHaJb-
HOE UHCJIO, KOTOpOe OTJIHHaeTcsi oT Mepbl W(§2,) wapa 2, He 6oJiee, ueM Ha €.

Huorna B onpenesieHHe BBIYHCJIHMOCTH BKIOYAIOT ellé W TpeGoOBaHHe
0 CyL1eCTBOBAHHH TAKOTO aJITOPUTMA, KOTOPBIH AJISi KAXKA0r0 ABOHYHOTO CJIO-
Ba X ONpejeJsieT, UMeeT JI1 MecTo paBeHCTBO u(§2;) = 0. Bruncammele me-
pbl, YIOBJIETBOPSIOLLME 3TOMY NOMOJHUTEJbHOMY TPeGOBaHHIO (KOTOPOE Mbl
He BKJIIOYaeM B OrpejeJieHHe BbIUMCJAUMOCTH), 6yeM Ha3blBaTh CUAbHO Bbl-
YUCAUMbLMU. 3AMETUM, UTO U3 BLIYHCJUMOCTH MEpbl HE BbITEKAET, KaK MOTJIO
6bl MOKa3aTbCs, €€ CHIIbHAS BBIYUCIHUMOCTD.

BaxHbIM NOJK/IACCOM K/1acca CHJIbHO BbIYMCJHMBIX Mep SIBJISIeTCSs Kjacc
BbIYMCJIMMO-PaLMOHAJNbHBIX Mep. Byniem HasblBaTh Mepy 8bL4UCAUMO-DAYUO-
HAAbHOU, ec/li Mepa KaXK/10ro 11apa eCcTh palMoHaJ/bHOe YHCJIO U CyLIeCcTBYeT
AJITOPUTM, BbIUMCJISIIOLIMI 3Ty Mepy Mo 3aJlaHHOMY Luapy, T.e€., Ha 6oJsiee Tou-
HOM $I3blKe, aJFOPUTM, KOTOpbIH JJIfl KaX<[Oro ABOMYHOIO CJIOBA X BbIIA&T
1po6b, BblpaxKawlyo Mepy u(§2,) wapa Q. 3aMeTuM WISl ICHOCTH, UTO ec-
JIM Mepa BblYMCJ/IMMA, a €€ 3HaueHUs Ha llapax pauMOHaJ/bHbl, TO OTCIOAA
elé He cJIelyeT, YTO OHA BBIYMCJIMMO-pALIHOHAJIbHA: YMEHHe HaXOMUThb AJIS
JAHHOTO PALMOHAJILHOTO YUCJIA CKOJb YFOJHO TOYHble DAlMOHAJbHbIE NMPH-
6JIMKEeHHUS K HeMy el é He 03HauaeT yMeHHSs BbIMUCATh CAMO 3TO YHCJIO B BUIE
OTHOLLIEHHS BYX LleJIbIX yHces!

Tenepb HeT HyKbl OTAENBHO OTpPENEJIATh, UTO TAKOE BHIYHCJIUMOE pac-
npejiesieHHe BEPOSTHOCTEH: 3TO MPOCTO-HANPOCTO BbIYHCJIMMAs BEPOSITHOCT-
Has Mepa. MIMeHHO Ha BblYMCJ/IMMBbIE pacnpejie/ieHHs] eCTeCTBEHHO o6o6Lua-
I0TCSl MHOTHe KOHCTPYKUMH H (DaKThbl, H3JI0’KEHHble HaMH JL1s1 PABHOMEPHOro
pacnpefesneHusl. B 4acTHOCTH, 1Sl TPOU3BOJIBHOTO BBIYHCJIHMMOrO pacnpese-
JIeHUs1 BepHbl Kak meopema Mapmun-Jléga, yTBepKpaoLuas, urto nepece-
yeHHe BceX 3eKTUBHO GOMbLIMX MHOXKECTB caMmo siBiseTcs 3¢deKTHBHO
60JIbIIMM, TaK U meopema Jlesura, yTBepxaamLlas, YTo THIHYHOCTb PaB-
HOCHJIbHA XaOTHYHOCTH, ONpee/IéHHOH HA OCHOBE MOHOTOHHOH SHTPOMNHH.

CTOXaCTHYHOCTDb

Jlnist Kakoii-J1u60 Noc/ieIoBaTENbHOCTH € €€ k-t uJieH 0603HauaeM ey HIlH,
na6bl H36€XKaTb MHOTO3TAXKHBIX HHIEKCOB, e (k).
B cayyae paBHOMepHOro pacnpejesieHHsi CTOXaCTHYHOCTb MOCJIef0Ba-
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TeJIbHOCTH TIOHMMaJiach Kak ea0banbHas ycmotuusocms yacmom, T.e.
KaK yCTOHYMBOCTb 4acTOT B KaxOol u3 donycmumelx nodnociedosa-
meavHocmedi. JlonycTHMble »Ke MOANOCJeA0BaTeSbHOCTH BO3HHKAJIM MyTéM
npuMeHeHuss AonycTUMbIX 1o KoJsmoropoBy npaBus ot6opa. B cutyauuu
NPOU3BOJILHONH BepOSITHOCTHON Mepbl 06LIAsi CXeMa COXpaHsIeTCsl, TOJbKO
YCTOHYMBOCTb 4acTOT 3aMeHsSieTCsl Ha HeKoTopoe 6oJsiee ofuiee CBOHCTBO,
a HMEHHO Ha Tak Ha3blBaeMblil 3aKOH boabuuux wucen.

OnpeneneHre CTOXaCTHYHOCTH AJsi GepHYJUIMEBCKOrO pacnpepesieHus
C MapaMeTpoM p OUYEBHIAHO: HALO MOTPe6OBAThb, UTOOL! B KaXKAOH AOMYCTH-
MOH TOANOC/EN0BATeNbHOCTH CO0/04a1aCh YCTOHUMBOCTh 4ACTOT C OJHOH
U TOH Ke npeaesbHON 4acToToM p. MHbIMH cjioBamu, A0JS €IMHHUL] B Ha-
YaJIbHOM OTpe3Ke BCSIKOH JOMYCTHMOM NMOAMNOC/eA0BaTebHOCTH JOJKHA, NIPH
HeorpaHHYeHHOM YIUIMHEHHH OTpe3Ka, cTpeMuTbes K p. Ciyuau, korna p = 0
Wi p = |, ABJSIIOTCS BBIPOXKIEHHBIMH; [JIS TIEPBOrO W3 HHUX HE CUMTAeTCH
CTOXaCTHYECKOI N0CJ/Ie10BaTe/IbHOCTh, B KOTOPOI BeTpeuaeTcsl XoTs bl Of1HA
€MHHULIA, AJ15 BTOPOro — MOCJIe0BAaTEbHOCTb, B KOTOPOH BCTpeYaeTcs XoTs
6bl OJUH HOJIb.

®oH Musec noHUMaJ BepOSITHOCTb Kak MNpeaesbHylo yacroty. [TosTomy
€ro MAeOJIOrHsl He MpOCTHPAeTcsl 32 npefesbl GepHYJIMEBCKUX pacnpene-
JieHu#i. MocToM K 06lLeMy CJiyyatro MPOU3BOJILHOTO pacrnpeesieHust ciiyxaTt
KBa3uOepHyJUIHeBCKHe pacnpeneseHusi. IMu u 3aiimémcs.

SIcHo, uTo AUl KBa3WGEPHYJUIMEBCKOTO pacrnpeesieHUsi NpeesibHOM ya-
CTOTHI B MOJTNOCJIENOBATENLHOCTH MOXKET U He ObiTh, a €CJIH OHA W €CTh, TO,
BOOOLLE TOBOPS, B KaXAOH MOANOCJEN0BaTeNbHOCTH — cBosl. [Ipuxoautcs
NO3TOMY FOBOPHTb O CTOXACTHYHOCTH OTHOCHTEJIBHO JAHHOTO MpaBuJia 0T6o-
pa. [lyctb p — napameTp kBa3uGepHYJJIHEBCKOro pacrnpenesenus. [1pex-
Ile BCero, 3asiBUM, UTO He CUMTAeTCS CTOXAaCTHUECKOH MOCJeN0BaTeJNbHOCTD,
B KOTOPO#i 3HaueHHe XOTsl 6bl OJHOTO eé uJieHa UMeeT HyJIEBYIO BepOSITHOCTb.
Wan, roBops Ha dopMaJjibHOM sI3blKe: MOCJIeA0BATENbHOCTb @ He CUHTaeTCs
CTOXAaCTHYECKOM, €CJ/IH CYLILECTBYET Takoe k, uto Jin6o a(k) =0 u p(k) =1,
mn6o a(k) = 1 u p(k) = 0. Ilng ocrajbHbIX NOCJEN0BATENBHOCTEH Onpee-
JIEHHE TaKOBO: MOCJIeN0BaTeNbHOCTh @ OyleM HasblBaTb CMOXACMUYECKOU
omrocumenvHo npasura ombopa O, Kosb cKopo €€ 06061WEHHAs NOAMNo-
CJIEJOBATENLHOCTh

b = {a(mi), a(my),...,a(ms),...),

TI0JIy4€HHast 10 3TOMY NPaBUJIy, yIOBJIETBOPSAET TPeOOBAHHUIO 3aKOHA 60/bLIMX
YHCeJI:
almi) +---+alme) _ plm) +---+ plmg)

k k 0
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npu k — oo. [lasiee, N0C/1€10BATENbHOCTD & HA3BIBAETCS CMOXACMUL yeckou
(no Koamozoposy), ecii 1ist JI06Or0 KOJIMOrOPOBCKOTO MpaBHiia, NMPHBO-
HSILILero K 6eCKOHeuHol 0606LLIEHHOM NOANOC/e10BaTeIbHOCTH, OHA ABJIALTCS
CTOXACTHUECKOH OTHOCHTEJBHO 3TOr0 NpaBHJa.

