M.JI.Kpacnos, I''M.Maxapenxo, A.1.Kuceneg
BAPUALIMOHHOE NCYUCJIEHUE

3agauu M ynpakHeHust
I'maBHast penakiius pU3MKO-MaTeMaTHUECKOW TUTepaTyphl u3a-sa «Haykay, 1973.

[IpennaraeMblii 3aJauHMK TOCBSIIIEH Ba)XXHOMY pa3leny MaTeMaTHuKH —
BapHalMOHHOMY HCUYHUCIIEHUIO.

ITo cTtmmo u MCTOAUKE M3JIOKCHHUA IMPECAMETA OH HCIIOCPCACTBCHHO NPHUMBIKACT K
paHee M3JIaHHBIM KHUTAM TeX K€ aBTOPOB «DYHKIMH KOMIUIEKCHOT'O MEPEMEHHOTO.
OnepanuonHoe ucuncienue. Teopus ycroitunBoctu» U «MHTErpanbHble ypaBHEHUSD.

B Hauane kaxjaoro pasiena MpPUBOAATCS HEOOXOTUMBIC TEOPETUUYECKHE CBEICHUS
(ompenencHust, TeOpeMbI, (HOPMYITBI) B MTOAPOOHO pa3OUPAFOTCS TUITOBBIC TPHUMEPHI.

3aayHuK COJEPKHUT CBBINIE CTa pa3oOpaHHbIX mpumepoB u 230 3amad s
CaMOCTOSITEILHOTO PELICHHUS.

3anaun cHaOXKEeHBI OTBETAMHU, B PsJIE CIIyyaeB JAIOTCS YKa3aHUS K PELICHUIO.

OI'JIABJIEHUE
[Ipeaucnosue 3
[IpeaBapuTenbHble 3aMEYaAHUS 5
I'maBa I. DxcTpeMyM QYHKITUH MHOTHX TIEPEMEHHBIX 7
§ 1. be3ycnoBHBII 3KCTpEMyM 7
§ 2. YCII0BHBIN 9KCTpEMYM 15
I'naBa II. DxcTpemyM (QyHKIIHOHATIOB 22
§ 3. ®yuknmonan. Bapuamus ¢yHKIIMOHAIA B €€ CBOMCTBA 22
§ 4. IIpocreitmas 3aga4a BapuallMOHHOTO UCYUCIICHUS. Y paBHEHHUE Dilliepa 46
§ 5. O60061meHus TpocTeiiiiel 3aJaul BAPUAITMOHHOTO UCUHCICHHUS 61
§ 6. lHBapuaHTHOCTH ypaBHEHHU Diliiepa 73
§ 7. [lone sxcTpemaieit 76
§ 8. JlocTratrounbie yCa0BUs SKCTpeMyMa (DyHKITHOHAIIA 88
§ 9. YciioBHBIN SKCTpEMYM 103
§ 10. BapuanuonHsie 3a7ja4uu ¢ MOABUKHBIMHU T'PaHULIAMU 119
§ 11. Pa3pbiBHbIE 3a1au. OJHOCTOPOHHHE Bapualluu 131
§ 12. Teopus 'amunbToHa — SlK0OK. BapuannoHHbie MPUHIIAITHI MEXaHUKH 140
I'masa I1I. IIpsimbie MeTOBI BapUALIMOHHOTO UCYUCIICHUS 155
§ 13. KoHeuHo-pa3HOCTHBIN MeTo1 Diinepa 155
§ 14. Meton Putma. Meron Kantoposuua 157
§ 15. BapuanuoHHbIe METO/IbI HAXOXKACHHUS COOCTBEHHBIX 3HAUCHUN U 164
COOCTBEHHBIX (YHKITUI
OTBeThl U yKa3aHus 178

Jlutepatypa 189



NMPEANCIOBHUE

CoBpeMeHHOMY MHXKKEHEepy YacTO NPHXONHUTCA HMeTb
JIe10 C 3ajayaMi, KoTopble TpeOyIOT OT Hero Xopoiuefl
MaTeMaTHYeCKOH MOATOTOBKU W TBepAbIX HABBIKOB B INIpH-
MeHeHHH pa3HooOpa3HBIX MaTeMaTHYecKHX MeTonos. Pac-
IIHpeHHe MAaTEeMaTHUYeCKOI0 KPyrosopa HHXKEHEpOB He-
MaJo CIOCOGCTBYeT HOBLIM AOCTHKEHHSM TEXHHKH.

Bapuauionnoe ucuuc/ieHde sBAAeTCS OHUM M3 HaH-
fosree BaXKHBIX MAJs MPUIOKEHHH pasjenoB Kiaaccuye-
CKOTO MaTeMaTHYeCKOro aHafiu3a. B Hacrosdllee BpeMd
B pAjJe BTY30B BapHALlHOHHOE HCYHUCJICHHE BKJIIOYEHO B
ofs3aTe/ibHYI0 HPOTPaMMy Kypca BBICUIEH MaTeMaTHKH.
Boabimoe KOMHYECTBO 3afay MO BAPHALHOHHOMY HCUHC-
JIEHHIO COAEp:KHTCS B U3BeCTHOM cOopHHKe 3ajgau
H. M. Tourepa u P. O. Kysbmuna, Ognaxo 3t 3agau,
B OOJNDbUIMHCTBE CBOEM JOBOJLHO TPYAHBIE, JaHbl 06e3
YKa3saHHH K MX peUIeHHIO, N03TOMY HAYHHAIOWEMy Oi
6LIBAIOT 4acTO He MO cHJaM. MHOro Xopowux 3ajnau
paccesiHO MO0 MHOTOYHCJAEHHBIM KypcaM BapHAUHOHHOTO
MCUHCJEHHS,, HO HEKOTOpblE M3 ITHX KypCoB cTajau Oub-
Jauorpaguueckoil peaKoCTbIO.

ABTOpHl 3aJaMHCh HeJbl0 JaTb HEKOTODHIH MHHHMYM
3agay [0 OCHOBHBIM pa3jedaM KJaCCHYEeCKOrQ BapHa-
LMOHHOTO HCYHC/JEHHS M CO3HATENbHO He K4aCaJHchb BO-
IIPOCOB, CBSI3aHHBIX C TEOpHeH ONTHMAJbHOIO Yynpas-
JeHud,



4 TIPEOYICJIOBHE

ITpn cocraBienun HACTOALIErO 3ajauHuka aBTOPH
OPHEHTHPOBAJIHCh B OCHOBHOM Ha Kuury JI, S, Djnc-
roabua «duddepennuanbusie ypaBHEHHS M BapualHOH=
noe ucuuciaenne» u JI. §. Unada «Bapuaunmonnoe uc-
yHcJeHHe M HHTerpaJbHble YpaBHeHHs» (CIPaBOYHOE py-
KOBO/ICTBO) .

CuyTaeM CBOMM NMPHSTHBIM J0JTrOM ropsiyo nodaaroia-
puth pouentos H. X. Pososa u JI. §1. Lnada 3a pan neu-
HBEIX 3aMeYaHHil H COBETOB, KOTODhle MOMOIJIM HaM B pa-
6ote najg kHurod. Ilosbayemcst ciayuaem BHIpa3uTb NpH-
3HATEJBHOCTh COTPYAHUKAM Kadenphbi BhICIIEH MaTeMa-
Tdkd MOM, koTopble TakKe noMoranu HaM INpH HalH-
CaHHH KHHUIY,

Bce 3aMeyaHHs H TNpeLJOKEHHWs, HalpaB/eHHHE Ha
yJaydllleHHe KHHru, Hamu OyAyT npuHATH ¢ OGaarojap-
HOCTBIO,

M. JI. Kpacroas,
. H. Makapenxo,

Mocksa — JIy6na, 1972 r, A. H, Kuceaes



NMPENBAPHTEJIbHBIE 3AMEYAHHSA

I. Ecin A — npou3BoJbHOe MHOMXKECTBO 3JEMEHTOB, TO YTBep-
XKIeHHe <€3ANEeMEHT a NPuHaOAexuT MHONecT8y A» CHMBOMHYECKH
3anuceiBaeTcs Tak: a = A.

3anuch a €A (man aEA) osHauaeT, yTO 31eMedT a4 He MpH-
HaJeXHT MHOXKecTBY A.

Ecan A u B — mHoXecTBa, To yTBepkaenue «A sgasgerca nod-
MHOMCecTaoM MHONMecT8a B» (cumBonuuecku: A — B) osHauaer, uTO
BCHKHI 3/eMeHT x MHOXMecTBa A NPHHAAIEXKHT M MHOMKecTBYy B.

2. ObbennuenHe M nepeceyeHHe [HBYX MHOXeCTB A u B onpe-
JenqioTes CAeAyomuM 06pasom:

O6Bedunenye AU B = {x|x = A uau x & B} ecTb COBOKYNHOCTB
SJIGBMEHTOB X, NpHHaA/eXaUlHX XOTs 6Bl onHOMy H3 MHOXKecTB A
H ’

nepecesenue A (1B = {x|x =4, x & B}— coBokynHOCTb 3de-
MEeHTOB X, HPHHAMIEXaIUHX Kak A, Tak # B.

3. Ecit A — HEKOTOpOe MHOIKECTBO BelleCTBEHHBIX uuces, TO
sepxnell epansro (Tounol eepxwel epatero) A Ha3piBaeTC HauMeHb-
Llee BellleCTBeHHOe yHCI0 M, Takoe, 410 a << M aas Bcex a < A.
WiubiMu cioBamu, M — Bepxusas rpaub A, ecau jag Jwboro a = A
HMeeM 4 << M, Ho KakOBo 6wl HM 6bL10 € >0, X0TA OB H Kak
yroaHo maJjoe, HafineTcl no Kpafiledl Mepe ONHH 3JeMeHT b = A Ta-
Koii, uto M ~— g < b.

Ecan Takoro uyucsia He CYHIeCTBYeT, TO B KauecTBe BepxHel
rpauu A npunumaercs oo,

B ofoux cayuasx BepxHsas rpaHb MHokecTsa A ofosHauaercs
sup A. AuanoriuHoe onpejieseHne Jaercsd U AR HuXHeld epanu MHO-
scectsa A, oboanauaemoll inf A. '

4, Jlunednotm npoCTPAHCTE0M Ha3blBaeTC MHOXKeCTBO R ase-
MEHTOB X, Y, 2, ... TPOM3BOJALHOA NpPHPOALI, AN KOTOPHIX onpefe~
JIeHB! Onepalliy CJOXKEeHHs M YMHOXKCGHHS HX Ha uHcaa, NMpHYeM Bbl<
MOJIHEeHB! CJelyIoIuHe aKCHOMBbI:

x+y=y+x

2) (x+y)+z=x+(y+2)

3) cymectByer Takoii 3saemeHT 0 (HyJeBo#l 3JeMEHT), uTO
X -+ 0 = x ana moboro x = R;

4) aas kaxkioro x & R cymectByer Takoft 3.ieMeHT —x (mpo-
:mBox_x)onlox&beﬁ 37EMeHT), uTo X + (—x) =0,

X == x;
6) a(ﬂx)——(aﬂ)x'
) (@+B) x=ax +Bx;
8) a(x+y)=qax -t ay.



6 NPEABAPUTEJIbHBIE 3AMEUYAHUS

5. Jlunetinoe npocTpancteo R Ha3wlBaeTCs HOPMUPOsannbm, ech
KaX/[OMy 3JeMeHTy X & R 1OCTaBJIeHO- B COOTBETCTBHe HeoTpulla-
Tenbioe neficTBHTeNbHOE yHcaO0 || X || — HopMa 3Toro ajemenra, npH-
yeM:
1) x| =0 Tonko npu x==0;

2) flaxll =jaf-fx;

3) lx+uyll<<lx#+lyll (akcnoma TpPeyrodbHHKa HJA HOPM).
6. Muoxectso M aneMeHTOB X, y, 2, ... JIOOOH NPHPOALI Ha3hi-
BAaeTCA METPUHECKUM NPOCTPAHCTEOM, €CJH KaxJIOH Nape 3jeMeH-
TOB X, y U3 M nocraBieno B COOTBETCTBUE HeOTpPHLATENbHOE ACHi-
CTBHTE/IbHOE YHCA0 p(X, Y) TaKoe, 4ToO

1) p(x,y) = 0 Toraa n TOABKO TOrAa, Korga X = y (akcHOMa
TOXKJIeCTBA);

2) p(x,y) = p(y,x) (akcHOMa CHMMETpPHU);

3) p(x, ) +p(y,2) = p(x,2) (akcuoMa TpeyroibHHKA).

Uucano p(x,y) HasblBaeTcs pacCTOAHUEM MEXCOY JACMEHTAMU
XHy.

Bcakoe nnHefiHoe HopMHpOBaHHOe IIPOCTPAHCTBO — fABJSETCH
METPHYECKHM: J0CTATOUHO MOJOXKHTL p (%, y) = || x — yl.

7. lIpoctpancrgo  Cla, b] — IPOCTPAHCTBO  BCEX  HeNpephIBHEIX
Ha [a, 8] byHrumi y(x):

lylg=_max y(x)l

a<x<g

ITpoctpancrso  Cila, b] — npocrpancTBo  Beex Gymruui  y(x),
HenpepeBHBIX Ha [a, b] BMecTe co cBoefl mnepBOil NPOH3BOAHOM:

lylic,= gaxbly(x)l+ glaibly’ (©) 1

SAS LESEANS

ITpocrpancrso Capla, b] — npocTpancTBo Beex GyHKUMA y(x), He-
npepwBHHIX Ha [q, 6] BMecte ¢ NPOH3BOLHBIMH 10 Nn-ro HOPALKA
BKJIIOUHTE/IBHO (1 — (QHKCHPOBAHHOE HATYpa/JbHOE UHCJIO):

n
Tyl =2 max [4® (x)].
n g esx<h

Huorna 8 Caula, b] nopmy asementa y(x) oNpenedsioT Tak:

yll= max {Jgx)L [ *)] eee, 5D (x)[}
a{x<h



FTABA I

3KCTPEMYM ¢YHKLUHH MHOTHX -
MMEPEMEHHBIX

§ 1. BeaycaoBHbI sKCTpeMyM

ITycts B Hekotopoit o6iacty D eBKAMAOBA N-MEpPHOTO IPOCTPaH-
n
crBa E sagnana Qyuxuus [(x, X3 ..., ¥s) WIH, KOPOTKO, f(x).
Mu ckaxeM, uto B TOouke xo & D dynkuus [(x) OJocruzaer
c80e20 Haubosbwezo (HAUMPHbWE20) 3HAYeHUA, ecly KakoBa Obl HH
6bl1a Touka X & D, umeeM:

F(x) <F (x0) (F (x) 2 (x0))-

Teopema Beftlepmwrtpacca. Bcakaa ¢ynxyua, wenpepois-
HafA 6 3amKHYTOU ozparuvenHol obaacTu, 0ocTueceT 6 Hell c8oezo
HauboAbme20 U HAUMEHbUIE20 3HaYerull.

Onpenenenne l. Ilyere dyukuns f(x) onpegenesa B obna-
ctu D E™ Touka x'% =(x1, cens xn) & D wuHaspiBaeTcst rouKol
€TPO2020 maxcumyma (COOTBETCTBEHHO TOUKOL (TPO2020 MUHUMYMA)
Q)Xﬂxuuu f(x), ecan cyliecTByetT Takas OKpecTHOCTh Q(x®) TOukd
x®, 4yro BBIMOAHsIeTcst HepaBeHCTBO [(x) << f(x¥) (cooTBeTCTBEHHO
f(x) > f(x®)) maa Bcex Towek x & Q(x®) N D, x 5= xO,

Touka crpororo MakcuMyMa (COUTBETCTBEHHO CTPOroro MHHHs
MyMa) XapaKTepH3yeTcsi TeM, uTO

Af==f(x) = f(x®)<0 (coorBercrenno Af>0)

npH Bcex x = Q(x®) N D, x 5= x©, E

Ecan ke gans Toukn x(® cyliecTByeT Takasi OKPECTHOCTb
Q(x®), yro pas Bcex Touek x & Q(x®) N D BemMOIHAETCS YCJIOBHE
f(x) << [(x®) (coorserctenno f(x) = f(x®)), to Touka x©® Hasn-
BaeTCd MNPOCTO TOHKOL MAKCUMYMA (COOTBETCTBEHHO TOHKOL MuMi-
MYyma).

Onpenenenune 2. ToukH MakcAMyMa d MHHHMYMA (yHKLHH
f(x) HasbiBalOTCA TOUKAMU IKCTPEeMyMA STOA (QYHKLUH,

{. Tlospsysicb onpeneneHHeM, HAaHTH TOUKH 3KCTpeMmyMa
Py ki

a) f(xp xy) =1} + %%



8 OSKCTPEMYM ®YHKUHP MHOI'MX NEPEMEHHBIX [ra. 1

2412 x?+x§9é 0,
1, £+ i =0
2
B) f(xp xp)= 1} — x5
B obaacty D {xf + << l}.
Teopema 1 (reobxoammoe ycioBue skctpeMmyma). [Tycrs

6) f(x1, xg) ==

pyukyus f(x), x = (%1, %3, ..., X¥a), OnpedeseHa 8 HexoTOPOil OK-

pectroctu touku xV = X[s Xy eeuy x%). Ecau sra touxa ssasnerca

TO4KOU 3KCTpemyma Pynkyun f(X) u ecau 8 310l 104ke CYWECcT8yIOT

npousgoonbsLe axi (G=1,2, ..., n), 70 oHU pagHblL HYAIO
af(x(w)

3%, =0 (=12 ..., n

Ecau ¢ynkyusn [(x) dugppepenyupyera 8 touxe sxcrpemyma x,
70 ee Quppepenyuan pasen Hywo 8 310k Touxe: df(x®) == 0.

IMMpumep l. Hafitn Touku skcTpeMyMa dyHkunu z == x? 4 42

Pemenue. Touku sKCTpeMyMa HaXolsTCsi Cpeid TOUEK, AJs
KoTopbix dz = 0. B HaueMm cayuae dz = 2x dx -4 2y dy. Yciosue
dz = (0 BHIMOJHsIETCA B eAMHCTBEHHOH Touke x = 0, y = 0. B ca-
MOM zene, ecaH X =y = 0, To dz = 0. OGparHo, nyctb dz = 0y
N0/b3ysICh NPOU3BOJBHOCTLIO dX 1 dy, BHGepeM dy = 0, Torza 0 =
=dz = 2xdx ¥ B CHNy NPOU3BOJBLHOCTH dX OTCIOJA CJEIYeT, YTo
x == 0. AHajornuHo noayuaem, uro ¥ y == 0. B rouke (0,0) umeem

=0, BO BCeX Xe JAPYrux Toukax 2 == x2+4 y?> 0. Tlostomy

Touka (0,0) sABasieTCs TOYKOA CTPOroro MHHHMyMa i (YHKIHH
2= x4 42

Ecan pacumpuTe kmace ¢yHKUHH, B KOTOPOM HIeTCs 3IKCTpe-
MyM, BKJIIOuHB GyHKUHM He JH(ddepeHIHpPyeMEe B OTAesbHBEIX TOY-
Kax, INPHXOAHM K cjeaylolmeMy HeOOXOIHMOMY YCJOBHIO
3KcTpeMyMa,

Ecau x® ecto To4ka sxcrpemyma pynsyuu f(xy, Xo, ...y Xa), TO

(i=12...,n)

8 37Ol TOYKe KaM0as 4acTHAA npousseooHas Ox
i
Au60 pasHa HYya0, 2ub0 He cyuiecTeyer.
Mpunep 2. PaccMOTPHM BepXHIO 1O0JOCTH KOHyca 2% ==

== x2 4 y2, 2= 0. OueBuano, B Touke 0(0,0) ¢yHKuUNS 2 HMeeT
. z 2
MuHuMyM. Ho B a1Ofi TOuKe —5— H -5~ He CYILIECTBYIOT.
ax Ay

Onpenesnenne 3. ToukH, B KOTOPEIX BLINOJHSETCH Re06X0~
NAMOe YCJIOBHE 3KCTpeMyma GYHKUHH f(X), HashBaloTda Kpuruyes
CKuMU TOYKaMu 3Tol Pynkyuu.

Touku x©®, B kotophx df(x©®)==0, nasmBaloTcA Crayuonap-
Hoimu TouKamu ynryuu f(x). ‘

Ycnopue df (x@) = 0 3KBHBaJeHTHO YCJOBHIO

of (x(o))
dx‘

=0 ([.'——‘l, 2, ee ey ﬂ)-



§ 11 ' BE3YCJ/IOBHbIR- 3KCTPEMYM s

Hannuyne KpHTHUECKOH TOUKH ellie HE rapaHTHpYyeT Ha/lHuKe 3KCt
TpemyMa ¢yHkuu#. Hanpumep, mas ¢yskunn 2z = x?— y? Touka
(0,0) ecTh cTauMoHapHas TOYKa, HO SKCTpeMyMa (YHKHHH 2z B 3TOR
TOUKe HeT: B /0GOH KaK YrogHO Maaoft okpecTHocTH Touku (O, 0)
GYHKUHS TPHHHMAaeT KaK NOJNOXHTeJNbHBElE, TaK H OTpHLATeNbHH
3HayeRrHus.

1°. JlocrarouHbie YCJIOBHA CTPOTOro 3KcrpeMyma
Onpepnenenne 4, Keagparnunas gopma

n
A(x)=A(xI, x2, ceey xn)= 2 ai]'xix]"
i,j=1

ajj=aj; L j=1,2 ...,

Ha3blBaeTCAd MOI0MUTEAbHO (COOTBETCTBEHHO OTPUlATEAbHO) oOnpe-
desennor, ecan A(x)> 0 (coorsercrsenno A(x)<C0) ans awboi
Toykn x & E, x %0, n ofpawmaerct B HyJb TOJAbKO npu x = 0,
T, & 0OpH X) == Xg == ,., == X, = (.

KpagpaTtnunas ¢opma HasbIBaeTCS HEOTPULATEAbHOL, ecaud OHa
BUKOrld He NPHHHMAeT OTPHIATeNbHHIX 3HaueHnfi. Hanpumep, dop-

M ]+ X34 . 4 xhu (54 %+ ...+ x,)° asasoTes Hes

OTpHuaTenbHbIMH Gopmamu. Ilepras H3 HUX AB/IAETCH MOJOKHTENbw
HO OmpefeJeHHON, TaK Kak OHa ofpaulaercs B HyJb TOJBKO MPH

X; == Xy =,..= Xn = 0; BTOpas ¢opma yXe ne OyneT NOJOKH+
TeNLHO ONpeienieHHOH, TaK Kak OHa o6pallaeTcs B HyJb, HanpHMep,
np x; =1, X,=—1, p=x=...=x, =0

KBagpaThunas ¢opMa, SBAAIOIIASCA MONOKHTENLHO HAH OTpH=
naTeJbHO OIpeJeNeHHON, HasniBaetcst onpedeaenroll Ksadparuurod
dopnod.

KsanpaTtnuynas ¢opMa, NpHHHMAaKOUlas KaK MOJNOXKHTENbHbIE, Tak
M OTpHUATe/]bHble 3HAUeHUS, HA3bIBACTCH HeEOnpedenenHoll.

Teopema 2 (nocTaToyHmie YCJOBHS CTPOroro 3KCTpeMyMa),
Hycre pynxyus [(X) onpedeasena u umeer nenpepwigusie npoussods

Hble 8TOPO20 NOPAOKa 8 HeKOTOpol OKPEecTHOCTU TO4KU PALES
=(x(l), xg, ey x%)u nycre xO seanerca crayuonaproll TO4KOL GYHK~
yuu f(x). Ecau xsadparuunas gopmua

n
O 9% (x0)
A(dxy, dxzy oue, dxy) = — =" dx, dx, (1)
o ’ i.])‘=1 Ox, 0% L

T. e. 8ropoli Oudepenyuan pynxyuu [ 8 rouxe x©®, aganerca nos
A0KHCUTEAbHO onpedeaennol (OTpuyaresvro onpedesennoid) keadpas
TU4HOU Popmod, To Touka X0 A847eTCH TO4KOU CTPO2O20 MUHUMYME
(COOTBETCTBEHHO TOUKOU CTPO2020 MAKCUMYMA); ecAu fcea@paruunas
gopua (1) seanerca Heonpedesenrod, To 8 TQYke X0 sKcTpemym
Her,



10 SKCTPEMYM OYHKUHF  MHOTHX MNEPEMEHHbIX [TaA. 1

: Kputepuli Cusbsectpa noaowuressHol onpedeienNoCTu K8a-
dpatuunol gopmui. Ona toro utolbl KBajpaTkuHas ¢opma

n
A(x)=A(xy, X2y ..., Xn) = E T (2)
i j=l1
y KOTOpO# @;, == a3 i,j=1,2, ..., n, 6bl1a MoNOKHUTENBHO OIpe-
JeJIeHHOMH, HeoO0X0AMMO U QOCTATOYHO, uTCObI B
ay dp A |
>0, Gy Qzp Q23 | >0, ...

asp Q32 Qss

a1 aiz
a;; >0,

Az Qi

ain Q2 ... Qin
Ay Ay .. Qypn
R

.o ey

any Qn2 «.. Qun

Jna toro yrobbr KBagpaTHuHas dopMma (2) Obl1a oTpHLATENLHO
onpeaejaeHHol, HEOGXOLHMO H A0CTaTOYHO, YTOOLL

ap @z Qs

a“<0, Z“ Zm >0, Q21 Qg2 Qg <0, sre
moTe 31 Q32 dia
ap .1112 ese Ain
ayy Ay +.. Qon

R ()

QAn1 Qnz +«.. Qnn
Cayuad n == 2. IlycTe QyHKUMA f(¥, y) ompeneneHa U UMeeT He-
npepoiBHbie YacTHble MPOH3BOAHBIE BTOPOTO JOpsiAKa B HEKOTOpO#H
OKPeCTHOCTH TOYKH (Xg, Yo) H NYCTb {(Xo, Yo) HABJAGTCH CTamHOHAp-
HOH TOYKOIi, T. €.

£ (%0 yo)_—_f; (%0 %) =0 (3
Toraa, ecain B Touke (X, Yo)
Fedlyy — ey >0, (4)

TO OHa fABJAAETCH TOYKOH 3IKCTpeMyMa, a HMEHHO MAKCHMyMa, ec/H
B Hei

174 14

fxx<0 (fyy<0))
H MHHHEMYMAd, €C/H

/4 174

x>0 (Fy,>0).



§ 1 BE3YCJIOBHEIFI 3KCTPEMYM 11

Ecam xe B Touke (X, Yo)
7ot 77 \2
fxxfyy - (fxy) < o)
TO 3KCTpeMyMa B Touke (xg, yy) Het. Hakowuen, Koraa
7 ot 7\ _
Fody — (Fr )2 =0

B TouKe (Xo, Yo), TO B HeH 3KCTpeMyM MoOxeT ObiTb, a MOXKeT H HE
6L1Tb. B sTOM mocseaneM cayuae TpeSyeTcsi JONOJHHTEIbHOE HCCJe-
JIOBaHHeE.

MMpumep 3. Paccmorpum dynEmuu z == x*+y4 2z = —x' —
—yY, 2z =xt—yt Touka (0,0) sBasercs cTaUUOHAPHON TOYKOH
I KaxaoH M3 3THX GYHKUHA U B 3TOH TOuke AJsA KaXAO0H H3 HHX
" 77 1" .
Zyoxt Byy— zxy) =0.

Herpyano Bugers, uto Touka (0,0) saBaseTcd TOUKOH MHHH-
MyMa 115 NepBOi (QyHKLUHH, TOYKOH MaKCUMyMa — JAJTsi BTOpOI H He
ABJRETCS TOUKOH 3KCTpeMyMa Anas TpeThed. B camom zene, Bo Bcex
Tpex cayuasx 2(0,0) = 0, no B mepBoM cJjyuae B m060H OKpecT-
Hoctd ToukH (0,0), xpome caMoOH TOUYKM, 3HA4YeHUs] (QYHKLUHH I10JO-
KHTENLHBE, BO BTOPOM—OTpHIIaTeJIbeIe, a B TpeTbeM cJayudae
dyHRUNs 2z = x*— y* B mo6oit GIM30CTH OT HauajJa KOOPAMHAT INPH-
HHMaeT KaK TOJOXHTENbHEE 3HaueHus (HanpuMep, mpu x 3= 0,
y = 0), Tak H OTpHLATeJbHble (Hanpumep, npu x == 0, y 5= 0)."

INNpumep 4. Halitu sxcTpeMyMm ¢YHKIHH Tpex NepeMeHHBIX

f=x*+y+22—xy+ x— 22

Pewenne Hailnem craudonapHele TOUKH 3afaHHOH (YyHK-
uuy f. s 3TOro cocraBiM CHCTeMy ypaBHeHHi

5}
3.% =2x—y+ 1=0,
o
—'a% == 2_1/ — X == 0, }
% =22—2=0,
peirass KOTOPYIo, MOAYUHM Xo == — %, Yo=— %, =1L
2 1
CocraBuM KBanpaTHunymo dopmy (1) B Touke Py (-— 3T g 1)-
Hueem
flo=2  fe,=—1, fr,=0,
14 4 4
fyx=—ls yy= 2} yz=0,
f;; 0’ f;,y'__ox f;’z=2‘
B Tourke P, nomyunwm
any=2, ap=-—1, ay=0,
ay=—1, ap=2, ay; =0,

a3 =0, Az =V, a3 =2,
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TaK 4To

2 -1
a“>0’ lau 227 =I ]=3>O,
ayy Q22 -1 2
2 —-1 0
—1 2 0{=6>0,
0 0 2

Ucnonbsys kputepuil CHabBecTpa, 3aKJIOYaeM, YTO KBaJpaTHYHAsd
(hopMa — MOJIOKHTEJNBHO ONpefiesleHHasl, a 3HAuYHT, COMVIacHO Teo-
peMe 2, 1ouxka Py sBASIeTCA TOUYKOH CTPOroro MHHHMYyMa, HPHYEM

4
i (Po) == 3
Ilpumep 5. Hafitu skcrpeMyM OyHKUMH ABYX NepeMeHHBIX
z=x%?(6 — x — y).
Pewenne Hafizem craunonapHble TOYKH:
2, = 18x2y? — 4x3y? — 3x?y’ =,
2y =12x%y — 2x*'y — 3x%? =
otkyaa x; =0, y; =0 u x; =3, yp = 2. Tlonyunan jame cranuo-
Hapueie Touku P;(0,0) n Py(3,2).
HaiinemM BTOpHE npou3BoAHble 3a1aHHON GYHKIUM
2y, == 36xy® — 12x%% — 6x4°,
" 153 ouh a3
z,,=12x 2x 6x7y,
z;'y = 36x2y -_ 8x3y - 9x2y2
4

144 7 ” ” ”
B touke P, nmeem 2y, ==z, ==z, =0, TaK UTO Z  +2,, —~

4 .
—(2;y2=0, H BONPOC O HAJMHYHH 3HKCTPEMyMa B 3TOH TOuKe

OCTaeTCsl OTKPHITHIM. Jos pewenus 3Toro BONPOCAa HAAO HNPHBJEYDL
CTapmue MmpoH3BOAHLIE.

B Touke P2 meen 2y, = —144, zyy=—-162 2, =—108,
Ouesuno, 2y, - 2}, — (2, )2>O a Tak Kak 2, <0, TO B Touke

P, (3, 2) umeer MeCTO MaKCHMYM, NPHYEM Zmax = 108.

UccnenoBaTh Ha MakCHMYM H MHHHMYM C/AeLYIOLlHe
Gyukuun: -
2. f=(x—12—2y42
x4y ——2x2+4xy—-2y.
x2 + yz) e—(x’+y’)
l+x—y
Vit a4+’

[Ny
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6. f=x+ L +"2+— (x>0, y>0, 2> 0).
7.f=x—-—xy+y——-21c+y

8. f=sinx-siny-sin(x+y) O<x<m, Oy <),
9. f=ux x5 ... xn(l —x —2x,— ...—-nxn)

(x1>0: x2>0’ e sy xn>0)-

10. IToxasath, urto ¢yukuua z=(1- e¥)cosx—
— ye¥ nMeeT OeCKOHeYHOe MHOXKECTBO MAaKCHMYMOB H
HH OXHOTO MHHUMYyMa.

11, SIBisercst M ZOCTATOUHBIM IJ1s1 MHHEMyMa ¢yHK-
uui f(x,y) B Toure Mg (X0, Yo) yc/ioBxe, yToGBl 3Ta QYyHK-
uust ¥MeJa MHHHMYM BJAOJb Ka:KAOH NpsIMOM, NMPOXOIsi-
uleif uepes Touxy My? Paccmorpers mpumep f(x,y)=

=(x—¢’) (2x—y?).

12. Tlokasate, yTo B OT/IHYHE OT (PYHKUHH OLHOH Ie-
peMeHHOH yxe 115 (YHKUHH [BYX INepeMeHHBIX Cylle-
cTBOBanHe B o6sacTn D €IMHCTBEHHOTO SKCTPEMyMa —
MaxKCUMyMa WJIH MHHHMYyMa — ellle He 03HauaeT, 4TO
3TOT 3KCTpeMyM o6a3aTeJbHO JHOCTaBjsieTr HaunboJsbluee
N/ HaHMeHblllee 3HaAUeHHe (pynxmm BO BCefl obGaacTH,
Paccmorpers npumepst:

a) 2=x>— y?+ 2e—%,
—w<Lxr<+oo, —oo<y<+ o0f
6) 2=x3—4x2 4 2xy — y?,
D{~-5<x<5 —1 <y<1h
13. Ilycte nmana mnepuogHuecKas ¢ NEPHOJIOM 2

dyuruns f(x). Cpenn Bcex TPHrOHOMETPHYECKHX MHOTO-
4JIeHOB 71-TO NOpsIKa

—Z—" -+ 2 (ar cos kx + By sin kx)

k=1

nyreM noabopa Kos(¢HUHEHTOB oy, Pr TpebyeTcs HalTH
TOT MHOTOYJeH, 175 XOTOPOro CpeJHeKBaApaTHUHO®
YKJIOHeHHE, OnpefiesiseMOe DaBeHCTBOM

k=1
HMMEET HaHMEHbLICE 3Ha4Y€CHHE,

T 2
8% = [f( )———E(akcoskx-i—ﬂksmkx) dx,
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2°. Mertoa uamckopeitmero (rpaamenrsoro) cnycka. [lyctp cra-
BHTCA 3ajaua o6 OTbICKAaHHH MHHHMYMa ¢yHKUMH [(x), rie x =

= (X1, ¥2, ..., X¥m). Bo3bMeM HEKOTOpYIO TOUKY X =(x,, Xy een Xy
H BBIYHCIHM B 3TOfi TOYKe rpagHeHT GYHKuuu f(x) .

m
of (x°)
0) com
gradf (st = ¥, Lo,
; t
i=l
n
Tle ey, €3, ..., €xn — OPTOHOPMHPOBaHHbIA Ga3uc B npoctpancrtse R,

Ecnn grad f(x°) = 0, To nonaraem

x,lz = xg — hy(grad f(x%), ep) (=12, ..., m)
rae hy > 0 gocratouno Mano. Eciu grad f(x') 2 0, To nonaraem

xp=xp—hy(grad f (x"), ex),  (h2>0),

H BooGiue, ecau grad f(x=~!) 7%= 0, To

=gt —p, (gradf (x" 1), e,) (k=1 2, ..., m), (hn>0)
Ilpn onpeaenenHrx ycaoBusx (cM. [18]) nosyuaem MoOHOTOHHO yGbI-
paoulyto nocaegosartessiocth {f(x?)}. Eciu x™—% u X — TOUKa
muauMyma ¢ynkuun f(x), to grad f(x™)}—0 npu n— oo,

INpumep 6. Halitu Toury munaMyma ¢yHruuu [(x) = x%
Pewenune Bosbmem, Hanpumep, Touxy x° = 1. Hmeem

grad [ (x%) =2x% =2{ # 0.
IMostomy .
N=x0—he2=1—2h, rne h>0.
grad f(x!) =2(1 — 2h) i
Ecmn h £ %, To gradf(x!)s=0 un
x2=x!— 28 (1 — 2n) = (1 — 2h)2

Hanee,

[Tpoxonxkas 3TOT mpouecc, HAXOLUM
X" = (1~ 28)"

flcno, uto ecau 0 << h <1, 70 x*»—0 mpn n—oo, Touka x =0
ecTb TOuKa MHHHMyMa ¢yHkuuu [(x) = x% Ecan ke h=—;—, TO
x'==0, grad [ (x')=0, u Mb nO/yyaeM CTAaLHOHAPHYyIO TOCJel0BA =
TesbHOCTD {0}, npefen KOTOpo# ecTb HYJb.

IZ—IPHZM ep 7. Hafith touky MunHmMyma oyHkunn f(x,y) =
= x* 4 y2

Pewenue. Bosbmem, Hanpumep, Touky (1,1), 1. e %=1,
y° =1, Haxonnm

grad [ (1, 1}==2i+ 2].
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Tax kak grad f(l, 1) =0, To noJaaraem
X} =x0— 2x% =1 — 24,

Y =y% — 2y%h=1—2h (h>0)

Hmeen

grad f (¢!, y') =2 (1 — 2h) i + 2 (1 — 2h) j % 0 (M#%}
nosToMy Gepem

x2=x!— 2x' e A= (1 — 24)?,

1
2 — 1 00 o (] — Oh)2 (h>0’ h#:?)
Y y 2yt e h = (1 — 2h)2,

Iponosxkas 3TOT npouece, NOJIYUHM
2= (1—2a)",
y" = (1 —2h)",
Tak uto npu 0 <A << 1 6ymeM uMeTb MNOC/IE0BATEJNbLHOCTL TOUEK

M, (xm, y»), cxoasmyiocs K Touke munuMyma M(0,0) 3anannofi
©ynkuun. OueBHAHO, 4TO

grad f («", y") =21 —2A8)"i4+2(1 —2A)"j—>0 npu n-—> co,

Wtak, Touka MunuMyMa oymKuuE f(x,y) = x24 42 ecTb TouKa
(0,0).
MeTo10M TPaIHEHTHOroO Clycka HalTH TOUKY MHHUMYyMa & yHKIHH

z==x2 4 y? — 2% + 4y + 5.

§ 2. YcaoBHbId aKCcTpEeMyM

Iycts uMeem dynkuuio 2 = f(xy, %z ..., Xn) OT 71 Henciiey-

o f

HBIX, OIpeleeHHYl0 B HeKOTOpoH obgactu D mpocrtpancta E.
IlycTe, xpoMe TOro, Ha X1, X2, ..., X HaJOXKEHO euwle m AONO.-

HHTEJBHBIX YCJAOBHH (m << n):

¢ (xly X2y vy xn)=0’ }

(1

Pm (xh X2, 000y xﬂ) =0»

Ha3bIBaeMBIX YDABHEHHAMH CBA3H.
IMyers % =(x(1), ..., x?,) — BHYTpeHHsas Touka ofaactu D.

T'0BOPAT, UTO f (X[, Xy -+ ., X,,) HMeeT B Touke (x, X3, ..., X))
yeaosnsll maxcumym (COOTBETCTBEHHO YCAOBHGIL MUHUMYM), €C
HEpPaBEHCTBO

0 0 0
F(xp X9 eens xn)gf(xl, X9y vens xn) (2)
(COOTBQTCTBQHHO f(xl, Koy eery xn) >f(x?, xg, . x?,)) BHINIOJI=

HAETCA B HEKOTOPOH OKPECTHOCTH TOYKH (x?, xg, vees xﬁ) npH
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YCJOBHH, UTO TOYKH (Xy, Xg,+.y X,) H (x?, xg, cens x?,) yHOBJE~
TBOPsIOT ypaBHeHHsM cBAsH (1),

Mpumep 1. Pyukuua z = x? + y? uMeer 6e3yCAOBHLIA MUHH=
Mym B Touke (0,0), pasumit nymo. Ilpucoenniimm ypaBHeHHe CBA3H
x+y—1=0, 1. e. 6yaeM HCKaTb MMHHUMYM anmj¥KaT TOYEK MNO-
BepxHOCTH 2 == x?- y® auWbp AAA Tex 3Ha4eHHH X M Yy, KOTOpHIE
YIOBJETBOPSOT YpaBHeHHIO X + y~— 1 = 0. YC/AOBHBII MHHHMYM He
MoxeT AocTHratbest B Touke (0,0), Tak Kak 3Ta MOCJAENHSIE HE yAO-
BJIETBOPSET YDaBHeHMIO CBssu. PaspemuM ypasHepne cBssdH x 4
«y—1 =10 OTHOCHTEJLHO Yy ¥ INOACTABUM HafileHHOe 3HaueHHe
y=1-—2x B ypaBHenue fI0BepxHocTH. [loayuu™M =z = x*-+ (I —
— x)? — ¢dynxuuio oanofi nepemennofi. Mccnenys ee Ha 3SKCTpeMyM,

1

HalineM pr=7, Zmia = B cumay ypaBHeHusi cBsian HaiileM

r
5
1 I 1 1 .
Yxp = Touxka 5 g+ ) BCTb BepuHHA napaGoust, foJyueH=

Ho#t B TepeceueHuH napaGosoHAa 2 = x? 4 y? MAOCKOCTBIO X 4y —
~1=0. N

AHaJIOrHYHO MOIKHO [OCTYNHTb H B Gosee ofuieM cayyae.

IycTh HllleTcs YCAOBHLIA 3KCTpeMyM OYHKUHH 2 = f(x,y) TpH
Haauuuyu cBasy @(x, y) = 0. JomycTuM, uTO NpH paccMaTpHBaeMbIX
SHAUeHHAX X H Yy ypaBHeHHe @(x,y) = 0 onpepenser y Kak oauo-
sHauHylo nuddepennupyemyno QyHxkuuio y = P(x). [loacraBass B
dyuknHo f(x, y) BMecTo y dyHKIMio YP(X), noiyyaeM QYHKHHIO ol
HOrO mepemennoro x: z = f(x,Pp(x))= F(x). Dxrcrpemym (6e3-
ycaoBabl) QyHKuuH F(x) ABASETCH HCKOMBIM YCJIOBHLIM SKCTPEMY-
mom ¢yukunu f(x,y) npH HamuuuM cBsizd @(x,y) = 0. ToT Cro-
co0 mpakTHYecKH He Bcerga ynoOeH, Tak Kak oH TpebyeT c¢akTHue-
CKOro pellleHdst ypasHeHHS (x,y) = 0 OTHOCHTEJNbHO KakKoii-1H60
fnepeMeHHOMH.

Jnst  oTHCKaHHs  3KCTpeMasbHBIX 3HAueHHH QyHKuUHAH 2 =
= f (X1, X2, ..., Xp) 0pH Hanuyup cBsseil (1) roab3ylOTCS] MeTOLOM
HeonpeseneHHbIX MHOXKHTeNeH Jlarpanzka.

Merod muoomcurtened Jlaepanxca. [IpeRnonoxKuM, 4to:

) dyskuuu f(x,, Xo, ..., Xn) H @, (X, X2, ..., Xn) {{=1,
£, ..., m) HMEOT HenpephBHbLle YacTHble MNPOH3BOJHLIE MEpPBOro MO~
paaka s obaacta D;

99; .
2) m<n W DaHTr MaTpHUbLI 5% | i=1 2 ..., m |=
!
=1, 2, ..., n, B Kaxnoh touxe obGgact# D paseH m.

Cocrasasercsa HoBasd dyuxuusa (dynxuuda Jlarpanika)
m

D=]+ 2 A’i‘qu (3)
=1

rae A; — HeoNpee/eHHLIE TIOCTOSHHbIE MHOKHTENH.
Qynguna O (xy, X, ..., Xp) BcCIeAyeTcs Ha Ge3yCJOBHBIA 3KC
TPEMYM, T. €. COCTABJSETCA CHCTEMA YpaBHEeHHH ‘
od () oo

—_— =0, .04 'axn

dxl ’ 6x2

= 00 (4)
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H3 KOTOpOil H H3 m ypaBHeHHI CBA3H
¢1=0, ¢.=0, ..., QPp=0

onpefensiolcs 3HaueHHs MapaMeTpoB Ay, Ag, ..., Am M KOODAHHATH
(X1, X2, ..., Xn) BO3MOXKHBIX TOUEK 3KCTpEMyMa.

Ycnous (4) ABAAITCA HeOOXOLHMHIMH YCJIOBHAMH SKCTpe-
MyMa Kak OyHkuup Jlarpanxa, Tak H HCXOZHOH (QYHKUMH 2 ==

= (X4, X2, ..., Xn).
Ecm touxa (2, x3, ..., x3)  smaseren  rouxoi yeaosmoro
SKCTpEMYMa 418 (GYHKUMH f(X;, Xa, ..., Xn), TO OHA SIBJSETCS CTa-

LIHOHapHOH TouKoH Ana ¢ywxkuun Jlarpamxka, T. €. B 3TOH TOuKe
b ‘

—a————:O (=1, 2, ..., n). UroGbl HccneZoBaTh CTAUHOUAPHYID

*i

TOUKy (x?, xg, cees x?l) dyrkunn Jlarpanxa @ (x;, Xy ..., X,)

Ha YCJIOBHBIH 3KCTpeMyM, HaJI0 COCTaBHTL KBajipaTHuHywo (opmy
n-m

B(dx), dxy .., dx,_ Y= 3 b, dx;dx, (5)

i, f=I1

T. e. Bropo#i anddepennnan ¢ydkuun JlarpaHxa B 3TOH TOUKe ¢ yue-

TOM YCJOBHH

9% ey 9% ' =0 1,9 (6)
3%, X1 3%, xg-{-...-l-‘3 xn=0 (i=1,2,..., m).

Ecan kBaapatuunas ¢opma (B) — onpeiesieHHas, To B TOdKe
(x?, xg, ey x(,)z) 6yger CTPOrHit YCJOBHEIA 3KCTPeMyM, a HMEHHO:
CTPOrHi YCJOBHLIH MaKCHMyM, ecid KsajpaTuuias ¢opMa (D) —
OTpHIlATEIbHO OnpejeseHHass, H CTPOTHH YC/JOBHBIH MHHHMYM, €CJH
KBajpaTuuHas dopMa (5) — MOJOMKHTENbHO ONpeleseHHas.

Ecnu xe kBaapatuunas dopma (5) — HeonpejeneHHas, TO TOY-
Ka (x?, xg, cens x?l) He gBJdeTCs TOUKOH YCJOBHOrO 3KCTpeMyMa,

Takum ofpa3oM, HaJHuHe B TOUKe (x(l), xg, ey x?l) 6e3yc/ioB-

HOTO MakKcHMyMa (MHuHMyMma) and ¢yHkuuu Jlarpamxka (npH Haik-
JeHHBIX 3HaueHHSX Aj, A2, ..., Am) BJeueT 3a CcoGOfl HasjHuHe B
STOH TOUKe YCJIOBHOTO MakKCHMyMa (MHHHMyMa) 118 QYyHKIHH 2 ==
= f(x), X2, ..., Xn) IPH HaIHUuyu cBs3eil

@ (xl, Xy eony xn)=0 (i=1, 2, ..., m).

OtcyTerBHE Ge3yC/OBHOTO 3KCTpeMyMma mis QyHKUuH Jlarpanxa
©(x, X2, ..., Xn) €ile He O3HAUAET OICYTCTBHE YCJIOBHOTO 3KCTpE-
MyMa AA QYHKUHH (X1, X2, ...\ Xn).

ITpamep 2. Haittu 9KCTpeMyM GOYHKIHH 2 = Xy 0NpH YCa0-
BHH y—x = 0. .

«. Pewmenune, Cocraprsem dyuknuw Jlarpanxa

@ (% y)=xy+A(g—2x)
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H BHITHCHIBA€M COOTBETCTRYIOULYIO CHCTEMY AJA ONpelReseHHs A H Ko-
OpPAHHAT BO3MOXKHBIX TOU€K 3KCTpeMyMa:

oD

-—é—x—=y—h= ,]

o0 _ l (7)
oy TEEAEO

W3 nepBoro ypaBHeHus Haxoium A == y. IToacTaBass Bo BTOpOE, MO-
ayunm x + y = 0. HUrak,
x+y=0, }

y—x=0,

otkyna x = y = 0. Ilpu stom nonyuaem A == 0. Takum obpasou,
COOTBETCTByIOlLIaﬂ ¢oyukuust Jlarpanxka umeer BHx @ (x,y) = Xy.
B Touke (0, 0) @(x,y) He HMeeT Ge3ycaOBHOTO 3KCTPeMyMa, O/HAKO
YCJOBHBIH 3KCTPeMyM (YHKIHH 2 == Xy TNpPH YCJOBHH y == X HMEETCS.
JeiicTBHTeNbHO, B 9TOM C/Ayyae Mbl HMeeM 2 = X2, OTKYla BHJHO,
uyro B TouKe (0,0) ecTb yc/IOBHBI MHHHMYM.

MMpumep 3. Haiith ycaoBubii 3KCTPeMYM (YHKIHH

f(x, y, 2) = xyz (8)
NpH YCAOBHAX

(pl(x, Y, z)=x+y—'2—3=0,}

9
Qo(x, y, )=x—y—2—8=0. )

Pemenue CocraBum dynruuio Jlarpauxa
QWJhd—ww+%(x+y—2—$+%dx—y—z—&

M BBINHIIEM CHCTEMY YpaBHEHUH [/ ONpefe/ieHHs MapaMeTpoB Aj,
A2 M KOODIHHAT BO3MOMHBIX TOUEK 3KCTPEMyMa:

o0
" =yz+ M+ A=

J

a0

Ty-=xz+7»1—-7»2=0, )
oD T (10
OZ xy“‘}\/l"—hg-—o,

r+y—2—3=0,
1—y—z—8=0,

Pemas cucremy ypasnenuit (10), nonyuum
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Bropo# nmpcpepeﬂuﬂan (pyﬂxmm (D(x, Yy, 2) pasen

2,
. 2 422+

2, —
@*0 = ax?

+2 g drdy+ 2o dide + 2o ‘3 — dydz.

B mpamem cayvae
d’0=2zdxdy+ 2ydxdz + 2x dy dz. (11)
Bocnosb30BaBIMHCh YCAOBHAMH CBH3H (9), moayuum
dc+dy—dz=0,
dx—dy —dz=0, }
otkyna dy=dz, dy=0. [ogacrasaaa ato B (11), nomyuum
B (dx) = 2y ds.
B cranuomapHof Toyke B = —5dx?2<0, T. e B TOuke
11 5 11 . 605
(—4—, — g — =) HMeeM MaKCHMYM, paBHH fmax=—§-.

IMpumep 4. Hafitu sxcTpeMym ¢yukipu 2= cos?x -4 cos?y
IpH YCJOBHH

y—x=7.
1

Pewenmne. CocrasaseM ¢yHnkuiio Jlarpamxka
@ (x, y) == cos? x+cos:’y+7\,(y_x__‘g_)

U BHIUCHIBAGM CHCTEMY yDaBHEHHH I/ omnpejeseHds IapaMerpa j
H KOODJHHAT BO3MOXHBIX TOYEK SKCTpPEMyMa

-ﬂ—-—2cosxsmx—-7\.=0,
dx
o0

dy

= —2cosysiny 4 A =0,

e e ——

y—x——f;-=0

HaH

sin 2x = —A, (12)

sin 2y = A, (13)
7

_l/-x=—‘-1-. (14)

Hs (12) r (13) mmeeM sln 2x + sin 2y =0 Ham
2sin (x4 y) cos (y ~ x) =0. (15)
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Coraacuo (14) umeem cos(y ~ x) =5 %= 0, a noromy ua3 (15)
nosayqaeM, uro sin (x4 y) =0, orkyzna
x4 y=rFn, =0, +1, %2, ... (16)
‘Pewasn cosmectno ypasnemus (14) u (16), 6yaem umeTs
kn L kx n
R y="2—+§, b=0, =1, £2,... (I7)

HaxonuM BTopue mpoussoanue ¢ynxuun @ (x, y):

220 020 20
= —2 — — e .
EP cos 2x, 3% 07 o 2 cos 2y,
kn n ki b1 ;
B Tourax P (—2— -5 3 + -8—) nMeeM

@y« O — (@) = 4cos (kn - —%—) cos (kn: + = ) =
=2c0s 2kt=2>0,
3naunr, B Toukax Pp ecTb ycaoBuuA sxcrpemMyM, [anee, npH

k=2n
=—V_2-<09

mn

3?2
ax? |p

8 NOTOMy B TOUKAaX P, — YCJIOBHHH MakCHMyM

2
Zmax =1+ —— V
Ilpu k=2n -1 Gyner
0] —
T, Vo
n+1

TO €CTb B TOUKAX Pypiyy — YCJAOBHER MHHUMYM
V2

Zon=1———,

2

B cieayroouux 3ajauax HaHTH YCJAOBHBIR 3KCTPEMYM,

14. f=xy npu x*+ y?=

15. f=1x?<4 y? npu -f-+—y-= L

16. f— XYz NpH yCHOBHAX x+ y-+z2=5, xy + yz+
+2iv7 f——e"y npu x4+ y=a.

18, f=6—4x— 3y npu x>+ =1,
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19. f=x—2y+ 22 npu x2+ y?4-22=9,

20. f=sinxsinysinz npu x+y+z=%—, x>0,
y>0,2>0. :

21. Jloka3aTb HepaBeHCTBO

x“-é—y">(x;-y)", n>=1, x>0, y>0.

