[ DOPCAHT, K MONEP

HUCNEHHOE
PELLIEHME GHCTEM
JIMHEHHDIX
AJITEBPARYECKHX
YPABHEHHH






COMPUTER SOLUTION OF
LINEAR ALGEBRAIC SYSTEMS

GEORGE E. FORSYTHE

Professor of Computer Science
Stanford University

CLEVE B. MOLER

Assistant Professor of Mathematics
University of Michigan

PRENTICE-HALL, INC.
ENGLEWOOD CLIFFS, N. J.

1967



L. dopeaiit, K. Monep

YHCAENHOE
PELIEHHE CHCTEM
AHHERHbIX
ANTEGPAHYECHHX
YPABHEHH

ITepesod ¢ anzauiickozo
B. II. HIBHHA r 10, H. KYSHELIOBA

ITod pedaxyueit
I. 4. MAPYYKA

H3JATENLCTBO <MHP»
Mocksa 1969



YIK 517.9 + 512

ABTopHl 3TOHi HEGOABIION KHMIH — BeAylLIHe aMepHKaHCKHe
CHEUHANUMCTHE B 06J1aCTH NpHKJAAaAHOM MateMaTukd. B et onw-
CaHbl COBpPEMEHHBIE METOABl pelIeHHs JIMHEAHBIX aare6pauyecKHx
CHCTEM Ha 3JEKTPOHHBIX BLIYHCJAMTENbHBIX. MalIMHAX. Hanoxe-
HHE XapaKTepH3yeTcsl KaK BLICOKHM TEOPETHUYECKMM YpOBHEM,
TaK M KOHKPETHON NPaKTHYECKOH HanpaBJIeHHOCTBIO.

Kuura 6yner BecbMa moJe3Ha BCeM, KTO CBf3aH ¢ paGoToit
HA BBIYHCJHTENbHBIX MAIIMHAX, a TaKXe CTYAEHTAM, HHXeHepaM
¥ Hay4YHBIM paGOTHHKaM Da3JHYHBIX CHELHANbHOCTEH,

Pedaxyua AuTepaTypel N0 MATEMATUHECKUM HAYKOM

Hun, 2-2-3
16-69



NPEAHCIOBHE PEJAKTOPA NMEPEBOJA

Kuura k. dopcaiita u K. Mosepa «UncnenHoe peenue
CHCTeM JIMHEHHBIX anre6panuecKHX YypaBHEHUH» NpeAcTaBJsieT
co6ofi BecbMa HHTEpecHOE sIBJeHHE B HAYYHOH M TEXHUYECKOH
auteparype. [leso B TOM, 4TO aBTOPHl NOCTABHJIH CBOEH LEJbIO
paccMoTpeHHe He OOIIHMX BONPOCOB TEOPHH pelIeHHs JIHHeHHBIX
anre6pauyeckiX CUCTEM, a TOJBKO BBLIUHCIHTEJBHEIX €e acHek-
TOB, KOTOpBHIE OOBIYHO OTCYTCTBYIOT B MOHOrpaHueckoi JHTe-
partype.

Mexay TeM HMEHHO Takue BONPOCH B KOHEUHOM HTOre omnpe-
JeNsIOT yCHexX peasH3anii BBIYHC/AHTENbHBIX aJropHTMOB. ABTO-
pHl KHHTH SIBASIIOTCS KPYIHBIMH CHEUHaNHCTaMu B 06/1acT YHC-
JEHHOr0 aHaJ/lku3a, II0STOMYy OHH o0co6oe BHHMaHHE YHeJsIH
Hau6o/iee BaXKHBIM BOIPOCAM TEOPHH BBIUMC/IEGHHH H NpHJIOKE-
HHAM. .
TiatenpbHOCTh W TIVIyGHHA aJrOpUTMHUYECKO# mnpopaboTKH
OTAeNbHBIX 3ajay [AeJaloT KHHIY NPaKTHYeCKUM pPYKOBOICTBOM
'npH pelleHHU 3ajay JuHEHHOH anare6pbl Ha coBpeMeHHbIX DBM.
Jlnsg 60JABUIMHCTBA pacCMaTpPUBaeMbIX 3aJay NMPHBEAEHHI HE TOMb-
KO CaMH UHCJIEHHbIE a/JTOPUTMbI, HO U NPOrpaMMBIl /sl HHX, HalH-

' CaHHBle HAa HECKOJbKHX a/JTrOPUTMHUECKUX s13blKax. Tako# CTHJIb
H3JIOXKEHHA MaTepHana IMO03BOJSIeT HCNOJb30BaTh ero B padore

HEMOCPeNCTBEHHO, 6e3 ONOJHHTEJbHBIX ycuauit. MB Hameemcs,
YTO 3TOT CTHJb GyAeT OLOOpEH UHTaTeJNsIMH.

Xora KHHMra HeBesquKa no o6beMy, OHa COXEpPXKUT BeCbMa
Gonbliylo’ HHOOPMAUHUIO M, MO HalleMy MHEHHIO, OTpaxaer co-
BpeMeHHbIe. TEHICHIHH B BbIYHCAHTEIbHOA MaTeMaTHKe B CBA3U
ncnonb3opanuem dBM,



6 Mpeducrosue pedaxropa nepesoda

Ota KHMra, mpeanaraeMast Tenepb BHHMAHHIO 4HTaTesNedl B
PYCCKOM H3IaHWH, SIBISETC XOPOIWIHM BBENEHHEM B aJTOPHTMH-
YeCcKHe acleKTsl TEOPHH JHHEeHHBIX anre6panHyecKuX ypaBHEHHH.
Ona MoxeT c1yXKHTb YueOHbIM NOCOGHEM /1S CTYHNEHTOB, HHXe-
HEPOB H Hay4HBIX PaGOTHHKOB, HMEIOLIUX Ae/10 C MPH/IOXKEHHIMH
MaTteMaTHKH. HecoMHeHHO, uTo KHHra 6yner HHTePeCHOH ;s LIH-
POKOro Kpyra YHTaTesei. ‘

I. H. Mapuyx



Hocsawaemen LOxc. YuAKURCORY

NPEAHCAOBHE

Hacrosimasi mMoHorpadusi HanucaHa IMIaBHBIM 06pa3oM Kak
‘nocobue /s CTyNEHTOB, H3yuaIOWUX YHCIEHHBIA aHAJIHU3 H BHIUHC-
auteabHble MawnHbl, OHa BO3HHK/IA M3 Kypca YHC/IEHHOTO aHa-
Jd¥3a s CTYAeHTOB cTapiuux Kypcos CrTaHdopackoro yHWBepcH-
TeTa, KOTOpHIA Bescsd MO yueGHUKY, rie NMOouYTH He pacCMaTpHBa-
JUCh MaTpPHuHble 3ajlaud. ABTOp 3TOro yyeGHHKAa PEKOMEHIOBaN
YHTATEII0 TOJb30BAThCS TOTOBBIMH MPOrpaMMaMH BBIYHCIHTE/b-
HOTO LEHTPa, 2 B COMHHTE/IbHBIX C/yYyasiXx — KOHCYJIbTAllHAMH CIie-
uxanucTa. Mu, Ha060poOT, CUHTAEM, YTO CTYAEHTHl MOJKHBI 3HATh
MaTpHYHBIE IPOrPAMMBI, C T€M 4TOGbl yMeThb NMPUMEHSTb HJIH MO-
AHbHUMPOBATb HX B HYXHBIX cayuasx. Bonee Toro, Hawu CTyAeH-
TH BNOCJAEACTBHH CaMH MHCAJH HJIH TPAHCAHPOBAJH NPOrpaMMbl
AJ151 BBIYHCAHTENbHBIX HEHTPOB. YTOGH 3aNONHHTD CYLIECTBYIOLIH
npo6es, Mbl OATOTOBUJIH 3aMETKH MO MaTPHUHBIM BHIUHCICHHSIM,
¥ 4acThb 3THX 3aMETOK Jieria B OCHOBY JaHHON MoHorpaduu~ He-
o6xoauMble penBapHTe/bHble CBEJeHUs, IpUBENCHHBEe B pasA. |,
BKJIIOYAIOT 3JEMEHThl JHHEeHHOH anre6pel U HEKOTOPble OCHOBHI
IpOrpaMMHPOBAHHSL.

Mb1 aymaeM, uTO 3HaKOMCTBO C Gospuieil yacThio NpencTa-
BJIEHHOTO 3jech MaTtepHana 6bLio Gbl NMOME3HO CTyAEeHTaM H co-
TPYAHHKAM, 3aHUMAIOLIUMCSl MareéMaTHYeCKMM IPOrpaMMHpPOBa-
HHEM, CTATHCTHUKOM, WHKEHEDHBIMH 3aJ1aYyaMud H MHOTHMH JPYTH-
MH BONPOCaMH, B KOTOPBIX BCTPEYAIOTC MAaTpHUbI H BHIYHC-
JIEeHUsL.

Pewenne cucTeMel AuHeAHBIX aire6panyeckKuX ypaBHEHHH SIB-
AsieTCst ofHOM M3 3ajxay, HauGoJsiee YaCTO BCTPeYalOLKUXCS B pac+
yeraX. Tak Kak JuHefiHbie (QYHKUMH H3YYeHB Jyylle BCEro, TO
Haubosee pacnpocTpaHeHHOR MoAeablo GYHKUHOHANbHOHR 3aBHCH-
MOCTH siBJsieTcsi nuHefiHast. M 3To mpHBOAMT K cHcTeMaM JIHHei -
HbX ypaBHeHu#. Kpome Toro, GO/MbIUMHCTBO METOAOB pelIEHUS



8 ITpeducarosue

He/IMHeHHBIX 3ajauy CBOOMTCS K MOC/IEJ0BATENbHOCTH JUHEHHBIX
cucteM. SICHO nosToMmMy, YTO KaxKmas pacueTHas JaGopaTopHs
JOJI)KHA MMETb BO3MOXKHOCTb GBICTPO M TOYHO pellaTh JHHeHHble
anre6panyeckue cucteMel. Ho Kak 370 HHM yJAMBHTEJIbHO, TaKOe
TpeGOBaHHE YACTO HE YIOBJIETBOPSIETCH.

Kak ™Mbl nokaseiBaeM B pasg. 6, JHHEWHbIE CHCTEMBI MOTYT
CHJIBHO OTIMYATbCH APYr oT apyra. OmuH BaKHBI THN CHCTeM,
KOTOpOMY B 3TOH MOHorpauH oTgaetcs NpeANOYTeHHE, — 3TO
CHCTEMBI C MJIOTHBIMU XpaHSIIHMHCS MaTpHUAMHU K0S HIHeHTOB.
ITonnoe uccnegoBaHue BaXKHOro a/iropHTMa-— raycCOBCKOTO Hc-
KJIIOYEeHHs C HTePaLHOHHbIM yTOYHEHHeM — COCTaBJsieT LeHTpalb-
Hylo TeMy KHHTM. B mocieinux pasmenax naetcs Kpatkoe OINH-
CaHue OPYrHX METONOB pelleHHs JHHEeHHbIX H HeJHHEHHBIX CH-
CTeM. Co

ITo cpaBHeHMIO ¢ JPYyrUMH KOHCTPYKTHBHBIMH pa3nenaMu Ma-
TEMaTHKK YHCIEHHbIH aHaNH3 o6/1anaer CAenyIOIUMUY OBYMS 0CO-
6eHHOCTAMH:

(i) unTepec Kk TakUM mpobGJeMaM, KaK MalUHHHOE BpeMs H
Tpe6OBaHUsI aJrOPHTMOB K NaMSTH,

(ii) aHasnu3 OWIMGOK, BHI3BIBAEMBIX pPa3NHYHLIMH (hOpMaMH
apHMeTHYeCKHX AeACTBHH C OrpaHHYEHHbIM UYHC/IOM pa3psioB B
MalIHHaX.

ITepBoe coobpa’keHue jesaeT rayCCoBCKOe HCKIIOUEHHE METO-
JOM, NPeANOYTHTENbHBIM AJs pelleHus JuHeHHbx cucteM. OnHa-
KO CYIIECTBYeT MHOTO BapHAHTOB METOJOB HCKJIOYEHUs, U aHAMH3
OWHGOK C/IYXHT PYKOBOACTBOM K BEIGOPY OZHOTO H3 HHX.

B no6asneHne k HallleMy ONMHCAHUIO TayCCOBCKOrO HMCKJIOYe-
HUSl C YHCJEHHBIMH NpPUMEPAMH W aHa/lH30M OWHGOK MBI NPHBO-
MM KOHKDETHBIH BLIUHC/AHTE/IbHBIH a/ArOpHTM, KOTOPHIH CuHTaeM
HauayyiinM, JIas Goabliefi NOCTYNMHOCTH MBI JaeM €ro Ha Tpex
sizpikax: AJIFOJI-60, ASA ®OPTPAH u PL/I. B pasa. 17 mu
obpaijaeM oco60e BHHMaHHe HA Te MeCTa, e PA3JIHYHS B f3bl-
KaX WM NPOLECCAaX BbI3bIBAIOT TPYAHOCTH NPH TPaHCAHPOBAHHU
nporpaMM. Mbl gymaeMm, yTo 3TH NPOrpaMMBl H CONPOBOXK AAlOLLEe
HX O6CyXJeHHe SIBAAIOTCS BaXKHOI COCTaBHOH 4acThlO,

Mpbl nocBsilaeM Hally KHHTy YHJIKUHCOHY, KOTOpBIH OCOGeHHO
MHOro cpenaj AJsi HHC/JAeHHOro aHa/nH3da. CnemHanucTy Jayuquie
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BCero H3yyHTb [BE €ro KHHTH 1O MaTPHUUHBIM BBHIYUC/JICHHSM.
OnHako MeHee MOArOTOBAEHHOMY CTYAEHTYy B OOLIMPHOM Mare-
pHane 3THX KHHr pas3obpaTbcsi Heserko. ['ylaBHast yacTb Hacros-
el MoHorpadHH NOCBAILEHA pa3bsCHEHHIO W MOTHBHpPOBKE He-
KOTOpHIX aJITOPHTMOB W CPEACTB aHalH3a, NpeioXeHHBIX YHI-
KHHCOHOM. : -

MBI XOTHM BHIpa3HTb NPH3HATENBHOCTb 33 OCOGYI0 MOMOLIb
XeMMHHTY, KOTOpHIA 1I0Ka3aj HaM, KaK Majo MH 3HaeM O Mac-
uTabupoBaHHM MaTpHL, XeppHOTY, O3HAKOMHBIIEMYCSI C NEpBO-
Haua/JbHbIMH 3aMeTKaMH M BBICKA3aBWIEMYy pAA KPHTHYECKHX 3a-
meuaHut, Mak-Kumany, onyG6iHKOBaBlIEMy paHHHE BapHaHTHI
nporpammel Ha AJIT'OJle u3 pasn. 16, ITapaerry, KOoTopsiil npo-
peuneH3upoBal roToBylo pykKomuch, a taksxe bayspy, Bysusrepy,
Fony6y, Kaxany ¥ YHIKHHCOHY, NPE/JIOXKHBIIMM YTOYHEHHs B
pasHbIX 4acTAX pyKomucH. Mpl Tak:ke GyarogapHsl COTPyAHHKAM
BBIUHC/AUTENbHEIX UEHTPOB CT3HGOPACKOr0o u MHYUIaHCKOTO
yuuBepcuteroB, lIBefinapckoft BrICLIeH TEXHHYECKOH IIKOABI B
wopuxe u HccaepoBatenbckoii naGopatopHun B Plouuiukone,
Hlselfinapus, 3a HX NOMOIIb B ONPOGOBAHHH BBIUMC/JIHTENbHBIX

nporpamm. _
Lwopdou E. Popcair
Kaus B. Moaep






- 1. 0 NPEJINOJIATAEMOM YUTATENE
H LEJIH KHUTH

Mui npeamosiaraeM, 4To YHTaTeNb NMPOCHAYIIad Kypc JHHeHHOM
ajareGphl, O6BIYHO UHTaeMbIl cTyaeHTaM-MarematHKaM. Cienosa-
TeJbHO, MHl OXHJaeM, YTO OH 3HaKOM C MaTpHUaMH, NpeacTa-
BJASAIOLINMH JHHEeAHEE npeo6pa3oBaHUs B HaHHOH CHCTEME KOOp+«
IHHAT, ¢ BEKTOpaMH H HX KOMIOHEHTaMH. Mbl pacCuUHTHIBaeM,
YTO OH 3HAaKOM C NMOHATHSIMH 3KBHBAJEHTHOCTH, KOHI'DY3HTHOCTH
H nojo6us, a TakKxXke C KaHOHHYecKoi (opMoli MaTpHuL COOTBer-
CTBYIOLIMX NpeoGpa3oBauHii, Mbl npeanojiaraeM, 4To OH YCBOMJ
OCHOBHBle CBeJleHHs] 00 OmpeJeNHTeNsX H CHCTeMax JHHeHHBbIX
ypaBHeHHM, 0 COGCTBEHHbIX 3HaueHHAX M COOCTBEHHBIX BeKTOpax
Marpul. XopoiiH# 0630p 3TOro MaTepHaja COAEPKHTCA B ri. |
kuurd Panpneesoii [35].

- M=l mpeanoJsaraeM, 4To YHTaTeJb 3HaKOM C NPOrpaMMHpOBa-

HHeM Ha aBTOMaTHYeCKHX LM(QPOBBIX MallHHaxX Ha f3bIKax
®OPTPAH, AJITOJI-60, PL/I, uTo or 3HaeT KOe-uTO O YHC/EH-
HBIX pacueTax M CBs3aHHBIX C HUMH OLIHOKaX, HO HHYero He 3Haer
O BHIYHC/IEHHSAX C MaTpPHIAMH. )
" llenp asrTofi KHHUIH — AaThb BO3MOXKHOCTb TaKOMY YHTaTelio
KaK MOXHO ObicTpee pa3ofpaTh HECKOJIBKO XOPOLIHX IPOTpaMMm
pelleHHs CHCTEeM JHHEHHBIX ypaBHEHHH, a TaKXe MOJY4YHTb Npef-
CTaB/ieHHe O BO3HHMKAIOUIMX NPH 3TOM OWIHOKAax.



2. HOPMbl BEKTOPOB
H MATPHL

Mb npexamosnaraeM, 4TO uMTaTelb JOCTATOYHO 3HAaKOM C
anreGpoll MaTpul, NPeACTaBIAIONIUX JHHelHHEe nmpeoGpa3oBaHusl.
JJ1s1 MOHMMAaHMs YHUCJAEHHHX MAaTPHYHBIX MeTONOB HeoOXOZHMO
TaKXe 3HAaKOMCTBO C TeOMeTPHYeCKHMH MNpeACTaB/JACHHUAMH H
CBOHCTBAMM MAaTPHI, KaK JIHHeHHBIX npeoOpa3oBaHuMi, TaK KakK B
pacueTax Mbl HemoCpeACTBEHHO HHTepecyeMcsl 3HAaUeHHAMH pas-
JHYHBIX BHIYHCAAEMbIX BeJHYHH. MBI BBOXHM 3TH IOHSATHS B 3TOM
H caexyomeM pasfenax. bonee noapoGHoe H3moxkeHUe ¢ goKa3a-
TeJBCTBAMH MoOXHo Hality B xHure B. H. ®anneesoii [35), onnako
teopembl (3.1) TaM Her.

I'chn, x=(x1, X2, ..., X,)T 03Hauaer BeKTOp-cTONGEN B Belle-
CTBEHHOM 71-MEpPHOM npocrpaﬂcme R,. Ilycts xT o3Hayaer Bek-
TOP-CTPOKY, TPAaHCHOHHPOBAHHYI0 K X. Mnbl BBOJHM MNOHATHE €B-
KJIMJOBOH NJIHHBIL, HJAH HOpMbl, BeKTopa X, o003HauaeMoil uepes
llx|l, onpenensa ee mo dopmyne

@2.1) Ixll=Via P+ .. +x.P=V*x.

Hopma o6aagaer ciaeayioinuMi CBOACTBAMH, aHAaJOTrHYHBIMH
CBOHCTBaM OOBIYHOH AJIMHBI B MPOCTPAHCTBE ABYX HJIH TpPeX M3«
MeHeHH:

(2.2) llexll=|cl-llx]] ana Bcex BemecTBEHHBIX ¢
‘ H BCeX BEKTOpPOB X;

(2.3) [6}=0 u Jx[[>0, ecau x==0
(3mecp O o3HauaeT HyJNeBOH BEKTOp);
(2.4) lx+yl<Ixl-+llyll zas Bcex BeKTOPCB X H Y.

(PaBeHcTBO B hopMyse (2.4) HMeeT MeCTO TOrjga H TOJILKO TOT/Aa,
KOTZa X U y ABJAIOTCA JHHEHHO 3aBHCHMBIMH, T. € KoJLIHHeap-
HHIMH BEKTOpPaMH.)

CsoiictBa (2.2) u (2.3) creayoor HenmocpeacTBeHHO u3 (2.1).
HokasaTeabcTBo cBoMcTBa (2.4) MBI ocTaBasieM uHTaTenio. Jlas
Toro 4to0bl ero MpPoBecTH, AOCTaTOYHO AOKa3aTh H3BECTHOe Hepa-
BerctBo Komn — IlBapua — ByHakoBckoro

(2.5) LTy I<Ix -yl

ans mobbix x, y. JIns nokaszatenbcTBa HepaBeHCTBa (2.5) 3ame-
THM, YTO OMO SIBJSIETCS HEOGXOAHMBIM YCJIOBHEM HEOTPHUATENbe
HOCTH KBaJpaTHYHOH (HOPMBI

(ax +By)" (ax + By) = o?ll x P + 208xTy + B[ y |
A5 BCeX BeEIleCTBEHHHX o M f. '
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N

Tenepr Mbl onpemenuM HOPMY BeleCTBEHHOH MaTpHUH A,
UMeloHled 1 CTPOK U 1 CTONGLOB:

_ [ Ax ||

Orciona HemoCpeACTBEHHO CJeAyeT, uTo
(2.7) llcAll=|cl|-lA|l mas Bcex BEIUECTBEHHHIX ¢ M Bcex A;
(2.8) [©)=0 u JJA]|>0, ecau A0

(3mecp © osHauaeT HyJeBYIO MaTpuuy).
(2.9 N1A+BI<IAl+IIB] nas Bcex (n X n)-marpuy A u B;

ATo TOYHO Te XKe CBOfiCTBa, uTO M CBoficTBa (2.2)—(2.4) maa
BeKTOpoB. Takum o6pasoM, MHOXecTBo (nXn)-Mmatpun A Moxer
ObIT HHTEPNPETHPOBAHO KaK HOPMHPOBAHHOE BEKTOPHOe Npo-
cTpaHCTBO pa3mepHocTH n? K3 onpenenenns (2.6) Takxe Heno-
CpEe/JCTBEHHO BHITEKaeT, 4TO

(2.10) ITAxI<IAl-Ilxll ans Becex A4, x.

Bonee Toro, u3 Hero xe ciaenyert, 4ToO Hi{)aseﬂcmo (2.10) «He-
yayuiiaeMo», T. e, ISl KaXKA0H MaTpPHUH A CyIIEeCTBYeT BEKTOD X,
TaKoii, 4To

(2.11) fAxi=1Al-lx].
Uurateno npefocTaBasiercsi A0KasaTh, uto H3 (2.6) ciaexyer
(2.12) NABIIAll-IBl mas Bcex matpuu A, B.

Hmenno cpofictBa (2.10) u (2.12) penalor HOPMbl BEKTOPOB
M MaTpHIl CTOJb [OJNE3HBIMH NMpPH H3yYeHHH JIHHEHHBIX oTOGpaKe-
HUE U B OCOGEHHOCTH MPH aHa/lu3e OWHOOK B PeLIeHUH CHCTEM
NHHeAHbIX ypaBHeHHH.

KBagpatHas Matpuuna A mnpeacraBaser jauHeRHoe npeolpa-
3oBaHue (oToOpakeHHe) KaxKAOro BeKTOpa X OXHOrO n-MePHOro
npocTpaHcTBa X B BEKTOp y=AX APYroro n-MepHOro npocrpaH-
crBa Y. Onpenenenne (2.6) MoxeT GbITh BbipaXKe€HO B CaeaymolLlei
3KBHBaJIeHTHOH dopme:

(2.13) IAll= fmax Il Ax .

MoxHo cuutarb, uto ¢popmyaa (2.13) onpenensier ||Afl kak Hau-
GoJablIYI0 AJAMHY BekTopa B o6pase {Ax} epuHHuHO# chephl
{x:llxll=1} npu npeoGpasoBanuu Xx—> Ax.

HanomHuM, uTo opToronanshasi matpuua U xapakrepuayercs
csoiictBom UTU=UUT=], rae | — exunuuHas marpuua, Orobpa-
wenue x— Ux npeacraBasier BpalleHHe A-MEPHOTO MPOCTPaH-
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CTBa, COMPOBOXKJaeMoe HHOra OTPaKeHHEM OTHOCHTEJIBHO HEKOs
TOPOH T'HNEePNIOCKOCTH.

EBkaunoBa HopMma (2.1) cooTBercTByeT OGBLIYHOMY NOHSATHIO
OMUHBI B ABYX- H TpPeXMepHbIX NpPOCTPAHCTBAX H NO3BOJIAET HC-
N0JL30BaTh HaIly reoMeTPUYeCKyl0 HHTYHIHIO B HPOCTPaHCTBAX
Gosiee BBICOKHX pa3MepHOCTeH. ITa AJIHHA COXpPaHAETCs OPTOro-
HalpHBIMH MaTpuuamu, Tak uto |lx||=[Ux| m1s Bcex oproro-
HasnbHbIX MaTpHL U. _

Mbl paccMOTpenH TONBKO OAHY H3 BO3MOXHBIX BEKTOPHHIX
HopM. [IBe JpyrHe, 0ObIYHO HCNOJNB3YyeMble B YHC/IeHHOM aHallH3e.
TaKOBBI;

]
(2.14) lxh= 21l
. |
(2.15) I%lo= max | x|
I<i<n

DTH HOPMBI BEKTOPOB YAOBJETBOPAIT YCJAOBHAM (2.2) —(2.4) W,

B CBOIO Ouepe/ib, MOPOXKAAIOT COOTBETCTBYIOUIHE HOBble MaTpPHUHbIE

HOpPMH, coracHo onpéfenentio (2.6). MsBectHo (cM., HanpuMmep,
[35] '

B. H. ®agzneesa ), uTo
n
(2.16) - I Aly= max 2|ayl,
I€ji<n i=1
n
(2.17) Il All, = max Zlaul-
Iign =1

HcnonbsoBaHnue 3tuX ABYX HOPM He MO3BOJSIET HaM TaK CBO-
GOMHO MOJbL30BAThCA reoMeTPHUYECKOH UHTYHUHeH, H, KpoMe TOro,
npeo0pasoBaHus .C COXpaHEHHEM 3THX HOPM OCYILECTBJSIOTCA
MeHee OOIIHM KJaCCOM MATPHI, YeM KJAacC OPTOrOHAJBHBIX Ma-
tpun. OaHaxo Hopmbl (2.16) u (2.17) Jnerue BHIUHCIAHTH, 4YEM
eBK/JIHJA0BY HOPMY, H OHH OY€Hb MOJE3HH BO MHOTHX NPHJIOKE-

HHSAX, - '
‘ [ToytH Bce cKazaHHOe B 3TOM pasjese MOxeT ObITh mepeHece-
HO Ha KOMIVIEKCHble BeKTOpH H MatpHubl. Heo6xoaumo Toabko
3aMeHHTb TpaHcnoHHpoBaHue XT U AT KOMIVIEKCHC CONPSIXKEHHBIM
TpaHCmOHHPOBaHHEM ¥H=ixT n A¥ =47,

(2.18) Ynpaxuenue, [lokasaTe (2.4), (2.12), (2.16) u (2.17).
(2.19) Ynmpaxuenue, IlokasaTs, 4to ans A060# (nXn)-MaTpuus A
max| ai;I<IIAII<nH}aIXI_aul-



3. IHAFOHAJIbHAR ®OPMA MATPHILbI
NPH SKBHBANEHTHBIX NPEOSPASOBAHMAX
C OPTOTOHANbHBLIMH MATPHLLAMM

Mbl XOTHM H3/IOXHTb HEKOTOpble IeOMeTpHUYecKHe coobpakes
HHS OTHOCHTENILHO KBaApaTHO#H MaTpHubl A, CBA3aHHBIE C TE€M, UTO
aTa MaTpulla NpeAcTaBiaseT JHHeHHoe mpeofpa3oBaHHe OLHOrC
€BKJHAOBAa n-MEPHOro NMPOCTPAHCTBA B JAPYroe TakKoe XKe Ipo-
crpaHctBo. IIpeanonoxuM, uto B OGOHX MPOCTPAaHCTBaX 3aAaHbl
OpTOroHaJIbHbBIE CHCTEMH KoopauHat. I[lo MHeHHIO aBTOpoB cie-
ayioomas TeopeMa (3.1) npuBomMT K mpocrefllell HHTEPNpPETalHH
JMHeiHoro npeoGpa3cBaHHsA, NpeacTaBieHHoro Marpuuefi. Ha-
NOMHHM, YTO OpPTOrOHa/lbHAas MaTpHua Ohljla onpefeneHa B
pasnm. 2.

(3.1) Teoeema. Jus aro6oil sewjecteennoti (nXn)-marpuyst A cy-
wecTeyroT 08e seujecTaerHble OPTO2OHAAbHbIE (N XN)-maT-
puyor U u V, takue, uto UTAV OQuazonasvnas marpuya D.
Boasee 1020, moxcHo suibpate U u V tak, utobbl duazonairs-
note arementor D umesu 6ud

MZPe= oo ZWh SR = ... =N1,=0,

2de r— panz marpuyvr A. B wactnocTu, ecau A nesblpo-
ocOenna, 1O
BM=pe= .. =0, >0,

Torpa uucaa Wi,..., 0n Ha3HIBAIOTCA CUHSYNAPHLIMU HYUCAQ-
mu marpunsl A. Kak 6yaer nokasaHo B 3TOM pasjesie, OHH mpej-
CTaB/ASIOT COGOH HeOoTpHIlaTeNbHble KBanpaTHBle KOpPHH (00s3a-
TeJIbHO HEeOTPHLaTebHbIX) COGCTBEHHBIX 3HAYEHHH CHMMeETpPUYHOH
matpuunl AAT, rpe AT —wmarpHua, TpaHCNOHMpPOBaHHas K A.
[MpakTHueckn Bce CBefEHHS IJsi PelleHHs CHCTEMBl ypaBHEHHH
¢ Marpuue#i A CBA3aHBI C XapaKTePOM MHOXeCTBAa CHHIYJISPHBIX
ygcen 3toll Marpuusl. JlokasarenbcTBe Teopembl (3.1) npaHo B
pasa. 4.

ABTOpHI PYKOBOACTB MO JMHHeHAHON anrebpe, kacasch mpeobpa«
30BaHHN 3KBUBAJEHTHOCTH, OOLIYHO npH (GopMyJHPOBKE TEOPEMBI
(3.1) paccmarpuBaior BMecro U7, V npousBosibHble HEBHIPOXKAEH-
Hble MaTpuun P-!, Q, a BMecto Wy, ..., pr — eAHHHLSL, 11 BbI-
YHCJAHTENbHBIX LeTeH OpTOroHasbHble MaTpHUbl HMEIT ropasio
_6oABLIYIO 1eHHOCTD, TaK Kak [[Ux| = [lx]| aas mo6uix oproronals-
HbIX MaTpHul U ¥ mo6eix BekTopoB X. CieaoBaTe1bHO, YMHOXKEHHE
Ha OpTOroHa/ibHble MaTpHLbl COXpaHseT AJHHY BeKTopa, TOraa
KaK yMHOXeHHe Ha NMPOH3BOJBHYIO HEBHIPOXKAEHHYIO MaTpuly P

MOXKET H3MEHHUTh €€ OueHb CHJAbHO. DTO Ba’KHOE OTJIHUHE,
: -
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Yro6b! MOHATH 3HaueHue teopeMul (3.1), paccMoTpHM Matpu-
uy A, npeAcraBasioOmyl0 JuHEeHHOe npeo6pasoBaHHE ORHOTO
n-MepHOro npocTpaHctsa X B Apyroe Takoe e MPOCTPaHCTBO Y.
Takum o6pasoM, y=Ax npuHagnexur Y pas Jwo6oro x us X.
[MpexncraBass auHeitHoe Npeo6pa3oBaHie C NMOMOLIbIO MaTpHUb! A,
Mbl IpeAnosaraeM, uto Kaxk B X, Tak ¥ B Y 3amaHbl OPTOroHa/b-
Hble CHCTeMBbl KOOpAHHAT. Tenmeper paccCMOTPHM OpPTOrOHaJbHOE
npeo6pasoBaHHe CHCTEMbl KOOpPAHHAT B MpocTpaHcTse X, B pe-
3y/bTaTe KOTOPOro BEKTOp X MOJYYHT HOBOe NpeAacTaBjeHHe X/,
rne x=Vx’. TakuM Xe o6pazoM, NPpUMERSS APYroe OpPTOroHalb-
Hoe mpeoGpa3oBaHHe KOOPAMHAT B Y, MBI NOJYYHM HOBble KOOp-
IvHaTtH Aas y, umenHo y’, rae y=Uy'. 3gecy kak U, tak u
V — marpuus us (3.1).

B pesysnbrate u3MeHeHusi 6asucoB B X u Y mpeoGpasoBaHue,

mepBOHaYalbHO mpeAcTaBideHHoe Martpuuel A, 6yaer npexcra-
BJIATbCA, KaK MH noKaxkeM, Matpuunei D. JleficTBHTeIbHO,

Y=Uy=UTAx=UTA(Vx')=
= (UTAV)x' =Dx'.
TakuM o6pasoM, y'=Dx’, uro u TpeGoBasOCh JOKa3aTh.

B HOBO#/ opTOroHanbHON CHCTeMe KOOpPAHHAT mpeo6pasoBaHue
uMeeT oueHb npocToe npexacrabienue, IToayuaeM g1si KOMIOHEHT

Yy =R,
y; = uzx;r
\ ]
(3.2) Yy =nx,
yr’+l = 0' N
y,=0.

IIpeo6pa3oBaHue Tenepb NPoOCcTO 0TOGpakaeT NepByid KOOPAUHAT-
Hyo ocb X B MepByI0 KOOpAHHaTHyi och Y ¢ KoadouiHeHTOM
pactskenus p;>0. To xe camoe npogenviBaercst co 2-i, 3-4, . ..
...,F-H - KOODAMHATHBIMH OCAMH mpocTpaHcTBa X, NpHYeM
U2, Us, - - - » lr HTPAIOT PONB KO3 bHUHEHTOB pacTsikenus. [locre-
aywomue (r+1)-1,...,n-9 KoopauHaTHeie ocH X oto6paxalorcs
B HyJIeBOH BeKTOp mpocTpaHcrTBa Y.
ITycrs AT — matpuna, tpaHcnoHupoBanHass K A. Torna

D™D = (UTAV) (UTAV)=VTATUUTAV = VTATAV.

-
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TakuM o6pasoM, VT (ATA)V=DTD ecTv nuaroHalbHas MarTpHUa
¢ AMaroHaJbHEIMH 3jeMeHTaMu p3, ..., 2, 0, ..., 0. Tak kak V
oproroHanbHa, To VT=V-! y npeo6pasoBanue VT(ATA)V coxpa-
HAeT cOGCTBeHHble 3HaueHHs1 MaTpHubl ATA, KoTophle, ClefoBa-
TeJIbHO, paBHB B, U2, ..., 2 0,...,0. Takum o6pa3oM, CHHTY-
JSIpHBIE uyHMC/a MaTpuubl A ecTb HeoTpHUATEJbHbLIE KBaApaTHbIE
KODHH COGCTBEHHBIX 3HaueHuit Marpuusnl ATA. Dto nocrepnee
CBOACTBO 4aCTO HCMOJb3yeTcl AJs Olpefes€HHSI CHHTYJASPHBIX
yHcels.

C nomomsio CooTHoleHHA (3.2) MBI MOXKEM Nokasarts, yto D
orobpaxaer eAHHHuHYI chepy S={x":|lx'[=1} B r-Mepublil
«rygnepatuncodn» E=DS BexTopoB y’, TakuX, 4TO

,2 ,2 ,2

Yr

Yy Yo ’
—S+=5+ ... +5<1 u y,=...=¢y=0
p.% l‘g uf r+l 4
ecau r<n, 1

,2 2 ,?2

Yy Yo Yn

S+ + ... +—5=]

L3 Ko By

ecni r=n. Touka us E, Haubonee ynaneHHass or Hayajaa KoopAH-
HaT 0, umeer KoopauHath! (u;, 0,...,0). Ecau r<n, ro E conep-
JKHT HauaJo KoopauHat 0. Ecau r=n, To E He COmepXHT Haya/la
KoopiuHAT M .TouKa u3 E, Gauxaiiias K 0, HMeeT KOODAHHATHI
(0,...,0,un). Ectu r<n, to D wu, cnenoBatenpHo, A — BIpO-
xaeHHble Matpuusl. Ecau r=n, T0 D 1 A HeBHIPOXAEHHH H
uMelT o6parHele. B 3ToM civuae HenocpeACTBeHHO M3 (3.2) M

BUAMUM, 4TO
Ty O

’ -1
0
TakuM 06pa3oM, CHHTYJASPHBIMH YHCJIaMH MaTpHus A-! gBJISIOT-
-1 -1
ca purl, .., ph

M3 npeasipyllero o6CyMIeHHs H oEpejeseHug (2.6) Mbl 3a-
KJlroyaem, UTo

D=

(3.3) I Al =={ D pre,
Ecay r=n, 10
(3.4) lal=1p" 1=

2 3ak. 48
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Buaenum tenepbh HaHGoJee CyllecTBeHHHle CBOCTBA HEBH-
pOKIEHHOM KBaApaTHOM MaTPHUH A C CHHTYJISIDHBIMH 4YHCJIaMH
W1 2> e 2> ... 2> Un > 0. Umeercs npsimas L, B X, rakas, uTo
MaTpuua A pactaruBaerT (uau cxkumaer) L, B u; pas. Cymecr-
pyer- apyras npsmas Ln, oproronaabHas x L;, Takas, 4Tto Ma-
tpuua A pactaruBaer (MM CXKHUMaeT) ee B U, pas. Bosee Toro,

Ly u AL, oproroHansHul B Y. EXHHHUHA OKpYXXHOCTb B IO«
cxoctd Ly u L, orobpaxaerca maTpuuelt A B 3JaHIIC ¢ moayocs-
MH ] H [p. DTO HaHGOJBbIIEE HCKAXKEHHe, KOTOPOe MOXET mpo-
M30ATH ¢ JMI060H OKpyXKHOCThIO B X.

3ameTuM, yto onpepenurens A, det(A), yaoBnerBopser ycio-
BHIO

[det(A) |=ppy - .. o

JlokasaTelbeTBO Ciaeayer U3 TeopeMbl (3.1), H3 paBeHc'rBa‘
det (A) = det (UT) - det (D) - det(V),

a takxe H3 (akKra, YTO ompeldeNHTelb OPTOTOHAABHOR MaTpHIH
paBeH =1,

(3.5) Ympaxuenue, [Tycts A — cuMmerpuuHas Martpuua. [lokasars,
yto B TeopeMme (3.1) CHHryJspHHEe YuCaa W; €CTb YHCTIA
{Ai|, B3ATHIE B HOJDKHOM mNOpsiAke, A€ A; — COGCTBEHHBIE
3HAUEHHS MaTpHUH A. :



4. IOKASATEJIbCTBO TEOPEMbI
0 NPUBEREHMH K AWATOHANBHON ©OPME

Ilns mokasarensctsa (3.1) sameruM, uro B=AAT — cuMmme-
TpHuHas MmaTpHua. Bosee Toro, Tak Kak s Jio60ro BeKTopa X

xTBx = xTAATx = (ATx)Y (ATx) =yTy =Ny F =0,
rae y=ATx, Ml BHAHM, 4TO B — NmOJIOXKHTENbHO MNOJyOnpese-
JIeHHasy MaTpHua. STO O3HayaeT, 4YTo BCE €€ n COOCTBEHHBIX 3Ha-
YeHHH HeOTPHIATENbHH, TaK YTO Mbl MOXXeM 0603HAYaTh HX Yepe3
R, U3 ..., M3, THE

M= ..o 21, =0,
[MpeanonoxuM, uto u, > 0, HO Ju6O r=n, JH60
Prar= «o. =, =0.

W3 Teopuu BelUeCTBEHHBIX CHMMETPHUHBIX MaTpHIL CJIEAYeT,
YTO MBI MOXeM HaHTH opToroHanbHyio martpHuy U, Takylo, uTo

_ UTBU = D?,
rage D — guaroHaspHasg MaTpHpa ¢ QHAaroHAJAbHBIMH 3/JeMEHTaMH
diy=m =0 (i=1,2,..., n)

Tenepb onpexenum (nXn)-marpuny F xax

(4.1) F=UTA.
Torga FFT= (UTA)(ATU) =D?, TaK uto MarpHua
(4.2) ‘ FFT=D?

ABJseTcs AuaroHaiawHo#. Ilpu 3TOM i-#i AMAaroHaJbHBIA 3/J€MEHT
B paBeHcTBe (4.2) yKasblBaeT, YTO HopMma i-H CTPOKH f; MaTpH-
usl F pasua p; (i=1,2,...,n), 1. e. [If:il=p;. Bonee toro, pa-
BeHCTBO HYJ/II0O HeAHATOHAaJbHBEIX 37eMeHTOB B (4.2) nokashiBaer,
yTO pasMuuHble CTPOKH MaTtpuunl F opTOroHa/lbHBl APYT APYTY.
Tak Kak p1 2> p2=>>...2>> p.>0, nepsule r cTpok Marpuusl F —
HeHyJeBble MOMapHo OPTOrOHaJAbHble BEKTOPH [y, ..., [, Ecau
r<n, TO OCTadbHHE CTPOKH frii, ..., [n SABASAIOTCH HYJIEBBIMH
BeKTOpaMHu 0. .

MH Teneps NOCTPOHM OPTOHOPMANBHYIO CHCTEMY BEKTOP-CTPOK
UL, ..., Un CIAEAYIOUIHM OGpa3oM:

(4.3) ma i=1, ..., r noycm v,=J—-f,.
i

CnemoBarensto, lluill= ... =lv.ll=1. Oas i=r+1,...,n BHOGe-
peM B KaueCTBe U; TaKHe BEKTOpH ¢ €AHHHYHOH HOPMOM, 4TOOGHI

2*
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LN

BEKTOpH Uy, ...,Un GBI B3aHMHO OPTOrOHAJbHBL DTOT MpOLECT
NOCTPOEHHs OPTOHOpPManbHOro 6asuca, Kak HOKa3HBaeTcss B JH-
HeiiHo#l anre6pe, Bceria BO3MOXKEH,

Ilyctes VT — maTpHma, CTPOKaMH KOTOPOH SIBASIIOTCSI BEKTOPBI
01, o ey vn: ’

U
U

Tormna opToHopMajbHOCTH BeKTopos {v;} osHauaer, yro VTV=],
taK uto V sBasieTcs opToroHaabHoi martpuued. Bosee Toro, mbl
BHAHM H3 (4.3), uTO

fi=wo,  (i=1,..., n).
CuaexoBaTenbHO,
(4.4) F=DVT,
Ho u3 (4.1) u (4.4) nonyuaewm, uro
UTA=DVT,
OTKyza
UTAV =D

H, TaKuM o6pa3oM, teopeMa (3.1) mokasana.

Teopema (3.1) moxeT GHITH pacnpocTpaHeHa ¢ HeGOJMbIINMH
M3MEHEHHAMH Ha MPOH3BOJIbHYIO INPAMOYTo/bHYI0 MarpHuy A.
Jas nomHOTH MH chHOPMyJHpyeM 3TOT pesyJ/bTar.

(4.5) Teopema, Zaa aw6oi sewecTeennol martpuybl A panea r,
umeroweil n cTpok u k crorbyos, CyuyecT8YrOT 6eujecTsen-
Has oprozonasvnas (nXn)-marpuya U u sewjecTsennas
oproeonasstas (kXk)-marpuya V, rakue, uro UFAV ss-
aserca (nXk)-marpuyeii suda

W O
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(4.6) Ynpaxueuue, JJoxaszate (4.5).¥xazanue: Cnenonarb Joka3sa-
TenbcTBY TeopeMsl (3.1). Ilycte

D ©
saru-[2 2]

F
TA=
van]

IMoka3atk, ut0 G=O U 1. A.

(4.7) YnpaxueHuE, [Inf npou3BOJBHONH HEBBIPOXAECHHOH MAaTPHIbl
A uaiiti paccrosinue a0 GauKalillell BRIPOXJAEHHOH MaTpH-
1bl, T. €. HalTH MHHUMyM BeJHuuHbl ||A — S| aas Bcex BbI-
poxnenHbix MaTpun S. (OTBeT: p,.) ABnsercs au Gauxkaii-
ilass MaTpHLla €IUHCTBEHHOM?

(4.8) Ynpaxuenue. /1151 npOH3BOJILHOM BBIPOXKAEHHON MaTpHusl A

HaHTH pacCTOssHHe Jo0 OJHXKaflled HeBbIPOXKIAEHHOA Ma-
TPHILBL



5. THNbI BbIYHCAHTENLHLIX SAAY
B NUHEAHOA ANTEBPE

Mer cHauasma mepeuyHCaHM THOBI 3ajJay, paCCMaTPHBAEMHX B
3TOH KHHMre HJH HMEIOIIUX K HUM OTHOUIEHHe, a B JaJbHeHIIeM
o6cynuM HX Gosee HeranbHO. K. BHIUHCIHTENBHEIM 3a1a4aM OTHO-
CATCS CIaeayIOIHE,

(a) Pemmnts annefinyio cucremy Ax=0b, rae A — naunas ue-
BEIDOXXJEHHAsl KBaJpaTHas MaTpHuUa NOpsiika n (BelleCTBEHHAs
WIH, BO3MOXHO, KOMIUIEKCHAs), b — NaHHBIN BEKTOP-CTONGEL C 7
KOMIIOHEHTaMH M X — HEH3BeCTHHIH BeKTOP-CTOJGel C n KOMIO-
HEHTaMH.

(b) B npenbiaymedt 3afiaue HHOrAa 3a4aeTCsi HECKOJBKO Npa-«
BbIX yacTelf b, Hanpumep k, U TpeGyercst HAHTH TaKxe B HeH3Be-
CTHBIX BEKTOPOB X. EcCiH B3siTe B KauectBe B (nXEk)-matpuuy
npaBBIX yacTel, a B kKauecTBe X — COOTBETCTByoOWyl0 (17X k)-Ma-
TPUUYy PElIeHHH, TO Mbl JAOJXHBI pelluTh cucteMy AX=DB, rge
marpuua A onpesenena B n. (a).

(¢) Hajitu ob6pathyio Marpuiy A~! pisi J1aHHOH HEBBIPOKAEH-
Hoit Matpuubl A.

(d) s mauHOM BelleCTBCHHOH CHMMETPHYHOH MaTpuusl A
HAMTH HEKOTOpble HJH Bce ee (0673aTesIbHO BellleCTBEHHBIE) COG-
CTBEHHble 3HAUEHHS, a TaKXe, MOXeT OblTh, COOTBETCTBYIOLIHE
COOCTBEHHBIE BEKTOPH! X.

HHorzna craBuTCS Ta XKe 3ajaya AJs KOMMJAEKCHOH 3PMHTOBOM
maTtpuubl A (T. €. MaTpHUB, KOTOpAask paBHA TPaHCIOHHPOBAHHOM
K ee KOMIUJIEKCHO comnpsxeHHoi). B 3tom cayuyae kaxpaoe co6-
CTBEHHOE 3HayeHHe A SBJSETCS BELIECTBEHHbIM, HO COGCTBEHHBIE
BEKTOPBE! X OGBLIYHO KOMMJIEKCHB.

(e) JIna 3aJaHHBIX BellecTBEHHON CUMMETPHYHOH MaTpHUb A
H BeLleCTBEHHON CHMMETPHYHOH TOJOXUTEABHO ONpeleseHHOM
MaTpuuel C HaliTH Bce WM 4acTb 0GOGUIEHHBIX COGCTBEHHBIX 3Ha-
yeHuii. O606weHnoim CO6CT8EHNbIM 3HAYEHUOM HA3HIBAETCS YHC~
JI0 A, TaKOe, YTO CyHIeCTBYeT BEKTOp X, YAOBJETBOPSAIOUHH ypaB-
Hennio Ax=ACx. UHorpa HeOGXOZHMMO BHIYHCIHTH TAKKe COOT-
BETCTBYIOLINE BEKTOPHI X.

(f) dns npaHHOM npOU3BOJMBHONH BeuwleCTBeHHOW (HAM HaKe
KOMNJIEKCHOR) Matpuusl A HalTu HEKOTOPBIE HJH BCe COGCTBEH-
Hble 3HAYEeHHS A M, BO3MOXHO, TAKXXe COOTBETCTBYIOUIHE COGCTBEH-
Hble HJIH KOopHeBbie BekTophl. (/larke A/ RelIeCTBEHHOH MaTpH-
usl A Bce A MOryT ObiTb KOMI/IEKCHBIMH.)
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HanoMHuM, 4TO 1A KaXXAOro COGCTBEHHOrO 3HAUYEHHT A Ma-
Tpuubl A CyllecTByeT mo KpaiHell Mepe OJHH COGCTBEHHBIH BEK-
TOp X, Takoi, yto Ax=Ax. Eciu A umeer anre6panyeckyio Kpart-
HOCTb M, GOJbIIYIO eNUHHUB, TO He 00S3aTeJBbHO CyILECTBYIOT
elle Kakue-1u60 COOGCTBEHHBle BEKTOpHl, COOTBETCTBYIOUIHE A H
JUHEHHO He 3aBHCAIHe OT X, Ecan x gBJAsfETCH eAHHCTBEHHBIM
COOCTBEHHBIM BEKTOPOM, NIpHHaJJeXalluM A, TO CyLIeCTBYIOT TaK
Ha3blBaeMble KOpHesbie 8eKTOPLL Yy, Yz, . . ., Ym—1 (HE ONHOSHAYHO
onpejesieHHbIE), TaKHE, YTO

. Ax =Ax,
(6.1) Ay, = Ay, + x,
Ay =2+ yp (=2, ..., m=1).

OroT o6IHA Caydall OCMOKHAETCA HajuudeM GJOKOB B KaHOHHM-
yecKoili xopaaHoBoit ¢opme MaTpHUBH A.

(g) HHoraa MbI NOJKHBI OTHICKHBAThb HEKOTODHIE HJIM BCE A,
JIsT KOTOPBIX ypaBHEHue

AAx +ABx+Cx =0

MMeeT BeKkTOp-pelneHHe x, rae A, B u C — naHHble KajpaTHEle
matpuusl, Korga A u C BbipoxAeHHBlE, NpoGaeMa CTaHOBUTCS
3HAUHTENbHO CJOXHee.

(h) Idns sapansbix (nXk)-marpuust C, rae n>k, w BekTOp-
cronbua d ¢ n KOMIOHEHTaMH HaHTH BEKTOP-CTONGEL X C B KOM-
NOHEHTaMH, Takoh, uro6ei Hopma [|[Cx—d|l BekTOpa HEBSI3KH
Cx —d 6bl1a N0 BO3MOXKHOCTH MeHblLIEe. DTOT BEKTOP X ABASETCH
peuwleruem no merTody Haumerowux K8aoparos (OOLIYHO) Heco-
BMeCTHOH cucTeMbl ypaBHeHHH Cx = d. Ecau padr martpuuns C
He paBeH k, TO cylleCTByeT GeCKOHEYHOe YHCJO BEKTOpOB X, SIB-
JITIOMIHXCH pellieHHeM NO MeTORy HaHMeHplLIMX kBajapatoB. MHo-
rna TpeGyeTcs HaATH Cpelu HUX pellleHHe X, o6jajaioliee Hau-
-Menbliell HopMo# |lx|l, Takoli BeKTOp Bcerha e IHHCTBEHHBI.

(i) CywecrByer 60.pllIoe YHCJAO 3aJa4, CBA3aHHBEIX C JHHEH-
HHIMH HepaBeHCTBaMH BHAa Ax > b, rae HepaBeHCTBO cnpaBej-
JIUBO JJ51 KaXXJOoH KOMIOHeHTbl. Bor oiHa M3 3ajpau: mnas 3anal-
ubix (nXk)-marpuust A (n>k), BeKkrop-cronbua b ¢ n Kowmo-
HEHTAMH M BEKTOpP-CTOJ6LA ¢ C B KOMNOHEHTaMH HAaHTH BEKTOp-
cTon6Gell x, Takoi, 4To6et Ax 2> b, x 2> 0 n 4To6H wHea0 cTx GBITO
0 BO3MOXHOCTH MeHbllle, ITocKOJBKY 3TH 3alayd TpeOyloT co-
BEpPUIEHHO APYroro MoAxoja, a TaKxXe MO HCTOPHYECKUM NpHYHU-
HaM, Mbl UX He OyfeM 3iech paccMmarpuBath. OHHM wu3yualoTcs B
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PYKOBOJCTBAX MO JIHHEHHOMY NPOrpaMMHDOBAHHIO, HaNpUMeEp Yy
Januura [13].

(5.2) Ynpaxuenue, [Toawaysicb Teopemoit (3.1), nokasaTb yTBep-
xaends u3 n. (h), T. e. moKasaTh, YTO €CJIH paHr MaTpHIbI
MeHbHIe K, TO CyIeCTByeT GeCKOHEYHOe UYHCJIO pelleHHH X
o MeTOAdy HauMEHBIUHX KBaJpaToB, HO YTO HaHMEHbLIEE
pellleHHe €IMHCTBEHHO.

(5.3) Ynpaxuenue, ITokasate, uto B (5.1) MBI MOXKeM Bcerfia Bbi-
6paTh BEKTOPHI X, Y1, . . ., Ym—1 TaK, UTOOB OHH GbLIH B3aHM-
HO OpPTOrOHaJbHBEI.



6. THNbI MATPHL, BCTPEYAIOLLUXCA
B NPAKTHYECKHX SAJAYAX

KsaapaTtHasi MaTpuua A mopsiaka n COCTOHUT M3 n? 3JeMeH-
TOB aj. Ecnu ToJIbKO HeMHoOrue 3JeMeHTHI Q;; OTJIMYHBI OT HYJA,
MaTpuua HasbiBaeTcsl pedkotl. SICHO, YTO MPH COOTBETCTBYloLLel
KOJUPOBKE €e MOXHO NpeACTaBUTh MHOTO MEHBLIUM, YeM 72, Ko-
JINYECTBOM BelleCTBEHHBIX 4YHCEJ, Tak KAK HYyJIEBBIE 3JIEMEHTH
HeT HeoOXOAMMOCTH 3amoOMHHATh, Martpuua, GOJbUIHHCTBO 3Je-
MEHTOB KOTOPOH OTJIMYHO OT HYJsf, HAa3bIBAeTCSl NAOTHOU MaTpH-
neit, C/I0BO n40THOCT6 UCTONb3YeTCS JJS 0GO3HayeHHs OTHOLIe-
HHUA 4HC/Ja HEHYJEBBIX 3JIEMEHTOB K n2.

WHorpma, naxe ecqd HH ONUH 3JE€MEHT He paBeH HYyJI0, 3Je-
MEHTHl @;; MOTYT BBIUMCJSITLCS uYepe3 apryMeHTH! i, j ¢ NOMOUIbIO
npocroro ajiroputma. Takas MaTpHua Ha3bIBAeTCs noOpoxHOaro-
wiedcsa MaTpUueH, U ee aeMeHTh! He TpeOyloT XpaHeHus n? Belle-
CTBEHHBIX YHCEJ B MaMATH BBIYHCJAUTENbHO# MamuHbel, Ecin, Ha-
06OopoT, 371€MEHTHl MaTpHIUbl NPeJCTaB/JIeHbl KaK 7?2 BellleCTBEHHBIX
ypces, MaTpHLla Ha3blBaeTcsi xpasaweiica. [Ipn stom He Ba)HO,
SIBJSIIOTCS. JIM HEKOTOpPble 3JEMEeHTbl HYyJSMH HJH HEeT, TaK Kak
HYJIH TOXe HY>KHO 3alTOMHHATh.

MoxHo npennoXuTh 6osee THOKYIO Mepy TPyAHOCTH MpeAacTa-
BJIEHHS] MaTpHLBI, OCHOBAHHYIO Ha KOJHYECTBEHHOM H3MEpEeHHU
CJIOXXHOCTH aJropUTMa AJs BBIYHCJIEHHs Marpuubl. TaKyio Mepy
uHopmayuortoeo codepianus MaTpuubl MOXHO rpy6o Xapak-
TepU30BaTh YHCJIOM SYeeK 3anOMHHaoulero yCTpoiicTBa, Tpebyio-
IMHXCS AJIST BOCCTAHOBJIEHHS BCex 3JeMeHTOB a;;. Hanpumep, xpa-
HSLIMecsT MaTpHubl TpeOyloT NpUOAM3HTENBHO n? syeeK, TOrAa
KaK MaTpHlla, onpefieseHHas npocrod GopMmysaoi Tuna

a,j=l/(i+]——1) (i,j‘=1,..., n),

Tpe6yeT ToJbKO HECKOJBKHX siueek. B fa/belilllem Mbl He GyleM
KacaTbCs 3TOr'0 BOMpoOcCa.

TMopssakn n MaTpHu, BCTPEYAIOIUXCA Ha NpaKTHKe, BecbMa
pasNHuHbl, OT €AUHHLE A0 HEeCKOJbKHX ThICAY. [x. lanuur yno-
MHHaeT O 3ajayax JHHeHHOro NPorpaMMHpPOBAHHS C MHJJIHOHOM
HepaBeHcTB Ansi 40000 HensmecTHmIX. Bapra [7] ccwlnaercst Ha
Berruca u3 JlaGopatopuu aTOMHON 3Heprii, pellUBIIEro CHCTEMY
auHelnbix ypaBHeHHH co 108 000 HensmectHbIX. HecoMHenHO, uTO
MOryT GbITh pemlleHbl U GOJIbIIHE CHCTEMBI ypaBHEeHH.