3ameuanne. CJI0BO «GECKOHEUHOM» B Mpeablayliell ppase H3ObITOYHO,
TaK KaK BCsIKasi 0606ILEHHAs M0 AN0C/eA0BaTe/bHOCTD ABASAETCS N0C/1€10Ba-
TeJIbHOCTBIO, a CJIe10BaTeNbHO, GecKoHeuHa no onpenenennto. Tem He Meree
Mbl GyeM HHOTAA MCIIOJb30BaTh 3TO (OPMaIbHO M3GBITOUHOE YTOMHHAHHE
0 6eCKOHEYHOCTH, 1a6bl I0AYEPKHYTh, YTO HMEETCS B By HMEHHO NOCJIEN0-
BATeJbHOCTb, @ He KOPTEX.

UT06bl 06bACHHTD, KaK TOHSTHE CTOXaCTHYHOCTH Mo KosMoroposy 0606~
aeTcs Ha 6oJiee LIMPOKHH Kjacc BepOsSITHOCTHBIX pacnpesieJieHnH, BBEIEM
HECKOJIbKO 0603HaueHHH.

Mycts n(1), n(2), ..., n(k) cyT> HaTypabHbie YMCIIA H MyCTb

i(l),i(2),...,i(k) €{0,1}.

a(l), ..., n(k)
q€pe3 Ai(l), (k) 0603HauUMM MHOXKECTBO BCe€X TAKHX I0CJie0BaTelbHOCTEH

a € ), y KOTOpbIX

anty = i(1), Q@) =i(2), ..., Gnr = i(k). (%)
Jpo6b
u (’4 7((11)).' ......,‘ir(l;el;,)‘lm>
[ (A ?((ll)),' z'ng) )

0603HaYuM CHMBOJIOM

m| n(l), ..., nk) .
MU, ..., itk )

3TO €CTb YCJIOBHAsi BEPOSITHOCTb TOTO, UTO M-# 4JIeH NMOCJIe0BaTeNbHOCTH &
6yaeT paBeH | npu ycsioBHM (%); 3Ta BeJMUMHA He OnpejelieHa, KOJib CKOpO
3HaMeHareJsb 1po6GH obpaluaercs B HyJb.

PaccMoTpuM 1Ba NMpOHM3BOJMbHBIX, HO (PUKCHPOBaHHBIX OGBEKTa: mocJe-
J0BaTeJIbHOCTb a € §) U nomycTuMoe no Kosmoroposy npasuiio ot6opa 6.
Haiua uesab — npuaaTh cMbIC BbICKa3bIBAHUIO «10C/1€10BaTe/bHOCTb @ CTO-
XaCTHYHA OTHOCHTEJIbHO npasusa O». [Ipouecc, mocpencTBoM KOTOpOro npa-
BHJIO © 0TGMpaeT U3 NocJ/en0BaTeNbHOCTH a uJieHbl 0606UIEHHON Noanoce-
noBateJsibHOCTH b, cocTouT H3 ABYX 3TanoB. Ha nepBoM 3Tane cTponTcs BCno-
MoraTeJibHasi 06061LEHHAs MO ANOCAE10BATENbHOCTD €, H3 HEKOTOPbIX UJIEHOB
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KOTOpO# Ha BTOpOM 3Tare u ctpoutcsi b. Bosiee noapoGHo,

C= (a,,“), An2)s - -+ An(k), - - > ,

rie HoMep n(k) BbIYUCJISETCS AJrOPUTMHUECKH MO KOPTEXY

(@n(1)s @n@)s - - - Bnip—1) ) -

Hmesi Ha BXome 3TOT XKe KOPTEXK, MPaBHJO © pellaeT, BKJOUATh WM HET
YJIeH (k) B OKOHUATEJIbHYIO nocJenoBaTtesbHocTb b. Takum o6pasom,

b = (a(n(ky)), a(n(ky)), ..., a(n(k;)),...).

Ha kaxxnoM u3 o60Mx 3TanoB MOXeT HACTYNWTb MOMEHT, KOrAa npasujo 6
He JacT HHKaKoro pe3yJibTaTa, T. €. He BbJACT HOMepa Ha NMepBOM 3Tane HJIH
He NpHMeT pellieHHsi Ha BTopoM 3Tane. Ecsin Takoe npousoiinér, nocseno-
BaTeJIbHOCTb b OKaXKeTcsi KOHeuHoH, T.e., roBopst 6oJiee CTpPOro, oKaXkercs
He N0CJIe10BaTe/IbHOCTbIO, @ KOopTexkeM. B 3ToM ciyuae HHKakoro Tpe6oBaHuUs
K b He BbigBHraeTcsl W, roBopsi popMaJibHO, a NPH3HAETCA CTOXACTHYECKOH
oTHocHTesnbHO O. Ecoiu ke b okasanoch GecKOHeUHOH, TO AJisi TIPU3HAHUS
NOCJIeI0BATEbHOCTH @ CTOXaCTHYECKOH OTHOCHTENIbHO © TpeGyeTcs BbiNoJI-
HeHHe HHXKeCJIeAyILLero CBOACTBA NoCJe]0BaTeIbHOCTH a.
OG6o3Haunm uepes r; BeJIHUHHY

<n(k,~) n(l), n@), ..., n(k,-—l))
M 1 .

a(n(l)), a(n2), ..., a(nk;—1))
PaccMoTpuUM pasHOCTb

_ntrnto+ra@k)) +ake)) +--- +a(n(k)))

3
] .
) ]
Besiunha d; He onpesesieHa, ec/M He onpeje/ieHa XoTs Obl OJHA U3 BEJHUHH
ri,...,rj. Ckaxem, uto b noduunsemcs 3akony 60abuLLX 4uceA, eCliu Bce

BeJIHUHHBI §; onpesesienbl H 8; — 0 npu j — oo. [Toc/ienopateibHOCTD a Ha-
30BEM Crmoxacmu4eckol OmHocumenvHo npasura G, eciu 06061EHHAs
rioAnocJ/e10BaTeNbHOCTb b, nosryueHHast U3 a COrIacHO MpaBHay ©, MoauH-
HsleTCsl 3aKOHY GOJIbLUMX YHCeJI.

Hakonel, nocsenoBate/bHOCTb a Ha3biBaeTcsi cmoxacmuyeckoli (no
Koamoeoposy), ecan ansa joboro gomyctumoro no Kosmoroposy npasusia
oT60pa OHa fIBJIETCS CTOXaCTHUECKOH OTHOCHTEJIbHO 3TOro NnpaBuJ/a — MpH
YCJIOBHH, YTO 3TO NMPABHJIO CTPOHUT GECKOHEUHY0 0606LUEHHYIO MOANOC/IeN0-
BaTeJIbHOCTb (@ He KOHEUHbIN KOPTEeX).
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3aMeTHM, uTO B CAMOM OMpefesieHHH BbIYMCJUMOCTb Mepbl HE HCMOJb-
3yercs. OfHAKO 6Ge3 MpeanosioKeHHs! 0 BbIUHCJIHMOCTH €/1Ba JI1 BO3MOXKHO
CpPaBHHBATH YaCTOTOYCTOHYMBOCTh (OHA XKe CTOXACTHYHOCTb) C APYTHMH aji-
FOPHTMHYECKHMH JIMUAMH CJy4aiHOCTH.

XaoTHuHOCTb

OnpezeneHHe nocJie10BaTebHOCTH, Xa0THYECKOH OTHOCHTENILHO MepbI |,
TaKOBO: NOCJeN0BaTeNbHOCTh @ = (ay, a9, as,...) Ha3biBAeTCs xaomuye-
CKOU OMHOCUMENbHO U, €CJIH CYyLLEeCTBYeT TaKas (3aBHcsluasi OT Mepbl ()
KOHCTAHTa C, YTO [/l BCEX /1 BBINOJIHAETCS HEPaBEHCTBO

KM((J;, as,...,ap) > — log{-‘(ﬂal,ag,....an) —-C,

rjae, Kak Bceraa, 3Hak norapuqma 6e3 HUXKHEro HHAeKca 03Hauyaet JIOI"apHCbM
Mo OCHOBAHHIO OBa.