22. Hafitu naubosbinee 3HaueHWe NPOU3BEACHUS
Xxyzt HEOTpHLATEeNbHBIX uHCea X, Y, 2, ! NPH YCJAOBHH,
YTO HX CyMMa COXpaHseT HOCTORHHYI0 BeJHYHHY X -
+y+z4t=4c

23. Hafitn kpartuafimee paccrosinue ot toyku M (1, 0)
z0 sanunca 4x% 4 942 = 36.

24, Haiitu paccrosinue MexXay napaGonofi y = x? u
OpAMOfl X — y =5,

25. Haiitn CcTOPOHH HPAMOYrOJbHHKA MAaKCHMaJbHOHA
NJIOIaAy, BNUcanuoro B Kpyr x2 4 y? = R

26. B wap paguyca R BOHCATh LHJIHHAP C HAHOOJb-
Hiefi MOJHOH HOBEPXHOCTBIO.



TJTABA II
3KCTPEMYM &oYHKHLUHOHAJOB

§ 3. dyukuuonan. Bapuanus GpyHknuoHas a u ee CBOHCTBA

1°. Onpeneneuns ¢ynxunonana, Bauszocte xpuseix. Ilycte nan
HekotopHil kaacc M dyuruui y(x). Ecau kampol byHRIHE y(x) &
& M no HeKOTOPOMY 3aKOHY IOCTABJIEHO B COOTBETCTBHE ONpejeseH-
Hoe uHcso J, TO roBOpAT, uTo B Kaacce M onpeaenen ¢yuxyuonaa I,
H mamyT J = J[y(x)].

Knace M ¢dyukuui y(x), Ha KOTOpoM ompeneseH (YHKIHOHAT
Jly(x)], HasbiBaercs 06aacToi0 3adanus QyHKyUOHAAQ.

ITpumep 1. Iycts M = C[0, 1] — coBoKyNHOCTE BCEX HeIpe-
pPLIBHLIX QYHKUMIA y(x), 3ajanHbx Ha orpeske [0, 1], » mycrb

1
Iy (N = [ 40 dx. M
0

Torpa J[y(x)] ects dyHkunoHan ot y(x): kampoll dyHkuun y(x)
e C[0, 1] oTBevaer onpeneneHHoe sHauenue J[y]. TMoacrasnsas B (1)
BMeCTO Y (x) KOHKpeTHhle (YHKUHH, Mbl OydeM NOJydYaTh COOTBET=
cteywoine 3nauenust J[yl. Tax, ecau y(x) =1, 1o

1
1= [1-ae=1;

0
ecmm y (x) =e*, 10
1

J[e“"]-——-fe*"dx:e—l;
4]

ecau y (x) == cos mx, TO
1

J[cos nx] = f cos tx dx = 0.
i

NMpumep 2. Tlyerb M = Ci[a, b]—knaacc ¢ynruni y{x),
MMEIOIIUX HeNPepLIBHYI0 TNMPOH3BOAHYIO Ha oTpesKe [a, ], m nmycTh

Iy (D= (%), rae xo&[a, b]. (2)
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Scuo, uro Jly(x)] ectb dyHnkuuonas, onpeneneHHHi B YKa32HHOM
kJaacce ¢YHKUHMA: Kaxnoid GYHKUHH H3 3TOro KJjacca CTaBHTCH B
COOTBETCTBHE ONpEAe/eHHOe YHCJO — 3HayeHHe IIPOH3BOAHOH  3TOM
¢dyHKuUHH B QHKCHPOBAHHON TOYKE Xp.
Ecau, nampumep, a=1, b =3 u x, =2, 10 nasg y(x) = x?
HMeeM:
T =21 g =4

aat y (x) = x4+ 1 nonyuum J[x2 + 1] =4; paz y(x)=1In(1 4+ x)
6ynem HmeT§ J[n (14 x)] = Trx o =-;— .

Mpumep 3. Ilyctse M = C[—1, 1]—knacc ¢yskuufi y(x),
HenpepeiBHLIX Ha orpeake [—I1, 1}, u nycte ¢(x, y)— 3ananHas
(GYHKUHS, onpenesteHHas W HenmpepbiBHAas Iaa Bcex —1 <<r <Kl u
A BceX AeHCTBHTeNMbHBIX y. Torpa

1
Iy @1= [ olx y(nlds (3)
-1
GyneT (YHKUHOHAIOM, ONMpeneJeHHHM HAa YKa3aHHOM kJaacce (yHkK-
uni. Hanpumep, ecan ¢ (x, y)=Txyz, TO AJA y(x) = x HMeeM

1

Jlx] = fl_ﬁ_%f'—"'o. a npu y (x) =1+ x uMeem

-1
1
xdx

![1+x]= J‘m=lnlf.g—arctg2.
1

Mpumep 4. Ilyete M = Cila, b] —knace ¢ynrunit y(x),
HMEIOUIHX HemnpephIBHYIO NpoH3BOAHyl0 y'(x) Ha orpeske [a, bl
Toraa

b
Tyl= [ Vity wde (4)

a

6yzer ¢YHKLHOHANOM, OMNpeReNeHHBIM Ha 3TOM kjaacce GYyHKIHiL,
@®yukuHoHan (4) reoMeTpHYecKH BBIPAXKAeT IJHHY JYrH KDHBOH
y = y(x) ¢ xoHuamu B Toukax A(a, y(a)) w B(b, y(b)).

Bapuayued wmu npypaujenuem Oy aprymenra y(x) ¢yHKUHO-
Hana Jly(x)] HasbiBaeTcst pasHOCTb MeXAY ABYMA (YHKUHAMH y(X;
H Yyo(x), HpHHAMJeXAWUMH BHIGpaHHOMY Kmaccy M dynkuHis:

8y =y (x) — yo (%)- (5)
Hasa kaacca k& pas aHbdepenunpyeMbx GYHKUHA HMeeM
(89)® = 84 (). )
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- FopopsT, UTO KpHBble y = y(X) H y == y;(X), 3ajaHHHe Ha OTPE3Ke
[a, bl, 6ausku 6 cmbicae GAu30CTU HYAEB020 NOPATKA, ecnH |Y(X) —
—y1(x)| mana sa [a, b]. I'eoMeTpHueckH 3To O3HayaeT, YTO 3ITH
KpHuBHle Ha oTpeske [a, b] 6.ausxu no opdunaram.

Bynem roBOpHTb, UTO KpHBHe y = y(X) u y == y,(X), 3aAaH=
Hble Ha oTpe3ke [a, b], 6AH3KH B cMbic/e GJAH30CTH I1EPBOro MOPsAXKA,
ecan {y(x) —yi(X)]| n ly' (x) —yi (x)l Maiibt Ha [a, b). TeoMerpu-
YyecKH 3TO 03HauaerT, uTO KPHBBIE Ha OTpeske [a, b] GaM3KM Kak Mo
OpIMHAaTaM, TaK U [0 Hanpas/JeHHS M KacaTe/JbHRIX B COOTBETCTBYIO-
HIHX TOYKaX.

Kpusble y = y(x) u y = yi(x) 6ausku & cmbicae 6AU30CTU
k-eo nopadka, eciu MOAYIH

ly () =g, (D] |&" =g (D] ooos |99 (2) =5 (2)]

MaJu Ha {a, b].
Ecan xpuBble 6aM3KH B cMbicjie 6JaHM30CTH k-ro NMOpsiika, TO OHH
TeM Gonee 6au3KM B cMbice 6AM30CTH /0G0ro MEHbUIETO NOPAAKA,
) sin n?x
ITpumep 5. KpuBne y (x) == —, A€ N NOCTATOYHO Be-
JHKO, # Yi1(x) = 0 na [0, n] 6au3ke B cMbicie GJIM3OCTH HYJEBOrO
nopsjKa, Tak KaK MOAY/b PasHOCTH

ly (0 =g ()| = ——= <~

sin n’x 1 -
_“l<
n

T. e. Ha BceMm orpeske [0, m] 3Ta pasHOCTL MO MOAYJIO Maaa NpH 40=
CTaTOUHO OOJIbIIOM 1.
BansocTu nepsoro mopsaxa HeT, Tak Kax

ly'(x)—-y] (x)|=nlcos n’x),

2n ’ ’
¥, HanpuMep, B TOUKAaX X = —-— HMeeM Iy (x)-—yl(x)]=n u,
s 7/ .
3HAYHUT, ly (x) —uy; (x)l MOXeT OHTb cheJaH Kak Yroaso 60.b=
IIHM NPH A AOCTATOYHO GOJbLIOM.
sin nx

IIpumep 6. Kpueue y(x)=—-—r-l—2—, TAe n HAOCTATOUHO
BeJko, H y,(x)=0 nHa [0, n] 6Giusku B cMbicae GIH3OCTH
nepBoro nopsaka, ubo

sin nx 1
ly () = (x) = — S
H
’ ’ cos nx i
ly (x) yl(x)l—-l'—r <S5

Manbl,
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B caepyomHx npHMepax yCTaHOBHTb nOpAROK 6aH-
30CTH KpPHBHX.

27. y(x)—_—%;”—’j, gy (x)=0 na [0, 2x].

28, y(x)= S‘”", y; (x)="0 na [0, ]

29. y(x)=sin %, y, (x)==0 na [0, 1].

Paccrosnuen smexcdy wpusoimu y= f(x) u y==f, (x) (a<<x<b),
rae f(x) ¥ fy(x) HenpepuBHLle HA [a, b] GyHKUHH, HA3HBAETCH HE~
OTPULATENLHOE YUCJAO P, PaB-
Hoe Makcumymy |f;(x)— gh M)
— f{x) | Ha orpe3ke a<Tx < bl PR

p=p [fi(x), f(x)]=
= max_|fi(x)— [(x)]. (7) %
as x<h : Y L

n
Ilpaumep 7. Haiitn 9,
paACCTOSIHHE O MEXILY KpH-
BbIMH y=x U y==x?Ha orT-
peske [0, 1] (puc. ). -
Pemesnune. Ilo onpene- 0 7 x
Jgeuni0 p= max |x2— x|

Wi p= max (x— x?).Ha Puc. 1.
0<x< !
konnax oTpeska [0, 1] Qynkuus y=x — x2 obpamaercs B HYJb.
HapmeM MakcuMyM OYHKUHH § = x — x? Ha orpeske [0, 1]. HMeeM
y' =1-2x; y =0 npH X =
TaK 41O

p= max y=(r—x*)| =
01 xX=

B caepyomux npuMepax HafTH PacCTOSHHSA MEXKIY
JaHHLIMH KDHBBIMH Ha YKa3aHHHX HHTepBajax,

30. f(x)=2xe*, [ (x)==0, [0, 2].

31. f(x)=sin2x, f[;(x)=sinzx, [0, g—].

32. [ (x)=1x, fi(x)=1Inx, [e}, e

Tlycrb Kpusbie y = f(x) u y = f,;(x) uMeioT Ha 0Tpe3xe [a, 5]
HenpepuBHEE NPOH3BOAHMIE N-TO IOPSAKa,

-



o6 SKCTPEMYM OYHKLMOHAJIOB (ra

Paccroanuem n-20 nopadka mexncdy kpusoimu y = f(x) 0 y =
= f(x) HasbiBaeTcsi HanGO/bIIUA H3 MaKCHMYMOB CJelylOIdX Be-
JHYHH

=t} [RE=F @] A2 () =1 ()]

Ha orpeske [a, b]. Bynem o6o3Hauarh 3TO paccTosiHHe TakK:

Pn =10, [f1 (x) f(x)] = max max lf(k)(x)—f(k)(x)! (8)

0<kS<n a<e<h

Hannoe ua ctp. 25 onpefleleHHe PacCTONHHS MeXAy KPHBBIMH fB-
ARETCH B CMBICAE HOBOMO Ofpefe/eHHi PAacCTOSAHHeM HYAeBOro 00-
pﬁnxa

uMep 8. HafiTm paccTosinMe mepBoro nopsijka Mexay KpH-
BBIMH F(x) = x2 1 fi(x) = x® Ha orpeske 0 L ¥ << 1.

Pewenne. Haliznem npousBoinble maHHbIX ¢GyHKUHH f (x) =

=2, fl (x)=3x H paccMOTpnM DYBKUHH y((X) == X2 — x3H yo(x) ==
= 2x — 3x2, Hafinem ux HanGosbilHe 3HadeHHs Ha oTpeske [0, 1L

9}

ol

ol
L.J{N
[

Puc. 2,

4
Hmeem y| = 2x —~ 3x%. IpupasHuBas 5Ty NPOH3BOAHYIO HY/IO, HAXO-

2 .
AMM CTalHOHAPHBIE TOUKH (PYHKUHH §(X): x; = 0, xy = —. [lanee,

3
4
Uilyeg=0; yif o= 57 > 3HaveHe y1(x) Ha mMpaBOM KoHIe PaBHO
X=—
3
yi(l) = 0. Otcrona
po= max |x’— x?|= .max (x"’—-xa)—-:—;?-.

I<x<l 0<xgl
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HafineMm Tenepb paccrosinHe Po HYJIEBOr0 NOPAZKA MeKAY NPOH3BOI:
HbivH [/ (x) = 2x fl (x) =3x%

Py = max ]yz(x)l-— max |2x—3x]
0< x IPET
Mocrponm rpaduk ¢ysrunu y = |2x — 3x2] (puc. 2). U3 pucynxa
BHIHO, UTG Po == l. TakuM 06pasoM, pacCTosiHHE P; NIEPBOro NMOPsAKa
Mexay KpuBbIMH f(x) == x2 u f;(x) = x* 6ymer paBHO

Py = max (po, o) =

33. Hafitn paccrosiHMe NepBOro MOpAIKa MeXIY KpH-
BuIMH f(x)=Inx, f;(x)= x Ha oTpeske [e7}, ¢].
34. Haiitu paccrosiHHe BTOPOTO NOPSNKA MEXAY KPH-

BLIMH [ (%) == x, fi1(x) = —cosx Ha oTpe3ke [O’ g—]

35. Haiitn paccrositane 1001-ro mopsaka MeXnay KpH-
BBIMH f(x) == €%, [{(x) = x Ha orpeske [0, 1].

£-0KPeCTHOCToI0 n-20 nopadka kpusod Yy = f(x)(a < x << b)
Ha3bIBAETCSl COBOKYIHOCTb KPHBHIX y = fi(X), paccTOsiHHA n-ro no-
psiiKa KOTOPEIX OT KpHBO#H y = f(x) Meubile &:.

pn=pn[f(x), f1(x)]<e. (9

€-OKPeCTHOCTb HYJIEBOTO MOPSIAKA HAa3bLIBAIOT CUAbHOL &-OKpecT-
HOCTbIO Pynxyuu y = f(x)

CHAbHAs €-OKDEeCTHOCTb KPHBOH Y == f(X) COCTOHT M3 KDHBBHIX,
PACIOJIOKEHHBIX B [OJIOCKE WIMPHHBL 2g BOKPYr KpHBGH y = [(x).

£-OKPEeCTHOCTb NEePBOr0 MNOpPsiAKa HAa3bIBAlOT CJA60H E€-OKpecT-
HOCTBIO QYHKUMH y = [(x).

2°. HenpepuiBHOCTb dhyHkuuoHanaa. ®yuruuonan J[y(x)], onpe-
feneHHBIH B kaacce M ¢dyHKuuil y(x), Ha3HIBAeTCs HenpepvleHblM
NpH ¥ = Yo(x) B cMBicae OGAM30CTH A-TO TOPSAKA, €CAn Ans 0o00To0
uncna g > 0 cyutectByer unciao m > 0 rakoe, 4To n1s Bcex jpony-
CTHMBEIX (QYHKIHH y = y(x), YAOBJIETBOPAIOIINX YCJIOBHAM

Ly )=y (0) [<n, |5 () —gg(0) | <o e od g () =8P (1) | <,

Bunoansercs HepapencTso |J[y(x)]— J[yo(x)]| < e. HubMu ¢no-
Bamu, |J[y(x)]—Jlyo(x)]} << e, ecan

pn [y (%), go(x)]<m.
OyHKLHOHAN, He SABJAAIOMIMICS HENpepHBHbIM B CMbicje 6JH30-

CTH Nn-r0 MOpsAfKa, 6yAeM HAa3LIBATb pA3PbIBHbIM B CMEICJE YKa3aH-
BHo#i 6snzoctH. [lonaras

¥® (x) = 4§ (x) + a0'® (x) (=0, 1,2, ..., n),
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Fae ¢ — HEKOTOPHIA mapameTp, a © (X) — NPoH3BAIbLHAA (PYHKUHSA H3
Kaacca M, saMeuaem, 410

lim y® () =y (x) (k=012 ..., n),
a0

H onpeseieHHe HenpepHBHOCTH yHKuMoHana mpH Yy (x) = yo(x)
MOXHO 3aIHCaTh TaK:

im J[ye (x) -+ aw (x)} =T [yo (x)].
a0 »

ITpumep 9. [Tokazarb, 4uTo PpyHKUHOHAM
1
Ty = [ [y (0)+ 24" (x)] dx,
0

onpenenennsiit B mpocrpaHcree Cif0, 1], HenpepeiseH Ha GYHKUHH
Yo(x) == x 8 cMBIC/e GIM30CTH NEPBOTO MOPSAKA.

PemenHe. BosbMeM npomssoasHoe uucao & = 0, [lokaxew,
yTo cyuectsyer uumcno 1 = 0 rtaroe, uro |J{y(x)]—J[x]| <<-e, Kak
TOMBKO |y{x) —x] <M u |y (x) —1] <1n. Hmeenm

, /
Vi@ =11l =] [ g0 +2¢ (1)~ x =2 dx | <
- 0

1 1
<fly<x)—xldx+2f|y'<x)—lldx.
0 0

BriGepem n=—§—. Torpa ans Beex y(x) = Cy[0, 1], pns xoropux

ly—xl<gs v 1y - 1I<3,

6yneM HMeTb
gl —7xl|<e.

Urak, mas scakoro e > 0 cymectsyer n > 0, Hanpumep, =-§-,

Takoe, 4TO Kak Tolpko Pfy(x),x}<<n, 1o |Vy(x)]—J[x}| < e.
OTe H 03HAYaeT, COINACHO ONpPeJEseHHIO, UTQ AaHHLIR (QYHKHHOHa
HellpepelBeH Ha (yHKUHH Yo = X B CMbIcJe GJM3OCTH MEpPBOro IMo-
psanka. Jlerko BugeTh, uTo 3TOT (YHKUMCHA/N HEmpephiseH B CMBIC]e
6JH30CTH NepBOrO NopffKa Ha Joboit Kpusofi y(x) = Cyl0, 1],
[Tpumep 10, PaccMoTpuM ¢GyHKUHOHA )

JTTF ()] =F (x0),
rae dynkuuy f(x) € Cfa, b] u x; = [a, b). .

IToT GYHKUMOHA] pa3pulBeH Ha Jio6oil pyHKuHH [(x) B cMBlcae
0/H30CTH HyJeBOro nopsinka, B camoMm sgene, nycTs @(x) Takosa,
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uto @'{x0) = 1 u |@(x)| << n na orpeske [a, b]. ,Boabmeu ;byulmmo
F(%) = fo(x) + @(%), rae fo(x) & Cila,b]. Toraaf (xy) = fo (%o)+1.
Ouesnano, uro plf(x), fo(x})]<<m, 7. e. xpuBwe f(x) m fo(x)
61H3KM B cMblcie OJAM3OCTH HYy7neBOro nopsika. B 1o ke Bpems
JF(x)] —=Ifo(x)] = 1, T. e. 3HaueHns dyHKuuoHaJa He ONMIKH NpU
060l 6M30CTH HYJEBOro Nopsika apryMentoB f(x) u fo(x).

Tounee, cymectByer ¢ > 0 (uMenno € << 1) Takoe, 4T0 KaKoBO
6el HH Obiio 1} > 0, HaiigyTea f(x) Takue, 4TO

oolf, fol<m v [J[fl=TIf]ll>e.

3To H o03Hayaer pa3phiBHOCTL (yHKuHoHana J[f] B cMbicne 61H30CTH
HYJIeBOTO NOpsAKa.

IMokaxeM, uTo 3ToT (hYyHKIHOHAT HelMpepLIBEH B CMBICAe GIH30-
CTH NepBOro NOopsKa,

BosbmeM so6oe &€ > 0. Hmeem

[T =T [fo (0] [=F (%0) = Fo (x0) |
OueBHIHO, 4TO ec/H B3fATb 1 == g, 10 npu pi[f(x), fo(x)] << n 6y-

A€M HMeTb
W IHE =T o (£)]]<e,

4r0 M TpeGoBaNOCh AOKa3aTb. JTOT NpHMep MOKa3blBaer, YTO M3 He-
DPEPLIBHOCTH YHKIHOHANA B CMEICAe GJAM30CTH 7-TO NOPsAKa He
cienyer, BooOme TOBOPR, HelpeperlBHOCTb (YHKIHOHAna B CMLICIQ
6aH30CTH Gostee HH3KOro NOpsAAKa.

ITpumep 11. Paccmorpum dyHKWHORAN

n
Iy (N = [ o (9 dx,
0

onpeneneHHuit B npocrpaHctee Ci[0, ). TTokaxkeM, yro pausblY GyHK-
puonan Ha ¢yHKUHH Yo(x) == 0 paspniBeH B cMbicae GAU3OCTH HY=
JNeBOro MOPAaKa.

JeficTBaTe/BHO, NYCTh Yo(x) = 0 Ha [0, n] B yu(x) = ilﬂnn—x-.

Torna po[ys (x), yn (x)]=—’-ll— H go—>0 1pr nn—> o0,
C apyroft cTopoHH, pasHoCTb

2
cos® nx
———d
n

T
I [Yn (£)] = T [yo (x)] = _’-
0

x—-—.’_‘.
2

He 3aBHCHT oT A. TakuM ofpasom, npu n-»oo J[ya(x)] He crpe-
MuTca K J[yo(x)] = 0, u caenoBarenbHn, AaHHHH ¢yHKHHOHAN pa3s
PHBEH B cMbic/ie GIH3OCTH HYJEBOro Nopsfxa ¥a QyHKUNH yo(x) =
= 0,
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TlpenocTasisieM YHTaTeMIO JTOKa3aTh, YTO:-PaCCMOTPEHHBIA (yHK-
LHOHAN HenpepbiBeH Ha QyHKHHH yo(x) =0 B cMHIche . 6AH3OCTH
nepBoro nopsjxa.

UccnenoBate Ha HeNpephLIBHOCTb cieldyiollHe (ByHK-
L{HOHAJIBI.

36. J[y(x)] = y(x0), rne obyuxuun y(x)es Cla,blu
%o € [a, b], B cMbicsie GJAH30CTH HyJEBOrO IOpPAIKA.

37. Jly(x)] = max|y(x)|, rme dyuruun y(x) Hempe-
PHIBHHI Ha OTpesKe [a,b] (B cMbicse GJH30CTH HYJ€BOTO
nopsaka).

38.

0, ecin y(x) npuHrMaer XoTsd Obl OZHO
OTpULATENLHOE 3HAaYeHHe,

][y(x)]=i —é, ecad y(x)=0,

l 1, eca y(x) =0, npuuem y(x) =0,
B CMbIC/Je GJM30CTH HYJEBOrO NOPSIIKA.

i
39. J [y (0] = J. | 4" (x)ldx, roie GyuxunH y (x) UMeOT
; ,

HempepHIBHbIE NEepBLIE NPOH3BOAHLIEe Ha orpeake [0, 1]:
a) B CcMBbIcJe GJH30CTH HYJeBOro mopsiika; 6) B CMblcae
6JIM30CTH NEpPBOTO TOpsAiKa.

a

40. J [y (x)] = J. Vi + y* (%) dxna (byHKuHH Yo (x)=0,

0
rae dyuknuu y(x) = C[0, n]: a) B cMmuicne 6.aM30CTH
HYJIEeBOro nopsfka; 6) B CMbicje GJH30CTH NEPBOro mo-

psijiKa.
11

41. Iy (x)]= J. (1+ 2y’2(x)) dx uwa byHkuuH gy, (x)=0,

0
rae ¢yukuuu y(x) = C [0, ], B cmbicae 6.au3ocTH mep-
BOI'0 NOPsIKA.,

TIpumep 12. Tlokasars, uTo dydKnHOHAT
1

Iy ()] = j SVTF 7 (n) dx,
0

onpefeneHHnli Ha MHOxecTse ¢ynkuuit y(x) & C[0, 1], Henpepsien
Ha QYHKUHH yo(x) = X? B cMBiC/e GJH30CTH HYJ/IEBOTO NMOPAAKA,
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- Pemenue, IToroxum y(x)=x%+ an(x), rae n(x)=C [0, 1],

o~ KaK yroino Ma.go, |

Iy (x)]=1[x2+un(x)1=jx3V1+<x2+an<x»2dx=
0

1
= [ @V TFF T2 T o (7 dx.
¢

ITepexcas x npeaeay npd o —- 0, MOJYyuHM H3 STOTO paBEHCTBA
1

lim I [y (x)] = f BV T F i de =1 [x2),
a->0 3

YTO H O3HAYaeT HENPepBIBHOCTb (PYHKUHOHANA Ha (YHKUHH Yo == X2

Onpeneaenne Ilycts M— qnHeiliHoe HOPMHPOBaHHOE HPO-
CTPaHCTBO (PyHKUnA y(x). ‘
®ynkunonan L[y(x)], omperenennblii B npocrpaicrtse M, Hasbi-
BAETCR ALHELUHbIM, €CJIM OH YAOBJIETBOPSIET YCIOBUAM:

1 Licy (x)}=c-Lly(x)}
rie ¢— NPOH3BOJIbHAS NOCTOSIHHA,

2) L [#:(x) + g2 (x)] = L [g1 (%)} + L [y (x)),

rae 1 (x)eMuy,(x) =M,
Hanpuwmep, ¢pyuxkuuonan

b
Ly (x)]= j [y’ (x) + y (x)] dx,

: onpeaeneHnblfi B npoctpanctee Cyl[a, b], oueBnaHo, sBAsierca JH-
HeUHBIM. .
Jpyroe onpenesneHne JuHeflHOCTH GYyHKUHOHaMa:
Oynkuuonan L [y(x)] naseiBaercs aunelinvim, ecan os 1) Hempe-
puBes u 2) aas MOGHX ¥ (X) EM u yo(x) &M yaosaersopsier

YCJIOBHIO
Ly (x) + g2 (x)] =L [y: (x)] + L [yz (x)].

42, TloxasaTb 3KBHBAJIEeHTHOCTh MPHBEIEHHBIX BHILIE
onpejenenuil NHHeHHOCTH QYHKIHOHAJA.

43. TMokasath, uto ¢yHKunoHan L{y(x)]=y(xo)—
JHHeHHBIH,

44, Tloxasatb, uto ecan Liy(x)]— nunedinsit QyHk-
LHOHAJ U OTHOLIEHHE 'lﬂ‘_zghy(x%)ll—_’ 0 mpu lly(x)ll =0,

0 Lly(x)]=0,
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8°. Bapuaums dynkuuomana. IIycts ¢yukuuouan J[y(x)] sanau
Ha mHoxecte M o¢yukuuit y(x). ITpupawenuem yukyuonara
Jly(x)], oTeuaomuM npupameHuio Oy(x) aprymenra, Hasmisaercs
Be/IHUMHA

Al = AT [y (x)1 =T [y (x) + 6y ()] — T [y (x)] (10)
(8y (x) =i (x) —y (), rne y(x) = M, 7 (x) = M)

IIpumep 13. Hafitn npupamerue ¢Qynxuuorana
1
Iy =gy () dx,
‘ 0

onpenesennoro B mpoctpancrse Cyla, bl, ecan y(x)=x, 4, (x)=x2,
Peuenue. Hveem

1 1 1
Al =17 [x?]—T[x] = f x2x dx — [ xeledg= f(2x3-—x)dx=0.
0 ] 0
45. Ha#itn npupameHne (yHKUHOHANA, DPACcCMOTpeH-
Horo B npuMepe 13, nonoxus y(x) = e*, yi(x) =1,
Onpenenenne Ecay npupamedne byHKUMOHaMA
Al =1y (x) + 8yl — I [y (x)]

MOXHO npeacTaBHTb B BHAEC
Al = L{y(x),6y] 4 B(y(x), 8y) Iy,

rae Lly(x), 8y} — nupeinsiii no otsowenuio K Oy dyHKUMOHAT H
B(y(x), 8y) =0 npu |6yl =0, To JHHellHas no oThouwenuio k Oy
yacTh npHpauleHus QyHkuuoHana, T. e. L{y(x), 8y, nasuiBaercs ea-
puayued @ynxyuonasa u obo3Havaercs 8J. B sroM ciyuae ¢yHK-
nuoHas J[y(x)] HasnBaeTcs Jugdepenyupyembim B TOUKe y(x).

46, Tloxasatb, uro Bapuauusi 6/ dyHKuxonana
J[y(x)] (ecaim oHa <CylHeCTByeT) ONpeAENASTC €JUH-
CTBEHHbIM 06pasoM.

" HNpnanep 14 IMorasate, uto dyHKUHOHAA
b
Ty (N = [ g ds
a

safanHwii B mnpoctpanctse C [g, 4], muddepenuupyem B Kamaoh
TOukKe y(X) 3TOro0 NMpoCTpaHCTBa,
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Pewenue,
A=y 48yl — 7T [yl=

b b
= J- [y (x) 40y (x)] de ~ fy(x)dx= f 8y (x) dx.

b
TakuM ofpasoM, AJ= f oy (x) dx. ATo H# ecThb  JHHEHHBIR
(hyHKUHOHAN OTHOCHTEJILHO 8y (x). B pauHOM cayyae Bce mpHpalie-

Hie (yHKLHOHANA CBENOCh K JHHEHHOMY (DYHKHLHUOHANY OTHOCHTENHHO
Oy (x). Paccmarpupaemblft dyukuuoHan AuddepeHunpyem B Kax 10K
b

" Touke y(x) u ero BapHauua O0J = J. by (x) dx.

a

47. Tlokasath, uTO BCAKHUA JHHEAHBIA HeNpepLiBHbI
¢ynxkiuonan J{y] scerna nuddepennupyem.
Ilpumep 15 Ilokasars, 4To (hyHKIHOHAX
[4

Hil= [ v (v dx,

ompenenennnfi B npocrpanctee Cla, b], nuddepeHunpyeM B Kaxoft
TouKe (). ’
Pemenune Hmeem

b b
AJ = f [y (%) + 8y ()12 dx-—f_l{z(x) dx =
a a

b b
= [wwoy@dr+ [@ywrae (1)
a a

Hepabm uHTerpana B npasBofl yacth (11) npu kaxpo# gmxcupoaa}{‘
HO# GYHKUHH y(X) aBAAETCS JHHEHHBIM OTHOCHTEJIBLHO y(x) $yHK-
nuonasioM. OueHHM BTOpOH uuterpaa B npapoft uactd (l1), HmMeewm

b b

[ @uonds= [ 1oy ()2 dx<

a a

SGEEL, )2! dr=(b—a) I3y (D =
=((b—a)lldyf)- 1y
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IIpu || 8y || - 0 Besuumma

(b—a)li byl ->0.

Takum ofpasom, nprpamense AJ gyHKu#oHasa npeicTaBUMO B BHIE
cymmbl Liy, 8yl u no6asku, uMeromef BTOPoOi NOPANOK MaJOCTH OT-
HocureabHo ||8yill. Cornacho onpenesnenuio, NaHHBIf GYHKUHOHA SB-
JasgeTcsi nupdepeHIHpYeMBM B TOuKe y(X) H €ro BapHalus

b
8/ =2 j (%) by (%) dx.

1
48. Haa d¢yuxuponaaa J[y(x)]= f y?(x)dx mnono-

0
KUTh Yy =2, Sy =oax® H cpaBuuts 8/ ¢ AJ mpu a==1;"
— 0,1 0,01

1

49. llas dynxuuonana J[y(x)]= f xy3(x)dx moJo-

0
WuTh y=¢*, dy=uax. Cpasuute AJ c 6J npu a=1;
0,1; 0,01.
50. Ilpomeputpr nuddepeHuHpyeMOCTh CJASAYIOUIHX
(O YHKIIHOHAJIOB:

1) J[yl=y(a) B npoctpancrse C [a, b].
2) J[yl=y(a) B npocrpauctee C,|[a, b].

3) J[y]=\/1 + y”*(a) B mpoctpanctse C,[a, b).
4) J]yl=\y(a)| B npoctpancree C |a, b].

51. [okasatp, yto dyukuuonan J2{y] nuddepennu-
pyeM, ecnu nubdepennupyem J{y]. Hanucare Bapnanuo
I21y]. )

52. IToxasaTb, 9yT0 (PyHKIHOHAM

b
Igl= [ I y(»)dx,

onpefeneHnbifi B npocrpancetse Cla, bl, rne f(x,y)— He-
npepbiBHAs (YHKLUMA CBOMX apryMmeHnToB, obJjajalomas
HelpepbIBHHIMH YACTHBIMH [MPOH3BOAHBIMH JO BTOPOro
HOpSIAKA  BKIIOYHTENbHO B obiacth a<<x << b,
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—o0 <L Y < o0, Jm(pq)epeﬂuupyeM H ero BapHalus
HMEET BUJ,
b

af (x,
o] = J%éy(x)dx.

a

Mpumep 16. PacemorpuM ¢dyHKUHOHAN
Tl = [ Fxw (), o (0) d
a

onpeaenenHuifi B npoctpanctBe Cifa, b] HenpepuBabIX (yrKuul y{X)
Ha oTpeske [a, b], 06.1analomuX HenpepLIBHBIMH NPOH3BOAHLIMH T273
Boro mopsamka. ®yukuus f(x, y, y’) HempepuiBHAa MO COBOKYMHOCTH
CBOHX apPTYMEHTOB H HMeeT HenpephIBHbe YacTHbE INPOH3BOAHLIE IO
2-r0 mopsifiKa BKJIOUHTEIbHO B 06/1aCTH

as<x<h, —o<y<+oo, —oo<y <+ oo,

Haiinem npupamenue ¢ynknHonana AJ, oTBeuaiomiee pHpaIleHHIO
Oy (x) aprymenra, rae Oy (x) = C, [a, b]. HUmeem
b

Al [y (x)] = f (F(x,9+0y vy +0y)—[(x 9 ¢)dr.  (12)

ITo dopmyne Tefnopa
[, y+ 08y, 4" +0y") — [(x, 9, 97) =

fa + fay +R(%, 4 4, By, 8y’),  (13)

ree R(x, y, y’, Oy, dy’) — ocratounnéi uiaeH Qopmyam Teilropa.
IMoxcraBass (13) B (12), monyunm .

b

a1y = [ (SLoy+ 2 ov)ar+

-+ f R (x, 4, ¥, 8y, by’) dx. (14)
a

IMepBoe cnaraemoe B mpasoit uactu (14) suHefdiHO OTHOCHTENLHO Oy
n dy’. I'IyCTb BCC BTOpbie YacTHble NPOH3BOJHHE GYHKuuu f(x, ¥, _/)
H0 y u y' He NpeBOCXOAAT NO aGCOMIOTHOM BeJHUHHE HEKOTOPOR
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KoncTaHTH M > 0 B orpannuesno no y u y’ obaactn. Toraa cmpas
BeJJMBA OLEHKA ;

b b ‘
J. |R(x, y, ¥, 0y, 8y’ )| dx << 2M J. 6y l12dx=2M (b — a)| 8y |%

3nech | 6y | = max (lby I, 184" |). TakuMm o6pasoM, BTOpOE
agx<h
cnaraeMoe B npaBoi yacTH (14) — BTOporo nopsjaka MajJoOCTH OTHO-
cutenbho [|Oyll. CheqoBatenbio, coriacHo onpejeseHHio, GyHKIHOHA
J[yl mudoepenunpyem B npocTparcTBe Cila, b] u ero Bapuauns

UMeeT Buj
b

6][y]=f(af6+ o s )dx. (15)

ITpumep 17. Halttn papnaunio pyHkuHonana
1
Il = [ (e + 57 d.
-1

Pewenue Pyurkuua f(x, y, y’) = y’ev 4 xy?, oueBHAHO, He-
NpepLHBHA 1O COBOKYIIHOCTH NEpPEeMEeHHbIX X, y W Yy, HMeeT uacTHbEe
HpPOH3BOJAHbIE BCeX MNOPAAKOB 1O y M y’, OrpaHHYeHHHe B JHoGoi
OrpaHHyeHHOR o067acTd H3MeHenus mnepeMenHnix y u y’, ITostomy
JNaHHEH ¢(yHKUHOHAn AHdgepeHunpyeM B npoctpanctee Cyf—I1, 1]
H ero BapHaUHsa coraacHo ¢opmyse (15) pasHa

f [(4"¢? + 2xy) 8y + & 84’1 dx.
1

63. Ilast ¢pynkuHonaJa

e

Iy @] = [(y'y+ xy")dx
1.

N0N0XUTE y=Inx, 6y=—k¥:__—']—l)— u cpaBHHTb AJ [y (x)]

¢ dJ[y(x)] npu k=1; 0,1; 0,01.
-64. st ¢yHKUHOHANA
1
Iy )= [ (2" — g dx

0

NONOXKHTD y =2, &y = kx5 .CP.aBH“T" ATy (9]
c &7 [y (x)] npn k-—-I 0,1; 0,01,
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n
55. Jna oyukuuonana J [y (x)]= f y” sin xdx nona-

0
¥KHUTh y==sinx, d8y==~Fkcosx; cpaBHuts AJ[y(x)]
¢ 8J[y(x)] nna k= —1; 0,3; 0,03.

56. [TokasaTb, uto ecau OYHKUUA [ (X, 2, 22, «<v) Zmyp)
HMeeT HenpephIBHEIE NPOH3BOAHLIE 2-T0 MOPAAKA 1O BCEM
apryMeHTaM B o00JacTH @< x<bh, —oo <<z, <+ oo
(=1, 2, ..., m+1), To OyHKLUHOHA]

b
Hgl=[Fl% g9, g (0, ..., g™ (Idx

nuddepenuupyem B mpoctpancTBe Cp,[a, b u ero Bapua-
Mg HMeeT BHJ

~

6J=“6f 6y+ 6y + o o ey<m>)dx. (16)

4°, Bropoe onpenenende BapHaUHH ¢yukuHoHanaa. Bapuayued
d)yurmuouaﬂa Jiy(x)] B Touke y = y(X) vasmBaercs 3HAUEHHE MNPO-
nasomion ¢yukuuonana J[y(x) + ady(x)] mo napameTpy o, Koria
a=0:

=Ly +ady (Nlamy (17)

Ecnn cymiecTByeT BapHauHa (QyHKUHOHAJa KaK r/iaBHas JHHeM-
Has yacTh €ro MpHPAILEHHA, T. €. B CMBIC/IE NEpPBOro OnpenefeHHs,
TO CyIlecTByeT H BapHallHg KaK 3HaueHHe MNPOH3BOAHOH Mo mapa-
MeTpy o npd o == 0 ¥ 3TH BapHalUHH COBMATAIOT.

Ilpumep 18. ITlonb3ysick BTOpHIM oOlpefe/eHHeM, HafiTH Ba-
puauuio HyHKUHOHANA ‘

b
Iy (= [ v (n ax.

" PewenHe Bapuauus 3toro GyHKUHOHana B cMBIC/IE NepBOTO
onpejencHus paBHA i}

b
dy=2 [ y(x) 8y (x) dx
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(cM. npumep 15). Haifinem papuanuio dynxunonana Jy], nom;syﬂcx;
BTOPRIM OIpelieJieHHeM BapHaiHH. Hmeem

Ty () + a by (1) = f [y (x) + ady (x)}2 dx.
Torga ‘

2 rty+atn=2 [ (g+adpoyar

H, ¢Jea0BaTeJALHO,
b

d
6!=%—J[y+a6y] [a=0?2fy6ydx.

a

Bapuanun ¢yHKiuOHaNa B CMLICJe MEPBOrO M BTOPOro Onpefes
JIEHUH COBMAaAAOT.

Haa ciaeayomux GYHKIUOHANOB HafTH BapHAlHIO B
COOTBETCTBYIOLIHX IIPOCTPAHCTBAX B CMbICJe BTOPOrO
onpejeneHus.

b

57. J[yl= [ (x+ y)dx

a

b
58. I{yl= [ (45— y")ax.

a

1
59. J[yl=y* @ + [ (ry + 5 dx.

60. J[y]= J y’ sin ydx.
0

61. Hafitn Bapuauuio ¢pyHKuHoHan a
J[yl’ Yo o« oy yn]"_—"‘
b

=Jf(x’ yl(x)7 ."'1 y,,(x), yf(x)’ MR y;(x))dx
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rie f-—HenpepsiBHAA (YHKIHS CBOMX aDIYMEHTOB, HMEI0-
H{afl HelpepbIBHbIe YACTHblE IPOU3BOAHBIE IO BCEM CBOMM
aprymMenTaM B HEKOTODOH orpaHuueHHoH ob6gaactu G us-
MEHEHUSA NOCAEIHHX.

3aMmeuaHnue Bropoe onpemenedde BapHaluH (QYHKUHOHAJA
HECKOJIbKO LIHpe MepBOT0 B TOM CMLIC/e, UTO CYLIECTBYIOT (YHKIHO-
HaJbl, U3 TNPUPALICHAST KOTOPEIX HeJb3sl BHIAENUTb TaBHOH NUHEHHOH
YAaCTH, HO BapHalMsa B CMBICAe BTOPOTO OnpefeeHHs] CyUecTBYeT.
Iloxamem 3To Ha mpumepe (yHKUHH, ANt KOTOPBIX COPMYJHPOBaH=
HOe yTBepIK[eHHe DPaBHOCHJABHO TOMY, UTO CYLIeCTBOEaHHE MPOH3BOX-
HBIX no J060My HanpaB/eHHI0 HeAO0CTaTOYHO [J/f CYILeCTBOBaHHs
Auddepenurana GyHKIHH.

Ilycts
Xy 0
(%, y) = ——==——=—sin 20 x2+ y? 5 0),
fxy sz T4 9 ( Y
rae o 4 cp—nonﬂrpﬂme KoopauHaTel TOYKH (x, y). YacrHele mpous-
BOAHEE — = H g CYMIECTBYIOT B KaXKIOH TOUKe H B Hauasle KOOp=

NMHAT paBHE HYJO, HO AHMG¢epenuran df He cyulecTByer B Hauaje
KoopauHaT. B camoM sene, mpu HantuuuH df rpaaveHT QyHKUHH

B HauaJjle KOOPIAMHAT paBHsics Gbl B 3TOM Cjaydae HyJ0, a NOTOMY
paBHasach OB HyJMI0 TMNpPOH3BOAHas no Jaio06OMYy HanpapJeHRId

a (doz 2 Mexny TeMm, Kak serko yGemHThbCH,
4100 (22 9 =-% sin 29,

4yro BooOUIE OTJIHUYHO OT HYJA. 31aech (¢ — yroJ, o6pa3oBatHbHHA BeK-
TopoM I ¢ oceio Ox.

5°. Bropas Bapuauust dyuxkuuonana. dyukuuonan J[x, yl, saBu-
CAWMA OT ABYX 3JIEMEHTOB X H y (npHUHafIeRallHX HeKOTOPOMY JiH+
Hel{HOMY NPOCTPAHCTBY), HasblBaercsi OuUAUHELHbIM, eclu npH (ux-
CHPDOBaHHOM X OH NpeicTaBJ/sieT coGOH JHHeHHbIH (QYHKUHOHAA OT Y,
a npH GUKCHPOBAaHHOM Y — JHHeHHBIH ¢yukudoHan oT x. Takum
o6pasoM, ¢pyHKUHOHaA J{x, y] GHnuneeH, ecan

I loyxy + agxe, g} =ayJ [x1, y] + aof [x2, yl,
I [, Buyy + Bayo] = B1J [x, yh] + BT [x, 2]

Tlonaras B OunnHeillHOM ¢YHKIHOHAMe y == x, MOJyuaeM BhHIpame-
nue J{x, x], HaseBaemMOe KBAOPATUUHBIM (DYHKLUUOHANOM.
BunnHedHbIH QyHKUHOHAI B KOHEYUHOMEpPHOM MPOCTPaHCTBE Ha-
3bIBaeTcsl Ouaunelinor ¢opmoll.
KBaapaTuuHbelli QyHKUHOHAM J[¥, x| Ha3bIBAETCSL NOAONCUTE.1bHO
onpedenernoim, ecan J [x, x] > 0 nas A:060T0 HEHYNEBOro 3/eMeHTa X,
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Hanpuamep,

1) Bupaxenue »

Isgl= [ A0z g @) a

rae A(f) — dukcuposanunas Henpepual-ll’aa dyHKuHuS, npeacraBafeT
cofoii GuanHefiHbil ¢yHKUHOHAT, a f A (t) x? (t) dt — xBagpaTHu-

a
HbI (yHKIHOHAT B npocrpaxcree Cla, b), npuuem ecau A(f) >0
npu Bcex f & [a, b], TO 3TOT KBaApaTHUHHH ¢yHKUHOHAN GyjeT mo-
JIOXHUTENbHO ONpejeNeHHbIM,
2) Brpaxenue

b
[lawso+B0x0 2 O +C@) 2" O]at
. ,

npeacTas/sier coGOH- NpHMED KBaApaTHYHOro q;ym(unox{a.na onpene-
JIEHHOro AJs BCeX yHKIHUH H3 NpOCTPaHCTBa Cila, b

3) U
) Harerpan 5 b

[ [k nxeywasat

a a

rae K(s, {) — bukcHpoBaHHas gym(u}m ABYX nepeMeHHHX, ABJAseTcCA
. GunnHeAHBIM GYHKIHOHAJIOM B

Onpepneaenne Ilyere J[y] — PyHKuHOHAN, oOnpeleneHHEIH B
KaKoM-aH60 JIHHE[{HOM HOPMHPOBAHHOM MPOCTpAaHCTBE,

Mu ckaxeMm, uTo ¢yHrugoHan J{y} uMeer BTOpyIO BapHauuI,
ecan ero npupawenne AJ = J[y + 8yl — J[y] moxkHO 3anucare B
BHZIE

AT = Ly [89] + - Lo [841 + B 1 Sy I, (18)

rae Li[8y] — nunefinui q)yHKuHOHaJl, Lo[6y] — KBaspaTHuHEA OYyHK-
uuonan, a §— 0 mpu oyl - 0.

Ksagparnunsii q.)yHKLlHOHaJ'l L[6y] 6yneM nasbizaTh 8ropod ea-
puayuet: (BTOpuIM AuddepenunanoM) ¢yunxkunonanaa Jly] u obosua-
yats 84

BTopas Bapuauns (pyﬂxunox-xana (ecan oHa CYUIECTBYeT) ompe-
JesieTcsl OJHO3HAYHO.

ITpumep 19. Haiitw sropyro BapuaunHio ¢yHKIHOHala

Iyl = f (xy? +y"°) dx,
0

onpenenennoro 8 npocrpanctee Ci[0, 1] dynxunil y(x).
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Pewmeune, Hueem .o
AJ=7[y+ oyl —J{yl=

1
= [lrw+or+ @ +0y) — x? =y dx =
0

i ,
= [ [2xy 8y + x (29)* + 35" 89/ + 3¢/ (892 + (89’ V] dx =
0

1

= f (2xy 8y + 3y”* 8y’) dx -+
0

1 1
+ [ L@+ 3y 01 dx + [ @y ae. (19)
0 [t

Ilpu dukcHpoBanHoM y(x) mnepBoe cuaraemoe npasolt uactu (19)
ecTh JHHefiHBI OTHOCHTenbHO Oy(x) GyHKIHOHAI; BTOpOe CJjaraes
Moe npaBoll uacTH ecTh KBaapaTHuHbIH ¢yHKuHOHa . Hakowen, no-
clefHee, TpeThbe cJaraeMoe NpPaBOfd HacTH AOMYyCKaeT OYEBHIAHYIO
OlLeHKY .

1 1 1

[ (0y'y ax| <dmax 8y 17 [ 1657 1dx < [ 18y | dx oy )2

0 0 0

(uopma B cMmbicse mpoctpanctea Ci[0, 1]), oTkyna BugHO, uTO 3TO
cnaraemoe npeacrasuMo B Buge f-[10y4112, rae B—0 npu |6yl — 0.
CornacHo OnpexeneHuio, JAHHBIH (GYHKUHOHAN HMeeT BTOPYHO BapHas

o 6% 1 oHa pasHa '

1
827 =2 f [x (89)2 + 3y’ (8y’¥] dx.
1)

- 62, JlokasaTb, uTO KBajgpaTHUHBIH (yHKUHOHAN AU«
(depenuupyeM, u HalTH €ro BTOPYK BapHaLHIO.

63. Hamucatb BTOpYI0O BapHauuio (¢GyHKUHOHAA
efw, rne F(y)— npaxan prddepenuupyeMuit yHKa
LHOHAJ.

64. TlokasaTp, uTO HYHKHHOHAJB! BUIA

b
Iyl=[ F(x y, y)dx
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B npoctpaucrBe Cfa, b] apnasiorca xBaxian Auddepen<
LUUPYEeMbIMH, eCJH IoabliHTerpajbHaa ¢yHkiua F obaa-
JaeT HeNnpepbIBHBIMH [POM3BOJHBIMH 10 TpeTbero Io-
pAIKa BKIIOYHTENbHO, H HaliTH BbIpazKeHue JJaa BTOPOM
BapHAaIHH.

Beegem ¢ynkuuio @ (a) = J[y 4 ady]. Bropas sapuauus 0%/
¢yuruEoHana J[y] onpexenaeTea TakKe yepe3 BTOPYIO (IPOH3BOLHYIO
¢dyuxkuus Ofa] B Touke o = 0:

d?® (a)

) .
do =0

3 =

Hdns GYHKUHOHANOB HHTErpajbHOrO THNA, KOTOPHI2 MBI OyleM
TpeNMyI{eCTBEHHO pacCMaTpHBaTh, 00a 3TH ONpeje/ieHHs] COBNAAaoT,

HafiTh BTOpBIE BapHauuu

65. J[y]=fF(x, Yy, Y, ..., ym™)dx.

66. f[y]—_—HF(x, 4, 2, 2y, 2,)dxdy.
G .

b
67. Iy, ---, y,,]:fp(x, Yir vver Ypp Yo +ovs y1)dx.

a

6°. 3kcTpemym dyukuuonana. Heo6xomumoe ycaoBHE IKCTPE-
myma. TIopopsar, uto ®yukuuoman J{y(x)] moctHraer Ha KpHBOH
¥ = yo(x) MakcuMyMa, ecaM 3HaueHHsi QyHKuHoHata J[y(x)] Ha
Mo6o# Gu3K0H K y == yo(x) KpuBOil He Gosblule, ueM J[yo(x)], T. e.

M =Ty (x)]— [y (x)] <O

Eciu AJ << 0, npuuem AJ = 0 Tosibko Tpu Y (x) = yo(x), TO
rOBODPAT, UTO Ha KPUBOH y = yo(¥) ROCTHraercst CTPOrHH MaKCHMyM.

AHanorHYHO onpefenseTcst Kpusas y = Yo(Xx), Ha KOTOpod pea-
JH3YeTCSt MHHHMYM. B srom cnyuae AJ = 0 Ha BCeX KPHBBIX, 601113~
KHX K KpHBOH y = yo(x).

Ilpumep 20. [lokasars, 4yTo yHKIHOHAT

1
Ty ()= [ (24 g2 dx

0

Ha KpuBof#t y(x) == 0 focTHraeT CTPOroro MHHHMYyMa.
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Pewenne Jna mo6oi nenpeprBHOH Ha [0, 1] dynxunn y(x)
HMeeM
1 1 I

A =11ly(x)] —7[0] = f(x2+y2)dx—fx2dx= [y2dx>o,
0 0 0

TIpHUeM 3HaK paBeHCTBA L OCTHraeTcs TOJAbKO npH y(x)== 0.

Cunenouii u caabeul sxcrpemymot. ToBopat, uTO (GYHKUHOHAT
Jly(x)] mocrturaer Ha KpUBOH Yy = yYo(X) cUALHOZO OTHOCUTEAbHOD
MaKCUMYMA, eCu IR BCeX JOUYCTUMBIX KPHBHIX Y == y(x), pacmo-
JIOKEHHBIX B HEKOTOPOM E-OKPECTHOCTH HYJEBOro NOpsAKa KPHBOH
Y = yo(x), UMeen

Iy ()] < T [yo (2)]-

AHasoruuHo omNpeneasieTcst CUAbHbLL OTHOCUTeAbHbIL Munumys GYyHK-
HoHAaja.

ToBopsar, uto ¢yukunonan Jy(x)] nocrtaraer Ha KpHBOH y ==
= Yo (X) 206020 OTHOCUTEABHOZO MAKCUMYMA, €CaAU LM BCeX HOMV-
CTHUMBIX KPHBHIX Y = y(X), pacro/IOKeHHBIX B HEKOTOpO#l E-OKpecT-
HOCTH MepBOro MopsiaKa KPHUBOH y == yy(x), HMeeM

Ty (0] <<T [yo ()1

AnanoruuHo onpenensiercst cAabbili OTHOCUTEAbHbIE  MURUMYM
¢yHxuHoHaNA.

MakcuMyMBl B MHHUMYMB (CHNBHEIE W ciabble) QyHKUHOHa1a
J[y] HA3EIBAIOT OTHOCUTEABHBIMU 3KCTPEMYMaAMU.

BCAKHE CHIBHBIH 3KCTPEMYM €CTh B TO Ke BpeMst H caabwll, Ho
He Hao6opoT.

ArerpemyM dyukunonana J[y] Ha Bcefi coBokymHocTH GyHKuM,
Ha KOTODBIX OH OMNpefiesieH, Ha3blBaeTCsl afCOAIOTHLIM 3KCTPEMYMOM.

Beakuit aGcomoTHHIH SKCTpeMYM ABJAsieTca ¢1a0bIM H CHJBHLIM
OTHOCHTGJIBHEIM SKCTPEMYMOM, HO He BCAKWH OTHOCHTENBHHIH 3KCTpe-
MyM 6yaeT aGCOMIOTHBIM.