OueBHHO, TPYAHOCTb NPEACTABJIEHHS MaTPHULI C OUeHb GOJb-
IIMM 1 CYLIECTBEHHO 3aBHCHT OT €€ MNJOTHOCTH WJH MO KpaiHeH
Mepe OT ee HHGOpPManHOHHOro cojepxaHus. Ecam Martpuua

v
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JIOJIKHA TIOMHOCTBIO 3alIOMHHATLCH, TO CYUIECTBYeT ABa KpHUTHYe-
‘cKux mnapamerpa. OIHH omnpeneasiercs 0oGbEMOM ONepaTHBHOrO
3aMIOMUHAIOLEr0 YCTPOHCTBA BHIYHCAHTEIbHOH MalIHHBI, OOLIYHO
H3TOTOBJIEHHOTO H3 MarHHTHBIX CEepAeYHHKOB, a BTOPOH XapakTe-
pu3yercss o6beMOM BHeHIHEro 3aloMHHaloLiero ycrpoiicrsa. Ma-
IIHHBE ¢ onepaTHBHON mamsiteio 32000 kOg0B OrpaHHyHUBAIOT 7
npumepHo 150-10, TaK Kak OGbIYHO HECKONBKO THICAY KOJOB Tpe-
Gyercs aJsi ocramouiuxcss B maMmsatd nporpaM. Ecaw n?® npesoc-
XOJAHT 0GbeM OMepaTHBHOTO 3aIOMUHAIOILETO YCTPOKCTBA, TO AOJ-
JXHa MHCMOJb30BaThCA BHEUIHAS naMATb (6apabaHel, JEeHTH,
JUCKH), TpHYeM BO3HHKAIOT CYLleCTBeHHble NpoGaEMBl OpraHusa-
LMK OGMeHa MexJy onepaTHBHOf W BHemIHeH MaMATHIO, CBA3aH-
Ible C pasjieyieHHeM BPeMEHH, HaKomjleHHeM Ha Gydepe H T. A

[Tpu ucnonb3oBaHUH BHeIIHel MaMsTH MOXHO pelllaTh 3alauH
C IJIOTHBIMH MaTpHLaMH Bmiotb A0 1000-ro nopsiaxka. B neficrsu-
TEeJBHOCTH NPaKTHYECKOe OrpaHHyYeHue npu paboTe ¢ MaTpHllaMH
B GoJpllel cTemeHH O06Gyc/aBIHBAEeTC BPEeMeHEM BbIIONHEHHS
onepauHi, Hexenn BpeMeHeM o6MeHa ¢ BHELIHHMU yCTPOHCTBaMH.,
(Eciu MarHuMTHEIE JIEHTH HCIIOJNB3YIOTCS AJMS1 OOpallleHHs NJIOTHOH
maTtpuin nopsaxka 1000, To OHM H3HAHWIHBAIOTCS HACTOJbKO, 4TO
CTaHOBATCA HENPHTOAHBIMU AJIS YTEHHS NpeXJje, 4eM 3aBepluIuTcs
obpameHnue.) B cayuasix korga n 3HauutenpHo npesbiiraer 1000,
CyHIeCTBEHHO, 4TOGH MaTpuLa Gbila peAKoH.

AnropHTMBI st peiieHHs] Pa3NHYHBIX BBIYHCAHTENBHBIX 33Ja4
JUHEHHON anre6pbl pa3nuyaloOTCs B COOTBETCTBHH C TEM, MEHSIOT
JI1 OHH B IIpOLECCEe CyeTa 3JeMeHTh MaTpuunl uau Het. HauGonee
MOAXOASIIHE METOAbl IS XPaHSIIUXCS MaTpUU HeGOJBLIOTO [0+
psilKa, KaK NpaBujo, MeusioT matpuuy. OfHaKO TakHe METONHI,
GyAyuH NMPHUMEHEHB! K peJlKMM MaTpullaM, B Ipomecce cyeTa yBes
JHYUBAIOT MJOTHOCTb MaTpHUbl. CieloBaTesNbHO, €CJAH MaTPHIA
HMeeT BHICOKHH MOpSIIOK H pejKkas, TO B obLieM Clyyae HeBO3-
MOXHO HCIIOJB30BATh METO/bl, HauGoJee NPHIroAHbEle A HEGOMb-
IIHX XpaHSIHUXCA MaTpHIL

ToBopsTt, uto A — senTo4HaR MaTpuya, ecad a;;=0 ans Bcex
|i—j|> m, noToMy utO HeHyJieBbIe 3JE€MEHTH 06pasyloT moJaocy,
WM JEHTy, BAOJbL [VIABHOH JHArOHa/IH; YHCJIO AHaroHaleid B mo-
Joce paBHo 2m-1, cMm. pasn. 23. JleHTOYHble MaTpHLb BO3HH-
KaloT B TexX CiayyasiX, Koria Kaxjas HeH3BeCTHas BeJHYHHa CBs-
3aHa TOJBKO C HECKOJbKUMH ApyruMu. IIpumepaMu cayxar cu-
cTeMa ypaBHeHHH, OMHCHIBAIOMIMX 3JIEKTPHUECKYIO Lenb, HMelo-
Iyl0 MHOrO TOYEK, HO OTHOCHTEIbHO MaJO B3aHMOCBsI3el, a
TaKXe KOHEYHO-Pa3HOCTHAsi anmpokcumamuss AunddepeHunans-
HbIX YpaBHEHHH, KaK OObIKHOBEHHBIX, TaK M B YaCTHbIX MPOU3+
BOJHBIX, :
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(6.1)

6.2)

(6.3)

(6.4)

(6.5)

(6.6)

Onpeaenenve. Matpuua A HasbiBaercs marpuyeii ¢ Ouaeo-
HOAbHOIM npeobaadanues, eCay

Ia”|>1§z|a”| Ans BCeX i,

NpHYEM CTPOroe HEpaBEHCTBO HMeeT MeCTO XOTs OBl AJs
OJIHOTO .

Onpegsenedue. Matpuua 4 HasblBaeTCss paA3A0KMUMOL, €CIK
CYLLECTBYIOT lIepecTaHOBKa CTPOK H (OGBIYHO apyrast) mepe-
CTAHOBKa CTOJIGLIOB, Takue, YTO MaTpHLA, MOJyueHHas B
.pe3y/ibTate 3THX NEPECTaHOBOK, HMeeT BHA -

B ©

cC D}
rae B u D spasiorcs XBaApaTHBIMU MAaTPHUYHEIMH GJIOKaMH,
a © — Hy/seBas MaTpHua.

Onpesenenue. Matpuuna A HasblBaeTcs HepadAoMumoLl, ecau
OHa He SIBJAETCS Pa3soXHMOM.

YnpaxHEHUE, [[OKa3aTh, UTO HepasjoXHUMas MaTpHua ¢ a4a-
FOHaJBHBIM NpeoGaafaHHeM He MOXKeT ObITh BLIPOXKAEHHA.
(OaHoO U3 AOKa3aTEe/NbCTB CM. B IPHJIOXKEHUH.)

3anaya ana uccaegoBawms. Hamucath 3Q@exkTHBHYIO BbluHC-
JUTEJBbHYIO MNpOrpamMMy AJisi ONpeAes]eHHSI pa3yioXHMOCTH
XpaHsuieficss MaTpUlBl.



7. UCTOYHUKH BLIYHCAUTENbHLIX SALAY
NUHEAHOA ANTEGPBI :

Onupasch Ha KnacCHHUkanHio pas3f. 5, Mbl yKaxKeM HEKOTOs
pbleé HCTOYHHKH BBIYHC/IHTENBHbIX 3ajlay JIMHEeHHOH aJsreGphl.

Pellenne cHcTeM JHHeHHBIX aJareGpaHYeCKHX YpaBHEHHH,
3anaua (a), gBasercs, Mo-BUAMMOMY, HauGoJee YacTo BCTpeuaio-
me#css B BbIYHCITUTENBHOM LEHTpe 3ajaveil. MaTeMaTHK-npUKaIaL-
HHK 4aCTO OKa3hlBaeTCsl nepex HeoOXOAMMOCTbiO BrliGopa mapa-
merpoB Npu of6paboTke naHHbiX. HanpuMep, oH MoOXeT HHTEp-
NOJNHPOBaTh GYHKLHMIO NO 7 3aAaHHBIM 3HAYEHHSIM C MIOMOLLBIO
noJuHOMa, N Ko3((HLUHEHTOB KOTOPOro SIBJISIOTCS NMapaMeTpaMH.
Tak kak K03pPHUUEHTH NONMHOMA BJMSIOT Ha 3HAYeHHE [OJH-
HOMa JIMHeHHO, 3Ta HHTEepPNONALHOHHAA 3alaya CBOJMTCS K pelle-
HHIO CHCTEMbl JIMHEHHBIX aJjrefpadHueCKHX ypaBHeHH#l. B GoJsee
C/TOXHBIX 3ajavax, rie napaMeTpbl BXOIST HeJHHeHHO, ypaBHe-
Hus nosaydarorcs HeJuHeiHpe. OQHAKO THNHYHBIA NyTh pelleHHs
HesTHHefHON CHCTEMBl ypaBHEHHH — 3TO ee JWHeapu3almusi U No-
clenyioliee pelleHHe JHHEADH30BAHHOH CHCTEMBI, T. €. CHOBa
3ajavya tumna (a).

Yamge BCero HCTOYHHKOM CHCTEMBI JHHEHHBIX ypaBHEHHH fB-
JsieTcsl anmpoKCHMAUUSA HenpepblBHOr0 (pyHKLHOHANBHOrO ypaBHe-
HHSI KOHeyHo-pasHoeTHoH 3ajnaued. Hanpumep, sagauy dupuxae
s auddepenuranbHoro onepatopa Jlannaca MoXHO anmpokcH-
MHpPOBATh GOJBIION CHCTEMOH NPOCTBIX KOHEYHO-Pa3HOCTHHIX ypaB-
HeHUull (cM. pasna. 24). Marpuubl, cBS3aHHblE C DPa3HOCTHBIMH
yPaBHEHHSIMH, NMOYTH Bcerga Gonbillie H pelKue.

Bropoii ouenb CymeCTBEHHBIi HCTOYHHK CHCTEM JIHHEHHBIX
ypaBHeHHi — pellleHHe JHHeAHBIX 3aJaY METOAOM HaWMEHBbLIHX
kBaapartoB, llpexnmonoxkum, uro MaTpuua C, onpeleneHHass B
n. (h) pasn. 5, umeer panr k. Mel nokaxeMm uuxe, yro CTC Tak-
JKe HMeeT PaHr R M, cle[0BaTeJbHO, SIBJSETCS HEBBIPOXKIEHHON M
MOJIOXKHTEBHO onpejeseHHol. Torna 3agaya cocTOMT B TOM, YTO-
6B MUHUMH3HPOBATh BBIPAXKEHHE

(7.1) Cx—dP=(Cx—d) (Cx—d)=
=xTCTCx - 2xTCTd+ d™d =
=(CTCx — CTd) (CTC)™ (CTCx — CTd) —
—dTC(CTC)™" CTd + d'd.
YnraTe/lb MOXeT {IpOBEPUTb STH PaBEHCTBA NMPOCTHIM [1E€PEMHO-
xeHHeM. Tak kak (CTC)~! ABNSETCSA MOJIOXKHTENBHO ONpEAeseH-

Ho#t Marpuueli, MmuuuMym B (7.1) pocturaercs, Korga
CTCx— CTd=0, 1. ¢. KOTAa ¥ YAOBJETBOPSIET TaK HAa3bIBAEMOMy
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HOPMANGHOMY YPABHEHUIO ~
CTCx =CTd.

DT0 ypaBHeHHe mpeicTaBaseT coGoi 3amauy THma (a) pasg. 5.
Uro6e moka3aTb, uto CTC uMeer paHT &, MH AoKaxeM GoJiee
obuHii pe3yJbTaT, a HMEHHO, YTO

(7.2) pair CTC pasen panry C.

Mur Bocnonbdyemcs Teopemoii (4.5) O cyuiecTBOBaHMH OpTOro-
Hanbueix Matpun U, V, Taknx, uro

(7.3) UTCV = D.
Mu BuanuM tenepb, uro C=UDVT, tak yto
CTC =(WVDTUT)UDVT=VDTDVT,

Ho sicho, uto martpuust DTD u D umeior ofHH U TOT JXXe paHr 7.
Takum o6paszoM, MaTpuibl CTC u C UMET OAUH M TOT XK€ PaHr.

CucremMb!l JUHEHHBIX ypPaBHEHHH, BO3HHMKAIOIHE H3 HOpPMaJb-
HBHIX ypaBHeHHH, OGbIYHO HMEIOT MaJjbli MOPANOK M MJIOTHBIE,
Oanako HCHOMB30BAHHE HOPDMAJbHBIX ypaBHEHHH Naneko He Bce-
rga sBasiercd Hanbojiee 3¢ (GEKTHBHEIM HJIH TOYHHIM CUOCOGOM
peileHHsT 3aayd MeTOJOM HauMeHbIIHX KBaApaToB; cMm. 'ony6
[1], Byaunrep u Tony6 [6] u Tony6 u Kaxan [12].

Yacro 3agaun, npUBOASIIME K CHCTEME JIHHEHHBIX ypaBHEHUH,
XapaKTepH3YIOTCA OAUHAKOBBIMH (PYHKLIHOHAJIbHBIMH OTHOILICHHUS-
MH, HO pa3JHYHBIMH JAaHHbIMH. Hanpumep, cucrema KoHeyHo-
Pa3HOCTHBIX ypaBHEHUH MOXeT HMeTb HeCKOJbKO BAPHAHTOB Ipa-
HMYHBIX YCJOBHI A/ TeX XK€ CaMbIX ypaBHEHHH BHYTPH 06JacTH
HIH 06paGoTKa NaHHBIX IO METOAY HaUMEHbIIMX KBajpaTOB MO-
XKeT ObITh NpojiesaHa AJIs1 HeCKOJBbKHX 3aJlaHHbIX BEKTOpPOB d NpH
OMHMX M TeX XKe peryJHpylouHx napamerpax, o6pasylomwux Ma-
tpuuy C. Takune CUTyaluH NPUBOAAT K CHCTEMaM JHHEHHBIX ypaB-
Henult Buga AX=B, 1. e. x 3anaue tuna (b).

Mpel yBUAMM HHXe B CBS3H C UT€PAUHOHHBIM yTOUYHEHHEM, YTO
. MHOT/a pas3juuHble CTONOUB MaTpUubl B 6yayT npuBoguTh K pai-
JIMYHOH JJIHTeNBHOCTH mpouecca peinenns. Hampumep, Bropoit
cronben by Moxer GbITh BbIUMC/eH Yepe3 NMepBbIH cronbeln b.

OGpalileHHe MaTpHuBbl, 3ajada. (C), Yaule BCEro BCTpPeEYaeTcs
B CTAaTHCTHYECKUX BBIUHCAEHHSX, rje o6paTHaf MaTpHla BaXXHA
caMa no ceGe AN OUEHKH HEKOTOPHIX CTaTHCTHYECKHX MMapaMert-
poB. B GosblIHHCTBE APYrHX NPaKTHYECKHX 3a4ay HaXoKIeHHe
OGpaTHON MaTpHLbl He ABASETCA ACHCTBUTENbHO HEOBXOAUMBIM,
XOTl MOXET NPeACTaB/AATh GOMbUION HHTEepeC e HOpMa,
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Ecau nas nanHod Martpuusl A uMeeTcss MHOrO NpaBHIX - Ya-
creft b, To -06patHas MaTpHua A-! (akTHUECKM NpeACTaBAsIET
«OlepaTop BJHSHUA», KOTOPEIA TPSAMO MEPEBOAMT b B pellleHue x
cucreMnt Ax=>5, T. e. x=A-'b. Ilo 3Toi npuyHHe yacTo XeaaTelb-
HO TMOJyuHTh 3apaHee A~! ¢ TeM, 4TOGBI HOBHIH BEKTOp b npeoGpa-
30BHIBaJCA B x nmepemHoxenHeM A-'b. OpHako, ecau A — peaxas
MaTpuua, To o6GpaTHas MmaTpuuma A-' OGBIKHOBEHHO SBJSETCH
MJIOTHOM, TaK YTo XOTS1 A MOXeT XPaHHTLCA B MaJioM KOJHYECTBE
syeek, oGpaTtHas marpuua A-! 6yger TpeGoBaTh UpesMepHOro
o6beMa maMaATH. K cuacTtbio, HMEIOTCS MYTH XpaHEHHsS] NaHHBIX, C
NOMOMIBIO KOTOPHIX BeKTOp A~'b nnsi naHHOro b Moxer GuiTh GBI-
CTPO BHIYHC/EH Ge3 3alMOMHHAHHS 3JeMeHToB MaTpuusl A-l u ¢
MEHbUIMMH OLIM6KaMH OKpyIVIeHHsl, ueM NpH yMHOXeHWH A~!
Ha b; cm. pa3a. 18.

3anaun (f) u (g) oGBIYHO BO3HHKAIOT NpPU pELIEHHH CHCTEMB
JIMHEHHbIX OJHOPOIHBIX OGBLIKHOBEHHBIX AH(depeHIHaNbHbIX YpaB«
HeHUH ¢ NMOCTOSIHHBIMH Ko3(duumentamu. Ecnu MBI mpeacTaBHM
TaKylo cHcTeMy B Buupe dz/dt=Az, rae 2=2(f) ecTb n-MepHbili
BEKTOp, TO MOMBITKA HAaHTH JKCMOMEHUHANbHOE pelleHHe B BHAE
2(¢) = x - exp(Af), THe X — NOCTOSIHHBIN n-MepHBIA BEKTOp, MpHU-
BOAMT mpsimo K 3axaue (f) nas onpemenenus A.

Takum e 06pasoM CHCTe@Ma BTOPOro MOPSNKa

(7.4) AL 1B L 1 ca=0

NpUBOAUT K 3agaue (g). dra cucteMa oCOGEHHO YacTo BCTpPeyaer-
csl MPH HCCACHKOBAHHH HEKOHCEPBATHBHBIX AHHAMHYECKHX CHCTEM,
NONOGHEIX CHCTeMaM aBTOMAaTHYeCKOI'O PperylHpoBaHHs, The
HMeeTcsl IPUTOK SHEPFHH M KOrJa HeT YBEPEHHOCTH, YTO CHCTEMBbI
G6ynyt ycroituusel. [lponecch, mpoucxonsiuue B KoneGaTeqbHBIX
KOHTypaXx, OoNUCHIBaloTCA cHcTeMaMHu THia (7.4), npuueM A yacTo
AIBJIsIeTCSl MaTpUuell HHAYKTHBHOCTeH, B — MaTpHuuef conporusiae-
uuit, a C— MaTtpuue#t nosHbix npoBoauMocTed. B anasornuHbX
MéeXaHUYeCKHX cucreMax A sBAsieTcss MaTpuuell Macc (MHepuH-
aNbHBIX KO3h(GHUHEHTOB), B — MaTpuue#t K0apOUUHEHTOB CONPO-
tuBaeHufl, a C — MaTpHLeH, XapakTepH3yoWed CHJIHI.

Bo muorux 3anasax B=0, a A u C— cuMMeTpHyHble 1010
XKHTEJbHO onmpeeneHHble Matpuubl, Toraa cucrema (7.4) npuHu-
MaeT BHJ

d?
(7.5) A%+ Cz=0,

Mycrs 2(f) =x-exp(iwt), rae x — MOCTOSHHBIA BEKTOD, a © — yas
¢TOTa COGCTBEHHBIX KosieGanuii cucrembl, TOraa Mbl MPHXOIHM K
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cHcTeMe
—0?Ax+Cx =0,

HJIH, €CJIH MOJIOXKHTb A=1/w?,

(7.6) Ax =ACx,

T. €. K 3agaye (e) pasa. 5. Takum oGpasom, 3agaua (€) oGbIYHO
COOTBETCTBYET ONpeeSeHUI0 YaCTOT COGCTBEHHBIX KONeGaHHA KOH-
CepPBATUBHLIX AUHAMHYECKHX CHCTEM.

Bo MHorux uacTHbIX cayyasix MaTpuua mMacc A siBasiercss enH-
HHYyHO# MaTpHued. Toraa o6bUHO MosaraloT A=w? H moJyvyaioT
OGbIKHé)BeHHy!O 3ajayy Ha HaxXox[geHHe COOCTBEHHBIX 3Haye-
Huit (d):

(7.7) Cx =x,

rae C — MONIOXHUTENBHO OnpejeJeHHas MaTpHua.

JpyruM HCTOUHHKOM 3ajau THna (d) SBASIOTCS HEKOTOpbie
sajayd (aKTOPHOro aHanu3a. 31ecb AJsi 3aJaHHOH CHMMeTpHY-
HOH IIO/IOXKHTEIbHO [I0/yONpeesneHHoli MaTpuubl R nopsaxa n
(MaTpHUa KOppeasUHi#t) HIeTcsd npefcTaBJeHHe, HACKOJbKO 3TO
BosMoXHO, B BHAe [fT, rae f— ucKoMHI BekTOp-cTON6en., O6o-
3HauHM 3JeMeHT R ¢ uHjeKcaMH i, j yepe3 r;;, a COOTBETCTBYIO-
wuit sneMent ffT — uepes fif;. Torna Mu HieM Takoe f, uToGsl

n
E (f{];fgfj)2=minimum.
1 7=1
[Tpocthie BblYMC/AEHHS] NMOKa3bIBAIOT, YTO MHHHMYM HMeeT MeCTO
IAsl HEKOTOpOro BekTopa f, Takoro, uto Rf mponopusoHaasHo f,
T. e. f ABAsieTcss COGCTBEHHBIM BEKTOPOM R. MoXHO moKasaTb, UTO
ec/IH COGCTBEHHBIMH 3HaueHHAMH R sBAsOTCSA

] M=h= oo0 Z0,2>0

C COOTBETCTBYIOLUIHMH COGCTBEHHBIMH BEKTODAMH U1, ..., Un, TO
HaHUAYy4YWHM BbiGopoM [ siBAsieTcs V'Muy. Takum o6pasom, ony-
cKag JeTajH, MBI YTBepxjaeM, 4yTo 9Ta o6aacTh (haxTopHOro
aHa/nH3a NPHBOAHT K 3ajlade HA HaxoXJeHHe COOCTBEHHBIX 3Ha-
YyeHHI AN BEIIECTBEHHOH CHMMETPHUYHOH MaTpHub, T. €. K 3a-
naue (d).

(7.8) Ynpaxuenue, JlokasaTb NPHBEAEHHbIE BHILIE YTBEepKAEHHs
OTHOCHTENBHO f.

B sTofl KHHre MBI OrPaHHYHMCH YHCJAEHHHIM pelueHueM 3anay
tuna (a), (b) u (c).



8. OBYCJIOBJIEHHOCTb JIMHEHHOM
CHCTEMbI

Paccmorpum cHcreMy ypaBHeHH#E Ax=b, rae A — HeBHIPO-
XJeHHas MaTpHua nopsika n, T. e. det(4)=0 nau, 4TO 3KBM-
BaNeHTHO, B TeopeMe (3.1) Bce p;>0. Tak Kak Takas MaTpuua
npeacTaB/sieT B3aUMHO OfHO3HauHoe oTo6paxeHHe R, B Ry, oHa
HMeeT eQHHCTBEHHyI0O O6GpaTHyl0 MartpHuy. DTo O3HayaeT, dYTO.
cucTeMa HMeeT eJHHCTBEHHOe pellileHHe X, KOTOpOe Mbl MOXeM
sanicatb B popme A-1b.

[Tpeanonoxum, uto HcXoAHble NaHHBle (371eMeHTHl A u b) B
KaKOH-TO CTeNeHH HeOmpejeseHHbl, H Mbl XOTHM 3HaTh, KaK 3Ta
HeolpeAe/eHHOCTb CKa3biBaeTcss Ha pelleHHH x. [l Havaza
NpelnosoKUM, YTO MaTpuua A H3BeCTHA TOYHO, a BEKTOp b —c¢
HekoTopoit HeonpeneneHHocTblo, Hanpumep, b+ 8b — npyras npa-
Bas yacTb, 6auskast Kk b, u A(x+0x) =b+08b. [TocmoTpuM, Kak
BEJHKO MOXeT ObiThb 6x. FmeeM

ox = A" 8.
CunegoBaTenbHO,
(8.1) pox <A o0y,

M 415 HeKOTOPHIX BEKTOPOB b BO3MOXHO paBeHcTBO. Tak Kak
b=Ax, 10

8.2) ol Al-xll.

VYmuoxum (8.1) Ha (8.2):

(8.3) dexd-qoi<i AL LA - xd - 1001

Ipeanonaras TOMBKO, 4TO b0, M Haxomum u3 (8.3), uTo
Il x| -1 fob]

(8.4) e <tal-latl- S5

Ilnsa nio6oil HeBbipoxKAeHHOH MaTpuubl A onpenenum Tenepb
ee 4UCA0 00YCA08AEHHOCTU, 0603HayaeMoe cond(A), KaK Mpous-
segenne [|All-[1A-'[. (Takum o6pasom, 4ucao 06YCAOBAEHHOCTH
3aBHCHT OT Hcrnosb3yeMmofi HOpMEL) HanoMHHM, uTo H3 yc/0BHI
(3.3) u (3.4) nna eBKAHAOBOK HOPMBI C/lelyeT, 4TO

(8.5) cond(A) =[A]- |4 |=m/m,>1,

rae py, MW, — HaHGOMbillee M HaHMEHbliee CHHryJAspHble 4YHCaa
matpuubl A coorBerctBeHHo. Takum o6pasoM, cond(A) npeacra-
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=

BJsieT co00i Mepy MaKCHMaJbHOro HCKaXeHHs eIMHUYHOH Ccdeph
NpH NpPHMEHEHHH JIMHelHoro npeo6pa3oBaHus ¢ Matpuuein A. Us
HepapeHcTBa (8.4) mosyyaeM, 4TO

I1dxll [ 85 |
(8.6) —lml— < cond (A) . m—.

Teneps [|66]l/16]l MoxHO uHTepnpeTMpoBaThb Kak Mepy OTHOCH-
Te/JIbHOH HEeONpeneleHHOCTH B 3ajJaHuy Bekropa b. Ecau, manpu-
Mep, 37eMeHTbl b U3BEeCTHBI 10 MATH 3HAyalllUX AECATHYHBIX HHP,
1o [|8b]|/116]l paBHo mpu6ausutespro 107* uwam 1075, Anasoruuno
['dxl/llx]l MOXHO MHTEpHpPeTHPOBAaTb KaK OTHOCHTENbHYIO HEOlpe-
JeJIeHHOCTb pelleHHs] X, OGYCJOBJEHHYIO Heonpe/e/]eHHOCThIO
BekTopa b. Hepasencreo (8.6) oanauaer, yro cond(A) orpaumu-
yuBaeT CBepXy OTHOLIEHHE OTHOCHTEJbHOH HeOonpeneseHHOCTH pe-
IIeHHA X K OTHOCHTENbHOH HeonpeneqeHHOCTH Bekropa b. Tak
Kak, cornacHo (8.5), cond(A)> 1, Mb BUAMM, 4TO 3Ta rpaHuua
He MOXeT GbiTb MeHbIne 1.

Mbt XOTHM MONYEPKHYTH TOT (PAKT, YTO NPH MNOAXOISILIEM Bbi-
6ope 1anpasneHuii BekTopoB b u 0b B dopmynax (8.1).u (8.2)
BO3MOXHO paBeHCTBO, CJeJ0BaTeNbHO, PABEHCTBO BO3MOXKHO TakK-
xe u B (8.6). Takum o6pa3om, Henb3si gaTh GoJiee TOUHYIO OLlEH-
Ky, 4eM (8.6), m1s npOHU3BOJIbHBIX BEKTOPOB b u 8b He3aBHCHMO
OT ux BeaHunHbl. [TOCKONBKY NPUHIMIHANbHO BaXKHO, 4TO6bI yHTa-
TeJb MOHAJ MPHYHUHBI 3TOro (pakTa, Mbl NMPOAEMOHCTPHpPYeM, Ka-
KHM 06pa3oM MOXeT Noay4uTbcsi paseHCTBO B (8.1), (8.2) u
(8.6). C nomoupio TeopeMbl (3.1) Mbl JoKa3biBaeMm CYIIeCTBOBA-
Hue matpuu U u V, takux, uro UTAV=D. 3arewm, Kak B pasi. 3,
Mbl BBOJMM OPTOTOHaJbHbie Npeo6pa3oBaHusi KOOPAHHAT B NPOCT-
panctBe X peuleHnit x u B mpocTpaHcTBe Y npaBbix dacreil b,
TaK 4TO ypaBHeHue Ax=0 nepexoquT B

(8.7) Dx' = b',

HIH '
pxy = by,

(8.8) by = by
w,xn=0b".

B To xe BpeMs ypasHenHe Adx=08b Aas lieonpeleNeHHOCTeil
B HOBOIl cHCcTeMe KOOpAHHAT GyAeT HMeTb BHA

(8.9) Dox’ = b,

3 3ak. 48
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HITH . .

u, 8x] = 3b7, _ .
(8.10) Hy 013 = 003

B, 51, =807,

Tak Kak py>> pz2> ... >ua>0, |Al=IDl=p, u[a™|=|D7"|=
=p;', T0 BHAHO, uTo B (8.1), (8.2) u (8.6) BO3MOXHEI paBeH-
ctBa. [ei#ictBuTenbHo, nycth b'= (B,0,...,0)7, Tak uto b =B, HO

b;=0 ({=>2). Torna
¥ =B, 0, ..., O,

H Mbl HMeeM B ¢dopmyse (8.2) paBeHCTBO He3aBHCHMO OT BeJHYH-
Hb+ HeHy/1eBOH KOHCTaHTLI P C apyrofl cTopoHB, myctb 8b’=
=(0,...,0,y)7, TaK uro 8b]=0, ..., 8b;_, =0, 8b;, =vy. Toraa

8x'=(0, ..., 0, u;lyY,

H Mbl HMeeM paBeHCTBO B (8.1) He3aBHCHMO OT BeJHYHHBl HeHy-
J1eBOH KOHCTaHTHI y.

Kopoue rosops, Mbt nonyyaem paeeHctBO B (8.6), ecau npa-
Bas yacTb b MMeeT HampaBJeHHe, KOTOpOe pacTAHBAeTCsl MaTpH-
uefi A Gonee Bcero (H, TaKHM 06pa3oM, pacTSrHBaercs MaTpH-
ueft A-! MeHee Bcero), a Bo3MylueHHe 30 MMeeT HanpaBJieHHe, KO-
TOpoe pacTaruBaercss MaTpuueil A MeHee Bcero (M Gosiee BCEro
pactardBaercs Matpuuelt A-!). Dtu gBa Hanpas/eHHsT 0653aTeb-
HO OpPTOTOHAJ/bHBI, €CNIH N Ny, HHen0 o6ycaoBaeHHOCTH cond(A)
MHBAaDHAHTHO OTHOCHTEJIbHO YMHOXeHHS MaTpuubl A Ha KOH-
CTaHTy H sIBJsIeTCS AOBOAbHO 3¢ heKTHBHOH Mepoil TOro, HaCKoOJIb-
KO MaTpruua A «Xopowa 1o OTHOLUIEHHIO K BHIYHC/IEHHSIM, BO3HH-
KalolllUM TNpU pelieHHH ypaBHeHus. 3ameTuM, 4To cond(A4)=
=cond (A'_}f :

Ecnu cond(A) =1, To marpuus A u A-! pacTAruBalT BCce Ha-
npaBneHus] OAMHAKOBO, TaK KaK P =pgs= ... =Up, H A~ He Mo-
XKeT M3MeHHTb IJIHHY BeKTOpa 8L Gosee, ueM AJNHHY BeKtopa b.
Torga ||dxll Tax xe otHocutcs x llx/l, xak ||66] x [6]l. OrHocu-
TeJbHasi HeoNpeleseHHOCTb X, TaKHM O6pa3oM, TOYHO paBHa OT-
HOCHTe/bHO! HeonpegeaeHHoctH b. OnHako, ecau cond(A) =108,
10 A-! pacTaruBaeT OQHO HanpaBJieHHE B MHJJIMOH pas Gosblie,
ueM apyroe, Ecan BekTop b monyuaeT HaHMeHblIee pacTAXKeHHe,
a BekTop 0b — HauGoabluee, TO AcHO, uto ||6x(|/lxll 6yaer B Mun-
JHOH pa3s Goabie, yeM |[66)/)1b]l. Ecau cond(A) oTHocHTenbHO
Mano, To MaTpuua A sBAAeTCA XOpouwlo 06Yycao8ierHod (MO0 OT-



8. 06Yyc108.4eHHOCT AUHERHOL cucTembt 35

HOUIEHHIO K 3ajauye pelleHHs JHHefiHblX ypaBHeHuit). Eciu
cond (A) oTHOCHTENbHO BeaHKo, TO MaTpuua A siBAsETCS NA0X0
06ycao8.enHOd (110 OTHOUIEHHIO K 3TOH »Xe 3ajpaye).

Iupoko pacnpocTpaHeHo 3a6ayxAeHue, uto manocTe det(A)
BJeueT 3a co6oil mJoxylo o6yciaoBieHHocTb MaTpuub A. M3 Ha-
IIHX paccyXaeHHH caenyT, 4yTo 3TO He Tak. Eciu, HanpuMmep,

Bi=py= ... =p, =107,

10 det(A4)=10-%0" (oyeHpb Ma/jieHbKOE YHC/IO), HO OTHOCHTEeJIbHAS
neonpeaenesHoctb |[8x|l/llx|l Touno pasua [|86ll/16l. Ecau py, u n
(uKCHpOBaHH, TO, NefCTBHTENbHO, cTpeMaeHHe K Hymio det(A)
BJeYeT 3a cOOOH CTpeMJIeHHe K HyJI0 W, H, CJIeI0BaTesbHO,
cond(A)— oo. Takum oGpasom, manocth det(A) mnpuobperaer
HEKOTOpYIO CBSI3b C MJIOXOH OGYCJOBJEHHOCTbIO MaTpHubl A ¢uk-
CHPOBAHHOTO NOpPsiAKa 7, €CIU Mbl HOpMUpYyeM A Kak-Hu6YIb TakK,
yro6bl u; OcraBasoch (PUKCUpPOBaHHBIM., YUTOGBEI NMOCMOTpETh, Ha-
CKOJIbKO, OIHaKO, cnaloff MOXeT GbITh 3Ta CBA3b, NPEANOJOKHUM,
yro n=101, ;=1 u pe=... =p,=10"1. Torna det(A)=pu; '=
=107, 5 10 BpeMa Kak cond (4) = ;' = 10. Takum o6pasom,
MaTpuua A oueHp XOpouo OGYycC/OBJAEHa, XOTH ee ONpPEAeNHTENb
MaJ. . :
Jlo cuX nop Mbl mpeanonaraJu, 4To Marpuua A H3BeCcTHa TOu-
HO, a BeKTOp b MMeeT HeonpejesNeHHOCTb, H Hawiy, 4to cond(A)
ABASINOCH pewatoluM KputepueM. OxasbiBaercs, yto cond(A)
CTO/b 3Ke BaXHO, ecii A MMeeT HeONmpeLeleHHOCTb, a BEKTOpP b
H3BecTeH To4yHo, JeficTeHTenbHO, eécau x=A"1b u

(8.11) x+0x=(A+8A)"0,

TO Mbl BUAHM, YTO

(8.12) dx=[(A+04)" =478

Monaras B=A+6A B ToxaecTBe

(8.13) B'—A'=4"4-B)B",

Haxozum u3 (8.12), uto

(8.14) dx=— A" QA (A+84)" b= — AT {34)(x + bx).

-l'lepexozm B ¢opmyse (8.14) k HopMaM, nosyyaem
lexi<t AT 164] - [x + 8.

3*
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OkoHyaTeNnbHo,

(8.15) 18A ]l

Il dx || < cond (4) TAT

ITx+6x |

Taknm 06pa3oM, HeonpeleJeHHOCTb ¥, OTHeceHHas K X+ 0x, orpa-
HUYEHA OTHOCHTE/bHOH HeonpeleqeHHOCTbI0 MaTpullbl A, ymHO-
xenHoli Ha cond(A). HepaenctBo (8.15) Henb3ss 3amMeHHTb
CTPOTHM.

8.16) Ympaxuenue. ITokasartb, uto ecnu |I8Al/IIAll moctaTouno
MaJso, TO

181

Txll

8.17) Vrneaxuewue. HanomHuM, uto auddepenunan dx ectb JH+
HefiHash 4acTb 6X KaK (QyHKUHHM 371eMEHTOB MaTpullbt 8A.
Jloxa3aTb, 4TO ‘

ldx|
x|l

< cond (4) —”l-la—/f-‘:i (npu6auKEHHO).

< cond (A)%(}f'ﬂll (Toyno).

(8.18) Ynpaxuenue. JloKazaTh HepaBeHCTBO

[ | 14— Bl
——— < cond (4) ————
i VTR :
noxaseiBaiolliee, HacKOJIbKO Majta HopMa [|[B-'— A~ B

cpaBHeHuH ¢ HopMoii ||A — BJ|. HepaBeHcTBO 651710 HCTIOMB-
30BaHo, Bayspom [2] nana o6ocHOBaHHMA oOmpegeneHHs
cond (A).

3aMeTHM, 4TO JI0 CHX NMOP MBI He YNOMHHAJ/IH OLINGKH OKpYyT-
JeHuss. Mbl TOAbKO 06CyXAaJH HeonpeaeqeHHOCTb pellleHHs JIH-
HeAHO!N CHCTEMBbl, O0YC/NOB/JEHHYI0O HeONpeaeNeHHOCTbIO AAaHHbBIX.
STa YyyBCTBHTENBHOCTb pPelEHHS K TaHHbLIM B 3ajaye Urpaer poJb
HIyMOBOTO (OHA; 6ecrno/ie3Ho CYHTaTh pellleHHe x GoJee NpaBHJIb-
HBIM, €CJIH OHO BblpaxeHo ¢ Gosbllelf TOYHOCTBIO, 4eM Ta, KOTO-
pylo rapaHTtHpyer o6nacTb HeonpeneneHHocTH. PakTHyecku, Kak
nokaszaHo B pasi. 20 u 21, MB MOXeM BKJ/IOYUTb OMHOKY OKpyr-
JICHHs1 B HeONpeae/eHHOCTh JaHHHIX, TaK KaK OluM6Ka OKPYIJIeHHs
MOXXeT aHaJIM3HPOBaThCs nocpencTsoM cond(A4).

BaxHo noHaTh, uTo cond (A) MOXeT GHITb OrPOMHBIM — jgaxe
B IPOCTHIX 3afauyax!

(8.19) Ynpaxuenue. JoKkasaTb, 4TO ec1u MaTpHua A opTOroHasb-
Ha, To cond(A) =1 He3aBHCHMO OT BEJAHYHHHI .
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p 1 0,99]
10,99 0,98

Torpa A=~ —0,00005, A, ==1,98005. Tak kak A=AT, 10
AAT=A2 ymeer coOcTBeHHBle 3Hauenus (0,00005)2,
(1,98005)2. Torma we==0,00005, p;=~1,98005 u cond(A)=
=39600. TakuM 06pa3oM, A CHILHO HCKaXkKaeT MJI0CKOCTb,
H MOXHO OXHAATb MpH PelIeHHH CePbe3HBIX HeNpHATHO-
creit. PaccMoTpeHHe NMPOJOJ/IKHM. HA CHCTEME
{ x; 4+ 0,99x, = 1,99,
0,99x, + 0,98x, = 1,97.
TounbiM petieHHeM cayXuT x;=1 un xpo=1. OgHako x,=
=3,0000 n xo=-—1,0203 ABNAI0TCA peLIEHHEM CHCTEMBbI
{ x; 4+ 0,99x, = 1,989903,
0,99x; + 0,98x, = 1,970106.

(8.20) Ileumer. ITycTb

TaxuM obpasom,
—0,000097 42,0000
+0,000106 | 22T *=| _92,0203 |*

Tak Xak [|0x]|>~2V2~2,8 u |x|=V2, Mu nmeem
Noxlflxll~2 u 86112 107 V2, |62 V2, 186116~
& 107/2. Cnenosarensuo, [18x]l/llxl =40 000 [|85]/116]l. Tak
kak cond(A)==39600, TO Mb HAWIH NOYTH HAHUXYAUIHH
cnyuait, Ecin KOMMOHeHTH BekTOpa b H3BeCTHHI C Heompe-
nesnenuoctbio okoso 0,0001, To BEeKTOp X MOXeT ObiTb BhI- °
yhc/eH TOMBKO C OWHGKOH mopsigka 2. 3TO OueHb MJI0XO
o6ycJoBAeHHas 3afiaya, MOTOMY 4TO ABe JIMHHH, Mepeceye-
HUS KOTOPBIX MBI HILleM, pakTHUeCKH cOBMajAaloT.

H3MeHeHHe 8b = [

CToHT MOAUEPKHYTH elle pa3, uTo 3HayeHue cond(A) saBaser-
csl ropasfio 6oJjee BaXXHbIM KpHTepHeM TPYAHOCTH PeLIeHHS JIH-
HefiHOH cHcTeMbl Ax=>5, ueM Manoctb det(A4), 160 rpoManHOCTD
nopsAAKa n.

Ecnu ussectHo, yto [|All=1, 10 oueBuaHo, yto cond(4)=
=||A-!||. Tpy6o roBopsi, eciu s/1eMenTsl MaTpuubl [JA]l HaxoasaTCs
B o6aactu or 0,1 po 1,0, To obycaoBnexrHocTb A onpenensiercs
BeNHYHHON 3nemeHTOB A, TakuM 06pasoM, ecld MaTpHLa Mac-
WTa6HpOBaHa TaK, YTO €€ 3JeMEHThl OJM3KH K eNUHHIe, HalexX-
HBIM MpPH3HAKOM MJIOXOHK 06yc/OBNEeHHOCTH A sB/seTCA TOT (axT,
YTO HEeKOTOpbie H/M Bce 3MeMEHTh A~! BENHKH,
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(8.21)

(8.22)

(8.23)

a b

VnpaxkHeuue. Ecuau A=[c dJ HEeBHIDOXKIeHHa, TO Ompe-

AEJHM
a? + b2+ c? 4 d?

- 2lad—bc|

Hokasatb, uto cond (4) =+ V02— 1. (Habpocox peuie-
HUS CM. B NPHJIOMKEHHHU.)

o=

YnpaxHEHHE. [lOKasaTh, YTO MaTpHIE

100 99

99 98
M ee BCEBO3MOXHbie NEpPEeCTaHOBKH HMEIT HaHXyAMylo
O6YC/AOBIEHHOCTh M3 BCEX HEBBHIPOXAEHHBIX MaTPHIL BTO-
pOro Nopsika, 31eMeHTbl KOTOPLIX SIBJISIIOTCS MOMOXKHTENb-

HbIMH LeabiMu yncnaMu < 100, (TakuM o6pasoM, npumep
(8.20) 6bln BHIGpaH OTHIOAbL He cayyafiHo!)

Ynpaxuenne. [lyctb A v A™! umeloT cilenyoouii BUA:

6 13 —177 6 —4 —1
A= 13 29 -38), A'=| -4 11 71.
—17 —-38 50 -1 7 5

CoGcTBeHHble 3HaueHHst A MPUGIHKEHHO paBHBI
A, =0,0588, A,=0,2007, A,=84,74.
‘(a) Onucatb MHoxectBo S={Ax:|x|l=1}, T. e. o6pas -

eIMHNUYHON cdephl npu npeoGpasosaHuu A. [last npoBepKu
AaTh Kakue-n1u60 YuCia, XapaKTepH3ylollHe pasMmephi S.

(b) TA|=?
la]=2
cond(A)="?

(c) PaccMorpum cucremy ypasuern#t Ax=b. Ipeanosno-
JKUM, YTO Mbl HM€eM BEKTOPHl & M X, OTHOCHTENBHO KOTO-
pbIX H3BECTHO TOJBKO, YTO '

Itb — Ax [[<0,01.

(i) KakoBa nanMeHbllIasl BepXHsAA rpaHuua AJas a6co-
JIOTHOM owu6KH [lx — A-1b||? .
(ii) KakoBa HanMeHbIlasi BEePXHAS IPaHuLla AAS OTHO-

CHTe/NIbHON OINUOKH ;
flx — A-1bli/llA-1b]I?



9. TAYCCOBCKHI METOA HCKJIOYEHHA -
H LU-PABJIOEHHE

Ilns cucTeMbl JIHHEHAHBIX ypaBHEHHH Ax=0b C MAOTHBIMH Ma-
TPHUAMH, 3/1€MeHTbl KOTOpPbIX XPaHATCA B ONEepaTHBHOH MaMATH,
He HalileHO aJrOpPHTMOB pelleHHs, NI KOTOPbIX J0Ka3aHOo, 4TO
OHH Jlyylle 10 BpeMeHH HJIH N0 TOYHOCTH, YeM MEeTOAbI MocJjen0-
BaTebHOrO Hckaouenusi [aycca. IlosToMy B Ka)10#i BHIYHCIH-
TelbHOH GHOJHOTEKe JKesMaTeJbHO HMeTb XOPOLUHE MpPOrpaMMbl
pelleHHs JTHHeAHBIX CHCTEM MeTOJOM HCKJloueHus. B nanxom pas-
Jese OMUCHIBAETCA 3TOT KJ1acc aJropuTMOB, a TakXe J1aloTcd He-
KOTOpbI€ MX YacCTHbie MOIM(DHUKAIHH.

layccoBcKkoe HCK/AOYeHHe CylIeCTBYeT BO MHOTHX BapHaHTaXx,
KOoTOopble ajre6panyeckd TOXAECTBeHHb. MeToabl OTIHYAIOTCS
XapaKTepoM XpaHeHHsl MATpHIl, MOPSAKOM HCKJ/IOYeHHs, CIIoco-
6aMu npeaynpexieHHs! GOMNbUIMX MOTPEIIHOCTEH OKPYIVIEHHS H
TeM, KaK YTOYHSIOTCS BbIYMC/IEHHble pelneHus. Mimeiorcs Takxke
BapHaHTHl, CNeUMaJbHO NMpPHUCIOCOGJIEHHbBE AJSI CHCTEM C CHMMe-
TPHYHBIMH MOJIOXHTENbHO ONMpeNeNeHHHIMH MaTpHUaMH, KOTOpble
XpaHsATCA B MPHMEPHO BABOE MeHbllieM O6beMe.

(9.1) Onpenenenne. HuiHAA TpeyeoabHas MaTpHLA ecTb KBa-
aApatHas Mmartpuua C=(c;;), Takas, uro ¢;;=0 mnas i<j.
Ananornuno, eciu ¢;;=0 gns i>j, C ectb 8epxHAas Tpe-
Y20AbHAA MaTpHLA.

Anre6panyeckoll OCHOBOII 'ayCCOBCKOTO HCKJIOYEHHS ABAAETCS
clefylollas Teopema:

(9.2) LU-teopeMa. [Tycre Oana xsadparnas marpuya A nopad-
Ka n u Ay o3HaQuaer 2AQBHbLI MUHOP MATPUYbl, COCTABAEH-
Houi u3 nepsuix kR cTpox u croabyos. Ilpednoaosxum, 4To
det (Ax) 0 dan k=1,2,...,n—1. Toeda cywecreyror
eOUHCTBEHHAA HUXCHAA Tpey2ospHas maTpuya L= (my;),
20e my=mg=,.. =Mpp=1, U eOUHCTBEHHAR BEPXHAS
rpeyeorbran marpuya U= (ui;), rakue, uro LU=A. Boaee
T0eO, det (A) =l U ... Upn.

Jns noka3aTenbCTBa 3TOH TeOpeMbl Mbl HMCHOJb3YeM MeTOJ
MaTeMaTHyeckKOd HHAyKuHH. Ecan n=1, oueBnnHo, npeacrasie-
Hue a;; = | - 4y ogHo3Hauno u det(A) = uy,. [Ipeanonoxum, uto-
Teopema BepHa Aas n=k—1. [lna n=k Mb pa3naraeM A Ha

noaMaTpHuIlbl:
Ak—l c
a=| ,
r Qrk
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rie r ecTb CTpOKa M3 k — 1 aneMeHTOB, ¢ — cTosben ¢ £ — 1 KOM-
MOHeHTaMH. 3amnuiueM

L,y O Up-
L=[ k-1 ]’ U=[ k-1 U ]
m 1 0 Upg

LpUga Ly u ]
mUk_l mu+ gy )

Torna
-

Cornacuo runorese, Lp—, u Uy~ onpeneneHbl OfHO3HAYHO H
Ly_Up_y=A_,. Bonee toro, Hu Ly_;, Hu Ux_y He BBHIPOXIEHHBI
(unaue Ap—y GyAeT BHIPOXKJAEHHA, YTO MPOTHBOPEUHT NPEANOJOKe-
‘uuw0). Toraa tpe6osaune LU=A 3KBHBaNEHTHO TOMy, uTO
Lyu=c, mUp_1=r u mu+upp=2az. OTCIOfa U, M U Upy BHIpa-
KaloTcA eJHHCTBeHHbIM o6pasoM, a L u U onpenenens omio-
sHaugo. HakoHen,

det (A) = det (L) - det (U) =1 + det (Up_1) - tzs =
=Up o Ugg oo Upey, k-1 Unps

YyTO 3aBepuiaer noKasaTenbcTBO (9.2). :

AHanorHuHbiM 06pa3oM MOXHO MPH TeX XKe NpeAncJaoXKeHHax
JI0Ka3aTh, 4TO A HMeeT eIMHCTBEHHOe pa3soxeHHe Buga A=LDU,
rae L u U cyTb BepXHsSl H HHXHSA TPeyro/JbHble MaTPHIBI C €H~
HHIIAMH Ha AHaroHansx, a D — guaroHanbhHas Marpuua. Bosee
toro, det(A)=ds...dnn. IHefictButensHo, U u3 LU-teopembl
ectb npocto DU B LDU-teopeMe. [lasnee, MOXKHO MOKa3aTbh, YTO
ecain A cHMMeTpHyHa W yHOBAeTBOpsAeT ycaoBuaM LU-Teopembl,
ro u3 paseHctBa A=LDU caenyer, uro U=LT (rge LT — ma-
TpHla, TPaHcnoHHpoBaHHas K L), Ecain A nonoxurenbio onpene-
7ieHa, TO MO OAHOM M3 TeopeM Teopuu Marpuy det(A4,)>0 ans

r=1,2,...,n 4, caegopatenbHo, B LDU-reopeme d..>0. Ecau
MF* TONOXKHM
Vim0
D" = " ,

0 va.

ro MOXHO 3anncatb G=LD'", u Torna A=GGT. Utak, nonyyaem:

(9.3) Caencrsre. Ecau A — cUMMETPUYHAA NOAONCUTEALHO Onpe-
OesenHan maTpuya, To oHa umeer eOUHCTBEHHOe pa3iodxce-
Hue guda GGT, 20e G ecTv HUNHASL TPeyeONbHAA MATPuUYA
C NOAOXCUTEAbHBIMU OUACOHANbHLIMU 3AEMERTAMU.
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[Tpeacrabnenue matpuusl A B Buge npoussenenuss LU sB-
JIIETCA OCHOBHOH MJeell rayCCOBCKHX CXeM HCKJIOYEHHS, TaK Kak
TOraa cuctemMa Ax=~5 MOXeT GbiTb 3aNuCaHa Kak .

LUx=b
U CBOAUTCH K ABYM CHCTEMaM C TpE€YyroJibHbBIMH ManPluaMPl

Ly=b un Ux=y,

KOTOpBle J1IeTKO pelInTh. KOMMOHEHTH MPOMEXYTOYHOrO peLIeHUs 4
MOTYT OBbITb MOJNIyYEHB! H3 NEePBOH CHCTEMBl HEmOCpPeACTBEHHO, TaK
Kak nepBoe ypaBHeliHe COAEPKHUT TOJNBKO Yi, BTOPOE — TOJNBKO Y1
H Y2 U T. 1. 3aTeM KOMIIOHEHTHI X ‘MOTYT ObITb aHAJOrMYHO MOJY-
YeHbl U3 BTOPOH CHCTEMBEI B TaKOM MOPSIAKE: Xpn, Xp—1, - . ., X1. BHI-
yucnedue L u U BmecTe ¢ pelreHneM cucteMbl Ly=>b o6bluHO Ha-
3bIBAETCS] NPAMOIM UCKAOUeHueM, a pellleHMe cucTeMbl Ux=y -—
obparnoli nodcranoskol. Mbl 6yneM TakXkKe Ha3hBaTh BBIUHC/E-
Hue L u U Tpeyzorvnoim pazroscenuen.

Pa3siuuyHble METOAB OTJHYAIOTCS MOPSIAKOM, B KOTODOM BHI-
MOJIHSAIOTCS ONepalliH B TMPSIMOM HCKJIOueHHH. BaxkHee pasnnuue
COCTOMT B TOM, MEPEeCTaBJsIOTCH JU ypaBHeHHs (cTpoku A) uau
HeT, a TakXKe [EPECTaBIAITCA JU nepeMeHHbe (cToabup A).
[lepectanoBxku 6yayTr o6cyxnaatbes B pasf. 10, mocie uero Mut
onulleM HCKJIloyeHue Gosee meranbro. Ilasnee, uHorma martpuua L
XpaHuTCs, MHOrAa HeT. BaxHocTh 3anomuHanus L MoxeT GbITh
JIerKO NMpOJEMOHCTPHPOBAHa B cayuae, Korga A ectb ofmas xpa-
Hauasica Matpuua. Jlnarosanp L He HYXKHO 3alIOMHHATh, TaK Kak
M3BECTHO, UTO OHa COCTOMT M3 eauHull. Hactp L, jexamyo Huxe
nuaroHaju, sMecte ¢ U MOXHO pacmoJiOXHThb Ha MecTe, MEpPBO-
nayanbHo 3aHaToM A. Hukakoii npoMexyTOuHON maMsiTH He Tpe-
GyeTcsi, TaK Kak 371eMeHTsl L BBIYHCJSIOTCS B TO XKe BpeMs, Koraa
sanementhl A 3atupatorcsa. [louTd Bce pacueTHoe BpeMmsi, Heo6Xo-
auMOe AJsl pelieHus chucteMbl Ax=>b, TPaTUTCA Ha HaXOXJEHHE
L u U; Bbluuc/IeHHS, NEACTBHTEIbHO HCIOJAb3YIOmKE b, OTHOCH-
TenbHo MaJabl. [ToaToOMy, eciu BNOCNENCTBHH HEOOXOAMMO PELIuTh
APYTyK cHCTeMy C Toil Xe Martpuueli A, HO ¢ HOBOI mpaBoil
yacThio b, umeeT cMbica coxpaHuTh L u U u takuM oGpa3om us-
6e:XaTh NOBTOPHOTO TPEYTOJbHOrO passoxeHus. Hoewie cuctembl
c ToH e MaTpuue#t A BO3HHKAIOT, HanpuMep, MpH BBIUHC/ICHUH
o6patHoii matpuulbl A~'. OHM TakKe BCTPEYAIOTCS NMPH YTOYHEHHH
MepBOHAYAJbHOTO PelIeHHs] METONOM HTepauuil A/ HaXoXKAeHHS
X C BBICOKOH TOYHOCTBIO. DTOT METOX Mbl omuilleM B pasi. 13.

CasixKeM npeablayliee pacCMOTPeHHe C OGHKHOBEHHBIM METO-
pom uckatouenus. Ilyctb gaubl matpuust A u BekTop b uersep-
TOTO MOPSAKA; MPOBEAEM 3JeMEHTapHble onepalli cO CTPOKaMu
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ANS TOro, 4TOGH 3jMeMeHTH A HIXKe rJaBHOM JAHAroHa/H CAeNaTh
pPaBHBIMH HYJIIO.

[peanonoxum, uto a; 0. Ilyete my=ay/a,, (i=2,38,4).

IOna i=2, 3,4 ymMHOXaeM Ha m; fepBOoe ypaBHeHHE H BBIUH-
TaeM H3 [-rO ypaBHeHUSH, a Takxe U3 b; BLIUUTaeM M), YMHOXeH-
Hoe Ha b;. TakuM o6pa3oM, Mbl nosiyuaeM TpH ypaBHEHHS, He CO-
HepXKalux Xy, ' DTH TPH HOBBIE YPABHEHHsT BMECTe C MEpBBIM ypaB-
HeHHeM B €ro nepBoHavaJbHOM BHAE MOXKHO 3aNHCaTb Tak:

A% = b9,

rae A? =(a§§)) uad=0 naa i=2,3,4. Eciu M, ecThb HUXHsAS
TpeyroJbHas mMaTpHua,

1
M= —my | O
Yl —=my O
. — My 0

TO A(2)=M]A, b(2)=M|b.
Tenepb npeanonoxum, uto a@ 0. Ilyets m,,=a%/a)
(i=3, 4). Torna ymHoxaem A® u b® Ha

1
0 1 O
0 - m32 1

0 - m42 0 l

M2=

Aast noayueHusa A® =M,A® u b® = Myb®. 310 cooTBETCTBYET
HCKJIIOUEHHIO Xy U3 JIBYX MOCAeAHHX ypaBHeHH#. HakoHel, npen-
nosnaras, uto af) ¥~ 0, Gepem my,=aQ/al n ymuoxaem A®

® b® Ha
1
| o1 O
Mi=1o 0o 1 |
00 — My 1

BCFus
Torga A®W=M;A®=M;M;M|A ecTp sl TpEYroibHas Ma-
TpHIa, KOTOPYIO Mbl 0603HauuM uepes U. Mcxonnas cucrema Te-
nepr npuHumaer popmy Ux=AWx=5b®=M3b® u umeer cregyio-
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Wy CTPYKTYpY:

ey ap ay aw [ x| i b

o i@ o of | x| |op|
a@ af | | % b7

af | Lx, 1 1o

Mycte M=MsM;M,. Torna tak kak MA=U, o A=M-'U. Ho
M™ = Mi"M;'M3'. Hetpyauo BugeTs, uTo M;' ecTb mpocTo MaTpH-
a Mz, y KoTopo#l 3HaKKH HeJHaroHaJbHBIX 3J€MEHTOB H3MeHEeHb
Ha NpOTHBONOJIOXKHbe. [asee, nmpousselexnue Mi'M3'M3' ectn

MPOCTO
1 :
L=M"'= my 1 0 i
- o ma Mz 1 '

my My my 1

CaepoBatenbHo, M~! ectb L us LU-teopemsbr, 1. €. A=M-1U=
=LU. 3aMeruM, uto Matpuua M Ha caMoMm Jefe He 06pa3oBbIBa-
jlach, B JeHCTBHTEJBHOCTH OHA BhIpaXKaercs MOBOJBHO CJIOXKHO
yepe3 m;;. JIOCTOMHCTBOM MeTOjJa HCKJIOYEHHS SBJISETCA TO, YTO
9JIEMEHTH M;; MaTpHUbl L XpaHATCA Ha MecTe MOAAHAaroHaJbHbIX
aJieMeHTOB A, a sneMeHTh u;; Matpuubl U pacnosaraiorcs Ha Me-
CTe JMHaroHalbHBIX M HaJAHarQHaibHbIX 3neMeHTOB A. B KoHue
Mbl nosydyaem Tabauuy

Un U U3 Uy

mg Uxp Uy Uy .
M3 Mz Uzz Uy
my Mgy My; Uy

XpaHslycs Ha MecTe A.

ITpeo6pasoBaHne mpaBofi 4YacTH, T. €. mepexoj oT b Kk bH®,
YacTo MPOBOAMTCA ONHOBPEMeHHO ¢ mpeo6GpasoBaHuem A, HO Tak
KaK Mbl XpaHHM BC€ HEOGXOAHMblE MHOXKHTEJIH, €r0 MOXKHO C TeM
Xe yCrexoM NMpOBOAHTH MO3Ke KaK OTAC/IbHYIO OmeparHio.

