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IIPEJUCIIOBUE

Yucaa HATypaJdbHBIE...
Ieasie... PaunonaabHusbie...
JleCTBUTENbHBIE...

Yro paavwe? Ucnonwsyer au
MaTeMUTHEKA ©llle KaKue-To
Apyiue, doaece of e,
CHCTOMBL YHCe?

XoTAa HX ¥ HA3BIBAIOT MHHMBIMH, HO OT 3TOI'0 OHH HE IepecTa-
0T GBITH IMMOJNE3RBIMH H Jaxe HeOGXOXHMBIMH AJA AHAJIHTHYECKO-
'O BBIDpAXKEeHHA PeAaJbHBIX BEJIHYHH.

I JEMBHHI




O panpHedmIMX 3Tanax pasBUTHSA IOHATHUS O YHCIe,
0 6Gojice IIMPOKHUX YHCIOBBIX CHCTEMAX PacCKa3blBaeTCH
B 3TOH KHWHre. :

HawubGosee BakHad U3 paccCMATPUBAEMBIX 3[€Ch YHCIIO-
BBIX CHUCTEM — KOMIIJIEKCHBIE YHCJIA — IPEACTABJIACT HH-
Tepec He TOJBKO KaK JIOTHYEeCKOe 3aBePIIeHHE TeX CBeAeHHU I
0 4YMcJIax, KOTOPhie MpejyCMOTPEHB! IIKOJBHOM Iporpam-
MO mo matemaTtuke. IloyuurenbHa HMCTOPUS BO3HHUKHOBE-
HUSA KOMIIJIEKCHBIX YHCEJi, KX OCBOCHH A, NaJIbHeHero 0606-
menudA. OcoGeHHO HHTePeCHBI Da3HoOOpasHble, IOPOH COBED-
IIEHHO HEeOXXKUIAHHBIe, IPAMEHEHUS KOMIIJIEKCHBIX YHCeJ.
KoMiiexcHble 4ucaa — 3T0, rpy6o roBops, BBIPAXKEHU
Buga a+b-+/—1, roe @ u b — pedcCTBUTENHLHEIE YHCHA
(«rpyﬁo TOBOpA» — XOTA OBl MOTOMY, 9TO CMBIC] BHIpaXe-
HUA \/—1 eije Tpebyer HeKOTOpOro yrodHenus). TpynaHo
cebe mpejCcTaBUTh, YTOOBI TAKHE ¢3K30THYECKHE» BHIpaKe-
HHS MOIVIM OKAa3aThCA TOJE3HBIMH J[JIf DeIlleHUs TJIaHU-
MEeTpHYEeCKOH 3afayd HA NMOCTPOSHHUE WJIA HA BBIYHMCICHHE,
AJNA JOKa3aTeJNbCTBA TEOMETPHUYECKON TEOPEeMBl, JJIS IIOJY-
YeHUS OTBETa Ha BONPOCHI, KacaloUuluecs Nernei nepeMeHHo-
IO TOKA MM ABWIXEHHS HCKYCCTBEHHOro cnyTHuka. Ho B
AEHCTBUTENHHOCTH €710 00CTOMT MMEHHO TaK: MHOT'ME Ma-
TeMaTH4YecKue u (Pu3MYeCKHe 3aJau¥, B KOTOPHIX HET HH-
KaKMX YNOMHMHAHUH O KOMIJIEKCHBIX 4YHCIAX, YAAeTCs
YCIENIHO PelINUTH, €CJIM CO3HATEJIEHO, IIPeAHAMEPEHHO IIPH-
BJIEYH 3TH CTPAHHBIE BHIPAIKEHU.

IIpegsaraeMasi BHUMAHUIO YATATEJIEM KHUIA IIOBECTBY-
eT O TOM, KaK BO3HHUKJIY KOMIIJIEKCHEIE YMCJIA U CTAJIH CO
BpeMeHeM TeMH oOBeKTamMu, 6e3 KOTODBIX HE MOMKeT 000-
UTHCh HU OfHA 06JIacTh DUBHKH, TEXHHKY, MEXaHUKH.

B kvure npuBesieHO GONBIIOE KOJUYECTBO IPUMEPOB —
KaK DelIeHHBIX, TaK U IpeijaraeMblX YHUTATENIO AJs ca-
MOCTOATEJILHOI'O PEelIeHUA; B KOHIE KHHUTH JAIOTCH OTBETH
U YKa3aHUS.

3Be310ukoii (¥) ormMeuensl Gosiee TpYyZHEBIe naparpadu
(uu ux yactu), 6onee TpyaHBIe 3amaun. 3HAK A YKa3bl-
BAEeT Ha KOHeEl] JNOKAa3aTeJbCTBA WJIM DELIeHH.



KOMIINIEKCHBIE YUCJIA
M UX [TIPOCTENIUUE
NIPUIIOXEHUA

PaGorax Bo Bcex orpacasx
MaTeMaTHKH. MHOroKparTHoO H
yCHoemrHo NPHMEHAX KOM -
NJeKCHbIE YHCJA, BIepPBBIE
paccMaTpHBal TPHTOHOMET -
puueckHe (QYHKIHH KOM -
[JAEKCHOr0 MepPeMeHHOro.

H Bce xe V-1 aBaserca Bo MHOTHX caydaax HeO0OXORHMBIM
pe3yabTaToM NPaBHIBLHBIX MAaTeMAaTHYeCKHX omepauui; Goxee
7010, 9T0 6b110 661 C MATEMATHKOH, KAk HH3IIEH, TaAK H BBICIIEH,
ecan Gpl eff 3anperjeHo GhlI0 OOepHPOBATH C »/i_l'?

®. JHT'EJIBC




B aT0if r;iaBe MBI paccKajykeMm, Kak IIO-
ABUJINCH KOMIIJIEKCHEIE YHCIa, KAK HEJIErKO
MPUBBIKAJIX K HUM MAaTEeMATHKH, KAK IOCTe-
IIeHHO U 3a4acTYI0 HEOKHIAAHHO, pAaCIUUDs-
JIOCh TOJIe MX TpUJIoKeHM#. MBI mokakem,
KakuM o6pasoM MOIKHO JaTh YEeTKOe OIpe-
AeJieHUe KOMILJIEKCHBIX YMCeJ, KaK cleayeTr
BBITIOJIHATH HAJ HUMH apudMeTHUYeCKHe NEeHCTBUSA, KAKOB
reOMeTpUYEeCKUI CMBICH BTHX AedcTBUil. VI Torma yBMAuM,
4YTO 9TH HEOOBIYHEIE YMCJIa OKa3bIBAIOTCA YHXOOHBIM cpex-
CTBOM [Jisi PELIeHUS PA3JIMUYHHIX, OJM3KUX K IIKOJIbHOMY
KypPCYy MaTeMaTHKH 3aZad, B KOTODHIX HH O KAKHX KOM-
MJIEKCHBIX YHCJaX peYb He HIET.

§ 1. IIpomuroe M HACTOMAIEe KOMIUIEKCHBIX 4YHCe]

Muumble umcsa 06S3aHBI CBOMM PpPOXKJAEHHEM BIIOJIHE
peanbHOH 3ajaye — 3ajaue pellleHUA ypaBHEHUU Tperveill
crenenu. Eme g0 XVI B. MaTemaTuky, pemasd KBajpaTHbIE
YPaBHEHHMA, WHOTLA BCTPEUYAJIACH C KBAJPATHRIMH KOPHS-
MH W3 OTPHLATEJbHBIX YHCEJ.

Penrenue ypaBHeHUS BUJA

x*+px+q¢=0, (1)
rAe p U ¢ — JedCTBUTENbHBIE YMcJa, N0 U3BECTHOH ¢op-

MyJie NPHBOJAMJIO MHOIZA K BBIPA’KeHHAM BHJA A+\/B,
rae B — orpunarenbHoe uymcyio. Ho HHKTO He mMor ob6bsc-
HUTH, YTO TaKOe «KBaJpPATHHIH KOPEeHb U3 OTPUIATE]b-
HOTO 4YHMCJIa», KaKOH CMBICJ CJIeXyeT IPHAATH 3TOMY BHI-
paxeHuio. BrIXoj M3 BaTpYAHUTEJIBHOTO TIIOJIOMKEHUSA He-

CIOXKeH: OOBABIANIOCH, YTO BhIPAXKEHHE \/ —1 (unu W/B,
rae B<<0) ne umeer cmeicna. M 8T0 mpejcTaBiaAIOCh BIIOJ-
He pasyMHBIM: KAa)XJblii pas yjmaBajJock IIOKas3aTh, 4TO
npu B<<0 xopHem ypaBHeHus (1) He mMoxxeT GbITH HH IIO-
JIOXUTETbHOE YHCJIO, HU OTpHUIaTes]bHOe, HU Hyab. Kor-
Za e [eyo JOLLIO N0 pellleHus KyOHM4YecKMX ypaBHEHHIi,
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TO OKAa3aJIoCh y)Ke HEBO3MOMKHBIM OTMaXHYTbCA OT KBaj-
PaTHEIX KOPHe#d M3 OTPHIATEJbHBIX YHCeJ.

Bonee 400 sler ToMy HasaJ HECKOJIBKO HTANbAHCKHX
MaTeMaTUKOB HAYYHWJIHWCh pemiaTh aaredpaunydeckue ypas-
HeHMsA TpeTheil cremenu. Crocol, U3JIOKEHHBIH B y4eOHU-
ke anrebper (1545 r.) oguoro us uux, Jxuposamo Kap-
laHO, CBOZUTCA (B COBPEMEHHBIX O0O3HAUEHHAX) K cCJe-
AyIOleMy : KODHY ypaBHEHHMs BHJA

x'+px+q=0 19

MOTyT OBITH BBIYHMCJIEHBI TI0 (popMyJie (ee HaA3HIBAIOT POp-
myaoit Kapdano):

9ta dopmysa He JaeT OKHUAAEMOro pe3yjabTaTa B TOM CJIY-
yae, Korjga ypasHeHue (1’) umeer TpU pa3NHUUYHBIX (Heii-
cTBUTENbHBIX) Kopusa! Hanpumep, JIerko mpoBepUTH, YTO
KODHAMH ypaBHeHud x°— x =0 apnsiorcsa uucaa 0, 1, —1.
Ho ecnu GbI MBI IIONBITAJINCH PELIUTH 3TO ypaBHEHHE IO
dopmysne Kappaso, To nmoay4yuau ObI:

I sty
27 27

Kakum e 06pa3zoM MOKHO U3 9TOM GOPMYJILI IOJYYUTH
ypcaa 0, 1, —1? YrTo6bl OTBETUTH HA DTOT BOIPOC, MaTe-
matukam XVI—XVII BB. HeoOXoauMO OBIJI0, HAYYUTHCH
obpaniatThcAd C BBIPAMXKEHUSMH BUAA A+\fB, rae B<O0,
M, B YACTHOCTH, U3BJIEKATH W3 TAKMX BbIPAXKEHUU KyOu-
YecKHe KOPHH.

MaremMaTHKH KpaiiHe HEOXOTHO LIJIM HA U3y4YeHHe TAKHX
BEIpaKeHHH. OHM HAZHIBANK MX MHUMbLMU, HECYLIECTBYIO-
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JliobonnTHA MCTOpHSA IO-
sByenus gopmynvt Kapoa-
#o. B konme XV B. ma-
TEeMaTHKH yIKe JIETKO Crpa-
BASAJMCE C KBAJAPATHBIMHA
YPaBHEHUSMH, OLHAKO pe-
lIeHuE yPaBHEHUN TpeThe:
CTENeHW CYHTAJIOCH CJIOXK-
Ho# sapmaueit. B 1520 r.
npodeccop  MaTeMaTHKH
Bosonckoro  yHUBEpCHTe-
ra CuumuoH xens Peppo
(1465—1526) wamen, Bu-
AMMO BMIMPUYECKH, CIIO-
co6 pemeHuMs ypaBHeHUMH
Buaa x° -+ ax=b. Ymupas,
deppo coobiuni cBOM cno-
co6 pelneHus ypaBHEHHH
TONMBKO LBYM JIMIAM: CBO-
eMy 34TI0O 4 CBOEMy yde-
Huky Puope. IMocnepnamii
MOJIL30BAJNICA  TPABUJIOM
Peppo HA MaTeMaTHYe-
ckux TypHHpax. B 1535 r.
npoTuBHEKOM P HOpe Ha Typ-
HHpe OKasajcs Tpenoja-
BaTenb MaTeMaTHKH HuK-
koso Tapraasa (1500—
1557), xoropmi# 3a He-
CKOJIBKO JAHEH 0 TypHHpa
HaWIeJ CBOM criocof perue-
HMSL ypaBHGHHMH  BHZA
x*4ax=>b, a zarem mu
crnoco® pemeHus ypasee-
Huit Buga X =ax-+ b, e
a>0, b>0. O Tom, KaKk OH
pasrpomun Puope, cTayo
WHUPOKO u3BecTHO B HrTa-
nun. IMox Gosbmum cexpe-

IOAMU, HEBO3MOMHBIMH, 4YHCTO
COPUCTUYECKUMH BeJHYHHAMH,
HNOTAWHBIMU PpEIeHUSIMH ypaB-
HEeHMH, KOJAWYecTBaMM, JIHUIICH-
HBIMH BCAKOro cmsuicina. Cumra-
JIOCH OYEeBHJAHLIM, 4YTO OHM HE
HUMEIOT HHUKAKOro peasibHOTro

cogepxanus. I. B. Jlei6uun

(1646—1716), oTHOCUBIIMHCH K
MHHMEIM YHMCJIAM C BOCXMINEHH-
eM, B TO K€ BpeMs Ha3hBaJ HX
«rubpugoM Mexay OviTHEM U
HeObITHEM». A MEXAY TeM 3TH
«HEBO3MOJK HEIE», «MHUMBIE» ,
«HECYUIeCTBYIOI[ME» 4YHCIa BCe
HACTOHYHMBEE CTYYAJHUCh B JIBEPH
MaTeMaTHYecKol Hayku. KEme
B XVII—XVIII B. maTremaTuxu
00HAPYIKHUIIY, YTO MHOTHE CJIOMK-
HEI€ M TPOMO3JIKHe BhIDa’KeHUS,

. BCTpeyawIinueca B 3dJeMEeHTap-

HOM ¥ BBICIIEHA MaTeMaTHKe, Jer-
KO BBIUMCJIHTB, €CJIIH TOJb30-
BaThbCd MHUMBIMH 4Hcaamu. Ho
HeJ0OBepHEe K 3THM YHCIaM ObLIO
HACTOJBKO BEJIMKO, YTO HEPEIKO
MATEeMATHKK CHA4YaJla BBIYMCIIA-
JIM TO MJIM MHOE CJIOKHOE BhIpa-
JKEHHEe C MOMOIIBI0O MHUMBIX YH-
cel, a 3aTeM JOKa3bIBAJIM ITOJY-
YEeHHYI0 Takum obpaszom d¢op-
Myny 6e3 TNPHMEHEHHMS 5STHUX
quce.

Oxun u3 BaxHBIX ajarebGpa-
WYECKHX BOIIPOCOB, BOJTHOBABLIMIA
matTeMaTukoB XVII—XVIII BB.,

8
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COCTOSLYT B CHEAYIOUIEM: CKOJb-
KO KopHed umeer aareGpaunye-
CKOEe YpaBHeHuWe n-# CcTeleHH,
TO €CTh yPaBHEHUE BHAA

x"+a|x"'1+a-gx”_2+...+

+an_1x+a,=07? (2)
Ecnu OrpaHUuYMATHCH  JAEHCTBH-
TeILHBIMM KOPHSMM, TO MOYHO
JHAIIL YTBEPMkKHATbH, YTG HX He
6osiee ywem n. Ecimm xe pacemar-
PHUBATh U MHUMBIE KOPHH, TO OT-
BET HA MOCTABJEHHBIH BHIIIE BO-
IpOC OKA3BIBAETCH MPOCTHIM H
MCUepNEIBAIOIIMM: KOpHel Y
ypaerenus (2) ecezda posHO n
(ecsim, pasymeeTcs, KaMAbiH KO-
peHb YYHUTHIBATH CTOJILKO pas,
KaxoBa ero kpaTHocTb). C oTuM
OKAa3aJICsi TEeCHO CBABAHHBIM H
APYroi BasKHBIM IJIA IIPHIOMXKe-
HUM BOIIPOC, BIEPBEIE ITOCTABJIEH-
Heli JI. QiiIepoM: BepHO JIH, YTO
060l MHOzowAeH (¢ Oelicreu-
TeAbHbIMU  KOIPGuyuenramu)
MONCHO npedcrasury 8 6ude npo-
u3eedenuss MHOZOYNEHO8 He 6bl-
we eTopoil crenernu (Toxce ¢ deil-
CTEUTENbHbLMY KO3PPUYUeHTa-
mu)? Muorue MaTeMaTHKHU
XVIII B. monarajm, 4YTO OTBET
JOoJIKeH OBITh OTPUIATENLHBIM.
Mesxxay TeM OTBET OKasaJicd Mo-
N0 uTeNBHBIM! OTO y/asioch Io-
KasaTh Gaarozaps NPUMEHEHUIO
MHMMBIX YHCEJ.

TOM TOCNE HJIATeIBHBIX
npockO OH coobIMI O CBO*
em cnocoGe (B BHAe CTH-
XOTBOpEeHHs) mpodeccopy
MaTeMaTAKH MusiaHCKOro
yausepcurera J[Jxuposa-
mo Kappano. Yepea wHe-
cxkonbko Jer Kapaaso ys-
Han u o cnocobe Peppo.
06a criocofa pemesus OKa-
3aJ4Ch IO CYIIECTBY OJHM-
HaxkoseiMa. Ilocime zom-
TeNbHBIX  PA3MBIIIJIEHUH
Kappawo pan obocHoBa-
Hue pemrenus. B 1545 r.
oH ony6mmkosBan B Iep-
MaHMM TPYA mo anaredpe
«Bennkoe MCKYCCTBO, HMJIM
06 anrebpauyecKHx mpa-
BHJIAX», B KOTOPOM H3JIO-
3KuJ, ¢ cehiikamu Ha Tap-
TaNbI0. NPaBHJIO PELIeHKA
KyOHyeckoro ypaBHEHHS.
OHO MONY4YHJIO HAa3BaHHEe
dopmynn Kappano. Kap-
paso (1501 —1576) Onix
BEIZLAIONIUMCH  MEICJIUTE-
aem, punocodpom, Bpavom,
aBTOPOM MHOTHX HAYYHBIX
pa6or, msobperatesem. B
cBoeii kHure Kapaaso siiep-
Bble IPDHBOJNHUT cmocob pe-
IIeHWs ypaBHEHUM yeTBep-
TOM CTEeNeHH, NpeRJIodKeH-
HbIA ero yyenukom Jlyao-
Buko Peppapu (1522—
1565).



Huxonai Eroposnu
KYKOBCKHH (1847—
1921) — 0CHOBOIIOJIOMK HUK
COBPEMEHHOH THAPO- H
a9pPOMEXaHMKH, aBTOD 3a-
MedaTeJbHBIX HCCJef0Ba-
HHIf IO MaTeMaTHKe, Mexa-
HHMKe, acTpoHoMu#H. Ero na-
yYHad JAeATeNbHOCTH IpO-
mysa B MockBe, rje OH
MHOro Jyer 6wl Tpodec-
COpOM YHHMBEDCHUTETZ M
npeaujieHToM MOCKOBCKO-
o MaTeMaTH4YecKoro o6-
utectea. 9ro ero B. U, Jle-
HUH Ha3BaJl <«OTIOM pyc-
ckoit apuanuns». H. E. Ky-
KOBCKHM CTaJI IIMPOKO IIPH-
MEHSTH METOABl TeOPHH
GYHKUMHA ~ KOMILJIEKCHOTO
IIePEeMEeHHOT0 B THAPO- H
a’poAUHAMUKE.

B XVIII . JI. Diinep u gpy-
rue MaTeMaTHKH OOHAPYIKUIH,
YTO M3y4YEeHUEe PABIUIHBIX KOJIe-
6aTeJBHBIX [IPOIECCOB CBOAUTCSH
K moucky GyHkuuu u=u/(t),
YA0BJIETBOPAIOLIEH YCJIOBHIO
(nuddeperuuasbHOMy ypaBHe-
HUIO) BHJA

d'u
ar

d'u

a dt"_, + ...+

d
+a,.-..d—l: +a,u=0, (3)

TIe A1, A2y ..., Gn — MOCTOSHHBIE
yncna '. Hanpumep, usyueHue
rapMOHMYECKHX KoJebaHuil (Ko-
aefaHU MasiTHUKA) CBOAUTCS
K PacCMOTPEHHMIO ypaBHEHUS
d’u 5
T +ku=0,
rae k? — NMOJNOXKHUTEAbHAA KOH-
craHTa, t — BpeMs, U — OTKJO-
HeHHe MaATHUKA OT HEKOTOPOro
HEeHUTPAJBHOrO TMOJIOKEeHUsA. IH-
nep OOHAPYIKHJ, YTO AJNHA Ha-

, du
7 ra NPOH3BOAHAA DyHKIHN
*u
u MO nepeMeHHOH I, T — Ipo-
du
u3BOAHAA MO t OT (QYHKIHMH -5
d’u d’u
——~ — Npou3BOAHAA MO Lt OT ——
dt at”

U T A
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XOKHAEHUS HCKOMOH QyHKIUH
u(t), ynoBierBopsiomen Jug-

depeHyuaibHoMy  ypPaBHEHHUIO
(3), Heo6XOZMMO B3HATH KODPHU
anzebpauyeckozo ypaBHEHUS

a2t a2t
+an-1z2+a,=0, (4)

rjae a, @z, ... @, — T€ Ke YHuc-
Ja, 4TO0 ¥ B ypaBHeHuu (3);
IpUd 3TOM HYXKHBI 6C€ KODPHH
ypaBHeHus (4) — He TOJBKO
IeHCTBUTENbHBIE, HO U MHUMBIE.
B TeyeHume MOCHEHUX ABYX-
COT JIeT KOMNJLEKCHble HUCLA
(Tak MIPEAJIOMKUI HA3KIBATH MHHU-
Mble YHCJIa HEMELKMH MaTema-
tuk K. ®. l'aycc) Hamau MHO-
TOYMCJIEHHBIE M TIOPOHA COBEp-
IIEHHO HEOKHUAAaHHBIE IIPUJIOKe-
Husa. Tak, Hanpumep, ¢ 10-
MOIBIO KOMILJIEKCHBIX  UHCEJ
Taycc B 1796 r. cymen HaiTu
OTBEeT Ha YHCTO reOMEeTPUYECKH
BOIIPOC: NPU KAKUX HAFYpPAILb-
HbLX 3HAYEHUSAX N MOMCHO no-
CTPOUTH YUPKYLeM U JUHEUKOU
npasunbHbliL N-Y20AbHUK?
IITupoxoe mpuMeHeHue Ha-
IJM KOMIUJIEKCHbIE YHCJIa B
kapTorpaduu, 3JIEKTPOTeXHUKe,
THAPOAUHAMHUKE, TEOPUH ()HUIIbT-
panuy NOYB, TEOPETHYECKOH pu-
3uKe. YiKe B HaUIeM CToJe-
THH KOMILJIEKCHbIE UHCJA ¥
KOMIJIEKCHBIE (QYHKIHH (DYyHK-
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Cepreit Anexceesny YAITI-
JIBITHH (1869—1942) —
COBETCKMI Y4YeHBIH B 006-
JIACTH TEOPETHYECKOU Me-
XaHHKH, THAPOMEXaHUKH,
akanemuk, I'epoit Comua-
muctuyeckoro Tpyma. Ha-
yunsle Tpyabl C. A. Yan-
JBITMHA B obaacTtu mare-
MaTHKH IIOCBALIEHLI BOII-
pocam Teopuu auddepen-
IHAaJbHBIX YDPaBHEHHH,
NPHUMEHEHMIO Teopuu QyHK-
uui  KOMILIEKCHOH 1epe-
MEHHOH K TeOpHHM KpbLia
camoJsiera. Ocoboe 3Ha-
YeHuWe HUMeJH  paboTsl
C. A. YanbirTHHA IO HHTE-
rpupoBaHul0  auddepes-
IMAJbHLIX YpaBHEHUH, B
pe3yjabTate KOTOPLIX OB
CO3JaH METOJ NpUubIIHKeH-
HOTO pemeHust auddeped-
IHMABHBIX YPABHEHUH.



Mcrucnag Bceesonoporau
KEJIbIII (1911 —
1978) — coserckuii mare-
MaTUK 1 MeXaHWK, BBIAAX0-
MUicsa OPraHU3aTop HAy4-
HBEIX MCCJIEJOBAHWN B Ha-
uieif cTpaHe, pyKOBOLUTEN b
HAY4YHO-HCCICHKOBATEIb-
CKHX MHCTHTYTOB, peunias-
WIMX aKTyaJbHedlrve Ha-
YYHBIE ¥ HaPOAHOXO3N-
cTBeHHBIe npobyemsl. Baec
GonbIION BKJAK B pPa3Bu-
THe KOCMOHABTHMKY, BHI-
YHCHMTENbHON MaTeMaTH-
kM u rexauky B CCCP. Boia
Ope3ugeHToM AxajaeMuu
nayk CCCP (1961—1975),
Tpux A6l I'epoit Conuanuc-
Tuueckoro Tpyjaa.

