B.BASHIKE

BBEARHUE |
3 IEOMETPUIO |
TKAHEN |







ELEMENTE DER MATHEMATIK
VOM HOHEREN STANDPUNKT AUS

Band [V

Hera von L. Locher-Ernst

Einfiihrung in die
Geometrie der Waben

von

WILHELM BLASCHKE
in Hamburg und Istanbul

BIRKHAUSER VERLAG - BASEL UND STUTTGART




B. B/ISUIKE

BBEAEHWE
B T’EOMETPHIO

TKAHEMN

TepeBox ¢ HEMELKOro
M. A. AKUBHCA

ITon penakuuef
U. M. SATJIOMA

FOCYJAPCTBEHHOE H3ATEJIbCTBO
OU3NKO-MATEMATUUYECKON JIUTEPATYPHI
MOCKBA 1959



AHHOTALUA

B 3Toit KHHre paccMaTpHBAlOTCH
cBofictBa aH(pdepeHHaabHO-TEOMETPH -
geCKHX 06pa3oB, KOTOpPhIE COXPahsIOT-
Cfl IpH BCeX B3aHMHO-ONHO3HAYHBIX H
HenpephBHHIX OTOGPaKeHHsAX MJIOCKO-
CTH HJH HEKOTOpOH ee yacTH Ha of-
J1acThb MJIOCKOCTH.

KHHra pacCiHTaHa Ha CTYIeHTOB-Ma-
TeMaTHKOB CTapIUHX KYpPCOB HJIH ac-
NUPaAHTOB, CHELHAJH3HPYIOUHXCH MO
TeoMeTpHd HJIH B GJH3KHX C Hel obsa-
CTSHX.

Barswke Buarbzersom.
BBeJleHHe B reOMeTpHIO TKaHeft.

Pegaktop A. &. Janko.
TexH. pepaktop B. H. Kproukosa. KoppekTop JI. 0. Cexedxo.

Cnano B HaGop 7/1 1959 r. Iloanucano k newatu 3/VIII 1959 r.
Bymara 84x108/',,. ®u3. neu. a. 4,5. YcaoBH. neu. a. 7,38, Va.-uszx. a. 8,0.
Tupax 6000 3K3. T-06344. Llena kHuru 6 p. 3aka3 1119,

FocymapcTBeHHOE H3JaTeAbCTBO (HH3IHKO-MATEMAaTHYECKOR JHTepaTypH.
Mocksa, B-71, JleHHHCKH It npocnekT, 15,

1-a tan. ,TpaHcxengopusgara MJIIC.



COJIEP)KAHHE

OT pefiakTopa MepPeBOMA . - . - - « « + « + « + « + = A 4
TTPemHCAOBHE . .+ o ¢ « « o o o o o o e e e e e e . 11
§ 0. BBemeHHE . . . . . . . . ..o 13
I. KpuBoaHHejinpe TKaHH Ha NJIOCKOCTH

Cesasb ¢ Homorpadmedt , . . . . . . .. ... . 16

. IllecTHyroJabHEE TKAHH . . . « . « « « « « . . . .. 19
CTIpuMepn . . . . Lo e e 20

§ [IpsiMonMHefiHble WEeCTHYTOJNbHBIE TKAHH . . . . . . . . 26
§ KpuBeie TpeTbero KJacca H 3JJMNTHYECKHe QyHKuMH . . 28
. ®opmbl [Nbadpda TkamH . . . . . . . . . . . ... . 30
JuddepeHunanbHele onepaTophl TKAHH . . . . . . . . . 33

. CBA3HOCTb ¥ KPHBH3Ha TKAHH . . . . . . . « . « . . . 36

. BuyMc/eHHe KPUBH3HH NMpPH NMOMOWH QYyHKUHH TKaHH . . 38
. [IpuMeHeHHe K TKaHAM, OOPa3sOBAHHBIM MOBEPXHOCTAMH . 42

— s e e s
OB WN=—OWONNO U W —

. IpsMoauHefiHble TKAHH . . . . « « « o « « « . . . .. 4

. MuBapuanTHHE mpousBoaHbe . . . . . . . .. . ... 50

. [TonHas cucteMa WHBAPHAHTOB TKAHH . . . . . . . . . 52

. KaHoHHuecKoe pasjoxeHHe . . . . . . . . . . . . . . 52

. TeoMeTpHueCKH# CMBICT KPHBH3HH TKaHH mo Tomceny . . 56

. HopMupoBaHue QYHKUHH TKAHH . . . . . . . . « « . . 57

17. OcHoBHBIe BOMpOCH HOMOrpaguH . . . . . . . . . . . 59
18. KomnaexkcHuie ¢popmu [dpadda . . . . . . . o e e e e 63
19. «BpameHHe» TKAHH . « « « « « « o o o v 4 v o 0 o o s 65
20. INapannenbuoe nepexecenue KenbBuna — JleBu-Uusura . 67
21. Ananor onmoro sameuanuss . Gepmu . . . . . . . . . 69
22. Tkanu U KOHPOPMHEIE OTOGPAXEHHA . . . . . . . . . 72

§ 23. O nyuwefi HOMOTpaMMe . . . . . . « « o « o o o o & . 75

I1. Tkauu, o6pa3oBaRHBIE NOBEPXHOCTAMH

§ 24. ®opmuu Tldapdpa Trane#, 06pa3oBaHHHX MNOBEpXHOCTAMH 77
§ 25. [lepBHe HHBAPHAHTEL . . . « « « o o o « « . . e ... 19
g 26. KPDHBH3HBL M CBSIBHOCTD  « .« « & o o « ¢ « o v o o o« 80
27. YCNOBHA HHTETPHPYEMOCTH . . . « - + « « o o + . - . 82

§ 28. IHBApHAHTHHIC MPOM3BOAHBIE .« « « « « o o « « o o o« 84
§ 29. [eomeTpHueckHe HITIOCTPAUHH « + o « + « o o - - « . . 86



6 COJIEP)KAHHE
§ 30. KpuBoauHefiHHe TKaHH B TKaHAX, 06pa30BaHHHX NOBepX-
HOCTAMH & . . o . . . . v 4 o s v s o v o oo aoso- 88
§ 31. OKkrasnpuueckHe TKAHH . . ., . « . - - « - « « . . . . 90
§ 32. YcnoBHe 3aMKHYTOCTH OKTadApHYECKOH Tkamn . . ... 9l
§ 33. OxrasgpuueckHe TKaHH, 06pa3oBaHHbLIE MJIOCKOCTAMH . . 94
§ 34. lllectuyronbHele NpoCTPAHCTBEHHble TKaHH . . . . . . . 97
§ 35. BuuucieHde WHBapHAHTOB NpH momowM GYHKUHH TKaHu 99
§ 36. KaHonuueckoe pasioxende . . . . . . . . .. ... . 102
§ 37. lllectuyronbHele TKaHH H3 MJIOCKOCTef e e e e .. . . 103
§ 38. 0 npoc'rpch-rseHHux KPHBHIX '-IETBepTOI‘O nopﬂzu(a nep-
BOrO poja . . . . . < - ... 106
§ 39. Cnpsamasemsie TKaHH oGpaaoaaHHue noaepxuocmmu . . 109
§ 40. Heckonbko HepelleHHbHX BONPOCOB, OTHOCAWMHXCSA K TKa-
HAIM, O6pPa30BAHHBIM MOBEPXHOCTAMH . « « . & o . . . . 111

11I. 3aMevanusi 0 KPUBOJHHEHHHX 4-TKaHAX Ha MJOCKOCTH

§ 41. O630p HHBapHAHTOB 4-TKaHH . . . . . . . . . . . . . 114
§ 42. IIpueKTHBHAst MOJEIL . . « « « v 4o o o o o+ « .+ . . 116
§ 43. HopmupoBauue ¢opM Ildpadpa . . . . .. .. .. .. . 118
§ 44. PaHr 4-TKaHH . . . . . ¢ ¢ v v o v o o v v v v v ... 12
§ 45. MakCHMANbHEIA PaHT . . . . o v v o v v v« o . ... 121
§46-Cl‘lpﬂMJmeMOC‘l'b....................123
§ 47. lllectuyionbHHe n-TKaHH . . . . R $14
§ 48. Heckonbko HepelleHHBIX Bonpocoa oruocm.uuxcn K TKa-
HAM W? . .. e e e e e e .. 128
IV. O kpuBoOJHHEHHHX TKaHAX B NPOCTPAHCTBE
§ 49. 2-TKAHH . .« v v v v e e e . . 130
§ 50. 3-TRaHy . . . . . . B )
§ 51. YernipexyronbHele TRam W . . .. . ... .....133
§ 52. IlpocTpaHcTBeHHbe KpHBBIE TpeTbero nopsgka . . . . . 134
§ 53. Ky6uueckoe kKpemoHOBO Nmpeo6pa3oBaHue . . . . . . . . 137
§ 54. WckaouuTtenbHas Tkaub W¢ . . . . ... ... .. .138
§ 55. PaHr KpuBoJNHHeHHO/ TKaHH B mpocTpaHcTBe . . . . . 139

AnaBHTHHH YKA3aTEMb . . v v o o o v o 0 v 0 o o o« o o 142



OT PEJAAKTOPA NMEPEBOJIA

B kouie 20-x roloB Hallero Beka B HeMEIKHX MaTeMa-
THYECKHX JKVPHAJax CTasH MOSIBJASITHCS  MHOTOYHCJIeHHbIE
CTaTbH OTHOrO H3 BHIAHEHIIMX COBPeMEHHBIX FeOMeTpOB, PY-
koBoauTesst [ambyvprckoii MaTeMaTHuecKo# WKoJbl— B. Basim-
Ke, ero yuYeHHKOB H COTPYIHHKOB, HOcsUlMe OOUlHMi MOA3aro-
JOBOK «Tonosoruueckue BONpochl AHP@ePeHIHaIbHOH reo-
meTpuu». HaunGosee HHTeHCHLBas padoTa B 3TOM HanpaBJleHHH
Besiach Ha pyGexe 20-x u 30-x roloB: B oiHOM JiHWb 1930 r.
6bli0 HamevaTtano 17 craTeit Ha 3Ty Temy. B AanbHefiuiem
YHCJIO MOJOOHBIX I O6JHKALUA CTaJO COKPAUWlaThCs — OCHOBBI
HOBOrO HanpaBJjieHHs OblJiM YKe 3aj0XeHbl H, HECMOTPS Ha
GOJblIOE YHMCJO OCTABIUMXCS HepellleHHBIMH BOMNPOCOB, MO-
SIBHJ1aCh HeOOXOQMMOCTb NolBeleHHs MepBuiX HTOroB. Pee-
HHIO 3TOH 3alauyd Ounijla mocBslleHa 06cTOSTE/bHAST MOHO-
rpa¢ua «leoverpusi Tkanel» (Geometrie der Gewebe)
B. baswke u ero corpynsuxka I'. Boasi, Bhieamass B cBeT
B 1938 r. B uspectnoii cepun Die Grundlehren der Mathe-
matischen Wissenschaften Hemenkoro usfaresnsctsa LInpus-
rep M ocBewarwoulas pe3ysabTaThl MHOrOMeTHeil paboThl GOJib-
IIOro KOJJIeKTHBA HccJseloBarteneil. OfHAKO W mocJie BhIMycKa
B cBeT 31Ol KHuru B. DBusiiike He mepectan uHTepecoBaThes
HOBBIM HampaBJ/ieHHueM AH(QepCHIHATbHOH reOMeTPHH, Y KOJbI-
Genn KOTOPOro OH crosii. [ToCTOSIHHO CTPaHCTBYSI MO CBETY,
OH Bce BpeMs BO3Bpaulajcsi K JIOGHMOH Teme, YHTasi JIeKLHH
HIH JleKUHOHHBle Kypcel B Mockse u B Cram6yse, B Bapce-
JoHe U B Meccune. He ocraBasin Busiuike W 3ajauy u3Jo-
xeHuss ocHoB «Tomonoruueckoil AuddepeHUHaTbHON reomer-
puwr. B ero wunrepecneiimeii «[IpOEKTHBHOH TreOMeTpPHH»,
Bhilewmei B ceeT B BoabgGiotrene (PPI) B 1947 r. u 3arem
HEOAHOKPATHO nepexs/iaBasiueiicsl, STHM BOnpocaM MOCBsLIEHA
3aKJ/IIOUHTE/IbHAS IJiaBa; CrelHaJbHble KHHrH 10 «[eovieTpHH
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TKaHeii»*) BoillK B cBeT B Bapcesione (Mcnanus) B 1954 r. u B
Basene (IlBefinapusi) B 1955 r. Ileperox nocienneil H3 3THX
KHHT Y npelJaraercs cefiuac BHUMaHMIO COBETCKOrO YHTaTeJisl.
ITosiBnenue storo nepeBojia npeAcTaBasieTcss HaM TeM GoJee
YMeCTHBIM, 4TO OTKphITasi B. Basimike HoBasi rilaBa KjaccHuye-
ckoll auddepeHHaNbHON reoMeTPHH, OTMETHBIIAsl yXe CBOW
TPHILATYIO TOAOBLIMHY, BeCbMa MaJjio MONyJaspHa B Halled
ctpane. B. Basiiike HeOTHOKPATHO YHTaJ y Hac 0630DHblE JIEeK-
UMM Ha 3Ty Temy M B Xapbkose B 1930 r. na 1 Bcecoios-
HOM MaTeMaTHueckKoM cbe3fie**), H B Mockse B 1934 r. Ha
pykoBoguMmoi noxo#inbiM B. ®. Karanom IlepBo#i MmexayHa-
ponHo#i KOHdepeHUHH IO TeH30pHOH AH(depPeHIHANLHOH reo-
MeTpHH***), u cHoBa B MockBe B 1956 r. na TpeTbeM Bcecoios-
HOM MaTreMaTHYecKoM cbe3fie. OHaKo ero nmpH3bIBbl OOPaTHTD-
€ K 3TOH TeMaTHKe IOYTH He HaXOAMJH OTKJHKa ****). On-
HOMH W3 MPHYHUH 3TOTO SIBJSJOCH, MO-BHAHMOMY, MOYTH MOJHOE
OTCYTCTBHE HAa PYCCKOM $I3blK€ KaKHX Obl TO HH GblNO H3JI0-
JKEHHH «TeOMETPHH TKaHeH»: B TeueHHe MHOTHX JIeT OCHOBHBIM
HCTOYHHKOM HalllHX 3HaHHIH 10 3TOMY KPYry BONPOCOB SIBJS-
JHCh YKa3aHHble B cHocKax **) u ***) cratpd Buasiuke, Hame-
yaTaHHble B COODHHKAX, H3JaHHBIX HHUYTOXHBIMH THPaXKaMH.
Taxkum oGpa3oM, NosiBJeHHEe HACTOsIUIeH KHHIH JHKBHAHpPYeT
GeccriopHblfi nmpofes B Halell MaTeMaTHUecKoOH JHTepatype.

*) B nocaenHee BpemMsi B. Basilike BMeCTO NmpeasoXeHHOro HM
patee Tepmuna «Geometrie der Gewebe» («['eomeTpHsi TKaHeii») yno-
Tpe6/isieT B TOM e cmbicie Ha3BaHHe «Geometrie der Waben» («Ieo-
MeTpHsi coT»). MBI B nepeBojie BBIHYX/AEHBI GbITH COXPaHHTh NPEeXHHH
TEPMHH H3-3a YHCTO IpaMMaTHYeCKHX 3aTpyIHeHHH, CBA3aHHBIX C yNO-
Tpe6eHHeM cJ0Ba «COTH» (3TO CJOBO HE HMEEeT B DYCCKOM fi3blKe
€JIHHCTBEHHOT'O YHCJa).

**) CM. B. Baiswke, HoBoe Teuenus B auddepeHuHanbHOR
reomeTpuH, Tpyam [ Bcecoiosnoro cwesia MartematHkos, M.—/JI.,
1936, 167—178.

**#%¥) CM. B. Biiswke, O reoMerpun TkaHe#, TpyAn ceMuHapa
N0 BEeKTOPHOMY M TeH30pHOMY aHaau3y, Buin. IV, M.—JI., 1937,
ctp. 55—61.

**¥+) ENMHCTBEHHOEe H3BeCTHOe MHEe HCKJIYEHHe B 3TOM OTHOLIE-
HHH COCTaBJsIeT cojlepiKaTtenbHoe uccaenoBanue A. E. JluGepa, Hawen-
LIEero HEO6XOAUMBIE H I0CTATOYHbIE y C/IOBHSI 3KBHBAJEHTHOCTH NPOHSBOJIb -
HOM ABYMEepHOH p-TKaHH TNpSAMOJHHEHHOH p-TKaHH HA NJIOCKOCTH H
p-TKaHH, 06pa3soBaHHOW p CeMEeHCTBAMH mNapajJeqbHbX MNpPAMBIX Ha
naockoct (cm. A. E. JIu6ep, O HAByMepHHX MPOCTpaHCTBAaXx
¢ anre6panyeckoit MeTpukoil, TpyJAn cemMHHapa MO BEKTODHOMY W TeH-
30pHOMY aHaausy, Bumn. 1X, M.—JI., 1952, ctp. 319—350).



OT PEJAKTOPA TNEPEBOZIA 9

B uyeM e 3akyiouaeTcsi coflepxande «'eOMeTDHH TKaHeH»
HJIH «TE€KCTHJIbHOH TreOMeTPHH», Kak JICOHJ roBopHTb Buasiike
Ha nepsoM 3Tane paboThl Haj 3To# TeMoii*)? OcHoBHasi Hles
JIOCTATOYHO SICHO OOpHCOBaHa aBTOPOM BO BBelenHHM K HacTof-
e xnure. CoraacHo Hiee ®. Kiefina reomMeTpHs H3yuaeT
MHBapHaHTbl TeX HJIH HHBIX TPyNn MNpeo6Gpa3oEaHHi; 3Ta TOYKa
3peHHsT NpPHMeHHMa H K AH(pQepeHLHaNbHOH T[€OMETPHH H
NO03BOJISIET BHAEJHTb OTJeJhHble €e BETBH, Kak, HanpHMep,
AuddepeHIHaNbHYI0 T€OMETPHIO OObIYHOrO (€BKJHIOEA) MNpo-
CTpaHCTBa, a(d(HHHYIO, TPOEKTHBHYI0 HJH KOHGOPMHYIO
IuddepeHuHanbHylo reomerpHio. B. bBaswke npeanaraer
paccMaTpHBaTh «TOMOJIOrHYecKylo» JH¢depeHIHANBHYIO T€o-
MeTpHIO, T. €. H3y4aTb JAH(¢epeHLHaNbHO-TEOMETPHYECKHE
(nokanbHele!) cBoHcTBa DPa3JIHUHBIX OOBEKTOB, HHBapHAHTHbIE
OTHOCHTEJIbHO NPOH3BOJIbHBIX B3aHMHO-OJJHO3HAYHbLIX H B3aHMHO-
HeNpepbIBHbIX (TOMOJIOrHYecKHX) npeobpasoBanuii. IIpn 3TOM
HCNIOJIb30BaHKe| KJacCHYeCKoro amnapara AH¢¢epeHLHaNbHOH
reOMeTPHH 3aCTaBJisieT HaC OrPaHHYHTHCS Npeodpa3OBaAHHAMH,
3a/llaBaeMbiMH G YHKLUHAMH, AHG¢epEeHIHPYyeMBIMH 10CTAaTOYHOE
YHCJO pa3 MJHM Jaxe aHaJHTHYECKHMH; oJHakKo Duasike
MHOTOKPAaTHO BhipaxaJ HaleXAy, 4To NnocJjelymolee pasBHTHe
HayKH IIOMOXKeT H36aBHTbCHA OT 3TOTO AOBOJIbHO HCKYCCTBEH-
HOr0 orpaHHyenHs (Cp., Hanpumep, HHXe, cTp. 15)**).

H3amenenne ueneii HcceoBaHHsS HeH3GEXHO OTpaxkaercs
M Ha oObekTe ero. Mayyaembie B kJaccHueckoil auddepen-
LHaJbHOH TeOMETPHH KpHBble H NOBEepPXHOCTH YCTPOEHBI
«B MaJoM» B KaxJo#l cBoell (OOLIKHOBEHHOIH) TOYKE TOMOJO-
THYECKH OJMHAKOBO — MaJiblii OTpe30K J060# JHHHH He OTJH-
YyaeTcsl, ¢ Halled TOYKH 3PEHHs], OT OTpe3Ka NpsIMOH, a He-
GOoMbIIOA YYaCTOK MOBEPXHOCTH — OT IJIOCKOH IJIOalKH.
[MosToMy KpHBbie H NMOBEPXHOCTH He HMEIOT TOMOJOTHYECKHX
CBOHCTB, MO3BOJISIOIMX OTJHYATh OAHY H3 HHX OT APYrOii.
Taxxe H «ceTH» Ha NJOCKOCTH MM Ha I1POH3BOJILHON MOBepX-
HOCTH, T. €. JBynmapaMeTpHYeCKHe ceMeHcTBa JIMHHH, TakHe,
UTO Yepe3 KaXXAYyl0 TOUKy onpeflesieHHOH 00J1acTH NpPOXOAAT

*) Cm., nanpumep, foknaa B. Baswmxe, TeKcTHJAbHas reomer-
pus u aGesneBnl uHTerpaan, Jahresbericht der Deutschen Math. Ver-
einigung, 43, 1933, ctp. 87—97.

**) Bnpouem, pasBHTHe reoMeTPHH 3a MOCJAeNHHE TOAL CKopee

npenocreperaeT OT H3JHIUHEro ONTHMH3Ma B 3TOM OTHOLUEHHH (Cp.,

Hanpumep, crated JIX. Hawa u H. Kefinepa, HaneuaTanHHe B XYyp-
Hane nepeBofoB «MaTtemartukar 1. Ne 2 (1957)).
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ABe (He KacaioulHecss B 3TOH TOYKel) JIHHHH, TOI OJIOrHYECKH
3KBHBAJIc HTHBl — BCE€ OHH «YCTPOEHbl» KaK CeTb KOOPAHHATHLIX
JMHHA Ha TNJOCKOCTH B /[eKapToBOH CHCTeMe KOOPLHHaT.
CosceM no-apyromy OGCTOHT JeJlo, KOTAa Mbl OT CETH Nepe-
XOHM K «3-TKaHW», T. €. K TPeXnapaMeTPHUeCKOMY CeMeHCTBY
JHHH# Ha TMJIOCKOCTH HJH Ha NOBEPXHOCTH. TaKoMy, YTO
yepe3 KaXIyl0 TOYKy paccMaTpHBaeMoil 06JacTH NpPOXOAAT
TPH (He Kacaoulyecst APyr apyral) JIHHHH TpeX pasJjIHYHbIX ce-
MeHCTB. 3-TKaHH y3Ke MOT'yT OblTb YCTPOEHH! TOMOJ.0 HYECKH pas3-
JIHYHO; Aa/NeKO He Kax/Ayio TaKylo TKaHLMOXHO O0TOGpasHTh,
CKaXeM, Ha TKaHb, 00)a30BaHHYIO NPSMbIMH TpeX {HKCH|OBaH-
HblX HanpaBicHHi. [loloGHble «TkKaHU» M POICTBEHHblE HM
06pa3bl COCTAB.ISI0T OCHOBHOMH Npe/MeT H3YU€ HUS1 B 3TOH KHHTe.

CkaxeM elle HeCKO/NBbKO CJIOB O XapakKTepe KHHIH.
Ona npenctaB/sieT coGoit ckopee GerJibiii 0630p npejaMeTa,
yeM JeTajlbHoe HM3JOXeHUe ero. Hanucannoe ¢ xapakTepHO#H
aas B. Basiike XKHBOCTBIO H mejaroriyeCKHM MacTepCTBOM
«BB2/leHHe B reoMeTpHIO TKaHeH», B NPOTHBOPeYHe C MPHHSITOM
B HeMeIKOJd HAayyHOH JuTepaType TpalHLHeH, sBJaseTCSH
HMEHHO BBeJeHHEM B MNpeJMeT — OHO XOPOLIO OCBeLlaeT
TeMaTHKY HOBOH 06,1aCTH reOMETPHH, OCHOBHble METOIbl €¢ H
cTosiide nepell Hel 3ajayd, a TaKKe MECTO «reOMeTPHH TKa-
Heil» B psily APYrHX MaTeMaTHYeCKHX IHCLHIJIHH; HJeeTcs
3/leChb TaKXKe M NOCTATOUHO IIMPOKAas KapTHHA AOCTHTHYTBIX
Jo cHx nop ycnexoB. [Ipu 3T0M KoKa3aTesbCTBA 31€Ch 4aCTO
He NMpOoBeAeHbl C MNOJHOH TiLaTeJbHOCTbIO, a HHOrAa (ocobcH-
HO BO BTODOH MOJIOBHHe KHHI'H) H BOBCE€ OMYLIEHbI; AJs BOC-
NOJIH HHSL NPOGEJIOB YHTaTeJ o, NnoxenawleMy H3bpatb «[eo-
METFHIO TKaHefl» CBOeil HayuyHOH CHELHAJbHOCTBIO, NpHIETCH
oGparuThCsl H K YNoMsiHy10i Bbille MoHorpatud DBuasiuike —
Bots 1938 r. u k xKypHanbHOii JuTepatype. B mepeBoie Mbl
B HCKOTOPBIX MECTax BOCCTAHOBHJIH B MOJACTPOYHBIX NpHMe-
JaHHSX XOJ MBICJH aBTopa (3TH TNPHMEYaHHsT OTMeYeHbl
3Be310YKaMH B OTJIHYHE OT HYMepOBaHHBIX CHOCOX aBTOpa);
He HMesl, 01HaKo, B BH1Yy MEHSITb KOpPEHHbIM 06pa3oM Xapak-
Tep KHHTH, Mbl CIeJaJi 3TO TOJbKO B TeX cJayyasx, Korja
MOKHO 6.1J10 OGOHTHCh HEMHOT'HMH CTPOYKAMH, H TJiaBHbiM 00-
pa3ov B 6o.ee MoAPOOGHO HAMHCAHHOH MePBOH UYACTH KHHTH.
Kpove Toro, B nepeBojie ucnpaBJjieHbl MHOTOYHCJIEHHBIE OMHC-
KH H MeJKHe JedeKThl HeMeLKOro H3JaHHs.

H. M. Aznrom



MPEANUCJIOBHE

B TeuenHe Moeii XKH3HH 51 COBMECTHO CO CBOMMH YyYeHH-
KaMH M COTPYAHHKAMHU BbipallHBa/ pa3JiMyHble CaAMKH, H OHH
H3 HHX Ha3blBaJICsl «reoMeTpHs TkaHei». OH npHHeC MHE YIH-
BUTe/bHblE MJIOABI, KaK, Hanpumep, NpHrJalleHHe Ha coBe-
1laHHe paGOTHHKOB TeKCTH/bHOH MpombllieHHOCTH. [ToaTomy
sl Tellepb BMECTO «TKaHeil» MpPeLNOYHTAl0 FOBOPHUThL O «COTaX»,
TaK Kak MHe KaxeTcsi GoJjiee NpuBJIEKaTeJNbHbIM HMETb J€J0
C MueJaMH H [YeJOBOAAMH, a He C TKauamH *).

Moii apyr Boab (G. Bol) sanucan B 1938 r. npH Moem yua-
CTHH JI0BOJIbHO TSIXKEJIOBECHYIO KHHTY, MOCBSILIEHHYIO 3TOMY
npeaMeTty **); B 3Toil KHHre OH co6pasi BMeCTe H YNopsiA0uH/I
Bce clleJlaHHOe B 3TOfi 06J1acTH, HauHHas ¢ paboTel 1927 r.
Moero paHo ymepuero apyra Tovcena (G. Thomsen 1899—
1934).

B nocneanue roawl st cHoBa Bo MHOTHX MecTax — B Bapcedio-
He, lav6ypre, Crav6yne u MeccHHe — uHTaJ JIEKUHH O
TKaHsx 1),

IlosTomy 51 0XOTHO nocseioBa MpefJioKeHHIO MOErO KoJlle-
ru Jléxepa (Locher) BHectn cBO#l BkJaj B H3aBaeMylo HM
CepHIo KHHT, TeM GoJee, uto 1 B lllBefinapHy HalUNHCh JIOLH,
HHTEpeCYIOUIHeCs] 3THMH BONPOCAMH.

Ecan ®panuecko CeBepn muca HEeJaBHO, YTO «COBPEMEH-
Hasi MaTeMaTHKa GonbHa abcTpakiueil», TO Hally BeTBb reo-

*) CM. npuMeuaHue *) Ha cTp. 8.

19 8") W. Blaschke und G. Bol, Geometrie der Gewebe, Berlin,
38.

1) W. Blaschke, Introduction a la Geometrie de los tejidos—
JIeKUHH, YuTaHHble B Bapcesnone u Meccune, u3gaHHue TeAkcHAOpOM
(J. Teixidor) u Jloy (A. Dou). (Seminaro Matematico de la Univer-
sidad de Barcelona, 1954.)



Iz TTPEAHUCJIOBHE

METPHH cJlellyeT INpU3HATh COBEpIIEHHO 3J0POBOH (MOXeT
ObiTb 3TO O3HauaeT, YTO OHa HEJOCTATOYHO COBpEMeHHa?),
TaK KaK OCHOBHYIO POJIb B Heil HrpaloT BIOJHE «HArJsiAHbIe»
TMOHSITUS.

51 xouy no6narogaputb moux konaner Jlarpagu (K. Lag-
rady) u3 Iam6ypra u Euxana (A. Ozkan) u3 Crambyna 3a
yJyulleHHsl B 3TOH KHHre, KOTOPbIMH s HM 00sI3aH.

CraM6ya, BecHa 1955 r.



§ 0. Beenenue

[Mpexae Bcero s Xouy MOMBLITATBCS KPaTKO OXapaKTepH-
30BaTh TeMy 310l KHurdH. ®. Kneitn B cBoe#t DpnaHreHcko
nporpamve 1872 r.*) KnaccupuUHMpOBaJ «Tr€OMETPHH» MO CO-
OTBETCTBYIOWHM rpymnam JIu. I MocBSITHJ CBOIO XKH3Hb TOMY,
4yTOOB! OIJIOAOTBOPHTbL 3TAMH HAesIMH AHbdepeHLHaNbHYIO
reoverpuio. Ecin paccmorpers Ha miockoctd &, oTHeceHHoI
K J€KapTOBEIM KOOpAHHATaM X, Y, «oOliee» HJH «monoso2u-
yeckoe omobpaseruey

*=fxy, y*r=g(x7) (0.1)

TO MOXKHO INOCTABHTb BOMPOC O TeOMETPHUYECKHX CBOHCTBAX
«B MaJloM», KOTOpble COXPaHSIOTCS NMPH TaKHX OTOOpaXKeHusX.
IMpu sTom yno6HO mpeinonaratb, 4to GyHKUHH f, g B 06-
nactd & nuockocTH ABASIOTCS aHAJHTHUYECKHMH (TYHKLHMAMH
BeIleCTBEHHBIX MepeMeHHbIX X, ¥ H HX (YHKIHOHAJbHBIA
OMpe/ie/IMTeNb OTJHYEH OT HYJ:

a(x*’ y*) * 0 (0 2)

d(x, y)

Torpa ypaBuenusi (0.1) saganyTt o6paTHMOe ORHO3HAUHOE H
HenpephiBHOe oToOpaxenue obnacth & uanm Hekoropoit ee
yacty Ha obmactb G* maockoctw €. Takue «romonoruue-
cKue oTo0paxeHHs», KOHeuHo, He obpasyioT rpymnny JIu, u
camo MX TPyMNIOBOe CBOACTBO HMEET Or PAHHYEHHBIH Xapakrep.
Mbl Gynem 31ech paccMaTpHBaThb Takue CBOHCTBAa (uryp
B MaJioM, KOTOpHIE OCTAlOTCSI HEHM3MEHHBIMH IIpH BCeX MOA06-
HEx otobpaxenusx (0.1).

*) ®. Kaeitu, CpaBHuTeNbHOE 0603peHHEe HOBEHIIHX TeOMEeTpH-
yeckHX yueHuil, C6opuuk «O6 ocHOoBaHHAX reomerpuu», M., Tocrex-
uanar, 1956.
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ITycts B o6nactu ® sagaHo «cemeiicmsa Kpusvix» G,
u; (x, y) = u; = const, 0.3)

KoTopoe mokpuiBaeT & «mpocTeiM oGpasom», T. e. TaKoe, 4TO
o0e NpoH3BOAHbLIE

Ou; Oy
ox' oy

Hurile B & He o6pawaioTcsi B HyJb ONHOBPEMEHHO H YTO
yepe3 KaXKAyl TOUKY x, ¥ o6aacTh & mpoXoduT TOUHO oaHa
kpuBasi cemefictea ©,. [lpu >ToM MblI GyAeM npeamosarath
GyHKUMH u;(x, y) avaantHueckumH B &. PaccmoTpum Temepb
B o6acTn © TpH Takue cemefictBa: j = 1, 2, 3; npu 3TOM no-
TpedyeM, 4TOGH (YHKIHOHA/ILHBIE OMpEAeHTENH

0 (u;, up)

F IR o k=2,33,1; 0.4
0(x, y) *O (]' k 2)31 3’ l, l, 2) ( )

mirge B & He ofpauanuch B HyJb M (He HE3aBHCHMO OT
npefnnyliero) YToObl Be KpHBble pa3/HYHBIX ceMeHCTB HMe-
an B ® He Gonee onaHoit ofwed Toukd. OnucaHHbIA reo-
meTpuueckuii obpa3 Mbl OyaeM Ha3blBaTb «KpPUBCAUHELIHOU
3-mkanovto» MM npocto «wnkareioy LS. Ilpu 3ToOM HEOGXOAH-
MO mpelnonaratb obnactb & «seinykaoldy orHocHTenbHO T
B TOM CMbICJIe, YTO Kaxiasi mepecekawouiass & kpuBas TKa-
HH HMeeT eJMHCTBEHHYI0 HempephIBHYIO AYyTY, MpHHaLJIexa-
myo 8.

IlepBasi 3apaua, Koropoi Mbl 31ech GyleM 3aHHMaTbCS,—
3TO OTbICKAHHE TeX CBOHCTB TKaHed Y5 B MaJioM, KOTOpBle
coxpausiorcsi npu orobpaxenisix (0.1). B To Bpems kak
B «TOMOJIOTHH» PacCMAaTPIBAIOTCS HHBAPHAHTHBIE OTHOCHTEJIbHO
oto6paxenuit (0.1) cBoficTBa reoMeTpHueCKOH (HTYpHl «B L€-
JOM», KakK, Hamnpumep, «pol» pPKMaHOBOH MOBEPXHOCTH, MBI
orpaHHuiBaeMcsi B Hauwel «AH(pdepeHUHaJTbHOR TOMOJOTHH»
CBOICTBaMH «B ManoM», KaK 3TO OObluHO AenaeTcsl B AHpde-
peHwHanbHOi reoMeTpHil. [1pn 3TOM Ham y10GHO OrpaHHYHTBCSH
aHAIMTHYECKUMH QYHKUHAMH f, g, 4, TaK Kak 3TO laeT BO3-
MOXXHOCTb MPUMeHSITb OGblYHbIE CPeACTBa AH(¢epeHIHaTbHOH
reomeTpHH, Hanpumep, dopmul Ilbadda. Coxpanseresi, onna-
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Ko, 'Hafiexkna, uto Gosee yrayGJieHHOe H3yuYeHHe IO3BOJHT
Korjia-HHGY/ b OGOMTH 3TO HeecTeCTBEHHOE OrpaHHueHHe, Ha-
npuMep, mnoloGHo ToMy, KakK 310 ciemaHo JI. lllBapuem
(L. Schwartz) B ero «Teopun pacnpenenesniy (Paris, 1951) *).

*) «Teopus pacnpelleieHuii» UK €«o6o6meHHBIX GyHKUHA» N0O3BO-
Jaser cuutath «auddepeHUHPyeMOl» Kaxaylo HempephBHY QyHKUHIO
BellleCTBeHHOTO nepeMeHHoro. [lo moBojly npHMeHEHHS 3TOTO HOBOTO
annapata Ad¢pdepeHuHaNbHOA reoMeTpHH cM., Hanpumep, M. §. B a-
KeabMaH, [luppepeHunasbHas reoMeTpus rAaiKHX HeperyJaspHbIX
nosepxHoctefi, YMH 11, Bun. 2 (1956), 67—124.



I. KPUBOJIMHEAHbIE TKAHH HA MJIOCKOCTH
§ 1. Csasb ¢ HOMorpadmei

Yuyenne 0 TKaHsSX TECHO CBsI3aHO ¢ «HOMorpadueii», KOTo-
pyl0 NMPHUMEHSIOT B TeXHHKe, AJAsS TOro YTOGHI rpadHuyecKu
NpeAcTaBHTh (YHKIHOHANBHYIO 3aBHCHMOCTb. EcaH Mbl M3
ypaBHeHHH Tpex cemefcTB KpuBBIX TKaHH IS B objactu ©

ui(x,y)=u;=const (j=1,213) (1.1)
HCKJIIOUHM NepemMeHHble X, Y, TO JONYUYHM 3aBHCHMOCTb
174 (ul, Ug, lla) = O, (12)

CBSI3BIBAIOLLYIO TPH KpHBBle TKaHH, NMPOXOASIHE Yepe3 OAHY
touky. Ecan 3anana nonoGHasi ¢yukuusi W nepemeHHBIX u;,
aHaquTHYecKasi B obnactd & u ynosaerBopsiomas ycnosnam

%ano B @, (1.3)

TO C €e MOMOIIBI0O MOMHO «TOMOJOrHYECKH» M3yuyaTb TKaHb
B Majiom. Ecqin nana Tkaup I8 M yka3aHbl 3HaYeHHs mapamert-
pa u;, OTBevalOllero KpHBEIM Kaxjoro cemeiictea ©;, to I8
[IpellCTaBJ]HeT coboil «HoMOzpammy» ANs COOTHOMIEHHS (1.2).

Bce Tkaud ¢ OLHUM H TeM XKe «ypasHeruem mraxuy (1.2)
5KBHBAJIEHTHBl B MajOM OTHOCHTE/IBHO HAIlero «TOMOJIOTHYE-
ckoro» oto6paxenus (1.2)*). O6paTHo, OAHON U TOM XKe TKaHU

*) MycTb Ha NJIOCKOCTH 3aJaHH JBe TKaHH, OnpejesseMue ceMei-
CTBaMH JHHHA u; (x, y) = const u ul(x y)— const H HMellHe OJHO
«ypaBHeHHe TKaHW» W (uy, U, ug) =W ( ul, u2, ”3) =0. Iloxn6Ge-
peM TOMoJIor Hyeckoe npeodpasosaﬂne x=f(x* y*), y=g(x*, y*)
TaK, uTo6H 6blao uj(x, y) = u, (x*, y*) (j=1,2); npx 3toM cemeii-
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COOTBETCTBYET MHOrO «pynkyuti mxarnu» W (uy, us, Us), Koto-
pbie cBsi3aHbl APYr C APYroM NPH MOMOLH CJEAYIOWHUX Mpe-
06 pa30BaHHMH:

12 W* (u], usy uz) =W [ur (1), ua (u32), us(u3)], (1.4)

YTO COOTBETCTBYET «3aMeHe MapaMeTpa» B Kax/IOM cemeAcTBe
©; npu noMOWH OAHO3HAUHOH (YHKIHUH

u; = u;(u)); (1.5)
1: W (ur, s, us) = H (s, Us, us) W (U1, U, us), (1.6)

rage
H#038®, (1.7)
H, HAKOHeIl,
I1: W (uy, us, us) = F[W (u1, us, us)l, (1.8)
rae
' F0)=0, F'(0)=+0. . (1.9)

St npeo6pa3oBaHusi MO3BOJISIIOT HOPMHPOBATb ONpeJieJieH-
HbIM 00pa3som napamerpnl #; U GyHKUMIO TKaHH W, 0 ueM Mbl
ewe Gyaem rosoputb Huxke (§ 16).

PaccMoTpuM, HampeMep, npaMoAuHeliHyto mKawb, T. €.
TaKyio |TKaHb,* JUIs1 KOTOPO#H CeMefCcTBa KPHBBHIX G; MOTyT
ObITh, Mpe/cTaB/eHbl ypPaBHEHUSIMH:

a;(u)x +b;w)y+ c;(u) = 0. (1.10y
B kauecTBe yHKUMH TKaHM Mbl MOXKeM BBECTH ONPeAEJHTENb
ar(41) bi(u) ()

Qs (Uz) by (uz) c2(u2)|. (1.11)
as(us) bs(us) cs(us)

W (uy, us, us) =

INpsMbie cemeiictea ©; 6yayT, BooGwe roBopsi, oru6aTh KpH-
Bylo €, KoTopas sexut Bue obnacTy peryaspHoctd ® nauedt
TKaHH. Kaxnast kpusas €; Hecer Ha ceGe Lukally napameTpa i,

. o - - - »
¢tBa G, u €, AuHMI nepBoit TKaHW mepeiiayT B ceMeiicTea &) M G,

JMHHA  BTOpOll TKanu. CemeficTeo MHMA ©; MQKHO OMpENeNHTH
YPaBHEHUAMH W (uy, u,, const) = 0; OHO nepeifieT & wMeHCTBO JHHHI
W (uy, uy, const) =0, T. e. B cemeitctBo G

2 B. Baawke
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u ycyoue W (uy, Uy u3) = 0 nokasepiBaet, YTO TPH KacaTelb-
Hble K 3TUM KpPHBLIM, COOTBETCTBYIOIlHE 3HAUEHHSIM Ui, U
M Uz MapameTpa, NMpPOXOAAT uepe3 OAHY TOYKy (puc. I). .
JIBolicTBeHHasi ¢urypa (puc. 2) COCTOMT M3 TpeX KpH-
Boix §; C HaHeCeHHBIMH HAa HHX WIKaJamMH, H ypaBHEHHe
TKaHH O3HayaeT, YTO COOTBETCTBYIOLLHE
TOUKH 3THX TPeX KPHEBIX JIeXKaT Ha OJHOH
npsamoii. «Homorpamma» mocjeAHero TH-
na oco6eHHo yfoGHa AJSl BbIUMC/IEHHH
(«HoMorpamma u3 BBIPOBHEHHBIX TO-

YeK»).
2 ? ‘<¢a

Puc. 1. Puc. 2.

N

)

g

Hrak, Mbl BHIKM, Y4TO CTOJb HEOGXOAMMAsl AJsI TEXHHKH
HoMorpacdusi MOXeT GbiTh BKJIOUEHA B HAallle yYeHHe O TKaHsX.
Ho reomeTpusi TkaHell TecHO cBsi3aHa W C MHOTHMH JpYTHMU
«KJlaCCHYECKUMH» 06J1acTsIMU MaTeMaTHKH. B nepByio ouepenb
S 37ecb HMel0 B BHAY:

1) BOnpockl aKCHOMATHYECKOro 0GOCHOBaHHUSA 3J1eMEeHTapHOM
H NPOEKTHBHOH IeOMeTpHH;

2) anre6panyecKyio TEOPHIO TPy H TEOPHIO HenpephbiB-
ubix rpynm Jly;

3) NPOEKTHBHYIO H anreGpaHyecKylo reOMeTpHH;

4) Knaccuueckylo AuddepeHuanbayio reometpHio I'aycca;
5) NMPOeKTUBHYIO Au(depernHaNbHyl0 reoMeTpuo !);

6) pUMaHOBY TeOMETPHIO H €e O0006uIeHHS;

7) BapHalMOHHOE HCYHCJ/EHHE;

8) Teopuio yHKUHMH;

9) ¢opmbl Ildpadpda u nuGgeperunanbhble ypaBHeHHS;

10) Teopui0 pacc/oeHHBIX NMPOCTPAHCTB.

Koe-kakue H3 3THX cBsided OYAyT paccMOTpeHH B Jalib-
neiimem. Ho B To Bpemsl, KaK HEKOTOpble H3 3THX Giaropof-

1) Cp. G. Bol, Projektive Differentialgeometrie, r. I u II
(Gottingen 1950 u 1934 rr.).
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HBIX H ApeBHHX POACTE€HHHKOB Halef HayKH B HacTofllee
BpeMsl YK€ HECKOJIbKO O psIXJieJIH H BBIPOAHJIHCD, FeOMETPUA
TKaHell o6Jajaer ellle IOHOLIECKOH CBEXECThIO.