“Mbl paccMoTpenn OGHIKHOBEHHOE TayCCOBCKOE HCK/KYeHUe
Ges mepectanoBoK. B TpeyrosibHOM passoxeHnuu MaTpuubl A L
€CTb MPOCTO MaTpHLUa MHOXHUTENAEH (my;) ¢ eAMHUIIAaMH Ha AHaro-
naau, a U —wmarpuua A® u3 (9.4). 3aMetuM Takxe, 4TO npome-
JKYTOYHBIM pellenHeM y sBasercs b®, T. e. npaBas uacrb cHcTe-
Mbl (94) ’ )
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(9.5) Ynpaxnenue. KosauuectBo apudmerTnuyeckux geficTBuii B Ma-
TPUYHBIX a/JATOPHTMAaX OOBIYHO H3MEPSETCA YHCJIOM MYJIbTH-
NJMKaTHBHBEIX ONepalHMil, T. €, YMHOXKEHH# H mejeHuH, Tak
KaK ajJUIMTHBHBIX oflepandii OObLIYHO MPOH3BOAMWTCH CTOJb-
ko xe. (i) INoacuutaTh yucja0 MYJbTHIIMKATHBHBEIX Onepa-
uui, TpeOyeMbIx A/S peuieHHst cHCTeMbl Ax = b n-ro nopsna-
Ka C MOMOILUBIO FayCCOBCKOTrO HCK/OUEHHS H MOKa3aTh, UTO
OHO HMEET BUA MOJHHOMA OT A, B KOTOPOM IJ1aBHHIH uJieH
pasen !/3nd. (ii) Cxkoa1bKO MYJBTHIIHKATHBHBIX oOnepauui
TpeGyeTcs A1 pelleHHsT CHCTeMbl C HOBOH NMpPaBOi YacTbiO
Ax=0b', ecau . TPEyroibHOE pa3JOXKEHUe 3aIlOMHHAETCS?
(iii) Ecan kaxmpoe yMHOXeHHE H JeJeHHe 3aHHMaloT
25 mKceK, TO CKOJIbKO BPeMEHH OYIyT BBIMONHATBCSA [AeH-
ctBust B (i) u (ii) mpu pelueHHH CHCTEMBl COTOro mopsaka?
A TrICSIUHOTrO?

(9.6) Ynpaxueuue. BcmoMuuM, uto-npaBuio Kpamepa BbipaxKaer
KaXK1yl0 KOMIOHEHTy peUuieHHs] x B BHAE OTHOLIEHHS ABYX
(nXn)-onpenenureneir. [JonycTum, 4To KaxKJIbiik onpemesu-
TeJb HaXOAUTCs KaK cyMma n! mpousBeneHHil, Kaxaoe 110
n comHoxuTeseld. CKONMbKO MY/IbTHIJIHKATHBHBEIX OnepaLuil
norpebyercsi B 3TOoM caydae nis nopsakos 100 u 1000?
CKonbKO BpeMeHH?

Kawes u Kokoskun-lllep6ak [16] mokasaam, uyto B 06leM
clIyyae CHCTeMa JIHHEHHBIX ajre6pavyeckKHX ypaBHEHHH He MOXKET
GhiTh pelieHa ¢ NMOMOUIbK MEHBUIEro yucJa oneparuii, uem TO,
KOTOpoe TpeGyeTcs: B rayCCOBCKOM HCKJ/IOUEHHH.

(9.7) Yneaxuenue. CdopmyaupoBaTb ~H pokasatb UL-teopemy,
anajoruynylo LU-teopeme (9.2) ’

(9.8) Ynpaxuenue. JlokasaTk, uTo ec1i A — CHMMeTpHYHast Bellle-
CTBEHHasl HEBHIPOXK/ICHHAsh (HO, BO3MOXHO, Heompejaeel-

Has) MaTpuua, To
A=GDGT,

rae G eCTb HHXKHAS TPEYroJbHas MaTpHUa C MOJOXKHTE!b-
HBIMH JIHaroHa/IbHBIMU 3jeMeHTaMu, a D eCTb JHaroHa/b-
Has MaTpuua, y Koropoi |d;|=1 nas Bcex i,



10. TPEGOBAHHA K NMEPECTAHOBKAM
CTPOK

B npeapiayiem- aaroputmMe Mbl npeanonarann a,, % 0, a3 #o0,
af # 0 (samerum, uto det(4,)=a; -af ... a¥, cm. LU-teo-
pemy (9.2)). M1 He MOXeM HPOJONKATh HCKJIOYEHHE B YCTaHOB-
JeHHofi dopMe, ecan Kakoe-JHG0 M3 3THX uyHcesa OJH3KO K HYJIO.
HanpuMmep, nycTh «ryaBHBIfi» 3J€MEHT a;;’ paBeH Hyal0. Tak xakK
det(A)+ 0, mbl 3HaeM, 4t0 a;; % 0 A1 Hekortoporo i > 1. Ecau
Mbl IOMEHSIEM MECTaMH i-I0 CTPOKY [A, b] ¢ nepBoi cTpokoit [4, b],
TO NONYUHM 3KBHBAJIEHTHYIO CHCTeMy ypaBHeHuii ¢ a1 #0. ITocae
9TOr0 Mbl MOXKEM IMPOBOLHTH aJrOpUTM, ONHCaHHBIA B pa3l. 9.
AnanornuHasi mpoueaypa Bo3MOXHa Ha JobGofl cTaguu, Korga
af) =0.

TeopeTnueckn 3Ta nepecTaHoBKa Heo6XOaNMa TONbKO B TOM
ciayyae, KOTa IV1aBHBIA MeMeHT TOYHO paBeH Hy.io, OQHako BbI-
YHC/AUTENbHbIE COOOpPAXKEHHsT MOACKA3bIBAIOT, YTO €CAH AeiCTBHSA
C HyJIeBbIM IVIaBHHIM 3/1eMEHTOM @y HEBO3MOXHHI, TO GyAeT He-
OCTOPOXKHO HCNO/b30BaTh GIM3KHII K HY/HO IVIaBHBIH 3JeMEHT ap

NpH BBINOJHEHUH apH(METHYECKHX ONepaunit ¢ OrpaHH4YeHHO
TOoYHOCTBIO. YTOOB yOemuThcss B STOM, paCCMOTpHM CIeAyoUui
npuMep:

(10.1) MNpumep. Bynem pewath CleAyioOillyio CHCTEMY, -BBIMOAHSSA
apudMeTHUECKHE ONepallil ¢ TpeMsl ACCATHYHBIMH 3HAKaMu
Ha MallHHe C naaBaollefl 3ansaToi:

{ 0,000100 x,+ 1,00 x,=1,00,

(10.2) 1’00 X+ 1’00 Xo = 2,00.

HcruHHOE pelléHHe, OKpyI/eHHOe A0 YKa3aHHHX AeCATHY-
HBIX 3HAKOB, €CThb

10 000 9998
X1=gge5- = 1,00010; X3 =555 =0,99990.

Bor peuienue, nosydeHHoe ¢ MOMOIIBIO TayCCOBCKOro
HCKIOYeHUs1 6e3 nepecTaHOBOK:

0,000100 x; + 1,00 x,=1,00,
{ . — 10000 x,= 10000,
x9==1,00,
x;=0,00 (yxacno!).
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A BOT pe3yJbTaT npUMEHEHHS TayCCOBCKOTO HCKJIIOYEHHH C
nepecTaHoOBKOM:

1,00 x; 4+ 1,00 x,= 2,00,
{ 1,00 x,=1,00,
xgé 1,00,

%, =1,00 (npekpacHo!).

DTH npuMepH! MOSCHAIOT, YTO Mbl ZO/KHH H36eraTb Malbix Mo
a6COMIOTHON BeJIHUHHE I/1aBHBIX sneMeHToB af). JleTanbHuli aHa-

JH3 OWKGOK OKpYI/eHHs B pasl. 21 nokasbiBaeT, yTo A/1s OOLIMX
MaTpHL KeJaTeNbHO MOAAEPIKHBATh YMC/AA Mi; MEHBIIUMU HAH
paBHbIMH eguHHue Mo a6conroTHol Beauyune, [losromy cnepyer
BHGpaTh B KayeCTBe [VIaBHOrO 3J€MeHTa MaKCHMaJjbHoe 1o abco-
MIOTHOMY 3HAY€HHIO M3 yucen af), iZ=r (MaH ONHO U3 HAUGOMbe
LWKX, €C/IH TaKHX HECKOJbKO). DTO NOCTHraeTcss Ha KaXJOM 3Tane
nepecTaHOBKOH r-i U {-# CTPOK, moc/e TOro Kak omnpejeseHo, 4To
a{) eCTb MaKCHMaJbHBIA MO a6COTIOTHOMY 3HAyeHUlO 3JEMEHT B

croa6ue. Takas npouenypa sKBHBa/JAeHTHA NMepecTaHOBKe COOTBET-
CTBYIOIIHX ypaBHEHUH B HcXoaHo# cucteme. Ecau MHOXUTeNn M4
He 3anoMuHawTcs U ecan det(A) BBIYMCAATBCA HE AOMXKEH, TO HHs
KaKoil HHpOpMauuH O mepecTaHOBKaX XpaHHTb He HyxHO. OpgHa+
KO €C/1i MHOXHTEJIH HYXHO COXPaHUTb AJs1 HRajbHEHLIero uc-
NoJIb30BaHUSA, TO HEOOXOAUMO 3HaTb, B KaKOH CTpPOKE HaxomuJcs
TJaBHbI} 3JeMEHT MNpH HCKIIOYEHHH j-ro cronabua. M, KoHeuHo,
3Hak det(A) meHsieTcs Mpu KakJ0H NepecTaHOBKE.

CnenyeT OTMETHTb, YTO IIpH aBTOMAaTHYECKHX BBIYHCJAECHHAX
He o6s3aTeqbHO mepecTasasTb cTPokH B A H b. B camom Jneue,
MBI MOXXeM 00pa3OBaTh BeKTOp W3 Leablx uucen p; (i=1,2,...
+.., M) ¥ BEI3BATb &p,; BMECTO @;;. TakuM 06pa3oM, KOMIOHEHTH

BEKTOpa MepecTaHOBOK p; MOryT NPHUMEHATbCS BMeCTO AeHCTBHU-
TE/bHbIX NEPECTAHOBOK. DTOT METOA 3aBHCHT OT HCNO/Ib3yeMOi
BHIYHCIHTENBHOH CHCTEMBI. :

Ecan raaBHBIfl 3/1eMEeHT BbiGHpaeTcss MaKCHMaJ/bHbIM No abe«
COJIIOTHOM BeJMHUKHHE B CTON6LE, TO METOA HasblBaerca crparezued
YacTuunozo ynopadouusanus Yunkuucona [31] (uHorga mel 6yaem
ee Ha3blBaThb CTpaTerded YacTHYHOro BHIGOpa IVIAaBHOIO SJeMeHs
ta). Ucknoyenne 6oJiee CIO0XKHOTO BHJAa HCNOJB3YeT CTPATe2Ur0
noanozo ynopadouusarus (CTpaTETHio MOJAHOro BbIGOpa r/aBHOrO
9JleMeHTa), IpH KOTOPO# B KayecTBe rJ1aBHOro GEpeTcsi 3/IEMEHT,
MaKCHMaJbHbIli N0 a6COIOTHOH BEIMYHHE BO BCEA MaTpuue
OCTaBIUKXCA ypaBHeHHi, XO0Td HeKOTOpHe NOJOMXEHHS Jerye J0-
KasaTh A/ CTpaTerud NOJHOro ynopsiiO4HBaHHS, HAa NpaKTHKE

N
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CTpaTerus YacTHYHOTO YNOPAAOYMBAHHUS OKa3bIBAETCS BHOJHE YAO-
BJIETBOPHTENBHOM; Mbl COCPeIOTOYHM Hallle BHHMaHHe Ha Hell.

CyliecTByIOT HEKOTOpHIE KJIaCChi MaTpHll, /s KOTOPBIX MOJ-
HBI{l yIOB/1€TBOPHTENbHBEI aHAJH3 OKPYIVIEHHS] MOXeT ObiTh HaH,
Hgaxe ecid BbIGOp IVIaBHOrO He Jenaercss BoBce. XapakTepHHIM
MpHMEPOM SIBJISIETCA MOJIOXHTENBHO ONpejie/eHHast CHMMEeTpHYHAs
Matpuua A.

Ananus B pasi. 21 noxasbiBaet, YTO OLIHOKH OKPYI/IEHHS yIH-
BUTEJbHO MaJlbl, eC/iH MPOBORATCA NMepecTaHoBKu. I'py6o rosops,
pellieHHe X, BLIYMCJIEHHOE Ha MaHlHHe ¢ NJaBalolleii 3anaToi, ecTh
B JeHCTBHTENIbHOCTH pelleHue MaTpHyHoro ypasHeHus (A+08A)x=
=b, rae snemeHTbl 0A He GoJblie BEJIUYHHBI, paBHOH NMpHG/H3H-
TEJNLHO 1 OTHEJNbHEIM OLINOGKaM OKpyTr/aeHHs. Mbl He MOXeM CKa-
3aTh, 4TOo x 6Ju3ko K A-'6. OmHako eCi1H AaHHble 3HaueHHS
A u b HUMEKT HeKOTOpYI HEeompenesNieHHOCTb, TO HeompemeseH-
HOCTL B X, BbI3BaHHAas MOTPELIHOCTBIO OKPYIJIEHHA B mpouecce
pellleHHs], He PEBOCXOAUT BeJHUHHbI, IPUMEPHO B n pa3 GoJbiLei,
yeM HeONmpeae/neHHOCTh B X, o6yc/oBjdeHHass rpy6oCTbi0 BBEJEH-
HbIX B MAllUHMHY AaHHBIX.

Ha3soseMm (nXn)-marpuyedi nepecTano80Kk TaKylo MaTpHLY, Y
KOTOpOH KaXpjas CTpOKa H KaXAbH cron6em COAep:KaT TOUHO
onHy enuHuty u n— 1 Hyne#l, Eciu P — Matpuua nepectanoBOK,
to PA ectp MaTpuua A c nepecraBieHHbIMH CTpokamH, a AP
aBaseTca MaTpuueii A ¢ mepecTaBNeHHBIMH CTOJIGLAMH.

YuuThiBasi BO3MOXHOCTb MepPECTaHOBKH CTPOK, Mbl MOXeM B
LU-reopeme (9.2) onycTHTb NpeanosoxeHHe o6 onpefenurese H
noJyyaeM CAeAyiollee yTBEpXKIaeHHe:

(10.3) TecpeMa. Ecau— A npoussosvras Keadparnas marpuya,

. TO cyuwjecreyer marpuya nepecTano8or P, HuiHAas Tpe-

yeorvnas marpuya L ¢ eQunuunol GuazoHasbt0 u 8epXHAA
Tpeyzorvhan matpuya U, Takue, 4To

LU = PA.

Odnako L u U He 8cezda onpedeastoTcs oOHO3HAYHO Ma-
rpuyamu P u A.

KOHCTPYKTHBHOE 10Ka3aTeJbCTBO JAHO C NMOMOLLBIO aJrOpPHT-
ma DECOMPOSE B pasg. 16, a Takxe Bengpodpdonm [8].



11. MACILUTAGMPOBAHHE YPABHEHHH
H HEMBBECTHbIX

B cucreme nuHelinbIX ypaBHenHi Ax=>b HeH3BeCTHbIE ¥; H uJe-
Hbl B IPaBoii 4acTH b; 4acTo HMEIT pHU3UYECKUHU cMbIcI. Boamox-
HO, x; eCTb CMelLleHHs, H3MepseMble B CaHTHMeTpaX, a b; ecTb
CHJIbl, H3MepsieMble B AHHAX. Tak Kak ¢pusuyeckue efHHHLBl MOTYT
OLiTb MPOH3BOJBHBI, €CTECTBEHHO CIPOCHTb: YTO, €CJH CMElleHHe,
onpenensieMoe OAHUM Xj, B3Thb B KuloMeTpax? B sTom wactHOM
ciyuae Mbl JOJKHEI, KOHEUHO, CAeaaTh MOACTAHOBKY X, = 10°x],

Torna Heo6XOAMMO KaXXAbIH WIEH a;;jx; 3aMeHHTb Ha 105a”x;, a
Bech j-ii cTonGen mMatpuusl A yMHOXuUTb Ha 105,
9 7
Jlonyctum, uto B ofweM ciayyae x; 3aMeHeHo Ha dx] 1

j=1,...,n. Tlyctb Dy— HeBHIpOXK/JEHHAss AMArOHaJbHas Ma- .
TpHIA .

d(12) O e
(11.1) Dy =. . .

O @
no.l

IToacTaHOBKH MOKHO 3amKcaTh B BHe
(11.2) x = Dyx’.
AHa/IOTHYHO, TPERNONOXKHUM, UTO
1
dp’ 0
(11.3) D, = .

O m
n

ecTb BTOpas HeBBIPOXKJEHHAs MaTpHLUa H YTO MB!I jJesaeM MOfs
CTaHOBKY

(11.4) b= Db’

AJs uieHoB npaBoil wacTH cucteMbl Ax=b. Tormza cucrema npwu-
HHUMaeT BHJ

ADgx,=le,
HJIH

(11.5) DT ADyx" =1,
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Takum ob6pasoM, 3Ta mpocTas 3aMeHa NepeMEHHHIX JaerT Ham
o o ’ -
HOBYIO JIHHEHHYI CHCTCMY, MaTpHila Kotopoii ecTb A = Di'AD,,
4 ~1
a mpamas yacTe b =Dy b.

(11.Q) Onpexenenue. Martpuua A’ HasbiBaeTcst OUAZOHANGHO IKBU-
8asenTHol A, eC/H CYHIECTBYIOT HeOCOGEHHBIE JHaroHasb-
Hble matpuubl D u D, Takue, uTO

(11.7) A = Di'AD,.

, DL
Takum obpasom, aj;=[d’["a;d?.

OueBuaHO, NHaroHanbHasl SKBHBAJEHTHOCTb €CTh 3KBHBAJEHT-
HOCTh B 00llleM MaTeMaTH4YeCKOM cmblcne (T. €. ob6aajmaer cBOH-
CTBOM CHUMMETPHYHOCTH H TPAH3WTHBHOCTH). DTO TaK¥Ke yacTHbIi
clyuall 3KBUBAJIEHTHOCTH B TOM 3HAY€HHH, KOTOPOE HCIOMb3YETCs
B Teopud MaTpHil (nmotromy uto D; u Dy — cneunasnbHble HEBHPO-
JKJAeHHble MaTpPHUIb).

Mu BuguM, uto AD, ecTb npocto matpuna A co cronbuamu,

4(2 . -1
YMHOXEHHBIMH Ha KO3dduuuents di’, ..., dy. Marpuua Di'A
ecTh Matpuua A co CTpOKaMH, YMHOXKeHHBIMH Ha’l/dﬁl), cees 1/ dP.

Matpuna A =Di'AD; = ecTh pesyabTaT npeoGpasoBaHHR
_cToa610B H cTpoK MaTpuubl A. Tak Kak mpou3Bexenwe MaTpHI
aCCOLMATHBHO, HE HMEeT 3HAauyeHHs, MPOHUIBOAUTCA JiKM paHbllle
YMHOXKEHHE CTPOK HJM yMHOXeHHe cro/6u0oB. Bosee Toro, Tak
KaK JAMaroHajJbHblEé MAaTpHUbl KOMMYTaTHBHBI, MOXHO nepeiitTu
ot matpuubl A K A’ nyrem 2n yMHOXeHMH CTPOK HJM CTOJGLOB
maTtpuusl A B I060M NOPSIKE.
OO6BIYHO TOBOPSAIT, YTO Di'AD; aksusarentna no Mmacwraby
¢ A. B uacrnoctn, AD; axsusasenTHa no macuraby 1046403 ¢

A, a Di'A axsusanentna no macuraby crpok c A.

Takue onepamuu MaciitaGupoBanHHst OGBIYHO HCHOAB3YIOTCS
MpH pelIeHnH CHCTeM JHHelHbiX ypaBHeHHH. XoTsi MacliTaGupo-
BaHHe MOXeT HMEeTb 60J/blioe 3HauUeHHe, OOBIUHO HET HaJOBHOCTH

1 2) o
noa6uparthb d¥ u d} touyno. Ilpu BelyncaeHUAX ¢ nsiaBaloinei 3a-

., 1
RATON C OCHOBaHHEM B OGBIUHO JA0CTATOUHO B3ATh di u df pas-

HHIMH LeJbIM cTeneHsiM B. DTo H3MeHsieT TOJBKO [0Ka3aTeqb
CTenenly yucaa ¢ NnaaBalollell 3ansaToll a;;, OCTap/aasl ero 3saua-
wue yugpor (T. €. ApOOHYIO YaCTb, HJAM MaHTHCCY) -HEH3MeHHOH.
Takum 06pa3om, Takoe MmacliTaGHpoBaHHe HE BHOCHT MOrpeul-
HOCTH OKPYIVIEHHS.

4 3ak. 48
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(11.8) Onpeneaenve. MaTpuua A’ HasbiBaeTcsi IKBUBAAEKTHOL NnO
macwraby c ocHosakuem B ¢ wmartpuueit A, ecau A’'=

= Di'AD,, re Dy u Dy — nuaroHaqbHbie HEBBIPOXAEHHBIE
MaTpHIBl, SJIEMEHTH KOTOPHIX €CTh leJble CTeNeHH OCHOBa-
Hus .

Tak xak cTpoku A MoOryTt nepecrtaBnsiTbCsl NpPaKTHUeCKH 6e3
NeiCTBUTEJNBHOrO NMepeMenieHlss B MAlIMHHOH NmaMsATH, CTPOKH U
CTONOLBI MOI'YT MaciTabHpoBaThcst 6€3 aeliCTBHTEABHOrO H3MeHe-

Hus a;;. Heo6X0aMMO 3aNOMHHTB TOJBKO 21 YHCe d(," H d?’ HITH
[faxe TONbKO MOKa3aTeJH HMX CTEHeHeH, eCJHd OHU paBHBI UEJbIM
creneHaM .

EcTeCTBEHHO, MBI XOTHM 3HaTh, Kak BJHSIET MacwTaGHpOBa-
HH€e Ha pelleHHe JHUHEHHOH cHCTeMbl. DTOT BOMPOC HE OUeHb XOpO-
o [n:i,yqen, ofHako Mb chopMmyaupyem OAuH pe3yabraT Bay-
3pa [4].

(11.9) Teoeema. ITycre marpuyer A u A’, npedcrasaernoe 8 pe-
Hume ¢ naasarouied 3anaToll, IKBUBANEHTHbL no macuTaby
¢ ocHoganuem B 8 cmoicae onpedesenusn (11.8).I1pednoao-
acunm, 4to b=Db’. Tozla, eciu undeKcoL eragHolx dremen-
T08 u nopadok ux evibopa 3aguxcuposarvl 3apaxee, TO
peuwenus cuctem Ax=b u A’x’=b" no eayccoscxomy uc-
KAO4EHUIO NPU UCNOAb308aKUU apudseTuku ¢ naasaroueld
3anarod 6YyoyT 86LIYUCAATHCA TOUHO C TeMmu e 3HAUAUUMY
pas3padamu 8o 8cex pe3yabTaATAX U MPOMENYTOUHLIX 8eAU-
quHax (ecau TOALKO nOKA3aTeAb CTENeHU He 8bl1308eT nepe-
NOAHERUS UAU NOABAEHUA MAULUNHOZO HYAR).

OCHOBHOE MNpEANONOXeHHe 3Jech TO, YTO NAPAAOK BBIGOpa
IMaBHBIX 3JEMEHTOB mpejonpeaeieH W OAUHAKOB ANs1 OGEHX CH-
creM. EcrecTBeHHO, pelreHust ¥ U x’ cBsi3aHbl cooTHoweHRnem (11.2).

Hokaxem (11.9). Mbl npeanosaraeM, 4To OKPyIVIeHHe, 3a UC-
K/JIOYeHHeM cayyas nepenosHeHHs WIH MOSBJEHHS MalUHHHOro
HyJIsl, OTHOCHTCS TOIbKO K 3HayaluM uudpaM, HO He K MOKasa-
Teaio creneHH. 3HavawHe uHPpu A u A’ HAEHTHYHBI COTVIACHO
runotede. Tak KaK raaBHbie jeMeHTH B A u A’ Bri6UpawoTca Ha
OJIMHAKOBBIX MeCTax, apH(MeTHyeckHe onepauul Ha OJIHHAKOBBIX
CTajuAX pPEHICHHS] BBHIMOJHSIOTCS C COOTBETCTBYIOU(HMU 3JeMEH-
tamu A, b u A’, b’. Macwta6upoBaHsue cTos61a A BE3bIBaeT TOMb.
KO KOMIEHCHpYIOllee H3MEHEeHHe MOKa3aTensl CTENeHW COOTBETCT-
ByIOHIero Heu3BE€CTHOrO.

Macwra6uposanue cTpokH [A, b] TONBKO BBOAUT MHOMKHTENb
B ONHO ypaBHEHHE, H B MPOLECCe HCKIIOUEHUS MOSBJSAIOTCH KOM-
NEeHCHpYIOLe H3MEHEeHUsl MokasaTteseil cTeneHell, Met He Gyjgem
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Gosblue FOBOPUTH O MacluTa6upoBaHUH cTONGLOB, a BHIAENUM 30-
¢ekT MacmTabUpoBaHUs CTPOKH NyTeM pacCMOTpPeHHs CTaguH UC-
KJloueHHus x;. Ha aTofi cTaauu Mbl HMEeM CTPOKH

ar=[ay, oo, Qp bl B ap=[as1, ..., Qrnr bil.

TIpeanosokuM, 4TO @;; €CTb IVIaBHbIA SAEMEHT AJs nepBoro
ctonbua, Ilpyu uckiaroueHHH X} U3 k- CTPOKH MH 3aMEHsieM a@x Ha

Tenepb npeanonoxum, uro Marpuua [A’, '] noayyena yMHOXe-
HUEM a; Ha B, a ay — Ha B Torxa npu pewenun cucrembl A’x' =
=b’ Mbl 06pasyeM HOBYIO CTPOKY

Boay,
ﬂsak— ﬂfa“ ¢ ﬂ’ah

KOTOpas TOYHO paBHa B°af’. CnegoBaTenbHo, npu MacmrabupoBa-
HHM CTPOKH HOBasi CTpOKa ai TOJbKO YMHOXAeTcs Ha [% MHO-
xutenb B He nossasercsa. Takoe MacwTabupoBaHHE HE OKaabl-
BaeT CyIECTBEHHOTO BAHAHHA Ha NOCAEAYIOULEE HCKJIOUeHHe HNu
Ha o6paTHYI0 MNOACTaHOBKY. DTO 3aBepIlaeT JA0Ka3aTelbCTBO
(11.9).

Mnb 3akntouaeM u3 Teopembl (11.9), 4TO eAMHCTBEHHO BO3-
MOXHBIH 9(dekT MaclWITa6UpOBaHHsT MaTPULUB UENBIMH CTENEHS-
MH B OpH HCKNIOYEHHH COCTOHT B U3MeHEHUH BbIGOpa r1aBHHX
3jeMeHToB. Jlagum Tenmepb ABa mpuMepa, YToGbl MOKasaTb, YTO
MacuiTaGHpoBaHHE Ha CaMOM JeJieé MOXKET Bhi3BaTb GOJIbIIOE H3-
MeHeHHe pesyabrata. B o6oux npumepax mb Gepem B=10, npo-
BOAMM AeHCTBUA C TpeMs unppaMy H NaBalouleil 3ansiToi U HCs
N0/Nb3yeM YacTHUYHbIA BBIOOP I'M1aBHLIX 3NEMEHTOB.

(11.10) ITpumep, BepeM npumep (10. l) ¥ yMHOXKaeM nepBoe ypas-
HeHue na 105
{ 10,0x, + 100 000x, = 100 000,
| 1,00x; 4+ 1,00  x3=2,00.
Tak kak 10,0>1,00, MeTon uacTHYHOro BrIGOpa I/1aBHOrO

sJeMeHTa He TpebyeT NepecTaHOBKH ypaBHeHHil. Takum
o6pa3oM, HCKAIOUEHHEe Aaer

{ 10,0, + 100 000, = 100 000,
—~ 10000x; = — 10000.

4*
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Pewas, noayuaem

xy=1,00,
x;=0,00 (yxacuo!).

Taxkum o6pasoM, MaciuTaGupoBaHHE NEPBOH CTPOKil MPHBOAUT
K BbIGOpY IVIABHOTO 3/eMeHTa M3 nepBoro ypasHenus. llpomecc
WCKJIOYEHHSl TOYHO TaKoi ke, Kak B npumepe (10.1) 6e3 npume-
HEHHS [epecTaHOBOK, KOTOpble, KAK Mbl BHAENH, HIPAIOT TaKylo
Goabiyto podb B 3Tom npumepe. Cam 3TOT NpuMep CAYKHT Tak-
xKe WancTpanueit K reopeme (11.9), uto uurareab yBUAMT, MpoO-
BeAA cpaBHeHue ¢ nepBbiM pewenneM (10.1).

Tak kak maciuTabupoBaHie cTOAOLOB CaMO HE BJHSIET Ha BbI-
Gop IJ1aBHOTO 3/J€MeHTa B [epBOM CTO/IOUE; Mbl MOXeM MNepenu-
caTb npumep (11.10) aByms cnoco6amu 6e3 CyUuleCTBEHHOTO H3Me-
HEHHSl pe3yJbTaTa:

{ 10,0x; + 1,00x, = 1,005,
] ,00x1 + ],0010 - 5x2 == 2,00
LT .
{ 1,00)51 + 1,00)(2 = ],00105,
0,10x1 + 1,0010 - 5x2 = 2,00

(3n1ech U HMXKE MBl HCmoab3yeM oGosnaueHua AJII'OJ1a-60 pas
sanucu yucea c¢ ocyopaunuem 10, Takum o6pasom, 1,000—5 ecTb

1,00.10-5.)
HecMmoTpsi Ha TO uTO NepBOHauajbHOE pellelide, MOoJyueHHOe
B npumepe (11.10), oueHb nnoxoe, yTOuHeHHE C MOMOILULIO HTepa-
nui (paccmaTtpuBaeMoe B pasz. 13) maer npaBuiibHBIA pesyJbrar.
Bo BTOpOM mpHMepe NOpsAOK paBeH TpeM.

(11.11) Ilpumep. PaccMOTpHM cHCTEMY

(11.12) xl""' x2+ x3=1,
210-—4x,+ X9+ X3=2.
Hpn [IpaBUJAbHOM OKpYIJa€HHH pelieHue eCTb
(1,0010, 1,0004, 0,9994).

Peluasi cCHCTEMY ¢ NOMOIIbIO [ayCCOBCKOIO MCKJ/IOYEHHs C
YaCTHYHBIM BHIOOPOM TJIaBHBIX /1€MEHTOB U MPOBOAS Aeli-
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CTBHSI C TpeMsi 3HaKaMu [pH NJaBalollefi 3ansiToi, Mbl
noJjyyaeM [ocJje npsiMoro MCK/IueHUs

(11.13) —3xy—2x3=—05,

( X1+ 2x9+ 3x3=16,
0,332x,=10,333.

IlpoBoas oOpaTHYIO MOACTAaHOBKY, Mbl MOJYyuaeM
x©@ = (1,00, 1,00, 1,00).

IMoacrasasa B (11.12), naxongum HeBsizky b — Ax©=6.
Takum 06pasoMm, NpH NPaBUIbHOM OKPYI/EHHH peLIeHHe
C TpeMsi 3HaKaMH MOJy4aeTcs JIerko.

[Tyctb A — matpuua cucrembr (11.12):

1 2 3 6
(11.14) A=]1 -1 11, b=[l .
20— 4 11 92

Jl0oBOILHO TPOMO3AKHE BBLIYHCIEHUS AalOT AJAA 0fyc-
J0BAEHHOCTH A cpaBHUTENbHO MaJsloe yncio — 27,4, [lyctp

1 1
(11.15) Df'=‘[ 1 "]. Dz=[ 10—4 ]
104 10—4

[Mocne macwraGuposanus ¢ nomomibio (11.7) u (11.15)
cucrema (11.12) npuBomuTCs K BHAY

X1 + 210—4)62 + 310“4)(3 =6,
(ll.ls) X1 10_4x2+ 10—4X3= 1,
2.761 + Xo + X3=2104.

" Pemas ee ¢ NOMOUILIO YaCTHYHOTO WJM [OJNHOro BbIGOpa
IJ1aBHBIX 3JIEMEHTOB, MBI BbiOMpaeM 2 B KayecTBe MepBOrn
FJIaBHOrO 3JE€MEHTa, HCKJIOYaeM X; U noJjyyaeM

2%, + X9+ X3 = 2104,
— 0,500, — 0,500%5 = — jod,
—_ 0,500«‘2 - 0,500x3 = - 104.
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Hckaiouenne X2 NPHBOAMT K CHCTEME

2%, + X2+ x3=204,
(11.17) ” - 0,500)6'2—0,500)C3= —104,
0=0,

KOTOpas sIBJAETC BbIPOXKAECHHO.

Takum obpasoM, B 3TomM npuMepe MacuTaGHupoBaHue AenaeT
06blyHble CNOCOOL BBIOOpA I/1aBHBLIX 3/1€MeHTOB HealeKBaTHLIMHU.
[To Teopeme Bayspa (11.9) MoxxHO yA0OBNETBOPHTENbHO pPEIIUTDb
cuctemy (11.16) ¢ a;y B KauecTBe NEPBOro FJIaBHOTO 3JEMeHTa,
TaK KaK 310 6yleT 5KBUBaJIEHTHO TOMY, YTO [eJa/0Cbh MpH M0y~
yenun (11.13). Tak kak (11.17) — BEIPOKAEHHARA CHCTEMa, Mbl HE
npeacTaBaseM cebe, Kak noay4yuTb peumienue pas (11.16) us cu-
crembnl (11.17) ¢ nomowbio MTEepauUHOHHOrO YTOUHEHHs (OMHCaH-
Horo B pasa. 13). B atom cmbicie (11.11) npeacraBasier coboii
XyAwHi npuMep no cpasHeHu1o ¢ (11.10) u gokasbiBaer, 4ToO BHI-
6op HyXHOro MaciiTaGupoBaHHA OYeHb CJAOXEH, €C1H XOTUM MO~
JY4uTb NporpaMmy AJs pelleHUss Kak MOXHO 60.abiIero yHcaa
CHCTEM JIMHEHHbIX ypaBHeHUH.

Ilpu usyuenuu (pasa. 8) Bausnusi BoamylleHuss A u b Ha pe-~
(leHYe JIMHEHHOH CHCTeMb! pelllalolliM NapaMeTpoM Oblia 06yc-
JoBjeHHOCTb MaTpuusl A. B pokasartenbcTse (pasa. 22) cxoau-
MOCTH ME€TOAA HTEepPalHOHHOTO YTOYHEHHS peIleHHs JHHeHHbIX
CHCTEM OCHOBHOE MpEANOJOXKEeHHEe — 3TO YTO YHCAO OOYC/OB/EH-
HOCTH JOCTATOYHO MaJjo.

CaenoBaTesIbHO, TEOPETHUECKH HaUAydlIMil coco6 MacmTa6u-
pOBaHHs — 3TO TOT, KOTOpHIl Aenaer uuca0 OO6YCHOBAECHHOCTH
npeo6pa3oBaHHON MaTpHIbl HaHMeHblIHM, Mbl MOXeM NMOCTaBUTb
TOr'Za 3ajauu:

(11.18) Jdauna matpuua A; kak Bbi6paTh aguMaroHajbHble MaTpPHILI

Dy w D,, uto6n obycnosnennocts Di'AD; 6bina MuHm-
MaJbHo#?

(11.19) [dana marpuna A. MoxeM ¥ Mbl ONpeAeNUTb ONTHMa/b-
‘ #Hoie Dy u Dy u3 (11.18) uau npuemaeMoe npHOHKeHHE
K HHM C NOMOLIbIO JOCTAaTOYHO ObICTPOrO BbIYMCAUTE]b-

HOTO a/jroputmar

3anaua (11.18), okasbiBaeTcs, MOJHOCTbIO pelaeTcss AJsl HEKO-
TOpbHIX MaTpHuHbiX HOpM. (Hanomuum, uto cond(A)=IA[ - [|A-Il,
NIO3TOMY pe3y/abTaT 3aBHCHT OT Bbi6Opa HOpPMH.) 3apava He
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peileHa A/ €BKJAMAOBOH HOPMBI, KOTOpasi IJiaBHbIM 06pa3om
MCMOJIb3YETCs1 B 3TOH KHMI€ 3a HCKJIOYEHHEM [IBYX YaCTHBIX CHy-«
yaes: (i) Koria n=2 nas Jaw06oi Matpuusl A, (ii) xorma u A4,
u A-! UMeIoT onpejeneHHOe pacmpefiesieHHe 3HAKOB, Ha3blBaeMoe.
waxmaTHolM (onpeaeseHne aToro NoHATHs cM. Baysp [4]). Onru-
manabubie Dy u D, 3aBucsit cywectBenHo ot A-!, Tak Kak ueab
Hawero MaciTabupoBanusa MaTpHubl A COCTOMT B o6aerdeHut
Haxoxaenna A-1b, To Mbl, KoHeyHo, e 3Haem A-!, Cienosateb-
HO, Mbl HE MOXKEM HajlesiTbCsi Ha HCNONb30BaHHe HaHJEHHOro pe-
wenus 3agauu (11.18) npu pewenuu 3apauu (11.19).

Mur cefivac npusesem peuwenne Bayspa [4] sagauu (11.18)
A5 MakCHMyM-HopMbl. BcnoMHuMm, uro ecau |xllo onpenensercs
no opmy.e (2.15), To coorsercTBylomas matpHunas HopMa [|A[lw
ecThb

(11.20) I Alle= max 2|a;l.
1ISI<n =1

4
IMyctb maa a060# MaTpuusl B= (b;;) depes |B| o6o3naueHa ma-
TpHLA ¢ HEOTPHIATEJbHBIMHM 3JeMeHTaMH |b;|.

[MycTh naHa HepasnoxuMmasi mMaTpuua A (cM. (6.4)). IMToso-
xuM C=|A|-|A-!|. Tak kak C uMeeT HeOTpHLATE/bHbIE JEMEH-
THl, TO OMHO H3 €€ MAKCHMaJIbHBIX MO MOAYJI0 COGCTBEHHBIX 3HA-
yeHMil eCTb MPOCTOE BELECTBEHHOE MOJOXKHTEeJbHOE yHCIo (CM.
. Bapra [7]); o6osHauum ero uyepes p. Marpuna C umeer Takxe
COGCTBEHHBIH BeKTOp 4= (Uy,..., Un)T, COOTBETCTBYIOLIHI P, TaK
uto Cu=opu. Ilyctb d =u; pas i=1,...,n. Marpuna D, nmeer
Bunx (11.3) ¢ rykasaHHbIMH d. Awanormumo, aas MaTpHILbI
|A-11.|A| p siBASIETCA €AUHCTBEHHBIM MaKCHMAaJ/IbHBIM 10 MOIYJIO0
MPOCTHIM MOJIOXKHTEJNbHBIM COGCTBEHHbIM 3HayeHHEM M COOTBET-
CTBYIOUHI COGCTBEHHbIH BeKTOp ecTh v = (v, ..., v,,)T. ITono-
xum d =v;ana j=1,...,n Toraa matpuna D, naetcs dopmy-
aoit (11.1) ¢ yKkasaHHbIMH dP. Onpegnenennsie ceituac MaTpHILbl
D, u D, muuumusupylor obyciosaennocts Di AD,. (Tak xak
cond(B) He u3MeHsieTcss OT yMHOXeHHsi B Ha ckaasp, maculiTa-
GupoBaHMe BEKTOPOB ¥ W U He HMEET OTHOLIEHWs K 3afaue. To
ectb D; u Dy onpejeneHsl OAHO3HAYHO TOJBKO C TOYHOCTHIO MO
MOCTOSTHHOTO MHOXHTeJs.) DTO 3aBepluaer pemleHue Bayapa 3a-
naun (11.18) B Hopme |xlw.

Peumenne B eBkaAugosoét HopMe [lx[| (4ns cneumanbHbix Ma-
tpun A) Takxe copepxut marpuusl |A|-|A-!| u |A-!|.|A| u ux
COOCTBEHHbIE BEKTOPHI, HO ABJAsAETCA GoJsee caOXKHbLIM, MacuTabu-
posaHue, xopouree Aas1 HOPMbI || %[lw, JOMKHO GbITH YAOBAETBOPH-
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TeJNbHbIM IAsi HOpMBI [|lx]|, TaK KaK MOXHO NOKa3aTh, 4TO A/ Ma-
TpUUbl NopsiAKa N

(11.21) 1 conde (A)

= "cond (4)

3necy cond(A) =[All-[|A-Yl aas wopmu |lxll, a condw(A) =
=[Allw* IA""lw. Ho B Ni0GOM clyyae Mbl He 3HaeM YIOBJETBO-
DUTEJbHOTO NMPaKTHYECKOro pelleHHA 3afayH MacluTaGHpOBaHUs
(11.19), Kotopoe paGorano Gbl Aast Jw0Gbix MaTpHu A B npous-
BOJILHOH HOpDME.

(11.22)-YHPA)KHEHHE. Iokasatb (11.21).

M3 mo6onmbiTcTBa Ham KoJJera Bapax nposes sKcnepHMeH-

tanabHoe onpeaesnenne Dy n Dy, Takux, uto cond (DIIADz) MHHH-
MH3HPYETCsl B €BKJAMAOBOH 110pMe aist MaTtpulinl A u3 (11.14). Ou
Halles, uTo ~ _

‘ 0

<n.

X

Dt o 17318 ,
0 9,9998
l 0
D2 ~ 0,5
0 0,4083

MunrMabHEIM 3HaueHHeM 06ycaoBaerHocTH 6bi1o cond(Dr' ADg)~
~13,9427, B To Bpemsa Kak cond(4)=~=274.

[Moaxox K npobaeMe MacliTabHpoBaHUs, H3GpaHHbIA YHIKHH-
cOHOM [32], COCTOHT B TOM, YTOGH! clejaTh MAaTpHUY PABHOBECHOU
nepen Hauyanom pewedna. I'py6o rosopsi, MaTpuua HasbiBaercs
pPaBHOBECHOH, €CJIH BCE €€ CTPOKH M CTOJOLL HMEIOT NpPHMEpHO
ONMHAKOBYI0 AJIHHY B HEKOTOpofi HOopMe. AHanH3 OKpYyTIVIeHHs,
npuBelleHHbll B pasd. 21 ansa rayccoBCKOrO HCK/KOYEHHs, AaeT
nau6osee 3p(heKTHBHLIC pe3yabTaThl B TOM cjydae, KOrla MaTpH-
1a paBliOBeCcHa, TaK KakK B 3TOM Cjyyae HeGO/bIIOE BO3MYLIEHHE
0/JHOM CTPOKH (MM CTOA6LA) MaTpHIbl OyAeT TOro Xe nopsijka,
YTO H J10GOH APYrod CTPOKH (MJM CTONGUA).

(11.23) Onpeaenenne. Martpuua A HasbiBaeTCsi pasHoBecHOd no
crpokam (no HopMe lixlle), ecin A8 Kaxaoro Homepa
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CTPOKH i

B < max |a;I<]1,
ISj<n

rge B ecTb OCHOBaHHE CHCTeMbl C NNaBalouleil 3anAToM.

(11.24) Onpenenenne. Matpuua A HasbiBaeTcs pasHO8ecHod no
croabyam (oTrHocuzerbro Hopmol || x|lx), ecan nasa Kaxa0-
ro Homepa crtoabua |

ﬁ"< max |a; i<,
Ii<n

(11.25) Onpeaeaesue. Matpuna A Ha3blBaeTCsl pABHOBECHOL, €CAU
OHa fIB/JAETCS PaBHOBECHOM M 1O CTPOKAaM, M 110 CTOJ6LAM,.

Hcnonb3oBanne B B onpenedeHHsiX NO3BOJSET MEPEXOAUTh K
paBHOBeCHOH MaTpHue, HM3MEHSAA TOJbKO MOKas3aredb CTENeHH.

[TpueM YuJIKHHCOHa COCTOMT B TOM, Y4TO Ne€pej PeleHHeM CH-
CTEMbl YpaBHEHHH MaTpHLa Jenaercsd NpHOIH3HTENbHO paBHOBeEC-
Hoi. K coka/neHuIo, He CyIIeCTBYeT eIMHCTBEHHOH paBHOBeCHOH
¢opMbl MaTpubl, Pasnuynbie aaropuT™Mbl 6yyT NPHUBOAHTE K ca-
MBIM pa3JHuHbIM paBHOBecHbM MaTpHuaM. Hanpuamep, nycrth
=10 u

1 1 2,9
A=|2 -1 ,9].
1 2 0
Ecan Mbl cuauana ypaBHOBECHM CTONGLBI A, TO MOJTYYUM MaTpHILY
0,1 0,1 0,2
B=|02 -0, 0,1 [,
0,1 02 0

KOTOpasi ABJAETCs TaKxe paBHOBeCHOH no crpokam. Ho ecau mbl
CHayala ypaBHOBECHM CTPOKH A, TO MOJYYHM MaTpHuy

10‘_10 10_10. 0,2
C = 2]0_ 10 10 10 0,1 N
0,1 0,2 0
KOTOpaa sABJSETCA TaK¥kKe paBnHOBeCHON no croabuam. OmHako

MaTpHubl B u C 3amMeTHO OT/IHYAIOTCS 06YCAOBACHHOCTBIO, XapaK-
TepoM MacmTabupoBaHusi W BbIGOPOM I/1aBHbIX 3JEMEHTOB M/
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rayccoBCcKoro HckaioueHns!). Matpuua B ssasercs Goaee yao-
BJETBOPHTE/NBHO MaciliTaGHpOBaHHOH ¢dopmoii maTpuubl A.

XoTs1, HECOMHEHHO, C IIOMOLLbIO NPOBEPKH BCErAa MOXKHO Haki-
TH npuem/eMoe MmaclutabupoBaHHe MaTpPHLbL! TPEThEro NopsiKa,
OJHAKO COBEPIUEHHO He sICHO, KaK MHCaTh NpOrpaMMy MacluTa-
6HpoBaHHA I MaTpHubl o6llero Bujpa. MsBecTHble Ham ajaro-
pUTMBI, NONOGHbE npeanoxeHHomy Mak-Knumanowm [18], we naior
YHUBEPCaJbHOTO pelieHus npob/eMbl. y

B npuBenenHbX B 3TOH KHHArE a/irOpuTMax AAA pelleHHs CH-
CTeMbl JIHHEHHbIX YpaBHEHHH Mbl HCIONb3YeM TOJBKO MacuTabu-
posanue cTpok. To ecTb MBI oTHiCKHBaeM matpHuy D;, Takyio, uTo
B Matphue DA Bce CTPOKM UMEIOT OAMHAKOBYIO AJHHY B HOpMe
I lo. Mbl He mnpeTeHAyeM Ha TO, Y4TO 3TO €CTb ONTHMAaJbHOC
pelleHne npobseMbl MacCiiTaGHPOBaHHsI (OHA, KAK MbI MBITaAHCh
noKasaTb, ropa3fo cioxnee), B namem onncanun Macimrta6upo-
BaHHE CTPOK MPOH3BOAHTCA HESIBHO NMyTeM 3aMOMHHAaHHS COOTBET-
CTBYIOLIUX KO3((ULUHEHTOB, a HE C MOMOLIbIO AEHCTBHTEJbHOrO
H3MeHEHHsl MaTpUYHbIX 3JIeMeHToB (CM. pa3a. 16).

) Mb Gnaropapubl XeMMHHTY 3a TO, YTO OH NDHBJEK Hale BHHMAHHE
K NPHMEpY TaKoro THna. .



12, MOAHDHKALLUH KPAYTA -
H AYJHTIA

Meton Kpayra Ges mepecTaHOBOK, nmpeaHa3HaueHHBIH CrewH-
aNbHO /151 HACTOJBHBIX BHIYHCIAHTEbHBIX MallHH, HCKJIIOYaeT Bbl-
MHCHiBaHHE NPOMEXYTOYHBLIX BEJHYMH, MOJOOHBIX af B pasx. 9.

BmecTo 3Toro umcia m;; M u;; BEIYUCAAIOTCS OAHO 3a ADYTHM B
npouecce HeNpepbiBHONO HAKOMJIEHHS CYMMbl {IpOM3BeJeHHH.
(B meficrBurenbrnocTn 310 Metoa Hyaurna. Bonee nssectHoe ceii-
yac uma Kpayra cBssaHo, co6cTBeHHO, € pasioxeHuem A=LU,
B KOTOPOM #;;=1, a guaroHaabHble 31eMeHTH L O6BIYHO OTJIHYHBI
ot 1. Pasnnyue, npaBaa, HeBeaHKO.) )

Ilycts bi=a;s (i=1,...,4). Anroputm Kpayra ansa cucremnl
ypaBHeHH# 4-T0 mopsilKa TaKoB:

forj:=1, 2, 3, 4, 5 do uy; :=aq;

fori :=2, 3, 4 do m,; :=a,/uy;

forj:=2, 3, 4, 5 do uy; :=as;—my X uyy;

fori :=3, 4 do my, s =(a — myy X uy)ug;

forj:=3, 4, 5 do uy; :=a3;— mg; X uy;— mgp X uy;;

Mgy 2= (g — My X Uiz — Mgy X Ugg)/thgs;

forj:=4,5douy i =a,—my X t;—my Xty — my X us;.

MbI nonlyuum HenocpeaCTBEHHO YHCJIA U;; H My; METOJAA HCKIIOYe-
Hus Taycca 6e3 KakKux-1H60 NPOMEXYTOYHBIX 3amucell. 3aMeTHM,
yTo MeTox KpayTa mo cyurecTBy COCTOHT B KOHCTPYKTHBHOM BbIYHCe
JAeuuu matpuu L u U u3 LU-TeopeMbl B nopsiike, HECKOJAbKO OT-
JUYHOM OT TOrO, KOTOpbIfi JaH B HalleM HHAYKTHBHOM N0OKasa-
tenbctBe (9.2). KonnyecTBo apudMeTHYECKHX onepautil B MeTode
KpayTra u B meToze HCKAloueHHs [aycca oAHMHaKOBO, MOCKOJbLKY
onepanyu BHIMOJHAIOTCS T€ XKe caMble, XOTS H B APYrOM NOPSIAKE.

s cummerpuuHofi matpuubl A apudmeTHueckue onepauuu
MOXHO COKPaTHTh BIFOE 32 cuyer BbluncleHuss G B pasioKeHuu
A=GGT; cm. (9.3). TlepecTaHoBKH HapyLIAIOT CUMMETPHIO KpoMe
TOro cJyuas, Koraa CToNGubl H CTPOKH NMepecTaBJIsioTC OXHOBpe-
MeHHO, YHJKHHCOH [31] qoKa3aJ, YTO €CJH MaTpHIla CHMMETpHYHa
U [OMIOJKHTENBbHO OonpejejeHa, TO MepecTaHOBKH MOXHO ONYCTHTb
6e3 cepbe3HOro yBeJHYeHHS OIHGOK OKPYrJeHHs, a 3TO YIpos
WaeT ApOrpaMMHpPOBaHHE AJI 3THX OYEHb YaCTO BCTPEYAKOIIUXCSH
MaTpuL, :

ITpennourutenbnee au Meroax Kpayra Mertola HCK/IIOYEHHS
lFaycca? [Ilpu ucnonb3oBaHHH HACTONBHBIX BBHIYHCANTENBHBIX
YCTPONCTB O4Y€Hb BaXKHO H36€raTh BHMHCHIBAHUS NPOMEXKYTOYHBIX
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pe3y/nbTaTOB, HO 3TO MEHEe CYUIECTBEHHO A/s aBTOMaTHYECKHX
BBIYMC/IHTE/NbHBIX MallnH. [lepecTaHOBKH TpPYAHO OCYLIECTBHTb C
nomoulbio Kapanaaiua u Gymari B Merone Kpayra u nerye B me-
Toe uCKaloueHus aycca. OpHako TPpyAHOCTH C NMepecTaHOBKaMU
B MeToJe KpayTa He BO3HHMKAIOT, €C/IH MMeTb Jel0 C aBTOMaTHue-
CKHMH BBLIYHCJAHTENbHBMH MamHHaMu. Aaroput™ Kpayra npuso-
OHT K MEHbLIUM OmMOKAM OKPYrJeHHsI MPH YCAOBHH, YTO BBIYHC-
autenbHas MamuHa (tuna IBM 7090) MoKeT /erko 3amOMHHTb
HaKal/iiBaeMyl0 CyMMy NpOHM3BEJEHHH Ha perucrtpe ABOUHOM
AMUHBL B OKPYIAATb €€ ¢ OOGBIYHOM TOYHOCTBIO TOJBKO NpH 3ano-
MHHAHUH OKOHYaTeabHOro pe3yabratd. Ecanm ans BbluHCauTENB-
Hoi MamHHb (THna ‘Beppoys B 5500, nanpumep) takoe 3anomu-
HaHWe 3aTPyNHMTENbHO, TO HCHOJAb30BaHHe MeToaa Kpayra He
JlaeT NPEHMYILUECTB,



13. WTEPALMOHHOE
YTOYHEHHUE

HecMoTpss Ha TO 4TO OMIMOGKH OKPYIJIEHHS B MEeTO/le HCKJIIO-
yenusi ['aycca ¢ mepecTaHoBKaMH Aas Xopoilo MacwTaGupoBaH-
HOH MaTpHLbi OYeHb MaJsibl, WHOrJa BO3HUKaeT Heo0XOAHMMOCTb
Noay4YHuTh GOJBLIYIO TOYHOCTH. Hanpumep, npu H3MeHeHHH KOOp-
JUHAT C MOMOLIbI0 NpeoOpa3oBaHHs NOJOOHS AJS BBIYUCAEHUS
COGCTBEHHBIX 3HAYeHUH HeOOXOAUMO HUMeTb YBEPEHHOCTb B TOM,
yto S-! BhIyMcJAeHA HAcTONbKO TOUHO, HACKOABKO 3TO BO3MOXKHO,
korna obGpatHas MaTpHUlia BbIYHC/ASETCS C OOBIYHOH TOYHOCTHIO.
B apyrux cayuasx Tpe6OBaTe/bHBI 3aKa3YHK MOXKET HacTau-
BaTb Ha Bolyncjenuu A-1b ¢ Gosablueil TOYHOCTHIO, YEM JaJKe ra-
paHTHpyeTCsi MCXOAHBIMH AaHHbMH! [losToMy BaxHO HMETb B
BHJly, 4TO pEIUEHHEC X OYEHb BBICOKOH TOYHOCTH MOXKET OBHIThb NO-
Jy4eHo 145 GONbIUHHCTBA JIHHEHHBIX cucteM Ax=b n 4To 3TO
MOKeT GbiTh CI€JMaHO UPH CKpOMHOM (okono 25%) yBenuueHHH
BpeMeHH, TpeOylollerocs [ns1 MOJY4EHHA NepPBOHAYAJIbHOTO pe-
IIeHHS.

‘B arom maparpade Mpl HCroJb3yeM OOO3HAUYeHUd %[, X, I
H T. 1. 4451 0603HAYeHHS BEKTOPOB, a HE KOMIIOHEHT BEKTOpa.

KatouoM 145 yayulleHUs TOYHOCTH MEPBOTO peIlleHHA X; §IB-
JNeTCs BbIYHC/AEHHe C JBOHHOH TOYHOCTBIO ero HegAasku ri=
=b— Ax,. 3Has r|, MH 3aTeM pelliaeM CHUCTeMy

Azl=r|.

Ecay Mu 3HaeM 2; TOYHO, TO Xg=X;+2; GyJdeT TOYHHM pelIeHHeM
cucrembl Ax=>5, noToMy uTO

Ax2=A(x1+21)=—.-Ax1+A21=Axl 'l"fl=b.

Ecnn xe Mbl 3HaeM 2; TOJIbKO JO HECKOJbKHX Pas3psiioB, TO 3TO
OGbIUHO JaeT BO3MOMXKHOCTb BHIYUCJHTHL X2, KOTOPHI Oyidet Gosee
TOUHbIM, yeM X;. Boluncasaa rg=0b — Ax;, MBI MoxeM 3aTeM BbI-
YHCJAUTD 29 U X3. BEeKTOPHI Xy, X2, . . . , BBIYHCJIEHHBIE C NPOCTOH TOY-
HOCTBIO, O6bIYHO 06pa3yloT MocaeJ0BaTeNbHOCTb, GBICTPO CXOAS-'
Iy1oCsT K MOCTOSSHHOMY BEKTODY, KOTOPLIii C MPOCTOH TOYHOCTHIO
ABnseTcs pelleHHeM cHcTeMbl Ax=b. 3aMeTHM, YTO Kaxjaas CH-
creMa Az, =r; UMeeT Ty Xe CaMyio MaTpuLy A, TaK 4TO MBl MO-
JKeM HCOoJ1b30BaTb M;j, YK€ XpaHsllUecs NOcjae NMepBOro peite-
Hus (cM. pasg 9). Tako# nyTb UTEpPalMOHHOT® YTOUHEHHS NepPBO-
HayaJbHOr® MileHHs NMPHBOAHT K yMEPEeHHOMY YBENHYEHHIO Bpe-
MEHHU CueTa.

HckatouureabHo 8ancHO, 4TOGbL BLIUUCACHUE HEBA30K Iy BbINOA-
HAAOCH ¢ Goaee 8bLCOKOU TOUHOCTbIO, 4eM OCTAAbHble Gnepayuu.
DTO OCHOBHOH MPHHUHKN AMS BCeX CNOCOGOB peleHUsl ypaBHEHHS:
BHIYHC/IEHHE HEBSI3KH SIBASIETCS] KPHTHYECKOH omnepauuein H -mod-
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®KHO OBITb BbBIMOJAHEHO ¢ HauGosblIel TOYHOCTEI., Wapeaka
Heo6XOMMMO NOCTHIAaTh TaKOH BBLICOKOH TOYHOCTH BO BCEX APYIHX
yacTax anaroputMma, Ilpyroit npuMep 3TOro NpUHIMNA: NDH HCIOMb-
30BaHHH MeToaa HbIOTOHa aAsl BLIYHCAEHHS H30JHPOBAHHOrO
HyJs BelleCTBeHHON ¢YHKumH f(X¥) MOXHO OGHIYHO IOBOJBHO
rpy6o BeiuHCASITL MpOU3BOAHYIO f'(X;), HO HeBsi3Ka f(X;) HonXKHa
OLITb TOYHOM. .

3ameTnM, 4TO OWHGKA €; pelleHHs ¥, CBA3aHa C 7; NPOCTHIM
COOTHOLLIEHHEM

ey=x,—A"b=A" (Ax,—~b)=— A7'r,.
Takum oGpaszom, .

(13.1) e 1< A7+l

HeranbHplli aHann3 ouIHOOK OKPYIr/eHUs] METONA UCKJIOUYEHHUS
laycca nan B pasa. 21, a B pa3fl. 22 1aHO A0KA3aTeNbCTBO CXOAHU-
MOCTH HTepalHOHHOro yTtounenus. Llenaw caeaynouiero nmxe us-
JIOXKEHHA — JaTb YUTaTeN0 HEKOTOpoe TNpaBIONOAO0GHOe npex-
CTaB/IeHHe O MpHUPOJe a/nropuTMa. B 4acTHOCTH, MBI XOTHM MOKa-
3ath, 4TO BesHuHHa cond(A) npu6nmxKenHo onpegensier GbICTPO-
TY CXOAHMOCTH NOC/IEJOBATENbHOCTH Xp K CBOEMYy INpeJesbHOMY
BekTopy. OGpaTHO, MOC/IEJOBATENBHOCTD X5 MOXET ObITh MCNOJb-
30BaHa aasi rpy6oit onenkn cond(4). '

[Mpenmonoxum mAsl ONpefeNeHHOCTH, 4TO Mbl pa6oTaem Ha
{-paspsaaHOil BBIYHCAHUTENBHON MAlHHEe C OCHOBAaHHEM [3 B pexuMe
¢ naaBatomeii 3anaroit (cMm. pasi. 20). Torma omubka oxpyrae-
HHS1 ONHOH apu(MeTHYeCKOH omepamHu naasg J000ro uumcaa y
paBna Bt|y|. [Tonaraem

=(x) 1y
x, (xl,xz,,...,xg)

H
ro=(rd, P, ..., rh).