MW, Y KOTOPBIX M 3HAUYECHUAMHU
apryMeHTa U 3HaYeHnAMY PyHK-
HHH  ABJISIOTCS KOMILIEKCHBIE
YHCIa) YCHEeNIHO NPUMeHAJNCH
PYCCKHM#M K COBETCKHMH MaTema-
TAKaMu ¥ Mexanuxkamu H., E.
HKykorckum (1847 — 1921),
C. A. Yannawmruaeim (1869—
1942), M. B. Kenasimem (1911 —
1978) u ApyramMu B a3poxUHA-
muke. CoBeTckume MaTeMaTHKH
I' B. Koaocos (1867—1936)
u H. 1. Mycxenumsuau (1891 —
1976) BmepBBIe cTajJH TpUMe-
HATH KOMILIEKCHbIe (DYHKIUH B
TEOpUHM yHOpyrocru (To ecTh MmO
CyNIIeCTBY K pacdeTraM pasjind-
HEIX KOHCTPYKUHHA Ha TpOY-
HocTh). C mpuMeHeHUEM KOMII-
JIEKCHBIX II€DEMEHHBIX B Teope-
THYECKOH (DUBWKE CBASAHBI HC-
CHEI0OBAHUS COBETCKHX YYEHHIX
H. H. Boroxo6osa (pox. 1909)
u B. C. Bumagumupora (pox.
1923).

B KOHIE NIpOLIJOro CToJe-
THS CTAJH IIHPOKO NPUMEHATH
TeHepaTophl MEepeMEeHHOr0 TOKa.
s pacuera Ieileil mepeMeHHO-
I'0 TOKA OKAa3aJIUCh HENPHUI'OAHbI-
MH cTapbie MeToAbl, paspabo-
TaHHBIE A5 Lelned MOCTOSAHHOTO
TOKAa M OCHOBAHHBIE HA B33aKOHE
Oma. B 1893 r. amepukaHCKH#A
anexktTporexHuk Y. II. IIrein-
Mel MPeaIoKUI d(HdHEeKTUBHBIN
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METO/ pacuera lerneil mepemes-
HOTO TOKA. DTOT METOJ IeJIUKOM
OCHOBaH HA TPHUMEHEHMH KOMII-
JIEKCHBIX YMCel.

B 20-x ropax Halero cTo-
JeTuss craja paspabaThiBATHCH
KBaHTOBasg MexaHuKa. [[nsa Hee
oKasayics OCOOEHHO TOJIE3HBIM
annapaT KOMIUJIEKCHBIX YWCesl.
Bor uro numer o6 »TOM H3Be-
CTHBIH  COBpeMeHHBIH  (u3uK
E. Buruep B cBoeMm o4yepke «He-
IOCTHXKUMAdA s dexTHBHOCTD
MATEeMATHKH B €CTECTBeHHBIX
HayKax»: «JIJId HEemOATrOTOBJIEH-
HOI'0O yMa MOHSTHE KOMILJIEKCHO-
ro 4@ciia AaJIeK0 He eCTeCTBeH-
HO, HE IPOCTO U HUKAK He cie-
nyer u3 ¢uauyeckux Habaoge-
Huit. Tem He MeHee HCIIONIB30Ba-
HHE KOMIIJIEKCHBIX YHCeJI CTaHO-
BUTCH IIOYTH HeM30eXXHBIM IIPH
¢dopmysIHpOBKEe 3aKOHOB KBaH-
TOBOM MexaHukuH. Kpome Ttoro,
He TOJIBKO KOMIIJIEKCHBIM YHC-
JIaM, HO ¥ TaK HAa3bIBA€MbIM aHA-
JIMTHYECKUM QYHKIHAM CYXKIe-
HO CHIrPATh PEmamoulyild pOJIb
B (pOpMYyJIMPOBKE KBAHTOBOH Te-
OpHH» .

IJis HaBHraTOPOB IIpeJCTaB-
AseT 3HAYMTEJILHBIA HHTepec
crocob TMmocTpoeHus reorpadu-
YeCKOH KapThl, IPH KOTOPOM CO-

XPaHAKTCHA Yrjbl MEXAY JH--

Huamu. Takoii cmoco® HasbIBa-

13

Huxona HWeanosuu MY-
CXEJIMIIIBHJIM (1891 —
1976) — coBerckuii maTe-
MATHK, aKaJeMHK, [epoi
Conuanmcrudeckoro Tpy-
Aa. 3aHEMMaNcs HAY4HOM,
nejarore4eckoi u obue-
cTBeHHOM .paboroii. Co-
3laHHEBIE HM METOALI OKa-
3a]M BAMSHME HA Jasb-
Helfee pasBUTHE TEOPHUM
YIPYrOCTH, TEOpUH Aud-
depeHUMANbEBIX ¥ WHTe-
rpajJbHBIX YPaBHEHUIH.
IIpumMenHsasn METOALI TEOPHHU
GYHKUMH  KOMIJIEKCHOTO
nepeMeHHoro K 3ajadam
MaTeMATHYECKON (QUIUKN.
PesynsraThl HecaenoBaHui
H. 1. Mycxenumsuau uc-
NOJIb3YIOTCH IPH PElUeHHH
PA3JIMYHBIX TEXHAYECKHUX
3azad.




Huxona# Huxonaepuwu BO-
TOJXOBOB (pog. 1909) —
COBeTCKMI MaTeMaTHK U
dusuk-TeopeTdK, axaje-
muk, asaxnasl 'epoit Co-
uuaymcruyeckoro Tpyaa.
Pyxosoaurens O6benuseH-
HOTO MHCTUTYTa SIAEPHBIX
ucciejoBaHui n1 Martema-
THYECKOr'0 MHCTUTYTA HM.
Crexnioba AH CCCP. As-
TOP dbyHIaMEHTaJIBHBIX
pabor mo TeopuHM CBeEpX-
IIPOBOJMMOCTH, KBaHTOBOI
dusuxe u Ap.

C 14 ner Havyan NpPHHH-
MaTh y4YacTHe B CeMHHAape
npu kKadexpe maTeMaTH-
yeckoit pusuku AH YCCP
H IepByIO HayuHyio pabo-
Ty Hanucan B 15 ner.

ercss KOH(POPMHOU (TO ecTh co-
xpaHsomeid ¢GopMy) IpoeKIue.
OxassIBaeTCs, 4YTO C IMOMOIILIO
GyHKIHHA KOMILJIEKCHOrO Iepe-
MEHHOT'O BO3MOYXHO yKasaTh Oec-
KOHEYHO MHOro KOH(OPMHBIX

IIPOEKIHii.
3HAYNUTENbHOE MpPUMEHEeHHEe
HAIIJIM KOMILJIEKCHBIE 4HCJa

[IPpH M3YYeHUH JBHUXKEHHUS ecTe-
CTBEHHBIX M MCKYCCTBEHHBIX He-
6ecHeix Ten. IIpuBenem npumep.
OaHa M3 BaMKHBIX 3484, BO3-
HUKIIas PH MOATOTOBKE 3aIlyc-
KOB IIEPBEIX HCKYCCTBEHHHIX
CIYTHUKOB 3€MJIH, COCTOSJIa B
creAyIonieM: Kak OyaeT [BH-
raTeCs CIOYTHUK IOJ BJIHSAHHEM
TATOTEHUS K «CIJIIOCHYTOMY cde-
pouny» (Takyio Gopmy wumeer
3€MHOH IIap, KOTOPHIH HECKOJIb-
KO CILJIIOCHYT Y IIOJIIOCOB, €ro
MOJIAPHBIN JUaMETP NPUMEpPHO
Ha 42 KHJIOMEeTpa MeHbIlle 3KBa-
TOpHaJbHOro guamerpa). OgEuM
U3 caMBIX 3((GEKTUBHBIX CIIOCO-
6OB pelIeHHS TOM 3aJa4d OKa-
3aycs crmocobd, OCHOBAHHBIA Ha
IIPUMEHEHUHU KOMIIJIEKCHBIX YH-
ces. OH OBLI NPEAJIOKEH COBET-
ckumu yuyeHsiMu E. II. Axce-
HOBHEIM, E. A. I'peGeHUKOBEIM U
B. I'. JleMussIm.
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§ 2. Cnoco6 'aMuabTOHA BBEIEHHA
KOMILIEKCHBIX YHCeJa

B TeyeHue AJUTETBHOTO BPEMEHH KOMIIJIEKCHBIE YHCIA
BBOAMJINCH (& B HEKOTOPHIX y4eOHHMKAX M ceiyac BBOAAT-
csl) MPUMEPHO C IIOMOIIBIO TAKOIO PACCYIKAEHHUSA: «¥YpaB-
HeHMe x’= —1 He uMeeT KopHeli, \/ —1 He cymiecTByer.
O6GosnayuM 5TO BhHIpaskeHWe uepe3 i U OyaeM paccMaTpu-
BaTh uMcyia Buja a-+bi, rne a u b — pelicTBUTEIBLHEIE
qucaar.

B 1833 r. upnaujackuii maremaTMk ¥. P. T'aMuisTOH
O4YeHb TPOCTO, SICHO U JIOTHYECKH 6Ge3ynpedyHO pas’bACHHII,
4TO TAKOE KOMILJIEKCHEIE YKcia. Ero mogxoa K mOCTPOEHHIO
TEOPUM KOMIIJIEKCHBIX YHCEJ MOYKHO H3JIOXKHTH Tak. Pac-
CMOTDHM BCEBO3MOJXKHBIe Naphl OOBIYHBIX (ZeHCTBUTEb-
HBIX) 4¥WceJI, B3ATHIX B onpegejleHHoM nopsake. Kaxxayio
TaKyI0 yOOPAJOYEHHYIO Iapy Ha30BeM KOMNJIEKCHbIM YlUC-
aom. MosxkHO, pasyMeeTcs, NPENJIOKHUTH MHOI'O CIIOCO60B
IUISL 3aIIMCH YIOPAJLOYEHHOM Naphbl AEeHCTBUTENbHBIX YHCEJ

a u b, Hanpumep: (a, b), [a]b], a * b. B maTemaTuke npex-

MOYMTAIOT TAKYIO 3aIHChH:
a+ bi. (1)

3HAYOK i MCIONB3yeTcs 34ech TOJBKO AJS TOTO, YTOOHI
KaK-TO OTHEJHUTh OAHO OOBIYHOE YMCJIO U3 Maphl OT APYyroro.
3HaK « | » He FOBOPHUT IOKA O KAKOM-JTHOO CJIOYKEHUH, OH
TOJIBKO YKa3hkiBaeT Ha TO, YTO MBI OOBeAMHAEM [Ba Jei-
CTBUTEJIbHEIX YHCJIA B HEYTO efuHOoe. YTOOBI MOJYEPKHYTH
3TO0 0OCTOATENBLCTBO, MBI paspemaeM cebGe Bcio mapy (1)
0003HAYUTH OJHOW OYKBOM, Hampumep OGyKBOH 2:

z=a+ bi. (2)

IlepBoe aAeHCTBUTENLHOE YMCJIO, BOLIEAIEe B 3Ty Iapy
(4ucao a), ycroBuMCA Ha3bIBATh 0€lCTEUTENbHOU HACTbIO
yucna 2. Ee obozHauaroT tak: Re 2z (uuraercs: «Ps 39T»;
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Re — mepBeie GykBel satTuHckoro Realis, uro osmauaer
«leHCTBUTENbHBIN»). BTOpoe AeilicTBUTENIbHOE UYHCJO H3
maprl (2) (yucxo b) Oyaem HaASBIBATH MHUMOU HACTHIO
KOMIIJIEKCHOTO 4ucaa 2. Ee ofozxHavaroT Tak: Im z (uurta-
erca: «VIm 33T»; Im — nepsble GyXBHI JTATHHCKOTO CJIOBA
Imaginaris, yTo o3Havaer «MHMMbIl»). Hanpnmep, ecau
z2=—8+2i, o Re z=—3, Im z=2. 3ameTuM, 49TO NO
LAHHOMY OIpeAesieHUI0 MHMMAA 4acTh J1000ro KOMILIEKC-
HOTO 4HCJIa — 9TO BCEerJa HEKOTOpUe [NeMCTBHTEIBHOE
yucsno. Ctporo rosops, 4To6sl napsl Buga (2) MOKHO GBLIO
CUMTATh YHUCAAMU, HEOOXOAMMO TIIpEMXJe BCEro HLOTOBO-
PHUTBCA O NpaBHJax (WIM 3aKOHAX) MX CPABHEHUS MU BbI-
MOJIHEHHSA HAJ, HUMHU apudMeTHdecKkux aedcrsuii. Beegem
LN KOMILJIEKCHBIX 4YHCEeJ TAaKHE 3aKOHBIL.

3axkou 1. [lea komnaexchovlx yucna caedyer cHuTaATh
PABHBIMU 8 TOM U TOLLKO 8 TOM CAyHae, K0z3a OHU UMEIOT
PaeHble OelicTEUTeIbHbLIE HACTU U PABHbIE MHUMbLE YACTU:

z1=2.¢>|Re 2;=Re 25, Im 2, =1Im 2}

3akoH 2. CkaadvieaTv, 6bl4UTATL U YMHONATH KOM-
nJaeKcHble wucaa crnedyer Tax, Kak 6Yy0To 3TO MHOZOYLEHbL
OTHOCUTEeNbHO OYKEbL i; NP 3TOM DPA3PLWAeTCA N pousee-
Oenue i-i 3amenurv Ha —1.

HUrak, ecnu 2z, =a, -+ bii, 2o=as+ bsi, To nMo 3aKoHy 2:

21+ 22 = (a1 + bii) + (a2+ b2i) = (@1 +a2) + (b1 + b2)i,

2| —29= (al + b)l) wr (GQ+ bzl) = (a. ——az) + (b| s bg)i,
21°29= (a. + b|i) . (az-l- b?i) = (a.az— b]b?) + (a|b2+02b|)i.

IIpumepst

1. Cnoxum KOMIJIEKCHBIE Yucaa 2| =2+ 3i u 20 =3+ Ti.

Pemenue. 2 +2:=24+3i)+B+T7i)=(2+3)+
+B+7)i=5+10i.

2. BeluTeM u3 KOMIJIEKCHOrO 4YWciaa 2= —3— 3,9i
YUCTO 2;=5 —4i.

Pemenne. 2 —2y=(—3—3,5i) —(b—4i)=(—3—
—5)+(4—3,5)i= —8+40,5i.
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3. ITepeMHEOKHMM KOMILJIEKCHBIE YHMCJA 2| =2 —i U 2=
=5 2i.

Pemenue. 2-20=(2—i)(5+2i)=2-5+4+2-2i—bi—
—2ii=10—i—2.-(—1)=12—1i.

3akon 3. [enenue KOMnAeKCHbLX wucen onpede-

JUTs Kax Odeiicreéue, o6parHoe YMHONEHUIO! HACTHLIM OT

OeneHUuUsL KOMNAEKCHO20 Hucaa 2, Ha 4Hucno z(zi#0)

6ydem HA3ILLEATHL TAKOE YUCAO Z, YTO Zi+Z==2y. ITO YACTHOE
29

Z MOJKHO 3aNMChIBATE TaK: z—z MM 29:2, WIN 29/2,. Ha-
1

npumep, (1-+3i)/(1+4i)=2+41i, rak xark (1-}i)-(24i)=

=1+ 3i. IIpakTNUecKue NMPUEMBl JeJIeHUS KOMIIJIEKCHBIX

yuceJl paccMoTpum B § 3.

Baxon 4. Komnaexcroie wucana a-+0i; 04 bi; 040i
MOJNCHO 3anucbiéars Kopode rTax: a; bi; 0.

Komnuexcasle umcaa Bupa a-0i HasbBawoTes Oeil-
cTéuTenbHbiMU (MIHA  BEU,ECTBEHHbLMIL), dYHUCJa BHIA
0+ bi'— yuero muumovimu; yuciao 0 (t. e. 04 0i) — edun-
CT6eHHOe KOMILJIEKCHOE YHCJIO, KOTOpOoe HABJsieTcsS OIHO-
BPEMEHHO M /[AEeHCTBUTEJbHBEIM, X YHCTO MHUMBIM.

3a KOMILJIEKCHHIMHM YuciaaMu Buga a-+ bi, rae b#0,
06BIYHO COXpaHSAeTCS HasBaHHEe MHUMbIE Hucna (npudem,
ecnu a+#0, T0 uMcyso a-+ bi MHOTAA HA3BIBAIOT, CHEAYH
Taycey, cCMEWAHHBIM MHUMbBIM YUCIOM).

MoskHO ToKasaTk, YTO BBeJE€HHE B3aKOHOB 1—4 obec-
TMeYHUBAeT AJIsE KOMIJICEKCHBIX YHCeJI COXPaHeHHe OCHOBHBIX
3aKOHOB apudMerTVKd INd AeHcTBUTENbHHIX uucen. He-
TPYAHO TNMPOBEPHTH, YTO €CJIH YHUCIUTEeNbE M 3HaAMeHaTelb

29
A po6u 2—2 YMHOWUTH HA OJHO U TO K€ KOMIIJIEKCHOE YHCIO
1

P2 29+C
¢+#0, T0 oT »TOr0 APOGH HE M3MEHMTCS: SR
1 1

Cpenu delicTéureibHblX 4YWCEJI HET TAKOro 4YHcia X,
KOTOpOe YAOBIETBOPAET ycioruio x°—= — 1. B 10 ke Bpems

paseserso (0+1-i)(0+1-i) =—1+40-i noxassiBaer, 4TC
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Cpesd KOMIJIEKCHBIX 4YHCeJ KODEHb ypaBHEHMSA X = — 1
cywecrayer. Takum saBagerca yuciao 04 1-i (uam xKopoue
yucyio i). Bosee TOrO, JIETKO OOHADPYIKUTH €Ie U JPyrou
KOMIIJIEKCHEI# KOpPEeHb 3TOr0 YPaBHEHUS — TAKUM YHUCJIOM
asasercsa 04 (—1)i (To ectb yucnao — i).

SanumeMm ¢GoOpMyJNsl AJIE HaTypaJIbHBIX CTelleHei
qucaa i:

i'=i, =1, P=ii=—i, i'=i*.i’=(—1)- (—1)=1.

Temeps nerko BUAETb, YUTO IIPH BO3BEJEHUM YMCaA i B CTe-
NeHb € HATYpaJbHBIMM IOKasaTejlaMu Habnojnaerca ne-
PUOAMYHOCT: 3HAYEHUN CTeNeHM: u3 paBeHcTBa i'=1
ciaexyer, uro ecnu n=4k-+m, to i"=i". UusiMu cJjoBa-
MM, 4YTOOBI HaiTH i”, JOCTATOYHO BO3BECTH i B CTEIEHb,
MOKa3aTeJb KOTOPOil paBeH OCTATKY OT JeJjieHus n Ha 4.

YupaskHeHHA

2.1. BeimosiHuTE yKa3aHHBIE AEWCTBUA HAJ KOMILJIEKC-
HBIMU YHUCJAMH :

1) (7,24 5i) 4 (8 —3,6i); 9) (2+51)°-(3—1i);

2) (0—2i) 4 (—5—4i); _ 10) (1+2i)*-(1—2i)%

8) (—2++2i) — (6—3y2i); 11) (14— (1 —i)%

4) (2—i) - (T+8i); 12) (241)%

5) (2,56—i)- (—8—4i); 13) i+i* i’ +i%

6) (1+1i)-(1—1i)-(5—3i); 14) "B Yy
7) ll’il 2()8 i834. 1 \/3

&) (141 (11 14} (—7 +i~2—)a-

2.2. Boruucaure npoussenenue i-i’-i’-....i'"%,

2.3. TIpoBepbTe CIpPaBEIJIMBOCTH II€PEMECTUTETLHOTO
U COYETATEJIbHOTO 3aKOHOB CJIOMKEHHS M YMHOXMEHHUSA, pac-
MpefeMTeIbHOr0 3aKOHA YMHOMKEHHS OTHOCHUTENBHO CJIO-
JKEHUHA ANs KOMIJEKCHBIX 4YuceJl.

2.4. TIposepbTe cCHpaBefIMBOCTHL DaBeHCTB: Re (2,4
+22) =Re 2, + Re 23, Im (2, +22) = Im 2, + Im z,.
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2.5. Moxer Jid IONYYUTHCA OTPHUIATEJBLHOE YHCJIO,
ecJIM K IOJIOKUTEJbHOMY 4YHCJIy NpuUOaBHTH KBaApaT He-
KOTOpOro umcia?

2.6. O6a3aTeIPHO JIM Ka’sK[A0e M3 [ABYX 4YHCEJ PaBHO
HYJII0, €CJIYM B PE3yJIbTATE CJIOMKEHUS UX KBaJpaTOB IIOJY-
quTCH HYIb?

§ 3. [lenenve KOMIJIEKCHBIX YHCEJ

Mzl omnpenesuMaM AeJleHHe KaK JgeiicTBHe, oOpaTHOe
yMHOKeHu0. JacTHOoe 2=§_T (2154 0) OBYX KOMIIJIEKCHBIX
yyces HAXOAMM KAaK pellleHue ypaBHEeHHUS

21 2=2). (1)

O6osnavasa 2,=a-+bi, zy=c-+di, z=x-+Yyi, MOXKHO
ypaBHeHHe (1) mepenucartbh B BHJIE:

(a+bi) - (x+yi) =c+di, (2)
7881
(ax—by) + (bx+ay)i=c+di.

Ilone3ysick ompenesieHMEM PaBEHCTBA JABYX KOMILJIEKC-
HBIX YMCeJI, [JI HAXO0MX JeHHus AeUCTBUTEJILHOH YaCTH 4acT-
HOr0O X ¥ MHHUMONM YaCTH YaCTHOTO Y IOJYYHUM CHCTEMY
ABYX JHHEHHBIX ypaBHEHUH ¢ [JBYMsA HEM3BECTHBIMH:

{ax—by=c,
bx+ay=d. (3)

Pemas aTy cucrtemy, JIerKO HallTH X, Y, a CJAeLOBAaTEJbHO,
M HCKOMOe 4YHuCN0 2Z=X-}yi. TeM caMEM MBI IIOIIyTHO
YCTaHOBHUIIH, YTO JAeJIeHHEe Ha J0060e KOMIIJIEKCHOE YHCJIO,
OTJINYHOE OT HYJs, BCeraa BBIMOJHHUMO, ¥ IPUTOM OJHO-
sHauyHo. OmnmcaHHas IpoueAypa B3aMeTHO YIPOIaeTcH,
€CJIM BOCIOJIb30BATHCH IOHATHEM ¥ CBOMCTBAMHM TaK Ha-
3BIBAEMBIX CONDANCEHHbLX KOMIIJIEKCHBIX 4YHCeJ] ¥ IIOHHA-
THEM MOOY/A KOMIIJIEKCHOTO 4YUCJIA.
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Jea KomniexcHulx wHucaa, Y KOTOpuiX OelicTéurent-
Hble 4YaCTU DABHbL, G MHUMbie npedcTasasior coboi npo-
TUBONONONCHbIE HUCLA, HA3LLEAIOTCH CONDANCCHHBIMU.

Yuciio, CONpAKEenHOE ¢ YUCIOM 2, 0003Ha4aioT 2. Taxum
o6pasoM, ecnu z=a-} i, T0 z=a — bi.

Modyaem xoMmieKcHOro uuciaa z=a- bi HaseiBaeTca
HEOTPHKIATEeNbHOE YHCIC I, 3ajzaBaemoe GopMmyJiod r=
=+/a’+ b’. Ero 0603Hauaior |z| M UMTAIOT TAK: «MOAYIH
2». Takum obpasom, |z|=|z|=1/a’}+b’.

OrMmeTnM mosieaHoe ToXxuecTBOo: Ilpu arwbom Komnaerxc-
Hom z: z-2=|z|’, To ecTb npouseedenue deyx conpaxcen-
HbLX KOMNAEKCHHLX 4Uucen écezda sAeaAercs OelicTeurenv-
HbIM HEOTPUUATENLbHbIM YUCAOM U PDPABHO KEadpary ux
modyasn.

JelicTBUTEeNBHO, NyCTh Z=a -} bi, TOrga

z-z2=(a+bi)-(a—bi) =a’— (bi)’=a’ + b’ =|z|%

OTHM CBOMCTBOM YHOOHO IOJIb30BATBCH AJS HAXOMKE-
HEA YACTHOTO ABYX KOMIJIEKCHBIX 4uces: Jasa HaxoxcOe-
HUA YacTHOzO OT Oenerus 06YX KOMNJIEKCHbLX Hucen 00-
CTATOYHO 3ANUCATH ITO HACTHOE 6 8ude Opobu, 3aTem YMHO-
HUTH ee YUCLUTENb UL SHAMEHATENb HA YUCLO, CONPANCEHHOE
CO 3HAMEHATeNeM, 8blHUCIUTL NOLYYEHHble NPOU3BEOeHU S
u 6 pesyavrare OTOenuUTb O€UCTEUTEAbHYIO U MHUMYIO

. 22 222, 1 -
HACTU: —— = ——— = —— . (22+ 2)),
& |21

I

: 2 7:|
Mpumepst
1. Beruucsium yacTHOe 2 OT lesleHus yucsa 241 Ha 3 —i.
PemeHue. 2= 2+l: S (2+l:)'(3+l:) = i 2L =
3—i B—i)-(8+1i) 10
=0,5+40,5i.

2. OuH yueHMK BBINOJIHMJI HAJ[ ABYMSA XAHHBIMM KOM-
MJIEKCHBIMH 4YMCJIAMHU KaKyI0-TO apHPMEeTHYEeCKy0 omepa-
IO, 4 MOJYYEeHHOe YMCJIO 3aMEHHJI CONPSIKEHHBIM C HUM
yuesaoM. JIpyroil yJYeHHMK NOCTYNHJI MHAdYEe: OH CHavaja
3aMEHHJI KajXXZ0oe [aHHOE YHCJIO CONPSXKEHHBIM C HHM
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UMCJIOM, & 3aTeM HAJL NMONYYEeHHBIMH YHCIAMH BELIOJIHHI
Ty jKe Omepanuio, Yo u nepssii. Kakue mosyuaiores orse-
THI: OLMHAKOBBIE WM pasiudHabie?

