Mpod. T. K. IPUHSENbL,

TPAHCIJEHAEHTHOCTD

UHMceEA TT @

U3OATEJIBCTBO
XAPbKOBCKOIo TrOCYJAPCTBEHHOI'O YHUBEPCHUTETA
umenn A. M. TOPbKOTI'QO
Xapoxos 1952






NMPEOWUCJ/IOBHUE

dra KHHra JOCTYNHAa IUHPOKOMY KpYry 4YuTaTeslei:
CTYAEHTaM YHHBEDCHTETOB, YUATCAbCKHX H N€A8rorHYeCKHX
HHCTHTYTOB, NPENOAaBaTeNsM B yYaLIUMCH CPEAHHX LIKOJ,
TeXHHKYMOB, NeJarorH4eCKux YYHIHILL M IPOCTO J00HTe-
JIIM MaTeMaTHkKH. [aa moHHMaHHS NEpBLIX Tpex [JaB ee
TpebyeTcs TOJbKO' 3HAHHE WWKOJBHOrO Kypca aareGpul H
9JIEMEHTOB TPHIrOHOMeTpHH. JlMmb YeTBepTast, OU€Hb KO-
poTkas, raaBa Tpe6yeT caMHX CKPOMHHX CBEJAEHHK H3
HHTErpatbHOrO HCUHCAEHHA. IDTH CBEACHHS MOXHO IIO-
YepNHyTh H3 JMI060ro yyeGHHKa MaTeMaTHUYeCKOro aHa/an3a.
Onunako 6e3 yerBepTOft ra1aBH pab6oTa HME/Na GH HE3aKOH-
YEeHHHH XapakTep.

OTpe/bHHE TJaBH KHHCH HMEIOT CaMOCTOATEJbHOE
3HQUEHHE A MOTYT YHTaTbCAd HE3aBHCHMO OfHA OT JAPYro#
C y4eTOM CJeAYIOLIero YKa3aHHs: A/ NMOHHMAaHHsS TPETbel
I1aBH HYXHO IPOJABapHTEJbHO NPOUHTATh -M3 NEPBOi ria-
B § 1, n3 Bropoft —§§ 2, 3, 6, 7, ec1M YHTaTeNl0 HEH3-
BeCTHH NpHBeJeHHHe B 3THX naparpadax ¢axTs.

OnHTHHA y4uTeNb, MH HaAeeMCs, CyMeeT HCIO0JAb30-
Batb §§ 6, 7, 8 mepBoit raaBH K NOXTH BCIO BTOPYIO
r1aBy B mOpenofaBaHHH. Bcs xe KHHXKA MOXeT OHTb
HCIIOJIb30BAHA B Pab0oTe MATEMAaTHYECKHX KDPYXKOB.

ABTOp BHpaxaer 6aarosapHocTh npod. A. K. Cyuxe-
sudy u gou. JI. . T'mpwBanpay, 3aMe4aHHAMH KOTOPHX
OH BOCIIOJIb30Ba/ICA NpPH PeXaKTHPOBAHHH PYKOMHCH.







I'napa I

CYHIECTBOBAHUE TPAHCUEHIAEHTHbBIX YHCEJ

§ 1. Tonatrne 06 anre6panyecKMX M TpaHCUEHACHTHBIX
yucaax.

Onpeneaenne 1. Yucao a, sewecmeennoe uau
HeBeuwjecmeennoe, Haswsaemcs anzebpauieckum, ecau
cywecmeyem ypasnenue 6uda

apx® +a x4 . a1 x+a,=0 )

C PAKUOHANbHUMU KO3PPuyuenmanu, OAR KOmMOpOo o
ABAAEMCS KOPHEM.

Hanpuwmep, moGoe panHoHaabHoe uncaoL- (p, g—mnenne
q

YHCJI3) ABJASETCs anreGpaHyecKHM, TaK Kak OHO, OYEBHJHO,
BJASIETCA KOPHEM YpaBHEHHS

gx— p=0.

HppaunoHanbHble yHcaa BHAA

a+ V’;)—, (2)

rae a, b— pauHoHaJIbHhE YHC/IA, KAK JerKo NMoKa3aTh, TOXe
saBaawTCs aare6panueckuMu. [leiicTBuTebHO, uHCIO (2)
SIBASETCS KOPHEM YpaBHEHHS

x—a)"—b=0
a 3TO ypaBHEHHE, eCJH BOCINO./b30BaTbCs GopMyJol Helo-

TOHAa, MPUBOAHTCA K BHAY (1).
KoMniiekcHele yuc1a BHAA

a-t+bi,at+Voi,



rae a, b— paunoHaJAbHHE, TOXe HABJAAOTCA aireGpaunue-
CKHMH uHcaamu. [lepBoe M3 HHX fIBJSeTCS KOpDHEM ypas-

HeHHS
x?—2ax + (a*+b*) =0,
a BTOpOe — KOpHEM YpaBHEHHs
x*—2ax-+(a*+b)=0.

B KauyecTBe nOCJAEAHEero IMpuMepa, yKaxeM, 4YTO YHCIA
BHIa

T .. =
cos — -} i sin —
n n

rae n - nejaoe MNOJOXHTENbHOE YHCJIO, TOXE SBIITCH
aqre6panyecKHMH, TaK KaK OHH CJY»XaT KOpHeM Yypas-

HEeHUA
x"4+1=0.,

IlefictBHTebHO, O ¢opMyse Moaspa
T .. ®w™\n ..
cos—+z51n—-> =cosn -} isinwt= —1,
n n

B panbheiimieM Mn MOXeM NpeanoJjaratb, 4To Ko3d-
duuHeHTH ypaBHeHus (1) CyTh yease wuncaa. B camom
AeJe, ec/ad 3TO He TaK, TO HaM AOCTAaTOYHO GymeT yMHO-
KHUTb ypaBHeHue (1) Ha HaHMeHbLiee KpaTHOE 3HaMeHa-
TeJelt uyHcea a,, a,,... a,, 4TO6H NOJYYHTH YpaBHEHHE

TOTO XK€ BHJA, HO C UeJnMH KO3 HIHEHTaMH.
Ecan 2 sBasercs xopuem ypaBHeHHs BHIA (1) ¢ ueH-
MH Ko3(pPHuHEHTAaMH a;, a,,...Q, H KO3IPPHULHEHTOM a,,

paBHbLIM €JQHHHIlE, TO & Ha3bBaeTCs 4Yeawm anreGpauue-
CKHM YHCJIOM. YNOMsHYThle B MPHBEJEHHHX BHIIE IpH-

Mepax uHcaa a-fbi, a-+ Vb i, ecnu a, b— ueane yucaa H

T . . T
YHC10 €0S — -} i sin — CyTb ueJable atreGpanyecKye yHucia.
n n

Onpenenenne 2. Kaxdoe ne arzebpaudecroe 4u-
CA0 Ha3wvleaemcsi mpaucyendeHmnoim. VHEIMH C10BaMH —
YHCJAO % HAa3bIBAaeTCA TPAHCIEHAEGHTHHM, €CJAH He cyiue-
CTBYeT HH OJHOTO ypaBHeHHs BHAa (1) ¢ panmMOHAaNbHLIMH
(uespiMu) K03pdHIHEHTAMH, KOTOPOE HMEJIO Obl ¢ CBOHM
KOpHEM.
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OcHoBHOH 1e/bI0 HAcTONINEH T/IaBH SBJIAETCH AOKa3a-
“T@ABCTBO CYIIECTBOBAHMS TPAHCHEHACHTHHX YHCEJ.

§ 2. 3kBuBaneHTHbie MHOXecTBa. [IOHATHE MHOXECTBA,
TaKXe KaK NOHATHE COBOKVIHOCTH, OT KOTOPOro OHO He
OT/IHYAeTCs, NMPHHAIMEKHT K UHCAY MEPBHUHBIX NOHNTHH,
TO-eCTh HE MOLIEXHT OnpeleseHHo uepe3 Kakue-HuOyab
60J1ee npoCTHE MOHATHA. MBI npearouxTaeM MOJb30BaTHCA
TEDMHHOM ,MHOXECTBO®, KOrja XOTHM MONYEPKHYTb, UTO
peub H/JET O COBOKYNHOCTH OGBEKTOB, 06/aJ3I0IUX HEKO-
TOpPHM OGWIHM DpuU3HAKOM. MOXHO, HanpuMep, rOBOPHTH
O MHOXECTRE CTYy/]beB B WIKOJBHOM 3JaHKH, O MHOXeCTBE
Kyp Ha KOJXO3HOH nTHuHedepMe, 0 MHOXECTBE OKpYIKHO-
cTeit ¢ 06IMM IEHTPOM B MAaHHOK TOYKE, O MHOKECTBE
HaTypaJbHEIX UYHCEJ, O MHOXECTBE NPOCTHIX YHCeJ H T. Il
lepsLe 1Ba H3 yNOMSHYTEHX MHOXECTB SIBJASIOTCA MpUME-
paMH KOHEUHHIX MHOXECTB, OCTanbHble€ — GeCKOHEeUHbIX.

Onpenmenenune 3. Muoxwcecmeo Ha3biéaemcst KOHeY-
HOLM, €CAl OHO cOOepHCHm 6nOAHe onpedeserroe (KOHeY -
HOE) 4UCA0 INEeMEHMO8, U OECKOHEUHbIM, eCAU Hem ma-
K020 4qucaa N, 4mobv. 4UCAO INEMEHMOB MHONCECMBA
060 MenbUuLe 3MO20 HUCAQ.

MOoXHO Takxe cKa3aTb, YTO MHOXECTBO Ha3blBaercs
KOHEUHHIM, eCJH, HyMepys ero aneMeHTH uncaavu 1,2, 3,...
Mbl 331KaHYHBAeM HYMepalKI0 BNOJHE ONpeJeJeHHbIM YHC-
JOM 1, W OecKOHEeYHHM, €CJH DpPOLecC HyMepamHH He
MOXeT ObiTh 3aKOHUEH.

Ctporo rosopsi, uMesl 1eJ0 C HeKOHEUHEIM MHOXECTBOM,
HeJAb3s TOBOPHTH O HYMEpAalHH B OGBIYHOM CMBIC/I€, HAJO
0600IIHTh MNOHATHE O HyMepamHH, H MB 3TO CHe.JaeM,
BBEAS CJaefylolee.

Onpeanenenne 4. [Jsa mroxecmea Haswsawmcs
IKBUBANEHMHBMU, €CAlL MONCHO YCMAHO8UMb 63AUMHO-
00HO3HA4HOE COOMBEMCMBUE MEHCOY INEMEHMAMU IMUX
MHONCECMB, TO-€CTh, €CJHH KaXJAOMY 3J2MEHTY GJHOro
MHOXECTBA MOHO COMOCTaBHTb ONlpeJeJeHHHH 3/eMEeHT
ApPyroro MHOXeCTBa, H Hao60pOT.

Tax, HanpuMep, 3KBHBANTEHTHHIMH ABJIAIOTCA CJAEAYIO-
LIHe MHOXeCTBa: MHOXECTBO MPOOUCHHX 6YKB JIATHHCKOTO
andasHTa, MHOXECTBO CTPOUHHIX GYKB TOrO xe ajndabuta
H MHOxectBo uucea 1,2,...25; MHOXECTBO I0.10XH-
TeJBHRX leJBX UYHCeJ H MHOMXECTBO OTPUIATEAbHHIX le-
JHX 4uCeJa; MHOXKECTBO OKPYXKHOCTEH C OOGIIMM LEeHTPOM
B JaHHOH TOYKE H MHOXECTBO MOJOXHTENbHLIX YHCEJT;
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MHOXECTBO TOuUeK oTpe3ka AB ¢ pnauHofi, paBHOH eju-
HHUE, H MHOXecTBO TOuek oTpe3ka CD c AJHHOMH, paBHOU
HEKOTOPOMY (/060MY) MOJIOXHTENBHOMY uuCay K.

[Mocreguue nBa mpHMepa'MHl NOSICHHM.

MHOXeCTBO OKPYXHOCTeH ¢ UEHTPOM B JaHHOH TOUKe
JEHCTBHTE/IbHO 3KBHBAJIEHTHO MHOXECTBY NOJOXHTEJIbHEIX
yHCea, TAK KAaK KaXAOH OKPYXKHOCTH COOTBETCTBYeT IO-
JIOXHTENbHOE YHCJIU — AJHHA PajHyca, H HAo60pPOT, Kax-
JGMY TI0/JI0XHTEJIbHOMY YHCJAY COOTBETCTBYET OKDPYXHOCTb
C pamHyCcoM, MJHHA KOTOPOrO PaBHA 3TOMY UHCIY.

B3auMHO-0/JHO3HAYHOE COOTBETCTBHE MEXJAY TOYKAMH
IBYX OTPE3KOB MOXHO YCTAHOBHTb TpaHUecKH, Kak
yKa3aHo Ha pHC. |, uJH, €CJH
yrOJAHO, aHAJIHTHYECKH C MO-
Moubic GopMya

y=a+(—a)x, x=2"2,
b—a

NPHBOAALIMX KaxJIOMy YH-
C1y X, yIOBJETBOPAWILEMY
ycaoBuro 0 < x < 1, uncao y,
YAOBAETBOPRIOUIEE YCJIOBHIO
a <y <b, u Ha060pOT.

IHocnennuit H3 paccmor-

pedHHX HaMH lPHMEpPOB 06-

Puc. L. Hapy»XHBaeT, B YaCTHOCTH,

4T0 6€CKOHEYHOE MHOXECTBO

MOXeT ObiTh 3KBHBaJEHTHHIM CBOeH 4acTH. I/ KOHEYHHX
MHOXKECTB, JEerKo BHAETb, 3T0O HEBO3MOXHO.

Bpensi moHsTHE 06 3KBUBAJEHTHBIX MHOXECTBAX, MH,
OYeBHJIHO, OOOGLHJIH MNPHBRYHOE MOHATHE O HyMepa-
LHH, TaK KaK OObuHasg HyMepamus eCTb He YTO HHOoe
KaK yCTaHOBJIEHHE B33aHMHO-ONHO3HAYHOTO COOTBETCTBHSR
MeXJy 371eMEHTAMH HEKOTOpPO# COBOKYNHOCTH H YHC-
Jamu 1, 2,...n,

§ 3. CyeTHbie W HecyeTHbie MHOXecTBa. |1pocCTeiIHMH,
B M3BECTHOM CMhEICJE, MOCJe€ KOHEUHBIX MHOXECTB, cJe-
JyeT CUMTaThb TaK HAa3nBaeMHE CUETHHIE MHOXECTBA.

Ounpenmenenune 5. Muoxucecmeo M Ha3weaemcs
CHEMHBM, €CAUL OHO IKBUBAAEHMHO MHONCECMEY HAMV-
passnolx qucen 1, 2,... n,... [IpHMEpaMH CUETHHX MHO-
XECTB ABJAIOTCA: CAMO MHOMKECTBO HATypaJbHHX YHCEJ;
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MHOXECTBO yHcea 2, 4, 6,... 2n,..,; MHOXecTBO uucen I,

1 1
L —,...—,...; MHOXecTBO uucesx 11,21, 31,,..nl,...

2’ 37 " n

Huxe MB ykaxeM GoJiee CJIOXKHBIE H OYEHb BaxHHE
MPUMEpHl CUETHhIX MHOXECTB, a CeHuyaC MROKaxeM cylie-
CTBOB3aHHE HECUYETHHIX MHOXECTB.

Teopema |. Muowecmso 6euecmeeHHux 4ucen,
codepicauyuxcs Mewcoy 08yMs A0OHMU OAHHBMU 4UC-
aamu a, b, necuemno.

Tak Kak B KOHUE npejmaymero maparpada Mbl JOKa-
3aJH, YTO MHOMKECTBO YHCEJ, COAEPXKAalHXCA Mexay
JaHHBIMH YHCJIaMH @, b, 3KBHBaJ€HTHO MHOXECTBY 4HCel,
comepxamuxca Mexnay O u 1, TO HaM JOCTaTOYHO JOKa-
3aTb TeopeMy mas cayvyas a=0,b=1.

HanoMHuM, YyTO KaxJ0e BeeCTBEHHOE YHCJIO OJHO-
3HAYHO (€CJHM He NOJb30BAaThCHA MEPHOJAHUECKHMH APOCAMH
'C IeBATKON B mepuoje) npeacTtaBuMo B BHAE O€CKOHEUHOH
JAeCATHYHOH APOOH, K UTO AB€ TakHe APOOH MPEACTaBAAIOT
pasHhle YHCJIa, ecAd XOTA GH JBA 3aHHMAIOUIHE OJHHAKO-
BOE NOJIOXKEHHE 3HAaKa 3THX Apobeil He paBHHI.

JlonycTHM Temepb, yTO Hama TeopeMa HEBEpPHa, TO-
€CTb, YTO MHOKECTBO BEIIECTBEHHBIX YHCeJ, COAepKa-
wHxca Mexnay Ou 1, cuetHo. CaenoBare/ibHO, M€ MEHTAMH

3TOr0 MHOXECTBA SBJSIOTCS UHCAA @, Ay, ... Ay, ..., TAE
a,=0%09,...2, ..
a,=088...8,...

e e e e e e (1
a,=0,w0,... 0,...

e o e 0 o e ¢ s &

H tabauna (1) poJKHA cOAepKaTh £H060 3€MEHT Halliero
MHOXecTBa. PacCMOTpHM Tenepb YHCJIO

0,6/6:64... €y .o (2)

rae ¢, — aw0bas nudpa, OTAMYHAA OT a; ¢, — JM06Gas wH-
pa, oTauuHas OT B3, ¥ T. A.; ¢, — Jmo6asg undpa oTanuHas
OT Wy HT. &,

B cuay cpesnanHoro B Hayajae JOKa3aTe/bCTBA 3aMeva-
HHf, YHC/IO (2) He paBHO HH OXHOMY H3 uyHcea (1) H He
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JNOMKHO, CJIefoBaTeabHO, copepxaTbca MexAay O m 1.
Mexay TeM, OueBHAHO,

0<0,66y... €p... <1,

Mu npumin, TakEM 06pa3oM, K NPOTHBOPEUHIO H JO-
Ka3aJH TeM CaMHM, YTO HAalle MPEeANnOJOXEHHE O CYETHO-
CTH MHOXeCTBa 4YHCeJ, coaepxamuxca Mexay O u 1,
HEBO3MOXHO.

Jlokasaneass TeopeMa MO3BOJIHT HaM MO3¥e YCTAHOBHTD
CYLIECTBOBAHHE TPAHCIEHIEHTHHIX YHCEJ.