Tak Kak ri=b — Ax,, To

D= p — D — L - 1
(13.2) r=b—a,xP—axP— ... —a,x)

Merton uckmogenns aycca onpesnensieT ¢ OGBYHON TOYHOCTBIO
KOMMOHeHTH x{) BekTopa Xi, TaK 4TO KoMmoHeHTH r{’ BekTopa 7
B (13.2) Mansl. BOAbIMHCTBO paspsiloB u/ieHOB a_.x,‘gl B i-i CyM-

Me (13.2) yHUUTOXKAIOTCA APYT APYroM H HEKOTOPmvH BedyIHMHU
paspagamu b;. B peayabtaTe sToro i-a KoMnoHenta r{) umeeT

NOPSIAOK HAUMEHDbLIErO 3HaYallero paspsaaa HauGosbuiero (no a6-
conoTHOA BeaHuHHe) wieHa ayxi’, T. e. B~ <maxlayl-|xP]. .
, i
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CneposartesibHO, rpy6o rosops,
BT e AREA
Tak kak (13.1) sBasieTcs 06biyHO NPUOJHKEHHBIM PAaBEHCTBOM, TO
ledd ] A |- 1AL - 12,187 = cond (A) ), 7.
Caepnosateabno, npu cond(A)==p”
AESTEA T

Ecau p>t, 1o own6ka llell 6yaer 6onbure, yeM ||x1fl u Ml HHYErO
He noTepsieM, nojaras x;=0. C apyro#f CTOpOHH, NPENTIONONKHM,
yto p<t— 1, n nyctb g=t—p, Toraa

ey 1A xy 1} 2 B,

T. €. y Xi TIPHOG/IH3UTENBHO ¢ NEPBHIX Pa3psiloB BEPHHI, a OCTaJb-
Hbie: B Mpejiesiax NOrpelrHoCTH.

Tenepb 7, BBIYHCAEHO M, MOCKOJBKY OHO BLIYHCIEHO C NOBH-
IIEHHOH TOYHOCTBIO, Mbl MOXEM NpeANmoJIONKHTb, YTO HEBA3Ka
uMeeT { BepHbIX paspsnos, cMm. (20.21). Koraa mbl peuraem cu-
creMy Az;=r;, TO nonyyaeM 2, KOTOpoe HMeeT NMPHMEPHO § Bep-
HBIX pa3psifioB. DTH pa3psibl AOKHb BBIIPABHTb § MEpBLIX OLIK-
GOYHBIX pa3psiioB B X, U, Cl1eJ0oBaTeNbHO, CyMMa Xp=X;+2; Oy-
JeT UMeTh 2¢g BepHBIX pa3psaoB. Boo6me rosopsi, yTBepxaeHue,
4yTO B pEXKHMe C nJaBaomleli 3anaToli CyMMa JBYX YHCeJN, HMeo-
KX ¢ _BEpHBLIX paspsaos, 6yner UMeTb 29 BepHHIX paspsAloB, He-
BEpHO, HO B 5TOH CHTyalUH X; U 2; CBSA3aHH ChelHasbHbIM 06pa-
3oM. C KaxJo# HTepaumuell TOYHOCTb YBEJHYHBAETCSH NPHMEPHO
Ha ¢ paspsiioB, H MPOLECC COCTOHT M3 R MTepalud: OH NpoxoJ-
MaeTcs JI0 TeX NOp, NOKA He BHIMOJHHTCA ycnoBue kg 2> t. [Tocae
3TOro JafibHElliee YyTOYHEHHE HEBO3MOXKHO, €CJIH CJIOXEHHWe 2, H
Xp caMo He OyjeT BLIIONHATHCS C JBOHHON TOYHOCTBIO.

Tak Kak 2; coBnagaer ¢ —e; B § paspajax, Mbl HMeeM

Izl o el -q _ qp-t
Tol S TaT =B =8

Takum o6pasom,
cond (A) < p‘1l 2, Il %, I

H MBl MOxeM ouenutb cond(A) u3 AByX mepBbix HTepauui. B To
e BpeMst Mbl MOXEM OLIEHHTb KOJMYeCTBO HEOGXOAUMBIX HTepa-

uMH, T. €. -
tflogg (Il x I/l 21 11).

IMpu p 2> t MaTpHUA HACTONBLKO MJIOXO OGYC/NOBJIEHA, Y4TO HTe-
paluMOHHOe yTOYHeHHe HeBO3MOXHo. CHcTeMa B 3TOM C.lyqae He



64 . 13. Hrepayuonnoe yrourerue

MOXeT ObiTb pelleHa (€3 NpHUBJeYEHHUs] [IOBBLILIEHHOH TOYHOCTH.
Jns Takux cucteM (M TONBKO AJsi HUX) BeCh NPOIECC HCKIOUe-
HHUSl JOJKEH BeCTUCh C ABOHHOH WU OGojee BbiCOKOH TOUHOCTBIO.
Uro6nl caedaTh NPOBeAEHHBIH Bhllle aHadu3 0(ojee HarsA-
HbiM, npuBeneM npumMep ¢ B=10 u {=>5. Ilycrs
[1,0303 0,99030] .[2,4944]
= , .

0,99030 0,95285 12,3988

[Tpn okpyrnenun Jo BocbMH paspsaoB A-1b =(1,22402691,
1,24536512) 7. Ilycth eo=0b==(2,49, 2,40)T. Ilpeanonoxum, 4To
Mbl paGoraeM B pexuMe C MuaBaiollell 3amAToil ¢ NATbIO Jecs-
THYHBIMU pa3psgamu, [Iponecc uckaoyenus ¢ my;=0,96118 naer

MaTpUILy :
1,0303 0,99030 22,4944]
0 0,00099 | 0,0012 ]°
Mbl nonyyaem
x; = (1,2560, 1,2121)7, tak uto ¢, = (0,0320, —0,0333) T
U
r1=(0,00000057, 0,000033715)7.
Peurasi cucremy Az;=r|, noiyyaem
2y =(—0,03221, 0,033502) 7.

Haunee,
xo=(1,2238, 1,2456)T; eo= (—0,000272, 0,000235) T;
ri1=(0,00000118, 0,0000009)7T;
29=(0,0002285, —0,0002365) T.

x3=(1,2240, 1,2454)T; e3= (—0,0000272, 0,0000351)T;
r3=(—0,00000682, —0,00000659) 7;
z3=(0,00002717, —0,00003515) T.
Tenepb 23 HaCTOMBKO MaJo, YTO X3+23 COBNajaer ¢ xs B MATH
nepBLIX AeCATHYHBIX pa3psigaXx. OObluHO CnesyeT OCTaHOBHTHCSA
Ha 3TOM, HO NpOLECC MOXKHO MPOAOKUTD, €CAU s Xz UCMOJD-
30BaTh GoJbliee YUCAO0 pa3psaoB. Mbl caenaeM ewe OAHH uIAr:
x4=(1,22402717, 1,24536485)T (ucnonb3dyeMm Tenepb 00sib-
ure paspsifos); e,= (0,00000026, —0,00000027)T;
rs= (—0,000000004206, —0,000000003774) 7.

3aMeTHM, YTO NOTPELIHOCTb &, yMeHblnaetcss npumepno B 100 pas
nocae Kaxao# urepauuy, EQMHCTBEHHOe HCKJIOYEHHE COCTOMT B
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ToM, 410 llesll/lleall=<!/10, ¥ 3TO M3-32 TOrO, YTO Mbl COXpaHH/IH B
X3 BCErO ueThlpe NeCATHYHBIX paspsAfa mnocje 3ansitod.

B nausoM cayuae [|A{l==2, Torna kak [|A-'||==2000. Cnexnopa-
TenpHo, cond(A)==4000==10%6. CorsnacHo Hawe# NpPHOIUKEHHON
TeOpHH, H3J0XKeHHOH Buime, p=<3,6 1 ¢==5—3,6=14. Takum
06pa3oM, TeopHs NpeAcKa3blBaeT yayyileHne npuMmepHo 1.4 gecs-
THYHBIX Pa3psiZOB 3a HTEpALHIO, TOrAa Kak B ACHCTBHTENbHOCTH
UCNpaBJIsieTcss OKOJMO 2 pa3psmoB.

OtMmetum, uto 10%]|2,(l/llx) (I = 105(0,046)/1,73 = 2700 asnseTcs
JIOCTaTOYHO XOpollel, Ho 3aHUKeHHOK ouenkoil cond(A4). 1o TH-
nuyHo. OTMETHM TaK¥Ke, YyTO HeBSI3Ka rp yMeHblIaeTca BHayame
3HAYHTEAbHO MeJieHHee, yeM OLIHOKA €p:

[l 7, || = 0,000034,
[l 72 {l = 0,0000015,
[ 731l = 0,0000095.

Jlaxe necMoTpsa Ha To uTo |lesll == (1/10) [lexll, Mu1 umeem [irsll ==
=~ 6llrll (!). Takoe noBeleHne THHHYHO AJSI MAOXO0 O6YCJOBJIEH-
HBIX CHCTeM, DTO CyLIEeCTBEHHO CBA3aHO C TeM (akTOM, 4TO ry Ha-
CTONBKO MaJjlo, HAaCKOJbKO MO3BOJSIOT MNATh 3HAYANIHX pa3ps-
JoB x. Jlaxe r; MeHblIe NONOBHHbI eIUHHUBI B MOCAeHHX 3HAYa-
mux paspsagax b. Takum 06pa3oM, ocHOBHAsi OCOGEHHOCTh HTepa-
LUHH COCTOHT B TOM, 4TO [Irxl| ocraercs mouTH mOCTOSAHHOH, TOrnga
kaK flexll yGbiBaeT ¢ oTHOCHTeNbHO Gosbuioro sHavenus el mo
HyJIfi, B CMbica€ OGbIYHOI TOYHOCTH. .

Haxkoneu, Mbl JONKHBI OTMETHTb, 4TO X| YK€ HACTONBKO GJH3-
KO K pEHeHHI0, HACKOAbKO MO3BOMSIOT- AaHHble. Ecnu npasyio
YacTb U3MEHHTb HA MOJNOBUHY €JMHHIbI TOCJENHEro 3Hayallero
NECATUYHOTO pa3psida, To b* = (2,49445, 2,39885) m uctuHHOE pe-
wenne 6yger 6/1H3KO K

x* = A"b* = (1,318605, 1,147017).

B okpectHocTH pemennsi A~'b MHOXECTBO BEKTOpOB B jecs-
THyHOM npexacTaBnennn (B=10, {=5) o6pasyloT KBaApaTHYiO
pewerky L B nsockoctn x c,warom cetku 107% SlcHo, uTo Tou-
Ka X pelieTkH, Oanxkaiimas kK A-'b, naxomures okpyraenneM A-'b
‘10 yeTBepTON 3Hauauleilt uudpsl, IlpeoGpasoBanne A orobpaxaer
5Ty KBajJpaTHyIO pelieTky B pemleTKy AL W3 napansnesorpaMmoB.
" Tak kak cond(A)==4000, nnuHa napanjenorpaMMma MOXeT IpH-
mepHo B 4000 pa3 mpeBOCXOAHTb ero mnznﬂy. Takum oGpasoM,
BIIOJIHE BEPOSITHO, UTO TOYKa X peurtetku L, OGnwuxkaitiuasi K A-b,
6yzer orofpaxeHa B TOuky Ax peweTku AL, Gonee yaaleHHyIO
ot b, ueM apyrie ToukH AL. JleACTBHTE/NbHO, HALIH BHIYHC/EHHS
MOKa3biBalOT, 4TO HMEHHO 3TO H mnpoucxoAuT. Takum obpasow,

b 3ak. 48
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MuHUMYMBI [|Ax — b]| u ||lx — A-'b|} He gocTHraloTCH A8 OAHOTO H
TOro e x. XOTsl 3TO M YaCTHbIl NpUMep, HO 3]1eCb MBI CTaJIKH-
BaeMcsl C sIBJIEHHEM, XapaKTePHbIM /15l JHHEHHbIX CHCTEM.

(13.3) YnpaxueHue. Hcnonb3ys BHIUMC/HTE/NbHbIE CPeNCTBA (HJH

(13.4)

(13.5)

aHaJMTHYECKHEe, eC/JH BO3MOXKHO), HalTH BEKTOp X H3 Ksac-
ca BEKTOPOB B JeCSATHYHOM.HpPeACTaB/AeHHH C MJaBalolilei
3anATOR C NATbIO 3HavawuMu paspafamu (f=10, £=H),
KoTopblil MuHMMH3HDYeT |Iroll=Hb — Axo|l. SIBnsieTca awm
3THM BEKTOPOM X3?

YnpaxHeHHE. [lycTb x; — npHOAMKEHHOE pelleHue JuHed-
HOH cucreMbl Ax=>b, rue b+0. I[lyctb ey=x, — A6 u r,=
=b — Ax,. OnpejenuM oTHoCuTeAbHYIO OWUbKY X):

ox=le /| A7'b]
M COOTBETCTBYIOLLYIO OTHOCUTEAbHYIO HEBA3KY
er=lrilifiloll
JIokasaTb, 4TO
1 Ox
ol A S oS cond (4),

H, Goslee TOTO, 4TO /s TPOH3BONBLHON MaTpuubsl A npu Tou-
HbIX BBbIYHCJEHHAX J1060e HepaBeHCTBO B (13.5) Moxer
OLITh NpeBpauieHO B PaBeHCTBO HaAJleXKauHM BHOGOPOM
bwnu X1.



14. BbIYHCNEHHE
ONPEAENMTENA

Hanomunm, uyto u3 gokasatenbctsa LU-teopembl (9.2) cie-
Ayer, 410

(14.1) det(A)=uy -ty ... Uy,

Haxoantb onpeaeantens maTpuusl A tpeGyeTcs gOBOJNBLHO 4acTo,
TaK YTO MOJHAS NpOrpaMMma pellleHHsl JTHHeHHON CHCTeMbl ypaBHe-
HUIl mo/iKHa 370 mpeaycMmoTperb. CyllecTBYeT oJHa, BO3MOXKHO
HeOXHJaHHAsl, NpOrPaMMHCTCKas npo6seMa. ApH mepeMHOXKeHHH
Ui;, @ MIMEHHO BepOSITHOCTb MepeloJIHeHHS WM TNOSBJEHHd Ma-
wuHAOrO Hyasd. [das n 2> 20, nanpuMep, BeNM4HHA ONpeaeaHTeNs
MOXKeT ObiTb O4YeHb MaJIeHbKOH, Naxe €eCJH 3JeMEHTbl MaTpHubl
nopsaaka 1. [Toatomy TpeGyeTcsi cnelipanpHasi nOAApPorpamMMa Ie-
pPEMHOXKeHHs], KOTOpasi JAomyckaaa Gbl H3MeHeHHe roKasaTedefl
CTENleHH B 3HAYHTeNbHO GosblieM JAHanasoHe, yeM NpH OObLIYHBIX
apudMeTHuecKUX omepauusix ¢ naasatoweit 3anaroin. B Cran-
GOpACKOM YHHBEPCHTETE B Pa3/IMUHbIX NMPOrpaMmax Mbl HCMOMb-
30BaJy ClenMadbHblil BUA ABynapaMeTpHUeCKOro HaKalJHBalo-
uterocsi npousBeaenus. Oqun napaMerp BJSETCS YHCAOM B Aecs-
THYHOM TNpeACTaB/JeHHH C naaBamolleil 3anaToH, a6GCoNOTHAdA
BEJHYHHA KOTOPOTO OTHOCHTE/bHO OMIH3Ka K eIMHHIIE — HaNpHMep,
HaxoautTca B obaactu [10719 109 mau maxe (107!, 1] Bropoii
HEeJOYHC/EHHBIH TTapaMeTp eCTb MOKa3aTesb CTENeHH, CBS3aHHBIN
¢ npousBenaeHneM, [lepes KakabiM NMepeMHOKEHHEM MPOU3BOAUT-
cA NpoBepKa BO3MOXKHOCTH NeEpEnoJiHeHHs WJIH MOTePH BCeX pas-
pPSAOB W NpH HEOOXOAUMOCTH H3MeEHsleTC MOKa3aTesb CTeIeHH.
OxkoHuaTebHOE NPoU3BeaeHHEe npeoGpa30BbIBaeTCs, €CAU 3TO BO3-
MOXHO, K HOpMaJIbHOMY NpeACTaBJeHUIO YHCIa C niaBaiomeii 3a-
nsatoil, Ecnn HeKOTOpBIA COMHOXKHTENb DAaBeH HYJI, MOXKHO, KO-
HeyHO, BBIYHC/IEHHE OKOHYHTb PaHbLIE. .

Ipyroe peulenne npoGJaeMpl NepenoNHEHHs] 3akjalouaeTcs B
TOM, 4T06BlI BBIYHCAATH

]

(14.2) ’log] det (4) | = iznl log uy,

¥ JeNaTh [JOTMOJNHUTENbHbIH aHANH3 3HaKa H BO3MOXHOCTH oGpa-
MeHUs] B HyJb u;;. ONHAKO HCIOJb30BAHHE JIOTapHPMOB MOXKET
NPHUBECTH K HEKOTOPOH MOTepe TOYHOCTH H3-32 B3aUMHOI'0 YHHUYTO-
KeHHs cnaraempix B cymme (14.2), Torma kak o6oGuieHHoe npo-
H3BeJEeHHe MOXKeT ObiTb BHLIYHCJEHO C OYeHb MaJieHbKOH OIHGKOH
OKDYIJIEHHSl, 4YTO MOXKHO II0Ka3aTh, HCNONb3ys pe3yJabTaThl
- pa3a. 20. [Totepio TOYHOCTH MOXKHO NPEAQTBPATHTbL BHIYHCJEHHEM

5’?
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cymMMmbl (14.2) c nBoHHOH ToyHOCTbIO. Ecnu HBOHHAs TOWHOCTD
aorapudmuueckoll QyHKUUM AOCTyMHA, €€ HMeeT CMLICA UCNOJb-
30BaTh, HO HakKonseHHe cyMMBl (14.2) ¢ nBOHHON TOUHOCTHIO,
BEpPOSATHO, OJIe3HO, Jaxe €CJAH Jorapu(®Mbl BbIUHCAEHB TOJIBKO
¢ 0GbIYHOH TOYHOCTLIO.

Kak 6b10 ykazano Kaxanom [14], xopourass BblYHC/AHTE/bHAS
CHCTEMA C MJiaBaMOIEeH 3ansiTOH AOJIXKHA CJAeIHTb 3a BO3MOXK-
HOCTbIO Mepeno/iHeHHsl HJH NMOTepH BCeX pa3psaoB H UHPOPMHPO-
BaTb OCHOBHYIO MporpaMmy 006 3ToM 0e3 mnpepbiBaHHs H ges
noTepH BeAyuiMx pa3psanoB. Takas cUCTeMa MO3BOJHT H36exaTb
HeOGXO0AUMOCTH B CHelHaJibHbiX NOANPOTPaMMax /51 BbIYUC/AEHHS
onpenenutenelf. K coxaneHHio, HET YBepeHHOCTH, 4YTO TaKHe CH-
cTeMbl GyIyT IIHPOKO AOCTYNHH B GaHKakweM Gyayinem,



15. NOMTH BbIPOXKAEHHLIE
MATPHLLbI

Ecan matpuuna A cucTeMbl JMHe#HHX ypaBHenuit Ax=b 4B-
JISIETCS BHIPOXK/JEHHOH, Mbl TepseM MaTeMaTHYecKyl0 OCHOBY IS
OObIYHbIX METONOB peuleHHsi. Takasi cHcTeMa HMeeT pelIeHHe
TOJIbKO /151 HEKOTOPHIX NMpaBbIX yacreil b, a B Tex cayyasix, Koraa
peleHHe CyIeCTBYeT, MOXHO HaHTH Apyrue peuieHus, npuGannasis
K TepBoMy J06Goe pelleHHe u oaHopoano#i cucteMbl Au=0.

Mbl He 3naeM, 4TO HMEHHO BBIYHMCHUTE/ibHbIE POTPaMMbl A0J-
XKHbI 1en1aTh ¢ BbIpOXKAeHHON MaTpuueit A. Urnopupyem Bpemen-
HO BONPOCH OKPYIVIEHHSI M PacCMOTPUM YHUCTO MaTeMaTHYeCKyIo
npoénaemy.

Ecan paccMatpuBath Matpuuy A Kak MHOXeCTBU BEKTOp-
€ToABUOB C1,...,Cn, TAE C; ABASIETCH j-M CcTONGLOM A, pelueHHe
JHHelHo# cucreMbl Ax=0b MOXHO HHTEPNpPeTHPOBaTh KaK Haxo-
KIECHHE n NEHCTBHTENbHbIX UHCEN X1, ..., Xn, TAKHX, YTO °

151) b=xic,+ ... + x,0,.

Ecnn maTprua A BbIpOXKAeHHA, CTONGULI ¢; SABASAIOTCA JHHEHHO
3aBucHMbiMU, C 3TOHl TOUKH 3peHus, MOXeT ObiTh, NMpOrpamMma
JOJKHA HalWTH paHr r MHOXeCTBa BEKTOpP-CTONGOB. 3aTeM, MO-
XeT OblTb, OHA JO/I)KHA HaliTH cpeayu n CTOXRGILOB MOAMHOXKECTBO,
COCTOAILEE U3 7 CTOJOLOB, KOTOpble B HEKOTOPOM CMbicje o6pa-
3YIOT «Xopouio o6yCJ/JOBNeHHb» 6asHuc Il NPOCTPAHGTBA Bek-
TOp-cToAO10B. Hakonen, MoxeT 6biTb, OHA MOJKHA YCTAHOBUTS,
NPHHA/IEKHT JIH BEKTOP b 9TOMY NpoOCTPaHCTBY BEKTOP-CTOMOBLLOB
H, eC/H NPUHANJIEXKHUT, HAATH npeAcTaBieHue b B Buae auHeHHOM
KOMGHHALMHU r 6a3HCHBIX BEKTOPOB:

b=x1c;+ ... + x,c,,

rZie Mbl IIPeANOIOKHIN /1 yA0o6CTBA 0603HAYECHHUT, 4TO nEpBLIe 7
ctonbuo ob6pasyior 6asuc. IlporpaMmma Takxke MOKeT mpeacTa-
BHTb KaXXAblH cTONGel ¢j He MpHHaanexalui 6Gasucy, Kak Ju-
‘HeliHyl0 KoMGHHalMI0 CTON61OB Oasuca. .

C apyroit CTOpOHbI, MaTpully A MOXHO pacCMaTpPHBaTh Kak
MHOXEeCTBO BEKTOD-CTPOK 7y, ..., T, TOAe r; siBAsieTCs i-ii CTpoO-
Koit A. Torma Mbl MOXeM HHTENPeTHPOBATh pelIEHHE CHCTEMbI
Ax=b KaK HaxoXJeHHe BEKTOP-CTONGLA X, TAKOrO, YTO

(15.2) rix=by, ..., rpx=2=,.

Ecin Mmatpuma A BHPOXKAEHHA, CTPOKU Fi, ..., 7, JHHEHHO
3aBHCHMBl. C TOYKH 3peHHs TAKOTO MOAXOAA, MOXeT GbIThb, MpO-
rpamMma ROAXKHA HAATA PaHr r MATPHUbI B NOAMHOXECTBO 7 CTPOK,
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KOTOpbie 06pa3yioT «X0opoulo o6ycnoBJeHHbi» 6a3uc. 3aTeM, MO-
KeT ObITh, OHA NOJI’KHA YCTaHOBHTb, CYHIECTBYET JIH BEKTOp X, Ta-
Ko#, uTo BbinonHsterca (15.2) m, ecam da, TO BBLIUMCAHTDH €ro.
[IporpaMMa MoOXeT TaKXKe BbIPa3HTb KaXXIyi0 JPYTyl0 BEKTOp-
CTpOKy A Kak JAunHe#Hyl0 KoMOMHALHIO CTPOK Oasuca.

[Tpnunna, MO KOTOPO# Mbl TaK MHOrO HCMOJNB30BaJU BhIpaxe-
HME «MOXeT GbITb» B NPHBEJEHHOM Bbillle 06CYyKIEHHH, COCTOMT B
TOM, 4YTO, MO-BUAHMOMY, He CyllecTByeT obuwenpuuarbii nmocseno-
BATeNbHOCTH [eHCTBHHA Ans BBIpOXKAeHHOH MaTpuusl. Msl He
3H4eM, 4YTO AeHCTBUTENbHO HYXKHO TeM, KTO MOJib3yercs 1Ipo-
rpaMMaMH pelleHHs JIHHefHbIX ypaBHeHu#i. Bonee Toro, He sicHo,
CYyIIeCTBYET JiM KaKoH-HHOGyAb OOOCHOBaHHBIK Crocol6 onpenesne-
HUs paHra JaHHOH MaTpHUbl B Npollecce NPSMOro HCKAIOYEHHUS.
UpespblyailHO YCIOXKHACT CUTYaLHIO TOT (PaKT, 4To pe3koe MaTe-
MaTHYECKOe pa3jnyHe MeXXY BbIPOXKACHHBIMH H HEBBIPOK A€ HHBIMU
MaTpUUaMH CyLIeCTByeT TOJbKO B MaTeMaTHYeCKH HaeaNlbHOM
MHpe BellecTBeHHBIX uyncesa. ITockonpKy AeHCTBHSA Haj MaTpHua-
MH IIPOU3BOASTCH C OKPyIVIEHHEM, 5TO pa3/HuHe CTAHOBHTCHA He-
onpegeneHHbiM. Takum 06pa3oM, HeKOTOpasi HEBbIPOXKAEHHAS Ma-
TpHlLia B pe3y/bTaTe OKPYIVIEHHH MOXET CTaThb BBIPOXKAEHHOIl.
OueHb BepOATHO, YTO BBIPOXKIEHHAS B NEfCTBHTENBHOCTH Marpif-
na OyjleT 3a CyeT OKPYIVIEHHsl NpeBpalleHa B GJH3KYy0, HO HeBbl-
pOxXaeHHyl0. DTO O3HAyaeT, YTO B BBLIYHCJAUTENbLHOM MNPAaKTHKE
HMeeTCss, O4eBUHO, 3HAYHUTEeJbHOE KOJHYECTBO BBLIPDOXKIAEHHbIX Ma-
TpHL, KOTOpbie NMOTPe6GYIOT CNelHabHOr0 pacCMOTPEHHS B Ipo-
rpaMMe pelleHUa NPOH3BOJBHLIX JIHHEHHBIX ypaBHEHHI.

B wHawmMx aJropUTMax peleHHs JIHHeHHBIX ypaBHEHH,
pas3a. 16 u 17, nosiBnesne BHIPOK/IEHHOH HJIH NMOYTH BBIPOXKIEHHOM
Matpuusl A 6yner oGHApyXUBaTbCA OMHHM H3 JABYX CrNoeo6o0B:

(15.3) Ha HEKOTOpPOH CTaJHH HCK/IIOYEHHs BCe 3J€MEHTH Beny-
utero cronbia ToYHO o6pamaTcs B HYJdb

WU ’

(15.4) uTepaumoHHOe YTOYHEHHE, NMPUMEHEHHOe B HallleM aJjro-
puTMe, He OyneT CXOAMThCA.

Ecan BHIpOXKIEHHOCTb MaTpHUbl A He ouyeBHIHA, TO ycaoBHe (15.3)
MaJIOBEPOSITHO, MOCKOJ/IbKY OGBIYHO OKPYIVIEHHE [esaeT 3JeMeHTu
BENYUEro CToJ61a OTIHYHBIMH OT HyJs., Ycaosue (15.4) Moxer
HMEeTb U UMeeT MeCTO /i1 HEKOTOPBIX MATPHL, H Mbl MOJIZKHBI npe-
AyCMOTPeTh OnpefiesieHHble peKOMeHJallHH, KaK MoCTynaTh AaJb-
me. CyliecTByollne NporpaMMbl NPeycMaTpHBAIOT NPOCToe 06-
pamenue k npoueaype own6éku SINGULAR n npeanonaraior, 4ro
floNb30BATENb NMPOTPaMM NPELyCMaTPHBAET CBOK COGCTBEHHYIO
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BOCCTaHaBIMBAIOILYI0 MOANPOrpaMMy, €C/l OH 3HAeT, YTO OH XO-
yeT Jles1aTh.

BakHoil npo6seMoii siB/AeTCss pa3paboTKa HaAeKHOH nporpam-
Mbl; KOTOpasi GyleT mpeojfo/eBaTh filo6oe nmocjaencTBhe GaH3OCTH
K BoipoxaeHuio, [lo HalueMy MHEHHIO, TaKas nporpamMma AOJKHA
MCMO/MB30BaTh METOJ MONHOIO YMNOPSAZOYMBAHHS AJISi OTHICKAHHS
AOCTAaTOYHO XOpOoLIO O6Yyc/aoBJeHHOro (rXr)-muHopa M martpu-
bl A, Tae 7 oMKHO NPUG/IHKEHHO PaBHATHCA PAHTy MaTpUubl A,
Crpokn muHopa M posxHb o6pa3oBbiBaTh 6a3uc asi CTPOK Ma-
tpulsl A, a cron6usl — 6asuc ANA cToa6moB MaTpuubl A. Mbt
ocTeperaemcsl ckasaThb, KakK JO/kHa pa6oTarh Aajblie MPOrpaM-
Ma. BoaMoxHo, cielyeT HCONBb30BaTh HEKOTOPblE acMeKThl MeTo-
Ja HauMEeHbUINX KBAaJpPaToOB 1Jisi HECCOBMECTHEIX ypaBHEHHil, BK/IO-
yasi HEKOTOpble acMeKThl 3a4ayH BHIYHC/ICHUS MATPHILI, MCEBLO-
o6patHoit aasi Matpuusl A. CM. I'ony6 [11], Bysunrep u Toayo
[6] 1 Tony6 u Kaxan [12].

O6cyxneHne BbIDOXKACHHOCTH M MOYTH BBIPOXKIEHHOCTH Ma-
TpUILBl B CBfA3H C APYrMMH NpoG/eMaMH YHC/IEHHOTO aHa/ln3a Mo-.
xHo*Hakitn y Popcaiita [37], rae nokaszaHo, UTO MOUTH CHHIYJSp-
Hble 33]1a4H MPHUBOAAT K GOJIEIIMM BBIYHCAHTENbHBLIM TPYNHOCTAM,
yeM MCTHHHO CHHTY/sipHBI® 3aJa4H, H YTO MOYTH CHHTY/SPHBIE 3a-
1Ay Jyulle UCCAefyIOTC MeTORaMH, KOTOpble B HEKOTOPOM CMbIC-
Je 6/IM3KH MeTofaM CHHTY/ADHBIX 3ajay.



16. NMPOrPAMMUPOBAHHE
HA ANr0Jie-60

BeluncinTeNbHble TPOrpaMMBI, HCMONB3YIOIIHE METOA HCK/I0-
yeHusi T'aycca WM OAMH U3 ero BapHauTOB, ObIM HANHCAaHBI HA
MHOTHX MpPOrpaMMHBIX fi3bIKaX H HCIOJb30BaJHCh Ha Pa3HbIX BHI-
YHCAUTENbHBIX MallkHaxX. HacTh 3THX MPOrpaMM HCIMOAb3YeT Tak-
e HekoTopble opMbl HTepallHOHHOTO yTouHeHHs. BMecte ¢ Mak-
Kumasom mbl paspabarteianu Ha sizeike AJINOJI-60 cucremy u3
yeThipex Npoueayp, KOTopasi MPHBOAMTCS 3[eCb Kak fporpamma
(16.1). Pauuue BapuanThl 3TO# nporpaMmsl conepxartcs y Pop-
cadita [38] u y Mak-Kumana [18]. Beegenne B si3pik AJITOJI-60
u ero onpenenetue cM, Baymau u ap. [1] u Hayp u xp. [22]. Io-
C/lle MporpaMMbl CJelyeT HECKOJIbKO CTPAHHI MOSACHHTEJIbHOIO
TeKCTa,

(16.1)
[Tporpamma Ha s3vike AJITOJI-60 an1a peliesus TUHEAHBIX CHCTEM

begin
comment BJyok  /uHEAHBIX CHCTEM, BapHAHT
AJITOJI-60;
integer array ps[1 : 100]; comment I'no6anbunii Mac-
CHB MHIEKCOB

F1aBHBIX 3J/IeMeH-
TOB. MBL npeano-
JaraeM, 4To n <
. < 100;
procedure DECOMPOSE (n, A, LU);
value n; integer n;
real array A, LU; comment A, LU[l :n, 1:n];
comment Mcnosbsyercs raobalfibHbIfi MaccHB ps;
comment Buuuc/asiloTcst TpeyroJibHble MaTpHisl L
n U u MarpHuna nepecTaHoBok P, Ta-
Kue, uto LU = PA. 3anoMunaercst L—1
u U B LU. MaccuB ps colepXuT HH-
JIEKChl IepecTaBJIEHHBIX CTPOK.
comment DECOMPOSE(n, A, A) sanucsiBaer LU
Ha MecTo 4; ‘
begin
real array scales[l : n];
integer i, j, k, pivofindex;
real normrow, pivdt, size, biggest, mult;




comment [TpHcBoeHHe HauaNbLHBIX 3HaUEHHH Mac:
cyBaM ps, LU u scales;
for i; =1 step | until #n do
begin
psli]+ = {;
normrow . =0;
for j: =1 step | untill n do
begin
LU[l je=Al[, jl:
it normrow < abs (LU[E, j]) then norm-
row . = abs (LU[i, j])
end;
if normrow=~0 then scales [i]1: = 1/normrow
q else begin scales[i]: =0; SINGULAR(0) end;
end;
comment Meron uckmouenusi aycca ¢ vacTuy-
HEIM YNOpSAOYHBAHHEM;
for £: =1 step 1 until n—1 do

begin
bzggest =0,
for i: =k step 1 until n do
begin

size . = abs(LU[psli], k]) X scales [psli]];
if biggest < size then
begin biggest . =size; pivotindex : =iend,
end;
if biggest =0 then
begin SINGULAR (1); go to endkloop end;
if pivotindex=Fk then
begm
= ps[k] pslk] : = ps|pivotindex]; pslpi-
votmdex] =j
end;
pivot : = LU|pslk], kl;
for ;i =k+ 1 step | until n do
begin
LU[pslil, k] . = mult: = LU [ps[z] k]/pivot,;
if mult+=0 then
for j: =k+ 1 step | until n do
LU[ps[[L] jl+ = LU|[psli], jl—mult X
X LU[psli], i}




comment BayTpenHu#i nuxka. Mensercs
TO/NBKO HHAeKc crtoabua. das
GoJsbuieit 3¢ PeKTUBHOCTH MO-
JKET HCINOAb30BaThCA MaluuHHEI
KoZ,.
end

endkloop:

end;

if LU[ps[n], n]=0 then SINGULAR(1);

end DECOMPOSE;

procedure SOLVE(n, LU, b, x),
value n; integer n;
real array LU, b, x; comment LU[l:n, 1: n]

b, x[1: n]

comment Hcnonb3yer rsio6anbHBIH 1esbill Mac-
CHB pS;

comment Pewaer Ax=05, ucnonesyas LU us
DECOMPOSE;

begin

integer i, j;

real dof;

for i: =1 step 1 until n do

begin

dot . = 0;

for j: =1 step 1 until {—1 do
dot : = dot + LU[psli], j1 X x[j];
x[i] 1 = b[psli]] —dot;

end;
for i: = n step —1 until 1 do
begin

dot. =0

for j: =i+ 1 step 1 until n do
dot : = dot + LU|[psli], j] X x[jl;
x[i] : = (x[i] — dot)/LU][psl], il;
end;
comment Kak u B DECOMPOSE, BHYTpPeHHHe
IIUKJBl MEHSIIOT TOJbKO HHJeKe cTonbuna
LU u moryT buTh ajas 3¢dekTHBHO-
CTH TIpeJCTaB/eHbl B MAIIHHHOM KOJE.
end SOLVE;




procedure /MPROVE (n, A, LU, b, x, digits);
value n; integer n;
real array A, LU, b, x;comment A, LU[1 : n, | . n],

real digits;

b, x[1:n];

comment A — ucxonHas Matpuua, LU us DECOM-

comment

begin

POSE, b-npaBas vuyacTb, X — pe-
1exHue, nosnyuvesnoe u3 SOLVE.
YTouHsieT x 10 MalKHHOA TOYHO-
CTH, a NepeMeHHyto digits moJsaraer
paBHOH YHCJY pa3psAoB X, KOTOPHIE
He MEHSIIOTCS NPH HTepalUH.

BesnuuHE, 3aBHCsSiMe OT THNA Ma-
muHH, o6o3Hauenbl uyepes 0-0;

-

real array r, dx[l:n];
integer ifer, itmax, i;
real ¢, normdx, eps, normx;
real procedure log (x); value x; real x;
log . = 0,4342944819 X In (x);
real procedure accumdotprod(n, A, i, x, extra-

term);

value n, i, extraterm; integer n, i; real extra-

term;

real array A, x;

comment

comment

begin
real dl
integer

dra npoueaypa AOJMKHA, BHIYHCAATH
CKaJIspHOe MpousBeleHUE i-ii CTPOKHU
maccuBa A u BeKTopa X, 3aTeM NpH-
6aBasiTb K pesyabTatry extraterm.
Ywmuoxenue Ali, j] X x[j] u Bce cuo-
JKEeHUSI JOJIXKHbI ObiTh BHINOJNHEHH
C nABOHHOH TOYHOCTBIO. Teso npo-
neaypsl He MoXeT OBITb HaNOHCaHO
Ha s3bike AJITOJI-60;

Teno npouenypnt accumdotprod c uc-
NoJIb30BaHHEM INpouenypul innerprod
(cm. Maptul, Ilutepc u Yunkuucon
[19], cTp. 206) MoxeT GbITb HamuCaHO
caenyowum obpasom:

, d2
k




innerprod (1, 1, n, extraterm, 0, A [i, k], x[k],
. dl, d2)
accumdotprod : = dl
end;
begin
comment (B Konax);
accumdotprod . =0-0; comment 0-0 o6o3nauaer
pesyJbTaT Ma-
IIHHHOTO KOJa;
end accumdotprod,;
eps: = 0-0; comment 3aBucAuNi OT MAaIUHHH
NOPSIIOK OKPYTJIEHHS;
itmax . = 0-0; comment HMcnonbayercss npubin-
sutenbHo 2Xlog(l/eps);
normx . =0;
for i: =1 step | until n do
if normx < abs (x [i]) then normx . = abs (x[i]);
it normx =0 then
begin digits : = log(eps); go to converged end;

for iter . =1 step | until itmax do
begin ’
for i: =1 step 1 until n do
rli] - = — accumdotprod (n, A, i, x, — bli]);
SOLVE (n LU r, dx);
normdx
for i: l step 1 until » do
begm

= x[i];
x[t] = x[i] + dx[i]; .
it normdx < abs(x[i]—t) then normdx: =
abs(x[i]—1);
end,;
if iter=1 then
digits . = — log(if normdxs=0 then
) normdx[normx else eps);
if normdx < eps X normx then go to conver-
ged,
end iter;
comment Irtepanuu He cXozsTcs;
SINGULAR (2); .
converged:
end /MPROVE;




16. ITpoepammuposarue na AJITOJe-60 77

procedure SINCULAR (why);
value why; integer why;
comment IleuaTaercst npHynHa omWKGKU And Mpo-
neayp DECOMPOSE u IMPROVE,
comment outstring O3HauaeT Bblgauy Ha Meyam;
begin .
if why=0 then
outstring (,Marpuya c nyaeeoli crpokoii 8 DE-
COMPOSE*),
if why=1 then
outstring (,,Bopoxdennas narpuya 6 DECOM-
POSE. SOLVE 6yder Geaute Ha
HY6");
it why=2 then
outsiring (,Her cxodumocru 6 IMPROVE. Ma-
TpUYa nouTU Bulposdenna’);
end SINGULAR;
end Dinoka nuHeiHBIX cucteM Ha sspike AJITOJI-60

Sameuanus & npoepamme na azeike AJITOJ1-60: npoueaypa
DECOMPOSE (n, A, LU) ucnonb3yeT MeToa HCKJIOUEHUs AN
HaXOXAEHHs TpeyroabHHX (n X n)-matpuu L u U, Takmx, urto
LU=PA, rae PA orauuaercs or Matpuusl A mepecTaHoBKoil
cTpok. Mudopmauus o nmepectaHoBKe XpaHHTCs B IMoGanbHOM
MaccuBe ps, a matpunbl L —/ u U xpausarcs B maccuse LU.

IMpouenypa SOLVE (n, LU, b, x) ucnoabsyer LU-paanoxenue
u3 npoueaypsl DECOMPOSE pnsi HaxoXAeHusi NpUGIHKEHHOro
pellleHHs1 3afaHHOM CHCTEMb! ypaBHeHHH Ax=b.

[poueaypa IMPROVE (n, A, LU, b, x, digits) ucnonbayer
ucxonHyio Mmatpuny A, ee LU-pasnoxenue, npasyi yacts b M
npubinKeHHOe pellleHHe X, MnosyyeHHoe mnpouenypoit SOLVE.
OHa BBHINOJIHSET NpPOLECC MTEPALHOHHOI'O YTOYHEHMs, €CAH BO3-
MOXHO, 10 TeX Nop, MOKa X He GygeT TOUHBIM B MOpejeaax Mas
WUHHBIX pa3psagoB. OHA TakiXKe NaeT OUeHKY digits — TOYHOCTH
nepBoro npubauxeHus. 3HaueHHe digifs npencraBnaseT co6oi,
rpy60 roBOpS, YHCJAO AECATHUHBIX 3HAKOB, KOTOPbIE HE MEHSITCA
npH urepauuax. 1o yHCAO ABASETCH Mepoit 06yc/0BAEHHOCTH A.

Mpoueaypa SINGULAR (why) ucno/b3yercss APYTHMH Tpo-
nelypaMH Ansl yKasaHWs HA/AHYUA  yCJAOBHH IS MOABJEHHA
OLIHOOK.

Ha npaxtuke 3TH npouenypbl HCNO/IB3YIOTCA APYTHMH [pO<
neAypaMy uAH yNpas/sIOWHUMHU NPOrpaMMaM, HAMKCAHHBIMH AR
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peuwrenus cneunduuyeckoro ksiacca 3ajay, Hampumep, mMbl BKiio-
ynad B pasn. 18 mpoueaypy, KoTopas ob6pauiaeT MaTpuuy.

IMpouenypa DECOMPOSE ucnonb3yeT MeTOA HCKJIOYEHHS B
OCHOBHOM B (¢opMe, onucaHHOH B pa3f. 9. BpeMeHHO HrHOpHpYs
MacutabHpoBaHHe W BBIGOP IVIABHOIO 3JeMEHTA, MBI MOXKEeM Bbi-
pPa3uTb OCHOBHbIE BHIYHCIEHHSI MeTOAA HCKJ/iOYEHHS C/eXyILHM
o6pa3oM:

forj : =k + I step 1 until ndo

(16.2) a;j = a;;— (a/age) X apj.

2Tta onepauus BhIMOJHSETCs BO BHYyTpeHHeM nukae. Koadduuuen-
Thl, T. €. MHOXHTEJH Q;r/Qrs, COXPAHAIOTCA, TIOCKOJNbKY OHH O6pa-
3YIOT HHXKHIOIO Tpeyro/nibHylo Matpuny L.

BaxHocTp Haanexauiero MmacumrabupoBaHHsi, W/IH ypaBHOBe-
. IIMBaHuf, Gbl1a oTMeueHa B pa3a. l11. Tam Ob0 MoOxasaHo, uToO
e€IMHCTBEHHO BO3MOXHBIM 3¢ ekToM MacuiTabHpOBaHHs SABASETCS
H3MeHeHHe BbIGOpa IviaBHOro ajneMenTa. IlosTomy B mpouexype
DECOMPOSE mbl Hax0AWM MaKCHMAJIbHBEIH 10 MOAYJIO 3JI€MEHT
B KaXJOH CTpoKe MaTpHubl H 3anHChiBaeM. ero o6paTHYI0 BeJH-
YHHY B MaccHB Scales, HO B NeHCTBHTeNIbHOCTH HHKaKOro Mac-
IITAGHUPOBaHUSL He MPOM3BOAMM. BMecTo 3TOro MBI HCHOZB3yeM
MaciiTabHble MHOXHTEJNH [/ BHGOpa [IJIABHOrO 3/€MEHTa H
TONbKO Jisi 3TOro. dTa MeTOAMKA HMeeT [ABE IOJNOMXKHTENbHble
CTOPOHBI: HaM HeT HEOOXOAWMOCTH BBHIUHMC/ISATL TOYHO CTeNeHH
OCHOBAaHMfl BBHIYHCJAHTENBHOH MalHHBI ANA MacliTa6upoBaHHA
¥ He HY)XXHO YMHOXAaTb NpaBbleé YaCTH Ha MacIiTadHble MHOXH-
TeJH.

Te xe caMble coo6pakeHHst PHMEHSAIOTCA NpH BHIGOpE r/aB-
Horo ssneMeHra. I'mo6aibHOMy MaccHBY pS MNpHCBaHBaeTCs Ha-
yajsbHoe 3HaueHue ps[i]=i. B mpouecce HCKAIOUEHHS HAHGONbLIKH
3J1eMeHT B CTonbue BHIOHpaeTcs B KaueCTBe IJIABHOTO 3.1€MEHTa,
HO CTPOKH (YpaBHEHHsl) B JeACTBHTeNbHOCTH He NepecTaBAsoTCS.
BMecto 3Toro mepectaBisIOTCSt COOTBETCTBYIOUHe 3JEMEHTHI pS.
B stoM cayuae mbi numem A[ps(i], j1 Bmecto Ali, j]. 3To He npu-
BOIHT K GOJblIOH NOoTepe BpeMeHH, NMOCKOJIbKY BCe «BHYTPEHHHE
UHKJ/B» OPraHH3yIOTCA Ajast QPUKCHPOBAHHOrO CTOJ6LA C HHIEK-
coM j. Mbl 3KOHOMHM BpeMs, KoTopoe moTpe6oBanoch Gbl 1%
BBIMOJ/IHEHHSI NEePeCTaHOBOK. ‘

CxeMy BHIGOpA IVIABHOTO 3/71eMEHTa MOXKHO HHTepNpeTHPOBATh
JAByMsi cnoco6aMH. [dast Toro 4to6el 3TO MPOHMANIOCTPHPOBATD,
LPEANoJIOKUM, 4To n=D5 u uto nocse npouenypsi DECOMPOSE
BekTOp ps = (3,5, 1,2, 4).

Wndopmanus, xpansiascs B maccuse LU, Moxer GbITb pa3-
JAe/leHa Ha JABe YacTH, KOTOpble MBI NPEACTaBUM cXeMaTHueCKH
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C/eNyoUHM 00pasom:

-— o

m m u u u
m m m u U
u u u u ul,
m m m m u
Lm u u u ul
d1a Tabuula fipeAcTaBAfeT ABe MaTpPHIbl
Tm m 1 0 07 0 0 u u uT
m m m 1 0 0 0 0 u u
Ly«=|1 0 0 0 O u Us=|lu u u u ul.
m m m m 1 0 00 0 u
lm 1 0 0 01 '0 u u u u._
Ilpu 3ToM . ¢
LU,=A.

Koueuno, Matpuusl Ly 1 Uy He SIBASIOTCS TPEYroJAbHBIMH, HO OHH
HMeI0T Takylo GopMy, uTO ypanneﬂuﬂ Liy=0b n Usx=y Moryr
OBITb JIeTKO [peeHsl.

C npyroit cTopoHbl, nycTh P — MaTpHIa NepecTaHOBOK,

TO 01 0 07
000 01
P=|110 00 0],
01000
00010

H MyCTb TPEYTOJIbHbIE MaTpHUBI L u U orauyaircst oT Marpuu
L« n Uy Tonbko nepecraHoBkoil cTpok. Torna

LU =PA.

WupiMa cnioBamu, Matpuusl L u U seasores comnommenﬂmu He-
KOTOPOH MaTpHIBl, mOyyeHHOM U3 A mepecTaHOBKOH CTPOK. B 06-
wem cayyae cM. reopemy (10.3).

[TockonbKy Mbl pelIHJIM nPH BbIGOPE IJ1aBHOTO 3J1E€MEHTA BMe-
CTO JEHCTBHTEJBHOH NEPEeCTAaHOBKH CTPOK OOGXOQUTbIA CXeMOi
JNBOHHON MHAEKCAalUHH, TO Ha MHOI'MX BBIYHC/JAHTENbHBIX MalllMHaX
okasajJochb Gosee 3(EeKTHBHBIM HCHOJNb30BAThb MeTOJ] HCKJIoye-
uus Taycca, Hexenn meron Kpayra. Lesno B TOM, YTO aarOpuTM
Kpayra ucrnosnp3yer nepeMeHHble BHYTPEHHHE ILHKJIB MO HHIEK-
caM KakK CTpOK, Tak H cToa6uoB. B ofuieM ciayuae He siCho,



80 16. Mpoepammuposanue na AJIFOJe-60

KOTOpBIA M3 3THX METOAO0B Jyuule, DTO MOXKET 3aBUCETh OT KOH-
CTPYKTHBHEIX OCOGEHHOCTEH BLIYHCAUTENIBHOA MalIHHBbL

Ec/in MacluTabHbili MHOXKUTEIb WM IViaBHbIK s7eMeHT ofpa-
llLaeTcs B Hy/1b, TO A nO/XKHA GHITb BEIpOXKAeHHA, B stom cayyae
B npoueaypy DECOMPOSE MOXHO BK/MIOYHTH B KauecrBe elle
OJIHOTO NnapaMeTpa BLIXOAHYIO METKy A/l BRIPOXKAEHHBIX MaTpHL.
Mbl usGeranu 3TOro, MOTOMY UTO TaKHe MeTKH 4YaCTO MelllaoT
HeHCKYLIEeHHOMy noTtpe6uTtenio. BMecTo atoro Mul ofpaluasuch K
npouenype SINGULAR nna BhiBoja Ha NeyaThb COOTBETCTBYIO-
We# uHGopMauuMu W BO3BpalllanM yNpaBneHue B MNpoUeaypy
DECOMPOSE. Tlotpe6uteib MoXeT BHAOH3MEHHTb NpOLERYDPY
SINGULAR, ecnu oH xouer BBeCTH B Hee ellle Kakue-Iu6Go ole-
paunu. Ecau B npoueaype SOLVE wucnonbsyerca LU-pasnoxe-
HHe, KaK 3TO OGbIYHO GbIBaeT, TO MOXKET NPOU3OHTH NeJeHHe Ha
Hysnb, (OTHOCHTENbHO BBIPOXKJEHHLIX cHCTeM cM. pasa. 15.)

[Mpouenypa DECOMPOSE MoxeT GHITb HCIIO/Nb30BaHA IBYMS
cnocobamu. [1pu oGpaiueHun K

DECOMPOSE (n, A, LU)

coMHoxuTeau Matpuubt A 3aHocarcs B Maccus LU. Maccus A
IIpH 3TOM He MEHSIeTCsl U COXPaHAETC /st HCIONb30BAHHS B IO-
c/eyIOUWHX BbIYHC/IEHHSIX, HANpUMep, npH HTEpPalHOHHOM YTOY-
Henun. Oanako xpaHnenue maccuBa A tpebyer aBa (nXn)-mac-
cusa — A u LU. Tlpn ob6pawennn x

DECOMPOSE (n, A, A)

COMHOXHTE/IM MATPHL, 3aHOCATCS HENOCPEeNCTBEHHO B MaccHs A,
TEeM CaMbIM YHHYTOXKAas HCXOAHYIO MaTpuuy. DTO 3KOHOMHT Mna-
MsTb, ecid MaTpulla A GoJsiblile He HYXHa.

Ucnonbays LU-pasnoxeHue, MOXKHO OTHOCHTE/IBHO IPOCTO BBbI-
YHCIATL onpefeautesnn. Cneayer TOMbKO GHITb OCTOPOXKHBIM, UTO-
6n1 U36eKaTh NepemnoNHeHHsT WM MOTePH BCeX PAa3psncB, a NpH
aHa/lH3e 3HaKa ONpele/NHuTe/1s yYHTLIBATh XapaKTep MepecTaHoBOK
(cm. pasa. 14 n ynpaxuenue (16.5)). '

[Tpouenypa SOLVE BrimonHsieT HeGoabWOK 06beM BbiUHcIe-
HHH, NOCKOJIbKY MMOYTH BC€ ONEpalliH BLIMOJHSAIOTCS B Mpouesype
DECOMPOSE. Tlpouenypa SOLVE cocTOMT M3 IBYX UHKJIOB.
B nepsom pelnaeTcsi cucreMa ypaBHeHHH C HHXKHeHl TpeyroJibHOM
matpuue#t Ly=>. Bo BTopoM, 06paTHOM, LHKJe pellaeTcs CHCTe-
Ma ypaBHeHHil Ux=y c BepxHe#l TpeyronbHoi Marpuiuei. [Tpome-
JKYTOUHBIA BEKTOp y XPaHHTCA B MacCHBe-X, a npaBas yacTb b He
mensercsi. Tak xak B npouenype SOLVE tpebyercs undopmauus
0 mepecTaHOBKaX CTPOK, MacCHB pS OMNHCAH Ha TOM Xe CaMOM
VPOBHE, UTO H OCHOBHbIE NpPOMENYPHl, H ABJAETCA MO OTHOLIEHHIO
K HUM TIJ106a/IbHBIM,
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B npoueaype IMPROVE penaercs monbiTKa YTOUHHTHL pelie-
Hue, noayuennoe npouenypoti SOLVE. HeBszka r Briunciasercs
C NOMOWLbIO BEeLleCTBeHHOH npouenypn accumdoiprod. 3atem ¢
nomolbio npoueaypbt SOLVE HaxoauTes cooTBeTCTByIOLiee dX
u npubapaserca K x. TOT NPOLECC NPOJOMKAETCA NMPUMEPHO O
TeX NOp, N0Ka M3MEHEHHE BEKTOpA X He OKa’jKeTcs MeHblle ToY-
HOCTH BLIYMCJHTENbHONH MaUIMHBI WM NOKa He 6yJeT JOCTHTHYT
BepXHHH npenen yucaa urepauui, .

Kpurepuit ans npexpaluerus uTepauufl, Kak ¥ B JaHHOM Cay-
yae, ycTaHOBUTb TPYAHO. Mb!I BRI6panu cenyiomuil. Boiuncnsercs
HOpMa nepBoro pellenusi, HaseiBaeMas normx. HopMy max|x;|
HCONB30BATb MNpPeANOYTHTe/IbHEe, YeM eBKJHAOBY HOPMY (cM.
paszx. 2), moToMy 4To OHa GbICTPEe BHIUMC/AACTCS, a H3MEHAeTCH
Mo CyllecTBY TakK e, Kak M eBkauaoBa. Hopma normdx nonpasxu
dx K pelleHHIO X TaKXe BbIYMCJASeTCs Ha Kaxaoil utepauuu. Ko-
rfia OTHOCHTEJbHOE H3MEHeHUe X, T. €. normdx/normx, cTaHOBUT-
CA1 MeHbllle HEKOTOPOH MaJIof BeJIHYHHBI, CYHTAETCSs, YTO HTepa-
LMK comiHch. Manas BeqHuHHa eps sIBASieTCS €AMHHIEH OKpYT-
JIEHHS! BHIYHC/IHTEIbHOH MAaIHHE; OHa OyaeT cnpenenena B (20.9).
[To cymecrBy, 310 HaHGOALUIEE YHCIO, AN KOTOPOTO paBeHCTBO

1,0+ eps=1,0

CripaBeANHBO B MAIUMHHOH apH(pMeTHKe C MJaBawollell 3anAToH.
Ero BenuumHa 3aBUCHT OT MALIMHbLI M JOJKHA 3a4aBaThCs BO
BCeX YaCTHHIX caydasx. 4

Yucno ifmax — makCuManbHOe uMca0 HTepauuit — Gepercs
pPaBHBIM YABOEHHOMY YMCJY AECSTHUHBIX PaspsifioB B MallHHHOM
NpenCTaBJeHHH YMCJA, XOTsS TakoH BeIGop B O6IUEM-TO siBaSieTCS
NPOU3BOJbHBLIM, DTa BEJIHUYHHA TaKKe 3aBHCHT OT THNA MallWHbL
Ecau stor MakcumMym gocturaercs, To MaTpuua A [0JkKHA GHITH
‘TaK MJ10X0 06YC/0BJeHa, YTO INepBOHaya/lbHOe pelleHHe X U BCe
NOMpaBKY dX UMEIOT, NO-BHAWMOMY, MEHbILIE «ITOJIOBHHBI pa3psaaas
BEepHBIX 3HAKOB, )

Ecnn pemenne x noCTaToyiio no1yyuTh ¢ MeHbLIEH TOYHOCTHIO,
yemM MallWMHHAf, TO 3HAY€HUE epsS MOXHO B3fiThb GosbliMM. B He-
'KOTOPBIX MPHIOKEHHAX [axe XKeJaTeJbHO CHeNatbh eps napa-
metpoM npouenypbl IMPROVE tak, 4T06bl MOXHO GbIIO KOHTDO-
JIHPOBATh TOYHOCTb PAa3qHYHbIX petleHUH.-

IMapamerp digifs, xoropbili ompenensiercs  BeJHYHHOM
—logo(normdx/normx) anst mepBo# noOnpaBKH, yKa3uiBAET YUCJAO
BEPHbIX 3HAKOB ([ECATHYHBIX) B PeLIeHHH X, MONYYEHHOM INpole-
aypoit SOLVE. Ecau x siBAsieTC TOYHBIM pellleHueM, o dx=H0
H digits JOJMKHO paBHATHCS GecKoHeyHOCTH. Ecau x uMeer owu6-
Ky NnOpsilika eIMHUUB NOC/IeHEro paspsanaa, To dx uMeeT nopsiaoK
srofi omMGKH u digifts nMpUGNUIKEHHO PABHO YHCJIy paspsiioB B

6 3ak. 48
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MallMHHOM npeacTaBjennd yucaa, C apyro#l cTopoHsl, eciu A Tak
nj10Xo o6yc/a0B/NEHA, YTO dX HMEeT TOT Xe NOpPSAOK, YTO H X, TO
digits moxer GbITh GJIH3KUM K HyJIO WM NaXXe OTPHUATENbHBIM.
Xon paccyxnenufl, HabpocaHHbH B pasi. 13, nokaswiBaer, yTo
ob6yca10B/eHHOCTb cond(A) MoxHO rpy6o OUEHHTb Tak: '

(16.3) cond (4) = z};; =
. = _L_. 1o-diaits
s 10 .