Peme aue. O0o3Hauum ZaHHBEIE KOMIIJIEKCHBIE YHCIIA:
zy=a,+ bii u zo=ay+} bsi. Ha asnike MaTeMaTH4eCKuX 060-
3HavYeHHH MOXxeM copMyaMpOBATE 3aJady TaK: IpOBe-
PHTE, CIIPaBeJIMBEL JIH CIeAYIOmHe TOXAECTBA: 2|+ 2=
=214 25, 21 —22=2\ — 23, 21+237=2) 23, 2i/22=2)/2>. Tpo-
BEPHM CIPABEJJIMBOCTE OLHOI'O M3 BTHX TOMKAECTB, HAIIDH-
Mep mepBoro (ocTasbHBIE IIPOBEPSAIOTCH AHAJIOTHYHO):
21+2=(a1+ay) +i(bi+by), Torma =z + 2= (ai+a2) —
—i(bi+b2); zi=a —bii, za=a,—bsi, Torga z,+z2y=
= (ax +a'_7) - l(b[ + bz).

CrHpaBesauBOCTD TOMKAECTB] 2|+ 22=2) -+ 2; KOKABaHA.

IpuxonuM K TAKOMY IIOJIEBHOMY N pPaBHUJY: YT0ObL
HQUTU YUCNO, CONPANCCHHOE C pe3yabTaroMm KaKoi-1ubo
apugmeruyeckoii onepayul Had KOMNAEKCHbIMU YUCLA-
MU, OOCTATOYHO CHAYAAA ORYCTUTb 3HAK CONDANEHUA
(uepry) Ha Kaxdoe U3 Hucen, YLacTeyrowux 6 IToi one-
pauuu, a 3arem Yxce HaO NOLYYEHHLLMU COTDANCCHHbLMU
YUCAAMU BBINONHUTL YKA3AHHYIO Onepayuio.

IToHATHO, YTO TO K€ NPABUJIO IEPEHOCHTCA HA Caydai,
KOrjia pedb HAeT He 06 OJHOM, & 0 HECKOJBKHUX apudmeTu-
YEeCKUX Onepauusix HaJ HECKOJbKHMM YHCIAMMH. Hanpn-

mep, SLaid

az+b - _az+b |
ez+d’ cz+d | ettt
ecaIu w_co+c.z+c2z +...4c¢.2", To w=co+ec1z+

+ 022+ ... +caz".

Hns peineHus pasHoOOpasHBEIX 3aJad MOJE3HBIMM OKa-
3BRIBAIOTCS CJEAYIOINWe JIEKO NpoBepAeMble 3aMeda -
HU .

1. Cymma 08Yyx CONPANEHHBLX KOMNICKCHBLX HUCEN —
gcezda OelicT8UTEeNbHOEe HUCAO, G UX DPA3HOCTb — HUCTO
MHUMOE YUCTO.

eCIH W=
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B camom pene, ecau 2=Xx + iy, TO £=x-iy uz2+4z=2x,
2—2z=2y-i.

11. IIpednoxcernue «Qucano w — deiicreurenbHoe» pas-
HOCULbHO Qopmynre w= w, a npedaowenue «Jucao w —
wuero mHumoe» — gopmyae w4 w=0.

Eciu KOMIJIEKCHOE YHCJIO W — AeHCTBUTENIbHOE, TO
oHO umeer BUA w=u-+0-i, noa'romy_u—)=u—0-i HWw=uw.
U maobopoT, eciu w=u-iv ¥ W=Ww, TO dTO 3HAYHUT, YTO
u+iv=u—iv, orkyga v=—v, v=_0, T. e. w — JAelcTBY-
TeJIbHOE YHCJI0. AHAJOTMYHO NpoBepsieTcsa M BTOpad 4acTh
3aMedaHu .

3. BepHo s, 4TO 11pu JN060M BEIGOpDE HEDABHBIX MEXIY
co60if KOMIIJIEKCHBIX YMces o 4 f, AJd KoTopeix |o|=1,
1—ap
= 0 A=———
[Bl =1, umen =0
Pemenune. Ucnoan3ya pesyabTaThl IpuMepa 2 U 3a-
meuyaHue 1, npeo6pasyeM gyucsao A. Umeem:

_(—ap)-(@—p _ A—ap)-(@a—Pp) _

— peiicTBUTENIBHOE?

~ (@—B)-(a—B) la—BI*
_a—f—a-a-pta-B-f __ (a—B)+(x—P)
la—BI” la—pl*

(B xozme mpeo6pazoBaHMii MBI BOCIOJIb30BAJUCH TeM, 4TO
a-a=|af’=1 u B-p=|p[°’=1). Ho cymma xByx comps-
JKEHHBIX KOMIIJIEKCHBIX uucen (B HaumeM ciaydae a—fi u
o.—B) Bcerga geiicTBuTenbHOe uYucao. Ilostomy umeso
A — pelicTBUTEJIBHOE.

YupasxHeHnA
3.1. Hanumuure KOMIIJIEKCHBbIE 4YHCJIA, COIPAKEHHbIe
C YUCJIAMH \/§+3i, 2—i, i—3, i. Haligure UX MOAYJIH.

3.2. Haiigure Moayap uucaa 1—cosa—+isina (0<<
< a<2n).
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3.3. Buumuciaure:

—54+3i | 15—i |
e dow = i Soa
17i 1+l 1—i |
2 537 o) T
“"\/3+‘\f 6 l\/—
1—
s ) 1+\f+( i),
3.4. Pemiute ypaBHeHMe -zi—!;ﬁzx‘z+y2 (x u y—

JedcTBUTENIbHBIE YHCaA).

3.5. Ilpu KakuxX HEeHCTBUTENBHBIX X U Y KOMILJIEKCHBIE
yucna b+ ixy u x+y-+6i 6yAyT COnpSAMEHHBIMH?

3.6. Haiigure aelicTBUTEJbHBIE 3HAYEHMS X, IPH KO-
5 .. nx
TOPBIX KOMIIJIEKCHBIE 4Hcla 2= /x’—3 -+ 3 —isin i
nx
H 2o="/X +5 +1—i sin? T ABJAKTCH CONPAMKEHHBIMHU.

3.7. Pasznokure HA MHOMKUTEJH IIEPBOM CTEIIeHU BHI-
pasKeHud:

1).a®>+ b%;

3.8. BepHO su, 4TO ypaBHeHMe 2z°+2z==2 uMeeT ABa
KopHA? BhIUMCAMTE BCe KODHH BTOrO YPABHEHHUS.

2) 9x2+416y%; 3) x4+ 6x+10.

3.9. CymMmma JBYX CONPSAKEHHBIX KOMIIJIEKCHBIX YHCeJ
ABIdeTcH JeWCTBUTEJbHBIM uYuciaoM. CopaBegnuBo JM
obpaTHOoe yTBepsKAeHUE?

3.10. [IBa KOMMJIEKCHBIX YMCJIa CJIOXKHJIM, 3aTeM Ilepe-
MHOXKHJIM. B TOM M ApyroM cjydae IOJYYHJIH JeHCTBHU-
TesbHble yucsaa. [[OHATHO, YTO TAK MOJIYYUTCH, €CIU JaH-
Hble 4YucJia — CconpsiKeHHble. Ho MoXkeT M Takoe IOJy-
YHUTHCS, €CJIU JAaHHBIE YUCIA HEe COIpAKeHHbIe?
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3.11. IIpoBepbTe, YTO KBAaZpPAT KOMIJIEKCHOIO YMCJIAa
ABJIsIeTCH AeHCTBHTENLHRM YMCJIOM TOTAA W TOJBKO TOrja,
KOTZIa HNAaHHOE YHCIO — JeHCTBHTENBHOE MJIH YHCTO MHHU-
Moe.

3.12. Pemure ypasuenue |z|+2°=0.

§ 4. KoMoaexcHbIe KOODPIMHATHI TOYESK
B BEKTODPOB

Kakoe oTHOLIEHMEe MOTYT MMETh KBaZpaTHBIE KODHU U3
OTpALATEJbHEIX 4YHCEJ K reoMerpuyeckum samagam? Mo-
JKeT JIM 4YeJIOBeKY, pellalneMy NIJaHMMeTPHYecKylo 3a-
a4y, IPHHECTH [OJb3Y TO 00CTOATEeNbCTBO, YTO B ajredpe
paccmaTpuBaloTes 4ucrna suga a- bi? Otser kak OGyaTo
ouengeH: <«He moxxer». A MeXxJy TeM oOKashBaeTcd,
YTO NPHMEHeHHe MHUMBIX YHCeJI HEePeJNKO CYIIeCTBEHHO
ofsieryaeT peleHHe TPYAHOH NIAaHMMETPUYECKOH 3afadu.

B reuesue 140 ner mocse mosABJIEHMA MHUMBIX YHCEJ
HUKTO He MCKAJI CBA3M MEXJAY MHHMBIMH YHCJIAMH U Treo-
MerpudyeckuMH obpaszamu. Tonbko B 1685 r. amriauiickuit
maremaTuk Jx. Banmme (1616—1703) o6patun BHuMaHue
Ha TO, YTO, C OXHOH¥ CTOPOHBI, MHMMOE YMCJIO Z==a-+ b~/ —1
sajaercd JBYMS JeUCTBUTEJNbHHIMH 4Hcaamu (@ u b),
a ¢ ApYyroil CTOPOHEI, TOYKA HA KOOPAMHATHON NJIOCKOCTH
3aJaeTcs TOXKe [ABYMS AEHCTBUTEIbHBIMU YHCIAMH, TaK
YTO MEKAY TEMH ¥ APYTIHMHU €CTh HEKOTOPOEe COOTBETCTBHE.
Ha »10o xe coorBeTcTBHe mno3jgHee obpanjaj BHAMaHHE
aBa nerepbyprckux akagemuwxa — . Ko (1690—1769)
u JL. Ditsnep. 3ameTHBIN cABUr npousomes B Koune XVIII —
Havasie XIX B., Korja reoMeTpu4ecKoe TOJIKOBAHHE KOM-
NJIEKCHBIX YHCeJ U apudMeTHUYECKMX [AeMCTBUH HAJ HHU-
mu paau patyasuH K. Beccesn (1745—1818), mBeiinaper
K. Aprau (1768—1822), dppanuys M. Bios (1748—1826),
arrauvaHuH k. Yopper (1796—1852) u apyrue. Cpeau
MaTeMATHKOB, KOTOPbIE HE3aBHCHUMO OT APYTHX AAaJId reo-
MeTpHYeCKOe TONKOBAHME KOMIIJIEKCHBIX 4YHCeJ, BBHIJEeJd-
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erca K. ®. T'ayce: oH cymen
OPUMEHUTH 3TO TOJKOBaHHE
K DENIeHHIO CONEepIKaTeJIbHBIX
¥ TPYLHBIX TI'€OMETPHYECKHX
3azayg.

OcraHOBUMCH Teneph HA
reoMeTpUYeCKOM TOJIKOBaHUU
KOMILJIEKCHBIX YHCEJL.

Bo3bMeM Ha IJIOCKOCTH Je- HRIH, e
KapToBy cmcTeMy KoopimHaT | P ol 1 X
x0y (puc. 1). Ilycrs Z — Ka- Puc. |

Kag-1u60 TOYKA HA IJIOCKOC-
Tu. Ee mnoso)xeHue omnpeje-
Agercsa ABYMS JAEMCTBUTEJBHHIMU YHCI2MH — KOOPAMHA-
Tamu (a; b).

IlocTaBHM B COOTBETCTBHE TOYKE Z KOMIIJIEKCHOE YHUCJIO
z=a-} bi. 9T0 KOMIIJIEKCHOE YHCJIO HA30BEM KOMNAEKCHOIL
Koopdunaroli (anu KoopzuHATOH) Touku Z. Hampuwmep,
TOukKa ¢ JelcTBUTENBHBIMH Koopauuatamu (0; 1) mmeer
KOMIIJIEKCHYI0 KooppuHaty Q- 1.i, 7. e. i. (3ameTum™, 4TO
BMECTO CJIOB «KOMILJIEKCHAS KOOpDAUHATA» HacCTO yrnorpel-
naercsi TepMuH «addurcs.

U Haob60poOT, KAXAOMY KOMILJIEKCHOMY 4YHCJIy 2 COOT-
BETCTBYeT HA JAEKapTOBOM miockocTH xOy BIIOJIHE ompene-
JeHHas TOYKa Z, 4bed KOMIJIEKCHON KOOPAHHATOK CHYIKHUT
WMEHHO 3TO0 4uciao z. ViMesas B BHJY YKasaHHOe COOTBET-
CTBHE, MOXXEM KPATKO CKa3aTh: ¢«KOMILJIEKCHOEe YHCJI0 —
3TO TOYKa Ha IJIOCKOCTH».

Touku ocu abcumee Ox, U TOJBKO OHU, UMEIOT CBOMMM
KOMIIJIEKCHBIMM KOODAMHATAMHU [JEHCTBUTEJIbHBIE YHCJIA,
noaToMy OCh abcuucc Ha3BIBAIOT O€UCT8UTEAbHOU OCbHIO.
ToykM OCH ODAUHAT, ¥ TOJBKO OHH, MMEIOT CBOMMH KOM-
MJICKCHBIMY KOODAMHATAMH YHCTO MHHMBIE YHCJIA, TIO3TOMY
OCh ODAMHAT HASBIBAIOT MHUMOL OCbI0. A BCIO NJIOCKOCTD,
KOTOPAS CJHYMKHUT AJIS HATJISAHOICO TOJAKOBAHUS KOMILJIEKC-
HBIX 4YMCeJI, HAa3bIBAIOT KOMNJIEKCHOL 4UCNO80lL naoc-
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Jleonapy SHJIEP (1707 —
1783) — kpynueimuii ma-
TemaTuxk X VIII 8. PaGoran
BO BCEX OTpacJAX MaTeMma-
THKH, Pellasi ¢ U3y MHTEb-
HO! HAXOAYMBOCTHLIO TPYJI-
Helmue 3agaun. OcraBuin
rpomMajiHoe Hay4YHOe Ha-
cuenue. Heony6auxoBan-
Hble UM paboTel IpPOXOJI-
RaJU MevyaTaThecd emle B
Teuenue 80 sier mocsie ero
cMmepTHU. Jitnep popuiicsa B
Basene (Illsedinapus), B
ceMbe IIaCTOpa, YBJIEKaB-
meroca MareMaTHkoi. Tam
JKe M3yYaJsl B yHUBEDPCHTETe
MeJAIIMHY ¥ MaTeMaTHKY.
B 1727 r. ou 6bla1 npuria-
mes B Ilerep6y prexyio Aka-
nemuio Hayk. B Poceuu
Diiylep NpoMXHII (¢ mepepsi-
BoM) cebime 30 yer. Bosb-
IHHCTBO CBOMX pabor oH
OonyONMUKOBA B H3JAaHUAX
Ilerep6yprekoit Akagemun
mayk. Xors Qiirep B 30 ger
OCJIEIl HA OLMH I'JIa3, a Mo3/-
Hee ¥ HAa BTODO# ryas, 3T0
He CKa3aJIOCh HM HA KavyecT-
Be, HH Ha KOJIMYECTBe ero
HAYYHOH nmpoxy ki, Boss-
1I0e BIMAHUE HA Pa3BUTHE
HAYKH OKa3ajJd TPYABI
ditsepa no maremMaTHuec-
KOMY aHAJIM3y, TEOPHH YH-
ceJl, aCTPOHOMMH, MOPEILIa-
BaHUIO, APTHJIJIEPHH, OIITH-
K€ M IDYTHM pasjenam du-
3UKH. JiiJlep MHOTOKPATHO
¥ YCHEIIHO IPUMEHSI KOMII-
JIeKCHBIE 4YHCJa, BIEpBhIe
PaccCMAaTPHBAJI TPHUIOHOMET-
puyeckue (PYHKOUH KOMII-
JIEKCHOIO TEepPEeMeHHOro.

KocTbi0 ¥ 0603HAUAIOT OYKBOI
C. KoMIJIeKCHOH KOOPJAHMHATOMH
Hayasa koopauHat O aABasercs,
o4eBHHO, yncyao 0 (ayns). B cBa-
34 C 3THM HAYaJI0 KOOPAMHAT
HaA3BIBAIOT HYJ€60l TOYKOU KOM-
MJIEKCHOM Il "MCKOCTH.

Hnsi NpPUIOKEHMH cyIiecT-
BEHHO, YTO KOMIIJIEKCHEIE YHCJIa
AOMYCKaIOT eule Apyroe HarJaaxu-
HO-TeOMEeTPHUYECKOoe TOJIKOBA-
HUe.

Bribepem Ha KOOpAMHATHOM
IIJIOCKOCTH KaKOH-HUOYAb BeK-

= G
Top AB. PaccMOTpMM paBHBIM
gt

emy BekTop OZ ¢ Ha4yaJIOM B Ha-
yajge xoopauHaT. IlycTh KoHer
9TOro BeKTopa (Touka Z) umeeT
KOMIIJIEKCHYIO KOODAMHATY 2=
=a-+ bi. Torga umucyo z ycuao-
BHMCSI Ha3BIBATH KOMNIEKCHOU

KOOpPOUHATOIL BeKTOopa ;Tﬁ Or-
ciofa BUAHO, 4T0: 1) paéHble 6ek-
TODbL UMEIOT OOHY U TY dHce KOM-
nAeKCHY 0 KOOpOUHATY u 2) KOM-
nJieKcHas KoOpOUHATA B8eKTOPA
¢ HA4aJ0M 6 HYJLe6ol TO4Ke COB-
nadaer ¢ KOMNJAEKCHOI KOOp-
dunaroii ezo KOHYa (B CHJY OI-
penesieHus). MoxkHO CcKaszaTb M
TAK: €CJIM IPOEKIUA HEKOTOPO-
ro, pacIoJIOXKEHHOI0 Ha JeKap-
TOBOH KOOPZAMHATHOH ILJIOCKOCTH,

—p
BekTOpa AB Ha och abenuce pas-
Ha @ ¥ ero ke IPOeKLus Ha 0Ch
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OpAMHAT paBHAa b, TO KOMIJIEKCHOW KOOPAMHATOH BeK-
TOpa Ha3bIBaeTCsA YHCIO 2=a - bi.

IIpumepsnt
— ——
1. ITycte BekTOpel OA u AB (puc. 2) UMEIOT KOMILJIEKC-
HbIe KOODAMHATHI 2| ¥ 27, & CYMMa 3THX BEKTOPOB (BEKTOP

—_
OB) uMeeT KOMILJIEKCHYIO KoopauHATy 2. Kak BeIpajkaer-
csl YUCJIO 2 4Yepes 4YMceya 2| U 297

Pemenue. Ilycte 2z,=a,+ bji, zo=as-+ bsi. Torma
—_— —_—
npoexkuuu BeKTopoB OA u AB Ha ock OX paBHBI COOTBET-

—
CTBEHHO @ M Ay, a Tpoeknusas ux cymmel OB Ha ock Ox
paBHa a;-+@;. AHaJOrH4HO yOe)kJaeMcs, 4YTO ITPOEKIIMA

BEKTOpa OB na ocs Oy paBHa b, b,. Ho Torga xommJexc-
>

Has koopauHata 2 BexkTopa OB pasHa (a)+as)+ (bi+
+ b2)i, TO ecTh z2=2,+} 2o.

WTak, npu CAONEHUL 6€KTOPO8 UX KOMNICKCHbLEe KO-
opduHaTsl CKNAOBLEAIOTCA.

2. IlycTs sBe TOUKM Z| W Zy KOOPAMHATHOM IIJIOCKOC-
™ x0y (puc. 3) UMeIOT KOMIIJIEKCHble KOODAMHATHI 2|
u 2. Kakyio KOMIJIEKCHYI0O KOODAMHATY HMeeT BeK-
T0p ZZ:?

Pemenue. O603HauuM uepe3 2 KOMIIJIEKCHYIO KOOD-

e > — —_—
puHaTy BekTopa Z,Z.. Tax xak O0Z, = 0Z, + Z,Z», TO
29=2,+2, OTKyia 2=29—2|.

Urak, KomniexcHas KoOpOUHATA HANPABNLEHHO20 OT-
pe3ka pasHa pPA3HOCTU MeHwdYy KOMNAEKCHOU KOO0pOu-
HATOlL €20 KOHUAa U KOMNACKCHOUL KOOPOUHATOU €20
Ha4aaa.

3. Ilycrs KOHUEI oTpe3ka Z,Z, (puc. 4) UMET COOTBET-
CTBEHHO KOMIIJIEKCHBIE KOOPDAMHATHI 2| U 22. KakoBa KOM-
IJIEKCHAs KOOPAMHATA 2 CepeAMHBl Z 3TOro orpeska?

Pemenue. Bekropsl Z,Z u ZZ, pasBHBI, IO3TOMY OHU
MMEIOT OLHY M Ty e KOMIIJIEKCHYIO KOOPAUHATY; 0003HAa-
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Puc. 2 Puc. 3 Puc. 4

yuM ee c. Tak Kak ¢=2z—2; (cM. npumep 2) U ¢ =2,—2,

3 X 1
TO, MCKJIIOUAA ¢, HAUJeM 2 = E(z. + 23).

WUrak, xomnaexcHas KoopduHara cepeduHb. OTPE3Ka
Pa6Ha NONYCYMMe KOMNICKCHbLX KOODOUHAT €20 KOH-
yoe. A

B panpHedimieM MBI yacTo Ge3 AONOJHUTENBHBIX OrO-
BOpox Oyaem 0603HAUATL TOYKY HA IIJIOCKOCTH ¥ €€ KOM-
NJEeKCHYIO KOODAMHATY OAHOM W TO# ke OykBoii, HO TOY-
KY — UpOmucHOM (60JbII0i), a €6 KOOPAMHATY — CTPOYHOM
(maoii). Hanpumep, Zu 2, Z u 2z, Aua, Mum, K u k.

Yupa:xHeHAS

4.1. KakoBel KOMILJIEKCHBIE KOOpAMHATHI Touek O, P,
@, M, n3obpakeHHLIX Ha puc. 57

4.2. Uzobpasure Ha mnJockoctTd Touxku A, B, C, D,
KOMIIJIEKCHBIMM KOOPAMHATAMH KOTODHIX SBJSIOTCS COOT-
BeTcTBeHHO umena 1—i, —i, —4—2i, 3+ 5i.

4.3. Touka Z HAa KOOPDAUHATHOMN IJIOCKOCTH HMEET KOM-
NJIEKCHYIO KoopauHaTy 2= 3+ 2i. Hailigute KOMNJIeKCHbIe
KOODAWHATHEL TO4eK Z,, Zs, Zi, Zi, Zs, CAMMETPHYHBIX
ToYKe Z OTHOCHTEJNBHO: AeHCTBHTENBHOH OCH, MHHMOM
OCHM; HayaJia KOOPAUHAT; OHCCEeKTDHUCHI IIEPBOro KOOp-
JAUHATHOrO yrIJjia; OHCCEeKTPHUCH BTOPOr0 KOOPAMHATHOIO
yriaa.
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4.4. Touka Z Ha NJIOCKOCTH MMEET KOMIUJIEKCHYIO KO-
opAMHATY 2. BeIpazure 4Yepes 9TO YHCJIO 2 KOMIIJIEKCHEIE
KOOPAMHATH TOYeK Z, Zi, Z3, Zi, Zs, CHMMETPHUYHBIX
TOYKe Z OTHOCHTENBHO: JNeHCTBHTEJIBHOM OCH; MHUMOMI
OoCHM; HauaJla KOODAHMHAT; OHCCEKTPHCHI IEPBOr0 KOOPXHU-
HATHOrO YyIJyia; OUCCEKTPHCHI BTOPOTO KOOPAMHATHOTO
yria.

4.5. Ksajpar, croposa koroporo paBHa 10 eguuHuIam,
PACIIOJIOKEH HA IIJIOCKOCTH TaK, YTO €ro IeHTPOM SHBJf-
eTcs HyJIeBas TOYKA KOODAMHATHOW IJIOCKOCTH, & €ro cTo-
POHBI MapaJjjleIbHBI KOOPAMHATHBIM ocaM. KakKoBBEI KOM-
MJIeKCHBIe KOOPAWHATHEI €ro BepuIuH?

4.6. Kakue KOMIJIEKCHbIE KOOPAUHATEI UMEIOT BEKTODHI
KL, MN, PQ, ST, usobpasxennsie Ha puc. 5?

4.7. Hapucyiite Ha KOOpDAMHATHOM INJOCKOCTH KaKHe-
HHOYAb BEKTOPHI, HAYAJIA KOTOPLIX HE COBMAJAIOT C Haya-
,JIOM KOODAMHAT M KOTOpbie MMEIOT TaKHe KOMIIJIEKCHBIe

: ; X 1 4 .
KOOPAMHATHI: ij 3—i; —i—3; —2; - gk
4.8. Toukn A U B HA KOODAMHATHON iIJIOCKOCTH HMEIOT
!COMIUIEKCHHG ngopguﬂa'rm
V8—im \/7 343i.

Kakyio KOMIJIEKCHYIO KO-

OpAMHATY MMeeT BeKTOp AB ? c

Kakyio KOMIOJIEKCHYIO KO-
OpAMHATY HMeeT cepeauHa
orpeska AB?