§ 4. TeopeMbl 0 cueTHBIX MHOXecTBax. BBejgeM BaxHOe
MOHATHE O CyMME€ MHOXEeCTB.

Onpepenenune 6. Cymmoi muoxwecms A, B,...
Ha3veaemcss mMuoxcecmeo M, kaxcowii 3aemenm Komo-
po20 npunadsexcum xoms Os. OOKROMY U3 MHONCECmS
A, B,..., npuiesm a060i 31emenm /uodozo U3 MHOJCECMS
A, B,... codepxcumcs 8 M.

Hanpnmep, MHOXKEeCTBO BemeCTBEHHbIX qHCeJl ABJAACTCS
CYMMOH MHOXECTBa PAaLHOHAJIbHHX 4YHCEJT H MHOXeCTBa
HPPAUMOHAIBHEX YHCEJ, MHOXECTBO HAaTypaJbHHX UHCe
ABJAETCA CYMMOH MHOXECTBA YETHHX UHCE H MHOXECTBA
HEUETHHX YHCel.

Teopema 2. Cymma ciemHno20 MHONCECMBA KOHEY-
HolX MHONCECME eCmb CHemHOe MHONHCECMEO.

Heicteureabuo, nyctb M, M,, ... My, ... CyTb KOHeu-
Hhl€ MHOXKECTBA H COAEPXKAaT COOTBETCTBEHHO M, My,...
ny,... d1eMesToB. OGO3Ha4HM 3JEMEHTH MHOxecTBa M,

CHMBOJIAMH @y, @3,... Gy, -+ -y INICMEHTHI MHOXeECTBA M
CHMBOJIAMH Ay, 1 1, Gy 4.9,+++ @ L5, (ec1H M, He co-
AEePXHT 3JIEMEHTOB H3 M|, TO n,=n,; ec1u M, COAEPKHT

TOJBKO 3Je€MEeHTH H3 M,, 10 n,=0) u T. I
MHOXeCTBO 3/EMEHTOB @, @y .. Qy,... OUEBHAHO

CUETHO H SIBJAACTCA CyMMO#H MHOXecTB My, My, ... My, ...

B kauecTse mo.Ie3HOro mpHMepa NPUMEHEHHS AOKa3aH-
HOH TeopeMH INpHBeNEeM YTBepK/AEHHE:

Teopema 3. Mroxecmso payuonarsuox wucea (mo-
JIOXKHTCAbHHX H OTPHLATENbHHIX) C4E€MHO.

. a
HasoseM BHICOTOli pamHOHaJbHOrO yHcJAa 0 (@, b—ne-

Jble) yHeao |a|--|b| u 3aMeThM, UTO MHOXKECTBO pallHOHa-
JIbHBIX YHCEJ C AaHHOH# BHCOTOH 7 KoHeyHo. Tak, Hanph-
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2 1
Mep, TOJbKO 4HCaa + -3—, + 90 + 3 HMEIOT BHCOTY 4.

O6o3nauuM uepe3 M; MHOXECTBO PAallHOHAJIBHHX YHCEJ

1

. 1
BHCOTOH 2 (uHCAa + T|» uepes M,—MHOXECTBO uucesa ¢

0
¢ BHCOTOH 1 (tmc.uo —), yepe3 M,—MHOXECTBO uYHce1 C

BHCOTOH 3,..., Yepe3 M, —MHOXECTBO 4YHCeJ C BLICOTOH

nuT I
MHOXeCTBO BCeX PAaUHOHAJIbHBLIX YHCEN SBJSETCH CyM-
Mmoit MHOxectB M, M,,... M,,,... H, B CHIy TEOpeMH 2,

OHO CYETHO.

3aMeTHM, UTO MHOXECTBO MOJOXHTENbHRX PallHOHAp-
HHX YHCEeJ MOXHO ,NepeHYMEpPOBaTh* mo CxeMe, NPHBO-
JHMOHl Ha puc. 2,
nponyckas, IpPH 1
obxome TabMHIH 1 2 3
nNo NyTH, YKa3aH- /f
HOMY CTpeJIKaMH, 2_/ 2 2 2
yXe mnepeHymepo- 1 a2 3
BaHHHE YHCJIA.

Ecau Mbl DpH- l /
OHCHBaJH OH IO- 3
JOXHTEAbHEM pa-  f
IHOHAJbHBIM  YHC-
JIaM TOJIBKO Hyme-
pa 2, 4,6,..., a
HyJI0 H OTpHUa- Puc. 2.

TenbHWUM  parHo-
HaJbHHIM uHCiaM HyMepa 1, 3, 5,..., TO Mb nepeHyme-
poBaiH OH BCE MHOMXECTBO PAalHOHAJBbHBLIX YHCEJ.

Teopema 2 ponyckaer BaxHOe 060GLIeHHE.

Teopema 4. Cymma c1emrno20 MHONCECMEA CHEMHBLX
MHONHCECME SIBASEMCS CHEMHBIM MHONECMBOM. B wacmmuo-
cmu, CYMMA KOHEYHO20 HUCAQ CHEMHbLX MHONCECMS eCmb
cHemHOe MHONCECMB0.

O603HaunM 3JEeMEHTH CUETHOI'0 MHOXeCTBa M, uepes

@y, asy, Gy, ..., 3JTEMEHTH CYUETHOTO MHOXecTBa M, uepes
@, Ay Qgy, ... H BOQOLIE — 3MEMEHTH CUETHOIO MHOXeE-
cTBa My, uepes a,, a,y,.... HazoseM BHCOTOH 3/1eMeHTa

Qypy UHCJIO M 1.
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CymMa MHOXecTB M, M,,...M,, ... COCTOHT H3 3J€-

MEHTOB C BBHICOTOH 2, 3J€MEHTOB C BHICOTOH 3 H T. A.,
TO-eCTb fABJSIETCSA CYETHOHU

a; — aq, Q37 —»... CYMMOH KOHEUHHX MHO-
ay /az /a JKEeCTB H KaK TakKoBas, Ilo

- 22 $2°°-- Teopeme 2, ABAsETCA CYET-
Qa,;, Qys Qs ..... HBIM MHOXECTBOM.

CnpaBeAIHBOCTD HalleH
: TEOpPEeMH CJeJyeT TaKxe
Puc. 3. M3 BO3MOXHOCTH HyMepa-
IHH N0 cxeMe, yKa3aHHOH
Ha puc. 3. B KayectBe noJe3HOr0 npuMepa NPHMEHEHHs
Teopemnl 4 (i TeopeM 1, 3) nokaxeM yTRepxJeHHE:

Teopewma 5. Muoocecmso uppayuonasshsx 4ucean,
codeprcauyuxcs mexncoy A00uMiL 08YMA OARHBMU HUCAQ-
xu a, b, HectemHo.

JeHcTBHTEIBHO, €C/AH Oh 3TO MHOXECTBO OHLJIO CueT-
HHM, TO MHOXECTBO BC€X BEIEeCTBEHHHX YHCeN, COAep:
KaAIUXCA KEXKAY YHCIAMH @, b, KaK CyMMa JBYX CUETHHIX
MHOXXECTB (MHOXECTBA PaHOHAJAbHHIX WHCEJI, CYETHOCTD KO-
TOPOrO yCTAHOBJIEHA, H MHOXECTBA HPPALHOHAJIBbHEIX YHCE)
6H/0 Obl CYETHHIM, HO 3TO NPOTHBOpEuHJIO OH Teopeme .

§ 5. CymecTBoBaHHe TPAaHCUEHAEGHTHHX YHcea. B HacTOf-
weM naparpade Mel JOKa)eM, YTO CYILECTBYIOT TPaHCUEH-
HLEHTHHE YHCJIAa, H YTO MHOXECTBO TaKHX YHCEJ HEeCUYeTHO,
B TO BpeMsl KaK MHOXXECTBO a/refpanyecKyx YHCEeJ CHETHO.

Teopema 6. Muowecmso anzebpauuveckux 4ucen
c4emmo.

Jle#CTBHTENbHO, MBHl MOXPM pacCMaTPHBAaThb MHOXECTBO
BCeXx ajareGpaHyecKHX YHCeN KaK CyMMy MHoOxkecTBa M,
aare6panyecKHX 4YHCEJ, fABJAIOIIHXCA KOPHAMH YpaBHe-
HH# MepBOM CTENEHH C LEJbIMH KO03((hHUHEHTAMH, MHOXe-
ctBa M, aareGpaHueCKHX 4YHCEN, ABASIOWHXCA KOPHAMH
ypaBHEHHH BTOPOH CTENMEHH H T. A.

TaxuM 06pa3oM, MHOXECTBO BCeX aAre6paHyecKuX Unce
ABJASeTCd CYMMOH CYETHOLO MHOXECTBa MHOXeCTB M,
M,, ... Hama teopema, BBHAY TeopeMH 4, 6Gymer moxa-
3aHa, €CJH MH JOKaXeM CUETHOCTh Ka/JO0TO H3 MHOXECTB
Ml’ Mz,... Mk""

PaccmorpuM mHoxectBo M. HasoBeMm BHcoTO#H ypaB-
HeHHus

apd* Lax =14 4a,_jx4a,=0 (1)
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YHCAO0

laol+ la |+ -« fay) 2)

Tak kak umcaaag, @, ...ay Leabe, TO MOXHO HAHTH JHUILIb

KOHEYHOe YHCJIO HX, yToOn cyMma (2) 6HJa paBHa 33/aH-
HoMy uHcay N. D710 03HayaeT, 4TO MHOXECTBO ypas-
Henu#i (1) ¢ BHCOTOH, paBHOH# 1, KOHEUHO, MHOXKECTBO
ypaBseHuii (1) ¢ BBICOTOl, paBHOH 2, KOHEWHO H T. I.

Tak kak ypaBHeHue (1) umeer He GoJee ueM k& pa3-
JHYHEIX KODHEH, TO KOHeYHH MHOXEeCTBAa a/Jre6paHuyecKux
YHCeJ, YAOBJETBOPSAIOLUIHX YPaBHEHHAM K-OH CTeneHH C
BHCOTOH 1,2, ... CiexgosarebHO, MHOXecCTB0 M), sBJseTcs
CYyMMOH CYETHOTO MHOXECTBa KOHEYHHX MHOXECTB, H IIO-
TOMY OHO CYETHO.

TakuM oGpasoM, TeopeMa JOKa3aHa NMOJHOCTBIO.

Teopema 7. Mroxcecmso mpancyendeHmuboXx 4ucen
Hecyemno. Boree TOro, MHOXECTBO BeIleCTBEHHHIX TPaHC-
UEHJECHTHHX YHCEJ HEeCUeTHO.

JleiicTBHTEIBHO, MHOXKECTBO BCEX BEILECTBEHHHX YHCEJ,
no TeopemMe 1, HecueTHO H sABJASIETCA CYMMOH CYETHOTO
MHOXECTBA aAre6panuyecKkux 4HCeJ H MHOXECTBA TPAHCUEH-
JeHTHHX uuceJ. M3 teopeMn 4 HeMensneHHO caenyer, 4To
noc/eHee MHOXeCTBO HE MOXET OhlTh CUETHHM.

TakuMm 06pa3oM, C MOMOUIbI0 BECbMa MPOCTHX CPEICTB
B coOOpaxeHHlf, MBl YCTAHOBHJIH CYLI€CTBOBAHHE O0€CKO-
HEUHOTO MHOXECTBAa TPAHCUEHAEHTHHX uucea. [lpusenen-
HOe HaMH J0Ka3aTeJbCTBO Oniio HalineHo B 1873 romy
I'. Kanropom*.

§ 6. O nOCTPOEHHSX C NOMOMBIO UHPKYAS N NHHeAKH. Mul
HaMepeHH NOKa3arb, YTO MOCTPOEHHE C MOMOIUBIO LHP-
KyJsi H JHHEHKH OTPe3Ka JaHHOH AJMHHH /[ BO3MOXKHO TOrAa
H TOJBKO TOTJaa, Korpa [ sBasercs KopHeM aiareGpaHuec-
KOr0 ypaBHEHHsi ONPEJEJEHHOrO0 BHAA H, CJIEI0BaTEJIbHO,
3aBeJIOMO HEBO3MOMHO, €CJIH [ TpPaHCIeHJIEHTHOE YHCJO.
Jloka3areJbCTBY COOTBETCTBYIOIIEH TEOPEMH Mhl Mpeanoui-
JeM HEeCKOJbKO 3aMEeuaHHH.

3aMeuanune I. B aexaproBoii cHcTeME KOOpPAHHAT
rpagHkoM ypaBHEHus

Ax—+ By 4 C=0, m

* Ponunca B llerep6ypre B 1845 roay, TaM ke NOAyyHa Hayanb-
HOe 06pasoBaHHE.
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rre A, B, C —xoapdunneutd, He 3aBHCsAlHE OT X, V),
sABAseTcA npAMas.

Hao6opoT, ypaBHeHHe 1060#i NpAMOH B AEKaPTOBHX

KOOPAHHATAX MOXHO

i npuBeCTH K BHALY (1),

TO-€CTb KOOPAHHATH

JM1060i! TOUKH AaHHOH

Vo4 npsMOK  yIOBJETBO-

- pAIOT OLHOMY H TO-

x-a My Xe YPaBHEHHIO
oY Buga (1). dtor dakr
MBl CYHTaeM H3BecCT-

o —=X  HHM H3 ILIKOJIBHOTO

Kypca.
3ameuanue IL
H3 reopemu T[luda-
ropa cJaeayer (CM.
Puc. 4. pxac. 4}, uTO KOOp-
IHHAaTH X, y J060#%
TOUYKH Ha OKPYXHOCTH PajuyCa r c UEHTPOM B TOuke (a, b)

YZROBJIETBOPSAIOT 3aBHCHMOCTH

(x—a)+(y—bpp="r, (@)
TO-€CTh 33aBHCHMOCTH BHJa
x*+y*+EKx+Ly+M=0. ®)
Tax xak ypaBHeune (3) 9KBHBaJ€HTHO ypPaBHEHHIO
2 2 2 2
(g =BT

H BHIpAXEHHE X N
2
[++ ?) + (y + ?)

paBHO KBajpaTy pacCTOSHHA TOYKH (X, V¥) OT TOUKH
(——é-, -——%), To rpadukoM ypaBHeHHs (3), B IpAMO-

YFOJIbHBIX AEKAPTOBBIX KOODAHHATAX, ABJAFETCA T'E€OMETpH-

4eCKOe MEeCTO TOWEK PaBHOYAAJE€HHHX OT JaHHOH TOUKH,

TO-€CTh OKPYXHOCTB*.

— K24 L% — 4N
¥ [pennonaraerca, uro I =——+4—— >0. Ecne I=0, 10

OXpYXHOCTb BRIpOKAaeTca B TOuky, ecam I <O, T0 x, y He MmoryT
06a 6biTh BeleCTBEHHBIMH.
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Takam o6pasom, ypaBHeHHe (3) sBAseTCH ypasHenHem
OKPYXHOCTH, M Hao6opoT, rpaduxkoM 3aBucHMOCTH (3)
AIBJISETCH OKPYXKHOCTD.

3ameuanue lll. CoBMecTHOe pelieHHe ypaBHeHHH
(1) u (3) o3HauaeT HaxOXKJAEHUE TOUKH, KOOPAHHATH KOTO-
poil yIOBIETBOPAIOT 3THM YPaBHEHHSM, TO-€CTb HaxoXje-
HHE TOYKH, Jexalleld Ha NMPAMOH H OKpPYXKHOCTH—TOYKH
nepecevyeHHd 3THX JABYX JHHHH.

Hao6opoT, mas TOro YTOGH aHAMTHTHYECKH HAHTH TOUKY
nepeceyeHus NMPAMOil H OKPYKHOCTH HaZO PEeWIHTb COBMe-
CTHO ypaBHeHHus (1) H (3) 3THX JHHHIL.

Onpenenenune 7. Bewecmsennoe 4ucao o Hase-
6aemcsl: 4UCAOM muna A,, ecau OHO SBASEMCS KOPHEM
HEKOMOpP020 KBAOPAMHOZO YPABHEHUSR (UAL YPABHEHUS
nepeol cmenenu) ¢ PAYUOHANBHBMU KOIPPuyuenmanie;
qucaom muna A,, ecau OHO SIBASEMCS KOPHEM HEKOmOo-
pP020 K8aOpAmMHO20 YPABHERUS (UAL YPABHEHUS nepeoi
cmenenu) ¢ 6eueCmBeRHuMU  KodPPuyuenmanmu muna
A;...; wucsom muna Ay, ecau OHO A8ASICMCA KOPHEM
HeKomopoz0 K8adpammnoz0 ypasHeHus (uau ypasHeHus
nepeol cmenenu) ¢ 6ewecmBeHHBMU KOIPPuyuenmamny
muna A _q.

Hanpumep, uucaa ‘142,11 — V2 cytb uncaa Tuna 4,,
TaK KaK OHH SBJSIOTCA KODHAMH YDaBHeHHS

x?—2x —1=0,

unena—2+V3—V2, —2—~V3—V73 cym uncra THnma
A,, TaK KaK OHH BJIAIOTCA KOPHAMH ypaBHEHHSA

£ +4x4+(1+V2=0. 5)

Teopema 8. Kaxcdoe wucno = muna Ay, 20e k—

énoane onpedenennoe (KOHEUHOE) HUCA0 sA8ASiemCA aneel-
DAUHUECKUM HUCAOM.

JleACTBHTEIbHO, YHC/IO & SBAAETCA KODHEM KBajapart-
HOTO ypaBHeHHs, KO3(h(HUHEHTH KOTOPOro NOJAYHYaloTCs
43 palHOHAAbHBIX YHCEJ C MOMOIIBIO NPHMEHEHHSI HEKOTO-
poro uHc/aa palHOHaJMbHBHIX apH(PMETHUECKHX JHelCTBHH H
HEKOTOPOro YHC/Ja H3BJEUEHHHM KBaxpaTHOro kopHs. Ocso-
60X 1asACh H3BECTHBIMH H3 IUKOJBHOFO Kypca CIOCOGaMH
OT HppaLMOHAJbHOCTEH, MBI NPHHAEM K YPaBHEHHIO GHITh
MOXET BHCOKOH CTENEHH, HO ajre6pauyecKkoMy C payuo-

15



HaAtsoMe x03hdunHeHTaMu, A8 KOTOPOrO 4 apiasercs
KOpHEM,

Hanpuwmep, uncaa —2 - V3—V32, —2 ~V3—V2 ss.
JASIOTCA KOPHAMH ypABHEHHS

xt+8x%-4 18x?4+8x—1=0,

KOTOpOe MOoJIyyaeTcsi H3 ypaBHEHHs (D), eCqH B HEM OCBO-
6OAHTCA OT HPPANHOHAJIBHOCTH.
Tenepe MBH MOXEM N0Ka3aTb OCHOBHYIO TeOpeMy.
Teopema 9. Ompe3ox OaurbL & MONCHO nocmpoums
C NOMOWBIO YUPKYAS U AUMEHKL m020a U MOALKO moz0a,
Koz0a o ssasemcs wucaom muna A, 20e k — xkoneunoe

qucao.

