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YBarkaeMblii ynuTaTreib!

BbI OTKPbLIA OJIHY U3 3aMe4daTe/IbHbIX KHUT, U3JaHHBIX B CEpUN <<K.HaCCH-
YecKUil YHUBEPCUTETCKUN yueOHUK», nmocBsinennoi 250-1eruio MockoBckoro
yuuBepcurera. Cepust BKro9aeT cBbiie 150 yueOHUKOB U yIeOHBIX TOCOOUIT,
PEKOMEH/IOBAHHBIX K U3JIAHUIO Y YeHBIMU cOoBeTaMu (haKyIbTeTOB, PEIAKIIU-
OHHBIM COBETOM CEPHUU U U3JIaBAEMbIX K FOOUJIEIO TI0 PEIIeHNI0 Y YeHOTO CO-
BeTa MI'V.

MoCKOBCKHMIT YHUBEPCUTET BCETJA CJIABUJICA CBOMMHU IpodeccopaMu u
[IPEIOJIABATEISIMU, BOCIUTABIIUME HE OJIHO ITOKOJIEHHUE CTYJIEHTOB, BIIOCJIE/I-
CTBUU BHECIIIUX 3aMETHBIN BKJIA/[ B Pa3BUTHE HAIIEH CTPAHBI, COCTABUBIINX
FOP/IOCTH OTCUYCCTBEHHONW W MUPOBOW HAayKM, KYJIbTYPhI 1 00pa30BaAHMUS.

Beicokuit ypoenn obpazoBanust, koropoe jaetT MoCKOBCKuili yHuepcu-
TET, B IIEPBYIO OY€peIb O6eCHe‘lI/IBaeTCH BBICOKMM YPOBHEM HaIlMCAHHBIX BbI-
JTAIOIIMMUCS YIEHBIMU U TIejlaroraMu y4eOHUKOB U y9eOHbIX 1T0coOuil, B KOTO-
PBIX cOoYeTaroTCda KaK 1".)'[y6HHEi,7 TaK 1 JOCTYIIHOCTDb M3JIaraeMOIr'o MaTepuaJia.
B srux KHUTAxX aKKyMyaupyeTcs OECIEHHBIN OIBIT METOIUKNA U METOI0JIOT N
[IPEIIOIABAHUS, KOTOPBIH CTAHOBUTCA JIOCTOAHHEM HE TOJHLKO MOCKOBCKOTO
YHUBEpCUTETA, HO U JIDYTUX YHUBEpCUTETOB Poccuu m Bcero mupa.

Nsnanmne cepun «Kitaccudeckuil yHUBEpCUTETCKUIl yUeOHUK» HAIVISIHO
JIEMOHCTPUDPYET TOT BKJAJ, KOTOPbIil BHOCUT MOCKOBCKUIT YHUBEPCUTET B
KJIACCUYECKOe YHUBEPCUTETCKOEe 00pa30BaHUe B HAIEH cTpaHe M, HECOMHEH-
HO, CJIY?KHUT €0 Pa3BUTHIO.

Permienne sToit 61aropoanoit 3amadu 06110 ObI HEBO3MOYKHBIM 0€3 aKTHB-
HOIT IIOMOIIXA CO CTOPOHBI U3IATE/IBCTB, IIPUHABIINX yIaCTHUE B U3/JAaHUN KHUT
cepun «Kiaccuuecknit yHuBepcuTeTcKmit yaebHuK». Mbl paciieHuBaeM 3T0
KaK TOJJIEPYKKY UMU MMO3UIUU, KOTOPYIO 3aHuMaeT MOCKOBCKUT yHUBEPCH-
TEeT B BOIIPOCAX HAYKHU U 00OPA30BaHUsA. DTO CIYKHUT TaKKe CBUJIETETbCTBOM
toro, 4ro 250-jgeTHuit 10buieit MOCKOBCKOIO YHUBEPCUTETA — BbIIAIOIICECs
coObITHE B »KU3HU BCEil HaIlleil cTpaHbl, MUPOBOTO 0OPA30BATEILHOIO COOD-
IIECTBA.

Pexmop Mockosckozo yrnusepcumema 6 [ﬂ'{ é}g} @J&H 1-(5

axademurx. PAH, npogpeccop B. A. Cadosnunuii
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IlpeauciaoBue Ko BTOpoMy W3JIAHIIO

Mpb! TprBOIMM B HACTOSIINIEM U3AaHUN (pparMeHT IPeIuCIOBHSI K TIePBOil Ta-
CTH HACTOSIIEro yueObHuKa, Hammncannoro Ombroit Apcennesmoit OeitHUK B
1976 roxy m B TOM Ke TOAy m3gaHHOrO m3garesbcrBoM MIY. Osbra Ap-
CEeHbEBHA IIJIAHUPOBAJIA HAIMCATH BTOPYIO YacTh y4eOHUKA, MOCBSAIIEHHYIO
rUNIEPOOJIMICCKIM YPABHEHUSIM B YaCTHBIX ITPOU3BOJHBIX, & TAKYKE TEOPUU
KpaeBbix 3ajad. OpHAKO B CHIy Psijia OOCTOSITEILCTB paboTa HaJl BTOPOI
JacThio He ObuIa 3aBepiiena. Corpymaauku kKadeapbl auddepeHnnaabHbIX
ypaBHEHUI MeXaHUKO-MaTeMaTudeckoro (daxyasrera MI'Y mocie KOHINHDBI
Osbru ApceHbeBHBI IPUHSITE PEIIEHNe 3aBEPITUThL paboTy HaJ yIeOHUKOM,
onmMpasiCh Ha KOHCHEKTHI JieKIuit, antadHbix O.A.OJeiiHuk B KadecTBe 00si-
3aTeJILHOIO KypCa TEOPUU YPABHEHUI ¢ YACTHBIMH [TPOM3BOJHBIMU HA MeXa-
HUKO-MaTeMaTuieckoMm daxynabrere MI'Y B Tedenun mnesoro psima Jier. B pa-
6ore mpunsaan ydactue A. FO. Topunkwuii, E. B. Pagkesuu, A. C. [Ilamaes.
B pesymprare mamucanubiii O. A. OJefHUK yIeOHUK JTOMIOJHUJICSA TaCThIO,
[IOCBSINEHHOI jlokazaresbeTBy Teopembl C. B. KoBaseBckoit, cmerrantoit 3a-
Jlade JiUTsl ypaBHEHUsT KOJIeOaHWl HEOIHOPOIHOW CTPYHBI, 3amade Ko jrst
BOJIHOBOT'O YPaBHCHUSA U TEOPUU CUMMETPUICCKUX I‘I/IHep6O.HI/ILIeCKI/IX CUCTEM.
Cireyer OTMETHTD, UTO XOTS 9TOT MaTepuaJ u He ObL1 Hanucan camoit OJib-
roit ApceHbeBHOM, OH BeCcbMa OJIM30K 110 COJEpPYKAHUI0 K KypcaM JIEKITH,
KOTODBIE OBbLIM €10 IPOYNTAHBI B KAUECTBE OCHOBHBIX KYyPCOB ypPaBHEHU C
JaCTHBIMUA ITPOU3BOJIHBIMM.

Pabory mo mabopy TekcTa HACTOAIIETO U3JAHUSA B U3/ATEIbCKON CHU-
creme TEX mpomenanu A. C. Topogenkwuit, T. O. Kamnycruna, . A. Yeukus;
A. B. Boposckux, B. A. Kougparses u O. C. Pozanosa mpountanm TekcT u
cies1aJv psiJl, IEHHBIX 3aMeYaHUui.

Kostektus kadeapol nuddepeHma bubix ypaBHEeHI yYBepeH, 9To Ha-
cTosIee n3aaHue OyJIeT NCIOIBL30BAHO B YIEOHOM MPOIECCE O CIIEIHATBHO-
CTUu «ypaBHeHI/IH C 9aCTHBIMHU ITPOU3BOHBIMU» CTY/ICHTAMU YHUBCPCUTETOB U
MOCTYKUT Xopotreit maMsTbio 06 akagemuke Osbre Apcenbeste OeiftHuK —
BBIIAIOIIEMCA YI€HOM-MaTEeMaTUKE, 6.HeCT$IH_LeM IIpernojaBaTesie, BHUMaTE/Ib-
HOM DPYKOBOJUTEJIE, SHEPIUIHOM, OT3bIBUNBOM, JI0OPOM UEIOBEKE.

A. C. IIlamaes



3 npeauciaoBus
K II€pBOMY U3JIaHUIO

TlepBag wacTb KHUTHU SABJISICTCS PACHIUPEHHBIM U3JIOXKEHUEM KYPCa JICKITUI,
KOTOPBIE aBTOD YHUTAJ B HOCJEIHUE TOJbI CTYJIEHTAM TPETHEr0 Kypca Me-
XaHUKO-MaTeMaTHIecKoro daxyabrera MockoBCcKoro yuuBepcurera. B Kyp-
Ce M3JAraloTCsd OCHOBHBIE KJIACCMYECKHE U COBPEMEHHBIE DAa3JIebl TEOPUU
yPaBHEHUI C YaCTHBIMU MPOU3BOMAHBIMU. KHUTA COMEPYKUT TAKXKE CBEICHUSI
13 PYHKITMOHAJIBLHOTO aHAIN3a, TeOPUU ODOOIICHHBIX (DYyHKIMH 1 DYyHKITNO-
HAJIbHBIX [TPOCTPAHCTB.

Penersentsr: npod. FO. B. Eropos, npod. H. B. Edumos, morm. A. C. Ka-
JIATITHUKOB.

Kypc «¥YpaBHenus ¢ 4acTHBIMEU ITPOU3BOJIHBIMU» HA MEXAHUKO-MaTeMa-
tudeckoM dakysibrere MI'Y unTaercs B MATOM U IIECTOM CEMECTPax MapaJi-
JgerpHo ¢ KypecoMm «Anamus [11», B KOTOpoM HM3IarafoTcst 3IeMEHThI TeOPUN
dbyukImit 1 GYHKIINOHAILHOIO aHaIn3a, HEOOXOAUMbIE i Kypca «¥ paB-
HEHUS C YACTHBIMEU MPOU3BOJAHBIMU». C 3THM CBsi3aHa cleruduka Kypca
«YpaBHEHUS C YaCTHBIMEU IIPOU3BOJHBIMI Y, PACIIUPEHHBIM U3JI0YKCHUEM KO-
TOPOT'O SBJISIOTCS HACTOAINE «JIeKIu o0 ypaBHEHUSX C YaCTHBIMU ITPOU3-
BoHBIMEY. Kypc Jlesiures Ha JiBe 9acTu.

B nepBoit vacTtu m3naraioTcs, TVIaBHBIM 00pa30M, OCHOBHBIE (DAKTBHI, OT-
HoOcdIIecs K ypaBaenuio Jlamraca, ypaBHEeHHUIO TEILJIONPOBOIHOCTH U BOJTHO-
BOMY VPaBHEHUIO KaK ITPOCTEHINIM IIPEICTABUTENIAM TPEX OCHOBHBIX KJIac-
COB ypaBHEHWIT ¢ YacTHbIME Tpou3BogubiMu. WaTerpasn Jlebera, dynkiu-
OHAJILHBIE ITPOCTPAHCTBA U 0000IeHHbIe (DYHKIIUU HCIOJIB3YIOTCS JIUIb B
OTJ/ICJIBHBIX TeOopeMax, KOTOPbIe IPU IIEPBOM YTEHHU MOTLYT OBITH OITyIIe-
HBI YUTaTENsIMU. TAKUMU SBJIAIOTCS, HAIpUMep, JiemMMa Beiiis, TeopeMbl o
CUIOJUIMIITUIHOCTH oliepaTopa Jlamniaca u omeparopa TEIIONPOBOIHOCTH,
TeopeMbl 0 byHIAMEHTAIBLHOM pereHnn. Ilepsasi riiaBa (BBOJIHAsI) comep-
JKUT U3JIO2KEHUE HEKOTOPBIX CBEJICHUI W3 aHAIU3a U TECOPUH OOOOICHHBIX
dyHKINI, KOTOPbIE UCIOJIB3YIOTCA B IIEPBOIT 9acTu Kypca.

Aprop BeIpakaer Osaromapuocts 1. /1. Benrnens, I A. Nocudbsiny u
A. C. KananmaukoBy, TpOIUTABITIM PYKOIUCH U CACTABIINM MOJE3HBIE 3a-
Meuanus, a Takxke V. I Hunosoit 3a paboTy 1mo opopMIEHIIO PYKOIIUCH.



T'nasa 1

BcenomMoraresnabIe IIpeajdozKeHnd

1.1. OO0o3HaueHud.
HexkoTropbie mpeiioXKeHns U3 aHAJIN3a

Bsemem obozHavueHns, KOTOPBIMEI OYAEM TOJIH30BATHCS B TajbHeiieM. Bob-
IMITHCTBO U3 HUX SIBJSIFOTCST OOIIEITPUHSITHIMHA.

Ilycrs © = (21,...,%,) — TOUKA BEIIECTBEHHOIO N-MEPHOTO €BKJINOBA
IIPOCTPAHCTBa, KOTOpoe OymeM obo3HadaTh depes R7. s IByX TOUeK T =
(z1,...,zn)uz® = (29,...,20) sTOrO MpPOCTpPAHCTBA PACCMOTPHM CKAAPHOE
[IPOU3BeIeHNEe

n
(93,1‘0) = Zazjaz?
j=1
U paCCTOSHUE MEXKJLy HUMH

o — 2|

Kak o0brano, mist jiro0bix aByX MHOXKecTB A m B Oynem 0003HAYATH:
A C B—skodenne MHOXKecTBa A B MHOXKecTBO B; AN B — mepecetvenne
MHOKeCTB A 1 B, T. €. MHOXKeCTBO UX 00IuX 3j1eMeHTOB; A\ B — MHOXKeCTBO
smeMeHToB A, He BXOmAMNX B MHOXKecTBO B. Uepes & 6yjneMm o603HAYATH
[IyCTOe MHOXKECTBO. 3aIlichb @ € A o3HavIaer, 4To SJEMEHT ¢ NPUHAIEKUT
MHOXKECTBY A.

Eciu muozkectBo Touek A C R”, To wepes A 0603HAMHM 3aMbIKAHUE
MHO>KeCTBa A, T. €. MHO2KECTBO BCe€X €ero IIpe/le/IbHbIX TOYEK.

OTKpbITOE CBA3HOE MHOMKECTBO IpocTpaHcTBa R OyaeMm HasbBaTbh 00-
JacTbio u 0b6o3HadaTh depes (). ObsacTs ) Ha3bIBaeTCsl OrPAHUIEHHOI, ec/in
JUIst BeeX Tovek = € () BeinosiHsiercs yeaosue |x| < M, rime M — HekoTopast
nocrosianas. ['panumy obactu () obosHaumm uepes 0, T.e. 0 = Q\Q.
Paccrosaunem mexay muoxkecrBamu A m B u3 npocrpancrBa R} mHazoBeM
imnyf|x—y|, riex €A, yeB.

Jlst obo3HavueHnst MHOXKeCTBa A eBKJIMIOBA MTPOCTPAHCTBA, YI00HO TOJTh-
30BaTbCsi (pUrypHbIMU CKOOKamu { ; }, IJie IepeJi 3HAKOM <;» 3aIlMCAHBI
KOOPJMHATHI TOYKHM TOTO TPOCTPAHCTBA, KOTOPOMY TPUHAIEKUT A, a mo-
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cJle 9TOr0 3HAKa YKa3aHbl yCIOBUS Ha KOOPAUHATHI TOYKH, OIPEIE/ISIONIIe
IPUHA/IEXKHOCTE ee MEOKecTBY A. Tak, nanpumep, {z; |v—2° < R} ompe-
Je/igeT map pajuyca R ¢ IeHTPOM B TOYKE 2. Taxoit map B JlaJbHENUIeM
6yeM obo3HAUATH dYepes Qﬁo. Haree, Sﬁo = {x; |z — 2°] = R} — cdepa
pammnyca R ¢ nenrpom B Touke V.

Yepes R;”J * o6osnaumm (m4-k)-meproe poctpanctio {z,y; © € RY y €
RE}. Mycrs A C R, B C RE. Torma A x B = {x,y; z € A,y € B}.

B raBe 4 MbI GyemM paccMaTpuBaTh €BKJINIOBO ITPOCTPAHCTBO sz =
{x,t; 2 € R?,t € R}}, B KOTOPOM KOOp/MHATA t, «BPeMsi», BbIEIEeHA 0COBO.

Oyukrus f(z), onpeieieHHast B TOYKAX & MHOXKeCTBa, A, MPUHAJIEKUAT
kiaccy C*(A) (kopoue, f € C¥(A)), ecrn f(x) uMeeT Bo BceX BHYTPEHHHX
TOYKAX MHOXKecTBa A HelpepbIBHBIE TPOM3BOIHBIE JI0 MOPSIKA k BKJIFOTN-
TeJIbHO, KOTOPbIE JIOYCKAIOT HelpepbiBHOe npojosnkenne Ha A, k > 1. Ec-
m f(z) HempepbIBHA BO Beex Toukax MHoxkecTBa A, To f € CY(A). Yepes
C*(A) obosnaunm kiacce dynknumii, npunagiekamux C"(A) mpu obom
m > 1. Ilycts A € jogl = (x1,...,xy,t). Bynem ropopurs, uro f(x,t) npu-

najuiexnt Kiraccy CH™(A), ecim f umeer Bo BceX BHYTDEHHHX TOYKax A
HEIPEPBIBHBIE TTPOU3BOJIHBIE TI0 T JI0 MOPsJIKa Kk BKIIIOYUTETHHO U HEIIPEPbIB-
HbIE IPOU3BOJIHBIE 110 T JI0 MOPSIIKA 17 BKIFOUUTEIBHO, KOTOPBIE JOIIYCKAIOT
HelpepbiBHOE Ipomoskenne Ha A, k> 1, m > 1.

Beesiem nonsitue Hocurenst dbyukuuu f(x), onpenenennoii B Q. Ilycrs
K — muOXKecTBO TOUEK () Takux, 9ro f() paBHA HYJIO B HEKOTOPOIl OKPECT-
HocTu Kaxkioit m3 Touek K. Torma muoxkectBo 2\ K HasbiBaeTcs HOCHU-
tesem dyukmun f(z) n obosmataercsa supp f. Hepes CF°(§2) obosmadmv
KJ1acc 6eckoHedIHO auddepeHnmpyeMbix (GpyHKIUI B {2, UMEIOIUX KOMITAKT-
HBIIT HOCHTEJIb. Takne PyHKINN HA3BIBAIOTCS elle (PUHUTHBIMU (QYHKITUSI-
My wim IpobHbIME GyHKIUsIME. Eciu () — orpannvienHast 00J1aCTh, TO BCsI-
kast Gynkius f(z) uz xkiaacca CG°(Q) 6eckoneuno muddepentupyema u 06-
palaeTcsi B HyJIb BO BCeX TOUYKax (), IPUHA JIEYKAIUX HEKOTOPOH OKPECTHO-
cru ee rpanunst 0. Ecim Q = R?, ro dynkius f(z) us kimacca CJ° pasna
HYJII0 BHE HEKOTOPOW KOHEYHOI 0bjacTu n 6ecKoHedHO anddepeHnmpyema
B J11000i1 TOUKE T.

Yepes L,y(€2), p > 1, obosHaunm Kjacc n3MepuMbIx yHKIui u(r), 3a-
JIaHHBIX B () ¥ TAKWUX, ITO

/ () Pda < oo,
Q

Oyuknmn u(zr) w3 Ly(Q) obpasyior GaHaXOBO MPOCTPAHCTBO C HOPMOIL

Al

ullz, @ = <f\u|pdx) (em. [1]). Usmepumas dynkmus u(x), 3amanHast
Q
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B obOstacTn {2, Ha3BIBACTCA JIOKAJBbHO CyMMUPYyeMoii B {2, ecu jij1st J11000i
obsactu €}y Takoit, uro )y C §2, umeeMm

/\u(x)|dx < .
Q1

Byzem rosopurs, 4ro obmacts () mpunamteskur Kiaacey AF k> 1, ec-
mm s moboit Toukn x¥ € 0§ cymecrsytor nesoe unciao [, 1 <1 < n, u
OKPECTHOCTH Qﬁo, p = const > 0, takme, aro Touku L) N Qﬁo JIe’KaT Ha
TUIIEPIIOBEPXHOCTHU

xry = fl(xla ey L =15 LY 41y - - - axn)a

npudem f; € C*(g)), rae g — obacTh u3MeHeHns apryMenTos byHKIuH f).

B pmasnbreiiem Mbl OyjieM paccMaTpUBaTh TAKKe M «KYCOTHO-IJIAIKUE»
061aCTH, KOTOPBIE MOYKHO AIlMIPOKCUMUPOBATD TIaIKUMU obmacTamu. Jlaanmm
TOYHOE OTpeieienne. ByaeM roBopuTh, 9To 06/1acTh ) TPUHAIEKUT KJIac-
cy B* k > 1, ecim cymiecTByer mocse[oBaTelbHOCTD obmacTeit (), TAKUX,

aro O, € A Q€ QD C Qnst,

/ dxr — 0, / ds — 0
A\ Am \ 00

IpU M — 00, TIe ds — JIEMEHT ILIOMAAM HoBepxHocT 0§2,,. s obiacreit
kimacca AF mpm k > 1, a TakiKe, Kak JIerKO BHJETb, JjIsl obsacTeil Kiacca
B* wpn k > 1 cupaseaymsa dopuyita Taycca—OcTporpaickoro, KOTopast
JIOKa3BIBAETCSI B KypPCe aHAIN3a U KOTOPYIO MbI CPOPMYJIUPYEM B CJIETY FOIIEM
suje. Ilycrs dynkmmu uj(x), j = 1,...,n, IpuHajIeKaT KIaccy cl(Q), Q¢

A¥ umn Q € B¥, v = (v1,...,v,) — e/IMHUYHBIA BEKTOD BHEITHEH HOPMAJH K
0. Torna
- Ou,j
/Z@xj dz /ij s, (1.1)
o J=1 o0 I— 1

rie ds —snement mwiomaau JS). U3 dbopmyser (1.1) BbITeKaeT ciieyrormast
dopmMyiia MHTErpupPOBaHMS 10 YACTAM, KOTOPas O9€Hb 9aCcTO HCIOIb3Y-
eTca B TEOPHN ypaBHEHMIT ¢ YacTHBIME Tpoussoaubvu. [Tyers u(z) € C1(Q)

v(x) € CYQ), Q € B*. Torna

uﬁ_xl dx /Uﬁ_xl dzr + /uvul ds. (1.2)
o0

Dopmyay (1.2) momygaem u3 dopmyssl Faycca—Ocrporpasckoro (1.1), mo-
narag uj = 0 opu j # [ mu = uv.
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Mper 6yteM HCITONTb30BATH TeopeMy Apriesia 06 OTHOCUTETHHON KOMITAKT-
HOCTH ceMeiicTBa HelpepbIBHbIX (DyHKIWMIT B obsactu 2. Obo3HaUnM depes
F cemeiicro dyukumii f(x), 3aganubix B (2. CemeiictBo F Ha3bIBaeTCsl paB-
HOMEPHO orpaHuvdeHHbIM B (), ecsin jiyig Bcex « € ) u jjyisg Beex f € F

|f(z)| < M,

riae M = const > 0. CemeiicTBo F Ha3bIBaeTCsi PABHOCTEIIEHHO HEIIPEPBIB-
HbIM B (), ecsin yist jir060ro € > 0 cymectByer § > 0 Takoe, UTO JJIst JIFOOOM
dyukuun f € F
[f(z) = f(@°) <e
0

pu Beex z u 2¥ Takux, uro |z — 20| < 4.

Teopema 1 (Apuena). Ecau cemeticmseo F Pynryut, 3a0anHbiT 6 02paru-
wernol obaacmu §2, PABHOMEPHO 02PAHUYEHO U PABHOCTNENEHHO HENPEPBIGHO
6 €1, MO U3 HE20 MOHCHO BVIOPAMD NOCALIOBAMEALHOCTND, PAGHOMEPHO CXO-
dawyrocs 6 €.

HokazarespcrBo sToit Teopembl MoxkHO Hajfiti B [1] (cm. §2.7). Ecin
obsacTb §) TakoBa, UTO JIOOble ee aBe TOUYKUH 2’ U o/ MOXKHO COCIUHHUTH
nexarreil B () jjomanoii, aymmHa Koropoii e npesocxogut N|z' —2"|, tne N =
const > 0, To cemeiicTBo F paBHOCTEIICHHO HEIPEPLIBHO IIPUA YCJIOBUH, 9TO
ceMeifiCTBO MEPBBIX NMPOU3BOAHLIX (hyHKIWMI [ € F paBHOMEPHO OIPAHUYEHO
B ). 9TO clemyer u3 TOro, UTO I JIOOBIX JBYX TOYeK x' u z'’, jexKamux
Ha OTpe3Ke, HpuHayIexkaeM (), mo gopmyste JlarpaHka umeeM

)= ) = Y T - o)

Jj=1
rje 6 — Touka, Jieykalas Ha 9TOM 2Ke OTPe3Ke, U, CJIeI0BATEIbHO,
/ /! / !
|f (@) = f(a")] < Myn|z§ — 7],
of
rne My = sup |=——|.
kQ | Oxy
JlokaxkeM Terepb HEKOTOpPbIe HEPaBEHCTBa, KOTOPbIE OYJIYT HCIIOJIB30-
BaTbCsl B KypCe.

1.1.1. HepasencrtBo I'énnaepa

[Tycts uncno p > 1. O6oznaunm p’ = Z%. Nnmeem

+==1. (1.3)

1
v

==
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SA

st (t1,s1) }
/s: =1

9 t 3

Puc. 1.1

/
Ecm s = P71, ¢t > 0, To t = sP 1. Tlosromy s mo6oit Toukn (t1,s1) Ha
tockoctu (t, s) Takoit, uro t; > 0, s; = 0, umeem

t1 S1

s1t1 < /tpl dt+/sp’1 ds,

0 0

wim (cm. puc. 1.1)
s /
s1t] < L -+ _1/ .
p p
[Tycrs t1(x) u s1(x) —u3mepumMble HeoTpunareabHblie MyHKIWMHA B () Ta-

/\tl(az)\pd:c =1, /\sl(x)|p/dx =1. (1.5)
Q Q

Torma, uaTerpupyst HepasercTBo (1.4) mo ) u yunThIBasg COOTHOIIE-

(1.4)

KHe, 94TO

aue (1.3), mosyanm

/tl(az)sl(x) dr < 1. (1.6)
Q
Hanee, ecmm u(x) € Ly(2), v(z) € Ly (), To nast dbyuiuit

|u(2)| [v(z)]

B T L T

BBIIIOJIHEHB! ycsioBust (1.5) n mosromy cupaseymso HepaBeHcTBo (1.6). Coie-

(/|v(x)|p/ dx)p . (1.7)
Q

JI0BaTeJHHO,

/|u ) [v(x)| dz < </|u \pdx>

=
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Hepagencrso (1.7) HasbiBaercss HepaBerncTBoM I'énbaepa. Eciu p = 2
u p' = 2, ro mepasenctso (1.7) npuHumaer Bu

/\u W o(@)| dz < (/|u )2 czx>é (/|v(x)|2 dx)é. (1.8)
Q

Hepasencrso (1.8) nassiBaercsi HepaBeHcTBOM Komun—ByHsIKOBCKOro.

1.1.2. HepaBenctBo ®@puapuxca
[ycts u(z) € CH(Q) n u(z) = 0 ma Q. Torma

/\u|2 dx <
Q

rye nocrostaiasi C' 3aBUCHT TOJIBKO OT pasMepoB obsactu ).
HeiicrBurenso, mycts Q C {z; |z| < R}, R = const > 0. loonpeaemnm
u BHe (), nonarast u = 0 g x € R?\Q. Torna

ouf” (1.9)

W3 storo paBeHCcTBa, IpUMeHAA HepaBeHCTBO Kormu—ByHAIKoBCKoOro, 1mo-

JydaeM
T1 R
/’ d.’El d.’El 2R/‘ d.’El,
-R
/|u )? dx < 2R / /‘ dxldx < 4R?
85[,‘1
Rn— —

B nmanprefinmeM MBI moKaxkeM, 9TO HepapeHcTBO Dpuapuxca crpaBeInBO
J1s1 OoJtee MUPOKOTo KJracca (PyHKITHI.

1.1.3. Omnenka mpoW3BOIHOI HEOTPHUIATEIHHON DYHKIAN

st mro6oit HeorpunaresbHOl GyHKINN (), 3a1aHHOMN /Uit BCeX 3HAYCHMUIT
r n npunaTeskameit kmaccy C2(RL), ciipasenmmso nepasencTBo
2 2
dp(x) d
’ < 24 sup
R

alhd }cp(x). (1.10)

dx dx?
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eiicTBUTEIBHO, TPEANONOKUM, 9TO HepaBeHCTBO (1.10) He BBINOJHEHO B
HexoTopoit Touke V. DT0 03HAYACT, UTO

2
dp(a) > 24 sup
Rz

dx
Pacemorpum touky x! = 20 — 2p(20) (
s0pa

20
s }WL o) 40, (L1)

d(z?)

-1
e ) . Torma o dopmyse Teii-

200 20 N
ola') = ola) ~2¢(a) (L) T LELD g (22D LoD

200\ 2 42
plah) = —¢(a”) [1 ~2p0a") (£ dd“;(f)] -

0

Tak Kak 110 IPeJIIIoJIOXKEHHIIO B TOUKe X BbINOJIHEHO HepaBeHCTBO (1.11),

200\ 72 42
-2t (222) )

TO

>0

u, cieoBarebho, ¢(rl) < 0, aro mporusopeunt ycsiosuio, uto ¢(r) > 0
st Beex ¥ € RL.

1.2. Cpenune pynkmun. O6001IEHHBIE IPON3BOHBIE

fAnpom ycpemHenus HasbiBaercst byHKIUs wy(x), 3aganHas upu x € RY
uhe ]R,ll, h > 0 u yIOBJIETBOPSIONIAS CJIEILYIONUM YCIOBUSIM:

1. wp(z) € C*°(R2) upu mobom h > 0;

2. wp(xz) =0 upu |z| > h;

3. wp(xz) > 08BRY

4. /wh(:c) dx =1 upu gro6om h > 0.

Rz
Krnaccuvueckum mpumMepoM sijipa yCpeIHEHUs sABIAICTCS (DyHKITIS

h2
wh(SU) _ Celsl?-n? 1Ipu |IE‘ < h, (112)
0 upu |z| = h,
re
~1
1 T 0
C=-= /ey'—ldy ;o Qi ={y; [yl <1},
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Jlerko mposeputh, uro dbyukimsa (1.12) yaoBiaerBopsier yciaoBusiMm 1-4.
Ouesnnno, aro wy(z) € CF°(RY) upu mobom h > 0. Ilycrs u(z) — goxkambro
cymyupyeMast dyskus B R . Oynkius

uh(z) = / wn( — yyuly) dy (1.13)

Ry

Ha3bIBaeTCsl cpeHel dyHKImel oT u(r) ¢ paaumycom ycpeaHeHus h.
Ecnu dyskmums u(x) onpenesena B obsmact Q u u € L1(§2), To pu onpese-
nenuu cpegueit Gyuxmun ot u(z) 6yaem nonarars u(z) = 0 8 R2\Q. Jlerko
nposepuTh, uro u’(r) € C(R%), Tak kak mnrerpan (1.13) Moxmo mo6oe
qucsio pa3 audepeHnupoBaTh Mo IePEMEHHBIM & TI0JI 3HAKOM HUHTErpaJia.

Teopema 2. IIycmo ) — ozpanuuennas obaacmov 6 RY.

1. Ecau u(z) € Lyp(Q) u u(x) pasna nyao ene obaacmu y maxot, wmo
0 C Q, mou(z) € C(Q) npu h < 6§, § — pacemosnue mexncdy Q1 u
o, p=>1.

2. Ecau u(x) nenpepviena 6 Q u pasna wymo na 0Q, mo u(xr) — u(x)
pasromepro 6 2 npu h — 0.

3. Beawu(z) € Ly(Q), p = 1, mo [[u|| 1) <L, @ vllv"—ull,@) — 0
npu h — 0.

Zloxazamenvcmeo.
1. Tax xak

uh(z) = / wn(z — y)uly) dy.

|lz—y|<h

TO IJIsI TOUeK & € ), OTCTOANMX OT IpaHuibl J§) He OoJblIe YeM Ha O — h,
u(y) = 0 upu |x — y| < h u, ciaegoBaTenbHO, NOAbIHTErpaIbHas (ByHKIUS
wp(z — y)u(y) B maTerpame u'(z) pasna mymo. [losTOMY 7181 TAKUX TOUYEK
ruh <6 meem ul(x) = 0.

2. Tycers u(z) € CY(Q), u =0 B8 R?\Q. Torma

|u" () — u(z)| = /wh(fv —y)[u(y) —u(@)]dy| < sup |u(y) — u(z)|
Ep le—yl<h

U IIpaBasl 9acTb IOCJICIHEr0 HEPABEHCTBA, CTpeMuTcs K HyJo upu h — 0
PaBHOMEPHO TI0 & B CHJIy PaBHOMEpPHOIl HernpepbiBHOCTH (yHKImN u(x) B ).
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3. Ilycrs u(x) € Ly(2). Homoxkum u(z) = 0 Bre 2. Torma npu p > 1

141
Ju (2)| < /wh(:v—y)U(y)dy </|wh($—y)\P+P’IU(y)\dy,
Ry Ry

rie % + }% = 1. IIpumensis nepaserctso ['énbuepa (1.7) xk mocseaemy nHTe-

rpaJy, IIOJIy9YuM

p/

()] < / wn(z — y)dy / wn(z — yuy)Pdy | =
Ry Ry

_ / wn(x — y)uy)lPdy |

Ry
TaK KaK
[ unte =y = [wntmn =1
Ry Ry
[TosTomy

Sl

ey < | [ | [ one =ty | o] =
Rz \ Ry

P

— / ()PP / wn(x — y)dz dy| = llullz, .
Rn

Ry

Fem p =1, 10

W)l < [ wnte— luty)ldy

Ry
1l ey Z/\uh(ﬂf)\dx < /\U(y)l/wh(ﬂf—y)dﬂfdyZ ]l 2y @)
Rn Rn Rn

sBectro, uro s Beskoit dynkimn u(x) € L,(2) un moboro € > 0
MOZKHO HaifTu HenpepbiBHyio dbynximio v(x) Taxyio, uto [[u — v|[r, @) < €
u v(r) paBHA HYJIO B HEKOTOPOil oKpectHocTH rpanuibl obimactu 0. Ilo
HEPABEHCTBY TPEyTOJIbHUKA

" = ) < " = 0"l + 10" = vz, @) + v = ulz, @)
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Tak kax [|u —v|r,(Q) < € u cormacuo joKazaHHOMY BbITIE
h . h h
[u” = v, @) = [(uw=0)*[1,@ <llu—vlL,@ <e
10 ||ul — u| Ly(Q) < 3¢, ecim h < hg u hy HACTOIBKO MaJIO, YTO J/Is Hempe-
PBIBHOI (fbyHKHI/II/I ¥ BBINIOJTHEHO HEPABEHCTBO ||v — vhHL y <& mpu h < ho.
Takoe hg cymecTByeT B CHJIy yTBEPXKICHUS 2 TEOPEMBI.
Takum obpazom, TeopeMma 2 JTOKa3aHa. O

Teopema 3. IIycmo K — xomnaxmmnoe mrootcecmeo 6 ). Toeda cyuecmey-
em gynryus p(z) us xaacca C§(Q) maraa, wmo 0 < o < 1 up(z) =18
Hexomopot okpecmuocmu, K.

Aoxasamenvcmeo. Ilycrs K, — MHOXKECTBO TOYeK, OTCToAlMX oT K He
6osibie wem Ha 1), u nycth 0 < 3¢ < J, e d — paccrosuue Mexay K u
0. Tonoxum u(zr) = 1 vHa Ko. n u(z) = 0 B R}\Ky.. Torma B kadecrse
() MOXKHO B3TH (DYHKIIUIO

() = / we(z — y)uly) dy,

R n

xT

tak Kak u°(z) = 1 na K. n u®(x) = 0 B HEKOTOPOI OKPECTHOCTH I'DAHUIIBI
obnactu €. O

Teopema 4 (o pasbuenun enmnunsi). [lycmo K — xomnaxm 6 R u 06-

aacmu Q... Qn makosw, wmo K C (1 U--- U Q). Toeda cywecmesy-

rom gynryuu @j(x), j = 1,..., N, makue, wmo ¢; € C5(Q;), ¢j(x) = 0,
N

N
Yopi(x) <1 6eRE u ) pj(x) =1 6 nexomopoti oxpecmmnocmu K.
— =

Jorasamenvemeo. JIerko BHIETH, 9TO MOXKHO BBIOpAaTh KOMIAakThl Kj, j =
., N, rakne, yro K; C Q; u K C (K1 U---U Ky). Cornacao Teopeme 3
cymecrByer dynknus ¢;(x) € C5°(w;) Takas, 4T0 1); = 1 B OKpeCTHOCTH
K;, 0 < 4j(x) < 1. Iomozkum
Por=v1,...,0; =1 —t1) - (1 —¢j—1), j=2,...,N.
Torma

N
S i) = 1= (L= 1)+ a1 =) o+ (L= 1) o (1= oy 1) =
=1

=1 (1= ) (1= ).
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Bresiem Teneps monsTre 06001IEHHON TTPOU3BOHON. DTO MOHATHE UT'Da-
eT BaXXHYK pOJIb B TEOPUM YPaBHEHUIl C JaCTHBIMHU MpOW3BOAHBIME. OHO
[IO3BOJISIET PAa3yMHBIM 00Pa30M PACHIUPUTH KJIACC PEIeHUil ypaBHEHWU C
YACTHBIMU TIPOM3BOIHBIME, TIPUBJIEYD JIJTsI PEITIEHNsT KPAEBBIX 3a,1a1 TOHSITHST
1 MeTOAbl (PYHKIIMOHAJIBLHOTO aHa m3a. [oHsTrne 0000IIeHHON TPON3BOIHOM
OBLIO0 BBEJACHO 3aJI0JIT0 JI0 CO3AaHusA Teopun 0O0OIIEeHHbIX (DYHKIWI 1 BIIep-
BbI€ CUCTEeMaTHUYICeCKU ITPUMECHAJIOCH JIJIgd UCCJIeJOBaHUA ypaBHeHI/Iﬁ C 49acCT-
HbIMK TTpon3BoHbIME B paborax C. JI. Cobosesa (cMm. mpuioxkenne B [8]) u
K. O. ®pugpuxca.

[Tpexke 1em BBecTn hbopMasibHOE OIpee/ieHrne 0OOOIIEHHON TPOU3BO/I-
HOIU/I, IIpuBeJeM HEKOTOPbIC M3BECTHbBIEC COOTHOHICHMN A, KOTOPBbIE ITOKa3bIBaIOT,
YTO TAKOE OMpPEJIETICHNE STBIISIETCST €CTECTBEHHBIM.

Beenem obosHatdeHNs, KOTOPHIMH yIO00HO ITOJIB30BATHCS B JIAJTbHEHIIIEM.
IIycts o = (a1,..., Q) — MyJIBTUHHIEKC, TA€ &j, j = 1,...,n, — Iejble
HeOTpHUIATEIbHbIE THUCTA, |of = a1 + -+ + . O6o3HAUTNM

0 )
sza—xj’ i=1,...,n; Dg‘u:Dgll---Dg‘n'u;
Diu=wu mupu |af=0.

Ouesnno, || sBisercsa nopsiakom nponssoanoit DI ().
Ecrm dynknust u(x) npunaatesxur kiraccy C1(Q), To no dopmyme nn-
TerpupoBanust 1o dactam (1.2) nmeem

du(x) d¢p(x)

— dr = — —d 1.14

[ e do = [ 2 as (1.14)
Q Q

nts moboit by ¢ € C5°(Q). Ecm u(x) € CF(Q), To, mpumensis bop-

MYyJIy MHTEIPUPOBAHUS 110 JacTsM k pa3, MOJIyIuM

/cp(:c)Dg‘u(x) dr = (—1)‘0‘| /u(x)ijcp(x) dx
Q Q

Juts Jioboit dynknmm ¢ € C3°(9), |af < k.

[ocemree paBeHCTBO €CTECTBEHHO TMOJOXKUTH B OCHOBY OIPEICICHUS
00001IeHHO TPOU3BOIHOM DY B TOM cilydae, KOIJIa HellpepbIBHAS IPOU3-
BoziHas D1 MOXKET U He CYILIeCTBOBATH.

Jlokanmpao cymmupyemyto B € dynkuuo v(x) Oymem HasbiBaTb 0600-
IIEHHOI npou3BoaHO dyHKImu u(z) B ) n obosnadars v = DYu, ecin
npu joboit Gyukmuu ¢ € C§°(€2) BBITOIHEHO PABEHCTBO

/v(:c)go(fv) dx = (—1)l! /u(m)Dﬁg&(fL’) dz. (1.15)
Q

Q
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[Mokazkem, uro dyurms v(zx), yaoBieTBopsiomasi coorHomenuio (1.15),
enuHCTBeHHA. [IpemonokuM, 4To cymecrByor jase dyHkuun v1(z) u va(x),
KoTOpble 1pu joboit dyukiun ¢ € C§°(€)) yIOBIETBOPAIOT PABEHCTBY
(1.15). Torma, BBIUMTAs COOTBETCTBYIONIHE nM paseHcTBa (1.15), mosy«dnm
anst V. = v; — vo paBEHCTBO

/V(:U)cp(x) dx (1.16)

Q

npu smoboit ¢ € CF°(Q). Ilyers Q; C €. Iokaxem, uro V(z) = 0 nourn
Berofy B obiactu . [lyers § — paccrognne mexky 0y u 0€). Pacemorpum
dyuximo V (z), kotopas pasua V(x) Bo Bcex Toukax (), orcrosmnmx or 2

MEHBIIIE HeM Ha o, i PaBHA HyJIO B OCTAJLHBIX TOUKAX R
Bosbmem B pasencrse (1.16) o(z) = wp(y — x), tie y € Q1, h <

Torna u3 pasencrsa (1.16) caemyer, 1ro Vh(y) =0mpuy € Quh<

N S| >

Kaxk jokazano B reopeme 2, ||V V|| L1(@) — 0mpu h — 0 u, ciegoBaTenbHo,

|vh— Vi, () — 0 mpn b — 0. Orcioma BeiTekaet, uto V' = 0 B {21 mourn
BCIOJLY, UTO U TPEOOBAJIOCH [IOKA3aTh.

U3 ckazannoro Bhimme cieyet, uto ecin u(z) € CF(Q), To u(z) mveer B Q
0060011IeHHbIE TTPOU3BO/IHBIE TIOPsIKA Kk, COBIIAIAIONINE ¢ COOTBETCTBYIOIUMU
OOBIYHBIMU [POM3BOJHBIME. 3aMETHM TaKKe, YTO B OTIMYUE OT KJIACCHYe-
CKOT'O OIIPEJIEJIeHNsT IPOU3BOHON 0000IIeHHasT Tpon3BofHast DY mopsijaka
|a| ompenensiercst paBercTBoM (1.15) He3aBHCHMO OT IIPOM3BOJHBLIX OOJIee
HU3KOrO Hopsijika. Pacemorpum dyHKIIIO

u(zy, w2) = f(x1) + f(22)

B obmactu ) = {x1, 22 ; |zr1| < 1, |x2| < 1}, tme f(s) — dbyuxus Beii-
epIITpacca, He UMEIIasi IIPOU3BOIHON HU B OJIHOI Touke oTpeska |s| < 1.
Ouesnnno, yro dyuKnus u(xri,rs) He uMeer npousBomHoil Dy, Dy, u, Tak
Kak u(xy,T2) HE MMeeT NPOM3BOJIHBIX IIE€PBOIO HOpsiKa. JIerko mokasars,
qT0 0600IIeHHasT TTpou3BoaHas Buia Dy, Dy, u CyIIeCTByeT W PaBHA HYJIO
B (). JleficTBUTEIBHO,

2

——— dxid
6$16$2 T

0= / (F(21) + f(z2))

Q
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npu Jyoboit ¢ € CG°(§2), Tak Kax
1

1
/f(xl)Dxlecp dxy dxg = /f(ﬂzl)/DxQDzlcp dxo dxy =
Q 21 21
1
— [ £ [D21p(@1.1) = Dargor, 1)) doy =0
21

1 TOYHO TaK 2Ke IIoJIydJaceM, ITO

/f(xQ)D:szz(P dxy dxg = 0. O
Q

Teopema 5. [lycmov u(x) € L1(2) u cywecmseyem obobuennas npouseoo-
naa Diu € Li(Q). Toeda daa noboti obaacmu Qp maxoti, wmo Q1 C §, u
a106020 h < §, 2de § — paccmoanue mescdy 1 u 02, cnpasediuco pacen-
cmeo

Do (z) = (D2u)" (z), =€ Q.

xT

Jlokazamenvemeo. CormacHo onpeenenmio u meem

Dok (z) = / D2wn(x — y)uly) dy.
R%

Tak kak DSwp(x — y) = (—1)‘0‘|Dgwh(az —y) n wp(z —y) € C§°(N) npu
z € Quh < 6§, TO COIVIACHO ONPEIETIEHIIO 000BIIEHHON TPOU3BOIHOM Dou
[IOJIy YaeM

Dok (z) = / (~ 1) Dy (z — y)uly) dy =

Teopema 6. ITycmv u(z) € L1(2) u nycmov obobwennvie npouseodnvie
Dyu=06%,j=1,...,n. Toeda u = const 6 (.

Joxasamenvemso. Tlo Teopeme 5 B moboit obmactu € Taxoii, aro 0 C Q,
nMeeM ijuh = (Dzju)h mpu h < §, j = 1,...,n. llostomy pu h < §
u = Cy = const B Q. ITo Teopeme 2 u — u npu h — 0 B mopme Ly1(€).
Tak kak C}, HOJKHBI cXoauThcst K rnocrogauoii C' nupu h — 0, o u = C' B
Q4. Ho €1 —upowusposbras mompobaactsd §2. Ilosromy u = const B €. O
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1.3. OcHoBHBIE IIOHATHS M T€OPEMbI T€OPHUHI
00001eHHBIX hYyHKITIIT

OcHoBBI Teopuu 000DOIIEHHBIX (DYHKIUN U3IaraloTcs Ha, MEXaHUKO-MaTeMa-
tnaeckoM dakyiabrere MI'Y B kypee «Anamus [11» («DyHKIMOHATBHBII aHa-
JII/I3>>). 3sech st yio6cTBa auTaTe el MBI IPUBOJIUM CAMbIe OCHOBHBIE T10-
HATHUS U T€OPEMbl Teoprur 000DIIEHHBIX (DYHKIIN, KOTOPhIE UCIOJIb3YIOTCI
B craenyiomux riasax. st 6osiee oOCTOSTETBHONO 3HAKOMCTBA C Teopueit
0600mmenHbIX (byHKIUiT OTChUTaeM unTarestsd K Kauram [1] —[9].

1.3.1. IIpocrpancrBo 0606meHHbIx dyakmmii D' ()

JluneitHoe mpocTpaHCcTBO HGecKoHeTHO nudbeperiupyeMbix B ) OyHKIHA ¢
KOMITAKTHBIM B {) HOCHTEJIEM HA3BIBAETCS MPOCTPAHCTBOM OCHOBHBIX (DYHK-
it B © 1 06b1aH0 0603nataercs D (). (B § 1.1 u §1.2 Mbr obo3HaTAIN KiTACC
stux dyuxmumit depe3 C°(2).) CxoanMocTs mocIe0BaTebHOCTH by HKIIT
B D(Q) oupenesnnm cieyrommm obpasom. Byem ropoputs, 4ro mnocsenosa-
TeJbHOCTD (byHKImit @; € D(Q) cxomures npn j — 0o K bynkimn ¢ € D(€2),
ecsin

1) aast m060ro MyJIBTHHHAEKCA (r HOCJIENO0BATEIbHOCTE DY — D%
pH j — 0O PABHOMEPHO B §2;

2) cymiecrByer koMmuakT K C §) Taxoif, 9To HOCUTENN BCeX DYHKIMIA ()
npuHajexar K.

O6Go6menuoit dbyuknueit v € D'(Q)) masbiBaeTcs JUHEHHBINH Henpe-
PBIBHBII (DYHKITHOHAJ Ha MPOCTPaHCTBe OCHOBHBIX (yukiuit D(Q). dpyru-
MU coBaMu, Kaxkioil yHknun ¢(x) € D(§2) comocTaBiiseTcsi KOMILIEKCHOE
IHCTI0 (U, ) TaK, 9TO BBIMTOJHAIOTCS CJICYIONINE YCIOBUSI:

1) ecm 1 € D(Q) u o € D(Q), a A1, Ao — J1I0ObIE KOMILIEKCHBIE YHCIIA,
TO

<ua A1901 + >\2902> =M\ <ua (Pj> + A2 <ua 902>

(cBoiicTBO JHHEHOCTH (DYHKIMOHAA);

2) ecm ¢; — 0 pu j — 00 B CMBICJIE CXOAUMOCTH IOCTIEI0BATEIBHO-
cru ocHOBHBIX dynkiwmit B D(€), To (u,p;) — 0 npu j — oo (cBoiicTBO
HeIPEepPbIBHOCTH (DYHKIIMOHAJIA).

MuozkecTBo Beex 060bmenubix dbyuknuit u € D'(§)) obpasyer nuneiinoe mpo-
CTPAHCTBO, €CJIN JTUHEHHYI0 KOMOUHAIIMIO [41U] (ot ODOOIIEHHBIX (DYHKIIAN
U1 W Ug, TAE [41, o = const, Onpee/nTb Kak TaKylo 0000IICHHYIO (DYHKITUIO,
970 1pu J1060i @ € D(S2)

(Liur + poug, @) = w1 (u1, @) + pa (uz, @) . (1.17)
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Jlerko poBepuTh, UTO PYHKIMOHAT, OIpeeaeHHbIi pasercTBoM (1.17), ymo-
BJIETBODsieT yCIO0BUsIM 1) U 2) 1y1si 0600IIEeHHBIX (DYHKIHIA.

B npocrpancrse o6o6menabix dbynknuit D’()) onpenenmM cXoauMocThb
ceyionuM 00pa3oM. ByzieM roBOpHTb, YTO HOCHIEIOBATEIBHOCTD U; €
D'(Q2) cxomurest mpu j — oo K o6obmennoit Gy u € D'(Q), ecin
(uj, @) = (u, @) upu j — oo s yoboit Gyuknun ¢ € D(Q).

Kazxoii sokaiapHo cymmupyemoit dyHknun u(z) B ) MOXKHO COIIOCTa-
BUTH OOOOIIEHHYIO (DYHKIINIO, TIOJIarast

(u,p) = /u(x)cp(:c) dx. (1.18)

Q

[Tpu srom dyukrms u(x) oupenensiercst dynknmonaaom (1.18) ognosnaqdHo,
tak kak ecan [u(z)o(z) dr npu moboit ¢ € D(Q), To u = 0 nouTn BeoLy

B ().

BazkubiM nipumepoM 0606mierHoi dyukmmn u3 D' (RY) sapistercst 0-yHKIms
Jupaxka

KoTOpy1o Gyem obosravaTh gepes 6(z). Jlerko Buiets, ato dbynkimm wy, (),
3aJIaHHBIE sTIPOM YCPEIHEHMsI, Olpeie/ieHHbIM B §1.2, cxomsarest K 6-pyHKINN
pu hj — 0 B cMbIcsTe cxopuMocTn 0600mmenHbIx dhynkumit B D'(€). deiicreu-
TeJIbHO, coryacHo Teopeme 1 u3 § 1.2

(un, @), ¢) = [ wn, (@)pl@) do = 91, 0) — 2(0) = (5.9)
RE

upu hj — 0.

[TocenoBaresbHOCTD (DYHKIHI, CXOZsIasicss K O-(PYHKIUA B CMBICIIE
cxomumoctu B D' (RY) nasbiBaeTcs 6-06pasHOi MOCJIEA0BATEIBHOCTHIO.

Bynem rosoputh, uro obobmennas dynknusa u; uz D'(2) pasaa 0600-
menHolt dynknun us uz D'(Q) B obmactu Q C Q, ecom s s06oit
p < D(Ql>

<u1790> = <u2790> .

Hocuresiem 0606mennoit dyukuyn u € D'(§2) Gyjaem Ha3bBaTh MHO-
JKeCTBO, NpuHaIexKainee () u He cojeprKaliee TOYeK, B OKPECTHOCTU KOTO-
pbIX u paBHa Hyr0. OOO3HAYTUM HOCHUTENB U epe3 supp u. O4UeBuHO, HOCH-
tesieM §(x) sABIsAeTcs Touka x = 0.

Jlerko mokaszarb, uro eciau p(x) € D(2) u paBHa HYJIIO B HEKOTODOI
okpectHOCTH () HOCUTENsT 0606menHol dyukiwu v € D'(Q), To (u, ) = 0.
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Jle#icTBUTENIBHO, PACCMOTPHUM SUPD (0. DTO KOMIIAKTHOE MHOYKECTBO, KaKJIasl
TOYKA KOTOPOI'O UMEeT OKPECTHOCTDb, B KoTopoit u = (. I3 sToro Mmuoxkectna
OKPECTHOCTEl BbIOEpEM KOHEYHOE MOKPBITHE MHOXKeCTBa supp . I[locTponm
pasbueHue eJMHUIBI, COOTBETCTBYIONIEE MHOXKECTBY SUPD ¢ U BBHIODAHHOMY

nokpeiTuio. [Tomyanm
N
1= Z ;(x)
j=1

npu « € supp . 31ech Y;(z) € D(R), j =1,..., N u supp ¢; Ipu KaxKiaom

J JIEXKUT B OKPECTHOCTH HeKoTopoil Touku 2, riae u = 0. ITosTomy mmeem
N

P = Zl Yo n

/ N

N
(u, ) = U,Z%‘cp = Z (u, ) = 0.
j=1

J=1

Hns Besikoit obobmennoit dyukiuu v € D'(Q) MmoxkHO onpenesuTh ee
POU3BOJIHYIO. B OCHOBY 9TOrO OIpejiesIeHtsl TI0JI0KEHO cooTHorterne (1.14),
crpaBeTnBoe J1a Ji060il dbyrKkmn u n3 Kaacca C1(Q).

Ecmn w € D'(Q), o ee npoussonuas Dy u € D'(Q) u onpezensercs
PaBEHCTBOM

<iju7 <P> - - <u7 Dm]<p> .

Orciona BeITEKAET, ITO
(D2 u0) = (~1)* (u, D% 0).

Eciim 0060061ienHo#l QyHKIMU % COOTBETCTBYET COIJIACHO COOTHOIIIE-
uuto (1.18) sokanbHO cymmupyemasi byHknust u(x) u ee mpousBoaHoit D u
TAKKEe COOTBETCTBYET JIOKAJIBHO CyMMUpyeMast PyHKIWs v, TO QyHKIws ()
nMeeT OOODOIIEHHYIO MPOM3BOAHYI0 Dyt = v B TOM CMBIC/E, KaK 9TO OBLIO
orpesiesieto B § 1.2.

Hustu € D'(Q) ua(z) € C°°(Q) MoxKHO onpeaesnTh 0600IeHHY 0 (hyHK-
A0 au 110 hopMyJIe

(au, o) = (u,ap) . (1.19)
Jlerko npoBepuTh, UTO IpaBasi dacTb paBeHcTBa (1.19) ompesensier snHeii-
HBII HerpepbIBHBIN dyHKIonax Ha D(S2).
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1.3.2. Ilpsimoe pousBeeHne 0000ITIeHABIX BYHKIII

Mycrs u(x) € D'(R}), v(y) € D'(R}). Onpenemmm Tenepb o6obmenmHyro
dynkmuio B D’ (jo;m), KOTOPYIO OyJieM Ha3blBaTh HPSAMbIM HPOU3BEIe-
HueM u(z)v(y) 0600meHHbIx QyHKIWHA u(x) n v(y), mojaras

(u(z)v(y), ) = (u(@), (v(y), p(x,y))) (1.20)

IS BesAKOi byHKIm ¢(x,y) € D(Rgi;n

BercTBa (1.20) MMeeT CMBICT U ONpeJIessieT JTMHEHHBIN HellpepbIBHbINA (byHK-
monan ma D(REE™). D10 BhITeKaeT U3 CIIe/yIOMel JTeMMBL.
k)

). Ilokazkem, 9T0 IpaBasi 4acTh pa-

Jlemma 1. Ecau v(y) € D'(R}), (x,y) € D(RL™), mo dynwyua (z) =
(w(y),e(x,y)) npunadaesrcum npocmpancmey D(RL) w das 06020 mysv-
muurdexcs o

Dyy(x) = (v(y), Dg) -

IIpu amom, ecau pp(z,y) — 0 npuk — oo 6 D(Rgzm), mo Yy, = (v, o) — 0
npu k — oo 6 D(RY).

Joxazamenvcmeo. Tak xax ¢ € D(R}T™), 1o p(z,y) = 0 npw |z| > M, re
M — nexoropasi nocrostanast. Ilosromy npu |z| > M

Y(z) = (v(Y), p(z,y)) = 0.

Crenosarenbno, byHKIus (1) MMeeT KOMIAKTHLIE HocuTemb. Ilycrs o —

2% mpn k — oo. Iokaxewm, uro ¢(z¥) — 1 (2°) npu & — oco. Ouesmmo,
o(xF,y) = ©(2°,y) npu k — 00 B cMBICTIE CXOIUMOCTH B D(R}"). TosTomy

b(ah) = (), o, y) ) — () e, y)) = v(a°)

npu k — oo. Orcioma cieayer nempepbiBHOCTH (z). Ilyere Az =
(h,0,...,0). Torma

Y(z + Azx) — () <v(y)’ o(r + Ar,y) — o(z,y) > _

h B h
Tak kak QyHKIAN %[go(ﬂz + Az,y) — p(z,y)] upu durcupoBaHubx x u h

IPUHAJJIEXKAT D(R’y”) u cxonarcs nupu h — 0 K g—;’; B CMBICJIE CXOJUMOCTHU B

D(R™), T0
i 216+ A0) — w(o)] = 5 = (o), 2570 ).

h—0 8$1 8$1
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Kak mokaszano Boime, <v(y), %ﬂﬁl’y)> — penpepblBHag PyHKIuS r. AHaJIO0-

0
TUYIHO JOKa3bIBaCTCd CYIIECTBOBaHNWE WM HEIIPEPLIBHOCTDL ITPOU3BOJIHBIX %,
J

Jj = 2,...,n, a Tak:Ke MPOU3BOJIHBIX 0OJI€E BBICOKOIO IMOpsiIKa. Takum 00-
pasom, P(x) € D(R}). Mycrs @p(z,y) — 0 upn k — oo B D(REE™). Or-
cionia caeayer, uro ¢k (z,y) = 0 upu Beex k u |x| > M, rme M = const.
[Mosromy Y (x) = (v(y), ¢r(z,y)) = 0 npu Bcex k u |x| > M. ITokaxkem
reriepb, 9T0 DY (x) — 0 pasrHOMepHO B R mpm s1060M MyJIBTUHHIEKCE
a. Ipennonoxum nporusHoe. IlycTh cymecTByer mMoc/ie10BaTeIbHOCTh TO-
aek x¥ rakas, aro DYy, (#%9)] > ¢ = const > 0 mpu j = 1,2,.... Tax
kax |2%i| < M, To MHOMNKeCTBO ToueK % mMeeT mpeenbHyio Touky 0. BbI-
Gepem u3 MHOKecTBa £ mocienosarensuocTs ¥, cxomsuyiocs x 20 npu

k' — oco. Torma Do (¥ y) — 0 mpu k' — 0o B cMBbICTe CXOTEMOCTH
bynxmuit 8 D(R]?). Tlostomy Dgpy (%) = <v(y),D§‘gp(fL’k,7y)> — 0 upn

k' — 0, HO 9TO MPOTHBOPEUUT TIPEIONOKEHHIO, uTo | D1y (xF)] > e. Ta-
KM 00pasoM, Mbl Hokazauu, 910 Y (z) — 0 B D(R?Y), ecin i (x,y) — 0 B
D(R7Em).

N3 memmbr 1 BeiTekaer, uro (v(y),p(x,y)) € D(R}) u mosromy
(u, (v, p)) nmeer cmbica. Jluneitnocts dynknuonansa (1.20) orHOCHTENH-
HO ¢ oueBnana. lasee, ecim pp(z,y) — 0 upu k — oo B D(R;‘fgm),
to mo semme 1 (v(y),¢x(z,y)) — 0 upu k — oo B D(R}) u mosro-
My (u(z), (v(y), pr(z,y))) — 0 mpm k — oo, T.e. dbynkmmonan (1.20)
HEIIPEPBIBEH U, CJICIOBATE/ILHO, OIPEICIsIeT OOODIICHHYIO (DYHKITUIO
B D/(RIL™). O

YcraHOBUM HEKOTODBIE CBOjiCTBa IpsiMoro npoussejerns u(z) - v(y).

I. IIpsimoe npoussenenue u(x) - v(y) KOMMYTATHBHO:

u(@) - v(y) = v(y) - u(z).

Joxazamenvcmeo. Tlycrs o(x,y) € DREE™) n ¢(x,y) = 0 npu |z|? +
ly?> > R, R = const > 0. B obnactu Q; = {z,y ; |z;| < 2R, j =
L,...,n, lys|] < 2R,s = 1,...,m} dbysxmuo ¢(x,y) MOXKHO OPEJICTABATH
B BHUJIe PABHOMEDPHO CXOJISIIIErocsi B {11 TPUTOHOMETPUIECKOTO psiga Pypre,
KOTOPBI MOXKHO MOUIEHHO AudhepeHnnpoBars JTI0060e IUCao pa3, TaK Kak
p € D(Rﬁ;m) u supp ¢ C Q. Ilycrs Yy (z,y) —cymma N ieHOB 5TOTO
pza, £(x) € CP(RY), £(x) = 1 mpu o] < R, &(x) = 0 pn [y] > 2R,
n(y) € C°(RY), n(y) = 1 npu |y| < R mn(y) = 0 upn [y[ > 2R
Torma on(z,y) = ¢Yn(z,y)(x)n(y) € DREL™) npu mobom N > 0 u
YN — @ mpu N — 00 B CMBICJIE CXOJUMOCTH B D(Rgzm). OueBuHO, YTO
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ox () = 3 ai(@)b3(0), e aya) € DIRL), (o) € DEY), G = Lo, .

<

Nnmeem
u(x) - v(y), p(z,y)) = lim (u(@) v(y), en(z,y)) =

N—o0

N
= 1\}£noo <u(az), <U(y)7jzlajbj>> =

—~

TouHO Tak Ke ToJTyJaeM

((y) - u(@), p(e,y) = lim > (o(y),bi(y)) (ulz), a;(2)) .

N—oo

J=1

CirenoBarebHO, IpH JIIOOOH © € D(Rgzm)

(u(z) - v(y), (2, y)) = (v(y) - w(@), o(z,y))

9TO U TPpebOBaIOCH JTOKA3ATh. ]

II. TIpsimoe tpousBe/ieHNE HEIPEPHIBHO OTHOCUTEIHLHO COMHOYXKUTEEH. DTO
osHauaer, uro ecn ug(x) — u(x) B D'(R?), To uk(z) - v(y) = u(z) - v(y)s
D'(Ry4™) mpn k — oo. Heiictsurensio, nomaras P(z) = (v(y), ¢(z,y)),
OJLy IaeM

T (u(2), (0(y), (2 9))) = I (ug(e), 0(2)) =
= {ulw), ¥(@)) = {u. (0,¢)),

tak Kak ¥ (z) € D(R?Y).
ITI. /Tsist npousBozHoOit npsivoro npousseienus u(z)-v(y) umeer Mecto dhop-
’ Dg[u(x) - v(y)] = Dyu(x) - v(y).
JeficTBuTE/IHHO,
(D [u(z) - v(y)),¢) = (=1 (u(2) - v(y), DI p(w,y)) =
(=) (v, (u, D)) =
(v(y), (Dyu, @) = (Dgu(z) - v(y), v(z,y)) -
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Jlemma 2. Ilycmo u € D'(R}), p(z,y) € D(RLE™). Tozda
<u<x>7 [ #te.w) dy> — [ tw@) o) dy. (1.21)
Ry Ry

Jlokazameavcmeo. Pacemorpum npsimoe npomssesierne u(z) - 1. Vimeem

(@) 1, 9(z, ) = (u(z), (1, p(z,9))) = <u<x>, / o(z.y) dy> |

Ry
Tlosp3ysich KOMMYTATHBHOCTBIO MIPSIMOIO IIPOU3BEICHUS, TIOJIYTaeM

<u(x> ’ 1aw(xay>> - <1 ) u(x),cp(x,y)) -
= (L, (u(z), p(z,y))) = / (u(x), o(z,y)) dy.

Ry

U3 srux paseHCTB BbITeKaeT coorHomenue (1.21). O

1.3.3. CsepTka 00001I€eHHBIX (YHKITIIA

Bsezem Temepns BarkHOe B TeOpHE 00OOIEHHBIX (DYHKIUI 1 €€ MPUIOKEHUTX
K auddepeHImaabHbIM yYPABHEHUAM TOHATAE CBEPTKHU ODOOIEHHBIX (PYHK-
HIA.

ITycrs dynknnn u(x) u v(z) mokampHO cymMmmupyeMsl B R?, mpuaem u(x)
UMeeT KOMITAKTHBIH HocuTeb. Torma cBepTKoit u * v pyHKIMI v U v HA3bI-
BaeTcst QYHKIUS BUAIA

(s 0)@) = [utw)ote—y) dy= [ ule =)o) dy,

Ry Ry

QOyuxryst (u * v)(x) — JIOKAJIBHO CyMMHDYEMa U MO9TOMY OHa, OIPEJeJIsieT
06061ennyto dbyukiuio 8 D'(R?) Buna

(u*xv,p) = /(u xv)(x)p(x) de =

i
_ //U(:U—y)v(y)@(:v) dydz = //U(iﬂ)v(y)(p(iﬂ—i—y) dydz.
R7 Rp A



1.3. OcHoBHBIE TIOHSATHS U TeOPEeMbI Teopun 0000IeHHbx ¢Gyaknuii 31

IIycrs n(z) € D(R}) n n =1 B okpectHOCTH Supp u. Torma

(%, 0) = / w(zyo(y)n(@)e(z +y) dedy.

2n
R])ay

IIycre u(xz) € D'(RZ) u u(z) nmeer KoMmakTHbIi HOCHTENb, & v(x) — Ipo-
usBosbHast 0600menHas dyukuusa uz D' (R?); mycrs n(z) € D(RY), n =18
okpecTHOCTH SUpp u. CBEPTKOMI u * v Ha3bIBaeTCsd 00600I1IeHHAas (DYHKIINS B
D'(R?) suna

(ux v, ) = (u(x) -v(y),n(x)e +y)) =
= (u(x), (v(y), n(@)e(z +y))) - (1.22)

Jlerko BUJIETH, UTO OLpEJesIeHUe U * U He 3aBUCUT OT BbIOOpa (pyHKImN 7(x).
HeiicrBurensuo, mycrs m1(z) € D(R}) u 1 = 1 B okpecrHOCTH SUDD U.
Torma

(u(x), (v(y),n(@)p(e +y)) — (u(@), (v(y), m (@) +y)) =
= (u(z), (n(x) —m(@)) (v(y), p(z +y))) =0,

Tak Kak 7(x) — m(z) = 0 B OKpeCcTHOCTH SUpp u.
[Tonoxkum vu = uxv. B cuity KOMMYTaTUBHOCTH IIPSIMOI'O ITPOU3BE/IEHUS

(vsu, ) = (u(x) -v(y),n(e)e +y) = (y) - ulz), n(@)e(x +y)) -

Ecm v(y) € D'(R}) m Taxske nveeT KOMIakTHbIH HOocuTesb, a y(y) € D(IRY)
u v(y) = 1 B oKpecTHOCTH SUPD ¥, TO

(v*u, @) = (u(x) - v(y), n(x)p(x +y)) =
= (u(x) - v(Y), v(n(@)e(r +y)) = (u() - v(y), v(y)e(z +y)) .

YeraHoBUM HEKOTOpBIE CBOficTBa cBepTku. OTMeTHM eIre pas, 9TO Mbl
paccMaTpuBaeM CBEPTKY JIBYX OOOOIICHHBIX (PYHKIUH TOJIHKO B TOM CJIyUae,
KOIJIa OJIUH U3 COMHOXKHUTEJIel UMeeT KOMIIAKTHBIH HOCUTEIb.

I. Creprka nByx 0000IIEHHBIX (DYHKINI HEMPEPHIBHA 110 KAXKJIOMY U3 CO-
MHOZKUTEJIEN, T. €.

1) ecmm vi(y) — v(y) 8 D'(R}) npu k — 00, a u(r) mMeeT KOMIAKTHbIH
HOCHTENb, TO U % VU, — U * U B D’(RZ) npu k — oo;

2) econ ug(z) — u(xz) B D'(RY) npu k — oo u cymecrByer takoe R, 4To
supp ur, C Q% 1pu mobom k, supp u C Q%, rie Q% = {z ; |z| < R}, 1o
upxv — uxv B D'(RY) npu k — 00. D10 yTBEPK/IEHNE HEIOCPEICTBEHHO BbI-
TEKAeT M3 HENPEPBIBHOCTH MPSIMOTO MPOM3BEICHNsT OO0OMIEHHBIX (DyHKIMIA.
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Tak kak supp ux C Q% 1pn mo6om k u supp u C Q%, To B Kauecrse 7(x)
B paBeHcTBe (1.22) MOXKHO B3sTh (DYHKIMIO, HE 3aBHUCAILYIO0 OT k U PABHYIO
eJINHUTIE B Q%. Torma

lim (ug *v,9) = lim (ug(z) - o(y), n(z)ez +y)) =

k—o0

= (u(z) - v(y),n(x)p(x +y)) = (u*xv,¢).

I1. /Tna mpousBoHO# CBEPTKU U * U UMEET MeCTO (popMyJia
DY (ux*v) =DSu*v=uxDv. (1.23)

Jlokazkem 310. COrJIacHO OIpeJIeIeHIIO TTPOU3BOIHON 0000IeHHON dDYyHKINN
nMeeM

(=1)
(D)l (u(z )- (): (z)Dyp(x +y)) =
= (=1 (u(@),n(x) (v(y), Dip(z +y))) =
( ) (D (),w(x+y>>—<U*D“v ©).

= (1) (u(z) - v(y), n(@)Dp(w + ) =
= ((=1)u(y), (u(@), n(@)Dsp(e + 1)) =
= (1) (w(y), (@), DL (n(@)p (@ +y))) -
— (u(@), DL (n(@)p(x + ) — n(@) Dl +y))]) =
= (0(y), (Dgu,n(x)p(z +y))) = (v D3u, ).

31ech MbI BOCIIOJIL30BAIICH TEM, UTO
(u(z), Dg (n(x)e(x +y)) — n(z)De(z +y)) =0,
TaK KaK BCE [POU3BOJHBIE 7)(T) PABHBI HYJIIO B OKPECTHOCTH HOCHTENs u(X).

JIemma 3. [Tycmo 1p(x) asasemes ocnosnotll dynryued, m. e. 1 € D(RY),
v € D'(R}). Tozda ¢ * v asasemea dynryuets xaacca C*(RY) u

v = (u(y), P(z —y)). (1.24)
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Jlokazameavcmeo. CormacuHo onpezenenuio cseptku (1.22) nmeem

(Yxv,0) = (W(x)-v(y), n(@)e(z+y)) = (v(y) - (@), n(x)e(z+y)) =

o oo o)
_<v<y>, / (@)l —1) dw>,

RS

rae n(x) € D(RY), n(x) = 1 B okpecrHocTH supp ¢. Bocmosnbsosasrmch
JIEMMOW 2, TIOJTyJaeM

- / (0(), (@ — v)) o(z) da.

R

Dro osHauaer, 4To ¥ * v = (v(y),Y(x —y)). U3 smemmbr 1 BBITEKAET, UTO
¥ * v — dynrims kracca C°(RY).

Cpenaneit dyukiueit or 06061eHHoN dyHKIun u(z) OyaeM Ha3bI-
Bath bynxmmo u”(x) uz kmacca C*(R?), onpejie/sgeMyio paBeHCTBOM

ul(z) = w* wy, (1.25)

rie wp(x) — spo yepeaenust, oupejesnertoe B § 1.2, OueBnino, wy,(x) upu
mobom h > 0 spisiercss ocHoBHON dyukimeii: wy(x) € D(R?). Tlostomy
coryiacHo JiemMe 3 u paBeHcTBY (1.24)

u(z) = (uly), w(z —y)) - (1.26)

Ecin o6obriennoit dyHKInu u(x) COOTBETCTBYET JIOKAJIBLHO CyMMUDPYEMAst
dyuxkiwms cormacuo pasencrsy (1.18), o dopmysia (1.26) conajaer ¢ onpe-
JlesieHneM cpetHelt hyHKIT, TpUBeIeHHbIM B § 1.2. O

Teopema 7. Cpednue dynwyuu u(z) cxodamesa ¢ D'(R?) x obobuenoti
Pynryuu u(x) npu h — 0.

Jlokazameavemeo. Cormacio onpeenenmio u' () nveem

uM(z) = u* w,.
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Pamee 6bu10 10kazano, aro wp(z) — 0(z) upu h — 0 B CMbIC/IE CXOIUMOCTH
B D'(R?). TTosToMy U3 HENPEPBIBHOCTH CBEPTKU CJIEJYET, ITO

lim u™(z) = u* 4.
h—0

Jlerko BUzETDH, 9TO
(ux6,0) = (u(y) - 0(z),n(x)p(z +y)) = (u(y), ¢(y)) -

Takum obpaszom, st oboit u € D' (RY)

u*d = u. (1.27)
CremoBaTebHO,

lim u" = w. O

h—0

1.3.4. IIpocrpancrBo 0606imenHbx ynkmuii S’ (R”)

[Ipeobpazosanne Pypbe WMeeT BaKHBIE TPUMEHEHHUsT B TEOPUU ypaBHe-
HUII ¢ YaCTHBIMU HIPOU3BO/IHBIMU U IMUPOKO HCIOJIbB3YETCA B COBPEMEHHBIX
HCCIEIOBAHUSX. 37eCh Mbl BBEJIEM IIPOCTPAHCTBO OOOOIIEHHBIX (DYHKITHI
S'(R?) € D'(RZ), majist KOTOPBIX MOXKET OBITH IOCTPOEHA TEOPUs IPeobpa3o-
Banus Dypbe.

O6osuatnM gepe3 S(R?), nim kopote S yHHERHOE TPOCTPAHCTBO (DYHK-
it p(z) uz C°(RY) rakux, aro just moboit p(r) € S(RY), ms aoboro
MYJBTUAHIEKCA (v, JIIOOOTO Teoro uncia p = (0 CymecTByeT MOCTOSHHAS
Ca,p, TIPH KOTOPOIi

(1+ [z") [DEe(x)] < Cap - (1.28)
Cxomnmocte B S(RY) omnpenermm crenyromuym obpasom. IlocrenoBarernn-
HOCTHL yHKIHNH ¢ € S cxomures K byHKIWH ¢ € S npu k — 0o, ecin
JUTsT JTI000TO MYJBTUUHIEKCA v U JTI0Ooro Teoro uucia p > 0 mociemoBa-
TEJIbHOCTh

(1 + [z[")Dyer(z) — (1+ |2”) Dy p(x)

upu k — oo pasHOMepHO B R”.

OGo6mennoit dyukuumeir v € S'(RY) HaspiBaeTcs JUHEHHBL Henpe-
pbiBHBI (yHKIOHAT Ha npocrpaHcree S(R?). uaue roBopsi, KaxKoii
dyuxmm p(r) € S(RY) comocraBisiercs KOMIUIEKCHOE HUHCIO (U, ) Tak,
YTO BBIIOJIHSIIOTCS CJIE/LYIOIINE YCIOBUSI:

I) ecmm 1 € S(RY) u 2 € S(RY), A1, Ay — J1100ble KOMILTEKCHBIE TNCIIA,

TO
(u, A1 + Aapa) = A1 (u, 1) + A2 (u, p2) .

2) ecimnt j — 0 Ipu j — 0O B CMBICTIE CXOJUMOCTH HOCJIEOBATEIBHOCTH
dbynkimit 8 .S,10 (u,¢;) — 0 pn j — o0.
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MuozkectBo 0606mmennbix dynknuii uz S’(RY) obpasyer smHeiinoe mpo-
CTPAHCTBO, €C/IU JTUHEHHYI0O KOMOUHAIUIO [11U] + ftoUs ODODIEHHBIX (DYyHK-
Ui, U1 U Ug, TAC [4], Mo — IIOCTOSIHHBIC, ONPE/IC/INTD KAK TAKyI0 0000IEHHY IO
dbyukmio, uro npu 6ot ¢ € S(RY)

(pur + poug, @) = p1 (u1, @) + pa (ug, @) .

CxomumocTh B 1pocrpancTBe 0600mennbix ynknuii S’'(RY) onpese-
JIAM CJIeJLyFOIIM 00pa3oM. ByjieM roBopuTh, YTO MOCIIeI0BATEIBHOCTD Uj €
S’(RY) cxomurest npu j — oo K 06obmennoit dyuxmun u € S'(RY), ecau
(uj, @) = (u, ) upu j — oo ms moboit dyuknmu ¢ € S(RY).

[Tpocrpancreo  S'(R?) HasbiBaercst Takxke IPOCTPAHCTBOM 0606-
MIEHHBIX QYHKIUMI MeajieHHoro pocta. O6obiieHnble (DyHKIUA W3
D' (R?), numeronue KOMIIAKTHBIHA HOcuTes b, npuaaexkar S’ (R?). OueBuHo,
D(R?) C S(RY). Oyuxrms e I7” apngerca npmvepon bynxumn us S (R2),
He npuHaiexkameii D(R?).

Jlerko nokazars, aro D(RY) wiorao B S(RY). eiictBurensio, ecm ¢ €
S(R}), av € D(R}) u v =1 npu |z| < 1, To dynkumn i (x) = ()Y (%)

npunarexar D(R?Y) mpu mobom k = 1,2, ..., 1 mOCI€10BATENIBHOCTD Q) —
X

¢ B S upn k — oo, tak Kak ¢k(z) — o(x) = p(2)(1 — ¢ (¥)) = 0 upn
|z] < k. Orciona caeayer, uro ecim u € S'(R?) u (u,p) = 0 s ¢ €
D(R?), to (u,p) = 0 u qyist ¢ € S. D10 0O3HAYAET, UTO JBYM PasIHIHBIM
0606menubM yrKIwsM 13 D' (R?) cooTBeTCTBYIOT pasmaHbie 0600IIeHHbIE
dbyukiun S'(RY), 1. e. S'(R?) MOXKHO OTOXKJIECTBUTBH C IOAIPOCTPAHCTBOM
upocrpancrea D' (R?), ecin st uw € S’(RY) pacemarpusarhb (u, ) st @ €
D(R?) kak o606mmennyo yukmuo u3 D' (R?).

VYeranoBuM Terepb HEKOTOpbIEe CcBOlicTBa mpeodbpasoBanus Oypbe PpyHK-
i u3 S.

ITpeoGpasoBannem Pypoe dbynkuum ¢(zr) € Li(RY) nassiBaercs
dyukus p(§), KOTopasi opeessieTcss PABEHCTBOM

p(¢) = /cp(:n)ei(g’x) dx. (1.29)

RZ

Teopema 8. Ecau p(z) € S(RZ), mo o(£) € S(RE), npuuem omobpasicenue
© — @ nenpepvisno 6 S. [aa p € S(RY) umeem

Doy = (~i€)°3(), %= (~1)*IDE(e), (1.30)

o — ar ., On
X _551 SU?’L'
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Jlokazamenvemeo. uddepennupys mox 3aakom uarerpaia s (1.29), nomy-
UM

DEG(E) = / (i) ()€™ dy (1.31)

Rz
Takoe muddepenipoBane Bo3MOKHO, Tak Kak ¢ € S(RY) u mHTe-
rpai (1.31) paBromepno cxopurcs. Orcrona noaydaem, aro p(§) € C (R?)

u :U%) = D?(ﬁ(f)(—i)'a‘. VHTErpupyst 1Mo 4acTsM, IOy IuM

EDEE) = ()P ola)e@do = [ DI (1)) i o, (132)
R? n
Tax xax D ((iz)*¢) € L1 (R?), To dynxmus |¢°| ‘D?(ﬁ(f)‘ orpaHuieHa B Ity
npu JI0ObIX MyJabTUrHIeKcax a u 3. Cremgosarenbio, @ € S. [Monaras a = 0
B dopmyie (1.32), nmoaygaem
Dio = (=i)7€°5(6).
JlokaxkeM Ternepb HENPEPBIBHOCTH oTobpaskenust ¢ +— © B S. Ilycrs

¢r(z) — 0B S(R) npn k — oo. Iokaxem, uro @p(§) — 0 B S(RY) npu
k — oo. Cormacuo dopmyiie (1.32) nmeem

€] |DER(E)| = / DB (i ()6 de| <

< {[pdaen(a)] (1) [

Otcioma BeITeKaer, uro |€5) ‘D?cpk(f)‘ — 0 pasnomepHO B Ry, ecim npu
k — 0o ¢r(z) — 0 B S(R?). Teopema jokazana. O
[Tpeo6pasosarne Pypbe dyHKIMH () HHOTIAA OOO3HAYAIOT TaK¥Ke

F[¢](&). ObparabiM npeobpa3oBannem Pypoe dyukiun f(€) 6yaem Ha-
seBath Gynkmmo F [ f](z), koTopas ompeaensercs paBeHCTBOM

Ff)(x) = (2m)~ /f —ien)g (1.33)

Teopema 9. Ecau ¢ € S(RY), mo umeem mecmo gopmyaa obpausenus npe-
obpasosarus Dypve:

o(x) = (2m)" / B(e)e e de, (1.34)

Re
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UAY 6 IPY2uT 0003HANEHUAL

Jloxazamesvcmeo. BuraucanMm MOBTOPHBIN MHTErpaJ

/e—i(g,ac) /ei(&y)(p(y) dy p dé = (2m)"F~ ' [Fly]].

R R}

JL71s1 9TOTO PACCMOTPUM MHTETPAIT

I= / Ve(€)e™ / W p(y) dy o dE = / Ye(©)P(§)e"E e, (1.35)
=

R? R

rae € = const > 0, 1e(§) = ¥(e€), ¥(§) € S(RE). Tak kax npoitnoii nrre-
rpaji, COOTBETCTBYIONHIT TOBTOpHOMY MHTerpasy (1.35), cxoxurest abeosror-
HO, TO 10 Teopeme Py6unn B mHTerpase (1.35) MOXKHO U3MEHHUTDH MOPSIOK
uarerpupoBanusd. Nmeem

= / () / $e(€)e e e | dy =
R"yl Rg

— [ewinty — vy = [ ot +n)iemin.

Ry Ry

Jlerko BuUeTH, 9TO 125(5) = 5_"12 (g), TaK Kak

Rn RD
- /@”(y)e"(y’f)e "dy = 5*”@3(5).
Rn

ITosTomy

R R7

Taxum obpazom, nmeem

I:/@us)@( e i0) ge = /w ples + 2)d (1.36)
J
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[epeiinem k npezneny B pasencrse (1.36) npu € — 0. [omyaaem

o(a) [ Bls)ds =w(0) [ 5 (1.37)
R7 R
B § 3.8 mabr 3 gokazano, uro st () |2
0 = [ et Oan - (yape

RE

[Mocaeaaee paBercTBoO HosydaeM, nosaras ¢ = 1 B pasBercrse (3.82) rur. 3.
Tak Kax

/zZ(f)dfz(ﬁ)“/ e = (VA H/ 4 g, = (2,
R? R&

TO U3 coorHomtenns (1.37) moiyaaem Tpebyemoe pasercrso (1.34). Samerny,
qro Jyist AByX dyHKuumii ¢(x) n (x) u3 S cymecrByer cBepTKa

px1p = / y)dy, (1.38)

KOTOpasi TakzKe siByisiercst pyuknueit u3 S. eiicrurensho, @+ € C°(RY),
Tak Kak uHTerpas (1.38) MoxkHO Jir060e unciio pas aud depeHnnpoBaTh 1o
3HAKOM HHTErPAJIa:

Dy (p ) = /w(y)Dﬁw(x —y)dy.

Ry

Haee,

2D+ 0)] =| [ ¢~ ) + 41 Dv(a — y)dy| < Cayy = const,
R

Tak Kak ¢ € S(RY) u ¢ € S(R?). O

Yepes @ Mbl 0603HATAEM UUCIIO, KOMILIEKCHO COIPSZKEHHOE K .
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Teopema 10. ITycmo p(z) € S(RY) u (x) € S(R}). Tozda

1) /@/}dw = /wﬁdﬂs? (1.39)

R RE
2) /go@d:c =2m™" / @de (paserncmeo Iapcesans), (1.40)
Ry Ry
3)  px =0y, (1.41)
N =0 gD, (1.42)

Jlokazameavcmeo. Jlokaxkem pasernctso 1). ITo reopeme Oybunn mveem

[ewuin= [| [ewetray | v -

Hna nokazarenbersa 2) nofacrapum B pasenctso (1.39) Bmecto ¢ dyHk-
o h = (27r)_"7$. Unmeem

(277)_”/@de = /go/l;da:.
R R

Wcnonb3ys dopmyity obparenns npeobpazopanusg Pypbe, moIydaeM

) = 2) " [ G Ode = 2 [ D)0 = Tw)
Re Re

[Tposepum Teneps dopmymy (1.41). Mensist mopsiIoK MHTErPUPOBAHUST
coryiacao Teopeme DyOuHU, MOTYIaeM

co= [ | et —uay | i =

Rz \R2

= [eweer | [ v —peer9a | ay =50,

R? R
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st nokazaresnberBa paBeHcrsa (1.42) 3ameTnM, 910

FlFle]] = 2m)"(—x). (1.43)
TTosTomy
F[F[ed]] = 2m)" p(—z)(—x). (1.44)
Cormacao dopmyse (1.41)

~

Fl@2m) (@ + )] = @2m) " FlFlg]] - FIF[Y]] = 2m)"p(—2)y(=x). (1.45)

Pagencrsa (1.44) u (1.45) HOKa3BIBAIOT, ITO

Flpg] = Fl(2m) ™3+ ],

U, CJIeJIOBATEILHO, CIPaBeInBO paBeHCTBO (1.42).

Omnpenemum Temnepb mpeobpazoanue Oypbe jyist 000OIIEHHBIX (DY HKITHIT
uu3 S’. B ocHoBy 31010 onpejienenus 1moyoxkeno coornommenue (1.39); cupa-
BeBoe Jyist 006X (yHKIwmi 1 (x) n p(z) uz L (RY).