Jokaxure, 4TO I DU
YMHOMKEHHH BEKTOpa Ha Jei-
CTBHUTEJbHOE YHUCJIO €r0 KOM-
MJIEKCHAsA KOOPAHHATA YMHO-
JKaercss Ha TO JKe YHUCJIO, TO

——r —_—
ecTh ecau BeKTOopsl AB u CD
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R
UMEIOT KOMIIJIEKCHBIE KOOPAMHATHL 2 M w u ecau CD =
S
=MLAB, rpe ) — HeWCTBHTENbHOE YHCIO, TO W= A2. Bep-
HO nu ofpaTHOE yTBepXjaeHue?

4.10. Ilycrs A A>A; — TPeyrolbHHK Ha IUIOCKOCTH,
C — Touyka Toi ke miockocTu. Ilocrpoum Touky C;, cuM-
MeTpUYHyI0 TOoukKe C OTHOCHUTEJBHO BepIIMHBI A; 3aTeM
Touky C;, cuMMeTpU4YHYyI0 TOuke C| OTHOCHTENbHO Aj;
Touky  Cj3;, cummerpuuHyio C; OTHOCHTENBHO Ai; TOUKY
C,, cummerpuuHyio Toyke C; OTHOCHTEJSBHO A} M T. J.
MOKHO U YTBEPKAATh, YTO IIOCJEe HECKOJBKHX TaKHUX
OTpaXKeHUU MONYYUTCA TOYKA, coBmajaminas ¢ Touykoi C?

4.11. Ha nyockocTH 3ajaHbl ABa mapaJjujieorpaMma
A/AsA3A; u B ByB;B, (BepuinHBl yKasaHbI B TOH Ilocjie-
LOBATEJBHOCTH, B KOTODOM OHM pPACIIOJOMXKEHBI IPU 006X0-
e mapajujiejorpaMma IIPOTHB 4acoBOW cTpenku). Bepruu-
HBI ¢ OJIMHAKOBBIMH HOMepamu (A, u B, A, u B, u T. 1.)
COeIMHEHBl OTPe3KaMH, ¥ Ha Ka)XJOM H3 HTHX OTPEe3KOB
orMeueHa ero cepegusa (coorsercrBenHo C,, C,, C;, Ci).
IIposeprre, Oyayr Jau oOpasoBaBuiMecd TakuM obpasom
TOYKM BEPUIMHAMHM MapajijiesorpaMmma (Cjaydam BBIPOXKIe-
HUS 11apajijieIorpaMMa B OTPE30K WJIM TOYKY HE MCKJIIO-
YaroTed).

4.12. I3BecTHBI KOMILJIEKCHBIE KOOPAUHATH @, b, ¢ Tpex
pasanyHelx Touek A, B, C Ha mniockocru. Berumcaure
KOMIIJIEKCHYIO KOODIAMHATY TOYKM D, CHMMeTpUYHOH TOY-
ke C OTHOCUTENBHO CEepefMHBI oTpeska AB.

4.13. 3Hasi KOMIIJIEKCHBIE KOOPAMHATEL TPEX BEDPIIMH
napaJeorpaMma, BBIYHUCJIHTE KOODAWHATY €ro 4YeTBep-
TOM BepPILUIMHBL

4.14. Ha 1njockocTd BBIGPAHBI YETHIPEXYTOJBHUK
A \AyA3A, u Touka P. 3aTeM IIOCTPOEHBI YeThIpe TOYKH,
CHMMETPUYHEIE TOYKe P OTHOCHUTENbHO CEPEeIHH dYeThIpex
CTOPOH YeTHIPEeXYTOJbHUKA. BEepHO /i, YTO OHU OKaMXKyTCH
BepUIMHAMH TapaJjenorpamma?
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4.15. 1) Eciu Tpu AeficTBUTEIBLHBIX YHCIA @, b, ¢ YAOB-
neTBopsiloT paBeHcTBY (@ —b)’+(b—c)’+(c—a)’=0, 1o
OHU, OYEBHAHO, M300pakal0T HA YMCJIOBOM INIPAMOH OAHY
u Ty e Touky. Mmeer jiu MecTO aHAJIOTMYHOE CBOMCTBO
A1 KOMIIJIEKCHBIX 4umces?

2) Vka)kuTe HA IIJIOCKOCTH TAKOW TPEeyTroJbHHUK, YTOOLI
KOMILJIEKCHBIE KOODAMHATEI (@, b, ¢) ero BepmIUH yJOBJIET-
Bopsnu paBeHCTBY (@ — b)?+ (b —c)?+ (¢ —a)?’=0. Haiigu-
Te YIJbl 3TOTO TPEYTroJIbHHKA.

§ 5. Mopyuas, aprymesT, TPHrOHOMETPHYECKASH
tdopma komniaexcHoro umcaa

C BO3MOJKHOCTBI0 TOJKOBAHHMSA KaMKJOI0O KOMIIJIEKCHOTO
YuCJia KaK KOMIJIEKCHOM KOOPZWHATHI HEKOTOPOr'o BEeKTOpa
CBAI3AHBI NOHATHA MOJYJAb KOMIIJIEKCHOIO YHCJIA U apzy-
MEHT KOMILJIEKCHOT'O 4YMcJjia. A MMEHHO, €CJIM YHUCJI0 2=
=a -} bi — KOMILJIEKCHAas KOOpAMHATA Bewropaﬁ (puc. 1),
TO AJIMHY I' 9TOr0 BEKTOpPA HA3BIBAIOT MOOYJleM KOMILJIEKC-
HOro uuciyia 2z u obosuauvamT |z| (cm. § 3). fcHo, uTo

r=|z|=+/a’+b%.
Takum o6pa3om, reoMeTpuyecKH |z| — aTO paccrosHHe
OT Hayajia KOOPAMHAT JO0 TOYKH, UMEIOIeHd KOMIIJIEKCHYIO
KOODJAHHATY 2.
Yron ¢ HaKJOHA BEKTOpa 4B x ocu Ox (yron mexny

TOJIOXKUTEJILHBIM HAIIPaBJIE€HUEM OCH U BEKTOPOM A_é) Ha-
3bIBaeTCHA apzymenrom uucia 2. IIOHATHO, YTO y KaKIOro
KOMIIJIEKCHOT'O 4YMCJIa Z, OTJIMYHOrO OT HyJid, uMeeTcs Gec-
KOHEYHO MHOTO aprymeHToB. JIioOble nBa M3 HUX OTIIH-
yajoTcd MeXXAy coboii Ha umcio, kpatHoe 2nt (puc. 6).
Tor U3 aprymeHTOB, KOTOPHIH 3aKJIOYEH MEXAY — I U T,
HA3bIBAETCH 2JIA6HbIM 3HAYCHUEM apzymeHTa (TJIaBHBIM
aprymeHToM) M obGosHauyaerca arg 2. Tounee, arg z — aTo
TOT M3 aPryMEHTOB 4YHCJA 2, KOTOPBIA YAOBJIETBOPSET He-
paBeHCTBAM — N <arg <.
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. 0 ; sind A
X

| v 4’ N\ Jeosd

Pttt Z
Puc.6 Puc.?7 Puc. 8

IIyers ¢ — kaxoi-nn6o u3 aprymeHToB uMcna z=a- bi,
a YHCJI0O o0 — IJIaBHBIA apryMeHT TOro e 4ucia (a==
=arg 2), r=|z|, Torga 9=a + 2kn (k — HeKoTOpOE 1EJI0E
YUCI0),

cos m:%, sin qu=—f—. (1)

W3 cooTHOlIeHUHA a=r-co8 (), b=r-sin ¢ ciepyer Tak Ha-
3nIBaeMas TPUZOHOMeTpuYeckaa (MaM TNonspHAs) gopma
KOMILJIEKCHOTO YMCJIa

z=r(cos ¢ isin ¢). (2)
Ecau 0 AByX 4Hciax 2 ¥ 2; H3BECTHO, YTO UX MOAYJIU PaBHbI
rmr;,, adiciaa ¢ U ¢ ABJAIOTCA UX apryMeHTaMH, TO pa-
BEHCTBO 2| ==2 MMEET MECTO TOrla ¥ TOJABKO TOTJa, KOrja
ri=r, a ¢ =@+ 2kn, rge k — HEKOTOpPOE LEJOe YHCJIO.
Wuaue rosops, 064 KOMNJICKCHbLX HYUCAA PABHbL TO204 U
TONbKO TO20a, K020a pa6HbL UX MOOYIU, G AP2ZYMEHTbL
PABHBL € TOLHOCTHIO 00 CAA2AEMO20, KPATHOZ0 271,

Ecnu Tpebyercss nJisi Kakoro-aubyah KOMIJIEKCHOIO
YyHCJIa HAaWTH ero TpPUroHOMeTpHdYecKyw dopmy, TO aaje-
KO He Bcerpa HyxEO ofpamartbcss Kk ¢opmynam (1). O6sru-
HO 1eyecoofpasHee cHauasna u306pasuTh (MyCTh Ja)ke He
TOYHO) JAHHOE YHCJIO B BH/JAE TOYKH HMJIM BEKTOPA HA KOM-
MJIEKCHOM TJIOCKOCTH.
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IIpumepsl

1. Haiizem MOAYJAb M apryMeHT uuciaa 2= —1—i
¥ IpeACTABUM 3TO YMCJIO B TPUTrOHOMeTpUUeckoii dopme.
Pemenue. CHavana m306pa3sum BeKTOp ¢ KOM-
nJIeKCHON koopausaToi 2= —1—i (puc. 7). loruna aroro
BEKTOpA pPaBHA, OYEBHAHO, /2, a4 YroX § ero HAKJIOHA

3n
k ocu Ox paBeH ——-. CornacHo HAIDMM ONpeJeJIeHUAM

4"
umeem: |z|=+/2, argz=—§43, z=>\/§-(cos<—3f4n)+

+isin (—%"))

2. BanumeM B TPUIOHOMETPHYECKOH ¢opmMe YHCI0

z—sin — i cos -
= 5 5 -

Peume nue. CHavasa n306pa3suM YHCJIO 2 HA KOMIIJIEKC-

WK .
HOM myockoctu. IIpu aToM yurem, 4TO sin & =sin 18°>0,

11
cos? > 0. 3uauuT, YUCcAO H300pakaercss B BUJAE BEKTOpa

0Z (puc. 8). OTMeTM Ha YepTexe MOAYJb Yyucaa 2 (AJIUHY
orpeska OZ) u ero apryMeHT (yroj, OTMeuYeHHBIH HA 4ep-
TEXe JAYyroil co crpenkoi). I3 npaMOyroisHOro TpeyroJb-

2 14
Huka OAZ, uMennlero KaTeTaMu OTPEe3KH IJIMHOM sin =

n
M COS ¢, HaM ACHO, 4YTO AjuHa orpeska OZ pasHa 1,

a £ AZO cocraBisieT 5 paguaH, Tak uyro £ AOZ copep-

n 7 3n
K HUT < E 18 papuaH. Eciu elge yuecTh cyluecTBeH-

HOe JJIA Hac HampaBJjieHHe orcuyera yria AOZ, To umeeMm:

arg z=-—:;—0 Kpome Toro, |z|=1. IlosTomMy aisi yuciaa
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B HCTOpDHM KOMILJIEKCHBIX
YHceJsl ONPefieJIeHHYIO POJb
celrpano ciaeaymomee o6-
croarenscrso. B 1794 r.
Obl1a onmy6GnUKOBAHA KHH-
ra JI. Diutepa, B xoropo#
BMECTO BhIpa)eHuss -/ —1
ynorpebnserca Oyksa i.
o aToro Bpemenu 6yxsa i
ynorpebnanack B MaTeMma-
THKe 114 0603Havenns Gec-
KOHEYHOCTH (Teneps MhI
numeM oo), ansi obos3Ha-
4YeHHd NPHPAIEeHHud Aap-
rymenTa (remeps ymnorpeb-
aseM 3HaKM Ax wuam Ay
u 1. m). IIpepnoxenue
Oiinepa 3anMCHIBATL MHH-
Mble uucaa a-+b+—1
B BHJe a - bi mpouwio cHa-
yajia He3aMedYeHHBIM, HO
' mocxne Toro, kak K. 'ayce B
1831 r. HAYa) MMPOKO yIo-
TpeGaATE TaKyl 3allkCh,
OHA cTaja O4YeHb pacIpoc-
TpaHeHHOW. 3amuchk a -+ bi
nobyauna Y. 'amuasToHa
paccMATpHBATE KOM IUIEKC-
HBl€ YHMCJIA KaK naphsl gei-
CTBHTEJHHBIX YHCEJ ¢ 0CO-
OBIMH DPABMJIAMH YMHO-
JKeHHS JJIA 3HAYKA i.

7 y n
sin BT i cos 5 TPUTOHOMETPH-

yeckoit (opmoii Gyzner:

3n T 3n
L (cos( —5) +isin( 35 ).
3. JlokaxeM, 4TO IJIA KaxK-
JIOTO KOMILJIEKCHOI'O YHMCJIa 2=
=a- bi, He ABAAIOmErOCH AEH-
CTBHTEJIbHEIM  OTPHIATEJbHEIM
YHCJIOM MJIM HYJIEeM, CIpaBezJiu-
BO PABEHCTBO:
b
arg z=2 arctg pr TR

Pemenue. IIycrs arg z=a.

n a 4
Tak xak —§<~2—<? u
tf% sina  _ b/lz|
2 1+4cosa 1-+a/lz]
b
=———, TO CHPABEAJIHBO JOKA-
a+|z| "

3BIBA€MOE DaBEHCTBO.
YupasxHeHHA

5.1. Ynpocture 3anuch cie-
AYIONIMX 4YHCeJ, 3aHaHHBIX B
TPHIOHOMETPHYECKOH  ¢opme:
n -

@A

() ism(~ )
5 (cos 0+ i sin 0).

5.2. IIpescTaBbTe B TPUTOHO-
MeTpHuYecKo# ¢opme uuciaa 1; i;
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—1; —i; ———+i£3; 1—i.

IlpeagBapUTEIbHO YKaXXuTe Ha
KOMIIJIEKCHOM IIJIOCKOCTH TOYKH,
uaobparkalonue 3TH YHCIA.

5.3. KakoBel MOAyJIM M ap-
I'YMEHTH KOMIIJIEKCHBIX YMCe :

1) isin 23:1'
247"

no, . WY,
2) 5(cosm—181nﬁ>,

3) sin-g~+icos—;—;

4) 5(cos 10 — isin 10)

5) 5-(cos + isin 10)
L ﬂ)

6) —5<sm 10 zcoslo

5.4. IlpexcTasbTe B TPUIOHO-
MeTpudeckoi popme: 1-+-sin a -+

+icos a, rae —-2—<oc<§2il

5.5. HassectHo, tg (arg z)=
=% (y6beauTecr B 9TOM cCamo-
CTOATENbHO). BepHO J#, 4YTO
arg z=arctg —:—? Ecnu mer, TO

BBIAACHHTE, JJIAd KaKMX Z Takoe
PaBEHCTBO CIIpaBeJIMBO.
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IlonsaTHA «MOAYJIb», <ap-
PYMEHT», ¢TPHIOHOMETDH-
yeckass GopmMas MHHMMOIO
qHCNA TOABHUIHCH TOJBKO
# HayaJje MPOILJIOro BeKa
it ObLIM CBABAHBI C IIOMC-
KaMu reoMeTpH4YecKoro
¢MBICTIA YMHOMKEHHS Ta-
kux umcen. Tak, TepMHH
«MOLYJIb MHMMOI'O YHCJIa»
u obosnauenue |a- bil
6ni1u nipeguoxensl J. Ap-
rasom (cnoeo modulus

O3HAYAeT «MepKas, «pas-
Mep»).
BoamoxHOCTE npuaaTh

KOHKDeTHEI reomerpuye-
CKMI cMBICH apudMeTH-
YeCKHM ONmepanuMsaM HaJ
MHHUMBIMH 4HcIaMu yG6e-
AHJIA MATEMATHKOB B TOM,
YTO TEPMUH ¢MHUMOE YHC-
JI0» HEYAAYEH M ero Jiyque
3aMeHMTh JApyrum. Bor
noyemy B 1832 r. TIayce
NPeJI0K AT HABBIBATH
MHMMBIE YUCJI& KOMILIEKC-
HBIMH.



5.6. HasoBuTe nATH KOMIJEKCHBIX 9HCEJ, UMEIOIUX
CBOMM MOAYJIEM 4YMCJO 1; CKOJNBKO BCero CyIiecTByeT Ta-
kux uyucen? Jlorakure, YTO CpeAM HHUX TOJBKO YeThIpe
Yuca TAKMX, Y KOTOPBIX M JEHCTBUTEJbHAs M MHUMAHA
YaCTH ABJAAIOTCH LEJNBIMH YHCIAMH.

§ 6. F'eomeTpHYECKH# CMBICH MOAYJA PA3HOCTH

Iyers Z, n Z; — gBe TOYKM HA KOMIIJIEKCHOH IJIOC-
KOCTH, HMMeIOIIMe KOMIUJIEKCHbIE KOODAMHATEL COOTBET-
CTBEHHO 2| M 2. PaccMOTpHMM BeKTOD Z—IZ'; u 0b6o3HaYUM
€ro KOMIIJIEKCHYI0O KOOpAMHAaTy 4epesd 2. Ilo mpumepy 2
u3 § 4 umeem z=2,—2,, CJIEeJOBATENAbHO, |2|=|2,—2|.
Ho |z| — aT0 miamua BexTOpPa 2.2, (cm. § 5). IToaromy
YHCJIO0 |23—2)| MOMKHO HCTOJKOBATH IE€OMETPUYECKH KaK
PACCTOSHUE MEKAY TOYKAMM C KOMIIJIEKCHBIMH KOOP/H-
HATAMH 2| U 2.

JHokaskeM Teneph ABA HEPABEHCTBA JJIS MOAYJS CYMMBI
M AJA MOAYJS PA3HOCTH ABYX KOMILJIEKCHBIX YHCEJ.

Modyav cymmvL 08YX KOMNACKCHBLX YUCeL Z) U 23 He
npeeocxodur cymmv. modyael arux wuucen: |z,+z| <<
< lzi| 4| 22l. ;

JokxasarteascTBo. Ilycrs OA u 4B (puc. 2) umeroT
KOMIIJIEKCHBIE KOODAMHATHI 2| U 2. U8 A OAB sicHO, 4TO
OB<COA -+ AB, 1o ectb |z, + 22| < |l2)]| + |22].

Ans 21066LX KOMNACKCHBLX YUCeNL Z| U Z2 66PHO Hepa-
8eHCT80 |29—2\| = |29 — |24].

HokaszarTennscTBo. Tak kKak 2, = (22—2)) + 2|, TO:
|2o] < |2zo—2i| 4+ |21|, oTKYyZa cinepyer HokasbiBaeMoe He-
PaBeHCTBO.

Umeomuxcsi CBEJEHHH O KOMIIJIEKCHBIX YHCJIAX YiKe
AOCTATOYHO AJIA UX NMPUMEHEHUS K PElIeHHIO MHTEePEeCHBIX
reoMeTpu4YecKHUX 3ajmadv.

Ipamepsr
1. (3agava Oiinepa). M3BecTHO, YTO B KaXKAOM mapaJ-
JieIorpaMMe CyMMa KBaJpaToB BCeX CTOPOH paBHA CyMMe
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KBaJpaToB ero guaroxaseii. Ha ckoJpKo oTimyaioTcs Te xe
CYMMBI B CJyYae IIPOM3BOJIBHO B3ATOr0 HA IJIOCKOCTH
YeThIPpEeXyroJbHUKA ?

Pemenue. OGo3HAYMM JAaHHBIA YeTHIPEXYTOJBHUK
uyepes A AA3A, (puc. 9). Hac unTepecyer Benuunua (ee
ANS KPaTKOCTH 0603HAYMM OAHOH OYyKBOH ©):

o=AAs+ArAT+ AAi+A.AT— (4,454 A,A)).

BriGepeM Ha NJIOCKOCTH AEKAPTOBY CHCTEMY KOODIMHAT
x0y. Ilycts Bepmuusl A,, A, Aj; A, EMEIOT KOMILJIEKC-
Hble KOODJAUHATHI 2, 22, 23, 24. Torpa 0= |2o—2z|°+ |23 —
— 2+ lzi—2zsl+ 21—z’ — (lzs—211* + | 24— 22]?). Ha-
Jilee IOCTYNUM TaK: C NOMOIIBI0 PaBeHCTBa |2o—2z|2=
-—(22—21)(22—2.)—.2.2.+2122—~(z.z;+zzzl), crpaBejJiu-
BOI'0 JJisi JIIOGBIX KOMILJIEKCHBIX YHCeJI, IIepelnuileM Bhipa-
JKEeHWe O, He ymnoTpebsAs 3HAKA MOJYJIsA; NpUBEJEM IIO-
NOOHBIE YJIeHKI M 3aTe€M TO, YTO MOJYYMUTCH, NOMBITAEMCH
HMCTOJIKOBATh reomerpuuecku. Mmeem:

0=2121+ 2222 — (2122+2221) + 2222+ 2323 — (2223 + 2322) +
+ 2323+ 2424 — (2324 + 2423) + 2424+ 2121 — (242 +2|24) e
T (Z|Z| +Z323 = (2123 +2331)) =t (2022+Z424 - (2224 +Z4Zz))

CobGepeM Bce WiIeHBI, COZEp’KalllMe MHOMKUTeJeM 2|, 3a-
TeM — YJIeHbI, COAEepIKall[he MHOMKHUTeICN 2, M T. A. 1lo-
JYIUM :

o= (21—20+23—24)(21 —22+23—24) = |21 — 22+ 23— 24| .
KakoB ke reoMeTpUYECKUH CMBICT 3TOTO BhIpaKeHUA?

Msr 3HaeM, YTO TeOMETPHYECKHUH CMBICA BBIpAXKEHUS

1
Tz-(z.-{—zs) — BTO KOMILJIEKCHAS KOODAMHATA CepeIuHBI

1 :
C orpeska A A;. AHAJOTMYHO YHCIO E(zﬁ—zv.)— 3TO

KoopauHaTa cepeauHsl D orpeska A»A;. Ilonomxim

&



Puc. 1l

1 1
e=— (21+2), d= (2242). Torza o=4|c—d|’. Ho

reOMeTpHYECKHil CMBICJ BhipaskeHus |c—d| — aTo piuHAa
orpeska CD. Urtak, ¢ =4CD’. Ml IpDUXOLUM K CIEAYIOIe-
My BhIBOAY (Teopema Siisepa O 4eTHIPEXYTOJILHHKE): CYM-
Mma K6adparoé CTOpoH AH06020 NJIOCKO20 YeTbipexyzonb-
HuKa Goavue cymmovl K8adparoe ezo duazonarell Ha y4yer-
eepennblil Keadpar orpe3ka, CcoeduHAULez0 cepeduHbl
duazouanell.

OTciofa cleAyeT: ecau 8 NJAOCKOM 4eTbLpexyzOJbHUKe
cymma keadparos Ouazowaneil. pasHa cymme K6adparos
8cex ezo CTOPOH, TO OH Q0AXNceH OblTb NAPANNEA0ZDAMMOM.

2. BepHO 2M, 4TO ANA JIIOOBIX NEeHCTBUTENBHBIX YHCEJI
a, b u ¢ cupaseaauBo HepaseHcTso |\/a®+ b’ —Ja’+¢*| <
<|b—c|?

Pemenue. B neBoil 4acTH HEPABEHCTBA COAEPIKATCHA
KBaZipaTHEIE KODHHM M3 CYMMBI KBaJpaTOB JABYX JAEUCTBH-
TeNbHBIX YHUCEJN. ITO HABOJAUT HA MBICJIb PACCMOTPeTh AaH-
Hblé KOPDHM KAK MOAYJIH HEKOTODPHIX KOMIIJIEKCHBIX YMCeJl.
Hanpumep: a’+ b’ =z, rae z1=b+ai u \Ja’+c’ =
= 23|, rae zo=c+ai. IIlpu aTom 2, —2:=0b—c, ciaemosa-
TeJABHO, |2, —22| =|b—c¢].

H306pasuM HA KOMIIJIEKCHOH MJIOCKOCTH TOYKH A u B
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¢ KOOpAMHATAMH 2| U 2 (puc. 10) U BeKTOpPSHI OA u OBco-
OTBETCTBEHHO C TE€MH )K€ KOMILJIEKCHBIMH KOOPAUHATAMHU.

Ho |zi—z3|=|b—c| ecrnr paccrosHMe MexXAy TOUKAMH
B u A, t0o ecth aauHa cropoHsl AB Ttpeyroabauka OAB,
|z|| — mmwHa cTopoHBl OA u |2:| — aauna croponnl OB

TOrO K€ TpeyroinbHuKa. I[09TOMY CIIpaBefIMBOCTH JOKAa-
3BIBAEMOT0 HEPABEHCTBA CJIEAYET M3 XOpPOIIO M3BECTHOIO
COOTHOILLIEHUS MEXK/AY CTOPOHAMM TPEYTOJIbLHHKA.

YupaxHaeHH

6.1. Moxxer JM MOAYJAb CYMMBI KAaKUX-HHOYIL ABYX
KOMIIJIEKCHBIX 4YHCeJ OBITh PABHBLIM PA3HOCTH MOJAYJeH
9THX 4ducen?

6.2. Moxxer 1M MOAYJIb PA3HOCTH IABYX KOMIIJIEKCHBIX
yuces GHITH PABHBIM CyMMe MOAYJeH 3Tux uucen?

6.3. 3HaA KOMILIEKCHEIE KOOPAMHATHL @, b, ¢ Tpex Bep-
IIMH TpeyroJsHUKa ABC, BHIYHCIUTE JJIUMHBI €ro MeIuaH.