CrnencrtBue. Ecaua—mpancyendenmnoe 4ucao, mo
nocmpoenue ompeska OAUHbL % C NOMOWbLI0 WUPKYAA U
AUHENKI HEB03MONCHO.

Kax u#3BeCTHO H3 WKOJBHOTO KypCa, €CJIH BeuecTBeH-
HOE YHCJIO @ fABAAETC KODHEM KBAaJAPaTHOrO YpaBHEHHH,
TO MOCTPOEHHE C NMOMOIUBIC LHPKYJA H JHHEeHKH OoTpe3dka
OJMHHB @ HaBEPHO BO3MOXHO, €CJH BO3MOXHO Takoe HO-
CTpOeHHE IJIt OTPe3KOB C [JHHGMH, PasHBIMH KO3(du-
HHeHTaM ypaBHeHusi. [103TOMy Bcerza MOXHO INOCTPOHTH
C MOMOLUbIO HHPKY/IA H JIHHEHKH OTPE3OK C AJMHHOH «,
ecan a — uucao THna A,. Ho Torga nocrpoense BO3MOXKHO
H B TOM CJyuae, KOrja a —4ucao tana A, 0 1. A

CienoBaTesbHO, ecld « uncaIo THna Aj (k—KoHeuHo),

TO NOCTPOEHHE C NMOMOLIbIO IHPKYJAs U JHHEHKH OTpe3ka
¢ JIJIHHOH a BO3MOXHO.

JlonycTHM Temepb, YTO MOXHO MOCTPOHTH C MOMOIUIBIO
IHPKY/AA H JHHEHKH OTPe30K C ANMHOH a H JOKaXKeM, 4TO
o SBJASETCS UYHCJIOM THMNA Ak, rae k— KOHeUHOe YHCJO.

JleH#cTBHTEIBHO, BO3MOXHOCTb NOCTPOEHHS HALUIRTO OT-
pe3Ka 03Ha4aeT, YTO €ro KOHUbI MOXHO HaliTH nyreM Ipo-
BeJIeHHA KOHE4HO020 4uCAa IPAMHX, OMHCHIBAHHA KOKELHOZ0
#UcAQ OKPYXHOCTEH H HaXOXKJIEHHS TOYEK NepecedeHus
noay4aeMux JHHUH. MHEMH c/loBaMH, OCTPOEHHE OTPE3Ka
C NOMOIUBIO LKPKYJIA H JHHEHKY SABJAAETCA KOHEUHOH Ie-
NbI0 NOCTPOEHHH, KaxXJBM 3BEHOM KOTOpOiH sBJAETCH
NpoBeJeHHEe MPAMO¥ uepe3 JBe 3aJaHHHE TOYKH H NMpOBe-
IeHHe OKDYXHOCTH NaHHOIO pajgHyca C LEHTPOM B JaHHOH
Touke. [1pH 3TOM TOuKH, Yepe3 KOTOpHE NPOBOAMTCA NpsH-
Mas, UEHTP H PagHYC OKPYXHOCTH MO/KHLI ONpEAeSAThCH
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NpefuAyIHME NoCTpoeHusaMH. CielOBaTebHO, NEePBHM
3B€HOM YINOMSHYTOH LeNH MOCTPOEHHH ABJAETCH mpoBeje-
HHEe NPAMEX 4Yepe3 TOYKH C panHOHaNbHHMH KOOPAHHA-
TaMH, OKPYXHOCTEH C paguyCaMH DalHOHAJbHOH IJIHHH H
NeHTPaMu C PanHOHAJbHHIMH KOODAMHAaTaMH H HaxoxAae-
HHE NepecevyeHus 3THX JHHHH. YDaBHEHHA TAKHX NPAMHX
H OKpYXHOCTe#l 6yayT, Kak JIerko COO6pasHTh, COLEPKaTh
JHIIb panHoOHaJAbHHE Ko3pduuuenTl. CaegoBarTesbHO,
KOOPJAMHATH HX TOUEK NepeceueHus OyIAyT UHC/IaMH THIA

Bropoe 3BeHo Hame#i nemd NOCTPOEHHH NPHBEJET K
upcaaM THna A, u T. a. Hakownen, nocienHee 3B€HO mpH-
BOMHUT K UHCJAY @, H OHO J[OJIKHO, TaKHM 06pa3oM, NpH-
HaZJIeXKaTb HEKOTOPOMY Tuly Ap.

Hamwa reopema, Takum o0O6pa3oM, [oKa3aHa moJ-
HOCTBIO,

§ 7. Ucropryeckne 3ameyannsd. OHON H3 CaMBIX JpeB-
LIHX 33Ja4, 3aHHMABIIHX yMBl MHOTHX MareMaTHKOB H, eme
60JblIe, YMH JOJeH €1a60 3HAaKOMHX C MAaTeMaTHKOM, B
TeueHHe BEKOB OhMa 3ajaua O KBajApaType Kpyra. 3anaua
33KJI04a/1ach B CJAEAYIOIEM: C NMOMOILbIO LHDPKYJSA H JIH-
He#iKH NOCTPOHTh KBajApaT pPaBHOBEJHKHH NaHHOMY Kpyry.
TaK KaK npu paguyce, paBHOM eJHHHIeE, NJOIAAb Kpyra
paBHa ®, TO 3ajaya CBOAMTICA K INOCTPOEHHIO OTpe3Ka C
JOJIHHOH ™, MOTOMY YTO, BOOOLLE, KaK H3BECTHO H3 IIKOJb-
HOTO KypCa, €C/IH BO3MOXHO NOCTPOEHHE OTPe3Ka C IJH-
HOH @, TO BO3MOXHO H NOCTPOEHHE OTpesKa C JAJHHOH a*
H Ha060poT.

[TpocroTa ¢GopMy/HPOBKH 3ajauH sBJISIaCh BH3OBOM
MaTeMaTHKe H MaTeMaTHKaM, OHa Xe co06./a3HsJa H HeMa-
TemaTHkoB. [loc/JenHHX uaCTO mNpeaLIadd H MHHMbIE
“BHTOAH"“, KOTOpHE OHH IO HEBEJEHHIO XJAaJH OT pelie-
HHS 33aJauH.

[MerepGyprekuit akanemuk JI. ditrep (1707—1787) nep-
Bu#f npHimesn Kk yGexMmeHHlo, yTO 3axaua O KBajparype
Kpyra HeBO3MOXHA M NMPHTOM BHICKA3aJa MpPEANOJOXEHHE,
4YTO YHCJO ™ He YAOBJETBOPAET HHKaKoMy ajrebpanue-
CKOMY YypaBHEHHI0 C PAUHOHAJBHHIMH KO3DGhHUHEHTaMH.
TakaM o6Gpasom, Jiijep nepBulil BHCKA3a/1 NPENOA0XKEHHE
O CYILECTBOBAaHHH TPAaHCUEHAEHTHHIX YHCEJ H O TPaHCIEH-
JeHTHOCTH uucaa « KcTaTH ckas3aTb, 060O3HaueHMe OTHO-
meHuA JJIHHH OKPYXHOCTH K AHamerpy OykBO# m OHUIO
Haiiieno JitepoM. KM xe OblI BBeJEeH TePMHH ,TPAHCUEH-
JEHTHOCTB ",

M. Oprudeasa. 17



[Tpexnonoxenne ditnepa O CymIeCTBOBAHHH TPAaHCHEH-
JNEHTHHX uYHCeJ OBJIO CTPOro MAOKA3aHO BNEPBHE JHLIbL
B 1844 roay ¢paHLy3ckuM MareMaTHKOM JimyBH/IIeM,
a TPAHCHEHIEHrHOCTh uucaa « (M, CJHeNOBAaTeNbHO, HEBO3-
MOXHOCTb KBaZpaTypH Kpyra) OHJa JOKa3aHa JHIIb
B 1882 rony.

JlnyBunp JOKasaa Cyl'eCTBOBaHHE TpaHCUEHIEHTHHX
YHCeJ, YCTAHOBHB CJAEAYIOILHH AOCTATOYHHI, HO HE HeoO-
XONHUMbIH, NPH3HAK TPAHCUEHAEHTHOCTH: €CJAH YHCJIO &
HpPaUMOHAJIbHO H CYLIECTBYIOT TpH GeCKOHeyHO-BO3pa-
CTaoIHue NMOC/Ie40BaTeJIbHOCTH LEJHX YHCe

PisDasev Pioee- (pg - o, Korna k— oo}
Gy Gzreee Qisye - (g > o, Korpa k — o)
my,m,,...m,... (my - o, xoraa k — )
TaKHe, 4TO
pkl c
a—-q—k > q;‘n’{

TO & — TPaHCUEHAEHTHOE YHCJIO,
[Mosb3ysick 3THM NPH3HAKOM, MOXHO, HaNpuMep, AOKa-
3aTh TPaHCHEHIEHTHOCTh YHCJA '

1 1 1 1
p=?+?+.2_m+...+?+,..
HokasaTenscTBO npH3Haka JluyBHAAS He 3AeMEHTapHO.
Kpome Toro, u3 Hero BHTEKaeT CyweCTBOBAaHHE TPAHCIEH-
REHTHHX 4HCeJ, HO OH He JaeT HHKAKHX YKasaHHH

O XapakTepe MHOXeCTBa 3THX YHCeJ.

[IpuseneHHOe HaMH JOKa3aTeNbCTBO CyIECTBOBAHHSA
TPaHCHEHAEHTHHX wHcea I'. KaHTopa BmoJaHe 3/1eMEHTapHO
M K TOMY X€ OHO yCTaHaB/JHBAaeT HECUETHOCTb MHOMXECTBA
TPAaHCHEHACHTHHX YHcea. OpmHaxo, xOkasaTeancTBo Kan-
TOpa ABAAETCSH TOJNLKO [O0Ka3aTeJbCTBOM CYIECTBOBaHHS,
6e3 yxasaHus XOT GH OZHOrO KOHKPETHOIO YHC/]a, KOTO-
poe sBAgA0CH OH TPaHCLEHAEHTHHM.

[lpumennmMocTs npusHaka JluyBH/I/Is BechbMa OrpaHH-
YeHa. B yacTHOCTH, C MOMOWBI 3TOrO fIpu3HaKa He yHa-
JI0Ch [0Ka3aTh TPAHCUEHACHTHOCTh YHCAA ™ H YHC/A

e= lim (I-I—-’lt—)n

n—

18



TpancueHAGHTHOCTh uHCIA e O6HJ/a JoKa3aHa JAullb
B 1873 roxy (3pMHT), a TPAHCUEHIEHTHOCTb YHCJIA T, KaK
yxe ynomuHaaoch, B 1882 romy (/luwaeman) meromami,
KOTOpHE HOCAT YaCTHHIi XapaKTep H HeIPHMEHHUMH K A0Ka-
3aTe/NbCTBY TPAaHCLEHIEHTHOCTH APYTHX YHCEeJ.

3ameuaTe/bHbE pe3ysabTaTH O6ILero Xxapakrepa OHUJIH
noJsyueHn coBeTckuMu mareMaTHkamu A. O. [eabdoupgom
(pomuaca B 1906 roxy, aaypear CrajHHCKOH mNpeMuH,
yseH-koppecnonneHT Akagemun Hayk CCCP) uP. O. Kyss-
MHHEM (poausics B 1891 roay, ymep B 1950 roay, usen-
KoppecnoHgeHT Axagemun Hayk CCCP).

§ 8. PesyabTatnt A. O. leavdonpa u P. O. Kyssmuua.
B 1900 roxy, B mok/name Ha BCEMHDHOM KOHrpecce Mare-
MaTHKOB, OJHH H3 KpYNHEeHIIHX MareMaTHKOB .IOCJeRHel
yerBepTd XIX Beka u neppoit uerBeptH XX Bexa L. 'uap-
6epT chopMy.IHpOBaJ 23 MaTeMaTHUEeCKHEe NPO6IeME, pelle-
HHE KOTOPHX Tpe6oBa/no pa3pabOTKH HOBHX H 3HAUHTE/b-
HOTO YCOBEpIIEeHCTBOBAHHA CTapbiX METOJOB B MaTeMaTHKe,
B 10 Bpems (1900 rox) kasasoch, 4TO MOaxoga K paspe-
meHn0 mnpo6aem [mab6epra Her. Oanod u3 HauboJee
TPYAHHX npo6ieM ['Hab6Gepra Gnina cieayiomas (cenpMas):

Ilycte a — m060e anreGpanueckoe, OTIHUHOE OT eJH-
HUOH YHCIO0, a B— Ja060e anre6panueckoe, HEPANHOHAb-
Hoe uuca0. Bbyner su anreGpanueckuM HJAH TPAHCUEHIEHT-

HHM IO of? B YAaCTHOCTH, ABJAAIOTCA JH TpaHCleH-

JEHTHBIMH 4HCJaa * 2'/2_ ue? B Teuenme TPHALATH JeT
8Ta mpn6/ema He MOXAABaJaCh pelIeHH!o, XOTH TeopHei
TPAaHCOEHAEHTHHX YHCEJ 3aHHMAJTHChb MHOTHE. 3aMeTHM,
KCTaTH, YTO 3HAUHTEJbHbLIE pe3yJbTaTH B 3TOH TEOPHH
6Hix NOJYYeHH OJHHM H3 CTapeiIiHX COBETCKHX Mare-
maruxoB M. . Mopayxaii-Boatosckum (PocroB — IsaTa-
FOPCK, CKOHuajcs B 1952 roay).

B 1929—1930 rogax MOCKOBCKHi MaTeMaTHK AJIeKCaHJp
Ocunosnu I'esbdoun mnokasan, uTto ecaH a— ajarebpanue-
ckoe (otauyHoe or O ¥ 1) uwHecrno, a B — MHHMOe Hppa-
UHOHAJbHOE YHCIO0, MOAYHHEHHOE ele ONHOMY J06aBoyY-
HOMY YCJOBHIO (TaK HashiBaeMas KBaJpaTHUHas HPPaLHo-

HaJbHOCTB), TO of— TPAHCUEHAEHTHO. JTO OHJI0 3HAUHTENb-

* B caenyiowel riase 6yzeT CKa3aHO, KaK ONpeAERAOTCA CTENEHH

C MPPAUUOHANLHBRIMH H MHHMbBIMH NOK4JATEAIMH H 6)’1161 noKasaso,

uto "= (—1) .
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HHM NpPOJBHXEHHEM B pelleHHH npobaeMH [Hib6epra,
HO elle He MNO/HHM pemeHHeM. B 4aCTHOCTH, MOJyUeHHHH
pe3yabTaT eme He JaBaan OTBeTa Ha BOMPOC O YHC-

nax 27 u o~

B TtoM xe, 1930 roay, /eHHHrpajiCKHii MaTeMaTHK
Poanon Ocuesnu Ky3bMuH nOKasaJ, YTO TPeGOBAHHE MHH-
MOCTH mnokasatens 3 wu3iumHe. Tem caMHM OHaa ycra-

HOBJIeHa TPAHCIeHAeHTHOCTh uncaa 2'° .

Hakonen, B 1934 roxy, mnoab3ysch O4Ye€Hb CJOX-
HHMH METOXAaMH COBPEMEHHOI0 MaTeMaTHYeCKOrn aHaIM3a,
A. O. l'eabdoHA MOJHOCTBIO paspewldsT CeabMyI0 Mpo-
6nemy I'mab6epra. 3aMeTHw, 4TO pAX APYTHX, TOXKe
O4YeHb TPYAHHX, MpobaeM 'nanGepra Takxke OHIH paspe-
IeHH CcoBeTCKHMH MaremarnkaMu — C. H. bepumreiinoMm
H. I'. Ye6orapesnM, JI. C. [TOHTPArHHHM.



Fnasa Il
NMOKA3ATEJIbHASl ®YHKHHUA

§ 1. HexoTopbie cBeaeHHs H3 TeOpHH mpeaenoB. Hamom-
HAM C/IeLyIOLiHEe Onpehe/eHus:

Onpeagenenne 1. Hucro a nasesaemcs npedesom
4UCcA0800 NOCA008QMENbHOCTH

Ay Qgyov v Qpyveny (1)

ecan 048 100020 NOAOHCUMENAbHOZO HUCAQ & MONCHO
noxazame wucao N maxoe, wmo

|an—a|<e
npu 6CAKOM N, Y008.AeMBOPAIOUEM YCA08UI0 N > N.
OO6nyHa 3amuce
a= lim a,.
N —» 00
Onpenenenne 2. Huesro A naswsaemcs npedesrom
gyuryuu f(X) npu x pasnon a, ecau 048 4106020 noao-
HCUMENbHOZO 4UCAQ & MONCHO YKA3AMb NOAOHNCUMENbHOE
4uCA0 M maxoe, 4mo
lf(x)—Al<e (2)
npu 8CAKOM 3HA4eHuu X, y0084em8OPAIOUEM YCA0LID
lx—al<ln.

Moawsyiorcs sanucsaimu
A= lim f(x), 4= lim f(x)
X—a X=a
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3ameyanne, 3anucu

A= lim f(x), A= lim f(x)

X > o0 X — — 0
03HAYaIOT, YTO HEPaBEHCTBU (2) MMeeT MeCTO, COOTBeT-
CTBEHHO, TpH
x>M, x<—M,

rge M — HEKOTOPOE MOJIOXKHTEJbHOE YHCAO, ONpeneasemMoe
3a4aHHHM YHUC/IOM e&.