CylecTBeHHO, YTOGH HEBSI3KM GBI TOYHHI; (-1 KOMIOHEHTA
HeBS3KH

n
ri=b,--—izla”xl

BBIYUCJISIeTCSl BellecTBEeHHOIl mnpouefypoit accumdotprod. Ml
cXKHJaeM, 4TO cymMMa

n

Z a;iX;

i=1. J7I

Oynaer oueHb G/JM3KA K BeNHuYMHe b;, Tak 4TO MX pa3HOCTb Oyner
oueHb MaJsol BemuuyuHoi. Ecomt cymma BbluncasieTcss ¢ 0OGBIYHOM
MALIHHHOW TOYHOCTBIO, TO TNIpH NOC/JefHeM BbLIUMTAHMM OYAYT MO-
TepPsiHbl NMOUTH Bce pa3psiibl. HaunyuiuMm cnoco6oM BbIUHCIEHHS
HEBSI30K SIBJISIETCS HCNOJIb30BaHUE HAKANAUBQAIOUW,E20CA CKAAAD-
Hoeo npoussgedenusn. O6blUHOE NepEMHOKEHUE ABYX YUCT Qi U Xj,
3alaHHbIX C I’IpOCTOI‘;I TOYHOCTBHIO, JAa€T 4YHCJQ C YyABOCHHBLIM YHC-
JoM paspsgoB. CYMMY 3TUX YJ/I€HOB, UMEIOIHX ABOHHYIO TOYHOCTD,
c/elyeT BBIYMCJSITB, MCHO/Ib3Yst CJOXKeHHe C YABOEHHBIM UYHCJOM
paspsaos. Haxkoneu, sty cymMy caenyer BhYeCTb U3 b;, HCMOJb-
3ysl TaKxe BBIYHTAHHE C YABOEHHHIM YHCJOM paspsnos. Bce aTu
onepanuy MOTYT BbITh BHIIOJIHEHb! OUeHb 3Q(eKTHBHO Ha HEKOTO-
PbIX BBIUMCAUTENbHBIX MAIIMHAX H TpeOyIOT CJAOXKHOTO M AIUTENb-
HOTO NporpaMMHpPOBaHuS Ha Apyrux. B .1060M cayuae shiumcie-
HHMS HEBO3MOXKHO MOJHOCTbIO BhIpasuth Ha siabike AJITOJI-60,
M03TOMY B TeJe NMpoueayps accumdotprod Heo6XOAUMO HCIOJb-
3oBath HeKotopoe pacumupenne AJIFTOJla uau MmaluvHHBIE KOADLI
Mgl 6osee MOAPOBHO PACCMOTPHM HaKamauBaloLleecsi CKaJsipHOe
npousseseHue B pa3f. 20, a ajas HEKOTOpHIX cneuu@Hyeck1x Bbl-
YUCAHTEJbHEIX MAIUMH — B caefylolleM pasfeile,

Kax B npouenype DECOMPOSE, tak u B npoueaype SOLVE
GOJIbIIMHCTBO ApH(PMETHUECKUX ONtepalMi BLIMOJHSETCS BO BHY-
TPeHHUX IMKJIaX RO j. Ecan umeromniics anro/bHblil TpaHCISTOD
HenoCTaTOuYHO 3(QEeKTUBEH, XeaaTelbHO BOCMONb30BaThCs pac-



16. Npoepammuposanue na AJIT0J/e-60 83

IIMpPEHUeM si3blKa HJIM MAalIMHHBIM KOAOM /ISl NMOJYyYeHHs Hau-
Gonpilelt 3PHEKTHBHOCTH 3TUX LMKJIOB.

[peacraBiaeHrble 31ech NpPOLEAYpb OblIM BbIOpaHH M3 He-
CKOJNILKMX BO3MOXKHBIX BapuaHTOB. [Ipu 3TOM MBI NMBITaduCh AATh
TaKHe MPOrpaMMbl, KOTOpPbE JIETKO MOTJIH ObITb MOHATH YHTATE-
JSIMH M KOTOpble GblIH Gbl A0CTATOYHO 3(PeKTHBHH A/ 60Jb-
IUMHCTBA BBIYMCAHTENbHBIX MawHH. Hanmpumep, ecan aas BrUMC-
nenus matpuu L u U npumenuts metox Kpayra ¢ ucnoa1b30BaHH-
eM HaKalJ/MBaIoULerocs CKa/JasipHOIO NPOM3BeICHHs, TO Npoueaypa
DECOMPOSE notpeGyer Gosbile BpeMeHM, HO Inpoueaypa
IMPROVE woxer mnorpe6oBate Memnbliue, OGlllee pasjsnude BO
BpeMeHH GYAeT 3aBHCETb OT KOHKPETHOH pelllaeMOH 3a1auH H CNo-
co6a BBIYHCJIEHHS CKaJsipHOTO npou3senenusi. Kpome toro, Bol60p
MeXJy ABOWHOH MHAeKcaluel CTPOK MM JAeHCTBUTE/NbHBIMU Mepe-
CTAHOBKAMH. 6yieT 3aBHCeTb OT BO3MOXKHOCTEH HCIIOJb3yeMOro
TpaHCAAFOPa.

Pancton [24] takxe paccMaTpuBaj peasiH3aUHio Pa3IUYHBIX
metonoB. [lporpammet Ha saswike AJITOJI npusomar Boymaep,
Maprun, IMurepe u Yuakurcon [5).

(16.4) Ynpaxuenue, Mcnoawsyiite W ucnbitaliTe 3TH npoueRypbi
Ha BBHIYMCJAHMTEJbHOHM MallHHe, BHoCS HeobXxoduMble H3ME-
HEeHHUsl JJIS1 KOHKDETHOI aJroJibHOH CHCTeMBbl, HMetouieiics
B BallleM pacnopsxeHud. B uyacTHOCTH, HanmHIIuTe TEJO
npoueaypbl accumdotiprod u OLEHHTe 3HA4YEHUsA eps H
itmax.

(16.8) Ynpaxueswe. Hanuuwnure mnpoueaypy DETERMINANT
(n, LU, logdet, signdet)'), xoropasi ucnoibsyer LU-pas-
noxenue U3 DECOMPOSE pns sbiuncaeHus aorapudma u
3HaKa onpejeaurens Marpuubl (cM. pasa. 14). Ias yno6-
crBa Moxere Monuduunuposats DECOMPOSE rak, 4To6hl
ClenuTh 3a M3MEHEHMSIMH 3HAKa, OGYCJOBJENHbLIMH nepe-
CTAaHOBKAMH, HJIH MOXKETe MOoMydYuTh HHQOPMALHMIO O 3HAKe
U3 MacCHBaA ps.

(16.6) Ynpaxuenue. Cpenaiite HeOGXOAMMble M3MEHEHHS B NpO-
neaype IMPROVE rak, yro6bl HTepalui HeMeVIeHHO Mnpe-
Kpanianucek, ecau digits OKaXkercsi MeHbllle HeKoTopo# 3a-
paHee onpejeseHHO# BeqHUHHbL. KakoBa no/skHa 6bITh 3Ta
BeJHUYMHA H KaK OHa CBsI3aHa C eps W itmax. MoXHO JH
31ecb Henoab3oBath npouenypy SINGULAR?

') logdet o3nauaer sorapudm onpeaeautens; signdef — sHak oupeaenu-
Tens. — ITpun.. ped,

6*



17. NPOrPAMMbI HA ®OPTPAHe,
PACIUHPEHHOM ANr0Jle H HA PL/I

ITpouenypel H3 mpeabiAylIero pasjiena MOYTH MOMHOCTBIO MO-
TyT ObITb HEMOCPEACTBEHHO TPAHCJAUDPOBAHB Ha ADYTHe aJropUT-
MuyeckMe MAIUMHHBE $3bIKH., Mbi 3TO NPOBOAHM 3M1eCh sl
npunsaroro craggapra POPTPAHa, aas yacTHOH peanusanuu pac-
wupensoro AJITOJIa u ans npexBapuTeabHO crellHau3HPOBaH-
Horo ssbika PL/I. Kaxkpmas mporpaMma conpoBoXjaaercsi npume-
YAHHSIMH O CaMHUX TNpoUefypax, O 3bIKAX M HCNOJIB3YEMBIX
MawuHax. (Mbl npeasnaraeM 4uTaTeNi0 O3HAKOMHTBCS C MaTepua-
JIaMH TI0 SI3blKaM WM MaliMHaM, C KOTOPBIMH OH HE 3HaKOM.)

[Tox ®OPTPAHomM, koTophiit MBI HCHOJb3yeM, Mbl N0OApa3y-
MeBaeM sI3blK, ONMHCaHHLIH B padore [43] u O6GbIYHO Ha3biBaeMblil
ASA ®OPTPAH. OH BKaAwuaeT, HacKOJbKO 3TO BO3MOXKHO, 06-
mue yeprthl Tpex auajnexkros POPTPAHa: ®OPTPAHa IV ans
IBM 7090/94, ®OPTPAHa-63 an1s CDC 1604 u ocnoBHOe mnpo-
rpamMHoe obGecneyenue ®OPTPAHa ans IBM System/360 (cm.
coorBercTBeHHO [47], [46], [48]). Mbl H3Gerann xapakTepHbIX 0CO-
6eHHocTel, BpOAE ONMUCAHUN TUIOB, YCJOBHBIX BHIPAXKEHHUH, NoMe-
YeHHOH O6LLEH MaMSATH U pa3MepHOCTEH MACCHBOB, KOTODHIe GbliH
6Bl MoJe3Hbl, HO HMEIOT pa3Heie (OPMbI UJIH Ke OTCYyTCTBYIOT B
ONHON H/IH HECKOJbKHX cucTeMaX. OXHAKO HEKOTOpble He3HAYH-
TeJbHBIE OTJHYUS BCE K€ HMEIOTCS: ONUCAHMS NpEeACTABJIEHHS C
ABOMHOMK TouHocThio B IMPRUYV, Hanucanue Ha3BaHHi BelleCTBEH-
ubix ¢ynkuuit ABC, AMAX 1 u ALOG 10 B DECOMP u IMPRUV,
a Takxe BbIBOA eauHuyHoro uucsaa B SING. C yuetom BO3MOXK-
HBIX U3MEHEHHH B 3THX NYHKTAaX MOANMPOrpaMMbl AOJKHH TaKxKe
pa6otarb B Zpyrux cucremax POPTPAHa.

(17.1)
[Mporpamma na ®QPTPAHe ans pewenus JuHe#HON cucTeMnl !)

-~

SUBROUT INE DECOMP (NN, A, UL)

DIMENSION A(30,30), ULL30,30), SCALES(30), IPSL30)
COMMON [PS

N = NN v

an

INITIAL (ZE IPSy UL AND SCALES
00 S 1 = I,N
(PStI) = )
ROWNRM s 0,0
- 00 2 J 3 1N

') Tporpammul Ha Assikax POPTPAH u PL/I socnponsseaenn B TOuHOCTH
No aHrHACKOMY opHriHany. — lIpun. ped.




[a Kol

4

]

16
17

18
19

ULITyJ) = AL, 00
TF{ROWNRM-ABSIULLI I 1) 14242
ROWNRM = ABS(UL (1,40}

CONT INUE

IF (ROWNRM) 3.4,3

SCALEStL) = 1.0/ROWNRM

GO 10 5

CALL SINGUI)

SCALESUIY = 0.0

CONT INVE

GAUSSIAN ELIMINATION WU(TH PART(AL PIVOTING
NMI = N-}

00 17k = |

816 = 0.

)

NM1

00 t1 KyN
e = PsSt(I)
S12€6 = ABSUtULLIP,K))IsSCALES(IP}
IF (S126-B1G) 1t,11,10 :
BIG = SI2E
IDXPIV 3 |
CONT INUE
IF (81G) 13,12,13
CALL SINGC2)
GO 10 17
(F (IDXxPIV-K) J&, 15,14
J o= 1PStK)
IPSIK) = 1PSLIDAPIV]
IPSLIDXPIV) =
kP = 1PSI(K)
PIVOT = UL (KPyX)
KP1l = K¢}
00 L6 I = xPI,N
1P = 1PSLI)
€M = -UL(IP,k)/01VOT
ULLIP,K) = <fM™
00 16 J = XPL,N
ULLIP,J) = ULLIP,J) o EMSULIKP,J)
INNER (00P. USE MACHINE LANGUAGE CODING If
DOES NOT PROQUCE EFFICIENT CODE.
CONTINUE
CONT I NUE
KP = 1PS{N)
1F (ULLKP,N)) 19,1B,19
CALL SING(2)
RETURN
END

)
0
)

COMPILER

)
H

SUBROUTINE SOLVE (NN, UL, B, X)

D(MENSION UL(30,30), B8(30), Xxt30), (PSC30!
COMMON [PS :
N = NN

NPL = Net

1P = 1PSLLY)
Xx{1) = BtlIpP)
00 2 I = 2,N

(P s IPSIIY

ML oo -1

Sum s 0.0

D01 J = 1yIMI

SUM = SUM + ULITPyJI®XLY)

X(1) s BIIP1 =~ SUM




w

1P = [PSIN)
XI(N) = XINI/UL ((P,N)
00 & IBACK = 24N
I = NPI-IBACK

1 GOES (N=1)seess)

Ip = 1PSLI

1Pl = 1o
sum = 0.0

DO 3 u = IPI,N

SUM = SUM « ULUIPyJISX(J)

Xt1) = (XCQ)=SUMIsuL LR, )
RETURN
END

~

0 ®~

SUBROUT INE IMPRUV NN, A, UL, B, X, DIGITS)

DIMENSION A130,30), ULC(30,30), BI30), Xt30), RU30), Dx (30
USES ABSL), AMAXI(), ALUGIOU) ’

DOUBLE PRECISION SuM

N = NN

EPS = 1.0E-8
[TMAX = 16
ese (PSS AND IIMAX ARE MACHINE DEPENDENY. a0

XNORM = 0,0
DO 1 I = LN

XNORM = AMAX1(XNORM,aBS{Xt1)))
IF (XNORMI 3,2,3

DIGITS = -atOGIOLEPS)

GO 10 10

VO 9 ITER = |,1TMAX
DU 5 | = t,N
SuUM = 0,0
DO & J = (,N
SUM = SUM ¢ all,J)ext])
SuM = Bll) - SuM
Rt1) = Sum

ese (T IS ESSENTIAL THAT ACl,J)*X(J) YIELD A DOUBLE PRECISION

RESULT AND THAT THE aBOVE ¢ AND - 88 ODOUBLE PRECISION,
CALL SOLVE IN,UL,R,DX1
OXNORM = 0.0
OU 6 1 = I,N
) 2 xt1)
X(Iy» = xp11l ¢ DXt .
DXNORM = AMAXI {DXNORM,aBS{X{ (p=11)
CONTINUE
1F LITER-1) 8, 17,8
OtGITS = -ALOGIO(AMAXY (DXNORM/XNQORM,EPS) )
(¢ (DXNORM-EPS*XNDRM) 10,10,9
CONT INUE
ITERATION 010 NOT CONVERGE
CALL SING(3)
RETURN
END

L XY
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SUBROUT INE SING tIWHY)
11 FORMATI5GHOMATRIX WITH 2ERO ROW IN DECOMPOSE. )
12 FORMAT(54HOSINGULAR MATRIX IN OECOMPOSE. ZERO DIVIDE IN SOLVE., )
13 FORMAT(54HONQO CONVERGENCE IN IMPRUV. MATRIX IS NEARLY SINGULAR, )
NOUY = 3
c NOUT s STANDARD OUTPUT UNIT
GO 10 (19293)y IWHY
I WRITE (NOUT,ID)
G0 10 10
2 WRITE (NOUT,12)
GO T0 10
3 WRITE (NOUT,13)
10 RETURN
END

3amerum, yto LU u3 anronbHoit mporpamMmbl B Hallled npo-
rpamme nHa POPTPAHe Bripaxaercs kKak UL.

Bo3MOXHO, 4TO NOTpeGyercss HecKoJbKOo BbIDaXKeHHH Ha
®OPTPAHe 15 npeacraBJeHusl MPOCTOrO aJrojibHOrO Bhipaxe-
HMsi, OCOBEHHO MPH HAJIHUHH HHACKCOB H JIOTHUECKUX MJIH Oy/leBHIX
KOHCTpyKuHil, HO TPaHCAATOp MOXKET B HEKOTOPOM CMBIC/IE KOM-
MeHCHPOBATb 3TOT HEAOCTATOK Gosee 3PPEKTHBHbIM MCIONB30BA-
HMeM MalMHHBIX KOJ0B. DTO, B YaCTHOCTH, Halalofaercsi B Ha-
wem cayuae. Ha ®OPTPAHe BHyTPeHHHH LHKI U3 DECOMP
MMeeT BUJI

DO 16 J =KP 1, N
16 UL (IP, J)= UL(IP, J) + EM'UL (KP, J)

Ha IBM 7090 nosyuyaembie MalIMHHbIE KOAbI COCTOSAT TOJbKO M3
ceMM KOMaHJI: BbIOODKA, YMHOXKEHHE, C/J0XKEHHe, 3aMOMHHAHUE H
TPH WHAEKCHbe KoMaHawl. Bce omepaiu#, Koropble He 3aBHCAT
or J, BHNoaHsloTCs BHe uukaa. Buyrpemmne umukasl B SOLVE
GopMupyloTCs aHaJNOTHYHO.

Bo BCex Tpex MoAnporpaMMax TPaHCAATOPhl MallUH IBM 7090
1 CDC 1604 morau ¢opMHpOBATh MOUTH COBEPIICHHbIE MalUWH-
Hple Koabl. DTo 0653aHO YaCTUYHO JeTasH3ainH, ¢ KOTOpOH He-
06xonuMo omuchiBaTh anroputmsl Ha P®OPTPAlle, a yacruyHo
JOBOJILHO yXHILDEHHbIM NpHeMaM, KOTophie HCIOJb30Ba/H 3TH
TpaHcAATOpH NpH (POPMHPOBAHUH KOAOB. MOXKHO CIPOCHTD, ONPAB-
AuBaeTcss AM To 60/bLIOE BpeMs, KOTOpOe 3aTpauyuBaercs Mpo-
TpaMMHCTOM H TpaHcasTopoM. B ciyuae moamporpamu (Takux,
KaK 5TH), KOTODbi€ UCIOJb3YIOTCA MHOrO Pd3 Ge3 U3MeHeHHs, MBI
cuuTaeM, 4To 3TO Tak.

CnennanbHaa npoielypa accumdotprod He HyXHa B ONHCa-
uu npouedyps, ananoruuroil /MPROVE, na ®OPTPAHe. Ha-
KanauBaiolleecsl CKansipHOe NMPOH3BeeHHe MoJay4aercs nNpocTo U3

(17.2)
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roro, yto SUM onuceiBaercs Kak nepeMeHHas ¢ ABOHHQH TOY+
Hocteio. Oneparop
(17.3 DQUBLE PRECISION SUM

3) SUM=SUM+A(, J)’X(J)

Noay4uT npouaaeneﬂue C yZIBOGHHOH #AMHON cAoBa M npubaBuT
ero ¢ aBoiHoH TouHOCTBIO K SUM. O1HaKo 3TO BEIMOMHAETCA pas.
JHYHLIMH crocofaMHu Ha pasHbIX MalluHaX,

Ha mawunax IBM7090 1 IBM 7094 komaHza yMHox(ermn B
pexuMe ¢ nuaBaioluelt 3ansaTod maeT pe3ynabTaT yABOEHHOH AMH-
HHl Ha ABYX perucrpax (CyMMaTop M PerHcTp YMHOXeHHS H JeJe-
Hus). Onepallust ClOXKEHHs ¢ ABOHHON TOYHOCTHIO NPHGaBAsET
Takoe YHC/IO K APYroMYy YHCJY yABOEHHOH IJIMHBI, XPAHALIEMYCA
B AByX siueiikax. Takum ob6pasom, omeparop (17.3) npoussogur
¥ YMHOXKEHUe, U CJIOXKEHHe, H 3aNOMHHaHKe ¢ ABOMHOM TOYHOCTHIO.
DTO UMEHHO TO, 4TO Mbl NMOoJApa3dyMeBaeM I0J HaKaAMJIAHUBAIOLIUMCS
CKa/NApHBIM NpOH3BeneHueM, (Omnepanusi CI0XKeHUsI ¢ ABOHHOM
TOYHOCTbIO Ha Maiunne IBM 7094 npencrasasier CJI0XKHYI0 KOMaH-
ny, a Ha IBM'7090 BuinmosiHsieTCs1 ¢ MOMOLUbIO YEThipeX MPOCThIX
CJOXKEHUH.)

Mamuna CDC 1604 aBToMaTHyecKu NpPOU3BOAUT OKpPYI/IEHHE
nocjie KaXkAoW omepalMy ¢ MNJaBaiouleit 3ansaroll. Ato Xopowo
BO MHOTHMX OTHOLUeHHusIX, KpoMe onHoro. [las Toro uroGbl moay-
YHTb NPOH3BelleHHe C YABOEHHbIM UHCJIOM 3HAKOB M BbINOJHHTb
cJI0KeHHe C ABOHHON TOYHOCTbIO, HEO6XOAHMO UCMOAb30BATh Clle-
UKaJIbHBIE MOANDOTPAMMEL, KOTODBIE «PaclaKOBHIBAIOT» YHUCAA C
n/aBaollel 3aMsaTo# U BHINONHSIOT ONepaliMi B PeXUMe ¢ DHKCH-
pOBaHHOi 3amsgTofl. DTO 03HauaeT, 4TO HTEepallMOHHOE YTOUHEeHHe
OKa3bIBaeTCsi NOBOJbHO TPYAOEMKHUM II0 CPABHEHHIO C Tpeyrob-
HbIM passoxeHHeM. OJIHAKO OFPaHUUYHTBCS BHIYHCAEHHSAMM C
IBOMHOH TOYHOCTBIO TOJBLKO AJISi OTHOCHTENBHO HeGOJbIIOT0 KONuU-
yecTBa apH(MeTHYeCKUX onepauui, HeOGXOAUMBIX B MTEPalHOH-
HOM YTOYHEHHH, KOHEeYHo, ropasjo Jyuile, yeM [pOBOAUTHL MON-
HBIH pacyeT C yABOGHHBIM YHMCJOM pa3psifioB, UTOGH MOJYUYHTD,
BO3MOXKHO, Ty e OKOHYaTe/bHYIO TOYHOCTB,

Haw onwit ¢ IBM System/360 xotss u He nonoH, Ho o6Hapy-
JKUBaeT eule u Apyrue ctopoHsl. Mamuna 360 umeer uucaa. c naa-
Baiowel 3andATod ABYX ANHH — «KOPOTKYIO GopMy» H «ANUHHYIO
($OopMy», TOYHOCTb KOTOpOH GoJee yeM BJBOe MpEBbILIAET TOY-
HOCTb Koporxoﬁ popmHl. PeayanaT YMHOKEHUS UHUCeN ¢ MJ1aBalo-
el 3ansiToi B KOPOTKOH ¢opme sIBASIeTCS YHCJAOM B AJUHHOM
¢dopme. Eciin 3ateM caeayer c/oXeHue B ATHHHON dopMe, TO MbI
mojyvyaeM HaKaMn/HBaiouleecs cKajspHoe npousBeaeHune. OnHako
MepBOHAYaJ/bHbI BapHaHT TPaHCAATOPA, KOTOPBIA Mbl HCMOJBL30-
BaJ/IM, Mepej BHINOJHEHHEM CJOXKEHHs ype3as NpPOU3BeleHUe 10



17. NMpoepaumer na ®OPTPAHe, pacwupennom AJITOJe u na PL/I 89

KOPOTKO# ¢opmel. B 31OM ciyyae Heo6XxoauMo GBLIO 3aMeHHMTb
(17.3) ma

DOUBLE PRECISION SUM, AlJ, XJ
AU =A(, J)

XJ =X (J)

SUM = SUM + ALJ*XJ

{Tocaenyiomine MoAHGUKALMH TPAHCASITOPA MOTYT AaTh YJayu-
IIeHHe ANS1 3TOro CJayuasi.

Mbl BXoauM ‘31ech B A€TaMH MO HECKONbKMM NpHuuHaM. OHH
WIJIIOCTPHPYIOT, KaK 0COOEHHOCTH PasJaHYHbIX MalHH ¥ TPaHCIU-
pYIOLIMX CHCTEM MOTYT BO3AEHCTBOBATb HA TOUHOCTb U 3(P(HeKTHB-
HOGTb KOHKPETHBIX anroputMoB. OHM TakKe YyKasbiBAIOT Ha He-
06X0AMMOCTb CTAaHRAPTH3AUMU — YHYACTOK nporpaMMet  (17.3)
NPHUTOEH /ISl BCeX TPeX TPAHCJSATOPOB, XOTSA B KaxKJIoM Cayyae
faer pasnuuHbie pe3yabraThl, HakoHell, K cOXaJeHHIO, KaXIbli,
KTO 3aXOYeT HCNOMb30BATb 3TH MPOrpaMMBbl Ha KaKOH-THOO Apy-
roif MaillMHE, BCTPETHTCA C TeMH K€ HJH C aHAJOrMYHBIMH Npo-
671eMaMH.

Uro xacaeTcsi APYTMX 1IpOTpPaMM pellleHHs] JIHHEHHBIX CHCTEM
Ha sasike POPTPAH IV, 10 Mbl MOXXeM peKOMEHAOBATH NpeKpac-
uble nporpamMbl Kaxana [15]. Oy nosIHOCTbIO HCNOIB3YIOT MOAMU-
¢ukauuu u3 yrusepcurera Topouro angs POPTPAHa, nosBoasio-
uHe U36eXKaTb MepernoNHeHUs] MJIH MOSBJAEHUS MAUIHHHOIO HYJS.

Mb! ucnons3osans Takxe sapuant AJIIOJIa, a umenuo pac-
wupennst AJIFOJI ans Beppoys B 5500 (cM. [45]). M He Boc-
NPOM3BOAMM IOJIHOCTBHIO MPOrPaMMbi, YIIOMSIHYTbIE 3/1eCb, TaK KaK
OHM TOYTH HMAEHTHYHBI nporpaMmam Ha s3bike AJI[OJI-60 us
pasa. 16. (JleBas crpeska <— CTaBMTCS BMECTO omepaTopa npu-
CBOEHHUS :=; JO/IXKHbI ObiTb ONHCAHbl HHXXHHe IPAHHIbI HHAEKCOB
JJisi MACCHBOB TapaMeTPOB; TaKXKe NOJMHbI GBITh ONHCAHbI METKH,
Onucaunne npouneaypbt SINGULAR nonxHo GHITb MOMELIEHO Blie-
peau onucaius DECOMPOSE. HuxHue rpaHHubl BCeX MacCUBOB
B ONMUCAHUH CJAEAYET NMOJOXHTb PaBHBIMH HYJIO, TaK KaK 3TO Clo-
cofcTByeT nosyueHHio Gosiee ObLICTPOACHCTBYIOILEH NPOrpaMMiiL.)
Onnako Mbl XOTHM ONUCATb 1Ba NoJe3Hbix paciiupenus AJII'OJa,
JIonycKaeMbix B cHcreMe Beppoys: mepeMeHHas «MacCuB-CTpPOKa»
H «[BOHHOMH» omeparop. :

[lepemeHHass «MacCHB-CTPOKa» HCNOJIb3YETCS AJS MOBBIILIEHHS
3¢} eKTUBHOCTH MOYTH BO BCex mnpoueaypax, kpome SINGULAR.
IIpu ¢puxcHpOBAHHOM HHAEKce { U NMEePEMEHHOM | COBOKYIIHOCTb
[ai;] aHanornyHa ogHOMepHOMY MaccHBY. JTa ONHOMEpHAas CTPOKa
o6o3nayaercs kak A[l, *] u Moxer HCNO/bL30BATBCS B KauecTBe
JeHCTBHTE/BHOTO NapaMeTpa B JIOGOH Npoueaype, B KOTOPoh co-
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OTBETCTBYIOWMH GopManbHbIi NapaMeTp ONUCaH KaK OAHOMEpPHbIH
Maccus. [lpu BBIMONIHEHMH 3TOH NpoueAypbl Takas MHIEKCALMs
OKasplBaeTcsi oueHb 3ddexrusHoit, Hanpumep, oneparop npoie-
aypet DECOMPOSE 8 AJITOJle

if mult =0 then
for j :=Fk+ 1 step 1 until n do
LU[pslil, 1 :=LU[pslil, jl—mult X LU [ps[k], j]
3aMEHHTCS OflepaTopom '
IF MULT %= 0 THEN .
ELIM(K+ 1, N, MULT, LU[PS[I}, ] LU [PS[K], *)
B Bapuante pacumupeHHoro AJII'OJla ans Beppoys. Onucanue
npouenypst ELIM cnenyouree:
PROCEDURE ELIM (J1, J2, MULT, Al, AK);
VALUE J1, J2, MULT; INTEGER Jl, J2; REAL MULT;
REAL ARRAY Al, AK|0];

BEGIN INTEGER J;

FOR J<«J1 STEP | UNTIL J2 DO
AI[J] « Al [J]—MULT X AK [J];
END ELIM;

AnajorvyHble M3MeHeHHsl NPOBeleHbl /s OnepauHH nMkaa 1o j
B npouenype SOLVE. OGe npoueiypsi paGoTaioT H 6e3 3Tux
M3MeHeHHH; H3MeHEHHsl TOJNbKO YBEJHUHBAIOT CKOPOCTb.

I BoitHble onepaTopbl 1peGYIOTCH NPH BHIUHCICHHNM BEKTOpa He-
Bs13KM. [[BOHHOH omepartop COCTOMT U3 MOCJAeNOBATEIbHOCTH ome-
paTopoB ABOWHOH TOYHOCTH M apryMeHTOB B TakK Ha3biBaeMoii 06-
paTHOH noabcKoH HoTalmuu. Mpl He co6upaemcst BXOIHTb 3[ech B
Bosee nerajbHbie 0GbsicHeHus. [loCTaTOuHO CKasaTh, 4TO ome-

partop

DOUBLE(X[J], 0, Y[J], 0, X, SUMHI, SUMLO,
+, «, SUMHI, SUMLO)

B BapMaHTe C JBOIHOH TOYHOCTbIO MEPEXOAUT B
SUM «~SUM + X [J] X Y[J].

10T OnepaTop, KaK U MaCCHB-CTPOKA, MCMO/B3YeTCs NPU BHIYUC-
JIeHUH HeBs130K. [IpUBOAHM COOTBETCTBYIOUIYIO YaCTh MPOTPAMMBbI:

FOR I «1 STEP 1 UNTIL N DO
R[1]«< — DOUBLEDOTPROD (1, N, A[L, ], X, =B [1]);

!
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REAL PROCEDURE DOUBLEDOTPROD (J1, J2, X, Y, C);
VALUE J1, J2, C; INTEGER J1, J2; REAL C,
REAL ARRAY X, Y[0];

BEGIN INTEGER J; REAL SUMHI, SUMLO;
SUMHI <« SUMLO < 0;
FOR J<-J1 STEP 1 UNTIL J2 DO
DOUBLE (X[J], 0, Y[J], 0, X, SUMHI, SUMLO,

: <, SUMHI, SUMLO);
DOUBLE (SUMHI, SUMLO, C, 0, +, <, SUMHI, SUMLO),
DOUBLEDOTPROD <« SUMHI;

END DOUBLEDOTPROD. '

3aMeTuM, 4YTO ONmepauHi0 YMHOXEHHS ¢ ABCHHCH TOYHOCTBIO
He0GXOAMMO BHIMOMHATH TAK K€ XOPOUIO, KaK H ONepauHio cloxke-
HUA C JABOHHON TOYHOCTHIO,

K MOMeHTy HamnucaHHsi KHUTH elle He OblIH SACHBI HeKOoTophle
yepTHl s3bika PL/I. OnHako, Tak Kak PL/I MoxeT cTaTh BaXHBIM
MallMHHBIM SI3bIKOM, Mbl BKJAIOYa€M B 3TOT pa3jej BapUaHTHI
Halueit nporpammbl Ha sizbike PL/I. D11 nporpaMmel uayT ycneiu-
HO, HO 1/l COr/IacOBaHHWS SI3BIKORBIX OCCOEHHOCTEH, BO3MOXHO,
nmpeéyrorc;x uaMeHeHus. [IporpaMMul jaloTcst B TepMHHaY A3bIKa,
onpeneaeHHoro B pa6ore [49).

(17.4) Ynpaxueune. Ilponenaitre ynpaxkuenus (16.4), {16.5) wu
(16.6), ucmonb3ys AOCTYNHble BaM SI3bIK M BbIYHC/IKTEb-
HYI0 MallKHY. '

(17.5) IMporpamMme! PL/I pas peineHus nMuHeHHOH CHCTeMBI

OECOMPOSE: PROCEDURE IN, A, LU} 3
DECLARE Als,®) /¢ MATRIX TO BE DECOMPOSED ¢/,
LUle,s) FLOAT /e RESULTS #/ ;
DECLARE PS(100) FIXED BINARY EXTERNAL /¢ PIVOT VECTOR, N<=100 ¢/,
SCALES (N), (MULY, NORMROW, BIGGEST, SIZE, PIVOT) FLOAT,
tIe 3y K, PIVIDX) FIXED BINARY

/% INITIAUIZE PS. LU AND SCALES /
001 =1 TON ;
PSLIY = 1
NORMROW = 0 ,
00 J =1 TON
LUTT 430 = ALYy d)
NORMROW + MAX1NORMROW, ABSILUII.J111 ;
END ;
IF NORMROW : O TMEN SCALESII) = 1.0/NORMROW ;
ELSE 00; SCALESII) « O; CALL SINGULARI'ROW®):  END ;




ENO
/¢ GAUSSIAN FLIMINATION WiTH PARTLAL PIVOTING */
00O k = 1 10 N-} ¢
BIGGEST = O
0O I = k TON
SI2ZE = ABS(LU(PSEI),X)1V1$SCALES(PSIT)Y
If SI1ZE > BIGGEST THEN
00; BIGGEST = SIZE; PIVIDX = 1: END 3
END ;
IF BIGGESY = O THEN _
0DO; CALL SINGULAR['P(V'}); GO TO ENDKLOOP; END |
IF PIVIDX = K IHEN . .
DO; 4 = PSIKI; PSIK) =« PSIPIVIDX); PSIPIVIOX) = Ji END
PIVOT = LUIPSIKY,K1 3
00 1 = Kel TO N ¢
LUEPSTEY oK) 4 MULY = LUIPSITY,K}/PIVOT 3
IF MULT = O THEN
DD J = K¢[ 1D N
LUIPSTTY,J) = LUIPSITY, S - MULTSLUIPSIKI,J)
s¢ INNER LOOP. ROW SUBSCRIPTS DON'T VARY ¢/
ENO '
END
ENOKLOOP!
END ¢ )
1F LUIPSINI,NI « O THEN CALL SINGULARL*PIV') ; -
END DECOMPOSE

SOLVE: PROCEOURE (N, LU, By X) ; .
DECLARE LUI®,*) FLOAT /¢ DECOMPOSITION OF A s/ ,
Bi®) /¢ RIGHT HAND SIOE s/ ,
Xi®) /¢ SOLUTION &/ .
OECLARE PS(1D0) FIXED BINARY iXTERNAL /¢ PIVOY VECTOR, N<=100 */,
00T FLOAT, 1, ) FIXED BINARY 3

001 = 1 TON
poY = 0
DG 4= 1 TO I-1 ; -
DOY = DOT ¢ LUIPSIIN,J)exi))
END
Xil1 = 8iPsSit)) - DOT
END ;

001 = N 101 BY -1

00T = 0

DO J = J*¢1l TON ;

DOT = DOT ¢ LUIPSLIY,3)extd) 3

END 3

X10) = (X111 - OOT)I/LUIPSILI,1) 3
END
END SOLVE 3




IMPROVE :
OECLARE

LUy By Xy DIGLIYS) ;
Ale,¢) /% ORIGINAL MATRIX ¢/ ,
tuls,s) FLOAY /s DECDMPOSITION OF
Bis®) /¢ RIGHY HAND SIDE ¢/ ,

Xis)
DIGLTS

PROCEDURE (N, 4,

/* WILL BE SET TO ACCURACY

IRyDX ) (N), (NORMX, NORMDX,
fty 3y ITER) FIXED BINARY,
EPS INITIAL (1.E-6)
1TMAX INITIAL (12)

OECLARE

DECLARE OPSUM FLOAT [12)

/¢ 1T 1S ESSENTIAL THAY PRECISION OF
USED BELOW BE TWICE DEFAULT PRECISION,
ASSUMED MERE, ¢/ ;

NORMX = 0 ;
001 =1 TON ;
NDRMX = MAX(NORMX, ABSIX(I)1} ;
ENO
IF NORMX =
00;

0 THEN

DIGITS = -LDGIOIEPS);

00 ITER = | TO §TMAX ;

00 1t =1 TON ;

DOPSUM = O
0D J = 1 TON ;

oPSUM = Dvsun + MULTIPLYIA(T,J),
END ;
DPSUM =
RI1) =

"NO ;

IALL SOLVEIN,LU4R,DX) §

YORMOX = 0 ;

30 1L = 1 TON
v oxtiy
Xty = xtny
NORMOX =

END ;

If ITER s 1

IF NORMOX <=

ENOD

CALL SINGULAR('CON') ;

CONVERGED;

END IMPROVE ;

BilY - OPSUM ;
OPSUM

¢ OXply
MAX (NORMOX ,ABSUXt 11=T)2

GO TO CONVERGEO;

XYY,

A e/,

/¢ APPROXIMATE SOLUTION TO BE IMPROVED s/ ,

OF INPUT X &/ ;

T) FLORT,

/% MACHINE OEPENOENT ROUNDOFF LEVEL ¢/,
/% USE 2°LOG1OI1/EPS)

APPROXIMATELY ¢/

DPSUM AND ARGUMENT OF MULTIPLY
DEFAULT PRECISION OF 6

END §

12) 4

THEN DIGITS = -LOG10{MAXINORMOX/NORMX,EPSY) ;
EPS*NORMX THEN GO TO CONVERGED ;

SINGULAR: PROCEODURE (WHY) 3

DECLARE WHY CHARACTYERL3) ;

IF wHY=*ROW' THEN PUT SKIP(2) LIST
t*ZERO ROW IN DECOMPOSE)
WHY='PIV* THEN PUT SKIPI2) LIST
[*SINGUL AR MATRIX IN OECDMPOSE .
WHY= SCON' THEN PUT SKIPI2) LIBT
(*NO CONVERGENCE IN IMPROVE. MATRIX
END SINGULAR , *

IF

SOLVE WlLL DIVIDE BY ZERC.’)

IS NEARLY SINGULAR.'! ;




18. OBPALLEHHE MATPHL

OJHH W3 CIOCOGOB pelLleHHsl CHCTEMbl JHHEHHBIX ypaBHEHU
Ax=>b cOoCTOUT B BBIUMCJEHHHM MATpHuLbl, c6paTHO# K A, u nocie-
AyolieM yMHOXeHHM A~' Ha b. DTCT MeTOH MOXeT CKa3aTbCs
0CCOEHHO BBHITOJHBIM, €C/IH 3aJlaHbl HECKOJNbKO MpaBbX dacrtedl bg,
TaK KakK o6paTHYIO MATPHIly HeOOXOAHMO BBIUHCAHTh TCJIbKC CAHH
pa3. OHaKO KOMILIEKC NpClUeayp pellieHHs THHEHHbIX YpaBHeHHH,
takux, kak DECOMPOSE u SOLVE, mMoXeT BBbIIOJHUTD 3Ty 3a-
Jayy ¢ MeHbUIMM 4YMC/IOM omepaudii U ¢ 60Jbllell TOYHOCTHIO.
Ecau Matpuust L u U BHuucaeHbl, TO peweHHe cucreMbl LUx=b
Tpe6yeT n?—n YMHOXEHUH W n JejeHuil, T. e. Bcero n? MyabTH-
NAMKaTUBHBIX onepauuii (cM. ympaxHerue (9.5)). Ecnu xe A-!
BBIUKCJIEHA, TO onpeleneHne A~1b Tpe6yeT TakKe n? MyJAbTHILIH-
KaTUBHEIX onepauuit. C 3TOl TOUKM 3peHHss 06a 3TH MeToAa Tpe-
6YIOT NpUOMU3UTENBHO OAUHAKCBOrO uYHcsaa omepauuit. OgHako
npejiiecTByiolue Buiuncaerus LU u A-' Tpe6yloT cOOTBETCTBEH-
He !/3n® M n® MyAbTHNAMKATHBHBIX crepauuil, Takum o6pasoM,
ayullle uenonb3oBath LU, Hexenu A-!, naxe ecau uWMeeTcss MHOTO
pa3JHyYHbIX mpaBbiXx yactedl. Besee Toro, us-3a menbllero uucia
onmepauuilt M, CIeA0BaTeAbHO, MEHbUIMX OLWIM60K OKPYI/IEeHHs MO-
XHC CXHJAaTh, YTO B GOMBUIMHCTBE clyyaeB Hcmodb3oBahue LU
nact 6osee TOYHBIH pe3ynbTar.

OnHako UMEIOTC NPUIOXKEHMs, B KOTOPHX HeO6XOAUMOCTh
BHIYMC/IEHUs A~! He cBsi3aHa C peIeHHeM CHUCTEM JUHeHHBbIX ypaB-
Henuil. B aTtux caywasx obpalueHue MarpUlbl MOXHO NMPOBECTH
¢ NOMOIWIBIO TPOUEAYyp JMIsi pelleHHsl JHHeRHBIX YypaBHeHHI.
Cron6ubnl A-! ABAAIOTCA pEWIEHUSMU DAa3NUYHBIX JHMHefHbIX CH-
creM

Axy=e;, Axo=¢6y, ..., Ax,=¢,.

31ech e; ecTb {-H €IMHHYHBIH BEKTOP, Y KOTOPOro i-s KCCpAHHATa
ecTh eMHHIA, a OCTa/lbHble HYyAH. CieoBaTeNbHO, /s O6palle-
HUS MaTpPHUB HOCTATOYHO PELIHTh A pa3 JHHEeHHBIEe CHCTeMbI ¢
npaBbIMH YaCTAMH €y, €y, . .., en. [Ipu 3TOM B ciiyuae HagoGHOCTH
MOXeT OBbITh BHIJIOHEHO TaKXXe HTEepPalHOHHOe YTOYHeHHe s
Kaxjoro cron6ua. Ilporpamma (18.1) HasmOCTpHpyeT, Kak 3TO
Jerko caenats ¢ nomolubio npoueayp DECOMPOSE, SOLVE u
IMPROVE.

HHorna o6paiueHue MaTpUubl TpeGyeTcsl BHIIONHUTD, He 3ano-
MMHasi OJHOBPEMEHHO MHCre 6oJblue, yeM n? 3neMeHTOB. B atux
cayyasx ot Matpuubsl A MexHO nepeiTi K A-! ¢ ucnonb3oBanuem
TOJBKO 12 siueek, oTBeleHHbIX nox A. Mnen metona takoswl. Exu-
HUYHYIO MaTpHLy XpaHUTb BOOOIle He Tpebyercsi, [Ipu rayccos-
CKOM HCKJ/IIOUEHHH dJeMeHTH A 3aTupaloTcs MapaJienbHoO ¢ NosiB-
JieHUeM HOBBIX Y/EHOB B MpaBoil uacth. Takum o6pa3oM, HOBbIE
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371eMeHTH npeo6pa3yeMoOd eIHHHYHON MAaTPHIb MOXKHO XPaHHTb
HAa MecTe 3aTepThix 37eMeHToB A. DTo yacTo nenaercs B KOM-
HaKTHOM MeTOJe, KOTOPHIHl J0BOJILHO TPYJAEH AJisi MOHHMaHHs.
OzHako npu 3TOM CTpajaloT MHOTHE NPOLeayphl K3-3a HeBO3MOX-
"HOCTH MOHUCKA IMaBHbIX 3/1eMeHTOB. Bonee TOro, Tak Kak mMaTpuua
A yHHuTOXaeTcsi BO BpPeMsl OGpallleHHs, HEeBO3MOXHO NPOBECTH
HTepalUOHHOE YTOYHEHHe.

(18.1) Tlpouenypa oOpaiiendsi MaTpuiibi Ha szoike AJITOJI-60

procedure INVERT (n, A, AINV);
value n; integer n; real array A, AINV; ,
comment IIpumep wucnoabzosauss DECOMPOSE,
SOLVE u IMPROVE pns obpaiueHus ma-
TPHUILBL; :
begin
real array LU[l:n, 1:n], b, x[1:n];
integer i, j; real digits;
DECOMPOSE (n, A, LU),
for j: =1 step | until n do
begin
for i: = Istep I until n do
bli]: = if {=j then 1 else 0;
SOLVE (n, LU, b, x);
IMPROVE (n, A, LU, b, x, digits);
comment digits npeHebperaercs
gor i:=1 step 1 until n do AINV [i, jl: = x[i];
end; ‘
end /INVERT,;

Ecau cneunanbHo XpaHuTh A A/l HTEP3LMOHHOTO YTOUHEHHS,
TO TepsieTcsl [M1aBHOEe OpeMMyLIecTBO KOMIAKTHONO MeTona — 3KO-
HOMHUS MaMATH.

[Tpu o6pallleHud MaTpuubl C BHIGOPOM [JIABHLIX 3J€MEHTOB
uau 6e3 Hero TpeGyeTcs NMpUMEpHO n® YMHOMEHUI AJ1s NMOJyYeHHs
nepBoro NpuGAHIKeHUst K O6paTHOH MaTpuue. YTa MaTpuua, ua-
npuMep Xp, MOXeT GblTh yTOYHEHA C MOMOLIbIO MpHeMa, aHajo-
THYHOTO paccMOTPeHHOMY s JauHefiHblx cHcreM. [lycTh Rp=
=]—AXy, k=0,1,2,..., 6yner MmaTpuueii HeBsi3ku aas A-.
Toraa, ecan X, ectb xopouee npubianxenue nas A-!, mbl npeano-
naraem, 410 XpRy 6auska Kk A-'1Ry=A"'— X;. [locneanee Bbipa-
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KEHHe — 3TO TO, KOTOpPOe Haxo NpUOaBUTb K X IV MOJYYEHHs]
A-!. CnegoBaTebHO, Mbl MOXKeM HCMOAB30RaTh Xp+X,Rr B Ka-
yecTBe cjenykoulero npubaumxkeHuss kK A-!, Koropoe c6o3Ha-
YUM Xk+i~

B utore urepaunoHHslil npouecc

Xk.” I=Xk + Xk([— AXk)

JIOMKeH naBaTh 6bICTpOe yTouHeHHe o6paTHOH MaTpuusl. das xo-
KasaTeabcTBa (6€3 yveTa OKPYIJIEHUsI) 3aMeTHM, YTO

[ — AXpyy = (I — AXp)

"CnenoBaTeNbHO, €CaAH

11— AXl=e<1,
TO Mbl BUAHUM, 4YTO
- AX,<e*
U 4TO .
11— AX 1<e”.

Tak Kak BblpaeHHe CTPEMHUTCH K HYJIO KaK e npu k- oo, 10
MpY TOYHbIX BBIYHC/AEHHSIX MTEPaUHMOHHBIH Mpouecc OBICTPO cXO-
autcsi. OH yacTo HaspBaeTcsl HbIOTOHOBCKHMM MPOLECCOM, TaK Kak
€ro CKaJsIpHBI aHaJjor

Xpr =X+ 2 (1 — axy)
_€CTb B TOYHOCTH HBIOTOHOBCKHi NpOUECcC M/ PEIeHHs1 YDPaBHeHHs
1
f(x)=a—-—=0.
. X

HbIOTOHOBCKHII MaTpHUYHbIH MTePaUMOHHBIN mpoUecc 4acTo 3amu-
cpiBaetcst B GopMe
Xear 1= Xp (21 — AX,).

U3 o6cyxaeHuss HTepalluOHHOrO yTOYHeHHs1 B pa3f. 13 uurarteib
MOXeT BBIHECTH COMHeHHMe B TOM, YTO WTePaLMOHHBIH Mpolecc B
paccMoTpeHHOi popme mpU MPOCTOH TOYHOCTH MOXKET MPUBECTH K
TOUHO# 06paTHOl MaTpHue, ecnu MaTpuua A MI0Xo o6yc/ioBaeHa.
AfaJOrMYHO HTEPaLHOHHOMY YTOYHEHHUIO, 3TOT HBIOTOHOBCKHI Ma-
TPUYHBIA MTEPAUHOHHBIA Npouecc JaeT BHICOKYIO TOUHOCTh TOJNBKO
B TOM c/yuae, Korja HeBsid3ka R,=/ — A X, BbluHcasieTcs ¢ gBoil-
HO# TOYHOCTbIO, a monpaBka Xy (I — AX)) BbluKcAsieTcs OTAeAbHO
¥ 3ateM npubGaBasercs X Xx.

- Cnepyer 3aMeTHTb, YTO aHAJOTHSI ¢ HHIOTOHOBCKHUM MPOLECCOM
He NpUMEHHMa K HTepallHOHHOMY YTOYHEHHIO s OTAE/JbHOH CH-

-~
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CTeMBbl JUHEHHBIX ypaBHEHHH, TaK KaK B MOC/AeJHEM c/ayyae Mbl
HMeeM

Xpor i =Xp +(LU) (b= Axy).

B oTiinune oT HBIOTOHOBCKOTrO Ipouecca, 34ech OAHO H TO XKe NpH-
61HKeHHe O6paTHOH MaTpHUbl HCIOAB3YyeTCst BO BCEX HTepalHsX.
Kak mbl noae YBHAM, B 3TOM cliyuae owulbka Bener cefs Kak

e¢h, a He Kak €.

Ecnu uurtatesmio He Tpe6yercsi sIBHOrO BbIpaXKeHHs Anas 3je-
MelToB A~!, MBI HacTOATEABHO PEKOMEHAYEM HX He BBIYHC/SATH.
Kak MBI yXe roBopu/M, NMOUTH BCe, YTO MOXKHO clenath C I[O-
MoLIbI0 MaTpHlibl A~!, MOXeT GBITH BHINONHEHO U 6e3 Hee,

7 3ak. 48



19. NMPHUMEP: MATPHUDbI FHJIbBEPTA

B MaTpuyHBIX BBIYHCJEHHSX B KayecTBe NMPUMEPOB YacTo HCs
MOJb3YIOTCS — ¥ HHOTJa HeNnpaBW/bHO — MaTpHUb [uab6epra
(Tuns6epr [10]). INpusenem omuH M3 caydyaeB, B KOTOPHIX OHH
NOSIBASIOTCA. '

[Tycts Ha unteppajte 0 <x <1 naHa HempepbiBHas (QYHKLUA
f(x) u HaM TpeGyerca annpoKCHUMHPOBATh f(X) MOJIHHOMOM OT X
crenenn n— 1. Mul 3anuceiBaeM NOAHHOM B popMme

n
3 ngi-l

U onpeaeaseM OWHOGKY annpoKCHMAauHH Kak

E= f [2 cxt! —f—(x)] dx.
0 Li=:

.

Kosadpuuuents! ¢; Qo/MKHB GHTh onpefe/eHsl U3 yCJOBHS MHHH-
mansHocTH E. Tax kak ommbKka sBasercs AnddepeHuupyemod
(yHKuMEeH HEU3BECTHBIX €7, TO MHHUMYM JOCTHMaeTCs NpH

=0 (=1 ..., n)
PacnuceiBas aTi NpoOu3BOAHbBIE, IDUXONAUM K YCJOBUAM - /
I n
7‘3—5 = 20f [E e = f (x)] #dx=0 (i=1,..., n).

MeHss nopsalok CYMMHPOBAHHUSI ¥ UHTETPUPOBAHHS, MHl MOJAyuaeM

’ n 1 I
(19.1) E(Ix‘+f'2dx)e,=jf(x)x"‘dx (i=1,..., n).

j=1 M0

DTuM n ypaBHEHUSIM YHOBJETBOPSIOT 1 HEU3BECTHHIX ¢;. Ecan
MBI TIOJIOXK#M

1

1
i+]=2
h,jﬁ I X dXGﬂ-]—_T
0

H -

1
by = ff(x)x"'dx (i=1, ..., n),
.0



19. Mpumep: marpuyst F'ursbepra 99

10 ypaBHeHus (19.1) moryT GbITb 3anmHCaHbl B BHJE
n
’Zlh,jcj=b, (i=1,2, ..., n).

Takum o6pasom, cronben U3 KoabouuueHtoB ¢=(cy,...,Cs)7T
MOXHO HaHTH, pelllas CHCTEMY M3 n ypaBHeHHH C n HeH3BecCT-
HBIMH:

H,c=0b,
e maTtpuua H, umeeT sneMeHTH
' 1 .
(19'2) hl]=m (l) 1= Ir ceey n))
a Bektop b=(by,...,b,)T onpemensierca no ,uam{of!l dyHK-
unu (x).

Marpuuna H,, onpenenexnas dopmyJaoht (19 2), HasbiBaercs
(nXn) Marpuuea T'uarvbepra.. Mpr o603Hauum uepes T, o6part-
HYIO K He#i MaTpuuy,

(19.3) _ Tn=H,'

Marpuusl 'unb6epTa HHTEpECYIOT HAC IVTaBHHIM 06pasoM NMoToMy,
4YTO OHH OYeHb IIIOXO O6yCJIOBJIEHBl Aaxke AJS HeGOnbHIMX 3Ha-«
- YeHHA n ¥ uHcaa O6YCJHOBJNEHHOCTH STHX MaTpHl, KaK BHAHO U3.
Taba. (19.4), 6HICTPO pacTyT MpPH yBeJHYEHHH N.

/

(19.4) Hekotopasi ungpopmauus o matpuuax [uabbepra

n o |Hyl (I Txl cond (H,)  nauGoapmui
' saement T

1,27 15241 1,93,1 1,20, 1
1,41 3,72, 2 524,2 1,92, 2
1,50 1,084 15504 6,48, 3
1,57 3,040 5 477,05 1,794 5
1,62 9,24, 6 1,50, 7 4,41y 6
1,66 2,86, 8 475,8 1,33, 8
8 1,70 9,00, 9 1,53,10 4,25, 9
9 1,73 28611 4,93,11  1,22,11
10 1,75 9,15,012 1,6013  3,48,12

N O Ot s w N

HMs-3a"Takoil maoxoli o6ycioBieHHOCTH MaTpuubn ['uibGepra
YacTo MCNO/Jb3YIOTCA B KaueCTBe NPHUMEPOB U TeCTOB A/isi BbIYMC-
JuTeNbHBIX MaTpuynbix npouedyp. Ho, onste ke nmo npuunme

7&
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n10X0i 0O6yCJA0BJAEHHOCTH, NPH 3TOM Heo6XOMMMO co6.1I0AaTh
OCTOPOXHOCTb. PacCMOTPHM XapaKTepHbIH mpumep.

B ra6auuax ¢ (19.5) mo (19.10) mbl umeeMm IecTb KBaapar-
HbIX MaTPHIl IECTOro nopsiika. Bce OHM BHIUHC/IEHH Ha MallkHe
IBM 7090, ¥ pas Hauiero ciayuass Mbl MOXeM MpejnoJnarath, 4T0
ee oTHOcUTeNbHasi ToyHocTh paBHa 1078, (To ecTh 3HaueHue eps
B npoueaype /MPROVE pasuo npu6ausutenbuo 1078,)

(19.5) Tab6auua marpuust T, o6paTHoli K (6 X 6)-MaTpHue
: I'uasbepra H

36,00 —630,00 3360,00 —7560,00 7560,00 /—2772,00
—630,00 14700,00  —88200,00 211680,00 —220500,00 83160,00
3360,00 —88200,00 564480,00 —1411200,00  1512000,00 —582120,00
—7560,00 211680,00 —1411200,00  3628800,00 —3969000,00 1552320,00
7560,00 —220500,00  1512000,00 —3959000,00  4410000,00 —1746360,00
—2772,00 83160,00 -—582120,00  1552320,00 —1746360,00  698544,00

(19.6) Ta6auna martpuusl, o6paTHo#t K T, BHUHUCIEHHOH
6e3 WTepalluOHHOTO YTOYHEHHS

1,00018226 0,50015343 0,33346176 0,25010935 0,20009571 0,16675133
0,50019167 0,33349262 0,25013416 0,20011510 0,16676722 0,14294624
0,33351852 0,25015344 0,20012929 0,16677780 0,14295436 0,12508627
0,25017456 0,20014443 0,16678839 0,14296186 0,12509169 0,11119255
0,20016330 0,16680165 0,14297093 0,12509795 0,11119693 0,10007627
0,16681924 0,14298318 0,12510627 0,11120262 0,10008021 0,09098041

IMepBas marpuua, (19.5), ects Te=H;'. Ona soiutcaera ¢ no-
MOLIBIO mpoueaypsl, npuseneHHol B (19.11), u siBAsieTCs TOUHOM,
T. 8. He CONEPXHT OWMUG0K OKpYyr/ieHusi. Bce ee sneMeHTH — 1e-
Able yucna. Mbl 0603HauMaH ee npocto yepe3 T, ONYCTHB HH-
neKe «6». - o

Bropas MaTpuua, (19.6), nonyuena o6paueHuem T 6e3 urepa-
IIHOHHOTO YTOUYHEeHHS, T. e, C MCIIOJb30BaHHEM TOJBbKO MPOULENYp
DECOMPOSE u SOLVE. Jlio6oit apyroii o6blyHbI# cnoco6 wc-
KJIOYeHHSl AACT NPH TAKON TOYHOCTH NMPHONH3UTENBHO Ty XKe Ma-
tpuny. Ilpu OTCYTCTBHH OIWHGOK OKPYIVIEHHSI Mbl JOJKHbI GBIIH
66l noayuuth MaTpuuy H. OgHaKo BHUUC/IEHHBIE NeACTBUTENbHbIE
3HayeHHs Onarofapsi OKDYIVIEHHIO COBMAafalOT C MPHBEIEHHBIMH
B TabJHUe TOAbKO L0 TPEThero U/y 4eTBEPTOro 3HaKa.