MOTHBHpOBKa 3TOro onpeneJieHusi, UMEKLIEro conepmaTeanblﬁ CMBICJI
IJ1s1 BbIUUCJIMMbIX BEPOSATHOCTHBIX Mep, TaKas XKe, Kak U B ¢Jiydae paBHOMEp-
HOro pacrnpeneseHust BepOﬂTHOCTEI;'l. Jleno B TOM, UTO AJiS BCAKOH BbIYHCJIU-
MOH Bepoamocmoﬁ MeEpbl BbIMOJHACTCSA COOTHOLIEHHE!

¢ Vx € = BuinoJiHeHo KM (x) < —logu(€) + c.

THNHYHOCTDL

[ToHsiTHe THMMYHOCTH 060GLIAETCS HA NPOHM3BOJbHYIO MepY AOCTATOYHO
OYEeBHIHbIM 06Pa30M: HaJ0 NPOCTO B TOM ONpeeseHHH THITHYECKO nocJien0-
BATeJIbHOCTH, KOTOPOE [aBaJioch sl CJlyyast pABHOMEPHOrO pacrnpeeseHus,
3aMeHHTb 0G'bEM LIapa Ha ero Mepy.

CnepBa onpenesnsietcs NoHATHe 3 deKTHBHO Masioro MHoxKecTBa. MHoO-
KecTBO Q C 2 Ha3bIBaeTcs PP EKmuUHO MANbIM OMHOCUMELLHO MEPbL L,
KOJIb CKOPO CYILLECTBYET aJfOPUTM A, yIOBJIETBOPSIIOLLHI HHXKecJ1e yIoLemMy
Tpe6oBaHuio. [1pH mocTyn/ieHUH Ha BXOX ajqropuTMa A HaTypaJsibHOrO 4HC-
JIa /M Ha €ero BbiX0OJe BO3HHKAET aJIFOPHTM MOCTPOEHHUS TaKoil NocJIe10BaTeNb-
HOCTH ABOMuYHBIX cJioB (x(1),x(2),...,x(n),...) (T.e. aNMTOPUTM BbIUHCIIEHUS
Tako# GYHKUUH 7 +— x (1)), 4TO

QC U Qx(n);

|
D u(Qum) < o

n
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Hanee, agpdpexmugro 60abui0e 0MHOCUMENLHO MEPbL L MHOXKECTBO
onpezessieTcs Kak gornoJiHeHHe (10 ) K 3¢hheKTHBHO MaJioMy.

JIn1st BBIYMCJIMMBIX Mep HMeeT MecTo meopema Mapmur-Jl1éga: o6benu-
HeHHe BceX 3¢¢eKTHBHO MaJsibiX MHOXKECTB siBJisieTcs! 3((HEKTUBHO MaJbiM,
a nepeceuenue Bcex 3¢ HEKTUBHO 60JbLIMX — 3¢ deKTHBHO GosblinuM. Cy-
lLleCTBYIOLIee COMIaCHO 3TOH TeopeMme HauMeHbliee 3thdeKTHBHO GoJiblLioe
MHOKECTBO Ha3blBAIOT KOHCMPYKMUBHbIM HOCumesem mepel 1. B cayuae,
€CJI 4 — BbIYHCJIHMOE pacrpejiesieHHe BepOSTHOCTEH, NOCJIe10BaTeNbHOCTH,
NIPHHAUIEKALLHE KOHCTPYKTHBHOMY HOCHTENIO pacnpejiesieHHs (I, W Hasbl-
BAIOT MUNU4ECKUMU OTHOCHTEJIbHO 3TOro pacnpenesieHusi. TakuMm o6pa3om,
T(u) ecTb He 4TO HHOE KAK KOHCTPYKTHBHbIH HOCHTEJb pacrpeie/eHHs .

Henpeacka3syemocTs

31ech Mbl yKaxKeM, uTO HY»HO 10GaBHTb K OnpeneJieHHsIM, chOpMyJIHpO-
BaHHbIM [I/11 paBHOMEPHOTO CJ1y4as, pH Nnepexojie K NPOU3BOJIbHbIM pacnpe-
nenedusM. Takux no6apieHuit 6yaeT ABa: HeKHi MyJIbTHIIIMKATHBHBIH KO3-
(UUHMEeHT (1)1 PAaBHOMEPHOrO pacnpefesieHHsl OH pPaBeH eluHHLe H MOTOMY
He Hy2KeH) U JONOJIHUTEJNbHOE NPABUJIO OCTAHOBKH (B CJlyyae paBHOMEPHOro
pacnpezie/ieHdsi OHO NMOTOMY He HY>KHO, UTO He BO3HHKAeT TaKOH CHTyalluH,
NpY KOTOPOH OHO MO0 Gbl ObITh NPUMEHEHO).

Pacnpezesiende BeposiTHOCTeH BJIMSIET Ha MPABHJIO U3MEHEHHS Kanura-
sa Hrpoka nocne ouepenHoro xoaa. Ecau Mrpok He yrajan, ero kanuraig
yMeHblLaeTcsl Ha CyMMy CIeJaHHOH MM CTaBKM — TakK e, Kak U B cJyuyae
paBHOMepHoro pacnpepenenus. Ho ecan Mrpok yragasn, To npupocT ero Ka-
nuTaNa paBHSETCS CTABKe, YMHOXEHHOH Ha HEKOTOPbIH KO3 dHULKMEHT. DTOT
K03(D(HHLUMEHT CPABHUTEBHO BEJIHK, €CJIH BEPOSITHOCTb yrafaTh OblJia HH3KA,
M CPaBHMTE/IbHO MaJl, ecJId BEPOSITHOCTb yraaartb Oblia Bbicoka. [lis pas-
HOMEPHOrO pacrnpejesieH’st BEPOSITHOCTb YrajaTh BCeria paBHA OJHOH BTO-
poii, a K03 duLMeHT Bcerna paBeH eauHuLe. TouHas ¢hopMy/IMpOBKa NpaBua
npupocTa Kanutana 6yfer ceiuac H3J0XKeHa.

11 noc/ienoBaTesbHOCTH a eé k-it useH 0603HauyaeM ag, 4J1 NOCJeN0-
BaTeJIbHOCTH @’ eé k-1 usleH 0603HavaeM aj, U T. 1.

Xon, nenaemblii Ha j-M Xofy, ecTb Tpo#Ka (n(j),i(j), v(J)).

[Tyctb nocJienoBaTebHOCTb, KOTOPOH pacnonaraet Kasuto, ecTsb a. [lo-
JIOXKHM

A(k— 1) = {a’ € N: a:,(j) = Qp(j) NpH _[ =1,2...,k— l}
(tak uto A(0) = ),
A;i(k) = {a' eAk—-1): a:,(k) =i} s i =0,1.
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Pasymeercs, 3t 0603HAUEHHS] UMEIOT CMbICJ B MpEANoJIOKEHUH, 4YTO BCe
Y4acTBYIOLLHE B HX ONpefe/ieHusix Homepa (/) onpenesensl. [TosiesHo 3ame-
THTb, UTO

Q=A(0) > A1) D A2) D n
I =u(A(0) > uA()) > WAR) > . )

~

ecsu Urpok Ha k-m xony yranai, To
i(k) = anwy), Aig) (k) =A(R); 3)
ecau UIrpok Ha k-m xony He yramad, To
i(k) # Qngry, Ai—ir)(R) = A(k); 4)

KpoMme Toro,
Ak — 1) = Ao(k) U A (k). ()

B cayuae, ecm i(k) = an) (nporHo3 Mrpoka Ha ero k-m xozxe onpas-
Jancs — OH yrapaJg), Kanutaj Mrpoka yBenuuuBaercs no gopmyJe

H(A1—i (k)
w(Aiw (k) -

Hawa c¢opmyna (6) rapaHTHpyeT «4ecTHOCTb» HIpbl MaTeMaTHueCcKoe
OXKMJlaHHe BBIMIPHILLIA, T.e€. MPUPOCTAa KamuTana, 3a OJHH XOL PaBHO HYJIIO.
OnHako Ha nMyTH NpHMeHeHHs 3Toll (OpMYyJbl Hac MOACTEperaeT HeMnpHAT-
HOCTb, HEBO3MOXKHasi Jisi PABHOMEPHOTrO pacrpejesieHus, Kak 1 wis J6oH
NO3UTHBHOH Mepbl (Mepa Ha3bIBaeTCs nO3UMUBHOL, eCJii Mepa o6oro wapa
NOJIOKHTeNbHA). HenpusTHOCT 3akiioyaeTcst B TOM, UTO CTOsIILAsl B 3HAMeE-
HareJie BepoSTHOCTb [(A;(k)(R)) MOXKeT 0Ka3aThCsl pPaBHOM HyJI10. DTa HenpH-
SITHOCTb YCTpaHsieTcsl MyTéM BBeaeHHsl [IOMOJIHUTEILHOTO NPaBUia OCTAHOB-
KH, KOTOpOe Mbl celiuac npuBenéM. B ciyuae paBHOMepHOro pacnpesesieHus
5TO NPaBHJIO GbIJIO U3MHILHUM, TIOCKOJIbKY NIPENyCMOTPEHHAs B HEM CHTYaLHUs
He MOIJIa BCTPETHThCS.