W3 wKoMbHOrO Kypca MaTeMaTHKM H3BECTHH CJAenyio-
IlHe TeopeMmH O mpejenax:

1. Ecau cywyecmsywom npedess. cAAZAEMHT U LUCAO
CAQzaemux PUKCUPOBARO, MO Cyuecmsyem npeden CyMmbL,
u OH pasen cymme npedenros Caazaemu.r. To-eCTh

lim (an+bn+° . +kn)=

n - o©
= lim a,+4 limbp,+.--lim p,,
n- oo " > oo n - oo
Jim () 0+ o ()=
~a
= lim f,{x)4-lim f, (%)~ - lim fp, (x).
X—>aq x—+a xX—-a

2. Ecau cywecmsywom npedeav cOMHONCUMenel u
HUCAO COMHONCumenell Huxcup08aro, mo cyuecmsyem
npeden npousgedenus, i OH pasen npoussedenuio npeode-
208 comnoxcumeanels. To-ecTb

lim (@, .b, - k,)= lim a,. lim by,... lim k,,
N> o N> N> n - o

“ma[fl (x) fo(x) - -+ f(x(]=
X =
= lim fi(x). lim f,(x).-+ lim fp,(x).
x>0 X—>a x>0
B YaCTHOCTH, €CJH @ — NOCTOsIHHasi, TO

lim ag,=a lim a,, lim af(x)=a lim f(x).
n - o n -+ <o X -0 X =+~0a
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3. Ecau cywecmsyiom npedess. 4AEHO8 OMHOUEHUS
u npeden 3HAMEHAMEAS OMAUYEH OM HYAS, MO Cyuje-
cmeyem npedesr 4ACMHOZO0, U OH DPABER 4ACMHOMY npe-
0en08 waen08 omruouenus. To-ecTh

lim a . lim f(x)
lim —=2%2%2_ " fim [ —x=a
" oo On lim by’ . q ¢(x) lim o (x)
n - o x>0

4. [Tpeden Geruuunu, 3aKAIOHEHHOR MeHCOY 08YMR
sesudunamy, umMeOwuMu o6uwul npedes A, cyuecmsyem
u pasen A. To-ecT, eCu ANs BCeX 3HAYEHMH 7, HAYMHAsR
C HEKOTOPOro,

Ay < Cp < by

lim q,= lim b,= A,
TO n-> o n - oo
lim ¢,=A.
n - oo

AHaJIOTAYHO, ecaM AAs JA1060T0, AOCTATOYHO O6JAH3KOTO
a, 3HayeHus X
Fx) <o (x) < F(x)
lim f(x)= lim F(x)=A,

xi>a £>a
TO
lim ¢ (x)=A.

X =>a

5. Ecau x, ozpanuuexnas eesuquna n lim y,=0,
n = oo

TO
im  xpy,=0.

W~ o0

B xadecTBe NOJE3HOTO AJs HAC B AaibHeAINEM MpH-
Mepa HOKaxXeM, 4To AJs nboro 3HayeHusa X, He 3aBH-
canlero or n,

X x”
lim < =0.
n -



JleficTBUTENBHO, ecaH 7 1enoe 4yucao u r+41>2|x|, 10

xnl lxlr xln—r
LR E D ET D
21" xlm=r —Lalf( L el
A A I o 2T
EIM L
Ho Besnuunna = HeaaBchTOTn,a’én—r“*o,ecamn»oo.
[Toaromy
im X0,
n->o Il on—r
B TeM GoJee
n
lim £-=0.
n- oo M

B ranbuefiiuem HaM noHaxo6sTcs elle HeKOTOPHE GakTH
M3 TEOpHH OpelesoB, KOTOPblE He FXOAAT B LWIKOJBHHH
KypC MaTeMaTHKH H NO3TOMY 6yayT HaMH JOKa3aHH.

Teopewma 1. Kaxcdas, oepanusennas ceepxy (cHu3y),
Heybusawas (Keso3pacmanuas) nocaedosamesbROCMs,
umeem npedea.

OrpaHnueHHOCTh mocaenoBareabHocTH (1) cBepxy O3Ha-
YaeT CyluecrBoBaHHe Takoro uucaa M, yto npu awo6oMm n

a, <M.

Anajoru4HO ompejgensieTcs Or paHHYEHROCTb CHH3Y.
. [locnesoBaTebHOCTh HA3HIBAGTCA HeYOHBAOILEH, €CTH
npp n>m
Ay > A

H HeBo3pacrawouel, ecau
Ay < Ay,

Jloka3ate bCTBO TEOPEMH BNOJHE 3JEMEHTapHO, HO
TpeGyer 3HaHHS TEOPHH MPPALHOHAJBHEIX uHCed. Mu npo-
BeJeM 3TO AOKa3aTeJbCTBO, HMCXOXsl CHayaja M3 omnpeje-
JeHHS HPPaUUOHAJSBHOTO YHC/Ad C IMOMOIIbIO CEYEHHUs
B 006JaCTH pauMoHaJbHHX uyucea. [las olpesesSeHHOCTH
6yneM npeano.sarars. 1oC/Jef0BaTe1bHOCT HeyOHBaloleH
H OrpaHMYcHHOH CBEpXy.
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OtHeceM K npaBOMYy KJaccy B kaxjaoe pailHOHaIbHOE
yucao, 6oabiliee £/06020 3jleMeHTa MOC/eL0BaTEIbHOCTH

Ay Ggyev o By yuens

a K 7neBOMY KJaaccy A—BCe oOcCTanpHHE panuoHa/JbHHE
YHCJId, TO-€CTh KaX10€ pPAallHOHAJbHOE YHC/O He Gonbmee
xoms 6s. 00HOZ0 31eMeHTa MOC]eL0BaTeNbHOCTH,

B cuay orpadaHueHHOCTH HOC/JIEJOBATEJIbHOCTH CBEpXY
o6a kniacca cyuiectByioT. $SIcHO, 4ro a060€ YHCAO M3
knacca 4 MeHplle KamAOro 4Yucaa M3 Kjacca B u uro
n1060€ pauACHaJbHOE YHC/JI0 HAXOAMTCS B OAHOM M3 Kjace
coB A, B. Takum o6pasoM Kkaaccl A, B onpegessiior
ceyeHHe B 06/aCTH P4IMOHANBHHIX YHCENT, TO-eCThb onpe-
Jenqi0T HeKOTOpOe YHC/IO &, KOTOPOe He MEeHblue JI000ro
yucna M3 xnacca A u He OGoabiue JI060T0 yuClIa H3
kaacca B. IlokaxeM, 4TO

ea= lim q,.
n -+ o0
JleficTBuTEeIBHO, MYCTh 3afaHo Jio6oe yncao & > 0. Torna
Ha#lgeTcs B Hawef NOC/AeJOBAaTENBHOCTH 3JEMEHT @ Ta-
KO#, uTO
*x— ak < e, (3)

TaK KaK, ecan OH TaKoro 3JeMeHTa He OHJIO, TO-eCTh NpH
ao60oM %k 6HI0 OH

a—ap>¢
H TeM 6ogee
G—dk>§e',
TO MH HMeJaH OH
ak<a-—-—;—<a

npu JMoSoM k, HO TOTa a'He oTaenser kaacc A oT ksacca B.
Ecau uepaBencTBO (3) cnpaBeasHBO AJs HEKOTOP(ro X,
TO, TaK KAK MNOCJAEN0BaTeNbHOCTh HeyOHBaloLlas, Hepa-
BTHCTBO
a—a,<e

cnpasesnuBo Ipu mo6om n > k. Otcioma crexyer, 410
lim a, =«

N —>
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Ecamr HCXOANTD A3 npenCTaB/NEHHS BEIECTBEHHHX YH-
ceq ¢ DOMOIbI0 GECKOHEUYHHX JECATHUHHX JApobeH, TO
JOKa3aTeNbCTBO TeQpPeMH MOXHO [POBECTH CAeRYIOLHM
06pa3oM. '

Mu MoXxeM cydTaTh, yTO Hallla MOC/TeLOBATENbHOCTH
OrpaHHueHa cBepxXy 4e som 4YUCAOM M (HHaye MH 3aMme-
HEAH O M GamxalIInM LeAHM 4YHCIOM, Goaswam M),
ITycts m — Ganxaiiimee penoe uYucjao, MeHblIee 4YeM a,.
TaxuM o6pasom

m<a,l\<M, n=l, 2,3,-..

Paccmorpum uucra
m,m-+1, m+4+2,... M—=1, M,

[Tyctb ¢ -1 siBAsieTcs MepBHM M3 HAX, KOTOPOE HE MeHbLIe
J060ro 3/7eMeHTa Hallel MoC/Ief0BaTeNbHOCTH (B KpailHeM
crydae: ¢+ 1=M). CnegoBare/;bHO, CYyIIeCTByeT 3Je-
MEHT aj TaKOH, 4TO

ap>C.

Ho rtoraa a,> ¢ npn nwobom n > k.

Hrak
c<a, <c+1, n>k

Tenepb paccMOTpHM uHcIa
66 1,6, 25,5609 ¢+ 1; (c,a=c—+0,a).

[NosTOpHB mpennAaylIRe paccyxAeHHe, NPUiiieM K BHBOLY,
YTO CYLIEeCTBYIOT Yucaac, a u ¢, o, 40,1 =c,a 41 A Ta-
Koe uHcao k,, 4to

6oy <a,<<c, o4 1 npu n>k.
[Tocne atoro paccMoTpum uucaa
a6l 60,02, 00 6,090,041

M NpuiineM K 3aK/JII0YEeHHIO, YTO CYLIECTBYIOT YHCJA C, &, &,
u ¢ a a-+001=c¢,a a1 u Takoe yucao k,, 4tTo

¢, % a3<0/n<0, % @ + 1, npu ”’>k2'
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IMpomo/xas 3TH pacCcyXAeHHs, MH onpelaenBMm O6ecko-
HEeYHYI0 AeCATHUHYIO ApOOb

A=C, &) Cysvs Cyy v,
BAJsl KOTOPO#
€0y 0y <AL, .. ap+1,

NPHUEM C, &, &y, . .. Oy < By < €, Gy Gyo. Oy~ 1, IPH JIO-
oM n>k,,. -
CrenoBatennHO,

—_— 1
lan—algc,al...am—}-l——c,al...am=-1-67-5<e, n> kpy,

eC/H B3STh M AOCT4TOUHO GOJBLLIAM. 3HAUHT

lim a,=a.
n -+ oo
Teopama 2. Ecau a> 0. u payuorasbrbe 1ucra
hyyhoy . by .. 4)
06pasyom nocaedosamessrocms, 043 Komopol
lim h,=0,
n —>
mo
lim afn=1. )
7 — oo
CHauasna IOKaxeM, 4TO
1
lim g™ =1, m — neJnoe. (6)

m— oo

Mycrs a > 1. Torna
1

A =1-}ay, Op>0
H TMO3TOMY

a=(1+am)m=1—|—-mam+---,

TAe HeHanuCaHHHEe CJA3IraeMue MNOJJOXHTENbHH. CaepoBa-
TEJIbHO,

a>1-+4ma,; am<a;l.
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Taxum o6pasom,

lim «,, =0
m-—=>o0
H MO3TOMY
1
lim @™ = 1.
m oo

1
Ecan a <1, 70 — > 1 H no A0KAa3aHHOMY
a
1

i Lo (17
m-—>Qo0 am m — oo [74

Mo Teopeme O mnpejese 4aCTHOro, HMEEM

l
1
lim gm = lim —— =
m—> o m-—> oo l

—

L
a™

[pn a =1 Hawe yTBEpXAEHHE OYEBHIHO.

Tenepp ZokakeMm, 4TO CHpaBefIHMBO paBeHCTBO (D).
Jle#icTBUTEIBHO, NYCTh

p'n I
Ihul ==
: gn  9n
Pn
H IycThb m Gadkaiilee “K In LieJIOe YHCJI0, He GOJIblIe YeM
Pa
In . Torna
Pn
an
mL—<m+1.
Pn
CiennBaTesbHO,
m + 1 l N l —

H m- o, eClii A — o,
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Mpu a>1n h, >0, umeem *

1 1
m+l<ahn<am

IS

fIpu a < 1, Hao6opor,
1 L
am+1s ghns gm,

B o6Goux ciyyasix Ha OCHOBaHHM paBeHcTBa (6) # Teo-
peMH O npejgene NepemMeHHOH, 3aKAIOYEHHOH MEXAY ABYMS
nepeMeHHHMH, HMeoUHMMH OOmME npenesa, NOAyYyHM

lim afn=1.
n -+

JlokasanHasi TeopeMa MO03BOJIIeT BBECTH MOHATHE O
CTENEHH MOJIOXHTENBHOTO YAC/AA C UPPAYUOHAALHLM 1O~
Ka3aregeM.

Onpenenenune 3./7ycme o— uppayuonarsroe 4u-
ca0 u

Ty Toyeoslpysees 7)

noc.aed08amenbROCMb PAYUOHANBREX HUcen, 048 KOMOpOh

lim Iy =2a. (71)
n -+

Torxa, no onpeje/ieHHIO

a®*= lim arn (8)
n -0

(mocnenoBarensHocTh (7) 06pasyioT, HanmpuMep, 4YHCHa
a; a, 9,;a, o %;..., €CIH &=a, % % .. .a,,...?

UTo6H MOXHO GHLIO NPHHSATH TAKOE ONpejenaeHHne, ecre-
CTBEHHOCTb €r0 OYeBHIHA, HARXO AOKa3aTb, 4YTO Ipexeln
(8) cymecrsyer ¥ He 3aBACHT OT BHOOpa IOC/]ex0BaTE/b-
Hocru (7).

Ecau mnocnenosarenbHocTh (7) Hey6HBaoouias, TO IO-
CJIe10BaTe/NbHOCTD

am,an,..a',... 9)

* [IpegocTaBifeM YHTATENIO PaCCMATPeTh Cayua# h”<0.



He y6upaeT mpu a>-1 n He Bo3pacraer mpu a<1. B
nepBoM caydae —

an<ar,

rae r —a060e panHOHAaJIbHOE YHCIO, GoJibliee &, BO BTO-
poM cayyae —

a’n>an,

3uauur, mo Teopeme 1, B OGOMX caydasX CYliecTByer
npexesa MOCAeNOBaTeIbHOCTH (9), TO-eCTh, CyllleCTBYeT
npegen (8).

Tenepr mokaieM HesaBuCHMOCTb mnpepena (8) or BH-
6opa nocrenosarenssocty (7). IMycts nocaenoBaTebHOCTD
PAanHMOHANBHHX YHCeN

Spy Szee. Spyees

OTANMYHA OT MOCJeJOBaTeNbHOCTH (7), HO HMEET TOT Xe
npezen

lim s, =ua,
7n -0
Torna
lim (r,, —s,)= lim rp,— lim s, =a—a=0  (9)
n -0 7 -0 n +co
H
lim (@"™—a) = lim a"» (a5 — 1) =
n -+ n >co
== Iim arn . lim (arn_sn—— ])= 0’ (10)
n —+oo 7n >
TaK KaK

lim g% = qa,
7n +00

a Ha ocuoBauuu (9) u TeopeMu 2

lim (grn—3% —1)=0.
n =00

H3 (10) caenyer, uto mpepen

lim a%n
n -+
cymecTByeT H
lim asn= lim q'» =aqa®.
n -+ n -+oo
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3ameuanne 1. Tak kKak O DOC/IENOBATENLHOCTH
S19+++ Sy,... MH HE MpEANO.araiad, YTO oHa HeyOHBalo-
masi (HeBO3pacTalolllas), TO M3 HalIMX MOCAeIHHX PACCYX-
HeHui caefyer, 4yTO B ONMpefe/eHnn 3 06s3aTesbHO JHIID
ycaosue (7,).
3ameuyanne 2. M3 Tex xe paccyxaeHufi caenyer,
41O
lim asn=aa,
N -0

KaKoBH OH HH GHJIH YHCAA Sy, PAHOHAJBHH HJM HET,

JHUIb OH
lim s, = a.
n o0

§ 2. Noka3sareabnas ¢yunkunsa. Yucao e.
Onpepenenune 4, Pyuryus

y=a"

Ha3b.6QA6MCA NOKA3AMEAbHOL.

Mpa a >0 sta dysKnMs onpexenera mas mo6oro Be-
IEeCTBEHHOTO 3HAYEHHs X, TO-eCTh, KAXIOMY X, pamHo-
Ha/JbHOMY HJIM MpPAIlHOHATbHOMY, COOTBETCTBYET BMOJHE
ompexeneHsoe yucio a*,

Ocofyio poab B MareMaTuKe (M MPHIOXKEHHSX) BHIOJ-
HsieT noKasaTeabHas (YHKIHS C OCHOBaHHEM, KQTOpOe,
caenys JI. d#nepy, o6osHaualoT OYKBOH e H KoTOpOE
ABJACTCS MpeJesIoM MOC/IeN0BaTeNbHOCTH

141, (1+%)2, (1+;—)3,...(1+%)",..., (1)

TO-eCTb, IO OIpPEeAENEHHIO

1 yn
e = lim (1+—-) ,
n

n —- oo

n — nejoe noJoxuTeabHoe uucao. [Ipexge Bcero, Ham
Hal0 QOKa3aTh, YTO pacCMaTPHBaeMHH Ipegesa Cylie-
CTBYET.
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Jns sTOrO 3aMerHM, uto no dopMyae Hriorona

”_("Lll.L+

1\»n 1
(1+7> L S T R

n(n—=1)(n—2) 1 1

+ +o. ;‘%=1+1+.1—fé(1.-n—)+

1.2.3 n
e
+1.2.3..1.(n—1)n(1—':7)(]_72z—)"'(]_n:1>'

B nocrexnem BHpaxeHHH NPH BO3PACTAHHH 7 YBEJIHYH-
BaeTcs YHCJIO CJaraeMblx H BO3pacTaloT CAMH CJaraeMHe.
[tostomy mocrenoBarenbHocTh (1) ABAsieTCs 603pacmar-
wetlt. B To xe BpeMms, H3 (2) caepyeT

(l+ )<l+ + +l 3+ 2...n
1

{ — ——
2n+l
<1+ttt gm=lt—— <

1___.

2

<1+ =3.

2

CreposarenbHo, nocaejposareabHocth (1) ozpanuuena
cBEpXYy.

M3 teopemn 1 § 1 careayer, uro paccmarpuBaeMH
HaMH npejesn CyIecTByerT.

[To3xe MH NMOKaxeM, KaKk MOXHO OHCTPO H C /000K
TOYHOCTBIO BHYHCAHTH YHCJIO €.