Tpetbss Mmarpuua, (19.7), nmonyyeHa ¢ NMOMOIUBIO HTEPALHOH-
Horo yrouHeHuss matpuunl (19.6). MtepaunonHoe yrouHeHue naer
CXOAMMOCTb K MaTpHLe, B KOTOPOil MHOTHe 3JIeMEHTh BOOOILE He
uMeloT owuOKH! MagcumasibHas oTHOCHTeNbHA§ omwKMGKa paBHA
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(19.7) Ta6auma Matpuusl, o6patHoit K T, BHIYHCJIEHHOM
C HCIHOJIb30BAHHEM HTEPAUHOHHOTO YTOYHEHHS

1,00000000 0,49999999 0,33333333 0,24999999 0,20000000 0,16666666
0,50000000 0,33333333 0,25000000 0,20000000 0,16666666 0,14285714
0,33333333 0,24999999 0,20000000 0,16666666 0,14285714 0,12500000
0,25000000 0,20000000 0,16666666 0,14285714 0,12500000 O,11111110
0,20000000 0,16666666 0,14285714 0,12499999 O,11111110 0,09999999
0,16666666 0,14285714 0,12500000 O,I1111110 0,09999999 0,09090909

(19,8) Ta6anua matpuusl H,— MalIMHHOrO NpeACTaBJEHHS
MaTpuun H

1,00000000 0,50000000 0,33333333 0,25000000 0,20000000 0,16666666
0,50000000 0,33333333 0,25000000 0,20000000 0,16666666 0,14285714
0,33333333 0,25000000 0,20000000 0,16666666 0,14285714 0,12500000
0,25000000 0,20000000 0,16666666 0,14285714 0,12500000 0,11111110
0,20000000 0,16666666 0,14285714 0,12500000 O0,11111110 0,09999999
0,16666666 0,14285714 0,12500000 O,I1111110 0,09999999 0,09090909

(19.9) Ta6auna marpuusl Ty, o6patHoi K H,, BBHIUHCJIEHHOH
6e3 yTOUHeHUs

36,06 —631,40 3369,20 —7583,47 7585,57  —2781,95
—631,45 14739,81  —88462,34 212349,10 —221227,39 83443,11
3369,79 —88468,85 566250,87 —1415714,73  1516905,83 —584028,87
—7585,42 . 212377,81 —1415794,56  3640509,72 —3981720,78 1557268,50
7588,01 —221268,61  1517059,27 —3981890,84  4424001,00 —1751805,56
—2783,02 83462,27 —584109,19  1557387,41 —1751862,88 700684,00

(19,10) Ta6nuua Marpuusl T,, ob6paTHoit K H,, BHUHCJIEHHOH
C HCMOJb30B aHHEM YTOUHEHHS

36,09  —632,59 3377,15  —7603,97 7607,99  —2790,75
—63259 1477147 —88673,18  212891,85 —221821,99  83676,11
3377,15 —88673,18 56761055 —1419212,98 152073750 —585529,96

—7603,07 21289185 —141921298  3649301,66 —3991348,19 156103956
7607,99 —221821,99  1520737,50 —3991348,19  4434355,06 —1755850,73
979075  83676,11 —585520,96  1561039,56 —1755860,73  702249,59

npumepto 1073, T. e. HAXOMHUTCA B MpejeJax MAaUIHHHOTO OKpyrJe-
nus. Koneuro, ecnu npoueaypa IMPROVE npepbiBaercst TOJbKO
nocJje NOCTHXKEHHA MAaKCHMAJIbHO BO3MOXHOU TOUHOCTH, TO omu6-
Ka H JOMXKHA GBITh CTONB Masiol. (B feACTBHTENLHOCTH 31€MEHTH
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MaTpHIbl HMEIOT ABOMYHOE NPeACTABJeHHe, a8 He aecaTHuHoe. Jlio-
6as omm6ka B (19.7) He NpeBHIIACT BENHUHHBI MOCTELHETO
JBOHUHOrO paspsjaa uHcia ¢ niasawoowedt sanaroir.) [Ipu Belunc-
genun (19.7) 3naueHue ana digits, noaydaemoe us /IMPROVE,
HAXOAHKTCA B mpepenax ot 3,72 ajs nepsoro cronbua o 3,27 ans
nociegHero. 3To fABAAETCA XOpolleid OLEHKOH TOYHOCTH COOTBET-
CTBYIOIUKX cToa61OB B (19.6).

YerBeprasg Mmatpuua, (19.8), no.nyqeﬂa HEMOCPEJICTBEHHO MO
cnenywoumemMy anroputmy, onucannomy na ®OPTPAHe, npu BH-
YHCJIeHUSIX C GJOKHPOBKOH OKPYIJIEHHS:

DO11I=1,N
DO1J=1,N
1 H(, J)=1, O/FLOAT(I4+J—1).

Takum o6pasom, (19.8) He aBaserca TouHo MaTpHuueil ['HabGepra.
Ona umeer omUGKH B HEKOTOPHIX 3JeMEHTaX, HanpuMep Ai3=1!/3
He MOXeT GHITh TOYHO NMPEACTABJEH ASCATHUYHON HJAH JBOHYHOH
Apo6bio. Mbl HasbiBaeM B 3TOM cayyae H, MamMHHEIM npeacra-
BieHneM mas H.

IMaraa matpuua, (19.9), nonyuena o6pamennem H, Ge3 uc-
MOJb30BAHHA HTEPAIMOHHOTO YTOYHEHHd, a miecras, (19 10), no-
JyyeHa mpuMeHeHHeM yTouHeHuss K (19.9). OGosnauum 3TH ABe
MaTpPHIBI COOTBETCTBEHHO uepes To H Ty.

3aMeTHM cpasy ke, uTo Iy cHabHO oTyHuaercs oT T. Onuako
(19.10) ect» TouHas o6paTHas Marpuua K (19.8), 1. e,

T*=H:l

BO BCEeX NMPHBENEHHBIX NECATHYHBIX 3HaKaX. [lokasaTenbcTBO CXO-
IHMOCTH 6YJIeT AaHO B pasf. 22; apyrue BHIUHCJEHHs TaKxke NMoj:
TBEPXKIAIOT, UTO 3TO cnpaBeanuBo, Takum o6pasom, Bce pasnu-
yue Mexay T ¥ T4 BbI3BaHO pasnuyueM mexay H u H,. Ecau mu
XOTHM NpoHA6a0AaTh 3P ¢deKT OMmMUOKH OKPYIJIeHHsA, BHOCHMOH B
npolecce HCKJIIOUEHHST 0 UTePaLMOHHOro YTOUHEHHUS, TO Mbl AOJ-
XKHbl cpaBHHTL To ¢ Tx, 2 He ¢ T. Ecau 3THM coo6paskenuem
npeHeGpeub, TO HCMOJNb30BaHHe MATpHI Iuab6epra B KauecTBe
. TECTOBBIX OYAET HEKOPPEKTHBIM.

Mu! BuauM, yto pasnnune Mexkay To u Ty B RefiCTBHTEbHOCTH
Mmenbiue, yem Mexay Ty ¥ T. To ecTb omu6Ka OKpyr/ieHus, Ha-
KanJuBaeMas B MpoLleCce HCKJIOYEHHs NpH AoayueHuu T,, npous-
BOJMT MeHbIUHH 3 ¢eKT, ueM HauaflbHas MOrpelJHOCTb, BHOCHMAs
‘MpH TOATOTOBKE HCXOAHMX HaHHHX. DT0 Coo6paxenne Gyaer
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OCHOBOH M/l PacCMOTpeHAs KW aHa/K3a OMHKHGKH OKpPYI/IEeHHs B
pasn. 20 u 21.

B oriinune or H, MammuHHOe npeacTaBjeHue MaTpuubl Tn, MO
KpaiiHe# Mepe mpH HeGOMBIIMX f1, HE MPHBOAMT K U3MEHEHHUIO 3Je-
MEHTOB, TaK KaK OHH SIBJISAIOTCA LeJbIMH. Takum o6pasoMm, MaTpH-
1bl, OOpaTHBIE K THABOEPTOBEIM, ABASIOTCS AYYIIUM NPUMEPOM IPH
H3yUeHHH NOTPEIMIHOCTH OKPYIJIEHHS, YyeM CcaMH MaTpuusl [Hiab-
6epra. OHH MOryT GBITH NONYYEHB ¢ MOMOLLIBIO MPOLEAYPH B IPO-
rpamme (19.11) nau ke B3aTH M3 Ta6auy CaBaxa u Jlykaca u
BBEJeHBl B MAllHHYy B KauyeCTBe JAHHBIX.

Onuako u Hy, u Ty, SBASIOTCA MONOXKHKTENBHO ONpPe/le/eHHBIMHU
MaTPHLAMH, IS KOTOPBIX, KaK MOXHO I10Ka3aTh, BHIGOP Ii1aBHBIX
anemeHToB He ofssartened. (To ectb pasmephl owubku GyayT
npHeMJeMbl U MPH TayCCOBCKOM HCKJIOueHHH Ge3 BbiGopa raas-
HbIX 3JeMeHToB. [TosTOMy HeNb3s OXHAATh, UTO H3MEHEHHE CTpa-
TerH# BLI6OPA rJaBHBIX 3/IEMEHTOB NMOBAMUAET Ha TOYHOCT:.) Cre-
J0BaTebHO, MaTpHubl ['uanbepra He caemyer ynorpebasTh Ais
MPOBEPKH METONOB BHI6OpA IVIABHHIX 3JEMEHTOB, pa3paGoTaHHBIX
IJsT MATpULl o6lIero Bhjaa. DTO BTOPOH MpPUMEp HHOrAa BCTpe-
YaIOLeroc HeMPaBHJIBHOIO HCIOJIb3OBAHHS TMJAbGEPTOBLIX Ma-
TPHLL

Hamyu mects MaTpuLl HATIOCTPUPYIOT TaKXKE BaXKHBIH AMs
MTePalMOHHOrO yTOYHEHHST MOMeHT. EciM HayanbHble faHHble, HA-
npumep H,, conep»at omWHGKY HIK DOABEPraloTCs BO3MyLIEHHIO,
TO pe3y.bTaT, MOJyyaeMblii O rayCCOBCKOMY MCK/IOUeHUIO Ge3
yTOUHEHHsI, OGBIYHO HMEEeT Ty TOYHOCTb, KOTOPYIO TapaHTHPYIOT
naHubie, Ecay, nao6opot, naHubie, KaK B T, TOUHB], TO BOSHHKAET
3aKOHHHI# Bompoc, 6yner /K pelleHHe TOYHBIM WJH MPHOIHIKEH-
HbIM. B 3TOM nocaesHeM cayuae NpHMEHEHHE HTEpaLMOHHOro
YTOYHEHHS] ONPABAAHHO H MOJE3HO.

OTHOCHTeNbHO JanNbHeHIlero HayueHnHs Matpuu [uasGeprta
cM. Tonn [28], [29].

[Tnoxas obycnosiennocte Martpun [nab6eprta MoxeT OblTh
CBfI3aHa ¢ Npo6JeMoit anmpPOKCHMAlHKH, KOTOPYIO Mbl HCI0Jb30-
Banu ads BBeAeHusa aTux matpui. Ha uurepsane 0 < x < | dynk-
iy x¢ (i=0,...,n—1) nouTu JHHEHHO 3aBHCHMBI, IDTO O3Ha-
yaeT, YTO CTPOKH THJAbOEPTOBOM MAaTPHUBl MOYTH JHHelHO
3aBHCHMBI, T, €. MATPHIA MOUTH BbipoxAeHna. Kak Mul Buzenu, B
TaKHX cJyyasx He6OJblIHe BO3MYILEHHS B JAHHBIX BBI3BIBAIOT
OrpoMHBIe H3MEHeHHs B pesyJbrare. B HcxonHoit 3agaue He6osb-
IHe OMMGKH B 3HAUEHHAX (PyHKUMH f(X) HWAM OMMGKH OKpyries
HHS IPH €€ BBHIYHCJCHHH MOTYT MPHBECTH K OO/NbUIHM H3MEHEHHAM
B K03 duunentax ¢;. Kopoue rosops, 3anaua annpokcumauyy He
SIBJISIETCA «XOPOIIO MOCTABJEHHOM», €C/IH OHA NPHBOAMT K MaTpH-
1aM, MOJO6HBIM THAbGEPTOBLIM,
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(19.11)
AnronbHas mPOrpaMMa OGpAIIeHHS FHJIBGEPTOBBIX MATPHIL

procedure /nverse Hilbert (n, T);

value n; integer n; array T;

comment o6pa3oBaHHe MaTpuuH, o6paTHOM K (an)
marpuue ['uasbepra

comment Mcrnonb3yloTcss AeHCTBUSA C LEJLIMH YHCTAMH.
PesysbTaT TOYEH, eCJH n JOCTATOYHO MaJo,
TaK YTO He IPOMCXOHMT mNepenoJHEeHHS.
Henenne LeNbIX + MOXeT OBITH 3aMEHEHO
Ha/, ecain HOPH 3TOM He BBOIHMTCA OLIMOKH

OKpYTJIeHHSI;
begin
integer p, r, i, j;
p.=n;
for i: =1 step 1 until ~ do
begin
ifis=1 then
p: =((né—i+1)><p><(n+i—1)) +(@-112;
ri:=pt2;

T, i]:=r + (@ Xi—1)
forj:=i+41 step | until n do

begin
ri=—(n—j+ DXrX(n+j-1))+({G-1)12
Tlhi]i=TI jl:=r+(@+j—1)
end;
end;

end /nverse Hilbert,

(19.12) Ynpaxuenue. Ynpaxuenue (8.18) mokaswiBaer, 4To

IT,—T| | Hy—H |
i S cond(H) gy

Wcnonbays ynpaxHaenue (2.19) u Ta6a. (19.4), waiitu
OLEHKH [JIs1 BeJHUYMH, BXOASIIMUX B 3TO HEpaBEHCTBO, SIB-
JisleTCsT W HepaBeHCTBO HeyJyuilaeMeiM? [louemy?

(19.13) Ynmeaxueuue. IlpoBectn o6paumtenne mMatpuu T, u (Hp)g
KakK ¢ npUMeHeHHeM HTePaLlIOHHOrO YTOYHEHHS, TaK H
6e3 Hero. Mcnonb3oBaTth B KauecTBe 3HAYUEHHH 71 Liegable
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yucaa 2,3, ..., noka sneMeHTH T, He CTaHYT HACTOJNBbKO
6OJIbHIKMH, 4YTO He CMOIYT GbITh TOYHO NpPACTaBJIEHBI,
WIH UTepallHOHHOe YTOUHEHHe He MmepecTaHeT CXOIMTHCH.
Ecsiu BO3MOXHO, NPOBECTH BHYHCIEHHS ¢ JJMHOH MaHIVH-
HOTO CJIOBA, OT/IUYHOM OT TOH, KOTOpas UCMOMb30BaHa B
Hawux npuMepax. (B mamem cayyae wncnosmbsoBasnack
mamuna IBM 7090, xoTopass uMeer 27 ABOMUHBIX pa3ps-
. 0B ¢ niaBaromedi sanatoi. IIpu 3ToM MakcuManpHas 06+
pawaemas matpuua Fuas6epra 6bna (Hi)y.)

E .
(19.14) Ynpaxuenue. JlokasaTb, YTO PaBEHCTBO HYJIIO 2F neii-

dcy
CTBHTeNIbHO OGecrmeunBaeT MHHHMYM E, kak 3To yTBep-
)KJAaaoCb B Hayame pasg. 19. JlokasaTe Takxke, YTO BeK-
TOp peWeHHS ¢ eCThb eJAMHCTBEHHbIH BEKTOP, MUHHMH3H-
pyomni E.



20. AHAJNHS OLIMBOK OKPYF NEHHMA
B CHCTEME C NNABAIOLLEH 3ANATOM

A

Mul npepBeM HcClleOBaHHE MATpPHIL, YTOGH H3JOXHTL OCHOBH
aganu3a OKPYIVIEHHH MpH BBLIUHCJAEHUSAX C MAaBAKOLULCH 3ansTol,
cienys TeOpuH YuakuncoHa [32]. DToT MaTepHaa GyneT HCIONB3O-
BaH MpH HM3yYeHHH OWHOOK OKPYr/JeHHs, BO3HHKAIOLIUX NPH pe-
UIeHHH CHCTeM JIMHEHHBIX ypaBHEHHH METOJOM HCKJIOUeHHS,

Mol onuuieM TaK Ha3bIBaeMyl0 HOPMAAUZ08AHHYIO BLIBUCIH-
TeJbHYIO CHCTEMY ¢ HJIaBawllell 3anmaTofl, XOTA CYIIeCTBYIOT H
apyrue. Kakoe-To nenoe uxcao B BbIGHPAEeTCs B KauecTBe OCHO-
BaHMA, U ! paspanoB d; ¢ OCHOBAHHEM P COCTABJSIOT 3HAYAUWYIO
4acTo s yucna (TaKXKe HA3bIBAEMYIO OpOOHOL 4QCTbHO WU MAH-

- Tuccod). Mbl paccmatpuBaem cuctemb! ¢ B=2, 8, 10 u 16; cooT-

BeTCTBYIOIIME 3HAUYEHHS ! MOTyT CHJBHO MeHSITbCcA. 3anaercs

TaKXe HeKoTopas o6JacTb AJA leJdbiX HOKa3aTelell CTeNeHH e,

nanpumep, —m < e < M. Haxonen, uucno umeer 3uak. Takum

o6pa3oM, HeHyJeBOe UYHCJO B CHCTeMe C MJaBawweil 3anaroii
UMeeT BHJ
. +0,dd, ... d; X B

rae uejbie uncna di, ..., ds, € yIOB/NETBOPSIOT HEPABEHCTBAM
1<d <B-1,
0<d;<B—1 mna i=23,..., ¢
-m< e M.

YcanoBue d#0 sBAAETCS XaAPaKTEPHBIM NPH3HAKOM HOPMAAU3O-
B8AHH020 4UCAQ B CHCTEMe C MJaBaolneil 3amsartoil.
Ecan s = %£0,d\d, ... d;, To Haiiierca ueqsoe N, Takoe, yTo

[s|=Np™" u g™ < N <.

[TpencraBnenue HyJst B CHCTeMe ¢ MIaBamllUell 3amsaToll MoOXKeT
6biTb pasHbiM: O6BIYHO §=+0 u e=—m.

Ha BelecTBeHHOR YHCIOBON OCH YMCIA B CHCTEMe C MJ1ABAIO-
el 3amaToii 06pasyloT HEKOTOpPOe OrpaHHYEHHOE MHOXKECTBO
F=F(B,t,m,M) orHionb He paBHOOTCTOAWMX Touek, Ha
puc. (20.1) cxemarnyecku npenactaBnens 33 Touku F pia =2,
=3, m=1u M=2,

(20.1)
Uncna B cucreme ¢ nuiaBaiowedt sanatodl mis f=2, =3, m=1,
M=2 .
I O S O I 1 Y O |
RN o
~4 -3 -2 a2 B 2 3 4
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JTio6oe BellleCTBEHHOE YHCJAO ¥, KOTOPOe MBI XOTHM INpeacTa-
BHTb B MaHIWHE, aNMPOKCHMHPYETCS YHCJAOM H3 TOJABKO 4YTO OfH-
CaHHOTO MHOxecTBa F — yame Bcero GumxahmuM unciom us F
C HEKOTOPBIM BHIGOPOM B CJyua€ HEOJHO3HAYHOCTH. [/ naHHOro
X Mbl 0603HauaeM yepes xg («x OKpyraeHHOe») Gryxkafiilee YHCIO
u3 F; B cayuae HEORHO3HAUYHOCTH Mbl BbIGHPAaeM B KauecTBe Xg,
TO M3 AByXx Oamxaimux yucen us F, y koroporo Goasine abco-
moTHas BennuuHa, Ecan x=0, 1o xg=0. Ec1u x#0, T¢ BbiGUpaem
$ H e Tak, uTo : .

(20.2)  lx|=s X, rae ﬂ-l(l—%ﬁ‘1)<s<l_%ﬁ—t'

Ecnu e Jexur BHe uHTepBalda —m <L e< M, To Mbl He HMeeM
NPHEMJIEMOro MPeACTaBJIEHHA AJsS X; Mbl IPOCTO GyjAeM TOBOPHTH,
YTO X HAXOQHMTCA BHe 06J1aCTH YucesN B CHCTEME C MJaBaioulei
3aMATOM, He OCTaHABJAMBAsiCh Ha 3TOM noapo6Ho. Eciu e HaxoauT-
CAl BHYTpH HONYCTHMOH 06JacTH, Mbl GepeM GeCKOHevyHOe mpex-
craBieHHe uucaa S+ !/3p~t ¢ ocHOBanueMm B (c Hy/nsMU Ha KOHIE
B C/yyae KOHEYHOTO MpPEeACTABJAEHHA) u OTGpachiBaeM BCe pasps-
LBl 1IOCJIe MepBbIX ¢ BIpaBo OT 3anaToil. Toraa Xgr COCTOUT H3 3HA-
Ka X, TOJNbKO YTO MONy4YeHHHIX ! PaspAfOB M e, OnpeaeseHHOro
B (20.2).

—(20.3) Ynpaxuenue. [Tokasath, 4To ecau B (1 —%p’t) <lxi<
e 1 -
<p (1 _'5'6 t): TO
xp = sign (x) - entier (ﬁ"”l x|+ %) e

rae entier(y) o6o3nauaer HauGoJbiiee [iesoe, HE MPeBOC-
xonsuee y. (MareMaTHKM TakXKe HCmoJb3yioT 06o3Haye-
nust [yl ¥ E(y) ans rolt ke caMoit QYHKIMK.)

Crnenyiomas reopema sBJASETCS OCHOBHOH AJIsi TEOPHH OINGOK
OKpYIVIEHHS] B CHCTEMAaxX c MuaBalowleli 3anaToil; oHa paeTr ymo6-
HOe BbIpaxKeHHEe NJif OTHOCHTE/NbHOH OMMOKH, BOSHHKAIOWIEH MpH
3aMeHe ¥ Ha Xg. _

(20.4) Teorema. Ecau x — eewjecTsennoe 4ucao u3 064acTu 4u-
cen 8 cucteme c naasaroujel 3anaTod, TO

(20.5) xp=x(1+3), 20 [8]< 5.

Ias nokasarenbctsa (20.4) nmpenmosnioxum, uto x>0, Tak Kak
anst x<0 Bce BbIKTAAKH AaHA/IOTHYHBL, a cayuail x=xg=0
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tpuBuaneH. [1ycTb e ABasieTCA TEM LENBIM YHCIOM, IJ151 KOTOPOTO
B < x <P

B o6aactu [pe-l, B¢] B cucTeme ¢ naaBaromlel 3anAToN yHCaa pacs
npesesieHsl paBHOMePHO ¢ MHTepBatoMm P, Banxkaiimee K x yuc-
JIO eCTh Xp U OHO JOJI2DKHO HAaXOJUThCA OT X He paJabilie, YeM HaA
paccTosHuu /2Bt T. e.

1 -
IxR—xIQE-ﬁe ‘.
Tak kak B! <x, T0

2L pe~t
!xk_xl 2ﬁ
)

| x|

Tem caMbiM, MOCKOJBKY

d = (xgp— x)/x,
TEOpeMa MOKa3aHa,
[lycts; ansa npumepa, p=10, =4 u x=n. [JecaTuuHoe npea-
CTaBJIeHUEe T UMEET BUJ

3,14159265 ... = +0,314159265 ... X 10
Takum o6pasom, e=1 u ¥xp=0,3142X10'. CnenoBatenbHO,
8= (xp — x)[x = —0,00012966 ....
Tax Kag !/2p'-t=1/5(10-3) =0,0005, To oueBHAHO, yTO & yIOBJeE-
TBOpsieT HepaBeHCTBy |d| < /2Bt

Yro6sl nokasath, 4to !/,f!~t sBAseTCA TOYTH TOYHOM rpaHKuel
ans | 6|, pacemorpum x=p%(1 + '/2p'-*) aas nekoroporo a. Torna

1 - S B
[xR—xI '2-61 tﬁa _2_61 .t

I<xl - ﬂa(l-i-’;—ﬁl-t) - l+_;_ﬂl—t !

YTO OueHb GJH3KO K !/of'~! nas nmpakTHYeCKHX 3HAueHuit .

BropsiM c1oco60M npeacTaB/eHHsT BellleCTBEHHbIX YHCEN B CHa
cTeMe ¢ MJaBawoLieH 3ansTofl siBAseTesi ypezarue uucna. Hdas
JlaHHOTO BelLleCTBEHHOTO YHucia, Jexaulero B 06J1acTH YHCeN B CH-
cTeMe. ¢ MJaBalouled 3ansToi, Mbl BoiGupaeM xc («ype3aHHoe x»)
KaK eJMHCTBeHHOe uucio B F, 6nuxkaiiiiee K X H yIOBJIETBOPAIO=
mee yciosuo |Xo|<|x|; X¢c MOXHO NOAYdHTD, €C/iH B3ATb 6eCKO-
He4yHOe MpeACTaB/eHHE UYHCJA X C OCHOBaHHEM P (C HyJAAMH Ha
KOHLIe B C/Jyyae KOHEYHOro mpeiaCTaB/AeHHA) H OTOGPOCUTH 3Haya-
wue paspsapabl nocae ! CTapIuHX.
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(20.6) Ynpaxuenue. JlokasaTh, uTo ecau PBo-! §-ix]<[3“, To
X¢ =sign(x) . entier (ﬂt—al x l)ﬁa—t'

(20.7) Yoeaxuende. [lokasaTh, 4TO €C/IM X HaXORUTCS B 06MacTH
YyKceJa B CHCTEME ¢ MJIaBalwoulel 3ansaToH, To

xc=x(1+96), [8]<p'™.

Mu1 xotHM Temepb 06GCyAHTh NMpo6ieMy OWKGOK OKPYrJeHus B
apu(pMeTHYECKHX onepauusax. Me He MOXeM PaccMOTPETh BCe Bbl-
YHC/IMTe/IbHblE MALUHHBL, TaK KaK MeXJy HHMH CYIecTByeT
GosbuiOe pa3nHyuMe B BhIMONHeHUH omepaunit, OZHAKO rpaHUIBI
owHO0K A/ PA3NHYHBIX MAIIHH MEHSIOTCS He3HAYHTEIbHO. Mbl
OrpaHMYMMCsl OBYMsI THNAMH apHPMETHUYECKHX omepaluil —
OKpyzaeHuem U ¢ OAOKUPOBKOL OKpYeAeHUs.

Ins pByx MaHHBIX YHCeN X, y B CHCTEME ¢ N/aBalollel 3ans-
ToH uepes

fl(x+y), 11(x—y), I1(x+y) {1(x/y)

Mbl OyfileM 0603H3uaTb COOTBETCTBEHHO PE3yJAbTATH CJOXKEHUs,
BBIYHTAHUS, YMHOXKEHHs U AeJeHHS [IPH BHIYHCJICHHAX C MJIaBalo-
mel 3anATOM He3aBHCHMO OT TOrO, MOJYYCH JH pe3yJabrar ¢
OKpYI/eHHeM WIH ¢ GJOKHPOBKOH OKpyrseHHsi. Mbl Gynem npen-
noJjarath, YyTo CHCTeMa ¢ NJaBamomel 3anaToil BemeT cebs Cie-
LyouuM o6pasom.

Onepayus ¢ okpyesenuem: pia A06bIX ABYX ukcea x © y B F
HaXOAHTCA TOUHO 4YHCIO X+y, x—yYy, xXy uIM x/y u 3arem
¢« okpyragercs. (IIpu penenuu mnpemmosmaraem, uto y+0.) Taxum
o6pasom,

flx+y)=x+yg Ilx—y)=(x—yg
fl(x X y)=(x X 9)as {1(x/y) = (x/y)p.

Onepayus ¢ 640KuposKol oKpyzirenus: png No6blX ABYX 4H-
ceq x u y B F cymectsyior

flxty) ==y xXy)=(XYc 1(x/y)=(x/y)c.
M3 (20.4) u (20.7) nonyuaeMm CHeAYIOLIYIO TeOpeMY:
('20.8) TeopeMa. [lycry « o3nauaer w06y us onepayuii +, —,
X, /. Toeda
: fl(x*y)=(x+y)(1+9),
161<< —;—ﬁ"’ (onepayuu ¢ oxpyeisenuen),
ede

161<BH (onepayuu ¢ 6arokupoexol oxpye-
AeHus).
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B GonsiiuHCTBE C/IyuyaeB oNepalldd C OKPYrJeHHeM Mpenno-
YTHTeNbHee omepaunuil ¢ 6J0KHPOBKOH okpyrienus. Jlaa mocnen-
HHX IrpanHua oHOKKH BABOe Gosblle, yeM A/ omepaluit ¢ OKpyr-
JdeyueM. Dosee BaxkHoe pasnnyue 3aKai0YaeTcss B CAEAYIO-
nieM: MpH CJOXeHHH ¢ OJOKHPOBKOH OKpyrJieHua OGoabLIOro
YHCJMA 7 MONOXKHTENbHBIX UHCesa owmwubKa Mocie n LI1AaroB MOXET
ObTb OUeHb GOMBIIOH, TaK KAK MOrPEHIHOCTb ype3aHHd YHCJIA
HUMeeT B 3TOM CJyyae OJNMHAKOBBIH 3HAK, a 3TO BHOCHT CHCTe-
MaTHYyeCKylo omMbKy. B onepaumsx ¢ oxpyr/eHHeM BCTpeuaioT-
Cfl KaK MOJIOXXHTeJbHBE, TAK H OTPHIIATebHbIE OMINOKH, MOITOMY
B3aMMHO€ YHHUTOXKEeHHe OWHGOK PasHOro 3HaKa OOGBIYHO MPHBO-
IHT K MHOrO MeHbileH BeTHYHHE CYMMApHOH QUIMGKH mociae 7
CJ10K€HHH, YeM NpH onepanusix ¢ 6JOKHPOBKOH okpyrieHus. [ei-
CTBUTEJIBHO, €CIH Bce OLIMOKH HMEIT OJHHAKOBYIO BeJIHUUHY, a
UX 3HAKH HE3aBHCHMBI H CPeJIH HUX OJUHAKOBO YacTO BCTPEYAIOTCA
+ H —, TO M3 NpeJeNbHOH TeopeMbl TEOPHH. BEPOSATHOCTEH CJe-
JyeT, UTO BepOATHAS OWHMOGKA CYMMBl 7 NOJOXXKHTENbHBIX UYJEHOB
¢ GJIOKMPOBKOH OKpyrieHuss 6Gyner MPHOIH3UTENBHO B Vn pas
6oJibile OIIHMGKH CyMMB! C. OKpYyIJIEHHEM.

TeM He MeHee, KaK 3TO HH YAMBHTENbHO, BLIYHCJIEHHS C 6J0-
KHPOBKOH OKPYIVIEHHSl HIMPOKO pAacnpoCTpaHeHH B CHCTEMax ¢
naaBawomell 3anATOH H HCMOJbL3YIOTCS, HANpHMep, B §A3BIKAX
OOPTPAH II u ®OPTPAH IV pas mawmuust IBM 7090. Bouiuncs
JeHus ¢ GJIOKHPOBKON OKPYIJIEHHsST HMEIOT TO CYLUECTBEHHOE [pe-
UMYIIECTBO, YTO 3HAK OMIHMGKH H3BECTeH.

Ins yno6cTBa MBI BBEeM CJeLYIOINee COKPAlUeHHE:

(20.9) Onpenenenue. [TycTb 4 03HayaeT eOUHUUHYIO OWUOKY OKpYe-
AeHus, U3MEepEeHHYI0 B OTHOCHTEJNbHBIX enuHuUax, Torga

1 o1t
u=-p (omepauuu ¢ OKpyriaeHueMm),

u=p" (onepauuu ¢ 6JI0KHPOBKOM
OKpYIJIeHHS).

C moMOWpI0 MOJMYYeHHHIX BhIIE (YHAaMEHTATbHHIX OLEHOK
A1 OnMepaluil ¢ NaBakoLel 3anATOH Mbl MOXeM MOCTPOHTb ApPY-
rie. Hanpumep, onpenenus fl(x+y+2) Kak

10l (x+ y) +2),
NOJNYYHM

(20.10)fl(x+y+2)=11((x +x)(1 + &) +2)=
=((x+y)1+8)+2)(1+8)=
=(x+y)(1+8)(1 +6) +2(1 +8y), |‘51|
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Takum >xe 06pa3oM, CKNaabiBagw NO oyepeaH cnaraemee or i=1
o i=4, nonyuaem

fl(x; X i) = x4, (1 +6y), 18 1< u,
TaxK 4TO

4
(20.11) fl(g X X !/t>= ((Ceryy (14 8)) + 20y, (1 + 85) ) (1 + &5) +

+ %343 (1 4+ 83) ) (1 + &) + %494 (1 + 8)) (1 + &;) =
= x4 (1 +8;) (1 + &) (1 +8) (1 +8;) +
+ Xy (1 4 85) (1 + 85) (1 + &) (1 + &7) +
+ %3y (1 + 85) (1 + &) (1 +8;) +
+ x4y5 (1 4+ 8,) (1 + 8),
rae |8:;|<u mna Becex i
IMockoabKy 4YacTO BeTpeyaeTcsi COMHOXHUTeaAb [+498; Kena-

TENbHO NONYYHTH AJS HEro HEKOTOpble NpHeMaeMble OUEeHKH, JToll
JUeNH CAYXKHT Caeayiollas JeMMa:

(20.12) Jlemma. Ecau 0<u < u ecau n=1;2,3,..., 10
1 —nu<(l—u)"

Hokasatensctso. ITycte f(u) = (1 —u)". Pasaoxenne B psax
Teiinopa naer

F@)=F(0) +uf @)+ L5042
=1—nu+ 282D (1 —guy*? 48, 0<O<I.

TaK KaK OCTaTOYHHIf yNeH HeoTpHuIaTeneH, MB HMeeM f(u)2>
2> | — nu, uto poxkaswiBaer (20.12).

(20.13) Jlemma. Ecau n=1,2,... u ecau 0 <nu<0,01, 10
(1+u)"<1+1,0lnau.

IokasaTenbcTBo.  MOXHO NMOKa3aTh, 4TO
(20.14) 1+x<e* nna scex x>0;

(20.15) <14 1,0lx nnsa seex 0<x<0,01.
(OcraBasiem Q0Ka3aTeabCTBO THX HepaBeHCTB yHTateno.) Toraa
(I+u)<(E®)*=e"<<1+1,0lnu no (20.14) u (20.15).
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B npunoxenuax, ans KOTOPBHIX NpefHa3HauyeHa 3Ta JeMMa, n
€CTb MOPANOK MAaTpPHIH, & 4 — eJAWHHUYHas OUHOKa OKPYIJeHus.
CnenoBatenbho, npeanonoxende nu <.0,01 BunonHseTcs BO Bcex
NpaKTHUECKHX 3ajauax. :

(20.16) Jlemma. Ecau [8;|<u daa i=1,...,n u ecau nu < 0,01,
70 .

(20.17) 1—nu<!10+60<1+hﬂnw

JloxA3ATEALCTBO. [loCKO/IBKY
(—w<IT0+8) <1+

J0Ka3aTe/1bcTBO caenyeT u3 (20.12) u (20.]3).;

3ameuanue. HepaBerctBa (20.17) ymo6HO npeacTtaBHTh B
tbopme !

n
H0+m=rmmwm|m<L

HUcnonwsays (20.16), npu 4u < 0,01 MOXKHO cieAyroumuM 06pasom
nmepenucaTh MojiyyeHHbl panee pesyabrar (20.11):
K .
fl (tzl x; X y,) = x,y; (1 + 4,040,u) + x5y, (1 + 4,040,u) +
+x3y3(l +3’0393u)+x4y4(1 +2)0294u)9 l eil.g l°

AHanorHuHO MOXKHO [0Ka3aTh CJAeAYIOILYI0 Teopemy:

(20.18) Teopema. Ecau nu < 0,01, 70 -

4 n
(20.19) fl(Z]l x; X yl>=l§}lx1y1[l + 1,01 (n +2—10)6,u], |6; 1.

[Tpu BeBoge (20.19) MBI Ans MPOCTOTH OCAAGHAH OLEHKY AJs
i=1c 1,04n6,u no 1,01 (n+1)06,u.

DTH OLIEHKHU [/1s omepanuil ¢ naabamouell 3angTod No3BOJSIOT
HaM OMNpeJeNHTb IOTPEelIHOCTh B CaMblX Pa3HOOOpa3HLIX BHYMC-
genusx. OnHoON U3 HauGoJsee OGUIUX Onepanuil B MAaTPHUHBIX Bbl<
YUC/EHHAX sBJISeTCS o0pa3oBaHHE CKaJpPHOrO MNpPOU3BeJdeHHUs
AByx Bekropos. Hanpumep, ckanspHoe npousBefeHHe BEKTOPOB

n

X HyecTs X x;y;. TIpH nepeMHOKEHUH JBYX MaTpul 3Ty omepa-
-~ =l _
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uHo Tpedyercs BHIMONHHTL n? pas. HekoTopble m1dpoBble BHIYMC-
JUTe/IbHbBIE MAUMHB (Hanpumep, GOJbUIMHCTBO HACTOJIbHBIX BbI-
YHCAHTENbHBIX MaIlHH) mvtexor YCTPOMCTBO J/isi HAKOMJIEHHS NpO-

MEXKYTOUHBIX BeNHUHH Zx,y,. 31O sABAseTCS NPeHMyLIECTBOM,

NO3BOJIAILIAM HCKAIOYHTb HEKOTOpble NEPeChiIKH H XHTPOYMHBIE
onepauuH, a TakXe 5(h(heKTHBHO HCIIONB30BAaTh HHAEKCHBIE pe-
THCTPbl Ha HekKoTophiXx MamHHax. (Takue npeumyuecrsa Obliu
OCHOBHBIMH (haxTopaMH pa3BHTHS airopHTMa Kpayra.) Ilpu Ma-
' TPUYHBIX BBIYHC/ICHHAX MOXKeT GHTb JOCTHLHYTO TaKXKe 3HAUM-
TeJIbHOE yMeHbllleHHe OLIMGOK OKPYIVIEHHS, €CJH pPerHcTp HaKoM-
JieHHsl (KaK B HACTOJbHBIX BBLIYHC/AMTEIbHBIX MalIMHAX) HMeeT
B CBO€H MAaHTHCCE CYLIECTBEHHO Oosblle pPas3psioB, YeM YHCJO
paspsanoB X; ¥ y; Tak Kak 3ayacTylo OWIHGKYU OKpYyIJeHHS Tpe-
6yercsl yMeHbUIHTb JO0 MHHUMyMa, Mbl NpUBEeJeM COOTBETCTBYIO-
uMe OLEHKH 1/ HAKOMJeHHs ¢ ABoiHOH ToyHOCTbI0. OHH MoryT
OblTh CpaBHEHbl C OUlEHKaMH A5l HaKOIJIeHHsi C OOblYyHO# TOY-
HOCTbIO, NpeacTaBieHHbIME B (20.19).

Has Gonblueil sICHOCTH NMPEANONOKHM, YTO X; H Y; XPaHATCH
KaK OOBbIYHbIEe YHCIa B CHCTeMe C MJaBalomeit sangToll ¢ ¢ pasps-
JAaMH B MAaHTHUCCe, HO YTO HAKONJIEHWE CYMMb! BbINIOJIHAETCA B pe-
rHcTpe C nJaBalollleii 3ansTOi C MaHTHUCCOH, uMelomeil 2f pasps-
noB. ITocne toro Kak ckanspHoe NMpou3BeleHHe HAaKOIIEHO MOJ-
HOCTBIO, OHO OKpyIyisieTc no ! pa3psanoB H 3anoMHHaerTcs. Mu
0603HAaYUM pe3yJbTaT, OKpPYIVIEHHBI! 10 { pasps/aoB, yepes

n
“2(21 x; X yl).
i=

Kak npeacraBurh OMIHOKY OKPYIVIEHHS [Jis BBIYHCIEHHOTO CKa-
JSIPHOTO MpOH3BeneHUs1? BnioTh 10 OKOHYATENbHOTO OKpYIJEHHS
IO { paspsiioB, HaKOMNeHHe BHYTpEHHer0 NpOH3BeJeHUs MPOUCXO-
JIUT MOYTH KaK B OOBIYHBIX BBIYHCJEHHAX C TJaBaiouieil sangroit
c 2t paspaaamMH, 3a HCKJIIOYeHHEM TOro, 4YTO YMHOXE€HHe BBINOJ-
Hsercss 6e3 omuGOK. Eciu Gbl HaKomi1eHHe NPOHCXOAUJO B TOY-
HOCTH TakKUM ke obpasoM, To, Hcmonb3ys ¢opmyay (20.19), cka-
JAspHOE MPOH3BeJeHHe MOXKHO GblJ10 6bl MPEACTaBUTh MOCPEACTBOM

(20.20) 2x,y,{l+101(n+l DoF 5B}, 16,1<1

i=]

rae F=1. OxHako cioKeHHe yucesn C yLBOEHHBIM YHCJAOM pasps-
OB O6BIYHO MPOHCXOAUT C GoJblleli OTHOCHTEJbHOH OLIUGKOM,
yeM CJI0XKeHHe C OGbIYHOH TOYHOCTBIO, H NMO3TOMY NpEACTaBAeHHE

8 3ak. 48
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(20.20), kak npaBuJo, He cnpaBeqaHBo. Mpl mpuBoauM Ge3 JoKa-
3arteibcTBa yTBepxkKAeHHe, yTo mpeacraBaeHne (20.20) cmnpasen-
JINBO /1 OOBIYHOIO HAKOMJIEHHs C JBOHHOH TOYHOCTHIO C MHOXH-
tenem F=1+1/p. [Noapo6usie o6bscuennss aas =2 uau 10 cm.
Yuaxuncon [32].

Ins ocHosHoro peayabrata (20.21) pasanune mexay F=1 u
F=1+41/p npakTHYECKH HECYLIECTBEHHO, IOTOMY YTO M0OC/]IE OKOH~
YaTesIbHOTO OKPYIVIeHHs 10 ! pa3psinoB HMeeM

(20.21) fl (Ex, X y,)

i=1
n

=(1+9°2l'3 )Exiyi{l+101(n+1_,)91: B—zt}

-

rae F=1+1/B u sce |6;|< 1. Ha o6blqnb1x MalMHAX Aas JIOCTH-

1-2¢
KUMBbIX 3HaUeuuil n BeaMunHa 1, OlnF 3B ~ Ha MHOro nopsaxos

MeHblIlle, YeNM U = -2—5

ITpu orcyrcTBuM 60abILIOH MOTepH 3HayawuX HUdp, KaK MoKa-
snBaeT paBeHcTso (20.21),

n
m(;l x; X yi)

OTVIHYAeTCsl OT MCTHHHOTO 3HAueHMs X X;y; HA BEJHYMHY, JHIIb
i=1

HEMHOTHM NPEeBOCXOASUIYI0 €IMHHYHYIO OWHGKY OKpYIJIeHHS.

(20.22) Ynpawuenue. C nomouiblo mnpumepa ¢ f=10, =3 Jtoxa-

3aTh, 4TO fb(Zx,Xy, MOXeT OT/IHYaTbCH OT Zx,y,

NpU HaJHYMM MOTepH 3Havyamux nudp Ha 6om>u1yro or-
HOCHTEJIbHYIO BeJHUHHY.

(20.23) YnpaxHEsHE. IlokazaTbh ¢ momowsio (20.21), uro ecau nu
JAOCTAaTOYHO Mano, TO

ﬂe(gl X X !/i)" igl XY

[TonyuenHble Bbile OLEHKH OMMOGOK MOXKHO TPAaKTOBaTh Kak
BLIPAXKEHHE Pe3YJIbTATOB TOUHEIX BBIYHCIEHHH B CHCTECMe C maa-
Balollleii 3anATON MpM clerka u3MeHEHHbIX JaHHbIX. TakuM o6pa-

< L,0lu - xll yoll
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30M, PaBEeHCTBO o
fl(x X y)=xy (1 +9)

MOXHO HHTEPNPETHPOBATh K4K TOYHOE NPOH3BeleHHe HBYX Heus-
BeCTHBIX uHcen ¥'=x u y'=y(1-+90), OTHOCHTENBHO MaJO OTJH-
YaWOMWHKXCS OT ¥ ¥ y cooTBeTcTBeHHO, Ellle oq¥H H3 MHOTHX BO3-
MOXKHBIX cM0OC060B; moJoKUM X' =x(1+68)" u y'=y(1+6)", Ta-
Ko# mojxoj Ha3biBaeTcs 00OpPATHbIM aHAAU30M OKpYyaaeHudl, Tax
KaK OIMOKH NMPHUINHCHIBAIOTCS NaHHBIM.

B npamom anasuse okpyeaenuil yMHOXKeHHE B CHCTeMe C MJaa-
Balolled 3anaToi (HanmpuMmep) paccMaTpHUBAeTCsl KaK Onepaius,
annpOKCHMHpYIOIIAsg TOYHOe YMHOXeEHHe. 3aTeM naeTcs OlleHKa
pPa3HOCTH MeXJAy NpPOH3BeJAeHHEM B CHCTeME C MJaBalollelt 3ans-
toit fl(xX y) ¥ TouHbiM npousBefleHHeM xy. TpyaHOCTb 3[€ch Ta,
YTO NMPOU3BENEHHE B CHCTEME C NJaBalollell 3ansaToi He sABAsETCS
accouvaTHBHOH onepanHer, H NodToMy OOLIYHBEIA aHANH3 He Mo-
KeT GBITb HCoab30BaH. Tpe6yeTcs MOCTPOHTb COBEPILEHHO HOBBIH
NpHHUMI aHa/lH3a, YT0 OueHb o6peMeHHTeabHO M cKyuHo, (Cm.,
“manpumep, Xaycxongep [41], ra1. 1.) Bonee Toro, cioxenne B cH-
cTeMe C IJaBaloijeli 3ansiToil He accOnMaTHBHO, H 3aKOH AHCTpH-
GyTHBHOCTH TaK»e He BbINOJNHAETCH,

Tak kaK B-06paTHOM aHaJ/IH3e OKPYIVIEHMH pe3y/ibTaT onepa-
LIH{ B CHCTeMe C MJIAaBalOWICH 3aMsiTOl HHTePNpeTHpPYyeTcs KakK pe-
3yAbTaT OGLIYHBLIX BHIYMCJAEHHH, MBI 6e3 TpyAa MOXKeM HCMONb30-
BaTb npaBuja aiareGpel. Takoii METO[ MO3TOMY Jierye B HCMO/b30-
BaHHH M MeHee YyBCTBHTeJeH k OMMOKaM NpOrpaMMHCTa.
~ O6partnbii aHanus OKpyryieHuii Obin BBeaeH [uBeHcom [9).
B npyrux pasjgenax TeopdH OmHOOK 3Ta HAess 6bla MCIONb30Ba-
Ha Jlanuowem (v-mMeTon); CM., Hanpumep, ero padory [17].

HHorga MOMXHO OIpaHHUMTBCS TIPOCTO OGPATHBIM aHaNH3OM
OLIMGOK, KaK B ABYX CJAEAYIOLIHX NMpuMepax. B mepsoM npeamno-
Jaraem, uTo Tpe6Gyercs peIWHTh JuHeHHyw cucremy Ax=b.
OG6paTHblit aHanN3 OMIHGOK, H3/N0KEHHHH B pa3f. 21, yreepxkaaer,
YTO BLIYUCJIEHHOE pellleHHe X ABJISAETCS TOYHBLIM pellleHHeM JIHHeH-
Hoi#i cucreMbl A’x=5, raie A’ — HekoTOopas HEH3BECTHAs MaTpula
c TeM cBoicTBOM, uTo ||A’ — A[|< & (¢ — HeKOTOpOe OnpeseseHHoe
yucno). Manee, eciy Mbl 3HaeM 3apaHee, uTo MaTpHua A cama
Heonpe/e/neHHa WIM H3BEeCTHA C OwWMOKoH, MHOro Goablied e, ToO
Mbl GyJaeM YIOBJIETBOPEHHI, €C/H BBHIYMCIEHHOE X SBJSETCs Ha-
CTOJIBKO XOpOILIMM pelreHHeM, HaCKOJNbKO MOXHO oxMAaaTh. EaBa
JH Heo6X0JHMO 3HATh, HACKOJNBKO GJH3KO X K «HCTHHHOMY» pelle-
nuio A-1b.

Bo BTopoM npHMepe Mbl NMpPOCHM YHTAaTeNAs BOOGPA3HTh, YTO
BEKTOD X XapakTepH3yeT MOJIOXKEHHe DaKeThl, cOOTBETCTBYIOLlee
pa3nvuHbIM MOMEHTaM BpeMeHH NPH mepeqere ¢ 3emian Ha Mapc.

8"
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[peanonoxum Takxe, uto Ax npeacrasisier Co60il NPOU3BOAHYIO
10 BpPEMEHH OT KOJIHYeCTBa [IBHIKEHHS PAKETHl B T€ XKe CaMble MO-
MeHTH BpemenH. HakoHel, npeamonoxum, uto b mpencrasiaser
CuJly, [eHCTBYIOUlyl0O Ha DaKeTy B 3TH Ke MOMEHTH BpeMeHH,
BKJIIOYas KaK BHEIIHe CHJH, TaK H CHJIy TATH pakerwl. Toraa cu-
crema ypaBHeHuit Ax=50 npeAcrasiasier 6ajsaHC CHJA, AefCTBYIO<
KX Ha pakery, Jas mo6oro 3aflaHHOro b MCTHHHOE pelleHMe X
npeacraBiaser TPAGKTOPHIO pakeTbl. Mbl MoXkeM TaKke CKa3arb,
YTO BBLIYHC/JEHHOE X TOYHO YAOBJAeTBOpsieT cucTeMe Ax=0b+94b.
HpyrumMu cjaoBaMH, paKkera MOXeT yNepIKHBAaTbCS Ha TPaeKro-
HM X C TMoMolUbl0 gomoJjHHTe bHbIX cua 8b., Eciu mapectHo, urto
|8bll <e, mMbl HMeeM OueHKY BeNHUHHBI HEOGXOAUMHBIX KOPPEKTH-
pytomux cua. Ecnau e goctaTouHo Mano mo CPaBHEHHIO C BeH-
YHHOH KOPPEKTHPYIOWHX CHJ, UMEIOLIMXCS B PaCHNOPsIKEeHUH pa-
KeTbl B BHJe DE3epPBHOIl TATH, Mbl MOXeM OBITb yBEpeHB!, YTO BbI-
YHCNEHHAsl TpaeKTOpHA MAOCTHKHMA. To eCTb Jl0OHE OUHOKH
OKpYTJIEHHS, KOTOPbl€ Mbl MOXEM CJeNaTb NMpPH BBIYHCIEHHH X,
JIETKO KOMIeHcupyioTcs uameHeHMeM b. Takum obpasoM, Moxer
ObiTh GoJee 1eaeco06pa3HO HCCNEAOBATb BedMuHHy Ob, Hexenu
3a1aBaTbCsl BONPOCOM, HaCKOJILKO HEBEPHO X npu (DHKCHPOBaHHOH
npaso#l yactu b.

Hecmorpsi Ha npuBeneHHble BbIILE NpHMephl, BO MHOTHX Cay-
yasgx Npu NMocraHoBKe (H3HuecKOH 3ajauu NeHCTBHTENBHO HYXKHO
3HaTbh, HACKO/NbKO BBIYHC/EHHOE pellieHHe X CHCTeMbl Ax=>0 6/u3«
KO K MCTHHHOMY pemeHHio A~'b. Onuaxo o6paTHblii aHaNN3 OILUM-
60K MOXeT GHITh OYEHb MOJIE3HBIM NMPOMEXKYTOUHBLIM LIarOM B pe«
IIEHHH 3TOTO BOMpPOCA, TAK Kak €CHH H3BeCTHO, uto Ax=b+4b,
rae ||dbli<e, TO
| [e—a"s]=]4™ (ax - 5)|=

=[atenl<
<|a™|-nevi<
<” A ” .8,

CJiefi0BaTe/IbHO, €CJIH MBI HMeeM HEKOTOPYIO BEPXHIOIO OLEHKY AJA
[[A-1]], mbl MoxeM or oueHkH ||8b] nepeliTu K ouenke [lx — A-1b].
DTOT MoAXOA K NONyueHHIO oueHKM [x — A-'bl| MoxeT okasaTbes
Muo%o Jsierue (ppOHTANbHOA aTaKH NOCPEACTBOM NMPSIMOrO aHanu3a
OIHGOK. -

(20.24) Ynpaxuenue. ITycte Q(f) ecTb pe3yabTaT BBIUHCIEHHS
3HauYeHHS NOJHHOMA

P(t)= X ayt
k=0
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Mo CAeayloLleMy aJTOPHTMY:
q = Qp )
fork:=n—1 step —1 until 0 do

q:=f1{t X g+ ap).

JlokasaThb, 4TO
Q(f)= 3 [1+ 1,01 (2k + 1) B4u] axt",

rae sce |0x|< 1. (ITpeanonaraercs, uyto 7, a, U Bce Mpo-
MEXyTOUHble 3HAUEHHs ABJSIOTCA UMCIaMH B CHCTEME €
nnaBalomen 3ansaTom.)

(20.25) 3anaua nas uceaenosanus. Mccnenosate owM6Ky OKpyrae-

: HHSl npH ucnosnb3oBaHuu (14.2) B kayecTBe MeTona u3Ge-
J)KaHHs NepenosIHeHHsl WJH HCYE3HOBEHHS paspsmoB IIpH
BoiyHcnenun det(A). PaccMorperb aBa caygas: Korja
BBIUHCJIEHHE JIOTapH(MOB C JBOHHON TOYHOCTHIO BO3MOXK-
HO H KOrja Her.

(20.26) Ynpawueuue. Jlokasate (20.14) u (20.15).

(20.27) YnpaxHEHME. B HEKOTOpHIX NPHJIOXKEHHSIX, KAK MOKa3aJ
KaxaHn, apyrasa ¢opma Teopemn (20.8) npuBOAHT K He-
CKOJIbKO 6oJiee NMpOCTOMY BbIpaxKeHH10, JlokaszaTb Teopemy

(20.28) Teoeema. ITycto » oswawaer +, —, X, [. Tozda

Hxsg) =155

[ Iélg-é—ﬁ"' (onepayuu ¢ oxpyeirenuen),

2de
LI0I<<B'™ (onepayuu ¢ 6aokuposkoi okpyenenus)



21. OUWIMBKH OKPYFNIEHHA
B FAYCCOBCKOM METOAE WCKNIOMEHHA

- B aByx caepylounx pasgenax Mbl 00beLHHHM MaTeMaTHye-
CKMiH annapar, BBelleHHBIH B NpeABIAYLIMX pa3fdenax, — HODPMH
BEeKTOPOB M MAaTpHL, TI'ayCCOBCKO€ HCKJIOYeHHe, HTepalloHHOe
yTOYHEHHE H aHAJM3 OIUMOOK OKPYIVIEHHs B CHCTeMe C IJaBaio-
el 3anATOH — AN H3y4YeHHS NOBENEHUA HALIMX ajJropuTMOB Ha
BBHIYHCJHTENBHON MallUHe,

[Tycte A, b 0 X — COOTBETCTBEHHO 3aJaHHasi MAaTpHLA, 3a1aH-
Hasi npaBas 4acTb H pellleHHe, BbIYHCIEHHOE MO METOAY HCKJIO-
yeHuss aycca ¢ BBIGOPOM TIi1aBHOrO 3jeMeHTa. (DJeMEHThl Ma-
Tpulbl A U BEKTOPOB b U X HO/NKHBI GbITh YUHCAAMH B CHCTEME C
naapamplieit 3anaTtoi.) B aroM paspene Mbl MokaxeM, YTO Bbls
YHCJeHHOE PellleHHe X TOYHO yJO0BJIeTBOPSEeT BO3MYILEHHOMY ypaB-
HEHHIO

@1.1) (A+0A)x=b,

rae 8A npejcraBisieT co60ii HEKOTOPYIO «Manyio» MaTpuuy. Mel
CBSIKEM BEPXHIOI rpaHHIy ManoctH 64 ¢ Hopmo#t A U exuHUYHOM
OomMGKOH OKPYrNeHus «. 3aMETHM, uTo BbipaxkeHue (21.1) ss-
JseTCsl NMpHMepoM OOpPaTHOro aHaldu3a OUWHOOK, OMHCAHHOTO B
pasa. 20.

BosbpmuHCcTBO HCmoNb3yeMbIX HaMd HaeH GbUIM DasBUTH B
nocienHue roabnl YuaxHHcoHoM [31]—[33]. Mbl npocTo npuMeHsieM
ero peaysabTaThl B HaumeM KOHKperHoM cayuae. Cm. Takxke Poke
[36] u Bengpodd [8].

Mbsr HaxoauM Gonee YAOGHBIM HCIONB30BATh AJsi BEKTOPOB H
MaTpHLl MAKCUMYM-HOPMbL, HEXKENTH €BK/JIHJOBhI HOPMBI, HCIOJb-
30BaHHBIE paHee. DTH HOPMBI, NpHBEeHHbIe B pa3A. 2 u 11, onpe-
JeNsIoTes Kak

(21.2) l %l =max | x|
1<i<n
ecau X= (X1, ..., %n)T €CTb BEKTOP, H
. " Al = ,
(21.3) "lklggnghml

ecin A= (a;;)— MaTpuua. JIerko BHAETb, UTO €C/IH BEKTOP X YIO-
BJeTBopsieT HepaseHcTBY |X;|<¢, i=1,...,,n, TO

21.4) ' hxle <,
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v ecaH ana Matpunl A u B Bmmnoassiorcs HepaseHctBa |ai| <K
Lbyl, i j=1,...,n, 10

(21.5) I Al <1 Bl

Esxnugosa Hopma (2.6) yxe He o6nasnaer cBoiictBoM (21.5).
Yurarenb Moxer npoBepuTb (CM. ynpakHeHue (2.18)), uro

(21.6) - I All, = max ]| Ax ||.
Il =t

Kak Mbl BupeaH, nmepBhlii H CaMbiii TPYAOEMKHI IIar B rayc-
COBCKOM HCKJIIOYEHHH €CTb pasjiokeHHe MaTpuilbl A B nponssele-
Hue ABYX TpeyronbHuiXx Matpuy L u U. Ilpeanonoxum, 4to Ma-
Tpuua A 3apaHee MacwTaGHPOBaHa 110 CTPOKAM H CTPOKH €€ yIo-
psfloYEHbl TaK, 4TO He TpeOyloT Be6opa riaBHoro ajeMeHnra. Ha
npakTHKe, KOHEYHO, 3TOr0 MOXeT U He Obith, OAHaKo BHGOp IiTaB-
HOro 3J1eMeHTa CBOJHTCA JIMILb K NMePeCTaHOBKAaM MHAEKCOB CTPOK
M He BJHsET Ha aHanu3 oWHGOK, TaK 4YT0 MM B JajbHellleM Mnpo-
cTo 6yaeM UM npeHeGperars. _ :

Pa3noxenue 3aKJa109aeTcsl B BBIYUCIEHHH NOCJE0BATENbHOCTH
matpuy AD=A, A, .., A™, §npuuem sneMeHTbl MaTpHub AR
HHXKe AMaroHaau B nepBmx kB — 1 cron6uax pasHel Hysaio, Ma-
tpuna A®H) monyuaercs us Matpuubs A® BhiuMTaHHeM R-fi cTpo-
KH, YMHOXEHHO# Ha COOTBETCTBYIOIIHI KO3h(]HUHEHT, U3 KaXKI0H
CTPOKH, PAacnoJio:KEHHON HHIKe Hee; OCTajbHble CTpokH AR pe
mensiores. Koapduuuentsl nonbupaiores Tak, YTo6bl NpH OTCYT-
CTBHH OKpYIVIEHHHA 3/eMeHTh Matpuubt AG+D HuxXe augroHanu B
k-M cronbue 6bH OB HyNAMH. MBI He BLIYHC/ISIEM 3TH 3JE€MEHTH, -
Ho GepeM HX paBHbIMHM HYJI0 mo ompeaenenuio. (B mammux npo-
rpaMMmax 3TH «Jbpbi» B A HCIONB3YIOTC ANS XpaHeHHA Kodddu-
LHEHTOB, OJIHAKO 3TO HE BJIMSET Ha aHa/u3 OuWHGOK.) ,

Bonee crporo, ecin A® umeer snements af¥), To, nonaras

2L.7) my=1l(a/a®), iZk+1,
noJsyyaem
0 s i=k+1, j=k,
(21.8) afyrv = f1(@f) —my X af) nasn iZk+1, j>k+1,
| a®? 1Sl OPYTHX i, j.

Puc. (21.9) wuaniocTpHpyeT KyCKH MaTpHIB, HCNONb3yeMbie B

3THX TpexX cjyuasX, Takue IIarW BBHIMOJHAWTCA Aas k=1,...
n—1

N .