IIpeo6pasoBannem Pypobe 06061enHol pynkmm u € S’ (R?) Ha-
3bIBaeTCs 0bo0menHas dbynkimst U us S’ (R?), Koropas onpesessieTcs paBeH-
CTBOM

<aa p) = <u7 o) (1.46)
nutst oot p € S(RE).

Tak kax npeobpasoBanue Pypbe: ¢ + @ HENPEPBIBHO B S, TO mpa-
Bag 4acThb pasenctsa (1.46) zamaer o606mennyo dbyuxmuio B S'. Ecan
u € S(RY), To B cuny pasencrsa (1.39), onpenenenne npeobpasoanus Dy-
pbe (1.46) coBuasaer c oupejenenuem (1.29). O

Teopema 11. /Jlaa obobwennoti ¢ynrxuyuu uz S’ cnpasedausa dopmyaa 0b-
pawenus npeobpasosanus Pypve suda:

~

u(—z) = (2m) "u, (1.47)

(. p(~2)) = (27) " (3, 3) = 2m) " (. ).
Omobpasicerue u — U 6 S’ nenpepviero.

Jlokazameavcmeo. JleiicrBurenbro, ucnonb3ys dopmyiy (1.43), momydaem

(@m)™H,p) = (@m)™ (@) = (21" (u.3) = (up(-2)).

Ecm up, — u B S’, T0 U, — u B S’, KAK 3TO HEIOCPEICTBEHHO CJICAYET U3
oupesesennst (1.46). O
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1.3.5. OOGobGiennpie pemenns auddepeHnuaIbHbIX YpaBHEHUH

Teopust 0000ITICHHBIX PYHKITHIT TTO3BOJIET BBECTU ITOHITHE 0DODIIEHHOTO Pe-
IIEHWS JIJIA JIMHEHHBIX YPABHEHUHN ¢ YACTHBIMY ITPOU3BO/IHBIMU ¢ OECKOHEYHO
muddepentupyembiMu Koaddurimenramu. 1lycTnb

L(u) = Z ao(x)D% = f(x), e aq(z) € C®(Q), fe D(Q).
jal<m

OGob6meHHbIM perteHuem ypasHenusi L(u) = f B obiactu € Gyzem
HA3bIBATH TaKyio 0600mennyio Gynknuo u € D'(2), aro

Z ao(2)D%u = f(x).

laj<m

1o o3HAYAET, YTO I Joboro ¢ € D(Q)

(L(u), ) = <u > (—1)0"D§(aaw)> =(fr9)-

la]<m

BaxkHyI0 pOJIb B TEOPUH yPABHEHUIl C YACTHBIME IIPOU3BOIHBIMU UT'PAET [0~
HsATHEe (DYHAMEHTAIBHOIO PEIICHHSI.

PyHIaMeHTAIBHBIM pernenneM ypasHenusi L(u) = 0 Ha3bIBaeTcst Ta-
kas obobmennas dbynxmus u(z, z’) nz D'(2), o

L(u) = 6(x — 2°)

mtst oboit Toukn ¥

€ Q. OueBuHO, PyHIAMEHTAJBHOE PEIIeHne OIIpe-
JIEJIAETCS ¢ TOYHOCTBIO JIO CJIAraeMoOro, KOTOPOe SBJIAETCS PEHICHUEM OIHO-
pomroro ypasuenusi L(u) = 0. 3mech obobmennas dynxmus 6(z — x¥) —

«caBuHyTast 0-yHKIUsT», nefictByomas va ¢ € D(Q) mo dopmyite

0 0
(3(z —27), p(x)) = ¢(2").
B crenyromux riraBax Mbl PACCMOTPHUM TOJPOOHEE STU BOIPOCHI JJIst OCHOB-
HBIX YPABHEHUII MaTeMATHICCKON (HDU3UKU.
1.3.6. TIpocrpamcrso H*((2)

IIpocrpancro HF () ompeiesM Kax MOHOJIHEHNE JIMHEHHOTO IPOCTPAHCTBA

dyukuuit C*°(£2) mo HOpME

el ey = / S [Douftds

Q lalsk

(NI
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Oyukun u € C°°()) obpa3yroT JuHERHOe MPOCTPAHCTBO. B HEM MOXKHO
BBECTH CKAJISIPHOE IPOU3BEICHUE U HOPMY:

(u,v) = /uvdx, u|* = /quaz.
Q Q

BaMbIKast 9TO MPOCTPAHCTBO, HostyunM Bee Lo(2). Begem B 9100t coBo-
kynHocTn dyskimit u € C°°({)) ckaasgpHOe TPOU3BEICHNE

" du v
[U,U]H/(Q):/Uﬂd$+/za—ma—%d
Q Q k=1

1 HOPMY, COOTBETCTBYIOILYIO 3TOMY CKAJAPHOMY IIPOU3BEICHUIO

el /u d:v+/z ((%k)

Hycrs u € C§C() € C(Q).
o
Yepes H' 0603HaUNM 3aMbIKaHHE JMHEHHOIO IPOCTPAHCTBA (DYHKIMIL
o
C§°(Q2) o mopme HY(Q). Ouesnano, uro HY(Q) C HY(Q).
B sroit rmaee, m. 1.1.2, 6b10 m0Ka3ano HepaBeHCcTBO Dpuapuxca st
bynxmumit uz C1(Q), papHbIx Hy/TI0 Ha rpaxuie obaact §):

Hu||L2(Q) 630
J

(0]
JlaHHoe HepaBeHCTBO CIpaBeINBO TakykKe W aaa dymkmmm v € H(Q). B

[¢]
caMoMm Jiesie, TI0 onpejiesiennio npoctpanctsa H1(€)) cymecrsyer mocienosa-
TeBHOCTD {Uy }, Uy € C§O(S2), Takast aTo u, — u mo Hopme H'(Q).
[Tepexo/s K mpejiesly B HEPABEHCTBE

ou

||Un||%2(9) X

nostyauM HepasencTBo Ppuapuxca nua dynxmuit H ().



T'nasa 2

Knaccudukanus ypaBnenuii
C YACTHBIMH IIPOM3BOIHBIMMA

2.1. Hekotopble duzndecKkne 3aaa4u,
MPUBOSAIINE K YPABHEHUIM
C JaCTHBIMH IIPOU3BOIHBIMH

Teopust ypaBHEHUII ¢ YaCTHBIMH IMPOU3BOIHLIMU UMEET IBE XapaKTepPHbIE
ocobennoctu. IlepBasi n3 HUX — HEIIOCPEJACTBEHHAS CBA3b TEOPUU C IIPUJIO-
JKEeHUsIMU, ¢ 3aja4damu dusuknu. Bosiee Toro, Teopus ypaBHEHUi ¢ YaCTHBI-
MU ITPOU3BOJHBIMUN BO3HUKJIa Ha OCHOBEC U3YyY€HUA KOHKPETHDBIX CbI/IBI/I‘IeCKI/IX
3aJ1a4, TPUBOJUBIINX K UCCIEIOBAHUIO OTIEIHHBIX YPDABHEHUN C YaCTHBIMHU
[IPOM3BOHBIME, KOTOPBIE TOJIYYUIN HAa3BaHUE YPABHEHUN MaTeMaTHIECKOI
dusukm.

Kak msBecTHo, Teopusi 0ObIKHOBEHHBIX IubdepeHInaIbHbIX VPaBHEHMI
Hadasia passuBaTbcsd B X VII Beke cpasdy ke rociie BOSHUKHOBeHUsA Tude-
PEHITHAJILHOTO 1 MHTEIPAJIbHOTO ucuucaenus. ViMeHHo Yepe3 0ObIKHOBEHHBIE
nuddepeHIuaibable yPaBHEHU ITITH IPUJIOZKEHUS HOBOT'O UCUHMCJIEHUS K 3a-
JadaM reoMeTpuu U MeXaHuku. B HebecHON MeXaHMKe 0Ka3aJIOCh BO3MOXK-
HBbIM HE€ TOJIBKO IIOJYYUTH U O6'])5[CHI/ITb y2Ke HU3BECTHbIC paHee (baKTbI, HO
U CJleJIaTh HOBble OTKPBITHs (HAlpuMep, OTKpbITHE ItaHeTbl Henryn 6bi-
JIO CIIeJIAHO Ha OCHOBe aHam3a JuddepeHnanbHbIX ypaBHeHnit). Y paBHe-
HUA C 9aCTHBIMU IIPOU3BO/IHBIMU HaYaJ I U3YyYIaTbCA 3HAYUTE/IBHO I103/THEE.
W3ydenne ypaBHEHHIT ¢ YACTHBIMU MPOU3BOIHBIMU, BCTPEUAIONIUXCI B PU-
3uKe, IpuBeso K co3manuio B cepequne X VIII Beka HoBoit BeTBu aHam3a —
ypaBHeHmiT Maremarudeckoil dpusukn. OCHOBBI 9TOH HAyKW OBLIH 3a/107Ke-
uel Tpynamu 2K. /I’ Amambepa (1717-1783), JI. Ditnepa (1707-1783), . Bep-
aysm (1700-1782), 2K. Jlarpamxka (1736-1813), I1. Jlammaca (1749-1827),
C. Ilyaccona (1781-1840), 2K. @ypre (1768-1830). Paszpaborantbie uMu npu
HCCJIeIOBAHUY KOHKPETHBIX 33/1a9 MATEMAaTHIeCKOH (PU3UKU UJIEU U METO/IbI
OKa3aJIuCh TPUMEHUMBIMU K IMMUPOKUM KjaccaM JinddepeHInaaibHbIX ypaB-
HEHWIi, 9TO W MOCJIYKIJIO B KOHIle XIX Beka OCHOBOI I pa3BUTHs OOIIEi
TEOPHUH YPABHEHUIl C YACTHBIMU [TPOU3BOIHBIMHU.

Jlpyrast 0cOOEHHOCTb TEOPUU YPABHEHUIl ¢ YACTHBIMU ITPOU3BOJIHBIMU —
ee TeCHas CBA3b C JIPYTUMU pa3/e/iaMi MATEMATUKN, TAKUMHU KaK (PyHKIIHI-
OHAJILHBIN aHAIN3 U Teopus (PYHKIUN, TOMOJIOrUs, aaredpa, KOMILIEKCHBIHT
anayn3. Teopus ypaBHeHUIT ¢ YACTHBIMU ITPOU3BOIHBIMU IITUPOKO UCIIOJIb3Y-
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€T OCHOBHbBIE TIOHSITHSA, UJIEH U METO/bI STUX 00JIacTell MaTeMaTuKu u, OoJiee
TOrO, B CBOIO OYEPE/Ib BJUSET HA UX IPOOJIEMATUKY M HAIPABJICHUE UCCJIe-
noBannii. KjaccudeckuMm mpuMepoM TaKOI'o B3aUMOICHCTBUS SIBJISIETCS UC-
cJieIoBaHue KojieOaHuili cTpyHbI. Y paBHEHUE KOJIeOaHuil CTPYHBI OBLIO BbIBE-
neno JI'Anambepom B 1747 r. OH mostyamt Tak:ke (pOpMYyJTy, MPEICTABIISIO-
Iyto 00IIee perreHne TOro ypaBHeHUsl. JIep MOy i (POPMYILY, KOTOpast
JaeT perrenue 3aga4qu Kormu s ypaBHeHUsT KojebaHuit cTpyHbl: 3Ta (hop-
MyJia B HacTosiee BpeMsi HasbiBaeTcst popmysioit I’ Anambepa. /1. Bepryir-
JIM yTBEPKIAJ, 9TO BCIKOE PEIICHUE YpPaBHEHUS KOJICOAHWI CTPYHBI IIPE-
cTaBJjIsieTcst TpuroHoMerpudeckuM psiaoM. Criop Dittepa ¢ ’Asrambepom n
1. Bepuysutu o npupojie perennii ypaBHeHust KojeOaHuii CTPYHbBI UMEJT BaXK-
HOE 3HAaYEHUE JJI PA3BUTUS MaTeMaTHIECKON (DU3NKM, aHAIN3a U OCOOEHHO
TEOPUHU TPUTOHOMETPUUIECKUX Ps0B. lajbHeilme nccae oBanus BOIIpoca
0 TpPEeJCTABUMOCTUA (DYHKINNA TPUTOHOMETPUYECKUMU PsijiaMu ObLIN ITPOBe-
nennl 2K. Oypoe B 1822 1. B ¢BA3W ¢ 3aJadaMU O PACIPOCTPAHEHUN TeEIIa,
a 3arem B paborax JI. Qupuxie (1805-1859) Gbuin BrepBble yKas3aHbI J10-
CTATOYHBIE YCJIOBUS PA3JIOKUMOCTU (DYHKITUI B TPUTOHOMETPUIECKUN DS/l
Borpoc o npencrapiernn byHKINT TPUTOHOMETPUIECKUM PSIIIOM, BIIEPBBIC
BOSHUKINNHN B 3a/1avaX MaTeMaTHIecKol (DU3NKU, B 3BHAUUTEIBHON Mepe CIIo-
CcOOCTBOBAJI CO3JIAHUIO COBPEMEHHOH TeOpUU MHOXKECTB U Teopuu (PyHKITHIL.

[Tpu uzyueHnn KOHKpeTHBIX AuddepeHnaaIbHbIX yPABHEHU, BOSHIKA~
IOIUX B IIPOTIECCE PelieHuns (PU3NIECKUX 3a/1a1, YACTO CO3IABAINCH METO/IbI,
obJraaBIime OOJIBITION OOIITHOCTHIO U IIPUMEHSIBIIIHECS BHaYa/e 6€3 CTpororo
MaTeMaTUIeCKOro 0OOCHOBAHUA K IIUPOKOMY KPYTY (DU3UUECKUX ITPODJIEM.
Takumu MeTomaMu sBISIOTCs, Hanmpumep, meron Pypbe, meron Putia, me-
oy, ['asiépkuna, MeTo/Ibl TeOPpUN BO3MYIIEHUN U JIpYyTHE.

Db DEKTUBHOCTL IPUMEHEHUS STUX METO/IOB SBUJIACH OJHON U3 TPUIUH
[OIIBITOK WX CTPOrON0 MATEMATHYECKONO ODOCHOBAHWSA. DTO IPUBOJIMIO K
CO3/IAHUIO HOBBIX MAaTEMATHIECKUX TEOPUil, HOBbIX HAIIPABJICHUI MCCJIEI0BA~
Hust (Teopust naTerpasta Oyphe, Teopus pasIoKeHuil 0 COOCTBEHHBIM Dy HK-
UM U T. JT.).

[TocranoBka MaTeMaTHIeCcKOl 3a/ia4M, CBA3AHHON ¢ nsydennem pusntde-
CKOT'O sIBJIEHUsI, IPUBOJINT K MAaTEMaTUYECKON WJICAU3AINN SABJICHUS WJIN,
JPYTUMHU CJIOBAMU, K TOCTPOCHUIO MATEMaTUICCKON MOJIE/IH, ONUCHIBAIOIICH
OCHOBHBIC 3aKOHOMEPHOCTU M3y4daeMOro Kjacca dusudeckux spjeHuit. Ta-
KO€ IIOCTPOEHUE MOJCHU sl psijia (PUBMIECKUX SBJICHUI COCTOUT B BBIBOJIE
yPpaBHEHUI, KOTOPBIH ONMUPACTCS HA OCHOBHBIE (PU3UUCCKUE 3aKOHDI, YINThI-
BaIOINE JIUIb HanboJjee CYIECTBEHHBbIC UEPTHI sIBJCHUS, W IIpeHedperaeT
PSIJIOM €r0 BTOPOCTEIIEHHBIX UepT. TaKUMU 3aKOHAMU sIBJISIIOTCs, HAIIPUMED,
BaKOHBI COXPAHEHUS KOJTUYCCTBA MBUKEHUsI, SHEPTUH, MACChl U T. /1. Y Ka3aH-
HBIM IIyTE€M MOXKHO IOJIyUIUTH ypPaBHEHUs JJid (DU3UUECKUX SIBJICHUH, U3y-
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YAEMbIX B 9JIEKTPOIUHAMUKE, aKYCTUKE, TEOPUH YIIPYTOCTH, THIPOIMHAMUKE
U JIPDYTUX pas3jiesiaXx MEXaHWKH CIJIONIHOW cpejibl. V3ydenne maremarute-
CKOIl MOJIe/TH MaTeMaTHIeCKUMI METOJAMU [TO3BOJISIET HE TOJBKO IMOJIYINTh
KOJINIE€CTBEHHBIE XaPaKTEPUCTUKU (DU3MIECKUX sIBJIEHUN M PACCIUTATH C 3a-
JAHHON CTEIEHBI0 TOTHOCTH X0/ PEAILHOTO MIPOIECCa, HO JIaeT BO3MOXKHOCTD
TakKe TJIyDOKO MPOHUKHYTh B CYTh (DU3UUECKUX SIBJICHUI U WHOLJIA IIPE/I-
CcKa3aTh HOBBIC 3(DPEKTHI.

st mpuMepa pacCMOTPHUM 3aJ[a4dy O PACIPOCTPAHEHUN TEILIa, KOTOpPas
BIIEpBbIe n3yvajach B paborax 7K. Oypbe, onyOInKoBaHHLIX B Hadase XIX
BEKA.

[Tycrs Temueparypa tesa € B Touke & = (1, T2, 23) B MOMEHT BpeMEHH ¢
onpeensiercst dbyukiueit u(z, t). Byaem npeamonarars, aro dbyukims u(zx, t)
npuHaexuT Knaccy C31(Q x [0, 7]).

Jl1s BBIBO/IA ypaBHEHNUS, OIMUCHIBAIOIIETO IIPOTIECC PACIIPOCTPAHEHUS TETl-
Jia, BOCIIOJIb3yeMcs 3aKOHOM HbIOTOHA, KOTOPBIN yCTAHOBJIEH Ha OCHOBE (u-
3uveckux sxcrepumenToB. Cdopmynupyem 3akon Hbiorona B ciemyroreit
dopwme.

[TycTs S — rytajikast IOBEPXHOCTD, JiexKalast BHyTpu Teja ), U v — eu-
HUYHBII BekTOp HOopMmaju K S. CorjacHo 3akoHy HbIOTOHA KOJHUIECTBO
Terta (), MPOXOJIsiinee Yepe3 MOBEPXHOCTh S B HAIIPABJICHUU HOPMAJIHU U 34
IPOMEXKYTOK BPEMEHU OT t1 110 to, OIpee/isieTcs ciieayiomeit hopmyioit

to

Q= _/ /k(x)ag—(f)ds dt. (2.1)

t1 S

31ech % O3HaYaeT MPOM3BOHYIO0 YHKIWMH u(x,t) 110 HAIPABICHUIO V,

dyuknus k(x) momokureabHa ¥ HOCHT HasBaHue KO(DhUIMEHTa BHYTPEH-
Hell TEMIOMPOBOHOCTH Tejla B TOUKE .

Pacemorpum ciygait, Korga Teo {2 M30TPOMHO B OTHOIIEHUN TETLIOTPO-
BOJIHOCTH. DTO O3Ha4aer, 4To (pyHKIWMs k(r) He 3aBUCHT OT HAIIPABJICHUSI
HOpMAaJI K TIOBEPXHOCTH S B TOUKe x. Kpome TOro, MmpesnosioKuM, 9TO
k(z) € CH(Q).

BHyTpu Tejta MOXKeT BOSHUKATD UJIN MOLJIOMIATHCS TEIIO (HAIPUMED, TIPH
[POXOXKJIEHNH TOKa, BCJIEJCTBHE XUMUYIECKUX DeaKIWil u T. 11.). Bbliesenue
Teria XapaKTepu3yeTcs IJIOTHOCTHIO TEIVIOBbIX UCTOYHUKOB f(x,1) B TOUKe
Z B MOMEHT BpeMeHN t. B pesyibTaTe rﬂeﬁCTBHﬂ 9TUX NCTOYHUKOB B YaCTHU
Tesa, 3aHuMalomNei obgacts 21 C ), 3a MPOMEXKYTOK BpeMEeHHU OT t1 0 to
BBIJIEISETCA KOJUIECTBO TEILIa

Q1 = 7 / f (o, 1) dadt.

t1 Q1
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Byzem npeanonarars,ato f € CO(Q x [0,7]). i BbBoga ypasHeHus,
KOTOPOMY YJIOBJIETBOPsIET PacIpejieieHue TeMIepaTypol u(x,t) BHyTpH Tea
Q, BeyIenM 110/1001aCcTh €)1 objacTu {2, OrpaHUYEHHYIO TVIAJIKON ITOBEPX-
HOCTBIO Of)1, W PACCMOTPUM M3MEHEHHe KOJWYIeCTBA Telia BHYTpH {21 3a
[IPOMEXKYTOK BpeMeHHU OT t1 110 to. Yepes nmoBepxHOCTH €)1, COTJIACHO 3aKO-
Hy Hbiorona (2.1), 3a mpoMeKyTOK BPEMEHH OT t1 J0 to BXOIUT KOJMIECTBO

Terta, paBHOE
to

ou
k(x)—=—ds| dt,
ov
t1 391
riue g—“ 03HAYAET IIPOM3BOIHYIO 110 HAIIPABJICHUIO BHEITHEH HOpMaJm K 0€)q.
C nmpyroit cTOpOHBI, U3MEHEHNE KOJIMIEeCTBa TeIlIa BHYTPH {21 3a IIpoMe-
JKYTOK BPEMEHU OT {1 JI0 {2 MOXKHO OIIPEJICJIUTh Yepe3 U3MEHEHHUEe TeMIlepa-
TYPBI. DTO KOJMIECTBO TEILIA PABHO

/dmmmwuwg—u@JMda peCO(Q), ofz) € CO(9),
Q1

rje p(x) — WIOTHOCTH Tesa, ¢(T) — TelI0eMKOCTh Tesia B Touke x. [Tosromy
JIOJIZKHO OBITH BBIIOJIHEHO PABEHCTBO, COOTBETCTBYIOIIEE GATAHCY TeIIa:

/kumu»muxg—u@Jde—

Q1
_/2 /k(x)ag(;” s j/f(x,t)dxdt. (2.2)

t1 Q1 t1 Q1

ITo dpopmyie Iaycca— OCTpOFpa,ILCKOFO nMeeM

/2 /k:( )8152 ds | dt = //Zaxj< 8xj)dxdt

t1 o0 t1 Ql -

HoaTOMy paBeHCTBO (2.2) MOXKHO 3allNCaTh B BUJIE

/Q[ —d:cdt
//Zax]< 3xj>dxdt+//fxtdxdt (2.3)

t1 Ql

Tak kak {2 — npousBoJibHAsT TOA00ACTb 00acTH ), TTPOMEKYTOK BpeMe-
HU [t1,t3] TPOM3BOJIBHBIA, U O] 3HAKOM HHTEIPAJIOB CTOSAT HEIPEPHIBHBIE
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dyukmn, To u3 paBeHcrsa (2.3) BbITEKAET, UTO B JIO0OI MOMEHT BPEMEHH ¢
JUTst JTI000I TOUKM & € {) BBIMOJIHSIETCST PABEHCTBO

el)ola) 2 = > o (ko) ) + (2.4

Ypasuernne (2.4) npu f = 0 u nocrostuubix c(x), p(z) n k(x) naseiBaercs
ypaBHeHueM TenjornpoBoauocTu. OHO Brepeble ObLI0 moydeHo 2. Dy-
pbe B 1822 1. B ero sHaMeHUTON paboTe «AHAIUTHYECKAS TEOPUsT TEILIa».
DTO ypaBHEHUE 3aJaeT PACIPEC/ICHUEe TEMIIEPATYPBI B OJHOPOIHOM TEJIe.
TTocsie pabor @ypbe ypaBHEHUE TEILIOTPOBOIHOCTU OBLIO IIPEIMETOM HCCIe-
JoBaHmii MHOTUX yueHbix B XIX Beke (B wacTHOCTH, CIOJla OTHOCHTCs paboTa
[Tyaccona «Maremaruueckasi Teopusl Teljia», olyOJuKoBaHHass B 1835 r.).
WccneoBanne 91010 ypaBHEHUS [IPOJIOJIKACTCA U B HAIIE BPEMS.

EctecTBenno, uTo Ha pacipeie/icHre TeMIIepaTypPbl BHYTPHU TEJIa BJIUICT
TEIUIOBOM PeKUM Ha ero rpaxurie. OKa3blBaeTcs, 9TO 3a/jaHnue TeMIIepaTypbl
B HaYaJIbHBI MOMeHT BpeMenu ¢t = () BO Bcex TOUKax Teja () 1 3ajaHue TeM-
mepaTypsl Ha Tparutie Teaa J§) B 1060 MoMeHT BpeMeHu ¢ 2> () OTHO3HATHO
OIIpeIesIsieT TeMIlepaTypy Tesa upu t > 0.

Omupenenenne perenust u(x,t) ypaBaerus (2.4) 1o 3aJJaHHOMY HAYAJIb-
HOMY YCJIOBUIO

u‘ = ug(x) (2.5)
=0
U 33JIAHHOMY T'DAHUIHOMY YCJIOBUIO BUIA

u‘ - (2.6)
0 x[0,7]
HA3bIBAETCs IIEPBOI KpaeBoii 3aad4eit st ypasaenus (2.4). Ecin nssecr-
HO KOJIMYECTBO TEILIa, MPOXOIsInee depes Jobol yIacTOK IPaHUIbI TeJIa 3a
000 POMEXKYTOK BPEMEHH OT f1 10 to, TO, COINIACHO 3akoHy HbloToHA
(2.1), B KaxKJI0il TOYKE TPAHUIIBI TeJIa OJHO3HAYHO OIIpejiesieHa B 060 Mo-
MEHT BPEMEHN { IPOM3BOIHAA 110 HAIIPABICHUIO HOPMAJIM K TPAHAIE %.
Oupegenenne pemennust u(z,t) ypaBaenns (2.4) 10 3aJaHHOMY HadaJlb-

HOMY PACIIPEJICICHIIO TeMIIEPATY PhI
U = up(x 2.7
|, = @) 2.7)
7 33 JaHHOMY T'PDAHHYIHOMY YCJIOBUIO BUJIA
ou

el = 2.
v 1aax0,7] (28)

HA3bIBAETCsl BTOPOM KpaeBOil 3amadveil jis ypaBHenus (2.4). Ypasuenune
(2.4) oTHOCHTCS K YUCIY OCHOBHBIX yDaBHEHUIT MaTeMaTHIeCKON (DU3UKN.
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Ha mpumepe 3amaum 0 pacnpoCTpaHEHUW TEIIa Mbl BUJUM, YTO MaTe-
MaTUIECKOe OIHUCaHNe (DUBNIECKOTO sIBJIEHUs IPUBOUT K OIPEJIEJICHUIO Pe-
[IEHUsI YPABHEHUsI C YACTHBIMU MPOU3BOHBIMU, Y/IOBJIETBOPSIONIEIO HEKO-
TOPBIM JIOTIOJIHUTEBHBIM YCJIOBUAM. B rimase 4 OymeT mokasaHo, 9TO Kak
perenne 1epBoit kpaesoii 3amaun (2.4), (2.5), (2.6), Tak u pemeHne BTOpoii
Kpaesoil 3amadn (2.4),(2.7), (2.8) exmHCTBEHHO. DTO O3HAYAET, UTO JIOLOJI-
HuTesIbHBIE yeaoBus (2.5), (2.6), a takxke (2.7), (2.8), upojaukroBanuble (u-
3MYECKUMU YCJIOBUSIMU 3812491, OJHO3HAYHO BBIJE/SIOT PEIleHne yPaBHEHNST
(2.4) u3 BCeit GeCKOHEUHOl COBOKYITHOCTH DEIIECHHUIA.

Ecimm Temneparypa Tena ycTaHOBUIACD, T. €. HE 3aBUCHT OT BPEMEHH, U
[JIOTHOCTH TEIIOBBIX MCTOYHUKOB BHYTPH Te€JIa TAKYKEe HE 3aBUCHUT OT BpEMe-
au, 70 dbyHKIUsa u(r), KOTOpas 3a/aeT YCTAHOBUBIIEECS WUJIM, KAK TOBODSIT,
CTAllMOHAPHOE PACIIPEJIe/IEHNEe TEMIIEPATYPbI, YIOBJIETBOPSIET YPABHEHUIO

J

>0 (M) ) = 160 29)

t 81']'

Eciu Tesio ogroposoe u f(z) = 0, To ypasHenue (2.9) umeer By,
Au = — =0. (2.10)

Ypasuenue (2.10) naspiBaercst ypaBHenuem Jlammaca.

DTO ypaBHEHHE BCTPEUAJIOCh B paborax Jityepa u Jlarpanxka, HO BIep-
BBIE CHCTEMAaTHYIECKN HCCIeI0BaIoch B paborax Jlammaca (1782, 1787) mo
HebecHoit Mmexanuke u rpapumerpun. K ypasuenuro Jlaraca mpuBogsgT MHO-
rue (hU3NIeCKre 3aJIa9i TEOPUN YIPYTOCTH, HEOECHOW MEXaHWKM, SJIEKTPO-
CTaTUKU, TUAPOJMHAMUKHA, ITO ABJIACTCA XapaKTEePHBIM IIPUMEPOM TOTI'O, YTO
MHOTJIa Pa3/JINIHbIe (DU3WYECKNE STBJICHUST MOTYT OBITH OMMUCAHBI C TIOMOIIHIO
OJIHOU U TOI 2Ke MaTEeMaTUIECKOU MOJIECJIN.

YpaBHeHUE BUIA

n_ 92

> 6—1; = f(x) (2.11)

j=1 636]’
naspiBaeTcst ypaBHeHueM Ilyaccona. C. Ilyaccon —3namenutsiii dpan-
I.[y3CKHfI MeXaHUK, MaTeMaTHUK 1N aCTPpOHOM — BIIEpPBbI€ JjaJl BBIBOJ 3TOI'O
ypaBuenus B 1813 1. B ctarbe «3amMedanus 00 ypABHEHUU TEOPUU HPUTIIKE-
HUl». DTO ypaBHEHUE OMUCHIBAECT CTAIIMOHAPHOE PACIIPEe/IeHIe TeMIepaTy-
PBI IIPY HAJINYNY TEIUIOBBIX UCTOYHUKOB BHYTPH Tesia ) ¢ mI0THOCTBIO f ().

[Ipocreiitieit 3agaueii ABIAETCA ONpPeJIe/IEHIE CTAIIMOHAPHOTO PacIpe/ie-
JIEHU4 TeMIIepaTypbl BHYTPHU TeJla 110 3a/IJaHHON TeMIlepaType Ha IDaHUIe Te-
Jla. Dra 3ajiava HOCUT Ha3BaHue 3aga4vu Jlupuxiie 1o uMeHn MaTeMaTHKa
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JI. Iupuxie (1805-1859), BriepBble JOKA3aBIIErO €JINHCTBEHHOCTD PEIICHUST
3TON 3aj1a4u.

3aKOH COXPaHEHMsI KOJUYECTBA MacChl YKUJIKOCTU WJIM T'a3a [IPHU JIBUAYKE-
HUU MOKHO BBIDA3UTDh B BIJIE TaK HA3BIBAEMOI'O yPABHEHUsI HEPA3PbIBHO-
crm.

[ycrs p(x,t) — mnorHOCTH KUmkoctn, * = (x1,x2,x3), v(x,t) — BEeKTOP
CKOPOCTHU JABU2KCHUS KUJIKOCTHU B TOYKE ' B MOMEHT BpeMeHU t.

Mozkno nokasars (cM., Hampumep, [11]), aro

i +div (pv) =0. (2.12)
ot

Ypasuenue (2.12) HocuT Ha3BaHHEe ypaBHEHUs HEPpa3pbIBHOCTHU. Pac-
CMOTPHUM CJIydail HECXKUMaeMOW YKUJIKOCTH. DTO O3HAYAET, 9TO p = const .
Ecsn nBurkenne *KuaKOCTH TOTEHIIMAIBHO, T. €. cytnecTByeT dyuknus v(x,t)
TaKasd, 4To

v = grad u,
To, nojcrasiss v = grad u B (2.12) u yunThiBasi, 9TO % = 0, mosryanm
3
0u 0
— =0.
j=1 8953’

Taxum obpazom, pyHKIUS U, HA3bIBaeMas MOTEHITHAIOM CKOPOCTHU JIBH-
JKEHUsI XKUJIKOCTH, VIAOBJIeTBOpsieT B objactu ) ypasaeHnuto Jlamaca.

PaccmorpuM Temephb aieKTputdeckoe mosie F cTallmoOHAPHBIX 3apsIoB B
Q). N3 cranmmoHapHOCTH TIporiecca cieayer, 9to rot = 0 u, cjegoBaTesbHO,
DJIEKTPUYECKOE 110JIC SIBJISCTCS MOTEHINAIbHBIM:

E = —gradu. (2.13)

[Tycrs p(x) — obbeMHast TUIOTHOCTH 3apsi/IOB, UMEIOIIUXCS B CPefie, JJist
KOTOPOH JIM3/IeKTPpUIecKas IMOCTOSHHasl paBHa eauHulie. 13 ocHOBHOroO 3a-
KOHa 3JIEKTPOCTATUKH BBITEKAET, UTO

/ (E - v)ds = 4r / oz, (2.14)

o Q1

rae 1 — mobast momobiactsk obiactu ), 0§21 — rpanuna (), ¥ — e IMHUIHBIIA
BeKTOp BHerHeil Hopmasu K OS2, (E-v) — cKaJIsipHOe IPON3Be/IeHNe BEKTOPOB
E u v. llpumensig dopmyny Taycca—Octporpajckoro, u3 pasencrsa (2.14)
[IOJTy IaeM

/divde—47r/pdx. (2.15)

Ql Ql
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Orciona cireryer, 9To
div E = 4mp. (2.16)

IMoacrasisist B paBercTso (2.16) Boipaxkenue (2.13) st E, oy <um

DT0 O3HAYAET, UTO JIEKTPOCTATHYECKUIl MOTeHInAa u(x) yI0BIeTBOPSET B
Q) ypasuenuio Ilyaccona. Ecim BuyTpu €} Her o6beMHBIX 3apsgioB, T. €. p = 0
B (), TO JIeKTPOCTATHYIECKUIl MOTEHIMAX %(X) Y/IOBIETBOPSIET YDPABHEHUIO
Jlammaca.

[Tpuseem 6e3 10 1POOHOTO BHIBO/IA HEKOTOPLIE JIpYTHE BayKHEHINE ypaB-
HEHWST MATEMATHIeCKOH (bu3nkn. BeIBO 9THX ypaBHEHUIT 1 00CY K ICHIE CBSI-
3aHHBIX ¢ HUMHI (QU3MYECKNX 33]ad MOKHO Haiitn B yuebuukax [10] — [13].

Muorue kojebaTe/IbHBIC TIPOIECChl OIMUCHIBAIOTCS yPABHEHUEM

n
u  0%u
2 E
a P 6—[E§ = W’ a = COnSt, a > 0, (217)

KOTOpOE Ha3bIBaeTCsi BOJTHOBBIM ypaBHeHHMeM. B ciaydae n = 1 310 ypas-
HEHUE OIIUChIBaeT KO.He6aHI/Iﬂ CTPYHBI U, KaK MbI y2K€ YIIOMHWHAJIN BBIIIIE, OHO
SIBUJIOCH OJIHAM W3 IEPBBIX YPABHEHUN € YACTHBIMH [POU3BOJHBIMU, IO/~
BEprmmmmMcd JeTaIbHOMY MCCJIEJOBaAHUIO. EFO U3yvdeHueM 3aHUMaJIMCb MHO-
rue Bujnble MaTemMaTuku X VIII Beka. CTpyHOiT MbI Ha3bIBaeM TBEP/IOE TEJIO,
B KOTOPOM JIJINHA 3HAYUTEIHHO IIPEBOCXOIUT JIPYTUE Pa3MEPhl U Ha KOTOPOE
JleficTByer cuia HaTszKeHnus. [Ipenoaraercs, 4To CTpyHa He COIPOTUBIISAET-
cs m3rudy, T. €. U3MEHEHUIO ee (POPMbI, HE BHI3BIBAIOIIEMY U3MEHECHUS JJIMHbI
[IPOM3BOJIBHO B3SITOIO YYaCTKa CTPYHBI, HO COIPOTHUBJIAETCS PACTSIZKEHMUIO,
npudeM padoTa BHENIHEH CUJIbI, BbI3BIBAIOIICH U3MEHEHUE JITUHBI HEKOTOPOTO
ydacTKa CTPYHBI, IIPOMOPIIMOHAIbHA STOMY U3MEHEHUIO ¢ KO(PDUIMEHTOM
IIpOIOpIuoOHATbHOCTH 1.

[Tycrb mosozkenne KoJIeOIIIONIENCs CTPYHBI B IJIOCKOCTH (X1, U) 33/aeTCst
dyukuumeit u(x,t). Yepes p(r1) 0603HAYNM ILUIOTHOCTH CTPYHBI B TOYKE I7.
Torna dyukumst u(x1,t) yI0BIETBOPSET yPABHEHUIO

0%u 0%u
prg = T2, (2.18)
ot Oxy
€CJIU MIPeJIIoJIaraeTCs, YTO KOJICOAHUST SABJISIOTCS MAJIBIMU.
Eciu B nosioykeHnn paBHOBecusi CTpyHa coBnajaer ¢ orpeskoM [0, 1] ocn

21 W 3aKpeljieHa Ha KOHIAX, TO olpejieserne (hOpMbl CTPYHBI B JIIOOOI MO-
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MEHT BpeMeHU ¢ IPUBOJIUT K 3a/[ade HAXOXK/ICHUS PellieHnst ypapHenus (2.18),
VAOBJIETBOPSIONIETO TPAHMYHBIM YCJIOBUSAM

u(0,t) =0, u(l,t) =0

1 HaYaJIbHBIM YCJIOBUAM

U = ug(z1) Ou

— =uy(z
t=0 ’ Ot lt=0 1),

COOTBETCTBYIONIMM 3a/IaHUI0 HAYAILHON (POPMBI CTPYHBI U HAYAJILHOIO MM-
IyJIbCA.

Ecim na crpyny geiicTByer BHENIHSIA CUJIa, IJIOTHOCTH KOTOPOI B TOYKE
X1 B MOMEHT BpemeHu t paBHa f(r1,t) U HalpaBjeHHe KOTOPOH IHepIeH 1~
KYJISIDHO OCH 1, TO BMecTo ypaBHenus (2.18) misa dyakmun u(x,t) nmeem
ypaBHEHUE

32u 82
Jtst HaTAHYTON yHIpyroil IIeHKH, Ha3blBaeM0ﬁ MeMOpaHoii, Tak Ke, Kak
U JIJ1sl KOJIEOJTIONIECsS CTPYHBI, TIOJIydIaeM YpaBHCHHUE BUJIA

p(‘?tz - Z x17$27t>7 (220)

e p(x1, ) —WIOTHOCT  MeMOpanbl, T — koadbduruenT HaTsKeHwUs,
f(x1,x9) —mmorHOCTH geiicTByIOImEl Ha MeMmOpaHy BHemmHed cuibl. [Ipu
9TOM KOJiebaHusl MEMOPAHBI TIPE/IITOIATAIOTCS MAJIBIMU U TIOIIEPEIHBIMU, T. €.
C U3MEHEHNEM BPEeMeHHU ¢ KOOPAMHATHI & = (X1, X2) DUKCHPOBAHHON TOYKN
MeMOpaHbl HE MEHSIFOTCsI, MEHSIeTCsI TOJIbKO (DYHKIWMsT U(T1, T2), OLUPEIeIIsio-
Iasi OTKJIOHEHHE MEeMOPaHbI OT ILIOCKOCTH (X1, X2).

EC.HI/I l\JeM6paHa HaXOUTCA B paBHOBECHUU, TO, KaK CJICJAYET U3 YPaBHCHUA
(2.20), ee dopma u(x) ompemensiercss Kak pelienne ypasHenus [lyaccona

2
Z —— = —f(x,1). (2.21)

Ecnmu memOpana 3akperniena 1Mo KpasM, TO 9TO O3HAYACT, UTO (PYyHKIUSI
u(x), 3amannas B obsactu ), yAOBIETBOPSICT IPAHUTHOMY YCJIOBHIO

—0. 2.22
4o 22

Takum obpazom, IpPU PACCMOTPEHUN PABHOBECHs MEMOpaHbI Mbl CHOBA
npuxoanM K 3amade lwpuxie s ypasuenud llyaccona.
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Ypasuenne (2.17) B ciiydae n = 3 ONUCBHIBAET PACIPOCTPAHEHHE 3BYKO-
BbIX KoJsicOanmil. cxonsg m3 obiieit cucTeMbl YpaBHEHUI JIBUXKEHUs ra3a U
[Ipe/IIosiarast, ITo IPU pacipoOCTPAHEHUN 3BYKOBBIX KOJICOAHUI JTaBeHUuEe U
IJIOTHOCTH I'a3a MaJio OTJIMYAIOTCS OT IOCTOSIHHBIX, Jist TtoTHOCTH u(x,t)
rasa B TOYKE & B MOMEHT BpeMeHH ¢ [ojlydaeM ypaBHeHue Buja (2.17).

Dusndeckasi UHTEPIPETAINS PEIEHIH PACCMOTPEHHBIX 3/1€Ch yPABHEHMI
[IOMOTAET JIydIle TIOHATh U MPeayraJaTh ux cpoiicta. Nuorma dpusndaeckuit
CMBICJT 33190 JIJIsi YPABHEHUS C YACTHBIMY [TPOM3BOHBIMU YKA3bIBAECT TaK-
2Ke Ha €CTECTBEHHBLIH IIyTh €€ PEeICHUsI.

2.2. 3agavya Komm. Xapakrepuctuku.
Knaccudukamusa ypaBHeHmit

B macrosimem Kypce Mbl OyjeM u3ydarTbh JHHEHHbIC ypaBHEHHUS C TaCTHBI-
MU HPOU3BOJHBIMU TOPSJIKA 171 U CUCTEMbl JIMHEHHBIX YpPaBHEHUI IIEPBOTO
nopsaaka. Haumbostee 3HavnTe IbHOE MECTO Oy/IeT 3aHUMAaTh U3yUYEHUE ypaB-
HEHMIT BTOPOrO HOPSIKA. JTO OObICHAETCA, B YACTHOCTH, TE€M, YTO K HUM
OPUBOJAT MHOTHe BazkHble dusmueckue 3agadan (cMm. § 2.1). Teopus ypas-
HEHUIl BTOPOT'O MHOPsJKa UMEET MHOI'OUMCJIEHHbIE IIPUJIOZKEHUS HE TOJIbBKO
B 3aJadaX MeXaHUKH U (PU3NKH, HO TaKyKe W B PdAJe pa3lejoB T'eOMEeTPUn
n aHaamn3a. Kpome TOro, ypaBHEHHsI ¢ YACTHBIMU ITPOU3BOIHBIMU BTOPOTO
OpsAIKa U3ydIeHbl Hambosee AeTaJbHO. VX m3ydenne MOC/IyKUI0 HAIAIOM
[IOCTPOCHUS O0ITeil Teopun ypaBHEHUN ¢ YACTHBIMU TPOU3BOIHBIMU.

JIuHeiiHBIM ypaBHEHUEM ITOPAIKA 1 HA3bIBAETCSI YPABHEHUE C JacT-
HBIMU TIPOU3BOJIHBIMU BUJIA

S aa(@)Dlu = f(a), (2.23)

laj<m
rjie, COIVIACHO Obo3HaueHusM, BBeJeHHbIM B § 1.2, D, = %, a =
J
(a1,...,0p) — MyJIBTHMHIEKC, |0t| = aq + - - + 0y, a;j > 0 — Testble 9mcia,
j=1,...,n;Dg =Dy --- D", an(x) —3amannbie byaknun Toukn r € RY,

Ha3bIBaeMble KoadduienTaMn ypaBHeHus, 3a1anaast GyHkiys f(x) Ha3bl-
BaeTCst CBOOOIHBIM YJICHOM yDaBHEHHUsT; CyMMupoBaHue B (2.23) mpoBOIUTCS
[0 BCEM MyJIBTHHHJIEKCAM (v TakuM, 910 || < m . Takum obpasom, jeBast
JacTh ypaBHeHus (2.23) mpejcraBisieT cOO0I0 HEKOTOPYIO JTHHEHHYI0 KOMOU-
HAIMIO BCEBO3MOXKHBIX ITPOU3BOJIHBIX HEU3BECTHOU (DYHKIMH U IIOPSJIKA, HE
[IPEBBIIIAOIIETO M.

Bcerony, rne me orosopero 0cobo, MbI OygeM paccMaTpUBATL (DYHKITUN
ao (), f(z) n u(x), IpUHAMAIOIIIE TOJIBKO JIefiCTBUTE/IbHBIC 3HAUEHNU S, KOTJIA
2 NPUHAJJIE’KAT HeKoTopoit obsactu 2 C RY.
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Kaxmomy ypasaenuio Bujia (2.23) comocraBuM MHOTOYIEH OT JefCTBU-
TeJIbHBIX IepeMeHHbIX £ = (&1, ...,&,) Buaa

> aa(@)E”, (2.24)

laj=m

rge, Kak Beerga, ¢ = &+ €9, Muorournen (2.24) nasbiBaeTcss Xapak-
TepucTudeckoii popMoii uin IJIaBHON YACTHIO CUMBOJIA YDPAaBHCHUS
(2.23). Ecau nenynesoit Bektop & = (&1,...,&,) YIOBIETBOPSET B JIAHHO
TOYKE T yPABHEHUIO

Z ao(x)§* =0,

|a|=m

TO TOBOPSAT, U9TO BEKTOP & MMEET B TOUKE T XapaKTEePUCTUIECKOe HaIlpaB-
JIeHue.

'mnepnoBepxHOCTD S, HOpMAJIb K KOTOPOIi B KazK10il Touke x € S nmeer
XapaKTepUCTHIECKOEe HallpaBJIeHUe, Ha3bIBACTCs XapaKTEePUCTUKOMN ypas-
merns (2.23).

[Tox perennem ypasaenusi (2.23) B obsactu 2 C RY Gymem noHnMarTh
dyuximo u(x) € C™(Q), yroBaeTBOPSIONLY0 ypaBHeHno (2.23) B KaxK10ii
Touke z € §). Takue pemenns Mbl Oy1eM UHOTJIA HA3BIBATH KJIACCUYECKUMU
PEeIIeHUIMHU B OTJIMINE OT 0OOOIIEHHBIX PENIeHNil, KOTOPBIE Mbl OIIPEIEINM
Hike (cM. takxke § 1.2).

VpaBHeHust BTOPOro HOPsiKa ya00Hee paccMaTpUBaTh B TPAIUIMOHHOM

3alliCHu
n

n
S g (@ttae, + > be(@)tta, + olx) = (). (2.25)
k=1 k=1

Pacemorpum reneps 3agaay Ko s ypasrenust (2.23).

N3 Teopun 0OBIKHOBEHHBIX M (MEPEHITNAIBHBIX YPaBHEHUI M3BECTHO,
qaro 3aja4a Kot jrs muHeitHoro jguddepeHnaabHOr0 ypaBHEHs O IKA,
m BUIA

S at) S = () (226)
k=0

nMeeT Ha OTpeske |[t1,%s] eamHCcTBeHHOE perienue u(t), yIOBIETBOPSIOIIEE
HaYaJIbHbBIM yCJIOBI/IHI\J

diu
u = Uuo,

i = U; i =1.2.... —1 2.27
. dﬂ\t:to wi, j=1,2,....m—1, (2.27)

rge uj = const, j =0,1,...,m —1, ecu t € [t1,t2], am(t) # 0, dysknun
ay(t), f(t) menpepbIBHBI Ha OTpE3Ke [t1, ta].
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Ecrecrsenubiv obobmmennem 3aaadn Kormmn (2.26), (2.27) na caywait ypas-
HEHUsI C YaCTHBIMH IIPOM3BOAHBIMU (2.23) sIBJISIETCsI CJIe/yIOIasi 3a/ada C
Ha4daJIbHBIMU YCJIOBUAMM, KOTOpad TaKzKEe HOCUT Ha3BaHUC 3a/1a9U KOLHI/I.

Beienm o/jHy 13 HE3aBHCUMBIX [IEPEMEHHBIX (Z1, . . . , Ty ), HAIIPUMED Ly,
U TOJIOXKUM T, = t. OObIYHO B (pU3MIECKUX 3a/1a9ax POJIb ¢ UIPaeT BPEMS, a
Z1,...,Tp_1 — OPOCTPAHCTBEHHBIC KoopauHaThl. [IycTh Ha mitockocTu ¢t = to

B OKPECTHOCTH TOUKU T() = (:L'(l), . ,x%_l) 3a/]aHbl HaYaJIbHbIC YCJIOBUA

U = po(a'), Dzu = p;j (2), (2.28)
t=to t=to

j=1,....m—1, 2= (x1,...,00_1).

3amagya Kot cocrour B TOM, 9TOOBI B HEKOTOPOIl OKpecTHOCTH {) TOU-
ku 29 = (x),ty) maiitu pemenme u(z) ypasuenus (2.23), yI0BJIETBODSI-
folee Hada bHbIM yesioBusiM (2.28). Jljist ypaBHEHUH ¢ YaCTHBIME TIPOU3-
BOJIHBIME HET CTOJIb OOIIMX TEOpeM O paspemmMocTu 3ajadn Kormm, kak
Jj1st OOBIKHOBEHHBIX udpdepeHImabubix ypaBuennii. Pemenne 3amaqan Ko-
mu (2.23), (2.28) MoXKeT He CyIIECTBOBATH Jlazke IpU OecKoHedHoi audde-
peHnupyeMocTu Beex Koabduimentos ypapuennst (2.23), dyuknuii f(z,t),
@ij(z’), 5 = 0,1,...,m — 1, u UpH TpeINONOKEHNH, 9TO aq(x) # 0 mpn
a=(0,...,0,m).

VIUBUTESIBHBIM SBJISETCA TO 00CTOATEIBCTBO, YTO JIa2Ke P m = 2 Cy-
MIECTBYIOT ypaBHeHUst Buja (2.23) ¢ 6eckoredHO MiddepeHIupyeMbIMU KO-
sddunuenramu a, () n 6eckoneuno mudddepennupyemoii dbyukuumeit f(x),
KOTOpbIC B JII060# OKpecTHOCTH ToUKM x’ HE MMEIOT HH OJHOTO PEINCHUS.
Takne ypaBHEHUsI Ha3BIBAIOTCsI JIOKAJBHO Hepa3pelrmMbIMHu. Brepebie
[IPUMED TAKOTO yPaBHEHUs I[IEPBOIO IMOPsiJIKA ¢ KOMILJIEKCHO3HAYHBIMU KO-
sddunuentamu (ypaBHeHHE HEPBOTO MOPSJIKA ¢ KOMIIJIEKCHO3HAYHBIMEI KO-
s durmerTaMn SKBUBAJIEHTHO CUCTEME JIBYX YPaBHEHUIN IIEPBOTO MOPS/IKA
¢ AeficTBUTEIbHBIMU KO(hDUImeHTaMu, KOTOPOil yIOBICTBOPSIOT JICHCTBY-
TeJIbHASI W MHHMAasl JacTH PeIleHusi ypaBHeHUsi) Obl1 moctpoeH . JleBu B
1957 . (em. [3]). JI. Xépmanmep (cMm. [3]) mokasas, uro ypaBHeHHe BTOPOTO
HOPsiJIKA C JIEHCTBUTEIbHBIMI KO3(hMDUIUEHTAMI BUIA

(x% - x%)“ﬂcwl =+ (1 =+ x%)(uwwz - uw3ﬂﬁ3> — L1X2Ug 3 —
— (T122U) 3y 2y + T1X3UL, 25 + (X123U) 125 = f(z)  (2.29)

He MMeeT HU OJIHOTO pelleHust npu Hekoropoii dyukmuu f(x) € C°(RY) nis
soboit obstactu €2 C RY. B macrosiee BpeMst N3BECTHBI IIUPOKHE JJOCTATOY-
HBbIE YCJIOBUsI JIOKAJIBHON HEPA3PEIUMOCTH YPABHEHWUI ¢ YaCTHBIMU IIPOU3-
BogubIMU. 1o Bompocy 0 Hepa3peImMOCT! YPaBHEHUH TPOBEACHBI UHTEPEC-
Hble U TIyboKHe rccenoBanus (cM., Hanpumep, [3]). Kak yxe ynmomunasiocs,
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TEOPHUs yPABHEHUI C YaCTHBIMHU IPOU3BOJHBIMU BO3HUKJ/IA Ha 0Oa3e ypaBHe-
HUll MaTeMaTudeckoit dusuku. i KOHKPETHBIX yPaBHEHUI C YaCTHBIMU
[IPOM3BOIHBIMU, TaKUX Kak ypaBHeHue Jlariaca, ypaBHEHUE TEILIONPOBOJI-
Hoctu, BosHOBoe ypasHenue, B X VIII u XIX Bekax Oblia roctpoena boraras
Teopusd, CO3JaHbl MOITHBIE METO/JIbl UX MCCJICIOBAaHUNA. 9TI/I pe3yabTaThbl 110-
CJTy>KIJIF OCHOBOM /I CO3/IaHUs OOIIEeil Teopun ypaBHEHUI ¢ TaCTHBIMU IIPO-
U3BO/IHBIMU, ITO3BOJIMJIN BBLACJIUTb U U3YYIUTH BazKHbIC KJIACCBhL ypaBHeHI/Iﬁ
U CHCTEM YPaBHEHHUI ¢ YACTHBIME ITPOU3BOJIHBIMU, HAIIOMUHAIONINE 110 CBO-
UM CBOHCTBaM TPHU OCHOBHBIX yPABHEHUsI MATEMATUICCKON (DUBUKU: ypaBHE-
nue Jlammaca, ypaBHeHre TEILUIOIPOBOHOCTH, BOJHOBOE ypaBHenue. K auciy
[IEPBBIX PE3YJILTATOB O0IIEil Teopun ypaBHEHUN C IACTHBIMUA ITPOU3BOIHBIMUI
npuHa IexkKuT TeopeMa KopaseBckoii. Teopema KoBasieBckoit, mim, Kak ee
JacTo Ha3bIBaIOT, Teopema Kormm—KoBajieBckoil, 3aHIMaeT BayKHOE MECTO B
TEOpUU yPaBHEHUIl C YaCTHBIME IIPOU3BOAHBIMU. Teopema gaeT OTBET Ha BO-
IPOC, IIPU KaKNX IPEIIoIokeHnsxX 3agada Komm (2.23), (2.28) umeer permre-
Hue. DTa TeopeMa HapsiLy ¢ JABYMsI JIPYTUMU paboTamMu ObLIa [peJCTaB/IeHa B
1874 r. C. B. Kosasesckoit (1850-1891) B ['errunrenckunii yunsepcurer B Ka-
JecTBe JIOKTOPCKON auccepTanuu u Oblia onyodankosana B 1875 1. B 1842 ro-
ny O. Komn (1789-1857), cucremaTiaecKy U3y vJaBIinii 3a/1ady ¢ HAYaJIbHbI-
MU YCJIOBUAME i nudpdepeHITna IbHbIX yPABHEHNM, KOTOPas B HACTOSMIIEe
BpeMs HOCUT Ha3BaHue 3ajadn Korm, 1oKa3as CylecTBOBaHNE aHATUTHAYIE-
CKUX PEIIeHnit 9TOi 3a7a4u JJist OOBIKHOBEHHBIX 1 PEPEHITNAILHBIX YPaB-
HEHUI U JJIT HEKOTOPBIX KJIACCOB yPABHEHUN C YACTHBIME [TPOM3BOIHBIMHU.
DTuM BorpocaMm oH noceaTus detbipe cratbu. C. B. KoBasesckast He 3Hama
stux crareit O. Komm u B cBoeil pabore onmpasiach Ha JIEKITUH CBOETO yUInTe-
ns K. Beiteprirpacca (1815-1897), e paccMmarpuBasach 3ajada ¢ HAYaTb-
HBIME YCJIOBUSIMU )i OOBIKHOBEHHBIX JinbdepeHInalbHbIX ypasuennit. c-
caeposanue C. B. KoBasieBckoil npuiajgo BOIPOCy O PA3pENUMOCTH 3aadu
KOLHI/I JLJIA ypaBHeHI/Ifl n cucreM C 9aCTHBIMU IIPOU3BOJIHBIMU B KJjlaCcCE€ aHa-
murudeckux yHKIWA 3aBepineHHblil xapakrep. A. I[lyankape (1854-1912)
nucas: «KopajeBckas 3HAYNTENTBHO YIPOCTHIIA JOKA3aTEJIBCTBO U MIPUJIAIA
TeopeMe OKOHYATEIBHYIO (DOPMY».

Oynknust f(z1,...,2,) OT N KOMIIEKCHBIX I[€PEMEHHBIX HA3bIBAETCSI
ananuTu4eckoii B okpecrunoctu touku 20 = (29, ...,2%), ecrm npu mo-
CTATOYHO MAJIBIX |2j — z?|, j=1,...,n, oHa peJCTABUMA B BUJIE CXOJISIIIE-

T'OCd CTEIIEHHOI'O pPdAIa

f(Z) - an(z - zO)a’

rie (z—20)% = (21— 2D)* - (2, —20), a = (a1, ..., ) — MYJIBTUHHIEKC,
Cq = const, cymMMa OepeTcst 110 BCeM BO3MOXKHBIM MYyJIBTHHHIEKCAM (.
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OueBuHO, 9TO ¢ = é'Dau

, e o = aql--apl.
z=20

Paszpermum ypasuenne (2.23) orHocuresbHo Dj'u mpeamnosaras, 9To Ko-
s durmerT pu 3TON TPOU3BOIHON oTiinydeH or HyJisd. [oxyanm

Di'u= >  ba(x)Diu+ fi(z). (2.30)

la|<m, a1<m

Teopema 12 (Kosasesckoii I). Ilyemv dynwyuu by (z), f(x) — anaru-

muneckue 6 okpecmmnocmu mowku z¥ = (29,...,20) € R?, dynxyuu
(@), j = 1,...,m — 1, — anarumuveckue 6 OKPECMNOCINU TONKU T(, =
(29,...,28_ ). Tozda sadaua Kowu (2.30), (2.28) umeem anasumuueckoe

pewenue 6 nexomopoti oxpecmuocmu mowky ¥, u npumom eduncmesentoe
8 KAGCCe GHAAUMUYECKUT PYHKUUL.

st nokazareabeTBa TeopeMbl KOBaJIEBCKON MbI BOCIOJIB3YEMCSI TEOPU-
eit cummerpudeckux cucreM. C. B. KoBajieBckast JokasbiBaja CBOIO TeOpeMy
C TIOMOITIBIO METOJ[A MayKOPaHT. DTO JI0KA3aTEIbCTBO IPUBEIEHO, HATIPUMED,
B yuebnuke I. I'. Tlerposckoro [10]. 3amernm, aro B Teopeme Kosasesckoit
dbynkimn by, fi B ypasuenun (2.30) u ¢; B (2.28) MOryT OBITH KOMIIIEKCHO-
3HauHbIMI IIpH © € R7.

IlokazareabcTBO Teopembl KoBasieBckoit Oyier maHo B § 5.5.

3/1ech MBI ITOKAXKeM, UTO €CJIM aHaIuTHIecKoe pernenne u(x) 3amaqan Ko-
mu (2.30), (2.28) cymiecTByer, TO ero KO3 OUIMEHTHI PA3JIOXKEHNsI B CTEIICH-

HOIi PsiJl ONpeesISTIoTCsl eMHCTBeHHOM obpasoM. Ilyers o' = (21, ..., 2,-1),
/I I 0 0
o =(aq,...,an-1), xy=(a,...,2,_1)
/ o «@
u(z) = u(z',t) = g Co o (x — x0)* (t — 1),
o an,
/
riae Cy q, = WD;‘, Dy u(xf), to). TTokazkeM, 4TO BCe IPOU3BOJHBIE Pellle-

must u(z, t) 3amaau (2.30),(2.28) B Touke (z(), tg) ONPEIEISIOTCS HATATBHBIMI
yeaosusimu (2.28) u ypasrernuem (2.30) ogaosnauno. Juddepennupys pa-
BeHeTBa (2.28) 1o 2/, mostyunm, 4To npu Jro6oMm o

DY Dlu(xl, to) = D&pj(xh),  j=0,1,...,m—1. (2.31)

Huddepenupyst ypasrerne (2.30) 10 mnepemeHHbIM x’ W mojaras r =
(x(, o), mommyumm, aTo mpu moboM Mmynasrunagexce 5 = (081,...,0,_1)

Df, D u(zy, to) = Z Df, [ba(x)D;‘/lDf‘”u} + Df, f1(29).
lal=m, an<m z=x0

(2.32)
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B mpapoit wacTu 9TOro paBeHCTBA CTOAT HPOU3BOAHBIE OT dyHKIWMH Uu(x),
Kotopbie B Touke 1V = (z{),t) onpesenenns pasencreamu (2.31). Crenosa-
TeJIBbHO, COOTHOIEeHNs! (2.32) npu J1060M My/IbTUHHJEKCE (3 ONpeJessiioT B
TOYKE (9:(1), to) IPOM3BOJIHBIE BUIA Dg D", lanee noKa3aTeIbCTBO IIPOBOIAM
MeTO/I0M HHayKIun. [1yers npu HeKoTopoM k = m z¥ omnpesesieHs! Bce mpo-
W3BOJIHBIE BHJIA ;

DY Dk (2.33)
mtst siroboro mysbransekca (3. Iokaskem, uTo B Touke 2

9TOM OJHO3HAYHO OIIPEAE/IEHbI TaKzKe BCE€ ITPOU3BO/HLIC BUIa

MOTYT OBITH IIPH

DI D, (2.34)

st sT70r0 K mpaBoil u sieBoil yactsam ypasaerus (2.30) mpuMeHHM orie-

parop Dg Df“fm. B mpaByto 9acTh MOJIy9eHHOTO pABEHCTBA BXOJIAT JIMIITH
npousBosHbie Buga (2.33), KOTOpbIe ompeje/eHbl B TOUKe ¥ 10 IIpejo-
noxkennto uHpyKnuu. CrieoBaTesibHO, CTOsIINAasi B JIEBOH YacTH PABEHCTBA
npousBosiHas Bua (2.34) oupesensercss B TOUKe 20 ommosHavnO. MTaK, MbI
JoKazan, aro 3ajgada Komm (2.30), (2.28) moxkeT mmMeTh He Gosree OIHOTO
AHAJTUTHIECKOTO PEIIeHUS.

Paccmorpum Teneps obiee smHeiiHoe ypasHeHue (2.23) nopsiika m, He
BbIJIe/IsI 0CO00 OJIHY U3 HE3aBUCUMBIX IIEPEMEHHBIX, KOTOPYIO Mbl 0003HA-
gaau depe3 t. Jljsg 9TOro ypaBHEHHsl MOXKHO IOCTaBUTL 3ajady Komm c
HAYAJIbHBIME YCJIOBHSIM Ha TUIEPHOBEPXHOCTH. DTa 3aja4a siBIgeTcss 0600-
menueM 3agadn Komm (2.30), (2.28). Ilycrs ypasmenne F(x) = 0 3amaer
(n — 1)-MepHyIO THIEpPIOBEPXHOCTh S B OKPECTHOCTH TOUKH x’, W TyCTh
grad F(z") # 0. [Tycers o(z) — dbynxmusa xknacca C™(§21), riae Q1 — HeKoTO-
past OKPeCTHOCTh TOYKHU Zg. 3ajada Kol coctouT B TOM, YTOOBI HANTH B
nexkoTopoit okpectHoctH ) Toukn ¥ permenne ypasuenns (2.23) Takoe, uTO

DY (u—¢)=0 nma SNQ upu |of<m—1 (2.35)

Honommurensuee yerosnst (2.35) Ha pemenne u(r) Ha3bIBAIOTCS Ha-
qabHBIMHU ycJjioBusMu. Byjaem npesmnonarars, aro F' € C™(§2). Banaqy
Ko (2.23), (2.35) ¢ HaYaJbHBIMU YCJIOBUSIME HA THIIEPIOBEPXHOCTH S 110~
IbITaeMCcs IpuBecTH K 3a1ade Komn suga (2.30), (2.28). Js sroro cremaem
3aMeHy HE3aBUCUMBIX II€EPEMEHHBIX BHUIa

Yj = T, j=1,...,n—1, yn = F(x), (2.36)

cuuTasd JJjsd OIPEJIEJIeHHOCTH, 4YTO gTF # 0 B okpecrnoctu . B HOBBIX
n

HE3aBUCUMBIX [IEPEMEHHBIX ypaBHeHue (2.23) mpumer Bujl

> bay)Dgu=f. (2.37)

la<m
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Hauasbuste ycaoBus (2.35) MOXKHO 3aIICaTh B BHJE

Dy(u—ep)| =0, la] <m—1.
DTH yCI0BUSA SKBUBAJIEHTHDBI YCIOBUAM

D) u n:o = j, j=1,....m—1, (2.38)
re 1; — 3ajaHHble QYHKINN [HEePEMEHHBIX Y1, ...,Yn—1. Leam F(x) — ana-

surHdeckas GyHKIus B okpecTHOCTH ¥, K03 MUIMEHTH! Gy (7) ypaBHeHns

(2.23), byukmun f(z) n @(x) TakKe aHAJIUTHYECKHAE B HEKOTOPOI OKPECTHO-
cru Toukn 20, TO TaKMM myTeMm MBI IpuXoauM K 3ajade Komm (2.37), (2.38),
K KOTOPOii ipuMeHnMa Teopema KosasteBckoii, ecin koaddumnuent b, (y) npu
a=(0,...,0,m) ormmyen or Hysia B Touke 1V, a, 3HAYUT, ypasHenue (2.37)
MOZKHO Pa3peluTh OTHOCUTEIbHO NpousBoanoil Dy'u. Jlerko Buiers, 1ro
st o = (0,...,0,m)

ba(y) = Z ag(z)(grad F)?,
|B|=m

OF, \ ™ OF \ Pr
/8 = —1 .« e _
(grad F') (8931 ) <5$n> :

0

rae, Kak OOBITHO,

Yemosue by (y) # 0 B Touke x” O3HAYAET, YTO HOPMAaJb K MOBEPXHOCTH S
B Touke ¥ He MMeeT XapaKTepUCTHUCCKOro HalpaB/eHus. TakuM oGpaso,
B 9TOM Cjydae 1o TeopeMe KoBaleBCKOH B HEKOTOPOH OKPECTHOCTH TOYUKI
20 cymecTByeT eMHCTBEHHOE aHAATHYECKOE pentene 3aaun Komm (2.37),
(2.38), a sHaunut, u (2.23), (2.35). Eciu B ypasuenun (2.37) xoadduipent
bo(y) mpu a = (0,...,0,m) paBeH TOXKJIECTBEHHO HYJIIO HA S, TO ypaBHEHUE
(2.37) B Toukax S JaeT HEKOTOPOE COOTHOIIEHHE MEXKIY (QYHKIUAMI 1)j,
durypupyomuMu B Ha9aIbHbIX yCaoBusxX (2.38).

Takum obpasom, eciau S SIBJISIETCS XapaKTEPUCTUKON sl ypPaBHEHUsI
(2.23), To zamava Komm (2.23), (2.35) maxke ¢ aHAJIUTHIECKUMI JIAHHBIMI
HE MMEET DPEIeHUs, eCIM yKa3aHHOe COOTHOICHNE Ha S HE BBITOJHICTCS.
Ecin ke perienne cyiecTByeT, TO OHO MOXKET OBITH He €JMHCTBEHHDIM.

Ha cBoiicTBax xapakrepucrudeckoil (opmbl (2.24) mocTpoeHa Kaccu-
dbukanus jmHeiiHbIX ypaBHeHuil (2.23). VIMEHHO, BBIJEISAIOTC JIBa BAXKHBIX
KJIACCa yPABHEHU TOPSIKA M. YPABHEHHUA SJUIUITUYIECCKOTO TUIIA U yDaBHE-
HUSI TUTIEPOOTTIMIECKOTO THIIA.

Ypasuenue (2.23) HA3BIBACTCS IIIANTUAIECKUAM, W YDABHEHHEM JI-
JIAIITUYECKOTo Tuma, B Touke r € R”, ecym

S da(@)e #0 (2.39)

|a|=m
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npu Beex £ € RY,, ormanbix ot € = 0. Eciu yesosue (2.39) BBITOTHEHO 1151
Beex x € (), To ypasHenue (2.23) Ha3bIBACTCH SJIININTUYECKUM B 06Jia-
cru ).

Takum obpasom, srmmnTHYecKoe ypaBaerne (2.23) He nMeeT XapaKkTepu-
CTHUYICCKUX HaHpaB.HeHI/II'?I.

Ypasuenue (2.23) Ha3bIBaeTCs TUNEPOOJMIECKAM B TOYKE T B Ha-
IpaBJIEHUU OCHU T, WIN YDaBHEHNEM T'MIepOOJIMYIEcKOro TuIila B Ha-
OPAaBJIEHUU OCHU I, €CJIU YPABHEHUE

D aa(x)¢* =0 (2.40)

laj=m

oTHOCUTEBHO &, ipu |£']| # 0 umeer m IeHCTBUTELHBIX U PA3IMIHBIX KOD-
ueit; 3nech & = (&1,...,&,—1). YpaBuenue (2.40) Ha3bIBaeTCsl XapakKTepH-
cTUYecKUM ypaBHeHmeM. Fciu ypashenune (2.23) sijsiercsi rumepOoIin-
YeCKUM B HAIIPABJIEHUH OCU Ty B JI000# Touke € (), TO OHO HA3BIBAECTCS
runepOoJIMYecCKM B HAIIPABJIEHUM OCHU I, B ().

Eciin Bce KopHE Xapakrepucrudeckoro ypasaenus (2.40) B ToUKe & OTHO-
CUTE/IBHO &, TIpH ‘f" 2 0 SIBJISIFOTCSI AeCTBUTE/IBHBIME, HO YNCJIO UX MEHBIIIE
m, To ypasrenue (2.30) HazbiBaeTCs €1a00 TUMEPOOINIECKNM B HAIIPAB-
JIEHU! OCU T, B TOYKE T.

IIpocrefim mpUMEPOM IJIIUMITUIECKOTO YPABHEHUS ABJISIETCS] ypaBHe-
Hue Jlamraca

"L 9% _0
oz
j=1 "7

2
Tak Kak »  # 0 mpu [£] # 0. IIpocreiiniv npumepoM runepbosImaecKoro
i=1
YPaBHEHUS B HAIIPABJICHUN OCHU { ABJISETCS BOJHOBOE yPABHEHUE

a = const > 0,

TaK KaK COOTBETCTBYIOIIEE XapaKTEePUCTUIECKOE ypaBHEHUE

n—1
2 2 2
G=a)
i=1

umeer Kopuu &, = +al¢’|.

M. T IlerpoBckuM ObLIT BLIJIEJEH €I OJWH BAaXKHBIM KJIACC YpaBHEHUI
OPsAIKa 171, KOTOpbIe HOCAT Ha3BaHUE ypaBHEHNI, MapaboImYecKux II0
IlerpoBckomy. [Ipu ompeenennn 3TOro Kjacca yIUTBIBAIOTCA HE TOJIHLKO
9JIEHBI YPABHEHUsI C IPOU3BOIHBIM OT U MOPSIIKA 17, HO U HEKOTOPBIE WJICHBI
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C MPOM3BOJHBIMU HU3IIEro Mopsifika. B ypasHenun (2.23) BblmesuM 0cobo

nepeMenHoe r, = t . O6osnaunm ' = (r1,...,Tp-1), @ = (/,ay), o« =
(a1,...,an_1). YpaBHenue (2.23) sanumiem B BUJIE
Z a0 (2)DE DY U = f(x). (2.41)
la|<m

IIycTb p — 1esioe ostokuTebHOE Yuc/i0. MHOrOY/IeH BUIa

> aal@)(E)¥ e (2.42)

|a!|[+pan=m

OyeM Ha3bIBaTHL ODOOIIIEHHOI XapaKTepucTu4ieckoit (popmMoii ¢ Becom
p i ypasHeHus (2.41) B Touke x.

Ypasuenue (2.41) HasbiBaeTcst mapabosmmdeckum 1o IlerposBckomy B
TOo4YKe T = (Z1,...,Tp_1,1), €CIN JIJIsT HEKOTOPOTO P JIEHiCTBUTEIbHBIC YaCTH
BCEX KOPHEll ypaBHEHHsI OTHOCUTEJIBHO &, BHUJA

Yo aal@)@) e =0 (2.43)

|’ [+pan=m

npu Jobeix geficreurensibix £ = (&1,...,&,-1) Takux, uro |[¢'| = 1, yio-
BJIETBOPSIOT HEPABEHCTBY

Re fn < _65

rae d = const > 0. Ecim ypaBuenne (2.41) sBisiercst mapaboJIMaecKuM O
ITerpoBckomy B JE00OI TOUKe x oOsacTu ), TO ypaBHEHNE Ha3bIBAETCS Ma-
paboaundyeckum 1o IlerpoBckomMy B obJjiacTu 2.

[Tpocreiimum nmpuMepoM Kitacca rnapadosmdeckux 1mo [lerpoBckoMy ypas-
HEHUiT (MX 9aCTO HA3BIBAIOT TaKyKe MapabOIMIECKUMI) SBJISIETCS yPABHEHUE
TEIIOITPOBOTHOCTU

ou 2 0%u
ot = 89:?

HeiicTBUTE/IEHO, 000DIICHHAS XapaKTepucTuieckas hopMa ¢ BeCOM p = 2

uMeeT BUJL
n—1

2

=D &
i=1

Ypasuenue (2.43)

n—1

&= Y (i)? =0

j=1
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n—1
OTHOCHUTEJIBHO &, UMEET €JIMHCTBEHHBI KOpeHb &, = — ) 45]2 = —1 upm
J=1

€' =1.

st ypaBHEHU ¢ YACTHBIMEU ITPOU3BOJIHBIMEI BTOPOI'O MOPSIKA MOXKHO
[IpoBecTH OoJiee JIeTAIbHYIO KJIAaCCUPUKAINIO, pa3duBas Bce ypaBHEHUsT Ha
KJIACChl YPABHEHU, MHBAPDUAHTHBIE 1IPU HEBBIPOXKJICHHOI 3aMeHe HEe3aBUCHU-
MBIX TIEPEMEHHBIX.

[Tokaxkem cHavasa, 9TO ypaBHEHUE BTOPOTO MOPsAIKA MOYKHO IIPUBECTH
JIMHENHON 3aMEeHOl He3aBUCUMBbIX IEPEMEHHBIX K HEKOTOPOMY KaHOHUYECCKO-
My BHUIY B (PUKCHPOBAHHON TOYKE x0.

Pacemorpum ypasaenue (2.25). Mbr Oyiem npemnosarars, 9T0 ypaBHEHIEe
(2.25) sammcano Tak, uro aj(x) = aji(x). Cremaem 3aMeHy HE3aBUCHMBIX

IIEPEMEHHBIX & — Y :

n
y = Ax, yS:ZAijj, s=1,....n,
j=1

A= (Ajs), Ajs = const, det A # 0. (2.44)

Ypapuenue (2.25) B IepeMEHHbBIX Y IIPUMET BH/T

n

> (g (@) Agj Auk) gy + Ln(u) = f(2), (2.45)

s,l=1

rje depe3 Lq(u) Mbl 0003HAYMIIIN YJIEHBI, HE COJEPIKAIINE IPOU3BOIHBIX BTO-
POro nopsiika oT (PyHKIUYT U.
Paccmorpum renepb XapakTepucTriecKyoo (hopMmy ypaHeHus (2.25)

n

> ani(x)s; (2.46)

k,j=1

U cJleJlaeM B Hell 3aMeHY HE3aBHCHMBIX MEPEMEHHBIX & — 1)
n
E=An', &= Agn, j=1,....n (2.47)
s=1

B HOBbIX 1epeMenHbIX (hopma (2.46) sanumiercs B Buje

DD ari@)Ag A | e (2.48)
s,l=1 \k,j=1

Jlerko Buzerb, 4TO MHOrOUsIeH (2.48) siBiisieTcst XapaKTepUCTHIecKoii dhop-
Moit ypasrenus (2.45).



62 Inasa 2. Kiaccupukaiyst ypaBHeHHE ¢ YaCTHBIMH [TPOH3BOJHBIMUI

O u marpuiy A BbIGepeM Tak, 4TOOBI HIPH

dukcupyem Tenepb TOUKY T
samene (2.47) kpagparmanas dopma (2.46) B Touxe 2¥ B HOBBIX TIepeMEHHBIX

7) IMeJ1a KAHOHUYCCKAN BUJ
n
2
> 6, (2.49)
s=1

e 0s, s = 1,...,n, npuanmaror 3Haderus 0,1, —1 . I3 anrebpbl m3BecTHO,
9TO TaKOH BBIOOP MATPUIBI A BOSMOYKEH M YTO YHUCJIO UICHOB B cymMme (2.49)
C TIOJIOZKUTEJIbHBIME KOI(DMUITHEHTAMEI g U YUCJIO 9JICHOB C OTPHUIIATE/bHbI-
Mu KO3 duimenTaMu ds paBHbl COOTBETCTBEHHO YUCILY MOJOKHUTETbHBIX U
9HCITY OTPHUIATE/IBLHEIX COOCTBEHHBIX 3Hadenuit Marpuipl (ag;(2Y)), npuuenm
9TH YHUCJIAa HEe 3aBUCAT OT BbIOOpa Heocoboro npeobpasosanust (2.47), npuso-
nsmmero dopmy (2.46)  Buay (2.49).

CureioBaTesIbHO, TIPU TAKOM BBIGOpE MaTpHUIlbl A* 1OC/Ie 3aMEeHbI He3aBH-
CHMBIX TiepeMeHHbIX (2.44) ypasrenne (2.25) B Touke 1 mpumMeT BHT

S Suttyy, + Law) = £(a).

s=1

Takum obpazom, Kiracc ypaBHeHuil Buaa (2.25), HHBAPUAHTHbI OTHOCHTE b
HO JIMHENHON 3aMeHbl He3aBUCUMBbBIX IIEepEeMEHHbBIX, B TOYKEe [EO XapaKTepusy-
eTCsT IBYMsI IUCJIAMU 7" U ¢, PABHBIMU COOTBETCTBEHHO UUCITY MOJIOKUTE -
HBIX M 1HCJIy OTPUIATEIbHBIX COOCTBEHHBbIX 3HaueHnil marpuipl (aj;(z”)).
OueBnjHo, uTO cpeau uncen dg, § = 1,...,n umeercs n — (r + q) «ncen,
PABHBIX HYJIIO.

Vpasuenne (2.25) HasbIBaeTCa SJIANTAYECKIAM B TOUKe 10, ecm 1 = n,
q = 0mmbo r =0, ¢ =n.Bsrom ciyuae xapakrepucrudeckas dpopma (2.46)
omm4Ha or HyJst npu |£| # 0.

Ypasrerue BTOporo mopsizika (2.25) HasbBaeTcs TUIepOOINIecKUM,
eciur=1,¢q=n—1,mbor =n—1, ¢=1. B arom ciyuae oHO gBJIACTCs
runepOoIMIeCKUM B HAIIPABJIEHUN OCU Yy, €CIu 0 = —0g IpH S 7 k.

YpasHenue (2.25) HasbiBaercs €jaabo0 mapaboOJIMYecKUM, eciu 7 =
n—1, ¢ =0, mbo r =0, ¢ =n— 1. YpaBuenus, napaboyimieckue 1o
[TeTpoBCKOMY, COCTABIISIIOT MOJKIACC TAKUX ypaBHEHHi ¢ p = 2. MIx MOXKHO
3alucaTh B BUJE

n—1 n—1
up — Z bij (@', )ty o, + ch(x',t)umk +e(@ tyu = f(a',t), (2.50)
kj=1 k=1

n—1
rae . by;(2', )&k > 0 mpm [€'] # 0.
k=1
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Ypasuenus (2.25), 115t KOTOpbIX Bee g > 0 pu s = 1, ..., n, HA3BIBAIOT-
Csl YPaABHEHUSIMU BTOPOTO TMOPSIIKA ¢ HECOTPUIATEILHON XapaKTePUCTUICCKOTT
dbopmoit. Ux reopust uznoxkena B Monorpadun [20].

PaccmorpuMm Temeph crcTeMbl ypaBHEHHI ¢ 9aCTHBIMU ITPOM3BOIHBIME
IIEPBOTO TIOPSIIKA ¢ HEM3BECTHON BEKTOP-(yHKITHE

u(z) = (ur(z), ..., un(x)).

[ycrs Ag(x), k=1,...,n, B(x) kBagparusle marpurpl nopsiika N, f(x) =

(f1(z),..., fn(x)). Torma cucrema mepBoro mopsiJika MOKET OBITH 3aIHCAHA
B BHJE
n
ou
ZAk(QC)a— + B(z)u = f(z), (2.51)
Lk
k=1
rexr € Q CRIu BdTl; = (%,,%), k=1,...,n. Boyemum onny

U3 HE3ABUCUMBIX IIEPEMEHHBIX, HAIIPUMED Xy, U obozHauuMm x, = t. [Ipen-
nosoxnM, ato det A, # 0 B Touke 2° = (29, ...,29). Torma B okpecTHOCTH

toukn 20 cucrenmy (2.51) MOXKHO TpeJICTABATH B BHJIE

ou s ou
k=1

riae By(x), k=1,...,n—1, C(x)— marpunst nopsaxa N, 1(x) — 3a1aHnas
BekTOp-yHKIWs. 3amada Ko st cucremsl (2.52) cocTouT B TOM, 9TOOBI
HaitTn permenne u(x',t) cucremsr (2.52) B OKpecTHOCTH Toukm ), yIoBTe-
TBOPSIIOIEE HATAIBHBIM YCJIOBUAM

ul_ =e@), 2= (@ ze), (2.53)
=to

rie  p(x') —samannasg BeKTOp-(YHKIMST B OKPECTHOCTH TOYKH X, =
(29,...,29 ).

Teopema 13 (Kosasesckoii II). Ecau anemenmo. mampuy Bg(z), k =
1,...,n—1, C(x) u komnonernmo. sexmopa (x) AGAAOMCA GHANUMUYECKU-
mu Gynryuamu 6 oxpecmmocmu mowku x°, a xKomnonenmor eexmopa p(’)
ABAAIOMNCA AHAAUMUNECKUMU PYHKYUAMU 6 OKPECIVHOCTNU TNOYKY (), MO 6
nexomopoti oxpecmmocmu mouku ¥ cywecmeyem u npumom eouHCMEeHHoe
pewenue u(x) cucmemv (2.52) ¢ yeaosuamu (2.53), Komnonermo: komopozo
ABAAIOMCA AHANUMUYECKUMU PYHKUUAMU 6 IO OKPECTIHOCTIA.

JlokazaTenbcTBO  €JIMHCTBEHHOCTH AHAJMTHYECKOIO PEIeHUsT 3a/aun
(2.52), (2.53) mpoBOIUTCS TOYHO Tak JKe, Kak u s ypasuenus (2.30); n
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MBI [IPEJIOCTABIISIEM 3TO JIOKA3aTeabCTBO dnTareso. CylecTBoBaHne aHATN-
TUYECKOro pernenus 3agaun Komm (2.52), (2.53) 6yzmer pokasano B 1. 6.
B kax0it Touke x € ) cucreme (2.51) cOmOCTABIISIETCST MHOTOYWICH

det < Y~ Ap(@)&e ¢
=1

KOTODBIii HA3BIBAETCS XapaKTepucTudeckoii popmoii cucrembr (2.51)
B Touke . l'oBopst, uro BekTop & = (&1,...,&,) mMpocTpaHcTBa RY mveer
XapaKTepPUCTUYIEeCKOe HallpaBJieHue s cucreMbl (2.51) B Touke x, ecim

det Y~ Ap(2)&e p = 0.
=1

[MuneprioBepxHOCTH, HOPMAJIb K KOTOPOH B KaK/I01 TOYKE UMEET XapaKTepu-
CTUYIECKOE HAIPABICHNE, HA3BIBACTCS XaPAKTEPUCTUKOIM.

Hutst cucremsr (2.51) MoxkHO cTaBuTh 3aady Ko ¢ Hada IbHBIMU yCII0-
BUSIMI Ha 1 — 1-MepHOii runepnosepxHocru S . Ilycrs ypasuenne F(x) = 0
3aj1aeT ruIeproBepxHocTh S B okpectHoctn Toukn z¥. 3amaua Komm c
HAYABHBIMU YCJIOBUSIMU HA S COCTOUT B TOM, 9TOOBI B OKPECTHOCTU TOUYKU
2% € S maittn pemenue cucrembr (2.51), yI0BIETBOPSIIONIEE YCIOBHO

ul =, (2.54)
S
rjie (p — 3ajiaHHas BEKTOP-yHKIA Ha S.

[Tyctn gTP; # 0 B TOUKe 20, Torna, crmenaB 3aMeHy HE3aBUCHUMBIX IIepe-

MeHHBIX Buja (2.36) B cucreme (2.51), mosy«anm

n
— ou ~ _

> Ay)5 -+ Bly)u = fy), (2.55)

—~ vs

S
~ n -

rjae marpura A, = > Akg_ai' Cucremy (2.55) MOXKHO pa3peniuTb B OKPeCT-
k=1

0 0

HOCTHU TOYKHU T~ OTHOCHUTEJIBHO #, ecJinu
n

- OF (2
det ZAk(xO)%k) 20,
k=1

T. €. €CJIn HallpaBJICHHE HOPpMaJil K TUIIEPIIOBEPXHOCTHU S B ToOuke [EO He

ABJISIETCS XapaKTEePUCTUIECKNM HAIIpaBJIeHHeM. B 9TOM ciyvae IpH ycJIo-
BUM aHAJMTHIHOCTH B OKPECTHOCTH Touku x° 37aeMenToB Martpmt A (),

k= 1,...,n, B(z) u Bekropa f(x) u anamuruanoctu dyukmun F(x) n
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BekTOp-byHKIWK (), cormacHo Teopeme KoBasieBeKoii, MpuMeHeHHOI K cH-
creme (2.55) ¢ HAYAIBHBIMU YCJIOBUSMU

ul =, (2.56)
Yo
B HeKOTOpOﬁ OKPECTHOCTU TOYKN .fL'O CYIIECTBYET U €IUHCTBEHHO aHaJIUTUYIC-
CKoe perenne cucreMsl (2.51) ¢ HadaabHBIMI ycroBusME (2.54).
[Iycrs runeprnioBepxHocTs S TakoBa, ITO Ha, S

det ZAk ( ) = 0.