Hcropuueckn nocenosareaspHocTs (1) nosiBuIach BMecTe

¢ aorapudmamn *. Ocobas poap uncaa e u ¢ynxuuu e*

* Cum., Hanpumep, JI. 1. Fnpw B ax ba. UctopHa OTKPHTHA Noras
pEGMOB. Msnarenbcrao XI'Y, Xapbkos, 1952.
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B MaTeMaTHKE H NPHUJICKEHHSX CBA3aHA C TeM, YTO 3Ta
dyuknus o6ramaer C/aefyIOUUM 3aMedaTeqbHHM CBOA-
CTBOM: CKOPOCTb M3MeHeHHH (YHKUHE €* OTHOCHTe/JBHO X

paBHa caMo#i QYHKIHH e*. DTOT daxT GyAeT Hamu JOKa-
3ad HAXe ( B § 4, rae OyneT Takxke YKa3aHO, 4TO HAZO0
MOHHMATh NOJ CKOPOCTbIO H3MeHeHHsi OyHkuuu). OueHb
MOJNEe3HHMH, NPH BHYHCJIEHHH Npepe/oB, SBJAIOTCH CJae-
JyIoulHe yTBepKAeHHs.

Jlemma 1. Kaxum 6o Hu 66020 n, suwb 66 |n|—>co,
umeem

\
lim (1 —|——]-Jn =e
n

|n| > oo

JeiicreutensHo, nycts n>0. O6o3naunM uepe3 m 6an-
xalmee XK n mejaoe 4YHCJI0, HE GoJbiuee ueMm 7. Torgpa

m<n<m+41
H MO3TOMY

I R
e e
B

CanegmoBaTeJbHO,

lim (1 +%)”=e.

n —»o00

Ectrm n <0 (Ho [n] > o00), To npu oGo3HaueHAn n=—Fk
k> 0), noayunm:

1 \n 1\=—k
li 1 —_ = 1i ] —— P
im ( + ) im ( k>

[n]| -0 n k~o
—_ —k k
e
k —»o Kk —o0 {C-—l
1 \k—1 1
= i {4+ — 14+——|=e.
k.'i"w( +k—-—l) ( +k—1)

. 8. Oprugeasa. 33



Taxum o6pasoM, JeMMa JAOKa3aHa noaHocrbio. Oye-
BEAHO, QTO MOXHO 3aMeHATh (POPMyAupPOBKY JEeMMH Cie-
Aylolie#t, gacto Goxee yao6HOH, GHopMyaRPOBKOIL:

1
lim 1+x x=e'
x —0
JlemMmMa 2. Ecau a He 3aBHCHT OT X, TO
1

lim (1—{~ax)x_=ea uau:  lim (l—l—%)n,—:ea .

X => 0 | n|—o0

‘Tax kax | |
(ool

TO NpPH LEJOM @ JeMMa HeMEeMIEHHO CJIeXyeT H3 TEGPeMH
o mpepese mpouspenenus. Ecin a He mesoe, TO moKa3a-
TEJbCTBO HE OYeHb YCJIOXKHsAeTcd. MH ero oIyCKaeM.

BecbMa BaKHBIM CBOHCTBOM MHOTHX (QYHKIHH ABIAETCH
CBOHCTBO HENpPEepHBHOCTH, KOTOpOe 3aK/I04aeTCs B Cles
AylomeMm:

Onpexnenenne 5. @ynxyus f(x) Hasveaemcs
Henpepusroll npu x =X, (8 mouke X=x,), ecau cyuye-
cméyem lim f(x) u npumon

x“—Txf( x)=f (%)

mo-ecms, ecau DA3HOCMb
F(x) = flxo)
CKOANb Y200HO MAAQ OOHOBPEMEHHO C PAZHOCMbIO
x—xo-

Jlerko nokasate, YTO NOKA3AMeEAbHAS PYHKYuUA Henpe-
pusHa npR mo60oM 3HaueHHH Xx. JleACTBHTE/BHO,

ax — ax0=ax° (ax-xo__ 1).



BoaMeM panuoHaAbHOE yHCa0 /> 0 cToMb MaNHM, YTOGH
HMEJO MEeCTO HepaBeHCTBO

]ah—1|<—e—

a*o -
3To Bo3MOXHO BBUAY Teopemu 2 (§ 1). 3areM, nmycTs
I X — xo I < ho
Toraa
la* —a*%| < a%|a? —1] <5

4YeM H JOKa3aHa HENMpepHBHOCT GYHKIHH a*-

3ameuyaHue, JlorapupMu, BHYNCAEHHHE MPH OCHO-
BaHHH e, HAa3HBAIOTCS HATypaJbHHMH H 0003Ha4anTCA
CHMBOJIOM In N,
Tak kak

N=al%8 gV, N=el" N’
TO
alog N — JnN

Orciona crepyer

loggy N - Ina=InN; logg N=InN .log,e,

TO-€CTh

log, N = L. InN; InN= - log, N.
Ina

log, e

ATH GOPMYJH YCTAaHABIKHBAIT CBA3b MEXAY JOrapud-
MaMH, BHYHMCTCHHHMH INpH HEKOTOPOM OCHOBAaHHH Q H
HATypaJbHHMH JorapugMamu.

§ 8. Pasnoxenne ¢pynkunn e* B cremenHor psaa. Hppa-
QHOHAJbLHOCTbL YHCAA €,

Onpenenenne 6. Ecau wucaosasn nocaedosamens-
Hocme

ay, a,+a, a,+a,ta,,..., a,+a,+...4a,,...
umeem npedes @, mo nuuym
a=a1+ az"l"o.s"‘an( + DR
U 2080pAIM, 4MO 4UCA0 @ NPeOCcmasAeHO PAIOM
ata,+...+ap+... (N
usrn, ywmo paod (1) cxodumcsa u umeem CYMMOlL 4ucao a.
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Onpenenenune 7. Ecau npu Hexomopux 3Ha4e-
HUaAx X nocaedosamerbHocms

@y, ay+ax, a,+a,x + ax*, ..
a,+axt...+a, ",...

umeem npedea f(x), mo z080pam, 4mo npu 3muX 3HA-
YeHufx x cxodumcs cmenennoll p Ao

@GQtax+-+a "+

K 4mo cyMMOlL amozo p;wa agagemes f(x). Imo 3anu-
colsaom max

f)=a+ax+- - +ax4--.
Teopewma 3. [Tpu awbom 3navenuu x

R R IR

Tpumenss ¢dopmyny HreioToHa, umeem

(L

+n(n—l) (n—r+l) £+ .+x"

12, n' o o
=14v+v,+- 4+ v+ -+

_nn=1)...(a=r41) x" __
Ur= 1-2...r n’

_ 1 2\ r—-l)_gc_"
—-(——F)(_nn-o P — n r!o
3ameTuM, 41O
— 1
(1._-’_)(1__r+1 (1_£i%__)
" “ x5, (4

Vrf-s=7Ty r+1)(4+2)...(r+s) )
36
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IMyers x>0. Toraa us (4) crenyer

x \8
U4 s< 'vr(m) . ()
[Monaras n >r > x, u3 (5) HaAXOLUM
V1t Vppot 4+ <

x2 xn—r
<’U[r+1+(+l)z+ +——""'-]<

"7
xn—r
[r+1+ r+1)2+ +(,-_|_1)n—-r+ ]
= o* (6)
r+1l—x

Comnocrasus paBEHCTBO (3) ¢ uepapencrsoM (6), mOXydAM

(1+’;) r+1 I it o, <

<(+5)" )

IMpu ¢ukcupoBanHoM r, GyneM HEOTPaHHYEHHO YBEIHYM-
BaTh n.
Tak xak
x"

lim ’07‘:—;—! ]

n— o

H 1Mo JemMe 2 mpepnayluero mnaparpaga
n
‘ X
lim (1+ ) = lim [(1-|— ) ] =e”,
n - o0 N -+ o©
To u3 (7) caemyer
xrt+1

_ X XX
C—arrioa <t tm Tt e



Mocrennne HepapeHCTBA MMEIOT MECTO NpH JIOGOM r. YBe-
JAYHB3SA Tenepb r HEOrPaHAYEHHO, MOJIyYHM

. x , x? X"\ _
Jim [ g =

‘C—] — — --o—f——d—'—-o.

4YTO H TPe6OBANOCh NOKA3aTh.

CToJb Xe 31EMeHTapHO AOKa3HBaeTCsd CIPaBelJIHBOCTh
(2) u npu x<0, HO HAa 3TOM MH YyXe OCTaHaBAUBATbCA
He 6ypem.

PaBenctBo (2) mo3sossieT BHUHC/ASATH 3HAYCHHA QYHK-

LLHH e* ¢ 11060 TOYHOCTHIO H OCTATOYHO GHCTPO. MH orpa-

HHYAMCS (45 BHUMCAHTENbHBIX 3afa4 9TOro AOCTAaTOYHO),

TeM, YTO HaizeM ¢ ToyHocThio Ao 0,00001 camo uucao €.
[Tonoxns B (2) x=1, noayuam

1 1 1
e=1+41+gr+o+ o tmt @
ChepoBareabHo, | |
— l —
e—2+7]' +—3—l'+"+ n!+6”"

rae
1 1

+ (n-+2)!

=1 [y 1 ‘
=mrm| et et <

3, —

LN CER Y =

1 1 1 1 _
<(n—|—l;!{1+n+2+(n+2)2 TP +...}_ ®)

1 1 _ n-+t2
T (n 1)1 | — T CES RS
n-+2
B uacrHocTH
11 11 1

% < 157107~ 3628800 < 300000 < 200001



Takum o6GpasoM, ¢ TourocThio xo 0,00001,
1 1 1

W3 pasencrsa (8) BecbMa mMpoOCTO ClexyeT
Teopema 4. Hucao e — uppayuonarsro.
Jonycrum npormsuoe. [Tycts

L2
q’

—
—_—

FIe p, ¢ — OeaHe YHCIa.
M3 pasenctsa (8) nmonyunm Toria

_'(+21+31+ -+ :) EaES

tarmt =

IMocne ymHoXeHnus Ha ¢!, Haliaem

p(q—l)!—=2 ql+ + -|- +1}——q'8 (10)

Bupaxenne, crosiliee B J€BOW YACTH NOCAEAHEr0 PaBeH-
CTB2, SABASAETCA {eabMm 4ucaom. Uto xacaerca BHpPaXeHHS,
CTOsILLEr0 B MPaBO#l yaCTH, TO HA OCHOBaHMH (9)

q-+2 _ q-+2 <1
(@+11g+1) — (g+1)?

H, ClleoBaTeMbHO, ¢ 13, sIBARETCA npasUAbHOL 0po0si0.
Takum o6pa3om, paBeHCTBO (10) HEBO3MOXHO, H 9YACIO &
He MOxeT OHTb palHOHaJIbHHM.

B 3aksouenne naparpaga moxaxem, 4TO

g13,< q!

Hm xMe— %= lim “—= (11)

X —» 00 xX—»>00 €

npu a1060M KOHeYyHOM M. DTO 3aMedaHne JaeT NpejcTas-

Jedne 0 GHcTpore pocta QYHKIHH e* u Gucrpore yOhl-
BaHAsA QYHKIHH e * mpH X — 00,
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Pasercteo (11) crenyer 3 TOro, 4ro

xm x™
— <
e X X2 xm xm+1
ottt tarm T
x™ (m4-1)!
S aem+1 T x '
(m+1)1
Ho npn xoHeuHOM (nycTh Aaxe odeHb G60/bIIOM) M H
X — 0, HMeeM

X =» 0

CJIE,[(OB&TEJIBHO, noJaBHO

Lx™
lim ——=0.
X0 €

§ 4. CxopocTb H3MeHeRHs QyHKOHuH €.

Onpenenenue 8. [Tpoussoonot gyrkyuu f(x) Ha-
3neaemcs mpedea

f/(x)___ lim f(x+h)—f(x) (l)

|h]-»0 h ’

ecau OK cywecmsyem.

dynkuHo f'(X) MOXKHO CUUTATh CKOPOCMbEI0 H3MEHEHAS
¢byuxoun f(x), Tak Kak, ec1u f(x) o3Hawaer myTh, NpOM-
JEHHHH TOYKOH, ABHXKYIIEHCHS NpAMOJUHEHRHO, 32 BpeMs X,
10 f(x+h)—f(x) ects nyTh, npolileHHnH TOYKOH 3a
BpeMs (x - h)—x=~h, oTHOlIeHHE

f(x-‘rh’z—f(x)

ABJRETCH CpefHEeH CKOpPOCTbIO 3a BpeMs h (HauuHas ¢ Mo-
MeHTa X), a npeaea (l)—cKopocTbio B MoMeHT x. Hanpn- -
Mep, ecaH

*

f(x)::-g-xz



(cBOGoaHOE mafeHHE), TO

—g-(x+ 11)2--.-%-,\:2

"(x)= lim =
7 | |0 h

= lim (2x+4h) L =ax
|h|-.o( A 2

— H3BECTHOMY BHIPAXEHUIO A1 CKOPOCTH cBOGOAHO na-

Jamwoliiero, ¢ yCKOpEHHEM a, TeJa.

Teopema 5. Ckopocme u3menenus gynxyun e* pas-

Ha e*.
To-ecThb
(ex)' =ex,

MpeasapATe/bHO AOKAXKEM, YTQ

eh—1

lim =———=1.
h-0 H

JleficTBHTE/ILHO, H3 PaBEHCTBA

2 B
=1t b

craenyer >
—1—h h?
=Rt
H NOSTOMY
. 1]
e"—1 LRI | |hIZ | (BB 2
R _1|< T+t =T
=7
3naunr, ecan A -0, To
h
e’—1
A —1—0,

4YTO H TPe6OBANOCH AOKA3ATh.

(2)

@)
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Tenepn nueeM

ex-{-h_ex eh—-l
e*) = lim — = lim X —— = —
() h—»0 h h-s0 h
h__
= lim ¢ 1 =e*,
h-0 h

Takum o6pasoM, TeopeMa XOKa3aHa.

Jlerko coo6pasuTh, YTO HET HAXOGHOCTH paccMaTpHBaTh
noxkasaTeqbHHEe (QYHKIHY C OCHOBaHHEM, MEHBbILIMM eEH-
HAUH. JIerKko Takxe BHAETb, YTO BCE YCTAHOBIEHHOE HAMH
Ans GyHkuMH e* nepeHocuTcs Ha dyHkumuio a* (a > 1),
Tak Kak

xina x lna)? xInaq)®
ax=exlna____1+( )+( )+_..+£___)_.+..
i1 21 n!
3aMeTUM JHUIb, YTO
(@*)y =a* - Ina.
Unrare/qs MOXeT STO JIEFKO HPOBEPUTb.

YcTaHoBMEHHLIE HAMH CBOMCTBA MOKa3are/bHOH (PyHK-
IHH [CymecTBoBaHWe, HENMpEepHBHOCTb, BO3pacTaHWe (NpH

)y

) y (e

Pamc. 5.

a > 1)] nossoasior HaM OCTPOUTH TpadHK 3TOH PyHKUHH.
OH uMeeT BHA, yKa3aHHH# Ha puc. 5. [locse sToro cra-
HOBHTCS OYEBHAHHM, UTO KaXA0€ MOJOXHTEAbHOE YHCIAO
AMeeT JorapudM npH Jo60M MOJOXKHTETLHOM OCHOBaHHH.

* Mlpn a <1 m3Menurca GopMyIEPOBKA 3aMedyaHns B Konue § 3.
42



§ 5. Teopema cioxenns. BaxHeRmiee CBOACTBO HOKa-
TeAbHOA (QYHKIHH, 3akJONaomeecs B TOM, YTO

a* - a¥ =a*ty

XOpOILIO H3BECTHO M3 IUKOABHOrO Kypca. IlpH meJHx u
NpH XPOOHHX pAamHOHAJBHHX NOKA3aTeNfX OHO CaenyeT
H3 ompeje/eHHs CTEMeHH, a TaK Kak

+3n

. v
lim @™ . lim @®*= lim a'» f

h— . h — o0 h-+2w

TO OHO BEPHO [/ HPPAUHOHANBHHX MOKa3aTened.
lpuBoauMas HHXKe TeopeMa MOKA3hIBAaeT, 4TO YNOMs-
HYTOE CBOHCTBO fB/ISETCA XaPaKTePHWM A/ MMOKa3aTe/b-
HO# QyHKIHH.
Teopema 5. Ecau dynrqus f(x) Henpepusna u npu
200X 3HAYEHURT X U Y CnPasedauso moxcoecmso

f(x)- ) =flx+y) @

mo gyrryus f(x), ecau OHA He pABHA MONCOECMBEKHO
HYARI0, A6ASEMCS KOKA3AMENSROL PyHKyuel,
Beeaem o6osHayeHue

f()=a
H NOJNOXHM CHavyasJa B (2) x=y. [Noayuum
F2x)=[f(x)}.
Tenepn monoxuMm y—=2x. [Noayuyum
FBx)=f(x) - f@x)=[Sf(x)]"
[To HHAyKnHH HMeeM
flnx)=[f(x)]", 3)

n — 1es0e, NOJOXUTEJILHOE YHCJO.
JelicTBuTeABHO, €CaH

S (kx) =[f (x]¥,

TO H3 (2) caepyer

Flk+ 1) x]=Ff(kx) * flx)=[f )]+

IMonoxus B (3) x=1, noayuum

f(n)=[f(1)]*=a". (4)



m
Tenepp NOAOKHM B (3) x=— Monywum

f(m)=[f(%)]"

H, pHHAMas BO BHHMaHHe (4),
m__ | g(1 "
=)

f(—’"—)=a% )

n

Taxkum o6pasom,

[Moroxus B (2) x—=y=0, HalixeM

[fO)P=£()
H, CJ1eI0BaTeJbHO¥,
f0)=1,
HO TOTJa H3 TOroO e paBeHCTBa (2) ciexyer
m m\

f(—)f(— T)=ro=1,

n n

a OTCI0Ja, NMpHHUMAas BO BHHMaHHe (5), moJydaeM

f(___@)za—l.—’ﬁl. o

n

PaBencrsa (5) — (6) 06HapyKHBAIOT CIPaBe X IHBOCTb TOTO,
4TO

f (f' k) =a'x (7)

a1s 16010 payuonarsnozo uucaa ry. Ilycts o — mppa-
NHOHANBHOE YHCJIO, er0 MOXHO MOJOXKHUTH PABHHM IpeRey
NoC/Ie0BaTe/ILHOCTH PALHOHANBHEIX YHCEJ

a=— lim r
k— o0 koo

* £(0) + 0, TaK KaK B IPOTHBHOM Clyyae 6un0 O6u f(x)f (- x) =0
npu ao6ox x.
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a B paBeHcTBe (7) mepeiiTH K npeaeny, noaaras k— oo,
Beuny nenpepwsnocmu dyuxuau f(x), noayuum

Jtim () =7(2)

H TaK KkakK
lim a"‘:aa,
k—
TO
f{a)=a"

Hawa TeopeMa nosHocToio AOKa3aHa.

