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MPEJUCJ/IOBUE ABTOPA K IEPBOMY W3JAHHIO

B jurteparype N0 MEXaHMKE HET €IMHOr0 OO6LIENPUHATOTO
TOJKOBaHHS TEPMHHA «aHAJAUTHYECKas MeXaHuka». Hekoropsie
aBTOPHl OTOXAECTBJAAIOT AHAMMTHYECKYIO MEXaHHKY C Teoperu-
yecko# !). Jlpyrue CYMTAIOT, YTO ONPEAEASIOUIUM TPHU3HAKOM
aHAJUTHYECKOR MEXaHHKH SIBJSETCAd M3/10KeHHe B 006006LIEHHBIX
KoopauHaTax. Tperbsl TOuKa 3peHus, U3 KOTOPOH HUCXOAUA aBTOD
9TOH KHHTH, Ha3BaB ee «JIeKuuaMu MO aHaJUTHYECKOH MeXaHHKe»,
COCTOMT B TOM, YTO dHAJAMTHYECKas MEXaHHKa XapaKTepH3yercs
KaK CHCTEMOH H3JO0XEHHS, TAK W ONPEAEJCHHHIM KDYrOM BOINpO-
COB, B HeH paccMaTpHBaeMbIX.

XapaKTepHBIM I/ CUCTEMbl M3/M0XEHHUS aHANMTHYECKOH Mexa-
HHKH $BJASETCA TO, YTO B €€ OCHOBY KJaayTCa OOLLME NPYHIHIILI
(1uddepeHnranbHble UAM MHTETpajibHBIE) U YK€ U3 STHX IIPUH-
LMIIOB AHAMMTHYECKHM INyTEeM IMOJy4yaloTcsi OCHOBHbE auddepeH-
IHMajJbHLIE ypaBHEHUs aBuxkeHus. ManoxmeHne o6mux NpUHLHUNOB
MEXaHMKH, BHIBOA W3 HUX OCHOBHBIX Iu(depeHuuatbHHX ypas-
HEHMH [OBHMXEHHS, HCCACIOBAHME CaMMX YDaBHEHHH U METOAOB
UX HHTErpUPOBaHUS — BCE HTO COCTaBJSET OCHOBHOE COAEPKAHUE
AHANMTHYECKON MEXEHHKM.

AHanuTHuecKas MEXaHMKa BXOAMT KAaK uaCTb Kypca Teope-
THYECKOH MEXaHMKH B TIpOrpaMMhl MeXaHUKO-MaTEMAaTHUYECKHUX,
USHYECKHX M HHXEHEPHO-(HM3MYECKHX (aKyJbTETrOB YHUBEPCH-
TETOB M MEAArorMYeCKMX MHCTUTYTOB. B TO ke Bpems obuias
nporpaMMa N0 TEOPETHYECKOH MEXaHHKe BO BTy3aX JHOO COBCEM
HE COAEDKHUT AaHANUTUYECKOH MEeXaHUKH, JAU00 COAEPKHUT TOJNBKO
ee 5aeMeHTH. Mexay TeM COBPEMEHHas TeXHHKa BbLIBUraer
3a[ayy, AJs DEIEHHs KOTOPHIX HEIOCTaTOYHO OCHOB Kypca Teo-
PETHYECKOH MEXaHMKH, U3/J1araeéMelX B €ro TPaJULUOHHHIX pas-
Jenax «CTaTHKa», «KHUHEMAaTHKa» U <JUHAMHKAd TOYKH M CHCTEMBI».
Wuxenepsl-uccneqoparens,  paboraioumuye B Pa3HOOOGDPasHBIX

1y Tak, Hampumep, H3BECTHhle KYPChl TEOPETHYECKOH MeXaHHKH
I'. K. Cycaosa u L. 2K. Baane IMyccena Guiu Ha3BaHbI aBTOPAMH KYP-
CaMH aHANHTHYECKOH MeXaHUKU,



NMPEAUCTOBHUE ABTOPA K IMEPBOMY HU3JAHHUIO 9

06/1aCTAX COBPEMEHHOH TEXHUKH, IOJOKHH BJadeTh U OGIUMH
METOJaMH aHAJNTHYECKOH MEXaHMKH, KOTOPHE JaiT YHHBEPCalb-
HHH aHaJUTHYECKHH anmapaT AJs HCCHAeO0BaHUS CJOMNKHBIX 341av,
OTHOCALINXCA HE TOJNBKO K YHCTO MEXAHMYECKHM, HO M K DJIEKTpPH-
YECKMM M 3IJEKTPOMEXaHHUYECKUM SIBJICHHUSM.

Hacrosmas KHura He npeTeHAyeT Ha NOQJHOTY OXBaTa Mare-
prana no aHamMTHyecKod mexaHuke. KnHura BOsHMKIA M3 Kypca
JEeKIMH, YUTABIIMXCA aBTOPOM Ha NMPOTAMEHHHM MOCHEIHHX I1HECTH
netT Ha 4-M cemecTpe MOCKOBCKOrO (pHM3HKO-TEXHHYECKOrO HHCTH-
TyTa. DTO OOGCTOATENLCTBO ONMPEASNMIO OTGOp Marepuana U
XapakTep €ro M3JOXKEHHUS.

Kypc aHamuTHyeckod MeXaHuky fBJseTcs (YHIaMEHTOM, Ha
KOTOPHY ONMUPAETCa H3YUEHHE TaKUX pPasieNoB TEOPETHYECKOM
(PU3UKM, KaK KBAHTOBAs MEXAHMKa, CMelMaibHas U obuias Teopus
oTHocuTeapHOCTH W np. TlosToMy B xHure nogpoGHO ocBe-
IAI0TCA BapUANMOHHBIE MPUHIMMBI U HHTErpaJbHBIE WHBAPUAHTLI
MEXaHUKM, KaHOHMYECKME npeoOpasoBaHusd, ypasHeHue [aMuib-
TOHA — $IKOOH, CHCTEMH C LUKJIHYECKHMH KOOpIHHATaMu (riaBhl
I HL IV u VIH). Caenys naoesm A. Tlyaukape u 2. Kaprana,
aBTOP KJaAeT B OCHOBY M3JI0XKEHHS MaTepuasa WHTErpajibHbIE
MHBApUaHTBl MEXaHWKH, KOTODHIE 31€ECh SABJAIOTCA HE NEKOPATUB-
HBIM YKpallE€HHMEM TeopHH, a ee pabOuHM amnnaparom,

TexHUyecKHe MPUIONEHNS CBA3aHB C PACCMOTPEHHEM HECBO-
60IHBIX CHCTEM. DTH CHCTEMH MOAPOGHO wu3yuawTcs B rhaase I
B cneunansHoM maparpade TOH TiaBh, NOCBSIEHHOM MEKTPO-
MEXaHMYECKHM' aHAJIOTUSIM, BHIICHAETCS BO3MOXHOCTH PaclpocTpa-
HEHNS aHAJIUTUYECKUX METOJOB MEXaHUKH Ha 3JIEKTPUYECKBE U
SMEKTpOMEXaHnyeckue cucteMel, B ruaasax V u VI mausl npuio-
WEHUS AHATNTHYECKOH MEXaHHKM K TEOPUM YCToluupocTH Jlamy-
HOBA M Teopuu KoJeGanuit. Hapsay ¢ KaaccuueckuMu BONMpOCAMH
TEOPUH JIMHEHHHX KoJeGaHW# W3JararoTca U JEMEHTH COBPEMEH-
HHX YaCTOTHHX METOIOB. 3alauM W3 AMHAMHKH TBEPAOrO TeJa
pasbuparoTcs B OTIENbHHX NpUMEpax.

Kuura npeanosaraer y uuTaTesNs 3HAaKOMCTBO € o6muMu
OCHOBAMM TEOPETMYECKOH MEXaHMKU M BHCLICH MaTeMaTHKH. Kuura
npeaHasHayaeTca AJs CTYJEHTOB M aCNHPaHTOR MEXaHMKO-Mare-
MaTHYECKHUX, (PUBHYECKHX M HHIKEHEPHO-(PU3HYECKUX (PaKyILTETOB
YHUBEPCHTETOB, a TAKKE IJIA MHXEHEDOB-UCCACiOBaTeJNed M JApy-
TUX CHEIHAJIHCTOB, XKENAOIMX paClUMPUTh M YrayOuThb CBOH
BHaHUs B OOJACTH MEXaHHKH.




NPEAUCIOBHE KO BTOPOMY HU3AAHUIO

Bropoe usjgaHue KHUCM NOATOTOBJEHO K M€YaTH YXKE MOCHAe
cmepTu ee aBTopa. PaboTa MO NMOATOTOBKE STOro M3AaHUa Oblaa
BBITONIHEHA Kadienpo#t MexaHuku MOCKOBCKOro (pM3UKO-TEXHUYEC-
KOro MHCTUTYTa, KOTOPOH B TEYEHHE MHOTUX JIET PYKOBOIUA
®. P. I'autmaxep. Béabas 4yacTe MCNpaBAeHHH M JAOMOJHEHuf,
CHENAaHHHX B Mpouecce 3TOH paboTh, OTpaxaeT MOXEAaHus M
3aMEyYaHusl, BHICKA3aHHBIE aBTOPOM COTPYAHMKaM Kadexps. He-
KOTOPBIE UCNDPA4BJEHUA O0yCNOBJIEHN CTPEMJEHUEM CHEJATh TEKCT
GoJ1€€e NOCTYNHBIM A1 CTYAEHTOB. BHOCH aTH yTOYnenus, kaden-
pa CTPEMHJIACh MOJHOCTBIO COXPAHUTH CHEMUDUYECKUE OCOOEH-
HOCTU KHUTH, B KOTOPOH CTPOTOCTH BBIBOJOB OCHOBHHWX [10J0-
XEHUH aHAaIMTHYECKON MEXaHUMKH U JIAKOHUYHOCTb TEKCTa YAUBH-
TEJAbHBIM 00pa3oM COYETAIOTCS € MPEAEAbHOH SICHOCTBIO USJI0XKEHHUS.

M. A Adizeprman
Asrycr 1965 r,



FTABA 1

JAUPSEPEHIUAIBHBIE YPABHEHUS IBUXEHUS
MIPOU3BOJIbHOX CUCTEMbl MATEPHAJBHBIX TOYEK

§ 1. CsoGopHble H HecBOGOJHBIE CHCTEMbL
Cea3n M UX Kaaccudukauus

Maydaerca aBhxeHue CHCTEMBI MaTepHANbHHX TOYek P, (v=—=
=1, ..., N) OTHOCHTE/BHO HEKOTOPO# HHEPUHATHHOR (ramu-
JeeBoit) cucreMbl KoopAuHat. Ha noJoxeHHs W CKOPOCTH TOYEK
CHCTEMH HAaJIOXEHH OrpaHHYeHHs reOMeTpUYECKOr0 WM KHHeMa-
THYECKOT0 XapakTepa, Ha3biBaeMble ¢873amu. CHCTEMB C T4KOro
pola CBA3MMH HA3HBAIOTCA HECBOGOOHBIMU B OTJIHYME OT CB0-
000KHbIX CHCTEM, ¥ KOTODHX IOAOGHHE CBA3H OTCYTCTBYIOT.

AHa/IATHYECKH CBA3b BHPAMAETCA YPABHEHUEM

f@t r, £)=0%, (L)
rje B JIeByl0 4YacTb BXOAAT Bpemd !, pafHyCH-BEeKTOPH [, H
CKOpOCTH @, ==pr, BCeX To4dek P, cucremn (v=1, ..., N).

1) Touka, mocTaBieHHas Hay OyksoH, o6o3HauaeT IHbdepeHuHpo-
BaHHE COOTBETCTBYIOUieH BeJMYHHBI Mo BpeMeHH. Bce pamuychi-BeKTOpHI
CTPOSITCS U3 ONHOTO W TOrO e NONIOCa, HENOIBHXHOIO B JaHHOM
cucteme KoopnuHaT. [Hanee, f(¢, r,, F,) npencrasaser coGofl coxpa-
uieHHOe Oofo3HaueHHe XA QYHKUMH f(f, Fy, ..., Fpp Fry ..oy Fpy). To-
JoGHOro poja coKpauieHHBle o603HaueHHsi G6YIYT YNoTpeGasATbes Ha
npoTsaxenud Bceit kuurn. Ecmm x,, y,, 2, — I€KapTOBW KOODPIMHATHL

To4k¥ P, B paccMatpuBaeMol cucreme xoopiuHatr (v=1, ..., N), 10
GYHKUHIO f MOXHO cuyuTath ¢yhHKume# or 6N -+ 1 ckarspusix apry-
MEHTOB £, X, ¥y, 2,, Xy, Py, 2,(6=1,..., N). OTHOCHTEAbHO (YHK-

LHM f, KaK ¥ OTHOCHTEJbHO BCeX (DYHKUUH, BCTPEYAIOMIMXCA B HAdb-
HeHHIeM TeKcTe, mpelnonaraercs (NIpH OTCYTCTBHH COOTBETCTBYIOM{UX
OrOBOPOK), YTO 3TH (GYHKUHM HeNpepbBHHI BMECTE€ € TeMH. CBOHMMH
NPOU3BOIHBIMY, KOTODBle (UIYPHPYIOT B COOTBETCTBYIOMIMX MeCTax
TEKCTa.
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B uacTHOM cayuae, KOrJa CKOPOCTH r, HE BXONAT B YDaBHEHHE
cos3u (1), CBASL HABLIBAETCA KOHEHHOL WIH 2€0Mempuieckoil.
Ee aHaauTHuecKas 3aMuch BRIMIAJUT TakK:

ft, r)=0. @

B ofwem xe ciayuae case (1) HasblBaeTcs dugbepenyuans-
HOli WU rumemamudeckol. B panbHeHmieM MH  OorpaHuyuMcH
paccMOTPEHHEM TOJBKO TakUX AuddepeHnyaibHuX cBA3el, B ypas-
HeHUs KOTODBIX CKOPOCTH TOYEK BXOJAT -JAHHEHHO:

N

i+ D=0. (3)

v=I]
3pecy I, — ckangpHoe npousBeseHue  BeKTOpoB I, u 7,
a BekTopu I, u ckanap D npeacraBagioT coGoi 3ajanHble PyHK-
uad or t u Bcex r, (p,v==1, ..., N). Ilpn stom npennona-
raeTcd, yTO BEKTOPH [, HE MOTYT BCE OJHOBPEMEHHO ©o6pa-
UIaThCs B HYJb.

IIpu Hanuuum xoHeuHoH cBA3W BuAa (2) cuUCTeMa HE MOXKET
B KaxaunH JaHHEIH MOMEHT BpEMEHM 3aHUMaTh NPOHU3BOJBHOE
noJoKeHue B MpocTpaHcTBe. KoHeywas CB3b  HAKMaAmBaeT
OTPAHUYEHHs Ha BOSMOXHEIE MOMOMKEHUS CUCTEMBI B MOMEHT Bpe-
meHn £, Iipw Hamuuun ke TOABKO auddepennnasbHol cBA3M
cucTeMa B mo0OH MOMEHT BPEMEHU £ MOXKET HMETh MPOU3BOJIBHOE
nonoxeHue B npocrpaHcrse. OAHAKO B 5TOM MOJOXEHHH CKO-
pPOCTH TOUYEK CHCTEMB! YK€ HE MOTYT GHTh NpOU3BOJNBHBIMU. Hud-
(bepeHnnaibpas CBA3b HAKJa/JbIBAaCT OrpaHUYEHU Ha STH CKOPOCTH,
Kaxpas xoHeuHas ceasb Buma (2) Breuer 3a coboHl kak craen-

CTBHE AddbepeHiranbuy0 CBA3b, YpaBHEHHE KOTOpOH moay-
YaeTca MOYJEHHBIM AudepeHIpOBaHHEM paBeHCTBa (2):

N
af . of __
ler: For =0 )
rae g—f_-:grad“f (v=1, ..., N) Y). Ho Takas audpdepesnnas-
Hasg CBA3h HE 9SKBUBAJEHTHA KOHeuHOH cBssu (2). OHa skBUBa-

) Bemn ry=x,2 4+ y,/ + 2.k, tre i, j, k-— B3aUMHO-OPTOrOHaAb~
Hble OPTHl KOOPAHHAaTHHLIX OCEH, TO

0 of ,, @ 0
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JIEHTHAa KOHEYHOH CBA3M
I, r)=c ()]
rI€ ¢ — MpPOU3BOJAbHA MOCTOAHHAd. Ilo3TOMY KOHeuHad CBI3b
(4) Ha3bBaeTCs UHmMEPUPYEMOLL.
3aMeTUM, YTO B INPIMOYTOJBHBIX JAEKAPTOBHX KOOPIHHATAX
ypasHeHus cssaseit (1) — (4) 3amuceBaTCA Tak:

f(t’ xv’ yv’ ZV’ ‘t\ﬂ yv’ Z-V)=O’ (1?)
. f(t’ Xy Vo Zv)-:‘—O, (2’)
> (Ax,+By,+Cz)+D=0Y, 3)
v_—_]
N
SOf . . OF . . Of . oF
Zl(axd— AL »>+‘g—-0- “4)

Koueunas cBa3p (2) uan (2') HasblBaeTCd CHAYUOHAPHOL,

0
€C/AH ¢ HE BXOAHT IBHO B YDAaBHEHHE CBHSH, T. €. €C/H —5{=O.

B sToM cayuae nesag uacTh ypasHeHus audpepeHiHannHOH
cBasu (4) /AnHEHHa M OMHODOAHA OTHOCHTENBHO cKopocTeit. ITo
aHaaorun ¢ s1UM AadgepennuansHas ceasb (3) uan (3') HasH-
BaeTCAd cmayuonaprol, ecan D=0 u BexkTOopH I, B ypasHe-
Hu (3) [cootBercTBEHHO KO3(dunuentst A, B,, C, B ypasHe-
Hun (3')] He 3aBUCAT ABHO OT £,

CucreMa MAaTepHaIBHBIX TOYEK HA3HIBAETCA 2040HOMHOIL,
€CANM HAa TOYKH STOH CHCTEMBI HE HaJoxeHH AU epeHIHanbHble
HEUHTErpupyeMuie CBA3d. TakuM 0OpasoM, TOJOHOMHOM SABASETCH
BCAKas CBOOOJHAs CHCTEMAa MAaTEPHUAaJbHEIX TOUEK, a TAKXKE He-
cBOGOMHAA CHCTEMA C KOHEUHBIMH HAH AUDPEPEHIHANLHBIME, HO
HUHTETPUPYEMBIMU CBA3AMH. Y TOJOHOMHOM CHCTEMBI BCE CBSI3U
MOryT OBITh 3aMUCaHB B KOHEYHOM BHIE.

INpu Hamvunn muddepeHnnanbHHX HEUHTErPUPYEMEX — CBsI3eH
CHUCTEMA HA3BLIBACTCH HE20A0HOMHOE %),

CucTeMa Ha3HBACTCH CKAEPOHOMHOL, €CTY HA HEE HANOXEHDBE
TOJBKO CTAllUOHApDHHE CBA3U. B MPOTUBHOM cayyae cucrema
Ha3bBAETCH PEOHOMHOL.

5 4,, B,, C, (v=1, ..., N)— ckanapubie GyHKUMH OT £, X, Iy,
zh veey xN’ va zN.

) Yacro um camH gu@¢epeHUMaNbHble HeHHTETPHpYeMble CBA3H
Ha3BIBAIOTCs HETONOHOMHEIMH, MHorna anddepenuanbiue HHTerpupye-
Mble CBA3H HA3KBAOTCA NOAYSOLOHOMHLLMIL
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MpuMepu. 1. Mamepuassnas wmotKa MoOdcem Osuzambes
moasko no nosepxHocmy. TIycth ypaBHeHHe 9TOH  IIOBEPXHOCTH

3ajaHo B BHIE
f(r)=0 (©)

f(x 9, 2)=0. (€)

9T0 KOHeYyHas CTallHOHapHas CBA3b.
Ecan noBEPXHOCTh NOIBHXHAA HiaM JedopMHpyOlladcsa, TO B ypaB-
HeHHe [OBEPXHOCTH ABHO BOHJET BpeMsA f:

f, r=0 (M
I, x 9, 2)=0. (7’)
B stomMm clyyae CBA3b KOHEYHad, HO HECTallHOHapHas,

2. [lse mamepuaabHole MOYKL COEOUHEHB CMEPAHCHEeM NOCMOSH-
HoOli Oaunot |, B 9aTOM ciayyae ypaBHeHHMe CBA3H MMeeT BHI

HIn

HIH

(ri—ry—E=0 8)
HIH
(K1 — 23 + (V= ¥2)' 4 (z; — 2 — P =0, 8)

DT0 rojIOHOMHAA CKJIEPOHOMHAA CHCTEMA.

3ameTnM, YTO TBepLOE TEJO MOXHO PACCMATPHBATH KaK CHCTEMY
MaTepHAIbHHIX TOYEK, HaXOMSIUXCA HA HEH3MEHHOM DacCTOAHHM ApYr
OT [Ipyra, T. €. NOAYMHEHHHX CBA3AM BuIa (8). C 3ToH ToukHM 3perms
cBOGOIHOE TBepAOe Tel0 HABIAETCA YacTHHIM Cly4yaeM HeCBOGOIHOM
TONOHOMHOH CKJIePOHOMHOH CHCTeMbl MaTepHalbHBIX TOYEK.

3. [ge mamepuassHole MOYKL COCOUHEHOL CMEDHCHEM NepeMeHnHoll
Oaunsl | = f(t). YpaBHeHHe CBA3H 3aNHCHIBAETCA TaK:

(Fy—re)* —F(t)=0 (Y]
(xl—'_vs)g‘{‘()h — ¥ (21— 2z — 2 (t) =0. @)

310 roJOHOMHaA DEOROMHAA CHCTeMa.

4. [lse mamepuasbhole MOYKL 8 NAOCKOCMI COCOUHEHW cmepaic-
HeM nocmosiHiol Baunvt [ u mo2ym Osuzambcss moasko max, 4mobul
ckopocmy cepeQunol cmepHcHs Golaa Hanpas.aena 80046 cmepsicHs (0su-
JCeHUe KOHbKG N0 naockocmiu), YpaBHeHHA CBA3eH 3allHCHBAIOTCH
clefyiolaM 06pa3oM:

HIn

2z, =0, z,=0,

(1 — %) + (31— 3) — £ =0, (10)
A+t _ 5t
Xy — Xy Y=y’

JTa cucTeMa HEroAOHOMHas, TaK Kak [OCHeNHee M3 YpaBHeHMH 10
onpenenser TH(pGepeHnHaIbHYI0 HEHHTEIPHPYEMYIO CBA3b,
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Hapsany co cesasaMm Buma (1), KOTODbE Ha3BBAIOTCH ydeporcu-
BAMWUMI, B MEXAHNKE DacCMaTPHBAIOTCA TAKKE Keydepocusarn-
Wite CBSI3M, KOTOPHE 3aIMCHBAIOTCA B BHE HEPABEHCTBA

f(t) rv’ i-v)>0 (11)

B kaugcrBe nmprMepa MOXHO PacCMOTPETh ABE MaTepHadbHbE
TOYKH, COEAHHEHHHE HUThIO AJMNHOH /. DTa CBA3b BHPAaXKaeTCd HEpa-
BEHCTBOM

B—(r,—r)P=0. (12)

Ecmn B ycnoun (11) MMeeT MECTO 3HaK PaBeHCTBA, TO I'OBOPAT,
UTO €B513b HANPANCEHA.

JIBMKEHNE CHCTEMBl, HA KOTODPYIO HAJOMKEHAa HEeyIepIKHBaIo-
mas CBASb, MOXKHO pasGHTb Ha Y4YaCTKM TakuM 06pPasoM, yTOGbI
Ha OJHMX Y4aCTKax CBA3b OWJIAa HaNpsKEHA W IBMKEHHE INpO-
XOAMAO TaK, Kak ecan OB cBAar OblIa yAepiKuBawoIueH, a Ha
APyruX yuactkax CBi3b OblIa HE HanpsikeHa M JABHXKEHHE INPO-
XOAMNO TaK, Kak ecanm OH 3TOH CBsask He Omjo. Takum obpa-
80M, Ha OTIEJNBLHHX YyuacTKaX HeyAepxkuBawolas cBssh Jaub0
3aMeHseTcs yAepxkuBatomel, 6o cobceM orGpackBaercd. Mcxoms
U3 3TOr0, Mbl 8 OaabHeliuem Oy0eM pacc Mampugams ucKo4u-
measHo yo0epausalouie c8a3NU.

§ 2. Bo3mowHbie H BHPTYyaJXbHble nepeMelmeHHA.
Hpeannupie ¢BA3H

Ilycte Ha MarepHa’ibHYI0 CHCTEMY HaNOXKEHH ¢ KOHEUHHIX

cBazeH
f.@ r)=0 (a==1, ..., d) 6y
u g mddepenunanbunx )
N .
Zlﬁv'vv_f‘D[,:O G=1, ..., o. 2

v=1

3aMeHNM KOHEUHHIE CBA3M BHEITEKAIOMWIMMH W3 HAX andepeH-
UAG/IBHBIMIL

N
0f, Ofe __ —
5&_.-0“_{_ < =0 (a==1, ..., d). 3)

v=I]

1) B ypaBHeHHAX IHM@depeHunaIbHNX cBA3eH Mbl BMECTO 7, NH-
meM 9,
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Cucremy BeKTOpOB ©, GyZEM Ha3HBATL B03MONCHHLMU CKOPO-
cmAMU IS HEKOTOPOrO MOMEHTA BPEMEHM f W IJIsS HEKOTOpPOro
BO3MOXHOI'O B STOT MOMEHT NOJIOXEHHS CHCTEMH, €C/TH BEKTODH @,
YAOBNETBOPAKT ¢ -} g JuHEHHHM ypaBHenusM (2) u (3).

Takum 06pas’oM, B03MOJKCHbIE CKOPOCIMN — MO CKOpOCML,
donycxaembie CBA3AMU. IS KaKIOrO BO3MONKHOIO MOJOKEHUS
CHCTEMH B MOMEHT BPEMEHHM f CymecTByeT GeCUHCAEHHOE MHOMXKe-
CTBO CHCTEM BO3MOXHBIX CKopocrtedl. Ilpu neHcreurensHoM apu-
KEHNHM CUCTEMH B MOMEHT [ peajnsyeTci OfHA M3 STUX CHCTEM
CKOpOCTEH.

CucreMy GeckOHEUHO MainX MEpeMelteHuH

dr,—=wo,dt (v=1, ..., N), “)

ree 0,(v=1, ..., N)—BO3MOXHHE CKOPOCTH, OyzeM Hasu-
BATb BO3MOMCHBLMU OECKONEUHO MAALIMU NepeMeujeNus My Wi
IJIf COKDAIIEHUS MPOCTO BO3MONCHBIMU NepeMeu,eruami. YMHO-
KuB ypapHeHus (2) u (3) mouseHHO Ha df, MOJAyYUM ypaBHEHus,
onpenenmoume BO3MOXHHE INepeMelleHus:

2 0fa 0fa dt—=0 (a= 1’ cery d)’
v=1 B (5)
thﬁdrﬂLDﬁdt:O G=1L.., 9

]
BOBbMeM ABE CUCTEMbB! BO3IMOXXHHIX nepqmemeﬂuﬂ OJg4 OOHOTrO

U TOro Xe MOMCHTA BDEMEHH Hu Jjf OIHOLO ¥ TOro XKe I1oJao-
WHEHNA CHCTCMH:

dr,=94dt w dr,=9'dt (v=1,...; N).
Kak dr,, Tak u d'r, ynosnersopsior ypassenusm (5), a passocra
d,=dr,—dr, (=1, ..., N) (6)
YIOBJETBODAIOT OAHOPOAHHWIM COOTHOLIEHHUSIM:
N
0fa —
2 or, ir,=0 (=1, ..., d),

|
! { @
|
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Pagnocru dr,=d'r,— dr, GyneM uasmBaTb BupmyassHsLMU
nepemeugenugmy. Beskaa cumcreMa BeKTOpPOB 8r,, YHOBJETBO-
psomias ypasHeHuaM (7), NpeacTaBaseT coGOH CHCTEMY BUDPTYalb-
HEIX nepememeHui. YpasHenns (7) Ads BUPTyaibHHX NepeMenie-
HUH OTANYAIOTCA OT yparHeHu# (5), onmpemensionMxX BO3MONKHHE

nepeMenieHns,  OTCYTCTBUEM YJIEHOB %{Edt " Dﬁdt. ITostomy

FOBOPAT, UTO BUPMLYAAbHbIE NepeMeuleHuss co8nadawm ¢ 803-
MONCHHLMU  NEPeMEUECHUAMU NPU  <3AMOPONCEHHBIXY CBA3AX.

JlecTBATENLHO, TNIPH «3aMOPaXHUBAHMH> BPeMa f, BXOAAIIEE
B yDaBHEHHS KOHEYHHIX cBA3eH, (UKCHpYyeTcs, T. €. CBA3h KaK OBl
3aCTHIBA€T B TOH KOH(QHUrypamuy, KOTOPYI0 OHA MMENa B MOMEHT f.

Torma npu mnddepenuuposanun Gyukunl f, unens %J;—“— dt He

nosBAATCA ¥ nepseie d ypasuenu# (5) COBMamaloT € COOTBET-
cTBylomMME ypasHenuaMn (7). das auddepenuransHol cBss3u
«3dMOPAXKMBAHUE» O3HAYa€T NPHUAAHHE €H CTAIMOHAPHOTO Xapak-
Tepa, T. €. OTOpachiBaHue [, B J€BOH 4YacTH ypaBHeHHH CBA3H
1 ¢uKcupoBauue £, IBHO BXOASIET0 B KO3() HUIHEHTHI lp\,. ITocne
3TOT0 ¥ mociAefaHue g ypaBHeHu# (5) coBmamaloT € COOTBET-
CTBYIOIUAMH ypaBHeHuaMu (7). ,

MoxHO eme cKa3aTh, YTO BUPTYa/JbHEIE NEPEMENIEHHUS NPe-
CTaBJAWT COOOH NepeMelleHHss TOYEK CUCTEMBl K3  OJHOTO
BO3MOXKHOrO MOJIOXKEHHUSI CHCTEMB
B MOMEHT { B apyroe OecKOHEYHO

6AU3KOEe, BO3MOXKHOE 045 H020 e 2
€amMo20 MoOMeHma 8pemeHu t mo- J
JIOXKEHHUE CHCTEMBEL <

Ilpu  cmayuonapustx c8s3a%
BUDMY QAbHELE NEPeMeljeHlss o8-
nadawn ¢ . BO3MONCHEMU. ar=vat

lMpumepn. 1. Toura dgusxcem-
CSl MO HenoOBUNCHOL nosepxHocmu 173
(puc. 1).

B atom cayvae nwoGoil BekTop o, Puc. L.
MOCTPOEHHHH W3 ToukM P W Kaca-
TeAbHHY K MOBEPXHOCTM B 3TOH TOYke, GydeT NpeICTaBIATH Co6o
BO3MOXHYI0 cKopocTs. COOTBETCTByMOLIee BO3MOXKHOe IepeMenieHHe
dr =9 df Takke NeXNT B NIOCKOCTH, KacaTeabHOH K TOBEPXHOCTH
B Touke P. Paguocts ¥ =d'r-—dr IBYX KacaTeisHHX BEKTOPOB
B CBOIO Ouepenb IPEICTaBAgeT cO6O0H BEKTOp, KacaloMHICA NOBEPXHOCTH
B Toi ke Touke. Takum oOpa3oM, nKGOH BEKTOP, NOCTPOEHHHIH W3
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TOYykM P W nexaluit B KacaTenbHOM NIOCKOCTH, MOXHO PaccMaTpHBaTb
Kax HexkoTopoe dr W KakK HexoTopoe dr. B naHHOM npuMepe cBa3b
CTauHOHapHa M BHPTYalbHble MEePEMEIeHUA COBNAJAIT C BO3MOXHEIMH,
2. Ca3b TIPENCTaBAACTCA NOBEPXHOCMbIO S, KOMOpas coma Osu-
Jicemcen  (kak TBepIOE TeNO) € HEKOTOPOM CKOPOCTbIO & OTHOCH-
TENbHO MCXOFHOM CHCTEME KOOp-

IuHaT (pHC. 2).
T B 3TOM cayyae Bo3MOXHasA
CKOPOCTb D NOJYYaeTcd U3 Npo-
H3BONBHOTO BeXTOpa 9,, Kaca-
TENbHOIO K MOBEPXHOCTH, NpH-
6aBleHHEM K HEMY CKOPOCTH I

9=09,+u.
N ITostomy

dr =vdt =v,dt -+ u dt.

AHanoruyHo nas JApPYyroro Bo3-
MOXHOI'O NepeMenieH s

dr=o/dt-}udt

H BHPTYa’lbHOE IepeMeEIleHHe

AJ 107 ul)

Puc. 2. br=dr—dr=(v,—v,)dt

npencraBager co6ok, B OTAHYME OT dr, BEKTOp, HeWAniHi B MIOCKOCTH,
KacatesbHOH K NMOBEPXHOCTH B Toyke P (puc. 3). Bexrop ¥ npepcra-
BAAET COGOH BO3MOMHOE NepeMe-
) dr  npieHHe IAd <«OCTaHOBIEHHOM» Mo-

) BEPXHOCTH S,

ér
B nexapToBRHX KOOpAHM-
HaTax BeKTOp OF, XapakTe-
pU3yeTcss TpeMsil NpOeKLUSMH
Ha ocu 3x, By, ¥z, (v=
=1, ..., N), u ypasuenus (7), onpereaswouue BUPTYaJbHBIE
nepeMemieH s, MOryT OHTb 3alnuMCaHB B CAELYIOINEM BUAE

Puc. 3.

N

of, of, of, . _
Z(—dxvax*—l—aayv‘l—_azv 8&)—0 @=1, ..., d), |
v )

2 (gt + Byt +C 32)=0  @=1.... &

V=

Ecin stn d--g ypasHeHmH He3aBHCMME, TO cpeiu 3N
BHPTyalbHBX npupamesuii koopmmnar dx,, ¥y, 3z, Oyzer
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n=3N-—d—g HesaBucAMHX. YHCIO 7 HABHBAETCA 4uUCAOM
cmenenell cso6ods DAHHOH CHCTEMB MaTePHaJbHHX TOYEK.
Ilycte B TOYKaX P, CHCTEMH HPHJAOKEHH COOTBETCTBEHHO
cunel F, (v=1, ..., N) Y), Ecan 6u cBA3M OTCYTCTBOBaJH, TO,
COrJIACHO BTOpOMY 8aKOHY HploTOHa, Mexay Maccamu mi,, YCKO-
penuamu W, u cunamu F, umenn 6u MecTo cooTHOWwEHN m W ==F,

(v=1, .., N). Ilpn Hanmunm cpsisel YCKOpEeHHs w,=—-F,
v

MOTYT OKa3aThCHl (B ILaHHHH MOMEHT BpEMEHH f, B JAHHOM IOJO-
XHEHUM TOUEK CHCTEMBHl f, M IPH BaJaHHBIX CKOPOCTIX ©,) HECOB-
MECTHMBIME €O CBA3AMA. JleHcTBHTENBHO, npodudpepeHnnpoBas
noy1eHHO paseHcTsa (3) © (2) N0 BpEMEHH, MH NOJYYHM aHa-
JATHYECKO® BRIDAXEHHE g OrpaHuueHuH, HaK/J1aJHBaeMHX CBf-
BAMH Ha YCKODEHHS W, TOUYEK CHCTEMH %);

N N
ofa d ofa. - d aftz — —
larv w”—{_Z(_dTW)‘vV—{_W ot =0 (a==1, ... d),

v=1

% x dl daD (8)
Zlvwv+ 27‘?%"{-”5@20 E=1 ..., 9.

Va1 ve==]

1 .
Yckopenus 'w"=7n—F‘ MOTYT HE YIOBJETBOPATH ITHM COOT-
]

HonleHusM. Tora MaTepraibHO OCYUIECTBACHHEE CBA3M AEHCTBYIOT
Ha MaTE€pHaJbHBIE TOUKH CHCTEMH P, ¢ HEKOTOPHMH JONOJHH-
TeJApHHIMH cHlaMu R, (v=1, .., N); »TH cuwin BO3IeHCTBUA
cpazell R, HOCAT Has3BaHue peaxyufi c8ssel®). Bosuukawomue
peaKkunA TAaKOBH, YTO YCKODEHMH, ONpenendeMble M3 YpaBHEHHH

mw,=F,+R, (v=1,.., N), ©)

YK€ JONYCKAIOTCH CBS3IMH.
B otanune ot peasknu#t R, (v=1, ..., N) sapanee B3samau-
Hele cunnl F, (v=1, ..., N) HasblBaOTCd QKMUBHbHIMU CUSAMU.

!) TTon F, ™Mbl mOHHMaeM PaBHOAEACTBYIOIYIO BCEX CHA, TIPHAONKEH-
HBIX HENOCPEACTBEHHO K MaTepHanbHo# Touke P, (v=1, ..., N).

?) Jleble yacT¥ B COOTHONIEHMsX (8) AMHeHHO B3aBHCAT 0T yCKO-
peHHA @, DTH AeBble YACTH, KaK M€K0 YCMOTPETh IIOCAe BHIIOIHEHHs
A depeHnpoBatys, 3aBHCAT euie H OT £, ry, O, (v=1, ..., N). L

%) Npu Hanvyne Heckoabkux cesset (d-+g> 1) R, ecTs pasHo-
ReficTBYIOmAA BCeX peaknmi ceasedt man toukd P, (v=1, .., N).
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AxTuBHble CHIbl OGEIYHO 3a7AIOTCA KaK W3BECTHHE (QYHKUMM OT
BPDEMEHH, NOJMKEHUS U CKOpPOCTEH TOueK cucremu '):

F,=F,(t r,9) (=1,..,N) (10)

OcHoBHag 3ajaya AMHAMUKH HECBOGOJHOH CHCTEMBI COCTOHT
B CJAEIYIOILEM. ‘

3adars axmusnse cuane F,=F,(t, r,, v,), u dansr cos-
MECIUMbLE CO CBAAMU HA4AAbHBLE NOAOKHCEHUA V) U Hatais-
Hole ckopocmu Oy movex cucmems (v=1, ..., N). TpeGyemcsa
onpedeaums 08usCerue cucmeMs. u peaxyuu c8sa3el R,
=1, .., M.

Ecau oTHOCHTENBHO XapakTepa CBsa3eit HUYETO HEU3BECTHO,
KpOME onpexeasomux ypasHenuit (1) u (2), u, ciaexosatelnsHo,
HHUYETO HEM3BECTHO OTHOCUTE/JBHO BHI3HIBAEMBIX STUMH CBA3SMH
peakuuit R, 10 copMy/IupOBaHias BHILIE 3a4aya ABJAETCH . He-
ONpEeNEJEHHOH, TaK KAaK YUCAO INOAJAEXKALLUX ONPENe/NeHHo CKa-
JAPHHX BENMYMH X, V,, 2,, R,y R,y R,, Goabline yucaa umero-
IMUXCH CKaJASPHBIX COOTHOWIEHUH — ypasuenutt m X, =F,,4-R,,,
my,=F,, 4R, mpZ=F, —+R,, u ypaHenuit cBsseit (1)
n (2) [BN> 3N d gl —

Hag Toro uro6n OCHOBHAas 3alaua AMHAMUKE CTaja ONpene-
JIEHHOH#, He0OX0IUMO MMETh KaKKe-TO HOMOJHUTEAbHEIE 6N'-(3N+
—+d—+ g=3N—d — g=n He3aBUCUMBIX COOTHOIUEHUH MEXTY
HCKOMBIMH BEJUYMHAMH. DTU COOTHOLIEHHA MBI MOJYYHM, €C/u
OTDaHMYHUMCA BAXHBIM KJAaCCOM udeassusix cesasel.

CBa3u Ha3BIBAIOTCA UOCQAbHBLMU, €CAU CYMMA pabom pea-
yui amux c8A3ell HA AOOHX BUPMYANSHEX NEPEMEULCHUAX
8ce20a pasna HYAID, M. e. ecau

N
SVRpr,=0. (11)

v=|

310 PaBE€HCTBO MOXHO NEpENucaTe ¥ B PA3BEPHYTOM BUIE:

N
D (Rydx, 4R, 3y, +R,;32) =0, (ry

v==]

!) B o6wem cryyae mnpaskie vactd B pasedctsax (10) aasucar
NOMHMO £ OT BCEX Iy U D, (=1, ..., N

%) B cayuvae cBOGOAHOH cCHCTeMul 3ajaya onpefefeHds peaxiyH
OTNAajiaeT ¥ OCTAETCA TOJAbKO 3aja¥a onpeleleHUs [BUKEHHA CHCTEMHI,
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Cpeau 3N Beauunn dx, 8y, 3z, uMeeTcs n HE3aBUCHMEIX
(n==3N —d — g — uncao creneHeHl cBOGOAL HAHHOH CHUCTEMBI).
ITestomy B paseuncrse (11°) MOXHO BrpasuTh 3N — 1 3aBUCHMBIX
npupamenuit 3x,, 8y, 3z, uepes n HEIABUCHMLIX NpUPALNEHHH
U NPHUPABHATh HYJI0 KO3(MD(UIMEHTH NPY STHX HE3aBUCHUMBIX
npupaienuax. Torga MH HOJNYYMM HEJOCTAIOUIME 7 COOTHOIE-
Hu#t, GJarojaps KOTODbIM OCHOBHAs 3afaya JIUHAMUKM HECBOGO-
HOH CHCTEMbl CTAHOBHTCS OIPEIENEHHOH.

EcrecTBeHHOCTh M NPAKTHYECKAA BAXKHOCTb BHIICIEHHOFQ HaMH
KJacca CBA3€H CTaHyT ACHEIMH TOCJE DacCMOTPEHHUS CAEAYIOULMX
NpUMEPOB HAEAJLHHIX CBA3EH.

Mpumepn. 1. MarepmanbHas TOYKa BBIHYXIEHa IBHUraThCA MO
Heno08udHoil 2.2a0K0i nosepxnocmu (puc. 4).

B 3ToM cnyyae moGoe BO3MOXHOE nepemeuleHHe dp, Kak U 11060e
BUpPTyaibHOE mepemeuleHne 3¥r, NEKHT B MADCKOCTH, KacaTenbHOU

AR

dr

ér

Puc. 4. Puc. 5,

K NOBEPXHOCTH B TOuKe P, a peakuua IJagKofl NOBEPXHOCTH Hampa-
BI€HA [0 HOPMAaNd K NMOBEPXHOCTH B 9TOH TOUKE; MO3ITOMY Bcerga

Rdr=0 um R¥» =0,

2. MatepuanbHaf TOYKA BHIHYXIEHA IBUraTbCA N0 NOOBUMNCHOIE
uau Gedopmupyioueiics 2240K0i nosepxnoecmu (puc. 5).

B 9Tom cayyae BO3MOXKHAA CKOPOCTb MAaTE€PHANLHON TOUKH M, cie-
JloBaTeNIbHO, GECKOHEYHO Manoe MepeMelieHne d == o df yxke He NeKUT
B KacaTelNbHO#t MNOCKOCTH (CM. mpuMep 2 Ha crp. 18). BupryanbHoe xe
nepeMeiieHde dr, KOTOpoe mpeicTaBiaseT cOGOH GeCKOHEYHO Manoe
BO3MOXHOEe nepeMeileHte N1 «OCTaHOBNEHHOH», MM «3aMOPOKEHHOM>
NOBEPXHOCTH, JNEXHT B KacaTeNbHOH maockoctd. [TockonbkY peakuus U
B Clyyae MOABHMNHOH Wiy JedopMuDYouleHCA INafKoH NOBePXHOCTH
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HallpasJeHa 1O HOPMaJu K NOBEePXHOCTH, TO R3r =0 (B To BpeMa Kak
R dr s£0).

TakuM 06pa3oM, 24a0Kas neBepXHOCMb, KAK Heno0BUNCHAA, maK
u nodsuscHas uau Oedopmupyouwasncst, npedcmagasgem coboil udeanrs-
HYI0 CcBA3b.

IlpuMep 2 HAarJAQHO NOACHAET, IOYEMY INpPU ONpENe/]eHHH
HECTALMOHAPHBIX HIEaJbHHX CBA3eH HeoGXOIMMO NPHPABHHBATH

HyJio pafory cma peaxiuu#t Ha

R: npousBOMBHHX BHPTYaABHHX, a
HE BOBMOXHEIX NepeMenieHnsx,

B naspHefiiuux nmpumepax Mel

p BCTPETHMCA YkKe TOJABKO CO CTa-

UMOHAPHBIMK  CBsA3AMH 1),
r

3. /IBe MaTepHaNbHHE TOYKHU
COCOUHEHB.  CMEPIHCHEM HeUuIMeH-
HOIl OAUHBL € npereCpedcUMsMo Ma a0l
0 Maccoil (puc. 6).
) O6osnaunm uepes R, H R,
Puc. 6. PeaKuMH CBA3M, NPUIOKEHHBIE K Ma-
TepUHaIbHLIM TOYykaM P; u P, Torma
COrmacHo TpeTbeMy 3akoHy HbloToHa Ha cTepxenb NedCTBYIOT cuaml
Ni=—R n Ny==—R, O6oaHayasd yepes m u W Maccy CTepKHA
M yCKODEHHEe ero UEeHTpa MHEpHUM, a yepe3 | ¥ & — UEHTPANLHHH MO-
MEHT MHEDUMHM M YIIOBOE YCKODEHHE, 6YAEM HMeTh:

mw=N,+N; le=sl,

rae L — cyMmmapupii MoMeHT cua N; U N, OTHOCHTENbHO HeHTpa HHep-

uma, Ho, mo ycmosmio, m =0 n /= 0. Caenosarensno, N, +Ny==0n

L=0%), Ua atux pasencrs cmenyer, uro cuas N; u N, a 3nauur,

u RI}IH R, npAMO IIPOTHBOMONOMKHbI, T. €, HallPaBJEHH BAOJb CTEPXHA,
anee,

Rlbrl—}-Rﬂari:Rld"l—}-Rﬂdri——:Rﬂ(dri—dr1)=R3d(r2—r1)'

!) Mis onpenenenna mueansHHX cBAsedl BHITEKAeT, YTO HeCTalHO-
HapHas CBA3b ABJAETCA HAEaNbHOH, eclu HAeadbHHIMH ABIAIOTCA BCE ee
KOHGUrypalU¥ B Pa3n¥yHhle MOMEHTH BpEMeHH, pacCMaTpHBaeMble Kak
CTaUMOHAPHHE CBA3M, ) .

%) Ecou IBHMEHHE CTEPXHA He ILTOCKONApalieAbHOE, TO CKagAp-

HO€ DaBeHCTBO [e ==L 3ameHAETCH BEKTODPHLIM Zlgt—(im)-—'L, rne 1 —

TeH30D WMHEDHUH, a & — YraoBas cKopocTb, Ma pasencrsa J==0 cHoBa
crenyer L=0.
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Ilycts Ry=c (ry— r,). Torna
¢
R, ¥r, +Rza"2=C("2_’1)d("z~_"1)=-2‘d("z—fl)a:O,

NOCKONBKY (ry — r()*> = const,

MoxHO CYHTaTh, YTO aGCOMIOTHO TBEPIOe TeNO SABIAETCA CHCTeMOH
MaTepHalIbHHE TOYEK, B KOTOPO# Ha moGHe JBe TOYKH HaloweHa CBA3b
paccMaTpHBaeMoro THma. [Io3TOMY TBepioe TelNO MOXHO CYMTATh
CHCTEMOH MaTepHaNbHHIX TOYEK, MOJAYMHEAHBIX HIealbHHWM cBs3daM, [pu
OTCYTCTBHH IPYTHX CBfA3e{t, KDOMe CBH3eH, OCYMECTBAALHX KeCTKOe
COeJMHEHHE TOYEK Tena MexJy coGoH, TBepHOe Tel0 Ha3BIBAETCH C60-
6004bLm. .

4. Jlpa TBepILX TeNa WAPHUPHO coedurenst 8 moixe A (pHc, 7).
IIpeneSperas maccofl M pa3MepaMH WapHHDA, MOXKHO YTBepJaTb (Kak
H B npejspiyueM npamepe), uto Ry -+ R, =0. Ho Ttorma

R, ¥ 4- Ry 3r = (R, + Ry) ¥r =0.

5. lsa TBepALIX Telda NpPH IBHXEHHH CONPUKACAONMCA UOCAAbHO
22a0xumu nogepxrocmanu. (Tpennem npeseGperaeml) (puc. 8). B stom
cayyae cHoBa R; 4 R; =0. Ilpn stom R, M R, HanpaBieHW 10 05-
meH HOpPManH K mNoBepxHOocTAM. C JADYyroH CTODOHH, OTHOCHTENbHA S

Puc. 8.

CKOPOCTb 3THX Tel B MECTe CONMPHKOCHOBEHHA D3 — U;, a 3HAYHT, H pas-
HOCTb BO3MOHHX lepemeulenn#t dr, — dr, = (v, — v,) dt nexar B 06-
me# KacatembHo# miockocTH, [lostomy

R ¥+ Ry dry =R,y dry 4 Ry dry = R, (dry— dr,) =0.

6. Jlea TBepabIX Tena NDH IBHWEHHH cORPUKAcaoNmics udeassuo
uepoxosamsi s nosepxnocmamy («3yGuatoe sauennenue»). B atom
Clyuyae OTHOCHTERbHAS CKOPOCTh CKOJbKEHHH PaBHa ¥y — ¥, =20, Cre-
IoBateabHo, U dry— dr, =(v3 — v,) dt =0. {losTomy u 3jechk

R, ¥ + Ry ¥ry = Ry (dry — dr,) =0.

Croxuplii  MexawumsM MOKHO DACCMAaTPHBATL KaK CHCTEMY
TBEPABIX TEJ, KOTOPHE MOMApHO MHOO COSRHHEHB MEXLY COOOi
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MECTKO WJIM WADHUPHO, AuOO CONMPHKAcaloTCs CBOMMU IOBEPX-
HocTAMA. EcCIm cumTaTe BCE XECTKHEe coemuHeHHs abCoaioTHO
WECTKUMH, BCE NIAPHHDHI — UICAJBHREIMH, BCE COIPHUKACaroUnecs
NJAOCKOCTH — NACAJbHO TJaAKUMH HJIH KIACAJHLHO NEepPOXOBATHIMH,
TO AI6OL CAONCHBIE MEXAHUIM MOJNCHO MpaAKmosams Kak
cucmemy ﬂamepuaﬂbﬂwx MOo4eK, NOOYUHEHHYIO UOCAAsHbIM
CBA3AM.

3aMeTHM, YTO BO MHOTHX CJAyyasXx NOAOGHAas HAeaJan3aluns
HE sBJasercd momycrumo#. Tak, Hanmpumep, npeHeGpexedne cu-
JaMH TPEHU MOXET HMHOTJAa CyILECTBEHHHM 06pasoM HCKasuTh
¢$u3MUECKYI0 KapTHHY sBJeHuA. B aTOM cayuae ycaoBue wupeann-
HOCTH CBfidelt caeayeT OTOPOCHTh M BMECTO HErO B3ATh JIPYIHE
YCIOBHS, BHTEKAOUINE M3 XapaKTepa CBA3e#l M B3aKOHOB TpEHRd,

Onuako MOXHO MOCTYmuTh HHaye. MOXHO ® B 5THX cay-
yagx CYUTATh CBA3H HMECAJbHBIMH, YYUTHIBAS IpPH STOM TOJABKO
HODMaJNbHHE COCTABJAI0IINE peakuuift HerJaJKWx MOBepxXHOCTEH
M paccMaTpMBasg CHJIB TPEHHS KaK HEM3BECTHHIE AKTUBHHIE CHUJIHL
TlosBneHne HOBHX HEMBBECTHBIX KOMIEHCHDPYETCH MOMOIHHTENb-
HBIMH  COOTHONIEHMAMH, MOJYYAEMBIMH U3 SKCIEPHUMEHTaJbHEX
3aKOHOB TpEHHA,

Ilpu Tako#t TpPaKTOBKE MOHATHA HIEAJIbHBIX ceszeft MPAMEHH-
MOCTb 3TOTO IOHATHS CTAHOBHTCH INPAKTHYECKH YHHBEPGAJbHOM.

B Oaasnetimem 8ce20a npednoaazaemcs, 4mo 8ce c8a3u,
HAAOHCECHHBLE HA CUCHMEMY, ABASIOMCH U0EANbHBLMIL

§ 3. O6mee ypaBHeHHe AHHAMHMKH. YpaBHenus Jlarpanxa
NepBOTO poxa

Jlng MaTepuaabHBIX TOYEK HECBOGOMHOH CHCTEMBI HMEIOT MeCcTo
ypaBHeHus

mw,=F,+R, (v=1,...,N), (1)

rme m,-— Macca v-# TOUKH, W,—ee yckopenwe, a F, n R —
COOTBETCIBEHHO DABHOAECHCTBYIOIIAA KTHBHBIX CHJA M paBHOAeH-
CTBYIOULAs CUIT PEAKilui, NeHCTBYIOMMX Ha 5Ty TOUKy (V=1,..., N).
ITockombKy cBS3M HAEaABHH, TO B JIO60M MOJOXEHHH CHCTEMB
0pu J00HX BHPTYaJAbHHX MHEPEMEIISHHAX

N
Y R, 3r,=0. @)

y=1]
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Ioncraass cioma BmecTo peakuui R, UX BHpaXeHHs W3 YpaB-
HeHn# (1) m ymHOKas o6e 4acTM MOJAYYEHHOTO pPABEHCTBA HA
— 1, noayyaem

N .
Z(Fv_ mvwv) arv=0‘ (3)

y=1

PaBeHcTBO (3) HA3LIBACTCH OOWUM YPABHEHUEeM OUHAMUKU.
DT0 pPaBEHCTBO YTBEPKIAET, UTO MPU ABMKEHHH CHCTEMH B J0OOH
MOMEHT BPEMEHH CYMMA pabom QAKmMUBHbLX CUA U CUA UHep-
yuu Ha  RI00bX  BUPIMYANBHBLX — NEPEMEULEHUSX  PABHA
HYyA10.

Takum o6pasom, ofliee ypaBHEeHHE OWHAMHKHE BCEr4d BHIMOJ-
HEETCA 14 MoOOro COBMECTHMOIO CO CBS3SIMH JIBHXEHMS, COOT-
BETCTBYIOILEr0 3aJaHHHIM aKTHUBHEIM cuaam F, (v=1, ..., N).

Ilycte teneps, Hao00OpOT, MaHO HEKOTOPOE COBMECTHMOE
CO CBA3IMM [BMMEHHE CHCTEMH, [/ KOTODOrO BHIMOJIHSETCH
ofbmee ypasHenue muHamuku (3). Torna, nonaras

Rv=mv'wv—F“- =1, ..., N),

Oynem nmerb pasenctsa (1) m (2). Taxum obpasom, B noGoi
MOMEHT BPEMEHHM MOXHO M0m06paTh Takue peakuuu R,, KOTOpbE
B CHJIy paBeHcTBAa (2) Obliv Gbl DONYCTUMEIMH IJIi NAHHHIX CBSi-
3€f W OpM KOTOPHX HMEIOT MECTO MOJYYeHHHE U3 BTOPOro
3akona Helorona ypaesenus (1), Mul cuyuraem, yTO0 3TH peax-
nur R, B AEHCTBHTENBHOCTH peanuayloTcss («rumnoresa o pea-
JAM3ANMN JONYCTUMHX peakumuits) u uTo, CJAEIOBATENbHO, pac-
CMaTpUBaEMOE [OBMAKEHHE COOTBETCTBYET  JAHHHIM AKTHBHBIM
cuiam F (¢, r, ©,) (v=1, ..., N). Takum obpasom, oGuee
ypasHerle OUHAMUKL 8bpaXcaem HeoOXxo0uimoe u 00Cmanmou-
Hoe ycaosue 04 moz20, 4mobb. 08UNCEHUE, COBMECMUMOE
CO CBA3AMU, COOMBEMCMBOBANO 3A0AHHOL cucmeme aKmus-
wux cua F, (v=1,..., N)Y).

Hatinem Beipaxeuust A peakum#t R, ¢ 0OMOIBIO TdK Ha3H-
BAEMbIX HEOMpELENCHHHX MHOXHUTeaed Jlarpanxa. Brinuumem co-
OTHOUIEHHUS, OMNpEeNe/AINe BAPTYaJIbHHIE MEPEMEIEHHS TOYEK

f) Ilpu 3tTom He cregyeT 3a6mBaTh, yTo O6llEe YpaBHEHHE JMHA-
MHKM (3) npenctaBmreT coGOM, IO CYUIECTBY, He OIHO YpaBHEHHe,
a CHCTeMY YpaBHEHHH, NOCKONbKY I1a #1060r0 MOMEHTa BpEMEHH f
B ypashenpe (3) Bmecto 8r, (v=1, ..., N) MOXHO NONCTaBUTL npou3-
80/bHbe BUPTYalbHEIE TIepeMell eHus,



26 AUGSEPEHLIMAJBHHE YPABHEHUS ABHXKEHUS T i

cucremsl (cM. § 2):

N
h) gf =0 (a=1, ..., d), (4)
v==]

}_‘le ir,=0 (B=1...,98. (5)

YMHOXad nouwleHHo paseHCTBA (4) ¥ (8) Ha NPOUSBOABHBIE CKa-
JAPHHE MHOMHTENH — A, M ~— L. ¥ CKJIAABIBAS MOWIEHHO MOJY-
YEHHBIE PABEHCTBA C PABEHCTBOM (2), nosyuaem:

N d

Y (R~ Zxa gf pr 3r, =0, ©)

v=1 o =1

B pasnepHymM BUIE 3TO COOTHOLLEHWE 3aMUIIETCA TaK:

g
2 w— wa ZlupAr,v 36,4 hiy, +{e),2,==0.(6)
B=

v=1 e==1

3necy mbi uepes {y}, u {z}, cokpamenHo 0Go3HauuaM BHIpaKE-
HUs, KOTOPHE OTAUYATCA OT BHIIUCAHHOTO B (opmyse (6') xo-
s¢¢uunenta npu dx, 3ameHoH Oyks x, A Ha y, B uim Ha z, C
COOTBETCTBEHHO, ’

Coorrowenus (7') § 2 nossoasior BHpasute d-}-g us 3N
BUPTyanbHex npupauwenul 3x,, By, Bz, uepes ocCTanbHHE
n=3N —d — g npupawenutt. IIpu stom onpeseaurear J, co-
CTaBAEHHBIH H3 KOADPHUIUEHTOB MpPH «3aBHCUMBIX» NPHUPALIEHHAAX
B ypaBHeHusx (7) § 2, oradueH oT HyAd, .

Tlon6epem d |- g mHoxuTENER A, U H TaK, YTOGH B paBeH-
cree (6') xoadduuueHT npu d+g «33aBUCHMBIX»> NPUDPAIIEHHAX
06paTHIUCh B HY/Ab., DTO MOXHO CIENATh, W NPUTOM €IMHCTBEH-
HbiM 00pasoM, u60 onpepelrTend J u3 Ko3dduuueHTos npu on-
peAeaseMHX BEINYHHAX A, , kg HE DaBEH HYJIO. [Tocre storo s
pasenctse (6") ocrawrca T0ABKO CndraeMple € HE3aBUCHMBIMU
npupauenusamu dx,, dy,, 82, Ho Torma m kosdduuueHtH npu
5THX HE3aBUCHMBIX HNPUPALICHAAX Takke JOKHH OHTh paBHBI
Hy 0.

ViHaue rosops, ‘Heonpese/eHHEE MHOKUTENM A, M {g MOryT
ObITh MONOOpaHH Tak, 4TOOH BCE CKanspHHE Koaq)cpnuneﬂm
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B paBeHcTBe (67) H, C1e10BaTEIbHO, BCE€ BEKTOPHBE KO3(H-
HHeHTh B paseHcTBe (6) o6pamanuce B Hyab. Ho Torma

d g
0
r=304 3w o=iam 0

a1 f=I

Mbl noayuund obmee -BHIpaXEHHE AN PEAKIUH HACAIBHBIX
CBA3EH uepes HeoNpeaeneHHBe MHOxuTend Jlarpanxka A, e
(a.:l, ey d; p=1, ey g)

Honacrasasa smpaxends (7) 211 R, B ypasHenue (1), Mbl
NoJyYdM TaK HasuBaeMme ypasuenusn Jlazpansica nepgozo podal).

a=1

d 4
0fs
i, =F, PR afv +ﬁ2,*‘a’pv ¢=1, ..., N. (8

K sTuM ypaBHeHusM caegyer eme npubGaBdTb ypasHEHms CBAseH: -

N
fa(r)=0, sz-wazocz:h...,d;p:l,...,g).(g)

ve=1

3aMeHas KaXZ0€ BEKTODHOE Y[ aBHEHHE TPEMA CKaJapHBIMH,
MBI MOXXEM CUMTaTh, YTO YPaBHEHHd (8) 4 (9) COCTaBAAWT CHCTEMY
us 3N--d-|-g cxkanapubx ypasHeHu#t ¢ 3N -} d-I- g mneus-
BECTHHMH CK2JASIDHHIMH BEAWYHHAMH X, ¥, 2, A, p. Hurerpu-
pys 9Ty CHCTEMY, Mbl MOJy4yaeM KOHEUHbIE YDABHEHUf ABHXEHHA
¥ ONHOBDEMEHHO U3 DaBEHCTB (7)-— BEIMUMHB peakuui CBsseH,
OnHaKO MHTErpHPOBAHHE TAaKOH CACTEMbI OGHIYHO BEChMa 3aTPYA-
HEHO u3-32 O0OJbuLIOro uyucia ypasHenu#. Ilosromy ypasuenus
Jlarpanxa mepBOro pofa MPAaKTHYECKH Majn0 NPHMEHATCA.

B § 6 u'§ 10 Mbl nonyyum ypasnenus JlarpaHxa BTOporo posa
RASl TOJOHOMHOH CHCTEMH M ypaBHeHMS AMnens Ajs HEroJ0HOM-
HO# CHUCTEMB; B 3THX YPAaBHEHUAX YHCJIO HEUSBECTHHIX CKAAPHBIX
BEAHYMH (M, CI€40BATENBHO, YHCAO ypaBHeHuH) paBHo 3N —d,
T. & Ha 2d--g eIUHUIl MeHbllUE, 4eM B CHCTEME YDaBHEHuH

(8) u (9).

1) B1u ypaBHerus Gnmad noayueHs paHUY3CKUM MaTeMaTHKOM H
mexanpkoM K. JlarpanmxkeM B ero 3HaMEHHTOM TpakTaTe <AHanHTH-
YeCcKan MeXaHHKa», ony6iukoBaHHOM B 1788 r. (pyccku#t nepesom T. I
Borwen B 1938 r,, 1. I1—B 1950 r.). B stoM TpakTare BHepBole GbinH
M370MeHH OCHOBbI aHaAUTUYECKON MeXaHHKH,
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Mpuwmep. [se pecoMue MaTepuanbHele TOukH M; ¥ My ¢ oxm-
HaKOBOW Maccoit m=1 coemHHeHH CTepkHeM HEH3MEHHOH XJHHLI [
¢ npene6pemxuMo Manod maccoil. CHcrema MoOmeT IBHMaTbCA TONbKG
B BEPTHKAJAbHOH MAOCKOCTH M TONbKO TaK, 4TO CKOPOCTb CepeXHHb
cr%;xma HanpaBieHa BROAb CTepikHA. OnpeleauTb ABHXeHHe Towek M,
H M,.

Tlyetb Xy, y; M Xy, yo — KOOpAMHATH TOueX M; m M, 3anmmem
YDPaBHEHHA cBA3eH:

—;_ [(ee — x,2 + (Vs — )P — 2] =0,
(Ka— X)) P+ 9)— (Xg+2) (s — y) =0.

YpasHenus Jlarpaska ¢ HeonpeneneHHHMH MHOXHTEIAMH A M p
HMeT BHJI

(10)

-21=_)‘-(x2_x1)_f"(y2_y1); .

[ A S } b
H

£ =M\ (x4 —x1)—P(y2_y1),

Fs=—g 4+ (32— y1) + 1 (s — £, } (12)

V3 ypasuenuht (11) ¢ yuerom nepsoro ypasuenns (10} onpemeanm \ i p:

1 N
= — B (s — 90— 75 (55— %0 £ + (92 — 39 Bl
p | | (13)
b= (xa_xx)_'l? [(ya—y) & — (xg — x1) 9], J
3ameTuM, uto ypasuenua (l12) nonysawrcA H3 ypasHenu#t (11), ecanm

B NOCHeNHHX 3aMeHHTb A Ha —A W £, ¥ —na £, 7, [Toatomy,
onpemenas A M p M3 ypasHenuii (12), HaxomuM

N e (e 30 5 [0 — ) 2o+ (92— Bl

g i (14)
b=z (g — xy) — e [(ye — 31) £2 — (63— x,) F).

lpnpasHsB Memiy co60fi COOTBETCTBYIOmMe BHPaXEHHR JIA @ H A
B gopmynax (13) u (14), nocne aneMenTapHHX Npeo6pa3oBaHHit MOAYYHM

(£, — £y) (.)’s_)h)_(ys_j;l) (xg— xy) =0, 15)
(e £ (63— %)+ s+ ) e — ) + 28 (e — yy =0. [

Beesem coxpamienHele o6o3HavyeHHs:

b=x3—xy, v=y,—y, P=2,+4, Q=9+ (16
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Torna ypasuenus (10) u (15) nepenumyrcsa Tax:

w40t =1,

t‘iv—uszo,} {an

Po—Qu=0, (18)
Pu—+ Qv+ 20 =0, (19)

Pasenctsa (17) nokaspiBalOT, 4YTO B MNAOCKOCTH (#, ¥) TOuKa
C KOOpAMHATAMM 4, © [BHXeTCA MO0 KpPyry paiuyca { C UeHTPOM
B Hayaje KOOPAHHAT, IPHYEM C€ YCKOPeHHe BC€ BpeMA HaNpaBlieHo
k uentpy. Ho rtoria nmsuxenre 3TOR TOYKM 6yAeT paBHOMEDHBLIM,
Tosatomy

u=I[cosg, v=Ising, $=a=const, ¢=—at}| B (20)

CornacHo paBeHcTBy (18) MOWHO NONOXHUTH

P=§m Q=%u @

Toacrasaaa 3TH BhpaxkeHHAa B paBeHcTBO (19) M yuuThiBaA paBeH-
crBa_(17) n (20), Haitmem

f=—2gsing

~
+
Q
l

Torna

i _1: o . %
,_._?__.a_‘-f_——;—smcp H f__—a—COSq:—i—Q'{.
CnenoBatenbHo, B cuay paBeHctB (20) u (21), umeem
P=2<7+-§cos<p)cos<p, Q=2(1+—§cos<p)sin<p. (22)
Vinrerpupys, Haxoaum

x,+x2=SPdt=%Squ:=
2 .
=—g— smcp—i-a%sincpcos:p-}-f—,(p—i-?ﬁ, } (23)

2 .
V1+)’2='——g‘ cos ¢ — %COSE(P+2E,
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V3 pasencte (16), (20) u (23) oxonuareanno non'yrmM

.,\¢~I=Z—sin<p+i%simpcos<p+§§—g<p——2£— cose+3,

N =—la cosqﬁ—z—’i—cos"q— ~é~sin<g+s,
x2=—.£—5in(p+7§‘asincpCOS(p+§§—§-(p+—é coso—43, (24)
y2=—1—cos<g—§§—2 cos?o | ésin(g—{—e,

e=nat+f J

(2, B, 7, §, e — NpoM3BOIBHLIE IIOCTOSHHHIE),

§ 4. NMpuHnun BMPTYaabHLIX mepeMelNeHH .
Mpunpun Jdanam6Gepa

ITosooicenuers pasHogecuss HasbIBAETCd TaKOE MOMOXKEHHE
CHCTEMB, B KOTOPOM cucTema CyeT HaxOJUThC BCE BpeMs,
€C/M B HaYaJbHBIH MOMEHT BpPEMEHM OHa HaXOJuJaCh B 3TOM
NOJIOKEHHH ¥ CKOPOCTH BCEX €€ TOYeK OblAM PaBHE HYJIIO.

IMonoxeHne cucremmt ry (v=1, ..., N) Gyxer NoJ0KEHHEM
paBHOBECHs B TOM M TOJALKO B TOM CJyyae, KOTJa <«IBHKEHHE»
ry({)=r, (v==1, ..., N) ynosaersopser o6weMy ypaBHEHHIO
JHHAMHKH, T. €. KOTJa B 3TOM MNOJOMXCHHH CUCTEMBI

N

> F3r,=0. (1)

v=1

PapetcrBo (1) BHpakaeT CcOOG0H npunyin 6uUpmyarbHsLx
nepemewenuls.

Lnrss mozo 4mobu. Hexomopoe (CosMecmuMoe co CBsI35IMIL)
noaoycerue cucmemvl 0640 NOAONCEHUEM DPABHOBECUSI, HEOO-
X00UMO 1L QOCMAMOUHO, 4IMO0bL 8 SMOM NOAONHCEHUN CYMMa
pabom GKMUBHBLX CUA HA AWOOBLX BUPMYAAbHBLX nepemelle-
RUSX CUCEeMb. DABHIAACE HYAI0.

OGEIYHO NPUHUMN BHPTYaJbHBIX NEPEMEUICHHH MPUMEHSIOT
K CTalAOHapPHHM CBA3aM. ECJH CBS3M CTAHOHAPHBL, TO TEPMHH
«COBMECTHMOE €O CBSI3IMH» O3H3YaeT, YTO MOJOXEHHE CHCTEMH
VIOBJETBOPSAET KOHEYHbIM cBs3saM. [uddepeHiuaibHee we CBs3g,
Oynyust JHHEHHBIMH H OJHODOJHBIMH OTHOCHTEJLHO CKOpDOCTeH,
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aBTOMATHYECKH YOOBJIETBODSIOTCH, MOCKOJbKY MH  [oJaraeM
9,—=0 (v=1, ..., N). _

Ecau cBA3K HeCTalMOHAPHLI, TO TEPMHH «COBMECTHMOE CO CBs-
35MH» O3HAa4aeT, YTO OHM YJAOBJETBOPRIOTCA npu AwOoM t, ecan
B HHX MOJOXUTb ry=—1r, u ¥,—0 (v=1, ..., N). 3ametum,
YTO B 5TOM Cayuae NpH DasiNuHHX f MOIYyT OHTbL DPas3AdYHBIMU
¥ BUDTyaapHble nepemewmwenus dr, (v=1, ..., N).

B o6en cayuae cuavl F, 3aBucart ot ¢, r,, 0, (p==1,..., N
F,=F,( r, o) (v=1,..., N). Torma npeanojaraercss, 410
paseHcTBo (1) uMeer MecTo npu moGoM B3HaueHHn f, ecan
B Bupaxennn mas F, nonaoxurb BCe ru=r, u BCe T, =0.

B npocredmux yacTHWX c/Iyyasx NPHHIHN BUPTYanbHHX MEpeMe-
meHHH (AIH KaK €ro HHOTNA HAa3HBAIOT B MPHMEHEHHH K CKJIEPOHOM-
HHIM CHCTeMaM, NPHHUMII BO3MOXHWX NepeMellenHil) Oul1 H3BECTEH
eme BO BpeMeHa [amunes mnol Ha3BaHHEM <«30J0TOTO MpaBHAA
MeXaHHKH» '), '

[IycTh Ha KOHISI HEBECOMOI'O Pbiyara, HaXONALIETOCS B PaBHOBECHH,
Je#cTBYOT cHan F; u F,. Torna, o6o3Hayas yepes F, u F; Kacarems-
HBEe (K BOBMOXHHIM TPAEKTOPHAM) COCTAB/AIOIIME 3THX CHJA, a yepe3
8/, # 3], — BEAMYMHH COOTBETCTBYICUIHX 3MEMCHTAPHKHX BO3MOKHHX MEpe-
MEIEHHH, MBI B CHIY paBencTBa (1) ¢ TOUHOCTBO 10 3Haka GyAeM MMeTb:

Fj ¥, = F}3l,,

o, F;

¥, ~ Fy
(smiucpbis 8 cuje KOMNeHCUDYeMCS NPOUSPOLILEM 8 NepeMeujenuy U
#a0060pOMm — «3010TOE NPAaBHIO MEXaHHKH»).

IlpuHnun BupTyaJbHX NepeMeuieHHd NpexcraBaser COO0H
caMbiff OOLIMK NMpUHUKMN aHaJUTHYECKOH CTaTHKd. M3 Hero MoxHO
NOAYYUTh yCJAOBHA PaBHOBECHA NIOOOH KOHKDETHOH MexaHuuecKoH
CHCTEMBL.

[ITpumepn, 1. Borgenem u3 paBedctsa (1) ycaoBHA pPaBHOBecCHs
cBOGOJIHOrO TBEPHOIO Teja, OGLYHO [ONYYaeMbie B KYPCAX MEXaHHKH
U3 coo6paxeHuil reoMeTpHueckoll craTHku, OGO3Hayass uepe3 ¥, CKO-
POCTb KaKOH-ZHGO TOYKH TREDOro Tela, YePe3 @ — YTAOBYIO CKOPOCThb
Tena, uepe3 F u L, —I7aBHLHA BEKTOP H T'IaBHWI MOMEHT OTHOCHTENb-
HO nomoca QO Aus CHCTEeMb BHEWHHX CHJ, NEHCTBYIOIUMX Ha TBepuoe

1) Tanune#t npunucwBan 0GOCHOBAHHE «30J0TOrO NpaBHAa Mexa-
HRK®> Apuctotemo. B o6umeft (popMyIMpOBKE NPHHUMN BHPTYaJIbHHIX
nepeMelleHuii BcTpeyaerca snepeue y Moranna Bepuynmw B 1717 1,
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TeM0, ML UIpPHPABHMBaeM HYIIO BhIPaXeHHe ') [as 3JeMeHTapHOH
paboThl CHI, NPHIOMEHHHX K TBEPAOMY Teny Ha IIPOU3BOIBHOM Gec-
KOHEYHO MalloM IepeMeuleHHHd 3TOro Teja:

BA = (Fp, -+ Low) dt = 0. @

B cuny npousBoIbHOCTH BEKTOPOB U, M @ PAaBEHCTBO (2) Moxer
HUMeTb MECTO TOrfla M TOJbKO TOrJa, KOria

F=0, L,=0. (3

STH paBeHCTBAa NpPeACTaBAANT Co60ol Heobxodumve u docmamodnvie
yca08us pagHosecus c80600H020 mead.

AHanoOrMyYHO INONYYAIOTCA YCHOBHA DPaBHOBECHA HecBOGOAHOIO
TBeproro tena. flycrb, Hanpumep, touka O 3akpenneda. Torpa v, =0
M paBeHCTBO (2) uMmeer BHA 8A = L, df =0, oTKyna, B CHIy Npowus-
BOIbHOCTH BEKTOPa @, IIONyYaeM HCKOMoe ycloBHe paBHoBecus: L, =0.

Ecan Temo MoXeT TONbKO BpawaThCs BOKPYT HEUOABHKHOR OCH u
(c oprom e), To paBeHcTBa (2) npuHHMawT QopMy 3A =L oz df=0,"
OTKYlla, B CHAY IIPOM3BOJBHOCTH BEIUYHHH ®, CleAyeT YCJAOBHE PaBHO-
Becua L, =0; spech L, = L,e —riaBHuA MOMEHT BHEIUHHX CHI OTHO-
CHTEJbHO OCH u. )

2. BoiBelleM yCNOBHA DaBHOBeCHA IPOM3BONbHOH HECBOGOAHOM
cucmeMbl meepOvix mea, Haxo0suuxci noo Oeiicmaues cuavl 8ecd.
O6osnaunm yepes M cyMMy Macc BCeX Tel M yepe3 2, — BEPTHKAlb-
HYI0 KOODAMHATY IeHTpa TAXKECTH CHCTEMH Ten (CYMTaeM ocb 2 Ha-
NpasneHHON BepTHKaabHO BHU3). Toraa, cornacHo paBeHcTBY (1), moayunm:

3A = Mg bz, =0,

M, ClleloBaTeNbHO, YCAOBHA PABHOBECHA CHCTEMH HMEIOT BHX
bz, =0. “4)

Takum 06pa30M, NOMOXEHHUAMHA PaBHOBECHA CHCTEMBI TAXEIWX Tekx
6ynyr MOJMO¥KEHUA, B KOTOPLIX HEHTD TAXECTH 3aHHMaeT HaHHH3Iee,

1) Pasenctso 34 = (Fo, -} L,w) df MoxeT 6uTb NONyyeHo CAenyio-
mAM o6pa3oM. O603HauuM yepes F; CHanl, AeHCTBYOLIME HA TOYKH TBep-
A0ro TeNa, Yyepe3r; U V; — PalHyCH-BEKTOPL (IPOBeleHHne U3 ToUkH O
TeNa) M CKOpOCTH TOYeK INpuroxenua cun F;(I=1, 2,...) coorBer-
crBenHo. Torna, o603Hauas 3HAKOM X BEKTOpHOE YMHOMEHHE, HahleM

BA:;FiBri=‘ZFz‘Uidf=‘ZFi(‘oo+")xri)dt=
-[(gee el

(3amena dr; Ha dr;=;dt 3aKkoHHa B CcHAy TOro, 4YTO TBEpAOE TeJo
ABNAETCA CKACPOHOMHOH cucTeMolt; cM. ctp. 14). Ho B cuay rtpetbero
3akoHa HbloTOHa riaBHLI BEKTOpP M IIaBHAIY MOMEHT BHYTDEHHHX CHI

B TBEPAOM Téjle paBHAl Hyawo, [lostomy ZF,-:F H Z ri X Fy=1L,.
i i
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HauBHICHIEE MIM Kakoe-1nGO Ipyroe <CTaiHOHApHOE» MOJOXeHHe Mo
BepTUKamn («npuHun Toppuyennn»).

3. Qopma pasunosecuss madceaoli OOHOPOOHOL uentt, 3axKpeniew-
HO@ 8 08yx mouxkax. PaccMaTpuBaA TANKENYI0 ONHOPOAHYIO ueNb Kak
CHCTEMY TBEpABIX Ten (3BEHbEB), MOWKHO HAMKMCaTh COOTHOmIEHHE (4).
Ho (cM. puc. 9, rme Oxz— BepTHKAaAbHAA MNJOCKOCTb, Z -—— BEPTHKaNb)

_ Szds z
- Sds ! Ay (T2,22)

¥ MOCKOAbKY [JMHA OJHOPOJHOH ienu
NpH nepeMeuleHUAX He MeHAETCA, TO
ycroBue (4) npuUHHUMaeT BUA

3{zas=o0. (5)
310 COOTHONIEHHe MOXHO 3amucaTh
U TakK: A, (‘Zh Zl)
Z's a -
BS ‘/1_{_( x) dz=0. &) 0 z
P Puc. 9.

Kak ycraHaBauBaeTcAs B BapHauMOHHOM MCUMCAEHMH, B Kaacce
'KPUBHX X == f(z), NIpOXOjAuMX yepe3 3ajaHHHie JBe TOYKH, KpUBad,
coofuiaionias MHTerpany

23
S F (z, X, %) dz
21

9KCTpeManbHoe (ToYyHee, CTALMOHAPHOe) 3HayeHue, A KOTOPOro

23
3 S Fdz=0,
2y
IoMKHA YROBAETBOPATE AuddepeHUNanbHOMY YpaBHeHHUIO 1)
d OF oF . dx
T —w=0 (=% ©

. \2
B namtem cayvae F=2z ]/14—(%) . Tloatomy ypaBHenue (6)

NPUHUMAET BUL
dx

z
4 ————__d——_‘;
X
V(%)
') Oro ypasHenue Oui0 monyweno eumre ftmepom. OTHOCHTENbHO
ero BhiBolda cM. ¢Tp. 105 u 3ameyanue Ha cTp. 107,

2 @. P. laatmaxep

M
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Orcrola
dx
“dz
2 ————-—“———d 2 =
X
I+ (717)
u _
dx [
[T ®

rie ¢ — NPOU3BOAbHaA MocToAHHaA. VHTerpupys, moasyvaeMm ypaBHeHHe
UenHOH! NHHHM:
a

z=%[e(x_“)/c+e—(x—u)/°]=cch ———"7 , ©)

€ 3HAYEHHA MPOMIBOMbHAEIX MOCTOAHHLIX ¢ H @ ONMPENENAITCA U3 YCIO-
BU# 3aKpenaeHHs KOHLOB. TakuM o6pasom, gjopMa pasuosecuss 00HO-
POOHOT  msowenoil  yenu
ppedcimasasem cobod yen-
HYI0 AuRu0 ),

4. Heusmennasn raockas
duzypa Mooscem ckoab3uUmMsb
08yMsL ceoumi modxamu A
t B no uenodsusicnsm xpu-
8bLM, NEICAUM 8 moOll dce
naockoemy. BuiAchHuM, mox
IeACTBHEM KaKo#l CHInl F
(urypa MOMKET HaxOAHTbCA B

paBHOBecHH (puc. 10).
% IloMuMO aKTHBHO# CcHubLI
F na ¢urypy npeficteyior eme
Puc. 10. IBe DeaKUHH, HampaBieHHbie
M0 HOPMAamAM K KDHBHM, H
JIHHHH - JeHCTBUS STHX Tpex
CHJI JIOMKHN MEePECeKaThc B ONHOU Touke. [IPDYIMMH CNOBAMH, IHHHA
IeficTBUA CHALl F JoMKHA NPOXOIMTb Yepes TOYKY NepeceyeHHs Hop-
Manefl K KpHBHIM B Toukax A U B, T. e. aunus Oelicmsusn cuam F
00aicHa NpoxoOUmb Hepe3 MZHOBCHHHIL HeHmp BOIMONCHOX CKOPO-

cmeti C u2ypul ®).

K sToMy e BbIBOAY MOMHO NDHATH, HCXONA M3 MPHHUHMIA BO3MOX-
HHX nepeMemesnit, JleicTBuTenbHO, 0603HayuM yepes O Kakywo-mu6o
TOYKY Ha JAHHHK deitcTBHA cuabtl F. Torma w3 ycnosus 3A = Fo, dt =0
3aKmoyaeM, 4T0 9, | F, OTKyma H chaeiyeT, YTO MTHOBEHHHfi LeEHTp
BO3MOXHHIX CKOPOCTeH QUrypul PacnoSOKeH HA THHHM AeHCTBHA CHanl F.

5. Hexoropue zeomempuueckue npuaoscenus. Haunem ¢ mnpenpa-
puTeabHOro 3ameyanda. IIycTh B MIOCKOCTH JaHH HEKOTOpasA Kpubasa C

1) Tamunest cumran, uro rtakolt QopMoHi pABHOBECHS sABIAETCH
napa6oaa. Omu6ka [arnaes 6uaa ucnpasaena [ofirencom.

*) Ilpu sTOM BeaMuMHA W HampaBaewHe cuan F MOIYT 6uiTh Mpous-
BOJbHEIMH.
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H Toyka P (B yacTHOM cayyae KpHBasa C MOXeT BHIPOJHTbCA B TOUKY).
lposenem U3 Toukn P Hopwmanb K kpuBoft C H 06O3HayuM yepes r
PacCTOsiHHE 10 HOpMalHM OT KpHBo# C 1o TOoykH P; TakHM o06pa3om,
r=Py,P (puc. 1l). Tlpunoxum Kk Touke P HekoTOopyl cHay F, Ha-
NpPaBAeHHY BAOAb HOpMamH P,P, um Gyigem cuuraTs F >0, ecau
HanpaBienue cHanl F coBmajaer ¢ HanpaeileHHeM oT P, 1o P, u
F <0 —B npoTHBHOM ciyuae. DiaemeHTapHas pa6oTa cHiAn F paBHa
38A =F (dr,— dr). Ho dr cknajmbiBaeTcA M3 JIBYX 3;J€MEHTAPHBIX Tepe-
MEILEHHH: H3 MepeMeileHHs BIOAb Npamoit P,P (BeJTHYHHA 3TOrO mepe-
MEIEHHS PaBHAa dr) H NepeMeLleHHs] TOYKH P, BEI3BAHHOTO NOBOPOTOM

| F
D

r

~— % 4

0

r

g ¢

g
Puc. 11. Puc. 12.

npamoit P,P. Tlocrelnee nepeMeileHne, Kak H dry, NepHeHIHKYIAPHO
K npamoit PoP, T. e. K nuuuH peficTuA cuanl F. Tlostomy 1),

3A = Fdr, (10)
TlycTs B OXHOM M TOM Xe NJIOCKOCTH DAacCHONOMEHE 72 KPHBHX
Cy, Cy, ..., C, u Touka P. OGo3HauMM yepe3 ry, Iy, ..., Iy Ppaccros-

HHA (IO HOpMaasAM) OT TOYKH P 1o 9THX KpHBHX®) (pHC. 12 cooTBert-
CTByeT cayyamw 7 =—2). PaccMOTpHM B TOH e IJOCKOCTH KpHUBYI D,
3ajlaBaeMyI0 ypaBHeHHeM ?)

fry, Fgy eeey rn)=0- (11)

1) B cnyuae, korza Kpusas C BbLIpOXkJIaeTca B TOYKY, dopmyna (10)
JaeT BHIPaXXEHHe AAs PaOOTHl LEeHTPaAbHOM CHJIHL.

%) Hekotoprle (mam Bce) kpusnie Cy, C,, ..., C, MOTYT BHPOIHTHCH
B TOUKH.
8) Kawnas U3 BeNMUYHH ry, Iy, ..., I'p, ABIAeTcA (GYHKLUMEH OT IBYX

JIeKapToOBLIX KoopauHaT TOukH P. Ilostomy ypaBuenue (l1) sBasercs
YPaBHEHHEM HEKOTOpPOH KPHMBOH B MJIOCKOCTH,

Qe
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TlokaxeM, Kak mno ypasHeHuw (11) nocmpoums Hopmans K Kpu-
goit D 8 mouke P.
Tlpr nw6om GecKoHeyHO MajloM IepeMelleHHH TOukH P Brolb
Kpuoit D monyuum
n

af
2 5o dr=0. (12)

i==1

of .
Tenepb NPHUAOXKHM K Touyke P cuin Fi:?’ HanpaBleHHbIE BJONb
i

HopMmanel r; (i=1, ..., n). Torna pasencrBo (12) 3anumercs Tak:

N

Fidr;=0,
1

n

a 9TO COrAacHO NpeIBapHTEIbHOMY 3aMeYaHHIO O3HayaeT, YTO CyMMa
pa6or cun Fy, F,, ..., F, NpH NDPOU3BOJIbLHOM NepeMei{eHUH TOYKH P
Bionb Kpusoid D pasHa Hymo. Ho torama necso6oipHas Toyka, KOTOpas
MOXeT NepeMeulaThcs BIOAb TMAafKoH kpuBo#t D, GymeT B DaBHOBECHH
nox nedcrsueM cun F,, F,, ..., F,. IlostoMy pasHoOelicmsyowas
cun Fy, F,, ..., Fp HanpasaeHa no vopmarn Kk Kpugoid D

Mhul nonyyunauw oveHb NPOCTOH COCOG reoMeTPHYECKOTro NOCTpoe-
HHA HODMaJH K KpHBo# D), 3aiaBaemoit
ypaBuenuem (11).

PaccMoTpHM vacTHEIe clyyau:

a) D—onmunc. B sToM cayuvae
C; u Cy—10ykH (GoKycH sanunca),

ry-ry=2a

Puc. 13. Puc. 14.

ypaBHenue (11) umeer Bupg ry+r,—2a=0, F,=1, F,=1 u Hop-
Maab K 3aauncy seasemcs 6ucceKkmpucoli y2aa mexncoy GOKaANbHOMY
paduycamu-gekmopamu (puc. 13).

6) D—runep6ona. YpasHenue runep6onn: r;—r,—2a=0,
F,=1, F=—1, n w3 nocTpoeHua Nerko ycMoTpeTb (puc. 14), uto
KacameavHas K 2unepboae ecmoy Buccekmplica Y2Aa8 Mexc0y Pordns-
HumMU  paduycamu-geKmoparu (a HOpPMalb ABIReTCA GHCCEKTPHCOH
CMEeXHOT0 Yria).
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B) D — napa6oua (puc. 15), C; — npsamas (zupextpuca), a C, — TouKa
(doxyc). Ypasnenme napaboan: ry—r,=0. Kak u B caywae rumep-
GOMBl, M3 NOCTPOCHHA CAENYET, UTO KacameabHasi K napabo.e S8Asemes
buccexmpucoil yzaa Mewucdy POKAAbRBM PaduUyCOM-8eKMOPOM Ty U
nepreHouKYARPOM Iy, ONYULEHHBLM .
Ha Oupexmpucy.

Ypapuenue (1) aas npua-

HNa BUPTYaJbHRIX NEpeMeEeHul
npeacrabaser coGoi  yacTHRIH
caydalt ofllero ypaBHEHUs OUHa-
MHKH [cM. ypaBHeuue (3) Ha
crp. 28], OpHako ofmee ypas-
HEHHE [VHAMHUKH MOXHO paccMa-
TPUBaTh KaK YPAaBHEHHWE, BHIpa-
KAIOIIEe TNPHHUMN BUPTYAJbHEIX ' Puc. 15.
nepeMenieHUd M XapaKkTepHuayio- ‘
e I10JOXEHHE DABHOBECHS CHCTEMBI, KOTOPOE MOAYYAETCA €CIH
K aKTHBHBIM CujJaM F, JONONHUTENbHQ NMPUYUCIANTL (DUKTHBHBIE
cuant uHepumn —mw, (v=1, .,., N). Takum o6pazom, M=l
npuxoaum k npuHuuny [lanambepa.

[Tpuuuun [danamOepa [llpu Odsuxcenuun cucmemst
A1000€ e NOAONHCEHUE MONCHO pPACCMQMPUBAms KAK NOAONCE-
Hue pQBHOBECUS, €CAU K QKMUBHBM CUAQM, OeliCmEynmuM
Ha cucmemy 8 3moOM NOAOJNCEHUN, npubasums OUKMUBHbLE
cuasl uHepyuu.

Hpunuun [lanamGepa nossosseT NEPEHECTH [IPHEME U METOAH
peuleHns CTaTMYECKMX 3ajlay Ha 3ajayM AUHAMHKK. B yactHoCTH,
OH T03BOJISET CTATHYECKUMH METOJaMH ONpEeNsiTh JUHAMUYECKHE
peakuuu. JIeHCTBUTENBLHO, B NMOJOXKEHAH DABHOBECHS Deakuud R,
OTIMYAIOTCA TOMBKO HampabierneM or F, — mw,

F,—maw,——R, (=1 ..., N)

Cy

Ho Torna
maw,=F,+ R, (v=1,..., N),

‘T. €. ONpele/eHHbe ¢ nomombi npuHuuna [lanambepa peak-
anu R., ABJAIOTCA HCKOMBIMH JMHBMUYCCKUMH DEaKILHAMH. HOSTOM)’
NPUBEJCHHYIC BHIllE GOpPMYAMPOBKY NpuHumMna Jlanambepa MOXHO
NONOJHUTD CAEAYIOINUM M0JOXKEHUEM:

Paccmampusas cursl unepyuu 8 xauecmee 00NOAHUMENb-
HBLX QKWUBHOLX CUA, NPUAONCEHHBIX K -MO4KAM cucme-
Mbl, Mbl 3amenscr OQHHYIO OUHaMutecKylo 3adaiy HO8OL
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cmamuseckoll 3adavel. Cmamusecxue peayuu 6 K080l 3adaue
COBRAOQIOM € UCKOMBIMI PEAKUUAMU 8 UCXOOHOL OnHaMu4ie-
cKoil 3adade.

IIpumenenne CTATMHECKMX METOJOB K DeLieHHIo 3afady AuHa-
MHMKH MPOMJJIIOCTPHPYEM Ha CAeAYIOMMX ApuMepax.

MMpumepn. 1. Tendep ¢ 6000 Osuscemcss ¢ YcKOpeHuem w.
Tpebyemess onpedeaums @GOpMY U NOAONCEHUE NOBEPXHOCHIL BOOHL.

Ilpu OTCYTCTBMM YCKOPEHHA NMOBEPXHOCTh BOAb — FOPU3OHTANbHasA
nnaockocTh, J[aHHas MIOCKOCThL B KaxLOM CcBoeHl Touke nepneHnu-
KYJAAPHA K HanpaBICHUIO O6bEMHBIX CHJI Beca, NPHIOKEHHBIX K BOXE.
DTo cTaTHUecKoe MOJONKEHHE MOXeT GhTh TNpPUMEHEHO M K CaAyyai
YCKODEHHOTO [ABMXEHHA TeH[AeDa, eCiIu K KakAOMY 34eMEHTY Macchl dm
NPUAOKUTL JONOJHUTENbHO GUKTHUBHYIO CHAY HHepuuy dJ = — dmw.
IToBepxHOCTh BOAW OYyAeT MJIOCKOCTbIO, NEpNeHINKYIAPHOH X paBHO-
AeficTBywomed ABYX 06beMHBIX CHI: BEPTHKaNbHOW CHanl Beca dmg W
FOPHU3OHTANLHONR CUABl MHEpUMH — dmw (puc. 16). TloBepxHOCTh BOAH

w
6yReT HaKNIOHEHa K TODH3OHTY MOA YIioM ¢, Iie tg o= —,

2. HanumeM Oufdepenyuansnoe ypasuenue spawenus meepdozo
meaa omuocumeAbHo HenoOsuscrod ocu u (puc. 17). K xaxnomy aze-
MEHTY MacChl dm TNPUIOXKUM (QUKTHBHYIO CHIY HHepUMH — dmw,

Puc. 16. ' Puc. 17.
BLIUHCIEM TAaBHH MOMEHT CHI MHEPLHMH OTHOCHTEAbHO OCH BPalileHHA
—§ampp=—73 {otdm=— 13,

rae ]u=Sp’dIn'—MOMeHT WHepUMHM TeJa OTHOCMTENbHO OCH Bpalile-
Husg u, O6osHaymu uepes L, raaBHbHl MOMCHT -BHEIIHMX CHI, NPHI0-
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MEHHHX K Teay, OTHOCHTeAbHO OCH '), Torja coraacHo npHHUHDY
Hanam6epa Temo MOXeET HaXOJAHTLCA B DPaBHOBECHH MON HAeHCTBHEM
CyMMapHOro Momenta Ly — /,%. TlosaToMy (cm. cTp. 32) 3TOT CyMMapHH#H
MOMEHT JoMKeH DaBHATLCA HYmo. [lonyvaem:

=L,

3. TopusonmaibHbiii 00HOPOOHBLI 842 PABHOMEPHO Bpawaemcs
€ Y22080il ckopocmpto w.. [1epnenOuKyAAPHO K Ocu 8aAa HG PABHBLX
paccmonKUAX Om NOOWUNHIKOB HG 8GA IKCUECHMPUIHO HACANCEH
00HOpOOHBLT Ouck. Tpebyemes
onpedeaumb O0asaexus Ha noo-
WURKUKY NpU BpaLjeHuy 8d.Ad.