81’k

D10 O3HAUAET, UTO S SIBJISIETCS] XapaKTepUCTHKOi. B srom ciydae cucremy
(2.55) MOXKHO 3amuCaTh B BUJIE

7 o S U

e det An = 0 ma S. Ha runepnioBepxunoctu S mpaBasi 9acTh ¢ CHCTEMBI
(2.57) oupenesnsiercst o HavaIbHBIM yesoBusM (2.56). TTosTomy, ecim pere-
ure u(z) 3amaan (2.56), (2.57) cymiecTByeT, TO CyIIECTBYeT BEKTOD

%_<% 5u_N>

VJIOBJIETBOPSIONINI B KaXK/I0il Touke S ajredpanvecKoil cucreme

~ Ou

Ana—yn = ¢(y) (2.58)

U, CIeI0BATEILHO, PAHI MATPHUIILL A, = Z Apg(x) dx(m) Ha S I0KeH ObITh

paBeH paHry PacHIMPEHHO MaTPHUILLI, COOTBeTCTByIOH_[eI/I cucreme (2.58) ¢
BekTOp-byHKIMeH ¢(y) B mpasoit wactu. ObpalleHne B HYJIb BCEX MUHOPOB
nopsaka [N pacIiupeHHoil MaTpPHIILI JaeT COOTHOIIEHUsS HAa XapaKTepu-
CTUKEe MEXKJy HaYaJbHBIMU JIAHHBIMU (0 U KOI(MDUIHEHTAMU CUCTEMbI, KO-
TOpPBIE JIOJIZKHBI BBIIIOJIHATHCS B Cilydae, ecan perrenne 3ajadan Kommm (2.51),
(2.54) ¢ mamHBIME Ha XapakTepucTuke S cymectByeT. Takum obpasom, Ha-
JasibHbIe yCaoBus (2.54) Ha XapakTepucTuke S He MOI'YT OBITH 3aJaHbI IPO-
MU3BOJILHO, OHU CBS3aHbI YKA3aHHLIMU BBIIIE COOTHOIICHUSIMU HA XapaKTepPu-
CTUKE.

Mpbl BBIZIEINM JIBA KJIACCA XOPOIIO M3YUEHHBIX CHUCTEM yPaBHEHUN BUJA

(2.51).
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Cucrema (2.51) HasbBIBAaeTCA SJJIMITUYECKONH B TOYKE T, €CJIN IIPH

arobom & € RY, €] #0

det ZAk(fL')‘Sk 7& 0.
r=1

Cucrema (2.51), syumnrudeckasi B KaxKJIOH TOYKe 00JIACTH T, HA3BIBAETCS
SJLIUITUYECKON B obiactu ().
[Tpumepom 3JLIUNITUYIECKON CUCTEMBI siBJisgeTcs cucrema Komu—Pumana

Our _ Ous _

8x1 31'2 ’ (2 59)
Qup | Oua _ '
8.131 81‘2 o

Hns cucremsr (2.59)

1 0 0 -1
Al:(o 1)7 A2:<1 0)’
det {A1€) + Aoy} = det <§1 ‘52>—£%+§§¢0
2 &

upn [§| # 0.
Cucrema (2.51) HasbiBaeTCsi TUNIEPOOJIMYIECKOIT B TOYKE T B HAIIPAB-
JIEHUM OCH I, €CJIH yPaBHEHHE OTHOCHTEJILHO &, BUIA

n
det { > Aplep =0 (2.60)
k=1
umeer N JIeHCTBUTENBHBIX U pasandHbix KopHeil npu [€'| # 0. Ecau ypas-
Herre (2.60) orHOCHTEIBHO &, MMEeT TOJILKO JefCTBUTEIbHbIE KOPHH IIPH
|€’] # 0, 1O uncno ux Menbine, yeM N, To cucrema (2.51) HazbiBaeTcs caabo
TUTIEPOOJITIECKOH.
[Ipumepom runepOOIMIecKOil B HAIIPABJIEHUNU OCU ¢ CHUCTEMBI ABJISETCH
cucreMa

Our _ Ous

at 3301 o

ous ouy (2.61)
ot Oxy

OIIMCHIBAIONIAS OJHOMEPHBIE 3BYKOBBIC BOJHBI U KOJICOAHUS CTPYHBL.
XapakTrepucTuaeckast popMma s 3Toil ciucTembl mveet B 5 — &7, Tlo-
sTOMY KOpHE ypasHerus (2.60) orHocuTesbHO £ st cucreMsl (2.61) nmeror
Bug §o = +[&1| U ABISIOTCA EHCTBUTEIBHBIMU U PA3IMIHBIME TpU |1 |.
Kazk1plit 13 BBIJAEICHHBIX KJIACCOB CUCTEM 00JIaIaeT CBOUME crienudude-
CKUMU cBoOiicTBaMu. V3y4YeHUIO S/UTMITHIECKUX U MUIIEPOOTTICCKUX CUCTEM
HOCBAIIEHA OOMIMPHAA JINTEPATYPA.



I'nasa 3

Ypasuenue Jlamiaca

OnauM u3 HamboJiee BaXKHBIX YPABHEHHUI B MaTeMaTUdecKoil busnke u B
ob1ieit Teopun ypaBHEHU ¢ YaCTHBIME IIPOU3BOIHBIMU SIBJISICTCS yPABHEHUE
Jlamtaca n 52,
— =0
0x? ’
j=1""3J

KOTOpOe KOPOTKO 3armucbiBaercs B Buje Au = 0. Ypasuenne Jlamraca BcTpe-
qaeTcsl B 3ajladax 3JIeKTPOCTATUKH, TEOPUU IOTEeHIHaJ]a, TMAPOINHAMUKY,
TEOPUH TEILIONEPeIadn U MHOTUX JIPYTUX PA3/e/oB (PU3MKH, a TaKyKe B TEO-
pun QyHKINI KOMILICKCHOTO IIEPEMEHHOTO U B PA3JIMIHBIX O0JIACTAX MaTe-
MAaTHIEeCKOTO aHaam3a. YpasHenne Jlammaca siBasieTcst TPOCTEHIITUM TTPe/I-
CTaBUTEJIEM KJIacCa SJUINNTUYICCKUX ypaBHeHuit. B macrosiieil riase 6yyT
M3JI0XKEHBI OCHOBHBIE CBOWCTBa pellieHnit ypasHenust Jlammaca. Muorne nz
9TUX CBOMCTB B TOM HMJIM MHOM BU/ie ClipaBeIJINBbI JIJIf peHleHI/Iﬁ Pa3JINMIHBIX
KJIACCOB JINIITHICCKUX ypaBHennil. Kak m3BecTHO, BCsAKasT aHATHTHIECKAST
dbyuxims npejgcrasuma B Bugie u(z,y) + iv(z,y), tae u(x,y) u v(zx,y) asis-
I0TCS pereHusMu ypasaenns Jlammaca. [Toaromy HekoTOpbIe cBOiiCTBa periie-
Huil ypaBHenus Jlammaca aHa orMIHBI CBORCTBAM aHATUTHICCKUX (DYHKITHIL.
N3zydenuto ypasuenus Jlamiaca mOCBSIEHb MHOTHE MOHOTPAMUUA U CTATHU
(cMm., mampumep, [14], [15]). Xorsa navano nsydenus: ypasuenus Jlammaca or-
Hocurcs K XVIII Beky (II. Jlamnac, 1782 1), uccienoBanne ypasaenus Jla-
IIaca MpoJI0JIZKACTCS M B HAIlE BpeMsI U ¢ ypaBHeHuneM Jlammaca cBs3an psit
UHTEPECHBIX HEPEIICHHBIX MIPOOJIeM.

3.1. Tapmonmueckume dbynkiuu. YpaBaerne Ilyaccona.
®Popwmyurer I'puna

Dynknuro u(x) 6y/ieM Ha3bIBaTh TApMOHMYECKOI (pyHKIueil B obsactu €2,
ecn u(z) mpunaTeskuT Kaaccy C?(§)) m ymoBeTBOpsAeT B Kayk10it TouKe )
ypasuenuto Jlamiaca

Au=0. (3.1)
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Ecsiu we oroBopeno nporusnoe, obsactb () B IVI. 3 IpEIIOIaracTcs orpa-
nudennoit. Iuddepenimaabubiii onepaTop, COOTBETCTBYIONIN JICBOI YacTu
ypasenus (3.1), HassiBator oneparopom Jlamiaca. YpasHeHue BUia

Au = f(x) (3.2)

nasbiBacTcad ypaBHeHueM Ilyaccona. Perennem ypasuenus Ilyaccona B
obmactn Q 6Gymem HaspBaTh byHKImo u(r) w3 Kracca C2(Q) Taxyro, 4To
Au = f B moboit Touke obmactu 2. Takoe pemenne u(xr) HA3BIBAIOT erie
KJIacCU4YeCKUM pernieHueM ypasaenust [lyaccona B obnactu ).

Muorue usndeckne 3a7a9u, B IaCTHOCTU 3aJaTN JEKTPOCTATUKU W
TEOPUU TSITOTEHUS, PUBOIAIT K HEOOXOIMMOCTH pPAaCCMATPUBATH ODOOIIEH-
HBle perrieHusi ypaBaenus [lyaccona (3.2).

OGob61eHHBIM perteHneM ypasreHus (3.2) B obiacru ) Gygem Ha-
3bIBaTH 0600IIeHHY 0 DyHKINIO © 13 npocrpancTsa D' (), koropast yuosie-
TBOpsieT ypaBHeHHu:o (3.2) B cMbicsie 0600IIeHHBIX (DYHKIMIA, T. €.

(Au, ) = (f,0), (3.3)
rae ¢ € D(Q).

Kax mpaBuio, paccMaTpuBaloT pa3JinyHble KJIACChl OOODIEHHBIX perle-
HUH, KOTOPBIE SBISIIOTCS OOBIMHBIMHU (DYHKIIMSIMHU U YIOBICTBOPSIOT HEKO-
TOPBIM JIONIOJTHUTEJIbHBIM YCJIOBHUSIM IVIAJKOCTH WJIHM [TOBEJIEHUs Ha T'DAHUIE
obiactu. OJHIM U3 TAKUX KJIaCCOB 0OOOIIEHHBIX pertennit ypaBaenus [lyac-
coHa SIBJISIIOTCs (DyHKIMU u3 npoctpancTBa Lo(§)) Takume, dro mpu Jro6oit
dyurimn ¢(z) u3 npocrpancrea D(§2) cupaBe/InBO PABEHCTBO

/uAcpd:c = /fgodas7
Q

Q
KoTOpoe OyJieM Ha3bIBaTh WHTErpPaJIbHBIM TOXKJAeCTBOM. JIpyrum Baxk-
HBIM KJIACCOM ODOBIEHHBIX PelleHnil ypaBHeHust (3.2) sBIA0TCs, HAIPUMED,
dyukumn uz npocrpancrea Hy(§2), yI0BI€TBOPSIONITE UHTETPATBLHOMY TOXK-

JIECTBY " 5y 8
o9 .
/ Z Dz, Oz, dx / fedx
Q Q

Jj=1

npu so6oit yakmmn ¢ uz D(Q2). OueBunHo, 1 Takux OyHKIHA u(x) 910
HHTEerpaJibHOe TOXKJIECTBO SKBUBAJIEHTHO PaBeHCTBY (3.3).

O06006111eHHOl TapMOHUYeCKO PYyHKITUEH, nin 0000IIEeHHBIM pele-
HueM ypapHerwus Jlammaca, B obmactu ) OyJeM HasblBaTh TaKyko 0OOOIEeH-
Hyto dyHKIMIO u u3 npocrpanctsa D'(£), KoTopast yJ0BIETBOPSIET ypaBHe-
uuto Jlamnaca B cMbicie 0000IEHHBIX (DYHKIINIA, T. €.

(Au, p) = (u, Ap) =0, ¢ € D(9).
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Kak Oyner nmokazano B § 3.11, Besikasi 00oOIIeHHAs rapMOHIYeCKasi (DyHK-
[UsI sIBJISIETCSI TaK»Ke TapMOHUYECKO# (yHKnwmeir B (). DT0O 03HaAIaeT, 9TO
st ypasHenust Jlamiaca BeegeHune 0600meHHbIX (DyHKIME B obyactu {2 He
pacImpsieT Kjaacca rapMOHHYIECKUX QyHKIH B ().

VeTaHOBUM HEKOTOPBIE HHTETPAJIbHBIE COOTHOIIEHNUSI, KOTOPbIE HOCSAT Ha-
zBanue popmyn I'puna.

[TycTs 2 — orpanmuennas 00/aCTh B €BKJIXIOBOM IpocTpaHcTBe R =
(1,...,@y), rpanua Kotopoit I} npuHajyiekur kiaaccy Bi. Ilycrs u(x)
u v(x) — bynkmym, npuHastexkamme kiaaccy CO2(Q). Ipumenss dbopayry
UHTerpupoBaHus 1o dactsam (cum. § 1.1), moaydaem

0%u ov Ou ou
V—=dr = — | ——dr+ | v=—u;ds. 3.4
8:1032 Oxj Ox; / Ox; J (3-4)
Q Q o0
Biech, kak Beerna, v = (v, ..., Vy) — 6JUHAYHBIA BEKTOD BHEIIHEH HOpMAJIH

K 0f), ds o3Hagaer 3jeMeHT Iommaam ).
Cymmupyst paBeHcTBa (3.4) 1o j ot 1 110 n, nosyyaeM nepByro hopmy-

ay I'puna "5y 5
v Ou U
A = — _ —ds. .
/v udx Z 9z D d:L'—i—/vayds (3.5)
Q Q J=1 a0
TouHo Tak ke MMeeM
" Ou v ov
A = — _— —ds. .
/u vdx /Zﬁxj &Ujdx—i-/uayds (3.6)
Q J=1 0

Beranras u3 paserncrsa (3.5) paBeHcTso (3.6), nosyunM Bropyo dpopMysry

TI'puna
ou ov
/(vAu —uAv)dx = / (v% — u$> ds. (3.7)
Q

o0
Huke Mbl yBUAMM MHOrOYMCIEHHBIE IPUMEHEHUsT 9TUX (DOPMYJI [IPU U3y de-
uun ypasuenus Jlamnaca u ypasuenus [lyaccona.

Bameuyanne 1. @opmyssr 'puna (3.5) u (3.7) cupaBemyuBbI TakKe s
bynxmmit u(z) u v(r) us kracca C2(2)NCHQ). das qokazareabeTsa 3TOTO
YTBEPXKJCHAS HY?KHO [HOCTPOUTH HOCJIEI0BATEILHOCTE obacreit (), Takux,
9TO

Qo C U1 € U =Q, 09, € B,

u B dopmynax I'puna mjs €2, nepeiiTu K npeesy npu m — oo.
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3.2. ®dDynpameHTAJIbHOE peIIeHNE

HOHHTI/IG (byHILaMeHTaﬂbHOFO pemeHuns ABJigdeTCd OJHUM U3 OCHOBHBIX ITOHSI-
THII TEOPUN YPaBHEHUI C YaCTHBIMU TPOW3BOAHBIMU. [[yIs ypaBHEHMIT MaTe-
MaTHYIeCKON (PU3MKU U, B YACTHOCTH, JJisi ypaBHEHHUs Jlamaca oHo mmeer
qeTKUN PU3MIECKII CMBICIT.

ITycTb
n 2
o — a2 = | Y (z; -],
j=1
e 2V = (29, ..., 20) — Touka npocrpancrea R?, paccMarpuBaeMas Kax Tia-
pameTp. PyHKIUA 019
E(x aco):—M upu n > 2 (3.8)
’ (n — 2)wy, ’ ’
B(z,z2%) = 2i In|z —2° mpn n=2, (3.9)
7r

Ijue wy — IJIOMIaJb IIOBEPXHOCTH eJUHUYHOH cdepbl B mpocrpancTBe R,
UrpaerT BaykKHYIO pPOJIb TIpU u3ydeHun ypaBHenus Jlamnaca. ITosoxkum
E(x,2%) = &(Jx — 2|). Jlerko nposeputsb, uto B obnactu R7\ {2} by
E(z,2°) apasercs rapMonmdeckoit dyHKImeit, T. e.

AE =0, R™{z"}. (3.10)

JeiicTBurensro, ecmm dynknus v(z) 3aBucHT TombKo o r = |z — 20| u
y/oBseTBopster ypasrenuio Jlammaca mpu |z — 2°| # 0, To, mozcTaBIAS v B
ypastetue (3.1), mosyaum oObIKHOBeHHOE ddepeHnmaibHoe ypaBHEeHe

Fo (-
dr? r dr

Jlerko nposepurs, uro dyukuus E(r) yuosiaersopsier ypasaeruto (3.11) npu
|z — 20| # 0.

Av = = 0. (3.11)

Onpenenenne 1. Oynxiua V(r,z2%) nasvibaercs byHIaMeHTATbHBIM
perienueMm ypasHenus Jlangaca, eciu V(z,2°) seisercs o606meHHOI
dbyukuueit u3 npocrpancrea D'(RY) u yaoBieTBOpsieT ypaBHEHUIO

AV = §(x — V), (3.12)
rje obobimennas dbyukiusa §(z) — bynknus Jupaka:
(0,¢) = (0), (3(z — %), 0(x)) = p(a°).

Iokazken, uro dbynkimsa E(x, V) asnserca dyHIaMeRTATBHBIM PeIlIeHN-
em ypasuenns Jlamnaca. Tax xkak E(z,2?) — nokanbao cymMmyvupyemas yHK-

g B R?, to E(z,2°) € D'(R?). IIposepuM, 9TO BBHIOIHEHO ypaBHEHHE
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(3.12). IIycrs ¢(x) € D(RY). CormacHo OIpe/e/IeHIIO TPOU3BOIHON 0000-
eHHOH (pyHKIIMI
(AE, ¢) = (E,Ap) .

Hanee, Tak xak E(z,2°) — noxamsro cymmvupyemas dbynkims B R?, To

(B, Ap) = /E(x,xO)Acp(x)dx = lin%) E(z,2%)Ap(z)dz,
E—
R R2\Qz

0
e Q¥ obosHavaeT Iap pajuyca € ¢ HeHTPOM B TOUKE T = V. It BBI-
YUCJICHUS TOCJCTHErO IPeesia BOCIIOIb3yeMcst BTopoit dopmysioit ['puna.
Nnmeem

/E(xx)Acp /AE:U:U (m)daz—i—/( %—cp%)d&

Rr\Q2° Rr\Q2° 520
(3.13)
rje v/ — HampaB/enne BHYTpPEeHHeH HopMan K cdepe pajuyca € ¢ HEHTPOM

0
B Touke 20, KoTopyto Mbl obozHaumn ST . B cuny pasenctsa (3.10)

/ AE(z,2%)¢p(z)dx = 0.

TTokazkeM, 9ITO TIOC/IeIHMIT HHTerpas B paserctie (3.13) crpemures K ¢(20)
npu € — 0. Umeem

dy dy
/E as| < ee) [ | a
50

[7Ie TOCTOAHHA Cy me szaBmcuT OT £, Tak Kak E(x,2°) mocrosmma ma
Sf u pasHa &(g), a mpomsBogHble ¢ orpanmdeHsl B ). OUeBHIHO, UTO
E(e)e™ ! — 0 npu & — 0. Jlerko BuseTH, 9TO

< Cie"HEe)],

/

I OF hs— tim =" [ wa (2°)
im —ds = — lim s=—p(x
e—0 4,06 e—0 wp v v ’
520 Sz
1—n 0
TaK Kak g—f = —gw—n Ha cdepe ST . Ilostomy npenen npu € — 0 JeBoit

qactu pasenctsa (3.13) pasen p(2°). Cresopatenbo,

0 0
(AE, ¢) = (E,Ap) = p(2°) = (6(z — 27),p(2)) .
Dro osnauaer, uro dbyrkmus E(z,r") yrosnersopser ypapnenuio (3.12).
B cayuae n = 3 dynxkmua CE(z,2°), rme C = const, aABIsgercs MOTeHIIH-
AJIOM 3JIEKTPOCTATUIECKOTO TOJIs, CO3JIABAEMOT0 TOUETHBIM 3JIEKTPUIECKIM
3apA0M, ToMernenubiM B Touky V. Kpome toro, CE(x,z°) moxmo pac-
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cMaTpuBaTh Kak (DYHKIMIO, ONPEJIETISIONIYI0 CTAIMOHAPHOE PACIIPE/IEICHUE

TeMIilepaTypbl B Rg Ipu HAJUTIUU TOYCIHOT'O MCTOYHUKa TeIlJla B TOYKE xo

(em. §2.1).

3.3. lIpencraBieHme pelmieHuii ¢ TIOMOIIBIO TTOTEHITAATIOB

[ycrs u(z) € C?(Q). Yepes ng 0003HAUNM, KaK W BBIIIE, Iap pajuyca &

¢ menTpoM B Touke 2V, a uepes ST obozHaumM chepy pajimyca € ¢ HeHTPOM

.0
B Touke z°. IlycTh ng CQu = Q\Q: . [Ipumenum BTOpPyIO DOPMYITY
I'pura (3.7) x obnactn Q. u bynxmmam u(z) n E(z,2°). Umeem

ou OF ou OF
/(EAU —uAFE)dr = / (E% - UE) ds + / (EW 6V’) ds,
%9) 0

Qe Sz
(3.14)

rjae v/ — HanpaBjaenue BHyTpPEHHEH HOpMasId K Sgo. Pasencreo (3.14) copa-
BEJIJINBO IIPHU JIFOOBIX JIOCTATOYHO MaJbIX €. [lepBhIit mHTErpas B IpaBoil da-
ctu paBencTBa (3.14) He 3aBucur or e. [Tokaxkem, aro nmpu € — 0 mHTErpas
no S*° B upasoit wacru pasencrsa (3.14) crpemures x u(xP). Jlerko Bumers,

q9T0

8 < Cie"HE(e)),

/E—ds < |€(g)|wne™ 1max

e nocrosinnast C He 3aBucut ot €, u " 1|E(¢)| — 0 npu € — 0. Tax Kak

5z
o 0B _ 0B _ 1.,
o' ov wn, ’
TO
OFE 1-n
lim [ — [ uS—ds| = lim = uds = u(z?).
e—0 ov' e—0 wy,
50 50

3/1ecb MbI TPUMEHUIN U3BECTHYIO TEOPEMY O CPEJTHEM 3HAYECHUU JIJIsi UHTE-
rpaJja

/ uds = wpe™ u(xf),

0
sz

0
rae x° € S¥ m Bocnosib3oBaMCh HenpepblBHOCTBIO u(x) B ). IlosTomy,
nepexoyisi B paseHcrse (3.14) k npegery npu € — 0, mosyanm

u(z%) = / <ug—f - Egu) ds + /EAudx (3.15)
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Ecim Au =0 B 2, To u3 dopmyssl (3.15) ciemyer, 1aro

u(z0) = / (mw%fo) - E(x,xo)ag(x)> ds. (3.16)

v
o0

®opmyna (3.16) jgaer mpeacTaBiieHWE TapMOHUYECKON (MYHKIMU U3
kacca C2(Q) B moboit Touke z¥ obmactn ) wepes snadenns u(z) na O
u 3HaveHus Ha Jf) ee HOPMAJILHON IPOU3BOIHOM % 13 dopmyssr (3.16)
HOJIyYUM MHOIO BAXKHBIX CJI€JICTBHIA.

Ecim Au = f B Q, 1o u3 dopmyssr (3.15) umeem

u(z’) = z)E(x, x2”)dz uxM— T,T Ou(z) s
() Q/f<>E< i+ [ (u(o B2 ) a

ov v
o0
(3.17)
mtst to6oit Toukn ¥ € Q.
Wurerpan suia
ug(z?) = /ao(az)\az — 222 "dz, n>2, (3.18)

Q

HA3bIBAETCsl OO'bEMHBIM IMOTEHIIMAJIIOM UM HBIOTOHOBBIM ITOTEHIMA-
JIOM ¢ TI0THOCTBIO ag(x) B §). MHTerpan Buma

uy (2°) = /al(x)|x — 202z, n > 2, (3.19)
o0

HA3BIBAETCSI IIOTEHIUAIOM IIPOCTOTO CJIOS C IJIOTHOCTBIO a(x) na OS2, a

MHTErpas BHIa
Ol — 0|12—n
ug(20) = /ag(az)%daz7 n> 2, (3.20)

o0

HA3bIBAETCSI MOTEHIMAIOM JBOMHOTO CJIOS C IIOTHOCTBIO ag(x) Ha Of).
B ciayuae n = 2 aHAJIOMMYHO ONIpEIEeIATCs HbIOTOHOB, Wn Jjorapudmude-
CKUIi, MOTEHINAJI U IOTEHIIUAJIBI TIPOCTOTO WK JBOiHOrO cioes. [Ipu sTom
B maTerpatax (3.18), (3.19), (3.20) myxno bymkmmo |x — 2°>~" samenuTs
dbynxupeit — In |z — 2|

U3 dbopmyisr (3.16) ciemyer, 9TO BCAKYIO MapMOHHYECKYIO (DYHKITHIO 13
kmacca C?(Q) MOXKHO NMpeJCTABUTH B BUJE CyMMBI TIOTEHIIHAJIA TPOCTOTO
CJIOS M MIOTEHIMAJIa JIBOWHOTO ¢j10si Ha Of), JIOTHOCTH KOTOPBIX OIPEIEIsi-
I0TCSI 3HAYEHUAME % u u Ha O0€.

@usnvecknii cmbics norernuanos (3.18)—(3.20) npu n = 3 u n = 2 no-

JpobHo pazbsicuserca B kuurax [10], [12]. Kax Mpr y2ke ormeuasn, B cirydae
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n = 3 HAIPAKEHHOCTD 3JICKTPOCTATHYECKOTO IO, CO34ABAEMOr0 TOYCTHBIM
SJIEKTPUUECKIM 3aPs/IOM ¢, MOMEIIEHHBIM B TOUKY 2, IPH COOTBETCTBYIO-
1eM BBIGOpE eTMHUI H3MepeHns paBHa Tpajuenty dbynxmun glr — 0277,
HA3BIBAEMON IOTEHIMAIOM JAHHOI'O 3JICKTpocTaTndecKoro nojs. OuesnaHo,
I'PaJIMEHT HBIOTOHOBA NoTeHImana (3.18) onpesenser HAIPSIKEHHOCTD JIeK-
TpocTaTmaeckoro o B R\(), cosmaBaeMoro sapsjaMu, TOMETIeHHBIME B
obiactb {2, IJIOTHOCTH KOTOPBIX paBHa ag(x). IloreHnmasn mpocroro ciiost
(3.19) siBiIsIETCS OTEHIMAIIOM 3JIeKTpocTaTndeckoro mojst B RI\0CY, co3ma-
BAEMOI0 3JICKTPUICCKUMHU 3aps/IaMU, MOMEMICHHBIMA Ha Jf) ¢ MOBEPXHOCT-
HOIT TToTHOCTBIO a1 (). ['paauent nmorennuasta asoitroro ciost (3.20) onpeme-
JISIeT HAIIPSIZKEHHOCTD 3JIEKTPOCTATHIECKOTO MOJIsI, CO3AaBAEMOr0 JUIOJISIMHE,
HOMEIIEHHBIMI Ha TOBEPXHOCTH J) ¢ MOBEPXHOCTHOI IJIOTHOCTHIO a2 ().

Jlerxo Bugers, uto dbynxmun u(z%) u ug(x®) seasores rapMonmaeckn-
v byrkimuavu B R\, ecmn a; n as — dbynxmun xiaacca C0(9€2), rax
KaK

0
Aul—/alA\x—xOF”dS—O, Aug = aga—A\x—xOF*”ds:O, n>2,
v
o0 o0

s mo6oit Toukn ¥ € R\ 0. (dudbdepennmposanue Mo 3HAKOM HHTE-
rpasios (3.19), (3.20) o xoopmunartam Toukn 1 mpu 20 € R\ saxonno,
Tak Kak |z — 2|2~ — Geckoneuno mucddepentmpyemast OyHKIUA KOOPIAHAT
touex x u 2V mpu 2° # x.) Takum o6pasom, maTerpams (3.19), (3.20) ompe-
JIeJISIOT JIBa ceMeficTBa YacTHBIX pelieHuil ypasuenus Jlamtaca B obsactu 2.
[L10THOCTH a1 U as — mpousBobhbie by 3 Kiaacca C(99). Touno Tak
2Ke TI0JIyJaeM, ITo HbIoTOHOB noTentmal (3.18) npu ag(z) € C°(Q) sapnsercs
rapMOHNYIECKON (pyHKIIEH B Rg\ﬁ, TaK Kak

Aug = /ao(x)ALac — 2P "de =0
Q

nst mio6oit Touku ¥ € R7\ Q. [uddeperupopanue moj1 3HAKOM HHTerpajia
(3.18) BozMoKHO B cmity Toro, uto mpu ¥’ € R?\Q mpomsBommbIe OTHOCH-
TEJILHO KOOPIMHAT TOUKH " HOIBIHTErPaIbHON (DYHKIMH ABJISIOTCS HEIpe-
PBIBHBIMI DYHKIUAMEA T B 2.

3.4. OcHoBHBIE KpaeBbie 3aJa9M

3secb MBI C(OOPMYJIIPYEM OCHOBHBIE KpaeBble 3aJaud JJisl ypaBHeHus Jla-

miaca u ypasuenus llyaccoma B UX KTaCCHYIECKON TOCTAHOBKE.
[Tpocreiimieit u Hanbosiee M3yUeHHON KpaeBoil 3ajadeil [y ypaBHEHUS

Jlanaca sBnsgercs 3amada upuxie, wim, Kak ee eIlle Ha3bIBaloT, IepBast
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KpaeBas 3ajada. VMerorcss riyboKue U IMOJIHBIE PE3YJIbTATBI, KaCAIONHecs
YCJIOBUIT Pa3permMoCT TON 3aja9u U CBOHCTB ee pemieHuii (cm. 0630p-
HyIO cTaThio [14]). 3amedaresbHbIe Pe3y/IbTAThI, OTHOCSIIUECS K 3a1a4de Ju-
puxye st ypasuenus Jlammaca, mpunasiexkar A. [lyanxkape, H. Bumepy,
M. B. Kenmpiry, M. A. JlaBpeutseny, U. I'. [lerpoBckomy.

Bamaua Aupuxie aaga ypaBHenus Jlamjgaca cocTOUT B CJI€IYIOIIEM:
HaiiTn rapMormdeckyto dbynkmmo u(z) B  u3 kmacca C2(Q) N CO(Q), yo-
BJIETBOPSIOILY IO TPAHUIHOMY YCJIOBUIO

=U 3.21
o, =, (321)

e W —3amannas HempepbiBHasg GyHKIHA Ha O0€).

I pyroit ipocTeiiieit KpaeBoit 3ajia4ueii, HanboIee IACTO BCTPEUAIOIICHCs
B IIPWIOXKEHUSAX, dABJsdeTcs 3ajada Helimana, mim, Kak ee 9acTO HA3BIBAIOT,
BTOpasi KpaeBas 3ajada. 3amada Helimana niis ypaBuenus Jlansaca
COCTOUT B CJIE/IYIOMIEM: HaiiTh TapMOHNYIecKyto GyHKImo u(z) B {2 u3 Kiacca
C?(2) N CL(R), yI0BIETEOPSIONTYIO TPAHITHOMY YCJIOBHIO

ou

— =y 22
ov lon ’ (3.22)

e ¥ — 3ajiaHHast HellpepbiBHAsT (DyHKIST Ha 02, % — IpoU3BOJHAL 110 Ha-
MpaBJIEHUIO BHeMTHeH HopMaan K OS2,

B dusnvueckux npuiiozKeHuAX 1acToO BCTPEIACTCs TAKKe KpaeBas 3aata,
KOTOPYIO Ha3bIBAIOT TPEThell KpaeBoil 3aJavell uin CMENIaHHON Kpae-
BOI1 3amadeit g ypapHenus Jlammaca. DTa 3aada COCTOUT B CJIELYIOIIEM:
HaiiTn rapMoHmIecKyto dbynkimo B ) u3 knacca C2(Q)NCH(Q), ynoserso-
PSIOIIYIO 'PAHUYHOMY YCJIOBHIO BHIA

<@ + au) =7, (3.23)
I a9

rie a — HekoTopas u3BecTHas QyHKIms Ha 02, W — 3a/1aHHas HellpepbIBHAs
dbyukmuma za €.

Bagaua dupuxie, 3anada Hefimana u TpeThbsi Kpaepasi 3ajada CTaBsTCSI
AHAJIOTMYIHO W JIIs ypasHenus llyaccoma.

B nacrosiiiee BpeMst JIst S/UIMINITHYECKAX YPABHEHHI U, B TACTHOCTH, JIJIsI
ypaBuenus Jlamaca u3ydeHbl KPaeBble 3aJIa9i ¢ IPAHUYHBIME yCJIOBUSIMU,
COJIEPZKAIIIIMHE [IPOU3BOIHBIE OT HEM3BECTHON (DYHKINH BBICOKOTO MODSIIKA.
OiHakKo B HaIlleM Kypce MbI OyjIeM pacCMaTpPUBATH JIMIITb OCHOBHBIE KpaeBbIe
3aJIaun COOTBETCTBEHHO C TPAHUIHBIME ycaoBusMu (3.21), (3.22) nmm (3.23).



76 T'maBa 3. Vpasoenwue Jlamiaca

3.5. Teopemsl o cpegneM apudmMeTHIECKOM.
IIpumanun Makcumyma

YcraHOBUM Telepb HEKOTOPbIE BayKHbIE CBOMCTBA TAPMOHUYECKUX (DYHKIUI.
CooTBeTCTBYIOIIIE TEOPEMbI TIOJIyInM Kak cjaeicTsue u3 dopmyn ['puna u
GOPMYIIBI TIPEICTABICHNST TAPMOHIYICCKON (DYHKIIUN C TIOMOIIBIO TTOTCHITUA~
JIOB.

Teopema 14 (o noroxke rerta). Ilyemo u(x) — eapmonuueckan Gynrkuus 6
Q us waacca C*(Q), 00 € BL. Toeda

%ds =0. (3.24)

o0
Jlokazameavemeo. Ilpumenunm  dopmyny puna  (3.5) aist dbyHKIwmin
u(z), v(x) = 1 B obmactu Q. B sTom ciryuae u3 pasencrsa (3.5) BbITe-
KaeT cooTHoIenue (3.24). O

Dra TeopeMa MMeeT CJIeIyIONylo (hU3UYeCKyIo HHTepIpeTanuo. Ecin
u(z) 3a/1aeT CTaIMOHAPHOE PACIIPE/IeJICHIE TeMIIEPATyPbl BHYTPH OJHOPO/I-
HOIl M30TPOITHON CPeJIbl, 3AIIOJIHATONEH obbeM 2, To

ou

[ &y
8us

o0

€ TOYHOCTBIO JI0 MOCTOSHHOT'O MHOYKUTEJIsI, 3aBUCAIIETO OT BbIOODA €/IMHUIL
U3MEpPEHNsI, 3a/1aeT TIOTOK TeIlIa Yepe3 MOBEePXHOCTHL JS) B CTOPOHY HOpMa-
qau v. Teopema 1 yTBep:KJaer, 4TO MOTOK Tellia depe3 I'DAHUILy Teja Mpu
CTAIMOHAPHOM PAacCIpejie/IeHNN TeMIlepaTypbl PABEH HYJIO.

0 0

X €T

IlycTs mocrostHEBIE p1 M p2 TaKoBBL, uTO Q) M Q, comepxarca B ()
u py > p1. Torma, npumensis coorHomenne (3.24) K dyHIaMEHTATBHOMY
IED CL’O

pemenmio E(xz,xo) n obnactu Qp, \Qy,, mOIy M, ITO

0 0
OE(z,xz") OE(z,z")
————ds = ———=ds.
ov ov
0 0
S5 Soa
DT0 03HAYAET, UTO KOJUIECTBO TEILIA, IPOXOIAIIEro uepes Jitobyio cdepy ¢
1eHTpoM B Touke 20 B HAITPABJICHHN BHEIIHEH HOPMAJIH IPH PACIPEIC/ICHIT
temmiepatypsl B Q\{z"}, coorercrrytomem dbynxmun —E(z,2°), mocrosm-
ro. [osromy Touxy z¥ mpu pactpesenenun Temmeparypsl —F(x, 20) mox-
HO PacCcMaTpUBaTh KaK MCTOYHUK TEILIa, BBIIEJISIONNN KOJMIECTBO Tera,

paBHOE
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Teopema 15 (o cpemnem 3uadenun 1o cdepe). Hycmb 2APMOHUMECKAA 6
wape Qﬁo dyrkyua u(x) npunadaescum xkaaccy CO(QR ). Tozda

1

0
A
SR

Jlokazamenvcmeo. Ilycrs p < R. Torma mo dopmyite (3.16), B3sB 3a 061acTh
Q mmap Qg’fo, TOJTy YaeM

w(z?) = / (mm%ﬂ’xo) _ E(x,xo)agf)) ds.  (3.26)

0
x
SE

Tak xak Ha cdepe ngo bynxmusa E(x,z%) = £(p), To B cuty Teopembr 14

0 0
/ E(x,xo)ﬂds = /E(p) d S 0.
ov
Sz° Sz°
[TosTomy, yuauThiBasi, ITO %—f = p;—;n Ha cdepe SZ”O, u3 (3.26) BBIBOMM,

q9T0

1

0

= ds. 3.27

e = (327
Sz°

[Tepexozst K mpejiesty B paBeHcrse (3. 27) npu p — R, B CuIy HENPEPBIBHOCTH

dbyuxmm u(z) B 3aMKHYTOM mape Q. R HosrydaeM paseHcTBo (1.25). O

Teopema 16 (o cpemnem 3Hadenun 1o mapy). [lycmo eapmonuveckan 6

-0
wape Q:’éo dyrxyua w(z) npunadaeocum xaaccy CO(Qg ). Tozda

(@) = — / w(w)dz, (3.28)

», R"
0
Qr

ede », obosznavaem obsem wapa paduyca 1 6 n-meprom npocmpancmee R

Jloxasameavemeo. YMHOKIM paseHcTBO (3.27) Ha w,p™ ! u npounTerpu-

pyeMm ero 1o p ot mHyIs 10 R. Iomxyamm
R

u(xo)/wnpnldp:/R /uds dp. (3.29)
0

0
x
SE
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R R
/wnpn_ldp:%nR", / /uds dp = /u(x)dx,
0 0

0 0
S5 QR

Tak kak

TO U3 paBeHCTBa (3.29) cieyer yTBEp:KICHIE TEOPEMBL. O

Teopema o cpejiHeM 3HAYEHUU II0 IIAPY JIOIYCKAET CJiejlytoliee 00o0IIe-
HIe, KOTOpoe, KaK 1 TeopeMbl 15 u 16, nMeeT BayKHbIEe TPUJIOZKEHUS.

Teopema 17. [Tycmov p(p) — nenpepuenas gynryus na ompeske 0 < p < R
U nycmo

A(R) = / |z — 2°)dz £ 0.
Q%

Tozda, ecau u(x) — 2apmonuueckas 6 wape Qﬁo dynxuus u3 Kaacca
CO(QF), mo
1
) = / w(@)p(|z — 2%))da. (3.30)
QR

1

Jlokasamesvcmeo. YMHOKEM paBeHCTBO (3.27) Ha w,p"”  ¢(p) 1 nponnre-

rpupyeM ero 1o p ot HyJs 10 R. Vmeem

R R
u(e) [ oy o= [ [upto)ds | do= [ utw)ole - )i
0 0 Sgﬂ Q}%D
U3 mocsieinero paBeHcTBa BbITeKaeT coorHomerne (3.30). O

CaenctBue 1. [lycmo obaacms Q. C Q u paccmosanue om 10000 MoOwKY
Q. do 0Q Goavwe e. Tozda cpednue dynryuu ul(x) om 2apmonuueckoti 6 Q
dynryuu u(x) npu h < € 6 obaacmu Qe cosnadatom ¢ gynrkyuet u(x), m. e.
npu mobvir h < £ u ¥ € Q. cnpasedauso pasercmeo

u(2) = uP(2%) = / wy |z — 2°|)u(z)dz.
o
TleitcTBurenbao, BosbMeM B pasenctse (3.30) 3a ¢(|x — 2°|) aapo yepen-
HEHOHA wh(\x—xo\). Corutacuo cBoiicTBaM sijipa ycpeaaenus (cM. § 1.2) nmeem

/ wn(|z — 2°))dz = 1.

20
h
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[ostomy st mo6oit Toukn ¥ € Q. m h < € u3 pasencrsa (3.30) BBITEKaeT,

u(2?) = / wy(|z — 2°))u(z)de = uP(2°).
Q'

9TO

[Tonp3ysich yKa3aHHBIM BBIIIE CJIEICTBHEM, OJIYIUM TEOpPeMy O OecKo-
HedHOI muddepeHnnpyeMocT TapMOHIIECKUX (hyHKITHA.

Teopema 18. [apmonuseckan 6  Pynruus u(x) umeem 6 kazrcdoll mowke
T € Q) nenpepuisHvie NPou3sodHvie A100020 NOPAJKA.

Jlokasameavemeo. Pyukuus u(r) B ). coBnagaer co cpeaneil dbyHkiumeit
ul(z) npum h < €, a u"(x), xak nokazamo B § 1.2, 6eckoneuno muddepenty-
pyvema B §2., a 3HadnT, u B ). O

VTBep:KIeHNe TeopeMbl 18 TakyKe JIETKO CJIeyeT W3 IIPeICTaBJIEHUs
(3.16) rapMoHMYIECKOH (DYHKIIUMH € IOMOIIIBIO TIOTEHIUAJIOB, TaK KAK CTOSIIIE
B npaBoii gactu (3.16) nHTErpasbl MOXKHO J1I060e 9ucio pa3 auddepeHi-

pOBaTH I0J] 3HAKOM HHTerpaJa 1o koopauHatam toukn x°, ecom ¥ € Q.

Teopema 19 (upunnun makcumyma). [lyemo eapmonuveckasn 6 obaacmu
Ppynryua u(x) npunadsesicum xaaccy C°(Q) u nyems M = maxu(z). Ecau
Q

u(@) =M uz’€Q, mou=M 6.

Zloxazameavcmeo. Ilyctb Q%D C Q. Hpeanonoxkum, uro u(z') # M s
HEKOTOpOit Toukn x’ € Qﬁo. DTO 03HAYAET, YTO B OKPECTHOCTH Qﬁ/ TOUKHN T’
Ipu HeKOTOpbiX p > 0 u £ > 0 BbIIOIHeHO HepasencTso u(x) < u(z?) — e.
Torma mo Teopeme 16 nmeem

w(z?) = %;Rn / (@) + / (@) | <

QE\Qz' Qp'
1
< g MO B = 000"+ (M = )0,
u, cjaeaoBaTeJIbHO,
0 ep”

HonyquHoe npoTuBOpedne mnokasbiBaer, uro u(x’)=M B 060l TOUKe

x GQR Hamee, coemnHIM JOMAHON HTPOU3BOJIBHHYIO TO‘{Ky xGQ c TO‘I—

0

KOU 2" W IOKPOEM JIOMAHYIO0 KOHEIHBIM YHCJIOM IIapoB Q7 Ro’ Rl’ L QF RN’

cozepKamnxcsd B ) W TaKUX, 4TO Qf’éN CONIEPKUT TOuKy &, a ¥ € Q¥ Rk v

k=1,...,N. Ilo nokazanuomy Bblme mosydaeM, 910 u(x) =M B KazKI0M u3
9THX MIApOB, a 3Ha4IuT, u(Z)= M. D10 noKa3bIBaeT Teopemy 19. O
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3 Teopemsr 19 BBITEKaeT ciaemyIoliee yTBEPKIEHNE.

Teopema 20. [Tycmov zapmonuveckan 6 Q dynrkyus u(x) npunadaescum
waaccy CO(Q) u nyems m = minu(z). Eeau u(2®) = m u 2° € Q, mo
Q

u=m 6.

Jlist ToKa3aTeIbCTBa 3TOr0 YTBEPXKICHUs Hy?KHO PACCMOTPETD (DYHKITHIO
—u(z) ¥ IPUMEHUTH K Heii Teopemy 19.
N3 Teopem 19 u 20 HemmocpeICTBEHHO BBITEKAET

Teopema 21. lapmonuueckasn 6 Q dynryus u(z) us xaacca CO(Q), omaun-
HAA 0M NOCMOAHHOU, npu aobom x € ) ydosaemeopaem HEPaBEHCMEAM

minu < u(z) < maxu. (3.31)
o0 o0

CaencrBue 2. Pewenue 3adavu upurae oas ypasrenus Jlansaca edum-

CMBEHHO.
Hoxaszameavemso. U3 teopembr 21 BoiTekaer, uro eciim Au = 0 B (),
ueC'Q) mulpg =0, T0u=08Q. O

B maspneiimem Mbr 6yeM HCIIOIB30BATD CJeAyIONIe JeMMbl 4 1 5.

Jdemma 4. Iyems dynxyus u(z) € C*(2) N C%Q) u nyemv Au > 0 6 Q.
Tozda das 060t mouru x € )

< . 3.32
u(z) maxu (3.32)

Ecau u(z) € C?(Q)NC°N) u Au <0 6 Q, mo das w060t mouxu x € S

u(z) = min u. (3.33)
o0
Jlokazameavcmeo. Jlokaxkem cHadasa HepaBeHCTBO (3.32). MoxKHO cunTaTh,
gro u(z) > 0 B (2, TaK Kak B IPOTUBHOM CJIydae MOXKHO IpHOaBUTH K u(x)
JIocTaTovgHo 60sbIIyI0 octosuuyto C' Tak, uro u + C > 0 B 2, a jiug u + C
TaK2Ke€ BBIIIOJTHEHbI YCJIOBUs TE€OPEMBI.
IIycTh
u(z) = v(z)(1 —elzf?),

e € = const u HacTobKo Masio, uro (1 — glz|?) > 0 8 Q. Jna byukuun
v(z) B ) mOIy9IaeM COOTHOIIEHNE BUIA

= ov
Au(z) = (1 —e|z)?)Av — 45;@8—% — 2env = 0. (3.34)
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0

Ecmun v(x) npunnmaer manbosbliiee 3HadeHne B Todke @ € (), TO B 9TOIi

2
TOYKE 9

o .
%%f <0, a_;j =0, j=1,...,n, v >0, u, ciieIOBaATEILHO,

n
0
(1 —elz*)Av — 4e g xj% — 2env < 0,
= 7

9T0 MpoTHBOpednT cooTHomenuo (3.34). [Tosromy s job6oit Touku x € )
<
v(z) < max v
U, 3HAYUT, [IPU JIIOOOM JOCTATOYHO MaJyioM € > ()
u(z) (1 —elzf2) " < max (u(m) (1- gm?)‘l) . (3.35)

Yerpemsisist € K HyJII0 B HepaBeHcTBe (3.35), MOy IrM, 9T0 Jist JII000i TOUKH
x e

u(z) < max u(x).

Ecan Au < 0, o A(—u) > 0 u, c1eg0BaTeIbHO, 110 JIOKA3AHHOMY BbIIIe
_ < _ .
u(z) < max(~u(z)
VYMHOXKAsT 9TO HEPABEHCTBO HA — 1, TTOJIydIaeM
P — = mi
u(x) > ~ max(~u(z)) = minu,

9TO JIOKa3bIBaeT HepaBeHCTBO (3.33). O

0
Jlemma 5. IIycmo eapmonuveckasn 6 QF dynxyua u(x) omauuna om no-

0
. —
cmosmmoti, u € CO(Qr ) u nyemo u( ) npurumaem Haumewaee 3navenue
0
6 mouxe x’ € S% . Ecau 6 mowke ' cywecmeyem npouscodnan I 5, ede 7 —

nanpas.aenue, obpasyrowee ocmpuiti yeoa B ¢ enewneti Hopmaavio x S 3
mouke ', mo
Ju(a)

5 <0 (3.36)

Aoxasamenvcmeo. B obmactu Q) = Q% \QR paccMoTpuM (PYHKITHIO

w(z) = |z — 2" = R*™ upu n > 2,

1 1
w(l’):lnm—lnﬁ npu n = 2.
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Kax 6n110 okazano B § 3.2, Aw = 0 B ). OyuKIwUA
v(z) = u(x) —u(z’) — ew(z),

eciin € = const > () J0CTATOMHO MaJsIo, HEOTpUIIATEIbHA Ha TpaHuie 00/a-
cru . Heiterurensro, v(x) = u(z) — u(z’) > 0 Ha Sﬁo, U, B CUJIy Teope-
mbl 21, u(z) —u(z’) > 0 B Qﬁo, a saaunt, u(r) — u(x’) = a = const > 0 Ha
Sm [Mosromy v(z) > a—ew > 0 na S ', ecrm € pocrarouno mano. Tak Kax

Av =0 B (2, 10, coryiacuo Teopeme 21, ,ZLHH Jioboit Toukn € §)

> mi = 0.
v(x)/rralbnv(x) 0

Takum o6paszom, v(z) = 0 B Q u v(z') = 0. Tosromy a%(il) < 0. D10 03HA-
qaeT, ITO
du(x) Ow(z") 1
<e¢ =—(n—2)R "cospf. 3.37
Tax Kak 10 yCJIOBUIO JieMMbI cos 3 > 0, To mocjie/iHee HEPABEHCTBO JI0-
Kas3bIBAeT YTBEPXKIEHUE JIEMMBI 5. O

3.6. Dynkmusa ['puna.
Pemenne 3anaun Iupuxite ajd mapa

31ech MbI paccMoTpuM GyHKINO ['prHa 11epBoil KpaeBoii 3aJiatu Jijisd ypas-
wenus Jlamnaca. [louarue dpyuxmun ['puna nMeer BaXkHOE 3HAUCHUE B TEO-
PUT KPaeBbIX 3aJaY JJIsl SJINNTHIecKux ypaBuennit. Oyukmua ['puna mveer
9eTKUN PU3NIECKUil CMBIC/I, KOTOPLIN MbI ITOSCHIM HUZKE.

[Tycts u(x) — pemenue mepBoii KpaeBoii 3a1axdu

Au=f 8 Q u‘aﬂ:¢ (3.38)

u myers u(z) € C?(Q), 0 € BY. Torma, cormacho dopmyiie mpeicTaBIeHIsT
(3.17), mveem

/f daz+/< (x)%f())—E(x,xO)ag(ygc))ds.

o0
(3.39)
[ycts mpn so6oit dukcuposannoii Touke 2’ € Q bynkmma g(z,z0) —
rapMonnteckas yHKIHs Toukn x B obmactu  u mycts g(z, 2°) Kak byHK-
s ¢ npuHaaexnT Kiaccy O2(Q). Torma mo dopayne 'puma (3.7) mveem

0_/f dx+/< (@%ﬁo)—g(:ﬁ,x%ag—(f)) ds.  (3.40)

o0




3.6. @yukmus I'pura 83

Ipeamonoxmm, uro dynxnus g(z,2°) mpn mobom 20 € Q ynosaersopser
YCJTOBHIO 0 0
g(z,x”) ‘aQ = —FE(z,x )‘89

Torna, ckimaapBas pasencrsa (3.39) u (3.40), mosyaaem

T .’IIO €T .’IIO
) = [ (Blo.a) + gte.a%) fopto [ (P2 D s
Q

o0

Pymenmo G(z,2°) = E(x,2°) + g(x, 2°)
Oymem HasbiBaTh yHKIUeln I'puHa IepBoOil KpaeBoii 3ajjaduM IJist
ypaBuenus Jlamnaca. Jlerko Bugers, uro dbynxmus 'puna G(z,2°) on-
HOZHAYHO OIPEIEISIeTCsl CIeLyIOIUME CBOCTBAMMU:

1. G(z,2°%) = E(z,2°) + g(x,2°), tne g(z,2°) xax dbynxmms x npuna-
nexxnt Kraccy C?(Q) u Ag = 0 npu mo6om napamerpe z° € €.

2. G(x,2%) = 0 ma 9Q npu mobom mapamerpe ¥ € Q.

N3 yemopwit 1 n 2 cemyet, uto Ag = 08B Q u g = —FE wa 9. D1umu
yenousivu ynknust g(x, V) onpeesseTcss OHOZHAMHO, TaK KAK eCIH Cy-
MIECTBYIOT JiBe (bYHKIMH g1 U g2 ¢ 9TUMHU cBoiicrBamu, 10 A(g; — g2) = 0
B ), g1 — go = 0 Ha 0L, u, cornacuo Teopeme 21, umeem g1 — go = 0 B §2.

Jlerko Buzeth, ato eciu G(x,2") npn dukcuposanmom z¥ €  paccmar-
puBaTh Kak o6obmennyto dbyuxmuio uz D'(Q), To B €, cornacno § 3.2,

AG = AE + Ag = §(z — 2°).

Takum 06paszoM, ecym B ) cymecTByeT permenue u () MepBoil KpaeBoil 3a1adu
(3.38), u(x) € C*(Q), u nast Q cymecrsyer dbynxuus ['puna, To mis mo6oit

¥ eq
u(2°) = / 0G(w,2° x)ds —|—/G z,20) f(x)dz. (3.41)

ov
o0
Teopema 22 (cummerpuss dynkmmm 'puma). [Tyemo ' € Q u 2 € Q.
Tozda
Gz, 2%) = G2, z1).

Jlokasamesvemeo. Tlpumennm dopmyny Ipuna (3.7) B obmactm Q. =
Q\(Qf0 UQ?I), I7ie € HACTOJBKO MAJIO, 9TO ng CQu Q;fl C Q, K pyHKIIAM
u(r) = G(z,2') mv(z) = G(z,2°). Yauremasg, ato Au= 08 Q., Av =08
Q-, u=v =0 Ha 0fF), OJTyIUM

ov ou
/ (ua - va) ds =0, (3.42)

. 0 1
rae v = (v1,...,V,) — HAIPaB/eHHe BHEIIHell HopMasn B Toukax ST u S¥
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[Tonb3ysich pejicTaBIeHIEM
u(z) = B(x,z') + g(z,2"), v(z) = E(z,2°) + g(z,z°)
U yCTPEMJISIst € K HYJIIO B paBeHCTBe (3.42), HOJIyYnM, Kak 1 IpU J0Ka3aTe b
crBe pasencrsa (3.15), aro

4TO W JOKa3bIBaeT Teopemy 22. O

Ouesnano, dynkmma —G(z,2°) 3amaer cranmonapHoe pacrpeeieHie
TeMIepaTypbl BHYTpH () MpH yCJOBUM, 9TO Ha rpanure O0f) TeMmmepaTypa
paBHa HYJIIO, a B TOYKE .fL'O HaXOoAUuTCA TOYEYHBII MCTOYHUK TellJla, BbLIE-
IOl KoTmdecTBo Tera, pasaoe 1. Oyukmmio —G/(z, 2°) MoxkHO TakxKe
HMHTEPIIPETUPOBATH KaK MOTEHIINAJ JIEKTPOCTATHIECKOTO T10JIsT B §), KOTOpOe
MMeeT TOUCUHbIH 3apsl, ITOMEIICHHBIA B TouKy ¥, IpUUeM 3TOT HOTEeHIHAI
paBeH HyJ0 Ha Of2.

Haiitn dyuxkmuio ['puna gy obactu () o3HavaeT HARTH TaKoe pacipe-
JIeJIEHUE JIEKTPUIEeCKUX 3apsijoB BHE (), YTOOBI 3TH 3apsiibl U 3apsijl, [TOMe-
IMEHHLIH B TOUKy ¥, IpuHAIEKAILYIO §), CO3IABAIH SIEKTPOCTATHICCKOE
oJie ¢ TIOTEHITIAIOM, PABHBIM HyJ0 Ha Of).

Dopmyia (3.41) mo3BOISIET TOMLYUUTD SIBHYTO (DOPMYILY JJIsl PEIICHUsT 3a-
naan lupuxie B obstactu () B Tex ciydasix, KOTJIa yAaeTcsd TOCTPOUTD (DyHK-
nuto I'puna. Takum cirygaem, HalIpuMep, sIBjIsieTcs map B npocrparcrse RY.

Urak, mycThb QOR — mrap pagmnyca R ¢ IeHTpoM B Hadasie KoopamHat. Hyzx-
HO 110/106paTh 3apsij B TOUKe ', jexkareil BHe mapa Q%, Tax, 4To6s! 1oTeH-
[UaJI, COOTBETCTBYIONINUN SJIEKTPOCTATUYECKOMY IOJII0 C TOYCTHBIME IJIEK-

TPHUECKUMHU 3apsigaMu B Toukax x’ u x!, paBHsuIcs HyIO Ha cdepe SOR.

OKasbIBaeTCs, 9TO 3a ' Hy:KHO B3aTh TOUKY, CHMMeTPUIHYIO ¥ OTHOCH-
TeJIbHO cepbl S%.
— |0 _
O6osuasmm p = |z°|, p1 = |z
JIEKUT Ha JIyde, BBIXOJAIIEM U3 Havaja KOODJMHAT M IIPOXOJISIIEM depe3

rouxy z°, u pp; = R?. IIpoBepum, uTO JyIst MmApa QOR
Gl,2%) = (v —a") — & (Lle —a'1),

R
rae, kak n emme, E(z,2°) = &(lz — 2°]). Ouesnmno, E(%&|z — z'|) =
p 1

E(&x, Ha') aensercs rapMoHndeckoil (byHKIuel TOUKH & IPH & 7# z!. To-

1|’ r= |z _$0|’ r = ‘x—xl‘. Touka z'

‘I

STOMY HYy?KHO TOJIBKO IIPOBEpUTH, uto Gz, xo)‘aﬂ = 0 upu sobom xqg € .

IIycrs Touka O — navano Koopaunar u x € S%. PaccMorpum Tpeyrodib-
nuku 2°0z u #'Ox, xorga © € S%. Jlerko BUJETH, YTO 9TU TPEYrONLHAKH
nomo6He! (cM. puc. 3.1), Tak Kak omm mMeroT obmwuit yroa z'Oz, a cropo-
HbI, 06pPA3YIOIINE STOT yIoJI, HPOIOPIMOHAILHEI B CITY BEIGOPA TOUKH T 13

ycosusa ppy = R?
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1

U TIO9TOMY

0
Otrciona creayer, aro r = &ry, Korma € S u

Gz, 2°) = E(r) — & (%m) —0
npu x € S%.
Cormacuo dbopmyite (3.41) auist rapmorndeckoii byHkum u(x) U3 Kiacca

—0
C?(Qp) Takoii, uTo U = 1) Ha SOR, npu T € Q% nMeeM

X .TO
u(z?) = / %w(@ds. (3.43)

Sk
Beraucymm %—f upu x € S% u 2% € Q%. Nmeem

OG(z,a")| on Ol — 20| L (P 1\ p Oz —
ov S%—5(|ac—:v|) ov —¢ (E|x_$|>ﬁ ov

Tak xak r = &ry upn 2 € SY, 10 E'(|x — 2°)) = &'(%&]x — x'|) u nosromy
na S%

0 0 1
0G(z,z°) on | Olx —2°|  p Olz — 2|
—— =& (jz —a7)) -5 -
ov ov R Ov
0O O]z —a9|
YeBUJIHO, TPOU3BOJIHAS —— — B TOYKE T PaBHA KOCHHYCY yTiia 3y MexLy
HalpaBJeHneM BHeltHeil HopMain v K S% B Touke x u nanpasienuem z°z,
TaK KaK MPOM3BOjHAsA OT |x — x| B TOuKe X 10 HAIPABJICHNIO, OPTOTOHATb-

0 O|lz—az|

HOMY K X', paBHa Hy/O. TOIHO Tak Ke MOJydaeM, 9TO — 5 — pPaBHa KO-
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cHHyCy yryia 3) MeK/y HallpaBJeHueM BHeIIHell HopMasiu v K S B Touxe x
u HanpasienueM 'z, U3 tpeyronsankos x’Ox u x'Ox maxomuMm, uro

p? = R? +r% — 2Rr cos f,
p? = R* + 1% — 2Rry cos fy.
ITosTomy npu x € S%
8G([L‘,$O) _ gl(r> R? + r? — p2 - p(R2 + T% — p%)
ov 2Rr 2R2r;

2
Tloncrasnss B sty dbopmyity r| = %r, p1 = R?, IOy YUM

8G(5L‘, xO) _ g/(r> (R2 — p2)
8V S% RT '
Jlerko Bugeth, uro £'(r) = ﬁrk”. Iostomy npu x € S%
OG(z,z)| 1 R*—p?
Ov S0 w,R
R

Uraxk, dopmyiy (3.43) MOXKHO 3amucarh B BHJIE

2 9
(@) = — / B =7 (2)ds. (3.44)

wnR rh
0
SR

O6oznaunM yepes vy yroa Mexty Hanpasienusmu Oz u Oz. Torma dbopmy-
iy (3.44) MOXKHO IIPEJICTaBUTDH B BUJIE

R? — p? 1

u(z0) = P / () ds. (3.45)
wn R (R? 4 p?> —2Rpcos~y)2

Sk

Beipazkenue, crosiiee B mpaBoii qactu paBeHcTBa (3.45), Ha3bIBaeTCs MWHTE-

rpasiom Ilyaccona. Mbr nmoyunin mpejcraBienue perrenus 3agadn Jlu-

puxJe

Au=0 8 Q% u w = 0 (3.46)
R

vepes urrerpas Ilyaccona, npesmosarasi, 9To 910 perienne u(x) CymecTByer
—0
u npunagexut kiaccy C2(Qp).
ITokazkeM Tenepb, 1ro dopmyia (3.45) naer pemenne B Q% sanaun lu-
puxuie (3.46) upu sr060ii GyHKIWMK 1), HEIPEPBIBHOl HA S%. J1J1st 9TOTO HY K-
Ho mposeputh, uro dyrkmma u(z?), samannas dopmysoit (3.45), aBngerca
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rapmonnyeckoit B Q%, n u(x®) umeer npenensubie snavenns B Toukax S%,
coBragaoriue ¢ pyHKIuei .

Tax xak B cuty cummerpun dbynxmun ['puna G(x,z%) = G(2°, ) npu
r e 2eQ 204z nama Gz,2°) KaK dbyHKIIUU T 110 onpegeneHI/Ho
AG =0 npu dbuxcuposannom ¥ n x # 20, T0 AG = 0 npn 20 # z,
ecm G(z, 2°) paccmaTpuBaTh Kax (byHKuI/Ho z0 (qepes A0 MBI 0003HAYMTI
oneparop Jlamnaca no nepementbiv 29, ...,20.) Ilpn 20 € Q% unrerpan
B paBeHcTBe (3.43) MOXKHO ;m(bcbepeHquOBaTb 1O/ 3HAKOM WHTEerpaJia Io

koopauHaTam Toukn x'. ITosromy npu 2V € Q% nuMeeM

OA LG (z, 20
Ajou(z?) = / Mzﬂ(m)ds = 0.
ov
Sh
Joxazkem Tenepb, 1ro u(zY) — (&) upu 2° — & € S%. Jna sroro samernm,
gro pererne u(z) = 1 3agaan Jupuxiie (3.46), 04eBHIHO, CYIIECTBYET IIPH
1 = 1. Tak kak dyskiws u(r) = 1 npUHAIEKUT KIaccy CQ(@OR), TO U3
dopmyiter (3.44) umeem

P /R2;p2d5, (i) = 1R/R2_p2¢(;@)d5. (3.47)

wnR r Wn, rn
Sk Sk
[TosTomy
R —p* [ |y(x) —(2)]

0 ~
_ < ds.

u(a®) — (@) < - [

Sk

[oxaxewm, uaro |u(z?) — (2)| < e, ecmn [2° — 2| < § m § — mocrarouano
majio. Tax xax 1) (z) — menpepbiBHas bynxmus Ha S%, 1o [(z) — (2)| <5
ecn |z — &) < §;. Obosnauum 4epes o5, nepecedenne cepbl S% u mapa
|z — | < 61 B RY. Nmeem

SB[ RE@ @, B [ ) )
u(a) ~(2)] < R

wp R
SE\os,
(3.48)
Ecm |20 — 2| < § m § gocrarouno mazo, To v > a = const > 0, xorma
T € S%\O’gl. Tak xax R? — p?> — 0 upu 2° — &, To mepBoe ciaraemoe B
npapoil gactn (3.48) mempme §, ecm § gocrarouno majso. Jlamee, B cumy
[IEPBOTO PABEHCTBA (3.47)

2 9
— /W PN 4y < mma () — Qp(fc)\/(}iip)dsg

981
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Crenosarensro, |u(z?) — ()| < &, ecmm |20 — 2| < § g moboro & > 0.
Urax, Mbl jlokasaiy, uro Gynxius u(x), sagannas dbopmymoit (3.44) B Q%,
pasHa 1) Ha S% 1 naer pemenue zajgaun Jupuxie (3.46).

Kak crencrsue uz dopmyssl [lyaccona (3.44) mosy M cireayontyio Teo-
peMy:

Teopema 23 (HepaseHCcTBO XapHaka). Hycomb eapmonuneckan 6 wape Q%
Pyrryua u(z) npunadaescum xaaccy CO(Qp) u u(xr) =0 6 Q%. Tozda das

110607 mouxu ¥ € Q% CNPaABedAUBDE HEPABEHCTNEA:
R"2(R — p)
(R+p)nt

n—2
w0) < ua”) < o), (a9

2de u(0) — snavenue u(z) 6 yenmpe wapa Q%, p = |2°].
Jokasamesvcmeo. B cuiy eamHCTBEeHHOCTH perteHnst 3afadu Jlupuxire
dbyurIws u(r) M0 JOKA3AHHOMY BBIIIE IPEJICTABISETCS B BUJE HHTErpaja
ITyaccona (3.44):
1 RQ _ ,02
0 0 0
u(z”) = ds, z° € QF.
() wpR / rn wds, @n
Sk

U3 rpeyromsanka xOx° (puc. 3.1) momydaem, aTo
R - P <r < R+ £
U, CJIeJIOBATEIILHO,

2 _ 2 2 _ 2 2 _ 2
R —p gR p <R [
(R+p)" rr (R—p)"

[Tosromy mpm u > 0

1 (R-p) 1 (R+p)
SRR T | 1 <) < futs

Sk Sk

[Ipumensiz Teopemy 15 u3 § 3.5 o cpemrem 3HadeHun 1o cdepe, MOIYyIUM
HepaseHcTBa (3.49). O
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3.7.  EjuHCTBEHHOCTH W HENpepbIBHAS 3aBUCUMOCTD peIIeHuit
KPaeBbIX 33/1a9 OT TPAHUYHBIX yCJIOBUIA

B srom maparpade Mbr 6yjieM paccMaTpuBaTh KJIACCUIECKUE PEIIEHUS OCHOB-
HBIX KPAaeBbIX 3384, KOTOpbie ObLin chopMmysinpoBanb! B § 3.4. MbI mostyanm
OIIEHKM PEIIEHNI KPaeBbIX 3a/lad, U3 KOTOPBIX CJIE/lyeT €IUHCTBEHHOCTb pe-
IIEHUS U HEIPEPbIBHAS 3aBUCUMOCTD DEIIeHUs OT TPAHUIHON (DYHKIINN.

Hemnocpeacrenno u3 npuHIUa MaKCUMyMa BBITEKAET CJCAYIOIIas TEO-
peMa 0 eJMHCTBEHHOCTH U HEIPEPBIBHON 3aBUCUMOCTH OT I'DAHUYHON DYHK-
nuu perrenus 3agadu upuxie g ypasaenud Jlamaca.

Teopema 24. [Tycmo u(x) — eapmonuneckan dyrryua 6 Q us xaacca CO(€2)
U NYCmsv U . 1. Toeda dan 210600 mouru x € €

jufe)] < max . (3.50)

Jlokasameavemeo. Tak kak u(x) — rapmonnyeckast GyHKIws B §) U3 Kiacca
C%(€Q), To, cormacno Teopeme 21 u3 § 3.5, aa mo6oit Toukn T € )

miny < u(x) < maxa.
agw\ () < agw

U3 9TuX HEpaBeHCTB, OUEBHUJIHO, ceayer oreHka (3.50). O

Ecrm uq(x) u ug(x) — rapmonnueckue dbynxium B § u3 kmacca CO(Q)
u uj b 1, U b w9, TO, IpUMEHSS TeopeMmy 24 1y UX Pa3HOCTU

U = U] — Ug, TOJYIUM, 9TO B §)
u1(z) — uz(2)] < max|iy — ¢ol.

3 5T0r0 HepaBeHCTBA CJIE/lyeT €IMHCTBEHHOCTb pelleHus 3ajaadn Jlupux-
JIe: ecan Y1 = g, TO U] = U, U HENPEPBhIBHAS 3aBUCUMOCTDH PeIeHUsT OT
rpannaHON DyHKIMH 1: ecan |YP — o] < € mHa 0, To |uy(z) — ua(z)| < €
B €.

Cresyromiasi TeopeMa yCTAHABIMBACT HENPEPHIBHYIO 3aBUCUMOCTD Dellie-
Hust ypasaenust [lyaccona Au = f or ero npasoii qactu f(x) u 3HaueHnii u

Ha Of).

Teopema 25. ITycmov u(x) — pewenue ypasuenus Au = f 6 Q, npunadae-
orcawiee waaccy C?(2) N CO(Q). Tozda daa moboti mowwku x €

minu — My sup |f| < u(x) < maxu + My sup|f], (3.51)
o0 Q o Q

2de M1 — nocmosannan, 3a8UCAULAA MOALKO om obaacmuy ).



90 Inasa 3. Ypasuenne Jlamiaca

Jlokazamenavemeo. Ilycers | = supq |x|, M = supq |f|. Paccmorpum dysk-
o v(r) = % — % Ouesugno, Av = —1 n v > 0 B Q. Paccmorpum
nasee dyuknun vi(x) = u(x) — Mo(z) n ve(x) = u(z) + Mv(z). Tak Kak
Avi = Au— MAv = f+ M > 0 B §, To, corniacao jemme 4 u3 § 3.5, st

J10001 Touku = €

v(z) < max vy (x), u(r) — Muv(z) < r%%X(u — Mw).

B cuny Toro uro Mwv > 0 B {2, orciofa moJiydaeM, 4To

l2
< Muo(z) < - .
u(z) maxu + Muv(z) maxu + 57y sgp |f]

Touno Tax ke nmeem Ave = Au+ MAv = f— M <08 Q u mo semme 4
u3 § 3.5

2
vo(x) = rglsi)nvg, u(z) > rg})nu — Muv(z) > rglsi)nu ~ 5 sgp If]

qts Jiioboit Toukn x € ). Takum obpaszom, 3a mocrosinuyio M| B HepaBeH-
2

l
crBax (3.51) MOXKHO B3ATE - O

U3 coorHomennit (3.51) HEmocpeICcTBEHHO CJEIyeT, 9To st (DyHKIUHI
u(x), yIOBIETBOPSIONIEH YCIOBUSIM TEOPEMBI 25, CIPABEeJINBO HEPABEHCTBO

l2
[u(@)| < max ful + 5 Sup |f1, (3.52)

n3 KOTOPOI'O BbBITEKaeT €JIMHCTBEHHOCTL DPEHICHHu:A 3a/a'In ﬂHpI/IXHe JJIA
ypaBHenus Ilyaccona m ero HenmpepbIiBHAsT 3aBUCUMOCTD OT (hyHKIIH f 1 1.

Ouerku Bua (3.50), (3.51), (3.52) yacro HA3BIBAIOT AIIPHOPHBIMU OIIEH-
KaMU PeIeHnst TepBoil KPaeBoil 3a/1adi, Tak KaK OHU TOJYYEHbI B TPE/IIo-
JIOYKEHUU, 9ITO PEIeHne 3a1a91 CyIIECTBYET.

Teopema 26. ITycmov u(z) € C*(Q), Au=f 6Q u u’ag = 0. Toz0a

n 9 2
/ Z<a_;:]> o2 <M2/f2(g;)da;, (3.53)
o \U=l 0

2de nocmosannan Mo sasucum moavko om obaacmu 2.
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Jloxazamenvcmeo. YumuoxuM ypasHenne Au = f Ha uw U TPOUHTErPUPYEM
ero 1o obsactu €. Ioryanm

/uAudx = /fudx.
Q

Q

IIpeobpaszyem mosrydeHHOE PABEHCTBO MHTEIPUPOBAHUEM II0 TaCTSIM:

? " ou
/Z <(9xj> dx —8éj;ua—xjvjds = —!fudx. (3.54)

Tax xax u’ = 0, To s u(x) cupasemuBo HepaseHcTBO Ppuapuxca,

/ uwldr < C’/Z <8%) (3.55)

rje nocrosiuHas C' 3aBuUcHT TOJBKO oT objiactu (). [asee, npumensisi Hepa-
BercrBo Konmm—By#nsikoBekoro K mpapoii yactu paseHcTBa (3.54) u mosb3y-

nokasanHoe B § 1.1,

sch HepaBeHCTBOM Dpuapnxca, MOy IIM

g[;(g—i)zdm (Q/f%wc)é (/d) <
<\/5</fd> </Z<a) )

n

/ 2 <8x3>2dx <¢ Q/ [ d. (3.56)

U3 sroro HepaseHncTBa n HepaBeHcTBa Opujpuxca (3.55) ciemyer, aro

/qux < CQ/dex. (3.57)
Q

Q

Orciona BeITEKAET, ITO

CkuapiBast HepasencTsa (3.56) u (3.57), mosyauM orenky (3.53), mpn sToM
M, = C + C?, tne C — nocrosiHHasi, BXOJMAIAasi B HepaBeHCTBO Dpuj-
puxca. ]
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Omenka (3.53) xapakTepusyeT U3MeHeHne perenns 3a1aan upuxite ms
ypasaenust [Tyaccona B Hopme H1(€2) npu usmenenun ero npasoii vactu f(x)
B HOpMe Lo().

PaccvoTpum Terepb BTOpYIO KpaeByio 3ajady, uin 3ajady Hefimana.

Teopema 27. ITycmo obaacms 2 maxosa, wmo das kaorcdot mowku x* € O
cywecmeyem wap Qs paduyca &, 2panuya KOmopozo cooepircum movwKy T, a
6ce mouky, amoezo wapa sexcam 6 S2. Tozda pasnocms deyx peuerut 6mopoti
kpaesots sadavu (3.1), (3.22) pasna nocmoanmnod.

Joxasamesvemeo. Ilycrb up(z) u ug(x) —rapmonndeckue dyHkimu B )
u3 knacca C1(Q), ymosrersopsiomue rpanmanoMy yeaosmio (3.22). Torma
u(r) = uy(z) —uz (z) npuragexut xknaccy CH(Q), Au=08Qn % . 0.

ITycrs !

touka OS2, rae u(z) npuHEMaeT HanMeHbllee 3HadeHne. Ecim u(z)
He paBHA MOCTOSIHHOM, TO K mapy (s pamuyca 0, nexamemy B ) u comep-
JKaleMy Ha CBoefl rpaHuie TOuKy xl, mpmvenmma memva 5 m3 § 3.5. Co-
I[JIACHO 9TOH JieMMe aufgfl) < 0. TosryuenHoe IPOTUBOPEUHE TTOKA3BIBAELT, UTO

u = const, 9T0 U TPEOOBAJIOCH JIOKA3ATh. U

Taxum obpaszom, perieHne BTOpOil KpaeBoil 3amadn i ypaBHeHus Jla-
Iraca OMpPEIessIeTCs ¢ TOYHOCTBIO /IO TTOCTOSTHHOTO CJIAraeMOoro.

JlokarkeM Temepb TeOpeMy O HENPEPBIBHON 3aBUCHMOCTH PEIIeHUsT 3a-
naan Heiimama ot rpanumgHoil dyHKimu 1. CHavdaa JTOKaXKeM allpUOPHYIO
OIIEHKY JIJIsI pelrrennsa 3aja4dn Heitmana.

Teopema 28. Ilycmv obaacms ) ydosaemeopsem Yciro8usam, chHOPMYAu-

posarnvim 6 meopeme 27. Iyemo u(x) — eapmonuneckasn 6 0 Pynryus us

waacca CH(Q) u % oo Y. Tozda cywecmsyem nocmoanwas C1 u maxas

nocmosmnnas My, dasucswas moavko om obaacmu £, wmo das A1060U Mmoy-
xu x € )
u(z) — Chf < My max 4], (3.58)

Jloxasamesvemeo. Ilycrs maxgq [0 # 0. Ecam ¢ = 0, 1o no Teopeme 27
u = const B 2 u HepasencTBo (3.58) oueBnHo. Pacemorpum dyHKIIO

oy — @)

maxyq ||

Ouesmnno, Av =08 Q, v € C2(Q)NCLQ), |2 < 1 na 0. s mokaza-
) ) » 1 ov
TeJILCTBA TEOPEMbBI 28 HaM HOCTATOYHO IOKA3aTh, YTO HAMKIETCs IOCTOSTHHAS
Cy rakas, uro |[v — Co| < My, u nocrosiHHasg My 3aBUCHT TOJBKO OT ).
Bosbmem C9 = mingv n nonoxuMm w = v — Cy. OueBugno, uro w = 0 u
2 Q 2 3
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Puc. 3.2

Aw =08, \g—iﬂ < 1 ma 02, OuenuMm Teneps w. Ilycrs Py — Touka 0f), rae
w UpUHUMAaeT HauMeHbIee 3HadeHne. OuesuHo, w(Fy) = 0 (cM. puc. 3.2).

ITokazkem, uTo B obmacTu {2 HaiigeTca Touka Py, OTCTOMIIAS OT IPAHUIBL
Gosbie ueM Ha a, u Takasd, 4o w(P;) < 0Ms, riue nocrosinnast Ma 3aBucur
TOJIKO OT Pa3sMEPHOCTH M pocTpaHcTBa RY, a mocrosiaaast a > 0 3aBUCAT
ToJibko OT J. Ilo ycaoBuro Teopembl st Touku Py cyiectByer tmmap Q5 ¢
1eHTpoM B Touke O, jexkamuii B §, rpaHnia KOTOPOro COIEP:KUT TOUKY Fp.

Paccemorpum map ) 5 pajuyca g, enTp Kotoporo ¥ HaXOIUTCs B CepeuHe
oTpeska, coequHsiomnero Touku O u Py. Obo3HavunM depes3 ¢ repeceveHne
mapa ()5 € IIOCKOCTBIO, TEPIIeHINKYJISIPHON OTPE3KY :UOPO U TIPOXOJISIIEt
Jepe3 eré cepeauny. B obiactu (21, OrpaHIYEHHON ¢ U TOI YACTHIO TDAHUIIEI
mapa () 5, KOTOpasl CONEPAKHUT TOUKY Py, pacemorpuM DYHKITUIO

2 5 n—1 012—n 5 2—n
V(az)—n_2<§> |z — x°| —<§) upu  n > 2,

V(x)—5<—1n|x—:c0|+lng> upu  n = 2.

Kaxk 6b110 nokazano B § 3.2, AV =08 Q u V € C*Qy). Tak xak w > 0
BN,V =0mna0\7v tow-—V >0 mna 00 \ 7. YTBepKIaeTCS, ITO
Ha g Haiijercss Touka P takas, aro w(Py) — V(P1) < 0. HeiicrBuresnsHo,
ec/IM BO BCEX TOYKAX ¢ BBINOJHEHO HepaBeHCTBO w — V' > 0, To, coryiacHo
HPUHIAILY MaKCUMyMa Jjisi FapMOHnYeckux GyHKuuii (Teopema 8 us § 3.5),
w—V > 08 Q. Tak kak w(P) = 0, V(F) = 0, T0 U3 HepaBeHCTBa

w—V >0 B €y caemyer, 910 w < 0 B Touke Fy. OTcioa BBITEKAET,

dw (P AV (P,
0 U{(VO) < 8(1/0) =

3 —2, a 970 IPOTUBOPEYUT YCJIOBUIO, ITO \g—qﬂ < 1 na

qr
oq.

Urak, na g maiimerca Touka P; Takas, 9TO

w(P) <V(P1) <supV = 6Ms, (3.59)
9
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e Mo = 2 =L npun >2wu My = In2 upu n = 2. 3a HOCTOSHHYIO a

MOZKHO BSHTbnp;CCTOHHI/Ie oT g 710 rpanunsl mapa Q5. OueBugHO, @ 3aBUCHT
TOJIBKO OT 0.

O6osnaunm uepes M nanbosbinee suavenne w B ) u myerb w(P)) = M.
Oyukuust M — w(z) > 08 Q, M —w =0 B Touxe P}, A(M —w) =08,
|W\ < 1 nma 99. Tosromy Tak ke, Kak ¥ jiyisi (PYHKIUH W, JTOKAZKEM,
qro Haitzercst Touka Pj, npunajgiexkamas € u orcrosimast ot J€) Gosblie

4yeM Ha a, JJjd KOTOPO#
M — w(Pl') < OMs.

Orcrona cireyer, 9To

M — §Msy < w(Py). (3.60)
ObozHaunM 1vepes (). MHOXKECTBO TOUeK {2, orcTosimux oT 0§) OOJIbIIe YeM
Ha ¢. Jlerko Bumern, uTo 115 Jroboro a > 0 mHaiimercs takoe €y > 0, UTO JIIO-
Oble JBe TOUKHU u3 (), MOXKHO COEJMHUTDH JIOMAHON, Jjlexkamieil B {).,, a = €q.
Ilokpoem MHOKecTBO (), mapamu Q; (j = 1,..., N) paauyca a — g ¢ 1eH-
Tpamu B Toukax (,. Ouesnmno, sce Q; (j = 1,..., N) npunauiexar g .
CornacHo BBIOOPY €( BCE IEHTPHI ITUX IIAPOB MOXKHO COEIUHUTE JIOMAHON L,
nexameit B Q. [Iyers K — qyiuna s7oit tomanoit. Torma touku Py u P| u3
), MOXKHO COEINHUTL JOMAHOM, JIeXKaleil B QED, JUIMHA KOTOPOHN He IIpe-
socxomuT K + 2(a — gp), Tak Kak Touky Pj, a Takxke P| MOXXHO COeJIMHUTDH
C TIEHTPOM cojiepzKalero ee Imapa @, u3 cucremsl Q; (5 = 1,...,N), a
BHAYUT, U C JIOMAHOW L, OTPE3KOM, JJINHA KOTOPOT'O HE IPEBOCXOIUT 4 — £(
(cm. puc. 3.3).

Puc. 3.3

[Tokpoem Jomanyto L', coeauusiomiyro Touku P, u P, mapamn
1,Q5, ..., Qy/, PATIYCHI KOTOPBIX PABHBI 5, a IEHTPBI HaXoxATCs Ha L.
Ilpu sTom menrpom mapa @) BosbMeM TOuKy P, a menTpoM Q) mpm
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1 < j < N’ BosbmeM TOUKY Iepeceuennsl 'PaHuIb! Iapa (Qf_; ¢ JIOMaHOI
L', 6mmkaiimyto K nenTpy Pj_1 mapa Q)_;, ecim JIBHTaThCA BIOTL JOMa-
woit L' or Pj_y no P]. Ilpennonaraercst, aro @'y, comepxut touxy Pj. Jlerko
BuJeTh, uTo N/ < %Z(K +2(a —ep)) + 1.

CorsacHo HepaBeHCTBY XapHaka, JokazaHHOMY B § 3.6, dyHkius w(x),
rapMOHHYECKAs B IIApPe PaJHyca £o, B JI000H ToUKe T mapa pammyca 4 ¢
TeM rKe HeHTPOM P JI0IyCKaeT OIEHKY

w(z) < Kjw(P), (3.61)
rae K 3aBUCHT TOJIBKO OT pa3MmepHocTH n npocrpancrsa RY. IIpumensaa
1ocJIe10BaTesIbHO omeHKy (3.61) k mapam Q, @5, ..., Q'y,, moaydum, 4To

w(P]) < KN w(Py). (3.62)

YuaureiBast nosydennsle Hepasencrsa (3.59) u (3.60), u3 ounenkn (3.62) BbI-
BOJHM, 9TO
M — My < KN w(P),

U, CJIEJIOBATE/IBHO,
!
maxw = M < SMy(1+ KiV).
Q
/
Kax moxazano sermre, nocrogunas My = 6Ms(1 + K{¥') zaBucur Tombko ot
obstactu €). Teopema mokaszana. O

JlokarkeMm Terepb CIMHCTBEHHOCTDb PEIeHUs TPETheil KpaeBoil 3aatdiu
(3.1), (3.23) u ero HENPEPHIBHYIO 3aBUCUMOCTH OT TPAHUYIHOM DYHKIUN.

Teopema 29. [Tycmwv u(x) — 2apmonuneckan dynxyua 6 ), 00 € Al
u(z) € C1(Q) u (% + au)‘aﬂ =1, ede a = ag = const > 0. Toeda 6 )

1
|u(z)| < — max|y|. (3.63)
ag 00
Joxasamesvcmeo. Pacemorpum Touky P ua 0S2, rae |u(x)| npunnvaer nan-
6osbiee 3Havenue. B Touke P dbyukiums u(x) mmbo npuHIMaeT Hanbosbiiee
HOJIOXKUTEIbHOE 3HAYeHne, 00 HaNMeHbIee OTPUIATEILHOE 3HAUEHIE, €C-
du
T U # 0.1B nepsoM ciydae go > 0 B Touke P u nosromy a(P)u(P) < ¢(P),
u(P) < 5-maxpq [¢)|. B ciyqae, korna u(P) paBHO HanMeHbIIeMy OTpHUIa-
TEJILHOMY 3HAUEHUIO,

ou Pp(P) 1

- < > < — < — .

So(P) <0, a(Pyu(P) > 0(P). (P < =S5 < - max]u)
Hepagencrso (3.63) moxasamo. O

Ouesnyno, npu ¥ = 0 u3 HepaseHcrsa (3.63) mosmyuaem u = 0, 4ro
JIOKA3LIBAET €IMHCTBeHHOCTh pellleHus] TpeTheil KpaeBoil 3a a4,
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3.8. AnpuopHbIe OIEHKN IMPOU3BOJHBIX.
AHaIIMTUIHOCTD

Beckoneunast muddepenimpyemMocts rapMorndeckoil B {2 dyuknnu u(x) 6bi-
Jjia nokasaHa B § 3.5. OKa3bIlBaeTcs, 9T0 rapMOHIIECKYIO B () DYHKIIUIO MOXK-

0 ¢ Q npeicTaBUTb B BHJIE CTEIIEHHOIO

pAsia TIO CTETeHAM T] — T9,...,T, — 20, T. e. u(x) ABIAETCA AHATITHYIC-
CKOIl (pyHKIIMEN TIepEeMEeHHBIX T, ..., T, B 2. DTO 3aMevuaTeIbHOE CBOHCTBO
rapMOHMYECKUX (DYHKIINAN CIPABEJINBO JIJIsi BCETO KJIACCA JIUITHIECKUX
YPaBHEHUIT ¢ aHAJIUTUIECKUME KoM PUITHEHTaMU. DTO YTBEPXKJIEHNE OBLIO

JIOKA3aHO I PA3/IMIHBIX KJIACCOB JUIMIITUIECKUX yPABHEHUU B paboTax

HO B OKPECTHOCTHU JIFOOOW TOUKH X

C. H. Beprmreitna, I'. Jlepu, U. I'. [lerpoBckoro u siBUIOCH OTBETOM Ha BO-
poc, rnocrapiaeHubiit . 'masbeprom B ero XIX-it mpobaeme. /. I'masbepr,
dopMysupyst JIEeBATHAINATYIO IpobseMy, nucat: «OmauM n3 Hanbojee 3a-
MEYATETBHBIX OOCTOATENIHCTB B OCHOBAX TEOPUU AHAJUTUICCKUX (DYHKITAH
s CIUTAIO TO, YTO CYMIECTBYIOT nuddepeHIaabHble YPaBHEHNUsT ¢ YACTHBI-
MH IIPOU3BOJHBIMM, BCE HHTEI'DaJIbl KOTOPBIX HeO6XO,Z[I/II\/IO ABJIAOTCA aHa-
JUTHICCKUMU (DYHKITUSMHA CBOMX HE3aBUCHMBIX MEPEMEHHBIX: KOPOUIE TOBO-
psi, 9TH ypaBHEHHUsI JIOIYCKAIOT TOJILKO aHAIUTUYECKHe perneHus» (cm. [17,
c. 53|).