MMpumep 21. PaccMoTpHM ¢YHRUHOHAN

Eid

Iy = [ 92 (1 =y dx
0

B npocTpancTee dyuxnuil y(x) = Ci0, n], ynosieTBopsiomnx ycao-
BHIO Y (0) == y(n) = 0. Orpesok [0, n] ocu Ox maer caabeiii MHnU-
Mym J. B camom mene, mna y =0 umeem J =10, a a19 KpuBHIX,
pacro/IoKeHHBX B E-OKPECTHOCTH IIEPBOTrO MOPSIAKA 3TOTO OTpe3Ka,
rie &— 1060e MONOXKHTEJNbHOE YHCIO, MeEHblee EAHHKIBI, HMeeM
|g’] <1, Tak 4TO MOABIATErpa/iLHOE BHIPAMKEHHE MOJNOXKHTEIbHO IIPH
y 3= 0 H, cjenosatenbHo, ¢yHKUHOHAN ofpaimaeTcs B HyJb JHIID
npH y = 0. 3HauuT, Ha GYHKUHH y == 0 pocTHraeTcst enaGblli MHHH-
MYM.
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CuipHbifl e MHHHMYM He JOCTHraercs, JLecTaTOUHO ROJIOKHTE

y (x) ———l— sin nx
Vn '

Torzna

J[y(x)]=—rl? fsinzrtx(l — ntos? nx) dx =
0

A

14 T
= 1 f sinfny dx — f sin? 2nx'dx = Tz
n s 2n 8

0

H OpH n A0CTaTouHO GonbuioM pas Hamux Kpuehix J << 0. C apy-
rofi CTOpPOHB, BCE 3TH KPHBHIE NPHU 71 JIOCTATOYHO GOJBUIOM JexaT
B CKOMb YrOAHO MAamoff OKPECTHOCTH HYJEBOTO TOPsiAKA KPHBOH
y = 0. Urak, cunbHLi MUHHMYM He fRocTHraercsi npH y =0,
ITpumep 22 (Befiepwrpace). Paccmorpum dyHKUHOHAT - R

1

1= [ xyds g(=D=—1 y()=t
-1

Umeem J[y] = 0 na orpeske [—I1, 1], npuuem J[y] = 0 Toanko mpu
y(x) =0, 1. e y(x) = C = const. @Pyuruua y(x) = C npuuag-
nexuT K Kaaccy Cif—1, 1] ¢oyukuuii, nmeomux Ha otpeske [—I1, 1]
HenpepLIBHY0 NMPOH3BOAHYIO epBOTO MOPSAKA, HO HE YROBAETBOpSIET
3ajaHHbIM KpaeBmiM. yeaoBusiM. CrenoBaTennHo, J[y] > 0 ans Beex
y(x) = C{—1, 1], ynosrersopsiomux ycnosuaMm y(—I1) == —I,
y(1) == 1. TakuMm o6pa3oM, QYHKIHOHAN HME€eT HHKHIOW TpaHb, HO
oHa He jocruraetcss Ha KpuBHX y{x) & Ci[—1, 1]. B camom nene,
paccMOTpHM ORHOTapaMeTpPHYecKoe CEeMEeHCTBO KPHBBIX

X
arctg r
pa()=——3, >0,
arctg Y
BTH KpUBBle YIOBJETBOPSIOT KPAEBHIM YCIOBHAM Yq (—1) = —I1,

Yo (1) = 1. B npenene npu o —0 noayunM ¢yHKIHIO
[ -1, ecmn —1<<x<0,
bi(x)= 0, ecan x=0,
41, ecan o0<x,

HaH §(x) = sgn x (puc. 3). A
 Dra Gynxuun npHHARJENKHT K Kiadccy ¢ynkuwfl, Kycouno-gad-
¢epennupyembix Ha orpeske [—I, 1]. '



¥ 3 . OYHKIPYOHAJL, BAPHALINA SYHKIZIOHAJA 45

HvceM
1

. 2d
Jlyal = f T
1 (a2+x2)arctgza-

1
2a f x2dx — 2a
(12 + x4

1
i l ~aarctg L
arctg? — § arctg? —
a
Ycno, uro J[ya]—>0 npu «—0. Ha npeneavHoit dyHRuHH §(x),
YAOBJETBOpAIOMIEH KpaeBhM ycaosusaM §F(—I1) == —1, 7(1) =1,
¢ynkunonaa J[y] npuHHMaer 3HaveHue, paBHOE HYJIO: J[y] =0,

yA
=5qnxrx
/ 9
9= Yo lT)
-1 0 ! \;}
~f
Pnue. 3.

Taxum o6pasoM, dyHxkunosan J{y] nocTHraer cBoero MUHHMYMa
Ha KpHBOH J(X) = sgn X, KOropas OPHHAalJEKHUT K Kaaccy Qyrnruuf,
KyCOUHO-AH(bdepeHuHpyeMEX Ha oTpeske [—I, 1], HO He npHHazje-
KuT kaacey Cif—I1, 1].

TeopeMa (Heo6XOaHMOE YC/I0BHE 3KCTpeMyMa (yHKIHOHAJa).
Ecau Ouggpepernyupyemoui pynxyuonar J[y(x)] docruesaer 3xcTpe-
MYyma npu y = Yo(x), 20¢ yo(X) — BRYTPEHHAS TO4KA 00AQCTU onpe=
desenus qbymcz;uana/m, TO npu § == Yo(x) umeem

87 [go (x)] = 0. (20)

®yukuny, A8 Kotopex & —0 ﬁyﬂ,eM HaaHBaTH CTaUUONGP-
HHIMU tpynxquﬂ,uu )
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Hcnonb3yss HeobxoauMoOe ycCa0BHe 3KcTpeMyMa (20)
H OCHOBHbI€ JIeMMbI BapHalUHOHHOTO ucuucienus [15),
HaATH (yHKUHOHA/DbHble YpPaBHEHHS MU ONpele/eHud
CTalHOHAPHBIX q)yHKuHﬁ CleAYIOUIHX (PYHKIHOHANOB:

68. J[g] = HK (s, )@ (s) (1) ds df +

b
+fq>2<s)ds-z [e@f©)ds,

rie K(s,t)—3amaHHas HenpepniBHas CHMMeTpuyeckas
£ B o6 D{agsgb}
¢yHKUus OT S M ¢t B obsiactu a<<t<b |} f(s)—3a«
JaHHasi HenpepbiBHas QyHKuusi ua [a,b]; @(s)— HCKO<
Mbid HenpepblBHHIA (DYHKUHOHAJIbHBIH apryMeHT, P
+ o0
69. J[ol= [ [p(09" (D +20(x+ Do(x—1) —

- — @2 (x) — 29(x) [ ()] d

rae ¢YHKIHOHAJBHBIHE apryMeHtT @(X) HenpepbiBeH H
IMeeT KYyCOYHO-HelpepbiBHbElE MPOH3BOAHLIE BO BCeM HH-
TepBaje —oo < x < —400; p(x) HMeeT HenpepbeHy

IPOM3BOJHYIO, f(x)——HenpeprBHa )

70. J [¢] = f [p () ¢” + ¢ () 9° (¥) — 20 () ] (9)] dx,

P (x) =@ @(x)=09,

rie p(x) umeer HéHpeprBHyIO MPOU3BOAHYIO, §(X) H
J(x) HenpepbBHB H (QYHKUHOHAJLHBIY apryMeHT ¢ (X)
JBaXk bl HelpepriBHO AnddepeHUupyeM.

§ 4. Mpocreiiiuas 3agavya BapnalHOHHOTO HCYHCAEHHS.
YpapHeHne diaepa

IMycts dyukuus F(x, y, y') uMeeT HenpepniBHbe YacTHbE MpPO-
H3BOJHbIE MO BCeM apryMeHTaM. [0 B1ODOro’ MOPSAKA BKIOUHTENBHO.

Cpean Bcex GyHKUHHA y(X), HMEWOIIAX HEMPEPHIBHYIO NPOH3BOA-
HYIO ¥ YIOBJIETBOPSIOLINX I'DaHAYHBIM YC/JOBHAM

yla)=4,  y(b)=B5, (1
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HaWTH Ty QYHKLUMIO, KOTOpasi AOCTaBJsieT caabbulii sKcTpeMyM GyHK-
nuonany

b
Iy = [ Fn o 9)dx. @)

a

JIpyruMu caoBaMH, IpocTefillasi 3afaya BapHAUHOHHOrO HCYHCAEHHS
COCTOMT B OTBLICKAHHH cnaboro skctpeMyMa dyHKuHQHana suia (2)
Ha MHOXECTBe BCeX IJaJKHX KPHBBHIX, COENHHSIONHX OBE 3agaHHbIE
Toukd P(a, A) u Py(b, B).

. Teopema 1. [Haa Tozo urober ¢yurxyuonan (2), onpelenet-
ubl Ha mHoscecTSe (pynkyul Yy = y(X), UMEHOUUX Henpepvlenyio
nepsyr0 Npoussodnyo u YyOoOBAETEBOPAIOUUX 2PUAHUYHOIM YCAOBUAM
(1), doctucan na OanHOl hynkyuu y(x) sKcTpemyma, neobxodu-
Mo ¥}, uTobor 3Ta pyHKyuA YOOBAETBOPAAA YPABHERWD iaepa

d
Fy— == Fy=0. 3)

HHrerpasbhbie KpHBble ypaBHeHHs Diiepa HasblBAlOTCH 3KCTpe-
Mmaiamu (narpaHeBbl KpHUBblE). YparHeHHe 3fisepa B pa3BepHYTOM
BHIE:

Y (£)Fyryp+ 4" (1) Fypot Fry — Fy =0 (Fy = 0). (4)

YpaBHeHHe (4) npexacraBaser cofoli auddeperHuHansHoe ypaB-
HeHWe BTOPOro NOpsjKa, Tak 4TO ero oflilee pelleHHe JOJKHO 3aBH-
ceTb OT ABYX MNPOH3BOJILHLIX NOCTOSIHHBIX. 3HAueHHS 3THX NOCTOSH-
HblX, BOOOLIE TOBOPS, ONPENENSIOTCS H3 IPAaHHUHBIX YCaA0BHHA (1).

SxctpeMyM ¢byHRuHodana (2) MOMXET pealH30BaTbCH TOJLKO Ha
TeX SKCTpeMaJsix, KOoTopble yAOBJETBOPSIOT ycaoBHaM (1).

Kpaesag sanaua :

d
F,— ' F,=0,

y@)=4, y(b)=58

(8)

He BCerJa HMEET perlleHHe, a ec/lH pelleHHe CYLIECTBYeT, TO OHO MO-
#eT GBITh HEe eJHHCTBEHHEBIM.
I[Tpumep 1. Ha Kakux KpuBBIX MOXeT QOCTHIaTb 3KCTPEMyMa
$yHKIHOHA
2

Ty Wl= [ —2u)ds, y(1)=0, y@)=—12

*) 370 ycjoBHe Heo6xoiuMo A4 caaboro skctpemyma. Tak Kak
BCAKHI CHJDBHbBIA 3KCTPeMyM SABJISETCA B TO XKe BpeMs U cJabbulM, TO
moboe ycnosHe, Heo6X0AHMOe A4 c1a6oro 3KCTpeMyMa, HeoGXOAHMO
H JJIs1 CHABHOrO.
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Pewenne. 3xecy F(x, y, y') ==y — 2xy, Tak 9ro ypapues
Hue Ditiepa umeer BHA y” + x = 0. OGuee pemeHne ypaBHEHHd
Bhnepa ects

3
y(x) ==+ Cix + G

I'pasddnbie YCJIOBHSA LAKOT CHCTeMy JHHEAHBX YpaBHEHHHE aaf

onpegeaenus Cy; u Cy .
Q+Q=§]
2+ Cr =2 ]i
Orciona Cl=—é—, C,=10. CneloBaTes bHO, SKCTPEMYM MOXKET 0+
CTHraTLCH JHIUL HAa KPHBOH

=2 (1~ x
y 6(1 x)'

IIpumep 2, HafiTu skcrpemanu dyunkuuonana
3

Ty ()= [ 3x—p)ydx
1
YAOBJCTBOPAIONHE TPaHHUHMM ycaoBuaM y(l)==1, y(3)=4 -é—
Pemendune. YpaBHenme Dfirepa umeeT BHX 3Ix— 2y==0,

3
oTkyna y(x)== 5%

3
Tak Kak 3KcTpeManb Y= 5 ¥ HE YLOBJIETBOPALT YCJOBHIO

y(l) =1, To maHHas BapyaudAOHHAR 3ajJaua pelieHUsd He HMeeT,
IMpuwmep 3. Hafitn sxcTpemanu dyHKuHON AN

21

Tw )= [ (v ~ ) dx,
0

yLOBJIETBOPAIOMHE TpaHHUHBIM yeaoBuaM y(0) =1, y(2n) = L.
Peurenue YpasHeuue Ditnepa umeer Bup y” 4+ y = 0; ero
O6IIUM peLieHHEM ABJAEeTCS

y(x)=Cjycos x + C;ysinx,

- Henoapays. rpaHiube yCIOBHS, TMOMYUHM

\
y(x)=cosx+ Csinx,

rae C— NpOH3BOJIbHAA NMOCTOAHHAA,
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TakHM 06pa3oM, nocTamjeHHAs BADHALHOHHAS 3aRada HMeeT
GECUHCICHHOE MHOXKECTBO pelleHu,

Ha#itn sxcrpeMany caeaywomux GyHKUHOHAJIOB:

71

72,

73.

74.

75.

78.

71.

78.

79

0

Clyl= [(i2xey —y")dx; y(—=1)=1, y(0)=0.

-1

2 ,
Iyl= [ (" + 209" + ¢)dx; y()=1, y@=0.
i
1
Tyl= [ Vi + s y@=y(h)=-
0

1
Ilyl= f yy” ds; y(0)=1, y(l)=f/Z.‘
0

5

Tlyl={ (g cosx + y" — y?) dx;

01 y(0)=0, y(n)=0.
Iyl= (" —y*— y)e> dx

0 1 y(O=0, y(l)=e.
Iyl= [(y" —2xy)dx y(—)=~1, y()=1.

-1

0

Iyl= [(y” —2x)dx; y(—1)=0, y(0)=2.

-1

CIlyl= [ "+ yy)dx y()=0, y@=1.
1

Vpanuenue Jiiepa (3) maa dysxuuonana (2) ects auddepen-
unasbHOe ypaBHEHHE BTODOro MOPAIKA, TAK UTO pelleHue y == y{x)
ypaBHenua Jfiepa KONKHO HMeTh BTOPYO mpoussoauyio y”(x). Og-
Hako GBbIBAIOT Cayyad, Korza OYHKUHS, HAa KOTOPOH (YHKUHOHA/

b

Jyl=

f F (x, y, ') dx MocTuTaeT SKCTpEMyMa, He SBJIACTCA ABAXK-

a
At auddepeHuBpyeMoit.
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IIpuMep 4. Oynkuuonan
1
Ty@l= [ )1 —y () ds
-1

NpU IPaHHUHBIX YCAOBHAX
y(=)=0, y()=1

JIOCTHTaeT CBOEr0 MHHMMYMa, DaBHOTO HYJIO, Ha QYHKOHH

0 mpu x<C0,
v (x)=

X TpH Ax>0.

Xots ¢yHKHmMA v(X) ¥ He MMeeT BTOpOH NpoM3BOLHOH, OHa yHOBae-
TBOpSIET COTBETCTBYIOLIEMY ypaBHeHHIo Jiijepa.

HeiictButeasno, Tak Kak F(x, y, y’) = y*(1 —y’)?, 1o nonaras
Yy = v(X), noJlyuuM ypaBHeHHe Dijepa

2 (1 —u')2+d—‘i[2u2 (1 —0')] ==0. ©)

Ho corsnacno. onpegpenennio ¢yHxkuuu v(x) Oyzem uMeThb Ha [—I1, 1]

Fyo = —202(1 —v’) = 0, a 3nauur, u F, =0, u xorsa ypas-

dx
HeHne Jiiepa (6) dopMmajbHO uMeeT BTOpofl MOPSAOK,-a v”(x) He
CYIIeCTBYyeT, NMOACTaHOBKA ¥(X) B ypaBHeHHe Jiiepa obpailiaeT ero
B TOXIECTBO.

Teopema 2. Hycre y = y(x) ecrs pewenue ypaswenus 3Ii-
aepa

d
Fy - E Fy/ = 0.

Ecau ¢ynxyus F(x,y,y’) umeer HenpepblaHble 4ACTHblE NPOU3BOO0-
Hble 00 8TOPORO NOPAOKA BKAIOYUTEALHO, TO 80 8CeX Todkax (X,Y),
8 KOTOpbIX -
Fyrye (5 4 (%), 7 (x)) % O, (7)

pyukyus Yy == y(x) umeeT HenpepuiBHYyio BTOPYIO HPOU3BOOHYIO.

ChrencrBue JIxcrpemass y = y(X) MoxeT uMeTs U3AOM
TOABKO 8 Tex TO4Kax, 20e Fy, , = 0.

Tak, B npumepe 4 Fy,y,=2y2 ofpalllaercsi B HyJb B TOU-
Kax ocu Ox; sKcTpeMasb HMeeT H3aoM B Touke X == (.

Teopewma 3 (Bepuwreiin). ITycTe umeem ypasrenue

Y =F(x, 9,4 ®)

Ecau ¢pynxyuu F, Fy, F, Henpepoténs. e kan0od KoHe4HOU Touke
(%, 4) Ora ar06020 KOHEHHO20 Y' u ecau CYULECTBYIOT TAKAA KOH-
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cranta k> 0 u Takue, oepanudennvie 8 KANKOOL KOHEYHOD HACTU
nAoCKOCTU PyrKyUU

a=a(r, y) =0, P=P4(x, y)=0,
Fyle,y.4") >k, 9)
[F (g g) <oy’ +8, (10)

TO 4epes aobuie dse Touku naockocru (a,A) u (b, B), umerowjue
pasaudnste abeyuccor (@ 5= b), npoxodur 00Ha u TOAbKO 00HQ UH-
TeeparoHas Kpusasa y = ¢(x) ypasnenus (8).

IIpumep 5. Hokasats, uyro uepes J/moGble jaBe TOYKH ILIO-
CKOCTH C Pa3/JHuUHBIMH aGCUHCCaMH NPOXOQHT OfHA H TOJBKO OHA
9KcTpeMaJsb GyHKUHOHA/NA

I e~ (y* — 1) dx.

Peurenne. Ypapuenue Diinepa nanda pJgaHHoro QyHKIHOHaANA
HMeer BHJ,

®ro

v =24(14y¢"),
n TeopeMa 3 npuMeHHMa. B camom jese, B ZaHHOM caydae
Fryg)=29(1+97) u Fy=20+y")>2="r
Hanee, '
LF(x, o) =120 (L +y) <219l + 2191,

Tak yto a=f=2|y| >0 .
ITpumep 6. IlokasaTh, 4TO He 4epe3 BCAKHE JBe TOUKH IO~
CKOCTH ¢ pa3JHYHBIMH aGCUHCcCaMH MOXKHO MpOBeCTd 3SKCTPeMafb

dyHKNHOHANA
1 = [+ Vit yT)ax

PeweHHe ¥YpaBueHHe Diiiepa HMeeT BUL
. .
v =2y (144" S 1)

M TeopeMa 3 He NMPHMEHHMa, Tak Kak yciopde (10) He BHIIOJHSIETCS
(F(x,4,y) pacrer no y’ OwbicTpee, ueM BTOpas crenenb y’). OnHako
oTCIoJa ellle He C/elyeT, 4TO He uepe3 BCSKHe [Be TOUKH C DasjHu-
HbIMH aB6CHHCCAMH MOXHO NMPOBECTH SKCTpeMaib.

Ilonaraa B ypaBuenmn (11) y' =p, y”=p—%, NOJY4HM

dp _ 2y
PE/“—Qy(l-i-P)’

HJIH
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1
Vi+p?
Cc—)Vity” =1

dy _V1—(y*— C)
dx y¥*—C !

Hurerpupys, HaxoquM = = y? = C M

Orcrona

(12)

rae C — BellleCTBEHHAsl NOCTOAHHASA.
HeTpyano npoBepuTh, 4TO AJs BceX 3HAUEHHH y, YyNOBJETBO-

pAOWIHX, HanmpHMep, ycaoBHaM 0 <<y << b, rae 6>V 2, uu npu
KaKOM JOMyCTHMOM 3HaueHHH noctosiHHofi C mpaBas uyacts (12) re
6yneT BellleCTBEHHOH.

80. [TokasaTh, 4TO uepe3 J0OObIe IBE TOYKH ILIOC-
KOCTH NPOXOAMT OJHA M TOJAbKO OJHA 3KCTpeManb (pyHK«
LHMOHasNa

Hy@l=[Vi+g+y7dn

Mpumep 7. JJokasaTb, uTo BCAKOE ypaBHeHHe

Yy () =F(x 9 9) (13)
siBAseTCst ypaBHeHHeM OJilnepa Aas HeKoToporo ¢YHKHHOHANA
Ty = [ F(x g ¢)dx (14)

1) Kak onpenensercs o¢yHknus F(x,y,y’) mno ¢yHKUuK

fxy,9)?
2) Hafitu Bce GYHKHHOHAMBI, AJS KOTOPHX 3KCTPEMANfIMH B«

JIAKOTCS NpsSIMble
y(x)=Cx+ C,.

Pewmenne Dynem HckaThb $yHKuUMOHaN, [Ji1 KOTOPOrO ypas-
HeHHe diinepa , ,
Fy—F,y—Fu'—Fu .y =0 (15)

coBnajaer c ypaBHenueM (13), 3rTo 3HAUNT, UTO JOMKHO HMETb
MeCTO TOMKIEeCTBO MO X, y, Yy

Fy—Fypy—=Fyyy' —=Fpp-Hxyy)=0
Juddepenunpys 3T0 TOKAECTBO NO y', NONYUUM

z

Fylylx + Fy’y'y Y + l"ylylyl f + Fyry/ . fy' =0,
MonoxuM u==F, . Toraa nia GYHKIMH 4 TOJyuHM ypaBuesie
B YAaCTHHX NPOH3BOJHHX:

du , Ou du o
=5 T 75!7+f'5§r+fy'-u——0. (16)
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TakuM o06pa3oM, HaxoXneHHe (PYHKHHOHAnAa, T. €. HaXOXKIeHHe
dyukuun F(x,y,y’), cBoauTca K HHTErPHPOBAHHIO JduHefinoro ypas-
HeHUsi B yacTHHIX Npou3BofHbIX (16) M kK nocnemymwoinelt kBagparype.

PaccMotpum BTOPOﬁ sBonpoc. B 3ToM ciyuae ypaBHeune 3inepa
JNOMKHO MMeTh BHA y” = 0 W ana ¢ynrkuun u nonyyaem B cuay (16)

YpaBHeHHe 5 5
u u
G+ Fo=0. o

ITpounTterprpyeM 3TO ypaBHeHHE.
YpaBHeHHe XapaKTeDHCTHK HMeECT BH[

Hurerpupys 3ty cucreMy, nosydaem
y=Cy, y=Cix 4 C,,

otkyna Cp; == y-—xy’. [TostoMy o6iiee peuwenne ypasuenus (17)
TaKOBO:

w(n gy ) =0, y—zy),
rie @ ~ npoussosbHas AKHddepennupyemas GYHKHLHS CBOHX apry-
MenToB. Otciona

Fnpd)=a(n ) +B(9) + [(c=00@ty—tx)dt, (18)
; !

rze a(x,y) u B(x,y) — npousBoJbHbEe (QYHKUHH CBOHX aApPTyMEHTOB,
YAOBJIETBOPAIOIIHE COOTHOLIEHHIO

da 3B
dy dx°

U3 pertenus BHIHO, UTO CymecTBYeT GecKOHEUHOe MHOXKECTBO BapHa-
IHOHHBIX 3aHday, A/ KOTOphIX ypaBuenue (13) saBaserTcs ypasHe-
HHeM Jitnepa.

[Tpocredwue caysan unreepupyemoctu ypasrenus 3Jdaepa.

1°, F ue 3asucut ot y: F = F(x,y).
B stom cnyuae ypaBHeHne Di#iJlepa uMeeT BUJ

Fy(x, y)=0. (19)

PellleHHe 3TOr0 KOHEUHOTO YpaBHREHHS He COREPKHT 3/1eMeHTOB Mpo-
H3BOJIA U TI0STOMY, BOOGIle rOBOpS, HE YHOBJETBOPSET TPaHHYHBIM
yeaosuaM y(a)= A, y(b)= B.

JIMIIL B MCKMIOYHTENbHBIX Cayyasx, Korpa Kpusas (19) npo-
XOOMT yepe3 rpaHnunble Touku (a,A) u (4, B), cymecTByer KpuBasd, -
Ha KOTOPOfl MOXeT JHOCTUraThCsl SKCTPEMYM. ’
ITpumep 8. Hailtu skcTpemanu QpyHKHHOHATA

/2

Tywi=[ yee—pan  so=0 ()=
0

[
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Pewenne. YpasHenne Ditepa HMeeT BHA 2x — 2y =0, T. e,

Yy = X. Tak kak rpaHunbie yCJOBUA YAOBJIETBOPAIOTCH, TO Ha Npi-
/2

MO y== X WHTerpan J' y (2x — y) dx MoXeT NOCTHraTh IKCTPeMyMa,
0
v . )
Ilpu gpyrux rpannuHBIX YcsaoBuAX, HanpuMep, y(0) =0, y 5 =1,
3KCcTPeManb y = X He NPOXOAMT uepe3 rpanuunbie Toukn (0, 0) #
b

7!
Jaua He HMeeT pelleHHs.

2°, F 3aBHCHUT OT ¥y’ JHHefHo, T. €.

Fle, 9, )=M(x, ) + N (x, 9y

, TaK 4TO NPH 3THX FpaHHUHBIX YCJOBHfX BapHalHOHHAA 3a-

Ypaenenne Diinepa B 9TOM cayuae HMeeT BEX

oM dN
oy T ox (20)

ITosiyuenHoe ypaBHeHHE, KaK H B cayuae 1° gBI1eTCS KOHEYHBIM, a
He AuddepenuuasbHLIM ypaBHedHeM. KpuBas, onpegensieMas ypas-

oM
HeHHeM —O—y—_W=O’ Booflle roBopsl, He YJOBJETBOpPSET rpa-

HHYHBIM YCJAOBUSIM, M, 3HAUHT, BapHallHOHHAf 3ajada, KakK MNPaBHJIO,
He HMMeeT pelleHHs B KJacce HenpepbiBHBIX ¢vHKNMi. Ecau B He-

kKoTtopoit o6nactu D miockoctu xQOy F‘y—-— = 0, TO BHIpaxe-

dx
HHe F(x,y, y’) = M(x, y)dx 4+ N(x, y)dy sasasercas nNoaHeM aH(-
(epeHunancm M PyHKUHOHAT

b (5, B)

My = [ Fle g yyde= [ (Max+ndy)
a (a, A)
He 3aBHCHT OT INYTH HHTErPHPOBAHHA: 3HaueHHe (YHKIHOHAJIA
Jly(x)]—onHo W TO Xe Ha JAONYCTHMBIX KpHUBHIX. Bapuanuonnas

3ajaua TepsieT CMBICT.
IToumep 9. HccrenoBaTh Ha 3kcTpeMyMm (YHKUHOHAJ

b
Iy 1= [+ 201 dv w(@=A y()=B.
a
Pemenne 3mgecs F audeitHo 3asucur ot y’. Hmeem
aM N oM TON

ooy ow ZE 2,

dy =24, Ox y dy ax

SHAUHT, mNoAbIHTEerpajbhoe Buipaxenue (y2 -4 2xyy’) dx ects noa-
Heifi grddepennuan. CaejosatenbHO, HHTErpaJ He 3aBHCHT OT NYTH
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HHTETDHPOBAHHA; ... .
b (b, B}
Iy ()] = _[ (42 dx + 2xy dy) = _[ d (xy?) =
a (a, A)

= xy? [[=) = bB? — aA?,
no Kakod Gl KpuBOH y(x), npoxoasued uyepes Toukd (a,A) r

(b,B), mbl Hu HHTerpuposanu BapuaudorHass 3ajaua He HMeet
CMBICJIA,

3°. F saBucHur quws o1 §’, T. e. F = F(y).
YpasHenune Ditiepa HMeeT BHA

Fupy” =0. 2n
B sTom cjayuyae 3KCTpeMaadMH ABJAIOTCA BCEBO3IMOXKHBIC NMPAMEIE JH~
HHH
Yy = Clx + Cz,

rie Ci u C; — npoH3BOJIbHBIE MOCTOSHHbIE.
[Mpumep 10. Haith skcTpeMann dyHKUHOHANA

Iy@l=[Vi+y* (0 de  yiay=4  y(b)=B5.

AT0T GYHKIHOHAN ONpejeNsieT [/MMHY KDPHBOH, COeJUHSIOMEN TOUKH
(a,4) u (b B). Teomerpuueckd 3ajaqa CBOJHTCH K Da3biCKaHHIO
KpaTuailiell JHHHH, COeJHHSIOUEN NaHKble TOUKH.

Pemwenue. YpaBHeHue diiepa umeer BHA Y’ (x) = 0. O6uiee

pellerue
y(x)=Cix+ Cs.

DKcTpeMalsb, YAOBAETBOPAOLWIAsS FPaHHYHEIM ycaoBusM y(a) = A u
y(b) = B, ecrb, OueBHJHO, MNpAMas, TNPOXOJAUIAsl uepe3 TOUKH
(a,4) n (b, B): =

— B emgyta

4°, F He 3aBHCHT OT Y, T. e. F = F(x, y’).
B 3ToM cayuyae ypaBHeHHe Disepa WF!I' (x, y’) =0, orkyaa

F y)=C,, (22)

v (x,
rge C; — npousBosbHAsT NMOCTOSTHHAS.

Ypapuenve (22) ectb auddepeHnHanbHOE ypaBHeHHE IMEPBOTO
nopsjaka. Murerpupys ero, HaxoAKWM 3KCTpPeMaJd 3ajauH.
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MMpumep 11. Cpenn KpHBHX, coefHHAOIHX ToukH A (1, 3) u
B (2, 5), maf#iTH Ty, Ha KOTOpPOH MOXeT JOCTHTaTbCA SKCTPEMYM
dyuxunoHana

Ty )= [ ¢ () (1 + 29 ().
1

Pemenune. Tax dxax F ne 3aBHCHT 0T Yy, TO YypaBHeHHE
a ihadil Y — il 247} =—
dfinepa HMeeT BHA ax Fu(x, ¥y =0, saun e (1 + 2x%y)y=0,

OTKYAa
14 2x% =Cy.
c,—1 ¢, . 1=c,
Torpa y == ~5yz» Tak uTo y(x)=—x—-+C2, rie Cl=_2,

TakuM o6pa3oM, IKCTPeMaJfIMH SBJAAETCA CeMeHCTBO THNepGo.T.
BruigeJHM SKCTpeMaib, TPOXOASILYI0 4€pe3 3ajaHHLE TOYKH. Joa

onpenesqeHnsd INOCTOAHHBIX Cl H 02 COCTaBJadAE€M CHCTEMY
3=C} + Cy,
Cl

OTKYy A4 C; ==~ 4, Cy==7, Hckomasn skcTpeMasp y (x)=7— %

5°. F ne 3aBHCHT fIBHO OT X, T. €. F=F (y, y’). B sToM cay-
yae ypaBHeHue Jiuiepa NpHHHMAaeT BHJ

”__
Fy—Fy et/ —Fppy"=0.

YMHOKHB 06e uactd 3TOTO YpaBHEHHS Ha y’, B JeBofi 4acTH moJy-

YgM TOYHYI0 NPOH3BOJHYIO, T. €. —d—x—-(F — 1y Fy,) = (0, oTkyzna
F—y F,=C, (23)

rae C,— npoH3BoJbHAS NOCTOsSHHAas. JTO YPaBHEHHe MOXKeT OHIThb
NPOHHTErPHPOBAHO NyTeM paspelleHHss OTHOCHTeNbHO Yy’ H passele-
HHSl TIePEMEHHbIX HJIH NyTeM BBeJeHHS MapaMeTpa.

Npumep 12. (HanMenbliee conpoTHBaeHHe NOTOKY.) Ompene-
anTb GOPMy TBEPAOro Tesa, ABHAKYILErocs B NOTOKE rasa C HaHMeHb-
HIHM CONMPOTHBJIEHHEM, ByueM IJIST TIPOCTOTHL PAaccMaTpHBATh TEJIO
Bpailesnsi (puc. 4)..

Pemenne CunTas, 4T0O IUIOTHOCTb. Id3a JOCTATOUHO Maja H
MOJICKYJIbl OTPaXalOTCsl OT MOBEPXHOCTH TeJd 3€PKajbHO, JJs HOp-
MaJlbH Ol COCTaBJIﬂlOIIlei:I JaBieHuss OyleM HMeTb cCJeaylollee BHpas
IMEHHLT . . -

p=2pv?sin? 0. (24)
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34ech p— MIOTHOCTb rasa, U — CKOPOCTb ra3a OTHOCHTENbHO Teaa,
0 — yroai Mexay CKODOCTbIO H ee TaHTeHIHaJbHOR cocTaBasowed,
JaBnesHe nepreHAHKY/APHO K MOBEPXHOCTH, TAaK YTO MOXKHO

gA
Hanpabnenue 8
———
10moka R
———
2030 0 ! z
————

Puc. 4.

3amKcaTh COCTABASIOULYIO CHA MO OCH Ox, neficTBYIOLLYIO HA KOJBHO
1
IIHPHHOH (49 )2 dx n paanycom y(x), B BHAE

dF = 20v? sin? 0 [Q:n:y 1+ y’z)%] sin 8 dx. (25)

ITonnasi cuaa, AefcTBylOILass B NOJIOXKHTEJIbHOM HanpaB/JeHHH OCH
Ox, paBHa
i

F = J. 4npv? sin® Oy (1 4y dx. (26)
0 )

Yro6Hl yNPOCTHTL 3afauy, MpeanoNokKHM
y
(147"
Toraa cuaa conporuBaeHns 6yner paBHa

! /
F = 4npv? J. y’ay dx. (27)
0

’

sin @ = =~y

3azaua COCTOWT B TOM, 4TOGB HalTH Takylo QYyHKIHIO y(x), npn
KoTopofi F npuHHMAaeT HaHMeHbllee BO3MOXXHOE 3HaueHHe, NPHUEM

y(0)=0, y()h=R (28)
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YpapHenue Jiinepa aaa dynkunonana (27) AMeer BHA
’ d ’
y* =3 (w)=0. (29)

Yacrhoe pemende y == 0 5TOr0 ypaBHEHHS HeNpHEMJIEMO B CHAY
rpanuunbix  ycioBuH  (28). Ypasuenue (29) MOXKHO nepemnHcath
B BHIE

y/3+3yyry// =0, (30)

Vmuoxast obe uyactu (30) Ha y’, 3ameuaeMm, yTO jeBas YaCTb €CTb

(y”*y)’. Hurerpupys, nafinem
Yy =C}
Otrciona y
C
= n y=(Cix+ G (31)

Hcnoassys rpannunsie ycaoBug (28), monydanm

4
/3
Cx='8l—. C, =0,

J=r(2)"

T. €, KOHTYD C 3a/aHHBIMH KOHEUHBIMH TOUKaMH, IIPH KOTOPOM COMpO-
THBJIEHHE Tejda MHHHUMAJbHO, siBjiseTcs mapabooil crenedu 3/4.
I[MTpuwmep 13. Haitth skcrpemans GyHKUHOHANA

b
Iy (%)] = f —‘Q}de.

DTKyma

NPOXOASAILYI0 Yepe3 3alaHHble TouxkH (a, 4) H (b, B), aexallye B BepX-
HeH NOJYIIOCKOCTH.

Pemenne Tak Kak moablHTerpadbias QYHKIHS He COLEPKHUT
ABHO X, TO ypaBHeRMe Diniepa coriacHo (23) nxaer

V1+y/2 _yr L._——"C;.
y g Vity?

1
<,
Hurerpupys nocnepnee ypasneHue, Haizem (x + 62)2+y2=0f —
CeMEHCTBO OKpYKHOCTed ¢ mnertpoM Ha ocu Ox. HMckomoil Symer ra
3KCTpeMallb, KOTopasi NPOXOAHT uepe3 3aJaHHble TOUKH. 3ajaua
HMeeT eIMHCTBeHHOG pelleHHe, TaK KakK uepe3d J00ble [ABE TOUKH,

[Mocne ynpomenufi noayuum y Vl +y?=0C, rpe Cj=
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JleXxaliHe B BepXHefl MOJYNJIOCKOCTH, MPOXOAHT OAHA W TOJBLKO OAHA
TIONYOKPYKHOCTb C LeHTpoM Ha ocu Ox.

3amedanne Cornacio mnpunuuny ®Pepma myTh CBETOBOrO
JIyya, pacmpOCTPaHsilOLlerocs B HEOJHODPOAHOH [ABYMEPHOH cpefe €O
CKOpOCTBIO U(X, y), SIBJsieTCs SKCTPeManbio $PyHKIHOHANA

Iy = J'Vl+y i

v (x, y)

Ecan ckopocts cBeTa v NMpPOMOPIMOHAJbHA Y, TO KAaK BHIHO H3
pa3o6parHoOro npuMepa, CBETOBLIE JMYYH TNpPeACTaBASIOT CO00K AYIH
OKpy:KHOCTEH, LLeHTPLl KOTOPHIX Jiexar Ha ocH Ox.

IMycts 3apnana xpuBasi g, Onruseckoid Oaunod kpusod ¢ Hazo-
BeM BpeMsi T (g), B TeueHHE KOTOPOro NPOXOAMTCS 9Ta KpPUBast NpH
ABHMEHHH MO HEH cO CKOPOCTBbIO cBeTa v(X, y).

ByneM paccMaTpHBaTh BepXHIOI MOJAYMIOCKOCTL y > 0 Kak
ONTHYECKYIO Cpely, B KOTOpOH CKOPOCTb cBeTa B KaXHOH Touke
paBHa oOpJAHHaTe 3TOH TOUKH v == y. JlyuaMH cBeTa B 3TOH cpele
6yayT, KaK Mbl BHJEJNH, MOJYOKDYIKHOCTH ¢ HeHTpamu Ha ocu Ox.
MoxHo nokaszaTh, uTo yacte AD HOAYyOKPYXHOCTH ¢, OAWH H3 KOH-
LHOB KOTOpoH JexHT Ha ocd Ox, uMeeT GeCKOHEUHYIO ONTHUECKYIO

yh

U /4 A

Puc. 5.

nauny (puc. 5). Touku och Ox OGyneM Ha3ubBaTh MO3TOMY 6eécko-
Hedno yoasennbimu. DByleM cuHTaTb MOJYOKPYXHOCTH ¢ UEHTPaMH
na ocu Ox npamoiuu, ONTHUECKHE AJMHBI OYr TaKHX MOJYOKPYIKHO-
cTell — HX OAUHAMU, YeAamMy MeXAYy TaKHUMH NPAMBIMH — yIJibl Me-
KOy KacaTe/bHBIMH K TMOJYOKPYXHOCTAM B TCHK€ HX TNepeceueHHus.
Tlo/iyunM NJIOCKY:0 TeoMeIpHio, B KOTOpoH CcOXpaHfioTea MHOrue
N0J0XKeHHs OObuHON reoMeTpuH. Hanpuumep, yepes ABe TOYKH MOKHO
TNPOBECTH OAHY H TOJMbKO OAHY npaAsmyro (uepes AB€ TOUKH Ha MOJY-
NJIOCKOCTH MOXKHO TNPOBECTU TOJBKO OLHY TNONYOKPYXHOCTh € LEeH-
tpoM Ha ocn Ox). [lapassessnoimu GyneM CUdTaTh JBE npaAMbie,
HMewlide 06myl GecKOHEYHO YaaseHHYlo Touky (T. €. ABE MOSy-
OKPYKROCTH, Kacawluuecsl _APYr Apyra B Touke B, jexaniedi Ha
ocu Ox), Torna uepes AaHHy.0 TOuKy A, He Jexauyio Ha npamod g,
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MOKHO TPOBECTH [JBC npamsie ¢, H ¢a, napa/ieibiile ¢. [Ipamete,
KOTOpble MPOXOAAT yepe3 TOuKy A W JieKaT B BepTHKAJLHHX Yraax
I n IIl, nepecekaoT npamyro ¢, npamble, Jexaumue B yraax Il u

1V, — ee He nepecekaior. . .

)

Pue. 6.

Mui foNyunan Tak Hasuzaemyio Mojenb Ilyawkape reoMeTpHH
Jlo6aueBcKoro Ha maocKocTH (puc. 6),

Hafitn skcrpemanan GyHKIHOHAJIOB:
81. Iy (9] = [ [2xy 4 (4 &) y'ldx;
a
y(a)=A4, y(b)=B28.
1

82. le(x)]=f(e”+xy’)dx; y(0)=0, y(1)=a.

0

/4 -
83. [y (] = [ (o — ) 5O =1, y(3)=YZ

0

84. Iyl = [ (4" — )dx; yO =1, y()=—1.

1
85. [y (= [(x+y")ds yO =1, y()=2.

0

1
86. /[y ()= [ (> +y")dx y(© =0, y(1)=
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87 1yl = [ (" + 4)dx yO=e, yil)=1.
: 0
. 1
8. /[y (1= [ (2 — N dx; y(O)=1, y(I)=e.
0

b
89. 11y (9= [ (s’ +y") dx.
b

90. J[y(x)]:f(y —|—-y%)dx.

a

-

91. IloxasaTe, uro JunHedHH# GYHKIHOHAT
b
Iy = [[p(Dy + 9D y+r(dx,

rae p(x)=Cla, bl, g(x)=Cla, b], r(x)=Cla, b], He
HMEET SKCTPEMYMOB.
92. IlycTe maH ¢GyHKUHOHAT

b
HyWl= [ F(x, g, y)dx

u rpanuunsie yenoBus y(a)=A, y(b)=B.

[Toxkasath, YTO €CJH K NOABIHTETpPaJbHOMY BBEIpajKes
unio F(x,y,y’)dx no6auth noauslfl nuddepeHnHan o«
6oil GyHKUHH u == u(X,y), TO ypaBHeHHe Jijiepa OCTas«

HEeTCH MPeXKHHM.
b

93. 11y ()] = [ (42 + 4" + 24¢%) dx.

/2

94. /[y ()= [ (5> — y”* — 8ych x)dx,
0

y(0)=2, y(£)=2ch-’2£.’

95. Hafitu sxctpeMann ¢yHKNHOHANa
b

Iy @l= [ 5 (yPadx

a
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¥ M0KasaTh, YTO NPH n == | ABe TOUKH, Jexalllue MHO
pasHbie CTOPOHBI OT OCH Oy, He MOFyT OBITb COEIHHEHHI
IKCTpeMaJbIo.

Bapuayuonrneie 3adaun 8 napamerpuyeckod gopme. B paie 3a-
nauy Gojee ynoGHO, a NOpoH H NpocTo HEOOXOAHMO, IMOJb30BAThCS
napaMeTpHuYecKHM 3ajaHHeM JHHHH

x=q ()
y=1(f)

rae ysrunu @(f) u P (f) HenpepulBHH H HMeiOT KyCO4YHO-Hernpe-

phiBHbBle MPOM3BOAHBIE, mpuueM §2(f) + P2(f) ==
Ilycts maH PyHKUHOHAN

}r t0<t<tl!

£

= [Ftxpipdi= [Flt xytpd, 3
to
(_dr . dy
TR X=Tgre VS

Uto6st 3HaueHHss dyHKUHoHana (32) 3aBHcesn OT JIMHHM, a He
OT ee NapaMeTpH3alul, KOTOPas MOXET OCYLIeCTBJSATbCH pasJiHu-
HBIMH cnocofaMH, HeoO0X0IHUMO K JOCTATOYHO, YTOGHI MOJABIHTErpaJb-
Hasl (YHKUHs He COJepiKaja siBHO napamerp { ¥ Obla IOJOXKHTENAb-
HO OJHOPOJIHOH NEePBOIl CTelleHH ‘10 aprymeHram X, y:

F(x, y, ki, k) =kF (x, y, %, 34), £>0. (33)
Hanpuwmep, B ¢yHKuHOHAIE

Io= dey—ydx
c

noALIHTerpajsbHas QYHKUHsS MOJTOMKMUTEAbHO OAHOPOJAHA NEPBOH CTe-

neHd. B camoM mene, 3mech

F(x,y, % §)=x§j —yk

H OYEBHHO :
F(x,y, k%, k) =kF (x, y, %, §).

Ecan aunus G
x=¢({) }
== 1 (f)

NOCTaBAsieT QyHKUHOKady J¢ 3KcTpeMyM B Kiacce juuuilt C, coean-
HAIOIMHX AaHHBE TOYKH (Xo, Yo} H (X1, y1), To OyHRuuE @(f) u P(f)

LSt
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YIAOBJMETBOPSIIOT YpaBHEHHsIM Jilyiepa

1

! ,
! (34)
|

J

OunHo u3 ypaBHeHHE (34) eCTh clexcTBHE ApYroro,
BeiiepiiTpaccoBa ¢opMa ypaBHenus Jilnepa

L Sl 30 (35)

. ST
P Ry gy
3xech r— paguyc KPUBH3HBI 3KcTpeMalu, Fi— oflice sHauenHe oT-

HOMIEHHH
F.. F.. F..

RS

INpumep 14. Haiitn skcrpemanu ¢yHKuHORaNa
X1, y1)
2,72
= X.
Ie f vyt d
(0, 0)
Peurenue. IlockobKY BOSMOXHBI SKCTpeMalH, KOTODble nepe-

cekaloTcs TpAMBEIMH, NapajuejbHeiMd ocn Oy Gosee, uem B ONHOMH
Touke, IMepefizeM X pacCMOTPeHHIO 3afaud B MnapamMeTPHuecKoi

dopme.
Cunran x = x(f), y?y(t), HAXO0JHM, UYTO TNOALIHTErpanbHas

dyHKUNSA HMeeT BHA y2--i{—§-i H $IB1SieTCA NOJOKUTENbHO ONHOPOJ-

HOHW nepBOH CTEMeHH OTHOCHTEJBHO £ H 4.
IlepBoe u3 ypaBHeHHH (34) NpHHHMAET BUL

d (,5%\_
W(y 7>—°’

2(dy\?* __ .2
y(dx> = CI.

OTKY 14

UnTterpupys nocienHee ypasHeHue, HaXOJHM
y?=2Cyx + C,.

W3 ycnoBus MPOXOX/JAEHHs SKCTPeMasH uepe3 Hayalo KOOPAH-
pat Haxomum, uro Cz =0, BTopoe TrpaHHYHOe YCJAOBHe JaeT

y

Cy = —é—x—, TaK 4TO OKOHUATEJLHO
1

2
2=;yl—x.

X
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ITpuwmep 15 Hafitn skcrpeMann dyHkunoHaNa /
L
To= [ WVFFF+at (xj — g dt.
to

Peweunue. Ilonaras
F(x, 9, % 9) =V F§° + a? (x§ — y),

BHAMM, 4TO (GyHKUWA F MOJ0KHTEeJLHO OAHOPOJHA NepBOH CTeMeHH
OTHOCHTEJNLHO £ H Y.

Bocnons3yeMcsi BeiiepmrpaccoBoit ¢dopMofi ypaBHerHa iisepa,
Hmeem -
F., 1

F,=a F,==—a% F=—"= .
* v Yo @e”
Iostomy ypasuene (35) npuHuMaeT B JaHHOM Ciaydae BHJ

-—1— = 242,
r

1
Takum o06pasoM, KpHBH3HA — 3KCTpeMaam HOCTOAHHA. Cnenona-

TeJNbHO, JKCTpeMaaW — AYTH OKDYXHOCTH, B UY4CTHOCTH, [OJHbBIE

OKDYKHOCTH, €CJH
' x (to) = x (t), }

y (to) =y ().
Haiith skcrpemann GyHKIMOHAJOB:
(1, 1))
12 e 242
9. Io= | L=t
©,0
G, 1% .2
N _3 y/x.
97. Jo= f L=,
©,0
Lo

98. Jo= [ (K-V&F 3 —iy)dt, K>0—const.
(—-l, 0)

§ 5. O0oGmenusa npocreiiweil 3agauu
BAPHAHHOHHOTO HCYHCJAEHHS

1°. ®yHKuMoAabl, 3aBHCAIHE OT NMPOH3IBOAHBIX BbiClero nopans+
ka. ITyctb umeeM dyHuRUMOHAN i

Iy@l= [ Flny. o @), . v () dx, (1)

4
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rae F — ¢pyuxkuns, auddepenunpyemas n -4 2 pasa no sceM apry-
MeHTaM, y(x) e Crlxo, x1), a rpannuible ycao0BHT OMEIOT BHJ,

) I4 4 - —
y(5) =t ¥ (x0) =g eenr 9"V (1)) =4 ”’} (@
14 ’ -— -
y(x1)=y1, y (xl)_—=y]’ e, y(ll 1) (xl)=y<1n 1).
Okcrpemansyu $ynkuuonana (1) npu yesaosuax (2) asasiorcs

1HTerpaibnble KpHBble ypaBrenus 2iciepa — [lyaccona:

F d F & F 1)t d” F = 3
vy taz Fyr— oo 0 m Py =00 ()
ITpumep 1. Haiity sxeTpemans QpyHKIHOHAMA
1
Iy (0] = f (360x%y — y*) dx,
0
y(0)=0, y(O=1 y1)=0 g 1)=25
Pemenue Ypapuenwe Disepa— [Iyaccona umeeT BHI
a’?
dx?

ero ofijee peulente —

Y (x)= % %8 4 Cx3 4 Cox? 4 Csx + Cya

350x2 4 (—2y")=0 W yIV (x) = 180x%

Ucnoabsys rpanuuHble yCJaoBiAs, NOJSYYHM

C; =

o] o

, Cy==—3, Ci=1, C,=0.

HMckomas skcTpemadns

y(x)=—;— x5+-g—x3-—3x2+x.

PaccmoTpuM 3apauy, B KOTOpOH Ha rpaHHiue 3aaaHbl HE Bce
ycaoBusi (2), a MeHbIUee HX YACJO, TaK 4TO B OOIIEM peleHHH YpaB-
Henua OJfinepa nocae HCMOAL3OBAHWA TPaHHUHBIX  yeaoBuil  ele
ocraioTcs cpofonsble moctoAdHble. Jlada pelueHuss Takoll 3agauM He-
o6xoaHMO HaliTH BapHauuo ¢yHKnHOHaqa (1), mpeof6pasosath ee
C YUeTOM B3aJaHHBLIX TPaYMUHBIX YCJAOBHH H, NPHPABHAB BapHAUMIO
HYJ/II0, HOJYYHTE AONOJHATENbHbIE YCJIOBHA Ha rpaHdlle.

ITpumep 2. Hafith Kpusyo y == y(x), pealusyiouylo 3KcTpe-
MaJbHOe 3HaueHHe (yHKUHOHAJa

b
1o =+ [ wrax @

1IPH YCJIOBHSIX i
y(a)=0, y(b)=0. )

B8 M, JI. Kpacaos u# gD, '
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Pemenue VYpapHeHie Jilviepa — [lyaccoHa uneer BHAR
¢V () =o0.
Ero ofuee perenne
y(x)=Cy 4 Cox + Cyx? + Cyx® (6)

COIEPKUT UYeTHIpe NPOH3BOJLHLIX mocTosiuubix C; (i =1,2,3,4), u
JAJs1 UX onpejaeneHHs 3aJaHHBIX TpaHMuHBIX Yycaosnfi (5) Hemocra-
ToyHo. IlosToMy, coriacHO BbILECKA3aHHOMY, HaXOAHM BapHALHIO
(dpyuruHoHaga (4). [Moayuum

b

8 [yl = | y” (dy”) dx. )

¢

Wnrerpupys (7) no uacTam KBaxIbl, OyneM HMeTb

b
81 [yl =y" () 8 (D)o~ [ 4" (x) by’ (x) dx =

b
=y ()8 =y oy W L+ [V oy W dx.  (8)

a
Bripaenue (8) noaxHo obpaullaThcsd B Hy/db Ha 3KCTpeMadnd
y(x) d¢ynkuuonana (4). M3 npoussosbuoctd ¢yuknuu Oy(x) crue-
nyer, uro yIV)(x) = 0; 3to ectb ypasHeHne itnepa — [lyaccona
nast ¢pyHkuuonana (4). Ho ecan unrerpas B nmpasoii uacTa (8) 06-
pallaetcs B HYJb, TO Kpaesoe sbipascerue

[y” (x) 8y (x) — 5"’ (x) 8y (0] 1§

TaKXKe NOIXKHO O6paIlaThes B HY.1b TOXKJECTBEHIIO.
Tak kak Oy(a)= Oy(b)==0 (kOHLB!I 3aKpemneHrl), TO MOJY=
-YaeM, uTO JOJIXKHO ObiTb

y” (6)dy’ (0) — y” (a) by’ (a) = 0.
B cuay npoussosbHocTH Besauuud Oy’ (b) n 8y’ (a) Heo6xoanumo
1o/1yuaem
¥ (a)=0, y”(b)=0. 9)

YenoBust (9) Bmecte ¢ ycaoBusmu (5) ORHO3HAYHO BEIAEAAIOT
sKcTpeManb U3 cemefictBa (6): y(x) == 0.

2°. ®yHkumoHatwl, 3apucsmine or m ynrumnit. Jasa ¢dynxumuo-
Hana, 3aBHCAILEro OT m QYHKUHA yi(X), ..., Ym(X),
Xy

T Y2 oves yp]= f F(x, Ypr Yz voes Yo yI,yé, teep y,’,,)dx (10)

o
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TNpH TPAHHYHBIX YCJIOBHSX BHAA
yk(x0)=y2, yk(x,)=y(k” (k=12 ..., m), (11)

3IKCTPEMANU HAXOASATCA M3 caeaylomed cHcTeMbl AnddepeHiHaNbHbIX
ypaBHeHHH BTOpOro mopsaka:

d
F ——F ,= k=1,2, ...
v, ax yl,a 0 ( 1, 2, , 1), (12)

HasblBaeMbIX cHcTeMOl ypaBHeHHid Dfiiepa.
IIpumep 3. Haiitu sxcTpeMmanu ¢yEKLHOHANA

2
J [y (x)y 2 (x)] = f (y’2 4224 212) dx
1

OpH TPaHHUHBIX YCJAOBUAX
y(=1, y@2)=2 2()=0, =2@)=L1L
Pewenne CHcrema ypaBHeHuil (I2) B RaHHOM ciydae HMeer

BHJL
y” J— 0’ }
z—2"=0.