PaccMOTPHM CHIH HHepLUHH
dmw®r, coOTBETCTByIOIlHE OT-
AeJbHRIM 9neMeHTaM dm JOHCKa
(puc. 18). ATo cxoasuHecs CHIH, : r
Hanpasa€HHbIE OT OCH, Bana.
PaBHoJeHCTBYIOIlaA 3THX CHI

paBHa J= w? S rdm= M’
rie M;— mMacca aucka, arpo=

"
|

= 0C (O — touka nepeceyenus
MIOCKOCTH JHCKA C OChbI0 Bana,
a C—reoMeTpHuYeCKHH UEHTp
aucka). [lpumenseM  nmpumuMn
JlanamMGepa  oupenenseM CTaTH- Puc. 18.

YeCKHe HABJEHHA Ha MOMMHI-

HHKH, CYHTa#, YTO K OCH Baja NPHIOXEHW TPH cHAH %) 1) cuna Beca
Bana Mg; 2) cuna Beca aucka M,g u 3) cuna J=M’r.

laBnenne N Ha kaxcAuft NOXMHIHUK onpenenaerca Qopmynoi

1 1
N=5M+M)g+5 Mu'rc,
Cuna N HMeeT MaKCHMaAbHYIO BENHYHHY
1 1
Ny = 5 M+M)eg+ 5 M*0C

B TOM MOJOXEHHH JHMCKA, KOTHAa reoMeTpHYecKHH uentp mucka C pac-
nonoxeH nox touxoft O,

!y CnaBHbt MOMEHT BHYTPEHHHX CHI DaBEH HY.O. )
*) PaBHOJleHCTBY I0LMAA 3M€MEHTAPHAX CHJ HHEPUHH J14 Baja paBHa
HYII0O B NO3TOMY He YUHTLIBAeTCAd,
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§ 5. TonoHoMHBIE cHCTeMbl. He3apucHMblE KOOPAMHATHIL
OGo6mennbie cHIBI

ITycte naHa ronoHoMHas cucteMa u3 N MaTEePHANbHHX

ToueK P, ¢ paauycaMmu-BeKTOpamp r,=x1-y,j+ z,k")
(v=1, ..., N), nonuuHeHHasd KOHEYHBIM CBA3AM
fult, r)=0 (=1, ..., d), (1)
uan (B SKBHBAJIEHTHOR 3amucu)
fo %y ¥, 2)==0 @=1 ..., d. (1)
Mbl Gynem npeanosarath, uro d ¢yskuu# f, or 3N apry-
MEHTOB Xx,, y,, 2, (v==1, ..., N) Hesasucumn ?); ¢ 3necp pac-

CMBTpHUBaeTC KaK napamerp. ITostomy Mbl MOMeM H3 ypaeHe-
Hu#t (1°) BHIpa3uTh d KOOpAMHAT KaK PyHkuun 3N — d. ocTaAbHBIX
W BpeMeHu f u paccmarpuBaTh 3TH 3N — d KOOPAHMHAT KakK
HE3aBHCHMbIE BENHYUHE, ONPENEJSIINE TOJ0XKEHRE CHCTEMb
B MOMEHT BpEMEHH f. :

OnHako He 00#3aTeNbHO B KAueCTBE TAKHX HE3aBUCHMBIX
KoOopAuHaT OpaTb MAEKApTOBH KOOpAMHAaTH. MoxHo Bce 3N
JEKapTOBBIX KOOPAMHAT BLIPA3uTh B BuAe PyHKIUA oT n=3N -—d
HE33aBUCUMBIX TIapaMeTPOB ¢y, ..., §, ¥ OT F:

X, =0, 91 ..o @) V=0, q1, ..., ) } @
z=x,¢ g ..., g2)  (v=1, ..., N).

Itd $yHkunn, 6yaysd nOACTABACHH B ypaBHEHHs cBszef (1),
ofpailaior ToC/AeAHHE B TOXAecTBa, Kpome Toro, mm Oyaem
NpeanoJsaraTb, 410 JMo6oe TMOJOMEHHE CHUCTEMB, COBMECTHMOE
CO CBA3AMHM B JaHHbIR MOMEHT BDEMEHH, MOxeT OHTh TOJYYEHO
U3 PaBeHCTB (2) MPU HEKOTOPHX 3HAYCHUSX BEIHYHUH Gy, ...; §p

PasenctBa (2) 5KBHBa/JIEHTHHI BEKTOPHEIM DPaBEHCTBAM

r=r,t gu .... ¢) (=1, ..., N). @

14, J, R—opth ocet Ox, Oy, Oz WHepuHMaabHOH CHCTEMB Ko-
OpIUHAT,
%) B npoTUBHOM ciyuyae, NpM HalWuk{, HanmpuMmep, 3aBUCHMOCTH

BUAa
fa=2(fy - a1 t),

ODHa U3 cBAsell (B HaHHOM cayyae fy==0) 1160 OpoTuBOpeunaa Gl
octaapHmiM  [mpu- 2(0, ..., 0, ?)==0], au6o OGuiza On caeAcTBUeM
ocTaapHux [npu €0, ..., 0, £)=0} '
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Ckanstpuble  QyHkmmn (2), a C/€I0BAaTEAbHO, M BEKTOPHHIE
dyskunn (2") npeAnonaralTCs HEMPEPHBHEIME K Au(depeHun-
pPYeMHIMH,

MunumazpHOe UHCHO BEJMYMH ¢;, C TOMOIIBIO KOTOPHIX
dopMysnaMn (2) MOXHO OXBATHTL BCE BO3MOXHLIE MOJIONKEHUSA
FTOJIOHOMHOH CHCTEMBl, COBMAaJaeT ¢ YUCJOM cTeneHed cBoBOAL
3TOH cucTeMbl n==3N —d (cm. ctp. 19).

Benvuunn ¢y, ..., ¢, B dopmyaax (2) umu (2') (n — uncio
cTeneHe# cBOGOAB!) HA3BIBAIOTCA HE3ABUCHMBLMI 0600, eHHbLMIL
KOOPOURQAINAMIL CUCTEMHL.

Ias  KaXZOro MOMEHTa BPEMEHH ¢ MEXIy BO3MOXHBIMH
NOJIOKEHUAMH CHCTEMBI ¥ TOYKAMH HEKOTODOH 06/acTH B 7-Mep-
HOM KOODJMHAaTHOM MPOCTPAHCTIBE (qy, ..., ¢,) YCTAHABAUBAETCA
B33aUWMHO-O/JHO3HAYHOE COOTBETCTBHE. KaXJOMYy MNOJIOKEHHIO CH-
CTEMBl B MOMEHT BpeMeHM { COOTBETCTBYeT TOYKA B MNPOCTPaH-
cree (¢i, ..., §,), M300paxaromas STO MOJOWKEHHE CHCTEMBL.
lsusicenuto  cucmems. coomsemcmseyem Q8UNCEHIE MOYKU
8 roopdunamnos npocmparncmee (qy, ..., q,).

Ecniu Bce cBA3M  CTalMOHAPHE (CKJEPOHOMHas cucremal),
TO BpeMa ¢ He BXOZUT £BHO B ypaBHeHus (1°). Toraa Bceraa
MOXHO BBIODAaTb TaK KOODAHMHATH ¢y, ..., Gy
yroGsl ¥ B ypaBuenusi (2) BpeMa { He BXOZHUJIO.
B  jnanpbHedieM npeanoJiaraeTcs, uTo  AJMA
CKJIEPOHOMHOR} CHCTEMbI HE3aBHUCHMBIE KOOD/HU-
HATHI ¢y, ..., §, BEIODAHBl UMEHHO TAKUM 0OOpa-
som. Torga A/ CKJIEPOHOMHOM cucreMsl ¢op-
Myast (2) 1 (2) NpUHHAMAIOT BUJ

Xy =Py (qi)’ = L‘t)v (qi)’ z,= Ay (qi)
(=1, ..., N), (3)

R
r,=r,(q,) Gv=1,..., N). (3)

Mpumepsn. 1. ZHsodnoi masamuur (puc. 19),
IBMKYWHUACA B IIOCKOCTH, UMEeT [BE CTelleHH CBO- Puc. 19
Goxusl. B KawecTBe He3aBUCHMBIX KOOPIHHAT §; U g4 -
MOXKHO B3ATb YTIH 9 U Y.

2. Caofoonoe msepooe meno UMeeT 1lecTb cTeneHell cBOGOMLL.
B kayecTBe He3aBHCHMBIX KOOPIMHAT MOMHO B3fTh TPU KOOPTHHATH
X4, ¥a» 4 Kakol-nu6o toukm A Teaa M T1pH yraa Ditmepa ¢, 0 U ¢,
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onpele AIOMAe MOBOPOT cHCTeMH oceft Afql, HeHM3MEHHO CBA3aHHOM
¢ TeJOM, OTHOCHTENbLHO HENOABHWHON cHcTeMB! ocelt xoopamHat Oxyz,

Yran Dftiepa onpefeswTcs caeiyommM ofpasom (puc, 20).
MNposoanm uepes Touxy A ocu Ax,, Ay, Az,, napamjeabible H OfMHa-
KoBo HanpaBienHnle ¢ ocamH Ox, Oy, Oz. Jluaua AN nepeceuenms
naockocrelt Ax;y, U Afy RaanBaerca nuuueh yanos '). Torma 8 — <yron
HYTalHH» — yron Mexny ocamm Az, u Al; ¢ — «yron npeueccuu» —
yrosi Mewny ocsaMH Ax; B AN; ¢ —«Yroa uyHcTOro BpaiueHHsA», o6pa-
30BaHHEIY ocaMH AN u At

Tpems napaanensHeiMu ciBHraMm — Bgoab oceit Ox, Oy, Oz— co-
OTBETCTBEHHO HA X 4, ¥4, 24 TPH3AP ocelt Oxyz mepexoguT B NoJoKe-

AZ’ nne Ax,y,z,. Tpemsa no-
CIe10BATERLHEIMH TI0BOPO-
TaMH — Ha yrona ng BOKDYT
¢ ocu Az,,Ha yroa B Bokpyr
ocm AN u Ha yrom ¢
Bokpyr ocn A{— tpmaap
Ax,y,z, mnepeBOIHTCA B
noaoxenue Agnl.
7 Takum o6pasom, Bean-
y YHHB X, Y4, 24 Y, 0, 0
y, ONPEICIAIOT — NOAOMEHHe
TpHaipa oceft A&l otHo-
catenbHo TpuIapa Oxyz,
T. €. ONpPeAessoT NoJONKe-
HHE JaHHOTO TBEPAOro
3 T€24 OTHOCHTEJBHO HCXOJ-
HO# cHUCTeMBl oceW Koop-
AvHaT.
&1 N BoabMeM 1pon3BOJbL-
HYIO TOYKY TBEPIOro Tesa.
Puc. 20, OHa onpegensieTcd 3afa-
HHEM ee KOOpiaHHar §, v, L.
Torma xoopmuHaTel X, y, 2 3TOH TOUKM MOIYT OHTh NDPEACTaBJACHA
KaK QYHKUNHE BeANUMH X4, ¥4, 24, ¥, B, 9. Tax, Hanpumep, w3
puc. 20 nerko ycMoTperb, yTo

2==2, 4 £sin ¢ sin 6 4y cos ¢ sin 8 - £ cos 6.

Ananoruunpie, HeCKOIbKO Golee CHOKHbIE (POPMYITH HMEIOT MEcTo
Im X uy®). AT dopMyssl npeicTaBadoT CoGoH wacTHEH cayuail
gopyya (2). Omu ne comepxkar susHo f. Cso6odwoe maepdoe meao
ABASRCHICA CICAEPOHOMHOL cucmemol.

) Oce AN HanpaBisien Tak, yroSh HOBODOT BOKPYT 3TOH OCH
ot ocu Az, 1o AL no HaMMeHbWEMY YTy COBEPIIAICH MPOTHB YACOBOM
CTpPeIKH,

*) Cm., Haupumep, Cycanos [, K, TeopeTnueckan MexaHuka,
M, —JL, 1944, c1p. 77 n 83, ’ '
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3aMeTHM, YTO NPY [JBHMEHHH TBEPAOTO Tela BeNHUMHHB X4, Vg4,
24, ¢, 8, v MeHsOTCA ¥ NPHBEJEHHOEe BhHIUle Da3nOKeHHe [epexofa
o1 Oxyz k¥ A&l Ha TpM mapaatelbHuiXx CABAra M TPH NOBOPOTA faet
npejaCcTaBIeHHEe NPOU3BOILHOTO ABMXKEHHA TBEDIOrO TeJa B BHAE CJIOXK-
HOTO (COCTABHOTO) ABMIKEHHA, COCTOAILETO W3 WIECTH INPOCTHX IBHKE-
Hu#: Tpex nocTynatenbHbix (Bgoab oce#t Ox, Oy, Oz) H Tpex YHCTO
BpamareapHux (BOKpyr oced Az;,, AN n AL). Tlockonbky yraoeas
CKODPOCTb B CHNOXHOM JBHXKEHHHM paBHAa BEKTODHOHM CyMMe ciaaraemalx
YrAOBHIX CKOpPOCTEH, TO

0 =0y + 05+ o, 4

TIe @y ©p ©, HaNpaBICHH COOTBETCTBEHHO BOAbL ocelt Az, AN,
AL, npruem o, =1¢, 05=10, v,=4¢

3. Ceofiodras mamepuasvHas mo4xka M vMeeT TpH CTENEHH
cBoGodbl. B KayecTBe HE3aBHCHMBIX KOODIMHAT MOMKHO B3aATh JeKap-
TOBH MAH KakWe-1M60 JIpyrme KOODAMHATH TOYKW. B. ciyvae, Koria

'Y

<Y

<f

Puc. 21. Puc. 22,

B Kauecrse ¢,, ¢y, g, 06epyTcAa UMIMHADHYECKHE KOOpAMHATH I, {, z,
dopmyarl (2) BHraagar tak (puc. 21):

x=rcos{, y=rsinyg, z=z2, (5)

B cayuae cdeprueckHX KOODIHMHAT r, v, ¢ (puc. 22) BMecTo Qop-
Myn (B) umeem

x=rcosysing, y=rsin{sing, z=rcoss. (6)

4. Hecsofo0nas mamepuasvHas modka M HaxoGumca Ha no-
Osudicroi cepe

(x—at) +(y—bt)) +(z—ct)*=r?,
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Torma r==2 1 B KavecTBe HE3ABHUCHMBIX KOODAMHAT MOXHO HCIIONb-
30BaTh «JOArOTY> H «IIHPOTY» Ha cdepe (puc. 23):

X==at -+ rcosq, cos q,, y=>bt 4 rsing, cosq,, z==ct | rsing,

Kaxnoit xoopAuHaTe ¢; COOTBETCTBYET CBOS O0OOWEHNAR
cura Q, (=1, ..., n). OGoOueHHbe cuabl ONPEAEAFIOTCA
caenyomnmM obpasoM. PaccMoTpuM aseMenrtapHylo paboTy axKTHB-

HBIX CHJl Ha BHPTYa/JbHHX Ilepe-

z MELIEeHUAX

N
3A= Z F,3r,. )
y=1
Ho BApTyanbHEIME Iepemere-
M HHAAMHA Brv ABJAIOTCA BUPTYAJbHBIE
auddepeHnuans [1. e. audde-
peHuuasel npH  (QHKCAPOBAHHOM
X Afat, bt, ct) («3aMOpOKeHHOM» ) ] OT yHKIIMH
r, (t’ QI) 1):

Puc. 23 Gv=1,..., N) 8)

Iloacrasum Brmpamenus (8) B npasyw yacts dopmyast (7)
¥ BHIDa3UM 3JIEMEHTapHYI0 PalOTy aKTHBHHX CHJ Ha BHPTyab-
HBIX [EPEMEIIEHHAX Yepes IpOU3BOJIbHEIE DjeMeHTapHhle npupa-

I) Mettcremrensno, Qyuxume r, (¢, q) (v==1, ..., N), Gynayun
IIONICTAaBNEHN B ypaBHeHma cBasedt f, (4, r,)=0 (a=1, ..., d), obpa-
Hla10T "5TH YPaBHEHHA B TOXJIecTBa. [IpoamddepeHuupyem noynesso
NoJYyYeHHbe TOXKIECTBA, NpeaBapHTeNbHO 3adukcHpoBaB f. Halmem:

N
2 Uogp, =0 (a==1, ..., d) )

or,

ve=1

rae ¥, (v==1, ..., N)—snpryarbume nuddepennnans. Ho ypasme-
HUA () COBHAjalT C HepBHIMH d ypaBHeHWamH (7) Ha cTp. 16, KoTO-
PHIMH ONpelensInch BHPTyalbHble NEPeMeileHHA rOJOHOMHOH CHCTeMBL.
Cnenosatensto, supmyarbruvie Ougdepenyuanst paduycos-sexmopos
ABAAIOMCS  GUPIMYIALHUIMU  NepeMEUeHURMU  MOYEK 20A0HOMHOG
cucmemol,
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wenna 8¢, nesaBucumbix xoopamar ¢; (I==1, ..., n):
N n n N n
2= YF, e VS > (YF, %> b= Y Q; 3¢, (9)
q; . 0g;
v=l (=1 =1 v=I i=l
rae xosdduunentu npu 3¢g; — «o6oOuennsle cuas Q;» — onpe-
JeAqi0TC PaBEHCTBAMH
N

Q= ZFSZ (=1, ..., n). (10)

v=1

3aMeTuM, YTO HA NPAKTHUKE NP HAXOMKIEHHH BETUUMHB Q; IANEKO
HEe BCEerla moab3yioTca Qopmyaol (10); BMeCTo 3TOro cucreme
AT TaKOE 3JEMEHTADHOE BUDPTYaJbHOE IIEDEMENIEHHE, [pH
KOTOPOM TOJBKO -9 KOODAMHATA ¢; IIOJYYaET HEKOTOPOE HpH-
pameHue, a OCTajbHble HE3aBHCHMBIE KOODAMHATHL HE H3Me-
usorca. Ilocae sTOro BHuKCHNOT paboTy aKTUBHHIX Ccua BA;
Ha TaKOM CHEUHaNbHO BHIOpaHHOM nepememienud. Tormza dA;=—
- =Q;3; u

Y
U=t

[Ipumepr. 5 Teepdoe meao moxmcem Odsuzamscs moabKO no-
cmynamenvio 800as ocu x. Torla n—=1 ® B KavecTBe He3aBHCHMOH
KOODJMHATHL MOMHO B3ATH alcuUHcCy X KakOH-1MGO TOYKM Tema A.
IIpn stom

A =X ¥x, (11)

rae X— CyMMa NpOeKUHH Ha OCb X BCeX AKTHBHAIX CHI, XeHCTBYIOUHX
Ha teno, OueBnuHoO, YT0 X M ecTb 0606iieHHan CHIa JIA KOOPAHHATH X:
Q=X (12)

6. Taeploe me.no Modzicem mOALKO 8pawjambest 80KpY2 HEKOMOpPOU

Heno0suxcHoi ocy 1. COOTBETCTBYIOUIMH Yroil NOBOPOTA © MOXET GhITb
B3AT B KayeCTse He3aBHUCHMOR koopxmHaThl, Torma

BA=L,, (13)
rupe Lu— cmeapHmﬁ MOMEHT BCeéX AaKTHBHBIX CHI OTHOCHTEIbHO OCH
BpatleHua H

Q=1L, (14)

1. C8060010e msepdoe meso. B xauecTBe He3aBUCHMBIX KOOPUUHAT
BO3bMeM TPH KOODAMHATH X 4, ¥4, 24 KaKOH-IHG0 TOUKH A Tema H TpH
yraa Diaepa ¢, 6, ¢ (cM. mpuMep 2 Ha ctp. 41—42). Torma, co-
raacHo paseHcrsy (9),

BA= Q0 + Qyly + Q. %2+ Q3 + Q0+ Qp 2.  (15)
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Masa ompenenenns Q, cOOGMMM Tely 3JeMEeHTaDHOE IepeMeEmLeHHe
Broab ocH x. Torma 3y,=13z,=0 n 3 =>3¥=23p=0. T[losTomy

8A =Q,dx,. Comocrasienue ¢ pasencrsom (l1) maer
Qx= X

Ananormuno Qy =Y, Q,=2Z. 3necv X, Y, Z—npoexuuu Ha He-
NOJBMXHbIE OCH X, ¥, Z TJAaBHOrO BEKTOpPa BCeX AaKTHBHHIX CHI,
JIeACTBYIOIHX Ha TelNo,

JanuM Temeph HameMmy Tely Takoe 3IeMeHTapHOE IepeMenicHHe,
NIPH KOTOPOM M3MEHHETCH TOABKO Yrod ¢, a BEJHUMHHl X4, Y4, 24, 0

M ¢ OCTalTCsH HeuaMeHHHMH. Torma
BA=Q, ¥.

C npyroft cTOpoHb, paccMaTpUBaeMoOe 3IEMCHTADHOE IepeMeulenue
Tena MpeicraBaser coGo¥ mosopor Boxpyr ock Az, Ilostomy B co-
OTBeTCTBUM C ¢opmyaoit (13)

QLP=LLP)
rae L,—cyMMapHEIf MOMEHT BCeX aKTHBHHX CHJ OTHOCHTENbHO
ocu Az;, BOXPYr KOTOpO# coBepuiaerca MOBOPOT Ha yroa ¢,

Cosepurenno ananoruyHo Qy=1Ly u Q, =1L, rne Ly u L, —cym-
MapHble MOMEHTH AKTHBHHIX CHJ OTHOCHTENbHO ocelt AN u Ag.

K TeM Xe BupameHMAM IIA OGOGUIEHHHX CHI MOXHO MpHHTH,
€CIH BOCNOAb30BaThCA BhIPAKEHHEM [JA 3JeMeHTapHON paGoTh aKTHB-
HHX CHJ, NPUIOXEHHHX K TBEPIOMY Teay (cM. cTp. 32) i)

SA=R¥r, 4 Lo dt. (16)

3nece R u L, —rnaBHHM BEKTOP M rIaBHHM MOMEHT CHCTEMH CHI OTHO-
CHTelIBHO IOMI0Ca A [Tockonbxy [cM. dopmyay (4)] @ =@y + @y + o,
rune m¢=q;, wg=1, wq,=q';, U NpoexunH BexkTopa L, Ha HampasiaeHHA
BEKTOPOB @y, ©p, @, PABHH COOTBETCTBEHHO L¢, Ly, L, us dop-
Myau (16) naxomum )

A=Xbx4 4 YByA+ZBzA+L¢Bq;+L966+L(PBcp. ar

Conocrasnenve Bupaxenuit (17) m (15) maer nHam BupaxeHHus nas
06OOILEHHBIX CHIL

ITycTy Temepb HEKOTOPOE IIOJNOKEHHE CHUCTEMH ABJASETCH MO-
noxennem pasHoBecus. COracHO NMpUHUMIY BHPTYaJbHBIX Mepe-
MelLeHHH 3TO BO3MOXHO TOTJa W TOJbKO TOrAa, KOrja

34 =Y Q;d¢g;=0. (18)

i=1

1) Tax kak Mm 31eCh MMeeM IeJ0 €O CKIEPOHOMHOH CHCTEMOH,
TO BMECTO 3Haka ® MOXHO mHcaTb 3Hak d, M Haofopor, [loatomy

dr 4 =%, u ¥ =d{ = Jdt, 30 =fat u bp=qdt,
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Ho npupamenns 3g; HE3aBHCHMHX KOODAMHAT ¢; MOryT OHIThH
COBEPUIECHHO MPOH3BOJBHEIMH. Ilo3TOMy paBenctso (18) skBuBa-
JIEHTHO CHCTEME PaBEHCTB

Q=0 (i=1, ..., n. (19)

Takum 06pazoM, 110A0HCEHIE 20 A0HOMHKOLL CUCTE ML TBATEMCS
NOAOHCEHUEM DPABHOBECUS 8 MOM U MOALKO 8 mMoM cayHae,
K020a 8 IMOM NOAONHCEHUU BCE OOOOWEHHbLE CUALL PABHBL HYAD.

Opumepn. 8 B coorserctBuu ¢ paBeHcTBamH (19) ycaosus
PAaBHOBECHS CBOGOMHOrO TBEPIAOro TejMa 3aMMINYTCA Tak:

X=V=2=0, Ly=Lj=L,=0 (20)

{cM. npenbiaywuit npumep). 3meck” X, ¥, Z—NpoeKuHH Ha OCH KOop-
IUHAT FAaBHOrO BeKTOpa R BHEWIHHUX CHA, AefCTBYIOUIHX Ha Teno, a L,
Ly, L, — mpOEKIMH raaBHOro MOMeHTa L, 9THX CHI HAa TPH HeKOMIJa-

HapHbIX HampasieHWa. [losTomy ckanApubie paBeHcTBa (20) 9KBHBa-
NEHTHH JBYM BEeKTOpHBIM:

R=O, LAZO-

AT0 Heo6XOAMMbIE W JOCTATOYHBIE YCIOBHA PABHOBECHS CBOGOAHOrO
TBEPAOrO Tena, KOTOphle Yke GbIIH YCTaHOBAEHH Ha cTp. 32.

§ 6. Ypanuenus Jlarpauxa sToporo poaa
B HE3aBHCHMBIX KOOPXHHATAX

Tlpuctynas K suBony auddepeHunanbHX ypasHEHHH nsm-
WEHHs. TOJIOHOMHOR CHCTEMB B HE3aBHCHMBIX KOODIHHATAX ¢y, ...
vers Gp MB OymeM ucxomuTh u3 OOUIEr0 ypaBHEHHA AWHAMAKH

N
Z(Fv_-mvwv)srvz()‘ (1)

v=1

BCnoMHEM IOJYYEHHOE B NMpeAHAylleM naparpade BHpaxeHue
A4 37EMENTapHO# paboTH aKTHBHHX CHJ

N n
3A= 3 F,ar,= >\ Q; 3, @

y=1 i=1

rae

N
or, _
Q,= Zva =L, @)
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CoBepilieHHO aHaJOrMYHO MOKHO TMpegCTaBuTbh 3JEMEHTAPHYIO
paGoty cun uwsepuumun —mw, (v=1, ..., N)

N n
BAJ=~— Zm,w,ﬁr,:——ZZiaqi; (4)

v=1 i=1

rIe M0 aHajIOrud ¢ BeIpaxeHueM (3)
p) o p)
r, dr., ory
Z—Z”’wwq 21 df 0g;

i . dor, ..
dtz ”oq Zm'»dt@; (=1 ....n. (3

v==1

Ho ckopocTtb

n
v 2 5_ + Ot ©)
k=
auseliHo 3aBucut or §, (=1, ..., n). U3 3108t dopmyan
HaXOAUM _
or, _or .
= i=1, ..., m v=1,..., N). 7
=0 NG
C npyrofi cropossl, u3 TOro e paseHctsa (6) nosyuaem
n
or, or, . o°r d or
==y X = 2 8
90; " aTaidia T oqidE — dt gy ®)

(i=1, ceey I v=1, ..., N)
[TosTomy BprH)KeHlde (5) A Z; MOXeT OBITb 3dMUCaHo W Tak:

2=ty Y mi 2 Zm»»oq

v=1
49T _ or
T dtgg,  Oqi

rae 7 — KUHETUYECKasd YHEPrus CUCTEMbL:

(=1 ..., n), 9

N
T— % Yomr (10)
y=1
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OOmee ypaBHeHue AuHamukd (1) Ham paer
3A -+ 3A,=0, 11

uam, B cuay paseHcts (2) u (4),

21(Q— Z)d¢; =0 (t=1,..., n (12)

i=1

Tak Kak ¢; — HE3aBHCUMBIE KOODAMHATH U NO3TOMY d¢; —
COBEPIUEHHO MPOU3BOJILHLIE TPUPamEHsa koopauHar (i=1,..., n),
10 paBeHCTBO (12) MOMET MMETh MECTO TOrJd W TOJABKO TOTAd,
Korga Bce koadduuueHtsl mnpu 8¢; B ypasHenuu (12) pasHul
Hymo. [Toaromy ofmee ypaBHeHne auHamuku (12) SKBHBaJEHTHO
CHCTEME YpPaBHEHHMH

Zi=Q (=1 ...,n), (13)

KOTODHIE, COrJacHO cooTHOmeHUAM (9), MOTyT OblThb 3amUCaHBI
B CJEAY©LleM BHIE:

d oT oT ,
EE—E_@ i=1, ..., n. (14)
Vpasuenus (14) HocAT HasBawue ypasnenuii Jloepawsca 8mo-
pozo poda wam ypaswenuil Jlazpansca 8 He3a8UCUMBLY KGO~
Junamax.

Bemmuunn §; (=1, ..., #) Ha3HBaIOTCA 0COCLU4EHHOIMI CKO-
pocmaxmu. COpOCTH TOYEK CHCTEMH @,=—F, BHPAKAWOTCA
yepes OO0OOMEHHBIE CKOPOCTH (@ TaKKe uYePes HesaBuCUMbe
KOOpAMHATH U BpeMs) ¢ mnomowsio ¢opmya (6). Beanuunn
g; (=1, ..., n) HasLIBAIOTCA OCOCWEHHBLMU YCKOPEHUSMU,

B zneBuie vactn ypaBHeHntt Jlarpanxa (14) noc/e BHIIOJHEHUs

onepannu BXOZAAT BpeMs £, 00001eHHbe KOOPANHATH ¢;, 0606-

dt
IIEHHBIE CKOPOCTH §; u 00o0meHHbe ycKkoperus §; (I=1,..., n).
O6obmennne cuabl Q; (=1, ..., n), CTOAMmMME B TNpPaBHIX
yactaXx ypasHenui Jlarpanxa, oObluHO 33falwTca') Kak (yHK-

nun or t, g, 4, (R=1, ..., n)
Qi=Q: (¢ 9w Gr) ¢=1 ..., n). (15)

1) CM. dopmyan (3) u (6) atoro maparpada, a raxixe gopmyay (10)
Ha cTp. 20 m ¢opmyny (2') Ha crp. 40.
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Vpapuenus Jlarpanmxa (14) o6pasyioT cucTeMy H3 1 OGHKHO-
BEHHHX auddepeHnrasbiEX YpaBHEHH BTOPOre® Mopsaka ¢ n
HEMSBECTHHMH (YHKIHMAMH ¢; OT HE3aBHCHMOrO IMEPEMEHHOTO f.
[Topagox 3TOH cucTeMBl paBeH 2n. 3aMeTHM, YTO CHCTEMa aud-
(hepeHllnaNbHHX ypaBHEHuH, OnMpenessomas ABUKEHHE TOJNOHOM-
HOM CHCTEMHl C 1 CTEMEHAMH CBOOGOIH, HE MOXET MMETh NMOPSHOK,
MEHbIIMK 27, TAK KaK B CHJYy NPOU3BOJBHOCTH HayaJbHEIX 3Ha-
yeHnit BeqmunH ¢; ¥ §; (=1, ..., n) pelleHHe CUCTEMH KOJ-
WHO COAEpMaTh, MO KpaitHel Mepe, 2n npOUBBOJLHHX NOCTOSH-
HuX. Takum oOpasoMm, cucmema ypasnenul Jlazpanica 8 He-
3Q8UCUMBLX KOOPOUHAMAX UMEEm HAUMEHbMNE B03MONCHBL
HopsooK.

B cayuae HecBOOOZHOH CHCTEMH MOAMEXKAT ONpENE/EHHIO
eme peakmun R, (v=1, ..., N). Peakuun He BXOHAT B ypaB-
HeHus Jlarpanma. DTO CyUIECTBEHHOE IIPEHMYINECTBO ypaBHEHHMR
Jlarpanxa. Ilocae TOrO kKak ypaBHeHHs JlarpaHmxa NpOUHTErpH-
poBanm u HallaeHs ¢ynkmun ¢; () (=1, ..., n), onpeseasor
[moacTaHoBKOM STHX (YHKUME B opMyIHl (2) Ha CTp. 40]

r,=r,(f) ®, ciremoBatesbHo, v,==r, w,=~r, u F,(t, r, r)

(v_l, ..., N). Tlocie »>TOro HeuwsBecTHHE peakiUHd oOmNpene-
JA10TCA U3 POpMy
R,=—=mw,—F, =1, ..., N). (16)

B cayuae cBoGOAHOH CHCTEMH MaTepHaJbHHX TOYEK ypaBHe-
uus JlarpaHxa nNpeacTaBaqoT cO00H KOMMAKTHYIO B3anmuch ypas-
HEHH{ [BHXEHH B NPOU3BOJIBHOM CHCTeME KOODIMHAT.

Mpumepn. 1. Teepdoe meno, spawawoueecs 80Kpy2 Henodsudic-
Holl ocu u. B xayecTBe He3aBUCHMOH KOOpIHHATH GepeM yroa noBOpoTa
CooTteercrByloman o6o6uienHans curza @ (cM, npuMep 6 Ha cTp. 4.:)?)

paBHa BpaumaoumeMmy MoMeHnty L, C npyro# cropoun, T= > 4%, rne

I,;— MOMEHT HHepLUHH Tela OTHOCHTEIbHO OCH BpailleHHH,
YpaBuenue Jlarpanma

mocie HONCTaHOBKHU

oT . 0T_ _
(75: u¥s b;"—oy Q=L,

NMpuBAMaeT BUL
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310 Oudpepenyuarvioe ypaskeHue epawenus meepdo20 merd
80KpY2 HenoOoBuCHOI ocu,

{ﬂaoﬁﬂoﬁ Mamemamudeckuli Massmuur, O08usxcywuiica 8 nao-
ckocmu (puc. 24), CocTaBUM BhIpa¥eHHe JIA 3neMeHIapHoft paborn

BA=m,g 8z, + myg bz,,

roe z,=1I,cosp, 2,=1;C05¢; + [, C05p,.
Boiyucuas 8z, u 3z,, HaxomuM:

8A = — (my -+ my) g, sin g, dp; — mogl, sin o, dp,
H
Qi=—(my+my)glsing;, Q,=—m,gl,sing,

C mpyroft cTOpoHH,

1 -
T=7m‘l;cp?+

I . . s s
o ma 4 + B8+ 20 cos(oy — w) bidal= ¢,

1 o .,
=3 (my = my) § §F 4 myl 133,$, cos (9, — ¢g) +
1 .o
+5 mli s

TlepBoe ypaBuenne Jlarpanka

40T _or_,
dt 09, 0‘?1_ !
uMeeT BUA

d . .
7 [(my +.my) 13 1 4 malily%, cos (o1 — )] +
~+ mglyls$1$, sin (9 — pg) =
=—(my + my) gl, sine,. Puc. 24.

TlpenocraBaseM YHTaTeN0 COCTaBUTL BTOPOE YpaBHEHHE, COOTBET-
CTBYOUlE€ KOOPAMHATE ;.

3. Tpebyetca onpenenuts Ougfepenyyuarbrvie ypasuenus Osuvice-
HUA c60000H0l MamepuasbHod moyku @ cheputeckux KoOpOUHAmMax
(cM. mpumep 3 na cTp. 43 n puc. 22). CKOpPOCTb TOYKM DaBHZ BEKTOp-
HOM cyMMe ckopocTeft: 1) panuanbHoft; 2) BpawmaTeJbHOl OT BpameHHs
pagMyca B MJOCKOCTH MepHIMaHa M 3) BpamaleabHOlt OT BpamieHus
NI0CKOCTH Mepunnana. CnaraeMnle CKOPOCTH NONAapHO OPTOTrOHANbHMI,
H NOTOMY

T=% mu* =% m (r® + rig® 4 r2sin% §2),

Ona Hazownenns oGoGuieHHON - cHabl Q, JanuM TOYKe nepeMenie-
Hue BLOAb panuyca. Torna 84, = F,¥r, rie F, —nNpoeKuus nprIoxeH-
Hoft cuim F na nanpasienue pamuyca. Orcona Q,=F,,
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Tenepb faguM TOuKe 51EMEHTapHOE MepeMelleHHe M0 MepUIHaHY.
Torna 3A,= Ford, rme F,—npoekuus cuabl F Ha KacaTeabHYI
K MepuauaHy 1), Iloatomy

Qo= Fyr.
Amnanoruyso
Qq, = Fq,r sin o,

rie F,—npoekuusa cuanl F Ha KacaTedbHYI0 K Mapaniefns.
Ypasuenue Jlarpanxka 148 KOOpIMHATEL I

aor_or_,
dat g or
NpUHUMAeT BHJI )
m(r—r¢? —rsin® {2 =F,,
Jlan KOODIMHAT ¢ H { HAXONMM ypaBHEHHs
m(ry+ 2rg —r sin g cos ¢ ) = F,,
m(rsingd +2singr42rcosge)=F,

M noayyuan Tpu IMdepeHIMatbHEX YPaBHEHHA IBHKEHHS CBOGOI-
HOM MaTepHalbHOH TOYKH B CepPHYECKUX KOOpIMHATaX.

§ 7. Vccnexosanue ypasHenu# Jlarpanwka

Ina tOoro 4tOGH COCTaBHTH ypaBHEeHust Jlarpamka, HYXKHO
MPEABAPUTENLHO HAaHTH BHPAaXEHHE ]9 KHHETHYECKOH 3HEprum
B BuIe (yHKUMH OT BpEMEHH f, OGOOLIEHHHX KOODIWHAT ¢; M
o606mennnx ckopocrelt §; (i=1, ..., n). CuoemaeM 310 B 06-
IeM BRAE:

') KacateibHble K MepHIMaHy M mapaidreld HANDaBAAEM B CTOPOHY
BO3PACTaHHA COOTBETCTBYIOLMX KOODJAMHAT ¢ H §,
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3necs KO3DDUUHEHTH a;p, @) Gy — QYHKUHA OT £, qy, ..., qp
ONpeneNseMEe paBeHCTBAMU

- N
L\, or,0r, . 1
ap= 3 ’”vaqi . G E=1..mY @)
N
_ or, or, .
“"—2"”“67}2? (=1, ..., n, ®)
N
2 — L. Z m Q.f_v)" 4)
0T L "(at ) ¢

dopmyna (1) NMOKA3LIBAET, YTO KHHETHYECKAA SHEPTrHA TO/IO-
HOMHOH CHCTEMBI NpeAcTaBaserT coGoi yHKumio (MHOrOU/IEH) BTO-
po#t CTENEHH OTHOCHTENLHO O000OGLIEHRBLIX cxopocreﬁ

T=Ty+ T, T, ()

n n

1 : _

ik=1 i=1

riue

B cayuae cxmepoHoMHOH cHCTeMH, Kak OHIO BHIACHEHO B § 1,
BpeMsA ! SBHO HE BXOAMT B 3aBUCHUMOCTb MEXHY F, W ¢; H#

IOTOMY

or,
‘—6720 (V=1, seay M-

Ho roraa, coranacio paeexcrsam (3) u (4),
a0=0, a,-=0 (i:'-l, sesy n)

n

1 , .
I=Th=3% 2 2ikq i
Lh=1

Taxum 00pasow, "Kuwemu4ecKas IHep2us CKACPOHOMHOL
cucmemst npedcmagasemcn & 8ude 00nopodHolk PywKyuu
smopoii cmenenu (K8adpamuinol bopmet) om 0000ueHKbLY
cropocmell.

1) Vi dopmyn (2) suauo, 410 g =ay; (Lhk=1, ..., n),
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3ameruM, yTO Y NPOHSBOJBHOH (CKACDOHOMHOH MM DEOHOM-
HOH) romoHOMHOH CHCTEMH (hopMa T, ABJETCH BCErAa HEBHPO-
WACHHOH, T. €. ONPEASNNTeNb, COCTABJEHHBIH H3 ee Kos(dn-
LUAEHTOB, OTJHYEH OT HY/:

det (@ip)ie=1 7 O. (7
JetcTBUTEABHO, MYCTDH

Toraa cacreMa OZHODOAHBIX JIHHEHHBIX ypaBHEHHH
n -
Za,—k)\k=0 (i=1: vee) n) (8)
k=1

MMEET BEIIECTBEHHOE HEeHy/eBOe DelieHHe.
YMHOxaa cacteMy (8) mouseHHO Ha X, cymmapyd mo i ot 1
0O n U ACnoab3yd (Gopmyan. (2), moaydaem:

1(2 mg; g;*)x,.xk=
o . or
Zzl (Z M Bq:)

i=1

n

n
0= ¥ apd= Y
Lk=1 - Lk=

Orcroaa

or, :
in@?:o =1, ..., N 9)
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PasencrBa (9') noxasuBaioT, YTO B AKOOGHEBON (YHKIMOHATL-
HOH mMmaTpwuie :

9%, 9x;
dg,’ """ 0q,
9y; 99
g,’ """ 0,
0z, 92,
dg,° """ 0q,
R (10)
de de
[ARRNTR
Wy Wn
Ga " Ban
OZN‘ dZN
0g;* " 0q,

CTO/IOLE JHHEHHO BaBHCHMH, T. €. PaHT p 3TOH (QYHKUMOHAABHOH
MaTpHik MeHbiie #. Torma cpean 3N dyuxusit xy, yy, 2y ...
vors Xpy Ypp 2, OT N 3PTYMEHTOB ¢y, ..., ¢, (¢ paccmatpm-
BAETCH KaK MapaMerp) AMEeeTcs p HE3aBHCHMHX, YEpe3 KOTOophHe
MOTYT OHITh BEIDaXEHBI BCE OCTaAbHHE [IEKAPTOBH KOOPAHHATHI
TOYEK CHCTEME. MBI NPHILTH K NPOTHBOPEYHIO, TaK KAK MHHH-
MaJbHO€ YHCJIO HE3ABHCUMBIX KOODAHHAT CHCTEMH PpAaBHO HYHCIY
crenenedl cBoBomm n, a p<n. Hepasenctso (7) ycranoaeHo !).

Cao#ictBO KO3(hHUMENTOB KBaApaTHUHON opMn Ty, BHIpa-
HAEMOE HEPABEHCTBOM (7), OueHb CYIIECTBEHHO M OydeT HaMH
HEOMHOKDATHO HCNOJAL30BATHCA B JajbHeHIueM. 3aMeTuM, yTO MO-
cKoabKy Bceraa 73=0 (7, — xuHeTHUECKasi SHEprHs NpH <3a-
MOPOKEHHHX> CBA3AX!), TO W3 HepaBeHcTBa (7) CJAELyeT, 4TO

n ;

1 .
KBaJgpaTHyHas QopMa 7‘,:—5 2 ;49,9 FBISETCS IOJONKH-
 Lk=1
TEJIBHO ONpeneaeHHOH, T. e 7,=0, npuuem 7,=0 TOJBKO
Toria, korga Bce ¢; (=1, ..., n) paBHn Hymo. [lostomy

1) Panr dyHkupoHaaeHO# MatpHum (10) Moxer GHTL Merbile #
B OTHENBLHHX (0COGHX) TOYKaX. B 3THX 0COGBIX TOYKAaX BO3MOXHO pa-

sencreo det(a,,)’,. | =0. B nasbHefiteM M Takie ocolhe noo-
WEHUA CHCTEMH HCKIIOYaeM M3 PacCMOTPEHHs,
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18 KO3QQULUEHTOB @;, UMET MEeCTO AETEDPMHYHAHTHBIE HepaBeH-
crea Cuapsecrpa )

ay Ay .- Ay

>0,..., % %@ G500 (11)

L R

ay ayg

a“>0,

Qg1 Qge
anl an‘l s arm

IMoncrasup  BHpaweHne (1) I KHHETHYECKOH SHEpruu
B ypasHenus Jlarpamka

d dT T _
Gog =% (=1..n (12)

10Ty 4HM
Z (=)= Q:(t, g5 ;) (=1...,n (13
k=1

3nech uepes (% %) 0603HauUEHa CyMMa WIEHOB, HE COJAEPKaILUX
BTODHX NPOH3BOJHBIX OT KOODAHHAT 110 BpeMeHH. IIpaBhie uacTu
TZKXe He COAEepXKAaT BTODHX [POMBBOMHKX, TaK Kak [peacTa-
BJSIOT COOOH B oCwem ciyvae QyHKuMd OT BenuwdH ¢, ¢, ¢,
(=1 ..., n).

Hockoneky det (ay,)ir—1 7 0, T0 ypasuennus (13) MoxHO pas-
pELIHTh OTHOCHTENBHO BTODHX IPOH3BOJHHX M IIPEACTaBUTH
B BHAE

=G, g 90 (=1, ..., n). (14)

Ho toraa, kak useecTHo 3 Teopun AuddepeHUHaIbHEX Ypag-
HEHUH, DY HEKOTODHIX NPEANOJNOKEHHAX OTHOCHTENbHO MpPaBhIX
yacted (F;, KOTOPHE B MEXaHWKe BCErja IMPENoJaraioTci BHI-
NOJHEHHBIMHA %), CyIMecTByeT OIHO M TOJABKO OJHO pellieHHe
ypaBHeHu# JlarpaHxka INpuU NPOHUSBOJBHBHIX HAaneped  3aJaHHBIX
HayanbHBIX NaHHWX qf, ¢ ms t=1t, (i=1, ..., n). Takum
00pasoM, JBHNEHHE TFOJOHOMHOH CHCTEMH OJHO3HAYHO OlIpe/le-
NSETCA 3aJaHHEM HAYaJbHOTO IIOJOXeHHA (g7) M HAaJIBHBIX CKO-
pocreit (§}).

Y} Cwm., nanpumep, antmaxep @. P, Teopus marpuu, M., 1953,
cTp. 248, ,

*) Hanpumep, npu cyuiecrsoBaHHH HeNpephIBHAIX YACTHBIX HPOH3-
BOJHHKX HepBOro nopspka y ¢pynkudit G; (i==1, ..., n).
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§ 8. Teopema 06 M3MEHEHHH NOJHOH SHEPrUH.
TloTeHnuanbHble, THPOCKONHYECKHE W TUCCUMATHBHBIE CHJIBI

Ecan oGoGwennbie cu/ibl HE 3aBUCAT OT OGOOGLIEHHBIX CKOPO-
cTed

Q=0Qi 91 ..., 90 (=1, ....n )
u cymectByer dyuxuus IL (4, ¢y, ..., ¢,) Takas, urto
oIl
Qi===-——5;1-l— (i=1, ..., n), 2)

TO CHABl  Q; HasHBAIOTCH NOMEHGUAABHWMIL, A  (QYHKUHA
II — nomenynasom cua win nomenytnassnoli suepeneli. Pasen-
cTBa (2), onpeneasiomue norenuuan II, moxuo samncare rax !):

n
i=1

Paccmotpum Temeps o6wni Cayvad, Koraa NOMUMO MOTEHILHAJb-
HBIX CHJ, onpenenmseMbix moTeHumanom I, ua cucremy neficTByioT
ele HeMOTeHUHA/IbHbIE CHJIb

Q=Q 95 1) (=1, ..., n) (©)
Torna ,
on x
Q=— ;)71: ‘J[“ Qi (5)
U ypaBHeHHs Jlarpamwka NPHHUMAIOT BHI
d 0T T o1l x .
Ea&;*a—q;:——a—q‘;—l—Ql (l=1, Seey ﬂ). (6)

Beepem B paccMoTpeHde MOJHYIO SHepruio E, paBHYIO CyMMe
KHHETHYEeCKOH W MOTEHUWaJbHOH sHepruit

E=T-1I, )

!} Tlpm BuuMcaeHHd BHpTyantbHOro anddeperunana 3II Bpems f
n

npensaputensHo ¢ukcupyerca, [lostomy Bl == Z g%l-%qi.
i

i=1
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dE
M BbIYUCJAHM IIPOHU3BOJHYIO r7E IIJIS{ 9TOr0 CcHauyala HahgeMm

&= 2 (5 55 5)+ % =

n n
—idmaedEosman o

3ameuas, uro T=Ty-}- Ty Ty ¥ wucnoaw3ya ypasHeuus Jla-
rpanxa (6), noayuaem 1)

=zen+r)+% +Z( Q) 1=

dT

=2 —sntem)+ 5+ % -2V éa. ©

i=1

Orcona ¢ yuerom paseHcTBa (7) OKOHYAaTENLHO HAXOAMM

ZQH—F,,,:(T,—HTO) S+% a0

i=1

Crosimee B IpaBsoli YacT BHIpa)eHue

n 2 deqt 2 A
. i=1
Qb =—g—=17 (11)

1) Oas omnopopnofi dyHRuMM f(X,, ..., X,) m-# CTeneHn HMeeT
n

MecTo dopmyna Jitnepa 2 gj—cxl__‘mf. lpnmenas 31y dopmyay
i=1
K uHeitHo#t ¢opme T, m KBaapatHuHO# dopme Ts, HaXORUM:

n . n 9
] T
% 4. —9T il O S o
Z 04; 4 2 | 04; qi 1
i=1 i=1
CrpaseasnBoCTh 3THX TOXZECTB CJEAYET TaKkKe HENOCPEACTBEHHC W3
BuipaXenuil a4 Ty, U T, npuBeReNHHX Ha crp. 53.
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rae 3A — ajemenTapHas paGoTa HEMOTEHUMAJBHHIX cua @,
npencrasiser co6o# Mowrpocms HenoTeHUHAMbHHX cul Q; (=

=1, ..., n). Craraemoe B npaBoi uacrtu

d oT

7 (Ti12T)— 5 (12)
OT/IHYHO OT HYJS JHIUb I/ DEOHOMHOH CHUCTEMH (I CKJAepo-
HOMHO# cuctembl Ty=—Ty,=—0 u %:0) Tlocaentee xe caa-

raeMoe OTJAMYHO OT HyJf TOJbKO TOr[a, KOrna NOTEHIHAIbHAs
sveprus Il saBucuT 9BHO OT BpeMenn.

Dopmyaa (10) onpedeasnem u3menenne noanoil snepauu
npu  0BUJCEHUN HPOU3BOABHOI 20A0HOMHOL cucmemsl. Pac-
CMOTPHM YacTHHIE CJIyYaH.

a) Cucmema cxaeporomuasn. Torna

n

dE o ol

=D +5%. (13)
i=1

6) Cucmema CKACPOHOMAHAR, U NOMEHUUANGHAS SHEp2Us
He 3agucum s6HO om Spemenu. Torna

n
%: 2 Qi (14)
i=1
Ilns Taxo#t CHCTEMH ApOu3800KAR Om NOAHOL IHepeuu no 8pe-
MEHI PABHA MOUHOCMIL HENOMEHYUANBHUX CUA.

B) Cucmema xoncepgamusras, 1. e. 1) cucrema CxJaepo-
HOMHas; 2) BCE CWJH MOTEHLMAJbHBIE M 3) NOTEHIHWaAbHast SHep-
rus I ne 3aBucur sBHO oOT Bpemenu, Iis xoHcepBaTuBHOH
CHCTEMBI, coraacHo pasencty (10),

dE
7 =0 (15)
T. € INpH MI000M IBHXKEHHH CACTEMEl
E=const=nh. (16)

Tosrnas 3SHepaus KOHCEPBAMUBHOL CcUCMEMs He U3Me-
HAEMCA NP OBUINCEHUU CUCHIEMBL.

Pasenctso (16), ne conepikaiiee §; W BKJIOUAONIEE NpPOU3-
BOJIbHYIO TMOCTOSHHYIO f, onpenenser nepBu# HHTErpan ypasHe-
Hult gBrmkerns. OHO Ha3HIBAETCA uxMezpasoM SHepaull,
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HenorenuunaabHele  CHJBI  HAasHIBAIOTCH 2upocKonuiecKum,
€CaAM X MOWHOCTL paBHA HYJIO!

n

Z Qiqx':O, (17),

W duccunamusHuMu, €CAH WX MOWIHOCTHL 1) orpriuaTeabHa wiau
paBHa HyJmo:

n
D, Qa<O. (18)
iZ1

Ecau noresumanbuad 3Heprus He 3aBHCHT $BHO OT f, TO u3

dE
pasesctB (14) u (17) caepyer E?Z:O U, TakuM obpasom, 041
CKACPOHOMHOIL CUCMEMbL NpY 2UPOCKONUHECKUX CUARX MAKIHCE

umeem Mecmo UnRmezpan sHepauu

E == const.

1) B cnyuae cKIepOHOMHOH CHCTEMB
N
2 F‘I dr‘l ZQI dqh
v=1 i=1
OTKYyNla Moclle MOYJAEHHOro NleleHHA Ha df HaxonuM
N
2 2 Qidi. (#)
v=1 I=1
Tlosromy pamencrBo (17) Bupakaer ycaoBde THPOCKOHHYHOCTH
N
E F,0,=0,
y=1

a paBeHCTBO (18) — ycaoBHe NUCCHIaTHBHOCTH

N
> Fo,<0
va=|
B cnyyae peoHOMHO# CHCTeMbl paBeHCTBo (#) MoxeT He HMeTb
mecta, B 3ToM cayvae ¥r,=dr,— dty dt U U3 paseHcTsa

N

2[’, 3r, = i Q; 8g; caenyer 2 F, (v“ 5 ) S’ Qidy.

y=1 i=l1 ye=1
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Ecan xe Ha TaKylo CUCTEMY JENCTBYIOT HOUCCHMATUBHEIE CHJIHL,
TO NIpW IBUXKEHHUH CHCTEMHI

T. €. TOJHas ®Heprus yOHBaeT BO BpeMa xaswxenus 1). B stom
caydae caMy cucTeMy Mbl OyeM HaselBaTh duccunamiléroi.

B cootnHomenusix (17) n (18) o6o6menune cunbl Q; B 0buem
cnyuae 3aBHCAT OT 0000meHHHX ckopocred. PaccMoTpum BaxkHbie

yaCTHEIE CAydad, B KOTOPHIX 5Ta 3aBUCHMOCTD JIMHEHHA 1 ODHOPOAHA.
1° Ilycrs

Q=D 1adr (=1, ..., n) (19)
k=1

W MaTpuia Ko3dUHMEHTOB 17;, SBAAETCS KOCOCHMMETPHUUYECKOMH:
Tfk:—Tki (i, kzl, cey ﬂ) 2). (20)

Torna cuanl (19) SBASAIOTCA THPOCKONHYECKHUMH,
JleficTBHTENBHO, B 9TOM CJayuae

n n n IL...,n
2Qei= D didr= D ¥+ D) QueF1e):9,=0.
i=1 th=1 =1

i<k

IocnenHee paBeHCTBO TMOKa3blBA€T, YTO KOCOCHMMETPHYHOCTD
MaTpHIEl KO3(HUIUEHTOB 7;, SBJISEICS HE TOJBKO NOCTATOUHHIM,
HO M HEOOXONMMHEIM YCJOBHEM JJIsi TOrO, YTOOH TPHJOKEHHHE
K CKJIEPOHOMHOH cucteMe cuabl (19) OHJAM THPOCKONUYECKUMH.

Mpumepn. 1. Hopuoarucoss curs unepyuu QA CKACPOHOMHOU
cucmeMs.  ABASOMCA  2UPOCKONUMeCKUMU  cuAaMu. - [ledCTBATeNbHO,
KOPHMOJIMCOBA CHJa MHEPHMH, NpHKIafnBaeMas K ToYke P, CHCTeMbl,
ompezenderca GopMynon

F,=—2m, (o X 9,).

3nech m,—Macca Toykn P,, ©,—ee CKOpOCTb B paccMaTpUBaeMol
HeMHepUMajbHOW CHCTEME OCelt KOOpAMHAT, a @ — YrioBasg CKOPOCTb

!) Tlpn onccHNAaTHBHHIX CHIaX NPOUCXOGHT pacCeHBaHUe (BMcCHIa-
und) sHeprud. OTciofia U TEPMUH «IUCCHIATHBHBIE CHIKI»,
2

Y KococumMmeTpuyeckoh Matpuum |yl Bcerma y;==0
(=1, ..., n).
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BPAILEHUs ITOH CHCTEME OTHOCHTENbHO HEKOTOpOH HHepuMaabHOH CH-
cTeMbl KoopiuHaTr (v==1, ..., N). Ho Torma

N
E F,0,=0.

v=1
2. Tycts Ha TBeploe TeNO € HEMOLBMXHOH Toukol O meHcTBYIOT
CHIbl € TTaBHHM MOMEHTOM L, =/[{(®, X @,), rne /—ckanip, # nycTb

0 =@, + 0, — yraosasa ckopocth Tena. Torma npunoMeHHHIE K Teny .
CHIBl ABNAKTCA THPOCKONUYECKHMH, TaK KaK HX MOUIHOCTb PaBHa HYNIO:

L, =0.
Ecau TBepioe Teno ofnajaeT AMHAMMYECKOH cUMMeTpHeli, | — MOMeHT
HHEePUMH OTHOCHUTEIbHO OCH CHMMETDHH, @4-— YraoBasa CKOpPOCTb <YHU-~

CTOro BpalleHHUs», HANPABNEHHAA IO OCH CHMMETPHH, a @, — Yyriosas
CKOPOCTb TIPENleCCHOHHOrO [IBMKEHHA, TO MOMeHT L,=/7(®;, X o,)

Ha3biBaerca 2upockonuyeckum. TakuMm o6pas3oM, CHAb, CO3MAONIKE
TMPOCKONHYECKU MOMEHT, ABNAIOTCA TMPOCKONHYECKuMHU 1),

2°. Mycts
Qi_—:—— Z biqu (i—_=1, sevy n)y (21)

E=1
rae MaTpuua Ko3pQuuUueHToB b;, ABASETCH CUMMETPUYECKOH
bik‘:bki ([—_—1, caey ﬂ), (21')
n

W MycTh KBAaApaTauHas ¢opma | b;,;, NONOKUTENbHA:
Lh=1

n
Z b;14;9, = 0. (22)
ih=1
Torga nas CKAEPOHOMHOH CHCTEMH MOUIHOCTh CHJ PaBHA
n n
~ e Xl . .
Qfi=— D) bu§:»<<0 (23)
P=1 k=1
¥ CHab (Q; ABJAIOTCS AHCCUNATHBHHIMH.
B stomM cayyae kBagpatuuHas dopma

1Y . »
R=7 2 b9 (29

ik =1

1) OTciona ¥ IPOUCXOXIEHHE TEPMHHA <TI'HPOCKONUYECKHE CHJRIY,
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Ha3BIBAETCA Juccunamusholl yuxyuel Peres. JIerKO BUIETH,
yto 00600uweHune cuis (21) nmoayuanTcs u3 JAMCCUNATHBHOH
¢ynkuun Penes ¢ momowbio (Gopmya
~ OR ;
Q'z—()—(ﬁ (i=1, ..., n. (25)
Ecny cucrema CKIEPOHOMHA M NMOTEHUMANbHAA SHEPFUS HE 3aBH-
CHT SIBHO OT BpE€MeHH, To- B cuiy paseHcrs (14), (23) u (25)

dE
r7

Q — 2R (26)

HM=

i

[Mocaennss ¢opMyna yKaseiBaeT Ha (PU3HUECKUH CMBICAT (DYHKLHH
Peneq. yosoennas pynxyus Peaess pasna cwopocmu y6uea-
HUSL NOAHOI 3Hep2ull.

Ecmn dyukups Penes (24) aBasercs NOMOKUTENBHO oOnpe-
JeneHHoll  KeagpatHuHolf ¢opMOH OT 000GUIEHHKIX - CKOPOCTEH,
TO TrOBODPAT O noAHoi Ouccunayuu sxepeun. B sTOM clayuae
cucreMy Mel  OyleM HasHBaTh onpedeneHro-0UCCUNamil8HOLL.
Y TaKko# cucremsl, coriacHo Qopmyne (26), noiHas sHeprus
crporo yOmBaer.

B xauectse npuMepa paCCMOTPHUM NPHIOXEHHLIE K TOYKAM CHCTEMbl
CHABl COMPOTUBJEHHA Cpelnl, IPONOPHHOHAJbLHEIE NEepBELIM CTENEHAM
CKopoCTeil ToYek:

Fo=—fp, (=1,..,N). @n
B sToM cayuae

N
> Fo,=—2R, (28)

v=1
N
2 | (29)

§ 9. DnexTpomMexaHHYecKHe AHAJOIMA

rae

t\:}—

B sTOM maparpae Mbl MOKameM, KaKUM OGDa30M ypaBHEHHUs
aHANMTHYECKOH MEXaHWKH MOryT OBITh NPUMEHEHB HE TONBKO K
MEXAHUUYECKUM, HO ¥ K 3JEKTPUUYECKHM U SJEKTPOMEXAHHYECKHM
CUCTEMAM.

PaccMOTpUM KOHTYD, B KOTOPOM HHAYKTHBHOCTB L, OMH-
YelKOe CONpOTHMBJAEHME R - M  KOHAEHCATOD ¢ eMKOCThio C
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COEIMHEHH NMOCAeA0BaTENBHO (puc. 25). Ilas 5TUX 3JIEMEHTOB CBA3b
MeXIy HanpsixkeHueM u (DasHOCTb MeXIy 3HAUEHHAMH [OTEHLMand

o, d -
Ha KOHIlaX 3J€MEHTa) M BeJHUYNHOH TOKa i <L=7z, rae g — 3a-
pan) OyIeT COOTBETCTBEHHO paBHa

IR
=19 u=r; u_ESidt. %)

Ecan B KOHTYpe MMeeTcs eme BHEWHMH MCTOYHHK 3. A C.
e (), T0, 3aNNCHIBas, YTO BEIMYMHA 3. [. C. PaBHA CyMMe Hamps-
WEHUH 1719 OTHe/bHHX 5JeMEHTOB, OyleM HMeThb

L%+R1+C181dt=e(t), @)
Huan

LAILRY LI —c (). @)

D10 ypaBHEHHe SBJAETCS aHAJOrOM ypaBHEHHs MEXaHHUECKHX
KoJsebaHufi

e L1459 4 cqg=Q0). )

[Ipn 5TOM HMHOYKTHBHOCTH L OTBeyaeT MHEPUMOHHBIA Ko3(du-
nueHT (oOoOuieHHas Macca) @, OMHUYECKOMY COMNPOTHBJIEHUIO

nw’

eg\b £ uGo) c 3w ||e

R
Puc. 25. Puc. 26.
1

R — nuccunatusHeift Koaddunuent b, koadduuuenty LS
C — eMKOCTb, OTBeYaeT [MpuBeIeHHbHH Kos(duIUUeHT ynpyrof#t
CHMIB ¢, 3apsl ¢ COOTBEeTCTBYeT oO0OOlIeHHO#l KoopauHatre g,
3. I. C. e(t)— o6obuienHoft cuiae Q(¢).

C apyro#f cTOpOHH, B KOHType, u300paxeHHOM Ha puc. 26,
CKJI3[HBAIOTCA TOKH, MPOXOMAINE Yepe3 MHIYKTHBHHIH S/IEMeHT,
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CONPpOTNBAGHHUE ¥ KOHAEHCATOP, NO3TOMY

R+L Szzdt—l—Cdt—z(t) (5)

IMTounenno nncpq)epeuunpyﬂ nosyyaem:
1 du

dt-+R dt+L

3mech MH HMMEEM JAPYrylo CHCTEMY 4aHAJOrHH, B KOTOPOH

KOOpJHHATE ¢ COOTBETCTBYET HANPAKCHUE U U MEXaHUUYeCKHe

1

1
KospduuueHTH @, b, ¢ 3amensiorcs Ha C, =, T

% 0606m1eHHOo#’

di
cuie Q(f) 3mech OTBeyaeT BeNHYMHA 7

se asexmpuneckue cucmemu, umeuue O00UHAKOBHE
(c Tounoctsio 10 oOo3HaueHmH) ypasHenusg, npeacmaa/z}zmm
cofog 08e pasnue aexmpuieckue mooeau oaﬂou u moi sce
Mexanuieckoll cucmensl.

KnneTnueckoft m moTeHUnanpHOH sueprusM, ¢yuxunn Penes,
00006u1eHHOd CHJIe ¥ MEXaHHYeCKOH cucreMn C OOHOYU CTENeHbio
¢BOGOIBI

R= b, M=,c% Q=QQ)

B NEPBOH CHCTEME aHAJOTHH COOTBETCTBYIOT BEJMYHMHBI

1
T—iaq,

_ L e 515 1 4 —_—
T—qu, R—'qu; H—z—cq; E_E(t),
a BO BTOpOﬂ
T=%Cl'12, di

. 1
u‘l’ IIZ—'UE, EE-

> 1
R=3x oL
Takum 00pasoM, CHCTEMH 9JEKTPOMEXAHUUECKHX AHAJIOrHH onpe-
JeqqioTcs caenylomed Tabanueh:

1 ~ 1 1
Mex.: b == aqi? — 2 ph? |TM= = g2
ex.:q | a ¢ Q 5 4 R 5 by 5 ¢4
1-a én.:q Ll R _L e Lqu _1__qu iq”
C 2 2 2C
1 1 di 1 . 1 1
2~ 71 I O I Lr 1 1. 4
Al Il Tl @w| T 5R Y 5. ¥

3 . P, Taurmaxep
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Paccmotpum B kauecrBe Gonee C/IOKHONO NMPUMEPa 3/EKTPH=
YECKyIo uefb, H300paxeHHy0 Ha puc. 27.

A %
r —_ -_— —_
4 173 iz
€ G“) Co Los 4
L\AI\MW
L %y
Puc, 27

Cocraum ypasuenusa JlarpaHia, MNPHAEPKUBAAcCh MepBOH
CACTEMB aHa/OTHH; MPENBAPUTENBHO BHIYHCIUM

1 .o 1 . .
T=7 L.gq{ +'-2° Log (22 — §4)°,
~ s 1 5. 1 .
Re=5 Rl 5 Rill+ 5 Ruds,
T= 57 g3+ op= (01— )
—2CB qa 2618 ql q‘l .

Kpome Ttoro, e;—e3==0. Ilonoxum
e, =4 sin 2t.

Tenepy Bhinumem ypanue}mn' Jlarpanxa
R , 1 1 . .
Li§, ~+ R, —f—g— 91— o~ q2a=4 sin Q¢
12 19
“ . . 1 1
Log§g — Log 3 Raify +- Cn Gy — [ =0,
. . ‘ 1
Los§s — Loy Qs+ Rels - T, g3=0.

OTH ypaBHeHHA B OyAyT ypaBHEHHAMM 3/IEKTPHYECKOH wenH,
n3obpaxeHHo#t Ha puc. 27.
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§ 10. YpapHeuus Anmexns Aisi HEroJAOHOMHBIX CHCTEM.
IlceBnokoopauHATH

B stoM naparpade MH BHBe#eM YypaBHeHus Annens, omnpe-
OensoliMe OBUAEHAE HErOJMOHOMHOM cucreMul. IIycTh Ha HeroJo-
HOMHYIO CHCTEMY HalOXEHH d KOHEUHHX W g nuddepeHuHalb-
HHX cBased (cM.. § 1). Mcnosmb3oBaB cHauana TONBKO d KOHEUHHX
CBA3eH, MB BBID23HM PAOMYyCH-BEKTODH TOUYEK CHCTEMBl Yepes
m==3N — d He3aBHCHMBHIX KOODOHHAT ¢y, ..., §,, H Bpema t:

xr,=r,t q, ..., qgn) (G=1! ..., N) (1)
Orcona
m
s or, or,
= YRt e=L..m o
. =
or, ,
vaz.z %;qu Gv=1..., N). (27
Omnako r, m ¥, (v=1, ..., N) ynoBnetBopsioT eme nudode-
PEHLHaIbHBIM CBA3AM ')
N
X LhFD=0 @=L.., 9 @
v=1

rae Ly, v D, seamotcs dynxumsma ot £ m r, (v=1, ..., N).
IMoacrasus BeipaxeHuss (1) m (2) gnar, u 7, B ypaBHeHus
cBAset (3), MH NPENCTABMM 3TH YPaBHEHUS B BHIE

ZAmqi—[—AB#O G=1....,8 . &
i=1 i

rae Ko3hduiuneHTH Aa npu §; u CBOGOLHHIE YIEHH A ABJIAIOTCA
yHKIOHAME OT L H Gy ...y G

TaxkuM 00pasoM, AJAS HErOJOHOMHOM CHCTEMB KOOpPIHHATH
Gis +-+» Gm MOTYT NDHHMMATh IPOM3BOJBHHE 3HAUEHWS, HO NpH
a10M 06o6uIeHHBIE CKOPOCTH §y, ..., §,, YXe He MoryT Guith

1) ®ynknuu (1), 6YOyYH MOACTABAEHH B ypaBHeHHA KOHEYHHX CBA-
3ell, o6pamaT HX B ToxnaecTsa. [103TOMy nPH HCMNOALIOBAHHH TNpel-
cTapreHHa (1) HyXHO YYWTHIBaTb TOABKO MU ¢epeHuUHaNbHEIE CBH3H.

3.
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TIPOU3BOJILHHIMHA; OHH CBSI3aHB MEXAY COGOH COOTHOMEHMAMH (4).
Cunrast g cB3eft (4) He3aBHCHMBIMH, ME MOXEM U3 ypaBHeHu# (4)
BHDa3uTh g OGOOUIEHHBIX CKOPOCTEH, HAnpUMep nis..., Ipm
yepe3 ocTambHble ¢y, ..., §, (n=m—g=3N—d—g—
yucao cremeHed coGoasl cucreMmm; cM. crp. 19). Ckopoctam
@1, ..., §, MOXHO 1aBaTh IPOM3BOJIbHLHIE 3HAYEHHS, U TOTIAA yie
ONpeJeNsTCs 3HAaUEHHs! OCTaJbHHX CKOPOCTeH.

Onnako mp mo#gem no Golee oOuieMy NyTH U B KauecrBe
HE3aBUCHMBIX BEJMYMH BO3bMEM HE n (1 — YHCJO CTENeHed CBoO~
6oabl) OGOOLIEHHBIX CKOPOCTEH, 2 HEKOTOPHE 71 HE3aBHCHMBIX
JUHeHHBIX KOMOHHALMK 3THX cKopocred !)

m
'fts:Zfsi.qi (s=1, ..., n), 6)
i=1
rie fo;— QyHxkuuy oT £ ¥ @y, ...y Gp
Ha sune#inbie dopMel (5) HYXKHO HaNIOXHTh JHLIb OJHO YCJIO-
BHE. 3TH N JUHEHHBIX (OPM BMECTe C g JMHEHHhIMH dopMamu

3 Al G=1..., 2

P=1

HO/KHE 00pa3oBaTh NOJHYI CHCTEMY U3 m=n-}g JHHeHHO
HE3aBUCUMBIX (ODM, T. €. ONPENENATEeNb, COCTABJICHHHH U3 KO3¢-
dullueHToB 5THX m HOpM, AOJnkeH ObITh OTaHMYeH OT HyJs. Torma
BEJMYHHH g (S==1, ..., #) CMOI'yT TPHHHMATh MPOHM3BOJbHEIE
3Ha4YEHHs, TaK KakK npu JOOHX 3HAYEHHIX STHUX BEJUUYHH MBI
Hainem cooTBercIByOmMe §; (i==1, ..., m), paspewag CHCTEMY
JuHedHb X ypasHewu#d (4) n (6). Ilpu sToM moJuyunm

n
qiz Z his'hshi—hi (l=1’ s m)’ (6)
s=1

rae h;, u h; — dyHKIEE OT £t B ¢y, ...\ @

BesuunHsl T, sBAMIOUIMECS JIHHEHHHMEH ¢opMamMu oT 06066-
UICHHHX CKOpOCTeH, OyaeM Ha3BBaTh NCEBOOCKOPOCMAMU, @ CUM-
BOJH Ty — ncesdoroopdunamanmu (s=1, ..., n). B vactrHocry,
%, MOTYT COBMafaThb C HEKOTOPHIMH OOOOILEHHBIMH CKOPOCTAMH.

) Ham yaoGuo oGosHauath inHedHHe KOMOHMHauWu (5) yepes &,
XOTA CaM CHMBOJ 75 MOMET He HMeTh CMbICAa, TaK Kak fpaBas yacTh
paeeHcTBa (5) MOXKET He GRITb IOAHOH ITPOH3BOJHOMH,
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B ofmewm e cayuae m -7 BEMHMUMH T W §; CBA3aHH 3aBUCH-
moctamu (5) u (6).

Iaa toro uroObl HalTh oOrpaHuueHnd, HanaraeMeie Xuddpe-
PEHIMaNbHEIME CBASSME HAa BUPTYaJbHHE NEPEMEILEHNs 3¢;, HYKHO
(cm. § 2) B YPaBHEHHUAX (4) orbpocuth cBoGomHbe uneHH A

u 3aMeHuTb §; Ha 3¢; ({=1,..., n). Torma MBl noJayunM
igl Apdgi=0 (B=1 .., o @)
B COOTBETCT;HH c pasenctBaMu (5) BBOAUM 0603HaueHus 1)
dn, = i Faidyy  (s=1, ..., n). (%)

i=1
ITo npegnonoxenmo ¢opmMu (4) n (5') AuHEHHO HE3aBUCHMBL
ITosTomy 3=, MOryT mpuHEMaTh NMPOH3BOJbHbBIE BHAYEHHS, @ CO-
OTBETCTBYKOIIME 3g; ONPENeNarcs u3 CHCTeMBl ypasHeHu# (4))

n (8):
Sqi= Z hisaﬂs (=1 ..., m) 6)

Boipaxenne nas paGOTH 3/EMEHTAPHBIX CHJA HA BUPTYaAbHBIX
nepeMellleHnaX MOXHO npe.ucraamb B BUIE

8A= Zl Q; 89, M

rie, Kak u ans rononowmoﬂ CUCTEMHI,

2 “6q, (=1, ..., m.

Teneps, noacTaBuB B paBeHCTBO (7) BMecTO 3¢, BEIDAXEHHA (6'),

Haltnem
n

=3 @ 3 hytm= 3 3 mafom,

i=1 s=1\=

8A= D) O,3x, )

Sax ]

} B cuyyyae ckaepoHOMHOR cucreMnl dg;==dg;=§;df n notomy,
coraacro gopmyaam (5) u (8'), ¥my= i dt.
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rue

m m N
‘ or,
M= Y heQ= Y Y hgF (=L...n @

i=1 ie=1vem]

Bemunnnl II; 6ygeM HasbiBaTh 0006eHHWMIL CUAQMI, COOM-
sememaey 0uiML ncegdoxoopdunaman =, (S=1, ..., n).

C nmpyro#l CTODOHBI, NOACTABJAS B paBeHCTBAa (2) BbIpaxe-
Hus (6) mas ¢, Mbl noJyuyaem

i'v= E evsﬁs—{_ev (V=1’ A M’ (10)
§=1 .
rie e,, e, (v=1,..., N, s=1, ..., n)— Hexoropnie Bex-
TOP-QYHKUHH OT £ H @y, -..y Gppo

MUs pasencrs (10) Haxonum 1)

dr,= ) e,dn, =1 .., N) (1)
§ =
Hu .
n
i:v == Z evs:&s+.-. (V=11 “vey M; (12)
s==1

fp4 3TOM B NMPABHIX YacTax (opmya (12) BeIEAEHH JUIL YAEHHI,
colepxamue ncegdoyckoperusn %, (s=1, ..., n).

C nomouwpio pasencTs (8) u (11) sanuem oGuee ypashe-
HHe JHHAMHKH

AY
3A— 3 m F br,=0 (13)
v =1
B T3dKOM BHIE.
n N
Z (II.S - Z mv;vevs> 87:5 =0. (14)
s=1 v =1

!) BeaHyHHH F,, ©is H §; CBA3AHH COOTHOmIEHHUAMH (2), (4) H (5).
VCK7I0YHB U3 STHX COOTHOHIEHH{i BEJHYHHH §;, MH noOnyyHM &op-
Myau (10). Beauyumnw ¥, Bx; M ¥g; YHOBIETBOPAKT ONHOPOAHLIM
cooTHOoHieHHAM (2'), (4') ¥ (§'), KOTOpHe OTIHYawTCA OT COOTHOmIe-
HHft (2), (4) 1 (5) TOABKO OTCYTCTBHEM cBOGOAHHX 4yaeHos, [losTomy
M Gopmyas (11), apasouineca pe3yI1bTatoM HCKIIOUYEHHA bdg; M3 CoOT-
Houienuit (2'), (4) u (5), noayyaworca u3 gopmya (10) samenoit 7, Ha
br,, %ig Ha bmg H orGpachBaHHeM CBOGOAMBIX YAEHOB €.
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Tax kak Bws—coaepmeHHo NMPOHU3BOJLHEE MHOXHTEAH, TO OT-
Claa caenyer:

N
SNimbe =01, (s=1,..., n). (15)

v=1

BeeeM B paccMOTp@HHME <SHEPruio yCKopenut»

N
1 . ..
U=5 Y mP=U( g, % #). (16)
va=]
3ameuas, uTo Ha OCHOBaHHH ¢opmya (12)
es=2r =1, Ns=1...m (7
s :
MH ypasHeHus (15) moweM sanucarth Tak:
au
EEZHS (s=1,..., n. (18)

Ypasuenus (18) Onian Brepsble noayueHs -AMNmeaeM M HOCAT
HasBauue ypasuenuil Anneast.

9th n=3N—d — g nuddepeHuHatbHEX ypaBHEHHH COB-
MECTHO C g YpaBHEHHAMH CBasel

m
2 A+ 4=0 @=1 .., g (19)
i=1
H C n auddepeHtHa bHBME COOTHOLIEHUAMH
m
to= 3 fuli (20)
i=1

o0pasytor cucremy AuddepeHtnalbHHX ypaBHEHHH, ONpexesio-
KX JBUKEHHE HErOJOHOMHOH CHCTEMHL.

3anup:eM ypaBHEHH ATNeNs B PassepHyTOM BHAE, AJS" Uero
B dopMyay (15) momcraBum BMecto #, BripaweHns (12). Torma
H0JIY4HM

Zl”ps&s‘l“(*"‘_):Hp ¢=1L ..., n) (@D
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rae
N

sznp (t: 9 ‘ks); "ps="ps(t’ l],)= Z mvevsevp (22)

va=1

(o, s=1, ..., n.

Uepes (%) B ypasHeHusx (21) o0osHayeHH Yj€HH, HE COAEp-

Kauue ncepaoyckopeHutt ki, (s=1, ..., n). )
MoxHO [OKa3aTh, 4TO ONpexesuTeNb, COCTAaBACHHHH U3

KO3(QUIUECHTOB ., HE DPABEH TOXLECTBEHHO HYJIO:

det (1,5, 51 7 0*). (23)

Toraa ypaBHeHus (21) MOXHO paspelinTb OTHOCHTE/IBHO
HCeBI0YCKOPEHAR

T=H.( ¢, %) (s=1,..., n. (24)

C apyro#l cTopoHn, cootHowenus (19) u (20) Taxke MOXKHO
NPeACTaBUTh B BUIE, Pa3PeLeHHOM OTHOCUTeABHO §; (I=1,...,m)
fem. dopumyan (6)].

Taxum 00pa3oM, ABHIKEHHE HEr0JOHOMHOH CUCTEMH ONpene-
asercd cucTeMol n - m puddepeHunanbHEX ypasHEHHH nepBoro
nopsiika OTHOCUTEABHO HEHU3BECTHHIX (QYHKUMH Gy, ..., Gm
%y, .i., %, OPUYEM STH ypaBHEHHs PaspelieHHl OTHOCUTENBHO
npoussoAHnlX. Torxa 3afaHue HayaAbHBIX JAHHEX 43, ..., @m,
7}, ..., ¥ ONHO3HAYHO ONpEeJenseT IBuxEHHe cucTemul. Ho ¢ no-
MOIUBIO 3THX HaYaJbHHX MaHHBIX dopmyaamu (1) u (6) 3amarrcs
COBMECTUMBIE CO CBfI3SMM HPOM3BOJBHOE HayajJbHOE MOJIOXKEHHE
1 MPOU3BOJBHBIE HayajpHHE ckopocTu. Iloatomy 3adanue na-
1QAbHO20 NONONCEHUS CUCMeEMb 1 HAYQAbHHX cKopocmeli,
Ke npomusopetaux KOHewHuM U OufgdeperunarsHom c85-
32M, O00HO3HAYHO onpedeasem O08UNCEHUE HE20A0HOMHOI Cli-
cmemsl.

3ameuanue 1. Ecam B 4YacTHOM ciyyae B KayecTse
NCEBJOCKOPOCTEH B3ATH 1 HE3aBUCHMBIX OGOOLIEHHHX CKOPOCTEH,
Hanpumep 4y, ..., ¢, TO LIS ONPEAENEHHs COOTBETCTBYIOLIMX

1) B oTHeJbHHX TOYKaX STOT ONpeJeNdTeNs MOXET PABHATHCH
Hymo. DTU ocobhrle TOYKM MCKJIIOYalOTCA H3 paccMoTpends. O6ocHo-
BaHUe HepaBeHCTBA (23) aHAJOTHYHO OOGOCHOBAHHIO HEpaBEHCTBA

det (@;,)7 g1 #0 Ha cTp. 5455,
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obobGmennnx cun Qf, ..., QF nyxuo B paseuctre (7) BHpa-
3UTb 8¢,,1 <., 0g,, Hepes dqy, ..., dg,

A= ZQi 8g; = Z Qs 8¢, (25)

i=1 s$==1

B sTOoM cayuae sHepruio yckopewn# [/ MOXHO IPenCTaBHTb

B BHAEC q)yHKU.HH B(t’ qb seey qu (71, ey qm ?p ruey ?n)
U ypasHeHus Anneas NPUHHEMAIOT BUA

ouU

E:Q;“ (s=1, ..., n) (26)

3ameyanue 2. YpaBHenud ANNeAd MOKHO, B HYaCTHOCTH,
NPHUMEHUTb U K FOJOHOMHOR cucTeMme. B atom caywae Bce cko-
poctu §; GynyT uesaucumbimu, Q; = Qi (I==1, ..., n) u ypas-
nenns (26) npeacrasasior coGo#t APYryi0 8amucCh ypaBHeHuH
Jlarpan#a BTOporo poxal).

Mpumeps. 1. [Tpn nomomu ypasHe- 4.‘/
HUMl Anneas onpegelMM JBHXEHHe CH-
cTeMmbl, omucaHHoH B npumepe § 3 (cMm.
cTp. 28), 310 NO3BOAMT YMTATENIO CONO-
CTaBH!H JBa METOAZ OTHICKAHHA IBMKEHHA
HEFOJOHOMHOH  CHCTEMB — C  MOMOWUIBIO
muoxutener JlarpaHxa W C NOMOWBID
ypaBHeHHl Anneas —y yGemuThbcsa B mpe-
yMyulecTBax BTOporo, Beejem B KauecTse
He3aBUCHMEIX ~ KOODAMHAT  KOODPJMHATH
meHTpa CTEPXHA X, ¥ M yroa ¢, o6paso-
BaHHBIA oTpe3kom MM, c ropusonranb-
Holt ocbio x (puc. 28), Torma

1
X=X — o €08 §, x2=x—|—7lcosgo,
Puc. 28,

l . - L,
N=y—sing ya_——y—i-?smq.

YpasHenne mMbdepeHIMatbHOK CBA3M B HOBHIX KOOpAMHATAX MpPMHH-
MaeT BHJ
£

gose ~ sine

1) OpHako ypaBHeHMA Anneas B NCEBAOKOODAMHATAX NPHMEHH-
TEJbHO K TOJOHOMHOH CHCTEME YXe HalT HHble (QOpMbl ypaBHEHHH
JIBHXKEHHUS,
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Oneprua ycwopenu#t U, Kak Nerko npoBepHTb, BHPAZHICH CIAENYIOHUM
o6paszom: :

1 o e { s 1oy s
Uy (81 + 91+ B+ J) =2+ 3+ + 4.
BeeneM nCeBJOCKOPOCTb @, MOJaras
X=nCoSp, J=amsing;
TOrla 8
U= aeﬂ_}-%mp’ +...,

rje HeBHIHCAHHBlE YIEHH He COojepkaT yckopeHu#i. QnpenenuM 0606-
leHHBe CHIH, Jlas 3TOro HanHmeM

YA=1IId + & b= — 2g by — — g sin g om.
Orciona
D=-—2gsing, ®=0,
CocTaBHM ypaBHeHHs Annens
oUu ou
= 1, %= .

B naHHOM ciyyae 3TH ypaBHeHHMA He COJEPEKAT KOODAMHAT X, y H
HMEIOT BUI

f=—gsing, $=0.

Huterpupys, noayuaem

p=oat B,
Z’;—;%-}E:—%Sin% = g cose + 7.
Haitnem x u y:
%:%x:-é-:':msy:%ms’cp—%—%cos%
_%—_:{Tj:—i-;:smcp:% cosvcpsint?—*—%simp.

Orciona
x=ret (L4 s cosg)sing+,

y= '*( tg scow)cow-l-s,
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ITometaBnAn af 4B BMECTO ¢, M0JIyuaeM KOHEUHblE YDaBHEHHA ABHXe-
HHA, CONlepkalue MATh NPOU3BOJALHEIX NMOCTOAHHHIX: «, B, 1, 3 H &

5= o B+ [ Lt oy conat+ ) |sin ot +-8) 13,
y=—[L+Ereoiat+B|cosat+8 4o g=att8.

2. IMokameM, KakuM oG6pa3oM H3 ypaBHeHHH Anmens Moryr GuTs
nonyyeHH IMHaMHYeCKHe yPaBHeHHWs ODilepa IasA TBEPIOrO TENa C 3a-
KpPeIIeHHOH Touko# O,

[ycTs p, g, r — npoekuus YraoBo# CKOPOCTH @ Ha TIaBHBE OCH.
nhepunn Of, On, OF OnH, Kak H3BECTHO, NIPENCTABAAIT COGOH NHHEH-

Hble KOMOHHauMH 0GOGIEHHBX CKopocTeit ¢, b, q-p, rae §, 8, ¢ — yrau
ditnepa " (cMm. cTp. 42—43) 1), [To3TOMY MW MOMEM NPHHATL P, ¢, 7 3a
TPH NCeBAOCKOPOCTH. BHUHCINM 9HEPrHI0 yckopenum#d):

2U=gw‘dm=S(z><r—l—(o><v)”dm‘==
=S(z><r)"dm—|—2S(zxr)(o)xv)dm—l—....%

=S(e><r)‘dm—|—2e g[rx(o)xv)]dm—l—...———

=S(z><r)”dm—|—2s[o)><serdm]—l—... (Px]
deo o o d 3
3aMeTHM, 4TO z....—d?——gt——l— 0 Xo=. 3necs T

03HauAT COOTBETCTBEHHO AU PEpeHUHPOBaHHE B HEMOABHIKHOK CHCTEME
oceit H B chCTeMe ocCel, HeH3MEHHO CBA3aHHHX ¢ TenoM ?), Tlosromy p,

¢, r —TpOeKUMH YIIOBOTO YCKOpeHHs & Ha ocH Of, Oy, OF,
Toria N0 aHANOTHM C BHpamEHHEM IIA KHHETHUECKOH SHEPIHMM )

2T“'S((0Xf)2dm==,4p’+3ql+crz

') BolpaXteHHa mAA p, g, r MBI NOAyuYaeM, MTPOEKTHPYA MOYIEHHO
Ha OCH KOOPAMHAT BEKTOPHOE PaBEHCTBO @ =y + w§+ @, TIle
oy =2y, ogz="0, o,=q
?) Mu 3gech HCMOAb3yeM H3BECTHOE TOXIECTBO
rx@xo)+ex@xXrn+oX(rxXa)=0;

Moc/eHee claraeMoe B J1eBOH YACTH EaBHO HYIO, TaK K&K 9= X 7.
Hesnimucannsie uieHn B QopMmyae (27) He colepxaT yrioBoro yCKo-
€HHA &,
d %) Cwm., nanpumep, Jloktuanckn#t JLT. n Jiypre A U, Kype
TeopeTHueckoft MexaHukm, 1954, 1. I, § 73.

Y CMm. Cycnos TI. K., Teoperuueckaa MexaHmka, M, —Jl,
1944, § 259.
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(A, B u C-— MOMEHTH MHHEpUMM OTHOCHMTENLHO TJaBHHWX OCeH HHep-
unn OF, Oy B OL) Mu MOXeM HanMcaTh

S@xwwW=@uww+m%

C npyroft CcTODOHBI, KHHETHYECKHHl MOMEHT G=S r-X 0 dm uMeer

xoMnioHeHTs! Ap, Bgq, Cr. [lostomy oxoHyatenbHo mOMyyaeM ciaelyio-
mee Bepaxenne maa 2U%

QU= Ap* + B§* + C#* +2((C— B) grp +
+(A—C)rpg +(B—A) pgH + ..

C npyro#t cTOpOHK, A4 31eMEHTaPHO! PaBOTH BHEINHHX CHJA HMeeM
tA=Lwdt=Lpdt+L qdt-+L;radt.

[Mo3ToMy ypaBHeHHA Anmneias HENOCPEACTBEHHO AAT ypaBHeHHA Jiinepa
dp —_
AfHC—=B)gr=1L;,
dg
B +(A—Crp=L,

dr.
Ca—t—{—(B-—A)pq:Lc.



FrTABA 1T
YPABHEHHUSI IBMXKEHHUS B NOTEHUHUAJBHOM NOJE

§ 11, Yparnenns Jlarpanwa B cayyae MOTEHIHAJBHBIX CHJ.
. OGo0GmeHHb# moTeHnuans, HeHaTypaabHbhle CHCTEMb

Ilycte o0606menHHEe Ccuisl Q; SBAAIOTCH NOTEHILUANbHBIMHU,
T. @ MNYCTh CYyLIECTBYeT NOTeHUMaa Cua (MOTEHILUa/JbHas SHEPrus)

N=I( q) (cm. § 8) n
ol

P = e— i = 1, “eay A 1
Ql dqi ( n) ( )
Torna ypasuenus Jlarpanxa
d oT o7 __ ol .
wog "o og (Tl
3aMUCHBAOTCA B Buie!)
d oL oL ,
725?;_-871—1_0 (l—l, . ﬂ), (2)
rue
=7—1. (3)

Gynkuus L uaseiBaercs @ywxygued Jlezpawoa wnu  Kune-
mu4ecKuM HOMEHUYUANOM. ) ‘

Kunernueckufl mnoreHnman L, Tak Ke Kak ¥ KHUHeTUYecKas
sueprus 7, npencrasaseT . co60H (yHKIMIO BTOPOH CTENEHH
OTHOCHUTEJBHO OBOOLIEHHHX CKOPOCTEfi:

L=Ly+ Ly Ly 4)

1) TMockoabKy moTeHuManbHas SHeprus II Be 3aBUCHUT OT 0GoGMieH-
oT oL oT on

L
;T 04 'Y 0qi T Oai  Oqi

HHX ckopocTed, a L=T—1I, To
(i=1, ..., n) ‘
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rae

n n
1 , . ,
Li=% Z Cirdiw L1=Zciqi, Ly=c¢, 4)
ik=1

i=1

3pech KOBMOUUMEHTH C;p, C;, €, SBAIOTCS (YHKUHMAMH OT

KOOpIAHHAT ¢y,..., ¢, W Bpemenu t (I, k=1,..., n). Comno-
craBaeHne gopmyan (3) ¢ dopmyaon (5) na crp. 53 nmaer
Ly=T, Li=T, L,=T,—IL ()

3aMeTHM, YTO B ciyyae, KOTja JeHCTByloiuiHe Ha Mareﬁnanbnue
TOYKH axTHBHme cuan F,=X/I+ Y. j+ Z,k (v=1, ..., HMenT
noresunan II(¢ x,,y,,2,) B JeKapTOBLIX KOOpAHHATax X, y,, Z,
(v=l, ..., N), T. e.

(o)1} on all

Xv=_ axv » Yv=_my

Zv=—?—z (V—l, ey N),

9TH CHJAB H B He3aBHCHMHX KOOpAMHaTax ¢; (I==1, ..., n) uMeoT mno-
TeRuman (o6paTHoe yTBepx/eHHe B obuieM ciyuae HEBEpHO!) H 9THM
NOTERIHANOM ABAAETCA TOT e NoTeHuMan II, HO TOAbKO BHIPAMEHHEI
uepe3s KOODAMHATH ¢y, ..., ¢, A BpeMs f, [eHcTBHTeNbHO,

n N n
i1
D U= Y Kb+ Vb, 4 Z,0) =— b= Zla‘a; ¥,
i==

{a=l v=1
OTKYAa H caeayior pasencrsa (l).

PaccmoTpuM Tenmepb TOT C/Aydadf, KOraa BMECTO OOGBIYHOFO
norenuvana II(f, ¢,) cymecTByer o6o6wennsli nomenyuan
V(t, 9 4.), vepes Kotophiti 0606ueHHNE CHAN Q; BHpPaXaOTCs
¢ noMouIbId (GOPMYH ’

A= —gm (=bewn©

Torna ypasnenus Jlarpanxa

dor_or_aov_ow o
F g 0q = dtof; —og (=L n

* CHOBA 3alMCHIBAIOTCH B Buie (2), rie Ttenepb

=T—V. (7)
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Hs dopmyn (6) crenyer:

Q= aqiaqk'qk-—}—(**) (=1, ..., n), 8)
ymm

roe (#%) o6O3Ha4YaeT CYMMY 4JIEHOB, He codepxamux 0606-
MEHHHX yckopenn#t §, (k=1, ..., n).

ITockoabKy B -MEXaHHKE MBI PacCMaTPUBaeM TOJbKO TOT Cay-
yat, korma oGoOweHHHE cuan ; HE 3aBHUCAT SBHO OT 0606-
[MEHHHX YCKOPeHHu#, a 3aBUCAT JWIIL OT BPEMEHH, KOOPIUHAT
H 0606ILeHHHX CKOpoCcTeH

Q1=Qi(tr U qk) (l=1r veey M), (9)

TO, Corjacuo ¢opmynam (8), B 3TOM CJyuae BCE YaCTHHE MPOU3-
BOOHHE BTOpPOro Imnopsigka OT V mo OGOGIEHHEIM CKOPOCTAM
JOMKHH OHTb TOMXIECTBEHHO pABHH HYMIO, T. €. 0606UeHHb
nomenyuas V auneiino 3asucum om 0600ueHHBX CKOpOCHmel:

V=§] Mg, +T=v,-|1, (10)

i=l1

rne II; (=1, ..., n) n Il — dyHxuuu OT KOOPAHHAT ¢y, ..., ¢,
u Bpemenu f. Ho Torma, coraacuo pasencrBy (7), L cuoBa Gyzet
KBagpaTHyHOH ¢yHKuUUEH OTHOCUTENBHO CKOpocTe#t §; u BMeCTO
pasencts (5) GyzeM umerb ')

=Ty, Li=Ti—V, Li=T,—1IL (11)

[oncrasass Buipamenue (10) aas V B dopmyay (6), noay-
yaeMm

d1

Qi:?ﬁ_ﬁ%[i Hk‘?k*l‘n]:

—~ Z (G- 0+ a2

l

1y KosdpuuuenTH B BhIpaseHHAx mad L ¥ T cBA3aHW MeXAy
coboli. HeficrBuTensHo, mpH o6HYHOM MOTEHUHane ¢;==d;, a NIPH 0606-
IEHHOM MOTeHUHane c,_a,—II (=1, ..., n). ‘B oboux chnyyasx
cp=dy (i, k=1, ..., n), ¢;=a,—11 ¥ Ly=T; — MoN0KUTENLHO

ArmaAamAmaItan FnaTnamaaan dnnua
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dopmyast (12) moOKaseBaloT, yTO B CAyvae, KOria JauHeRHas
yacth V) 0600WEHHOrO NoTeHUWaJa He 3aBUCUT SIBHO OT Bpe-

MeHu t[ a;i" =0 (i=1, ..., n)], obobuennsie cilan Q; cxaa-
ol
0BLBAIOMCA U3 NOMEHGUAALHELY C"ﬂ_—ﬁzf (=1, ..., n u
2upocKonutecKux cua l
o n
Q=3 s (=1, ..., n), (13)
E=1
rie
JE— —(?1_—_'[! 0Hk 7 — r
Tin =Tk T g0 g, (G k=1, ..., n). (13"

Baxuocre paccMoTpenus oGoGLIeHHOrO MOTEHIuata HOXTBEp-
KIAETCS CHENYIOMUM IPAMEPOM.