§ 2. lllecTHyroabHble TKaHH

Paccmorpum Ha miaockoctH € Tkamp W, cocrosugyio H3
TPeX PpasJMuYHBIX CEMEACTB mnapaJjjesbHbX JHHHHA. Takymoo
TKaHb Mbl OylaeM Ha3wBaTbh wzcmuyeoibroi. Tlpu momoru
«abduHHOro» orobpaxenus miockoctH € MoXHO H0OHTBCS,
uyTO6bl TpPH cemeHCTBAa MNPSAMBbIX 3TOH TKaHH CTaJd napaJ-
JieJIbHbl  CTOPOHaM HEKOTOPOro PaBHOCTOPOHHErO TPeyroJb-
HHKA («npasusbHas mKawo»), 8 ypaBHEHHs ceMeficTB MPSAMBIX

agx+by+c=u (j=1,2, 3) (2.1

MOXKHO HOPMHpPOBaTb TaK, UYTO YpPaBHEHHe TKAaHH MpHMeT
npoctyio ¢opmy

W=U1+u2+113=0. (2.2)

[TocTaBuM BOMpoc O TOM, B KaKOM cJyuyae HeKOTOpas

3a]aHHas TKaHb B 3KBHBAJIEeHTHAa OTHOCHTEJILHO Npeo6pasoBa-
uuit (0.1) TaKOii wecTHYrOMBbHOI

TKaHH, T. e. B KaKOM cJlyude
yPaBHEHHe TKAHH MOXKHO MpHBeEC-
TH npeobpasosauusimu I, I1, 111 My U
npefbiAyiero naparpada K BUAY
(2.2)? Bce Tkanu nono6noro poga 4 ¢
CllelyeT TaKKe Ha3blBaTh IIECTH- g

YTOJIbHLIMH. Puc. 3. Puc. 4.

H3 naunoro B § 0 onpeneue-

HHA TKAHH BMECTE C NpeANOJIOKEHHEM O «BBITYXJOCTH» OG-
JacTH perynsproctd @ crenyer, uto B Kax vl TpeyroJbHuK,
COCTABJICHHLIH H3 KPHBBIX TKAaHH, MOMXHO OJHO3HAYHO BIHCATH
APYTOH TaKOH TpeyronbHHk (puc. 3), BepuIHHBI KOTOporo

JICKaT Ha cTOpOHAX mepeoro *). Hasosem 18a pasnuuHbix Tpe-

YFOIbHUKA TKAHH «COCENHHMH)
, €CJIH OHH HMEIOT OfHY 0BLLYIO
CTOPOHY (pHc. 4). y y

*
'roqu) ﬁnch‘)rogngTZGBbl YGeIHTBCH B 3TOM, AOCTATOYHO PACCMOTPeTh
K Bepumune APH TpeyrollbHHKa TKaHH, JOCTATOYHO GJH3KYIO
Ma 1pyrumu ’CTo"POBeCTH M3 Hee JHHHH TKAHH JO NMepeceyeHHs C ABY-
P— nunuy, o HE;)HaMH TPeyroJlbHHKa B Toukax N u P uusa N n
HenpepuBHoO PHHALneXawue ToMy e ceMeiicTBy, uTo U AB; 3aTem
ABHTaTb TOuKy M mo cropoHe AB ot A x B.

2!-
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Ecnu Bnucath B TpeyronbHuk NpaBHJIbHOIL TKaHH APYroi
TPeyroJibHUK, TO BEPLUHHbI HOBOTO TpeyroJbHHKa OyAyT ce-
pelHHaAMH CTOPOH CTAporo; MO3STOMY €CJH BIHCATh TPEyroJb-
HHKH TKaHH B JIBa COCEJHMX TpeYroJbHHKa, TO BepIUHHBI
HOBbIX  TPeyroJbHHKOB, MNpHHAJJeXKallHe
o6uieil CTOpOHe CTaPLIX TPeYroJbHHKOB, COB-
naayT mexay co6oit (puc. 5). Ipyrumu cJo-
BaMH, y LIECTHYTOJLHOH TKAHH 3aMbIKAIOTCS

BCE COCTOsIIHE M3 JIMHUI TKa-
HH «IWeCTHYTroJibHble QHIYypbI»,
KaK 3TO yKa3aHo Ha puc. 6.
dT1a ¢urypa HmeeT ceMb Bep-

. '“”'I"ll,.

_||I|m"|'l.
v IIHH H MO TPH JHHHH KAXKAOro
H3 TpeX CeMeMlCTB.

Puc. 5. Puc. 6. Hetpyauo pokasath, 4TO

mpebosarue 3aM KHYMocmu écex
wecmuyzonbrblx Queyp ABaemMcA He MOAbKO Heobxo0UMbLM,
HOo u docmamounbim 048 mozo, 4mobe. mKkano 6Gbiaa wecmu-
YyeorbHOU,

JleficTBUTEIbHO, PAcCMOTPHM HApsIAy C LWECTHYrOJbHOM
¢urypoii GoJee oburyio purypy D, npu n = 3, nepexousuyio
B HeCKOJbKO ICMOJHEHHYIO LIeCTH-
yrosbHyio ¢urypy. B ciyuae npasub-

HOil TKanu ¢purypa D, COCTOHT H3 Tpe-

yrosibHHKa, KaxJaas CTOPOHa KOTOpOro

pasfeseHa Ha n >3 paBHBLIX yacTed,

H M3 JHHHH TKaHH, COEIHHSIOUHX

TOykH Jejenus (puc. 7, n =4). Tor-

yac e BHAHO: U3 3aMKHYTOCTH (pHry- :

pel T3 B obaactu @ cjenyer 3amKHy- Puc. 7.

ToCTh GHUrypbl D, B 3TO# cbaact, OT-

cloa € MOMOILbIO MpelesbHOro nepexoia BbIBOAHTCH 3KBHBa-
JEHTHOCTb JAaHHOH TKaHH NpaBHJbHOH, uyTo M Tpe6GoBaJoch
JloKa3aTh.

§ 3. Mpumepnl

1. Paccmotpum B Tpeyroabhuke ® Tpun myuka npsmbix
C UeHTpaMH B BepLUMHAX 3TOr0 TpeyrosmbhHka. ITyctb

xj=ajx—|—bjy+(,‘j=0 Gg=1, 2, 3) 3.1)
— ypaBHeHHSl CTOPOH TpeyroabHHKa. Hopmupyem nuneiinbie
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$OpMBL X;, CKaxeM, TaK, 4TO X;= +1 B meHTpe TSAXKECTH
TpeyroJibHHKa. EcJiu Mbl ITOJIOXKHUM Tenepb
X2

X3 . _x_l _
In == u;, In o us, In i us, (3.2

To BeJHuHHb u4; GYLyT ONpelesieHsl B TPeyroJbHHKe &, Tak
kak B @ Bce ¥;>0, ¥ A1 TPex MPAMLIX, MPOXOASAUIHX
yepe3s OfHY TOYKy, Mbl OyJeM HMeTb

W =uy+ us + us = 0. (3.3)

Takum o6pasoM, HalH My4YKH OPSAMBIX 00Pa3ylOT LIECTH-
yrOJIbHYIO TKaHb, 00J1aCTbIO PeryJisipHOCTH
KOTOPOH CJIYXKHT OTKDBITbIH TPeyroJIbHHK
& (puc. 8).

IIpn nomoiiu mnpefesbHOro MNepexona
MOXHO BepPHYTbCSl OT 3TOH TKaHH K pac-
CMOTpPeHHON B § 2 TKaHu, cocTosilied u3
TpeX pas/MUHbLIX ceMeilCTB MapaJJlebHbIX
npsMbix, obsaactbio peryaspHoctd & -ko-
TOpoii OyleT SBAATLCS BCSA eBKJHMIOBA Puc. 8.
miockocTb €. (C mnpoeKTHBHOH TOUKH
3peHHs 3TH JBe Hryphl He GYNYT SKBUBAJIEHTHbI, TaK KaK B mmep-
BOM CJlyyae Mbl HMeJH Jle/10 ¢ TPeMsl Ny YKaMH NPSAMbIX, LEHTPHI
KOTOpPBIX He JieXaT HAa OJHOH mpsMOil, B TO BpeMsl Kak
B CJiyyde «mapaJyie/lbHOH TKaHH»
LeHTpbl MYYKOB NPUHAaAJeXKAT GecKo-
\ HEYHO YyJaJIeHHOH NPsIMOii.)

I1. Iass Toro 4ToObl MPHHTH KO

A BTOPOMY INIpHMepy ILeCTHYTOJbHOH
N \

\

N

%

R pem Ha ero rpanuue d& Tpu pasnuy-
‘&M Hble TOUKH Py, Py, Ps. Tlycms ce-
\\\\\\\\\\v MeiicTBO ©; JIHHHII COCTOMT H3 BCeX

3akmouatomuxcs B kpyre & ayr ok-

ik pyXHocTeil, NPOXOASIIKX yepe3 Tou-

Puc. 9. KH Pj, Py, P; j, k, | pasanuHbl.
O Mei yTBepx1aem, uto onpelenentbie
pe O @pjasom TPH Nyyka okpyxHocTell (puc. 9) obpasyior
noxpy WeCTHYroJbHyl0 TKaHb. §I JAaM 3Tomy MpocToe
a3aTeNbCTBO, KoTOpoe ykasan B 1932 r. omue wmoil cay-
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warenb B Yukaro. Ilyets P — Hekotopast Touka &, u v, —
yroa (0 <v;<(2%), nol KOTOPhIMH BHAeH H3 ToukH P oT-
pesok P, P, (v; >1r ec/iH ToukH P u P; Jexart no pasubie
CTOpoHbl npsamoii P, P)). ¥YpaBuenHe Opr}KHOCTH ceMedcTBa

MOXHO 3amnucarth B BHle v, = const, npuuyeM TpH yria
v; (] =1, 2, 3), orBevaomne Touke P, cBs3aHbl COOTHOLIE-
Hitem

U1+ v + vy = 2r, (3.4)
Ecnu Tenepb noJIoXHTb
v,——%"-t- = U, (3.5)

TO Mbl NpHJAeM K cooTHowweHHio (3.3), YTO M JOKa3niBaeT Ha-
e yTBepKAEHHe.

1117 JIpyrue mpumepbl LIECTHYTOJIbHBIX TKAHEH H3 NYUYKOB
OKPVIKHOCTEH MOXKHO MOJIYYHTb NPH NOMOULH CTepeorpacdH-
yeckoit npoekiun. [Tyctb nansl miockoets €, chepa & u Touka
A, ne npuHaanexauas € u, BooGlie roBopsi, He NpHHALJIEKA-
was ®. Ha naockocts € Bo3bMeM COCTOAILYIO H3 TEEX NMPSIMO-
JIHHe#HbIX NMYYKOB TKaHb B,, PACCMOTPEeHHYIO B mpumepe l.
CnpoekTHpyeM TKaHb o U3 ToukHn A HA chepy ®; Mbi
HOJIYYHM IUECTHYTOJIbHYI0O TKanb WR, 3aJaHHYI0O B HEKO-
topoit o6nacth Gg cdepnl ®; 3Ta TKaHL BbiCEKaeTcs

Ha cdepe & Tpems myuykamH MJIOCKOCTEH, OCH KOTOPHIX IMe-
pecekalorcst B A. Tlpn momowu crepeorpaguueckoii npoek-
uuu cdepnl & Ha niockocts & (P - P*, puc. 10) u3 TKauu
W nmoayyaercs wecTHyroabHas tTkanb W miockoctu €. [pu
3TOM cJlyyail, Koraa Touka A JexHT Ha chepe ®, NPHBOLHT,
no cymecTtBy, o6patHo K npumepy 1*). Ecan Touka A Jnexut
BHe chepnl &, To HA nuockoctH € MLl mMONMyyMM TPH cemeii-
ctBa &, OKpyxHoCTell, KOTOPHIE MEPeceKaloT OpPTOrOHAJIbHO
HEKOTOpPYI0 (PHKCHPOBAHHYIO OKPYXKHOCTb fy— 3TOH OKpyXK-
HOCTH Ha cdepe & oTBeyaeT OKPYKHOCTb, MO KOTOPOiH mepe-
cekaer & noasipa ToukH A. EciM TOukH nepecevenus mnyu-
KOB OKpYXHOCTeil OYAYT BelleCTBEHHLIMH (T. €. €CJH OCH

*) Ecau uentp S crepeorpadHyeckofi npoekuuu coenajgaet c A,
TO Mbl MPHXOAHM, pa3yMeercsi, K MNepBoMavya/JbHOA TKaHH: ecad S
OTAHYHO OT A, TO Mbl moJyuyaeM TKaHb, 06pa30BaHHYIO TpeMsl ceMeil-
CTBaMH OKDYXHOCTefl, MoJyyaemylo H3 H3o6paxeHHOHA Ha pHC. 8
TKaHHil C NOMOIBIO HHBEPCHH.
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§ 3]

HAUIHX MNYYKOB njockocTeil nepecekaioT chepy £) u ecau
P,, P;, P;— TpH TaKkHe TOUKH, JeXaulHe BHYTDH OKpYK-
’

nocTH fo, TO 3a 0OMACTb PeryAspPHOCTH TKAHH W B mioCKo-
cti & MOKHO INpHHSITb TPEYroJbHHK C BepLIMHAMH P,

Puc. 10.

06pa3oBaHHbli OKPYXHOCTSIMH, OPTOTOHAJIbHBIMH K OKPY2KHO-
ctu fo (puc. 11).

Ecan touka A nexut BHe cdepsl ®, TO MOryTr mpeacra-
BHTbCS elle TPH MoAC/]yuasi, Tak Kak cthepy K Moxer He

Puc. 11. Puc. 12.

o
xgx;&cexarb B BeIECTBEHHLIX TOYKAX HH OHA M3 Tpex mpo-
HIHX uepe3 Touky A ocefl HAWMX MYYKOB IJIOCKOCTEHl,
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NepeceKkaThb 07HA OCb HJIM Mep2ceKaTsb ABe ocH. [TepBulil noacay-
yail umOCTpUpyercs puc. 12. Bce OKpyXKHOCTH TKaHH 2B
NepeceKkalnT OPTOrOHaNbHO MOCTOSIHHYIO OKpyXkHocTb fo. Kpo-
M€ TOro, HMEITCSl ellle TPY HenepeceKaloWBecss OKPYXKHO-
cri ¥, (j=1, 2, 3), oproronansueie K fo, Takue, 4TO Cemeii-
cTBO ©; COCTOMT H3 OKPYXKHOCTEIi, MepeceKalouwHx OpTOro-
HaJIbHO OKpykHOCTH o 1 ;. OGnactuio & Gyner wecTHyroJbHEK
C LIECTHIO NpPSMBIMH YIJIaMH, OrPaHHYEHHBIH IIECTbIO AYraMH
OpTOroHa/NbHLIX fo OKpPYXKHOCTEil, TpeMsi H3 KOTOpHIX sIBJS-
loTcst OKpyx)HOCTH f;. Bo BTOpoM H Tpertbem MOIc/yyasx Mbl
NPUXOIHM COOTBETCTBEHHO K puc. 13 u puc. 14, npuuem 3a-
IITPUXOBAHHLIE HA 3THX -pHrypax tpeyroibHukd & npex-
CTaBJSAIOT 00/MACTH peryaspHocTd TKaHH T8,

Kpome TOro, cyiiecTByeT ellle HECKOJbKO MpPeaesbHbIX
cJlyyaeB TNONOOHOH TKAaHH, OTBEYAIOWIHX pACHONOXKeHHsIM A,
NpH KOTOPbIX OAHa, [ABEe HWJIH TPH OCH MNYYKOB IJIOCKOCTEH
kacaiotcsi coepbl. ITocaenHell H3 3THX BO3MOXHOCTEH OTBe-
yaeT pHc. 15.

HakoHen, HyXHO paccMoTpeTs ellle ciayyai, KOria Touka A
JIEXHT BHYTPH cdepbl ®. B 3ToM ciayuae TpH MJIOCKOCTH,
onpelessieMble TPEMsi OCSIMH, MPOXOASUIMMH uepe3 TOuky A,
paccekaoT chepy ® Ha Bocemb TpeyrombHHKOB &, B kaxiom
H3 KOTOpbIXx TKaHb X¥q Oyner peryasphoii. B miocko-
cti € umeercsi Takas OKpYxHOCTb f;, UTO BCE€ OKPYXKHOCTH
TKaHH ¢ mepecekaloT 3Ty OKPYxXHocTb f, B JHaMerpaJbHO
NPOTHBOMOJIOXKHBLIX TouykaX. PHc. 16 mosicHAeT 370T cayuai,
npu Kotopom obaacteto & seaserca kpyr f,.
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Bce 3TH [0BOJIbLHO MHOTOYHCJIEHHBIE NPHMEPHl ILIECTH-

yroJibHbIX TKaHed, cOCTOSUIMX M3 TPeX MyYKoB OKPYXKHOCTeH,
HaBOASIT Ha MBICJIb O TOM, YTO BCe MOJ00Hbie TKAHK SBJSIOTCS

N

Puc. 15. Puc. 16.

wecThyronbHbiIMH. OZHAKO, ec)ld Mbl PaCCMOTPHM TKaHb, CO-
CTOSILLYI0 M3 NpPAMBIX x = const, » = const W myuyka okpyx-
HocTell, mpoXxoAasuiHx yepe3 ToukHu (0,0) u (1,1), To yBuaum,

y
(1)

-

.-

Puc. 17.

4TO LIECTHYroMbHble (hUrypHl ITOH TKAaHH, BOOOLIE TOBOPSI, He
SamelkaoTesl  (puc. 17). Ilostomy 3fech Mbl He Mosyyaem Lue-
CTHyronbHOit Tkanu. Bonpoc o TOM, Kakue TPOHKH NYYKOB
OKPYXHOCTell 06pa3syioT LIeCTHYroJbHble TKAaHH, OKa3blBAETCs
Gonee cnokHBIM. Mgl eme BepHeMcs K Hemy B § 9.
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§ 4. MNpsamoanHeiinble wecTHyroabHLIE TKaHH

K paccMoTpeHHbIM mpuMepaM Mbl 106aBHM ellle HEKOTOphIe
Ba)KHble COOGpaxKeHHst H HaiileM BCe IIECTHYTOJbHble TKaHH,
KOTOPBIE COCTOSIT TOJILKO H3 NPpSMBIX; NPH 3TOM Mbl Gyrem
omupatbcsl Ha pesyabraTel I'papa (H. Graf) u 3ayspa
(R. Sauer), monyyennble uMH B 1924 r.

PaccMoTpuM  NPSIMOJIMHEHHYIO  LIECTHYTOJIbHYIO (HTYpY
(puc. 18), mnapbl MPOTHBOMOJIOKHBIX BEPUIHH KOTOPOH Mbl
ob6osnauum uyepes R, U; S, V; T, W, u nokaxem crenyio-
mywo Teopemy llana (M. Chasles,
1793—1880): ecau xpusas mpemseco
Kaacca & xacaemcsa 8ocomu u3 desamu
v W npaselx, 06pasyiowyux WecmuyeoLbHy o
pueypy (m. e.ecex npamvix, Kpome,
ckascem, SW), mo ona kacaemcs makce

R

M 1 amoli nocredHell, npuyem cyuwecmeyem
T o0HonapamempuyecKoe AuHetinoe cemeli-
cmeo maxux kpuebix K. IelcTBUTENb-
7 HO, MYCTb, HAlpUMED, YpaBHeHHE
Puc. 18. Il=g0+g1X+g2y=O (41)

CBSI3bIBAE€T TAHI'eHUHAJbHble KOOPAHHATbI g; BCeX MpSMbIX,
Npoxoisilux yepe3 Touky U, ¢ KoopAHHATamH x, y; anajo-
THYHBIA cMbICJ OyAyT HMeTb JHHeHHble ¢opMmul 7, S, f, U, w.
B takom cayyae ypaBHeHHe

rst + cuvw = 0, == const (4.2)

IaeT HCKOMOe CeMeiiCTBO KPHBbIX TpeTbero kaacca. Ho o6-
llee ypaBHeHHe KPHBOH TpPeTbero KJjacca

aoug—i— bout us + coulug—}— o +duguyu; =0, (4.3)

rl€ TOYKH 0GO03HAYAlT KPYTOBYIO INEPECTAHOBKY HHIEKCOB
0, 1, 2, comepXHT AecfiTb OXHOPOAHBIX KO3((PHIHEHTOB
ao, by, ..., d. Tlo3TOMy OHO JOJIKHO YIOBJIETEODPSTb BOCbMH
JIHHEHO HE3aBHCHMBIM YCJIOBHSIM, 4YTOOBI NpelCTas/ATb JH-
HeiiHoe cemeficTBO (4.2), @ HMEHHO — YCJIO3HSIM KacaHhus Ha-
weill KPHBOH C BocbMH npsiMbiMH puc. 18. To, YTO 3TH Bocemb
YCJIOBHII SIBJISIOTCS JIMHEHHO He3aBUCHMBIMH, MOXHO MNOKa3aThb,
HanpuMep, Tak: J006aBHM elle OXHO — JIeBSITOe — YyCJIOBHE, YTO
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kpHeas § kacaercs ellle OfHOil TpsiMOil, TpoXoAsuleidl uepe3
jMaronanbHylo Touky M; Toria sTa KpHBas onpejesercs
onHosnauHo. Mmenno Ta KpHBas Oyler pacnalaiouiedcs,
cocTosilleli W3 TOYKH M H KOHHYECKOro CeyenHs, KOTOPOE
xacaercst nsith cropoi TU, TV, RV, RW u SU mnawero
[IeCTHYroJIbHHKA. )
Orciofa clefiyer: 8 Kaxcood
ob.aacmu @, 6 komopoil kacameab-
Hole K Kpusod mpemoezo Kiacca
® obpasyiom mKawb, IMA MKaHo
6ydem wecmuyzoasroti. O6paTHo:
paccMOTpHM NpsIMOJIHHeHHYio Wwe- 7 A A 7
cTHyroabHyto TKaHb 18 B 00MacTH & Y — M- M¥--Y
® n BoineaumM ¢urypy D, CO-
cTaBJeHHyl0 H3 JIMHHH TKanH Puc. 19.
(puc. 19). Ecau nbl oTOpOCHM )
«HHXXHHii» P TPEyrobHHKOB, TO NOJYYHMIIO [Hamo nuuei-
Hofl cemeiicTBO (4.2) KpuBbIX &, KOTOpble KacaloTCs NpPAMbBIX
octaBlueica ¢urypn T3, H
Mbl MOXeM BbIOpaTh KPHBYIO
® Tak, uTOOBI OHa KacaJjach
TaK¥Ke «HHXHeH» CTOPOHBI
HcxoaHoit ¢Hryphl. Temneps,
JBaXKAbl NpPHMEHsIST TeopeMy
[lansi, moayyuM, 4To KpHBas
® Kkacaercsl H AByX OCTaJib-
HbIX TPSMBIX GHrypol Dy,
He npuHajnexamux PDz. Ta-
KuM 06pa3oM, KpHBas & kaca-
eTcslBCeX TPeX NPAMbIX (Ury-
pol Dy, He NPHHANIEKALIHX
. K D;. TouHO TaK XKe MOXKHO
Puc. 20. 3aKJIIOUHTD JaJjee, uTo obas
¢urypa D,, n >4, cocTout
M3 KacaTeJbHbIX ONHOH KPHBOI Tperbero kjaacca. OTciona Jerko
TOoJTy YHM TIPH MOMOLLH noapasnesienust (D, - Dqq) GUrypH D,
NPAMONUHEUHAA WeCmUY20AbHASL MKAHb 6ce20a cocmoLm U3
KacameabHblx HEKOMOpoUd niocKoUd Kpueou mpemoe2o Kaacca.
[MpocTeiilnm npuMepoM KpHBOil TpeTbero kiacca Oyler
KpuBas (puc. 20), onHcbi:aeMasl TOYKOH OKPYXKHOCTH, KaTfl-
edcst 6e3 CKOMbKEHHs] MO JpPYroil OKPYKHOCTH B TPH pasa

D, D,

N ‘\\\ C AN O
N §\‘; QR

N
\\\:\\‘\\\\', q

X
7.

3
- w4
Les,
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Gosbluero pajnuyca, NpHyeM MeHbLuasi OKPYXKHOCTb 3aKJIOYeHa
BHYTpH OoJblleidl. DTa palHOHalbHAST KPHEash HasblBaeTcs
TPeXKOHEYHOH THMOLHKJIONAOi; MOIpoGHO 3Ta KpHBAas H3yua-
nace Ilreitnepom (J. Steiner, 1769 — 1863) B 1856 r. Ecau
0603HauHTb Yepe3 v yroJ, KOTOpblil 0GPa3yioT ee KacaTesbHble
C HEKOTOPBbIM NOCTOSTHHbIM HampaBJieHHEM, TO MOXKHO JI0Ka3arTh,
YTO JJISl TPex KacaTeJibHbiX, NPOXOAAIIHX yepe3 OJHY TOUKY,
HMEeT MEeCTO COOTHOIIeHHe U; - vg + vs == const, oTkyaa mbl

CHOBA MoJjiyyaeM, 4YTO KacaTeJbHuble K KpHBoil ® obpasywoor
BHYTPH Or paHWYEHHOTO KPHBOIl KPHBOJMHEHHOrO TPEYroJib-
HHKA LIECTHYTONbHYIO TKaHb.

Ecan & pacnanaercsi Ha TpPH NMy4yka NpsIMBIX, TO Mbl CHO-
Ba npuxogum K mpumepy 1 § 3. Puc. 21 u3o6paxaer 1wecTH-
YrOJNbHYI0O TKaHb, OOPA30BaHHYIO KacaTeJIbHbIMH K HEKOTOPO#
OKDY2KHOCTH M NpPSMbIMH, NPOXOASIIHMH yepe3 ee LEHTP.

§ 5. Kpusble TpeTrbero kJjacca M 3JIIHNTHYECKHE (DYHKUHH

KopoTko ykaxem Ha CBfI3b COJAEpXXaHHS MPEABIAYLIEro
naparpada c Teopueil GpyHKUHIL.
Ecnu 3anucath ypaBHenHe MpsIMOid B BHJe
px+qy =1, (5.1)
TO MOXHO paccMaTpuWBaThb ) H § KaK KOODAHHAThl MpSIMON.
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[Tpy 3ToM ypaBHeHHe KpHBOil TPeThero kJjacca & MOXHO
NpHUBECTH K BHAY

?=4p*—g2p—gs; (5.2)
3Ta KpHBaﬂ {® He HMmeeT ,D,BOFIHbIX KacaTEJlele, eCJiH
g —27g3 k0. (5.3)

91y kpuBylo & MOXHO, Kak ykasan B 1865 r. KueGw
(A. Klebsch, 1833—1872), npeacTaBHTb NMpH NOMOULH 3JJIHI-
THuecKoil ¢ynkuHu @ Beilepurpacca (K. Weierstrass, 1816—
1897) u nmapamerpa u*):
=9 @, g=¢"(). (©.4)
Uro6sl HaiiTH Telephb KacaTelbHble K KpHBoil &, npoxoas-
IHe yepe3 TOYKY X, Y, HYXKHO HalTH HYJNH uy, Uz, Uz -
JHUNOTHUECKOH (YHKLHH TpeTbell cTemeHH

f(u)=x@ W) +ye (v)—1. (5.5)
Hurerpupys @)
u

Su @) du (5.6)

N0 KOHTYPYy mapaJjiesorpaMma NepPHOAOB, MbI NOJYYHM, UYTO
CymMma HyJsedl u; -+ uUp + Uz OTJIMYAETCS OT CYMMBI NOJIOCOB R
(koTopasi He 3aBHCHT OT BhI6Opa x, ¥) TOJLKO Ha MepHOA
GyBKURH @ (u):

uy + up 4+ uz = k 4 nepmuoq. (5.7)

CootHoulente (5.7) noiTBepKAaeT CNpaBelJHBOCTL JIOKa-
33HHOIO HaMM paHee 3JIEMEHTAPHO YTBEDXKIEHHS O TOM, YTO
KacaresbHble K KPHBOH TpeThero Kjaacca B HEKOTOPOH TMOA-
XONsAUMM o0pasoM BbiGpaHHOil 0GJacTH 06pasyloT LIECTH-
YFOJIbHYIO TKaHb. Cootrolenne (5.7) mpexacTaBiasieT co6oi
YacTHBIl cayyail 3HamenuToil Teopembl AGenss (N.H. Abel,
1802—1829), nokasawnoii um B 1829 r., K KOTOpOil MbI eiie
BepHeMcsl no3dxe (§ 45).

o cux nop B § 2, 3, 4 nam HUrAe He NOHANQGHJHCH
HaJjloXeHHble Ha BXOAsLIHE B PacCMOTPEHHsI (QYHKIHH Orpa-
HHYEHHSI: Mbl HHTLEe He NpeanoJarajd AHddepeHRIHpPYEMOCTH
HIH TeM Gojiee aHAMHTHYHOCTH 3THX ¢yHKuMi. Onnako Ans
AajlbHeflllero 3TH OrpaHHYeHHS] OKaXyTCs CYLIeCTBEHHBIMH.

*) Cm., nanpumep, E. T. Yutekkep uT. H. BarcoHn, Kypc
coBpemeHHoro anaausa, 1. I1I, M. —JI., TTTH, 1934, cTp. 267.
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§ 6. ®opmbl NMpadpa TKanu

ITpennonoxum, uto Tpu cemefictBa Kpusbix &, Tkanu LW
3anucbiBaloTcs ypaBHenHsiMH (0.3):

u;(x, y) = u; = const (i=1,2,3). 6.1)
[Monueie Auddepenunanst du;, ymHCXKeHHbe KaX/bli Ha
MHOXHTeJIb
gi(x, y)#0, (6.2)
Aanyt Ham ¢dopmbl Ildpacdda
o1 = gidu,, 0= gedu,, 63= gsdus. (6.3)

Huddepenunansroe ypasnenne o; = 0 onpeseJisie cemeACTEO
KpUBbIX ©;. MHOXHTeNH g; Mbl MCXeM, B YacTEOCTH, Bbi-
6patb Tax, Y10 ANsl BCeX 104€K x, ¥ cOnacty & H Bcex Ha-
npaBJieHHil dx:dy GyJeT BLNOJHATBCH YpaBHeHHe

o1+ 0s + 953 = 0. (6.4)

Jnsi «<HOpMHEpoBaHHBIX» TaKuM o6pa3om ¢opm [1padda ocraer-
cl BO3MOXHBIM €I€ OJHA «NePEeHOPMHPOBKa» INpPH MOMOLIH
obuiero MHOXHTeas g (x,y) #+ 0;
j=-2 (6.5)
G,‘ = — . .
g
Coraacuo I'paccmany (H. Grassman, 1809—1877) moxHo
ONpefie/IUTh TAK Ha3bIBAEMOE «Q1bMePHUPOBAHHOE UL BHEUl-
nee npousdsedenue» ¢topm Ildadda

s; = p,dx + q,;dy,
NOAUHHSIOIWeeCs CJeAYIOIHM NpaBHJaM:

[o102] + [0201] =0, (6.6)
[o1, 02 + 93] = [0102] + [0 35] (6.7)
H
[fo1, 02] = f[o10:], (6.8)
rfe f ectb ckansp. OTCioa CJefyer, uTo
[0102] = (P12 —P2q1) [dx dy], (6.9)
npHuem

[dx dy] + [dy dx] = 0. (6.10)
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Vicnoab20oeanHe MoJOGHOrO BHEIUHEro NFOM3Be/leHHS BechbMa
1enecco6f a3Ho NEH LBOHHOM HHTEI[H[ OBaHHH

= [§F @y axay, (6.11)

TaK KaK OHO N[HBCOAHT K N[AEHJbHOH GOfFMYyJie 3aMeHBl MNe-
pemeHHbIX (0.1):

55 F (x*, y*) [dx* dy*] =
(b*
= ([ F(. o) Fegy—F g ldxdyl.  (6.12)
®

[TosToMy BHelHee NpOH3BelleHHe MOXHO paccMaTpHBAThb Kak
NOALIHTErpajbHoe BbIPAaXKEHHe IM[H JBOWHOM  HHTErpHpo-
BaHHH.

PaBeHcTBO

[3102] = 0 (6.13)

npeAcTaBasier coGoil yCJOBHe JHHEHHOH 2aBHCHMOCTH ¢opMm
[N¢adda o ¥ a,.
U3 ycnceusi HOpmHpOBKH (6.4) Aasi ¢ofM o, clepyer,
4TO
[0205] = [0301] = [o132]; (6.14)
BbipaxKeHHe

[010:] = 2 (6.15)

MOXKHO HA3BaTb «N0BEPXHOCMHbIM SAeMeHmoM» TKaHH . [1pu
5TOM, O/HaKO, 2 3aBHCHT OT HOPMHPOBKH (6.5), a HMeHHO

Q* — EI?Q. (6.16)

Beluncsiennsi nokaspBaloT, YTO BHA BHEIIHEro NpOHM3Be-
A€HHS OCTaeTCS MHBapDUAHTHLIM NPH BBeJleHHH HOBHIX MNepe-
meHHbIX (0.1), T. e. onefauMH BHeLIHEro YMHOXEHHS H
3aMeHBl MePeMeHHbIX SIBJSIOTCS NepecTaHOBOYHLIMH. B ToM
¥e CMbicle fIBJSieTCS HWHBAPHAHTHOR ONMEalHsl «BHCUIHE20
Oucpgre penyriposanus» dopmel Ilpadga

o= pdx+ qgdy: (6.17)
«BHewHull Oupdpepenyuary nnu «Ougppepenyuar Ppobenuyca
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(G. Frobenius, 1849—1917) u Kapmana (E. Cartan, 1869—
1951)» 3toit ¢opmbl HMmeeT BHJ

do = [dpdx] + [dg dy] = (g, —p,) [dxdy].  (6.18)
ToxpecTBeHHOe o6palienHe B HYJb BHEWIHEro Auddepen-

uHana ¢opmbl o
da=0 (6.19)

ecTb HeoOXOAMMOEe H JOCTATOYHOE YCJOBHE TOrO, YTO G fiB-
JifieTcsl TNOJNHbIM AH(depeHHanom

o =du. (620)

Kpome HuBapHaHTHOCTH BHeliHero AugdepeHuHana oTHo-
cuTeqbHO npeoOpasoBanus (0.1), BecbMa BaXKHBI elle CJe-
AylollHe BbIYHCJIHTENbHblE NpaBHJA!

d(fo) =Ildf, o] +fdo (6.21)

(3mecb f— ckanspuas [pyHkuns, o— dopma Ilpadda) u
«nemma Ilyankapen:
ddu = 0. (6.22)

Hanee pans obnacth & u ee HaanexamwuMm o6GPa3oM oOpHeH-
THpoBaHHO# rpauuusl d® cnpaBelnnBa HHTerpanbHasi Teope-
ma (Crokc, 'aycc), xoropasi mosiCHAe€T 3HayeHUe BHEUIHEro

Juddepennuana:
fdo = f . (6.23)
® d®

ATuMH mpocThiMH cBoiicTBAMH ¢opm [lpadda no nayany sl -
6yeM 0GXOAMTbCS.

MoOXXHO Ha3saTb HECKOJBKO HOBBIX PadoT, MOCBSLLEHHBIX
ucuuchenuo ¢opM INpadda. 1o B nepByio ouepeab KHHXK-
ka Kennepa «BBefienne B TeOpHIO cHCTeM AuddepeHuHann-
ubix ypasuenuiv (E. Kédhler, Einfiihrung in die Theorie
des Systeme von Differentialgleichungen, Leipzig und
Berlin, 1934), Kaprana «CucTembl BHeluHHX AuddepeH-
unaibubix ypaBuenuii» (E. Cartan, Les systemes differen-
tiels exterieurs, Paris, 1945), Cerpe «Iu¢ddepenunanbuble
¢opmbl B ux uuterpaib» (B. Segre, Forme differenziali
e loro integrali, I, Rom, 1951), nakoueu, paGora Boas
«AnbTepHHpOBaHHble (HOPMBI H NOJyHHBAPHAHTHOE AH(pdepeH-
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wuposanue» (G. Bol, Alternieren_de Formen und halbin-
variante Differentiation, Math. Zeitschr. 54 (1951))%).

Mosb3a, koTopyto MoryT npHHecTH GopMet [Tpadda B Aud-
(pepeHLHaIbHOH TeOMEeTPHH, OCOOEHHO XOpOWO HJUIOCTPH-
pyercsi Teopueil Tkaweil *¥).

§ 7. Auddepenuuanbhbie onepaTopbl TKaHH

Ecin mbl ofpa3yem BHelnHHe paudpdepenunanst ¢opm
M¢adpta o; TKaHH 9B, HOpPMHPOBaHHbe YycJuoBHeM (6.4), TO
KaX/Abld H3 HHX OyJeT OTJIHYaThCA JIHIIbL CKAJSPHBIM MHO-
XKHTesleM fi; OT «[OBEPXHOCTHOTO 3JIEMEHTa» Q Ttkanu (6.15):

ds; = h; 2. (7.1
M3 ycnoBusi (6.4) crepyer, yTO
hi+ he + hy = 0. (7.2)

Benuuuubl h; HrpalOT B reOMeTPHH TKaHeil pojib, MOAOGHYO
poan cumBosioB Kpucropdens B TeOPHH MOBEPXHOCTEH.
IlosToMy Mbl HMx Takxke OyAeM HasblBaTb  CUMB0AAMU
Kpucmogpgh2a1.

Y1066l HMETb BO3MOXKHOCTb MpoOULe 3aMHCaTb MpPaBHJA H3-
MeHeHHsl BeJMuMH A, npu mnepeHopmupoBke (6.5), BBeleM
«iudGepeHuHalbHble OMepaTopbi» TKAaHH. A HMEHHO, NyCTb
[ — HeKoTOpBIA cKkansip; pasJioxuMm Ans Bcex dx :dy MOMHBIH
Aup¢epenunan df no nuneiino Hesapucumbim ¢opmam [padda

31y G2
df = fss1—f10 (7.3)

H Ha30BeM BEJHUHHH [1, fo «npovssodnoimu om ¢ynxyuu f
omHocumeavho napot Gopm Illgpaghpa s, o». Torfa u3 (7.3)
u (6. 15) cnepyer, uto

ldf, 1] = [12, [df, 3.] = f-2. (7.9)

*) Ha pycckow sasnke MoxHo ykasath kuuru: I1. K. Pawes-
CKH, [eoMeTpuueckas Teopus ypaBHeHHN C YACTHHIM NPOH3BOAHbLIM,
M.—J1., Toctexusnat, 1947; C. 7. ®uHuKOB, MeToA BHEWHHX
¢opm Kaprana, M.—JI., Focrexuanar, 1948. . -

**) Cm., BnpoveM, Takxe B. Bsisw ke, Befenne B Auddepen-
UHaAbHY10 reoMeTpHio, M., 1957.

3 B. Baauixe
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OTH (QOpMYJIbl TaKXKe MOTYT CJYXKHTb JJISi ONpefie/eHHs Be-
JHYHH [y, f;. OGo6was, nomyuum

df=f3°2_f2°3=f1“3—f3°1=f2°1“f1°2: (7.5)
[df, 3] = ij (7.6)

rje

H
fi+ fa4fs=0. (7.7)

Beefem «inddepenunanscubii onepatop» 9, ¢ NOMOLIBIO
COOTHOUIEHHS]

f=0,f; (7.8)

npd 3ToM 0, onpefieNisieTcsi Ha TKAHH B KaK HeKOTOPIi
JHHedHbId onepatop (7.15). B cuay (7.7) npuddepenunass -
Hble onepaTopbl 0; yAOBJETBOPAIOT YCJIOBHIO

31+ 0y + 0, =0, (7.9)

a (7.5) NpHBOAMT HaC K cJeAylolleMy BblpaXKeHHlo AJs NoJ-
HoOro JAu¢depennyana:

d =02a3—3362= 5361—'31032 0162—0261. (7.10)
BmecTo (7.6) Mbl MOXeM Temepb MHcaTh
[o;d] =—R0,. (7.11)

Takum o6pa3oM, coorHowenuss (7.10) mo3BOAAIOT OAHO-
3HaYHO OMPe/ieHTh N0 HOPMHPOBaHHLIM (opmam Ildadda o;
Aub¢epeHnanbable onepaTopel 0; W ofpaTho: AN AHpbe-
PeHLHaNbHBIX OMEepaTopoB, HOPMHPOBAaHHBIX YcJoBHeM (7.9),
H3 cootHoweHHs (7.10) MOryT GbITb OfHO3HAYHO OMpe/ieseHbl
cooTBeTcTBYIKCIIHE UM ¢opmbl [l¢adda ;. 3nauenns Audde-
peHLHaNbHbIX ONepaTopoB 0, MOMYUalOTCA CcJeAywomuM obpa-
3omM. B cuay (6.3)

oy

duy = — 7.12
== (7.12)
¥ B cuay (7.10)
d’ll = 0162[[1'—-0261111. (7.13)
CpaBnenue JByX NOCJEAHHX COOTHOLIEHHH A3eT
61u1 = 62U2 = asus =0. (7.14)

VYenopus  (7.14) u ycjoBHe HOPMHPOBKH (7.9) no3BoJSAIOT
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OAHO3HayHO (C TOYHOCTbIO J0 obulero MHOXHTeNs) onpefe-
4L Mo TKaHH L JMHEHHBIE OMepaTophl

g - 0

=ris-+8 3 -

a/ J ax + J ay
B 1o BpeMsil KaK B KHHT€ «Geometrie der Gewebe» (1938)
yuenue O TKaHAX B OCHOBHOM H3Jarajocb NpH MOMOWH AUd-
(hepeHLUHANLHBIX ONEPAaTOpOB, B 3TOA KHure Mbl OyleM oTAa-

paTh npeAnoutenue ¢opmam [pahda. A
ITudpdepenuupys BHEUIHHM ob6pa3om obGe YacTH COOTHO-

wenns (7.3) W HCMOJNB3Ys PABEHCTEA (6.21) u (6.22), Mbl
oJ1y YUM

0 = [df2, 01] — [df1, 92l + fads1 — f1d3.. (7.16)
Ec/i BBeCTH BTOpEIE NPOM3BOAHbIe DYHKUHH f NMPH MOMOULH
COOTHOLIEHH

df1=fx2°1—f1152, df2=f22°1—'f21°2, (7-17)

10 u3 (7.16) cneayer B cuay (7.1)

(7.15)

f2l_f12=h2f1—hlf'2- (718)
Takum o6pa3oM, MOJNOXKHB
8,04f = f. (7.19)
Mbl OyZleM HMeTb
fkj_fjk = hkfj_ hjfk (7-20)
HJIH

Bouinuuem nocneanue paBeHcTBa GoJiee MOAPOGHO:
0305 — 0203 = h303 — h40:.
0103 — 030, = hg01 — h10s, (7.22)
0201 — 0,0 = hy0s — h301.
Takum o6pasom, namm «cumBoabl Kpucrobdens» h; 06s13aHbI
CBOMM NPOHCXOXK/IEHHEM HECHMMETPHH BTODBIX MPOH3BOAHBIX.

W3 uuBapuantrocTH mommoro AudepeHLHana OTHOCH-
TEJIbHO mepeHOpMHPOBKH (6.5) caenyer:

97 = g9;. (7.23)
’;il
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§ 8. CBA3HOCTL M KpHBH3HA TKaHH

BuiuncanM, Kak mpeoGpasyiotcst BequuHHbl h; MPH Tepe-
HopmHpoBke (6.5). ITosoxum, kak u B (7.1),

d’.'l = h/ Q¥ (8.])
H HaifleM B cuny (6.5), (6.21), (6.16) u (7.6), uto
_& ., h_n (8.2)
R
Takum o6paszom,
h'/=g( 4—51). 8.3
i~ (8.3)

OTH ¢OPMYJbl ABNSIOTCH JAOBOJNbHO HEYHOGHBIMH, TaK Kak
B HHX BXOAfIT NMPOH3BOAHBIE g; HODMHPYIOLLErO MHOXHTeNs g.
Ecnn xe mbl cGpasyem Q)opmy [lgadpda v

Y = hyop — hyoy = h133 — hy3y = h3,— hy9s,  (8.4)

KOTOpYI0 GyJieM Ha3blBaTh «CEA3HOCMbIo» TKaHH TS, TO NpH

nepeHopmupoBke (6.5) ¢opma | B cuay (8.3) u (7.5) mpe-
ofpa3yercsl Tak:

*=1—dng. (8.5)

Takum o6pasom, CBfI3HOCTb H3MEHSeTCH TOJBKO Ha MOJHBIH
Audd¢epenunan; cnenopatebno, B cuay (6.22) uuterpan

de = f 1 (8.6)
® d®

HHBAPHAHTEH OTHOCHTEJIbHO MEePeHOPMHPOBKH. TOYHO TaK ke
HHBAapPHAHTEH H (HOPMUPOBAHHbLL NOBEPXHOCMHbIL 3AeMEHM»

dy = kQ. 8.7)

Ckansp k ™Mbl GyAeM Ha3blBaTb «KPUBU3HOL mMKAHU» HWJH
KOPOTKO «Kpu8u3Holi». B cHIy MHBapHAHTHOCTH dY H B CHJY
(6.16) npu nepexnopmHpoBKke (6.5) k u3MeHsieTCsA Tak:

k* = g2k. (8.8)
310 06CcTOATENLCTBO Mbl BblpakdeM, yTBepxAas, 4To k sB-

asietcst AMddepeHIHaIbHEIM HHBaPHAHTOM «8eca» ABa. HMuTe-
rpanbhast ¢opmyna (8.6) Hamomunaer ¢opmyny Tlaycca —
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Bonxe B Teopuu mosepxHocteii!). U3 (6.5) u, (8.8) cienyer,
yro npu k>0 ¢opmu Il¢adda

5;=Vks; - (8.9)
OCTAIOTCS HEH3MEHHBIMH TPH nepeHopmuposke (6.5).