3amevyanue. B gokasanHoii Teopeme peub 1ia, co6-
CTBEHHO rOBOpsi, O peweHWd YypasHeHHs (2). IloxoGume
YPaBHEHHS Ha3hBAWTCA QYHKINUOHAIBHHIMH H pacCMaTpH-
BaJHCh ewe JI. dhnepoM. YpaBHeHue

FE+H W =f(x+Y) (8)

HasuBaeTcs ypaBHeHueM Jisepa. Ilpexnosaras PyHxnuio
f(x) HenpepHBHO# (MMM TONLKO MOHOTOHHOM), JIETKO NMOKa-
3aTh, 4TO pelIeHHeM ypaBHeHHs (8) aB.aseTcs

f(x)=ax.

§ 6. Pasnoxenne B pax ¢ynxnuft sin x, cosx.

MH ycTaHOBHM HEKOTOPHIE JIEMMH, [I0Je3HLIe HE TONBKO
A HAXOXKJAEHUS pa3/IOKeHHs sinx, COSX B pAA.

JlemMma 1. lim cosx=1; lim cos x = cos X,.

x—+0 X = x
IleficTBHTENABHO,
cos X 1|—*25in2ﬁ~<2 X,
' - 2 4 )
. X+ X L X ==X
| cos x — cos x, | =2 sm-—_—’;—-"- . |sin T°‘<
X —X
<2-1: ——2—°- .

C/e0oBaTesbHO,
cosx—1—0, ecan x—0,

cos x —cos xo— 0, ecrn X — X,



CaencrBue. QyRKIOHS cOSX HENPEPHBHA OpH JIO-

6oM 3HaYeHHH x,
CTo/p XKe mpocTO MOKa3HBAETCA HENPEPHBHOCTDH Sin X.

sin x

JleMma 2, lim — =1,
x—=0 X

T
Mu MoxeM CYHTaTh, 4YTO x<?. Toraa (cM. puc. 6),

CpaBHHBas nJoOwWAAH Tpeyroabhuka OAB, cextopa OAMB
B TpeyrosbHuka ONP, KoTophie paBHH, COOTBETCTBEHHO,

N

_-
\\A

N D,
N -7 B\

-

\\--—

Prc. 6.

cosxsinx, x, tgx, moayqaeM cos xsin x < x <ig x,

CaenoBaTeNbHO,
sin x sin x sin x
cos xsin x X > tgx’
TO-eCTh
1 sin x

— > €05 X.
cosx> X >
Ho, Ha ocHoBaHuu JeMmMH 1, HMeeM

lim = lim cosx=1,

Caen0BaTeNAbHO,
sinx__ i

lim — =

x-+0



Bocno/b30BaBMWNCE TOABKO YTO NOKa3aHHOH JeMMOH, JIeTKO
OKa3daTb, 4YTO

(sin x)'= cos X; (cos x)’ =—sin x,

TO-€CTb HAHTH CKOPOCTH H3MEHEHHs (YBKIHH sinx, COs.x.
Mu ocTaBarseM uuTaTes0 HPOBEJEHHE AOKa3aTe/bCTBa.

Caepys JI. Sfizepy, HO YTOUHAs €ro paccyxAeHH,
MH JOKaXeM YyTBEpPKICHHE:

Teopema 6. /lpu swbom 3navenuu x

sine=g— b — (= I S )
cosx=1— it — b= S @)

Ilnst noxa3aTe bCTRA BOCNOAB3yeMca dopmyaoii Myaspa
(cos z 4 isin 2)"= cos nz - isin nz, (3)
KOTOpasi mpH IeJOM 7, NPA OYEBHJHOCTH ee aasa n==]1,
JIETKO OpOBEPSEeTCs METOAOM MOJHOH MHAYKNHUH. [leHhcTsH-
TeNbHO, €CJAH NPEANONOKHTb, YTO
(cos 24 isin2)k = cos kz -+ i sin kz,
k — nenoe, NMOAOXKHTEALHOE, TO

(cos 24 isin z)*¥ + 1 —=(cos kz 4 i sin kz)(cos 2 4 isin 2) =
=/(cos z cos kz — sin kzsin z) +
- i (sin kz cos 2+ sin z cos k2)
=cos(k+1)z+isin(k+41)z.

IpamMenus k 1eBo# yacTH paseHcTsa (3) popmyay Heiorona,
NOJY4YHM

cos nz--isinnz=
{cos”z—- E_(L‘_QI_I_) cos" 2gsin2 g+ - - (— l)ksin"z} +

n(n—1)(n—2
—|_-i{ncos‘”—1zsinz- ( 3)!( )cos‘”—3zsinaz+

+...—|—(—l)"-lncoszsin”“‘lz} 4)
ecaH, AAs ONpPeAEeNeHHOCTH, MOMOXKHUTL 1 ueTHHM: n=2k.
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Hs paseHcTBa (4) crepyer

sinn2=ncos" — ! zsinz —

—D{n—2
-~ e ;fn ) cos™ —3gsindzg ... |
4+ (—1—lncoszsin®— 1z (5)
—1
cos ne = cos™?® — ’&'Q—) cos®—2zsinzz 4. 4
4 (—1)¥sinnz (6)
[Moaoxus B paseHctse (5)
X
g=—
n?

NONAYy4YHUM

. x
sinx=rncost—1 X gin X _
n n

_n(r—=1)(n—=2) n—3% s X 4 ...
3 cos —- sin n+ +

—1y¢—1 X sinn—12
+(—1) ncos —-sin o

[NocaenHee paBeHCTBO 3amAlIEM cJAeAYIOMAM 06pa3oM
. _1X . X
sinx=ncos” — ! =~ sin— —
n n

n(n—-;)!(n—Q) cos — 3 sina_’"i_.l_..._l_

—2r)

ri{n—
+ =g

osn—2r—-l - sm2r+1___l

+Sn. 7
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rne

=(— l)r_H nin=l).. (n=2r-2) cos”'&-a f sm2'+3“+

Cr 3y
"I‘-'-'1"(—1)":—lncos::‘;‘sin"—li
n
Tak xak
y
X inX| < XL
cos n|<1’ sin— < s
JO
— An — 9r — 27+ 3
IS”"|<n(n Ll lizlr+s
n(n—1)...(n—2r—4) |x|2r+5 | xln—1
T @t sttt m<

|x|2r—{—3 |x|2r+5 len-—-[
@Iy e T T o<
|xfr¥s  lxprts

<erm Tttt <
xS k] | x|* _
<@t 2r+4>2+2r+4)*+"'}—
_|x|2r—|—3 1
Ty« '
R

ecan | x| < 2r4-4.
Taxkum o6pa3om,
X

. 1 X .
sinx — {ncos” — ! = sin — —
n n

_npn=1)(r—2) 43X 4%,
3 cos — sin n—l— +

(=1 2= "(”‘Q’uosn—?r—lgsin2r+n_§} <

@r+ 1)
1xprts ..___’_C’__) 7
<z '(l vl (7)

49
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IonuepkHeM, 4ro BHPAXKEHHE, CTOAllEEe B UPABOH HacTH
HOCJeHero HepaBeHCTBA, HE 3aBHCHT OT n.
Bes ocoboro Tpyxa MOXKHO MoKa3aThb *, ocTaB/aseM 9TO

YHTATeNqI0, YTO
) —pX
lim cos® ~P= =1,
N -+ o0 n

lim n(n— 1)...(n—s)sins+1-’)fl=xs+1. (8)

n —» o0
3aMeTuB 9TO, 6yAeM CUHTaTh r (QPUKCHPOBAHHHIM H Nepeft-,
JeM B HepaBeHcTBe (7) K mpegeay, moJjaras n — o, BBH-
Ay (8) nonyuum

. x, x®
smx-—{x——?!--l—-g—!-—-- —[—(—1) —-1—-
x2r+3 1
SEre R 9)
(2r4-4y
Tak Kak npejesoM TpaBOi YacTH NOCIEAHErO HEPABEHCTBA,
NpH r — co, ABJAAETCH HYJb, TO H3 HErO MOJYyYaeM
. . . xs x5 2r—L 1 }
sinx=lim {x—3—L+ﬁ—"'+( )(2,.+ )i

¥ —> 0

N

Tem cameiM noka3aHo pasenctso (1). AHanoruyxo, 6e3s
KakHx-1u60 H3MeHeHu#, XOKa3WBAaeTCA PABEHCTBO (2).

C nmoMoms1o pasnoxenutt (1), (2) 1erxo, H CKOJb-YIroAHO
TOYHO, BHIYHCJAIOTCA 3HAYeHHA GyHKuu# sinx, cosx. Ias
npamepa (W HaCTHYHOR HPOBEPKH HAWMX pe3y/bTaToB)
BriuHcauM sin 30°. Bocmo/b30BaBILHCL TOJABKO ABYMS 4dJae-
Hamu pasnoxenus (1) mia sinx, noayqum

o w1 fel
sin 30 -=sm§= 5 3 (6) = 0,49,
yro Jaumwb Ha 0,01 oTaHyaeTrcs OT TOYHOrO 3HAYEHHUA
sin 30° ---—;— .

* Bocnoab3oBaBLIHCH TEM, YTO

I >co2u—=1—sinlu>1=—1l
H nemo#t 2,

80.



§ 7. TNokasatenbHana QyHKOHA C KOMIIEKCHHMM apry-
MeHToM. dopmyaa Jiinepa. JlorapadMbe KOMMAEGKCHBIX
BeJIHYHH.

Ecau uucra a, b, ay, by, BemecTBeHHH H

a=a,-a;+-- +a,4 -3
b=b4byf--e byt

TO FOBOPAT, YTO KOMIVIEKCHOE YHCJIO @ - bi mpeacTaBHMO
psaoOM

@ b)) @+ b+ (ay+ by i)+

B aBageTcs cyMmod 3toro psga. Takum 00pas3oM, no
oupeeNeHHIO

atbi=(a,+b6i)+ @+ b))+ + @+ bpid) s

eC/IH HMeIOT MecTo paBeHcTBa ().
PaccmoTprm psx

(1)

(xi
!

NP MO IR A ./ )

BemecTBeHHHe uMeHB 3TOrO PAfAa, BHIHCAHHHE B MOpsAAKe
HX CcJaejoBaHusA, 06pa3yioT pAa

x2 x4 k x2k
=5+ — -+ ?2—,‘)!—-{- )
a K03(p(HHIHEHTH NpPH MHUMBEIX YJ€Hax — psaj
. x2kt1

x3 0 xP
x—grtg = =Vt

STH pAAH, KaK MH 3HaeM M3 MpejnAylIero naparpada,
MMEIT CyMMaMH, COOTBETCTBEHHO cos X H sin x. [loaTomy,
cymMoil psaaa (2) aBasercsa cosx-}-isinx. Takum 06pa3oM,
HMeeM

cos x + isin x=1-(xi) —F%)—Z—F
(xi)3 (xi)™
R T ®
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Oupenencune 9. /700 cunsoron e+ yu nonu
Haem 8upaxcenue

ey +xi= ey{l—{—(xt)-L(x) .. +(xl) 4o }' (4)
B wacruoctu npu y =0
=t G T )

[puBeaeHHOe onpefieneHHe ONpPaBAHIBAETCA CAEXYIOLIHMH
COOPpaKEHHAMH:

1°. Bupaxenue, CTosIee B IpaBo¥ 4acTH paseHcTBa (5),
MMeeT BnOJHE onpefeneHHHH cMuca (3).’

2°. MNpu x =0, BHpaxKeHue B HpaBOH 4yacTH (4) cTaHo-

BUTCA paBHEM €, To-ecTh &Y T %t o6pamaerca B Y.

3°. dynxnus f(2)==e?, c KOMIAEKCHHM NOKA3aTe/IeM 2,
o6n1anaeT xapaKTepHHM CBOHCTBOM MOKAa3aTeJbHOH (YHK-
IHH C BEIIECTBEHHHM apryMeHTOM, TaK KaK OHa YJXOBJe-
TBOpPSAET TEOpPEMe CAOKEHHS

f); f(@)=Ff(+tu).
JleHCTBHTENbHO, NYCTh
2=y -+ xi, u=w -} vi.
H3 (4) 1 (3) caenyer

e?= e¥ (cos x - isin x).
TouHo Takxe )
e = e" (cos v+ isinwv).

CaenoBaTennHoO,
e* e =eY(cos x -} isin x) - €% (cos v 4 isinv) =

= ¢¥ + ®{(cos x cos v — sin & sin v) -+ i (sin x cos v}

+ cos x sin v)} =

=eYt+ % {cos(x+ v)+isin(x 4 v)} =

—ely+w) +i(x+1) = g2 tu,
H3 pasencts (3) u (5) caenyer

eXi=cos x - isinx. )
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d1a 3aMevarenrHas dopmysa NpHRAAAEXKHT DAAepy H

ABAsfeTCA ONHOH 3 BaxHeHAwux ¢QopMys MmareMaTHKH.

MH utonyunM H3 3TOi dOpMYJIE PAL BAaKHHX CJEACTBHH.
1, 3amenus B paBeHctse (6) X Ha — X, MOAYUHM

e— Xt =cosx — isinx, (7)

CxaaauBas ¥ BHyHTas paseHcTsa (6) u (7), COOTBETCTBEHHO,
NONyYHM

ext 4 e—xt ) Xt —e— xt
€08 X = —————, sinx = ST (8)

StH opMyan TOXKe Ha3HWBaoTCA PopMyaamu Jhjepa.

[NTone3no 3aMeTHTh, 4TO, BO3BeAs paBeHcTBa (8) B KBa-
ApaT H CJI0XKHB pe3yabTaTh, NMOJAYYHM

sin? x 4 cos?x = 1.
2. MoayaeM BHIPAKEHHS COS X |- isinx gBaseTcs
|cos x - isinx|="Vcos?x }sinx=1.
INosTomy
Iex1|=1, |ey+x1|,______ey'

3. Tak kaxk J060e KOMIAEKcHOe uYucI0 @ -+ bi mpex-
CTaBHMO (TpUroOHOMeTpHYecKkas ¢opMa KOMIVIEKCHOTO 4H-

c/1a) B BHAE
a + bi=r(cos ¢+ isinep), (9)
rjpe r — MOAyaAb, ¢ — apryMeHT 4ucaa a -} bi, 10
a-+ bi=re¥, (10)

OTo oueHb BaXKHAA, TaK Ha3nBaeMmas, NOKal3aTeabHas dopMa
KOMNJIEKCHOIO 4HCAa,
4, Tak xax
r= elnr
H TI03TOMY
a+bi=e'"'° e?i___elnr—}—?i’ an

TO, Ka3a/10Ch OH, €CTeCTBEHHO Ha3BaTh HaTypPa/JbHHM JOTa-
pHOMOM KOMIJIEKCBOrO 4HCAA a-+bi uucao Inr-+ @i,
TO-€CTh MOJIOXHTH

Ln(a-bi)=Inr-} i (12)
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OaHaKo, BMeCTe C PaBeHCTBOM (6) CnpaBeA]HBH TaKkKe H
paBeHcTBa

a - bi = r[cos (2 - 2kx) - i sin (¢ |- 2kn)],

rae k— aw6oe nenoe yucao. [losromy, BmecTe ¢ paBeH-
crBamMu (10) — (11) HMEIOT MECTO paBeH(CTBA

a -+ bi=rele+ 2k,

a-bi = el ¢+ 2k=)i, (13)

PapenctBo (13) o6Hapy»xuBaer, uTo cCieAyeT BBECTH TAaKOe

Onpenenenue 10. Hamyparonosm .co2apugmon
KOMNAEKCHO20 4ucia a--bi nasesaemces Kaxcooe 4ucad
a4 Bi maroe, umo

e“+3i::a—|—bi.
[pu Takom onpeneneHun, H3 paseHcTsa (13) cieayer, 4To
Ln(a4-bi)=Inr+oi42kri, k=0,+1,+2,... (14)

H uTo uucao (12) sBAseTcA AL OAHUM M3 Jorapudmos
KOMIIEKCHOrO UHCJA, TAaK HAa3biBAEMKWIM 2/a8HLLM 3Ha4e-
Huem roapugpma.

$lcHO, UTO MO I'JIaBHOMY 3HAuyeHHIo JorapHdma uHcaa
MOXHO HAiTH BCe ero Jorapudmu no dopmy.e (14).

3ameuanne. Ecan b=0, a >0, T0-ecTb, €CAH MH
HMeeM BeleCTBeHHOe MOJIOKHTeJbHOe YHCAQ, TO ¢o==0
[a=a (cos 0 isin0)]. CaepoBaTenbHO,

Lna=Ina+2kri, k=0, +1, 4+2,...

H I7aBHHIM JOTapH(QMOM SIBJSETCSH BEUIECTBEHHOE YHCJIO
Ina. Takum 06pa3oM, B LIKOJIbHOM Kypce MareMaTHKH
paccMaTpHBAETCA TOJAbKO OAHMH H3 JOrapHu(MOB BelIECTBEH-
HOTO, MOVIOXATEABHOTO, YHCJIA — [JIaBHOE 3HAYEHHE JOra-

padMma.

Ecan =0, a <0, T0-ecTh, ecIH MH HMEEM OTpHIA-
Te/JbHOE BEIIECTBEHHO® YHCJ0, TO 9 == [a =|a|(cos= -
~+ isinm)). .
CaenoBaresnbHo,

Lna=In|a|-t=i-}-2kri, k=0, +-1, +2,...

U CcpelH JlO“apH(bMOB OTPHUATE/JbHOTO BEIIECTBEHHOTQ
YHCJAa HET KH QAHOIO BEINECTBEHHOrO.
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Co6cTBEHHO TrOBOpf, 3TO OOGCTOATEALCTBO H HMEIOT
B BHAY B IUKOJBLHOM KYpce, KOrja rOBOPAT, YTO OTpHIa-
Te/JbHOE HHC/AO HEe uMeeT Jorapudma.

5, INonoxus B dopmyne Iiaepa (6) x=m, MOAyuHM

ei=—1. (15)

3T0 3ameyare]bHOE COOTHOLIEHHE, CBA3LIBAIOIIEE YHCJO €
H =, nosBoaseT (cM. raasy IlI) mokasaTs TpaHCUEHAEHT-
HOCTh YHCJAd .
3ameuanune. Ecan Bo3sectn pasencrso (I15) B xBa-
Apar, TO MOJAYyYHTCSH
e?ﬁi: l,

HO OTCI0Ja He/b3s CHeAaTb 3aKJIUYEHHE O HAMHYHH Npo-
tusopeuns: 2xi=0. leso, nonpocty, 3aK/a0uaercs B TOM,
uto O M 2% ABAAIOTCA 08yMs (M3 MHOTHX) aorapHpMamH
yucaa 1.