3iech MBI TIOKaxKeM, 4To psj Teitopa orHOcHTEeabHO TOuKH 2V € §)
rapmormndeckoit B 2 dyskimn u(x) cxomurcs K u(r) B HEKOTOPOil OKpecT-
HOCTHU TOYKU [EO. CHaanIa IIOJIYYIUM OIEHKU ITPOU3BOIHBIX Fapl\lOHquCKOﬁ

dyHKIUN.

Teopema 30 (ampuopHasi OleHKa POU3BOJAHBIX). [Iycmv u(x) — eapmoriu-
wecxas Pynxuua 6 Q us xaacca CO(Q). Iycmo obaacmv Qy C Q u d pasho
paccmoanuro meancdy 1 u 0, npuvem d # 0. Tozda 6 mouxar x € Q1 npu

o =k

k
nk
Deu(r)| < (22 , 3.64
pru) < () maxlul (3.64)
ede a = (a1,...,0ap), Dy = a%j, DY = Dgl...Dgn, |a| = oy + ... + ap,

k — aoboe UENOE NOAOAHCUIMENDHOE HUCAO.

Jlokazameavcmeo. B § 3.5 nokazano, uro u(x) — 6eckoneuno auddepenim-
pyemasi pyakmus B ) Tak kak AD = D*Au = 0, To D% upu Jj1060M
o ABJIIETCT TapMoHIYecKoi dyuknmeit B (). /lokaykeMm cHadasga, 9TO €C/In
Q% C Q, 1o

D, u(x?)] < " max lul, 7=1,...,n. (3.65)
J R ézo
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JelicTBUTETbHO, TaK KaK iju TaK ke SIBJIIETCA TapMOHUYIECKON (hyHKIIMei
0
0 . AT
B Q% , HenpepbIBHOI B () , TO 110 TeopeMe O cpejHeM 110 mapy (cm. § 3.5)

1
/ Dy, u(z)dz,

2, R"
0
QR

iju(ﬂfo) =

e s, R" paBHO 00beMy Iapa Qf;. ITo dopmyse I'aycca—OcTporpaackoro
[IOJIy YaeM

1
0
Dyu(x”) = uv;ds
J ( ) %an 7
5z’
rae v = (Vi,...,Vy) — €IUHAYHBIA BeKTOp BHemHeil Hopman K S, . 13 1o-

JIYYE€HHBIX PaBEHCTB BBITEKacCT, 9ITO

TaK KaK

g nokazaresbcTBa TeopeMbl 30 TOCTPOUM TOCIE0BATEIHHOCTD 00J1a-
creit Qp,..., 0,41, Takyo, uTo Qpy1 = Q, Q; C 211, paccrognue MeKiy
Q; m 0Qj41 paBHO %, j=1,... k. s moboit Toukn x°, npunaeskaieit

6 Q; = Q;
obmacru €1, map Q)% comepxkutrca B {111 U HO3TOMY, COIVIACHO HEPABEHCTBY

k
(3.65), i
n /
max [D%u| < — max [D% ul,
j j+1
. . . !

e ol = k—j+1, || =k—j,j=1,...,k, u D*u = %Dau upu
nekotopoM [, 1 < I < n. PaccmarpuBas mociie/oBaTesibHO 9TH HEPABEHCTBA

npu j = 1,...,k u ucnonws3yst (j — 1)-e HepaBEHCTBO JJIs OIEHKU IIPABOIt
YaCTH j-TO HEPABEHCTBA, MOJIYUINM TIpH || = k

k k
max |D%| < (n_) max |ul,
Q2 d ) Qi

9TO U TPpeOOBaIOCh JTOKA3ATh. ]
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Teopema 31 (uHTerpajbHasi AlPUOPHAs ONEHKA MPOU3BOJHBIX). [Tycmv
u(x) € C2()NLAN), Au= f 69, f € L2(Q). ITyemv obaracmy 1 maxosa,
ymo 1 C 2. Tozda

n 2
/Z <§—“> dz < C/u2dx+ /dea;, (3.66)
- Zj
O, J=1 ! Q Q

2de nocmosannas C' 3asucum suws om obaacmeti Q0 u €.

Jlokasamenvemeo. Tlocrponm dyrknuo ¢(x) takyto, uro ¢(z) = 1 B 4,
1>2¢9>08QupeCP) (em. §1.2). YMuOoKuM ypasrenne Au = f Ha
u u npouHTerpupyem ero o obsacru 2. [Tomyamm

/cpuAudx = /cpufdx.

Q Q

IIpeobpaszyem JieByIo 9acTb 9TOIO0 PaBEHCTBA MHTEIPUPOBAHUEM II0 TACTIM.
Tak kak ¢ = 0 ma 0€), TO

/Z(a%) dx—/ Zgig;!wufdx

[Tpumensist syteMeHTapHOE HEpaBEHCTBO b < %aQ + 2%172, e > 0, u Hepa-

0\ 2
BEHCTBO (g—;fj) < Che (em. (1.10)), momymm

/ i % 2dar:<
(P‘ 81']' =
7=1
n 2 2
1 1 1
/Z ou dx—l——/and:H——/<p2u2dx+—/f2d:v<
ox; ox; 2e 2 2
j=1 J J o o
601 - no ©*\ o 9
2/¢Z< )dx+/<2€+2) dx+ .
o =1 Q Q
HyCTbszcilToma,T&KK&LKl}g@}OBQngleQl,To

2
/Z< > dxgc/Ude+/f2da;,
Ox;
2 Q Q

rne C' = Cyn + 1. Teopema gokazama. O
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OueBHIHO, YTO € TIOMOIIBIO HepaBeHCTBA (3.66) MOXKHO BBIBECTH AIIPHOD-
HbIE OIEHKH [TPOU3BO/IHBIX JII000OI0 Topsi/iKa perenust u(x) ypasaenus [lyac-
cona Au = f B HopMe Loy B 3aMKHYyTOH 1omo6sactu €y obaactu ), TaK Kak
AD% = D*Au = D*f B ) AHayjlorm4HO TOMY, KakK JOKas3aHa Teopema 1,
OJTy JaeM

/Z | DYul*dx < Cy / 2daz+/ > DY fPda
O, lol=k

Q /| <k—1

nts moboro k = 1, ecm u € CH2(Q) N La(Q) u f € Hy,_1(Q). Hocrosnnas
C} 3aBucur or k u obmacreit Q u Qq; QO C Q.

Teopema 32 (aHaaUTUIHOCTH rapMOHUYECKUX GyHKIWiL). [apmonuyeckan
6 obaacmu Q dynrkyua u(x) asasemes anasumuveckol gynruued 6 2, m. e.
6 nexomopoti oxpecmmocmu amoboti mouxu x° € Q dynwyua u(x) npedema-
8UMA 68 GUJe CTOOAULL20CA CMENEHH020 PAJA.

Jlokasamesvemeo. Tak kak dysxius u(z) — 6eckonedno nuddepenimpye-
ma (cm. § 3.5) B Q To o dopmyste Teitnopa

u(x) = Z Daa(' )(x—:L’ *+ Z Da 9:—930)0‘,
lor|<m |o|=m

e a = (ag,...,an), al =ail--a), |a| = a1+ + ap,

(2 —a")* = (21— a])f -+ (@ — 2R)7,

0
M — IPOU3BOJILHOE IIJIOE IOJIOKUTEJIBHOE UHUCI0, & € Q s, TEQ;, p>0

U HACTOJIBKO MaJio, YTO Q2 , C Q. Tlokaxkem, 9T0 (DYHKIHS

Ym (2, ) = Z %@(m—xo)a
lal=

~ 0
CTpemMuTes K HYJTO TP m — 00, e T € @y , |1— 20| < &, npuyem € < p
MO2KHO BbIOpaTh He 3aBucdinum ot m. CoracuHo dopmyste Teitopa nmeem

| ¥
al

lal=

Tloysarasg B aTOM paBeHCTBE X1 = -+ = Xy = 1, HOJIyIUM

1
n™=m! Y - (3.67)
lal=
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st oneHKU 7y, (2, ) BOCIIOIB3yeMCsT ONEHKAMHI [MPOU3BOIHBIX TAPMOHUIE-
ckoit pyHnkimn, moayderabiMu B Teopeme 30. CorsiacHo 3T0if Teopeme

1Du(7)| < <@) max [u|
p @,

~ 0
npu o =m u I € Q . Tlosromy, npunnmas Bo BHUMaHue paeHcTBO (3.67),
HOJTyYaeM

_ nm\"™" 0im 1 n?|x—20 " m™
[y (2, D) < — | [z —a"|" max |u| g <\ ———) —ymaxiul.
p Q2 al p m:
P

—20
‘a| 2p

ITo dopmysne Crupsmara (cMm. [18], c. 422)
m™ < mle™

CremoBaTebHO,
Y (2, )| < (0?2 — 2%ep™1)™ max|u\
Q2p

Ecmn |z — 2%| < € m wmneno € > 0 Boibpano Tax, uto ncep ' < 1, To, Kak
JIEPKO BH/IETD, \’ym(:c il —> 0 mpu m — oo u |z — 2% < e. Iostomy B
OKPECTHOCTHI Qm touxn z¥ mpu € < p(ne)~! bymkmma u(x) npeacrasuma
payiom Teitopa 1o cremensm (r — 2¥), Tak Kax

Qg IEO
uw)~ 3 P o a0l = (o, )

lal<m

U Y (2, T) CTPEMHUTCSI K HYJIO IIPH M — 00 PABHOMEDPHO 1O & U I, KOTja
~ 0
lz—a¥ <e, 2€QF. O

Teopema 33 (06 anasuTHIeCKOM TPOIOIKeHnn). [Tycmo u(x) — eapmoriu-
wecxas 6 obaacmu Q, u(z) € CP(Q) u nyemv Q1 C Q, paccmosrue mesicdy
O u 0 ne menvwe 2p, 2de p = const > 0. Tozda u(x) moswcro npodos-
AHCUMB AHANUMUNMECKU ONA KOMNACKCHHIT 3Havenud T + 1y, j = 1,...,n,
r € Ry, y € Ry, 6 obaacmo uda Qs() = {z +iy;x € O, |y| < 6}, ede
0= sze, u das npodosotcenua u(x + iy) cnpasediusa ouenka

sup |u| < 28up\u| (3.68)
Qs(21)
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Joxazameavcmeo. llpu mokazaTeabcTBe TeOpeMbl 32 MBI MOKAa3aJH, UTO
dyHKIws u(x) B OKPECTHOCTU TOYKH 20 € Q npescTaBuMa B BHJIE CTEIICHHOTO
psijia, PAJIIYC CXOMMMOCTH KOTOPOTo He MeHbIne p(2n?e) ™1 eciu paccrosaue
OT TOYKHU T 10 I'paHuIisl obsactu () He menbine 2p. M3 nosyydennoit ornenkn
ISt Y (2, ) caremyer, aro psi Teitiopa

(20
u(z) = Z DT(')(SU — 20)* (3.69)
|ar]<m

MaXKOpUPyeTcs CTEIeHHBIM PsIJIOM BH/IA

oo
max | Z (nep~ )z — 2°))™.
=T

2p m=0

[ostomy mpu |z — 20| < p(2n2e)~!
lu(z)] < 2 max [ul. (3.70)
@,

Ouesnyino, psg (3.69) ompenesieH TakxkKe U JJIs KOMIJIEKCHBIX 3HAYEHUI

n 2
x=(x1,...,xp) upn | > |x; — 93?\2 < p(2n2e)~! = 6, m oA TakUX KOM-
j=1

IUTEKCHBIX 3HaveHnii = crnpasensa onenka (3.70). B obmactn Q5(21) paz
(3.69) 3a1aeT aHATINTHIECKYIO (DYHKIIHIO KOMIUIEKCHBIX IEPEMEHHBIX Lj+1Y/;,
J=1l....,n,xe R}, yecRy. O

N3 Teopembl 33 MOXKHO BBIBECTH PsiJi MHTEPECHBIX CJIEACTBHI. 31eCh MbI
npUBeJeM OJIHO U3 HUX.

CaencrBue 3 (caenacrsue u3z reopeMbr 33). Ilycmo 6 obaacmu onpedenero
pewenrue u,(T) ypasHerua

Auy, — pPu, =0, (3.71)

2de j1 = const > 0, u, € C°(Q) N C*(Q). Iycmv obaacmy Oy maxosa, wmo

Q1 C Q u pacecmosrue om q do 0 ne menvwe 2p. Tozda

sup |u,| < 2e " suplu,|, 2de § = p(2(n + 1))t
1 Q
Hoxazameavemeo. 3amerum, 910 TeopeMa 33 CIpaBe/JinBa U I KOM-
IJICKCHO3HAMHOTO perteHns ypasuenns Jlammaca B ), Tak Kaxk JAeHCTBATEb-
Hasg U MHUMAasl YaCTH TAKOTO DENIEHUs SABJISIOTCA rapMOHUYECKUMU (DYHK-
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muavu B ). Ecim w, — pemenne ypasuenus (3.71) B €2, To v(xg,x) =
exp{ipxou,(x) aBisercs pemrenneM ypasaenns Jlammaca

n
0%v

— =
=
j:()@]

0

B obiactu g = Q x {|zg| < 4p}, nupunaseKaIeil TPOCTPaAHCTBY R;‘j’iﬂ Bge-
neM 0bo3HadYeHHe:
g1 = 1 x {|wo| < 2p}.

Cornacao Teopeme 33

Sp _
e s&p [l < Qs;sl?i lv] < 2sgp\v\, §= S 1%
Orcrona cireryer, 9To

sup |uy| < 2¢ %" sup [ty

0 Q
Dra OlEHKA YKa3bIBAET XapaKTep yObIBAHUs IIPH [1 — 00 B ()] OrpaHMYIeHHBIX
paBHOMEpPHO 110 L B ) pernennii ypasuenust (3.71). O

3.9. Teopemsl JInmysmisa u ®parmena—JIunmenéda

B Teopun dyHKInii KOMIUIEKCHOTO HEPEMEHHOIO XOPOIIO M3BECTHA KJIACCH-
JecKas TeopeMa JIMyBIILIA 0 TOM, 9TO 3aaHHAs BO BCEX TOUKAX IJIOCKOCTH 2
OrpaHMYeHHasl [0 MOJYJII0 aHaJuTHYecKas (dyHKIus w(z) paBHa KOHCTaH-
te (cM. [19]). AHasorndaHOE yTBEPIK/ICHIE HMEET MECTO JIs TAPMOHIIECKIX
dyrkmit B npocrpancrse RY.

Teopema 34 (Jluysuwwist). Iyems das apmoruneckots 60 6cem Npocmpar-
cmee RY dynxuuu u(z) npu aobom x € R swnoanerno nepaserncmeo

u()] < CL(1+ []™), (3.72)

2de C1 u m — nexomopvie neompuyamenvroie nocmosmnvie. Tozda u(zx) as-
AAEMCA MHO2OYAEHOM OTVHOCUMEALHO X1, . . ., Ly CMENEHU, HE NPEBOCTO0A-
weth yeaoti wacmuy m.

Joxazameavcmeo. Bocromb3yemcs OleHKaMu TPOU3BOIHBIX TAPMOHUYIECKOM
dyuknuu, noaydennsiMu B Teopeme 30 u3 § 3.8. B kadyecrse obactu {2 Bo3b-
MeM Imap Q% +p C LIEHTPOM B Hadajle KOOPMHAT U Pa/iiyCcoM R+ p, a B Ka-
qectse 1 — map Q%. Iyers k = [m]+ 1, rie [m] osHadaer nesyio qacTb m.
Cormnacho ornenke (3.64) upu |a| = k u mobom p > 0 numeem

k k
max |D%| < (%) max lu| < (nk)*p~*CL(1 4 (R+ p)™). (3.73)

Qr R+p
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Tax kaxk k > m, To upu p — 00 u J0OOM (HUKCUPOBAHHOM R IpaBas 4acTb
B nocjeHeM HepaseHcTBe (3.73) crpemutrcs K Hysro. CiieoBaTesibHO, 1IpH
mobom R > 0u |a| =[m]+1

max [D%u| = 0,

Qr
U, snaunt, D% = 0 8 RY npu |a| = [m]+ 1. Takum obpaszom, u(x) sBiasercs
MHOIOYJIEHOM CTelleHH, He peBocxossmeit [m]. Teopema gokaszana. O

CaencrBue 4. Ozpanuvermas no Mooy 26PMOHUNECKAA 60 BCEM NPO-
cmpancemee R dynxyus u(z) pasna nocmoannod.

HeticrBuresnbHo, B 9TOM ciaydae yeiaosue (3.72) BobimosaeHo mpu m = 0 u
II09TOMY, COIJIacCHO TeopeMe 34, u = const B R7.

3ameuanue 2. Touno Tak ke, Kak ObLIa JoKa3aHa TeopeMa 34, mojydaem
CJIeJIyIOIee yTBEPXK IeHUE:
e n
Ecim nyis rapmMonmaeckoit Bo Bcem npoctpamnctse RY dyukmun u(z) mpn
JOCTATOYHO OOJIBIIUX P BBIIOJHEHO YCJIOBHE

Sélg) lu(z)| < Cr(1+ p™)a(p),
P

rae C1 = const, m —1ej0e HOJIOKUTEIbHOE Yncio, dbyHKIus a(p) crpe-
MUTCSI K HYJIIO PH p — 00, TO u(x) sABISETCS MHOTOYJIEHOM CTEICeHH, He
nmpeBocxosmieit m — 1.

Teopema JIuyBuiisg momyckaeT cielyioiiee 0OOOICHUE B HAIIPABICHIT
ocabuenust yciosust (3.72).

o n
Teopema 35. [lycmo daa 2apmoruveckoti 6o ecem npocmpancmee RY dyrx-
yuu u(x) npu aobom x € R evinosneno nepasencmaeo

m
u(z) = —C1(1 + |z|™), (3.74)
2de C1 u m — neompuuyamenvnvie nocmoarmvie. Toeda u(zr) aAcasemces mmo-
20MAEHOM OTNVHOCUMENBHO T1, . . . , Ty, CTRENEHU, HE NPEEOCTO0AUET, Ueoti a-
cmu m.

Joxazameavcmeo. okazkeMm cHadasa TeopeMy i m = 0. B arom ciydae
[oJIydaeM KJIaCcCUYecKyio TeopeMmy JIMyBUIIsS: HeOTpHUIATEbHAS T'apMOHU-
Jeckasl GyHKIUs u(x), OIpeeseHHas BO BCeM mpocrpancTse R, paBHa 10-
crostuHoit. Ecom u(x) > —Cp = const, 10 v(z) = u(z) + C1 > 0, u v(x)
aBgerca rapMonmyeckoil dynkmnmeit B RY. Cormacno Teopeme o cpegHeM
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3HAYEHUU [0 APy JjId TAPMOHUYIECKON (DyHKIINN % 1pu Jjirobom p > 0 u
J

n1st moboit Touku 1’ € R nmeen:

1 ov
0y _ _ . s
Dy,v(x”) = oy —&xjdx = / vvjds, j=1,...,n (3.75)
2 55°

Tak Kak v(x) — HosoxKkuTEbHAS (DYHKIMSI, TO [10 U3BECTHOI TeOpeMe O Cpeji-
HeM 3HAYCHHUU JIJIsl HHTETPaJIa UMeeM

/ vvjds = vj(6) / vds, (3.76)
Sz° Sz°

e 0 — HekoTOpasi TOYKa Ha cdepe S;’;"O. [TosTomy, mpumeHsiss Teopemy O
cpejiHeM 3HadYeHNN 110 cepe Jyisi FapMOHIYIECKON (DYHKINY v(X) 1 MOJIB3YSACh
paserncrsamu (3.75) u (3.76), mosmydaem

1
Dzj’U(fL'O) == J{—pn / ’UdeS =
n

0
xT
S5

Taxmm o6paszom, mpu mobom p > 0 u 2¥ € R?

vi(0)n )
Dm].v(:co) = J(p> v(@®), j=1,...,n.
Yerpemisas p K 6eCKOHETHOCTH, MOTYIUM, UTO Dzjv(azo) =0,j=1,...,n,

u, cjaefoBaTesbHO, U = const B R”.

Jaee MbI IpHBeneM JI0Ka3aTelIbCTBO TeopeMbl 35 B ciydae [m] = 1.
Coy4aii siro6oro m > 0 paccMaTpuBaeTCsi COBEPINEHHO aHaaorudHo. [Tpume-
Helsl TEOPEMY O CPEIHEM 3HAUEHUU II0 IMapy Jjisd FapMOHUYECKON (DyHKINN
D%y nupu |a| = 2 u dopmyny Taycca—Ocrporpaickoro, mosydaem

1 du(x')
2 P Ox;j

ng Sgo

1
Du(zY) = — /Daudﬂs =
Hnp

v (2')ds',

ecn DU = 224 Tlasiee BOCHIOMB3YeMCsI TPEICTABIICHIEM s Ou) ora-
3xlaxj' sz ’

norugabiM opmyste (3.75). Mmeem
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PagsenctBo (3.77) 3anumemM B Buje

Dau(l’o — / / l/ V] SU” Vl( )dS”dS _
(5enp™)

Sro Sac

// ")+ C1(1+ |2"™)] vi (2" v (a")ds" ds'—

Sro Sac

%n o)

- / /Cl(l—i—|x"|m)1/j(x")ul(x')ds”ds'
520 5%

Tak kak 1o npexnonozkennio u(z)+Cq(1+|z|™) > 0, To, BOCIIOIB30BABIINCDH
TEOpPeMOil O Cpe/lHeM 3HAYCHUU JIJIsi MHTErpaJsia, MOy IuM

( ) v; (0" (0 // ")+ Cy( 1+\:U”\m)] ds"ds'—

Saco Sr

D (a") =

1

 Gap)? / /Cl(l 1™y (2")ds"ds,
' 520 g2’ )

n 0 csT, s’ (3.78)

[Tpumensisi TeopeMy O cpejHeM 3HadYeHHH 1[0 cdepe I rapMOHUYIECKOi
dyukiwm u(x), u3 coornomenns (3.78) BBIBOAUM, TITO

Du(a”) = m”ﬂw”) ()i p™ Pu(a®)+
m / / CrL+[2|™) [ (0" (8 — vi (2" ()] ds"ds'.

0 ’
x T
S5 Sp

Orcrona ciepyer, aro npu o) =2 u an Jobom p > 0
2
n
[D%u(2”)] < ?W( °)| +2 Cl (1+(|2° +20)™) .

Tak kak m < 2, TO IpU p — 0O U cbI/IKCHpOBaHHOM 2¥ npaBast 4acTh HepaBeH-
crBa crpevures K mymmo. Crenosarensno, Du(z?) = 0 mpu mo6om 2 € R”
u JiroboM v, ecn |a| = 2. D10 o3HavaeT, YTO u(x) SABIAETCH MHOIOUIEHOM
HE BBIIIE YeM IIePBON CTENEHU OTHOCUTEIBHO T, . . ., Ly. O

Jist rapMoHTYIecKuX (DYyHKIINI UMEEeT MECTO TeopeMa, AHAJIOTHIHAsT TEO-
peme Pparmena—/lunaenéda 1y anaauTHIeCKoi OyHKINE w(2) KOMILIEKC-
HOTO 1epeMeHHoro z (cM. [16]). D1y reopemy syist rapMoHIYecKuX byHKIMIT
MBI Takzke Oyzem HasbiBaTh Teopemoit @parmena—/Iunenéda.
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Teopema 36. [Tycmov 6 caoe Qoo = {2;0 < x,, < Th} onpedesena 2apmoriu-
ueexas Pynxyus u(z) us xaacca C°(Qso), npunem

u(z) <0, u(z) <0, (3.79)
Tn=0 rp=1mh
u das ecex mouek oo
1 n—1
u(z) < Chexp Ez;aﬂxj\ , (3.80)
j:
n—1
ede h = const > 0, a;j = const > 0, j = 1,...,n — 1, Za? < 1,
j=1

C1 = const > 0. Toeda u < 0 60 ecex moukax oo

n—1
Jlokasamesvemeo. Ilycrs 1 — > ajz = 2¢ > 0, bj = const, b; > a,,
=1
oy
j=1...,n—1,ul~— > b? = ¢. Paccmorpum B (lyy rapMOHUYECKYIO
Jj=1
dYHKIIIO

v(x) = dsin (m( +€1>>Zexp %Sﬁjxj ,
j=1

rae 6 = const > 0, e = const > 0, f = (B1,...,0p—1) ¥ CyMMUpPOBaHUE
> IPOBOJUTCS 110 BCeM TakuM (3, i KOTOphX |G| =bj, 7 =1,...,n — 1.
B

Jlerko BUzETDH, 9TO
1 1 n—1 1 n—1
Av =9 —ﬁ(l—é)—FﬁZﬁ? v =0, Zexp gzﬂj"’i > 18 Q%
i=1 3 j=1

IokazkeM, 4To Ipn JoGoM & > 0 B J1060ii KomedHoi obnacti ) C Qs
u(z) < v(x). (3.81)

Bamernm, uro dbyuknust v(x) = dag = const > 0 B (oo, €CIIU £] JTOCTATOTHO
Mauio. JleficTBuTe/IHHO,

Vlg,=0 = 0sin(v/1—e-¢€1), V|g,=nn = sin(vV1—e(m+¢1)),

ecsu €1 BbIOMpaeM Tak, 9To /1 — e(m+¢€1) < 7. Torma B KauecTBe g MOKHO
B34TH

ap = min{sin(v/1 — e - €1),sin(v/1 — e(m +¢1))},

Tak Kak v(z) > Osin(y/1—e(%2 + e1)). Hosromy B cumy ycnosmit (3.79)
u(z) < v(x) npu =, = 0 u upu x,, = wh. Paccmorpum obmacts Qdp =



3.9. Teopewmsr JInypumisa u @parmena—/Iungenécpa 107

Qs N{]z| < R}. Tokaxkem, uTo HepaseHCTBO (3.81) BBINOIHEHO HA Ipa-
Hure obsiactu 2p, ecsim R 1ocTaroyHO BEJIMKO. JleicTBATEILHO, COTIACHO
yesosuio (3.80), umeem

n—1 n—1
1 1
u(z)<Cq exp {E Z aj|xj|} C1exp { 3 Z bj)|x; |} exp {E Z bjlz; |}<
j=1 J=1
1 n—1 n—1
<Chexp {E (aj—bj)\:cj\} Zexp{EZﬁj%} )
j=1 B J=1

TaK KaK [0 KpaifHeil Mepe OJHO cjlaraeMoe B CyMMe »  eXp %Z Bjx;
B =1

=
HE MEHbIe, YeM exp {E > bj\xj|}. Takoe cilaraeMoe COOTBETCTBYET

B = (bysign x1,...,b,_1sign x,_1). [losromy nmeem

-1

u(z) < Cyexp {%nz:(aj - bj)\azj\} <5sin (\/m (%xn + 51)>> v(x) <

2 \:m} o(@)

blh*

< caong e 1

Tax xak a; < bj, TO

C1(bag) " exp {

n—1
Z ‘953‘}<1

J=1

blh

upu |z| > R, ecim R nocrarouno Bemmko. CiieioBaTesibHO, IpU Takux R Ha
rpanune obsnactu Qg e |x| = R, BBIIOJHEHO HepaBeHCTBO u(r) < v(x).
Taxum obpasoM, MbI Tokasamn, 110 u(z) —v(x) < 0 ma rpamuie Qp, econ R
JIOCTATOYHO BEJIUKO. 1109TOMY, COIVIACHO NPUHITUITY MAKCUMYyMa s TapMO-
Hraecknx GyHKIwii B {dp, cupasemnBo HepaBeHcTBo (3.81). CiemoBaresnb-
HO, HepaBeHCTBO (3.81) crupasesymBo npu j06oM 0 > 0 B 1060 KOHEUHOI
qactu obmactu (. Ilepexonst B HepaBencrse (3.81) Kk mpemesy npu 6 — 0,
nostyanM u(z) < 0 B Qs, 9T0 U TPeGOBATIOCH TOKA3ATh. O

13 Teopemsr 36 HEOCPEICTBEHHO BHITEKAET CJEYIOIIEe YTBEPIK/IEHUE.
Teopema 37. ITycmv das 2apmonuueckoli 6 caoe Qoo = {x;0 < x, < Th}

dyrnryuu u(z) us waacca C°(Qso) 6vinOAHENHDL YCAO6UA

xp=mh

=0, u(x)

Tn=

n—1
1
lu(z)| < Crexp {E Zaﬂ%‘l}
j=1
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2<1,Cy =const >0, h =

n—1
ede aj = const > 0, j = 1,....n—1, > a;

i=1
const > 0. Tozda u =0 6 Q

Jlokasamesvemeo. JleficTBUTENBHO, €CJiu U(T) YAOBIETBOPSIET YCJIOBUSIM TEO-
pembl 37, To Jyist w(z) U st —u () BBIIOJIHEHB! yesioBus TeopeMbl 36. [Toaro-
My mmeeM u(r) <0 n —u(r) <0 B Qu, oTKyIA BeITEKAET, 9T0 U=0B Qne. [

n—1
BamernM, 4TO YCJIOBHE Y a < 1 B Teopemax 36 u 37 Hesb3d 3aMCHUTH

n—1 7=l n—1
YCJIOBHEM ) | a? = 1, Tak KaK upu y a? = 1 cymiecrByer B (1o, FapMOHU-

J=1 J=1

Jeckas PyHKI
u(z) = sm—exp{ Za]xj} Z0,

paBHasi HYJIIO IpH L, = 0 u z, = 7h.

Hpyrum obobiienueM Kiaccudeckoit Teopembl Pparmena—J/lunaenéda
ABJIAETCS CJIEAyIoNas TeopeMa. B Hell yclIoBue Ha IOBEJIeHUe PEIIEeHNsT TPH
BOJIBIIX 3HAUEHUSIX |T| 33/aeTCsl B MHTErPAIbHON (hopMme.

Teopema 38. Ilycmo 6 beckoHneuHoM YusuHIpe
Do = {m;2" € Y, —0 < 1, < +00},

ede ' = (x1,...,25-1), @ — oepanuuennas obaracmv 6 npocmpancmee
R~ onpedenena 2apmonumneckasn dyrryua u(z) us xaacca CH(Qoo). Iped-
NOAOHCUM, MO

u’
0o
u npu awbom R > 0 svinoaneno yciosue

/Z (ax]) z < a(R) exp {%R} : (3.82)

2de Qp = Qs N {x; |zn| < R}, ¢ynryua a(R) — 0 npu R — oo, d pasno
naumenvweny pebpy napaasesenuneda 6 R, 6 xomopuidii mooicno sax.ao-
yumo Q. Toeda u =0 6 Qs

Hoxaszameavcmeo. ObozHaTNM
ot =QocN{z; 2, =R}, Qp =QoN{z;x,=—R}, = UQ, .
Cornacuo dopmyse I'puna (1.5) mpu sro6om R > 0 nmeem

2
O—/uAud:c— /Z<8x) dx—l—/u%dx— /u%dx
J n n
Q Qf

i
Rt R—
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Orciona cireryer, 9To

Q{; (%) dr < /|u\‘ ‘dﬂf Q/ u’dx’ /‘393,1

R

=

/

Huxe Mb1 IIOKazKeM, 9TO CIIpaBeI/InBa OIlCHKa

[ < /Z<aa:j> "

Q/

TToaTomy nmeem

ou \? d 0w\ ,
il < Z il
<89:j> dx\ﬂ_ /Z<8az3> dr /’893,1
/ /
27r/z<6x]>

2
O6oznaunm F(R / Z < 3 ) dx. Torma m3 mocyieTHUX HEPABEHCTB
T
Qp I=1 !
d OF OlnF

2t R’ OR ~ d
BeHCTBO 110 R oT Ry 1o R, nmoiaydaem oueHku, ecau u = 0,

BbITekaet, uro F(R) < . Marerpupys mocnemHee Hepa-

In F(R) — In F(Ry) > %(R — Ry), F(Ro) < exp {—%F(R - Ro)} F(R)

/Z<8;¢]> dz < exp{—%w(R—Ro)}QZ ; (%)2@_

nJI

J

U3 sroro HepaBeHcTBa u ycsopust (3.82) BbITEKaeT, 4TO

(%) da < exp {—%”(R - Ro)} a(R) exp {%”R} .

IIpaBasg 9acTh MOCIEIHEr0 HEPABEHCTBA CTPEMUTCA K HyJIIO npu R — 00.
Orcrona caenyer, uro F(Ry) = 0 npu sirobom Ry > 0. [Tosromy % =0 upu
J

1
ROJ
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j=1,...,n B Qpg, u, cregosarenbno, u = const B {lp,. Tak kax u = 0 Ha
00, To U =0 B Qs

[Tokazkem Terephb, ITO

2 [ w2
2 / /
/u dx' < = /JE: <—8:Uj> dx'.

Vg Vg

Paccmorpum obsiactb Q;%+. He orpanutuuBasi o0IIHOCTH, MOXKHO IIPEIIIOIO-
JKUTB, 9TO HauMeHblee pebpo mapasiesenumnesa B R~ ! B KOTOpBIIT MOXKHO
3aKMOYnTh (Y, HAIPABJICHO BJIOL OCH & M COBIajaer ¢ orpeskom [0, d].
Hoonpenemum u(z) B 9ToM mapamienenmnese, nomaras u = 0 sue .
[pepcrasum u(x) va Q. B Buge pama Pypbe

- k
x) = ch(iﬁg, ey Tp—1, R)sin le

Cortacao pasenctBy [lapceBasts

d d
- ou km
2 _ 2 _
0 - 0

TTosTomy

2d/u2dx': /chkdx —<—) Q/ dz<kz7r> 2dx’ <

/
Rt Rt

() /Z<axj) -

4YTO U TPeOOBAJIOCH TI0Ka3aTh. AHaJIOrnYHAasl OlEeHKa MMeeT MecTo s €, .
Teopema JoKazaHa. ]

Sameuyanne 3. Yciosue (3.82) TeopeMbl 38 MOXKHO 3aMEHUTH yCJIOBHEM
2
/qux < a(R) exp{%R}.

Qr

DTo ciemyer u3 TOro, 4To, corsiacHo teopeme 30 us § 3.8, mmeer MecTo

((9_u) dx < C/uzdx,
85[,‘]'
Qg

rae IIOCTOAHHaAd C, KaK JIETKO BU/IETH U3 JOKa3aTe/IbCTBa TEOPEMbI, MOXKET
OBITH BHIOpaHa He 3aBucdineit or R.

OITEHKA
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Bameuanne 4. Ha miockocru {x1, 22} B mosoce
={r;0< 21 <d,—00 < x93 < +00}

. jus
A pernenns u(x) = sin ©red”, Ay = 0, BBINOTHEHBI ONEHKHT

ou\? | [ ou\® . -
/ (—6; > + <—8:: ) dr < Cle%R, /qux < 02627R, Cy,Cy = const .
1 2
Q

R R

9T0 HOKa3bIBaeT, ITO ycsaosue pocra (3.82) dyuxmun u(x) B Teopeme 38 B
9TOM CJIy4dae ABJIAeTCA TOTHBIM.

[TpaByro 1gacth B HepaBeHCTBe (3.82) MOXKHO 3aMEHUTH Ha (DYHKIIUIO

a(R)eQﬁR, e

J () ar

7=1
+
A = inf U 5
f w?dx
!
QR+
1
U HIDKHSISI TpaHb O6epercs 1mo BceM dyukmuam u € C ( . ), PABHBIM HYJIIO

Ha rpanune () R+ Kak nsBecTtHO, A fABJISETCA TIEPBBIM CO6CTB€HHbIM 3HaYe-
HreM 3a71a49u (cM. 1. 6)

/
Au= - uB Qp, u =0
B T aqr
Rt
Takoe ke uccIeIOBaHNE MOXKHO IPOBECTH M IJId 3ajadn HeliMana U 1osy-
YUTh AHAJIOI U3BECTHOIO B Teopuu yrnpyroctu upuHiuna Cen-Benana.

3.10. UzommpoBaHHBIE 0COOEHHOCTH
rapMOHUYECKUX (DYHKITHIA.
IloBenenme B OKpeCTHOCTU OECKOHEYHOCTH.
3agaua /lupuxiie B HeOrpaHM4IeHHOI 00/1acTh

Oynmamentaibaoe pemtenne E(z,2°) ypasmenus Jlammaca spiasercs mpu-
Mepom rapMonmdeckoit B R\ 20 (byHKIum ¢ m301mpoBaHHoil 0COGEHHOCTHIO
B Touke V. Jlerko Bujerh, urto |E(w,2°)| meorpammdenno pacrer mpm
|z — 2% — 0, Tax xak |E(z,2°)| = [E(Jx — 2°])| = Cplz —2o/> " mpun > 21
|E(z,2%)] = |€(Jx — 2°])| = Coln(|z — 20| ™) mpu n = 2, C), = (wp(n—2))~
npun>2,02:%.

JlokazaHHble HUYKE TEOPEMbI MOKA3BIBAIOT, YTO TaKas W30JMPOBAHHASI
0COGEHHOCTH TApMOHMYECKON (DYHKIIUY SIBJISIETCS B OLPEIEIEHHOM CMBICIE

MUHHUMAaJIbHOIA.
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Teopema 39 (06 ycrpanumoit ocobernocrnn). I[Tycmov u(x) — eapmonuveckan
pynxuua 6 Q\{2°}, 2° € Q. Iyemo
m(p) = sup Ju].
0\Qz°

IIpednonooicum, wmo
m(p) < [E(p)lalp), (3.83)

ede a(p) > 0 wa(p) = 0 npu p — 0. Toeda ocobenrnocms pynryuu u(x) 6
mouxe x° yemparnuma, m. e. u(z°) moorcno doonpedesumv marx, wmo Gyrx-
yus u(xz) oydem eapmornuueckots dynryuet 6 2. Ecau orce

m(p) < [E(p)lp~ alp) npun >2, (3.84)

m(p) < p~lalp) npun =2, (3.85)

. 0
8 MHEeKOMOPOU 0KPECMHOCTU ijl mouxu 20, py = const > 0, mo daa u(x)

CNPacedAuso PaseHCmeo
u(z) = MiE(z,2°%) +ui(2) 6 Q2 (3.86)
2de My = const, uy(x) — eapmonuneckasn Pyrkyus 6 Q”’ff.

Jloxasamesvemeo. Tpumernnm dopmyry (1.16) xk dysximu u(x) n obaactu
.0
;ff \Qﬁo, rie p < p1 U p] BBIOPAHO TaK, UTO Qﬁl C Q. Hns ro60it Toyku T

us3 Qﬁf \ng nMeeM

w(z) = / (mmw - E(x,@a“(‘””)) ds—

ov ov
551
OE(z, %) . ou(x)
_ / (u(x)T ~ B(a, @)= ) ds, (387)
Sz°
riae v = (vq,...,V,) — HAIIDABJICHHE DPAJIINyC-BEKTOpa T — 20, TTokaxkeM, 9TO

B CJIydae BbIIOJMHEHUs yciosus (3.83) Bropoit unrerpasn B pasercrse (3.87)

crpemurcs K Hyso npu p — 0. Torma, noonpenenus dyHKIuo u(r) B TOUKe

ZL'O II0 HEIIPpEePBLIBHOCTU, a MMEHHO, IIOJIOZKUB €€ paBHOfI 3Ha4YCHNIO B TOYKE

2" mepBoro mrTerpana npasoii wacTn pasencrsa (3.87), moayunM byHKIHIO,
rapMonmteckyio B §) u copmasatontyio ¢ u(x) B Q\{z°}.
Paccmorpum naTerpan
OE(x, )
= [ u(x)———=ds. 3.88
7= [ ula) ™5 (35%)
520
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JlokazkeM, 9TO 3TOT MHTErpaJj CTPEMHUTCA K Hysro npu p — 0 Kak B cirydae
BBINIOJIHEHYs! yesioBus (3.83), Tak U B cilydae BbIIOJIHEHHsT yciaoBuit (3.84),
OF( 0 N

(3.85). Bamernm, 4TO |—mm)\ < Mz upn x € 57, npu duxcnposannom I u
JIOCTATOIHO MaJIbIX p, Tye My = const. Jlerko BumieTsb, 9To Npu AOCTATOYHO

MaJIbIX p

OF (1, & .
ail=| [ u(e) P82 | < Mmoo < Mgalp),

0
xT
S5

rjae Ms = const. CrenoBarenbio, uaTerpas (3.88) crpeMuTcs K HyJIO TIpU
p — 0, Tak Kak mo yciaosuio a(p) — 0 mpu p — 0.
Pacemorpum naTErpast

To = /E(x,:&)au(gc)ds. (3.89)

ov

0
T
SE

3ameTum, 9TO B CHJIy TeopeMbl 14 u3 § 3.5 umeem
0 0
u(w) [ Oula)

v ov
520 sz

—2ds

pu JOOLIX p u p/, He npeBocxoaamux p1. Ilosromy

Ou(x)

5, s = Co. (3.90)

0
x
53

rie nocrostunast Cy He 3aBucuT OT p ipu p < p1. VaTerpasn (3.89) sammiem
B BUJIE

o = /E(xﬂaﬁn)%%—?ds—k/[E(az,i")—E(xO,fc)] 82&”)655. (3.91)
Sz° Sz°

[TokazkeMm, 9TO BTOPOii MHTErpaJs B IIpaBoil YacTu pasercTsa (3.91) crpe-
mutcst K mHysro pu p — 0. Corntacao Teopeme 30 u3 § 3.8 numeem

<2 (3)

856]
Kpome Toro, no dopmysie Jlarpauxa |E(x,$) — E(2°,2)| < My|z — 2|, rae
M, = const, ecrm & dukcuposano, a |r—z°| = p mocrarouno maso. [TosTomy

1'I1 ax
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KaK ¥ B CJIydae BblrmosHenus ycyaosus (1.83), Tak u B ciydae ycoosuii (3.84),
(3.85) mmeem

R R 6’&(1’) _ P _ 1%
_ 0 _ 7 < . 2 1 _ W 1< _
/ ‘E($,$> E(i[] ,1’)" y ‘dS\lep 2n 1% m( )wnp \M5CL< ),

rje nocrosinabie My u My He 3aBucsaT ot p. CrenoBaTebHO, BTOPOIl WH-
Terpaj B IpaBoil dacTu paseHcTBa (3.91) crpemurcs K Hymo mpu p — 0.
[Tepserit nHTErpan B npaBoii yacru paBeHcTBa (3.91) He 3aBUCHT OT p, Tak
KaK

N 8u( ), ) ou(x) R
/E 0 ds = E(2°, %) —,, s =C"E(2°2).
5z

0
x
SE

[ostomy mosrydaen, ato mpu p — 0 unrerpan Jo crpemvuress kK COF (20, 3)
u paseHcTBO (3.87) B mpemeste mpu p — () IEPEXOUT B PABEHCTBO

u(@) = / (u(gc)% _ E(x,i)ag(j)) ds + C°B(2°,7).  (3.92)

0
T
Spl

Jlerko Bugers, uro Cyp = 0 B ciydae BbiloJHEHHsT yeaoBust (3.83), Tak Kak
uHTerpan B pasercree (3.92) orpanuuen npu | —2°| < £, mocieanee ciara-
emoe pasto Co€(|2° — 2|), uro nporusopeunt yenosuto (3.83), eciu Cp # 0.
B catyuae Bbinosaenus yeaosuit (3.84), (3.85) 3a ug(x ) Qif MOXKHO B3SITh

Z‘
rapMOHHYECKYIO (PYHKIMIO, PAaBHYIO HHTETpay 1o S,

gacru pasercTBa (3.92). Teopema nokazana. O

CTOAIIEMY B IIpaBOi

Teopemy 39 npu BbInosHEHNE YCa0BUSA (3.83) MOXKHO JOKA3aTh HECKOJIb-
KO KOPOYe, eCJIM BOCIIOJIb30BaThCsI TEM, UTO JjId Mapa pernenne 3aaaqu Jlu-
puxJie Jjisl ypaBHeHus Jlamiaca cyecTByeT pu JII000i HelrpepbIBHON PyHK-
U 1), 33 JaHHOM Ha TpanuIie mapa (cm. § 3.6). eiicrBurenbho, mycts v(x) —
rapMoHnYecKast (PYyHKIUS B Q;ff, paBHasi u(r) Ha IpaHHIEe TOro Iapa, u
w(z) = u(x) —v(z). Torma s moboro € > 0 B Culy IPUHIAIA MAKCHMYMa
7Tst TapMoHmeckoit dbyukin w 4 &|E(x, 20)| nveem

|w| < 6|E(£L’,J}0>| (3.93)

\Qp , ecim ,0 JIOCTATOYHO MaJlo, Tak Kak w = 0 Ha Sxo u —¢|&(p)| <
w < 5\5 (p)| Ha Sz B cuty yesosus (3.83). Tlepexoust k npegieny pu € — 0 u
(bHKCHpOBaHHOM x B coorromenun (3.93), nomyaem, uto w = 0 B Q5 Az
Honaras u(z%) pasuabiv v(2?), momyamu, ato u(z) coBmasaer ¢ rapMoHuEYe-
ckoit dyukmmeit v(x) B Qfg?, 9TO 1 TPeOOBAIOCH JOKA3ATD.
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o

Puc. 3.4

Teopema 39 06 ycTpanumoit 0COOECHHOCTH I TAPMOHUYIECKUX (DYHKITUH
TaKKe SBJISIETCsI AHAJIOTOM U3BECTHON TeOpeMbl 00 YCTPaHUMONH 0COOEHHOCTH
JUTs aHAJIMTHIeCKON (DyHKIMI w(2) KOMIIJIEKCHOTO IrlepeMeHHoro z (cu. [19]).

AHaJIOrMYHBIM IIyTEM MOXKHO JOKa3aTh TEOPEMbI 00 YCTPAHUMOI 0COOEH-
HOCTH Ha MHOT00Opasusix 60JibIeil pasMeprocTu. M3yaum reneps mosejieHme
rapMOHUYIECKON (DYHKIINKM B OKPECTHOCTU OECKOHEYHO Y/IAJTeHHON TOUKH.

Teopema 40 (o nosenenuu Ha Geckoneunoctn). Ozpanuuennas 6 RP\Q%
eapmonuveckasn gynkyus u(x) cmpemumes x npedeay npu |xr| — 0o, m. e.
lu(z) — M| < € npu |z| > p, ecau p = p(e) docmamouno seauro; € > 0 —
npouseosvroe wucao, M — nexomopas nocmosnnas.

Jlokasamenvcmeo. Kax u npu jrokaszareberBe TeopeMbl 39, BOCIOIb3YeMCs
npezcrasienneM (3.16) rapMoHUYecKol B QS\QOR 41 bynxmm u(z), momy-
qersbM B § 3.3. 31ech p > R+ 1. s moboit Toukn & € Qg\Q(})2+1 nMeeM

u(t) = — / @@:)M - E(x,i)au—(x)) ds +

0 o v
+/ <u(x)% - E(x,:,:«)ag—(;”) ds. (3.94)
5

Tak Kak HepBBIl MHTErpaJ B MpaBoil dacTu paeHcTBa (3.94) He 3aBu-
CUT OT p, TO U BTOPO# MHTErpas TakxKe He 3aBucuT or p. [lokarkem, |uTo
a5t orpanuyentoit B R7\Q% rapmonntdeckoit dbynxiun u(x) sToT nHTerpas
TaKyKe He 3aBUCUT U OT & W paBeH nocrostaHoil. O6osnatmm (cm. puc. 3.4)

J = /u(x)%ds, T2 = —/E(x,i)aqg—fc)ds,

5 5
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U BBIYHCJIAM TIPEJIEJIbl 3TUX HHTErPAJIOB Ipu p — 00. OboznadnM |x — | = 7,
_ - r h P h
|z| = p, |Z| = h. TaKKaKT+h>p,7’—h<p,TO|;—1‘ < FH\;—H <2
9E@) _ 1 ,1-n - o
Hanee, =5~ = —=r"7" cos 7, rjie ¥ — yros Mex/Jy BeKTOpaMu T — I U .
n

Jlerko BUzETDH, 9TO

2 .2 2 2
pe+re—h 1p 1h
—_ ==+ _-—>0.

s 2rp 2r+27’p

Borancanm npenen J; npu p — oo. Umeem

J = /u(w)%ds = /u(az)irl_” cos yds =

n

P
1 n—1
= /u(x)ds —|—/ uw) (P cosy 1) ds.
wnpnfl wnpnfl Tnfl
S0 S0

p p

ITokarkem, 49TO TOCTAETHUIT MHTErpaj, KOTOPBIH MbI 0003HAYUM dUepe3 J3,
CTPEMUTCs K HYJIIO IPU p — 00. JeficTBUTEIbHO,

n 1 n—2 h2 n
LU WO Y i WV

rn 2\ pn—2 2p2rn
rne Cp = const. Tak xak £ — 1 npu p — 0o u duxcuposamHom &, TO
ouepuHO J3 — 0 1ipu p — 00. 3aMeTuM, 9TO HHTErPaJ

1
ﬁ/uds
Wn P

P

n—1

prlcos y

Tnfl ’

| 3| < max |u| max
Ha 59
P

Jeal

OrpaHUYeH PABHOMEDHO 110 p, Tak Kak dbyHKims u(x) orpanndena B R\ Q.
Paccmorpum naTErpan Je. 3amerum, 9TO B CHILy TeopeMbl 14 u3 § 3.5 upu
pr=>2R+1up,>R+1

du(z) ———ds = 8u d = (9 = const. (3.95)
%
9, S9,
Nmeem
B ou(x ) o, [ Ou(x) ou(z) B
Fo=— [ 5B yis= [ FE e @)ds+ [ T4 (E(p) - () ds=
59 59 59

=Co|E(p)|+ Ta-
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ITokaxkeMm, UTO MHTETPAT J)4 CTPEMUTCA K HYJIIO IpA p — 00. Bocmoab3y-
eMCsT OIeHKaMU [TPOM3BOIHBIX, HoKa3aHHbIMU B § 3.8. Ilpu mocraroaso 60/1b-
mux p, coryiacHo Teopeme 30 u3 § 3.8, umeem

ou

< Kp !
(9.%] p )

m ax

rnme K = const, npu sTOoM 3a O6JI&CTI> Q1 B Teopeme 30 Bo3bMEM 00J1aCTH
92.\Q%, a 3a Q— obmacTn Qgp\Q%H, npefmosarasi, aro p > 4(R + 1) .
5 2

Jlerko BUJIETH, YTO

73] < mgs o " max[£(p) ~ E(r)| < Cap? m E(p) €7

b
Tak kax |1 — 2| < T, to |J4| — 0 mpu p — oo. 3amerum, 4To Hpu N = 2
nocrosinnast Co, onpeiensieMast papeHcTBaMu (3.95), paBHa HyJII0. DTO BbITe-
KaeT U3 TOoro, 4to cymma Ji + Jo, a Takxke J3 u J; OrpaHuveHbl PABHOMEPHO
o p upu p > 4(R + 1) u nosromy C3|E(p)| HOIKHO OLITH OrpAHTYIECHHBIM
1o p npu Gombmmx p. [Ipu n > 2, ogesunno, C2|E(p)| — 0 mpu p — oo, n
nosromy Jo — 0 mpu p — 0o . Vrak, Mbl 1Oy 91K

w(@) = — / (mm% —E(x,f)ag—f)) ds+ lim ;/uds,

p—o0 W pn 1
Ski1 Sp
(3.96)
IpuvieM MbI IIOKa3aJid, 9TO HOCJIe,ZLHPIfI apeges cynmecTrByeT u, O9YeBUIHO, HE
3aBUCUT OT TOUKHM T. Ecau n > 2, To uHTErpas mo SORJrl B IIpaBoil 4acTu

paBercTBa (3.96) cTpeMuTCS K HYJIIO IIPH || — 00, Tak Kak max |E(x, )|
TESR

n max \%i@” CTpeMATCs K HyJIi0 1pu || — oo. Ecom n = 2, To sror
zGS%+1
UHTEerpaJl Tak»Ke CTPEMUTCs K HYJ0 Opu || — o0o. DTo ciepyer u3 Toro,
BEer
910 max |—5>—=| — 0 upu |Z| — oo u
m65%+1

0 0
/ E(z ( )ds:5(|fc|) 8—zds+ / (E(z, 1) — B0, )] Z(V@ds:
R+1 S?{+1 S?{+1

1 0

= CoE(|2]) + / In |x|A‘f”| qg(@ds—)()
Skt

upu || — oo, tak kak Cy = 0, ‘xlfli‘ — 1 mpu |Z| — 00 paBHOMEPHO 110

lz—2]

0 ~
r € Sp,, u, cuejoBaTenbHO, In T 0 mpu || — 00 paBHOMEpPHO IO

T € S% 41 Urak, Teopema 40 mokaszana. O
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[Tompobroe mccemOBaHNe MOBEICHUS TapMOHUYECKUX (DYHKIHMI B
OKPECTHOCTH M30JIMPOBAHHOI 0co00il TOUKHM, a TakKe Upu |r| — oo mpu-
segeno B kuure C. JI. CoGosnesa [11].

IIpn moxazarenbcTBe Teopembl 40 MBI MOKa3aad, 4TO B cIydae N = 2
y rapmonuveckoii orpanuventoil B R"\Q% dbynxiun u(z) nocrosmnas Co,
onpeiensieMast paperctoM (3.95), pasua Hysmo. [lpu n > 2 3ro yTBepxKIe-
HIE He BEPHO, KaK MOKA3bIBAET IIPUMEP TapMOHUYECKON B RZ\Q% byHKINN
u(z) = |z,

Samaay dupuxie MOXKHO paccMaTpUBaTh U B HEOIPAHUYEHHON 0OJIaCTH
Q. Ecom obmacts Q% = R™\Q, rae  — HeKoTopas orpaHmdenHas obIacTh
B R”, To 3amava upuxse ms takoit obsactu (1°° Ha3blBaeTCs BHEIHEM
samadeii Jdupuxie.

Buemnsaga 3ajga4da JdupuxJie B ciaydae n > 2 COCTOUT B TOM, ITOOBI
HaiiTn rapMoHmIecKyio dyHKImO u(z) B Q% Taxyio, uro u(z) € CO(Q7) u
u|pae = Y, ‘ lim wu(x) = a, rae a—3aJaHHAs OCTOSTHHAS, 1) — 3aJ[aHHAS

x| —o0
dbyukmsa qa 9.

Baemmnssa 3agada lupuxiie B cirydae n = 2 COCTOUT B TOM, ITOODLI
HaiiT rapMonmdeckyio dyukmmo u(z) B Q% Takyio, uro u(z) € CY(QY),
uloge =Y u |u(z)| < K B Q% rage K — HekoTopasi OCTOsIHHASL, 1) — 3a/1aH-
Hast pyHKIMs Ha 02,

Teopema 41. Brewnsas 3adava Hupuxae dan ypasnenus Jlaniaca 6 obaa-
cmu Q% = RI\Q ne moorcem umems bosee 00n020 peweru.

Jloxazameavcmeo. B ciaydae n > 2 H0CTaTOYHO MOKa3aTh, IYTO TapMOHUIE-
ckast B Q°° dynxmus u(z) € CO(Q7), pasuast mymo ra 90 i crpeMsasics
K HYJIIO IIpU || — 00, paBHA TOXKJecTBeHHO HY/r0 B 2°°. st sToro pac-
CMOTpPUM 00J1aCTh Qg\ﬁ upn 6osbmmux p. Tak kak u(x) — 0 upu || — oo, TO
|u(z)| < € Ha 5'2, €CJIM P JIOCTATOYHO BEJUKO. [IpUMeHsisl IPUHIAI MAKCUMY-
ma K dyHknun u(z) B obractu Qg\ﬁ, nostydaeM, 4o |u(x)| < € B Qg\ﬁ. Tak
KaK € — IpoM3BoJIbHOE 4ncyo, To u = 0 B 2°°. B ciygae n = 2 mocrarod-
HO IOKA3aTh, YTO OrpaHUUIeHHas rapMonmueckas byuxus u(z) € CO(Q7),
paBHag Hymo Ha 0%, paBHa TOXKIeCTBeHHO Hymo B (2°°. Paccmorpum B
Qg\ﬁ bynxmun § In(R|x —2°|) £u, tie § = const > 0, 2V € Q, a mocrosHHAs
R Bpibpana Tax, ato R|r — 2% > 18 Q. Torma 6 In(R|z —2°|) > 08 Q>® u
rapmonnteckue gy § In(R|z —2°|) +u(x) u 6 In(R|z —2°|) —u(z) neor-
purareabHbl Ha 02°° n Ha Sg 1pu A0CTaTo4uHO H0sIbINOM p. [loaToMy B cuity
npuaTa Makemvyma 6 In(R|z — 2°|) +u(z) = 0 u § In(R|z —2°|) —u(z) > 0
B Qg\Q. CrenoBareibHO, B J1000i orpaHudeHHON dactu (2°°

lu(z)|] < dIn(R|z — 930\)

npu Jobom d = const > 0. [Tostomy u = 0 B Q°°. Teopema nokazana. U
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—0
Bamernm, uro BHemHsist 3a1ada Jupuxie s obmactn Q° = RI\Qp
mpu ¢ = 1 B ciydae n > 2 UMeeT pelenne BUIa

u(@) = a+ (1 —a)R" 2>,

a B ciaydae n = 2
u(z) = 1.

Eciu paccmarpuBarh 3asmady lupuxie B HeorpaHMYeHHOH obJacTu
Qoo = {2;0 < z,, < hw}, 10, KaK nokasbiBaer reopema Pparmena — JIun-
nenéda (em. § 3.9), aTu 3a1aun UMEOT He OOJIee OJHOTO PEIeHUsT B KJIAc-
ce pacrymnmx GyHKIWA, onpeaeasemoMm yeiaosueM (3.82). Takum obpaszowm,
nocraHoBKa 3ajadu Jlupuxie st ypapHerus Jlamaca B HeOIpaHUIEHHO
obsiacTu, obecriedanBaloIiasi CyecTBOBAHNE U €IMHCTBEHHOCTh PEIIEHUs, 3a-
BHUCAT OT XapaKTepa HeorpaHUYeHHOH obyacTu 2°°.

3.11. O mocie0BaTEIHHOCTIX TAPMOHUYECKUX (DYHKIIMIA.
O6o06menHoe perieane ypasHenus Jlamiaca.
Jlemma Beiins

0O600611eHHOIT TapMOHNYECKON (DyHKIINER, nian 0000IeHHbIM pellie-
HueM ypaBHeHus Jlariaca, B obactu €2 HazbiBaeTcst 06061menHass GyHK-
must u3 npocrpanctsa D' (€)), kKoropas ynoBiaeTsopsier ypasaenuio Jlamaca
B CMbIC/Ie 0DODOIIEHHBIX (DYHKIAI, T. €.

(Au, ) = (u,Ap) =0

Jtst io6oit yakmn ¢ uz D(Q).
neeT MecTO Cireyionas BayKHasl TeopeMa.

Teopema 42. Bceaxas obobwennasn 2apmonuveckas gynruus u(x) 6 £ a6-
AAEMCA MAKHCE 2aPMOHUNECKOT Pynruued 6 §2.

Jloxasameavemeo. Iyers u(z) € D'(Q) u (Au,p) = (u, Ap) = 0 nst @ €
D(RQ). Pacemorpum cpesmue dynximm v () or o6obuennoit dbyukimm u(r),
T. €.

ul(2%) = {(u, wp(z° — 7))

mpu 20 € Q1, h < hg, npudem paccrosue or obaactu §y 10 OS2 Gombime hy.
Ussectro (cm. § 1.3), uro u’(z), xax obobmennbre dbyrkmun uz D' (Qy), cxo-
narcst npu h — 0 K u(z) B CMBICIE CXOIUMOCTH 0OOOIIEHHBIX (DYHKIHHA 13
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D'(). Jlerko Bumers, aro u”(x) npm h < hg ABIAIOTCS TAPMOHIYECKIMIT
dyuximamu B 1, TaK Kak

Azwh = Axowhy

Ayou” (20) = (u, A owp (20 — z)) = (u, Aywy (20— z)) =0,

n 2 n 2
rne A, = %ﬁ’ Ao =), 8202' Cornacrao teopeme 17 u3 § 3.5 mra rap-
=1 /

Jj=1""3
MOHHUYEeCKUX B {2 ¢ it u”
1 dyuknmit v (x) nmeer MecTo paBeHCTBO

-1

uh (1) = / |z — 2%))do / P @elz — 20)dz,  (3.97)
Q:° Qz’

e ¢ € D(Qﬁo), A= [ oz —2%)dz # 0, Qﬁo C Q' Tak kak u’(z)
Q"

exopsites ipu h — 0 B eMmbiciie cxoaumoctu 06061mennbix dbyukuuii 8 D' (Qy)

K u(z), To, mIepexo/ist K npeseny upu h — 0 B paseHcrse (3.97), mosyunm

lim u”(2°) = A7 (u, @) (3.98)
h—0
JTst JII000# (DYHKINN ¢, 711 KOTOPOit nMeeT Mecto paBeHcTBo (3.97). Iloma-
ras B paserctie (3.98) ¢ = wy, (|2 — 2°|) u ¢ = wp,(Jz — 2°|), momyHaen,
gro ipu hy < pm hy < p

u (2%) = a2 (20),

tak Kak [ wp(]z — 2°|)dr = 1, u nesast wacth pasencrsa (3.98) me 3aBu-
Q3"
cut or . Takum obpasom, B obnactu (2, npuHajexKameil 21 1 Takoit, 4To
paccrosmne ot €, 10 0Q; He Menbne p, cpeanue dbynkiun u(z) or 0606-
mieHHON (YHKIWMK u(T) COBIAJAIOT MEXKJy COOON MPH JOCTATOYHO MAJIBIX
h. CrnenoBarebHO, OHI COBIAIAOT B §, ¢ u(x), U mOdTOMY U(T) SABJISETCS
rapmonmnyeckoil dbynknueit s €2, npu mobom p > 0. Tak kax B KadecTse 2y
MOZKHO B3$ITh JIIOOYIO M0100/1aCTh 00s1acTH {2, TO u(T) sABISETCS TApMOHUYIC-
ckoil pyHnkImeit B 2. O

Crenyromias TeopeMa, siBJIS€TCH 9aCTHBIM CJIYUaeM TeOpeMbl 42, HO MbI
[IPOBEJIEM ee JIOKA3aTeIbCTBO HE3ABUCHMO, HE HMCIIOJIb3Ysl DU 3TOM TEOPUU
000011IeHHBIX (DYHKITH. DTa TeopeMa B JTUTEPATYPE U3BECTHA 110/l HA3BaAHUEM
JiemMbl Beitist.
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Teopema 43. [Tycmov u(z) € L,(2), p = 1, u daa wobot pynryuu @ us
D(Q) umeem mecmo unmezpasbHoe mosrtcIecmso

/ w(@)Ap(x)dz = 0. (3.99)
Q
Tozda u(z) asasemes 2apmonuueckols gynryued 6 S.

Lloxazameavcmso. Teopema 43 siBsteTcst CAeICTBIEM TeOPeMbl 42, TaK KakK
dyukms u(z), yIoBIeTBOpSIONAs yCIOBUAM TeopeMbl 43, siBisercst 0600-
eHHo# rapMmonudeckoit dyukimeit. Jlokaxkem Teopemy 43, He HCIOJIB3Ys
Teopun 0606menHbIX dyHKmit. Pacemorpum cpemne dbynknun u(x) B 06-
sgacrtu €2 upu h < hg, npudem paccrosgaue or {27 o 0 Gosabie hy. Kak
nokazano B § 1.2, u”(x) cxomarca B mopme L,(Q1) x u(z) mpu h — 0. Ilo-
KazkeM, uTo u”(x) coBmazaoT MexKy coboil B OKPECTHOCTH JOGOH TOUKH
20 € Q upu gocrarouno Maieix h. OyHKIHNI uh(fv) — rapmoHmnYeckue B {11,
TaK Kak

Ayoul = /u(x)Axow(xO —x)dx = /quwdx,
Q Q
a [ulAzwdr = 0 B cuny ycnosust (3.99). st ul(z) upu x € Qy crpase-
Q

muBo paseHcTBo (3.97). Ilepexonst B HeM K mpejieny mnpu h — 0, mosydnm

PaBEHCTBO
-1

lim u™(2%) = / o(|lz — 2°|)dx / u(z)p(|z — 2°)dz,  (3.100)

h—0
Qz° Qz°
TaK KaK
[ @) =~ ut@lo(e — o < maxle| [ ol @) - u(w)lds
Qmo @i Q‘TO
p b

npu p=1,anpup > 1

[ @) =~ u@lo(le ~ o <
Qz’

S =

q
<| [ wr@-uwra) | [@le-ahra) o= Ly
Qz’ Qz°
3/1ech MBI BOCIIOJIb30BaINCh HepaseHcTBOM [ébaepa (cm. § 1.1). Ilosa-

rast B pasenctse (3.100) ¢ = wh (|z — 2°)) u zarem p = w2 (|Jz — 2%|), momy-
amm, wro ut(20) = uh?(20) nna moboit Toukn 20 € Q,, e 2, — obmact,
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npuHajIeKamaa () ¥ Takas, 9T0 paccrognue oT {2, no 02 He MenbIe p,
p = const > 0, hy < p, hy < p. Caeosarensho, u(z) = ul(z) B Q, npn
moboM p > 0, u mosToMy u(x) SIBJIAeTCs TapMOHIYecKol (yHKuueil B §2,, a
suaanT, u B ). Teopema mokaszana. O

Taxum obpasoM, BBeJieHNE OOOOIEHHBIX MAPMOHMIECKUX (DYHKIN B §)
HE pacCIIMpsieT KJIacca rapMOHIIecKux (hyHKIui B (2.

CrencrBueM TeopeMbl 43 sIBJII€TCS CJEYIONIee yTBEPKICHIE O Hepa3pe-
mmmocTr 3aga4du Komum jyis ypaBuenus Jlarraca.

CaencrBue 5. 3adavwa Kowu dan ypasrenus Jlaniaca ¢ HAUGABHBMU YCAO-
BUAMU

u =1, — =0 (3.101)

paspewuma 6 oxpecmmocmu movky x0 = (x?, e 73391—170) moz2da u MoAbKo
0

moada, K020a P — AHAAUMUNECKAA HYHKUUA 8 OKPECTIVHOCTU TMOUKU T .

Paspemmmocts ykazanuoit 3amadu Koru jijist aHATUTUIECKON DyHKITUN
¥ caenyer u3 Teopembl Kosasesckoit I (cm. § 2.2). Tlokaxkem, 4aro sra 3amada
HEpa3peIIuMa, eCJIu 1 He ABJISIeTCS aHAJUTUIECKON (DyHKIMel B OKPECTHO-
cru 29,

[pemamonoxkum mporusnaoe. Ilycts B HekoTOpoit obmactu {2y, mus To-
YeK KOTOpoii x, > 0 u rpanuma KOTOpoil comep:kur obnactb Gy Ha THU-
EPIUIOCKOCTH T, = 0, cymiecTByeT pelleHue ypasHeHus Jlamiaca, yio-
BierBopsoriee yciaosusam (3.101). Toonpemennm dbyukimio u(x) B obractun

Q- ={x;(x1,...,xp_1,—2") € Q1 }, monaras st x € _
w(ry, .o ) =u(T1, o X1, — X))

Ouesno, ocrpoennast dyukius u(x) Henpepbiaa B GoUQ UQ_ 1 mmeer
HeIIPePBIBHBIE TPOU3BOJIHBIE TIEPBOTO MOPsiIKA. JIerko mpoBepuTh, ITO

/ ulApdr = / eAudr =0 s o € D(Q), Q=GoUQL UQ_.
QU QU0

CrenoBaresnbHo, u(x) sBIseTcss 0OOOIIEHHON rapMOHUYecKoil (GyHKiueil B
Q u, cormacuo Teopeme 43 u3 § 3.11 u reopeme 32 u3 § 3.8, u(x) saBAAETCH
aHaJuTUIecKoil (yHnkimeit B (2. 910 03HAYAET, UTO 1) JOJKHA OBITH aHAJIU-
Tuyaeckoil dyukiweii, n 3agada Komm ¢ yemosusivu (3.101) Hepaspernma,
€CJIN 1) He sSIBJISIETCA aHAJTUTUIECKO (dyHKIIei.

JlokaxkeM Terepb TeopeMbl O MOCIEIOBATEBHOCTSIX TapMOHUYIECKHIX

dyHKITHIIL.
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Teopema 44. [Iycmwv nocaedosamesvrocms 2apmoruveckux 6 ) Pynruuti
Uy, cxodumces 6 npocmpancmee D'() npu m — oo x 0bobwennoti dym-
yuu u. Tozda nocaedosamenvrocmo wy,(x) crodumes 6 kascdol mowke €
x uw(z) u u(x) asasemea zapmonuueckol dynkyuetd 6 Q. Kpome moeo,
D%y, cxodumes npu m — o0 K DYy, (x) 6 060t mouke Q das 1106020
a=(ag,...,an).

Jloxazamenvcmeo. Tak Kak Uy, SBIAETCS TapMOHNYECKON (qyHKIMEH B (2,
TO

(U, Ap) = /um(x)Acpd:L' =0 (3.102)

Q

1t Ji0boit dyHkImm ¢ u3 npocrpancrea D(Q). Ilepexons k npezeny mpu
m — oo B paeHcrse (3.102), moayuum, uro (u, Ap) = 0 upu ¢ € D(N).
9TO O3HAYAET, UTO U sIBJIAETCS ODOOINEHHONW TapMOHUYECKOH (DyHKIMEH B
Q. TIo Teopeme 42 u(x)—rapmonunueckast dpyukuus B ) asnee, cormacuo

Teopeme 17 u3 § 3.5, nmeem
-1

tyn (29) = / oz — )z / um(@) ol — 2%dz (3.103)

Q:° Qz’
JUTsT @ € D(Qﬁo) npu ng C Q. Tak Kax CyIIecTByeT Tpesiea mIpu m — 0o
7Tt TIpaBoit wacTu paserctia (3.103), To cymecTByeT u mpeen Uy, (x?) mpu
m — 00. B cuy Toro uro upenenbHas GyHKIms w(2) SBJISETCS TAPMOHU-

qeckKoil byHKIme B (), 71l Hee TakyKe CIPABEIJINBO PABEHCTBO
-1

u(z®) = / o(|lz — 2°|)dx / u(z)e(|lz — 2%))dz. (3.104)

Qz° Qz°
Tak xak mpeses npasoit yacru pasercrsa (3.103) npu m — oo paBeH Ipa-
Boit wactu (3.104), To lim u,(2°) = u(2?). Ecim nocnenosaTensrocTs
m—0o0

U, cxomuTes B npocrpanctee D'() nmpu m — oo K u(x), To D*u,y, upn
m — oo cxomgres B D'(Q) k D (em. § 1.3). Tak xkak D*uy,, Takke obpa-
3YIOT II0CJIEJI0OBATEIbHOCTD TAPMOHUYECKUX (DYHKIMH, TO 110 JOKA3AHHOMY
Boime DUy, (20) — D%u(z") mpu m — oo mama moboro 2 € Q. Teopema
JOKa3aHa. Ol

Teopema 45. [lycmv nocaedosamesvrocms 2apmoruveckux 6 2 Ppynruuti
U, cxodumca 6 nopme Ly(Q), p = 1, npu m — oo & pynryuu u(x). Toeda
nOCcAeIOBAMENLHOCTVD Uy, NPU M —> 00 CTOOUMCA PASGHOMEPHO K U(T) 6 A10-
60ti nodobaacmu 0y, ecau Q. C Q, npunem u(r) AGAAECMCA 2apMOHUMECKOT
dynryuet 6 €2.
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Jloxasamenvcmeo. Ilyers R paBHo paccrogamio mexay 2 u 0. Ilycro
20 € Q. CoryacHo TeopeMme 0 CpeJ[HEM 3HAMEHUH 110 IHAPY, HMeeM

T [ (o @) = ),

2, R"
0
Qr

U,y (:L,O) = Umy (:L,O) -

a moaromy 1pu 0 €

1
[ im (@) =t (@)ldz mp p=1.
Qy

’uml (SUO) — Umgy (SUO)‘ <
Hn

1
[ Ty () =t () <
Qy

’uml (x‘J) — Umgy (x‘J) ‘ <
¥

1 1
p
< ! / [ty () = U, () [Pdx /dl‘
S %an mi mo ;
QF QF
(3.105)
rie ]lo +1 =1, p > 1. 3uech MBI BOCIIOJIB30BAJIICH HEPABEHCTBOM I 61b-

nepa (em. § 1.1). Tak Kak MOCIEIOBATEIBHOCTD Uy, () CXOMUTCS B HOpME
L,(Q) mpu m — oo, To u3 cootHomenuit (3.105) BbITEKAET, ITO |, (2°) —
Uy, (20)] < € pm my > mg 1 mg > Mg, ecm Mg JTOCTATOMHO GOIBITIOE THCIIO
u 20 € Q. CreioBaTebHO, MOCTEIOBATEIBHOCTD Uy, CXOIUTCS PABHOMEPHO
B () mpu m — o0.

Tak kak mpu 066X m 1 ¢ € D(€)

/ U (1) Ap(2)dz = 0,

Q1

TO, IIEPEXO/Id B 9TOM PABEHCTBE K HIpeeLy IIPU M — 00, LIOJIyYUM, 4TO

/u(x)Ago(a:)dﬂs = 0.
1951

Corsacao Teopeme 43 510 03HauaeT, 4T0 u(x) — rapMoHUYECKas (YHKIUS

BQl. Ol

Teopema 46. Fcau nocaedosamesvhocms 2apmonureckut 6 £ Gynruut ty,
uz xaacca C°() npum — oo cxodumea pasromepro na O, mo umy () npu
m — oo cxodumes pasromepro 6 ) K eapmonuveckols gynryuu u(x) 6 Q.
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Jlokazamensvemeo. Ecmn w,,(r) npu m — oo cxomurcst paBHOMepHO Ha OS2,
TO |ty (T) —Um, (x)] < &, ecom & € O, M1 > mg, Mg > Mg U My JTOCTATOTHO
BeJIMKO, a € > (0 — npousBosibHO 3ajanHoe yuciao. Cornacuo Teopeme 21 us

§3.5
[ty () — Uy ()] < &

Bo Beex Toukax ). Ciie/loBaTe/IbHO, U, CXOAUTCI PABHOMEPHO B ) Ipu
m — 00. VI3 Teopemnbl 45 ciemyer, 9TO TIpees paBHOMEDPHO CXOIdATeiics
B () moc/emoBaTe/IbHOCTH TapMOHUYIECKUX (DYHKIWH sBasgeTcs (QyHKIAEH,
rapMOHIYECKOi B (). O

JlokaxkeM Ternepb TeopeMy O KOMITAKTHOCTH CeMEeHCTBa rapMOHUIECKUX
dyHKITHIIL.

Teopema 47. Ilycmo zapmonuveckue 6  dynruuu Uy, m=1,2,..., pas-
HomepHo ozparuvens. 6 Hopme Ly(2), p =1, m. e.

p
/\um\pd:v < M,
Q

2de nocmosnnas M we sasucum om m. Tozda us nocaedosamesvrocmu,
U () MO2ICHO BLOPAMD NOINOCALIOBAMEAHOCTVD, PABHOMEPHO CLTOOAULYIO-
ca 6 moboti nodobaacmu Q. maxoti, wmo Q C Q. Ilpedenom 6vi6partoi
nodnocaedo6amesbHOCMU ABAAEMCA 2apMOHUNECKas Pynkyus u(x) 6 .

Hoxaszameavemso. Ilyctb Qr — map paguyca R takoit, auto Qr C ) u pac-
crosiane or Qp 1o 02, 6omabine 25, § = const > 0. IlokaxkeM, UTO B KOH-
MEHTPUICCKOM Tiape (QQris paguyca R+ § GyHKINT Uy, PABHOMEPHO IO 1M
orpaHudeHbl. JefcTBUTEIbHO, IPUMEHsISI TEOPEMY O CpeIHeM 3HAYECHUU U
HepaBeHcTBO Lémbaepa, nomyuaem mis 20 € Qrys

1
26,0™

[ (2%)] <

/ [t () |dx < M npu p =1,
Qs°

/ iy ()| d <

0
Q5

1

0

Q=

1
p

1 N
< /|um|pd:v /dx <M, p>1,

26,0
0 0
Q5 Q@5
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rae M — mocTosiHHASI, 3aBUCSIIAS OT 0, HO He 3aBHCsIasn oT 20, a % + % = 1.
IIo Teopeme 06 oreHKaxX MPOU3BOIHBIX TAPMOHUYIECKUX (DYHKITNN UMeeM JIIsI
0601 Touku T € QR
Oup(z)| _—n
“or. < glnax lum| < My, (3.106)
Lj QR+6
rje nocrosinaasi M He 3aBucutr or m. 13 Hepaencrsa (3.106) cieryer pas-
HOCTEIECHHAS HEIIPEPLIBHOCTL ceMeiicTBa PYHKIWMHA Uy, B (QRr, TaK Kak OJjId

r€Qrua €Qpr

= u(f
[t () — U (2)| = Z%(x]—x;) < My -nlz —2'|, 0€Qg.
j=1

[To Teopeme Aprena u3 § 1.1 u3 moce 0BATENBLHOCTH Uy, MOYKHO BBIODATH
PABHOMEDPHO B (Q R CXOJSIILYIOCS TOJIOCIe10BaTeIbHOCTD. [TycThb {25 0603HA-
JaeT MHOYKECTBO TOUEK {), PACCTOSTHIE OT KOTOPBIX 70 TpaHuIibl Jf) He MeHb-
me vem 30. Ilycts mocnemoBarenpaocTh 0 — 0 nmpu & — co. OdeBuHO,
MHOZKeCTBO ()5, 3aMKHYTO M €I0 MOXKHO HOKDBITh KOHEYHBIM YHCJIOM IIapOB
Q',...,QN, paccrosane or koropsix 10 O He MeHbime 20. Ilo moxasam-
HOMY W3 TTOCJIEIOBATEILHOCTH Uy, MOYKHO BBIODATDH MOJIIOCIEIOBATETHHOCTD
Uy, CXOIAIIYIOCST PABHOMEPHO B Imape (Q1; Jajee, u3 MoC/Ie0BATETbHOCTH

Uy, MOXKHO BBIOpATH HOMMOCIEI0BATEILHOCTD 1Uyy,”, CXONANLyI0Ca paBHOMED-
1

mo
paBHOMEDHO cxongmasicsa B {15,. O4eBUIHO, TaKUM 2Ke IIyTeM H3 3TOil Io-

CJIE0BATEILHOCTH MOXKHO BBIOpATh IOAIOCIEI0BATEIbHOCTD, PABHOMEPHO
exofyiocst B (2s,, 3aTeM U3 Hee MOXKHO BLIODATH HOJIIOCIIEI0BATEIbHOCTD,
PaBHOMEPHO cXozsIyiocs B ()5, u T. 1. JlnaroHaJbHBIM IIPOIECCOM BBIOHpAa-
eM u3 Up,(z), m = 1,2, ... HOAIOCIeI0BATEILHOCTD, PABHOMEPHO CXOJISIIILY-
focst Ha moboM MHOKecTBe ()5, . OdeBnmno, sobas obmacts () Taxasy, 9ro
Q' C Q, conepxRuTcs B (s, , ecm 0p, JocTaTodHO Masio. B cuimy Teopembr 45
[IpeJeIOM BBLIOPAHHON IOIIIOC/IEI0BATEILHOCTH SIBJISIETCS TapMOHUYIECKAs B
Q) dyukmus. Teopema jokazaHa. U

HO B (Q2 ¥ T. JI. DTO 03HAYAET, UTO CYIIECTBYET IOJIIOC/IEOBATEIHHOCTD U

3.12. HpioTOHOB HOTEHIHAAJI.
lN'unosumnTuaHoCTh oneparopa Jlammaca

JIuneitabrit uddepeHnuaIbHbI onepaTop L ¢ MOCTOSHHBIMU KO3hduImeH-
TaMI Ha3bIBAETCs THITOJIIAIITHYECKHAM, eC/Ii 115t J11060it obmactu € C RY
obobmennas dbynkimst u u3 D'(Q) apasercs dynxnumeit knacca C°(2) npu
yeaosun, uto Lu = f B Q u f € C*°(Q2). B arom naparpade MbI JJOKazKeM
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TUTIOJITUIITHIHOCTL omneparopa Jlammaca. M3yunm cHavama cBoiicTBa HBIO-
TOHOBBLIX IIOTEHIINaJIOB. B cjlIrydae n = 2 TaKHe ITOTeHINaJIbI Ha3bIBaIOTCA
erre J1orapuMUIeCKIMU.

Teopema 48. [Tycmo f(x) € CK(Q), k>0, u |f| < M 6 Q, M = const.
Toeda Hv10OMOH06 NOMERUUAN

= /f )=y "y npun > 2,

/f

aeasemes Pynxuuet us xaacca CFH(Q).

(3.107)

= dy npun =2,

0
Joxasamenvemso. Iyers 20 € €, QgR C Q, R = const > 0, dyaxnus
P(x) € C(‘)’O(Qf;), Y =18 QQCBO, 20 = (29,...,29). Cormacno dopmymnam
2
(3.107) umeem

v(«%')—/[f(y)¢(y)+f(y)(1—¢(y))} CnE(x,y)dy =vi(x)+va(x), (3.108)

Q

rie Cp, = —(n — 2w, ipun > 2u C, = =27 upu n = 2, E(x,y) —
dyHIaMeHTaIbHOE pelleHns ypasHenus Jlamaca,

/f CE@@@wM%—/f@W—WWGﬂ@M@

Q\QR/2

Jlerko BuzeTh, uTo v9(x) sABAsSETCS OecKoHEeTHO rddepeHnupyeMoit hbyHK-
nueit & B okpecTHoCTH Q7 /4 TOUKH 20, Tak xak E(z,y) — 6eckoneuno mud-
depennupyemast GYHKIUS & U Y, KOLIa T € Q%OM, Yy € Q\Q%O/Q, U UHTe-
past v MOXKHO AU dEpeHImpoBaTh Mo/ 3HAKOM nHTerpasa. [lokaxem, 9To
B Q%D/ZL CYIIECTBYIOT HelpepbIBHBbIE Ipou3BojaHble DYy npu |of < k + 1.
IIycts oo = (01, ..., ), |of < K +1, oj > 0 mpu HekoTopoM j. C HOMOIIBIO
dopmybl I/IHTeI‘pI/IpOBaHI/ISI 110 JacTsiM GYHKIUO vy () MOXKHO [IPEJICTABUTD
B BHJIE

m@—/%@www%wwwwmw (3.100)

0
Q3r
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rie

Yj
éj(y) = _/f(y17 o Yi—1,8 Y1y - 7yn)d8-
i

Bynem paccmarpuBarh r € Q%O/ 4 Cremaem B murerpane (3.109) zamemy
TepeMeHHbIX HHTerpupoBanns 1 = y— . Torma npu |z —z%| < %, VIATHIBASI,
aro () € CSO(Q%O), TIOJTY TIM

wiw) = | @j(n+w)8%j ($(n + 2)CuE(0, 7)) di. (3.110)

ﬂeFKO BI/I,ZLeTb, 910 HeCO6CTBeHHbIe I/IHTeraJII)I
9E(0,n) ,
/\ O gy, =1, [ 1BOIn
15
QY% QY%

cxonarcd, bynkius P ;(y) nmeer yobble HEIPEPHIBHbIC TPOU3BO/IHBIE 10 0
psfika k BKJIIOYUTEILHO U HEIPEPBLIBHBIC MPOU3BOMHBIC MOpsaka k + 1, co-
Jiep Kalie 1o Kpaitaeit Mepe oano nuddepennuposanue 1o y;. Ilosromy cy-
IIECTBYET HelpepbiBHAsI pousBoHast Dy, a = (aq,...,ap), o] < k+1,
aj >0, 0pn z € Q%OM. OTa TPOU3BOJIHAS MOXKET ObITh rojydena judde-
pernuposanueM uarerpasta (3.110) mist vy (x) Ho ' MoK 3HAKOM HHTErpasa:

pu= [ o [@m ; m)a% (b(n + 2)CL B, n>>} dn.

0

2R
HeiicrBuresbro, upn = (x1,...,T,) € Q%OM ux = (r1,...,21,2 +
Az, x4, ..., Ty) uMeeM opu | = j, ecim k = 0, u sobom [, ecom k > 1,
v1(x) — vi(2’) 0
PET T [ e |2+ 0 Wt 2)CuB0,) | i <
%r
OFE(0
<elwe) [ 10 (1801 +|ZERD]) o, vae e(o,t) > 0w’
n
Q‘)%R

U IpaBas 9acTh 3TOrO HEPABEHCTBA CTPEMHUTCA K HyJo npu 2’ — x. Amaso-
IUYHO JIOKA3BIBACTCS CYIECTBOBAHNE IIPOU3BOJHBIX OT v1 () 6oJiee BBICOKOTO
nopsaaka upu k > 1 Teopema mokaszana. ]
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Dynknus f(y) B unrerpase (3.107) HA3BIBAETCS IIOTHOCTHIO HHIOTOHOBA
HOTEHINAJIA.

Teopema 49. Hvtomonos nomenuyuan (3.107) npu f(x) € CF(Q),
|f(z)] < M 6 Q, M = const, k =1, ydosaemsopsem 6 Q ypasreruro

Av=—(n—2)w,f npun>2, (3.111)
Av==2nf mnpun=2. (3.112)

Jlokasamenvemeo. Ilpencrasum v(z) = vi(x) + va(x) mo dopmye (3. 108)
OquI/I;LHo Avy = 0 B QRO/4, rak Kak Ay E(x,y) = 0 npu = € QR/4,

y € O\Q% J/4 M MHTErpaI vo(x) MoxHO JuddepeHIupoBaTh M0/ 3HAKOM HH-
0
X

terpasa. s sorancienns Avy npu z € Q% /4 CGACIIACM 3AMEHY HEePeMEHHDIX

UHTErpUpOBaHus Yy = 1) + & B uHTerpaJe s vy (x). Umeem npu € Q:’éo/ 4

vi(z) = / Couf (4 1)l + ) E(O, )d.
3R
IIpumensis opmyly UHTEIPUPOBAHUS IO YACTAM W IOJIb3YICh TEM, HUTO

Y(x + 1) Kak GyHKIW 1) TpUHAIEKAT Kiaccy D( % R) mpu r € Q%OM,
HOJTY IUM

ovy (
= [ Cop (B0 )] (0.~
J
Q, Q%R\QO

~liny | - / Cofla+n)la-+n)gdr /c Flatn (e ) B0, n)vsds | =
\Q0

oF
5
Q0

[osTomy, yumTbisas, ato AE(0,7) =05 QY R\Qg, C TTOMOIIBIO UHTEIPUPO-
4
BaHUSA 110 JaCTAM ITI0JIyTaeM

~ 9%v; / ofv) OF /
=— [ C, m C,
= Ox;? . ; ox; 877] a—>0 Z 856] 877j

2R 5R\QE

OE(0,7)
£ ds.