JOMOJIHUTEJIbHOE MPABUJ0O OCTAHOBKH. OHO npuMeHsieTcst To-
T/18, KOTZa B XO/1€ HTDbl 8nepsasie HacTynaeT Takas CUTyauus, uto u(A(k)) = 0
(npocum UuTaTenss B3msiHyTb Ha dopmyay (2)). Ilycte p(A(k — 1)) # 0,
u(A(k)) = 0. IMocnenHuit xon, KoTopblit Gbla caesaH, uMen Homep k. [lenas
5T0T X04, Mrpok 06bsiBUJI cBO# nporHo3 i(k). Ecsiu nporHos okasajcs sep-
HbIM, T. €. 0Ka3aJoChb, YTO i(k) = an(k), HTPa OCTAHAB/IMBAETCSA, a KamuTal

Vk)=V(k—1)+u(k)- (6)
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Hrpoka cuntaercst Bo3pociunM 10 GeckoHeuHocTH: V (k) = +oo. Takum 06-
pa3oM, B 3ToM cayuae Mrpok o6bsiBsieTcst BoiMrpasiuuM. Ecin e nporHos
0Ka3aJ/icsl HEBEPHbIM, T. €. 0Ka3a/0Ch, 4TO i(R) # @n(k) (WK, 4TO TO 2Ke caMoe,
I — i(k) = an), vrpa onATb-TakKH OCTAHABIMBAETCS], HO C TeM KalHTaJloM
Hrpoka, koTopbiil y Hero 6bll K 3TOMY MOMEHTY, TaK uTo BesuuHHa V (k)
OKasbiBaeTcsi paBHOM BesuunHe V(k — 1). B sTom cayuae, cienoBaTesbHo,
Hrpok He BbIMTpLIBAET.

flcHo, uto mpo6JieMa c HyJsieBbIM 3HameHareseM B ¢opmyJie (6) ycrpa-
HsleTcs 3TUM npaBuioM. [lelicTBuTenbHO, dopmysa (6) npuMeHsieTcs JMLIb
B cayuae, Koraa i(k) = ank). B 3TOM cayuae, cornacho (3), Aik)(k) = A(k).
[TosTOMy HHTepecyIOLLMil HAC 3HAMEHATeNb MOXKET 0Ka3aThCsl HyJIeBbIM JIHLIb
B cHTyaunH, Koraa u(A(R)) = 0. Ho uMeHHO 3Ta cHTyalus KaK pa3 U peryJu-
pyetcst He dopmyanoii (6), a HawuM JlOMOJIHHTENBHBIM NPaBHJOM. (MoXHO,
BIIpOYEM, CUHTATh, YTO U opMysoi (6), ecsin paspelluTh JesleHHe Ha HyJlb
TNOJIOXKHUTEIbHOTO uncaa U(A|_;k)(k)) U NPHHATL GECKOHEUHOCTb B KayecTse
pe3yJibTaTa Takoro AejeHus.)

Onpezenenusl CTpaTeri, a TakKe BBIYMCJMMOI cTparterudu, 6e3ocTaHo-
BOYHOW CTpAaTerkH, BHIMIPbIBAIOLLEH CTPATerHH OCTAlOTCS, C YUETOM CeNaH-
HbIX J106aB/eHHH, IJ1s OOLIEro ciyyasi TEMH XKe, KaK W AJIS1 YaCTHOro cJyuasi
PaBHOMEPHOTrO pacrpejesieHHs.

O 6e30cman0B804HbLX CIIpaMecusx

B 3akJiloueHie NPOKOMMEHTHPYEM Te MpeyCMOTPEHHbIE NPABHIAMH CH-
TyalliH, KOT'la Hrpa OCTaHaBJIUBaeTCA. 3aMeTHM, YTO OCTAHOBKH He BKJIOUe-
Hbl B MOHsITHe cTparerdd. CTparerds Jiuilib yKa3blBaeT ouepeqHOl XO4 HJH
He YKa3blBaeT HHYEro, €cJId TAKOBOH He OMpefesiéH; HO B MOCJEIHEM CJIy-
yae Urpa He OCTaHABJIMBAETCsl, a NPOCTO Mrpok 3aayMbIBaeTCsl HABEUHO: st
BBIYMCJIMMON CTPATerkd 3TO O3HAYAET, B MATEMAaTHUECKHX TEPMHHAX, UTO aJ-
rOpUTM yKa3aHusl Xoaa pa6oTaer 6e30CTaHOBOYHO, He MPUXOAsl HA K KaKOMY
peayJbrary. OCTaHOBKH K€ DEryJMpylOTCs CBOUMH COGCTBEHHBIMH NpaBH-
JIaMH, «BHELIHMMH» MO OTHOLIEHHIO K cTpaterdd. K coxaseHuio, B o6uieM
CJlyuae BbIYMUCJIUMOrO pacrpeiesieHnsi Hallk NPaB1Jia OCTaHOBKH He COlepKaT
aJropuTMa UX npruMeHeHus. BoJiee Toro, aaropuTM, No3BOJALIME B J106O
MOMEHT ONpeNeNsiTh, CIeNYET HJIU He CJIeLyeT OCTAHABJHBATL UIpy, B OOLLEM
cayyae HeBo3MOxKeH. KoHkpeTHo 1411 OCHOBHOTO NpaBuJia peub HAET O Npo-
BepKe HepaBEHCTBA, CBA3LIBAIOLLErO CTABKY M KanuTal, a aasi JlonoJHureb-
HOTO MPaBHJIa — O MPOBEPKE MOJIOKUTENLHOCTH Mepbl HEKOTOPOTO MHOXKe-
cTBa. Pasymeercs, ecsii Mepa CHJIbHO BbIUHCJIHMA, HE BO3HHKAET CJIOXKHOCTH
CO BTOPOIl U3 yKa3aHHbIX NPOBePOK. BoJiee Toro, /st BCKOM BLIMUCIUMO-pa-
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LIHOHAJIbHOH (B YaCTHOCTH, PABHOMEPHOH) Mepbl OYeBHHbBI aJrOPUTMbI 06e-
UX NPOBEPOK, HO, NMOBTOpPsieM, NOAO0GHbIE AJrOPUTMBI MOTYT H OTCYTCTBOBATh
B cJyyae 60Jiee CJIOXKHO YCTPOEHHOH BBIUHCJUMONH Mepbl.

BBuay cka3aHHOro, NMpeACTaBJsieT WHTepeC YyTBEpXKIEeHHE O TOM, YTO
NpY OnpejesieHHH MOHSATUS NPeACKa3yeMOCTH MOXHO OrPaHHUMTHCS OLHHMH
TOJIbKO 6€30CTaHOBOYHBIMH cTpaTerussMi. MIMeHHO A1 060CHOBAHHSI 3TOr0O
yTBEPXKIEHHS HaMm M MoTpeCyeTcsl MNPeanoyokKeHHe O BbIUHCIMMOCTH Mephl
(OTMeTHM, UTO 1O CHX NOp OHO He HCMOJb30BaNoCh). B 3TOM npennosoxeHuu
Mbl ceifuac yKa)keM, KaKHM Croco60oM aJropuT™M A, 3aJalOLLHil BLIHTPbIBAIO-
LLLYIO CTpATerHio, nepenesbiBaeTcs B anroput™ B, 3anatoluuii BeIMrpbiBaolLLLyo
6€30CTaHOBOYHYIO CTPATETHIO.

Hrak, HaMm 3aman ajaroput™ A, Ha BXOA KOTOPOrO MOCTYMaeT ABOMYHOE
CJI0BO X € E, a Ha BbIXOZe, B KauecTBe pe3yJsbTara, JUG0 He MNosBJseT-
csl Huuero, JM60 nosiBisiercs ouepenHoi XxoA. ConepKartesbHO, ABOWUHbIE
UHbPBl, COCTABISAOLME 3TO CJIOBO, CyTh 3HAUYEHHS YXKe OTKPBITHIX K 3TOMY
MOMEHTY UJIEHOB MNocJef0BaTeJbHOCTH. Kak Mbl 3HaeM, Mo cJIOBY X BoccTa-
HaBJIHBAeTCs BCS Npeblyllast HICTOPHUS UIrpHl, T.€. Bce uucha n(k), i(k), v(k),
V (k) npu k < s = |x|. Pasymeercsi, 3TH yuCJia BOCCTAHABJIMBAIOTCS, €CJIH
TOJIbKO OHHU OMpefesieHbl (KCTaTH, MOXKHO BCeraa rnpearnoJiarath, YTo BCe OHH
omnpefiesieHbl, €CJIM TOJIbKO ONpeesiéH U KOpPeKTeH S-H X0, KaKOBOH ecTh
Tpoiika (n(s), i(s),v(s))). UTo6bl NoAuepKHYTh 3aBUCUMOCTb YKa3aHHbIX YH-
ces ot x, Gynem nucatb n(x, k), i(x,k), v(x,k), V(x,k), Beab, Koraa Mol
paHee nmucajau npocto n(k), i(k) W T. 4., Mbl NpeanoJiaraad pUKCHPOBAHHOM
Ty NOCJIeNOBaTeJIbHOCTb, MPOTHB KOTOPOH MAET Mrpa M «4acTblo» KOTOPOH
SIBJISIETCS] CJIOBO X. BMecTe ¢ yKa3aHHBIMH uMcJIaMU NPH BceX R < S BO3HH-
KaloT ¥ Te MHOXeCTBa, KOTopble 1/l (DMKCHPOBAHHOH MoOCJie0BaTeJIbHOCTH
Mbl 0603Haua/ju paHee Kak A(R); Tenepb Mbl GyaeM o6Go3HauaTb WX A(x, k).