6.4. M3BecTHO, uTO ecau M — GUKCHPOBAHHASA TOYKA
Ha OKPYXHOCTH, TO CyMMa KBaJpaTOB €€ DPACCTOSHUM IO
KOHIIOB JI060ro M3 AMAMETPOB 3TOM OKDPYYKHOCTH €CTh Be-
JNHYMHA IOCTOAHHAA, He 3aBUcALIAA OT BeIGOpa muamerpa
(uemy ona pasHa?). OcraHercss JU B CHJIE 3TO CBOMCTBO,
ecau B KayecTBe M B3ATH MPOUBBOJIBHYI0 (QUKCUPOBAHHYIO
TOYKY B IJIOCKOCTH DTOH OKpysKHocTH (pmc. 11)?

6.5. Oxpyxuocte u kBagpar ABCD wumeroT o6mMH
meHTp. Ilokakure, 4T0 1A N1060H TOuku M OKPYIKHOCTH
Beipaxkenue MA®.-MC’+MB*-MD’> ectb BenuuuHa 1O-
CTOSIHHAS.

6.6. JJoxaskurte cienywollee YTBepKAeHHE, H3BECTHOE
B TeOMeTPMM IIOJ Ha3BaHHeM Teopemb. JleilbHuua: Pac-
CTOSHMSA OT /11060t Touku M, B3ATOMH B IJIOCKOCTU TPEYI'OJIb-
uuka ABC, o ero Bepmiud A, B, C u nenrpousa F (Touxku
nepecevyeHUusl MeZMAH) CBA3aHBl COOTHOIIeHHMeM: MA®+
+MB*+MC?=AF’ 4 BF? 4 CF*+3-MF>.
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§ 7. ®opmyaw Jitnepa u Myaspa

Buipaskenue Buza cos ¢-+isin ¢ (¢ — ge#icrBurenbHOe
YMeJI0) BCTpedaeTcss OYeHb YacTO B MATEeMaTHKe M ee IpH-
noxeHunx. s Hero HCIOJB3YIOTCS pAa3JHMYHBIE COKpa-
‘meHHble oboaHaueHus. Hanpumep, B kaprorpaduu ero
0603HAYAIOT 3HAKOM 1, B 9JIEKTPOTEXHHKE — 3HaAKOM Z (),
a B paborax mo maTeMaTHKe — uepead exp(ig) mam e'v.
Takum obpasom, MBI 3/ieck NpPUHUMAaeM cieayiomee 060-
3HAYEHUe: {

e''=cos ¢-isin ¢. (1)

Hamnpuwmep,

e'=cos0+isin 0=1, ei(ﬁ7)=cos (——47‘— )+

-+ isin (—%)=ﬁ —i%—,

. N = n
e? =cos-—g— +i sin% =i, e‘(~‘f)=cos (-— >+
1 7 ) .
-+isin (—?>=—l M T. I

Popmyisia (1) BnepBbie BCTpedaeTcs B cTaThe Jiiaepa
(1743 r.) 1 Temeps HA3BIBAETCA €ro MMeHeM. BrIpaskeHHe
Buja €'Y Ha3BLIBAIOT MHUMOU IKCNOHCHTOIU.

Berpeualomuecs B gajibHeiilieM zamucu Buza e Y, e¥,
e"" ciexyer moHumaTs kak €Y, ¢, &),

O6oznayenue (1) ompasgaHO CXOACTBOM B CBOMCTBAX
BbIpaKeHH# BUAa €' (cTemeHb ¢ AEHCTBUTENBHBIM IIOKA-
3aTeJleM X) M BBIDaXXe€HUH BHAA cos @i sin quei".

Jlnsi neficTBUTENBHBIX X M X| W LEJbIX 7 BEPHBI TAKHE
dopmynsr:

et ="t (2)

=i

M .
e _'e‘x_' ’ (3)

(el)n=enx. (4)
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W HBIMH CJIOBAMHM, IPH YMHOKEHUH CTEIIEHEeH C OHUM U TeM
JXe OCHOBaAHMEM NOKa3aTesid CKJIAJBIBAIOTCH, [IPH BO3BEe-
HMM KaKOi-JMb0 CTemeHW B LENYI CTeleHb — MepPeMHO-
sxalorcs. Hanumem s BRIpaskeHus BUAA ' anasoruynsie

dbopmynsl (EuMke ¢, @ — MPOUBBOJBLHEIE JAEHCTBUTE/IbHBIE
yucaa, n — jgoboe Lesoe YHCIIO):
. e —llot ”) (5)
e 1
€ q’=‘e7p, (6)
(eiq)u =ei(mp). (7)

Bepusl su aTu paBeHcTBa? OxassiBaercs, ga! B atom
MOXKHO yOeAuThCH, OAb3YACh GOPMYIAMU CAOMKEHUA AJIA
TPpUrOHOMETpHYecKUX QyHruui. CrnpaBesnusocTs GopMyI
(5)— (7) onpagabiBaeT BBezeHue obozuavenus (1). [oxa-
weMm popmyanr (5) — (7):

€Y. """ =(cos ¢-+i sin ¢)-(cos ¢, +i sin ;)= (cos@-cosp; —
—smq sin ¢;)+i(sin ¢-cos (p|+COS({ -sin )=
=cos (p+ ¢1)+isin (@) =€"* 77,

Wrak, pns mobeix ¢ u ¢ popmyna (5) sepna.
Monaras B (5) ¢= —¢, moayunm: 7.\ ¥ =¢"0=1,
; 1
OTKYZA CJIeayeT e*""=ﬁ, T. e. popmysa (6).
IokaszartensecTBo dopmyssl (7) Aasa n06BIX HATYpab-
HBIX N IIPOBEZ€M METOJOM MATEMATHYECKOH MHAYKIHH.
IIpu n=1 dopmyna (7), ouesuano, BepHa. Ilyctes k — Ta-
KO# HOMep, njas koroporo (7) umeeT mecro:

(eiqv)k =ei(kw). (8)

IToxaxem, uro B Takom cayuae dopmyna (7) BepHa u gaus
cneaywomero Homepa (npu n=~k--1). lelicTBUTENIbHO, B CU-
ay dopmyin (5) u (8) umeem:

QR +1 __ (Hi0\R | Hie _ Silkg) | Sl Hitke+q) — LHi(k+1)¢
(e'%) (") -e"=¢e et=e =e 3
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AbGpaxam e MYABP
(1667—1754) — awraumii-
cKuii MaTemaTuk. Poxuncs
Bo ®panuuu. B oHOCTH, B
CBSA3H C IpecJIefOBAHUAMHU
ryreHoTos Bo PpaHimu, aMu-
rpuposaiy B Aarauo. Yien
JIOHIOHCKOrO KOPOJIEBCKO-
ro ob6mecrsa. [lTomumo KOM-
IUIEKCHBIX YHCEJ YCIIeHIHO
3aHUMAJICH BOIIPOCAMH KOM-
6MHATOPUKM M TEOPHHM Be-
posiTHOCcTeii. B Teopuu Be-
POATHOCTEH A0KAa3aJ BaxX-
HYI0 TeopeMy, Ha3BAHHYIO
ero umeHem. B reopuu KoM-
NJIEeKCHBIX YHCeJl BBIBEJ
NPaBHJIa BO3BEEHHUS B CTe-
MeHb M M3BJIEYEHUS KODPHSA
n-i CTENeHU U3 KOMILJIEKC-
HeIx uucesn. HaubGosiee u3-
BECTHOW OBlJIa €ro KHHra
«Teopus ciayvas».

Hraxk, ecniu ¢opmyia (8) BepHa,
10 ¢dopmysa (7) BepHA IpH n =
=k+1. CorsacHO NpPUHIMAILY
MaTeMaTH4eCKOMH MHIAYKITUK
dopmyna (7) BepHa AnA Bcex
HATYPAJbHBIX 7.

IIycte Tenmeps n — npous-
B80NIbHOE Uesoe OTPUYATEeNLbHOE -
Yucano, TOrga n= —m, rae m —
HATYpaJbHOE dYHCJIO, I103TOMY
(eMH"= €™, CaeposarensHO,

! , 1
(%)= () '"=—(e,-q),,, =
1

— pi(—mg) __ i(ng)
2 =€ ey

10 ects ¢opmyna (7) BepHa u
npu JI060M I[€JIOM OTPUIATEJNb-
HOM 7.

HOna n=0, xak 06sIYHO, IIO-
narator 2’=1, u Torja cnpaBej-
nuBoCTh opmyast (7) oueBugHA.
Urak, dopmyna (7) npelicTBu-
TeJIBbHO BEpPHA [AJS BCeX IeJIbIX
yucesx n. Popmyiny (7) HasbiBa-
oT ¢opmyaroi Myaepa. Pac-
MpocTpaHeHa M jgpyras ee
3aIHCh:

(cos ¢+ i sin ¢)"=cos np-+4

+ i sin ng. 9)
OnHaKO YacTo MpeAnoYTeHUue OT-
paor sanucu (7) kak 6Gosee

KOMITAKTHOM, €CTEeCTBEHHOH u
YAOGHOM AJIsi IpUMEeHEeHHUH.
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Popmyasl (5) — (7) mMO3BOJAIOT BHINOJHATL Hpeobpaso-
BaHUS C BHIDAXKEHHUAMM BHJA coS @i sin ¢ Tak, kak 6yaro
9TO OOBIYHBIE CTEIEHH.

W3 dopmynsl disepa ciaeayior ase ¢GoOpMyJibl, BhIpa-
JKalomue cOs () M Sin ¢ yepe3 MHUMBIE DKCIIOHEHTHI. 3ame-
Has B (1) ¢ HA — @, UMeeM:

e ““=cos ¢—i sin q. (10)
CxaaneiBasg ¥ BeluuTas nowieHHo (1) u (10), mosyuum:
2 cos p=¢'"+e % 2isin g=e¥—e Y, (11)
OTKYJa CHeAYIOT HHTepecylomue Hac GopMyJis:
cos m:%, sin @:%‘:. (12)
IIpamepst

1. Banmumem umcyo sin 1°+4icos1° B Buge MHHMOI
SKCIIOHEHTEHI.

Pemenue. Boconbayemcss dopmynamu (1) u (5):

sin 1°+i cos 1°=i(cos 1°—isin 1°) =

—(s”+iin“>(os v isin”)—
=\ TR ) i85 180/
n i-89n
— ¢ 180

i c
i— —i

=e2_e 180

YupaxaeHHA

7.1. [laHbl AeBATH KOMILJIEKCHBIX 4Hces 2;=cos 10°4
+isin 10° z;=cos 20°+4i sin 20°, z3=cos 30°+i sin 30°,
2z4==cos 40°+i sin 40° ..., Zg=cos 90° i sin 90°. AsnsroT-
cf JIM OHH YJIeHaMHu reoMeTpudeckoil nporpeccuu? Ecau
A8, TO KAKOB €e 3HaMeHAaTeNb?

7.2. MoXHO JIM KOMIIJIEKCHBIEe uucaa 2;=s8in 1°—
—icos 1° z,=sin 2°—i cos 2°, ..., 2gg=sin 89° —i cos 89°
paccMaTpUBATh KAK MOCJHEJOBATE/IbHEIE UIEHBI TeOMEeTpH-
YecKo# mporpeccuu?



§. 8. llpumenenne dopmya Iiaepa
u MyaBpa B TPHIrOHOMETDHH

Popmynel Jitsepa u Myaspa mo3BoasAOT 3hGEKTHBHO
pemaTh pasHOOOpas3HHE 3ajadud, CBABAHHBIE C TPHUIOHO-
MeTpHYEeCKUMH (QYHKUMAMH. B 9acTHOCTH, MX MOXKHO MC-
IIOJIb30BATH IIPH BBIYMCJIEHHAH PA3JIUYHBIX TPUTOHOMETPH-
YEeCKHX CYMM, ¢ KOTOPBIMHE I PHXOLUTCH BCTPEYaThCHA B IIPHU-
KJIaAHBIX ZUCLHMILIMHAX. [locTaTouHO 06U nmpueM BeIYHC-
JIeHUSI TAKMX CYMM COCTOMT B TOM, YTO AAHHAf AeHCTBH-
TeNbHAS CyMMa 3aMEHSeTCS HEKOTOPOH KOMIIJIEKCHOH CyM-
MO, KOTOpas 4acTO BHIYMCIIAETCA C MCIOJb30BaHMEM (dop-
MyJBl CYMMBbI Y4JIEHOB IeOMETPHYECKOH IIPOrpeccuu. 3ame-
THM, 4TO 3Ta (HOPMYJIa COXPAHAETCH U B CJIydae, eCJIH YIeHb
IIPOTPECCHU U ee 3HAMeHaTeNb — KOMIJIEKCHEIE YHCJIa, H
49TO B paccMaTpUBaeMBIX HMJKe 3ajJadyax ee yHOOHO mpume-
HUTH B TAKOM BHJE: cyMMYy (S) n ImepBHIX YJIEHOB reoMeTpH-
YeCKOH IpPOrpeccHuHM, y KOTOPO# @ — IepBhlid wieH, [ — mo-
cleiHUH, ¢ — 3HaMeHaTeJb, HAX0AUM (nIpH ¢+ 1) mo ¢op-

Myne S= igie0
qg—1
IIpamepsi

1. Beruncaum cymmseli: A =cos o -} cos 3a+ cos Ha +
~+ ...+ cos 99, B=sin a4 sin 3a +sin 5a + ...+ sin 99a.

Pemenue. MOXHO OZHOBPEMEHHO BBIUMCIIHUTE 3TH
CYMMBI, €CJIM BBECTH HOBYIO, KOMIIJIEKCHYIO CyMMY :

S=A + Bi=(cos a+i sin &)+ (cos 3a +i sin 3a)+ ...+
+ (cos 99 +i sin 99a).

ITo dopmynam diinepa u MyaBpa umeem:

S=A + Bi=¢e" 4 (")’ ...+ ().
Briuncasem S nmo gopmysie fiasi CyMMBI YJI€HOB reOMeTpH-
YEeCKOM IPOrpeccHH :
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(e:a)sm (em)fz ,',,, ei-lOla 41 eiq

(ela)Z Ly BIR (eia)2 iBig
Y1ob6ur HaiTM A u B, ZOCTATOYHO B S OTAENUTH JAEHCTBH-
TeNbHYI0O ¥ MHMUMYIO yacTu. [{1s aToro mesecoobpasHo Boc-
noJsb30BaTheA opmynamu Ditsiepa u MyaBpa M COOTHOLIE-
auamu (7) a (11) us § 7.
HMonyawnm:

g (ei-50a_e-—i-50a)eia..ei~50a ei-60a‘2isin 50
o e (e —e ") 9 2i sin o I

=M - (cos 50a +-i sin 50a).
sin

Orcoaa
sin 50c - cos 50a sin 100« sin’50a

sin a 2sina sin a

2. Tlonp3ysick CBOMCTBAMM MHHMBIX BSKCIIOHEHT (CM.
(1) — (8) u3 § 7), BuiBemem ¢opmMynsl Aas npeobpazosa-
HUA cyMM A = cos o + cos B u B =sin « + sin § B npous-
BEJIeHUA.

Pemeunune. A+ Bi=(cosa+tisina)+(cosf+isinf)=

Pldunl s 2= _y=p
R RN L SR TE 2 Tl W a+B
=e*+ef=e (e +e )-—(cos—2 +
+i sma+ﬁ)- 2cosa2—ﬁ—2cos T —TE-I-
+i-2sin a—;—ﬁ cos a;ﬁ 4

HO 38aKOHY paBeHCTBAa KOMIIJIEKCHBIX 4YuCeJl Haxo,zmm':
at+p a—f atp a—B
st B2
B CcOoSs 3 sin b} CcOoSs 2
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Popmysy Oitsiepa uesecoo6pasHO. MCIOJIB30BATH IIPHA
U3y4YeHMH KoJsiebaTebHBIX Npoueccos. PaccMoTpuMm aBa rap-
MOHMYECKHUX KOJIeOaHUSA TOUYKH C OJAMHAKOBOM YACTOTOM () :

v, =A sin (ot + «),

v;=DB sin (ot + B).
3aece A u B — aMmuuTyAbl KosebaHui, a o 1 f — UX Ha-
yaJbHbIE (ha3sl.

ITokaskeM, YTO NPH CIOIKEHUM DTUX M'APMOHUYECKHX KO-
nebaHui MONyYaeTcs 20 pMOHUYeCcKoe Koebanue v ¢ Tol KHe
yacrorolt ®. ATak, Hac MHTEpecyeT cyMMa

V=0, +v:=A4 8in (0t + o)+ B sin (ot +f).

Ee M0 HO paccMaTpuBaTh KAK MHUMYIO YACTh KOMIJIEKCHOMN
CYMMBI

S __Ael(ml+a)+Bel(ml+ﬂ)
T ’
TO ecTh

=Im[Aei(mt+a) +Bei(ml+ﬂ)]=Im[eiu)l(Aeia +Beiﬂ)]-
Banumem KoMmmekcHoe gucio Ae® + Be B mokasatens-
HOi (hopme:

Ae“ 4 Be't =Ce".

Torpa

v=Im[e"".Ce"|=Im|[Ce""' t V)] =C sin (ot +7).
Taxum obpa3oM, v — rapMoHuuYeckoe kKoJiefaHue ¢ 4acTo-
To 0, C — ero aMnauryza.

OGosHaYMB pa3HOCTh HaYaJbHBEIX (a3 yepes ¢ (TO ecThb

B—a=g), Boruncaum amnautyny C pesyibTHPYIOIIEro KO-
nebauus. Y4uThiBadg, 9To |e'*| =1, umeem:

C=|Aé®+ Be®| = | Ae® + Bt 9| = || .| A+ Be'¥| =
=|(A+ B cos ¢)+iBsin ¢| =+/A’+ 2AB cos ¢+ B>
Honyqe}mas cbopmy.na IIO3BOJIAET IIPOBECTH KadeCTBeH-

HO€ HCCJIeflIOBaHME pe3yJbTupylomero konebanusa. U3 =Hee
cleAyeT, 4TO pe3yJbTHDPYIOIee KojieGaHue HMeeT MaKCH-
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MaJbHYI0 aMILIMTYAY, paBHyio A+ B (npu ¢=0), T0 ecTh
B clydae, Korjga HavaJbHble ¢asbsl 060uxX KosebaHuil oxu-
HaxoBbl. Eciu okasercs, 4r0 A =B u cos ¢= —1 (8 aTOM
caydae dassl KosebaHUil IPOTUBOIMONOMKHEI), TO IMPU HAJIO-
JKEeHHH KoJeOGaHMH TOYKA OcCTaeTcid B COCTOSHHH ITOKOS.

3. Ilyers oy, oo, ..., 0tn — KaKue-IU60 pelicTBHTENbHBIE
yucxa 4 f(t):cos(t+al)+sﬁ(.t_+__ao)+ +&2(:_-+.T_a_")
npuuem f(t))=f(t:)=0. Jdoxaskem, uro t,—1t,=mmn, rge
m — HEKOTopoe Ienoe umucyao. (3agava OblIa IIpemsoxeHa
Ha IX MexayHaponHoit MaTeMaTHYECKOH OJIMMIIHAJE yda-
IIUMCH JEeCSATHIX KJACCOB.)

Peme Hue. Pacemorpum byHKUIHUIO

; 1
S )= i(t4ay) l(l+al 1!+'J.,.)=
(=) et e
itf i 1 (N it
=e'(e +E e )=e'-A,
1, 1,
I 1 2 "
rae A=¢"* +?€m’ +...+§l_—lew' .

Tak Kak |eia| l =14 _é_ i“?+_2l'2_eia:*+__.+2n{ eia,. <

1

2n—|

eiau

=5ty

<|;

+.. + — <1, 70 A£0.

Banuirem ynca0 A B mokasaTesabHo# dhopme A = pe''(p 7~
#0), Torma S(t)=pe‘"?=p cos (t+¢) +ip sin (t+ ).
Orciona f(t) =Re S(t) =p cos (t+ ¢). U3 ycaosua f(t|) =
=f(t2) =0 nmosyuum: cos (t, 4 ¢) = cos (t2+ ¢) =0, oTkyna
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tl+(P=% + mm, t2+<p=% + mon (my, my — mesBIe YHC-

na). Hcknioyas ¢, moayuyum TpebyemMoe COOTHOLIEHHE:
to—1t=mn, TAe Mm=—my—m,; — LeJI0e YUCJIO.
DusuyecKH CMBICI TOW 3aJayd 3aKJIOYaeTcs B CJe-
ayomeM. Eciu dysxuua f(i) asnsgerca cyMmOil HECKOJIb-
KHUX FapMOHHMYECKHX KoJieOaHMUM ¢ ONHOM M TOH ’Ke yacTo-
1 1
._2-, T, esoy F H ecCJIM B J[Ba
MOMEHTa BpeMeHH f, u t; BeauuuHa f(t) o6pamaeres B 0, To
NIPOMEXYTOK BPEeMEHH MEXAY dTHUMU MOMEHTAMHU JOJIKeH
OBITH KPATHBIM YMCIY Ii.

TOM w=1 ¥ amnauryzamu 1,

YapaxHeHHsa

1
8.1. ano, 4yTo sin P=-3- Yemy paseH sin 3¢?

8.2. Boiuuciure cymmy: A =1 — cos 2a 4 cos 4o —
—cos 6 + ...+ cos 40c.

8.3. Boruuciure cyMMBI: A =co0s oo —cos 20} cos 3c —
—w.+cos (2n—1) o, B=sin o —sin 20 +sin 3a —...+
+sin (2n—1) «.

n
8.4. TlposepbTe, CIpaBeJJIMBO JIA PABEHCTBO: cosﬁ -+

3n iy, e {

-+ cos E—l-... +cos —1—§—=3.

8.5. J[lokaxure, uro mnpm Xx=2kn (kB — wuenoe)
CITpaBejJIMBO TOMKJAECTBO Sin x + sin 2x + ...+ sin nx =

. nx n+1
—_sm ) sin 2 %
o sin &

2



§ 9. lloxazarensHas GopMa KOMIIEKCHOr0 YHCIA

Buime MB paccMaTpUBAJHM TPUTOHOMETPHYECKYIO (op-
MY 3aIMCH KOMILJIEKCHOTO yMcna: z=r (cos ¢-isin ¢).

®opmysa Ditsepa NMO3BOJIAET, OYEBHUAHO, KOMILJIEKCHOE
uyueno z (2540) sanucare Gosee KoMmakTHO: z=re', rae
¢ — Kakoif-mb0 aprymMeHT 4ucia z, a I' — €ro MOAYJib.

910 TaK HashIBaeMas MNOKA3aTeJbHAd MJIM JKCIOHEH-
nuanbHas (opMa 3amMCH KOMILJIEKCHOTO YMCHa.

[lna mosy4eHHs IOKA3aTeJbHOH (OPMEI KOMIIJIEKCHOTO
yuenaa HeT HeoOXOAMMOCTH IpeABaPHTENIHHO 3alUCHIBATH
ero B TpUrOHOMeTpudYeckoil dopme.

IIpamepsr

1. 3anMiueM B IMOKas3aTeNbHOH (opme 4HCHO i.
Peme uue. Mzobpasum 4McIO i B BUJAE BEKTOpa Ha
KOMILJIEKCHOM mnyockocTd. Ero ayuHa paBHa 1, a yros Ha-

n A
KJIOHA K JAeHCTBHTENHbHOM OCH paBeH Eh 3nauur, |i|=1,

+ It
. ] YA i i
arg i T i=1l-.e>=e>.9m0m 6ymeT moxkasaTeabHas Gop-
Ma guciua i.
2. 3anumem 4Mcao z=1—i B moOKasaTenbHOU (dopme.

Peme gue. Yacno z=1—i umeer MOAY b \/5 U apry-

n
MEeHT ——4-, MO9TOMY €ero noxasaTeJibHad d)opma TaKoBa:

Ly g0h
1—i=+2e *. A

3aMeTuM, 4TO, HUMes MMOKA3aTEeJbHYI0 (DOPMY KOMILJEKC-

HOI'O 4YucJja 2z, Mbl MOJXKEeM yKas3aTh e€ro MoOoAYyJIb H apry-
n

f pd
menT. Hanpumep, ecnu z=5e 2 10 |z| =5. Ogun u3 ap-

n 3
rYMEHTOB YMCJAa Z PaBeH 5 TAK 4TO 2= Hi.

PaccMoTpuM npaBuia AedcTBUH ¢ apryueﬂ'rdnm U MO-
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O BO3MOZKHOCTH YHOPAAO-
YHTH KOMIUICKCHEIE YHCJA.
Jo cux mop MBI He BCTpe-
yagu (U B JajJbHeIIeM He
BCTPETHM) HEPABEHCTB BU-
na A<<B unu A>B, rae
A u B — KOMIUIEKCHBIE
ypucsa. Yem 310 0bACHATL ?
Heyxenn HEBO3MOXHO
KOMIUIEKCHBIE 4YHCIa YIIO-
PAAOYHTH, TO ecThb cdop-
MYJIMPOBATH NPABHMJIO, IO-
aBoaAINEe AAA JHOOBIX
JABYX M3 HMX CKa3aTh, Ka-
KO€ CJIEAyEeT CYUTATH MEHb-
mEM, a Kakoe — 06oJb-
mum? OxassiBaeTcs, 4YTO
TaKoe IIpaBHJIO YyCTAHOBUTH
MOJKHO, H Jaxke He OZHUM
cnoco6om. Camslit mpocToi
cnocob ynopsifloYeHus Yu-
cen — JeKcuxozpaguuec-
Kull, IO AHAJIOTHH C TEM,
KaK yOOPSAOYHEBAIOTCH CJIO-
Ba B caosape. Bosemem aBa
yucaa z,=a,+bji u z,=
=ay+ boi. Byaem cuurarts,
41O 2| <22 (MJIK: Y4MCIO 2|
TMpejluIecTBYeT YHCIY 22),
€ecJIM UMEeeT MeCTO OLHO M3
ABYX:

1) ay<a, (HesaBucuMO OT
TOro, 4ro GoJsbuIe: YHCIO
by wm by);

2) a)=asy, Ho b, << b.