Fnapa III,

TPAHCUEHAEHTHOCTb YHCIIA =

§ 1. BnemenrapHbie cHMMeTpHYecKHe GyHKEHN. Bo MHO-
rEX BOMPOCax aare6pH GOJABIIYI0 POJAb HrpalOT TaK Ha3H-
BaeMHE CHMMeTpHuyeckHe (YHKIHH KOpHeH aareGpanye-
ckoro ypasHeHHs. Hampumep, ¢ nmoMOlbI0O pacCMOTpEHBA
TaKHX (QYHKOHHA KOKA3HBAETCH TeOpeMa O TOM, 4YTO obuee
ypaBHEHHE BHIIE “4eTBEPTOH CTENEHH HE pelIaeTcsd B PafM-
kanax. Hekoropne sseMeHnTapHnie ¢akTh TEOpHH CHMMe-
TpHYeCKHX QYyBKOHA GYAXyT HaMH HCNOAL30BAHH AJs KOKa-
3aTCARCTBA TPAHCLEH/IEHTHOCTH YHCAA .

Onpexenenne 1. Qynxyus

f(xl’ Xg5 .00 Xn)

N-NEPEMEHHHBX HA3B6AEMCS CUMMEMPULECKOLN, eCAlL ONG
He Mensiemcsi npu 410600 nepecmanosKe ee apzyMewmos —
He3a8UCUMBX NEPEMERHBX.

Hanpumep, ¢ynxnun

X1y = X, X5 4 X X5, X7+ X5 4 X3

X Xy
—-+ —, COS(Xy— X
‘/--"z l/:' (3 —x1)

CyTh cHMMeTpHYecKHe, QYHKIHH
Xy X3 XX X, sin(x; — %)

He ABJAITCA CHMMETPHIECKHMH.
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Onpenenenune 2. Oiemenmaprumu cummempu-

YecKuMu QYHRKYUSIMU N-nepeMennnx Ha3n6alOmes 6upa-
KHceHus

n
pr=xitxt .t x, =K,

i=1
p2=x,x2+x,x3+...+xn_,xn=2xixj,i=#j
. (- :
Vd

Ps=X  Xg Xg..oFXp X, X+, ..= Exkx,xs, kfr#s
k,rs

¢ ° 2 o e o o e ¢ e o o @ * o e o o e & 0 o o e e e

Pr=X;X,...Xp

3ameuanune. B arre6pe paccmMaTpHBalOT H TOT Cay-
4a#, KOrga QyHKUMs MEHSieTCs MpH NEepecTaHOBKAaX apry-
MEHTOB, HO, N[H HEKOTOPHIX 4UCAEHHHX . 3HAYEHHAX
apryMeHToB, OT HX MEPeCTAHOBKH HE MEHSETCA YUCACHHOe
aHayenne Qynkunun. Hanmpumep, dyuxuusa x¥--x,x,+ x%
He sAB/SETCH CHMMETDHYECKOH B CMbIC/IE ONpeaeneHHs 1,
HO NpH X, =X,==X3==x,=a 3HayeHue (YyHKIHUH He
MEeHAeTCH HpH JIOGOH nepecTaHOBKE apryMeHTOB.

Mu Bceraa 6yseM HMeTh B BHAY CHMMETPHYHOCTDH B
CMHCTe onpeseneHus | m Hac 6yayT HHTepecoBaTh 3Ha-
YeHHs CHMMETPUYECKHX (YHKUHH, UDHHHMAeMHE HMH,
KOrla X;, X,,...X, CYyTb KOpPHH ypaBHEHHs

aoxn—!-a;x‘”"l+...+an_.1x+an_=0. )

Il KpaTKOCTH MH GyAeM MO/Jb30BAaThCs BHPAXKEHREM:
CHMMETpHUECKHe (QYHKIHH KOpHEH YpaBHEHHS.

O6061meuneM H3BECTHOH TEOpEeMH O KOpHAX KBaapar-
HOro ypasHeHHs (bopMyaH Buera) asiaserca cieaywouee
YTBEpXACHHE.

Teopema 1. Eau x,,x,,... %, cyms KOpHu ypasHe-
Hus (2), mo

o a G B, (—1)n| %], (3)
Py = 2P 2P =2 Pp=(=1) z
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JleHicTBHT@ABHO, €CAH X, Xy, ...X, ABAAIOTCA KOPHAMH
ypasueHas (2), 1o

o xfa, = L da, g xta,=
=y (X — X)) (X —%) o (X —%p),

OrcioAa, packpuB CKOOKH B NMPaBOH 9acTH, NOJYYUM

Gox"ta x4 a1 xta,=
=a, 4" —ayp, X" fagp, x*— 2. 4 (— 1),y
CpaBHuB B nocaegHeM paBeHcTBe KoshOhHUHEHTH npH
OJHHAKOBHIX CTENMEeHsX X, noayuuM GopMy.an (3).
Caencreue. Ecau vosgpguyuenmo  ypasnenus (2)
yenve yucra, mo Isremenrthaprsie cummempuyeckue PvHK-

Yuu 6eAUMUN Qg X{,ByXs,...AgX, CYMb yesbe HUCAR.
Heticmeumensno,

Qx4+ Fa x,=a,(x,+...+x)=—ay;

(@ x;) (@ xo) .. - (@g Xy — 1 ) (@ Xp) =
=ay (X Xp .. Xy ] X)) =a,a;

e o o ® e & e + s o . s e s e s e e s 0

(0 5) @0 ). (@0 %) = " 8y 1y . X =~ (1),

§ 2. ®dopmyau HbioTora. HbioTOH yKasan ¢opmyJH,
MO3BOJIAIOUIHE BHIPA3UTh CYMMBI OJWHAKOBHIX CTemeHeH
KOopHeH ypaBHeHHs (2) uepe3 KO3(QdHUHEHTH 3TOr0 ypas-
HeHH4. -

Teopema 2. [lvemb xy, X,,... Xy, KOPHU YpasHeHus

Fx)=x"d-bx"=1 1 b, | x4b,=0 (4
si=x,+ x4+ ...+ X

S, =x1-Lxl+4.. .4 x5
S;=xX;F x4 xps
(5)
sn:x’;b—i-'-x;l—}—...x;’,.
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Toz0a cnpasedruss. cOOMHOUEHUS

8+ 6,=0;

S, -+ 8,6, +2b,=0;

S3-1-8, by -8, b, - 36, =0;

a ® o e e e ¢ 4 e 8 .+ o (6)
Sp—1+Sn—9b+Sy_3b+...F(—=1)by_1=0;
Sn+Sp—101+8, ~9by4... 486, _1 4 nb,=0,
u3 Komopux caedyem

§y=—0by; ()

S‘):b7 _sz;
=—b'43b,b, —3b..,

3
.

dyuxuun (5) Ha3HBAIOTCH OCKOBHWMU Ccummempuie-
CKUMU PYHKLUAMU WIW CTENEHHHMH CyMMaMH, a paseH-
crBa (6) —(7) wnasbiBaiorcs ¢opMmysamu HbiorTona. [lax
-lOKa3aTeJbCTBA STHX (OPMY], BBeAeM B PAcCMOTPeHHE

¢byHKI UK

o (X)=x by;

w, (x)=x2-}- b,x 4 b,;

o (x) =X 4 byx 2+ byx - by; (8)
Oy — 1 (X)=x" l—}—b x”'2+ +b”_2x-{—bn_-l

H 3aMeTHM, uTeo

n
Y o (x) =8+ nby;
i=1

n
E (O (xi) =8, + bl 8, + nb2; (9)
i=1

.21‘”'&—1 (Xi) =8y —1 b8y 24 by5, 34
1=
—l' . '+b/lz _281+nbn.—1 .
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Tak XaK X;, X,,...X, KOPHH YypaBHeHHs (4), TO MH HMEEW
TOXAECTBO

F(x)=(x=x)(x—ux3)...(x = x3)

A3 KOTOpOro caenyer

F(x) + + 4 F(x)n (% — %) (X =—%5) e s

X—X, X—
(10)

oo —xp)F(x—x)(x—=x3) 0. (X =x,)+. .. -

F =) (x—x5) .. (X—Xp_1).

Jlerko nposeputh, 4TO NMOCAE PaCKPHTHA CKOGOK B NpaBoi
YacTH 9TOrO TOXAECTBA H NPHBEAEHHS MOJOOGHHX YJEHOB,
Ha 0CHOBaHHHM dopMya (3), moNy4YHTCA BHIpaXeHHe *)

e =14 (n—1)6,x" =2 4 (n—2) b, x" 3 +
Fordby 1. (1)

C npyro#i CTOpPOHH, HMeeM

x4y XN by b, b, | X%
£ —x 2 2oy () £ 72
(ot %) 2+ by x"2 Fope)' 4oy ()
& +x) ok (x4 b1) x"=2

PrIEPI Y R

[ostoMy aesas yacts Toxjaecrna (10) pasna
n 3 n
nxn =1 =2 Yo (x) +x" ‘2“1’2(4‘1')4'- ot
i=1 =

-{-—Z Oy 1 (x, (12)

i=1

* 70 BHpAKeEHHe ABIsercAa nponssonuod ot F(x).
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CpasruB k09(dHIMEHTH NPH OJHHAKUBHX CTENeHAX X B
BHpaxennax (11) u (12), nonyunm

3 b (x)=(r—1) b;

n

Y o (x)=(r—2)by;
i=1

n
Y oop_1 (xi)=by 1.
1=l

3Tn paBeHcTBa BMecTe ¢ paseHCTBaMH (9) HEMeAJeHHO
NpHBOAAT K mMepBuM n— 1 paBeHcTBaM (6) M Ham ocraercs
TOJBKO J0Ka3aTh NMOCJAEAHEE M3 STHX paBeHCTB. [las sToro
AOCTaTOYHO 3aMETHTh, YTO €ro JeBaf 4acTh paBHa

n
Y F(xy),
t=1

a gaXJoe CJaraeMoe STOH CYMMH PaBHO HYJMIO, TaK Kak
Xi SBJSETCS KOpHeM ypaBHeHHs (4).
3ameuvanue. M3 Toxaecrs

% F(x) =0, x] F(x)=0,..,x*F(x)=0
caenyer

n
Or-‘glxiF(xi)=Sn+l+blsn+~-+b —1821by sy

n
0=y lxl’F(xft)": 2T 011 oo 0 Z 185 +0pSy;
t=

O ( £-)
n

o=y leF(x¢)=Sn+k+bx Spgk =1t AVn_1Sppa +
i=

+ by, Sy

Pasenctsa (13) mo3sossil0T, €caH BOCNOJb30BaThCA ¢op-
Mynamu (7), BHpPasuTh yepe3 KOIPHUIMEHTH YpaBHEHHA
(4) » Sp1,Sn42r-00
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AHanOrMYHO MOXHO HaHTH H CYMMH OTPHIATEABHHX
cTeneHell KOpHeil ypaBHeHHS (4), €CAH CpeaH HHX- HET
paBHOrO HYyJO.

OTMEeTHM caefyOllue BaxHHE CJAEACTBHA (QOpMYyJa
HeroTona.
~ Caencrsue 1. Ecau roagguyuenmst ypasnenus
(4) yease wucaa, mo cymms 00UHAKOBbLX cmenenell
KOpHell 3moz0 ypasHeRUst, MOo-eCmbs 8EAULUHEL Sy, Sy, ...
mooice yeawne wucaa.

Caencreue 2. Ecau kosggpuyuenms. ypasnenus

n —1 —
a, x"+a, X"~ +...4+a, _1x+a,=0
Ueane 4ucaAa U Xy,X,,... X, — KOPHU 3MO020 YPABHEKUS

MO CyMMb OOURAKOBHLX CMeEneHell Yucens Gy Xy, Gy Xy,. ..,
v @y X, MONCE YEABE HUCAA.

HenictButensno, u3 dopmya (7) u (13) crepyer

Ay Xy 8 Kot F Ay Xy =—ay;
0 \ o
(@y x )24 (ay xo)*+...-- (@, x) =a;— 2a, ay;
(@0 X1)* + (@ %) . . . -+ (@0 %)’ =—ai+-3a,2,8,—3a, as.

e 8 o o e e e e ¢ e e e & e e & e e o e *o e € o o o

B xayectBe camMOoro BaXHOTrO AJsl HAC CI€ACTBHA H3 ¢op-

My HbloTOHa pOKaxeM TeopeMmy: ‘
Teopema 3: Ecau cummempuweckas @GyHkyus

D(Y1, Y, Yn) ABAAEMCT MHOZOUACHOM U Xyy Xg o o o Xpp=—

KopHu ypasrerus (4), mo
D (X, Xps ... Xy)=001{b,b,,...0,),.

20e ¢ — MHOzOYAeK. B wacmnocmu, ecau rosdppuyuenmu
MHO204neRa D (Y, Vs,...Yy) UEABE 4uUCAQ, MO KOIP-
guyuenmo muozowsena ¢ (by, b,,...b,) mooxce uyeawe

wucaa.
s JAOKa3areapbCTBa TEOPEMH 3aMETHM, 4YTO €C/IH

MHOrouseH @D (Y, Yo, ...Ypn) CONEPKHT cCJaraeMoe BHAA
Ay,, TO (CHMMETPHYHOCTb!) OH COAEPK HT TAKKE C/laraeMue
Ay, Ay,,... Ay, ¥ HHKaKHX HHBIX C/IaraeMHX NepBOH
cTeneHH He conepx#t. Touno Takxe, ecan D (¥, Vo, ..o Yn)
comepxHT cnaraemune- Bupa By,y;, Cyl, To OH comep-
KHT u caaraemuie BY,y,,..., By, _, yuiCyl,...Cyp 1
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HHKaKHX APYTEX cJaraeMHX BTOpDOH CTenedM He cogep-
®HuT. Toxe caMoe MOXHO CKa3aTh OTHOCHTE/]BHO CJarae-
MuIX J11060# CTeneHs.

TakuMm oGpasom, ecan D (y,,y,,...Y,) CHMMeTpHUe-

CKHH MHOTOY/IeH, TO OH HMEEeT BHJI

DYy V) =AFA YA Y e A Y Vit
% P! %

k1
+AsN v Ymt- .
k,l,m
k+ltm
[TosToMmy
¢(xl,x3,. ‘-x/n)=Ao+A12xk+A?.2xkxl +A;%x%+
k k1
k1
FAY X X Xyt
k,l,m
ktitm
Ho *
n
Y xg=8=—0,,
k=1

22xkxl'—xl(x1" Kot Xy — X)X (6 - X+

k31
* S S A

F ol Xy — X)) =8 (X X ) —
O ] ) = 51— 8, = b — (b2 — 26,) =26,
Zxkxl—'th xi-l-x d o Aoxgy — )= Zxk(sz‘—xh)“
—-SQZxk zxk—8182—83=~—b1(b1—2b2)—

k k
—(— b} +3b,b,—3b;) =3b,— b, b,,

* Buyucaenue Exk X, MPHBORHTCA TOALKO A MOACHEHHA MeTONA
faibHeHwnx BuiquCAeHHH.
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lMpoxoaxas TakHe BHUYMCACHHs, MH OUEBBAHO mHOMY-
gyaeM pamy Teopemy. M3 mokasaHHOH TeopeMH H CIeX-
CTBHA 2 TEOpEeMH 2 HEMEANEHHO CJAenyeT

TeopeMa 4. Ecau D(y,, Vs, ,-.-Yp) CUMMempuie-
CRUL MHOZOYNEH C YEABLMU KOIPPUYUERMAMU U X, X3, ... X
KOpHU ypasHeHus

X +ta, "=V 4a,_1x+a,=0
¢ yeswumu Kospguyuenmamu, mo

D (@ Xys BpXzy v ey B Xp)
~— Yenoe 4ucAo.

Hvensno Ha 3Ty TeopeMy MH 6yaeM OmHpaTthCs B
ZXOKa3aTeNbCTBE TPAaHCHEHJACHTHOCTH YMCJIa .

§ 8. JlokasaTenbCTBO TPaHCUEHAEHTHOCTH m. MEl HauHeM
C AOKa3aTenbCTBAa TPEX BCMCMOTATENbHHX YTBEDXKAEHHR.

JleMMa 1. llpu a06om yeaoMm nOAOHCUMEAHOM T U
A1060M X, umeem mecmo pasencmeo

rex=r! +r!x—{-f-!-x2+. ..+-—'l—x""l+x”+
21 (r— 1!
+xr g elxl, )
ree 4y =4,(x), |q,1<1.
Mu Bocnosnp3yeMcs NpHBeJEeHHHM BO BTOpOHl TJaBe
pasoxenneM yHknouu e* B pan

x? X' xr+1 xr+2
ex=1+x+'2_!+"'+_r_l'+(r+l)! + '(r+2)!+"'
M3 srtoro pasnoxenus caexyer, uro
r!e£=r!+r!x+§r!—!x’+...+-(-;_—§-1—)-!- o= lpar+
+x" 18 (x, 1),
oy 1 X x?
d(x, r)=
<=t e T e
Tak Kak I . y
x| fxi° | x|
Ia(x,r)l<l+r2+ 7 .2.3+...<e ,



TO MOXHO HNOJOXHTH
B(x, )=, (R)el %1, |g, | <1
Jlemma 2. [Tycme
f(x)=co+c,x+czgz+, +cp 2™
F) =0 +f 0+ 0+ ..+ ()

rae* /
flx)=c,+2,x4+3c;x*+...+ne,x—1;
fr(x)=2c,4+3-2¢c,x+. ..-{—n(n—l)t:nx"‘"2 :

£y = (= yre,, 1t Gy x;
f("“)(x)= n! cy.

Tozda
P.e*=el*1Q(x)F(x), (2)
2de

P=cy+lle,+2cy4...4+n! c,,s.—_i‘ c, - rl; 3)
f=0

& 1
Q(x)=200rq,x’+ 14 =4,(x).|g, (M) <1 (4
r= ~

Monaras 8 pasencrse (1) r=0,1, 2,...n, noayuam
e*=1+ xg el *};
e¥=1-+x+ x2g,el*l;
NeX =2 4 2x-4x*-fx?g,el %1,
31e*=3143lx 32434 x* gs el xl;

n! "
n!e‘.—.—n!—{—nlx—l——szz—L-...-}-nx”’:"l+x"+
xmt+lg elxl,

* Gymxund f.77,...f ™ aBEAOTCA nOCREAOBaTEAPUMMH mpoOHS-
BONHHME OT [ ().
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YMHOMXHB 3TH PaBEHCTB2, COOTBETCTBEHHO, HA Co, Cy...Cp

H CJOXHB, NMOJYYHM.PaBEHCTBO (2).