= 1im G, [ f(x+ 0o +n)
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Oynxmusa Y(x +1) = lopun € QY x € Q%OM, €CJIU € JIOCTATOYHO MAJIO.

ITosTomy npu x € Q%OM un>?2

E
Avy(z) = lim C,, mf(x +n)ds =
e—0 ov
52
= lin%(2 —n)el " / flz+mn)ds = (2 —n)w,f(x).
e—
SO
IIpu n = 2 umeem
1
Avy(z) = lim ——/f(:c +n)ds | = —2nf(x).
e—0 £
SO
Takum obpazom, TeopeMma JTOKa3aHA. ]

Teopema 50. Onepamop Jlaniaca AGAACTNCA 2UNOIANUNMUNECKUM ONEPa-
mopom 6 R.

Joxazamesvemeo. Iycrs u € D'(Q), Au= f 8 Qu f e C®°(Q). ITokaxkewm,
aro u € C(Q). Iycrs 20 € Q, Q%; C Qe C§( 926;) ny(r)=18 Qf;.
PaccMOTpEM HBIOTOHOB MOTEHIUAI

w(z) = / F )y, y)dy
Q

¢ wrotHoCThIO f1hC) L.

Corytacuo Teopeme 48 dynknus w(z) GeckoHeuHo muddepeHnupyeMa
BQ, Aw = —(n — 2w, f(2)v(x)Ct = f(x)w(z) B Q, uu—w us D'(Q)
ABJIgeTcs 0b6obmennoi rapmonmaeckoil gynkmueit B (% . Ilo Teopeme 42 u3
§ 3.11 u — w siBJIsIETCSI TAPMOHUYIECKOIN (DYHKIIIEH B Q%D U, CJIeJIOBATE/ILHO,
Kak JI0OKa3aHo B § 3.3, pyHKIMA U — w NPUHAIJIEXKAT KIIACCY C’OO(Q%O). Tak
kak 20 — mpomsBosbHAst Touka 2, To u € C°(£2). Teopema noKazama. O

B § 3.2 mbr onpeieniuiu byHaMeHTaIBHOE pelieHne ypapuenus Jlamraca
kax o6obmennyio dynkumo V(z,2°%) us D'(R?), yrosnersopsionyo B R?
yPaBHEHUIO

AV =6(x —20). (3.113)
O4eBuIHO, YTO IPU TAKOM OIpeJeeHnn (DYyHIAMEHTAILHOE PEIIEeHUE OIIpe-
JIeJISIETCST ¢ TOYHOCTBIO 10 rapmonndeckoit B R} dyuxmun. Ecim wa V (z, 20)
HasokuTh yeiaosme: V(r,z%) — 0 mpu |z| — oo mim n > 2, u |V| <
Ki + Ks|z|P npn |z — 2°] > 1, tme Ky, Ko, p = const, 0 < p < 1,
[ V(z,2%ds = 0 mizt n = 2, To dbyHIaMeHTAIbHOE DelleHne ypaBHe-
520
uust Jlamiaca onpeessieTcst oaHO3HAYHO U 3asaeTcs popmyrtamu (3.8), (3.9).
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JleiicTBUTETLHO, TPU TAKIX HPEIToNokKenuax pasuocts Vi (x, %) — Va(x, 2Y)
nByX periennii ypasaerns (3.113) B RY siBisiercst rapMoHndeckoii dbyHKImeit
B RY, crpemsreiicst K HyJII0 Ipu |x| — 00, eciiu n > 2, U He IPEBOCXO/IAIIel
K|+ K|z BR?, K}, K} = const, p < 1, ecim n = 2. ITo reopeme JInysu-
ast (em. § 3.9) Vi(z,2°) — Va(z,2°) = const. B cywae n > 2 sta nocrosaHas
paBHa HyJIIO, Tak Kak Vi — Vo — 0 mpu || — 0o. B cirygae n = 2 u3 yciaosust
[ V(x,2%)ds = 0 crenyer, uro V4 — Vo = 0. Iosromy dynmamenTaibHoe
520
penieHne ypaBHEHU A ﬂaHJIaca IIpn YKa3aHHbIX JOINOJJIHUTE/IbHBIX YCJIOBUAX
TOJKHO coBnaath ¢ dbynkmmeit E(z, 2°), sanannoit dbopmymavu (3.8), (3.9).
Paccmorpum  Tenepb  0600IIEHHBIE pEIeHUsT ypasHeHnus Ilyaccona
Au = f. Ilycrs f— obobmennas dyuxmus uz D' (R?) ¢ mocurenem B Q, rie
() — orpanmiennas obacts B R?. Torna onpenenena ceeprka f n C, E(0, x)
kak obobmennas dynkims u3 D'(RY) suga

v=fxC,E0,x), Cp,=—wp(n—2)upun>2 C,=—21upun =2,

KOTOPYIO Oy/IeM HA3bIBATH OOOOIIEHHBIM HBIOTOHOBBIM moTeHnuagioMm. Co-
riacHo npasusiaM guddepennupoBanus cBeprtku (cm. § 1.3) mmeem

Av=A(f* CoE(0,2)) = f  CoAE = f % Cyd = C f.

Eciu f(x) — dunurnas n uarerpupyemasi 8 R? dbyukimst, 1o 06001eHHbIL
HBIOTOHOB MTOTEHIINAJ UMEeT BU/I

U(:L’) =C, f(y>E(xa y)dy,
R[

_ 1
1 QYHKIUS W = v ABJIg€TCst 0O00IEHHBIM PelenneM ypasnenns Ilyacco-

Ha Aw = f. !

3.13. O6ob6mennbie pererns 3agaan Iupuxiie

B nacrositem naparpade Mbl ¢hOpMyIHpYEM TOCTAHOBKY U UCCJIELyeM CBOii-
CTBa TaK Ha3bIBaeMOW 00006u,eHHol 3aaqu Iupuxiie B orpaHndIeHHoit 0bJ1a-
cru 0 C R™ Pemennsi takux 3ajad uniyTcs B mnpoctpancrsax CobosieBa
HY(Q) u HY(9).

Hanomunwm (cm. 1. 1), aro rumsbeproBo npocrpancTBo Lo (£2) — 310 mpo-
CTPaHCTBO (PYHKIUI, HHTErPUPYEMBIX B KBajipaTe B obsactu ); CKaJsipHOE
npousBe/ieHre U HOpMa B Lo(£2) 3a1ai0Tcst citey oM o6pa3oM:

u,v) = [ uvdx, ul]? = u,u) = [ u?dr, u, v € Lo(§2).
0

Q Q
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[Ipocrpancrso H!(2) Bkmouaer B cebs Te bynkmmm u(z) us Ly (), s
KOTOPBIX BCE WX HPOU3BOJHBIE MEPBOrO TOpsKa Ou/0x; TaK¥kKe SBJISIFOT-
cst semerTamu rpocrpancrsa Lo(2). (IIpoussoable HOHNMAIOTCST B CMbIC-
sie Teopun obobmennsx dbynkmmit.) Ipocrpancreo H' () Taxxe apagercs
FI/IHb6epTOBbIM IIPOCTPAHCTBOM OTHOCHUTECJ/JIbHO CKaJIAPHOI'O IIPOU3BEICHU A

[, 0] 1) = /uvdx—i—/z Ou (% x, u,v € HY(Q).  (3.114)

6$k 6$k

Hopma B mpocrpanctse H 1(Q) 38/1a€TCd, B COOTBETCTBUU CO CKAJIIPHBIM
[IPOU3BEICHUEM, CJICIYIONIUM 0Opa30M:

2L/ ou\?
ol = ooy = [ det [ 525 ) do = ull + 19,
Q o k=l

(3.115)
rae non ||Vul, Mbr mommmaem HOpMmy BekTOp-byHKmEnm Vu(x) =
(Ou/0x1,...,0u/dx,) B npocrpancree (Lo(2))".

Haxomern, mpocrpanctsom H1(§)) maspsaercs momnommenne C§O(€2) mo
ropme nipoctpanctsa H!(§2). U3 onpesiesiennii STHX MPOCTPAHCTE CIe/TyeT

C(Q) € HY(Q) c HY(Q) C La(€).

o
CkasisipHoe TIpoM3BejIeHne U HopMa B mpocTpanctse H1(§)) mamyrmpyror-
ca w3 H'(Q) n maxme samaiorcs dbopumytamu (3.114) u (3.115). Ommaxo,
KaK Mbl yBHJIUM 9yTh HUXKE, HepaBeHCTBO Dpujpuxca MO3BOJISAET BBECTH B

o]
H(Q) apyryio, sKBUBaJIEHTHYIO, HOPMY U COOTBETCTBYIOIIEe efi CKaTspHOe
POU3BE/ICHUE:

2 B - ou \ 2 B 9 °
lully = [u,u] = /; ((%k dr = |Vul?, we HY(Q),  (3.116)
"L du v °
[, 0] = /Z L Gy = (Vu, Vo) s v € HY(Q). (3.117)

B stux obosnavennsix coornorrennst (3.114)—(3.115) mepenuceiBaloTcst Kak
2 2 2
[l ) = llullg + llullys  [w vl g q) = (w,0) + [u, 0].

Ormernm, aro HepasencTBo Ppunpuxca (1.9) B HammMX 0003HAYECHUSIX TPU-
HUMaET BHU/L

Jull < CO) [Jull> Vu e H'(Q). (3.118)
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Teopema 51. B npocmpancmee H' () nopmw [Ny w lllly owsusa-
NEHMHDL.

Aoxasamenvcmeo. Onenxa ||ul|; csepxy uepes [[ul g1 (q) ouesnina:

2 2 2 2
Jully < flullo + llully = lull @) -
O6parnasi omeHKa npsiMo ciaeayer u3 Hepasencrsa Opuapuxca (3.118):
2 2 2 2
[ullzr ) = llullo + lully < (C€) + 1) [Jull- O
Besne mmxke OyjieM HCIIOIB30BATH HOPMY U CKAJIAPHOE NIPOM3BEJICHUE B

H! (), samaBaembre (3.116)-(3.117).

3.13.1.Ciren, dbynkmmii u3 H'(Q)

B ocnose onpepnenennii npocrpancrs CobosieBa jexkur uaTerpas Jlebera,
no3roMy (hyHKIMU, COBIAJAIONINE HOYTH BCIOAY (T. €. OT/IMYAroNuecst Ha
MHOZKeCTBE MEPbI Hy.)'[b)7 3a1al0T OJUH U TOT 2Ke 3JIEMEHT KaxK/I0I'0 U3 IIPO-

[¢]
crpancts Lo(2), H(Q), H(Q). Crenosarensno, nsmenenne dbynkmmm u(r),
Kax omobpastcerusa uz Q uim ) B R, Ha Kakoii-imbo runeprnosepxHocTu (a ru-
[EPIIOBEPXHOCTH MMEET, ECTECTBEHHO, MePYy HyJIb B 00BEMIIIONIEM ITPOCTPAH-

CTBE) HE MeHsET 3Ty (DYHKIHIO KAk IACMEHT GYHKUUONAALHOZO NPOCTNPAH-
o
cmea Lo(2), HY(Q), HY(Q). OTciona, Kazamoch ObI, CIeIyeT, 9T0 CaMo TIOHsI-

[¢]
e «3navenne bynxmun u3 Lo (Q), H' (), H'(Q) na runepnosepxnocTis He
nMeeT CMBICJIA. Tel\l HE MEHee, 9TOMY IIOHATUIO, OKa3bIBACTCdA, MOXKHO IIPpU-
TaTh BIOJHE OTPe/IeIeHHbIl CMBICT, a B cilydae mpocTpancts H1() mm

o
HY(Q) (10 me Lo(f2)), naze He BBIXOJA 32 MPeJIesbl KIacca OOBIMHBIX (a He
0600ITEHHBIX ) (DY HKITHIA.

(0]
JIj1s1 TPOCTOTHI OTpaHmanMcst 6ostee y3KuM mpoctpanctsom H1(Q). Tlo
oupeesennio, npocrpancTBo C3°(§2) Heckoneuno auddepeHnnpyembrx hu-

o]
HUTHBIX (YHKIMI Beroay mioTHo B H (). Mbr MoxKeM canTaTh, 9T0 (DyHK-
mun v € C°(€2) 3amansl Bo BceM mpocrpancTse R”, noonpeiesisst UX Hy/eM
> o0 n
Bre (). ¥V moboit dyuxmun u € CG°(R™) onpezernen ee cien y(u) na rumep-
IJIOCKOCTH T = const, siBistomumiicst snementoM npocrpancrsa C5O(R™1).
Tem cambiM, UMeeTCst OTOOPaAYKEHIEe

v: CP(R™) — C?(R”’l).
TToxaxkem, 1TO 3TO OTOOpAYKEHUE Y IIPOJOIKACTCI KaK HEIPEPBhIBHOE OTOO-

o
paxcenne uz H'(Q) B La(Q), riie Q' — cedenme obmactu () THIEPIIOCKOCTHIO
x; = const, ' = QN {x; = const}.
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Teopema 52. Ecau nocaedosamenvrocms uy(x) € C§°() dyndamernmant-

(0]
na no nopme HY(Q), mo ona dyndamenmanvna no nopme Lo(Q') na eunep-
nAocKocmu T; = const.

Zloxazamesvcmeo. Ilycrb, nns onpenesieHHocTH, j = 1, x1 = const = 93(1).

Cunraem, uro Q C {z;|z;| < A, i =1,...,n}. [lonaras, kak u panbliie, u =
0 Bue §2, nmeem

1
ou
0
u(zy, xa, ..., o) = 6—xldx1.
—A
ITo mepasencTBy Komu—ByHsKoBCcKOro
2
4 I U
u (x], T2, ..., Ty) = —dxy </dx1-/<—> dr, <
8$1 8561
—A —A —A

A P 9
u
con [ (24
8331
—A
[IpomHTerpupyeM 3T0 HEPaBEeHCTBO TI0 THIEPIIOCKOCTH T = 1. UMeem
2, 0 ou \ 2
/ u(xl,xg,...,a:n)dxg...dazn§2A/ — | dx =
85[,‘1
(z1=29)NQ Q

ou 2 2
= 2AH— < 24 |Julf?.
8331 0

Hamuem 310 HEpaBEHCTBO MJIsT PA3HOCTH U = Uy, — Ug. 1Oy danMm

2
[um = wkll ) = /(um —ug) dry. .. dry, < 24wy —uglly . (3.119)
Q/
[¢]
Taxum obpaszom, cxofamasics o Hopme H () nocenosarembHocTsh hyHK-
it u, € C§°(€2) cxomuTest Ipy 1 — 00 Ha, INIOCKOCTH &; = const 110 HopMe
Lo (). O
JlokazaHHas TeopeMa MO3BOJIAET OTOOPasKeHHe CJIeJa Y, OIPEIETEHHOe
[¢]
Ha BCIOJTY TIOTHOM B ripoctpanctse H () muoxecrse C§°(£)), Npoio/zKuTh

o
IO HEIPEPBIBHOCTH [0 0TOGpayKeHns Ha BceM mpocTpanctse H 1 (Q):

(o]

i HY Q) — Ly(Q).
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D10 0TOOPAYKEHNE, ECTECTBEHHO, MOJTYIaeTCsl HEIPEPbIBHLIM 1 jiazke JIumm-
nesbiM (cM. (3.119)). Tem cambim, onpe/ieneHo noHsaTHE ciaeta Y (u) byHKIuI

u(r) € H'(Q) xak snementa npoctpanctsa Lo(§Y').

[¢]

1 .0
Teopema 53. Cred dynxyuu u(x) € H' () na eunepnaockocmu xj; = T;
3a6ucum nenpepuieHo om .
Hoxazamenrvcmeo. Bribepem [I0CJIE0BATEIBHOCTD un, € C§°(2),
[tn, —ul|] — 0. B srom ciyuae caempt bynsimit u, () Ha THIEPIIOCKO-
crax 1 = 20 nw 1 = 2) + Az cxonarca (mo ompenenenmo) x cresam

0 ../ 0 0 ./ _ / I

w(zy, ') n u(zy + Azy,2") dynkmun v = u(xy,2’), 2’ = (x2,...,2,), 10
nopme Lo (R71).

Nnmeem
ee x(lJJrAm?

un(ﬂf(l), 2') — un(az(l) + Ax% 7)) = — dzxy.

AHATOTHYIHO J0KA3aTETHLCTBY TEOPEMBI 52,

z9+Az 5
( (N 0 0,2 0 un
un (27, 2') — up (2] + Azt 2")” < Az T dry <
Z'O !
1
ouy, 2
( 0 ./ 0 0 N2 7.0 0 Oun \?
un (27, 2") — up(a] + Az, 2"))” da’ < Az ar dx <
1
0 Q

r1=x]
< lull; Az]
< lunl||] Azy.
Ilepexons x mpenesny mpu n — 00, MOy UM

/ (u(zf,2") — u(2f + A:U?,:U’))Q de’ < KAzY =0

11::1:(1)

2
upu Az — 0, rie K = sup,, ||u,||] (Hamommnm, uro nociesoBaTebHOCTD

o
up () cxomuress B H(§2), a, 3HaunT, OrpaHnuyena B 9TOM IIpocTpancTse). [

[¢]

Taxum obpasom, ynknus u(x) € H () onpenensier Ha 11060i KOOp -
HATHOI TUIIEPILIOCKOCTH (DYHKIUIO U3 Lo, npudeM 3Ta (hyHKIMS HEMPEPHIB-
HO 3aBHUCHUT OT IMIIEPIUIOCKOCTH (mim jimanu B ciaydae n = 2). To xke camoe
BEPHO JIJIsA JTI000M IIaIKOH THIEPIIOBEPXHOCTH Pa3MEPHOCTH 1 — 1.
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JleficTBUTEIbHO, €CIIM  TUIMEPIIOBEPXHOCTb  33IaeTcs  ypaBHEHUEM

F(xy,...,2,)=C, FeCl g—i # 0, TO, Jesiasg 3aMeHy KOOPIUHAT
Y1 :F(ﬂfl,...,l‘n), Yz = T2,..., Yn = Tn, (3120)
MBI [E€PEBOUM THUIEPIOBEpXHOCTh F(x1,...,z,) = C B IHIEpPIUIOCKOCTD

y1 = C. B caywae rnagxoit (kmacca C1(€2)) samMeHB mepeMeHHBIX HOpMa

o
npocTpaHcTBa H 1(Q), olpeJ/ieJIcHHAs B IEPEMEHHBIX T, SKBABAJCHTHA HOP-
Me 9TOro »Ke MPOCTPAHCTBA, OIPe/Ie/IeHHO B repeMeHHbIX ¥. CBOICTBO XKe
[TOCJIEOBATEILHOCTH OBITH (PYHIAMEHTAIbHON WHBAPUAHTHO OTHOCHTEIHLHO
3aM€EHbl HOPMbI Ha 9KBUBAJICHTHYIO.

[¢]
Bameuanue 5. [o rpanmuHbX 3Hauennax ymnkmmii nz H1(Q)] B cmbice

o]
JTAHHOTO BBIITIE OIpejle/leHus ce/a, 3Hadenne dbynximn u € H1(§2) ma rpa-
aure 02 obsactu (2 paBHO HyIO (Tak Kak Ha OS) paBHBI HYJIO Bee (DyHKIUH
u3 C§°(2)), T e.

o
u =0 Yue HY(Q).
€002
o
Pagsencrso mymo dbyukmun v € H'(Q) na rpamumne obnactu ) MOKHO
[OHUMATH U B CMBICJE CTPEMJICHUs K HYJIIO MHTErPAJOB OT KBaJparTa 3TOM
dyukIEM Mo THNeprnoBepxHocTsM [, C 2, cxomsgmmmvcsa K 0§ = Ty npu
¢ — +0. Tounee, nycrs cymecrByer cemeiicTBo runepioepxaocreit {I'q;0 <
¢ < ¢}, 3amaBaeMbix ypaBHenueM F(zq,...,x,) = ¢, npudeMm dyukius F
npunaexkut Kiaaccy C' B oxpecrrocrun 9, VF # 0, npu stom I, C
npu 0 < ¢ < ¢g, u I'g = 0N,
Tora, menasi 3aMeHy KOODAMHAT (B OKPECTHOCTH HPOU3BOJBHON TOYKH
P € 09) Buga (3.120), u3 Teopembl 53 3aKII0OTAEM:

/uQ(x)dSm — 0= /uQ(x)dSm upu ¢ — +0 (3.121)
e o0

ns ro6oit dymkmmm u € H ().

3.13.2.3amava /lupuxie ¢ oqHOPOSHBIMA I'PAHNYHBIME YCIOBAIME
IIpex e gem ompeaeuTh 0DOOIEHHOE peITeHne 3a1a9u
Au=f, xe€Q, (3.122)

=0 3.123
U (3.123)

npuBeJIeM HEKNE HaBOILAIINe COO6pa)KeHI/IH. I_IaHOMHI/IM7 9TO KJIaCCHYICCKUM
pelenneM 3Toft 3a1aun HasbiBaercsa dynxmusa u(z) kracca C2(Q) N C(Q),
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KOTOpasi paBHa HYJIIO Ha I'paHuie odsactu ) u, OyJaydw HOACTABICHHON B
ypaBHeHue, Jaer BepHoe paBeHcTBO. PyHKius f(x) npu sroM mpe/nosara-
eTCcsl HelpephIBHOI B ().

Ipemnoxenue 1. ITycmv gynnuyus u € C%(Q) ydosiemeopaem ypasre-
nuro (3.122) ¢ f € C(R2). Toeda

]+ (f0) =0 Yo e HY(Q).

Joxasamenvemeo. s moboit dyukimm ¢ € C3°(2) us (3.122) cremyer

/cpAudx—/fgodx.
Q

Q

Wurerpupyst BoIpazKeHHe CJI€Ba MO 9acTAM (& 9TO 3aKOHHO 0€3 KaKUX-THO0
chIOBI/IfI Ha IVIAJAKOCTH U BIJIOTH IO I'PaHUIIbI B CUJIy TOI'O, YTO PE€aJIbHO MbI
HHTErpuUpyeM 10 HeKoTopoil mogobmactu 21, 0 C 2, BHe KOTOPOIT 0 = 0),

IIOJIy YU M n 6 6
_ u gy
Q

wm, BenomuHas dopmyaty (3.117) ayis ckansproro npomssesienns B H (),
—[u, el =(f.9) Ve 5 (Q). (3.124)

[¢]
Cxansiproe npoussesienne [u, o] B cmbicie H(Q) u ckansproe Tpomnsseie-
ure (f,p) B cmbicsie Lo(§)) HENpepbIBHO 3aBUCAT OT ¢ KaK 3JIEMEHTa IPO-
crpanctea H' (). Takum obpasom, Toxectso (3.124) mpomormkaercss Ha

Bce mpocrpancTeo H' (). O

Teneps B 3azmate (3.122)—(3.123) 3amennm ypasuenue (3.122) na goka-
3aHHOE B [IPEJIOXKEHNN 1 TOXKJIeCTBO, a rpaHn4dHoe yciosue (3.123) 3amennm

[¢]
Ha ycjioBue TpuHaIeskHocTn dbyukimm u(x) mpocrpanctey H(Q) (. za-
Medanue 5). Mbl motyanM cieyoree onpeieaeHue.

Onpenenenune 2. Oyukius u(r) € H'(Q) mazeisaercs 0606usernvim peuse-
nuem 3agaau Jupuxie (3.122)-(3.123), tae f € La(Q2), econ

w0l + (f,0) =0  Vee HY(Q). (3.125)
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Ipeanoxenue 2. ITycmo dynryua v € C2(Q) N C(Q) asasemen 0606-
wennvm pewenuem sadavu Jupuxae (3.122)—(3.123), f € C(Q2). Tozda u —
KAQCCUMECKOE pewerue 2moti 3a0a4u.

Joxasameavemeo. Heitcrsurensno, npu u € C2(Q) u ¢ € C°(Q) Bee BbI-
KJIaJIKH, IPOBEJIeHHbIe IIPH JI0KA3aTeILCTBe IIPeJIJIOXKeHHa 1, IPOBOJATCA U
B 00paTHYIO CTOPOHY, a U3 TOXKJIECTBA

/(Au—f)god:c:O Vo € C5°(Q)

Q
BBITEKAET TOXKIECTBEHHOE PABEHCTBO HYJIIO HEIIPEPBIBHOM B 00s1acTh ) hyHK-
min (Au — f). 3uaunt, ypaBHenne (3.122) BBINOJHEHO B KJIACCHIECKOM
CMBICIIE.

YT0 KacaeTcs TPAHIYHOrO YCJIOBHS, TO /Il HEIIPEePLIBHOM B () (byHKIHHI
u(z) u3 (3.121) cremyer (3.123). O

Teopema 54. Obobwennoe pewenue 3adavu Jupuzae (3.122)—(3.123) cy-
wecmsyem U eOUHCMBEHHO.

Joxasamesvemeo. lpn f € La(Q) muneitastit dyukimonan (@) = —(f, ¢)

]
HeIIpepBIBEH 110 ¢ B IpocTpancTee H ! (Q). HeiicrBuresibHO, B CHILy HEPABEH-
crBa Komm—BynsikoBckoro u Hepasercta Ppuypuxca (3.118),

1) =1 <1l llelly < I1Fly - VE@) llelly < K llglly Vo € H ().

13 teopembr Pucca o6 obmmem Buie JUHEHHBIX HENPEPBIBHBIX (DYHKIIMOHA-
JIOB B THJILOEPTOBOM TIPOCTPAHCTBE CJIEYET CYIIECTBOBAHNE C¢IMHCTBEHHOTO

BEKTOpa U € H L(Q) raxoro, 1o
[u, ¢l = Up) = =(f,0) Vo€ H(Q).

Ocraioch TOJBKO 3aMETUTh, UTO ITOJIYIeHHOE TOXKIECTBO B TOTHOCTHU SIBJISI-
ercs onpejesienneM 000DITEHHOTO pertieHus 3aja4du Jupuxiie. U

3ameuyanue 6. EnuacTBeHHOCTH 0000IEHHOTO perieHust 3amadn upuxie
JIETKO JI0Ka3aTh u 6e3 cchlikn Ha Teopemy Pucca. (Vim, apyrumu cioBamu,
JI0Ka3aTe/IbCTBO €JIMHCTBEHHOCTH B TeopeMe Pucca HaACTOIBKO IIPOCTO, YTO HE

]
JKATKO U TIOBTOPHTD.) JleicTBUTe b O, TIycTh aBe byHKImI uq, us € H(Q)
SIBJISIIOTCST 0000IIEeHHBIME  perteHnsMu 3ajadn (3.122)-(3.123). Torma, mo
OIIPE/IEICHUIO,

[ur, ] = [uz, ] = —(f,0) ¥ € HA(Q).
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CremoBaTebHO,
[e]
1
[ur —u2, ] =0 Yo e H(Q).
o]
[lonaras B 9TOM paBeHCTBe @ = Uy — Uz € H'(£)), momyamm
_ 2_0
[ur — ug, u1 — ug] = flur — uaf|7 = 0.
o

Ioceanee osHavaeT, aTo U] — Uz = 0 Kak 3meMeHT mpoctpanctsa H (),
WM U] = Ug TIOYTH BCIOJLY.
3ameuanwue 7. Ilycrtb ¢1,..., @k, ... — MOJIHAST OPTOTOHAJIBHAST CUCTEMA B

o
cenapabensaom npoctpanctse H (),

loklly =1, [k, @] =0 mpn k#j.
[Moxcrasnsst ¢ B mHTErpaiabHoe TOXKIecTBO (3.125), omnpeensioniee 0606-
menHoe pemntenne 3ajaadn (3.122)-(3.123), nomyuanm [ug, ¢i] = —(f, pr). Ta-

KuM 0obpazom, Haitenbl KoddpduimenTol Pypbe paszyiozKenus 0O00OITEHHOTO
pertienust ug 1o cucreme MyHKIuin {pg

o0

uo == (f,¢%) ¢k

k=1

3.13.3. BapuanuoHHbIii MeTOT,

JlokazkeM CyIeCTBOBaHUE U €JIMHCTBEHHOCTH OOOOIIEHHOIO PeIleHus! 3a,1a-
qu Jupuxie (3.122)—(3.123) apyrum, Tak HA3BIBAEMbBIM GGPUAUUONHHbLM, Me-
TOJOM.

[}
[pu dbuxcuposannoit by f € La(Q) B npocrpanctee H'() pac-
CMOTPHUM (DYHKITHOHAT

1 1 o
@) = ] + (Fu) = 3 Julld + (f), e H'(Q)
Hac Oymer unaTepecoBaTh BOIPOC €0 MUHUMUASALIVN:
®(u) —» inf . (3.126)
ueHL(Q)

JlokazkeM psiJi HECJIOZKHBIX YTBEPKIEHMIT O CBOHCTBaX 9TOro (hyHKIMOHAJIA.

[¢]
Ipennoxenne 3. Oynxyuonar ®(u) nenpepvieen ¢ H(Q).
Joxasamenvcmeo. Hopma ||ul|; sBistercst (1o ompemesieHHIO HEpepbIBHO-
o]
i i HY(Q
CTH) HENpPEepbIBHON (QyHKIMelH B HOPMHPOBAHHOM IPOCTPAHCTBE (Q).

[}
Henpepeisrocts caaraemoro (f,u) xax dyukmmm v € H'(Q) npn dbuxcn-
poBanHoii dyHkuun f € Lo(§2) MBI ycTaHaBIMBAIN IPU JOKA3ATEIbCTBE
TeopeMbl H4. U
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Ilpennoxkenue 4. Dynryuonan q)(u) 02paruUder CHU3y 6 MpocmparHcmee
HY(Q).

Zloxazameavcmeo. N3 anemenTapHOro HepapeHCTBa ab < %aQ + %bQ, € >0,
cIIeyer

1 2 1 2 1 2 € 2 1 2
B(u) = 5 lulld + () > 5 Nl = 17l Jully > 5 el = 5l — 5= 1713
[Tpumensist HepaBercTo Ppuspuxca (3.118), moxyvaem

eC(Q)
2
Bribepem € Tax, arobsr eC(2) < 1. Torma

1 2 2 1 2
O(u) = 5 fully - lully = 52 1£1lo

L2
) > — ,
W > 112
u yuknmonan $(u) orpanuden cHusy. O

CnemoBaresnbio, y dynkiumonansa P(u) cymecTByer TodHAsS HUZKHS
IpaHb

inf  ®(u) = p.
ueH ()

Ipeanoxenue 5. Ecau gynxuyus ug € HY(Q) asasemes moukoti muru-
myma pynryuonana ®(u), m. e. P(ug) = p, mo ug — obobwierroe pewerue
sadavwu JJupuzse (3.122)—(3.123).

Jlokasamenvcmeo. Ilyers ®(ug) = p. Torma mist o6oro sjiementa ¢ €

[¢]
H'(Q) u ¢ = const BbImOTHEHO

P(ug +ep) = p = (uo)
Nnmeem .
O(ug +en) = 5[”0 +ep,up +ep] + (f,uo +ep) =

1 g2
= _[UU’UU] +€[u0790] + 5[90790] + (f7u0) +5(fa 90)

2
1 g2
= 5[”0&0] + (f,u0) + € ([uo, ] + (f, 9)) + 5[%@]-
CureoBaTeIbHO, KBaIPATHDBI TPEXUICH OT &
2
13
5[%@] + & ([uo, o] + (f, ) = ®(ug +ep) — P(up)

HEOTPUIIATE/IEH TIPU BCEX 3HAYEHUAX €. DTO BJICUET 33 COOON PABEHCTBO HYJIIO
ko3 dunuenTa mpu €, TO €CTh BHINOIHEHO (3.125). O
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Ipennoxenne 6. Ecau gynryus ug € H' (Q) asasemcesa obobwermvim pe-
wenuem adavu Jupuzae (3.122)-(3.123), mo 6 mouxe ug docmuzaemes mu-
numym pynryuonana ®(u), mo ecmo ®(ug) = .

[¢]
Joxasameavemeo. Tlycers ug € H()) — obobmiennoe permenne 3amaan Jlu-
puxie (3.122)—(3.123), a u — upomssosbubIl amement H'(Q). Tlomaras

B (3.125) o = u —uy € H', umeem

[ug, w — up) + (fu—up) =0  Yue H(Q). (3.127)
AHAaJIOrUIHO JIOKA3aTEIbCTBY IIPEIBLIYIIEr0 YTBEPIKIEHUsI, IOy TUM:

D(u) = ®(up + (u —up)) =
1

= %[UO,UO]+[u07u—uo]+§[u—uo7u—uo] + (f,uo) + (f,u —ug) =

1
= ®(uo) + 5 flu— uol|3 + [uo, u — uo] + (f,u — up).

B cuny (3.127)

1 o
@(u)—@(uo)zi[u—uo,u—uo]20 Vu € H'(Q).

DT0 M O3HAYAET, UTO B TOUKE U JOCTUTACTCS MUHUMYM dyHKIHoHATA P (1).

IIpennoxkennsa 5 m 6 TOKa3BIBAIOT SKBUBAJIEHTHOCTH 3ajadn JImpux-
e (3.122)—(3.123) (moHMMaeMoil B CMBbICJIe OIIpejiesieHnst 2) U BapUAIMOHHOI
sajaqn (3.126). Xors cyIecTBOBaHNE U €MHCTBEHHOCTD PeIleHnst 0000IIEeH-
Hoit 3a7auu JIupuxie HaMu yke yCTaHOBJICHA IIPU IIOMOIIN TeopeMmbl Pucca,
JIOKAaYKEeM CYIIECTBOBAHUE U €IMHCTBEHHOCTH PEIIeHUs] BADUAIIMOHHON 3a/1a-
YU HE3aBUCHUMO.

[¢]
HazoBeMm Tociie10BaTeIbHOCTD Uy, € H () munumusupyrowet, eciu

lim ®(u,) =p= inf &(u).
e weH (©)

OdeBniHO, MUHUMU3UPYIOIINE OCIEI0BATEILHOCTH CYIIECTBYIOT (BCIIOM-
HUM OIIpeJIeJIeHIe TOUYHON HUZKHEH rpaHn).

IIpensioxkenne 7. Jlobas MUHUMUSUPYIOWAA NOCALIOBAMEALHOCTND { Uy, }

cxodumesa ¢ H(Q).
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Joxazamenvemeo. JTokaxkeM, 9TO0 MUHUMU3UDYIOIIAs OCJIE0BATEILHOCTD
o
{un} bynnamentansaa B H(Q). Vimeer MecTo cooTHONTeHUE

2 2
Uy, + U

2

Up — Um

1 2 1 2
§Hun||1+§||um||1: 5

I

1

1

2
AHAJIOTUYHOE 3JIEMEHTAPHOMY apH(METUIeCKOMY DPaBEHCTBY % + & =

(242)2 4 (252)2 (u Tax ke jmoxaswBaemoe). Orciona
1 2 1 2

P (up) + ©(um) = ) [unlly + (f,un) + 2 lumlly + (f,um) =
2

+(f7un+um>:
1

2
Uy, + Uy,
2 1

— 2% (u”;u’”) +

Tax xak ®(u,) — p, To J1st smoboro € > 0 Bommosraeno ®(u,) < u + ¢,
D(up) < p+ e, eciu n u m gpocrarouno sequku. C pyroif CTOPOHBI,
P (Yntlm) > 4y rax Kak g — TOUHas HIKHss rpanb (yHKImoHama P (u).

Up — Um

2

2
Up — Um

2

1

3HauwuT,
Up +U Uy, — Uy, || Up, — Uy, ||
20+ 26> ®(up) + P(up) =29 [ ——— = = 2u+ || .
2 2 |, 2 |,
Wrak, mpu 10CTATOYHO GOJIBIINX 7 U 170 UMEET MECTO
Un — Uy ||?
Un —Um || o,
2 1
o
T. €. TOC/IeI0BATEILHOCTD {uy, } byHaamentambua 8 H(Q). O

Ilpenoxkxenue 8. I[lpeden u MUHUMUSUPYIOWET NOCAEIOBAMENLHOCTIU
{un} asasemesa pewenuem sapuayuonnol 3adawu.

Jlokasameavemeo. B cuity menpepsiBHocTH (yHKIoHATa P (1), nmeem

O(u) = ( lim un> = lim ®(u,) =p= inf &(u),

n—»00 n—»00 °
ueH(Q)

o
u B Touke u € H'(Q) nocturaerca munmvymM dbynkimonana ®(u). O

IIpennoxkenue 9. [Ipedeavi u u v d8YT A100BLT MUHUMUSUPYIOUWUT TLOCAEAO0-
samenvrocmets {uy} u {v,} coenadarom. (Dxsusarernmmasn Popmyaiuposra:
pewenue 6apuayuornol 3a0auu eoUNCMBEEHHO.)
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Joxasameavcmeso. JleficTBUTEIBHO, TIOCAEA0BATENLHOCTD U, U, U, U, . . . SIBJIS-
ercst MmuHEME3UpYyomeil (tak kak P (u) = ®(v) = ). Suaunt, B cUILy Hpe-
JIOJKeHNUs1 7, OHa MMeeT IIPeJIeJl, ITO BOSMOKHO JIMIIb B CiIydae u = v. ]

[ToapiTO2KMIM BCe fOKa3aHHOE BBIMIE B Ipejiozkenusax H—9. Vmeer mecto
caeyIonasd TeopeMa.

Teopema 55. Pewenue u(z) sapuayuonnot 3adavwu (3.126) cywecmeyem,
eduncmeenno, ono cosnadaem ¢ 0600wernvM peweruem 3dadavwy Jupu-

ae (3.122)(3.123), u x nemy crodumca no nopme HL (L)) mobas murumu-
BUPYIOULAA NOCACO0BAMENHOCTID.

3.13.4.3amava /Iupuxie ¢ HEOTHOPOIHBIMYA T'PAHUIHBIMU YCIOBAIME
OO6muit moIxo/1 K OnpeIesIeHrIo 0000IeHHOTo perterus 3aaaqn Jlupuxire
Au=f, zeqQ, (3.128)
= 9. 3.129
u =v (3.129)

OCTAeTCsl TAKMM 2Ke, KaK ¥ B CJIydae OJHOPOJIHOIO KpaeBoro ycsosus (3.123).
aTerpupoBanreM IO YacTSIM BBIBOJIUTCA WHTETPAJBHOE TOXKIECTBO, KOTO-
poe u Gepercs 3a omnpejenenue 06001eHHoro pemtenus. [Ipu 3ToM, KOHETHO

o]

JKe, permenne 6yIeT OTHICKHBaTLCs He B mpoctpanctse H' (), a B mpocTpan-
cree H'(2). Ho Torma cpasy »ke BOZHHKAET BOIPOC: «A BOOBIIE MOYKHO /i
byHKIIO 1, 3a7aHHY0 Ha Tpanutie 0} TPoIoIKITL BHYTPh obacTi {) Kak
dbynxmmo uz H'(Q)?» OxaspiBaeTcs, STOT BOIIPOC He TaKoil IIPOCTOil 1, BOOO-
I1le TOBOPsi, UMEET OTPUIATETHHBIN OTBET, €CJIH, CKAsKeM, Mbl IMEEM TOJIHKO
P e C(090).

[Tosromy MBI M3HAYAIBHO OymeM TpeboBaTh, 4To ¥ (x) — 910 MYHKIHS
3aJlaHHAasi He Ha TpaHure 0f), a Bo Bceil obsiactu {2, mpudeM v MpUHAIEKIT
kraccy H'(€2), a kpaesoe yciaosue (3.129) GymeM TOHIMATDL KaK TTPIHAITCK-

(0]
HocTh mpocTpancTey H () pasnoctn byHKIHT u 1 1), WK, SKBUBAJEHTHO,
KaK PaBEHCTBO CJIEJIOB 3TuX (yHKIMN Ha JS), ec/ii MpeBapuTe/bHO aKKy-
PaTHO ONpee T TonaTHe caena dynkmmm w3 H'(Q). MTax, Mbl mpuxoImm
K CJIEJYIONIEMY OIPEICIICHUIO.

Onpenenenue 3. Oynxmusa u(xr) € H'(Q) maswpsaercs 0606wenmvim peuse-
nuem 3agaan Jupuxie (3.128)(3.129), rae ¢ € HY(Q), f € La(R), ecrm
1) u—1 e HYQ);

2) BBIIOJIHEHO TOXKJIECTBO

el + (f0) =0 Vpe H\(Q). (3.130)
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Brons obosHauenus: u — ) = v € HY(), u = 1 + v, pasencrso (3.130)
MOZKHO IIepeliucaTb B TepMUHaX U:

6 = —[h e — (fg) V€ HY(Q). (3.131)

U 1oz, 0606wenmvim pewenuem 3amaan Jupuxite (3.128)—(3.129) mbl Moxkem

[e)
noruMaThL cymmy dbyrkman ¢ € HY(Q) u bdynkmmm v € H(Q), misa Koropoit
nmeer mecto (3.131). Torga us Teopemsl Pucca Mbl CHOBa JIETKO HOJIydaeM
CYIIECTBOBAHUE U €IUHCTBEHHOCTH 0000IIEHHOTO perenns. /leficTBuTebHO,
JIMHEHHBIN PYyHKITHOHAT

[¢]
ABJIAETCA HEPEPBIBHBIM TI0 ¢ B TipocTpancTse H () mpn bUKCHpoBaHHBIX

e HY Q) n f € Ly(Q), Tax xax

L) < 198l - llelly + 11l - lelly < (Il + VEE@ 1171l ) el

rae C(§2) — xoucranra u3 nepasencrsa Ppuapuxca (3.118). CriegoBaresnsHo,

o
CYIIECTBYeT, U DU TOM €/IMHCTBEHHBIH, 3/1eMeHT v u3 npocrpanctea H1(Q),
JUIst KOTOpOro mMeer Mecrto (3.131).

Pemenne 3amaun Jupuxiie (3.128)—(3.129) MOKHO HOJIyIUTh U BapUaIli-
oHHBbIM MeTogoM. OrpanudnmMcs ypasaenueMm Jlariaca, T. e. cantaem f = 0.
V Hac BO3HHKaeT 3ajava 0 MuHHIMu3anun dynkiponana ®(u) = 1 V|2
Ha 3aMkHyTOM addunnom nopupocrpancrse Hy = {u € HY(Q);u — ¢ €

71 )
H(Q)}: 1 , ‘
2w = 5 IVl inf @) =y

3ameuanne 8. [loxydernsiii GpyHKIFOHAT
1 s 1 [~/ 0u\?

HasbIBaeTCs unmezpasom Jupuxse n umeer usndeckuii cMbICa (¢ TOYHO-
CTBIO JI0 YMHOXKCHUST Ha KOHCTAHTY ) MIOTEHIINAJILHON SHEPIUU KOJIeOTIoIeicst
cpenbl. Takum 0Opa3oM, Mbl pelraeM 3a/ady O MUHUMHU3AIUNA TOTEHIINAIb-
HOIT sHeprum, Hampumep (B ciydae n = 2) MeMOpaHbI, 3aKPEIJIEHHON MO
Kparo.

Ora 3ajada obasaeT TeMH ke CcBoficTBaMu (CM. Teopemy bb), Kakume
MBI yCTAHABJIMBAIN B CIydae OJHOPOJIHBIX KpaeBbIX ycsobuil. Hampuwmep,
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HempepBIBHOCTS B HOpMe H () m orpammdennocTs crmsy (Hynaem) dyHK-
nuonasia ¢ He BBI3BIBaIOT comHeHuil. [IpoBepuM, UTO BapualmoHHast 3a1aIa
SKBUBaJIEHTHA 3aade lupuxire.

Ecnn rouka ug € Hy, — Touka MuanMyma dysknponana ®(u) na Hy, 10

(o]
st mo6oro smementa ¢ € H(Q) n & = const BumoHeHO

2

1 5 1
5[Uo,uo] + eluo, @] + 5[% o] = ®(ug +ep) = P(ug) = §[UO,U0]7
T. €. 52 o
eluo, ¢l + S lo9] 20 Ve €R, VYoeH'(Q).
STO BO3MO2>KHO JINIIIH B C.quae, ecJin
[ug, 0] =0 Vo € H'(Q), (3.132)

9TO U SIBJISIETCS MHTETrPAJBHBIM TOXKJIECTBOM JIJIsT OIpeIesieHneM 00O0OIeH-
HOT'O pelleHusI B clydae ypaBHeHus Jlamiaca.
O6patho, ecian ug € Hy ynoiersopsier Toxkaectsy (3.132), a u— mpo-

u3BOJIBHBIA diement Hy, To u —ug = (u — ) — (ug — ¥) € HY(Q) 1o
onpenenennio Hy,. Ionaras B (3.132) ¢ = u —ug, umeeM [ug, @] = 0, u Tora

B(u) = B(ug + ) = 5o, uo] + [0, @] + 51, 0] > [0, o] = B(uo),
(3.133)
T. e. B TouKe 1y (yHknmonan ®(u) npuHUMAET MUHUMAJILHOE 3HAYEHHE HA
H,y. Ilpn sToM 4y — €JUHCTBEHHAsI TOYKa MUHIMYyMa, TaK KaK DaBEHCTBO
B (3.133) mocruraercs jmib npu @ = 0, T. €. KOIJla U = Uy HOYTU BCIOY.
J111 TTIOJTHOTHI KAPTHHBI CTaJI0Ch TOJIBKO JIOKa3aTh cxoamMocTh B H1(Q)
000! MUHUMH3UPYIOIIEH HMOCIeI0BATEBHOCTH {Uy }, Un € Hy, P(u,) —

= inf ®(u).
A

Kaxk u BbIme, numeem

[\

1 1 Up + U 2 Uy — U
(I)(un)"'(p(um):5"Un"%+§||um”§: - B = 1+ - 9 = 1:
_ 9% Uy, + Uy " Uy, — U, 2
2 2 1

Hst mo6oro € > 0 BoiosaeHo P (uy,) < p+ e, @(uy) < p+ e, ecou n um

o Un+u Un+u _
Jocrarouno seauku. C apyroit croponsl, “25#m € Hy, Tak Kak #2258 —q) =
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((un—1p) = (um—10)) € HY(Q), a, snaunt, ¢ (Lofim) > . Cresosarensto,
2
2+ 26 > D(up) + P(up) = 20 (“’”LT“’”> % >
1

1 2
2 2p + 1 [t — w7 -
Wrak, npn moctaTouHo OOJBIIAX 1 U 110 IMEEeT MECTO HEepaBEHCTBO

l|lwn — umH% < 8e.

o
BaMeTnuM, 9T0 Uy, — Uy = (U — ) — (U — ) € HY(Q), n BocTomb3yemes
nepaBencTBoM DPpuppuxca Ay QYHKIIH Uy — Upy,. VMeem

[t — U ||z < C(Q) [|tn — um |7 < 8C(Q)e,
a, 3HAYUT,
llun — um”?—ll(ﬂ) = ||u, — um”% + [Jun — um”é < Ke,

¥ TIoCyIeoBaTeIbHOCTE {1, } dynmamentambna B H(Q). Ipenen sToii to-
CJIe/IOBATETLHOCTH TaksKe Gy/eT MpUHaIesKaTh 3aMKHyToMy B H ! (€2) MHO-
KectBy Hy, a B CHIIy HENPepBIBHOCTH (DYHKIHOHATA, B 9TOH TOUKe Oyzer
nocruratbes infyep, D(u).



T'nasa 4

YpaBHeHHe TeILJI0IPOBOIHOCTH

Tak ke Kak nm ypapHenue Jlamraca, BaxKHOE MECTO B TEOPHU ypaBHEHUI ¢
YJaCTHBbIMA HpOHBBO,ZLHbIMI/I n ee HpI/IHO}KeHI/IHX 3aHUMaeT ypaBHeHI/Ie TeILJIO-
IPOBOJIHOCTH
n
ou d%u
ot Ox?
j=1""J

YpaBHEHNE TEMIONPOBOIHOCTH BCTPETAETCS B TEOPUH TEILJIONIEPETAtN, B TEO-
pun nudpdy3un u MHOTUX JAPYTUX pasnenax (PU3NKH, a TAKKE UTPACT BayK-
HYIO POJib B Teopun BeposiTHOocTeil. OHO sBIIseTcss HanboJsiee IPOCThIM IIPE/I-
cTaBUTENIEM KJlacca napabomdeckux ypaBHeHuil. B Hacrosieit riiase 0y-
Iy T U3JI0YKEHbI OCHOBHBIC CBOMCTBA PEIICHUI yPaBHEHUS TEILJIOITPOBOIHOCTH.
Muorue u3 3THX CBOHCTB B TOM WJIM UHOM BUJIE CIIPABEJJIUBBI JIJIsi DeEIlle-
HU Pa3/IMIHBIX KJIACCOB Mapaboinieckux ypapuenuit u cucrem. Hekoropbie
CBOHCTBa pEUICHUA YpaBHEHU TEIJIONPOBOAHOCTA HAIIOMUHAIOT CBONCTBa
perienuit ypapaenus Jlariaca, 9To HAXOIUTCS B COOTBETCTBUM C UX (pusnte-
CKUM CMBICJIOM. Y pDaBHEHHE TEIJIONPOBOIHOCTH OBLIO BBIBEJIEHO U BIIEPBbHIE
uccjenoBano B 1822 r. B 3Hamenuroit pabore 2K. Oypbe «Anauruvaeckast
TEOPHUS TeIljIay, KOTOPas ChIrpaJjia BayKHYIO POJIb B PA3BUTUU METOJIOB MaTe-
MaTHICCKON (PU3UKU U TEOPUU TPUTOHOMETPUICCKUX PsJIOB.

4.1. ©®opwmyusl I'puna. PynmaMeHTaTbHOE PENIEHNE

Beenem obosnaveHms

ou "L 0%u

=1 J
. v "L 9%
7=1 J

Omneparop T 6y/1eM HA3BIBATHL OIIEPATOPOM TEMJIOIIPOBOHOCTH, & OTIEPa-
Top T OyseM Ha3bIBATH OIepPaTopoM, (POpMaIbHO CONPSAKEHHBbIM K 1.
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B nmambheitimem depes3 w, Oymem o6o3HAYATH NUIMHAD w, = {,t; = €
2,0 <t < 7}, upuHAIEKAIIHA TPOCTPAHCTBY jol, x = (r1,...,Ty,), T1€
) — orpannuennas obsnacts B R?. (3amernm, 4To w,; BKIIOYAET BEpPXHeEe OC-
HOBaHUE IIJIMHIPA U ITIO9TOMY HE SBJISIETCsT 00JIACTBIO, T. €. OTKPBITBIM CBI3-
HBIM MHOYKECTBOM, B OOBIYHOM cMbIcjie. Takoe obo3HatueHue OyIeT ya00HO B
nanbHeiimem.) Bygem npeanonarars, aro rpaxuia 0 obiactu §) mpuHa-
JIEYKUT KJIACCy B BoxoByio moBepxXHOCTH MUINHIPA W, ODO3HAYUM tIepe3
Sy =00 x [0,7].

[ycrs u(z,t) n v(z,t) — byskmum us kmacca C*1(w, ). [pumensis bop-
MYJIy MHTEIPUPOBAHUSI IO IaCTIM, ITOJIYIUM

" du Ov ov

Wr wr
ou
v, ds+ | v(z,)u(z,7)dx — [ v(z,0)u(x,0)dx. (4.3)
3, Qr Q
Baecy v = (v1,...,Vp,0) —eIuHUYHBI BeKTOp BHeIIHeil HOpMasn K S,

Qr = {z,t; x € Q,;t = 7}, ds—»saement wiomaau nosepxuHoctu S;. Pa-
BeHCTBO (4.3) 6yzem HasbiBaTh epBoil popmysnoit I'puna jyist oneparopa
T. TogHo Tak »Ke MOJIy4aeM, UTO

ou

wr wr

Beraurast pasencrso (4.3) u3 pasencrsa (4.4), nosyunm BTopyio popMyJry
I'puna sy oneparopa TeronpoBoaHocT 1 :

/(vTu—uT*v)dxdtz/(% —%v) ds+

wr Sr
—1—/1}(93,7')11(9:77') dx — /’U(SU,O)U(QS,O) dx. (4.5)
Qr Q

@opmyasr ['pura s omepatopa 1, Tak Ke KaK U B ciaydae oreparopa Jla-
j1aca, Mbl UCIOJIB3YEM JIJIst UCCJIeIOBAHIS CBONCTB PEIleHNi ypaBHEHMS Tell-
JIOIIPOBOTHOCTH.

Bazknyio posib B u3ydeHun ypaBHEHUsI TEILJIONPOBOJIHOCTH UIpaeT (PyH-
JameHTasibHOe perterue. O6ozaadnmM depes 6(t) GyHKIMIO, paBHYIO HYJTIO
npu t < 0 u paBuyto equnuiie upu t > 0. Pacemorpum dynkimio

40 S
F(m,xojt’to) _ (2 97(:(25 _:}i)))n exp {—ﬁ}, (4.6)
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onpejienenuyio s (z,t) € R;:{l. Touxa (z°,t°) B bopmyse (4.6) paccmar-
n+1

20 40 Jlerko mpoBepuTh, UTO TIpH t > t0

puBaercs Kak mapamerp, (2°,t%) € R

n n
or o?r . or o?r
Tl'= — — —— =0, Otof————g — =0.
ot — O~ — OaY
Jg=1 "1 J=1""

Ecmm oneparop T mma T npumensiorcs x by Touxn (2°,Y), 1o Mbr
Oy/aeM B JlaJIbHEHIIEM B TeX CJIydasX, KOIJIa 9TO He OYeBHIHO, 0003HAYAThH
1X COOTBETCTBEHHO Th0.0 , 1700 -

Oynkmua I'(z,2°,t,t°) asngerca mokanbao cymmmpyemoil dyHKImeil B
R™ 1. Teitcrsurenso, mpu mobom R > 0

t°4+R
1
/ Iz, 2% ¢,t%)drdt < — / /9(t—t0)652d§dt<oo.
T2
|lz—20|<R 0 R

[t—tO|<R

(B crosimiem B J1eBOit YacTH 9TOrO PaBEHCTBA MHTETPAJIe MbI CJIEJIAIN 3aMEHY
IIePEMEHHBIX MHTEIPHPOBAHUS: L — x? =2Vt —t9¢;, j=1,...,n, t =1.)
[ostomy I'(z,2°,t,t%) MoxHO paccmaTpmBaTh Kak 0606IIEHHYIO (BDYHKITIO
ws D'(R2T).
Jlokaxkem, 4TO

Tr =6(x — 2%t —t°), (4.7)
rie  O(x,t) —dynximus  dupaka, T e. o00600menHas GyHKIuS U3
D’ (R;‘ng) TaKas, 4To

<57 90> = 90(07 O)

nns moboit bymkmmn @(x,t) ws D(R"T!). O6obmennas dbynxmms u3
b

D’ (R;f{l), YJIOBJIeTBOpsifommasi ypasHenuto (4.7), HasbBaercs byHOaAMeEH-

TAJIbHBIM PEIIEHUEM yDABHEHUs TEILJIOIPOBOIHOCTH.

OdeBuHO, 9TO hyHIAMEHTATIBHOE PEIIeHIe yPaBHEHUsT TEILIONPOBOIHO-
CTH HE €JJMHCTBEHHO U OIIPEJIEJISIETCsl ¢ TOYHOCTDIO J10 pererust u(x,t) ypas-
mennda T'u = (0, 33JaHHOTO Ha BCEM ITPOCTPAHCTBE R;'{l. B § 4.9 mb1 ykaxkem

b
JIOIIOJTHUTE/IbHBIE YCJIOBUS Ha (DyHIaAMEHTAILHOE PEIICHUE, IIPU KOTOPBIX OHO
OTIpeIeNIseTCsT OHO3HATHO U coBnaaer ¢ dbynkmmei I'(x, 29 t,t0).
. n+1
Pagencrio (4.7) osnauaer, uro jyis moboit dynxmmm ¢ uz D(RGG)

(T, ¢) = ¢(a°,1°).
CortacHo OIpeIeSIeHIIO TTPOU3BOIHBIX 000OIEHHON (DYHKITNN

<TF’90> = <F’T*90> :
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IIosroMy HYKHO TIOKa3aTh, UTO
0 40
<F7T*90> = So(x it )
Tak kax I’ (x,xo,tjto) ABJISIETCS JIOKAJIBHO CyMMUPyeMoOil ¢dpyHKIueil x,t B

jol, TO

(I, T ) = / Iz, 20, t, 1T p(z, t)dx dt = ;131(1) I'T*pdz dt,
Rﬁf{l t>194¢

e € = const > (. Ilpeobpasyem mocsegauit HHTErpaJs, Moab3ysACh (Hop-
mysioit I'puna (4.5) u yunreiBas, aro ¢(x,t) NPUHAJIEKUT IPOCTPAHCTBY
DR ). Mmeenm

/FT*cpdxdt: / OT'T dz dt + / I'odz.

t>t0+¢ t>t0+¢ t=t0+¢

Tax kak 71" = 0 npu t > tY 4+ ¢, 10

(' T*p) = lin% Iz, 2% 0 + 6,19 o(x,t" + ) da.
E—

R2
ITokaxkem, aTo
lin% Iz, 2°,t° + £,1°) p(z,t° + ) dz = (2°,1°). (4.8)
E—
R

Jlerko BUJIETH, UTO

/F(x,xo,to +6,t) p(z,t° +¢)dx =
Rn

xr
|z — 29

_ / (2v/7E) " exp {_T} (e, 10 + &) da =

n
T

— ot [ evme) e (- s

4e
R
+ / (2y/me) "exp {—%} [cp(:c,to +e) — @(mo,to)} dz. (4.9)

R

ITokazkem, aTo tpu jr060M € > ()

/F(w,xo,t0+s,t0)dx _/(2\/7%)”exp{—w}dx =1. (4.10)

4e
R~ R?

€T
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JlelicTBUTETBHO,
_ 02

/ (2y/me) " exp {—u} dr =
4e

R

n
L _ x; — 292 n
= / (2\/7r5) 1eXp {—‘]47]| dr; =m"2 /e_nzdn =1
€
=Ry R}

3J1eChb J1J1s1 BBITUC/IEHUsT HHTErPAJIa 1o Ral%, MBI CJIeJIaJIi 3aMEeHy IIePEeMEHHON
WHTEIPDUPOBAHUS Tj — x? = 2ny/e. OueBusiHO, UTO

/ (2y/me) " exp {—M} {cp(x,to +e)— cp(xo,to)}dx <

4e
Rn

< (\/7_T)n/e|5|2’cp (245\/§+:U0,t0 —i—s) — (mo,to) ‘df. (4.11)
R

', TO IIpaBasl IacTb

HepagerncTBa (4.11) crpemurces k Hymo npu € — 0. CireoBaTesbHO,

<F,T*(p> = (p(l’o,tO) = <(5(£L’ - IEO,t - t0>790>7

Tak kak dbysknus ¢(z,t) HenpepbiBHa u GuHUTHA B R

YTO O3HAYAET BBIIOJIHEHHE paBeHcTBa (4.7).

Taxmm o6pazom, dymkmmo I'(x, 29, ¢, 1) MorkHO HHTEpIpeTHpOBaTL Kak
pacrpe/ie/ieHie TeMIepaTyphl B IpocTpancTse R? B MoMeHT Bpemenu t > ¢V
Ipu HaJIMYIUU B MOMCEHT BPEMCHU to TOYE€YHOI'O UCTOIYHHKa TeIlIa, IIOMEHIICH-
noro B Touky z¥. Murerpas

/F(x,xo,t,to)dx

RZ
IIPU COOTBETCTBYIONIEM BBIOOpE eIMHUIT U3MEPEHUST OIIPEIeIsieT KOJIMIECTBO
reria B R7 B MOMeHT BpeMeHH ¢, Korjia TeMueparypa B R7 3amaercs GyHK-
nweit I'(x,2°,¢,Y). Us pasenctsa (4.10) cieyer, 9To 9TO KOIMHIECTBO TeILa
ue 3apucut ot t > t° u paBHO equHUIE.

U3 pasencrsa (4.9) u NpUBEICHHBIX BBINIE OINEHOK BBITEKAET, UTO IIPU
e—=0
I(z,2°,t% +£,t%) = 6(x — 20)

B CMBICJIe cXOuMocTH 0600meHnbix dbyukimit B D/(RY), . e. mpu € — 0

/F(m,xo,to + &, p(z)dr — () (4.12)
R

€T



152 Tnasa 4. YpaBHenmue TerionpoBOAHOCTH

s goboit dynknmn @(x) €  D(RY). Dro osmadaer, UTo QyHKIWN
I(z,2°tY + &,,t°) obpasyior B D'(R?) §-06pasHyto TOCIEI0BATETLHOCTD
npu &, — 0.

Bameuanue 9. Jlerko mposeputnb, urto I'(z,2°,t,tY) xak dbynxmusa Tou-
ku (2°,t%) npm dukcuposannoit Touke (x,t) aABIgeTca byHIAMEHTAIBHBIM

perieaniem ypaBaenust 1T*v = 0. [leiicrBurenbro, jyist j060it GyHKIUN
o(2°,t%) m3 D(RZD+ 10), Tonmb3yschk dopmyitoit I'puma (4.5) n yanTeBasg, 110
o(z9,1%) € D(]RZ;F tlo) HOJTy 9aeM

<T;o’tof,<p> (I, T'p) —hm/ / z, 20, 1,1 Tp(2°, %) de®dt® =

e—0
—00 R’Vl

t—e
= lim //cp(xo,tO)T;‘o’tOF(x,xo,t,to)dxodto+

e—0
—00 RZO

b [ e = el e - <) e | = o)
R,

tak kaKk 1% o' = 0 npu ¢* < ¢ u mueer mecro coornomenne (4.8). Cremo-
BATEJIBHO,
;07top = (5(1’0 — x,to — t)

VKakeM Ha UHTEPECHYIO CBsI3b MKy (DYHIAMEHTAJILHBIM PEIIEHUEM YPaB-
HEHWsT TEIJIOMPOBOJHOCTH U (DYHIAMEHTAJILHBIM peIeHneM ypaBHeHus Jla-
mwraca. [lokaxkem, aTo mpu n > 2
o
E(z,2°) = —/F(x,xo,t,O) dt, (4.13)
0

rie F(z,2°) — byngamenransnoe pemenne ypasnenns Jlammaca. [leiicTsu-
TesbHO, mpu = # 20 un > 2

oo

® 02
V(x,xO)E/F(:Ux t,0)d / exp{—%}dt—
0 0
x—x /
0

i
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Srto osmawaer, uro V(z,2°) = CE(x,2%), rne C = const. [Tokazkem, 4To
C = —1. Ilycre p(z) € D(RY). Torna, coracHo orpeieieHuIo IIPOU3BOIHOM
06001eHHo byHKINH,

(AV, @) = (V, Ap) = hm //FAgod:cdt

6—)0 £ Rn

= hm //goAFdﬂsdt hm // —dﬂsdt

6—)0 £ Rn 5 Rn

= A}im /cp(:v)F(x,xO,N,O) dx — /cp(x)F(:U,xo,a, 0)dz | = —p(z0).

Baech Ml yan cootHomrenne (4.12) u o, aro I'(x, 2% N,0) — 0 mpu N —
oo. CremoBaTesbHO,

(AV.p) = —p(a"),  (A(=V)p) = (8 —2),p(a)).

Tak kak, kpome Toro, —V — 0 mpu |z| — 00, TO B CHIy JIOKa3aHHON B
§ 3.12 enuHcTBeHHOCTH (DYHIAMEHTAJIBLHOIO DelleHus ypaBHeHus Jlaraca,
cTpemsimerocst K HyJo 1pu |z| — 0o, mMeer Mecto paserctso —V (z,20) =
E(z, 2°).

B ciyuae n = 2 unTerpas, crosimuii cipasa B pasencTse (4.13), pacxo-
qgurcsi. [Tostomy ipu n =2 u x # 20 paccMOoTpuM UHTErpaJl

o0

V(z,a0) = / (P.20.,0) (1)), (4.14)
0
riae P(t) = % upu t > 1, (t) = 0 upu t <

1
2’
rpai (4.14) cxomures npu o # x°, Tak Kak mpu t >

4wt 4wt
‘:U _ xO‘Q Olx—x

=——— ¢ L 0<6<1.
16m2 © ’ sUs

1 1 [ _le=afP
F(m,xo,t,O)————<e a —1) =

Nnrerpan (4.14) moxkuo nuddepennuposars 1o x; (j = 1,2) mox 3HaKOM
HHTerpaJia, TaK KakK IOJIyYeHHbIe HHTErPAJIbI CXOIATCHA PABHOMEPHO IO ;.
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Nmeem
o 7 2(z lz—2°|?
Z7 _d = / e_ 4 dt =
8xj 8933 167r7§2
0
() 1o ;
T oo —a%2 ) 2 c o
0
OueBnno, -
/—esds—/eydyzl.
0
[TosTomy
V.1 9|z —a° 19
856]' T oon 0z; ’ J= e
CremoBaTebHO,

1
V(x,xo) = —gln\az — x0| + Ch,
V(z,z%) = —E(z,2°) + C1.

Jlerko Buzeth, uto 3a 1(t) B uHTerpase (4.14) MOXKHO B3sTh JIFOOYIO Helpe-
peiBHYIO byHKIMIO ¥ (t) Takyto, uro uarerpai (4.14) cxomurcs. Ilocrosanast
(4 3aBucur ot BeIGOpA 1(t). 3aMeTuM, 9TO B ciydae n > 2 nocrosauyo C' B
coorromennn V(z,2°) = CE(z,2") MOXHO ompeieTaTh U HETOCPe/ICTBEH-

HO, BBIYUCJIAA HHTera.H
1 .n ., _1
/ Zﬂ' 25 e Sds.

0
HeficTBUTE/IHHO,

oo

o

1 _n _, _1 1 / n_9 _y 1 n 1

-7 25 e Sds= - 2 Te dy = nI‘(——l)zi.
/47r ars )Y Yo ms 2 (n —2)wy,
0 0

4.2. IlpencraBiieHne pelieHHil ¢ MOMOIIBIO MOTEHIIMAJIOB.
Beckoneunas quddepeHimpyemMocTb perneHuii

[Iycrs B muwmagpe w, = {z,t; x € Q, 0 < t < 7} bynkuusa u(z,t)
npunaaexnT Kiaccy O (@,) n B w,

Tu = f(x,t), (4.15)

rae  f(x,t) —orpanuveHnasi, HempepblBHas B w; dyHKIus. Ilycrs
(2°,t%) € w,. Tlpumennm Bropyto dopmyry I'puma (4.5) K mummHapy
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wrN{t <’ —e} = wp_., e > 0, npocTpancrea R;:{l, byukuun u(z,t) u
bynxmun v(z,t) = (2, 2,1, t). 3amerum, uro

or \o0°r
T"v=—"r-—-Y — =0 t <t
! ot = 89:? R

Nnmeem

/ (vTu — uT*v)dz dt =

W0
ov ou
- / <%u—v£)ds+ / uvdw—/uvdw, (4.16)
Q

t'—e
t0—¢ t0—¢

rie Spo_. = 00 x [0,tY —¢], Qo_. = {x,t; 2 €Q, t =1 —c}. Vunrnmas,
aro T*v =0 B wp_., Tu = f B w;,

/ Izt 1Y — e)u(x, t* — ¢) de — u(2?,1%) (4.17)
Qo

t'—e

npu € — 0, 1 mepexo/is K upejeny B pasercrse (4.16) npu € — 0, mosmyaum

u(2,tY) = /F(mo,x,to,t)f(x,t)dxdt—i—
W0
+ / <F8—u —ua—F> ds+/u(x,0)F(x0,x,t0,0)dx. (4.18)
ov ov

St()

Coornomtenre (4.17) nokasbiBaeTcst TOYHO TaK ¥Ke, Kak JI0KazaHo (4.8).
Wurerpan Buia

/F(azjazljt,t’)f(xljt')dﬂs’ dt’

Wi
HA3bIBACTCS OO'bEMHBIM TEIVIOBBIM IIOTEHIMAIOM C IJIOTHOCTEIO f(z,1)
(o anasiorun ¢ ypasaenuem Jlamnaca). Marerpansr Bujia

oI (x, o' t, '

/ / T / T /
/F(:U,:U,75,75)@(56,75)d57 /%b(x,t)ds

v
St St

HA3BIBAIOTCSI COOTBETCTBEHHO TEIJIOBBIM ITOTEHIIMAJIOM IIPOCTOIO CJIOS
¢ MIOTHOCTBIO a(z,t) Ha S; ¥ TENJIOBBIM MOTEHIIMAIOM JBOHHOIO CJIOS
¢ wiotHocThIO b(x,t) Ha S;. Takum obpasom, dopmyna (4.18) maer upes-
crasienne pemenns u(z,t) ypasuenus (4.15) B w; ¢ MOMONIbI0 06HEMHOIO
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TENJIOBOr0 MOTEHITNATIA, TEIVIOBBIX ITOTEHIINAJIOB ITPOCTOTO U IBOMHOTO CJIOEB
U MHTErpaJa, B3AToro 1o obsacru ), jexkareil B miockocru ¢ = 0, KOTOpbIii
TaKZKe 6y,ZLeM Ha3bIBaTh TCIIJIOBBIM IMOTEHIMAJIOM IITPOCTOI'O CJIOL.

Dopmyity (4.18) MBI HCITOIB3YEM IS IOKA3ATEIbCTBA GECKOHETHOMN -
depeHIIpPyeMOCTH PEIIeHUl ypaBHEHUS TEILIONPOBOTHOCTH.

Teopema 56. Dynwxuyua u(x,t) usz waacca C*YW,), ydosaemeoparowan
ypasreruro Tu = 0 6 wr, Asasemcs beckoneurno duddepernuyupyemot Gyrk-
yueld r,t 6 wr.

Jlokasamenvcmeo. Tlpencrasum dyuknuio u(x,t) B wy ¢ TOMONIBLIO GhopMy-
w1 (4.18). Unmeem ayia (20,19) € w,

0 0
R A e L
St()
+/U($a0)F($O,$,tO,0)dx. (4.19)
)

[Tocreiamit naTerpas apisiercs beckoHedHo auddepeHnnpyeMoil (pyHKIInei
22,10 pu t¥ > 0, u ero TPOU3BOIHEBIE MOYKHO BBLIMHUCIATH /1 bepeHIIIPOBa-
HIIeM 107 3HaKoM mHTerpasa, Tak kKax I'(xz0,z,t%,0) asisgerca 6eckomeano
muddepenrupyemoit pynkimeit 20, z,tY npu t° > 0. Narerpan mo S B
pasercTse (4.19) MOXKHO 3amucarh KakK HHTErpas mo S, B CHIY TOTO, YTO
(2% 2,69 t) = 0 mpu t > t°. Dror unTerpan Moxuo muddepeHIPOBATH
o1 3naxoM uHTerpaa 1o ¥ u t0 o6oe uncio pas, Tak Kax MPOM3BOJHBIC
o z° u t¥ nosEIHTErpATBEHOI GYHKIINN HEPEPBIBHBI HA S, €CJIN PACCTOSTHIE
or (2°,tY) 5o S, nmonoKUTETHLHO.

U3 reopembr 56 BeITEKaeT, 4TO JI060e pernenne u(zx,t) ypasuenus Tu = 0
u3 kracca C?1(w) sBiserca bynkimeit w3 kiracca C™(w), Tie w — Mpous-
BOJIbHAA 00JIaCTh IIPOCTPAHCTBA RZ?. ]

4.3. IlocraHoBku KpaeBbIX 3aja4 u 3amaun Komm

OcHoOBHBIE KpaeBble 3a/1a491 JJIsd YPABHEHUS TEILIOPOBOIHOCTA COOTBETCTBY-
0T TIPOCTENNM (DUBUIECKUM 3a/1a9aM, CBA3AHHBIM C OIIPE/IEJICHUEM TeMIIe-
parTypbl BHYTPU Tejla 1O 3aJJaHHBIM JIONOJHUTEJIBHBIM YCJIOBUAM, OTHOCH-
IUAMCS K TEIJIOBOMY PEXKUMY Ha I'DAHUIIEC Tejla U Paclpe/ieIcHUIO TeMIlepa-
TYPBI B HAYAJIbHBIN MOMEHT BpeMeHu. B srom maparpade ocHOBHBIE KpaeBble
3agaqn u 3a1ada Kormm mpuBoggaTes B UX KIaCCHIECKOH MOCTaHOBKE.
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IlepBas kpaeBasi 3aja4a Jisl ypPaBHEHUs] TEILIOIPOBOJHOCTH COCTOUT
B caejytomeM: Haiitn dbyskmuio u(x,t) B w, = {z,t; 2 € 2,0 <t < 7} us
kracca C%1(w,) N C%W, ), yoBaeTBOpSIONIyI0 ypaBHEHIIO

Tu =0 (4.20)
B W;, HAYAJILHOMY YCJIOBUIO
u‘ (=w@), e, (4.21)
t=
U I'PAHUYHOMY yCJIOBHIO
ul =, (4.22)

TIe Ug, Y1 — 3aJJaHHbIE HEIIPEPBIBHBIC (DYHKIIIH.

[Tepsyto kpaeByto 3ajgady (4.20)—(4.22) wHOrIa HA3BIBAIOT CMEIIAHHOI
zasadeit. OHa COOTBETCTBYET HAXOXKJIEHUIO TeMIIepaTyphbl BHYTpH Tesa §)
0 3aJIAHHOMY DPACIPEJIEJIEHII0 TEMIIEPATYPhI HA I'PAHUIE TeJa U B MOMEHT
BpeMenu t = 0.

Bropasi kpaeBasi 3aj1a4a Jijis yPaBHEHUs TEILIONPOBOIHOCTH COCTOUT
B caeytonem: Haiitn dyrkmmo v(z,t) B w, 3 kracca C*H(w,) N CL(w,),
yaoBeTBopsiontyo ypasaennio (4.20) B w;, HadajapHOMy ycsoBuio (4.21)
npu x € ) U TPaHUIHOMY YCJIOBHIO

ou

= = 4.2
81/ ST ¢27 ( 3)

r7e ug, Yo — 3aanubie DYHKIUU. 371eCh MBI IIPEIIoIaracM, ITo 001acThb §2
npunaexnt kiaccy A'. ['panmanoe yenosue (4.23) o3Hagaer, 9To B 060
MOMEHT BpeMeHH ¢ > () U3BeCTeH IOTOK Telljla Yepe3 I'PaHUILy TeJla.

Ecmn npu ¢ > 0 m3BecTHa TeMIiepaTypa BHEITHEH Ccpejibl, TO BMECTO I'pa-
HUYHOTO ycyroBus (4.23) mMeeM IDaHHYHOE YCIOBHE BUIA

ou n
— +au
ov
rie 3 — 3amannas yukius #Ha S;. Kpaesas samaqda (4.20), (4.21), (4.24)
Ha3bIBACTCA TPETheil KpaeBoil 3ajadveil /s ypPaBHEHUS TEIJIONPOBOIHO-

— s, (4.24)
S,

cTh.

Bamaua Komm st ypaBHEHUsT TEIIONPOBOIHOCTH COCTOUT B CJIE/LYTO-
mem: Hajitn dyskimo u(z,t) B cioe Gr = {x,t;x € R2, 0 < ¢t < 7} u3
kracca C>1(G,) N CYG,), ynosnersopstiomyto B G, ypasaermio Tu = 0 u
HAYAJIBLHOMY yCJIOBHIO

u = up(x), z € RY. (4.25)
t=0
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Bajata Kormm cooTBETCTBYET ONPENESEHUIO TeMIlepaTypbl BHYTPH CTOJIb
GOJIBIIIOrO TeJjIa, UTO HPUOJUKEHHO €r0 MOXKHO MPHUHATH 33 BCE MPOCTPAH-
creo RY,
IepILUIOCKOCTE ¢ = () ABJIsIeTCd XapaKTepUCTUKON i ypaBHenus 1'u = 0.
Takum obpazom, B chopMyIHpOBaHHOI Bbile 3aatde Korru s ypaBHeHUsT
TEILJIOMPOBOAHOCTH, UMEIOIIEH OmpeaeIeHHbIN (PU3NIECKUN CMBIC, HATAIb-
HOe yCJIOBHUE 33/I1aHO Ha Bcell xapakTepucruke ¢ = 0.

Eciu BayTpu Tesa {2 UMEIOTCH NCTOYHUKY TEILIA, TO PACIPEIEIEHNE TEM-

neparypsl u(x,t) BHyTpu () yIOBIETBOPSIET YPABHEHUIO BUJIA

Tu = f.

10 HAYAJBHOMY PACIPeIe/IEHUI0 TeMIIepaTypbl. 3aMeTUM, 9TO I'd-

TaK ZKe KaK U JIJIs1 YpaBHEHUS TEIJIOIPOBOHOCTH, JIJIgd 3TOT'O YpaBHEHUA
cTaBsiTCs MepBasi Kpaesas 3aada ¢ ycaobusimu (4.21), (4.22), Bropast Kpae-
Bast 3aj1a4a ¢ ycaosusamu (4.21), (4.23), kpaesast 3aza4a ¢ yeaosusivu (4.21),
(4.24) n 3amaaa Kommu ¢ ycrouem (4.25). YKa3aHHbIe KPAeBBIe 3a,1a41 MOK-
HO CTaBUTh U JJjis1 objtacTeit bosee oOIIero Buaa, €M W,, B TaCTHOCTH, IJIsT
«KPUBOJIMHEHHOIO UJIMHJIPay» W, ONPeIeJIeHHOro Hike B § 4.4 U yJI0BI€TBO-
PAOIIEro HEKOTOPbIM JAOIIOJIHUTE/IbHBIM YCJIOBUSAM.

CdopmymupoBannble 371eCh KpaeBble 3aja4dn u 3ajada Komm paccmar-
PUBAIOTCS B HACTOLAIICH IIaBe.

4.4. Ilpuanun makcmmMyMma
B OrpaHUYEHHOI W HEOTrPAHMIEHHON 00JIacTaX

[TpuHIUI MaKCUMyMa sBJISeTCS OJHUM M3 BarKHEHIINX CBOHCTB ypaBHEHUS
TEILIONPOBOIHOCTU U BCETo KJlacca IMapaboJnIecKuX ypaBHeHH BTOPOro Mo-
peIKa.

B nanbreiiem depes w Oyznem 0603HAYMATDL OIPAHUYCHHYIO 00/IaCTh ITPO-
CTpaHCTBa, R;‘f{l, nexarniyio B cioe {x,t; t' <t < t"}. Yepes S oboznaunm
IpaHUYHbIE TOUKN w, Jexanme B cioe {x,t; t' <t < "}, gepes Q' o6ozna-
aum w N {x,t; t = t'}, a gepes Q” 06o3HAUUM MHOKECTBO TOUEK, KOTOPbIE
npuHajiexar w N {z,t; ¢t =t} u ABAAIOTCST BHYTPEHHUME TOYKAME 3TOIO
MHOYKECTBa B rumepiiockoctn ¢ = . O6osnadum uepes o MuOKeCTBO S USY
a depe3 w MHOXkecTBO w U 2, KoTopoe OyeM HasblBaTh «KPUBOJUHEIHBIM
OUJINHIPOM>».

Teopema 57 (upuHIMI MakCcHMyMa B OrpaHHYeHHOi obuiactu). [Tycmo
u(z,t) — pewenue ypasrnenus Tu = 0 6 ozpanuuernnol obracmu w, npu-
nadaesicawee xaaccy C*HD) N COw). Tozda dns mobot mowxu (x,t) € &
CNPasedIuBs, HEPABEHCTNEA

minu < u(z,t) < maxu. (4.26)
ag ag
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Y TBep:KIeHNe 9TOI TeOPEMBI HETTOCPEACTBEHHO BBITEKAET U3 CIIEIYIONIe
JIEMMBI.

Jlemma 6. ITyemov dynxyua u(z,t) npunadaesicum xaaccy C*1(@) N CO(w)
U 6 MOYKAT W YOOBAEMEOPALT, HEPABEHCTNEY

Tu > 0. (4.27)
Tozda das a10600 mouku (x,t) us w

rr;inu < u(z,t). (4.28)
Ecau orce 6 moukar & 6bn0AHEHO HEPAGEHCTNEO
Tu <0, (4.29)
mo das mobot mouku (x,t) us w

u(z,t) < maxu. (4.30)
(o3
Jlokasamenvcmeo. Ilycrb BeinoHeHo HepaseHCTBO (4.27). Tak Kak QyHK-
must u(z,t) orpannvena B w, 1o v = u — M < 0 B @ upu 10CTATOIHO OOJIb-
moit mocrosinuoit M. Kpowme toro, Tv > 0 B , ecau jyist u(x,t) BBITOJTHEHO
yenosue (4.27). Honoxkum v = €7tw, v = const > 0. Ouesn O, UMeem

0
Tv=¢e't (6_1;51 —Aw+7w> =N Tw+~yw) =0 (4.31)

B w. Oyukius w(x,t) He MOXKET NPUHAMATH OTPHUIIATEIBHbII MUHUMYM B W,
TaK Kak B TOUYKaX OTPUIATEHBHOTO MUHIUMYMA, JIEXKAIUX B W, BBITOJHIIOTCA

COOTHOITICHUSA
ow d*w
— <0, - =2 0; j=1,...,n, w < 0,
ot E)xj

u, ciaejgoBarenbHo, Tw 4+ yw < 0, 9ro nporuBopeunT HepaseHcTBY (4.31).
[Tostomy orpuraresbubii MunuMyM GyHKIus w(zx,t) IpUHAIMaeT Ha O W,
3HAUUT, Jyist (T,1) € W

minw < w(z,t), mine v < e u(x, t).
g g

ITocnennee mepaBencTBo cripaBeiuBo npu Jjrobom v > 0. Ipu v — 0 u3
9TOr0 HEPABEHCTBA MOJIydaeM, 9To s (r,t) € @

minv < v(x,t),
ag
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Tak Kak limmine 7' npu v — 0 paser minv. Orciona BbITEKAET, 9TO B W
ag ag
min(u — M) < u(z,t) — M, minu < u(x,t).
ag ag

s nokasaresnbcrBa Hepasencrsa (4.30) mpu yCJIOBUM, UTO BBIIOJHEHO
coornorenne (4.29), pacemorpum dyukimo —u(z,t). Torna T'(—u) > 0 n
10 JIOKA3aHHOMY BbIIe s (2,t) € W

H}Tin(—u) < —u(z,t), —H}Tin(—u) > u(z,t).

Taxk kak —min(—u) = maxu, To moxyvaeMm, aro maxu > u(z,t). Jlemma
g g e

JTOKa3aHa. Ol
Teopema 58 (mpuHImI MakcuMyMa B HeorpaHmdeHHOW obsiactu). [Tycmo

u(z,t) — pewenue ypasnwernus Tu = 0 6 caoe G = {x,t; x € R?, 0 < t <
7}, npunadaescawee xaaccy C*HG)NCY(G). Ilyemv daa scex (x,t) € G

‘u(a;t)‘ < M, (4.32)

2de M — nocmosnnasn. Toeda das ecex (x,t) € G

ilélfu(az,O) u(z,t) < supu(z,0). (4.33)
z R7

Jlokasamesvemeo. Ilycrs supu(z,0) = My, infu(x,0) = M. Torma
u(z,t) — My <0, u(z,t) — My > 0 npu t = 0. Jlerko Bujers, aro HyHKIHS
v(z,t) = |z|* + 2nt ynosnersopsier ypasuenmio Tv = 0 B G,. Ilycts £ —

IIPOU3BOJIBHOE MOJIOKUTEIbHOEe dncyo. Torma B G-

’ (4.34)

vi(x,t) = u(x,t) — My —ev(z,t) <0
> 0.

va(x,t) = u(x,t) — My + cv(z,t)

HeiicrBuresibHO, 1mycThb ocTosiHHasi Ry HACTOIBKO BesnKa, 9To npu |z| = Ry
umeeM v = 2M. Torga mius moboro nwmuaapa {z,t; || < R, 0 <t < 7}
npu R > Ry Ha ero HIKHEM OCHOBAHUH U OOKOBOI TTOBEPXHOCTH BBITIOJIHEHDI
HEPABEHCTBA

(%1 < O, (%) Z 0.

Tak kak Tv; = 0, Tvy = 0 B G, 10, cornmacHo Teopeme 57, vi(z,t) < 0,
va(x,t) > 0 B mwmmugpe {z,t; || < R, 0 < t < 7} u, 3HaunuT, B 00sa-
cru G B CHJIy TOTO, UTO TOrO, 9T0 R — j1t0b0e JT0CTaTOIHO OOJIBIITOE TUCIIO.
B nepasencrax (4.34) € — Ipou3BOJIbHOE MOJOKUTEIbHOE YuCI0. [losTomy
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STH HEPABEHCTBA JOJIKHBI BBLIIOJIHATLCS B mpejeie npu € — 0 B s06oit
touke (x,t). 13 (4.34) npu € — 0 momydaewm, uro npu (z,t) € G,

u(z,t) — M; <0, u(z,t) — My >0,
9TO U TPeOOBAIOCh MOKA3ATh. O

Teopema 57 saBASeTCS aHAJIOIOM TeOPEMBI O MPUHITAIIE MAKCUMyMa JIJIst
rapMmonnveckux dyukimit. B riraBe 3 moka3zana TeopeMa O CTPOTOM ITPUHITN-
e MAKCUMYMa JIJIsT TApMOHUYECKUX (PYHKITUH: eC/IM rapMOHUYECKas B Orpa-
HIUEeHHOH obsacTu () U HenpepbBHAA B () DYHKIII u(x) mpuHEMaeT Hau-
OoJIbIllee MJIM HAWMEHbIlee 3HAUYEHNe BO BHyTpeHHell Touke obsactu (), TO
u(x) = const B Q. Jlerko BUIETH, YTO pEIleHNs] yPABHEHUs TEILIOMPOBOJI-
HOCTU MOTYT NPUHUMATh HAMMEHbINIEEe WJIM HAUOOJIbINICe 3HAYUCHUS BHYTPU
00J1aCTH U HE COBIAJATH C MOCTOAHHON. Tak, Hanpumep, GyHKIUsI

u(z,t) =0 mpm 0<t <19 |z <1,

w(z,t) = I'(z,2%,t%) mpu t° <t <7, |z <1, |20 =2,

IPUHUMAET HaMMeHbIIee 3HadeHne v = () BO BHYTPEHHHUX TOYKAX LUIUHIPA
wr ={z,t; || <1, 0<t <7}, Tu=08Bw, uuz0 B w, g pemennit
yPaBHEHUS TEILIONPOBOJHOCTH MMEET MECTO CTPOTHl MPHHIUII MAKCHMYMA
B ciienytoteit hopme.