INMpumep. Ha Toyeunsit smextpuyeckuil 3apay B 3AeKTPOMaruuT-
HOM Tonxe aedctByeT cuxsa Jlopenya

F=e[E += XH], (14)

rje ¥ —CKoOpocTb TOYKY, €-—3apal, ¢ —BeNIWYHHAa CKODOCTH CBeTa,
a £ y H— HanpameHHOCTH 91€KTPHYECKOTO ¥ MATHUTHOro noxel. Bek-
ropsi E u M BhIpakaiorca ycpe3 ckadApHHA MOTeHuHan ¢ U BEKTOp-
Heli A ¢ moMowsbio dopmyn?)

1 0A

E=—grad<p—7—a—t, H=rot A. (15)

Haiinem oGo6mennnift norennnan V paa cuawm Jlopenua F.
Ms dopmya (14) u (15) Haxonum

F= —egrad cp—%%‘?—-{—%(v X rot A)y=
=-—egrad cp—%— %‘?— —i—%—[(vv)A + v Xrot Al=
=—egrad cp—ic% -l—% grad (v4), (16)

') Cm., nanpuvep, Jlangay JL I u Jupmun E. M, Teopus
noasa, M.-J1., 1948, crp. 55,
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I1e CKOpocTs ¥ B BHpameHHN grad (vA) cumraerca BEeKTODOM, He 3a-
BUCAHMLMM OT TOYKH MonA !),

Orcrpona, BHGHpPaR B KayecTBe He3aBHCHMBIX KOODAMHAT AEKapTOBH
KOODAMHATH TOYKH X, ¥, Z U NoJaras

V=ep — = (0A), (1

e ..
V=£‘?'““c‘<xAx+J>Ay+éAz)r
BMeeM:
edA, OV _ 4 v _ v
¢ dt  ox  dt 0% ox °
Avanornynbe (GOpMYIE HMET MECTO AJA Fy n F.. Taknm o6pa-

30M, 0000wennbili nomenguan cuas Jlopenya™ (14) onpedessiemes
gopmyroid (17). Ina pynkunn Jlarpanka L mmeeMm supaxenue

L=T—V=% me* —eo+ < (04). (18)

Krnaccnueckue CHCTEMH, B KOTODBIX CHAB UMEIOT OOHYHEIH
noredunan Il (£, g;) uar oGoGweHHel noreHuuaa V(, g, 4;),
Mbi GyleM HasHBaTh Hamypasswsimu. Jns takux cucreM ¢yHx-
uus Jlarpanmxka L aBaserca ¢yukilue#i BTOpoH cTeneHu ot 0606-
IIEHHHIX CKOpOCTeH, T. €. NpeAcTaBiAerca BHpaweHueM (4), rae
Ly — MoIOXUTEAbHO Onpele]eHHas KBaapaTHyHad ¢opMa OTHO-
cutenbHo 06COmEHHBX CKOpOCTEl.

B kayecTse npuMepa HeHaTypaJdbHOH CHCTEMEI MOXHO PacCMOTDEThb
JBUXEeHHe Marepnanbﬂoﬂ TOUKH B pe.rmmBucrcxoﬁ TEopUH NpH OICYT-

CTBHHM CHJOBOrO noid, B 3ToM cryyae NBHkeHHe TOUKM OIpefensieTcs
ypasHeHuAMH JlarpaHxka, B KOTODHIX

2\1/
L=— mc? (1—%) 2’

dA 0A 0A
1y 3pech AnA  BHpaweHus (ovy) A=suv, w3 + oy —5;—4- s 5o

Ucrnonab3yeTcs H3BecTHas (opMyla BEKTOPHOIO aHANHM3a
(vy) A+ v X rot A= grad (vA),

B KOTOpOH © paccMaTpuBaeTca KaK INOCTOAHHHIM -BexkTop. B cnpasen-
JUBOCTH 3TOH Qopmyan nerko yGewaaemcd, CPaBHHBAA MexIy co6oit
NpOEKUMH Ha OCH X, ¥, Z JeBoit W mnpasolt yacrell paseHctsa. [eit-
CTBUTENBHO, ANA OCH X

0A oA
Ux dxx + 5y

A, 0A,  0A,
y T g, +oy (G- )_

oy
A, 04 0A 0A, 9A, 9
_vz(_,g z>=vx_ﬁ_+vy5_x!+vz—67=a(m4).

_ 0z ox
AnanorvuHeie QOpMYNE HMMEIOT MecCTO NI NDOEKUHE Ha OCH ¥ M 2.
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roe v?=4% 1 §° - 2%, a ¢ —BemMuMHa ckopocTH cBeTa. 3gech L yxe
He nABiAeTca GYyHKIHeH BTOPOH CTelmeHH OTHOCHTENbHO CKOpOCTEdH
£ D & \

1

v /8

Econ B BHipaxkeHHn Ana GyHxkuuu L pasaoxHTh (I_F) B pAl
v

O cTeneHAM — H OTGPOCHTb uJeHH BTOPOro M Gojdee BHICOKOTO NO-

v v\ Vs 1 1 o®
pAlka OTHOCHTENbLHO e T. €. MOJOXNTD I—F ~ —5 A TO

MONYYHTCA <KNTacCHYeckoe» BhipaxkeHHe @YHKuMH Jlarpanxa nas uso-
NTHpOBAaHHON MaTepHadbHO! TOUKH, a HMEHHO:

L= % mv? -} const.

B 3ot u caenyouiett riaBax Mu 6yneM BeCTH W3JIOXKEHHE AR
cucteM obwero Tuma '), ABMKEHHE KOTOPHX ONPEAeseTcs ypas-
HenusiMu Jlarpanxa (2) ¢ mpoussoapHOR dyHkunelt L= L (¢, q;, q;)-
Mu 6yneM Jumb NpeanoJaararb, 4TO reCCHaH QyHKUMH L OTHO-
CHTEIbHO OOOOMIEHHBIX CKOpOCTE} He paBeH TOMXKAECTBEHHO
Hyo %)

n

0L
det (m)i,k:l # 0. (19)

VpasHenns (2) B pasBepHyTOM BHAE MOryT OHTb Samuca-
HH TakK:

n
*L ., .
kg} 57 ag; I+ (69 =0, (20)

rae uepe3d (##) MH O603HAUMIM CyMMy WIEHOB, He COJIepa-
mux o6o6menuux yckopenu#h §; (=1, ..., n). Tlockoabky
onpejieuTeNb CUCTEMH JHHEHHHX (OTHOCHTENBHO §,) ypasHe-
Hut (20) oramuen ot Hyas [cM. HepasencrBo (19)], TO Cm-
creMy (20) MOXHO paspelInTb OTHOCHTENIbHO O6OOIIEHHHX YCKO-
penuit ¥ sanucaTh B BHIA@

éiz(}i (t’ Gps qk) (i=1; ceey N

1) Te nonoxmeHHs, KOTOPHeE CNPaBelIHBH TONbKO AMA HATYpPaJdbHHX
cHCTeM, GYXyT cHenHalbHO OrOBOPEHHI,
2

*T
%) lna HaTypalibHBIX CHCTEM = =4, (I, k=
) P 37 0 . 0d;0g5 o+ ¢
=1, ..., n) u noToMy no nokasanHoMy B § 7 (cTp. 54—55) HepaBeH-

¢8O (19) BHImOMHAETCA,
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Tostomy cnenauHni B § 7 BHBOA 00 OAHOSHAYHOM ONpeAeae-
HHH JBHXEHHS CHCTEMH IyTeM 3aaHHA HEYaJbHHX NAHHHX ¢%
¢! =1, ..., n) cnpaBeaIMB He TOABKO AJA HETYPANbHBIX
CHCTEM, HO M AJA pPACCMAaTPHUBAEMBIX 31eChb CHcTeM GoJjee oOilero
THNa.

§ 12. Kanonuuyeckue ypaBueHus 'amuiabToHa

Jlarpanx mokasasl, Kak BHIHCHBAIOTCA AuddepeHLHaabHpe
YDaBHEHHS ABHXEHHS CHCTEMH, €CJH H3BECTEeH KHHETHYECKHH M0-
teHunan (byukuma Jlarpauwwa) L=L(t, ¢; ¢,).

Bynem HasmBaTh nepemenusie f, ¢;, §; (I=1, ..., n), yepes
KOTOpHE BHIpaxaeTcs ¢yHkuua Jlarpawwa, nepesmennumu Jla-
2pansca. CucteMa 3HaueHHH STHUX NEPEMEHHHX XapaKTepusyer
MOMEHT BPEMEHH M COOTBETCTBYIOILEE COCTOSHUE CHCTEMEl, T. €.
NOJIOXEHHE CHCTEMH H CKOPOCTH ee Touek. Kak ywe GO OTMe-
YeHO B KOHLe npeamaymiero maparpacda, samaHue ¢yHkuuu Jla-
IPaHXa M HayaJbHOFO COCTOSHHS OAHO3HaYHO OMpejenfseT ABU-
HEHHE CHCTEMBHI.

["aMHABTOH mNpPeNsIOKHA B KaueCTBe OCHOBHHIX NEPEMEHHHIX,
XaPaKTePHUSYIOIMINX COCTOAHME CHCTEMBI, B3Th BENHUYHHH I, ¢;, P;
(=1, ..., n), rae p, (I=1, ..., n)— oGobuennse ur-
nyAsce, ONpenenseMHe PaBeHCTBAMH

L .
pi=g?1 (i==1, ..., n) 1

Iepemennnie ¢, q; p; (I=1, ..., n) OyneM HasuBaThL nepe-
MeHnu MU [amunrsmona.

IMockonpky AxoOuaH mpaBHXx uYacred paBeHcTs (1) mo mepe-
MEHHBIM §; fBJAETCA OTJIMYHEIM OT HYJAA recCHaHOM GYHKUMH L
[cMm. ycnoBue (19) Ha crp. 82], To ypaBHenus (1) Moryr. OHTB
paspelueHs OTHOCHTeABHO ¢; (=1, ..., n).

§i=Q; (%, qs Pr) (_l=1, veus M) (2

Takum oOpasomM, nepemennsie Iamursmona mozym Obims
seipascens. wepes nepemenusie Jlazpanxca i nHaoCopom W co-
CTOAHHE CHCTEMBl MOXHO XapPAKTEPH30BATH KAaK CHCTEMOH 3Haye-
HHUH nepeMeHHEIX JlarpaHia, Tak M -CHCTEMOH 3HaueHHH mepeMeH-
HBX [aMuiabTOHA. ’
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B cayuae watypanpHOH cucreMm L — KBafpaTHyHai (yHK-
uuda (cM. crp. 77—79) otHOcuTEeAbHO OBOOLLEHHEIX CKOPOCTEH H,
cornacHo paseHcTBaM (1), o6obuieHHBlE UMY AbCH JMHERHO BHI-
paxawoTca ueped 0606wieHHEIE CKOPOCTH:

n

Pi= Y\ audptc; (=1, ..., n). 3)

k=1

Pewas sTy cucremy JuHeHHHIX ypaBHEHUH OTHOCHTEABHO 1),
MOJyyaeM /1 ¢; CHOBA JHMHEHHBIE BBHIPAXKEHUS

n
gi= D\ bupptb; (=1, ..., n) *)
k=1
rae by, u b; — dynkunu ot ¢, ¢y, ..., ¢,

Ecau B HaTypasnbho#t cucreme cuanl Q; (I==1, ..., n) UMelOT
obuuupt notenunan II(f ¢;), 10 u3 pasenctsa L= T —1II
caenyer ¥):

oT
== 5
Pi=5g ®)

SaMeTHM, yT1o JioGasn (pyHKU.Hﬂ oT NEPEMEHHDBIX J]arpaH)Ka
FzF(t; (]1, qi)

noC/1e MOACTAHOBKH B HEE BMECTO 000BIIEHHEIX CKOPOCTEH §; BHI-
paxenuit (2) wau (4) npeBpamiaeTcs B HEKOTOPYIO (YHKUHIO

ﬁ(t, g5 P;) OT nepemennux amuabrona. ®yuxumo F(¢, g, p;)
OyzieM HasHBATb CON3KBLM 8bipasicenuesm s Gynxuun F (¢, g;, §,).
Mpumep. [lua ceoboaHolt MaTepHanbHON TOUKU AeKaPTOBL KOOP-

IHHATH X, ¥, z2 ABAAIOTCA HE3ABUCHMEIMH H B MOTEHUHANBHOM mofe
NM=1i(¢, x, y, z) dynkuus Jlarpanxa umeer BHA

L= m (84 30+ 29— T, %, 3, 2)

') Kak 6un0 ycranosaeno B § 7, det(a;,)7, | 0.

f) Tlpu cusax, umewumx ofoGuienHbli noTenuuan, dopmyan (5)
HepepHul, B atom cayuvae [cm. pasencrsa (7) U (10) na crp, 78—79
P

or

Di= ()El——ni (l=l, ey ﬂ).
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Hexaprosum KOODANHATAM COQTBETCIBYIOT HMNYIbChl

oL .
[7x=§§=lﬂx", Py=-‘m.l’» pr==mst. (6)

Ecau Mu oTciofa onpelle#M X, §, # W HOIYUeHHhie BhpaweHHa nol-
cTaBUM B L, TO NMOJYYHM COIO3HOe BbipaxeHHe anga L

[= gt +p+p)—T1(t 5, 9, 2). @
Ecnu smecro II (¢, x, v, z) HMeeM 0606lIeHHEIH MOTEHUHAA
V=14 + 1,9+ 2410,
roe II,, II,, 11, II —dyHkuun ot ¢, x, y, 2z, TO U3 paBeHCTBa
L= g (4§t 4 ) — T2 — T,y — [z — 11
HaxolHM

JL '
Px=-5-£=mx—nl, Py-_—'.mﬁ—r[,, py==mz —1I, (6)

M COI03HOE BhpakeHHe L HMeeT BHI
T 1 1 2 2 2 ,
L= o 03+ Py +r)— 5 L+ M+ M) —0L. (7)

FamuabToH BBEN B pacemorpenue Qydxumo H(¢, g; py),
OIIPEAENAEMYIO PABEHCTBOM

n
H= ZPiQi— L ®

i=1

W [0Kasaja, uTO € TIOMONBI0 3TOH (YHKIHHM  ypaBHeHHA
ABUNEHHS MOTYT OHTbL samucaHl B BUAE cjeAyiowed CUCTEMH
2n OOHIKHOBEHHRX auddepeHUHa bHEIX YDaBHEHHH IEpBOTO
nopsaaka:

dg; _ OH  dp;____OH e
?t——api, dt————a—q—i (l—l,...,ﬂ). (9)
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OTH ypaBHEHHS HaBHBAOTCA KAHOKUYECKUMU YDPABHEHHSMH AW
ypasHeuusmn [amussmona'). ®ynkuna H(t, ¢, p;), onpene-
nseMast paBeHCTBOM (8), HasmBaercs @ywrgyueld Iamuismona.
BuiBoa KaHOHMueCKHX ypaBHeHu# I'amuabroHa Oyner onu-
paThCs Ha CAEAYIOULYI0 MATEMAaTHUECKYIO TEOpEMY.
Teopema Joukuua?) [Iycms dana nexomopas gynx-
gua X (X, ..., X,), 2eccuak Komopoli omAuier om HYAs:

#X \n
det (3@);)”2:1 £ 0, (10)

u nycms uMeemcs npeobpa3osarile NEPeMerHb X, <«nopogicdae-
moe» @Pynxguer X(xy, ..., Xp):
oX . _
yi_a?{ (l_—_l:l, ves s n). (11)
Toz20a cywecmsyem npeoGpa3osanue, obpamHoe npeobpa3osa-
Huio (11), Komopoe makae noposcdaemes Hexomopoh @ yrk-

gued Y (Y1, «ov » Vo)
=2 u=i ) (12)
=3y, P OR
npu smom nopodcoaowas @yuxyus Y obpamuozo0 npeobpa-
308aHus cen3aHa ¢ noposcdaowel @yunxyuel X npamozo
npeobpa3osanusn gHopruyrol ®)

n

Y= Z x,-y,-——'X. (13)
i=1
Ecau @ynxgun X codepocum napamempwt ay, ..., oy,
m.e. X=Xy ..., X, @&, ..., &), mo Y maroce codep-
scum smu napamempbl, m. €, Y=Y (Y1, cv., VYpi Oy v0us tp) U
)4 0X ,
—(Ez‘—-(—); (j——'—l, e s m) (14)

HokasarteabcTBo. Teccuad ¢yukumn X cosmamaer
¢ AkoGuaHOM NpaBbiX uacTe B ypaBHenusx (11). [Tostomy ycao-
Bue (10) nokaswmBaer, uto W3 ypasHeHui (11) MOXHO BHPasuTH

!) BnepBne 3TH ypaBHeHHs B 06LieM BHAE GBIIM NMOJYYEHH AHMIHii-
CKHM MATEMaTHKOM ¥. [amuabtoHOM B 1834 r.

?) Philosoph. Trans,, 1854. Ilepexon OT mepeMeHHWX X; K mepe-
MeHHNM y; (=1, ..., n), 0 KOTOPOM HIleT peub B Teopeme JIOHKHHa,
YacTO HA3LBAT npeoOpa3osaruex Jleacauopa.

%) Mpennonaraercs, yto B aeBo# yacT Qopmyan (13) Bee x; Bh-
paxeHnl Yepes y; T. €. 4T0 Y=Y (¥, ... , Yu)
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MepeMEHHEIE Xy, ... , X, YEPES Y1, ... , Yyl
xizfi(yl’ see yn) (i=1,..., n). (18)

Iycrs dynxuna Y (yy, ..., y,) onpenenserca dopmy.oi (13),
B KOTODOH nepeMeHHBIE xX; 3aMEHEHBl BbIPaKEHUSIMH (15). Tornma

ay,(Z s — X)= 2 b= 32%’;’:

Ho, cornacHo pasenctBam (11), mBe CyMMBl, CTOflME B NpaBof
YaCTH STOr0 paBeHCTBA, B3aHMHO YHHUTOXKAOTCA H, CJAE€AOBa-
TeJbHO, HMET Mecto ¢opmyan (12).

Ilycte Teneps X COmepKHT NOMHMO NMEPEMEHHHX Xy, ... , X,
ellle napaMerps oy, ..., 0, TOTAAa 3TH NapaMerpel (QHUrypH-
" pylor B npsMoM npeoGpasoBanuM (11), a ciaenoBaTenbHO, M
B 00paTHOM:

xi=fi(y1’ ---syn; al’---7a'm) (l=1s---,n)-

dynxuua Y onpenenserca paseHcTBOM (13), B KOTOpOM X; same-
HeHH HA f; (V1 vvv s Vi Qs -oe 5 ®p); NOITOMY )

0(1, (2 i )

fa ]

= 0X ox;  0X _ 90X ,,
“2_" Eax,aa, Oy = " oq; [=1eees m).

i=1

Teopema IloHkHHa [OKa3aHa MNOJIHOCTBIO.

Hcnoabsyem teopemy IlOHKHMHA muis NEpeXopa OT NEepeMEeHHHX
Jlarpanxka K nepeMeHHoIM [aMH/bTOHa, 3aMeHsisi B TeopeMe QyHK-
uuio X Ha L, nepemeHHHe Xy, ..., X,—Ha §y, ... , §, napa-
METPH 0y, ..., Op —H2 G1,..., Gp I, NEPEMEHHHE )y, ..., Y, —
Ha Py «v. , Pp M, HakoOHeL (C yueTOM mpumeyaHus 3 Ha cTp. 86),

n n

dynkumo Y= 3\ x;y; — X —ua H= Y, P4y —L.  Torza
=1 - =

‘ aY
) TIpH BhiuHCAeHHH NPOH3BOIHOH 5o, BEMMYHHEL Yy, ..., Yo pac-
. 7 _
CMaTPHBAIOTCA KaK [IOCTOAHHBIE,



88 YPABHEHHMA NBUXEHUS B MOTEHHHWAJIBHOM TOJE {rJL I

no reopeme JIOHKMHa (reccan (QyHKUMH L OTHOCHTE/bHO
.q; i=1, ..., n) He paseH uysmo!) 3 dopmyr (1) caenyer:

g=9H oL oH

T op’ o g

oL oH
o= {an

=1, ..., n), (16)

Papenctsa (16) m (17) npeacraBasior coGoH TOXITECTBa,
ABJslomyecs caencTemeM cBsisn (1) mexny oGOOGHIEHHHIMEU CKO-
pocTamu ¥ 0600weHHbIME UMNyAscaMi. Ho ypasHeHns Jlarpanxa
Moryr OwTh, B cuay (1), sanucaHn Trak:

dpi ~oL .

T =5 =L...n (18)
OTH ypaBHEHWs COBMECTHO C paeeHcrBamu (16) M npmBoAsT Hac
K KaHOHWYECKNM ypaBHenusm [amuabTona

dq; __OH dp; __ _0H —
U =op it — g (=1,...,n (19

[Tomumo ypasrenu#t TamuabTOHa MBI OAYUHAM TOKAECTBO (17),
KOTOpoe Oyler HCHOJb30BAHO B Ad/bHEHIIEM.
Ws ypasuenntt (19) caexyer ToxaecTso

n
dH__ oH dl]i oH dpi OH_OH
T=2 (o—q,. i T op T+ =% @0

Hazosem cucteMy o6oGujenno-Korcepsamusnot, ecau QyHK-
uust IamuabTona F He 3aBHCHT SBHO OT f, T. €. €CaH

H=H(q;, p)-
, oH .
B stom cayuae —07.—-—0) M, CJEIOBATENbHO, B CHJIY TOXIe-
cra (20), %1; =0, T. e. npu J8uUINEHUL CUCHEMbl

H(g;, p;)==const=nh, 1)

1) Ua pasenctsa (17) crenyer, uto a8 0606ULEHHO-KOHCEPBATHB-

HOU cHCTEMH H E:::O, T. €. { He BXOIWI ABHO WU B ¢yHkuuio Jla-

rpanxa L,
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roe h— npousBo/abHad nocroaHHad. ®yekumo [ OyneM Hasbl-
BaTh 0000w,eHHOL NOAHOL 3Hepeueli, a cooTHoienne (21), He
COJepxKallee § WJIW 7 W BKJIOYAOIlee MPOM3BOABHYIO MOCTOAH-
HY10 h, — OGOOCULEHHbLM UHMEPAAOM SHEPUU.

HIas toro utoOb NOSCHUTD STy TEPMHHOJIOTHIO, PacCMOTPHM
HaTypaJbHylo cAcTeMy. Torga L sBAfeTcd KBaApaTtMuHOH (yHK-
uned [cm. paseHcrso (4), § 11]

L::L‘Z_I_'LI_I_'LO

5]
n n 6[-,\
n=Y pi—T=¥ Lj—I—
i=1 i=1
N 0L, | oL
— OLa g Oy 7. —T. —
—Zd,q’_l_qu'i i L‘A Ll Lo

Ho no rteopeme Ditnepa 06 oaHopoaspix (yHxuuax )

n
_g . 1 oL, . 29
Z q q9; == - 6¢,q’ Ll' ( )
IMosToMy OKOHUYATE/BHO AAS NPOW3BOJLHON HATYDAJLHOH CHCTEMB

H=1y— Ly (23)

Ilyets T== Ty} Ty -+ To. Ecin cuibl MMEIOT OOWUYHKIH NOTEH-
unan H=1I(¢, ¢;) nam o6oGwenubiii noresunan V=1V, 41,
10 Ly=T,, Ly==Ty—II, n nosromy

H= 7"2— T0+H. (29)
Ecqn cuctema cxaepoHomua, 10 T=Ty, Ty==0, u noromy
H=T4IL (25)

Taxkum 00pasoM, 041 CKAEPOHOMHOL HAMYPAALHOL cuCHe MbL
dynkyua  lamusemona H npedcmasasem co60l HOAHYIO
sHepeui0 ), ewipasennyio 4epe3 nepemernme amursmona.

PaccMOTpuM Teneps KOHCePBaTHBHYIO CHCTEMY, T. €. HATy-
pajsbHYI0 CKJCPOHOMHYIO TOJIOHOMHYIO CHCTEMY C HE 3aBHCAILAM
fIBHO OT BpEMeHH OOHUHBIM MOTEHUHANOM CHIL

1) CM. npumevaHue Ha cTp. 58.
%) Tlpn Haanumm oGoGuienHoro mnotenunana V=V, 40 Mun no-
NpexHeMy Ha3biBaeMm NoJHOH 9Heprrefi seamunny I 411, a ve T+ V.
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B stoM cayuae BpeMs ¢ He BXoMT ABHO B BhIpaxeHue (25)
Asis TMOJHOK BSHEpruu /1 W motoMy, corjacHo paBeHCTBY (21),
HMEET MecTO 3aKOH COXPaHEHHs SHEpTrHH

T+H=nh (26)

Koucepsarusnaa cucrema sBaseTcs yaCTHHM CJIy4aeM 0606-
ULEHHO-KOHCEPBATHBHON, ¥ B STOM 4aCTHOM cJay4ae 0GoGLIEHHEH
MHTETPaJ SHEPrHH TEPEXOIUT B OGHUHBHIA,

Ecau cucrema ckjepoHOMHZ M Cuab BMEWT 06OGUIEHHBIH
noreduuan V= V,—Il, B xoropom Il we saBucur aBHO oOT

BPEMEHH [ (‘2—?:0), TO CHOBa (yHKUHMA /[1 omnpenensercs

topmynoit (25) B He 3aBuCHT sBHO oT f. IlosToMy H B sTOM
clydyae cuCTeMa ABNAETCH OOGOOLIEHHO-KOHCEPBATHBHOR H  HMeET
MECTO HMHTETpan sHepruu (26) !).

ITpumep. FopusonranbHas pefika Bpauiaerca OKONO BePTHKAIbe
HOH OCH, a BJOJbL peHKH NBM¥eTCA IPy3 Maccs m. CHiua, neicTBypIman
Ha rpys, uMeer notenuran II(r), rie r — paccrosHue rpysa KO OCH
BpaleHus.

OGosnayum yepea ¢ yroa moBopoTa pedku, a yeped [= md®— ee
MOMEHT HHEPURH OTHOCHTENhbHO BePTHKanbHOH Ocd BpaiieHuda. Torma
r U ¢ — He3aBHCHMEIE KOODAMHATH CHCTEMbl H

T

S = Lm0 ) )
Orcrona

__ 0T __ __ 0T __ 2 2 s
pr_‘a,-. _m"l p(p_‘ a,;, _‘m(r +d)‘P'

[TockonbKy cHCTeMa KOHCEpPBaTHBHA, TO

H=T4n=,% (s +—,——Z"_’—d> 1)

KaHonnyeckne JPaBHEHHA B NaHHOM Cayyae HMMeIOT BHIX

a _pPr. 49 _ Py
d-m' At mELd)
2
@ P o ), %Pr—o,

at m@ErEFdp
a HHTErpan 3HEPruH 3amHCHBAaeTICA Tak:

p? +_ra_§._?;d_. +omI (r)y=h, (b= 2mbh).

dt

1) Cm. npumeyanue 2 Ha crp. 89.



§ 13 VPABHEHUS PAVCA 91

§ 13. YpaBuenus Payca

Payc npennoxun B3aTh B KaueCTBE OCHOBHHIX MEPEMEHHHIX,
XapaKTepusylouux COCTOSAHHE CHCTEMBl B MOMEHT BPEMEHH ¢,
YacTb mepeMeHHsx Jlarpauixa W 4acTb NepeMeHHHX [aMu/bTOHa.
Ilepemennsimu Payca sBAAIOTCA BENHYUHEI

t’ 9 Gg q'i: Pa (i=1,---;m; a:m—[—'l,,,,,n) (1)

(3necb m — npou3BO/LHOE (UKCUPOBAHHOE YHCIO, MeHbHIee 71).

Ilns Toro yroOu OT mepemeHHHX JlarpaHxa mepeHTH K STHM
NMEPEMEHHHM, HYXHO BCE ¢, BHPasHTb YEpe3 BENUYUHH p,
(@=m--1, ..., n), ucnoas3ys ana 3To# LEMM COOTHOMIEHHA

p,,=g_;a @=m-+1, ..., n). @

Honycrum, ut0 reccuad ¢pyHkuuu L oTHOCUTENbHO 0606mieH-
HBIX CKOpOCTeH ¢, (<MaJBlii reccuan») OTaMueH OT Hyasl):

7 o2l >n

det K 04::0% ef=m+1

# 0. 3)

Torpa, npumeHuB [0KasaHHYl0 B mpeabaymeM maparpade
Teopemy [loukuHa, moxyuum mpeoGpasosative, 0GpaTHOE NpeoGpa-
30BaHUI0 (2), a UMEHHO

=g @=m+tl .., @

{) B ofiiemM ciyyae 3T0 HepaBeHCTBO He clefyer U3 HepaBeH-
ctea (19) na crp. 82, a ABAAeTCA NONOMHUTENLHHIM ycnosueM. [daa
HaTypanbHOH Xe CHCTeMH HepaBeHCTBO (3) BHTEKaeT W3 TOro, uTo

n

1 . )
L,=~2— 2 @,5§,§s — NONOMUTENLHO OMpefleneHHas KBaApaTHYHAA
r,s=1

¢opma. B 3TOM cayyae ruaBHHIl MHHOD, COCTABJEHHHY U3 K03 ¢du-
UMEHTOB KBaapaTHyHOH dopMu:

0L \n

det (-—-———-) ==det (a,)"
04,0y Jap =m 41 det (Cegap < m 11+

JonkeH 6uTb MOAOXHTEAEH,
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rie R=R({ qi 9. 95 po)— Pynryus Payca, onpenense-

Masg paseHCTBOM
n

R= 3 p&—0L ®)
a=m+1
30€eCb 3HaK ~ O3HAYaeT, YTO BCE §, BHPAKEHH UEPE3 p,.
Tlpu sromM nepemenHne ¢, ¢, ¢, §; (=1, ..., m
a=m-1, ... , n) pacCMaTpHBAIOTCA KaK MapaMeTpHl H IOTOMY,
B cuny ToH ke rteopeMn [lOHKHHa,

R _ oL OR___ dL .
i oq dg— ag =L m),  (6)
0 oL
d_q}g'=_dz (a=m--1, ..., n), (7
dR oL
ot ot ®)

VpasHenus JlarpaHxka pmJs KOOPAMHAT ¢; B COOTBETCTBHH
¢ paseHcTamMu (6) mepemuIuyTCA Tak:

LI R —0  (=1,..., m) 9

-VYpasuenus JlarpaHxa aas KOOpAWHAT ¢,

dp, __ 0L _
E—a—; (a-m—{—l,...,ﬂ)

COBMECTHO C dopmynamu (4) u (7) mawor

dg, __OR dp,__ __ OR _
it op @ o, =mTlL..,n (10

Ypasuenus (9) u (10)
doR _OR _

o — R = =1, ..., m), ”
dqa_ dR dpu___?_@ —
i =73, &= oa, a=m+41, ..., n

ofpasyloT cucremy ypasrexuii Payca. OHa cocTouT us m nud-
(epeHunabHEX ypaBHEHu}t BTOpOro mopsgka tuna JlarpaHxka u
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2(n-—m) nupdepeHLHaNbHHX YPaBHEHHH NEpBOro nNopsaka
tana [amuabroHa, npuueM ¢yHkuds Payca B nepsux ypabHe-
HURX Wrpaer posb QyHkuMd JlarpaHika, & BO BTOPHX -— (YHK-
une [amuasrona b). '

§ 14. Huganyeckne KoopaMHATHI

KoopmuHata ¢, HasuiBaercsi yurauteckod, €cau OHa He BXO-

JIUT BHO B (yHkomio JlarpaHxka L, T. e. eciu %‘—:0.

a
[Ipn BrBoae ypaBHeHuH [aMmuabToHa M ypaBHenud Payca
OblAHM yCTAHOBJEHH DPaBEHCTBA

oL __9H _dR

—— = T 1

dq, 9q,  dq, O

oL

U3 3THX paBCHCTB c.rlenyer, YTO YaCTHHE IMIPpOXU3BOAHBIC a—q—,

-3

% H 37R MOFyT 06p3maTbCH B Hy.’Ib TOJABKO OI[HOBpeMeHHO.
a a

[TosToMy uMK/JMuECKas KOOpAMHAaTa MOKET GBITh TaKie onpeje-
J€Ha K3aK KOOpAMHATa, HE BXoJsulas SBHO B QyHKuMio [amuis-
ToHa A uiau B dyHkudio Payca R. Bce sTH onpeneseHds oKBH-
BaJIEHTHHL.

OOCoOuwennbili uUMnYALE, COOMBEMCMEYIOULE YUKAULECKON
Koopduwame q,, 80 8pems OBUJCEHUS COXPAHSem MOCMOAH-
Hoe 3Hadenue, [leHcTBUTENBHO, W3 KAHOHMYECKMX ypaBHEHHH
Chenyer:

dp, _ _ oH _

i = "o, =

T. e p,==const=c,.

Homycrum Temepb, uTO HMEETCA F==H-—m HUKIUUECKHK
KOODIHMHAT ¢, (a=m |~ 1, ..., n). LlukayecKue KOOpAMHATH ¢,
HE BXOJAT AIBHO B ff, a COOTBETCTBYIOIUME STHM KOOPAMHATAM

') Ecnm My XOTHM COXpaHHTb CBA3b MeXNy OGOGUIEHHHIMH HM-
myibcaMu ¥ QyHKuuedt JlarpaHwxka, TO ciefyer CYMTaTh, YTO B MEPBHX
ypaBHeruax (11) ponb ¢yskuuu Jlarpanka urpaer ¢ynkums —R, no-
CKONbKY, COraacHo gopmytam (6):

0L _0(=R)

p‘_a—q‘ __—aqi (i:l, os , Iﬂ).
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MMIYJBCH P, MOTYT OBITh 3aMeHedH mocTOsSHHuME ¢,. Torma?l)
H==H(, q; pi» ¢,) (03]

BuinumueM KaHOHMYECKHE YpaBHEHHs MM  HEUNKJIHYECKHX
KOODJHHAT

dgy__0H  dp;__ oH

G op dt T ag LD M) @

WUs crpyktyps (2) ¢yuxkuun H caenyer, 4to ypaBHenus (3)
npencrasasor coboll cucremy us 2m mucdepeHuUaNbHEIX ypaB-
HEHHH MepBOro nopsaka ¢ 2m HeW3BeCTHHIMM (QYHKUMAMH ¢;, p;
(=1, ..., m). llpounTerpupoBaB 3Ty CHUCTEMY, Haijem

9:=%: (t’ € Cpy C;)’
Pi=: (¢ cu € ci)

riae ¢;, ¢; (=1, ..., n)—HoBHE 2 NPOUSBOJBHEX NMOCTOSH-
Hux. Iocne moicTaHOBKM BHpaweHu# (4) B H MBI MOXeM onpe-
IemTh ¢, U3 ypaBHEHUH

dq, _ oH

(=1, ... m), } 4)

_E_a_c; (a=m+1,..., n) (5)
fpy MOMOIM KBajpaTtyp
oH ,
Ge= Edt—{—cu. (a=m+1) cee n)' (6)

TakuM oOpasom, Mo CymecTBy BCe CBEJNOCh K HHTErPUPOBa-
HUIO cucTeMbl (3), MOpPANOK KOTOPOH 2m MeHplle NOpAAKa
MCXOMHOHM CHCTeMBl 27 Ha 2r eQUHHI, THE 7 =—# -—— M — YUCJO
UMKJIMYECKNX KOODAMHAT, T. €. HAAuYUe I' GUKAULECKUX KOoop-
dunam 0an0 B03MOJCHOCHS NOHUZUMS NOPAGOK  CcliCHeMbl
Ha 2r edunuy,.

Cuctema ypaBHeHud (3) ramuasToHOBa. [TlokaxeM, Kak
npu MOMOULM YypaBHeHu# Payca MOXHO MNOJYYHTh aBTOHOM-
Hylo cucremy?) u3 m pguddepeHnHanbHBIX ypaBHEHUH BTOpOro

1y Unpekc i mpoGeraer 3HayeHHs 1, ..., m, a UHIeKC « — 3Haye-
HuR m-+1, ..., n

) ABTOHOMHOH cHcTEMOH MBI 3lecb Ha3dblBaeM cHCTeMy IHddepen-
UMaIbHLIX YPaBHEHUH, HE cOMepXaim\ylo <JIHIIHUX> HEH3BECTHHIX YHK-
UHH, KOTOpBE NOMEHB Obid Obl GBITb ONpeleleHb NpenBapUTeNbHO
0 VHTErpUpOBAHUA NAHHOH CHCTEMBl YPaBHEHHH,
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nopsaka Tuna ypasHeHu# Jlarpamxa. JleHCTBHUTENBHO, 3aMeHWB
0600IeHHbe HMIYJAbCH P, COOTBETCTBYIOIME IMKAUYECKHM
KOOpAuHATAM ¢, Uepe3 NOCTOsHHWEe ¢, (a=m -1, ..., n),
Mu QyHkumio Payca sanuwiuem B Bume QyHKuuuM ot f, g;, §; ¥ ¢,
(=1, ..., mae=m-1, ..., nk

R=R( ¢ §u ) (7
Tornma ypaBHeHud Payca IJ19 HEIMKJNUECKUX KOOpauHaT
d0R R _ o
-d—to—q.,—b‘—q'l—— (l—l,..., m) (8)

006pasyloT UCKOMYI0 aBTOHOMHYIO CHCTEMYy, a8 LMKAMYECKHE KOOp-
OUHATH ¢, ONPENEAIOTCd U3 COOTBETCTBYIOILMX YpaBHeHuiH
Payea (11) npepwimymero maparpaga ¢ NOMOILbI0 KBagpaTyp

0 ’
q.= | Sxdt+tc. ©

) ,
Ilpu sTomM mnpenBapurenLHO B OTR BCE ¢; W §; B3aMeHsoTCA

a
(Qyuxupamu ot 2m -1 aprymentos f, ¢; u ¢; (i=1, ..., m),
NOoJAy4aeMbHIMU B Pe3yJbTATE MHTErpUPOBaHus cucremel (8).

[Tpumep. B npumepe, paccmorpenHoM B koHue § 12,

L= T—II=%m [P (rE+ a%) et — 1L (r),

@ — UMKTNuEcKaa KOOpAWHATa W
po=m (r* + d*) = const =,

Cocrasum ¢ynkuuio Payca:

R=pf—L=rgml— P (" + )P+ U (1) =

S W N B
-2 m r*1 af -
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Onpeneneﬂue ABHXXEHHA CBOAMTCA K MHTEIPHUPOBAHHA OAHOrO nug-
QJEPEHuHaIIbHOI‘O YPaBHEHHA BTOPOro nopsaaka

KOTOpOE B DasBePHYTOM BHAE BHIIAAMT Tak:

2
C(\g r

" T

— 1 (r).

3aMeTHM, YTO 95T0 YDaBHEHHE OTHOCHTEAbHOrO HBHXXEHHA TIpYy3a
BAOIb DeHKH, NMOCKOIbKY B MNPaBOil YaCTH CTOMT UEHTPOGexHas CHIa

G_r "
mEay e Ce=pe

Hukanueckue KOOPAMHATE MHOTAA HA3HIBAIOT U2HOPUDYeMblMU
MM CKpbLMbIMI KOOPAHHATAMU. 3TO Ha3BaHHe OOBSICHIETCH TEM,
YTO NPH HHTErPUPOBAaHMK CHUCTEMH YypaBHeHuR (3) umm (8) Myl
Kak Ob 3a0biBaeM O CyIIECTBOBAaHMM LHUKJIMYECKHX KOOPAMHAT,
CUMTas p, NOCTOSHHBLIMH MapaMeTpaMi.
B paso6paHHOoM npuMepe MrHOPHUPOBAaHHUE IEMKJIHYECKOH KOOp-
JUHATH TMPHUBEJNO K HrHOPHUPOBAHMIO BPAIIATEJBHOrO ABHIKEHHA
peiku wu wBl noJayuusau AuddepeHuuansHOe ypaBHEHHE s
OTHOCHUTEJILHOTO [BHXKEHUs BAOJb pehku.
CamM0 Has3BaHWE <«UMKJM4YECKas KOODHMHATAa» CBA3AHO C TEM,
YTO BO MHOrMX 3afayaX MEXaHHKHM YroJ ¢, XapaKTepusywomuh
JOBHXEHHE 10 3aMKHYTHIM TPAaeKTOpUAM (UMKJaM), He BXOZHUT
fBHO B BBHIpaXeHW€ 1 L U NOTOMYy ABJAETCA LIMKJIMYECKOH
KOOPAHHATOH.
OTMETUM HEKOTOPYIO aHaJOrHI0 MEKAY TrOJIOHOMHOM cucre-
MOH, HMeomeHd LUKJIMYECKYI0 KOOPAWHATY, # O6OOIIEHHO-KOH-
oH

cepBaTuBHOR cucremolt. Jlag nepBo#l cucremnl E:O, s
0H :

BTOpO# W:O. Jlng nepBOR MMEET MECTO MHTerpa’ p,== coust,

IJIs BTOpOH CHCTEMHl MMEET MECTO uHTerpana /== const. KopHu
aTOR aHamoruu OyAyT OOHapyXeHbl B ajbHEHIueM NpH PaccMoOT-
PEHHH OCHOBHOTO WHTErPaJIbHOTO UHBAPHAHTA MEXAHHKH.

B sakmoueHne 3amerum, u4ro 60Jje€ riayOoOKOe HCCJeIOBaHUe
IBHXEHUS CHCTEM C LUKJIMUECKHMH KOOpAMHaTaMu OyHZeT Npose-
neHo B ria. VIL
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§ 15. Cxo6ku Ilyaccona

B stom naparpade OymyT paccMOTpeHH HEKOTOPHE CBOHCTBA
UHTETPAJIOB I'aMUJIbTOHOBOH CHCTEMH YpaBHEHHH IBHXKEHUA.

Hexotopas ¢yukuus f(f, ¢; p;) Ha3bIBAaeTCs UHMMEPANOM
YPaBHEHU! ABIMKEHNA

dq; O0H dp; o0H

= @ o (=Leen O
ecay Ang mo0oro JABMXEHHS JaHHOM CHCTEMH 3Ta  GYHKIUS
COXPaHAET NOCTOSHHOE 3HaueHne ¢ l):

f(tr 91 Pi)==¢. @

Wuorana nHTerpanoM HaswBaWT CaMO COOTHOIIEHHE (2).

Hns  0GOOMEHHO-KOHCEPBATUBHOH  CHCTEMBl  MHTEr PaJiOM
apaserca dyukums f(q;, p;). Ecam ¢, — umkianueckune KOOpIH-
HaThl, TO uHTErpajsoM Oyler p,.

OueBngHo, uto ecau byukunn fy, ..., f; SBAFIOTCA HHTE-
rpajaMy YPaBHEHHH JBM)XKEHUS, TO MNPOU3BOJbHAas (QyHKIUA OT
STUX UHTET PaJoB

F(fb vees fl)

Gyner Takxke uHTerpasoM. Ilostomy B maibHefieM Hac Gyayt
HUHTEPECOBATh TOJbKO HE3aBHCHMBIEC HHTETpaJbl.

Ec/mn usBeCTHAa «IOJHafg» CHUCTEMAa HHTETPAJOB, COCTOSAMAs
U3 27 HE3aBUCHMBIX WHTErpasnoB fy, ..., fy, (n— uncao crene-
Helt CBOGOAM CHCTEMH), TO, pas3peillas COOTHOILICHHS

L@ g5 p)=2p k=1, ..., 2n) N G))

OTHOCHTEJBHO ¢; M p;, IIOJyuaeM KOHEUHble YDaBHEHHA [BH-
WEHNA

qi = cPi (t) Cl: LR ] C‘Zn)a pi = q)i (tl Ci) LR R C‘Zn)l (4)

cojepamne 27 NMPOU3BOJBHKEX NOCTOSAHHHX €y, ..., Ca,

Takum 00pasoMm, ecaM H3BECTHH 271 HE3aBUCHMHIX HWHTErpa-
JIOB, TO HM3BECTHB BCE ABHXKEHHS cUCTeMHl. Ecin Ham u3BECTHH /
HE3aBUCHMBIX WHTErpanoB fy, ..., f;, rme /< 2n, 10 MH HMeeM
JUillb 4aCTUYHOC - NIPDEACTABJACHHE O JBMXKCHHSX CHCTEMBI, U YEM

- Goabmie /, TeM O6oJsiee MOJHBIM SIBJASETCS 3TO IPEACTABJEHHE.

") DT0. 3HaueHHe ¢ MOXeT MEHATHCA, Korja MK IIepexXogHM oOT
OJHOIro IBHXEHUA CHACTEMHBl K IPYTroMy.

4 &. P. TauTmaxep
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[losToMy ME BCeria 3aMHTEPECOBaHbI B HAXOXAEHHH BO3MOXHO
66abiIero ync/aa HE3aBUCHMBIX HHTErpasos.

Mel nosHakomMuMcs 3mech ¢ METOLOM HAXOXIEHHS HHTErpa-
7I0B ypaBHEHHH ABHKeHus, mpeasnoxeHHsM ITyaccoHom u fkobu.

Iycts f(¢, 9, p;) — nuterpan ypasuenuit (1). Torza npm
MOACTAHOBKEe BMECTO ¢; p;- (=1, ..., n) mobOro peeHus
ramMuJIbTOHOBOR cuctemn (1) Q)ymcuuﬂ f npespamaercs B mno-
CTOSIHHYIO ¢, T. €., COrJacHO ypaBHeHusM (1)

%Z%ﬂgiﬂ_iﬁ)a ©)

Ilyaccon BBen cneunanbHoe oGosHaueHue — cxobku [Tyac-
COHQ — 1N CNELYIONIErO BHPAXEHHs, COCTABJEHHOrO W3 YaCTHHX
NPOU3BOJHHX IBYX TNPOUSBOJBHEX dyHkuu#kt o(f, ¢; p;) ©

q’(t! U pi): n
dp 0 Op 0P
9= 255 55 —aps 01 ®

l—

ITpu nomomu cxo6ok ITyaccoHa pasenctBo (5) — HeoGxomu-
Moe M JOCTaTouHOe YCJOBHE AJsi TOro, urols dyuknus f (¢, ¢;, p;)
On/a WHTErpaioM ypaBHeHHH (1) — sanuCHBaercs TaK:

I+ (fry=o. )

OtmeruM crenywomue cBOHCTBAa ckoGok ITyaccoua:

Iina mobux dyukunt ¢ (¢ g P, $& g P X 4o PO

1% (eP)=—(po)

2°, (co Y)y=1c (¢ $) (c — nocrosuHas);

3 (o9 =220+ ()

4% ((¢¢)v+((¢x)?)+((é?)¢)~0

5 g oD=(F¢)+(¢ %

Toxnecrsa 1°, 2°, 3° 5° nOJIyllalOTCﬂ HeNnoCPEeACTBEHHO W3
onpeneneHuss (6) ckoGok I'lyaccoua.

Toxnectso 4°, KOTOpOE HasHBAIOT modcoecmeos [Tyaccona,
yCTaHAB/IMBAETCA MNpPA MOMOMH  CMNENHaJbHHX  COOGDPaxeHUi,
Ilycte X u Y — muddepennuabune ONepaTopH  NepBoro
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nopsika Hal dyHxuued f(xi, ..., Xp):
m m
of of
Xf= X = -
f kgl aes Y kgl Vi 5 ®

rne X, Y, (=1, ..., m)—QyHKIMd OT NEPEMEHHHIX
X1y o-vs Xppe TOraa «koMmyratop» Z==XY — YX Takxke Gyzmer
OnepaTtopoM mepsoro nopsakal)

m

F=X(HN—Y&)= XV~ YXl4. ©

k=1

Bepuemcs k ckobkam Ilfyaccona (¢ f). DT cKOOKU MONKHO
paccMaTpPHBaTh KaK pe3ysnbTaT NPUMEHEHHs JuHeHHOro onepa-
topa D Buma (8) x dyHkumu f OT mnepeMeHHHX ¢; p;
=1, ..., n):

n

_ do Of of
(I)f:(cpf)—tzl(—o—i%o—q:-}-g%m). (10)

dtoT AuddepeHunanbHplf ONEpPaTop NEPBOro NOpsiaKa BIOJHE
onpeaensercs QyHkuel ¢. AHanoruunsie oneparopn ¥, X onpe-
nensiorcss QyHKuuAMH ¢ U y. ‘

IMepetizeM Tenepp HENOCPEACTBEHHO K YCTAHOBJEHUIO TOXIE-
crBa ITyaccona 4°. TIlocne pacKphITHS CJAOXKHBIX CKOGOK MoGOH
uned B neBo# uyactu 4° Gymer coaepxarth B KaueCcTBE MHOMXHUTENS
YaCTHYI0 IMPOU3BOJHYI0O BTOPOrO0 NOPSAKA OT OJHOH U3 (YHK-
uuét ¢, ¢, x. Ho ((¢$)y) HE COMEPHHMT YACTHHIX NPOU3BOAHLIX
BTOpPOro nopsaka or y, a cymma

@RI+ UID=G @) — (W=D —o¥)y

npeacraBaser co6oi AuddepeHnnanbhblilt  onepaTop MepBoOro
MOpsAKa OTHOCHTENbHO Y. Taxkum o006pasoM, B J€BYIO 4acTh
toxaectBa IlyaccoHa He BXOAAT 4acTHbIE MPOU3BOAHKIE BTOPOrO
nopsaKka OT ¥, a 3HAYUT, B CHIAY CHMMETPHH, OTCYTCTBYIOT M
YacTHple MPOU3BOANbIE BTOPOro mnopsiaka ot ¢ u . Jlpyrumu
CNOBAaMHU, BCE uJeHbl B JieBOH yactd 4° B3aUMHO YHHUYTOXAIOTCS,
410 U TpeOOBanOCh MOKa3aTh.

) HenocpeacrBennnie BLHIYMCIEHYUs MOKa3biBaloT, YTO B NpaBo#l
YyaCTH paBeHcTBa (9) BCe uYlaeHR COACPXaUIHE YaCTHEE NPOH3BOAHBIE
BTOPOrd Nopsiika OT (PYHKNMH f, B3aHMHO YHHYTOKAIKICH,

4.
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Ilokaxem Tenepb OCHOBHYIO TeOpEMY.

Teopema HK06MHHyacc0Ha Ecau f u g—un-
mezpanbl  YpasHEHN 0Buofcenuﬂ, mo (f g) — maxoce unme-
2pas smux ypasHerui.

lNokasarteabcTBo. TpeGyercs nokasaTs, 4ro s (PyHK-
nun (f g) BHIOJHAETCA cooTHOWeHne (7):

208 4 (9) =0, (11)

KOrla TakKoe e COOTHOIUEHHE HMEeeT MecTO A9 KawJod wu3
GyHrnui f, g

a g,
Tirm=0, %Ei(m=o. (12)
IleitcTBATEABHO, cOraacHo 5°

5Uo=(Ze+ [ F)=—CHo—( @)=
=(HA) Q)+ (gH) )

[MosTomy, ucnoas3ys Toxaectso IlyaccoHa, monyyaem

W+t =9 I+ 1) N+ (Hf) =0,

y1o ¥ TpeboBanoCh NOKAa3aTh.

IlokasaHHas TeopeMa naeT AaBTOMaTHYECKOE€ MPABUJO, MO3BO-
asiomee M3 aAByx wuHterpanos f(t, g;, p;), g(t qi p;) npm
nomomn anrefpanyeckux onepauuit ©u onepamuu auddepeHu-
pOBaHHs TMOAYUHTh TDPETHH HHTErpas:

Bssp cxoGku IlyaccoHa, Hampumep, oT f u (fg), Mu cHOBa
nonyyuMm wuHterpan u T. A, OnHako He caexyer 3aGhBaTh, 4TO
HOBHIHl HWHTErpaj MOMET OKa3aThCi MJM TOXUECTBEHHO pPaBHHLIM
Hymo win ¢(yHKuMeR OT NpPEAbAYIIUX H3BECTHHX HaM HHTe-
rpasos. TakuM o6pa3oM, TOJBKO NpH CreunaibHOM BHOOpE
" HE3aBHCHMBIX MHTerpanos f, ..., f; (/< 2n) MoxHo GHTb yBe-
PeHHBIM, yTo mNpH noMomn ckoGok IlyaccoHa MOXKHO NOAYUHTEH
HefocTamue (A0 MNOJHOR CHCTEMH) HHTErpanH fy.4, ..., fo,.
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B kxayectse mpumepa!) pacCMOTDHM HHTErpaidbl KOMHYECTB IBH-
MEHHS M MOMEHTOB KOIMYECTB JBHXKEHHMA 148 CBOGOLHON M H30AMpO-
BaHHOH OT BHEWIHUX BO3JEHCTBHI CHCTeMbl MaTepHalbHbLIX TOYeK 2);

Px=szv Py=zpyr Pz:Zsz
M=\ mye= 1 (yp,—2py), My= Y my=")(2psx— xp,),
M= Z m;== Z (xpy — yps),

px=mx, py=mp, p;=mi,

rae

Dynkuuu Py, Py, P,, My, My, M, sBasTCA uHTErpa’amu, T. e.
HMEIOT MECTO <HHTErpaibi COXpaHEHUSy

Py=e,, Py=cy, Py=cy My=10, My=c,, My=g¢q (13)

€CIH CHCTeMa H30aHpoBaHa. [lpH HaJiUYHH IKe BHEWIHEro CHIOBOrO
noxs € TrAaBHRIM BeKTopom R (X, Y, Z) U riaBHHIM MOMEHTOM
Lo(Ly, Ly, L;) n0060H M3 ITHX MHTErpaiOB HMEET MECTO, ECTH COOT-

BeTCIBylowas u3 Benwyus X, ¥, Z, Ly, L, L, pasHa nymo.
CocraBum cko6xu [lyaccoHa na# BETHYMH, CBS3aHHEIX C OIHOH

TOYKOH: Ip,, om
—_ —_—— X Y —
(Pepy) =0, (pymy)= 3p, 0 P

_OmyOmy  Om,om, _
(mx my) - 'a_z apz_"'_ apz E_"_ xpy VP =1M,,

3ameruM, yto CKOOKM [lyacCoHa, B KOTOpPHX OfHAa BeAMYHHA (p HIH
m) OTHOCHTCA K OIHOH TOYKe, a BTOPas K J1pyrofi, Bcerja paBHbI
HYJ10; TO9TOMY

(PxPy)=Z(PxPy)=0y
(Py My)':Z(mey):sz:sz (14"
(Mx My) "_'—Z(mx my) '—"'Zmz:Mz-

Ilukanyeckoit mepecraHoBkoft 6ykB x, ¥, 2z HOJyYyaeM AaHalZOrHYHble
COOTHOIIEHHUSA

(Psz)r:-O, (P, Py)==0,
(P, A/Iz)::va (P, Mx)=Py’ (142)
(JW Mz)..":Mx, (A/’z Afx)::My.

) Cm. Jlanpay JL ullaturopcku# JI, Mexannka, M, — J1,,
1940, crp. 151.

) 3necb u jajee B 3TOM HpHMEpe CYMMHDPOBAHMEC DPOBOLHMICR
no BCeM TOYKAM CHCTeMH,
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[lects 3axkoHoB coxpaHeHus (13) He saBARIOICA He3aBUCHUMBIMH., M3
cooThomeru# (14') u (14"), cnenyer, yro ecn¥ UMeIOT MECTO HHTerpaibl

Px=l,‘1, Mx=c4, My= Cgy (15)
TO HMeloT MECTO U HHTerpasibl
Py=02, Pz=03, Mz=cﬂ- (16)

KOHE‘IHO, BCe 3TO BEPHO IR NOMEH{UAALHO20 CWIOBOTO IIONA.
B HemoTeHIMaAbHOM CHIOBOM MOJE M3 PaBeHCTB

X=0, L,=0, L,=0 (17)
HE CﬂeﬂleT paBEHCTBa

Y=0, Z=0, L,=01), (18)

1) Ukrerpannl coxpanenns (15) UMEOT MeCIO AHIUb NPU BHIIOJ-
HeHUH papencTs (17). AHaforuyno uHTerpansl (16) MMeOT MecTo JHLIb
npy Haauyuu paseHcte (18).



FJTABA IIT.

BAPHAUHOHHBIE NPWHILUITBI
A UHTETrPAJIbHBIE UHBAPWUAHTEI

§ 16. Ipunuun T'amuasTOHA

PaccMOTpuM NPOHM3BOJBLHYIO FOJOHOMHYIO CHCTEMY C HE3dBH-

CHMbIMH  KOOpDAMHATaAMH ¢;, ..., ¢, W (QyHknue# Jlarpadwxa
L g5 §))
Hurerpan
fy
W=\ Lat 6))

1

Ha3eBaeTcs Oedcmeuen (no Ilamussmowry) 8a TPOMEKYTOK
BpeMeHu (Y, t;), a BuipaxeHne Ldt— saemenmapnom Oeil-
cmauemt). ) :

Tak kak ¢Qynknus L umeer sum L=L (¢, ¢, ¢,), T0o ana
BHIYUCAEHUs JeHCTBHs (1) HeoOXOmHMO 3a1aTh GYHKIMH ¢; == ¢, ()
(i=1, ..., n) B nudTepBaje BpeMeHH fi= Y=g f. JHpyrumu
cioBamu dedcrmeue W ecmo ¢hynxyuonas, 3asucsuui om
08UNCERUST CUCMEMEL.

Ecau Mbl TPOH3BOJBHO 3amanuM PYHKIMH ¢; —¢q,; () (I=1, ...
.s., M), TO IMOJY4YHM HEKOTOPOE KWUHEMAaTHYECKH BO3MOXHOE
(1. e. momyckaemoe cBsi3aMU) mBuxenue. B pacmupentom (n - 1)-
MEPHOM KOODIMHATHOM MTPOCTPAHCTBE, 1€ KOOPAHHATAMHU ABJSIOTCA
BEJIMYMHB ¢; U BpeMR [, 5TO JBUMkEHHE H300Paxaercs HEKOTOPOH
Kpusofl. Mpl 6ylieM paccMaTpuBaTh BCEBO3MOXHbBIE TaKHe KPHBHE—

) Has  narypaabHbix cHcTeM L==T-—1II uMeer pa3MepHOCTE
3HepriH. [losToMy pasmepHOCTh AEHCTBUA eCTh SHEPrHA )X BpeMA = CH-
aa X RAMHA X BpeMd.
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«IyTH», NMPOXOAAMNE YEPe3 ABE 3aJaHHLE TOYKH IPOCTPAHCTBA
My (to, g¢1) 1 My (¢, g}) (cm. puc. 29 gas #=2), T. €. BCE BO3-
MOXHbIE JBMXEHNUS, NEPEBOIAILAE CHACTEMY U3 JaHHOrO Haya/bHOro
noJjoxeHus (gf), KOTOpOe OHAa 3aHUMala B MOMEHT BDEMEHH £,
B JaHHOE KOHEYHOE€ MOoJoXKeHNe (g}), KOTOpPOE OHAa 3aHUMaeT
B MOMeHT BpeMeHHu f;. Ilpnm STom 3apaHee ¢umKCHpyeTcs Haualb-
HH{ 1 KOHEYHHH MOMEHTH BpeMeHu f, W f;, HayaJbHOE U KO-
HEYHOE MOJIOWEHUS CUCTEMHL.
B ocraibHOM [IBMKEHUS MpO-
M3BOJIbHHI.

Ecau cucrema Harypasb-
Has ¥ HecBo0OIHas, To pac-
CMaTpUBaEMble 31eCh JBHKE-
HUA  MOJYUHSIOTCS JULIb
ONHOMY ~ OI'PaHUYEHHIO: TpH
JABMXEHUN CUCTEMBl HAMOXEH-
HHE Ha TOYKH CHCTEMHl CBSI3H
He JIO/DKHBl HapyulaTbes. DTO

J; YC/AOBHE BHINOJHAETCS 8BTO-

MaTHYECKH, KOrJa MH 3ajaeM

JIBUXEHHE B  HE3aBUCHMHIX

KOOpAUYHATaX, noJaras ¢q;=—

1 =q; ) (=1, ..., n)

Puc. 29. Ionycrum, uto cpeau pac-

CMaTPUBAEMHIX MyTeH UMeercH

TaK Has3biBaEMbik  «npsiMoil»

nyTh, T.€. IMYyTh, MO KOTOPOMY MOXET JBHraThCi CUCTEMA

npu 3amaHHol @yrkuud L (T. € B JaHHOM CHUJOBOM [MOJIE).

Ias npamoro nyrd oyHkuud ¢;=g¢q;() (=1, ..., n)
YHOBJETBODSAIOT YpaBHeHuaM JlarpaHxka

L =0 (i=1,..., n) @)

Bce ocrajbHHE NYTH, poxoasimiue uepe3 Toukn M, u M;, Gynem
Ha3blBaTh «OKOJbHHIME» nyTamu. (Ha puc. 29 npsmod nyThb
u3o6pameH CIJOIIHOH JMHUEH, 8 OKOJbHHE IyTH NYHKTUPHHIMA
JANHUAMI.) _

Mu nokaxeMm, urto deifcmsue W umeem 0an npamozo
nymu SKcmpemarsnoe (MOUHEE, CMALNOHAPHOE) 3HAYERIE
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nO CPABHEHUID ¢ OKOAbHuMU nymaxmi. B 3ToOM n sakmouaercs
npuunun Tamuabtona ).

PaccMOTpUM MPOU3BOJIbHOE ONHOMAPAMETPHYECKOE CEeMEHCTBO
nyreh :

i=q:(t, o) (h<i<ty; —y<o<<y I=1, ..., n),
colepxamee B cebe npu a=—0 paHHLI# nNpsaMOH nyTs; Inpu

o 7 0 no/iyvamoTrcs OKOJbHbE NyTH. ITyCTh BCe TH NMYTH UMEKT
obmee Hauano M, u obGmu# kowew M;:

gty )=qh qi(t;, D=q} (—1<a<<y i=1,...,n)
Heticteue W, BpluMC/E€HHOE BAOAb MNYTH, NPHUHALJIEKAILErO
3TOMy CeMeHCTBy, npencraB/ser coGoff (YHKUMIO napamerpa a
£y
W (0) = S L[t g, (t0), 7; (o)) dt.
to
Boluucaum sapuayuw pefictesus W, 1. e nuddepenuuan no o

1y 4 n

W — g BLdt — Sl 2 (-gj— 3, - §q£ 3;) dt =

to tO ¥ ==
v L. N o

+
0

to

L n
\ 7 0L d oL
=\ L g )me ©
0 ==

3nech Mbl npeofpasoBasM HHTErpaj NMpH MOMOILM HHTErpH-
POBaHHA MO YACTAM, HUCMOJL30BAB MAJH 3TOr0 NEPeCTaHOBOYHOCTH

1y dror npuHuun comepwurca B paborax Y. FamuabToHa, omy6au-
koBaHHbiX B 1834—I835 rr. (cM. c6opHuK «BapHauyoHHble TIPHHLMIIL
MexaHukm», M., 1959, ctp. 239). Ilpn srom TamuabToH mnpeanofaran,
YTO MCXONHas CHCTeMa CKACPOHOMHAa (OH HCXOAMN W3 NpenCTaBJAEHHA
KHHETHUeCKON sHepruy T B BHAe KBaapaTHuHOH dopMu 0T 0606meH-
HbIX cxopocreit). Haa o6wmero cayuyast HeCTAUMOHAPHHX CBA3eH 3TOT
npuHiAN 668 chopmyaupoBan ¥ ofocyosal M. B. Ocrtporpanckum
B 1848 r, (tam we, cTp. 770—771, 829). B CBA3M C ITHUM HAHHHI NpPUH-
UMII MHOTAZ HasmBaloT npuHuMnoM [aMuabToHa — OCTpOrpanckoro.
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onepauuyu BapbupoOBaHud 8 U onepanuu AnddepeHIHPOBAHUS 110

BpeMeHH . :

8‘/;‘—"8 dt q; (t U.) 6 dt qi (t U.) do = J
a'
= [ g (t9) BaJ i O

IlpsMo#t 1 BCe OKOJbHBIE NYTH NMPOXOIAT Yepe3 (UKCHPOBAHHbLIE
HaYa/JbHYI0O M KOHEYHYI0 TOYKM B DAcCIUMPEHHOM KOODAHHATHOM
npocrpaHcTee. llostomy npu f=¢, u npu f={, Bapuauuu
3¢; ==0 u mpouuTerpupoBaHHas 4yacTs OOPALIAETCH B HYJb.

W3 pasencrBa (3) BMIHO, YTO OJs NPAMOro NyTH, T. € MpH
o.==0, BBIpaXEHHE, CTOAIEE NOJ 3HAKOM MpeoOpa3oBaHHOTO
HHTerpaja, B CuJy ypapHeHuit Jlarpamxa, paBHo HyJ/o. [Tostomy

dss npamozo nymu W =0, )]

DTO ¥ ecTb MaTeMaTHYeCKOe BHIpaxceHue NpuHuMna [aMuis-
TOHa.

Mmeer Mecto u 0OpaTHOE YTBEDWIEHHE: €CHU IJs HEKOTO-
poro nytia 3W =0, 10 3TOT mMyTHL sBAsercs npsMeiM. LeHcrBu-
TEJNbHO, BCJEICTBUE NPOM3BCALHOCTH Bapuamut 8q; (i==1,..., n)
(oHM Ha KOHILAX pPaBHBH HYJ/JIO, B OCTAJbHEIX M€ TOYKax nyTu
COBEpLIEHHO NPOM3BOJbHLY) M3 ycaosus 8W =0, B cuay paseu-
ctBa (3), cremyor pasencTBa (2), T. e ypapueHus Jlarpadxka
I/ TPAMOro MyTH.

ITockoabKy M3 mpuHUMNA ['aMH/IBTOHA BHITEKAOT YpaBHEHHA
Jlarpanika B HE3aBUCHMBIX KOOpAMHaTaXx (M Hao6opoT), TO npuw-
yun lamussmona mozcem OWms ROAOICCH 8 OCHOBY OuHa-
MUK 2000HOMHBLX cucmeMm ). ‘

[IpaMble NyTH, T. € <HCTHHHBIE» [OBHMXEHHA [OpPH 3adaHHOR
@®yHKIuM L, MOryT ObITh OXapakTepu3oBaHH KaK NpHU MOMOLIM
IuddepennnansHbpX ypaBHeHu#t 1BuxeHus B dopme Jlarpauxka,
TAK M NPU TNOMOUIM BAaPUALMOHHOrO mnpuHuuna [amuiabroHa.
Onnako Mexnpy muddepeHIHaNsHBIMH YDaBHEHUAMH OBHXEHHA
¥ BapUALMOHHBIMK TPHHUMIAMH HUMEEICS OOHO MPUHIMIKAJILHOE
pasauune.

1) lMpuBegenHan Bhille GOPMYAUPOBKA MPUHUMIA aMHabTOHa mpej-
nonaraeT (B Ccayyae HaTypaabHO# CUCTEMBI) CYmeCTBOBaHHE NOTeH-
nana cua, bBoaee o6mas ¢opmyaupoBka npuUHLUMNA, OXBaTHIBAKOM(AA
" cuylt(x)%? HemoTeHUWaAbHHX CUA, GyHeT NaHa HUke [dopmyaa (9) Ha
cTp
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HOuddepenunansHele ypaBHEHHs JBHXKEHHsS BBIDaXalOT HEKO-
TOPYIO 32BHCHMOCTb, CBSI3BIBAIOILYI0 MexAy cOoOOH MOMEHT Bpe-
MEHH f, MOJIOWKEHHE CHCTEMBI, CKOPOCTH.H YCKOPEHHS €€ TOYEK
B 3TOT MOMEHT. EC/i 3Ta 3aBUCHMOCTb BHIMOJHAETCA B KaxIOH
TOYKE HEKOTOPOro MNYTH, TO 3TOT MyTh SABJAETCH NpsAMHM. Ba-
PHaLMOHHBIH e MPUHIUMI XapakTepU3yeT Bech MNpsAMO# MyTh B
eaoM. OH ¢hOpMyIMPYET IKCTPEMaabHOE (CTaLlHOHapHOE) CBOKCTBO
HEKOTOpPOro (pyHKUWOHAMNa, BHJAEJAOUIEE MNPAMOH NyTh CpEAH
IPYrHX KUHEMaTHYe€CKd BO3MOXHBIX nyredl. BapuaunoHHBIE MpHH-
uunel uMeloT Gosiee 00O3PHMYIO W KOMMAaKTHylo (OpMy © 4acro
HCMOJMB3YIOTCA B KayecTBe (yHAAMEHTA A/ HOBHX (HEKJaccH-
yecknx) oOaacTell MEXaHHKH.

3ameuvanune JuddepeHuunansHsie ypaBHenus (2) npen-
cTaBjsioT Cco60i HEoOXOoAUMBIE W NOCTATOYHBIE YCJOBUA JJs
TOro, YroGH paBHAAach Hy/o nepBas Bapuaumus 3W, rae wmHTer-
pan W umeer Bux (1). B BapHallHOHHOM WCUMC/JEHMH YpaBHe-
Hus (2) Has3uBawOTCA dugbghepenyuarsnoimu ypagrenusmu Sirepa
AJs1 BapHallHOHHOW 3amauun

171
s\ Lt g1 gdt=0.
fo

Ina 060CHOBaHWA TNPHHUHNA [aMHABTOHZ OBIIM HMCHOJbL3OBaHH
ypaBHeHHs JlarpaHka B He3aBHCHMBIX KOODIHHaTax. CaMM e 9TH
ypaBHeHHs B Ciyyae HaTypaibHOW CHCTeMbl GbITH MOAYYeHH H3 06illero
ypaBHeHUs IHHAMHKH

N
> (R—mr)or,=0. @)

v=1

MMokaxeM, Kak npunyun I'amusbnona mosxcem Gunib HENOCPeOCmeeHHO
060CHOBAH ¢ NOMOWLIO 06we20 ypasHenust Ournamuxu (5). Torma ypas-
nenus Jlarpanxa cpasy moayyawoTca W3 npHHuuna [aMuabTOHa.
Ecan B BRIpaXEHHAX AJA T,
ro=r,(, q;) o=1 ..., N)
BMECTO ¢; MOACTaBUTh GYHKUMH g;(f, a), TO P, CTaHET CIOXHOH QyHK-
uueil ot £ u a, [ponudbdepenunpyeM e¢ mo a, T. €, BHYHCIHM BapHallHH
n
b, = Tq:bq" ~v=1, ..., N) ®)
i=1

AtH gopMyas cosnamaoT ¢ dopmynamu (8) na c1p. 44, omnpenensro-
I{AMH BHpTyalbHble TMepeMeilleHusi ToYeK TONOHOMHOH CHCTeMbl. Takum
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o6pasoM, sapuayui pacuycos-8eKmopos npu 41000M t BALIOMCR 8Up-
 MYAAGHOLMU REPEMEUEHUSIMU MOYEK CUCHIEMbL,

B cnpapennuBOCTH STOro MOMOXEHHA MOXHO YOEQUTLCA M He
npuberas k ¢opmyne (6), a UCX0oAs TOAbKO M3 ONpeleleHUs BapHalUH
or, da
] Oa
npencTaBaseT cofoft  6ecKoHeyHO Manoe IepeMellleHHe TOYKH CH-
cTemul P,, mepeBofifiile€ TOYKY TpaeKTOPHH, Monyvamoileiica MpH He-
KOTOpPOM (UKCHpPOBaHHOM 3HaYeHUH a (mas
npaMoro nyTd a=0), B TOUYKy CMexHof
TPaeKTOPHH; COOTBETCTBYIOWIEH  3HaueHHIO
napameTrpa a--3% (puc, 30). Ilpu arom ofe
mouku Gepymes O0Af OOHOZ20 1L MO20 e
MOMeHma 8pemedu t, Tak Kak npHu nudde-
€HUMPOBAHNN N0 a 3HaueHUe ¢ QUKCHpYyeTCa.
EJ‘IE,IIOBaTe.'leO br, oCyumlecTBaAseT mepexon
U3 OJHOTO BO3SMOXHOIO MONOXEHHA TOUKHM P,
B MOMEHT BPEMEHH { B JApYyroe BO3MOKHOE

W BUpPTyanpHOro nepemeulenus. [JeficTBUTebHO, BapHauus 8, —

Puc. 30 NONOXEHHE [NA TOro Xe MOMeHTa f, T. e,
< O 8r, — BUpTyanbHOE NepeMeileHHe TOYKH CH-
creMul P,

Takum o6pa3oM, B ofileM YpaBHEHHHM JHHaMHKH (5) MH MoxeM
cyurath dr, Bapmauuefi pagmyca-pekTopa r,. Ho Torma MomHO H3Me-
d
HHTb MOCHEIOBATELHOCT BLUIONHEHNA ONEpAUMH o M omepaunn b
IuddepeHunpoBaHna HO a:

d d o 0. .
Brv=amrv (t) G)Bdma;l‘v(t, a)8a=8rv‘

dt
IMoatomy
N N N
. d N d
Z mdr,=— . mFbr,— 2 mt, 7 b, =
ve=1 v=1 ve=1 ‘
4 N N p N
s . '
=?t lﬂvl‘\,af\,—'— Z mvrvbrvzm Z mvrvarv_ar; (7)
v=1 v==1 v=1|
: N
rae 37 — BapHauisa KHHETHYeCKOH 9Hepruu T==§- Z m,ri.
ve=|
OG6o3nayas no-npexHemMy yepes 34 3neMEHTapHYI PaBoTy aKTuB-
HHX CHi F, Ha BUPTYaNbHHX NepeMeuleHuax br, (v=1, ..., N), Mu

¢ noMowbio npeoSpasosadug (7) sauucnBaeM ypaBHeHHe (5) B BHIe

N
d 2: s
BT+BA—Ft ) m ¥, =0,

ve=l
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[MpounTerpupyeM o6e YyacTH 9TOro YpaBHEHUA Mo ¢ B npelejax
oT t==t, Io t=1,:

=ty

£ N et
S (T +34) dt—[z mvi'vBrv]t t_o. ®)
to v =]

3nec [ ]f:f; 03HayaeT pa3HOCTh MexIy 3HaueHUAMH (pH ¢—=¢,

U t=t¢,) BHpaXeHUs, CTOSILErO B KBaJpaTHHX ckoGkax, Ho npu ¢t =¢,
H f=¢, paliayc-BEKTOp r, He BapbUPYeTCs, NOCKOJIbKY HauyaibHOE H
KOHEYHOE MOJOXEeHHS CACTeMbl 3apaHee (UKCUPOBAHLI;

r, (¢, tz)=f3, ry(t, a)=r\1p =1, ..., N).
[Mostomy dr, =0 npu ¢==¢, u npn ¢ ==¢,. Bropol ureH B paBEHCTBe
(8) paBeH HymO, M 3TO PaBEHCTBO IPUHMMAET BHM
31
S (T - 34) dt =0. ©)
o

PaccMOTpHUM TOT cryyaM, KOrfa cuasl uMewoT moTenuwan I =1I (¢, ¢;).
B srom cayuae
3A = — I,

rie 3 -—sBupTyansHet muddepenunan (sapuanns) oyukunn I (¢, g;) ),
W paBeHCTBO (Y) 3amUCLIBAeTCA Tak:

131 I3
S‘ (T —3I) dt = S 3 dt =0,
fo £
OTKY A
[$1 #
IW=3 S Ldt= S 3L dt =0.
ig ty

Takum o6pasoMm, OCHOBHOe ypaBHeHHe pauHamuku (5) npuBeno Hac K
npuruuny CampapTona 3W =0, a orciofa, Kak GhlI0* yKa3aHO Bhlle,
Cpasy moayyaioTcs ypaBHenus Jlarpanwka

d oL oL .
Ftifq';—-d—q,-_o (i=1, ..., n).
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B ciyvae HeNOTEHUMANbHLIX Ccul Q; Jis TONyYEeHHA YpaBHeHHU]
Jlarpanxa cnenyer MCXOIMTh U3 paBencrBa (9) [BMecTo paBenctBa (4)].

31
[pumenaa x wuHTerpany S 3T dt opmyay (3) [c aameno#t dynkuuu L

fo .
byukuven T (£, g; ¢;)] v ucnonb3ysa Bbipamenue JAA 3NeMeHTapHON
n

paGoThl akTuBHHX cHl BA= ¥} Q;3g; M naiinew
=1

{1 n
oTr d 0T
5 2 (Qi+5¢};_71_t§q7,7>6qidt_0' (10)
0 i=1
Orciona, B cuily NPOM3BOJABHOCTH Beawuud ¥q; (i=1, ..., n),

IOMKHHW GbiTh PaBHBl HY/I0 BHIPAMEHUA, CTOAUIME B CKOGKAaX Moj 3Ha-
KoM uHrerpana (10), 1. e. AnA npaAMoro

z NyTY JONKHL BHIOMHATHCA YPaBHEHUA

Iy Jlarpanwa

!

oG 9=  G=1..n
(11

Y~ BuncHuM, f84semcn au 3Have-
Hue Oefllcmsust 0As NpAMO20 ny-
mu HQUMEHbWUM NO CPABHERUID
C OKOABHBLMU Ny mMsMU.

PaccMoTpuM B KauecTBe . IpH-

y Mepa osuadceHue Hec80000KOl Ma-

0 MepuasbHOL MOYKH, BbIHYHCOCH-

Puc. 31. Holi d8uzamscs no cghepe npu om-
cymcemeun cua08020 noas (ABH-

‘XeHHe N0 wuHepuun Ha cdepe). Ilycte Macca Toukn m = 1.

B cdepuueckux koopmunatax (puc. 31)

2 2
L=Y =% @+ sin"¢ .

Ilns npsmoro nyTtH

ﬂa_L__a—L—=0 ' 2%—::const
oy

(V) — uukaMweckas KOODAMHATA), T. €

$—singpcos p{?=0,  sin’¢=sin®q, o
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Bes napyuwenus oOUHOCTH MOXEM CYMTaTh, YTO A MPAMOTrO
MyTH HayaJbHas CKOPOCTb Ty HampaBJeHa MO MepHAWaHy
(b ==const), 1. e. ¢y=0; Torma

$==0, ¢=const u v¥=R*$*==const.

Takum oOpasoM, mnpsMo# NMyTb MpeacTaBaseT Co00H pAaBHO-
MepHoe nBuxenue mo ayre 6osbumioro Kpyra. [Ipu stom

£1
, 1

Wox—Wnp::?S (’Ug——'vg)dt=

0

£ 4
=UOS —) dt-|-_;-S (0 —vp) dt =
to 23

£y
=1, S (0 — ) df = Uy (3 — ).
to

Inuna pyre GOJBIIOrO Kpyra oy, MeHbwe IJIHHB oy, MoGoH
Ipyro# xpuBo# Ha cdepe, coenuHsiouleft T€ xe TOYKH M, u M.

[Tostomy
WHP < WOK'

OnHako 3TO CHpaBeN/UBO JHLIb TOTAd, KOraa Opp = wMiM; <
<wR. Ecmn oy, >R, T0 Wy, yxe He Bcerna Oymer Membuie
W, & HauMenbllee 3HayeHue paedcreus W OymeT AOCTHraThes
Ha JOMOJIHHTENbHOH Ayre 6O0JbLIOrO KpPYra, KOTOpas B 9TOM Cay-

yae Oyner mpeacrasaare CoOO# KpaTyaltulee pacCTOsHUE MexAy
My u M;. Ecan Oymem pBurate Touky M,; no nayre 60abworo
Kpyra, yBeJanuuBas STy AYyry, TO KpUTHYeCKOH Touko# MG (mo
sto#t Toukn Wy, OyieT MUHAMYMOM, a noc/Je mnepexofa Touku M,
yepes M; yxe He GyZeT TaKOBHIM) SBJINETCS TOYKA, ANAMETPAJBHO
NPOTHBOMNOJOXHaA TouYKe M.

Aunanornyno o6crout jfeno W B obuiem cayyae. Jlokasw-
Baercs 1), yro ecam Toyka M, BbiGpana JOCTaTouHO OJM3KO K M,
T0 yepes My, u M, npoxomaut oaud npamoi myte. Ho mnpu no-
CTaTOYHOM yJaneHun Touxu M; ot M, yepes M, m M, moxer

1) Cu. Bo6uaes JI. K., O nayage 'ampantona uan Octporpan-
CKOro W O Hayane HauMeHnbuiero Jgeficteua Jlarpanxka, [lpuiaoxenue
k 7. LXI 3an. Ak. nayk, CI16, 1889,
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NPOXOAMTb JBAd NPAMBIX MYTH WX Aake UEJABH NyyoK NPAMBIX
nyte#t. Takoe nmoaoxeHue My TOukn M; Ha3BIBAOT CONPANCEH-
HUM Kunemuieckum hoxycom nas M, YCTaHOBIEHO, uTO
Oelicmgue 80046 npAmo20 nymu MM, uMmeem xaumexsuee
3HAUeHUEe NO CPABHEHUK € OKOABHBMU NyMAMU, ecal Ha dy-
2e MMy nem conpsscennozo oan M, Kunemuueckoz20
doryca M;.

§ 17. Bropas dopma npurmuna I'amuibTona

OcranoBuMCs ente Ha oONHOM (opMe BapPUANMOHHOrO NPHHIMNA
FamuabToHa. BmecTo (n 4- 1)-MEpHOro pacuIMPEHHOrO KOOPAMHATHOLO
NPOCTPAHETBA PACCMOTPHUM (27 4~ 1)-MepHOe pacuMpeHHOe asoBoe Npo-
CTPAaHCTBO, B KOTOPOM KOOPAMHATAMHM TOUKH SABIAKTCA BEAHYHHB ¢;,
pi (i=1, ..., n) u ¢. B 3T0OM mpoCTpaHCTBe PacCMOTPUM MPAMOH NYTh,
npoxofisuuit yepes naBe Touku By (g}, p}, t,) u B (g}, p}, ¢,), a Takke
BCEBO3MOXM(HbIE Jpyrue KpUBbie, co-
eIMHAOUINE ITH TOYKH (<OKO/MbHbIE>

NyTH, cM. pUC. 32, n=11),
Pynkuun ¢; () u pi () (i=
=1, ..., n), 3amaoupe npsaMoH
NyTh, YAOBAETBOPAWT YPaBHEHHAM
amunsTOHA
g, _ 0H
dt — op;’
dp,- 0H s
= =1, ... X
T 3a; (i=1,...,n. (1)
A BBejem B paccMoTpeHue ¢yHK-

uno 0T 4n -+ 1 He3aBUCHMbLIX Nepe-
MeHHbIX L¥* (tr iy Pi» qis Pi)’ onpe-
nengeMyo paBEHCTBOM i)

4
n
Puc. 32 L¥= Z pidi—H @, q0p). ()

i=1

C nomoup® 3TOH QYHKIMM KAaHOHMYECKHe ypaBHeHHs [amuabToHa (1),
KaK Nerko BUIeTh, MOIYT GHTh 3amucaHol B dopme Jlarpamma:

d OL* OL* d oL* oJL*

qGod oa. ) aop  om i=1, ..., n),
G#og 0, =0 @op op 0 =h.um. @

1) B mpaBy®o vyacTp paBeHCTBAa (2) BEIMUMHB p; (GaKTHYeCKH He
BxoasT. [loaTomy dyHkuua L* B maHHOM clyyae OT 3TUX BEAMYMH He
*

3aBUCHT U —— =0 (i=1, ..., n).

0p;
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Tak xak npaMoft NMYTh XapaKTepH3yeTCs ypasHeHHAMH (3) Tuma
Jlarpanxa, To kak 6bLITO YCTAaHOBAEHO paHee, MPAMO MYTb B PaCIIH-
PEHHOM ()a30BOM MPOCTPAHCTBE BHIENAETCA CPEOM OKOJBHHX MyTeH
TeM, UTO IS Hero MHTerpan

1
{12 g ou gi 2 a @
ty
uMeeT CTauHOHapﬂoe 3HAaUYeHHe
I I n
BSL*dt=BS (Zp,-_q,-—ﬂ>dt_—_o. )
4 f i=1

C nepeoro B3ariasja MOXET II0Ka3aThCs, uTO BTOpaa dopma (5)
IAA NPHHLMNA [aMHAbTOHAa HHYeM He OTaMuYaeTca OT nepsol 5W =0,
MOCKOAbKY, CornacHo dopMyae (8) Ha cTp. 85, BuipaweHue L* comia-
daeT ¢ dynkuueit L. Onnako 3To He Bcerila Tak. ITO CNpPaBeNTHBO
MWL JAS ABMXEHMH CHCTeMB, T. €. OaA TakKHX NyTeh ¢q;=gq; (¢),

pi=pi(t) (=1, ..., n), y KOTOpHIX dYHKUHH ¢q;(f) U p; () CBA3AHH
COOTHOLIEHHAMH oL
pi=gs (=L, n. ®)

Opnako npu BTOpOH (hopme MpHHUMNA [aMHIbTOHA (B OTAMYHME OT mep-
BON!) K CpaBHEHHIO NOMYCKAalOTCA B KAaUeCTBE OKOMbHHX NyTeH mnpous-
8obHble Kpussle (2n - 1)-Mepro2o pacuiupenno2o $azos020 npocmpan-
cmea, Npoxolsmue yeped Toukd By ¥ B;. Jns 3THX nyrtedl cOOTHoIIe-
HuA (6) MOryT He BHINONHATHLCA, M MOTOMY B ofmeM cayyae AAA HHUX
L¥* L. Ecmn we B dopmyae (5) OrpaHHUHTBCA TONBKO TEMH OKOMb-
HBIMH TIYTAMH, 01 KOTOPHIX HMEIOT MeCTO paBeHCTBa (6), To BTOpas
dopMa npuHuuna 'aMHaAbTOHA NMEpPEXOAHT B Meprywo 3W =0

3ameTuM eule, YTO B OTAMYHMe OT Touek M, u M; B nepsoit dop-
Me npuHuuna lamuabTona Touku B, M B, He MOryT 6niThb BHGpaHH
NPOU3BONLHO, TaK KAK gepe3 JBE NMPOM3BONbHbIE TOUKHM DaCUIMPEHHOrO
dazosoro mpocrpancTBa B ofmeM cayyae MpAMOH NYTb NpPOBECTH
nenbsa. Touky B, 1 B; BbIGHPalOTCA Ha TOM NMPAMOM MYTH, OAS KOTO-
poro dopmynupyercs NpHHuun I'amuabToHa,

§ 18. OcHoBHO# HHTErpanbHbIi HHBAPHAHT MEXAHHKH
(unterpanbublii unBapuaHT Ilyanxape — KapraHa)

Busenem ¢opmyny nas Bapuaumm peiictsus 3W B oBmem
C/lyuae, KOrla HayajJbHHE N KOHEYHHE MOMEHTHl BPEMEHH, TdK Ke
KaK M HayaJbHHE N KOHEYHHE KOODIMHATEHL, He (DUKCUDOBaHH, a
ABJAIOTCA (YHKLHSAMH NapaMerpa «

="t (0), ¢=qi(®),

h=t@, g=q @ “Zl"--’")-} M
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B stom cayuae, puddepeHIUpys dHTErpan W/=S L dt no na-

paMeTpy o M HHTIETPHPYS IO 4YacTiAM, HaXOXMM

1 ()
W =3 Ldt=

£y (a) ;
1 n

_L18t,—L08t0—|—S 2 5.4 ‘l‘oq 3,) dt =

to i=1

=L,8, - 2 P[] = 1, — LBty — 2 Pi 8]t = ¢+

i=] i=1

+S 2 37 %.%)qudt; )

fy i=1

0 ) ,
Badk—n={zau@ o], &  @=1L..,52=01 @

C mpyroft CTOpOHH, I/ BapHaiuMi KOHEUHHX KOOPAHHAT
gt =gql [t (@), a] umeem dopmyn

oqi (t» a)
8qi =4¢i Btl"l—[‘—d,—]t:“ 8ot
HAH -
aq}=[8qi]t=t1+.q}8tl (l=1, ceey n)-

Orcona

B¢ )t —=e,=08¢} — 18, (=1, ..., n) )
CoBepUIEHHO aHAJOT HUHO

[3g:]r = 1, =3g1 — 423t (=1, ..., n) )

Toncrasaas Bupaxenus (4) u (5) aas [g;li—y, n [3¢;]c =,
B Bhipaxenne (2) naa SW, BHpakas, Kak OGbIUHO, g; uepes p,
M 3ameyas, 4TO
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noJayuaem -crefyiouylo Gopmyay Aas BapHauwu aeHcrus W
B ofmeM cayyae;

[2 pidg;— Hat] +S 2 = %5"%) 5g;dt,  (8)

[E3 fyg Loml
rne

[ i pidq; — HBt];:

i=1
n

n
= Z pi gt — H ¥ — Z pi 3q! - H, ¥,

i=l i=1

B yactHOM cayuae, KOrja js mo6Goro o COOTBETCTBYIOMIHH
NyTh SBJAETCA MPAMHM, T. €. Korja ¢; =g¢; (f,a) (I=1, ..., n})—
CeMeHCTBO NPsAMBIX MyTeH, HHTerpan B Mparol vacTu paBeHcrBa (6)
paBeH Hy/Mmo npu mobom a u Qopmyna Ans BapHauwH AEHCTBHUSA
NPHHMMAET CAEAyOWAH NPOCTOR BHA:

aW=| Z pidg; — Ht)y. )

=1

BMecTo pacIiHpeHHOrO KOOpPAHHATHOTO (7 -}- 1)-MepHOro mpo-
CTPaHCTBAa BO3bMEM pacCIiHpeHHoe (a3oBoe (21 -}~ 1)-mepHoe mpo-
CTPAaHCTBO, B KOTOPOM KOODAHHATaMH TOYKH OYAyT BENHUYHHbBI

9s Py =1, ..., n) u £. B sTOM NmpOCTpPaHCTBE BO3bMEM IIPOH3-
BOJILHYI0 B3aMKHYTY10 KPHBYI0 Cp C ypPaBHeHHSMH
gi=qi (@), p=pi(@) t=t() ®)
(=1 .. ni<ae<))

3necy npn a=0 u a =/ uMeeM OJIHy H Ty e TouKky Kpuso# C,.
Hs kaxao#t Toukn KpuBo# C;, KaK ©3 HayaJbHOH, NpOBEAEM
COOTBETCTBYIOmMH npsmoH nyTs. Tako#f nmyTe 0JHOSHauHO ompe-
Jexsercs (MOCJe 3a4aHHS HayaJbHOM TOUKH) H3 CHCTEMH KaHO-
HAYeCKHX ypaBHeHu#d [amuabroHa. IToNyudM BaMKHYTy1O TpPYyOKy
npsamux nyreft (cm. puc. 33, n=1)

gi=q;(ta), p=pto) (=1L .., n 0<<a<), (9
rie
¢t 0=q¢ ) p@ O)=pt, ) (=L...,n
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Ha sto#t TpyOxe nmpou3Bo/bHO BHGEpEM BTOPYIO 3aMKHYTYIO
kpuByio C;, OXBaTHBAOLLYI0 TPYOKY © HMEOILYI C KaxaoH
o6pasywouie#t aumb OnHY OOLLyl0 TOuKy. YpaBHeHus KpuBo# C,

MOXHO 3anucath B Bupe ')

§ b 9:=gq} (@), p;=p} (a),

¢ _
" t=t@. (10)

Pacemorpum ne#er-
Bue W BIo/b 00pasyomeh
Tpy6Kn or Kpusoh C, 10

kpuso#t C;:
£ ()
2 W= { Lat.
e tp (a)
P Torma npu moboM a,
cornacHo copmyae (7),
SW=W () 0=
[ n ,
Puc. 33. = [21 Pidq; — H?)t]o.

Wnterpupys 3TO paBeHCTBO MOYJEHHO MO & B MNpelenax oT
a==0 1o a==/ noayuaem
!

0=W () — W (0)= S [i pidg; — HSL‘];:

0 i=1
1

" ! n
=S[Z”‘!a%’—Hlsﬁ]—S[Zp.‘?%qé’—ﬁoato]=
0 i=l & Siml
= [i”‘aqi—Ha"‘]—Mipiﬁqi—ﬁat],
d i=

1 i=1 [

‘Hif’iaqi—ﬁat]=<§[ipiﬁqi—Hat]. (11)
C; i=1

Co i=1 1

') Kamniomy sHauennio a u3 uHTepBana O<Ca<C! COQTBETCTBYyeT
onmpeleneHHas «oGpasywouas» TPyGKH (IPAMOH MyTh), a Ha 3TOH o6pa-
3yloulel UMeeTcs ToIbKO ofHa Toyka Kpueoit C,. Tlostomy xammomy
3HAYEHHID @ OTBEYaeT TONbKO OJIHa TOWKAa KpHBo# C,, T. @, KOO PAHHATHI
TOYKM KpuBoii C, AsjiaAloTcA GDYHKLUMAMH ITapameTpa a.



§ 18] OCHOBHOM MHTEIPAMGHBI UHBAPHAHT 117

TakuMm o6pa3oM, yCTaHOBJIEHO, YTO KPHUBOJMHEHHHH MHTerpan

1=<§[£ P aq,._Hst], (12)

i=1

B3ATHI BAOJb MDOU3BOJBHOrO 3aMKHYTOrO KOHTYpa, HE MeHSeT
CBOEro 3HaueHUsA NP IPOM3BOJBHOM CMelleHuu (¢ medopmarueit)
3TOr0 KOHTYpPa BHOJb TPYOKH NpAMBIX NyTeHt, T. €. ABJIAETCA
unmezpassnbim unsapuanmos. UWurerpan [ mu GygeM Hasw-
BaTb UHmMe2passHbtiM  unBapuanmos  Ilyanxape — Kapmarna.