Jlemma 3. Cymnma u npoussederue 06yx anrzebpude-
CKUX HUCen SBARIOMCA 4uciamu aszebpauteckumu (u
npuUmMoOM yesumu ar2ebpautecKumu, eCau maxKosumu se-
ARIOMCA CAQ2AEMBE U MHONCUMEAN).

Je#creurespHO, NyCcTh o =a, ajJreGpanyecKkoe YHCJO,
fiBAsolleecs KOPHEM YpaBHEeHHs 7-OH CTeneHH C pamuo-
HAaJAbHHIMH KO3(PHUHEHTaMH H &, , ... d, — OCTa/]bHHIE KOp-
HH 3TOrO YypaBHEHHf H nycThb B=0f, — aare6panyeckoe
4HCJIO, fBIAIOIIEECS KOPHEM YpaBHEHHS m-Off CTENeHH ¢
panHOHanpHHMH KO3ddHUHeHTamu, a B,,...B, —ocTaas-
HHE KOpDHH 3TOr0 ypaBHEHHA. [Ipou3BeseHHe BC€X DPas3Ho-
crefiBuiax —af; i=1,2,...n,j=1,2,...m, ouesugHo,
AIBISETCA MHOrOY/JEeHOM, OJHHM H3 KOpHeH KOTOpOro
apaserca ad =«,8,. Ceg0BaTe/IbHO, HAM AOCTaTOYHO yGe-
JUTBCA B TOM, YTO KO3hPHUHEHTAMH 3TOrO0 MHOrouJeHa
CYyTh panHOHaJbHHE 4HCAa. HO 3th k03dduumHeHTH CyTh
CHMMETPHYECKHE (DYHKUHH OT apryMeHTOB &, 0y, ...%, H
aprYMEHTOB 8,, 8, ...8;,. JlBaXIH NPHMEHHB TeopeMy 3,
MH y6eluMcs B CnpaBeiJMBOCTH HalIerO YTBEPXACHHA O
NPOH3BEACHHN aAre6paHYeCcKHX uyucesJ. AHAaJOTHYHO JOKa-
3HBA€TCHd VTBEepPXKACHHE O CYMME.

Tenepp MH UPHCTYNHM K DOK23aTeNbCTBY TOroO, 4YTO w
MpaKryeROeRmHoe 4YUCAO.

[Tycts ®anre6panyeckoe yucao. Ha ocHoBaHuH JeMMH 3,
YUCI0 7 TOXKe aJareGpaHyecKOoe H, CleI0BaTeNbHO, $B-
RRETCSH KOPHEM ypaBHEHHs BHAA *.

poxm+P1xm_l+-~°+pm——lx"{‘pm=0 ()

¢ neanmu Kospunuenramu. Ilyers By, 35,..: gy, — KopHH
3TOr0 ypaBHEHHs, OZHUM H3 HHX ABJIAETCA ~i.

Tak kak e"=— 1 (cM. rnasy Il, § 7), To

(ef1 4+ 1)(eP4-1)... (" - 1) =0 (6)

e et

* N3 Bcex Tak®X ypasHeHH# pACCMAaTPHBAETCA YPaBHCHHE HaH-
MenbweR cTeneHR — HEeNnpHBORKMOE YPABHEHHE,
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PackpuB cKOGKH B JIEBOH Y3CTH 3TOCO PAaBEHCTBA, NOAYUHM

1- 2e5k+2e$k+$l+...+e5r‘-$z—‘- - 3,,. (7)
k=1 k,

OG6osnaunm uepes a,, a,,...%, T€ H3 MOKa3areaed B,
Bx+8:.,. B+ B2+ By, KOTOPHE OTAHYHK OT HYaS,
a 4yepes a, i {,...dy OCTaibHHE* (paBHHE Hy/10). [lpu-

COEAHHHB COOTBETCTBYIOL[HE C/araeMue B J1eBOH 4acTH (7)
K NepBOMy, MOXEM 3alHCaTb paBeHCTBO (7) B BHAE

K+ ettf oo et =0, ®)

rae K — nenoe noJioXuTeabHOe YHCIO.
Yucaa pBy, PoBas « .+ Pobm CYTH LeJHIE -aAreGpanyecKHe
gucaa. [lostomy (memma 3) HeJanIMH anre6panyecKHMH

YHCJIAMH SBJASIIOTCA H UHCAA Doy, Py . - .
Ouyenp BaXHO 3aMETHTb, 4T0 €CHH F (2, 2Z,,...2p,)

CUMMEMPUHECKUL MHOZO4AEH C YeabMu Ko3gduyuenma-
mu, mo F(po,,...peoy,) — 4eroe wuc.ao.

JleiicTBUTENBLHO, €CJIH

e=n
n k:—n
n
F(Po“n---Poaﬂn):a‘[“Zélak+ckzlakae+‘",
e=1
TO 6yaeT Takxe
e=N
N k=N
\ Y
Fpoy,...poog)= Xak‘l"zélakae‘i"",
e—1

TaK KaK Kaxjgas H3 CyMM, CTOSIIMX B NpaBoif 4acTH
BTOPOTO paBEHCTBA, OT/AHYAETCA OT COOTBETCTBYIOLLEH
CyMMH R€pBOro paBEHCTBA CAaraeéMelMH HJAH PaBHBIMH
EN41-.-%y HAH COAEPHKAUIHM 3TH YHCJIA B KaUeCTBE MHO-
KHTCJeH, 8 YHCAa ay | 1y... %y PABHH HYJIIO.
Bupaxenue B mnpaBo#i 4acTH UOCA€IHEro paBeHCTBA
ABAACTCS. CHMMETPHYECKHM MHOTOUYJEHOM OTHOCHTEABHO

* OauH Takolf noKasaTtelb 3aBCIOMO €CTb, TaK KaK, eCld ypaBHe-
HHE (5) uMeeT KopeHb =i, TO OHO AGMKHO TaKe HMETb KOpPEeHb — =i,
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Dotii, Pofias - -+ Potty B CIEROBATENbHO, OTHOCHTENBHO pof,
PoBay -+« PoBm - Ha ocHOBanun Teopemu 4, oTcioga ciaeayer,
yto F(poay, « - Pyay) — 1€10€ YHCIO.

lMosoxum B paBeHCTBE (2), noc/ren0Baresbio x£==0, a,,
@y, +..0, H CIOXKHM pe3YJbTATH, MTOMHOXHB MpeJBapH-

TeIbHO NepBHi# 3 HHX HA K. [losyunm, Ha ocHOBanuu (8)

0=KF(0)+F(a) 4+ F(ay) +

+elelQ@) - el 1Q(ay). ©)
Ecau MH RoxaxeM, YTO A8 HEKOTOPOro MHOTrOYJeHa
f(x) paBencrso (9) HeBO3MOXHO, ecaH By,...B,, aire6pa-

HYECKHE YHCJa, TO TeM CaMhM OyJer NOKa3aHa TpaHCLEH-
JEHTHOCTh T.
[Tosmoxum
nt+t—1_t—1 t t
T x T (x—a) (k—ay) L (x— o)

fy= 2 T (10)

rae £ — mpocTOE YHCAO, KOTOPOE OCTAaeTcsi NMOKAa Heompe-
AeneHHHM. Muorounen (10) MOXHO NPEACTaBHTH B BHAAX

A1 4 Apt

flo)= (t——-l)l o
Bypt(x —a)+B P et T
e sy 1}
Clptx—a) + Crp il T (x =y !
flo)= (;ill)[ —+---

¢ e e ® ¢ e o e & + e & + ° . e e e e e o s 8

MNepBoe u3 pasencts (11) HenocpencTeHHo cireayer H3
paBercTBa (10), €cn B IPaBOA €ro YacTH PaCKPHTH CKOGKH.
[1pu 3TOM noayuyuM

A1 =(—=1"Pb"  (pon) o). .. (py )",

MMpoussesenye B mpaBoli YaCTH CHMMETPHYHO H NO3TOMY
Ay | —yenoe wucno. TaKHMH Xe, J1€rKO COOGDPA3HTH

ABNAIOTCA M YHCIA Ay |,
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Bropoe u3 pasencts (11) noanyuaetcs u3 pasencrsa (10),
€CJIH 3anucaTh €ro B BHIE

F= BT () o] (();:ai))t![(x—a,>+(al—az)1‘

H OCBOGORHTHCS OT KBAAPAaTHHX CKOGOK. AHAJIOTHYHO IO-
Ay4aercs TpeTbe H3 paBeHCTB (11) u T. 4. Baxno 3ame-
TUTB, 4TO By, Byy 14...5 Cp Gy gy .ni5ee. SABARIOTCA MHO-
2044eHaAMU C YeAB MU KOIPPuyuenmamuy Omnocumensio

poal, poaz,...
Jlerko moacuutarhb, 4TO

FO)=A,_1+A;+CE+ DA 45 (12)
F(a)=tBpl+t(t+1)Byp 1ot 4-os (18
F(a,)thtpf+f(t+1)Ct+1p§+l +oee

e 46 o o & e e 4 5 e o 8 e s e o & o e

Cymma
F ()4 F (o) 4+ +Fan)

ABAACTCA CUMMEMPUKECKUM MHOZ04AE€HOM C TEJIHMA
KO3QQHIHEHTaMH U NOTOMY ABASETCA NEJAHM YHCAOM. ITO
4ync/10, BBHAY(13), Aeautcs Ha f.

Mu 6yneM cuuTtath ¢ OOABLIIAM KaxJOro H3 NEIHX

ugcer K, po (Po2))(Po%) ... (Po3y). Torna
KF(0)=KA; _; Vv KtA;+ -

OyZeT meaHM YHC/IOM, He JelsluMcs Ha f, Tak KaK TaKHM
GyZer nepsoe c/1araeMoe B NPaBOH YacTH, B TO BpPeMs KaK
OCTa/ibHLIE CJaraemble GyAyT HEeJIHMH AHCAAMH, AEAALLH-
MHCA Ha f. TakuMm o6GpasoM, cymma, crosuas B NEPBOH
YacTH paBeHCTBa (9), npu Hamem BrIGOpe yncIa £, ABISCTCA
OeJTHM YHCIOM, He RENfLIHMCA HA £, TO-eCTb—OMAULHHM
Om HYAR yeAbM LUCAOM.
OG6paTHMCA K PaCCMOTPEHHIO CYMMH

L=el*!Qa,) 4 el Q(an).
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W3 pasenctsa (4), nepsoro pasencrsa (11) u rtoro, 4TO

S
lg,) <1, tim L:O,
8§ — O s!

JIETKO YCMOTpeTh, 9T0 L GyHaeT 1O MOOYAI0 MEHbULUM
eduruybl, npu 0ocmamowno 6oavuiom t.

Takum o6pa3oM, npaBas yacTb paBeHCTBA (9) sBJAeTCA
CyMMOH HeJOro, OTJIHYHOrO OT HY./f, YHCJAa H HYHCAA, IO
MOAY/II0 MeHblIero eauHune. Taxkas cyMmMa He MOXer
PaBHATLCA HYJI0 H NO3TOMY paBeHCTBa (9), MpH HalleM
Bu6ope ¢ H f(x), HeBO3MOXKHO. JTHM H 3aBepIIEHO JOKa-
3aT€/IbCTBO TPAHCHEHICHTHOCTH YHCIA .

lpuBeneHHoe 0Ka3aTeNbCTBO BO BCEM CYIECTBEHHOM
3aMMCTBOBAHO H3 KHHIH NMOKOHHOTO NOYETHOrO aKaneMHKa
Hmutpus Anekcanzposuua 'paBe ,TpakraT nmo aareGpan-
yeckoMy aHaJjau3y“, tom I



frasa IV
TPAHCUEHIAEHTHOCTb YHUCIJA e

Mu Bocnosnb3yeMcs aByMs, J€rKO JAOKa3hIBa@MBIMH
dopMy.1aMH :

Jp=fe=* dx=rk1, 1)
0

k — uesoe noJIOXHTEJALHOE YHCAIO.
Uy, fe *f(x x——fe‘xfx)dx—{—

+e=hfe=* flx+hydx, @

h — mo6oe uHCJIO0.

[NepBas u3 3tHx GopMy. cA€xyer u3 TOro, 4TO, HHTEr-
pHpPYA MO YacTAM, HMEeM

oo

fe—xx"dxz—xke—x
0

oo

o0
-{-k/e—xx"-ldx.

0
Y]

Taxum o6pa3som,
Jy=kh_1=k(k—1)J) o=+ =h(k—1)-2 .1/,
Ho
o QO
Si=fesdx = o= 5[ =1

H NO3TOMY
‘/k =k
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dopmyaa (2) HeMeNJIEHHO CIENYET HS PaBEHCTBA

o h oo
Je*fxax=[e=*f(qdx+[em*f (yax,
0 h

€CH BO BTOPOM HHETErpaje MOJOXKHTD

x=y-th.
JlonyctuM Tenepp, YTO YHCJIO e aare6paHyeckoe, TO-eCThb
ABJSIETCA KOpHEM YypaBHEeHHA
a,+ax+a,x*+..-4a,x"=0
¢ HeJHMH KOo3ppuoueHTaMH.
YMHOXHB TOXJECTBO

ay+ae+tae*+ --+4ae”=0

Ha f e~ * f(x)dx n Bocmoas3osasmucy (opmy.IodH (2), no
0

Jy4YyHM TOXAECTBO
oo 1
O=aofe""f(x)dx+ale {‘fe“xf(x)dx—{—
0 0 )
0 2
-{-e“fe""f(x—{-l)dx} + a,e? {Se‘xf(x) dx—+
0 0

+e—2ﬂ-xf<x+2)éx}+---+
.|_ane”{fe"xf(x)dx-{-e‘"f:""f(x-{-n)dx} .
Hanu '

o " J
Zoa,!e— *f(x+i)dx -I—EIajej!é" *f(x) de=0 (4)
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Mu fokaxeéM, 4T0 écanm B Kavecrse f(x) B3aTh HaLMe-
Kamyio (GYHKIHIO, TO NEpPBO€ CJaraémoe B JEBOH YacTH
NOC/IeAHEr0 TOXJAECTBa OKAMETCH OTIHYHBIM OT HyJd me-
JHM YHC/IOM, a BTOpoe—mnpaBHJAbHOH Apo6hio. Ho cyMMa
TAKHX ABYX 4YHCEJ He MOXeT GHTh paBHOH Hy./ 0. TakHM
06pa3oM, TOXZAECTBO (4), a BMECTE C HHM H TOXZAECTBO (3)
OKaXyTCsi HeBO3MOXHbIMH. TeM caMuMm Oyner AOKasaHa
HEBO3MOXHOCTh NMPEIHOJIOXKEHHsI, YTO YHCJAO e anarebpaH-
9ecKoe.

[Toroxum

f(x)—-—-fp—:l_l—)lxp-‘ (=P (x—2)P ... (x— )P, (5)

rie p—InpocToe YHCJIO, BHGOP KOTOPOro MH Janee yTod-
HuM. Tak Kak, pacno/oxHB MHOroujeH (5) mo Bospacraio-
IHM CTENEeHAM X, NMOJY4HM *

— 1) (n)p ,_ b,
f(x)_:( (p)_g’)l'l)pxn l+mxp+...’ (6)

bj;, — nesne yucxa,
TO, Ha OCHOBaHWH ¢opmyan (1),

o

aofe—.xf(x)dx: a———"((;_l_)z)(':ipfe—xxp“ldx-l‘
0

0

+(7a_°_b—‘l)!fe"‘xpdx+---

0

=a,(— ()P L app+ - ™)

————————

* Tak Kak p — npocToe M Heuernoe, 10 (—— 1)/ =—1, (= 1) =
= (— 1),
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Ha ocuosannn toii xe dopmyaw (1) u BBHAY TOrO, UTO
feti=p—r+aP ~ e ti— 1P
x+1YPxPx—1)P, . (x —n+ i =

=om oy T

Cx—1e/ane yucaa, npu i> 0, umeeM

(<]

a,fe—xf(x+i)dx=pA,-, (8)

0

rae A; —ueqoe ugucio.
U3 (/) u (8) crepyer

n

Za,fe % f(x ) dx=(— 1)"a, (n)P -l-pZAi

i—=1

Ecau B3atb 3a p nmpocroe yucao, 60/blUee 72 U BCEX JeJIH -
TeJeH 4Yucaa a,,-TO NMepBOe ¢/araeMoe BO BTOPOI 4aCTH
moc/IefHero paBeHCTBa He Oydem deaumscs Ha p. [1o3ToMy
cymma (9) siBaAsieTCR LEJALIM YHC/AOM, HE OeATUUMC Ha P,
TO-€CTb OTJIHYHHM OT HY.JIA.

[Mepexonst X pacCMOTPEHHIO BTOPOrO CJIaraeMoro B Je-
BOH yacTH TOXzJecTBa (4), 3aMeTHM, YTO HPH H3MEHEHHH
xor0pg0iujorl go n umeeMm

1
- ap=1l.pyp D (n+1)p—1
fOI<p=m" o= (p——l) r=n1"
n pa3s
Kpome Toro,
e~ XL, efLe®
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¥ I03TOMY

7 J
|Z ajejfe" xf(x)dx|<

]::l 0

<(p’ _1'1)"!a(n+l)p—l{]alH—lagH—-. . .{_lan'}:

—1
L
(p—1!
rae M, k, He 3aBucaAT OoT p. Tak Kak

=M~n

lint L—l»zo,
p-»oo(p— l)!

TO Np¥ ROCTaTOYHO 60JbMOM p (a2 MH MOXEM B3ATh
CKOJIBKO YrOAHO 6O0JBIIHM),

kP!
My —— < 1
"p—ni

3THM ¥ 3aKaHYHBaeTCsA AOKa3aTeJbCTBO TOTO, YTO € TPaHC-
LIEHAEHTHOE YHC/IO, TaK TAaK H3 NOCACAHEr0 HEPABEHCTBA
cJe/lyer, YyToO BTOpOe c/laraeMoe B paBeHCTBe (4) sBasercs
NpaBHABHON ApOOBI0 H NMO3TOMY (NE€pPBOE CJaraeMoe B TOM
e paBeHCTBe —IeJ0e YHCJIO!) paBeHCTBO (4) HEBO3MOMHO.
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