Haiwa uenp — nepenenath ajaroput™ A B asroputm B, Hukorna He npu-
BOASILLMI K CUTyaUuH, TpeGyloLell OCTAaHOBKH UIPbl H TAKOK, UTO ecJsid A Gbu
BLIMTPBIBAOLWIKM, TO U B — BblurpeiBaowwmit. st BIYHCIHMO-paLMOHAJb-
HOH Mepbl NnepejesiKa OYeBHHA: MOJYYHUB HA BXOJ ABOMYHOE CJIOBO X, NPO-
BepsieM, He TNPHBOAMT JIM XOJ, YKa3aHHbIH AJIS 3TOTO CJIOBA aJIrOPUTMOM A,
K CHTyallHH OCTAHOBKH, €CJIH He NMPHBOIMT, 06bsBAsieM, uto B ykaszan Ham
3TOT XOJ; €CJId NPUBOAMT, 00bsIBIsSeM, uTo B Ha x He naér pesysbrara.

B o61ueM ke ciyyae npou3BOJIbHON BBIYHCIUMOI Mepbl Nepeneska A B B
TpebyeT GoJiee u3owipéHHoro npuéma. Hoswiit anroput™ B Gynmer pa6Gorath
TaK. B cayuae, ecim Xon, yKasaHHbIH anroputMoM A, He NPUBOIMT k CHTya-
LIMM OCTAHOBKH, 3TOT XOJ — Kak W U1 BbIUMCJIHMO-PaLHOHAJbHONH Mepbl —
o6bsiBAsieTcs pe3ysbTaTtoM ajroputma B. OpHako B ciyuae, ecau B pesyJib-
Tare NpuMeHeHusl A K X BO3HHKAeT CHTYyallusl OCTAHOBKH, HOBBbIii aJiroputm B
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He OyJeT 1aBaThb HMUKAKOro pe3dysbTaTa B NpHMeHeHHH K x. TeM caMbiM, oKa-
xketcs, uto B 3anaér 6e3o0cTaHOBOUHYIO CTpaTeruio.

Jlas HarasigHocTH npeactaBuM cebe, uto A u B paGoraioTt napansens-
Ho. Hanomuum, uto A Ham 3azmaH, B mbli crpoum. [lycts Ha BXxona 060uX
aJIrOPUTMOB NOCTYNHJIO CJIOBO X, |x| = s. Ecsiu A He naét pe3ysibTata B Npu-
MEHEeHHH K 3TOMy CJIoBY, TO U B 06bsiBsisieTcsl He narowiuM pesyabrara. Ecau
Ke A B npUMeHeHHH K X BbIIA€T OuepefHOi XOl, TO ajroputm B mbitaer-
Csl Mpex/ie BCero NpoBePHTb, He BO3HHKJ/A JIH CHTyalusl, NOANAAaoLas noj
JeHCTBUe OJHOrO H3 NpaBUJl OCTAHOBKH. [IpoBepka KOpPpPEKTHOCTH HOMepa
He Bbi3blBaeT 3aTpyiHeHHWi. Ecau HoMep n(x,s) OTKpbIBaeMOH KapTbl OKa-
3aJICsl HEKOPPEKTHbIM, aJroput™ B o6bsB/seTcs He AaOWKMM pe3yJbTaTa Ha
BXoZe X; kanutan Mrpoka B 3ToM cilyyae nepecTaér MEHsATbCS, OH 3aCThbiBa-
eT. EcJin xe HoMep KOppeKTeH, BK/I0YaeTcs IpoBepKa KOPPEKTHOCTH CTaBKH.

C npoBepKo# KOPPEKTHOCTH CTaBKM 1es10 06CTOMUT caoxHee. Kak yxe
OTMeya/och, MOXeT M He CyLIeCcTBOBAaTb a/JrOPUTMa, NPaBUJbHO OTBeYalo-
LLIEro Ha BOMPOC, MEHbLLIE JIM [eJlaeMasi CTaBKa TeKyllero kanurajna HMrpoka.
Oaxxako He Bcé Tak nJjoxo. [Ipexne uem cpenatb ctasky, Mrpoky caenyer
y6equThCsl, YTO HaMeYeHHas CTaBKa MeHbLe TEKYLLero Kamnuraja, H TOJIbKO
B 3TOM cJyyae eé 06bsiBUTb. KI3/102kuM HOBBI anroput™ B nosenenus Mrpo-
Ka 60Jiee TO4HO. MBI ONMpaeMcs Ha CJIeNYIOLLHI DAKT: €CJIH Mepa [t BBIUUCJIH-
Ma, TO MOKHO NpeLbsIBUTh TAKOI BCoMorare/ibHbli anroputM C (3aBHCSLIMI
0T A), KOTOPBIil 1JIS1 K&XKIOr0 X TbITAeTCs IPOBEPHTD, BLIMOJIHAETCS JIH Hepa-
BeHCTBO U(x,s) < V(x,s), u mocTuraet npu 3toM cJjepymwllero sddekra:
aJIrOPUTM MPHXOAMT K KakoMy-TO pe3yJbTary (ckKaxeM, K pesynabtaty Ja),
€CJIM yKa3aHHOe HepaBeHCTBO BbINOJIHsETCS, U paboTaeT 6eCKOHeUHOe Bpems,
He MPHXOAS HU K KAKOMY pe3yJbTaTy, eCJIH BbIOJHAETCS [POTHUBOMNOJIONKHOE
HepaBeHCTBO v(x,S) = V(x,s). Cobupasich cienaTtb CBOH S-H XO4 W MOJy-
YyuB OT anropuTMa A peKOMeHIaLMI0 O cTaBKe U(x,s), Mrpok, npexne uem
crenatb xon, BkmouaeT aaroputM C u xknér pesysbrata. Hukakoro xona
He nenaercsl, noka C He nMpexbSBHUT eMy CBOi pesyJsbTar. Takum o6pasoMm,
ajroput™ B He BbimacT HHKAaKoro xo4a, ecyud A TNpeoKUJ HEKOPPEKTHbIN
X04 — B 3TOM cJyyae Kanutan HMrpoka sacTeiBaer. Ecan e pa6ora aJjro-
purMa C 3akaHuuBaetcsi, aJropuTM B pekoMeHzyeT Ty »Ke CTaBKy, 4To M A,
Y TIPUCTYNaeT K NMPOBepKe TOro, He cJeayeT Ji¥ NpUMeHUThb [lonosHuTeIbHOe
NpaBHJIO0 OCTAHOBKH.

Anropurmuueckas curyauus ¢ JlOnoJiHHUTeJbHBIM NPABHJIOM 110X0XKa Ha
CUTyallMIO C NPABUJIOM OCTAHOBKH, A€Na€MOH N0 NPHYMHE HEKOPPEKTHOCTH
CTaBKU. AJITOPUTM, PACNO3HAIOLIMH, BBINOJHSAETCS HJIH HET PABEHCTBO

w(A(x,s)) =0,
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JIETKO CTPOMTCS B CJlyuae CHJIbHO BbIUHCJIHMOH Mepbi, TOCKOJIbKY MHOXKeCTBO
A(x,s) nomyuaercsi B pe3yJibTaTe 0ObeAHHEHHS KOHEYHOTO UYMCJ/A LIAPOB,
yKasbiBaeMbiX aJropHTMHYecKH no nape (x,s). B ofiiem xke ciayuae Bbl-
YHCJIUMO Mepbl TaKOTO aJIFOPHTMA MOXKET U He ObiTh. CyLIEeCTBYeT, 0IHAKO,
6oJiee cabbiii aarOPUTM, KOTOPOro OKa3blBaeTCsl 10CTaTOYHO. MMeHHO, ecan
Mepa [ BBIYHCJIHMA, TO MOXKHO NPenbsBUTb TAKOH BCMOMOraTesbHbIA ajro-
put™M D (3aBucsiluit oT A), KOTOpBIK A1 KAXKAOTO X TbITAETCS MPOBEPHTD,
BBIMOJIHSIETCS JIH HEPaBEHCTBO

w(A(x,s)) #0,

Y JOCTUraeT NpH 3TOM cJeaywoulero 3¢dexra: ajJropuTM NPHXOAMT K Kako-
MY-TO pe3yJibTaTy (CKaxeM, K pesyJibTary a), eciii yKasaHHOe HepaBeHCTBO
BBINOJIHSIETCS, U paGoTaeT GeCKOHEUHOe BpeMs, He NIPHX0As HH K KaKoMy pe-
3yJIbTaTy, €CJI1 BITIOJIHSIETCS] PABEHCTBO

u(A(x,s)) = 0.