Iokaxem Tenepp oOpaTnoe npenoxenue. ITycTb HU3BECTHO,
YTO NpsMbIE MYTH ONPENENAI0TCA CUCTEMOR dudipepeHIabHBIX
ypaBHeHult NepBoro nopsaka

%=Qz(t, 95 Pik %’—;'—=Pi(t, gp Py (=1, ..., n. (13

Takoe npennosioxeHne SBAAETCH ECTECTBEHHHIM, ITOCKOJBKY
IBIKEHHE CHCTEMBl JOJDKHO ONPEAEAAThCA OMHO3HAUHO MO HAYaJb-
uelM gauueiM ¢f, p! (I==1, ..., n). TlycTh, KpoMe TOro, HaHo,
uyto uxterpasn Ilyankape — Kaprana (12) siBasieTcss MHTerpaJbHbIM
MHBAPHAHTOM MO OTHOIUEHHIO K NPAMBIM NYTAM, ONpPeNESeMBIM
cucremot ypasHeHu# (13), T. e. uro A Jo6oi TpyGKM 3THX
nytet wunterpan Ilyankape — KapraHa, BHIYHC/JEHHBIH BIOJB
OXBaThiBaOUIEro TpyOKy B3aMKHYTOrO KOHTYPA, HE U3MEHHET CBOER
BEJUYUHBl NPU NPOM3BOJBHOM CMEUIEHHH TOYEK KOHTYypa BHAOJb
ofpasyrouux TpyOku. Torma ME [JOKaxeM, 4TO MeXAY QyHK-
uuet H u dynknuamu Q; P; UMEOT MECTO 3aBHCHMOCTH

oH oH
Qizb;i_, P”_—ﬂq—i (i=1, ..., n), (14)

T. € JOKaxeM, 4To ypaBHeHus (13) HABAAOTCA KAHOHUYECKUMH
ypaBueHusMu [aMuapToHa ¢ TOoi ¢yukume#t H, koropas BXOLMT
B BHIPaXEHUE MMOJ 3HAKOM HHTEerpasa I

Ilna moKa3aTe/bCTBA BBEIEM BCMOMOraTENbHYIO NEPEMEHHYIO
(napamerp) (., AONOJMHMB CHCTEMY (13) emie OZHUM ypaBHEHHEM:

dg, _  _dga_dpi_  _dpa _dt_ 5
0, =70, Pp == Pn_l—“dp" (19)

3nece m===(t, q;, p;) — Npou3BOAbHAT (QYHKUUA OT TOUKH
pacHIMpeHHOro ¢asoBoro. npocTpaHcTBa. MHTerpupys cucremy
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(15), MH HaxomuM BHIpaxeHus mns ¢;, p; U t B BHIE (YHK-
OH# OT nepeMeHHOM i U OT MpPOM3BOJbHBIX HaYaJbHHIX HAHHHIX

gl, pl ((=1,..., n)ut, (mpu p==0)
q9:=9; (l“"; q}’ P}, to): '
Pi =q)i (l"‘; q_?’ P_?: tﬁ)’ (l"'_"‘ 1, R n)' (16)

t=y (s ¢¢ pl, t)

Mbl noJyuuaH nmapaMeTpHUyecKue ypaBHeHHA IS ceMeHcTBa BCex
npaMeX nyTe#t, Tak KaK HaM HYXHB TOJbKO T€ TNpPAMHE INyTH,
KOTOpHe 06pasyioT HaHHyi0 TPYyOGKy, TO MH OOMXKHH BHOUpATh
HayaJbHylo Touky M, (g}, pj, ty) Ha kpuso# C,, T. €. B ypaBHe-
nua (16) smecro ¢}, pj u f, cremyer mooCTaBUTh

i@, Py t(2)

Cnenas 3To, MH HallleM napaMeTpHYecKHe YDaBHEHM IJa 1ps-
MHX myTe#t, o6pasyoIUX HaHHYI0 TPYOKY,

i=q;( o), pi=p;i@ @), t=t(p, o) 17
(i=1, ..., i 0<a<q)

3Iecb 3HaUEHHWE « BHIIETAET onpenefeHHHH npsaMo# myThb («o6pa-
ayomyio» TpyOku), a 3HaueHue mnapamerpa i (HKCHpYeT onpe-
IQJEHHYI0 TOYKY Ha 3TOM MNDSMOM MNYTH.

IMonaras p==const, Mu Ha Kawao# oOpasywiled noayyaem
TOYKY, a8 Ha TpyOKe — 3aMKHYTyI0 KpuBylo. BymeM cuurarthb,
ytro B MHTerpaie (12) Bmecto g;, p; v t MOACTaBJEHH WX BHpa-
wenns (17). Torma wuurerpan [ Oymer npencraBasath coGoH
$YHKOMIO TmapaMerpa p M NPH KaxIOM (DUKCUDOBAHHOM 3Haye-
HUM p OydeT KPUBOJMHEHHEIM HHTErpaloM BIOJb COOTBETCTBYIO-
meH# 3aMKHYTOH KpuBO# p == const.

B cuny MHBapHaHTHOCTH

dI=0,
roe 6ykea d o3HauaeT AM(QepeHuUnpoBaHHE MO MapaMeTpy p,
Ilposoma muddepeHUHpPOBaHHE TOA 3HAKOM HHTerpana, HaxOLUM;

n

0= X @pidai+pidig)—dHd — Hapt.
i=1
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Hanucas 8dg; n 8dt Bmecro ddq; u d3¥ u nponHTerpnponas
MO YacTAM BJOJAb 3aMKHYTOTO KOHTypa, MoJyuymm !):

0— §> [ i (@p; qu.— 3p; dg;) — dH 3 aHdt] =

i=1
=§>{i[(dpi+3—;fdt)8qi+(—dq,-+§—;fdt)ap,-]+

- + (—dH -5 at) e}

dt
way, B cuay (15), pasaeanB MOWIEHHO Ha dp.=;,

0=§{ X [(+5) 20t (- @5 ) o]+
+(— 21 4.2 e (18)

Brpaxenne, cTofiuee moj 3HAKOM MHTErpaja, HOMKHO OHThb
NoJaHHM auddepeHnnanoM MpH MPOW3BOJBHOM MHOXHATENE T,
8 5TO BO3MOXHO TONLKO TOTJA3, KOrJ2 BLIpAXEHHEe B (PUIYPHBIX
ckoOkax paBHO HyJo. IIpHPABHAB 5TO BHPaX¥EHNE HY/MO, MOAYUHM

oH o0H
pi__aTi’ Qi—a_pl

(i=1.., n),
yTo ¥ TpeboBaNOCH AOKa3aTh %).

Vi3 n0Ka3aHHOrO CIEAYET, YTO NHBAPUAHMHOCME UHMe2parQ
Iyanxape — Kapmana sozcem Obms  HOADHCEHA 8 OCHOBY

1) Onepanen 4 ¥ 8 MOWHO NEpPECTaBUTb MECTAMH, TaK KaK OHH
IPeNCcTaBaAeT co6oit nuddepeHUHpPOBaHHE MO PA3THYHLIM HE3aBHCHMBIM
nepeMeHHLIM i M a. Jlanee, mpy MHTerpUpOBAHHM TO YaCTAM HPOHH-
TerpUpoBaHHAA YacTb nponajaer (paBHa HYMO), TaK KaK KOHeYHas
TOYKa NYTH MHTETDHPOBAHMA COBNAjaeT ¢ HavaJbHOf. I[loaTomy nna
mo6uX ABYX QYHKUMR 4 M U NpH WHTErDHPOBAHHH 110 3BMKHYTOMY

KOHTYDY § udy=— § vdu.

dH _ oH
dat — ot’
C1eICTBHEM KAHOHHMYECKHX ypaBHeHHH [amuabToHa |CM. paBeHcTBO (20)
Ha crp. 88). '

f) Mb nonyyaem euie TOWIECTBO KOTOpOEe ABIAETCH



120 BAPUALIMOHHBE MPUHIIMIB [TA. 11

Mexasuxu, TaK Kak H3 3TOH WHBapHAHTHOCTH BHITEKAeT, 4YTO
JBUXEHHE CHCTEMbl HOAYKHSIETCI KaHOHHYECKHMM ypaBHEHHSIM
amuabTOHA.

Jamevanune., Ilpm pokasaTennCTBe MH BBEIH BCIHOMOTaTens -
HYIO IIePeMEHHYIO P M UCITONb30BANH TO 06CTOATENLCTBO, YTO MHTerpan /
He MeHAeT CBOEro 3HaYeHHA NPU IMepexoje OT OJHON KPHBOH CeMei-
ctBa p=const K Japyrot KpHBo#t Toro e cemeilicTBa. }3-3a mpoua-
BOJNBHOCTH (QYHKUHH = (£, g, p;) CeMeHCTBO KPHUBEHIX . == comst Mo cyuie-
CTBY ABJAETCA IPOH3BOJIBHLIM CEMEHCTBOM HelepeCeKalolUXCA 3aMK-
HYTHX KPHMBBIX, OXBATHIBAIOWINX JaHHYI0O TPYOKY npsambix nyteit. Eciu
MB HE BBeIM ObI MapaMeTp y, a NPHHAJIM Gb B KavecTBe Iapamerpa
BpeMsa £, TO, NOBTOPAA T€ Xe PpacCyXIeHHUA, MBI TOIbKO YaCTHYHO
HCNOnb30BalW Obl MHBAPHAaHTHOCTh MHTerpana [/ (TONBKO 1A KPHUBBIX
H3 OJHOBpPeMEHHBIX COCTOAHMH £==const) U He MOrIHM OH NPHATH
K HYXHOMY pe3ynbTarty.

PaccMoTpum Teneps noapoOHee CTpYKTypy MHterpana [lyan-
kape — KaptaHa.

B unrerpane Ilyankape — Kaprana (12) Bpems ¢ BxoguT Ha
npaBaXx KOODAMHATH ¢; & DOJb COOTBETCTBYIOLLErO MMIYJbCa
WrpaeT BeAMYHHa — F, T. €. SHEPrHd, B3ATas C NPOTHBOMOJIOX-
HBEM 3HaKOM. DTO — JaJNEKO HAYILas aHaJorHs.

Cnenaem B uHTerpane [ 3aMeHy NEPEMEHHHX, BBEAS HOBYIO
NEPEMEHHYIO 2, CBA3AHHYW0 CO CTapHIMH NEPEMEHHHMH COOTHO-
eHueM

2=-—H(t, q; pi)' (19)
M3 5TOro COOTHOLIEHHS BHDPA3uM py:
plz_K(t’ql:-j-’qn’z’pz)---:pn)' (20)

Torga ocHoBHOH wuHTerpan [ B HOBHX II€PEMEHHHX SalMILETCH
TakK:

[= § 28 - podqs . . .~ Padqn — Kdgy. @1)

Takum 00pa3oM, M B HOBHX IHEPEMEHHBIX HHTerpan / umeer
Bug uunrterpana Ilyankape — KapTaHa, HO TOJMBKO TeNnepb poJb
BPEMEHH HIDAET NEpEMEHHast ¢y, a8 BMECTO mpexxuHed sHepruum H
CrOMT HMMIIYJbC p;, B3ATBIA C NMPOTHBONOJOXHHM 3HaKoM, T. €. K.
[TosTomy, corsnacHO nOKa3aHHOMY paHee, B HOBH X NePEMEHHBIX [Bu-
WEHHE CHCTEMH JOJXKHO ONMHUCBIBATBLCA CAEAVIOINEH IaMUJbTOHOBOH
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CUCTEMOH nuddepeHiliaibHEY YPasHEHNH:

dt _ 0K dz __ 0K
dg,” 02’ dq, ot’

22
dg;__ 0K dp; IK (=2 n),i 22)
dg,” Op;’ dgq, 0g; T

Smecs He3aBUCHMOH nepeMeHHOR aABAfeTCA g.
ITpounnioCTpUpyeM 8TO Ha NpHMepe JMHeHHoOro ocuuanaropa. [as

HETO
2

P g
H"'2m+ 2"

CocraBUM KaHOHMYCCKHME ypaBHEHMA, NPHUHAB 34 HE3ABUCHMYI NepeMeH-
HYI0 ¢. [laa 3TOTO NOJOXHM

i=— (L +F),

2m
OTKYyZa

p=V mV =% —cq"
Takum o6pa3om, B HalleM cayuae
K=—VmY =2z —cq"

CooTBeTCTBylOmMe KaHOHHYeCXHe ypaBHeHMs (22) 3amuinyTca Tak:

at _ m 1 dz __ 0
dg ¥V ¢ /T 5 dqg
q _o2 —q q
W3 sroporo ypasHenusa z = const==— /, [Ipy nomomu KBagpaTypsi
HaxoIuM t:
of — S ___ 4 —a,

Vi-e

c
rie o= l/—, a a— NPOU3BOJbHAA NOCTOAHHASA, UK
m

; ¢
ot 4 a==arc sin o5 D

q=Asin (ot 4 a) (A: V?),
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§ 19. I'maponnnamuyeckas HHTEpPHpeTaUUd
OCHOBHOTO HMHTErpajbHOro MHBapHAHTA.
Teopembr Tomcona n TeabMrosbua o0 UMPKYJIAUUH U BUXPAX

1 KOHKpEeTHOW MHTEPNpeTalHH NOHATHA 06 HHTerpalbLHOM HMHBa»
pHaHTe PacCMOTPHM [BHKEHHE HJeanbHOR MKHIKOCTH MOJ HAeHCTBHEM
BHEIIHHX CHX ¢ noTteHunanoMm II (¢, x, y, z). Kak u3BeCTHO W3 ruppo-
IVHAMHKH '), ypaBHeHHe ABHIKEHWH YaCTHUH TaKOK MHIKOCTH HMEET BHJ

a=—gradn—%gradp, 1)

£lle @ -— YCKOpeHHe 4YaCTHUW, p H p—€e TJOTHOCTb W J[aBleHHe,
a noteHnnan II OTHeCeH K eNHHHLE Macchl,

lprumeM, 4TO p W p CBA3aHH . QYHKUHOHANLHLIM COOTHOLIEHHEM
p==f(p) (370 B UYaCTHOCTH HMeeT MeCTO NPH H3OTE€PMHYECKOM MpoO-
TeKaHA¥ npouecca). Torna, nonoxus

=1 -+ S —d—e.
P
MH 3anuuieM ypasHeHwe (1) B BHAe
a=—grad . (1"

lNocneanee <ypaBHeHHe TNOKa3bBaeT, YTO JABHMEHHE YaCTHULI
WHAKOCTH WAEHTHYHO NBHIKEHWIO MaTepHaJbHO! TOYKH € MacCoh m=1
B NOTeHRHaxbHOM none Il =11 (¢, x, y, 2). TloaToMy nAA NBHXKEHHA
9acTHU MHIKOCTH HHTErPaJbHEIM WHBapHaHTOM GyneT MHTerpan Ilyan-
kape — Kaprana, koTopsift B JaHHOM Ciyyae HMeeT BHI

I=§ubx+vby+wbz-——£bt, @)

rie U, v, W— KOMMOHEHTH CKOPOCTH YaCTHibl [OHH B JaHHOM CIyyae
(npn m==1) npencTaBasT Cco60# WMmyabcw p;], E— sHeprusa, omnpe-
lenseMas Gopmynon

E= % (* +0* + w) + o, x, v 2). &)

Takum o6pa3om, HHTerpan (2), BIATHIA BIOAb MPOH3BOALHO 3aMKHY-
TOr0 KOHTYpPa B CeMHMEPHOM INpOCTpaHCTBe (f, X, ¥, 2, 4, U, W), He
MeHsAeT CBOeH BeNHYMHH NPH NPOH3BONLHOM CMELICHHH TOYEK KOHTypa
B COOTBETCTBMH C JBHXeHHEM MKHMIKOCTH. DTO ABHMXEHHe MPOHCXOIHMT

1) Cwm., nanpumep, Kouusn H, E, Ku6ensb M. A uPose H. B,
Teopernveckas ruapomexanmka. 1. I, M. —JL, 1948, crp. 48,
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B COOTBETCTBHHM C aA(depeHHaNbHBIMA YPaBHEHHAMH, KOTOphbIE B CHIY
tdopmyan (1') aMeloT BHI .

t_if—u fiLv—:‘U E:w ]
dt ~ ' dt ' dt '
N N N @
qu _ O do_ Ol dw_ ol
gt T ox' dt Oy’ dat oz

Jlaa MaHHOTO YaCTHOTO ciyyasd ypaBHeHHA (4) mpeAcTaBasAT coGoH
KaHOHHYECKHE YpaBHeHHA ['aMHAbTOHa.

Ecian 3afaHO KOHKPETHOE [BHXEHHe XHAKOCTH, NPH KOTOpOM moae
CKOpOCTeH H3BECTHO, T. €. eCIH H3BeCTHH QyHkuuu u(f, x, y, 2),
v(t, x, ¥, 2), w(, X, ¥, 2), T0 uHTerpan (2) MOXHO pacCMaTpHBATh KakK
HHTErpal B PacIIMPeHHOM KOODIHHATHOM NPOCTPAHCTBE, T. €. B YEThIpeX~
MEpHOM NpPOCTpPaHCTBe f, X, ¥, z. 3HauerHe 3TOr0 HHTerpasa He Me-
HAETCA, €CAH MbI TOYKH KOHTypa HHTerpPHPOBAaHHA NPOH3BOJALHO CMe-
CTHM BIOJAb NyTeH NBWXEHHA YacTHI, T. €. HHTerpaa

$utt, 5y 5ax o, %5 Ddy+
s +w(t, x, 9, 2)dz—E(t, x, ¥, 2) dt (3)

ABAAETCA WHTETrPalbHRIM HHBAapHaHTOM B DACIUAPEHHOM KOODNHHATHOM
NpOCTPaHCTBE 1A IBHXEHHA MHIKOCTH C 3allaHHBIM [IONEM CKOpOCTeld.

Eciu KOHTYp MHTErDHPOBaHHA COCTOHT M3 OJHOBPEMEHHBIX COCTOA-
Hult (f = const), To HHTerpan (2) MpHHHMacT BHI

(j;u?)x-}-vﬁy—]—w%z. ®)
C

B ruipoiHHAMHKE 3TOT MHTErpai HasnBaeTCA HUpKyAayueil cKo-
pocmu BRoab koHTypa C. Mpl monmytso moayymin teopemy Tom-
COHAa O COXpAaHEHHH LWHPKYIANLHH C KOPOCTH: 8eauyuna
yupxyanyguu (6) ne usmenumes, ecau yacmuyu Hcudxocmu, o6pasyw-
wue KOHMyp 8 MOMEHmM BpeMenu ty, nepesecmu 8 nOAOINCEHUS, 3aHII-
Maemble UMB 8 RPOU3BOAbHGI Opy20il MoMeHm BpemeHi L.

Ecad yacTHubl XHAKOCTH B HEKOTOPHIH MOMERT BpPEeMEHH 06pa3ymor
AHHHIO, TO 3TH X€ YaCTHILI B IPYrofl MOMEHT 06pa3yioT APYryIo IHHHI,
Mb 6yneM roBopHTh O mepemenjamuieiica #H nedopmupywouefica co
BpEMEHEM  <XKHMIKOHl JHAHH». AHalOrHYHO ONpelenserca IOHATHE
OQKUAKOH MOBEPXHOCTHY»,

TeopeMa 0 coXxpaHeBMH LHPKYJIALWH YTBEPXHNaeT, 4YT0 Kaxcooil
3aMKHYMOL ocuOKOh AUHUL OMBEYAEm OnpeOeAeHHAS WUPKYAALUS.

3amernm, uro coraacHo ¢opmyre Crokcal) wmurerpan (6) samu-
cunaercg B BHAEe HHTerpala MO NOBEPXHOCTH S, OrpaHUYeHHOH KOH-
1ypom C:

SSEBsz-{—nBsz-{—CBxﬁy, ]
S

1) Cm., nanpumep, Puxtenroapu I M, OcHoBo mMaremard-
yeckoro aHaamsa, M., 1956, . 2, ra, 22, § 4.
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rue
ow ov ou Ow dv ou

e T e T e O

£E=
—— KOMIIOHEHTbI HEeKOTOpOro BeKTOopa @, Ha3nBaeMoro suxpem (pomo-
POXM) cKOpocmu WMIH NpoCTo suxpesm. Wurerpan (7) o6blyHO Npencra-

BJIAKT B BHIE
{{eas ()
S

rile Q,-— NpoeKlHUs BeKTopa € Ha HOPMalb K NOBEPXHOCTH, a dS - 3ne-
MeHT Nonianu noBepxHocTH S. OTCiona BUAHO, yTo HHTerpan (7) 3ajaer
8eAUYURY nomoKa BuUXpsl yepe3 NOBEepPXHOCTD, Teopema 0 COoXpaHeHHH
IHPKYIANHH CKOpPOCTH NEPEXOINT B TeOopeMY O COXDaHEHHH
NOTOKAa BUXPA: xaofcgoﬁ 02paHu4eHHON  FCulKOl nosepxrocmu
coomsememeyem OnpeGeseHRas 6eAUYUHG  NOMOKA  BUXPSL  4eped
amy nosepxnocms ).

llamxenne HHUAKOCTH C 3alaHHBIM NOIeM CKOpOCTeﬁ onpegensieTcs
ﬂHQ)Q)epCHuHaHbeIMPI YpaBHEeHHAMH

dx dy _ dz
’Zl‘t“'—u & x ¥ ), i =v(t, X, ¥, 2), dt =w(t, X, ¥, 2). (Y]

[lo oTHOWEHHIO K HHTErpaAbHbLIM KDHBWM CHCTeMbl (9) HHTerpain (5)
ABIsA€TCA HHTErpalbHbIM HHBAPHaHTOM.

TlocraBHM BONpOC, KakHe Ipyrue cHCTeMbl AHG(EpEHUHATbHBIX
ypaBHeHHil BHIAa

dx . dy - dz . dt
P(t,x, 32 Q@ x 32 RExy2 Ulxy 2

10)

Hapany ¢ cHcTeMmofi (9) o6ranaioT TeM ke CBOKCTBOM, T. €, JIA KaKHX
eiile CHCTeM HHTerpanz (5) ABIAETCA MHTerpalbHbIM HHBapHAaHTOM?

Hns Toro uTo6bl OTBETHUTh Ha 3TOT BONPOC, BBeleM Ha TpaeKkTo-
puax cucrembl (10) napaMeTp p. M NpHpaBHAeM, KaK 3TO [eJaJ10Ch B Npe-
Ibiyiiem naparpade, otHomenua (10) npou3seneHuo = (¢, X, y, 2) dp,
rie =w —NpOM3BOAbHAA (QYHKUHA. PaccMoTpHM Tpy6KY HHTerpann-
HHX KpuBHX cucTeMb (10) M oxBaTwBaomwu# 3Ty TpyOKy 3aMKHy-
1ot KOHTYp C, LI KOTOPOro p=Const=c. 3aMeTHM, YTO 3HayeHHe
HHTerpana (5) Booib koHTYpa C He 3aBMCHUT OT BEIMUHHbBI | =c,

O6o3navan Gykso#t d nuddepeHUHpOBaHHe MO [ H NPOBOMAA Te )Ke
paccykjeHud, 4To M Ha cTp. “119, Mb nouxyyHM, ONHpasc, Ha

1) Orciona, B YaCTHOCTH, Clel(yeT, YTO B JKHIKOM o6beMe Hiealb-
HOH JKMAKOCTM BHXDH He MOryT HHM HCYe3aTh, HH NOABIATLCA [eCIH,
KOHEYHO, CHAB HMeloT UHOTEHUMAI M HMMEET MCCTO COOTHOIIENHE

p=rs@l
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tdopmynsr (8):
0=d§u6x+vﬁy+w6z—£bt=

=§ dudx 4 dvdy 4 dwdz —dE ¥ —du dx —dv dy —dw dz

+aeq=§[_Cdy+ndz+(%‘;—+%€) dt]Bx—}—[*]By-}-

; ou dv Jw oE
4 [4] az+[—dﬁ——~ot—dx —F D— o dt]Bt,

rie xo3pduuuents npu dy u 3z noayvanics u3 kosbduurenta npu dx
HHKJINYECKOH IepeCTaHOBKOM.

3amenum dx, dy, dz, dt snameHarexsMu 1apoGelt (10), ymHo-
MeHHBIME Ha = (£, X, ¥, z)df. Tak xax npu n060M BhGope (yHKIHM
= (¢, x, ¥, Z) BHIpaxeHue, Crosulee MON 3HAKOM HHTErpaia, JOMKHO GhThb
noaHeM mud)depeHnranoM, TO OHO JNOIXHO TOXJIECIBEHHO PABHATHCA
Hynw. [TosToMY BbIpa¥eHHsd, CTOAIIHE B KBANPATHHIX CKOGKaX, paBHMH
Hymo (uocne 3aMeHn B HuX Iubpdepenunasos dx, dy, dz, d¢ nponop-
LIMOHAAbHBIME BeluyuHamu P, Q, R, U), T. e. uMeT MeCro paBeHCTBa:

w0+ (G + 5 =0
cp—ER+(%2—+‘3—f) v=0, )
(Q nP+(%‘tﬂ+%§-)U=ol

dv JoE

) () o (B + ) e
y

CootHomenue (12) ABnserca creicrBueM paseHcTs (11), ecmu Uz£0Q,
u paseHcts (11) u (1), ecan U=0.

Pasenctsa (11) cosmectHo ¢ ypasHeHusaMmu (10) onpegmensioT BCe
nuddepeniuanpable CHCTEMBI, 10 OTHOMIEHHIO K KOTOPHIM HHTerparn (5)
ABAAETCA HHTerpaibHhIM HHBapuanToM. Cpenun sTux cuctem Gylem
uckath Te, IAA kotopmx U=0, 1. e. d¢=0. Torna u3 (l11) Hatimem:

P_Q_P
ET T L
u cuctema (10) npumeTr BUL
dx d dz dt
= =r=T" (13)

Wnrerpanbygsie xpusble cuctemnl (13) HOCAT Ha3BaHUe GUXPeBb X
AURUL,

Taxkum o6pasoM, cucmema Ougdepenyuarbuox ypasHerud Bux-
pesulx  AUHUIL  sAéafemcs eduHcmBenHol  cucmemoil ¢ di==0, no
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OmHOWenu0 K Komopoid unmezpar (5) ABAAEMCS URMEZPA ADHBM
uHgapuanmonm ).
3 9TOTO MONOXKEHHA BHTEKaeT BayHOEe CIeACTBHE.
BosbMeM B mpocTpaucTBe (X, ¥, 2, £) UPOHU3BONbHYIO TPYOKY BHXpe-
BHX JTHHHA M [Ba OXBaThBalouiux ee konTypa C, u C, (puc. 34). B cuny
MHBADHAHTHOCTH MHTErpana (5) OTHOCUTeNbHO BUXPEBHIX NTHHHMA

uhx+vby+wbz—Ebt=§ubx—}—vby—{-—wbz—Ebt.
Ce

1
3amaguM nNpPOM3BOABHO BENHYHHY ©>0 M DepeMecTHM 106yio
TOYKY NpocTpaHcTBa (X, ¥, 2z, f) B Touky (x', ¥, 2/, t-r), rie x',
', @ — KOOpIHHATH B MOMEHT f-}- T TOH YaCTHUH XHIKOCTH, KOTOpas
B MOMEHT { HMena KOODAMHATH X, ¥, z. IIpM TakoM ciBure BIOAb
TPaeKTOPHH YaCTHL HKHAKOCTH BHXpEBhle TMHMH MepeHayT B HEKOTOpHE
HOBhle JTHHHH, KOTOpHE MH Ha30BeM <IepeMereHHBMH THHHAMH>. Bas-
Tas HaMH Tpy6Ka BHXPEBHIX JNHHHM
nepefifeT B TpYOKYy nepeMeileHHHX
auuni, a kKoHTYpel C; H Cy — B KOH-
1ypu Dy u D, (cMm. puc. 34)%). Tak
KaK CIBHUr OCYIIECTBAAACA [BMMKe-
HHEM UYaCTHLL XHIKOCTH, TO DpH
cuBure MHTerpan (5) He MeHseT

7, CBOEro 3HavCHHA:

=)k

HO TOTAa
=§. (14)

z Dy D2
Puc. 34. Moxno cuurate, yto D, H

D, — nBa NpPOM3BOJBHHIX KOHTYpa,
OXBaTHIBaIOILiNX TPYGKY nepeMeteHHulX AurMA. IloaTomy pasenctso (14)
BHIpaXaeT MHBAapDHaHTHOCTb MHTerpana (5) IO OTHONIEHHIO K <IepeMe-
eHHEIM JIHHHAM», [IpH 3ToM BJIOAb KawAOH NepeMemeHHOH JTHHMH,
Kak H BIoab BHXpeBol, df —0. CnegoBaTenbHO, epeMeleHHEIe THHUH
061afal0T TeMH CBO{ICTBaMM, KOTODHIMH, KaK OHIIO NOKAa3aHO paHee,
MOrYyT o6malaTh TOAbKO BHXpEBHE JAHHHM. 3HauMT, NepeMetleHHHe
JHHHM SBAAIOTCA BHXPEBLIMH IHHUAMH. Ilpn 3TOM BpeMs CMeweHHA T
ABASETCA NMPOH3BOAbHHIM. TakuM o6pasoM, n0Sas BUXpeBasd AMHHA NpH
IBHXKEHHM OOpa3ylomMX ee YaCTHI KMIKOCTH OCTaerci BCC BpeMs
BHXpEBOH.
Mu npHuaM kK Teopeme [eaAbMroabiia, KOTOPYIO MOMHO
cHOPMYAMpPOBATh H TaK: 8UXpPe8Ast AUHUSL ecmb HCUOKGS AUHUS.

1) Wnrerpaa (5) ABAseTCA MHTErpanbHHIM MHBapHaHTOM M 1as ApYy-
rux cHcTeM [HampuMep, mas cucteMH (9)], y kotopmix df=£0.

) PaccMaTpHBaeMbie 31eCb TPYOKH BHXDEBHIX TMHMI! pPacHONOXEHb!
B YeTHIPeXMEDHOM NpOCTpaHCTBe (X, ¥, 2, £), HO Ha pucC. 34 ocb £ He
n3o6paxcHa,
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TonyTHO MH MOAYYWIN, YTO C KamIOH BUXpeBOit TpyGKoit CBA3aHa
onpejieneHHas «HHTEHCHBHOCTbY, ONpejenseMasd HHTErpaioM

('S;ztbx—{-vby—{-wbz—Ebt. (15)
(4

Bennynna 91Ot . MUHTEHCHBHOCTH He MEHAETCS TNPH IBHXEHHUH
®uakocTH, Ecan 6ynem O6paTh TpYGKY BHXPEBHX JAHHHI JAS OJHOTO H
TOro ¥e MOMeHTa BpeMeHH ¢ (3¢ ==(), To HHTeHCHBHOCTb (15) mpencra-
BAAET COGOHt LHPKYIALHIO CKOPOCTH BIOAb KOHTypa C

5) uix +ovdy4wiz,

§ 20. OGo6meHHO-KOHCEPBATHBHbIE CHCTEMBI.
YpaBHeHus YuTTekepa. YpasHeHus Sko6u.
Ilpuanun Haumenbmero nelicTeus MomepTiou — Jlarpanxa

PaccmorpuM  06061IEHHO-KOHCEPBATHBHYIO  CACTEMY, T. €.
APOM3BOJLHYI0 (OHITb MOXET, W HEeHaTYPaJbHYI0) CHCTEMY, AJs
KoTopolt GyHKuUMs /H He 3aBHCHT $BHO OT BpemeHd. [Ias nee
nMeeT MecTo o000IeHHHt MHTEerpan sHepruu

H@gup)=nh. 1)

DTOT HHTErpas aHaJOTHYeH MHTErpajy COXPaHEHHsi HUMIYJbca
py==¢, KOTOpHH MHMeer MeCTO B cJayyae, Korja ¢, fBIseTcs
H
LAKJINYECKO# KOoOpAMHaTO#, T. e, korga — —=—0,

dq, :
Hcxons us aHazorun Mexay nepeMEeHHOR BpeMeHH f M HUK-

JANYECKOH KOOpAMHATOM, cjeayeT OXHUAATb, YTO C MNOMOUIBIO
MHTErpana sHepruM (1) ynacrcs NOHM3HTL MNOPAAOK CHCTEMBI
AndpepeHLnaTbHHX YPABHEHUH [BMKEHWS HA JBE eJMHHLHL

C oTo#t uenvio paccMorpuM 06HUYHOE (T. €. HEPACIUHPEHHOE)
2n-mepHoe (has0BOE INPOCTPAHCTBO, B KOTOPOM KOOPAMHATAaMH
TOUKH SIBJAIOTCH BEMWUMEH ¢;, p; (=1, ..., n). Ozpanutumcs
PaccHOMpPEeHIe M MOALKO mex mo4iex fa308020 npocmparcmsa,
KoopouHamu Komopu.x yodosaemeopsarom ypasuenuwo (1) ¢ purcu-
POBAHHBMM 3Ha4eHUeM nocmosnHol hy. Ilpyramn croBamn, Ml
OrpPaHHYMBAEMCS PACCMOTPEHHEM JIMILb TEX COCTOSHMH CHCTe-
MBI, KOTOPHM COOTBETCTBYET 3aAaHHAas BEJIMUHHE MOMHOH SHEprum

H=H(g%,p)) = hy
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Toraa oCHOBHOM HMHTerpaibHHMi HHBApHAHT [ MPEACTAaBHTCH

B BHIE n
1=§me, @)

i=1
NOCKOJBKY, B CHAy paBeHcTBa (1),

@HM:%@M:&

Teneps paspewmnm ypasHenve (1) OTHOCHTENBHO OZHOTO M3
UMIY1bCOB, Hanpumep p;:

p1=“—K((]1, ceos Gpy P25 <oy Pps ho), (3)
¥ MOJIyYEHHOE BEIDAXEHHE MOACTAaBUM BMECTO p; B uHTErpan (2);

TOrjaa n
]=(§[Z p]-qu——KBql]. “4)

j=2

Ho wnrerpansubi#f unBapuaHT (4) CHOBa MMeET Buj HMHTErpaja
Ilyankape — KapTana, ecau cuuTaTh, YTO OCHOBHEIME KOOPAMHATA-
MM B HMIY/IbCAMH SBJSIOTCS BeIMYuHM ¢; M p, (J==2, ..., n),
a nepeMeHHas ¢, WrpaeT poJb MEPEMEHHOH BPEMEHH (BMECTO
dyukuny F umeem dyskunio K). Tlostomy (cm. § 18) mBuxe-
u1e 0600MEHHO-KOHCEPBaTUBHOR CHCTEMBl JOJDKHO Y/A0BAETBOPSATD
creayomelt raMuIbTOHOBOR cHcTeMe audpepeHnua/bHbX ypaBHe-
Huit nopsaxa 2p — 2:

dq9; 9K  dpj 0K ) ) 5)

dql—opj, E— Oqj (j———- s svey M) (
OTH ypaBHeHHs OBIM MOJyYeHH YUTTEKEPOM M HOCSAT HA3BaHue
ypasuenuli Yummerepa.

IIpounTerprpoBas cucTeMy ypaBHeHMH YuTTexepa, MH Ha#h-
HeM BeJMYMHH ¢, ¥ p; (J==2, ..., n) Kak QyHKUMH OT nepe-
MEHHOH ¢y B 272-— 2 NpOMBBOJBHEIX MOCTOSHHBIX €y, ..., gy q}
KpOME TOro, WHTErpanbl ypaBHeHuit Yurrekepa 6yayt comep-
*aTb MPOM3BOJNBHYIO NMOCTOSIHHYIO Ay, T. € OYAYT MMETb BUI

qj =9y (ql: hO: Cly avns C‘Zn#i)» pPj= “P]' (ql! hO: Cly euny C‘Zn_‘z)
(=2 ...,n).. (6)

Tlocne storo, noacrasu Bripaxenue (6) B ¢opmyay (3), natt-
IEeM aHaJOrMyHOE BRIPAXEHHE JJIs

=% (91 hoy €1 vy Copo) (6)



§ 201 OBOBUEHHO-KOHCEPBATHBHHE CHCTEMBI 129

Takum oO6pasom onpegensioTcs BCEe TPaeKTOpuu B (PasoBOM
MPCCTPAlCTBE T. €. reCMETPUYECKas KapTHHA ABHKEHHS.
3aB''C''M CTb KOCPHMHAT OT BPEMEHH f MHl MOJYYMM U3 ypaB-

nerns 24 — o npu TOMOLLM KBaApPaTyphl
dt op;
d
t={ S5+ s @
op,

0H
Np¥ 3TOM B 4aCTHOH NPOU3BOAHOM TN BC€ MepeMeHHBle BHIpa-

XeHH uvepes g, C MOMOILBI PABEHCTB 1(6) u (6").

FamunpToHOBa cucreMa ypasHenuHt Yuttekepa (5) Moxer
OuTh 3aMeHeHa SKBUBAJEHTHOH CHCTEMOM ypaBuenn#t Tuma Jla-
rpaHxa:

d 0P 9P
———=—=0 =2, ..., n), 8
dq; 9q;  0g; U= & ®

rue q}:%?—, a dyuxuua P (ananor dyuxuun Jlarpauxa) cps-

1
3aHa ¢ dywkuouedt K (anasoroM ¢yuxuun amuabtoHa) pasen-
cTBOM 1)

n .
P=P(q vsos Gn Go» +-o» )= 2, 0;4i—K.  (9)
=2

O6paruM BHUMaHMe Ha To, 4TO cucreMa (8)- CONEPKHUT He n,
a n— 1 ypasueuu#t BTCpOro mopsaka. B nocaepued uwacte 3T0ro
COOTHOIWIEHNS WMIYJAbCH p; MOMKHH OHITH 3aMEHeHH HX Bblpa-
XEHUAMH uepes

s 4dqs ,_ dq,
"= dq,’ """ = dq, ’

KOTOpEIE MOTYT OBITh MOJYyueHH U3 NepBEX n— 1 ypasHenuit (5).
IlpecGpasyem Bripaxenue Oas ¢YHKUME P, wucxoms 43 pa-
BeHCTB (3) u (9):

n n
’ 1 , 1
P= ZP;“IJ“i‘Pl:q—-I‘ ZPiQiZT!-'L(L“i—H)- (10)

i=2 i==1

1) Cm. pasenctBo (8) Ha crp. 85.
8 @. P. TantMmaxep
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B cnyuyae HatypanbHOH#, T. e. 0GRUYHOH, KOHCEpPBaTHBHOH CH-
creMul L=7T—1I v H= T—|— II; caemoBarenbHo

P_q (L—|—H)_— (11)

NpUYEM KHUHETHYECKAd 3HEPrHs 7 Moxer ObTh 3alHCaHa B BHAE

1 . . ,
= f‘ 2 aik&iqk = ‘7?0(% vy Gus Gasen e q'l); (12)

i, hal
31eCh
n

r r 1 I 4 r 14
QGser G o o G)=75 D, andih  (gi=1). (13)
i, k=1
s pasencrs (1) n (12) Haxomum

=1/t=" 14
w=1"15 | (14
A TOJyyaeM A5 (QYHKUMH P CHELyIoulee BHIPaXEHHE:

p=2L — oy aHr—m) (15)
1
InddepeHunansHee ypasHeHus (8), B KOTOpHX (yHKuus P
umeer Bum (15) w KOTOpHE, TakuM OO6pa3oM, OTHOCATCA K Ha-
TYPaJbHHM, T. €. OOHYHHIM, KOHCEpBATHBHBIM CHCTEMAM, HOCAT
HaspaHue ypasHenu# $koGm!).
Wurerpupys ypapHenus §HxoOH, MB OHDEIENSEM BCE Tpaek-
TOPHH B KOOPAMHATHOM HPOCTPAHCTBE (4y,..., ¢n):

gj== @y (‘]1: h: Cy vvey CEn_-E)' (16)

"CB3b  KOODAMHAT C MNEPEMEHHOH BPEMEHH YCTaHaBJIMBAETCS
u3 coorHowenns (14) ¢ moMouwbio KBaipaTyph

t= S ]/-—ﬁ?aﬁ dqy + Cap1e 7

[Tepexomum Tenepe K YCTaHOBJIEHHIO NPHHHMNA HANMEHBIIErQ
ne#ictus  Moneprion — Jlarpanxa. Ilockonsky ypasuenns (8)

1) ItH ypaBHeHHWA OBIJH BHIBEIEHK HEMELKHM MaTeMaTHKOM
K. flko6n ¥ CofepkaTca B ero kmaccHuyeckux «JIeKnMAX no IMHaMHKe»,
m3naHHux B 1886 r. (pycckuft nepesox TOHTH, 1936). B ciyyae He-
HaTypanbHOK 06061 eRH0-KOHCEePBATHBHON cHCTeMh QyHkuua P, BXo1d-
man B ypaBHenHa flko6u, onpefeaserca Gopmyaoit (9).
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SRJASIOTCA ypaBHeHusMu Tuna JlarpaHxka, TO U3 HHX BHTEKaeT
BAPHALMOHHEH MPUHIKI, COrJIaCHO KOTOPOMY AJS NPSMOIO MyTH

3W# =0, (18)
raoe

W= { Pdg, (19)

— deficmesue no Jlaeparsicy. 38echb «IONyCKAOTCH K COPEBHO-
BaHUIO» BCE ABMKEHHs 0606- Ao
LIIEHHO-KOHCEPBATUBHON  cu-
CTEMBI, KOTODbie MEepEBOAAT
CHCTEMY M3 3aAdHHOTO HayaJb-
HOrO MOJIOKEHUd ¢} B 3amaH-
HOE KOHEYHOE MOJOXEHHE g}
(puc. 35). Ilpm sTOM MoO-
MEHTH BpEMEHH £y U f; HE
(UKCHpYIOTCA ¥ MpH  mepe-
X0le OT MpsMoro MNyTH K gz
OKOJIbHRIM  MOT'YT  Bapbupo-
BaThCs ). '

Buipaxas B unterpase (19)
dysxumio P ¢ momomwsio pa- 9: Puc. 35.
seHcrsa (10), HixoauMm c¢Bsian )
Meway jelcTeueM no Jlarpatxky W* u pedcreieM mo I'a-
MuabToHy W:

¢ I3

I3
W*=y(L+ H)dt—= S Ldt+h§dt=w+h(t,_ t). (20)

o fo 17

B cayuae o6piuHo#t (HaTypasbHOH) KOHCEPBATUBHOM CHCTEMBI
MOXHO BOCHOJIb30BaTbhCs BupaxeHuem (11) u npeacraButh aeicreue

;} Pasencrso (18) ycranaBimBaer, yTO IJs IPAMOrO MyTH NeHCTBHE
no arpamxz HMeeT cralMoBApHOE 3HayeHHE. Bompoc 0 TOoM, Korma
nefictene W* gmeer 1A npsaMoro nyTH HaHMeHbliee 3HayeHHe, pe-
IAeTCA C MpUBJiEeYEHUEM KHHETHYECHHX (OKYCOB COBEpIEHHO TaK Xe,
kdk W fiis npunuand Tamuibiodd. Bonee niofipobic 06 stom cm. Cy-
cxos [, K., Teopetnueckan Mmexatinxa, § 24&.J

5'
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no Jlarpawxky B BHIe

fH H N N 5
W* =2 S Tdt_——_S Y mprat=Y Sm;avdsv. @1)
fo fo v=1 v=!53

Ho npn stom yxe uMeercs B BHAY, UTO «K COPEBHOBAHHIO» JO-
MyCKAlTCa TOABKO T ABHIKEHHS CHCTEMB!, [IPH KOTOPHIX MMOJHAsA
SHEPrus CHCTEMbl MMEET OJHO H TO e 3HaueHue K (M303Hepre-
THYHOCTB!).

Tonyuennoe Bolpamenne ans W* noxassiBaet, 4To Oeficmaue
no Jlazpanscy W* pagno paGome sexmopos xoauwecms o8u-
JCEHUN MOUeK CUCMEMbl NQA COOMBEMCMEYIOUEM nepemelie-
HUU cucmenol.

Bapuaunonnntft npuunmn (18) wHocut HasBaHue mpuxyuna
naumenvuezo oeiicmsun Monepmiou — Jlaepansca V).

B xayecTBe NpHMepa pPacCMOTPHM CpaBHeHHe ONTHYECKOIO INpPHH-
uuma Pepma C NPUHUMNOM HaHMeHhUlero AeicTBHa Moneprion — Jla-
rpasxa %),

CornacHo npuHuuny PepMa CBET B HEOJHOPOJHOi Cpele PaCnpo-
CTpaHsAeTCA Tak, YTOOH BpeMs Nnpo6era

s

ds
t = S o (22)
So

6RO MHHEMARBHEIM,
Beeas B kawJo#l Touke cpein Ko3ddHUHEHT NperoMreHHs n=2L
o

- OTHOILEHHE CKOPOCTH CBeTa ¢ B NYCTOTE K CKOPOCTH U B AaHHoft
cpepe,— MH npeo6pa3yeM 3Ty (OpPMYay K BHAY

16
t——‘—Snds,
c
So

rae n— GynxkuMa ToukH cpexas. [lostomy npuauun Pepma 3anmuumerca
TaK:

S
3 S n ds =0, 23)
So

!) Briepsble B HECKOTbKO TYMaHHOH (GOpPMYTHPOBKe STOT NPHHUMN
6un chopmysnposan Moneprion B 1747 r. CTporan QopMymHpoBKa H
060CHOBaHHME NPHHUHNA 6haM Aanu Jlarpamxem B 1760 r,

2) Cm,, Hampumep, Po3e H, B, Jlekuum mo aHaamTHueckoll me-
xanuke, u, 1, Jl, 1938, crp. 93—94,
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C npyroH CcTOpOHBI, NNl OXHOH MaTepHANbHOH TOUKH C Maccoit m
npuHuUMnD MonepTion — Jlarpanxa paetr (HOCKOabKY Y, mv® +I=h)

s 8
uSmudszVﬁ aSVz'(}i_n)' ds =0, 24)
8o 8o
TpaekTopHa CBETOBOTO Nyya COBMAjAaeT C TPAaeKTOPHeH MaTepHalb-
HOH ToukH, ecad [CM. dopmynn (23) u (24)]
M=h—o nf, (25)

Ecan npumaTth, 4TO BOIH3H MOBEPXHOCTH 3eMJaH NOKazaTenb mpe-
IOMIEHHA n y6uBaeT KaK JNHHeHHas (YHKUHA BBICOTH 2

n:no(l_k;i>, (26)

rne H—Boicota atMocdepn, To, HmpeHeGperass MajibIMH YJeHaMH HO-
2

-4
pAnKa (—) MOXXHO HaIlMCaTb

H )
1 2
H=h—?n3(l—2kﬁ>=c+gz, @n
rne
c=h—pni, e="1, (28)

dopmyna (27) ompeneaseT NOTEHHMAN CHIB TAXKECTH BOIH3H
MOBEPXHOCTH 3€MIH C BHIOH3MEHEHHBIM 3HaUEHHEM g.

IlosToMy ecau mnoKasaTenb NPeJOMIEHHA n YKa3aHHHM 06pa3om
M3MEHAETCA C BHICOTOff, TO CBeT paCHpoCTpaHsAeTcA mo mapa6oxe
C BepPTHKaNbHOH OCBIO.

§ 21. JBukenus no MHepUHH.
Ces3b ¢ reofe3ndecKuMu JHHUAMH NPH NPOU3BOJLHOM
NBHKEHHH KOHCEpBATHBHON cHCTeMBI

H)’CTb JaHa MNOpOH3BOJbHAsA CKJIEPOHOMHAaA CHCTEMa; ee KHHeTHYe-

CKasd 3HEprua paBHa
. n

1 s
I=+ Z 9k o - s 9n) G M
i, k=1
Bpenem MeTpHKY B KOOPAHHATHOM NpPOCTPAHCTBE (g, ..., Gn),

OMpefenHB KBajpaT JUIMHE JyrH ds® ¢ MOMOMIbIO NOJOKHTENbHO OINpe-
IeNeHHO KBanpaTHUHOW aupdepeHuHanbHON GopMbI

n

ds? = Z 1 a1 (qu v 5 gn) dg; dqy, @
i k=
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Torma BenmymHa Ayr# KpHBOH, COelMHAGIEN NBE TOYKH KOOPHHHATHOrO
npocTpaHcTBa (g7) ¥ (¢,), ONPENEAUTCH PABEHCTBOM

(q3) (g9 i -
s§= S ds = S l/ 3 aindqidgy. @)
@ @Y =

Conocrasasa dopmyan (1) H (2), HalineM, 4TO NpH HBHKEHHH CH-
CTEMEI

=5 o

T. e, UTO KuHemudeckdst snep2ufl cucimembi [tipn Merpuxe (2)] dcezdd
cosnadaem ¢ Kunemudeckol nepauell u306pascaoueii moiKy 8 n-mep-
HOM KOOpOUHAmMHOM npocmpaicmee, ‘ecAll amoii mouxe npunucams
Maccy m=1,

PaccMOTPHM Tenep» JBHXEHHe CHCTeMH no HHepuud (II=0),
Torpa Bce BO3MOMHBIE NPH TaKOM [BHKEHHH TPaeXTOPHH H306paxaio-
nied TOYKH HOCAT HasBaHHe 2eo0e3uyeckiix Aunili {no oTHomeHHio
K Merpuke (2)]. M3 uHTerpana sHeprum

T=nh,

cornacHo dopmyne (4), cienyer, 4to
ds 5%
F7an V2, ®)

T. . HBYRBHHID TO HHepnMd (4 Takie JOOOMY HBH¥EHHIO C HOCTOsH-
HuM 3HdYeHHeM h KUHETHYECKO#i SHEPruM) COOTBETCTBYeT B koopin-
HaTHOM NPOCTPaHCTBE (¢, ..., §n) PABHOMEPHOE REMMEHHE H3OGPHKAI0-
ntell Toyku co cxopocthio V 2h.

B COOTBETCTBHH C NPHHUHNOM HaUMeHbHIEro AeHCTBHA reofesmye-
CKHE IMHHM SIBJIAIOTCA SKCTpeMaiaMH ) papuanuoHHoff 3amaym

B+ =0, ®)

rae W# - neficrsre no Jlarpanxky. Ho B paccmatpuBaeMoM cayyaé xax
Las MPAMOro, TaK M A OKOJLHOIO NYTH MMEET MECTO MHTerpan sHep-
run T=1h C QHKCHpPOBaHHHIM 3HaUEHHEM A NMOITOMY

t
W*=1§2Tdt=2h(t~—'to)= V 2hs, U
0
rie =) )é?i {t—t,) —tiHHa kPHHOM B KOODHMHATHOM TpoCipaHCise
(91 +++ 5 Gn)

!) To ecth xpusiM, Aas koTOpHx W#* HMmeer tTangMoHapHoe 3Ha-
Yyerue,
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Bapuaumnonnan sapava (6) npuHMMaer BHI

(%) n
bs=12 | Z i, dq;dq, =0. ®)
(«}g) i k=1

Takum o6pasoM, 2eofesutecKas AUHUS XAPAKMEpU3YemCcs meM,
umo Oauna Oyea smoll Kpusoil umeem 3KcmpeManbroe (mounee,
CMAYUONApHOe) 3HAYERUEe NO CPABHeHW0 ¢ Oyeamu Opyeux Kpuswx,
umeowuMu ¢ 2eo0eaudeckoii 00Wu u me xce xkonywt) (cm. puc, 35
Ha cTp. 131).

B cnyuae, korna aas npaAMoro myTH JfeicTBHe mo Jlarpasxy mMeer
MHHMMYM, JIHHa JYIH reole3HYeeKoi MeHblle NIHHB M1060H Ipyroi
KPUBOH, CoelMHAIOmER Te Xe TOYKH, YTO H JLyra Ifeole3uyecKol.

[logToMy reomesnueckde JTHHHH HA3BIBAIOICA TRAKNKE Kpemuqliuumu
AUNHURMI B IPOCTPAHCTBE.

PaccMOTpUM Tenepb KOHCEPBATHBHYIO CHCTEMY, T. e, CKIEPOHOM-
HYI0 CHCTeMY C He 3aBHCAuled fABHO OT { NOTEHHHManbHOH 3Heprueit
II=X(qy, ..., qgn). Torna, cornacio ¢opmynam (15) u (19) npenmny-
mmero naparpadga,

9; n
\V G(h—T)dg,=2 S l/(h'—ﬂ) 2 a;,dq;dqy, ©
g

i k=1

W*=2

q

Ly D

)

[TosToMy nBHXEHHE KOHCEPBATHBHOH CHCTEMH C JaHHBIM BHAYEHHCM
nogHoH SHepruM h oCymeCcTBAAETCA B KOOPAHHATHOM NPOCTPAHCTBE
BAOAb SKCTPEManH BapHalMOHHOM 3ajlaud (C 3aKPENACHHLIMH KOHLLAMH)

(99) =
vV e— X andgiag=o (10
(q(; | i k=1

Conocrasaaa ¢opmyay (10) ¢ dopmynoit (8), 3akmouaem, uto Oas
KOHCepBamMUsHOL cucmems mpaeKmopuu RpaMmx nymell s18450mcs
2000e3udecKUMU  AUNUAMU 8 KOOPOUHAMHOM NPOCMPANCMSE ¢ Memi-
puxot

n
dsi=(h—T) 3 ay,dg;dqp an
k=1

) 3To BCerna HMeeT MeCTO, KOrAa KOHUE AYrH eOfe3nyecKoit
JOCTaTOYHO GAH3KH.
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§ 22. YHuBepcaabHbit uHTerpanasHbiii uHBapuaHt Ilyankape.
Teopema Jlu Xya-uxyHa

n
PaccMoTpuM Tenepb HHTerpan 1:§ [ > p:dq; — H3t] Bnoas
=1

KOHTYypa C, COCTOAILEr0 M3 OZHOBPEMEHHHX COCTOSHHE CHCTEMBI.
TakO# KOHTYp noaydaercs, ecam TPYOKy mnpsMelx myrtelt (cm.
puc. 33 Ha c1p. 116) pacceup rumepnaockoctbio ¢ =— const. Iaq
TAKOro KOHTypa 3t==0 ¥u OCHOBHOM HHTErpa/bHE} HHBAPHAHT
NPUHUMaeT BHUL

11_§ 2 plaql' (1)

DtoT uHTerpaa 6w BhnepBhle BBemeH Ilyankape. [Toawe Kap-
TaH pPACOPOCTPAHAA 5STOT HHTErpaJ M Ha KOHTYPHL, COCTOSILIME
M3 HEOJHOBPEMEHHBIX CO-

AP CTOSIHMY, BBeOs MONOJHH-
TeabHoe caaraeMoe — 3t

\ WHterpanpHelt  uHBa-
puant Ilyankape I; ke

MeHsieT CBOEro 3HaueHHs,

ecm KoHTyp C cMelnaercs

D BAOMb  TPYOKH  HPSMEIX
- nyTed, nepexoigs B KOH-
o 1yp C’, cocTosiuit cHoBa

M3 OJHOBPEMEHHHX COCTOA-
Huit. Muterpan I; ymoGHo

9: paccMaTpuBaTh B OCHIUHOM
Puc. 36. (HepaclunpeHHOM) 2n-mep-

HOM (pa30BOM HPOCTpPaH-

ctBe (¢y, Py» ---» Gn Pn) B 3TOM npocTpancTBe KOHTypam C

u C (puc. 33) cooTBercrByoT KOHTYpH D u ), oxBaThiBawine
TPYOKY <«IIPSMBLXS Tpaemopnn (puc. 36)- OpH 3TOM

§ 2 Pi 3(11— 2 Pi 3(1,~
i=1 ri=1
3ameTuM, yTO OAMH U3 KOHTYpoB D u D', Hanpumep D, MOXHO
BHGpaTh COBEPIIEHHO NPOH3BOJBHO. MOXMHO CuMTaTh, YTO TOUKH
KOHTYpa D dBASIOTCS Pa3NHUHBIMH COCTOSHMSIMH CHCTEMBl B OJMH
1 TOT e MOMEHT BPeMeHH f; TOrjJa COOTBETCTBYIOIINE COCTOSHMS
CHCTEMBL B MOMEHT BpEMeHH ¢ COCTaBsT KOHTYD D'
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Bmecto ¢asoBoro mnpoCTpaHCTBA PACCMOTPUM OTAEABHO 7
¢asoBrix maockocred (g;, p) (=1, ..., n). Cnpoexrapyem
TIPOM3BOJBbHBIH 3aMKHYTHH KOHTYp D), pacnosoxeHHBIH B (asoBOM
TPOCTPAHCTIBE, Ha 3TH MAOCKOCTH (puc. 37). [Toayunm koHTYpH D;
(=1, ..., n). Torma mas mobGoro i

&Pi 3‘1i=§l’i 8; == S, (2
D b,

rae §; — naomags oBaacTd, orpaHHuEHHOH KOHTYpoM D); B mJo-
ckoctu (g p) ((==1, ..., n). Hanpasaenue o6xoma xourypa D
MHIYUUDYeT HamnpaejeHue oOxoma Ha mpo-
exunn D;. B dopmyne (2) nepen S; Gepercs b
3HaK MJMOC, ecau KoHTyp [ onom&rcx no
yacoBo# crpeake (T. e B HamnpaBaeHUH KPaT-
yaiiliero mMoBOPOTa OCH p; K OCH ¢;), ¥ BHAK
MHHYC — B TIPOTHBHOM CJayYae.
Toraa

11——§ Z pidq; = Z 8. () %

i=1 i=1 Puc. 37.

Dy

Takum 06pasoM, MpH IBMXEHHH CHCTEMH MEHFIOTCH KOHTYpH D
v Dy, usmeHmoTcs ¥ maomaan S; HO aszefpauieckas cymma
(3) amux naowadeil ocmaemcess HEU3MEHHOL. DTO U €CTh reoMe-
TpUYECKas MHTEpNperalns HHBAPHEHTHOCTH WHTErpana IlyaH-
Kape.

B Bhipaxenue aas [, He Bxomur H. CremoBarenbHo, HHTe-
rpax IlyaHkape [, sBifeTcs MHBAPHAHTOM aJd MOGOH [aMHUABTO-
HoBo# cucreMmsl. [TostoMy uHTerpan I, HaseIBaeTcs yHUBEPcQAb-
HOM UHMEPANGHBM UHBAPUAHNIOM.

HerpynHo noxasaTh ¥ cAedylomiee MOJIOKEHHeE.

Ecau 0as newomopoii cucmemsl ougdhepenyuarsnsx ypas-
Henuil

d; di .
D=t qo P G=Pitqup) (=1,...,0 @&

unmezpar Iy asagemcs unsapuawmom, mo cucmema (4)
s8AsTemcs 2aMUAbMOHOBOI],
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JeficisrTeabHd, B 3TOM ciayuae

o—~h—§2 P 3141y 53 89:) =

i=1

=§ 3 (Bt ) =§ 3 (00— 2m) =

i=1

—§2mm Qo).

=1

Orcroma craegyer, 4TO BHpaeHHe, CTOAIIEE NOA 3HAKOM HHTeE-
rpana, SIBASETCd MOJHHM BHPTYaAbHHEM AuddepeHnanoM Heko-
TOpoit GyHKuME — H(E, ¢, pp) )

n
Z (P;dg; — Q; ¥p) = —3H(, g P,

i=1

Qi=g'll,'-—li: Pi=_g_2f =1, ..., ﬂ),
yro U Tpe6OoBaAOCL OOKAa3aTh.

O1mernm ewme cienywinve TepMuHs:: nHTerpan IlyaHkape —
Kaprawa | u nuterpan Ilyankape Iy HasWBAIOTCE OmHOCUmMers-
MbLMIL UHTETPAJbHBIMH HMHBADUAHTAMH NEPBOro mopsiaxa. TepmuH
«OTHOCHUTENbHE > O3HAYaeT, YTO 06MaCTH HHTEr PUPOBAHUA NPEA-
craBaser COOOH BaMKHYTHH KOHTYD; NEpPBHH MODAMOK O3HAYEET,
YTO B BHIpaXEHHUE, CTOsIIEEe MON 3HAKOM MHTErpama, audipepen-
npans  BXOAST JuHelHO. 3amMeTuM, YTO OTHOCHTeJbHHH uWHTe-
rpajJbHHY WHBAPHAHT NEPBOrd Hopsaka [ mpu nomownn dopMyin
Croxkca Moxer OHTb OpPEACTaBJeH B Bufe aGCOMOTHOrO HHTE-
rpajbHOr0 MHBapHdHTd BTOPOro HOPSAKA

‘ 1.0
;&»'21 Aba= SSS ; (%ik gAi)?’ REN ®)
P= 12

Y 3nech 8H= Z < ‘+0p 5.0;)-
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rie WHTErpaa B NpapoHl 4acTu OEpercs No NMOBEPXHOCTH §, orpa-
HUYEHHOH SaMKHYTHM KQHTypoMm I
2Ta dopMyAa B NPUMEHEHHH K HMHTErpany J; naer

=] S

i=1
WssecTHo, yTo B (a30BOM 27-MEPHOM NPOCTPAHCTBE CYL(ECTBYIOT
clenylole YHHBepCalbHble OTHOCHTENbHbie HHTErpajbHbie HHBapPHAaHTH
Iyp_; HeyeTHBIX NOPAIKOB M AGCOMOTHHIE MHTErPadbHHe HHBAPHAHTH Jgp
YeTHbIX NOPAIKOB,

1,?§2Pi ¥ =Jy= S S pribqi'
13=¢@2P1 bq; bpp dqp=J, = S S S prx 3qi 39, 3q,

........................................

Isn_ l=@zpq by -« ¥py, ¥y, =
=Jy= S pru bqq . bpt,, bqi,,

B 1947 r. kutafickult yyennt Jlu Xya-uxyH 10kasan eIHHCTBEHHOCTh
STHX YHHBEPCalbHHX HHTErpaibHHX HHBapHaHTpB. OH nokasan, 4uToO
BCAKHH HPYrof yHHBEpPCadbHHIH MHTErpaibHHA HHBAPHAHT OTAHYAETCA
MOCTOAHHBIM MHQXHMTEIEM OT OJHOIO M3 HepPeyHCleHHBIX MHTEerpanos ),

HaM B mamueftmiem nonamo6utcs TeopeMma Jin Xya-uxyHa s
UHTEr PaJbHOrO HHBAPHAHTA NEPBOrO NOPAAKA; MOITOMY Mu op-
MyJMDYEM 3Ty TEOPEMY OJ4 MPOHM3BOJLHOTO N ¥ JOKameM ee AJA
n=1.

Teopema Jinu Xya-uxyna Ecau

r==§ 2 4, g P41 +Bit n POW

i=1
-—_ _‘VﬂllBepca./lbﬂbtu OMHOCUMENbHBLY unmeapa/tbnbu‘i unsa-
puanm, mo ,
I'= 6‘11, (6)

20e ¢ — nocmosxnan, a I, — unmeapaa [Ilyanxape.
HokasarteabctBo. Hycm

1'=§A(t, g P)3+B¢ ¢ p) ¥

) Hwa-Chung Lee, Invariants of Hamilton systems and appli-
cations to the theory of canomcal transformations, Proc. Roy. Sp
Bdinbourgh, ser. A, v. LXII, 1947, p. 237247,
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— YHUBEpCaJbHHME WHTErpajbHel? uHBapuaut. HHTerpupoBaune
BEIETCs1 MO 3aMKHYTOMY KOHTYpY B (asoBOH NJAOCKOCTH (¢, p).
Ilycts, nanee, naua kakas-am6o raMuibTOHOBA CHCTEMA AUGepeH-
UnaJbHHX ypasHeHHH ¢ QyHxuuett H(t, g, p):

dg __J0H dp _ 0H
dat T 9dp daT T og° M

Obmee penteHue 3TOH CHCTEMBI UMEET BHJ
g=q @, qp ), P=pP({ gy Po) (8)

L€ gy Py — Haya/bHRIE 3HAYCHUA ¢, p NpU f=={
Iycte
q=q,(®), p==p,(@) ®
OD=<e<i ¢,0)=¢, (), py0)=p, ()]

— YpaBHEHHs 3aMKHYTOrO KOHTypa [ B ¢a30BOH NJIOCKOCTH

(puc. 38). Touku, xoropee B MOMeHT t==1t, HaXOmW/JHCb Ha

KOHTYpe [D,, B NPOU3BOJBHBIH apyrou

MOMEHT BpeMeHu ¢ olpa3yioT Kouwtyp D.

4 p Ilapamerpuueckne ypaBHEHHA 3TOrO KOH-

D typa noayuaiorcs us pasemcrs (8), ecam

Tyaa BMECTO g, W p, NOJCTaBUTh UX BbIPa-
xenuns (9). Cuenas 3710, nmoJyynm:

Dy q=q(t,a), p=p(t a) O<a<).

(10

0 Ioxacraasa sTe QYHKUMA BMECTO ¢

Puc. 88. du p B uurerpan [', Ma noayuum I’ xax
¢yukuuio napamerpa f. Ws uxBapmaur-

Hoctu I caenyer, 4ro fidl =0. HuddepeHunpys nos 3sHakoM

MHTErpana M HMHTErpUpys mo uactsm '), Haxoxum
dr dA dB d d
0=%=8% b+ % Sp—{—AaTtSq—{—Bt—ﬁBp_—:

_<§ Yag By il p

1y Cu. npumeyanne 1 x crp. 119. B npouecce npeo6pasopanuis Mu

A
BA=_"13 — B = — b — -
nonaraem 34 a7 g+ o p, B % q -} dpﬁp K 3aTeM HUCHOb

ayem ypassgnua (7).
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dA ,dq | dB dp __
=§Ew—mﬁ+ﬁw_wﬁ_
- 6A dB\dp , 90A
=§[(5—5%) % +% |+

ap dql ‘
=54+ 8]0

op
0H | 0A 0H | 0B
=§(— 25+ 5) 0+~ 20 +5) w
rae .
__0A 0B
=% g

Tlocennu#t mHTerpan paeeH Hymo npu moGoM SHAaYeHHH Ie-
peMeHHOH f, paccMaTpHBaeMoif KaK MapaMeTp, ¥ MpH MPOM3BOJb-
HOM KOHType nHTerpmposaHus. ITosTomy BripameHue, crosuiee
MOJ 3HAKOM WHTErpasa, AOMKHO OHTh MOJHBIM AuddpepeHimanom
OTHOCHTE/BHO nepemennuix g u p. OTcona

0 oH 0A d oH oB
2t =g (2% %)
WM MOC/E 3/MEMEHTAPHHX MpeoGpasoBaHui
0Z oH 0Z 0H 0z
~a % Tag p T

Tax xax ¢yHxumio f7 MOXKHO BHIOPAaTh COBEPUIEHHO MPOU3-
BOJIbHO, TO

0z_oz_oz_
Op ™ odq ot
T. €
Zzgf—gi;:const:c.
Torma
d(A—cp) OB
op ~ 0q

¥, ciegoBaTensHo, cymectsyer dynkuus D (£, ¢, p). Takas, ytol)

oD b,
(A—cp)Sq—[—-BSp__% d¢q —[—-58;7__ 3.

1) 3nmech Bpema ¢ paccmarpusaerca Kak mapamerp.
p p p p p
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Ho Ttorama
Adq - Bdp=cpdqg} 30

I'=§A3q—|—B dp=c¢ §p8q=cll,

uyr0 u TpeGoBaAOCh DOKa3aTh.
IIpu n>>1 uped NOKasaTeNbCTBA COXPAHAETCH, XOTA CaMoO
IOKasaTeabCTBO CTAHOBHTCA 0oJiee C/OKHHIM.

H NOTOMY

§ 23. UaBapuanTHOCTHL 06beMa B (Ha30BOM MPOCTPAHCTEE.
Teopema JlnyBuaan

PaccmorpuM «noJHEH» aBco/MOTHHE HHTErpajbHHH UHBaPHAHT

J=S---Sap13q1---5p,.3qn- 0]
MIHBapHaHTHOCTb 3TOr0 HHTErpaja O3HAYAET MHBAPHAHTHOCTD
¢dasoporo ob6pemMa B 2n-MEPHOM (pa30BOM MNPOCTPAHCTBE M yCTa-
HaBJWBaerca ciegylomuM o6pasom ).
3anumieM KOHEYHHIE YPaBHEHHA IBHIKECHHSA, MOJyYaloUiHECH
NOCJE  MHTErPHPOBaHHS YpPaBHeHHH [aMHJABTOHA, B CAELYIOMIEM
Buge: ) :

=g qb pB), pi=pit g Ph)  (=1,....,n, (2
rae g¢h, ph— HauaMbHEE BHIUEHHA ¢y, P, NpH ==t (=1, ...
vies )

BuiGepeM B (a30BOM NpPOCTPaHCTBE HEKOTOpHH ofbem J,
NpUMEM KauAylo TOUKY M3 3Toro o0beM3 3a HayaiabHylo (npH
=t,). Toraa mnpeoGpasosanne (2) K MOMEHTYy BpeMeHH [
nepesogutr obrem Jy B o6neM J. Ilpu arom

g=\ ... (rogtem . agnns, 3)

[]
roe

’

I= a(ql) Pn cee s qm Pn)
0(q3 pY -y 3 PR)

1) B panbHeitmieM (cM. § 31) MHBapHaHTHOCTb ()a30BOro o6neMa
6yneT ycraHOBIEHa, UCXOAA W3 OGLMX CBOWCTB ABHXKEHHA TaMHIbTOHO-
BHIX' CHCTEM.
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T. e. I aBasteTci AKOGWAHOM, COCTAaBJAEHHHM W3 YACTHRIX MpPOM3-
BOJHHX OT g, p; N0 HavaJbHHM AaHHEM ¢f, pi (i, j=1,..., n).
Bes Hapyuwienuss OGIIHOCTH, MBI MOMEM CUMTaTh, YTO AKOGWEH,
CTOAWMR B paBeHCTBE (3) MO 3HAKOM HHTErpaJa, MOJOXHTEJeEH,
H ONyCTHTh 3HAK &6COMOTHOH BENMUHMHHL

Ilpu t=t, s10T aKOGHaH paBeH 1, MOCKO/JbKY HpH 3TOM
3HaueHun t BCe g,=—g¢qk 4 p,—pi. Ipu usmenennn t axoGuan
M3MEHAETCA HENMpPEPRIBHO, HE 00pamasce B HyJb, TAK KaK 0COOHe
TOYKH, B KOTOPHIX 3TOT sKOGMaH MOr Gbl O6GpaTHTHCA B HYyJIb,
HCK/IIOYAIOTCA M3 PACCMOTPEHHd, T. €. MPEeANoJaraercs, 4To B pac-
cmaTpuBaeMoM oObeMe T&KUX TOueK Her. Toraa skoOHaH moJo-
KuTEdeH B 3TOM o6nemel).

Huddepennupys no ¢ moa 3HaKOM HHTErpasa, MmoJydyaem:

ary dl
(2?),_,0_ S S ‘}j} ieio 8¢13py ... ¥q,8p,.
e

Jo

IMopcuntaem npoussopHyo OT AKoGuana [:
2n

a
T o= 2 | il

=1

rae I; — onpenemutens, nomyyaeMsit u3 akoGuaHa mudipepenna-
poBanuéM i-# CTpokH. YuuTHBdSl Temeps, uTo

i || —|] —
1° npr 134§ 5&4{ |8 HO_O,
0| _lop| _
2° mpu moBom I 3;7:? W B.Ei?— ’HO_O,
3° npu mobom i gg—;,ttz S—Z-:;;Itzl,
=£0 =0
HaXOXHM:
7]
lIilt=lo:l3%f§'tt g =1, ..., n
=L0
H
9
| Ji |ty == 3%” s i=n-1,..., 2n
=L0

1) B moxasateancrBe Ha cTp. 185—186, YHOMAHYTOM B NPEABLIAYIUIEM
npUMeyaHud, He Tpefyercs - KaKUX-IN60 NPEINONOXeHHH 06 0COBHX
TOYKAX,
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[O3TOMY
2n

RS IV T P 1

i=1

l"_

|
M=

[o OH, 0 dHo]

1 dq° dpi dp“ 9q}

~

[ 0%H, 9°H, ]_
0q}0p? ~ Oploqr | T

[
M=

-

dJ
Taxum o6pa3om, (~— =—0. Tak Kak HauyaJbHBIl MOMEHT £

dt>t=to
MOKHO BHRIOpaTh COBEPIUEHHO MPOM3BOJIBHO, TO AJs Joboro ¢

dJ
=0 *)

T. € BeauuuHa (asoBoro oObeMa J He W3MEHAETCH NMpH CABUre
TOYEK 3TOro o0beMa M3 COCTOfHMH, 3aHUMaeMHX B MOMEHT Bpe-
MeHH ¢, B COCTOAHUf, 3aHUMaeMHle B ITPOU3BOJILHHIR Apyro#
MOMEHT BpeMeHH f. )

W3 uHBapuaHTHOCTH ¢ha3oBoro o6GbeMa BHITEKAET OfHA W3
OCHOBHBIX TEOPEM CTaTHCTHYECKOH MEXaHUKH — TeopeMa JIuyBuuis.

Ipencrapum cebe, uTO HMeeTCs OueHb GOJIBLIOE YACIO COBEp-
IIEHHO OJIMHAKOBHIX «3K3EMIIIAPOB» CHCTEMH, OT/IHYAOIINXCS APYT
OT JApyra TOJBKO HayaJbHHIMH CcocrosHusMu ¢f, pi(i=1, ...
..+, n). Bce 3T «3kzeMmaspH» 06pasylor cmamucmuteckud
QHCAMONS.

Ilpumepom cratucTHuecKOro aHcambsi SIBJISETCS COBOKYITHOCTD
MOJIEKYJI ra3a, HAXOMAIIErocs B JaHHOM oGbeMe.

Kaxpomy »ssnementy o6vema dV (a3oBoro mpocTpaHcTsa
MOXHO OTHECTH «MacCy» dp, XapaKTE€pHU3YIONLYIO - KOJHYECTBO
«IK3EMIVISPOB», NMPUXOAAMINXCA HAa NaHHHH 371eMeHT 06beMa d V.
B cuny nokasaHHOH wHBapuaHTHOCTH oObeMa B (Da30BOM IpoO-
CTpaHcTBE BeAnunHa dV He MeHAeTcs ¢ TeueHnmeM BpeMeHH. o
CBOEMY (bU3NYECKOMY CMBICAY HE W3MEHAETCS W BeAnunHa dp,
TaK KAaK 3K3eMIVIApHl, Haxo#uBlunecs B o6beme dV B Kako#-To
MOMEHT BpeMeHd, OYLyT MepeMeiiaThcsi BMECTE ¢ 3THM OGBEMOM.
ITosTOMy mpu ABMXEHHH OCTA€TCHS HEU3MEHHOH IJIOTHOCTh CTATH-
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CTHYECKOro aHcaMb.s

dj
ot 1 PY=17, 6
T. e
g .
% —o. ©)

B paseepuyToM Buae paseHCTBO (6) MOxeT OHITb 3amHCaHO
Tak (cM. § 18):

% 1+ H)=0, ®)

rze (p H) — ckobku Ilyaccona. CoraacHo paseHcTBY (6) (yHk-
uus p(f, q; p;) SBASETCS UHTErPANOM ABUMKKEHHUS.

-TakumM oOpazom, HaMu [OKa3""~ clefylomas TeopeMa.

Teopewma JluyBuana I  nrocms cmamucmusecko2o
AHCaMOAST 8C€20a ABASLEMCH UHMEPANOM OBUNCEHUA.

Tak, nanpuMep, Ans KOHCEPBaTUBHOM cucTeMh mobas (yHk-
s OT 3JHEPTrUM CHUCTEMBl MOXET CJAYKUTb IMIOTHOCTBIO CTATH-
CTHYECKOrO aHcamb6as.



F'JTIABA IV

KAHOHWYECKUE NIPEOBPA30OBAHUA
H YPABHEHHWE I'AMHUJIbTOHA — IKOBH

§ 24. Kanonuueckue npeoGpasosanns

[Ipeo6GpasoBaHue KOOpAWHAT B 2n-MepHOM (DasOBOM mpo-
crpancTBe (comepxamee B OOEM Cyyae EPEMEHHYI0 BPEMEHH ¢
KaK mapaMmerp)

?i::qi(t,qupk) i 1 0(Gygy Py ovns Gp Pn)
~ - =1 ..., m 0) (1
Pi = P; (t: qupk) ( " a(qlx P1y ++oy 4n, Pn) # ) ( )

HAa3HBACTCA KQHOWUHECKUM, €ClNH 5TO npeobpasoBaHue mnepeso-
JUT A106Y10 TaMHJIBTOHOBY CHCTEMY

dqy OH dpi__  OH .
@ —op dat— o (=L..n &)

CHOBA B TaMUJLTOHOBY CHCTeMy (BooGme ropops, € mapyro#

¢dynkunett ['aMmuanTOHA 1:1):
aq; . oA d_ﬁ!_ . oA _
&= it = 9% (i=1, ..., n) 3)

BaxHocTh M3yueHMa KaHOHHYeCKHX npeobpasoBaHu# cBA3aHA
C TEM, 4TO 3TH Opeo6pa3oBaHMA NAIOT BO3MONKHOCTL 3AMEHHThb
JdHHYI0 TaMAJILTOHOBY CuCTeMy (2) mpyro#f raMuJbTOHOBOM cu-
cremoit (3), B kotopo#t dyukuus F umeer Goaee mnpocrywo
CTPYKTYpy, 4eM Fi.

Ecin B (a3oBoM NpPOCTPAaHCTBe MOCNENOBATENLHO BHIIONHHTL NBa
KaHOHHYECKHe IIpeo6pa3oBaHda, To pe3yAbTHpYIOlLee NpeoGpasoBanue
cHOBa 6yneT xaHOHHYeCKMM. Kpome roro, npeo6paszosanue, o6paTHoe
HEKOTOPOMY KaHOHMYECKOMY Npeo6pa3oBaHMIO, BCErja ABAAETCA KaHO-
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HHYECKHY H TOKRECTBEHHOE NIpeobpasosanne §;==q;, p;=p; (i=1,...,n)
€CTh KaHOHHYecKoe, [103TOMY BCe KaHOHMYeCKHe HpeoGpa3oBapHs B CO-
BOKYIHOCTH 06pa3yioT gpynny,

IMpumepwn. 1. IlpeoBSpasasanne

§i=oaqy, ﬁi':“ﬁpi (i=1, ..., 5 az£0, B=£0),

K3K JerKo MPOBEPHTh, ABNAETCA KaHOHHYeCKMM, OHO NepeBOAMT CH-
cremy (2) B cucremy (3) ¢

A=apH.
2. TlpeoGpasoBanue

Ji=op, Pi=fq (i=1, ., ;3 a£0, Bz£0)
6leET KaHOHHYeCKHM, B 3TOM Ciydae

H=—d8H.
3. Ilpeo6pasoBanue

¢71=—‘Pitgtg f),-=q,ctgt (i=l, ...,ﬂ)

OyneT KaHOHHYECKMM, TaK KaK Jerko MpoBepseTcd, YTO M3 ypaBHe-
HHA (2) BCeraa NOMy4HalOTCA ypaBHeHHA (3) npH

n
N 1 -
H=—H+ sin £ cos £ 2 qiPi
i=1

las BmBOZa ycaoBuH, MpH KOTOPHX npeoGpasosanue (1)
ABAAETCA  KAHOHHYECKHMM, DPacCMOTPHM  JiBa ~ PaCIUHPEHHBIX

v

[ A
Puc. 39.

(2n-{- 1)-mepunix ¢asopux npocrpancrsa (g;,p,t) u (§; Pyt
HEPEXOJIAHAX OJIHO B APYroe IpH KaHOHHYECKOM npeoOpasoBaHHH
(1), » nBe TPYOKH NPSMHX INyTeH TaMHIBTOHOBHX CHCTEM (2)
u (3) (puc. 39).
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BossmeM B2 MpOM3BOJABHBIX 3aMKHYTeIXx KOHTypa C u C,
KOTODHIE OXBATHIBAKT 5TH TPYOKW W COOTBETCTBYIOT APYF ADPYry
B cuay npeobpasosanus (1). Kpome toro, nepe.euem obe TpyOKu
OOHOH H TOH e rumepniaockocted f =—const. B ceuennn mno-
JyuuM OBa <«IUIOCKHX» KOHTypa C, u d, DTH KOHTYDH TaKKe
NepexomsT Apyr B ApYra IMpH KaHoHuueckom rnpeoGpasoBanuu (1),
TAK KaK NMPH KaHOHMYECKOM NMpeoGpas’oBaHuy BEAMUMHA ¢ OCTaeTcH
HeusMeHHOH. Mls mHBapnantHoCTH mHTerpasa Ilyankape — Kaprana

Clefyer, uto
n
ﬂz pidg— H3t|=§ 3 pidg, @

C i=1 Coi==l
jypoa—r]=§ Sron o
¢ =l &, i=1

C apyro# CTOpOHbI, €C/lM B YHHBEDCaJAbHOM HHTEr pajnHOM

MHBapHaHTE § Zp,Bq, nepeiTn K nepemMeHHnm ¢;, p; (I=1,..., n)
i=1

C TIOMOLIbI0 KAHOHH4ECKOro npeoOpasoBaHus (1), TO 3TOT HHTe-

rpal nepedneTr B HEKOTOPHH yHHBEpCaAbHBI HHTEr paJbHBIR

VHBAPUAHT MEPBOro nopsaaka B 2n-vepHoM (asoBOM (g;, p;)-npo-

cTpaHcTBe; no Teopeme JIm Xya-uxyHa MHOJyYEHHHIH MHBapUaHT

MOXET OTJAMYAThCS TOJABKO IOCTOSHHBHIM MHOMXUTEAEM ¢ OT

§ ipi 3¢;. ITostomy

==1
§Zp,8q,—c<§2p‘8q, (6)

& i=1 Co i=1

Ms pasencrs (4) — (6) caemyer, uTto

E;S[iﬁiaqi;ﬁat]=c§[ipiaqi—Hat]. 0
¢ i=l ¢ i==l

Eciu B nepBOM mHTerpaie cunTarh, 4TO NEPEMEHHHIE §: ..., Pj,
BHIDAXEHB Yepe3 INEPEMEHHBIE ¢y, ..., P, (DA 3TOM KOHTYD
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uHTErpupoBanns C 38aMeHseTc KOHTYpOM wuHTerpuposauus C),
TO paBeHCTBO (7) MOxeT OMTh NEPENUCaHO Tak:

éﬁ[i f)ia(}i——ﬁﬁt]——c[ipi?)qi——HBt]=O. ®)
C i=1 i=1

Ho C— cosepiieHHo npousBoabHb# KOHTYD B (21— 1)-MepHOM
paciupeHHoM QasoBoM mnpocrpaHcrBe. IlosToMmy. BhpaeHue,
CTOflEe NOJ SHAKOM MHTErpaja B paBeHCTBe (8), MOMKHO OHTH
noaHuM Auddepeniuanom HekoTopo# dyHkuuu or 2n—-1 apry-

MEHTOB qyf, P1, .ovs {p Pp M L. DTy OyHKUMIO HAM yHoGHO
6yner oGosHauath uepes — F (¢, ¢;, p;); Tornal)
2 §,—Hdt=c ( 2 pidq; — H¥)—dF. )

3ameTuM, uTO NOCTOSHHAA ¢ B TOXAecTBe (9) Bcerna OTJHuHA
n

OT Hyas, ¢ 7 0, TaK KaK Bupaxenne ) p; 3y;— 3 ne apuserca
i=1

nmoJueM  duddepenunarom®) u noromy He Moxer Owrb pas-
HEM — dF.

Gyukumo F Oymem HaswiBaTh npoussodauel gyuxyued,
a NOCTOAHHYIO ¢ — BQAAEHIMHOCINEI0 PACCMaTPUBAEMOrO KaHOHU-
yeckoro mnpeoOpasoBaHus (1). Kanonuueckoe npeoGpasoBaHue
OydeM Ha3HBaThb YHUBAACHMIHGIM, €CIM 19 Hero c==1.

Heo0x00umesm u 00cmamonnsl M YCAOBUEM KAHOHULHOCHIIL
npeobpaszosanusn (1) Asasemca cyuecmeosanue npouzsodauyeill
ynxyuu F u Hexomopol nocmosnnoil ¢, npu Komopux pa-
sencmo (9) moncoecmBenno BHNOAHAEMCS 8 CUAY npeodpa-
308anus (1).

3ameuvanune. Ecmm npeo6pasoBaHue (1) saBaserca Kauo-
HUYECKHM, TO CYILECTBYIOT npousBoidAmas QyHkius F u BajeHT-
HOCTb ¢ % 0 Takue, YTO uUMEET MecTO paBeHCTBO (9) mpu L1060

¢$yukuun H u coorsercryiomei /4. OnHako ecau paBeHCTBO (9)

n

oF oF
1) 3necy 3F = 2 (Oq Bq'+0p 5Pi> 4 i .

") Tlo otHOmeKHIO K HE3aRUCUMEIM IEDEMEHHEIM §; P, f, a cne-
J0BaTelbHO, U IO OTHOIEHWIO K HE3ABUCHMEIM IEPEMEHHBIM ¢;, pj, t
(=1, ..., n).
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CNP3BeJ/MBe /I ONHOM HapW dyHkuud H H, npea6bpaso-
BanHe (1) yxe ABIAETCH KAHOHHYSCKHM 1),
HeficTeutensHo, Hapany ¢ H BOSbMEM NPOHM3BOJBHYIO IpY-

rylo dydxumio 1, u onpezeayM H, ua yc/loBHA
H, — H=c (H, — H).

¥Ymuoxaa obe yacTH STOro paBeHCTBA Ha df W BHYHTAA I0-
WIEHHO NOJYYEHHOE PABEHCTBO M3 paBeHCTBA (9), moJyuyaem:

n ~ L4
> B3, — Hydt=c( ) p; g, — H, 3) —dF.
i=1 i=1

Takum oO6pasoM, paBeHCTBO (9) chpaBemIHMBO Aas Mo6oH
dyHKUHR [y ¥ cooTBeTcTBYIOUleR H).

Kanonnueckwe npeo6pasoBaHMd HHOrZa HasHBJIOT TaKiKe
KOHMAaKIMHO MU NPeodpasosanusiml.

B JTeparype uacTO paccMaTpHBAIOT TOJBKO YHHBAJEHTHHE
KaHOHHYecKne npeoGpasoBanua. MHorwe aBTOpH OWHGOUHO cuH-
TalOT, YTO STHMH MNPEOOPa30BAHHIMH HCUYEPNHIBAIOTCA BCe
npeoBpasoBanug (1), nepeBoidiuke TAMHABTOHOBH CHCTEMHI
CHOBa B TaMHIbTOHOBH. OTH aBTODH HE 3dMEYAOT MPOH3-
BOJILHOrO MOCTOSHHOIO MHOXMTENS ¢, KOTOPHH mOMKeH dury-
pupoBath B oOme#l GopMyae 419 NPOU3BOJIBHOIO KAHOHHYECKOTO
npeoGpasopapus.

§ 25. CroGonnpie KAHOHHYeCKHe mpeobpasoBanus

IlposeneM Gonee nogpoOHOE HCCAENOBAHME TaK HASHBAEMHIX
€B80000KH.X KAHOHWUYECKHX npeoOpasoBaHufl. ITH NpeobpasoBaHus
XapaKTepH3YIOTCA JOMOJHHTENLHO HEPaBEHCTBOM

(G vy Gn)
9@y, ...y Pn) #0, (1)

06eCrneunBaIOLIHM HE3ABHCHMOCTD BEMHYHH £, G4, ..., Gpy Ty, - .. s Tp
KOTOpHE Tefiepb MOryT OHTb BHOpaHH B KayeCTBE OCHOBHLIX

) Omnako orciona He crelyeT, YTO KaHOHHYecKoe Npeo6pasosa-
HHE MOXHO ONpelenHTh KaK npeoSpasoBaHie, NMepeBoiAmee ONHY 3a-
OGHHYI0 TAaMUIBTOHOBY CHCTEMY B HEKOTOPYIO APYTyi0 FaMHIBTGHOBY
CHCTEMY. .

Tak, Hanpumep, NPOM3BOALHOE HEKAHOHHYeCKOe Npeo6pa3oBaHHe
9i= 341w Puh Pi=Pi(qs pr) (i=1, ..., 1) NepeBOIUT TaMHybTO-
HOBY cHcTeMy ¢ H =0 B ramuabroHosy cdcremy ¢ /=0,
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nepeMernnix ). eficTBuTeabno, 310 HEepaBeHCTBO MMO3BOJGET U3
nepsuxX # ypasuenuit (1) § 24 Bupasirs OGOOIEHARE HMITYIbCH
Py ..., P, uepes 2n-1 senmunn ¢, q; §; (I=1, ..., n) n,
C/e0BATENIbHO, MO3BOJAET MPENCTaBUTh J06yil0 (YyHKUUIO OT
nepeMéHHHX t, ¢;, p; (=1, ..., n) v Bume QyHKUMH OT nepe-
MeHHHX f, ¢;, §; (i=1, ..., n). B 2TOM cayuyae MONKHO CyBm-
TaTh, YTO MPOM3BOAAIIad (YHKIMA NpeNCTaBJEHd B BHEE (YHK-
it § OT 3THX NepeMeHHHIX:

Flt, g p)=8 a1 G2

Torma ocuosuoe TOXHEeCTBO (9) mpenwiaymero mnaparpada
34AMUIIETCA TaK:

n n
X 5idY— Hdt=c (Y, pidq;— HY)—38¢, q, 7). ()
I=1 i=1

IMpupasuuBas caesa u cnpasa xosddimuentn npu 8¢q;, 37,
a ¥, noayuam caegyiouive GopMys:

as aS .

3, —Prv =P (=1..n (3)
e as
H:CH_I_W-' (4)

Vpasneuusn (3) onpederswm paccmamplsaemoe Kanory-
yecrwoe npeobpasosarnue. IIokaweM, 4TO OHW MOFYT OHWTb MpH-
Begensl K Bumy (1) § 24.

R as
YacTuste NpOHBOLHKE 34 {t=1, ..., n), croampe B Je-
I .
BHIX 4acTaX MepBHX 7 ypasHenu# (3), Kak yHKUMM BEJHUHH

Gy, ..., §, He3aBHCUMH, MOTOMY 4TO B cuay dopmya (3) sapu-
cuMocTh ?) s
S i)
Q(O—q'l—, ce ey m, i« e> q,,)=0

nepeuwia OH B P3BEHCTBO

Q(epyy vvr P Gy -.2r ¢ =0,

1) B cayyae HecBOGONHOrO KaHOHMYECKOTO NMpeo6pa3oBaHHA Benu-
unibl £, ¢; §; (i==1, ..., /) cBHA3alil HEKOTOPHMH 3ABHCHMOCTAMHU.

%) B oTofl 3aBHCHMOCTH . BEAMUMHH ¢y, ..., §, pacCMATpHBaLICH
KaK mapaMeTphl,
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YTO BO3MOXHG Julib Npu R==0, TaK KaK KOOPAMHATH TOUKH

t(pazoBoro mpocrpaucrsa ¢;, p, (=1, ..., n)— HE3ABUCUMEIE
~ oS

BeauynHbl. M3 HesaBncuMocTH npoussomHHx —— (=1, ..., n),

gy
PaccMaTpUBaEMblX KaK (YHKIHM NEpEMeHHHX §i, ..., §, Cle-

Ayer, 4To fKOOuaH 3THX QYHKLUUHA HE paBeH TOMAECTBEHHO HYJIO.
Taxum o6pasom, mas npousBogsmedt ¢ynxuuu S cBoGOmHOrO
KaHOHMYECKOTO NPeoBpasoBaHus NOMKEH OHWTh OTAMYEH OT HYJIs
OnpeneanuTelb

0:S \»

det ("—aq, aqk):,kzl # 0. ()
s wuepasencrsa (5) caemyer, uto mepBee n ypaBHeHuit (3)
MOJHO paspeliuTh OTHOCHTENBHO §; (i==1, ..., n) ¥ TaKuM
06pasoM BCe HOBhle (hasoBHie NMepeMeHHble §; p; (=1, ..., n)
BRIDA3UTh UYe€pes CTaphle MEpeMeHHue ¢;, p; (=1, ..., n).
INonyueHnoe Takum o6pasog npeo6pasoBanue Buaa (1) 6ymer o6pa-

(F1y -y Pn)

THMBIM, T..€. IJ5 Hero # 0, Tak Kak B cuay

a(qIY tey p")
HepaBencTsa (8) nocaemHue r paBeHCTB (3) MOMKHO paspeluTh

OTHOCHTENBHO ¢; H, CAENOBATENBbHO, BHPA3HTb BCE ¢;, p; Yepea
g» Py d=1, ..., n). Takum o6pasom, ypasnenus (3) onpe-
deasslom  c80000KOE KAHOHUYECKOEC npeolpai3oganie ¢ Oan-
Hoil npoussodsuyel; dynwyued S(t, q;, §;) u c¢ dannoii sa-
Aenmuocme ¢ 7 0. Popmyan e (4) yCTaHaBIMBAIOT HPOCTYIO

cBasb Mexpy Oynxumame Tammabrona H u H.

Ilepe6upas pasauyHble MpoUsBOLdiuMe GYHKuud S, yaoBJe-
TBOpSomHe ycaoBuo (5), ¥ pasAuyHbie BAJAEHTHOCTH ¢ 7 0, M
¢ momompbio Gopmya (3) MOXKEM OXBATUTh BCe CBOGOMHHIE KaHO-
HHyeckne npeoBpasopanus ).

Has yuusaneHTHEIX (¢ == 1) cBOGOIHHIX KaHOHHUECKHX TIPE06-
pasosaun#t dopmyan (3) u (4) npunumaioT GoJee MpOCTOH
BUI

iN 08 ~ . -
O P o= P U=hoan) ©
K
- aS
H=H+%;. (M

Y) Hna HecBOGONHBIX KAHOHHYECKHX MPeo6pa3oBaHHi CYMECTBYIOT
onpexeaaouie Gopmyasl, aHalorHyHble (3), ITH popmyam 6yayT ycra-
HOBAEHHI B § 29,
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Ilocnenuee PareHCTBO [MOKa3blBAET, 4YTO MOC/JE IMMPHMEHEHUS
OIHOrO M TOro ¥*e CBOGOIHOro YHUBAJIEHTHOTO KAaHOHMYECKOTO
npeoépasoaaum K pas/auyHbIM raMuJbTOHOBBIM CHCTEMAM BO BCEX

clyyasx pasdocth Mexny fH u H Oyler omHod u TOH Ke

(paauoﬂ 2§)
ot/*
M3 pasencrBa (4) cremyer, uto H==cH Ttorga u TOJbKO
TOr 8, KOrja 77?=0’ T. €. KOrla NpOM3BOAAMIAA (yHKUuA §

He 3aBUCHMT #BHO OT f. B sTOM cJayyae B cuiy paeeHcTB (3)
BpeMs { He OymeT BXOAuTb #BHO B (OPMYyAH KAHOHMUYECKOrO
npeoOpasoBanus. [lpw Takux KaHOHHUYECKHX NPeo6pPa3OBAHKAX
dysxiua H CYILECTBEHHO He MEHSeTCHl, OHAa YMHOXAaEeTCH TOJbKO
Ha KoHcTauty c. IlosTOMY ecaum Mml KesnaeM NOMyYuTh HOBYIO
cuCTEMy C CymecTBeHHO GoJee mpocroit dywkume#t amuibToHa,
MB 0043aTeJbHO NOJ/DKHEL B39Th CBOOOOHOE KaHOHUYECKOE Ipe-
o6pasoBaHHe, COmepiuallee BpeMms { KaK MapaMerp.