Peuras 3Ty CHCTEMY, HaXOAUM
y=Cx -+ Cy 2=0Cre*+ Cee™",

B cuay rpaHuYHBIX yCJIOBHH HMeeM

Cim1, C=0, Com—r, Ci=—2
1= L 27T Y 3= ez_li 4 32"—1’
TaK 4T0 HCKOMaAsl 3KCTpeMadab:
y=Xx, ]
_sh{x—1) ¢
2= sh i ]

eCTb MNpPOCTPAaHCTBeHHAsl KpHBas, ABJSIOIIAACA [epeceyeHHeM [ABYX
UMAMHADHYECKHX MOBEPXHOCTEH. :
ITpumep 4. Hafith skcTpemand gyHKnuonana

14

Iy (x), 2 (£)] = f (2yz — 247 + > — 27%) dx,
0

€CJIH
y(0)=0, ym=1 2(0)=0, =z(m=-1L

3*
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Pewenne. Cucrema ypasHenuit (12) umeer BHI
y'+2y—2z2=0, }
2"+ y=0,

OTKyaa, HeKAouas QYHKIGHO 2, MO.yquM
ylvV 42y - y=0.

Oduiee pemenne 3TOTOG ypPaBHEHHST HMEET BHJ,

Yy (x)= Cycos x4+ Cysinx + x(Cscos x + C, sin x).
B cuay rpannyusix yeaosuil y (0) =0, y (1) = | noaysaem C;=0,
?

Cy==— o H 3HAuUT,

. . X
y(x)=Cysinx 4 Cyxsinx — o cos x.

5
QyHKIMIO 2 HafijeM H3 ycaoBis, uto 2 =y” 4 2y. Uumeen
X . 1 .
z==Cysinx+ C; (2cosx+xsmx)+—r-c—(25mx—xcosx).

IMocroaunne C, W C, HAXOAHM M3 FPAHUUYHHX ycJaoBHi 2 (0) =0,
z (1) = — 1, uro paer C,==0, C, ~ npoussoJbHo. Toria

. 1 .
z2=C,sinx +?t—'(2 sin x — x cos x).
CemeficTBO sKCTpEMAVEd:

. x
y=Cgsmx—-Ecosx,

v e o ey

. 1 .
Z2== Cgsmx-l—}E—(Q sin x — x cos x),
rie C, — NPOU3BOJLI2A MOCTOANHAS,

3°. dynkuHoHaAM, 3aBHCAMHE OT GYHKUHI HECKOJLKUX He3ae
BUCHMBIX ncpeMeHHBX., PaceMoTpuM ¢yHKUHOHAA BHIA

qu4n=ffﬁ@%ag%f%ju@, (13)
D

rpe F —1puxan anddepenunpyeMas GpyHKUHst CBOHX apryMeHTOB, U
NpeanoJaoKHM, uTo uileTca QyHKUUA 2 = z(x, y), HelpepLiBHAs BMe-
CTe CO CBOMMHM NPOH3BOJHLIMH [0 BTOPOTC NOPAJKA BKJOUHTENbIIO
B ofmacti D, npunumawpomas ua rpanuue I' ofnactd D 3anmaunse
3HAYEHUs1 H Jawolias 3KcTpeMyM ¢yukudonany (13).

Ecnm Ha 1OBepXHOCTH R = 2(X,Yy) peaJusyercs BSKCTPEMyM
dynkuuonata (13), To dyHknEA 2 = 2(X,y) YAOBJICTBOPSIET ypaB-
HeHHIo Jilnepa — OcTporpaicKkoro

Fa— 55 (Fil = (Pl =0, (14)



§ 5 OBOBIUIEHHS] TIPOCTEMIIER 3AMAYH : 69

5j 0
rae W{F"} H —@{Fq} — MOJHLIE HYaCTHLIE INPOHIBOTHEIE MO X i

00 Y COOTBETCTBEHHO:

{Fp} va‘l“sz +Fpp ap +qu (15)
60
{Fq}—— Foy+ Fgz—— OJ + Fyp —— OJ + 9 Gy (16)
‘Breck AAT KPATKOCTH 0GO03HAUEHO oz _ ., 9z _
Jech 178 KpaTkoc 03Hay =" 3y =q.

YpaBrenuwe (14) mnpencrasasier cofoft HeoGxomainoe yeJoBHE
skcTpeMyMa dymkunonaga (13). Ono aBasercs ypaBHeHHeM BTOPOTO
NOpsiIka B YacTHHIX NPOW3BOAHLIX, MpPHUEM HILeTCs pelledne 2 =
= z(x, y), IpUHHMaOllee Ha rpaHune [’ 3ajaHHble 3HAYEHHSI.

IIpumep 5. Hanucars ypabuenue 3Iiliepa — OcTporpaackoro
15 QyHKIHOHAAA

J{z(x, y)] = ff 2 gj)ldxdy

Pemenne, MNuéem F(x, y, 2z, p, q) =p*—g?% Tax urto co-
raacuo (14) noayuum — P (2p) — ¥ (—2¢)=0 nm

0%z 0%z
0x? dy?

Js dyukiHoHana
J [Z (xlv X2y ¢ 0oy xﬂ)] =

= ff cer f F(x1, X3, v vy Xpy 2, D1y Pos ey Pr) Xy dxy o dxn, (17)
D

rae p, = n), Heo0GXOIHMOE YCJIOBHE BKCTPes

MyMa BBIPa¥aercs cJAefylolmuM ypaBeeHueM Jfacpa — OcTporpages

CKOro:

& 5}

’y
——|F, 1=0 18,

2 Ox {rpi} (18)

HIH B paaBepHyTOM BUJE
F V Pi)<0.  (19)
F —Z pt 2p; " Pi + 2, Fy, N
i=1 ]:l
Peutenyie 5TOr0 ypaBHeHHS — QYHKUHs 2 == 2(Xi, X2, ..., ¥n)——HA

rpanuiie I' n-mepHoli o6aactd D pokHA yAOBJAETBOPATL 3aJaHHDLIM
FpaHHUHEIM YCJIOBHAM,
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MMpumep 6. Halitu ycnosua, npu  koTopseix  QyHKUHA
2(X1, X2, ..., Xn), IPHHAMAOMAA 3a7aHHble 3HadeHHd Ha rpanHue
T o6aactu Q, naet MuHAMyM HHTerpaay Jlupuxae

D(z)= JJ f (—%—)2 dx dxy ... dxg.
i=1

n
0z \?
Pemenune B srom cayuae F=V (———) T. e. F ne 3a-
dd \ Ox, !

i=1

BHCHT SIBHO OT Xj, X3, ++., Xn, 2. CJe/IOBATE/BHO,
2 mpu i=jf
Fo=Fop=Fyp =0 Fp, = ’ ]"
i i1 PPy 0 nmpu iZ=j,

¥ no ¢opmyJte (19) mosyuum

(n-mepnoe ypaexenue Jlamraca).

3aMeuanue Ecan noy 3uak HuTerpaja BXOISIT NPOH3BOJHBIE
¢ynkunn z(x, y) 1o nopsajika n, To ypaBHeuHe Diiiaepa — Ocrporpaj-
CKOTO HMEET BHI,

Fo—m-2_(F 9 2 F

e= g iz = 35 (Fe) + g (P} +
92 92

+2——0x 5 {szy}+'—ay2 {Fzy}— «-.

0)‘1—
v + (—I)H—W{Fzyy“-y}=o' (20)
S —

n

Hpumep 7. Hanucate ypaenenne 3iiiepa — OcTporpaickoro
aas GyHKuHoHANa

[z (x y)]=
022 (322 2 92z \2
.=ff 0x2 6y2) +2<0x0y) — 2zf (x, y)]dxdy.

Pemenue Hmeenm

= (35) +(35) 4ot ) - e
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Coraacro (20) naxonum
a2 (2 0E) T T2

0tz 0%z

Oxt +2 5757 0x% dy? + 6_/ =[x 9)-

HJIH

HocnenHee ypaBHeHHe KOpOTKO 3aluchIBaeTCA Tak:
Adz=f(x, y).

Haifitn skctpemann caefyowmux (QpyHKIHOHAIOB!
1

99. J[y (W)= [ (s + 24" + y"") dx;
y(©=0, y(M)=0, JO=1I y(1)=—shL

100. /Ty ()= [ (2405 — y"")alx;

y(=D=1,  y0)=0, y(—1)=—45,

Yy’ (0)=0, y”(=1)=16, y”(0)=0.
b

101. 7 [y (x)] = j (y + y")dx;
yia)=y, (w y, Y@=y, yb=y.
102-J[ycw]==Lf(y”-+-yy”)dM

yla=A4, y(a=4, yb)=B, y(b)=B8

1

103. JIy (9] = [ (4 + y7")dx

0
y(0)=0, y()=shl, y©@©=1, y()=chl
104. HafitH skcrpeMads QyHKLHOHAJAA

Hﬂ=%fWWM,
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npH YCA0BHAX
y(0)=0, y (=0, y(I)=L
/4

105. J{y (%), 2(x)]= f (22 — 442+ y’2 — z’z)dx;

4(0)=0, y(%)=1, 2(0) =0, z(x)=1.
{
*106. Iy (%), z(x)] = f(?xy——y’z—l—f?:—) dx;

-1

g(1)=0, y(—=D=2 =z(l)=1, z(-1)=-—1.
/2

107. 1[y (), 2@ = | "+ 2" —242)dx;

2(0)=0, z(%)=l.

y(0)=0, y(%)=1

i

108. 11y (x), z(d]l= [ (" + 2" + 20) dx;
03
2

109. ITokasats, uro ypaBHenus OfJjepa Aad QyHx-
LHOHALA

b
Iy, z]= f Flx, y, v, 2, 2)dx
a

/,uonycxaroT CJAeAYIOUHEe TEPBLIC HHTErpaJibli

1) -(%F,—=C, ecan F He COOEPKHT y;
2) F—y' g:, -2 %—:C, ecan F He COAEPKHT X,

Hanucats ypasHenusa ditjepa — OcTporpaAckoro s
¢ YHKLHOHAIOB:

110. J[z(x, y)]=
= 1105 (5)'+ v s
) ,
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111. J[z(x, y) J‘f acz

‘12 J[Z Xy, xﬁ?s sy xn)]

_ff f ‘;a, (X1, «ovy xn)(%‘)e__

=1

c(xg, ooey xn)z‘_{_sz(xh cony Xl dxdxy oon din

)2 dxdy.

113, BuBectn muddepennnasbioe ypaBHEHHE MHHH-
MaJbHEIX MOBEPXHOCTEH.
114. Haiitn skctpemasds DyHKIHOHAAA
11
Jz(x, = f J- e*vsinz; dxdy

00
npu yeaosuax z{x, 0)=0, z(x, 1)=1.

§ 6. Hupapuaurnocts ypasHeHus ditnepa

Ecau ¢yurunonas

b
Tl= [ Fx v,y de

npeo6pasyercst NOCPEACTBOM 3aMeHBbl He3aBHCHMON TNepeMeHHON #aH
OJHOBpPEeMEHHOH 3aMeHOH HCKOMON (QYHKIIHH H He3aBUCHMOH Mepesex-
HOll, TO 3KCcTpeManu (QYHKLUHOHAAa MO-TPEXKHEMY HAXONATCS U3 ypan<
HeHHus Jilslepa, COCTABJISHHOTO 175 NpeoGpa3oBaHHOTO MOABIHTErpaJk<
HOTO BBIpaMKeBRus. B 3TOM M COCTOMT UHBAPHAHTHOCTL YpaBHEHU:
Dfnepa.

Iyete x==x (4, v), y ==y (u, v), npHIeM

Xy Xv

Yu Yo

= 0,

Torzaa
f F(x,y, ¢)dx=
= [r [x(u, o), ¥ (1, ), —"’iﬂ—”—}(xﬁx of) du =

H + xuvu
= J <I>(u, v, v;) dn
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H 3KCTpeMa.Jad HCXOAHOro prHKLlHOHaJ'[a onpenesasitoTCA H3 ypaBHEHHSA

diirepa /s (pyHKUHOHAsA f (D(u, v, v,") du:

d
q)U_E(DU,=0.

IMpumep [ Haifitu skeTpemanu dpynkuuonana
P
Jr]= f Vritrde, e r=r(p).
o -

Pewecnne YpaBuenune 3inepa aAaa 3Toro <hyHKLHOHAIA

_r 4 <___r_’_ —0
]/r"’—{—r’2 do ]/r"’—{—r’2
3aMeHa mepeMeHHLIX X = r COS ¢, y = r Sin @ Jaer
Vf2+f,2dq)=‘ Vl +y,2dx7

H MBI IPUXOLUM K (DYHKIHOHAJY BUAA
b
Io=[ Vit
a

AJ KOTOPOro ypaBHeHHe Jfinepa ectb y” = 0, Tak uro
y=Cyx+ C,
3HaudT, 3KCTpeMasH HUCXOAHOro (YHKUMOHAJA [JalTCsl YpABHEHHIMH
rsing==Cyrcos ¢ + Cy,
riie C; 1 Cy — NpOH3BOJbHbLIE MOCTOSIHHBIE.
[Tpumep 2. Hafitu skcTpemany pyHKUHOHANA
In 2 ’ -
—x, s2 2
Jlyl= f (e Xy ey ) dx.
0

Pemwenne. Ypasnenne ODiepa pmas jaHHoro ¢QyHKuHOHAIA
HMEET BHI

” 4 2
¥ =y +eFy=0.
szenaeM 3aMeHy MepeMEeHHbIX

{ x=Inuy,
y=u.
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Torza nexoanslil GyHKUHOH2A npeobpa3yeTcst K BHAY
2 2

Iy [v] = J. (6_1" 12" gln ”1;2) % = J. (v’z — 02) du
) 1

¥ 89 Hero ypasHenue IiHaepa v” -4 v = 0 nerxo unterpupyercs:
v=_~Cjcos u+ C,sinu.

Tlepexoas K nepBOHAuaJbHHM KOOPAHHATAM X, Y, NOAYUHM ypaBHe-
HHe 3KcTpemaJeil B BHAE

y=C,cos e’ + C,sine*.
115. Hafitn skerpemann ¢yukunoHnasa
P,
J= f rsinchrQ—l-r’zdcp.

Ps

116. Tloxkasarb, uTo 3KcTpeMasan (yHKUHOHATA
Py
J= J'f(rsincp) Vr"’—l—r’z do
Po

BCeTla HAXOAATCA B KBaApaTypax.
117. Haiitn skcTpemanu (yHkuuHonassa

b
!=fo2—|-y2V1—|—y’2dx.

Kak u aast ciayuas OAHOro nepemeHHoro, vpasHchnue Jiiiepa —
OcTporpajckoro HHBapHaHTHO OTHOCHTEJLHO npeofpascBaHuii KOOP-
JIHHAT.

TMMpumep 3. 3anucath ypaBHeHHe Jlanaaca

9%z 0%z 0 (1)
dx? oy:

B NOJSIPHBIX KOOpAHHATaX.
Pewenne. Paccmorpum dyHKuHOHAN

DIz (6 )] = [ [ (+22)dx dy.
4]

Ypapuenne Jfepa — Octporpajckoro aas GyHKiHoHana ecTbh Kak
paz ypaBuenue (1). Ilepefizem B ¢yuKUHOHAJZe OT JeKapTOBHX
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>

koopauHat (¥, 4) K TOMApHEIM KoopAmHaTtaM (P, @): x == pcos @,
© y = psin ¢. Mmeen

dp 9p _Qg_a___sihq; dp _ cos@
ox T8 ® ay—smq), ox o ! y  p
O7ciona
Dlz(p, p)l=

Cocrasasia ypasueHde Ofiiepa — OcTporpajackoro Aas mocael- .
Hero MHTerpana, NpujaeM K ypaBHeHHIO Jlamsaca B MOJAPHLIX KOOp-
JAHHATax:

1
7 Zov +0Zpp+ 20 =0.

§ 7. None sxcTpeMaineit

CemeiicTBO KpupblX Y == y{¥x,¢) ofpasyer Co0cTgeHHOe noae
6 3adanroli obaactu D mnockoctn xOy, ecau vepes KaxkAyl0 TOUKY
(%, y) sroil ofiacTH DPOXOZHT OAHA K TOJbLKO OJia KpHBas cexeii-
cTBa ¥ = y(x,¢).

Yraoeoft kospduuuedar p(x,y) KacatelsHOH K KpHBOH cemel-
cTBa Yy = y(x,c), npoxoasuell yepe3d TOYKYy (X, Yy), HA3LIBAETCH HAa~
KAOHOM noAa 8 Touke (X,Y).

CeMeltlcTBO KPHBBIX Y == y(x, ) 06pasyeT yCHTPAAbHOE 1OJe
B obaactu D miockoctu Oy, ecan 3T KpuBBle [OKPHIBAIOT 6e3
camonepeceyeHuil BClo 06aacTb D u HCXOAAT U3 OAHOH TOUKH (Xo, Yo),
gexamefi BHe o6aactH D. Touka (xy, yo) Ha3eBaeTCs HEHTPOM
NyYKa KPHBBIX,

IMMpumep 1. Buyrpu xpyra x2 4 y? <X 1 ceMmefiCTBO KPHBEIX
y = Ce*, rge C — npouaBoibHAas MOCTOAHHAA, B uactHocTH, C =0
ofpasyer coO0cTBeHHOe noje, TaK KaK 3TH KDUBLIE HHIJe He Iepe-
CeKaloTCsl H uepe3 KaXKAylo TOuKy (X, y) Kpyra NnpOXOAUT OJHA “H
TOJBKO OJHA KpHuBas 3Toro ceMeiictsa (puc, 7). Hakion noas
B IIPOM3BOJILHOM TOuKe (X, y) pased

p(x y)=Ce*=y.

IIpumep 2. Cemeiicro mapabon y = (x + C)? BHyTpu Kpyra
X% y% <1 cobcrBeHHOrO noJis He ofpasyeT, TaK KaX pas/JHuHble
KpHUBBIE ceMeficTBa mepecekaloTesi BHYTPH Kpyra H He IOKPBIBAKOT
Bcio 06s1acThb (pHuc. 8).

Ilpamep 3. CeMeHCTBO KpHBBIX Y == Cx oépasyeT HEeHTpa/b-~
Hoe noJsie B 061acTH x > 0, ’
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|

" Puc. 8.
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O6pasyior au nose (COGCTBEHHOE HJH UEHTPaJdbHOE)
cieayiolne ceMeficTBa KpHBbIX B YKazauHBIX o6JsacTax:

4

18. y=C -tgx 0<a<T, -3 <y<%.
119. y=C - cos x;

a) lxl<%; 6) g—<x<n; B) | x|<<m.

o
<
o

120. y=(x— C)3%; —fr+—<1-

121, y=C(x>— 2x);

2) 0<r<1; 6) —1<x<3; B)%<x<%—.
122, y=C-sin( —});

bt T jud ) bt
a) T<*< 33 0) KON B) gASIn

123. y=e**C; x?4 y?< 1.

Ecau nose (coGcTBennoe WAH LeHTpasibHOe) o6pa3opaHo ceMefi-
CTBOM 3KCTpeMaJiell HeKOoTOpOll BapHaLHOHHOH 3aJayH, TO OHO Hashl-
BaeTcs noAeM 3KcTpemaneil.

IIpumep 4. PaccMorpuM dyHKnuoHan

1
Iyl= [y dv.
4]

Ero skcTpematsMu sBasiorcs npsiMble y = Cix + C2. CemelicTBo
skeTpemadnelt y = C, ofpasyer co6cTBeHHOe mnoJe, a ceMelicTBO
skcTpemanelt y = Ci;x oOpasyer ILeHTpambHOe MOJe ¢ UEHTPOM
B HauasJe KOOpAHHAT,

124. na dysxuuonana

a

Ilyl= f(y’z—l- y)dx, a>0,

0
yKasaTb COOGCTBEHHOE H LEHTPaJdbHOE NOoJe 3KCTpeMaJell
125. To ke — an1a QyHKUHOHANA

/4

Iyl= [ (" — 4" + 5" + 4)ax.

0
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INycts KpuBag y == y(x) sBJseTCs 3KCTpEMajbio (yHKIMOHaaa

Xt
Igl= [ F (5, g, ) dx,

Xo

npoxoasuieil uepes Touku A(Xo, yo) # B(x1, yi).

[oBopAT, uTO 3KcTpeManb y = y(X) 6rAt04eHa 8 COGCTEEHHCE
noae gxcTpemaed, ecd HaiiieHO ceMelcTBO 3kcTpeMadted y==y(x, C}),
ofpasytoilee rnoje, cojeprkaiuee npu HekoTopoM sHaueHHn C = Cy
SKCTpeManb ¥ == y(X), mpHUeM 3Ta SKCTPeMadb Y == y(X) He JeXKHT
Ha rpanxue o6aactu D, B Kotopol cemeictBo y = y(x, C) oGpasyer
noJe,

Ecan nyuox skcTpemaseil ¢ LEHTPOM B TOUKe (X¥g, o) B OKpecT-
HOCTH 3KCTpeMand y = y{x), npoxozisiueil uepes Ty Ke TOUKY, 06-
pasyer MoJsie, TO TOBOPAT, UTO HALOEHO HEeHTPAAbHOE 104e, BKAIYaIC-
ee NAHHYIO 9KCTpeMasp Y == y(x). 3a mapamerp cemefictBa Y ==
= y(x,C) DpHEUMaeTca YraoBoi Ko3D@HIMEHT KacaTeJbHOA K KpH-
BLIM ITyYKa B TOUKEe (Xo, Yo).

ITpumep 5. Pacemorpum npocrefilylo  BAapHaUHOHHYIO  3a-
pauy gast byHKIHOHAJA :

2
I lyl= f (y'3 + sin? x) dx.
0

a) Ilycts y(0)=1, y(2) = 1. CeneifictBO 3KCTpamaseil AaH-
HOTn (QYHKUHOHaJa onpenensercst ypaBHeHHeM Yy == Cyx 4 Ca. 3a-
JaHHBIM TPAHUUHBIM YCJOBHSM YIOBJETBOPSIET 3KCTpeMatb Yy = l.
3rta 3KCTpeMadk BKJIOUaeTcs B COOCTBEHHOE ToOJe 3KcTpeMadeil
y = C,, rae C; — npoH3BOJIbIIAS IOCTOSIHHAS.

6) Ilycte y(0) =0, y(2) = 4. 3DkcrpeMmanrio, oTBeuaomeil
STHM TDaHHYHBLIM YCJAOBHSAM, sBJAETCH npsMas y = 2x, KcTopas
BKJI0YAeTCsl B LEHTpasbHOe noJje 3kcrpemaseli y, = Cix (Cy— npo-
H3BOJbHASI OCTOsSIHHASL) ¢ uweHTpoM B Touke O(0,0).

ITpumep 6. PaccmoTpuM npocTeilllyio BapHalHOHHYIO 3a4ady

1
Iyl = fy’- (2x~%y’) dx,
—1
y (=) =0,y ()=~
Pemenue ypaBuenus ODfjepa mnmeer Bux Y= x?-+4 Cix + Co.

o X ~
dkerpemads 3Toll 3agaun y = x? + < — 7 MOWKHO BKIOUHTb B COG-

» X
CTBEHHOE IloJIe 3KCTpeMadnel y = x? + T -+ C, (puc. 9).
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IMoxasarh, UTO 3KCTpeMaJH CJIeAYIOLUIHX NPOCTeHIIHK
BapHalMOUHBIX 33134 MOXHO BKJIIOUHTbL B IOJe 3IKCTpe-
MaJjell (coOCTBEHHOE HJIH LieHTPaJbHOoe).

- Y]

Sy

[aSTESN

o

NN\

iia

Pac. 9.

1 -
126. J[yl= [ (4" —2xy)dx; y(0)=y())=0.
0
1
127 J[yl= [ @Qe'y+ y")dx; y(O) =1, y(1)=e.
0 .

128, J[y]=f(y2—y'2)dx (a>0, a= kn);
y y(©=0, y(@=0.

129. J[gl= [ (5" + P dx y(O =1, y@)=3.
0
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Onpenenenne, [lycte umeeMm cemeficteo @(x,y, C) =
IVIOCKHX KDHBBIX.

C-OuckpumuHauTOM 37020 CemelicTea HaA3HIBAETCH TreoMeTpHue-
CKO€e MECTO TOYeK, Onpeje/sneMoe CHCTEMON ypaBHEeHHI

®(x, y, C)=0,
D (x, y, C) ¢ (n
sc =0 |

B ofmem caysae B coctaB C-ZHCKDUMHHAHTAa BXONAT orufatontie
ceMeHcTBa, TeOMETPHUECKOE MECTO Y3/0BLIX TOUEK H reoMerpuueckoe
MECTO TOYEK 3a0CTPEHHS,

Oeubatowyerd ceseiictea ®(x,y,C) = 0 uasniBaercss KpuBas, Ko-
Topasi B KaxAoli cBoed TOuKe KacaeTcs HEKOTOPOH KPHWBOH AanHHOIO
ceMeHCTBA ¥ KaXK/JOTr0 yuacTKa KOTOPOH Kacaerc GeCKOHEUHOE MHO-
¥KeCTBO KPHBLIX ceMelicTBa.

Ecan HMeeM TyyoK KpPHBEIX ¢ wentpoM B Touke A (xo, Ho),
LIEHTP NyuKa NMpUHALIeKUT C-TUCKPHUMHHAHTY.

Mpumep 7. Hafitu C-AMCKPUMHHAHT ceMefiCTBA KPHBHIX Yy ==
= (x —C)2,

. Pewenue Vpasueuus (1) B nanHOM cayuae HMEKOT BHA

y—{(x—Cy=0,
2(x—C)=0, }

oTkyna y = 0. HEpr,ELH’J Npo3epUTL, 4TO JduHa y = 0 ecTb oru-
Garomasg fnanHoro cemefictea. B caMom nese, B 5r060ff TOUKe X == Xp
NuHUA Y == 0 uMeeT OOIIYI0 KacaTeNbHYK ¢ COOTBETCTBYIOMIEH KpH-
BOH ceMelicTBa y == (¥ — xo)2. [danee, Kakoii Obl Majbll yuacTOK
JUHUH y = 0 MH HH B3JH, €ro Kacaercss GeCKOHEUHOE MHOMKeCTBO
KDPHUBBIX JAaHHOrO ceMeficTBa. B panHoM caywae C-AHCKPHMHHAHT CO-
CTOUT H3 OAHOH orubawined.

B caenyomux npuMepax wHaiitn C-IHCKPAMHHANTEL
34/laHHEIX CEMeHCTB.

130, y=Cx+ C2
131, y(C —x) — C?==0.
132, x—CP+ y?=1

Ecau nyra AB xpusoii y = y(x) umeer oTadunyio ot A oluywo
ToyRy A* ¢ C-auckpuMmunantoM nyuka y = y(x,C) ¢ LeHTpoOM
B TOuKe A, colepixailero AaHHyl0 KPUBYw, TO Touka A* HasupaeTcs
TOUKOH conpﬂmeﬂﬂod ¢ Toukoit A. .

ITpumep 8 PacemorpuMm oanonmapaMerpHueckoe ceMeficTBO
KpuBHX Y4 == Csinx. C-QHCKPHMHHAHT 3TOro ceMmeficTBa ompeae-
JIAETCA ypaBHEHUsIMY

y—Csinx=0,
—sinx=0,
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T. €. TpelcTaBasieT coGoi JAUCKDETHOe MHOXKeCTBo Touek (km,0),
k= 0,41, +2 (ToukH nepeceueHHs CHHycoHiaH ¢ ockio Ox). Bass,
Hanpumep, C = 2, moayunM KpHBYIO y = 2sin x, NpHHaJAeXKalLyiO
JaHHOMY MyyKy cHHycoupa ¢ ueHTpom B Touke O (0,0). Ecan apyroii
KoHey B (puc. 10) nyru KpuBoH y == 2sinx uMeer abcuuccy

y A

2n I

S~ 5('.'[’,?)

Puc. 10.

fe (m,2n), To nyra OB Oyfmer coepkaTb elde OAHY TOURY
(kpome Toukn O(0,0)), npuHagaexauyio C-1UCKPHMHHAHTY, a
uMeHHo Touky OF(m,0), Koropast GyjaeT conpsiKeHHOH ¢ TOUKOi
0 (0,0). Ecntn 0<Cx<{m, TO TOYEK, CONPSIKEHHHIX C TOUKOM
O (0,0), na nyre OB uer.

133. Hdano cemelicTBO KpHBHX y = C- (x — 1)x. Ha#-
TH TOUKY, conpsizkennyio ¢ Toukoil O (0,0).

134. Hdano cewmeiictBo KpuBmx y = C.shx, Hafitu
TOUKY, conpsaxKennyto ¢ Toukoii O (0,0).

1°. JdocrartouHoe ycaoBHe $SIKOGH BO3MOXKHOCTH BKJIOYEHHA
9KCTpeMaJd B LEHTPaJibHOE MoJe 3KcTpemaned. Jlna Toro urobul
ayry AB skcTpeMmann MoxKHO ObLIO BKJIOUMTb B UEHTpaJjbHOe I0.1e
IKcTpeMasdell ¢ uedHtpoM B Touke A (X, yo), [OCTATOYHO, HTOOLI
Touka A* conpsikeHHas ¢ toukoil A, He nexana Ha ayre AB.
ITpumep 9. Pacemorpum dyHKinonan

a

Iy ()] = j (92— 952 +e% — 1) dx,
0

y(0)=0, y(a)=0.

TIpoBepHTE BO3MOMKHOCTL BK/JIOUEHHs 3KcTpeManau y =0 B ueH-

TpaJbHOe TNOJIe 3KCTpeMalel ¢ nenTpoM B touke O(0,0).
Pemenne Ypapuenue 3finepa st aaseoro ¢yHKIHOHAIA

umeer BuA y” 49y = 0. Ero ofuiee peuenne y(x) = Cjsin3x 4,

+ C2 cos 3x,
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knt
Ecau a #+ 3 k — wenoe 4HCa0, TO 3KCTpeMaJnbio, yao-

BJETBOPSOIEl 3a/aHHBIM TPAHMYHBIM YCAOBHAM, SABASCTCS MNpAMast
y = 0. Ecitn paccMoTpeTs ORHOMapaMeTpHueckoe CeMeHCTRO IKCTpe-
Maneit yi; = Cysin3x, To, Kak Jerko nporepuTh, C-IHCKPUMHUHAHT

“ kn
3TOro cemeidcTBa COCTOHT M3 TOYEK (—3-, 0}, k—uenoe wuHcsO;

T “ o
nosToMy, ecad a<—-, TO TOYKH, compsKeHHoit ¢ toukon O(0,0),

Ha skcTpeManu y = 0 we 6yner, H Torjga sTy 3KCTpeMasb, OUEBHIHO,
MOKHO BKJIOYHTB B LEHTpa/dbHOE [OJe 3KCTpeManefl ¢ UeHTPOM
5]
3
CONepKaTbCH MO KpafiHefi Mepe OfHa TO4Ka, COMPSKeHHas ¢ TO4Y-
kot O(0,0), u pnocratouHoe ycaoBre SIKOGH He BBINOJHSIETCH.
B stom cayuae skcrpemanu y == C;sin 3x moss He o6pasyioT.

Anaaurudeckas opma ycaosua Hxobu. TlycTs uMeeM npocTed-
yi0 BapUHAaLUOHHYIO aamayy

B Touke 0(0,0). Ecmu e a 22—, To Ha 3KcTpeMaty y = O 6yner

Iy ()= [ Flx g 9)ds

Xo
Yy (x0) = Yo, y (xy) =y,
Ecnu pemwenne u = u(x) ypasHeHus $xo6u

d d
(Fus =5 Pavr) 4 = i iy =0, @

yaoBJeTBOpsAioLlee ycaoBHIO u(xg) = 0, oOpamaerca B Hy/b elie
B KaKoH-HUOYyAb TOUKe HHTepBana Xy < X < Xj, TO CONpsiKeHHas
¢ A(xo, yo) Touka A* jnexur Ha ayre AB skcTpemanu (Touka B
uMeeT KOOpPAHHATH (X1, Y1)).

Ecau cywectsyer pemrenue u(x) ypasHeHust $IKOGH, yioBaeTBo-
pAIOLIee yCJIOBHIO 4{Xy) = 0 u He ofpaliaiouieecss B HyJab HH B OJHOH
TOUKe MONYHHTEpBana Xo << X < Xy, TO Ha ayre AB HeT Touek,
conpsaxennnix ¢ A. B 3toM cayuae ayry AB sKcTpeManH MOMKHO
BKJIOUNTh B LEHTPaNLHOE [M0Je BIKCTpeMaJneill ¢ LEeHTPOM B TOuKe
A (%0, Yo).

B ypasuenun (2) B (pyHKUHH Fyy (x, v, ¥'), Fyy, (y, x, y) u
Fop (%, y, y') BMecTo y(X) HAnO MOJCTABUTHL NPABYI0 YacThb ypaBs
HeHUst 3KeTpemand y = y(x, Co).

Mpumep 10. Bemmoanedo au yciaoBHe $koGu Aas SKCTpeManu
dhyHKUMOHAMA

Iy ()] = j (47 + x2) dx,
]

npoxoadueft yepes Touku O(0,0) u B(a,3)?
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Pemenue VYpapHenne $SIKOGM B AAHHOM cjayuae UMeeT BHI
4”7 = 0. Ero ofwee pemenne: u(x)= Cix+ C,. M3 ycaosus
u#(0) = 0 naxoauM, uto C; ==0, Tak uto & = Cix. Hu npu kakoum
sHayennn a > 0 sty pemenns u = Cix (Cy %= 0) B Hyab He ofpa-
waoTes. 3HAUYHT, TOUKH, compsKenuoil ¢ Toukoit O(0,0), ma ayre
OB srcrpemanu Her, CneloBaTelbHO, €€ MOKHO BK/AIOUHTL B IlieH-
Tpa.abioe noJge skcTpemanedl ¢ uenrpoM B Todke O(0,0). Herpyano
TIPOBEPHTb, UTO HCKOMOf 3KCTPEMAaJbio ABASIETCH NpsMad y=- 5

KOoTopasi, OYeBHIHO, BKIIOUACTCH B LEHTPAJbHOE noJge 3xcTpemaneli
Yy = Cix.

MMpusvep 1. Bunoaswcno au yciacsue JdkoSu aaa IKcTpeMaiu
(PyHKLHOHA A

a
= (/2—- 2 - Wy ?_l_/ —1_ ’
Iyl Of y 4+ e dy (a \n—{— )n)

npoxoasuteii uepes toukn A(0,0) u B(a, 0)?
Pemwenue Ypapucnwe fko6u umecer sua u” + 4u = 0. Ero
ofuice pelienne
uf{x)==Cy sin2x + C,cos 2x.
M3 ycaosua u(0) == 0 usaxoanMm, yro Cs =0, tak uto u(x) ==

: 1T
= Cy sin 2x. Ecan a<§, TOo QyHKUHS u(X) He 06pailaeTcsd B HY.Ib

npy 0 < x << a, u ycaosde §ko6u BBINOJHEHO; €CJAH XKe a>£,
TO pelleHne ypabuenus (koGu u == Cysin 2x ofpaliaerca B HYy/b
B TOYKE x=—'2—, npuransexkawmeil orpesky [0, a], u Ha Ayre 3KcTpe-
mMaad 4 =0 (0 << x << a) HaXOAWTCA TOUKA, COMpSIMKEHHAsT C TOd~
kol A(0,0). Tarum ofpasom, npu a>% HE CYILecTByeT UeHTDaJbe
HOTO 708 3KCTpeMadell, BKAOUAIOULEr0 AAHHYIO 3KCTpeMadb.

B creavioluux 3ajfauax [POBEPUTh BLIMOJHHMOCTb yC-
JoBus1 JrodH.

.

1

135. J|y]l= f (12xy + y'2 + 1) dx;
,_; y(—=1)= —2‘;, y(1)=0.
136. /[y]= [ (4 + 94° — 3x)dx; y (0) =0, y () =0,

0
1

187, Iyl=[(1+5%)dx;  y(O)=y(1)=0.
0
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138. J[yl= [y’ dx; y(O)=1, y(@=b (a>0).
139. J[yl=[ (¥ —)dx; y(©)=0, y@m)=1.
0

140. TToxasatb, 4TO ecJau moAwHTerpatbHas GYHKLHA
¢dhyEKUHOHAMA

. .
Iyl= [ F(x, y")dx

He CONEpIKHT ABHO Yy, TO KaxJAasd SKCTpeMans Bcerja Mo-
J)KeT OLITb BKJIOUCHA B IIOJIE 3KCTpeMaded,

3ameuanne. Yoiopne Hxo6u aApiagerca HeoOXOOMMBIM 17
DOCTHXKeHHA B3KCTpeMyMma QyHKuHoHada Jly(x)], T. e. Ha 2xcTpe-
-Maan AB, peanusyiolledl 3KCTpeMyMm, COnpsizkeHHas ¢ A TouKa He

MOXKET JiekaTb B HHTepBajie Xy << ¥ << X;. Hanpumep, Aaa QyHKILHO-
Hafja

Hol= [ @+ 1) dv, 9O =y(a) =0,
0

MUHHMYM focTHraercs na skerpeManu y(x) = 0. Ha srtoft akcrpe-
MaJIH HeT TOoueK, compsixenunx ¢ Toukoi O(0, 0),
ITpumep 12. dna ¢pynkuucraia

5
-7

4 .
M= | G=yar,  g@=0 s(3x)=0,
0

na skcetpeManw y(x) == 0 sKcTpeMyM He JOCTHraeTcs HOTOMY, UTO
B Huurepsane |0, 7 T JeKHT, COTpSKEHHAT C Toukoit 0 {0, 0)

Touka O*(m,0) (u6o pemenuem ypasHenus Sko6u u” 4 u = 0, of-
pawawoumnMes B HyJb npu x =0, apaserca u(x) = Cysinx, u u{x)

5
ofpamaercs B HyJb TaKXKe U B TOUKE X =7l & (O, T )
7
B camom pene, B kaueeTBe «GaH3KO0M» K y=0 KpHBO{l BOo3bMeM
, 4
sin — nx ,

KPHBYIO Yp (x) =, AN KoTopoil yeaosHs y (0) =y (542) =9
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’ 4 4
OYEBHJIHO BHIIOIHAOTCA, & Y, (x) = 55 cosn 5 x. Torpga. noayunm
J[0]=0, a
sin —4— nx )
J 5 =
n? -
5 5
b sin? (i11 x) N
== J. —\5 / dx — Jﬂ (i)zcos2 (in__ x) dx ==
o nt 5n 5 T
0 0
5n [ 1 16
= 8n2 (712— - T) <0

npu moGoM ueaoM n == 2. CaenoBartesbno, 3KcTpeMmaib y(x) =0

He JOCTaBageT MHHHMYM AaHHOMY OGYHKNOHMOHAly, Tak Kak cylle-

cTByIOT G.H3KHe K y(x) = 0 KpuBble, Ha KOTOPHIX 3HAUCHHA (YHK-

muoHana OTpHUaTesnbH:l. BoszbMeMm  Temeph  ceMeHCTBO  KPHBHIX
.4

Yn (x)=—n—sm? x, obmanawmux 6JH30CThI0 JOOCIO NOpPAAKA MO

oTHouenuo K Kpueofi y(x) == 0. Jlerko BuAeTh, 4TO )

5
— —

r sin® 5 * 16 4 9
—_ 0y — | 2 _ —_——
Jynl = J pe dx 52 0% E xdx Py >0.

CaepoBaTenblo, 3keTpeManib y(x) == 0 He jfocTaBJjseT H MakKcHMyMa
JNaHHoMy (yHKUHOHATY.

141. [Tycts B dyHKUKOHATE i
b
Igl=[F(x v, y) dx
a

NnoJbIHTErpanbeast GyHKUUs F uMeeT orpaHHyeHHble yacT-
HBEle TIPOH3BOJHBIE TPETBEr0 MNOPSAAKA 110 NMEPEMEHHBIM Y,
Yy’ BO BCAKOH OrpaHHYeHHOH 06.aCTH H3MeHeHHs y u y’.
[Tokasath, uto ecnu ¥y =y(x) u y = y(x) + n(x) — nse
6/1M3KHe SKCTPeMald, TO C TOYHOCTBIO N0 BeJHYHHB BHIC-
niero MopdJKa MaJoCTH CPaBHUTENbHO € PacCTOSHHEM
NepBOro MOPALKAa MEXIY 3THMH 3KCTpeMatsMH (yHKIAA
1 (x) ynoBaetBopsieT ypaBHeHHIO SIKOOH:

’ d '
Fym+ Fyym' — ax (Fyym+ Fyrym’) =0,
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2°. JlocraTounble ychoBust Jlexanapa. JlocTaTouHeiM yCAOBHEM
A5l BKJIIOYEHHsl 3KCTpeMan (pyHKLUHOHAa

Xy .
Jyl= [ F(x, g, y') dx;
Xa
Yy (x0) = Yo, y(x) =y,
B [oJie 3KCTpeMmajed HBJASTCA BBLIHOJHEHHE YCUACHHO20 YCAOBUR

Jexandpa.
OHO COCTOHT B TpeGOBaHHH BHIOJIHEHHS HEpaBeHCTBA

Fyrp>0
BO BCeX TOYKax paccMaTpHBaeMofi 3kcrpemaan (1. e. NpH  BeeX
x € [xo, x4]).
[Mpumep 13, Jan dpynkuuonan
2

Iyl = f (y"* + y*) dx;
0

y()=1, . y(2)=5

DxcTpeManu — npsimble y = Cix + Cs. Mckomoit akcTpeMasb, YA0-
BAETBOPSOWIEHd 3aJaHHBIM T[PAHWYHBIM YCJIGBHAM, sIBJASETCS MpsAMas
y=2x+1

B nanHoM cayuae Fy,y,= 12y’2+2 H BO BCeX TOYKAax 3KC-
TpeManau y = 2¢ + | nMeeM Fy,y, == 50> 0. YcusieHHoe yciaoBue Jle-

JaHJApa BBIIONHEHO H, CleJOBaTe/lLHO, 3KCTpeMans y == 2x 4+ | mo-
sKeT OBITb BKJ/IOYEHA B [0Je 3KcTpemaseil.

3T0 BHAHO H HemocpexacTBeHHo. JKcTpeManb y = 2x 4+ 1 conmep-
KHTCA B OfHOTIapaMeTpHYecKoM ceMeHcTBe sKcTpeManedl y = 2x + o
(o — mapametp), o6pa3yiomux COGCTBEHHOE MOJeE.

IIpumep 14. Jar dyHKuHOHAA

1
f (x"’y’2 + 12y2) dx;
-1
y(=)=—1, y()=L

Pemenwue YpabHenne Dilnepa A1s 3TOro PyHKIHOHAIA HMELT
BHI
x2y” + 2xy’ — 12y = 0.
Ero o6mee pemedne —
y=Cyx*+ Cyx—*

[TocTaBMeHHBIM IPAaBUYHBIM YJOBUAM YAOBJACTBOPSET IKCTpeMalb
y = x°
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Ee Hean3s BKMOUNTB B node. ENMHCTBEHHBIM OfHOMapaMeTPHYECKHM
ceMeiicTBOM  3KCTpeMaJeil, CojAeplKalluM ee, €BJIAETCH CEMEHCTBO
y = ax’. TlocinegHee He noxpoiBaeT o6JacTH, cojepikailefi TOuKy
¢ abenuccoll x = 0 (uepe3 Toukn ocu Oy c opAHHATAMH, OTIHUHBIMH.
OT HYJIsl, SKCTPeMaltH 3TOro ceMelcTBa He NMPOXOIAT).

B nmanuoMm cayuae Fy,y,=2x2, i ycioue JlexaHnapa He BHI-

no/aHsercs npu X = 0.
HpOBepHTb BO3MOXKHOCTb BKJIOUEHHA 3JIKCTpEeMaAJH B
noae AAs caAeAyloUWuX (yHKIIMOHANOB:
!
142. Iyl = [ (s — yy")dx; y(0)=0, y(1)=0.

0

143. Ilyl= [y dx; y(0)=0, y(a)=>b>0.

0
1. 71yl =[n() Vi+y" (9 dx

y (%) = yq, y )=y, n(y)>0.
145. 7[y]= [ (64" — 4" dx;
4]
y(0)=0, y@=>b a>0,b>0.

§ 8. JdocraTouHble yCAOBHS KCTpeMyMa (QYHKUMOHATA

PaccmartpuBaerca npocrtefiuias BapHallHOHHas 3aaava A QyHK<
nHoHajaa

)= [ F (g, ) dx, 0
.I/(XO):.I;Os y () =1y 2

1°, Hocratounnie ycnoenss Beiiepmrpacca. Pyukyued Bedep«
wrpacca E(x, y, p, y’) HasuBaercs QyHKuHs, onmpepensiemasi paseH-
CTBOM i

E(x, y, p, y')=

="-—F(X, Y, y,)—F(X, Y, p)_(y’—p)Fp(x: Y, p)i (3)
rie p = p(x, y) — HaKJIOR MOAA 3KCTpeMmaJsiefi paccMaTpHBaeMofi Ba<
pHauHoHHoi 3afaun (1)—(2) B Touke (x, y).

Jloctatounble yeaosus caaboro sKeTpemyMa.

Kpusaa C docrasaser caaboui sxctpemym yngyuonary (1),
ecau; '
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1. Kpusan C sasasercs sxkcrpemainto @ynkyuonasa (1), ydo-
- 8AETBOPAIOWEl 2PANUMHBLMNL yca08uam (2), T. e. AGARCTCA pEwleHueM
ypasrenus Jiiaepa dan pynkyuonara (1), yoosaersopaowum ycao=
guam (2).

2. Jxcrpemary C moxcer OuiTb sKAIO4eHA 8 noAe 3kcTpemaaeld,
8 4acTHOCTU, 370 byder, eciu 6o1n0AHenO ycaosue STxobu.

3. Qynxyus Bedeputpacca E(x, y, p, y') Ooasra coxpanars
BHaK 60 Gcex Toukax (x, y), Oauskux & axcrpemaiu C, u 821 6.aus-
Kux & p(x,y) snaqenud y’. Pynxyuonaa Iy} 6yder umers makcumym
Ha C, ecau E << 0, u muriumym, ecau E = 0.

HocTaTounsie ycaoBHS CHJABHOrO sKCTpeMyMa.

Kpusasa C Jdocrasaner cuavHolil dKcTpesym pynxyuonaay (1),
ecau:

1. Kpusas C aecasercs skcTpemaasro @yukyuonara (1), yoo<
saeTgopaouels epeHuroin ycaosuam (2).

2, Ikcrpemass C moxcer 6viTo 6KAOHERA 8 noae 3xcTpesaied.

3. Dynkyus Bedepwrtpacca E(x, y, p, Y') coxpouser 3Hax 80
gcex Toukax (x,Y), 6auskux k sxcrpemaan C, u 049 npousgoAbHsLX
anavenud y', flpu E < 0 Oyder sakcumym, a npu E = 0 — sunu-<
MY M.

3ameuanue VYcaosue Beilepuwrrpacca Heo6xoiUMO ANA HAMH~
ugs 3KCTPEMYMa B CACIYIOLIEM CMbIC/IE — eCcail B TOYKaxX 3KCTPeMajH
I HEKOTOpbIX 3HaueHuil y' dyHKRUMA E umeeT DDOTHBOMNOJOIKHEIE
3HaKH, TO CHJBHBIH 3KcTpeMyM He poctHraercs. Ecsin 370 cBOfCTBO
HMEET MecTO NPH CKOMb YroAHo GJHM3KHX K p 3HaueHHsx y’, TO He
JIOCTHTaeTCst U ciabelil 3KCTpeMyM.

Npumep 1. Hcenezoeate Ha axcTpeMyM (yHKUHOHA

1
W= [ +y)ds, y@ =0  gn)=2
0

Pewenue YpasHenue 3iliepa Ans JaHHOro ¢yHKOHOHasa
uMeer BHA y'y” == 0, Tax uTO 3KCTpeMausiMH HBAAIOTCA [PsAMEIG
y(x) = Cix 4 Cz. DKcTpemanblo, yIOBACTBOpsiONiell 3a7aHHLIM Tpa<
HHUHBIM YCJOBHAM, SIBAsieTcst nmpaMas y = 2x. Haxiaon nmoas B Ttou-
Kax 3Toff akcTpeMann p = 2. OueBRAHO, NaHHAA 3KCTPeMaldb Yy = 2£
BKJIOYAETCS B UEHTpa/ibHOe noJde skctpemanell y == Cx ¢ UeHTpOM
B touke -0(0,0), HerpyaHO TaxiKe NpOBEpHTb, 4YTO B AAHHOM Cay-
yae BbINOJHEHO ycaopue §IKoGH. YpaBHenye SIKoOW B JaHHOM CJy-

uyae HMeeT BHA E—X—(Gy’u’)——=0, rAe B CHAY ypaBHeHHsl 3KCTpe-

Maau umeeM y’ == 2. CnenosarenbHo, ypaBHenHe FIKOOH npumeT BHI
u”(x)=0, otgysa u(x)= Cix 4+ Cy. M3 ycnosus u(0)==0 noay-«
yaeM Cp; = 0. Tak kax 510 pewenne u = C;x npu Ci & 0, xpome
TOUKH X == 0, HHre B HYJb He obpauraercsi, TO ycjoBne $IKOOH BhI~
NOJHEHO,

Cocrasasem ¢ynknuio BefiepmiTpacca:

E(x, 9, p, ¥)=y"+y —pP—p— (¢ —p) Bp2+ 1) = .
=(y —p) (¢ + 2p)-‘
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IlepBbiit MHOXHTETh BCErAa HeOTpHUATesdeH npH Jo6wX y', a BTO-
poil TOJIOKHTe/eH NpH 3HaueHHsx y’, 6auskux K 2. CJenoBaTesbHO,
BBITIOJIHEHBl BCe YCJOBHS CYILECTBOBaHHA caaboro Munumyma, Oa-
HaKoO, KaK JIerko' BHAeTh, ecad y’ << —4, 10 dyuxuus £ Gyner yxke
OTPHUATEbHOH, M AOCTATOYHOE YCJOBHE CHJABHOrQ 3JKCTpeMyMa He
BLINOJMHAETCA, TAK KakK B YCJO-
BHAX CHJIbHOTO 3KCTpeMyMa Tpe-
Oyercs, utobni ¢yHKIuA Beliep-
~ mtpacca E coxpaHfina 3HaK npu
MoOLIX 3HAUeHUsiX y'. YUHTHBAA
3amevyanne Ha crp. 89, sakiio-
4yaeMm, YTO CHJIBHOTO 3KCTPeMyMa
B J4aHHOM CJyyae HeT.

I[TpuMep 2. MccnenosaTh
Ha 3KCTpeMyM (YHRUHOHAA

1

J[y1=0f(x+2y+§y’2)dx,

y(0)=0, y(l)=0.

Pemenue YpabHeHue Ji-
Jepa AJasa 3Toro QysknHonasaa
HMeeT BUI Yy’ = 2. JKcTpeMans-
MH ABJAAIOTCA napaboasl Yy ==
= x24 Cix 4+ C,. 3OrcTpemalb,
YJOBJIETBOPAIOWAS  IPAaHHYHBIM
YCJOBUSM, ecTh y = x? — Xx. Co-
cTaBnfieM  ypaBHenHe  SIko6H

—-—d—x—(u)=0 wm u”" =0,

Ero ofmee pewenne u4(x) ==
= Cx 4+ C,. VYcaosue u(0) =
=0 pgaer C,=0, a TaK KakK
u(x)y=Cix npu C; =z 0 uurie
Ha orpeske [0, 1] B Hysb He 06-
paiiaercs, KpoMe ToukH ¥ = 0, To ycnoBHe SIKOGH BhImOSHsieTCHA, U
3HAYMT, 3KCTpeMajb § == x> — X MOXKHO BKJ/IOUHTb B HEHTPaJbHOe
noJje 3kcTpeMmanedl ¢ ueHtpoM B Touke O(0,0), a uMmeHHO: y == x% 4~
4 Cx (puc. 11). dyuruus Befleprutpacca uMeer Bul E(x, y,p, y') =

Puc. 11.

1
= — (y" — p)2.0Tclona BMAHO, YTO A4S NPOM3BOJLHEIX 3Hauenui y'
2

1
6yaer E = ~2—(y’ — p)2>0. CneZoBaTenbHO, Ha 3KCTPEMajHd Yy ==
= x?-—x JaHHb (YHKUHOHAJ AOCTHraeT CHJbLHOrO MHMHUMYMa, KO-

Topuii paBed J[x2 —x]= 7

UccaenoBaTs Ha SKCTPEMYM  cJCAyiolllHe (YyHK-
LLHOHAJIBI. :
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1

146. J{yl= [ (45 y”)dn yO =1,y () =e.
0
1

147. 1{y)= [ e’y*dx; y(©)=0, y(1)=In4

0
2

148, J[y]=J.yx—,32dx; (=1, y(2)=4.

i

149. J[y]=f—dy;—“; y(0)=0, y(a)=b, a>0, b>0.
0

I

150. J{yl= [ (12 y"dx y(©)=0, y()=1.
0
/2

51 )= [ (= D) dx g =1, y(Z)=1.

0

2
152 Jlyl= [y (1+4%)ds y (=) =1Ly @) =4
-1
1

183. Jyl= [(s°+ ¢ dxy(—)=—1,y()=3.

-1

2°, Hocrartouusie ycnosus Jlexaunpa. [lyers Qynkuns F(x, 4, y')
uMeeT HenpepLiBiYI0 UACTIYIO MPOM3BOANYW £y, (¥, 4, y') H mycTh

skcrpemats C BKOueHa B 1OJe sKcTpeMasedl.
Ecan na skcrpemanu C umeem Fyrr >0, To Ha kpusoii C po-

cTaraercs cnalelli MMHEMYM; ecin  Fyr <O Ha sKcTpeman C, 10

Ha Hell jpocTuTaetcs cnabblif MakcuMyM ¢yHKuuonana (1). dtu yeno- -
BUS HA3BIBAIOTCSH YCUACHHOIMU Yeaoguamu Jlexcanopa.