120 21. Owubku oKpyereHus 8 2GYCCOBCKOM MeToOe UCKAO4eHUus

(21.9) = e — - — .k

Hakoren, nycrb

(21.10) U=A",
-1 -
my, | O
(21.11) L=]|"Ma Mz .

.

I Myr Mpy P |

(Y

Slcho, uto L u U ecTb COOTBETCTBEHHO HHKHAS M BepPXHAR Tpe-
. p
yroabHele MaTpHIBL. MBl XOTHM 10Ka3aTb, YTO

LU=A+E,

rae E — maTpuia ¢ MajbIMH 3J€MEHTaMH, YUHTBIBAIOILAs! OUHOKH
OKpYTIJIEHHS. .
OwuGKa NpH BHIYKCAEHHH KOahdHIHMEHTa M, BHIpAXKaercs U3

tdbopmysbt

(21.12) My, =(aB[a@) (1 +8,), rhe |3, |<u,
U

(21.13) 0=af®) —m,af) + aid,,

T. €.

(21.14) e =a®d,, nnaiZk+1



21. OwubKu OKpYysAeHUA 8 2AYCCOBCKOM MeTOOEe UCKAIOYeHUS 121

sIBJISeTCs OMKGKOM, BO3HMKAIOMIeH B pe3y/bTaTe NpHPaBHUBAHMS
af%) wymo. ns Broporo cayuas u3 (21.8) monyyaem (ucnosbsys

20.8) u (20.28))

(21.15) a"‘“’ =1l (a"") —fl(m,, X a"")
| = ()~ mygaf (1 +8,))(1+8,), rae [8,]<

]6 |<u
HJIH

btl) — (k) — B — B8 (DS’
(21.16) alth = af) —maf) — m,,afd,; — ;s

Takum o6pasom,

Q1.17)  eff = — m,a®8, — al8], s iZk+1, j=k+1

ecTh olKMGKa NPH BHYMCAEHHU At 115 «HOBOM» yacTH MaTpPHUM

A®+D, OcranbHag yacts A®+D Gepercsa npsmo u3 A® Ges owuGoK.
p

Takum o6pasom,

af®d,, ang izk+1, j=k,
(21.18) e =1 —m,aRd, —ale], aan iZk+1, jZ=k+1,
0 AAd JApYyrux i, j.
CrnegoBatesibHO, eciu matpuua E®) uMeer sneMeHTH e}’;’ H
_ 0 -
0
(21.19) =0 mu. O,
Mps, 1
— Mnk -

TO ypaBHeHHe

(21.20) AR 40 [ ® 4@ o p

TOMTHOCTBIO ONMMCBIBAET OAMH Al Pa3NOKEHHS C yYeTOM Morperl
HocTH okpyrienus. CkaaasiBas 9TW ypaBHeHus ans k=1,..,

&
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ev.,n—4l, OAYYaeM
L(I)A’l) + L(2)A(?) + o+ L(n-l)A(n-l) + A(n) —_ .
| =A"+EO+E®+ ... +E™,

Matpuua L®WA® 3apucur TonbKo oT k-ii crpokn A®), a sra
cTpoka paBHa k-it crpoke Mmartpuusi A, Takum oGpasoM, MH
HMeeM

L'+ . +L""+ DA = A"+ EY+ ... +E®
T. €&

(21.21) LU =A+E,
rae L u U onpenenennt B (21.10) u (21.11) u rae

(21.22) E=E"4+E®+ ... + E®*

eCTb CyMMa OIUMGOK OTAeNbHBIX IAaroB. Mel NOMYyYH/IH NEPBLIA pes
3ynbTaTt — JokasartesnbctBo popmyas (21.21).

Hama caenyioomas 3afaua — HaxoxXA€HHe OUEHKH N/ MaTpH«
unt E. {as storo Ham TpeGyeTcss OUEHHTb TPaHHLBI YHCEA M H
ag’;’, cofepkamuxcst B e¥. CrpaTerus ynopsaouuBaHus npume-
HsieTcA HMEHHO AJS TOro, YyToObl 3TH FPaHHUL ObIIH AOCTATOYHO
MaJabl, Mbl NpeanosioxuM, YTo CTPOKH MaTpUIbl A ynopsiloyeHsl
TaK, YTO AHMaroHa/nbHbIfl 3neMenT alf) sBASeTcs MaKCHMAMbHBIM
1o aGCOMIOTHOR Be/IMUHHE CPeAH oneMenToB af) ang i=~k, ..., n.

Tak Kak m,,=fl (ag’;g/agg), TO

(21.23) | my, |1 mas Beex I, k.

OueHka aas af® Gonee cnoxua. 3alafuMCi BONPOCOM: Kak
BeJIMKH' MOTYT ObIThb YMCJa, BO3HHMKaIOIlMe B Npoliecce rayccoB-
CKOro HCKoueHHA? OTHOCHTENLHO JIerko Nnokasatb A 4acTHY-

! A “
HOTO ynopsiAouMBaHus, 4to ecan |ay|< 1, 1o |a¥ | < 2%, u Yua-
kuHcoH [31], [32] npuBoAMT NpUMep, B KOTOPOM 3Ta rpaHuua Aei-
CTBHTeNbHO JoctHraercs. OfHAKO OH yKa3LIBaeT, YTO «Ha Ipak-
THKe TaKoil pocT aBAsfeTCs OueHb peakum». [leficTBHTeNbHO, OH
HabJi08aJ, 4T0 O6BIYHO | a§’;’|<8 IR Bcex k.
Onpenennm

(21.24) p= }flf)ri' a® |/l Al

XoTa Mbl M He MME€EM XOpOIUeH anpHOPHOH OUEHKH AJS P, OHa
OTHOCHTENBHO JIerKO MOXET OhITh BbiUuMc/aeHa A J60#H 3agaH-
HONl MaTpHUBl B NpOIeCce TPeyroJbHOro pasnoxeHHa. C mos

b 2
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MOILLIO 3TOI'0 OnNpeae/sieHus nojJydyaeM, 4YTc
[a® | <ol All .

9’1‘0 sMecre ¢ (21.18) u (2L 23) naer
unas izk+1, j=k,
(21.25) e[ <ol Al -{ 2u pas i=k+1, j=k+1,
0 pns mpyrux i, j.
Cneaysa (21.22), o6beauHum e‘l’;’ ans noayvenust E, Torga

70 0 0...0 0 ]
12 2..2 2
, 1 3 4...4 4
(21.26)  E<plAlu| . . . ... N

1 3 5...2n—42n—-4

L1 38 5...21-3 2n-2]1

rje HepaBeHCTBO BLIMOJHAETCA Mo-3/MeMeHTHO. MaTpHua B npaeoii
YacTH JIErKO BOCCTAHABJHBAETCH, NOCKOJNbKY €e SJEeMEHTHl Npej-
CTaBJAIOT COGOR MPOCTO YHCIO aprMeTHUYECKUX Omepauuil, He-
0GXOAUMBIX AJA BHIYHC/IEHHS COOTBETCTBYIOILEIO 3/eMeHTa B Tab-
anue LU.

Haxkoneu, ucnoawsys onpegenenue (21.3) mna [|Elle, MH Ha-
XOAUM, YTO

n
1E L <ell Al (§<21‘—1)—1>u<n2pnAnxu.
BOT OfMH H3 OCHOBHHIX Pe3y/bTaTOB AaHHOIO pasjmena:
(21.27) TeoPeMa. Marpuqbt L u U, sotuucsrentole meToOom ucKito-

yenus I aycca ¢ 8b160pOM 2/A6H020 INEMENTQ 8 CUCTEME
¢ naasaroweti 3anarod ¢ eOuruqnod owubrol oxpyzre-

HUus U, yoosAETBOPAIOT PABEHCTEY .
LU=A+E,
20e’
(21.28) IE llo < 10l A llota.

Hdpyrumu cnosamu, L u U o6pasyioT To4Hoe pasnoxeHue He-
KOTOpOH c/lerKa BO3MYILUEHHOH MaTpULBL Ecau p He OueHp
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BEJIMKO, BO3MYILUEHUsT HMEIOT NOPSAOK OIIHGOK OKDPYIJIeHHS JJe-
MeHTOB A.

HUmes L u U, mb Haxogum pelleHue cucteMsl Ax=4 nocne-
JOBATEJbHBIM pellleHHeM ABYX TpeyroJbHEIX cucreM Ly=b u
Ux=y. My nostomMy XOTHM OLEHHTb OLIHGKY OKpYIVIeHHs, BO3-
HUKAIOLIyl0 MPH pelleHHu o6iueit TpeyrosbHoH CHCTeMBI, HaMpH-

mep
Rx=0b

Ecan R — HUXHS TPEyroNbHas MaTpHUA, Mbl BBIYHCIASEM KOMs
TNIOHEHTH! X 10 MOPSAAKY CJeAyoU UM 06pa3om:

xp 1=f1(by/ry),
(21.29) fl(—r“:c]—r”xz,-- cor =1y Xy b

X, 1= ‘),i=2,...,n.

"1
Mul MoxeM HCNONB30BaTh HaKalIMBaolleecs CKaldspHoe IIPOH3-
BeJleHHe M NOJYYMTb OYeHb TOUHH pesyabraT, Ho, nmockonbky
Mbl yXe uMeeM HEKoTopylo omuGKy B L u U, yBesnuenne Maluus-
HOro BpeMeHH €/1Ba JH ONMpaBAaHO. TakuMm oépasoM cnerka 0606-
mwas Teopemy (20.18) nns owIMGKM OKpyrieHust B OOHLUHOM CKa-
JNIPHOM MPOHM3BEJEeHUH, Mbl MOJyYaeM, 4TO

X S/ S—
T ra (T8
L0 = =r (U+8) % = oo =1y g (L+0y, 4oy) X4y + by
ri (14 8,) (1+87,)
(i=2,..., n),
rie
[, |<u, |6,|<u, i=1, ..., n,
(21.31)  18,I1<(i—-1) 1,01y, i=2,...,n,
13 1<@i+1—j)- 1,0, i=2,...,n,j=2,...,i—L

3amerumM, yTo Kak (20.8), tak u (20.28) HCMOAB3YIOTCS TaKUM
06pa3oM, uTo Bce MHOXKHTeNH 148 yMHOXKAIOTCS Ha 31eMeHTH R.

(21.32) anm«ﬂaﬂus. [Tposectu AeTaNbHOE N0KA3ATENCTBO (21.30)
° n (21.31).

Ypasuenus (21.30) moryr GHTb 3anucaHul B BHAe

ru(l+06y) =0,
“(l+6”)x + ... +r“(1+6“)(1+6,)x,—b

i=2,..., n),

(21.33)
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HITH

(21.34) (R+06R)x=0b,

rae

(21.35) 18RI

Irul T
[rasl 2] ral
2] ran | 2] ryg | 2| rssl
<1,0lu| 3lral 3 rel 2] ryl 2\ rasl
Ln=Dlra] (=D lrnal (n=2)lrngl (’l‘.'3)|fn4l voo 2l ran | 2
CaenosaTebHO,
(21.36) 18R 1, < 221 . 1,010 - max|ry |
i

B uTore Mbl nosyuaem:

(21.37) TeopeMa. BekTop x, 8bI4UCAEHHbLE ¢ nOMOWBLIO HopmYya
(21.29), nsaseTca TOUHGIM pelieHuem 803MYLeHHOD Tpe-
yeoavrol cuctemor (R+0OR)x=b, 20e eozmyuenue SR
ydosaersopaer Hepasencrsam (21.35) u (21.36).

HTak, Bo3MyLIEHHs1 ONSATL HMEIOT NOPSINOK OLIMGOK OKpyTJe-
nus. Onnako, cpaBHuBas (21.35) ¢ (21.26), Mbl BuAUM, 4TO 3Je-
MeHTbl MarpHUbl 8R NpOMOpUHOHAAbHEI COOTBETCTBYIOLIHM 3Je-
MenTaM Martpuubl R, HO uTO 3/aeMeHTH E u A He UMelOT TaKoH
npsMoil CBA3H.

Tpumensa (21.37) kK nBym TpeyronsHbiM cucremam Ly=b
n Ux=y, Mbl HaxoQuM, 4TO OKOHYaTeJbHO BHIYHC/IEHHOE X yn0+
B/IETBOPSIET YPAaBHEHHIO

(L+OL)Y(U+8U)x =0,
unu, 1axk kak LU=A+E,
(21.38) (A+E+@OL)YU + L3U +3L8U) x = b.
Martpuuet L u U ynoBneTBOpSIOT HepaBeHCTBAM
[ 1<1,
L 1< pll Al
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rae p onpeﬁeneno B (21.24). CnegosatensHo,

1LI<n,
U <ol Al
(21.39) } 8L [, < 28D 014,
houU I, < 22 1 01p) Al

B reopeme (21.27) ycraHoBJEHO, YTO.
I E e < n’pll Allou.

Tak Kaxk B JIOGHIX NpeAnonaraeMbiX NPHAOKeHUAX n2u<l, Mhb
MOXEM HaMuCaThb

. L1, - 18U e <n?pll A llo.
Hakonen, ecau :

(21.40) 8A=E+ (L) U + LU + 8L oU,

TO .
1841, SNE N +il8L kg + Il Ullo +1 Ll 18U flo + 1L fl, - 18U |1

M MBI YK€ OLIeHHJIH BCe cJaraeMble B MPaBOd 4acTH. DTH OLEHKH

B coueTanuu ¢ (21.38) npuBoasT Hac K TeopeMe:

(21.41) Teopema. Peulenue X, 8blucAeHHOE METOOOM UCKAIOHBHUS
Taycca ¢ evlbopom 24a8H020 InemeHTA, YOOBAETROPALT
ypasrenuro

(21.1) (A+0A)x=b, ,
20e 8A onpedeaserca 8 (21.40). Loaee 020,

(21.42) 1841, < 1,01 (n3+3n?) ol Allu.

HIMeHHO 5TO MBI H COGHpAJHCh 0KA3aTh; BEKTOP X, BHIYUC/IEH-
HBII MeTOJOM HcKaioueHuss ['aycca ¢ BHIGOPOM IJIaBHOTO 3JI€MEH-
Ta, TOYHO YJOBJETBOpPSIET CUCTeMEe ypaBHEHHH C BO3MYUIEHHON Ma-
tpuuelt A+8A u, 6onee TOro, HOpMa BO3MYLIEHHS] HE TPEBOCXO-
AUT HEKOTOPOrO BLIYMCAHMOTO YHC/a, CONEpIKALIero B KauecTBe
COMHOXUTEJIST NPOU3BE/EHHEe €HHHYHON OWIHGKH OKDPYIJeHHs Ha
HOpMY MCXOQHOH MaTpHILBL

3ameruM, yto BozMyuenue dA 3aBucHT oT b (moTomy uto dU
u 8L 3aBucAT ot b), HO uto ouenka ans |84l ue comepxur b.
OTmeTuM Takke, YTO AaA Toro, 4To6n B Qopmyne (21.42)
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BBHINOJHAJNOCh XOTsl Gbl MPUOAHKEHHOE pPaBEHCTBO, Ha KaXJIOM
[are BLIYMCJIEHUHA JOKHA HMEeThb MECTO «HaHMXyaulas» OmubKa
OKpyryieHHs1, oJiee TOro, AOJMKHbLI BLIIOJNHATLCS ypaBHEHHUS, aHa-
aoruuubie [|LOUllw = [[L|le- |8U]l. MBI He 3HaeM nmpuMepoB, rae
184l x0Tst 661 npuGanKaTOCh K JAHHON OLeHKe, YUIKHHCOH [32]
yrBepxaaer (crp. 108), uro [|6A]lc peako GriBaeT Goablue YeM
nullAll .

Teopemy (21.41) MOXHO HCNO/SB30BaThL AJS NMOJNYYEHHA Olle-
HOK JpYruX KpHTepHeB OMOKM, TaKUX, KaK HeBsi3Ka b — Ax u
x— A~1b. Mbl oCcTaBaAsieM 3TO B KauecTBe ynpajxKHeHHil.

' (21.43) Vopaxuenue, [Toayunts (21.42) us (21.39) u (21.40).

(21.44) Yopaxuenue, Mcnons3oBath (21.41) pas monyuenus Bepx-
Hefl OLleHKU OTHOCHTEJNbHOH HeBSI3KH

“ b - Ax "oo/" X "oo’
Ouenka JoMXKHa 3aBHCeTh OT £, P, 4, [|Allw.

(21.45) Vneaxuenue. Hcmonw3zoBarb (21.41) anst OueHKH OTHOCH-
TeJNbHOH OIHOKH

I —= %" lloo/ll £ loe

3pech x*=A-'b ectb TOuyHOe peleHHe 3azaun. OueHKa
JOJIXKHA 32BUCETh OT A, P, 4 U YUCJa 00-00YCA0BIEHHOCTH
matpuusl A, onpepensiemoro mo ¢opmyne conde(A4)=
=[1Alle 147! |oo.

(21.46) Ynpaxuenue. Uro Bel MoXKere cKa3sath, ¢ yuetom (21.45),
OTHOCHUTENILHO BbIpaXKeHHs

= %" /Il £° l?
(9to Gonee TpyAHas 3ajaua.)

(21.47) VYnpaxuenue. HeBssky r=>b — Ax MOXHO 3()eKTUBHO Bbi-
YUCAUTbL (MCHOb3Ys HaKalJMBaioLleecs CKa/lsgpHOE Mpo-
uspegenue), Ouenure .

fl 2= %" llo/ll £* oo

B TepMuHax |Irllw, 16l u condw(A). ¥YpaBuenne (21.1)
He HCMOMb3yeTcs. DTO ecTh anoCTepPHOPHAsS OUEHKA OLIKG-
KM, NMOCKO/MbKYy OHAa TpeGyeT 3HAHHs BLIYHC/IEHHOTO pes
LeHA,
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OcHOBHBIe OLEHKH on60oK okpyraenus (21.27) aas Tpeyrosb-
HOTO pa3foxeHuss MaTpuupl A GbIIM NMOTyYeHB! NPH YCJIOBUM NPHU-
MeHEeHHs CTpaTerMH 4acTH4HOro ynopsinounsarus. OnHako mo-
CKOJIbKY HepaBeHcTBa (21.23) BEIMOMHSAIOTCS KaK AJid 4aCTHYHOTrO,
TaK H AAs NOJIHOTO yNOpsiAOYMBaHus, TeopeMmbl (21.27) u (21.41)
cnpaBeVIMBHL AJa M0GOT0 cnyyas. BeanunHa p, KOHeUHO, 3aBHCHT
OT HCIOJNIb3YeMOro a/ropuTMa, B TOM YHCJae OT THOA YMopsijoyH-
BaHUS.

MpennonoxuM, uto Bce |a;;|< 1. CyuwecTyeT TpyaHbIlt U He-
pellieHHbIl BONPOC OTHOCHUTENBLHO TOTO, KaK BeJIHKM MOTYT OBITh
yicaa |af®)| npu UCKAIOUEHHH C NOMHEIM ynopsaounBanueM. [Tycts

(21.48) g(n)=max|af|, rae Bce |a,|<1.

Yunkuucon [31] nokasan, uto

(21.49) g(n)<1,8n0Inn nng Beex n.

Ouenka (21.49), KoHeyHO, MHOTO TOYHee, UeM HaHMJyulllag OIEHKa
2n—1 Koropas MO’KeT GbiTb QaHa NpPH YaCTHYHOM YMNOPSAOYHBA-
#ud. Kak MBl ycTaHOBMJIM paHee, oueHKa 27~! Moxer neHCTBH-
Te/IbHO AOCTHIaThCS NpPM YacCTHYHOM ynopsfounBanuu. C Apyroit
CTOpOHBI, HauGOoMbIIAsl H3BECTHAS B&JIMYHHA g(N) €CTb TOJbKO 7
¥ OHA NOCTHraeTCs AJS HEKOTOPbIX MATpPHL NPOM3BOJBHO BBICO-
KOro nopAnka. Pasymuo npeanonoxurs, urto g(n)<n aas Bcex
BellleCTBEHHBIX MaTpHl, H 9Ta OUEeHKAa, KOHEYHO, HAMHOTO TOUYHee,
yeM (21.49). Topuxeiim [30] yxkasan npuMepn KOMIJIEKCHBIX
marpun A, mis KoTopeix g(n)=x1,05n Aast CKOJIb YrOAHO BHICO-
KOro nopsiaka .



22. CXOMHMOCTb WTEPALHOHHOO
YTOYHEHHA

Ecnu ToyHOCTD pelrenis, BHIMHCACHHOTO METONOM HUCKJIIOUEHHS
[aycca, mo HexkoTopblM NpHYHHAM HAC He yHOBJAETBOPSET, TO B
GO/MIbLUIMHCTBE C/1y4YyaeB OY€Hb TOYHOE pelleHHe NPH HeGOJbIIoM
KOJIHYECTBE JOMOJHHTENbHOH paboThl MOXKET JaTk aJlOpDUTM UTe-
pPauHMOHHOrO yTOUHEHHS, BBeJleHHHH B pa3a. 13. B stom pasgene
MBI PACCMOTPUM HTEPalHOHHOE YTOUHEHHe 60Jee NOAPOGHO H Bhi-
BeJEM JOCTATOYHHIE YCJOBHSI €r0 CXOLHMOCTH.

Tlycte A u b — 3ajgandble MaTpdna W npasas YacTb COOTBET-
crBeHHO. IlycTb xy — BeKTOp NMPHGIHIKEHHOrO pelieHHs], NOJyYeH-
HEIH MeToZOM McKmoyeHust T'aycca. Toraa ans m=1, 2, ... yTou-
HEHHOe pelleHHe Xmyy MoJdyyaercs caegyowum o6pasoM. CHa-
yajla BHIUMCISIETCS BEKTOD HEeBS3KH

©@2.1) fo=b— Ax,.

3aTeM peiueHue CHCTEMb

(22.2) Ady=rp,

¢ ucnosnb3oBannem LU-pasnoxeHnss matpuusl A, HaligeHHOro npu
BBIUMCJIEHUH X, JaeT BeKTop monpasxn. Hakouen, nonpaska npu-
6aB/1f€TCs K Xm, UTO JAeT YTOYHEHHOEe pelleHHe

(22.3) Xmal = Xp + dop.

DTH TPU 1ara mOBTOPSAIOTCS JO TeX NMop, 0K, KaK MbI HageeMcs,
Xm HE HOCTUTHET XKesaeMoil TouHocTH. ITo/iHbIH aHaIKU3 3TOTO MPO-
lecca JOBOJBHO CJOXEH, MpHYeM Bajkible acMeKTbl MOTYT MOTe-
pathest B geransx. ITosromy Mbl BHIGHpaeM s HCCJe10BaHHUSA
HIeaNMU3UpPOBAaHHYI0 MOZe/Nb: Mbl npednosaeaem, 410 owubra
OKpY2AreHus BO3HUKAET TOAbKO NpU BbI4UCAEHUL NONPABOK NO He-
8a3kam. ApyruMu cJOBaMHM, Mbl MpexnoJaraeM, Yto ypaBHEHUS
(22.1) u (22.3) BHLIMOJIHSIOTCS TOYHO M TOMBKO (22.2) mMOABEpPKEHO
BJAMSHUIO OWIMGOK OKpYIJIeHHsl. DTO NpedNosoXKeHHe SIBJASeTCS
0GOCHOBAHHBIM, €CJIM AJA pelleHHs ypaBHeHHs (22.1) wucnosn-
3YIOTCA1 HaKanJMBaloliHecss CKanspHble MponsBefeHusi. IlosnHbilt
aHa/ M3 51 BBIYHCJEHHH ¢ MiaBalolled 3ansTolt Ge3 ympouaio-
WHX npeanosoxeHnit 6ul1 gan Moaepom [20].

Pewenne cucreMbl (22.2) ects B TOYHOCTH TOT mpolece, KOTo-
pBIfl MBI M3yuM/H B npeablayumied riase. Tam Mbl HalLTH, 4TO H3-
3a omMOOK OKpYyIJIeHHs BMECTO ypaBHeHHs (22.2) caeayer pac-
cMaTpHBaThb ypaBHeHHE

(22.4) (A+8A)dp=rm,

9 3ax. 48
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rae marpuuna A 3aBHCHT OT Iy, HO €€ OLeHKd OT 7, He 3aBUCHT.
Jast Toro yToGH BbIIBUTH 3aBUCHMOCTb OT /1 U YNPOCTHTH NOC/EL-
Hee BBHIpaxeHHe, Mbl nepenuitem (22.4) B Buge

(22.5) AU+ Fr)dp="rn )
rge .
(22.6) Fn,=A"(3A4).

MoXHo oXHAAaTh, YTO MaTPHUlBl Fp, TOJHOCTBIO ONPEAENSIIOT NO-
BeJeHHe STOH HJeaJM3HMPOBaHHOH MOJEIM HTEPaLHOHHOTO yTOY-
HeHHA.

(22.7) Teoeema. ITycro 8eKkTop xn, onpedesen Kax sowue. Iycto
X* — ucTunHoe pewenue Aunednol cucreme, T. e. x*=A"1b.
IIpednoronun, 40 Oan HEKOTOPOL HOpMbL U3 pasl. 2

Fall<<o <;— 04 8cex m.
Toz0a npubauscenHoe peulerue cxoOUTCA K UCTUHHOMY, T. e.
| ¥m—x"11=>0 npu m—> co.
O6renuusis dopmyas (22.1) u (22.5), mbl nosyyaem, 4ro
A(l + Fp)d,=b— Ax,,.
Tak kak A — HeBBHIPOXKAEHHASI MATPHLA, TO.
(I+ Fp)dy,=x"—xp.
CnegoBarenbHo, us (22.3) BhITEKaeT, yTO
I+ Fp) xpe1=FpXxp+x".
Boruuras (/+Fn)x* u3 oGeny uacteil paBeucTBa, Mbl MOJyyaeM
COOTHOILIGHHE
(22.8) (I + F ) (Xmar — X°) = Fpy (X — x°).
B panpHefimem Ham noTpeGyeics caeayiouias Jemma:
(22.9) Jiemma. [Ipednoaomcum, uro F—rtakas marpuya, u4ro
IFlI<1 025 nexoTopou sopmet us pasd. 2. Tozda
Sta) I + F neevLposcoenna

(b) [+ R =1 Fi).

Ins nokasatensctBa n. (a) npeanonoxum, uto I 4+ F spiser-
Csl BHIDOXKAEHHOH MaTpHiell. Toraa cyliecTByeT HeKOTOPBI HeHy-
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JIeBOH BEKTOp X, TaKoH, uTO
(I+F)x=8
Ao NPHBOJAHUT K PaBeHCTBY
I Fxll=lxIl,

KOTOpOe NMPOTUBOPEUUT MpeinosnoxeHuto, uto ||F|l < 1.
Has  nokasatenbctsa (b) mnomoxum G= (I+F)-!. Toraa
G=I1—FQ@, Tak uro

IGI<III+IFU-1GI
1GI<1/(1—NF1).

3rto 3aBepiuaer J0Ka3aTeabCTBO JeMMbl (22.9).
Boappamasce kK A0Ka3aTe/bCTBY TeopeMbl (22.7), Mbl 3aMeTHM,

H, TaK Kak [[/[|=1,

" 1
YTO NPEANOJNOXKEHUS l]le|<—2— 6osee yem AOCTATOYHO IJISI TPH-

MeHeHHs NeMMbl K MaTpuuam Fp. Hrak, us coorHoweHus (22.8)
cnenyer

(22.10) Smai— X =+ Fp) ' Fr (X — x°).

JTo ypaBHeHHe fBJSeTCA KJIIOYEBBIM B faHHOM paspene. OHo no-
KasbiBaeT, 4To owH6Ka Ha (m+1)-M wiare HTEPaLHOHHOrO INPO-
[lecca ecTb NpoH3BeJeHHe HEKOTOpOH (HeH3BEeCTHOM) MaTpHubl Ha
"oWHGKY m-ro wara. Ecax He caenartbh npeanosioxKeHus 0 TOM, uTO
ypaBHenus (22.1) 1 (22.3) y1oB/1eTBOPSOTCA TOYHO, TO Mbl HMEJH
6b1 B (22.10) .aBa no6aBounbix ujena. (IIpenmosoxenue, uTo BCe
ypaBHenus (22.1), (22.2) u (22.3) yxosneTBOpsA0OTCS TOYHO, O3HA-
yasao 6si, uto F,, paBHO ©, a X,,+; paBHO x*.)
IMpumenss n. (b) aeMmer (22.9) x (22.10), Mul nosnyuaem

@2.11) X = X NI Frll(L N F N 2 = 2" 1<
<o(l—o)™" Ix,,,-_-x II.
Ecan t=0¢/(1 — o), TO N0 UHAYKLHUH
It — 2 N7 2y — 2"

- Mbl MoxeM TNOATH HecKosbKo naJnsbiue, ITonarag xo=09, Mel MO-
JKEM CKa3aTb, YTO ¥; onpejessieTcst ypaBHeHHeM (22.3) npu m=0
Takum 06pasom,

- e, — 2" 1<l %"
H CJIeJOBaTebHO,

(22.12) | Xm— X< 27 .
gt
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YTBepxKaeHHe TeOpeMbl TENepb CjeldyeT U3 HepaBeHcTBa (22.12),
NOCKO/IbKY ycioBHe 0< !/, oGecneunBaer 1<],

Tak kak Matpuusl Fp, [104TH HEBO3ZMOXHO ONpEAEJHTb, OOHIY-
HO HENMpPaKTHYHO MpPOBEpsIThb, yAOBJIETBOPAIOTCHS JHM B JaHHOH CH-
Tyaluuud NpeanonoxeHuss tcopemsl (22.7) wan Her. Coenyroliui
pesyabTaT sBJAsieTcsi Gosiee YIOOGHBIM.

(22.13) Cunencrsue. ITpednoascrcum, 4T0
1,01 (n3 + 3 pull Al A7, < .-

Tozda (|%m — x*ll >0 npu m—> co.
(Onpenesenns p, u u || llo cM. B (21.24), (20.9) u (21.3).)

MOXHO MOCTPOUTb TNPUMEPDI, B KOTOPBIX MPEANON0XKEHHS Teo-
pembl (22.7) BBINOJHSAIOTCH, TOTAAa KaK TPENNoNOXEHHs CJex-
creusi (22.13) — Her.

JlokazarensctBo (22.13) cienyeT HenmocpeACTBEHHO H3 ypas;
Henuit (21.42) u (22.6). Bemuuuna conde(4) =4llw- 1A 58
nsiercss o6yc/ioBaIeHHOCTbI0 MaTpulsl A B MakcumyM-uopme. Ta-
KuM o6pasoM, cJaefcTBHe (22.13) sBasercss mnepedpasupoBKOil
yrBepxkaeHus: «MrepanonHoe yrouHeHHe CXOAMTCS, €C/IH MaTpH-
1a He CJMIIKOM IIIOXO 00yCJOBJIEHaY.

HepaBenctBo (22.12) maer GoJblue, yeM MPOCTO AOKAa3aTenb-
cTBO cxoaumocTH. OHO faeT TakKKe OLEHKY CKOPOCTH CXOAMMOCTH.
OunbKa Ha Ka)KAOM LIare HTepanHOHHOrO Mpolecca He MpPeBOC-
XOAMT T, YMHOXEHHOro Ha owu6Ky npeabinyuiero wara. Hanpu-
Mep, MNPEANOJNOXHUM, YTO MBI HMeeM BBIYHCAHTENbHYI MalUHHY
tuna IBM 7090 ¢ 27 gBovuyHBIMH pa3psiiaMH H onepanusaMu ¢ 6J10-
KHpOBKOH oKpyrJeHHs, Toraa

u=92%~107

[TpennosoxuM, yro Mbl umeem (20X 20)-marpuuy ¢ uncaom ofyc-
JIoBJIeHHOCTH mopsinka 5X 10° [lnsi 3TOH MmaluuHbl 3ajaya o4YeHb
nioxo obycsaosiena. [Ipeanosoxum najee, 4to

164l = null A,

TakK 4YTO
Il Fllw = nu cond, (A) ~ 0,1
H, CJef0BaTeNbHO,

Torpa HepaBeHCTBO
* < *
1= %" e < Tl # [l
MI0OKa3blBaeT, YTO NepBoe NpubJuKeHHe HMeeT TOYHOCTb MOpsgKa
BEJHUYMHBl OJAHOTO JeCsITHUYHOTO 3HaKa, B TO BPEMS KaK COOTHO-

weHue ) .
s — %" oo <P 5" [l
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NOKa3biBAET, YTO BOCbMOE NMPUOJUNEHHE HMEET NMPIMEPHO TaKylo
TOUHOCTb, KaKasd obecrneyuBaercsl MaLIUHOM. _
Ecan Mbl pas6GepeM 3TOT npHMep HECKOJbKO BHHUMATEJNbHEE,
Mbl OOHAPYyXHM OJHH CYLIECTBEHHBIl Ne(eKT Hauero HieasH3H-
poBanHOro ananusa. Teopema (22.7) yTBepkpaer, uto, NpoBens
AOCTATOYHOE YHCJIO HTepaluil, MOXKHO cHeJaTh OWHOKY [Xy,—
— x*|l» TMpoH3BONBHO Manoil. SICHO, 4YTO 3TO HEBO3MOXKHO, IO-
CKOJIbKY KOMIIOHEeTbl BEeKTOPa Xp JOJKHB GbITh YHCJIAMH B CH-
cTeMe ¢ MJaBalolllel 3ansiTod, BHIDaXKEHHBIMM C NMPOCTOH TOYHO-
CTbIO, @ KOMIIOHEHTbI BekTopa x* B 061eM ciayyae — HeT. JIerko
y6enHTbCA, YTO 3Ta TPYAHOCTb BO3HHKAET U3-3a NPENNOJIONKEHHS,
4TO ypaBHenue (22.3) yAoBiaerBopsiercs TOuHO. [IpakTHYeCKH MHI
nenaeM OWMOKH OKPYIVIeHUs B Ka)XKJOU KOMITOHEHTE Ha 3TOM Liare,
TaK 4TO Mbl HHKOT/la He MOJIYYUM X,y TOYHEE, YEM MO3BOJISIET €JIH-
HHYHAs omHO6Ka OKpyr/aeHHs. Bosee peranpHblil aHa/IH3 fgaeT He-

paBeHCTBO

(22.14) = 5l < 7"+ T2 ) - 12°

l—7

BMecTo (22.12). Mbl BHANM, 4TO OWIKHGKA HE CTPEMHTCH K HYJIO,
a TOJbKO CTAHOBUTCA MaJofl.

Hakonen, Mbl CHOBa NogyepKkHBaeM HEOGXOAHMOCTb TOYHOTO
BBIYHC/IEHNS HeBsi30K. Mbl Npeanoyoxuiau, 4ro ypasHenue (22.1)
SIBJISIETCS TOYHBIM. DTO NPEANOJ0XKEHHE NONYCTHMO, eCId Mbl HC-
MoJb3yeM s BBIYUCIEHHS HEBA30K CKaJspHbIE [IPOH3BENEHHS
NoBbIIEHHOH TouHOCTH. OJHAKo ecnu HCHOJIb3YyeTcss OOGbIYHas
apupMeTHKa ¢ NJaaBalolleil 3ansaToH, TO MOYTH BCA TOYHOCTb G-

n
JeT ToTepsiHa TNpPH BbUMTAaHUU by — Za,,-xj,n BHIYHCJIEHHbIE He-
=1

BsI3KH OyAYT HMETb TOJBbKO OTHANEHHYIO CBSI3b C MX HCTHHHOH
BeJTHUHHOT,

(22.15) YnpAxHEHHE. YTouHHTh (22.3), BKJIOUHB UJIeH, KOTOPBIH
yuuTbiBaeT owHOKH okpyrienus. [lepecmoTpers nokasa-
TeJbCTBO TeopeMbl (22.7), MpUHHMAas BO BHHMaHHE 3TOT
JIOTIOJIHHTEJIbHBIN UJIeH.

(22.16) Ynpawuenne. [Ipeamosnoxum, uto A sBasiercs KBaapar-
Ho#t matpunelt. IlpeanosoXkum, 4To NpuGIUKEHHAS! 06-
paTHas MaTpuua X uMeeT CBOHCTBa

Il X || = 200.
JlaTh CTPOryl0 AOCTaTOYHO TOYHYIO BEPXHIOIO OUEHKY A/si
X — A-. (Orser: 2,03.) '



23. NONOXHUTENbHO ONPEAENEHHBIE MATPHULbI;
JIEHTOYHBIE MATPHLLbI

Hexkoropsle criensasbHble THOB MATpHI[ TaK YacTO BCTPEYAIOT-
csl BO MHOTHX 3ajlauax, 4To mesnecoobpa3HO HCNONb30BaTh HX ya-
CTHBIE CBOHiCTBAa. B 3ToM pasmene Mbl paccMOTpUM JBa THNa —
NIOJIOXKUTEJNBHO ONpe/feNeHHble MAaTPHUbl H JIEHTOYHBIE MaTpPHLHL

B pa3a. 9 Mbl NpHWIH K 3aKAIOYEHHIO, YTO JI06asi MOJOXKH-
TEJNBHO OTNpe/leseHHast MaTpHua A HMeeT eJUHCTBEHHOe paasioxe-
HHe BHAA

(23.1) A=GGT,

rae G siBasieTcs HUXKHeH TpeyrosibHOfi MaTpHUEH C [OJNOXKHUTeNb-
HBIMH [HaroHaJbHBIMH 3jeMeHTaMHu, B uacTHOCTH, M3 MONOXKH-
TeJbHOH ONpeeseHHOCTH MAaTpPHUIbl C1eAyeT HEBHIPOXKIAEHHOCTL ee
rJlaBHBIX MHHOPOB, Heo6xonumas aig LU-teopemsl. Pacnucas pa-
BeHCTBO (23.1) TO-31€eMEHTHO, Mbl BHAHM, UTO €C/IHU Q;; HAXOAUTCS
Ha rJaBHoil AuaroHanu A, To

— g2 2 2
(23.2) a,=gh+tghpt ... &
a €CNH ai; JeXHUT HUKXKE JUaroHan, To

(233) - ayy=gugn+guLpt ... +8ugn (j<i).

OTH ypaBHeHHs, B3ATbie B COOTBETCTBYIOLIEM MOpsJKe, ONpele-
JsI0T Bce 3jgeMeHTH MarpHusl G. OAWH H3 THIHMYHHIX MOpPSAKOB
TaKOB:

g1 Bots -5 nir €225 8329 « -y Bn2 833 +++» LZane

‘BHauyane u3 ypaBHenus (23.2) HaXxoAUTcsi AHArOHaJIbHbIH 3Je-
MEeHT, a 3aTeM Hcrosb3yercsl (23.3) AN HaX0XKAEHWs BHeAUaro-
HaJIbHBIX 3J7IEMEHTOB TOTO Ke caMoro crojfua. DTo mopoxjaaer
aJTOPHTM

forj:=1 step 1 until n do

=1
beging;; : = sqrt (a,, —-k% g7k>;
(23.4) fori:=j+ 1 step 1 until n do

i~1
gij+ =(at] - Elgtkglk)/glﬁ
end.

OTMeTHM, 4TO 3JIeMeHTHl MaTpHIUbl A, pacnosoxeHHble BhIlIE QHa-
roHajM, BBUJy CHMMETPHH He pacCMaTpPHBAaIOTCA.

DTOT aNropHTM mpeicTaBiasieT co6oi MeTo0 XoseccKkozo Uau
MeTod K8adpaTHO20 KOPHA s pasJoKeHUs NMOJOXKHTENbHO Onpe-
nenenolt Matpuubl (cm. Pangees u Panneea [34]). Omuo us
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IpeHMYLIECTB METOJa COCTOHT B TOM, UTO HeT HeOGXOAHMOCTH B
BHIGOpE IVIABHOTO 3JemeHTa.- [I1s1 MaTpHL, KOTOpble He fAB/IAIOTCA
T0NIOXKUTENBHO OTpeJeNeHHbIMH, BbIGOP IVIAaBHCTO 3JeMeHTa Heol-
XOJHM, TaK KaK Mbl J€1dM Ha 3TH 3JIEMEHTHl H JOJKHb GHITh yBe-
peHbl, 4TO 3JeMEeHTH 06pa3yeMoil MaTpHIUbI He CIAHIIKOM BEJIHKH.
Bospmde aneMeHTH npHBead 6 K GOJIBIIMM OLWIHGKAM OKpyrie-
HHs W noTepe TouyHocTH, OHAaKo B MeTofle X0JecCKOro AJs MoJo-
JKHTEJbHO OTpeAeJeHHBIX MATPHI HEMOCPEACTBEHHO H3 ypaBHEHHH
(23.2) BuAHO, YTO

(23.5) lg < Vai
AJs Jo6biX £, j. UHBIMH cJloBaMH, 3/1eMeHTH MaTpHiubsl G orpanu-
YeHBbl [aXe NMpU OTCYTCTBHY BbIOOpa TJIaBHOTO 3JeMeHTa.

Ucnonp3oBaHyue aHaNOTHYHOTO METOAA AJIs1 MATPHL, HE SIBJSIO-
IKMXCS MOJOXHTEJNBHO ONpene/eHHbIMH, HEeBO3MOXKHO 6e3 yCJI0X-
HEHHs BBIUHCJIEHHH, IOCKONbKY pa3noxenue (23.1) B o6wem ciy-
yae He UMeeT MecTta. [laxe /s CUMMeTpHYHOi Marpuusl A aiaro-
PHUTM MOXET MpepBaThcs H3-3a JeldeHHS Ha HYJb HJIH H3BNEYeHHS
KBa/JpATHOTO KOPHA M3 OTpHIaTelbHOro ynucna. (Ecau 6ul marpu-
na A 6bln1a NOJOXUTENBHO OmpeleseHnHolH, HO OYeHb MI0X0 obyc-
JIOBJIGHHOH, TO OWIHOKH OKPYTIJIEHHS MOLJIM Gbl HapyLIHTb Onpene-
JEHHOCTb, DTO Takxe MpHBejo Obl K W3BJeYeHHIO KBaJpaTHOTO
KOPHS U3 OTPHUIATENbHBIX YHCEJT H HeOGXOAWMOCTH NpephiBaHUA
aJropuUTM™a.) ,

Beaencrsue cumMMmerpud MaTpulsl A HEOOXOXHMO 3aNOMHHATH
T0JbKO on (n+1), T. €. HEMHOro 6oJiblie MOJOBHHBI €€ 3J1E€MEHTOB,
4YTO AAaeT BaXKHYI0O 3KOHOMHIO MAlIHHHOW NMaMATH AAs 60JbLIHX
matpul. OgHako yToGH 3TOH 3KOHOMHEH BOCNOJNb30BAaThCS, O6GBIY-
HO TPeGYIOTCS OTHOCHTENBHO CJIOXKHblE HHAEKCHBIe CXeMBI, IPHBO-
Asuive K norepe speMenH. B pasn. 6 mMbl onpenenuaH neHTOYHbLE
MaTpuybl ¢ WHPHHOH NeHTH 2m-+1 KaK MaTpHUbl, AJs KOTOPBIX
a;;=0, ectu |i — j|>m. Hanpumep, ecnu m=1, To mupuHa neH-
THl paBHa TpeM H MaTpHLa HMeeT CAeNyHOMHH BHJ:

an Qe O
Qg Qg Qo3
Qo Q33 Qg

(23.6) ' .

. . .

. Ay, n-1

..O aul.n

Takne Matpuilbl Ha3bIBAIOTCA TaKXe TPUOUQALOHAALHOIMU,

ann -
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[ToHsiTHE JIeHTOYHO! MaTpuubl MOJE3HO TOJBKO TOTJa, KOrja
m 3HayHTeJbHO MeHblie n. CoOGCTBEHHO roBops, A06ass MaTpHna
ABJISAETCA JIEHTOYHOU ¢ Mm=n—1. (MaTpulsl cO CpPaBHHUTENBHO
MaJIbIM 4HCJIOM HYJEBBIX 3JEMEHTOB HA3bIBalOTCS MJIOTHBIMH Ma-
TpHLAMH B OTJIHYHE OT JEHTOUHBIX HJH peJIKHX MaTpull; CM.
pa3n. 6.) [lupuHa JeHTH 3aBUCHT OT YHOpPSAOYHBAHHS HEH3BecT-
"HBIX U ypaBHeHHHU B cucreme. Hanpumep, nepecranoBka BTOPOil U
TpeTbell CTPOK (ypaBHeHu#) B MaTpuue (23.6) yBenuyusaer LH-
PHHY JIEHTBI C TPeX A0 MSsTH.

Hcnonb3ys mnpeHMymectBo JEHTOYHOH CTPYKTYPBl MAaTPHIBI
NpH pellleHHH JUHelHOH# CHCTEeMBI, MOXKHO €9KOHOMHUTb KaK Bpems,
TaK H naMath. [laMsATe 3KOHOMHUTCs Garofaps TOMy, 4TO TOJBKO
HEHYJIEBYIO YaCTb MaTpuubl TpedyeTcss XpaHHTb B MalluHe. [[ns
storo tpebyercs (2m-+1)n siueek, BMecTo n? B ciaydae NOJIHOH
matpuibl. Takum o6pasoM, ecad m Menblue, yem (n— 1)/2, To
namath 3KoHoMHTcA. HeHysieBylo yacTp JIEHTOYHOH MaTpHIBl MO-
)KHO pPACMOJIOXKHTb B MaMsTH MalUUHbl B BHJE OOBIYHOrO MPSIMO-
yroJbHOr0 MacCHBa, noJjaras ’

(23.7) cij=as 4 i=1, .., n, j=—m ..., 0,..., m

Maccus C 3aiiver Torna (2m-+1)n syeek. (DJNEMEHTb C;; NpH
i+ j<0 uau i 4+ j>n He onpenejiéHb, HO BCE XE€ 33aHHMAIOT
sAyeidKH naMsaty.) Ins oueHb MaJIeHbKHX m MOXET OKa3aThbCs
yIOGHBEIM HCIOJB30BaTh BMecTo 3Toro 2m -+ 1 BekTOpoB. JleHTY
marpullet (23.6) MOXKHO 3aMOMHHTBL B Tpex BEKTOPaxX — Hanpu-
mep d, e u f— cjaefylomuM o6pasom:

er fi H
dy e [y . O
dy e; f3
(23.8) . o .
O . . fn-l
d, e,

KomnakTHOe XpaHeHHe MaTpHUbl He ObIO 6bl OueHb MOJIE3HBIM,
ecsid Obl OO0 He OCTABaJ10Ch TAKHM B Mpollecce PellleHHs] CHCTEMB
ypaBHenuil. K cyacrtbio, cnpaBennuBa cjelyrollas Teopema:

23.9) TeoPeMA. Ecau NeHTOYHAA MATPUYQ C WUPUHOL AeHTbL
2m+1 umeer LU-pasroxcenue, To L= (ly) u U= (u;;) ss-
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ASIOTCA TPEYSONbHbIMU NEHTOUHbIMI MATPUYAMU, T. €.
Ly #=0 ToNeKkO Ona i=j~m, ..., ],
w0 TOAM6KO 028 i=j, ..., j+ m.

HokasaTenbcTBO caeayer 3 TeopeMbl (9.2), Tak UTO MBI €ro
onyckaeM. Korna m=1, marpuust L u U uMeloT Bujg

o 0

Uy Up O

Uy Ugg
Uz Uy

O . Upetin

— unn -—

» B teopeme (23.9) mul mpennonaraem, yto LU-pasnoxenue cys
wecTByer. KoHeyHo, 3TO He Bcerja Tak, H, BO3MOXHO, NOTpe-
6yeTcsi u3MeHeHHe NMOpsfKa ypaBHeHUH (ynopsiouHBaHHE), YTOGHI
GHITb yBepeHHLIMH B CyLIeCTBOBaHHM H JOMyCTHMOH TOYHOCTH L
u U. IlepectaHoBKa ypaBHeHHH GYAeT O6GLIYHO yBEJIHUMBAThH LIU-
pHHY JIeHTBl, HO He 6Gonee, uem BaBoe. Martpuubt L u U Bce ewe
OYAYyT HMETb JIEHTOYHYIO CTPYKTYPy, HO € WIHPHHOH, OoJbllell M.

Jasi HEKOTOpHX JIEHTOYHBIX MaTpHI, BCTpeYalOUIHXCS Ha
fipaKTHKE, YMOpsAOUHBaHHE He HYyXHO. MaTpullbl, NOJyYeHHbIe
NpH KOHEYHO-PA3HOCTHOH annpokcHMaluuu AH(epeHuHa bHBIX
ypaBHeHHi, HanpuMep, 4acTO SBASAIOTCA HEPa3JOXKHMBIMH }CM.
onpegesenue (6.4)) u UMelOT AuaroHa/dbHOe mpeob6aagaHue (M.
onpeaenense (6.1)). MoxkHO moKasaTh, YTO yNOpAAOUUBAHHSA ANA
TaKHX MartpHi He Tpebyercs.

(23.10) YopawuenHe. [loka3aTb, 4TO ynopsiiouMBaHHe He ABJAAETCA -
06513aTeNbHBIM JN51 HEPa3JOXHMbIX MAaTPHHE C JUArOHa/b-
HpIM npeo6aaganueM. CM. Benapodd [8].

10 3ak. 48

-
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Hcnonb3oBanue jeHTOUHOH CcTPYKTYypol L u U 3KOHOMHT Tak-
ke U Bpemsi. Llenb rayccoBCKOrO HCKJ/IIOUEKHsI COCTOHT B COKpa-
LIEHMH YHC/Ma HEH3BECTHBIX B KaXXJOM YpaBHEHHM [0 Tex Iop,
NOKa ypaBHEHHUs MOXHC OyJeT pa3pellHTb HemocpeaCTBeHHO. [lais
JIEHTOYHBIX MAaTpHIl YHCJIO HEH3BECTHBIX B KaXKIOM YpaBHEHHH C
caMoOro HayaJla MaJo, H, C1eA0BaTeNbHO, CBeJeHHe K TPeyroJbHOH
topMme TpeGyeT MeHblue BpeMeHH. J[eHCTBHTENbHO, pa3joxeHHe
rpe6yeT TOJbKO mn? yMHOXKeHHil BMecTo n3/3 njs moJHOH MaTpH-
uel. Takum o6pasom, (100X 100)-maTpuna ¢ WHpUHOH JeHTH 11
TpeOyeT MeHee OJHOrO NpOlLEeHTa BpeMeHH, HeOOXOAMMOro A1s
nonHoit (100X 100)-maTpuusl,

[Tporpamma passnoxeHdsi MPOH3BOJIbHOH JEHTOYHOH MaTpHUILbI
(T. e. MaTpuubl, Y KOTOpOil IIHPWUHA JIEHTbl sBJsETCS [apa-
MeTpoM) BO MHOTOM TaKas ke, KaK H NporpaMma AJs NOJHOH
mMaTpuubl. OT/IHUHE COCTOUT TOJIBKO B OGJIACTH M3MeHeHUsi HHEeK-
cos. [leiictsutennbro, npoueaypa DECOMPOSE 6Gyner nns JeH-
TOYHBIX MAaTPHIl JAOCTATOYHO 3(P(EKTUBHOH, NOCKO/IBKY Mepen
BHYTPEHHHM LHUKJOM MPOBOXHTCS NMPOBEPKA HA DPABEHCTBO COMHO-
xuresneil nyaw. Ho ona He Gyner cronb s¢dekTHBHa, Kak mpo-
rpaMMa, KOTOpas «3HaeT Hanepea», HTo COMHOKHTEN BHE JIeHTHI
JOJ/IKHBEL ObITh HYJsIMH,

[Tporpamma xe Ge3 ylnmopsiiouMBaHHs, HalHcaHHas AJasa (QHK-
CHPOBAHHO JIEHTBl HeGOJIbIIOH WHPHHB — TPHU WJH NATh, HANpPH-
Mep, — ABJISIETCST ype3BbluaitHo npocrtoil. [lis JieHTHl MWHPHHBI
TPH, 3/1€MEHThl KOTOPO# XpaHATCsA B COOTBETCTBHH ¢ (23.8), asro-
pPHTM HMeeT BHA:

u i=ey
for i:=2 step 1 until n do
(23.11) begin m; :=d;[u;_y;
upi=e;—my X fig;
end.

Matpuust L u U npu 3TOM TaKOBHI:

- 0

mso 1
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K20 ' O_
Uy fo
Uy [

O fn-l

u, |
[MocaenoBatenbroe pewerue cucrembnl Ax=LUx=>b Takxe OueHb
npocto, Mmeem

X = bl;
for i:=2 step 1 until n do

(23.12)
X i=b;—my X X3}

Xp o= Xpllin;
fori:=n—1 step —1 until 1 do
xy i=0—fr X X0y

Aaroputmom (23.11) cneayer, ogHaKo, nMONb30BATHCSA C OCTOPOXK-
HOCTBIO, MOCKOJIKY B HEM OTCyTCTBYeT ynopsinounBaHue. (Heko-
TOpBIE #; MOTYT GBITH HYJSIMH.)

H3-3a HeGonbuioro uncsaa apudmMeTHUecKHX OmMepanHil mpu pe-
IIEHUH CHCTEMbl ypaBHEHHH C JeHTOYHOH MaTpHuel OOBIUHO He
Tpe6yeTcst MCIOJAb30BaHUSI HTEPALHMOHHOTO YTOUHEeHHs. B 3Tom
clyyae MOXKHO CIKOHOMHTb NaMsTh, TaK KaK He HYXHO XpaHHTb
matpuuy A. B aaropurme (23.11) maccHBbl M U % MOXHO IpO-
CTO pacmosiaraTh Ha mecte d H e.

Ecnn npousBoauTcss ynopsigouMBaHHe, TO NPH VABOEHHH LIH-
PUHBI JIEHTH yXKe ToJbKo MaTtpuua U moTpe6GyeT cTONBLKO e na-
MATH, CKONbKO 3aHHMaeT Matpuua A. B atom cnyuae au6o moa-
JKHa OBITh NpEAyCMOTpPeHa AOMOJNHHTeNbHAS MaMATh Aas L, nu6o
ApaBble zacm HY)KHO 006pa6GaThiBaTh OJHOBPEMEHHO H He 3ano-
mMuHaTb L.

(23.13) Vmpaxueuue.  Hanucars  nporpammni  CHOLESKY
DECOMPOSE (n,A,G) w CHOLESKY SOLVE (n,G,
b, x) Baamed DECOMPOSE u SOLVE pas nonoxuresn-
HO onpejeseHHBIX MaTpuu. 3ametuM, uto IMPROVE ne
TpebyeT H3MeHeHHH.

10¥
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(23.14)

(23.15)

(23.16)

YnpaxHenue. JloKa3aTh, 4TO CHUMMETpHUUHbIE HEDPA3JOXH-
Mble MaTpHIbl C gUaroHajdbHbIM npeo6nanaimeM H TI0N0-
JKUTeJNbHBIMH JHAroHaJbHbBIMH 3/1eMeHTaMU SBJAAKTCA MO-
JIOKHTEJNbHO ONpeAeNeHHbIMH.

Yneaxuenue. [lokasaTh, YTO NpH HCIONb3OBAHHH rayc-
COBCKOTO HCKJ/IOYEHHS AJS NOJIOXKHTEeNbHO OnpeJeseHHbIX
MaTpHIl yNopsAAoYHBaHHE He HeoO6XOAHMO.

VYnpaxuenue. Hanucars nporpammy BAND (n,m, G, b, x)
LJIS PEUIeHUS CHCTEMbl Ax = b ¢ TpPOH3BOJbLHOH JEHTOU-
Holl matpHueil, xpaHsielcs B cooTBeTcTBuu ¢ (23.7). Hec-
noNb30BaTh YNOPsAOYMBaHHE 6e3 3aNOMHUHAHHS 3JeMeH-
toB L. He nonb3oBaTbcsl HUKAKHMH MacCHBaMH [aMATH,
KpoMe npefycMOTpeHHbIX MapaMeTpaMH.



24, WTEPALLMOHHBIE METOAbI PELLEHHA
NMHEAHBIX CHCTEM ‘ :

Korga npaktuueckue cuteMbl JUHEHHBIX ypaBHeHHH HMelOT
OueHb GOJBLIOH MOPANOK, WX MaTPHUB, KK NpaBHNo, ObBAIOT
peaxumu, Hanpumep, pewenne 3anauu [dupuxsie aas ypaBHEHHA
Jlannaca B YaCTHBIX NPOM3BOAHBIX MOXHO aNNpPOKCHMMPOBATH
KOHEYHO-Pa3HOCTHbIMH ypaBHEHHSAMH Ha CeTKe C YHCJOM Y3JOB,
paBubiM 5000. CootBercTBytolasi Matpuua uMeer topspox 5000
H, CJIe10BaTeabHO, cofepxkuT 25 000 000 sanementoB, OfHaKoO TO/b-
KO0-0K0/10 25000 M3 HHX OTJHYHKEL OT Hyas. Jlaxe 3TH 25000 Heiiy-
JIEBBLIX 3JCMEHTOB HET HeOOXOAUMOCTH XPaHHUTb, TAK Kak HX 3Ha-
YeHHsl M3BECTHBI HENMOCPEJACTBEHHO U3 FeOMEeTPHH PA3HOCTHOH CeT-
Ku. I/ TakHX MaTpHl MeToj HcKilouenus 'aycca KpaiiHe Heyao-
6eH, NOCKONbKY OH MHOTHE M3 HYJEeBbIX 3JE€MEHTOB NepeBOJAHT B
HeHyJeBble, Bonee Toro, oH nepeBOAMT MPOCTble HEHYJEBHE 3Je-
MEHTH B. CJIOXKHBIE, KOTOpble nO/MKHBl 3anoMuHatbcst, TakaMm 06-
pasoMm, B IpUBEICHHOM BhIlle NpHMepe MaTeMaTHK, HCHo/Nb3YIOIHUH
METOoJ UCKJIOUYEeHUS Faycca, JOJKEH MPUMHPHUTBCA C XpPaHEHHEM
6onee yeM 100 000 MaTPUYHBIX 31EMEHTOB,

B npoTHBONOJ0XKHOCTb F'aYCCOBCKOMY HCKJIIOUEHHIO CYLLECTBYET
pAl METOAOB pelieHust JHHEHHbIX cucTem Ax=b, KoTopble Hc-
NOJb3YIOT TOMBKO UCXOAHYIO MaTpuuy A. DTH METOAbl COCTOST U3
OTHOCHTEJILHO NIPOCTEIX aJrOPHTMOB 114 npeoépamsanm HeKOoTO-
poro Bektopa x®) B apyroii Bekrop x*+), 3aBucsamuit or x®), A
1 b. (B HexOTOpBIX HTEPALMOHHHX npoueccax x*+) Moxer 3aBu-
ceth OT Apyrux BekropoB x*=7 npu r>0, HO Mbl 3Jech HE paccMa-
TpUBaeM TaKylo BO3MOXHOCTb.) IlogpoGHoe H3J0XKeHHe HTepa-
IHOHHBIX METOJOB COCTABJISET OCHOBHOE COAEP K aHue MHOT'HX KHHUT,
H Mbi MOXEM JaTb 3/iecb TOJbKO HX KPaTKYIO XapaKTepHCTHKY.