Mpumepsn. L. Ha cTp. 147 661U pacCMOTpPEHE! TPH KaHOHHUYECKHX
npeo6pa3oBaHus:

1) gi=cq;, Pi=03ps 2) §i=oapy Pi="Bq;
3) Gi==pitgt, pi=gqictgt (i=l,...,n)

Ipeo6pasosanus 2) v 3) aBasorca cBoGoaHwMu. OHH HMeOT mpous-

n
BOJfWIME (YHKIMH M BATEHTHOCTH COOTBETCTBEHHO S=——§ Z 9:ds

==

n
c=—of; S=—ctgt ¥ g, c= — L Ipeobpasosanue xe 1) ne

i==

aBasgerca ceoGomnuiM. [lns Hero ¢ =af, F=0.
2. Paccmorpum mpousBoiabHoe adiuHHOE NMpeo6pazoBaHue $azoBoi
MIOCKOCTH (g, p) (30ech n==1):

= aq -+ fip,

3
8
p=agtBp (b —ad 0. } ®)

[ToncraBuM mnpaBble HacTH paseHCTB (8) B OCHOBHOe ToxIecTBo (9)
Ha crp. 149, Tlockoapky mepeMeHHas { He BXOIMT B npasele yacty (8),
Mo ¥ F 6yneM uckaTe B BHIe ¢YHKUuM, He 3aBHMCsIiel OT BpeMeHHu f
saBHo: F= F(q, p). Toria ocHOBHOE TOXIECTBO NpUMET BUI

(419 + B1p) (o 3 -+ B 3p) — cp ¥g =—BF,
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HIH
b (g mg® + - BB + 0 bp - (o — ) p dg=—OF.

JleBan yacte 3roro paBeHcTBa 6yZer NOAHLIM NudepeHIHaIOM
npu YCHAOBHH, YTO

c=af; —a,f.

TakuM o6pasoM, npeo6pasoBanHe (8) ABAAETCA KAHOHHYECKHM C BaJeHT-
HOCTBIO ¢, PaBHOH OMNpEJeNHTENI0 Npeo6pa3oBaHHA, U C NPOH3BOASIleH
Qyukunes

1 1
F=—5aa,q* + 5 B3:p* +-af gp.

J1o npeo6pasoBaHne 6ydeT CBOGOIHLIM, €CaH B£0.

3. ITpeo6pasosanne =7 qcos2p, p= ) gsin2p Apaserca cao-
GOIHHIM YHHBANEHTHHIM KAHOHHYECKHM I11peo6pasoBaHdeM C NpOU3BO-
el dyurumen ’

1 N y——
S=-qarc cos—fq—_-——fii Vqa—73.
Hns natypanbHO# CHCTEMB KOODIMHATH gy, ... , g, ONpe-

HENSIH  TOJIOXKEHHE CHCTEMBl, @ COBMECTHO C HMIYAbCaMU
Pi» +«+» » Pn OHH ONPENENSAH COCTOSHHE CHCTEMH, T. €. IIOJO-
KEHHE M CKOPOCTH ee Touek. IIpm kaHoHHueckom mnpeoGpasosa-
Hpn OOWero THpa 3Ta cneyugMKa KOODAMHAT Tepsercs. Besau-

YHHH 1, ... , §, YK€ He ONPENETAIOT TOJONKEHHS CHCTEMHI,
8 TO/IBKO BMECTE C Py, ... , P, ONPENEASIOT COCTOSAHHE CHCTEMH.
IlepemenHue ¢y, ... , ¢, OYyAYT NO-IPEXHEMY ONPENENATb [OJO-

HEHUE CHCTEMH JMIb B Y3ACTHOM CJyuYa€ mo4eino20 KaHOHHYE-
CKOro npeoOpasoBaHus, NPH KOTOPOM OYHKUHH §; (¢, ¢4 Pr)
CpﬂKTH'-leCKH HE COAEPXKAT HMNY/bCOB:

9:=q; (¢ q») (=1 ..., n).

3ameTuM, yTO B JanpHefiiieM NPeoGpasoBaHHE IPOU3BOMBHON
cucreMsl 'amuibTOHa K cucteMe ¢ (yHkumeH H npocro#t CTPyK-
TYPH YA2eTcs OCYWECTBHTb C NQMOIIbI0 CBOGOJHOrQ KaHOHuue-
ckoro npeofpasopanug. CBOGOLHOE ke KaHOHHYECKOE npeobpa-
B0BAaHME He sBJISETCA ToueuHHM. TakuM o06pasoM, HeTOueuHHe
KaHOHHYECKHE TNPEOGPA30BAHMA WIPAIOT CYLWIECTBEHHYIO pOJb
B TEODHH dMUABTOHGBHIX CHCTEM.
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§ 26. YpaBuenne IamuwinTona — SlkoGn

Teopus KaHoHMYeCKMX NpeoOGpasoBaHui NPUBOAMT HAC HENO-
CPEACTBEHHO K ypaBHenuw IamuiabroHa — Hxobu.
HyCTb JdHa TrO0JOHOMHasa CHUCTeMa, ABHXXCHHE KOTOpOH non-
'-[HH;‘IeTCﬂ KaHOHHUEeCKHUM ypaBHeHHﬂM FaMHJIbTOHa
dop O dp_  OH Gy, m Q)
dt opy dt dyq;

Iocrapaemcs onpeneanTh Takoe CBOGOJHOE YHHBAJEHTHOE
KaHOHHueCcKoe npeoOpasoBaHue, yToOH B NpeoOpasbBaHHON ra-
MHJIbTOHOBOH cHcTeMe

%:3}2,'%:_3% i=1 ..., A )
¢®yHkund A OBZa TOXAECTBEHHO DAaBHA HYJIO:
H=o. @)
Torga cécreMa (2) muterpupyercs HerocpepcTBeHHo
§i=o, pi=5: “)

rae d; ¥ B; cytb 2n npousBo/iBHHX [OCTOAHHBEIX., 3Has KaHOHH-
yecKoe npeoOpasoBaHue, T.e. CBA3b MexAy ¢, p; (=1, ..., n)
g, p; i=1,..., n), Ml BHpa3HM BCe §; ¥ p; KaK (QYHKIHEHA
BpeMeHn ¢ ¥ 2n NPOM3BOMbHAIX NOCTOMHHBIX ay, B, (=1, ..., n),
T. €. MOJHOCTbIO HaliAeM KOHEeUHbe YDaBHEHHS HBMKEHHMS JaH-
HOH TOJOHOMHOH cucreMmel [Bce peuienha cucremn (1))

Kak e onpeneants HyxHOe HaM KdHOHMUEckoe rpeolpaso-
Baine? [las sroro B cuny Qopmysisi (7) npeanayinero napa-
rpada HeobxonuMo k- jocraroydo, urode Jis mnpousdsoasiet
byukuun S(t, ¢; §;) MCKOMOTO KAHOHMYECKOro mpéobpasomanus
BHINOJIHANOCh DAaBEHCTBO

oS

W‘FH("‘, 9 p)=0. ®)
D10 B COUETAHHH C tdopmysamn (6) T6ro me ndparpada naer

08 M)

o—t‘l‘H(t’ q: E):O (6)

Tosyuennoe ypashenne B uacTHux fpoudsontitix (6) Hocur
Hashanue ypasuenusn [Iamunsmona — Slwobu. Taxum obpasow,
npoussoisas gyuakuus S(¢, ¢q;, §;) C OCHOBHHMHM NEPEMEHHLIMM
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t n g; (§; paccMaTpMBAIOTCS BIECh KaK MapaMeTpH) yAOBJeTBO-
pSeT YPAaBHEHHIO B 4aCTHBRIX NMPOWBBOAHHIX ["amuabToHa — fKOGH.
Ilpu 3TOM, KpoMe ypaBHenus ['ammabtona — $IkoGuW, mas npowua-
Boasuiedt dyHxuud S(f, g;, §;) HOMKHO BHNOJHATBCS YCAOBHE

028 \n
et (W)i,hl 7 0. @

Kak toaeko npowssodsmas dyuxuus S(f, ¢; §;) Hatmeua,
¢$opMyIEl
0S 08 5 ,
-a—qi—pi, E———pi (l::l, vee n)

ONpENenaT MCKOMOE cBOGOAHOE KaHOHMuecKoe mpeoGpasoBaHue,
3amenns B 3TMX QOPMyZnax §; Ha o; W P; Ha B;, Mbl moAyunM
YDAaBHEHHs [BHKEHMS NAaHHOH TONOHOMHOH CHCTEMbl B KOHEUHOM
suae. Becv 3tor npouecc ymoGuee omucaTh, eCAM € CaMoro
Hayana B S 3aMeHuTh §; Ha o; (=1, ..., n).

Beenem onpeneneunne. Pemenne S(f, ¢; ;) ypaBuenns
B UaCTHHIX NpousBoAHbXx [amuabrona — Axobu, comepxauee n
MPOUBBOMBHHIX TNOCTOSHHBIX Oy, ... , O, HA3WBAETCA HOAHBIM
UHMEe2pPaAOM 3TOTO YDaBHEHWS, €CAN BBIIONHAETCA yCJAOBHE

0:8 \»
det (W)i,k=l # 0. ‘ (8)
Tenepb Mbl MOXKEM CHOPMYIMPOBaTh [OKAB3aHHYIO TEOPEMY.
Teopema SIko6u. Ecau S(t, q; a))— Hewomopuiii noa-
Hull  unmezpaa  ypaswenus Iamunsmona — Sroou (6), mo
KOHEUHblE YPABHEHUS 0BUNCEHUSA 20/0HOMHON clcmeMsl ¢ Oan-
Holl pynxyneil H moz2ym Gome 3anucansi 8 sude?)

98 9S
=P =k (=1..,m ©)

20e a; u B; — npoudgoasmsie nocmosannsle (I=1, ..., n).
Takum 0CpasoM, 3HaHMe MOJHOrO HMHTErpada ypaBHEHWs
B 4aCTHHX NPOnsBOAHBIX (6) M3GaBaAsieT HaC OT HEOGXOAMMOCTH

1) 31ech MBI BMECTO NPOM3BOJBLHEIX NOCTOAHHBIX —B; NUIlEM Npo-
cro B; B cuny ycaosua (8) nocmennve n ypasuenu#t (9) mMoxHO pas-
pelINTh OTHOCUTENBHO ¢; U BHIPA3NTb gy, ... , §, B BULe (QYHKUHH OT
t N 2n IPOM3BOABHBIX MOCTOSIHHHIX & Bz
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MHTEr PUPOBATh CUCTEMY OGHIKHOBEHHHBIX AH(GhEPEHIINaNbHEX YPaB-
HeHu#t (1). 3amaua HHTErpUPOBaHUS 3TOH CHCTEMBI 3aMEHSETCH
SKBUBAJEHTHO! 3ajauell OTHICKaHMS IIOJHOTO HHTErpaja ypaBHe-
Husi aMuabTOHa — $IKOOM B YACTHBIX NPOHU3BOJHHIX.

3ameuaune. OOmee pemeHUe YpaBHEHHS B YACTHHIX
NPOU3BOAHEIX 3aBHCHT OT HECKOJBKHX HPOH3BOJBHBIX (YHKIUMH.
IlosTtoMy mnoaueii uurerpan ypaeHeHus IamuasToHa — $flko6u
OTHIOAb He aBasercd oOmuM peweHueM. [losueli wuuTerpan no
CpaBHEHHIO ¢ OOMMUM pelleHHEM OXBATHIBAET TOMBKO HEGObIIYIO
«rOpPCTKYy»> pemenni. TeM We MeHee 1O HOJHOMY WHTErpaay
MOXHO BOCCTaHCBHUTBb MCXOJHOE€ ypaBHeHHe (OTCIOA3a ¥ Ha3BaHue
«MOJHBIH WHTErpans). HefictBurensHo, auddepeHupys NOaHbH
MHTErpaj, HoJay4yaeM

S
B=filt g  C=1 ..., ), (10)
0g;
a8
W=fo (t’ Ir a'k)' (11)

Ecau ussecred noanwili unrerpan S (¢, g, @), TO U3BECTHHI U
oyukmun f; (¢, gp ) (i=0, 1, ..., n). Ua cootHowenut (10)

08
MOXHO BBIPA3HUTh KaXIO€ a, 4Y€PE3 YACTHBIE NPOHU3BOJIHBIE ~—

0g;’
t U g;, NOCKOMBKY, B CHiIy ycaoBus (8), l
O0(f1s oony fn) __ G*S \n
0(ay «un y at,,)_dEt <Oqi0ak)i,k=1 # 0. (12)

TloacTaBvB NONYYEHHEIE BHIPAXEHUS 1Js @&, B paBeHcTBO (11),
MOJNyYdM HMCXOJHOE YDaBHEHHE B YACTHHIX NPOU3BOJHHIX (6)1).
B kauecTBe npuMepa NOJHOTO HHTIErpana ypaBHeHUS ['aMuln-
TOHa — SIKOGU paccMOTPUM TaK Ha3biBAEMYIO 24Q8HYI0 (HyHK-
yurw TIamussmona. Jlns storo BepHemcs Kk dopmyae (7) ua
crp. 118 u k puc. 33 Ha crp. 116. PaccMOTpHM TOMBKO YaCTHBIH
cayuall, korpa fo(a)=const=¢%,, 1. e. nmpumey, uto Kouryp C,
COCTOMT M3 HAuaJbHBIX COCTOSHMH cucremMnl npu f=—1f,. Kpome
T0rO, BMECTO %y, ¢}, p}, Hy Gynem mucate npocro ¢, g, p;, H.
Torpa, ecin W — gefictBie BmoAp nNpAMOro nytd (T. € BAOJL

1) MoxHO CUHTaTh, YTO MOAHKI HHTerpan S cofepkUT ewe (n - 1)-10
8IUIMTHBHYIO NPOH3BOABHYIO MOCTOAHHYIO ¢,.;, TAK KaK B ypaBHeHUe (6)
BXOJAT TOABKO NPOM3BOAHHIE -OT S, a He caMa QyHKuMa S.
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oOpasymmet TpyOKH) OT HauaabHOM TOYKH (I ==f)) 1O KOHeu-
HOH TOUKH, COOTBETCTEyWoEH pamHOMy 3Hauenuio £, to

n n
W= pdg, — Hb — > pidglh (13)
i=1 i

i=1
Ecan HCNOJABb30BaTh KOHEYHBIE ypaBHEHHﬂ JBUXKEHUA

gi=: ¢ qb PR — (14)
pi=vY:(t qi PR (15)

H BMECTO ¢;(f) NOACTaBHTh B BEIpaXKEHHE [JH HeHCTBHA

t
w={L1¢ g, §)dt
£y

ux sHauenus (14), To W craner dyuxunet ot ¢, ¢%, pi(i=1,..., n).
I"aMUABTOH NPEANOKHI, UCNOAB3YS KOHEUHKIE YPABHEHA JBHREHUS
(14), Bupasutb pp uepes f, gf W ¢; ¥ TakuM oOpasoM mpEX-
CTaBuTh aeHcTBHe B BHIE

W=W( g 9. (16)

Heticteue W, npencraBaenHoe B Buse (16), T. e. B BuAE
GYHKUHH OT HauaJbHEIX KOODJAHHAT, KOHEUHHX KOODIHHAT H
KOHEYHOI'O MOMEHTA BDEMEHH f, HA3HBAETC 24Q6HOU ynKyuel
Tamussimona. Cuuras, uto B pasencrse (13) W ecrb raaguan
dytixuns TamuAbTOHA, MB HZ OCHOBaHMHH 3ITOro paliéHcTBa nony-
yaem

ow ow

—3B e 7 —
5[1",'—'”:» 011,'3— Pi ¢ Loyn (17
H
ow
5 =—H{ g p) (18)

Wa paséncts (17) u (18) caenyer, uyto raasHas dyHKuus
CamunbTOH2 yAOBJAETBODAET YypaBHeHHto Iamuibtond — SIKOGH

Teofaf)— o
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a cootHowenuda (17) mpeacrasasioT coG0H KOHEUHHE ypaBHEHUs
ABUXKEHHUR, COJEpXaue 27 MPOU3BONBLHNX MOCTOSHHHX ¢, p}
i=1, ..., n.

Takum o6pasoM, [aMuJInTOH MOKasad, Kak 3aMUCHBAIOTCA
KOHEYHHE YPaBHEHHA [IBMXEHHS IIPU ITOMOUIH [OJHOrO MHTErpasa
ypasHenus (19). OaHako 3TOT MOAHHH UHTErpan y 'aMuabToHa He
OhT MPOU3BOJIBHEIM H B HEM [POUSBOIBHHIMU ITOCTOSHHEIMH GHIIN
HauyaAbHHE SHaueHus ¢ B pi. Tloxyvancd NOPOYHEH Kpyr:
IJl HamuCaHus KOHEYHHWX ypaBHeHu#t nsmwenns (17) Hyxua
rnasHas Qyukuua [aMuibTOHa, a I cOCTaB/ieHUS STOH dyHK-
UMY, KaK BHII@ OHJIO MOKAa3aHO, HY)XHO 3HAThb KOHEYHHE ypaB-
HEHUS [BUKEHHS.

3acayra flko6m 3ak/OYaeTci B TOM, YTO, IPOJOJIKHB HCCIE-
nosanus ['amu/bTOHa, OH pasopBan 3TOT MOPOYHHH Kpyr. OH
MOKa3aJl, YTO KOHEYHHE ypaBHEHUS IBUKEHUS MOryT OWTh Hamuca-
HH B Buge (9) NpU MOMOUM 7POU3BOALHO20 TIOJHOTO HHTEr-
pana S, g; @;) ypaBHewus Iamunbrona — $SJkoGu.

Bepuemca k toxpectsy (13) W comocraBuM €ro ¢ TOXIECT-
BOM (2) Ha ctp. 151. Y3 conoctasnenua BuaHo, 4To dopmyn (14)
u (15), npencrasasiomne coGO# KOHEUHHE YpaBHEHUA MBAXKEHU:
H BHPaXKAIOWHE TaMH/JAbTOHOBBH KOOPAWHATH ¢, pP; COCTOSHHA
CUCTEMHl B MOMEHT f{ Y€pe3 Hauya/JbHee KOOPIMHATH ¢°, ... , p,
MOXHO DaccMaTpuBaTh KaK €BOGOLHOE YHHBaJEHTHOE KAaHOHUYeC-
Koe npeo6pasoBaHue OT mnepeMeHHHX ¢}, pi (=1, ..., n) -
K TEPEeMEHHHM ¢, pp (k==1, ..., n); mpousBopgdmel QyHk-
e 3TOr0 KaHOHMYECKOro npeobpasoBaHud sBiagercs — W,
rae W —raasHad ¢yukuus Camuiantonal).

Takum o6pazowM, rnpeebpasosauue §a3o8020 npocmpancmsa,
OCYUeCmBASLeMOE C NOMOWLIO O0BUINCEHU AIOOOLE 2aMUABMO-
HOBOH cucmenmsl, ABAAEMCSA KAHOHUYECKUM (Npu 3mom ceo-
COOHBLM U YHUBAACHNIHbLM),

Hpumep. Cocrasuy dynrupo I'aMUIBTOHA AJA IBHKEHHA O
MHEpLAH CBOOOAHOH MaTepHalLbHOM Touku. B arom cayvae {monaraem
t,=0)

x=xo+ 2et, y=yot+Df, z=2,+ 2t

!) laga o6pATHOTO KAaHOHMYECKOTO MApPeoBpa3oBaHUa, B KOTOPOM
OCYMIECTBAAETCH MEPEXOA OT HEPeMEHHEIX ¢y, p; K MepeMeHHHM g, pg’

ApOoU3BOAsAIle!! DYHKUKEA 6yneT raaBHas dyHxkuusa [aMuabTOoHa W,
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H NOTOMY
¢

W=i;- S (22 4 92 4 2% df =
0
=T B B = [ — )+ (9 90+ (e — 2oF

Ecny HCXOMMTh M3 HaltlleHHOH raaBHo# ¢yHxuuu [aMHaIbTOHA
m
W= 57 [(x —x0)' + (y — yo* + (2 — 2,)’},

TO ypaBHeHHA NBUXEHHA NOAyYawTcA no dopMysam (17), KoTopble
B AHHOM ClyY&e BBIFJFANAT TAK:

?__tlv_mx—xo, L, _0W_ X — X,
Pe=0x t Pe=ox, = t
—OW_ Y=Y _,_OW_ I —
by=gy=m"¢ Yy, "
_Oi\’/_m z—2y 0_t)L\’/___m 22—z,
Pe="3,= t pz—dzo__ t

IlycTs Mn  uMeeM 0GOGUIEHHO-KOHCEDPBATHBHYIO  CHCTEMY

(%’}:—0) B atoM cayuae ypaBHenne [amuabToHa — k06w
HMEeT BUJL

0S8 as

% (e 5)=0 (20)

M €ro TOJHHH# MHTErpajl MOXHO HCKATh B BHIE
S=—ht+4V(g, ... s @n 0 ey Gy B (21)

roe b u aj, ..., &, ; — NPOUSBOJBHHE MOCTOSHHHIE,
IMoacrasnas ato Bepaxeune pas § B ypaBHenme (20), M
nojyuaeM s ONpefeNeHus QyHKuun V Clenyoulee ypaBHeHHe:

ov

H(qy 57)="h 22
qp aqi ( )
Ha#tns noanmi#t wHTErpan STOr0 ypaBHEHud, T. €. PElIcHUE
V(gs &y «voy %py, B), LA9 KOTOPOro BHUIOJHSETCS HEPABEH-

CTBO

PV \n _
det<0—_qgaak)i.k=l¢0 (0, =h), (23)
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ME ¢ noMombio dopmya (9) u (21) noayuum cAedyiomue KOHeu-
HEIE YpaBHeHUs ABMXEeHMA OOOOGIEHHO-KOHCEPBATHBHOR CHCTEMEI:
WV p,

ag; P

oV . ov .
o—&;=pj =1 ..., n—1) ﬁ=t—|—1, 249

(i=1, ..., n), (24")

rae a; 8; (j=1,..., n—1), b u 7-—npousBoIbHHE IO~
CTOfIHHHIE.

B cuany ycaosusa (23) KOOpAMHATH ¢y, ..., ¢, MOTyT OHITb
onpeneneHu us ypasHenus (24”) kak ¢yHkuud oT £ u 2n mpo-
U3BOJBHEIX MOCTOSHHHIX &j, 8; k u 7. INoacraBass moJyYeHHHE
BEIpax<eHUA B ypaBHeHus (24’), Ha#laeM aHaJOrMYHEIE BRIPAXKEHUS
s 06GOOGIWEHHEX UMIyAbcoB p; (=1, .... n) Y.

B cayuae 0606mieHHO-KOHCEpBaTUBHOR CMCTEME MB 3aMEHHU/IH
ypaBHenue (6) ypasnennem (20), B KOTODOM YMCAO HE3aBHCHUMBIX
NEPEMEHHRX HA €IUHULY MeHbIIE. AHAJOrMYHOE MOHMMKEHNE YHMCIa
HE3aBUCHMBIX MEPEMEHHHX B YPaBHEHUH B UACTHHX MPOHM3BOJHEIX
MOXHO NPOMU3BECTH U B TOM CJAyuae, €CJAM OJHA U3 KOOPAMHAT Lu-
KJAuuecKas. ’

PaccmoTpum cpasy o6mmit cayua#t, Koraa HECKOJBKO KOOp-
OMHAT Gp.4s .-, @ SABASIOTCA LMKAMYECKMMH. B sTOM cayuae
H=H({, ¢, ..., qm P1» ... > Pn), 1 TOJIHBIH HHTErpan ypas-
Henus I'aMuabTOHa — $IKOGM MOMKHO MCKAaTh B BHIAE

n

S= Z a’p.qp._l"Sﬂ (t’ Gis ive s qm: LITRET a'u)‘ (25)

p=m-41
JIns HaxompaeHus yHKUMn S, MOJyYaeM ypaBHEHHE

a8 oS 0S
—ot—o—[—H(t, iy cooy Qms F;’ oo s o—qmo—, Lnids ooy a,,)=0.

(26)

EcaM KOOPAMHATH  Gppqy «.., ¢, SBARAOTCH HUKAUYECKHMH
y 06006meHHO-KOHCePBAaTUBHOR CUCTEMH, TO GYHKUHIO S HILyT

1) s nepBux n-—1 ypaBHenu#i (24”) MoxHO BHpasuts n—1
KOOpJIMHAT 4epe3 OCTABILYIOCA 7-10 KOOPAMHATY U 2n— | NpOU3BOJb-
HHX MocTOsHHEX. Torna noayyum ypaBHeHHA TpPaeKTOpHH B KOOpAM-
HaTHOM npoctpancree. [locnennee ypaBHenue (247) ycraHaBaMBaer
CBA3b KOOPAHHAT C NepeMeHHOH BpeMeHH £,

6 @, P, Faurmaxep
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B BHIE
n
S=—ht+ 2 a'p.qp.+ Volqy «oos Gmr 01y ooty @p ), (27)
p=m-1.
rie GyHKuus V, onpeneasercs M3 ypasHEHHs
oV, i)%
H(qlx voes Gy bq—:’ cve 0_‘;:' By see s a'n):h' (28)

§ 27. Merox pasgenenus nepemennsix. IIpumepn

Mu IIOKAa3a/i4, YTO HUHTErpUpoOBaHHE CHCTEMBI KaHOHHUYECKHX
YPaBHEHU# CBOAMTCA K HAXOMAEHHIO MOJHOrO HHTErpasja ypas-
Henua [amuabTOHa — $IKOOH. DTO NONOMKEHHE HMEET HE TOJBKO
TeoperHyeckuit uHTepec. OKkasaaoch, UTO MHOTHe 3aJayM [AwHa-
MHKH ¥ B TOM UHCJIE 3afaud, MNpeACTaBASIOUUEe HHTEpeC M
TEOPETHYECKOH (PU3HMKH, NMOJYYalOT Ha 3TOM NMYTH CBOe YAOGHOE
TNPAaKTHYECKOE peEilleHue.

31ech MH TO3HAKOMHM UATATE/]S ¢ METOAOM PasfiesieHusd repe-
MEHHBIX A1 HAXOXAECHUA TOJHOTO HHTErpaJa YpaBHEHHSA Camup-
TOHa — $IkOOH. DTOT METOH NMPUMEHAeTCs B TeX CJyuasx, KOrja
¢dyukuns [amuabrona H 0606U1€HHO-KOHCEPBATHBHOM - CHCTEME
HMEeT CIELHaNbHYI0 CTPYKTYPY.

1°, Ilycts

H=Gf, @y P v > Foldw 2D} )

B atoM cayuae B BHpaxeHWd A9 GyHKuuM H nepemeHHne
pasgeneHE: B KaxAylo (QYHKUMIO f; BXOIHT TOJbKO OAHA Tnapa
CONpAXEHHHX NEePeMEHHHX ¢q;, P;.

Ypasuenue (22) npeampyuiero mnaparpada Tenepb 3anMileT-

cd Tak:
oV o
G[fl (‘h: —OE)’ crey fn(qm m)]—-h' (2)
TTonoxum ‘
v

fi (qi’ 55;,)=“1 (=1 ..., n), 6))
rie 4y, ..., %, -— NPOU3BOJbHHE NOCTOAHHHE. Torma, coraacHo
tdopmyae (1), NOCTOAHHYIO h MOXHO BEIDa3UTb uYepe3 MOCTOSH-
HHE @y, ..., @, CAeAyOUM OOpasoM:

h=G(ay, ..., %) ©)]
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PaspemnB paBeHcTBa (3) OTHOCHTENbHO g-qz, Halizem 1)
1

ov
0q _Fl(qv z) (i_l’ very Il),

V= 2 { Fia ap g, ®)

i=1

S=— 0 s i+ D A dte ©®

i=1
B stom ciyuae

*S __OF; 0S
0q,00; 0a, 0q;Oay,
H OCHOBHOE€ YCJ/IOBHE

=0 mpn i#£k L k=1, ..., n

0°S \n
det (W)l,k=l #0 ™
CBOJMTCA K HEPABEHCTBY
0F1 # 0.
l=1
TTockonbKy COOTHOIIEHHE
fi(gs P)=0, ®)
SKBHBAJIEHTHO YDPaBHEHUIO
pi=F; (g5 2 9)
TO
0Fi_ 0fi -1 .
071_(55) #£0  (=1,...,n), (10)

u ycaosue (7) Bceraa BunoaHeHo, ITostomy ¢opmyna (6) onpe-
JenAeT MOMHHM HWHTErpan ypaBHeHus I'aMuibTOHa — HkoGw.
KoHeuHne ypaBHEHHSI JBHXKEHHA

08 as
521‘1_'=Pir E’l‘=pi (=1, ..., n (11)

') Mu npennonaraeM, 4To Kaxaasa QyEKUMA fj(g;, p;) daKTHYECKH
CONEePXHUT HMNYIAbC p;, T. €. UTO -—I—:—;éO. B sToM cayvae ypasreHus (3)
i

oV
MoryT 6LiTb paspemeHb OTHOCHTEAbHO p;= —07; Kaxnaas Qynxkuma Fj
ABAReTCA (QYHKIMeHd OT IBYX NepeMeHHHX ¢; H o i=1, ..., n.

6‘
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B JJAHHOM CJyuae SanduyTcss Tak 1)

0G d .
_0——“—zt+s (afi) & =8 l 19
Opi/Pi=Fy(a. o) (=1,..., n.1 (12)
pi=Fi(gy %) J
Takum 00pasoM, HaXOX/IEHHE KOHEUHHX YpaBHEHHH IBHKe-
HHSl OCYLIECTBASETCS C NMOMOILBIO KBagpatyp.

IIpumep 1. PaccMOTpHM OCUMANATOD ¢ ONHOHM CTEMEHbIO CBOGOMLL
B stom cayuae

P
H_2m + 2
H, TaKUM 0oGpa3oMm, .
L
f(p) q)'_2m 2 ’
a YpaBHeHHe (2) uMeeT BHJ
oL (@
2m \dq
MonoxuM A=—gq; TOrna
S=—at+S V 2me —meq® g,

H H3 KOHeYHHX YypaBHeHHWH nBukenna (11) HaxomuM BHpaxeHnue nas
HMIYIbCa

2
—I—-%:h.

p=V2ma—mcq’ , (13)
a cOGCTBEHHO YpaBHeHME IBHXCHHA 3aMHIIETCA TaK:
1 d
—t+ \ V= =h 4
ruoe
A2=2_a wl="C
c’ m”*

3amevyan, yTo MuTerpax B dopmyxe (14) pasen arc sin i, noiryyae
YDPaBHEHHE IBHKEHHA B CIELYIOLIEM BHIE:

g=Asino (f-1-8). (15)

1) B dopmynax (5) u (6) MH nox MHTerpazoM SF,- (9 o) dg; 6y-
;"

IleM MOHHMMAaTb HHTEerpan S F; (94 9;) dgy, rne nocrosnnas y; ¢duKcn-
Ti

poOBaHa M He 3aBHCHUT OT 3HaYEHHH [IPOH3BOJNbHAIX NOCTOAHHHX ap; TOTIA

n
0 0 oF,
'Ekzls Fyp(qr o) dgp= o, S\F, (g3, o)) dgy= S aT,-idqi-

3areM MH Hcmonb3yeM cooTHomerue (10),
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2° IycTs

H=g,{... s{glei (@ P, 92 P} 5 P3} .-. Gn P} (16)
Torpa ypaBHenne Aaq onpeneienns V sanuumercd Tak:
gn{‘--ga{gi[gl(ql ﬂ/v‘) G dl] q O_V} e g o—V}zh
' 0q,)° TV 0gy)> ¥ g, " 04,
Beenem npousBO/bHHE NOCTOAHHHE @4, ..., O, ; H 0,=—Hh
H MOJOXHM MOC/IEJ0BaTENbHO

& (41: STV;) =ay,

" _,
Oqs/ %

vy _
En\%% 1 9n E =0a,
Onpenenﬂﬂ OTCI0/Ia YAaCTHHE NpPOuSBOJHHIE, HaHgeM 1)

oV
04, =G, (91 u)s

(i)
oq G‘A (q‘b a4, ai)»

& (a’lr 4N [ (1 7)

OV . . .
oq G (qm %n-1s an)

Otcrona

v=Y SG @5 %1 a)dg;?) (18)
=1

i

=—a t—l— 2 S G (qu i-1s l)dql (19)

i==1
3necs

#S _ 0G; i .
3gi0m — 0 g0 "Pr Ik (G E=1, ..., 0

dg;
1) Mo nmpegnoaaraeM, uTto (%7&0, T. €. YT0 p; HeHCTBHTENbHO

BXOLHT B QyHKUMIO & (q; pi). .

%) 3mecb M jgazee B 3TOM naparpage noj HeoNpeleleHHHIM HHTer-
paloM NoHEMaeM (kak H B 0. 1°) onpejeieHHHY HHTerpaa C nepemeH-
HBIM BePXHHM NpefeaoM M GHKCHPOBAHHEIM, He 3aBHCALIUM OT &g, ..., G,
TIOCTOAHHSIM HAXHHM TNpEIenoM,
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[Toatomy ycioBue (7) CBOAHTCS K HEPaBEHCTBY
11 0Gi
6&:

KOTOpO€ BCErja BHIOJHAETCH, NOCKOJIbKY YpaBHEHHE

8 (%, ¢ P)=u; (20)
3KBHBAJIEHTHO YPaBHEHHIO
Pi=G; (g1 %1, %), (21)
# NOTOMY
0G; __(0g:\~!
—_— = === O i=1, TEE) n). 22
0ai (0pi)Pi=Gi (qi, LIy “i) ;é ( ) ( )

Ias manbHefiinero HaM mOHago0ATCA BEIPAXEHUs s HPO-

H3BOJHBIX 9G; KOTOpHeE HaxoaaTcs u3 ypaBHeHu# (20) u (21),

Oe; 4’
4 HMEHHO.
( 0g;
0Gi —_ 0(1,'_1 23
Oy \ (Ei . ( )

A 0pl Pizoi (‘Ii. LIy “i)

IMoacraBass B KOHeuHne ypaBHeHus jaBixeHus (11) Bupaxe-
Hue (19) u yuuteBas dopmyan (22) u (23), nosyyaeMm OKOHua-
TeJBHO:

dq; _
(30 o,
0Pi/p;=0;g; oy . @)

08311
Oa;
o dgi=8;
8is1 [ (24)
Opps 7 Pipy=C%11 Wppp *p 230
=1, ..., n—1),

—t S‘ (0gn gy —s,

017,;)1.)" =G, (9 %q-y %)

=G(gp 0 %) (=1 ..., n) (25)



§ 27 METOJ PA3JIEJIEHHUS MEPEMEHHEBIX 167

3peck nepshe n— 1 ypasueHuit (24) SBAAIOTCA YPaBHEHHAMYU
IJs ceMeidcTBa TPAaE€KTOPHH B KOODAHHATHOM IPOCTPAaHCTBE, 3TH
ypaBHeHHS COAepkarT 27— 1 MNpOMSBOJIBHBIX  IOCTOSHHBIX
84, ...y @y Pry ..., Bp. Tlocnennee ypasuenue (24) comepxut
HOBYI0 IIDOM3BOJLHYI0 IIOCTOSIHHYIO [, M YCTaHaBJIMBaeT CBA3b
KOOpAMHAT ¢; C NEPEeMEHHOH BpemeHn t.

YpasHenus (25) mnocne NOACTAHOBKH B HHX  (YHKIHH
g;(t, @, Bp) (=1, ..., n), HallneHHBIX u3 ypaBHeHHH (24),
ONpeneaslnT UMNYAbCH p; (i==1, ..., n) xax dQyuxunn or ¢
4 BCEX NPOH3BOJBHMX MOCTOSHHHX a; B; (I==1, ..., n).

[Tpumep. 2. PaccMOTpUM KemIepoBo IBHMEHHE, NPH KOTOPOM
MaTepHaibHasg TOYKA MAacChl m NPUTACHBAETCA K LEHTPY C CHJ’[OI‘/’I, 06-

paTHO NpPONOPUHOHANbHOH KBalpaTy PacCTOSAHHA NO LeHTpa,
B sToM cayvae B cepHUeCKHX KOOpAMHATaxX

r=”'7(r‘*+rzé*+r2sin=’e¢’), n=—%  G>0,

H=gh (4B T 1

r?sin? 6 r
M ypaBHeHHe 1js onpefeneHHs IV uMeeT BHJA
1 (/oA , 1 [10W\2 1 /o1\2 1 _
2 {(o7) +F[(0T) +——smze(&p) ]}—?—"'
MMonoxuM

1 a
E1=py =2y gﬂ—-”@"‘smze—“m 81 =g (Pr+ 2>_l=°‘a=h-

Torna, cornacHo gopmynam (24), Haxoaum:

de .
y—a — =8, (262)
sin? 0 2, ——1
2 sin%@
l dr

P =B, (266

a

]/ sm”ﬂ 2]/2,"% __7_722
=8, (265)

_t+S V 2may +2m‘{ at_2

Mu [@OZyuHTHM, KOHEUHHE YpaBHeHHA AJA KemIepoBa NBHKEHHA,
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[pn wuccnenosaHMM 9TOro OBHXKeHHA G6e3 HapyuwleHHA OOWIHOCTH
MOXHO CYHTaTh, YTO HayambHasd CKOPOCTb NeXHT B MIOCKOCTU MepH-

gnaHa ¢ =const. Torza B HayaabHEH MoOMEHT %:0 H, clegoBa-
TelbHO, coraacHo dopmyre (26a),
a, =0 (27)

u ¢ =§, =const, 1. e. ABUxEeHNe maocKoe, [louneHHo ITuddepeHnUpys
pasedctBa (266) u (26B), momyyaeM, uTO CeKTOPHaabHast CKOPOCTH 1)

paBHa _
% r’i—g = —]% = comnst,

T. e, JBHXEHHE B MJOCKOCTH ¢ =—cons! NPOHUCXOAHT B COOTBETCTBHH
C 3aKOHOM Iaomiajed.

1
Hakonen, 114 onpemeneHHs TPaeKTOPHH moJaraem S =X Hus
dopMmyanl (266) ¢ yuetoM paBeHcTBa (27) HaxoauM

. S
SVc+2kx—'xs_ ’
roe
e=2% R g oy a8, @)
2 2

Buiyucaue uHTErpan, noayyum

arccos——% _—9 —B

VEI:
x=k+ V EBF ccos(t —Bp).

1
Hakonen, BcnomHuB, 4TO X ==, MONyYMM 115 TPaeKTOPHH ypap-

H, CAefoBarelbHO,

HEHHE KOHHYECKOro ceYeHHsd, B OJHOM H3 (pOKchB KOTOpOoro pacnono-
¥MEH UEHTD NPATAKEHHUA: ’

— 4
F=TFewm@—p @)

rue nmapaMerp U SKCUEHTDHCHTET KOHHYECKOro CeYeHus oOonpenensarcs
H3 pPaBEHCTB

._.l_f_i — ° __ 2aza,
rmg=m =V 4=V 1+55. @

[lycTb TOyka ONMChIBaeT 3aMKHYTYIO ODGHTY (HBHXEHHE NIaHeTHl,
nputarupaeMoii Connuem). Torda sTa op6HTa — snnunC, B OJHOM M3
¢oKycoB KOTOpOro HaxomuTca uUeHTp nputaxenns (ConHuge).

1) To ectr Npou3BOXHAA MO BpeMeHH OT ILIOWANH, ONMHChiBaEMOH
PajinyCoOM-BeKTOPOM, NPOBENEHHKIM H3 LEeHTpa,



§ 27} METOJl PA3JIEJIEHHUS MMEPEMEHHLIX 169

OGo3nayns yepes F R a, b (a>b) NI0Wats ¥ NOTyOCH SIHMCE,

HalaeM (nocxonbxy, KaK H3BECTHO, p=-—

F?  =2a®h®
= =——=n.

al a®

' 2mF
ITycte *— nepuon (Bpema o6paileHnd), t=— . Torna na ocroBaRuu
Qg

pasencrs (30)

i W £1 =m 31

12 mF__mlp =n'm__a° 1
4a aad” e 1 1 ( !

rie, COrnacHo 3aKoHY npuTAxkeHus HploTOHa, BemsHuHHa v, 3aBHCHT
TONBKO OT UEHTpa npuraxenus. Mbl momyumnau Tpu 3akoHa Kennepa
AnA ABHxE€HMA nnaHer Bokpyr Coanua: 1) naameTH ABHXYTCS C Io-
CTOSAHHOM CEKTOPHAMBHOA CKOPOCTBIO MO MIOCKHM OPGHTaM; 2) 3TUMH Op-
GHTaMH ABAAIOTCA IIHICH, B OJHOM H3 (OKYCOB KOTOPHIX HaXOAHMTCH
Connue; 3) oTHoLIeHHE KBAJApaTOB BPEeMeH oOpailleHus K Ky6aMm 60.b-
mux ocell op6HT MaA BCeX MIaHET OJHUHAKOBO,

3°. PaccMoTpuM enle B KauecTBe NpHMepa NpUMEHEHHs MeToja
pasjieleHHs NepeMeHHHIX caywal, Koraa

H— f1(qs py) + s+ Fn(Gns )

£1(qy )+ .-+ &n (qns Pn) ° (52)
Torna ocnosroe aubdepeHuuassHOoe ypaBHeHHe
H(ql, vees s g%, cee s g—:;)=h
MOXET GhITb 32MMCAHO B CHENYIGILEM BHe:
n
i;}[f,- (90 5)— 1 (a1 52)]=o. @)

TTonoxum
oV oV i .
ti (qir '(E) — hgi (% BE) =a (i=1, ... ) )y (34)

TA€ ag ..., @y ; —IPOK3BONLHbIE TOCTOAHHBIE, a MOCTOSIHHAA ag,,
B CHIY ypasHeHus (33) ¥ paBeHCTB (34), BeIpaxaercs Yepes aj, ..., a4, _j,
a UMeHHO:

Qp=—a;—...—ay_q. (39
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oV
Paspenium ypaBHeHHa (34) OTHOCHTeAbHO NPOHM3BOMHBIX ——:

0q;
oV
——.=Fi(qi) ay h) (=1, ..., n) (36)
9g;
Peurenne ypaBHeHHns (33) 6epeMm B BHIe
V= S Fi(qy o h) dg;. (37
1~—1

[TostoMy moaubiff mHTErpand ypaBHeHHsa ["aMHabTOHa — §lKO6M HMeer
BHI

S=—nt+ Z S Fi (g o h)dg;. (38)

i=1

Torza koHeuHne ypaBHeHHa ABHxeHHA (l1) moaywaroTca ¢ moMmombio
KBagpaTyp

oF; oF,

e Ldgj— \ Gor dan=F (=L ..., n—1),
N ( OF
hulll
ZS o i=1t+En, r (39)

i=1
Pi=Fi (qi’ gy h) (i=1, sy ﬂ)
(i +aeg+...+ap=0). /

Paspeman ypasuenue f;(q;, p;)—hg;(q; p;)=4¢; OTHOCHTEIbLHO
p;, moaygsaem p;=F;(q; a5 h) (I=1, ..., n) Hpennonaraercn uro
BLINOJHAETCA YCIAOBHE Pa3speliHMOCTH 3% 0p L£0. B stom cay-
yae IPOM3BOIHbIE HeABHOH QYHKumn F; p‘aBHu

o [0 _ 0]
ap; op; p;=F;(2; = B)!

Oa;
H
OF; [0f i 9g; ]" ,
== —h=t s Di =1, «eey ).
oh { 9p; op; 8:(qv P) }p‘.=Fl(qi, w;, k) (=1 )
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YpaBuenusa (39) B oxoHuaTenbHOH (OpMe MMEOT BHI
S [_fL 1981

dp; 0p;]p,—F(q, a h)

[l

dg,="§;
Opy’ 6Pn]Pn= N, N &

=1 ..., n=1),

21 S {[—% —h —g%]—l £i (9 p,)}p - ,,) =t 4B,

i=

(40)

pi=Fi(gy 2 B) (i=1, ..., n)
(ay+2g+ ... +a,=0). J

Kak yacTHuii cayua#f monyyaem teopemy Jluysmans:
Ecau Kunemudeckas u nOMEHUGUGABHAS JIHEPIUL CUCMEMbB UMe-
1om 8ud

n n i I,
r=5(Ya) Yo n=1, (41)

i—= i=1 ZAi

i=1

20e A;, By u II; — dPynryuu om o0Holi nepemenHol q; (i=1, ..., n),
mo KoHedHwe ypaaueuuﬂ OBudCeHUsL cucmemb Mo2ym Goimb noay-
4eHbL ¢ NOMOWbI0 Keadpamyp.

HefictBHTEAbAO, AiA cHCTeMH JIHyBHANA

(g

H=i=t"" (42)

HO 3TO YacTHHH cayuyadl qopmynm (32).
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§ 28. Ipumenenne KaHOHHWYeCKUX NpeoGpasoBanui
B TEOPHH BO3MYIIeHHH

ITycTb M3BECTHH JBHXEHHS CHCTEMH C AaHHOH Qyuxumed H,
T. €. peleHus
=0t gh P, Pi=Y:(t gk PR) }
(=@ PI=@)y I1=1 ..., 1]
cucremn auddepeHiHalbHEX ypaBHEHuH

dgp _OH dpi___ OH G,y o, )

(1)

dt __op;’ dt — oq;

u nyctb Tpe6yeTcs OMpene/uTh MABUNKEHWUE <«BO3MYUIEHHOH» CH-
CTeMH C raMuwIbTOHOBOR dyHkuuel M-} H,, 1. e. onpemeiauts
pemeHns: CUCTEMH AU QepeHiHalbHEX yPaBHCHUM

doy _ OHAH) dpy__ OUILH)
dat api Y odt T aqi (1_1, ceey n). (3)
Eciu B dopmyaax (1) paccmarpusate ¢} uw pt (B=1, ..., n)

KaK HOBLIE NEPEMEHHbe, TO, Kak OHJO BHACHEHO Ha ctp. 159,
¢opmyan (1) onpenensioT CBOOGOAHOE YHHBaJIEHTHOE KaHOHHMYE-
ckoe npeobGpasoBanue. IT0 npeobpasoBaHHe NEPEBOAHT FaMuJb-
TOHOBY CHCTeMy (2) B raMUJbTOHOBY CHUCTEMY ¢ QyHKuueH H=0
[cM. dopmyay (13) wa ctp. 158]

dqy . dpi

=0, =0 (k=1,...,n), “)

at

a raMHUJIbTOHOBY cUcTeMy (3) — B raMHJILTOHOBY CHCTEMY C PyHK-

uuell H, xotopas Gymer pasHa H ')
dg} O0H, dpj} OH,

w—a @~ o F=bLeon O

Takum 06pasoM, HOBHE NEpeMeHHHE ¢} ¥ ph obaamaloT Cie-
AyOUUM 3aMedyaTelbHHM CBOMCTBOM: AJ HEBOBMYILEHHOTO [BH-

1) 310 caelRyer U3 COOTHONIEHUSA ﬁ—(H+Hl)=O—H. JleBas
W MpaBas WaCTH 9TOTO PABEHCTBA PaBHH —-, riie S — npousBopsman

($YHKIUA paccMaTpMBAaeMOro CBOGOIHOrO YHHUBAJEHTHOTO KaHOHHYECKOro
npeoGpasoBaHHA (cM. cT1p, 152),



§ 28] MPUMEHEHHE B TEOPUH BO3MYILEHUH 173

MEHHs OHM COXPaHSIOT MOCTOSHHLIE BHAYEHN, PABHEIE HAYaAbHHM
3HAUEHNAM; [J BO3MYLIEHHOrO K€ MBWXKEHWS OHH NPEACTAaBJSIOT
coGo#t dyHkunn ot Bpemel-m H HayaJdbHBRIX 3HAYEHHMH:

aoE &P PG %) (=1, ....m), (6

onpenensiemele Kak oOllee peleHne raMu/IbTOHOBOH cHcTeMnl (5),
B KoTOpoH dynkune#t [aMuIbTOHa SBASETCA <«SHEPrus BO3MY-
weHusd» ;. Koneunnle ypaBHeHHs AJd BO3MYILIEHHOIO JBHXEHHs
B HCXONHHX KoOOpAMHaTax gq; p; ({==1, ..., n) noayvaworcs
npu nopcraHoBke gyHkuit (6) B PopMyas 59 HEBO3MYLIEHHOIO
aBuxenns (1) BMECTO MOCTOSHHHX ¢} W pi.

Ham ypanoch, Hcnoabsys TEOpHIO KaHOHHYeCKHX npeobpa-
30BaHNH, 3aMEHHTb MHTErpHPOBAHHE TaMHJIbTOHOBOH cHCTeMH (3)
MHTErpUpOBaHNEM TraMHJIbTOHOBHX cHcTeM (2) u (B); u3 oOwux
pewenuit (1) u (6) sTux cucreM cynepnosuunefi mnomyuaeM oG-
mee pemreHde chcTeMms (3)

ai=olt ¢2¢ 4% £, PAE 4% Pl
=4[t gt 95 P?u (2 ‘] )l (M
(i=1,..., n.

Mu  dakTHyeckn MNOKas3ajH, UYTO <«BO3MYIUEHHE B SHEPruu»
CHCTEMH 9SKBHBAJEHTHO <«BO3MYIIEHHIO HaYaldbHHX [HaHHHX>.
[IponamocTpupyem 310 Ha it
puc. 40.

B pacmmpennom ¢asoBom
NpOCTPaHCTBE B  THNEPIJIO-
ckocTH £ == 0 BO3bMeM (HKCH-
pOBaHHYI0 TOYKY My H npo-
BEAEM M3 HEE HEBO3MYIIEHHBH
npamModt myTth, T. €. npsMo#t
nytb (1) aaa cucrems (2). Ha
puc. 40 srtor myre usolpa-
weH wupHo#t Jauunedt MyN,.

B runepnaockocty £ ==0 cMme-
IeHHe HauyaJbHO) TOUKH, Baaa- 0
Baemoe ¢dyukuuamu (6), uso-
GpasuM TOHKOH Junnelt MyM,.
W3 Ttoukm M, 3ToH KpHBOH 1npoBEeNEM  HEBO3MYLIEHHHIH
npsimot nyte MyNy; (Ha puc. 40 oH mnzoOpameH NyHKTHPHOH
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Aunned). Ha 970M nyTu Bo3pMeM TOUKY P ¢ JAHHBHIM 3HAYEHHEM KO-
OpAuHaTH BpeMeHH f. DT0 u OyNeT NOJOMKEHHE CHCTEMHl B BO3-
MYLIEHHOM ABHXEHUH B MOMEHT BpeMeHd f. IIpu HeBoaMyieHHOM
JBMXKEHHU CHCTEMA B MOMEHT f{ 3aHuMaja mojoxeHue Q. Taxkum
06pasoM, BO3MYILEHHE CKa3aldoch B «capure» QP. IIpamo#i nyTs
B BO3MYILEHHOM JBHXEHUH u300pameH KupHOH aunuedt MyP.
Taxum 00pasoM, BO3MYIIEHHOE ABHXEHUE MOXHO PacCMAaTPHBATh
KaK «CJ0xHOE» JBHXEHHe B (Da30BOM NDPOCTPAHCTBE: TOUKA
IOBWXKETCS 10 HEBOSMYNIEHHOMY MNpPAMOMY NyTH, HO €aM 3TOT
nyTe cmemaerca (B obuleM cayyae AeQOPMHPYACH) ©3-3a <«BO3-
MYIUIEHHS> HAYaJbHEIX JAHHEIX.

§ 29. CTpykTypa npoH3BOJBHOTO KAHOHHYECKOrO
npeo6pa3oBanus

B aToM u B caenywmowux naparpadax 3Toff raaBn Ml Npu-
BEJIeM HEKOTOpHE JOMNOJHUTE]bHBIE CBEJAECHHS O KaHOHHYECKHX
npeo6pa3oBaHUsX.

a1 mpon3BoJBHOr0 KaHOHMYECKOrO Mpeo6pasoBaHUs MOMHO
YCTaHOBHTb  QOpMyasl, onpefeasioniye 3T0 npeoGpasopaHue
¢ TMOMOIIBI0 TNPOU3BOAAWEH (YHKIHH M BaJEHTHOCTH ¢, TOAOOHO
TOMY Kak 3T0 OnJ0 cuenaHo B § 25 pas cno6o,zmoro KaHOHH-
YyecKoro npeo6pa3oBaHus.

ITycte, Hanpumep, u3 4n BeauyuH

95 Po 9» P1 (=1, ..., n) 6]

CBA3aHHKX MexAy colof KaHOHHYECKHM mnpeoGpa3oBaHUEM

gi=w;(t, qp P2); l~’i=q’i & 90 ) 2
(1_—__.1, e I 9@y -+ Pn) 750),

(g1 +ev s Pn)

MOKHO B KauelTBe 271 HE3aBHCUMBIX B3ATb BEAMYHUHH

d1 vves 9p Pl+b vevs Pa &1: ey qm’ ﬁm+1: L] ﬁn
O<f) m<n). ©)
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Torjpa ¢ NMOMOIIBIO TOXKAECTB

n
Pgdqg =13 ( 2 qug) §l]+ , g g

n n

ﬁh8‘7/.=8( M ‘7hﬁh)— > Gnd
h=m+1 h=m+41 h=m+41

MOXHO OCHOBHOE omnpenensomee paseHcTBo (9) Ha crp. 149
3alKUCaTh B BHIE

j=1 hazm 41
1
=C(lei8q: Z e — H¥)—38U, (4)
i= &=
rape
n
U=F+ D> @fp—c Z 9ePe (5)
E=m+1 g=1+1

Iockoabky Bce 47 BeauuuH (1) BHpakKAaWTCA uepes 271 BETHYHH
(3), TO MB MOXKEM cuMTaTh, uT0 U ecms dynxyus om Geau-
yun (3). Toz0a u3 moocdecrmea (4) aezxo Haxodum

W W W w_.
g 9o al?j—_PJ’ ap,,—qh ()

=1, ..., L g=I+1, ..., m
I=L ..., m;h=m-41, ..., n)

dopmyant (6) skBuUBadeHTHH GopMyaam (2) u onpemensoT
paccMaTpHBaeMOe KaHOHHYECKOe Npeo6pasoBaHHE C TMOMOLIbIO
BaJIEHTHOCTH ¢ W mnpoussoiselt ¢yHkuun U OT HE3aBHUCHMHX
BesuuuH (3).

Hmxke MH IDOKaxeM MaTeMaTHUYECKYIO JEMMY, COTJACHO KOTO-
po#t w3 4n Beanmuus (1), cBASaHHHX mpeoGpasoBanueM (2), Bceraa
MOXHO BHOpaTh 2n HE3aBHCUMBIX TaK, YTOGH CPENM BHOPAHHEX
BEMMYMH HE OH/IO HHM ONHOM NapH CONPMKEHHHX ¢, p; WIH
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g; p;*). Torma npn Hamnexamel nepeHyMepallin KOODAHHAT g,
G, (I, k=1, ..., n) ¥ COOTBETCTBEHHOH INEPEHYMEPALUU MM~
nyJabcoB p;, p (I, k=1, ..., n) BHOGpaHHHE 27 HE3aBHCHUMBIX
BEJIMYHH 'MOXHO npenacrasute B Bume (3). Ilostomy das npous-
B0ABHO20 KAHOHUYECKO20 NPeoCpA30BAHUS UMEIOM MECMmo
ghopmyasl, womopwe mozym omaudamscg om gopmya (6)
auws wymepayuel seausun (1) %),

ITomo6Ho TOMYy Kak 5TO Oblio caenano B § 25 mss cBoGos-
HOTO KaHOHMYECKOro mnpeo06pasOBaHHd, MOXHO II0KasaTh, 4YTO
M JIVI1 [POU3BOJILHOTO KaHOHMYECKOro mnpeoGpasoBaHHd Omnpene-
JIMTENb MOPAAKA A, COCTABJEHHbIH M3 CMEMIaHHHX HDPOUSBOMHBIX
BTOPOTrO NOpAdKa OT npousBoAdmed o¢yukuuu (/, OTIMUYEH OT
Hyns ®). Tlostomy nepsre 7 ypasHenu#h (6) Moryr OWTb pas-
pELIEHK OTHOCHTENbHO BEJIHYHH 27], P G=1, ..., m; h=
=m-1, ..., n). Tlocie NOACTAHOBKM NOJYYECHHHIX BHPAXKEHHH
B nocjieauue 7 ypaBHehu#l (6) Mbl NpeICcTaBUM YDPaBHEHHMH KaHO-
HHYeCKOro mpeobpasosanus (6) B Bume (2).

ChopMyaupyeM M [oKaxeM JA€MMY, Ha KOTOPYIO Mbl ONMpPaIHCh
NpH MOAYYEHHH CIPYKTYPHHX ¢opmya (6) AnA NPOM3BOALHOTO KaHOHHM-
YeCKOro npeo6pa3oBaHHs.

JTemma. Ecan Oanw 2n Hedasucumux GynKgul gy, ..., Gn,
Biy ..o, Pn Om 2n Hesasucumelx Seauqut q,, ..., Gp, Pi, »+» s Pp, MO
us An geaurun qy py, Gy, Py (I=1, ..., n) ecezda MocHO 8uibpamb
2n Hesasucumux makx, 4mols cpedu Hux He OWAO Hi OOHOH napw
CONPAHCEHHUX (qk, pk) uau (T]k, ﬁk).

) B kuure Toancretima” (Conncteftn I',, Knaccuueckas wexa-
Huka, M., 1957, cTp. 262) yTBEpXKIaeTCA, YTO NPH MPOH3BOALHOM KaHO-
HHYECKOM NPeo6pPa30oBaHHM B KaYeCTBE CHCTEMHEI 272 HE3aBUCHMKIX BeJH-
UMH BCerjga MOXeT OHITb B3ATa OJHA M3 YETHIPEX CHCTEM: q; M §;
QiU P pi M Gy pp M Py I=1, ..., n). OBIKUGOYHOCTL 9STOrO YTBED-
MAECHUA MOXHO YCMOTDETb M3 IPOCTOrO NPUMEPa KaHOHUYECKOTO Ipe-
06paBOBaH"H ¢~Ix=—'Pn Pi=qu 71'=‘1j’ .ﬁj:'-i’j (j=2’ seey n')-

%) 310 noJOKEHHE NMPHBENEHO lfapareonopu B ero kHure (Cara-
théodory C, Variationsrechnung und partielle Differentialgleichun-
gen erstes Ordnung, 2 Aufl,, B. I, 1956, § 96), oxHako memMa, Ha KOTO-
po#l OCHOBAaHO Hale JOKa3aTelAbCTBO (CM. HUXe), YycTaHoBiaeHa Kapa-
TEOROPH AdA YACTHOrO cryvyad, KOTJa Nepexofl OT MEPEMEHHHX g;, Py

K MEPEMEHHbIM §;, P; (i=1, ..., n) ABJARTCA KAHOHUYECKMM MpeoGpa-
SOBaHHEM,
" 0*U \n
#) 910 ycnosue MoxHO 3anmMcaTh Tak: det (—:—— #* 0
ori0Fp /i =1 !
ecay 9Yepes ry, ..., tp, ¥y, ..., ¥, 0GO3HAUHTb COOTBETCTBEHHO BeTU-

YHHB (3) B TOM NOpAIKE, B KAKOM OHH GhUIM BBIMHCaHH Bbilue (CM. (3)).
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HdoxaszartenbcTBO. JIOMYyCTHM NPOTHBHOE, T. €. HONYCTHM, YTO
mofeie 21 U3 pacCMaTPHBAEMBIX BEMHYMH, CPEIHM KOTOPHIX HET HH OIHOMH
Nape CONMPAXEHHHX, BCerna 3aBHcHMbL. Torna snfepem n--d He3asH-
CHMHIX U3 NaHHHX 47 BEIHYMH TaKHM 06pa3oM, YTO6H Nepenie n He
HMeNH 3Hauka ~ , a NocaAelHHe d HMelH 3TOT 3HAYOK, MPHYEM BHGepeM
3TH N -|-d BeNWYHH TaK, YTOGbH CPeNH HHUX He GHII0 CONMPAMEHHBHX H
4TO6H YHCAO d MMeNO0 HaHGoiabulee H3 BCEX BO3MOXHHIX 3HAUEHHMH.
CornacHo ‘monymenuo d << n,

Hockonbky, He H3MEHAA HH YCNOBHA, HH YTBEPXIEHHA NEMMEI,
MOXHO IIOMEHATb DPOJAMH [BE€ CONDAXEHHbIe BENHUMHH ¢; U p; HIH
gim p; a Takke cIoenaTh ITPOH3BOJILHYI0 IIEPECTAHOBKY HHIEKCOB
1, ..., n XaK y BeIHYHH ¢;, p;, TaK H Yy BeNHUHH §; P; TO MOXHO
CYHTaTh, YTO BHOPAHHLIMH ABIAITCA CHelyOIHE N -}d BeTHYHH:

Gis ooy Gns G19 ooy G2 (@a<mn. 0]
Pan seauunn (7) Ha30BeM maxcumassuuism 6Gazucosm. QueBHIHO,

YyTO
?j=f(41, vy Guy Gay oeey qd)1

! G=d+1, ., m, @
ﬁ]=f(qh ooy oy Gy oeey qd)

rie f—3Hak QYHKIHOHAALHON 3aBHCHMOCTH l').
He napymas o6umHOCTH, MOXHO CYHTAaTh, YTO H3 BEIHYHH
P1y =»+y Pns ﬁlv teey ﬁd:
He BXONAWMX B ¢opmynn (8), BeTHUHHB!
Py >0y Pay ph "°rﬁb (aénv b\<~d) (9)
ABIAITCA QYHKIHAMH OT Ga3HCHHIX BeTHYHH (7), a KAWAAA U3 BEIUYHH
Party «o-5 Pny Bogn ooy Pa (10
He3aBHCHMa MO OTHOMIEHHIO k Gasucy. Taxum o6pasom,

pi=f(qh vees 4y qu ceey qd) (£=11 cany a)v } (11)

_Vi’k—_“—f(qh ooy Guy Giy -o ‘7;1) (k=1v resy b)~

FokaxeM Tenepb, UTO BENHWHHBl §giyy +eoy Gpy Gog1y -o-y §d, €O-
NpAXeHHBE <HE3aBHCHMBIM» BenHynHam (10), daktTHueCkH He BXomaT

) B pasumix QopMyrax omHolt u To# we 6ykBol f oGosHavawICH
pas3anyHbie (YHKUHOHAMbHEE 3aBHCHMOCTH. '
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B NpaBeie 4YacTH (opmya (8). JleicTBHTENbHO, NYCTh, HampuMep,
¢, (A > @) hakTHYECKH BXONHUT B BHpameHHE A1 HEKOTOPOTO gy > a):

(7]'=f(-.. y Qo ...).

Torma cucrema Beanuu diy --oy @y rsxt1s o=y Gny qlr seny qd! qj
axeusasernmna Gasucy (7):

(qu von s ety Praty oooy Gy qlr veey G4y ‘7})”3
U-"(‘h, ceey Guy Gyy veey qd)y (12)

T. €. Kau/lasd H3 BeINYHH, BXONANMX B ONHY M3 JBYX CHCTEM, BBIPa-
¥aeTcA yepe3 BEAHYHHH Ipyrofi H HaoGopor!). Ilostomy n-4-d -1
BEJHYHH

iy vev s Doty Prr Drats ooy 9ns Guy ooy Ga; q]

HE3aBHCHMHI, YTO NPOTHBOPEYHT <MAaKCHMaJbHOCTH» Gasuca (7).
Taknm o6pa3oM, GOpMyas (8) MOryT GHIThb 3aTHCaHBl TakK:

qj=f(qh evey Gas Gus e Gb)s ﬁ]=.f(qlr cevs Gay Gry oe s §p) (13)
(j=d-+1, ..., n)

OGosHaunm uepes ¢, ..., 9ap Guv -+ dp, (a,<a, b,<b) Bce
BeIHUHHH, (aKTHUECKH BXOIAMME XOTA 6B B OJHY M3 NPaBBIX yacTel
¢opmyn (13), Torna

17]=f(lh, vy Ggp Giy oee s qbl)r ﬁj=.f(qlr ce 1 Qg dir veny qbl) (19
(j=d4-1, ..., n).

TokaseM Tenmepb, YTO BEIHUHHH @, Go(A>a, p>0b) dakru-
YeckH He BXONAT B Te dopmyan (I1), rie i<<a,, k<CH, [lonyctum
npotHBHOe, [1ycts, Hanpumep, ¢ (A > a) dakTHYECKH BXOAMT B BHIpa-
wenne (11) nas Py TRE i << ay,

Py =.f("' » G "') (ilsaly 1>a)-

Ho Beanumnna q;, (PaKTHYECKH BXONMT B ONHO H3 BHIpameHuil (14);
nycTb, HANPHMED, OHA BXONHT B BblpameHue s §; (f>d):

(7]=_f(..., qil’ ) (i =say, j>4d).
Torna

(qlr seey qil—lr pilr qil+lr oy Oacty Dty ooy Gny qu ceey qdr q})w
U-"(‘In vaey qpy qu AL qd) (15)

!) Ecan ¢, dakTHuECKH BXONHT B KAKYIO-1HGO (dhyHKUHOHANBHYIO
32BUCHMOCTb, TO 9Ty 3aBHCHMOCTb MOXHO Pa3peliuThb OTHOCHTEABHO g,
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H, cienoBaTeasHo, n+d -+ 1 Beauyun
q1y oevy qil—ly pill qil'*'" vy Dty Pro gty coe s Gy / FURT qd: qj

He3aBHCHMEI, YTO MPOTHBOPEYHT <¢MaKCHMAaAbHOCTH» Gasuca (7).
Takum oGpasom,

pil =f(q1: ver s Gay Qo5 con s qb)r ﬁk1=f(¢h, oy Gay Q1 see qb) (16)
Gi=1, e, @y  kBy—1, ..., b,).

O603naynM uepe3 Qagtvr -y agr Tpg4nr -+ s Jp, TE H3 BEIUYHH G,

G, ({>a,, k>by), voTOpHe (aKTHYeCKH BXONAT B NPaBHE YaCTH
tdopmya (16). Torna

pil =f(q11 veny qaz) 1y -e- s ‘71;2) (i1=11 veay Ay al<a2<a)l (17)
ﬁkl—'_—f(qn cevs Goor Giy -ev s ‘71;2) (By=1, ..., by by <<by<<)).

Teneps mokakeM, uTo BEAHYHHH Gy, §, (A > a, p > b) dakTHyeckn
He BXONAT B Boipaxenua (11) naa p;, Py, rie i<<ay, k<<b, Jeticteu-
TeabHO, NYCTh, HANPHMEP, ¢) (A > a) QakTHYeCKH BXOIHT B BHIpake-
HHe 1A p;, (8 <iy << ay):

P, =F (s Gy oed) (@, <iy=< @y, A>a)

Ho Beanymna g;, (aKTHYECKH BXONHT B ONHO M3 BHIpAXeHHH (17), na-
npHMep B BhlpaxenHe 114 p; . Torna seanynna ¢; (akTHYecKH BXONHT
B OIHO W3 BhipaxeHHit (14), Hanpumep B Boipawenwe ma §; (j> d):

P =fC s q, ) (e <ly<<ay),
G=f(.,q;,.) (i =<<a, j>d).
B 3T0M CIyyae MMeeT MeCTO SKBUBATEHTHOCTb MekIy CHCTEMOH BeIHYyHH
G1s oo s Gi—ty Py Dty or s Qig—ts Pigy Digtts o0 s Grets
Doty vovy Gy Gus ~ovy §ar @y (18)
H 6asucom (7). [TosToMy BelHYHHA p, He3aBUCHMa OT Beauyun (18),
[TpubaBaaa p, k seauyuHam (18), moayuyum Ga3uc us n-+d-+1 Beru-

YHH, YTO HEBO3MOKHO,
Takum oGpa3om,

P12=f(‘h: vee ‘Ia: 171: rs g qb)v ﬁk2="f(‘h: ey ‘Ia: qll LIS } Qb) (19)
(i2=a1+11 vee g Gy, k8=b1+11 Teey bﬂ)'
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OGosHaunM 9epes g4, | 1, vy Ggp Gpy 4 1» -+ » Tp, T€ U3 BETHUMH

9y §r ({>> a5, k> b,), xoToprle (akTHyecKH BXOIAT B opmynn (19).
Pasencrsa (19) sanmwem tak:

Py =5y ., Gag Gu = qba)

h=a;+1, ..., a5 0, <0< 0, < a),
Ppy=rqy -, Gag Tur +ev s qb,)

(ha==b,+1, ..., by by < b, < b, <<b).

(20)

DTOT Npounecc MOXHO MpPOZOMXAThb HO TeX MOp, MOKa OXHOBPEMEHHO
He OYIyT DOCTMIHYTH DaBEHCTBA dg= Gg,,, by= b5, TOrIa

Pi;=f Gy oo, dagp Tty «ee s o)

(Us=as_;+1, .., a5 a,<...<a;<a),
Pes=5(@y ) Gap Tty oo s D)

(ks=bs_1+1, ..., b by <<...<< b << ).

@)

Bumecto dopmyn (14), (17), (20), ..., (21) MOxHO Hamucath

Gi=fGn oo Gap Gui» +or s Jig) G=d4l o), @
ﬁj=f(qh ooy Jag iy vovy qbs)

Pi=f(fh» seey qasv qh seey qbs) (l=17 ey as)y (23)
D=1y -y dagp sy -y Gny)  (R=1, ..., b). 29

IMycts Teneps as> b, Torma u3 dopmyn (23) MONHO HCKIIOYHTH
§1 «o-y Gpg ¥ MONYYHTb 3ABHCHUMOCTb MEXRY ¢y, P;, YTO NMPOTHBOPEYHT

YCIOBHIO JTeMMEL,

Ecmm a;<<b;, 10 a5<<bs4 1. Torma wu3 dopmyr (22) u (24)
MOXHO HCKIIOYHTb BCE ¢; U TMOLYYHTh 3aBUCHMOCTb MEXIY §p, Pg, YTO
OnATb NPOTHBOPEYHT YCIOBHIO,

Takum o6pasom, HONymeHHe O CYUIECTBOBAHWM MAKCHMAalbHOro
6asuca (7), 8 xotopoM 4 < n, npHseno Hac K nporusopeunio. Jlemma
JIOKa3aHa.

§ 30. Kputepuii KaHOHHYHOCTH NpPeoGpa3oBaHU.
Cko6kn Jlarpausxka
YcTaHOBUM HEKOTODHE KPUTEPHH KAHOHHUYHOCTH, T. €. HEOGXORUMEIE
U IOCTATOYHLIE YCIOBHA, KOTOPHM HOMKHH YIOBIETBOPATH 211 HE3aBH-

CHMBIX QYHKUME [OTHOCHTENbHO ¢y, pp (R=1, ..., n)]

Gi=oi (& 9oy Pe)y Pi=Vi(t qp, PE) (=1, ..., 1) 1)
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IAs TOro, YTOGH omnpeleinseMoe STHMH (GYHKUHAMH npeoGpa3oBaHue
GBIIO KAHOHHYECKHM,

[Tycts npeoGpasoBanue (l) ABAAETCA KaHOHHYECKAM. Brimmmem
IS HErO Ompelensioulee TOXIECTBO

n
.Zlﬁi qu-——ﬁat = (.lei qu-——H Bt) —BF(t, qiy pi). (2)
= L=

BoabMeM TNIDOH3BONbHOE (HMKCHpOBaHHOe 3HaueHme f—¢f, Torma wus
ToXnecTBa (2) HaxXOLHM:

n n

> Bidgi=c 3, pi®q;—3F (%, gi p)). &)
1 =1

Ho pasenctBo (3) ecTb ompepenswomee TOXAECTBO MaA npeoGpa3oBa-
HHfA, He COIepxaulero ABHO BPEMEHH,

GLi=9(f qu po)y Pi=Ui(£, g pp) (=1, ...,m). (4

CuenoBatenbHo, hopMyas (4) onpelelsAloT KaHOHMYecKoe npeo6paso-
BaHHe C BaNeHTHOCTbIO ¢, He 3aBHCAmel!l OT BHOPaHHOTO 3HaueHHA
t=t¢.

[Tyctb Temepn, Hao6opoT, maHO, 4YTO BCe Npeobpa3oBaHHA, NOAY-
yajouiHeca M3 npeo6GpasoBanua (1) mocme 3aMeHB mnepeMeHHON f pas-
JHYHBIMH GHKCHPOBAHHHIMM 3HAaYeHHAMH [, ABIAOTCA KaHOHHYECKHUMH,
M NPHTOM C OJIHOH M TO} Xe BaNeHTHOCTHbIO ¢. Tormua, onpenenas ¢yHK-

unio H paBeHCTBOM

. < 07
A=cti+3L+ 3 5, %, ®

i=1

Mu u3 pasencts (3) m (5) nomyvyaeM paseHcTBo (2), T. €, NPHXOIHM
K TOMY, 4TO 3aBHCAUlEe OT BpeMeHW [ mnpeoGpa3oBaHue (1) ABIAeTCA
KdHOHHYECKHM,

* TaxkuM o6pa3oM, 047 moz0 4mobu 3asucsiyee OmM BpeMexu npe-
ob6pasosarue (1) Owa0 KaHOHU4ecKUM, HeoOx00uUMO U C0OCMAMOUHO,
4moOn 6wl KGHOHUHECKUMU, U npumoM ¢ 00HOI u moii Jice 8aneHm-
HOCMbIO ¢, 6CE He 3asucsuyue om 6pemenu t npeoGpa3osanus, noay-
walowliecs U3 npeo6pa3zosanus (1) 3amenoii ¢ npoussorbHbLM 3Hade-
Huem t-

[TosToMy npH YCTaHOBNEHWH KpHTEpPHEB KAHOHHYHOCTH MOXHO
OrpAHHYHTBCA KAHOHHYECKHMMHM Npeo6pa3oBaHHAMH, He COLEPKAUHMH
ABHO NepeMeHHOH BpeMeHH f:

— 5= | .a(qv'"!i’ln)
§i=9i(@n Pr)y Pi="Yi(gn Pr) (t—l, U m;éo(l
)



182 KAHOHWYECKUE NMPROEPA30BAHHS [T 1V

Jas xanonHyeckoro npeo6pasosanus (6) ompegensioulee Toxle-
CTBO (2) samMchBaeTcA Tak:

n n
21 Prdir=c lek ¥ — 3K (1 Pr)- @
h= b= .

Buipasum sgece 37, uyepes dg; M ¥p; ¢ noMoubio dopmya (1),
Torna pasencTso (7) npuMeT BuA

'21 (®; ¥q; + ¥ ¥p;) = — 3K (qry P1)s (®)

rjae

n n
0 i/ ,
s S
k=1 =1

i

Ocraerca 3anmcaTb YCIOBHA TOro, YTo JeBas YacTh paBeHcTBa (8)
ABIsETCA MNONHHIM JHGdepeHUHaTOM, H Mbl NOJYYaeM KPHTepHH KaHo-
HHYHOCTH B BHJ€ DaBeHCTB

9%; _ 00, 0¥, 0¥, 0 9T,

—t = =% = i, k=1, ..., n). 9
e 0g;" Opn = Opi Oy — 0q; ¢ n- O

_ [TlopcraBaaa cioga sumpaxenus (8), focie 91eMeHTapHWX npe-
06pa3oBanUil HaXOAHM

n
2 (@lﬁéf_a;'@l)=0
~ 0q; 09,  0gy Og; -
n
99; by 93, 05;
159 __24) =0,
,21 ( Op; Op, Opg ap;) (10)
n
0§;0p; 0§;0p; 3
Rt D A o SR T It BT i, k=1, ..., n),
j;l(aqi o~ 0oy agy ) = Rl

rie 3;,—cumpon Kponekepa: ¥;,=0 npu ik ¥p=1 npn
i=k (i, k=1, ..., n).

Ycnosua (10) MoxHO 3anucaTs B KOMNAKTHOH ()OpMe, ecIH BBECTH
TaK Ha3biBaeMble ck0OKu Jlagpanzca, KoTophie ONpeNeNsIOTCA Ias
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3allanHbX 2n dyskumd ¢, ¢; (=1, ..., n) OT HBYX nepeMeHHHX ¢
H p clefymouuM o6pasom )

lg p]=i (aﬂ%—?ﬂ

o\ N0 (e U
dqg dp  Op 71)_ T an

q 0( ’

= ja 0 p)
Hcnonb3oBaB 3TH 0603HaYeHHA M B3AB B KaueCTBe 9¢;, ¢; GyHKUHH

Gy P; (=1, ..., n), onpeneasemnie dopmynam (6), MHl MOXeM 3amH-

catp ycnosusa (10) rak:

[9: 9:1=0, [p; pe]=0, [q: pr]=cdy 0 k=1, .., n; (12)

37eCh ¢ — Ba/JCHTHOCTb KaHOHMYeCKOro npeoGpa3oBaHus.

PasencrBa (l2) BhpamaOT HeOGXOXHMEIE M NOCTAaTOUHHIE YCIOBHA
TOro, yTo6n mnpeo6pasoBanHe (6) 6bLTO KaHOHMUYeCcKUM. B ciyyae mpe-
06pa30BaHHA, 3aBHCANLEr0 OT BpeMeHH f, ycaoBHA (12) coxpaHsmwTCcH,
TOILKO OHHM JOMKHH BHIIOIHATHCA IPH MIO60M 3HaueHHH f.

§ 31. CumnaexkTnunocTh fIKOGHeROfl MaTpUILL
KaHOHMYeCKOro npeoGpa3oBanHuf

PaccMoTpHM AKOGHMEBY MaTpHily KaHOHMYECKOro Npeo6pa3oBaHuA

dq, *"" 0qn Opy " Op
M= 9q, 9qn dp, "7 Op, _ dqg Jp m
Bo B o |\ 0|
9q, 08qn dp, " Op, dq Op
Bi  Fa By OB
9, 56; op, " Opa

3nech g—Z-—ﬂKoﬁueBa MaTpuua n-ro nopsAmka g%“ AHanoruyHo
ONpeNenAnTCA AKOGHEBbI MaTPHUW A-rO NOpPANKa I%Z—, ‘?)% u %%

!) Oycrb yurarens cpaBuuT CcKoGkH Jlarpawxka co cko6kamm Ilyac-
coHa, BBeneBHHMH B § 15. Tam Guinn 3amann nBe dynxuun ¢, ¢ or 2n
HepeMeHHHX ¢; p; W Cko6ku ITyaccoHa paBHAMMCH CyMMe AKOGHAHOB

a_d_(%&_;f))_) 3pech xe NaHB 2n (QYHKUME OT NBYX apryMeHTOB H CKOGKH
Jlarf)’an;xa PaBHH CyMMe sAkoOHaHoB (11),
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BpesieM B pacCMOTpeHHe CHeNHaabHYI0 MaTpPHUY NOpaiKa 2n
jO...0 —1... o0

@

rle E—enuHuyHasd MaTpHua n-ro mopagxa, PaccMaTpuBas Hapamy
¢ marpruued M TPaHCHOHMPOBaHHYI0 MaTpHuy M’, COCTaBUM NpPOM3-
Beflende M'JM ® JoKaxeM, YTO B CHay COOTHomeHH# (12) mpeasimy-
uwero maparpada 3TO NMPOH3BEJEHHE TOXNECTBEHHO PaBHO c¢J:

MIM=cJ, ®

rile ¢ — BaAEHTHOCTb KaHOHHYECKOro MpeoGpa30oBaHHMA.
JleACTBHTENBHO 1),

M (%)’ (3_2)’ (0 ——E)_ (g%)' “(a—z)'
=\ r0gy \E )T /apy av |’

@ ) )
@y @y

- BV 0 _ (97 P PYoa_ o2y P

Ho (dp oq (dp og \op/dp \dp/ op

n " o o e n
="J§l§—§f§~g—§%% | S

[Mposens aHanOrMYHbIe BHIYMCAEHHA A8 OCTAaAbHHX TpPeX GIOKOB,

noayYHM
MIM— ( 0 —cE)

cE 0 =/,

YTO H TpeﬁOBaJIOCb JA0Ka3aTb.

) B cayyae, xorja sieMeHTaMH MAaTpHUbl SBAAIOTCA MaTPHUH-
6M0KH, YMHOXEHHE BBINONHAETCA IO TeM XK€ NPAaBHAAM, KaK eCiH Gbl
3/E€MEHTAMH MaTpHU ObIIM YHCHa, T. €. CTPOKH MEePBOH MaTPHLLI-COMHO-
KHTENs YMHOXAITCA Ha CTOAGUB BTOPOH MATPHUE-COMHOXHTENS (CM.,
Hanpumep, "auTmMaxep . P., Teopua matpuy, § 5),
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Ilna yHHBaAeHTHOro KaHOHMYECKOro NMpeo6Gpa3oBaHHA PaBeHCTBO (3)

3anHCHIBaAeTCA Tak:
MIM=J. @

Martpuubl M, I KOTOPHX CIHPaBeIIHBO PAaBEHCTBO (4), Ha3h-
BalOTCA cumnaexmudeckumu. Tlockoabky det J=1, a onpexeaurens
NpOW3BeeHHA MAaTPHIL pPABEH NPOM3BENEHHIO ONpelenHTened MaTpHU~
COMHOXHTeNeH, To H3 (4) HaxoIHM

detM==1,

Takum o6pa3oM, CHMNIeKTHAYECKHE MATPHUL ABIAIOTCA HeoCOGeH-
HEIMH 1),

Marpuy M, yIOBIETBODAIOMYIO COOTHOINEHMAM (3), 6yleM Hasbl-
BaTb 0600uieHHO-cuMnaeKmudeckoli (C BaTeHTHOCTBIO ¢) 2).

Tak kax cooTHomenna (12) npegblgyniero naparpada CBeNHCh
K YCNOBHIO 0GOGIIEHHON CHMINEKTHYHOCTH AKOGHEBOM MaTpHum M, TO
KPHTePHH KaHOHMYHOCTH npeo6pa3oBaHUA MOMET GHTb Cop-
MYIHPOBaH Tak:

s moz2o 4molbu Hexomopoe npeobpa3osanue §;=14§; (¢, qn, Pi)
Pi=Di(t, qu pp) (=1, ..., n) Oua0 KaHOHUdecKUM, HeoOXOOUMO
1 Gocmamodno, 4moGb cOOmSEeMCMEYIOU,as 3MoMy npe0lpa3osaniiio
sKobuesa mampuyga M 6oira 0606ujeHHO-cuMn e KmMUYecKol ¢ nOCMost-
HOil 8asenmuocmbio ¢, (B caydae yHusarenmrHozZo npeolpa3osanus
mampuya M seasemcst 00blKHOBeHHOL cumnaekmudeckod.) Ilpu smom
ycao08ue cumnae KmudHocmu (3) G0AMNCHO BHNOAHAMBCS MOKCOLCMBEHHO
OMHOCUMEAbHO 8CeX NepemerHux t, q; p; (i=1, ..., n).

B § 26 6bino ycTaHOBAEHO, YTO IBHXEHHE JI06GOH raMHIBTOHOBOM
CHCTEMBl MOXeET pacCMaTPHBaTbCA KaK CBOGOJAHOE YHHMBAMEHTHOE KaHO-
HHYyecKoe npeoGpasoBanHe. CneloBaTeNbHO, €ro AKOGHEBa MaTpHua
CHMNIEKTHYHA M ee onpemeanteab / (cM. c1p. 142—143) paBen 1.

ITockoabky B HavyaabHbift MOMeHT [ (0)=+-1, T0 /=1 BO BCE
nocrefyioniie MOMEHTH BPEMEHH, HO MMEHHO STOT ONpelenuTels CIy-

1) Kak Jnerko npoBepHTb, NpoM3BefeHHE IBYX CHMIIEKTHYECKHMX
MaTpHi, o6paTHag MAaTpHUAa Iad MOGOH CHMINEKTHYECKOH M eIHHMYHAA
MaTpHna ABNAITCA CHOBA CHMIIEKTHYECKHMHM MaTpHuamu. I[lostomy
CHMITEKTHYECKHE MATPHUE OGPa3ylOT TPYNNY — CUMNACKMULECRYIO
epynny.

. CuMnnekTHYECKHe MATPHMIM XapaKTepPH3YIOTCS CIENYIMUM CBOH-
n

crBoM. B GuauHedHOH dopMe f= Z (x;y; —y;x;) NoIBEprHeM 2n
. i=

NepeMEeHHHX X; y; M 2n NEPEMEHHHX X;, y; ONHOMY H TOMY e nn-

HeHHOMY Npeo6pa3oBaHHIO C CHMNJEKTHYECKOH MaTpHuel kosdduumnen-

108 M. Torza B HOBHIX nepemennnx x¥, yF u x}', v}’ dopma f coxpa-

n
HHT CBOH BHI: f= ¥, (X§y}' — yFx¥).
i=1
) Bce 0606uleHHO-CHMIIIEKTHYECKHE MATPHHL (NIpH Bcex ¢ £ 0)
Takse o6pasyior rpynny. Ecau M — 06o0uieHHO-CHMNICKTHYECKAsA Ma-
TpHua, To detM=c",
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KUT MOJBIHTErpanbHOH QyHKUMel B BhpaxeHUH HasA $Ha3o0BOro o6neMa
B 2n-MepHOM npocTpaHcTBe (hopMyna (3) § 23).

310 3aMeyaHHe MOXET PaCCMaTPUBATbCA KaK OTAHYHOE OT NpOBe-
IeHHOro B § 23 10Ka3aTeabCTBO TeopeMul JIHYyBHMAsA.

§ 32. HuBapHauTHOCTL cKo6ok Ilyaccona
npH KaHOHHYeCKOM Npeo6pa3oBaHHH

IlpencTaBuM ycnOBHE KAHOHHMHOCTM Npeo6pa3oBaHHUsA, 3aMHCAHHOE
B (opMe pasencta (3) npexmayuiero nmaparpada, B HECKOAbKO U3Me-
HEHHOM QopMe. YMHOXMUM 0Ge yacTH STOrO paBeHCTBa caesa Ha (M),
a cmpasa—Ha M~ Tloayuum:

oy =1 @

BosbMeM O6paTHhe MaTpuubl OT OGeHX yacTell 3TOro paBeHCTBa, 3aMe-
yas, y1o J 1= —J).

MIM =cJ. @

PaBenctBo MJM' = ¢J noayvaetcs u3 paBencrsa M'JM =cJ nyreMm
3aMeHH AKOOMEBOH MaTpuun M TpaHCOHMpOBaHHOH MaTpuued M,
Ho sta 3amena [cm. dopmyny (1) § 31] ceomurcs k samene npous-
0f; 0¢; p; 0P
09" Opp’ 0qp’ Ops
0, OPr O0fn 0P
0q; ' 0g; ' Op; ' dp; ;
craMy GYKBH M MHIEKChl, CTOsl[Me BBepXy W BHE3Yy ). [lostoMy, ecan
paBeHcTBO M'JM =cJ GHl10 3KBUBANEHTHO CUCTEME PaBEHCTB

(9: 9]=0, [p: Pel=0, [q: ppl=0p (G, k=1, ..., n), (3
TO PaBeHCTBO (2) 6yNeT SKBUBAJNEHTHO CHCTEME DPaBIHCTB
F qk]*=0! [pi pk]*=0; lg; pk]*=8ik (0, k= l, vey ), “)
Fle 3HAYOK * YKa3bBaeT, YTO BHYTpM cKoOkM Jlarpanwka caenyer

NMPOU3BECTH YKA3aHHYIO Bhillle 3aMeHy npoussonubix, Ho Torma cko6ku
Jlarpanxa nepexonar B cko6ku Ilyaccona. JelicteutensHo,

n
i _ 0g; 0p;  dpy 0fy ]*_
i aate = X, (G ot —ot )| =

j=1
n
0§; 07 0f; 07 ~
- Z (_‘lg_ik;_ﬁ ﬂ>=(qi T
j=1

BOIHKIX COOTBETCTBEHHO HA IIPpOU3BOJHKIE

y T. €, B KaXIOH IpPOU3BOIHON MeEHAIOTCA Me-

oq; Op;  Op; Ogy

') Mo noab3yeMcs 3leCh CHeAYIOWHM [PaBUAOM: o6paTHasA Mat-
PHUA TIPOM3BELEHHA MaTPHUl DaBHA NpPoU3BeNeHHI0 OGPATHHIX MaTpHL
B ofpatHoM  nopagke: (ABC)'=C™'B71A~', Kpome Toro,

0 —E\ /0 —E E 0 .
r=(g 7o) (g o)=—(¢ £)=—
T.e. Jl=—J.
¥) 3HayoK ~ mo-1IpexHEMY OCTAaeTCH BBEPXY,
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rne (§; §p)— cxo6xn IlyaccoHa maa GYHKUME §; M §, OTHOCHTENBHO
He3aBHCHMbIX MEPEMEHHBIX ¢y, Py, «+oy Iny Pn. COBEPIIEHHO aHANOTHYHO

s pel* =B Ba)r (4 Pel* = (@ B)-

TloatoMy yc.08UR KaHOHUYROCMU npeobpa3osanus (4) mo2ym Geimb
3anucanul ¢ nomowpio ckobox ITyaccoHa 6 caedyiouem gude:

@ =0, @:PI=0, @i P=0u (k=1 .., n). ©

PaccMoTpuM Temepb IBe GYHKUMM ¢ M § OT BeAHUMH g; p; (i=
=1, cry n) u t. Bepawaa B 3Tux QyHKNMAX ¢; p; (=1, ..., n)
qepea Gy Pr (R=1, ..., n) ¢ noMombio O0GPATHOrO KAHOHHYECKOrO
npeo6pa3oBaHUA, MBI MOXEM paccmanmaarb 5TH Ke GYHKUMM Kak
(QYHKUHH MepeMeHHHX §p, Pp (=1, ..., n). COOTBETCTBEHHO CKOGKH
ITyaccona OT ¢, ¢ MOXHO BBIYHUCIHUTDH KaK M0 OTHOUIEHHIO K nepeMeH-
HEIM ¢; p; [06o3Hayenue (v ¢)], TaK ¥ MO OTHOLIEHHIO K NEPEMEHHHIM
G i loboomanenme (¢ §)" | '

JlokaxeM crpaBejIMBOCTb TOXZECTBA

e ¥)=ce " (6)

JlokasatenbCTBO 3TOr0 TOXAECTBA ONHpPAeTCA Ha M3BECTHOE BHIpa-
XeHHe AKOOMAHA OT CHCTeMbl CIOXHBIX GYHKUMN

@ _ 2 ['a«p, Y 0@ ) , 9 ¥ 0 m] +
0@ p) (G Gz) 0(qp pP) ' OWPu Pr) 0(q5p)

l<k

+ 2 0(‘?! P 0(q1’pk) (=1, ...,n).

0(‘]11 pk) 0(1]], p])

npOCyMMHpOBaB MMOYWIEHHO 3TH TOXAECTBA, MOAYYHUM

_ vV [2@ 2(s, ¥)
¢ 4= 2 [a(q @ 10+ s 0 )]+

i<k
n .
0o §)
+ Z 0(qi’ pk) (qi pk)'
1,hk=1
CornacHo paBenctBaM (D) OTCIOa HAXOXHM

eV )
¢ np)—cjgl Ty =t v ™
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Cnpasennnso H o6paTHoe yTBepxkiende, Ecam p1a 1i06mx nByx
GyHKuMi ¢ M ¢ BHIOIBAETCA TOoxMecTBO (7) OPH OINHOK H TOH Xe
NOCTOAHHOR ¢ £ 0, TO mNepexold oT 2n mepeMeHHBIX ¢;, p; K 2n nepe-
MEHHBIM §;, P; OCyImeCTBAAeTCA KaHOHHYECKHM npeo6pa3oBaHHeEM
C BaleHTHOCTbIO ¢1),

Jaa yHHBANeHTHOTO KAaHOHHYECKOIO Npeo6pa3oBaHHMA c¢==1, H

NOTOMY
e ¥)=@ ¥~

Hpyrumu cnosamu, cxobxu [Tyaccona uHEapUaKmMKbl OMHOCUMEALHO
YHUBGACHMHBLX KAHOHUYECKUX npeo6pa308anuii, D10 CBOKCTBO YHH-
BaZeHTHHX KaHOHHYECKAX Npeo6pa3soBaHHi BHIEIAET STH Npeo6paso-
BaHHMA CPellh BCEX BO3MOXHHIX Mpeo6pa3oBaHUil $a30oBOro NpoCTPAaHCTRA,

1) Hle#ictBUTeNbHO, U3 paBeHcTBa (7) BHTEKAaET, YTO
i I =c@i §u)" =0, (F; Pr)=1cB; Pr)” =0,
(Gt Pe)=c(G; Pr)” =By



FrTABA V

YCTOAYMBOCTb PABHOBECHS
H JBHXKEHHS CHCTEMBI

§ 33. Teopema Jlarpanxa o6 ycTOHYHBOCTH
N0JI0XKEHHSI PaBHOBECHH

Haunem ¢ onpeneneHuss yCTORUMBOrO MOJOKEHUS PaBHOBECHUS.

HpenpapuTeNbHO HAanOMHUM 1), UTO TNOJONKEHWE CHCTEMBI
Ha3HIBAETCA IIOJIOKEHHEM DABHOBECHA, €CAH CHCTEMA, HAXOAf-
HIAACS B HAYaJbHBIA MOMEHT B 5TOM. IOJIOXEHHH INPH HYJEBHIX
CKOPOCTSIX, BCE BPEMS OCTAETCA B ITOM INOJOMXEHHH.

ITycTh MONOXEHHE TONOHOMHOM CHCTEMH ONpenensercs C Io-
MOMIbIO HE3ABHCHMBIX KOODAMHAT ¢y, ..., ¢, (n— YHACAO cTenmeHeh
cBoGoxnl cucremn). Kak 6wuto BuificHeHO B § 5, B monomxeHunu
paBHOBECHS (M TOJABKO B 3TOM IOJOXEHUH) Bce 0GOGUIEHHEIE
cumel paBHel Hymo: Q;=0 (i=1, ..., n) ?). Bes Hapymeuus
OCIIHOCTH MOXEM CYHTaTh, YTO PACCMATPHBAEMOE IIOJIONKEHHE
CHCTEMB HAaXONMTCA B Hauale KOOpAMHAT ¢ ==...=¢q,=0.
Torna xoopauHaTel moGOro APYroro IO/NOXKEHHA CHCTEMH
q1> -++» §n XaPAKTEPHBYIOT OTKJOHEHHE B3TOr0 MOJOXKEHHS OT
TONOKEHUS PABHOBECHS M IIOTOMY CaMH Has3HBAOTCA OMKAOHE-
HUSIMU CHCTEMHI.