Teopema 59 (crporuii npunnun Mmakcumyma). Ecau dyrkyus u(x,t) 6 yu-
aundpe wy = {x,t; © € Q, 0 < t < 7} ydosaemesopaem ypasnenuro Tu = 0,
npunadaesicum xaaccy C*(w,) N CW,) u npurnumaem ¢ mouxe (zV,t°) €
Wy Hauboavwee usu Haumenvwee snavenue, mo u(z,t) = u(x®,t°) = const
6 yuaundpe wp = w, N {t < 0.

okasamenvcemeo. llycrs u(x”, = maxu(x, = n (r-, € wr.
I 040 n: t M 0 40
wWr

ITokaxkem, uro v = M B w, upu t < t0. IIpeamosoxKuM IIPOTHBHOE.
[lycts B Hekoropoit Touke (z!,t!) mpu t! < ¥ Bomosmsiercss HepasencTBO
u(x!, ') < M — ¢, tne € = const > 0. JlokazkeM, 9TO W3 3TOTO IIPEIIO-
noxenns eitexaet, aro u(z?, %) < M. Coeamnum toukn (z9,t0) u (a1, 1)
JIOMaHOI, cofepyKameiics B wyo, ¢ BeprmmHamu B Toukax (z!,t!), (22,?),
o, (@R, R, (29,69), mpuuem t! < 2 < oo < tF < £0; pRFL = 50
th+1 = 9 Ecim mp1 mokazkem, uto us mepasencrsa u(z®,t*) < M cremy-
€T, 4TO u(m5+1,t5+1) < M,s=1,2, ...k, To, Iepexo/isi MOCJIEI0BATEIHHO
ot BepmmEbl (2°,1%) k Bepmmne (x5 #511) | yeranosum, uro u(x?, ) < M.
[Tony4yennoe TpoTUBOpEYNe CBUIETEIBCTBYET O CHPABEIJIMBOCTH TEOPEMBI.
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Urak, npeamosoxkum, [uro u(x®,t°) < M, m mokaxeMm, 49TO TOrIa
w(xs 5Ty < M. Touxm (2%,t%) u (x5+1,#571) neskar na mpsvoi

r;=kit+a;, j=1,...,n,
xéH*l — 78 n
J 1
rae kj = tiﬂi—ts’ a; = x‘;+ — k;t* L. Tlonoxnm P(z,t) = E (xj — kjt —

j=1
a ')2 1 paccCMOTPUM (PYHKITIIO
J p b

v(x,t) = (p2 — P(x,t))2 e 7t

rne v = const > 0 u p = const > 0. Ilocrosiuuyio p BBIOEPEM HACTOIBKO
MaJIoii, 9Tobbl B mape P(z,t%) < p2, JIeXKaIlleM B IIOCKOCTU t = t°, BBIIIOJI-
HsATI0Ch HepaBeHCTBO u(x,t) < M — €1, rme 1 = const > 0. ITocrosiHHytO
7 MOXKHO BBIOpaTh TaK, YTOOBI B O0JACTH W, OIPAHUYIEHHON IIJIOCKOCTSIMMU
t =15 t = t**! u nosepxnocThio P(x,t) = p?, BBIIOIHANOCH HEPABEHCTBO
Tv < 0. HdeficTBUTEIBHO,

opP

Tv = 5 Av=e 7 — 5 (p2 - P(:U,t))2 -2 (p2 — P(,1)) E—'—
+4n (p* — P(x,t)) — 8P(z,t)|. (4.35)
Jlerko BHIETH, 9TO B HEKOTOPOIl OKpecTHOCTH moBepxHOCTH P(x,t) = p2

BBIIOTHEHO HepaseHcTBo Tv < 0, Tak kax 1pu P(z,t) = p? Bce wjieHb B
KBaJIPATHBIX CKOOKax paseHcTBa (4.35), KpoMe IIOCTIETHEro, PaBHBI HYJIIO.
IIycts § > 0 BeIGpano Tak, uro Tv < 0 B w npn P(x,t) > p? — . Ecm
xe P(xz,t) < p? — 9§, 10 p? — P(x,t) > § U TOCTOSHHYIO Y MOYHO BLIODATD
HACTOJILKO OOJIBINON, YTO MEPBbIil YeH B KBaIPATHBIX CKOOKAX 10 MOJLYJIO
Oy/IeT IIPEBOCXOJIUTL CyMMY MOJyJIell BCEX OCTAJbHBIX 4JIeHOB. [Ipu Takom
BBIGOpE Y Tostyanm Tv < 0 ipu p? — P(x,t) > §. Paccmorpum B w dyHKIHIO

V(z,t) = M — eqv — u, g9 = const > 0.
Jlerko Busieth, uto TV = —e9Tv > 0 B w. CoracHo jiemme 6 s (x,t) € W
V(z,t) > minV, (4.36)
ag

IJIe 0 COCTOUT U3 Te€X TOUYEK I'PAHUIIBI W, KOTOPHIE JIeXKAT Ha IJIOCKOCTH t = t°
u Ha noBepxHocTu P(x,t) = p2. [Tokaxkem, uyro V > 0 Ha 0 Ipu MOIXOAAIIEM
BBIGODE €9. JleiicTBuTenbHO, Ha oBepxHocTH P(7,t) = p? mveem V = M —
u > 0. IlocrostHHyIO €9 BBIOEpPEM Tak, UTO €90 < €1 B w. lorma mpu t = t°
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nmeeM V = M —esv—u > M —e1 —u > 0 B cuity Beibopa p. CriesioBaresibHO,
B cuity (4.36)
M—ecov—u>0

B w u nosromy u(zSTH T < M — equ(zth ) < M. Ecim ke B
touke (2°,1Y) € w, dbymximma u(r,t) mpuEEMaeT HamMeHbIee 3HAYCHHE,

—u(z,t) npuHEMaeT B 9TOii TOUKe HaMOOJIbIIEE 3HAUEHHE U I[IOITOMY
—u(z,t) = —u(x%t") B w, npu t < t°. Teopema nokazana. O

CTpOFHﬁ ITPUHITAIT MaKCI/IMyMa nMeeT MeCTO TaKzKe JIJIsI HEKOTOPBIX KJIacC-
COB yPaBHEHUI BTOPOro HOPAJKa C HEOTPUIATEJbHON XapaKTepUuCTUIECKON
dopmoii. PesysnbraTbl, OTHOCAIIMECS K 3TOMY BOIPOCY, M3JI0KEHBI B KHH-
re [20|. Jdust perenuii HEOTHOPOJIHOTO YPABHEHUSI TEILJIONPOBOIHOCTH CIIPa~
BEJIJIMBBI ONEHKN, aHAJIOTMYHBIE TPUHIMIY MakcumyMa. [lycTs 1 obmactu
w, OIpeJie/IeHHol B Hauajie sToro naparpada, umeem t' = 0, t/ = 7.

Teopema 60. [Iycmov u(x,t) — pewernue ypasHenus

Tu = g—t—Au—f(az,t) (4.37)

6 «xpusosunetinom yuaundpes> O uz waacca C*H0)NCO@). Tozda dns aro-
60t mouku (z,t) us w

minu — 7sup | f| < u(z,t) < maxu—FTsup\f\ (4.38)

Jloxazamenvcmeo. PaceMoTpuM B 0 (DyHKIUH
vi(z,t) =u(z,t) +tK n wvo(x,t) = u(z,t) —tK,

rae K = sup |f|. Jlerko BugeTh, 94T0 B TOUKAX W
@

T’l)lzf—l-K}O, Tvng—Kgo.

[Tosromy, cornacuo semme 6 st (x,t) € W, cupaBe/IMBbl HEPABEHCTBA
rr;invl < vy (z,t), max v > vo(x,t).

U3 9TUX HEPABEHCTB BBITEKAET, YTO B TOUKAX W

mlnu u(z,t) + tK, maxu > u(x,t) — tK,
g
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1, CJIeJIOBATEIbHO,

minu — 7K < u(x,t) < maxu+7'K
ag

Ormernm, uTo u3 HepaBeHCTB (4.38) BbITEKaeT CJIEyIONasl OleHKa I Pe-
menns ypasaenus (4.37)

] (z, t)‘ mas u] + 7sup |f]. (4.39)
Ol

Teopema 61. [lycmov u(z,t) — pewenue ypasnenus (4.37) 6 caoe G; =
{x,t; 2 € R?, 0 <t <7} us waacca C*HG,) N CYG,) u nyemo 6 G

fu(a, )] < M,
2de M — nexomopas nocmosnnasn. Tozda dan (x,t) € G-
iﬂgfu(x,O) —7sup|f] < u(z,t) < supu(x,0) + 7sup|f]. (4.40)
% . R2 G-

Hoxaszameavcmeo. Paccmorpum B G OyHKINNT

wy = u(z,t) — My —tK — ev, wy = u(x,t) — My +tK + ev,

rae My = supu(z,0), My = ilélfu(fLyO)7 K =sup|f|, v = |z]*> + 2nt, ¢ =
R7 z G,

const > 0. Jlerko Bugerh, uyro B G

Twy=f-K=f-supl|f|<0, Twy=f+K=Ff+sup|f[=0
G- G,

[ostomy mytst Touek (z,t) moboro mumaapa GF = {x.t; |z| < R, 0 < t <
T}, R = const > 0, cornacro jemme 6 ClipaBeyInBbl HEPABEHCTBA,

wy(z,t) < max wi, wo(x,t) > mln wo,
IJie OR COCTOUT U3 GOKOBOI MOBEPXHOCTH IMMIMH/IPA GR U €ro HUZKHErO OC-

HoBauwus. Jlerko Bumernh, uTo wo = 0, wy < 0 Ha oR, eciun R > R u RV —
nocrarouno sennko. Cienosaresnbio, B G mpn R > R

wl(x7t> <0, w2(xat) =0
u nosromy s (z,t) € G
u(z,t) — My —tK —ev <0, u(z,t) — My +tK +ev > 0. (4.41)

Tax kak HepaseHcTBa (4.41) crpase bl pu j060oM € > 0, To pu € — 0
u3 HepaseHcTs (4.41) mosmygaeM, aro B G

u(z,t) < My +tK, u(z,t) = My — tK.

Orcrona BeiTekatoT HepasencTsa (4.40). Teopema nokasaHa. O
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4.5. AnpuopHbIe OIIEHKH pelleHuii
KpaeBbIX 3a7a4 1 3a1a4u Kormm.
Teopemsbl equacTBeHHOCTH. CTabMIM3amms peleHmii

B sToMm maparpacde MBI yCTAaHOBIUM OTEHKN PEIEHNH KPAEBBIX 33/1a1 1 3a,aTH
Kormmu. 13 atux oreHOK 1 TeopeM, JTOKa3aHHBIX B § 4.4, BBITEKAIOT TEOPEMBbI
eIMHCTBEHHOCTH W TEOPEMBI O XapaKTepe 3aBUCHUMOCTHU PEIIeHNsT 3aIa9l OT
3aJaHHBIX (DYHKITAI.

Teopema 62. ITycmov gynryus u(x,t) ydosasemeopsem ypasnenuro (4.37) 6
Wy, npunadsesicum xaaccy C*1(w,) u ydosaemesopaem eparunnomy ycaosuro

ul =0 4.42
. 4.42)
AUBO 2PAHUNHOMY YCA0BUIO
ou
—| =0, (4.43)
ol
20e v = (V1, ... ,Vp,0) —nanpasaenue enewnred nopmaau x Sy. Tozda cy-

wecmeyem maxas nocmoannas K, aasucauas Auws om T, 4mo npu A1060m
% us ompesxa [0, 7] cnpasedausa ouenxa

S5+

dxdt+/u2dx<

t0 =1 Q0
< K(7) u*(z,0)dz + | f*(x,t)dz dt] . (4.44)
[

Jlokazamenavcmeo. Hamumem dopmyny puna (4.3) mug obmactén w1 u
bynxmmit u = u(x,t) n v =u(z,t), 0 < t! <10 Unmeem

/ufdxdt—

wtl
n 2
1 1
= /Z 8_u dr dt + = / u2(x,t1)dx——/u2(x,0)dx_ (4.45)
— 6$j 2 2
wp 7= 1 Q

3 sToro PaBEHCTBa BBITEKaECT, ITO

/uz(x,tl)dxg/uz(asz)dﬂs+2/ |ul | f| dz dt.
Q

Qtl wto
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Nurerpupys 3o HepaBeHcTRO 110 t! ot Hyss 10 t° 1 mpuMenss 31eMeHTapHOe

HepaBeHCTBO 2ab < ca? + e 1p2

/ w?(z,t) da dt <

W0

, TIOJIyYUM

<t

/ 2(x, O)dx+210 /u2(x,t)dxdt+2t0 / |f|2dxdt]. (4.46)

9] W0 Wio

U3 nepasencts (4.46) u (4.45) nosydaeM HepaBeHCTBA

/ﬁ@ﬂm&gﬁ/ﬁ@mww4Wf/UWMu (4.47)
wtO Q wtO
Ou 2,0
Z dxdt—i— u(z,t”) dx <
Wyo I=1 Q
1
5/ :UOd:L‘+/\f\u|dxdt<
Q w0
1
§/u2x0d1‘+ /|f| dxdt—i—to/ 2(x,0) do+
Q Wio Q
+2(t°)2/\f\2dazdt. (4.48)
wtO

CkuajpiBast HepaseHcrBa (4.47) u (4.48), momyumm Tpebyemoe HepaBeH-
crBO (4.44). O

CaencrBue 6. [lycmo gynrkyus u(x,t) ydosaiemsopaem ycrosuim meope-
moL 62 u nyems [ =0. Toeda us paserncmea (4.45) evimeraem, wmo

/uQ(ﬂz,tO)dﬂs < /uQ(xjo) dx

QtD Q

ons mobozo t0 < T.

CaencrBue 7. Pewenue nepsoti kpaesoti 3adayu dasa ypashenus Tu = f u3s
waacca C*H(w,) eduncmeeno.

Jlokasamenvcmeo. JleficTrBuresibHO, pasHOCTb ABYX perieHuil u(x,t) 3Toii
3aJa4u yaoBaeTBOpdeT ypaBHeHmio Tu = 0 B w,, OPUHAILICIKUT KJIACCY
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C*Y(w,) m uls, =0, u|;=p = 0. [TosToMy U3 Teopembr 62 creTyeT, UTO
/UQ(Z',LL) dxdt =0
Wr

u, 3Ha9uT, 4 =0 B w;. ]

CaencrBue 8. Pewenue emopoti kpaesot; 3adayvy oan ypasherus Tu = f 6
w; us waacca C*H@,) eduncmeernmo.

DTO yTBep:KJEHUE MOJIyIaeM TOTHO TaK Ke, KaK U CJIeJCTBHE 7.

Ormernm 37€ch ere onHO caeacrsue dopmysbl ['puna (4.3).
[Tycrs u(x, t) — perenne ypasaerust rersionpoogaocT Tu = 0 u3 Kiac-
ca C*1(@,), yaoBneTBopsIoNiee TPAHITHOMY YCIOBHIO

@
ov

Sy

Torma mst smo6oro t0 < T clpaBeIHBO PABEHCTBO

/u(x,to)dx = /u(az,O) dz.

QtO Q

DTO PaBEHCTBO MMeeT cjeiayronuit dusndeckuii cmbica. ['panundnoe yco-
8_u = (0 o3HadvaeT, YTO MOTOK TEILIA Yepe3 IPAHUILy Teja B JII0OOi
Wlg,
MOMEHT BpPpEMEHU to < T PpaBe€H HYJIIO. HOSTOMy KOJIMIECTBO TeEIlJla BHYTPU
TeJIa COXPAHAETCS IMOCTOSTHHBIM B JTII000# paccMaTpUBaeMblil MOMEHT BpeMe-
mm 0 <tV < 7.

C IIOMOIIIBIO ITPUHITUIIA MaKCUMYMa JIOKazKeM TeOopeMy €JIUHCTBEHHOCTU
peleHnst epBoil KpaeBoil 3aadn B Oojiee MUPOKOM KJjacce pyHKITHA.

Teopema 63. Pewenue nepsoti kpaesoti 3a0a4U 6 YUAUHOIPE Wy 04 YPacHe-
nus Tu = f ¢ yeaosuamu (4.21), (4.22) eduncmeenno 6 xaacce C*1(w,) N
CO(w,).

Jlokasamenvemeo. Ilycrb uy(x,t) n ug(x, t) — nBa perennst nepBoii Kpaepoit
sajaqn juig ypasaenus Tu = f ¢ ycnosusvu (4.21) u (4.22). Torma ux
passoctb u(xz,t) = uy(z,t) — ug(x,t) ynosiaersopsier ypasuenuto Tu = 0 B
Wr U YCIOBHUSAM
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Cortacuo Teopeme 57 § 4.4 jyis j11000it TOUKHU Wy

minu < u(z,t) < maxu, o =0QUS,.
or or

[Tosromy © =0 B w;. U

Cremyrorme TeOpeMbl YCTAHABINBAIOT HEIPEPBIBHYIO 3aBUCHMOCTD pe-
[IEHUs IEPBOI KpaeBoil 3a/iadu 0T HAYAJIbHBIX (DYHKIN, DYHKINN, 33 aH-
HBIX HA S;, U OT IpaBoii YacTu ypasHenust f(x,t), a TakyKe XapakTep 3aBUCH-
MocTu perrennst 3agaqu Kormm ot HavanbHoit dyrkiun u dyuxmun f(x,t).

Teopema 64. I[lycmv ui(x,t) — pewenue ypasnenusa Tu = f1 6 w, ¢
yeaosuamy uili—o = up1(z), uils, = Y1 u ue(x,t) — pewenue ypasne-
nua Tu = fo 6 wy ¢ yeaosuamu usli—o = wup2(x), usls., = 9. Ilycmo

up,uz € C*Yw,) N Cw,). Toeda dns (x,t) € wy cnpasedausa ouerka

uy (@, t) — U2(~’U,t)’ < sup ’Um - UOQ‘ +7sup|fi — fz‘ + sup ’1/11 - 7#2‘-
wr -
YrBepzkenne TeopeMbl 64 HemocpeacTBeHHO caejyeT u3 orneHkn (4.39),
npuMeHeHHol K u(x,t) = ui(z,t) — ug(z,t).

Teopema 65. [ITycmov ui(x,t) — pewenue sadavwu Kowu dasn ypasnernus
Tu = fi1 6 G; ¢ navasvrom yeaosuem uyli—o = upr(z) u ug(x,t) — pe-
wenue 3adavu Kowu das ypasnenua Tu = fo 6 G ¢ Hauasvmvim Ycaosuem
ug =0 = up2(z). Ipednoaoorcum, wmo 6 G,

(e, t)| <My, s t)] < M,

2de My, My — nexomopoie nocmoannuvie. ITycmo uy(z,t) u uz(x,t) npunad-
aesrcam xaaccy CHHG)NCY(G ). Tozda umeem mecmo anpuophas ovenka:
das 6ot mowky (x,t) € Gy

‘ul(%t) - Uz(v’U,t)’ < sup |ugr — uoz‘ + 78up ’fl - fz‘- (4.49)
R -

Hepasencreo (4.49) siBisiercst ciencrBuem teopembl 61 § 4.4 u Hepa-
BeHcTB (4.40), npumenennbix K dbyskuun u(z,t) = ui(x,t) — ug(x,t). s
oreHkn (4.49) BBITEKAET CIIEYIONIAST TEOPEMa €IMHCTBEHHOCTH PEICHUST 3a-
nmaan Ko B kytacce orpanndeHHbix B G, DYHKIMIL.

Teopema 66. Ozpanuuernnoe 6 G pewernue u(zx,t) sadavwu Kowu dan ypas-

nenusa Tu = [ ¢ navarvnom yeaosuem (4.25) eduncmeenno 6 kaacce
C2H(G,) N CYG,).
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Ormerum, uTo yenoBue orpanndennoctu B G, pemenust u(z,t) 3anauu
Ko siByisiercsi CyIecTBEHHBIM YCJIOBUEM /ISl CIPABEJIMBOCTH TEOPEMbI
eJIMHCTBEHHOCTH. DTO YCJIOBIE MOXKHO 0cs1abuTh (cM. Huzke § 4.6), ojHAKO ero
Hesb3s omycTuTh. A. H. TuxonoseiM [21] mocTpoen npumep permennst u(x, t)
ypasHenns temonposoanocta Tu = 0 us xracca C2H (G )NCY(G,), ynosie-
TBOPAIONIErO HAYATBHOMY YCJIOBHIO Ult—g = 0 M HE PaBHOIO TOXKJIECCTBEHHO
Hyato B Gr. DTO pellleHre HEOIPAHMYEHHO pacrer mpu |z| — oo. Heorpa-
anuennble B G, pemenns sagaan Komm 11 ypaBHEHHsT TEILIONPOBOIHOCTH
paccMoTpensl B § 4.6.

Jnsg MuOrmX hU3MYIecKnX 3a7ad NPEICTABIAET MHTEPEC UCCIIEI0BAHNE
nosejieHnst pemennst ypasaenust Tu = 0 upu ¢ — oo. 31ech MbI IpUBEIEM
NPOCTEHIINE TEOPEMBI TAKOTO POJIA.

Teopema 67. [lycmo gynryus u(z,t) ydosaemeopsaem ypasrenuro Tu = 0
6 obaacmu wee = {x,t; © € Q, 0 <t < 00} u 2panuvHOMY YCA0BUIO

u =0,
Soo
2de Soo = 00 x {0 < t < 00}, u € C?Hweo) N CYWuo). To20a u(w,t) — 0

npu t — 00 pasromepro no x 6 .

Hoxaszamenvemeo. He orpanmamBasi oOITHOCTH, MOYXKHO CIUTATh, 9TO ) co-
nepxuT TouKy * = 0. OueBugHO, uTO ypaBHeHue Tu = 0 mMeeT pereHue
BHUIA

v(z,t) =e @ H cos bz,

rie nocrosHHasg b > 0 u a = nb’. Bribepenm b HaCTO.HbKO MaJIbIM, 9TOOBI
obstacTk ) JIexKajia BHyTpH HmapaJuiesrennnena {x; |z;| < 4b’ j=1,...,n}

Ouesnyno, BHyTpu sToro mnapasuiesnenuneia dyskius v(zx,0) crporo mo-
JIOKUTE/IbHA, W 103TOMY mocTogHHyio M > (0 MOXKHO BBIOpaTb Tak, UTO
Muv(z,0) > |u(x,0)| B Q. OueBnano, v|s, > 0. Ilpuvensiss npuHInm Makcn-
mMyMa K dyHknuam wi(z,t) = Mv —u u wa(z,t) = Mo + u, noxydnm, 9To
B Woo

Mv+u >0, Mv—u>0.

CanenoBarenbho, |u| < Mv B weo. Tak kak v(z,t) — 0 upu ¢ — oo paBHO-
MepHO 110 = B €2, To u(z,t) — 0 mpu ¢ — 00 paBHOMEpHO 110 T B ). O

Teopema 68. I[lycmv u(x,t) — pewenue ypasuenus Tu = 0 6 obaacmu
o ={zt; 2 €RY, 0 <t < oo}, u€ C*(Gu) N CGw). IIpednono-
orcum, wmo |u(z,t)] < M 6 Goo u u(z,0) — 0 npu x| — oo, m. e. daa
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mobozo € natidemca maxoe R(eg), wmo |u(z,t)| < e, ecau |x| > R(e). Toeda
u(z,t) = 0 nput — oo pasnomepro no x ¢ R2.

Hoxaszameavemso. Pacemorpum B Go  (QyHIAMEHTAJBHOE — pEIeHHe
I'(z,0,t,—0) ypaBmenus Tu = 0, tne § = const > 0. OyHkiusa
I'(z,0,t,—0) > Oupu t = 0 u I'(x,0,t,—9) — 0 mpu t — 00 paBHO-
MeprO B R7. Ilycts € > 0 — npousBosibHOe umcio. B cuiy ycsioBust, 91O
u(z,0) — 0 mpm |z| — oo, cymecrByer Takoe uauciao M(g) > 0, aro npn
z e RY

e+ M(e)['(x,0,0,—-9) > u(x,0) > —e — M(e)['(x,0,0,—9).

CoryiacHO IPUHIUILY MaKCUMyMa Jjisl HeOrPaHUIeHHOH obiactu (CM. Teope-
My 58) B Goo CIIPABE/INBO HEPABEHCTBO

‘u(x, t)’ <e+ M(e)(x,0,t,—0).

Tak kak € > 0 — IPOM3BOJILHOE YUCJIO, TO TOCJIEAHEE HEPABEHCTBO O3HAYALT,
aro u(x,t) — 0 upu ¢t — oo paBHOMepHO 110 = B RY. Teopema nokazana. [

4.6. O1eHKHN IPOM3BO/IHBIX.
AHamuTHYHOCTH pemeHuii mo mepeMeHasiM x. Ilpuioxenus

O1neHKN TIPOM3BOJHBIX perieHnit ypasHenus Jlamiaca (cm. § 3.8) MbI oty an-
JIN, WCIIOJIb3Ysl TEOPEMbI O CpejiHeM apuMETUIECKOM I TapMOHUIECKUX
bYHKIHUI, T. €. UCIOJIb3Ys CHeIU(UIECKIe CBOMCTBA TapMOHUYIECKUX (DYHK-
nuit. JIig ypaBHEHUS TEIIONPOBOIHOCTH Mbl BBIHYKIEHBI UJTU 110 JIPYTOMY
[IyTH, UCIOJIb3ys DOJIee CIIOXKHBIN, HO BMECTe ¢ TeM U 0oJiee OOIIUil IpueM.
Oror npuem tupumensscsa C. H. Bepuireiinom st ONEHKH IIPOU3BOIHBIX
pelieHnit JTUITUICCKIX U 1apabOIUIeCKUX YPaBHEHUI U HaIeJ MHOIO-
YUCTICHHBIE TTPUMEHEHUS B PAa3IUYHBIX HCCJIEOBAHUAX YPABHEHUII BTOPOTO
nopsijka (M., Hanpumep, [22], [23]).

Teopema 69. ITycmov u(x,t) ydosaemeopsem ypasnenuro Tu = 0 6 obaa-
emu WP = {z,t; |z|? + [t| < (R+ p)?, t < 0} u npunadaescum xaaccy
C2Y @ B+P). Tozda dan (z,t) us obaacmu wft = {x,t; |22 +|t| < R?, t < 0}
CNpasedausa oueHKa

> (ZE0Y < (450)

20e C = 2n + 10.
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Jloxasamenvcmeso. B obmact wP pacemorpum dyHKIHO

n 2
(o) = [(R 4+ = b = )3 (5 )+ o

ox;
j=1 J

rie C — noJioKuTeIbHast mocTosiHHast. [lokaykeMm, 910 mocTostHHy 10 C] MOXK-
1O BEIGpaTh TaK, uro Tv < 0 B wfP. Torna u3 nemmer 6 us § 4.4 cienyer,
uro B wltt?

v(x,t) < max v, (4.51)

e 0 — "acTh rpanumsl w! P nexkamtas wa nosepxuoctn |z|2 4|t = (R+p)2.
Jlerko BUIETH, 9TO

maxov = & maxu = Oy max u>.

SR+

Taxum obpasom, uz onenku (4.51) BoiTekaer, uto B Wt

n 2
2 2 2 Ou 2 2
[(R+ p)? — [ — ] 2(87) O < O sl
‘]:
U II03TOMY
8u 2 Cl 2
< . 4.52
o (3) <pamiop b o

CiietoBaTesbHO, JJIs TOKA3aTeIbCTBa HepaBeHCTBa (4.50) J0CTaTOIHO TTOKa-
3atb, ur0 Tv < 0 B @ ™ npu noxxomsmenm soi6ope C. st BeIMuCICHHST
Tv 3aMeTuM, 9TO

ow 0z

T(wz)—sz—f—sz—QZa £
Lj OTj

JUIst JTIOOBIX IBYX PyHKIWH z 1 w. [losroMy Jjrlerko BuAETH, 9TO
n 2 2 n 2 2
ou ou 0“u
T (u?) = -2 — T((=— =2

T ([(R+p)? — 22 = 11]") =
=22n+1) [(R+p)® — |z — [t|] — 8|z|* = q(z, 1)

Nnmeem

Tv=—2[(R+p)? - |z? - |t]? zn: <6fk2§xj)2+q(x,t>§n: (%)2+

k,j= j=1

ou " ou\?
2 2

B — =2 E

8 [(R+p)? —|z* —|t]] g_: T 6mk<9% oz; 1 : <6zcj)
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[Ipumensis 171 OMEHKN TPeThbeit CYMMBI B TTPABO# UACTH TOCJIETHETO PABEH-
crBa, onerky 2ab < a? + b?, mosmyunm

) n 82u 2
To< =2[(R+p)” —[a = [t]” > ((%mx') +
J

k,j=1
n ou \ 2 2 — 0%u 2
t — 2 2 |x? =t
rae0Y (g ) +2l0R+ P =l = * 3 (525) +
J=1 k,j=1
n ou \ 2 n ou \ 2
2
+ 32|z Z<a—x]) —2012<87j) ,
7j=1 7j=1
R+p

TaK KaK B W
32/x[* + q(x, 1) < (4n + 20)(R + p)?,

10, ostoxkus Cp = (2n+10)(R+ p)?, momyunm Tv < 0 B @ B+, Toncrapmss
TakK BeIOpaHHYIO 1ocrosiHHyto C B coorHoIenue (4.52), oy auM HepaBeH-
crBo (4.50). Teopema nokazana. O

[Monb3ysick mepaBeHcTBoM (4.50), yCTAHOBUM OIEHKH ITPOM3BOJHBIX JIFO-
6oro mopsiaka OT PEIICHUNl YpaBHEHUS TEILIOMPOBOIHOCTH.

Teopema 70. IITycmo u(t,x) ydosaemeopsem ypasnernuro Tu = 0 6 obaa-
emu WP = {z t; |22+ |t| < (R + p)?, t < 0} u npunadaescum xaaccy
C?HwHP). Toeda dns (x,t) us obaacmu w* npu |a| = k enpasedausa ouen-
Ka bk
\Dgu(x,t)f < (%) max [uf?, (4.53)
p o B+te
ede Dy =Dgl ... Dgn, o= (a1, ... ,(n), o] = a1 + -+ ay, C = 2n+ 10.

Tn )

Zloxazameavcmeo. PaccMoTpuM  mIocIe10BaTEIbHOCTD  BJIOYKEHHBIX 0018~
CcTeil:

wR-‘r%p: {ﬂf7t, ‘£U|2+|t| < (R‘F%P) 7t<0}7 j:Oa]-v 7k'

Ha ocuoBanun teopemsr 69 nveem npu |of| =k —j, [o”| =k —j—1
2 COk? 2
/ "
max Dau’ <— max D%, (4.54)
T p* _ryltle
a/ 6 a//
ecsim D% u = 8—D u 1pu HekoTopoM [. Ilojarast B 9TOM HepaBeHCTBe
Iy

j = 0, a 3areM, HUCIOIB3Yysl MOCIEIOBATEILHO HepaBeHcTBa (4.54) mpu
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j =12, ...,k —1 g oneHKN IpaBOil 9aCTHU IOJyIEHHOI'O HEPABEHCTBA,
BBIBOZMM OreHKY (4.53). 3amernm, 4To 3/1eCh Mbl BOCIIOJIB30BAINCH HECKO-
neunoii auddepenmupyemoctsio u(z,t) B wP | nokasammoii B § 4.2, u Tem,
qro D%y sBIIsIeTCs pelreHneM ypaBHEHUs TeNJIONMpoBogHOCTH, ecan T'u = ()

B witte, O

Teopema 71. Iycmo u(t,x) ydosaiemeopaem ypasnernuro Tu = 0 6 wtHr
u npunadsesicum xaaccy C>1@HHP). Tozda dna (z,t) € W npu ol =k u
ar0bom ueaom p = 0 cnpasediusa ouerxa

2 k+2

< n2 <C(k‘—|—2p)2> P
2

ede Dy =Dyl ... Dy, |a| = oy + -+ ap, C = 2n+ 10.

p

EY max |ul?, (4.55)

wR+P

Joxazameavcmeo. N3 ypasuenuss Tu = 0 ciemyer, 94To

P
— D%y

v , tae Bl =2p+|al.

= ‘DO‘APU‘ <n? m[é}x ‘Dﬁu

TTosromy Ha ocnoBanuu Teopembr 70

2
or ) 5 |2
max |—D% n? max = max ’Dzu’ <
o |0t |Bl=2p+la| R+
2p 2 —o\k+2p 2
< n? (C(k +2p)*p ) max u”.
o Bte
Orcrosia BeITEKaeT TpebyeMoe HEPABEHCTBO. O

Teopema 72 (06 aHATUTUIHOCTU PEIIEHUIT 110 TIPOCTPAHCTBEHHBIM TI€PEMEH-
ueM). Pewenue u(z,t) ypasnenus Tu = 0 6 obaacmu w us xaacca O3 (w)

ABNACTNCA AHANUMUNECKOT PYHKUUET NEPEMENHBLT T1, . . . o Ty, M. €. OAA NI0-
60t mouwu (2°,tY) € w Pynryua u(x,t) npedemasuma 6 sude crodawezocs
cmenentozo pada no CMeneHam Tj — x?, j=1,...,n, npulz—2% <e, ede
e(20,t9%) > 0.

Jlokazameavcmeo. Tak Kak, cormacHo Teopeme 56 u3 § 4.2, dyukims u(x, t)
ABJIsieTCs becKoHevuHo auddeperimpyemoii pyHKIMER £ 1 t B w, TO 10 POp-
myste Teitnopa

« 0 40 a,, (~ 40
u(x,to): Z 7D u(j' ) (x—:co)a—i— Z L uO(jU’t ) (ac—:co)a,
lo|<m . |o]=m ’

e a = (ag, ... ,ap), &l = a1l ... o, (x — 20 = (27 — 209 L. (3, —
0

xp)“™, M — IPOU3BOJILHOE IIEJIOE HUCIO, T € Qf%o = {z; |z — 2% < R},
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~ 0
T € Q% , muoxkectBO {7,t; |[r—2°| < R+ p, t =t} npunagnesxur w, R, p—
HEKOTOPBIE HOJIOZKUTEIbHbIE IOCTOAHHBIC. [ToKazkeM, 4To

'Ym(xﬂfojf) = Z w(gc_xo)a

al
|a|=m

CTPEMUTCS K HYJIIO TIPU 1M — 00, €CIU T € Q%O u |z — 20| < &, npidem ¢ BoI-
6paHo J0CTATOYHO MaJIbIM. BOCIIO/Ib3yeMes OleHKaMK TIPOU3BOIHBIX U (T, ),
nostyaeHubiMu B Teopeme 70. Ilycts qncio R + p HACTOJIBKO MaJIO, UTO 00-
nacte WP = {x,t; |z — 22 + |t — %) < (R + p)?, t < 9} npumaesxuT
w. Torna, cormacuo teopeme 70 mpu |a| = k, mveem

2 _(CR\"
m%x‘l?;‘u‘ < <—2) max |u|?, C =2n+10.
w

10 wR+P
TTosTomy
. VCm " 1
I S N T o
|a)|=m
Kak 6b110 m0Ka3aH0 B § 3.8,
r am
2w
|a|=m

Cormnacuo dopmyse Crupsmara (em. |18, ¢. 422]) m™ < mle™. Tlosromy
mpu (7,t0) € wh

"ym(x,tojf) ‘ < (\/alﬂz—xo‘enp_1>m%%>§ .

Ecmu |z — 2% < ¢, %GQ%O u

\/aa(ﬂzp*1 <1,

TO "ym(x,to,:?)‘ PABHOMEDHO 110 & U I CTPEMUTCS K HYJIIO LIPU M — OO.

Crnemoparensno, psn Teitnopa dynkmmm u(x,t) cxonures K 310l GyHKIINT
npu |z — 20| < e. Teopema joKaszana. O

Sameuanme 10. Dynkums w(z,t), yHOBIETBOPSIONAs  YPABHEHUIO
Tu =0 B w, MOXKeT ObITH HeaHAJUTHIECKON byHKIMEN nepemennoii t. Tak,
bynxmus u(x,t) = I'(z,2°,t,t°) B okpecrnoctn Toukn (x!,t°) mpm x! # 2°
daBjsieTcs Oeckoneuno muddepeHnupyeMoit pyHKIUEH, yI0BIeTBOPIONICH
ypaBuenuio Tu = 0, ogHako 3ta (DYHKIUSA HE MOXKET OBITh PA3JIOKEHA B
creneHHoit psl 1o crerensaM t — t0 mpu 2 = x!, Tax xkax I'(z!,2°,¢,t%) = 0
npu Bcex t < t0,
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Teopema 73 (OleHKa aHAJIUTUYECKOTO IPOJIOJIKEHUs perennus). I[lycmo
obaacmy wy C w u das kaosrcdot mouxu (2°,t°) € wy obaacmo wﬁ)zpo
{o,t; | — 202 + [t =t < (R+p)?, t —t° <0} npunadaescum w, 2de R u
p — nexomopuie nocmoannvie. Tozda pewerue u(x,t) ypasnerus Tu =0 6 w
MOIHCHO AHAAUMUNECKU NPOOANHCUMD OASA KOMNAEKCHHT 3HaveHUld T + 1y 6

21
obnacmov Qs(wo) = {z,t,y; (x,t) € wy, |y| < 0}, 2de 6 = (,0*126 n\/6> ,

C = 2n + 10, u daa anasrumuyeckozo npodossicenusn u(x,t) cnpasediusa
oyenra
sup |u(z + iy,t)’ < 2max |ul. (4.56)
Qs(wo) v

Joxazameavcmeo. Ilpu mokazaTebcTBE TEOPEMbl 72 MBI [MOKA3aJHd, UTO

byrkmms u(x,t) ana moboit Touxn (2°,tY) € wo mpu |x — 2°| < & npen-
craBuMa psiioM Teitmopa
Du(z?, 1) o
u(z, ) = Z — (z—2%)", (4.57)

o
[IPUYEeM 3TOT PsJi MAXKOPUPYETC NeOMEeTPUYECKON ITporpeccueil Buaa

v(z,t) = Z (\/Elx—g;o‘enp—1>mm§x ul, C =2n+10.

m=1
-1
Tax kak |u(z,t)| < v(z,t), TO, HOMaras § = p (Zen\/C> U yUIUTbIBAS,
aT0 psaf (4.57) onpesiesieH u JyIst KOMIIJIEKCHBIX 3HAYEHUIT T 1 33/1aeT aHaJIH-

TUUeckoe mpoosKerne dbynximn u(z,t) npu |z + iy — 2°| < §, momyuaaen,
4TO

sup

u(z + iy,t)‘ < 2sup |ul.
Qs(wo) w

Omuenkn Buga (4.56) MOXKHO TPUMEHHUTH JJIsi UCCJIEIOBAHUS ITOBEJIC-
HUS PEIICHUH MapabOJNIecKuX YPaBHCHUN B HEOTPAHUTICHHBIX 00/IACTIX
(cm. [24]). OpHuM U3 TaKUX NPUMEHEHUH sIBJISIETCS JIOKA3ATEbCTBO TEO-
pPEMBbI eJIMHCTBEHHOCTH perieHus 3ajadu Ko s ypaBHenus Tu = f B
Kjacce pacrymux dyukmwit. st ypasaeruit Tu = f 3Ty TeopeMy MOXKHO
JIOKa3aTh U JAPYTUM IIyTEM, UCIOJIb3Ys, HAIIPUMED, HPUHIUI MAKCUMyMa |
BCIIOMOTraTe/bHble (DYHKIINU, AHAJOIUIHO TOMY, KaK JO0Ka3aHa Teopema HY
§ 4.4. Vcnonmb3yemblil 37ech mipueM obJrajaeT OOBIION OOITHOCTHIO U IIPHU-
MEHUM JIJTs1 JIIOOBIX MapabONTIeCKUX YPABHEHNAN U CHCTEM.

Teopema 74. Pewenue ypasnerua Tu = 0 6 obnacmu G, = {x,t; x €
R?, 0 <t < 7} us waacca C*1(G,), ydosaemesoparowee Hauasbnomy ycao-
6UI0
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u maxoe, wmo daa ecex (z,t) € G,
[ue,t)] < Cret, (4.58)

2de C1,a — HEKOMOPBIE NOAOAHCUMEALHDIE NOCMOAHHDIE, PAGHO TMOodHCIe-
cmeenho vy 6 Gor.

Jloxasameavemeo. Tax xak mo mpeamonoxennio u(x,t) € C31(G,), uli—g =
ou 0u

ou
a, s o = Oa ) = Oa
ot |, x5 |,_, 7|

j = 1,...,n, to, nonarass u(x,t) = 0 upu t < 0, noayaum bYHKIHO

u(z,t) ms xkmacca C>'(R7T1). Bpemem [0MOMHITETBHYIO HE3ABHCHMYIO TIc-
n+1
Rz,t

0, Tu = 0 B G,, a 3Ha4IUT, 1

PEMEHHYIO Tp1. Ecan dynkims u(z,t) yaoBaeTBopseT B YPaBHEHUIO

0 0*u
7 Z = 0, To bysKIHS V(T, Tpyi1,t) = COS UTy 11 expi—p’tu(z,t)

ot 922
]_
n+1l 49
n+2 8'1) 8 .
yaosiersopsier B Ry%~  , ypasHenuio —- ;T 92 = 0 npu 1106011 110CTO-
x;
Jj=1
gaaHO 1 > 0.
Pacemorpum mocseioBarensHocTh obmmacreit G° = {x,xn41,t; |z] <
|znt1] < s, —s < t < 71} B HpocTpaHCTBE Rg—giﬂt = (21, ... ,Tn,

Tpt1,t) ¥ mOCIEIOBATENBHOCTE Obnacteil G = {x,t; |z| <s, 0 <t <7} B
POCTPAHCTBE RZII, IPUYEM MTOCTOSTHHYIO T Mbl BbIOEpEM HUZKE.

[punmennnm Teopemy 73 K obmactam G, G5! u dyukiuu v( ZTpt1,t).
OueBmiHO, TIpu JIOOOM § MOXKHO B3sIThb R+ p =1, R = %, p= 5. [Tosromy
qUCI0 0 B TeopeMe 73 He 3aBUCUT OT S, a 3aBUCUT TOJBKO oT n. CorsacHo
TeopeMe 73 mmMeeM

sup U($+iy,$n+1 +Zyn+lat)’ <2 sup U(£U71En+17t)‘-
Qs(G®) Gett
Jlerko BUJIETH, YTO
2 sup ef“Ztu(az,t) > sup |v| =
Gst1 Qs(G*)
> sup 1 (eiu(xn+1+iyn+1) + e*iu(mn+1+iyn+1)> 67“2tu(:v, t)‘ >
(ens1,)EGe |2
[Yn+1|<6
1
> 3 (e“(s + e_‘“s) sup e_’ﬂtu(x?t)‘ . (4.59)
G's

Tak kax u(x,t) = 0 upu t < 0, To u3 cooromenuii (4.59) BbITEKaET, ITO

sup
Go

e_“2tu(x,t) < sup e"ﬁtu(x,t)‘ e H9 (4.60)

s+1
GD
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Pacemorpum HepagserncTBo (4.60) pu § = so U 3aTeM JJIst OIEHKU IPABOii
9ACTH 9TOr0 HEPABEHCTBA MCIIOJIb3YeM M0C/Ie0BaTeIbHO HepaBeHcTBa (4.60)

nupu s = sg+ 1,50+ 2, ..., S0 + k. [Homy1aaem
k
sup e_’ﬂtu(x?t)‘ < (46_“5) sup e_“2tu(x,t) , k=1,2,...,
Goo Gtk
i )
sup u(x,t)‘ <exp{klnd— pdk + p°m} sup u(az,t)‘. (4.61)
G GSotk

IIycrs nocrosaubie d > 0 u 7p > 0 BLIGpaHs! Tax, uto —dd +d>1 +a < 0.
st onenkn mpasoii actu HepaeHcTBa (4.61) BOCIOIB3yeMCsl YCJIOBHEM
(4.58) n monoxkum p = dk. Iomyamv

sup |u(z, t)’ < Crexp {klnd — 6dk® + md°k* + a(so + k)*} . (4.62)

S0
Gy

Tak kak
—5d+7md*+a<0,

TO mpaBast 4acTh HepaBeHCTBa (4.62) crpemurcst K Hysro npu k — oo. [lo-
sromy u = 0 B G’ u, Tak KaK Sy — IIPOU3BOJIBHOE 4ncyio, 70 u = 0 B
GrN{z,t; x e R}, 0 <t <7}

[Tpumensist mpeabLLyIue paccy K aeHus K GyHKuun u(z,t) u K cJIoo 71 <
t < 271, 3aTeM K ciow0 27 <t < 37, U Tak jaJsiee, mojayduM, 9to v = 0 B
Gr. Teopema jgokasaHa. O

Sameyanme 11. B Teopeme 74 ™Mbl mpegnosaramm, dro u(z,t) €
C?1(G,). Dro npeanonoxenue MOzKHO ocn1abuTh. TeopeMa 74 ocTaeTcsa cipa-
BeUIBON B mpeanonoxkenun, ato u € C*Y(G,) N C°(G,). B §4.9 Gymer
nokazano, uto ecmm u € C21(G,) N CYG,), uli=o = 0, Tu = 0 B G, TO
we CH(G,).

OueBniHO, U3 TEOpEeMbI 74 cjeyeT TeopeMa eJIUHCTBEHHOCTH DEIICHUS
zagaan Komm st ypasHerust T'u = f B Kytacce (OYHKIHIA, YIOBIETBOPSIO-
mux ycsaosuio (4.58).

4.7. Teopema JImyBmiuia. Teopembl 00 ycTpaHUMO# 0CODEHHOCTH.
KoMmakTHOCTD ceMeiicTBa pereHumin

Teopewmbr JInyBuiis jyist ypasuenus Jlammaca 6ouin gqokasans B § 3.9. Tox
TeopeMaMu JIMyBU/LIs OOBIYHO TOHUMAIOT YTBEPXKICHUS O XapaKTepe pere-
HUsl, OIIPEJIEJIEHHOTO BO BCEM ITPOCTPAHCTBE WJIK TOJYIPOCTPAHCTBE U Y/I0-
BJICTBOPAIONIECTO HEKOTOPBIM YCJIOBUAM Ha 6eCKOHeqHOCTI/I. TeopeMa TaKOI'o
THIIA, UMEIOT MECTO U JIJI YPABHEHUS TEILIONPOBOIHOCTH.
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Teopema 75 (Jluysunns). ITyemo 6 noaynpocmparcmee GO = {x,t; x €
R?, t < t9) onpedeneno pewenue u(x,t) ypasnernua Tu = 0 us xaacca
C?1(G®) u nyemo

q
2

‘u(x,t)’ <C (14 22+ )2, (4.63)

2de C; = const > 0, ¢ = const > 0. Toeda u(x,t) Acasemes MHOLOUAEHOM
omnocumenvro r ut 6 GO emenenu ne evaue wem [q). Tounee, 6 G°

ua,t)= Y Capa®t (4.64)
la|+2p<]q]
ede x =z ... x4, ol = a1 + - + ap, [q] 0s3navaem ueayro wacmo q,
Ca,p =const, aj (j =1,...,n), p— yeavie HEOMPUUAMENLHVLE HUCAG.

Jlokasamenvcmeo. st nokazaresnbersa pasencrBa (4.64) moctaTodHo 1O-
Kaz3aTh, YTO BCE IPOU3BOJHBIE OT u(x,t) BUIA

or

) DSu  upm la|+2p > [q] +1 (4.65)
paBHbI Toxk1ecTerHo Hymio B GO, Ilyers w® = {x,t; |z|? + |t O < 8% t <
t%}. Torma, cormacuo Teopeme 71 uz § 4.6, mpu mobom p > 0 u |a| = k

CIIpaBe/IJInBa OIIECHKa

oP k+2p
max | o Dou| < nP (\/5(1{: + 2p)p*1> max |ul, C =2n+ 10.
otp o B+e
U3 sroit onenkn, ucnosbsys yciaosue (4.63), mosydaeM, ato upn |af = k
9% pa ~(k+2p) 03
max Du| < Cop (L+2(R+p)*+1[t")2, (4.66)
ok |OtP

rye nocrosiaaast Cy He 3aBucuT or p. OueBuIHO, UTO 1pu k + 2p > ¢ paBast
JacTh HepaBeHCTBa (4.66) crpemuTcst K Hy/I0 Tipu p — 00. Ecin |of + 2p >
[q] + 1, To |a| + 2p > ¢, u nosTOMYy BCe mpom3sBoHble BHa (4.65) paBHBI
mymo B w!t. Tak kak R — IPOU3BOJILHOE YHCIIO, TO STH HPOU3BOIHBIC PABHBI
nymo B G°. Teopema joka3zana. O

N3 noxkazanuoit TeopeMbl 75, B 91aCTHOCTU, BHITEKACT, UTO PEIICHUE yPaB-
Hennsa T'u = 0, orpaHUYeHHOE B MOJYIIPOCTPAHCTBE T < t0, siBasteTca ocTo-
AHHOI B 9TOM IIOJIyIIPOCTPAHCTBE.

Taxk ke Kak u 1y ypaBHeHus Jlamaca, mpeacTaBiisieT WHTEPEC BbIsC-
HUTH, KAKOT'O POJIa N30JIMPOBAHHBIE OCODEHHOCTH JIOIYCKAIOT PEICHUS YPaB-
HEeHUsI TerIonpoBogHoCcTH. B § 4.1 OB17I0 paccMOTpeHo dyHIaMeHTaIbHOE pe-

menne ypasnenns temronposommoct I'(x, 20, ¢, t0), koropoe Beiomy B R
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kpome Touxn (2°,1°), apsercsa 6eckomeano muddepennupyemoii byHKIIIeit
x u t. Jlerko Bumers, uro npu t > tY

Ji = / I(x,2°,t,t) de =
lz—20<p

:2*”@ﬂt—t%)_% /1 ema{—%%%?%;}dx—-

lz—20<p

=3 / 6P ge.

el<o(2/T0))

ITosromy mipu jr0boM cKOJb yrogHo Majom p > () muTerpas J; crpemMuTtcst
K emuanne npu t — tY. Ogesnmno, ocobennocts dynxmun I'(z,2°,¢,1°) B
rouxe (2°,1°) meycrpammma: I'(z,2°,¢,t%) — oo mpu t — ¥ u ¢t > t°. O1me-
THM TaKyKe cieayiomee cBoiicTso ocoboit Touxu (20, 1Y) sroit bynknum: npn
mobom th > 0

1! 4t —0) | x—a0| 2

/F(x,xo,t,to) dt = |z — :UO‘Q_” / i (Vrs) e

t0 0
ITostomy mpu n > 2 u mobom t1 > 10, x # 20

tl
/F(m,xo,t,to)dt < C‘x—xo

0

2—n
‘ , C' = const,

amnpun =2
P 4(t* —19)
11 [x—az0]2

/F(x,xo,tjto)dtéCl—l—Cz / lal$:
0 1 i
4(tt —1%)

=C1+C51n C1,Cy = const .

Creyrormast TeopeMa XapaKTepU3yeT YCTPaHUMbIE 0COObIE TOUKHU PEITie-
HUIl ypaBHEHUS TEIJIOIPOBOJHOCTH.

Teopema 76 (06 ycrpanumoii ocoboit Touke). [Tycmo dynkyus u(z,t) onpe-
deaena 6 wy \ (22,19, 2de w, = {x,t; 2 € Q, 0 <t <7} u (2%1°) € w,.



180 TI'nasa 4. YpasHernme TEILIOIPOBOJHOCTH

Iyems u(x,t) ydosaemeopaem ypasrenuro Tu = 0 6 w; \ (2°,t°) u npunao-
neorcum xaacey C>1 (ET \ (20, to)) . IIpednonootcum, wmo oan aobozo € > 0
natidemes maxoe p > 0, wmo

/ ‘u(az,t)‘ dr < e (4.67)

lz—a0|<p

daa ecex t > t°. Toeda ocobennocmov dynwuyuu u(z,t) 6 mouxe (z°,t°)
yemparuma, m. e. gynxyuro u(x,t) mosicno doonpedeaumn 6 mouxe (2°,t°)
max, wmo u(z,t) 6ydem npunadaestcams waaccy C*1(@,) u ydosaremeopsamo
ypasreruro Tu =0 6 w,.

Ipu w060t uzoruposanoti ocoboti mouxe (x°,t), m. e. 6es npednoso-
orcenus (4.67), dynryua u(x,t) nput < t° coenadaem ¢ dynryuet, xomopas
npunadaesicum xaaccy C*H (@), 20e wo = {z,t; v € Q, 0 <t < '}

Hoxaszameavemeso. lokarkeM cHadaja IOC/IEIHEE yTBEP:KIECHHE TEOPEMBI.
s mo6oit Toukn (2!, t1) € w, mpu t1 < t° mmeer mecto mpencrane-
ure yHknun u(z,t) ¢ MOMOIMIBIO TOTEHIMAJIOB, KOTOPOe 3a1aercs (hopMmy-
soit (4.18), momyuennoit B § 4.2. Ilo dbopmymne (4.18) mveenm mpu ¢! < ¢°

T 1 1
u(z!,th) = / <F(:U1,:U,t1,t) w —u(z,t) M) ds+

v ov
Sp
+/F(azl,x,t1,0)u(az,0) dr. (4.68)
Q
[Ipasass wacTh pasencrsa (4.68) mmeer cvpict n npu t = 0 u 3amaer B

W0 dyrkmmo n3 kiaacca C%1(wy), copnagaromyio ¢ u(z,t) mpu t < t0
(2,) # (2°,29).

JlokaxkeM Terepb MepBoe yTBEPKICHHE TEOPEMbI. 3aMETUM, UTO [IpaBast
"acTh pasencTsa (4.68) onpeenena mpu mobeix (x!,t) € w, u zamaer B w,
nexkoTopyio dbynxmuto v(zt, 1), KoTopast, Kak MBI JOKa3a/M BbIIIe, COBIIA, A~
er ¢ u(x',tY) mpm t! < 9 ecmm (2!, t') # (2°,t°), n npumammexuT KIaccy
C*Hw,).

[okaxewm, 9to w = u — v npuHAAIeKRuT Kiaccy C?!(w,). na sroro
paccMoTpuM 00JIaCTh

g(;:{x,t;:ceﬁl, t0—5<t<7},

rie § = const > 0, a obmacth 21 Taxosa, uro O C Q u (z9,t%) € Q. Tax
kax dyukma w(x,t) npunagiexnt knaccy C2(gs), To mo dopmyme (4.18)
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mveeM s th >tV 46

w(x!, ) =
ow(x,t)

= / Izt oz, tht) ey

O x [t0+6,t1]

I 1 1
+ /F(xl,x,t17t0 + O)w(x,t° 4 6) dz. (4.69)
971

B cuny yenosus (4.67) mnst dysxiun w(z,t) u HenpepbIBHOCTH (DYHKIIUH
v(z,t) B Oy % [0,7]

/F(azljaz,tl,to + 0wz, t° 4+ 6)dx — 0 (4.70)
1951

pu § — 0 s moboit bukenposannoit Toukn (zt, ) mpu t! > 10, 2! € O,
Tak KaK w(x,t) — 0 mpu t — tY pasroMepHo 10 = B 061actu 2\ {x; |[r—2°| <
p} upu smobom p = const > 0. Ilepexons k npezneny npu 6 — 0 B paBeHCTBe
(4.69) u yunreBag (4.70), momyunm mis (!, t1) € w, mpu t1 > 0 2t € Oy,
97O

w(x!, ) =
ow(x,t)

= F(:Ul,x,tl,t)T—w(x,t)

or(xt z tt)
T) ds. (4.71)

O x [t9,t1]

s npencrasaenns (4.71) ana dyuxmm w(z!, 1) caemyer, uro cymecrsyior
npeaesibl JJisd BCeX ITPOU3BO/IHBIX w(xljtl) mo z' u t! nopu th — 0, paBHBIC
HYyJIIO, TAK KaK [PaByIO 9acTb paBeHcTBa (4.71) MoxkHO quddepeHnmpoBaTh
mo z' u t' mox 3HaKOM MHTEerpaJia JIob0e Yncjio pas, KOraa th >t ug! e
Q. Cnenosarensro, bynxuus w(w,t) B oxpecrroctn (2°,1°) HenpepwsHa n
UMeeT HEIPEPBIBHBIE POU3BO/IHBIE

ow ow d*w

T 873-7 8—93?’ 7=1,...,n.
Orcroma Buirekaer, uro u(z,t) = w(x,t) + v(z,t) UpUHAIIIEIKUT KIACCY
C?*Yw,). U3 HeNpepBIBHOCTH TPOU3BOHBIX U CJIEILYeT, UTO 6_1; = Au B
touxe (2°,1°). Teopema jokaszana. O

Jlokarkem Ternepb TeopeMy 00 YCTPAHUMBIX OCOOCHHOCTSX, JICXKAITUX Ha
OTpE3Ke.
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Teopema 77. IITycmo gyrnkyua u(x,t) onpedeserna 6 W, \l, 2del = {x,t; x =
20, 10 <t < 7}, (29 1°) € wy. Hyems u(x,t) ydosaemesopsaem ypasrenuso
Tu =0 6w, \l unpunadaescum xaaccy C*1 (@, \ 1). IIpednorosrcum, wmo
npun > 2 npu mobom t >0 ux € Q\ 20

t
/‘uazt dt<‘x—x0‘ o (‘az—xol),
0

t
Ou(x,t 1- .
/‘%‘dté‘x—xo‘ na(‘x—xol), j=1,...,n, (4.72)
4 J

2de gynryusn a(s) — 0 npu s — 0 u a(s) > 0 npu s > 0. Toeda Pyrx-
yuro u(x,t) moorcno doonpedeaumv na ompeske | max, wmo u(x,t) 6ydem
npunadaesicamnv xaaccy C*(w,) u ydosaemeopams ypasnernuro Tu = 0 6
wr.

Zloxazameavcmeo. ToaHo Tak ke, KaK W IPU JTOKA3aTEIHCTBE TEOPEMbI 76,
nokasbiaeM, uto npu t < t dynxuusa u(z,t) conagaer ¢ dyHKmmeii, Tpu-
naiexkameit knaccy C21(wy). Iyers we = {z,t; |[v — 2% <e, 0 <t < 7}
s moboit Touxn (z!, ') € w, \ wS mMeer MecTo MpeJICTaBIeHne PenTeHns
u(z,t) ¢ momorpto dopmysst (4.18), mosyuennoit B § 4.2. Nmeem

u(zt,th) =
Ou(x,t) or(x',z t't)
_ 1 1 _ il St Roat It eV
= / (F(az T, 1) 5 u(x,t) e ds+
Sp U SH
+ Izt z,th0)u(z,0)de, (4.73)
Q\{|z—z0|<e}

rne S5 = {z,t; |[z—a°| = ¢, 0 <t < ¢'}. Tlokazkem, a0 npu & — 0 uaTerpas
B paBeHcTse (4.73), B3saTHIN 110 SE 1, crpeMuTes K Hyimo. JleficrBurenbHo,

t1

/F(xl,x,tl,t)wcis <O / /’M‘dtdag

v ov
|x—20|=¢ O

< Oy / ‘ﬂf—xollina(‘x—xol) do = Csa(e),

|x—20|=¢
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rae ds = do dt, C1, Cy, ('3 — mOCTOSTHHBIE, HE 3aBUCSINNE OT £. TOYTHO Tak »Ke
[IOJTy YaeM

/u(x,t)w / /‘ (2,)|dt do = Cs ae).

fl |x—20|=¢

[Tosromy, mepexosst K npesesy upu € — 0 B paBeHcrse (4.73), mosrydaem

1,41
u(z!,th) = / <F(:U1,:U,t1,t) Luéi’ b _ u(z,t) oz, 2t ,t) é:’t 7t)) ds+

Stl
+/F(x1,x,t1,0)u(x,0)dx. (4.74)
Q

I[IpaBas gacTh paBencTsa (4.74) 3amaer dbynkmmo Takxke u npu (z!, ) € [.
Sra dynknus npunaiexut kiaccy C%H(w,) u copmanaer ¢ u(z,t) B W, \ 1.
Teopema JoKa3aHa. ]

BamernM, 4To mpm n = 1 ocobeHHOCTH perieHus u(z,t) ypaBHEHUs
Tu = 0 Ha orpeske | He ycTpaHUMa, JaxKe ecyau u(x,t) HEIPEPLIBHA B Wr.
JlocTaTOUHBIM YCJIOBUEM TOIO, UTO OCOOEHHOCTD Ha OTPE3KE [ PEIleHrs] yPaB-
HEHUs TEIJIONPOBOIHOCTU B w, \ | ipu n = 1 ycrpaHuMa, siBJIsIeTCs Herpe-

u
pbIBHOCTD u(x, 1) 1 5p. 12 l. 910 1OKA3BIBAETCSI TOYHO TAK K€, KAK JOKa3aHa
T

Teopema 77.
YeqoBue (4.72) Teopembl 77 MOKHO ocstabuthb. Teopema 77 ocraercst cipa-
BEJINBOM, ecim pu n > 2 ycsosue (4.72) 3aMeHUTH yCI0BHEM

t
/u x,t)dt| < ’x—xolz_na(’x—xo‘), n>2, (4.75)
0

pu qiobom ¢ > 0wz € Q\ 20,
Hpuvep ynxmm I'(z, 2°, ¢, t0) mokasbiBaer, nackobKo ycnosue (4.75)
SABJIIETCH TOYHBIM, TaK KaK IIpu n > 2

t
/F(x,xo,t,to) dt| < Cq ‘x - xo‘%n C = const,
0

1 ocobennocTs 3toit bynkmun B Touke (z9,t°) me yerpammma.
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HokazarenbcTBo Teopembl 77 npu yeiaosun (4.75) Bmecto yesosuit (4.72)
[POBOAUTCS TakkKe ¢ nomolpbio (opmysbl (4.18). Ilpu srom jyist oneHku
unTerpana no S;; B paseHcTse (4.73) Hy»KHO MpeobpasoBaTh STOT MHTErPATT
UHTErPUPOBAHKUEM TI0 YACTSAM TI0 t ¥ JIJIs OIEHKH

t
ou(z,t
ov
0
BOCIIOJIb30BAThCsT TeopeMoit 69 n3 § 4.6 06 oleHKax ITPOU3BOJHBIX peIlle-

unit ypaBuerus Tu = (. He orpanmamBas oOIIIHOCTH, MOXKHO CYUTATH, 9TO
t

ul=o = 0, u mosromy w(z,t) = [u(z,t)dt B 3TOM CIydae TakKe sIBISETCS
0

pemerunem ypasaerust Tu = 0. IIpoBenenne meTaabHOTO TOKA3aTEIHCTBA MbI
[IPEIOCTABIISIEM TUTATEIIO.

Jlsisi ypaBHEHUSI TEIJIONPOBOIHOCTU TaK 2Ke, KaK U JJjisd ypaBHenus Jla-
j1aca, BOBHUKAET BOIPOC, KaKue OCOOEHHOCTH PEIleHni Ha MHOIM0OOPa3usix
IIOJIOXKUTEJIBHOI PaSMEPHOCTU ABJIAIOTCA YCTPaHUMBIMU. OTBeTOM Ha 9TOT
BOIIPOC SIBJISIETCSI, B YaCTHOCTH, TEOPEMA O TJIQIKOCTH ODOOIIEHHBIX PEIeHI
yPaBHEHHsT TeILJIONPOBOIHOCTH, JoKa3aHHas B § 4.9. 3ech MbI IPUBOIMM
JIOCTATOYHBIE YCJIOBUS YCTPAHUMOCTH OCOOEHHOCTEH Ha k—MepHOi moBepx-
HOCTH B M—MEPHOM IIPOCTPAHCTBE Jist perenus u(x) ypasaenus Jlamaca n
perttenust u(x,t) ypaBHEHHUs TEILIONPOBOAHOCTH. MbI uX (hOpMy/IUpYeM B BH-
Jle 3aJ1a4, PelleHnsi KOTOPbIX MOI'YT ObITh HOJIYYeHbI TaK Ke, KaK JOKa3aHa
teopema 39, § 3.10 u Teopema 71, § 4.7.

Bagaga 1. [lycrs pemenne u(x) ypaBuenns Jlamnaca omnpenenero B Q\ M,
e M — rinajikoe k—MepHOe 3aMKHYTOe MHOroobpaswue, mpuHajjexxariee §),
U IIyCTh
sup ’u(x)‘ < p 2 a(p), —n+k+2<0,
xeQ\M,
rae a(p) — 0 mpu p — 0 u M, — MHO)KeCTBO TOUeK (), oTcTOsmuUX OoT M He

Gosbiie yem Ha p. Torma u(x) moxkuO mooupenesnts Ha M Tak, uro u(zx)
Oymer rapMoHndecKkoil dpynkmmeit B €).

Bagaua 2. Ilycrs pemenne u(x,t) ypasHeHus Terionposogroctu Tu = 0
OLPEJIEJICHO B Wy \ {M x [0 <t < T]} , riie M — rutagxoe k—MepHOe MHOIO-
obpasue, nmpuHajexkaee ), u mycTb

t
sup /u(x, t)dt| < p~" 2 a(p), —n+k+2<0.
z€Q\M, 5
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Torma u(x,t) Moxno moompenemnts Ha M x {t% < ¢t < 7} Tak, uro u(w,t)
oyner us xnacca C*Hw,) u Tu =0 B w,.

JlokakeM Telepb TEOPEMY O CXOAMMOCTH IOCJIEI0BATETLHOCTI PEITeHni
yPpaBHEHUS TEILJIONPOBOIHOCTH.

Teopema 78. Ilycmv nocaedosamenrvrocmv  pewenuds Uy (x,t), m =
1,2, ..., ypasrenua Tu = 0 us xaacca C*H(@) N COw), (cm. obosnauenus
6 § 4), crodumcs pasromepno wa o npu m — oo. Tozda nocaedosamens-
HOCTY U (T,1) cxodumea npu m — 00 PagHOMEPHO 6 W U npedeaom amot
nocaedosamenvrocmu asasemcsa pewenue u(xz,t) ypaswenus Tu =0 6 w.

Jlokasamenvcmeo. Ecmu nocienoBaTeIbHOCTD Uy, (2, 1) CXOIUTCST TIpu m —
00 PaBHOMEPHO Ha 0, TO NPH JIIOO0M £ = const > 0 |up, (2, 1) — um, (v, )| < €
HA O, ecau m,mj — gocrarodno Beiuku. CoracHo Teopeme 57 u3 §4.4 o
[PUHIAIIE MAKCUMYMA, OTCIOJIA BBITEKAET, UTO |ty (X, 1) — U, (T,t)] < € B W
U, 3HAYUT, Uy, (2,t) CXOIATCS PABHOMEDHO B W LU M — 00. B HEKOTOpOi
oxpectaoctu {r,t; |z — 2°| < p, |t — t°] < p} moboit BEHyTpeHHel TOU-
ku (2°,1°) € w mmbo B obmactu Buma {z,t; |r — 2% < p, t° —t < p},
ecrm (2°,t9) € Q" cornacro Teopeme 71 u3 § 4.6 paBHOMEPHO 1O M OrpaHN-
9YeHBI BCE TIPOU3BOJHBIE Uy, (2, 1) 10 TPETHErO IMOPsIKA BKIIOUATEIHHO JTO
O3HAYAET, UTO TOCJEJI0BATENILHOCTD Uy, (T, 1) U TOCTEIOBATEIBHOCTH IPOU3-
BOJIHBIX Uy, (2, ) 710 BTOPOrO MOPSIJIKA BKJIIOYUTENLHO PABHOMEPHO OIDAHU-
YeHBI M PABHOCTEIIEHHO HEIIPEPBIBHBI B 9TUX 00jacTax. [losTomy 1Mo Teopeme
Aprnena u3 nociaen0BaTeIbHOCTH Uy, (2, 1) MOXKHO BBIOPATH IIOJIOCIIEN0BA~
TEJIbHOCTH, PABHOMEPHO CXOJAILYIOCA B PACCMAaTPUBAEMOl 06JIaCTH BMECTe
C TIOCJIEIOBATEILHOCTSIMA [TPOU3BOJIHBIX Uy, (X, ) TI€PBOrO M BTOPOrO MOPsiJi-
KOB. Ilepexons K mpejesly 1o 3TOi HMOMANOC/IEI0BATEILHOCTH B yPABHEHUH
Ty, = 0, moayanm TpedyeMoe yTBEPKICHUE. ]

Teopema 79 (o koMuakTHOCTH). H3 02panuvennoz0 6 w, cemelicmea peuie-
rutd {um(z,t)} ypasrnernua Tu = 0 MmoocHo 6016pAM® NOCALIOBAMEAHOCTID
Uy (2, 1), pasromepro cxodawyroca npu m' — 00 6 a0bom yuaundpe 6uda

{x,t; 2 € QY et <t < 7}, 20e e! = const > 0, Q' ca.

Jlokasamesvemeo. Ha ocnoBanun Teopemsl 71 u3 § 4.6 B numspe X g, 7],

£ >0, Q) C (), orpaHuUeHbl PABHOMEPHO 110 M BCe IPOM3BOIHbIE TEPBOro 10~
psizika byHKIuUi Uy, (2, t). Tlosromy, ucnosnssys Teopemy Apiiesa, moydaem,
qT0 3 cemeiicrBa {u,(z,t)} MOXKHO BBHIOpATH PABHOMEDHO CXOJISIIYIOCS B
9TOM IUJIMHJIPE TIOCIEI0BATEIBHOCTD Uy (T, 1).

CorylacHO Teopeme 78, TIPEIEIOM PABHOMEPHO CXOISIIEHCS TOCTIeI0Ba-
TEJIbHOCTH Uy (,1) siBisiercss dbyHkius u(x,t), yI0BIETBOPAIONIAs ypPaB-
mennio Tu = 0 B paccMaTpuBaeMoM muanHIpe. Vcrmonb3ys AumaroHaJIbHBIN
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IPOIECC, KaK 3TO OBbLIO CAEIAHO IPH JOKA3ATEILCTBE aHAJOTMYIHON Teope-
MBI JIIsI ypaBHeHHs Jlamiaca, u paccMaTpuBasi COBOKYIIHOCTH IUJIHHJIPOB
{x,t; x € Qp, €k<t<7'},k:1,2, ,FﬂerCQk+1,§kCQ, uQ, = Q,
er — 0 mpu k — 00, MOXKHO MOCTPOUTD MOCJIEIOBATEIBHOCTD U, (T, 1), CXO-
JISIIILY FOCST PABHOMEPHO B JIIOOOM M3 9TUX IAIUHJIPOB IIPU 1M — 00, & 3HAYNT,
u B mmEape {z,t; x € QY e <t < 7). O

4.8. Pemenne 3amaun Komm
¢ noMoIpio nmpeodpaszosanus Pyprne.
I'magkocTh 00bEMHBIX TEIJIOBBIX IOTEHIIMAJIOB

Pemmenne 3amaan Kommm mjst ypasaeruss T'u = f ¢ HadaJbHBIM yCJIOBHEM Ha
TUIIEePIIJIOCKOCTHU t = 0 MOZKeT 6I)ITI) 3alliCaHO B dBHOM BKJAE C IIOMOIILIO
dyHIaMEHTAIBHOIO PEIIeHns. 3/eCh MbI Oy YUM 3TH (DOPMYJIbl HE3ABUCHU-
MO, TOJIb3YSACh IpeobpazoBannem Pypbe, U, B IACTHOCTHU, MMOIyIUM (DyHIa~
MEHTaJIbHOE DENICHNE ypaBHEHUA TEILJIOIIPOBOJIHOCTU.

Urak, 6yaem nckars B cioe G, = {z,t; x € R, 0 <t < 7} orpannven-
HO€ peHicHue ypaBHEHUA

Tu=— — Z (z,1), (4.76)

Y/IOBJIETBODSIIONIEE HATATBHOMY YCJIOBHIO
u‘ - P(x). (4.77)
t=
[Ipemmosnoxkum cHavasa, uro pemienue u(x,t) samaqan (4.76), (4.77) cyure-

CTByeT U U, f mpm xaxxzgom t npunaexar kiaaccy S(RD), mpnuem

u
Bk
nocrogunsle Cy , B ONEHKAX IS U, 81:7 f ¥ UX IpOM3BOJHBIX 10 X HE 3a-
Bucar or ¢t mpu 0 < t < 7, (em. § 1.3). Pacemorpum mpeobpasosanne Pypbe
dbyuxunn u(x,t). Begem obosnauenue

o(6) = / v(z)e @9 dg,

RE

rae (x,§) = ijfj. Ecmun dynkims v(z) npunagrexur kiaaccy S(RY), To
j=1

npeobpazoanne Pypbe V(€) dynkmun v(xr) TakKe TPUHAIJIECKAT KIIACCY

S (R?) u umeer Mecto (opmyia (cm. § 1.3)

v(z) = (2m) ™" / 0(€)e =8 ge.

Re
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[Tpumenns npeobpasoBanne Pypbe K IpaBoil W JIEBOIT YaCTAM ypaBHEHHS
(4.76), mosryunm s w(€,t) ypaBHeHHe

ou(g,t . =
PED et = Fieo, (4.78)
aK Ka @ _ o Au = —|€Pag, ), € = 252 Yenosuio (4.77) coo
TaK KaK o = o, Au = u(& 2 JIOBI T-
BETCTBYeT HavasbHOEe yciaoBue st u(€,t) Buma
a = (4.79)

t=0
Pemenue 3ayaun (4.78), (4.79) MOXKHO 3amucarb B BUJIE

t
(e, t) = P(&)e 18Pt 4 emIeP / )el€s ds. (4.80)
0

Tak Kak 10 mpenoaokennto u(x,t) upu ao60M ¢ IPUHAJIIEKUT KIACCY
S(R?), To nmeer MecTo popMyTIa

u(x,t) = (2m)" /[J(f) TlePt g lel’t /f f25ds] e~ 1@ g,

E
(4.81)

Jlerko mposeputh, uro dopmyia (4.81) maer pemenne 3amaun Komm (4.76),
(4.77) upm smoboit dbyukuuu () n3 kiaacca S(RY), u dynkimun f(x,t) us
kimacca S(R?) ¢ mocrosiuaeimu Cy, p, He 3aBucanmMu ot t. [eiicrBurens-
HO, (DYHKIUSA U, NPEJICTABICHHAS UHTEIPAJIOM, CTOANIIUM B IIPABOil dacTu
pasercTBa (4.81), HempepbiBHA MO & U ¢, TaK KAK 9TOT UHTEIPAJ CXOIUTCS
PABHOMEDHO 110 T U t B CWIY TOTO, UTO U € S(R¢) n f(f,t) € S(RY) npu
moboM t 2> 0 ¢ nocroganeiMu Cy, p, He 3aBucammmu ot t. [Tponssoansre 6—1;
0%u

u 922 TAaK2Ke HEIPEPBIBHBI 110 T U t U UX MOYKHO TOJIyIUTH JuddepeHinpo-
4
J

BanueM uHTerpasa (4.81) mox 3Hakom nnTerpasa. Ilosromy npu (z,t) € G,
Tu= (2m)™" /

detePt g omlePt [ Fe |s|sd8> (z@] dé —
Jrl(seee e

— (2m) / 7, ) e 00 de = f(a,1).

nMeeM
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[Tonarast t = 0 B hopmyie (4.81), mosmyanm

u(x, 0) = (2m)" / B(E) 9 de = (a).
R

Takum 06pa30oM, HEIIOCPEICTBEHHON IPOBEPKOIl yCTAHOBJIEHO, UTO NPU YKa-
3aHHBIX MPEINoNIoKeHnstX o dyukuusax ¥ (z) u f(x,t) orpanumuerHoe pere-
ure 3aga4an Kommmn (4.76), (4.77) cymecrByer u npejacrasisiercss ¢hopMyJIoii
(4.81).

Hastee mbl ycranosum, aro dopmyiia (4.81) 3amaer perrenne 3agaqun Ko-
mu (4.76),(4.77) a1 3HAUNTEIHHO GoJlee MUPOKUX KJaccoB GyHKuuii ¢ (x)
u f(x,t). s storo npeobpasyem narerpas (4.81) mpu ¢t > 0.

Haitnem dyukmmio v(z,t), s KoTopoit e 1€t 1ipu ¢ > 0 sBasiercs pe-
obpazoBanueM Pypbe. DTO O3HATAET, UTO

v(x,t) = (27r)_"/e_|§|2t e @8 g¢ =

R?
" 2
—n =&t —ix &5 .
=(@m) ][ / e St et g, (4.82)
J=1
R
&5
Borauncaum mHTETpasI
+00 +o00 iz; 2 z? |z |2 +o00o iz,
—s%t—isz; N\t ) T3 t st
e ds = e ds=e 4 e ds
— 00 —00 — 00
—tz? & &
Tak kax e ABJISIETCS AHAJIUTUYICCKON pyHKIUEH 2, To 110 Teopeme Kot
+oo N2
_t(5+%)
e ds =
—00
N x;/2t x;/2t
= lim e*l‘,s2 ds + eft(N+i'y)2 d"}’ o eft(fN+i’y)2 d"}’
N—o00
-N 0 0

HOCJIG,ZLHI/IG JABa MHTErpaJjia CTpEeMATCA K HYJIIO IIPpU N — oo B CUJIy TOT'O, 9TO

:Ej/Qt Ij/Qt

_4N2 . 2 N2 2 N2
/ e tN*+2ti Nvy+ty d'}/ <e tN / et’y d’)/: Cle tN 7
0 0
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e C1 me 3aucut ot N. [losromy

Tl o oot T
/e 2 ds-/e_t‘g?dS—ﬁ/e_"an—T:.

—00 —00 —00

Urak, nist dyskmun v(z,t), 3aganHoii pasercTsoM (4.82), mosrydaem BbIpa-
JKEeHUe

v(x,t) = (2m) (W) e 4 _(2\/ﬁ)”e 4 = I'(x,0,t,0), t>0.

B § 1.3 mokazano, urto Jyist j06bix dbyskmit v1 1 vy u3 S(RY) cupasenimnso
PABEHCTBO

PR o
V1 - Vg = V1 * U9,

rjie v1 * vg — cBepTKa yHKuumit vi(x) u ve(x). [losromy unrerpan (4.81) npu
t > 0 MOXKHO 3aIMcaTh B BHUJIE

(@, 1) = (27)~" / Trvei®@) ge 1
f(x,8) vz, t —s)e @ gg.

9T0 o3HaAYAET, ITO

t
u(z,t) = (x) * I'(x,0,t,0) + /f(:v, s)x I'(z,0,t,s)ds.
0

Urak, juist pemenust u(x,t) 3amaun Komm (4.76), (4.77) upn ykasaHHBIX
BBIIIIE [IPEIIOIOKeHnsAX 0 GyHkimsx ¥(x) u f(xz,t) Mbl nomxyanau npu ¢ > 0
Popmysy P

uast) = (2 | bl T dyt

+//f(y s)e ng (2\/7r t—s)_n dyds. (4.83)

o
]
3
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Teopema 80. Ozpanuuennoe pewenue u(z,t) sadawu Kowu (4.76), (4.77)
uz xaacca C*1(G) N CYG,) eywecmeyem das oeparunenioti 6 RY dyrn-

yuu P(r) us waacca CO(R?) u dymwyuu f(z,t) maxod, wmo f u ——

6xj ’
j=1,...,n, ozparunenv. 6 G, u npunadsesicam xaaccy C°(G.). Omo pe-
wenue u(x,t) npedcmasasemes npu t > 0 dopmyaot (4.83).
Zoxazameavcmeo. Pacemorpum dyHKITHIO
)= [ e T vl e
up(z,t) = | ——Fxe t . .
Ry
Jlerko BujeTnb, uro ecam (x) HempepbiBHA U orpammdena B R, To Ha BCs-

KOM KOMIIAKTHOM IIOJIMHOYKECTBe, TpuHaiexkaneM G, uarerpan (4.84), a
TaKKe MHTEI'PAJIbl, TOJIyIeHHbIe ero qudOepeHInpoBaHueM 10/ 3HAKOM WH-
Terpaja mo r u t Jodoe UuCIo pas3, CXOMATCA PABHOMEPHO OTHOCUTEIBHO T
u t. [Tosromy

T(up) = /l/J(y)T(F(ﬂf7y7t, O))dy =0 mpu t>0.
Ry

OdeBniHO, ITO

() = 00a) = | [ 0 (o + 20vE) — 0 () Jan| <
R
<2M (\/7_7)771 e"”Pdn +
In|>N
+ (V)" / \w (:L' + 277\/5) — 1) (2°) ’dn, (4.85)
Inl<N

e N — npou3BOJIbHOE TOJIOKUTEIbHOEe ducao, M = sup . Ilosromy mira
Rz
sroboro € > 0 mepBoe ciaraemoe 1paBoii yacTu HepaBeHCTBa (4.85) MenbIie

€
—, ecsim N > () 10CTATOYHO BEJUKO, & BTOPOE cjaraemoe 1npu (hUKCUPOBAH-
2

€ 0
HoM N MeHbIie 5 |xr — 2| < § u|t] <9, ecm § mocrarodHO Maso, B

cuty HempepwiBrocTH byHKI (7)) B RZ. Tlostomy ui(w,t) — 9(z°) mpm
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(z,t) — (2°,0). Cremosarensuo, dbopmyta (4.84) samaer npu ¢t > 0 perenne
saaun Komm
Tuy=0 5 G (4.86)

UI’t:(] = (), x € RE. (4.87)

PacemorpuMm Tenepb 00bEMHBIN TEIJIOBOM MOTEHITHA

ug(x, 1) —/ /(2 7r(t—s)>_ne_4x(t_ys) f(y,s)dyds. (4.88)
0 Rp

OueBnao, paserctBo (4.83) samuceiBaercs B Buge u(z,t) = wui(x,t) +
ug(x,t). HecoberBennbrit marerpan (4.88) mpeobpasyem, cliesiaB 3aMeHy Ie-
PEMEHHBIX MHTEIPUPOBAHMS

Yi — %

2/t — s

=y, 17=1....n, s = s.

Nnmeem

ug(x,t) = / / (vVm) ™" e I f @2Vt —s+a,s)dsdn. (4.89)

U3 pasencrsa (4.89) j1erko BbITEKAET, 9TO U (X, t) — HenpepbIBHAs (DYHKIHST
B G, Tak Kak f(r,t) orpanmdena m mempepbiBHa B G, n unTerpan (4.89)
CXOAUTCs paBHOMepHO 110 x 1 t. 13 paBencTsa (4.89) cienyer, aro ug(z,t) —

0 mpu (x,t) — (2°,0), T. e

= 0. 4.90
e (450

Nnrerpan (4.89) moxuo AuddepeHimpoBaTh 110 & 110 3HAKOM HHTErpaJa,
TaK Kak IIOJIyYeHHBI MHTErpaj paBHOMEPHO CXOQUTCA 10 T | t. Vmeem

8uz(x‘,t) :/ /(ﬁ)_ne_mz 6f(x+21;\j/t—s,s) dnds

// e In\2 Of (x + 20t — s,8) dn ds

Vi—s on;

IIpeobpasys mocieiauit HHTErpa UHTETPUPOBAHUEM 110 YACTIM, MOJIY UM
t

3u2 (x,t) / / 7'”‘2\/25—

0 Riy

(z+2nVt—s,s)dnds. (4.91)
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32

2
Y
8azk8xj

Jlerko BuIEeTH, 9TO MPOU3BOTHBIE k,7 =1, ... ,n, HEIPEPHIBHBI B

G-, TaKk Kak

t
ug x,t) / /6_,”2 nj  Of(x 420Vt —s,s)
6mk6x] Vt—s oxy.

dnds, (4.92)
0 n

U TIOCJIETHUN WHTErpaJj CXoAuTcsi paBHOMepHO 10 « u t B G,. aee, nud-
depennupyst mo ¢ pasencrso (4.89), mosryanm

Gus(z, t) — (ﬁ)”/e—nlzf(xyt) dn +

ot
Rn

n

+/(ﬁ)_n/enl2§:8f(x+2nm7 d = dids. (4.93)
0

1 8$j AV t -
R” J

n
Takoe nuddepennupoanme 3aKOHHO, TaK KaK MOy ICHHBIC HHTETPAJIbI paB-
HOMEPHO cxoaTes 10  u t B Gr. YunteiBas pasencrsa (4.92), coornorrenne
(4.93) MOXKHO 3aIUCATH B BUJIE

8UQ 82”2
o = Flz,b) +Z

970 oznadaer, 9To B G,

Tuy = f (4.94)
u dynknus us(x,t), 3agannas paseHcTBOM (4.89), sSBISETCA pelleHneM 3a-
naan Komm (4.94), (4.90), a u(x,t) = uy(z,t) + ua(z,t) naer orpaHnveHHOE
pemenne 3agadu Komm (4.76), (4.77). Teopema nokazana. O

Sameuanmne 12. Oyuknuio uz(x,t) MOXKHO MIPEJICTABUTH B BUJE
t

s (2, ) = / Ulx,t,5) ds, (4.95)
0
rme uput > s >0

U(zx,t,s) = /(2\/t7—s> e lf(tysl f(yjs)dy,

Ry

7, KaK JIOKa3aHO BBIMIE, TPU ¢ > S

TU =0, U(z,t, s)‘t = f(z,s).

=s

Wurerpasn (4.95) nassiBaercs marerpajgoMm Jloamessi.
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Teopema 81. (O rmagkocT OO6BEMHBIX TEIVIOBBIX IMOTEHIMAJIOB).

ITycmo 6 G ozparuuens, u HENPePvi6Hs, NPoudsodnvie dynruyuu f(x,t) euda

DY 9" pa 4.96

T f’ % xf7 ( : )

ede |o/| <k, la|+2p<k—1,p >0, k—ueaoe wucao u k = 1. Tozda Pyrx-

yua uz(x,t), 3adannasn pasencmeom (4.88), ydosaemeopaem 6 G ypashe-

nuro Tug = f u umeem 6 G HenpepvisHbIE U 02PAHUNEHHDLE NPOU3EOOHDLE
suda 54

S0 DPus, (4.97)

ede |B) +2¢ < k+1.