Buewnee Axu¢¢epenunpoeanie ¢opmyJisl
1= hgdl—hldg
B cuny (6.21), (7.1) u (8.7) naer
dy = [hagay — h2102, 1] — [h1201— h1192, 02] =
= (ha1 — h12) @ = k2;

3/lech

hjk - ak hj‘
Otciona crepyer, 4To

= hge— hos = hiz— hs1 = har— h12 (8.10)

U, 3HAYyHT, k MeHsieT, HAampuMep, 3HAK NpPH HEUETHOH mepe-
CTaHoBKe ceMelicTB €, ©,, &,.
Boo6uie rosopst, He cyuecTByeT TaKoro ckaiaspa h, uTo
hj=0,h. 8.11)
Ho ecnu 3TH ypaBHenHsl 0Ka3blBalOTCS Da3pellEMbLIMH OTHO-
CHTeJIbHO h, TO B cuay (8.4)
1 =dh 8.12)
H, CJIef0BaTelbHO,
dy=0, k=0. (8.13)
CGpatHo, u3 (8.13) cuefiyer pa3pemnMoCTb — ypaBHe-
Huil (8.11).
HokaxeM, uto. 94 mo2o ¥mobo. mkare 6Gbiaa wecmu-

Yeoabrod, Heobxo0umo u docmamouro, 4mobo. ee KpususHa
k moxcdecmeenno paswsnacy nyao.

s wecTHyroMbHOM TKAHH Mbl MOXEM NPHHATD
oa=dx, oy=dy, og=—d(x+Y).
HUs (7.1) rorpa cnepyer, yto h; =0 u panee u3 (8.4)
4T0 7 =0; nostomy takme u k=:0. O6patho, k=0—

') Cp., nanpumep, B. Basnwke, Beefenne B Auddepenunanb-
Y0 reoMeTpuio, M.,p'1957. § 44. ' 8 Audgep
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yCcJioBHe TOro, 4To ¢opma | siBisieTCsl MOJHBIM JAHd¢GepeH-
unanoM. Ecnu bl Bo3bMeM Tenmeph B KauecTBe g pelleHHe
yPaBHeHHS
1=dlng,

TO B CHJY (8.5) Gyiem uMeTb, uTO 7* =0 u otciofa h;=0;
¢opwmbl a, 6yayTt, TakuM c6pazcMm, noJueMH Audd¢epenuua-
JlaMH: a, =du. B cuny ycnoBusi (6.4) Mbl MOXeM CUHTaTh,
YTO Uy + Us+ u3;=0 H no3ToMy Halla TKaHb SBJSETCH
11eCTHYTOJIbHOH.

§ 9. BoiuncaeHHe KPHBH3HBI NPH NCMCILH YHKUHH TKaHH!)

PaccmoTpum Temepb TKaHb IV, 2ajlaHHYI0 NPH NOMOLUH
ypaBHeHusi TKandn W (u1, ug, u3) =0, u nyctb B obnacty @

oW
au¢0 ©.1)

Mbl 6ynem c€o3pavaTh B 3TCM naparpade vacTHble NPOH3-
BeAnble ¢ yHKUHH TKavd W 1o nepemeHHbM u; npu TNIOMOLLLH
HHJAEKCOB, TaK, Hanpumep,

2w
Ou;0u, Vi ©2

H60 3flecb Mbl He Oyjhem ynorpe6nsiTb BBefieHHble B § 7
npoussofntle 0; ¢dynkuun W. M3 W =0 caepyer, uTto
Wl dlll + Wz du2 + W3 dua = 0, (93)
TaK YTO B COOTBETCTBHH C YCJIOBHEM HOPMHPOBKH (6.4) Mbl
MOXKEM TMOJIOXKHUTD
g = W/l dul, Jg = Wz dug, 03 = W3 dlls. (9.4)

Ecnu f(uy, us, ug) ectb ckansipuas GyHKUHS aprymeHTOB
u;, u
7

1) Cp. W. Blaschke, Osservazioni sui tessuti, Rendjconti
del Circolo Matematico di Palermo (2), 2 (1953), 36—39.
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TO
df = fidus + f‘zduz_"‘{Taa(Wldul + Wadus) =

flwa—faw/l _f3W2—'f2W3 _
= - Ws dlll Wa - dllg—-

= L‘ —'—fs— Gy — —fi. _-_fi Go

- Wl W3 ! Wa Wg =
Cpapuusast ¢ (7.10), MBI TOJNyunM cjiefyioulHe BbIPaXKeHHs
A1 MPOM3BOAHBIX 01, Oz, 0!

oo L0 1 0
1= Wa 6u3 Wg dug !
1 0 1 0
02 = Widu, W, ou," 9.5)
go—=4 0 1 9
3_W2 6u2 W16u1

U3 ypaBnenuit (9.4)

oy =W,du,,... (9.6)
H M3 TOro, 4TO

9=[°1°2]=--.=Wlwz[dulduﬂ:..., .7

TAie TOYKH 0003HAYAIOT KPYroBYIO NEPECTAHOBKY HH/EKCOB
1,2, 3, MBI moayuaem

doy = [Wyia dus + Wisdus, du,] = ( W1 L4 ) Q..

W,W, W,W,
(9.8)
Orciona B cuy (7.1) uMeeM
hl — Wsl — W12
Ws Wl Wl W2’
_ Wu Wy
h2 - W1W2—W2W3 ’ (9'9)
Ha = W a3 . Wal
W, W, WLW.
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Ecin BBecTH cOKpalleHHble 0603HAYeRHUS:

vl=#§;3=vl2 %lnm:Wl;a—imwz,
Vz:WL%;/?_W%aaal"W‘zwjfa_il“W“’ 9.10)
VF%{;Q:% aill Wg_W'Miszl,
TO NOJIyYHM
hy = Vo — Vi = Wllaill Wa,
h2=v3—vl=wl2-£zm%, ©.11)
hy = Vi—Vy = Wls 03 In &

HJad B cuay (9.5)
hl = Olln Wl, h2=32]n Wg, h3= 631n W3. (9.12)

Haiinem Temepb cBsizHoCTb 7, MONBL3YSICH ee oNpefiefe-
nHem (8.4):

1= —Vlwldul—VgngUg—V;:,ngu;;. (913)
C npyrofi ctoponnl, B cuay (9.10)

din (W, W,Ws) = (diul Wit Vo Wyt Vo Wy | dur + ...,
(0.14)

rfie TOUKH CO03HAYalT KPYTOBYIO MEPecTaHOBKY HHIEKCOB
1,2,3. U3(9.13) u (9.14) cneayer (tak kak dW = W du,+
+ W dus + Wadug =

‘(—dln(W1W2W'3)=—(aiu]nW1dul+...). (9.15)
1
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TakuM o6pa3oM, Mbl MOXKeM BMECTO | B KayecTBe CBSi3-
HOCTH HCMOJb30BaTb TAaKXKE BbIPaKeHHe
3

, 0
= _E Wln W, du,, (9.16)
1

TaK Kak Y H 7' pasHATCA JHIb HA MOJHBIA AubdepeHu na.
Buewnuit auddepenunan soipaxenus (9.16) umeer BHA

3
, 0
dy=dy = 2 manj[dujduk] (9.17)
i.k=1

HJH MO OnpejejleHHI0 KPHBH3HbI CIJIETCHHSA k Iasi «<HOpMH-
POBAHHOrO 3JIEMEHTA MOBEPXHOCTH» HMEEM

1 0? v, . ...
dT_kQ=72W1n W:[du du]. (9.18)
r<s
Haiinenueie ¢opmyast (9.16) u (9.18) umeior TO mpeumyuie-
CTBO, YTO HEMOCPEACTBEHHO NEPEHOCATCS TaKKe H HA CJay-
yaii n>2 uzmepeHui.
[Monoxkum Ans coxkpauienus
1 02 14
A =—-——  ———~ _ _lnt
5= W, W, 3u,00, "W,
W’S W S S WSS W
= £ st £ ——=). (9.19
Wiw, W,W/3+ W,WS<W3 W?) 619
OTH BeJIMYHHBI SABJSIOTCS KOCOCHMMETPHUHBIMH:

A .+ A, =0. (9.20)
M3 (9.18) Tenmepn caepyer
k= Ass + As1 + Ass. (9.21)

Ecan Mbl paspeliuM, HaKoOHelL, (GyHKLUHIO TKAHH OTHOCH-
TEJIbHO Ug!

WV = us— w (1, up), (9.22)
10 U3 (9.16) nosmyuum
, 0
T =] 'a—ul ln wl dul + ‘aa_ui’ln w2 duZ‘ (9'23)
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Orciofa ciefyer jAajee, YTo
02 Wo
=2—In=2 . .24
dy=2 u, ot lnw1 [du, dus] (9.24)
Jlns wecTHyronbHo# TKauH (Ans kortopo#t dy = 0) mbl mo-
ayuaem Au¢depeHuHaNbHOe ypaBHeHHE
_% n®_g (9.25)
Ou, 0u;  wy ’

Ho pemenne 3storo aucpepeHnHasbLHOrO ypaBHEHHS HMEET
BHJL
w=w (U (1) + Ua(12)}; (9.26)

cpasuenne c¢opmya (9.22) u (9.26) ¢ (2.2) cHoBa mMOKa3bl-
BaeT, YTO LIECTHYroJbHAasi TKaHb XapaKTepH3YeTCs YCJOBHeM
=0.
Ilpeanonoxum, 4TO YypaBHeHHE TKAHH JIHHEHHO OTHOCH-
TeJIbHO KaXAOro

W = auyusus + byuyus + bausuy 4 bsuyus 4
4+ ciuy 4 coup +cyus +d==0. (9.27)

Tornasce W;; =0 u B cuay (9.19) y = 0. ITosatomy B Kax-
no#t o6nactu ®, rae Bce W, = 0, ypaBuenne W =0 npex-
CTaBJsieT LIECTHYTOJNBbHYIO TKAaHb.

3anaya § 3 0 HaXOX/JEHHH BCEX LIECTHYTOJbHBIX TKaHeH,
COCTOSIIHX M3 MYYKOB OKPYKHOCTEeH, MPHBOJAMT, KAK HETPY]-
HO MpOBepHTb, K (YHKUHH TKaHH, KBaJPaTHYHOH OTHOCH-
TeJbHO Ka¥Aoro ;. Bbijenende OTCIOAA LWIECTHYTOJbHEIX
TKaneil ¢ nomouwsbio Hameit ¢opmyanl (9.18) npuBoAMT K Jo-
BOJIbHO 3anyTaHHbIM BbIKJNafKaM. Bce e 3Ty 3ajauy moxHo
CBECTH K HEKOTOPOMY YHCTO anre6paHuyecKOMy BOMPOCY.

§ 10. lMpumeHeHHe K TKaHAM, 00pa30BaHHBIM NOBEPXHOCTAMH

Hama ¢opmyna (9.16) anst cBA3HOCTH | MO3BoJsieT AaTh
NpocToe R0Ka3aTesbCTBO OAHOH TeopeMbl O TKaHsix, o6pa3o-
BaHHBIX CEMEHCTBAMH NMOBEPXHOCTEH B TpeXMEPHOM MPOCTPaH-
crBe, Haiizennoii B 1929 r. lw6ypave (J. Dutourdieu).
B stoM maparpade Mbl BpeMeHHO OGPaTHMCH K PacCMOTPEHHIO
TPeXMepHOro MpocTPaHCTBA; TKaHbO B o6nactH & mpocrtpanu-
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cTBA C JeKAPTOBLIMH KOODJAHHAaTaMH X, ¥, z Mbl GyaeM Ha-
3piBaTh COBOKYITHOCTb YeThipeX ceMefCTB MoBepXHOCTel

u;(x, ¥, 2) = u; = const (i=0,1,2 3 (10.1)

TaKHX, YTO uepe3 KaXAyl TOURYy X, ¥, z ob6aactH & mpo-
XONHT B TOYHOCTH OfHA MOBEPXHOCTb KaXJOro cemercTna.
ITpu 3TOM GYHKUHOHAJBHblE OMpejeJHTe/H aHAJHTHYECKHX
dbyHkumuit u;, B3ATHe mo TpH, B obaacTH & nomkHb GbiTh
OTJHYHBI OT HY /I

0 (Ujy Uy, Uy)

da(x,y, 2)

B TtakoM cJyuae, ckaxeM, cemeiicTBa (10.1) noBepxHocTel
npu j= 1,2, 3 BhCEKAIOT HAa MOBEPXHOCTH u, = const B 06-
Jacth & cocraBneHHYI0O H3 KPHBHX TKaHb, KOTODYIO MbI
o6o3HauHM uepe3 °.

Mul nokaxeM, uTO ecau o06pasoéanHbie Ha cemelicmeax
Uy, U, us = const nosepxwnocmeii Kpusosurelrole mxaru B*,
B2, @3 6ydym wecmuyzosioHoIMu, mo makxodl xe 6yoem u
KpusoaruteliHad mkano BO.

Ilns  pokasarenbcTBa MPHMEM 3a «CBI3HOCTB» TKAHH,
06pa30BaHHOH YeThIpbMSl ceMelicTBaMH noBepxHocTel, ¢opMy

Ipadda

0. (10.2)

3
9
- 0V du, (10.3)
0

rae W (uo, uy, us, us) €CTb «PYHKIUHS TKAHHY, MOJYYaKOLASCH
u3 (10.2) nyreM wpckmoueHuss x, y, 2, H W, — uacTHble
mpoussoanbie W mo u; (cp. ¢ qaopmynou (9. 165) 3amerHM,
YTO Ha KaxnIo noaepxuocm u, = const ¢opma I' mpespa-
Iaercst B CBA3HOCTb 1° cnyieTeHUs WO

H3 ¢opmyan (6.23), npuMeHeHHOH K KPHBONHHEHHOMY
Terpa’apy LB, 06pa3OBAHHOMY YETHIpbMf MOBEPXHOCTSIMH
TKaHH

;= const (i=0,1,273),

MBI [OJTYUYHM

3
i{ddl‘:E (ari=0 (10.4)
0.
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(cp. (6.22); smecb ®; ofo3HavaloT ueTHpe «TPeYroJbHbE
rpaHu» teTpasapa B). o FaiieMy HpeLNOLOXKEHHIO H3 YeThl-
pex cJaraeMblX NLAEOH yYacTH TPH [aBHBI HYJIO; 3HAUHT,
paBHO Hyao M uetBeproe. Ho Tak kak 1peyrosbkuk &, ra
NOBEPXHOCTH 4o = const MoxeT 6bITb BbIGLAH M OH3BOJbLHO,
TO OTCl0Aa CJeAYyeT, uTo

dy°=0,

yTo u TpeboOBaJOCh A0OKA2aTh.

Heckonbko HHaue MOXHO G6buio 6Bl NMFOBECTH JOKa-

2aTestcTBO, Hcmoab3ys ¢opmyay (9.21). M3 Hee Mbl naiinem

cJelyicliie 3HAaYeHHs AJ KPHBH3H YeTbiPeX KPHBOJHHEHHBIX
TKaHell W/:

== Ags + As1 + Az, )

k1= As; + Azy + Aos,

ky = A1z + Aso + Ao,

ks = Aa1 + Aro + Aoe.

(10.5)

an 3TOM BeJIHYHHbI Alk BBIUHCJIAIOTCA H3 q)yHKL[HH
W (um u, Us, ll3)

Haulefi MOBePXHOCTHOH TKawH NpH nomowu ¢opvya (9.19). B
cuny kocoit cummerput (9.20) Beanunn A, u3 (10.5) crenyer,
yTO

ko+ kit ka4 ks =0 (10.6)

— H B 3TOM COOTHOLIEHHH CHOBA COAepKHTCS TeopeMa [io6yp-
abe. CxoaHoe pnokasaresnbcTBO ¢opmy.asl (10.6) Mbl Aanum
nosxe, B § 30.

§ 11. Mpamoanneiinbie TkaHu

R :
ITocne ' 3Toro HeGOJMBLIIOTO OTCTYIJIEHHSI Mbl CHOBaA Bep-
HeMCsl K NJIOCKOH TeOMeTPUH H PacCMOTPHM TKaHb B, o6pa-
30BaHHYIO NPSAMbBIMH

a;(u)x+b;(w)y+¢;(u)=0 (11.1)
(i=1223).
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B kauectBe (yHKUHH TKaHH BO3bMeM ONpeJesHTelb

ay(u1) bi(u1) c1(uy)
W (u1, us, us) = |az (4z) ba(uz) c2(u2)]. (11.2)
as (u3) bs(us) cs(us)

OG6o3snauuM BeKTOp ¢ KOOpAHHaTaMmH a;, b, ¢, uepes n;:

n;(u)=(a;, b, c); (11.3)
B TaKOM Clydae
e ny = (aj, bj, cj); (114
, da/-
ap= d_u .

Ilpu stom onpenenuteas W GyleT paBeH TPOHHOMY (CMe-
LIaHHOMY) npoasaep,eumo.

= (R, N2, N3); (11.5)

3TO MO3BOJISIET MPOCTO BBLIYHCIATb €0 NPOH3BOAHBIE MO U;,
TaK, HampuMep,

Wl = (n'lo n, n3)v
W12=(nllv n'Zp n3)1 (116)
Wi = (fl'l'. fl;. fls)-

Ecnu Mbl moicTaBUM 3TH 3HaueHHst B ¢opmyan (9.16),
(9.18), TO monyuHM HeKOTOpble MPOEKTHBHO HHBapHaHTHBIE
COOTHOWEHHS. Mbl BBefleM B 3TH COOTHOLUEHHS MeTPHUecKue
HHBapHaHTHI, TNOJIOXKHB

a; = cosu;,
b, sin u;, (11.7)
ci=¢;(u )

NpH 3TOM Y 6y)1e1' onpelensiTh «HalpaBJeHHe» paccmanH-
BaeMOi npfMo#, T. €. ee yred ¢ HeKOTOPbIM (PHKCHPOBAHHbIM
HanpaBleHWeM, a ¢; OyneT pPaBHO PAcCTOSHHIO MPSHMOH -OT
HauaJsia KOOpJHHaT. Takum 00pa3om, ¢; (4,) ecTb GYHKUHS, KQ-
Topasl corsaacHo MHHkoBcKoMy (H. Minkowski, 1864 — 1909)
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Has3bIBaeTCH 0nopHou GyHKyued orubaowmed H; cemeiictaa (11.1)

npsMbIX. BeluHCIeHHS NOKa3wBa!0OT, 4TO C; (4;) ecTb paccrosi-
HHEe HOPMaJH KPHBOH §; OT Hauala KOODAHHAT H

cl-]- c;'=rl (”.8)

— pajHyC KPHBH3HB KpHBOH £, *).
BriuncnuM tenepb cBsi3HOCTh |’ Hamell npsiMoJMHel HOH
TKaHH no ¢opmy.ae (9.16):
Wll W/22
— 1 = —dus + w—d
T Wl 1 + Wg U +

Wss
W

dus.  (11.9)

*) U3 puc. 22, Ha KOTOpOM H306paxKeHH ABE 6nn3xne npsmole
xcosuj+ysinuj+c;=0
x cos (uj+ duj) + ysin (u; 4 duj) + ¢j+ de; = 0,

nepecekaiouHecs B Touke Pj, oruGaiomedt $j, BHAHO, 4TO (0603Haye-
HHSl ICHBl H3 PHCYHKA)

H

¢ ¢j+dey
T cos¥; ~ cos (§;,—duy) °
/3’ OTKY/a HeMCANEHHO BHTEKAET, uTO

OP;

~~ /} c}
'// - tgd;j=—.
Bootrdy. — EUT
/,’( G- CJaenoBaTeabHo,
1= 1% f=citgd =t
Yy % 2 Cp=¢itevi=t
Puc. 22. rie t;j ecTb paccrosiHe oT O Ao HopMaaH
K 9B Pj

Hanee, ecnn Pj— Touka $;, NpHHALIEXKAWANA BTOpPOH H3 HaHX
npsAMHIX, P;—-rouxa, npuHajnexaulass NepBodl mNpsiModt, TO Teopema
IMudaropa naer

OP', = (cj+dc)? + (¢ + dtj)’
H
0P} = 0Q} + (Q; P;+ PiP;)? = cf + (t; + 3¢y,

rie Btj=P;Pj—3J'leMeHT ANMHHB KpHBOA. M3 cpaBHeHHS nocaefHHX

ABYX PpaBEHCTB moJyuaeM, NpeHeOperas GECKOHEYHO MaJHMH BTODPOro
¢j 15} dt; ¢y de

nopsaaka, 8; = dt; 4 i dcj, clelloBaTeAbHO, rj = du; = du, T iy Ty

OTKYA4, TAK Kak ¢, =cj, r;=¢; +Cp.



§11] NMPSIMOJIMHEAHBIE TKAHH 47

Haiinem
—sinu; cosuy € —cosu; —sinuy ¢
W,=| cosus sinus cs|, Wiy =| cosus sinus ¢
cosus Ssinug C3 cosuz Sinug C3
(11.10)

Msl umeem (puc. 23) Tpu oruGaiomue 91 92, Ps U TPH Kaca-
TeJbHble K HUM PP;, Kacaolyecst HallHX KPHBBIX B TOUKaX P,

Puc. 23.

Ecnu Mbl npumeM 3a Touky P Hauvalo KOOpAHHAT, TO c}=t»
6y11eT” pPaBHO IJHHE O1pe3Ka KacaTeabHoil oT P 0 KpHBO#
9, ¢; =r; u ¢;=0. Takum obpasom, us (11.9) u (11.10)
cJefyer, uTo

— =" duy + 2 duy + 2 dus. (11.11)
t ts ts
Beens B paccMoTpeHHe AJMHY AyrH ds; oruGaioweid 9; u

S:

3aMeTHB, 4TO 1, = ‘E’- , MBI TIpPHBeJleM NpeAbiAylLyio GopMyJy
J

K BHAY

_T'=d_s‘1+‘_j_ti2+‘$‘, (11.12)
- 1 2 3
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B cuny artoro teopema I'pada u 3ayspa, paccMOoTpeHHas
B § 4, npHHHMaeT caefyiomWHKi BUA: ecau HA NAOCKOCMuU 3Q-
danet mpu dyeu O; max, umo uepe3 Kamdyto mouKy HeKomo-
poii o6aacmu & naockocmu npoxodum no 00Hol KacameabHOU
K Kaxdol dyze 9, u ecau evipaxerue (11.12) asasemea noa-
Hom Qugpd2penyuarom, mo amu dyeu 6ydym npuradiexams
00HOLU Kpusoii mpemveco kaacca. Mbl MOXKeM, TaKKe BOC-
no/is3oBaBuwuchk ¢opmynamd (9.19) u (9.21) m npousBeas
COOTBETCTBYIOLIHE BLIKJAJKH, 3anHcatbh ycaosHe dy’ = 0 HaH
k=0 B Buje
ry I rs
_+F_|___3=0. (11.13)

£ 2 I3

Takum o6pasom, KpHBast TpeThero kjacca MOXeT ObITb Ompe-
HeneHa TaKxXe H 3THM YypaBHeHHeM. BooGlue, An1s KpHBOH
n-ro Kjacca HMeeT MecTo ypaBHEHHE

2%:0. (11.14)
ti

10 npepnoxenre BocXolut K Peiicy (M. Reiss, 1805—1869)
u3 ®pankpypra (1837 r.), yuenuky ['aycca. ITH uccneroBaHus
OblIH MPOJOMKEHBI APYTrHMH reoMerpaMH, OoJbliell yacTbIO
He3aBHcumo oT Peiica, a umeHHO HopBexuamu BakayHIom
(A. V. Bicklund, 1845—1922) u Jlu (S. Lie, 1842—1899)
B 1882 r., pnanee, B CBA3H C M3/laHHeM cOOpaHHSI COYHHEHHI
JIu, ero yuenukom durenem (F. Engel, 1861—1941) 8 1939 r.,
HaKoHell, puMCKhmH reomerpamd bDomnuanu (E. Bompiani)
B 1930 r. u Cerpe (B. Segre) B 1947 r. u B HMcnanun —
Teiikcuiopom (J. Teixidor). Hameuennas Bblle CBA3b Teope-
mbl ['pata u 3ayspa u3 § 4 ¢ Teopemoit Pefica 6nia ykazana
B 1927 r. Jlu6manom (H. Liebmann, 1874—1939).

PaccmoTpuM Tenepb KpaTKO pe3yJbTaThl Pefica B HX nepso-
HayasnbHoM BHAe. ITycTh

fx,)=y"+ @+ bx)y*'+ ... =0 (11.15)

— ypaBHenue KpuBoil n-ro mopsaka €, Ecau npsimble x =
= const mpH Maablx |x—xo| MNepeceka:oT KpuByio € B n
pa3snHYHBIX BelleCTBEHHbIX TOYKAX (x, ¥;(x)), To H3 (11.15)
CJeAyeT, 4TO

Vi(x) +y2(x) + ... + ¥, (x) =— (a4 bx), (11.16)
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H cJenoBaTesibHO, UTO
yi+y2+ .. +yn =0 (11.17)

Mbl, 1O CYIIECTBY, y2Ke NMOJYYHIH HCKOMBI pe3y/bTaT, KOTO-
phiii Hajo ele J4Wb HECKOJbKo mpeoGpasoBats. [lpexpe
BCero, HeTPYAHO MpPHAATh CooTHouwleHuio (11.17) npoekTHBHO
MHBAapHAHTHYIO (OPMY; 8 HMEHHO, 3TO COOTHOIUEHHE MOXKHO
nepenucartb B BHJE

n ’ X
2(_’1”/'_’?13):0, (11.18)
(4, B, P))
1
rie A u B cytb ABe ¢HKCHPOBAaHHBIE TOYKH MPAMOH X =
=const; P; (=1, 2, ..., n)—n Touek mepeceyeHusl 3TOH

npsiMoi AB ¢ kpuBoit €; ckoO6KH 0603HAYaIOT AETEPMHHAHTHI
H3 ONHOPOAHHIX KOODAHHAT TPeX TOYeK, a LUITPHXH — MPOU3-
BOJIHbIE MO MPOH3BOJLHOMY KPHBOJIHHEHHOMY MapaMerTpy.
B camom pene, dopmyna (11.18) siBnsieTcsi NPOEKTHBHO WH-

BAPHAHTHO! H B YaCTHOM CJiyuyde OJHOPOAHBLIX KOOPAMHAT x°,
1 2
X

X1, x? TaKuX, 4TO x = y ==
! ! x0°’ X9

®opmyna (11.18) yno6Ha Tem, y4To AJS Hee MOXKHO cpasy
HamHcaTb JBOHCTBEHHYIO ¢opmyJay. Ecan Mbl cHOBa BO3bMeM
ypaBHeHHE NpsiMoil B HOpMaJbHoil ¢opme [ecce

nepexoaut B (11.17).

xcosu + ysinu +c=0

H XapaKTepH3yeM 3Ty MpAMYI0 MNPH MOMOLIH BEKTOpa I =
= {cosu, sinu,c}, TO Ans nNpAMBIX, NPOXOAAUIHX uYepe3
Haualo KOOPAHHAT (MPAMBIX ¢; = 0)

o cos u; sinu; ¢
(”p n; flf) = —sinu,- cosu, L, |=rp
—--cosu; —sinu; r;—c; (11.19)
1 0 0
(@,6,n)=| o 1 0|=¢
—sinu; cosu; ¢

(3mece BekTOpHI @ U b XapaKTepH3YyIOT OCH AeKapToBOH CH-
CTeMbl KoopaWHart). M3 (11.18) u (11.19) caeayer, ufto,

4 B. Baamke
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B caMoM JeJe,
s
M 5 =0 (11.20)
I

Menee npocTeiM siBAsieTcs ofpaieHHe 3TOH TEOPEMBI, T. €.
J0Ka3aTeJIbCTBO TOro, 4TO ajare6panyeckasl KpHUBasi MOXeT
ObiTh onpefenena coorHoweHusmu (11.17) uau (11.20). 1o,
no-suAnumMomy, Bnepsble ormMetua C. JIHu, a foka3aHo 31O GbLIO
DHresieM d B nociefiHee Bpems — TellKcuAopoM ?).

B coorBerctBun ¢ (11.12) yciaosue Pefica pasi njocko#
KpHBOH n-ro nopsiika MoxeT GbiTb cGHOPMYJHPOBAHO TakK:
cocmasAenHoe 0N MOYeK nepeceyenus Kpusoll ¢ nodsudHoll

npamod R swupascenue
Etg 5, (11.21)

(rie w;—yrael Mexay npsivol R u KPHBOH B TOYKAX HX
nepeceqemm a du; —>leMeHT yria MeXJy Kacarte/lbHbIMH
K KpHBOil B 3TOH TOYKe) 00AHHO Obimb noanslm Ouggheper-
yuaiom.

ITocae 3toro oTcTyn/eHHs Mbl MPOJOMKHM H3yUeHHE HH-
BapHAHTOB TKaHH, Hauatoe B § 7 u 8.

§ 12. nBapHaHTHble NPOH3BOAHbBIE

ITpu nomomn cBsizHocTH | (8.4) MOXHO BMECTO BBEJ€HHBIX
B § 7 nuddepeHUHANBHBIX ONePaTOPOB ONpee/uTh Ha TKAHH
«HHBADHAHTHBIE MPOM3BOAHBIEY, MO3BOJSIOLHE NOCTPOUTD,
HCXOl H3 KPHBH3HBI k, «Bce» AupdepeHuHaNlbHble HHBapH-
aHTBl TKAHH.

Mbl 6yleM TOBOpHTb, UTO HHBAapDHAHT ¢ HMeeT «8ec» p,
rjle p — HeKoTopoe AeHCTBHTEJNbHOE YHCJO, ecllH ¢ NMpH nepe-
HopMupoBKe (6.5) npeoGpasyercs cjelylOUHM 06pasoM:

q*=g°q. (12.1)
KpuBH3Ha k& TkaHu umeeT B CHJy (8.8) Bec ABa.

1) Tlo nosopy HccaepoBaHuifi Tefixcuuopa cp. Huxe, § 38.
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Ecou Mbl BBelleM B pacCMOTpeHHE RupdepeHnHaTbHbIH
onepatop D, omnpeAessieMbld tdopmyJioit

D =d+ py, (12.2)
rae d o6oanauaer B3fTHE MOJIHOTO auddepenunana, p — Bec

WHBAapWaHTAa, K KOTOPOMY TPHMEHSETCS oneparop D, u
1 — CBSI3HOCTb TKaHH, TO 6yaeM HMETb

Dq = dq + pq7 (12.3)
) D*q* = g” Dq. (12.4)
B camom feje, B cuay (8.5) Mbl moayuum
D*q* = (d+p(y—dIng)} g* g =g (dg + pqy). (12.5)
EcJu Mbl TMOJIOXKHM Tenepb
D =03D3—03Dy =03D, —01Ds =0, Dy —03 Dy, (12.6)
rhe

D1+ Dy + D; =0, (12.7)
1o u3 (12.2) u (12.6) B cuny (7.10) u (8.4) Gyner ciefio-
BaThb, YTO
U3 (12.4) u (12.6) monyuaem Jajee

Djq* = g°+' Dy q. (12.9)

D70 03HauaeT, UTo uHBapuarnmreole dugge penyuarsree onepa-
mopo. D; nepesodam dughehz penyyuaroroe ureapuarmel 6eca p
8 dupp2penyuarvnoie unsapuanmer eca p -+ 1.
Bocrnionbayemcst tenmepb cootHowenusima (7.21) ans Toro,
YTOGbl BBHIYHCTHTb KOCOCHMMETPHYECKYO uYaCTb BTOPBIX MpO-
u3BoAubix. Ilpunumas Bo Buumanue (12.8) u (12.9), Mbl HalilleM
B cuny (7.22) u (8.10) -
DyDy—D; Dy = {01+ (p + 1) by} {02 + pha) —
— {0+ (p+ 1) he} {01 + phy} = 010 — 0201 +
+p(haa—hy) + (p+ 1) (h1 03— ha 01) =
=p{h0s—hs0,+ k} = p{hiDa— ha D1 + k} (12.10)

H, CJiefioBaTebHO (MpH 7 # ),

D,D,—D.D,=p{h,D,—h,D,+ k).  (12.11)
4&
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ot
T

§ 13. Moanas cucrema HHBADHAHTOB TKAHH

CnpaBefnuBa Creflylomasi TeopeMa: kpususna k mxanu QB
6 mouke P (x,y) u unsapuanmmuvie npoussodHvie KpususHbi:

llgf(ﬂ- ' HuBapHaHTH Bec

3 k 9

4 D, &, Dqk, 3

5 D, D k, D, Dsk, DoDsk, 4

6 [DyD,Dsk, D,DyD;k, D, D¢ Dy k, DaDyDok 5
HT I

06pas3yrom noAHYw cucmemy Hesasucumolx Ouggeperyuans-
HbIX UHBAPUAHMOS.

IMpunaratensHoe «moJjHas» 3Jecb O3HayaeT, yTo JiBe TKa-
HH QB H Q®*, AAs KOTOPLIX 3TH HWHBapHaHTbl B COOTBETCTBY-
oKX Toukax P u P* coBmajawoT, 06513aTebHO 6yAy T TOMOMO-
TMYECKH 3KBHBAJIEHTHBIMH.

3ameTuM eumle, 4TO omepatop D; MOXKHO He pacCMaTpH-
BaTb, TaK Kak oH B cuny (12.7) Belpaxaercsi uepes D; H D,
H 4TO MOPSIfOK CJIEAOBAHHS ONEPaTOpOB SABJSETCS Hecylle-
cTBeHHBIM B cuay (12.11). IlpunararenbHoe «He3aBHCHMBbIEY
HMeeT B BHAY TO 06CTOATE/bCTBO, YTO 3TH HHBAPHAHTHI He CBf-
3aHbl HHKaKHMH TOXKAeCTBeHHBIMH cOOTHoeHHsAMH., Habpocok
AOKa3aTe/NbCTBA TEOPEMbl NMOJHOTBHI Mbl JajIuM HHXKe; MOJHOE
AOKa3aTe/NbCcTBO MpHBefleHO B KHure Boss u moeit or 1938 r.

§ 14. KaHoHHYecKoe pa3JioxeHue

[Tpennonoxkum, uto B Touke P TKaHu W
Uy =ty =uz3 =20,

W pasnoxuM OyHKUHIO TKaHH W B CTeNleHHo#t psn
no u;. Ilpu nomownu npeoGpasosanuii I, Il § 1 aro pas-
JIOXKEHHE MOXKHO IPHBECTH K CJIEAyIOUIEMY «KaHOHHYECKOMY»



§14] KAHOHHYECKOE PA3JIOXEHHE 53

BHAY *):
W= u1+u2+u3+a(u§u3+u§u1+ufug)+
+ (b1U1+ b2u2+ baUa)U1U2U3+ veny (14])

*) Iyctb paanoxenHe W B CTeNeHHOH DsJ HMeeT BHA

1
W=Wit+Woug+ Waty+ 5 Wini+Wipugu,+...

(rZe BO3MOXHO H3MeHHTb KO3(Q¢HIHEHTH pa3JioXeHHs C NOMOULBIO
npeo6pasoBanuii I, MOXHO, HanpHMep, CYHTaTb, YTO HH OAHMH H3 KO3}~
¢unuentos W,, W,, W, He ofpamaercs B HyJb). Bocnoarayemcs

npeo6pasoBanuem 11: W =H (u;, uy, ug)W, rae
H(”,n Uy, Ug) =14 ayuy 4 a, u, + a3 ug+ ayy “?‘l‘ Qg g4 ...

[Tono6paB noaxonsimum o6pasom 3 kos¢duurenra a,, a,, dg, Mbl MOXeM
N06HTbCS, YTO6bl B passioxxeHHH W B cTeneHHOH PAA OTCY TCTBOBAJH
uneHn Wy, Uy Uy, WUy ug, Wosu,us; noao6paB NoAXOAsiLIHM o6pa-
30M 6 K03bDHUHEHTOB ay;, G5, G135, Apy, Ggg, Ag3, MBI MOXeM AOGHTLCH,

A A A
4TO6H 7 K03(dHIIHEHTOB W/“,, Wiis, Wisay Wing, Wissy Woog, Wogg
HYXXHBIM 06pa3oM 3aBHCeJH OT OAHOrO mapamerpa a; NOAO6pPaB MNOA-
XoaswuM o6pazoM 10 Ko3hpDHUHEHTOB @,,4, G312, .-+, Oags, MBI MOXEM

AOGuTbCS, uTO6H 12 Koa¢duuHEeHTOB Wyy10, Wiy, oy Wagss HYXKHBIM
06pa3oM 3aBHceaH OT ABYX NapameTPOB by H bg. TakHM 06pasoM, Mu
NPHXOAHM K Pa3JOXeHHIO

a A 1 . 1.
W=w,u+..+5 W, uf ... +€Wmuf+
Ao 1. A A A
+a (W%Wa ug U‘+ ...) +2_4W1111 u? + a (Wa Wgz W3 ug u8+"')+
+ %(f{/g W ulul+ o) F (b Wy + . )ﬁ'/1 VoW, uguy ugt...r

rie by + b, by=0; ToukH B cepenuHe (OPMYJB O3HAYAKT LHK-
JIH4eCKYl0 NepecTaHOBKY HHaekcoB 1, 2, 3. Temepb n0CTaTOuHO BOC-
NoNb30BaTbCA NOJACTaHOBKOI

O_ A 1 A l 1 L] .
ul - Wl ul+ ?Wll u?-’l“'G_Wul u? +2_4-W1111 u‘li, u2 ..., U3= eee
((i’4P?‘;§PaSOBaHHe I'), 4To61 NpHUATH K «KAHOHHUECKOMY Pa3JoXEHHIo»
W‘(u‘ u‘ U')= * * - . o . 2 .
1» g, Ug) =uy + uy+uy+a(uy ug+ ug uy+uy uy)+
+(b| u‘, +b2u'2+b, u;)u‘l u;u; + ...
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Tie MOCTOSIHHBIE BeJIHYKHLI b1, by, b3 YAOBNETEOPSIOT YCJOBHIO
b+ bg 4 bs=0. (14.2)
ITpu nepeHopMupOBKe

.

=2, wr= (14.3)

~NE

MBI TMOJYYHM, UTO
a* =r?a, b;=r3b, (14.4)

ITosTomMy ecnH TOMBKO a = 0, TO BCerfa MOXKHO CUHTaTh, YTO
a = + 1. U3 (14.1) cnenyer, HanpuMep, LTO ecliu B Touke P
noctosiHHafd a % 0 (4To, KaK Mbl ceiivac yBHJHM, FaBHO-
3HauyHO ycJoBHIO &k 5= 0), TO Hawy TKaHb QB B OKPECTHCCTH
TOUKH P MOXHO annpOKCHMHPOEATh IIECTHYTOJNbHOH TKaHLIO,
coBrnajlaloieil ¢ B € TOYHOCTbIO IO 4/EHOB BTOLOro MOPsAKA
BKJIIOYHTEJILHO.
Haiinem uactHble npousBoanble ¢pyHkuuH (14.1) mo u;:

Wi=1+a(2uius+u3) + .
W23= 2au2+(b1u1 + 2b2u2-|— 2b3u3) LI1+ veny

IZie HE BBIMHCAHHBIE YJIEHbl HMEIOT OTHOCHTENBHO u; MOPSAOK
Tpy H Bbiwe. [lanee, u3 ¢popmya (9.10) ana V; no.nyqaeM

14
v1=—‘V2—§3V;=W23+ seey (14.6)

(14.5)

rfie ONSiTb He BBHIHCAHBI YJIEHbl, HMEIOLINe MOPSJIOK TPH H
Boie. Hakowen, u3 (9.13), (14.5) u (14.6) Haiinem Bhipa-
JeHHe JJI1 CBASHOCTH TKaHH:

1T=— {2(1[12 -I- (blul + 2b2U2+2b3U3 u+.. } dul-l— (14.7)

3JleCb TOUYKH BHYTPH CKOGOK oGosHaqaloT YJleHbl TpeTbero H
BbICIIErO TNOPSA/KAa OTHOCHTE/BHO u;, @ TOYKH B KOHie ¢op-
MYJIbl — UJIeHbI, TOJYYalollKecs M3 BLIMHCAHHBIX KPYTroBo#
NoAcTaHOBKOH HHAekcoB 1, 2, 3. U3 (14.5) u (9.7) caepyer,
4YTO C TOYHOCTHIO O YJIEHOB BTOPOTO MOPSiIKA OTHOCHTEJILHO U;

[dus dus] = [dus du,] = [durdu,] = Q. (14.8)

OuddepeHunpyss Temepb BHEIIHHM 00pasoM COOTHOLIEHHE
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(14.7) u yuuTbiBas (14.8) u (8.7), Mbl mo.y4HM, YTO KPHBH3HA
TKaHH UMeeT BHJ

= —2{—-—-a—b2u1 + b3U1+ } + v
HJH, OKOHYaTeJbHO,

k= 6a + 2(b2—b3)u1+ 2(b3—b1)u2+

+2(b1—b2)u3 + ..., (149)
rje TOYKaMH CHoBa o6o3HaueHbl ujeHbl Gosee BBLICOKOro Mo-
psIKa OTHOCHTe/bHO ;. B ncxopnoit Touke P (rpe uy =u; =
=uz = 0) B cuay (9.I1), (14.6) u (14.5) cumBoasl Kpucrop-
dens h; = 0 n, caefoBaTebHO, B CHIY (12.8) uHBapHaHTHBIE
AuddepeHL HalbHbIE ONepaTopPbl COBNAAAIOT ¢ OObIKHOBEHHBIMH:

D; =0, (14.10)
Hanee, B cuny (9.5) u (14.5) B Touke P
= -,
9 == 6—27—5—2;. (14.11)

u nostoMmy 3 (14.9), (14.10) u (14.11) B cuay (14.2) BeiTe-
Kaer, 4YTO B 3TOH TOYKe

Dy k=06b,, Dyk=6b;, D;k==060. (14.12)

[Tocaeanue ¢opMynbl YaCTHYHO MOATBEPKAAIOT, YACTHYHO
YCHIHBAOT yTBepxAeHuss § 13. A HMeHHO, Mbl BHJHM, 4TO
KpUBH3HA k — eNUHCTBeHHbIH AH(depeHIHaNbHbBIH HHBAPHAHT,
NopsAJ0K KOTOPOro He NMpeBbllllaeT TPeX, H Mbl HMeeM B TouKe P

= 6a. (14.13)
Janee, BeqHUHHBI
D;k = 6b; (14.14)

AIBJISIIOTCA €IUHCTBeHHbIMH JH(pdepeHHaIbHEIME HHBapHaH-
TaMH yeTBepTOro nopsifika. Cmbica paBeHcTB (14.13) u (14.14)
3aKMoYaeTcss B TOM, YTO OHH OMPeAeNsOT CMBICJ KO3(hH-
UHEHTOB a, b, KaHonMYecKoro pasnoxenus (14.1), sBisio-
UIUXCA BAaXKHEHUIMMM MHBAPHAHTAMH TKaHH.
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Paspemasi ypaBHenne W = 0 OTHOCHTEJIBHO 47, Mbl TOMY-
uuM B cuay (14.2)
Uy = — Uy — Uz + a(ug - 3U§u3—ug) +
-+ { (b], —_ bz)uz + (bl—' bs) Us } (U2 + U3)+ Usuz + ... (14.15)

TouHo Tak ke OYAYT CHNpaBeAJHBbl M (OPMYJbl, KOTOPbE
nonyuarcs Hu3 (14.15) KpyroBoil nepecTaHOBKOH HHJAEKCOB
1, 2. 3.