HeiicTBust anroputmMa B B cBsisau ¢ npoBepkoii [lonoJiHUTeNbHOrO npa-
BUJIa ONHKCHIBAIOTCS (B TepMHHAX noBeneHus Kirpoka) crenyiolinum o6pasom.
Hrpok Bxmouaer airoput™ D u xkpér pesysbrara. [loxaaBluuch, OH Aesa-
eT xon, npuMmensisi aaroput™ A. Ho o He pmenaer Hukakoro xoxa, noka D
He MpeabsBUT eMy CBOW pesyJ/bTaT. TakHMm o6pa3oM, airoput™ B BbizacTt
TOT 2Ke XO[, UTO U A, eCJM He BO3HHKJIO CHTyalluH, noanagawoiuei noa Jo-
TNOJIHUTE/IbHOE TNPaBHJIO, U He BblJACT HUKAKOTO XOAa, €CJIH Takas CHTyalus
Bo3HHMkJA. Ecau xon mpoucxomut, To kKanutan Mrpoka MehsieTcsi Ha 06LIMX
OCHOBAHHSIX: yMeHbLUAeTCsl HAa BeJIHUHHY CTaBKH HJIM YBeJHUHBAETCs corvac-
HO ¢opmyJsie (6), MpHuéM B 5TOM Cilyyae OMNacHbIf 3HaAMeHaTeJb 3aBEIOMO
He paBeH HyJ10. B ciyuae e Hegesnanus xoia kanuraa Krpoka, corsiac-
HO HalUMM NpaBUJ/aM, 3aCTbiBaeT, €CJH MOCJAeJHHH NPOrHo3 Oblyl HeBepeH,
1 06DbsiBJIsieTCs] 6ECKOHEUHBIM, €CJIH 3TOT MPOrHO3 OblJ BEpEH.

Tosbko uto OmHMcaHHOe MOBefeHHe KanuTasa Krpoka MOXXHO cJenyro-
MM o6pas3oM onvcaTb B TepMHHax pa6otbl ajroputva D. Ecau nporxos
HeBepeH (i(X) # @n(x)), To, noka D pa6oraer, kanuran Mrpoka ocraércs
sactbiBlMM. Ecsan e nporHos BepeH (i(x) = @), TO C KaxabiM lia-
rom patotsl anroputMa D xanurtan Mrpoka Bo3pacraeT Ha eauHuLy. Takum
o6pa3om, KanuTaJ GyeT BO3pacTaTh HeOrpaHHUYEHHO (M, cJienoBaTtenbHo, Kr-
pok Bbiurpaer), ecau D Hukorzma He 3akoHuuT paboTty. Ho ecan anrcput™ D
JOCTHraeT pesdyJbTara, pocT Kanutaja HMrpoka npekpawaercs. Bosee toro,
B 3TOM cJlyyae BeCb MPOMU30LUeLINI 338 BpeMsl pa6oThl airoputMa D npupoct
KanuTaja Mrpoka aHHyJupyeTcsl, nocJjie yero 3TOT Kanuras npUpacTaeT no
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tdopmy.ie (6). M ewé: HUKaKoe 3HaUeHHe KanuTasa, NPOMeXXyTOUHOe Mexny
JieslaeMbIMH X01aMH (T. €. BO3HHKalOLlee BO BpeMsl 3agepuiarouyelicss paboTol
anroputma D), He [OIKHO BK/IOYATHCS B MHOXKECTBO TeX 3HAUeHHH KanuTa-
Jla, 6eCKOHEYHOCTb CynpeMyMa KOUX BJIEUET BbIMIpbiIlll KIrpoka (B MpoTHBHOM
ciyyae y Mrpoka nosiBujiach 6bl AOMOJIHUTENbHAsS BO3MOXKHOCTb BbIHTPhILIA
3a CUéT TOro, YTO AJIHTEJBHOCTH MEXAYXOJ0BbIX 3afepKeK MOTyT 0KasaThCs
HEOTPaHHYEHHbIMH B HX COBOKYTMHOCTH).

Hawe HoBoe onucanue noseneHus kanurasna Mrpoka, npeanosarawoiee
pocT KanuTasna Bo BpeMmsi paboThl anropurma D ¢ Bo3MoxHbIM nocsenyo-
ILMM OOHYJI€HHEM TPHPOCTA, MOXKET Bbi3BATb Y MpocbelléHHoro Yurarels
[1Ba 33KOHHBIX 3aMeUYaHHsl.

[TepBoe 3ameuaHue COCTOHT B TOM, YTO Mbl (DaKTHYECKH M3MEHHJIH Npa-
BHJIA UTPbl — B TOH MX YaCTH, B KOTOPOH TFOBOPHUTCA O MOPSAKE H3MEHEHHS
Kanurana. CoryiacHBIUHCH C 3THM ynpékoM Uunrtartesnsi, OTBETHM cJlenyloLee.
JlelicTBUTE/IbHO, €CTh [B€ CHCTEMbl NIPaBHJI, CTapas U HOBas, a TEM CaMbIM,
M 1Ba onpejaeseHusi urpbl. Ho B OTHOLIEHHH NpencKa3yeMocTH 06e Hrpbl
PaBHOCHJIbHBL: BCAKasl MOCJEN0BATeIbHOCTD, NPeACKa3yemMasl IpH OfHOH M3
HalIWX JBYX CHCTEM NpaBHJI, NpecKa3yema U Npu Apyrou.

BTopoe 3ameuaHdHe COCTOMT B TOM, YTO MO HOBBIM NPaBUJ/IaM NOBEAEHHE
KanuraJsa 3aBHCHT OT BCrioMoraTesibHoro ajroputma D, a cam 3ToT anroputm,
KaK 1oKasblBaeT aHaJ/u3, 3aBHCHT He OT Mepbl |4 KaK TaKOBOH, a OT 3ajaloLLe-
ro e€ aJropuTMa, T. €. OT TOro aJropuTMa, NMPUCYTCTBYIOLLErO B ONpPeAeJIeHHH
BBIYHCJIHMOH Mepbl, KOTOPbIH A/14 JIOO0ro uapa HaXOgHT CKOJb YTOJHO TOU-
Hble NPUOJHAKEHHUS] K Mepe 3Toro apa. Bo3HHKaeT ecTecTBeHHbIH BOMpoc:
HE MOXKET JIM CJIYYHTbCS, YTO TPH HOBLIX NpaBHJAX M TOHATHE IpeacKa-
3yeMOCTH OKaXKeTcsl 3aBHUCAILLMM He OT CaMOd Mepbl, a OT 3aJaloLLero eé
anroputMa? OTBeT: HeT, He MOxeT. Benb TeueHHe Wrpbl NMPH OJHOM 3ana-
I0llleM Mepy aJ/IfOPUTME MOXKeT OTJIMYaThCsl OT TEeUeHHs] WUIpbl NMPH APYrom
aJITOPUTMe, 3aJaI0LIEM Ty K€ MepY, JHLIb JJIMTEbHOCTbIO HHTEPBAJIOB MEX-
Ly XO0JaMH; uTo Ke Kacaercsl Kanutajsa Mrpoka, To pasHuua MoxeT ObiTb
JHWb B TOM, CKOJIb BEJHK OKaXeTcsl TOT NPUPOCT KanuTana, KOTOpbIi Nnoa-
JIEXHT aHHYJHPOBAHHUIO.
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CaM 3TOT CMHCOK M3 BOCbMHM Ha3BAaHUI HUKOUM 06pa3oM He MpeTeHayeT
Ha noJHoTy. OHaKo B 3THUX MyOJHKaLHUAX (0CO6eHHO B [8]) MOXKHO HaHTH
JaJibHeHllHe CChITKH, ¥ BKYNe C 3THMH CChUIKaMH HeKoe NMoJo6GHe MOJHOThI
yKe JocTHraercs.

B kHure [2] caenyer o6patuTb BHHMaHHe Ha § 2.6 «[Ipusoxenus k Teo-
PHH BEPOSITHOCTEH: ONpeesieHHs CIydaliHol nocsenoBare/bHOCTH». Clienyer
TakXKe MMeTb B BHAY, UTO TEPMHMHOJIOTHSl 3TOH KHWIM HECKOJIbKO apXauu-
Ha: XaOTHYEeCKHe TOCJIef0BaTENbHOCTH HA3bIBAIOTCS TaM CAY4aQlHuLmMuU no
Koamozoposy, a Tunuueckue — cayuatbinoimu no Mapmun-J1égy. Yacro-
TOYCTOHUMBBIE, OHH Ke CTOXacTHUeCKHe, MOCJeN0BaTeIbHOCTH HA3biBAIOTCA
B [2] cayualinomu no Musecy, ctoxactuueckde no Uépuy — cayuabinoimu
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no Musecy— 4Yépuy, croxactuueckde no KoamoropoBy — cayuatinoimu no
Musecy — Koamoeoposy — Jlasasndy (a B [3] — cmoxacmuueckumu no
Koamoeoposy —Jlasasndy; . J1aBasun (D. Loveland) otkpbli 311 nocseno-
BaTeJIbHOCTH He3aBUCHUMO OT K0JIMOropoBa, XoTs ¥ NM03:Ke: COOTBETCTBYOLLAs
cratbsi KosmoropoBa Gblia onyGaukoBaHa B 1963 r., cratbs JlaBasHoa —
B 1966 r.). UTo Kacaercsl HempeacKasyeMblx MOCJe10BaTeNbHOCTE — B TOM
TOYHOM MOHMMAaHHH, KaK GblJI0 ChOPMYJIHPOBAHO Bblllle, — TO OHH B YKa3aH-
HOW KHHre OTCYTCTBYIOT, TIOCKOJIbKY MOSIBUJIMCh B JIMTepaType Juilib B 1998 .
B cTaTbe [5].