ITonoxenue paBHOBECHS ¢y == ... =¢,=0 (WIH COCTOSIHUE
paBHOBECHS ¢y= ... =¢,=0, ¢ = ...=¢,=0) Hazu-
BAETCA YCMOUYUBHM, €CIH NPH AOCTATOYHO MaJbiX HAYaJbHHIX

1) Cm. § 4.
%) Ecin o6o6menHule cHaLl Q; 3aBUCAT He TOMBKO OT KOOPIHMHAT gy,
HO U 0T 0606IeHHHX cKopocteit g, (k=1, ..., n), T0 paseHcTBa Q; =0

ZOMKHB BHITONHATHCA TOrfa, KOrla BXOAAumlde B BHpaxeHHe A1a Q; Ko-
ODAMHATH g, B3dMEHATCA KOODAMHATAMH IONOKEHHA pPaBHOBECHA, &
06060IEHHHE CKOPOCTH MOAAraioTCA PaBHLIMH HYIIO.
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OTK/NOHEHHAX ¢f M [JOCTATOYHO MaJHX HAYaMBHHX CKOPOCTAX
¢! (=1, ..., n) cuCTeMa BO BCE BPEMA [IBUXEHHA HE BRIXONUT
M3 NPENeNOB CKOJb YroJHO Majof (Hamepen sajaaHHOM!) okpect-
HOCTH TIOJIOXEHHS DABHOBECHs, HMMes HDPH 3TOM CKOJb YTOXHO
Majme CKOpocTH ¢; (i=1, ..., n), T. e. ecam 04% 2106020 ¢ >0
MOYCHO yrasams maxoe d=3y(e) >0, umo 017 scex t=1,
BHINOAHAIOMCS HEPABEHCMEA

‘qi(t)|<5’ ‘qt(t)l<e (=1, ..., n), )
KOAb CKOpPO 6 Ha4arbHulli momenm t=1,
lgh1<ld, [4<<? (=1, ..., n). 2

Hepasencra (1) u (2) yaoOHO reoMeTpHUYECKH HHTEPIIPETHPO-
BaTb B 2n-MEPHOM IIPOCTpAaHCTBE cocTofHuH (g; §;). Ha puc. 41
(ans cayuas n=—=1) B n10CKOCTH (g, §) M306paNeHb JBE OKPECT-
HOCTH Hayasla KOOPAMHAT (), COOTBETCTBYIOUIHE HEpaBeHCTBaM (1)
. n (2). Ecam wHavanao koopam-
q HaT O — yCTOHUYMBOE COCTOSHHME
st & o]

paBHOBECHS M A 3afaHHOro

] e >0 DOMKHHM 06pasoM nopo-
7 Gpano 8 >0, To moGoe HBHMKeE-

5 HHE, HAUMHAIOIEECH B MOMEHT ¥,

) _ BHYTpH KBafipaTa C IEHTPOM

0 g B O n cTopoHo# 29, 6yner npo-

XOIHMTb BCE BPEMA BHYTPH TaKOro
v We KBaJpara CO CTODOHOM 2e.

Mpumepun. 1. Taoceavii wa-
pUuK mooem Osuzambcst no 0600y,
umewuwemy @Gopmy OkpysHOCMU
U pacnOOMCEHHOMY 8 BepMUKAAb-

Puc. 41. HOli naockocmu.  VimewoTtcn nBa

: TNONT0XEHHA PAaBHOBeCHA: HAWHU3INAA

W HaMBHICIIAA TOYKH OKPYXHOCTH. VI3 HMX nepBas mpencraBaser coSoit
yCTORUYMBOE, a BTOPafA — HEYCTOHUYMBOE MNOJOKEHHE PABHOBECHA,

2. Jluneiinoiii ocyurrsimop. Tlomoxenne paBHOBECHA YCTOHYHBO,

l . 1
JleficTBHTeNbHO, NAA THHEHHOTO OCHHINATOPA T=—2- mgs, II=—2-cq’

(m >0, c> 0) u mupdepennuarbHoe ypasHeHre ABHxesua mi + cg =0
HMeeT obuiee pelleHHe

9o ; ¢
q=QoCOSN(t—tD)—l—-%smm(t—to) (wgéﬁ)’
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IMostomy

lr@I<lg]+1

ol <e, l‘7(t)l<‘°lqol+l‘.lol<¢,

. WE
ecIu TONbKO | g, | <<¥, | §,| <<3, rae, nanpumep, ¥ = min {a —2——)
3. Mamepuaasnan modxa macco m movcem Osuzamocs 890ab
ocu x nod Oelicmsuex 08yx cun: soccmanasausawowell cuav, npo-
NOPUUOHANGHOL OMKAOHERUIO — CX, I CUALL CONPOMUBAEHUS CPeObL,
nponopyLOnabROl nepsoll cmenenu cxopocmu — 2f% (¢ >0, f> 0).
Toyka x=0 6yXer YCTOAUMBHIM MONOXEHMEM paBHOBechf. Pac-
CMOTpHM CHayana ciyya#, KOrjia ko3dGHuUHeHT CHIR CONpOTHBIEHHA

Man: 0<< <<} mc. B stoM cayyae IuddepeRuHMainHOe ypaBHeHHe
IeuxeHns mi -+ 2f% 4 cx =0 nMeeT ofwee pemenue

— - (E—4£g) d d
x=eg ™ [Cl cosﬁ(t—to)—}—C, sinﬁ(t-—to)],
rie |
d=V me—f, Ci=ux,, Cz=7 (fxo +mxy).

Or1ciona npH no6oM 3HaueHun ¢

lx@®1<|Cl+1Cl<(14+L) ) x4+ ™1 2 <6
d d

H
1201<5 (1+L) e +ian<

<a (L) 1nl+ (14 2) 101 <

ecmn |x, | <3, | %, ] <3, rae Hanpumep,

Ecin xe f==V me, 10 ofwee pewenne TubdepernuaIbHOr0 ypas-
HenHa gBuxenua mk + 2fxX -+ cx =0 umeer BHI

x=C, e ¢t—h) + Cpe— 72 ¢ — o),
rae

fx V'{:_mc >0, ‘C1=v2x°+x°. Cs="1xo+xo

v =
ok g — vy vy —Vg
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Orciona npd 1060M 3HauYeHUM ¢

lx(t)|$|cxl+|ca|< (V.l+v2)|x0|+2[x0|_f|x0|+m|xo} <E

[ vg—vy | YV FF—me
H
£ @< Gl |Gy < Zel el H Ot [ o]
Vg — vy
¢ x|+ F1% |
= e—— " <¢,
V fP—me

ectn |x,|<<¥ |X]|<<? rze

YV FP—me VF—me VF—me
b_mm< 37 g, 5 €, om el

B npumepax 2 1 3 yCTOMYUBOCTB MOJIOKEHUS DAaBHOBECHS yCTa-
HaBJWBaJaCh C IIOMOIIBIO . KOHEYHHX YDPaBHEHUH, MOJyUYEHHHX
NyTEM HHTErpHpPOBaHUA AHQQepeHIHaaIbHbIX YPAaBHEHHH JBUKEHUS
CHCTEMH. JTH KOHEYHHIE YDaBHEHHSl ABHXKEHHUS NABajH HAM 3aBH-
CHMOCTb OTKJIOHEHHH ¢; # 0O06LWEHHB X CKOpOCTE! ¢§; OT BpeMeHH £
¥ HauyaJbHBIX JaWHeX ¢f, ¢f (i=1, ..., n). B Goxee crox-
HHX (B 4YaCTHOCTH, HEJHHEHHHX) 3afayax OINpeeaeHHe STHX
KOHEYHHYX YpaBHEHUH ABHKEHUA M HX WCCAEJOBaHWE BECbMA 3a-
TPyAHATEAbHO. TI0STOMY NpeacTaB/fIOT UHTEPEC KPUTEPHH YCTOH-
YUBOCTH NOJOXEHHS DPABHOBECHH, HE TPEOylOLHE MPENBAPUTE/b-
HOrO HHTErpupoOBaHdA AHdEepEHMaIbHHX YPaBHEHUH ABHKEHHA
CHCTEMBI.

Eme Toppuuenns (1644 r.) GO0 H3BECTHO, UTO MOJOKE-
HHE CHCTEMB TEJ, HAXOOAWUXCA MOJA IACHCTBHEM CHJ THXKECTH,
6yneT YCTOHYMBHM, €C/H LEHTP THOKECTH STOH CHCTEMH Tea
3aHUMAaeT HAWHHM3IUEE U3 BO3MOXHHX [OJOXKEHHH. JlarpaHx
0600w Ha 3TOT NpuHnUn Toppuuensad Ha cayyalt NPOUSBOJIBHHIX
MNOTEHUHAMbHHX CHJ ¥ YCTaHOBHUJI CJAEAyIOWUH KPUTepHH yCTOM-
YUBOCTH MOJOXKEHHS DAaBHOBECHS KOHCEPBATHUBHOM CHCTEMBI:

Teopema Jlarpauxa!l). Ecau 8 nexomopom nososce-
HUW  KOHCEPBAMUBHOW  cucmems. NOMEHUUAALHAS  SHEPUS
uMeem cmpoull MURUMYM, MO 3MO NOAOCJHCEHUE ABALEMCA
NOAOJICEHUEM YCMOULUBO20 PABHOBECUS CUCMEMDL.

1) dra Teopema MMeeTCA B <AHanuTHYeCKoH MexaHuke» Jlarpamma
(1-e uaganue 1788 r.), HO CTporoe NOKa3aTE€NbHCTBO TEOPEMHl Jan Bnep-
sue Jlewen [upuxne. [lostomy 3Ty TeopeMy uacTo Ha3nBAalOT Teope-
Mo#t Jlexena [ldpuxie. :
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Hokasareancrro. He napywas oGumnoctd, Gymem cum-
TaTh, YTO B pacCMarpHBaeMoOM IHOJOXEHHH BCE KOOPAHHATHI
G1s «ovs G, W TOTeHnMambHas sHeprua II(gy, ..., ¢,) pasuu
Hymo, T. e g =...=¢,=0 u I[(0, ..., 0)=01%). Tax
KaK B JaHHOM MOJOXeHHH cucTemsl (yHkums II nnveer MaHnmyM,
TO B 9TOM M0JOXEeHHH OB0OCHIEHHBE CHJbl PABHHL HYJIO

Q,n:——-ab—=0 " (l-:-“l,...,ﬂ),

13

T. € TOYKA ¢j==...==¢q,==0 dBIIETCA MO/JOKEHHEM PIBHO-
Becus cucremel. anee, u3 toro, uro 3Havenne IL(O, ..., 0)=0

€CTh CTPOrHit MHMHHMYM, CJIEIyeT, 4YTO B HEKOTOpOR A-okpect-
HOCTH ITO/IOXKEHHSI PaBHOBECHA

lg: ] <A (=1 .., n ®3)
AMEET MECTO CTPCrOe HEPaBEeHCTBO
Mgy ..., ) >, ..., 0)=0, 4)

€CJAN TOJbKO BCE KOODAMHATHl ¢; HE PABHH OJHOBPEMEHHO HyJIO.
CocTaBuM BBIpaxcEHVE N/ IOJHOM SHEPLHH CHCTEMBL

E(qh cesy qrp ql! IR q'z):T—I_Hz

n

1 13 .
=5 2 i (Gis oovs Gn) 96,11 (g ..., g, (3)

i, =1

V3 wuepasencrsa (4) u u3 Toro, uro 7 >0, ecan xors 6w
onHa u3 00OCLIEHHEIX CKOpoOcTell ¢; HE paBHa Hymo %), caemyer,
YTO IPH BHIIOJHEHHH HEPABEHCTB (é BCerja

E>0,
€CAM TOMBKO Bce 272 BemumH ¢ ¢; (I==1, ..., n) He pan-
HH ONHOBPEMEHHO Hymo, T. €. foanas snepaust E(q;, §;),

1) NloteknnaabHass sHeprus 1[I onpefenseTcd ¢ TOYHOCTBIO [0
IIPOH3BOILHOA aJAHTHBHOH IOCTOAHHOH, ITYy DOCTOSHHYIO nogGHpaem
TaK, NTO6W 3HaveHHe I B NONOXEHUH DABHOBECHS GHLLIO PABHO HYIM.

) D10 cnpaBenauBo, ecam A-OKPECTHOCTh Hayala KoOOPHHHAT O
B KOODIMHAaTHOM NPOCTPAHCTBE He COMEPMHUT OCOOBIX TOYEK (CM. NmpHMe-
gaHue Ha cTp. 33). Mu npennoaaraeM, yro Touyka O, B KOTOpOH QyHK-
una II umeeT MHHHMYM, He sBasgerca ocoGoft. Ho Torma u Hexoropas
20-0KEECTHOCTI> TOYKH (O He colepXHUT ocoGHX TOYeK. Mpl BHGHpaem

<A,

7 @. P, TautMaxep
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ofpaugasice 8 Hyav 68 Hadase roopdunam O 2n-meprozo
HpoCcmparcmea cocmoanul, nmeem 8 3MOL moiKe cmpo-
20l sMunuMys (PABHBLE HYA10).

BniGepem Tenepb NpOMsBOJBHO YMCJAO €, NMOJYMHHB €ro JHIIbL
orpanuueHnio 0< e <A, ¥ paccMOTpUM 3HAYEHHS NOJHOH BSHep-
rug F Ha rpaHulle e-OKPECTHOCTH, ONPEAEATEMOH HEPABEHCTBAMH

g | <s, IQt]<E (i::l,...,”n) ®

(puc. 42). IlockonbKy STa rpansiia npencrasiser cOGOH 3aMK-
HyTOE MHOXECTBO TOYEK, TO HeNnpepmBHas QyHkuus E pocru-
raer Ha 3ToHt rpanuile cBoero MuHuMyma FE*. Tak Kak Ha rpa-

HHLE e£-OKPECTHOCTH BCE€ B3HAYEHHUA E no-

£2£" JOXHUTEJIbHL, TO NIOJIOKUTENEH U MUHUMYM E¥,

= Takum o06pasoM, Ha rpaHUle e-OKPeCT-
HOCTH

E=E*>0. )

C npyro#t CTOpPOHHI, TNOCKOJLKY Henpe-
puBHas QyHKuus E ofpamaercs B HyJb
B Hauajse KoopamHaT (J, TO BCeraa CyILECT-
ByeT Takas d-oKpecTHOCTb Touku O'), B Ko-
TOpOi
Puc. 42. E < E*, ®)

IlosToMy e€c/m HQuasbHBIE KOOPAMHATH M HayaabHble CKOPOCTH
YAOBJETBOPSIOT HEPABEHCTBAM (2), TO HauanbHas sueprus E, < E*.
Ho npm [gBuMxEHMH KOHCEDBAaTHBHOH CHCTEMbl €€ HOJHAsS SHEp-
rpsi COXpaHAET CBOK0 HAuafbHYyIO BeAMYuHy E, u, Clef0BaTE/bHO,
BO BCe Bpema asumxenus E<E*. IlosToMy npu mBHXEHHH CH-
CTeMBl TOYK3, M300pawmamonias 5TO [OBHXKEHHE B NPOCTPAHCTBE
COCTOAHUH, HE MOMET [JOCTUrHYTh TIPaHHIN &-OKPECTHOCTH,
Ha koTopo#t E = E*, 1 HaxoOHTCA BCE BpEMs BHYTDH STOH
OKPECTHOCTHU.

Teopema mokasaua.

K nokasanHolt Teopeme MH chesaeM [OBa 3aMeuyaHus.

3amevanue 1. Teopema Jlazpansca ocmaemcsa cnpa-
8¢04uB0E 0ASL  HEKOHCEPBAMIBHON CUCMEME, KOMOPAsL NOAY-
waemcs U3 KOHcepsamugroll 0doGasiexuem 2UpOCKONUYECKIX

1) TlockoabKy B B-OKpPeCTHOCTH BHINOJHAETCA HePaBeHCTBO (8),
T0 d=<Ce,
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u Ouccunamusnux cus. JEACTBUTENBHO, 3aMETHM TNPEX.E BCETO,
YTO TOJIOKEHHE PaBHOBECHS COXPAHHUTCH, €CIM K CHCTEME AONOJ-
HUTEJBHO HPHJIONUTh TMPOCKONHYECKHE WU AHCCHIIATHBHHE CHJIH

Qv(qk’ @) Ilaa stux cun

n
ZQv(qk) qk) qv<0’ lqk|<A’ lqkl<A'
v=1
BLIGepeM, KaK 4 paHee, 3a Hauajno KOOpAMHAT npoCTpaHCTBa
COCTOSIHUK 110JI0KEHHE PaBHOBECHS H MNPEANIOJOWHM, 4TO cpeoun

dyHruutt @v €CcTb X0Ta Om ojHa Q]- Takas, 4To @,(O);éO.
Toraa mo wenpepwBHOCTH ;£ 0 u B A-OKpeCTHOCTH Hauaxa

koopauHaT. Ho NOCKOJBKY ¢, H ¢, HE3aBUCUMB, HX 3HAuCHHS
B 5TOH OKDECTHOCTH BCErja MOXHO BHOpaTh Tak, 4TO

E Qy (qk) qk) qv>0)
ve=1

a 3TO HPOTHUBOPEUHT YCJOBHIO JUCCHIATHBHOCTH WJH THPOCKO-
NUYHOCTH cuf.  Ilo3TOMYy IIpEANOJIOKEHHE O CYHIECTBOBAHHMH

Q;(0) £ 0 mpuBoaMT K npoTHBOpeuHio, T. € Bce Q,(0)==0,
v==1, ..., 1, @ 970 U CBHAETEJbCTBYET O TOM, YTO JOGaBJICHHE
THPOCKONMYECKHX M JHCCHNATHBHHX CHJA He HapywaeT paBHO-
BECHSL.

I'upockonuueckhe CHIB HE HapywiaroT 3aKOHa COXPAHEHHS
noxHol sHepruu (cMm. § 8), u MoTOMy BCE AOKa3aTENBCTBO TEO-
pemun Jlarpatxa ocraercs 6e3 M3MEHEHHs H NPH HAJHYMH THDO-
CKonHYyeckux cui. IIpu AMCCHNMAaTHBHHX CHJaX TOJHas BHEPrHs
E=T--1I yGuBaer npu ABMKEHHM CHCTEMH, H, CACAOBATENLHO,
BO BPEMs [IBIDKEHHs BMECTO pabeHc¢rsd E==FE; uMeer Mecto He-
pasedcTB0 E<CE, Ho otcoma TaKme Caeayer, Yto Bo BCe
Bpems gsmkenus E <E¥, ecau EO<E*. IToaToMy u 3pech
C 5TMM HEOOJBIUMM HBMCHEHHEM JOKa3aTeJsCTBO TEOpeMH CO-
XpaHseTcs.

3ameuvanue 2. Tlonomwenne paBHOBecHs KOHCEPBATHBHOM cH-
creMbl OGyReT YCTOMYMBHIM M B TOM CIyYae, KOTAa B 9TOM MOJOMEHHH

notenuuansHas snepruAa I uMeeT Heompoeud MHHMMYM, HO B mOGOH
£-OKPeCTHOCTH [ON0EHHA DPAaBHOBECHA CYIECTBYCT BAMKHYTAadA IUnep-

MOBEPEHOCTH
f(qn cery q’l) == 01 (9)

colepxainas MOJOXEHHE DPaBHOBECHA BHYTPH ceGA H obramaioulasd Tem
CBOMCTBOM, YTO HA 9TOM rUIEPHOBEPXHOCTH 3HAYEHHA MOTEHUHAZbHOMN

7.
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3Heprud CTPOro Goabile, YyeM 3HayeHHe Il B NMOJOWKEHHH PaBHOBECHS.

JeAcTBUTEAbHO, MYyCTb MO-NpexHEeMy B NOJOXEHHH PaBHOBeCHS
1= ... =¢q,==0 u II(0, ..., 0)=0. KpoMe TOro, nycTh ypaBHeHue
runepnoBepxsocTH (9) BHGpaHO Tak, YTOGBH [As TOYEK, PACHOJIOKEH-
HHIX BHYTPH 38MKHYTO# runepnosepxHocTH (9), BHIMOIHANOCH Hepa-

BEHCTBO
f(‘Iu ey qn)>0* (10)
Torma 3T0 HepaBeHCTBO BMecCTe C HepaBEHCTBAMH
1 dpl <<cp O<cp<<e; k=1, ..., n) (11)

onpelenseT B 2n-MePHOM NPOCTPAHCTBe COCTOAHMA 06aacTh (KOHey-
HH# <runepuwivHnp») @, pacnolOXEHHYI0 BHYTPH e-okpecTHOCTH (6).
Ha rpannie ofSmactn G au6o f=0 (torza II >0, T ==0), 1160 xoTa
66l MpH OOHOM R HMeeT MecTo
paBeHCTBO |4, |=¢; (rorna
>0, I=0). [Iloaromy Ha
rpanuie odmactu G Bcerma BbI-
MOJHAETCA CTPOroe HepaBeHCTBO
E=T4+1I>0.
g=c B paccmaTpuBaeMOM cayuae
MHHUMYM ¢yHkiuuM E Ha rpa-
HHlle e-OKpecTHOCcTH (6) Moxer
a g PaBHATbCA Hymio. Torna npm

JIOKa3aTelbCTBe TeopeMH Jla-

IPaHXa HYXHO BMeCTO e-OKpecT-
ti=-€ HOCTH B3ATb  PacCloJOXEHHYIO

BEYTpPH Hee o6aactb G. Ha rpa-

HHile 06dacTy G MHHUMYM [04-

ol sHeprunm  E¥ > 0. . [locae

3TOr0 OCTanbHas YacTb JOKa3a-

Puc. 43, TeabCTBA OCTaerTcs 6e3 H3MeHeHHU .

Mpu n=1 3amkHyTas ru-

NepnoBepxHOCTH (9) BHIpOXKAaeTCH

B COBOKYNHOCTb [BYX TOYEK Ha OCH ¢, PACMONONKEHHHLX 110 pasHbIC

CTOPOHH OT Hayama (O, a o6nacTb G— B NPAMOYIOAbHUK, PACHOLOKEH~
HBI{{ BHYTPH §-OKpecTHOCTH ToukH O (puc. 43).

HsnoxenHble B 3aMeyanuu 2 cOOGpaXeHHs COXPAHAWT CBOK CHAY
M TOIJIA, KOTAa K CHCTeMe JNOMNOJHHTeNbHO NMpPHIONeHbl THPOCKONHUYE-
CKHe W JHUCCHMaTHBHbIE CHAK (CM. 3aMevaHue 1)

Ecau Ttouyks, B KoTophlx GyHkuun II umeer Munumym II =0, 3a-
MOMHAIOT CIIOWHYI0 KPHUBYI0, MCXONAULYI0 M3 MOJOXeHHS PaBHOBECHs,
TO 9TO MONOXEHHE pPABHOBECHA MOXeT OHTb U HeyCTOMYHMBEIM, B ka-
YyeCTBe COOTBETCTBYIOIEro NPHMEPA MOXHO B3ATb ABMXEHHe CBOGON-
HOA MaTepuaibHOA TOYKHM C IOTEHUHMAAbHOH 3Hepruef, He colepxaiyeit
omgoff u3 koopmuHat, Hanpumep x: II=II(y, z), npuyem I (0, 0)=0
H II(y, 2)>0 mwpu y*-+2°>0. B 3ToM upuUMepe TOYKH MHHMMYMa
3aNOIRAIOT OCh X. llomowenne pABHOBeCHR Xa==jy==z=x0 HeEyCTOH-
YHBO, TaK KaK NMPH CKOJb YrOJHO Malofi 110 BeAMYHHE HAYalbHOMH
CKOPOCTH, H&NPAaBIAEHHOH BRXOAL OCH X, TOYKAa GyfeT COBepuwaTh paBHO-
MEpHOEe JIBMXEeHHe BIOJb OCH X,

i

9
lea— £ —aa
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B npuBepeHHbix Ha cTp. 190 npumepax 1 M 2 paccmaTpuBaeTcs KOH-
cepBaTHBHaA cucrema, a B nmpumepe 3 (crp. 191) Ha Touky meficTByer
W QMccHnaTuBHaA cuja. [loTerunanbHas 3Heprua HMeeT CTPOTrHH MHHH-
MyM B npavepe 1 B.HauHH3MeH TOyKe OKPYXKHOCTH, 8 B mpuUMepax 2
¥ 3 npu x =0. Mo3romMy ST MONOKEHUA PaBHOBeCHA ABNAWTCA yCTOMH-
YHBBIMH.

[Tpumep 4. Koucepsamusnas cucmema ¢ OOHOU cmenensio c80-

Lo 1
600, umeem nomenyuassHyw axepzuo 11 = g* sin? — [nononnuTenbHO

onpenensem: II(0)==0]. B cooTseTcTBMH ¢ 3aMeuaHHeM 2 NOAOKeHHE
q =0 — ycrofiuHBOe NONOXKEHHEe PaBHOBECHA.

§ 34. TlpusHaku HeycTOHYHMBOCTH NONOMKEHHS pPABHOBECHS,
Teopemnl JlanyHoea u Yeraera

Eme B 1892 r. A. M. JlanyHos B cBoeif 3HaMeHHUTOH XHccepTalHH
«O6ugan 3afasva 06 YCTOWYHBOCTH JBMIKEHHA» [IOCTaBHA BONPOC 06
ofpaiennn TeopeMbl Jlarpanika. DTOT BOMPOC A0 CHX IOP MONHOCTHIO
He pemed. YacTHyHOe pelleHHe 3TOrO BONPOCA JalOT HBE TEOPEMH
JlanynoBa. u Teopema Ueraea, B KOTOpPHIX YCTaHABAMBAKOTCA HEKOTO-
pble  JI0OCTAaTOYHbie YCROBMA JIAA HeyCTOHUMBOCTH MONONEHHA pPaBHO-
BECHH.

IlycTh mo-npexHeMy B IONOXEHHH PABHOBECHA ¢y = ... =¢,==0
u 10, ..., 0)=0. Hanmmem pasioxesne NOTEHUHATbHON SHEpruu
B pAL MO CTeNeHAM KOOPAMHAT (<OTKIOHeHHH»):

O=H,qy s D+ Mpp (g o, gn)+ ...
[Hm(qn ety Qn)iéo’ ’"2 lv (1)

rae NOp(qy ..., qn)—ORHOpOAHAA ¢yHkuua k-#i crenenn (k=m,
m-1,...), a HauHK3WaA U3 cTelerel uJeHOB, QAKTHYECKHM BXONALINX

2 . on
B pasjoxeHHe, m == 2, TaK Kak B MOJOXEHUA PaBHOBECHA BCe 30 =0,
t/o

Teopema Jlanyunosa I[. Ecan nomenyuassHas ~3nepzus
(g, «.«s qn) KOHCEPBAMUBHOI cUcmeMp. 8 NOAONCEHUU pABHOBECUS
He umeem MUHUMYMA U MO OBCHOSNEALCMBO MONCHO YcMOmpens
u3 4aeno8 emopou cmenenu 11, (qy, ..., q,) 6 padaoxcenuu (1)1), mo
O0aHKOE NO.A0JCEHIle PABHOBECUST HeYCmOoLiiuso.

JdokazaTenbCTsO0. B BulpaxeHuu INA KHHETHYECKOW IHEPrUH

n
1
T=- > 9ixdidr PA3NOKHM KOIDQUUHEHTH! g (qy, ..., qp) B PAX
LE=

no cTeneHAM KOOpAHHAT H 0603HaYUM uepes “fk CBOGOJHbBIE  YNEeHA

) To ects m=2 u II,—xBagpaTHyHaid (OpMa, NPUHHMAI-
g OTpHUATeNbHbie 3HaYyeHHA (6LTh MOXET, HapAly ¢ NOAOXKH-
TeNAbHHMH).
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(1. e. 3HaueHW# QYHKUMA a;5(qy, ..., gp) TPH §y= ... =qp,=0).
n

1 v
Torpa, nonaras T0=7 2 a}x4,4,, CyleM HMETh
LE=1

T=T,+ (), MT=I,+ ()

3llech M janee uyepes (¥) 0603HayaeM CYMMY YJEHOB, HMelowHx Goaee
BBICOKHH TIOPANOK MaXOCTH OTHOCHTEALHO KOOPAMHAT M CKOpocteH, uem
BHITUCAHHBIE paHee uleHHl. Tax Kax T, — IOXOMHUTeNbHO ONIPENeNeHHas
KBajpaTHyYHasA ¢GOpMa‘ ¢ INOCTOAHHHMH KOdGDQHUIHEHTaMH, TO ITIpPH To-
MOILH HeOoCOGEHHOr0 JIMHEHHOro npeoGpa3oBaHUA TepeMEHHBIX MOXHO
OIHOBpPEMEHHO IIPUBECTH IBE KBaJpaTHyHHe GopMbl 1o B I, X cymMe
KBaJpaToB, 1OCAe uero pasnoxeHHe nas 7' M II B HOBHX NepeMeHHHIX
0, ..., 0, npumer Bux ')

n n
T=4 Y ite, T=g N+ @
=1 k=1

TMockoasky kBajpaTuuHas @opma II; npHiHMaeT HexoTOpeIE€ OTpHIa-
TeNbHEIE 3HEYEHHHA, TO; 110 xpailiHel mepe, ofHO A, << 0.
B xoopiuHaTax 0p ypasHenusi Jlarpahwka 3amuuyTrcs tax:

fe=—Mle+(»  (k=1, ..., n) @)
PaceMoTpHM BCTIOMOraTelbHYI0 KBajpaTHuHYIO (opMy

L i ek[()\,’z—{—)\k—{—%)ﬂﬁ+H(1*)‘k)akbk+
1

+Hi+n+y)ul, @

rie eg=1 1mpn X, =0 m e=—1 npun A,<<0 (k=1, ..., n),
a yucio p >0,

Henocpenctsenso nposepsaercs, yro B CHAy ypaBHeHH#t (3) M pa-
_BeHCTBA (4) NpH JBMXEHHH CHCTeMBI

2w v)=evt ”kzl w(atB) O+ @] @

He Hapymas o6mHocTH, 6ynem cumTaTbh, 4TO A, <C0 M yTO A,
HAWGoabinee 4YHCHO H3 OTPHUATENBHBIX Ap. ﬁOJIO)KHTéJiLHOE ‘lHCJIO p.
BhiGepeM TaK, YToObI OI[HOBpeMeHHO BLITTIONHANNCH HEpaBEHCTBA

MHE <0, 40 (6)

1) KoopnuHaThl 8, ..., B, HOeAT Ha3BAHHE HOPMOABHHX HIU 2106-
Holx xooppuHat. Bomee moxpoGHO onm GymyT paccMorpeHs B § 41,
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Us nepsoro nepasemcTBa CcnemyeT, yro cyMMa B npaBo#t yacTH
paBeHCTBa (D) mpejcTaBAfeT COGOH NOAOXHTENLHO ONPENETEHHYIO KBa-
apatuunye gopmy. Ho Torma npu xocratouHo maaex (o a6CcomOTHON
Bennyune) b, u 6,

[0 ]<4, |b1<a k=1, ..., n m

npasas YacTb paBeHcTBa (5) GymeT Bcerfa MOJOXHTENbHA, T. €,

d
EZ (e_#t V) > 0)

OTKYyZAa
MY > eV,

HIH
V> Vet = b, ®

[TorokuM Bce HayaabHHE 3HAYEHHA 0‘,’2, 8% (k=1, ..., n) pasp-

HEIMH HYI0, 33 HCKIOueHHeM 89, KOTOpOe BO3bMEM HO MOIYIIO MeHb-

weM A, Torma, Hcnonbays Brpaxenue (4) U BTOpoe HepaseHCTBO (6),

#axomum V,>0. Ho npu atoM nBuxeHHe 06A3aTenbHO BLIAAET 3a Npe-

meabl oxpecTHOCTH (7), kak Ob man HM Ona )00, Tax kak B nporwe-

HOM ciayuae Hu3 HepasedcrBa (8) ciaepoBaio 6mn, 410 tlim V=co,
- 00

a kBagparmyHaa dopma V B okpectHocTd (7) orpaHuyeHa,

Teopema noxasara.

B cayyae, korna B pasaoxenud (1) m>2, MOXKHO APHMEHATH
ciaefylomue IBe TeOPeMEH, KOTOf)He npuseiem 6e3 mokasareabcTsa l).

Teopema Jlanyunosa ll. Ecau nomenyuasvran suepeus 11
KOHcep8amusHoll cucmemv. npu ¢ = ... =q,=0 umeem empozui
MAKCUMYM U 3ImO 00CMOSAMenbCcmeo MOxcem Owmb onpedenero, te-
X008 U3 u4eH08 Heunusuwed cmenedu M, (qy, ..., qn) (Mm=2) 8 pas-
aoscerun (1)%), mo noaoscense q,= ... =gq,=0 ssasemca Hey-
CIMOEUUBHM RONONCEHUEHM DABHOBECUR clcmeMs.

Teopema Hertaesa Ecau nomenyuarvron snepzus I KoH-
cepBamusrol cucmems. Agasemcs O0OHOPOOHOH @yHicyueld omxaoHe-
Huil gy, .., gn U 6 MOAONHCEHUN PABHOBecUS ;= ... =g, =0 He
UMeem MUKUMYMA, MO 3MO NOAOIHCEHUe PABHOBecUs Heycmoiivuso.

Npumepw. 1. Ilycts D=A(l —cosaq); n=1. Oysxuua IO

1
B TOUKAX gap==—— HMEET CTPOrHe MHHHMYMH, a B TOUKAX gpp ;==
@k—)=x

- — CTporue Makcumymnl (k=0, 1, +2, ...). Ilpu sTOM

1) HoxasatenbcTba YWTaTedb MOMET HafiTH B CIENYIOM{MX KHHrax:
Janynos A, M, O6mas sagaya 06 ycTohuMBOCTH ABHkeHHs, 1935,
§ 16 u 25, Yeraes H T, Ycrohuusocrs nsmmenns, 1965, § 17;
Maaxkun W. T, Teopua ycrofiumsoctu memxenus, 1952, § 14 u 17.

) To ecTb B HeKOTOPOH OKPECTHOCTH Hayaja KOODPAHHAT (MCKIIO-
yas camo Hauano) scerad ILy (gy, very §n) <<O0. DTO BOMONKHO TOABKO
NpH YEeTHOM 7.
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nocaexHee 06CTOATENALETBO crenyer M3 BHIA 4YJeHd HaHHH3Uero Io-
PAlKa B pa3lOKEHHH TI0 CTEIeHAM OTKJIOHEHHH

U= (g — g + -

Torgs, coraacho Tteopemam Jlarpanwa H JIAnyHOBA, TOUKAM g, COOT-
BEeTCTBYIOT YCTOAUMBLIG, 2 TOYKAM ggp , — HEYCTOHYHMBHIE IOOMEHHS
PABHOBECHA.

2. I=Aq ... gn. VI3 Teopempr Yeraesa caenyer, YTo IOJIONKEHHE
gi= ... ==g,==0 ABAsgeTcs HeyCTONYMBBIM MOTO¥EHHEM PABHOBECHA,

§ 8B. AcUMOTOTHYeCKA YCTOWYHBOCTH IOJOWEHUA
paBHOBecHA. JIHCCUNIATHBHbIE CHUCTEMBI

Beenem Tenephr TNoHATHE 06 aCUMNTOTHYECKH YCTOHUMBOM
nojoXeHud pasHoBecHsA. [lonoxeHHe paBHOBecus Ha3blBARTCH
ACUMRIMOMULECKY yCIMONUIBHIAM, €CAN OHO YCTOMUHBO H €cCaw,
KpOMe Toro, NpH LOCTATOYHO MaJblx Mo a6ComoTHOH Benuuuue
Ha4aJbHBIX OTKJICHEHHSX H HAYaJbHBIX CKOPOCTAX _BCe OTKJOHe-
HUSl M CKOPOCTH NPH HEOIPaHHUYEHHOM BOBDACTAHMH BpeMeHH f
CTPEMATCA K HYJIO, T. €. €CIH cyuecmayem maxoe wucio 8 >0,
wmo

lim ¢; =0, lim ¢; (f)==<0 (i=1,...,n (1)
t—r o0 t—~ o

gcaKul pas, Ko20a y00BACMBOPAIOMCSH HEPABEHCMBA
tgl <8, [¢71< 3 (=1, ..., n) (1

ITpu reomerpuvecko#i muHTepnperauun (puc. 44) sto o3Havaer,
yTO 'B MPOCTPAHCIBE COCTOAHMH (g,, §;) BCE TPAEKTOPHH, Hauu-
HalOWHecs B 3)-OKPECTHOCTH Hayana
KOOpAHHAT (), aCUMITOTUYECKH TIpH-

1 7z Gnuxarorcs  (np¥ t— o) K Touke O.
B paccmMoTpesnnix Ha crp. 190—192
24, g I p
pHmepax 1, 2 u 3 Toabko B mpumepe 3
yCTOHYHBOE [1010XKEHHe pABHOBECHA SB-
{ TAETCA ACHMNTOTHYCCKH YCTOHUMBBIM.
Pye. 44 Mpl GygeM paccMaTpuBaTh CKJIepO-
s HOMHBIE CHCTEMBI, HaxoLAHecs TNox
o
BosaefcTBHEM MOTEHUHANbHRIX CHA — 0 1 HENOTEHUHANbHBIX
i

cHal Qi (i=1, ..., n), u 6ygem TpeAnoaaraTh, 4TO MNOTEHUH-
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ajpHas osHeprus Il ¥ HEmoTeHnuaJpHBIE CHJB (; He 3aBUCAT
IBHO OT BPEMEHH:

O==M(g0), Q=Qi(qp ¢ (=1, ....,m (@

B sTOM cayuyae BpeMa ¢ He BXOAMT BHO B ypaBHeHus Jla-
rpamxa, KoTopeie Moryr ObiTb 3amucaHnl B CJAGAYIOINEM BHAE
(PaspelleHHOM OTHOCHUTEJbHO 000OmeHHBIX YyCKopeuu#) (cMm. § 7,
cTp. 56): '

§i==C; (g 9 =1 ..., n) 3

B paccMatpuBaeMoM CJayuae IOJHas sHeprius E ckaepoHOM-
HOM CHUCTEMBl HE COAEPIKMT SBHO BpEMEHH:

E=E(gw 9r) C))

Briyucass ee NOJHYI0 TNIPOU3BOJHYIO IO BPEMEHU NPU IABUKEHUU
CUCT8MBbI, HaXOINM;

dE N O

0E , .
it i 0g1 4154 G=E (90 90 (6

==

Taxkum 00pasoM, B K&KAOH TOUKE NMPOCTPAHCTRA COCTOAHMH
(gp» ) W€ TOJBKO MOJHAA PHEPruA, HO M €e IOJHAST NPOU3-
BOJHAA MO BPEMEHH UMEIT ONpefeseHHBE 3HAYeHHs.

EBcau cuint Q- (=1, ..., n) SABAAIOTCA ANCCUIATUBHBIMU
dE

(cM. § 8), TO MPU JBUKEHUN CHCTEMBI Ttéo’ T. e. ¢yHkuus

E’(gg §,) B paccMarpuBaeMolt 06iacTu MPOCTPAHCTBA COCTOAHAH

NPUHAMaET JULUb HENOJIOXHTENbHEIE 3HAYeHHS.
B cayuae onpepengHHO-IUCCHIIATUBHOH cucTeMbl (cM. § 8)

%:——E’(q,—, ;) o6pamaercs B HyJAb TOJNLKO B TE€X TOUKAX NPO-
cTpaHcTBa coctosHult (g ¢;), rae Bee §;==0, {==1, ..., n

ByneM mpenmosaraTh, 4YIO TOJOXEHHE PABHOBECHS CHCTEMbI
AIBJAETCA M30JUPOBAHHHM, T. € B €ro OKPECTHOCTM HET APYIHX
nonoxeunt pasHopecus!), Toraa uMeeT MecTo

1) Ha 810 06cToATeNbCTBO He GHNO 0GpauIgHO BHHM3HUA B MEPBOM
H3JaHHH KHUCH, H TeopeMa 06 aCHMITOTUYECKOH YCTOMYHBOCTH B Tolt
dopme, kak opa Omaa Tam c@opMyauposaya, Hesepua (cM. I'am1-
maxep ®. P, 3amevaune mo kHure «JI@KUMH HO aHANHTHYECKOH
MexaHuke», $uamatrus, Mocksa, 1960, TIpuknajgHas MareMaTHKa H Me-
XaHuka, 1. 26, pmi. 2, 1962). '
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Teopema 06 aCHMINTOTHUECKOH YCTOHUNBOCTH,
Ecau nomenyuansnan suepeun Il craeporosmroli onpedesenno-
OuccunamusHoll cucmems. 8 HEKOMOPOM ROAONHCEHUU PaBHO-
Becus uMeem cmpouil MUKUMYM 1 5MO NOAONCEHUE PaBHO-
secust ABAACMCS U30AUPOBAHHBLM, MO NOAOICEHUE PABHROBECUS
acumnmomuieckuy ycmoiiquso.

Hoxasareabcrso. Ilycts cHOBa B MHOJIOXKEHHH pPaBHO-
BECHS '

n=¢=...=¢=0 »r II0)=0.

Kaxk u npu noxasarembcrBe Teopemu JlarpaHxka, BuGepem B npo-
CTPa2HCTBE COCTOSSHMH  €-OKDECTHOCTb Hayaja koopauHat O,
B KOTOpDOH 3Heprus £ mnojaoxu-

Te/bHa,
E(qs ) >0, (9]
gz i) BO BCEX TOUKaxX, OTAMUHBIX Of O,
U B KOTODOH HET COCTOSIHUR paBHO-
BECHS, OTJIHYHHX OoT O.
Tak xak coriaacHo Teopeme
Jlarpanxa ImOJIOKEHHE paBHOBECHS
7/ = ...=¢q, =0 ycroftunso, 1
moboro & >0 MOXKHO YyKasars
8(e) >0 raxoe, uTO BCE HBHMKEHHS
Puc. 45. NPOTEKAIOT BHYTPH &-OKPECTHOCTH
ToukH O, ecAn HauasbHas TOUYKa
Bui6pana B B3-oxpecrHocrn (puc. 45). B kavecrBe ¥;-OKpecTHO-
CTH BOSbMEM OKDECTHOCTb, B KOTOPOH - BHIIOAHACTCS YCJ/IOBHE
(8) § 33 (By=<®). Paccmorpum xakoe-nubo u3 HBHKEHHH, Ha-
YRHAOMUXCT B 3y-OKPECTHOCTH. TIOCKOABKY NPH IBHKEHHH IHEp-
rus £ yGuiBaet, To!)

f— £ —y

lim E () = E =0,

{—+

npuyeM E (f)= E. (t==1,). JonycTus cHauana, ut0 Ee 4 0, 1. €.
£ >0, n paccMOTPHM IOCACHOBATENLHOCT: SHAYEHHH BpEMEHH
t;— 0O M MOCJICAOBATENbHOCTH 3HaueHM# (asoBHX KOOpIMHAT

A T

) 3rot npenen cyuiectsyer B cHay Toro, yro E (¢) — Henpepus-
Hasa MOHOTOHHO yﬁbmalomaﬂ HeoTpHLATEIbHAaA (})ymumﬂ.
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Tax kax BCA TPAGKTOpHS JEXKHUT B 2-OKPECTHOCTH, TO NPU BCEX
§ H | BHIOJHATCA HEPABEHCTBA

|| <o |4l

B cuny nemms BosbiiaHo — Befiepiurpacca us GeckOHEYHHIX Orpa-
HMYEHHBIX TOC/EN0BaTeMbHOCTER ¢ M §l9 MOMHO BHOpaTh CXO-

JSIIMecs NOANOCAEI0BATEMBHOCTH qgk) 7l 2]5"). Ilycts

lim q(lk) z._—q:, lim qgk) =q;, I=1,.,.,n )
k— 0 k— o e
NpH 3TOM

lgf | <<e, |GF|<e i=1,...,n

Ho torma, B cuay HenpepwsiHocTH £ (1),
E(qf, §f)=lim E(¢\®, ¢®)=FE,>0.
k— oo

Mo npemnonoxenuo Touxka (¢f, §f) He coBmagmaer ¢ HayasoM
KoopauHar, rae £=0.

ITpumem Ttouky (¢i, §¥), i=1, ..., n, 32 HauaJbHyI0 TOUKY
nBuxeHns npu f==*f). Tax Kak 3Ta TOYKa He COBMAJAET C, TOY-
Kko#t O, T. e. He S§BJIAETCS IOJOKEHHEM DAaBHOBECHA, TO NpH
IBHKEHWH CHUCTEMBH XOTd Onl ofgHa u3 OOOOILEHHHX CKOpoereH

§; GyAer OT/MYHA OT HYJAS U JIOTOMY %’?—(0. Ho Ttorma mnpu

HekoTopoM f=—f1; OymeT BHNOJHATbCS HepaBeHcTBO E < E.
PaccmoTpum, fanee, ABMMEHHE CHCTEMB, HAUMHAIOILGECS INPH
t==t, us Toukm (¢{¥, ¢»). B cuny (7) sHaueHus ¢¥ n g(® npm
ROCTaTOUHO Goabnx 2 OyAyT CKOJb YrOmHO GJMBKHM K 3Hauye-
HusM gf u ¢} coorsercTenHo. CilefoBaTENbHO, NPH AOCTATOYHO
Gonbmux £ OyAyT CKOJMb YromHO OJM3KK M 3HAuéHhst (HasOBHIX
KOODAWHAT NMpH f=——1%, y [OBUXKEHUH, HauuMHAIOIHMXCA npu =1,
M3 HavanbHbix Touek (¢t¥), ¢¥) wm (gf, ¢F) (pemenns cucrem
AudpepeHInanbHEIX YPaBHEHH ) ABJSIOTCS HENPEpHIBHBIMH (gym(-
IMAMA HAYAABHHX NAHHBIX). [109TOMy AAA [BMKEHHs, HayaBlie-
rocs npu f==<t, U3 TOYKH (qgk), g%), npu t==t, Gymer BHNOJ-
HATbcs HepaBenctBo K (f) < Eo, TaK Kak noauas sueprus E
NpeacTaB/Aer co00H HenpepHBHyI0 PYHKUMIO $asOBLIX KOODAUHAT.
Ho B cuay emmHcTBeHHocTH pemeHn#i ypaBHenu#l Jlarpanxa,
COCTOAHNE B MOMEHT f=1; cucTembl, Bbueamed npu f="t; u3
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HayameHOH Touku (gf), ¢{¥), i==1, ..., n, coBmamaer!) c co-
CTOSHMEM B MOMEHT f,—}-f, cucTemsl, BHuenWe# mpu f=—#,
u3 HayambHOH Touku (g, ¢f*), I==1, ..., n; TOSTOMYy WuHTe-
pecytomiee Hac sHauenne suepruu E (f,--?;) NOMKHO yOOBJE-

TBOPATb HEPABEHCTBY
E(ty+1t) < Ew

8 9TO HEBO3MOXHO, TaK KaK E (f) == F, npu moGoM t >,
WUTak, MH NpumIE K NPOTHBOPEUHIO, HONYCTHB, YTO E # 0,
C/1E0BATENLHO,
Ee,=0 u lim E(f)=0. ®)

t—>

Tak kak B cuny HepasenctBa (6) paBenctBo E==0 umeer
MECTO TOMBKO B Touke (, TO u3 paBeHCTBA (8) BHITEKAET, 4TO
npu t— 0o TOuKa, wu3obpaxaiomas CACTEMYy B TPOCTPaHCTBE
COCTOfIHUM, CTPEMHTCA K HayaJy KOODAMHAT, T. € HMEIT MECTO
cootHowieHus (1). TeopeMa pokasaHa.

1

B npumepe 3 Ha crp, 191 E=~2—mx’+%cx'~’ H

%? = MR+ ek ={mP b cx)f = — 2fx* <0,

nockoabky f >0, Cucrema onpejeneHHO-IMCCHNIATHBHASA, U NONOKEHUE
PAaBHOBECHA sABAAETCA MH30AMPOBAHHLIM, YTO CAELYeT M3 YDaBHEHWA
JBHXEHHSA TIPM TOJCTaHOBKE pellleHHs x == const. B cuay teopemmu
NONOMEHUE PABHOBECHA SCHMIITOTHYECKH YCTOHUMBO.

HccnepoBanne OBHMKEHHA CKJIEPOHOMHOH ONpeNENEHHO-IANCCH-
NMAaTHBHOH CHCTEMB B OKDECTHOCTH €€ aCHMINTOTHYECKH YCTOHYH-
BOrO MOJIOXEHWS paBHOBecHs OymeT faHo B § 46.

JlanyHos gokaszan TeopeMmy, KoTopas oOOOMaeT TeopeMmy
Jlarpamxa. OH ofpatuan BHHMaHME Ha TO, YTO rnpu doxasa-
meascmee meopexMs. Jlazpanoca MOdCHO 8mecmo snepauu E
83ams AIO6YI0 HeNnpepvl8HyI0 (€ HENpepbLBHBLMIL  HACHHbBIMU
npou3sooHs.Mu nep8ozo nopadra) Gyrxyuio V(qy, ), usenuyio

1) Tak kak B ypaBHeHHA JABHMEHUA (3) BpeMsa f ABHO He BXOMHT,
10 BHIfOp Hayana oTcueta BpeMeHH He wurpaer ponu. [lostomy, ecau

BMecTO 4%, ¢i% 3a HaYaNbHOE COCTOAHNE NPHHATD qﬁ-k), 4?), i==1,..,n,

TO B JaidbHeHIIeM CHUCTeMa 6y11er NpOXOJINTb T€ MXe TOCTOAHUA, UTO
M B HCXOANOM IBUXKCHWH, HO B WHBIC MOMEHTH BPEMEHH,
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8 COCHMOsHUL pABHOBECUS CMPOUL MUHUMYAM UL He §03-
pacmanwyyo npi 2060M 08UNCEHUN CUCMEMBL.

BuiunciauM npoH3BOAHYIO MO BPEMEHM OT GYHKHUU V, UCHOJb=
30BaB [IpH 9TOM ypaBHeHus nBmweHus (3):

n
av ov ., oV . ’
=2 ag; ¥ +BE Gi(qp 4=V (9» Tv)- )

i=

B uactHOocTH, M3 5TO# QOPMYJE CJAEAyET, YTO B Hayaje KOOp-
auHaT O mpocTpaHcTBa cocTosHutt yHkiua V' oOpaumaercs
B HYJb, TaK Kak TOYka O COOTBETCTBYET COCTOSHHIO PABHOBECHS,
B Kotopom Bce §;—0 u Bce §,—=(G;==0. Ecom ¢yuxuua V

He BO3pacTaeT mpH JmoOOM ABMKEHHH, TO %——_— V' (qs bp)=0.

B stom cayuae ¢yHknus V' B coctosHuu paBHOBechs O umeer
MakcuMyM. Ecim ke 5TOT MaKCUMyM CTPOTHH, TO B OKPECTHOCTH
touku O (33 uckmoyeHuem camoit Touku O) V' <0 u npu neu-
KEHHUH CHCTEMH B TMpejesax 5TOf OKDeCTHOCTH ¢yHkmus V
CTPOro yOniBaer.

Termepb MOXHO MOYTH AOC/AOBHO MOBTOPHThL [AOKa3aTe/BCTBO
TeopemMs Jlarpanxa, ucnosesys BMecto E dyHkuuio V. B ciaydae
4CHMITOTUYECKOH YCTORUMBOCTH (HAmMpUMep, Aias AUCCHIATHBHOM
CHCTEMEI) MOKas3aTeJbCTBO OymeT paxe Oonee mpOCTHM, ec/H

norpeGorath, YTOOH MPOUSBOAHASA 1MeJIa B I0JIOXEHUH paB-

dt
HOBecUsl CTPOTH#t BKCTPEMYM MPOTHBONOJONKHOTO THMA MO OTHO-
IIEHHIO K SKCTpeMyMy oynkuuu V %)

3ameTuM emie, YT0 NMpu GOPMYMUPOBKE KpHUTEpUs YCTOHYM-
BOCTH MOXHO [OMEHATh MECTaMH CJOBa <«MHHUMYM» M <«MaKCH-
MyM», TAK KaK 3aMeHa ¢yHkuum V Ha ¢yHkuamio —V BosBpa-
II2aeT Hac K MnpexHel GopmyaupoBke.

Takum 006pasoM, MOXHO CUMTATh MOKA3aHHOH CJGLYIOILYIO
TEOPEMY:

Teopema. Ecan 0ano noA0)CEHUE PABHOBECUR CKACPO-
HOMHOL cucmembl, HaxoOawelics nod O0Oelicmeuerm ocun, He
3Q6UCAWUY ABHO OM BPEMEHL, U CYUWECMEYEM HENPEpLeNas

1) Tlpy NOKa3aTenbCTBE TeOpeMbl 08 YCTONUYMBOGTH IUCCHITATHBHOI

CHUCTEeMBl NPOM3BOIHAA —Et— He UMena B [I0T0OXEeHHH PaBHOBECHA CTPOroro
MaKCHMYMa. B cBA3M ¢ 3TUM HaM ONpuIIOCh CHERMANbHO OTOBODHTH,
YTO MOXOXKEHUE DaBHOBECHA ABAACTCA H3IONHPOBAHHBEIM,
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BMecme ¢ HacmHBMIL NPOUIBOORHIMU REPBO20 NHOPAOKA (AYHK-
yun V(qp ) UMeOWAR 8 OQHNOM COCMOSKUL PABHOBECUS
cmpozuil SKCMpeMYM, 8 MO 8peMA Kax npou3sodnas V' om
V no epemenu (8uwuuciennan 8 cusy ypasHernuil 0suscenus)
uMmeen 8 3MOM JCe COCMOAHUL IKCMPeMYM NHPOMUBONONOINC-
HO20 muna, Mo paccMampusaemoe HOAONCEHIE PABHOBECUA
yemoidyuso. Ecau npu 3mom skcmpesy s npou3goonoli maraice
ABASEMCA CMPOUM, MO HOAONCEHUE PABHOBECUSL QCUMNNO-
musecku ycmoiguuso.

Oyuxuuo V(g §5), 0 KOTOPOH uier peub B TEOpPEME, NpH-
HATO HasmBath ywwyueli Jlanynosa.

§ 36. Ycaoenan ycroiiuusocTs. OGmas nocraHoBKa BORPOCA.
YcTOHYHBOCTh IBHIKEHHA HJH NPOM3BOJIBHOIO Mpouecca.
Teopema JlanyHoBa

B nepasencrtsax (1) m (2) Ha crp. 190, onpegenssinux ycrod-
YUBOCTh MOJOMEHH PABHOBECHUs, (PUrypUpOBasM 8ce OTKJOHE-
Hug ¢; B gce oOoOuleHHBIE CKOPOCTH §; OQDHAaKO BO MHOTUX
BOIIPOCaX Mh BCTPEUAEMCS C YCAOBHOE YCHIOEHUBOCIMBIO, KOT A
yKa3aHHBIE HEPABEHCTBA BBIOJHAIOTCA JJ9 HEKOTODHX ©3 21

BEMUYMH G4, ... , §p G15 ..., §, UM B Gonee o6meld noCTaHOBKE
LAl HEKOTOPHX GYHKIHR Xy, ..., X, OT 3THX BEJUYHH;
xi=fi s ‘7k) =1, ..., m). 1)

Tlpu stoM npenmonaraercs, yro Bee dyukuun (1) obpamaiorca
B HYJb nIpH

=0, ¢4,=0 (k=1, ..., n), re f;(0, ..., 0)==0,

W YNOBJETBOPAIOT aBTOHOMHOH !) cucTeMe OGHKHOBEHHBIX AHMd-
depeHUHaAbHHX ypaBHEHHH NEPBOro mopsaaka®)

dx;

"dT=Xl(xi’ vees X D) =1 ..., m), (2)

1) Cm, npumeyanue Kk crp. 94.

%) Ilpu HCCHeNOBAHHM YCIOBHOH YCTOHUMBOCTH CKAEDOHOMHBIX CH~
creM OyHkmwn X; (I==1, ... , m) He 3aBUCAT SBHO OT f. Mu BOHCAaIN
[ B KaueCcTBE aprymeHTa B NPaBHIX YacTAX, MMes B BHULY HecKEepo-
HOMHble CHCTeMH U JanbHefilipe oGobuieHus,
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rne X;(xy ..., X, t) (i=1, ..., m)— uenpepusurie dyux-
uun B obaactu

|x; | <A, t=t, (I=1,..., m) ®

(fy — dukcnpoBaHHHHA Haya/bHHIE MOMEHT BpeMeHn).

CocrosHuio paBHOBECHs OTBeuaeT Hy/eBoe peileHue x;==0
(=1, ..., m) cacremnl nudpepeHinaTbHHX ypasHeHu# (2).
Haymune takoro pemeHns NpeanoJaraer, YTo HPasbie YaCTH ypas-
HeHu#t (2) ynoBJAETBODPSIOT YC/AOBHIO

X0, ...,0 D=0 (i=1,..., m). )

C maremaTnyeckofi TOukH 3peHust peub HmeT 06 ycroHyH-
BOCTH HYJEBOro peilleHns CHCcTeMH auddepeHunapHux ypasHe-
HAl (2), npuyem 5Ta yCTOHYNBOCTD ONpenensercs Tak: Aas moboro
e >0 cymecrsyer Takoe §==3&(e) >0, uro npu mobom f>==f,

]xi(t)l<s (1311 cee 3 m)r (5)
KO/b CKOpO

| x; (t) | <3 i=1, ..., m. (6)

Ilzs reomerpryecko#t mHTEpUpeTalMy HepaseHcTB (5) u (6)
HCHOJb3YIOTCA &- U 3-OKPECTHOCTH Hauyajna KOODAHHAT B M-MEp-
HOM MPOCTPAHCTBE (X1, ..., X,). B ciayuae acuMOToTWIECKOH
YCTOHYMBOCTH HOMOJHUTEIbHO Tpefyercs CymECTBOBAHAE TaKOro
% >0, uto

mx,()==0 (=1, ..., m), (1)
{0

+ €C/IN TOMBKO
le(to)‘<ao ([==1, vy m)- (8)

Ecan uccaenyercs ycTOHYHBOCT MOJOKEHHA PaBHOBECKS
(v€ ycaoBHasl), TO B KauecTBe Xy, ..., X, MOKHO B3ftb BEAH-
YHHH ql’ rev sy qu QI sy Qn nan ql: siey qm Pu...’Pn-Bnep'
BOM CJyuae ypashenust (2) npencrasmasior coOoft ypaswenns Jla-
rpdia, 3aMUCaHHBIE B BUIE CHCTEMH 21 audnpepeHIlHaIbHEX ypaB-
HeHufi MEPBOro NOPANKa C HEMSBECTHHIMY (QYHKIUAME ¢y, ..., §,.
Bo wsropom cayuae ypapHeHmsiMi (2) SBAAIOTCT KAaHOHHUECKHE
ypasHeHus Iamunnrona

tl'qi oH tl'p,' . oH

U= wt - o =beesn )
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PaccMoTpuM HBa BamKHBIX 4aCTHHIX C/yuyast CHCTEMB ypase-
Hu#t (2), KOTOPHE YaCTO BCTPEUAIOTCH B NPHIOKEHHAX.
1°° CtauvoHapHH#t cayualt, koraa { He BXOAMT ABHO
B MpaBee uactu X; ypasHenu#h (2), T. e. Koraa
0X;
ot
2°. IlepuonuuecKkul cayuyal, KOraa npasue yacTd X;
MMEIOT MEPUOJ T OTHOCHTEJBHO MepeMeHHOH f:

X,-(xl, veny X t+T)=X[(x1, veey Xy t) (l=1, ceny ’n)-

B »Tux cayuasx yCro#urBOCTb HYJIEBOTO PEIIEHHS CHCTEMHl Aud-
(epeHManbHEX ypaBHeHult (2) onpemenseTcs C NOMOWIBIO TeO-
peMBl, sABJAIOIIEHCA HEMOCPENCTBEHHHM o0606iueHueM TeopeMH,
npuseaeHHo B konue § 35.

Teopema JianyuoBa. Ecau 8 cmayuonaprom uan
8 nepuodULECKOM CAYHAE CYWecmsyem HENPepulBHASL BMecme
¢ 4acmusMu npousao&uumu nepsoz20 nopsadxa s obracmu (3)
dyuxyus  V(xy, ... . Xp t), Komopas npu awoGom t, pac-
CHAMPUBAEMOM KAK NAPAMEMP, UMEEM B8 MOUKe X == ..,
v ==X =0 cmpoauli sxcmpemym, 8 mo 8pems rax
8 moil gice mouxe cHoO8a npu ./l1060.M t ee npou3sodnas no

=0 (i=1,..., m).

spesenit V' (xy, oo\, Xp, t):rzz - X; —{— at limeem sxcmpe-
P=1

MYM RPOIMUBONOAOCICHO20 MUNG, MO HYAEB0€ pelieHue Cli-
cmembl (2) ycmoididugo, Ecau npu smos sxcmpemym npous-
800HOH V' makroice SBASEMCST CMPOUM, MO HYAEBOE pelucHue
cucmems (2) acumnmomusecku ycmolivuso, Ilpu smons nped-
noaazaemcs, 4mo 8 CHMAGUOHAPHOM cAyiae GyHruus V e
3asucum s8HO om t, a 8 nepuoduiecKonm sma hYHKYUS nepio-
Oduuna omwuocumessro t @ nepuodom t [t-— nepuom MpaBHX
yacTeft ypasHeHuit (2)].

HoxasaTenscTBO 5TOH TEOPEMbl AOCTATOYHO MPOBECTH AJs
NEPHOAHYECKOro CJIyyad, TaK KaK CTAlHOHApHHH cayualt MOmHO
. paccMaTpuBaTh KaK YacTHRIR cayya#t meproguueckoro ¢ JOOHM T.
HokasaTensCTBO COCTOMT B MOBTOPEHHH paccyiaeHuH, npHuBeneH-
HEIX paHee NPU MOKA3aTeNbCTBE TEOPEMH JlarpaHika M TEOPEMH
006 acUMNTOTHYECKOH YCTOHUMBOCTH CO CACAYIOUIMMI U3MEHEHUMH:
BMECTO K Tenmepr MCMOJB3yeTcs PasHOCTDb

V(x,, vee s X t)"'— V(Oy vee g 0! t)}
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a BMecTo npoctpaHctBa (gy, §;) Oepercs m-mepHOE MPOCTPaH-
CTBO (¥, ..., Xp). Beuuuny ¢, Bxomsamyio B V, paccMaTpHBaem
KaK mapamerp, B cuny NepHOAMYHOCTH STOT MapaMerp MOXKHO
M3MEHATb B KOHEYHOM WHTepBane fy=<gf=<sfy-}-t. Baaronsps
3TOMY OGCTOATENLCTBY Haquyue BV MepeMeHHOH ¢ He BHISHIBAET
Kaxux-an60 OCMOXHEHHH MpU J0KA3ATENHCTBE TEOPEMBI.

3aMeTuM, yTO B OOMEM (HECTAMOHADHOM H HEMEPHOAHYECKOM)
cnyyae Ha GYHKIMO JIAMYHOBA HYIKHO HAJMOXKUTb GOJEE KECTKHE
ycaosus b).

OTMeTHM OAMH 4aCTHBIH Ciyuyaft Teopemst JIAMyHOBA, KOTOPBIH
YacTO HCMOJB3YETCH B KaueCTBE KPHTEPHs NMPOCTOH (HeacuMmmTo-
THYECKOH) ycTofunBoCTH.

Iycte dyuxmas V(xy, ..., X, {) ABASETCA HHTErpajoM CH-
cTeMbl AuddepeHunatbHbIX ypaBHeHntt (2), T. e. dyHkiua V npu
TIOJACTAHOBKE B Hee MoOOro peleHns cucTeMst (2) npeppamiaercs
B MOCTOsHHYIO. B arom cayuae %: Viixy oony X H)E=O0
¥ MOXHO CUHTaTh, 4TO yHKUHs V' B TOUKe Xyj=—.,, ==X, ==0
npu moOOM £ HMEeT MaKCHMYM M MHHAMYM (KOHEYHO, HeCTpOrui).
TlosToMy wuMeeT MeCTO TakOe CJAeACTBHE H3 TeopeMbl Jls-

yHOBA: :
CnencrBue Ecau cucmema Ougghepenytanrsuox ypas-
nenull (2) umeem unmeepar V(xy, ..., X, t) [He 3a8ucsujuil

om t 8 cmMAUUOHAPDHOM cAy4Hae U nepuodudeckuii omrocu-
menAsHo t ¢ nepuodom <_8 nepuoOULEcKoM caydael u smom
uumezpas 8 mouxe xi=...=Xx,==0 npu awbom urxcu-
POBAHHOM t umeem cmpoaull sKCmpemym, mo Hyiesoe peuie-
Kue cucmems (2) ycmotivuso.
3aMeTuM, uTO NMpPH JAOKA3aTeJbCTBE TeopeMul Jlarpawxa ‘maa
KOHCEPBATHBHON CHCTEMBI HCIOJB3YETCA WUHTErpan suepruu E.
PaceMoTpuM Tenmeps ABmkeHHs Hau GoJjee o6mHMe MPOUECCH,
OMHUCHIBAEMEIE CHCTEMOR nuddepeAnnantLHBX ypaBHeHu#t MepBoro
NOpAIKA: '
dz; N
—'dz’:Zi(Zi, cees Ty t) (l:.]., vy m), (10)
rjJ€ NpaBbié YaCTH — HenpepHIBHbIE MYHKIIMA B HEKOTOPOH o6jacTu
VBMEHEHHUA NEPEMEHHBIX 25, ..., &, NPU §>=1, YIOBJETBOpPSIO-

) Cm., wanpumep, Yeraes H. I', YcrofiumBocth NBHXeHHS,
ra. 1L '
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e YCJAOBUSM CYIIECTBOBAHHA U €INVHCTBEHHOCTH pEIueHna 1o
3aaHHLIM HayaJbHHIM JAHHHM 2;(fy) (=1, ..., m).

Ttycts 2z;(#) (i==1, ..., m)— pelueHHe CHCTEMB YypaBHe-
mat (10), onpenensomee HeKoropwi mnpouecc. s BHACHEHHR
BOnpoca 06 YCTOHYMBOCTH TOr0 NPONUECCa BBEJEM BMECTO HEH3-
BECTHHX (YHKUHH 25, ..., 2, HOBHE HEU3BECTHHE QYHKHUA —
«OTKJOHCHUA»

x;=2z,—Z% () =1, ..., m). 11

Torna B HOBHX NEPEMEHHHIX cucTema auddepeHliuabHEIX ypaB-
HeHu#t (10) samumieTes B BUIE cUCTeMH (2), rie

X;= Zi [JC1 “|—§1 (t)’ cees Xy "l— %m (t)] - XI[EI (t)’ tees 2m(t)]‘
(12)

Pemtennio 2;,=—2,(f) (i==1, ..., m) cucteMs auddepenurnas-
HHX ypaBHeHu#t (10) B HOBBIX NEPEMEHHHIX COOFBETCTBYET HyJe-
BOE peuleHne x; = ... = X, =0 cucremn auddepennnansHux
‘'ypaBuenn#t (2). 210 06CTOATENLCTBO MOBBOJAET CBECTH BOMPOC
06 ycroituuBocTn mponecca Z;(f) (i=1, ..., m) K u3yueRHOMY
HaMi BOMpPOCY 00 YCTOMYMBOCTH HyJEBOFO pEMIEHH CHCTEMH
nuddepeHunaasHEX ypasHeHud (2). Jpyrumu caoBamu, perieHne
2;=2;() (=1, ..., m) cucremn (10) wasmBaeTca ycrohuu-
BEIM (COOTBETCTBEHHO aCHUMNTOTHYECKH YCTOHUMBHIM), €CH yCTOR-
yuBO (COOTBETCTBEHHO ACHMIITOTHYECKH YCTOHUMBO) HYJEBCE
pemenue X, = ,,.==x,, =0 cucreMs ypasHeHHit B OIKaOHE-
masix (2) mpu nmpaBHX vacTax, onpenenzemsix dopmynamu (12).
Bce 3TO OTKpHiBaeT HWIMPOKOE MoOJe IJS TIPUMEHEHHH IpUBEfeH-
Ho#t B 3TOM maparpade rteopems! JlanyHosa. DT1a TEOpEMA MOKEY
ObITH UCTIONH30BAHA HE TOJLKO I/ ONPENENEHH YCTOHYHBOCTH
NONMOMEHHS PAaBHOBECUS, HO W [Jd Onpene’eHds ycrofuusocTu
Apxenus W Boobule moGoro npoueccs, ONPENeTseMoro CHucre-
Mol OGHIKHOBEHHHX Au(pepeHiinanbHEX ypasHeHnl,

I1pu™ep. PaccMOTpUM BpawjeHue NhO uHepyuu msepdo20 mera
umerouieeo Henodsuscnyo moqky O. JluHaMUYeCKMe ypaBHeHHA Diiepa
B 9TOM CiAyYae HMeEIOT BHI

dp dq A ar . a-
AL =(B—Cygr, BIL=(C—Arr, CH=(A—Bp.
(13)

3necs p, g, ¥ —TNPOEKHHH YrJOBOH CKOPOCTH @ Ha riaBHble OCH HHEp-
uuy teaa Of, On, OL; A, B, C — MOMEHTH MHEDIHI OTHOCHTEAEHO HTHX
oced,
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YpaeHenusa (13) momyckawr caelymwumye TPH YACTHHIX peLIeHHs,
OnpefesAoIINX NepMaHeHTHbHE BpalleHUA Teda OTHOCHTEAbHO TIaBHHX
oce#:

1° g==r=0, p=-const=p,;
2° r=p=0, g=const=yg,;
3° p=g=0, r=const=r,

Mu orpaHuyMMca BEHIACHEHHEM YCTORUMBOCTHM BpauteHus [°, mo-
CKOABbKY 2° ¥ 3° MOryT GHTb 3amucaHw B Buie |° mpu apyroM o6osHa-
yeHun oceft. TIpu 3T0M yCTOAYMBOCTL pemieHus 1° ypasHeHui Ditnepa
(13) 6ynmer ompepexsATh YCIOBHYI0O YCTOWYMBOCTb BpauleHHa 1° oTHocu-
TeIbHO YLAOBOH: CKOPOCTH @ 1).

CoCTaBUM ypaBHeHHA B OTKIOHEHUAX, MOMOXHUB X{=p — p,, Xq =40,
Xg=T"

dx B—C dx C—A
'Zit_l'z'—'—Txixm d—ta—‘—’_ B X3 (xl +p0)1
a4
dx, A—B
7; =0 X (x1+ po).

[ycts Baoab ocH OF HcclelyeMOro HepMaHeHTHOro BpalleHHA pac-
noroxeHa Goiabmlas MMM Manas OCb SAIUICOMAA uHepiuu. Ilockoabky
Benuyunn A, B u C o6patHO INpONOPUMOHAIbHH KBafpaTaM oced 31-
MMICOMIA MHEPUHUH, 5TO o3HayaeT, yto A << B, C nim A> B, C. Bozb-
MeM B KayecTBe (pyHkuuH JlAnyHoBa (yHKIMIO

V = (Ax{ + Bx§ + Cxi + 24p,x))* £ [B (B — A) x§ - C(C— A) i),

rie 3Hax «-}» Geperca B cayyae A <<B, C, a 3Hax <—» —B cayyae
A>B, C.

®yuxnua V' ofpataerca B Hydb IIPU X = X, =X, =0 ¥ noA0Xu-
TelbHa B OKPECTHOCTH 3TOM TOYkH, T. €. (yHkuusa V umeer B sTOf
Toyke cTporuit MuHumyM, C Ipyroft CTOPOHH, KaK Jerk0 HPOBEPHUTb,
dv
dt
10M cucTeMnl auddepennnasbHmx ypasHenu#t (14). Ilostomy, coraacHo
CIeACTBHIO U3 TeopeMH JIANYHOBA, NEPMAHEHMHOE BpPAULEHUE OHIHO-
cumeAbHO GOAbIMOG Ul MOA0E OCU DAAUNCOUOE UHEpUUL YCMOEuso.

Mox#H0 6uif0 6w NOK23aTh, YTO MepPMAHEHTHOE BpaluleHHe OTHOCH-
TEAbHO CpefHelt OCH SANUICOMAA MHEPUMH HEYCTOWYMBO, HO JAA 3TOrO
caenoBan0 G BOCHOAb30BaTbCA KpUTEpHEM HeycrofiuuBocTH Yeraesa ?),

=0 B cuny ypasHeHu#i (14), 1. e. dyHxkuMA V sBaderca HHTerpa-

1) YCTOMYMBOCTD OTHOCHTENbHO @ O3HAY4eT, YTO Maaoe M3MEHEHHe
HayalbHOH YrIOBOH CKOPOCTH @, BI€YET Maloe M3MEHEeHHe BEKTOP2 @
BO BCe BpeMs IBIDKeHHA, [PYrMMH CIOBAaMH, STO YCTOWYHBOCTh OTHO-
CHTEIbHO OTKIOHEHHH X,==p— p,, Xy==q, Xy==F. PasyMeercs, yram
Jdinepa NPH 5TOM HENpepHBHO PacTyT.

’g;{ eraes H, [, VYcrofiuuBocrs psuxesqs, u3g 3, 1965,
crp. 37,
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2. PaccMOTpHM B KayecTBe NpuMepa 3afayy o6 yCTOBYMBOCTH Bpa-
U1aTeabHOr0 ABHXKEHHA CHapsna !).

[IpaMeM Ind yNpouleHHs 3amaum, YTO LEHTPp TAXeCTH cHapsaa C
JABHKETCS MNPAMONHHEHHO BAOJb TOPH3OHTAIBHOX OCH X C MOCTOAH-
HOit .ckopocTbio v=const, Ilyctb Cxy—BepTHKaJbHa® IUIOCKOCTDb
crpeabGm. [TonoxeHne ocH cHapsafa (OCH DMHAMHYECKOH CHMMETpPHH)
Ct ompenenserca [ByMA YIJaMH: YraoM o, OGPa30BAHHEIM NPOekK-
unesr Cx, ocH CE Ha naockoctb Cxy c ocbio Cx, M yriaoM B mexay
Cx, n Ct (puc, 46), [TocnenoBaTeAbHHMH NMOBOPOTAMH HA Yron o M Ha

yrox B Tpusap oce#i Cxyz nepe-

7 oaut B TpH3Ap CHnl. Ionoanu-

TeAbHBH# IIOBOPOT HA Yrox ¢

BOKpYr ocH Ct nepeBORHT TpH-

onp CEnl B TpHIAP Oce#i, HeH3-

MEHHO CBA3AHHHIX €0 CHapAjoM.

[TosToMy yraoeas CKOpPOCTb CHa-

pAla @ COCTOHT M3 TPex COCTaB-
AAOUHX:

0 =0, } 0; + @,

rae o= a, o, =f, 0, =74. Ipo-
€KHHH YrJOBO# CKOpPOCTH Ha
raasHue ocH Heepunu CE, Cry, CT
onpeneanawrca GopMyIaMH

p=34-asinf,

Puc. 46. qz—ﬁ, r=&cosﬁ.

OGo3Hayas yepe3 A aKkCcHaIbHbIA, a yepes B 9KBATOPHANbHLLA
MOMEHT HHepUMH CHapsafa, NoiyyaeM JIJ KHHETHYECKOK 3HEPrHH Bbl-
paxeHue

T=5 (A9 + B @+ P = [A G +&sin B+ B (54 cost B,

Bynem cyMTaTh, YTO NOMHMO CHJE TAXECTH K CHapsAfy NpHIOMKEHA
B Toyke D) Ha ocHM cHapsafa (B «leHTpe JaBJeHHsA») cHia 106OBOro
COMpPOTHBIEGHHA BO3AyXa R, NOCTOSHHAaA 1O BeauyHHe !) M HanpaBieH-
Hasd B CTOPOHY, NPOTHBOMOMOXKHYIO CKOPOCTH ®, T, €, B OTPHUATENbHOM
HanpaBieHnmn ocH x. Ilycts [==CD, a y—yron Mexly ocaMu Cx
H (,Ié Torza mMoMeHT cuim R oTHOcHTeabHo C paseH RIsiny, a sne-
MeHTapHaa pa6oTa cHAR R 6yner

3A == Rlsiny ¥ =—3 (Rl cosy),

1) PewenHe atoit 3agaunm 6urn0 maHo H. I, HeraeBmM u ony6au-
koBaHo B «[IpHknaZHol MaTeMaTHke M MexaHHKe», T. X, BwI. 1, 1946,

%) BeanunHa R ecTb QyHKUMA OT v, R=f(v), NOSTOMY M3 v =
= const carepyer R == comst,
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NOSTOMY B KayeCTBE MOTEHLHAna CHA MOXHO NPHHATH QYHKLUHIO Y)
O == Rl cosy== Rl cosxcosf.

Koze6anna ocu cHapsala XapakTepH3YIOTCA H3MEHEHHEM YIIOB &
u B. Jlna onmpeneneHAs YCTO#UHBOCTH BpallaTeabHOrQ MIBHMEHHA CHa-
pana 6yleM HCXONHTh H3 TpPeX HHTErpaqoB [BHIKEHHA: '

1) T+ H==const; 2) G,==const; 3) G;= Ap==const.

[NepBhifi WHTErpan npejpcTaBaAeT co6ofi HHTerpax sHeprHH; Gy H
G:; — NpoeKuUHH KHHETHUeCKOro MoMeHTa G Ha ocH Cx u CE. IlocToan-

ctB0 G, NpH NBHXEHHH CHCTEMH ClelyeT H3 TOTO, UTO MOMEHT CHiW R
oTHOCHTenbHO ocH Cx pased Hymio, TpeTuft unTerpaax Beipaxaer mo-
CTOAHCTBO 06O6UIEHHOr0 HMMNyinbca Ap, COOTBETCTBYIOILETO UHKIHYe-
CKOH KOOpIHHATe ¢. 3aMeTHM, uT0 (CM. pHC. 46)

G, = G cos (x§) + G, cos (xn) + G, cos (%)=
= Ap cos (x8) -+ Bg cos (xv) -} Br cos (x{) =
= Ap cosacosB -+ B (B sine—acosacosfsinf) 2).

KoM6HEApPYA NepBble IBa HHTerpana ¢ TpeThHM H HCMOXL3ysA MOJYUeH-
Hpe BupaxenHa aas T, H, G,, HaXOAMM Clely©IUHe JBa HHTe-
rpana nemkenna W, n, W,, obpamlawmuecs B Hyab NpH o==f==d&—
=:B=0:
1 . 3
W, =73 (a?cos®8 -} 8%) -+ Rl (cosa cos f — 1) == const,

W, =28 (§ sine — & cos « cos 8 sin §) + Ap (cos « cosf — 1) = const,

Bynem nckato 3HaK001‘1‘geneneHnyo JHHe#HYI0 KOMOHHAILHIO HHTe-
rpanos neuxkenns W, —AW, Tlpensaputeanno onpeneanm 8 Wy n W,

yjeHH HaHHH3IIe!! CTeMEeHH OTHOCHTEeAbHO MAalbiX BeIHYHH «, B, &, B
W= B8 — 5 RIG 8+

Wy =B (o — i) — - Ap (& +8) + ..l

Yy Nyru a, B, ¥ Ha chepe ¢ wenTpoM B C 06pa3yi0oT NPAMOYTOJb-
Hbift chepHueCKHH TpeYTrOaIbHHK C «KATETaMH» a, E H «THROTEHYy30H» 7.
Jna Takoro TpeyroibHHka HMeeT MecTo (dopmyra c051=c05acosg.
CnpaBelaHBOCTh (GOpMY/AH clenyeT M3 1@MEHTaPHHX TeOMeTpHYEecKHX
coobpaskeHuit,

%) Oyru a, %-{—ﬁ n (x{) oGpasyloT npAMOYroabHHft cdepHueckuii

T
TPeyroibHHK C «KaTeTaMH» ¢ H ~2—+ﬁ, NOITOMY

cos (x%) = cos a cos (% + B) =—cosasinf,
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Torpa
W, —\W, =% [B&* 4-2BAE8 + (Aph — RI) B*] -+

- 1B —2BMa 4 (AP — RO o) ...

Hus TOro yTO6M xamnoe H3 BHpameHH# B KBaIpaTHHX CKOOxax
6LUI0 MONOKHTEALHO ONpE/IeNeHHLM, NOCTATOYHO, YTOOW BHIONHANOCH

HepaBeBCTBO
B\ << B (Aph — RI).
Coxpamias Ha B U mpeo6pasys, noayuaem

B\ — Aph + RI <0,

Haa 10ro uToGH MOCIeAHee HEPABEHCTBO HMEIO MECTO NPH HeKO-
TOPOM BEUIECTBEHHOM A, HYXHO, YTOOH KBAAPATHBH TpexylieH B JNeBOH
YaCTH 9TOrO HEPABEHCTBA MMeJ] BEU[eCTBEHHHE KOPHH, T. €. JOJKHO
HMeTb MeCTO HepaBeHCTBO

A*p* > 4BRI,

9T0 U ecTh yClOBHe, 06eCHEeYUBAIOLEE YCTOHYHBOCTh BpallaTelhb-

HOTO IBHKEHHs CHapAxa (NPH <OTKIOHEHHAX» a, B, @, f), Tax kax mpH
BHIQAHEHHH 3TOr0 YCIOBHA MOMXHO NOZOGPaTh BenleCTBEHHOE 3Haye-
HHe X, mpu xoTopoM HHTerpan W; — AW, GyleT HUMeTb IpH a==f=

=&=@=0 cTporuii MHHHMYM, PaBHHH HYyIO,

§ 87. YcrofiuMBOCTh AHHEHHBIX CHCTEM

B npeamiaymiem naparpade OHJIO MNOKa3aHO, YTO MCCJEAOBA-
HHE YCTOHYHBOCTH JI060Oro npouecca, ONpPEReNseMOro CHCTEeMOH
OOEIKHOBEHHHX  HupdepeHunassHeX  ypasuenut '),  ceoautcs
K MCCAEAOBAHHIO YCTOHUMBOCTH HYJEBOTO PEIIEHHS CHCTEMH ypaB-
HEeHHll B OTKJ/IOHEHHMAX.

[Iycts pndpepenunasbipe ypaBHEHUS B OTKJIOHEHHAX JHHEHHE
M UMEIOT NOCTOSHHHE KO3(PPUIHEHTH

n

dx;

= Z ok, (=1, ..., n). 1)
k=1

ByneM HCKaTh YacTHO® peleHve 3TOH CHCTeMbl B BUAE

X =ue™ (iml, cees 1 i |ui|“‘>0). 2)

i=1

1) Kak M3BecTHO, OGHYHO TaKafd CHCTeMa MOXET OHTh 3alHcaHa
B BHJE CHCTeMH JH(p(depeRUMaNbHEX YPaBHEHHH HePBOr0 MNOpPAlKa,
Pa3spelieHHHX OTHOCHTENbHO MNPOM3BOAHHX. Jlas CHCTEMH ypaBHeRHH
Jlarpanxa Takas samuch BO3MOXHa Bcerza (cM. § 7),
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Honcrapass Bupaxenns (2) B ypaenwenus (1) v coxpamas

Ha e“, noJayJyaeM COOTHOUICHHUSA, CBA3HBAIOUIHE HCKOMLIE BEIH-

YHHH #; ¥ A

n
Z aikllk=7\u,~ (izl, evey n), (3)
E=1
78 12|
n
3 @ —Ny) =0 =1, ..., n), “)

E=1
roe d;, — cumBoa Kpouekepa
(Bikzl npu i—=—*k, Bik=0 npu [# k)

Tak Kak B HCKOMOM pemieHun (2), no Kpahuelt wMepe, omHa
U3 IOCTOSHHBIX #; JAOMKHA ObITh OT/IMYHA OT HyJsd, TO ompenme-
JIUTENb CHCTEMBE OJHOPOAHHX ypapHeHu# (4) moMmueH paBHATHCA
HYJIIO:
ay—\ a4y ... oay

A G—h ... =0. 6))

a Q.0 e Q- A

TaknM o6pa3zoM, i onmpexejeHns A MH MOJyYdad aarebpan-
4eCKOEe ypaBHEHuE€ fi-#f CremeHd OTHOCHTENBHO A.

VpasHenue (D) HasbBaeTC Xapaxmepucmuieckusm WIA Be-
KOBWAM YPasHeHueM I MATPHUIL KO3G(ULUEHTOB

ayy Qg9 ... Qi,

A:. a:“ dﬁ “ue agﬂ

anl ang “ee a,m

KopHn XapaKTepHCTHYECKOTO YPABHEHHS Ha3HBAIOTCH xapaxme-
puUcmuiecKuMy YUCIaMH MATPULH A.

BasB B kavecTBe A KaKoe-THOO XapaKTepHCTHYECKOE UHCJIO
MeTpuil A, MH HaliieM COOTBETCTBYIOIHE STOMY UuCIy IO-
CTOSIHHHIE 1; U3 cHCTeMH JuHeHHbIX ypasueHuft (4).

Ias manvHefmiero uaM ymoGHO Oymer BBECTH MATPHUHYIO
samuch Kak s ucxopdoft cmcremn (1), tdk u anm  cucTem
cootHomleHu#t (2) u (3).
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BBegeM B pacCMOTpDEHME BEKTOPEHI-CTOJOLLBL

X1 i
Xa iy
X == , = " |.
x’l Hll
Torna smecto pasencrs (1) — (3) u (5) MoxHO HammcaTs !)
dx 1
x=ue", @)
Au=>:iu (uF#0), 3)
det (A — AE)==0. &)

3necs E==|3;,|7 ,—1 — enuHnyHas Marpuua.

Croaben # # 0, yIOBJAETBOpPMIOINHUHE BMECTE C HHCJIOM A COOT-
HOWEHKIO (3'), HA3KIBACTCH COBCMBEHHBM BEKMOPOM MATPHILLL A,
COOTBETCTBYIOLIMM XapAKTEPUCTHYECKOMY uucay A. Takum o6pa-
30M, B KawaoMm pemenud cucremst (1), uMmewomeM Bum (2,
- A -— XapaKTepPUCTHYECKOE YUCIO MAaTpUusl A, a # — COOTBET-
CTBYIOIMH COGCTBEHHKH BEKTOP.

PaccMOTpUM cHayasa TOT Caydalf, KOrja XapaKTeDHCTHYECKOe
ypasHenue (5) uMmeer n pasiauyHBIX KOpHeH A, (B==1,..., n).
KaxaoMy XapakTepuCTHYECKOMY 4YHCAY A, COOTBETCTBYIOT COG-
CTBEHHBIHl BEKTOP #,, ¥ yacTHOe peimeHue cucreMsl (1) Buga u,e s,
Jlune#iHas KOMOHHAUMSA STUX DEIIEHUH C IPOU3BOJBHBIMU HOCTOSH-~
HBHIMH KO3 ulHEeHTaMH

n
X = Z Ckukekht 6
E=1
cHOBa OyneT pemenueM cucreMbl (1).
Has toro utoGel mokasaTk, 4To dQopmyaa (6) oxBaThBaer
BCe pemenus cucteMsl (1), NpenBapuTeNbHO JOKAXKEM, HTO

1) TIpn yMHOMXeHWH KBaJpaTHOM MaTpHiuu A Ha CTOa6el X MH 9ie-
MEHTHI i-d CTPOKM MaTpuisl A YMHOXaeM Ha COOTBETCTBYIOLIME 3ie-
MeHT cToa0la X U BCe 3TH NPOM3BENEHUR CKIaauBaeM, [lonyuyeHHas
TaKHM CIIOCOGOM CyMMa fBJReTcA i-M 3JeMEHTOM CTOJ6La-IPOH3BeJe-

dx
Hua Ax. IlpousBoinas or croabua J¢ Toaysaerca JuddepeHunposa-
HHEM KaXJIoro snreMeHra croabua x,
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BEKTOPH-CTONGIE &, #;, ..., &, COOTBEICTBYIOILUE Da3TUYHEIM
XaDaKTEPUCTHYECKUM YHCAAM Ay, Ag, ..., A, JIHHEHHO HE3aBHCHMBI.
ITycts
n
Z L‘kuk=0. (7)
Bl

VYmHoxuM o6e uwactn paseHcrBa (7) caesa Ha martpuny A. Torna,
HCMOMb3Yst PaBeHCTBA

Allk:)\ku,, (Ilk#(), knl,..., n),
HaxXoaum:

n
Z )\kckuk _— 0. (8)
k=1

Hckmouum u3 cootHowenutt (7) m (8) mocrosiHHyw ¢4t

- n
220\] _— )\1) lelj'—'m 0. (9)
J=

DTO PaBEHCTBO OMATb YMHOXKHM CJIeBa Ha A n HUCMOJAB3YyeM Mo-
Jy4eHHOE PABEHCTBO COBMECTHO C (9) I/ HCKAOUEHUST Cg U T. 1.
B KOHlLE KOHLOB MNOJyYuM:

()‘n — ) ()‘n - )“l) --‘ . ()‘n - )‘n~l) Calt, =0, (10)

otkyna ¢,=0. Tak xax B paseHcTBe (7) BCe c/1araeMne paBHO-
HpaBHB, TO
L‘1=L‘2=,, ,:L‘nzo’

T. €. HuKaxko#t 3aBucumoctH Bupaa (7) Mexnay COGCTBEHHRIMHM BEK-
TOPaMH %, Uy, ..., U, HE CYIECTBYET U 3TH BEKTOPH JuHeHHO
HE3aBUCHMBIL.

IToaoxns B dopmyne (6) t =0, nattmem:

n
Xy = Z Ckuk. (11)

k=1

IIpoM3BO/ILHO 3aJaBILKCh HaYa/bHbIM BEKTOPOM Xj, MHl H3 DaBeH-
crsa (11), B cuay muneftHo#t HE3aBHCHUMOCTH BeKTODOB &y, ..., U,
oaHosHauHO onpemenuM C, (B==1, ..., n). Takum oGpasom,
dopMyaa (6) oxBaTHBaeT peiieHus cHCTeMH (1), YIOBJIETBOPAIO-
pine MoOslM HayaJbHBIM YCAOBHAM X (0)==X,, T. € OXBaTHBaer
BCe pemeHus cucremu (1).
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B kypcax no Teopus AHbQepeHUnaIbHHIX YPaBHEHH# M0Ka-
3HIBARTCS, YTO B CAYYAE KPATHHX KOpHeH ¢opMyaa (6) HecKOIbKO
ycaoxkusiercs. B 3Toi dopmyse MOryr MoABHTHCH TaK HasuBae-
MBIE€ <«BEKOBHIE W/EHB», COAEpPKALlUe BMECTO MOCTOSHHOrO BeK-
TOPA 4, NOJMHOM OTHOCHTENbHO ¢ M,-}-uit—-}-... . B oGuem
Clyyae IMPOM3BOJBHOE pelleHne CcucTeMbl IuddepeHunaabHBX
ypasuenutt (1) onpemeaserca ¢opmyaoi

n
x= Y, Cpluytuit..) e (12)
k=1

Ua dopmyn (6) u (12) HenocpeaCcTBEHHO IOJYYAIOTCA BAXKHBIE
CIEACTBHSL.
1° Ecau 6ce xapaxmepucmuseckue wucia mampuys A
UMEIOMm OmpuyamenssHble BLUEeCMBEHHEe Hacmu, M. e.
max Rel, =—a <0,

Il<k=<n

mo lim Xx(#)=0 u nysresoe pewenue cucmems. dugghepen-

t—
yuassrex ypasuennsi (1) acumnmomuiecxn ycmoiiuso 1),

Ilycrs temepr Re), >0 xors 6u aas opworo k. Torga
cucrema (1) uMeeT HemyJeBOe pewmenue X ==C,u,e¥, KOTopoe
CTpeMuTCA K OeCKOHEYHOCTH npd £ — ¢o. B TO xe BpemMsa Haya/b-
Hoe sHayeHne (npu ¢=20) x,=C.u, MoxeT Oblfh CKONb YrOJHO
MaJIbiM, NOCKOAbKY C, — NPOHM3BOAbHAA NOCTOfHHa%. B stom cay-
yae pemnieHue x=—0 Heycro#unBo. Takum 0Gpasom, uMeeT MECTO
NP eIIOKEHHE;

2° Ecau xomsa Os 00HO Xapaxmepucmudeckoe Huco X,
Mampuys, A UMEEH. NMOAOHCUMEABHYID BEULECMBEHHYI0 4acmb
(Re &, >0), mo nyaesoe pewenue cucmemss duddepenyuans-
HoLx ypasuenuii (1) neycmoiugo ).

Mpumep. Ilonowenne DaBHOBECHA AUHEHOZO OCHUAAAMOPE
B cpelle ¢ conpomus.ieriiem, NPONOPUHOHAILHBM NEPBOU CTeleHH CKO-
pocTH, 6yMeT ACHMITOTHYECKH YCTOMUMBBIM. JleACTBHTEIbHO (CM. NIpH-
mep 3 mHa crp. 191), 1uddepeHuMarsHOe ypaBHeHHE BHXEHHA

1) Upeno o> 0 MHOrNa HA3BLIBAGTCH CMeneHbio yemoli1usocmu.

%) BEcan Bce Redp,<<0 (k=1, ..., ) 1 2012 &M B OJHOM M3 9THX
COOTHOUIEHYH HMEET MECTO 3HAK PAaBEHCTBA, TO peutenne X==0 Gyler
yCTORUMBHEIM, ecid B @opmyae (12) Bo Bcex cuaraemux, rae Redp=0,
GymyT OTCYTCTBOBaTh BEKOBbIe YieHH. B DpoTMBHOM cayyae pele-
HHe Xx==0 6yIeT HeYCTOHUMBLIM, a
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me 4 2ft =t cx=0 (m, ¢, f>0) MoxeT OuTb 3anUCAHO B BUJE CH-
cTeMbr JRYX IMpdepeHunaibHHX YpaBHeHMH NEpPBOro nopsaika, eciu
NMONOKHUTE X=X, X,= X!

dx, dey, ¢ f
G e T iy

XapakTepucrayeckoe YpaBHEHHe

— X 1
— i c
=i 4 2L +_‘ =0

HMeeT KODHM C OTPHIATeNbHOM BeliecTBEHHON 4YacThio ——%—, 9T0 B

ofecrneynBaeT acHMITOTHYECKY IO )’CTOﬁ'-IHBOCTb NMOJAOXEeHWA PABHOBECHA.

§ 38. YcroiluuBocTs MO JHHEHHOMY NPUOIHMKEHHIO

B cucreme mudipepenilnaasHbix ypasHeHn# (HeauHeHHbIx!)

dx;
=X, (F ooy X D) (=1, .0, 1) (1)
pasnoxuM MNpaBHe@ YacTH B pPHAAH 1O CTCHeHﬂM OTKJIOHEHHUH
Xiy oens Xpl
n
dx; . ’
Si=Yauxtfi (=1 ..., ), an

k=1

rae f; — cyMma BCeX WIEHOB DasjOXeHHs X;, HAYMHAH C YJICHOB
BTOPOro MNOpsAKa OTHOCHTENRHO Xj, ..., X, (=1, ..., n).