B ToM cayuae, Koraa Fy,y, (x, y, y¥') =0 B Toukax (x, yj.
6au3kMX K SKCTpemanu C, NpU NpPOM3BOJBHBIX 3HAaveHusx y', To

‘HMeeM CHJIbHBIH MHHUMYM, a8 B CJayude, Korja AJfA YKasHHBIX 3Hauec-

HHH apryMenToB Fy,y,(x, Yy, ¥') <0, uveeM CHAbHBIH MakCUMyM,
IIpumep 3. HccaemosaTh Ha 3KCTpeMyM (YHKUHOHAJ

1
=[P =) ds,  y(©=0 yO)=-2
0

(o — moGoe LeHCTBHTENBHOE YHCJ/IO),
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Pemenue Tak kak mnogpiHTerpaibHass yHKLUHSI 3aBHCHT
TOALKO OT Y, TO SKCTpeMansMy sBAAIOTCH npamble y = Cix + Cu.
DKTpeManplo, yAOBNETBOPSIOMeH TPAaHHGHBIM YCI0BUAM, OyIer nps-
Mas y == —2%, KOTOpas MOXKeT GbITb BKII0YeHA B LeuTpalLHOe Noede
skerpemaneli y = Cx. Ha 3Tofl 3KcTpeMaau HaKJAOH moas p = —2.
Hanee maxoxum Fy,y,::(iy'. Ha paHHOfl 3KCcTpeManau HMeeM
Fy,y,=——12<0, T. €. Ha JMHHM Yy = —2x pocruraerca caadoiif
MarcHMyM  dyHKunonana. TIpH NpoOH3BOJIBHLIX 3HA4YeHHsuX Y’ 3HAK
F s, He coxpamnsietcsi, C1€10BaTeNbHO, NOCTATOUNHE yCJOBHS CHIbs
HOTO MaKCHMYMa He BBITOAHSTIOTCS.

Pyukuusa Beiiepurrpacca £(x, y, p, y’) B nanuoM cayuae uMmeer
BHJ,

E(x, 5 p )= —pY (¥ +2p)

¥ IpPH HEKOTOPHIX 3HAUYCHHAX y' OHA MMeeT NPOTUBOINOJNOKHbIE 3HAKH.
VunTeiBass 3aMeuaHHe Ha c¢rp. 89, NOAYUHM, YTO CHIBHOTO MaKCH-
MyMa HeT.

Ilpumep 4. Hccaenosars Ha 3kcTpeMyM (YHKIHOHAJI

J[y]=j(e”'+3)dx, y(0)=0, y(2) =1
0

Pemenune IDkeTpeManamMu siBasiorcs npamsle y = Cx 4 Ca
IKCTpeMadplo, YAOBJIETBOPAIOUEH TPAHHUIBIM YCIOBHAM, SIBJASCTCS

x
npaMas Y = -5 OHAa MOWeT 6LTh BK/IIOUEHA B UEHTpATbHOE TOJe
,
sxerpeMmadtelt y = Cx. B pampoM cayuae Fy,y, (x, y, y') =e¥ >0
X
npy JoGeix 3uadenusnx y'. CiaefoBaTed]bHO, Ha 3KCTpeMatd y== 5

(GYRKIHOHAA UMeeT CHAbHLII MUHHMYM.
IIpumep 5 HceaeaoBary Ha skcTpemyM GyHKHHOHAR

a

T2
0

v 5 y(0=0, yla)y=y.

Pemen ue Tloammurerpanciast GyuKUHs He 3aBHCHT SBHO OT X,
caefosartesbho, moaydaem F—y’-fy’ = €, mau B HalleM cayuae

Vl-!—_y'2 _ y’f___- =
Vy VyVity?

I ~ 2
—————=C, nmm yl+y?)=Cy
VaVity?

OTKY A2
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rae Cy= —NL- . MonoxnM y’ = ctg —;— . ByzeM uMets y = C sin? —;—:
1

y

= —2'— (1 — cos ¢). Nasee,

dx = dy = Cysin ¢ dt =, sin2—t—a't.
ct £ 2 ct £ 2
€3 €32

Unrerpupys, noaydim

1=0C, fh%ﬂﬂ:%’—(t——sint)—l-cz.

Hraxk,
x=C,{t—sint) + C,, }
y=€'1 (1 —cosf)

— napaMeTpHUeCKHe YpaBHEHHA ceMeficTBa HHRAouA. M3 yenoBua
y{0) = 0 naxoaum, ato C2 = 0. [lyuox HukIOoMA

x=C (t —sini), }
y=2C (1l —cost)
ofpasyeT uenTpaskHoe nose ¢ uertpoM B Ttouke O(0,0), Bxarouaro-
llee 3KCTpeMalb
x=PR ({ —sint), }
=R (1 —cost),

rne R Ol'IpE‘llEJIeHO H3 YCJTOBUSA IPOXOXKJEHHUA IIHKJIOHIHI uepes BTO«
pyio rpanuunyio Touky B{a, y1), ecan a < 2nR (pue, [2).

g 2nR z

Puc. 12,

Hcnoneayem ycnorne Jlexannpa. Himeem
‘ 1
F 1y = >0
vy = LoV
: Vy(+y3)"
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npu moGBIX 3HaveHHuX y'. 3HauuT, aas a << 2nR Ha unkaouie
x==R (t —sint), }
y==R (1l —~cost)

NaHHBA (DYHKIHOHA MMeEeT CHJbHBIA MHHHMYM.

Hcenoawayst yeaosne Jlexkanapa, HCCJIeR0BaTb Cue-
Aymouue q)y'HKU,HOHaJIbI Ha SKCTpeMYM:
1
154, I[yl= [ (" + P)dx; y(0)=—1, y()=1.
0

3
158. J[y]:f—;%dx; §(2) =4, y(3)=9.
2
186. J[yl= [ ("~ 20y dx y(1)=0, y@)=1.
1

157. J[y]:f(l — e=v")dx; y (0)=0, y(a)="b (a>0).
‘ 0
1

158. Iyl= [ yy”dx y(©)=p>0, y(1)=¢>0.
]

159. HMccnenoBaTe Ha 3KCTpeMyM (QYHKIUHOHAJ
1

Iyl=[(ey” + 9>+ Adx, y©O©)=0, y()=1,

0

TIpH pPAa3JINYHBIX 3HAYEHUSIX mapaMerpa e.

Mpumep 6. (3agaua Dinepa). Crepxkenb Hauuowo [ onupaetcs
CBOMMH KOHIAMH ¥ noneepikeH pnasjeHnio P. TIpH onpenenenHoM
aHaueynu P (xpuTuueckas cuiaa Diijgepa) NPOHCXOAHT NPOAOJBHEIH
Haru6 cTepkHsa. Tpefyercs oHNpeReNdTL HaUMEHbUIYID  BeJUUYHHY
cuabl P, paonyio nmpoosbHBIE H3rub.

Pemenue [lycts £ — Monyns ynpyroctd, [ — HauMeHbLIHA
MOMEHT HHEpUHH TOMePEUHbIX CeYeHHH CTepHHs, P -— pajHyC KpH-
BH3HBI, (¢ — yroJ KacaTeabHOfi ¢ OCBIO.

TloTenunanbuas sueprus usruba ompenensietcss Gopmyno
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an ONYCKAHHK KOHLA CTePXKHS Ea BEJUUHHY
i

o= f (I —cosq)dS
0

noTeHUHANbHAsA 3HEPrHsl CTEePXKHA YMEHbLIdeTCd Ha

{
Uy=Pg=Pl— P f cos ¢ dS.
Q

Ecnn norenuuanbHas sHeprusi g0 nedopMaunu Obiia paBHa HYJMO,
TO nocse nedopMaunu OHa BEIpasHTCA GOpMyIoH

I
U=U,—Uz=f(%51517+1>cosq>)ds—m.
¢

(pZ

ds .
Tak kar p==-—- 4 (B caAyuae MaaulXx 3HAYEHHH @)cos@ ~ | — 5

de

TO

1 1
-4 (o) el [ e -
0

B cJlyyae DAaBHOBECUS ITOTeHUHAJNbHAsSE 5HEpPrusl INpPpUHHUMAeT MH-
HUM aJIbHOE 3HaYyeHwue. HOSTOMy peulenne 3aqaud CBOAMTCA K OIpe-
RENEHHIO MUHHUMYMa WHTEerpasna

I
o] = f [51 (%})2 — anz} dx.
0

B nanHOM cJayuae

- dg\2 2
F-_EI(W;) — P,

¥ ypaBHeHMe SDfJjepa NpUHHMaeT BUIL

P
¢+ a2p=0, rae a?=—-.
Ef
O6wnii uurerpas 3roro ypasHeuus: 6yner
¢=C,sinax 4+ C, cosax.
Tak Kak npu Majblx 3HaueHnsx @ umeeM g ¢ &~ ¢ u, Kpome TOrO,
tge =y, 10
y’ = Cysinax -+ C, cos ax,
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OTKYyIa
Cycosax Czsmar

=2+ +C.

y ()=~

Ecau HMXKHHI KOHell CTepXHf HAXOAUTCS B Hadasge KOODJHHAT,
To npu x =0 6yner y =0, a suaunt, C; =C =01

C, .
y () =—2sin ax,
a
TTpoBepsy BuMOaHezHe yeaosnit Jlewxanipa u fAko6u. Oue-
BH/HO, uTO yCa0BHe Jlexanapa BhIi101HEHO:
0? F
—— = 2E1 >0.
ag"*
Vpasuenue Aro6u ureeT BHA
El2" 4+ Pz=0 WM 2" +a’2=0,
npuuem 2(0) = 0. IMTostromy pruenude ypaBHenust fIko6u Oyner
z==Asinax.

kx
Dynkuua 2z obpaulaeTcs B Iyab LRI X, = (k=1,12,...), Tax

11
yTo ycaoBHe §Ixo6u GyAeT BLIIOJIHEHO, €CTIH 123—. Orciona

P> ‘IE‘E[
Hanmenbillee 3HaueHHe KPHTHUeCKoit cHabl Diiepa 6yler
2
2
P111111=TZ El
Ilpu stom
nx

ecTb ypaBhenue Xpupoft marusa.

3°. ®uryparpuca. [Tyctb unmeen ¢yHKUHOHAA
Hgl=[Fx, g ¢ ax
a

DyneMm cudTaTh ¥ M Yy napamerpamu M paccMoTpuM thyHKIHIO
Y = F(x, y, ¥') xak byHruuio aprymenta y’. I'padux sTofi GyHRIMM
Wia IJIOCKOCTH nepeMeHHBX (y', Y) wuasmisaercss ¢ueyparpucot. He-
TPYAHO NPOBEPHTH, UTO (byHKmm Beitepurrpacca E{x, Y, P, y') ects
pasHOCTh OPMHHAT qmrypanucm H KacarelbHOH K Hell, NpoBeReH-
HOH B Toyke ¢ afcuuccodl y' = p. 3HaKOl’IOCTOHI—TCTBO (byHKmm Beit-
epuITpacca AJs HEKO1OpbiX 3HayeHnfi y’ o3Havaer, uTo QurypaTpuca
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JIEKHT Hafl KacaTenbHOR HAH NMOA Hefl AJ1s YKa3aHHHIX 3HAUeHHA y’.
B stoMm cayuae HMeeT MecTo c1abblif sKctpemyM. Ecan ¢urypatpuca
JIEXKUT C OAHON CTOPOHH OT KacaTelbHOH AN BCeX SHAueHHH Yy’ M
s 3HaueHHH MapaMeTpoB X H y, GAM3KUX K TOUKAM SKCTPeMaJii,
TO HMEET MECTO CHAbHBIH SKCTPEMYM.

Jocratounoe ycnoBue JlexaHADA B 3THX TepMHMHAX BLIMIAIUT
TaK: ecau Oaa scex Towek (x, y), 6auskux x 9kcTpemasu, uzypa-
Tpuca 8cto0Yy BbIAYKAQ UAL B02KHYTA, TO UMEET MECTO CUAbHbLI 3KC-
TpeMYM.

Ilpumep 7, Hecnepnosate Ha skeTpeMyM (GyHKOHOHAA

Tl=[y"dr @>05 y©@©=0, y@=b b>0,
0

PemeHHe DKCTpeMATAMH SBAAIOTCS MpsiMbie y = C1x 4- Co.

Hckomas 3KcTpeManb onpejensieTcsi ypasHeHHeM y=—x Ona

y A

Puc, 13.

BKJIIOUAeTCs B HEHTpasbHOe NoJe 3KcTpeMastell. B jmannoM ciyuae
o 2

¢durypartpucoil asasercsd napaGona Y ==y'" (puc. 13). Jlerko Bu-

JleTb, YTO (uUrypaTpHca LEeNHKOM JeXKHT HaA KacaTeJbHOH, mnposes

JEHHOH K Heil B Touke p=— npu mo6uix a 1 b, a £ 0, Caeno-

) b
BaTe/bHO, IKCTPeManb Y == —-X JOCTaBASeT NaHHOMY hyHKIHOHANY

CHJIBHBIA MHHUMYM.
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ITpumep 8 HccnenoBaTh Ha aKCTpeMyM QyHKIHOHAKX
a
Il=[y’ax y@©=0 y@=b b>0.
0

Pemenue. Hckomoit 3KCTpeManblo  dBAdAeTCs  NpsAMas

b .
== Fx, KOTOpasl BKJICUAeTCsl B HEeHTpasJbHoe MNoJe 3KCTpeManeH

Vi

Puc. 14.
y = Cx, ¢ uentpom B touke O(0,0). duryparpucoii sBasercs Ky6u-
yeckast napaGoaa Y =y'3 (pHc. 14). Ias 3unavenuil y’, mocratouno

GJHM3KHX K 3HAYERHIO P=" dburypaTpuca nekHT Haj KacaTelb=

b
e Hs puc. 14
BHAHO, 4TO GHIypaTpHCa I[epeceKaeT KacaTelbHYl0 B Touke ¢ abc-

HOl K Heil, IpoBeeHHON B TouKe ¢ abcuuccoil ¥ ==

HHCcCoit y’=——a— H J1eBee ITOR TOUYKH DaclojOXKeHa Hal Kaca-

b
TenbHOH., 3HAYKT, HA IKCTPEM &K Y= x KocTuraercs cnabuii MH-

HHMYM,
3aMeTnM, uTo ecad p =0 (370 oTBeyaer cayyaw b == 0, 3Kc-
TpeManblo fBasieTcss 0Tpe3ok ock Ox), To KacaTeabRoi K durypa-
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Tpuce asageTcs ock Oy, a cama Toura O(0,0) aABageTCs TOUKON
neperuba ¢urypaTpHchl. YuyHTHBAS 3aMeuyaHHe Ha cTp. 89, BHAHM,
4TO0 B CKOJMb YropHo mano# oxpecthoctn Toukn O(0,0) durypa-
TPHCA HMeeT NOJOXKHTEJbHBIE W OTPHLATE/]bHblE OpPAHHATH, JHAYHT,
¢yHkuusa Befiepwtpacca £ MMeeT NPOTHBOMOIOXNHBIE 3HAKH NpH
CKOJIb YrogHo OJH3KHX K p = 0 3HaueHUSX Y’, W CJI€10BATENbHO, B
STOM cJiydyae He JOCTHraeTcsi H caabblil SKCTpeMyM.

[Tpumep 9. [Mokasats, uro skcTpeMans y = O BapHAUMOHUON
3agauH

1
Hol= [ (" =g s y©=y(1)=0
Q

JOocTaBaseT caabblfi MHHHMYM (yHKIHOHATY,
Pemenue ¥Ycnopre Jlexkauapa B JaHHOM ciyyae jaaer

—1 — 4 —
Fy,y, |y=0~(2 6yy )]y=0__2>0,
T. €. Ha sKkcTpemann y = 0 pocruraercss caabeiii MHHAMyM. Iloka-
KeM, YTO Ha Hell CH/IbHBIH MHHHMYM He AccrHraercs. ITocTpoum ¢u-
2 ,3 -
rypatpucy Y =y'* — yy oaa  3unavenusi y >0 (puc. 15). Us

Yy

Puc. 15.

puc. 15 BHAHO, UTO KacaTenbHasi K ¢urypaTpuce, NpoBe/leHHas B TOY-
" 1
ke ¢ abcuuccoit p = 0, mepecekaer (HrypaTpucy B Touke Yy’ =?.

Taknm o6paszoM, ana Touek (X, y), rae y > 0, GAN3KHX K TouKaMm
skeTpeMaan y = 0, ¢yukuus Beftepmrpacca E npm 3uadeHusix Y,

MEHBIIHX -;, NOJIOXKUTEAbHE, 2 HpH y’>—£—/— — otpuuarensua. Co-

rJIACHO 3aMeyaHHI0 Ha cTp. 89, cuAbHOro MHHHMYMa HeT, Anajorud-
HOe sBNeHHe UMeeT Mecto U aag y << 0.

3T10T mnpHMep XapaKTepeH TeM, YTO U3 BBINOJHEHHA YCJAOBHSA
Fy,y, >0 na sKkcrpeManu Ads JIOGHX gy’ He CIeAyeT HaJHYHS CHJb-

HOTO 3KCTpEMYMaA,

4!
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C nomoulbio (GUrypaTpucH HCCJAeNOBATh HA 3JKCTpe-
MyM caeayiouine QyHKUHOHAJBI:

1
160. 7 [yl=[(1+9)y"dx; y(©@©=0, y()=~2.
[}

2
61 I [yl= [y +2y)ds y(~D=y@=1
-1
162. J[y]= [ (1 —ev")dx;
[(}

§(©O©) =0, y(@)=b (a>0, b>0).

a
163. J(yl= [ (6y”" —y" + yy)dx
¢

y(0)=0, y(@=>b (a>0, b>0).

3aMmeuanue. JlocTaTcuHoe YCJOBHe SKCTpeMyMa 1O BTODOH
BapHAalHH.

HeorpunarteabHoCTh BTOpOH BapHauMH HeoOX0IMMA, HO He 10-
cTaroyHa Aas Toro, urobnl Qynkumouan J [yl mocturas Ha Jamuoit
KPHBOI MHHHMYMa.

IMpuwmep 10. Paccmorpum ¢yHKnHOHAT

i
1= [ ¢ (0 [ =y (0] dx
0

npocrpancree C(0,1). Ypanuenue Jiiepa uMeer Buf Fy = 0 uan
== (. Bropas BapHauua OQYHKUMOHaNa Ha 3KcTpeManu y = 0,
syl

1
327 [0, by] = f % (8y)? dx
¢

ToJIoKUTENbHA Aasa Kaxkgoil 8y = 0. Onnako dyuxunonan J [y] npu-
HHMeT B MOOOH OKPECTHOCTH HYJ/s W OTPHUATEJNLHLIE 3HAYEHHS; AO=
CTAaTOYHO fIpH 3axaHHoM & > 0 B35ITh QYHKUMIO

() { —xte 0<<x<e,
X)=
Ye 0, r>e.

4
Torpa J[ye]-—=—'—%-<0 pas aoGoro e >0,

i
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Onpepenenue. KpagparHunmii dynkuuonan Lo(h), sanau-
AbLIH B HEKOTOPOM HOPMHPOBAHHOM MNpPOCTPAHCTBE, HA3LIBAETCHA C(i.1b-
HO NOAONMUTENbHBIM, eCH CYLECTBYeT Takoe IOCToAHHoe R’ >> 0, uro

Ly(h) =k h?
A5 Bcex A.
JdocTaTouHoe ycaAoBHe MHHHMYMa. [Jaa roeo 4ro-
6ot pynxyuonaa Jlyl, onpelerenneti 8 HOPMUPOBAHHOM NPOCTPAH-
€T8e, UMeA 8 CTAUUOHAPHOU TOouKe Y == Yy MuHumym, O0OCTATOHSO,

4Tobbl npu Yy = Yo e20 BTOPAA eapuayui 6Gblad CUABHO HOAONKU-
TeAbHA, T. €. 4TO6bL 8LLNOAHAAICE YCAOBUE

82 [yo, Oyl = R 1l 0y 112,
20e k=const, £>0.

4°, TlycTtp Huwercss skcTpemMyM dyHKILUHOHANA

J[yh Yoy oo ey yﬂ]=
Xy
’
= J- F(xv Y Y25 <o oy Y y;v Yos v v vy y,ll) dx, (4)
Xo
saBucsiutero ot # ¢yukurid Yy (x), ¥s(x), ..., Yn(x) nUpH TpaHuy-

HRIX YyCJa0BHAX

Up (%) =Ypo Yo (¥)) =¥ (k=12 ..., n). (5)

Ycurennoim ycaosuem Jlexandpa HaseBaeTcs TpeGoBaume
BBLITOJIHEHHS] HEPABEHCTB

Fyp >0,
F 7 F 7 LR F r
Yy Yy vy
F.,., F., 1¥] 192 19n
Yy 91 F,, F,,...F,,
>0, ey Yoly Yoy Yolly >0 (6)
F F r
Yol Yo¥y PPN e . e

F,, F,,...F.,.
Y9 Yp¥s Yp¥n

BO BCeX TOUKax paccMaTpuBaeMoll sKcTpeMasdH ¢yHKuHoHana (4).
Yeunrennom yeaosuem Sxobu wnasuviBaercs TpeGoBaHHE, UTOOGH
OTPe30K [Xp, X;] He cojeprkas TOYKH, CONPSIKEHHOl ¢ TOUYKOH Xo.
Ycunennoe ycnoBue Jlexanzapa (6) B COeAHHEHHH C YCHJEHHBIM
ycioBHeM fIkoOH ofecneudBaloT CYLIECTBOBaHHe 1O KpalHed Mepe
caaboro MuHUMyMa dyHKUHOHana (4),



108 SKCTPEMYM &YHKLUHMOHAJIOB Comran

Tipumep 1. HcenegoBate Ha 3KcTpeMyM YHKUIHOHANT

1
1, 2= [ (" +27) dx, (7)
0
0)==0, 2(0)=0,
y( ( } (8)
y(D=1, z()=2
Pemenue Ypapueuns Olinepa mis ¢yunkudonana (7):
" — 0’ zll p— 0’
Tax 4To
y(x)=Ci+ Cyx, }
z (x) = Ca + C4x-
Hcnoasaya ycnosus (8), moayunm
C‘=O, Cg=], Ca=0, C4=2.
Hckomasn skcrpemans |
Y (x)=zx, }
. 9
2z (x)=2x ©)
€CThL TpAMas, NPOXOAANLAS YEPEe3 HAYANO0 KOOPHHHAT.
Hmeem
Fyryo=2, Fy =0, F, =0, Fop=2.

Venaennoe ycaoBie ﬂemax-ulpa BHINTOJIHAETCA!

F,. F..
y'y yz
Fyprg=2>0 g g ™

z'y 2’z

0
2l=4>a (10)

TIpoBepuM Temepb BHIMOJHHMOCTE YCHJEHHOTO YcaoBHSI SIKoGH.

OnHO H3 onpefeseHHH COMPAXKEHHON TOUKH TakoBO (cM. [3]),
Tlycth HMeeM ceMeHCTBO 3KcTpemasnell ¢yHKUMomasna (4), BHXxoas-
WHX H3 HauaJbHOH TOYKH (Xo, Yio, ..., Yne) TOJ GIH3KHMH MeXIY
coboil, HO JUHEHHO He3aBUCHMBLIMH HalNpaBJACHHAMH.

Touka x* & [xo, x1] HA3BIBACTCA CONPANCEHROL € TOUKOL Xo, €CAH
CYLIECTBYET MOCNEAOBATENbHOCTL 3KCTpeMaJell, BHIXOOAUIMX H3 Ha-
uaJLHON TOYKM M KaK YTOAKO GNH3KHX K JAHHOH SKcTpeMasnd, Takas,
YTO KaXK[Aasi M3 3THX 3KCTpeMaJjiell NepecekaeT JaHHYIO 3KCTpEMalb
H abCcIHcChl TOUEK MEpECeueHUst CXOAATCS K TOUKe Xx*.

B naHHOM INipuMepe 3KCTpeMasnsMM fBagloTca npambie (9). Bcee
sKcTpeMany, Beixonsinie u3 toukn (0,0, 0), nepecekaror skctpeMaJb
{9) roarko B sroli Touke. CinepoBareanno, orpe3ok [0, 1] H3MmeHeHHs
X He COAepMMT TOUKH, CONPSAMKEHHOH ¢ TOUKOH xo == 0. Takum obpa-
30M, BHIIOJHEHH H yCHIEHHOe YCJOBHe JlexaHJApa H YCHJIeHHOe Yc-
aoBHe $IKoGH, Tak uTo 3KcTpeMmans (9) mocrarasier dyHRuHOHATY
(7) cnabulii MUHHMYM, -
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HcenenoBath Ha 3kCTpeMyM cuaepylolutne yHKIHO=
HaJbl:

1
164, 71y (x), 2] = [ VI g™ 1 27dx
y(0)=0, y(1)=2, 2(0)=0, z(l)=4.

1

165. J[y (%), z2(»)]= f (¢ + 2" + 42)dx,

y(0)=0, y(1)=1, 2(0)=0, z(1) =0.

§ 9. YcaoBHbI 3KCTpeMyM

1°. HUsonepumerpuueckas 3ajawa. I[lyctp nanpl gse GYHKUUH
F(x,y,9) u G(x, 4, 4).

Cpenu Bcex KpuBbiX Yy = y(x)& Ci{xg, x4], BIOAB KOTOPHIX
(pyHKUHOH AN '

K[y]l= fG(x, Y, y')dx
Xg

TpUHUMAaeT 3aJaHHOe 3HAueHHe [, ompeJequTb Ty, HNAd KOTOpo#
(YHKUHOHA

Tgl= [ F s g 9 dx

Xo

OPUHAMAET SKCTPEMAnbHOE 3HAYEHHE.

OTtHocutesibHO $yHkUui F u G npeamosiaraeM, 4To OHH HMEIOT
HenpepbiBHBIE UYaCTHEIE NMPOH3BOJHBIE TEPBOrO H BTOPOr0 MOPSIRKOB
TpH  Xo < x<{ ¥ H IPH TIPOH3BOJBHBIX 3HAUEHHSX NepeMeHHBIX
Y, Y.

Teopema Ditnepa. Ecau kpusas y = y(x) Oaer 3kcrpe-
MyMm yHryuorany

Xy

gl = [ F(n v ) ds (m

Xo
npu ycaosunx

Klyl= [G(x v, v)dx=1 y(x)=po s (=) =p0 (@

u ecau y = y(x) He A8AAETCA 3KCTpemarvrd Gyukyuonara K, T0
Cyw,ecTéyeT KOWCTAHTA A TAKAA, 4TO Kpusas Y = y(x) -ecrb
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BKCTPEMAAL GYRKLUOHAAG
Xy

L= [IF (x4 9)+40 (x 4, 9] dx. ®

o

NMpumep 1. (3anaya Hdunoust) Cpemn 3aMKHYTHIX KDHBBIX
nauHbl 20 HafTH Ty, KOTOpas orpaHyuHBaeT HaHGOJABUIYIO MIOLIA1b.

Pemenne 3amMeTHM npexie BCEro, 4To pacCMaTpHBaeMas
KpHuBasi 10oMKHaA GBITh BEIMyKJOf. B camoM fene, B NMPOTHBHOM Cay-
yae cymecrtsoBana 6b npsavas L (puc. 16) Takas, uro ecaH 3ep-
KaJbHO OTpasuTb B Hell KycokK rpanuukt BCD, To noasyyum o€1acTh
Goabwiell muomaiH, yeM NEPBOHauasdbHadA, NPH TOH Xe [JaHHe rpa-
HMILEL,

Puc. 16.

Hanee 3aMeTHM, uTo BcsiKasg npsAMas, KoTopas AeNHT 10M0JaM
3aMKHYTYI0 KPHBYIO, OFPaHHUHBAIOLLYI0O HaHOOJbIUIYIO [I0MAanb, 6y-
feT JeqHTh NOf0/aaM K CaMy 3Ty nJioimlaibk. B caMom mene, fomycTum
npoTHBHOE M TycTb mpaMas Ly He o6sanaeT sTHM cBoficTBoM. Orpa-
3HB TOrjJa 3epKanbHO OKoMo Li Ty uacTb Qurype, KOTOopas HMeeT
60ablIYI0 nNAOIaAb, MBE MOAYUHJIH OBl KPHBYIO TOH XKe [AJUHH, HO
OrpaHHYHBAIOILYI0 GOJBUIYIO IVIOLIAb.

Brupas 3a ocb Ox J0GYI0 H3 NPAMBIX, AEIAIHX KPHBYKO [O-
noJiaM, NPHXOAHM K C/efyloulel NOCTaHOBKE 3aJ1auH.

Haiitn muumio y = y(x), y(—a) = y(a) = 0, koTopas npu 3a-
JaHHOH AapHe [ >> 2a OrpaHHYHBaeT BMECTE € OTPE3KOM ~—a<X<Lda
ocy Ox uanbosbmylo mjomanb. Takum o6pasoM, 3agaua cBeJach
K pasblcKaHHIO 3KCTpeMyMa (dyHKUHoHaJa

a .
INy@l= [y@ds, y(—a=y@=0, )
-0
DpH LONOJHHTE/JbHOM YCJOBHH, UTO

a
Klgtl= [Vity mar=1  (>2). (3
—a
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CocraRasieM BCIOMOTaTENbHY!O BYHKIHIO
H=F+A=y(x) +2 Vit () (6)

H paccMaTpHBaeM BcloMoraTe/bHBH (yHRUHOHAT

a
L= fH(x, ¥ y')dx. 7)

-—a

YpaBnenne Sitiepa ana dysrumonana (7) umeer BHJ

_d_(__’&y_'_ =1
dx Vl T y,z) >
ly’
Vity?
Paspemas nociefuée ypaBueHne OTHOCHTENsHO gy, HAXOARM
dy _ ¥+ C,
ix VR—(xFCOr
Hurerpupya ypasuenue (8), noayuum
s+ CY+E+C)P=N
—- OKPYXKHOCTH pamuyca A c uentpoM B Ttouke (—Ci, —C5), Tlo-

crosunbie Cy, Cz ¥ mapaMeTp A onpenensieM H3 TPaHHUKBIX YCNOBHA
y(—a) = y(a) = 0 n unsonepuMerpuyeckoro ycaosusa (5). Hmeenm

C3 =1 —(C, —a)},
C3 =12~ (C, + a)},

OTKyaa
=X + Cl.

(®)

~ oTRyza
C; =0, C, =V i —a?,
TaK 4TO :
x
y=VA—x2 VA —a> u y=-— .
| 4 y Ve g
Torna ycaosue (5) naer
a
d X==a
J' Adx = A arcsin % = 9A arcsin =
v nd -762 X==—a A
HAY
_l_Z_ e sin __l_
A 25 °
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Peruast 970 TPAHCUEHAEHTHOE OTHOCHTEAbHO A ypaBHeHHe, HaXORHM
HeKkoTopoe 3Hauenue A == Ao, a 3areMm HaxoauM senuuany Coy==

=VA3-—¢12.

a L1
HEprJlHO 3aMeTHUTb, 4YTO YpPaBHEHHE -x=sm~§z- BCerga HMeeT
. !
pelieHue. HEHCTBHTeﬂbHO, nonaraﬁ—ﬁ— = t, CBeJI€EM 3TO YypaBHEHUE

2a 2a
~l—-t, rae B CHAY YCJOBHS 3a4aduH ——l~=a< l.

. . T
Odyukuaa y = sinf umeer B Touxke { = () HaAK/JOH KacaTeJpbHOH Al

K BHAy sinl=

a (yHKUHS y = of uMeer MeHnlu#d HakgoH. CnegoBaTesbHO, rpa-
¢ure aTHX GyHKuUHA umeioT, kpome Toukk O(0,0), eme no Kpaixed
Mepe GAHY TOYKY TMepecedyeHHs.
3axos e63aumHoCTU u3OnepumeTpudeckux 3adaq. IDKCTpPeManH
(hyHKIHOHANA
Xy

Ty ()= [ Fix g ) de

Xo

HPH JONOJHHTEIBHOM YCJAOBHH
Xy
Kly(x)]= J‘G (%, ¥, y') dx = const
Xy

cOBNAajaloT ¢ IKcTpeManamu ¢ynxuuonana Ky(x)] upu+ ycrosun
J{y(x)] = const.

C nMoMOUIBI 3aKOHA B3AaUMHOCTH W3 3agadn THAOHB mosydaeM
CleAYIOWHA Pe3ynbTaT: cpedu 8cex BAMKHYTOIX Aunull, O2panu4ii-
sarouqux 3adannyro naowade, Aunuell MUHUMAALHOL OAUHbL AEARETCH
OKPYNCHOCT.

DTOT pesyabTaT JEerko NOAyYHTL HENGCPEeACTBEHHO, ecad BoC-
MOJAL30BATLCA NapaMeTpuueckoil ¢(opMOH BapuamHOHHOR 3agauH.

" Tlyers
x=x(#), [x(to) = x (£)],

y=y {£), [y (ts) = y (£1)]

ecTb yPaBHeHHs NpPOMU3BOJbLHOH 3aMKHyToH auHHW. Bompoc csogures
K Da3biCKaHHIO 3KCTPeMyMa (YHKIHOHANA

f (£2 + §2)'" dt

}) t0<t<t1

NpH YCJIOBUM g
f(xy'-yx) dx=C. \

Broas B paccMoTpende QyHKUHIO
Fe= (824 49" + & (x5 — y2),
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_mosyuyaeM (cM. €Tp. 64), uTo JMA% KDHBOH, Jalolileli SKCTPEMYM,

XpHBH3HA —— TOCTONHHA:
1
—z= A,
r

3HAuUT. HCKOMasi SKCTPeMaJ/lb — OKPYIKHOCTb.

C 1oMOIUBI0 3aKOHAZ B3aHMHOCTH MOryT OBITb pelueHbl 6e3 BCf-
KUX BBHIYHC/ICHHH HEKOTODBle «BapHALHOHHBIE» 3afauH 3JeMEHTapHOH
reoMeTpHHU.

Mpumep 2. Tlokasare, yro: 1) M3 Bcex TpeyroJbLHHKOB, HMelo-
HI¥X 3aJaHHOe OCHOBAaHHe W 3aJaHHBIH ITepHMeTp, HaHGOJbIIYIO IL10-
manap HMeeT paBHoOexpeHHBIH TpPeyroJbHHK; 2) Npu sanaHHOH ILIO-
many¥ ¥ 3alaHHOM OCHOBAHHH papHOOGeNpeHHBIH TPEYroJbHUK HMeer
HaHMEHbIUHHA MepHMeTp.

Pemwenue 1) Boapmem samunc, ¢poxycaMu KOTOPOTo CJayKaT
KOHLBL OCHORAHHfA paccMaTpUBRAeMbIX TpeyroabHHKos (pue. 17), Hs

Puc. 17.

cBOficTBA 3JJIMICA 3aK/aiouaeM, uTo Bce TpeyroabHHkH ACB HMeoT
ofHH ¥ TOT Xe nepuMerp. OueBUAHO, 4TO HAHOOJABIYIO HJOMWAAb OY-
NeT HMeTb TPeyroabHHK ¢ HauGoabilell BBICOTOH, YTO OTRevaeT CJy-
Yal, KOrja BeplIHHA TPeyroJbHHKA coBmajaer ¢ BepiuHHol Co 3a-
aunca. Tpeyronbuuk ACoB B 3TOM ciyyae — paBHOGEPEHHBLH.

2) CorslacHO 3aKOHY - B3AHMHOCTH HaHMMeHbUIHH NepuMeTp IIpH
3anannofi TVIOWLAAM H 3a7aHMOM OCHOBAHHMH WMeeT DaBHOGEIDEHHHI
TPeyroyabHHK. .

INpumep 3. Halith MuHHMYyM HHTErpasa

n
J[y]=fy'2 (x) dx
0

11
NpH YCJAOBHH Jyz(x)dx=l, y(0)=y(n)=0.
d
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Pew enne, CocraBuM BcnoMoOraTe bHHHE (QYHKIHORAA

Ligl= f (y* + ay?) dx
0

H BHIIHIIEM JAJs HEero ypasuenne Dinepa
20y — —‘Td; (2y")=0 wnm y”~2Ay=0. (9

XaparreprucTHyecKoe ypaBHeHUE r2—A =0 IJH #y, g = & V%. Slcno,
4YTO A NOMKHO OBITh MEHBUIE HYJS, TAK KAK €CJH AONYCTHTH, 4YTO
A >0, To oBmee pewende ypaBHenua (9) OyLeT UMeTb BHI Y ==
= C PETNE Coe~ VA% rpanuynne ycaoBus y (0) =y () =0
GynyT yaoBaeTBopsaTecR Todpko mpu C; =0, C,==0, T. e. npd
Y (x)=0. Ho B TakoM cayuae He OyneT BBHIIOJHATBECH yC/A0BHE
i

[y"’ (x) dx==1. Ananoruyso B ciyuae A ==0 pemenHeM ypaBHEHHH

0
Ditaepa (9), YAOBJETBOPSIOIUHMM 3aJaHHBIM TPAHUUHBIM YCIOBUSAM
6yner oynkums y (x)==0. [Tostomy cuntaem A<<0, TaKk uTO ryp==

=V —Ai, u o6muM pemennem ypaBuenua (9) Oymer y==

= C,sin} = A& x + C; cos} — A x. Yeqosre y (0) = 0 naer Cy=0,

a ycaonne y{n) =0 paer —A=£k? (k=1, 2, ...). Hrak, y(x)=

== Cysinkx, rae C; noxa He ONpeIeJeHO. BocnonbaoBaancz: yeao-
11

BHEM CBA3Y 2 (x) dx =1, noayuum
¥ Y

n
fC% sin kx dx = 1,
0

otkyza C;= :i:]/—-?—; . 3uauut, y(x) = t]/—i— sinkx. Ho cpenn

" 2 .
sxcTpemalell y= % ]/-E- sin kx, npoxozsux uepes touxu (0, 0)
u (®, 0), ycaoBuwo $Iko6H YZOBAETBOPAIT TOJABKO [Be, & KMEHHO

2 :
y(x)= = — Sinx. Ha artux skcrpemanax

n F11
J[y]==fy’2(x) dx=f%cos2xdx=
0 5

IIpamep 4. (3anaua Kenbayma.) ITycts naockoets XOY no-
KpbITa MacCO# C HeNpephlBHOM NJIOTHOCTBIO W (X, §) H NYCTb Ha Mmio- .

cflfocn;) AaHa KyCOuHO-ri1aaKas Kpnaaﬂ C 4 ua Heft [Be TOYKH
1 H Fa. .
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Cpend Bcex KDHUBLIX 3aJaHHOH AJHHH [, COCIHHSAIOLIMX TOYKH
Py n P,, nafith 1y, Kotopas BMecTe ¢ nyrofi PiP, kpusoii C orpas
HHunBaer oGnactb D ¢ MarRcHManbhoii Maccod, Toukn Py u Pz Mo
I'YT COBHAnafhb. ‘
Pewenue Brexem dynkuuio

Vi, y)y= f u(x, y)dx.

Torna, cornacuo gopmyae I'puna

ff (%, y) dxdy—f f—— dxdy~§de,

rie KOHTYp I' coCTOMT M3 kpuBOoR L u yuactka PPy fpanHoll KpH-
Boit C. MHTerpan BIOJb 3TOTO IOCAEJHEr0 yuacTKa MMEET H3BECTHOE
3HaveHHe, Kotopoe Mbl oGo3HauuM uepes K, IlosTomy, cuurad, uro
KpuBasi L 3agaHa mapaMeTpHUeCKH

= x(1),

<t <1,
y=y(t)7} omTS

noJjyuaem
t

[V(x, y)§dt +K.

”u(x, y)dx dy =
D

.,
o

3apmaua cBejacb, TakKAM 06p330M, K HaxoXJeHHI0O MaKCHMyMa

GyHKIHoHaNA ;
1

= [V yya
ty

I

IPH YCIOBHH, UTO
t

REETR

ty

BBeseM BCIIOMOTATeabHYIO (PYHKUHIO
F=Vj+aVz+5?

M BOCnoJb3yemcs BefiepliTpaccoBoll ¢opMoil ypaBHenus Disepa,
Hmeem
ov F,. A

XX
P =G Fu=0 R =G

Tak uro ypaBHeHHe diinepa B ¢opme Befiepwrpacca Oymer umery
BHJL
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HJHM, YYHTHIBAsS BEIpaxXeHHe Aas GyHkuuH V(x, y),

1 _w(xy
ro A ’
rfe r — pagHyc KpHBH3HBl HCKOMOH KpHBOIN.

B cayuae, Koraa M(x, y) == const, moayyaeM, yTO KpHBH3HA HC-
KOMO# Kp@BOH MMOCTOsIHHA M, CACAOBATENBHO, 3KCTPEMAIAMH 8-
JIAIOTCA OKPYXKHOCTH. $CHO, UTO OHM JA0CTaBJsioT (QyHKugonany Jz
MAaKCHMYM.

H3aonepumerpudeckumy 3adaiamuy HA3BIBAOT TaKKe TakKHe Ba-
pDHALHOHHbLIE 3a/ayH, B KOTODHIX TpeOyeTcsi OnpefensThb 3KCTPEMyM
PyHKLHOHAA

X
’ ’ ’
J[y]= J-F(xr yjs !/2, €ty .l/,,, y]v y2: av ey y,,)dx (10)
Xo
MpH HaAH4YUW TaK Ha3BBaeMblX H3OMEPUMETPUHUSCKHX YCﬂOBHﬁ ;

X,
LAY A A ARAL PR A ()
X
) (i=12 ..., m),-
rre I; ~— NOCTOSIHHBIE.
Jna nosyueHds: OCHOBHOro Heo6XOJHMOro YCJIOBHSI B H30MepH-
MeTpuYecko# 3ajade 0 HaXOMJSHWH 3KcTpeMyMa ¢yHKuuonana (10)
npu Haauyuu ceasefl (11) Hago cocraBuTh BCIOMOratesbHbH (yHK-

uuoHan
Xy

@ [y] = f Ft i xic,) dr, (12)

X i==] /

rie Ai—— NOCTOSNHHBIE, W HANNCATh IJA Hero ypasHeHus 3Ifaepa.
Tlpoussonbubie noctosiuuble Cy, C2, ..., Can B 0OLIeM pemeHHH CH-
CcTeMH ypaBHeHHfi Ditiepa M mocrosiHfbie A, As, ..., Am ompene-
JAAIOTCA H3 [PAHHIHBIX YCTOBHE

Y (%) = Yror ¥ (%) = Vit (k=1,2 ..., n)

M H3 H3ONEepHMETpHYeCcKHX ycaoBni (11):
Xy
fc,dx—:t, (i=1,2 ..., m).
Xy

ITpumep 5. HaitTh skcTpeMans B H30HePUMETPHIECKON 3a/aye
06 skcTpeMyMe QYHKUHOHaNa

o .
Ty (x), 2 ()= f (y* 4+ 2" — 4x2’ — 42) dix,
0

p(0)=0, 2(0)=0, y(I)=1, z(l)=I,
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IpH yCJIOBHH
‘ ~
f (= xy — 2’ ds=2. (13)
0
Pewenune, CocraBasgeM BCHOMOTaTe/bHIH (YHKIHOHAZ
1
O = J [y + 27 — dxz’ — 42 + A (y"" — vy’ — 2'%)] dx
0
U BHIIHCHIBAEM JJs HEro CHCTeMy ypaBHeumit Dilrepa
- % (2y’ + 2My — Ax) =0,
4L o —ar— 222 =0
dx ’

pewiasg KOTOPYIO, NOAYUHM
_ sz + ZCIX

y(x) ——T(m—+cz,
Z(X) =—Q_(]g-—-3—-x_7\,5—+c4

I'pannunme ycnioBHs AalwT

. 32
-c,=~—;-"—i, Cy=0, Cy=2(1—1), C,=0,
TaxK 4ToQ

A2+ (BA 4 4)x
y(x)=——4m——.

2(x)=x.

Jas HaxoxJIeHHS A BOCHONb3YeMCH H3ONEPHMETPHUECKHM YCJIO-
2hx 43X+ 4

4(14+A)

BueM (13). Tak Kak y' (x) = » 8 27 (x)=1, To no-

ayuaem
1
(2Ax - 34 + 4)? (2Ax + 32+ 4) x _
“ B(+MT 41+ 7A “]‘”‘“2’

OTKYy/Ja IHOCI€ IPOCTLHIX, HO TPOMO3JIKHX BHKJAAO0K 6y,lleM HMEThH
YpaBHERHE JJf ONPEAC/IECHHS A

% (23A2 + 462 + 24) = 48 (A2 + 2A + 1).
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Orcroza ?»,::-—-—i—l— B Ay==——"—, Tloxcranosxoit B (13) yGes

12
KAAeMeA, YTO Ay == -— —— H30NCPHUMETDHUCCKOMY YCJIOBHIO HE YAO=
I

BJIETBOpsET, a Aq = - —1191' YAOBJETBODPSAET.

Hckoman JKCTPEMAJL ONPEIEasieTCa YDaBHEHHAMH

- T7x—b5x?
y(x)=__ff__2___ff__’l}

z (x) = x.

Npumep 6 Tlycts crepens anauuel ! 3ajgenaH B TOuKax
(%0, yo) u (%1, y1). V3 Teopuu yupyrocrts U3BECTHO, UTO NOTEHIMA/b-
Haa SHePrus CTepkKHA B AehOPMUPOBAHHOM COCTOSHHH MPOTOPUHO-
HaJbHA MHTErpajy, B3sTOMY BJIOJb CTEP¥KHs, OT KBajpara ero KpH-
Buaubl, [lpuMeM 3a HE34BHCHMYIO NEpPEeMeHHYI0 AJIHHY CTEpKHA §,
OTCUMTHIBAEMYI0 OT TOUKH (Xo, Yo), ¥ 0Go3HauuM uepes 0(s) yros,
06pa30BaHHLIA KaCaTeIbHON K CTEPXHIO € OChio Ox. Kpususna Oy-
JET BhipamaTbesd npoussofHoit 6 (s) W HHTerpas, sKCTPeMYM KOTO-
POro MILeTCs, HMEeEeT BH.

!

=J[e' ()2 ds.
0
HsBectno, uto
dx=cos0ds, dy=sin0ds,

3HAQUHT, MBI HMEEM CAeAYIOLiHEe YDABHEHHA CBAIU:

I !

fcos()ds:—_xl-—xo, Jsinﬁds=y1-—~yo. (14)
0 0

Kpose TOro, 3ajeaitoCTb CTEpHKHA PABHOCKILHA 3aafMIO byHKIMH

0(s) npus—-Ons

6()=a O(N=b. (15)
CocraBuM ¢ynkusio Jlarpanxka
@ (6, 8')= 6" (s)]2+ A{cosB + Aysinb.

®yukuns O He CONEPKHT HE3aBHCHMOM INepeMeHHOft 5, 8 NOTOMY
MOJKHO CDa3y BLIDHCATb NEPBEI HHTErpan ypaBHeHHA Dimepa:

P=C+ A cos 8+ Aysin 6, (16)
BBeaeM HOBhie NoCTOANHBIE
2 Vai+a
c+Valdag

h=C+Va+1l, #=
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H BMecTo O BBeleM HOBYIO IepeMeHHYIO

06— 08 Ay
= , rae 0y=arctg =,
P 2 0 g )“l

Teneps (16) npusoauTes K BHAY

A —
jﬂ;_—-_é—_Pflh—k simn® @,

OTKYZa noJydaem

2 j do
S == — — — So.
Vi J V= fEsing +

Toctoauusie A, k2, G H S NO/KUH ONpeLeIHTHCA H3 YCTOBHH
(14) u (15).
JekapToBLl KOOPAHHATHL TOUEK CTEPKHA HAXOLATCH TUK:

dx==cosOds==cos (2¢ 4 Oy) ds, dy=sin0ds=sin(2¢p -} 0,) ds,
HJH B CHJIY TOLO, YTO

¢ — 2do
VEVT—kZsiifg
NOJIY YHM
2 cos (29 -+ 86 2sin (2 0
2p+8) 4 dy — sin (2¢ + 0y) ’

 Vh(l—FEsinfq)

OTKYJa X H § ONPENEeNFIOTCA NIPH ITOMOIUH KBaApaTtyp.

- VE(l =% sin? ¢)

Ha#iti 3xcTpeMatd B CaAeLylOUIUX H30MepHMETpHUE-
CKHUX 3ajauax.

166. 3adawa o noaosmcenuu pasrosecus Taiceaod 00-
HOPOOHOU HUTU nod delicTauem Cuabl TANECTU.

Cpeln BCexX NJIOCKHX JHHHUHA IJHHBI [, KOHILI KOTOPBIX
nexat paajaunbixtoukax My (xo, yo) v My (x4, y1),HailiTH
TY, ¥ KOTOPOH OpAHHATA UEHTPa TSIKECTH MHHAMAMbHA.

167. Iy (A= [ y" (Wdx, O =1, y(1)=6,
10 :

npH  YCJAOBHH fy(x)dx=3.

0
1

168. /[y (9= [ (¢4 v (e, 5@ =0, y(1)=0,

s}

1
IpH YCJAOBHH fy2(x)dx=2.
0
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1 -
169. /[y (= [ y" (Ddx, y(©)=0, y()=r.
0
1

npi yewoskn | [y (1) — (9] dr=—;.
0

2°, BapuallHiOHHOH 3ajavefl Ha YCJIOBHBIA 3KCTPeMyM ABJAAETCS
TaKxKe 3ajfaua JlarpaHxa HaxoXJAeHHs BSKcTpeMyMa (YHELHOHA
Jly, ..., Yyn] npa ycaoBuu, uTO Ha (YHKUMUH, OT KOTOPHIX 3aBHUCHT
$yHKIHOHAN J, HanOKeHb! HEKOTOpHe CBSI3H.

3anaya craButcad tak. Hafith skctpeMyM ¢yHKusoHana

Xy
4
J=fF(X, Yiy »oa Yps !/1»--°’y:1)dxv (17)
X
yj(x0)=yj01 yj(x1)=yj1 (]=1) ey n)’
NPH HaJHYHH YCJIOBHHA
P; (%, Ypp oo yn)=0‘ (i=1, ..., m; m<n), (18)
KOTOpPHIE CYHTAIOTCS HE3aBHCHMBLIMH.
Teopewma. Dyukguu ys, yo, ..., Yn, PERAUIYIOUUL IKCTPEMYM
pynxyuonasa (17) npu wasuwuu ycaosuil (18), yoosaersoparor npu
cooreercTsyrouens soibope muomurereid Ahi(x) (i=1,2, ..., m)

ypasxenuam 3Jiiiepa, COCTABACHHLIM 043 (DYHRKLUOHAAG

X, m
r=| [F +¥ licpi:l dx.

Xy =1

m
O6osnaunm aas kpatkoctd F 4+ D) A, =D (X, Y5 +v0s U)o
i=1
Torna dynkuun A; (x) u y; (x} onmpepeastioTcs H3 ypaBuenui Jk-
Jaepa

d ./ .
@, ————@,:O '—‘-—l,..-,ﬂ
y]' dx yj (] )
H
9, (%, Ypp ooes Yy) =0 (i=1, ..., m).

YpabHerHst @, = 0 MOXKHO CUHTATh YpaBHEHHSMH ditnepa Aag PyHK-

uronaza J ecom apryMenTamd (YHKLIHOHAJa CYHTATb HE€ TOJBKO
GYHKUBH Y1, Y2, «.., Yn, HO H DYHKUUH Ag(X), A2(X), ..., Am(X).

IMMpamep 7. Halitu KpaTuajitlee paccTofsHHe MeXAy TouKamdd
A1, —1,0) u B(2, 1, —1), gexamuMu Ha NOBEPXHOCTH 15x — Ty
+2—22=0.
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Peurenue H3sBecTHO, uTO paccTOsiHHE MeXAY ABYMs TOUKaMH
A(xe, Yo, 20) ¥ B(xy, y1, 21) ua nosepxuocty @(x, y, z) = 0 onpe-
peasietcs no Qopmyae

X1
1= fV1+y'2+z'2dx.
XA

ree y = y(x), z = z(x). ,
Hano nafit muaamyM [ npu ycroBun @(x, y, 2) = 0. B Ha-
IIeM cayuae

xo=1, x=2, o(x, y 2)=16x—Ty+2z—22,

CocTaBum BCOMOTraTe/ibHBE (YHKUHOHAT
2
J*=J‘[V1 4yt b2 A (x) (15x—Ty+ 2 —22)] dx
i

W BHIIUUIeM ypaBHEHHA DiTepa 1S Hero:

M ()
d 2

>
Pemmum cuctemy ypasueruit (19) — (20), HCmoabays yc/ioBHe CBS3H
16x =7y 4+ 2—22=0. (21)

Hckomeie QYHRUMH ¥ ==y (x) B 2 =2 (X) YIOBJCTBOPAIOT CIEAYIO-
IIHM TPAHHUHBIM YCAOBHSIM:

g(M)=—1, yg2)=1 2(1)=0, 2(2)=-1. (22)

Yuuoxas ypaBHenue (20) Ha 7 u cxkaazbiBas ¢ (19), moayuum
d_ ( y 472 )=0’
CA\Vi+y7+27

y -+ 72
2 =Ty — 15. * (24)

TMopcrasass 310 3Hauemwe 2° 8 (23) u pemas moayuexnoe audde-
peHuHanbHoe ypaBHeHHe, Hafigem y(x) = Cyx 4 Co. pannunnie yc-
gosust (22) paior Cy = 2, C2 = —3, vak uro

y{x) =2x —3. (25)

oTkyna
=C,. (23)

Hs (21) umeen
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Hs (24) ¢ yuetoM (25) maxomnMm
2{x)==1—~x (26)

(rpanuynble ycaoBus ans ¢yuxunu (26), oueBUAHO, BHIMOJHSIOTCS),
Ha (19) nan (20) noayuaem A(x)== 0. Mckomoe paccrostne:

[ = f Vit o+ 27 dx =V,
1

3TOT pe3yanbTaT cpazy NOJYUaeTcs H3 OUEBILINBIX TFeOMEeTpHYe-
CKBX cooBparkenni,
3°, Teopeanueckne annnn. TlycTb HMOBepXHOCTL 3aJaHa BeKTOP«

HEIM YpABHCHHEM ]
r=r(u, v). (27)

Feodesuueckodl aunuell Ha3HBaeTCs JHH{A HaHMEHbUIR [IJMHEL,
JlelKallas Ha JaHHOH MOBEPXHOCTH H COeAMHAIOIIAA ABe [aHHble
TOYKH TIOBEPXHOCTH.