B TOoM e ciyuae MOXXHO
YCJIOBHTBCA CYUTATh, 4YTO
29>2).

AYJIAMU TPOUBBEJEHUHA M YaCT-
HBIX KOMIIJIEKCHBIX YHCEJ, OT-
JIMYHBIX OT HYJA.

IIyers 2z=2,-25. 3anuuiem
KaXKABIM MHOMHTEJIb B IIOKa-
saresbHOM opme: 2z =re",
2o=r7€"". Torga

z=re" re'" =
= (ri-rm)e"-ev=
o (rl X rz)el(«w-r %)
Orcioga BHAHO, YTO 2 MMeeT
CBOMM MOAYJEM YHCJIO TI|-I'z,
apryMesToM (TOYHee, OLHUM U3
apryMeHTOB) — YHCJIO ¢+ (2.

Hrak, npu ymuoxcenuu 08yx
KOMNACKCHbLX HUcen UXxX mody-
N nepeMHONCAIOTCA, @ apzy-
MEHTbL craadvlearTca (Mmero-
JOM MHAYKIHH MOXKHO J0Ka3aTh,
YTO DTO BEPHO JAJA JIOOOro uuc-
Jla MHOXMKUTEJei).

B cinyuae paBHBIX MHOMKHTE-
JIei MBI MOJIy4aem cJejyloliee
NPaBUJIO: NPU 8038€0€HUU KOM-
NJEKCHOZO YUCLA Z 6 CTeneHb
¢ HATYpaarbHblM nokasarenem
ezo0 mMoOYyab 803800uTCA 8 CTe-
neHb ¢ TeM JHe noKazareiem,
a APzYMEHT YMHONAETCA HA NO-
Ka3arenb CTeneHu.

Takum 06pa3oMm, €CJIH YHCJIO
Z UMeeT MOAYJEM dYHCIO T,
a ONHHUM U3 CBOMX apryMeHTOB
9HCJIO (), TO YUCIO 2" NMEeeT Mo-
Ayab r', a OJHUM N3 CBOUX ap-
IYMEHTOB YHCJIO N(.
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3aMeTHM, YTO IpPH JIIOOBIX
HaATYpaJbHBIX M U N BEPHHI pa-
BEHCTBA:

P

3. ¥Ynpoctum
w= (/8 —i)5.

Pemenue.
=3 —1i

BBIpajKeHHue

Ilonaras z=
Halgem: [2|=2,
arg 2= —

. IMosromy |w|=

7
6
= |z|"=2°=64, a ogun us apry-

MEHTOB yucuaa w paBeH
It
(—?>' 6= —mn, Tak 4yro W=

=64e "= —64. A

IIyers Temeph z2=2,/2;. 3a-
OUIIeM JAeJuMoe U JeJHTelb

B axcnonennuanbnoﬁ d)oplvxe:
ig

zi=re'", zy=rye". Toraa
r,e"' r ioi 1
= —— == — . —
192 itz
rqe ro e
— T e — T w9,
r2 ra

Bupum, 4TO 2,/22 UMeeT MOAY-

r
JieM 4YHCJIO — , & OJHUM U3 CBOHX
ro

apryMeHToOB — YHCJIO (| — (2.

Wrak, npu Oenenuu KoMnJexc-

HbLX qucen ux modyau deaarcs,

Q apzyMenTbL 8bLHUTAIOTCH.
a—b

4. I'ch'rb 2 =a—+b—

,TAe a u
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Hanpumep, 5 +4i<< 6+ 3i.
Paccmorpum gapyro#t BO3-

‘MOJKHBIH crnoco6 ymopsmo-

YeHUA KOMIUIEKCHBIX YHU-
cen. Ilyers 2, m 2; — fBa
KOMILJIEKCHBIX 4HCa, 2| =
=re'¥, zy=ree!" (¢ =
=arg 2, p2=arg 22,‘ r=
=lzil, m=l2:{). ¥Yexo-
BUMCSH CYHMTATH, 4YTO 2 <<
< zy IPH BHITIOJTHEHUH Ofi-
HOTO M3 YCJIOBMM:

1) ri<<r; (HesaBHCHMO OT
Toro, uro OGompme: @,
HIIH (2);

2) ri=rs HO @1 < s.

IIpH npuMeHeHHMH KaXKIo-
ro M3 BTHX CcIocoboB ompe-
JIeJIeHASA OIS KOMILIEKCHBIX
qmnces MOHATHS «MEeHbILes»
MMeeT MeCTO <«CBOMCTBO
TPAH3UTHBHOCTHS:  €CJIH
21 <<22HM 22<23, TO 2)<<23.
OaHako Anxda TAKHX oIpe-
AeJIeHUH He COXpaHseTcsa
BaJKHOE CBOMCTBO, Yacro
HMCIIONb3yeMOe TIpU  pac-
CMOTDEHHM HEDABEHCTB MJISA
NeHCTBUTENBHEIX  YHCEN:
ecsmma<<bme>0,T0ac<<
< be. Hanpumep, nycrhb
a=—i, b=i, c=i. Torga
B CHJY NPHBEHEHHOTO BhI-
[Ie ONpejeNeHus MBI JOJI-
JKHBI CYMTATH, 4TO ¢ >0 u
a<<b. Ho a-c=—i-i=1,
b-c=i-i= — 1, u HepaBeH-
cTBO ac<< bc yixe HeBepHO.
Takue OTKJIOHEHUSA OT IIPHU-
BBIYHBIX CBOMCTB Hepa-
BEHCTB IOOYyaHMJIM OTKa-
3aThCA B CAy4Yae KOMILIEKC-
HBIX 9YHCEJ OT paccMoTpe-
HUA MOHATHUN <¢MEHbINE» U
s«GosbmIe».



b — nBa KOMIJIEKCHBIX 4ucia, npuueM |a|=|b|. Bepuo su,
9YTO 2 — YHCTO MHHMOE YMCJI0?

Pemeunue. O6o3nauuB monysiu uucen a u b 6ykBoi r,
a UX apryMeHThl COOTBETCTBEHHO o ¥ f, 3amMIlNeM AaHHBIE
uucsia B TOKasaTenbHO dopme: a=re'®, b=re®. Torma
(em. (7)—(8) us § 7).

e 2i sin 2
re*—re® re ' (e ! =€ 1 )

g :p= a+p, a— 35 5
re'“+re re'T”(e‘—r‘ ‘H) St} . B
a—B

=it
€3

BHI[KM, 4YTO 2 — YHUCTO MHHUMOE YHCJIO.

Y upaxaeHHA

9.1. BanumuTe AaHHBIE KOMIIJIEKCHBIE YHCJA B IIOKA-

. 3aTeJbHOU Gopme:
1 3
1) 15 2) —i; 3) 14i; 4>7+i%; 5) %—i-@
9.2. IIpoBepbTe CIIpaBefJIMBOCTh PABEHCTB:
1) e*=1; 2) e =1 (k — moboe memoe uYMCIO);
3) e"4+1=0. _
9.3. BeluncauTe BHIPAXKEHHUHA, INOJL3YACH IOKA3aTelb-
HOM (OPMOH KOMIIJIEKCHBIX YHCEeJ :
1 1+i 2) (1+ix/§ )3. 3) (1 +h/§ )60_ (1 —ixfg )eo
1—i’ 2 < -2 2 ’
9.4. Ilokaxwure, uro npoussegenue P =(a’+1)b*41)X
X(c’41) npu mo6LIX HeJBIX @, b, ¢ MOMKHO IIPEACTABHUTEH
B’ BHJIe CYMMBI JBYX KBaZ[paTOB HATYPAJIbHBIX 4YMCEJ.
9.5. Ilycers mesoe 94Mca0 A MOMKHO IIPEACTABUTEL B BUAE
CYMMBI IBYX TOYHBIX KBaJpaToB (KBaAPATOB HATYDPAJIbHBIX
yucen). Byner mu A° o61azaTth TeMm ke cBOHCTBOM?

.
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§ 10. KomMmnnexcHsI# MHOMKHTENbh KAK ONEpaTop

Mu y6eaunuch, 9TO KOMIIJIEKCHOE YHCJIO MOYKHO TOJIKO-
BaTh KAK TOYKY M KaK BEKTOP.

OcraHoBUMCS €Ille HA OZHOM Ba’XHOM reOMeTPHYECKOM
TOJIKOBAHMHM KOMILJIEKCHOTO ynca. Ilycrs mmeercs Ha 1Jioc-
KOCTH Kako#-1o BekTop OZ (puc.12) u mycTh 2 — €ro KOMII-
JeKcHas koopauHaTa. IloBepHEM BEKTOpP BOKPYI' €ro Haya-
na O Ha yroa a (MPOTHB [ABHIKEHHS 4YaCOBOH CTpPENKH,
ecau o> 0, ¥ mo yacosoi crpenke, ecnu o< 0) U pacraHem
3TOT BEKTOp (He MeHdAs ero Hauaja) ¢ koagGuIHeHTOM pac-
THAKeHud p (pacTArusaeM «B p pas»; npu 0 <<p <1 aro npe-
obpasosanue Gymer Ha camoM jgeiyie cxxaruem). B peayis-
TaTe MoJay4YaeM HOBBI BekTop OW ; ero KOMIJIEKCHYI0 KOOp-
auHAaTy 0603HaYuM deped w. Kak ke BhIpa’skaeTcs YHUCJI0 W
yepes umucaa z, o, p?

Myers z=re'. fcmo, uro |w|=pr, ¢+a — ogun us
aprymenToB uuciaa w. Iostomy w=p-r-e' @t =(pe'*)x
X (re'!). O6o3naumM yepes ¢ KOMILIEKCHOe uuco pe'*. Toraa
uMeeM: W= _Cz.

Taxum o6pasom, ecau HaJ BEKTOPOM (_)—Z' BBIITOJIHUTH
omepanuu mMoBopoTa (Ha yroa o) u pacrsaxenud (¢ koabdu-
LHEHTOM DPaCTSKEeHHA p), TO €ro KOMIJIEKCHYIO KOODAMWHA-
Ty 2 HY’XHO YMHOXXHTH HA KOM-
ILJIeKCHOe YHCJIO ¢ = pe'®,

W HaobopoT, ecsiu KOMNIeKe-
HYIO KOODAMHATY 2 HEKOTODOI'O
BEKTOpA 0Z YMHOKHUTH HA KOM-
IJIEKCHOe YHCJIO ¢=pe'”, TO HO-
BOe 4YHCJIO w=cz Oyxer npeg-
CTABAATH COOOM KOMIIJIEKCHYIO

—

KoopAauHaTy BekTopa OW, koto-

pBIi MOKeT OBITH IOJIy4YeH H3
-

BekTopa OZ nyTtem nosopora (Ha

Yroa o) U pactsiykeHus (¢ Koad-

dunuertom p).

53



MoKHO CKasaTh TaK: KAWCObL KOMNJEKCHbLI MHONCU-
rens ¢ (¢~ 0) MONHO TONKOBATL 2eOMETPUHECKU KAK One-
parop nogopora (Ha Yzoa o, paeHbLl ApzYyMeHTYy HUcaa C)
u pacraxernua (¢ KoIQPuyueHTOM pACTANCEHUA, DaA8-
Hom |c|).

JlaTHHCKOE CJIOBO Oneparop O3HA4YaeT MCIOJHHTENb.
MoskHO ckas3aTh, YTO MHOXKHTENH ¢ (B dopmysne w=c-z2)
npeofpasyeT BEKTOP C KOOPJAWHATON Z B BEKTOP C KOOPJH-
HATOM €z. MBI BBHISICHHJIM TEOMETPHUYECKYI0 KapTHHY: 4TO
«JleJIaeT» KOMIUIEKCHBIW MHOXMHTENb ¢ C BEKTOPOM 2, KaKue
3JIeMEeHTapHble reOMeTpHYecKHe NpeobpasoBaHUA CaefyeT
BBRINOJIHHTE HAJ{ 9TUM BEKTOPOM, YTOOGHI IIOJIYyYUTh BEKTOP CZ.

IIOHATHO, YTO CHENAHHEIN BBIIIE BBLIBOJ JIErKO 06061ma-
eTcsl Ha TOT ciaydad, KOrja Ha4aJIOM KakKoro-nmbo u3 pac-
CMaTPHBAEMBIX BEKTODOB HE SIBISETCH HAYANO KOOPAUHAT.
Hanpumep, eciu BekTopsl KL u MN uMeOT KOMIIJIEKCHBIE
KOODAMHATEI 2 U W, NpUYeM W= — 3iz, TO ITO O3HAYAET,

o 14

4yTO mocyie moBopora BekTopa KL Bokpyr K Ha yroxu ~—3
11

pajguan (arg (—3i)= o ) U pacTsKeHus ero ¢ Koaddu-

. —— —
nuerHroM 3(| —3i| =3) monyuum BexTop KL’ — MN.
OcoGeHHO BaXeH ciayuai, KOrza |e| =1. Torga xkomm-
JIEKCHOe 4mcJIo ¢ (OHO MMeeT BHZ €'®) npeacraBiasieT coboit

oneparop noeopora. Hanpumep, KOMIIJIEKCHOe YHMCIO i(i=
n

=e ? ) ABAETCSA ONEPATOPOM TOBOPOTA HA YTO +%pa,lmaﬂ‘

(moBOpPOT coBepmIaeTCs B IOJIOKHUTENHLHOM HAIPABICHWUH,
TO eCTh NPOTHB YACOBOM CTDPEJIKH).

M=ul paccMOTpeNIH TPH Pa3AMYHBIX TOJIKOBAHUSA KOMII-
JIEKCHBIX 4YHceJl (KOMIIJIEKCHOE YHCJIO — TOYKA HAa IJIOCKOC-
TH; KOMIIJIEKCHO€ 4YMCJIO — BEKTOpP; KOMIIJIEKCHOE YHC-
JIO — OmepaTop IIOBOpOTa M pacTakeHud). VMeHHO 3Ta
MHOTOJIMKOCTE KOMILJIEKCHBIX YMCEJ JeJIaeT MX 0COGEHHO
YAOOHBIM anmnmapaToM AJNS PelIeHUS 3a4a4 IO I'eOMETPHH
M MeXaHHUKe.
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IIpumepsr T

1. OABC — xBagpar (puc. 13). Bektop OA umeeT KomII-
JIEKCHYIO KOOPAMHATY 2=3 —i. BBIUMCIUM KOMIIJIEKCHYIO
x_ogpnlma'ry BekTopa OB (0603HaYKUM ee yepe3 W) ¥ BEKTOpa
AC (w»). - .

Pemenue. Moxuno noayuute OB, eciu OA nosep-

n
HYTHh Ha yroJ +T pajuaH ¥ 3aTeM PacTAHYTH ¢ Koaddu-

uuenTom pacrskenns 2. [lootomy w)=/2-¢ + -z=1/2X
><(cos%-{—isin-%)~z=(1+i)(3—i)=4+2i. Ecix OB

moBepHYTh Ha 90° B MOJIOIKUTEIFHOM HANPaBJIEHUHU, TO IMO-
nyaum BekTop OB’ = AC. Iloatomy wo=iw,=i(4+2i)=
= —2+4i.

2. Octpsrit yron npu sepmuae O pomba 0Z,Z:Z; (0 —
HA4YaJI0 KOOpAUHAT) paBeH 45°, a BepmiuMHa Z, UMeeT KOMII-
JIEKCHYIO KOODAMHATY 2| =2\/2- i (Bepummusr O, Z,, Zs, Z3
CJeYIOT TIPOTUB 4acoBO# cTpesnku). Haiizem KoMIIeKcHEBIE
KOOPJAMHATH OCTAaJbHBIX BEpPIIMH pomba.

Pemenue. O603HAYMM KOMILJIEKCHBIE KOODP/AUHATHI
BepmiuH pomba Z,, Z,, Z3 COOTBETCTBEHHO uepes3 2, 2i, 23,

yi-

Puc. 13
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pepmnHa O uMeeT KOMIJIeKCHYIO koopaunaTty 0. Bextop
OZ; nonyuaem u3 Bektopa OZ; (puc.14) mosopotom (Ge=

n
pacTsikeHusi) Ha yroy 45° (~—- paauan). IoaTomy mmMeem:

S )

Tak Kax OZ2=OZ|-I—OZ3, T0 (cM. mpumep 1 u3 § 4) no-
AYUUM:

20=2, +z;—(2 +3\/2 ) (3+12§). A

OTMeTMM Ba’kHOE CJAELCTBHE M3 IOJYYEHHOIO TOIKOBA-
HUA KOMIIJIEKCHOTO MHOMKMTENdA: 06a 8exTopa Toz0a u
TONLKO T020Q KOANUHEADHbL, K020Q OTHOULEHUE UX KOMI-
NEKCHBLX KOODOUHAT ABAACTCA O€UCTEUTENbHbIM YUCLOM
(¥ IPUTOM MOJIOKHUTEJILHBIM, €CIIH BEKTOPLI COHATIPARJIEHEI,
W OTPHUIlaTe/IbHBIM, €CJIM OHM MPOTHBOHANpaBJeHsl), B camom
JeJie, MyCTh BEKTOPKI ﬁ u Ef) (puc. 15) umer0T KOMILJIeKC-
HEle KOOPAMHATEI Z =r€", w=pe". Ecnu sexropst AB u CD
COHAIpPaBJIEHHBI, TO O = (¢ TOYHOCTHIO A0 LEJIOrO KPATHOro
ymesa 21, ¥ moaToMy w/z=p/r > 0. Ecau ke Bextopsl AB
" EB MTPOTUBOIIOJIOXKHO HampasieHsl (puc. 16), o 6 =g+t
(C TOYHOCTBIO JO IEJIOrQ KPATHOIO Yucyia 21), U IIO3TOMY
w/z= —p/r<<0.

—_— —
Ecau e AB u CD He KONINHeapHBI, TO 0 — ¢ = kit & 9uc-

w =
J1I0 — He sABJAeTCHA, OUYEBHUJHO, JEHCTBUTEJILHBIM. A
2

3. U306pa3umM Ha KOMIJIEKCHOM IJIOCKOCTUA TOYKHA Zi,
Z,, Z3 ¢ xoopaunaramu 8 4 13i, 13 4 21i, 21 4 34i. Jlexxar
JIA OHM HA OJHOMU I pPsIMOM?

Peme Hue. IIpu pacCMOTPEHUM YKA3aHHBIX TOYEK CO-
3jaeTcs BOeYaTIeHHE, YTO OHHM JI€XKAT HA OAHOM N PAMCIi.
IToneiTaeMcst IPOBEPUTH 5TO paccyxaeHuem. Touku Z,, Zo,
Z; TOTHAA W TOJBKO TOTAA JieXKaT HA OJHOM HmpAMOM, Korjga
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y 8 y 4
D, C,
AF C Af D
Ar As A
0 X 0 v X
V4
Puc.15 Puc: 16

. e
BeKTOpBl Z,Z; ¥ Z>Z3 KOJIJIMHeapHHI, a 310 Gyjer Jumsb B
TOM cJIy4ae, KOrZia OTHOLIeHUEe UX KOMIIJIEKCHBIX KOOPAHHAT
z ¥ w mupexacrasiager coboit nedicrBHTeNbHOE uymcao. Ho
w 8413

2=z—2 =548, w=z—2=8+13i n — = 5+8i'=

_ (8413i)5—8i) 144+

T (5+8i(5—8i) 89
A 3710 — He AeHCTBUTENHLHOE YUCJO. 3HAYMUT, TOUYKHA Z|, Z>,
Z; pacnoJioyeHbl He Ha OAHOI npamoi. HerpyaHo HaliTu

IR 1 A
yroa o MeXAy BekTopaMu Z,Z; u ZoZ;:tg a = Ta1? Ha-

XOAMM (HampuMep, ¢ MOMOIIbLI0 MHKPOKAJIbKYJATOPA), YTO
a=0°24’.

4. OpHaxXbl IOHBIM CJIEJONBITAM IONAJIACH TaKas 3a-
nuck: «f, mupar Kuzg, mo npospumy MaremaTuk, 3akonanu
kaaj Ha GOJIBIION JiecHOU moJsifAHe, rae pacryT Gepeska B,
crapslit 1y6 D, 1 HA PacCTOAHUM OKOJIO MATHAECATH METPOB
ot Hero Gonbmas cocHa C. Touxky B s MBICJIEHHO ITOBEPHYJI
BOKpPyr ay6a D na 90° mpoTuB HampaBJieHMS JBUKEHUS
Connna, a orHocuTenbHO cocHbl Ha 90° mo HampaBJIeHHIO
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asuxxenus ConHua. B pesynb-

TaTe IOJYYMJI JBE TOYKH:

D, u Cy, cepenuny K orpeska

% D\C, s BbIOpan mecToM AndA

M Ki1aza.» Pebsara passicKaam

D MOJIIHY ¥ C TOMOIIBI0 KOM-

Puc. 17 IJIEKCHBIX 4MceJ OOHApYXKH-

au kinag. Kak owm st1o cue-

nanu?

Pemenue. Bygem cuurarts, uro TOouku B, C, D, C,,

D, u K (puc. 17) 3ajaHbl HA KOOPAHUHATHOMN IJIOCKOCTH H b,

¢, d, ¢, di u k — ux xkoopgunatsl. Torga d|—d=i(b—d),
1

ci—e=—i(b—c), k=%(c|+dl). otkyAa k=-(c+d)+

B C
D K 5

c—d
2

1
Hel M otpeska DC, a yucao p————é-(c—d) — KOOpJAMHATA

BeKTOpa W Tax kak k—m=ip, T0 fAcHO, uTO TOYKy K
nosiyyum u3 Touku C, eciu mocjegHIOK0 MOBEPHYTH BOKPYT
TOYKH M B IOJOMHUTEJBHOM HAIPABJIEHHUH («IIPDOTHB HAa-
npaBiaenusa asuxeHus Cosnna») za 90°

5. Ha croporax Tpeyronbauka A 4,4 ; (puc. 18) nocrpo-
€HbI KBaJpaThl, He UMeIOI[He C TPeYTrOJEHUKOM OOIIUX BHY-
TPEHHHUX TOYEK, U OTMEYEeHHB UX LUeHTpHl B, B,, B;. IIpose-
PUM CIpaBeJIMBOCTh COOTHOmeHui: B By=A;B;, BB, |
1 A3B;.

Pemnrenue. BoifepeM B IJIOCKOCTH TPEYrOJIbHUKA [e-
KapTOBYy cucTeMy kKoopauHaT xOy. Komnnexc_}gﬂ_g KOOp M-
HaThl TOuek A, As. As, B), By, B; u BeKTOpoB BB, u A3B;
0603HAYMM COOTBETCTBEHHO Yepes a,, a2, a3, by, be, b3, 2 u w.
Bripasum z U w uepes a, a2, a3. Umeem: 2="bs— b, w=
=bs—as. na HaxoxpgeHua b, ormerum cepexuny C;
orpeaka A;A; M 0003HAaUYMM ee KOMIJIEKCHYIO KOODAH-
a +as S
ST

+i

1
. Yucio m=3(c+d) — ®TO KOODAMWHATA Cepeju-

HaTy d4epe3 c:. Torma cs= Bextop CA; umeer

58



KOMIIJIEKCHYI0 KOODAHHATY a3——02=%(a3—a.). BexTop
— —— I
C,B, nonyuyaercsa ua Bextopa C>A3; MOBOPOTOM Ha +? pa-
—_
IUuaH, NO3TOMY KOMILJIEKCHas KoopAauHata Bekropa C.B,

; ¢
paBHa ?(aa—al)i. Hcnonsays npumep 2 us § 4, Hadgem:

a+a .a3—a
bo= ) +l 2

AmnajnorunyHsie GOpMyaH Ans bz ¥ b; MOMKHO HamMCaTh, CO-
BepIIUB B 3TOU opMyJie KPyroByio 3aMeHy HHAeKkcoB (1 3a-
meHsierca Ha 2, 2 — Ha 3, 3 — Ha 1). ITonyunm:
_ai+a  a1—a

+i

b :
: 2 2 .

IIoBTOPHUB 3Ty ONEpPALMIO, ITOJIYUHM:

a;+az  .a—as
+i s

=% 2
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Teneps HETPYAHO MOJCYHTATH, UTO
a—ay  .2a3—a;—az ax+a —2a;  .a —ay

AR T e 2 T3
Orciona BHJ{HO, YTO w=iz. 3T0 0O3HAYAET, YTO IPHA IIOBO-
pore BekTopa B\B; Ha 90° mpoTHB 4acOBOH CTPEJKM IOJY-

s — —_—
yuM BekTOp B;B%, npuuem B\B) = A3B3;. Ho B Takom ciyuae
A;3B3;=B\B,, A3B;3;_| B\B.

6. BepmMHBI KaX/J0ro U3 ABYX MPABHJIbHEIX TPEYIroJib-
HUKOB (puc. 19) npoHyMepoOBaHBI IPOTHB YAaCOBON CTPEJIKH.
BepmuHBI ¢ OZWHAKOBEIMHM HOMEDAMM COSJMHEHHI OTpe3-
kaMu. JlokakeM, YTO CepefMHEI 9THX OTPE3KOB ABJIAIOTCH
BEPIIMHAMM HEKOTOPOTO IIPABUJIBHOIO TPEYroJdbHUKA (KOTO-
PBHIA MOXKET BHIDOZUTHCA B TOUYKY).