B crannoHapHOM cly4ae ;; — NOCTOSHHHE KO3({HIHEHTH,
a QyHxumuu f; BaBACAT OT Xy, ..., X, M He B3aBUCAT OT L.
B nepuonHyeckoM cayuae a;, — nepuoinueckne GyHKUHH OT ¢
C NEPHOOM T, 8 HedanHeHHwe uiennl fy==f; (X1, «.., X, ©)
TaKxe MePUOAHYHE OTHOCHTENLHO f € NEpHOJOM T.

Ecan B ypaBuenusx (1”) orGpocuTh BCe HeMHMHEHHBIE Y/eHH fj,
TO NOJYYUM JUHEHHYI0 CHCTeMy AudepeHUHaNbHEX ypaBHEHuH,
KOTOpAs HABLIBAETCH AUHEIHOLM NPUOAUICEHUEM 1A HETHHeH-
HOH cucreMu (1).

B kohue npouioro Beka B uccnepoeahix Ilyankape wu
Jlanynosd 6BIO ycTaHoBJeHO, ufO Kdk B CTallHOHAPHOM, TaK
B NEPUOANYECKOM Cayyae 00 yCcToHuuMBoCTH HYJAEBOFO peINEHHA
HeJdHeHHOR cucTeMbl (1) MOXHO CyAMTH 1O JAHHeHHOMY NpuG/an-
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HEHHIO, a UMEHHO U3 acuMnmomudeckoll ycmoinusocmu xyse-
8020 peuwterUs AUHEIHO20 RMPUOAUNCEHUS CAedyem acumnmo-
mudecKkas YCMoEHUBOCHLs HYAEB8020 PElUIEHIT HEAUHEHO cu-
cmenmp'). IDTO  NONOKEHHE HAXOAMT INMPOKHE IPUMEHEeHHs,
IIOCKOJ/IBKY HCC/EeA0BaHuE /JWHEHHBIX CHCTEM 3HAUUTENBHO HDOLIE,
YeM HCC/JEI0BAHHE HENHHEHHBIX CUCTEM.

" MB OrpaHuynMc® DacCMOTDEHMEM CTAllAOHAPHOTO CJyyas u
B 3TOM C/yyde A/ MOKa3aTe/JbCTBA BHICKA3aHHOIO .yTBEPMIEHUS
ganumeM cucteMy (1°) B maTpuyHOM BHUZE:

dx "
or=Ax - f(). (1"

,, v
3nece A=|| a;; ||i, k=1 — KBampaTHas MaTpulla C ITOCTOSHHBIMH
ssaemeHTaMd, a f(x) — croaben c saementamu f;(xy, ..., X,)
(i==1, ..., n). IloCKO/ILKY IO MPEAINOJIOKEHHIO HYJEBOE pele-

HUE JWHEHHOr0 npub/MKeHUs aCHMITOTHYECKH YCTORUUBO, TO
(cM. § 37) BCe XapaKTepHUCTUYECKNE YHUCHA Ay, ..., A, MaTpuis A
UMEIOT OTPHIATEJNbHbIE BEUECTBEHHBIE 4YACTH
max Rel,=—a<0. (2
I=<k=<n
Ycnopumcs uepes | 2| 0603HauaTh «AJMHY» BEK10Opa-cToA6ua 2
C KOMIIOHEHTaMH 2|, ..., 2,
n /g

l2]=( 3] lz*) . ®)

k=1

IMockonbKy kamapii sneMeHT croabua f(X) HayuHaercs c
YJIeHOB BTOPOTO W3MEpeHus, TO

Ifo) | <<e|x), (4)

€ MOCTOAHHOE unc/a0 ¢ > (0 MOxeT GbiTh BHIOGPAHO CKOJb YTOAHO
MajbiM, €CTM OTPAHUYUTD H3MEHEHHE IIEPEMEHHBIX X, ..., X

n
NOCTATOYHO Mano#t okpecTHoCTbo | X |<A.

') Tlpy 3ToM npennonaranock, 4T0 Npasbie Yacth X; (Xy, -.., Xp, £) —
HenpepbiBHble QYHKUHH. B HacTosumee BpeMs BHIACHEHO, YTO clenyeT
NOHMMATh 10X JHHEHHHIM nNpPUOIMMEHHeM IPH Da3pHBHBIX I[IPaBhIX
yacTax Xj;, M yCTaHOBNEeH COOTBETCTBYIOWIHIl KpUTEPHA ycToHYMBOCTH
no JuHeAHOMY NpHOIMNMEHHI0 KaK B IePHOAHUECKOM clyyae, TaKk M
B HEKOTOPHX HelepHOJHuYeckux ciyyafx. CM, AfisepMan M, A . u
launtMaxep @. P, lpukrajnan MaTeMaTyka u Mexaduka, 1, 2,
BHIL 5, 1955 u JiluBaproscku it W, B, tam xe, 1. 23, Bun, 3, 1959,
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HokazaresibnctBo ') yreepxneHus Ilyankape n Jlany-
HOB2 MOXHO NOCTPOHMTH, ONHPAACh HA CAEKYIOILYIO JEMMY.
JMemwma. Juneinas cucmema Ougpdepenyuarsnsix ypasg-
, dx . .
Henull —- == AX ¢ noMousl0 MIHelR020 HeocoleHH020 hpeol-
Pa308AHUSL NepeMEHHbLX

x=Uy (detUs£0) ()

Mogcem Geims npusedena x <mpeyzoasHoMmy» gudy %)

d

E%ZM,V: T boyat. oAby

d

__(vj.ytg — )\2,\"2 "‘I— e b‘znynx (6)
dyn __

= AV )

20e Ay, ..., h,— Xapaxmepucmudeckue 4icia mampuys A,
a molyau <HeOUQ2OHAAbHELX> Kod(pPuyuenmos by, (i< k)
Mozym Obimb COCAQHH CKOAb Y200HO MAABLMU 3a cHem Hao-
nescamezo suibopa npeobpaszosarus (5) ).

IIpeobpazopanuve (5) npumMeHHM k HenuHeHHoM cucreme (17).
B HoBmIX mepemeHHmX cucrema (1) 3anumierca Tax:

dy,

w7 =MbYt bya &),
dy . .
= hoyatotbuyat+ &), | )
p ’ ‘
_ay_::__ knyn—l_gno’)’
rjae croaben g(y) ¢ saemenramu g (¥), ..., g,(y) onpene-
JIMETCS PAaBEHCTBOM »
g@)=U"f(Uy) (8)

1) Cu. Croxkep Qwx, HeanHellusie Ko1e6anna B MEXaHHYECKHUX
H 97EeKTPHUECKHX cHcTeMax, M, 1952,

%) B pesynnrare mpeoGpasosaHus (5) MaTpuua xosdduuuentos A
3amenserca marpuueh ! AU, xotopas uMeeT TPeyronbHyw dopmy.,

®) JokasaTenbCTBO neMMbl MPHBOJMTCA Jalee Ha CIp. 223224,
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H YNOBJETBOPAET HEpaBeHCTBy 1)
e | <alyl )

Tie Yuca0 7 (KaK U 4UC/O &) MOxeT OBITh CACAAHO CKOMb YIOAHO
MajbiM 33 Cuer Br6Opa 0CTaTouHO MamoH oxpectHocTH | X | < A
(n cootsercrenHo |y | < Ay).

Torna B cooTBeTcTBHM C ypasHeuusMi (7) ¥ HEPABEHCTBAMU
(2) n (9) uatizem ).

=_;_2 0 D459 = Y Ren 1y, P+

n
= - 1 _ _
+5 2 Cuyi i+ bik.ykyi)_l"fz. €I+ 8y)<<
i>k i=1

<(—a347lyp (B:}g:,,lbikl)’

—_

T. &
d
W< (—atstnly)
OTKyJa
W 1=<Ipo| e EAD - (gy=my (1), (10)
') Ecau onpemennts HopMy Martpuuwm A =|| a;k||;fk=, paBeHCT-

n 1/2
BoM || A4 ||=( 2 | a;s {2) y TO T€rK0 NpOBepseTcs CIpaBefIuBOCTh
LE=1

HepaBeHCTBa
[Ax|<|A]] x|

Mlostomy u3 HepaBeHcTBa (4) M paBeHcTBa (8) claenyet, yro
lgWI<|UIf O <) U| U]y,
M, TakUM 06pa3om, B HépaBeHcrae (9) MoxHO mONOXMTH
=|U U]

f) Hepes Jp Mu o603Hadaem 4HCHO, KOMIIEKEHO CONPAXKEHHOE
¢ ¥ (k=1, ., n).



§ 88 YCTOMYUBOCTD MO AMHEHHOMY IMPUBIMKEHUIO 293

BuifepeM fosoxurensime uucAa & B v Tax, wroOn BHIOA-
Hsuuch HepaBeHcTBa a—38 >0 n n< a—3; Torma u3-Hepa-
seuctBa (10) caeayer, urto

y[<<{y]| = giinmy(t)=0, a1

T. € pemienne y=—0 cucremsr (7) aCHMOTOTHYECKH YCTOHUYMBO.
Ho BekTops X ¥ y CBA38HH Mexnay coOoH JHHeHHnM npeobpa-
soBauueM (D); mosToMy u pemieHne x==0 cucrems (1) acmmn-
TOTHYECKH YCTOHUHEBO Y).

JdoxkagartelbcTno JdeMMBbH, [lokameM cHayana, 4ro ¢ mo-
MOibK TpeoGpasoBaina X=U'" 2z puga (5) MOKHO IPHBECTH CHCTEMY
JuddepeninalbHNX ypaBHeHHA

== AL 12
a (12)
K BHAY, B KOTOpOM: 1) nepBas IepeMeHHaa z, He BXOIHMT B IIpaBHe
YacTH BCeX yPaBHEeHHH, HayWHasd CO BTOPOro, H 2) B mepBOM YpaBHe-
HHH KO3(@HUHMEHT NpH 2, DaBeH XapAKTEPHUCTHYECKOMY YHCAY A,
MaTpuun A, T. e. K cleIyloIleMy BHIY:

dz ' ’
_dtl =212y + b2 + ...+ binp
dz , /
Tﬁ_z = byszs 4w 4 bynzn
( 13)
dz ’ ’
_t_il’£= bﬂ»222+'“+brmzn~ j

Jns 3TOro NOCTaTOYHO B KayeCTBe MepBOrO cToabua Marpuum U}
B3ATb COGCTBEHHBIH BEKTOD ¥, COOTBETCTBYOMHUN XapaKTePUCTHIECKOMY
qneay h; (Au, =hu,, u,70), a ocTanrpHble CTONGUE MaTPHUM #;, ..., U,
BHOpaTh TaK, YTOOH BMecTe € Ky OHM OBIM JMHEHHO He3aBHCHMBI
(torma det U1 £0),

JHefcTBuTeNbHO, peobpasoBaine x— Uz MoxeT 6LITL 3amucaHO

M Tak:
X=u2, + .2, + ...+ t,2,, (14

rae 2g, ..., 2, — KOOPIOMHATHl BeKTOpa X B Oasuce iy, U, ,.., U,
Cucrema (12) umeeT peireHne

x= u,eM. (15)

1) B cOOTBETCTBHH C npuMeyanreM | Ha mpenbiaymeft crpaHuue W3
paBeHCTBa (5) BHTEKAET HePaBEHCTBO

l|<|U||y|<|U]|3 | <|U U] %]
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flosTomy npeoGpadoBaHHas cHcIeMa mudepeHiHalbHHEX YDPaBHEHHMH

dzi
= Zbikzk (i=1,..., n) (16)
cornacto paBeHCIBY (14), uneer pemienne
2, =M, gye=.. ==z, =0, (15"
YTO BO3MOKHO JMmb TOrfa, Korjga &by ==XA; M by =...=b, =0,

T. e. xoria cucrema (16) umeer sum (13).

Tak kak nNpu JIHHeHHOM HEOCOGEHHOM Npeo6pasoBaHHHM XapaKTepH-
CTHYECKOE YpaBHeHHe MaTpuusl A He usMeHsercs '), To MaTpaua & [
HMEeeT CBOMMH xapaxrepncmqecxumu YUCnaMy ocTanbHheie n-— 1 Xapak-
TepUCTHUECKHX uucen (dy, ..., A,) MaTpuun A.

[puMeHAA aHaMOrHYHOe NpeoGpa3’oBaHHe K CHCTEMe NOCHeIHHX n—I
ypasHeHu#i (13) M T. I, Mbl B KOHIE KOHII0B C NOMOLLI0 HEOCOGEHHOro
ApKeliHOro npeo6pa3oBaHUA NpPUBEJEM UCXOIHYW cucreMy nuddepeH-
HHaNbHBX YpaBHEHHH K BHILY

L =Ny + jaza oot Bl
22 Mza b oo B
dt an
d;;‘: Az,

Hakouen, cieraeM nocienHee npeoGpasoBaHHe MepPeMEHHKIX
e=phyy >0, k=1, ..., n).

Torpa cucrema (17) samenutca cucremoli (6), B Koropoﬂ HeJHaroHanb-
Hble KOIQOHUMEHTH by == p*lb], ({ <<R) MOrYT GuTb CHEJAaHH CKOIb

YrOIHO MalsiMU 110 MOAya1io, ecau BmOpath sucao p > 1mocTaToyHo
MansiM, JlemMMa JokasaHa,

§ 39. Kputepuu acumntoTruueckolt yctolfumBocTH
JHHelHBIX CHCTEM

B npeswaymux asyx mnaparpadax OHJIO YCTaHOBJEHO, YTO
B CTAlMOHAPHOM CJy4yae HyJeBOe pelleHne TPOUSBOJBHOH

1) Xagaxrepucmqecxue ypasHeHns marpun A u U~AU (cm. npm-
meuanue 2 k c1p. 221) cosmafaloT, TAK Kak
Ut(A—AE)YU=U*AU—\E,
H MOBTOMY
det (UAU — AE)==det U* det (A —AE) det U=det (4 -— AE)

(E — enuHMYHaA MaTpHUa),
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(HeanHelHOR) cucTeMHl mupdepeHInaIbHEX YPaBHEHHH B OTKIOHE-
HUAIX dCHMIITOTHYECKH YCTORYHBO, €C/IR BCE KOPHH XapaKTepHCTH-
YeCKOro ypaBHEeHHs, COCTABJEHHOrO AJS MaTpPHUH KO3(dHunueHTOB
JUHEHHOrO NpuOaHKEHHS, HMEIOT OTPHIATE/bHKHE BEIleCTBCHHBE
yacru. [TosroMy nproGperaoTr GOJBIIYIO IPAKTHYECKYIO 3HAYHMOCTD
HeoOxodumpie u OOCMAMOUHbEe YCAOBUS OASL MO020, 4MOOK
8Ce KOpHlI an2ebpautecko20 YPASHEHUS ¢ BEUECIBEHHbLMU
Koaghgpuyuenmamu

FfM=a\*+a '+ ... +a, A+a,=0 (@ >0 (1)

UMEAU OMPUBAMEALHUIE BEULECNBEHHbIE 4ACHIL
OGosHaunm uepes A, (B=1, ..., g) BelwlecTBEHHHE, a Yepes

N n—g
ry3is; (]:1,..., 5 )—KOMHJIEKCHHE KOPHH  ypaBHe-

Hug (1) ¥ TNpeiNnoNoXuM, YTO B KOMIUIEKCHOH IIOCKOCTH Bce
STH KODHH JIEXKAaT CJeBd OT MHHMOM OCH, T. €. 4TO

<0, 7;<0 (k=1,---:g;f=1:-'-’n;g); 2

TOrga
n—g

¥4 2
FM=a, D —2) [JQ—rj—is)(A —r;+is)=
k=1 )

j=1

n—g

g 2
=a [[Oa—2 H(P—Qr,&—{—ri-—{—s}). (3)
k=1

J=1

Tak kak, corjacHo HepaBeHcTBaM (2), KaXKInH MHOXHTeJb
B noc/ieaHedl 4acTa paBeHCTBA (3) UMEET NOJIOMHATE/]bHBIE KO3¢-
()UUKEHTHl, TO B B ypaBHeHmH (1) Bce KOI(PHUMEHTH NOJ0KH-
TeAbHH. [lososcumensvnocmes 8cex KOIPPUUUEHMO08 — HEOBXO-
dumoe (npu ay >0), HO omuwdy He JocmamoxHoe ycaosue
0as mozo, umobe 8ce Koprn ypasuenus (1) Owan pacroso-
JHCEHbL CAE8A OM MHUMOL oOcl.

B 1875 r. yxe wH3BeCTHHH yuTaTeNIO aHrIMHCKAR MeXaHHWK
Payc man anroput™, ¢ MOMOIIbIO KOTOPOro No Ko3GdguuueHTam
MHOrouseHa f(A) MOXHO y3HATh, ABJAETCA JA OH <yCTOMUHMBHIM>,
T. € HMEIOT JHM BCE €ro KOPHH OTPHLATeNbHHE BeLleCTBEHHHE
vyactTd. B 1895 r. memeuxn# maremaruxk ['ypBam mHe3aBUCHMO oOT

1,7 @, P, FanTmaxep
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Payca ycTaHOBHA TOT e KpDUTepu#t B BUIOU3MEHEHHOH! dopme
¢ noMompbio onpeneantenelt (conpemeaurenett [ypsuiax)

a a; as..... .
Gy a5 Gy . .. .. .
_la, a, 0 a a3..... .

Ai=a;, A== ay ag)” "7’ A= o a Gy ... | Q)
......... . a4y

(3necy BClOmy cremyeT MOMOXUTL d,==0 npu p >n.)

Ycaosue Payca—Typseuual) [Jarm mozo 4wmobs
sce ropru ypasuerus (1) umesn ompugamensrbie eu4ecmseH-
Hble 4acmil, HeoO6X00UMO 1 QOCMAMOUHO, LMOGH UMEAL MECHO
HepagerHcmBa

A0, A0, ..., A >0 ®)

Ecnu  kosdduunentn ypasHenus (1) 3afaHel Kak 44CaIa,
TO ycaosus (5) Jerko mnposepAoTca. ECaM ke KOSDPUIUEHTH
ypasuenus (1) comepxar OykBeHHHE NapaMeTpH, TO BRIYUAC]IE-
nue onpeneastenelt A, npm GosbwioM % yxe BH3HBaer 3aTpPyad-
HeHue.

[MosToMy npeacTaBasioT HHTepeCc HPYrHe YCJIOBHS, YCTaHOR-
neunne B 1914 r. ¢pamnysckuMu MaTeMaTHKamu JibeHapom u
HlunapoM. B STHX yCJAOBHAX 9ACIO NETEPMHHAHTHHIX| HEDABEHCTB
APEMEPHO BIBOE MeHbIue, ueM B ycaosusx (5) Payca — [ypsuna.

Ycaosusa Jlvenapa—UWlunapa Jas mozo0 4mobot
mno2odnen f(A)=a\"+ aNt4-...4-a, A+a, npu a, >0
UMeA Bce KODHU C OMPULAMEASHWMU BEUECHMBEHHBMU 4a-
CcmaMU, HEOOXO0UMO U 00CHMAMOYKO, 4mobu

1) sce rosgppuguenmm muozodsena f(R) Owan nosoxcu-

mensHb
a4, >0, a3 >0, ..., a,>0 )
2) umesn Mecmo OemepMUHAHMHbIE HEPABEHCMBA
A, 1 >0, A, 3>0, ... M

1) OTHOCHTENbHO BEIBONa ycnoBHii Payca — ['ypsuna cuM., Hanpumep,
Fautmaxep P.P, Teopus marpny, rn. XV, § 6, Atrzepman M A,
Jlexuuy 00 TeOPHH aBTOMaTHYECKOrO peryiaupoBanus, usl. 2, ra. III, § 1.
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(30ecs, Kax n panee, A, oGo3nataem onpedesumens Iypsuya
k-20 nopsoxal)).

Teneph Mb NMO3HAaKOMUMCH C 220MempuiecKusm Kpumepues
ycmotduusocmu.

3amenum B pasencrse ?)

foy=a [JO—%)

k=1
L Ha lo n OydzeM uBMEHATL w OT — OO 10 -} oo. Brumc-
UM COOTBETCTBYIOIIEE MPHPALIEHAE Yraa
8 —=arg f(iv):
n 9
AT 6 (0) = D AT arg (fo — ). \
E=1
Tenepn 3ameruM, uto ) (puc. 47)
A Ly

AT arg (lo — 2) =

=, ecrr Red, <0,
"] —=, ecmn Re),>0.
ITostomy, o6o3Hauas uepes [ u r YUCIO Puc. 47.

KOpHe#, Jexamwux CcJl1eBa ¥ COOTBET-
CTBEHHO CnpaBa OT MHuMOH ocw ([--r==n), Oymem umMeTb:
ATB0(w)=(— )=

PaccMoTpuM KpUBYIO, ONHCHBaeMyio adduxcoMm ¥) xommnaexc-
Horo uucna f (lw) mps usMeHeHU:H ® OT — cO A0 —}- 0o, DTa Kpu-
Bas pacnanderca H4 JBE BETBH: Ha ONHOH w >0, ma npyro#
® < 0. Onra BeTBb MOJIYYAETCS U3 APYroH 3epKaabHBIM OTOGpaxe-
HHEM OTHOCHUTENbHO BEUIECTBEHHOH O0CH, NOCKOMBKY f(lw) wu
f (— iw) — xoMnieKcHO conpsukeHHsie uucaa. ITosTomy, 0603Hauus
yepes Ay NpUpauieHue Npu uaMeHeHAn ® oT 0 10 ©O, MOAyuHM

Aomﬁ(w)z%Ai'zﬁ(w)z(l—r)—;—. (8)

') Buson ycnosnit Jleenapa n Illunapa, a Takxke HeKoTopHe Ipy-
rHeé BapUaHThl 3THX YCNOBUH MOXHO HAHTH B UUTUPOBAHHON KHUre
«Teopus marpuny, ra. XV, § 3.

%) 3mecs n xopre#t MHOrouneHa f(X) o603HaYEHH wepes3 Ay, ..., Ay,

%) Mu npeanoxaraeM 3lecb, YTO HH ONHH U3 KODHEH Ay HE MEXHT
Ha MHHMOH oCH. i

%) AddHKcoM KOMNIEKCHOrO YHCAA 2 HA3HBAIOT COOTBETCTBYIOW YO
TOYKY KOMILIEKCHOH 2Z-TIOCKOCTH.

1/‘7.
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Orcrona BuAHO, YTO BCE KOPHM OYAYT PacrONOXKEHH CIEBA OT
MuuMolt ocu ({=n, r=0) Torga ¥ TOJIBKO TOrxa, Korja

AT O (0)=n-. 9

Feomerpuueckulh xpurepult ycrotuusocrtul)

Jan mozo wmobu mrozourer f(\) Osta ycmotlinussm, m. e, umotn.

8Ce €20 KODHU OBAU PACNOAONCEHb. CACBA OM MHUMOL ocl,

KHE00X00UMO U JOoCmamouro;

: Y4 1) #mo6s 20002pad f (ivw)

i npu usmenennn o om 0 do

-+ o0 me npoxodus 4epes

nyaesyo mouky ) u

2) umobs das 3mozo
/- \ 20002pagha

U A?B:nl

206 n— cmenexs  MHO20-
ysena f(A) (cm. puc. 48
5 n==06).
Puc. 48. 3amernM, uTO a8 YCTOH-
yuBOro MHorouaena?) apry-
MEHT 0 H3MEHSAETCH MOHOMOHHO TPH U3MEHEHHM © oT 0 O oo.
Dro caenyer us ¢opMyas

0 (v) = i arg (io — Xp),
k=1

MOCKOMbKY [/ TAKOr0 MHOFOWIEHAa KaXAO€ C/1araeMoe B mpaBolt
4acTu ABJASETCA MOHOTOHHO BO3pacTamumel QyHKuuelt oT o.

MTpumenp. [Tycts F(A) =A% 5h% - 10A% - 11A2 + 7h 2. Tor-
Ko () o) £ Ve e o IR AR AT A

U(w)=50t —1lo*+2, V(e)=0 (0t —100® 7).

1) 10T KpUTepud Bnepsbie 6bi1 mpumeHen A. B, MuxaiaopniM mia
MCCHENOBAHUA CHCTEM aBTOMAaTHYECKOrO0 peryiupoBanusa. [loatomy
B TEXHUYECKO! auTepaType reoMeTpuuyecKudt KpPHTepHH yCroiwuBocTH
4acTo HaswBaeTca kpumepuexm Muxaisosa.

%) Ycaosue 1) osHawaert, YTo f(A) He UMEET YHCTO MHUMEIX KQDHeW.

) YcrofiyMeeift  MHOrOWIeH HAa3HWBAT TaKKE MHOZOY.LEHOM
Lypsuya.
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Jaa noctpoenua romorpada f(lw) samevaem, yro U(0)=2 u V(o)
ofpainaerca B Hyib NHpH @ =0 H NpH 0 =0;, 0 =0, (0 < 0, << 0y);
KBapaTh ©f M ©f ONpelelA0TCA H3 KBAallPaTHOrO YPaBHEHHA:

}=5—YB=0,76 ol=5+ ) Ba924.

HerpynHo y6enutoca B ToM, uto U(w;) <0, U(wg) > 0. Kpome Toro,
V@)=7>0.

Takum oGpasom, romorpadg npu o =0 HauMHAETCA HA MOIOKHTE/]b-
HOlt BeieCTBEHHON OCH, MIeT CHauajla BBepX, HepeceKkaeT MONOKHTENb-
HY10 MHHMYI0 OCb, 3aT€M OTPHIATEbHY IO BEIleCTBEHHY0~0Ch (IPH © == w,),
OTPHIATENbHYI0 MHHMYIO OCb H, HAKOHel, CHOBa NMOJIOXHTEIbHYIO Beile-
CTBEHHYIO OCb (IPH © == w,), [IpH @ > «, ronorpad He mepecexaer oceit
KOODIMHAT M YXOAMT B G€CKOHEYHOCTb B MHATOM KBaxpaHte (U>0,

V> 0), rak kak n=>5, [lpu srom tgﬂ=g—g:%—»+oo npH © — -}-co,
Takum oGpasom

T. e. f(A) — ycToitunBHt MHOrouneH.
K stomy e BHBOIY MOXHO 6biIO Gni MPHATH, HCXONA U3 KPHTepHA

JIbenapa — Illnnapa, mockonrbky B f(A) BCe KOSPHHUHEHTH NOTOKH-
TEJbHH H .
51 20
5 11 110 70
A’_Il 1o]>°’ A=ty 5 o[>0
0 110 7

1j,8 @. P. Tanrmaxep



FrATABA Vi
MAJIBIE KOJIEBAHHSA

§ 40. Manbie KoneGaHHA KOHCEPBATHBHON CHCTeMbI

Ecau B HauaJbHBIH MOMEHT BPEMEHH IOJOXEHHE CKJIEPOHOM-
HOH cHCTEMH BHIOPaHO [AOCTATOYHO OJIM3KHUM K [OJOXKEHHUIO
YCTOHYMBOrO DaBHOBECHS W HavaJbHbBIE CKOPOCTH MO aBCOMIOTHOH
BE/JMYMHE JOCTATOYHO MaJbl, TO HA NPOTSHKEHUH BCEro ABUMKEHUA
O6yayT MaaniMu No abcoMOTHOH BENMMYMHE KaK CaMd OTKJIOHEHHsS
OT MOJIOXKEHUsl paBHOBecus, TaK K 06OOMEeHHbHE CKOpOCTH. DTO
00CTOATENBCTBO MO3BOJSET COXPAHHTb B  gudpepeHuaabHbX
yPaBHEHUSIX [OBMXKEHHS TOJbKO JUHEHHBIE 4YJEHH OTHOCHTEMbHO
OTKJOHEHMH M cKOpocTel, a ujeHn O6oJee BHRICOKOrO MNOpsaKa
Manoctu orépocuts. Torga auddepeHuuanbusie ypaBHEHHS IBH-
KEHUS CTAHOBATCS JMHEHHBIMH, T. € 3aJaua <JIHHEaPUSYETCA».
B sToM naparpade paccMaTpHBaeTcs JMHEApU3aUWs ypaBHEHUH
IOBMXKEHUS IJIs1 CJAyYas KOHCEPBATUBHOH CHCTEMBI.

Kuneruyeckas M NOTEHUMAaNbHA SHEPrud KOHCEPBATHBHOH
CUCTEMBl C 7 CTENEHAMH CBOGOAB BHIPAXKAIOTCA 4Yepes HE3aBUCH-
Mble KOOpIAMHATH ¢; W oGobumennsie ckopocrd g; (=1, ..., n)
caenywomuM o0pasom:

n

T=7 2 aik(ql: vy qn).qiqk) H=H(q1, Ve ey qn)‘ (1)
i, k=1

Kak u B npemniyme#l riase, npuMeM, 4TO HAyaJ0 KOOPIAU-

HaT ¢ =...==¢,=0 9BJIg€TCA -NOJOXEHHUEM pABHOBECHS U
yro B 3TOM ke noxoxenun II==0. Pasnoxum koaddunuenTs
a;, (91 .++» qp) B PAOH IO CTENEHSIM KOOPIHHAT:

@G (G oor gn)=0p ... G k=1,..., n (2)
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roe Q;p=20ay;, (0, caey 0) (aik=ak,~; i,k= 1, avay n)'—' nmocro-~
sHHBe. TloacTaBass 5TH BHpaXeHus Ajas Ko3¢p¢uuueHToB B HOp-
Myay (1) nas KHMHeTHYECKOH SHEprum, noaydaem

n

T=v 2 @995+ (+%), 3
k=1
rae uepes (x+) MBI 0003HAYHMJH CYMMYy UYJEHOB TpeThero M OoJee
BBICOKHMX NOPSIKOB OTHOCHTENBHO ¢; M §; (i=1, ..., n).
Pa3noxuM Takxke M MOTEHUMAJbHYIO SHEPrHI0 B Dsi MO CTe-
MeHsIM KOOpAHHAT:

n n
o1l 1 0%l
H_Ho_]_izl(aE)"qi_]_? il;l(mq—k)c.qiqk—]-(**)-
Mo ycaosuo Ily==0. Kpome TOro, B MOJOXEHHH DABHOBECHS
060GIIEHHNE CHAB PaBHB HYJIO

Q?'=(g%)o=o d=1, ..., n).

IMosTomy, BBens o6o3HaueHwHs
0 )
o

g, 045 (c=1crz Lk=1,...,n, @)

cik=(

MBl H [NOTCHUHAJBHYIO SHEDrUI0 MPEACTaBMM B BHIEC

n

HZ% 2 Cirqiqr + (+%). (6)

k=1

Ot6paceiBast B ¢opmyaax (3) u (8) unenn Tperbero u Gosee
BRICOKOI'O MOPAIKOB MajJOCTH OTHOCHTENBHO ¢; M §,, Mbl TIpen-
CTaBUM KHHETHYECKYI0 M IOTEHUMAAbHYIO SHEPrud B BHOE KBaf-
paTHUHHX (OpM C NMOCTOAHHHMH KO3(pduuueHTamy

n n

1 : 1
T=§ 2 ;x4 H=—2* Z Cirdiqw (6)
ik=1 k=1

rae Q; =ag; Cik=cki (i, k=1, vaay n).
W3 ¢usuueckoro cMeICAa KHHETHYECKOH SHEPrHM fCHO, 4TO
scerna 7z==0. ITocKoJpKY MH TNpENNOJaraeM, YTO IIOJNOKEHHE

1/28.
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paBHOBecHs He saBaseTcs ocoGoit Touko#t '), To Bcerma T >0,
€CJi TOJbKO He Bce 00600LieHHbE CKOPOCTH PAaBHE OfIHOBPEMEHHO
n

Hymo, T. € KBagpaTHuHas ¢opMma Z @;,4;9, = 2T sBasercs
L,k=1
MOJI0KHTENBHO ONpEIeNeHHOMN:
n n
> 444, >0 (Z ‘7?>0)- Q)
k=1 i=1
DNanee, ans Toro uyroOm 06ecneyuTh YCTOHYHBOCTH JAHHOTNO
MOJIOMEHHs PpaBHOBeCHs, mnotpebyeM, uToOH (B COOTBETCTBHH
¢ TeopeMoft JlarpaHika) B MOJIOXEHHH DaBHOBECHS MOTEHLHAIbHAS
sHeprus umena crporudt muuumyM. Ilockoapky I[,=0, 10 370
03HayaeT, YTO B HEKOTOPOH OKPECTHOCTH HayaJda KOODAHHAT
n n
Z Cirgigr >0 (Z ¢I?>0>- ®
Le=1 i=1
Ho kBaapatuyHas d¢opma (8) mpencraBaser co60H OZHOPOAHYIO
(OYHKLHIO BTODOH CTENEHM OTHOCHTENbHO KoOpAMHAT. IlosToMy
HepaBeHCTBO (8) MMEET MecTO BO BCeM NpPOCTPAHCTBE, 33 UCKJIO-
IEHHEM Hayana KOOPAMHAT, Fie 3Ta (opMa 06pauniaeTcs B HYJb.
JpyruMu caoBaMu, MOTEHUMaJlbHas SHEPrHs TaKike NPEACTABJEHA
B BHAE NOJOXHTEJIBHO OMpPENENeHHOH KBagpPaTHYHOH (QOPMEL
OTHOCHTE/NBHO KOOPAHMHAT ?).
Cocrapum ypaBHenus Jlarpauika, HCXOAs M3 BhipaweHu#l (6)
aas T u I

D (@l cingr) =0 (=1, ..., n) 9)

k=1

Bynem wucKarh YaCTHO€ DEIUEHHE 3TOH CHCTEMHB JHHEHHBIX And-
¢depeHLnaNbHEX ypaBHeHull B Bume

qi=uisin(wt—|—a) (l:l, . n), (10)
1) CM. npumeyanHe x crp. b5.
) Koneuno, BO3MOXHbI CnyvaH, korna dynxuus I (gy, ..., g,) 10

0oT6pacHIBaHHA 4YNEHOB (#%) HMMEET B Hayale KOODIWHAT CTPOTHi
MHHHMYM, a pocle OT6pachiBaHHsi 3ITHX YJEHOB HMEeT B STOH e
TOYKe HeCTpPOrHi MHHHMYM (HanpuMep, II=c2(q,+ ... +g,)*+
+d*(gi+ ... +4q4), ¢>0, d>0). Ho rtakme cnyyam msl Gymem
CYHTaTh OCOOBIMH M HCKAIOUHM H3 PacCMOTpeHHa. B 3Tux oco6uix ciy-
yasx OTOGpachiBaHHE YJEHOB (#%) B BhHPaxkeHHH mas I He ompasnaxo.
OHo MOXeET pesko HCKa3HTh KapTHHY NBHKEHHA,
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T. & B BHJE rapMOHHYECKHX KojeOaHuH ¢ omHOH M TOH ke
4acTOTO# © ¥ C OZHOM M TOH k€ NOCTOAHHOH & AJA BCEX KO-
OpAUHAT.

IloacraBnaa supaxenusa (10) zaa ¢; B anddepeHunasbHHX
ypasHennax (9) u nosaras

A=0}, (11)

NOJIyyaeM IOC/€e COKPaUleHus Ha sin(wf - a) CASAYIOWYIO CHCTEMY
anre6panyecKux YpaBHEHHH, JMHEHHEIX OTHOCHTENBHO aMILJIA-
Tyx i Y)

n

M Cn—rpuy=0  (=1,..,n. (12
k=1 R

Tak Kak Bce aMIJMTYAB @I; HMCKOMOrO KOJ€0aHHA HE JOJDKHEI
ofpamaTbcs B HyJb, TO ONPEAEANTE]b CHCTEMH OJHOPOIHHIX
ypasHeHn#t (12) momxeH GHITH DaBeH HYJIO:

€1y hay, C1a— Mgy oo Cip—2Ray,
€s— Mgy €2 —Mps ... Cop—DMNag

e e ce e | =0, 13)
Cpt— 2y Cny— Mapy Cnn —Aayp

ITocne packpmTHa ONpedeNuTeNs MH NOJYYAM B JIEBOK 4aCTH
MHOTOW/JIEH n-# cTeneHW OTHOCHTENbHO A. TakuMm oOpasoM, KBa-
ApaT 4acToTH A=—w? HCKOMOro rapMoHuyeckoro pemenus (10)
JOJ/DKEH YAOBJETBOPATh ajre6panyeckoMy YypaBHeHHio 7n-# cre-
neun (13). Ypaeuenue (13) HasHBAeTCA 8eKO8HM YPABHEHUEHM
WIN YPasHerueMm 4acmont.

Kaxagomy kopuio A ypasHenus (13) COOTBETCTBYET 4acCTHOE
pewenne (10) (mpu NPOU3BOJBHOM NOCTOSHHOM &) CHCTEMEl Au(-
depenunanbuux ypasuenn#t (9). B sToM pemennn o=} A

3anuiieM NpUBENEHHHE BHIIE (HOPMYJE B MaTPUuHOH (opme.
BBeneM B pacCMOTPEHMH [BE CHUMMETPHUECKHE [MOJOKHUTEbHO

1) BennuuHy u; MBl Ha3piBaeM aMIIUTYIOR rapMOHMYECKOro Kole-
G6anna (10) xoopouHaTHl ¢; XOTA (PAKTHYECKH aMIIMTYAOH ABIAsETCHA
a6coaoTHaA BeTUUYMHA [u,-lf; HayaabHON (hasoil (mpu ¢=0) rapMoHuue-
ckux koneBanmpt (10) sBasercst nuGo BenmymHa « (npH 4; > 0), 1u6o
BexMynHa —a (npyu u; <<0).

B &. P. T'antMaxep
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onpefeneHHEe MaTpHLH )

11 Qin Cin
A=lay|=} ------ . C=l|epl=] - - (14)
n1 - nn Cai s+« Cnn
A BEKTOPH-CTOJAOLE
71 u,
7n in

(# — amnnTygus#t Bexkrop). Torma cucrema AuddepeHIna pHEIX
ypasuenu#t (9) sanmmerca B Buje

Ag -+Cg=0. (16)
YactHoe peutenue (10) 6ygeT BurIsIeTh Tak:
q = usin(of -+ a), a7

a pesy/ibTaT NOACTaHOBKM pemenua (17) B ypaBuenne (16), T e.
cucreMa aiareOpandyeckux ypasnenn#t (12), mmeeT BuI

(C—2A)u=0 O = o). (18)
YI.')aBHeHHe 44CTOT 3anuuIeTcs Tak:.
det (C — 2 A)=0 O = o). (19)

Iag Toro utoOH BHACHATH, YTO KOPHH A BEKOBOTO ypas-
Henus (19) Bcerja BEIUECTBEHHH ¥ NOJOWHTENBHEL, PaCCMOTPHM
NpeJBAPHTENbHO  HEKOTOpDHE CBOMCTBA KBAaZPATHYHHX OPM
€ BELIECTBEHHBIME KO3(ULHEHTaMH.

n
KaxioM kpamparuunod opme 3 '@yl COOTBETCTBYET
k=1
n
HeKOTOpan OunnueHiHas GopMa D @ul;U, A1 KOTOpOH
1E—1

1) Cummetpryeckan maTpuua A=|a; |} HasuBaerca mONOKM-
TeNbHO ONpeleneHHOH, eClH COOTBETCTBYIOMAaA eH KBagpaTwyHas
n

hopMa 3] 8i44ifs ABAAETCA MONOKHMTENBHO ONMpPENENeHHOM.
k=1
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BBEJIEM COKpalleHHOe 0003HaueHue

n
A (ll, ’D): Z aik"i'ﬂk;
i, k=1

TOoraa KBajgpaTwuyHas Q)opma BaMMAIIETCA TakK:

A, )= Z Q; Uity
k=1

Jlerko OpoBEPAIOTCA CACHYIOUME CBORCTBA OuIHHERHOH DOPMBI: -
1° A(wy+ a5, 0)=A (1, v) -+ A(uy, ).
2°. A(\u, v)=AA(u, v) (» — ckaxsp).
3% A, v)=A(v, ))).
IMokaxem eme, yTO naa mob6OrC KOMIIEKCHOrO BEKTOpa o
4°. A(u, w)— sewecrseHHoe uncao ¥).
— BELIECTBEH-

Hble BEKTOPHI-CTOJOUB), B cuay 1°-— 3°, vaitmem:
A, B)=A@-+iw, v— iw)=
= A0, v) —iA(0, @)+ iA(w, 0)+ A(w, w)=
=A@ v)+A(w w). (20)
[Mocnennee BHIpAXKEHWE SBHO BELIECTBEHHO.
Hs pasenctBa (20) cremyer Takxke

5° Ecim A (#, 1) — NOJOXUTENLHO ONPENeNeHHas KBaipaTHy-
Haa QopmMa, a # % 0 — NPOU3BOJBLHLHIN KOMIJNEKCHHHR BEKTOpP, TO

A(m, B>0  (u£0) @1)

B camom nene, nonaras #—=w9 -} lw, umeeM A(o, 9)=0,
A(w, w)=0. B onHoM u3 5TUX COOTHOILEHMH HMMEET MeCTO
3HaK > TAK Kak u3 & % 0 crenyeT, mo Kpafinelt mepe, omHO
u3 HepaBeHCTB © 7~ 0, @ # 0, Torma u3 pasencrsa (20) caenyer
paBeHCTBo (21).

1) B oranude or paseHcTB 1° M 2° paBencTBo 3° CIpaBeANTHBO
TONLKO [isl GHIHHEHHO® (OPMH C CHMMeTPHYECKOR MaTpHuel Kosd-
hHIHEHTOB.

2) Ueproft ™Mbl OTMeuaeM Nepexol K KOMIIEKCHO CONPAKEHHHM
penryunHaM. CroHcTBo 4° CNPAaBeNNHBD TONLKO JJA CHMMETPHUECKOMH
MATPHIL! C BEl(eCTBEHHHWIMH 91eMEHTaMH,

8‘
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IokaxeM Teneps
6°. Ecim X — kopeHs BekoBoro ypasHenns det (C — 1 A4)=0,
a I — COOTBETCTBYIOIHH €My aMmIHTyAHEI# BekTop [cM. (18)]

Cu—=\Au (u £ 0), (22)
TO 1mpu MoOOM BEKTOpE ¥
C(, v)y=1Au, v) (23)

HeficTBATETBHO, B CKaAfPHOM 3amucH paBeHCTBO (22) mpHHH-
MaeT BHJ,

n n
D) Cipltp=N\ >} ayu, (=1, ..., n. (22"
k=1

=1

YMHOXHB 00e uacTu i-ro ypaBHeHus (22°) Ha ©v; ¥ IPOCyMMHpO-
BaB 1O I, MOJyuYHM:

n n
Z Cik'vi",zz)\ Z Q;p0;U,,
k=1 k=1

T. €. paBeHCTBO (23).

TlokaweM Teneps, uTo 048 066X O08YX AMNAUNMYOHBLX
sexmopo8 W U W, COOMBEeMCMEYIOUUX PASAUHHBLM KOPHAM
8exo8020 ypaguenus A u N (A £ 1)), sunosusemcs coomuo-
wenne )

Am, w)=0. (24)

HettcTBuTemBHO, coraacHo 6° HMEIT MECTO [Ba paBEHCTBA:
Cm, 0)=iA(m, u), C(u w)=NA(u, ). (25)

Ho & 5= X", TlosToMy u3 paBeHcTs (25) cienyer cooTHoeHHe (24) ).

1) Ecau BBECTH B n-MEPHOM NPOCTpaHCTBe A-METDHKY, T. €. mogx
KBagpaToM HJHHH BEKTOpPa # NOHHMAaTb BENHYUHY KBanPaTHYHOK
dopmbt

n
A, )= ) apiuy,
=

10 A (8, #')— «CKagapHOe TMPOM3BENECHHE> BEKTOPOB # M #' B 9TOH
metpHke. [lo3tomy paseHcTso (3) Bbipamaer Co6OH crenyioliee CBOH-
CTBO aMNAHUTYIHBIX BEKTODOB: aMnaumyOHsie 6exmops, COOmgem-
cméyoujlie pasAUYHBLM KOPHSM 68eK08020 ypasHeHus, 8cez0d opmo-
20HAAbHB MedcOy coboli 8 A-mempuke.

?) B cuay paBeHCTB (25) OJHOBpEMEHHO C paBeHCTBOM A (#, #')=0
vMeeT MecTo W paseHctso C(#, #')=0. ’
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Hokaxem Temepb, 4TO U3 cuMMempuinocmu mampuy A
u C u u3 nonoscumeasHoil onpedeseHnocmu mampuygsi A
caredyem, umo 8erxosoe ypaguenue (13) [wau (19)] umeem
moasro sewecmaeHnble KOPHI.

JeftcTBUTENBHO, MYCTh A - KOMILIEKCHBIE KOpEHb BEKOBOTO
ypaBHeHuss (A £ )) ¥ €My COOTBETCTBYeT KOMIIJIEKCHHH BeK-
Top #£0. Torma A TaKKE KODEHb BEKOBOLO ypPaBHEHHs
¢ aMmauTYAHHM BekTOpoM Z. Ilockoabky A % A, To, mo mgoKa-
saHHoMy, A(w, @)=0, uTO mnpOTMBOPEYHT HepaBeHCTBY (21).

Ecau A BemecTBeHHO, TO H COOTBETCTBYIOIHE €My aMlJH-
TYOHBIt BeKTOp # 7~ 0 MoxeT OnhTb BHOpAaH BeIeCTBEHHBIM.
Torga, monaras B (23) v=—u# u 3amedas, uto A(#, @) >0,
HaxoduM
C(u, u)

i Y

(26)
n
Ho B Hawem cayuae kBaaparuuHas gopma C (&, &) = Z Cip ity
k=1
TAKKE SBJAETCSA MOJOXHUTENBHO omnpeneneHHoH. Torma He TOJBKO
A(u, w) >0, vo u C(u, #) >0. Crenosarenpvo, A > 0.
Takum oOpasoM, BekoBoe ypasHenue (13) umeer n moJOKU-
TEJbHHX KOpHe# A; KOTOPHM COOTBEICTBYIOT BeIeCTBEHHHIE
MOJIOKHATE/IbHBIE YaCTOTH 0; =}/ A; U BeleCTBEHHHIE aMIIUTY IHbIE
BeKTOPH #; (=1, ..., n).
PaccMoTpuM CHayajsa cJayya#f, Koraa BCE KODHH BEKOBOTNO
ypaBHeHusi pasjuyHbl. Kaxmomy A; COOTBETCTBYeT 4acTHOe pe-
1IeHre

g=u;sin(ot o) (0; =V} @7
€ aMIUIMTYOHEIM BEKTOPOM &;, KOODAMHATH KOTOPOrO. Uy, ..., Uy
JOJ/KHE YAOBJIETBOPATH CHCTEME JHHEHHHIX ypasHeHuf#t

n
Z (Cik—'—)\aik) ukj=0 (l=1, cee ) ﬂ), (28)
k=1

HJX B MaTpuUyHOH 3amucH
(€C—1;A)u;=0. (29)
TaK KaK cucTema auddepenunanbHbX ypasHenuit (9) [nau (16)]

JUHelHa, TO JMHe#tHas KOMOMHAlUWs C MOCTOSHHHMH KO3(du-
uvenTamu pemeHult (27) ectb CHOBa pelueHne 3TOH CHCTEMHL.
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ITosTomy

n
g =Y Cju;sin(v;t 4-a;) (0;=V; j=1, ..., n) (30)
=1
npu NPOUSBOJBHBIX NOCTOAHHNX Cj, a; (j=1, ..., n) saBagercs
pemenneM cuctemsl (9) mim (16). Mm mokaxkem, uto gopmyra
(30) oxsamesisaem 8ce 0BudMCEeHUSA cucmeMmbl.

IoxaxeM npeaBapuTENBbHO, YTO A AMIIATYAHEIX BEKTOPOB
u; (j=1,..., n) nnvetino wuesamucumu ). IlelicTBUTEMBHO,
NyCTh

n
Wl o . —
Cj;t]—O.

—

j=
Toraz npn mobom durcuposaHHoM £ (1 <<k =< n)
n n
0=A(u,,, Z c,-uj)= Z CjA (uk, uj). (31)
=1 j=t .
Ho A(w, u)=0 npn k£j n Ay u)>0 npa k=]
IloatomMy ua paseHcTB (31) caenpyer:
Ck=0 (k:l,, ﬂ),
T. € MEXIy BEKTODaMu &y, ..., U, He MOXeT OHTb JAnHeHHOR
3aBUCHMOCTH.
ITonbepem tenepp B opmyne (30) 3HaueHHs NPOM3BOJLHBIX
noctosHHx Cj, @; TaK, 4TOOH yAOBJETBOPS/NCH NPOM3BOJBHbIE
Wanepen 3aJaHHBIE HauaJbHHE YCJIOBHA

7:0)=q1p 9:(0)= ¢ (=1L ....n (32

UM B MAarpuudHOH 3anuch
q9(0)=q, ¢O)=gq, (33)

Ha dopmyn (30) naxomum

n
g,= D, Cjsina; u;,
f=1
’ (34)

n

q,— Z (:)]-Cj Cos a; &,
j=1

'y as yvacTHoro cayvas, korja A — eINHWYHas M4TpHLA, 3TO
Apelnoxende GblIo JoKasaHo B § 37,



§ 40) KONEBAHNA KOHCEPBATMBHO! CHCTEME 230

B cuny mmuetino#d wesaBucumocTs BexTopoB #; (=1, ..., n)
OTCIOB2 OJHOBHAYKO ONPEHNEAWOTCA npowsBeaenus Cjsina; #
w;C; cos a; W, CIEIOBATENbHO, MOCKOJBKY ®; % O, onuosuaqﬂo
ONpPENe/IAIOTCA BHAYEHHA NPOM3BOJILHEIX MOCTOAHHEX C; u o
(=1 ..., i)

Taxkum o6pasoM, HpH OTCYTCTBHM Yy BEKOBOrO YpAaBHEHHS
KpaTHeX wopHelt dopmyna (30) oxsareiBaer Bce Kone6a|-mﬂ
cucremu ),

Ecim ke ypaBHeHME 9acTOT HMEET KPaTHbie KOPHH, TO MOXHO
yIBEpHkIaTh, YTO pelueHudt Buma & sin(wf-}-a) Gyier BO BCIKOM
ciayyae m, rOE€ m-—4YUCAO DasAMUHEIX KOPHe# A; BEKOBOIO
" ypaBHeHwus.

Jlarpamx cumTajg, YTOo B CAyYyae KPaTHHX 4acToT obuee
pewenue cacremul (9) yxe ue mpencraenzerca B dopme (30) u
yr0 B npaBo# yactu (30) MOABAAOTCA TAK HA3HIBAEMHIE BEKOBHIE
yJIeHbl BHJA

(d-wtu't L .. )sin(ot }-a).

Ounnaxko Jlarpawx ommnbes. Kak mokasan noswe Beteprpace,
Kau[IOMy KOpHIO A p-# KparHOCTH COOTBETCTBYET pOBHO p
NMuEeBHO HE3ABUCHMEIX DEIUEHHH CHCTEMH JIMHEHHHIX ypaBue-
Hult (12), T. e Qna Kamaoro kopua A; p-# KPaTHOCTH MOHO
HalTH p AHHEHHO HE3ABHCHMBIX AMIIMTYIHBIX BEKTOPOB. Takum
00pasoM, M B CJIyya€ KPATHHX 4YacTOT CYWECTBYET N  JH-
HEHHO HESaBHCHMHIX aMILIMTYAHBIX BEKTOPOB M COCTAaBJEHHas
¢ ux nomouibio dopmyna (30) maer obiilee pelieHHe W B 3TOM
cyuae,

Kone6auus

q:C]ulSin((olt-—|—a.1) (j=1, cre Ii), (35)

U3 KOTODHIX CKA3[BBAETCA [IPOM3BOJBHOE KoJAeGaHUE CHCTEMH,
Ha3bIBAIOTCA 2AQBHHLMU KOACOQHUSMU CACTEMBL,

Crporuit BeBox ¢opMyas (30) B obuieM cayyae (1. e. u
[P HaJMYMM KDATHBHIX Y4CTOT) € ITOMOWIBI0 TAK HA3BIBAEMBIX

ONnpejedanIcs ¢ TOYHOCThIO A0 CrAraeMoro, KparHoro 2w,
2) }iﬂﬂ AMIITATYOHBIX BEKTODOB ll] BHHOJlHﬂIOTCﬂ COOTHOUICHHNA

n

Ay ap)= D ajpujign=0 UFk =1, ..., n)
k=1
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<HOPManbHBIX> KOOpIMHAT GyoeT [aH B CHEAYIOMEM naparpade.
Ilpu sTOM BHEIBOZE CJiyuali KPaTHEX KODHEH BEKOBOTO ypaBHEHHs
He Bugensercs oco6o.

Ipusep. Conzannse masmuuru. Toyxm nojxseca ABYX OAMHa-
KOBHIX MAaTeMaTHYeCKMX MaATHHKOB ¢ Maccofi m ® RaRHOK [ pacnoao-
MEHBE Ha OJNHOK ropu3oHTadbHO# npamofi. ToukM 9THX MAATHUKOB,
OTCTOALIME OT TOYeK MoxBeca Ha paccTognmu i (0 < h=<l), coennnens
Mexay Co60f NpyXUHOH XECTKOCTH v; NpYXHHA HAXOAMTCA B HepacTa-
HYTOM COCTOAHMH, KOIJla MaATHMKHM 3aHMMAIOT BePTHKAAbHOE NOJONeHHe.
Tpe6geTca onpeneinTh kKoneGaHHe CHCTEME B BePTHKaNbHON NIOCKOCTH,

K4yecTBE HEe3aBHCHMEIX KOODJMHAT BO3bMEM YIIH ¢; H ¢4, 06pa-
30BaHHbIE MAaATHMKAMH C BepTHKalbio (puc. 49). B nonoxenun pasHo-
BecHa ¢; ==¢; =0, C TOYHOCTbIO 0 MalLIX BEeJHYHH BHICIEro MOPAAKE
yIJMHEHHE NPYKHHE PaBHO A |sin ¢y —sin g [~ h|¢;— ¢, [ [TodTOoMy
B JaHHOM Ciyyae

7= mi2 3+ 49,

2 W)
H=mgl(l —cos<p,)+mgl(1—cos<p2)+ﬁ'—(i{2‘—ﬂ+ oo =

I

3 gl (g 0+ 5 1h (e — ) e

Coxpansasa 8 II Toxbko KBaApaTHYHEe YJXeHB, OKOHYaTeJAbHO OyleM
HMeTb

T= a3+,

1
H=5 ¢ (] + 9 — 09192

rae
a=ml, c==mgl - 1ht,
b==rht.
Hanuimem ypaBHeHHe YacToT
c—ia —b
=0 = w?
Puc. 49. —b c¢—ha A =u?)

H OfHO H3 JBYX YypaBHeHHH# 1A onpeleleHHA aMIIMTYA B rJaBHBIX
koJe6aHUAX (3TH ABA YPaBHEHHA 3aBHCHMBI)
u, b

(¢c—Aa)u, —bu, =0, T e L =i

Vs ypaBHeHHA YacTOT HaXOJMM
c—b

of=1, =20 =§, wj=r="T2_& L9
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CoOTBeTCTBEHHO AMsl MEPBOr0 INMaBHOrO KomeSaHua U, == uy,—=C, #
o, ==C,sin (ot +2,), 9=C,sin(of +a;) (p,=1,),
a s BIOPOro uy=—=—=u,=0C, ¥
¢y =Cysinl (0 +a;), 9=—Cpsin(wgf 4 25) (p,=—¢y).

B nepsom raasHoM kKone6anuu o6a MaATHHKA BCe BPeMs HaxoAATCA
B ojHoli ¢ase, MpyxHHa He paCTaHYTa M MaATHHKY He OKa3HBaiOT
HUKAKOr0 BIMAHMA JPYr Ha JApyra. Bo BTODOM riaBHOM KouxeGaHMM
MasATHUKH HaXoJATCcs BCe BpeMs B NPOTHBONONOMHEIX (hasax.

TpousBonpHOE KoneGaHue IONyvaeTCA HANOXEHHEM JBYX [IaBHBIX

KoneGanuit:
9, = Cy sin (@,f - a;) 4~ Cy sin (0yf + a5),
g3 =C, sin (o, - a;) — Cy sin (0gf - ag).
§ 41. HopmanbHble KOOPAHHATHI

IlBe KBagpatuymuble (HOpMbI

n n
Al = D) ax9:9: # C(@ = Y, cuqiger (1)
el i E=1

M3 KOTOpHIX XOT# On ojHa, Hanpumep A(q, @), sBasercs moJo-
KHTEJIbHO ONpENENEHHOH, BCErja MOXHO OAHHM H TEM .Xe
(neocoGeHHEIM) Npeo0pasOBaHNEM NMEPEMEHHHIX

lh=j§n:1 1 (=1, ..., m det(u)ij=1#0) (2
MPHBECTA K <«CYMMe KBaapaross 1)
A(g, ¢1)=]_§"}1 6, C(g ¢1)=j_i1 A;87. @)
[Ipu srom Bece A; >0, Tak kak (cMm. § 40) ¢dopma C(q, q)
TaKXeE ABJAETCH II0JIOXKHUTEIbHO ONpEACIECHHON.

ITockonbky oO6o0uieHHEE CKODOCTH §; u 9, CBAISAHK MEXAY
co6off TaKWMH € COOTHOINEHMAMH, KaKUMA® CBA3aHbl ¢; H O

n
=Y ufy =1 )

S =1

) Cm., Hampumep, UMTHDPOBaHHYI0 Ha CTp. 226 kHury <Teopus
marpuily, 11, X, § 6. )
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TO B NepBOM M3 PaBEHCTB (3) MOXHO 3aMeHHTh g; u 0, Ha ¢; n b,
nocje uero AJs KHHETHYECKOH M [OTeHUHaJbHOH sHepruit moay-
YaeM CIeyIollHe BHIPAXKEHHus:

1 n n
. . 1
T=7 aik?i?k=7297’ l
Lh=1 j=1
o e (4)
]I=-§_ 2 Cipqiqr =§ 2 )\163.
i, k=1 j=1
ITepemenunie 0, ..., 6, HA3HBAOTCA HOPMAABHELMU WA

2aasHbiMu KOoopnuHaTamu. Popmynn nepexoaa (2) or npous-
BOJBHRIX KOODAMHAT K HOPMAaJbHBHIM B <«BEKTOPHOH» 3ammuch
MOryT OHITh NPEACTABAEHH TAK:

n
q:z ejllj, (5)
rae =1
VR ”ljl
q=| . s u’j':. B (i:l,..., ﬂ)-
dn Upy

Tak kax npeoGpasoBaHne KOODAMHAT (2) ABJfETCA HEOCOGEHHBIM,
TO COOTBETCTBYIOIIHMH ONpENENHTENb OTIHYEH OT HYJIS:

det (uij):'l’j= 1 _—'é Q:

T. € BEKTOPH #;, ..., &, JMHEHHO HE3aBHCHMEL
Hcnoassys npocreie Bripase:ns (4) nas T u I B Hopmans-
HEIX KOOPIWHATAX, COCTABHM YpaBHEHHs JlarpaHia B 5THX KOOD-

HOHHaTax:
HJ—}—)\Jﬂj:O (i':-l, vaey n). (6)

Kaxnoe w3 3Tux ypaBHeHu# CONEPKHT TOJBKO OJHY HEM3BECTHYIO
ynkumo. OOumue pemenus ypaeHeHn#t (6), KaK M3BECTHO, O pe-
AEARI0T rapMOHKUECKHe KojeGamus

ej—_--“cj'slﬂ((!)jt—}— aj) (izl, P ﬂ), (7)
rae C; ¥ a; — NPOH3BOJILHLIE MOCTOSAHHbBIE (=1, ..., n). Ion-

CTaBJss STH BHpaweHus B Gopmyay (5), noayuaem obmyto pop-
Myay Ans KoaeGanuit :

qQ= Z leljSiﬂ((Djt—-}—aj). (8)
j=1
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Takum o6pasom, crporo ycraHoBieHo, 4TO 3Ta (OpMyaa
B €aMOM oOmIeM cJyyae OXBATHIBA€T BCE MaJHe KoJeGaHui KOH-
CEePBAaTHBHOH cHcTeMH ')

Ilojaras B Qopmyse (8) BCe NPOHMIBONLHHE HOCTOSHHHIE,
KkpoMe C; H @;, DaBHbIMH HYJIO, TIOLYYHM J-€ «[JaBHOE» rapMo-
HHYeCKoe Ko Jebanne

q=CjujSin(u)jt—|—aj). (9)
(B HOpMasbHEIX KOOpAMHATaX 5TO KoneGaHHe OCyIecTBsercH,
Korma Bce ;=0 npu [ £ j ¥ U3MEHAETCA TONBKO KOOPAHHATA b;.)
B npepmaymem naparpade OHJIO yCTaHOBJEHO, YTO KBaipar
YacTOTH A; ==} yIOBJETBOPAET ypaBHEHHI uacToT. Tak Kak
EpPYTHX rapMoHuyeckux KoJjebauu# Buma (9), Kpome TeX, KOTODPHIE
BXOLAT Kak cnaraemsle B obmyio dopmyay (8), ana q e cyme-
cTByeT, T0 A;=w} (j=1, ..., n)— 8ce KOPHH BEKOBOrO ypaB-
HeHms. Kpome Toro, ecam Kako#-im60 KopeHb NOBTOpAETCH
3IECh p pas, TO €My COOTBETCTBYIOT p JHHEHHO HE3aBHCHMHIX
AMIVITYIHBX BEKTODOB &; ONpENe/AEMbIX H3 CHCTEMbl JHHEHHHX
ypaBhenn#i (28) umm (29) npenmgymero naparpada.

Takum oGpasom, Mbl CHOBa [OKA3aJjiH, YTO BCE KODHH A; BEKO-
BOIO YDaBHEHHS BEIECTBEHHE H TOJOMHTENbHH H YCTAHOBHJIH,
4TO /1 YacTOTaM m,zszA/ COOTBETCTBYIOT 7 JIHHEHHO HE3aBHCH-
MBIX aMILIHTYAHEIX BEKTOPOB #; (j=1, ..., n).

Honcrasus B dopmyny A(q, q) BMecto g ero supaxenue (5),
IOy YaM: '

n n n
Alg, q)=A(Z bu;, D) ﬂhu,,)z > Amy w)0,6,. (10)
=1 E=1 L h=1

C nmpyro#i cTOpOHH,

n
A @)= ) 0 (11)

j=1
Conocrasaas pasencrsa (10) u (11), noAyyaem A aMIIHTYAHBX
BEKTOPOB #; (j=1, ..., n), ¢ nomompw KOTOPHX no ¢op-

Myse (5) ocyuwiecTsasercs nepexoi K HOPManbHHIM KOODAHHATAM,
cooTHoweHus )

1
A(u,-, uj)=3,j :{ 0 (l,jzl, vy ’l). (12)

!) B npeavinymem maparpade sTa Qopmyma 6sa ycraHoBieHa
AHIb AAA CAYYasd, KOTa BeKOBOE ypaBHeHHe He MMeeT KPATHRIX KOpHeH.

?) IpyruMH CIOBaMH, BEKTODPH u; (j=1, ..., n) oproHopMHupO-
Banb B A-MeTpHke (cM, mpHMevanue 1 Ha crp. 236),
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§ 42. Bausane mepHomHueCKHX BHEMHHX CHJ
Ha KoJaeGaHHA KOHCepBATHBHON CHCTEMBI

o1
HYCTI: NOMHUMO [MOTEHUHAABHBIX CUJ —Eé— Ha CHCTEMY aeht-

i
CTBYIOT HEKOTOpHE cHabl Q;=Q;(t) ({=1, ..., n). Tlepetinem
K HOPMalbHEM KOOPAMHAaTaM C NOMOIIbIC (OPMYT

n
q== Z (=1, ..., n det ()i =1 #0) )
j=1
Cnnam Q,; B xoopamHarax ¢; ({=1, ..., n) COOTBETCTBYIOT
curn ©; B xoopamHarax 6; (j=1, ..., n). YcraHoBuUM CBA3Db
mexay Q; ¥ 8, ucxoaa M3 paBeHCTBAa BHIpaweHudh AnA a.e-
MeHTapHO# paGoTH cun:

Z Qidg; = 2 9, 3;. )
i=1
3ameuas, uto B cuay gopmyan (1)
n
= Z uij'éej (=1, ..., n), (3)
j=1

M NOACTABAAA STH BHIPa}eHHUA AAd d¢; B PaBEHCTBO (2), monyuaem
n n n
3 (X Q)%= 8,3, )
j=1i=1 . j=1

Orcioma, npupaBHuBas KO>(M(RIHEHTHl NPH HE3aBUCHMHX NpH-
pamieHusX HOPManbHEX KoOpAuHar 86;, Haxomum

Z 1,;Q (=1, ..., n) ©®)
i=1

Taxum 00pasoM, €Cau <CTapHe» KOOPAHHATH g; BEHPAXKAKOTCA
yepes «HOBHe» 0; npu nomomu matpuuni U==|u;;:

L qr=ub el .. 1,0,
= 1y,0 .
At v o

9= U0y + "n?ei + s + unnen
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TO «HOBHE» 00o0uienHbie CHIH ©; BHPAXAOTCS YEPE3 «CTa-
peie»> 00600mennbe Cuabl Q; NpH NOMOULM TPaHCIOHHPOBAHHCH
Marpunm U

0, =1, Q —|— 1191 Qq —|— —|— Qs
82—"12Q1 - 112°Q2—|— Tu,ﬂQm

9 — uanl l’inQ‘l _I_ _I_ ”ann

Conocrapass Marpuunsie dopmyas ¢=1U60 n Q=(U)"6,
Mbl BHIMM, YTO NpPH NMEPEX0JE OT KOODAMHAT K CWJIaM MATpAIla
npeoGpasoBanusa U 3amensercs') matpuue (U')L

910 0OGCTOATENBCTBO BRIPAXKAIOT CAOBAMH: 0O00ULeHHBLE CliAbL
npeobpa3yomes KOHMPABAPUAHNIHO NHO ONHOULEHLID K Koop-
dunaman®).

[Tocre Toro Kak MH HayywIuch onpenensts 6, no sagan-
HHM Q;, HanuweM ypasuenus Jlarpauxka B HOPMAJIbHHX KOOp-
IuHarax, ucnoassya ans T u Il Bepaxenns (4) us npegwiaymiero

naparpada;

®e=UQ. (O

0,-40,=6,0¢ (=1,..., ). ®)

OGosnaunm uepes 6f(f==1, ..., 1) NpOHBBOJBHOE uyacTHOE
pemenne ypasuenus (8). Toraa ofmee pewenue ypasnenus (8)

6yner
b;=C;sin(wit+a)-+0F (j=1, ..., n). (©)

ITycts 8, (t)—nepuonuqecxaﬂ cuaIa ¥ NPUTOM CHHYCOUAATb~
Had ¢ qaCTOToH Q:

8, () =A4,sin 2. (10)
Torna, KaK HeTPYAHO BUNETb, B KayecTse 0F Moxuno B3arh
A .
ijzg_f—gz sin Q¢. (11)
Ecw  Q;(t) (=1, ..., n), a cnemosatemsho, u 6, (f)

(/==1, ..., n)— NpOou3BOJBHEIE NEPHOJUYECKHE CHJIH C MEPHO-

1) Ecan U=| u;;|» — oproronanbnan marpuua, 10 (U)'==U n
CHUaBl Mpeof6pasyTCa Tak Xe, Kak U KOOPIHHATHI,

%) B ofwmeM ciyyae, KOrna NpcoGpasOBaHUe KOODAMHAT HEAWHEHHO,
0606 EHHbE CHIN Npeo6pasyloTc? KOHTPAaBAPUAHTHO [O- OTHOLUEHHIO
K aMddepenuranaM KoOpHHHAT,
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JOM t M vacToroh Q=2T“, 10 ©;(f) MOXHO pa3NOKHTbL B DA
dypoe
[ve]
8= Z Ajm sin (mRt +-¢,,,) (=1, ..., n). (12)
m=0

Torna, B cuay muHeMHOCTH ypasHeHud (8),

[ee]

A .

0= Y ol sin (Ot +9p) (=1, ..., ). (13)
m =0 I

Eciu mekotopoe mQ COBHAgaeT C ®; W COOTBETCTBYIOILEE
Ajp # 0,T0 1719 KOOPAKRHATHI 6,- UMEET MECTO HBJICHHE pe30oHaxca.
Iloacrasass Bupawenns (9) aaa 6; B dopmyny

n
g= ) b,
j=1
TIOJIy 4aeM:
g=4q+4% (14)
rae
n
q = Z lelj sin (mjt—[-a.j) (15)
=1
~— c80000HbE KOACOAHUS, a
n
g*= Y -
j=1
~— BbIHYXCOCHHblE KOACOAHUS CUCTEMBL, H;— AMIVIATYAHHH BEK-
TOP C KOOPAMHATAMH Uy, Uyj, v.., Uy (J=1, ..., R)

§ 43. dkcTpemManbHBIE CBOHCTBA 4aCTOT
KoHcepBaTHBHOH cHcTembl. Teopema Penes
00 M3MEHEHHWH YACTOT C W3MEHEHWEM WHepUHH
W WecTKocTH cHcrembl. Hanowenue caaseil

B § 41 mu paccmatpuBaau quHeHHOe Heocobennoe npeobpaso-
BAHHE KOOpIAMHAT

g= 2 0,1, Q)

J=1
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A B CKaJA9pHOH salucH

n
qi == Z wby (=1,...,n def(”ij)t{fj=l #0), (1)
j=1

OCYIECTBASIOEE [EPeX0d K  HODMA/JbHHIM  KOOPIMHATAM
05 ..., 8,, B KOTOPHX KBagpaTHuHee ¢Hopmsl !

n n

Ag, 9)= Z a9 C(@ @= E cngi9r  (2)
ih=1 k=1

HMEIOT NMpOCTOH («KaHOHUYECKuH») BUM:
n n
Alg, @)= Y08, Clg, @)= ¥ @)
j==1 J=1

B nanbHefimem Oymem Npeanosarath, YyTO TIJaBHHE KoJeOaHns
3dHYMEPOBAHGL TdK, YTO HMX YaCTOTH HAYT B BO3PACTAIOLIEM
nopsuxe

W, < wy<I,..<I 0, “)

PaccMOTpUM OTHOLIEHHE KBAaZPAaTUUHHX (opm (3)

C(g, q) __ {0+ o3 +... 4030}
Aq 9 GFor..Fo ®)

npu aoGoM ¢~ 0 uam, uTOT TO XKE, Npu JMOHX 3HAYEHRAX
B ..., 0,, He pAaBHHX ONHOBDEMEHHO Hy/I0. 3aMEHSS B HUCIAU-
Tere Ipo6u (5) BCe ®] HA MEHRILEE WM PABHOE UM UHCIO oY,
HapmeM

C(qv q) 2
= 1~ . (§
Alg = ! ©
C npyro#i cTopoHm, us dopMyas (B) HEMOCPEACTBEHHO BHIHO,
; Cq a
npu =.,.=0,=0 ornowenne —— 7L RoCTHraer
w0 mpu G " Aq g

1) C(q, q) — yIBoeHHas NOTeHUHWaIbHAA 3HeprHd, a A (g, g) nouy-
yaeTCA M3 BHpPAaXerda 14 YABOEGHHOH KHHETHYeCKO# sHeprud A (g, q)
3aMEeHOH B HeM g HA g,
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suayenus of. Ciaemoarenshol),
mf::min %’__ql . (7)
A(q, 9)
Hanoxum Tenepr Ha CHCTEMY JHHEHHYIO OOHOPONHY® CBa3b %)
n
hor+hget ... +hg=0 (X 8>0). 8)
i=1
Bripaxast 30eCh ¢y, Ga, ..., ¢, YEPE3 HOPMAJIbHHE KOODIH-
HaTH C nomouibio npeoOpasoBanns (1), MBI B HOPMaJBLHBIX KOOD-
IMHaTaX CHoBa OymeM HMETh JuHEHHY0 OXHODOOHYIO CBH3b

IO+ Gy .+ hf=0 .21 5>0). ®)
7=

Cessb (8) nim (8') OymeM cokpamenno 0603HauaTh Tak:
L=0.

Bcerma MoxHO HaiTH Takmwe 3HaueHus 0, u By, KOTOpHIE BMECTE
¢ O3=...=10,=0 ynosnerBopsOT ypaBHeHH0 CBs3H (8').
Ilng cooTBercTByIoUiero g, corjacio dopmyie (5),

Clg, q) _ o3 +os __
A, 9 nyn —%

) Ecan Mbl Ha YHCIOBOH OCH OTIOXHM TOYKH of, 03, ..., 0l U

COCPENOTOYHM B STHX TOYKaxX Macchl ml;ﬁf, my =98 ..., m, =02
Cg a
Al(q, 9)
nentpa 9TMx Macc. O1Crofla cpady caenyor coorHomeHHsa (6) u (7),
[IOCKOJbKY 1IEHTP MAacc BCerja paclofokeH MeX1y KpaiHHMH MaccaMu
W coBmajaer C OAHON M3 KpalHMX Macc TOrja, KOrja BCce OCTalbHbie
MAacCH DaBHHL HYIIO.

%) Ecaim nmaHa HenWHellHas CBA3b M [ON0XEHHe PABHOBECHA YO~
BAETBOPAET YPaBHEHHIO STOH CBA3H, TO B PAa3NOKEHHH NEBOH YacTH
ypaBHEHHA CBA3M B CTEeMEHHON pAan

n
Lgitlgs+ o ladnt+ D) lngige+.. =0
ik=1
HeT ¢BoGOAHOro ynena. KpoMe Toro, Mul fIpeifionaraeM, Yro THHeHHbIe
n

10, coriacHo dopmyne (5), BeaHyHHa O6yIeT KOOpPAHHATOM

YJeHH JefiCTBHTENLHO HMEIOTCH, T. €. YTO Zl§> 0. Torna, oT6pacsBas
i=1

YJeHBl BTOPOro M Gollee RLICOKOro IOPAAKOB MalnOCTH, Mbl IPEICTABAAEM

YpaBHeHHe CBA3H B BHIe (8).
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TosTomy ul)

C(q, 9 2
min g, )~ ©)

Bynem tenmepn BapbupoBaTh CBS3b L —0. Torxa JeBas yacth
B HepaBeHCcTBE (9) OyAeT H3MEHATbCS, OCTaBasiCh BCE BpPEMs
Menbiueit wumu pasHokt 3. Ho npum ceasu B, =0 (3mecs
C(g, 9
Al(g, 9

Cg, g __ 3+ -+ o3t
Ag, q) 0+ 407
u notomy [mo aHanorun ¢ Gopmyaamu (5) u (7)]

. Clg, 9 3
min ———-~ — Wg.
86,—0 A(a, 9) 2

L4=1, = ... =1,=0) otHOmwEHHE 3ajaercs op-

MyIoi

Takum o06pasoM, cpeau Bcex cBsiselt Buma L —0 BemuuuHa

.. Clq, 9)
min —————-
=0 404, 9)

IOCTHraeT CBOero HamGoJbILero 3HaueHus of npu cBssu 0 =0.
CrenoBaTesasHo,

.. Clg,
mamezné 74—%:&%' (10)

Bmecto omHo#t cBsisy L—0 MOXKHO Hak/IaAHIBaTh Ha CHCTEMY
HeckoabKo cBaselt L[y =0, ..., L, ,==0. AHajaOruyHo TOMY,
KaK 3TO GHJIO CIENaHO B 4YaCTHOM CJyuyae OXZHOR CBA3W, MOXKHO
TI0Ka3aTh, 4TO

2 C4, 9
= in=29 ((,—29 .. n. 11
wh=max min o) ") an
Ly =0

®opMyast (7) u (11) BHIpaWamT 3KCTPEMadbHBIE CBOHCTBA
4acTOT KOHCEPBATHBHOK CHUCTEMB. IDTH CBOHCTBA MHOTA Ha3H-
BAIOTCS MAKCUMUHIMAALHBLMU.

1) CrmBoOx, crosfiuMii B JeBOH yacTy HepaBeHcTBa (9), o6o3Hauaet
Cq, q)

Alg, q)
TOZbKO BEKTOPH g 7 0, yNoBaeTBOpAKULME yPABHEHHIO CBA3M (8).

MAHHMYM OTHOIUEHHA npn YyCIOBHH, 4YTO pAaCCMAaTpHBANTCA
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Bmecro ¢opmyn (7) u (11) nerko moaygyuth aHanorMuHHe GOPMyIH:

Cq, \
p = max A((Z, Zg’ @
- C(q, 9
2 o =1, ..., n—1). 11
‘f‘n—h mer?ixo 2.9 (h==1, n—1) 11y
T

h

JkcrpemanbHbLle CBOHCTBAZ AABHHX YacTOT, BHpPaXaeMbLle PaBEHCTBAMH
(7} u (11'), MHOr1a HA3HBAIOT MUHUMAKCUMAABHOLMU ).

Hapsany ¢ naHHod cucTeMOR paccMOTpHM elle OLHY KOHcep-
B2THBHYI0 CHCTEMY C KHUHETHYECKOH W HOTEHUMAaJbHOH SHEPIUSMH

n ‘n
1 ~,. . 1 ” s s 1 ~ 1 -
A 9=+ 499w 5 C(@ Q=% D CTuq:9, (12)
2 2 ik=1 2 2! 1

k= b=

H C rJIaBHbBIMH YdCTOTdMH

O By =<<...<< 8, (13)
Jag 5TOR CHCTEMH
&2 = min g———g’ ‘3, (14)
~ . ~Cg q
Bp=—max min  ——2 (h=2, ..., n). 15
" L=0 A(q, q) (15)
}_':_'1;_-'0

[lycTo nosam cucmenma umeem GOAsWYIO IHCECMKOCMS NP
moil sice unepuuu, 1. €. npu mobom q

A 99=4(@. 9. C(g 99=C(q q),
WIH MEHBILYI0 UKEPHIIO NpU moll dice scecmuocmu
Ag. 9)<A@ 9, C(g 99=C(q, )

B ofoux cayuasx npu mobom g # 0

€4 q9 _C4qq
A, q) <ﬁ(q, g9’

(16)

!) JucTpeManbHble CBOfICTBA YacTOT OBIAM YCTaHOBIEHH HeMell-
kuMy MateMarukaMu E. ®Pumepom [Monatshefte fiir Math. und Phys,
16 (1905), 234—249) u P. KypantoMm [Zeitschrift iir angew. Math. und
Mech,, 2 (1922), 278—285].
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Ho Torma u MuHMMyMH H MaKCHMHHHMYMB 3THX OTHOIICHHH
OyayT cCBA3aHW MexJay <OOOH TaKHM 1K€ HEpaBEHCTBOM, T. €.
u3 HepaseHctBa (16), B cuay dopmya (7), (11), (14) » (19),
CHACNYET:

;<& (=1...,n 17)

Tlpr »TOM XOT OW B OJHOM H3 3THX COOTHOIUEHHH HMEET
MeCTO 3HaK <, €C/IH TOJBKO HE BHIOJHSETCS TOKAECTBO ')

Cq.q _C9g .
24,9 X a (18)

Mu npumiu Kk Teopeme Penes?)

Tlpu yserudenun Hecmrocmu CUCEMB UAU YMEHbULIEHUL
ee UHEpyulL 2AQBHBE LACMOME y8eAULn8aomca’).

BuisicHuM, KaK BauseT HaJOXEHHE CBsi3ed Ha BEJWUMHH [JIaB-
HBIX YaCTOT Wy < Wg<...= 0, KOHCEDBAaTHBHOH CHCTEMHI.

Hanoxum Ha CHCTEMy § HE3aBHCHMBIX JMHEHHHIX CBsA3eit

—~ —_ —_

L1:O, L9=0, saey Ls:O.

Tlycte moayuenHas TakuM oGpa3oM KOHCEPBAaTHBHas CHCTEMaA
¢ n— & cTemeHaMH CBOGOAL MMEET IIdBHEIE UACTOTH of < o} <
=<...<<wjp_,. Ilpn stom

s2__ . C(q @
Oh _Amxr:) A4 a9 (19)
1=
=0

Conocrasass dopmyay (19) ¢ dopmysamu (7) u (11) (npm
h — 1 =3), Haxomum:

Wy < ().);ll < wS—i—if (20)

1) NefictBuTeabno, cornacho ¢opmyne (5), B cayuae coj=6uj’
(=1, ..., n) umeeT mecto TOMJecTBO (18).

%) d1a TeopeMa Guia YCTAHOBJEHA aHTIMACKHAM ¢H3uKom Peneem
8 1873 r. (Penet Ix. B. Teopus sByxa, M,, 1955, 1. 1, § 88).

*) B nepsom cayuae no pasHocTH C(q, 99— C(q, q), a B0 BTO-
poOM — Mo pasHocTH A (g, q) — A (g, g) MOXHO OLEHHTb, HACKOAbKO YBe-
AMYUBAIOTCA rAaBHue yacTOTH {(eM. L anTMaxep P.P.u Kpestn M. T,

OcuMANAUMOHHEIE MATDHUB M AIPa W Malble KoaeGaHHs MeXaHMYECKHX
cucrem, M3n, 2, 1950, ra. 3, § 10).
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Toudo Tak we npu moboM h<n-—s

w}? = max min g’_gq,_q_; 1)
I,=0, ...,Zszo, 7 9
Bi=0, ..., L =0

3neco ces3n Ly =0, ..., ZS=O (hUKCHPOBaHB!, @ BapbMPYIOTCH
ceasn Ly =0, ..., L, ;==0. Conocraeass paeencrsa (21) ¢ pa-
BenctBamu (11) u ¢ dopmyaoh

2 .. Cq, @

W = max min ———

hts Li—o A@ q)
Lpoa s 0

B KOTOpOH BapeupywTcs BCe s--h— 1 cBasef, OyaeMm umets
ooy, (h=1,..., n—ys) (22)

dopmyael (22) noxasbiBAOT, YTO APU HAACKHCEHUL § He-
3Q8UCUMBX C€8A3€H KAt U3 Nepeolxy n-—S 2AQ8HWX
4acmom 3 8eAudiBaentcsl, He npesocxXods Npu 3mom cmapyi
2AQBHYI0 dacmomy, HoMep KOmopoldl Ha § edunuy 6oasiie
HOMepa O0axHOl 4acmombl.

1. B xayecTBe «IpMIOKEHHs NOCIEAHEr0 MPERIOKEHHA MOXHO
[I0Ka3aTh, YTO KODHHM A;<CAg=l...<C), BEeKOBOIO  YyDaBHeHHs:
A (A)=det (¢c;s —Ra,-k)g #=1 =0 pasfienioTca KOPHAMU A ¥ T .. T A% |
ypaBHEHHA

- —1
Ay Q)=det(cp—Rap)f pn =09,
T. €.
hZsMshsMs.is <)\, (23)

JlefictButenbHO, ypaBHenue A, (A)=0 ABIAETCA BEKOBWIM ypaBHe-
HHEM 1A KOHCeDBATMBHOH CHUCTeMHB, [ONYYalOmeHCs M3 HCXOXHOM
HanoeHHeM ONHOH CBA3U g, =0. [losTOMy, nonaras Ay =of (k=1,..., n),

7\7.==m*2 (=1, ..., n—1), mu cpasy u3 HepaBeHcTB (22) monyuaeM
HepaBencrsa (23) npu s==1.

) A (\) —rnaBHw@ MuHOP (-~ 1)-To MOpAAKAa B ompeneuTede
A(}). WHorna rosopar, urto Hepasenctsa (23) BrpakaimT «Teopemy
pasneneHus» 1A KODHeH BeKOBOro ypasHeHuda. HepaseHctsa (23)
MOTyT 6HITh MCOOMB3OBZHA NAA HAXOXIEHUS HUKHHX M BEPXHUR I'paHHIL
KODHeH BEKOBOro ypaskeHus (cM., HanpuMep, Ba6axkos W. M., Teo-
pud koaeGaumii, ['octexuspar, 1958, ctp. 106—107),
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2. YKaxeM eme Ha OHHO MOGONLITHOE NPHMEHEHHE NPENI0KeHHs
06 M3MEHerHH YacTOT NpPH HaJIOXEHMH CBaselt, MapecTHo, YTo HamzHyue
TPEUwMHH B CTaKaHe ONpejendAloT, MOCTYKHBas O CTaKaH MalbilaMmH,
310 CBA3aHO C TeM, UTO y CTaKaHa 6e3 TPEMHHH NO CPaBHEHHIO
€O CF2KaHOM C TPemHHOH HMEIOTCA HOMONHHTENhHBE CBA3H MEXAY €ro
uacTAMH, [1oaToMy y crakana Ge3 TpeIHHB YacTOTH KOMeGaHHil HONKHH
OHTL 60nee BRICOKHMH.

§ 44. Maavie KoneGaHuA YNpyrux CHCTeM

B kayeCTBe BawHOrO MpPHMEpPa MalbiX KONeGaHHH KOHCepBaTHBHOK
CHCTeMH pacCMOTPHM 1 MacC m,, Mg, ..., M, COCPeIOTOYEHHHX
B n Ttoukax (i), (2), ..., (n) ympyro#i cucreMu S (CTpYHH, CTepxkHA,
MeMOpaHHl, MAACTHHH H T, L), HMelou el KOHEUHHE pa3Mepel H KaKHM-
au6o o6pa3oM 3aKpemieHHON Ha Kpasx. ’

Bynem npemmonarath, 4TO mepeMeileHHs (IPOTHOH) ¥, Vg, ..., Ya
Touek (1), (2), ..., (n) cuctemnl S W JeficTRylomMe Ha Maccu my,
My, ..., M, CHAN Fy, Fy, ...,

F, napaaneabHH OZHOMY H

TOMY ¥e HanpaBleHHi0 H No- Vl F !;;,
TOMY ONpejelsioTCsi CBOHMH

aare6panyecKUMH BeNHYHHA- AT U
mMH (puc. 50). IIporu6u y,, e

Yoy +++y Y MOXKHO PacCMaTpH- Puc. 50,

BaTh KaK He3aBHCHMLIE KOOp-
JHHATH CHCTeMBbl, a CHabl F,,

F,y, ... ..., F,—kKak cooTBeTCTByIlHe O0G6OO6LIEHHBIE CHAH, TIK KaK
sneMeHTapHas paGoTa 3THX CHA paBHa

n

Y Fidy.

i=1
Ipu wuccredoBanun cBOGOAHMLIX KoneGaHWi MK B KayecTBe cua Fy,
Fy, ..., Fy Oepem ynpyrue cuawl F§, ..., F§, HRefiCTByouine Ha2 maccu
m,, My, ..., M, CO CTOPOHH YNpPYroH cHCTeMH S NpPH HaAHYHH NpO-
rH60B ¥y, Y, ..., Vp. PaccMaTpHBaeMas CHCTeM2 N MaTepHalbHhLIX

TOYeK, HAXOHAMMXCA NOX BO3JAEHCTBHEM YNPYIHX CHA, ABAAETCA
KOHCEepPBATHBHOH H HMMeEeT ONPEAeNeHHYI0 MNOTEHUHANbHYI0 3JHEPrHIO
II(y;, Ya --y Yn). Pasnaras ¢ynkuuio II(yy, y,, ..., ¥,) B CTENEHHOH
pAld H COXpaHsAs B 3TOM PsAly TOAbKO KBaJpaTHUHhe YiaeHH (cM. § 40),
nonyyaeMm pmasa II BeipaxkeHHe

n
1 .
N=- 2 Ve Con=cap b B=1, ..., n). )
k=1
an
Torfa aan ynpyrux cua Ff=— e ({=1, ..., n) nazogum
13
n
Fp=— 3 cpyr (=1, ..., n) @

k=1
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Cunras nonoxeHHe paBHOBeCHA ¥, = ... =y, =0 yYCTOHUHBHIM, npH-
HAMaeM, YTo xéalpamuinas gopsma (1), svparcaowas nomenyuaiy-
HY10 JHepeuw Kak @OYNKLUIO -npozubos, SBAACMCA NOAOHCUMEABHO

onpele reHHOI;
n

. _
X cuwyye>0 (X 51>0) @)
LR= 1=

KunetHyeckasn SHEpPrua CHCTeMh HMeeT NPOCTOH BHI:

n
! .
T=5 O ms )
i=1

B nouckax rapMoHHUeCKOro koreGaHMA y;=—u;sin (wf }-a) (kax
3T0 MH fienand B § 40) NPHXOIHM K YPaBHEHHIO yacToOT

€y —mh C1s e Cin
Coy 822—m2)\ vee Con =0 (;\=L02) (5)
Cny Cns vee  Cpp— Mgk
H anreGpauyecKHM YPaBHEHHAM LA ONpPEeLeNeHHA aMINHTYI
n
>, (Cie—hmdp) =0 (=1, ..., n. (6)
E=1
CucTeMa HMeeT n YacToT
W Wy L KW, (7
H COOTBETCTBYWOLIHE AMINMTYIHbIE CTONGIM &, Wy, ... , U, CBOGONHEE
kone6aHns onpelensoTcs GopMynod
n
y= ¥ Cmysin (o)t + a)), ®)
j=1
rie C; ¥ ay (j=1, ..., n)— NpOH3BONbHbE MOCTOSIHHKE, ONpElNeNse-
Mbie H3 HaYalbHBIX YCIOBHH.

[lycrs BHewnne cunnt Fy, ..., F, BH3HBAIOT CTaTHYeCKHe MpPO-
THGH Yy, ..., ¥,. Torna cuaml F; YpaBHOBEWIMBAOTCA YNPYrHMH CH-
namu Ff (F;=— F#, i=1, ..., n), ¥ noTOMY, COr1aCHO PaBeHCTBaM (2),

n
Fi= Y ciye (i=1, ..., n. Q)
E=1

TIpA HCCAeNoBaHMM YNPYTHX CHCTeM GOAbIIYIO POJb HIPaeT MaTpHIA
G =| g, obpatHan !) naa marpuus € =| ¢ ||?:
G=cC.

') Marpuna € ne sasaserca ocoGenHoft (det € 7£0); Tak xak
KBaJpaTHYHaA gopma (3) ABNAETCA MOJNOXHTENLHO ONpeJieeHHOH,
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C nomomblo Matpuusl G MOXHO Ppa3pelUTh CHCTEMY COSTHONIe-
HUA (9) OTHOCHTeNbHO MPOrMGOB ¥y, ..., ¥, U MPEICTABHTH €e B BHAE

n
yi=— E gika (i=1, ey ﬂ). (10)
k=1

Bennuuna gy, paBHa nporu6y B Touke (i), BH3BaHHOMY eAHHMYHOH
BHEIUHEH CHIOH, MPUIOWKEHHOA B TOUKe (R), W HA3WBaeTCH KOIPPu-
yuenmom eausinus TOYKM (R) Ha Touky (i) (i, k=], ..., n). U3
CHMMETPHYHOCTH Matpuusl C ClefiyeT CHMMeTPUMHOCTh OGpaTHOR
MaTpuubl @G, coctaBleHHOH H3 KO3DPHUHEHTOR BINAHHA ')

8ir —8&ri (iv k=11 seey ﬂ), (11)

a U3 MOJNOXHTENbHOM onpeneneHHocTH Qopmu (3) cleayer MONOKH-
TebHaA ONpeleneHHOCTb KBaJpPaTHYHOH (OPMb

n n
GF, F= iz‘, 1 ginFiFr>0 (121 F}>0), (12)
,kl== ==

n
IOCKORBKY KBaJipaTHYHas dopma E C;ryiye nepexonut B gopmy (12)
k=1
npu npeoGpasoBaHuH mepeMeHHnix (10):
n

n - on

1 1 1

H.=§— 2 cikyi}’k=“2_2 Fiyi———j 2 gnFiFy.  (13)
k=1 i=1 k=1

PaccMOTpUM alHediHyi0 YOPYry0 cCHCTeMY S— CTPpYyHY WAM CTep-
WweHb MPH OOHYHWX 3aKpeleHUAX KOHUOB, MOXHO mOKa3arb, UTO
B 9TOM Ciyyae Matpuua ko3ddmuimentoB BauaHuA @ o6unamaer cCae-
NYIOIUMH. CBOHCTBAMH,

1°, Bce MuHOpw (He TOABbKO rjyasHbiel) moforo nopagka Marpuus G
HeoTpHLlaTe AbHbI:

&ripy e giikp

chreiaes [0
gipkl gipkp
Ol ..<l<smO<h<..<<ky<<nm p=1, ..., n,

2% gip>0mpu |i—k|<<] (k=1 ..., n)
3°. Onpenenutens det G==|g;, |7 > 0.

Martpuus, ofnagaomue cpoftcteamm 1°, 2° wu 3°, HasmBawTCA
OCYUNRARGUORHBMU.

1) PasenctBo (11) BhpamaeT Tak Ha3nBaeMLIHl NPUHLMN B83auUM-
nocmu Maxceennsa: «<nporu6 B Touke (i) MOX NeHCTBHEM eNUHHYHOM
cuxbl, MPHAOKEHHON kK Toyke (R), paBeH mnporm6y B ToYke (k) mOX
JNe#cTBHEM €HHMYHOH CHabl, MpUIOXKeHHOH B TOUke (i)»,
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3ameruM, uTO 174 BCAKOM N0OJOKHTENLHO ONpeneneHRON MaTpuuL G
BHIITOJHAIOTCA CBOUCTBO 3°, a Takwe HepaBeHCTBa 1° 1ad [NaBHEIX
MHHOPOB M HepaBeHCTBA 2° 114 AHAarOHaAbHHIX 31€MEHTOB g;; (i=1, ..., n).
OnHako HEOTPHUATENbHOCTh HErMaBHBIX MHHOPOB M06Or0 Mopamka pl)
B MONOXHUTENLHOCTL 3MEMEHTOB go. ... , €4 1, n TPEACTABAAIT coboift
crenudryeckne cBoficTBA MaTPHUB KOI()(PHUHEHTOB BIMAHMA AHHeHHOH
YOPYro#f CHCTeMHl,

V3 OCUMANAUNOHHOCTH MaTpUUb KO3IG(HUUHEHTOB BIHAHMA BHITE-
KaloT CleIyOIIHe OCHOBHHE <OCUMANAUHOHHBIE» CBOHMCTBA YIPYLHX
KoneOaHu# NHHEHHOM CHCTEMEI,

1°, Bce YaCTOTH pas3mMyHE:

0 <0y < L0 < 0y,

2°..Bce aMIMMTYIM iy, gy, ..., Uy, B TNIEPBOM [JaBHOM KoNeGa-
HUH (C YacTOTOR ;) OTAHYHE OT HYJA W UMEIT ONUHAKOBHE 3HaKH,
3. Cpemn ammautym g

{1 (2) {n) Ugjy ..y Upy B j-M [TABHOM KONEGA-

: HHH (C "acCTOTOH w;) UMeeTCsn POBHO

t B J— 1 nepemen 3naka (J == 1,2,...,n)
puc. 51). )

(/=) Wccnenoatne  ocumnnannon-

HEIX MaTpHL M 0GOCHOBaHHE OCUMI-

(@ (i} (1)

(1 () il \P\W
' (G=2)

Puc, 51. Puc. 52.