Joxazameavcmeo. JlokazkeM yTBepKIeHUE TeOpeMbl nHayKIme mo q. [Ipu
q = 0 ponsBombIe byHKIMT us(r,t) Buma (4.97) cymecrsyior B G, u aBJIs-
I0TCS OIDAHMYCHHBIMI U HEIIPEPBIBHBIME (DYHKIHAME B G, TAK KAK HHTE-
rpait (4.91) moxkHO k pa3 quddepeHnnpoBaTh M0 IEPEMEHHBIM & TI0J] 3HAKOM
unTerpasa. [loydernble HHTErpaJsIbl CXOISTCS PABHOMEPHO 110 & u t u3 G B
cuity npenosioxkenuit o pyukuuu f(x,t). IpeamnosoRum, 9ro yTBEpK IeHAE
TeopeMbl BEPHO TIPH BceX ¢ < ¢o. [lokazkem, IT0 OHO BEpHO U 1IpU ¢ = o + 1,
ecin 2(qo + 1) < k + 1. Kak mokasano npu jiokasareiaberBe TeopeMbl 80, B
(G, UMeeT MeCTO PaBEHCTBO

—= = Aug + f(z,t). (4.98)
Iycrs |B] + 2(q0 + 1) < k4 1. Torma B cuity 1Ipe/IiofoKeHnst WHJLYKIUH

u yesosuit (4.96) Ha npousBogHble (byHKIME f K NpaBoil 9acTu paBeHCTBA
0

(4.98) MOKHO TPUMEHUTH OIEPATOD Df pr CiieioBaTeIbHO, CYNIECTBYET
(e}
OrpaHUYEHHAs] U HelpepbiBHas B (G, IPOU3BOHAS BUJIA
Go+1
8 0 u9
T Otet+l ?
9o
KOTOpasi IOJIyYaeTcsl IPUMEHEHHeM oreparopa DY 50 & JIEBOIi YacTu pa-
o
Bercrsa (4.98). Teopema moxaszama. O

CaencrBue 9. Ecau f(x,t) — 6eckonewno dugppepenyupyema 6 G u aro-
bas ee npouseodrasn ozparunena 6 G, mo 00seMHbLT MENAOBOT NOMEHUUAN
ug(x,t), 3adanmviti gopmyaroti (4.88), asasemea beckoneurno duddeperyupy-
emoti 6 G dynxyueti u ezo npouscodnvie ozparudero. 6 G

Bagaua 3. IIposepurb, uro eciu unuTHbE DYHKIWMEA fp, (2,t) 1pu m —
00 CXOJATCA B CMBICJIE CXOIUMOCTH OOOOIIEHHBIX (DYHKIWH B D’(RZ#) K
§(z — 2%t — 1Y), rne (2°,t°) € Guo, TO U (2,t) cxOnATCH B D’(Rg?l) K
I(x,2°,t,t°), ecn monosxus uh'(x,t) = 0 npu t < 0.
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4.9. (OO0oOIIEeHHBIE pPellleHns.
l'unosmmnTuYHOCTH Omeparopa TeIJIoMPOBOIHOCTH

O06o0611eHHBIM perieHueM ypashenust Tu = f B obactu w C Rgf Oymem
HA3BbIBATH TaKy10 0600IIeHHy 0 (DYyHKIMIO u 13 npocTpancTsa D' (w), aro npu
sroboit yrkun ¢ € D(w) crpaBeyinBO paBeHCTBO

(u, Tp) = (f, ) - (4.99)

B wacrrOCTH, 0000mMIEHHBIM permerneM ypaBHeHust Tu = f B w daBisier-
Csl OpAHUYEHHAs] U3MepuMas B w DyHKIus u(x,t) Takas, 4To MpHU JIEOO0M
dyukmun p(z,t) u3 D(w) cupaBesyinBo paBeHCTBO

/uT*cpd:L‘dt—/fcpdxdt. (4.100)

w

PasenctBo (4.100) OOBIMHO HA3BIBAIOT ~HHTEIPAJIBHBIM — TOXKECTBOM.
Oyukuus  f(z,t) upemosaraeTcsi JIOKAJIbLHO CyMMupyeMmoil (yHKuueil B
w. Jlerko moxkazarb, 9TO TaKoe 0OOOINEHHOE pellleHne ypPaBHEHUS TeILIONpO-
BosHocTn T'u = 0 B w siBasiercs dbyukuueit u3 kinacca C°(w). Anamorndnoe
yTBepKIeHne (nemma Beiiist) 6610 J0Ka3aHO 1171t 0GOOIIEHHBIX PEIeHIi
ypasuenus Jlamraca B § 3.11.

Teopema 82. Ob6obwennoe pewenue u(x,t) ypasnerus Tu = 0 6 obaacmu
W, KOMOPOE ABAAEMCA 02PAHUNEHHOT UdMepumMotl pynryuet 6 w, npuradie-
orcum kaaccy C(w).

0
Joxazameavcmeo. llomoxxum Trope = E (9 027 Tige = — == —

o0
E 5,07 [ycrs (29,t°) € w, € — mocTaTouHO MaIOE TIOIOKNTETHHOE THCIO.

j=1
Bosbmenm 3a dyuknuio ¢(x,t) B pasercrse (4.100) siapo yepeaaenust wy, (r —
0t — 1Y), mocrpoennoe B § 1.2. TTomyumm

0= /u(x, t) T, ywp(z — 29t —t0) dadt =

w

= /u(x, t) Tyorowp (x — 20t — t°) do dt =

w

= Tyoro /u(az,t) wy(x — 2%t —t0) do dt = Tu". (4.101)

w
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Tax xak |u(z,t)| < M B w, 10, ouennamo, |[u"(x,t)| < M B moboit obnacru
W' TaKoit, uro W' C w, eciim b < kY u h® gocrarouno maso. I3 cooTHOMmMeEHMIT
(4.101) cepyer, uro Tul = 0B w’ pu h < k. TTo Teopeme 79, noKazaHHOl B
§ 4.7, U3 mocye0BaTETEHOCTH U MOMKHO BBIODATH TIOIIOCIIEI0BATEIBHOCTE
uM* | paBrOMepHO cxomsmiyocst B W 1pu by, — 0 K dyskmn U(z, t) U3 Kiac-
ca C>1(w"), ynosnersopsromeit ypasuermio Tu = 0 B w”, rae w” — mobas
obsractb Takas, uro w” C w’. Cormacuo Teopeme 56 § 4.2 dynkims u(x,t)
npuHaTesKuT Kiaccy C™(w”). B § 1.2 nokazamno, uro u”(z,t) — u(z,t) npu
h — 0 B HOpMe Lo(w). TTosromy u(x,t) couamaer ¢ u(z,t) B w” u, caemposa-
TesibHO, u(x, t) mpuHasexkur Kiaccy C°(w). Teopema nokaszana. O

N3 Teopembl 82 jierko BLITEKACT yTBEPK/IeHNE, CDOPMYJIMPOBAHHOE B 3a-
vevammn 9 us § 4.6: ecm u € C*H(G,) N CYG,), Gy = {x,t; z € R?, 0 <
t <7} =0 =0, Tu =08 G,, To u € C*Y(G,). JeiicTBure/bHO, PACCMOT-
puM 00JIaCTD wf ={z,t; |z| < R, =0 <t < 71}, tne R, = const > 0, u J0-
onpezeanM byHKImo u(z,t) B 910it obaacru npu ¢t < 0, monarast u(x,t) = 0
upu —0 < t < 0. HerpyuHo nokasars, 410 Tak nocrpoentasi dpyukuust u(z,t)
ABJIACTCS 0BOOIIEHHBIM permenneM ypasHerns Tu = 0 B wd, Tax Kax Jyis JTio-
6oit dyukimn p(z,t) u3 Kracca D(wf) CIIPaBeINBO PABEHCTBO

/uT*gpd:cdt: / uT*pdxdt =0,

wé win{t>0}

KOTOPOE MBI TOJLy 9iM, ipuMensist hopmysty Ipuna (4.5) B obmactu wd N {e <
t <7} x dysxmsam u(z,t) u p(z,t) u ycrpemisisi € K HYJIIO B Oy YeHHOM
PaBEHCTBE

/ uT*pdrdt = / u(z,e) p(z,e)de.

win{e<t<r} |z|<R

ITo Teopeme 82 dbyukuus u(x,t) € Coo(wf) U, cjaenoBarebHo, u(r,t) €
C>®(G,), Tak Kak R — IPOM3BOJILHOE TIOOXKUTETHLHOE THCIIO.

HokazkeMm Terreph TeOpeMy O TJIAJIKOCTH JIFOOOr0 0O0DIIEHHOTO PeIeHUs
yPpaBHEHHSI TEIJIONPOBOIHOCTH, YACTHBIM CJIy9IaeM KOTOPOM sIBJISIETCS Teope-
Ma 82. DTO JOKA3aTETHCTBO UCIOIB3YeT HEKOTOPbIE TeOPEMBI TEOPHUH 0000-
IEHHBIX (DYHKIWIA, ToOKa3aHHbIE B IJI. 1, U CBOWCTBa ByHIAMEHTAILHOTO pe-
[IEHUs] YPaBHEHUSI TEILIONPOBOIHOCTH. AHAJIOIMYHbBIA METOJ IIPUMEHUM JIJIsT
JI0Ka3aTe/IbCTBA TVIQIKOCTH OOOOIMEHHBIX PEIeHU JTIOOBIX SJLIHITHIECKIX

7 TapaboOIMIecKNX yYPaBHEHUI ¢ TTOCTOTHHBIMHU KO3(MUIIMEHTAMI.

Teopema 83. Obobwernoe pewerue u(zx,t) ypasnenus Tu = 0 6 w A6.4-
emea pynryuet uz xaacca C(w).
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Joxazameavcmeo. ocTtaTodHo mMOKa3aTh, 9TO 00OOIEHHAA (DYHKIUS U SIB-

ssteTcs Oeckonevuno auddepennupyemoit pyHKImei B Jiro0oM Iape Qﬁoto B
OtO

o)

) 06001eHHY 0 (DYHKIMIO U = un).

LIPeIIOJI0XKeHHH, 9TO Qi;to C w, p = const > 0. Iycrs n(z,t) € D(Q3
Oto
2

OueBuaHO, v = U B Qgpt , TaK Kak JiIst JII00oi ¢ € D(Qgpt ) uMeem

un=1s ngto. Pacemorpum B D'(Q

<Ua()0> - <U77790> = <u77790> = <u790>'

Kpome Toro, v moxkHO paccMarpuBaTh Kak OOOOIICHHYIO (DYHKIUIO U3
D’ (R;‘ng) , mojtarast st ¢ € D (R;‘ng)

<Ua (P> - <u77790> :

—_ Oto
OueBngno, uro v = 0 B R;;l \ Q:fp . Bameru™, uro Tv = T(un) = 0 B

Q:’;Oto. JlelicTBUTENIBHO, TIpU @ € D(Qﬁoto)

(T, ) = (T(un), ) = (un, T*¢) = (u,nT*p) = (u, T*p) =0

ogo

B cuity ycsosust (u, T*p) = 0. Ecim ¢ € D (jogl \ Q3, ), To (Tw,¢) =0,
TaK Kak suppv Nsupp ¢ = &. O6oznaunm T'(un) = F. Vmeem

Tv=F (4.102)

usuppF C ngto \@; v
[ycrs I'Y = I'(z,0,t,0). U3 pasenctsa (4.102) BbITeKaeT PaBEHCTBO /IS
CBEPTOK

TvsI''=F Tt (4.103)
DTU CBEePTKU CYIIECTBYIOT, TaK Kak [’ L joxasbHO cyMMupyeMast pyHKIHs
x,t a F'— dpunurHasg o6obmennas dynkiusa B D’ (Rﬁil) . Tax Kak coryracHO
coiictBaMm ceeptkE Tv* ['' = v TT'' = v % § = v, To m3 pasencrpa (4.103)
MOJTy IaeM

v=FxTI"

040
Hycrs ¢ € D(Q, ). Cormacho onpeeseHnio CBepTKH IMeeM

<F* Fla()p> - <F(ya3)r(‘5a077—a 0)7 w(yas)()@(y +&,s +7—)>a
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rae Y(y,s) € D (RZ*S'I) u 1) = 1 B okpecrrnoctu Hocuresst F. [lycrs ¥(y, s) =
0B Qﬁoto. Torma

<F>|< F1,<p> = <F(y,s), P(y, s) / Ir'&,0,7,0)p(y+&s+71) dde> =

+1
Rer

— (F.s) 0) [ Dot o)plet)do).
Ry
Tax kak wnocurenn Gyukmmit ¥(z,t) u @(x,t) He OEpeceKaTcst, TO

Uy, )1 (2. y,t, 5)p(a, 1) spasercs pymxunett us D (R
jgemme 2 § 1.3 umeem

(v,0) = <F * F1,<p> = / <F(y,s), w(y,s)F(x,y,t,s)><p(:c,t) dx dt.

n+1
Rz,t

) . TTosromy 10

Orcrona ciieryer, 9To v ABJISAETCs OOBIMHOM (DyHKITHEH 1
v(z,t) = <F(y78)7 w(y,S)F(x,y,t78)>-

Ecmn (z,t) € Qﬁoto, o Y(y,s)(z,y,t,s) —6eckoneuno nuddepeniupye-
Mas yHKIUA X, Y, t, s Ipu Yy, S € Rggl. DTO clieslyeT u3 TOro, UTo (PYHKIIUS
I'(z,y,t,s) —6eckoneqano muddepennupyema mnpu (y,s) # (x,t). Ilosromy
Ha ocHoBe JieMMbl 1 § 1.3, v(z,t) € C‘X’(Qﬁoto). Teopema jsoKa3aHa. O

JlokazaHHbIE HUXKE TEOPEMbI SIBJISIOTCS CJIEJICTBAEM OCHOBHOI Teope-
MBI 83.

JlokarkeM TUIMOLIUITHIHOCTD OIIEPATOPa TEILIONpoBogHOCTH 1.

Hamomuum, uTo JIMHEHHBIH onlepaTop HA3BIBAETC THUIIORJIIUIITUICCKUM,
ecy g 1000l obacTu w € R;‘f{l u3 TOrO, 9T0 fu = f B w A5 JII0O0i
byukunn u € D'(w) u f € C®(w), caeayer, aro u € C*(w).

n
92
Teopema 84. Onepamop T = % - % ABAACNCA 2UNOINNUNMUGECKUM,
j=1""7

m. e. 0aa 060t obaacmu w C jotrl, ecau Tu = f 6w, u € D'(w), f €
C*®(w), mo u € C*®(w).

Joxazameavcmeo. Bynem cauTaThb, 9TO w JIEKUT B MOJIynpocTpancTse £ > 0.
[ycrs n(z,t) € D(w), n = 1 B obmactn w', npuuem @' C w. B Teopeme 81
u3 § 4.8 g0Ka3aHo, 9T0 (PYHKIIUS

t
v(z,t) :/ /F(az,aj07t,to)f(xojto)n(xo,to) dz? dt®
0

Re
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sABjstercst beckoneuno gauddepennupyemoit byukimeit mpu t > 0 u Tv = fn.
[Mosromy u(zx,t) — v(x,t) = w(z,t) ynosaersopsier ypasaeruto Tw = 0 B
w! u o Teopeme 83 dbynxmusa w(z,t) npunamexut xnaccy C*(w!). Tax
Kak u = v + w, To u(x,t) Takxke npuHAAIEKHT Knaccy O (w!). Obmactnb

w!, nekaras BHYTpH w, MOXKET OBITH BhIOpaHA IIPOU3BOJILHO. IlosTOMY U €

C*®(w). O

[Tpumepom obobIEHHOTO pernerns ypaBuenuss 1w = f ijsi orpaHuvIeH-
HOIi m3MepuMoit u unuTHO byukuun f(z,t) sBisiercs 0bobieHHas DyHK-
1887871

u= fx*I(x0,t0).

CorytacHo cBO¥iCTBaM CBEPTKHU
Tu=f«xTI'=fxd=f.

Teopema 85. Obobwennoe pewenue ypashenua TV = §(x — 20t — t9)
eduncmeenno 6 kaacce 0606wernur Gyrryut, pasior nyao npu t < 0 u
maxux, wmo npu |z — 2°| > 1

V(2% 0] < Crexp {Ca Jo}

2de C1,Cy = const > 0. Imo pewenue cosnadaem ¢ Gyrnoamenmanvroim
pewenuem I'(x, 29 t,1°), paccmomperrom 6 § 4.1.

Jlokazameavcmeo. Pacemorpum  0600mennyo  dyaknuio  u(z,t) =
Vi(x,t,2°,¢%) — I'(x,2°¢,t°). Ouesumno, Tu = 0 B RZII, U TO3TOMY W3
TeopeMbl 83 BbITeKaeTr, uro u € O (R;ﬁl) .Tak kak u = Opu t = t9, a
upu |z — 2% > 1

lu| < Cf exp {Cy |2},

TO, COIJIACHO T€OpeMe €IMHCTBEHHOCTH PelIeHus 3a1a49u Komm, qoKazanHoit
B34.6,u=08 RZng. Taxum o6paszom,
K

V(z,t,2° %) = I'(z,2%¢,1°). O



I'nasa 5

I'mepbomaecKkne ypaBHeHNS
I CHCTEMBI

5.1. BoanoBoe ypaBHeHUE

Bo/iHOBOE ypaBHEHHUe — 3TO ypaBHEHHUE BHJIA
2
% — a®Agult,z) + f(t,) (5.1)

Ha yHKImo u(t, ) IBYX MepeMeHHbIX — MepeMenHol spemenn ¢ € R i rpo-
CTPAHCTBEHHOl nepemMeHHOl * = (I1,...,x,) € R™. Muuekc = y oneparopa
Jamnaca A, = 8‘9—; ot % HOTMEPKUBAET, ITO OH JEHCTBYET TOJBKO I10
IPOCTPAHCTBEHHBIM TI€PEMEHHBIM.

DTO ypaBHEHHE ONHMCBIBAECT PACIPOCTPaHeHne KojaebaHuii B ynpyroii cpe-
JIe JJIsE MHOTHX HPOCTEHIINX MOJeIell pasimIHbiX (DU3MIECKIX MPOIECCOB.
Hanpumep, B omaoMepHOM ciydae (n = 1) 9T0 ypaBHeHHE ONHCHIBAET KO-
nebaHusl CTPYHBI WJIM yIIPYTUE IIPOJOJbHBIE KOJIeOAHUSA CTEPXKHS; B CJIy-
9ae JIByX MPOCTPAHCTBEHHBIX IEPEMEHHbIX — KOJIeOaHusl MeMOpaHbl (371eCh
u(t,x) ecTb BepTHKAJIBHOE CMEIEHHe TOUYEeK MeMOpaHbl); Ipu n = 3 ypas-
werveM (5.1) onmcbiBaeTcsi pacHpoCTpaHeHHe 3BYKOBBIX HJIM JJIEKTPOMAT-
anTHBIX BosiH. Pynknus f(t, z) B (5.1) uMeer dusnaeckuii CMbICT BHEITHEX
CHJI, TOJIO’KUTEIbHAasA KOHCTAHTa @, UMEIONAs, KaK JIErKO BHJIETh, pPa3Mep-
HOCTBb CKOPOCTH (/t), KAaK MBI YBUJUM B JaJjibHeiinieM, 1efiCTBUTEIbHO eCTh
CKOPOCTH PacIpoCTpaHeHusl BOJIH B JIAHHON KOHKDPETHOI 3a/1ade.

BostHOBOE ypaBHEHNE — TUNNYHBIN TPEJICTABUTE b JTUHEHHBIX ypaBHEHUT
BTOPOTO MOPSAIKA 2UNepboAUNECK020 THTIA.

3ameuanme 13. BoaHoBoe ypaBHeHME He MEHSIETCS MPHU 3aMEHE BPEMEHH
t — —t. Takum 0OpasoM, OHO OJWHAKOBO PEIIaeTCs B 006 CTOPOHBI 110 Bpe-
MeHH (9TO O3HaUYaeT 0OPATUMOCTh MEXAHUIECKUX BOJHOBBIX IporieccoB). Ho
TPAJMIIIOHHO Uy TCsI PEIeH s 3Toro ypasaerus upu ¢t > 0 (T.e. B Oyxymiem)
B 3aBUCHMOCTU OT TOT'O, 9TO ObLIO B HAYabHBII MOMeHT Bpemenu t = (.

5.1.1. 3amaua Komm. DHeprerniyeckoe HeEpaBEeHCTBO

WsyunMm omHOPOIHOE BOTHOBOE ypaBHeHue, T. e. f(t,z) =0 B (5.1):

uy = a’Ault, x), (t,z) € K c R"™, (5.2)
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Obnacts K, B KOTOPOil MBI OyJ/iIeM paccMaTpuUBaTh ypaBHEHUE, JEXKUT B IO-
sgynpocrpanctse ¢ > 0 u mpuMbikaeT K runepiiockoctu t = 0. Bojee Tou-
o, 0K = ({t =0} x Q) U S, tme Qy C R" — orpanudennas o61acTb B
MPOCTPAHCTBE Z-B. KycOUHO-IIaKas TUIEPTIOBEPXHOCTD S SABJIAETCA «JI0-
CTATOYHO IIOCKOfi», & MMEHHO B JII000# Touke (t, ) € S BHeIIHsIsT HOPMAJIb
v = (u,vs), 1 = cos(v,t) € R, v, = (cos(v,11),...,cos(v,x,)) € R,
9TOIl IIOBEPXHOCTHU Y/IOBJIETBOPSIET HEPABEHCTBY

v = alvgl, (5.3)
wim, no-apyromy, cos?(v,t) = a® (cos?(v, 1) 4 -+ - + cos? (v, zp,)).

Sameuanne 14. Takoil 0BepxHOCTHIO S, HOPMAJL K KOTOPOIi yI0BJIETBO-
psier (5.3), mpUYeM ¢ 3aMEHON HECTPOIMX HEPABEHCTB B HUX HA DABEHCTBA,
SIBJISIETCS TaK HA3BIBAEMBIN Tapakmepucmuveckutl Kouyc St z, ¢ BEPIIHHON
B TIIPOU3BOJIbHOI TOUKe (tg,x(), tg > 0, T. €. MHOKECTBO TOUEK (t,T) TAKUX,
qTo

|z —x0]? = a®(t —t9)?,  t <t (5.4)
[eiicrBuTesibHO, HOPMAJIbO (IIpaBlia, HeeIUHHYIHON, KaK BbIIle) K Sy z, B
Touke (t,x) € Sty z, ABILETCS BEKTOP

1
v= (v, vs), Vt:az(t—to), Vp = évx (|x—x0|2) =x — xp.

Caenmosaresbro, Beuiy (5.4),
V2 =al(t —t9)? = d®|z — xo)? = a?|v|?.

3ameuyanue 15. B ciaydae omHOI IpOCTpaHCTBEHHON IepeMeHHON obOpa-
3YIOIUMI XapaKTEPUCTHIECKOIO KOHyca Sz, (B 3TOM ciydae Sy, €CTh
yTOJI HA TJIOCKOCTH) SBJISIOTCS XapaKTEPUCTUKU YPABHEHUsT CTPYHBI — IIPsi-
Mmble x £ at = const = xg % aty.

Beenem eme Hekoropble obosHadenusi. Ilycrs Q. = KN {t = 7} —
ceuenne obimactu K minockocteio {t = 7h K; = KN{0 < t < 7}
S; =5N{0 <t < 7} Ipanuneit obracrun K, ssasiercs 0K, = QoUQ,US;.
O6o3HagnM

1 2 a’ 2 _
B(r) = ¢ Jus(r, Mgy + o IVl Py =
1 /ou\? a® <[ du\?

() LN () g
/ 2<6t) i 2Z<axk> !
Q.

k=1

— 3HavdeHne GyHKIIMOHAIA SHEPIUU B MOMEHT BpeMmeHu 7. [lepBoe ciiaraemoe
B 9TO# cymMMe umeeT PU3UICCKUN CMBICT KHHETUICCKOH sHeprun KojaebaHuii,
a BTOPOE — IIOTEHIINAJIbHOM.
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Teopema 86. [Tycmv dynxyus u(t,x) € C*(K) N CYH(K) ydosaemeopaem
6 K eoanosomy ypaswernuro (5.2). Tozda dasn mobozo T = 0 umeem mecmo
SHEPTEeTHIECKOe HEPABEHCTBO

E(1) < E(0).

Jlokazamenavcmeo. YMHOKUM ypaBHerue (5.2) Ha u; U IPOMHTETPUPYEM 110
obmactu K. Nmeem:

0= / (utt — azAu) wpdtdr =

K,
10 . 0
= / léa (u? + a? Zuik> —a? Z %(Utuzk) dt dx.
K, k=1 k=1 k

B,Z[er MbI BOCIIOJIB30BaJIUCh TEM, YTO

10,
0 0 10

2
Ugypa, Ut = 8—m(utuxk) — Uty Ugy, = 8—m(utuxk) - 5@(“%) :

Uttt =

IIpumenum dpopmyiry Faycca—OcTporpalckoro, ceis THTEIPAPOBAHUE Pa3-
JIMYHBIX IPOM3BOJAHBIX 110 objiacTi K. K MHTEIrPUPOBAHUIO II0 €€ I'DAHUIIE
0K, = QoUQ, US,. YaurbiBasi, 9TO BHEIIHSAST HOPDMAJIb ¥ = (U4, ;) K 9TOM
obiacru Ha Q. umeer Bugx (1,0,...,0), ava Qo — (—1,0,...,0), moayunm:

1 n
0= 2/<ut +a22umk> x——/(u?—i—aQZuik) dx
Q,

Q0 k=1
+/ —< ? QZU )cosyt)—QQZutuzkcos(u x)| dS
S, k=1
2 2 2
_mﬂ_E@+/[C§+i%ﬂ)w—fmw%%ﬂw, (5.5)

.

n
rae (Vu,vg) = > g, cos(v, zy) — CKaJIsapHOe MpousBe/ieHne BeKTopa Vu =
k=1
(Ugyy .-y Ug, ) U IPOEKINHN I, BEKTOPA €JAUHUIHON HOpMaH V = (14, Vy). Tak
Kak B cuiy(5.3)

|a?u(Vu, vp)| < @®fug||Vul|vs| <

lwg)?>  a?|Vul? u?  a?|Vul?
Sae| {5+ Sl t—5)w
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To mocstennuit unrerpar B (5.5) neorpunarenen, u E(7)— E(0) < 0. Teopema
JIOKA3aHA. O

Caeacrsue 10. Pewenue sadavu Kowu

uy = a’Au(t,r) + f(t, ), (t,x) € K C R""1

5.6
ul=o0 = @(z), Ugl—o = Y(x), x € Q. (5:6)

eduHCMBEHHO.

Joxasamesvemeo. Ilycrs wy(t,x) n ug(t, x) — nBa permennst 3amaan (5.6).

Torna dyukmust v(t,x) = ui(t,z) — ua(t, ) sBIsIETCST PEIICHUEM 3a/adu
Ko

vy = a?Av(t, z), (t,z) € K C R**L,

V]i=0 = vtt=0 = 0, x € Q.

Sueprust F(0) B HaganbHbIil MOMeHT ¢ = () JyIst 9TOTO pelieHnst paBHa HYyJIIO.
C yuerom TOro 4To (PyHKIHOHAT F (t) HeOTpUIlaTebHbII, U3 JTOKA3aHHON
TeopeMbl cienyer, uro E(t) = 0. Cremosarenbno, v, v, = 0, n v(t, x)
const. C yuerom v(0,z) = 0 umeem v(t,x) =0, u ui(t,z) = ua(t, x).

11

Brimmie Mbr pacemarpuasin 3aady Kommm B HekoTopoit obmactu K C
R"*! 3anaBas HauaIbHBIC YCJIOBUS TOJIBLKO B OrPaHMYEHHOI obsacti g C
R™. Eciu ke Hauambable dbyHKImn ¢(x) u 1(x) 3amanbl npu Beex © € R™,
TO W peIeHne MOYKHO WMCKATb BO 6cem mojymnpocrpancrse t > 0. Takum
0obpa3oM, MBI IMeeM CJeIyIonTyio 3agaay Korrn:

U = aQAu(tjx), t>0, xzeR",
5 1 (5.7)
uli—o = @(x) € C*(R"),  wli—o = ¥(x) € C*(R").

IIpu sTOM pemrenue mmerca B Kiaacce dynxumit u(t,z) € C? (R+ X R”).

3ameuyanue 16. M3 ckasaHHOrO BBIIIE CJIEJAYeT €IUHCTBEHHOCTH peIlle-
st u(t,x) samaau (5.7). eiictBuresnbno, mobas TOUKa IOJIYIPOCTPAH-
cra (t,z) € Ry x R™ nonasaer B HEKOTOPBIH XapaKTePUCTUIECKHUI KOHYC
|z — 0| < a®(t —t0)?, 0 < t < tg, BHYTPH KOTOPOTO €IMHCTBEHHOCTD DeTITe-
Hust 3aa9n Ko okazana. 3aMeruM Takxke, 9To pemnienue u(t, x) BHyTpU
KOHYCa, 3aBUCUT OT 3HAYCHWH HadaJbHbIX DyHKIWA ¢(z) u ¥(x) aumm Ha
ero ocHOBaHMM — MHOMKecTBe |7 — xo|? < a®t2 (mape pamyca aty ¢ nenTpom
B xo).
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5.1.2. Pemenne 3amaun Komnm B cityuae n = 3. ®opmyna Kupxroda

Ilo npoussosbuoit Gynknun g(x) € C?(R?) nocrponm dbynkuuo My (t, x),
t > 0, o cyeyIomeMy IpPaBUILY:

My(t,a) = | sterase (5.8)

|§—z|=at

dma?t

dS¢ —snement moman Ha cdepe pajguyca at (¢ menrpom B x). Wimm, je-
nast 3ameHy nepemenHbix B (5.8) & = x + atn, dS¢ = (at)?dS,, rue dS, —
9JIEMEHT IO Ha eMHIIHON cdepe (¢ rienTpom B 0), mosrydaem ApyTroit
Bug, oneparopa My(t, x) :

My(t, ) = / o+ atn)ds, . (5.9)
Inl=1

13 5T0ro mpejicTaBieHns, B YACTHOCTH, BUJHO, YTO IVIAJIKOCTH (DYHKIMH
My(t,x) coBuanaer ¢ riaaaxocTbio GyHKIUN g(x).

Ipeanoxenune 10. Jaa moboti gyrnwyuu g(z) € C*(R3) umeem:

82
@Mg(t,x) = a®?AM,(t,z), t>0, xcR (5.10)
Mg(t,x)‘ =, (5.11)
OM,(t,z)|
. L:o = g(x). (5.12)

Jloxasamesvcmeo. Hauanbnoe ycnosue (5.11) — ouenngnoe cirencrsue (5.9).
Uz (5.9) TakKe HAXOAUM:

0

1 t
aMg(t,m) = / g(x+at77)d5’n+ﬂ / (Vg(z + atn),an) dS,. (5.13)

In|=1 Inl=1
YuaursiBast T0, 9T0 ¢(x) — rajakasi GyHKIHUs, UMeeM

OM,(t,x) 1

S N

In|=1

1 HavabHoe yciioBue (5.12) Takzke MMeeT MeCTO.
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I nokazarensersa (5.10) nmpeobpasyem paserctso (5.13) K Buy:

0 M, oat
SoM,(tw) = =2+ [ (Vg(w + atn), ) dS, (5.14)
In|=1
M, 1 M, 1
= — _— —_ —Z - A
a7y / (Vg(&),m) dSe = —= + — / 9(¢

|E—z|=at \f z|<at

3/1ech MBI BHOBb BEPHYJINCH K TIEPEMEHHBIM & = & 4 at1), a 3aTeM IMOTOK BEK-
TopHoro nossa Vg(§) depes nosepxuocTsb cdepsl | — z| = at (n— B TOUIHO-
CTH BEKTOD €JMHUYHOI HOpMaJIu K 9Toil cdepe) mpeobpasoBasiu, B COOTBET-
crBun ¢ dopmyioit Naycca—OcTporpaickoro, K HHTErpaay OT JUBEPreHIN
div (Vg(¢)) = Ag(§) no mapy |£ — x| < at. Hauee, muddepenrupys (5.14)
no t eme pas, uMeeM

Zamn) = O [ e (5.15)
a2 9\ T yrat ot g ’ '
|€—z|<at
e o (M, 10 M, M 1
9 (2 \_29 3, Mg My / d___
6t< t ) (TR T2 dra gle)de
|E—z|<at
s YL
 Arat? g '
[E—z|<at
ol 1 1 1 9
g lma [ 2000 = [as©der | [ asod.
[E—z|<at [E—z|<at |€—z|<at

[Tpoussoanast B npasoii yactu (5.15) jerko cumraercs, ecyu nepeiitu K cde-
PUYECKAM KOOPIMHATAM:

% / Ag(&)de —5 //Ag:v—i-?“n) 2dSydr | =

|§—z[<at 0 [n|=1
=a / Ag(z + atn)(at)?*dS,
In[=1
= a(at)? / Ag(z + atn)dsS,.

In|=1
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Orcrona 52

2
@Mg(mx) = Z—; / Ag(z + atn)dsS,.

In|=1

C mpyroit croponst, u3 (5.9) nmeem:
t
AMy(t,z) = o / Ag(x + atn)dsS,,
T

In|=1

u (5.10) goxaszamo. O

Teopema 87. ITycmwv p(x) € C3(R3), w(z) € C3(R3). Tozda pewenue 3a-
davu Kowu

uy = a?Au(t, ), t>0, zclR3, (5.16)
uli—o = (),  wl—g =P(x) '
sadaemces dopmynoit Kupxroda
0
u(t,z) = —My(t,z) + My(t, x), (5.17)

ot
2de onepamop M onpedenen 6 (5.8)(5.9).

Jloxazameavcmeo. elictBuTenbHO, Kak jokazano B IIpengmoxxenmn 10,
bynxmua u!l(t, x) = My(t, x) apagercsa pemennem sanauu Korm

=), (5.18)

ull = a’?Aull(t, z), uH‘ =0, uy‘
t=0 t=
Iokazkem, uro dbyukiust u’ (t,x) = OMy(t,x)/0t sBastercs perenuem cie-
AyIoueit 3aga4un:

ufy = a®Aul(tx), Wl =e@),  ulf|_,=0. (5.19)

Jeiictsurensio, Tak Kak ¢(z) € C3(R3), To My(t,z) € C3(Ry x R3),
1 TOCKOJIbKY yHKIust M, (t, T) yA0BI€TBOPSIET BOJIHOBOMY yPaBHEHHUIO, TO
u ul, xax npoussonnas My(t, x), TaK:Ke yIOBJIETBOPAIOT STOMY YPABHEHHIO.

B cuiy (5.12) mosay4aem

0

1

u ’tzO 8t @(t,.%) _ (p(l'),

a suy (5.10) m (5.11) mmeem:
oul 0?
S| = eaMte)| =AMt ~ 0.
ot ‘t:o ot? ot 2) o ot 2) t=0 0

U3z (5.18) u (5.19) crenyer, aro dynxmus u(t,r) = ul(t,z) + ull(t, )
yaosisierBopsier (5.16). O
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5.1.3. Meroz cuycka. Pemrenne 3agaun Komm B ciygae n = 2.
®opwmyia Ilyaccona

Pemum Temepn 3amaty Komm B caydae ABYX MPOCTPAHCTBEHHBIX MEPEMEH-
HBIX, T. €. © € R%. 3paBblil CMBIC/I HOJCKA3BIBAET, YTO, YMEHBIINB KOJIIUC-
CTBO IIEPEMEHHBIX, MbI HE JIOJI?KHBI [TOJIYIUTh H0JIee CI0KHYI0 3aady. U neso
JIEeHCTBUTEILHO 00CTOUT TaK. MeTom, MO3BOJISIONIN CBECTH 332y MEHbIIICH
Pa3sMEepHOCTH K 3aJiade DOJIbINEll pa3MEepPHOCTH, HA3BIBACTCH Memod Cnycka.
M3znoxum ero.

[Mycrs u(t,x) = wu(t,x1,x9,x3) — pelIeHne TPEXMEPHOI MO IIPOCTPAH-
CTBEHHBIM IlepeMeHHbIM 3ajaun Kormn (5.16) st BOTHOBOrO ypaBHEHMUsI

0*u 2((92u 0%u 82u)
—u gu).

7 =\ o T o T o2

U IIyCTh HavaJIbHbIe (DYHKIMU (© U 1) HE 3aBUCAT OT TPETbel IPOCTPAHCTBEH-
HOIi [IepeMeHHOM X3, T. €. ¢ = (X1, x2), ¥ = Y (x1, x2). 3amMeTnM, 4TO pele-
HEE 9TOi 3a/aun MbI 3HaeM, U OHO 3ajaercs dopmysoit Kupxroda (5.17),
e uHTerpupoBanue MYHKIWMI ¢ 1 1) et no chepam B IpocTpancTse R3.

CraenaeM CABUD 110 OCH X3 Ha IPOU3BOJILHOE YHUCJIO iL'g € R. C onnoit
croponst, byukius u(t, x) nepeiiner B a(t, z) = u(t, 1,72, v3 + 23). C 1py-
IO¥ CTOPOHBI, BOJIHOBOE YPaBHECHUE OT CABUTA IO OJHON M3 Ocell He MeHAeT-
csl, KaK M HE MEHSIIOTCsI IIPU CJIBUIE TI0 OCH T3 HAYAJbHBIE YCIOBUSA ¢ W 1).
1o o3Hauaet, uTo U(t,x) sBJIsIeTCs peleHueM Toil ke camoit 3agaun Ko-
mu (5.16), uro n dbyuknusg u(t,x). B cuty exmacTBeHHOCTH peleHnst 9TOI
sagaan, U(t,z) = u(t,x), T e.

u(t, zy, x0, 23 + 23) = u(t, 1, 0, 3) V) € R.

[Mocnennee B ToaHOCTH O3HAYAET, 9TO byHKIWs U (¢, ) HE 3aBUCUT OT T3; U =
u(t, x1,z2). Buaunt, 0?u/0z3 = 0, u bynkuus u(t,r) ABageTcs pereHuem

yPaBHEHHSI
o*u 5 (0%u n 0%u
— =0 ==+ |-
ot? dz?  Ox3

Takum o6pazoMm Mbl 110sIydaeM, uro GyHkms u(t, ), 3agaBaeMas Hop-
mysioit Kupxroda (5.17), siBiisiercst 1 pelnieHreM JIByMEpPHO#i 110 pOCTpaH-
CTBEeHHBIM epeMeHHbIM 3aja4u Kommu (5.16) 1t BOJHOBOTO ypaBHEHHUsI, €C-
7 HauasbHble GyHKIMN @ (71, T2) 1 (11, T2) cauTaTh 331aHHEIME B R, HO
He 3aBUCAIMU OT T3. IIpaBia, B 9TOM C/lydae MHTETPUPOBaHUE 110 cdepe
B R3, uepes koropoe zamaiorcs M, u My (em. (5.8)), pasymHo cBecTn K
MHTErPUPOBAHHIO 110 pocTpancTBy R2. IIpojeraem 3To ceesenue.
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Cdepa paguyca R ¢ nentpoMm B ToUke = = (1, T2, T3) OPOCIUPYETCS B
KpPyr TOrO K€ pajyca ¢ HEeHTPoM B (x1,22). DieMeHT miomaan Ha cde-
pe dS u snement mwromaan na Kpyre dé = d&1d€y cBI3aHBI COOTHOIICHIEM
dé = dS cosy, rie v — yroj MeXIy IUIOCKOCTBIO, KacaTeJbHOI K cdepe, n
IJIOCKOCTBIO (1, T2), WK, 9TO TO YK€ CAMOe, YTOJI MeXK/y HOPMAJIbIO K cdepe
U OCbI0 X3 (ABJSIONIEIiCS HOPMAJIBbIO K IIOCKOCTH (x71,x2)). Jlerko BumeTs,
9TO Sin 7y paBeH OTHOIIEHWIO IPOEKIINK panyca cepbl Ha IIOCKOCTD (1, T2)
K caMoMy paamycy R, T. e.

€=z (& —z1)2 + (& — 39)? VR —[§ —xf?
B = 7 , cosy = R .

Fme yuarem, uto R = at, a Takyke TO, UTO B KaxKIyI0 TOUKY KpyTa IIpPO-

siny =

enupyoTCst 1Be TOYKH chepbl (C «BepXHell» U «HUXKHeil» I0JIOBUHOK), U
HOJTy9aeM OKOHYATEJbHO, 9T0 hopmyria (5.8) mepenucpBaeTcst B ABYMEPHOM
cllydae Tak:

dérd &)dérd
M, (t,x) = / 9(5)2 §1d§a  2at )d§1dés

cosy  4mat \/ at —E—a
|§—x|<at |¢—z|<at

Ama’t

OKoHYATEJILHO NMeeM

g(&)d&1dés ‘
Vi(at)? — (& — x1)% — (&2 — 12)?

\f z|<at

My (t,x) (5.20)

Nrak, HaMu JIOKa3aHa CJIeIyIONas TeopeMa.

Teopema 88. ITycmv ¢(x) € C3(R?), (x) € C*(R?). Toeda pewenue sa-
davwu Kowu
ug = a?Au(t, x), t>0, xcR?

uli=o = ¢(@),  wli_g = ()
sadaemcs dopmyioit Ilyaccona
0
u(t,z) = aMw(t’@ + My(t, x),
2de onepamop M onpedenen 6 (5.20).

5.1.4. ®opmyna Jamambepa g ypaBHEHUS CTPYHBI

EcrecTBenHO, M3 TPEXMEPHOIO MIPOCTPAHCTBA MOYKHO «CITyCTUTHCS» HE TOJIb-
KO B JIByMEDHOE€, HO ¥ B OJIHOMEPHOE IIPOCTPAHCTBO, TONyuuB dopmyay la-
saambepa (em. (5.24) Huzke) pemienus 3a1adn Ko 1jist ypaBHEHUST CTPYHBI
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(HAIOMHUM, YTO YpABHEHHE CTPYHBI — 3TO OJHOMEPHOE 110 MPOCTPAHCTBEH-
HBIM [IEPEMEHHBIM BOJIHOBOE ypaBHenue). Cpasy oroBopuMcs, 4ro 31y hop-
MyJIy JIETKO IIOJIYYIHMTb 3J€MEHTAPHBIMU MeTojaMu (mepeii/iss K XapakKTepu-
CTHKAM W Haiijis obIiee pelrenne ypaBHEHUsI CTPYHBI), /14 U KJIACCHIECKOe
pemrerne 3agaqn Ko Beipaxkaercs dpopmystoir Jlamdambepa He TOIBKO s
HaTAIBHBIX yetonit (z) m ¥(x) us npocrpancts C3(R) u C?(R) coorset-
CTBEHHO (KaK B TPEXMEPHOM U JIByMEPHOM CIydasx), Ho u ipu ¢ € C%(R) u
Y € C1(R), 9T0 JerKo MpoBepseTcs HEOCPeICTBEHHBIM BhIYHCICHIEM. Tem
He MeHee mpojesaeM BbiBo dopmyibl lamambepa w3 dopmysisr Kupxroda
BCE TeM K€ METOJIOM CITyCKa.

Uraxk, Kak 1 B IPEJILIILYIIEM pa3jiesie, Mbl PACCMOTPUM perenue u(t, x) —
perenne 3a1aun Kol Jj1 BOJHOBOrO ypaBHEHHs B CiIydae, Korua - € R3,
HO Hava/bHble (DYHKIIUU 3aBUCAT TOJBKO OT OJIHON IMEepeMeHHOU Ti: ¢ =
o(x1), ¥ = (x1). Torma 3a1a1a He MEHSIETCS IPU CABHUIAX 110 OCSAM T U T3,
U, B CWIy €IMHCTBEHHOCTH perreHusi, pyHKius u(t, ) TakxkKe HE MEHSETCs
[PU 9THUX CJBUTAX, T. €. u = u(t, r1). 3HAUNT, BTOPbIE IIPOU3BOJIHBIC DEIIeHNUS]
1o o u x3 paBabl 0, u u(t, r1) ABISETCS PEIICHUEM 3aJ1a9n

o*u 5 0%u
72 = pros ul,_ = o(x1), u|_ = P(x1). (5.21)

Ocraercst ToJIBKO cBecTH nHTErpuposanue 1o cdepe B dopmyste (5.8) K uH-
TErprUpPOBAHUIO TI0 OTPE3KY [r1 — at, z1 + at], KOTOPbIil SABJIsIETCs MPOEKITHEt
9TOM chephl HA OCH 7.

B snement mpumabl df; Ha 3TOM OTPE3KE MPOEHUPYETCH ChepUIecKuit
cioit. ITnomanes dS sroro cimost B 1/ cosy pas Gosbiie, uem 2mrd&; — mio-
a6 OOKOBOI TTOBEPXHOCTU NUJIMHIPA C TOW K€ BBICOTOW U PAJIMYCOM OC-
HOBAHMsI, TJIe Y — YTOJI MEXK/Iy HOPMAJISIMU K CJIOI0 W IIJINHAPY (7 — TOT 7Ke
YTOJI, 9TO U B HPEJbIIyINeM pasjere). 3jech 1 = R cos~y — pajuyc 0CHOBa-
HUsl CJIOA U TUIUHApa, d€1 — ux Bbicota, R = at — paguyc cdepbl. Urak,

_ 2mrdé
~ cosvy

ds — 27 Rd¢; = 2matdé, . (5.22)

3amevanue 17. Popmyna mwiomaau chepudeckoro ciioss S = 2w Rh, Ko-
Topas nosydaercs u3 (5.22) unTerpuposanueM 1o £, eCTb B JIEOOOM MaTe-
MaTU4IeCKOM cipaBovdHuke. OTMETHM, YTO 9Ta IJIOMAb 3aBUCUT TOJIBKO OT
pajuyca cdhepbl R 1 BBICOTBI cjiosi h U HE 3aBUCUT OT TOTO, IJIe TOT CJION
HAXOJUTCS Ha Ccepe — «IMOCEPENHE» MU «C KPaioy». DTO O3HAMAET, |UTO,
Hape3aB TOHKOKOXKUIl AleJIbCHH <«KPY?KOUKAMU» OJIMHAKOBOW TOJIIIMHBI, B
KaXKJOM KYCOYKE IIOJIy9aeM OJMHAKOBOE KOJIMYECTBO KOXKYPbI, TOIIa KaK
MSAKOTH, KaK Mbl IOHUMAaeM, OOJIbIIe B CPEJTHUX JIOJIbKAX, YeM B KpailHuX.
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B gactnom cityuae h = 2R, umeem BceM U3BECTHYIO (hOPMYITY ILIOIIAJIN
HOJIHOH ToBepxXHOCTH cepbl S = 4T R?.

IMoncrasisas (5.22) B (5.8), nmeem

1 x1+at 1 x1+at
My(tyon) = oo [ alen) 2mardes = 5o [ oende 629
xr1—at x1—at

3aMeTnM, 9TO B PACCMATPUBAEMOM OJIHOMEPHOM CJIydae

g(r1 — at) + g(x1 + at)
5 .

O Myt01) = 5 (aglas +at) — (~a)g(as —at)) =

CunenoBaresnibio, pemienneM 3ajadan Komm (5.21) sBisiercs  cireyromast
dyukuums u(t,x) (yKe He HYKHBI HHIEKC | OIyCKAEM ):

r+at
o —
lt;2) = M 0) + My.0) = EEZ DT [ ygye
r—at

(5.24)
910 u ectb hopmyaa Jlarambepa.

5.1.5. KauectrBennoe ucciegoBanmne Gpopmya
Kupxroda, Ilyaccona, lanambepa.
PacnipocTpanenue BoJIH B MPOCTPAHCTBAX Pa3HOIl Pa3MEPHOCTH

VYixe orMedanocs, aro (cM. 3amedanne 16) snadenue pemenus u(t, x) 3a1adu
Ko (5.7) fy1st BostHOBOTO ypaBHeHus! B HEKOTOPOit Touke (tg, Tg), to > 0, B
MIPOCTPAHCTBE 210001 PA3MEPHOCTH 3aBUCUT OT 3HAUEHUsT HATAIBHBIX (DYHK-
it () u Y(xr) TOIBKO HA OCHOBAHWU XapAKTEPHCTUIECKOIO KOHYyCa, T. €.
Ha mape (umm ke kpyre B R?, wm orpeske B R1) |2 — 29| < atg. Do xe
BugHO u w3 dopmynsl [lyaccona, riae marerpuposanue B (5.20) muer Kak
pa3 o stomy Kpyry. Uro ke kacaerca dopmysnsl Kupxroda, To Tam, Kax
Mbl BuymM 13 (5.8), HaM BaykHbl 3HadYeHns ¢(r) u ¢(z) TOIBKO B OKpeCT-
HOCTH TpaHuIpl mapa |z — xo| < atg, T.e. chepsl |z — xo| = aty. Tounee,
JUTsl HAXOXKIeHnst 3HavdeHust u(to, £o) HaM Hy’KHO 3HATH 3HAUEHNe HATaIbHOI
ckopocTr ¥ () Ha 9TOoi chepe, a TaKKe 3HAUEHNUST Ha Heil HAYaIbHOIO CMelle-
HusA () 1 ero Ipou3BOAHLIX (Tak Kak M (t, ) BXOIUT B PelleHne Jepes ero
YACTHYIO IPON3BOHYIO TI0 t). DTO, Ha MEPBLI B3IVIsT HEOOIIBIIOE, PA3ININe
mexk iy dpopmynamu Kupxroda u [Iyaccona, 3axodarorieecs B Pa3HbIX 3HaA~
Kax («=» 1 «<» COOTBETCTBEHHO) B ONPEJIETIEHUN MHOYKECTBA, 110 KOTOPOMY
UJIeT WHTErPUPOBAHUE, MPUBOJIUT K KAUYECTBEHHO PA3JIUIHBIM 3PdekTam B
IpPOIecce PACHPOCTPAHEHHsI BOJIH B IIPOCTPAHCTBAX PA3HOil Pa3MEPHOCTH.



210 TDnaea 5. I'mnepbosinveckue ypaBHEHHST H CHCTEMBI

BaxKHOI XapaKTepUCTUKOf PACIPOCTPAHEHUST BOJIH SIBJISETC TaK HA3bI-
BAEMOE MHOHCECTNBO 3A46UCUMOCTU PEIIeHNsT 0T HadalbHBIX ycaoBuil. [losic-
HUM, 9TO 3TO Takoe. [Ipenosokum, 9ro Mbl 3HaeM pernenne u(t, x) 3amadn
Komm 17151 BOJIHOBOrO ypaBHEHHsI ¢ HEKMME HAYAJbHBIMU JAHHBIMU (X)) 1
Y (z). VIamennm Tenepb HavasbHBbIC JIAHHBIE, HO HE HA BCEM IIPOCTPAHCTBE,
a JINIIb HA KAKOM-TO (HAIpUMep, OPAHMYEHHOM) MHOXKecTBe B, T.e. pac-
CMOTPpUM 3a/1a9y KOH_H/I JJId Halllero ypaBHEHHA C JIDYTUMHN HaYaJIbHBIMU
naxusivi, G(x) u P(x), npmaem @(z) = o(x) u Y(x) = Y(x) upu = ¢ B.
Pemmenne 31oii HOBO# 3a1aun 0603HaunM U(t, x). BosHukaer Bonmpoc: rie pe-
meHne He u3MeHmI0ch? Tounee, B Kakux Toukax (t, ) € Ry X R™ mMbl MozkeM
3aBeJIOMO yTBepXKIaTh, 9T u(t, x) = u(t,z)? Tak BOT, MHOXKECTBO TeX TO-
qeK (t,x), IJie PEIICHUEe MOMHCEM USMEHUMBCA TIPU U3MEHEHUN HAYATbHBIX
YCJIOBHIT TOJBKO HA HEKOM MHOXKECTBE B, U HA3BIBAETCSl MHOMCECTNEOM 30~
BUCUMOCTMU, PEIIIEHNs OT 3HAYEHUs Ha4YaJIbHBIX yCJIOBU Ha .

B cuy smmmeiinocTH 3a7a9u, MOXKHO cauTarh, uro ¢(z) = ¥(x) = 0, u,
COOTBETCTBEHHO, perienne u(t,r) — rakxke Hysesoe, u(t,z) = 0. ITomoxum
@(z) = Y(x) = 0 upu 2 ¢ B U HOMBITAEMCS OTBETHTH Ha BOIPOC: TJIE 3a-
BesioMo U(t,x) = 0, a B KAKUX TOYKAX MbI 3TOTO YTBEPKJATH HE MOMKEM?!
OrBeT, OKa3bIBACTCS, 3ABHCHT OT KOJMYECTBA HPOCTPAHCTBEHHBIX II€PEMEH-
HBIX (n = 1,2 wim 3).

TpexmepHoe npocTpasHcTBo. [lonoxkum, mis onpeneneHHoctn, B =
{r € R | |z| < 1} — e mmHuanbIil map, u MyCTh JIUNTL B HEM HaYaTbHBIC
YCJIOBUS 0 U 1), BOBMOYKHO, OTJUYHBI OT HyJsl. DTO O3HAYAET, YTO B HyJIe-
BOH MOMEHT BpPeMeHHN B OKpecTHOCTH () MPOMBOILIM KAKHe-TO BO3MYIICHHS
(B3pbiB). IlycTh MBI HaxoqUMCsI B TOUKE Ty, |xg| > 1. TlonpoGyem moHsTS,
Koryia (10 BPEMEHH) MbI OYYBCTBYEM 3TH BO3MYIIEHUs (YCIIBIIINM B3DPbIB),
T. €. IPU KaKuX t, BO3MOXKHO, u(t, o) # 07

B coorBercrun ¢ dhopmymnoit Kupxroda (5.17), (5.8), aist onpeiesiennst
sHaveHnst u(t, ry), Mbl JIOJZKHBI HHTETPUPOBATH HaYaJIbHBIE YCIIOBUS 1O ce-
pe S¢ ¢ nemrpom B TOUKe 20 1 pajuycoM at. HemyreBoii pesyibrar Mbl Mo-
JKEeM TIOJIyYUTh JIMIIhL TOTJA, KOrja 3Ta ¢depa nMeeT HelyCcToe IepecevaeHue
¢ euHUYHBIM mapoMm B. 3uauur, ecau at < |zg| — 1, To map B jexur BHe
cepbl Sgé, u u(t,zg) = 0. D10 03HAUAET, UTO BO3MYIIEHUS €Ille HE 0NN
JI0 TOUKHU xo. BoobIie, Ipu npousBOJLHOM MHOXKecTBe B, B Toukax (t, ),
TaKuX, 9TO T yjajueHo or B Gosee e Ha at, suauenue u(t, x) Oyuer 3aBejo-
Mo HyseBbIM. Clie0BaTeIbHO, PACIpOCTPaHeHIe KOJIeOaHui B IPOCTPAHCTBE
UJIET CO CKOPOCTBIO @.
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Ecin xke at > |xg|+ 1, To map B monajaer 1meJukoM BHYTPb cdephl Sgg,
MHTErpUpOBaHNE WJIET 110 MHOXKECTBY, Ijie ¢ = 1 = 0, a, cjejoBaTe/IbHO,
croBa u(t, o) = 0 (BosHA TpOILIA TOUKY ().

[HomprroxkuBast CcKazaHHOE, MBI TIOJIyYaeM, ITO B IPOU3BOJBHBI MOMEHT
BpeMeHU t > () HeHyJIeBOoe 3HAYEHHWE pelIeHne MOXKET NPUHUMATL JIUITh B

TOYKaxX I, JIezKallluX B IIapOBOM CJIO€
at — 1 < |z| <at+1, t >0, (5.25)

(mpu t < 1/a — B mape |z| < at+1). B arom ciryuae MHOXKecTBO TOUeK (, )
TaKnx, 910 || = at + 1 (. e. ynaneHusix or B Ha paccrosine at) Ha3bIBAETCS
nepedHuMm PpoHmMoM 604HYI, & MHOKECTBO TOUEK, B KOTOPBIX |x| = at — 1, —
3a0nuM PPoHmMom 60aHb. BOTHOBBIE (PPOHTHI B MPOCTPAHCTBE PACIPOCTPA-
HSIIOTCsI CO CKOPOCTBIO a. O0Aacmb 3a6UCUMOCMU DEIIEHUs] OT 3HAYEHUST Ha-
YaJIbHBIX YCJIOBUI B B €CTh MHOXKECTBO TOYEK MEXKJY HEPEIHUM U 3aHAM
dporTamu; B HaleM ciaydae 061acTh 3aBHCHMOCTH 3a1aercs (5.25).

JIByMepHOe IpPOCTPaHCTBO. lIpuHIMNMAILHOE OTIMYUE JIBYMEPHOIO
cllydasi OT TPEXMEPHOTO 3aKJII0YaeTcs B TOM, uTo uHTerpuposanue B (5.20)
UJET TI0 BCEMY JIBYMEPHOMY KPYyTy Bgé C TIEHTPOM B TOYKe Xy U pajuyca at,
a He 10 ero rpanute (OKpyxHOCTH). [109TOMY MBI 3aBEIOMO OyJIeM UMETD
u(t,zg) = 0 qummb upn at < |rg| — 1, Korja eauHUYHBINA map B j1eXuT BHE
Bg, anpu at > |zg|+1 (r. e. B C BY), snagenne u(t, zo) He 065310 GbITH
aynesbiM. CriegoBaresibHo, pemenne u(t, ) MOXKeT NPUHUMATH HEHYJIEBOE
3HaYEHHE JIMIIb B TOYKAX, YIOBIETBOPSIONINX

|z| < at+1, t > 0. (5.26)

Wrak, npn pacmpocTpaHeHny KojeOaHUil B ABYMEPHOM IIPOCTPAHCTBE,
umeemcsa nepednud porm BOJIHBI, cocTosmmil, Kak u B R3, u3 Touex, yia-
JIEGHHBIX OT MHOXKeCTBa B POBHO Ha paccTOdAHHE at, U Hem 3adHe20 Gporma.
MHOXKeCTBO 3aBUCHMOCTH PEIIeHUsT OT HAYAJBHBIX YCJIOBUIT — 00JIaCTb BHYT-
pu nepeHero (hpoHTa BOIHBI, KY/a IONAIAI0T TOYKHA & € R, yaaaeHHbIe OT
B wmemnee, yem Ha at.

[Iycrs KoJtebaHnst, BbI3BaHHBIE BO3MYIIEHHEM HAYAJIBHBIX YCJIOBHI B
HEKOTOPOM OTPpaHUYEHHOM MHOXKECTBe B, JIOIIM B KAaKOW-TO MOMEHT Bpe-
MEHH JI0 TOYKN xg. Jlasee 1o BpeMeHN B TOYKE T 9TH BO3MYIIEHUsT OyIyT
ITIOCTOSTHHO OIIYINATHCs, IIPpaBIa, BCe B MEHBIINEH cTeleHn. JTO 00yCIOBIEHO
TeM, YTO B 3HAMEHATEJIE MOJIbIHTErPAILHOTO Bhipazkenus B (5.20) crout pac-
Tymas 1o ¢ semanna +/(at)? — [zg — £[? (zo duxcuposano, a & npoberaer
orpaHnveHHoe MHOXKecTBO B). Kak Mbl BUjinM, Haubo IbIllee BIUSTHUE HA Be-
mmanny u(t, o) OKa3bIBAIOT 3HAYEHUsI HAYaIbHBIX yeaoBuii ¢(§) u ¢ (§) B Tex
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TouKax &, KOTOpbIE YyIAJEHbI OT T( Ha PACCTOAHUsA, OJin3KuEe K at, TaK Kak
UMEeHHO TaM 3HameHaresb B (5.20) mas. st Toro 4robbl 0 49epKHY Th, 4TO
KOJICOAHUS CO BPEMEHEM 3aTYXaIOT, TOBOPSAT O PA3MbIMOM 3adHuem @ponme
Bonbl B R? (a He 0 ero oTcyTCTBHM).

3ameuanne 18. [lpoummiocTpupyem HaI MaTEMATUIECKHUE BBIBOILI (pU-
BUYECKUME IIpUMepaMu. 3BYKOBbIE BOJIHBI B TPEXMEPHOM IIPOCTPAHCTBE PaC-
[IPOCTPAHSIOTCsA, 6e3yCJIOBHO, ¢ HAJMIUEM 3aHero (ppoHTa, WHade JI000M
3BYK MbI 6])1 CJIBIIIaJIN C JOJITUM (XOTb " IIOCTEIIEHHO 3&TyXaIOLU,HM) KIAXOM».
Hy a pacxofgrimuecst Ha MOBEPXHOCTH BOJBI KPYTH (a HE OAUH KPYyT) OT Gpo-
[IEHHOT'O KaMHsl (3TO U €CTh CUJIBHO JIOKAJIN30BAHHOE BO3MYIIEHUE HAYAJIb-
HBIX JIAHHBIX) [IPEKPACHO JIEMOHCTPUPYIOT YETKUIl MepeHuUil U PasMbIThHIil
3aHUNl PPOHT BOJHBI, PACIIPOCTPAHSIONIEHCS B IBYMEPHOM IIPOCTPAHCTBE.

OparHomepHoOe npocTpancTBo. Kak mbl BuanM u3 dhopmyibl Jarambepa
(5.24), snavenue perienust u(t, o) 3amaun Komm st ypaBHEHUS] CTPYHBI
3aBHCHUT OT Ha4YaJIbHOI'O CMelleHu A CprH]:rI SO B TOYKaX X :l: at 1 HadvaJILHOI
CKOpOCTH 1) Ha OTpe3Ke [xg — at, xo + at]. OTpe3ok 31ech — 3T0 OMHOMEPHBIT
map, a TOYKu rot+at — cdepa B OJHOMEPHOM IIPOCTPAHCTBE (IPAHUIIA TApa).
Taxum 06pa3om, pelrenre NPUHITUINAIBHO [T0-PA3HOMY 3aBUCHUT OT (0 U OT :
3aBUCUMOCTD OT (9 AHAJIOTUIHA TPEXMEPHOMY CJIYYalo, a OT 1) — JBYMEPHOMY.

Hanpuwmep, ecomm ¢ = 0, a ¢(z) = 0 upu |z| > 1, u ¢(x) > 0 upn
xz € (—1,1), To
o(x — at) + o(x + at)

2 )

u(t,x) =

u u(t,z) > 0, ecim xoTst GBI OJHO U3 YUCEN T £ at IPUHAJJIEIKUT UHTEPBAJLY
(—1,1), m u(t,x) = 0 B ocTa7IbHBIX TOYKaX. MHOXKECTBO 3aBUCHMOCTH DeIlle-
HUsI OT 3HAUCHUsI HAYAJBHOIO CMelleHust ¢ Ha uHrepsaie (—1,1) 3amaercs,
KakK U B mpermeprom ciydae, HepaBercTsamu (5.25).
Eciu ke, naobopor, ¢ = 0, ¢(x) = 0 upu |z| > 1, u ¢(x) > 0 upn
|z| <1, To
z+at

ut.o) =5 [ wiee

r—at

uu(t,x) >0upu (—1,1)N (xg —at,zo+at) # I, u u(t,x) = 0 B OCTAIBHBIX
TOYKax, T. €. Ipu xg — at = 1 wim xg + at < —1. MHOXKeCcTBO 3aBUCUMOCTHU
pellleHrs OT 3HaYeHUsl Hava/bHON ckopoctn 1) Ha uHTepBase (—1,1) 3aya-
ercsi, Kak U B deymepHom ciaydae, coorHomenueM (5.26). 3amerum Takike,
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YTO IIPH PACCMATPUBAEMBIX (PUHUTHBIX HAaYaJbHBIX YCIOBHAX Mbl HE HMeeM
crpemsternst u(t, o) Kk 0 pu t — +00:

1

lim_u(t,z0) = oo [ 6O = 5o [0©d >0 Voo R
R

t—+o0
-1
DTO oTIMYaeT HAILy OJHOMEDHYIO 3a/lady He TOJIbKO OT TPEXMEPHOIl, HO U
OT IBYMEDHOIL.

IIpocTpascTBO IPOM3BOJILHOM pa3MepHOCTH. Bo3HuKaeT ecTecTBEH-
HBII BOIIPOC: YTO K€ KadeCTBEHHO ITPOMCXOMNT C PACIPOCTPAHEHWEM BOJIH
B CjIydae 1 IPOCTPaHCTBEHHBIX HepeMeHHbIX? I/I.TII/I MMOo-ApyromMmy: Imo KakKoMy
MHOKecTBY, cepe S umu mapy B, ujer uHTerpupoBaHue B OIpeJeie-
Hun oneparopa My (t, z), eciun € R™? ®opmyiibl, KOTOPBIMHI JA€TCsI Pertre-
Hue 3aa4an Ko B citydae n MpOCTPaHCTBEHHBIX MTEPEMEHHBIX, HA3BIBAIOTCS
dopmynamu [epriorma—IleTpoBckoro, u Mbl UX 371eCh HE MPUBOJUM, TaBast
JINIITh TPUHITUIUAIBHBIN OTBeT. VIHTEpeCyIonuMes IT0COBETYeM O00PaTUThCH,
HarpuMmep, K [16].

B npocrpaHcTBax HEYETHON pasMepHOCTH 7 (3a MCK/roYeHueM n = 1),
UHTerpupoBaHue B ollpelie/ieHnn oneparopa M, UAeT 1o moBepXHOCTH cde-
pbl S% . crieloBaTeIbHO, KaK B PACCMOTPEHHOM HAMH TPEXMEPHOM cydae,
pacCIpOCTpaHEeHNe BOIH UJIET ¢ HAJUYUUEM IEPEHEr0 U 3aIHero (ppoHTA.

B npocrpancTBax ueTHON pa3MepHOCTU, HHTEIPUPOBAHUE B OIIPEICICHIT
oneparopa M, uzger o mapy B cniejoBaTesibHO, KaK B IBYMEPHOM CJIyHae,
y BOJIH €CTb TOJIBKO Iepe/iHnil (DPOHT, a 3aHUN — PASMBIT.

[IpocTpancTBO pa3sMepHOCTH OJUH CTOUT OCODHAKOM.

5.1.6. Heomnopoanoe ypaBuernme. Ilpuamun /Troames

IIpunnun /lroamess, 1o CyIIecTBY, YTBEPXKIAET, UTO, YMEs PEIIaThb 33Ty
Kormmm 118 0THOpOIHOTO BOJTHOBOTO ypaBHEHUs, Mbl MOYKEM PEITUTH U HEOJI-
HOPOJHOE ypaBHEHUE

uy = a*Agult, ) + f(t, x), t>0, zeR", (5.27)
HAIPUMED, C HyJIeBBIMH HAYAJbHBIMU yCJIOBUAMI

- ut‘ —0. (5.28)

u‘
t=0

t=0
Teopema 89. ITycmo U(t,T,x) — pewenue 3adavu Kowu 0as OTHOPOTHOTO
B0AH0B020 YPAGHEHUA

Uy = a?AU(t, T, 1), t>1, zeR", (5.29)
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C HAYAABHBIMU, YCAOBUAMU, 3a0aHHBIMU npu t=rT:

Ul =Umra) =0, U] _ =Ulnme)=fne). (530

t=1 t=1

Tozda pynryus
¢
/U (t,7,x) (5.31)
0

ABAACMCA peweruem HeogHoponHoi sadavwu (5.27)—(5.28).

Sameuanme 19. ITocranoBka HauanbHbIX ycsoBuii B 3a1ade (5.29)—(5.30)
He B MOMeHT Bpemenn t = 0, a nmpu ¢ = 7 > 0, BJe4YeT TOJBKO TO, UTO B CO-
orsercrByiomeii hopmyre (Kupxroda, Ilyaccona, Tamambepa) wamo Besme
3aMEHUTL ¢t HA T — T.

3ameuvanue 20. CyriecrBoBaHue peIeHuUsI OJHOPOIAHON 3agaun Komum B
JIBYMEPHOM M TPEXMEPHOM CJIy9asX MbI JOKA3AJIU IPH IJIAJIKOCTHA HA9aIbHOM
ckopoctr 1) € C?, cieoBaTeIbHO, W PEIIeHIe HEOJIHOPOIHOM 3a1adl MbI
IOJTy MM JIMIL B npesnonoxennn f(t,z) € C2.

Jlokasamenvemeo. Bynem muddepennuposars dbyukuuo u(t, ), 3agaH-
ayo (5.29). Bee muddepeHnupoBanusi HuKe 3aKOHHbBI, TaK Kak (DyHK-
st U(t, 7, ), Kak perrenne oJHOpoHoi 3anaun Komm, sBisieTcst TBaK Ibl
HelpepbIBHO-uddepeHtupyemoii mo ¢t u mo x. [ HaxoKIeHust TPOU3BO/I-
HBIX 110 T 1IPOCTO JuddepeHnupyeM 1o napamMmeTpy o 3HAKOM HHTErDasia:

t
Agult, z) = / AUt 7, 2)dr.
0

st HaxoxieHnst Tpon3BOAHBIX GyHKIuK u(t, z) 10 nepemenHoil ¢ mudde-
PEHIIMPOBATh IIPUXOJIUTCA KaK 110 IapaMeTpy, TaK U 110 BEpXHEMY IIPe/IeJLy:

¢ ¢ t
ut(t,.ﬁU):%/U(t,T,.I)dTZU(t,@I‘)-I-/Ut(t,T,x)dT:/Ut(t, T,x)dT
0 0 0

5 ¢ ¢
utt(t,x):a/Ut(t, T,ﬂ?)dT:Ut(t,t,.I)-f—/Utt(t, T,2)dT =
0 0

t
+/Uttt7_$
0
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3/ech MBI BOCIOJIB30BAJIACH TEM, UTO B CHJIY HadaJbHbIX yciaoBuii (5.30),
Ut,t,z) = 0, U(t,t,x) = f(t,z). C yuerom Toro uro Uy = a?AU
(em. (5.29)), nomyuaem (5.27). Hauasnbubre yenosust (5.28) Takzke, 04eBUJIHO,
BBITTOJTHEHBI. O

Perrenne ypasuenust (5.27) ¢ IpON3BOJIbHBIMI HAYAJIBHBIMA YCIOBUAMU

u|t=0 = 90(55)7 ut|t=0 = 1/1(55)7
B CIJIY JIMHEWHOCTH 3aJlauu, Oy/IeT BbIPAXKAThCA TaK:
t

0
u(t,z) = aMw(m) (t, @) + My (t, ) + /Mf(mg) (t —7,z)dr,
0
re oneparop My 3amaercs (5.8), (5.20) man (5.23) B 3aBUCHMOCTH OT pas3-

MepHOCTH TpocTpancTBa. Hampumep, npu n = 1, dopmyna Tamambepa
(5.24) nepenumiercs B BuJe:

x+at t z+ta(t—r)

e T RGN e

2
- 0 z—a(t—7)

5.2. CwmemanHas 3aJa49a I yPABHEHHUST KOJIEOAHUI CTPYHBI

OHOI U3 OCHOBHBIX 3aa4 JIsI TUIEPOOIMIECKOr0 YPABHEHHST sIBJISIETCS CMe-
MMaHHadA 3a/a4a. Cl\leLHaHHaH 3a/iava JIJigd YpaBHEHU A MeM6paHbI CTaBUTCH
crieyronmmM obpasom: Haiitu pernenue u(t, x,y) ypasHenus: uy — Au = 0 B
obmactu G = {0 <t < T, (x,y) € Q}, yI0BIETBOPSIOIIEE YCIOBHIM

u‘ =0 wm % =0,
S S
e S = {0 <t < T (r,y) €}, c—rpaunna obsactu ). MbI noka He
YTOUHSIEM, K KAKOMYy KJjaccy (DYHKIUH TOKHO TPUHAICKATH DPEIICHIe
u(t,x,y).

PacemorpuM Temiepb OHOMEPHBIN CJIytail, a UMEHHO, YPABHEHUE KOJIe-
OaHMit CTPYHBI.

[IycTh p — MIOTHOCTH CTPYHBI, KOJICOTIONIEHCS B BA3KOH cpejie, BA3ZKOCTh
oboznaunM uepes q. Torja ypaBHeHune KoJebaHUil TAKONH CTPYHBI UMEET BH]L

(p(z)us), — q(x)u = uy. (5.32)
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910 ypaBHeHue ruriepbosmyeckoro tuma. [lo dusuaeckomy cmbicity 3ajadm
p(z) = po = const > 0, ¢(x) > 0. Bagade o KoebaHUIX 3aKPEIIEHHON HA
KOHIIaX CTPYHBI JJINHBI l COOTBETCTBYIOT I'DaHUYIHbIC YCJIOBUA

=0, ul =0 (5.33)

x=0 x=I

" Ha4YaJIbHBIEC YCJIOBUA

u’ _ = po(x), ut| = p1(x). (5.34)

Mpr u3y4auMm noapobHO cMmemannyo 3a1a4dy (5.32)—(5.34). CHauasa JoKakeM
€IMHCTBEHHOCTD PEIIEHUsT TOH 3a1a M.
Bpenem obosnadenus:

Qr={0<t<T, 0<z<l}, Qr={0<t<t, 0<z<l}
Byzem npeanonarars, aro p € C([0,1]).

Teopema 90 (emuncrBennoctn). Pewenue sadawu (5.32)—(5.34) edun-
CMEENHO.

Jlokasamenvcmeo. st nokasarenbcrBa yMHOKUM ypasHenue (5.32) Ha 2uy
U uHTErpupyeM 10 ;. JIerko BUAETh, 9TO ypaBHEHHUE

2ut (u — (pug)z + qu) =0
MOYKHO 3aIfCaTh B BUJIEC:
(u7)e + (puz)e — 2(pugur)e + q(u®); = 0.
TlosTomy umeem

/ {(?)e + (pul)e — 2(pugue)e + q(u?)e } dadt = 0.
Qr

IIpumensis dpopmyiy aycca—OcTporpaackoro, morydanm

0= / (uf + pu? + qu?) dz — / (uf + pu + qu?) dx +
t=T1 t=0

+ / 2pu urdt — /2puxutdt.

=0 =l
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JIBa mocsieiHIX MHTErpasa paBHbBI HYJIO B CHJIy TPAHHIHBIX yciaoBuii (5.33).

[TosryvaeM sHEPreTUIecKoe paBeHCTBO B CIydae CBOOOIHBIX (g—z oy = 0)mm
z=l
3aKPerIeHHbIX KOHMoB (u| _ = 0):
z=l
/ (uf + p(m)ui + qu2) do = (u? —|—p(x)ui + qu2) dx
t=1 t=0
I
/ (th + p(ﬂ:)ui + quz) dr = (4,0% + p(906)2 + qcpg) dx (5.35)

[en]

t=1 t=

npu sio6oM 7 > 0, T. e. Yy 3aKPEIJIEHHON CTPYHBI SHEPIHsi COXPAHAETCs (Tak
KaK MHTErpasl, JJjisi KOTOPOro Mbl JIOKA3aJIM, YTO OH HE 3aBUCHT OT BPEMEHH,
nMeeT PU3NIECKUIT CMBICI U BBIPAsKaeT COOOK0 SHEPTUIO CTPYHBI).

Tenepsb U3 sHEpreTHYECKOro paBeHcTBa (5.35) MOIYyYNM €MHCTBEHHOCTD
perenns cMmernannoit 3agadn (5.32)—(5.34). Ilycrs 3amata nMeer aBa pere-
HUA U1 1 Ug.

Ob6ozuaunM v = uy — ug. VMeem

Vit — (pvz)m +qu = 07 ’U‘ = 07 Ut‘ = 07 v
t=0 t=0

CoryacHo sHeprerudeckoMy HepapeHCTBY (5.35)

/ (th + pv2 + qv2) dr = 0.

t=1

[To mpennonoxkenuio p(x) > po = const > 0, g(z) = 0. ITosromy npu 060M

t vg =0, v, = 0. 3uauuT, v = const, HO TaK KakK v =0, tov=0m
t=0
u; = uo. Teopema JloKa3aHa. Ol

PaccMmoTpum Teneph m3MeHEHHs! BEJMYUHBI PENICHHs CMEIIaHHoO 3a1a-
an (5.32)—(5.34) npu M3MeHeHUH Ha4YaJbHBIX JAHHBIX. [lycTb U n u— jBa
peIIeHnsi, COOTBETCTBYIONIAE CJIELYIONINAM yCIOBHAM:

T

t=0 t=0

ut‘ =P ﬁt‘ =P
—0 $1 —0 Y1

u = =0, u =7 =0.
=0 =l =0 =l
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Jl1s1 perennst U — U CIPaBeIMBO SHEPreTHIeCKOe PaBEeHCTBO

/ ((u—ﬁ)f +p(z) (@-T)2 +q (ﬂ—i)2> dx =
t=T1
— [ (@1 -%)" +pl@) (%~ ) (60 + 4 (7o~ 70)°)
t=0

DT0 03HAYAET, YTO MAJBIM U3MEHEHUsIM HAYaIbHBIX (DYHKIMH COOTBETCTBY-
10T MaJible M3MEHEHUs PEIICHHsI B HOPMe, KBaJpaT KOTODOIl OIpeesisteTcs
unrerpasiom sueprun (5.35).

CyecTBoBamme penteHnst cMelanHoi 3aaaan (5.32)—(5.34) nokaxkeMm Me-
roroM Pypbe, KOTOPBIH COCTOUT B CJIE/IYIOIIEM.

CHauaJia WIeM JacTHOe pelrieHne ypasHenus (5.32) Buja

u(t,z) =T ()X ().

HNnmeem
T'X —T(pXy)e +qTX =0
nJjm T// ( X ) X
_ WPAz)x — (4 —\—
T x A = const,
OTKY/I&
T +AXT =0 (5.36)
n
—(pXy)z +¢X = AX. (5.37)

Hutst roro arober dyukuus T'(t) X (x) ymoBieTBopsiia MPAaHUYIHBIM YCIIO-
BusM (5.33), HEOOXOMMO, YTOOBI

X(0) = X(1) =0. (5.38)

Omnpenenenue 4. 3HadeHns BeJUIUHBI A, TP KOTOPBIX CYIIECTBYET HETPU-
BuaJsibHoe pemenne X () ypasaenust (5.37), yI0BJIETBOPSIOIIEE IPAHIIHBIM
yeaosusiM (5.38), HABBIBAIOTCS COOCTMBEHHBIMU 3HAMEHUAMU, 8 COOTBETCTBY-
fore UM pertenusi X () HA3bIBAIOTC COOCTNEENHBIMU PYHKUUAMU.

Jlajee MBI JOKaXKeM, UTO CYIIECTBYET CUETHAs MOC/ICIOBATEIbHOCTD I0-
JIOXKUTEJIbHBIX COOCTBEHHBIX 3HAYEHUI

MyoeoyAn, e — 00

U COOTBETCTBEHHO  IOCJIEIOBATEILHOCTD coOCTBeHHBIX  (pyHKIHIT
X1...,Xp,..., upu stom {X,,} —ecTb mojHAs OPTOHOPMUPOBAHHAS CH-
crema B Ly (0,1). Msl Gy/iem npejmonarars, 9To

l
/X,fdx = 1.
0
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Hrak, numeem

—(pX}) + Xk = MeXi,  X3(0) = Xi(1) =0,
T// — —>\kT

CremoBaTebHO,

t) = Ak COS v/ )\kt + Bk sin AV )\kt, Uk (t, .CU) = Tk(t)Xk (m)

Pemenne 3anaun (5.32)—(5.34) Gyaem ucKaTh B BUJE

z) = Tp(t)Xp(x). (5.39)
k=1

Homycrum, aro pemtenue 3amaqn (5.32)—(5.34) cyimecTByer u mpeJIcTaBiiser-
cst B BUgie paga (5.39). Torma

oo [o.@]
u’tfo =@ = ZAka(x); Uy ‘ =y Z A B X ().
N k=1 N k=1

YMHOKUM 5T paBeHCTBa Ha Xj u uHTerpupyem 1o x or 0 g0 [. BBoma
obozHateHne

/ Yodr = (¥, )
0

u yaurbiBasg, 910 (Xp, X)) = Okm, nomyunm, [uro (¢o, Xx) = A u
(1, Xk) = VA Bg. Takum obpazom, mostydaem, 4ro

x) :iXk(x (Akcos \/_t+ sm \/_t>
k=1

rae Ck = (gol,Xk), Ak = ((po,Xk).
Jlokarkem, 9TO IPU OUPEICICHHBIX OTPAHUYCHUSIX HA Qg U (P1 ITOT P
TaeT permenne cMenmanHoi sagaun (5.32)—(5.34) m3 kmacca C?(Qr).
Baitmemcs it sToro cHadasna 3agadeit [rypma—/Inysuna, . e. 3ama-
Jeif 0 HAXOXKIEHUHN COOCTBEHHBIX (DYHKIMI U COOCTBEHHBIX 3HAYMEHUN ypaB-
HEHUA

—(pXy)e +9X =2AX

upu rpannusbix yeaosusx X (0) = 0, X(I) = 0. O6osnaunm L(X) =
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Tesma 7. Tyeme ¢(x), 6(x) € C2([0,1]) u p(0) = $(1) = 0, $(0) = (1) =
0. Tozda

(Lo, y) = (¢, L) (5.40)
(m.e. L — cummempuyeckutc onepamop Ha GYNKYUAT U3  YKA3AHHO20
KAGCCA).

Zloxazameavcmeo. Nmeem
l l

(Lo ) = / )+ api) da / (o(—p'Y +apv) dz=(p, £o)). O
0 0

JlokarkeM HEKOTOpBIE CBOHCTBa COOCTBEHHBIX (DYHKIUH M COOCTBEHHBIX
snavennii 3aaan [rypma—J/Inysmwis (5.37), (5.38).
1° Bcee cobeTBeHHBIE 3HAYEHUST ) MTOJTOXKUTEILHEL.

Nnmeem
l

(L(X1), Xi) = M /X,fdx = \k,
0
riae £(Xy) = A\ Xg. Unarerpupyst mo gactsiM, moJrydnm
l

(L(Xk), Xp) = / (P(XL)? + qX2) da.
0

Taxum obpaszom,
l

M= (£ X0) = [ (X0 + ) do > 0
0

Tak Kak X Z 0, p > po > 0, ¢ > 0, X;(0) = X (1) = 0.
2° (Xk, Xpn) = 0 mpu A\ # Ay
Cormacuo paserctBy (5.39) (L£(Xk), Xm) = (Xg, L(Xn)) 1, cienoa-
resibHO, Ak (Xk, Xim) = A (X, Xim). Tak kak A\ # A\, 10 (Xpy X)) = 0;
T. €. cobcTBeHHbIe (DYHKIUU, COOTBETCTBYIONINE PA3JIUIHBIM COOCTBEHHBIM
3HAYCHUAM, OPTOIOHAJILHEL.
3° KaxkoMmy COOCTBEHHOMY 3HAYUEHUIO A COOTBETCTBYET €IMHCTBEHHASI
(¢ TouHOCTBIO JI0 3HAKA) cobcTBeHHast yHKIwms Xy, Takas, aro (X, Xi) = 1.
ITycTh HEKOTOPOMY 3HAYEHHUIO A OTBEYAIOT IBE JIMHEHHO HE3aBHCHUMBIC
cobersennble Gynxmmm X' u X2
Pacemorpum  onpepenurens BpoHckoro mig 3tux (QyHKIHNA B TOYKE
x = 0. OH umeer BHJ,
XL0)  X?(0)
(X1Y(0) (X?)(0)
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DTOT ompesieTeh PaBeH HyMo, TaK Kak X' u X2 yloBJIeTBOPAIOT Kpa-
€BbIM YCJIOBUAM U, CJIEIOBATC/JIbHO, OHN JUHEHO 3aBUCUMBI. HoﬂyquHoe
IpOTUBOPEYIUEC NTOKa3bIBACT HaIllE yTBEP2K/ICHUE.

4° Cucrema coberBennbix ynkimit { Xy } momma B Lo (0,1). D10 o3nauaer,
qro Jyist 060t dyHKImn @(x) € Lo umeem

p=> CiXp(z), e Ck=(p,Xp),
k=1

7 3TOT PSAJT CXOJIUTCSA B CPEJTHEM, T. €.

N
Hcp—ZCkaH Lﬂ)o upu N — 0.
k=1

Jloxasamenvcmeo. Jlokazxkem mocseHee yTBEPXKICHUE C TIOMOIIBIO M3BECT-
HOil Teopembl ['mbbepTa O CaMOCOIPSIYKEHHBIX KOMITAKTHBIX OIIEPATOPAX.
PaccmorpuMm cHagasia KpaeByro 3ajatdy /I OOBIKHOBEHHOTO gudHepeHIn-
AJLHOTO YPABHEHS

L(u) = (p(x)u’)/ —q(z)u = f(x), u(0) = u(l) =0, (5.41)

rie f(z) — HekoTopasi HenpepbIBHAST (DYHKILHS.

[Tyctb uy u ug — nBa perenust onHopoaHoro ypasuenus L(u) = 0. Byaem
uckarhb perenne 3agaqdn (5.41) MeTosoM Bapuanuy MOCTOSHHBIX, & UMEHHO,
npezicraBuM pertenre 3agaan (5.41) B Buge

u(z) = Cr(x)ur(z) + Co(z)uz(x),

rae Cp(x), Co(x) — memsBecrusle dbyHknm, a ui (), ug(xr) — auHeiino Hesa-

pucumble perternst £(u) = 0, yIOBIETBOPSIONINE YCIOBUAM U] = 0,
=0

u9 =0.

=l

Taxwue perrerus CymecTByIoT, TaK Kak A = () He sIBJseTCs COOCTBEHHBIM
sHavueHneM, ubo ecyim uy; = C'ug, TO U1 SIBJISIETCsT COOCTBEHHON (DYHKIME Tpu
A=0.

TTonoxxum

i) =0, C2(0) =0, Cluy + Cug = 0, Ciuy + Chuly = %

Torma

/ _£u2 / %ul uyp U2
A=K =it me as| ]
Orcrona . .
[ f(8)unls) [ f(8)uals)
@ = P(5)A(s) aw = [ P(3)A(s)
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Mpr narmn pemenue u(x) 3amaun (5.41) B ssBHOM BHIE

/f (s)u ds+/f (s) )ds.

Corytacao Teopeme JInyBuiuis, m3BeCTHOH M3 TEOPUU OOBIKHOBEHHBIX
nmuddepeHInaIbHBIX YPABHEHUN, TMEeM

T

A(z) = A(0) exp —/p'(‘”>dx _ A0p(0)
0

p(x) ~ pla)

Taxum obpazoMm, mosydaem

/f “18 ds+/f5“25 JsJus(s)n (@) o

Onpenenum dyukiuo ['pura paBeHCTBAME

~ug(s)uy(x)
OO
g (s)uz(x)
G 5) = A )p(0)

OxonuarenbHO nuMeeM Gopmyity Juist pertenus 3agaan (5.41)

l
—/G(x,s)f(s)ds
0

Permmenne 3Toif 3a7ja91 e IMHCTBEHHO. JIeflCTBUTE/ILHO, eCln U U U — JIBa Pe-
MEeHnd 3TON 3aJa49u, TO JJId U = U — U UMeEEeM

L(v) =0, v(0) =v(l) =0.

mpu 0 <z <s,

mpu < s <l.

DTO O3HAYAET, UTO VU ABJLAETCH CODCTBEHHON (DyHKIHEH, COOTBETCTBYIOIIEH
A = 0, HO MBI JOKa3a/H, IT0 COOCTBEHHBbIE 3HAUEHUS TOJOKUTETbHBI, U 10~
stomy v = 0, T = u.

Jlerko nposeputh, uto ecau f(x) HenpepbiBHA 1

l
=/G@$KW&
0

to L(u) = f n u(0) = u(l) = 0. D10 JIErKO HOIYUUTH, €CJIU PUHATH BO
BunMmanne Bug G(x, S).



5.2. CmemaHnHnast 3a7a49a JIjisl ypaBHEHHs Kojlebanuit crpyHbl 223

Ormernm cremyromue cBoiictBa yukiun ['puna;
1. G(z,s) = G(s,x).
2. G(z,s) —wuenpepbiBHa Kak dbyHKus x u s, G(x,s) ABaKIbl Helpe-
pBIBHO JuddepeHnmpyemMa mo & Ipu & # §.
3. / /
o W) o w(s)u(s)
A(s) 1
G (s+0,5) -G (s—0,5) = = .
A0 =G0 = K0 o)

4. Kak dbyskmus z, G(z,s) ynosrersopsier ypashenuto L£(G) = 0 upu

Bamaua 4. [loxasars, ato —L(G) = (x — s).

Tentepp MBI MOXKeM J0Ka3aTh. 4To 3aja4a [lIrypma—JInysuiis sxsu-
BaJIeHTHA HAXOYKJEHUIO COOCTBEHHBIX (DYHKIUII HEKOTOPOI'O MHTErPAJILHOIO
OTIEPATOPA, ¢ HENPEPBIBHBIM CUMMETPUICCKUM SIIIPOM.