Pemewnue. Ilycre A A2A; u B B:B; — naHHbIE Tpey-
roabHuku (puc. 19), C,, C;, C; — cepeguHbl oTpe3koB A B,
A)B», A3Bs; ag, b, ¢ (R=1, 2, 3) — KOMIJIEKCHbIE KOOPAHU-

HATHI paccMaTpUBaeMbIX AeBATH Touek. Torga nelc'ro_p__élAg
uMeeT KOMIIJIEKCHYIO KOOPAHHATY a3 —a), & BeKTOp A A» —
KOMILJIEKCHYIO KOODAMHATY @ —a;. TAK KaK TPeyroJbHUK
A|AsA; — npaBUJIBHBIA, TO BeKTOp A ;A3 MOeT OHITH mO-

——— n
Jy4yeH u3 BeKTOopa A, A NMOBOPOTOM Ha 3 pajxuaH MMPOTHUB

L)
I
ABUIKEHHS] YaCOBOH CTPENIKH, IO3TOMY a3 —a;=¢ . (@2 —

—a,). AHaJOTUYHO IOJYUYHM:

Bl s By ek

b
Tax xak C, — cepeauna ortpeska A ,B,, To c.==al—; 34
1 1
AHaJOrMYHO c._)=3(a2+b2), c;;=——2—(a3+b3). W3 nmonyden-

HBIX COOTHOIIEHHH CJeJyeT, YTo
c3—ci=e ~(ca—c)).
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Ho a10 o3Haugaer, uro BexTop C,C3 MoMXeT OBITH MOJy4YeH
i n

u3 BexTopa C,C, ¢ mOMONIBIO TIOBOPOTA HA YTOJI +§ panu-

aH, T. e. AC,C,C; — npaBUJIBHBINA.

7. B pasHob6ejgpenHom Tpeyronbuuke ACB (puc. 20) us
ero BepmIMHBLI mnpoBegeHa Beicota CD, B TpeyroJIbHHKe
CBD — Buicotra DK. Cepepuna M otpesxka DK coepuHeHa
¢ sepmunoit C. Jlokaxem, uyro orpeaku CM u AK B3auMHO
MeprHeHANKY ISPHBI.

Pemenue. [lycrs DB — ocs abeuuce, DC — ock op-
puHat. D umeer koMmriekcHyo koopaunHaty 0. O6ozHauum
KOMIIJIEKCHBIE KOOPAMHATH TOUEK A, B, C, K, M u BEeKTOPOB
AK u MC coorBercTBesHO a, b, ¢, k;ln, zZuw. Tor&w:
=c¢—m,z=k—a=k+bla= —»b). DC nonyuum u3z DB no-
BOPOTOM Ha yTIOJI +% pajuaH ¥ pacTsiKeHueM ¢ koadbdu-
IIUEeHTOM, KOTOPHIA MbI 0603Ha4YuM ueped p. [loaTomMy ¢ =

DK DC

=bpi. Tak kak A DBKco A CBD, T0 7{-5-_—__0_3_=p,

s
CrneposaTesibHO, BeKTOp DK (ero koopauHaTa paBHa k) mosay-
e
yaem u3 Bektopa KB (ero xoopauxata b— k) moBopoToMm
n
Ha yroJ +—2— pajiMuaH ¥ PACTSIKEHHEM ¢ K0dhdUuIueHToM 0,

T0 ectb k=(b—k)ip, oTKy KA
__ bpi ol k bpi
Tiim =

2 21+4ip)

bpi__ibp(1+2pi) .,

ITosToMy w=c¢ —m = bpi — — — 2=
: P 20 +ip)

bpi b(1+2pi) w ip
= —— b= -———‘——-—' — I —
e 1+pi+ 1+ip z 2
HUrak w= (—;—pi)-z. A sT10 osmauaer, uro MC | AK.
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Puc. 20

IIpounMIOCTPHPYEM METOJA KOMIIJIEKCHBIX KOODJAMHAT
elje Ha JBYX IpHUMepax.

8. Umeerca xkBagpar ABCD, piuHa CTOPOHEI KOTOPOTO
paBHa 1. Ha ero croponax AB u CD B3aTtsl Touku K u L Tak,
yto BK=CL=A. U3 TOYKH A ONylIeH NepHeHJAUKYJIAD
AM ua BL. Haiipgem yron KMD wu otHomenne DM:KM
(puc. 21).

Pemenue HUmeem:
m=cos o.-e“, k=ctg a.
IIycrs 2 ¥ w — koopauHATH BeKTOpoB MK u MD. Torma
w_1+4i—cosa-e“ 1 (1—cos’a+i(l—cosa-sina)
z  ctga—cosa-e” ctga  (1—sin a cos a)—isin’a

2L _itga.
2

Orciona cneayer: DM | MK v DM:MK —tg a=A\.

* 9. Bue Tpeyroabuuka ABC B3aTel TOUKH P u @ Tak, 9T0
TpeyroJbHUKH APB 11 BQC mpsaMoOyroJibHbE, C IPAMBIMHA
yriaMu B Toukax P it (). 1 Bexu4duHBI yriioB PAB u BCQ
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paBuel (. Tpebyerca Halitu
yrael TpeyroabHuka PQR,
rage R — cepeamHa oTpe3ka
AC (puc. 22).

Pemenmue. Bribepem
NPAMOYTOJIHYIO CHCTEMY KO-
OpAMHAT TaK, 4TOOBI TOuKa R
Onis1a ee HavyaJiom, a ay4 RC —
MMOJIOKUTEJIBHBIM JIYYOM OCH
abcuucc. Bea morepu o6mI-
HOCTH MOXHO CYHUTATB, YTO
orpe3ok RC umeer anuny 1. Torga kKomIIeKCHbIE KOOP/H-
HaThl Toyek C U A paBHBI COOTBETCTBEHHO 1 u — 1, a pis
Toyek @ m P uMeeM (HMXe @ U ¢ — JJIMHBI cTOpoH BC u
BA, o M Yy — NPOTHBOJIeXKAIMe UM Yriabl); ¢q—1=
=acos p-e" 'Y p4+l=ccos¢-e*"". Tak kak mo Te-
opeMe CHHYCOB

a ¢ 2
sina siny sin(a+7y)

TO 2siny 4w
RN el N e g
g sin(a—f—y)cosq)e
2sin a :
s iy +¢)
q S (a Y)cosrpe + 1.

IIpeoGpasyem p u q:

4

p=ce (2 sin y cos @e™* —sin (a +7) e =) =

sin (¢ +7)

iy
sin (x+7)

~+i (2 sin y cos ¢ sin & -+ sin (x4 y) sin ¢)),

i
sin (a+7y)

X cos ¢—i (2 sin a sin y cos ¢+sin (z+7) sin ¢)).
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YyursiBas, 410
2 sin y cos o —sin (¢ + y)=sin (y — a),

2 sin & cos y—sin (a4 y)= —sin (y—a),
ITonyuaem:
B e,
q

Caeposarensro, A\ PRQ — paBHOGejpeHHbI u £ QRP = 2.
3aTeM y)Xe JIETKO HAWTH, YTO KaMKJABIH M3 JABYX APYIrux

n
yrJioB cocrasasder 7 ==

YupaskHeHHS

10.1. ITpu o6xoxe NMPOTHE YACOBOM CTPENKH IIPAaBHUIIb-
HOrO TPEYTOJIbHUKA BCTPEYAIOTCS MOCIIEA0BATEIHHO BEPIIH-
HBl Z,, Z3, Z3 ¢ KOMIIJIEKCHBIMM KOODAMHATAMM 2|, 22, Z3.
UssectHO, uTO 2, =1, 2o=2-}i. Beiuncaure 2;.

10.2. UsBecTHO, 4TO BepminHbI TpeyroasHuka OAB ume- -
0T KOMILJIEKCHBlEe KOOPAMHATHI coorBercTBeHHO 0; 2-4-2i;
(8—1)+i(~/341). Toxaxure, uro A OAB — pasHoGen-
PeHHBIM ¢ yriioMm npu Bepmune 30°.

10.3. Ha aByx cropoax AB u AC TpeyroJibHUKa ABC
KAK Ha OCHOBaHMAX MOCTpPoeHbI kBaapaThl ABB\B, u ACC\C,,
nepexpbiBaiomuecd ¢ rpeyroabaukom ABC. BepHo am, 4uTO
oTtpe3ok B,C, nepneHAUMKynapeH meauaHe AM Tpeyroinb-
HUKa ABC? Bo CKOJBKO pa3 oTpe3ok B.C; AJIMHHee OTpes-
xka AM?

10.4. Ha cropoHax u4eTeIpexyrojsbHuka A ;A>A3;A; Kak
HA THIIOTEHY3aX MOCTPOEHBI EePEeKPLIBAIOIIHEC C HUM paB-
HOGeApeHHbIe TIPAMOYTrOJbHbIE TPEyronbHUKH A BA,,
A.ByA;, A3B3A,, ABJA, (IpaAMBIe yrJibl NIPH BepHIMHAX
B, B, B;, B;). Ecnu coBnazyT BepuinHsl B, u B3, To COBIagy T
U BepmuHBl By u Bi. Jloka>kure 3TO.

10.5. Ha croponax mapaJenorpamma A AA3A, (Bep-
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IIMHBl YKA3aHBl B MOPSAJKE UX CHEJOBAHUA NPH JBUIKEHUU
MPOTUB YACOBOM CTPEJIKM) KAK HA OCHOBAHHAX MMOCTPOEHBI
He MepeKphIBAIOIIMecHs ¢ HMM KBaJpaThl H 0603HAUEHBI HX
uenTpsl Z,, Zs, Z3, Zs. Bepuo mu, uro Z,Z»Z3Z, — wBagpat?

10.6. Yernipexyroasuuk ABCD noBepHYT OKOJIO HEKO-
n
TOpo# Touku O, yexamei B ero NJOCKOCTH, Ha yroJ +—§ B

nonoxenue A,B,C,D,. Jokaxure, uto ecau Touku P, Q, R
u S — cepepunsl orpeskos A B, B,C, C\D, DA, 10 OTpe3Kku
PR u QS paBHBI ¥ B3aUMHO NEPIEHAUKYJIAPHBI.

10.7. B ksagpate ABCD Touka O — ero ueHTp, a M u
K — cepeaunnl orpe3kos BO u CD. Bepuo iu, uto A AMK
paBHOOEAPEHHBIH M MIPAMOYTIOJbHBIN?

10.8. Ha aByx cropoHax AB u BC tpeyroasuuka ABC
KaK HA OCHOBAHMSAX IIOCTPOEHB! KBaApaThl, HE HMeIOIIHe
C TPeyroJbHUKOM OOIIMX BHYTPEeHHHMX TOodek. IIpoBepbTe,
SABNAIOTCA JIA BEPIIMHAMH PaBHOOEIPEHHOTO N PAMOYIOJb-
HOTO TPEYroJbHUKA LEHTPHI BTUX JABYX KBaJPAaTOB U Cepelu-
HA TpeTheil CTOPOHBI.

10.9. Ha aByx cropoHax AB u AC tpeyronsuuka ABC
KaK Ha OCHOBAHUAX IOCTPOeHH! KBajapaTel ABNQ u ACMP,
He MMelHe ¢ TpeyroabHHKoOM A BC 06X BHYTPEHHHX
rToyek. IIposepbre: orpesku BP u CQ paBHBI M B3aMMHO IIep-
MEeHANAKY JIAPHBI.

*# 10.10. Ecniu Ha ABYX CTOPOHAX IlapaJjijejiorpamMma,
HCXOAAIIUX U3 OZHON BEPUIMHEI, IIOCTPOUTH (HE MEpPEeKphI-
BalOl[Hecs ¢ HUM) [PAaBHJIbHBIE TPEYTOJBHHKH, TO IIPO-
TUBOIOJIOKHAA BepIIMHA NapasjeorpaMma u CcBOGOJHEBIE
BEPIIHHBI TPEYrOJILHUKOB 00pa3yIOT I pABUJIBHBIA TPEYTOJb-
HUK. [lokakure 3TO.

* 10.11. Ilpo BeImyKJblH mecTuyronbHuk ABCDEF u3-
BECTHO, YTO OH MMeeT LeHTDP cuMmmerpuu. Ha ero cropoHax
AB, CD, EF kax Ha OCHOBaHMAX IIOCTPOEHBI I1PABUJILHBIE
Tpeyrosabuuku APB, CQD, ERF, xoTOphIe He NePEeKPLIBAIOT-
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csl ¢ MEeCTHYTOJLHUKOM (He MMEIOT ¢ HUM OGLMX BHYTDEH-
HUX Touek). Byzer mu A PQR npaBuabHbIM?

* 10.12. Ha croporax A A, AsA;, AsA,, A4A| npous-
BOJIBHOTO IIJIOCKOT'O YeThipexXyroJbHuka A AsA;A, kKak HaA
OCHOBAHM AX NOCTPOEHHI IPaBUJIbLHEIE TPEYTOJbHUKH, He Ie-
PEKPBIBAIOIHECH C YeTHPeXyroJbHUKOM. IlyeTs uX BepuIn-
HEI By, By, B3, B,. Ilyects M u N — cepefiHbl 0Tpe3xkoB B B;
u BBy, a P u Q@ — cepenunnl auaroHayeir A A; u A-A,.
SABnAroTcs NM 3TH 4YeThIpe TOYKM BEPIIMHAMHM KBajpaTa
(6BITH MOJKET, BHIDOMKIAIOIIEIOCS B TOYKY)?

§ 11. Komnuexcasie yuciaa
B reOMeTPHYECKHX IOCTPOCHHAX

IIpuMeHeHHe KOMIJIEKCHBIX YHCeJ obJyierdyaer pelieHue
TPYAHBIX 3a/fa4 HA MOCTPOeHUeE (C MOMOINBIO LUPKYJIA U JIH-
HeHKH HJIM JPYyroro 3agaHHOro HabGopa HHCTPYMEHTOB).
CyTh npueMma 3aKJIOYaeTcs B TOM, YTO MBI CBOAUM 3aJavdy
K IIOCTPOEHUIO KAKON-IM00 TOUKH, & KOMIIJIEKCHYIO KOOP/H-
HATY 9TOH TOUYKHM BhIpakaeM GOpMyJioi yepes3 BEJIMUUHE,
KOTOpBIE MOXKHO CYMTATH H3BECTHHIMU (HAIpHUMep, uyepes
KOMIIJIEKCHBIE KOODAMHATEI HaHHBIX To4eK). [To monyueHHOM
dopmysie cTpouM HMCKOMYIO TO4YKy. ILlenecoo6pasHo mpume-
HATH 9TOT IPHEM B 3aJadax, r'jge peyb HMJZEeT O IMOBOPOTaX.

I pamepst

1. Ha cropoHax HeKOoTOpOro TpeyroabHuka ABC kak Ha
OCHOBAHMAX OBUIM IOCTPOEHBI IIPABUWILHBIE TPEYI'OJbHHKH
ADB, BEC, CFA, He uMenUMe ¢ HUM OOLIMX BHYTPEHHUX
Touek (puc. 23). Ilocie aTOro BCe ueTHIpe TPEYTrOJBHHUKA
OBLTM CTEPTHI, & OCTaBJEHBl JUINL TpU Toyku D, E, F. Pac-
CMOTPHUM cIocof, ¢ IOMOINBI0 KOTOPOTO MOXXHO BOCCTAHO-
BUTH TPeyroJbHUK ABC, UCIOAB3YA UMPKYJIb U JHHEHKY.

Pemenue. [Jna pemeHuss 3aja4d JOCTATOYHO, OYe-
BH/IHO, IOCTPOUTH XOTs OBI OgHY U3 To4eKk A, B, C. Bribepem
Ha NJOCKOCTH, HA KOTOPOM pAaCIO0JIOMKEeHk 1IeCTh ToueK A, B,
C, D, E, F, nexaproBy cucremy koopausar. Ilyers a, b, ¢, d,
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¢, f — KOMIIJIEKCHBIe KOODAHMHATHI 3TUX To4ek. Bulpasum a
uepes d, e, f. Tak kak BekTop DB monyuaem u3 BekTopa DA

n
[IOBOPOTOM HA YIOJI +—3- pajguaH, TO

b—d=Ma—d), rie A=exp (%) (1)
AHAaJOTHYHO MOJIYYHM:

c—e=Mb—e), (2)

a—f=Mc—/). (3)

U3 cucremsl ypasHenuil (1) — (3) maiigem a. [{ns aroro
nepenumeM CHCTEMY B TAKOM BHJE:

ra—b=(A—1)d, |A? (4)
Ab—c=(RA—1)e, |A (5)
Ae—a=(MA—1)f. |1 (6)

Hekimouum b u c. YTobwl HaiiTi a, ymHOxuM (6) Ha 1, (5) —
Ha A, (4) — Ha A’ ¥ IOJIyYeHHBIE PAaBEHCTBA CIOMKHM IIO-
YyJjIeHHO. YuuTeBaf, 4T0 A’= —1, momyuum:
—2a=(A—1)dA>+er+f).
IIycrs Touka D 6yner Havyasiom koopauHat. Torga d =0 u

a=(f+he), (7)

Puc. 24

67



1
rae }1—? (1—2).

Haiizem aprymenT m Monyinb
yucna p. U3 pucyuka 24 sc-
HO, 4TO nas yucga 1 —A mo-
Ayne paBeH 1, a aprymeHT
paBeH ——g-. 3HaYuT,

p.=%exp (——g—i). (8)

Tenepr uz dopmyxn (7) u
(8) mousATEH crmocob mocTpoe-
Puc. 25 Hua troyku A. Crpoum (puc.
25) BekTOp ¢ uoopuuﬂa'r_oji Ae
(moBopayuBaem BekTOop DE Ha
60° B MOJIOMKHTENIPHOM HaIlpaBJIeHHH (IIPOTHB qacon_o_x‘é

crpenku). [lonyueHHbI# B peayabTaTe moBopoTa Bektop DE|
cmanusaem (o npasuay napaJijeyorpaMma) ¢ BeKTOpOM
DF (mosiy4aeM BEKTOp DK ¢ xKoopauHaTtoit f+ Ae). Crpoum

— 1 —
BEKTOD DM Takoit, yro DM =—2~DK . Bekrtop DM MOBO-

n . A
pauuBaeM Ha i 7 paguaH (Ha 60" mo uacoBoif cTpesike).

Kosnel nmosiyyeHHOro BekTopa 4 O6yer MCKOMO#i TOukoM A.
3aTeMm yxe O4eBHAHO, KAK MOCTPOUTH Touku B u C.

YupaxaeHHs

*11.1. Bbu1 HauyepyeH HEKOTOPBIM NATHYTOJbHUK
A AsA3A A5 1 OTMEYEHBI CePEJMHEI €0 II0CI€eA0BaTEbHBIX
cTopoH: By, By, Bs, By, Bs. 3aTeM NATHYTrOJbHUK OBLJI CTEPT,
ocTaBJIeHbl TUIIb TOYKK By (R=1, 2, 3, 4, 5). Ykaxkure cno-
¢006, ¢ MTOMOIIBI0 KOTOPOT'0 MOKHO BOCCTAHOBHUTE IISATUYTOJIb-
HUK, UCIOJNb3Ys LMUPKYJb H JHHEHKY.

*11.2. Ha croponax rtpeyroasHuka A BC BhiGpaHm TOY-
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ku P, @, R tak, yro AP=2PB, BQ =2QC, CR=2RA. Tlocne
9TOT0 TPEYTOJbHUK OBLI CTEPT, OCTAJIMCH TOJBKO TPH TOYKH
P, @, R. Yraxkute cmocod, ¢ IIOMOLILI KOTOPOTO MOXMKHO
BOCCTAHOBHUTH TPEYTOJBHHK.

§ 12. KommiexkcHble 9MCjIa M IEHTP Macc

IlycTs HA MJIOCKOCTH BHIGDAHBI HECKOJBKO TOYEeK A,
Ao, ..., A, (puc. 26) ¥ B HUX IOMEIIEHBI MACCHI M|, M2, ...y My
(MBI MONIATAEM, YTO WMCHA My, M2, ..., My — ACHCTBUTEIB-
HBIE, M)+ M2+ ...+ my5 0). Bosuukue B peayjbTaTe Ma-
TepUaJIbHble TOUYKU p6osnaquu TaK: miA,, meAs, ..., m,A,.
IJenTpom macc 3TOM CHCTEMBI MATEPHANBHBIX TOYEK HAa3bI-
Baercs Takas Touka C, [JIA KOTOPO# CIpaBelJIMBO BEKTOD-
HO€ PaBeHCTBO:

— — —— Sl
m,-CA, +my-CA; +...+m,-CA, =0 . 1)
Bei6¢peM Ha IJIOCKOCTH NPOM3BOJILHO JAE€KapPTOBY CHCTEMY
KOOP/JAHWHAT, TOrAa TOYKH A, A, ..., A, C npuobperawT
KOMIIJIEKCHbIE KOOPAHHATHI, KOTOPble 0003HAUMM OyKBaMHu
—_—r = e
a,, @, ..., @y, ¢. Bekropet CA,, CA>, ..., CA, UuMeOT KOMII-
JIEKCHbie KOODAMHATHI | —C, @2—C, ..., Gy —C, & PaABEHCT-

BO (1) paBHOCHJIBHO PaBEHCTBY:

m-(c —a))+ mylc —as)+...+m,+-(c—a,)=0, (2)
OTKy/ja moJy4aeM (popMyay AJisi KOMIIJIEKCHONH KOODAMHATHI
LIEHTpa Mace:

2 ma,+ moas+ ...+ maa, 3)
my+mo+...+m,
U3 dpopmyn (2) — (3) caexyioT BaskHBIe AJSA NMPHIOKEHHH
cBoOlicTBa LIEHTPOB Macc.

1. Kaxcdaa cucrema marepuaibHblx TOHEK ¢ HEHYNe80U
CYMMAPHOU MACCOL UMEET UEHTD MACC U NPUTOM — eOUHCT-
GeHHbBLIL.

2. Ijentp 08Yx NONOHUTENbHBLX MACC DACNONONCEH HA
OTpe3Ke, KOTOPbLIL €0e0UHACT ITU MATEPUALbHbLE TOYKU, U
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HKozed Jym JIATPAHIK
(1736—1813) — dpannys-
ckuif matrematux. O6paso-
BaHME TOJYYHI B BhICIIEM
BOeHHOM yumumige r. Ty-
puHa, rae B 18 ser craxn
npenopasaTesem. ITo pexo-
meHpanuy dittepa Jlarpamx
B 23 roza 6ul u3bpan 4e-
HOM Akajnemuu Hayk B Bep-
nuHe, a B 30 ner cran ee
npesuieHToM.  Jlarpasx
CHITPaJ BEAYINYIO pOJb B
pa3paboTKe OCHOBHHIX HA-
npaBJIeHW MaTeMaTHYec-
KOrO AaHAJIM33a, MEXAHHKH
(B wacTHOCTH, HeGeCHOH Me-
XaHHUKH), TeopuH uuces. On
YCHEeNnIHO NPMMEeHSAJ KOMII-
JIEKCHBIE YHCJIA B MCCIEA0-
BAHUAX [O MaTeMaTH4ec-
KOMY aHAJM3Y M KapTorpa-

bun.

€20 noaoxcenue Yydooenergopser
npagunry pwunaza: m-|a;—
—c¢|=ms-|as—c|. Ecniu maccent
He paBHBl, TO LEHTP ABYX (mo-
JIOXKHUTEJNIBHBIX) Macc OaMxe K
GonbuIeil ¥3 HUX.
3. Ecau 6 cucreme marepu-
ANbHbLX TOYCK
m|A|, m?AQ, osey mgAu,
M1 Aktly ey Moy (4)
0TO6PATH HECKOAbKO MATEPUANb-
HbLX TOYEK
m;AI. mQA'z, copd mkA;, (5)

U CKOHUEHTDUpPO8ATb UX CYM-
MApPHYIO MAcCCy 6 UX UeHTpe
mace C’, TO OT 37020 nNONONCEHUE
yenrpa macc écell cucremvl (4)
He U3MeHUuTCA.

WubiMH  cJiOBaMHM, cHcTeMAa
MaTepuaNbHBIX TOYEK
(mi+meo+...4+mp)C’, mpy,

Ak+|, cesy mnA,. (6)
UMeeT TOT K€ LEeHTP Macc, 4YTO
u cucrema (4). Kak gnsa mexanu-
KM, TAK ¥ 4JI TeOMETPHUH I10JIe3-
Ha Teopema JlarpaHika o MOMEH-
tax uHepuuu. Ilycre Ha mioc-
KOCTH MMeeTcs MaTepHaJibHAas
Toyka mA M Touka S. Diinep
HA3BAJI MOMEHTOM UHEPUUU Ma-
TepuaibHol TOYKU mA OTHO-
CHTEJIbHO TOYKM S BeJIMYHHY
m-SA%. Momenrom unepyuu
CucCTeMbl MATEPUALLHBIX TO4EK
(4) orHOCHTENIBHO TOYKH S Ditnep
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Ha3BaJ Takylo cymmy: Ig=m-SAT + mo-SA3 +...4+m, X
X SAj;. OxkaseIBaeTcs, YTO €CJU M3BECTeH MOMEHT WHEpPIHH
cHCTeMbl MaTepPHAJIbHBIX TOYeK (4) OTHOCUTEJILHO €e LeHTPa
Mace, TO JIErKO HAaWTH ee MOMEHT MHEPIMH OTHOCHTEJbHO
n000# Apyroi To4ku S.