§ 15. leomeTpH4eCKHH CMBICA KPHBM3HbI TKAHH
no Tomceny

B cuay (14.1) Mbl MOXeM KaHOHHUYECKOe Pa3JIOXKEHHe
YPaBHEHHSA TKaHH 3alucaTb B BHAE

ut+v+w+a@w+ wu+u)+...=0, (15.1)

rfle Mbl BPEMEHHO BME€CTO U, Up, U3 MHleM 4, v, w. Otcioaa
MOXHO MOJY4HTb, cJenys pacore Tomcena (G. Thomsen,
1899—1934) 1927 r., reoMeTpHYeCKHH CMBICA KPHBH3HBI
TKkaHH k. Onuwem okoso ToukH P (0, 0, 0) o6pasoBaHHbli
JHHHUSIMH TKAHH IIECTHYTOJNbHUK C BEPUIHHAMH

Py = (0, vo, wo), P1= (41,0, wo), Pz= (1, vs 0),

(15.2)
P3=(0) Vg, w3)1 P4=(U4, O! w3)’ P5=(U4, Us, 0)
(puc. 24). Tlpn stom B TOuke P, (cM. (15.1))
vo+wo+av§wo+...=0 (15.3)
H OTClOfia
wa=—00+avg+...; (15.4)
B Touke P,
uy + wo +Hau, we+...=0 (15.5)
H, CJleJloBaTeJbHO,
Uy=—wo+awy+...=vo—2avg + ... (15.6)
Janee, B Touke P,
P}
u auijvs +...=0,
1+v2 aui v, (15.7)

3 3
Us = —uy 4+ aui + ... = —vo + 3avy + ...;
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B Touke Pjg
vz-[—wa-i—av%wa—{- .=0, (15.8)
w3 = —vz—{-avg + .= vo—4avg+ el
B Touke Py
Us+ Wyt auswi + ... =0, (15.9)
U= —ws+ awi + ... = —uvo+ 5avg +..
HakKoHell, B Touke Pj
2
... =0,
u4+vs-i—au4vs+ 3 ] (15.10)
Uy = —Us+auy+ ... = vo—6avg + ... J
PasnocTb
vs — Up = — 6avy + ... (15.11)

OLIEHHBAeT «HE3aMKHYTOCTb» Hallero WeCTHYroJbHHKa H TeM
CaMblM YKa3blBA€T I eOMETPHUECKUI CMbICJ KPHBH3HBI & = 6a
B touke P. [Ins k> 0npuobxo-
Jle BOKPYT TOYKH P NpPOHCXOAHT
npub/MMkKeHHe K 3ITOH  TOUuKe,
KakK Ha pHC. 24, B TO Bpems
Kak npH k < 0— yjaanenue ot Hee.
Bceaencteue (8.8) 3HaK KpHBH3HBI
k He 3aBHCHT OT HOPMHPOBKH.

§ 16. HopmupoBaHHWe GYHKLHH
TKaHH

Kak ykasaHo B § 2, pyHkuus
W (u1, Uy, us) TKaHH QR ocTaercs
B GOJBIIOH CTENEHH MpPOH3BOJb- Puc. 24.
Ho#. OJlHAaKO ee MOXKHO OJIHO3HAU-
HO HOPMHPOBaThb BO BCSIKOM CJy4ae TOrja, Korja KpHBH3HA
k=0 He MeHsieT 3HaKa B paccMaTpHBaemol obsacTH & Tkanu
2. B cuny (8.10) uau (15.11) B 3TOM Cayuae Bcerfia MOXKHO
AcOuTbCcsi (nampumep, nepecTaBHB cemeiicTBa ©; H ©,), uTO-
66l Guio k> 0.

Ilyete uy, uy, Uz — TPH KPHBBIE TKAHH @, KOTOpblE
OPraHWYHBAlOT TpeyroJbHuK D ¢ BepmuHaMH Py, P,, Py
B obnactu @ (puc. 25). PaccMOTpHM JBOMHOH HHTErpas no
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D, KOTOPbI MOMHO Ha3BaTh «MOANOL KPUBUZHOU» 3TOTO Tpe-
Yro/MbHHKA:

N (s, s, ug) = | £2. (16.1)
D

Tak kak £ >0, To 312 GyHKUHsA OGpaWAeTcs B HYJb TOJBKO
TOT/\d, KOTAa TPeyroJbHHK ® CTATHBaeTCs B TOuKy. B cuay
cooTHoweHui (8.6) u (8.7) dyHKUHO N MOXHO NMpefCTaBUThb
Kak HHTerpaj, pacnpocTPaHeHHHIH MO0 rpasuue d® TpeyroJb-
HHKa D:

N (w1, us, Us) ==

V—>"

P, P_.
v+ f1+ [r. 162
P, P

b
1
[Tpu sToM, Hanpumep, 06JIaCTblO HWHTErPHPOBAHHS B IEPBOM
HHTerpaje B npaBod uactH (16.2) sBAsieTcss CTOpPOHA Tpe-
yroJbHHKa D, BJOb KOTOPOH #; MCCTOSIHHO.

B cuay (8.4) u (9.12) umeem

P, Ps P
5“[ = — \ h13-1= —_ S‘allnwldz.
5 b 3
(16.3)
°~ Ho Ttak Kak B cuay (7.3)
Puc. 25. dInW,=2,1n Wy0,—0, In Wy s, (16.4)

TO M3 Toro, uto o, = O Ha cropoHe P, P, clepyer, 4TO

P, P
\ 1 Wi(Ps)
ST_ Sdln Wi = Ingipd . (16.5)
Pl Pl
Takum o6pasom, u3 (16.2) u (16.5) nosyuaem
W1 (Ps) Wa(P1) W3 (P2)
N (1, ua, us) = In Wy (P Ws (P Wa (Py) " (16.6)

Ecav Mbl Tenepb BHeceM B IIPaBYlO YacTb BMECTO W ee kao-
HHyecKoe pasjoxenHe (14.1), TO noayuuM pasJjoXKeHHe yHK-
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UHH N 1O cTemeHsaM U, U, Uj:
N=3G(U1+UZ+u3)z+ . (16-7)
] enecooGpa3no BBecTH '(yHKIHIO

VN = M (s, ts, us) = V' 3a (uy + uz + ug) +... (16.8)
Tenepr Mbl MoOXeM, HaKOHell, HOPMHLOEaTb NapaMeTphl U,
Uy, U3 B OKPECTHCCTH TOUKH Uy = 0, u, = 0, us =0 caenyto-
MM yCJIOBHEM:

M (ulo Ov O) =v, M (O: us, 0) =, M (O, 0, Ua) = U3. (16.9)
Ecan Mbl mosoxum Tenepb
M (u1, uz, ug) = W (v1, vy, v3), (16.10)

TO ¢GYHKUMSA, CTOSIAs B NMABOH: yacTH, Oy/JeT OJHO3HAYHO
OnpefieleHHON HOPMULOBAHHOU PyHKYueli mKaHu NPH BbiOpaH-
HOH HauaJsbHOH Touke (0, 0, 0).

§ 17. OcHoBHble Bonpechl HOMorpaduu

Tkanb 9B, mo cyuiecTBy (T. €. 33JldHHAs C TOYHOCTBHIO JIO
TOMOJIOTHYECKOro otoGpaxkeHus), onpefiesisieTcss OfiHOH ¢yHK-
uHeill JBYX NMepeMeHHbIX. DTO MOXHO yCMOTpeTb, JIH6O 3amu-
CaB ypaBHeHHe TKaHH B BHAe (9.22):

uz = w (U, us), (17.1)

Ju60, UYTO paBHOCHJIbHO, H3 TOro, YTO CeMeiCTBA JHHHH
u,; = const, u, = const Moryr GbITb NpPHHATH 32 KOOPAHHAT-
Hble JIHHHH X, Yy = const, TaKk 4YTO BO3MOXHLIH NpPOH3BOJI
onpeaensieTcsl OJHUM YpaBHEHHEM TPETLEro ceMeicTBa JHHHM
w (x, ¥) = const. C Apyrod cTOPOHBI, NPSIMOJIHHEHHAs TKaHb
3aBHCHT OT TpeX (VHKUHI OJHOrO TMEePEeMEHHOro; B KauyecTBe
TaKHX (YHKUHI MOXKHO B3ATb (urypupytomue B (11.7) onop-
Hble (YHKUMH ¢;(4;) OruGalHX TPex CeMedCTB MNPSMBIX.
YXKe H3 3THX NPOCTbIX MOACYETOB CJEAyeT, YTO, «BoOOLLEe
roBOpsi», HeJb3sl MO 3ajlaHHOMY ypaBHeHH0 W (uy, us, us) =0
HAaATH NPSAMOJIHHEHHYI0 TKaHb HJH NOCTPOHTb mpsMOJHHEH-
Hyl0O HOMoOrpammy AJas ypaBHeHHs W = 0. Bcraer, TakuMm 06-
pasoM, Bornpoc 00 YCJIOBHSIX «cnpamafemocmu» TKaHH. Peure-
HHEe 3TOro BOMPOCa HATAJKHBAeTCs HA COJbLIHE BHIYHCJIHTEJb-
Hble TPYJIHOCTH, H 3eCb Mbl OCTAHOBHMCSl JIHIIb Ha HEKOTO-
PblX OTHOCHIUMXCSH CiOfild MNOAcuerax.
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Hcxonss w3 TpeTbux npou3BOAHHIX (YHKUHH TKaHH
W (u1, uq, u3), Mbl HALUJH MepBbIi TCMONOTHUeCKHH AHPEe-
[eHUHaJLHbIH WHEADHAHT TKAaHH — ee KPHBH3HY &R, —
Bec KOTCForo paeeH 2. Ecam faccMoTpeTh TakKe NPOH3BOA-
Hbe YeTBepPTOrO MOpsiika, TO ClOla NPHCOEJHHSIOTCS HOBblE
WHBAapHAHTH k1 W ke (rle k; =D, k) Beca 3. Beanunny ks
Mbl MOXX€M He YYHTHIBaTb B cuny "toro, uto Dy+Dy+Dy=0
H, CleJloBaTeNbHOo, Ry +'ks + k3 = 0. [IaTeill MOpPSAAOK HMEIOT
HHBapHAHTBl k11, K12, Ra2 Beca 4; 3JleCb Mbl HTHOPHDYyeM
BeJIMuuHY ko, KOTOpast B cuay 3apucumoctH (12.11) cBo-
AUTCA K R12. AHAJOTHYHO 3TOMY NPH MOMOILH MPOH3BOAHBIX
n-ro nopsajka ¢yHkuun TKaHH W Mbl Moxkem 06pasoBaTb
n— 2 HOBbix HMHBapHaHTa Beca n— 1. Ilpm kaxjom ware
YHCJIO BHOBb IOJIYYEHHBIX HHBEAPHAHTOB YBEJHUYHBaeTCs Ha
€/IHHHILY, U TOCJie n-TO IAara Mbl HMeeM BCEero

I+ 2434 .4 (n—2) = (”_1)2("‘“2’ (17.2)

nHBapuanToB. Ilosnyuaercs caepywowas Tabanua:

IMopsimok . . . . 1 2 3 4 5 6 7 8 9
Yxcao HHBapHaH-
T™B ...... 0O O 1 3 6 10 15 21 28

[Tpou3BefieM Temepb COOTBETCTBYIOLIHE TOACYETH /A
NpPOEKTHBHLIX HHBAPHAHTOB NPSMOJHHEAHONH TKaHH. Mbl uMeeM
onopHbie (yHKUHH ¢;(4;) OrubaOIKX HAWHX TpeX cemelCTB
NpsMbIX G;, TAE U; —yro.n npsiMOii ¢ HEKOTOPHIM PHKCHPOBAH-
HbIM HanpaBneHHeM M C;— ee PacCTOsHHE OT (PUKCHPOBAHHOM
TOYKH. TpeyI‘OJIbHHK, o6pa3oBaHHblii TOYKamu P, P, P,
KacaHHsl C OrHOaloWKMH Tpex NpsSMbIX TKaHH, NPOXOAS-
HX uepe3 HEKOTOPYI0 HCXOAHyI0 TOuky P (cM. puc. 23),
MOXHO (ecin P; He JiexaT HA OHOH MpsMOH) mpu moMmolLH
NPOEKTHBHOTO OTOOpaXKeHHUsi OAHO3HAYHO NpeoGpa3oBaThb TaK,
YTO OMNOPHbIE (pyﬂxuuu pasJjoxarcd B pPAA  CJeAyIOLLHM
o6pazom:

¢;=w;+ 2 riwj + = slwl +.. (17.3)
rle
2r 4z
w; = U, w2=UQ—Tp w3=u3_T' (174)
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[Tpn 3TOM BennunHA

dzc,
= 17.5
g ( dw2 )w =0 ( )

fiBJIleTCA  PaiHyCOM KPHBH3HBI oOru6aiowux B Toukax P;
(cm. § 11). Ias Kaxaoro mopsiika NPOH3BOAHBIX MHI HMeeM
TPH HOBBIX NMPOEKTHBHbLIX HHBapHaHTa

( dnci \ (i=1,2,3 n>2). (17.6)
dwl‘ /wj=0

Takum o6pa3om, Mbl MPHXOAHM K cleflyioweit Tabauue, yka-
3bIBAIOILE YHCJIO MPOEKTHBHBIX MHBAapHAHTOB B TOYKe P TKa-
HH QB, MOPSIAOK KOTOPHIX HE MpEBLIIIAET A:

IMopanok . . . 1 2 3 4 5 6 7 8 9
Yucao HHBapHaH-
TB . ..... 0 3 6 9 12 15 18 21 24

Urak, Mbl, Mo-BUAUMOMY, UMeeM B CBOEM pacnopsiKeHHH
JIOCTaTOYHO NMPOEKTHBHBLIX HHBAPHAHTOB JI0 BOCBMOro MOPsifKa
BKJIIOYHTEJIbHO AJISI TOrO, yTOObI COOTBETCTBYIOLIHE TOMOJOTH-
YeCKHe WHBAPHAHTBHI TKAHH YW MOTJIH NMPHHUMATH JioOble 3HA-
yenusi. OHaKO, HauWHAs C MHBADHAHTOB JEBATOro IMOPs-
Ka, 3TO nepectaeT OuiTh ChnpaBefJuBbiM. [lo3TOMy MOXHO
OXHJATh, YTO YCJIOBHE CNPSMJAEMOCTH TKaHH BHIPa3HTCH
JHIb Yepe3 NMPOWU3BOAHbIE [AeBATOr0 MOPSAAKA OT (QYHKIHH
TKaHH.

Gyuxknuio W Haweilt npsAMonHHeNHOH TKaHH W Mbl MO-
¥eM CYMTATb PaBHOIl *)

W (w1, w2, ws) = ¢; (w)) sin vy + ¢, (w.) sinv, +
+ s (ws) sinvg, (17.7)

*) To ectb
cosuy sinu; ¢,
W =| cosug sinug cg,
cosug sinug ¢y

(cp. (11.2)).
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rae

vl=u3—u2=%‘5+w3—w2,
2r
Ug= Uy —Ug = -3—+ w1 — ws, (17.8)

2w
03=u2ru1=—?)-+w2—w1-

Torpa B cuny dopmyn § 9 us pasnoxeuuss (17.4) aas Tou-
KH P TKaHH QB cJjeflyeT, HanpuMmep:

8
m(fx-l- ra+rs), (17.9)
8

k],-_— -9—[2(53—52)+2V§(f2—f3—2f1)+

k=

+6(r2—r2) (17.10)

H aHaJIOrHYyHble BbIDAXKEHHS AN HHBApHAHTOB ks M k3. YKe
OTCIOld BHJHO, YTO CHCTEMa YPaBHEHHH JJi BblpaxKeHUS
NMPOEKTHBHEIX MHBAPHAHTOB Yepe3 HHBADHAHTHbIE MPOU3BOJ-
Hble KPHBH3Hbl £ sBJIsSleTcs He JHHEHHOH H OYeHb CJIOXKHA.
* Takum o6pa3oMm, Henmocpe[CTBEHHOE HaXOXJAeHHE YCJOBHI
CNpSIMJIEHHOCTH TKAaHH mNpeAcTaBjsiercsi GesHajexHbiM. He-
CKOJIbKO GoJiee JOCTYIHBIM KaMKeTcsl JOKa3aTeJbCTBO CJelyio-
IEro TpeAnoJoKeHuss 00 OAHO3HAYHOCTH, BLICKA3aHHOTO
I'ponBassiom (F. H. Gronwall, 1877—1932) B 1912 r.: Ecau
HewlecmuyeoNbHaA MKaHb AW CAPAMAAEMaA, MO monosozuye-
ckoe npeobpasosanue, nepegodauee A 8 NPAMOAUHEUHYIO
mKanb, onpedeasemcs, C MOYHOCMbI0 00 NPOeKMuUEHO2Q npe-
06pa308anus, 00HO3HAUHO.

Jns  1ecTHyroJbHOH TKAHH 3Ta OAHO3HAYHOCTb HMeeT
MEeCTO He BCerja, Tak KaK Mbl 3HaeM, 4TO NOAOGHYIO TKaHb
ob6pa3syloT KacaTe/ibHble K JIIOGOH KpHBOH TpeThero KJacca,
a Bce KpHBble TpeTbero KJacca He SBJSIOTCH IPOEKTHBHO
SKBHBAaJIEHTHBIMH (OHH HMEIOT HETPHBHA/bHbIE TPOEKTHBHEIE
uHBapuanthl). Boab (G. Bol) u Bopyska (O. Borivka) noka-
3aiu B 1938 r., 9TO YHCJO MPOEKTHBHO Pa3/IHYHLIX peasin3a-



§18] KOMIIJIEKCHBIE ®OPMbl NT®AGPA 63

LA HelwecTHYrosbHOA TKaHu < 16. YMeHblueHHIO 9TOH SIBHO
3aBLIIEHHOA OLIEHKH MellaeT YyBeJHYHBallHiics 006beM BhI-
ydcaeduit. Takum obpa3oM, STH 1npoGaeMbl HOMOTpadHH
SIBJSIIOTCSl MpHMepaMH BOMPOCOB, KOTOPbIE TEOPETHYECKH He
CJIOXKHBI, HO (PAKTHYECKOMY PELUEHHIO KOTOPBIX MPensiTCTBYIOT
BBIYHCJIHTENIbHBIE TPYAHOCTH.

§ 18. Komnaekchbie dopmbl Tdadda

[o cux mnop Mel 3a3jaBald TKaHp QB B ofuleM cJyuae
tpems dopmamu Ildadda o; Takumu, uyTo ypasHeHHs o; = 0
onpefiesIsliM TPH CeMeHCTBA KPHBbIX TKaHH. PopMbl 3; HOpMH-
pOBa/IHCh YCJIOBHEM

01+02+03=0; (18.1)

NpH 3TOM OHHU ONpeAenasiTUCh He OAHO3HA4YHO, a JIHIIbL ¢ TOY-
HOCTbIO 0 NMEPeHOPMHPOBKH

o) = L. (18.2)

BmecTo 3THX Tpex BelecTBenHbix ¢opm [I¢adda ana MHOrHx
3afau lesecoo6pa3HO BBECTH JiBe KOMNAEKCHO-CONPANCEH-
Hoe gopmor Tlgpagppa <, <. IlycTb ¢ — NPHMHTHBHBIA KOpPEHb
TpeTbeH CTemeHH H3 eHHHLbI

c= g (—1+iY3)  @=—1) (18.3)
NpH 3TOM, OYeBHJHO,
e8=1, e2+:+1=0. (18.4)
Cnpenennm Temepb komnuekcHnie ¢opmbl Idadda t, <
paBeHCTBaMH :
T = g1 + 0, + 22q3,
PR (18.5)

T=0q + %55 + 2ag.
O6patHo, umeeM

Bor=1t4r1, 3op=-e2t+er, 303=-ct} e (18.6)

ITycte f— BelecTBeHnast ckansipuas ¢yHKuHs, 3a[aHHas
B oOnacTH peryasipiocTd & Tkanu QB; passoXHM MOJHBIA

Rudpdepenunan df no dopmam t,
df = f'~ + f*=. (18.7)
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OTuUM TOXK/IECTBOM ONMpeleNsioTCsi HOBBIE KOMIIJIEKCHO-COMpsi-
*KeHHble npou3BoAneie f’, fX or ¢ynkunu f. CpaBunBas (18.7)
¢ cooTHowendeM (7.5), HalileM WX CBSI3b C BBeJleHHBIMH pa-
Hee NpPOM3BOAHBIMH TKaHH

akfsz;
yuutbiBas (18.5), monyuum
fi=01f =(2—&)f + (e—2)f",
fo=0af = (1— ) [ + (1 —e) %, (18.8)
fa=0sf= (== 1) + (& —1f,
H, o6paTHo,
3f = —efy + 2y = —fs+ fr=— 2f + f2 ; (18.9)
3fx=_'2f2+5f3=—f3+52f1=—5f1+f2.
HJIH
SE—IN =t St b } (18.10)
3(e— N = hu++ha+ o
1l MOBEPXHOCTHOrO 3JIeMeHTa
Q =[0132]

Mbl HafiieM B cuay (18.5) HoOBoe Bhipaxkenue

- =3V;§[-.:.]. (18.11)
Ecan mMbl nosoxum
di= HQ, d= HQ, (18.12)
to u3 (18.5) u (7.1) 6ynem umeTb
H = h1 4 ehy + =2hg,
H = hy + €2hy + ¢hy; (18.13)

OTCloJ1a
3h1=H+H7 3h2='2H+Eﬁ, 3h3= EH+€2H- (18.14)

Jlst cBA3HOCTH 7 Mbl NMOJyduM B cHay (8.4)

_—cl
1 = S5 (Hx—H?). (18.15)
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Y, wakoHell, KpHBH3HA k BhIpasutcs B chay (8.7), (18.11) u
(18.12) rak:
=—H —H*. (18.16)

OtMeTuM eule, Kak mnpeobpasyloTcsi BeauuHHbl /1 mpu
nepesopmupoBke (18.2). Hs (18.13), (8.3) u (18.10) mml
HalijiemM

H*=g{H—3(e—e2)%},

, : (18.17)

H* H - g !
H =g[H—3(=2—e)—,.

g) |

§ 19. «Bpaumenue» TKaHu

®opMyabl § 18 mo3BosSIOT MpoOCcTO oOnUcaTb TaKHe Tpe-
o6pa3oBanHs 18 -> 2* TkaHW, NpH KOTOPHIX KaxAas TOYKa
o6aactH ® ocTaeTcsi HemOABHXKHOM, a BBIXOASIIHE H3 Hee
HanpasJ/leHHsl TKaHH MOBOPAYHBAIOTCS HA MOCTOSIHHBIA yroJ v.
IIpu 3ToM yroa v u3MepsieTcsl B «raycCOBOH MeTpHKe», KO-
TOPYIO MOXHO BeCTH Ha IV C MOMOLILBIO MOJIOKHTENBHO Onpe-
NesleHHOH KBaJpaTHYHOH (OPMBl («3/1eMEHTa JAYyrH»):

ds? = oF + o3 + o2 (19.1)
HJH
ds2=—2(0203—{—33:1-}—3132):—32—::.. (19.2)

[Tpoussenenuss dpopm INdadda 3nech He Kochle, a OGLIKHOBEH-
Hbie. K 3Toit «MeTpuke» Mbl eie BepHeMcs nosxe (§ 22).

B merpuxe (19.1) KpuBble TKaHH mNepeceKaloTcsi MOA PaB-
HbIMH yrjiamd, paBHbMH 27:3. B caMom gene, Mbl HmeeM

ds? =2 (5% + 5,95 + o3) (19.3,

H yron w Mexay JByMsl HanpaBJIeHHSIMH 6; H o; omnpeenuT-
¢ dopmyJion

2610} + 0105 + 930 + 2359 (19.4)
2V Foont Vol Loiopton:
9i+o10;+ 02V o1 +o193402

cosw =

5 B. Baamxe
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Ec/H Mbl IOJIOXKHM 67:0; = 1:0 H o to,=0:1, TO MOJY9HM

1
cosw = 5, (19.5)
4TO H TpeboBaJOCh JOKa3aTh.
O6paTHO, 3THM CBOACTBOM NepecedeHusi JHHHA TKaHH MOJ
paBHBIMH yrjamH MeTpHKa (19.1) ompemensiercss OfHO3Ha9HO
C TOYHOCTBIO O MepeHOPMHPOBKH

0

%2 _ ds?

ds** = ek

OToi mepeHOPMHPOBKe OTBeyaeT KOH(OPMHOe OTOGpaxKeuHe

COOTBETCTBYIHX METPHK. TO, 4TO TKAHH MOTYT OBbITh HCIOJIb-

30BaHbl JUI1 MEXaHHUeCKOH HHTepnpeTalHH KOH(POPMHOro

otobpaxenHsi, 3ameTH1 Puucrtepsanpiep (S. Finsterwalder,

1862—1951) ewe B 1899 r. *).

Hcnonbzys dopmel Ildadda <, =, «Bpauenner T - Fi*

TKaHH MOXKHO 3ajaTb (opmysamu **):

(19.6)

™=, =g, '

L - (19.7)

T =r3*, 1=r*, ,

rae r — MOCTOSIHHO® KOMILJIEKCHOe YHCJIO, MO MOAYJIO paBHOe
elIHHHLe:
r=eée', v=uv, rr=1. (19.8)

*) PaccMOTpHM Ha NJIOCKOCTH TKaHb, JIHHHH KOTOpOH B KaxXIo#
TOYKe NepecekalTcs NoA PaBHHMH Yyraamu B 120°; B TakoM chayuae
MeTpHKa N.0CKOcTH GyneT umeThb BHA (19.1). ITpou3sBosbHoe mpeoGpa-
30BaHHe NMJIOCKOCTH, NMepeBOjsllee Hally TKaHb B aHAJOTHYHYIO «paB-
HOYTOJIbHYIO» TKaHb, JOJXKHO SABJATbCA KOHGOPMHBIM; 3To 06CTOS-
TEJNBCTBO H GBIJIO HCNOJBb30BAaHO (PHHCTEPBAJbIAEPOM.

2 _
**) Tak Kak ds*:g 1T, TO Yron MexXJy ABYMS HanpaBJIeHUSIMH,

OTBEYaIOWHMH 3HAYEHHAM T, T M T/, T KOMMJEKCHHX ¢dopm Ipadoda,
MOXHO ompeleanTb $opmy.Jof

2 4 23!
2V = Vr

OTKyAa ClelyeT, YTo ecau =’ ==rz, r=el’, To

CoOS W =

cosfﬂ=~é—(r+?)_= cosv, ®=u.
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Torpa B cuny (18.11) GyneM HMeTb

=g (19.9)
u nostomy B cuay (18.12)
H*=rH, H*=rH. (19.10)

Orciona # u3 (18.15) caepyer, uTo CBS3HOCTb | NPH HalleMm
«BpallleHHH» OCTaeTcs HEH3MEeHHOH:

*=1. (19.11)
M3 paBeHcTBa
dy = kR
B CHIy MHBapHAaHTHOCTH BeNHYHH y M & cjellyeT, HaKOHel,
YTO KPHBH3HAa k TaKXe COXPaHsIeTCs MPH «BpalleHHH» TKaHH:

k* = k. (19.12)

§ 20. Mapaaneavtoe nepenecene Keabsuna — Jlesn-Yusnra

Touke P Tkauu 28, sexauieil BHyTpH ero obsaacTd pery-
JsippoctH &, MOXKHO COMOCTaBHTL € MOMOIIBIO BBEleHHbIX
B § 7 auddepeHuHanbHbHIX OMepaTopoB J; «CONpPOBOXAAlOUIHE
Toukm» P; (j =1, 2, 3) Takum o6pa-
30M, 4TO KOOPAHHATHI X;, }; BeKTOpa

v, = PP, (20.1)

NOJIy4aloTCsl M3 KOOpAHHAT HCXOAHOH
TOYKH IMpHMEHeHHeM K HHM ornepa-
Topa 0;: -

X;= ajx, y,= aj y. Puc. 26.

P

Touka P; nexuT Ha KacaTelbHOil B TouKe P K mpoXopsiel
depes 5Ty TouKy Kpueoii cemeiictBa ©; Tkanm (puc. 26).
B cuny ycuaosus ‘

Oy 4 By + 35 =0 (20.2)
MBI HMEEM J1Si BEKTOpOB ¥,
0+ 0, 4 05 = 0; (20.3)

CJI€loBaTeNbHO, UCXOAHAs Touyka P ABjsieTcs LEHTpOM TH-
)ﬁ(ec'm CBOEro «COMpPOBOX/AIOUIETO TpeyroiabHHKa» P; P, Pj.
POH3BO/IbHBIA BEKTOp T, BLIXOAAIIHH U3 TOUKH P, MOXeT

5‘
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ObiTb OAHO3HAUHO npeacTaBJien B BUAe

W = w171 + W, V2 + W3 U3, (204)
ecli NoTpeGoBaTh, YTOGE KOI(HUHEHTE @, YNOBJIETBOPSIH
YCJIOBHIO

w; + w; + w; = 0. (20.5)

[Tpu nepenopmupoBke (7.23)
0 = g9

/

Mbl NONy4HM B cHay (20.4):

W) = —. (20.6)
g

Juddepesunanphplii onepatop (12.2) ans MHBapHaHTOB Beca
p = — | npusumaer BUA D = d — y. [loaTomy, ecnu Mbl mo-
TpeOyeM A/ BeKTopa W, KOTOpbI 3aiaH BJOJb HEKOTOpPOM
KpuBo#i €, mpoxonsuie yepes Touky P, uToOBI BAONB 3TOH
KPHBOH BbINOJHANHCL YCJOBHSA

Dw;=dw;—w;y=0 (20.7)
HJIH
dlnw; =7, (20.8)

TO 3TH YCJIOBHSI He GylyT 3aBHCETb OT HOPMHPOBKH. [lanee,
u3 (20.7) cnepyer, uto

d (w1 + wa + ws) = (w1 + w2 + ws) 7, (20.9)

Tak u4To cooTHoweHHe (20.5) npH 3TOM coOXpaHseT CHJY.
Takum of6pasom, ypasHenus (20.7) uau (20.8) onpepensitor
«mapaJjijieJibHoe TepeHeceHHe» BEeKTOpa W BAOJAb KpHBOH €
B obnacth ®.

Tak kax
w,; w,dw,—w,; dw w,Dw,— w.Dw

d—L =2 % BT U7k _0, (20.10)
We We We

TO OTHOLIEHHS] W;:W:Ws NPH 3TOM MNEpeHeCeHHH OCTATCA
Heu3meHBbIMH. [l03TOMY COBOKYMHOCTb KOHILOB BCEeX BEKTO-
POB, BBIXOASI{HX H3 TOYKH P, IpH 3TOM NepeHeceHHH BJOJb
KpHBOii mpeoGpa3yercst apUHHO, MPHUEM TaK, 9TO KacaTelsb-
Hble K KPHBbIM cemeficts ©;, npoxoAswHm uepes P, mepe-

o
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XOJAIT CHOBA B COOTBETCTBYIOULHE KacaTeJbHble; CJIEloBaTeb-
HO, ABOHiHOE OTHOLIEHHE YeTHIpeX HalpaBJieHHH

PPy, PPy, PPy, w

ocTaeTcsi HeH3MEHHBIM; MO3TOMY TIepeHeceHHe HanpasieHull
pekTopoB He 3aBuCHT or nytH C. Muaue obetout peso
¢ daunoli | BeKTOpa, KOTOPYIO 3JleCh €CTeCTBEHHO ONMpeAeJIHTh
¢opmyioi

12_—_wf+w§—|—w§- (20.11)

B cully NMOCTOSHCTBA OTHOLUEHHH w):W:w; ANUHA MepeHo-
cHMoro BeKTOpa OyJleT paBHa a,w;, rAe a; (j=1, 2, 3) nocTosiH-
HO, MO3TOMy AJS TOro, YTOOBl AJHHA / TaKxe OCTaBaJiach
MHBapHaHTHON, Hallo, uToObl dw;, a cJefioBatesbHo, H dInw;
6110 MOJHBIM AHGdepennuasoM. B cuny (20.8) orciona cae-
RyeT, 4to H ¢opMa 7 Toxe OyAeT INOJHbLIM AupdepeHiHa-
JIOM, @ 3TO O3HauaeT, YTO HAlla TKaHb JOJXKHA ObITb ILECTH-
yronbHoll. Takum o6pa3oM, nepexecerue 8eKkmopa re 3a8ucum
om nymu € moabko 8 cayqae ulecmuyeonbHOl MKAHU.

Ilopo6GubiM ke oOpasom Oblio BeefleHo B 1867 r. Keab-
BuHOM (Lord Kelvin) u B 1917 r. JleBu-Yusura (T. Levi-
Civita, 1873—1941) napannenvHoe nepeHecenue AJsl cJaydyas
pumanoBoii reoMerpun. CxofjHble cooGpaxeHHst omyGJHKOBaJ
B 1917 r. I'eccenbepr (G. Hessenberg, 1874—1928). Hdansb-
HeHIHMH 0000meHHsIMH Mbl 06si3aHbl B ocHoBHOM J. Kapra-
Hy, Y. A. Cxoyteny u TI'. Beiuo.

§ 21. Ananor onnoro 3ameuanus 3. depmu

Ecau Tkane W sasnsiercs wectHyrosnsHodd, 1o (§ 8) ee
CBA3HOCTb | OyAer mMoJHbIM AHbGepenunanom. B stom cay-

Hae HOPMHDYIOIHA MHOXKHTENb g MOXHO ONpefeSuTh U3
ypaBHeHuUs1

1=dlng, @1.1)
T. €. TMOJOXHTb

B 3TOM ciydae u3 (8.5) mbl mosyuum

1*=0.
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Ecan = —BBeflennas B § 18 komniaekchass ¢opma Ildadda,
TO corsacHo (18.5) u (6.5)

= e, (21.3)
[Tpu sToM ¢opma <* Takke SBHTCA NOJHBIM AH(epeHLHa-
JoM *):
™ =dz =d (x + iy). (21.4)
CaefloBaTesibHO, HHTErpal
z=|e "< (21.5)

onpefieIMT otobpaKeHHe HAllleil TKAHH HA rayCccoBy MJOCKOCTb
KOMIJIEKCHOTO MNepeMeHHOro z; NpH 3ToM B cuiay (18.6) ce-
meiictea ©; nuHHA TKaHH OTOOPa3fATCs Ha TPH cemeficTBa
NPAMBIX

dz+dz=0, e?dz+edz=0, edz+:2dz=0 (21.6)
. _
=const, x— )3y =const, x+V3y=const. (21.7)

Takum 06pa3oM, Halld LIECTHYTOJbHASA TKaHb OTOOpa3uTCs Ha
NpPaBHJBbHYIO TKaHb (§ 2).

ITycTe Tenepr QB — npou3BosbHAs TKAaHb C 06GJacTbIO pe-
ryaspuoctd ®; € — HezaMKHyTas raajkasi Kpueasi 6e3 Kpart-
HbIX ToueK. Toraa Mel MOKeM BJOJb KPHBOH & BBIUHCJHTH
HHTErpasn

n

j =Ing. (21.8)

[TpoBoasi HopMHpoBaHHe NPH MOMOULH Hali/leHHOTO TaKHM
00pa3oM MHOXHTesns g, Mbl moayuum ¢opMmy y*, obpamiaro-
uytocss B Hyab Ha KpuBoil €. Ilpeamonoxum, uto € nurge
He KacaeTcsi KpHBLIX cemeiicTBa €; Tkanu . Tora Mbl MOXKeM
TOYKH P HEKOTOpOil OKPecTHOCTH KpHBOH (€ MOKpHIT KpH-
BbIMH ©, mepBoro cemeiicTBa, MPOXOASUIHME 4epe3 TOYKH Q
kpuBoit €. IlocTaBHM Temepb B COOTBETCTBHE TOUKe P KoMmi-
JIEKCHO® YHCJIO

q P
T T
—SE+SE' (21.9)
P, Q

*) B cuay (18.12), u6o u3 (18.15) BriTekaeT, 4TO paBeHcTBO y=0
BaeueT 3a co6oin H = 0.
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rje MepBhlii HHTErpaj; Gepercst Mo KpPHBOH €, a Bropod —no
©, (puc. 27) u GyHKIHST g OnpejejieHa B paccMaTpHBaeMOH
OKpPEeCTHOCTH ¢dopmyJion R

Ing(P)=Ing(Q )) 1.

Tax kak ¢opma 7* obpaiiaercsi B HyJb B Kax(“uoﬁ Touke Q
kpusoit € s BYX pA43JHYHBIX HaMpaBJeHHH H, CJe/oBa-
tenbHo, 6y/leT paBHa HyJt0 B Q AN BCeX HAMpaB/eHHH, TO
na stoli KpuBoit h; = 0. ITosToMy ortoGpaxenne (21.9) Tka-
HH 9B HA 2Z-MJIOCKOCTb Mpel-
cTaBJsieT TKaHb, KOTOpas
BloJb obpas3a €* kpusoi €
C TOYHOCTbIO [0 MPOH3BOA-
HBIX BTOpPOrO MOPSIAKA CO-
BMajaeT ¢ NPaBHJbLHOH TKa-
uoto. Ilpn 3TOM MBIBHZIHM,
yTO oToOpaxenue (21.9) nos-
BOJISIET COMOCTABHUTL JoGoi
auHun € obaacTH peryssip- Puc. 27.

HocTH & TKaHH B amHHIO C*

2-MJIOCKOCTH TakHM 06pa3oM, 4To 06pa3 IW* TKaHH W COBMajaeT
B OKPECTHOCTH BTOPOro nopsiika JUHHH G* c mecTHyroabHo#
TKaHbl0. Kpupasi €* onpegensiercsi 0HO3HAYHO ¢ TOYHOCTHIO
Ao mpeo6pa3oBaHus MOJOGHSA

z2=z¢ckaz 4 2, (=1, £=1,2,3 a=a).

10T pesyabTaT cXofleH ¢ OAHMM pe3yabtatom Pepmu
(E. Fermi), otHocsimumes k 1922 r., koTophiii Kaptan ucrodib-
30BaJ /11 0GOCHOBAaHHS PUMaHOBOK reoMeTpHH *). B cuay (21.9)

*) Teopema depmu yTBepxkIacT, YTO B PHMAHOBOM NPOCTPAHCTBE
MOXHO BBECTH e6Kaudcey METPHKY TaKylo, YTO BHOJb J11060i Hamepen
3a1aHHOH KPHBOH KO3PPHUHEHTH £ij €BKJIH/I0BOI MeTpHuecKoH (opMmbl
H UX nepBble NPOH3BOAHbBIE 6y T TAKUMHU e, KaK H B pacCMaTpPHBaeMOM
PHMaHOBOM mnpocTpanctse, APYTHMH CJOBaMH, YTO CYILECTBYeT eBKJH-
AOBO NPOCTPAHCTBO, conpuKacawoujeecs ¢ PHMaHOBBIM NPOCTPAHCTBOM
BJIO.Ib lanHOM KpHBOii. [Ipu 3TOM nepeHeceHHe BeKTOpa BAOJb KPHBOI
PHMaHOBa mpocTpaHcTBa MOXHO OMNpeleaHTh Kak napa.ienbHoe nepe-
HECeHHE B OGLIYHOM CMbiC/IE BEKTOPA CONMPHKACAIOUIErocs eBKJHA0BA
fpocTpancrea. [lo stomy nosomy cM. 3. Ka pTaH, eomeTpus puma-

HOBHIX NpoctpaHcrs, M. —JI., OHTH, 1936, ra. IV, B uacTHOCTH,
ctp. 100.
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napajsieJIbHOMY NepeHeceHHio BoJb KpHBoi & cooTBeTCTBYET
3JIEMEHTapHOe MapaJJjesibHoe NepeHeceHHe BROJb KpuBoi C*.
Takum o6pasoM, § 21 ykasbiBaeT reoMeTPHYECKHH CMBICJ
napasjesbHOrO NepeneceHus, onpefeneHsoro B § 20,

§ 22. Tkanu u KoHPOPMHble 0TOGpAKEFHA

BepHemcs eme pas k BBefeHHO# B § 19 rayccoBoli meTpHKe

ds? = oF + o2+ o3 =%:¥ (22.1)

TKaHH Q8. POPMEI <, T OTJIHYAIOTCA OT MOJHBIX JH(GepeH-
L(MAJIOB HA HEKOTOphie CKa/sipHble MHOXHTeNH a, b:

t=adp, <=bdg, (22.2)

H Mbl MOXKeM CUHTAaTb 4 H b, TaK Xe KaKk p H ¢, KOMIJIEeKCHO-
CONPpSIXKEeHHBIMH BeJIHIHHAMH. )
Tak kak

[x7] = ab [dp dq], (22.3)

TO MBI MOX€M Telepb BMeCTO X, )y BBeCTH B KauecTBe HOBBIX
HE3aBHCHMBIX NEepEMEHHBbIX BEJHYHHBI P H ¢ H MNOJIOXXHTb

a=a(p, q), b=0b(p q). (22.4)

Bennunnel p U ¢ onpefensiOTCS HJIH NPH MOMOUIH PaBEHCTB
(22.2) unu paBeHcTBaMH

[tdp] =0, [tdg]=0. (22.5)

Mbl Tenepb MoxeM OTOGPa3HThb HAlly TKaHb QB HA raycCOBY
NJIOCKOCTb KOMIIJIEKCHOTO IePeMEeHHOr0 p B HEKOTOPYIO TKaHb
Q®*, KoTopass B cuay § 19 aBHTCA «paBHOYroJbHOM» *). DTa
paBHOYTOJIbHAasi TKaHb QB* onpefiesisieTcsl OLHO3HAYHO C TOY-
HOCTbIO 10 KOHGOPMHOro OoToOpaxeHHs

p*=Ff(p), (22.6)

rie [— aHanuTHYeckas (YHKUHS KOMIJIGKCHOrO TMepemeH-
HOTO p.

*) B cuay (22.2) meTpuka IVIOCKOCTH KOMIIEKCHOTO MepeMeHHOro
ds* = dpdp = dp dq xkonfopmHO cBSI3aHa ¢ MeTpHKOH (22.1).
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Kpusble nepBoro ceMefictBa ©; TKaHH QB* 33JAOTCH
ypaBHEHHeM

36, =t47=0, (22.7)

a KpuBble ABYX Apyrux cemeiictB €, u ©; nonyvaorcs u3 &,
NPH MOMOILH paccMoTpeHHoro B § 19 BpauleHHs Ha yrJH
2r:3 u 4n:3. OTtcloga caenyer:

Hsyuenue kpusosuneidnoli mkanu B, 3a0aHHOL ¢ moy-
Hocmbio do «monoaoeuseckux» npecbpasosanuti (0.1), cosna-
daem no cywjecmgy ¢ konGOpMHOU eeomempuetli cemelicmea
Kpusblx

u (x, y) = const. (22.8)
lllecmuycoabHbIM  MKAHAM NpU SM0M Oméeqdrwm uzomep-
MudecKue cemericmea Kpuevlx, 048 KOMOPbIX PYHKYUA U MO-
acem Goimb 6bibpana mak, 4mo *)

o%u | 0%u

3 4+ ke 0. (22.9)

*) Ecan cemefictBo aHHHA G, 3anaHo ypaBHenuem (22.8) (x, y—
NpAMOYTOoJbHbEE ACKAPTOBH KOOPAHHATH), TO

du du
o =du=7 di+t 5 dy=p dx+qdy;

npu 3toM ¢opmu I1padda cemeficts kpuBux Gp H Gy, 06pa3yoWHX

' T
C KPHBHIMH ceMeficTBa G, yriam 3 # 3, 3anHmyTcA B BHAE

(o s (e D)o
1

e
0y = Y2 q)d ——gqg—-r= dy,
3 ( + 2 q)dx+ 3 q D) Y
B COOTBETCTBHH ¢ (6.4). [ToBepXHOCTHBIf 3/leMEHT TKaHH NPHHHMAeT BHA

V3
Q=[o0] = 5 (p* + %) [dx dy].