[Tpumep croxacTHueckoil no Yépuy nocsenoBaTesbHOCTH, NepecTaoLle
6bITh TAKOBO# MOCJIe NMOAXOAsIEe BbIOPAHHOH BbIYMCJIUMON NMEpecTaHOBKU eé
ujieHoB, ony6JnkoBas B 1966 r. [1. J1aBnsHA. 3HaueHHe 3TOro mpuMepa co-
CTOHT He TOJIbKO B TOM, YTO OH MOKa3blBaeT HealeKBaTHOCTb OTpeaeseHHs
Yépua, HO H B TOM, UTO OH OTKPbIBAET HOBOE KAUeCTBO CJYYaHHOCTH, HHTYH-
THBHO OYEBHIHOE, HO paHee He 3aMeueHHOe: CJyYaiHasi IocJIe10BaTe bHOCTh
JOJDKHA OCTaBaTbCsl CJyyaiHOMH nocJie Jilo60i BbIUMCAUMONH (T. €. 3a1aBaeMoi
KaKMM-TO aJrOPUTMOM) MepPeCTaHOBKH €€ UJIEHOB.

Teopus cJI0KHOCTH 06'BEKTOB (B JOMOJIHEHHE K y2K€ PA3BHBaBLUEHCS B TO
BPeMs TEODHH CJIOXKHOCTH BblUMCJIEHHH) Obl1a ocHoBaHa KosMOropoBbiM Ha
ero ceMuHapax B MockoBcKOM yHHBepcHTeTe B Hauaje 60-x rogoB XX Beka
U MMeJia CBOeH IVIaBHOH LieJIbIO NepecTPOiKy NMOHATHHHON 6a3bl TEOPUH HH-
¢dopmaliy (Ha OCHOBe NMpeCTaBNeHHUs O TOM, UTO YeM CJIOXKHee 0ObEKT, TeM
60J1bllIe UHGOOPMALLMH OH COAEPKHT) C NMOCEIYOLINM NPUIOKEHHEM K TEOPHH
cayyaiiHocTH. B ony6mukoBaHHo# B 1969 . cTatbe KosmMoropos nucai:

1) ocHOBHble MOHATHUS TEOPHH HH(OPMALMK NOKHBI U MOTYT
6bITb 060CHOBAHbI 6€3 MOMOLLY 06PALLEeHHS K TEOPHUH BEPOSITHO-
CTel U TaK, UTO MOHATHA «3HTPOMHUS» U «KOJHYECTBO HHPOpMa-
LIHU» OKAa3blBAIOTCS MPUMEHHMbl K HHAMBHAYaJlbHbIM O0ObeKTaM;

2) BBeléHHble TAKUM 06PA30M MOHATHS TEOPHH HHGOPMALHH
MOTYT Jiedb B OCHOBY HOBOH KOHLEMLMH CJyyaiHOro, COOTBET-
CTBYIOLLIEH €CTeCTBEHHOH MBICJM O TOM, UTO CJIYYaHHOCTb €CTb
OTCYTCTBHE 3aKOHOMEPHOCTH.

[TpensioxeHne H3MepsITh CJOXKHOCTb OGbEKTa IJIMHOM ero Kpartyaiiliero
OTNMCAHHUS W TMOHSATHE ONTHMAJBHOTNO f3blKa OblIM H3/M0XeHbl Kosamoropo-
BbIM B cTatbe 1965 r.; 3a rom A0 TOro cxomHble HaeH GblaH OMyGJIMKOBA-
Hbl aMepUKaHCKUM HccaienoBaTesieM Paem CosomonoBbiM (Ray Solomonoff),
0 pa6orax Kotoporo Kosmoropos y3Has suiib no3:xe. Beuny storo reopemy
0 CYLLECTBOBAHHH ONTHMAJILHOTO 513blKa Mbl Ha3biBaeM meopemot Coromo-
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Hosa — Koamoeoposa. B 314 ke ropsl (T. e. B cepenude 60-x rogoB XX B.)
KosMoropoB BbicKa3biBaeT Ha CBOMX CEMHHApax MpeArooXKeHHE O TOM, UTO
6bICTPOTA POCTA IHTPOMHH HAYaJIbHbIX OTPE3KOB MOCJIEA0BATENLHOCTH MOKET
CJIYXKHTb KPHUTEpHEM CJIyuyaiHOCTH pacCcMaTpHBaeMoil MocJ/eNoBaTeJbHOCTH.
OnHaKo BBel€HHOE MM B PacCMOTpeHHe $I3bIKOBOE CeMeHCTBO NMPUBOAMJIO
K SHTPOIHH, HENPUTONHOM AJISi NOCTaBJeHHOM Liesi. Kak y»ke roBOpHJIOCH Bbl-
lle, B I[VIaBKe O XaOTHYHOCTH, FONHOE Il ITOM LeJH CEMENCTBO OGHAPYKHUII
B 1973 r. Jleonun JleBuH, BBeisi B pACCMOTPEHHE MOHOTOHHYIO 3HTPOIHIO.

Tunuueckue nocJsenoBaTeJbHOCTH (MOA Ha3BaHueM “random”, T.e. «CJy-
yaliHble») OblIH, KK y>Ke OTMeuajochb B IJIaBKe O THMHUYHOCTH, OTKPbIThI
B 1966 r. [Tepom Maprun-Jlépom (Per Martin-Lof).

YTBep:KIeHHe O TOM, UTO KJIACC MOCJIeN0BATENbHOCTEN, CTOXaCTHUECKHX
no KosiMoropoBy, Liupe KJ1acca THIIHYECKHX (OHH 2Ke — Xa0THYECKHE) rocJie-
noBaTtesibHoCTeH, AokasaJs Asekcanap llens (cMm. [6], a Takxke [3, n. 6.2.4]).

[Tycts K — 3HTpONHS B KAKOM-TO K3 BAPHAHTOB 3TOro0 NoHsiTUs. (B sute-
paType UccJieoBaHbl He MeHee LIeCTH TAKUX BAPUAHTOB: NMpOCTasi, anpuop-
Hasl, MOHOTOHHas, MpolieccHas, npedUKCHass U SHTPOMNHUS paspelleHHsi; BCe
3TH BapHaHThl CYUIECTBEHHO pPAa3jiHUHbl B TOM TOYHOM CMbICJIE, UTO pas-
HOCTb SHTPOINHH, NPUHAJIEXKALLMX JIIOObIM IBYM M3 TNIepeuHCJ/IeHHbIX BApHaH-
TOB, HeorpaHuueHa.) CKax<eM, UTO MOCJIe0BaTeJbHOCTb @), A9, a3, ...,y - . .
IBJISIETCH Xaomuueckou omrocumeasio K (NpH paBHOMEPHOM pacrnpeje-
Jenuu!), ecsm

Jc¢ Vn soinoaxexo K(ay,aq, as,...,a,) >n—_c.

(3aMeTuM [uist SICHOCTH, YTO HM IJISi MPOCTOH SHTPONHH, HH IJISi SHTPOMHH
pa3pelleHus] TI0CJIe10BATEJbHOCTER C TAKUM CBOMCTBOM HET BOBCE, a 1A
KaXI0M M3 OCTaJIbHbIX UETbIpEX SHTPOMHUH XAaOTHYHOCTb OKAa3blBaeTcsl paB-
HOOOBEMHOl THUMHYHOCTH.) B Toit ke crathe JleBuna 1973 r., B KoTOpO¥
Oblyia BBeleHa MOHOTOHHASI SHTPOIHS, COAEPKaIoCh U 10KA3aTeJbCTBO TOrO
(hakra, uTO MOHSATHE XAOTHYHOCTH OTHOCHTEJILHO MOHOTOHHOM SHTPOMNHH paB-
HOOG'bEMHO TOHATHIO TUNMHYHOCTH. He3aBucumo ot JleBuHa B Tom xe 1973 1.
Kunayc-ITerep UlHopp (Claus-Peter Schnorr) BB&n B paccmoTpenue cBO¥
BapHaHT SHTPOMUH, TaK HasblBaeMylo npoyeccryto anmponusto (y UlHop-
pa — process complexity), u 10Ka3as (He3aBHCHMO OT JIeBHHA, HO OYeHb
TI0X02KHUM CIIOCOOOM), UTO MOHSITHE XAOTHYHOCTH OTHOCHTEJIbHO MPOLECCHOH
SHTPOMHHM TaKKe PaBHOOOBEMHO MOHATHIO THUMHYHOCTH. XOTS NpoLecCHas
SHTPOMHS] U MOHOTOHHAS! SHTPOMHSA CYILECTBEHHO PA3/IHYaloTes (KaK nokasal
Baagumup Belorud (7, c. 35, cTpokd 6—4 CHHU3Y], HX pa3HOCTb He OrpaH1yeHa
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HHKAKOH KOHCTaHTOH) M XOTd Bnocsenctsuu cam LllHopp nepectan moJib-
30BaThCsl CBOEH MpOLIECCHOH 3HTponHel, hakTHYeCKH OT Heé OTKAa3aBLUMCh,
BbllLIEyKa3aHHYO meopemy Jlesuna wHOrma HasblBalOT meopemod Jlesu-
Ha — lllHoppa.