Yro6ul AaTh YUTaTeN0 NpeAcTaBieHHE OO .ypaBHEHHSX, A1
KOTOPbIX MCNOJ/Ib3YyeTCss HTepalHOHHAs TeXHUKa, MBI ONMIleM 3a-
jpauy ¢ gupdepeHHaJbHbIMY YPABHEHUSIMH B YaCTHHIX NPOHU3BOA-
HbIX, 2 3aT€M 3aMEHHUM 3Ty 3a1auy NPOCTOH KOHEYHO-pa3HOCTHOH
cxeMmoi. [ns yurarens He 06A3aTeNIbHO 3HATh OCHOBH TEOPUH
aubdepeHHanbHbX ypaBHeHH B YACTHBIX NMPOM3BOJHbIX.

ITo 5tomy Bompocy ropa3no GoJblle HanHcawo y BasoBa H
dopcaiira [40]. :

ycrb R — OTKPHITHI NPSMOYTOJbHHK CO CTOPDOHAMH JAJH-
Hb 4 ¥ 3,
R={(x, y): 0<x<4 u 0<y<3}.

[Tycte R — 3aMKHYTHIH NPAMOYTOJIbHUK, SBJISIOIMACA 3aMbiKa-
HHeM R,
R={(x, y) 0<x<4n 0Ly<3}
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[Tycre B o3Hayaer rpanuny R, 3a HCKIIO4eHHEM YeThIPEX YIVIOB.
Mu paccmatpuBaem B kak oGbeauHeHHe AByX MHOxects I H S.
3aecy T o3HauaeT BEpPXHIO CTOPOHY NpPsMOYrofbHHKa, a S —
pcTanbHble, cM. puc, (24.3). Torna

T={x y: 0<x<4u y=3},
S={x, y): 0<x<4muy=0,
. i x=0 n 0<y<s,
Wil x =4 u 0<y<3}
B=TUS.
3ajaua COCTOHT B OTHICKaHMH QyHKuMH u=u(x, y), onpeneneHHol
Ha R u Takof, 4to ‘

0%u |, 0%
(24.1) W+Fy—’=0 Ha R,

C TpaHHYHBIMH yCJIOBHAMH

(24.2) u=1 mnaT,
. u=0 wua S.
y
’ i
] Ty
(24.3)
0 // / 0
7 /\ ,
\g~ 0 . s/

3anaya (24.1, 24.2) nasviBaercs 3apaueii dupuxae aas aud-
¢deperuuanbioro ypasheHus Jlamnaca, Pacnpenpesnenue Ttenna —
HauboJslee yacThlii HCTOYHUK TakuX 3afauy. [Tyctb R npeacrasiasier
co60oli nonepeyHoe ceyeHue oueHb AJMHHOTO OAHOPOAHOTO MeTaJl-
JIM4ECKOTO CTep:KAsl, U NyCTh CTEPXKeHb nMeerT Temnepatypy 1° ua
Bcelt MoBepXHOCTH, coorBercTBytoumleii T, u temnepatypy 0° Ha
BCell MoBepXHOCTH, cooTBeTcTByMoWeH S. Torga ycraHoBuUBLIeeCs
pacnpenesenHe temneparyphl BHYTPH CTepXKESA OyleT yIOBJIETBO-
pATh cUCTEMe ypaBHeHuil (24.1, 24.2).

CymectByer MHOrO myTeil MPUGJIHIXEHHOTO peIIeHHs 3a1ayuH
tuna (24.1, 24.2). Tak HasniBaeMbiii MeTO0 KOHEYHbIX PA3HOCTEl
NPHHANIEKHUT K YHC/Iy IIMPOKO NPHMEHHMBIX MeTox0B. MB Mo-

A
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eM pacCMaTpHBaTh €ro Kak HEKOTOpOe KOHeuHoe MpubJukeHHe
HCXOJHOM 3aaun. MeTox MOXKHO peann3oBaTh CjeaylomwHM 06pa-
som. Ilycte N — nonoxurenpHoe menoe uucsio, U nycts h=1/N.
Chauana Mbl 3aMeHsseM R MpsiMOYrolbHbBIM MaccHBoM Ry, co-
crosmuM u3 (3N —1) (4N — 1) Touexk:

R,,={(—‘,;7, L)ei=1, 2., aN=1nj=1,2 ..., 31v—1}..

Ananoruyuo zamensieM T auHeHHHIM MaccusBoM u3 4N — | touex:

r={(4,3): i=1, 2., -1}
IMyctp Taxkxe Sh O3HauaeT MHOXecTBO Bcex Touek (i/N, j/N},
nexamux B S. [Tonoxum Ry=RpUTrUSr Cwm puc. (24.4) nas

N=1, )
y + ) + + .
0 . . . 0
©24.4) o . . . 0
0 0 0- x
N=1

+ — ToukH Tp; » —TOYKH Rp; 0~ TOuKH Sp.

Tenepb HewsBectHast GyHKuMs u, onpefeneHnast #a R, 3ame-
HseTcs HeH3BECTHOM yHKuuel v, onpegeseHHod Ha KOHEYHOM TO-
yeuyHOM MHoXecTBe Ry uddepeHunanbHoe ypaBHeHHe B yacr-
HBIX MPOU3BOAHBIX (24.1) 3ameHsteTcs CHCTeMOH aare6pauyecKHx
ypaBHeHHH

v(ix—h, y)—20(x Y)+o(x+h y
h2

+
+ v (x, y—h)—2v(hx2, y)+o(x, y+h) =0

ANs Kaxpoh TOuRu (X,y) u3 Rh OTu pasjeNeHHble PasHOCTH
OT/IMYHO annpoKCHMuPYyOT 020/0x%, d%v[dy? coOTBETCTBEHHO ANA
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J1060i riaakoil dyHkuuu v (x, y), onpenenentoi scioay B R. I'pa-
HUYHble ycIoBHS (24.2) MOKHO 3aMEHHTb yc/10BHsIMH U=1 Ha Ty
u v=0 Ha Sh.

Taxum o6pasom, 3anauya (24.1, 24.2) ¢ puddepenuuasbHbIMA
ypaBHEHUSIMM B YaCTHBIX NPOM3BOAHBIX NMEPEXOAHT AJIs KaXKJOro
nesoro N B ciepyoulyio ajare6panyeckyio 3ajauy: HailTu v, onpe-
IeNeHHoe Ha R, W Takoe, 4TO

(24.5) 4v(x, y)—v(x, y+h)—v(x—h, y)—v(x, y—h)—
’ —v(x+h, y)=0 ansa kaxgoro (x, y) B R,
npu |

" (24.6) v(x, yy=1mna T, u v(x, y) =0 Ha S,

CoBpeMeHHbBlE BBIYMCIHTENbHBIE MalIHHbBl MO3BOJSIOT JIETKO
OnepHpoBaTh ¢ ceTkaMu, uMenolMu cabime 15000 Touek. Caemo+
BatenbHo, nomaras (3N-1) (4N+1) npuGIM3HTENbHO pPaBHBIM
15000, mbl MOxkeM pewath cucremy (24.5, 24.6) ¢ N=34. 3ame-
THM, YTO B 3TOH cHcTeMe HMeercs n= (3N — 1) (4N — 1) neusse-
CTHbIX 3HaueHu#t ¢ynxkuuu. Takum oO6pa3om, COOTBETCTBYyOLLas
cucreMe (24.5, 24.6) Marpula MMeeT NMOPSAOK N M, CJAEIOBATENb-
Ho, umeer n?= (3N — 1)2(4N — 1)2=>=144N* snementoB. OpmHako
B KaXAO# CTpoKe MaTpHiubl He GoJsee 5 3JeMEeHTOB OTJIHYHBI OT
Hyss. TakuM o6pa3oM, IVIOTHOCTh MaTPUIbl PaBHa NMPHGIU3UTEN b=
Ho 5/(12N?). '

s unnocrpannd HEKOTOPHIX acMeKTOB pelueHus Takofl cH-
cTeMbl onoXuM N=1, Tak yto R, COCTOMT M3 IUIECTH TOYEK, KaK
noKaszaHo Ha puc. (24.7), rge Takxe NpeaCTaBJeHbl COOTBETCT-
BYIOIIUMY TPAaHHYHBIMH 3HAUEHHSIMH NECATb ToUeK Tp U Sh.

e B R al EE T

|
|
|
0 v v, L2 0
. |
(24.7) :
0 Yy, Ug g 0
!
|
J
0 0 (] . x

3aHyMepoBaB WECTh HEM3BECTHbIX 3HAUEHHIl U, KaK MOKa3aHo Ha
puc, (24.7), Mbl MoXeM cuCTeMy ypaBHeHu# (24.5, 24.6) 3anucats
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cIeayioUuM 06pa3oM:

4v,— v, - Uy =1,

— v+ 40y — Ug — Us =1,

- Uy 4 403 - 06 = 1’

(24.8) - +4v,— vy =0,
- 02 - U4+4U5—‘ UG=O,

e 03' - 05 + 406 = 0.

Otmerum, uro 16 us 36 koadumenToB B ypaBHeHuax (24.8) pas-
Hbi Hya1o. Xora cucteMy (24.8) MOXKHO Jierko peliuTh pasaH4Hbi--
MH cnoco6aMH, B TOM 4HCJe MeTOAOM uCKJloueHHs ['aycca, M
MPOHLTIOCTPHPYEM NPHMEHEHHE HEKOTOPLIX UTEePaLHOHHBIX METOo-
JIOB, KOTOPHI€ MOTYT OBITb HCIOJb30BaHBl AT MHOT0 OOJbIIHMX
3HaueHuit N, A

(24.9) Ynpaxuenue. Jloxasath, uto cucrema (24.8) HUMeeT ejpuH-
CTBEHHOE pelleHHe. YKa3anue: NPEANOJOXKHM, 4TO Cylue-
CTBYIOT [IBA PA3JIMYHBIX pelUleHUss W H Y, U NyCTb 2=W — .
Torga z O6ymer yaoB/JeTBOPATL CHCTEME ypaBHEHHH THMa
(24.8) c uynesoit npasoii yacthio. [Tokasath, yTo U3 3TOrO
6yzer caegoBars 2=0. CM. ynpaxuenue (23.14).

Bo BCAKOM HTEpaNHOHHOM METOJEe MpPH PEIIEHHH CHCTEMB
(24.5, 24.6) HaymHAIOT C HEKOTOPOTO Pa3yMHOrO HJAHM yAOGHOroO
MHOXXecTBa 3HayeHuHd v; BosbMem 3HauyeHus v;=v3=0,400,
v2,=0,600, v,=veg=0,100, v5=0,300. Mmeem:

1 1 1

0 | 0,400 0,600 0,400
0| 0,100 0,300 0,100

0
0

0 0 0

Mbi Tenepb OnMHUILEM NMPOLECC, H3BECTHbIfI MO pa3HbIMHM Ha3Ba-
Husimu: merod laycca — 3eiddenn, merod Jlubmana unu merod
nocaedosarensroly cmewsenut. Tlpexpe Bcero saduxcupyem mo-
pAOK, B KOTOPOM MH GylAeM MEHATb KOMNOHEHTH v;. Bynem
3/leChb HCIO/Nb30BaTh MOPSNOK, B KOTOPOM MBl HX yXe 3aHyMepo-
BaJli: Uy, Vg, Ug, U4, Us, Ug. VI3MEHHM Tenepb U CaeAylouM o6pa-
30M: HCHOJIb3ysi HMEIOLHeCs 3HaYEHUs Vg, Us, U4, Us, Us H 3HaYe-
HHS Ha rpaHuue, nepecuuTsiBaeM 3uauenue vy=v (l,2) Tax, yro-
66l ypaBHeHHe (24.5) ymoBierBopasNoch B Touke (x,y)=(l,2).
To ecth Ha aTOH CcTafuu onpenejaseM HOBOE Uy Tak, 4TO

(24.10) 4o, —0—uv,—v,— 1 =0,
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rie U U v4 NPUHUMAIOT HAyaJbHbE 3HAYEHHS, 4 HMEHHO Up==
=0,600, v4=0,100. Paspemas (24.10) oruocutesbHO v, MOJY-
yaem .

(24.11) v :=(1+0+ 0,4+ 02)/4.

OTtMeruM, p[i1s ONpene/]eHHOCTH, 4YTO Mbl OyZeM BBLIYHCIAATD
(24.11) u aHasoruyHeie GOPMyJBl HHKE B CHCTEME C MJaBalouleil
3aNsTOH ¢ TpeMS JeCATHYHHIMU PaspsilaMH, NPOU3BOAS BhIUHC/IE-
HHs cheBa Hampaso. Torga bl monyuaem us (24.11), uto v) =
=0,425, u 3TUM 3HaueHHEM HeMeAJeHHO 3aMeHseM CTapoe 3Haue-
HHE U;.

AHajoruyHbBIM 06pa30M BBIYMC/IAEM Uz TaK, YTOOBl OHO YIO-
BJETBOPSANO ypaBHeHHIO (24.5) B Touke .(x, y) = (2, 2). Mu umeem

ve: =(1+ v, + v5+ v,)/4,

vy : = (1,00 + 0,425 + 0,300 + 0,400)/4 =
) = (1,43 + 0,300 + 0,400)/4 =
=(2,13)/4=
=0,533.

BhiyncieHusi TPOBOAUM C TIMATENbHBIM OKPYIVIEHHEM O TPexX 3Ha-
YallluX AECATHYHbIX pa3psigos. Jlanee, BoUHCAIEM

vi=(14+ v+ v+ 0)4=
= (1,00 + 0,533 + 0,100)/4 =
= 0,408;

v i=(0, +D+0+0v5)/d=
= (0,425 + 0,300)/4 =
=0,181;

Us : = (Vg + v+ 0+ vg)/4 =
= (0,533 + 0,181 + 0,100)/4 =
= 0,204,

06:=(03+ U5+0+0)/4=
= (0,408 4 0,204)/4 =
=0,153.

OTHM caMbiM 3aBepluaeTcs OJMH LMK/ HTepauHiH, B pesybs
TaTe KOTOPOro BCE U; MPHUHHMAIOT HOBble 3HaueHHs. CJoBO «ilo~
C/Ie[lOBATE/IbHBIA» B M0CJAe10BATE/bHBIX CMEIUEHHAX OTpaXkaer
TOT (PaKT, YTO KaxJoe v; 3aMelllaeTcl CBOMM HOBbIM 3HayeHHEM
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nepea TeM, Kak GyAeT BbiuMcJeHO cienyioliee vy Ilocae nepsoro
UHKJIA TOJyYyaeTcsl Takas KapTHHA:

1 1 1
00425 0533 0,408 |0
00,181 0204 0,153 [0

0 0 0

Hrepauuu npoponkamorcs TakKUM )e 06pa3oM /s HECKOJbs
KHX OUKA0B, Mbl npUBeJeM pesy/bTaThl KaxKAOTO IMMKJA:

1 1 1

00428 0510 0415 |0
0]0,158 0205 0,155 |0

0 0 0

11 1

00418 0513 0418 |0
0{ 0156 0206 0,i56 |0
0 0 0
1 1 1
00418 0513 0418 |0
00156 0206 0,156 | 0

0 0 0

3amerTuM, 4TO B YETBEPTOM UHK/IE 3HAUeHHs U; He MeHsotcsi. Cie-
JOBaTe/bHO, OHH He OYAyT H3MEHATbCS H JaJjiblle, H YHCAEHHHE
pe3y/abraTh CXOMATCA K NpeaeabHuiM 3HaueHdsiM. [lpu atom no-
CTHTaeMas TOYHOCTb ABJAETCA HaWdyyeH /s oobuHoll apudme-
THKH C MJIaBalolled 3amATOH C TPeMs NECATHYHBIMHM paspsiaMu.

HerpyaHo BHIeTh, 4TO Hall NPOLECC HMeeT XapaKTep ycpel-
HEHHS U OCTaB/AET KaXAYyl0 KOMNOHEHTY U; MEXAY HAaUOOAbLIUM
¥ HaHMEHbIIMM HayaJibHbIMU 3HAYEHHAMH U; H TPaHHYHBLIMH 3Ha-
YEHHSIMH, 3a HCKJIOYEHHEM BO3MOXHbBIX HeboaLUX 3hdeKToB
okpyraenus. OTCIOfa cAeayer, YTO CYIIECTBYeT TOMbKO KOHEYHOe
YHCIO0 BEKTOPOB U, NOCTHXHMLIX B NaHHOM HTEPANHOHHOM NpO-
uecce. [ToaToMy nocnenoBateqbHOCTh 3HaY€HHH BEKTOpa U mocje
pAla HTEPALMOHHLIX LMKJ/IOB AO/MKHA, OYEBHAHO, JIHGO AOCTHraTh
onpeeseHHOro (PUKCHPOBAHHOIO 3HAUeHHs (KaK B NpHBeJEHHOM
Bbille TpHMepe), 160 BXOAHTL B NEPHORHYECKHII pEXHM, B KOTO-
pPOM BEKTOPHI MOBTOPSIOTCS MOCAe (HKCHPOBAHHOTO YHCJAa UHK~
aoB. Mpl 3HaeM, 4TO BO3MOXKHO /MI000e H3 JBYX OKOHUAHYH
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HTEPaLHOHHOTO npouecca, HO y Hac HeT CBeJEeHHH o ToM, KaKoe
H3 HHX BCTpeHaeTCA 4Jaiue.

(24.12) YnpaxHenuE., Pewutsb Ty e 3afauy B apHdMeTHKe ¢ nja-
Balollell 3anAToll ¢ TpeMsi JeCATHYHBIMH pa3psjaMu MpH
HayaJlbHOM BEKTOpe U;=Us=U3=04=05=0g=0. [loxa-
3aTh, 4TO B CeJbMOM HLHKJIE TMOJYYaercss TOT e CaMblif
peayJbrar.

Tor ¢daxkr, yTo B HameM cayyae HTEepandH COLWIHCh K GHKCH-
POBAaHHOMY NpeaeJbHOMY BEKTOpY, He JOJKEH CO3JaBaTth y Hac
YBEPEHHOCTb, UTO Mpejes sSB/sETCS B TOYHOCTH OKDYIVIEHHBIM pe-
menvieM 3anaud (24.8). OmmOKH OKpyl/eBMs MOXHO OLEHUTD,
noJb3ysch METOAHKOH pasa. 22 u 23, HO Mbl NOCTYNHUM HHaye.

HeHnckyuenuslii B UHCIeHHOM aHa/JU3€ YATATeNb MOXKET Npej-
NOJIOXHUTb, YTO OWIMGKA OKPYIVIEHHs NpPOSIBUTCA caMoe OGosbllee
B OJHOM equHune nocaenHero paspsaa. OQHako TOYHOE OKPYIJIeH-
HOe pellieHHe HalleH 3ajayu c MATHIO AECATHYHBIMH pas3psjamH
HMEeT BHJ '

. 1 -1 1

0 | 0,41615 0,50932 041615 | 0
0] 0,15528 0,20197 0,15528 | 0

0 0 0

3aMerum, uTo HauboJbllasi oLIMGKA MpeAeNbHOrO BEKTOpa ¢
TpeMs JAECATHYHBIMH paspsfamu ects 0,00368, uTo paBHO mMOYTH
ueThHIpeM eJHHHIAM B NOCJAeJHEM necaiTHYHOM paspsazge. Kak u B
Merone uckmiouenus [aycca, ownbka B apudmeTnke ¢ TpeMsa Ae-
CATHYHBLIMH paspsilaMH MOXeT GbiTh CUJILHO yMEHblIeHa 3a cyeT
BBIMOJIHEHNS OCHOBHLIX onepauuit B yncaureasx Gopmyas (24.11)
U aHaJIOTHYHBIX MOcJeaylolux GopMyJ ¢ HaKonJleHueM ¢ JBOHHOM
TOYHOCTBIO C NOCJAEAYIOMIUM OKPYIVIeHHEM pe3ysbTara fAe/eHHs Ha
YeTelpe B YUCJO C JABOHHOH TOYHOCTBIO.

Ec/u 6bt 9T0 npojesnath, HauHHas ¢ NOCJAeAHEH CTagHuu MpPeabl-
JYIIHX BBIYMC/EHHH, Mbl NOAYy4YyHJIH OBl CXOAMMOCTh K '

1 1 1

010417 0510 0,417 |0
00156 0206 0,156 |0

0 ¢ 0

3a OJHY AOMOJHHTEJbHYI0 Hrepauuio. OTMETHM, 4TO MaKCHMab-
Has owmn6Kka tenepb pasHa 0,00103, yTo cocraBnsieT MeHee TperH
MaKCHMaJbHOH OWKOKH 6e3 HAKOMIEeHHs ¢ ABOHHOH TOYHOCTBIO.



24. Hrtepayuonrole metolbr peuwlenus AuHelHblx CUCTeM 149

[Tonubill aHau3 MI0GOr0 HTEPaMOHHOrO Mpouecca NpH HadM-
YHM OKDYIVIEHHH YPE3BBIYaMHO TPYAEH U PEAKO MDPOJAENbIBAETCH.
MHoro Jnerue u3yyeHHe TOTO K€ HTepailHOHHOrO Inpouecca MpH
TOYHBIX BBIYMCJEHHAX 0e3 KaKHX-au6o OKpyIieHHi. IJTO Jaaer
OUeHb MOME3HYI0 MaTeMaTHYECKYI0 MOJe/b MOBEACHHSA PEaNbHOrO
HTEPaLMOHHOTO NpoNecca NPH HalHYHH OKDPYIVIEHHsi, MOAEJb, KO-
TOpasi B HEKOTOPOM CMbiC/Je SIBISETCS OTJIMYHbIM HHIMKAaTOPOM
(bakTHyecKoro noBeaeHUst HTepaUHil C OKPYIVIEHHSIMH 10 Tex Mop,
MoKa OMHGKAa HaXOAWTCS Ha YPOBHE «UIYMOB» OKPYIJICHHH.

[Tpu oTCyTCTBHH OKPYIVIEHHH OMHMCHIBAEMBI HAMH HTepanUOH-
HBIl mpomecc MOpPOXkKaaeT GECKOHEYHYIO MOC/Aed0BaTeNbHOCTD
(06GbIYHO) MEHSIOIMXCST € KaMJAblM 11aroM BeKTOPOB, KOTOpbie
Mbl 0603Hayum v©, v ., . o® vk Mpl XOTHUM HCCHAENO-
BaThb yCJIOBHsI, npH KoTopbix {v®} sBasercs cXopsulefics mocne-
JI0BAaTEbHOCTHIO BEKTOPOB,

[MoyuyurenpsHo onucaTh MTepaUHOHHBII npouecc B 0603Haye-
HHAX cHCTeMBbl ypaBhenuit (24.8). [Tycts v® =(vf?, ..., v®)ects
pe3yabrat R-ro .LHKJIa HTepalHOHHOTO NMpouecca. Yurarenrbp Mo-
XKeT JIerko noxasartb, 4to Bekrop v+ ynoenerBopsier cucreme
ypaBHeHHH

B+l) gk — plk =
4yt — y® v =1,

(! k — p
— oD 4 dofft) — o o -1,
- vge-n-l) + 40gz+l) —_ v((ik) =1,

(24.13)
* — ple+t k+l) - (R
4 ) +4U£*) Ug) =0,
- U{,’”” . — vsk+1) + 4v§k+]) — v%k) =0,
— (Hl) - k+l) 4. 4pp(k+] =

o v+ + 4o 0.

BaxHo 3aMeTHTb, YyTO BCe KOMNOHEHTHl U, COOTBETCTBYIOLIHE Ma-
TPUYHBIM 3/MeMeHTaM, JeXalluM Ha IJaBHOH AHaroHamd W HHXE,
HMEIOT MHJEKC k41, Toria Kak KOMIOHEHTbHl, COOTBETCTBYIOLIHE
3/IeMEHTaM Bhillle IVIaBHOW AMAroHa/d, HMelOT HHAeKC R. ITO OT-
‘paxaer TOT (akT, YTO Ka)kaas KOMMNOHEHTa U; 3aMeHseTCst BO
BCEX MOCJEAYIOIHX BHIYHC/ICHHSIX €e HOBLIM 3HAYeHHEM.

Mu Tenepp Bblpasum (24.13) B martpuusofi dopwme, KoTopas
nonyckaeT o6o0lIeHHe Ha Jo0y0 CHCTeMy JHHEHHHIX ypaBHEHHH.
O6o3nauum uepes A marpuuy kosdduuuentos B (24.13). Ilycrp
matpuua A Belpaxkaercs Kak cyMma asyx marpun F u G. 31ech
-F ecTh HUXKHASL Tpeyrosbnas MaTpula, COCTOAINAs M3 JJIEeMeH-
TOB A, JeXallux Ha IJIaBHOH AMaroHajM M HHXE, W C HYJsMH,
pacloJOXKEHHBIMH Bbille Iv1aBHOH AuaroHanu, a G — BepxHsd
TpeyroJbHas MaTpuia ¢ HYJIAMH Ha IVIaBHOH JUaroHalH H HuXKe
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H C 3JeMeHTaMH MaTpuubl A Bblule rviaBHOH AuaroHanu. Taxum
o6pasom,

(24.14) A=F +G.

O603Hauum npasyio yacTh (24.13) uepes b. Torpa cucrema (24.8)
MoKeT GbITb 3alMCaHa Kak cucreMa ypaBHeHuil Av=>b, a urepa-
UHOHHBIHA mpouecc (24.13) MoxkHO 3anHcaTh B BHJAE

(24.15) . Fo®) 4 Go® = p.

Onsa uccaepoBaHus cxogumoctu v® pomyctuM, uto e® ectb
owubra v Kak pelieHns ypaBHeHus (24.13):

e® =% —v, rae v=A"0.

Boiuutas (24.15) us troxaectBa Fv+Gu=>0, MBl BuguM, 4TO

(24.16) Fe*V 4 Ge® =0,

Ecnu HM ONMH QHaTOHAMbHBI 3JIEMEHT @;; Maipunsl A He paBeH
HyJ10, TO Matpuna F HEBHIPOXKACHHAA, U MBI MOXEM ONpEeAeNTHTD
HOByio matpuuny H=—F-1G. Tornga u3 (24.16) umeem

(24.17) e = fre®,

Haxkonen, npumenss (24.17), Mbi MOXeM MO HHAYKIHMH NOKa3aThb
OKOHYATENbHEIH pe3yabrat

(24.18) e® — H%e® ."

Mbl 3akaoyaeM, uto AJs gaHHoro v® Bektop e® cTpemurcsa K
0 npu k— oo Torga U ToMbKO TOraa, Korna H*e® — 0 npu k& — oo,
rae eO=v©®— A-p, Tak xak Bexktop A~!'b He u3BecTeH, TO He-
NpakTHYHO NpOBepsitTh, Oyner au H*e® 0 pns KauwHOrO Bek-
topa e,

Bosee monesen caeayromuii obuiuii pesyabrar:

(24.19) Teorema. [Tycte A — marpuya ¢ HeHysesbimu FUACOHANL-
HolMu InemeHTaMu ay;. I[IpeOnososcum, 4To 8 urepayuoH-
HOM MeToOe nocaedosaTesbHblx CMeLjerull Mol 8Ce 8bI4UC-
senus npodeavisaem touro. Toeda v® — A~'b npu k— oo’
0aa a106020 HawarbHo2o sektopa VO TO020Q U TOALKO
10204, K02da Hrw — @ npu k— oo dasa 2106020 sexTopa w.

Mu  HanOMHHM YHTareql0 BaXHYI0O TeOpeMy H3 TEOpHH
MaTpuu;
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(24.20) Teorema. Ecau H ecrs (nXn)-marpuya, ro Hrx—0 npu
k— 00 Oaa awboeo sexropa x TO020@ U TOALKO TO20A,
Ko2da Kascdoe cobcTeernoe 3Ha4eHue ) marpuyet H no
Moldyawo meroule 1.

3a [0Ka3aTeJbCTBOM 3TOH TEOPEMHl YHUTATEJf . MOXKHO OTO-
cnartb, Hanpumep, K BasoBy u Popcaiity [40]. OcnoBhas upes
COCTOMT B TOM, YTO C MOMOILBIO NpeoGpas3oBaHHs Nopolusi ma-
Tpuny H MOXKHO npHBeCTH K OJNOYHO-JAHATOHAJbLHON MaTpHue
S-'HS (xaHoHuyeckas ¢opma Xopaaua aas marpuus H), xa-
JKABIH AMaroHadbHb GJOK KOTOPOH UMEET BH]

Ay 1 O

YV |
(24.21) o .
0 "
[Tocsie 3TOro HaJO TOMBKO JOKa3aThb TeOPeMY 1/ IIPOU3BOJBHOTO
6s0Ka Buja (24.21).

Hs (24.19) u (24.20) crenyer, uTo HEOGXOAUMBIM U JOCTATOY-
HBIM YCJIOBHEM CXOAMMOCTH METOJa MOCIEN0BATENbHBIX CMelleHN

fIBJIsIETCA TO, YTO BCe COGCTBEHHble 3HAueHUs Matpuunt —F-'G
JIOJIXKHB!I 6BITb MO MOAYJIO MeHblIe |.

(24.22) YnpaxueHHE. JloKa3aTh, 4TO AJs CXOAMMOCTH METOAA MO-
clieI0BaTe/IbHBIX CMeLleHHI HeOGXOAHMO H JAOCTATOYHO,
yT0OB! BCE KOPHH YpaBHEHHS

det(AF +G)=0

OblIK IO MOAYJIO MeHblie .

B 60/bIIMHCTBE MPAKTHYECKHX CIyyaeB HH OJHO M3 3THX ABYX
NOCJAEHUX YCJHOBUH HENb3A JIETKO NPOBEPHTb M- AJs1 OOLIMX Ma-
TPHI TPYAHO PEUINTb, GYAET 1 METOJ NMOC/e0BATENbHBIX CMeLle-
HHH CXOJHTLCH.

Haa matpuum A B (24.8) uau aHaJOrMYHON MAaTpUUBl NpH
npousBojbHOM N MeToJ NOC/ef0BaTeNbHbIX CMELIeHH neidcTBH-
TeNbHO CXOAMTCS. JlOKa3aTb 3TO MOXHO DPAas/HYHbIMH NYyTSMH.
MoXHO MCHONb30BaTh OGLLYI0O TEOpeMY, yCTAHABJIMBAWILYIO CXO-
IUMOCTb BCAKHE pas, Korfa A — NMOJOXHTENbHO Onpefe/eHHas
cuMMerpuyHas -MaTpuna (cM. Basos u @opcaiir [40]). B apyrux
c/lyyasix HCTIOJb3yeTcsl TeopeMa, yTBepKAaiollasi CXOAUMOCTb /ISt
M060i HepasnoXKHMMOii MaTpulkl A € HMaroHalbHBIM npeobaa-
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nanveM (cm. (6.1) u (6.4) nns onpeleneHus 3TUX NOHATHH H
cpaBHu ¢ ynpasxHenuem (23.10)). Mbl He GyneM npuBoAHTbL 31eCh
Hu olHO u3 nokasatenbcTB. (Cm. Takxke Bapra [7].) M3 (24.18)
BbITEKaeT W JApyroe caeiactBHe, IIpeAnosoXum, Adsi NPOCTOTHI
npuMepa, uto H uMeeT eMHCTBEHHOE MAaKCHMAaJbHOE MO MOAYJI0
co6CTBEHHOE 3HaYeHUE A; C COOTBETCTBYIOIUNM COOCTBEHHBLIM BEK-
TOPOM @, TaKoe, 4TO

Hw = Mw.
Torpa HeTpyaHo nokasatb, 4TO
(24.23) e® = H*% ~ cAfw npu k— oo,

rie e — Hexotopas nocrosnHas, Bomee Touno, -
[e® = crtw] /] e®[|—>0 npu k> co.

O6Lyno ans Gomblux 3aaay |A;| 6AM3KO K | H CXOAMMOCTD
e®) K O sBasercs upe3BblyaiiHo MeaneHHoi. Hanpumep, npu
N — oo pasa 3apaun (24.5, 24.6) MOXKHO NOKa3aTb, 4TO

25m2 17
Mo~ 1=y = =5

M3-3a cn1aGoii CXOAUMOCTH METOAa NOCJAe0BaTeNbHbIX CMellle-
HUH NPOrpaMMHCT JOJIXKEH OOBbIYHO YAENATb BHHMaHHE <«yCKOpe-
Huio» cxoguMmocTH v®) K 0, OCHOBAHHOMY Ha YPaBHEHHSX THNA
(24.23). IlocTpoenre H HCHOJL30BAHHE METOAHKH YCKOPEHHs $IB-
JSIeTCA BaXKHBIM NPH HCIIONb30BaHUH HTEPAUlHOHHBIX METO0B. Mbi
31eCh He MOXeM BXOJAHTb B MOJPOOGHOCTH.

Ecnu naMsATh BbIYMCIMTENbHOM MalivHbl yCTpPOEHa Tak, uTo ()
XpaHUTCA B 3aOMHHAIOILEM YCTPOACTBE TOJNBKO CO CYHTHLIBAHUEM,
MOKeT OKasaTbesi Gosee YMOGHBIM MCIMONL30BAaTh 3HAUEHHS] ORHO-
ro ¢ukcupoBanHoro v*) Ha Bcex cTamusix BbluucAeHus v®+D, Ha-
IpHMEp, MOXET OKa3aTbCi YXOGHHIM XPaHHTb BCE -KOMIOHEHTH!
v(*) Ha MarHUTHOMH JIEHTE, CUHTHIBATb HX, BHIUHUCIASTbL BCe KOMIO-
HeHTbl v®+D) y3 ypaBHeHHus BUA

i=~1 n

(24.24) Za P+ a o+ 3 a0

jaT¥1 G

b

, (@=1,2,..., n)

M 3aHOCHTb HX Ha APYTYIO JIEHTY — BCE B OJAHH npuom 3ameTum,
yTo ypaBHeHus (24.24) ornuualorcsi oT ypaBHeHH# (24.13) Tew,
YTO BHEAMAroHaNbHEIe KOMIOHEHTH! v; B (24.24) cBasaHwl co cra-
pbiM BekTOopoM ), DTOT HTEpaNMOHHBIN Npolece, H3BECTHHIH KaK
mero0 00Ho8pementbLx cmewserud unu merod fAKobu, MOXKeT GHITH
Takxe 3anucad B Buge (24.15), rae noa F Mul Tenepb MO/KHBEI
NOHHMATb MaTpULy nHal‘OHaJIbeIX sneMentos A. C yuetoM usme-
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HeHHsl F MBI MOXeM cHOpPMYJHPOBATbL YCIOBHS CXOJHUMOCTH, aHa-
JoruuHble (24.20) n (24.22). CyiiecTBylOT HHTepeCHbIE TEOPEMbI
CpaBHEHHSl METOJIOB OJJHOBPEMEHHbIX H NOC/eJ0BATEIbHBIX CMelle-
Hai (cm. Bapra [7]).

HHorna cucreMbl ypaBHeHuin Tuna (24.8) npHG/IHXKEHHO pe-
IIAIOTCS C NOMOUIbIO 3JEKTPHYECKHX KOHTYDOB HJIM JPYTHX aHa-
JoroBuix ycrpoiicTB, Kak npaBuso, 5TH MeTOAbl TECHO CBsI3aHbI
¢ METOMOM OJHOBPEMEHHHIX CMEUIeHHH, TaK KaK 3/JeKTPHUecKHi
TOK TeyeT B OJHO H TO XXe BpeMsi O BCEH LeNH.

Bosee c10:XHBIM HTEpaLHOHHBIM METOJIOM SIBJSIETCS METOO No-
caedosarenvrol eepxned peaakcayuu (SOR). dto pasHoBuA-
HOCTb METOZa IIOC/TEJOBaTeNbHbIX CMEIleHHH, B KOTOpOH Kaxnas
KOMMOHEHTA U; MEHSIeTCs] NMOOYEpPEeaHO, HO He Ha BeJHYHHY Auvj,
Heo6X0UMYIO ISl TOrO, YTOObl TOYHO YAOBJETBOPANOCH i-€ ypaB-
HeHMe, a Ha w-Av; rae o (1<o0<?2) Buibupaercs Tak, 4TOOHI
CKOPOCTb aCHMNTOTHUECKOH cxoaumoctH v® npu k- oo Gblia
10 BO3MOXHOCTH Oosblie. ManoxeHue 3TOro MeToma, cxonsmie-
rocsi A1f cHCTeM ypaBHeHW# Tuna (24.8) mHOro GeicTpee MeTona
10ocTeloBaTEbHEIX CMellleHHH, MoXHo HaiitTy y BasoBa u Pop-
caiira [40]. -

Mbl ocoGeHHO moJauepKHBaeM TO, YTO GoJblllMe U peakHe
maTtpuubl A OOBIYHO He XpaHATCS B NAMATH MAaLIHHB KaK Mac-
cuB u3 n? snementoB. TpeGyercss XpaHUTb camoe GoJblliee HeHy-
JieBpie 3JeMeHTH A, a I/l NPOCTHIX OIePaTOPOB XpaHUTL BOOGILIE
HHYETO He HYXXHO, Jyullle BLIYHCAATH 3JEMEHTH MaTpHIbl O Mepe
Hajo6HocTH. YacTo HAaJ0 AeNnaTh HCKJIOUEHHE AJA 3JeMEHTOB A,
COOTBETCTBYIOIIHX TOUKAM CETKH BGJH3M I'DAHUIbLI O0GJAACTH HJH
Ha TPaHHLAaxX pasfena MexJAy Pas3JWuHbIMH cpejaMd. B ocHoB-
HoM Xe TpeGyeTcsi XpaHHTb BbIUHC/IsieMblii BeKTop x®, a uuoraa
TaKXe mpaBylo yacTb b. Bor nosToMy, XpaHs B maMSiTH TO/NBKO
OIMH BEKTOP X, MBI MOXEM CYUICCTBEHHO yMEHbUIHTb 06beM Na-
MSITH, HCTIONb3yeMOH B UTEPALMOHHBIX NpOLECccax.

11 éax. 48



25. HEJIMHEAHBIE CHCTEMbI
YPABHEHHiA

Hacto oka3blBaeTcsi HEOOXOAMMBIM DEILIMTh HENHHEHHYIO CH-
CTeMy anre06panyeckuX HJH. TPAHCUEHAEHTHBIX ypaBHeHHH. 3a-
nyileM Takue ypaBHEHHs] B BHJe

fl(xl’”-»xn)“—"o’
(25.1) A
fn(xh "jv xn)=0»

HJIH B BEKTODHOH ¢opme

[loka He cyllecTByeT NpoCTOil TeOpHH, KOTOpas Moraa Obl
HaM CKa3aTb, UMeeT su cuctema (25.1) pellieHue u siBsieTcs Ju
.OHO eAuHCTBeHHBIM. Ecin f; sBAsOTCS mMoJAMHOMAaMH OT Xj, TO
YaCTO MOXKHO J1aTh OLEHKY OOu1ero yucaa BEKTOPHBIX pellleHHit X
B KOMIIJIEKCHOM [POEKTHBHOM n-MEpPHOM MpPOCTPAHCTBe, a 3TO
HHOTJa NMOMOraeT Ham YOGeAHTbCS, UTO pElIEHHs MOJYyYeHbl BCe.

OnHako oOBIYHO Kaxk1asi HeJHHEHHAasi CHCTEMa JOJKHA pac-
cMaTpuBaTbCs KAaK CllennasbHasi 3ajava. 3ayactywo Tpebyercd
IpUeMJeMoe NepBoe Npub/HKEeHHe K pPemeHHIo, KOTOpoe 3aTeM
MoXeT OBbITb YJYUYlIeHO.

HMeloTcs nBa OOLIMX MeTOAA AJs1 peumieHHs cHCTeMbl (25.1):
MmeTon cnycka u Merox HbioToHa.

B meTomax crnycka cocTapJsieTcsl BEIleCTBEHHbIH GQYHKUHOHA,
KOTOpHIit o6pallaercs B HyJb Ha J1I000M pCLIEHHH U NOJOXKUTENeH
BO BCeX Apyrux cayyasx. OnuH Takoit GyHKUHOHAN MMeeT BHJ

(25.3) G@bnnxa=gthhunxJﬁ

Torpa pemenne (25.1) croauTCA K OTHICKAHHIO MHHHUMyMa ¢yHK-
uvoHana G U, B YaCTHOCTH, MHHUMYMa C HYJIEBHIM 3HAUYEHHEM.

Has munumudauuu ¢ynkuuoHana G(x)=G(xy,...,%,) no
METOLy Cnmycka CHauaja BbiOHpaercss (OOLIUHO B COOTBETCTBHH
C MCXO/JHOM 3ajayell) HayaJbHBIA BeKTOp Xx° 3aTeM HIIETCS Ha-
npasJienue d° Takoe, 4to G (x)— G (x°) < 0 A/Ma BEKTOPOB X BUAA
x4+ ad® ana HeGombuX 3HAaueHHA a>0. ORHUM M3 HaWUTyYUIHX
HanpaBJIeHHH fABJSETCA

d®= — grad G (x) B Touke x°,
-rac grad G(x) ectb BEKTOp _
(iﬁi iﬂl)r
Oxy ' °' " Oxy,
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Kak nokasuiBaioT Bbluucienusi, grad G(x) ecrb HanpasieHHe, B
koTopoM - G(x) yBenuuuBaercs HauGosnee Oblcrpo. Tak Kak
—grad G(x) ecTp HanpabJeHHe HauGbICTpeiiuero yGHBaHHS
G (x), TO NpepnOYTHTEJbHEH HUMEHHO B 3TOM HalpaBJeHUH NH-
TaThCsl CyllecTBeHHo yMenbltuth G (¥). O6Gpasuo roeops, Tpe-
Oyercsi KaK MOXKHO GbiCTpee CMyCTHTbCS Mo nosepxHocTH G (x),
4TOOB JOCTHTHYTh €e HHJ)KHeH TOYKH. B npuHUuMne npuMeHeHue
MeToja OyJeT yCHeUHbIM, JHIIb ecd Mbl HE HATOJNKHEMCS Ha Jo-
KaJlbHbIH MHHEMYM G(X), 3HaueHHe KOTOPOrO HE PABHO HYJIO.
[IpaKTHUeCKH CNYCK OKa3bIBAETCS YacTO OUEHb MeJJeHHbIM JaXKe
NpH OTCYTCTBHH HeHyJeBbIX MHHUMyMOB. UToGb! MOHSTH TPYIA-
HOCTH 1JIs1 Cayyasi n=2, 1Ipe/iICTaBbTe, YTO BB 3aCTPS/IM B TyMaHe
rje-T0 Ha MOYTH TJVIOCKOM yyacTKe OyeHb Y3KOH JOJTMHBI MEXIy
JIBYMSI KPYTbIMH CKJIOHaMH M NbITaeTeCb AOCTHTHYTb HHXXHEH Toy-™"
KH noiuHbl. ['ne 6Bl BBl HH GayxKjJagau, Bbl GyaeTe HelmpepbiBHO
HAaTHIKaTbCl Ha CKJOHBI, MOYTH He MPOJABHTafACh K ueld. TpyA-
HOCTH NMOYTH HEOTPaHHYEHHO BO3PACTAIOT, €C/IM 3HAYEHHE N CyIIle-
CTBEHHO Gosblile ABYX. TakuM o6pasoM, B 3THX NpobJeMax B«
JSIeTCsl BaX{HBIM BHIOOD yCKOpPEHHSI MeToja.

WHorpa xapaktep G(x) Takos, uTo Buiuucautb grad G(x)
OueHb TPyAHO, B Takux cayyasix nmpOM3BOJIHBIE YAacTO MOXKHO amn-
NPOKCHMHPOBATb KOHEUHO-DA3HOCTHBIMHM BbipaxeHusmu. Hanpu-
mep, aiai:i B TOYKE X0 MOXHO annpoKCHMHPOBATb BLIpaXKeHHEM

[G (x°+ he;) — G (x°— he;)]/2h,

Tae e; ecThb i-# elMHHYHbIH BeKTOp. Toraa n pa3HoCTHHIX BbIpaXxKe-
Hull MOTyT ObIThb COBMECTHO HCMOJb30BAaHBI I/ ANMNPOKCHMAUUHU -
BekTopa rpaamenta grad G(x). Takum o6pasoM, 2n 3HaueHuit
G(¥) moryT jaath mpueMJeMoe NpuUGAMKEHHE AJs TPaJHEeHTa,

Ecnu Boiuncnenne G(x) c/10XKHO, MOXKHO HCNONB30BAaTb 3HA<
YyeHUsi TOJbKO B n+41 BeplIMHAX NpPaBHJABHOTO CHMIJIEKCA B
n-MepHOM NMPOCTPAHCTBE, a 3aTeM anrNPOKCHMHPOBATH NPOU3BOA-
Hble COOTBETCTBYIOIMMH KOMOHHALMSIMH 3THX n-+ 1 BenuuuH. Ta-
KHE METOJbl HCCJeJ0BaHbl CPaBHUTENbHO MaJo.

[TpumepoM 3anau, rae soluncieHHe G (X) oueHb rpoMo3axo, a
onpefejeHne IpajiHeHTa MOYTH HEBO3MOXKHO, SIBAAIOTCS 3al1aud,
B KOTOpblx Boiyucienne G (x) TpeGyeT pacueTa AJNHHHOH TpaeKs
TOPHH. .

Kopoue roBopsi, METOJbl CMyCKa MOTYT HCNOJb30BATbhCA AJA
pellleHHs] HeIHHEHHbIX CHCTEM HaXe B TeX CJyuasiX, KOrjaa BbIYHC-
JIeHHe NPOM3BOAHBIX HenpaKTHYHO.

B metone HpioToHa cHavana sei6upaercss X0, 3aTeM HENHHEH-
Has 3ajaya annpOKCHMUPYETCS COOTBETCTBYIOLUeH JHHEHHOH 3a+
Jayefl, a TaKxXe BBIYUCIAIOTCS NPOM3BOAHBIE OT [; B Touke 0,

1
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Takas nuHeapu3oBaHiast 3ajauya NPeACTABIAET CHCTEMY JIHHEH-
HBIX anre6pauueckux ypaBHeHu#l. Ee peunieHue naer npupaluenue,
KOTOpOe cK/aaauiBaeTcs ¢ X0 15 moayueHus x!, a mocnenHee oGbly-
HO sBJsieTcs 0oJiee XOpPOIIMM NPUOJHKEHUEM K pELICHHUIO He-
JIHHEAHOH cucTeMbl. DTOT mpouecc NPOROMKAETCs A0 CXOJHMOCTH.
Metoa sfABasieTcss TOYHBIM O06GOGLIEHHEM Ha n-MepHbIH ciayyaht
HbIOTOHOBCKOTO Tpouecca HaXOX/eHHsi HYyJ/JeHd BelleCTBEeHHOH
GYHKUNY BellleCTBEHHOI NepeMEHHOI. ‘

Bosnee noapo6HO HBIOTOHOBCKHI MpONECC 3aKJ/I0YaeTcsi B Cle-
nytoniem. CHauyasna Mbl MMeeM nepBoe npubauxenne x°, Mubl an--
NPOKCHMHDPYEM KaXAylo GyHruuwo f; u3 (25.1) aByMs uneHaMH
. pana Teiiiopa B Touke x9:

(25.4) fi(x)zf,(x°)+2"—f’ai"7°’(x,.—x9 (i=1,2 ..., n).
i=1

OGo3nauum uepes J(x) 3HaueHHe B TOYKe X FKOGMAHA CHCTEMBI
fi (x)» T. €.

O oh

Ox; ''*" Oxp
J(x)=| - C

Ofn Ofn

9xy *"° Oxp
Torpa (25.4) npumer Bujg
(25.5) f(x) 2 f (2% + T (x°) (x — x9).

IlpaBas yacts npeicrasinsieT coGoi JHHENHYIO BEKTOPHYIO dYHK-
UMIO OT X, KOTOpasi HAUNy4yLIUM O0Opa3o0M amnpOKCHMHPYET HeJH-
HelHyl0 GYHKumMO [ B TOuke x°, DTO THMEPHIOCKOCTb, KacaTelb-
HaA K NOBepXHOCTH f(x) B Touke x°. B HBIOTOHOBCKOM mpouecce
MBI noiaraeM npasylo 4actb (25.5) parHoit 0, pelraem nosayuye-
HOE ypaBHEHHE OTHOCHTeJIbHO X M 0603HayaeM pelieHHe yepes xl,
Taxum o6pasom,

(25.6) X1 2= 20— [T (xO]7 f (x9).
Ananoruyso, o6IWHKH UTEPALHOHHBI LIAT €CThb
(25.7) =P [T T (). :

B nsymepmom ciyuae cucrema (25.1) OTHICKHBAaeT TOuKy
nepeceyeHusi ABYX KPHBHIX B IJOCKOCTH (Xi, X2), HampHMep
f(x1, x2) = 0 m g (x4, x2) = 0. PaccmoTpuM noBepXHOCTb S, OMHUCHI-
BaeMyio ypaBHeHHeM X3=[(X1, X2), ¥ APYTYI0 MOBEPXHOCTb Sz €
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ypaBHeHUeM X3=g (x1, Xo). [loBepxuoctu S, n Sp nepecekaiorcs
no xpuso#i C. Pewmenue cucreMbl (25.1) MoxeT GbIT TakXKe HH-
TepnpeTHPOBAaHO KakK Touka P, B kotopoit C nepecekaer mJjo-
ckocTh x3=0., B HbIOTOHOBCKOM mnpouecce Mbl CTPOMM KacaTellb-
HyI0 nockocTb IT; K moBepxHocTH S; B Touke X* W BTOpyIO Kaca-
TeNbHy10 maockocTh Iy K moBepxHocTH S B TOlt XKe Touke. [1710-
ckoctu Il u Il nepecekaiotcs o npsimofi L, kotopasi mepecekaer
naockoctb x3=0 B Touke x*+! Takum o0pa3oM, HbIOTOHOBCKHH
HpOLeCC 3aMEeHseT NOBEPXHOCTH KacaTeJbHbIMH IJIOCKOCTSMH, 4
3TO B JaHHOM cJyyae O3HayaeT JHHeapH3auHIo.

Ha ka10M HTepaLHMOHHOM Iare BHIYMCIEHHS BKJIIOYAIOT Ha-
XOXJeHHe n? MPOM3BOJHBIX M pellleHHe JHHEHHOH aareGpanyecKolt
CUCTEMb! J/is1 nmosiyyeHusi pemeHus cucreMbl (25.7). ITocne peme-
HHSl CHCTEMHB CJeIyIOLIMH Iar COCTOMT B OllpelelleHnl BEKTopa
HeBA3KH [(x*), KOTOpbIH NOMKEH GHITb BbIYMCIEH C BBICOKOH TOY-
Hocthio. Cam fKoOMaH He TpeGyeTcs 3HATb OYeHb TOYHO, (HaAKTH-
YeCcKH 4acTo MOXHO OCTaBafATb J(X) HEH3MEHHBIM Ha NpOTsiKe-
HHH HECKOJNbKHX I1aroB Hrepauun, UuTaTeqb MOXKET BCIOMHHTE,
4TO 3TO AaeT GOJbILYI0 3KOHOMHIO NMpPH pelleHUH JHHEHHOH CH-
CTEMBI, TAK KaK IIPH 3TOM MOXET ObITb HCMOJIb30BaHA NpoLeaypa
SOLVE BMecto Bcero GJI0oKa pelleHHs JHHEHHBIX CHCTEM.

Mbp1 He o6Gcyx/aeM Bonpoc O BbifOpe nepBoOro NpUGAHKEHHUs x0,
TOTOBOTO OTBeTa Ha Hero HeT, HacTo MOCTAHOBUIUK 3ajauu 3HAeT
JIOCTAaTOYHO, YTOOH! NMpENJIOXHTb JOBOJLHO XOpOlLIee MEepBOE IPH-
6aunxenue, B apyrux cayyasax pjisi mosydyeHHs x° MOXKHO HCIOJDb-
30BaTh MeTon cnycka. MlHorpa GoiBaloT 3ajayn ¢ HCCAEOBAHHEM
BJIMAHHS NapaMeTpPOB, B KOTOPHIX KaXK/10€ pellleHHe He3HAayuTedb-
HO OTJIMuaeTcss oT mpeAbiayuiero. Torja pellleHHe OJHOH 3ajnauu
MOXKeT CJAYXHTb Haua/JbHBIM NpHOAHXKEHHEM /s CJAeaYIOUleH.

XapakTep CXOAHMOCTH HBIOTOHOBCKOrO I[poiecca noapo6HO
obeyxaaercs y XeHpuuu [42]. MsBecTen caenylowuii pesyJsbrart.
[Mycts a Gyner pemenueM cucteMmnl (25.1), f(a) = 0. [Ipeanoso-
UM, YTO f; IMEIOT HECKONIbKO HenpepblBHBIX NpOH3BOAHLIX. Toraa
CYILECTBYET HEKOTOPOE YHCJO 7, TaKoe, YTO BLIMOJHEHHE YCJIOBUS
| X0 — all < r oGecneunBaer x* —a npu k— oco. Bosee Toro, ecan
sikoGuaH J (@) HeBBIPOXK/JEH, TO CXOAHMOCTb X* K a Gyner KBajpa-
THYHOH, T. €. :

‘ " lim | £ 1 —all
k> oo ”xk'—a“2
SIBJSIETCA OFPAHMUYEHHBIM HEOTPHUATENbHbIM YHCAOM (OGBIYHO He
paBHBIM HyJs0). KBagpaTHyHas CXOAHMOCTb SIBJIsieTCSl OYeHb Obl-
CTPOH B TOM CMBbIC/IE, YTO HA KaXkKJIoM MTePalHOHHOM Llare YucJio
BEpPHBIX JeCSITHYHBIX 3HAKOB NPUMEPHO yJBaHUBaeTCs (MOKa He J0-
CTHTHYT ypOBEHb OKPYIJIEHHH).
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Uto cayuutes, ecnd x° okaxercs AajeKuM of JI060ro pellle-
HUA a? DTO BONPOC CJHOXKHBIA, a OTBeT 3aBHCHT oT [. Boluucau-
TeJIbHAs NPaKTHKA NOKA3bIBAET, YTO x* JIOBOILHO 4acTO AOCTHTaeT
KaKoro-au6o pelleHHsl @, HO MOXET COBeplllaTh CKaykd B HEKO-
TOPLIX HMTepauusX, MoxeT OKa3aTbCsi HEBO3MOXKHBIM BBISICHHTD,
KaKoe pelleHHe GyAeT LOCTHTHYTO.

Hakonen, Hepenkum cayuam, Korpa x* e cxoaurcs. Bwmecro
3TOTO MOXKET 0Ka3aTbCsl, UTO x* OyAeT ¢ HeGOJDbIIUM NEePHOLOM
NPHHUMATh KOHEYHOe YHCJO NMpefe/bHBIX 3HaueHHi. DTo MOXKeT,
HanpuMep, CAyYHTbCSI NPH HCMNOJIb30BaHHH HBIOTOHOBCKOTO IpO-
necca Ass OJHOH IepeMeHHOH ¢ BellleCTBeHHbIM HauaJbHBIM 3Ha-
yeHHeM x%, ecau [ MMeeT TONbBKO KOMIMJIEKCHBIE KOPHH.

HecmoTpss Ha BO3MOXHbBIE TPYAHOCTH, HET OCHOBaHWH TepAThb
ontuMu3M. Ecin Hen3BecTHO, rjae HaXOAUTCS pEIleHHe @ W CKOJMb-
KO BCEro HMeeTCsl pellleHHH, MOXKHO BhGpaTh Kakoe-au6o x° u Ha-
4aThb HbIOTOHOBCKHH anropuTM. OGBIYHO OH K YeMy-HHOYIAb CXO-
autcs. 3aTeM MOXHO HayaTbh aJroOpHTM ellle OTKyAa-HuGyib H
HaiTH apyroe peieHue. Takum 006pas3oM, 4acTO MOXKHO HaWTH
psl pelleHHH HeJHHeHHONM cuctembl. Ecau, onmako, tpeGyercs
HaNTH 8ce pellleHus, TO yKAa3aHHbIH Bbillle METOA HE NaeT K/104a
K pellleHH10 Bornpoca, Bosiee Toro, A/ HEKOTOPHIX CHCTEM Mbl MO-
KeM HaxoauTb OJHO M TO e pemieHue. [locsennee MoXKHO yacTo
NpeJOTBPATHTh H3MEHEHHeM (GYHKUHMH 1O CJAElylolleMy METOAY.

PEANOoJIOXKHM, YTO Mbl HAlLIH pelleHHe a CHCcTeMbl f(x) = 0.

IMonoxum
gx)=f(x)llx—=al.

Ecnu Mbl npHMeHHM HBIOTOHOBCKHI npouecc K GyHKUMH g, TO
O/MM30CTb YHCAUTENA K Hymdo Oyner ypaBHOBEWIMBATbCH GJIH-
30CTbIO K HyJIIO 3HAMEHaTeNs, a 3T0 OyAeT yAepXHBaTh NpubJ/H-
JKeHHe BJaJu oT a. Buluucienne g(x) AJaa AAHHOTO X HEHAMHOTO
TpynHee, yem onpejenenne f(x). OnAHAKO NpOH3BOJHBIE CTAHO-
BATCA 6oJiee CJAOXKHBIMH, OCOGEHHO MOCNe TOTO, KaK YXKe HaliJeHo
HECKOJIbKO KOPHe#l H B 3HaMeHaTese BBEJEeHbl COOTBETCTBYIOLHE
MHOXKHTEJH.

[Mo pemennio HeNMHEHHBIX CHCTEM JHTEPATYyphi HMEETCsl CpaB-
HuTeabHO MaJo. Tenepb, Korja Mbl UMEEM Takue HajeKHbie Cpejl-
CTBa, KaK MPOrpaMMBl pELIEHHS JHHEHHBIX CHCTEM, MOXHO Ha-
NpaBHTh HCCIEOBAHHS Ha HeJauHelHble 3anaun, UHTaTeNb MoXeT
ob6parutbcst K paboram Benapododa [8], ra. 4, u Pancrouna [24],
ri. 8.



NPHNOXKEHHE

(1) . Cxema noka3aTenbcTBa yTBEPNAEHHA (8.21). IMpexne Bcero
10Ka3aTb, Y10 a2+ b2+ c2+d? u |ad — bc| uHBapHAHTHH NpH npe-
o6pasoBanuu A B UTAV paa no6blx opTOroHanbHuXx matpuy U
u F/ 3artem ucnoab3oBath (3.1) pas npeo6pasoBaHus A K BHAY

["' 0] rae S>>0
0wl A€ Uy = W .

Hanee,

2110 2 \pe B

= [cond (4) + cond (4)™'].

Paspeiasi nociefHee ypaBHeHue OTHocuTesnbHo cond(A), moay-

yaeMm
cond(A)=0+Vo:—1,

tak Kak cond(A)>> 1.

(2) Yacruoe pemEeHME ana 3anAuH (6.5). Ecaun 6bl maTpuua A Gbiia
BBIPOKI€HHOM, TO CyIUECTBOBAs Obl BEKTOP X= (X, ..., Xs)7, Ta-
koit, uto Ax=0. Ilycts |x»|=max|x;|. Toraa

i

n
— QppXp = 2] ApiXj.
(b
CrnenoBaTebHO:

| %1 ]
< et
laes | < |ak1|!xk'

ik

ﬂa) [Mpeanonoxum, yro Aas Hekortoporo j |lxp{>|x;| #
[ar;|5<0. Torna
lape < Zlakil,
1%k

yTo mportuBopeuut (6.2)
(b) Mul ocraBasieM uuTaTeN0 clyyail, KOrla m, (a) He BBIMOJ-
usietcsa. ITonnoe pokasatenbcTBo cM. Taycku [26].
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