Anpdepenunpys BHewnuM 06pasom GOpME o; H HCMOABIYS BHIH-
CaHHOe BbipaxkeHHe Aans Q, Haiijiem H3 (7.1)

_ d’u  0d%u ou\* | Odu'?
neo bm == 53| + 3=
B cuny (8.4) ceasmocts y Tkamu npumer Bua 7= h du. Jlaa Toro,

YTOGhl paccMaTpHBaeMasi TKaHb GbiJa LIECTHYTONbHOR, HEOGXOAHMO H
AOCTaTOYHO, YTOGH Qopma y O6naa noaHuM Aud¢epeHuHasom, T. €.
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[Tpeo6pasyem HeckoahbKo Hawy meTpuky (22.1), nonaras
ds® =<t = abdpdy. (22.10

[Tpu nomomws ¢opmy.1 BHyTPeHHEll IeOMETPHH NMOBEPXHOCTEH,
KOTOpOH Mbl B OCHOBHOM 00si3aHbl [ayccy (1827), BbIuHC/IHM,
HCXOAf U3 (22.10), reofe3nyeckue KPUBH3HLI C; KDUBBIX TKaHH,

NPOXOAfILIUX Yepe3 OAHY TOUKY; MpPH 3TOM HaiijeM

cit+eca+c3=0 (22.11)
H
P SR SRS =:§—HI7 (22.12)
WM TAK XKe
¢+ b+ l‘3=——(h1+ h3 + h3). (22.13)

KpHuBbie TKaHH onpejensioTcsl ypaBHEHHEM
a®dp®+ b%dg® = 0. (22.14)
[MoBepxHOCTHHI 3JieMeHT 2 COBMajaeT C TOYHOCTbLIO 10 YHC-

JIOBOI'O MHOXKHTeJISl C 3JIEMEHTOM MOBEPXHOCTH Hallell METPHKH
(22.10). [dnsi KpHBH3HBI TKaHH W Mbl MOJYYHM

2
S 1 & @ (22.15)

k= 2—: ab dpog b’

B To BpeMsl KaKk rayccoBa KpuBu3Ha K wmetpuku (22.10)
HMeeT BHJ

K == 1l % Inab (22.16)
~ ab dpoag ’ )
M HBapuaHTHBIM OTHOCHTEJBHO HOPMHDOBKH 3JIeMEHTOM AYIH
6yner Beipaxenue (npu k> 0)
ds? = k. (22.17)

4TO6H OnyI0 [dh du] = 0. [ToatoMy h 3aBHCHT TOJILKO OoT U H, 3HAUHT,

d%u
St =t () +1G)
Tenepp nocratoyHo nepefiTh or QyHKuHH 4 (X, ¥y) K OYHKUHH
| V) du du, sapaiomeli To Xe cemeiictBo G; KPHBHX, UTOGHI

u* =
npuitty K ypasuenHio Jlannaca (22.9).
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§ 23. O aydwed HoMOrpamme

Ecan cMOTpeTh HAa TKaHb C TOUYKH 3PeHHsS HOMOrpacdHH, TO
BCTaeT BOMPOC O «JayylleH peasH3alHH» TKAHH, 3aJaHHOH ypa-
BHeHHeM W (41, s, us) = 0 B cBoeil 06n1acTu peryasipHocTd ®.
ITpu 3TOM «KauecTBO» 3TOI peaJiH3aLHH HYKHO XapaKTepH30BaTh
reoMeTpHuecKH. MoOXHO mpexje Bcero norpe6osath «pPaBHO-
yroJIbHOCTH», TAK KaK B CHJIy 3TOrO BCe YI/bl TKaHH GyAyT
paBHBl 27 :3 H TaKHM 006pasoM HCKJIOYAIOTCS CEYeHHS O]
MasbiMH yraamH. ITocsie aToro octaercs elie OTKPBITEIM BONPOC
O HOPMHPYIOILIEM MHOXHTeJIe HJIH O KOHHOPMHOM OTOOpaXKe€HHH
TKaHH. Ero MOXHO HCMonb3oBaTth AN TOro, YTOOB MPHBECTH
K MHHHMYyMY HHTerpa.

I={(d+ a3+ (23.1)
®

IZe BeJHUHHBI C; O3HAYalT, kak W B (22.11), reosesnueckue

KPHUBH3HEI JMHHH TKaHH B Hawell merpuKe (22.10). dto0 npu-
BelleT K TOMYy, YTO JIMHHH TKaHH OyAyT «MaKCHMaJbHO pac-
npsMaeHe. OToi BapHalMOHHOH mNPo6GJIeMOH 3aHHMaJCH
Koabeuu (E. Kollwitz) B cBoeli ram6yprckoii AuccepTalHH
B 1930 r. B KauectBe ypaBHeHHs Oiiiepa 3Tofi mpoGJeMbl
nosyyaercsl ycJoBHe

K=0 (23.2)

— ofpauieHHe B HYJb rayccoBoii KpHBH3HBI (22.16) Hawe#
MeTpukH. Ilostomy «ayummass Homorpamma» MoXKeT OBITh
peasnu3oBaHa Ha eBKJ/IMJ0BOI M.JIOCKOCTH. B KauecTBe KpaeBoro
ycJoBHSl moJyyaercsi, 4TO BRoab rpanuub d® obnactu ®
JHHEeHHbIe 3/IeMeHTbI 6; cemeiicTB ©; J0MKHBI OBITh B OOBIYHOM
CMbIC/I€ MapaJiiesbHbl APYr K APYTy.

[TpakTHueckue npumepsl 3THX JayuwHx Homorpamm Koib-
BHLA Kak OyATO elle HHKTO He paccMAaTpHBaJl.

IMpsiMonuueiiHas peanH3auus («cnpsMJEHHe) TKaHH I,
KaK Obuio nokasaHo B § 17, BooGuie roBopsi, HEBO3MOXHA,
OJlHaKO, ObITb MOXeT, cymecrayer TaKasi MeTpHKa

ds® = A, ol + A, 02 + A333 (23.3)

C MOJIOKHTeNbHEIME A (x, y), 9T0 JHHHH ¢;==0(j =1, 2, 3)
Gynyt 2€00e3uUecK UM AURLAMIL TOR Me'rpmm Hawm kaxercs,
YTO 3Ta 3ajaya OTHOCHTEJbHO HeH3BecTHbX A, (x, )
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pa3spewmma. [leACTBHTeNbHO, TKaHb QB 3aBHCHT OT (QYHKLHH
= w (4, U) ABYX NepeMeHHBIX TOYHO TaK e, KaK H METPHKa
MOBEPXHOCTH, KOTOpas MOXeT ObiTb NMPHBEJIEHA, KaK MoKasan

laycc, K BHAY
ds? = du® + G (u, v) dv?. (23.4)

®onbk (O. Volk) B 1925—1927 rr. paccMaTpuBan 3ajauy
0 MOBEPXHOCTSAX, HA KOTOPHIX HMEIOTCS LIECTHYTOJIbHBIE TKAHH
M3 reojeanyeckux JuHHH. Hanpumep, 3TO BO3MOXKHO B CHJY
teopembl beabtpamn (E. Beltrami, 1835—1900), 1866, Ha
BCeX MOBEPXHOCTSX MOCTOSHHON KPHBH3HBI, TaK KaK Kax/aas
Takas TMOBEPXHOCTb MOXeT ObITb «B MaJjioM» Teofle3u4ecKH
otoGpa)eHa Ha IJOCKOCTb, YTO O3HAyaeT, YTO ee reojie3H-
yeCKHM COOTBETCTBYIOT Ha IJIOCKOCTH MpsIMble JIMHHH *). Kaxk-
Jofl npsMONHHEAHOR INeCTHYroJbHOH TKAHH HA MJOCKOCTH
COOTBETCTBYeT reojile3nueckast ILECTHYroJbHAasi TKaHb Ha Mo-
BEPXHOCTH TMOCTOSTHHOH KPHBH3HEL. M HBapuauTHoe ycJioBHe
LJISi METPHKH, JAONMYCKAollell reo/ie3HyecKylo WeCTHYroMbHYI0
TKaHb, KaK MHe KaxeTcsl, eue HeusBecTHo (cp. J. Drach,
C. R. Paris, 1931 r.).

*) Cm., Hanpumep, B. ®. KaraH, OcHOBbl TeOpHH MOBepXHOCTEN
B TeH30pHOM wu3Joxennu, 4. II, M. —JI., Tocrexusnar, 1948, § 65.
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§ 24. dopwbi lpadpda Tkaned, 06pa3oBaHHbIX
NOBEPXHOCTSAMH

B naparpacpe 10 MBI yXe KpaTKO pacCMaTpPHBaJH HEKOTO-
pHle CBOHCTBa TKaHeli, 06pa3oBaHHbIX noBepxHocTsAMH. Cejiuac
MPUCTYNHM K HX CHCTeMaTHYecKoMmy H3yueHHio. B ob6mactu ©
MPOCTPAHCTBA C leKap TOBbIMH KOOP/IHHATaMH X, ¥, Z PACCMOTPHM
yeThipe ceMeiicTBa MOBepXHOCTEH, 3aJlaHHbIX MNPH MOMOLLH
ypaBHEHH i1

uj(x,,2) =u;=const (i=0,1,2,3), (24.1)

TakHe, 4TO uepe3 Kaxkayld TOuYKy P obnacti & mpoxomut
TOYHO OflHA TNOBEPXHOCTb KaXJAoro cemeiictBa H (hyHKIHO-
HaJIbHBIA OMpejlesUTe/lb aHAJMTHYECKHX B & dynkuui u;

a_(ujv uk! ul)

AJs MoObIX TPeX pa3JIHYHBIX 3HAYeHHH WHIKCOB j, k, [, mpH-
HuMmalomux 3uauvenus 0, 1, 2, 3. Mubl npeamoJaraeM, Kpome
Toro, o6Jacte © «BbIHyKJIOE'{» T. €. TAaKOH, YTO Kax1as JIHHHS
nepeceyeHHs noaepxaocren u;, u, = const (j + k) nepecekaer
3Ty 06J1aCTh MO CBSI3HOMH uyre

Beenem tenepp dopmbl Ilpadda s;, koTopbie oTaIHYaIOTCS
OT NOJHLIX JHbdepeHIIHaloB cpyﬂxuuu u (x, ¥, 2) ToJBKO He-

KOTOPHIMH CKaJIsiPHHIMH MHOXHTeNSIMU §; (x, y,2) # 0:
;= s;duy (24.3)

3TH MHOXHTEJH Sj Mbl BblﬁepeM TakK, 4TO
99 + =31 + -7 + Cg = 0 (24.4)
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AJis BceX ToueK X, y, z obisactH @ W Bcex HamnpaBJeHHH
dx:dy:dz. Torna ¢opmel 9, 6yAyT onpefesieHbl OJHO3HAYHO
C TOYHOCTBIO JI0 NepeHopMUpPOBKL

s (24.5)
0= — .
T
C MOMOILbI0 MHOXKHTEN g (x, ¥, 2) = 0.

Annapar, moctpoenHsidi B § 6 ans dopm Ilbadda or asyx
nepeMeHHbIX X, Y, pacrnpocTpaHdiM Ha ¢GoOpMBI OT Tpex Inepe-
MEHHBIX X, ¥, 2. MBI MpujieM K aJbTePHHPOBAHHOMY HJIH BHell-
HeMy MpOH3BeJeHHio JByX HaH Tpex ¢dopm [ldadda, nmopun-
HSIOLIeMYCS CJeAyIOLIUM MpaBHJaM:

[G‘E] + ['L'd] = Ov [Gl + T2, T] = [31 —”] + [02 T]v : (246)
[as, <] = a [o7]
H 15 TpPeX MHOXHTeJeH

[eBy] = [Bya] = [ya}] = —[vBa] = — [Bay] = —[«7B],
(9B, 11 + 7ol = [9371] + [aB7e], , (24.7)
[aaBy] = a[aBy].
Kpome Toro,
[[2B] ¥] = [aB]. (24.8)

Hnsa BHemmuero auddgepeHnHana mMbl MONTyYHM
d (pdx+ qdy + rdz) = [dpdx] 4 [dgdy] + [drdz] =
= (ry—q,) [ydz] + (p,—r,) [dzdx] +
+(q.—py) [dxdy]l (24.9)

d{aldydz]+ b [dzdx]+ c [dxdy]} =
= (a,+ b, +c,) [dxdydz]. (24.10)
Ocraetcs cnpaBejiuBofi W HHTerpanbHas Teopema (6.23)

(ds= o (24.11)
5 dg

H

Kak JJIs TOro cJyvasi, Korja & siBiseTcsi ONHOCBSI3HBIM KY-
CKOM MoBepXHOCTH B ob6sacTH & c rpanHueit d u ¢ — dopma
[M¢adda, Tak u Aas cayyas, Koraa § — nopobaactb obaactu &
¢ rpanuueit d§ M o-—pBHewmHAs ¢GopMa BTOPOH CTeneHH

o = a [dy dz] + b [dzdx] + ¢ [dx dy). (24.12)
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IIpH 3TOM rpaHHUB A CYUHTAIOTCS B OOLIYHOM CMBICJIE «OpHEH-

THPOBAHHLIMHY.
Bmecto dopm o;, CBA3aHHLIX COOTHoLleHHeM (24.4), mede-

coo6pa3Ho BBeCTH TPH JiHHeiiHO He3aBHcHMble dopmel [Ipadda
<;, Ompejie/isieMble CJeJYIOUMMH ypaBHEHHAMH:

G = + 1+ T2+ 1,

A=tnRT (24.13)
g = — 71+ T2 — T3,
g3 = — T} — T2 + T3.
Orciofa caefyer, uTo
2t =: 6y + 5, = — 0y — 33,
2ty = gy + 9y = — 03 — 3y, (24.14)
2t3 =9y + 93 = —0a;—9,.

Mbr npegnonaraem, uto B o5nactd & dopwmbl =; JHHelino He-
3aBHCHMBI:
[tit2t3] = # 0. (24.15)

§ 25. llepBbie HHBAPHAHTHI

BBesleM cokpauiennble 0603HaYeHHs [ BHEIIHEro Mpo-
H3BeJleHUs

[ %l = o (25.1)
%e + 7 = 0. (25.2)

Torna u3 npemnonoxenuss <+ 0 B obiacth & cieayer Jm-
HeliHasi He3aBHCHMOCTb DOPM To3, T35, T12. I103TOMY MEI MOXEM

Pa3NOXHTL BHelHHe Auddepennyasel dz; no hopMaM Tt:

rae

dx1 = p11%es + P12 ta1 + Pis Tiz,
dty = Po1 T3 + Doz T31 -+ Postiz, (25.3)
dts = pg1 T3 + P32 Ta1 + P33 Tra.

3ameTHMm, 4TO (hOpPMHI o; B CHJy HX omnpefeseHus (24.3)
YAOBJICTBOPSIIOT YCJIOBHAM HHTeIPHPYEMOCTH

[6;da;] = 0. (25.4)



80 TKAHH, OBPA3OBAHHBIE MNTOBEPXHOCTSIMH (rJi. 11

Ecan noacraBute B (25.4) Bhipaxenus (24.13) ans cdopwm
o, TO, yuuThiBas (25.3), monyuum B pe3yJbTaTe HeCJOKHOH
BbIKJIalKH

P11+ Pas -+ pss = 0,
Pir + Pr; = 0; j#Fk. } (25.5)
KpatkocTu pagu BBellem cirenyiouHe 0GO3HauEHHs ANS Dy
Pu=a;, P2 =az pPs3= Qs } (25.6)
Pes = by, ps1=0by, pi1z=bs
HMH
[t1dx] = aix, ..., [tsdt] =biT, ..., (25.7)

Tle TOYKH, KaK H paHee, O3HAYalOT KPYrOBYK MepecTaHOBKY
nHlekcoB. Torpa paBenctBa (25.3) mpHMYT BHI

d7y = aytas+ byt — batis,
dty = — bstas + a3 731 + by e, (25.8)
dts = by tes — byt + a3z,
npHuem B cuay (25.5)
a,+ as +az=0. (25.9)

Hanee u3 (25.1) umeeM, HanpuMmep,
To3 = [72 3]
H, CJIe0BaTeNbHO, BHeIIHHH AuddepeHunan
d7e3 = [dT 73] — [R2 d73). (25.10)

[Tpumensst (25.7) u mpoH3BeAst KpYroBylO MePeCTAHOBKY HH-
JIeKCOB, MOJYYHM

d‘fgg = 2b1 < d731 = 2b2 T, dTlg = Qba‘f, (25. | 1)
rae = onpeneasiercsi gopmyJoit (24.15).

§ 26. Kpupusnbi u CBABHOCTD

PaccmoTpuM, Kak NMpeoGpa3yioTcsl BBEJeHHble BhILUE BeJIH-
YHHBI a;, b, npH MepeHOPMHPOBKe

9, . . ik K
Ej, =2, u=4 T‘=E- (26:1)

.
9=
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[onubiii aupdepenunan df ckansipa f Mbl MOXKEM pa3JIOKHTb
o TpeM JHHEAHO HE3aBHCHMBI4 (popMav [papda <

df = frv1+ fate + fars (26.2)
W ompeleNuTb TAKHM 00pa3sov <HHBADHAHTHBIE NPOH3BOAHLIE
TKaHH:
0,f = (26.3
Tak kax aupdepenunan df He 3aBHUCHT OT HODMHDOBKH, TO
d; = go,. (26.4)
Hanee u3 (25.8) Mbl mojyyum

* * -
T _111123+b3‘531 — bat _

4= =
g g
_ Gt bag‘tal—bz Tz — 82 "12g;|" gsta1 (26.5)

rjpe

M3 (26.5) u ¢opmys, moayyaouuxcs OTCiOAa KPyroBoO# moi-
CTaHOBKOH, cJjie/lyeT HCKOMBIA pe3yJbTart:

a; = ga,, b; = gbj— g (26.7)

Bennuunbl a; sIBASIOTCS TakWM o6pa3oM HHBapHaHTaMu Beca
eIMHHIA, CBSI3aHHBIMH Mexay Co6Goi cooTHomweHHeM (25.9),
B TO BpeMs Kax b, npeoOpasyioTcsi TaK e, Kak CHMBOJIbI
Kpucropdens (7.1). Benuuunbl a; Ha30BeM «KpuBUIHAMU»
Hawed TKaHH'), a H3 BeqHYMH b, KOTOpble Mbl MO-Tpex-
Hemy OyleM HasblBaTh «cumeoramu Kpucmopgpzasn», obpasyem

dopmy Ildpadpdpa
1T=biti+ b2t bs1s, (26.8)
KOTOPYIO Ha3oBeM cesgnocmoto TKaHd. C momouwpio ¢op-

Mya (26.7) nafineM 3akoH mnpeoOpa3oBaHHsi GOpMBl | NPH
NlepeHOPMHPOBAHHH:

1*=1—dIng. (26.9)
1) MoxHo BBeCTH B paccMOTpeHHe HHBapHaHTHYio dopMy [ldadda .
e=ayt+as7e+ a7 (2=12%),

Ha3BaB ee «popmold KpUBU3HOI.
6 B. Baawke
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Ecau v; — KoOpAHHATH BEKTOpa HJH BEKTOPHOTO MOJs,
TO BHEUIHHI Auddepenunan dopmu Ilpapda

6=u;T, -+ Uyt + UzT3 (26.10)
B cuny (25.8) umeer Buj
ds = (Usg — Uss + @1 Uy — by Vs + by U3) Tes + ..., (26.11)

rlle TOYKaMH 0O6O3HayeHbl uJleHbl, MOJyyaeMble KDPYroOBO¥
NepecTaHoBKOH MHAeKcoB. EciH BekTOp v; siBJsieTcs «2pa-
OueHmoM» HEKOTOPOrO CKaJsipHOro MoJs,

s = dv, (26.12)

10 d3 =0, ¥ H3 (26.11) BoluHCAsIeTCS HECHMMETPHUYHAS YacTb
BTOPLIX MDOH3BOTH IX CKAaJSIPHOTO MOJA U:

Usg — Ugg = a, vy — b3 vz + ba s,
U3 — U3 = byv,+ azv,— by vy, (26~]3)
Vs — U2y = — by Uy + b1 Us + azus,

HJIH
030, — 0,03 == a,0,— b3 0+ b, 03,
0103—030; =  b30,+ a; 02— 0,10, (26.14)
020, — 0105 = — b0, + b1 0> + a3 0.
B ofuwewm ciyuae BeKTOpHOe MOJie ¢ KOOpAHHATaMH
rL==Ugpg— Upg + a0y — b3 s+ byus, ...  (26.15)

HrpaeT pojb «pPOomopa» BEKTOPHOTO mojs (vy, Us, Us). B uacr-
HOCTH, AJsl pOTOpPa BEKTOPHOTrO noasl (@i, @z, As) HMeeM
2
ry = aag——a23+a[—agb3 —{< asb2,... (2616)
Ecan Bmecto ¢opm Tdacdda <; otnpasasitecsi oT audde-

PeHIHaNbHEIX OmepaTopoB 0;, TO MOXHO ONpENeNIHTb BeJlH-

YuHb a;, bj, HCXOAs H3 coomomemm (26.14).

§ 27. YcaoBust MHTErpHPYeMOCTH

Pasnoxum BuewHuil Aud¢epeHunan dy CBSA3HOCTH Y
(26.8) mo dopmam <,

dy = c1723 + €3 a1 + C3 712 (27.1)
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¥ Ha‘izeMm ¢ momodibio (26.15) portop (c1, ¢z, Cs) HauUIero Bek-
TopHoro moasi (b1, be, bs):
€1 = bss — bz + a1 by,
C2 = b1z — b3+ as by, (27.2)
€3 == ba1— b1z + as bs.
Ecan Boo3uIe 3a71aHO BeKTOpHoe moje (@i, W, ws), TO IHD-
¢epeHLHpPOBaHHe BHEWIHed A1 pepeninanbuoi popMel BTOPOro
nopsiiKa
O =W T3+ W31 + W3ty (27.3)
B cuay (25.11) nmaer
dw = {w11+w22+w33+2(b1 [ + bzlﬂ)z—l- b3 ZQJ3)} T. (27.4)
[TosTOoMy MBI MOXeM paccMaTpHBAThb BhipaXKeHHE
W11+ Wee + w33 + 2 (bl w, + b w, + b3 w;:;) (275)

KaK «JuéepeeHyutoy BeKTOPHOro noas (w;, ws, ws). O6pa3oras
nonobHuie auBeprenuun d dt; dopm ds; (25.8), Ml monyuum
CJIEAYIOUIHE YCAOBUA UHME PUDYEeMOCMIL:
a1+ 2a, by + bz — be3 = 0,
Qse +2a3 by + b13— b3 = 0, (27~6)
ass+ 2as b3+ bay— by, =0,
rae

B cuny (27.2) stu ycsoBus HHTErPHPYEMOCTH MOXHO Ie-
penucarb Tak:

Aa2 "l" 273 b2 + Cq = 0, (27.8)

ass + as bs + c3 = 0.

M3 (26.9) crenyer, uto mpn mepenopmuposke (26.1)

au+aby+c=0, ,

dy* =dv; (27.9)
OTclona M u3 (27.1) u (26.1) BuiTexkaer, yto

6"
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§ 28. HHBapuaHTHbIE NPOH3BOJHbIE

C nomouplo CBSI3HOCTH Y MOXKHO NOCTPOHTh HH3apHAHTHbIE
AuddepeHnHanbEbie OnepaTopbl, aHAJOTHYHO TOMY, KaK Mbl
3To cpenann B § 12 ans naockoro cayuasi. Ilycts onsite
g —cKaJsgp Beca p, KoTopuliil NpH nepeHOpMEDOBKe (26.1)
npeoGpasyeTcsl Mo 3aKOHY

g*=g"q. (28.1)
O6pasyem nuddepeHnHanbHblil onepaTop

rie d o6o3nayaeT nonHbIH AuddepenHan, p—pec H Y —CBA3-
HocTb (26.8). B takoMm ciyuae Mbl 6yAeM HMeTb

D* g* = g* Dg; (28.3)

3TO PaBEHCTBO M O3HayaeT HHBApPHAHTHOCTb omepaTtopa D.
Ecan Mol nosioxxum Tenepb

Dg=qitu+qut+ quits (28.4)
M, Hanpumep,
¢ =dgq, (28.5)
TO NOJYUYHM
gi=g""q (28.6)

Ounddepeninanbusie oneparopsl 01, 01, 011 NepeBOAAT HHBA-
pHaHTHl Beca p B uHBapuaHTel Beca p + 1. Ilpu 3Tom

01 = 01+ pby, On=0;+ pbs, Our=0s+ pbs. (28.7)
Hanee, u3 (28.7) caenyer ’
01101 — 01 0u = {0z + (P + 1) ba} {01 + pbi) —

— {01+ (p+ 1) by} {0 + pb.}. (28.8)

[Tpumensis (26.14) u (27.2) n npousseiss KPyroByilo nepe-
CTaHOBKY HHJEKCOB, HaiifleM oTcloia

011011 — 0 0 = a1 01 + p {b3 011 — b2 0111 —c1},
01 0 — 011101 = @z 0 + p (b1 01— b3 01 —¢a}, i (28.9)
01101 — 01 0u =as0m~+ p{b:0, — b1011— c3).

WnBapuanTHole A eperunanbHbie oneparopsl d, A1, 01
NO3BOJIAIOT COKPAaTHTb HEKOTOPLI€ H3 paHee MONYy4YE€HHbIX
¢opmyn. BekropHoe mnose (vi, vs, us) Beca | MOXKHO onpe-
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genuth Kak B § 26. Toraa ans pomopa (26.15) sToro mnoasn
Mbl TOJIYYHM

ri= s — V2111 + @10y,
rs = Vi — V31 + Qs Us, (2810)
rs = U2 1— U111+ A3 Vs,
e, HampHMep,
vs 11 = Our Us.

Ecin w = (w;, w,;, ws) — BeKTOPHOe IoOJe Beca 2, TO €ro
ousepeenyua (27.5) paBHa

Divw=w1+ w211 + w3 m. (28.11)
®opmyabl (27.8) NpHHHMAIOT BHJ
c1=—ay;, Ce=—azy, C3=—azu. (28.12)

CrenoBaTesibHO, BeJHUHHAa — (C; + €2 -+ ¢3) Oyler AHBeprex-
nHeil BeKTOpHOro noasi (a;, a@s, as) Beca |

Eciu © = (v1, vs, Us) — BeKTOpHOE moJie Beca 1, § — mo-
BepXHOCTh, d—ee TpaHHUA W 7 = (r1, rs, rs)— POTOP
mojsi ¥, TO HMeeT MecTO MHTerpaiabHas ¢opmynaa (¢ op-
myana Crokca):

5 (1710272 + U3 Tg) = sd(vl‘fl'{‘ Vst + UgTs) =
a§ &
= [(nts+ e+ rev). (2813
&
Ecmn w = (w;, w., w;) — BekTOpHoe mnose Beca 2, & — ne-

KoTopasi TpexmepHasi o6jiacTh H d® — ee rpanuna, TO H™meer
MecTO aHaJjornuHas ¢opmynaa (popmyana Iaycca):

JY (w1723 + We T3 + W3 T12) = S d (w1 Te3 + Wa a1 + W T12) =
® ®

= 5 (w114 wo 11 + w3 1) =. (28.14)
®

Ecnn mbl npuMennm ¢opmyay (28.14), B uacthocTH, K (27.1)

dy = ¢y 73 + Catar + €371, (28.15)
T0 U3 d dy = 0 caeayer
ciitcou+cam=0 (28.16)

-
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HIH B cuay (28.12)
arnitanun+aimm=0 (28.17)

—ananor ¢opmyn Pocca, Puuun ¥ Buawkn puManoBoi
TeOMEeTpPHH.

Ormernm eme oamy ¢opmyay, kotopas B HEKOTOphIX
Cayuasx oOkaspiBaercsl mnonesnoit. Ilycte (vy, v, 0s),
(v1, va, v3) — nBa BeKTOPHEIX NMOAS H (1, s, rs), (r1, ra, rs)—
ux poropel. Toraa

d {(va v3—v3v2) Tas + (U5 0 — vy 23) 731+ (0105 — 0, 1) Tap) =
={(ro1+ reva+ raeg) — (Fl s+ rova+ ravs)) « (28.18)

HIH
dizk v et = 2 (r; 05— rjv) . (28.19)
’ ]

§ 29. l'eoMeTpHYeCKKE HANIOCTPALIHM

Hac1ano Bpemsi ocBeTHTb Hall ApeMyuHid Jec ¢opmya
¢onapeM reoMeTpHueckod HarasaHocTH. Ilyctb P — Touka
o6sacTH peryjasipHocTH &, o6pa3oBaHHOH IOBEPXHOCTAMH
Tkanu W. Hcxonsimme H3 Touk P HanpasJieHHs Mbl OTOGpa-
3UM Ha TOYKH HEKOTOpOH, He Mpoxopsiiell uepe3 P, nJjocko-
ctu €, nocTaBHB B COOTBETCTBHE KaX/JOMY HalpaBJIeHHIO
TOUKY TNepeceueHHsi KacaTeJbHOH B P K KPHUBBIM 3TOrO Ha-
npasJjienns ¢ miaockoctblo €. Torza kacaTtesibHBIM MJIOCKOCTSIM
K NOBepXHOCTAM o; = 0, y10BJIETBOPSIOLHM yCIOBHIO (24.2),
Ha nJockoctH € GYAYT COOTBETCTEOLATb YeThipe INpsMEbIe,
HHKaKHe TPH M3 KOTOPHIX He TNPOXOAAT Yepe3 OAHY TOuKy.
S1u npsiMble, 06pasyomue Ha naockocTH & «noNHbIA yeTpex-
CTODOHHHK», Mbl GyJeM 0GO3HauaTh TaKke uepe3 o; (pHc. 28).

Touno Tak e HampaBJeHHsIM, A5t KOTOpbIX T; = 0, Ha
maockoct & cooTBETCTBYIOT TpH NpsiMbie, B cuay (24.15)
He MpOXONsliHe YePe3 OAHY TOUKY, H 3TH NpsiMble 06pasyioT
«J1MaroHaJbHbI TPEXCTOPOHHHK» NMOJHOrO YeTbl PEXCTOPOHHHKA
CO CTOpOHEl o, A HMeHHO, B chay (24.14) mpsivasi T, Ha-
NpUMep, NMPOXOAMT YePe3 TOYKH MepeceueHHsl MPSAMBIX do U oy
W NMpAMBIX op W o3, JIHDGepeHuHanbHbIM OnepaTopav 0, + J,
COOTBETCTBYIOT ILECTh BEPLIHH MONHOrO UYETHIPEXCTOPOHHHUKA.
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310 MOXKHO JnOKa3aTbh TakK. Ecin f— HexkoTOpbiil cKansp, TO
26.2
cornacto ( ) df=f111+f212+f;;13, (29.1)
U nostomy B cuiy (24.14)
—2df =f1(02+ 03) + fa(es+01) + fa (o1 + o2) =
= (fa+Fs) o1+ (fs + f)oa + (fr + f2) 0. (29.2)

Orclofa, HanmpHMmep, caelyeT, uTo NnpsIMbl€ o2, O3 nepeceKkarTcs

0,-0‘

Puc. 28.

B TOuKe Oy 03, Tak Kak NpH 0y, = g3 =0 mnosyyaercs
—2df =0, (0; + 03)f. Hanee u3 (29.1) caemyer, uto Bep-
IIHHbl  HATOHAJ/IBHOTO TPEXCTOPOHHHKA <T; COOTBETCTBYIOT
Aud¢epeHnHalbHbM onepaTopam 0;.
M3 (25.7) BoiTekaer
[tidwul = ayt, [redr] =aqx, [tdtu] =ast. (29.3)
B cuny (25.3) u (25.6) pacencTBo
[‘Cl d‘[]_] =a;7T= 0
€CTb YCJIOEHe HHTErpHpyeMoCTH ypaBHeHHs T; = (0, o3Hauaio-
uee, 410 ¢opyva t; ¢ TOUHOCTBIO J10 CKAJSIPHOTO MHOXHTEJIs
SIBJISIeTCSl MOJHBIM AHG ¢ epeHLHANIOM
7, = f1duy,
TaK 4YTO CemeiicTBO IMOEepXHocTel v (X, Y, 2) = v; = const
OyZLeT CeMeACTBCM HHTErpajbHbiX NMOBEPXHOCTEH ypaBHEHHS
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7, = 0. HasoeeM cemelicTBO v, = const «cemeticmsom duaco-
HaabHblx nosepxrocmel» Hauwied Tkand W, B cuay (25.9)
Mbl GyieM HMeTb CJeAyICLIHH DPe3yJbTaT: ecau mkrano W
umeem 08a cemelicmea OuA:OHANbHBIX NOBEPXHOCMEL Ty, Ta,
mo OHa uMeem maxace u mpemose no0oOHOe ceMmelicmso 1.
A HMeHHO, H3 TOrO, 4TO @; = Qg = 0,

clieflyeT, uTo Takxke H az = 0.
Te ke pe3yJabTaThl MOXHO NO-
9, JyuuTb H u3 (26.14). A uMeHRO,

ecyu az = 0, TO

02 61—-61 62 = b]_ 62—b2 61, (294)

%  a>sTa 3aBHCHMOCTBH O3HavaeT (pHC. 29),

8 4 uTO W3 JHHHi JBYNALaMeTpHYECKHX

ceMeHCTB KPHBHIX 01 H 0z MCIKHO CO-

Puc. 29. CTAaEHTh 2aMKHYThH€ YeThpex)yToJb-

HHKH, T. €. Y10 HaliM JB)Nafa-

MeTpHUeCKHe (eMefiCTEa KFHBBIX 01 H Op JIC(KAT Ha OJHCNAfa-

MeTpHUEeCKOM CeMeHCTEE MNOE€PXHCCTEN, Kaxpas H3 KOICPHIX

HECET ceTb M3 (01,09)-KFUBbIX. Takum c6fascm, Yycioste

a; = 0 osHauaem, umo «CLQiCHAAtKbe KLLebiey Oy U Og
NPLHAONCHCM CexelCrEY 01.aiOHCALHb'X HCEeLAHOCIEL.

§ 30. KpuBcavneiinbie TKanu B TKaHsX, CGFa3cEaRHbIX
NCBEPXHCCTAMH

Ha kaxpo#i nosepxuoctu o cemeiictea &, naweit Tkany W
— HHTerpaJibHOil NOEE€ PXHOCTH y[aPHEHHS co = 0, oC1aMBHBIE
ceveiicTea moeepxrocteilt ©;, ©,, ©3 EbCEKAIOT K[ HEOLHHEH-
Hy©0 Tkanb W, KpuBLE KOTOPOH, KAaK 3TO BHIHO M3 PHC. 28,
CIpefeJsIIOTCS OMNepaTopamu
6? == 62 —03, 03 = 03—51, ag == 61—'62. (301)
Hs (30.1) cneayer
0% + 83 + 03 == 0. (30.2)
ITosToMy MBI MCXKeM NpPHMEHHTH K TKanu B ¢opmy.sl § 7,
B KOTOPHX Mbl JOJKHH TENeph MHCATb O} BMECTO d;. Us
(30.1) cnexyer TaKke
9301 — 0303 = (85 0y — 02 Bs) + (0102 — 05 01) +
+ (02 0, — 01 0y). (30.3)
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Uro6bl COKpPATHThb HALIH BbIYHCJEHHS], MPEIMNOJIOXKHM, HTO
B paccMaTpuBaeMoil Touke P ¢opMbl o; HOPMHpOBaHbI TaK,
uro b; = by = by =0, uto MOXHO czenath B cuiy (26.7).

Toraa u3 (30.3) n (26.14) Mbl mosyuaem

0309 — 8% 63 = a1 0, + a2 02 + a5 9 (30.4)
uan B cuay (25.9) u (30.1)
030} — 83 03 = a, 3} — a, 93. (30.5)
Cpasuusasi ¢ (7.21), nonyuaem
a,=—h, (30.6)

Hs (8.10) mbl moayuyaeM cJefylollee BbifaXKeHHe AJS KPH-
BH3HbI TKaHH TWO:

k0=-—(62-—03)02+(33—51)01=

= —ay — Qs + a13+ az3 (30.7)
u B cuay (25.9)

ko = — a1, — @z — ass. (30-8)

B Touke P B cuny b; =0 o6biunble MpoH3EOAHble 01, Oz, O3
COEMAraloT C WHEA[HAHTHBIMH MPOMSEOAHBIVH 0y, 01,
Ios1omy H3 (30.8) u (28.12) caepyer, uro

ko = 14 ¢2 + cs. (30.9)

MsMenenHe HHAEKCOB MO3BOJISIET MOJYYHTb BbIpa)KeHusl AJIS
KPHBH3H BCeX KPHBOJHHEHHBIX TKaHeil W/:

ko= ¢14 2+ ¢,

Onr.

k= a—ci—o, (30.10)
ks =—c  +ca—c3, '
ks = —c;—cy + cs.

Orciona onsate caeayer pesyastar [o6ypase (10.6),
a HMMeHHO 1)

ko4 ky+ ks + k3 = 0. (30rll)

1
) Hdoka3sareabctBo § 10 HMeeT TO MpeHMYecTBO, 4TO OHO Ha-
KJalbiBaeT Ha TKaHb MelbluHe TpeGoBaHMA. HenaBHO Mofi Apyr H3

Typuun Apd eme 6Gonee orpa
Hamburger Abhandlungen, lfg)SSI;rlqM oTH TpeGonanua (ew. C- ATk,
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§ 31. OkTasnpKuecKkKe TKAHH

Ecim HCXOIMTb M3 YpaBHCHHSI ceMeficTB NOBepXHOCTeH
B BHJe (24.1)
u;(x, v, 2) = u; = const (i=0,1,2,3), (3l.1)

TO, HCKJIOYHB H3 3THX YeTbIPpCX YPaBHCHHH X, Y, Z, MOJNYYHM

ycJoBHE
W (Uo, U, Us, 14’3) = 0, (312)

KOTOPOMY YZOBJIETEOPSIIOT YeThblpe NOBEPXHOCTH TKaHH, Mpo-
XofifiuiHe uepe3 OAHY Touky. Ilonyuensoe TakuM cGpasom
ypaBHenue (31.2) mMbl MOXKeM, Tak ke Kak B§§ 1 u 9, nasearp
«ypasHenuem mkatu». Mbl GyleM, B 9aCTHOCTH, Has3blBaTb
o6pasoBannyio nosepxnocTsimu (31.1) Tkaup W «oxmasdpuuc-
cKoU», €CNIH ee ypaBHeHHe MOXeT ObiTb MpHBEJIEHO K Mpo-

CTOMY BHAY
to + ty + up 4 us = 0. (31.3)

[TonoGuble TKaHH SIBASIIOTCS MPOCTPAHCTBEHHBLIMH aHANOraMH
LeCTHYToNbHbIX TKaHe# Ha miockocTH (§ 2). [lpocTefiuum npy-
MepoM OKTa3pHYCCKOH TKaHH OyflleT TKaHb, oOpa3oBaHHas
YeTBIpbMSI PA3JIHYHBIMH CeMeHCTBAMH NapaJjiesibHbIX MJIOCKO-
cTeli, KOTOpble, B YaCTHOCTH, MOXHO CYHTAThb Napajie/IbHbIVH
yeTbipeM pa3J/IMYHBEIM [PAHSIM NpPaBHJIBHOIO TeTpasjpa. B stom
nocjefHeM cJyyae Mbl OyZeM TOBOPHTb O «npABUAbHOL
mkatuy. OKTas[ipuyeckHe TKaHH, TakMM o0pa3oM, TOMOJIOTH-
YeCKH 3KBHBaJeHTHbI NMPaBHJIbHBIM. CMbBICJ NPE/JIOKEHHOro
3llecb Ha3BaHHsi GyJleT BhisicHeH no3xe (§ 32). 3lech ke Mbl
JOKaxeM cilefylollee NpeioXeHHe.

s mozo umoboi mkane Obiaa oKkmasopuueckoli, Heob-
xo0umo u docmamouto, 4mobsl KPLUBL3HbL MKAKL 00 pauyaucs

8 Hyab:
ay=a,=az=0. (31.4)

Heo6xonuMocTb 3TOro ycnoBHsi oueBHAHa. B camom jene,
AJISl TIpaBHJIbHOH TKallH Mbl MOXeM IOMOXKHTb

cjzd(A/[X-<}— Ajgy+A/32), (315)
rme A, = const; TaK Kak (¢OpMbl o; SBJSIOTCS NOJHBLIMH

AuddepennHanamu, TO NONHBIMH JHdGepenuuanavn GyRyT
B cuay (24.14) u ¢opmbl t; npH 3ToM H3 (25.8) BhiTeKaer,
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uto Bce a;=0. CGpatho, B cniy (28.12) u3 obpauieHns
B HYJ/b BeJWUHH @, TO e CaMmoe cjiefiyeT H JJisl BEJHYHH C;.
[Tostomy B cuay (27.1) dopma 7 OyleT MoJiHbIM Ambtbepeﬂ-
uxajiom. B cuny (26.9) ¢opMmbl t; MOXHO HOPMHPOBaTb TakK,
yto TOXAecTBeHHO 7 = 0, orxyua cseflyer, 4To H bJ_O
B cuay (25.8) ¢dopmb T, a B CHIy (24.13) B ¢opmbl o,
Gyayt moimbivH Auddepenunanavin: o, = du;. Huterpupys
ypaBHeHHe (24.4) 0o + 01 + 02 + 93 = 0, MBI nonylmw, BbIOpaB
NMOAXOAisiMM 00pa3soM MepeMeHHble u;, ycJaosHe (31.3).

B naparpade 29 mbr yxe HawwTH reOMETPHUCCKHI CMBIC
ofpaulenist B HyJb KpHBH3H TKaHH. Ho ans okrasapuueckoi
TKaHH MOXKHO MOJIYYHTb ellle H HHble, XapaKTepH3yiOlUlHe ee
HarJsiiHbIE TeOMeTpHYecKHe CBOHCTBa, MepeHecsl Ha caydad
POCTPAHCTBA TeOMETPHUECKOE ONHCaHHe LIeCTHYTOJIbHBIX TKa-
Helfl Ha MJOCKOCTH, AaHHOe B § 2.

§ 32. YcaoBHe 3aMKHYTCCTH OKTa9JPHYECKCH TKaHM

Paccvmorpum Terpasap B Tkann W, uerhipe rpani KOTO-
poro o6pa3yioT NMOBEPXHOCTH YeThIpeX paanmmbxx cemeiicts ©;
TKaHH W; mpeAnoNoKHM, YTO STOT TETPASAP JEKHT LeTHKO
B oGnacTH pery.isi pHOCTH ® Tkann W. Ha kaxpoit rpanu §;
TeTpasfipa B cemeiicTBa nosepxHocTelt &, (k % [) BbICEKalOT
KpHBOsiMHelHble TKanu W/, CorsacHo § 2 uMeercsi TOYHO

OJHH TpeyroJibHUK S/, 06pasoBabHbiii JHHHAMH Tkann B/
H BIHCaHHbIA B TpeYroibhHK §; (cM. puc. 3). JlBa Tpeyrosb-
HHKa §,, &, ONHOrO M TOrO xe Terpasqpa B TKanu W M
HA30BEM «COCeHHMH». OHH HMEIOT o6LLyl0 CTOpoHYy — pe6po
TeTpasipa B—H JEKAT HAa TNOBEPXHOCTSX Pas/HYHBIX Ce-
meiicte ©;, ©, (k = j) Tkann W. Mbl nokaxem, yro:

Has moeo 4moHel mKaue Oviaa oxmaaapuqecxou Heob -

x00umo u docmamouro, umoGe. mpeyeorvruku i, e, 6nu-
cannbie 8 atobble 08a cocednue mpeyeorohuka §;, &y, umeau
06wy eepwuny. HeobXoaumMocTb 3TOroO ycnosuﬂ BbITEKAET
H3 TOLO, YTO B cJiyyae NpaBH/bHOH TKanHu TeTpas’ap B GyfeT
NPaBHJbLHLIM H BepIUHHBI TPEYrONbHHKOB ¢y, BIHCAHHBIX
B €ro rpami §;, GyAyT coBNajarth c cepefuHaMH pebep TeT-
pasjpa. CTOpOHbI TPEYTroAbHHKOB %, Gynyr peGpavu mpa-
BHJIHOTO OKTas’Jpa U, KOTOpblii BmHCaH B TeTpasap B Tak,
YTO 4YeThipe €ro rpaHH, He HMeioulHe OOWHX pebep, Jexar

!
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Ha rpaHsx $; TeTpasapa B (puc. 30) *); 3aech mosiBsieTCs
OKTa3/p», KOTOPHIH Jla/] HMs BCEMY paccMaTpHBAaeMOMy 3AECH
THNy TKaHeil. ®uUrypy, cocTosiulyio H3 TeTpa’saApa LB u BNH-
CaHHOrO B Hero oKTasapa U, Kak H JicOyio efi SKBUBA/IEHTHYIO,
Mbl GyfeM Temepb 0603HauyaTh
yepes D,. Mbl nokaxem, 4TO
samkHymocmo ueyp Ve xapax-
mepusyem okmasdpuuecKkue mxa-
Hu, WJIH HHaye: XapaKTepHCTH-
9eCKMM CBOHCTBOM OKTasJipHue-
CKO# TKaHH sIBJIsIeTCS 3aMKHYTOCThb
o6pa3oBanHbIX T0Be PXHOCTAMH
TKaHH OKTa3ApOB.
CuHayana nokaxeMm, umo us3
3amKkHymocmu 8cex 0Kmasodpos
Puc. 30. mKkaHu  gbimexkaem, 4mo Kpu-
BoAuHeliHble MKQHU,  BblCeKae-
Mble Ha nosepxHocmu ; cemeticmea ©, (j=0, 1, 2, 3) no-
8ePXHOCMAMU OCMAAbHBLX ceMelicme ék (k #j), asasomes
wecmuyeoabHolmu.  PaccMoTpuM,
Hanpumep, TKaHb W°, KOTOpas

c
/ A‘l'%l'l. b "
..nll!/ﬁln..
’

A° y: 4

R

Puc. 31. Puc. 32.