JAUKOHHBIX CBOACTB YNPYruUX KoneGaHMit BHIXONUT 33 paMKM HacTosuIed
KHUTH %),

I[Ipumep, PaccMOTpHM KJacCHYeCKYl 3amauy o0 KoJeGaHHH
CTPYHH KOHeYHO# MIMHH [ C 3aKpendeHHHIMH KOHUAMH B Clyyae,
KOIJA BCA Macca CTPYHBI COCPENOTOYEHA B 7 PABHOYNANEHHKIX (MeRAy
COGO# U OT KOHIOB) TOYKAX, MPHYEM COCPENOTOYEHHbIE MaCCH paBHE!
Mexay coGoff (M paBHE m) (puc. 52).

Yiaunenue i-ro yyacTka (Memmy TOYKAaMHM C MPOTHGAMHE y; U y,,)
BEIPAa3UTCA (C TOYHOCTBIO IO MA/hLIX YETBEPTOrO IOPANKA) CAENYIOUIUM

!) B YaCTHOCTH, HEOTPHUATENbHOCTh HEIHArOHANBHEIX SAEMEHTOB
Matpuubl G (g, =0 npu i £ k).

%) Unratenbr mafiier STOT MaTepHan B kHure: CanTmMaxep ®. P.
u Kpeitn M. [, OcuuanaAuuoHH e MaTPHLUB M AApa H Malkle Koae-
GaHusa MeXaHMYeCKMX cHcTeM, uam 2, M, 1850,
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o6pasom:

V(ﬂ+1) + Pira—y)? _n—l—l
]/1-}— (yz+1_“J’i) _1) —+_1 Wi — )™

Cumaﬂ HaTAXeHHe CTp)’HbI G NOCTOAHHBIM '), MONyYaeM BHIPake-
HHE 1AA NMOTEHHHUANLHOH SHEpruM:

n
¢ n41
I =5 2 Wi —y)* (J’o =Y =0; C=‘c—(‘-‘l—"—_)) . (14
i=0
KuneTHYeckas aHeprus HMeeT NMPOCTOH BUE:

=_;"_ i R (18)

i=1

Il HaXOmAEHHs TIaBHAX YacTOT M COOTBETCTBYIOUHX aAMINHUTY -
HBIX BeKTOPOB H3GepeM KocBeHHmft myTs ®). Hanumem ypaBnenus (6)
LIS aMIUATYR, Mcmoab3ys Bhipaskenusa (14) m (15) maa II u T, Kaxmoe
U3 NONYYeHHhIX ypaBHeHHH (6) paslenluM NOYJAEHHO Ha ¢ H BBeleM
COKpauleHHOe 0603HaYeHHe:

1—2—”:m“’=cos 6, (16)

rie 6 — BcnomoratensHas Beawunna, Torga ypaBrenma (6) mna amnau-
TYL NPUMYT CIeRyIOUHH# BURE:

uk_,—2ukcos0—|—uk+1=0 (k=1, veey n),. (17)
rge
ty=1up,, =0. (18)
Anre6panyeckHM ypaBHeHHAM (6) MOXHO YHROBJIETBOPHTH, NONO-
WHB 3)
up=sin kb k=0, 1, ..., n41) (19)

Ilpn stoM nepBoe M3 «rpaHUYHEX» YcioBu#t (18) ymoBaetBopsercs
aBTOMAaTHUECKH, a BTOpOe [aeT YCnOBHe [ad ONpeReNeHHss HCKOMBIX

YACTOT;
sin(n +1) 8 =0, (20)

!y 310 nOpexnonoxeHHe OHOpaBLAHO TeM, YTO pacCcMaTpPHUBAOTCA
TONBKO Manahble OpOrubhl y,, Yoy vony Yno

%) Cm. Kpetts M. MaTemaTqucxﬂn c6opHuk, T, 40, 1933,
crp. 455—466,

*) Tlpu mogctaHOBKe BhipaxeHnua (19) B ypasnenua (17) moayvaem
TPUrOHOMETPHYECKHE TOXAECTBa

sin(k—1)0 —2sink0cosf +sin(k 4+ 1)6=0 (k=0 I, ..., n).
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Otcwna B-=”L_;—l— (j=1, ..., n) mu, crexoBaTelbHo, COrzacHo pa-
BeHCTBY (16),

wj= ?n_c (1 —cos by,

T. 6,
“’J"zl/m = 2‘—21/55‘“2(n+1> e
<-=1 n; ,::(_"ﬂ)
L L | t l .
M5t HaX O IEHAA AMILIMTY ] j-TO MMABHOTO KONEGAHHA Uyj, Usj oo,y Unj
nojaraeM B paseHcrsax (19) 6=10; :
Up;j=sin kf; =sin nk—j}jtl (B j=1, ..., n). (22)

Ilponssoasnoe cBoGonHOe KoxeBaHMe CHCTeMH onpepensercs dop-
MYJnOH

o= 2 Cyapy sin (ot + o) =

J=1

N . Rjm . Jjm ¢
= 21 stmmslﬂ <2 Slﬂm'ﬁt +aj>- (23)
j=

W3 dopmys (21) m (22) cpasy BuAHO, UTO NONyYeHHHe TAABHLIE
KoneGaHHA 06/MafaloT OCUMANAUMOHHBIMH CBOUCTBaMH 1° — 3°.

Jlarpanx nokasan, Kak M3 HaliileHHLIX GOPMYN IpeNeNbHBIM Nepe-
XOJOM MOMXHO NOJNYYHTb CBOGOAMEIE KOJNEGAHHA ONHOPONHOH CIPYEH
(C 3aKpenneHHHIMH KOHUAMH), Macca KOTOPOH yxke He CKOHIeHTPHpO-
BaHA B 1 TOUYKaX, a pacnpeleleHa PaBHOMEPHO BIOLb CTPYHbI, HMEIOMIEH
MIOTHOCTD p.

{
[Tonaras B paccMoTpensofl 3amaue m=PT, HAXOIHUM IHCKpeTHHU

aHanor IAf ONHOPONHOH CTPYHHI C [JAaBHBIMH YaCTOTAaMH
2 a I ‘
(.’l)=_ —_— . i —i—- .= 4
o ; l/P n(n+})&n2(n 0 =1, ..,n. 29

B npeneag mpy n— co moayumM 1A yacTOT ©; ONHODONHOH B3aKpe-
MIeHHOH CTPYHH H3BeCTHHE BBHIPaXKEHHA:

oy=J% l/? (=1, e, ). 25)

‘Dtn GOpMYAH BHIPaXawT 3aKOH MepceHHa, COrnacHO KOTOpPOMY 8ce
4aCIOmbl AGASIOMCA LEAWMU KPAIMHLMU HACMOMK OCHOBHO20 mMOHA
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n T
oy= ]/? U KaxcOas U3 4acmom npAMO NYONOPYUOHAALHA

KOPHIO K8AOPAMHOMY U3 HAMSANCEHUS U O6PAMHO NPpONOPYUOHANLHA
OalHe 1 KODHIO K8GOPGMHOMY U3 NAOMHOCML.
IIpenctaBaM j-e rapMOHHUYeckoe KoneGaHHe OJHOPORHOH CTPYHH

B BUIE
yj(x, t)=1u;(x) sin (m]-'t +a) 0=<x<l, (26)

rie u;(xy— aMnIHTyIHBIA Nporu6 B 3TOM KoneOaHHH,
C]rmraﬂ, YTO aMIAMTYIHBIA 1porub u;(x) Moxer OHTb NOJyueH
H3 BeJIHYHH (22) mpelenbHBIM NEpPexoIoM

u; (x)y=lim 1;

- kI

pH n—CO H n—_1—_T——x, MH H3 dopMmyasl (22) nalizem:
. Jrx

u]-(x)=smj—l J=1, 2, ..).

Torna ¢BoGoAHOe KoneGaHHe OTHOPONHON CTPYHBI, KOTOpPOE NOAY-
yaeTcsa IHHeMHON CYNepno3uudeit raasHbiXx xoneGanui (26), BHipa3utCs
opmy noi :

o0
3, t)= 2 C]-sin]nszin (@jt + ),
j=1

rae C;  a; (=1, 2, ...) — NPOH3BOIbHbIE NMOCTOAHHEIE,

§ 45. Maanie Kone6auua CKJICPOHOMHOMA CHCTEeMBbI
nox HeiiCTBHEM CHJ, He 3aBUCAMHAX SBHO OT BpeMEHH

Hanumem ypasHeHus Jlarpamxa A7 CKICDOHOMHOH CUCTEMH
B ciayuae, koraa oGoOuleHHHE cuan Q; 3aBHCAT TOJBKO OT KO-
OpAKHAT M CKOpOCTEl: .

A= W (=L...m

IlycTh Hayano KOODAMHAT SBJAETCS NMOJOXEHHEM PaBHOBECHS.
Torna (cM. § 40) xuHETHUECKas DHEPrHs C TOYHOCTBIO A0 Y/JEHOB
TPETBErO MOPSAKA MaJOCTH OTHOCHTENBHQ ¢; B §; (i==1, ..., n)
Moxer ObiTh MPENCTaBJAEHA KBaApaTUYHOH (OPMOHt ¢ NOCTOSH- -

HHMH KO3(OUIUEHTAMH
n

1 \ . .
T=+ Z @99 @
ik=1

TAE Q;p == Qp; (l, k"’-——'—l, P ﬂ)v
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Pasnoxum Teneps 0600iieHHBIE CHJB Q, (qx> G) B CTEneHHue
PAIB OTHOCHTEJBHO qk H Gy

—au+ B[ k(B u]4en @

Tak Kak HayaJO KOODAMHAT fBJAETCA IMOJIOKEHHEM DABHOBE-
cusl, TO NPH HYJEBHKX KOODAMHATAaX M CKOPOCTAX Bce 006006mieH-
HBIE CHJB JOJKHH DAaBHATHCA HYMO, T. €.

Qo=0 (=1,..., n). )
Beenem caenyomue 06o3HaueHus:
00; 9
bikx_(%)o, €= — (a?k) A k=1,..., n. (5)

Tocne atoro, oT6pacuBas B pasjoxenud (3) BCe 4YJEHH BTO-
poro u GoJjee BHCOKOrO NOPAOKOB MaJOCTH, GYIEM HMETh:

Q=— D) Gudrtcug) ((=1,...,n). (6)

Fam ]

IoncraBass B ypaBHewus Jlarpamxka (1) BHpaxeHus (2)
u (6) onA KUHETHYECKOH SHEprum u N/s OGOGIIEHHKK CHJ, OIy-
YuM JUHEHHBIE NUQQEpPEHInaIbHBIE YDABHEHHS JBHXKEHHS IS
MaJHX KoJjeGaHu#l CKAEPOHOMHOM CHCTEME

E (aquk+bquk+ciqu)—0 (=1....,m (D
k=1
OGosHaunm uepes A, B, C xBampaTHue MaTpHilH !)
A=|an|? B=[bul C=|cult,

a yepes @ — CToaGew us ¢, ..., g, Torma cucteMa nuddepen-
unaapHHX ypasHenn#t (7) B MarpmuHo#t sanucu GymeT BEIras-

IETb TaK:
A+ Bg+Cq=0. ®)

ByneMm uckath pelneHue cucteMmun (8) Buma
q=ue", )

f) amerum, ut0 A — MONOMHUTENLHO ONpENENEHHAS CHMMETpHYE-
CKaa MaTpHua (sro 06CTOATENLCTBO 31€Ch HE HCNOAb3YeTcs).
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rne #-—cros6eu ¢ MOCTOAHHEIMH  3JIEMEHTAMH Iy, ... 5 U,
a p-— YucJo.

IMoncrasnas Brpawenne (9) B MarpuyHoe ypasHende (8) u
cokpamas Ha e, momyuaem:

(Ap* + B+ C)u=0, (10)

WM B Pa3BEPHYTOH 3amucu
n
Z (aikf"‘%—i_bikp'_l_cik) "k=0 (i=1, ceny ﬂ). (10’)
k=1
Ilns Toro utobm cucrema (10) uau (10°) umena wewyzesoe

pelienue #, HeoOXORMMO M [IOOCTAaTOYHO, YTOOH ONpPEJENH TeNb
3TOH CHCTeMBl OHJ DaBeH HYO:

A ()= det (Ap* + By 4 €) =0, (11)
WIH B Pa3BEPHYTOM BUIE
aypd - bypAdcyy e G+ bty
AQy=| "t e g (117

it bttt Cny oo Bt - Bpap - Can

VpaBuenue (11) Ha3bLIBAETCA BEKOBHLIM YPABHEHILEM II MaH-
HOM cHCTeMB. JT0 ajapebpanueckoe ypaBHEHHE CTENEeHH 24 OTHO-
CHUTEJIBHO W,

OrpaHuuuMcsd  pacCMOTPEHHEM TOJIBKO OCHOBHOTO  Cllyuas,
KOrfa BCE KODHH BEKOBOIO YPaBHEHUS [hy, ..., g, DA3JIUYHBH
mexny coGoi. KaxIoMy KODHIO W, COOTBETCTBYEeT HEKOTOpOe
HeHyJeBOE pellienue &, = (Uy,, ..., U,,) CUCTEMH ONHOPOAHHIX
anre6pamyeckux ypasHenu# (10) m, csenoBaTeNbHO, YacCTHOE
pelieHue uhe“ht cncreMbl  auddepeHnnaNbHEX  ypaBHEHUH  (8)
(h=1, ..., 2n). Obmwee pewenue 3TOH cHCTEMH muddepen-
NHaNbHBIX - YPABHEHUH [MOJAYYNTCA KaK JuHeHHas KoMOuHalug
(C NPOU3BOJILHEMH NOCTOSHHBIMI KO3 UIIUEHTaMH) STUX YaCTHHX

peluenui:
2n

g= ZI Cytpetn’. (12)
h=

Oco60 BaXHHIM fBJAETCA TOT CJIyYyaH, KOrga Bce BelleCTBEH-
HHIE YaCTH KOPHe#l |, OTPHUATEJbHHI

Rep, <0 (=1, ..., 2n).
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B 3TOM cayuae MONOKEHNE PaBHOEECUS CUCTEMBI ABJISETCH aCHMIITO-
THYECKH YCTOHYHBHM HE TOJBKO AJA JMHEAPU3UPOBAHHOH CH-
cTemH (8), HO W AN UCXOXHOM HENHHEHHOH CKJIEPOHOMHOH Cu-
creMH C auddepeHnuasbueiMu ypasuenusmu (1) (cm. § 38).

B 3ak/oueHHe OTMETHM, uTO A/ KOHCEDBATUBHOH CHCTEMBI
B=|b;,|=0, a- A= au|* n C=|c; |p — cummerpnueckue
MOJI0KUTEJBHO ~ ONpElNeJeHHble  MaTpuubl. DBekoBoe ypaBHe-
nue det (Ap? 4 C)=0 nepexoanut B ypasuenue det (C — AA)=0
uz § 40, ecau nosowuts p=i J'A (i=]/— 1). Ho, kak 6v1110
nokasaHo B § 40, ypaeueHue det(C — AA)=—0 wumeeT TOIBLKO
.NOJIOKHUTENBHHE U BeNlECTBeHHbIE KOPHH. [ToaTOoMy ypaBHeHne (11)
B CJAYy4de KOHCEPBAaTUBHOH CHCTEMBl MMEET YHCTO MHHMHE KOPHH,

§ 46. duccunarnenag dyukuus Penes.
BaugHue MaNLIX AUCCHMATHBHBIX CHJ
Ha KOJICOAHHUA KOHCEPBATHBHOH CHCTEMBI

OTMeTuM BaKHBIH YacTKBIH Cayuvall, KOTAa acHMIITOTHYECKas
YCTOHUMBOCTb MOJOMEHHS DABHOBECHA NPENONpefe/]eHa U HeT
HeoOXOMMMOCTH NpuOeratb K KPHUTEPUIM YCTOHUMBOCTH, H3J0-
weHHbIM B § 30.

IycTs B BHIpaeHnsX 178 060OUIEHHBIX CHJ [CM. paBeHCTBO (6)
Ha crp. 260] '

Q=— > buds— Dt (=L ...,n, (1)
k=1 k=1

COCTaBJEHHHE W3 KodhdmuueHtos mampuyse B=|b,[* u
C=|cip|? nsARIOMCA cummempuiecKuMn U NOAOKHCUMEABHO
onpeoeAeHHbL ML

Toraa, BBOAS B PAacCMOTPEHHe MOTEHUMAJbHYIO sHepruo 1T
u auccunaTteBHY®©0 ¢yHknuio Penes R (em. § 8), kortopue
3a[a0TCS NOJOKHUTENBHO ONPENE/ICHHRMU KBaAPATHUHBIMHA POpPMaMH

n

1 1 o .«
]j[z__7 Z ¢inqiqr >0, R:7 Z b6:i89:G, >0

i k= i, k==l

(iqf-’>0, f;z;§>o),

i=1 i=1

)
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M opmyau (1) mepenumieM Tak:

o AR
= —— e~ i=1,..., . 3
Q dg; 04y ( " @)

. on
Ha cucremy, noMumo noreHunaabHHEX CHJI ——(E (i=1,..., n),

.ﬂeﬁCTBYIOT €nle AUCCHIAaTUBHHE CHJIH onpeaeasemele

o4;’
¢dyukunelt Pemes. B § 8 Onjio BHACHEHO, Z‘To B 3TOM CJayuae
CHCTeMa fABJRETCd onpeleneHHo-auccunaTnBHO. Tak kak, corijac-
HO nepsoit w3 ¢GopMya (2), NOTEHUHaAbHAs 3HEpPrus B I0JOMNe-
HAH DaBHOBECHS HMMEET CTPOrHH MVYHHMMYM W NOJIOXEHHWE DaBHOBe-
CHfl 4BJSETCS H30JHPOBAHHEIM, TOo (CM. TeopeMy Ha crp. 202)
NOJOXKeHHe PaBHOBECHS SBJSETCH aCHMNTOTHYECKH YCTOHYHBBHIM.

Takum o0Opa3soM, nuccunarHBHEIE CHJB, onpenenasemble (yHK-
uuett Peses, He TOJBKO He HapylIalwT yCTOHYHBOCTH MOJOGXKEHHS
paBHOBeCHs KCHCEPBAaTHBHOH CHCTEMBl, HO W JenalT (B HEKOTO-
PHX CARyYasX) 9TO NOJOXEHHEe aCHMITOTRYECKH YCTOHUMBBHIM.

B paccMaTpuBaeMOM CjAyyae MOMXHO YCTAHOBHTB NPOCTHE
dopMynbl  AJs  OleHKH KOpHeH BEKOBOrO YpaBHeHHA. Bygmem
CHOBa ucKaTh pemienue Buma we™. Ilas onpemenends cronbua i
noJjyuaeM ypasHenne [cM. cTp. 261]

(Ap? 4 By + €) =0, )

AAM B pPasBEpHYTOH 3amucH

Zl(aikp‘g +- bigp - €in) 1, =0 (=1, ..., m &)
E=

Ymuoxas o6e uacta i-ro ypasuenus (4') Ha @; (@; — BeAnuuHa,
KOMIIJIEKCHO COTPSDKEHHas C 1;) U CyMMHDPYS 0O i, HaxoIum

n n n
B @l p D) bl D) epiu, =0,
1 E=1 i, r=1 LE=1
WId B COKDAUIEHHHX O06O03HaueHHSX

A(a, B)p*+ B(n, B)p+C(a, B)=0, ()

rae A, 3)>0, B(w, i) >0 n C(u, i) >01).

1) Cm. 5° Ha cTp. 235, .
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Takum oOpasoM, moGOH KOpeHb i BEKOBOrO ypaBHEHHs
YROBAETBOPAET KBaAPaTHOMY ypaBHeHu10 (D) € MOJOXHUTENbHHMH
Koaduuuerramn. Orciona cpasy caenyer, uro Rep < 0.

Eciu  BekoBoe ypaBHeHue wuMeeT KOMIJEKCHHE KOpeHb
p==7~11, T0 5TO e ypaBHEHHE WUMEET M KOMIJIEKCHO COIpH-
XMEHHHR KOpeHb fi==7— 8. Yucaa p u @ — KOpHU KBAaZPaTHOrO
ypaBHenus (5). Ilostomy, mosaras z=—9-}iw, #=9v—iw
(0, W — BeulecTBeHHHE BEKTOPH-CTOAGUE), MOXHO Hamucarh 1):

s B W _ Bwo+Bm w
Wep=pti=— o= = T (o, 0)F A (w, w) <

e C,m _ Cv, v)4C(w, w)
'”P"‘*‘*‘“A(u, T A0+ AW w)"

(6)

KoMnuexcHo conpsxeHHbIM KOPHAM (M [i COOTBETCTBYIOT KOMI-

JEKCHO CONpsKeHHple KoneGaHus uet! u fer!. CyMmMy cooTser-
CTBYIOIMX YJIEHOB B BhpaXeHun Aa1 g [cM. dopmyxay (12) Ha
cTp. 261) MOXHO NpuBECTH K BEUIECTBEHHOMY BUIY NIPU KOM-
MJAEKCHO CONPSMEHHBIX SHAYEHHSX  NPOUSBOJBHHX  MNOCTOSH-

Bux C=g (F-4-10), C=-5(F—IGy
Cre¥ |- Cae® = L (F4-10) (0 1w) eT+0
3 (F—i0) (@ — lw) 19
==Re {[Fv — Gw i (Fw - Gv)] € (cos ¥ -}-i sin 3)} =
=¢" [(Fo — Qw) cos 3 — (Fw -+ Go) sin 3]. (7)

Ecau Mn uMeeM 1Ba BemleCTBEHHBHIX KODHH { ¥ [ M COOT-
BETCTBYIOLIME UM CTOJ0UB 0003HauNM uepe3 & W ', TO, YMHOM<as
o6e uwacrm i-ro ypasHenus (4') Ha 1w (BMECTO Z;), moayyaem
BMECTO paBeHCTBa (D) cJeiylollee paBeHCTBO:

A, u)p+B(u, u)p+Cu, u')=0. €))

1) Cm. dopmyay (20) Ha crp. 235,
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Menss ponaMu BeKTOPDH & M &/, 3aK/MIOY3EM, HYTO YHCIO p
TaKKe YHOBJETBOPAET ypasHenuio (8). ITostomy

r___ Bu, w) r_ Clu, u)
P+P__A(u,u)’ B — A, u)" ®)

[locMoTpuM Tenepb, Kak M3MEHAIOTCA [IaBHbE KOAeGaHHS KOHCep-
BATHBHBIX CHCTEM TNOL JAEHCTBMEM M aJ bl X JHCCHNATHBHBIX CHTY),

Beenem HopManbHeie koopamHate 0, ..., 8, B 3TMx koopmuHaTax
n n
1 g2 o= 1 262
T=+ )b, -—72“’:%, (10)
i—=1 i=1
n n
1 o, 1 )
R== D §i¥i++ Bi9: s 03))
i=1 i k=1
(EF£R)
rae o; {i=1, ..., n) —Tr1aeHEe YaCTOTH KOHCEPBATHBHOH CHCTEMEI,
a kodQQuuMeHTH B BeipakeHnd (11) s dynxumn Penen §;, B,
(i, k=1, ..., n Bip==0¢; 1P iz£k) Manm (KBaZpaTaMM M TpPOH3Be-

IeHHAMM STHX BeIMYMH MO¥HO mnpeHeGperath). W3 moxoxkutenbnoft
onmpelleNeHHOCTH KBalpatuyHoi dopmer  (11) crenyer, yto B;>0
=1 ..., n).
CocTaBuM ypasHeHus Jlarpansa
n

b+ b o+ Y Babe=0 (=1L ..,m. ()
k=1
(k1)

[MoacraBass coma
6, = et (i=1,...,n (13)
M COKpalias Ha e, 1oN1yyaeM CHCTEMY JMHeHHHX YpaBHeHHH

n

@ +pptodutu X Ban=0 (=1 .,n (4

k=1
(ki)

[pupaBuuBasg Hy{I0 ONpelenHTelb TOH CHCTeMHl, HalileM BekOBOe
ypasHeHHe

ptBetot B L Bt
R e e oy
a"llp‘ angf‘- « 'J.2 + BIIP‘ + m;

) Cv. Yurrekep E. T, Anamurnueckan nuAamuka, M. —JI,
1937, § 94.
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PackpuiBas 310T ompefennTens W oTGpAcHBAs YIEHH, COAEPHKAMIHE
npou3BelleHHA Malbx Kosthduuuentos B; B;,, NpelcTaBHM BEKOBOe
YpaBHEeHHe B CIeLYIOLleM BHIe:

n
11 ¢ + 8+ wp)=0. (16)
k=1
KOpHH BeKOBOro ypaBHEHHsi B NEPBOM NPUGIHXEHHH HMEIOT BHI
p-k’&:—%kiicok k=1, ..., n). %))
Hafimem aMmaMTyIsl x;, %g, ..., %, AIf p.=p.1=——-%+ fog,

TloxctaBuB 910 3nayenHe g B KO3QOHUHEHTH NMOCIEIHMX n— 1 ypas-
Henu#t (14) M pasjgeauB neBHe yacTH ypaBHEHHH Ha 1y, MOTYYHM:

R R R e R
e e .. (18)

2 __ o

Barts + Bagxe 4 ... +(Bn — B +—mniTll)xn=0.

*
s 9To#f cHcTeMBbl ompenensieM OTHOIIEHHe x—" (k=2, ..., n), or6pa-
1

CHIBafl YJEHB BTOPOro M (onee BHICOKOrO NMOPSNKOB MAalOCTH (OTHOCH-
TeabHO B, Bp):

* __ . ___ Beioy —
7:_zsk, &= _——‘-‘"l’;—“’i k=2, ..., n). » (19)

dopmyns (19) NoKa3LIBAOT, YTO £; — Mankle BEIlECTBEHHHE BelH-
yupne (R=2, ..., n). Kophio p.1=—%~+iu)l COOTBETCTBYET <KOM-
niekcHoe koneGanue» (momaraeM x; = Ae'*, A > 0):

By B1, . z
— 5t — 5t i{wgftat =
01 =x1e‘”'=Ae 2 ei(w1!+u), 0k=EkAe 2 P ( 1 + 2)

k=2, ..., n).

B3sas IlHHeﬂH)’IO KOMGHHALUHIO H3 LaHHOIO M KOMNIEKCHO CONMpAXEHHC™0
KOJIeﬁaHHH, NONYYHUM <rIaBHOEY Ko.uedaﬂne-, COOTBETCTBYIOLIlEE KOpHAM

(20)

By =— % +io; u E—’:1=*%_i‘°1:

iy _b&
Gy=Ae ? sin(ot +a), bp=rcpde *

k=2, ..., n.

sin (0.t +a+ 3) 1)
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AnanornyHble BHPameHHA Mbl NOAYYAM M JNA JPYrUX riaBHbIX
KedebaHuy,

Takum oGpasom, 8 nepsom npubausicenuu: 1) maavte duccunamus-
Hble CUAbL He UBMEHAIOM 4ACMOM KOHCEPSAMUSHON clutmembl, 2) npu
Imux cusax Kone6arus 3amyxawm npu t—oo; 3) 8 j-M 2AA8HOM
KOnre0anuu §ce KOOPOUHAMB. MAABL NO CPASHEHUO ¢ j-ii KOOpOu-
HAMOI U  OmaudaOmcs oOm Hee no Paze HA demsepms ne-
puoda (f=1, ..., n).

§ 47. Bannande BHemuell cuabl, 3aBUCAmEH OT BpPEeMEeHH,
Ha Manble KONeOAHHUA CKJAEPOHOMHOH CHCTEMBbI.
AMNIMTYIHO-pa30Bas XapakTepHCTHKA

ITycrb DOMOJHMTENBHO K TEM CHAaM, O KOTOPHIX IJa peysb
B § 43, Ha cKaepPOHOMHyIO cucreMy HeHCrBywT eme cuam Q; (f)
({=1, ..., n). Torna ypaBuenns Jlarpamxa A9 MaJHX KoJe-
Gann#t cucrempl GymyT OTIMYaThCs OT ypasuenutt (7) ma crp. 260
TOJIBKO HaJMYMEM HEHYJNEBHX NpaBHX yacreh

n
D @G+ birde + cinge) = Q; (B (=1, ..., n. (1)
k-‘=l

OGwee pewenne 3To# Heomuopomuo#t cucremn auddepen-
HHAJbHBIX ypaBHeHnﬂ NpeacraBasgeTcd B BHIE

2n

q= Zl Ch"hepht +q*, (2
h=

rIe NepBoe cjlaraeMoe nNpeacraBaser coboi obuee pemenne
COOTBETCTBYIOIIEH ONHOPONHOM cucTemMu, a g% — uekoTopoe
4acTHOE pelnenue cucremsl (1).

Mu  nmpeanosnaraeM, uyTo NOJOKEHHE CHCTEMH g =...=
=¢,==0 ABIIETCA ACHMIOTOTHYECKH YCTOMYMBHIM HOJOXEHHEM
pasHoBecus, T. €. yto Rep,<0-(h=1, ..., 2n). Torna nepsoe
C/laraeMoe CTPEMHTCA K Hyao Tpu t—ool) u npm gocratouno
Gosbiwnx ¢ obuiee pelICHHE ¢ HEOAHOPOLHOR CHCTEMH NPAKTH-
uecku cosnagaer ¢ g* Ilostomy Mu B nHaibHeHeM Gymem
HHTEPECOBATLCS TOJBKO «BHIHYXICHHBIMH KOJEOaHUAME> ¥, KOTO-
puie Oynem oGosHayarh NPOCTO uepes gq.

) Eciu BexoBoe ypaBHeHHe HMeeT KpaTHhie KODHH, TO B Cymme,
cTofillel B NpPaBOH YacTH paBeHCTBA (2), MOryT MOABHTLCA BeKOBLIE
uaenst Buna C,, (u, +uyt + ujt® + ..) e*#* . Onnako u B 310M cayvae
CyMMa CTPEMHTCA K HYNO npu £ — oo, ecayu Bee Repy <0,
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Tlockonbky cucrema auddepeHuranbHux ypasHenut (1)
JuHeftHa, To oOwuit cayyalt OTBICKaHHs BRHYXIEHHHX KoJebaHui
CBOOMTCA (32 CyeT JMHEHHOH cynepnosulUK YacCTHBIX pelleHuit)
K TOMY CJyuyam, KOrA2 TOJbKO OAHAa U3 0606uIeHHNX cun Q; (£)
OT/JMYHA OT HYJA. '

ITycrb, nanpumep, Q,(H)#0, a Q;()=0 (j=2, ..., n).
Kpome Toro, monyctuM cHauaaa,  uto Q (f) — rapmoHuyeckas

cuna, T. €.
Q () = Aei2, 3)

Toraa nuddepeHiuuabHeie ypasHeHus (1) sanuumyTcs Tak:

Z (@12 9% 1 b129r 1 C129,) = A'¥,
k;—_x @)
2@ de bl t-cng) =0 (=2, ..., n).

E=1

Bymem uckaTe BHHYXIEHHHE KoseOGaHus B Buie
qk=Bk8iQt (k=1, seey ﬂ)- (5)

IoxpcraBisas 3TH BHpaxeHus nas g, (R=1, ..., n) B mudde-
peHuManbHHE ypasHenus (4) u cokpamas Ha €% nosyyaem nss
onpeneseHus BeaUuHH B, cucremy asre6panuecKux ypaBHEHUH:

n

a1, (9)* +- by, (12) - 1] Be= 4,

o (6)
kgl[ajk (2P + bjk‘ (I2) +-¢;x] B,=0.
(i=2 ..., n.

Pewas sty cuctemy aqre6panyecKux ypaBHEHUH, HAXOAUM AJf
k=1, ..., m

B,= Wy, (I2) 4, (M
roe .
Wy, (19) = ®

— npasuibHas ApoOHO-paunoHasibHas dyukuus ot I2 ¢ seme-
CTBEHHHIMU KO3 dullueHTaMy; rogorpagd sTo ¢yHKIMH B KOMII-
JEKCHOH NJIOCKOCTH, a MHOrAAa U CaMa QYHKUUS, HOCUT Ha3BaHue
wacmomnoli MMM amnaumyodHo-gpa308ol  xapaxniepucmuri,
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Torga «<OTKAMK» KOODAMHATH ¢, Ha BHEIUHEE BO3MEH-
crBue Q, = Aei®f 0/1yuaeTca YMHOKEHHEM 3TOrO BO3IEHCTBHA Ha
YacTOTHYI0 xapaktepuctuky W;, (I2):

» g, = W), (i2) Ae'. 9

ITonaras

Wi, (=R (@™ ™ [R,@>0]  (10)

[Ri () — amnaumyonan, W, (%) — pasosan xapakrepucrukal,
nepenuuiem dopmyay (9) caeaywomum obpasom:

gr=Ruyp () A’ ET @ =1, 0. 1)

Iycte Tenepn
Q= Asin 21, (12)
T. €

Q A oiet _ —ien,
17721
CoorBercryomuft oTkank Gyner 1)

1 iR 2 —i
7 =§le(Q)A {e (247 ,(2)] e i[er4v , (9)]},

9 =Ry () Asin [ 4- T, (2)]. (13)

lpyrumn cnosamn, npu nepexode om cunycoudassnoi
cuatt (12) K coomsemcmsywwemy OMKAUKY, M. €. CUHY-
CONDANBHOMY — BULLHYIHCOCHHOMY
xonebanuw (13), amnaumyoda 1m Wy
CUNbL - Y MHOKCAEMCA HA QM-

NAUMYOHYI0  XAPaKmepucmuKy /\
R, (R), a cxewmenne pasn

onpedensemca Haiosoi xapak- C,;, yf,,’(sz Re Wi
mepucmuxoi W, (), a3amoi FT
04 mo20 gce 3HadeHus L. Winlc$2)

Ha puc. 53 usoGpamena am-
MIMTYIHO-pa3oBasi  xapaKTepH-
cruka Wy, (i2) (0<C 2 < o). Puc. 53.

Ecmn mns pannoro & cootser-
crBytomee Ry, () oueHs Majo, TO aMMAATYAA OTKJMKA BEChMA
Majla Mo CPaBHEHHIO C AaMIUIMTYIOoH «BO3OYxaeHus» Asin Qf

) Tak xax W,, (iQ) u W (— iQ) — KOMIIIEKCHO COMpHKEHHBIE
wncad, 10 Ryp (— D= R,5 (@) 1 ¥y (— Q) =— V(9.

9 ®. P. TanTmaxep
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nauuo# uactoT K. HaoGopor, ecau npu mamHom 2 cooreer-
cTBytomee Ry, (2) oueHb BEIMKO, TO aMIVIMTYHA OTKJMKA BEANKa
N0 CP3aBHEHHIO C amnanTymo o6GobweHHod cuan Q. Takum
oGpasoM, noabupas cuCTeMy € HAIJAEKAUUMA AMIVIATYIHBIMH
XapaKTEPUCTHKEMH, Mbl MOXKEM racuTh Ko/eGaHHs Ha OJHAX
J4anasoHax 4YaCTOT M YBEAMYMBATh aMIUIMTYABl 3THX KoaeGaHui
Ha IPYrux 4acToTax. JT0 U €CTh IPHHUMMN ycTPOlcTBa ghussmpos.

Tak kak W (I2) — npaeuabHas 1po6GHO-PALMOHATEHAT DYHKLMS
u motomy W(iQ)— 0 nmpa @ — 0o, T0 mobast CucTEMa NPaKTH-
YECKH MPONYCKaeT TOJbKO KOHEUHHH Quara3oH YacToT.

IMycte Ttenmeps Q (f) — mpousBo/bHAsA NMepHOANYECKas (PYHK-
uus, sagasaemas psagom Pypee

Q=D 4, sin (mt -+ 0,). (14)
m==0

CknaguBag OTKIMKM Ha OTAENbHHE [APMOHMKHM 3TOrO psna,
noayuaem

R
g5=) Ri; (mQ) A,, sin [mQt 4 ¢, + ¥, mQ)] (15)

=0

(k=1 ..., n).

ITycrs Tenepsb Q; (f) — npousBOJIbHAA HemepuoaMuecKas QyHK-
ung f(f) OT f, KOTOPY0 MOXHO INPEICTaBUTh B BUIE HHTE-
rpana dypoe!)

{ -+ -+
fO=5- S % 4o S fO e at. (16)
TTonaras - -
+o ,
F@= | fye '*dt, (17
Oynzem uMeThb
1
Q=FO)=o S F(Q) e/ 4Q. (18)

1) Cwm., nanpumep, Puxtenroasy [. M, OcHosm MmaTeMaru-
yeckoro amanysa, M, 1956, t, 2, ra. 24, § 3,
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®yukuua  F (Q) HasbIBACTCH KOMHACKCHBLM cnexmpos dyHK-

uan Q=75 ().

BoanetticTBue
1 ief

BBI3OBET OTKJNWK

o Wy, (19) F (2) 42 £,

ITostoMy, OCHOBEIBasiCb Ha HNPUHLMNE JAHHEHHOR Cymepmosumum
OTKJAUKOB, Haktmem:

+oo
o= S W,, (i9) F(Q) €™ d (19)
(k=1, ..., n),

T. e KomiaeKcHHH cnekrp Wy, (1) F(Q) nas xoopauHarsl ¢,
MOAYUaETCA  YMHOXKEHUEM KOMILIEKCHOTO  CmeKTpa  Bo3jeh-
crug @ (f) Ha COOTBETCTBYIOLIYI0 HaCTOTHYIO XaPaKTEPHUCTHKY
cucremnl Wy, (iQ).

Hycts npu £< 0 cucTeMa HaXOOUTCH B IIOKOE U JBHXKe-
HUE CUCTEMbl NPH HYJEBHIX HAUAJBHEIX YCJAOBUSIX BBHI3BAHO TOJAbKO
BHelHnM BosmeHcTBueM Q(f)=:=0 npu ¢ > 0. IpexcraBaaa Kowm-
NAEKCHBHI! CNEKTP OTKJUKA B BUIE

FR) W, (i%®=G(R)-+iH () (20)

cornacHo dopmyne (19) Gynem uMmersb

+oo

=g S [G(Q) -} iH (Q)] [cos Q¢ -} I sin Q1] dQ —
3, .
= S [G(Q) cos Qf — H(Q) sin ¢]d2 -

R
+ & S [G(Q) sin Q¢ 4 H(R) cos Q¢] .

b%‘v
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Tak xkak g (f) — setlecrBeHHass (YHKLUA, TO BTOPOE CJaraemoe

B NMPaBoil yactu pasHo Hymol) m mosromy
+ oo
P S [G(Q) cos R — H(Q) sin Ot] de. @1

— o0

[lpepnonoxuM Tenepn, 4TO

Q@A) =0, }
npu ¢t < 0; 22
7 (=0 (k=1, ..., n) < (22)
TOr 12
1 T
0=o S [G(Q) cos O — H(Q) sin Q]dQ  (npn < 0).
3amenuMm 3gech t Ha — 1t
L
OZQ;S [G(Q) cos Qf + H(Q) sin ©]d2 (mpu £>>0). (23)
CknagniBas mouneHHo pasenctsa (21) u (23), Haxomgum
+ o
Gh=r S G(Q) cos @ dQ  (npu £>>0). (24)

MoxHo mokasate, 4TO BEIpaXeHHe (24) onpegenser o6mee
pelleHne yCTOHYMBOH CHUCTEMB /9 KOODAMHATH g, NPH YCII0-
BUAX (22) ¥ NpU HYJIEBEIX HAaYaJbHEIX JaHHHX ?). Pyukius Wi, (Q)
CTPOUTCS HEMOCPEACTBEHHO MO0 KOauueHTaM a;p, by, U ¢4y, CO-
Iepxkamumca B ypasHeHusx (1), a ¢yuxuus F (2) onpenensercs Bul-
paxenunem (17). Tlocne storo 3amaya o0 ompemeleHuH IBHKe-
HUd, OMNWCHIBaeMOro ypapHeHusmu (1), CBOAWTCE C NOMOMILIO
BhIpaxeHns (24) K OmHOH KBagpaType.

JIlns  npuOsmKeHHOro onpepeneHds ABUXKEHUS NPUrogeH no-
sTOMy. MOGOH MeTond NMPHUOAMKEHHOrO HHTErPHUpOBaHMs. MOxHO,

1) PeasbHas CHCTeMa He MOXET HMeTb YacTOTHYI0 XapakTe-
PUCTHKY, He YNOBAETBOPRIOILYI0 3TOMY YCIOBHIO.

) D10 cmenyer s Toro (axra, uTO BHpamenwme (20) onpempeaser
npeoGpazosanve Pypbhe pemieHHA NMPH HYJEBHIX HayalbHHX JAHHHX, a
BHIpaxcenye (24)-— obpamende npeoGpazosards Pypbe (CM., nanpumep,
Aunzepman M. A, Jleknuu 1o TeOPHH aBTOMaTHYECKOrO peryiIHpo-
BaHMA, H3A. 2, Pusmatrus, 1938),
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HampuMep, mocrpoutb rpagux ¢yuxuun (G (2), 3aMeHuTh €ro Jo-
MaHOR JMHMEH u depe3 TOUKM H3JI0Ma MPOBECTH TOPHU3OHTANb-
HBIE JMHMM IO ocu opiuHat. Toraa dyuxumus G (L) npubauxeHHo

G

3aMeHseTCst CyMMoH Qynkuut gj(Q), rpapuk Kaxao# u3 Ko-
TOPHX MNPEACTaBAIET COOOH Tpaneuuio (B 4acTHOM caydae Tpe-
YTOJIBHUK), KaK IIOKa3aHo Ha puc. 54.

Jlast ogHoHt Takott pynkummn g7 (Q) § (M|
uHTErpan (24) moxer ObITh BHYHMC- |
aen !); I
L ¢ '
= — (2) cos L dR=— bl
=7 -Smgz( ) mh
- S, 124

Ay sinQupt sinAgt i

. Qep ag Puc. 55.

rae @, n A; nokasaun Ha puc. 55,a A;-— naowans Tpaneuun.
IToatomy

1 sint Qjepf sin Ajt
A —— (I jept S S
™ ZAJ Oep B
j

rie CyMMHDOBAaHME BENETC 10 BCEM TPAMELUsIM, [OJLYYEHHHIM
npu annpoxcuManun G (2) aomaHoft auHuel.
IIpn wncnonpsoBaHMM Tako# ANMPOKCHMALMM JJS NOCTPOEHHsS
sin z
ABUKEHNS MOryT OBRITb MCIOJAB30BaHH Tabaulthl QYHKIMH S

') Cwm. crp. 280—282 kHUrY, yKa3aHHON B NpUMeYaHuH 2 Ha c1p. 272



FJTABA VI
CUCTEMB] C UUKJINYECKUMHA KOOPIAUHATAMM

§ 48. Npugenennas cuctema. NoTenuuan Payca.
CkpriThie nBuwenus. Konumenuus Tepua
0 KHMHETHYECKOM MPOMCXOXIECHHH NOTEHIHAJbLHON SHEpPruu

B HacTosuielt raase ofiue MOJOKEHHs, U3J0XEHHBe B ri. Il
U B Il V, HCNIOJB3YIOTCA A UCCIAENOBAHUA ABUXEHHUA FOJOHOM-
HOH CK/I€POHOMHOM CHCTEMBl € UHKJAMYECKUMH KOOPAMHATAMH
q, @=m--1, ..., n). Kunetnueckan sueprus Tako# CHCIEMHI

HUMEEeT BHUJI
n

1 P
T=7 2 Qps (qls cray qm) qqu' (1)

r, s=1

Haitnem Bmpaxenue [ KMHETHUeCKOH sHepruu B Iepe-
meunsix Payca ¢;, ¢, p, (=1, ..., m; a=m-+1, ..., n).
Ilnn st0oro BHpasum Bce ¢, uvepes p, (a==m-+1, ..., n),
UCTIOMB3YS MCXOAHBIE COOTHOIIEHMS

m

n
or . .
Dy aq'u - 2 auiqi + 2 auﬁqﬁ (U': m + 1; tany n)' (2)

Tockoabky onpepeantens D —det (a,,ﬁ),’,‘.ﬁ:,nH # 0%, 1o
M3 COOTHOWIeHHH (2) uaxoaum

n m
q"= Z bug(pg_— ZaﬁiQi) (d:m—[—l,..., n), (3)
B=m-1 i=1

rae |,y m41—o6pathas matpuma Aaw  maTpuis | @zl 7410
B @

1) Cwm, npumevanne x crp, 91,
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[lonaras

n
Ti= byay (=1, ..., m; a=m-1, ..., n, (5)
p=m+1
3anUUIEM COOTHOLIEHHS (3) B CJACAYIOIIEM BHAE
n m

. l .

Go= D) bupy— Duli G@=m-+1, .., n (6
31ech ba[i U T, — PYHKUHH OT HEUMKJIHYECKUX (MaH, KaK HX
MHOT/la HA3HBAIOT, NO3UYUOHHEIX) KOOpAMHAT ¢; (=1, ..., m).
Toncrasnas Bupawenns (6) nna g, B dopmyay (1), nomyuaem
BHpaxeHue 7 [a9 KUHETHYECKOH SHEprum B NMepeMeHHnx Payca:

m n m n
71 w1 . .
I=+ Z afi9:4;+5 2 aaépapp—%z 2 alqip. (7)
l.j=] a.,[i=m+] i=1 a.=m+|

3aMeuarebHLIM ABASETCA TO 06CTOATENBCTBO (HA Hero oGpaTtua
BHUMaHue eme Payc), uro B sTOH dopmyse Bce af, =0, T. e

pupaxenne 7 eCTh CyMMa KBajpaTHUHOH (DOPMH OTHOCHTENBHO

NO3ULUOHHKX CKopocrel §y, ..., §, ¥ KBaApPaTWuHOR POpMH
OTHOCHTE/IbHO OGOOIIEHHHX HMOYJIBCOB Priyy «.., P,l).
Ie#icTBUTEABHO,
o7 o/ N or o 0 N\
. L of %dg)\ _ 9 Z =
%= 3g; op, ozh(\p}ﬂ}% apa> & buy =0,
®)
n
TaK Kak Z by, 3aBHCHT TOMLKO OT MEPEMEHHHX ¢; 4 Py
=m-+1
Koropmeppactmarpnaalmca KAK HE3aBUCHUMHE N[O OTHOLIECHMIO
K q (=1,...,mf=m-+1, ..., n).

1) WMcnonb3oBanHoe 31ech npeoGpa3oBaHHe NEePEMEHHEIX, COOTBET-
CTBYyIOlLllee MEPEeXOly OT NepeMeHHHX ¢;, ¢, K NepeMeHHbIM ¢, p,, NpH-
MEHAETCA OOLIYHO B TEOPHH KBaJpaTHYHHX GOPM [JAsl [pHBELECHHA
(no wmetony Jlarpania) KBaapaTHyHOH GOpME K CyMMe KBaZpaToB,
JIeHCTBHTEeNbHO, NPHMEHHB HECKONLKO pa3 Mofo6HHE mpeoOpa3oBaHHA,
MH [pEICTaBHM KBafpaTHuHylo ¢(OpMy OT n MNepeMeHHHX B BHJE
CYMMBl 7 KBAaIpaTHYHHX (OPM, Kax[1aa H3 KOTODBIX 3aBHCHT TOMbKO
OT OJHOH NepeMeHHOM, T. €. paBHA NPOH3BEIEHHIO KBalpaTa 3TOH mepe-
MEHHOH Ha HEKOTOpHIH BelleCTBEHHbIH KO3(QHUHEHT,
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Briuucaum Teneps xoadduilheHTH a3

—_ n
«__ 0T 0 or o¢y 0 _
Qup == op, dpp - dpaT__; qu dpﬁ op, 2 bwvy = ba@

(@ B=m-+1, ..., n). 9)

Ananorauno Haiaem Koacpcpuuuenm ai;h

-———ﬁ-[-"l] _L Z =L =
041 dqj ‘.la = .. aq'l Tatpa"‘ aq-‘ aq-J oy — =
1 rT . o
0‘1; 0‘1]+ 2 dqj 04, 04; —aij‘u—;_*_l'raiaaj-

Hcnoapsys paseHcTBa (5), nosydaem

n
afj=a;— ] bagojay G J=1, ..., m). (10)
a, B=m-1

Ho na ocHoBanuu paseHncrsa (4) baf_ rneA — anre-

D >

Opauyeckee JOMNOJHEHHE 3J1EMEHTA a , B-ONpeneauTene D Hcnons-

a
8ys 9T0 00CTOATE/AbCTBO, MOKHO BMi‘ecm dopmyan (10) HanucaTeb:
aij iy mi1 ovs %in
L e B bl I (9 S B
Gnj T ome e Gmn (10)

Taxum oOpasoM, dopmyaa (7) uMeeT BuA

m n
=~ 1 P 1
r=+ 2 afi3:9;+ 5 Z bupully (11)
i, je=1 @, f=m+1
) 3meck 4 B nansHelimeM §,==... O3HAayaeT, YTO B BHIPAKEHHH,

crodileM B KBajJpaTHHX CKOOKax, BCe ¢, 3aMEHATCA WX Bupaxe-
ruAMK (6),
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3nece KOIpOUUMEHTH af; W baﬂ onpejenasoTca pasencrsamu (4)
u (10).

ITyctb cuam, mpuaoKeHHHE K CKAEPOHOMHOH CHCTEME, HMEIoT
norenttan M==1I(¢, ¢;). Torna L==T—II. Buuucmum oymHk-
umio. Payca (cm. § 13):

R=R( q; &, p)= u'a-—- =
& aqn 4 p a=§+‘P‘I L
n n m
= ) pa( Y baﬁpﬁ—zmq,-)—r_;_n_—_-
f=m-1 i=1
m n
=—7 X ity Y bgpayt

ij=1 o, p=m+1
m n
+H - 2( Z Taipa) qi' (12)
i=1 a=m+l
Paccmorpum  dynkumo  II#* (t, 9i» P.)» KOTOPYIO HasoBeMm

nomenyuason Payca ')
n

I
M=+ ¥ bpp, (13)
a, [i_—-._m—H
ITonbsysace TeM, yTO
b = Ape
aﬁ D *

rae Aﬁu—anre6pauqecxoe [IOMOMIHEHHE SNEMEHTA @, B OMmpe-
nenutene D, MOXHO 3anmucaTh BepaXewne AJs noTeHunana Payca
eiie B CJAGAYIOUIEM BUie:

0 Pmit o Pn
1 Pmy Tmitmes o Fminy n)
Pn dn,my1 o+ Qpp

!) Routh E. G, The advanced part of a Treatise on the dyna-
mics of a system of rigid bodics, 5th ed., 1892, § 99,
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Kpome Toro, sBenem 00603HaueHne
1 m
=5 Y alii; (14)
i,j:]

Torpma, cornaco pasencrBy (12), ¢yskums — R, xoTopas
JAJI NMO3ULMOHHBIX KOOpAMHAT Hrpaer poab (yHkuuu Jlarpawixa,
paBHa

T —V, (15)

rie ¥V — 0600meHHpR NOTEHIMAN, ONPENENAEMEH DPAaBEHCTBOM

m n
V=—Z( 2 Taipa) 9, +1*( g, po) (16)
i=l\a=m}1
Paccmorpum teneps xaxoe-nu60 IBMXKEHHE HCXOMHOH CHCTEMEL.
B sTOM aBriceHHH

po=const=c¢, (a=m--1,..., n), (17

M M3MEHEHUE NO3HUMOHHBIX KoopauHaT ¢;=gq,(t) (=1, ..., m)
MOXET OblTb ONpeneseHo U3 AudepeHunaIbHBIX ypaBHeHuH (8)
Ha Cc1p. 95, B KOTOPHX BCIOAY p, CAEAYET 3aMeHaTh Ha ¢, (6=
=m-+1,..., n). Ho 3Tu ypaBHeHHs SBAAIOTCHA yPaBHEHHAMHU
Jlarpauxa (c Qynkumett Jlarpamwka —R=T* — V) aaa HexoTO-
poll BCIIOMOTraTeJbHOH  HAaTypaJbHOH CKJIEPOHOMHOH CHCTEMBI
C m crenewsamd cBOGOMB, uMEOMEH KUHETHYECKYH SHEPrHUIo

T*=-;— 2 af59;9; u 0GOOWEHHBIH CHJAOBOH  MOTEHUHas

m n
= 2 ( 2 Taica) g;-+1*(t, ¢, c) TlorenuuaasHoit
i=1 ‘a=m1
sHepruedl sToll cucremnl sBaserca norenuman Payca II* (¢, ¢, ¢ ).
Hs dgopmya (11) — (13) caenyer, uro

T+ =T*-|T1I* (18)

Toayuennyo BcnoMoratenbHyw cHcreMy OymeM HaseBaTh
npusgedennoll cucmemol.

Takum 00pasoM, UBHMEHEHUE NOSUYUOHHBLX roopounam

g ... 9m ONpeQeasem O0BuUNMCEHIlE NPUBEOECHHOE ClUCMEME

(¢ m cmenenanu c8o600ut) ¢ wunemuneckol snepaueli T* u 0606-

WeHHbM  nomenguasom V= V1+H*, 20e II* — pomenyuan
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Payca. [Ipn coomsemcmsyounx 0BUNCEHUAX UCX00HOH 1
npuUBEJEHHON CUCINEMbl NOAHBLE SHEPUN SMUX CUCMEM DABHbL
Medcdy coboii.

Korma ¢ynxkuun ¢, =g¢q; () ({=1, ..., m), onpeneasiouue
IBHIKEHHE INPUBENEHHOH CHCTEMBI, HafileHsl, TO H3MEHEHHE CO
BPEMEHEM IUKAMUECKHX KoOpIuHaT ¢, —q,(t) (a=m -+ 1,..., n)
MoxeT OHTh onpengeseHo U3 Gopmya (9) Ha crp. 95, KOTOpBIE
cefiuac Moryr OBITb HAaNMCaHBl TaK:

q,=— S [M_Ca) Z T4j (91) q,J dt + ¢, (19)

j=1
@=m-+1, ..., n).

PaccMoTpuM vacTHRIfE Cayuall, KOrja BeIpaXeHWe KHHETHYe-
CKOH SHEprud UCXOAHOH cucTemsl (1) He CONEPKHUT Npou3BeAEHUH
IIOSHUMOHHEIX CKOPOCTeH §; Ha LUKJMYECKHE CKOPOCTH §,, T. €.
cayuall, korma Bce a;,=—0 (=1, ..., m; a=m-}1, ..., n)
B srom cayyae kumernueckas sueprust T pacrmagaercst Ha JBe
KBagpaTHYHBIE OPMEI, H3 KOTOPEIX OJHA COMEPKHUT TOJNBLKO I03H-
IHOHHBIE CKOPOCTH §;, a BTOpAst — TOJbKO IHKJIHYECKHE CKOPO-
cTH g, Takas CHCTEMA HA3bIBAETCS 2UPOCKONULECKU HECBAIAHHON.
LAt rHpOCKONHYECKU HEEBA3aHHOM CHUCTEMBI, COrJaacHo ¢opMy-
aam (B), Bce 7, =0 u, cnemoBarenpHo, Vi==0 u V=II%
Taxum 06pasoM, ecau HCXOOHAR cUCMEMA ABAAEMCS 2UPOCKO-
nuYecKu HECBA3ANHON, MO NPUBEOEHHASA CUCMEMQ UMeEEm
obuunbtll nomenynan I* 1),

Kpome Toro, us pasencts (10) caengyer, yTo A FHPOCKOIH-

4eCKd HECBsi3aHHOM cucremnl afj—a;; (L,j=1, ..., m), . e
1 . 90
=5 2, %44 (20)

ij=1

B sTOM cayvae HCXOmHast CHCTEMa UMEET KMHETHYECKYIO IHEPIHUIO
m n

1 . s 1
T=§ 2 aifqiqf—l‘? Z bagcacg

i,j=1 af=m-1

!} Ha npusemeHHyio CHCTeMy HNeHCTBYIOT NOTEHNHAAbHEIE CHAHI

oIr*

0q; )
B cayyae rUpocKonMyeckM necBA3aHHOM cucTeMbl V3 =0 B rupockonu-
YyeCKHe CHIbl OTCYTCTBYIOT,

H TUPOCKONHYECKUE CHIBbI, onpefelseMble MOTEHUHAIOM V,.
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u noreHunanphyio Il =II(¢, ¢,), a npuBeneHHas — KMHETHYECKYIO
n

SHEPrHIo T*=c~é— Z @,;4;4; ¥ TMOTEHUMAMLHYIO
ij=m41
1 n
IF =1 g)+5 ) bucly

ef=m+41

Ml BUINM, 4TO 4QCmé  KUHEMUMECKON 3SHepauu ucxo0HOH
n

1

cucmeme (7 2 bapcucq) nepewna 8 NOMEHUUQAABHY KO
o, f=m+1

SHep2uUI0 npuBedeHHOl ClICme M.

Bce c¢kasaHnoe o CKJACPOHOMHBIX CHCTEMAX CIPABEAJHBO,

o1l
B YaCTHOCTH, AJf KOHCEPBATHBHHIX CHCTEM, Y Koropux—a—?—:O,

1. . I =1I(g,;). Ipurenennan cucreMa ans CHPOCKONHYECKH He-
CBA32HHOM KOHCEPBAaTHBHON cucTeMul OyIeT CHOBAa KOHCEPBAaTHBHOM.
Ilyctp Tenmepr naHa nNpOM3BOJBHAS KOHCEPBAaTUBHAfA CH-
creMa Cc /m crenenaMu csBoBOAB, C KHMHETHYECKOH aHeprueh
m
T”:i 2 ;i (q1s -oo» 9m) §:4; ¥ NOTEHUMANIBHOH 3Hepruel
i,j=1
O* =1Ir* (q,) PaccMOTPHM KOHCEPBATUBHYIO CHCTEMY, Y KOTOPOH
uncao creneHelt ceofonm pasHO m -1 M KOTOpasm HUMeEeT m
MOSHUHMOHHHIX  KOODAMHAT qy, ..., ¢, M ONHY HHKJHYECKYIO
KOODAMHATY G0
Ilycre y noBoft cucremn II=0, a kuHeTHuecKas sHEprus
MMEeT BUL

—7r Lk . —
T=T%-] 5 T gy gm 1 (% = const).
Torna

k .
Pmyy = T (g 9

: 1
T=T"+ 5 W*(q)) pm+: .
Ho rorpa npm pm+,=cm+‘=]/2k

| Q- o «
o U (91 P 1 = 10% (g).
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Takum 06pg3oM, y ZaHHOH KOHCEPBATHBHOM CUCTEMH KHHETH-
9€CKas M noreHuuanbHas sHepruv T¥ u II* =1I* (¢;), a y HoBOH
<pacumpentotty cucrembl 7= 7% {-1I* (¢,) v I1=0.

[lomenyuassnan snepaus 0annoOl cucmems. nOAYHUAQCS
3a ciem Kunemuueckoll 3SHep2lU <PACWUPERHOUL> CcUCMeMbl,
uMeuwell 66asuee HUcA0 cmeneHelli ¢80600sl.

JBukennd, Npu KOTOPHIX H3MEHSIOTCH TOALKO LUHMKJIHYECKHE
(CKpHITHE) KOODAMHATBL, MHOTHA HA3HBAIOTCY CKPHTHIMH IBHKE-
HusMu 1),

Benue MH BHAEH, UYTO HOMEHUUAABHAR SHEPUS  KOH-
cepsamusroli cucmems 6ce20a Mozxcem Ovime paccmampu-
BaeMa KAK KUHeMUHECKAs 3Hepaus CKpolmblx 08UHCEHIL.

Sr1a KOHUENMHS O KMHETUYECKOM NPOUCXOKIEHHH
MNOTEHIMAIBLHOR SHEPIrUM M, CIELOBATENBHO, O KHHE-
THYECKOM MPOHUCXOXKAECHUN CUJ, MPUJIOMKEHHHX K Te-
JaM, OCYLIECTBJSIOMMM sBHbI€ (HECKDHITHE) [BHKE-
Hud, Omaa wupoko passuta Iepuem B ero <IIpun-
uumax mexaunuxu» (1894 r)?).

ITpumep. PaccMOTPUM ABUMXEHHe TBepAOro Tena C 3a-
ernneﬂﬂoﬁ Toykoit O B c1yyqae JIarpacha, Korja Ha Telro
zeficteyeT cuaa Beca Mg, CywiecTByeT OCb AWHaMUYeCKOH
CHMMETPHH H UEHTD TAWECTH D pacnonoXeH Ha 3TOH OCH.

Monoxenne Tena GyleM 3alaBaThb C NOMOLIbID Tpex
yraos J#inepa 8, ¢, ¢, rle yron HyTaumu 6 — yroan Mexay
BepTHKaNbHOH 0Cbl0 Oz H OCbI AMHAMHUYECKON CHMMeT-
pun OC (puc. 56), ¢ — yronm npeueccud, a o— yrox
yuctoro Bpamienus. [lyets /=0D, a A u C— 3kBaro-
PHaZbHBIA M aKCHalbHBEI! _ MOMeHTH HHepuHUH COOTBeT- )
cteerHo. Torpa

Puc. 56.
2T=A(p* 1 ¢® -+ Cr?, T = Mgl cos 8,
rie p, ¢, r—TpPOEKIUHH YIrI0BOH CKOPOCTH @ HA I'TaBHEIE OCH HHep-
wun 0§, Oy, OC Ho .
P =0 % sin?0, r=o¢--¢ cosb.
ll—IOB"I‘OMy OKOH4aTelbHO
2T=A (8 £ {? sin20) - C (¢ + & cos 0)?, Il = Mglcosb.  (21)

!} SlpkuM TpPHMEPOM NPOABAEHHUs CKDPHITHX IBMXEHHl ABASOTCH
CHCTEMHl, CONEPXAllHe BHYTPH Ce6a THPOCKONBL 3a CYET «CKPHITHIX»
JIBHMEHHA THPOCKONOB - JBHXEHHWE TAaKHX CHCTEM DE3KO OTIHYaeTcs OT
JBHMEHHA CHCTeM 6e3 rHpOoCKOMNOB,

HTepu I, lpuHuEnbsl MeXaHHKH, U3TOWEHHHE B HOBOH CBA3H,
M., 1959; cm. Takke Thomson W. and Tait P. Treatise on natu-
ral philosophy, Part 1, § 319 u A. Bedcrep, Mexauka maTepHanb-
HHIX TOYEK, TBEPHLIX, YNPYTHX M WUAKWX Tea, M., 1933, ra. V,
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Hajigem BoipameHus 1714 O60GIMEHHBIX HMAOYJbCOB P, Py, COOT-
BEeTCTBYIOMMX NHMKINYECKUM KOODIMHATaM ¢, ¢

pq,=(Asm=’t3+Ccos2e)4,+0coseq>,} 2
p,=Ccosb ¢ Cs.
Paspemys 5TH COOTHOMIEHHR OTHOCHTENbHO § W &, moayumm
=
Asin?f 3)
— Ccosfp, - (Asin® 8 + C cos® ) p,

-

AC sin® 6

Koaddunuenter npu Py ¥ p, B MPaBBIX YaCTAX paBEeHCTB (23) &
NpeACTaBIAIDT COGOH BeTHUMHBI b,3, Bbipaxenue 11 KHHETHUECKOH
9Hepru¥ B nepeMeHHorx Payca 6, 6, Py P, mnolyuaeM, MOACTaBIAR
BhIpaxeHua (23) naa ¢ u L]J B BhIpaxkeHue (21) mna 27 wmam cpasy no
dopmyae (11)1):
Cp —2Ccosﬁp¢p +(Asm26+Ccos26)p4P

ACsin® 8

[Tpy xBMKEHUM CHCTEMBL UMIYABCH py W P, COXDAHAIOT MOCTOAH-
Hbl€ 3HaueHUs

2T = Afe (24)

py=a, p,=0. (25)

Hyrauvonnoe nBukeHnue onpeselsiercs MPHBEIEHHON CHCTEMOH,
IIA KOTOpO#H

1 bcos B)?

% 4 Ap2 % — ..(E.____ﬁ ﬁ
T = AF, II*=Mglcosh 4 st T (26)

UaMenenne yrna Hyranumm 0 =10(f) Haxomurca H3 COOTBEICIBYIO-
H{ero. UHTerpana SHepruy

;— AB"-{—MgIcosB-{- (e

— b cos )2

ANl = const = k. (27)

Beegem BcrmomorarensHy1o nepeMeHHyw u=—cosf, YMHOmasa obe

YacTH paBeHCTBa (27) Ha % (I —ut)y= —%— sin? 6, HaxoAUM

(ﬂ) =), (28)

) B nanHoM cnyyae TBepiOe TeNo TpelCTaBaser CoBOH THPO-
CKOMMYECKH HeCBA3aHHYIO CHcTeMY. B stom cayuae B dopmyne (11)

aij =wi (i,j=1, ..., m).
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rie f(4) — MHOrouneH TpeTbeH CTeMeHH OTHOCHUTENBbHO U
=2 (h— Mgl (| — %) — 2 (a — bu. (9)

[lonaras B 3TOM BblpaMeHHH u=11 u u =y, = cosfy << I, Haxonum!)

F(—=1<0, flu)= (%’—):> 0, f(+1<o.

Torga MHOrouneH f(u) uUMeeT TpM BelUleCTBEHHHX KOpHA I, = cosf,,
u,=cosfy, u u
— <y <u,<l<u,

u [mockonpKy f(- co) = - co] rpaduk MHOrouneHa f(i) UMeeT TaKofi
BUJ, KaK MOKa3aHO Ha pHc. 57,

f{u)
5'53
§=6
U U . U \
- + u
Puc. 57. Puc, B8.
Tak kak npu gsuxeHun Teda — l<<u=cosb<<+1 u f(u) =

( du
dt
Baje U, <Su=<fiy, 1. e 0;=0=0, VYraosas cxopocTb npeueccun
onpejensercs M3 mepsod dopmyabr (23):

2
) =0, To BeayynHa n=cos0 mOMKHAa U3MEHATbCA B HHTEp-

. a— bcosb i
V=" (30)

a
Ecnu  oTHoweHne p UAXOIMICA BHe HHTEDBala U << Up, TO CKO-
poCTb TMpeneccuu ¢ coxpaHseT NOCTOSHHBIM 3HaK M MpeneccCHOHHOe
IBUXEHHE MPOUCXOXMT BCE BPEeMsA B OJAHOM HampaBieHHH. B stom ciy-
yae Cief, oCTaBlenHb# 0Cb1o Of Ha HeNmoJBUXHON cdepe C HeHTPOM
B (O, ONHUCHIB&ET KPHBYIO, H306paXeHHYI0 Ha pHUC, 58,

!) Mu 31ech mpegmonaraem, 4TO @ = == b Ocobhie cayyan a===b
GymyT paccMOTpeHn Huke. Kpome Toro, HayaibHoe 3HaveHue 0, Bh-

6mpaem Tak, 4ToOu 0,=%0 m, cremosarenbHo, (_‘%—) #£0
0
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a
Ecan ke Uy < <l TO CKOPOCTb MpeUeCCHH MEHAET 3HAaK NMpH

a
cos 6*=? M Cchnel JMHAMHYECKOH OCHM OMMCHIBaeT Ha cdepe KPHUBYIO,
noKa3aHHy0 Ha puc. 59.

a
b
obpamaeTcs B Hyib Ha BepxHell mapaniemm 8 =90, (puc. 60) 1).

Ecny — =1, TO CKOPOCTb mpemeccun ¢ He MeHneT 3HaKa, HO

6=0, §=0,

5-6; =4

Puc. 59. ‘Puc. 60.

AHaIUTHYECKN M3MEHEHME yria HYTAlMH ONpelendercsa u3 Gopmya

du
A=\ ——=1¢--const, B8=arccosu. 31)
S V7

3necb 3HaK < --» GepercA npMm usMeHeHuH B ot 3Havyenus 8, mo
BHaveHus 0, u 3Hak «—>» — npyu u3meHeHuu B B o6paTHOM HampaBie-
Huu. OUeBHIHO, U3MeHeHHe yraa B BO BpeMeHH 6yleT HepHOIHYECKOH
pyHkunelt 8(f) ¢ nepuonom

¢ du
T=2 \ ————, 32
S V7w #)

flocne Toro xak mameHenme yraa Hyrauuu 8 =0 (f) nalizeno, u3MeHe-
HUA YrioB ¢ W ¢ onpenendoTca mo gopmyaam (23).

PaccMoTpum teneph IBMKEHMe TBEPIOro Tena, MPoxomsAuLee yepes
¢ocoboe» nonowxenue 8-=0. B oroli TOYKke KuHeTHyeCKas sHeprus
3a,aa%rcn0i3upomneﬂﬂoﬂ KBAaJPaTHUHON (opMoRt [CM. BhIpawenue (21)
nmpyu 4=

2T=A¥ +C(}+ 9 (33)

') MoxHO nokasaTh, 4TO ¢ He Moxel ofpawlaThCd B HYAb Ha
HHXHEH mapainenwu,
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CornacHo ¢opmyaam (22) B oco3oft Touke 8 =0-m0aKHO HMETH
MECTO DaBEHCTBO Py == Py, T. €.

a=". (34)

[Ipennonaras, 4TO NPOM3BOALHHE INOCTOSHHLIE 4 H B CBA33HH COOT-
HoweHneM (34), MK XeTrko pacCKphizaeM HeonpeleleHHOCTh B BHpase-
HAH (26) nas moTeHuuansa Payca l):

2
a® 1—cosb
I* = Mgl cosb + — ————
g +A 1-+cosb*

[Tocie sToro HYTauuoHHOE IBHIKEHHE CHOBa ONpeNeNseTCs M3
UHTerpana sHepruu 7% -} II* = const,

Ecin  musenne NpoXoRAT yepe3 «ocoGoe» nofomeHne 6 ==, TO
BMeCTO (34) HMeeM COOTHOWIEHHE

a=—2%
H BHIpaXEHHE JUIA NOTeHiMana Payca mpHHHMaeT BHI
a? 14 cosh
nm*=Mglcosh | — —"—"—"_
gleosd+ T T os8

B paccMOTpeHHHX IBYX <OCOGHX» CIYYasX BepXHss HAM COOTBET-
CTBEHHO HUXHsA Mapannenb Ha puC. 58—60 Brpowmmaercs B TOUKY.

§ 49. YcToliuneocTh CTAUHOHAPHBLIX NBHKEHHH

PaccMOTpuM KOHCEPBATHBHYIO CHCTEMY, MOJOMEHME KOTOPOH
3a/la€TC NpU NOMOLLM #2 MO3MIMOHHHX KOODAMHAT ¢; U N — m
LHMKANYECKHX KoopmuHaT ¢, (=1, ..., m; a=m -1, ..., n).
IBuxenue Taxoft CHCTEMB ORpenenfercd KAHOHHUECKHMH YpPas-
HEHHAMH: )

dq, __0H dp,

oH
-—&?-—(E, dt — (E (r:1, teey n), (1)

rae mosnas sHeprua cucremu H= H(q,; p;, p,) uMeer BUI

n

H=g Y ey o aPps+ L s gm) (@)

r,s=1

') B Bupamenun jas II* Mbl 010pacwBaeM HOCTOSHHOE clarae-
2 . .

MOC .
B
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npuyeM KBaApaTuyHas (opMa, cTodulas B NPABOH 4acTH 3TOro
paBEHCTBa, ABJIAETCA MOJOXHUTENBHO onpenaenenHHol!). Ilpu msu-
KEHUU CHCTeMH (yHKUHA H u 0606LIEHHBE HMIYJBCH p, (0=
=m-1, ..., #) HE HU3MEHAIOT CBOMX BHAaYeHHH, T. € 3TH
BEJHUYHHBI ABJAIOTCA MHTErPajiaMH IBHIKEHHS:

H(qs piy )= H(qi, p}, pa), }

po=p: @a=m-+1, ..., n). @)

JiBixenue CUCTEMBl HasbIBAaETCHA CMIAUHOHAPHHLM, €CTH TPH

STOM ABHKEHHH BCE IO3UUMOHHBIE KOODAMHATH COXPaHAOT MO-
CTOSHHBIE 3HaueHus ¢;=const=¢q} (I=1, ..., m).

ITpu cranuoHapHOM [BHXKEHWH BCE MOBHIHMOHHBIE CKOPOCTHU

paBHH HY/MIO H [OTOMY, COFJIaCHO YpaBHeHusM (1) wu pasen-

cTBy (2),

m n
éi=2 i (@) Pr + Z i (g pa=0 (=21, ..., m) (4
k=1 a=m-1

Us sTux cooTHoweHu# caenyer?), uTO NPH CTAUHOHAPHOM
JBHXEHHH HMEIOT ITOCTOSHHBIE BEJMYHUHBI ¥ BCE [OSHUHOHHBIE
UMIybCH p; == const =p}. [Tockoabky §,=p; =0 (i=1,...,m),
TO U3 ypasHenu# (1) BEITEKAeT, YTO NPH CTAUOHAPHOM MABHIKEHWH

oH oH

—_—— 0, —_——
0q; op;

0 @=1,.., m (5)

Vpasuenus (5) npeacraiasior co60H Heo6XOmuMble M AOCTa-
TOYHHE YC/AOBHf, KOTOPBIM MOJIXHB YIOBJAETBOPATh HAYaJbHBIE
suaseHus g, pl, p2 (=1, ..., m; a=m-+1, ..., n) mm
TOro, 4TOOGH [ABHXEHUE, ONMPENE/AEMOE STHMH HauaJbHBIMH JaH-
HBIMH, OHJIO CTAlMOHAPHBIM.

'} Ora xpappatMuHas dopMa MPENCTaBASET CO60H KMHETHYECKYIO
SHEPIHI0 CHCTEMBI, BLIPAWEHHYI0 Yepe3 0GOGEHHHE UMIYAbCH.
?) CootHOmEHHA (4) MOTYT GHTbL Da3pelieHk OTHOCHTENbHO MO3U-

d n|"
LHMOHHKX HMIYNbCOB Py, TAK KAK ONPeXeNHIens et[cik(q,-)]ik=l
n

OTAMYEH OT Hyad, MNOCKONbKY KBampatHyHas dQopMa 3, ¢ sp,ps
r,s=1
ABAAETCA MONOKUTENBHO onpexeneHHOM,
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3aMeTuM eie, YTO MNpPH CTAMMOHAPHOM ABHIKEHHH HMEIOT
MOCTOAHHEIE BEIMYHHBL ¥ IHKJAAYECKHE CKOPOCTH ¢, (6=
=m-1, ..., n), Tak Kak B cooTsercrBud ¢ (1)

n
g,= %’—:20“ (¢%) p; = const (ea=m-+1, ..., n. (6

s=1
ITosTomy
=00 —t)+q¢2 (@=m-1, ..., n. )

HauanpHsle nMKIMYECKHE KOOPIHHATH ¢y SIBAAIOTCA NPOU3BOJb-
HBIMH [IOCTOSIHHLIMA W B YCJOBUA (5) HE BXOIAT.

Takum oOpasoM, npu cmayuoxrapHoM OBUMCEHUN HO3U-
LUOHHbLE KOOPOUHAMbE, COXPAHSIOM HOCMOSHHbLE 3BHAYEHILS,
a yurxausecKue KOOpOUHQMbL USMEHANOMCA N0  AUHEIHOMY
3GKOHY.

TIpumep. Pezyssipuas npeyeccus mMANCEA020 CUMMEMPULHO20
2upockona npeicTaBafeT co6of CTauHOHapHOe JBHNEHHE.

HelcTBUTeNbHO, perynapHas NpPeyecCHss XapaKTepH3yeTCs paBeH-
CTBaMH

.

8 =const=10, ¢ =const, e{a = const,

[7e Yrofl NpeneccHd ¢ W yroa YHCTOro BPallEHHA ¢ — UAKIUYECKHe
KOODIMHATHI, a Yrom HyTauuu 6 — yron, oGpa3oBaHHHIA OCBH THpPOCKONA
C BEPTHKAaNbI0, — NO3HUMOHHAs KOOpAHHaTa ),

3aMeTuM, 4TO COrJacHO COOTHOIeHusM (6) HeGOAbINOS u3ME-
HEHUE Ha4yaJbHBIX BETHYHH ¢, pi, ps AaeT HeOGoAbLIOE H3Me-
HEHWe HayaJbHHX WMKIHYECKHX cKopocTedt ¢; (a=m -1, ..., n).
Oxmnako HeGosbliOe U3MEHEHHE BEJAMYHH {5, COrJAacHO QopMy-
aam (7), maeT ¢ TeueHHEM BPEMEHH CKOJb YroiHO GOJbILOE
M3MEHEHHE CaMHUX UMKJIAYECKHX KoopauHaTt. IToatoMy no omro-
WEHUI0 K UQUKAIYeCKUM KoopOuHamaMm CHAQyoHapHoe 08u-
JCeHue He Moocem Obims yCMOUEHUBLLM.

B IanbnedineM 10/ yCTOHYHBOCTHIO CTAIIMOHAPHOTO JABHIKEHWS
Mul OyZeM MOHUMAaTh yYCTOHYMBOCTb [0 OTHOIIEHHI KO BCEM

) U3 ¢opmynn (21) nmpexsinymero maparpaba BHAAO, YTO KOOp-
AWHATBl @ W ¢ He BXONAT SIBHO B BLIPAKEHHA ANA KAHETHYECKOH H
NOTeHUHaNsHOH SHeprud,
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UMIIYy/IbCAM p; M p, U NO3ULUHOHHLIM KoopauHatam ¢; (I==1, ...,m;
a=m-1,..., n)Y).

Torma wumeer MecTo cleyOiUMl KpuTepul ycToOHYM-
BOCTH CTALMOHAPDHHX ABHXEHHIH

,Zlauoiceuue ¢ HawarsHomu Oanramn g, pi, pa(I=1, ..., m;
a=m--1, ..., n) 6ydem ycmoi1ugsLm CMayuOHapHsM dsu-
o:ceuzze/u, ecat Pywruus H{qgi, pi, pu) 8 moike ¢ =gqi,
pi=pl (=1, ..., m) umeem cmpozauii sKcmpemyM.

JleficTBUTENBHO, paccMATPUBAEMOe MBMXeHHe OydeT CTauuo-
HapHBIM, MOCKOJMBKY H3 CYIIECTBOBAHHA IKCTPEMyMa QYHKUUM
H(q:, pi, pa) caenyer, uto Beamuuust g¢f, pi (i=1, ..., m)
CCBMECTHO C BE/HUMHAMH p; (a=m -} 1, ..., 1) yIOBAETBOPAIOT
ypasHenusm (D). Beenem oTkmoHeHus

S =qi—ql, Ww=pi—pl, N=p.— P

Torna, ucnonssys uurerpan aswxenus H(qi-F&, p!-Fm, pd)
B KauecTBe (yHKuuu JIamyHOBA, MOXKHO CHENATH 3aK/IOYEHHE (CM.
crp. 209) 06 ycroHumBoctH HyaeBoro peuieHus & =—0, 1,=0
(T. €. yCTOHUMBOCTH CTALLUOHAPHOTO JBHIKEHHS) B NPEANOIONKEHHH,
YTO UMKJMYECKHE UMIIYAbCH p, HE HCHIBITHIBAIOT BO3MyLIeHUH (T. €.
YTO" STH BEJHUYMHBI [/ BO3MYILEHHOTO IBHMEHHS HMEIOT Te e
3HAYEHHs Pg, YTO M JJS HEBO3MYLIEHHOTO?)).

OznHako cOpMyaMpoBaHHBIH Bbllle KPUTEPUH YCTOHYMBOCTH
COXDaHsieT CBOW CHAy W B oOlieM cnyuae KOT/la - A BO3My-
WIEHHOTO [IBYKEHUS BENUUMHBL Mo=p, — Pa(a=m |1, ..., n)
MOTYT OBITb OTAHYHBIMH OT HyJad®). Ilas TOrO 4TOGH y6ezmec9|
B 3TOM, AOCTaTOYHO HCHONB30BaTh CJAEACTBHE H3 TEOpeMbl Jla-
nydoBa (ctp. 209), B3as B kauecTBe ¢ynkuun Jlanynosa Qyukumio

(g 48 PPt P)— H (@ PL PP+ 3 w2 ()

a=m+1

Dta PyHKUMA ABANETCA HHTErPAJOM ABIXEHHS U uMmeeT npu &; =0,
7=0, 1,=0 (=1, ..., m; a=m-+1, ..., n) crporudt
MUHHUMYM, DaBHBIll HYyJIO.

S~
1 Wm, uro 10 e, ycromnaocrb OTHOCUTERBHO  BEIUYHH
Ii qnpu (l—l s M, a—ﬂl——f—l
£) Umenno TaKOro posa ycroﬁlmaocrb paccyarpusax Payc.
) Moxapuuxui I'. K, IlpuknagHas matemaTHka M MeXaHMka,
1. 22, o, 2, 1958,
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Y CTaHOBUM aHAIOIUI0 MEXKIY YCTOHUMBOCTLIO COCTOSHHS PaBHO-
BECUA M yCTOHYMBOCTHIO CTALMOHAPHOrO IABWxXeHusd. [as 3toro
PaccMOTPUM MPUBEACHHYIO CUCTEMY C /72 HE2aBUCHMBIMHU KOOGPIH-
HATaMHU ¢y, ..., ¢, W C TNOTEHIHaJLHOH 3sHepruel, paBHOH

noreHnuany Payca:
n

) 1
I* (g1, p2) =W (q:) + 5 Z bag (91) Pl pj ©)
&, B==m -1

(cM. npeasnyinuit naparpad). Ha npuseneHHyio cuCTEMy MOMUMO
.

MOTEHILMa/IbHBIX cun——ﬁ (i=1,..., m) neHciBylOT eule ru-
; _

pockormueckne cuabl. Tak Kak CTAMOHADHOMY ABHMEHHIO HCXOL-
HOH cucremsl ¢;=¢qi, pp=p; (i=1, ..., m;e=m--1,..., n)
COOTBETCTBYET MOJIOKEHHE DPaBHOBECHS NMPUBEAECHHOH CHUCTEMBI, TO
BEJUYUHEL ¢f, pi NOJIKHBI YAOBJIETBODATH YPABHEHHM

oI*(q;, p3)
dq;

D10 HeoOxodumbie 1 Jocmamoursie yYCAOBUSL CYUECBOBANILS
cmayuonaprozo  08ugicenus. OHM, OYEBUIHO, SKBUBAICHTHH
ycaosusM (5) Y [OJyYyaloTCa U3 MOCJAEIHMX HCKJIOUEHUEM BeJH-
yui p; (I=1, ..., m). llpumensas teopemy JlarpaHxa x MoJO-
HEHUIO PABHOBECHA ¢; =—¢] NDPUBEACHHOH CHCTEMB, MNOJYYaeM
KpUTEPUH YCTOHYUBOCTH CTalMOHAPHOrO ABHIKEHUA B CJAedylolieH
dopwme.

Hsuwncenue ¢ wnavaaswsimu  dannsimu g, ¢ =0, pi
(i=1,..., m; a=m-1,..., n) 6ydem ycmoiuusun cma-
yuOHaprbM O8uscenuem, ecau nomenyunar Payca 1* (g, pa)
umeem cmpozuii mMurumys npu q;=q% (i=1,..., m).

Ipumensn Teopemy Jlarpawka K TpUBEIEHHOH CHCTEME,
MBl  (PUKCHPOBANM MOCTOAHHBIE BHAYEHUS WHAKIMYECKUX HMITY/b-
coB p,=p, (e=m-1, ..., n). OdHaKO KPUTEPUH COXPaHAET
CBOIO CHJIY M [pH BAPLUPOBAHUM WMMYJAbCOB pPp. Jas Toro
yTO6H ‘yCTAHOBUTH 3TO, AOCTaTOYHO B KauectBe (ynkuuu Jlamy-
HOBa B35iTb WHTErpasj ABUXKEHHA

[E* (g4t T P —E* (g5 0, PP+ 3 w0 (1)

a=m+]

0 (=1,..., m). (10)

rae E* = T* - II* — noauas sHeprus npuseJeHHON cucTemsl [oHa
COBMAJAET € MOJHOH 3HEPruel UCXOAHOH CHUCTEMBI, BHIDANKEHHODA
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B nepemenusix Payca g, §;, p, (cm. § 48)], a &, =¢q;, —qi,
¢i Mu=p.—pr ((=1,..., m; a==m--1, ..., n)— orka0-
HEHHS BO3MYIIEHHOTO JBMMEHHS (OT JaHHOTO CTallMOHAPHOFO
ApmkeHns). PyHruns (11) nmeer cTporuf MAHEMYM (paBHBIA HyJII0)
mpu §=0, §;=0, 7,=0 (i=1,..., m; o=m-1, ..., n)

Ilpusenennsifi 3neck Kputepnf ycro#uuBocTH CTallHOHAapHOro
ABMXEHHA B HECKOJbKO uHOM opme Oma ycranosnen Paycou
B 1884 r.

flpumep. Onpenesuth yCToRYHBHE CTauHOHADHHE IBHKEHHS
HEOJHOPOJHOrO BECOMOr0 Iapa Ha MafKo¥ rOPH30HTANbHON MAOCKOCTH,
€CIH LEeHTP TAKECTH wwapa [ OTCTOMT OT reoMeTpHyeckoro ueetpa O

Z

AL

Puc, 61.

Ha pacCrosnnH d, Macca wapa paBHa M, MOMEHT HHEpUHH OTHOCH-
teabho ocu OD paser C,a JIBa IPyrux 1aBHEX UEHTPAaJbHHX MOMEHTa
HHEepLHA paBHb MexkAy coboffl, A= B (puc. 61)1),

B kavecTme He3aBHCHMHIX KOOPIMHAT BO3bMEM JBE TODH3OHTalbHhIE
KOOPIMHATh UEHTPA TAKECTH Xp, ¥, M TPH yraa Sitnepa ¢, ¢, 0. Ilpu
3TOM YTOJ1 ¢ fABJIAETCA YIJIOM €YHCTOTO BPALieHAA> BOKPYT OCH IHHa-
muueckoft cummerpud OF, mpoxopsuie#t yepes touku D u O; nanpapae-
nne ocu Of commajaeT ¢ HanpasiexdeM BekTopa DQ. Hanumewm

!) PaccmatpuBaeMoe B 3TOft 3alaue TBeplOe TENO MPeiCTaBJAAET
co60i (PH3MYECKHH MafATHAK, ¥ KOTOPOrO OCh MOIBECd ABAAETCH OCbIO
IHHaMHYeCKRO! CHMMETPHH, a TouKa omopbl O MOKET CBOGOJHO CKO.b-
auTb (6e3 TpeHHA) BIOJb OPH3OHTANbHOM MIoCKOCTH.
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BLIpaXKeHHsA N4 KHHETHYECKOH H NMOTeHUHMAAbHOH SHepruu:
AT=A(p* +4% +Cr' + M(2p+5p+2p), T =Mgzy,

3nech p, q, r —IpOEKUMA YrIOBOA CKOPOCTH @ HA HEHTPAIbHHE OCH
Huepunn. Ho

P+ai=0b+{*sin*6, r=g¢-+Jcosh, z,=—dcoso.
[Toatomy
2T=(A 4 Md® sin® 0)§® + A{? sin® 0 4 Cr® ++ M (X} + y3),
0 = — Mgd cos .

KoopnuHatut xp, yp, ¢ H § ABIAICA UHKIHYeCKHMH. Bo Bpems

ABHXEHHS COOTBETCTBYIOUIHE HMIYAbCH COXPAHAIOT NMOCTOAHHHIE 3Haye-
HAsA, a MMEHHO:

=Mip=e, py=Mj,=8, py,=Cr=y,
Px D Dy L) (3 Y} (12)

pq,=A:psin90—|—Crcose=B.
Kpome Toro,
Py = (A + Md? sin® 0) b,

Hanmmem Bupamenne naaa ¢yHkuunm [aMHAIbTOHA B NepeMeHHHX
b, px=20, py="8, Py, Po=", Py =" :

7 % —ycosf\3
A= 2 (A 4 Md? sint 6) +ox 2A (T) —Mgdcosb+
1
”+ﬁ’ Py
+ = AFMdsato T (13
rne

+ﬂ

1 /¥—+cosb
= (7
I 24 ( sin 0 )

(14)

— noTeHuHan Payca !),
YcaosHs CYmECTBOBAHMA CTALUMOHapHOro JBHXEHHA (3) 3lech
HMEIOT BHA

W =% m=0

1) Met Hckni0yaem u3 paccMoTpenns ocoOme 3HayenHa 0=0
# 8 ==. llosromy sin 6540,
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Ycnoene yCTOMYMBOCTH — Haauyye CTPOroro 9KCTpeMyMa (YyHK-
min H npu pp=0 ¥ HEKOTOPOM HCKOMOM 3HaueHuu 0 — 6yner BHINOI-
HeHo, eciay NpH 9TOM 3HayeHuH O Gynxuus II¥ pMeeT CTPOrull MUHUMYM,
Jina HaxomIeHHs 3TOro 3HayeHus 0 — 0, nomomum u=cosh u

f(u) = AIl* =—;— (—isl?_:lulii — Ku + const (K= AMgd).

Hatinem:

)= P TP a—1d
F= = —&,

2 62
frw)= (17*_“;;)—; (1 — 3pu 4+ 3u® — pud),
rae )
23
b=

HonyctuM, uyto ypasnenue f'(u)=0 uMeeT KOpeHb & TaKoH,
yro |u|<C1. dtoMy 3Hayenmo |u|=cos® u cooTseTcIByeTr craumo-
HapHOE JBMM¥EHHE IIapa, TIPH KOTOPOM WEHTP Liapa IepeMemiaeTca
PaBHOMEPHO M TNPAMOJHHEHHO, a yriasol ¢ M ¢ M3MEHAKNTCA NO AMHeH-
HOMY 3aKOHY. ’

Jlaa BHIACHEHHA YCTOHYMBOCTH CTaUMOHAPHOTO NBMKEHHA IOKAMEM
npexBapuTeabHo, uTo f"(u)>0 mpu |u|<< 1, MdeitcTBurensHo, ecau
61 " (u)=0 npn lu|<<1, To U3 BHpaxkeHus 1aa £ (1) 'BHITCKaJI0 Gbl,
1+ 3u? o . 1
m- TCIOfIa 1eTKO yCMOTpeTh, yTo |p | > 1 npn [u| <1,

2y8
YTO HEBO3MOMWHO, TIOCKOMbKY [ =-7—2—_7FF-. CaenosatenbHo, f (1) £ 0

mpu |u|<<1, 1. e, f"(u) coxpaHder 3HaK B HHTepsaze (— 1, 4 1).
Ho 7" (0) =v*+ 8 > 0. CaenosareabHo, f" (u) >0 npy | u| < 1.
Tlockombky

d°I*

A db*

=" (1) sin?0 — £ (u) cos§ = f" (1) sin® 6 > 0,

TO TPH paccMaTpHBaeMoM 3HaveHud 8 ¢ymkuma IT* umeer crporuti
MHHHMYM, T. €. COOTBEICTBYWONlCe CTANMOHAPHOE ABMXEHHE YCTOHYMBO.
YcnosHe CYWeCTBOBAHMA CTallHOHAPHOrO  JBMMCHHA f (4) =0

MOXHO TpeoGpasoBaTh, NONOXKHB & =u | A(L (1 —u?).

) 748 >0, rak kak npu y =23=0 QyHkuns II* = — Mg d cos §
¥MeeT CTPOruil MHHUMYM npu 0 = 0.
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Ecniy sarem B noayyeHnoe papeHCTBO mojicraButh 7=Cr=
=C(p-+Ycosh), To 310 ycroBHE NPHHUMAET OKOHYATENbHHH BUI

Col +(C— A) {2 cos b + Mg d =0. (15)

310 X0pOMIO M3BECTHOE YCIOBHE CYLIECTBOBAHUA PErYAADHOHK Npeneccuu
non Bo3fgedcTBHMEeM BHemHero wmoMeHta Mgdsin® (MomeHT BepTH-
KanpHoit peakunn N = Mg orTHocutenbHo moaioca D).

PaccMOTpHM OTIENbHO TDH CIyvyas,

1°. Ecn

IMgd+Coy|>1A—C1¥,

To ycnopue (15) He BHIIONHAETCA HM IIPH OZHOM BeEIIECTBEHHOM 3Ha-
YyeHHH & ¥ He CyuleCTBYeT CTaUHOHAPHOIO JBHKEHHA C TaKUMH Yriao-
BEIMH CKOPOCTAMH.

2°, Ecmm [Mgd-Coll <|A—C|{2 n Bemmunsm Mg d - Col
1 A— C uMel0T ORMHAKOBbIE 3HAKH; TO NPU TAKUX YINOBHIX CKOPOCTAX -
CYILECTBYET CTaluHOHapHOe NBUKeHHe ¢ cos 6 > 0. )

3°. Ecmr we [Mgd-+Col]<|A—C|4?, a Bemuman Mgd-
+Ce¢l 1 A—C umeloT pasuble 3HaKH, TO NPU CTALMOHADHOM IBH3e-
Hun cos 6 << 0. B satom cnyyae cywecmsyem ycmotidusoe cmayuonap-
HOe Jgudicertie maKoe, npyu KOMOPOM Lewmp mMANCecmit pacnoiomicen
8biuie 20MEMPUYECKO20 UEHMPa WaApQ.

PaccMOTpUM Teneph ocolble Cayyad,

a) 6, =0. Torna u3 ¢opmyn (12) crenyer, uro y=2=a. [lostomy

) m— L
f ku)'— (1 +u)2 K)
dIT* , . _
A G o= @) (—sint) =0,
4’1 o _ 18
A ('Teg—)ezo—f (u) (—COSeo)—(l—_i_—Ey + K>0.
Craunonaphoe [BHXeHHE BCEriia YCTOWUHBO.
6) 8, ==. 13 dopmyn (12) naxonum: y = —73. [losTomy
2

iy — 1
f (u)_m_K’

A (%}gﬂ = f' () (— sin 8,) =0,

PTI | :
A ( L] )U_‘.—_‘n = () (— cos8y) = (—1:.{—!1—0—2“1(= '14 — K,
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CranuonaprHoe pABHXEHHe . GyJAeT YCTOWUHMBLIM IIPH BLIIONHEHHH
YCI0BHA
78
=K

KOTOpOe B NMOAPOGHOfi 3aNHCH BHICAAOUT TakK:

Cr*>4AMgd. (16)
EcnH HepaBeHcTBO- (16) MMeeT Mecro, TO, XOTA B PaCCMaTPHBaEMOM
clyyae MEHTP TAXKECTH pacrnojoXeH Hall reOMeTPUYECKHM (EHTPOM

1apa, BpamieHHe BOKPYI BEPTHKaJbHOH OCH OyHeT YCTOMYMBBIM CTa-
LUHOHAPHHIM [BHXEHHEM,
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