YpaBHEHHS1 TEOAE3UUECKHUX JHHHI MOXKHO NOJAYYHTL KaK ypaBHe-
it Diepa, COOTBETCTBYIOUIME BAPHALHOHHON 3ajaue O Haxomkpie-
HifH KpaTyafiluero paccTOsiHHA Ha MCBEPXHOCTH MEXKAY ee ABYMA 3a-
NaHHBIMY TOUKaMu.

JInHus, nexamas ua nosepxnocTu r == r(u, v}, MOxKeT GHTh 32«
NaHa HapaMeTPUUYeCKHMH YpaBHEeHHSIMU

u=u(t), v==u (). (28)

JlnuHa ee oTpeska MeXAY TOUKaMH, COOTBETCTBYIOLIMMH  3HAYE-
HHAM 1o H 1} napaweTpa 1, paBua

Iu, v] = f VE&" + oFu'v + Go dt, (29)
f .

rae E, F, G — xoadduunents nepsoli kBaapaTHIHOR tbopwm MOBEPX=
HOCTH (27) T. e.

__[or ar) _[or or ar 0r)
E—(’a? ) F‘“(EZ’ *5;)' (au a0 ) G0

‘
31aech (a, b) — ckanspHoe NpOH3BeleHUe BEKTOPOB @ U b.
Jna dynxuuonana (29) cucreMma ypaBHeHRii 3iliepa nmeeT BHJ

Eu’ 4 2F v’ + G d 2 (Eu’ + Fv') —0
VEu’Z‘—l— Fu'v’ + Gu'* dt VEu’2 + 2Fu'v + Gu't 31
Eot? 4 2F o't + G’ _d Fu' + GV -0

VEu’2+2Fu'u’+ Gv* dt ]/Eu’2 + 2FW'v + Gov”’

IMTpumep 8 Cpenu Bcex KDHBBIX Ha CQepe pajnyca R, co-
eNMHAIINX JaHHHE ee JBe TOYKH, HAfTH KPUBYW KparTuafuled aaH-
HE (reoJe3HuecKyio KPHBYIO).
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Pemenue. Iycts ¢ — nonrora, 8 — mupora Toukd Ha chepe,
a ¢ == @(0) — ypaBHeHHe HCKOMOH KpHMBOH. B nanHOM ciydyae uMeeM

r=r(g0)=x(p,0)i+y(p0)]+2z(p0)k.
ITostomy
E= (rq), r(p) = R?sin?0;, G = (Ter re) =R% F= (o rq)) =0,
Orciona no ¢opmyae (29) umeem
9, 6;
Jg, 0] =R f V@ F s dg? = R f V T+ sin?0- ¢'% (6) db.
6y 8,

MoxemTerpaasioe BuipaXKenne e COJAEPRKHT HCKOMOR yHKIHZA
¢ (0), nostoMy ypaBHenue Diiiepa Gyner

_ sin? 0. ¢’ (6)
VI +sin20-97 (8)

d
vl for="0, rae for

TaK YTO
sin? 6. ¢’ (0
9 ( )z —cC,

V1+sinz0. ¢ (8)

Orcioza
; C C
R I
sin 0 Vsin 0—Cy Ci
sin20 | — e
sin? 0
_ C _ C1d (ctg )
sin?8 /(1 — €3 — ] ctg’0 Vi=c)—cieg’s
Hurerpupys, nonyuum
@ (0) == arccos _CiclgB +C,
1—-C}
HIH
@ (0) = arccos (C+ctg 8) 4 C,, rie C= G _ .
Vi=c?

Orcona

Coctg 0==cos[q(8) — C,] w
HIH :

ctg 0 == A cos ¢ (0) + Bsin g (0), (32)
rie
__cosCy __ sin G
A== B=—7%—

Ymuoxas ofe wacrn (32) Ha R sin 0, noayuum

RcosO=ARcosq)sin8+BRsinq)sinB



118 3KCTPEMYM ®YHKUMOHAJIOB [t a1t

HJIH, nepexoas K JeKapTOBBIM KOOpAHHATAM,

2= Ax 4 By.

310 — ypaBHeHHe TLIOCKOCTH, NPOXOJsIHIEH uepe3 UeHTP cdepul H
nepecekaoume cdepy no GoabmromMy kpyry. Takum ofpasoM, xpart-

waiiluas JHHHA (reoje3nyeckast) ecTb ayra 6o0JbLIOrO Kpyra.
Ilpumep 9. Ilorkaszath, 410 B KamKAOH TOuKe J1060H reoesu-
yecKoll Ha NOBepXHOCTH BpaIleHHS MNPOM3BeAEHWe paAWyca napal-
ey HA CHHYC yrjia MEeXILY reofle3HuecKOH M MepHIHaHOM eCTh Be-
JIHUHHA TIOCTOAHHAS (Teopema

Kunepo).

Pewenune  YpaBHenue no-
BEDXHOCTH BPAIEHUS B LMJTHHADH-
YeCKHX KOOPLMHATAX HMEET BHJ
x=pcosgp, y=psing, 2=7{(p)
Halizem xospduunentst E, F u Gi

E=14f% F=0, G=¢?

Tak uto IHddepeHuHan LJIHHBL LY-
' rH dS Ha DOBepXHOCTH BpAILEHH:A
nuMeeT BHI

as=V o* +(1+£)o" do.

leonesnyeckHe JHHHH HA TIOBEPXHO-
CTH BpalleHusa ABJAOTCA 3KCTPeEMa-
JMH QYHKUHOHAA

L
Puc. 18. f Vo + (141)e" do.

@

Tonninterpanpaas QyHKUHS He COZEDPKHT $IBHO ¢ M IIOTOMY MBIl
cpasy foJayuaeM ‘

p?
> = = const
4 7
Vo + (400
HIW p2—g§—= const. 3ameuas, uTo p—%: sin @ (puc. 18), noay-

yaeM p sin @ = const, uT0 u TpeGoBaJOCh HOKA3aTh.

170. Hafitu xpaTuaiilliee paccTosTHHe MeXAy TOUKaMHU
A(l, 0, —1) u B(0, —1, 1), 1exalluMu Ha NOBEPXHOCTH
x+y+z=0.

171. Haifita reogesuueckie JHHHH KPYIVIOrO IHAHHAPA

=R.

~
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§ 10. Bapuanuonssle 3aa4H ¢ NOABHIKHBIMH FPAHHIIAMH

{o. [Mpocreiimag 3amava ¢ nROABHXHMMH rpaHanaMH. [lyctb
F =F(x, y, y') — Tpux sl nHdpdepeHunpyeMas ¢hyHKIHS CBOHX ap-
FYMEHTOB M NycThb B IockocTH XOVY 3ajaHnl Ase KpHBbHIE

y=o(x) u y=P(x), (D

rae @(x) € Cila, 6] 1 P(x) C\ [a, b].
Pacemorpum dyHKuMoHAN

Hg)= [ F (x99 dx, 2)
Y

onpejeNeHHBIl Ha FJAaJKHX KPHUBHIX Y = y(x), KOHHBI KOTOPBIX
A(xe, yo) u B(xy, Y1) JsexxarT Ha 3adaHHBIX JuHHax (l), Tak uTo
Yo = @(xo0), Y1 = P(x1). Tpebyercs HaiiTH 3KCTpeMyM (YHKUHO-
nazaa (2).

Teopewma. llycto kpusaa y: y = y(x) Oaer sxcrpemym Qyux-
yuouaay

I = [ F(x, 5.9) dx
Y

cpedu scex rpusbix rKaacca Ci, coedunaowux 0se npoussoAbHbLe
TO4KU 08Yx OaHHbIX Kpusblx Y == @(X), y = V(x). Tozd0a rkpusas y
ABARETCA IKCTpemMarvio U 8 konyax A(xo, yo) u B(x, yi) xpusold
Y 8bINOAHAIOTCA YCAOBUA TPAHCEBEPCANBHOCTU

[F + ((P, - y,) Fy/] 'X=X'Q= 0, }

’ 7 (3)
[F+ @& =Py, =0

Takum o6pa3om, AJast pellieHHs npocTeiiilefl 3afgaud ¢ NMOABHK-
HBIMU TpaHHLAMH HAMO:

1) HanucaTe u pelluTb COOTBETCTBYOllee ypaBHeHHe Iisepa.
B pesyjbrare nosyuuM ceMelicTBO 3KcTpemasell y = f(x, Cy, Ci)
3aBHcAmee oT AByX napaMerpos Cy u Ca.

2) Ha ycaoBuii TpaHcBepcaibHOcTH (3) M H3 ypaBHEHHH

f(x()’ Cl7 C2) =Q (x()): }
f(xy, Cpy Co) =1 (x1)

onpefenutb nocrosuusle Cy, Co, Xo, Xx1.

3) BoluncauTh 3KCTpeMyM ¢yHKUHOHANA (2).

[MTpamep 1. HaitTu ycnosme TpaHcBepcaibHOCTH MJsi (PyHK-
I[HOHa/1a

4

x . .
Iyl = f F(x, g) ey Vig 7 dx, (5)
X

f(xy) == 0.
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Pemenune, Ilycts neBnil KOHen 3KCTpeManH 3akpelvieH B TOY-
KRe A(xe, yo), a npaBull KoHel B(Xiy, ys) MOMKeT nepemMemarhcst IO
KpuBod y = P(x). Toraa nonyunm
[F-I— (Vv —v) Fy,] 'x=x, =0.
B HameM cayuae
_ retg o’ ] gy 1+y
F==1f(x, y)e®“'8Y Vl—i-y , Fy,=f(x,y)ear°gy————~

Vity?

Ycnoslie TpaHCBEPCAJLHOCTH 3amuilieTes Tak:

[F g eaas Vigy™ +

’ oy’ 1 .
+ (W — ) [ (x, g) enreleY ~——f—y——] 0.
Vity® Jey,
Orciona, B cuny yeaosus f(x, y) = 0, nonyyaeM
YU (6)

[+ 9y
Teomerpuueckd ycmoue (6) o3Havaer, 4To 3KCTpeManH y = y(x)
JIOJIKHBL TIepeceKaTbh KPHBYIO y == P(x), N0 KOTOPOH CKOJL3UT rpa-

T
HUYHas Touka B(xy, Y1), Moa yraom e

yh

A

Puc. 19,

B camom jJede, cooTHoweHne (6) MOKHO MPEACTABHTbL Tak: MO+
JIOKHUM, YTO KacaTeJbHast K BKCTpeMastH B Touke B(xy, yi), nexa-
weit Ha KpuBoi y = P(x), nepecekaer ocb Ox mMON yrJIoM ¢, a Ka=
caTeibHas K 3ajaHHOH KpHBOH y == P (x) — noa yrzoM B (puc. 19).
Torpa tga =y, tgf =1y u nesas wacTe dopmynm (6) naer

tg (f—a); Ho~1==tg (—-% , O3TOMY ﬁ—a=——zl, OTKYyZa

n .
a=0- 3+ YO H Tpe6oBasnoch NOKa3aTh,
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Mpumep 2. Hafitn paccrosinne Memxny napabonoik y == x% 4
NpAMON X — Y = 5.

Pemwenne 3anaua cBOAWTCA K HAXO0KAEHHIO 3KCTPEM aNbHOrO
3HAUGHHA HHTerpasna

Xy
]=fVl+y’2 dx (7)
Xo

np¥ YCIOBHH, HTO JIeBHIH KOHell 3KCTpeMalH MOKeT NepeMelllaThes

N0 KpPHUBOH y == x%, a mpaBbli — NO npaAMoOll y = x— 5, Tarum 06-

pasoM, B HalleM caysae HMeeM @(x) = x%, P(x) = x — 5. Ofuzee

peweHHe ypaBHeHus Jiinepa Gyner: y = Cix 4 Cp, rie Cy ¥ Cp —

NPOH3BOJIBHEE NOCTOSIHHBIE, KOTOPEHIE MPEACTOHT OlpeleNHTh,
YcnoBust TpaHcBepcanbHOCTH (3) HMeIOT BHI

— y,
14 72 + (2% _y’) —._.—___.——:\ =0,
[V Yy ( V1+y,2 -
Vity  +(— )= —y——} =0,
[ Vit ll_,

rne y’ = Ci, YpaBHenus (4) B HalleM cJyuae NPHHHMAIOT BHJ,

Clx0+ C2=x3, }
C,x, =+ C2=x1 — 5.

MTar, HMeeM CHCTeMY HCTHIPEX YPABHEHHH OTHOCHTEJNBbHO YETHIPEX
HenaBecTHHX Ci, Ca, X0, X1}

V1+Cf+(2xo-—01)7—l%F=0,

1

Vit +(1—~c)—2t o, 8
1 ( l) V1+C% ()
C x5+ Co=xj,
Clx1+C2=x1—5a

peluasi KOTOpylo, TOMYUHM:
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3HayHT, ypaBHEHHe 3KCTPEMAJH eCTb y=——x+% H paccrosnHe
MeXAY 3aJaHHBIMH NapaGogoH u NPAMOR paBHO
3 23
5 KR
z=f VIT (=) de=V72 x =l¥§2
1
1 -
2

2

172. Hafitu kpaTtuafiuee paccrosiune ot Touku A (1, 0)
a0 saaumnca 4x® 4 9y? = 36.

173. Haitn KpaTyafiiiee paccTodHHe OT TOUKH
A(—1,5) no napaboas y? = x.

174. Hafitn kpatyafitiee paccTosHHe MeXKAY OKPYyK-
HocThio X2 44?2 = | u npamoil x + y == 4.

175. Halith KpaTyafimiee paccTosHHe OT TOYKH
A(—1,3) no npsmoit y == 1 — 3x.

176. [IokazaTp, yTo 4151 HYHKIUHOHA/AA BHAA

Hyl= [ a(x, ) Vi+y7 ax,

Xq

rae h(x, y) #0 B rpaHHYHBIX TOUKAX, YCJOBHH TpaHCBep-
CaMBLHOCTH HMEIOT BHJ

T Py = — )
y (X)—— [P/(x) H !/ (X) ‘llJ’(x)'

T. €. yCIOBHSA TpPAaHCBEPCAJSbHOCTH CBOIATCA K YyCAOBHAM
OPTOTOHANBHOCTH.

2°. 3apaua € NOABHKHBIMH FPAHHUAMH ANA (YHKUHOHAJIOB BHIA

Xy

H%d=fFu%a¢JWM. ’ )

Ilpu HccleZoBaHMH HA 3KCTpeMyM (yHKUHOHaJA (D) cunTaeM, 4TO
x0TA Obl OfHA H3 rpaHHuHBIX TOuek A(xo, Yo, 20) HAH B(x1, y1, 21)
nepeMeiaeTcs No 3aJaHHON KPUBOH.

OxctpemyM J [y, 2] MomeT HocTHraThCsl JHIL HAa HHTErpajbHHX
KPHBHIX CHCTEMBl ypasHeHui Diiiepa

d 1
Fo=ae Fy=0]

d ¢ (10)
Fz_ —(E le '—"'O.J
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Tlyets Touka A(Xo, Yo, 20) 3aKpenaeHa, a Opyraf rPaHMuHas Touka
B(x1,y1,2¢) MOXKET mepeMewIaThCs MO HEKOTOPOH KPHBOM, 3afaHHO
yDaBHEHHSIMH

= X y
y=10(x) } ()
z=1 (x).
ycnoane TPaHCBEPCAJbHOCTH B 3TOM CJy4da€e NPHHHMAaeT BHA
[FH (@ —¢)Fyp+ (¥ —2)F,] ey, =O- (12)

AHaNOTHYHO BBIMHCHIBAETCA YCJOBHE TPaAHCBEPCAJBHOCTH H AJs Je-
BOTO KOHIa (ecJH OH TOXe TepeMeillaeTcsl BJoJb HeKOTOPOH KPHUBOIi
y=a(x) ):

z=1"Y(x)

[F+@ —y)Fy+ (W —2)F]| _ =0

X=x,

IMpuMep 3. Halitu KpaTuafillee pacCTOAHHE OT TOYKM
M (x5, Yo, 20) no mpsMoi
y=mx —+ D, }

z=nx+q.

Pemenne 3ajaasa CcBOIHTCS K HaxoXJAEHHIO 3KCTpeMyMa
(MHHHMYyMa) HHTErpana
X

Iy 2z]l= [ Vityi+27 dx (13)
%o
NPH YCJIOBHH, UTO NpaBLIA KOHEU 3KCTPEMaJH MOXKeT nepeMeInarncs
o npsaMoii
y=mx+p,} (14)
z=nx-+gq,

T. e. B HaweM ciyuae GYHKIHH @ H Y HMEIOT COOTBETCTBEHHO BHI
o (x)=mx+p, P (x)=nx+gq.

O6uiee perieline COOTBETCTBYIOWIeR cHCTeMbl YypaBHeHHH Dfisepa

6yner
y=Ciy+ Cy, }
2 == Cax + C4,

rie C; (i =1, 2, 3, 4) noanexar onpejeneHuio.
YCJI0BHEe TPAHCBEPCAJbHOCTH (Ha NPaBOM KOHIlE) BBINVISOHT Tak:

(15)

r

Vit +27 +(n—y) ==t
[ Vityit2?
—}" (Il'—z,) ————————-—2,2 3 :l =o’
Vity'+e x=x,
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OTKYZa, B Cuay Toro, uro ¥ = Ci, 2’ = (3, noayuum

1+ mCy+nCy=0. (16)
CootHoutenne (16) BBIpaxaeT yCaoBHE NEepHNEHAMKYJISPHOCTH HCKO-
Mol mpamoll (15) k 3ananHoli npamo# (14).

Bocrnosb3yeMmest TeM, uto HckoMast npsiMas (15) mpoxoaur ue-
pe3 touxky M (xo, Yo, 20):

Yo=Cixy + Cy, 2o=Caxo+ Cy, (17)
a TaKke TeM, YyTo Mpapblii KOHel nepemeinaercs mo npamoh (14):
Cixy+ Co=mx; + p, } (18)
Cyxy + Cy=nx, + q.

U3 natu ypasuennit (16), (17) u (18) nano onpenemuts Cy, Ce, Cs,
Cu u x1 (X, Yo, 20, M, 1, p, § —3a1aHHble uucaa). Jas HaXoxde-
HHa nuTerpana (13) nocratouno swatb xi, Cy u Ci. Hueem

xo+m(yo—-p)+n(20-q)

1= 1+ n?+ m?

C,— mxo F mn(zo— q) — (1 +n?) (yo— p)
m(go—p)Fn(zo—q) — (mEFnf)x’

Cs = nxo =+ mn {yo — p) — (1 + m*) (20 — q)

m(Yyo—p)+n(—qg)—(m*+n?) x’

TloncraBnsis aTH BennunHbl B (13), moayunm
h=min/ [y, 2] =

— — 2
~V Bt o= o (g — 0y — Lo F om0

Ecnu rpanuunas touka A (Xe, Yo, Z0) HEMmOJABMIKHA, a Apyras rpa-
HHYHAsl TOuYKa B (X1, Y1, 21) MOKET NepeMeillaTbCsl 10 HEKOTOpOH mo-
BEPXHOCTH 2 == (X, y), TO YCJOBHS TPAHCBEPCAJNBHOCTH OyayT:

[F—y'Fy,-[-((p;——z')Fz,” ’“O ]
, { (19)
Iy + Fol,, = |

X=X

X=X

YenoBus (19) coBMecTHO ¢ ypaBHenueMm 2 == @(x, y), BooGule ro-
BODS, Aal0T BO3MOXKHOCTL ONpELeIHTh JBE NPOH3BOJIbHblE MOCTOSIH-
Hble B 00IIeM pellleHHH.CHCTeMBl ypaBHeHuli Dinepa (aBe Apyrxe mo-
CTOAHHBIE ONPETAIOTCH M3 YCJIOBHS NPOXOMIEHHS 3KCTPEMA/H de-
pe3 HeNoABHXKHYIO TOuKY A (xo, o, 20) ).

Ecan noasuxHOM TOYKOH sBJseTcsl rpaHuunas touka A (Xo, Yo, 20),
TO MPH X = X, TIOJIy4aeM YCJIOBHS, COBEpIIEHHO aHaJOTHYHBElE YCJO-
BuAM (19).

Tiprwmep 4. Hafitn kpatuafimee paccrosnue ot toukn A(l, 1, 1)
oo chepul )

2ty d2=1 (20)
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Pemenue 3amava cBOJHTCA K HCCICAOBAHHIO Ha 3KCTpEMYyM
dyHKIHOHANA

1
Iy, 2= [ Vit y" (427 (1) dx, 21)

*1

rae Touka B(Xy, y1,21) nomxHa HaxomuThest Ha cdepe (20). Dkerpe<
Ma1aMH dyHKUHOHana (21) aBasioTca npaMbie

y= Clx + C2’ } (22)
z2=Cyx -+ C..
M3 ycnorus npoxoxnenns skctpeMann (22) uwepes toury A(l, 1, 1)
NoyYaeM
Ci+C=1, } 23)
Cit+Ci= 1 (
Venosust TpaHcBepcanbHoctd (19) ¢ yuetom (22) HMmeroT BHZI
,2
— T 7 Y
Lyt 42t —
[ 4 Vigy 427
— X 2’
+ ( Pl 2,) ——] = O, L
Viee—y Vit + 27|,
y z (=9 }
= - + * ‘—‘09
[ Vity'+2®  Vidg®+27 Viee—y ]|,
OTKyZa HOC/Me HeCJOXKHBIX NpeoGpazoBaHHil GyleM HMeTb
2y — Cax, =0, } (24)
Ciz Bt Cayy =0,

rie Xi, Y1, 21 — KOODJAHHATH HCKOMOH TOUKH B.
M3 ycnoBua npoxoxAeHHs SKCTpeManH (22) wuepe3 TOUKY
B (x4, Y1, 21) uMmeem

=C1x Co,
W 1+ C; } (25)
2= C3x1 + Cy.
U3 (23), (24) u (25) Haxomum
Ci=1, Cp;=0, Cy=1, C,=0,
TaK UTO ypaBHEHHe 3KCTpeMasu
y=1x } (23)
z2=1x.

Tak kak Touka B (xi, y;, 2;) Ro/kHA JexaTb HA chepe (20), To

¢ yueToM (26) moayuaem, uto xf+ x?+ xf= I,T. 6. x; =% _]/_é—:‘
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Takum oGpasoM, noJyyaeMm jABe TOUKH

B(l_&l I)HB(__I I 1)
VTV v \Tve Tve e
HeTpyaHo BuIeTb U3 reoMeTpuuecKux cooGpaeHHH, 4TO 3KCTPEManb
(26), coeanusomas touky A ¢ roukoit By, aaer ¢ynxumonany (21)
MHHHMYM, DaBHBIK

1

Tnin = f;/1+~1+1 dx=V7T —1,
1
Vi

a sxerpemadb (26), coeauuswowan touky 4 ¢ rouxoil Bi, KaeT Mak-
CHM YM

1
Jmax = f V3de=V73 +1
I

V3

3ameuanue 1. IlpH BbIBOAe YCAOBHII TpaHCBEpCAJbHOCTH
{24) mm 6pann @ (x, y) =V 1—x2—y%?. HerpyaHo NpOBepHTL,
uto ycaosus (24) coxpausiores, echr @ (x, y) = — VIi—x— 2.

3ameuyanne 2. M3 reomerpuueckHx coobGpaxeHHH BHAHO,
4yTo 3KCTpEManb  (26) opToroHagbHa cdepe x2% -y 422 = 1.

ITpumep 5. PaccMorpuM Ty xe 3anauy o6 3kcrpeMyMe (yHK-
nuonana (21), Ho B xauectBe A Bo3pMem nentp coheput O (0, 0, 0).

Pemenue ODkcTpeMansMu (yHKUHOHAA SBAAIOTCS NpsAMble
(22), u ycsaoBue npoxoxiaenus 3KcrpeManu uyeped Touky 0(0,0,0)
cpasy paer Co = C, =0

YcaoBrst TpaHCBepCaNbHOCTH GYAYT MPeMHHMH:

2; — Cyxy =0,
1 3%1 } @7)
Ciz, — Csyy =0,
a yCJIOoBHS Ha MOABHKHOM KoHue 6yayr
yi=Cxp }
28
2 = ngp ( )
Hakonern,
x? +- y'f + z% =1. (29)

Has onpesenenust narn BeanunH Cy, Cs, X1, Y1 H 21 Mbl HMeeM
nath cooThowreHuit (27), (28), (29), H3 KOTOpLIX He3aBHCHMBIMH
ABJAIOTCSH TOJBKO TPH:

y1=Cixy,

2y = Csxy, (30)
Byt =1 :
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Hcnoabsya cootnowenus (30), maxomum

o R . S
Vitcl+c T Vil c

X1

i—-—-—___:—l_::,
Vi+ci+cl

<y =

rae Ci, C2 — NpOH3BOMBHLIE NMOCTOAHHEIE.

DTOT NpOH3BOJ siCEH H3 TI'eOMETPHUYECKHX CcOooGparkeHuii: pacs
crossaie ot Toukn O(0,0,0) no cheps (20) og¥HAKOBO no JM060MYy
MamnpaBJIeHHIo, T, €. NPH Jo6LIX sHaveHusax Cy u Co.

3uauenne ¢ynxunonana J [y, 2] na sxcrpemansx

y= Clxr }
2= Caf

paBHo 1

Vitciic
Iwa= [ Vi+3+G a1
0

ITpumep 6. Haiitu ycioBHe TpaHcBepcastbHOCTH AJst (YHK-
LHOHAaNa

Xy
I a= {2 Vit +27 ax, (31)
Xo
ecan Touka A(xe, Yo,20) 3aKpenseHa, a Toyka B (xi, Y1,21) JEKHT

Ha HOBEPXHOCTH 2 == Q(X, Y).
Pemenne. B panHoM cayvae YCJAOBHS TPaHCBEPCAILHOCTH

6yAyT
(1+ot-2)| _, =0
(y' + (p; -2') lx___x‘ =0
HJH
LS I =2
7 - 7 - .
Py X=X, Py X=X, 1 X=X

DT0 ecTb YCJI0BHS NapassiebHOCTH KacareibHoro Bekrtopa t{l, y’, 2’}
K HCKOMOH 3KCTpeMasH B Touke B(xi,Yy1,21) ¢ BeKkTopou

_ 4 4 P
A {q)x, Py ——l] HOPMaJ/Ii K NMOBEPXHOCTH 2 == Q(X, y) B TOH XKe TOY-

Ke. TakuM o6pasoM, A1a ¢yHKUHOHANOB BHAa (31) yc/IOBHA TpaHCs
BEPCAJbHOCTH CBOAATCA K YCIOBHSM OPTGrOHAJLHOCTH.
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177. TlokasaTb, UTO €Cl1U YCJOBHe TPaHCBEPCANbHOCTH
COBMajgaeT NpU BCeX HAYAJbHBIX AaHHBIX C YCAOBHEM Op-
TOTOHAJBHOCTH, TO MNOAbIHTErpanbHas ¢yHkuus F nmeer
CAeAYIOULYIO CTPYKTYPY:

F=f(x, 4,2 V1+y" +2",

rie f(x, y, z) ecTb npousBoJbHas AudPepeHHHpyeMast
dbyHKIMA X, ¥, 2.

178. Hafitu xpatuafflluee paccTofHHE OT TOUKH
M(0, 0, 3) no noBepxHoCTH 2 = x2 - 42

179. Haiith xpartyaiiiee paccTofuue OT  TOUKH
M(2, 0, 5) no mosepxHOCTH 2 = x2 + 42

180. Haiite kparuafimee paccTOsHHE MEXKIY NMOBEpX-
HOCTSIMH

2 2 2
wFE+S=1 1 P2+p4+2=4

181. HccnenoBath Ha 3KCTPEMYM Q>yHKuH0HéJ1
Xy
Iy, 2= [ (s + 2" + 2y2)dx
0

npu yeaosusx: y(0) =0, 2(0) =0 u Touka B(xy, yi, 21)
mepeMeliaeTcd no MIOCKOCTH X = Xy,

3°. Teonesnueckoe paccrosiue, Beauunny unrrerpana
B

Hgl= [ F(x g ¢ dx (32)

A

B3ITOTO BJOJAb JHHHH y OT ToukH A f0 Touku B, naswiBawt J-0au<
nod nuaun y. Ecam y — sxcrpemans, 10 J[y] naswiBaor eeodesuue-
ckum paccrosnuem mexcdy touxamu A u B, nam we J-paccrosnues,
a camy 3KcTtpeMadnab — J-npamod.

Ilpumep 7. Haiitn reomesnueckoe paccTossHHE OT TOUKH
A(0, 0) o tourn B(l, 1), ecan 3T0 paccTosipe ONpefesisieTcs ¢ 10
MOLUBIO GYIKIHOHAIA

“

B
Iy]= f vy’ dx.
A

Pemenne. Teogesnueckoe paccTosiide oT TOURH A o Touku B
eCTb 3HadeHue AAHHOTO (PYHKIHOHAJAa Ha 3IKCTPeMaJH, cOeAHHSAIOIEH
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3TH TOUKH. YpaBHeHHe Dfiiepa
2 d . , 2
Zyy” — - 2y'y') =0 mm yy"+y" =0
Jlerko BHAETH, UTO
vy g2 d .,
yy" +y" = (yy'),

TaK 9T0 2yy’ = C; u y*==C,x + C,. Hcnonssys rpauudubie yc/o-
Bust yl,n =0, y|,—; =1, momyvaem C;=1 C,==0. Taxum oG-

 pa3oM, 3KCTpeMaJelo, coeandswieid Toukn A u B, Gymer napaGona

yr=x.

Hanee, 2yy" =1, yy’ —~1—, H ciaenoBaTenbHo, (yy')?=%. T'eone-

3HYeCKoe paccTogHue Mexay Toukamu A u B, cornacmo onpeaene-
HHIO, PABHO

1
J(A B)= f%
0

TMyctb pana auaua 2: ¢(x, y) =

Teodesuseckum paccrosnuem touxu B, nexameft Bhe 2, no
STOl JIHHHH, Ha3BIBAIOT re0e3HYeCKOe PACCTOsIHHE TOuKH B 1o TOYKH
A e P raxoe, uro dyukuHonan (32) poluHcaAseTCs BAOAL SKCTpe-
Mamu vy, coeluHgiomeil Toukn B u A, npuuem y ncpecekaer JHHHIO
& B rouke A TpauceepcanbHo.

J-oxpymcnoctoio  (2e0desuteckold OKPYMHOCTHIO) HA3LIBAIOT JH-
HUIO, BCE TOUYKH KOTOPO/l HaXOMATCA H4 OAHHAKOBOM reo/esidecKoM
pPaccTOAHUM OT 3afaHHOH TOUKH. AHANOTHUHO BBOAATCA MOHATHSR
J-snnunca, J-runep6oanl.

ITpumep 8 Hafitu J-oxpyxHocTs ¢ ueHtpoM B touke O (0, 0)
paguyca R, ecju reofesuueckoe paccrTosiHHe onpefenseTcss ¢ MO-
MOLIbIO (pYHKUHOHANA

B

Ilyl= f vy’ dx.
A

PeweHHe Okcrpemand ¢yHKIHOHATa NepeceKaloT reoje3Hye-
CKYI0 OKPYIKHOCTb TpaHcBepcaabo. Iia sKcTpeManeli umeem (cM,
npeablAymui npumep) .

y*=Cyx, 2yy’ =Cy

H, C/lenoBAaTeNbHO,

B M, JI. KpacHos B AD.



130 DKCTPEMYM ¢®YHKUHWOHAJIOB [rin. u

H3 ycsaoBua TpaHCBepCaabHOCTH
Py’ (29" —y') =0

HaxOAHM, 410 yrioBofi X03(Q(dHUHEHT KacaTembHOi K J-OKPYKHOCTH
r

q3’=£2—- H, 3HauuT, AubdepeHUHATLHOe YypaBHeHHe J-OKPYXHOCTH
ecThb y’=—4%, OTKyJa ypasHenWe J-okpymuoctH: y* = Cx. Oaa

HaxoXJeHHsd BeaHuHHuot C 3aMeTHM, 4TO Ha TeOJe3HUYecKOfl OKpYK-
HOCTH JeXHT Touka (C3,C), a ypaBHeHHe reoae3nuecKoro paauyca

X
(T. e. 3KcTpeMaaH), NMPOXOAALLEro uepe3 3TY TOYKY, €CThb y2==—c—;.

Orcioza yy = H, 3HAYHT,

L
2C
[oh (ol

i 1 c
= )2 = _— =
R J(yy) dx J ik dx= T

Caenosarensho, C = 4R ¥ reone3nueckas OKPYXHOCTb paiuyca R
C LEHTPOM B HauajJe KOOPAHHAT HMeeT ypaBHeHHe y* == 4Rx.
IMMpumep 9. Haiity J-okpykHocTs paguyca R ¢ LeHTpoM B
Touke O(0,0), ecnn reoge3vyecKoe paccToguHe onpejessercd GpyHK-
LEOHANOM .

R y
Iyl = f Vl + "% (x) dx.
A

PemeHHe IkcTpeMaasMu (yHKUHOHANA HBJASIOTCS TPAMBIE

= Cix + C2. VI3 yc10BHA NPOXOXK/JI€HUS SKCTpeMasnell uepe3 TOYKY
0(0,0) uaxomuM, uto Cz == 0, Taxk uro ¥ == CiX, 0 3HauwT, y’=i,
x’

YcaoBie TpaHCBepCANbHOCTH B JAHHOM CJaydyae COBNAAaeT ¢ yc=
JIOBHEM OPTOTOHAJNBHOCTH, M NOTOMY YrJoBOH Ko3bh¢HIHeHT Kacas

TeNbHOH K J-OKpYXKHOCTH — @ == — —y,— CaepnoBarensHo, augde-

X
peHUnAaJIbHOE YypaBHeHHe J-OKpyXHoCTH: g’ == — rk Orciona ypa-

BHerne J-okpymuocTH: X%+ y? = C2 Ha 370 OKpYKHOCTH JEKHT
touka (C,0). YpaBHenue reone3nueckoro pajguycd, NPOXOAALIEro
yepes 3Ty TOUKy, ecTb y = 0, Tak 4to §’ = 0 H

- fm

Takum obpasoM, C = R u ypaBHeHHe HCKOMOH reojesuueckofl OK-
PYXHOCTH anuyca R ectb o06buHOE YypaBHeHHE OKDPYXKHOCTH
X4y =
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3aMeuanse BpeleHHble MOHATHA [M03BOJAAIT TOBOPHTH O
HEeeBKJHAOBOH reoMeTpuH ¢ guddepesunanoM OyryH

ds=F(x, y, y') dx.

Eciu F= Vl +y'%(x), To, Kak Mb BHmeaH, J-mpsMble NpeBpa-
LIafoTcs B OOBIYHbIE MpsiMble H Halla reoMeTpHs MEePexogHT B 0O6bly-
HYIO eBKJHAOBY FeOMETPHIO.

ITpu mpouaBoabhoi Gyukuun F, yaoBJeTBopsiiollefl JHb OObIY-
EbIM YCJOBHAM HeNpepbiBHOCTH H AH(depeHlHpyeMoCcTH MQ BCeM
TpPeM apryMeHTaM, BBej€HHAs reoMeTpHS Ma/o MOX0¥a Ha OOBIYHYIO
TeOMeTPH:O: uepe3 ;Be TOYKH He BCEerja MOXKHO IpoBecTH J-npaAMylo,
H MOXeT CJAYYATbCSl, YTO 4Yepe3 AB3¢ TOUKH IIPOXOJAHT HECKOJbKO
J-mpsiMbIX W, chegoBaTesbHO, J-paccTosiHHe MeXAy ABYMs TOUKaMH
He ecTb OJHO3HayHasi (hyHKUAs KOODJAHMHAT.

182. HaliTu reoleanueckoe pacCTOSIHHE OT TOUYKH
A (0, 0) mo Touru B(l, 2), eciu 370 paccrosinde onpezie-
JIeTCsl ¢ NOMOULBI0 QyHKUHMOHANA

Hyl= [ (@*+ y")ax.

183. Hafitu reofesnueckoe paccrosiHHe OT TOYKH
A(0, 1) no Touku B(l, 1), ecam 3To paccTosiHue onpeje-
Jasercs PYHKUHOHAIOM

Iyl= [ (12xy + y")dx.

184. Hafitn J-oxkpyXkHOCTh paguyca R = 8 ¢ HeHTpoM
B Touke O(0, 0), ecnu reose3nueckoe pacCTOSHHE olpe-
nensgercs (yHKUHOHAIOM

Iyl= [ y"dx.

§ 11. PaspniBHbie 3afaun. OJHOCTOPOHHHE BapHalHH

1°. Pa3spoisHble 3apaud. IJkcrpeMadn ¥ = y(x) dyHKUHOHANA

Iyl = f F(x, 9 y') dx (1)

SIBJSIETCSl OBaKAbl HeWpepnnHo nuQdepenurpyemoit ¢GyHKUneH, ecaH
nponssogHan Fy . (%, y (%), ¥’ (y)) He obpawmaercsi B HyJb. Berpe-

qaloTcsl, OJHAKO, BapHaUMOHHble 3aJayd, B KOTOPLIX 3KCTpEeMyM [10-
CTHraeTc Ha KPUBOH, fBJAAIOIEHCA Jdilib KYCOUHO TJIafKoM,

5‘
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a) Paspusube 3apgaun nepBoro popaa. Paccmo-
TPHM 3aRayy O HaXOX/JeHHH 3KcTpeMyMa ¢yHKuHoHana (1), cuntas,
YTO JOMYCTHMHIE KPHBBIE YIOBJETBOPSIOT FPAHHYHBIM YCJOBHAM

y(x)=yo . y{x)=u 2)

H MOI'yT HMEeTb H3JIOM B HeKOTOPOH TouKe ¢ afcuuccoil ¢ (xo < ¢ <
<< x1). DTOT HM3JIOM BO3MOXKeH JHUIb TaM, THe Fy,y,==0 B Touke
H3/0Ma 3KCTpPeMasb JO/KHA YAOBJETBOPAThE ycsaoBuAM Befiepuirpac--
ca — DpAMaHa

F 0,

gm0 'Y’ lx=c+0 =

(F—y"-Fy)|

BMecTe ¢ yCIOBHAMH HENMpepHIBHOCTH MCKOMOH 3KCTpPEeMasH OHH IT0-
3BOJISIOT ONPEeASINTE KOODAHHATHI TOUKH H3JI0OMA.

Ha kaxpoM u3 Asyx oTpe3KoB [, ¢] u [c, xi] skcTpemans goa- -
Ha yNOBJETBOPSITh ypaBHeHHIO Dilsiepa, T. e. AuddepeHIHaTbHOMY
ypaBHeRHIO 2-ro nopsaka. [1pH peuieHHW 3THX [ABYX ypaBHeHHH ro-
JYYaloTCsL YeThipe MPOHM3BOJbHBIE NOCTOSIHHBIE, KOTOpHE, Boobile ro-
BODS, HaXOAATCA H3 TPaHUUHHIX ycaoBufl (2) u ycioBuit (3) B Touke
uaJaoma.

NMpumep 1. Hafith somaubie skctpeManu (ecad OHH Cylie-
CTBYI0T) (yHKIHOHaMa

F,.

@)

(F— yler) lx=c—0— x=c+0=0'

Tyl = f (y* — y?) dx.
0

Pewenne 3anuweM mepBoe H3 yciaoru# (3), KoTopoe a0.-
JKHO BBIMOJHATBCS B TOYKE H3JOMa:

0<e<a).

F =
Y lg—g—0 £y =g 40

B JA4dHHOM CJyuyae OHO HMeeT BHI
Yy (e—0)=y (c+0)

H o3Hayaer, 4To npoussoauas y’(x) npu x == ¢ Henpepuinsa. Caeno-
B4TE/LHO, TOUYEK H3J0MAa HeT. JTO BHAHO H H3 TOrO, YTO B JAHHOM
cayuae Fy,y,=2>0 Beioay. IostoMy B paccmartpupaemoll sanave

KCTPEMYM MOXKeT JOCTHraThbCsl JHUIb HA [NIaJKHX KPHBEIX.
IMpumep 2. Haiity soMaHble 3KcTpeMasu (yHKIHOHAMa

2
o= [ @' =Dy, g0 =0, y@=0,
0

nonyckas, yTo y’ MOXKeT HMeTb OfHY TOYKY pa3phiBa, OTBEYAIOMYIO
a6cumcee x == C.

Pemenue B jpanHoM caydae Fy,y, = ]2y72 — 12 moxer 06-
pamartbcd B HYJb H TO3TOMY BO3MOXKHO HAaJHYHE H3/JOMOB 3KCTpe-
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maau. Tak kak noabiuTerpanbHan GyHKUHA 3aBUCHT TOJBKO OT ', TO
SKCTPEMAaJ/IsIMH ABJIAIOTCA NMpAMBE

y= C,x + Cz.
Tonoxum

y=mx+n 0<x<c), y,=prxt+qg (¢6<r<2).
Ua rpanuunnx ycaoBuit HaxomuMm n==0, ¢ = — 2p, Tak uro
Yy_=mx, y, =px—2) (4)
YcioBle HENDEPHIBHOCTH 3KCTPEMAaad HaeT
me = p (¢ — 2). (5)
BruinuumeM ycaoBuS Bei‘x'epm'rpacca — Bpnamana. Umeem
,3
‘ Fy,=4y — 12y,
F—y +F,=~ 3yt + 6y
ITockoabky yf_ ==m, y;_ = p, noJgyuaem

4m® — 12m =4p® — 12p, }
— 3m* 4+ 6m2 = — 3p* + 6p?

HIH
(m—p)(m2+mp+p2—3)=0,} (©)
(m? — p?) (m* + p* — 2) =0.
Bropoe ypaBHenue B (6) cpasy naer m==p WIH M = —p HJIH

m?4+ p?—2=0.

Peutenue m = p JOOMXKHO ObiTh OTOpOUIEHO: NPH HeM 3KCTPEMAfb
HMeeT HeMpepulBHYyI0 MPOU3BOAHYIO, & M3 ycioeHsi (D) mosydaem, uTo
m = 0, T. e, 3KCTpeMaJ/lb — OTPe3oK ocH Ox.

TakuM o06pasoM, pelileHHe cHCTeMbl (6) CBOAHTCA K peLUeHHIO
CleyIOIHX CHCTEM YPaBHEeHMi:

2 s ™
m*+ mp+ p?=3
H
2 2= 9,
) m +‘P2 } ®)
m? -+ mp+ p? =3.

Pemenie cucremn (7): m=V3, p==V3u m=—~V3, p=V3.
Peuienne cucteMbl (8) ngaetr m = p U ROMKHO ObITh OTOPOLIEHO.
Hrak, m = -—p u ycaoBue Henpepsipioctd (5) Aaer ¢ = L,
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CJye10BaTe/bHO, HCKOMbBIE 3KCTPEMaJiu:

V3 x, o<1,
y= _
—V3x—2), 1<x<2,
{-——]/i?x, 0<x<],
y= —
V3(x—2), 1<x<<2

185. Haiitu skcTpeMany ¢ yrioBOHA TOYKOH A (PyHK-

nyonaJia
2

Iyl=[y* (v = 1Pdx y(0)=0, y@=L

186. Haiitu pewenue ¢ OAHOH yrJOBOH TOYKOH B 3a-
Jlaye 0 MMHHUMYMe (YHKIFHOHANA

4

Iyl=[ @ =12y’ + 1Pds,  y(0)=0, y@)=2

0

187. CyiecTByI0T /U peILEHHA C YIVOBLHIMH TOYKaMH
B 3ajaye 00 3KcTpemyMme (PYHKLIHOHaJa

Xy

Hyl= [ (0" + 2 — ) dx, y(x)=yp0 ylx)=un.

X9

188. HaiitTu pemenue ¢ yrioBofl Toukoi B 3amaue 06
SKCTpEeMyMe QyHKLIHOHAJAa

1
Iyl= [0 —ydxr, y(=D=0, yN=1.
-1

189. Haiitu pemenue ¢ YroBOH TOYKOH B 3ajaue Q
MuHuMyMe ¢yHKIHOHAMA

73]
| " —2y")dx.

By
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190. B 3anaue o6 sxkcTpeMyMe GyHKuHOHATa

(xl’ly\)
siny’ dx
0, 0}

HaUTH HenpepbiBHOE pellieHHe, a TaKXKe pellienne ¢ yrio-
BOH TOYKOH.

3ameuanne Yciaosua (3) Befteputpacca — 3pamana gony-
CKalOT CJCNYIOUIYIO I2OMeTPHYECKYI0 HHTEpPIPETALHIO.

Iloctpoum ¢uryparpucy, T. e. KpuBylo Y = F(x,y,y’) Kak
dyHkuHo ot ',

Torna yesoBus (3) osmauaror, uro OpH 3HAueHHSX NMapaMeTpoB
X = ¢, y = 1, OTBEUAIOIUUX YrJI0BOH ToOuKe, Quryparpuca mosKua

’
HMeTb OfLIylo KacaTe/bHylo B TO¥Kax ¢ abcunccamu y =y (¢ — 0)

’ 4
Hy,=y (¢c+0). ,

OnnoBpeMmeHHO MosyuaeTcs HarnsgHas HHTepIpeTauus yc/j0ByA
Fp = 0. nexiouaioliero BO3MOXHOCTD — H3joMa 3KCTpeMaJied.
Helicteurensro, ecrn, sanpumep, Fy,y/>0, TO ¢Quryparpuca Bbl-
NyKJa, H KacaTeJbHble K Hef,
nposefedHble B JIBYX PasHbX }Y
TOUKAX, He MOTyT COBIIAJATh.
Tax uto 3kcTpeManb B 3TOM
clyyae He MOXET HMeTb H3-

JoMa,
Paccmorpum onath  3a-

Aauy 06 OTLICKaHMH JOMa- —

HBIX 3KcTpemasedl ¢ynkuno- ~V§ | V7 V3 | Vo

HaJa (cM. npHMep 2 srtoro
naparpaga), Mmeem

2
Iy = j (v — 6y dx,
0

PR U

y(0)=0, y(2)=0.

DKCTPEMAJNAMH  SIBJISIOT-

¢ npamble.  durypatprca Puc. 20.
4 2
Y=y " — 6y B J@HHOM
cayuae He 3aBHCHT OT TO4KH (X, y). Qﬂa HMeeT OO6LIYI0 KacaTeJb-
HYI0 B TOUKax ¢ abcumuccamu y’ = + '3 (puc. 20). ITostomy ycao-
Bug Befleputpacca — 3pamana GyAyT BHIIONHEHH, eCJH B KauecTBe
JIOMaHBIX SKCTpeMaseli 6paTh JOMaHble, 3BeHbd KOTOPHX 0GpasyioT
£\

yron =+ g © ocpio Ox.

Ha somanoit g1 ¢ opxol yraoso#t Toukoit (puc. 21) dyuxuronan
nmeer anavenne Jly,] = —18, To xe anauenne J [y] 6yder uMerp Ha
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JIOMaHOH y2 C ABYMA YIJIOBHIMH TOoukaMu (pHc. 22), Ha JlOMaHOH ys
C TpeMms yrJaoBHIMHM TOUKaMu (puc., 23) H T. A

g\
|
[
'\
|
{
|
i —
0 f 2 bA
Puc. 21.
44
i
\ y?
| e
a I
Puc. 22,
YA
| 1 \Ys
| i
1 ] i
g 1 2 I
Puc, 23.

6) PaspuBrme 3ajgaun BToporo poma. Paapua-
HbLMU 300a4amu 8TOPOe0 poda HA3HIBAIOT 3ajaud Ha OTHICKAHHE SKC-
TpeMyMma (yRKLHOHAJIa

Xy
I yl= f F(x, 9, 9)dx, 9
X,
‘ y(e) =y, Y (x2) =y, (10)
B KOTOPOM NOABIHTErpanbHas GyHKUMA pa3puiBHa,
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Ilycts, Hanpumep, F(x,y,y’) TepnuT paspbis BLOJb JHHHH
== @(x) u nyetb E(x,y,4") paBHa Fi(x,y,4') no OHy CTOpOHY
aunnd y = @ (x) u paBHa Fa(x, y,y’) no apyryio.

B cayuae cyuleCTBOBaHHS JOMAaHOf 3KCTpeMany NOCJAELHAS CO-
CTOHT H3 KYCKOB 3KCTpeMasefl y == yi(X) H y = y2(x), HMEIOMHX
ofuyio Toury (c,®(c)) Ha nuHUM paspeIBa, Tae ¢ € (X1, X2). Has
onpeseseHust JOMAHOM 3KCTpeMalaH NoJyyaeM JBa AHbdepeHUHab-
HBIX ypaBHeHHs OJiilepa, o6llHe pellleHHsT KOTOPHIX COAepKaT ue-
THIPE MPOH3BOJBHBIX NOCTOAHHBIX Ci, C2, Cs, Ci. A HaxoxIeHHA
STHX TOCTOSIHHBIX, a Takxe aGCHHCChl € TOUKH BCTPEUH 3IKCTPeMaaH
¢ KpHBOH y=<D(x) nMeeM: 1) nBa rpanuuHbix ycaosus (10),
2) aBa ycaosus, TpeGyiowne, uToGH OpAMHATHL KOHLOB JKCTpeMaJed
B TOUKEe CThbika ObliH DaBHbI OpAHHaTe KpHBOH y == @(x) M, Hako-
Hen, 3) yCJIOBHe Ha CTbIKe

F1+(‘D’~y’)F1y'l : =F2+(‘D'—y')pzy’|x=c+o' (11)

x==c~—0

JDTAX VCaoBHA, BooOLle roBOpsS, A0OCTaTOYHO AJA HAX0XKJIeHHs J0-
MAaHof 3KCTpeMadi.

Ipumep 3. (3anaua o NpesioMJIeHHA yua cBera.) B cpene I
CBET DACMpOCTPAHAETCA ¢ NMOCTOSIHHOI CKOpocThio vy, B cpepe 11—
¢ nocTosiHHOM cKopocThio vz2. Cpema I orgenena or cpeam Il kpm-
Boit y = D(x).

BriBecTH 33aKOH NPEJIOMJIEHHs] Jyya CBeTa, WAyLiero H3 Toukh A
cpexpl 1 B Touky B cpeawt 1I, 3Has, uTo Jyu NPOXOAHT 3TOT MyTh
B HauMeHbUINH ITPOMENKYTOK BPEMEHH,

Peuwenne 3azaua cBOAHTCH K HaXOXKAEHUI0O MHHHMYMa HH-
Terpasa

e —_ b —
J=f—biy—dx+fb—+—y—dx, (12)
Uy 23]
a c

TaKk Kak nepBHlil u BTOpoil HuTerpaswsl B (12) 1al0T BpeMs, HyXKHOe
AJf Mepexofa Jyua U3 TOukH A 10 JHMHHH pa3jieda W OT JHHHH pas-
zpena mo Touku B.

Hnmeem paspriBuylo 3ajauy BTOPOro poja: siech

T2 T2
Fl=_-—-—Vlj;__y . Fz——.l/__l_iy__.

H - .
Haxoxpaenne KyckoB 3KcTpeMaseil CBOAHTCSl K PazbICKaHHIO 3KcTpe-

Mader QyHKUHOHANA
f Vi+y?ax,

KOTOpbie, KaK H3BECTHO, €CTb MNpsAMBIE, CJ'IGIIOBBTGJ'IBHO,

np=mx+n  Yy=pxt4q.
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3anumem ycaosue (11). Fmeem ' N
2 2
F—y 0F_l/l+yf : 41 _ 1 _
1Y = - —— = —
%1 ° "xl/ L+4 01/1+y;
oF 1 ’
Fy ."/; /2 =

- —
%3 Uy ]/ I+ v

IMoncrasass sTu Bhipamenus B (11), Haligem
A
2 2"’
oV 1400 oV 144

[lyeth y — yroa, o6pa3oBaHHHi KacaTesabHO#l K JMHHM paslena B TOY-
Ke ¢ ¢ ocbio Ox, oo — yroi Jesoro Jayua ¢ ockio Ox, f§ — yroa npa-

Boro Jiyua. Torpa (I)/=tg Y, y;=tg o, y§=tg[3 H ycaoBue (13)
NpUMeT BHI

(13)

l+tgatgy  14tgfigy

v V1i+tgZa v, ¥V 1+1g7p

cos(y—a) _ cos(y—B)
U - Us ’

HJH

rae y— o H y— [ — yribl MeXLy JyuaMH H KacaTedbHOH K JIHHMH
pa3fena. BBoas BMeCcTO HHX YIVBl @ H O MexAy HOPMaIblo K JIMHHH
pasaesna M JydyaMH, NaJalollHM H MpeJOMJEHHbIM, MOJydaeM

sin @ Uy

- = —==const
sin O Uy ’

T. €. H3BECTHHIH 3aKOH npeJaoMJieHHd Jyda cBeTa.

2°, OpHocroponnde Bapuauud. Himercs skcTpemym  @yHKUHO-
HaJa

Hgl= [ F(ny, v dx (14)
y)=yg, yx)=y, (15)

NnpH  yCJIOBHH » )
y—g(x)=0 (nmn y — @ (x) <0) (16)

(orpaHHYHBaOLUIME YCJIOBHS MOryT GbITh H GoJiee CJAO0KHOrO BHAA).