BHICEKaeTcsl Ha IMOBEPXHOCTH o cemeiictea &, mosepx-
HOCTSIMH ceMeficTB ©, (j = 1, 2, 3), u ¢urypy 29 3Toit TKaHH,

*) AHaNOrHYHO 3TOMY B KaXIbii TPEYrOJbHHK IIECTHYTrOJNbHOM
TKaHH Ha MJOCKOCTH MOXHO BMHCaTh O6PAa30BaHHbIH JNHHHAMH TKaHH
IIeCTHYTONbHHK, TPH HecMeXHble CTOPOHbI KOTOPOro TNpHHAaLnexaT
CTOpOHAM TpeyroJbHHKa; cp. pHc. 5—7 Ha cTp. 20 (He mpuHajpnexa-
mHe rpaHsAM Terpasipa B rpaHH okTaslpa A TaKXKe 06pa3oBaHbl Mo-
BEpPXHOCTAMH TKaHH: 3TO c/ellyeT H3 TOro, YTO TPH pe6pa TakoH TrpaHH
NpHHALMeXKAT OAHOW MOBEPXHOCTH OnpeliesieHHOTo ceMeiictBa G)).
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COCTOSILILYIO H3 06pa30BaHHOrO JIHHUsAMH Q8° Tpeyrobhika ABC
¥ BnucanHoro B Hero tpeyroabuuka A’'B’C’ (puc. 31). Ilpo-
JoJkasi JHHMM 3TOH (Uryphi, AOMOJHMM ee 1O QUryphl, H30-
Gpaxennoil Ha puc. 32. Ham JocraroyHo JOKasaTh, uTO
toukd C, B” mpuHaiiexar ofHOH JuHMH cemefictBa 01 Tka-
HH QQ°, TaK Kak 370 GyleT O3HayaTb, YTO LIECTHYTOJbHHK
TKaHH QQ°, OMHCAHHBII OKOJO TOYKH A’, 3amblKaeTcs H, Clle-
J0BaTeJbHO, YTO TKaHb SIBJSIETCS LIeCTHyrosbHOH. Paccmor-
PHM TeTpasAphbl TKAHH Y, HAACTPOEHHbIE HAX TPEYrOJbHHKAaMH

e

Puc. 33. Puc. 34.

[, 11, 1II. Ux uerBeprthie Bepmmuel Si, Sy, Siy, no npex-
nonoxeHuo (puc. 30), Jexar Ha OXHOH M TOil XKe IMOBepX-
HocTH ceMeiicTea ©,. Takoe e 3ak/OyeHHe NpHUMEHHMO H
K TpeyroibHuky A”B"C’, Tak uTOo «BepuiHHB Sii, Sy, Sy
JiekaT Ha TOH ke moBepXHOCTH ceMeiictBa &,. Cienosareis-
HO, BepiuHHBl Sy1;, Sy NpHHALIEXKAT OAHOH W TOH xe Io-
BepXHOCTH cevieicTBa €, n mosToMy Tpeyrombhuk A'SiSy
Oyner BnucaH B (NMPHHalJexawmylo cemeiictBy ©;) rpaHb
TeTpasapa, NOCTPOEHHOro Hal TpeyroJbHukoM B’C”R. Ho-
MOJIHUB MOJYYEHHYI0O B 3TOM TeTpasape ¢urypy a0 D,
(puc. 30), Ml yBuauM, uTo CB” nefiCTBHTEJbHO MPHHALNEKHT
auHun 01.

Ecyn Mbl Teneph Bo3bMeM B KauecTBe HCXOJHOTO MYHKTa
¢urypy T3 (sa puc. 33 n = 4), npuHALIERKAILYIO TIOBEPXHO-
cTH o cemefictBa &,, TO MOJYuHM, YTO BEpUIMHBI TETpa’l-
POB TKaHH, MOCTPOEHHBIX HAA 3alUITPUXOBAHHBLIMH TPEYroJib-

0 o o
HUKamMM ¢urypel D, Jexar Ha OJHOH IOBEPXHOCTH cemeil-

ctBa & u o6pasyloT BepuinHbl GUrypel Dy_;, NMpHHALJIENKA-

e 3TOR mnoBepxHocTH (puc. 34, no=4). IloBTOpsAs 3TO
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o 0
MOCTpOEHWe, Mbl HaiijeM, 4TO Hal DY moxuo MOCTPOHTH
06pa3oBaHHyi0 M3 MOBEpXHOCTedl TKaHu I8 purypy D,, o3pa-
30BaHHYIO 1 MOBEPXHOCTSIMH KA 10r0 ceMeicTBa ¥ HMEOUyi0

) (2 (43

BEPIUMH, KOTOpHEe B KaXIO{ NMOBEPXHOCTH [-T0 CeMeficTBA
o6pasyioT ¢urypy i roe k< n (puc. 35, n= 3). Bepun-
Hbl ¢urypsl D, MOXKHO oTo6pa-
3UTb Ha BEpLIHHBI NPABHJLHON

durypst D,. D10 OTOGpaNKe-
BHe OyJeT yTOUHEHO, eCJM Mbl
YMEHbILHM BJBOE CTOPOHBI Ma-
JIbIX TPeyroJibHUKOB H TeTpas -
pos, jonosuuB ¢urypy ®, 1o
Don U COOTBETCTBEHHO 3TOMY
- Ld
durypy D, 1o Ts,. INoBTOpe-
HHE 3TOrO Mpollecca W TmocJe-
Aylouhii npenesbHbI Nepexoi
Puc. 35. JaeT HaM HCKoMoe oTobpaxe-
Hue TKaHn W Ha NpaBHJbHYIO
TKanb W*. IDTHM H 3aBepiuaeTcsl JOKA3aTebCTBO Hallero
yTBEPKAEHHUS.

~— e

§ 33. Okrasnpu4eckHe TKaHu, 06pa3oBaHHbie
MJICCKCCTAMH

Mbl foKaxeM cefiuac CJELYOULYI0 TeOpeMy, MNOJY4YEHHYIO
3ayspom (R. Sauer) B 1925 r. u anamoruuynyio Teopeme § 4:
Bcakaa 06pas3osannans naocKocmamu 0Kmasdpuueckas mraus
nopoxcdaemca 00WUML KACAMENbHbIMU NAOCKOCMAMU O8YX
pasziuyHolx keadpux (nosepxHoctedl BTOporo Kaacca). OG-
paTHO: BO BCSIKOH 0OsacTH, TrAe uepe3. KaXAyl0 TOYKY MNpo-
XONST ueThipe pas3jiHyHble JefCTBHTeJIbHblE KacaTeJbHble
IJIOCKOCTH K JBYM JaHHbIM KBaJpuKaM, 3TH MJOCKOCTH 06-
pa3yioT OKTa3JpHUYECKYI0 TKaHb.

Jloka3aTeJIbCTBO NMPOXOIHT TOYHO TaK e, KaK B MJIOCKOM
cnyyae. Posib, aHalNOrHuHy0 HCMOJIb30BaHHOH paHee Teopeme
[llans, 3geck Gyner HrpaTh cxoAHasi ¢ Heil Teopema Peile

-



§ 33) OKTADAPUYECKHE TKAHH, OBPA30OBAHHDIE MNJIOCK OCTAMH 95

(Th. Reye, 1837—1919), npuBeiennas B ero H3BeCTHOH KHHTe
«Die Geometrie der Lage» (Leipzig, 1923).

A uMmeHHO, paccMOTpuM ¢Hrypy, COCTOSIIYl0 H3 BOCbMH
MJIOCKOCTEH, TOMOJOrHYeCKH 3SKBHBAJIEHTHYIO MPaBHJbLHOMY
oKTa31py (puc. 36), W MOKaxKeM, UTO KaxOas K8AOpuKa, Ko-
mopas kacaemcs cemu U3 3Inux naockocmed, Kacaemca

Q

Puc. 36.

maxkace u ocomoti. Ilycte P, Q; R, S; U, V —napel npo-
THBOMOJIOXKHBIX BEpLINH Halllero OKTa’Apa M mycTkb, HallpHMep,

p=to—|—t1x+t2y+t32=0 (331)

— ypaBHeHHe TOYKM P (x, ¥, 2) B TaHTeHUHAJbHBIX KOOpAH-
Hatax f;, Toria Bce KBalpHKM, yPaBHEHHE KOTOPHIX B TaH-
reHUHaJbHBIX KOOPJHHATaX HUMEIOT BHI

apq + brs+ cuv =0, (33.2)

rie a, b, ¢— nocrosiunple, OyAyT YIOBJETBOPSITH HalleMy
ycnoerio, O6paTHO, 3TH KBaApHKH, 3aBUCslMe OT ABYX MNa-
pameTpoB a: b :c, OyAyT eAMHCTBEHHBIMH, YIOBIETBOP SIOLIHMH
CEMH HE3aBHCHMbIM YCJIOBHSIM — YCJIOBHUSIM KacaHHsl C CeMbio
H3 HAlIHX BOCbMH MJIOCKOCcTed. B camom nene, ypashenue
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NOBEPXHOCTH BTOpOro KiJacca
@oots + aii 6] + axg 13 + assti +
+ 2a01to t1 + 2005 to b2 + 2a03to ts +
+ 2az3t2t3 4 2as1t3t1 + 2ay £, = 0 (33.3)

COIEPXKHT JiecsiTb OAHOPOAHBIX napamerpoB. CjeloBaTeJbHO,
AJsl Toro utoObl ONMpEIENHTb KBAIPHKY B o6eM Ciyuae,
HYXHO 3alaTb JeBSITb ee KacaTeJbHbIX IJIOCKOCTEH.

[TycTe Tenepb BCe MJIOCKOCTH M300paKeHHOro Ha pHc. 36
OKTa31pa, 3a HcKJoueHHem miockoctH QSV, 6ynyT kacatses
HeKoTOpO#t KBaJpuKH. He3aBu:umocTe 3THX cemH ycJioBHit
OyneT loka3aHa, ecJiM Mbl TOKaXeM, UTO KBa1PHKA O HO3HAUHO
ompefiensietcsl JBYMSI NOMOJHHTEJbHbIMH KacaTeJbHbIMH IJIO-
cKkocTsMH. [l 3TOro JOCTAaTOYHO TakK BLIOpaTh JBE MJIO-
CKOCTH, Mpoxolsiuide uepe3 TOYKy P, uTtoGbl MOMyyeHHbIe
IecTb MJOCKOCTEH, MPOXONSIIMX 4Yepe3 3Ty TOYKY, He Kaca-
JHUCb KOHyca BTOPOro mnopsiika ¢ BepwMHoi B P. B 3T1OM
cJyyae KBalpHKa pacrmalaercss Ha mapy touek P, Q.

ITpu nomom¥ Teopembl Peite Teopemy 3ayspa MOXKHO J0-
Ka3aTb TOYHO TaK e, KaK JoOKas3biBaeTcsi teopema ['paba u
3ayspa u3 § 4 c nomomnsio Teopembl Ilans. [Tocrarouno
MoKa3aTb, YTO AJS Kax10il 00pa3oBaHHOMN MJOCKOCTAMH (H-
rypat ®n, n>3 (Bpose H300paxenHO:d Ha pHc. 35 HrypH
D3), CymecTByeT B TOYHOCTH OJHO JHHE/iHOe ceMeilCTBO
KBaIpPHK, KacawUUXCs BCeX IJIOCKOCTeH 3TOA ¢uryphl.

MoxHo TaKKe MepeHeCTH Ha MPOCTPAHCTBEHHBIH CJy4ai
paccyxknenuss § 5. IlaockocTH, Kacaouwmecss BceX KBaf-
PHK HEKOTOPOTro JIHHEAHOro ceMeficTBa, MOTyT GbITh MPH MOJ-
XOfisileM BbiOOpPE TaHreHUHAMbHBHIX KOOPAMHAT f; CHENYIOUIHM
obpasom MpeACTaBJeHE MpH  MOMOLH P cpyuxuvm Beiiep-
mrpacca *):

= 9" (u). (33.4)

Torpa ycnoBve NPOXOXAEHHsS YeThIpeX IUIOCKOCTEH uepe3

*) Cp., nanpumep, L. Heffter, Lehrbuch der analytischen
Geometrie, Bd. II, Leipzig — Berlin, 1923 409 —411.
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OHy TOYKY NMPHHHMAET BHI
Uo + Uy + us + us = nepuon GyHKUHH §,

YTO JaeT BbLIYHCJHTEJbHOE [0Ka3aTeJbCTBO TOTO, YTO 3TH
IJIOCKOCTH 06pa3yloT OKTa3ApPHYECKYI0 TKaHb.

§ 34. llscTHyroabHble MPOCTPAHCTBEHHbIE TKAHH

O6pa3oBannasi MOBEpXHOCTSIMH TKaHb TaKas, YTO Ha KaXx-
Jo# NMOBePXHOCTH TKAaHHM NMOBEPXHOCTH TPeX APYTrHX CeMeHCTB
BBICEKAIOT LIECTHYTOJIbHYI0O KPHBOJIHHEHHYIO TKaHb, Ha3hl-
BAETCS WeCcmuyeoabHot npocmparcmeenHol mkanso. B cuny
§ 31 x uncay NoNOGHBIX TKaHell OTHOCSITCSI BCE OKTa3JpHye-
cKHe TKaHu. Mbl noka)keM, YTO KpPOMe OKTa3[pHUECKHX cCY-
ILeCTBYIOT H JApPyrve ILIeCTHYrOJbHbIE MNPOCTPAHCTBEHHbIE
TKanu. M3 (30.10) cnepyer, uTO HMCKOMble TKaHH XapakTepH-
3yI0TCS YCJIOBUSIMH

Cl=Cg=03=0 (341)
uaR B cuay (28.15) — ycioBueM
diy=0. (34.2)

Otciona ¥ u3 (26.9) BbltekaeT, uTO AJSI TaKHX TKaHed npu
HOMOUM MOAXOASWHNM o00pa3oM nOAOOGPaHHOH HOPMHMPOBKH
MOXHO JOOMTbCS BbiNOJIHeHHs1 paBeHcTBa | = 0. B stom cay-
yae paseHcTBa (25.8) npuMyT BHA

U= QrTag, dp=0A2Ty, di = A3tie (34.3)

M yCJIOBHsI HHTerpHpyemocTH (27.8) AalyT
a; = 0, Qaa = 0, Q33 = 0. (34.4)

ITO O3HauaeT, uYTO BJOJIb AHArOHalH 0; BeHYMHA @, OCTaeTCs
nocrosiHHO#. Hafifem Tenepwb weemuyeonsrole mranu uz naoc-
Kocmeti. Ha nnockocTiIX 3THX TKaHell mepeceKaioiye HX TMJoc-
KOCTH BBICEKAIOT NPSIMOJIHHEH HbIe IIeCTHYTOAbHbIE TKaHH, 00pa-
30BaHHble, coryacio Teopeme I'pada u 3ayspa (§ 4), kacaresns-
HBIMH K IJIOCKHM KDHMBbIM TpeThero Kiaacca. Ilnockoctn Hc-
KOMOH TKaHH 00pa3yloT, TakuM o6pa3oM, «aiare6panyecKui
TOPC», KOTOpbIH BBICEKAeT HAa Kax/IoH H3 NPHHAJIEKAULHX
€My TMJIOCKOCTeH anre6panyecKkylo KpPHBYIO TPEThEro KJjacca.
IBoiicTBennblii K Hemy o6pa3 JocTaBjisieT ajreGpadueckas

7 B. Baswke
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KpHBasi, KOTOpas NPOEKTHpYyeTcS H3 KaxJOH CBOed TOUKH
KOHYCOM TpeTbero TOpsifKa, 3TO — MPOCTPAHCTBEHHAs KpH-
Basi uyeTBepTOro mnopsajka. Elf JABOACTBEHHO COOTBETCTBYET
TOpCc ueTBepTOro Kijacca. OTcicpa moayuéaiorcsi ABa  (poA-
CTBeHHble Jpyr ApYry) cemeidCTEAa TaKHX TOPCOB, a HMeH-
HO: TOpCHI MEpBOrO POJa, COCTOSIIME M3 OOUIMX KacaTeJbHBIX
MJIOCKOCTEH HEKOTOPOro OfjHOMapaMeTPHYeCKOro JIMHeHHOro
cemeficTBa KBaJipHK, W pallHOHAJbHBIE TOPChI BTOPOro Poja,
KOOD/MHATbl MJIOCKOCTEH KOTOPBIX MOTYT ObITb BbIPaXKeHbl
MHOrouJIeHaMH YeTBepTOH CTeleHH OT HeKOTOPOro napamerpa t.
B TO BpeMs Kak TOpChl MepBOro pofia NPHBOASAAT K OKTasA-
PHUECKHM TKaHsM, TOPChl BTOPOro pOAAa AalOT HeuYTO HOBOe.
Hanpumep, paccMOTpuM uyeThipe MyuKa MJOCKOCTeH, OCH KO-
TOPHIX MOMApHO CKpelMBAIOTCS H He MpHHAJJeRaT OJHOH
KBaJipHKe (TOuHee, OfHOH moJaykBajpHke *)). Toraa miockocTu
3THX ueTblpex NMYYKOB He KacaloTcsd OJHOH KBaJPHKH, ONHAKO
3TH MYy4YKH 06pa3yioT LIECTHYrOJbHYIO TKaHb. TakuM 06pa3oM,
JEHCTBHTEJIbHO CYLIECTBYIOT TaKHe LIeCTHYroJbHble MPOCTpaH-
CTBEHHbIE TKaHY, KOTOpble He SIBJAIOTCHA OKTasApHUYECKHMH.

Ecan past TkanH, o6pa3oBaHHOH MOBEPXHOCTSIMHM, Ompeje-
JUTh aHAJOTHYHO TOMY, KaK Mbl 3To jenaad B § 20 ans
KPHBOJIMHEHHBIX TKaHeH, MNepeHeceHHe BeKTOpa (vy, Uz, Us)
Beca | (T. €. Takoro, uTo v; = guv;) BOTb KpHBOK & mpH
MIOMOLILH PaBEHTTB

DUj - du/. + v = 0 (34.5)
HJIH
dinv;, = —7, (34.6)

KOTOpbie JIOJIKHbI BBIMOJMHATHCSA BAOJMbL &, T0 H3 (34.2) Gyget
ClIefloBaTh, UTO WLECMUY:OAbHblE NPOCI [AHCMEEHHbIC MKAHLL
ABAAIOMC eOUHCMBEHHBIMU MKAHAMI 8 NpOCMpaHcmee, 041
Komopelx neperecerue He 3astcum om nymu L. MoXHO mO-
Kas3arb, uto ecqu P; (j=0, 1, 2, 3)— ueTbipe TOuKH, He
JieXaiHe Ha OfHOH OKpYXKHOCTH, H ©, — nyukH cdep, npoxo-
ASLLKX Yepe3 TPU TOYKH P;, j + k, To 3TH nyukn €, o6pasyioT
LIECTHYTOJILHYIO NpOCTpaHcTBeHHYlo TKaub (A. Eukan, 1954).

*) IMonyksanpukoit (Demiquadrik, nHorpa takxke Regulus) Hasn-
BAOT OAHO ceMeACTBO NPAMONHHeAHBX o6pasyoutux JHHefiuaTol
KBAIPHKH.
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§ 35. BbluHC/eHHE MHBAPHAHTOB MPH NOMOUH (YHKIHH
TKaHH

Iycts, Kak B (31.2),
W (4o, u1, us, u3) =0 (35.1)
— ypaBHeHHe TKaHH W H W — dyHkuus stoil Tkanu. M3 (35.1)
cJeflyeT, 4TO

3
2 W,du; =0, (35.2)
0
rae
_ W
77 Ouy "
Mb MoxeM, TakuM o06pasoM, MOJOXHTb, Kak H B (9.4),
o= Wj du,. (35.3)

B cuny (24.14) nonyuum
2ty = Woduo + Widuy = — Wedus — Wsdus,
2ty = Wodug+ Wadu, = — W3dus— W, du,, J (35.4)
213 = Wodug+ Wsdus = — Wyduy— Wadus.
Ecau o6o3nauum
[l =t W, W,ldu;duyl =[3;0] =0y, (35.5)
TO moJyynm H3 (35.4)
493 == — 093 + 931 + 012,
43 =  g93 — 031} G12,

419 = Gp3 4 931 — 901,

(35.6)

H, o6paTHo,
023 = 2 (31 + 12), 31 = 2 (712 + Taa), } (35.7)
312 = 2 (%23 + Ta1).
C npyro#t croponsl, u3 (35.4)
ot = O13— 031, g2 == Opg — J13, Ooz = J31 — Oz3, (35.8)
H mostomy B cHuay (35.7)
301 = 2(t31—"T12), Ooz = 2 (13 — T23), } (35.9)

gps = 2 (123 - "-'31)-
7.
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Ecau MBI mosoxHMm ANs KpaTKOCTH
W e 1 o

W, W, W, ou,

J

H
1 o
v = (35.11)
TO MOJYYHM
ij == Aj ln Wk' (35.12)

Jas Brewnero an¢depernuana ebipaxennii (35.4) HnafifeM,
npumenss (35.5) u (35.10),

2dty = — Vg 02— Vo3 003 — V12012 + Vsi0s1 (35- 13)
HJIH B cuay (35.7) u (35.9)

dry = {(Voz + V1) — (Vos + Vi2)} Tas +
+ (Vos— V1) 51— (Vor — V1) t12. (35.14)

CpaBhenune ¢ (25.8) u kpyroBasi mepecTaHoBKa MHJEKCOB Aa-
I0T CJefylolHe BBIPaXKEHHS: ANl KPUBH3H

ar = (Vo2 + Va1) — (Vos + Vi2),
as= (Vos+ Vie) — (Vo1 + V2s), (35.15)
az= (Vo1 + Vas) — (Vo2 + Vai)

H ansa cumBosioB Kpucroddens:
bi=Vou—Va, be=Ve—Va, bs=Veu—V5. (35.16)

Bmecto (35.15) B cuay (35.10) m (35.12) MoxHO Hanucathb:

14 1%
a; = (Ao—Ay) an—: = (A; — Aj) ln—Wfl’-,
14 14
az = (Ao—Ag)an—j = (As— Ay In l_t’/% (35.17)
1 1
a3=(Ao-—-A3) ]ﬂW:— = (AI— Ag)ler_:.
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[Tpu 3ToM AHbGepenLManbuble onepaTopsl A ciefyiouum oG-
pasoM cBsi3aHbl ¢ onepartopamH 0 H3 (26.3):

01 = Ao + AI—A2—A3)
0y =Ag— AL+ Ay — A, (36.18)
0; = Ao—Al—Az + As.

BoipaxkeHHe JJIsi CBS3HOCTH 7 Haiifiercs u3 (26.8), ecan Boc-

MOJIL30BaThCSl BBIPAXKEHHUSIMH (24.14) Ans © H BhIpaXKeHHSIMH
(35.16) mas b:

271 =Va—Vo) (e2+03) + ... =
={(Va1—Vo2) + (V12— Vo3)} 01+ ... (35.19)

3mech TOYKH 0003HAUalOT KPYroBYIO MepPecTaHOBKY HHJEKCOB
1, 2, 3. C gpyroit CTOpOHHI,

din(WoW, W, W,) =12kV,k O (35.20)
HJTH, €CJIH HCKJIOUYHTb OTCIOAA — &g =' a1 + o5 + o3,
d lﬂ (Wo Wl Wz Wa) =

=Vu—Vo+Vsi—Voo+ Vig—Vos) oy + ... (35.21)
CanefioBaTeJILHO,

2‘]’ —dIn (Wo W]_ Wg W3) = (Voo'—' V11) gy + ves (3522)
uian B cany (35.3)
3

b
21 = —E a—ujln W, du;+dIn(WoW,W,Ws). (35.23)
0

Takum 06pasoM, CBSI3HOCTb 7y JIHIUb HECYUIECTBEHHO OTJIH-
yaeTcsl OT BBelleHHoH B § 10 cBsisHOCTH

3
0
0

Ecsn B3sitb BMecTO ¢yHKIHH TKanH W ¢yHkumo

W=HW, H=W,W,W,Ws, (35.25)
TO JJISI COOTBETCTBYIOIIEH CBSI3HOCTH Mbl HaijieM

3
=0 —dinH=T=—% -2 1nW, du, (35.26)
auj j J
0
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C npyroi#i CTOpOHBI, eciin ypaBHeHHe TKaHH W = 0 pas-
pelleHO0 OTHOCHTEJBHO Uo:
W = w(uy, us, us)—uy =0, (35.27)

TO B CcHay (35.24)

3
U § B M
= 2,] ;e (35.28)
rje
0 35.2
w = 5 w. (35.29)

®opmyna (35.28) moxer ObiTh, HaNpHMep, PHMEHEHA K TOMY,
yToObl HaliTH ypaBHeHHe BHAA (35.27) AAs PaccMOTPEHHBIX
B § 34 1ecTHYroMbHBLIX NMPOCTPAHCTBEHHBIX TKaHei.

§ 36. Kanonnueckoe pasnoxenue

Kak u B § 14, Mbl 37lecb Hcnosb3yeM mpeoOpa3oBaHHs |
Il § 1 aas Toro, utoGbl COCTABHTb KAHOWUYECKOE pa3.ao-
ocenue GyHKuud W (uo, uy, us, us) B Touke O o06aacTH pe-
rynsipiocTH ® TKaHH QB; TMPH 3TOM Mbl NPHHHMAaeM, 4TO
B touke O Bce u; = 0. Ilpexpe Bcero, mpuMeHsisi npeoGpa-
3oBaHHe |, BBeJleM HOBbIe MepeMeHHLIE:

W (uo, 0, 0, 0) = ug,
W O, uy, 0, 0) = uj,
W (0, 0, us, 0) = uj,
W (0, 0, 0, us) = us

(36.1)

BMECTO MPEXKHHX NapaMeTpoB u,, Uy, Uz, Uz. Ilocie 3Toro
pasnoxende B psAf ¢yHKUHH W GyneT HauHHaThes CleAyio-
iwHM o6pasoM (Mbl OTOGpachiBaeM 3Be3[IOYKH B 0GO3HAYEHHSX
HOBBIX MepeMeHHbIX):

V=uw+u+utu+Ippuu,+ .., (362
rae
=Py Py=0. (36.3)
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Jlanee Mbl MOXeM ¢ MoMoOuIbio mpeoGpa3osanusi 11 J106HTbCS
TOro, utoGsl B Touke O cBsi3HOXTh | = 0 H, cJefoBaTeJbHO,
b, =0. Toraa B cuny (36.2) u (35.16)
Por = P23, Poz = P31y Po3 = Pia. (36.4)

Tak, npn nomown mnpeoOpasoBanuit I u Il Mel mpuHxoauUM
K PasJIOXXEeHHIO
W = uy + uy + us -+ us + ry (o uy + us us) +

+f‘2(uoll2+U3U1)+"§(Uolls+uluz)+ ... (36.5)
Hakonel, ucnonb3ys ete ofHO npeo6pa3oBanue 11

W= {1+ r(uo+ ur+us + u)} W (36.6)

H ToCJeflylollyl0 3ameHY mepeMeHHbX (36.1), Mbl JoObemcs
TOro, YTO

it Fat Fa= 0. (36.7)

OkoHuaTe/bHO KaHOHHUYECKOe pasjiokeHHe QYHKLHH TKa-

un W, 3ajatwlee ee ¢ TOUHOCTBIO JI0 UJIEHOB BTOpOro nopsna-
Ka BKJIIOYHTEJIbHO, HMEET BH}I

—uo+u1+uz+uq+ 2 (uouy + uz us) +

a;—Aas

—I— 6 (llo Uy + us lll) + (llo us+u; Uo) (368)

Tak xak 3fecb BCTPEUYAOTCA TOJBKO pA3HOCTH BEJHUYHH 4;,
TO Mbl MOXKeM HODMHDOBATb CaMH 3TH BEJHYHHHI, norpe60-

BaB, 4T0G6b! GBIJIO
a,+a;+a;=0. (36.9)

Torna u3 (36.8) u (35.15) MBI HaiifieM, uTO BeJIHYHHBI Q;
COBMAJAlOT C KPHBH3HAMM Haulell TKanu B Touke O.

§ 37. LectuyroabHbie TKAHH H3 NJOCKOCTEN

IlycTe QB — TKaHb, 06pa30BaHHAs YeTbIpbMSI CEMeHCTBAMH
_MJIoCKOCTeH,
vixtojy+ohz=H  (j=0, 1,2 3), (37.])
rae
vh=vh(u), H=h(a) (37.2)
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HJIH B BeKTOpPHOH ¢opme
v =0'(1), v=/(vf, 0}, i), (37.3)

MNpHYeEM MOXKHO CUHTATh, YTO 3TH :BGKTOpr YAOBJIETBOPAIOT
YT NIOBHAM

00’ 90! ) —1, (37.4)

iy = =
(@, 0) =1, (au,.’au,

rie cko6ku 0603HAualOT CKajsipHoe mnpousBelleHne. Torza
nmapametp u; GyfeT AJHHOM AYrH «chepHuecKOH HHAHKATpH-
Cbl» j-TO CeMeCTBA MJIOCKOCTeH, T. €. KpHBoil ¥ = v’ (u))
elHHHyHOH cdephl. 3a QYHKIHIO TKaHH MOXKHO MPHHATH Ofl-
penenuTens

10 0
U] 02 vy ho
1 1 1
v, Uy vz Al
W = . (37.5)
) 2 2 2
U1 U2 U3 h
3 3 .3
| U1 vy vz Ah®

YcnoBue TOro, 4To TKaHb I SBJSETCS LIECTHYFOJBHOH,
B cHAy (35.24) MOXHO 3anHcaTb B BHAe

1=V W o4 —
r=y\ 5 InW,; du, = df. (37.6)

Ecin MBI BpeMeHHO OTGPOCHM YCJIOXHSIOUHH 3aMHCh HH-.
JeKC j, TO nojyyum AJs BeKTOpa p peGpa Bo3Bpara ceMeii-
CTBa MJOCKOCTed ypaBHeHHS *)

po) == h, (p?v’)="h', (pv")=h". (37.7)

BBegneM conpoBoxjaloOMIMi TPeXTPaHHHK, COCTOSIUIHH H3 e1H-
HHYHBIX B33aHMHO-OPTOrOHAJIbHBIX BEKTOPOB @y, U, U3, TAE

V=9 0,=9. (37.8)

*) CM. no6o#t Kypc AnddepeHuHanbHON! TreoMeTPHH (cp., HANpH-
mep, 1. K.' PameBckuit, Kypc nupdepesuunansHoi reomerpuH,
M., Tocrexuapar, 1956, § 70).
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YpaBHeHHS] HH() HHHTE3MMAJIbHOTO NELeMellleHHsI TPeXT paH-
HUKA MpPHMYT BHA!:

0,1 _ Vs *
’ 0
ve—u Y+, (37.9)
R _7_)_2 *
V3 = R
3nechb
du
=70 (37.10)

e 4 H W— JJHHBl AyT KDHBBIX, OMHCHIBAEMbIX TOUKAMH
9=, H ©; efunuyHoil cceprl. Ecau MPHHATH 3a Haua-
N0 KoOpAMHAT TOuKy O mepeceueHHs mAOCKoCTell TKauH (h'=
=0), To ypaBHenue (37.6) npumer BHJ

S‘h du = df. (37.11)
Orciona, yuutnsas (37.7), (37.9) u 10, utO 9" = 5, TIOMTYUHM
(pv v ! )
u =df (37.12)
z .-J R( ,02)
HJH, B CHJY (37.10),
Y P%) gy — g. (37.13)
(pv2)
[Monoxum
(pv2) = ¢, (37.19)

TOr1a ¢ 6yner PaccTOSIHHEM OT TOUKH O nepeceuenuss mJo-
CKocTeH 0 KacaTe/bHOH K peGpy Bo3Bpara 9 Halero ce-
MelicTBa njockoctedf *). Touno Tak ke

(pvs) = ¢t (37.15)

*) Tak kak njockoctu (37.1) ans pe6Gpa BosspaTa p = p (u) sB-
ASIOTCA CONPHKACAIOWHMHCS, TO BEKTOP ) = ¥ HanpaBjeHd no 6H-

HOpMaJIH KPHBO@ §, BeKTOp 02—0 —no rJaBHOf HOPMallH H BEKTOp
0, = [7; D2] — no KacaTenbHOR; caefoBaTelbHO, = (PU2) PaBHO Npo-

eKUMH BeKTOpa p = OP na raasHyio HopMalb © H ! = (pv,) — mpo-
CKLHH P HA KacaTeJbHYI0 §.
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PaBHO PacCTOSIHH!O OT OCHOBaHHS F me2pneHAHKy./dp3, Omy-
eHHOro H3 TOiKM O Ha 3Ty KacaTe/bHylo, A0 TOIKH P ee
Kacauus ¢ Kp#Bod Y (puc. 37). Takum o3pa3oMm, cOIpHKa-
ca:ouHecs MJIOCKOCTH KPHBO1 YeTBEpTOro Kjaa:ca, Npoxols-
uiHe 4epes oAHy Touky O, YNOB/IETBOPSIIOT YCJIOBH:O

—1=3 Y aw,=4qf, (37.16)
Y 9

rie CyMMa pacrmpocTpaHSieTci HA BCe  COMPHKACAlOUIHecs
niockocTH ©; K KpHBOH 9, mnpoxoasuue yepe3 Touky O, a
dw; 0603HauaeT yroa Mexay
COCEeJHHMH KacaTeJbHbBIMH K
3TOA KPHBOH B TOYke P; ee
COMPHKOCHOBEHHS ¢  ILJIOC-
9 KocThio G,

9 Ilepedpasupys 310 npeg-
JIOXKeHHe [BONCTBEHHBIM 00pa-
30M, MNOJYYHM cJefylollee:

F nyctb & — anre6Gpanyeckas

NPOCTPAHCTEEHHAsl KPHBAs YeT-

Puc. 37. BEPTOro nopsiika H P; — TOUKH

ee nepeceyeHHs ¢ NOABHKHO!

nyaockocThio &, enHHHYHBIA HOPMaJIbHBIA BEKTOP KOTOPOH 060-

3HaueH uepe3 n, janee f; H h;— COOTBETCTBEHHO €AHHHYHbIE

_ BEKTOPHl KacaTesIbHOH H f1aBRO! HopMand K kpuBoii € B TOU-

Kax P; H, HAaKOHel, dw; — yroJ MeXIy COCeHHMH Kacare/b-
HBIMH 3TOH KpDHBOH B TouKe P;. Torpa BhipaxeHHe

T = 2(1'2 dw, (37.17)
P

5

(nt)
6yaeT moJsHbIM AHGdEpEeHIIHAIOM.

§ 38. O nmpocTpPaHCTBEHHBIX KPHBLIX YETBEPTOrO NCPsiaKa
nepeoro poxa

Hcnonbayem pacueTel, KOTOpHIM 651 nocesued § 35, aaa
AOKa3aTeJbCTBA OJHOH TEOPeMbl MPO2KTHBHOA FeOMETPHH,
OTHOCSAIICACS K «MPOCTPAHCTBCHHBLIM KDHBbLIM YETBEPTOro MO-
pslka MepBOro pojia»; IMpPH 3TOM «KPHBOH» YeTBEPTOro MO-
pAAKa NepBOro poja Mbl Ha30BeM MPOCTPAHCTBEHHYIO JIHHHIO,
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0 KOTODOil MEepeCceKaloTCst BCe KBAAPHKH HEKOTOPOrO JiH-
nefino-o myuka (cp. ¢ § 33). Ecam uernipe TOiKH P; Takoi
kpuBoi € Jj23KaT B ONHOA ILIOCKOZTH, TO OMpejJHTEb, CO-
CTAB/M2HHbLIH H3 OXHOPOAHLIX KOOPAHMHAT 3THX TOUYEK, AOJLKeH
05paTHTbLCA B HYJIb:

W == (P (t0), P1(u1), Pa(u2), P3(ug)) =0. (38.1)

" ITo teopeme 3ayspa (§ 33), mpeoSpa30BaHHON C MOMOLLbIO
NMPUHIKNA JBOACTBSHHOCTH, 3TO cooTHomenHe (38.1) skBuBa-
JI2HTHO COOTHOLIEHHIO

Uy + uy + uz + uz = 0. (38.2)

CrienoBaTeJibHO, onp2aeauTesb W no/mKeH y10BASTBOp ATh YpaB-
H2HUAM @ = @y = a3 = 0, TA2 a; ompaaeasoress Gpopmynaviu
(35.17) unu (35.15), B KOTOPBIX cleAyeT MOJOXKHTb, HaNpH-
mep (cp. (35.10)):

PyP1 P3P
V12 (0 142 3)

T (Po P, PaPs) (Po P1P3P;)

[Tpu 3toM ycnoBus a; = 0 GyAyT HMeTb NPOEKTHBHbLI CMbIC,
T. e. 6y1yT HHBADHAHTHbl OTHOCHTEJbHO NMPOEKTHBHHX MNpe-
o6pa3oBaHuil (KoJsHHeauui). :
Orciofa caefyet, 4To ecau B3sThb B maockocTH & uetnipe
TOukH Po, Py, Pp, P3; (U3 KOTOPLIX HHKAaKHE TPH He JIeXar
Ha OAHOH NpAMOH) M uyepe3 KAaXAYD TOUKY Pj NpoBecTH
npsmylo g; = [P,.P}] (3TH mpsiMble TONAPHO CKPeIHBAOTCS
M He JexaT B miaockocTH (), To, BooGlLie roeopsi, He cylle-
CTBYeT HelpHUBOJUMOH NPOCTPAHCTBEHHOH KPHBOH ueTBEpPTOro
NopsiiKa nepBOro PoAa, NMpPoxoisilleil yepe3 3TW TOYKH P;
HMelollell B HHX JaHHble HanpaBienus g,;. Hns TOro uyroGhbl
Takas KpUBasi CyLIeCTBOBaJia, HeOGXOZHMO M JOCTATOYHO BHI-
NOJNIHeHWe JBYX U3 TPeX YCJOBHH a1 = a; = a3 = 0 ¥*).
Yro6bl npuAaTb 3THM YCJOBHSIM BO3MOXHO GoJsiee npo-
cTyio ¢opMy, Ml MOCTYNHM cjelylOwnM ob6pasom. Ilpumem
naockocTb € 3a maockocts z = 0; Touku P; mepeBsesem MOA-

J
XOfisillle BbIOPAHHBIM MPOEKTHBHLIM Npeo6pa3oBaHHEM B Bep-

IIHHLl  KBajgpaTta X, ¥ = +1 3Toél niockoctu. [lanee 3a Py
NpPHMeM TOYKH MepeceyeHHsi YeThipeXx NpSIMbIX g; C TMJOCKO-

(38.3)

*) B cuny (25.9) TpeThe ycaoBue GyjeT yxke OTCiofa CAeAOBATh.
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ctoio 2= 1. Toraa TOukHM PJ., P} 6yAyT HMeTb CJefylolHe
KOOpAHMHATBL:

P, P, P, Pg|Py P, P, P,

{4+l =1 =1 41| x x xa x| (38.4)
+1 4+l =1 —lly 5 Ya Ys
z| 0 0 0 01 1 1 1

HecnoxHbiii nojicyeT mokasbiBaeT, YTO NPH TAaKOM BHIGOpe
CHCTeMbl KOOPIHHAT yc/I0BHS a;=0 npruoSpeTaoT NpocToil BUA:

xo—l—xl—xz—x3=0, }
Yo—Y1—Y:+ys=0.

OGpaTtHO, H3 TeopeMbl 3ay3pa MOXKHO MOJYYHTb, YTO eCJ]H
YeThbipe MpoOCTpaHCTBeHHbI2 AyrH €; B TOukKax nepeceyenus
P; ¢ (mpousBosibHOil!) n70cKocTb0. & HMeIoT HanpaBJ/leHHs

[P P,] » YJIOB/IETBOPSIOUIHE YC/IOBHAM @)= 0 uau (38 5), 10
3TH Ayrd €; npHHajnexar O1HOIf ﬂpOCTpaHCTBeHHOH KpHBOH
4eTBepTOro nopﬂzu(a nepBoro poja.

STn onupawomwHnecss Ha § 37 pe3ynbTaThl NpPEACTaBJSIOT
co0oii nepeHeceHHe Hcc/e/lOBaHHH, CBA3aHHbIX ¢ pa6oToi Peii-
ca (1837 r.) (§ 11), na npocTpancTBenHble anreGpaHdyecKHe
KpHBHIe, NepeHeceHHe, Kotopoe B 1952 r. 6b10 JeTanbHO
- n3yueno Tenkcumopom (J. Teixidor). Teiikcuaopy yAanoch
lanee BbIBECTH MOJOGHBIE COOTHOLIEHHSI AMs ajare6paHuyecKHX
KPHBbIX, KOTOpble MOryT ObITb MpeAcTaBJelibl KaK Nepeceye-
HHe JBYyX aire6paHueCcKHX MOBePXHOCTEH; OAHAKO 3TOr0 He
yAanoch cllenaTb, HampHMep, AJsl PalHOHANBHBIX MPOCTPaH-
CTBEHHbIX KPHBbIX TPeTbero nopsijika.

IToncuntaem, yuuTbiBasi pesynbraTel § 39, OT KaKoro 4uc-
J1a IPOEKTHBHBIX HHBADHAHTOB 3aBHCHT (IHrypa, CGpa3oBanHas
«IHHeAHbIMH 3JieMeHTamH» P, g, rie TOukdH P, npunagne-
KaT ORHOH NJIOCKOCTH. nyCTb h h' — nBe (Kak Mbl GyleM
npeanosnaratb, pasjHuHble) MpsiMble, MepeceKawllHe 4YeTbipe
ocH g;. Toria cywecTByer ofHomapaMeTpHueckass Trpynna
NPOeKTHBHBIX Mpeo0pa30BaHHi, OCTABJSIOLIHX HEMOJBHKHBIMH
BCE TOUKH MPsAMBIX A, h' M MepeBOASIIMX MpsiMbie g; B CeOs.