[Tpecdukchyto suTponuio BBEN B 1974 1. JIeBuH 1 rogom nos:xe (Ho He3a-
BucuMo ot JleBuHa) — [peropu Yeiitun (Gregory J. Chaitin) (cM. ero cratbio
A theory of program size formally identical to information theory //
Journal of the Association of Computing Machinery, 1975, v. 22, no. 3,
p. 329—340). B Toii ke cTatbe UelTHH BBEJ NMOHATHE XAOTHYHOCTH OTHOCH-
TeJIbHO NpedHKCHOH SHTPOMHH M 06bABUJI (6€3 10Ka3aTeslbCTBa), UTO ITOT
BapHaHT Xa0THYHOCTH PABHOCHJIEH THIIMYHOCTH; NepBOe ONyGJIMKOBaHHOE 10-
KasarTeJsIbCTBO 3TOro (hakTa NMosiBUJIOCH B cTaThe Boloruua [7]: ciencraue 3.2
Ha c. 38. [Ipegukcras 3HmMponus MOXeT ObiTb OnpeeseHa Kak SHTPOMNHUs
U1 ceMelicTBa NpedUKCHbIX f3bIKOB. $13blk £ HasblBaeTcs npeguKcHoiM,
€CJI1 OH MepevyrCJIHM U BbINIOJIHEHO YCJIOBHE:

((x1,91) €E & (x2,49) € E & (x1 = x9)) = (41 = Y2).

3aMeTHM eLlé, uTO B JIHTEPATYpe TEPMHH «CJOXKHOCTb» (“complexity”)
4acTo ynotpe6isieTcst B CMbICJ/Ie IHMPONUA, T.€. B CMbIC/IE CAONCHOCMb
OMHOCUMENbHO ONMUMANbHOZ0 A3bIKA.

HenpenckasyeMble nocJ/ie10BaTebHOCTH (B CMbIC/IE HACTOSLLEH CTAThH)
BriepBble BO3HUKJW BecHOH 1991 r. B COBMeCTHOM [0KJale MoJ Ha3BaHHEM
«Randomness and Lawlessness» («CuayyallHOCTh U 6€33aKOHHOCTb»), KO-
Topbiii Anapeit Myunuk, Anekceil CeMEHOB H aBTOp 3THX CTPOK CesaJi Ha
KoHpepeHunu B Kanudopuuu. Kondepenuus 6bl1a nocssillieHa OCHOBaHHAM
TEOPUH CJIy4alHOCTH W npoxoauna ¢ 4 no 7 mapra B MHctuTyTe Matema-
THYECKHX HCCJelOBaHUI B collMaJsbHblX Haykax (Institute for Mathematical
Studies in the Social Sciences) Crandopackoro yausepcureta. ConepraHuie
Joknanaa 6blio ony6mvkoBaHo B 1998 . B BHae cratbd [5]. B 3Toit cra-
The NpPHBELEHb!, B YACTHOCTH, TEOPEMbI O COOTHOLLUEHHH HernpeacKasyeMOoCTH
C IPYTHMH aJrOPHTMHUYECKHMH JIHLIAMH CJTy4aiHOCTH.

OTMeTHM, UTO OnpeesieHHe HeMNpeACKa3yeMOCTH B HAlleM HacTOsIILEM
ouepKe OTJIMYAETCsl OJHOH [eTasblo OT onpeneseHus B [5]. MimenHo, B [5]
IUISl KODPEKTHOCTH CTaBKH TpeGOoBaNOCh BhITIOJHEHHE HE CTPOroro HepaBeH-
ctBa v(k) < V(k — 1), a Gosee caaboro HecTpororo HepaBeHCTBa v(k) <
< V(k—1). Knacc HenpenckasyeMblx Noc/ie10BaTeJIbHOCTEH OCTAETCS OHUM
M TeM Ke NMpH 060HX MOHUMAHHSIX KOPPEKTHOCTH. 3aMeHa B ONpenesieHHH
KOPPEKTHOCTH HECTPOroro HepaBeHCTBAa HAa CTPOroe BbI3BAaHA JBYMS TpH-
yuHaMH. Bo-nepBbix, camMa Wrpa CTaHOBHTCS GoJiee COAepXKaTesNbHOMH: Belb
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B CJlyyae PaBeHCTBA CTABKH TeKylleMy Kanuraay CTOMT KIrpoky olwu6uThCs
B CBO&M NpPENCKA3aHUH, KaK ero KamuTaj OGHYJHTCS U OH GyleT BbIHYXKIeH
B JlaJibHeHlIeM [esaTh JIMLIb HyJeBble CTaBKH. BO-BTOPLIX, HMEHHO CTpOroe
HepaBEeHCTBO N03BOJISIET NPH NepeHOCe OTpeaesieHHH ¢ pallHOHAILHO-BbIUHC-
JIUMBIX Mep (KaKOBble TOJILKO M paccMaTpuBasiuch B [D]) Ha Jto6ble BbIUHC-
JIUMble Mepbl COXpaHHTb 3¢ddeKTHBHOCTL AeHCTBUHA Mrpoka. Benb Kaxiblid
pa3 Urpok no/KeH yaocToBepsTbCSl B KOPPEKTHOCTH xoza. [lomyuntsb ke
TaKoe yAOCTOBepeHHe aJrOPHTMHYECKHM MyTéM BO3MOXKHO JIMLIb B BapHaHTe
CTPOroro HEpaBEHCTBA: CYLIECTBYET aJFOPUTM, B TOM U TOJIbLKO B TOM cJiyuyae
JAIOILMH MOJIOKUTENbHBIN OTBET Ha Bonpoc «v(R) < V(k—1)?», korna u B ca-
MoM gesie v(k) < V(k—1); He cylecTByeT aJroOpuTMa, B TOM H TOJIBKO B TOM
cJyyae JalolLero MOJIOXKUTEJbHbIH OTBeT Ha Bornpoc «v(k) < V(k — 1)?»,
Korza u B caMoM gene v(k) < V(k—1).

Cama uzest 0 CBfI3H CJIYYalHOCTH C HEBO3MOXKHOCTBIO TapaHTHpPOBAH-
HOTO BBIMIpbILIA JOCTAaTOYHO oueBHAHA: ellé ¢oH Musec, He naBas Tou-
HbIX (POPMYTHPOBOK, FOBOPHJI O «HEBO3MOXKHOCTH CHCTEMbI HIpbl». Brocsen-
CTBHH BCTpeYasUCh U CTPOTHe ONpeaesieHHsl, 0NHAKO BOCMIPOU3BOAUMAS 31€Ch
(c KocMeTHUECKUM PEMOHTOM) OpPMYJTMPOBKA U3 [5] KaxeTcs 6oJiee 6JIU3KOM
K HHTYMTHBHOMY NpPEeACTABJIEHHIO O CJy4yaiHOCTH. [lesio B TOM, uTO npesuue-
CTBYIOLLME UrPOBbIE ONpeAEe/eHHs TM60 UCMOJb30BAJM CTPATErHH, B KOTOPbIX
BbIUHCJIUMOCTb (03HAYAOWIAs HAJHYHe aJrOpPUTMa, YKAa3bIBAIOLIErO MIPOKY
€ro ouepefHOl XON) 3aMeHsiJlach Ha ApYroe (XOTsl M CBSI3aHHOE C MOHATHEM
aJropuTMa, HO, BUAMMO, MeHee eCTeCTBeHHOe) TpeGoBaHHe, JHOO 3aBelo-
MO He NPHUBOAHMJIM K KJaccy nocJieoBaTeJbHOCTeH, paBHOOO'bEMHOMY KJaaccy
THITHYECKO-XA0THYECKUX MocJjefoBaTenbHOCTeH. [lia onpeneseHus Henpen-
CKa3yeMoCTH M3 [5] ocTaércs Hajexiaa Ha YKa3aHHYI PaBHOOGBEMHOCTb.
SIcHO, uTO UeM GOJLILIMM KOJIMUECTBOM «JIHLL CJYYaHHOCTH» XapaKTepH3yeTCs
KaKOI-TO TOYHO OYEepUEHHbIH KJacc MocJjefoBaTeNbHOCTelH, TeM 060CHOBAH-
Hee MpPaBO 3TOT0 KJAacca CJIYXKHTb (OpMaJibHbIM aHAJOrOM pPacnJiblBYaTOro
MHTYUTHBHOTO MPEACTABJEHHS O CJYyYailHOCTH.
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