B stoM cayuae ucKoMasi 3KCTpeMaJsib MOXKeT COCTOSTb U3 KYCKOB
SKcTpeMaJsiedf, Jexallux B obaacTd (16), M KyCKOB rpaHHus y =
== ((x) 3Toh o6jacTH, B TOYKax CThlka yKagaHHBIX KYCKOB HCKOMast
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3KCTpeMaab MOXKeT 6bITh Fﬂaﬂ}(oﬁ, HO MOXKET HMEeTb H  YIJOBble
TOYKH,
YcaoBHe B TOYKE CTHIKA HMEET BUJ
~ ’ 7 7 ’ ’
[f'(X,y,!/)—F(x:y,q))"((P _y)Fy’(xyyry)]lx =0.

=X

Ecaw F , %0, 70 B Touke cThika M(X,J) sKcTpemadnp Ka-
caercs rpaHuubl ¥y = p(x) 06.14CTH.
ITpumep 4. Haiith kpatuafiimii nyts u3 toukn A(—2, 3) B
Touky B (2, 3), pacnonoxeHHb B 0BJacTH y << X2,
Pemenne 3anaya CBOAHTCA K HaXOXJAEHHIO 3KCTDeMyMa
PyHKuHOHa 2
2

I = [ Vity? e a7
-2
npH yCaoOBHAX

y<xt  y(—=2)=3, y(2)=3.

SkcrpeMmansMu dyHKIMOHa a (17) ABASIOTCS NpAMbe

y= C] 4 sz.

B pannom cayuae
1
Fylyl = "—‘;‘—“—3/2 # O
(1447 (]

M HCKoMas 3KcTpeMaJb GyJeT COCTOATE H3 KycKoB npaMuix AM u
NB, xacatenbhbhix K napafoae y = x2, u Kycka MON stofi napa-
6oabr (puc. 24). O6osnaunMm ab- .
CUHCCBI TOYEK KacaHHa uepe3 v
X u —X (ucnojb3yeM cHMMeE- e
TPHIO 3ajaun). B touyke kacauus /*’ |
COBMNAjalT OpJAHHATH M YLJOBLIE /
Ko3hhuilenTs npsiMOB M Kaca- AAJ) 18I0
1eMbHOf napaboJibl, Tak 4T0 By- !
JAEM HMeTb

Cl =+ C2'€= 22: }
18

Cz = 2% ( )
C llpyPOﬂ CTOPOHBKI, KacaTeabuas ] , )

IOJMXHa TPOXOAHTb Uepes ToY- 2 < VA 2’
Ky B(2, 3), ciefoBaTtenbHO,

Cl +2Cz=3- (19)

Puc. 24.

Uckmiouas C; u Cp; u3 (18), (19), HaxomguMm ¥*—4x+3 =0, o1-
Kyfa %3 =1 u X = +-3. Bropoe 3nauenne ¥ He noaxoaut. Hrax,
=1 Orcwpa Cy=~—], Cz=2. Hckomas 3KCTpemasn



140 9KCTPEMYM OYHKUHUOHAJNOB [ra. 1

(eXuHCTBEHHAA) ecTb

[—Qx—l, et —2<CxsC— |,
y={ x2, ecan — I<Cx<],
l 2x— 1, eciu <<l

Slcvo, 4yto ona mocraBaseT ¢yHkuuoHany (17) MHHUMYM.

191. Hafitu kpuBble, HA KOTOpPbIX MOXKT JOCTHIATb-
¢l KCTpeMyM (yHKIHOHAJA

10

Iyl={ y"dx, y©®=0, y(10)=0

NpH YCJOBHH, UTO AOMYCTHMbIE KpHBbLIE He MOI'YT IIpOXO-
JAHTb BHYTPH Kpyra, OrpaHH4yeHHOro OKPYXKHOCTbLIO

(x—=5)2+y2=0.

192. Cpeau KpHBLIX, COERUHSIOIMUX Toukd A(a, Yo) H
B(b,y), naiitd Ty, KoTOpas AaeT 3KCTpeMa/bioe 3Haue-
HHe (yHKUHOHAIY

b
Hyl= [ yVi—yy ds

npu ycaosusax y =0, 1 — y%y2 = 0.
§ 12. Teopus I'amuabToHa—AK06n. BapuauuoHHble
NPUHUHNL MeXaHUKH

1°. KaHoHuyeckan (ramuabtToHoBa) dopma ypasHeHH# Jilnepa.
YpaBnenusn diiaepa ana dyHKuUHOHANA

J[yh Y2, 000y yﬂ]=

X2

= jF(x, Yy Y ever Yo yl', yg,...,y,'l)dx (1)

HMEIOT BHJ

F _—-—(F ,)=0 (k=1,2..., n). (2)
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B cJjay4yae, Korra onpeleiHTelib

F LA 4 F 7 LR F r? 7
Y4y Yi¥a Nyn
F r 7 F 7 7 DN} F r 7
Yo¥y Yol Yo¥p | £ 0, (3)
F ’ ’ F 2’ ’ s e F ’ 2’
¥,9 Y,Y2 Y.,
NOJIOXKHM
F,=p, (k=1,2,..., n) (4)
Y
- 4
Ha ypaBuenuil (4) MOXKHO BBIPA3HTD Y, YEPe3 X, Yy, Yo «+vs Yps
P1s P2y vy Put
4
yk=(pk(x’ Yo Y25 oo o Ypo Pps P2 oo 0y pn)- (5)
OyHkuHss H OT DepeMeHHBIX X, Y1, Y2, « o vy Yns Pls P2r »++s Prs

onpeneaseMan paReHCTBOM

H ={—F(x» Yt Unn voes Ypo Uto Yoo oo or Un)

»  (6)

2’
Yp=%p

n
+ 3 y;Fy, (x, Y oves Ypr Yl v os y;)]
f=1 k

HA3BIBAETCH 2amMuUAbTOHUAHOM 048 ynkyuonasa (1).
IaMuabTonHaH YAOBJETBOPSIET CJEAYIOLIUM COOTHOLIEHHSM:

oH =dyk; 0H=_ dp, (k=1,2, ..., n). ™)

ap, dx 9y, dx

VYpasHerus (7) HasbIBAIOTCH KAHOHUYECKOL WUIH eaMUAbTOHOGOU
cucremol ypasuenul IJilasepa (2); mnepeMeHHBIE Y1, U2, «..y Yny
P1, P2, ..., Pn HA3BIBAIOTCA KAHOHUHECKUMU NEPEMEHHbIMU.

3ameuaune . Yeaosue (3) npasm  oyHKRuuonaaa J[y] =

Xy

=f F(x, y, y')dx naer Fy,y, = 0 Ha [xy, x2).
X '
3amMeuanue 2, YpaBHeHus (4) pa3pel!HMBl OTHOCHTEJILHO
’ p
Y, B UeIOM Ha oTpesKe [x1, Xz], BooGme roBops, He oAHO3HauHo. [IpH

BHIIOJIHEHHH YCJIOBHH TeOpeMbl CyLIeCTBOBAHHsS HeABHOH (QYHKUHH
HMeeT MeCTO JloKa/ibHasi OJHO3HauHas pa3penlHMoCTh ypasHeHHH (4).

INpumep [. CocraBuTb KAHOHHYECKYID CHCTEMYy YpaBHeHHHX
Ofinepa mas hyHKUHOHANA

i 2 2
[y 92) = f (ovign — 2} + 47 — ot ax.
0
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Pewenue, B HaweMm ciyuae
72
2 .

’ 14 2
F=F(x, Y Yo Y1 !/2)=2!/1!/2_2y%+ !/f —Y

ITonaraem
Fy1=pl, Fyézp,_,. .

Torzna
4
Py=— 24

4
P1=2y1,

3pech ompeieantedb

F v’ F v s 0
Y91 Yi¥g 2
= = — 40,
F r v F 7 l 0 _2 ] #
UolYy Yols

’ ’ »
Pazpemass nmoayueHHble COOTHOLIEHHS OTHOCHTE/IbHO Y, Yy, HaHIEM
P2 '

4 P
yl = 2 ) y2 - 2
HaxonuM raMuibTOHHAH AAHHOTO (DYHKU.HOHEI.']&:

H=(-F+y{F,+y§F ) =
Y Yo ’ Py
4 =g
¥y==3
pi P
4 4"

2 2
= (2wt 240 =) | _n =21~ 2w+
1 2"

Henoarsayss cootuouwenuna (7), HOJAYYHM KAHOHHUECKYIO CHCTEMY

ypaBHenuili iiiepa: ‘
dy, _ P, dy, __ p2 )
de ~ 27 dx 2" I}
dp, . . dp; .
-dx—-——'4y1+2yz» —d—;-—-2y1- ]

3necs yy =y (x), y2=y:(x), pr=pi(x), pa= p2(x) aABasoTCH
HEH3BECTHHIMH (YHKUHSMH OT X.
. Hpumep 2. CocraBuTh KaHOHHUYCCKYI CHCTEMY YpaBHeHHi
Sfisepa aan dyukunonana
2920 9 1t
Ilop yo] = f yiys (#° + v+ yo) dx.
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Pemenune 3nech
2 2¢ 2 4 7
F=yy3 (*+ 4] + v3)-
HaXonHuM YaCTHLIE NPOMU3BOJHLIE

— 2,2 22
F .= yya F =y
vy Yo
Tlosnaraem

) 292
P1= ylyg’ P2=Y1Yo

14 ’
OTH COOTHOWEHHA HE COJAEPKAT TPOH3IBOLHHIX Y, Yy HEH3BECTHHX

U4 4
OyHKIUR Y U yy, NO3TOMY Yy H Y, HEJb3s BHPA3HTb 4yepe3 nepe-
MenHble py H py,. CaemoBaTesbHO, AR 3TOr0 QYHKUHOHAMA HEIb3s
COCTaBHTh raMuJabToHHaHAa. B sToM npuvepe ycJuoBue (3) He Bh-
TOJHSETCS

F// Fl/
Y19y Y1Y9 B 0 0 —0
F,, F,.| oo
Yolly Yolo

ITpumep 3. CocraBuTh KaHOHHYECKYIO CHCTEMY ypaBHeHni
Ofisepa 118 yHKUHOHAJA

J{y] = f xyy'3 dx.
Pemenue. Humeem

F = xyy”s, Fy= 3xyy’2.

ITonoxuM p == 3xyy’2. Orciona

”":'"]/p ' y’=1/a§y-

Ixy

Jagnuf GyHKIHOHAT HMeeT JABAa raMHJbTOHHAHA:

H=(—-F+y’F,) =
1 Y . P
y——‘/axy
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B COOTBETCTBHH € STHM Mbl HOJYYAM JBE KAHOHUYECKHE CHCTEMEL
ypaBuenuii dfiaepa:

dy _OH, _ p 1
dx — dp 3xy ! l}
dp __om 10/ |
dx ~  dy 3] 3xy? ')
4y p
dx 3xy !

CocTaBHTh KAHOHHUECKHE CHECTEMBl YpaBHeHH Dfiiepa
RJs C/IeRyloluX GyHKUHOHAJOB: -

193. J=jxy1/?dx.
194, J = j xyy” dx.

195. /= | Vet 2 Vit dx
2

196. J = j (i + v2 447 dx.
3

197. J = f (24 vyl + y,u5) dx..

s3
198. J = f <2xyl -y + T) dx.

2°, YpaeHen#e Tamuiabrona — fIko6u. Teopema $Sko6u. Kano«
HHYeCcKaa cHCTeMa ypaBHeHnit Dfinepa (7) sAsaseTcs cCHCTeMOA ypa«
BHenuf Diiepa A dyHKiHOHANA

X, n . i
\ Y
= f [2‘ Peble — H (X0 Yps oo Upp Pis voes p,,)] dx,

X1 k=1

€CTH Yt vovy Yn, Ply «ory Pn PACCMATPHBATL KaK HEH3BECTHHE (PYHK-
LUK OT X.

Hanauwii dyukunonan J sBasetcsi pelleHHeM ypaBHEHHS B YacT-
HbIX NPOH3BOAHLIX NEPBOr0 NMOpPsAKAa BHAA
ow o oW o

H oes eer ==

Ox + X, .l/h s Yn,s ayl s ay2 . ’ 0y” 0,

KOTOpOe Ha3biBaeTca ypasnenuem [amusvronq — flxobu,




§ 12 TEOPHUSI TAMHJIbBTOHA — IKOBH 14§

Teopema Sko6u. Ilycte W aeaserca noansim unre2parsom
(oM. [B]) ypaswenusa TIamurvtona — Skobu, yoosseT80pAOUUM

ycao8uio '
oW i W

oy, 0Cy 04,0C, "' 0y, 0C,
oW 2w 0w

"0y, 0C, 0y, dC, """ Oy, 0C, | = 0.
oW oW W
ayn 0C1 dyn aC: v dyn 0Cn

Toeba pasencrsa

oW oW
?C—k"‘Bk’ -d—yk_—pk (k=1,2,..., n),

2de Cn u B — npoussonbubie ROCTOAHHGIE, QAT peweHue KAHOHU~
ueckod cuctemsi (7), KOTOPOe B3aeucuT OT 21 NPOUSBOABHBLL O~
CTOAHHOBLX.

ITpumep 4. Haiitu 3kcrpeManu ¢yHKuHOHaNa

X,
J= f Vx2+ yZVI—i-y’?dx

X3

NpH NMOMOLIH pelueHHs] ypaBHeHus I amuibrona — Sko6u.
Pewenue [dng noayuenus ypaBHeHus [amuabrona — Sko6u
HaXOAHM raMHIbTOHHAH HaHHOTO ¢yHKuUMOHada, HMmeem

He— VA=

¥Ypapuenue T'amuabrona — fAxo6u umest BuA
oy (G
s e o
ITepenuuiem ypaBHeHHe (8) B BHIe
(- (45 -

U DPUMEHHM MeTOX pasfe/eHHs NepeMeHHBIX, SIcHO, uTO ecaH mo-
TpefoBaTh, UTOOL .

oW \2 oW \?
(o) —#==0 (G)-v=c

HJIH |
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rie C — npoH3BoMbHAs NOCTOSIHHASA, TO ypaBHenne (8) Gyner yxmo-
BaeTBOpATECA. OTCI0AA HAXOAHM
ow
“dx

owv —_
]/x2 c, '—0!_/‘ = Vy2 + C.

TMoaumnil unterpan ypasuenus (8) 6yner:
v=[vE=ca [viFca=
= V= C= S| s+ VE=C 4+ Ly VT T+
+ o mly+VEFCl+Cy

rae C 0 Co— NPOH3BOJLHEIE [OCTOSHHHIE.
OGwee peumenve ypasHeHns Ofiaepa Jaunoro (GYHKIHOHAJA
A

- aw =
HaujxeM H3 COOTHOLIECHHA -E_C- =—2-, rae A — INpPOH3BOJbBHAA IO~

croaunas. Umeem

ad ! Pl
—— - —C
T 2|x+Vx I+
C. 1 1 y
+ 4 (x+Vx2—c)Vx2—-c + 4 VyE+C +
1 A
——lﬂly"l'VJ Tel+ L =1,
4 (y+VyFO)Vyr+c 2
TTocae HecsOXKHHX YNpOUIeHHH TNOAYUHM
Lyt ViEFe +0‘_ W BEVPET 4 (4= x o),
x+Vi¥I=C x+Vx2—
OTKy}la OKOHYaTeJBHO 6y}1€M HMEThb

1 — A? A2+1)2
2 —y? =
x y) Xy —y C( 54 .

'

310 — cemeficTBO rHNIep6oL.

Hafitu sgerpemanu cienyiomux ¢yHKUHOHAJOB!
Xy

199. J = J. xyVy dx.

Xy
e

200. J=f xyy’ dx; y(1)=0, y(e)=1.
1
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X

201. J = [ G(y) V1t dx

X .

202. Haiite MuaMMyM GYHKUHOHAJA
1

J= f(-;—y’2+yy’+ ¥+ y)ds,
0

ec/M 3HAYeHHs HAa KOHIAX HMHTepBaja He JaHbl.
203. Hafitu ¢yuxunio moast p(x, y) u camo moje
SKCTpeMaJied, INpPOXOJfAUIHX Yepes HayaJo KOOPIMHAT,

(yHKIHOHAA
x, )

2
= [ Y2y s
0, 0)

204, Cpenn Jaunufl, coeguusiomux npamyio x==0
¢ toukodt M, (x,, y), r&e x; > 0, y, > 0, mafitu Ty, KOTO-
pas Jaet MHHHMYM (PyHKIHOHAIY

J-—=fl/——lj—y,dx (y >0).
0

ITycTh UMeeTcq QyHKIHOHA

I)= [ Fxy.y)ds

X1

H JaHO ero noge skcrpemanefl y = @(x, C). Torna B Kakaofi Touke
NOJIA H3BECTHO HaNpaBJIeHHE TPaHCBepCaJH . MMoJsd, NpoXoAslled ue-
pesa 3Ty TouKy. Bce TpaHcsepcaJu MOAA MONYHalOTCA KAK DelIEHHA
nHbbepeHUHaNbHOTO YpaBHEHHsI MepBOrd Mopsiika:

Fylo o(e 0, 0L (x, O] L =[x, o(x C), ¢ (x, C))

rae smecTo napamerpa C, onpenefsiollero sKcTpeMasad Moad, Halo
NOJCTaBUThL €r0 BHIPaXKeHHe 4epe3 KOODAMHATH TO4YeX Mojd. 3/ech
H(x y, p) — ramunbTonnaH.

[Tpumep b5 Hafitw TtpaHcBepcanw ana noas 3KcTpemaJsed
4y = Cx dyuxrunosasia

E2]
J= f ytdx.

£
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Pewmenue, Haxonum raMHiabTOHHAaH AaHHOro ¢YyHKUHOHAJA,
HMeem

F == ylz’ * Fy; = 2y’ (Fy,y, == 9 #0).

Honaran p=F,, Halitem y’' = Torpa

L
5

-

2
H=(ytvwey)| =
P

Tpanceepcasu noJayunm, pewas Auddepenunanpioe ypaBHeHHe

4y _

F ’ — ) »
y=Cx 4% p=24'=2C .

Y

rae BMecto C Hano0 NOACTABHTH €ro BBIDAXKEHHE Yepe3 KOoOpAHHATH

TOYEK TMOJs C=—i—. Hmeem

2
2y’ i 4y =2 HJH 26—31 = C2,
y=Cx dx 4 p=2C X
dy dy
Tak xak C #% 0, 10 2—==C nin 2——= . OTcioma HaxoauM,

dx dx
yTo cemeficTBO TpaHcBepcated y? = Cx — napaso.m.

205. Hafitu TpaHcBepcaan JAJs noas 3KcTpeMalsei
y =Cx ¢dynxkunonara

J= fF(y’)dx.

X

206. Halfitu TpaHcBepcann JAJst moJas 3KCTpeMmaJei
y = x + C dyuxuuonasa

X3

1= [ (sy" —2yy")dx.

Xy

207. Hafith TpancBepcan# [Jst mnoast SKCTpeMaJed
x2
y=x— " OyHKuHOHANA

X
I=[Vy(—yDdx (€>0, x>0, y>0)
x
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3nas ypaBHeHne 'amuabroHa — fko6u

6W ow
+H(x Y, 3y )—_-0

aasa QyHKUHOHAA

J= f F(x,y y)dx,

Xy

MOXHO BOCCTAHOBHTb NOABMTerpanbhyio ¢ynkuuio F(x,y,y’). Tlo-
caeHsAN fABJsiETCA pelleHHeM JH(p¢epeHUHa bHOro ypaBHEHHA nep-
BOr'O MOpAAKa

F—2F,=—H(x,y, F,), (9)

rae H(x,y, p) — raMuIbTOHHAH HCKOMOTO ¢yHKuHoHada; F(x, y,z) —
HcKoMast QyHKuuA (¥ My paccMaTpHUBAIOTC Kak NapaMeTphi).
Tlocne Haxoxkaenwusa F(x,y,2) B Hee Hano MNOACTAaBUTb BMECTO 2
NPOH3BOAHYIO Y.

3aMeuanue YpasHenue (9) sBaserca ypasHenueM Knepo.
O6ulee pemenne ypashenus Kiepo, Kak npaswuio, OTGpachiBaeTcs,
Tak Kak B 5TOM clydyae noablHTerpajpdas ¢yuxuust F(x, y, y’) Gyaer
JiHHefiHa OTHOCHTG/IbHO Yy’ W BapHalMOHHAn 3anaua He Bcerga pas-
pewnma (cM. § 4). ITosromy Geperca TonbKo ocofoe perueHHe ypas-
Henns Knepo, koropoe GyieT sBJAsAToCS HCKOMOH dynkunedt F(x, y, 2).

ITpumep 6. Ypasueuue I'amuabToHa — §IKOGU mJs1 3agaun 06

X3

sKcTpeMyMe Qyunkunonana J = f F(x, y, y’) dx umeer Bug

Xy
)+ =

Hantu dyuknuio F(x, y, y')-
Pemwenue., Paspemnm pganHoe ypaBHeHHE OTHOCHTEJbHO

NpoH3BOAHOR oW Hmeen
po JH P )
ow 2 2 ow \?
3o =V 2= (5]
nm
2
6W x2+y __(__1V__> =0.

CaepoBareabHO, raMuaLTOHHAH

U=V FTF= R
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Vpasnenne (9) nas HaxoXAeHHs HCKOMOR (YHKUMH F HMeeT

Ay .
dF _ 1 . (dF\?
F*Z?;—l/"”*(d—z)- (10)

iTpoarddepenapyeM no z ofe uactH ypaBHeHHs (10):

dF d&°F
dF dF d?F dz dz?
a4 dz Cde dF\2 "
1/ ¥y "(7;)

P . d*F <
OrfpacuBas cayuaf, Korna —d-z?=0 (oH "nmaeTr ofliee pelleHHT),

HOJYYHM

. dF

Dasgpemast 3TO COOTHOLIEHHE OTHOCHTEJNBHO IPOH3BOJHOH a2’
nafneMm

dF sz"’ + 2

dz V14 22 (1)

[Topcraeass (11) B (10), 6ynem umers

2V A+ g 1/2 224y
F=
fVize ]/1+z2 + 2y = ]/J+z2
=VZ+ 32V1+ 22

Takum o6pasom, HCKOMast IOXRHTerpaabHast QYyHKIHS HMeeT BHA

F=Va 4y Vityh

B caexylomux npuMmepax HafiTu GhYHRKIHOHAJL, eCid
H3BECTHB HUX ypaBHeHus I'amuabToHa — SIxoOu:
oW \2
208. (ax)+(—ay)
6W aw

209, 4 ——. ——a‘y— = xzyz.

=1.
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210. 4y 5 +("‘Y’) =0.
a1t (x S + (g ‘2‘;7 )2=x2+ P

3°. BapHaliHOHHble NPHHLUHMNB MEXaHUKH.
a) llpunyun TIamussrona — Octpoepadckozo. TlycTb HMeeTcs

cucTeMa n MarepHanbHBIX ToueK My (Xp, yu,20) (B=1, 2, ..., n),
Macchl KOTODBIX COOTBETCTBEHHO paBHbl my (B =1, 2, ..., n). ITo-
JIOXHM, UTO ABHMKEHUE CHCTEMb! TOAYHHEHO CBS3SAM

¢ (%92 H)=0 (j=12..,m rie m<n (12

M NPOHCXOAHT non aefictBHeM CHl Fu(Xe, Yo, Zp) (R=1,2,..., n),
HMEIOIAX I[oTeHUuHasn (cuaoBylo oyurunio) U = U(xe, Yn, 26, 1)
ou

ou aUu
Xk“?g: Yk~—y Zk_a .

9y, k

Kuneruueckast sHeprus 3Toil cHcTeMbl GyzeT paBHa
n
1

I'=5
P

my (%5 + 43+ 23)-

TlycTh H3 HEKOTOPOro noso¥eHus A, COOTBETCTBYIOIIEIO MOMEHTY
BpeMeHH { == f5, 3Ta CHCTeMa [epeMecTH1dCb K MOMEHTYy BpeMeHH
t = t; B nonoxenue B. M3 Bcex BO3MOXHBIX NepeMeLeHHH CUCTEMBb
3 A B B BpiGupaeTcs Ksace AOMYCTHMbIX IBHMKEHHIl, 2 HMEHHO Tex
JBHKEHHH, KOTOPble COBMECTHMbI C 3aJaHHBIMH CBSI3SMH H B 3aaaH-
HBI NpOMEXYTOK BpemedH [to, ty] mepesosar cucremy u3 A B B.

JeficTBUTENbHOE [BHKEHUE CHCTEMBl H3 MOJOXeHHs A B moso-
xeHue B ypmosserBopsier HeoGxoiMMoMy ycioBHio 6J = 0 sxcTpe-
MyMa HHTerpa/a

i

J= f(T+U)dt. (13)

KaxaoMy gONyCTHMOMY ABHIKEHHIO CHCTEMH COOTBETCTBYET 37
Gynkund x5 (2), yu(t), 2:(f) (B=1 2, ..., n), onpeieleHHbIX
B NIpoMesxyTKe [fo, ts], yaoBieTBOpsiomuX ypasHenusM (12) u umero-
WHX 3alaHHble 3HAUeHHs Ha KOHLUAX LpoOMexyTKa [fo, f1]. Taxum
06pa3oM, UMeeM BAPHAIHOHHYIO 3ajayy co CBA3AMH (12) wu sakpen-
JIEHHBIMH TPaHHIAMH.

st pemrendss 3Toli 3ajauu  COCTaBJSETCH  BCIOMOraresbHast
Gyukuus Jlarpanka

m
F=T+U+ 24
=1
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W OAA Hee BHINUCHIBaeTCA cHcTeMa ypasHeHwi Jiviepa — OcTpos

rpaicKoro;
 — X, -2 A () 5k q”
j=1

i, —Y, Zh(t) 2o _ (14)

=1

Myiy — 2, — ZA (t) a

j=1

Ypasuenus (14) cosnagaior ¢ aMpdepeHLHaJbHbIME YpaBHEHHAMH
AeACTBUTEJBHOrO ABHIKEHHS] CHCTEMBI.

6) ITpunyun naumensvwezo dedcreus 8 gopme Jaepansa. IlycTs
CBSI3U (; W moTenunan U ne 3aBucAT oT BpeMerd f. B sTom cayuae
HMeeT MecTo UHTerpan sHeprun T — U = h == const. Hurerpan

t
I= f T dt

2

HasbiBaeTcq AeHcrBuem. Ma HHTEI‘paJla (13) caenyert, uto
t

J(T+U)dt_2JTdt Jhdt

Iy ty

Jns peficTBUTeNbHOrO ABHXKeHWd, 10 npuHuHny [aMuiabToHa —
Ocrporpaackoro, pHTErpas AeHCTBHA [ROMKEH HMETb MHHHMaJbHOE
3HayeHHe:

3
J=fTﬂ=mm
t

IlpuHunny HauMeHbllero JefCTBHS MOMKHO l"pH,IlaTb dopmy
Akobu:

f]/2w+h)ds=min
Y

(ds — puddepenunans Ayrd y), B KOTOPOH HCKMNIOUEHO BpPeMsl.
3aMmeyanune 1. 3aech CUHTAIOTCS AOMYCTUMBIMH [IBHKEHHIMH
TaKHue, KOTOpble YIOBJIETBOPAIOT YDABHEHHAM CBsI3lt @;(x,y,2) = 0
(j = 1 .., M) B YpaBHEHMIO T —U==h c TeM e caMblM 3Ha-
HeHHeM h YTO H JJis AeACTBHTEJBHOIO ABHXKeHHs, U KOTOpble HMEIOT
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(OHKCHPOBAaHHOEe HauaJbHOE H KOHeYHoe MO0JOXKeHHA H (HKCHpOBali-
HbIl HayaJbHbIi MOMeHT BpeMeHH fo. KOHEuHBIt MOMEHT BpeMeHH
J/151 HHX He HKCHPOBaH.

3aMeuanue 2. [ToTeHuHanbHAast 5HEpPrus BXOAHT He B HHTe-
rpaj, a B HOnoaHHTenpHoe yciosHe T — U = h, Cocrapasem scno-
MoraTenbHylo ¢GyHKnuio Jlarpanxa

m
1 1
Fe=oT+5(U+n+ E A
. =1
3atem nmuuleM YypaBHendss IHaepa — OCTporpaicKoro Hauled 3a-
JLauH, KOTOPLIE SBAAIOTCA' YPABHEHHSAMH JHeHCTBHTENBHOTO IBUMKEHHS:

) ouU e 5, 00
Myrp = dx, +2E / ax,’
j=I

m
i =+ L g,

m
U o9,
=

ITpamep 7. Mcxons w3 npuHuMna HauMeHblllero MAelCTBHA,
HaWTH TPaeKTOPHIO MaTepHaJ>HOH TOYKHM (eJHHHYHOH Macchl), HBM-
XKylllelics N0l AeHCTBHEM CHJIb! TSXKECTH.

Pewmenne Hanpasum ocb Oy BBepx, Toraa NMOTEHUHAJ CHJLI
TXKecTH 6yneT paBeH

=—4g4. (15)

) Cornacro NMpPUHONTY HauMeHblero JIeHCTBUST Ha HCKOMOH TpaeK-
TOPHH Yy HHTerpaJ

J= f VZUF h)ds (16)
v

JIOJKEH HMeTb MHHHMAaJabHOe 3Hauenue, (Cile10BaTeJbHO, TPAaeKTOPHS
TOuKH GyjneT 3KcTpemaablo ¢ynkunonasa (16). Iogcrasass (15)
B (16), nonyuum

J=f1/2(h-—gy) Vi+y7dx. (17)

VpasHenue amuavrona — fIkoGu umeeT BHg

aw oW \?

(%)2,+ (%‘yﬁ)z_:uh—gy)-

iy
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Ero noaHulil uHTerpan Gymer
W= Ax + f Vaoh—2gy — Atdy =
[ 3
= A —— — — A2 /2 R
ey (2h — 2gy )*+ B

" rae A u B — npousBosbHbIe NOCTOSRHHBIE.
Haxoanm sxcTpemanu ¢yHkanoHana (17):

i+ %(Qh— 2gy — A = C

HJIH
h A? g
= e — o (x — C) A u C=const,
V=% "% 2z ( )%

B vyactHocTH, SKCTpeMadH, NpOXOAsLIHEe 4epe3 Hauyaio KOOpAH-
Hart, natigeM u3 ycaoBus y(0) = 0. I[Toayuaem oaHomapaMeTpHUeCKOE
cemeiicTBo napa6o.

g , Va—aA
y=—px@ ¥t —g —*

212. Hafitu TpaeKTOPHIO ABHIKEHHUS TOYKH B MJIOCKOCTH
noa gefcTBHEM CHAbl OTTalKHBaHusg oT ocu Ox, mponop-
UHOHAJbHON pPAaCCTOSHHIO TOUKH [0 3TOfl NMpSAMOR M Ha-
npaBJeHHOR napamienbHo ocu Oy 1pH yCNOBHH, HTO HH-

o v
TerpaJg 2KHBOHU CHJIBI HUMEET BUI 5 — %""—“ 0, HUCXO0-

A9 U3 HHTerpana ﬂeﬁCTBHﬂ
Xy
1=y Vi+y®de (y9>0).
Xy

213. MaTtepHa/ibHas TOYKA ONMCHIBAET OKPYKHOCTb
p==2Rcos¢ (p, ¢— HOJApHBIE KOOPAMHATHI) paanyca

R noa pgefictBueM weHTpanbHO# CHALI —, 006paTHO Mpo-
pS

l'IOpU,PIOHaJIbHOfl MATOH CTeneHH paccTosiHuA OT HEHTPA,
Haxonsallerocd B HayaJd€ KOODAHHAT. HOKHSaTb, 4TO Ha

Mool Ayre 3TOH OKPYKHOCTH (— —g- <KL < —3)

HHTerpaJ [efcTBUS JOCTHraeT CHJIBHOTO MHHHMYyMa.

214. Mayuutb JBMKEHHe MAaTepHaJbHOK TOYKH MOM.
AeACTBHEM MNPHTATHBAIOIEH LEHTPaJbHON CHJBL, NPONOP-
LHOHAJbHOH pacCTOAHMIO OT ueHTpa O, HCXOHAS M3 MpPHH-
UMMa HAaWMEHbIUEro MAEHUCTBUA M TNpHMeHss Meron [a-
MHJIbTOHA — $SIKOGH,



FTJTABA I

APAMBIE METOlbl BAPUALLHOHHOIO
UCYHHCJEHHSA

§ 13. Koneuno-pasnocrnbiii Meron 3Jiaepa
Tlyets nana mpocTefiilasg BapHalHOHHas 3aRaua: HafiTH SKCTpe-
MyM GYHKUHOHAMAA
b .
W= [Fny i y@=4 y® =B ()
a :

B metoge Difitepa anayenus dynxuxonana (1) paccMmatpupaiorcs
He Ha NPOM3BOJILHLIX, JONYCTHMBIX B J1aHHOM BapuannonHON 3ajaue
KPHBBIX, a JUUIb HA JIOMAHBIX, COCTAB/JEHHBIX M3 3afaHHOrQ YHCJA 7
NpAMONHHEfiHBIX 3BEHbEB, ¢ 3aNaHHBLIMH acOUHCCAMH BEpUIHH

a+Ax, a+20x ..., a+(n—1)Ar, rae Ax=”;a_

Ha stux snomanbix ¢yakuuonan J[y(x)] npeppainaercs B $yHKUMIO
D(y;, Y2 «--, Yn—-1) OPAHHAT Y1, Y2, ..., Yn—1 BEPIIHH JOMAHOH.
Opaunarel Yy, Y2, ..., Yn—t BHIOHPAOTCH 7TaK, YTOGHL GyHKHUS
@ (Y1, Y2 .-+, Yn—1) AOCTHrasNa 3KCTPEMYMA, T. € OHH ONPeleNAlnTCs
H3 CHCTEeMB! ypaBHeHHH

od o oo

29 AL S =0. 2
oy 0y, O0Yn— @)

= 'y

TTosryuennas soManaa sBaseTcs NPHGAHIKEHHBIM PeEUIEHHeM Ba-
praudonRoft 3agaun (1).

ITpumep. Halfith npubnuxeHHOoe pelleHHe 3afaul O MHHH-
MyMe ¢yHKLHOHANA

1
Iy (x)1=f(y"+2y)dx; y(©0)=y (1) =0,
; _
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Pemenne. Boanmem Ax=1~;—-—o——02 H TIOJOKHM

Yo=g(0)=0. 5 =y(02), y,=y(04),
Y=y (06), y,=y(08)., ys=y(l)=0.
3HaueHHs NPOH3IBOAHBIX NPHUGIHKEHHO 3aMeHUM mo dopMmyre
r Y1 Y
O e
Toraa

’ __!/1'—0 ’ _!/2—!/1 ’ __.’/3_"!/2
YO ="55— 0= ¢ 0)="55

’ Y Ys ’ o 0~y,
Yy (016) - 0’2 ’ Yy (0¥8) - 0’2 .

Jaunbii wurerpan saMensiem cyMMofi o GpopMmyJe IPEMOYTOALHHKOB
b ’ .
[ 1 ds~ 1@+ )+ () + oo+ (xa-n)] br,

Bynem HMeTn
; 2 — 2 — 2
® (o g9 00 = [ (L) + (L) oy 4 (LS B)
Y=Y \® TR ]
+2y2+(————0,2 ) +2!/3+( 0’2) +2y,|-02.

CoctaBnseM cHcTeMy ypaBHeHHH AJst Onpeje]eHUss OPAHHAT Y1, Y,
Y3, Y+« HCKOMOH JIOMaHOM:

5172'3.:11?—?%12‘—!/2002”14'2_0
%2'%:' yZO,-(;‘zy1 _y3002y2+2_0 ’
(Tl,i"'g%= yao—(;zyz‘ y4o;2y3+2=

(ﬁ'iﬁ= 002!/34'0024'2“0

HaR
2y, — y, = — 0,04,

Y +2y2 _!/3="‘0’04,
— Y2 + 243~ y, = — 0,04,
—m+2y  =-004
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Pewenne 310l cucteMm  yg = —0,08, y; = —0,12, y; = —0,12,
} P,

yi = —0,08. 3HaueHHsA TOYHOro pelleHHA § == B COOTBET-

2
CTBYIOLHX TOYKaX COBMANAIT CO 3HAYEHHSMH NpHGAHIKEHHOro pe-
IIEeHHA. ’

Hajith npubaukenHbie pelieHns 3aJay O MHHUMYMe
(YHKIIHOHAJIOB:

215. J[y1=j(y'z+y2+2xy)dx;' yO=y1)=
0

Yxaszayne, Baare Ax = 0,2.
1

216. 7 [y]= [ (4" + Ddx
0

a) y(0)=0, y(l)=0,
6) y(0)=0, y()=L

§ 14. Meron Purua. Meton Kauroposuua

1°, Merop Paurua. Uges MeToma COCTOMT B TOM, 4TO NpH pPasbi-
cKanHH sKcTpeMyMa ¢yHkuHonana J[y(x)] paccMatpuBaercs He Bce
MPOCTPAHCTBO MONYCTUMBIX QYHKUMH, a JIHIIL BCEBO3MOMKHLIE JHHEH-
Hble KOMOHHAUHH JONYCTHMEIX (PYHKUHHA BHAA

Y, (%) = 2 o, (x), (0

i=1

rae o;-— NOCTOSHHEIE, a cHcTeMa {@;(x)), HasnBaemas cucremold
KoopOunatHolx yHKkyul, TAKOBa, 4TO ¢yskunn @i (x) AHHEHHO He-
3aBHCHMBI H 00pas’yloT B paccMaTpPHBaeMOM' NIPOCTPAHCTBE noatyio
cHcTeMy (QYHKUHA.

TpeGosanne, uTOGH Yn () OHIH ZONYCTHMBIMH (YHKIHSAMH, BO-
oflne rosops, Hak/JaJblBaeT Ha KOOpHAHHATHHE OYHKUHH @;(x) He-
KOTOpHIE HONOAHUTENbHBIE YCNOBHA THNA YCJIOBHH TIAaAKOCTH HAK
YIOBJIETBODEHHS TPakHYHBIM yc10BUsiM. Ha Takux JHHeAHBIX KOMGH-
Hauuax ¢yuxunodan J[y(x)] obpawmaerca B ¢yuHRUHIO aprymeHTOB
Ay, G2, ooy Ap:

Iyn ()] =0 (ay, a2 ..., an). (2)
HaxonuM Te sHayeHHs ©y, ®2, «.., On, KOTOpHE XOCTaBAAIOT (yHK-
nud @ (o, A%z, ..., Gn) IKCTPEMYM; AJS 3TOTO pEIIaeM CHCTEMY,
BOOGUIE TOBOPf, HeJAHHEHHBIX OTHOCHTENBHO 4, ™2, .4+, On YPaB-
HEHHH
) Jd . :
=0 (i=1,2, ..., n), 3

0a,
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¥ HaHAeHHBle 3HayeHHs o; noicTasiseM B (1). IToayuennas TakuM
06pa3oM IOCIeA0BATENbHOCTL {yn (X)} fABJAAETCA MHHHMU3HpYIOHICH
MoC/eA0BaTeNbHOCTHIO, T. €. TaKoH, /49 KOTOPOH nocjaeaoBaTelb-
HOCTb 3HaueHuli ynkuuonana {J [y (¥)]} cxoauTcs K MHHHMYMY HIH
K HHXHefl rpaHn 3HaveHuil ¢yHkuuonana J[y]. Oawako u3 Toro, uro-

lim J [yn (x)] = min J [y (%)),
n->oo

emwe He caepyer, uto limy.(x) = y(x). Munumusupyomas nocae-
n-> o

[10BATEJbHOCTL MOMKET H HE CTPeMHTLCH K -(PYHKUHH, peanHsylomed
KCTPEMYM B Kjacce AONYCTHMBIX (YHKLHH.

MoxHo ykasaTb ycsioBHsi, ofecleyHBaiOliHe CyHIeCTBOBaHHe ab-
COJIIOTHOrO MHHHMyMa (YHKUHOHAJla H ero JOCTHXKeHHe Ha (yHK-
uHsix {yn (%)}

B cayuae, korna wwercsa skcTpeMyM ¢yHKLHOHAA

X2

Iy D= [ F(x g y)dx,
%0 ’
yx) =y,  y(x:)=uy,
9TH YCJOBHS TAKOBBI:

1. Oyukuna F(x,y,2) HenpepblBHA MO COBOKYNKOCTH CBOHX ap-
TYyMEHTOB NpH J060M 2 U Op¥ (X,y) € D, rne D — 3amkHyTas 00-
Jgactb mjockoctd XOY, B KOTopoil nexar JUHHH Y, (X).

. 2. CywmecTByoT KoHcTaHTht o 3> 0, p > 1, B, 445 KOTOpHX

Fix,y,2)=alz|’ +8,

¥akoBo Obl HE GB10 2 0 Aaa moGo# Touku (x, y) = D.

3. ®Oynkuns F(x, y,2) HUMeeT HENpPepHIBHYIO YaCTHYI0 NPOH3BOA-
Hylo F:(x,y,2), npuueM 5Ta mNpPOH3BOAHAA [t JUOGOH TOUKH
(x,y) =D ectb HeyGobiBaomasa QyHKUEA 0T 2 (—oo < z < H-o00),

CdopmynupoBaHHEle BEIllle YCJAOBHS BLIMOJHAIOTCH, B 4aCTHOCTH,
A GyHKUHOHA/IOB BH/A

Xa
Il= [ [p () "+ () 52+ 2r () ol d,
Xy
y(r)=a, y(x)=>o,

rae p(x), g(x), r(x) —3aganHble HenmpepbiBHLIE Ha [Xy, X2] OYHKuHH,
npuueM p(x) HMeeT HenpephIBHYIO NPOU3BOAHYIO p’(x) H p(x) >0,
q(x) = 0.

Ecnu Takium MeToaoM onpedenseTcss aOGCOMIOTHLIH 3KCTpeMyM
(QyHKIHOHANA, TO NMPHONHKEHHOE 3HAUeHHe MHHHMyMa (YHKIHOHAa/la
nonyuaercss ¢ M3GLITKOM, a MaKCHMyMa — ¢ HegocratkoM. Ot ynmau-
HOro BbIGOpA CHCTEMBI KOODAHHATHBIX ¢yHKuMiA {@:(x)} B 3Haum-
TeJbHOH CTeMeHH 3aBHCHT yCIeX MDUMEHeHHS 3TOro MeToja.

Bo MHorux cayuasix QOCTaTOYHO B3SiTh JHHEHHYI0 KOMOHHALHIO
JNBYX-Tpex OYHKUHHI @i(X) Ansg TOro, YyToGbl MNOJYYHThL BIOJHE YyI0~
BJIETBOPHTE/bHOE NPHOIHKEHHE K TOYHOMY pellleHHIO,
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‘B caydae, Korga NpHXOAHTCH HEXOAUTh NPHGIHKEHHO 3KCTpe-
myM GyHRUHOHANOB J[2({X), X3, ..., Xa)], SaBHcAIHX OT YHKUHH
HECKO/IbKHX HE33BHCHMBIX RepeMeHHBIX, BHIGHPaeTcss KOODAMHATHas
cucreMa QyHKUHA

[} (X], X9y veey Xn), P2 (X], X2, "':‘ xll)v seey Pm (x!: Xy ooy xﬂ.)y DR
h ﬂpHéJIH)KeHHOE penienye Bapﬂauuonﬂoﬁ 3aA4avul MUIEeTCA B BUIE
m

2= 2 G (¥ Ep vees Xy,
k=1 ,

rae Ko3QULHEHTH oy — HEKOTOpHE nocTosiHubie yuena, s ompe-
JeJeHHs] HX aHalOTHYHO NpPEeABbLAYLIEMY COCTaBJsIeM CHCTEMY YpaB-

., 90
HEHHH 5&-—k—=0 (k=12 ..., n), rae ®(ou1, %2, ..., An) — pe-
3yJIbTaT HOACTAHOBKH 2m B GyHKumnoHan J [2].

Mpumep 1. Hallty npubiukensoe pewieHue 3afays O MHHU-
MyMe (PyHKHHOHaANA

1

Iyl = J- (y? — y? + 2xy) dx, (4)
0

y(0)=y(1)=20 (5)

M CPABHHTL C TOYHBIM DeLIEHHEM.
Pemenmue CHcreMy KoOpAHHATHRIX $yHKUHA @p(Xx) BLIGepeM
TaK:

@, (1) = (1 — x) x* (k=112 ...).

OyHKUUA @Qp(X), OYEBHIHO, YIOBJAETBOPSIOT KPAE€BHM YCJIOBHAM
@s(0) = @x(l) =0, aBagroTcs JHHeHHO HE3aBUCHMHIMH H [pel-
crapasiot B npocrpactee C) [0, 1] moanymo cHcremy. :

Ipy k=1 nonyyaem yi{x) = ai(x — x?). Iloxacrasass 3To
BHIpaxKerue Aas yi(x) B GyHKuMOHAN (4), monyuynm

i
Iy, (x)] = J. [af(l ~2x)? = a? (x — &)+ 20 % (x — f)]dx=
b

i
=I[af(l—4x+ 452 — x2 4 2x3—-x4)+2a1(x2—x3)]dx='
0

. 3 9 1
=-wa,+—6—a1=®(al).

[

Ko3¢duuneRT o) HaX0aHM H3 ypaBHEHHA

a0

3 1
o 5 TE=0
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5
OTKYAQ 0y == ——&. CrenoBaTensHo,

o2}

on_ _ 5 5 ,
y (%) = _1§x+_l_8—x

Tounoe pewenue YpaBuente diinepa AnA AaHHOTO GyHK~
1M oHaJja:
yr/ + y==x

Pewas 310 HeoguopojHOe JHHEHHOE ypaBHEHHE, HAXOZHUM
y(x)=Cycosx 4+ Cysinx + x.

Ucnoasays rpannunue yeaosus y (0) =y (1) =0, noayuuM okoH-

YaTeabHo: v

sin x

sinl’

y(x)=x—

CpaBHHM TOYHOE pelleHHe € NPHGJIHIKEeHHBIM:

x Tounoe pemenue Mpubauxkentoe peieine
0,00 0 0
0,25 —0,044 ' . =+0,052
0,50 -—0,070 —0,069
0,75 —0,060 —0,052
1,00 0 0

ITpumep 2. HafltH npuGJHIKeHHOE pellleHHE HEJHHERHOro
ypaBHEeHHs
L i yz,

2

ynosneTBopammee yeaoBuam y (0) =4, y(1)==1.
Pemenne. Droft kpaeBol 3amaue oOTBeuaeT BapHAlUOHHAH
3ajnaya

1
I [y]l= f W+ y)dx;  y(0)=4, y()=1
0

Bynem HCKaTh peulenne B BHJE
y1(x)=4~3x4q (x__xz),
rae, OYeBHAHO, y; (x) npu nAwGOM 3HaueHHH @ YNOBACTBOPSET 3a-

AauHBIM KPAaeBHM YCJAOBHSIM.
Hmeem .

1
Jip) = [ Goi (1= 20) = 37 + 4 = 3x + 0y (s — ) dx,
0
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oTKyn2 .

LA fm 22)-2 oy (1 — 26) = 3] +
+3(x—x*)[4—3x4a,(x—x?))?} dx.

=0 npHHHMaeT BHJ

Yenosue -ﬂ—[y—'—]—
oa;

9a’ + 490, + 1407 =0,

TaK uto AIf @; = — 3,0413 mojayuaeM BCIOLY HOJIOXKHTEIbHOE pe-
LeHHe 3aXaud

¥y (x) ==3,0413x% — 6,0413x + 4.

Haiity npub/aHKeHHBle pelIeHHs CJAeIVIOMHX 3a73a4
o MuHuMyMe OyHKUHOHAaJ0B, CpaBHUTL C TOUHHIM pe-
IIEeHHEM.

1
217. 11y (9= [ (4" +20)dx; y(0)=y (1) =0.
0

2
218. 71y (9] = [ (2xy+ 42+ y") dx; 5 (0)=y 2)=0.

219, HafiTh npubanKeHHOe pelIeHHe 337aYH 0 MUHH-
MyMe HHTerpaJa

1
IHyWl= (" —ry)ds g(-)=y1)=
TpH JIONOJHHTENLHOM YCJAOBHH ny (x)dx=1.
-1

ITpumep 3. HafiTh ‘mpuGaHIKeHHOE pelleHue 3agaud of 3KCT-
peMyme ¢GyHKIHOHANA

Iz (x )] ——ff i;-) -22} dx dy,
raie D —kBagpar: —a<x<Ca, —a<y< aH Ha rpaHvue KBaj-
pata 2=0.

Pemenue. INpubnuxennoe pemenHe OYIEM HCKaTh B BHAS
2o (%, y) =0, (x* — a?) (y* — a?).

6 M, JI. KpacaoB © xp.
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Queruano, Tak mocTpoexHas - GQYHKUHA 2o (x, y) YAOBAETBOp feT
nocTaBneHuuM FPaHHUHNM  yCHoBHfM. - [loxctaBassa 2o (X, '¥),

‘Ox(x y)u zoy (x, y) B (YHKIHOUAJ, NOJYyYyHM INQCJAE UHTErpUpOs+
BaHHS

Iz} = E agas - —39-2 a0a6 = O (a,).
Hanee, ® 0
' a0 512 s 82 5.
e a5 W T =0
: 5 5 2 %) (2 2
OTKYAA G =-r—7, TaK 4T0 2o (x, y) = 642 (x? — a?) (y? — a®).

220. Haitu npnénnx{eHHOe pelienye 3agayl o6 5KCT-
peMyme byHKUHOHALA

Iz (x, y)]—H )2+(%z~+ x)2] dx dy,

rae D — o06.1acTh, OrpaHAdEHHAS! 3JIIHICOM —5 + =1,

221, Haiitn npubauikeHHOE DelIeHHE 2, (x, y) 3a;Latm
0 MHUHHMYyMe (yHKLHOHAJA

it o= [ [ + (2 e,

rae o6aacte D: x>0, y>0, x4+ y<<!l, 1 pynxkuua
z(x, y) ynosJjerBopsier Ha rpaunue I x=0, y=0,
x4 y=1, ycaosuo z |, = ¥* 4 y2

2°, Meroa KantopoBn4a. 3T1oT MeToh 3aHHMaeT IIPOMENXYTOYHOE
noJioNeHHe MeX1y TOYHBIM pellleHHeM 3ajaddH H MeToioM Putua u
IpHMeHseTCA JJA HCCJAE€JOBAaHHA Ha 3IKCTpeMyM (YHKIHMOHAJNOB

J[Z (xb Xy o0y xt‘l)]’ (6)

3aBHCAIMX OT OYHKUHA HECKOJbKHX HE3aBHCHMEIX [€pPEeMEeHHBIX
(n = 2). Kak u B cayuae Merona Purtna, BeGMpaeM KOOpAHHATHYIO
cacreMy GyHkuHiE {@g (X, X2, ..., ¥n)} H NpHOIHKeHHOe pelueHHE

HIIEM B BHJE
m

zm=k2l, ay (%)) @ (%, k2, cees X)), (7)
=1

HO . Tenepb Koad)d)nunemm ap(X;) FBAAIOTCS HEU3BECTHBIMH (yHK-
UHAMH ORHON M3 He3aBHCHMBIX NepeMeHHBIX.

®ynkumnonan (6) na pyuxkuuax suga (7) npeBpamaeTCH B GyHK-
wnonan J [ (%), @2(¥5)y ..., Om(x;)], 3aBucaweds o1 m QyHKuni
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a1 (%), o2(%;), ..., m(%;5). T PyHKUHH BHIOHpAWTCA TaK, YTOOH
¢yukunonan J jgocTHraa 3KCTpeMyMa, M ONpeAeasioTest M3 Heo6Xxo-
JHMBIX YCJIOBHHA 3KCTpeMYMa ¢GyHKUHOHaJa J.

Hcnonbays Meton KanropoBuua, monyuaem npuGiuiKeHHoe pe-
nieHne, Booblile rosops, Gosee TouHoe, ueM B Merode Purua npu
TeX Xe KOOPAHHATHHX GYHKUMAX {Qa (x,, X2, ..., Xn)} H C TEM Ke
YHCJIOM £ YIeHOB HNPUGJIHIKEHHUS.

MTpumep 4. Haliru npubnnxkeHHoe peiredne ypasHeHns Ilyac-
COHa

Az =< — 1 B npavoyrosuuke D: { eSS x4, (8)
—b<<y<h :
npu ycnoBu# 2 =0 na KoOHType.
Pemenue YpaBHeHHe AZ = —I| sBasieTcs ypasHeHHeM OIii-
jepa — Ocrporpaackoro gas cpyHKuHOHana
02
Iyl = ff ay ) 22] dx dy. 9)

Pewenne uieM B BHAe
2 (%, y) = (6 — ¥*) a (x);
dyukuua zg(X, y), O4EBUAHO, YAOBJIETBOPAET TPAHHYHBIM YCIOBHAM
(8) Ha npameIx y == +b.
[MoactaBass 370 sHaueHHwe 2; B ¢yHKHHOHan (9), HaxoquM
a

— sgr? g B opagr 8 s )
I 2] = J‘(lsb +g 6% — g b%)dx.  (10)
—-a
Ypapaenue Jinepa ana dynkuHonata (10)
5 5
Y oo — 11
T T T an

Ypasuenne (11) ecTb JuHefiHOe OAHOPOAHOe ypaBHeHHE C NOCTOAH-
HbBIMH K03(dHuLHeHTaMH H ero oflllee pelueHHe:

1
a(x)=C| ch 1/3 %+Cg$h1/—§-~z—+

Hocrossune Cy; # C, HAXOAHM M3 T'PAHHYHBIX YCJIOBHHA
a(—a)=qa(a)=0,

2ch1/2 Y
V5%

“(“_7)='§ ’ _ch‘l/-gﬁ
2 b

yto gaer C,=0, C; =~ ——————, TaK 4TO

6.
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TaxuMm ofpasoM, noJyusaem _
b? — 2 b
RO Fatent it UL A LN §
2 ny/ 24
¢ V 7% )

Jas noayuenuss GoJjee TOUHOTO NPHOJMHIKEHHS MOXKHO HCKaTh perie-
HHE 3ajayd B BHJAE
22 (x, y) = (0 — ") @y (x) + (" — y")? @z (x).