(38.5)
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YeTeipe npsMble g, cOnajlaloT ABYMsi MPOEKTHBHHIMH HHBapH-
anTamMH (Beca Hyab); 3TO—/BOHHBIE OTHOLIEHHS] YETBIPEX TO-
YeK MepeceveHHst UX ¢ NpsaMbMH A W A'. Ecau mpucoenn-
HHTb K NPSMBIM g; €lle H NJOCKOCTb ¢, TO OHA, B CHJIY
CYLIECTBOBAaHHS YNOMSIHYTOH BHIIE OJAHONApaMeTpHYeCKOH
rpynnel, NpHGaBHT CIOJa €Il TOJbKO JBa JIONMONHHTeNbHBIX
NpOeKTHBHEIX HHBapHaHTa. IloaToMy ofllee YHCJO MPOEKTHB-
BbIX HHBapHanTOB Gurypel (P;, g;) paBHO YeTbipeM.
IMpucoennHnM clofia ellle HeKOTOpble mnoAcyeThl. Kpajpu-
Ka 3aBHCHT OT JeCATH OJHOPOAHBIX IOCTOSIHHBIX, T. €. OT
JEBSITH CYLIECTBEHHBIX MapaMeTpoB; MPOCTPAHCTBEHHAS] KPH-
Basg € uyeTBepTOro NOpsifika MepBOro poja Kak obuiasi JHHHS
nepeceueHHsi BceX KBaJIpHK MYYka 3aBHCHT MOITOMY OT 2 X
X 9—2 = 16 nocrosinubix. Ecnu kpuBasi € npoxoauT uepes
YeThIpe TOUKH P; MJOCKOCTH € H Kacaercss B 3THX TOYKax
NpAMBIX g;, TO KaxAas KBajipHKa Q nydYka MPOXOAHT Yepes3
TOYKH P; K mpsiMble g; KacaloTcsi KBAAPHKH Q B 3THX TOY-
Kax. DTO JaeT BOCeMb YCJNOBHH NSl ONpefiesieHHsl KBajpH-
K4 Q, 4, TakuM 00pa3oM, CYLLeCTBYET OJHONApaMeTPHUECKOoe
CeMeACTBO  KBajipHK, YAOBJNETBOPSIIOUIHX 3THM YCJIOBHSIM.
Ho sToMy nyuky npHHaineXHT JBaxAbl CYHTaeMAs ILIO-
CKOCTb €, H 00ulasi JIHHHS KBAJIPHK MydKa COCTOHT I03TO-
My H3 JBax/bl B3STOrO NepecedeHHs KBaApDHKH Q IJIOCKO-
ctoio €. Ecnu ke cyuecTByeT Hepacnajawomasicss Kpupas €,
KOTOpasi MPOXOAMT Yepe3 TCUKH P;, Kacasicb MpsIVBIX g, TO
MOJKHBI CYIECTBOBAaTb TPH JIHHEHHO He3aBHCHMBIE KEAJpH-
KH, YAOBJETBOpSIOUHE HalKM Tpe6GoBaHUsIM. Brimosinenune
ycaoBuii (38.5) siBasieTcst ANS. 3TOrO HEOOXOAMMBIM H JOCTa-
TOYHbIM. EcaH 3TH ycnoBHSi EBHINOJHEHBl, TO CYLIECTBYET
JBynapaMeTpHYecKoe JiHHefiHOe cemelicTBo KpuBbix €, mpo-
XOAfIIUX Yepe3 TOYKH P; U KacaloWHXCs MPAMBIX g;, a HMeH-
HO, HMH OYAyT JIHHHH NepeceyeHHs KEQJPHK Hallero JBY-
napaMeTPHYECKOro ceMeHCTBa. :

§ 39. CnpsimasieMble TKaHH, 0Opa3OBaHHble NOBEPXHOCTAMH

Ml xotM (TaK ke kak B § 17) nonbTaThCsl pelIHTh
BOIIPOC O TOM, B KaKOM cJ1ydae 06pa30BaHHAS NOBePXHOCTSIMH
TKaHb W OyAeT «cnpamasesol», T. e. OyleT AonmyckaTb pe-
anusaumio, cocrosuuyio M3 maockocted. Ilpexnae  Bce-
ro, MOXHO [0KasaTb, 4To JAHpdepeHIHabHEIE ONepaTopbi
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01, 0, dur (§ 28), npuMeHeHHBle K KPHBH3HAM ai, a: (§ 26)
TKaHH B ee Touyke O, J1AIOT NOJMHYIO CHCTEMY HHBapHAHTOB
TKaHU QB B 3TOH Touke. OHAKO 3TH HHBAPHAHTHl He He3aBH-
CHMbl, TaK KaK B cHAy (28.17) oHH cBsi3aHbl COOTHOLUEHHEM

arnntanutamm=
=aini+anu—amm—amm=0 (39.1)

H JIPYTHMH COOTHOIUEHHsIMH, moJyudaiowuMucss u3 (39.1) moc-
Jle NpHMeHeHHs1 K HeMy JAH¢depeHIHANbHLIX ONEPATOpOB 01,
Oi, 0. TakuM o6pasom, Vbl HUMeeM JBa WHBapHaHTa BTO-
poro mopsiika Beca eJHHHLA, & HMEHHO @, @2, lIECTb HH-
BapHAHTOB TPeTbero MNopsjka Beca JBa, a HMeHHOA;1, Az1i,
ap ui, @21, @z 11, A2 111, U3 ABEHA/IUATH XK€ HHBAPHAHTOB YeTBep-
TOTO NOPsIikAa BeCa TPH, @ HMEHHO @i, H Gz, B cuy (39.1)
OyAyT He3aBHCHMBbIMH TOJIbKO OJHHHAAUATb; CPelH HHBapH-
aHTOB NATOrO NOpPsSiAKA Mbl HMeeM coOTBeTCTBeHHO 2 - 10—
— 3 = 17 He3aBHCHMLIX HHBAapHAHTOB Beca YeThbipe; YHCJIO
HE3aBHCHMBbIX HHBADHAHTOB LIECTOro MOPsiika Beca NsTb Oy-
flet paBHO 2- 15—6=24 u 1. A

INonacunTaeM Tenepb 4YHCIO NPOEKTHBHLIX HHBAapHAHTOB
TKaHH H3 1iockocTed. Purypa 1epsoro nopsjka COCTOHT H3
YeTblpeX MJIOCKOCTel, MPOXOAsHX 4epe3 ToUKy O, B Kax-
Nofi H3 KOTOpbIX 3ajaHa NpsiMasi—npsiMasi NMepecedenHssTol
IJIOCKOCTH € coceflHel MJIOCKOCTBIO TOrO e ceMeHCTBa. IDTa
¢urypa, ABOHCTBeHHAst K paccmoTpeHHoit B § 38, uMeeT ue-
ThiIpe NPOEKTHBHLIX HHBapHanta. Kaxnoe mocseayouee ype-
JIHYeHHe TNOpPSIAKA Ha elHHHIly-yBe/JIHYHBAeT YHC/IO HHBapHaH-
TOB Ha BOCeMb (IO /Ba AJIsl KaXKJOH H3 4YeTblpeXx Or H6aoUHX
KpHBbIX). OOliee 4HCO a6COMOTHBIX HHBAPHAHTOB Jl0; M-TO

nopsiika pPaBHO

Topsanok 1

(39.2)

Tononornueckue HuBapHautel .| 0| 2| 8 | 193660
IlpoekTHBHHIEe HHBapHaHTH . .| 4 [12]20]28 (36|44

Takum o6pa3oM, Mbl MOXKeM DacCYHTBHIEATb OTBICKATb YC-
JIOBHSI CIPSIMJISIEMOCTH TKAHH, TOJIBKO YYHTBIBasi HHBAapHaH-
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Thl He HHXe LiecToro mcpsaka. Ilanee, 31ech TaKke NOXKHO
BBICKAa3aThb rHNOTe3Y, aHaJlor Hunyo runotese I'ponsaaa (§17):
c6pa08aHHA S NOBEPXHO(MAMU MKAHL, He ABASKWCACA we-
cmi yi0atHol, conyckaem (C TCYHCCTEIO O KOJJHHEALHH) He
6oatwe o0HOU peasusayuu 8 8L0e MKGHU L3 NAOCKocm.ed.

§ 40. HeckcabKO HepelleHHbIX BCMPCCCB, OTHCCAWMXCS
K TKaH$iIM, CO[A30EAHHBIM NCBEPXHCCTAMH

Mbl mocTaBHM 3/lech HeKOTOpble BCNPOCHI, Hal KOTOPBIMH,
Kak HaM KaxeTcsi, CTCHT MOAYyN.aThb!

K npocTe AIUMM INECTHYrOJbHBIM MPOCTPAHCTBEHHBIM TKa-
HSIM OTHOCATCS TKaHH, COpasoBaHHbie YeTHIDEMS NYYKaMH
MIOCKOCTEH C MOMAPHO CKPEILHMBAIOIIHMHCSA, He NMPHHAJJIEKA-
mHUMH OAHOI [KBaJpHKe (TOYHee, MOJYKRajpHKe, cM. § 34)
ocsimu. Ecau Be mpsimbie h, h’, mepecekarKiiue 3TH 9eThipe
ocH, 6YAyT A€HACTBHTEJbHBIMH H Pa3NHYHbIMH, TO ypaBHeHHe
TKaHH MOXeT OblTb NMPHBEJEHO K BHAY

W = hl (Uo Uy + Uy ll3) + h2 (Uo Usg + Us ul) +
+ hs (uous + uyus) =0 (40.1)

C MOCTOSIHHBIMH KO3(uLHeHTaMU A

A;. MoXHO NCCTaBHTb BONPOC O «AHAroHaJsix» MOROGHOM
TKaHH, 00pa3oBaHHOH NMYyYKaMH MJOCKOCTEeH, T. €. O «CHJO-
BBIX JIHHHSIX» COOTBETCTBYKILHX JH(¢epeHIHaNbHEIX oOTme-
paropoB d;, 0, 0s. O6Gpa3cBanHasi 4eTbipbMsl NMyYKaMH MJIO-
cKocTe#l ¢Hrypa HMeeT TOJbKO ABA NMPCEKTHBHBIX HHBapHaH-
Ta, @ HMEHHO, JBCHHbIE OTHOLUEHHS] YeTBEPOK TOYeK, B KO-
TOPBLIX YEThipe OCH MepeceKaloTcsi ¢ HX COWHMH CeKYLIHMH
h n h'. Tlostcmy RonkHa ObiTh mpocToit M ¢urypa, c6pa-
30BaHHAS ¢/lHaroHa/IsIMH» TKaHH.

A,. Bbino Gbl HHTEDecHO pa2biCKaTb HEOGXCAHMbIE H JO-
CTaToYHble VCJOBHSI AJA TOro, utoChl 06pa3oranHasi MOBEpX-
HOCTSIMH TKaHb Oblla TCMOJIOTHYECKH 3KBHBaJIeHTHA TKaHH,
cbpasoraHHoii nyuykamH nJjockocTteil. Ta6Gauuma (39.2) noa-
CKa:zblBaeT, YTO 3TO OYAyT TPH YCJOBHSl, CBSI3bIBAIOLIHE HH-
BapHAaHTHl TpPeThero mopsjka.

A;. 3acsnyxHBaeT BHHMaHHS BCNPOC O HaXOXKAEHHH
«YCJIOBHH CPSIMSEMOCTH» ISl LIECTHYTrOJbHBIX MPOCTPAHCT-
BEHHBIX TKauew.
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A, Kako#i BHA NpHMeT ypaBHeHHe
Uy = W (U1, U, Us) (40.2)

AJISl 1eCTHYTONIbHOM NMpPOCTPAHCTBEHHOH TKaHH.
A;s. Kakoii BHA umeer (yHKUHS, KOTOpas MoJydaercs
nocJie MHTerpHpoBaHHsl Bhipaxkenui (37.16) u (37.17):
P(x, 4,2

1=F(7,2),
(40.3)

AJisi LIECTHYTOJIbHOR Npo-
CTPAaHCTBCHHOR  TKaHH,
00pa30BaHHOA  NJIOCKO-
cTaMH 1)?
Ag. Hafitn npumepn
IIECTHYTOJbHBIX ~ NPOCT-
PaHCTBEHHBIX TKaHeil, 00-
pa3oBaHHBIX  YeTHIPbMS
nyukamH cep.
A,. TIpogomxuThb Ka-
Puc. 38. HOHHYECKOe pa3JioXKeHHe
B psaA (§36) no useHoB
TPeTbero nopsijka.
A,. HopmupoBatb ¢yukunio tkand W (4o, u,, Us, us) B co-
otBercTBHH ¢ § 16. A
Ay. MoXHO JH € LeJbl0 YNPOIeHHS OTHOCSLIHXCS K
NIPOCTPAHCTBEHHBIM TKaHAM (OPMYJ HCNOJIb30BaTh KBAaTePHH-
OHHl, NOAOGHO TOMY KaK KOMIJIEKCHBbIE YHCJAa HCMOJb3YIOTCS
B TEODHH KDHBOJIHHEHHBIX TKaHed (cM. § 18).
Aso. M3yunTb pHMaHOBY MeTpHKY

ds? = o + of + o3 + o (40.4)
C YCJIOBHSIMH TepeHOPMHPOBKH
ds*? = é—zdsz, (40.5)

€CTeCTBEHHO BBOAHMYIO Ha 00pa30BaHHOH NOBEPXHOCTAMH
tkaud. Ilo sTomy moBoay cM. M. Jaeger, Projektive Met-
hoden in der Gewebengeometrie, Comment. Math. Helve-

1) Oteer Ha GoJee o6 1uii Bonpoc Aaa Apd (ecM. C. Arf, Sur
la théoréme de Reiss, Rend. Math., Roma, V, 14 (1954), 181—191).
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tici 24 (1950), 260 — 290 u guccepTalHIO 3TOTO Xe aBTOPa, 3a-
muuennyio B 1949 r. B Briciieff TexHHYecko#l IukoJe B
Liopuxe.

Aji. B cooteeTcTBHH ¢ § 23 OTbicKaThb HAWJY4YINYIO pea-
JI3an Ko o6pa3oBaHHoOM MoBepXHOCTAMH TKauH (cp. E. H 6sel,
Minimaldarstellung von Flachengeweben, Hamburg. Ab-
handlungen 9 (1933), 273 — 290).

Ajz. MI3yunTb 06pa3oBaHH yio NOBEPXHOCTAMH TKaHb g, 06-
pPa30BaHHYIO IIECTbIO ceMeHCTBAMH MOBEPXHOCTEH, H3 KOTOPHIX
MOXXHO 06Gpa3oBaTh 3aMKHyTble JBE€HAJALATHIpaHHHKH, TONO-
JIOTHYECKH 35KBHEAJIEHTHbIE TPABHJIbHBIM I0OfieKas/ipaM (pHc. 38).

To, uTo 3fech GBITO CKAa3aHO O TKaHAX W4, O0OpPa3oBaH-
HBIX YETBIPbMSI ceMeficTBaMH NOBepXHOCTEH B TpPeXMEPHOM
npocTpaHCTBE R3, YacTHYHO 0600MIaeTcsi Ha TKAHH Wny1 ,
o6pa3oBaHHble n+ 1 cemefcTBOM «rHuIepnoBepxHocTel» B R,.
[TopcGHbIM TKaHAM NOCBsilleHbl PaGoThl MOEro COTPYyAHHKA
Ays (H. A ue, Mittl. Math. Ges. Hamburg 7 (1938), 367 —
399) u unenaBnue pabothl Bapua (H. Bartsch, Abh. math.
Sem. Hamburg 17 (1951) u Annali di Mat. 4, Fasc. 32,
(1951), 249 — 269).

8 B. baswke



111. 3AMEYAHHSA O KPUEOJIMHEAHBIX 4-TKAHSX
HA TIJIOCKOCTH

§ 41. 0G3cp wHEapraHToB 4-TKaHH

Tenepp MBI CcHCRA EepHEMCS K PacCMOTPEHHIO MJaHHMET-
pHYECKHX BONPOCOB H 3aHNeMCSi KPHBCJHHEHHBbIMH TKaHAMH,
cGpa3CcBaHHBIMH YeTbIPbMsI CeNelicTBaMH KPHEbIX. IlcacGHble
TKaHH MCXHO paccMaTpHEaTb Kak CedyeHHe 06pa3oBaHHOH
MOBEPXHOCTSMH TKaHH KaKOH-JH60 MOBEePXHOCTHIO, HE NP HHAJl-
Jexaled TKaHH.

IMycts B o6nacth & nuockocty € 3ajaHo n cemelcTB

KpHuBblX G

u;(x,y)=u;=censt (j=0,1,...,n—1), (4L1)

TaKHX, YTO uepe3 KaxAylo TOUKy x, Y cOmacth ® mpoxcaut
TOYHO NO OJHOM KPHBOH Ka)KAOro ceveHcTBa H JIE€ KPHEbIe
pa3JIMYHBIX ceMelcTB mepeceKaloTcst B 3TCH o6sacTH He 60Jb-
me ueM B OfHOH Touke. [lanee, mycTb B cOGmacth &

[dujdu,) =0 (j+ k) (41.2)

GyHKUEY u; (x, y) ABNSAOTCS aHanuTHUecKUMH B & u c6racts ©
6yner «EblﬂyKJ]CPl» OTHOCHTeJbHO ceveficTs ©;. Toraa roso-
pAaT, uTo B c6nactu & 3anana «KpLBOAuﬂeuHaﬂ n-mKaney W,
raen>3. Ecnu j» k, | — xakue-10 TpH H3 umucen 0, 1,..., n—I,

T0 cemeiictBa S, €,, €, c6pa3ylOT «ICATKAHLY T ¢ TKAHH
®" B cbaacth &,

Han6onee paxubIM Nccre H3yYeHHOro B MepBCH YacTH
3TOH KHHTH clyyasi n = 3 sipnseTcs (CJefyKCLIHH Mo Ncpsf-
Ky) cayyail, KOorjla n=4; MosToMy Vbl XCTHM CCTaH( EHTbCH
3/lecb HMEHHO Ha 3TOM cJjydae, TeMm 6cJiee, YTO TKaHH ",
Tie n >3, H3yueHnl NCKa elle CCBePLIEHHO HEJOCTATCUHO.
Cnyuait n=4 npuBieKaTe/ieH TaKXKe H MOTOMY, YTO OH TECHO
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cBfi3aH C BONPOCCM O MOBEPXHOCTAX MepPeHoca B TOH MOCTaHOB-
ke, K kortopoii npuwen C. Jlu (S. Lie, 1842 —1899) npu
H3yueHHH paGoT CBOEro BeJIHKOro cooTeuecTBeHnnka H. I'. AGe-
as (N. H. Abel, 1802—1829). Oth nccnenosanus C. JIn 6blan
npofioJixkenbl Mosxke ero yuesukom llleddepcom (G. Schef-
fers, 1866 — 1945), a 3arem [ap6y (G. Darboux, 1842 —
1917), INyankape (H.Poincaré, 1854—1912) u Buptuurepom
(W. Wirtinger, 1865—1945). HenaBHo Tkann q®* ycnemHo
M3YyUYajiCb MOHMM HCMaHCKHM coTpyAnHkoM [loy (A. Dou).
Ecan mbl BBenteM dopmbl Ildadda

o="1  (j=0,1,2,3), (41.3)

10 CcemefictBa ©, Haweil TKaHd ! moxHO OyJeT 3ajaTh pa-
BeHcTBaMH o; = 0. Ecain oTGpocuTh (BpemenHo) ceMeiicTBo &,
TO npHieM K 3-TKaHu BWo. Ecau cunraTh TKanb W, H3BeCT-
HOH, TO AJsl Toro, 4To6bl 3ajaTh B4, J0CTaTOYHO 3HATh
JiBoiiHOe OTHOIICHHE f (X, y) uYeTbipeX KacaTeJbHBIX, IpOBe-
JleHHBIX B TOYKe (¥, ¥) K YeThbipeM INpPOXOAALIHM yepe3 3Ty
TOYKY KPHBbIM TKaHH W% Ecan ®* 3ajaHo npu mnomomu
ypaBHeuHit (41.1), TO Ana YeThbipeX KPHBHIX 3TOH TKaHH,
NPOXOAAILIHX Yepe3 OIHY TOYKY, MOXKHO MOJNYYHTb ]IBa yCJO-
BH$I

F (up, uy, us, us) =0,

(41.4)
G (uo, uy, us, u3) = 0,
npryeM (pyHKIHOHAJbHBIE ONpeJeNHTeNH
_ 0(F,0Q) ,
ij_maao (j + k) (41.5)

B o6nacth &. Torza mbl MOXeM oOnpeleiiUTb ABOHHCE OTHO-
t;xne;me KacaTeJIbHbIX (HaH (GOPM G;) MPH TMOMOUIH BbIpaXe-
¢ = HoHa _ 0591100 62]

Hos H s [6102] [s0 03]

DTo ABOitHOE OTHoIeHHe { GyJeT HMHBApHaHTOM MEpPBOro Mo-

PSIlKA OTHOCHTEJIbHO HAUIHX «TOMOJOrHUeCKHX OToGpaxKeHHiH»

(0.1). Ecan mMbl NnpHMeHHM K HEMY HHEapHaHTHbIE OMNEpaTopbl

D,, D; TKaHH Qo (§ 12), TO MoJyuHM H3 3TOrO HHBapHaHTa
8‘

(41.6)
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Bec KOTOPOro paeeH HyJo, B2 HHBapHaHTA BTOPOro NMOpsiika
t1, t; Beca p=1. [lanee mnonyyHM, veThipe HHBapHaHTa
TPeTbero mopsiika Beca p = 2, a HMEHHO

ti, tia, tas, K,

rae ty, =D, D;{, a k— KpuBH3HA TKanH Wo. HnBapuanra-
MH YeTBepTOro mopsiika (p = 3) GyayT

tua, tie, tiee, faee, ki, ke,

H T. A. Tak cocraBisieTcsi NOJHAasi CHCTEMAa HE3aBHCHMBIX
HHBADHAHTOB TKaHH B¢ B paccMaTpHBaeMoH ToOUKe.
OTMeTHM IJs1 JanbHeHILero eue YHcJao abCOMOTHHX HH-
BapHaHTOB (HHBapHaHTOB Beca p= () pa3JHYHBIX NOPSAKOB. Mbl
HMeeM OJIHH TaKoil MHBApHAHT MepBOro Nopsjka, a HMEHHO—
JBOliHOe OTHolIeHHe f. [lasee HJeT OJHH HHBApHAHT BTOPOro
Nopsi/lka, a HMeHHO — OTHOLUEeHHe f,:f1; HYeTbipe HHBapHaHTa
TpeTbero nopsjka: tunitd, titl, te:tt, k:t;wectsb
HHEApHAHTOB 4YeTBEpPTOro mnopsjaka: tm:t?, tm:t?, tlzzzt? ,
fasa: 13, ky:t3, ke:tdmT. 1. COwee uncio HHEApHAHTOB MO-
panka 1, 2, 3,4 6yner cootBeTcTBeHHO paBHO I, 2,6, 12.

§ 42. MNpoexkTHBHaA Moae/b

PaccMoTpHM Tenmepb TKaHb IB* cnelHajbHOrO poaa, cCo-
CTOSILLYIO H3 OJHHX NMPSAMbIX JHHHH. B KauecTBe (GHrypHpy-
o Hx B (41.4) dyukuuit F, G 31ecb MOXHO BBECTH ompefe-
JIHTEJH

F=(gog182)=0, G=(g18:83) =0, (42.1)
rae
got+gnx+g2y=0, g u)=1(808 &) (“22)

~— ypaBHeHHe NpsMOi JHHHH cemeficTBa ..

PaccMoTpHM Jlajiee MsiTb TOYEK, a HMeHHO: TOYKY P B 06-
JIACTH perynsipHOCTH Halled TKaHH IB* M yeTbipe «XapakTe-
DHCTHYECKHE TOYKH» P, T. e. TOYUKH IepeceyeHHs NpsSIMbIX
g, TPOXOAAHX tepe3 P, ¢ «cocefnHMH» npsimbiMH g;. Ec-
_ JIH Mbl BO3bMeM «OOLLHi cayyaii», KOrla HHKaKHe TPH H3 3THX
NATH TOYEK He IpHHajJieXXaT OAHOH MNpsiMOH, TO 3Ta ¢H-
rypa GyZeT HMeTb Jra aGCOJIOTHBIX NPOEKTHBHLIX HHBAapHaH-
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ta. Ho B cuny § 41 v Tkanb umeer B Touke P poBHO JBa
a6CcoJIOTHBIX HHBapHaHTa—/JBOMHO2 OTHO!UIEHHE [ H OTHOIIe-
uue f;:f;. OTcloga BhiTeKaer caenylolee.

Touxe P obaacmu peeyaaprocmu & npoussoavrol mranu
QB MONCHO, 800OWEL 2080pPS, OOHO3HAYHO NOCMABUME 8 COOM-
gemcmeue mouky P* mrxanu Q®*, 06pa308anHOl vemoipoma
nyuKamu npamox ¢ yewmpamu P; obugeeo noroxenus (Hu-
Kkakue mpu u3 mo4ex P; He aexcam Ha 0dHol npamod), max,
4mo okpecmuocu 8mopoco nopadka mouku P mKranu @4 u
mouku P* mranu ®* 6ydym monosoeuuecku 9K6UBANCHMHYL.

-
Ecau Mbl 3apHkcHpyeM ToukH P; TkandH Q8*, To B oluiem

cayyae, Korja
t )
o (1"

a(x,9)

Mbl TOJIyYHM OToOpaKeHHe (TOMOJIOrHYeCcKoe B MaJioM) IJIOC-
KocTH € Tkann W Ha nyockocth €* TKaHH QW¥; NpH 3TOM
TKaHH QR4 GyJleT COOTBETCTBOBAaTh HEKOTOpas TKaHb QBg, KO-
Topasi, BooOuie roBopsi, He coBmafaer ¢ W*. Bcem monovao-
2UMeCKU IKBUBANCHMHLIM TKAaHAM W4 COOTBETCTBYIOT npoek-
MUBKO 5KBUBAAZHMHbIE TKAaHH Wg. TKanb QW  Ha3LIBAIOT
«npockmusrol modesvto» Tkaun Wi, IlpoGreva Tomosoruue-
CKOro HccneloBaHHsl TKaHH QB* cBefileHa, TakHM ofpa3oM, K
npoGneMe MpoeKTHBHOTO HCCJICNOBaHHS TKaHH Wo. 10 CoO-
ofpaxenne, npHHalaexaulee Xose (G. Howe), e monyuuso
MOoKa Kak GyaTO JOMKHOTO NMPHMEHEHHS.

CpaBHHM uyHcJ0 a6COJIOTHBIX TOMOJIOTHYECKHX HHBADH-
AaHTOB MPOH3BOJILHOH TKAaHH QB4 C UYHCJIOM abGCOJIOTHBLIX
MPOEKTHBHbIX HHBAapHAHTOB NpsIMOJIHHEHOM TKaHH 4. Mul
HaiifileM

£0,

1
|
Topaaok 1 2 l 3 i 4
I |
|

O6uiee uucao aGCOJIOTHHIX
TOMOJIOTHYECKHX HHBApH-
aHTOB . . . 1 2 6 12

OGuiee uwucJa0 aﬁcomomux

NPOEKTHBHHIX HHBapHaH-
TOB . . . . . .. ... 1 2 6 10
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Orciona, Mo-BHAHMOMY, CJENYyeT, YTo TPOH3BOJIbHASL TKaHb
QB4 B OKPECTHOCTH TpeTbero mopsiika J:000# cBoed TOUKH
MoxKeT GbITb pacCMOTpeHa Kak NpsiMoJiHHeliHas TKaHb, B TO
BpeMs Kak «NpsiMOJIHHEHHoe NpHOJIHXKEeHHe» uYeTBepToro mno-
psilka MPOH3BOJILHOH TKaHH, BooOUle TOBOPS, HEBO3MOXKHO.
Jas toro ytobbl TKaHb QB4 Gblia «crnpsivasieMa», HOJKHBI,
No-BHAHMOMY, BHINOJIHATLCA [3a YCJOBHS, HAJIOXKEHHbIE Ha
HHBApHAaHTHl YeTBEPTOro Mopsijka.

IlpuBenem 3pech elie OJHH pe3ysbTAT, KOTOPBIi GblJ Mo-
ayuen B 1928 r. Maiieprodeponm (K. Mayrhofer) u o6o6uien
Peiinemeiicrepom (K. Reidemeister)*).

O6o3nauum uepe3 Iy 3-mKars, noAYuaowyocs us 4-mranu
W®* uckarouenuem cemedicmea nuHui ©;. Ecau 6ce nodmxanu
'-m‘;’ (Gj=0,1, 2, 3) 4-mranu W* A62810MCA WeCMUY20AbHYL-
MU, MO 3Ma MKAHb MON0AOUYECKU SKBUBANCHMHA MKAHU, CO-
cmosuweld u3 yemoipex NY4Ko8 NPAMbLX.

C 5THM npeaJoKeHHeM CBsi3aHa cCJelyoulasi TeopeMa:
Ecau monoaoeuueckoe omobpaxerue mrkaru B4, 06 pasosan-
HOL uemblpbmMA nY4KamMu npAMeLX, nepesodum ee CHO8a 8
MKaHb makKoeo muna, mo Mo Monoa0eUecKoe omobpasxcerue
A6AA2MCA KoaauHeayuel.

[Mono6Hble mpeiJoxeHHsi, B3siThle B JOCTAaTOYHO oOLLel
¢dopmMe, MoryT GbiTh HCMOJNb30BaHbl AJf LleNeldl akCHOMaTHYe-
CKOro 06GOCHOBaHHSI NMPOEKTHBHOH TeOMETpPHH.

§ 43. Hopmuposanue dopm lldadda
Ycaosune (6.4)
g1 + (o) + g3 = 0
onpefensiyo ¢opmel [Ipadda 3-Tkaun WP ¢ TOUHOCTBIO 0
nocrostHHoro mHoxkurens. [Toro6Hoe HopMHpoBanue Ans 4-TKa-
HH QB4 MOXHO NpPOBECTH MHOTHMH crocobavu. Hampumep, Mol
MOXKeM CJIefyIolUIHM 06pa3oM BLIpasuTh dopmel o; (j =0, I,
2, 3) 3To#i TKaHM 4Yepe3 JIBe JHHEHHO He3aBHCHMble (DOPMbI

Tipadpda a u B

6o = + acoss—3sins,
o1 = +asins+ Bcoss,
6; = + acoss+ Bsins,
o3 = —asins -+ Bcoss.

*)Cm. W. Blaschke—G. Bol, Geometrie der Gewebe, § 1C

(43.1)
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3nech
2 ctg2s =1 (43.2)

— ABOHHOe OTHOWISHYE YeThpeX HampaBienHd o, =0 B TOU-
ke P obaicra peryaspHoctH & TkaHi Wi SalaHHble B TOY-
ke P wuanpaBneHisi a==0, B =0 Gyayr xapaxTep430BaThcs
TeM, 4YTO OHH JeJST TapMOHHIECKT OTHOBPEMEHHO mapel
HanpaBieH i 50=0, 5,=0 u 5, =0, o3 =0. Popmnl a, B,
o; onmpelensiiorcs paBeHcTBAM T (43.1) ¢ TouHOCTL'O A0 06 Lero

J
MHOXKATesas. Ecad nocTaBHTb B COOTBETCTBHR HanpasJEeHAAM

Puc. 39.

KacaTeNbHbIX ¢; B TOuke P K JHHusIM o, = 0 Touku mepece-
qyeHus npsmblx {; ¢ npoxoasuen qepes TOUKY P OKpyX-
HOCTBO & (3TH "ToukM MBI TakKe 0603HAYHM yepes ¢;), TO
KOH(HUrypauys u3 WeCcTH TOYeK J;, , B OKpyxKHocTH & 6yue1'
HUMeTb BHJI, H300paxKeHHHI Ha puc 39. Mbl umeeM, jnaJee,

@a= 6,COSS - g;sins=06,C0s88—azsins, } (43.3)
B =—apsins+ o,coss =3,sins -+ o3 coss

H

Ga= 0y COS25-}3;sin2s, 69=0;c0s2s— agsin2s, } (43.4)

63=-—30 SiN 25-}-6; C0s 25, &3=0, sin 2s + o3 cos 2s.

Orciona cnenyer, 4To
% + of = o3 + o} (43.5)
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H
0'0+°2__°1—°3 (43 6)
coss  sins '’ )
‘—°0+°2_°1+°3 (43.7)
sins ~  coss '
IMpeanonoxuM, uto B obnactd ®
Q = [aB] + 0. (43.8)

Toraa u3 (43.1) mMoxHO BbiBeCTH (OpPMYJbl, NPH TNOMOULH
KOTOPBIX MOXKHO JlOKa3aTb, Hanpumep, TeopeMy Maiieprobepa
u Peiinemericrepa u3 § 42. OxBuBaseHTHbE (HOPMYJIBI MOKHO
noJyunTb H3 cooTHoweHui (41.4). Cxoanyio cucteMy dopmy.
HeaaBHo npumenua oy (A. Dou) b).

§ 44. Panr 4-Tkanu

PaccMoTpuM TKaHb B4, AN KOTOPOH OIHO U3 COOTHOLIE-
HHH (41.4) MOKeT GbITb NMPHBEAEHO K MPOCTOMY BHAY

llo:+ uy+ us + us = 0, (44.1)

T. €. TKaHb, 3aHUMAOLIYIO, B H3BECTHOM CMbIzJie, cpelu TKa -
Hell QB* Takoe e MecTO, KaKoe 3aHHMAlOT WIECTHYTOJIbHBIE
TKaHH cpeld TKaHel Qg%. Ecsn Mbl Bo3bMeM B MpoCTpPaHCTBE
OKTa3/pHYECKYI0 TKaHb H TepeceyeM ee MOBEPXHOCTHIO {, He
Kacaloleics JHHHH nepeceyeHHs NMOBEPXHOCTEH 3TOH TKAaHH,
TO Ha MOBEPXHOCTH {§ Mbl MOJYYHM TKaHb IB* paccMaTpHBae-
MOro creliHanbHoro tiuna. PaccMoTpuM tenepp cayuaii, Koraa
AN TKaHH QW* OJHO M3 CcooTHOWeHHH (41.4) MoxkeT OHITH
p cnocobaMu mpejAcTaBieHO B 3KBUBajieHTHOM (44.1) BHze

Vok (uo)—l-v_;k(ul)+vgk (42)+v3e (u3) = const (k=1,2,...,p).

(44.2)
[Tpy 3TOM MBI cuuT2eM, 4TO MeXAY JEBbIMH YacTAMH 3THX
COOTHOLUEHHH He CYIleCTBYeT JIHHEHHBIX 3aBHCHMOCTeH C no-
CTOSHHBIMH Ko3(pduuueHTaMH. MakcuMabHOE YHUCJIO COOTHO-
weHui (44.2) ans NaHHOH TKaHH Q®* MBI HA30BEM «PAHIOMY
3Tod TKaHH. HanGosblHii paHr, KOTOPHIi MOXeT HMeTb

1) A. Do u, Cuatritejidos Planos, Met. Real. Acad. Cieny Artes,
Barselona 31, 5 (1953); cm. nasee A. Dou, Rang der ebenen 4-Gewe-
be, Hamburg Abhandlungen 19 (1954).



§ 45) MAKCHMAJIBHBIA PAHT 121

Kakasi-TH60 TKaHb B!, Mbl HA30BeM «MAKCUMANLHOIM DAH2OMY
H 0003HaAYHM uepe3 pq.

Oxana Teopema AGenss (N. H. Abel, 1802—1829) 1829 r.
no3BosisieT cpa3y ykasaTb npumep TKanu L84 panra p = 3. A
HMEHHO, PaccMOTPHM KpHBYIO € yeTBepTOro Kjacca MakcHMalb-
Horo poaa*) p = 3. Ipeanonoxum, uto B niockoctd & 3ToM
KpuBoil cyuiectByeT obaacte &, B KoTopoil HeiicTBHTENbHBIE
KacarteJbHble K KpuBoil € o6Gpasylotr Tkawb ®!. Ecan u — na-
pametp Ha Kpueoi €, KOTOpHIH BHIUHC/ASIETCS MpPH TOMOLIH
«abeneBa MHTErpajna mepBoro Poaa», W Uy, Ui, Us, Uz — 3Ha-
yeHHs MMapavMeTpPoB KacaTe/JbHAIX, MPOXOASILHX Yepe3 TOUKy P
obnacty &, T0 cymma

Ug + uy + us + us = const (44.3)

ocTaeTcsl INOCTOSIHHOH NpH M3MeHeHHH ToukH P B ®. Tak
KaK KaXXOMY TaKOMY HHTerpajy u COOTBETCTBYeT Ha KpH-
Boit € coorHowenve (44.3) W Tak Kak YHCJO JHHEHHO He3a-
BHCHMBIX HHTErpaJjioB NepBoro poia paBHO pony p KpuBoi @,
TO PaHr Hawed KpUBSH AeHCTBHTEJNBHO PaBeH TpeM.

Mbl mokaxeMm Takxke, Kak, chieays wertoay Ilyankape
(1901), moxkHO JMoKa3aTh, 4TO, OOpaTHO:

1. Makcumarbnoul paue po 6cex 4-mxanell pasen mpem.

11. Bce 4-mkranu panea p = 3 monosozutecKu sK8UBANCHM -
HbL MKAHAM, 00PA30BAHHbIM KACAMEALHOIMIL K NAOCKOL Kpu-
80l wemeepmozo Kaacca.

B wacrtHocTH, Bce 4-TKaHH @@* panra 3 GynyT cnpsimuse-
MBIMH.

§ 45. MakcHMaabHbI paHr
Ecan MB mosoxum
. du,
U/k = -ELTJ- , (45-1)
TO H3 (44.2) nonyuum (k=1, 2,..., p):
Vor dilo + U1 pduty + vopduy + vapdus = 0 (45.2)

*) Cm., nanpumep, H. I'. YeG6oTapés, Teopus anreGpanuec-
KHX QyHxkuuA, M.—JI., Tocrexusnar, 1948, crp. 108.
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Insi BceX x, Yy B obnactH peryasiproctHh & Tkann @®?! u pas
BceX dx:dy. CuHTasi COBOKYMHOCTb p BeJHYHH
(vr1s vg20 ..., Upp) =1 (45.3)
BEKTOPOM B p-MEPHOM MPOCTPAHCTB2, MBI MOXeM O5beAHHHTb
HawK p ¢opmyn (45.2) B o1HOi BekTOpHO#N (hopmy.e:
o dllo + 0, du, + v, dllg + o5 dus = 0. (45.4)

PaccMoTpum Anddepenuabibie onepatopbl 0;, OmpeAesio-
LILHECS] paBeHCTBAMH

u; =0, Ou,=u,;+0 (j+k). (45.5)
[Tpumensis omepatopel d; H 0y K cooTHoweHHIO (44.2), Mbl
MOJIy4HM BEKTOpHbIe (DOPMYJIbI:
Vo Uor + Vald2y + Vsuz =0,

= (45.6)
V1l10 + Valdao + Vsltso = 0.

ByneM cuHTaTh Temepb BEJHYHHBI U} OXHOPOJHBIMH KOOPIH-
HaTaMui TOYKH U; B (p — l)-MepHOV NPOEKTHBHOM MPOCTpaH-
crBe B. Torna cooTHOMIZRAS (45.6) o3nagaioT, 4TO TOYKH Vo,
U1, Uz, U3, COOTBETCTBYVIOUIHE OJHHM H TeM e 3HaueHHAM X,
y obnactH ®, nexxar Ha ogwoil mpsiMoit g (x, ¥) mpocTpaH-
ctBa B. Mbl 0603HauUM 3TO TaK:

g = Vo4 V1402 Ts, (45.7)
rje npaBasl YacTb O3HaYaeT JIHHeHHOe MOAMPOCTPAHCTBO MpO-
cTpaHcTBa ‘P, «HATAHYTOE» HA TOYKH Vo, V1, V2, Us. [Ipumensis
K nepsoil dopmyne (45.6) onepatop 0s, MOJyYHM

Vo U1 Loz + Voldor2 + Dz Ug12 + Vs sz +Vauss s = 0,
(45.8)
rje v = d¥,: du,. DTO 03HAUaeT, YTO KacaTeJibHasl
To =0 + Vo (459)

B TOuKe ¥ K KpuBoi &, npoctpancTtBa P, omucbiBaeMoit 3TOM
TOYKOM, JIEXKHUT B IJIOCKOCTH

G =g} (45.10)
KOTOpasi TakK¥kKe COAEPXKHUT KacaTeNbHYIO

T3 = 05 + 03 (45.11)
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B Touke ¥z KpuBoil &;. 3nauut, 3TH Kacateabuble Ty (x, Y)
u Ts(x, y) nepecekaotcs. [losTomy, B cHay cuMMETpPHH, Bee
KacaresbHble T (x, ¥) Jexart B oAHol niockoctd € (puc. 40):

¢ (xv y)=To (%, y) + Ti(x, ¥) + Ta(x, y) + Ts(x, y) =
=04 v+ v 401 +v2+ 02+ 03 03 (45.12)
Ecan mbl npuvennM K paBencTBY (45.8) omepatop d;, TO
B MOJIy42HHO2 BbIpaXKeHHe
%
)

BOi11eT TOJNLKO OJHA MpOH3-
Bo/iHasi BTOpPOro nopsiika, a

HMEHHO Ty € MHOXKHTe/NeM
Ug) Ugaug3z~=0. [ToaTomy co-
npHKacawouascs mJI0CKocTb
K kpuBoii &, B TOuKe U
coBnajaer ¢ niockocteio €:

¢ = Vo + 0o + Toe  (45.13)

B cuay cuvMmeTpHH mJoc- Puc. 40.
KocTb ¢ OyleT TakXe co-
npuKacawoueficst niockoctbo KpuBoi &, B Touke v;. Ecan Ml
Temepb Gy/eM 3aKpenasiTh MONEPEMEHHO NapaveTphbl Uy H Uy, TO
MOX2M MpPHATH OT NPOH3BONBHOH TOYKH Xo, Yo 06nactn &
K Kaxjoi ApYyrofl ee TOYKe MPH MOMOUIH 3Hr3aroo6pa3Horo
NyTH; Tak Kak NpH 3ToM miockocTh € octaercss HemoaBHXK-
HOH, TO OHa He 3aBHCHT OT X, Y. Taknwm o6pasom, ¢urypa,
n3o6paxenHas Ha puc. 40, JeXHT B OHOA MIOCKOCTH €= P
u nostomy p=3. Ho ans Tkaun 28% obpasoBanHoil Kaca-
Te bHBIMH MNJIOCKO KpPHBOH YeTBEpTOro KJjacca poja 3, Kak
Mbl 3HaeM, p =3 (§ 44); NOTOMY MaKCHVa/AbHbLIA paHT P
BceX TKaHell QUB* JNeHCTBHTENbHO paBeH TpeM: po = 3.

dtor Meton, npuHamjexauwni Ilyankape, moxer ObiTh
NpUMEHCH ANs TOro, YToOBbl MOKa3aTb, 4TO ANSl TKAaHH W"

ptmin=2)

(45.14)

§ 46. CnpsamasiemocTb

Mpbl paccMOTpHUM Ha MJOCKOCTH € ¢Hrypy, COCTOSALLYIO H3
yeTbipex KkpuBbix &, €;, €,, €3, cooTBeTcTByIOUIHE TOUKH
KOTOPBIX JiexkaT Ha ofHofi npsavoir g. Ilpn mnepexofe K
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ABOMCTBEHHOH (DHType Mbl HEIIOCPEACTBEHHO MOJYYHM CJeRyIo-
IHHA pe3yJbTaT:

Kaxoaa mxane W®* maxcumarbnoo panea p, = 3 cnpam-
A8eMQ.

Haxkonen, uto6bl ROKa3aTh, YTO MNpsiMble, 06pa3yioiyHe
NpsSIMOJHHEAHYI0O TKaHb B4, Bceraa OyAyT KacaTelbHbIMH
K HEKOTOpPOH TJOCKOH KPUBOH YeTBePTOro KJjacca, MOXHQ
BOCMOJIb30BaTbCS, HanpuMep, CJefyOUeH TeopeMoi, JoKa3aH-
Hoii B 1938 r. Bonem (G. Bol): I1pamosuneinas mxkans ",
Y006.4emB0PAOUAAR YCA08UIO

Su =0, (46.1)

6cez0a cocrmoum U3 KacameAabHbLX K HeKomopol aszebpau-
yeckoll Kpueol n-20 kaacca.

MoxeT OhiTb, TakKe BO3MOXHO H3 paccMOTpeHHil § 45
BbIBECTH AN KPHBBIX (Sj cootHoweRnue Pefica (§ 11), u Toraa
npH TMOMOIIH y¥Ke 3HaKoMoro ofpauieHHsi Teopembl Peifica
MOJYYHTb, YTO 3TH KPHBble SABJSAIOTCH YacTAMH ajreGpaunue-
CKOH KpHBOi1 4eTBepTOro KJacca; OfHaKo 310, Kak 6yATo, HHKeM
nposefieHo He Obl10. [lJsi MONYYEHHS KeNaTesbHOTO pe3yJib-
TaTa OKa3bBAlOTCS AOCTATOYHBIMH TaKxKe coobpaxkeHHs JIu,
Ieddepca, Japby, Ilyankape n Buptunrepa o nmoBepxHocTsX

nepexoca.
Ilokaxem panee, caegysi Bomo (1936), ato mrane ®°

MAKcuMarbHo2o paxea 6, 6006ue 2080pa, He A8ARMCA CRPAM-
Aaemoll.

JlocTaTOYHO MOCTPOHTb NMpHMep TaKo# «TkaHH QW® Bous»
HJIH <HCKJIIOYHTENbHOK TKaHu B%. [Ing 3TOro Bo3bMeM B IJIOC-
KOCTH € NsATb Touek P; (j = 1, 2, 3, 4, 5), U3 KOTOPBIX HHKAKHe
TPH He JieXaT Ha ofHoi npamoi. Ilyctb ©;— Myuok KOHH-
YecKHX CeuyeHHH, MPOXOASAUIHX Yepe3 TOUKH P,, rTAe k #j.
Torna ath ©; o6pasyioT B nekoTopoit o6aactn & niockocTH €
TKaHb WS.

ITpumennm k Haed TkaeM QWS KBajpaTHYHOE npeobpaso-
BaHHe T o3, AJIA 3TOrO MH BbiGepeM ToukH P;, P., P; B Ka-
yecTBe 0Aa3HCHBIX TOYEK MNPOEKTHBHOH CHCTeMbl KOOPAHHAT

x, (j=1, 2, 3) n nonoxnm .
« 1

Xp=—. (46.2)
/ X,
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ITpu 3ToM nmyuku KoHHueckux ceuenuii &;, &,, G3 mepeiiayr

onsiTh B MyYKH KOHHueckuxX ceuennii &), ©;, &3 c¢ coor-
BETCTBYIOLIHMH Ga3HCHBIMH TOYKaMH:

Agst GT—Pz» P, P;, P;,

ans ©;— Py, Py, P, Ps,

ans ©; — Py, P,, Py, Ps.

HanpothB, nyukam KoHHueckHx ceuenuit ©;, ©s GyayT
COOTBETCTBOBATh NMYYKH MPSMBIX C BepIIMHAMH B Toukax P,
P5. K nonyuenHo#f TKaHH Q5° MpHMeHHM BTOpOe KBaApaTHu-
HOe mpeoGpasoBanHe Tagese C GA3UCHEIMH TOuKkamH Pg, Pj,
Ps: @5 > q85**. TIpH 3ToM MyuOK KOHHYeCKHX ceueHmii &)

NepexofiuT B My4oK NMpsMbiX € ¢ BepIIHHOM Py’ = (P3) Tagese;

NyuoK KOHHYECKHX ceyeHHil ©;— B MyuoK MPSAMBIX C BEpILH-

Hoil P} = (P1) T34e 5+; NYUOK KOHHUECKHX CEUEHHH ©3—cHoBa

B NyUOK KOHHYECKHX ceueHHil €3 ¢ 6asHCHBIMH TOUKamHu P;,
e . * . .

Py, Py, Ps, a xaxablii U3 NyykoB npsimbix €4, €5 nepe-

XOAHT B ce0s.