JeitcTBUTEIBHO, MYCTh P A = A} CYIIECTBYET COOCTBEHHAsT (DyHKIIHS
zasaun [ITypma—JInyBuis:

—L(Xg) = M Xp;  Xi(0) = X(1) = 0.

Torma, obosuauns — A\, Xy depe3 f(z), momyanm

l
/GZ'S)\ka )d
0

Bsemnem omepartop

Torma

1 1
AXy) = —— X, ——
( k) A k K Y
A(XE) = pr X

910 o3HaUaeT, IT0 X} sIBAsIeTCst cOOCTBEHHON hyHKIMEH omeparopa A, or-
BeUaeT COOCTBEHHOMY 3HAUEHUIO L1 = —1/Aj.
O6parno, mycts A(X;) = 1y X; win

/G(x, s)Xi(s)ds = uXi(x).
0
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Torna, npuMmensisi K mpaBoil U JIEBOI 4acTAM TOr0 paBeHCTBa orepaTop L,
oJIy9aeM

1
—[,(,LLZXl) = Xl nJIn ,C(Xl) = _EXI'

DTo o3HAYAET, UTO BCsIKast COOCTBeHHas (PYHKIHS omeparopa A sBIIseTcst
cobersennoit dyunkimeit 3agaun [Hrypyma—/Tuysus (5.37), (5.38). O

Harmra 3a1ada — qoKa3aTh CyIIECTBOBaAHUE PEIIEHUsT CMEITaHHON 3a/1a4u

un — (p(x)us), +q(z)u =0,

:O’ ’ = s ‘ = .
u_ =) w|_ = e

u =Uu

=0

=l
Pemenne umerca B obnacru Qp = {0 < ¢t < T, 0 < x < l}. Panee mbr
oIy Imin (hOPMAaJIbLHBIN Psi

o0

u(t,x) = Z (Aka cos v/ At + —Xk ) sin \/_t> (5.42)

k=1

rae Ak = ((po,Xk), Bk = ((pl,Xk).

JlokarkeMm, UTO IPU ONPEICTCHHBIX MIPEIIOJIOXKEHUAX OTHOCUTEIHLHO (g
U @1 P CXOMUTCA aDCOJIIOTHO U PABHOMEPHO, U €TI0 MOYKHO TIOUJIEHHO JTud-
depeHIIIpoBaTH Ba pasa 1Mo t u x.

Panpr

Z|Xk<x>\(|Ak|+‘%) Z\Xkl (|Ak|xk+|Bk\f)
k=1

SIBJIAIOTCS MaxKopaHTaMu Jyisi psifa (5.42) U psijia, MOJYYEHHOIO M3 HEro
HOYJICHHBIM D depeHITTPOBAHIEM JIBa pa3a 1o t.

Pan
/ ‘Bk|

MazKOpUPyeT PAl JJd Ug, & PAL,

-~ ”I ‘Bk|
L~ 3 |XU >!(|Ak|+m)

MazKOPUPYET PAJ IJIA Uy, TAKEM 00pPa30M, HaM JOCTATOYHO JOKA3aTh CXO-
JUMOCTDH YKa3aHHBIX BBIIIE PsIO0B.

Teopema 91. Pewenue u(t,z) cmewarnnot sadawu (5.32)—(5.34) 6 obna-
emu Qr = {0<t<T, 0< 2 <1} us xaacca C*(Qr) cywecmeyem, ecau
(), pz (), ¢(x) — nenpepwieroe na ompesxe [0,1] u ecau
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1. 9007‘6(800) € H7

2. (p1,£(<p1> S LQ(O, l),

2de npocmpancmeo H cocmoum us menpepvisnux nwa ompesxe [0,1] dyrx-
yuti, pasholr nymo npu x = 0 u x = I, y xomopuxr 0606weHHan Nepeas
npoudsodran npunadaestcum Lo(0,1).

oxazamesvcmeo. 3ametum, aTo s odoit dyuknun f € H cymectByer

HHTErpaJl .

/ (p(f)? + af?) de
0

Kpome Toro, jjist m00bix dysknii fi u fo w3 H WHTErpupoBaHUEM IO Ya-

CTAM IIOJIyYdaeM
l

(L(f1), f2) = / (pfifs +afifo) dx = [f1, f2] = (L(f2), f1) -
0

B upocrpancree Lo(0,1) crpasemymBo HepabencTBo beccensi: [ =
S CuXy, Y CF < (£, f).
Jlemma 8. Ilycmo f € H, mozda Y \yCF < [f, f], 2de Cy, = (f, Xx) (smo

HEPABEHCME0 anarozuyto Hepasencmey Becceas das npocmpancmea H).

Zoxazameavcmeo. PaccMorpuM HepaBeHCTBO
N N
0< [f—ZCkavf—ZCka} =
N N N
{Z Cr Xk, Cka} —2 [f7 > Cka} =
k=1 k=1 k=1

N
=[f,f1=Y_ MCi.

k=1
3J1eCb MBI BOCIIOJIb30BAJIMCH CJIEIYOIUMI PABEHCTBAM.
Jlerko BUAETH, 9TO

(X, Xi] = {
Tak kak [Xk,Xl] = (,C(Xk) Xl) = Ak(kaXl) TO

N
ZCkf,Xk ch £, L(X) Z)\kC’k.
=1

Taxmm 06pa30M, JeMMa 8 JOKa3aHa. U

A, ecmn k=1
0, ecmk#l.
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Jlemma 9. Cnpasedausnv, nepasencmeaq

> Xif) <[G.G] (5.43)
k=1
3 % < (Ga.G) (5.44)
k=1

(unmezpasv, 6 npasvir wacmax 6epymces no s).

Jlokasameavemeo. B cuiy ypasrenus: L(Xy) = A X numeem

(5.45)

o _

«Q
H
&
5
c%
I

|

| =

5

[Tocneaaee paBeHcTBO 03HAYAET, UT0 — X () /A siBIIsIeTCst KoadbDuUImeHTOM
Dypbe byurin G(z, s) kak dyukmun s. Tak kak G(x,s) € H, 1o 10 jem-
Me 8 nMeeM

Z/\k AQ <G, ).

Hpo,zgn(bcbepeﬂuupyeM pasencTBo (5.45) no z. meem

910 o3Hadaer, 4o —X|, (ac) / Ak stBisiercst koadbdurmenrom Oypoe DyHKIUM
Gz(z,s). Tak xak Gg(x,s) € L2(0,1), To, cormacHo uepaseHcTBy Beccesnst,
nmeeM (5.44). O

Bynem nokasbiBarh Terepb PaBHOMEPHYIO CXOAMMOCTD Psijia
o0
x) :ZXk(iL' [Akcos VAt + smv t}
k=1

riae A = (po, X&), Br = (1, X)) 1 psiJioB, TOJYYEHHBIM U3 HErO MOJICH-
HBIM b depeHImpoBaHueM 110 ¢ U T JIBa pa3a.

Jlist ToKazaTeIbCTBa UX CXOAMMOCTH PACCMATPUBAEM «MayKOPHUPYIOIIIE»
PSAIBL:

31X (o)) [\Ak\m \Bkm_k},
k=1

m Y X)) [|A I+ 'jiiﬂ

k=1
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YT00b! yCTAHOBUTD CXOIUMOCTH STUX PSAJIOB, OYJIEM HOJIB30BATHCS CJIETY-
IOMUMU COOTHOIIEeHusiMI. MBI JIoKazkeM, ITO IPU HAIUX [PEJIITOIOKEHUIX
Ha (g U (p1 CIIPABEJJINBBI HEPABEHCTBA!

1. ZA%A% < 00;
3. ZA%B,? < 00;
k=1

o
4. > MeBj < .
k=1

CornacHo ompejeaeHuio Ay nmeem

1 1
Ak‘ = (SDO,XIC) = 1 (SDOaE(Xk)) - 1 ('C(SDO)vXk‘)a
Ak Ak
T.e. MAr = (L(po), Xi) saBiaserca kosbdunuentom Pypbe byHKIMMI

L(pp) € H. Cornacuo nemme 8

SO AOAD) < [L(g0). L)) < o0

Takum 06pa3zoM, HEPABEHCTBO 1) JTOKA3aHO.
W3 nepasenctBa Beccens creyer, 1To

STNAZ < (L(v0), Llpn)) < oc.
k=1

st L(p1) aHAJIOIrMYHO nMeeM

! (1, L(Xy)) = ! — (L(p1), X&) -

By = Xp) = —

[TosTomy 110 HepaBeHcTBY Beccernst mosrydaem

> (B)? < (L(p1), L)) < oo
k=1
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Tax xak 1 € H, To 10 jIeMMe 8
oo
> MeBi < [e1, 1] < 0.

B nmemme 9 ObLIO JT0Ka3aHO, YUTO

5. iX’%(x) <[G,Gl <M

Ak
k=1
S (X ()’
6. Z )\z < (G, Gy) < My, tne M, M, = const.

Hokazkem cxomumocts psaios ) n I1), monesysics onenkamu 1)-6). Mmeew,
HCIOJIB3Ys HepaBeHCTBO Komm—ByHIKOBCKOTO,

Zn:|Xk(95)‘ [‘Ak‘)\k+|Bk|\/7} Z |Xk [‘Ak‘)\k+‘Bk|\/7}\/_

=m Ak k=m e k=m o

€CJIM M ¥ M JIOCTATOYHO BEJIUKH. DTO 03HA4YaeT, I4To psaf l) cxomures: paBHO-

MEpHO.
Hoxkaxkem cxomumocts psia 11). Umeem

iw[mu 1B m}g

= M VA
< XH:M ZH:A2A2+ ZR:ABQ <M
X )\z : kL ; kD X 1€,
k=m =m =m

ecJIM M U N JI0CTaTO4YHO Gosibinue, u, 3Ha4IuT, psaj I1) cxoqures paBHOMEDHO.
AbcommoTHasI 1 paBHOMEPHAs CXOAMMOCTD Psijia, IOy YeHHOro auddepeHin-
poBaHueM psifia Juist u(t, ) aBa pasa 1o x

ZX,’J(:U [Ak cos \/7t+
k=1

sm VAR t}

cyiejtyer u3 paBHOMepHOit cxomumoctu psiyios 1) u 1), Tak Kak u3 ypaBHeHUsI
Irypma—/InyBumis ciaemyeT, ©ITO

1
X = ]—?(qu — ' X}, — M Xk)

U [O9TOMY DS JIJIS Uy, MazKopupyercst psmamu Buma 1) u II). ]
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Termepb MoKaykeM, 9TO JJIsl CYIIECTBOBAHUS PEIIeHUsT CMEIIaHHON Kpae-
Boit 3aaun u3 Kiaacca C2(Q ) HeKOTOpbIE U3 HAJIOKEHHBIX HAMH OTDaHHYe-
HUI Ha Qg U (] ABJIAIOTCS HEOOXOIUMBIMU.

[Tepenummem ypasuenue (5.32) B Buje:

uy + L(u) = 0. (5.46)

Nnmeem

d e e
=0 ’ =0 ’

Tax kax bynkiuma u(t, ) HenpepsBHa B Qp, TO

=0.

=0, wo(l) =u -

x=0
t=0 t=0

¢0(0) = u

Kpowme Toro, BBUIYy HEIPEPBIBHOCTU MPOU3BOIHON Uy, TMEEM

Tax kak B Toukax (0,0) u (0,1) uy = 0, To U3 ypasuenus (5.46) cuenyer,

E(‘PO) 2=0 =0, E(‘PO)

9TO
=0,

=l

ecn u € C*(Qrp).

5.3. 3anaga Komm jiuis rumepbomyecknx cucTeM ypaBHEHMIA
C YaCTHBIMM IIPOU3BOJHBIMU

B »710it rytaBe Mbl OCTAHOBUMCS HA UCCICIOBAHUU OJHOI M3 OCHOBHBIX 3aJ1a¢
MaTeMaTHIecKoi ¢pusnukn — 3aade Koru i ciucreM ypaBHEHU ¢ YaCTHDI-
MU ITPOU3BO/IHBIMU.

5.4. Teopema Kommm

IlepBoe g0Ka3aTEIBLCTBO CYIIECTBOBAHUSI U €MHCTBEHHOCTH DPEIIeHUsT 3a,1a-
an Kot 111 06bIKHOBEHHOTO T DEPEHINATBHOTO YPABHEHHS TEPBOTO TT0-
psiaKa

du

E = f(t,u), t > to, u(t0> = Ug, (5.47)
6b110 TToTydeHo Komm rpu yejgoBun rojoMopdHOCTH GYHKIUU [ B OKpeCcT-
HOCTH TOYKHU (to,up). B oTOM Ciiydae mM OBLIO JIOKA3AHO CYIIECTBOBAHME,
IPUTOM TOJIBKO OJJHOTO, perernst u(t), ToJTOMOPMHOrO B OKPECTHOCTH TOYKI
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to. nest mokazaresnbersa npocta. [Tpusegem (5.47) K OMHOPOTHBIM JTAHHBIM
Ko, momoxus u = v + ug. Toraa

— = f(v,t), wv|i= =0, (5.48)

rie f(v,t) € Ajpe — JIOKAJIBHO BEIIECTBEHHO aHAJIMTUYECKAsI 110 IEPEMEHHbBIM
(v,t) bdyHsKIHS.

Zloxazameavcmeo meopemo, Kowu. Perrerune niem B Kiacce Alloc JIOKAJIBHO
aHAJIMTHIeCKUX (bYHKIWIT v(t), IpeJICTaBUMbIX B OKPECTHOCTH t = t( B BHJIE
CTEIIEHHOT'O PSIJIa

o0
v(t) =) a;(t—to), a;j €C, te R.
Jj=0
Hamomunm nekoTopele obmue cBoiicTa anamuTHieckux Aj . BeKTOp-pyHK-

umit f(t,z,u) € A", t€ R u, feR™, z€ R,

loc?

flt,u) = Z Frpalt = to)* (@ — 20)’ (u — ug)®, (5.49)
k,|al,|8>0
a:(aly"'aa’rTL):ﬂ:(ﬂlw":ﬁn): fk,aecm- O

Onpegenenne 5 (MaxKkopaHTbl). BelecTBeHHOZHAUHYIO AHAJTUTHIECKYIO B
touke (to, To,up) PYHKIUIO

git,zu) = Y grpalt —t) (@ — 20)(u —uo)®
k,le,| 8120

Oy/1eM Ha3bIBaTh MaskKOpaHTOl ¢ = [ Bekrop-dbyHKIWMu f(t,x,u) B 9TOMH TOU-
Ke, eci st Beex k,a; > 0,6, >0, j=1,...,m,[ =1,...,n, cupaBe//IuBbI
HEPaBEeHCTBA

| fr.8.0l < Gk,p0-

OueBn/tHO, 9TO JIJIs1 J11000# aHAJIMTHYIECKOIT B OKpecTHOCTH (10, T0, Uo) DYHK-
mn f (¢, x,u) cylmecTByeT MaykopaHTa B 9TOH Touke. B KadecTBe MazkopaH-
TBI, HAIIPUMED, MOXKHO B3STh

9= > |fesalt—1t0)" (@ —x0)’(u — ug)™.
k,|Bl,lal =0

MazkopaHTy MOXKHO IOCTPOUTH TaKKe cjeayrormuM obpaszom. IlycTh psia
(5.49) abcomorro cxomurest B Kybe Ky(to, zo,up) = {|t — to| < 0, |z — zo| <
0, |u — up| < o}. Torma cymecrByer Takoe nosozxuTeabHoe My, 910

| frpal < Mpo=WHATION 1 k18] > 0, |a] > 0.
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DTO 3HAYUT, 9TO MAXKOPAHTOH 3TON (PYHKIUU ABISAIOTCH (DYHKITHN:

_ Z My(t—to)*(x—m0)? (u—uo)®
9= oFH1BHal B

k.| B],]e| >0

R L B N1
0 0 0 0 0 ’

a TaK>Ke

g:Mf{l_ (w1 =)+ -+ (=t ) + (21 =)+ -+<rcn—sv%)H\f(t—to)}1
0
VN>1.

B,ZLQCI) MBI BOCIIOJIB30BaJIMCH TEM, 9TO

MN*(la] + |5))!
oF+IBIHlal o1 31

> ‘fk,a|a vk, |O“ 2 0.

Cdopmynupyem cBO#ICTBa MayKOPAHT, KaK PsiJl YTBEPKICHUI JIEMMbI:

Jlemma 10. Hmerom mecmo caedyrousue ymeeprHcoeHus:
g=f = 0fo20lg - 0/020] f,

(5.50)
Vk=>0,|al >20,[3 =0.

g=fig=fi = mg+r292 = nfitrf,
v71772€ Ra 717'72>0-

g-f = /t/m/ug(T,y)dey - /t/m/uf(T,y)dey. (5.52)

to zo uo to zo uo

(5.51)

g~=fi;m=fHi = ggun - ffi- (5.53)

g(t,z,u) = f(t,z,u), Ult,z) = ut,z) =
= g(t,z,U(t,2)) = f(t,z,u(t,z). (5.54)
[Tepeiigem K gokazaTeabcTBy Teopembl Ko mist ypasaenus (5.47). Pac-

cMoTpuM paByio 4dactb f(f,v) B Kiacce JIOKAJIbHO aHAJIUTHYECKUX (DYHK-
nuit f € .Alzoc, T. e. DYHKIWI [PEJICTABUMBIX B HEKOTOPON OKPECTHOCTU
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Qo = Qo x (to — 6,tg + &) Tournm (tg,0), Qo € R'— okpectnocts v = 0,
B BuJIe abCOJIIOTHO CXOJAIIErocsl CTEIeHHOIo Psija

oo
V)= Y frat®(t—to)~. (5.55)
k,a>0
Permrenne umem B BuJE psjia
[o.e]
v(t) = aj(t—to). (5.56)
j=0

IToacrasmssr (5.56) B (5.55), Haiimem K09DOUIHEHTDI a;

ap =0, ai = f(to,uo), agzé(atf(t,v)—i—@vf(t,v))’

t:tO’U:07 e

Bcee nocneaytormiue KoadduimeHTs HaxoaaTest auddepeHImpoBaHneM 00emx
gacreil ypasaenusi (5.47) u MOACTAHOBKOI B HUX t = ty U KO3(MUIMEHTOB,
HOJIyYeHHbIX Ha IIpeJblIyluX marax. TakuMm obpasoM, KOdp@PUIUEHTH a;
OJTHO3HAYTHO OIPEIEIAIOTCA U3 yPaBHEHNsT M HAYAIbHBIX JAHHBIX. s moKa-
3aTeIbCTBA, CYIIECTBOBAHUS PEIIEHHSI JIOCTATOYHO [TOKA3aTh, YTO CTEIIEHHOMN
psiz (5.56) cXomuTCst B HEKOTOPOH OKPECTHOCTH TOYKH t(. 3/1€Ch MPUMEHUM
Meroj MazkopanT. U3 ceoiicts Jlemmbr (10) ciemyer, 4ro Marxkopupyoreit
zagadeit Komum 6yaer ciaemayiomas

d M
i ! t>to, mlty) =0, (5.57)

)

KOTOpagd pemaeTcda MEeTOAOM pa3AaejIeHUudA IIEPEMEHHDBIX:
1

m(t) = 5om(® = o Myln (1- ! _Qto), (5.58)

m(t) = Q(1 - \/1+2Mf1n (1— t;to)).

3 (5.50)—(5.54) caremyer, 9TO IpU TOCTATOYHO MajoM @ > 0 psiji B IIpaBoit
vacru (5.58) maxkopupyer psaj (5.56), T. e

laj| < mj Vji=0
ecm m; = 0, j = 1, mg = 0. OcTaoch nokKasaTh, 4TO
m; >0,75 > 1. (5.59)

IlepBbiM fetoM 3amMeTHM, YTO pﬂ;g

—1In (1

o) 1y
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UMeeT MOJIOZKUTEIbHbIe Ko3ddunuentsl. Hampumep,

1 M
m2+

_ e M !
20 ! 20

My
>0, mg=-mime+ —5 > 0.
o

mlef>07 mo 3@2

Torna uz (5.58) mocsieoBaTeIbHO MOXKHO TI0KA3aTh CIPaBe/INBOCTD (5.59).
Orcrona cirefyer cXoauMocTh psijia it v(t) U CyIecTBOBAHUE PEIeHHsT 3a-
naan Ko (5.47).

5.5. Teopema KoBaneBckoii u ee 00001IeHIS

Teopema Ko 6s11a 06061eHa C. B. KopasieBckoii Ha qud depeHnnaibHbie
YpaBHEHUA C TaCTHBIMU IIPOU3BOJIHBIMU. 9Ta TeopeMa OTHOCUTCA K KJIacCcCy
ypaBHEHUi, KOTOpBIE Telneph HA3BIBAIOTCS ypaBHeHUsAMN Tuia KoBateBckoit

0 u; = fi(t,x,u,Opu, Opu,...), i=1,...,m. (5.60)

3nech 0p u Oy, TPOU3BOAHBIC 1O ¢ W HPOCTPAHCTBEHHBIM IIEPEMEHHBIM I =
(1, oy Tp-1), u= (u1,...,Up), GyHKIMHA f; OpK KaxKgIOM ¢ = 1,...,m, 3a-
BHCSIT OT IPou3BOAHLIX Oy 0% u; dyukimit uj, j = 1,...,m, TOIbKO JI0 II0-
psJIKa 1, HE 3aBUCHT OT o Uj U ABIAIOTCSH BEMICCTBEHHO aHATNTHICCKIMHE
OT BCeX CBOMX aprymeHToB. 3ajada Komm ms (5.60) cocrour B mocTpoeHnn
PEeIleHns 3TOI CUCTEMBI, KOTopoe Ipu t = (0 IpUHUMAaeT 3aaHHble Havajlb-
Hble 3HAYEHNS

Oui(0,2) = pip(x), k=0,1,....,n;,—1, i=1,...,m. (5.61)

IIpeamonaraercsi, 9T0 HadaIbHBIE TAHHBIE (; ;(Z) SBIISAIOTCS BEIECTBEHHO
AHAJTUTUICCKUMU (DYHKIUSAMHI IIEPEMEHHBIX T B HEKOTOPOil oKpecTHOCTH Qg
touku r = 0. OUeBUHO, ITO TaK »Ke KaK BbIIe, HAJabHbIE YCJIOBHUSI 103-
BOJISIOT BBIYUCUTH 3HAYEHUS BCEX apryMeHTOB (pyHKIHUN f; B OKPECTHOCTU
roukn ¢ = 0 nupu ¢t = 0. Puxkcupysd 3HAYCHUS ITUX TPOU3BOIHBIX, JOIOJI-
HUTEJHHO OyJIeM CYUTaTh, YTO (PYHKIUU f; — BEIIECTBEHHO aHAJIUTHIECKUE
B OKPECTHOCTH 3TUX (PUKCUPOBAHHBIX 3HAUCHUIA.

Teopema 92 (Kosanesckast). 3adaua Kowu (5.60), (5.61) npu cdesarnmoir
NPEONOAOAHCEHUAT UMEEM 00HO U MOALKO 0010 pewenue u(t, ), seuecmeen-
HO anasumuyeckoe 6 okpecmmuocmu mowky t = 0,x = 0.

Coneprkanue 9Tol TeopeMbl SABIAETCS JOCTATOYHO IIPOCTHIM. Feau aHa-
murndeckast Gynkus u(t, x) yaosiaersopsier ypasaeruio (5.60) u yciaoBusim
(5.61), To ee mpomsBojHbIE J1I060TO MOpsifKa B Touke ¢ = 0,2 = 0 ompeesisi-
oTca ogaosnadno. [Ipu srom, eciin nopsaaok puddepeniiupoBanus OyHKINNA
U; 1O TIEPEMEHHOIl ¢ He MPEBOCXOIUT N; — 1, TO 9TH MPOU3BOJIHBIE HAXOJIAT-
cst w3 ycsouit (5.61). OcrasbHble IPOU3BOJHBIE ONPEIETSIOTC € IOMOIIBIO
muddepennupoBanus ypasaenus (5.60).
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Taxum obpaszoM, MBI MOXKEeM HalTu Bce Koahdunmentol psama Teitaopa
uckomoro perrernsi B rouke (0,0), OTKyzna ciie/yer eJMHCTBEHHOCTh aHAJIN-
TUYIECKOI'O peHIeH . ﬂﬂﬂ JI0OKa3aTe/IbCTBa CYIIIECTBOBAaHUA DPEIICHUA TpPE-
HyeTcst ToKa3aTh CXOANMOCTH TOCTPOEHHBIX CTEMEHHBIX PAJIOB st (DY HKITHAH
U, KOADPUIIMEHTHI KOTOPBIX OMPEJIETISTFOTCS 110 YKA3aHHON BBIIIE CXeMe. JTO
TEXHIUIECKH CJIOKHOE JTOKa3aTeIHLCTBO, OCHOBAHHOE HA METOJ/E MarKopaHT. B
YIIpOIIEHHOM BapUaHTE JIOKa3aTE/JIbCTBO MbI IIDUBEIECM HUZKE.

5.5.1. [loka3zarembcTBo TeopeMbl KoBasieBckoii

Eciti npuHATL IPOM3BOJHBIE PEIIEHUS Vj oo = Of CO0S Uuj, ap + |af < nj,
3a HOBBIe HEM3BECTHBIE (DYHKIMH, TO MOXKHO cBecTd 3azady (5.60), (5.61)
cucreMe KBa3WIMHEHHBIX M dDepeHImaIbHbIX yPABHEHHH IePBOTO MOPsIJIKa
K n
ov; = Z Zaijs(t,x, V1, ,’UN)aijS + fi(t,x, U1y ,’UN>, 1=1,...,K;
s=1 j=1
v;(0,2) = @i(x), i=1,..., K.
J1J1st IpOCTOTBI PACCMOTPUM JIMHEHHYIO CHCTEMY, JJIs KOTOPOii
K
aijs(t,z,v1,. .., oN) =aijs(x,t), fi(t,z,v1,...,08) = bis(x,t)vs + fi(z,t).
s=1
[Tpex e Beero cuenaem 3ameny dyrknuii v;(t, x) = @;(x) +w;(t, ). Orcroga
LLOJLY UM
K n K
Oyw; = Z Zaijs(t, )0z, ws + Z bis(x, t)ws + gi(t, ), (5.62)
s=1 j=1 s=1
wi(0,2) =0, i=1,..., K. (5.63)

K n K
9i = Fit DD aijs(t, )05 + Y bis(a,t)ps i=1,... K.

s=1 j=1 s=1
B cuny (5.50)—(5.54), mist mocrarouno Gosbmoro M > 0 VN > 1, no-
crarouHo Majoro o > 0, maxkopupytomas 3amgada Kormm s (5.62), (5.63)
OLIPeJIeJIsIeTCsl CIIeyoIeli CucTeMoit

K n
Z(Zaxﬁl)wjﬂ}
j=1 " i=1
i=1,... K; (5.64)

8tWi:M(1— (w1 =)+ '+(xn—x2)+N(t—t0)) 1 [

0

C HavYaJIbHBIMHM JaHHBIMU BUIA:

Wi(0,z) =0, i=1,...,K. (5.65)
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Harra 3aiaa — J0Ka3aTh CymneCTBOBAHUE aHAJUTHIHOTO B TOUKE (tg, () Ma-
KOPAHTHOTO pelreHusi, KO3(pOUITUEHTHI CTEIEeHHOT0 Psiga KOTOPOTO0 HEOTPHU-
1aTeIbHBI.

Permmenne 3amaan 6ymem uckarh B BHIE

Torma mosryamm
K
N Mn d 1 Mn d
P Sy (S vitt) ],
<Q Q(l—n))dn] 0 2 dn <Z )

i=1

Pasnenus na

- = , Tae a= ,
ol—=mn)  o(l-n) N
[IOJIY UM
K
d 1 d
“vi=——|b ~v; +1) ), j=1,....K.
ngg CL_77<z'1 %i#jdnv+0g(;v+ )) ’

(5.66)
Baecb a = (N—Mn)/N,b = Mn/N,c = M/N, nocrarouno 6osbinoe N > 1
1 JIOCTATOYHO MaJjoe ¢ < 1 BeIOupatorcst u3 ycjaosuit a > 0 u

—Mn > =N,

N =

X —:L'O x —;UO _
%(a—n)=N<1—(1 1)+ (@ —an) +N( t0)>
1

o
t—to] < —~p, |z; — 20| <
0l x o, &€ 33‘\4n

N J o, Jg=1,...,n.

N
[Monoxkum W = ) V;. Cymmupyst ypasaerus (5.66), cBemem sty cucremy K
i=1
OOBIKHOBEHHOMY Y PABHEHHIO
d cKo

%W:a—(K—nb—

(W + 1), (5.67)
n

perrasi KOTopoe, MOy YuM

(o (K - 1p)Ke
W& —p e

31ech MBI BOCIIOJIB30BAINCEH TEM, UTO IJIsI JOCTATOYUHO Oobioro N

1
a—(K—-1)b>0, a—(K—l)b—n>§,
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€eCJIn 1

1 0 )
‘t_t0|<ﬁ97 ‘xj_$j‘<ﬂg7 j=1,...,n.

Tak kak 0 < a — (K — 1)b < 1, To crenenHoii psj GyHKIuM (a — (K —

l)b—n) g HyJIe UMeeT HeoTpHuIllaTe/ibHble KoaddurmenTol. OTCIO/IA, B CHITY
(5.67), crenennoii psii B Hyse DyHKIME VY TakyKe UMEET HEOTPUIATEIbHBIE
koabdunmentsr. [logacrasnss (5.67) B (5.66), momryamv

d b 1

d
(5.68)

CrenoBarenbHo, KO3 MUIINEHTHI CTEIIEHHOTO Psjia B HYJIE IIPABO#l 9acTu 3TO-
T'O0 YpaBHEHUSA HEOTPUIIATEIbHDBI. HOHO}KI/H\I

V=Y v, Gi=> g
K>1 k>0

YuuoxuM (5.68) na (a—n) n nogcrasuM B (5.68) cTeneHHbIe PsIbI B HyJI€ IS
dbynxmmit V; u npasoit qactu G;. Ilomyunm cucremy Juis KoadbunuenTos

akvjp=(k—-1=0vjr-1+gjr-1, J=2, vj0=0,v1=gjo/a

Tax kax 0 < b < 1, To Bce koabdunuenter v; = 0. OTciona ciaeayer, 9To
byHKINN

V}(((ml—x?)+---+(:€n—xg)JrN(t—to))/Q), j=1...,N

Mazkopupytor ¢yukumn w;(t,z), j = 1,...,N, B CHlIy eIUHCTBEHHOCTH
otpeiesieHus Ko3hMUIUEHTOB Pa3IoKeHusi B psijl Teilsiopa. 910 3aBepiiaer
JIOKa3aTeIbCTBO TeopeMbl KoBaseBckoii st cucremst (5.62).

5.5.2. Hekoropsie 0600IIEHIS

PaccmorpuM caydail, Korjma cucreMa ypaBHEHUI He NMpUBelleHa K HOPMaJsb-
HOMY BH/Jy, T. €. HE pa3pelleHa OTHOCUTE/IBHO CcTaplleil IPOU3BOLHON

Fi(z,u,0pu,...,00u,...) =0, i=1,...,m, (5.69)
e u = (Ug,...,Up), 8£u = %u. [Ipeamonoxkum, aro Gyukuun F; ss-

JIAIOTCA AHATUTUYECKUMHI U 3aBUCAT OT IPOU3BOIHBIX (DYHKIUIT U; HOpsaKa
< nj. Haganbnple ycioBus paccMOTPHM Ha IJIaJIKOH aHAJIMTHIECKOH rumep-
ropepxaoCcTH I’

E)ljul(az) =pip(x), zel, k=0,1,...,n;—1;i=1,...,m.  (5.70)

3nech 0, — Mponu3BOIHAS IO HOpMAaJH K .
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CHauasa cBejieM 3Ty 3ajady K 3azgade Buga (5.60), (5.61). Cuenars 310
MOKHO TIPH JIOTIOJIHUTEIBHBIX YCJIOBUAX. BBEIEM B OKPECTHOCTH HEKOTOPOI
roukn Py € I' siokanpHyo cucremy KoopauHar (t,yi,...,Yn—1) TaK, ITOObI
STU KOOPJAMHATHI BHIPAZKAJINCH YEPE3 T AHAJIATHICCKH U YTOOBI IEPEMEHHA
t MeHsTach B HAIllpaBJIEHUW HOpMaJid K [ Tak, 4To MOBEpXHOCTH I orpejie-
nsgercs paseHcTBoM t = 0, a KOOpAMHATHL Y1, .. .,Yn_1 Opu t = 0 Obum OB
JIOKaJIbHBIME KoopauHaTamu Ha I'. Yeaosue (5.70) mo3BosIsieT BHIYHCINTD BCE
nponssouble hyHKIK uj npu t = 0 J10 HopsaKa n; — 1, TaK 9TO B HOBBIX
KOOpJIMHATAX HavasbHbIe ycjoBus npuobperaior dopmy (5.61). Bosee Toro,
mnddpepeHnpoBanne HadaabHbIX YCJIOBUI 1MO3BoJsgeT HajiTu npn t = 0 Bee
[IPOU3BOIHBIC 6{“6;‘ uj, KOTOPBIE HMEIOT IO t HopsoKk < nj — 1 ( sroboro
nopsiyika 1o y). Takum obpasom, npu t = 0 U3 HAYATBHBIX YCJIOBHI MOXKHO
HAWTH 3HAYEHUSA BCEX apryMeHTOB (pyHKIMH Fj, UCKIIIOYas MPOU3BOIHBIE 110
HAIIPABJICHIIO HOPMAJIM I MAKCUMAJIBHOI'O HOPsJIKA 7j JUIsl Uj, TAK YTO ITH
ypaBHeHud npu ¢t = (0 MOXKHO 3aIlucaTh B BUJE ypaBHEHUI

Di(y, 00 ug,y .., 0™ u) =0, 1=1,...,m, (5.71)

OTHOCHUTEJIbHO HOPMaJIbHBIX ITPOU3BOJIHDBIX. Ecin HOTpe6OBaTb, 9TOOBI KO-

buan B(D1, ..., Bum)
8(811 ynlula ceey 811 ynmum)

£0

6bL1 orideH ot Hyss npu t = 0, cucremy (5.69) MOXKHO MPUBECTH K BUJLY
(5.60).

Ecmn nmosepxnocts I' 3amaerca ypasuenunem S(z) = 0, |V;S| # 0, To sT0
YCJIOBHE MOYKHO 3allCATh B BHUJIC

det|| 3 %(aﬁ)a

|er|=n;

£0, t=0. (5.72)

ij=1,...m

YeqoBue HexapakTepuctudaocT (5.77) mMeeT 0COGEHHO IPOCTOl CMBICIT, KO-
rna F; nuHEeiiHO 3aBUCAT OT NPOU3BOMHLIX. Hampumep

> ()00 u+ f(z) =0, (5.73)

laf<m

torja ycsosue (5.77) npumer Buj

> aa(2)(0:8)* #0, S(x)=0.

la|=m

B Toukax, B KoTOpbIX (5.77) paBeH HYJ0, FOBOPST YTO HOpMaJsb K I'
B TaKUX TOYKAX HUMEET XapaKTepucTudeckoe Hampasienue. Ecin B J110060it
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touke I' onpenenurens B (5.77) paBeH Hys0, TOBEPXHOCTb | Ha3bIBaeTCst
xXapakTepucruieckoii. B srom ciyuae cucrema (5.69) nopoxaer upu t = 0
HETPpUBUAJIbBHOE COOTHOHICHUE IJIdd HaYaJIbHBIX JTaHHBIX

R((pLo, e ,gomo, e ,896%-7]-, .. ) = O

Hanpuwmep, st (5.73) npu S(t,y) =t, x = (t,y) HOJYIUM COOTHOIIECHHE

ST a0, ) 0r(y) + f(y,0)) = 0.
kn—1,k+|8|=m

5.5.3. IIpumep HecyIecTBOBaHUS AHAJIUTUIECKOTO PEIIEHUS

Yo ke Oy/ieT B XapaKTepUCTHIECKOM ciaydae? PaccyKaeHusi, Koropbie ObLIn
HCIIOJIB30OBAaHbI BBIIIE IIPU JOKa3aTeJbCTBE CIUHCTBECHHOCTHU aHAJIUTUYIECKO-
ro pemtenus 3agadn Komm, npuvennmsl K cucremaM Buja (5.60) n B ToM
cydae, KOIJia IpaBble YacTH MOTYT COJIEPXKATH, HAIPUMED, IIPOU3BOJHBIE
OF0%uj c k+a > nj, k < nj (n1a cucrempr tuna Kosasesckoii Tpebyer-
cs1, aTobel kK + a < nj, k < n;). OxHako B 5TOM ciydae aHAJIUTHYECKOE
perienue, BOOOITE TOBOPsI, CYIIECTBYET He JJIsi BCEX HAYAJILHBIX JTAHHBIX.
Pacevorpum 3astaay Kot iy ypaBHEHUS TEIIONPOBOIHOCTH

1

8tU:8§U, S Rl, t>0, u(07ﬂ§'):m

(5.74)

B stom cayuae S(z,t) =t = VS =(0,1) un

> aa(0:59)"(9:9)* = 0.

|a|=2

Takum obpaszom, 3amada (5.74) —xapakrepucruieckas. Jlokaxkem, 910 B
5TOM CJIydae HeT aHAJUTHIECKOrO PElIeHUsI B OKPECTHOCTH Hadasa KOOpD-
mumar (0,0).

Bynem mokaswiBaTh oT mporuBHOro. IIpearnosoxkum cyiiecTBOBAHUE pe-
IMIeHNsT, AHAJTUTHIECKOTO B Havaje KOODJMHAT:

_ Qi .o
u(t,x) = E Uay ant™ T T2,
|| 20
Torja k03 PUIUEHTH! Uq, o, TMEIOT CJICYIONIN BH/I

(25 + 2k)!

_ _1\k+s _
u23,k - (25)'k' ( 1) Y u28+1,]€ - 07 S > 07 k > 0

Ho torna sToT ps He cXoauTCs HU B KAKOH OKPECTHOCTU HadaJIa, KOOPIUHAT,
MOCKOJIBKY OH PaCXOJUTCsI, HApumMmep, B jioboit Touke (0,x), x # 0.
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5.6. CumMmerpusyembie cucteMbl. Yciaoue ['omgyHoBa

BoubimacTBO 6230BBIX CUCTEM YPaBHEHMI MaTeMaTHICCKUX (DUSUKU MOKET
OBITH 3aIlMCAHO B BUJIE TaK HA3BIBAEMBIX CHCTEM 3aKOHOB COXPAHEHUs BUJIA

n
O? +> 0y fPF =0, j=1,...m, =z€ R" (5.75)
k=1
Bnecy fIF dymkmmn Bemmamm u = (ul,...,u™). Us (5.75) caemyer, aro s

IIaJIKUX pereHnii, crabuimsupyomuxcs Ha 6eckoneqnoctu (u — 0, ecsn
|x| — o0), cpeanue

/ w! (t, ) dz = const,

T. e. 4/ COXPAHAIOT MPH SBOJIONUN CBOM MPOCTPAHCTBEHHBIE CPEIHIE (sBIs-
I0TCsI KOHCEPBATUBHBIME BEJIMIMHAMM ).

B srom naparpade Mbl npuBejieM HeOOXOAUMBbIE W JIOCTATOYHBIE YCIOBUSI
CUMMETPU3YyEeMOCTH CHUCTEMbI 3aKOH coxpanenus (5.75). Ilokaxkem, uro srta
3aJ1a4a CBsI3aHa C CYIIECTBOBAHMEM TaK HA3bIBAEMOTrO BBIMyKJoro (mo Lomy-
HoBy [25],[28]) pacumpenns cucremst (5.75), T. €. JONOJIHUTEILHOIO 3aKOHA
COXpaHeHUsT

n
O (u) + > 00 TF(u) =0, (5.76)
k+1
KOTODBIii sABJIsIeTCst  coesicTBrueM cucreMbl (5.75) (9TO ypaBHeHHe Crpa-
BeJUIMBO it BeeX Diajkux pemennit (5.75)). Tmagkue dynkumn (P(u),
(Ul ..., ¥"(u)) Ha3BIBAIOTCA SHTPONMEH M TIOTOKOM SHTDPOIHMH COOTBET-
CTBEHHO. DHTPOIUS HA3BIBAETCSI CTPOrO BBIYKJION, €CIM MaTPHIa BTOPBIX
POU3BO/IHBIX

<8uk8uj<1>(u)) >0 (5.77)
ITIOJIOZKUTEJIBbHO OHpe;LeﬂeHa.

JIemma 11. Cucmema (5.75) — cummempusyema, ecau cywecmseyem ee
CMPO20 GHINYKAOE PACULUPEHUE.

HocrarouanocTb. IlycTh cymmecTByeT JONOMTHATENbHBINA 3aKOH COXPaHe-
Hust ¢ mobbiMu Taakumu bynxmaavu (®(u), (U ... U™ (u)). Cremys [6],
nojioxkum ®; = 9, @, fljk = Oy, f7*, F} = 0, V. Ouesnnno, (5.76) sBasercs
ciepcrBueM (5.75) Torya u TOJBKO TOTIA, KOTJIA

=k =1, m, k=1,...n (5.78)
Huddepennupys (5.81) 1o w®, mosyanm
Qs f" = Ui, — 05 ST (5.79)
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W3 cummerpuanocT mpaoit wactu (5.79) caeayer CHMMETPUTHOCTD ee Jie-
Boit wactu. Orcioa, yMHOXKas ypaBHeHus: cucreMsl (5.75) ma ®;p, u cymmn-
pyd 10 j, TIOJIyYUM CUCTEMY ypaBHEHU

®,,00u) + ®j P00l =0, h=1,...,m, (5.80)

¢ cmvmerpmaabivE, B cmny (5.79), marpunamvu 9@ = (®;,), FF =
(®jn fl"k). Takum obpasoM, cymecrBoBanue pacmupenusi (5.76) siBisiercs
JIOCTATOYHBIM YCJIOBHEM CHUMMETPU3YEMOCTH CHCTEMbBI 3aKOHOB COXPAHEHMUsI
(5.75). Ocraicst OTKPBLITBIM BOIIPOC O MPHUBOANMOCTH cucreMbl (?77) K HOp-
MaJIbHOMY BHJIy C €JIMHUYHO} Marpureil npu npoussogHoii J; (cMm. [25] un-
BapuaHThl Pumana). B mpocreitmem ciygae cucrembr (5.75) ¢ JIHHEHHBIM
noTokoM (Marpuiia ( flA’k)— MaTPHIA C TOCTOSTHHBIMU KoM dUImeHTaMu, SH-
rpormst P(u) = ajkujuk — KBaJipaTuyiHast (DYHKIUSA) JOCTATOYHO TTOTPe-
60OBaTh CTPOTYIO BBINYKJIOCTH SHTPOMHMHU. 10T/Ia CYIIECTBYET 3aMeHa IIepe-
MeHHBIX © = Ov, npuBogsias cucremy (5.80) K HOPMAJIBLHOMY BHLY

Opvj + A G Oy v =0, (GIF) =07 FFO,

Aj > 0— cobcTBeHHble 3HAYCHUST MaTPUIIbI 0%®.
HeobxonumocTts. 3amernm, uro eciu cucrema (5.75) cuMMeTpuvHa

=k (5.81)
dbyHKIIMN . Lo . e )
—§jzl(u)a Ur = u fPr = g7,

Ve, g" = 7 (5.82)

OIPEJIEISAIOT CTPOTO BBIMYKJIOE PACIINPEHHE TIPU YCJIOBUU PA3PENINMOCTH CH-
crembl ypasrennii (5.82). YesoBusi cummerpuanoctu (5.81) rapanTupyer cy-
[IECTBOBAHNE IIAJIKOIO PEIICHUS CUCTEMbI

szgk - fch-

IIpumep. Ilpusenem npumep cuMMeTpU3yeMoil cucreMbl. PaccMoTpum
OJHOMEPHYIO CHCTEMY II€PBOI'O IIOPAIKa

Opu + 0zv = 0, (5.83)
0y — Opu — Opo = 0,
Oio — 30,v = 0.
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HeTpyiHo IpOBEpUTD, YTO 3Ta CUCTEMA UMEET CTPOTO BBIITYKJIOEe PACITUPEHIE
Oy [u2 + 02 + (0 + 2u)2} — 20, {va + uv} =0,

JJIsl QHTPONUAHON 11apbl
d=u>+0v°+ (0 +2u)? U= —2[U0+u1}]

3/1ecb MaTpUIa BTOPBIX MPOU3BOIHBIX

10 0 4
P?o=|[ 0 2 0 |; det(82<13)7é0.
4 0 2

[Tpumensist 5Ty MaTpuily K cucreMe (5.83), MOIYIUM CHMMETPU30BAHHYIO CH-

cremy
0 -2 0 10 0 4
2 0 -2 |aUu+| 0 20| aU=0 U=@uno0)T,
0 -2 0 40 2

KOTOpyIO MOZKHO HpI/IBeCTI/I K CI/IMMeTpI/I‘lHOMy HOpl\/Ia.HbHOI\Jy BI/I,ZLy CUCTEMBI
Tuna KopasieBckoit

oU+ Ao, U =0.

5.7. Pemenne 3amaun Komm njig cuMMeTpuyHOli CHCTEMBI

B sTom maparpade MbI Ipoo/RKUM HCcienoBaHue 3ajadu Komm misg cu-
CTeM IIEPBOT'O MOPS/IKA, HO JIJIsi TPOCTOTHI OTPAHUIUMCS JIMHEHHBIM CJTy IaeM.
[Tycrs B nosoce Qr = {0 <t < T,z € R"} 3anana cucrema N ypaBHeHUi

Lu) =uy+ Y _ Al(t,z)uy, + Bu= f(t,z), (5.84)

j=1
rae u(t,ﬂ?) = (ul(tax)v s ,UN(t,I')), f(t,fL‘) = (fl(tvx)a SRR fN(t,fL')) MaT_
punst A7 (j = 1,...,n) npeamnonararorcs cummerpudeckumu: A7 = (A7)

[Ipuenem psm onpesereHmii:
Ounpepnesnenne 6. Cucrema (5.84) HasbBaeTCs 2unepbosu eckot Io HAIPaB-

n
Jg.
S A+ \E
J=1
npu Beex JeiictBuresibHbIX £ # 0 mmeer poBHO N JI€HCTBUTEIBHBIX KOPHEI
Al, ..., AN, BOBMOXKHO, KDATHBIX.

JleHuio ocu t, ecyu ypasuenue det = (0 oTHOCHUTEJNHHO A
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Ounpepnenenne 7. Cucrema (5.84) HasbBaeTcss cmpozo 2unepboauveckotl,
€CJIM 9T KOPHU JIeHCTBATENBHbI U PA3IMIHbL Jist 1106010 £ = (&1, ..., &) #0.

Ecmu A7 — cummerpudeckue marpunpt, A7 = (A7)*) torga cucrema as-
TOMATUIECKN TUIEPOOIMIHA.

Omnpenenenne 8. Marpuia B Ha3bIBACTCA NOAOAHCUMENHO onpedenennot,
ecm (Bu,w) > 0 mys smoboro u # 0.

Ounpepnenenne 9. Bekrop £ = (&, ..., &,) HABBIBACTCA Tapakmepucmuyie-
CKUM, €CITH

det|6o + > ¢;47]| = 0.
j=1

Onpepnenenne 10. Ilosepxuocts S C R™! maswiBaercss noseprrocmwio
NPOCMPAHCMEENHO20 MUNG, €CIU JIs JI000r0 BekTopa vV = (1,...,V,)
BHEITHEH HOpMa/i K S MaTpuIa

n
l/oE + Z l/jAj
Jj=1

ABJIAETCA IIOJIO?KUTECJIBHO OHpe,H,elHeHHOI‘/JI.

Od4eBuIHO, MOBEPXHOCTDL § = cOnst ABJIsIeTCs TMOBEPXHOCTHIO MPOCTPAH-
CTBEHHOI'O TUIIA. SHa“H/IT7 TaKne IMMOBEPXHOCTU CYIIECTBYIOT.

B nasbreiimem Oymem HasbiBarh 3agady Korm st (5.75) KOppeKTHOIA,
eCcJIin JIJId .)'[IO6bIX TJIaJIKUX HadYaJIbHBIX JaHHBIX CYIIECTBYET €JIUMHCTBEHHOC
[JIQJIKOE peIleHune, o KpaliHeill Mepe B JIOCTATOYHO MAaJIO OKPECTHOCTH T'HU-
[IEPILIOCKOCTH ¢ = const W HeXxapaKTepUCTHIECKON TMITEPIIOBEPXHOCTH 1T
KOTOPOTI'O CIIPaBeJINBa alpuopHasi oleHka (Hampumep, B Lo). Llenbio sroro
maparpada sSBJIFETCA HNCCIeI0BaHNE YCJIOBHI KOPPEKTHOCTH 3ajaqdn Korm
quist cucremsl (5.84).

5.7.1. Teopema eIMHCTBEHHOCTH

Paccmorpum Ha mtockoctn t = 0 obmacts G u mycrs € — obmacts B R
orpanndeHHasi obsactbio G C R™ 1 MOBEPXHOCTBIO S MPOCTPAHCTBEHHOI'O
THTA TIO0 OTHOIEHNIO K cBoeil BHermmHeil nopmasu. [lycrs s pemrenus cu-
cremsl (5.84) 3aJaHbl HadaIbHBIE yCaoBus B obsactu G-

ul,_ = U(x), (5.85)

T. e. TIocTaBjeHa 3a1a4a Kormm.
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Teopema 93. C'— pewenue cucmemvi (5.84) 6 G 0dnosnarmo onpedeasem-
cA 3a0aHHUMU HauaabHomu dannvimy (5.85) 6 w060t mouke obaacmu (2.

Hoxaszameavemeo. Paccemorpum  cedenne obsractu ) THIEPIIOCKOCTHIO
t=rT:

Gr=Qn{t=r}.
Beenem obosHaveHms
Qr={0<t< 1, xeR"}, Q- =0NnQ,, Sr=5NQ,.

YMHOXKUM BEKTOpHOE paBeHCTBO (5.84) ckassipHo Ha BeKTOp 2u. Ilosryunm

(2u,u) + 2 i (Ajuxj,u) + 2 (Bu,u) = (2u, ). (5.86)
j=1

IIpeobpasyeM OT/ie/IbHBIC Y/IeHbI
(2u,up) = (u,u),, (Aju, u)mj = (Aju, um].) + (Ajum].,u) + (Aéj.u,u) ,
OTKY/la B CUJIy CHMMETPUYHOCTH MaTpu A
2 (Alig,,u) = (A7u,u), — (42 u,u).

[TozpcraBum nostydeHHOe BhIpazkenne B paBeHcTBO (5.86). Ilosryanm

(u,u), + Z (Aju, u)mj + (Eu,u) =2(u, f), (5.87)

j=1

~ no. ~

e B = 2B — Zl Aij. Bynem cumrars, uro Mmarpuna B yJI0OBIETBOpSET
J:

YCJIOBUIO

(Eu,u) > (u,u).

Huke MBI OKazkeM, 9TO Ha KOHeIHOM BpeMenHoM mHTepBase (0,7) cyime-
CTBOBAHUS PEIIEHUs ITO JIOMOJTHUTE/ILHOE YCJIOBUE HE OIPAHUYIUBACT OOIIHO-
CTH.

[Tpounrerpupyem (5.87) mo 2, u Bocmosb3yemcsi Teopemoil 'aycca—
OcTporpa/ickoro s mpeobpa3oBanns 00bEMHOTO HHTErPAIA B TIOBEPXHOCT-
HBIA. (7 Be3e 0003HAYAET €MHUIHBIN BEKTOD BHEIIHEH HOPMAJN K TOBEPX-
HocTH, orpannvuBaomeit €2, ). [Toayam:

/{(U,U)t + Zn: (Aju,u)xj + (Eu,u) }d:c dt = 2/(u, f)dz dt
j=1

Q, Q,
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nJIm

/ {(u, w) cos(r, t) + i (Aju, u) cos(1i, :Uj)}da—i—

90, =GUG,US; j=1

+ / (Eu, u) da dt = 2 / (u, f)dz dt.

Qr Qr

Ha G umeewm cos(7i,t) = 1, cos(i, z;) = 0, B T0 ke Bpemst Ha (G BBIIIOIHEHO

cos(7,t) = —1, cos(it, z;) = 0. Orciona
/(u,u)dx - /(u,u)dﬂs + / ([E cos(r, t) + ZAj cos(ﬁ,xj)} u,u) do
Gy G S, j=1
+/ (Eu,u) dx dt = 2/(u, f)dxdt.
T Qr

Tak kak S — IMOBEPXHOCTDH MIPOCTPAHCTBEHHOI'O TUIIA, HOPMAJIb

it = (cos(, t), cos(7, x1), ..., cos(i, xy,)),

TO

/ ({E cos(7,t) + iAj cos(7, :U])} u, u) > 0.

Sr 7=l

YUauTBHIBast, ITO (Bmu) > (u,u), HOJIyINM HEPABEHCTBO

/ (u, u) dz + / (u, w)dzdt < / (u, ) dz + 2 / (u, f)dedt.  (5.88)

G- Qr G Qr
st s1106bIX BeKTOPOB v, w crnpaseymBo 2(v, w) < (v,v) + (w, w), oTKy1a

2/(u,f)dxdt</(u,u)dxdt+/(f,f)dxdt.

T T T

C y4eroMm HavYaJIbHBIX yCJIOBUiT HepaBeHCTBO (5.88) 3amminercs B BUje

/ (u, 0) dz < / (0, ) dz + / (f, f) dudt. (5.89)

. G Q,

DTO HEPABEHCTBO HOCUT HA3BAHUE IHEPLEMUUECKO20 HEPAGEHCNGA TN GNPU-
oproti oyenxu O — pemrenus 3amaan Korrm.
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[Tycrs remeps o/ (t,z) u u”(t,x) —na pemenust cucrembl (5.84), ymo-
BJIETBOpsIIONUe HadagabHoMy yeiosuio (5.85). Torma v = o' — u” ecthb pe-
I[IEHUEe OJHOPOJHON CHCTEMbI, COOTBETCTBYyIOIElH cucreme (5.84), T. e. mnpu

f(t,x) = 0, ¢ HAUAIBHBIM yCJIOBUEM v = (. U3 sHepreruueckoro Hepa-

BEHCTBa it v ciefyer, aro v(t,z) =0, 1. e. u/ = u”.

U3 anpuopsoit onenkn (5.89) ciiejryer Takke TeopemMa O HEHPepPbIBHOI
3aBECHMOCTH perenns (5.84) or HAUYAJBHBIX JAHHBIX U TpaBoil wactu f. B
camMoM Jiesie, eciiu f MaJsio B HOpMe TpocTpancTBa Lo(€)) u ¢ Mano B HOpMe
L2(G), To u u masio B Hopme Lo (€2).

[Tokaxkem Ternepb, YTO yCJI0BUE (Eu, u) > (u,u) He OrpaHUYIUBACT OOIII-
HOCTHU HAIINX PACCMOTPEHUI.

[Tycts oHo He BbIMOMHEHO. CriesaeM 3aMeHy MCKOMOW (QDYHKIUH v =
we M rme p— HeKoTOpas KOHCTAaHTa, KOTOPYIO 1 BhIOepeM HuxKe. HoBBIil
BEKTOP ¥ yJIOBJIETBOPSIET CUCTEME

n
v + ZAjvxj + Bv + pEv = fe M,
j=1

Koncranry 1 > 0 BeIOepeM 10CTaTOMHO OOJIBITON, I9TOOBI /111 HOBOI CHCTEMBbI
MaTpUIa
n
B=2B+2uE > Al
=1

VJOBJIETBOPSAJIA YCIIOBUIO (éu, u) > (u,u).

= u‘ = 1)(x), TO FHEpPreTHIeCKOe HEPABEHCTBO IS U

Tak Kak v ‘
t=0

IIpuUMET BU

/ (ue ™ ue ™) dx < /(1/1,1/}) dx + / (fe M, fe ") dzdt

T Qr

nJm

/(u,u)daz <e M |:/(1/J,1/})d$ + /(f7 f)dxdt].

, G Q,

Taxk kax p, npu dukcupoBanHoM 1', 3aBUCUT TOJIBKO OT KOI(DMUIUEHTOB
cucremsl (5.84) m He 3aBHCHT OT IIPABOH YACTH, TO U3 HTOIO HEPABEHCTBA
cpagy CJAeAyIOT TEOPEMBbI O eIMHCTBEHHOCTH W HEMPEPBIBHON 3aBUCHMOCTH
perrenns 3aaa4qu Kormm oT HAYAIBHBIX TAHHBIX U TPaBOH IACTH. O



246 TDnaea 5. I'mnepbosinieckue ypaBHEHHUS H CHCTEMBI

5.7.2. Teopembl BiIOXKeHUS

Teneps ociabum yciaosus Tiajgkocru perternit (5.84). s sroro cdop-
MyJIUpyeM HeOOXOJMMble B JlajibHEAIeM MOHATHS U yTBepxKeHus. [lycrb
C*°(R™) — npocrpancTBo 6eckoHedHO nuddepenupyeMbix B R dyHKImii.
Omnpenenum kimace S dynknuit [Isapua: dynknns u(xr) npunaiexur S,
€CJIN BBIIOJTHEHbI YCIOBHUS:

1. u(z) € C®(R");

2. juist JI0OBIX MYJIBTHHHJIEKCOB (v, f CylecTByeT KoHCTaHTa M, g Takas,

9T0
‘iLﬁDau‘ < Maﬁ-

B xmacce S omnpeneneno npeobpazoBanne Pypbe, nepepojsinee S B S 110
dopmyie:
u(e) = / e @Oy (x)dz.
RT’L

Hopmy B .S MOXKHO BBECTH CJIEIYIOITIM 0OPa30M:

ful= [ Y ID*uf*dz,  s=0,1,2,...

Rn |Oé‘<8
(st dynknmit u(x) € S Takme HHTErpaIbl AOCOIIOTHO CXOMIATCH).

Onpenenenne 11. IIpocrpancreom Hg Ha3bIBAETCS HPOCTPAHCTBO, HOJLY-
JeHHOe 3aMbIKaHneM S 1o HopMme ||ull,.

[Ipu s = 0 nmomyunm Hy = Lo(R™). Kak 3ama1y MOXKHO IIPEJIOKUTD
CJIEJIYIOIIE YTBEPK ICHUSI.

IIpennoxkenne 11. Ilyemw nocaedosamenvrocmo {um(x)}, um(z) € S,
Pyndamenmanvra 6 nopme ||ulls. Toeda usz oepanuvernocmu ||uy,l|s caedy-
em cyu,ecmeosanue Yy npedeavrhotli GyrKUuL 0000UWEHHBT NPOUIEOTHLLT 0O
NOPAJKG S BKAOUUMENOHO, CYMMUPYEMDT 6 KEAOPaMme.

Ilpengioxkenne 12. IIpocmpancmeo Hg codepoicum ece dymruyuu, y xomo-
POVIT CYULLCMBYIOM, 0600WEHHDIE NPOUSBOOHIE DO NOPAIKA S, CYMMUPYCMDBLE
6 xeadpame.

Teneps BBesieM B Hg sxBuUBasieHTHYIO HOpMY. llycres u,v € S, Torma us
paBencTBa [lapceBays

(2m)" / utdr = / w(&)v(€)de.

R™ R
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Femn momoxxuTh © = W, momydInMm

e [uPdo= [ P,
Rn Rn

rjae U— QyHKIMIO, KOMILIEKCHO CONPSIKEHHYIO K u. Jlns mpeobpazoBanust
DOypbe byukimm u(z) cunpasemausa dopmyna Dy = (i§)*u(E). Iosromy

||ulls MoxkHO 3ammcaTh B BHe
&g = n) " [ 30 e ate) e,

lull2 = (27)" /Z‘Da

En lal<s o Jal<s

T. e. ||ul|s 9KBUBasIEHTHA HOpME, 3ajaBaeMoil (POPMYIIOIi:

Jull? = 2y [ (1+16R)° @O de.
R’ﬂ
Teopema 94 (Coboxnes). ITycmov u € Hipp (I,k > 0 —yeawve). Toeda,
ecau 2l > n, mo dynkyus u(xr) umeem HenpepvieHbBIE NPOU3BOOHBIE GO
scem npocmparcmee R™ do nopadka k exaovumenvno. Jpyeumu crosamu,
Hy ., € CHR™) npun < 2l.

Boaee moeo, ecau nocaedosamesvnocmv {umy,}, um € Hiig, cxodumes 6
nopme npocmparcmea Hyip, mo ona cxodumca u 6 Hopme npocmparcmea
CF(R™).

31ech

Jullox = sup (3 D"ul).

la| <k

Jlokasamenvemeo. st u(z) € S nmeem

D= (2m)™" [ @9 Daude = (2m)™" / (i€) a(€)de.

Rn Rn
Orcrona
S poul = 3 @) / (i€)*a(e)de| < (2m) / S Jelefate)lde
la|<k la|<k R™ Re o<k
< 01/(1+\£| )2 )| de = 01/(1+|«s\2)““+”/2 (1 + €)™ [a(e)) de.
Rn Rn

3nech koHcTanTa C 3aBucuT TOJIHKO OT k. [Ipumensis nepasencrso Korm—
BynskoBckoro, moaydum

S Dol < ¢y / (1+ J€[2)M fa(e) | de - / (1+ )" d

|| <k R™ R™
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Tak xak 2l > n, To
/(1 +1¢P) 7 de < .
Rn
C y9eToM 9KBUBAJCHTHOCTH BBEJCHHBIX B Hj|j HOPM MMeeM
> IDu(@)] < Cllullis-
o] <k
DTa oneHka paBHOMepHa 110 € R, mosroMy Jjist Bcex u € S

lullgr < Cllullpgy - (5.90)

Tenrepsp ycT®b Uy, € S, m = 1,2,..., 1 Uy, — u € Hyyp B HOpME TIPO-
crpancTBa Hy . Ecim MbI 1oKazkeM, 9T0 M0C/Ie10BaTeIbHOCTD { Uy, } dyH1a-
menTtaabaa B Hopme CF(R™), T0 B CHTy HOTHOTBI IOCIEIHEIO HPOCTPAHCTBA
Teopema Oy/IeT MOJHOCTBIO JoKa3aHa. V3 HepasenctBa (5.90) cieyer, aTo

Huml - umz”Ck <C Huml - umzHlJrk :

[ocneoBaTembHOCTD {Uyy, } dynmamentanbua B Hyyg, T.. |[tmy — Umy ||y —
0 npu myq, mg — 00. Iosromy ||t — Um, ||cx — 0 pu mq, mg — oco. BHa-
aut, {u,,} bynzamentamsna B CF(R"). Teopema nokasama. O

5.7.3. AnpuopHad omeHKa

Kak npuiozkenune pe3ysibTaToB MpeIblIyIIero naparpada moayduM alpruop-
nyto onenky H¥-pemenmii (5.84), k > 1. Paccmorpnu cucremy (5.84) R™HL
[ycrs f(t, z) bunnraa B R* a(x) — dunnraa 8 R™. Iycrs namee f(t, z)
umeeT B (Qp MPOU3BOJIHBIE C CYMMUPYEMBIM KBaJIPATOM JI0 TIOPsiKa k BKIIIO-
YUTETBHO, SJIEMEHTBI MATPUILI B UMeloT orpanundeHubie B ()7 TPOU3BOIHBIE
110 TIopsiKa k BKIIOUHTEILHO, a j1eMeHThl A/ mMmeror orpannmueHnbie B Qr
IPOU3BOIHBIE 70 TTOpsiaka k + 1 BKaoInTeabHO. Torma crpapeainBa OleHKa

/Z D%, D) [/Z “u, D) da

o<k la| <k

+/ > (Df,D*f)dwdt|, (5.91)

Q, lal<k

riae C 3aBucnt ToabKO 0T MaTpuiy A/, B 1 UX IPOU3BO/HBIX.
Hokazkem s1o jist nocrosinbix A7, B. Ilpumenum D® k cucreme (5.84)
u oboszHauuM w = D%u. Torna

n
wt—l—ZAijj + Bw = D“f
j=1
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U U3 SHepreTuvdeckoro HepaseHcrsa (5.89) mist w momydaem

/(Dau, D) dx < Cy [/ (D%, D%u) dx + / (D*f,D*f)dxdt|.
GT G QT

Cymmupyem 1o || ot 0 110 k, mosydaem HCKOMYIO OIEHKY.

5.7.4. CymecrBoBanme perienusd 3amauu Komm
CHCTEMBI C TIOCTOSHHBIMU K03} durmenTaMmm

Teneps paccmorpum B mosioce Qp = {0 <t < T,z € R"} cucremy (5.84) ¢
[IOCTOSTHHBIMU KO PUITHEHTAMEI

n
up + ZAjuxj + Bu = f(t,z),
j=1

rae A7, B — MaTpuilbl ¢ MOCTOSHHBIMU dj1eMeHTaMu, A/ — cuMMerpudeckue,
a B ynosinersopsier ycaosuio (Bu,u) > (u,u). Vmewm pemmenne 3azaqau Ko
C HAYAJIbHBIM YCJIOBHEM

u‘ =p(x), @€S,. (5.92)

B nambHeiiem MbI UCC/IeyeM JBe 3a1adu:

1) L(u)=0, u‘tiocho(x).

) L(u) =/, u’ =0.

t=
Cymma ux perrennii gaer pererne obieit 3agaqn (5.84), (5.92). Pacemorpum
cuavasta ciydail f = 0. [Ipeamosoxkum cyimecrBoBanue perniennst u(t, x) € Sy
st Beex t. IIpumennm K obenmm wactsim pasencrsa (5.84) B aroMm cirydae

npeobpazopanne Pypbe 10 T:
u(t, &) = / e @Oy (t, z)dx.
R”

Torna samada Komm (5.84), (5.85) upumer Bu:

U+ Y iAIgi+ B =0, (5.93)
j=1
u(0,€) = (&) (5.94)

Mbr monyumiau cucteMy OOBIKHOBEHHBIX JUHEHHBLIX J1uddepeHIna bHbIX
yPpaBHEHUI TIepBOro MOpsJiKa ¢ napamerpamu &1, .. ., &,. s rakoit cucrembr



250 TDnaea 5. I'mnepbosinieckue ypaBHEHHUST H CHCTEMBI

sajtagda Komm mmveer pemenne. Takum obpasom B Qp cymecrByer u(t,§) —
pererne cucreMbl (5.93) ¢ HavanbHbM yeiaosueM (5.94). Pacemorpum nHTe-
rpaJ

u(t,z) = (27)°" / @Ot €)de. (5.95)
R’Vl

Ipennoxkenune 13. Hnumeepasr (5.95) daem pewenue 3adawu Kowu I das
cucmemvt (5.84) ¢ nocmoannvmMu KOIGHUUUEHMAMU, € HAUANDHBM YCAOEU-
em (5.92).

BeiBesiem onenky st [u(t, €)|. st aToro 3anuimem cucremy, KOMIIEKCHO

comnpsizkeHHy0 K (5.84):
n

iy — Y iAT¢T+ B = 0. (5.96)
j=1
Vunuoxnm cucremy (5.93) Ha BekTOp U, a (5.96) Ha U M CJTOKUM X C yIETOM
TOTO, YTO

~

v+ g = |al? (z‘Ajgja, i) - (a z‘Af,gjﬁ) .
TTostyanm

a)? + (Ba, i) + (Bi, a) ~0. (5.97)
3J1eCb BBIDAXKEHUS (Bﬂ, 5) u (Bﬂ\, 17) [IPEICTaBIAIOT COOOH OMIMHENHHbIE

dbopmel otHOCHTEBHO U U . Ilostomy u3 (5.97) ciemyer omenxa |u]? <
Py ~2

M - ||, O6ozmaamm v = ||, Torma v; < Mv. YMHOKEM TIOCTe/THEE Hepa-

sercTBo Ha e~ M. TTomyunm

HTerpupys 3To HepaBeHCTRO 10 ¢ oT Hyaa 10 t, moaydaem e~ Miy(t) —v(0) <
0. Orcroma v(t) < eMt(0). Do ozmawaer, aro

ja(t, &)1 < M (181 VieloT). (5.98)
Teneps onennm crapume npousponbie dynknun (5.95). Tlokaxkem, aro
u(t,§) e S vtelo,T],
T. e. 1ist Jiroboro nosmaoMa P(€) u moboro o

|P(&)D%u| < Mp, = const . (5.99)
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Yumuoxkast (5.98) Ha 11060 MOJMHOM W, yUUTBHIBas, 9TO @o € S, HOIyInM
onerky (5.99) nupu a = 0. Tenepp 3ameTnM, 4TO CHCTEMY OOBIKHOBEHHBIX
muddepeHInaIbHbIX YPaBHEHUN MOXKHO TudPepeHInpoBaTh 10 mapamMeTpy
¢ (T.K. peleHne IIaJKo 3aBUCHT OT mapamerpa). [losyanm aHamormdmyro
cucreMy Jyist COBOKynHOCTH DU = v,, |a] < M (u3menurcs tosbko B) n
Ua(ovf) = Da@O(g)' ITosromy

S el <O Y 1D%30(E)].

la|<M laf <M

orkya n crenyer (5.99) ms |al > 0.
Takum obpazom, nHTErpaJ

u(t, ) = (2m)" / @O0, €)de
Rn

CXOIUTCSL M olpeiesisier HekoTopyo ¢yukuuo u(t,x) € S. IIposepum, 4ro
u(t,x) naer pemenne 3anaun 1). 3amerum, 9To

Du(t,x) = (2m) ™" / @8 (ie)u(t, €)de
R’Vl

B CHJIy PABHOMEPHOIi cxomumoctn uHTerpaiga. Oyukimo u(t, ) MOXKHO TO-
ke auddepeHnupoBaTh 10 ¢ 10J] 3HAKOM HHTerpajia, Tak Kak u:(t,&) us
(5.96) smHeitHO BBIpaXKaeTcs depes U ¢ KodDdUIUEHTaMH, 3aBUCSIIIMA OT
¢;. loncrasum u(t,z) B cucremy 1), momyunm, aro u(t,z) ects perenue I).

Yro6el mocTponTh permrerne u € H* u3 mpocrpamcrs Cobosesa, cradaa
HOJIyYUM DPaBHOMEDHbIE OIEHKH perennii u(t,x) € S, MoCTPOEHHBIX BBIIIE.
U3 pasencrsa [lapcesass, B cuity nepaserctsa (5.99), cienyer

/|u(t,x)|2dx < C’/|<po|2daz.
R R

Tasnee, n3 Doy = (2€)*u(§) m (5.98) nmosyuaem, uTo
|G [a(e)]* < €)1 18I,
OTKy/la 3 paBeHcTBa [lapceBass TakzKe MOJIydaeM, ITO

3 \Dgu\2dx<c/ S [Degds. (5.100)
R |CM‘<M Rn \a|<M
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Permmm reneps 3amaay 1), ecomm g € H,,. B npocrpancree H,, BBemeHa

HOpMA
lull2, = / S (Dol d.

Rn la|<M

Ecm @9 € H,,, To 3T0 03HAYAET, UTO CYIICCTBYET IIOCICIOBATCILHOCTH

k—
golg marey wo B HOpME H,, u golg € S pna mobbix k = 1,2,... g na-
JaJIbHBIX YCJIOBU u‘ = <p§ , k= 1,2,..., MBI y»Ke IIOCTPOWJIU PeIIeHUe

uF (t, x) zamaun Komm (5.84), (5.92). Tokaskem, 410

Jdemma 12. Pewenusa u* — u 3adavu Kowwu (5.84), (5.92) (u(0,7) =
k) npu k — oo 6 nopme H,, pasnomepro no t. Ilpedesvran dyrruus u
aeasemca pewenuem zadavu I) ¢ navwarvrot gynxyuet oo.

[ToceroBaTe/ILHOCTD <p§ dyunamenTanbia B H,,. CrieioBaTesbHoO,

2
/ Z ‘Dacplg—Dacpé’dx: Hdg-%”mﬁo, mpu  k,l — oo.
Rn lol<M

W3 mepasencrsa (5.100) cremyer, TT0

/ E ‘Dauk - Daul‘ dr < C’/ g ‘Dacplg — D%} du,

Rn la|<M Rn lo|<M
N

k l k l
o =], < o =]
m m

Ist 1060ro t. 3HAUUT, HOCJICI0BATEILHOCTD UuF dbyuramenTaibia B Hy,,
IpUIeM CXOINMOCTDH paBHOMepPHa 1o t. Bocmosb3yemcest TeopeMoit BIIOXKEHUsI:
ecn u € Hgyp u 2r > n, To u € C*(R™). Kpome Toro, eciu mnocsieioBaresib-
HOCTb Uy, cxomurcst B Hgyp, To ona cxomurcs B C*(R™). Beuio mokasaHo,
qTo

lullgs < M lullg,,., -

IIpeacraBum m = s 4+ r u upeanoaoxkum, 4to s = 0 u 2r > n. Torma

D10 o3HaTaeT, 4T0 u¥ — U PABHOMEPHO 110 t, T BMECTE CO BCEMHU IPON3BO/IHbI-
MU IO X JIO S-T'O TOPsA/IKAa BKJIIOYUTETbHO. OyHKIINT uk(t, Z) U IPOU3BOJIHBIE
10 T JI0 TIOpsiIKa S BKJIIOUUTEJIHLHO OT uk(t,x) CXOJIATCSI PABHOMEPHO TIO ¢
I &, HO IPOU3BOHbIE 110 t oT uF (t, ) BBIpazKAIOTCS Yepe3 MPOU3BOHBIE TIO T

k

u —u k

o], <cfleb el
m m

. <]
C's
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u3 cucreMsbl 1) u cuerem, mosrydeHHbIX u3 Hee JuddepeHnupoBanueM 1o t
u x. [loaromy Jr0OBIE IPOU3BOHBIE TIO T, T JIO MOPSJIKA S BKIIFOUUTEIBHO OT
uF(t, z) cxonarcs pasnomepno B R+ pu k — oo. Ilepexosis K npesesty npu
k — oo B cucreme 1), mosyanm, aro npeaenbHas byukiusa u € C°) s > 1,

€CTb DeIlleHne CUCTEMBI 1) ¢ HaYaJIbHBIM YCJIOBHEM U = @0, Yo € Hp,.
t=0
st Toro uTobet s > 1, Hy)KHO OpaTh m = [%] + 2.

IIpumep. PaccmoTpuMm BOTHOBOE ypaBHEHME

n
uy — Au = 0, Au = E Uz ;-
j=1

Sasaua Komn:
Ut — Ay = 0, (5101)

U = %o Ut’ = ©1
‘t:O o, =0 7

cBoaMTCS K 3ajade Komm st CUMMETPHUYIECKON CHCTEMBbI IIEepPBOrO II0-
psiJiKa € TOCTOSHHBIME KO3 durmenramu. PaccMoTpuM BeKTOP-QYHKITHIO
(U, Ugy Uggy s -+ Uy, ), auCTO KOMIIOHEHT N = n+2. [lepeobosnatum ux ciey-
oM 00pazoM (u, ul ul, .. ,u"). Perrenne 3amaan Ko (5.101) ogeBuno
VJOBJIETBOPSAET CUCTEME

u) — S uh, =0 (5.102)
j=1
ug—ugj:(L Jj=1 y 1

u‘ = %o
t=0
0’ _
U =¥
t=0
j 9o
ul — 9%0
‘t:O 9z

WNrak, pemenue 3agadn Ko 1y BOJTHOBOIO YpaBHEHUSI SBJISIETCS PEIIie-
HueM 3aja4qu Ko s cuMmMerpudHoil cucrembl. OOpaTHO, YCTh UMEETCs
pemenne 3agaan Komm (5.102). ITokazkeM, 4To % €CTh pelleHne BOJIHOBOIO
ypasrenust ¢ yciousmu (5.101). [Tist 9Toro Hy»KHO 10Ka3aTh, ITO

uj:uxj, j=1,...,N.
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HOCJIG,ZLHI/IG n ypaBHeHI/Iﬁ CHUCTEMbI MOXKHO 3alliCaThb B BHJIEC

0 .
J_ — _

a(u uxj)—O, j=1...,n.

Crenosarenbuo, u! — Uy; HE 3aBUCUT OT t. Ho nipm ¢t = 0 numeem v’ = Usg; -

3HAYUT, 3TO BEPHO U JJId JII0OOro t.

5.7.5. Ilpuamun Toamesns

Paccemorpum teneps 3amaday 11

n .
Ut + Z A]uxj + Bu = f(tax>7
j=1

JIJIsI CUCTEMBI C TIOCTOsIHHBIME KOodd dburinentamu. Perrenue sToit 3ama4qu mo-
JIyIUM € TIOMOIIIBIO uHTerpasia loamesns. jst 9Toro paccMoTpuM perienue
v(t,x, ) 3amaun I Buga

ug + ZAjuzj—FBu:O
=1
U = f(7,x).

t=1

Bynem mpeamonarats, ITO

L feC(Q),

2. f €S, s moboro t, npudeM MOCTOSHHBIE HE 3aBUCAT OT t.

Buech Q = {0 <t < T;x € R"}. Msl nokaszanu, aro v(t, z, T) — GeCKOHETHO
muddepentupyemasn dyuknns t u x. Pacemorpum naTerpas Hoame s

t
u(t,z) = /v(t, x,T)dT.
0
JlokazkeM, UTO 3TOT MHTErpaJsi Jaer pernenne 3agaau 11.
Jlerko BujieTh, 4TO u’ = 0. Janee, us nupesjcrasiennst v(t, x,T) ¢ TOMO-

mpio unTerpasa Pypree, yaurbiBas cpoiicrBa GyHkuun f(t, ), BBIBOIUM, 9TO
v(t,z,7), vi(t, o, 7) v, (t, 2, 7) HEIpepwIBHO 3aBucAT oT T. anee meem

¢
ut(t, x) —/%d7+v(t,x,t).
0
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Tax xak v(7,2,7) = f(7,2), TO

t ¢
u(t, ) —/?dT—i—f(t x), Ug, (t, ) /(;9—
0 0

CremoBaTebHO,

N ¢
ut—f—ZAjuxj +Bu:/ vt+ZAJvz +Bv)d7’+f(t x) = f(t,x),
0

J=1 j=1

TaK KakK n
v + ZAjvxj + Bv = 0.
j=1

Bamaua 5. [okaxkure, 9TO mOJIyUeHHOE peleHne 3aga4n 11 asisercs Gec-
KoHeuHO auddepennupyeMoit dpyukimeit or x n t. Kakymo riagkocTs nMeer
permenne 3ajaun 11, ecou f(t, ) umeer JuIIb KOHETHOE YNCJIO TIPOU3BOJHBIX
o t?

Bama4da 6. /lokazars, 9T0 JIst JIIOOOIO THIIEPOOJIUIECKOTO YPABHEHUST BTO-
pPOTo TIOPSAJIKA ¢ MOCTOSTHHBIME Koddg dutimerTaMu 3a1ada Kot cBoanTes K
zagade Kormm [y ciMMeTPUYIecKOl CUCTEMbI TIEPBOTO MOPSIIKA.

5.8. 006o06menHoe pemrenne 3agaun Komm

Paccmorpum 3aaay Kot jij1st cricTeMbl ¢ TOCTOAHHBIMUA KOI(DMDUITHEHTAMT:

L(u) =u+ Y Aluy + Bu=0, (5.103)
j=1

C Ha4daJIbHBIM YCJIOBUEM

u|_ =eol@), o€ La(®).
Panee Mbl ocTpousin pemtenue u(t, ) sroii 3amaun Kormm npu ¢g € S. Oupe-
JeauM ciaaboe pemtenne 3ajgadn Komm (5.103). st 9T0ro BBIBEIEM HHTE-
IpajbHOE TOXKIECTBO, KOTOPOMY 3TO PellleHre yoBaeTBopsietT. [lycTb BeKTop-
dbyuxims (¢, x) HenpepbiBHa n orpanuyeHa B Q) = {0 < ¢t < T;z € R"}
BMecTe C HPOM3BOMHBIME TIEPBOTO mHopsazka, T.e. ® € CYQ), n mycrs
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@‘ = (0. YMmHOXkas ypaBHEHUs CUCTeMbl Ha BekTop P, mHTErpmpys mo
t=T
obmactu Qpr = {0 <t < T |z| < M}, nonyunm

/(ut—ki Ajuxj—FBu, @)dx dt:—/[(u, <I>t)+i(u,Aj<I>mj)—(u, B*(I))} dx dt
j=1

Qum Qum =1
+ / Z(@,Aju) cos(n,x;)dS + /(u,@)dw — /(cpo,i))dx =0.
|z|=M Jj=1 t=T t=0
|z|<M |zl<M

Ilepetiiem Teneps B 3TOM paBeHCTBe K 1pejeny tpu M — co. OdeBuiHO,

qTOo
n

> (@, Alu) cos(n, z;)dS — 0

laj=m I=1

nupu M — oo, Tak Kak u € S paBHomepHo 10 t, a ¢ — orpanmdena B Q).
TlosToMy mOSTyIaeM HHTErpaabHOE TOXKIECTBO:

/ [(u,@t) + Zn:(u, AlD, ) — (u,B*@)}dwdH— /(%,@)dx —0.

Q J=1 =0

9T0 UHTErpaibHOE TOXKIECTBO U MOJIOXKUM B OCHOBY OIIpe/ie/ieHus 0000IeH-
Horo perternst 3agaun Komm (5.103).

Omnpepnenenne 12. Bekrop-dyukims u € Lo((Q)) HasbBaeTCss 0606weHibLm
peweruem 3amaan Kommm (5.103), eciu myst sio6oit Bekrop dynknnu (¢, x)
TaKOi, 94TO
L ®ecCYQ), ®,P, Dy, € La(Q):
2. <1>‘ :0,(1)‘ € Ly(Q):

(=T t=0 2(Q)

BBITIOJTHSIETCST PABEHCTBO:

/ [(u,@t) + Zn:(u, A, ) — (u,B*cb)}dxdtJr /(%,@)dx _0,

Q j=1 =0

nJIm

/(u, L*(®)) dx dt + /(900, ®)dx =0,
Q =0

n .
re L*(®) = &, + Y AV®,, — B*®.
j=1
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Ilpenmoxxenune 14. Jlaa w0601 navasvhot sexmop-pynkyuu o € Ho cy-
wecmeyem eduncmesennoe obobwernnoe pewenue 3adavu Kowu (5.103).

Samaua 7. [okazarb, uTo eciam obobiieHHOe pereHne 3aja4un Kormm ume-
€T HelpepbIBHbIE MPOU3BOIHLIE 110 ¢ U 10 X, YIOBJIETBOPSET HAYAJILHOMY

YCIIOBHIO U = o, T0 u(t, ) ynosnaersopser cucreme (5.103) B 0ObIIHOM

CMBICJIE.

Hokazkem cymiecrBoBanne 06001eHHOr0 pemntenusi 3agaau (5.103) mpu
yenosun, |aro ¢y € Hy. Ipubmmsnm @o(xr) € Hy bynkmuayu of(z) € S

H,
Tax, ato k(z) =% @o(x) npu k — oo. Iycrs uF(t, ) — coorsercrrytomee
pemrerne 3agaun Korrm:

Ouesnno, u®(t, x) aBasercs Takyke 1 0GOBIIEHHBIM DEIIeHIeM TOH 331441
Kormmmn. Vcnonb3yst JoKasaHHyIo paHee SHEPreTHIECKYIO OLIEHKY

/u2dﬂsdt < C’/chdx,
Q R

ki _

JJ151 Pa3HOCTU PEIIeHu u uP? | mosyanm

/‘ukl — k2
Q

Orcioma cretyer, uto u* — dbymnamenranbhas nocteaoparebaocTs B Ho, 1,
creposarensuo, uf(t, x) — u(t,z) npu k — oo B Hopme Lo(Q). Tax Kak jist

2
dz.

2 k k
dadt < c/ -
Rn

Uk BBITIOJTHEHO MHTEr'paJIbHOE TOXKICCTBO
/ (uk,L*(¢)> du dt + /(w’g, ®)dz = 0,
Q t=0
TO, TEPEXOs K Ipeeay npu k — 00, MOIYIuM
/(u, L*(®)) dx dt + /(goo, ®)dx =0,
Q =0

T.e. u(t, x) aBisiercst 0606meHHbIM pertenneM 3aaadn Komm. Takum o6pasom
JIOKa3aHa TeopeMa CyIeCTBOBAHUSI.
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s mokazaTelbCTBO €IWHCTBEHHOCTH MPUMEHNM MPUHIII XOJbMIpe-
Ha. I[Iycrb w1, us € Lo(Q) siBiisitorcst 0600IEHHBIMEU perieHusiME 3aja4u Ko-
mu (5.103). Torga ¢ = up — ug yIOBIETBOPSIET UHTEIPATIBHOMY TOXKJIECTBY:

/(go, L*(®))dzdt =0
Q

npu Jjo60it BekTop-dyHkimn ¢ ¢ ykazanubiMu Boiie cBoiicrBamu. [logcra-
BUM B 9TO paBeHCTBO PYyHKIHMIO P, KoTOpas B () sIBJISIETCS PEIleHneM 3a1adn
Komm
n
L*(®) =@+ Y Al®, — B®=F, o =0
j=1

rae F' € C3°(Q). Pemtenne @ sr0it 3a/1a49u CyIIECTBYET, KaK JOKA3AHO BBIIIIE,
U yJIOBJIETBOPsAET TpebyeMbIM ycaoBusM. OTcCiofa mMeem

/(cp,F)d:cdt—O
Q

1yt moboro F € C§°(Q), Ho 970 3HAYHT, 9TO (0 = 0 HOUTH BCIOLY, U U] = U2
B Q. Uto TpeboBaIoch J0Ka3aTh.

Bameuanue 21. [lpu nocTpoenun pernenus 3ajgaqu Komm st CHCTeMBbI
[EPBOTO MOPSJIKA, MBI CYIIECTBEHHO MCIIOIB30BATH TOT (DaKT, 9TO HA KOHEU-
HOM BPEMEHHOM MHTEpBAJIE BJIMSHUE MJIQJIIHX WIEHOB B CUCTEME He CylIe-
CTBEHHO. DKCIIOHEHIMAJbHBIH POCT KOHCTAHTHI B oneHke (5.98) npu ¢ — oo
He caydaeH. [IpuBeieM IpuMep Tak HA3bIBAEMOTO TeJIErpadHOrO ypaBHEHUs

O*u=Au+200u, x€ R", t>0.

B meycroitunBoMm, OTHOCHTEILHO MJIAJIIIEro 4jieHa, caydae b > 0 3T0
ypaBHEHUE UMeeT PereHne

u(z,t) = cos(kz 4+ /|k|2 — b2) ¥, ke R", |k| > b,

orpanudenHoe 1npu t = 0 ¥ SKCIIOHEHIUAJIBHO pacTyliee pu t — 0o, B TO
BpeMs Kak PEITieHrne BOJTHOBOTO YPABHEHUS ¢ TEMU YKe HAYATLHBIMI JTAHHBIMI
OyIeT OrpaHMICHHBIM.
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