222. Haiitn npubinkennoe pelieHne ypasHenus [lyac-

coHa Az = —1 B obaacti D, ABJSIIOLIEHCS PaBHOCTOPOH-
V3

HUM TPEYTOMbHUKOM, OTpaHHYEHHBIM NPAMBIMH Y=k ———X
i x = b, o6pallaiolileecs B HYJb Ha FpaHule 3TOH 06Jja-
CTH.

223. Halitn npubaunkenHoe pelledHe ypaBHeHHs Az =
= —1| B oGaactu D, sBnsiouieiics paBHOOOYHOH Tpane-

. /3
I.Udelui, OI‘paHquHHOﬁ NPpAMBIMH y=i'—§*x H X= 1,

x = 3, obpamawlieecqd B Hy/b Ha TpaHALE 3TOH 00JaaCTH.

§ 15. BapuauuonHbsie MeTOAB HAXOKACHHA
COGCTBEHHBIX 3HAaYeHHH ¥ COGCTBEHHBIX QyHKUHI

Ypasrenue Ultypma — JluyBuaas
d ;
—ar P+ a(Ny=12y, )

rae p(x) > 0 HMeeT HeNlpephHBRYIO NPOH3BOAHYIO, §(x) — Henpe-
PEIBHA, NPH YCJOBHSX

y(a)=0, y(b)=0 (2)

4151 ;11060ro AeHCTBHTEqBHOTO HJAM KOMILIEKCHOTO A BCeria HMeer
HyJeBoe (TpDHBHAABHOE) pemenne y == 0.

CoBoxynHocTe ypaBreHHA (1) W rpanuuHuix ycaoBHE (2) Hasbl-
BalOT kpaegod 3adaved [typma — Juysusasn (1) — (2).

Te 3nauenns mnapamerpa A, INpu KOTOPHIX Kpaepas 3ajava
(1) — (2) wuMeer HerpHBHaJbHble pemieHus y(x) %= 0, nasbiBaloTCH
COGCTEENHbIMY BHAYEHUAMU, & CAMH 3TH pelIeHHs — COBCTEeHAbIMU
pynryuamu dannold kpaesodl zadauu.

Ypaerenue (1) ectb ypaBHeHHe Jitnepa, OTBeyawollee CJepyio-
well 3amave Ha YCJIOBHBIH 3KCTPEMYM: HaHTH MHHHUMYM QYHKUHO-

HaJa
b

Iyl = I (py’* + qy?) dx (3
a N
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np4 ycaoBHAX (2) H ycA0BHH
[rwar=1, )
a

Ecan sekoTopas ¢yHKIHA y(x) GyaeT peinieHrneM 3Tol BapHa-
LHOHHOK 3azaud, TO oHa OyAeT W pellleHneM 3azauu (1) — (2), ort-
JIHUHBIM OT TOXKAECTBEHHOrO HyJasa B cHay ycaoBus (4). ITostomy
coGCTBEeHHBIE 3HaYeHHss H coOCTBeHHbie (GYHKUHH KpaeBoli 3ajpaun
IIrypma — JIuyBuaass Ha3BBAIOT TakXKe COOCTBEHHBIMH 3H3UEHHUAMH
i Ei))ﬁCTBEHHbIMH dbynkuMaAMH ¢yHKOUoHana (3) nmpu ycuaosusax (2)
H .

CoGeTBennas (hyHKIHS by(x) HAa3LIBACTCHA HOPMUPOBAHHOLU, ecan

fy"’(x)dx=l.

] ITpumep 1. Hafitu coGcrBenHble 3naueduss M cOGCTBEHIIbIE
(hyHKUHH (pyHKIHOHATA

3
111 = [ [@x+3)7y" — ¢l dx (®)
0
npy yCI0BHAX
yO =0, 5@ =0, )
[rwar=1. %
0

Pemenue Ypasuenue llrtypma — JIuyBuana umeer BuT

d
—y— g7 e+ 3)?y =2y
HiH

Cx+32y" +4@x+3)y + (A 1y=0. (8)

VpaBuenne (8) moacraHoBko# 2x -+ 3 == e! CBOAHTCH K JIHHEAHOMY
ypaBHernio ([11}, CTp 143) ¢ nocrosueiMH Ko3hGhHIHEHTAMH

d,2+4 L4+ 1)y=0. (9)

Ero xapaxTepuctuueckoe ypaBHeHHe

4k k+A+1=0 (10)
1 l.lr—-—-'
k1,2=—‘2—‘i? '—A.

HMEET KODHH
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PaccMOTpHM TpH caydas.
1) A< 0. Torpa oGumee peniexse ypaBHeHst (9) 6yner

y (1) = Cie™ + e,

rae ky u ky — felicTBHTENbHBIE uMCJA, 4 3HAYUT, ofLiee pelleHHe
ypanuenus (8):

v (x) = C,; (2x + 3)% + C, (2x + 3)"s,

Fpannunsie ycnommr (6) naswot
Cy-38 + 8% =0, }
C;+ 9% + C,9% =0,

omyaa Ci=0, Co=01n y(x)= 0.

.2) A=20. Toraa ;

y()=(C,+ Cyt)e 2,

a 3Hauqur,
' 1

y ()= [Cy+ CoIn [(2x + N

M2 rparnuHBX yCIOBHI nOJyuyaeMm
C;+Ca;In3=0, }
Cl + C2 In 9= O,

otkyna C, =0, C, =0, a snauur, y (x) = 0.

3) A>0. Torna ky, ;= — —;—‘i i ’/27" H ofuiee pellenue ypas-
nenus (9): ‘
t — _
y()=e * (C,cos ‘/2” t 4 C,sin 127» t).

Ilepexofst K mepeMeHHOR X, MOJYuYHM

Cy cos[ ’g}\' In(2x + 3)] + C, sin P—/QZ\'— In (2x + 3)]
Y (x)= - Verts . —=.  (11)
I'pannunnie ycaoBss (6) pamor

C,cos(’g}b In3)+Czsin( 5 ln3)=0,

(12)

IV \ '
Clcos(]2h ln9)+Cz-sin(lg}° 1n9)=0, J



§ 151 COBCTBEHHBIE 3HAYEHUS M COBCTBEHHBIE @YHKLUMM |47

Cucrema (12) Gynger HMeTh HETDHBHA/MbHBIE DeINeHUA, Korga ee
onpelesuTesb paBeH HY.JIO:

cos ( V2 In 3) sin (ﬂ In 3)

2 2 0
Vi ) . (V % ) -
cos( 5 In 9} sin 5 In9
wam sin (V:Tma-—‘/‘; In 3)=0, T. e sin(V2_Aj In 3)=0, or-
Vi
KyAa — In 3 =nn. CobcrBennsle 3HaueHUs GyAyT:
4n2n?
An——m- (fl=l, 2,...).

Bepn mofGoe ypaBuennme cucremu (12), manpumep nepsoe, H NOA-
CTaBJIfAs B Hero A, BMeCTO A, NMOJYYHM

Cicosnn+4 Cysinng =0
wan C;(—1)*=0, orkyaa C;=0. ITosoxus B (l1) C;=0

4nin? ,
Anzm, MOJyYUM COGCTBEHHHE (YHKIMH RaHHOR 3amaun
sin [nn lnl§l2; + 3)]
x)=0C — n=12...)
#n(x) n Vix T3 (
Kosgdunuentn C, HAXOAHM M3 YCJOBHSI HODMHDOBKH
3
2 .
J Yp(x)dx=1,
o
4TO JHaer
C, = =+ 2
T YVin3 '
a 3HauHT,
) sm[nnlnl(2§+3)]
+ 1 (n=1,2...)

Yn (x)= -_- Vm Vm

B caemyolux 3agayax HalTH cOOCTBEHHBIE 3Haye-
HHS1 H COOCTBEHHbIE (PYHKLHH:

1
224. J[yl= [ (s*+ y")dx,
0 .

yO=y1)=0, [yrdx=1.
: 0
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2 2
225. J[yl= | #y"dx y()=y(2)=0, | pax=1.
: 1 1

e

226. 7[y]={ (64*+ 22" dx,

1

y()=y)=0, [y de=1

2n

%%]whﬁwﬁ—yﬂm,
i P2

yW=y@0)=0, [ sPdr=1.

1

228. J[yl= [ [852— (x+ 1)?y"]ax,

4}

1
yO=y()=0, [ yPdx=1,
0

Co6cTBeHHbIe 3HaueHHs H COGCTBeHHBle GYHKUHHM BapHAIHOHHOIT
3ajgaun (3), (2), (4) oBaanaT PAAOM BaXKHEIX CBOHCTB.

1) Ecat Am M Anp — B3 pAasjAuYHBIX COGCTBEHHBIX 3Haueliis
¢yukuronaaa (3), npu ycaoruax (2) u (4), a Yym(x) u yn(s) —
COOTBETCTBYIOLIME HM COGCTBeHHBIE (DYHKUHH, TO 3TH QYHKUHH Ym (X)
H Yn (X) OPTOrOHAMNBHE T. €.

b
f Ym (%) yn (x) dx =0 (m 5= n).

2) Bce co6cTBeHHBle 3HAyeHHs A, GyHKUHOHana (3) Belles
CTBEHHEL

3) Ecin A, ecTb cofcTseHHOe 3HaueHue ¢yukuuonaaa (3), a
Y= (X) — COOTBETCTBYIOIIAA HOPMHpPOBaHHAS COGCTBeHHAs QYHKUuA,
TO

I [yn (x)] = An.

4) Haumennbilee u3 coGCTBEHHBIX 3HAyeHH{i COBNAfdeT ¢ MHHH<
MYMOM (GyHKUHOHana (3) npH ycnoBuax (2) H (4),
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Npumep 2. HokazaTb HepaBeHCcTBO
n n
fyqﬁdx>fyﬂﬂdn g (0) =y (n)=0.
0 0

n

Pewmenne. Halizem min f y’2 (x) dx npu ycaoBugx
0

n

Jrwa=1 yO=y@=o

0
YpaBHeHHe Diiepa ans QyHKIHOHANA

n
Iyl = f ly”* (x) = 2g? ()] dx
0
uMeer Buj
y’ + Ay =0, y(0)=0, y(x)=0.

CoGcTBeHHble QYHKUHH TOCJERHed 3ajaud CyThb Y. (x) =sinnx, a
cofcTBeHHbIe 3HAYeHHsT An == A2

Haumenbwee cobcTBeHHOe 3HaueHHe ecThb Ay = 1, [Iloatomy,
COTJIacHO CBOMCTBY 4)

11

min f y’2 (x)dx =1,
0

CaenoBateasyo, ani  aioGoik  ¢ymkuan gy (x), Ias KoTopoit
T

J.y"’(x) dx =1, umeem

¢ ‘

n

n
[ wdae= [y ax
0 0

sin x
DTO HEPAaBEHCTBO YJAYYIINTb HEJb3si, TaK KakK OpH Yy (x) =

Va
HMeEeM

11 n

fyf (x)dx=fy§ (x)dx=1.
0 QO
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13
3ameyanue. Ecm f y? (x)dx==Fk* 5 1, T0 3agaua cao-
0
. _yx)
AATCA K OpeAnAayiwel nyreM BBefeHHs QYHKUHH Z (x) == P

IMonb3ysick 3kcTpeMaabHBIM olpejeneHdeM CcOGCTBEHHBIX 3Haye-
HHH, yKaxeM crnocoObl HX NPHOIHMKEHHOro BBIUHCJEHHS C HCIOJb30-
BaHHeM MeToja Purtna. [Ipu stTom ciegyer HMeTb B BUAY, UTO MeTOX
Putua gaer ans cOGCTBEHHOrO 3HAYeHHs NpPHOGIHMKeHHe ¢ H3OBITKOM,

[Mpumep 3. Hailth npubauxkenno mepBoe cobcTBeHHOe 3Haye-

HHE 3aJauH
yﬂ+A2y=0'
y(—)=y(l)=0.

Pemenne 3agava 0 MHHHMyMe (yHKIHOHaIa
1
f y’2 dx
—1
AOpH YCJAOBHAX

p=D=ym=0 u [y @dr=1

SBJISIeTCA H30MEePHMETPHUECKON 3ajayell u CBOAHTCA K 3ajaye O MH-
HHUMyMe (QYHKUHOHaNa

I
J = f (y’2 — AZyZ) dx,
-1

AnA KoTOpoH ypaBHeHue Jiiyiepa COBIajacT ¢ 3ajaHHBIM aHddepeH-
LHanbHEIM ypaBHeHHeM y” + A%y = 0; y(—1) = y(l) =

O6mee peuerne YPaBHEHHs eCTb Y (X) == Cycos Ax + Cz sin Ax.
M3 rpaHHUHBIX YCJ0BHH HaXOAHM

Cicos A — Cysind =0, }

. 13
Cicos A+ Cysini =0, (13)
TaK YTO YC/JOBHEM CYIIECTBOBAHHA HEHYJEBOrO pelIeHHS CHCTeMBl

(13) smBaseTca ycnosHe sin2A = 0 uau A = %

Takum o6pasoM, Ans NepBOro COGCTBEHHOTO 3HAYEHHS HMeeM
2 n
3'1"—"(’5) H OCHOBHOH TOH CTPYHH TOYHO JAeTCH peIleHHeM

Y == €os —’?—, A= %; nepam‘i oGepron y==sinxx, A= m; BTOpOH
06ePTOoH I = COS ~—— 3 7\.- THT A
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, Bynem HCKaTh AJs CPABHEHHs] NPUGJIHMIKEHHO dYeTHble pelleHmst

(4eTHble TOHA CTPYHBI) B BHJA€ MHOTOWIiEHA, PACMNOJONEHHOrO 10 HeT-

HbIM CTemeHsaM x. Bo3bMeM KoopAHHATHBIE QyHKUHH B BHAe @4 (X) =

= x?h-2 2k (b =1, 2, ,..) u OyleM MHHHMU3IHPOBATb (YHK-~
m

nHonan J Ha QyHKUAAX Y (x)=2 ¢,®;, (x). Orpannuusasch

Y1(xX) = c1g1(x), bynem umers J =’ (—g— - i—g-ﬂ), TaK uTo A/
onpejfeneHds ¢y 1oJyyaeM .
o a1 8 16 2)
3c, T 20 (i-ﬁ’“ =0
W Tak xak A04KHO 6bITh 1 7= 0, To A2 = 2,5. Deps B Kauecrse y
 y=cam (1) + s (1),

__2£_._@_z> (1'162> 2 (88 _ 16 .2
J"*(a AR S T +”2<105;‘3_1‘5A>’

H 04 OIpeNeJ€HUA €1 U C2 N0JYy4YaeM CUCTEMY |

O (18 (132 ) g )
, ac,f‘c‘(a , 15*)4'02.(15 105 * __O’i
al (16 32 ., 176 32 2)_
acz_“<15 105‘)4‘02(105—315’" =0

VenoBHeM CylecTBOBAHHA HEHYJEBBIX pelieHHH ¢, U ¢, mocaenHed
CHCTeMB! SIBJSIETCST DABEHCTBO HYJI ONpPEJAEAHTeNs CHCTEMBI, UTO

naer A'— 2827463 =0, orkyma A]=2,46744, A3=2553256.
CpaBuHM HaljeHHble NPUOJAHIKEHHBIE 3HAUEHHSA A% H Ag ¢ TOYHBIM.

! 2
2 a1 2
Tounoe aHauenue A; ecTb (?) ~ 2,46740, TouHoe 3HauenHe A,

ecTb (%t) ~ 22,20661, Tak 4TO moAyueHHOe NDPHOMIKEHHE AJA A“:

BecbMa TOYHO, B TO BpeMsi Kak jAJas BTOPOro COGCTBEHHOIO 3Haue-
HHA' NOJY4YeHO rpyboe-npHOJAHKEHHE:
IMpumep 4. Hailtu nepsoe cobcTBeHHOe 3HaueHHe 3afdayd

y'+ A1+ ) y=0 y(—=)=y()=0.
Pemenne. Bo3bMeM B KayecTBe KOOPTHHATHLIX ~ dyHKUHI
dysaruu @afx) = | —x2* (kB =1, 2, ...), OueBUAHO YJOBJETBO-

psoLIHe rpaHHYHbIM ycaoBuaM. [lpuauMas .

y(x)=c; (I = &%)+ ez (l ~x%),
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[OCTABHM 334y O MHHHMH3aWHH GYHKUHOHANA
1
= [ly' =20+ ¢la
-1

IS KOTOPOTO NaHHOE ypaBHeHHe ecTb ypaBuenue Disepa. Dynem
HMeETh

_ o(8 128) (16 ﬁ) 2(2_5888)
J—”l(3 o5 ¥ t2el5 =35 ) el — 5 )

Ilas onpeneeuss ¢; H ¢, ojayuaeM CHCTeMy

aJ 8 128 16 64 )
e, = 2 (5= 705 M2 (5= 55 =0 i
al 16 64 32 5888
'53"‘2”‘(? )+22(T——3?ﬁ}") =0

Ycnosne CylieCTBOBAHNs HEHYJEBOrO pEIUEHHSA nocJaeJHEH CHCTEMH

naet
5242 — 10682 - 2079 =0,

OTKY/[a, B3fB MEHbIUHH KODeHs, HaxomuM A= 2,1775,
HOpunyun Pasea. Ilycrs uMeeM 3sajauy O COGCTBEHHBIX 3HA-
YeHUAX

L@== 4 (P +a@y=rr @y (9

oy @+py (0)=0, of+pi>0, }

’ 2 P (15)
Il',ue ,zi(x) p"(x), g(x), r (x} menpepmBub na [a, b]; p (x) > 0 na
a, b

Oyuruuio y(x) nasoseMm dJonycrumodi (y = D), ecau oua
ABaxKIH HenpepniBHO JAHbdepeHurpyeMa H yAOBIETBOPSET Kpae-
BbIM ycJaoBHaM (15).

IlpeanonokuM, 4To AJA KamI0H }IOHyCTP[MOP[ $yHKUHH y(x) Bbl~
NOoJHseTCs yCJAOBHe:

b

[ oL @ ax>o0.

a

B stoMm cayuae kpaeBasd 3agava (14) — 15) umeeT aHib AeACTBH~
TeJbHLIe COOGCTBEHHEIE 3HAYEHHS A.

3anaue 0 COGCTBEHHBIX 3HAYEHHSIX MOMKHO NOCTABHTh B COOTBET=
CTBHE CJIeAYIOUIYIO BaDHANHOHHYI0 3313 4Yy:
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CpelH BCeX AONYCTHMBIX GYHRUHE y(X) TaKuX, 4TO
» .
f r(x)y’dx >0, (16)
a
b

[ o2 ax

- . a .
HauTH Takylw, g KOTODOH 5 == Min.,

2
f r{x)y*dy
a
Iyctb y = P1(x) ecTsb pewrenue 310# 3anayy,
Ecii Ay ecTb MUHHMalbHOE 3HAYEHHE, T. e. eCJH

b b
(2O EVATSE
A,:ynéin ab » == ad 5 ,
[reywar [ refdx
a a

TO A1 SIBASIETCS HAHMEHBIIMM IOJIOXHTENbHBIM COGCTBEHHLIM 3Hauye-
HHeM, a WP3(X) — cOOTBeTCTByIOILefl eMy coOCTBeHHOIT QyHKIHeH.
Ecau Ha ponyctHMble yHKUHH, KpoMe ycioBHs (16), HaTOXHThL

enle OJHO YCJOBHE
b

f rmp,ydx%o

a

(yc/10BHe OPTOrOHAaJALHOCTH), TO 3ajava

b
f yL(y)dx

b
J- ry?dx

a

= min

cHOBa 6yJeT HMeTb HEKOTOpOe pelenne Pz (x).

Ecan As — COOTBETCTBYIOLlee MKHHMaJAbHOE 3HayeHue, TO Az 6y-
JleT caefylomuM Mo Bennudde (A2 == Ay) COGCTBEHHBIM 3HAYEHHEM,
a Po(x) — COOTBETCTBYIOLIEA eMy coGCTBeHHONR ¢yHKUHeH, OpTOro-
HaJbHOH K P1(X). Booblue, ecjau yKe M3BEeCTHH NepBbie k& NOJOKH=
TeNbHBIX COOCTBEHHBIX 3HAYEHHH

M<K o<y
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H COOTBEeTCTBYIOLLAA HM OpTOTOHANbHAsd CHCTEeMa cOGCTBeHHBIX
byHKuHE

"pl (x)’ \IJ2 (x)r sy "pk (x)’

TO caeayrouee co6CTBeHHOe 3HaYeHHe paBHo

b
f yL (y) dx

.. a
lk.ﬂ = min
=

b ’
J. ry’dx |

a

npHYeM Tenephb PACCMATPUBAIOTCA Te AonycTumble dyHkuuu y(x),
I KOTOPHIX, KpoMe (16), BHIMOMHEHB! C/ERYIOULHE [OMOJHHTe/LHbIe
ycaoBus:

b
[roe@yma=0  =12.., 8.

Ecau B ypasueunn (14) dyuxkuust r(x) >0 wa [a,b], To aaa
OUEHKH CBepXy HaHMeHbINero [OJIOXKHUTENALHOTO COGCTBEHHOTO 3Haue-

HAA Ay 4YacTO HCNOML3YIOT CJejylollee HEPaBEHCTBO (NMpHHUMN
Psaes):

J. ry*dx

a

Mpumep 5 C nomoupwo npuuurna Panes ouennts M s
caenylollell KpaeBok 3anaum:

—y'=hiy y(O0)=0  y{i)=0.

Pemenne. B pamem cayuae L(y)=—y", 1.8 p(s)=

=1>0, g(x)=0 # r(x)—l>0 wa [0, 1]. O‘eBHﬂHO a; =0,
ﬂl--l @, =1, B =0, Tak uro o.,+[5,——l>0 u)+52=l>0
B kauecTBe A0nycTHMOR (QYHKUHA BO3bMEM y(x) =1 — x? coraacuo -
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npunnuny ‘Pajes 6yaem mmerhb

1 o
[rwar  [20-mar 4
0 0 3
a< =4 - =25
J‘rdex J‘(l-—x"’)dx 15
. 0

2
L%
OTMEeTHM, YTO TOUHOE 3HAYCHHE M=——4— ~ 24674,

B caenywoummx 3agayax OLEHUTb HauMeHbIHe colcCT-
BeHHble 3HAYEHHS:

229. — y”"=Ar(10— 22 y; y(—1)=y(1)=0.
230. —y”"=Ay; y(0)=y(1)=0.

Meron Kantoposnua (MeTon npHeefeHHsI K OGBIKHOBEHHLIM IH(-
depenuraJbHLIM YDPAaBHEHHSIM) TaKke MOXeT ObiTb HCHO/Ab30BaH B
3ajaue pasbiCKaHUs COOCTBeHAbIX 3HadeHHH u dyHkuni. Ilycts, Ha-
IpHMep, HMeeM ypaBHeHHe

Az Az=0
B o6aactu D u nycrs
2|p=0,

rae I' — rpanuua obaactu D,
ByaeM HcKaTb pellieHHe B BHJAe

m

Zn= 2 @, () @, (5 9) - g (5 ),
== ]

npuueM XoopaunaTHbie GyHKUMH @p{Xx,y) ¥ Heu3BecTHue NOKa
¢yHKuME an{Xx) BbifepeM Tak, uTOGBl 2. (X, Yy) obpalladuch B HYJb
Bciogy Ha I'. @yHKnuu o(x), az2(x), ..., @m(X) AOJNKHE ynOBJeE-
TBOPSITh CHCTEMe ypaBHEHHH

[Bent22,]0pdy=0  (k=L2...m (7

Dy

n ofpamartbcsd B HYJAb NpH KpadHHX 3HAUeHMsAX aprymeHta. 3Aech
D, —- ceueHne obnactu D npsmoit x = const.

Te 3Hauenuss D., npu xoropuix cucrema (l17) HMeeT HETpH-
BHAJIbHO® pelleHHe, AaAyT NPUOIHIKEHHYIO BeNHUHHY COGCTBEHHBIX
3HauyeHHH, a CcaMH pellleHHs AanyT npHOMHXKeHHe K COGCTBEHHBIM
GyHKIUAM, . ;
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Mpumep 6. Hafith npubinxenso NepBoe COGCTBEHHOE 3HAS
yeHHEe M NepBYIO COGCTBeHHY0 QyHKUHIO 3alauH

Az + Az=0, zlp =0,

rae o06aacte D — OpaMOyroJbHuk: — a <L x<La, — b <Ly << b,
Pewenue, HMimem pewenne sagaun B BHIE

21 (x, y) = (y* — b%) a; (x).
Ypasuenne (17) B 5TOM cayyae npHMeT BHJ

b

[ 20+ (2= 070! + 267 = 67 0,] (4" = 6%) dy =0
~b
. 16 16 8
5 ” 5 3
15 %] +(1—5bx—§b)al=o, (18)
e {—a)==qa,(a)=0.

O6uee peuwenne (18) ects
a(x)=C,;sin "/A, ——-‘vx+C2cos ]/A sz . X,

YuuThiBas CHMMETPUIO 3a7ayH H BLIOHDAS 4aCTHOE DELICHHe, NOJYs
yaeMm
c,=0, C A— o a=0
=Y, 2 COS '_‘2b2 a=\,

OTKyJa fCHO, YTO HETPHBHA/bHOE DCIUCHHE I[OJYYHTCA TOALKO, €C/H

1/x—% a=(k— 1)3;

(2k — 1)t n? 5

= e

B yactHocTH, And & = 1 HaxoguM

I
b=y T

BMECTO TOUYHOTO 3HAUYCHHUA

n? n?
= oy T

Ownbka menbiue 1,3%,
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Jasi nepBofi co6¢TBEHHON GYHKUHH MoNyuaeM NpHOIHKEHHE
X

= (2 — b2
2y (x, y) = (y* — b%) cos 2,

¢ B cnemyrowux 3ajauax HafiTu npubauxeHHo nepsoe
COOCTBEHHOE SHAYEHUE: 7

231, y” 4+ My=0, y(0)=y (1)=0.

232, y" 4+ A2+ cosx) y=0, y(0)=y(n)=0,

233. HafiTn npuban:kenno nepeoe coOCTBeHHOe 3Haue-

HHe 3aJauu
Az+Az=0, =z =0,

rie obaacts D — Kpyr eAHHHUHOrO pajuyca ¢ UECHTPOM B
navajie KoopAuHaT,



OTBETbl U YKA3AHHU4

1. a) fmin=0 B Touke (0,0); 6) fmax==1 B moure (0,0);
B) sxcTpemyma HeT. 2. DxcTpemMyMma Het. 3. fmip== — 8 B Toukax

W2, -V?2) u (— Y2, ¥2); B rtoure (0, 0) skcTpéMyma HerT.

4. fmin =0 B Touke (0,0); B TOUKAX OKPYKHOCTH x° 4 y =1 umeer
MEeCTO HECTPOTHH MaKCHMYM. 5. fmax=<V 3 B Toure (1, =1).6, fmin =4

B TOuKe (%, 1, 1). 7. fmin=—1 B 7Touke (1,0). 8. fpin=
3V3 2n  2m), _3V3 (EL £)
= — g B TOuKe (~3—, 3 ),. fmax = g~ BTOUKe {3, T
ni4n+2
9. fmax = ——1———) 2 npuxl=x2=...=x}z=—2—
¢ fmax nHnt2 ‘ ntn42*

11, Her. 13. Hucaa a, u 51: JNOJKHE GbiTh KoadduunenTamun Oypoe
1 1 1
HH . 14, = -—— B TOUKEX [—==, == ——| d
bynK f(x) fonin 5 , <ﬁ , % )
! 1 s f -—-—1— B TOYKaX (—1 —1-—)H<———l—
( V2’ V‘Q')’ M g V2' V2 V2’

1 36 18 12
—_ ————) 15. fmm=-E B TOYKE (Tg, -———) 16. fmin=4 B Toy-

Ve 13

4 4 4 7
kax (2,2, 1), (1,2,2) # (2, 1,2); fmax =4 - B TOUKaX (g = 3)

27
(24,4
3’ 37 3)

B TOUYKE

a? .
). 17. fmax==e *. 18, fpm=1

3 3
—_ _— — ], R =—9
5’ 5 5’ 5) 19 fmin

B Touke (—1,2, —2); fmax==9 B Touke (1, —2, 2)., 20. fmax=—§

(_4_1_4_
3'3' 3

3 fmax=11 B Touke (—

T n ;
B TOUKe ( —). 2. YRkasauune, Hckarh MHHHMYM ¢QyHK-

6’6’6 .
IIHH z=%(x"+y”) npu ycaoBHH x4+ y=3S. 22, ¢4 23. 415/5 .

[ = o

24,

19V2

g+ 25. Keazpar co cropouofi a=RV?2., 26, Pamuyc
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R 1/ ) 2
OCHOBAHHSA UHAHHAPA F == — 24—, BricoTa A=R ]/2————_:.
2 V5 V5

27. Tlepsuifi. 28. Bausocts JoGoro mopsaaxka. 29. BauzocTs J06oro

nopsinka. 30. p=e~ . 3l.p=1. 32 p=ec—1. 33, p=e— I
2n 43
6

38. Paapusen (paccmmpe'rb NOC/AeA0BATRABHOCTD Yy, (X) =

34, py = . 35. pjoo1 =e. 36 HenpepoiBen. 37. HenpepuBen.

sin nx)

39. a) Paspusen; 6) Henpepuaeu.zm. a) PaspuiBen; 6) HenmpepniBeH,
—e

4), Henpepusen. 45, AS =

5 -
48,
’ a Al 67 o?
Al=0 + —
! 1,2 1 t5
-—0,1 —0,098 —0,1 o —a
0,01 0,01002 0,01 -
21 3 2 .
49. AJ=_§_(6_’_4_)G+6(3__6)0‘2+_05__; of = 3 (e ) 1) .
«a 87 Al

1 4,7919  6,6821
0,1 0,4792  0,4963
0,01 0,0479 0,0481

50. 1) Ha; 2) na; 3) na; 4) wer. 51. 8/ [yl=2/[y] 6/ (y].

53, AJ =3k + eil k% 8 =3k

k AT 87

1 4,582 3
0,1 03158 03
0,01 0,03016 0,03
5 8 5
5 — L p2. —_ 2
a4.Al——3k+7k,6l 3k
' & Al 67

( 2810 1,667
0! 0181 0,67
0,01 00168 10,0167

55. AJ = -g- k2 8J = 0;
k 87 Al
—1 1,3333

0
0,3 00,1200
003 0 00012
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b : b
57, 8 = _[aydx. 5. 8/ =2 _[ (y dy — o’ 8y") dx.
a

1

59. 87 =2y (0)- 89 (0) + [ (xy+ 2y 8y') d.

<)

60. 8 = f (¥ cos y by + sin y by’) dx.

b .
61. o =f(af 5y1+—féj + o+ i
J Oyl 0_1/”

62. 8% [y, y] =27 {8y, by].

éyn) dx.

63. 8% 9 — oF W ((8F)* + 8°F).
b m
02 F
65. 827 == 2 —_—— 3y® 8, g,
(k) 5,1}
a k,I=0 Oy 0y
66. 621_“ [F (020 F”, b2 82, + .
G
HEN +F”, . (Gz )]dxdy.
y y
b n
2, ”
67. 6J_f [ Z Fy, %9: %9, + Z F” by, 8y +
a Li k= k— Yilk
+ 2 FY, /. o) GykJ dx.
i, k=1 v

68. Beectn B paccmoTpenne (QyHKIHOHAJ
I g+ an] =0 (a)
H BOCTOJb30BAThCS BTOPHM ONpefeseHHeM Bapuailnd. TpeGoBanue
0/ =0 NPHBOZMT K WHTerpajJbHOMY YpPaBHEHHIO

b
jx(s, 1) @(s) ds + @ (t) — f (t) =0.

69. ITocTynaa aHaJOTHYHO TOMY, KAaK CHREJNAHO B MpeluaylieMm
npuMepe, HAXOZHM, YTC (YHKUHOHANTbHOE ypaBHeHHe JRJepa, BHpa-
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JKaolee ofpalieHie B HYJb epBof BapHallHH, “umeer caepytowui
BHI: .
(re) —o(x+2)—o(x—2)+o(x)+7(x)=0.

370 — cMewanHoe AHQdEPEHIIHAALHO-PA3HOCTHOE YPaBHEHHE,

h(2—x
70, — (po’Y +qo=F(x). 7l.y=—x% 72 y=i(§th‘)"

73. Ilse skcTpemasH -

1+(3+2V2)(2x—1)2
4(V2 =1) -

3 — 3 —m———
74, Ise  srcTpemanu y=V(x—|— 1)?%, y=V(3x - 1)%,
75. y=(C 4 x)sinx, rie C — NpoH3BOJLHAS MOCTOAHHAA. 76. y ==

R —_ _ 7 1, 13
2[e + (1 +e)xe 1]. 77.y—6x——6—x.78.y—-€x—-
{

-5 ¥34 2. 79. y=In x. 81. Murerpan He 3aBHCHT OT IIyTH HHTe-

TpHpOBaHHUs; BapHAUMOHHAd 3ajauya He HMeeT CMHCTA. 82, y==0,

ecan a=0; npy a =0 raagkoif SKCTPeMaJH He CYyLIECTBYeT, -

83. y=cosx. 84. y=cosx 4 Csinx, rae C — NpoH3BOLbHAS 10~
sh x -~

crosinnas. 85. y=ux + 1. 86. y-—-—TlT 87. y=¢> 7% 88. Her

SKCTpemaJel; ypapHeHHe Dfiyiepa He HMeeT pelieHHIH. 89 y=Cy4

o Cox — -, 90. Her skcrpemareit. 93. y=C,e‘+C2e_x+%xe .

4
94. y=2chx. 96 y=i;l—‘:nTx. 97. y=2x. 98. OKpyKKHOCTb
1
-1--—1( 99, y= (1 — x) sh x. 100. y————(x3—|-6x—|-1) 101. DxeTpe=

MyMa Her 102. BapuanHoHHass 3ajaua He HMeET CMBICJA, TaK Kak
TI0J, 3HAKOM HHTErpaJia CTOMT NoJHbIH Andpdeperunal. 103, y (x)=sh X.

[ y (x) = sin 2x,

1
104. y==?x2 105, l (x)=_——+32+n2 N
106. Iy(x)=’_.l.(xa+5x_.5), 107 {y(x)=sinx.
lz(x)_x | z(x)=sinx.
=— 1,
108, 'y(x) +
z(x)=1,

0z\? 9%z 9%z
110. (ax) -W_l_(dy) S =1(xy). 1. Mr=0,



182 OTBETHl M VYKA3AHHSA

e #.8 2 P (ai(xl,...,x) )+c(xl,...,' W) 2=
R ,
‘ —f(xl)"')xﬂ)
113. Pemen e 3anaua craBuTCs Tak. Cpead noBepXHOCTEH
= f(x,y), pacnojoxensbix Haa obuaactbio D nuockoctn xOy u
MPOXOASLIHX uYepe3 3aJaHHYI0 3aMKHYTYIO NPOCTPAHCTBEHHYIO KpH-
BY10, HMeIOUYIo CBOel mnpoekiHell rpaHHurylo KpuByio I' obaacth D,
HAWTH TaKylo, MJIOWa/]b KOTOPOH

o 'Df Vﬁ—@‘i‘_’i__q)i dx dy

MHHMMaAbHa - (3anauva IlaaTo). Has atolt 3anaud guddeperinanb:
HOe ypaBHeHHe Jiijiepa ecThb

4 Px 4 a Py
“Vitg+ad  "Vitol+a
WJIH, B Pa3BEPHYTOM BHE

e (1 ) — 20,4, 0,9, + 0, (1 4+ 95) =0.

370 H ecTh HcKoMoe aHddepeHiiHanbHoe ypaBHeHHe MHHHMAJbLHLIX
noBepxHocTeH. @PH3MuecKOe oOCyUleCTBJeHHe MHHHMaJbHOR IOBepX-
HOCTH /1a€T, HATPUMED, MBIIbHAS IUICHKA, HaTAHyTas Ha TPOBOIOY-
HYIO TIeTJIIO. -

114. z(x,y) = y. 3anaua HMeeT €UHCTBEHHOe pelleHHe, XOTsd
rpaHHuHbIE YCJOBHS 3aJaHHl He Ha BCel rpaHmule.

115, rcos @+ Cy=ClIn Irsincp—l- Vrzsin2cp—C%

117, x%cos C; — y? cos Cy — 2xy sin C, = C,.

118, L[empaﬂbnoe noae. 119. a) Co6cTBenHoe node; 6) uen-
TpaJbHOe - moJie; B) moas He ofpasyior. 120, CoGcTBeHHOe mode.
121, a) LlenTpanbHoe moJe; 6) moas . He o6pazyloT; B)-COGCTBEHHOE
none. 122. a) LlenrpanvHoe none; 6) coGCTBeHHOe MoJe; B) MoJas
He o6pasyioT. 123. lons He o6pasyioT, Tak kak 3To ceMeHCTBO KpH-
BbIX MOKpLIBAeT He Bcio obsacts D. 124, y = Cy ch x o6pasyoT cob-
cTBeHHOe noJie 3KcTpeMasedl; y = C»sh x o6pasyior neHTpambHoe
nose akcrpeManefi. 125. y = Ccos ¥ o6pa3ywr co6CTBeHHOe Io.e
akcTpeMadnelt; y == Csinx o6pasyioT I1eHTpaJbROE INOJe 3IKCTpeMa-

., x
nefl. 126. DrcrpeMans ¥ = 3 (1 — x?) BrmOyaeTcs B HeHTPasbHOE

3

. X . .
noJsie 3KCTpeMaselt y=C,x——6— ¢ ueHtpoM B Touke O(0,0).

127. BkeTpeMann Yy = e MOXKHO - BKJIOWHTb B .COOCTBEHHOE MOJe
skerpeManel y = ex -+ C. 128. Ecin a << m, 1O 3KcTpemans y = 0
MOXRO BKJIOUHTh B LEHTpajibHOe MoJe 5KcTpeMasedl y == C'sinx
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c ueutrpoM B Toyke O(0,0). [Ipu a > m ceMmeficTBO KpPHBBIX
y = Csinx nons #e o6pasyer. 129. Skcrpemans y == x 4 1 BKJIIO-

yaercs B co6cTBeHHoe nojge y = x4 C. 130, y = — 14—

131y (—‘%—x) =0.132. y2 — 1 = 0. 133.0%(1,0). 134. Conpsskentofi

Toukn HeT. 135. Brinosnnsercs. 136. Bwinosnnsiercs npu moGom a.

137. Ycnosue ko6 BbUIONIHEHO. DKcTpeManp y == 0 MOXHO BK/HO-

YHTb H B LEHTPaJbHOE H B COOCT3EHHOE NoJe sx%TpeN{aneﬂ. 138. Ycao-
a

BKJIOYHTh B LEHTPaJbHOE IoJie SKCTpeMasell ¢ HEeHTPOM B TOUYKe

A(0,1). 139. Ycnosne 9ko6nm He BrinosHexo. 142. Jla. 143. Ha.

144. [1a. 145. Ha, Ho ycaoeue JlexanJpa BHIIOJHEHO JHIUIb IPH

BHe {IKOGH BHINONIHEHO. -JKCTpeManp Y = x+ 1 wMoxHO

z—<l. 146. Ha oyHKUuMH y = €% pJoCTHraetrcst CHJIbHBII MHHHMYM.

147. Ha ¢yHKuuu y == 21In (x 4 1) nocTHraeTcsl CHJbHBII MHHHMYM.
148. Ha ¢yHkuun y == x? poctHraercd cnabuii Muunmym. 149. Ha

npsaMoft y-=—a—x nocturaerca caabuifi MuuumyM. 150, Ha kpuso#t

_In{l+4+x)
Y In2
Y == cos x + sin x gocTHraetca CHJBbHBLIA MakcHMyM. 152. 3xcTpemyM
Ha HelpepbiBHBIX KpPHBBIX He JocTtHraercs. 153. Ha mnpamoit y =
== 2x 4+ 1 pocruraercs caabuii MunuMyM, CHJIBHOrO 3KCTPEMyMa
Her. 154. Ha skctpemann y == 2x — | [QOCTUraeTcs CHJbHBIT MUHH-
MyM. 155. Ha skcTpemanu y = x2 [OCTHraercsl CHJIbHBIH MHHHMYM.
156. Ha skcrpemamu y = x—1 pocturaercsa caabuli MHHEMYM.

JOoCTHraeTcsl CH/abHBIE MHHMMYM. 161. Ha Kpusoit

157. Ilpu | b < V%_ Ha SKCTPeMaJiH y = —b—x JocTHraercs caaGbii
a
a a
MUHHMYM, a npu| b| > —— — cna6uii Mmakcumym. [lpu | b| = ——=
y pH V3 y | V3

3KcTpeMyM  He  Jocturaercs. 158, Ha  skctpemanu  y =

3
=Vig" ="« + p” npu p % q nocruraerea cnaGuit Mumn-
MYM; NpH p = g 3KCTpeMaJbl0 SBJAAETCH MPAMARA § == p, AOCTABJAIO-
mas caabeifi MHHHMYM.

sh——ff

_ Ve
1
sh ——
Ve
nuonaay cHAbHBA MHuuMyM. 6) I[pn £<0, le|>—:_:—2 9KcTpeMalb

159. a) Ipu e>0 3KCTpeMadb y = nocraBaneT Qpyux-

X

Vel

=" AOCTABJAAET (PYHKUMOHATY CHJIBHBLA MaKCHMY M.

sln—l—
Viel

sin
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B) Ilpn & == 0 peweHne 3KcTpeMaJibHON 3ajaud B Kjaacce HenpepHB-

HEIX (PYHKHHI He CyLLecTBYyeT.
x-1

PaccmorpuM OYHKRHHIO Yo (x) = e Ve (e>0), asasiomyiocst
pelwiendeM ypaBHeHHft Jiyiepa ey” — y = 0 mas DaHHOTO (YHKIHO-
Hana. OyHKUHA ye(x) ylNOBIETBOPSET rpaHHYHOMY ycaoBHio y(1)==1
TOYHO, a BTOPOMY TpaHHuHOMY ycaoBHI0O y(0) = 0 oHa He ynoBJe-
tBOpseT. Oanako hm Y (0)=0. IIpu &€—0 noaywaem u3 yg(X)

«IpeesbHOe peLueHne»

0, o<x<],
y (x) =
I, x=1.
160. dxcrpemans y=__2_1n_fnl_;-_£)_ naeT  CUJIBHBIA MH-
nuMyMm. 161, Ha skcrpemanu y(x) = 1 HMGE\/[ CHJ/IbHBEIT MHHHMYM.

162. Ha 9KCTpEMaJIH y(x) ——-—f—;—-x IpH —< VS JAOCTHraeTcs cJjaa<

s
Bniit MHHHMYM, TIpH %> V3

_ 2
b V3 .
- =T Haxe cnabeiii  sKkcTpeMyM He pocTHraercs. 163. Ha

b .
npaMoi y=— * TIpH b < a pocturaercs caaGblii MHHHMYM; ODH

LOCTHraeTcst Clabblii MAkCHMYyM, NPH

b > a— cnaGuiiMakcHMyM; npi b == a V'3 — CHABbHHE  MaxKcHMyM,
a npu b<<a)l/3 Her HY CHABHOTO MHHHMYMa, HH CH/JBHOTO MAaKCH-
myMa. 164. Ha skctpemann y = 2%, 2 = 4x pocTHraercsi cnalbiit
MHHHM yM.

y=x
165. DKcTpeManblo siBaAseTcs napagosa 9 , KoTopas
2=x*—x
BKJ/1I043€TCsi B LeHTpaJbHOE NoJie SKCTpeMasnei
=ax
e Q)
z=1x’4fBx

(o, § — napamerphl), ¢ uentpoM B Touke (0,0, 0). Buimonnenue ycu-
JeHHBiX ycnoBui JlexaHnapa ouesnaHo. [TokaxeM, uTo Ha oTpeske
0<<x<{1 He comepXHUTCH TOUKH Xx* CONDSAXKEHHOH ¢ TOUKOMH
x==0. JIasa 210r0 A0CTAaTOYHO yéﬂnmbcg 4YTO IKCTpeMa/lH ceMedl-
ctBa (S) He mepecekaioTCs ¢ JaHHOM 3KCTpeMaabio npu x <[0,11
B camom pene, pomyctuM, yto B Touke x* & (0,1] nepecekatorcs
KakHe-HHOYyab JBe 3KcTpeMaiH cemeiictea (S). Torma 6yzeM Hmeth

ax® == a,x*, 1
2 Brat = 2" B, j

OTtciopna BBITEKaeT, 4TO o4 = o2 H Py = Pa. ClieoBaTenbHO, HH-
KaKHue JiBe pasHele 3KCTPeMa/H He MOryTt nepecekarbcsi. Takum 00~
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pa3oM, ycHJeHHoe ycioBHe fkoGu BhnosHsercss Ha orpeske [0, l] H
BOOGIIEe HA JIOGOM OTPE3KE KOHEWHOH AJMMHBL
— C,

——C-l——- — A Hpo-

u3BOJIbHEIE mocTosiHHBle Cy, Ca M mapaMeTp A OlpefensiioTeA H3
YCAOBHH

166. CemeiicTBo 3KCcTpeMmanest y (x) =C,ch

XO~CQ
¢

Xy
fVl—}—y’Z dx==C,<sh x;acz — sh xoacz)= l

x,——02

Yo=1C;ch — A, Yy;==C,ch 8 — A,
1

167. y(x) =3x?4+2x 4 1. 168 y(x)= * 2sinnnx, rae n-—

ueinoe uucao. 169, y(x)=i(2x—-x2). 170. V6. 171, r=R,
) "VTo

2=0C, + Cyp. 172. A V20, 174. 2V 2 — 1. 175, =——.
_ V5 10

178. —‘/—2“— 179. V17 + 476 (-2-—1/6). 180. 1. 181. Ecam

cos x; 7= 0, TO BKCTPEMYM MOXET JOCTHTaThCs JHINL Ha NPIMOH

y = O’ i .
. Ecan xe cosx; =0, T. e. %= ) + nm, rme n — yeJoe

z2=0

gHeao, To Yy = Cysinx, 2= — C, sin x, rie C, — npousBOJbHAA TIO~
2

crosuuas, 182.7 (A, B)=4cth 1.183.7 (4, B) =2—56. 184, y=2x°,

185. JlomaHEle JUHHH, COCTaBJeEHHEIE U3 OTPE3KOB NPAMEIX §y =X M
y=1 Hau H3 oTpeskoB mpamelx y=0n y=x— 1, paoT a6co-

JMIOTHBEIA MHHHMYM. Ilpamas y=-2—x AaeT CJaGHH  MakKcHMYM.

186, y==—x npu 0T X<, y==x—2 npn I<x<<4H y==x1py
O<x<3 y=——x+6 npu 3< x << 4. Ha Toft & Apyroi somaHno#
¢YHKUHOHAJN NOCTHraeT a6COJI}OTHO_I‘O muaumyma. 187, He cymecr-

0, x<C0,
eyior. 188, y=
y y {x, x>0
yz yl

TO CYI{ECTRYIOT ABa Pa3phIBHBIX PEUICHHS —

189. dxcrpemand — NPAMBE JHHHH.

Ecar

© JIOMaHHe Jmmm, napannenbnme fHcceKTpHCaM KOODAMHATHHX YTIJIOB.
190. IIpsiMas y = xig @, coenHnAwOmas 3aJaHHLE TOUKH, HaeT CJa-
6o1it MakcuMyMm, eca 0<tg @< m, cabuit MUHEMYM, eciH n< tg @ <
< 2n, 4 T. A. JloMaHas JIMHHSA, COCTABJIEHHAS H3 OTPE3KOB INPSMEX,

an —
TaHreHC YTJ0B HAK/JIOHA KOTOPHX paBeH —g 7 (n — nenoe

YHCJI0), AaeT CHJAbHHE MHHHMYM,
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191,
3 16
5 Isr<—=
e 16 34
y(x)=3 £V9—(x—5), ‘T<x<—g“a
3(x—10 34

192, dkcTpeMalH — SJVHICH

_("_ic"f_l)"'_l_ﬂi:_-l 0
2

c;

¢ uneHTpamu Ha ocu Ox. TIpaunna ponycthmoi ofnacTh ompene-
Jsiercss ypaBHeHHAMH y =0 n y? = +£2(x— C;3) (mocjefHee ecTb
pewenre ypasHenus | —y?y'?=0). Ilapamerpur C; u C; noabu-
paroTest Tak, uTo6b saannc (1) mpoxonua uepes 3ajaHHbie Toukn A
u B. Ha ayre saaunca ¢yHkusoHasn pocturaer Makcumyma. Ecniu
nyte or Touku A jo Toukx B BHOpath mo Ayram AByx mapabos
(M, BO3MOXHO, IO OTpe3Ky mpsmoit y = 0), TO HOJNYYHM paspblBHOE
pellleHHe, Ha KOTOpOM (YHKIHMOHAJ NOCTHraeT MHHAMYMa (min J==0).

2.2 2 2
193, 34 X% dp X'y g4 dy P dp_ P

dx 4p? * dx - 2p " dx T 2xy’ dx = 4xy?’

dy, _ pi dp dy: _ Py dps __ Q!ﬂ P
196 x 2 dx =0, de 2 '2 d =2 197'dx T 2y,
dy; _ P dpy _ P dp, __ P2
de 29, dx 4t dx 445
dy, P1 dy, —  dp, dp,
e (ST — ——— _——— T — — =O
198. g% 27 x Ve dx =% dx ’
dy, e D1 dy; _ dp; __ dpy, _
T2 @ SV = g =0
199, y3=Cyx*4+Cy -  200. y®=In?x. 201, x=C X
|
X J ——.;.—L—+C2. 202, Ha sxcrpemann y=—x~—2x—-'—
Vay—ct |
JAOCTHrAeTCs CHJBHHA - MHHHMyM: min J=—§— 203. p(x, y)==

=
_y—=x

2y OKcTpeMat — NOJYyOKPYIKHOCTH Y = VCl —(x—Cy)
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¢ nesTpaMu ma ock Ox; y=1 2C;x — x? — sKCTPEMaJd, NPOXOas-
mue uepes . Hagawo O (0, 0); mnote -— BEPXHAA. NOJNYIIOCKOCTS.
204. Jiyra okpyxmoCTH ¢ uentpom B Touke 00, 0), npoxonsmas

yepes Touky -M; (X1, y;) naeT cunbHHA MHHHEMYM, 205, xF(y)-— C.
206. daauncy 3x2 — 8xy 4 6y2 = C. 207. x°+ 2y —3xy*—2x%y=C.

208 f=Vi+y” 200 f=w Vi, 210 f=xyy?
211 f= 'l/ ( T+ )(x vt 4y ) 212. Uenuas Junus.
213. Y kasaune, Hurerpan peficreig J= f ‘l/—+2h>(
2
X Vp + o'’ de. 214 Tpaem‘opnn— SJNHNCH —- i + 2h2;l/_ -
— _2_C2§.ﬁ_ Xy = sin? B . 215, Tounoe pelneHHe y——sh—f—-—x
V€ (2h —C) k shl
216." Tounnie pemenns, a) y =0, 6) y=x. 217. Tounoe pemienue
yz—é (#? — x). 218. TouHoe pelunenne y= 2s;h2x — x. 218. ¥k a-

3aHHe NPHGMHKEHHOE peuleHHe HCKaTb B BuAe  Yyp (x) ==
n

= (1 — x?) 2 akxzk. Tounoe pewenne y== cos—y—c—‘z . 220, Yka-

2
k=0
3aHMHE B KayecTBe KOOPJAHHATHOHR GYHKUMH B3ATb - Xy; TOrja
b2 — a? Ly .
2z = b2+ = xy. 221, YkasaunHe .B KayecTse KOOD IMHATHEIX
dyaruuit  B3ATE Qo (x, Yy =x2+y% @1 (¥, y)=xy(l —x—y)
@ y)=xy(l—x—y) ..., §n(x, y)=x"y (1 — x—y). Torpsa

z3(x, y) = x* + y? 4+ xy(l — x — y)[3,0401 — 0,0562 (x. 1+ x?)].
222, YK asadue neppoe npubJiMKeHHe MCKaTb B Buae 2y(x, y)=

x? 3 X x?
A 2 e D = .. _— 2 -
= (y 3 )u(x). Torna 2, (x, y) 4 (1 6)<y 3 )
3 1 1—35 2.35
223, 2y (%, y)——'—l-z<y2—-§—‘x2)( 3t T—% x—5 — 1).‘

224, Ap=14ni?  ya(%)==V2sinanx (n=1, 2, ...).

sin (—nﬁ-ln )
ng %

In22 4 4p2n?

225, A, = s Un(x) = = 228 A=
‘ 41n?2 Vinyz Vi
25 4n?n2 . 5 i
CBhwn g VEsinGmlng

4 Vx
227, Ay =1—1% yp(x) == ]/;2; sinpx (B=1, 2,...).
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228,
, [m‘:ln(l+x)]
13 1n2 2 4+ 4nn2 sin In 2
Apm — ST g ()= e
- Vinyz viFs

n=1,2...)

229, Bepem y=1— 1%, noayuum A, g—%%. Tounoe suauenue

1
11-——_4‘.

yeHHe 7L,=n2. 231, Arf=l~0; TOYHOE 3HAUEHHE Af=n2, 232, 2,=0,493,
233, A, =6; z (x, ) =a(x2+y?—1).

230, Bepenm y == x (1 — x), moayuum A; << 10. Tounoe aua-
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