Mmr yTBepxkjaeM npexie BCero, 4TO KaXkjas TKaHb W3,
COJlepaKalllasicsl B HCXOAHOH TKaHH IW°, sIBASi€TCS LIECTHYroJb-
Hoil. [locnenoBaTenbHOCTL KBaJApaTHYECKHX Npeo6pa3oBaHHi
Ties, Tasess JHaeT B MaJOM TONOJOTHYECKOE OTOOpaXKeHHe,
KOTOpOe MepeBOAHT NMyuKH KOHHuecKHX ceuennii &;, &,, G;
B TPH NMyyKa NpsIMbIX, a OHH, B cHay § 3, 06pa3ylOT IecTH-
yroibHYyI0 TKaHb. TakuM o0pa3oM, TKaHb QWigs, OOPA30BaHHAS
NyuyKaMH KOHHuecKux ceueHHi €,, €;, &5, sBAsieTcs LWeCTH-
yroabHoli. B cuay cummeTpHH To e camoe OyfieT crpasel-
JMBO ANs MCGO# 3-TKaHH QWj,,, MPHHaANeKaued TKaHH WP,

Ecnn Mbl nepemennM MectamH cemeiictBa ©; n &5, TO
YBHIHM, YTO Hally TKaHb IW® MOKHO OyZAeT MPHBECTH K cJie-
Aylolweil HecHMMeTpHUYHOH HopMaJbHOH ¢opme: oHa GyleT co-
CTOSITb M3 yeThipex MyuyKoB MPsiMbIX &, ¢ LeHTpaMH B TOUKaX
P;(j=1, 2, 3, 4), u3 KOTOpbIX HHKaKHe TpH He JeXaT Ha
OlHOH NpsIMOH, H Myuka KOHHuecKHx ceyenuii € c Oa3uc-
HpIMH TOuKamH P. [TpH NoMoLLH NPOEKTHBHOTO MPeoGpa3oBaHus
(KONNHHEAUUH) MBI MOXKEM, HaKOHell, IepeBeCTH TOUKH P;
B BepulHHbl kBajpata P; = (0,0), P3=(0, 1), Ps= (1, 1),
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P4 = (1, 0) 1 cCOTBETCTBEHHO MOJIOXKHTD NApPaMeTPhl &; PaBHLIMH
X x —1 —x
U — _+i’_ =2

h=—, 2 =T
46.3
o l=r L _y(=y) (#6:9)
4 y ’ 5 x(l_x)'

To obcTosiTenbeTBO, UTO fecATh MOATKAHeH QW TKaHH WP
AABJSAIOTCS IEeCTHYrOJbHBIMH, AaeT A AH(depeHLHANOB dul.
TOJIbKO NSTh JHHEHHO HE3aBHCHMbIX COOTHOILEHHH, a HMEHHO:

dul dug dU4 _
T TT=wm

dU2 du:; dll5 _
T tT—g =0

dug | dug | du _ (46.4)

Us Uy 1— U

Ho mexay sTumu du; cymecTByeT euie OfHO InecToe JMHHEii-

HOE COOTHOIUeHHEe, He2aBHCHMOe OT (46.4), a MMeHHoO,
5

In(1—u) Inu;
E{ Py + T—u } du; = 0. (46.5)

7
1
TlosToMy neficTBHTENIbHO MAKCHMAbHBI PaHT TKaHH S pa-
BeH ILIeCTH.
CooTHoweHHe,  noNyualolleecsi MOCAe  HHTETPHPORa-

HHA (46.5), paccmaTpuean eme AGens (N. H. Atel, Werke,
Bd. 2, 189). ITonyvaromasics npu 3Tom dyHKUHSA

( Inz 4 (46.6)

l—2z

BcTpeuaercss yxe y I'aycca npn BbiuHc/eHHM ofbema Terpa-
51Fa B HEeBKJIHIOBOH reOMeTpHH.
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To, uTo HaINa TKaHb W° He crpsiMJisieMa, MOXKHO YBHIETb,
nanpumep, Tak. Ecau Gbl TKaHb QB® MOXHO OBLIO MepPeBeCcTH
B MpAMOJNHHEHHYIO TKaWb, TO 4-TKanb W4, cocrosllas H3
CEeMEeHCTB NPAMBIX Uy, Uz, U3, Us == const (46.3), mepewna Obl
NpH 3TOM CHOBA B TKaHb, COCTOSIILYIO H3 YeThIpeX MyYKOB
npsimbix. Ho no Teopeme Maiieprogepa u Pefinemeiictepa (§ 42)
npeo6pa3oBaHHe, OCYIIECTBJAsIOLIEe 3TOT TNepPexol, MOXeT
6biTh TOJbKO KoJUTHHeauHell. Ilo3ToMy nyyoKk KOHHUECKHX
ceueHnii ©; NepexoAHT MPH 3TOM CHOBA B NYYOK KOHHYECKHX
ceyeHHH, T. €. OCTaeTCs KPHBOJHHEHHBIM.

§ 47. llecTHyroabHble 1-TKaHH

Txkaub Q" NpH n >3 Ha3blBaeTCs W2cMuye0AbHOU, €CJH
Bce ee MOATKAaHH WP 6yAyT wecTnyrosibHbiMH. Ilo Teopeme
Marieprojepa u Peiinemeiictepa kaxaas nozobHas 4-TKaHb
S5KBHBAJIEHTHA TKaHH, 00pa30BaHHON YeTLIPEMSI MYyYyKamH Ips-
mbix. Ilpy n =25, B cuny teopemsl Bosss (§ 46), aTo yxke ne
6yner BepHo. OnHAaKO HMeeT MecCTO CJelywooulas Teopema:
Ulecmuycorvryo mrans WP moscHo omobpasums aubo Ha
mKane, 00pAB08AHHYI0 NAMbLI0 ny4Kamu npameix, aubo Ha
mkant WS Boaa (§ 46).

OTHOCHTEJIbHO TKaHH IW® MOXKHO elle MOKas3aTb, YTO eCAu
u3 Oecamu ee nodmxarell IW? Oesamb ABAAOMCA Wecmu-
YeoAbHbIMU, MmO wecmuyzoasrol 6ydem u decamas. Hanpotus,
yeTblpe YCJOBHSI IIECTHYTONLHOCTH NoATKaHeil QB° TkavH W
ABJSIOTCS He3aBHCHMbIMH.

Hakowuell, wecmuycorbnas mkane W* npu n > 6 scezda
MOMHO O0mo6ra3t mbv HA MKAHbL, COCMOAWYID U3 N NYHKO8
npaxslx. 3T0 NpelJcxkeHHe Ge3 Tpyla MOXHO CBECTH K TeO-
peve O LIECTHYIOMbHBIX 5-TKAHSX.

~ Bcnpoc 0 HezaBHC(HMOCTH YCJIOBHH INECTHYTOJNbHOCTH JJsI
nozcOHOH TKaHH QB” Kak OGYyITO elue OCTATCS OTKEBITHIM.

Kracrenit npumep Tkanu ®??, copepxkaiueil, oiHaKo, He
TOJILKO L'eCTH\TOJbHble MOATKAaHH QW?, paccmotped B 1936 r.
Bypay (W. Burau). Ilycts § — noeepxnocTs TpeTbero mno-
paika ¢ 27 [eACTEHTeNbHBIMH NpsINbIMH, OYEBHIHO, UYTO
Kaxrasl IJOCKOCTb, NPOXOAsliasi yepe3 Kakylo-An00 H3 3THX
npsAMbiX, MepeceyeT MOBEPXHOCTb &, KpOME TOro, elle Mo Ko-
HHUECKOMY ceyeHHio. DTH KOHHYeCKHe ceyeHHs 06pasyioT B
MaJioM Ha MOBepXHOCTH § TkaHb W27 Bypay. Tpu nonapHo
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CKpeLHBAIOILHECS NPSMble NMOBEPXHOCTH § OYAYT OCSMH Tpex
MyYyKOB MJOCKOCTeH, BBICEKAIOUWHX HA MOBEPXHOCTH T§ KOHHue-
CKHe ceyeHHs, o0pa3yiollHe B MaJOM LIECTHYTOJbHYIO TKaHb;
nofo6HBIM 06pa30M MOXKHO MOJIYYHTDb BCE LIeCTHYTOJbHbIE 3-TKa-
HH B TKaHH W2’ Bypay. dta Tkaup QW?? MOxKeT ObITb TOMOJO-
TMYEeCKH Omnpe/ieieHa MPH MOMOUH COOTBETCTBYIOULHX YCJOBHH
IeCTHYTOJIbHOCTH.

[Tnockas peannsauus TkaHn Bypay mnoayuyaercsi Takum
o0pa3om: BO3bMeM B MJOCKOCTH LieCTb TOYeK P;, H3 KOTOPHIX

HHKaKHe TPH He JeXaT Ha OAHOH mnpsiMOH, IUeCTb MYYKOB
NpAMBIX C LeHTpaMH B Pj, 15 myukoB KOHHYECKHX ceueHHH,

onpejensieMblX KaXJoH ueTeepkoil Touek M3 P;, M, HakoHel,

IIeCTb NYYKOB PALHOHAJbHBIX KPHBLIX TPeTbero Mopsiika,
KOTOphIe NPOXOAAT uyepe3 TOYKH P; U MMeloT OfHy H3 3THX

Touek ABOHHOH (6 4 15 4 6 = 27). O TKaHsx, 06pa30BaHHbIX
KOHHYECKHMH CeyeHHSIMH Ha MOBEPXHOCTSX TPeThero nopsiika,
HeCylU[HX MeHblue 27 LeHCTBHTEJbHBIX NPSMBIX, Kak OyATO
HHYETO HEeH3BEeCTHO.

§ 48. Heckoabko HepeuwieHHbIX BONPOCOB, OTHOCSAULMXCH
K TKaHiM "

B 3akJiouenne 3TOro HenoJHoro 0630pa Mbl IPHBe/EM ellle
HEKOTOpbl€ BOMPOCHI, OTHOCSIHECS K KPHBOTHHEHHBIM 71-TKAHAM
Ha MJOCKOCTH.

A,. BbiBeCTH B CHMMeTPHYHOH ¢(pOopMe MOJNHYIO CHCTEMY
MHBApHAHTOB TKaHM B¢, 3a1aHHOH YETBIPbMS ypPaBHEHHSMH
o,=0(=0,1,23).

A;. B yacTHOCTH, HAaliTH HHBapHAHTHBIE YCJOBHSA A TOTO,
yTOOR TKaHb W? Wmesa paur p=1, p=2 um p=31).

As. BbiBecTH HHBapHaHTbl TKaHH B!, 3a1aHHON ypaBHe-
Husamu (41.4):

F(uo, Uy, Uz, ll3) =O, G (Uo, u,, U, U3) =0.

A,. HaiiTn KaHOHHuUeCKOe pa3J/ioxKeHHe 111 ypaBHeHR# (41.4)
TKaHH W?.

As. HaiiTh npoeKTHBHble HHBapHAaHTHl MPSAMONHHEHHOM
TKaHH 4.

1) Cp. pa6oru Jloy, yKasauuune B § 43.
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Ag. HccnenoBath cB3b MeXLY MOAYJSIMH IJIOCKOR asre-
Gpauueckoii KpHBOH *) M TONOJOrHUeCKHMH HHBapHaHTaMH
TKaHH, 00pa30BaHHOH ee KacaTesbHbIMH.

A;. Hcenegosats Metonom Ilyankape (§ 45) kpusbie €
B npocTpaHcTBe P, OTBeyaloulHe TKaHH W' MaKCUMAJbHOrO
panra 6. IIpoBecTH COOTBeTCTBYIOUHE HCCJICNOBAHHS AJs
TKaHH ®" (n > 5) MakCHMa/JbHOro paHra.

[TonoGHble xe BOMpochl MOXKHO MOCTaBHTb H O ellle MeHee
H3yueHHBIX TKaHfAX B®"”, 00pa30BaHHBLIX N ceMelCTBaMH MoBepXx-
HOCTel B TpexMepHOM mpocTpaHcTBe. Tem He MeHee Bouo
ynanoch 0606w uTs Ha TKaHb ", 06pa30BaHHYIO N ceMeHCTBaMH
noBepxHocTel NpocTpancTBa Rj, TeopeMmbl O «paHre». Tak,
Harpumep:

Ecau obpasosannan naockocmamu mrane W®" Yoossemeo-
paem Ycaosuto

utu+...+u, =0,

mo ee naockocmu o6pasytom aszebpaudeckuly mope Kaacca n.
Ilanee,
Makcumansubildl pare 06pasosannoli noeepxrocmamu npo-
cmparcmeéa Ry mxanu ®" pasen

po= (m—1)% npu n=2m,
po=m (m—1) npu n=2m-+ 1.

Hakonel, HMeeT MecTO «OCHOBHAsl TeopeMmar:

Kaxcdaa 06paszosanras nogepxHocmamu mxars W®" makcu-
MAAbHO20 paHea nNpu N <=5 ABAAEMCA CRPAMAALMOU, M. e.
ona donyckaem peaausayuio npu NOMOWL NAOCKocmed.

OnHako JoKasaTenbcTBa boJsisi, KOTOpble MNpUBeLEHEHl
B Haluell coBMeCTHON kHHre oT 1938 r., IOCTATOYHO CJIOXKHBI
H 3anyTaHhl.

*) Cp. H.T. Ye6or1apés, Teopus aareGpanuecKux Gpynknu,
M.—J1., Tocrexuspgar, 1948, crp. 8.

9 B. Basuke



1V. 0 KPUBOJIMHEAHBIX TKAHAX
B MPOCTPAHCTBE

§ 49. 2-Tkanu

IlByxnapameTprueckoe cemedcTBO KpHBEIX & (KOoTOpOE
Ha3BIBAIOT TAKXKe KOHIPY3HIHeH» KPHBHIX) B IMpOCTPaHCTBE
C /JleKapTOBbIMH KOOpDAHHAaTaMH X, ), 2 MOXHO 3aJaTh MNpH
nomomH AHddepeHUHaIbHEIX YpaBHeHHH

dx dy dz
—_——=—=—, 49.1
) 7 " (49.1)
HJIH C MOMOILbIO COOTBETCTBYMHOLLero AHddepernnaaLHOrO ome-
partopa 5 5 5
6=p—5;+qa—y+rﬁ; (49.2)

npu 3ToM GYHKUHH p (X, ¥, 2), ¢ (x, ¥, 2), r(x, ¥, 2) HE JOIK-
HBl 06palaThCsi OAHOBPEMEHHO B HYJIb B HeKOTOpO# obsacTH &.

CeMeiicTBO mnoBepXHOCTEH

u(x,y, 2) = const, (49.3)
KOTOpPOE YAOBJETBOPSIET YCJIOBHIO
ou =0, (49.4)

o6naaeT TEM CBOHCTBOM, uTO B o6aacTH ® Kaxpaas u3 ero
noBepXHOCTeH HeceT OJIHONapaMeTPHYeCcKoe MOJCeMEeHCTBO KpH-
Bhix KoHrpysuuHii €. MoxHOo ckasaTb, 4TO 3TO ceMeHCTBO
MOBEPXHOCTeH «HATAHYTO» HA CeMeHCTBO KpHBHIX (49.1).

IlBa cemeiicTBa KpuBEX ©;, KOTOphle 3ajalOTCsi He3aBH-
CHMbIMH (B paccmatpHBaemoil obsactH &) onepartopamu

0 0 0
0;="Pi 57 t 4 By +ri5; (i=12), (49.5)
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onpefensior 2-mkanb W? KpUBHIX. ITa TKaHb HA3bLIBaeTCs
uemoLpexy20AbHOL, €CITH YeThipeXyroNbHUKH, Mapbl NMPOTHBO-
TNOJIOKHBIX CTOPOH KOTODHIX NPHHAAJeXaT KPHBLIM pasHbIX
ceMeHCTB, B MaJIoM 3aMKHYTbl. Torja ypaBHeHHs

61u=0, }

et =0 (49.6)
HMeloT ofllee pellleHHe 4, T. e. CYLIeCTBYeT CEeMeHCTBO Mo-
BEepPXHOCTEH, «HAaTSHYTOe» OJ[HOBPEMEHHO Ha 06a ceMelicTBa
KpuBbiX. C nomouipbio AMddepeHIHaIbHEIX ONepaTopoB YeThl-
peXyroJibHble TKaHH MOXHO ONpelesHTb JHHeHHOH 3aBHCH-
MOCTBIO

61 02 —-02 61 = Qg 61—01 62. (49.7)

PaccMOTpHM KpaTKo OOWIHH cayuall TKaHH QB2, KOrja TpH
oneparopa 0i, 0z, 0;0;— 03 0; JHHEHHO He3aBHCHMHI B 00-
aacth @. Tomosornueckoe HcCJ/e/JoBaHHE TaKHX TKaHel Q2
MoxeT ObIThb CBeJEeHO K H3YueHHIO JBYXNapaMeTpHYeCKOro
ceMeiiCTBa KPHBBIX Ha IJOCKOCTH, KOTOpble YJOBJIETBOPSIOT
AHddepennHaIbHOMY YPaBHEHHIO BTOPOTO MNOpPsi/iKa

@y _ dy
'Ex'_z‘ - f (x’ y. dx) . (49‘8)

Yro6n yGeauTbCS B 3TOM, HYXKHO TOJBKO CIPOEKTHDOBATDH
ceMefiCTBO G; MpH MOMOILH CeMEHCTBA G; HA TNOAXOAALIUM
o6pa3oM BLIOpPaHHYIO IJIOCKOCTb. TomoJsiorHs AHddepeHnnab-
Horo ypaBHeHHsi (49.8) mu3ysanachb MHOTOKPaTHO, HampHMep,
Tpecce (A. Tresse) B 1896 r. mo ununnatiee C. JIn. Jta
TOMOJIOTHSl JOCTaTOYHO cJsoXHa. [loaxke obGcrosTesnbHass pa-
GotTa mo 3TomMy Bompocy Gbuia omy6aHkoBana Kapranom
(E. Cartan, Bull. de la Société Math. de France 52
(1924)).
3aMeuaTe/bHEIM SIBJASI€TCS TOT MNPOCTOH (hakT, YTO B TO
BpeMsi KaK INpPH M3yYeHWH KpHBOJIMHEHHBIX TKaHed W" Ha
NJIOCKOCTH MepBOe NPOCTOe TOMOJOrHYeCKH HHBAPHAHTHOE CO-
OTHOLIEHHe MoJyyaeTcss MpH n = 3 (LIEeCTHYroJbHbIE TKaHH),
B NMPOCTPAHCTBe yXe CJyuyail n= 2 NpPHBOAMT K HHBAapHaHT-
HbIM YEThIPEXYroJNbHLIM TKaHSIM.
9* 00,
oy
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§ 50. 3-Tkanu

PaccMorpHM 3-TKaHb € JIHHEHHO He3aBHCHMBIMH AHbbepeH-
IiHaJIbHBIMH  ONlepaTopaMH

aj=Pjaix+‘7j'a%‘+"j§é‘ (Gi=1,23. (60.1)
Toraa Mbl MoxkeM 06pa3oBaTb «CKOOKH»
02 03 — 0302 = €11 01 + €12 02 -+ €13 03,
03 01— 01 03 = €21 01 + €22 02 - €23 03, (50.2)
0102 — 0201 = €31 01 + €32 02 -} C33 03.
Ecin MBI nepeHOPMHpYEM OmepaTophl

)

0;=1,0; (50.3)
TO NOJYYHM
ch =f3f_s cii, Ca2= fsfs Co2, €33 = hifa Css. (50.4)
fr Ie fs

Orciona caeflyet

. 0 2 s @ 2
C22C33 = [ Ca2 €33, €33C11 = f2C33C11,
. 2 (50.5)
11 €22 = 3 C11Coa.
B oflem cayuae, a HMEHHO, Korja
C11C22 €33 % 0, (50.6)
MBI MOXeM TaK OJHO3HAYHO HOPMHPOBaTh omepaTopsl d;, uTO
c;= L. (50.7)

[TpumeHeHHe HOPMHPOBaHHbIX TakHM o00pasoMm orepaTo-
poB 0; K KO3((HIUHEHTAM C;; AGeT MOJIHYIO CHCTeMY HHBAapHaH-
TOB TKaHK 9%, KaK 3TO MOka3aHo B KHHre Bouas u Busuike.

Ewme G6onee mpocTo OGCTOHT Jdeso B cJyyae TKaHu B4,
onpefeasieMoi oneparopamu (50.1) npu j =0, 1, 2, 3. B atom
cllyyae OnepaTopbl MOXHO C TOYHOCTBIO JO MPOH3BOJILHOIO
MHOXKMTEJS] HOPMHPOBATb TaK, YTOGhHI GhLIO

0o+ 014 03 + 05 = 0;

NpH 3TOM Mbl MpHJleM K TEODHH HHBapHaHTOB, KoTopas GyAeT
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HeCKoJbKO GoJiee oOllell MO cpaBHEHHIO C TeOpHeH, pa3BHTOH
BO BTOpOIi rJjaBe Ajs 4-TKaHeil, 06pa30oBaHHbIX NOBEPXHOCTSIMH.

IToao6ueIM 06pa3oM MOXKHO HccJleloBaTh TaKXe «CMeLIaH-
Hble TKaHH», COCTOsILIME M3 ceMeCTB KPHUBbIX M MOBEPXHOCTEH.
Opnako Mbl 3jleCb OCTAaHOBUMCS JIHUIbL HAa NPOCTEHLIHX KPHBO-
JHHEHHBIX TKaHAX W" B NPOCTPAHCTBeE.

§ 51. YerbipexyroabHbie TKaHH B"

PaccMOTpHM CHauala HMCKJIOYEHHBI B MNpejiblfyllemM na-
parpade ciyuall KpUBOJHHeHHOH 3-TKaHH WS, ANsi KOTOPOro
B ypaBHenusx (50.2) Bce ¢;=0. Toraa pns moGbix ABYX
ceMeiCTB KPHBBIX 3TOH TKaHH cylecT-

ByeT HATIHYTOE HAa HHX CeMeiCTBO

noBepxHocTeid. Ilogo6GHble TKauu on-

pefiesISIOTCS TeM, YTO 6Y/AeT 3aMbIKATbCS |

«ky6uueckas ¢urypa» (puc. 41), cocras-

JeHHass M3 KpHMBBHIX TKaHH. Takad

TKaHb 8% B MaJiOM TOMOJNOTHYECKH 3K-

BUBAJIEHTHA TKaHH, 00 pa30BaHHOH TpeMs

CBSI3KaMH TMNpSIMBIX, LEHTPHl KOTOPBIX

He JIeXaT Ha ORHOH NpsMOH.

[Tpexnosoxum JHaJjee, 4TO TKaHb Puc. 41.

W3 — nNpaAMOJIHHEHHAsl, HO HaTSHYThHIE

Ha ceMelCTBa NPAMBIX NMOBEPXHOCTH sIBJISIOTCS He MJIOCKOCTAMH,
a kBajpukamu. Torja >TH Tpu ceMeiicTBa MOBEPXHOCTEH
u; = const B OJHOPOAHBIX KOOPAHHATAX

X = (Xq, X1, X2, X3)
MOXKHO NpeACTaBUTL B BHJE

X = @ooo + @100 Uy + @oro Uz + @oo1 Us + @o11 U2 Uz +
+ @01 Uzt + @rigUr Ug + @11y Uy Ug Us, (51.1)

rjie a;j. — TOYKH Ps.

Tkaub Q©? Mbl Ha30BeM 4emebipexy20abHOLi, €CJH OHA B Ma-
JIOM 3KBHBAJIeHTHA TKaHH 8%, 06pa3oBaHHOH YeThIpbMS CBS3-
KaMH NpsAMbIX, HHKaKHe TPH M3 LEHTPOB KOTOPHIX He JeXaT
Ha OfHOK mnpsmoi. [anee, Mbl Ha30BeM Ye€THIPEXYroJbHOH
‘TKaHb " (n > 4), Bce collepxaluHecss B KOTOpOH MNOATKa-
HH W* OyAyT uyeTblpexyrosbubiMH. Toria okaspiBaeTcs Crpa-
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Be/lIMBOi TeopeMa, aHaJoriyHas TeopeMe DBoas us § 46, u
CBOAMMAs K 3Toil mocJiefHell, & HMEHHO:

Yemoipexyeorvnas mkano W' npu n + 6 8ceeda sxeusa-
AeHmHua mkatu, obpasosanHoli n ceaskamu npameix. Hanpo-
mue, npu n = 6 ona skeusarenmrna Aub0 mxaHu, 06pa308aH-
HOU wecmplo C8A3KAMU NPAMbIX, AUOO HEKOMOPOU UCKAO4YU-
meabHod mranu W8, Ima uckarowumervnas mranb WE co-
cmoum u3 namu ceA30K NPAMbIX, YEHMPs. KOMOPbIX HAXO-
damca 6 obuem noaoxeruu (HUKaKHe TPH M3 HHX He Jiexar
Ha OJ{HOH NpsIMOf), U u3 08ynapamempuueckozo ceselcmea
npPOCMPAKCMEEHHbLX KPUBLLX M pembe20 NnopAadKa, npoxo0auux
yepes amu nAMb YeHmpos.

Ecan cnpoeKTHPOBAaTb 3TY HCKJ/IOYHTENEHYIO TKaHb QRé
npH MOMOLUIM OfIHOTO H3 ee LIeCTH CeMeHCTB Ha MJOCKOCTD,
TO Mbl MOJYYHM HA HeHl HCKIIOYHTe/NbHYIO TKaHb WP, pac-
cMoTpenHyio B § 46.

Urto6sl noppobHee HCCAE0BATb 3TOT HCKJIIOYHTEJbHBIH
cJlyyail, TNpHBeJeM HEKOTOpble CBeJleHHsi O MpPOCTPAHCTBEH-
HbIX KPHBHIX TPETbEro Mopsiika.

§ 52. IlpocTpaHcTBEHHbIE KpPHBbIE TPETbEro MOpsaKa

Hepacnapjaowmascsi NpOCTPaHCTBeHHasi KPHBAsi TPETbEro
nopsaka € B ONHOPOAHBIX KOOP/IHHATAX X, MOXeT ObITb Mpej-
3 CTaBJIeHa CJie/lyIol HMHU TapavieT pH-

YeCKMMH ypaBHeHHsIMH (puc. 42):

x0=1, x1=l‘,

} (52.1)

Xg = z, X3=f3.

[lpu ¢t =0 xpuBas & mpo-
XOAHT  Yepe3  TOYKy P,=
= (1,0,0,0), umeer Kacareb-
Hyio Py P, H conpuKacaioulyocs
njaockocts Py Py Ps.

[lpy /=00 ORA NPOXOAHT
yepes Touky Ps = (0,0,0, 1), HMeeT KacaTesbHYIO P3Py u
conpuKacaouyiocst  miockocts P Pa P1.

ConpHkacarouHecs: NJoCKoCTH B TOYKaX P, n Pj3 nepece-
KaloTcs Mo MnpsiMoii Py P,. DTuM Onpefle/iA€TCs Hall KOOPAH-
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HaTHbIA TeTpasAp. EcaH mbl mosoxum

£ at b _
t = Txdr’ ad —bc + 0,
=1, xl="t* x3=¢2 =x3=18,
TO MOJYYHM
xo = (c+ dt)® = c3x, -+ 3c¥dxy + 3cd®xe + d*xs,
x] = (c+ di)? (a+ bt) = ctaxy + . . ., (52.9)

Xy = (c 4 df) (@ + bt)2 =caxy+ . . .,
x3=(a+ bt =a%,+...

Takum ob6pa3om, ecqH NOCTaBHTb B COOTBETCTBHE TpeM
pa3nMyHBIM TouKaM fy, f», {3 KpHBoOii € Tpu JApyrue ee pas-
MHUHble TOYKHU f1, f5, ¢3, TO CYIIECTBYET €IHHCTBEHHOE Mpo-
€KTHBHOE NpeoGpa3oBaHHe MPOCTPAHCTBA, KOTOPOE MEPEBOLHT
kpuByio © B ce6si H ee Toukam {; CTaBHT B COOTBETCTBHe
ToukH ;. Kpupas © npoekTHpyercsi M3 Kax[oil cBoeil TOUKH
NPH MNOMOUHM KOHyca BTOPOro NoOPsi/ika; HanmpHMep, W3 Tou-
KH P, — npH MOMOIH KOHyca xy Xg — x3 = 0. OGpatHo: [la
nofo6Hbix Konyca &, ®: ¢ pasaHunbiMH BepmHHaMH Si, S:
M obweii obpasywooweit S; Sz, BAOJb KOTOPOiH OHH He Ka-
caloTcsl, nepeceKkarTCs Mo KpHBoil Tpetpero nopsiaka €.

TpH mpoeKTHBHBIX MyuyKa MJOCKOCTEH C MONapHO CKpeLlH-
BAIOWHMHCSA OCSIMH mNopoxaator Kpueyio €. JIBe KBajpHKH,
umelolHe o6uyio o6pasyouyio, nepecekaloTcs, Boobie roso-
psi, no kpusoit €

YpaBHeHHe conpHKacawweicss MI0CKOCTH KpHBo# (52.1)
HMeeT BHJ

X1 0 O
Tl 1 0 = %, 13— 3x1 12 + 3xat — x5 = 0; (52.3)
2 X2 22t 2
xs t3 3t 6t
TaHreHI HaJbHble KOOPJIMHATHI 3TOH NJIOCKOCTH
Uy=13, uy=—31% uy=3t, us=—1. (52.4)
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JlBoiicTBenHbIM 00pa3oM K KpuBoii € Oyjaer cHoBa 3Ta KpH-
Basl, pacCMaTpHBaeMast Kak COBOKYNHOCTb CBOHX COMPHKA.ao-
WIHXCS TJIOCKOCTeH. Y paBHeHHe

(xg Y3 —x3Yp) —3 (x1Y2—x2 Y1) =0 (52.5)

— 3TO_ypaBHEHHE (HYJlb-CHCTEMbl», KOTOPasi MEPEBOJHT KpH-
Byo € B cebs. Ecnm P; — touku mepeceyenusi HEKOTOpOil
naockocth € ¢ kpHzoit c, 1o CONMPHKACAIOILHeC 1 MI0CKOCTH
B TOUKAX P; mepeceKaioTcsi B TOUKE, CONPSKEHHOH MJIOCKO-
et € oTHOCHTENBHO STOI HyJb-cHCTeMbl. [l KacaTesbHbIX
K kpuBoil € Mbl HMeem

1 ¢ 2 ¢ ) g =1, gox=2¢, Zos = 3¢2, }(52.6)
01 2t 3 g23=t4' g31 ____2t3' gi2=t2:

TAe gi — MUIOKKepPOBbl KOOPAHHATHI MpPsMOil, H
- goa—3g12=0 (562.7)

— ypaBHeHHe JIHHe{iHOro KOMIJIeKCa, KOTOPOMY MpHHAANeRAT
KacaTesibHble K KpuBoil €.
. Teopewma. Hepes wecmv mouex P,, us Komopoix ruxa-
Kue uemoipe He sexcam 8 00HOU n.aockocmu, npoxodum n.o4Ho
odna kpusan €.

PaccMotpum KOHYC BTOpOro nopsijika &, ¢ BepuIHHOi B TOU-
Ke P, IPOXO/silei yepe3 oCTalbHbIe MATh TOueK P;, u BTOpOi#t
TaKoH Xe KoHyc R, ¢ BepuiMHOil B Touke P,. Tor?a 3TH Ko-
‘Hychl R®,, &, nepecekaiorcsi, Kpome mnpsimoil PyP,, ewe mo
KpHBoi#l Tpertbero mopsaka €. CnpaseisnBo M COOTBETCTBYIO-
uiee ABOHCTBEHHOE MNpeNNoJIoKEeHHe.

Ins 1Byx KacarteabHuiX K KpuBoil € Mbl nveem

1 4¢3 8
01 2, 31

(8182 = 21 3] = (t1 —ta)%.
1t £ £

01 2, 33

Orcrona CJeAYyeT AJiA YeThbIPeX KacaTe/bHBbIX

V(@:8) (@g5) + vV ([@:82) (@g1) + vV &8&s) (&gs) = 0
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HIH
(to—t1) (t2-—ts) + (fg—t2) (fs — £1) + (b —ts) (L1 —£2) = 0.

Jns veTelpex mpsAMBIX g(j == O; 1, 2, 3) MOXHO ONpeLeNuTh,
caenys I'paccmany (H. Grassman), nBofHOE OTHOLIEHHE MO
dopmy.e
G &g (g:8)
(8 &) (g3 81)

§ 53. KyGuueckoe KpemMoHOBO npecGpa3cBanue
PaccMoTtpuMm oTtobpaxenue

H=— (i=01,23), (53.1)

~.

KOTOpOe onpeleieHo BCIOAy, 3@ HCKJIOueHHeM O6a3HCHBIX TO-
yek M 6asuCHBIX IJIOCKO(TeHl KoopAMHATHOTO fenepa. Kaxk-
Jasi npsAvas g, }OTOpas He NPO)OAHT uyepe3 GasuCHb'€ TO'KH
H He JeXXHT B 0asHCHBIX MJOCKO TsX, NepeBOAMTCcs mpec6pa-
3oeatueM (£3.1) B KpuBylO TreTtero nopsjka. B camom pene,
BO3bM.€M, HampHMme., MJOCKOCTb

ax1+ax2+a3x3=0, rae a;+0,

npoxoAsulyro veres mpavyw g H touky Fo=(1,0,0,0).
Ilpn npeo6pasoeannu (53.1) ona mepexoiHT B KOHYC

Ay Xs X3+ A x3x; + asx; x2 =0

¢ BepwHHOH B P,. J/IBa TakMX KOHyca NerecekaroTCs M0 K[ H-
Bo# TpeThero nopsaka €. dta KpuBas MNPOXOIHT uepe3 Bce
yeTbipe GasucHbie ToukH. OGpaTHO, KAX 10/ KPHBOH TEETbHErO
nopsiika, mpoxolfulel uepe3 uyeThpe 6a3HCHbie TOYKH, COOT-
BeTcTBYeT npsamas. Ecam kpuBass € npoxoAHT TOJMBKO uepes
TPW H3 3THX UYeTblpex TOYeK, TO el COOTBEeTCTBYeT ApY!as
KpuBasi TpeTbero nopsaka C*, npoxoasimasi uepe3 Te ke Ga-
sucHele TOuKH. Ecsn, nanpumep, kpusas € npoxoAHT uepe3
TOuKH P;, Py, P3, To oHa NpoeKTHpPyeTcsi .H3 TOLKH P, npH
MOMOIIK KOHYyCa

2
Qoo X0 + 2apz xo X2 4 2a93 xo x3 + 2a23 x2 x3 =0,
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a 5TOMy KOHYCY COOTBETCTBYET CHOBAa KOHYC
- L] - L] L] L] .2
Qoo X2 X3 + 2a02 X0 x3 + 2a03xox2 + 2a33xy =0

¢ BepwHHOi B Touke P,. To ke camoe Gyner BepHO H 1Js
KoHyca ¢ BepwHHOH P, M 06a HOBLIX KOHyca JajiyT B mepe-
ceuenuH Kpueyio €.

§ 54. HckalounteabHas TKaHb p°

Tenepb Mbl MOXXEeM YCTAHOBHTb, YTO OTCYTCTBHE CHMMETPHH
Mexay cemeiictBamH &, NMpH NOCTPoeHHH TKaHH We B § 51
OKa3blBaeTCsl TOJbKO KakylieHcs. A HMEHHO, eCJIH M3 INSTH
Touek P; (j =0, 1, 2, 3, 4) ueTbipe nepBbIX Mbl BO3bMEM B Ka-
yecTBe GasHCHBIX TOueY oto6paxennus (53.1), To cBsisku S,
©;, ©,, €3 nepeiinyT B cebs, cBsizka €; KPHBBIX TPEThETrO I10-
psiaka €, MPOXOAAHMX Yepes TOuKH P,, mepeiiner B cBsi3Ky

npsaMbix ©;, 1POXOAAUHKX Yepe3 TOUKy Py, a CBA3Ka NpAMBIX

@4 ¢ ueHTpoM P, —B CBfI3KY KPHUBbLIX TpeThero mnopsiaka C
Ga3ucHLIMH Toukavu P,, Py, P,, Ps, Pi. Takum o6pasom, ce-
meficta &, M ‘S5 MEHSAIOTCS PONSMH.

Orcioza BuaHo, fanee, yTo Ha cemeiicTa &,, &, narsirusa-
I0TCS1 nomnapHo cemeiicTsa nosepxHocTeit. [ToaToMy TKaup B8
JeHcTBUTENIbHO OYIeT YeTbPeXyroJIbHOM.

CnpaiuuBaeTcsi, MOXKHO JIH TKaHb Q®® mpeobpa3oBath (Kak
B § 46) Tak, yTO CHMMETpHSl HJH DaBHONpPaBHE ero LIECTH
ceMeiicTB cTaHeT oueBHAHOH. Ka3asock 6bl, 4TO caMoii npocTof
TaKo# TKaHblO GyleT TKaHb WS, o6pa3oBaHHAS LUECTHIO CBSA3-
KavH ©, KpHBBIX TPeThero Mopsiird, Kaxaas H3 KOTOPHIX CO-
CTOMT H3 KPHBBHIX, MPOXOISILHX Yepe3 MNSATb H3 IUIECTH 3ajaH-
HbIX ToueK P, (k # j). Onnako MOXHO yBHIETb, yTO 3Ta W¢
SKBHBaJIeHTHA TKaHH, 06pa30BaHHOM IECTbIO MyYKaMH MPSIMbIX.
IMpennonoxknM, 4TO HHKAaKHe uyeThipe M3 Touek P; (f=
=0, 1, 2,3, 4,5) He nexar B OZHOH IMJOCKOCTH. Hpousae-
JeM cHaua/a KpeMOHOBO mpeoGpa3oBaHHe (53.1) ¢ 6asHCHBIMH
Toukavi Py, Py, Ps, P3. Tlpu 3ToM cBsiskn &, npuj =0, 1, 2,3
nepeilyT onATb B CBSI3KH KPHBHIX Tpe'rbero nopsinka ;.
Jlanee GasHCHHIMH TOuKamMH CBSIaKH ©; GYAyT TOUKH Po, P,,
P,, P;, 33 uckmouenuem P;, H, Kpome TOro, o6pasul Py, P;

touek Ps, Ps. Hanporus, cemeucma ©s, ©5 6yayT cBsiska-
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MH npsaMbix ¢ UeHTpamH P;, P, Tlposenem BTOpOE MpeoG-
pasosanue (53.1) ¢ GasHcHBIMH TOuKamH P,, Pg, Py, P;,
Toraa Mbli MOJyYyHM ueThipe CBA3KH mpsambx &;° G &7
©;’ c uenrpamu P|, P; F; F, Hu 1Be CBS3KH KDHBBIX

TpeTbero nopsiaka &; u ©; ¢ GasucHbIMH ToukaMmH Py pj,

L] . . . .
Ps, Pi, Ps; Po, Pi, Py, Py, Ps. Toraa AOCTATOYHO TMpo-
BeCcTH TpeTbe npeo6pasoBanne (53.1) ¢ GasHCHLIMH TOYKaMH
» L . L (Y]
Py, Py, P4, Ps, utoObl nepeBecTH Bce UIECTb ceMelCTB KpH-
BbIX B CBSI3KH MPSIMBIX.

§ 55. PaHr KpHBOJIMHEHHOH TKaHH B MPOCTPAHCTBE

B 3akmoueHHe s XO0uy pacckasaTb 00 HcCNeJOBaHHH, KO-
Topoe ObLIO MNPOBEJEHO MHOK COBMeCcTHO c BanbGepepom
(P. Walberer) B 1934 r. Pesymbrathl 3THX HCCJ€JOBaHHii
Ka)XKyTCSl MHe MpHMeyaTe/JbHEIMH BCJ€ACTBHE HX CKDBITOH CBS-
3K c aare6paHueckoii reomerpHeil. Ho MerTolbl Hamux Hc-
CJIeJlOBAHHA $IBHO HEYJOBJIETBODHTEJbHHI H MOTYyT GbITb
yJayyLlIeHHl.

[TonsiTHe «paHra», Kotopoe Obin0 BBefleHo B § 44 Aas
KPHBOJIHHEHHbIX TKaHeH Ha MJOCKOCTH, MOXeT GbITb pacmpo-
CTPAaHEHO TaKXe Ha KPHBOJHHeHHble TKAHH B MPOCTPAHCTBE.
PaccmoTpum TKaHb B, COCTOSiULYI0 H3 CEMEHCTB KPHBHIX G,
KOTOpble Mbl GyJieM CUHTAaTh 3ajjlaHHLIMH TaK:

u; (x,y,2) =const, uv;(x,y,?2)=const (55.1)
(=12 3).

ITpn >TOM mnpeanonoXuM, uyTO B 06JacTH peryaspHocTH ©
TKaHH QB® onpelesHTeNH BTOPOro nopsiika MaTPHLbI

ou; au/ au,

ox a9y 0z

2
aU[ av, av, (55 )
ox 0y 0z

HHrJle He 0GPaILAIOTCS OHOBPEMEHHO B HYJIb H COOTBETCTBYIO-
wue Hanpasnenus dx;, dy;, dz; nonapHO Pa3fMUHEI B KaX10i
TOYKE 3TOoil obJsacTh.

MakcumanbHOe yHMCNIO JIMHEHHO HE3aBHCHMBIX COOTHOLUE-
HUil (He CBSI3aHHBIX JHMHEAHOA 3aBHCHMOCTBIO C MOCTOSIHHBIMH
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Ko3(uIHeHTaMA)

W1k (4, V1) + Wak (Us, U2) + W3k (us, Us) = const } (55.3)
(k=1,2,...,p)

Mbl 6yleM Ha3bBaTb PAneOM TKaHH 3.

Cnenys Ilyaukape, Tak xke kak B § 45, MOXHO NOKa3aTh,
uUTO MAKCUMAAbHLIG pane 8cex W pasen 5: p, = 5.

Ilanee: ace W3 panea p =5 cnpamasemsl, m. e. cyuje-
cmeyrom ux npamoaurelinvle molesiu. Imu modeau 6yoym
arzebpauteckumu u moeym Obimb NOAYUCHb! MAK: 8 NPOEKMUB-
HOM npocmparcmee Ry wemvipex usmeperuli 803bmem «eunep-
nosepxnocme» Mz mpemseco nopsadka, komopas 3adaemcs
npu nomouj Kybu4eckoeo YpasHenus, C8A3bl6AI0UIEO Moyey-
Hole Koopouramst. Toz0a 6 Ry umeemcs, 8oobuje 2080pa, mpex-
napamempuueckoe cemeiicméo Bz naockocmell, kamdaa u3
Komopulx nepecexkaem Mz no mpem npaAmoim. Cnpoexmupyem
NOAYHEHHYIO COBOKYNHOCMb MPeYeONbHUKO8 HA HEKOmopoe
npocmparcmeo R u nepetidem 6 Hem Kk 08olicmeennod huey-
pe. Toeda mer noayuum uckomyo mrarnd W3,

I'unepnoeepxnoctbio M3 TpeTekero morsiika B MPOCTPaH-
ctBe Y4, KoTopasi 3Jech BCTpeuaeTcsi, OOCTOSITEJbHO 3aHH-
MaJjcs HelaBHO cKoHuapwwiicss ®Pano (G. Fano, 1871—1952).
91 pywaro, uto 6bulo Obl GaaronapHoli 3ajauell EBIICHHTb
rny6oKHH CMBICK 3TOH HHTEpecHOH CBS3H MeXAy HaluHM
yUeHHEM O TKaHfiX H ajreGpaHuecKoil reomeTpuei.

BmecTo cooTHowennit Bupa (55.3) Ml morau Gbl moTpe-
6oBaTb Ha Hawei TKaHH QW? o6pauieHHss B HYJb MaKCHMallb-
Horo uucaa ¢opm Ildadda

3
,§. fie (4, v)) du; + ge (), v;) dv; = 0 (55.4)
HJIH BHEIIHHX ¢OpM BTOPOro MopsifKa
3
Zh/k [du;dv]=0 (k=1,2,...,p).  (55.5)

Bo3moxHO, 4TO 3TH YCJIOPHS NPUBENYT K WHBapHAHTaM, BBe-
nennbiv Kesnepom (E. Kahler) B anre6panueckyio reoMeTpHio.

Takum obpasoM, AanbHeiilnas pa3paboTKa YYeHHSI O TKa-
HIX H ee CBsi3AX C ajire6paHueckoil reomerpHeii morpeGyer
GOsbIINX YCHJIHH,
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O6 uccaenosanHbix Pefifemefictepom B ToMceHOM CBSfi3six
KPHMBOJIHHEAHBIX TKaHel QW? Ha MJIOCKOCTH € aKCHOMAaTHKOH
NPOEKTHBHOA reoMeTpHH H TeopHei rpynm MOXKHO IpOYECTb
B Kuure aBTopa «[lpoektusnas reomerpusi» (W. Blaschke,
Projektive Geometrie, 3 Auflage, Basel, 1954). Hakonen,
0 CBSI3IX KPHBOJIHHEHAHBIX TKaHel W! c anreGpanuecKod Teo-
pHeil Ten BcKope nosiBHTcs paGora Kanuren6epra (W. Klin-
genberg) B Tpyaax matemaTHueckoro cemHHapa Crambyna
(Abhandlungen des mathematischen Seminars Stambul).
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