Teopema Jlarpanmxa. Momenr unepyuu Iy cucremv. mare-
PUANbHBLX TOYEK

miA,, meAy, ..., MmiA,

OTHOCUTEbHO NPOU3BONLHOIL TOYKU S MoxceT 0biTb 8bLpaA-
JHCeH Yepe3 MOMEHT UHePYUL TOU Jce CUCTeMbL OTHOCUTEAbHO
ee yenrpa mace I, no popmyane Iy=1I,-+ M-SC’, 20e M —
cymmapras macca cucremvt (5), To ecto M=m,;~+ ...+ m.

HJokaszaTeabcTBO. [Id KOHKPETHOCTH OI'DAHH-
YUMCH CJIy4aeM TPeX MaTepHUAaJbHBIX TOUYeK, JIeKAIUX B
OZHOM mIocKoCcTH. Brifepem Ha IJIOCKOCTU JeKapTOBY CHUCTe-
My KOODAHUHAT.

IIycte Touku A, As, A3, C, S UMEIOT KOMIIJIEKCHBIE KOOP-
JAMHATEL a;, A2 a3, ¢, s. Torga

Is=m\|s—ai|*+ mals—as|>+ ms|s —as|?, (7)

Ip=mlc—ai|’+ mslc—as|*+ male —as! (8)
M-c=m-a,+ms-as+ ms-a,.

Puc. 26




Tak kak

SAi=|s—a\|’=(s—ai)(s—a))=((s—¢)+(c—a))(s—c)+
+(c—a)=Is—c|’+ |lc—a: |_2+(s'-é)(c—a|)+
+(s—c)(c—a), (9)

10 mi-SA}=mSC*+m CA}+(s—c)(mic —ma))+
+(s—c) (mic —may).
AHAJIOTHYHO MMeeM :
my-SA3=mySC’° + m:CA3+ (s —¢) (mac — moas)+
+ (8 —c)(maoc —maas),
my- SA3=m;SC’ + m3CA3 + (s — ¢)(mse — maas)+
+ (8—c¢)(msc — maas).
CrianpiBasg NOCJHELHHE TPU PABEHCTBA IOYJEHHO M YUH-
TeIBasA paBeHcTBa (3), (7)— (8), momyuum:

Ig=M-SC*+1I,.
*  YupaxkHeHHS

12.1. IIycrs B A ABC U3BeCTHBI MeIMAHBI My, My, M ¥ Pa-
auyc R onmmcaHHOH OKpY»XHOCTH. BrlumciuTe paccrosiHue
MEXAY LEeHTPOM 3TOH OKPYIKHOCTH ¥ TOYKOH IepecedyeHHs
meauaH (puc. 27).

12.2. B okpy:kHOCTH paauyca R BIOHcCaH NpPaBUJIbHBIA
TpeyroasHuK ABC. I1o okpy xHOCTH nepemernaercs Touxka P
TaK, YTO MOCTOSIHHO MEHSIOTCS €€ PACCTOSHUS OT. BePIIMH
TpeyroJbHHUKa. Byjer Ju npud 3TOM H3MEHATHCA CcyMMa
KBaJpaTOB €€ PACCTOAHHN OT THX BepuiuH?

12.3. 3Has pauHbl @, b, ¢ cTopon TpeyrosbHuxka ABC,
BBIYUCJIUTE AJHHBI €r0 GHCCeKTPUC.

12.4. BuiBegure Teopemy JleiiGHuua (cM. ympakHe-
aue 6.6) ua Teopemsnl Jlarpanika.



OAJIBHEUILIME
INPUIIOXKEHUSA
KOMIIJIEKCHBIX YMCEJ
B IEOMETPUM ¥ TEOPUM
HATVPAJIBHBIX YUCEJ

SaHHMAJNCA HCCASTOBAHHAMH
110 TEOPHH PANOB H AHDde-
PeHUHAILHBIM ypaBHeHHAM,
H3y4YaJ BOIPOCK! TEOPETHYEeC-
RO# (pH3HKH, paspaboras Me-
TOXAbl BEIYHCIHTEILHON MaTe-
vatuku. Iloutn BO BCex me—
CAeJOBAHAAX NIPHMEHAT KOM-
NJIeKCHbIE YHCIA.

CoBpeMeHHaAa HayKa HE MOrJa, KOHEYHO, OCTAHOBHTHLCHA HA
00pa30BaAaHHH 9THX NOHATHA, H60 HAYKa KaK TAKOB&AA He 3Haer
OTABIXA, H TOJBKO TOT HIH HHOM HCCJAEJOBATENb MOXKET IDHATH B

H3HEMOXEeHHEe.
&. KJIEHH




B 2T0i1 r;raBe MBI paccMOTpUM GoJtee CII0 kK-
HBIE 3a/a4¥, KOTOPHIE PEmIAlOTCS C IpHMe-
HEHHWEeM KOMIJIEKCHBIX 4uces. MBI yBHAUM,
KaK C IMTOMOIIbI0O KOMIIJIEKCHBIX YHUCEeJI MOr'yT
OBITH JOKAa3aHbI HEKOTOPHIE KJACCHYECKHe
TeopeMbI FeOMEeTPHUH, Hanpumep Teopema I11o-
nemes. Ha sispIke KOMIUJIEKCHEIX Yuces 6yaeT
U3JI0XKEHA uHAJATHUYECKAd IeOMETPUS INPSAMBIX M OKPYXK-
HOCTeH, ocBeleHa uges l'aycca peleHus ¢ IOMONIIbIO KOMII-
JIEKCHBIX YHMCeJI MHOI'OBEKOBOH NpOOGJIeMBI O BO3MOMKHOCTH
NOCTPOEHU S 11 PABUIBHBIX MHOMOYT'OJbHIKOB. MBI y6enumces,
YTO MOUCKY IEJOYMCICHHBIX DELIeHNWH HeolpeaeIeHHbIX
YPaBHEHU# ITOMOralT MHUMEE YHCJIA.

§ 13. Ilpamsbie HA KOMILIEKCHOM HJIOCKOCTH

Ha nmexapToBoOif JIOCKOCTH KaXKAaa NpAMasi MOXKeT OBITh
3ajlaHa ypaBHEHHEM:

ax+by+c=0, rgea’®+b’£0. (1)

HeTrpyaHo 3anucaTh TO ’Xe ypaBHEHHME NIPIMOU B KOMILIEKC-
HOi ¢opme. [y 3TOro AOCTATOYHO BBECTH KOMILJIIEKCHOE
HEPEMOHNce 2=Xx-+Yy-i ¥ BcuoMHHUTH (cMm. § 3), uT0o ¥=

1 - s
-:—5-(24—2), y:—%(z——z). Toraa (1) mpuobperaer BHA:

1 1 i
E(a - bi)z+—2-(a+ bi)z+c¢=0.
1
O00o3HaYNM KOMIIJIEKCHOE YHCJIO ?(a — bi) uepes a. Torza

1 =
—(a-}bi)=a, u ypaBHeHMe IpAMO# mpuoOpeTaroT BHUJI:

2 ,

a2+az= B, (2)
rje o — HOMILTeKCHOe uncno, a7 0, a f — neitcrsurensroe.
Hanpuwmep, ypaesenue (1 —i)z-+(1+4i)2=3 3agaeTr Takyio
npamyo: (1—ix+yi)+(1+i)x—yi)=3, T0 ecrp x-}
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C moMOIIBI0O KOM-

3
+y=5-
[IJIEKCHBIX IMepeMeHHBIX yA00HO
3amucaTh yYPaBHEHHE TIPSAMOH,
npoxoxsAmei uepes nBe JaHHbIe
TOukKu Z, u Z,. B camom xeine,
npu Jg060M BeIGOpe TOYKH Z Ha

—

npamMoii Z:Z»> BeKTOp Z\Z W
—
Z\Z> KOJUIMHEApHBI, I109TOMY
OTHOIIEHHe UX KOMIIJIEKCHBIX
KOOpAMHAT (2—2)/(20—2) BBI-
paskaercs AeHCTBUTEJIbHBIM YHC-
JIOM, OTKYZa:
(2—2_2_I)2—(z2—21)7:=
=Z|2-2—2~32-a. (3)
910 u Oyzer ypaBHeHHE MIpH-
MOii, mpoxoxsuleil Yepes TOYKHU
Zl H Z;).

Hanuumiem ypaBHeHWe 1ps-
moit MN, koropasi IIPOXOIUT
yepes JaHHYIO TOYKY Z( ¥ Ia-
pajyieabHa 3aJaHHOMY BEKTODY
PQ (puc. 28). Byaem mnogararTs,
YTO 3TOT BEKTOD 3aJaH CBOEH
KOMILJIEKCHOW KOOpAMHATOH cC.
Torpa npu Jaio6om BeIGOpE TOY-
KH Z wua unpamoii MN BEKTOD

nZ KOJIIHHEapPeH BEeKTOpY PQ,

CJIe0BAaTEJIbHO, OTHOLIEHHE HX
KOMILJIEKCHBIX KOODAMHAT BHI-
pakaercs AeHCTBUTEJIbHBIM YHC-
nom. Haye roBopsi, KOMIIJIEKC-
HAs KOODAMHATA KAaXKIOH TOY-
KM Z upsAMOH YyHOBJIETBOpSET
YCJIOBHIO
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Kapa ®puapux TAYCC
(1777—1855) — oguu 3
KPYNHEHIIHX MaTeMaTH-
koB XIX B. Eme B per-
CKHe TOABl NPOABHJI HC-
KJIIOYUTeJIbHEIE CIIOCOOHOC-
TH K MaTeMaTHKe M sSA3bI-
Ko3HaHuio. laycc ygymics
B TérTMHreHCKOM yHHBep-
cuTeTre, rae mnosgHee OBLI
AUpeKTOpoM ofcepBaTOPHH
4 pykosoaus kKadeapoit
maTematTikn. B 1799 r.
Taycc mokasas OCHOBHYIO
Teopemy anre6psl O TOM,
yTO MpU n=>1 MHOro4JIeH
n- CcTeneHW HMeeT XOTH
OBl OAWH KOMIUIEKCHBI i KO-
pesb. B 1809 r. Taycc
paspaborai crnocob, mo3so-
JMEBIIHK 1O Tpem Habio-
JEeHUSM BOCCTAHOBUTE Op-
6ury manoit nuaners Ile-
pepsi. B cBasu ¢ motped-
HOCTAMHU acTpoHomuu Ia-
ycc 3aHMMAJICH TaKkKe
Ba’YXHBIMH WCCJIEJOBAHUA-
MH 1[I0 TEOpUM PHAOB H
nuddepeHnua TbHLIM ypas-
Henusam. B 1830—1840 r.
oH paspabarteiBan BONpO-
ChI TEOPeTHYEeCKOU bu3nKu
(MarHuTHBIE SBJEHUSA, ON-
TKa). ['aycc usobpes sviex-
TpHUYecKuit Teserpad, pas-
paboTas MeTO Bl BEIYHCIIH-
TexbHOH MaTemaTuku. [lo-
4YTH BO BCe€X CBOMX Dpa-
6orax mo axareGpe, Teopu:
uHncen, Teopuu GyHKIMIL,
Teopun mnosepxHocTeir Ia-
ycC NPHUMEHAN KOMILIEKC-
HBEIE YHCJIA.



4 ! y
N
c Z 7
pl
p (¥ p
Zp P
0 Af X 0 \ X
Puc. 28 Puc. 29

2 z | 2z 20

c c c c

9to u Gyzer MCKOMOe ypaBHeHWE NPAMOH. 3amMeTHM, UTO

20 20
YHUCIIO (—)— (-_—) YHUCTO MHHUMO€ U €I'0 MOJXHO 3anucaThb
c c

B Buze bi, rge b — peilicTBuTenbHas KoHcTaHTa. [lonyuaem:

———=bi. 4
et (4)
YpaBHenueMm Buja (4) Moxer GbITh 3azana M0bas npamas.
IIpu aTOM arg ¢ — yroJs HAKJIOHA NPAMOM K AEHCTBHUTENH-
HO# ocH. IIOHATHO, YTO ypaBHeHHe (4) Becerjga MOXKHO IIpH-
BeCTH K BUAY (3), ¥ HA0GOPOT.

OcraHOBMMCA HAa YPaBHEHUM IPSAMOM, MpOXOAsmei ue-

——
pe3 maHHYIO TouKy P nepnenduxynapro Bextopy OP, rpe
O — uyneBas Touka (puc. 29). Ilycts Z — npou3BOJIbHASA
.
Toyka dToi mpaAmoi. Torga BekTop PZ KONNWHEapeH BeK-
- %

Topy OP’ ¢ KOMIJIEKCHOM KOODAMHATOH p-i. Hoemmy
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(z—p)/(pi) — meiicTBUTENIBHOE YHCJIO U, CJIEAOBATENHHO,
z—p z—p
PAaBHO CONPSIKEHHOMY € HHM YHCIYy: —— =—=— ,
pi —p
TO ecThb

b A (5)
P P

9TO M eCTh ypaBHEHHE NPAMOM, IPOXOoAsAIIeH yepes ToUKy P
MEePNeHAUKYJISPHO K BeKTOpy OP.

YT106hl HAWTH KOMIIEKCHYIO KOODIMHATY TOYKH Iepe-
CeYeHMA JBYX IPAMBIX a2 oz = B u az+az = Bi,
HYJXHO DEIIUTh CHCTEMY U3 STHX JABYX YPaBHEHHH U HAUTH 2
(nnu 2).

Ipumepsr )
1. Yz TOYKHM 2, ONYIEH IEepPIeHAUKYJISAp HA IPAMYIO
az+az=>b. (6)

HaiizeM KOMIIJIEKCHYIO KOODJZMHATY OCHOBAHMSA Iiep-
MeHAUKYJIApa U AJHHY 3TOr0 IepHeHJHKYIdapa.

Peme Hue YpaBHEeHHE NPAMOA MOIMKHO IepenucaTh
rak: iz — (i-o)2z = bi, wan

Z 2 : 1

— ——="bi, rHEe yYy=—:.

Y ¥ i
W3 sroii 3amucu caexyer (cm. (4)), 4To HaHHAA NpsaMas
napaJjjenbHa BEKTOPY C KOMILJIEKCHOH KOODAMHATOH 7v;
MO3TOMY NPAMAasi. 1POXOAALIAH Yepe3 TOUYKY 2| NMepHeH[H-
KyJIAPHO K JIaH1I0M NpPsMOi, IapajjesibHa BEKTOPY C KOM-
MJIEKCHOM KOOPAMHATOM O=iy; CJIeJOBATEJbHO, €e ypas-

—2 z2—2z

Henue (cm. (3)) Oyaer: o1 15 alir
§ §

IlocJie 3/ieMEHTAPHBIX NPeo0pPA30BaAHUI MMOJTydaeM:
az—&E:azl—&E.. (7)
Pemas cucremy ypasaenuii (6) u (7) oTHOCHTeNBHO 2z H 2,
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MOJYyYHUM, YTO KOOpAHUHATA 29 OCHOBAHMUSA NEPINEeHAUKYJIsIpa
YVAOBJIETBOPAET YCJIOBHIO!:

2(12()= b+az| —&5.,

b 2 —az
2= btaz—az (8)
2a
Jln1una paccMaTpUBaeMOro MepHeHAUKYJISpa pPaBHA
laz 4oz, —b|
|2| —2p| = —m————.
2|l

§ 14. Oxpy:kHOCTH HA KOMIIJIEKCHOH ILIOCKOCTH

OkpyXHOCTE ¢ eHTpoM B Touke C u paguycom R — aTo
MHOJKECTBO BCEX Te€X TOYEK Z, [AJsA KOTOPHIX PaCCTOSHHE
CZ pasHO R, TO ecTh

|2z—c| =R. (1)
ITO U ecThb ypasHeHue oxpyxHocTu. Pasencrso (1) moxem
mepenucaTh TakK:
_ —0GE-0=F,
z-z—cz—cz+|e|>—R*=0,
TO €CTh ypaBHEHHE KaXJOH OKPY’KHOCTH MMeeT BHJA:

2z 4+ az 4 az+y=0, 2)
rae o — KOMIIJIEKCHOE YHCJIO, a Y — AeicTBuTtenbHoe. OpHa-
KO ypaBHeHHe Buja (2) He MpH KaXXAOM Yy 3a4aeT OKPY K-
HocTh. [leificTBHTENIEHO, MBI MOJXeM ypaBHeHue (2) samu-
caTh Tak:

lz24al’=lal*—y, (3)
a BTO ypaBHEHHE 3a/aeT OKPYXXHOCTh JIMIOb IIPH YCJIOBHH,
qTo V< |ee|?. TIpm y= |oz|2 YPaBHEHHTO (2) YAOBJIETBOPSHAET.-
JIMIIb OZHA TOYKA 2= — o, & MpH Yy > ||’ — HU ogHO KOMI-
JIEKCHOE YHCJIO Z He YLOBJIETBOpSieT paBeHCTBY (3), TO ecTh

BOBCE HE CYIIECTBYET TOYeK, YAOBJIETBOPSIOIIMUX YCJIO-
Buo (2).
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OcoberHo ymoOHO 3amuCHBATHL B KOMILJIEKCHOM (dopMme
YPaBHEHHE OKPY’KHOCTH [', npoxoadAnieil yepes TpHu JaHHBIE
TO9YKM Z,, Z2, Z3. BriBegem aT0 ypaBHeHue. Touxku Z, u Z,
(puc. 30) nenar okpyxHocth Ha ayru IV u I, Ilyers IV —
Ta U3 HUX, KOTOpPas BO3HUKAET IIPHU JBUIKEHHUH OT Z| K Z2 B
MOJIOXKUTEJLHOM HANPaBJIeHHH (IIPOTHB YaCOBOM CTPEJIKH).
Byaem cuuraTh, uto I/ — aAyra, He cogepkauias TOUYKY Zsj,
a gyra [’ copepxur Z;. Paguannyio mepy nym_ll’> obosHa-
yum 4eped 2¢. Torga £ Z,__Z_3§2=q>, M BEKTOp Z3Z> MOMKeT
6BITH [IOJIyYeH M3 BEKTOpa Z3Z, IOBOPOTOM Ha yIoJ ¢ C IO-
creayomuUM pacrakenuem. ITosTomy

29— 23

S g
R te'’, (4)
rage t — mAelcTBUTENIbHOE (Iarke ITOJIOMKUTEIbHOE) YHCJIO.
JOns kaxaoit GUKCUPOBAaHHON TOYKM Z, yexkameil Ha ayre
I, umeeM aHAJIOTMYHOE PABEHCTBO:

20—

5% te?, (5)

rae t; — IOJIOKHUTENbHOEe YHucyio. Ecau ke Touyka Z pacro-
JIOJKeHA Ha NONMOJHHTeJbHOH ayre I, To yron Z,ZZ, copep-




JKHUT 71— () pajuaH, IPUYeM NPOXOAUTCS B OTPUIATEIHHOM
Hanpasienuu (puc. 31). ITosatomy

29—2

=t2€—i('1_q’)=‘— —t'g-ei(F, (6)
)\ —2
rae to — IOJIOKUTENBHOE YHCIIO.
U3 (4) u (5)— (6) Bugum, yTo npu 2:060M BHIGOpE TOY-
K4 Z Ha okpy:xHocTH |’ Apo6H

2—2 23—2
2— 23 g 23— 22
ABIAAETCA p;eiflc'rnn'renbumm YHCJIOM, &4 3TO 3HAYMUT, YTO OHA
PaBHa CONPAMXKEHHOH ¢ Hell Jpobu:
2—2) 23—2) ;-—~;| Ea_gl

= g * § it 7
2—2y 23—22 ()

2—2y 23—2p
ITO U eCTh Y PasHeHUe OKPYHCHOCTU, npoxodawell vepes Tpu
3adannvle Touku Z,, Zs, Z;. B Tom cayyae, korga TOYKH Z|,
Z,, Z3 nexkaT Ha OLHOU IIPSIMO, OKPYIKHOCTH, IIPOXOASALIEH
yepes 3TH TPH TOYKH, HEe cyulecTByeTr, HO ypaBHeHue (7)
MMeeT M B STOM cJiydyae CMBICJI: OHO 3aJAeT 9Ty IPAMYIO.

Yupamxsaenue

14.1. Hanumure (B KOMMJIEKCHOU (opme) ypaBHeHHE
OKPYKHOCTH, Ipoxoasameii yeped Touku 0, —2, 1+i.

§ 15. T'eomerpuueckne 3amaum, pemaemsie
C NOMOIIBI0 ENUHHYHOM OKPYIKHOCTH

Edunu4HOll OKPYHHOCTHIO B KOMILJIEKCHOM aHAJIN3e IPH-
HATO HA3HIBATH OKPYIKHOCTh, Y KOTOPOH LIEHTPOM SIBJIAETCS
HyJeBas TOYKa (Ha4aJyio KOOPAMHAT), a AJHHA paguyca pas-
Ha epuHuNe. Ha Heill, OUeBHAHO, PACIIOJIOKEHBI T€ H TOJIBKO
re TOYKH IUJIOCKOCTH, YbH KOMIIJIEKCHBIE KOODAMHATHI 2
yAOBJIETBOPSAIOT YCJIOBUIO | 2| =1. DTO yci0BHEe MO HO mepe-

] = S |
mecats u tak: |z|’=1, 1. e. z-2=1, wm z=~;—. Takum
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obpa3som, AJisi KOOPAUHATEL Z TOYKH €JHHUYHOM OKPYIKHOC-
T4 (¥ TOJIBKO AJIS KOOPAMHATHI TAKOM TOYKH) YUCJIO COMPHA-

- 1
JKeHHoe (Z) coBmajgaeT ¢ YMcJIOM OGpaTHBIM (7) . Taroit

N POCTOM Mepexo/| MO3BOJAET YIPOCTHTH MHOTHE BBIKJIALKH.

Ecnu MBI MM€eM HA NJOCKOCTH ITPOM3BOJIBHYIO OKPYIK-
HOCTh ® C LIEHTPOM B HeKOTOpoi Touke O u pagauyca R, TO
MOJXHO BhIODATh J€KAPTOBY CHCTEMY KOODAMHAT TAK, YTOOHI
HavYaJoM KoopAuHAT 6611 1eHTp O aT0it okpyxHOCTH. Torpa
KOODAMHATHI Z TOYEK OKPYIKHOCTH OyAYT 3a/aBaThCA yCJI0-

BueM |z| =R, unu 2 = i IToaTomy BBIKJIAZKH, CBA3aHHBIE

C TAKOH OKPYIXHOCTBIO, TOXe ITpocThl. IIpu HeobxoauMOCTH
MOJXEM OT TAKOH OKPYKHOCTH MEepeidTH K eJUHHYHOHN C I10-
MOIIBI0 I'OMOTETHH C LEHTPOM B Touke O. AHAJIUTHYECKH
39TO O3HAYaeT 3aMEeHY IePEeMeHHBIX: z2=Rz,.

Ecau Touyka Z NeHUT HA OKPYXKHOCTH paxuyca R, umero-
nieil HeHTPOM HYJIeBYIO TOYKY, H €CJI¥ pajuyc-BeKTOP TOY-
Ku Z o6pasyer ¢ AeHcTBUTENbHON OChIO YToJI ¢, TO KOMILJIEKC-
Hasg KOOpAMHATA 2 TOYKHM Z 3azaercd (opMyJoi

z=Re".
OTH I pocThie cO00pAaKeHU A TO3BOJISIOT PEUINTEL PA3HOOOpas3-
HbIe 3aZla4d, CBABAHHBIE C OKPYXXHOCTHIO C IL[EHTPOM B HY-
JIeBO# TOYKe.

Ipamvepsr

1. Ilycte AB u CD — pBe napainjejbHble XOPABl enu-
HUYHOK OKpy XHOCTH. JloKakeM, 4TO TOrAa AJIsl KOMIIJIEKC-
HBIX KOOPJAMHAT KOHIIOB DTHX XODPJ MMEeT MeCcTO PaBEHCTBO

ab=cd. 1)
—_— —

Peme nue.Bcuny ycaosus sexropst AB u CD konnu-
Heapnm, O3TOMY zum TMONYy4YEeHHU S BEKTOPA, PABHOI'O BEKTO-
Py CD U3 BEeKTOpa AB HaJ MOCJEIHUM CJeAyeT BHIMOJIHUTE
TOJIBKO pacTsyKeHue (Mau cxaTtue) U JubO cOBceM He BEI-
MTOJTHATH OBOPOT (eciimt AB u CD oguHAKOBO HAIIPABJIEHSI),
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Ju60 BBHITOJHHUTH IIOBOPOT HA 7l PaZUaH (eCJaM OHM ITPOTHBO-
MOJIOAHO HamnpasieHsl). II0dTOMY OTHOIIEHHME KOMILJIEKC-
HBIX KOOPAMHAT 3TUX BeKTOPOB (b —a)/(d —c) KomxHO 6BITH
AeiicTBATeNbHBIM uucaoMm. Ho Torzma cmpaBessMBO paBeH-
CTBO

d—c —c
TO €CTb,
b—a b—a
d—c¢ d—c
Tak kak a, b, ¢, d — KOOpZAMHATHE TOYEK HA EJWHHYHOH
= 1 _ :
OKPYIKHOCTH, TO @ = - d =g M MBI NOJIyYaeM:
1 1 1 1
o—ai—o=(1-2}(5-2)
(b—a):(d—c) o T== )

4TOo npuBOZUT K paBeHCcTBY (1). IloBTOpas Te ke paccyxpe-
HUA B OOpaTHOM MOPAAKE, MOXHO YOegMTHCS, YTO YCJIO-
BHue (1) He TONIbKO HEO6XOAMMO, HO M JOCTATOYHO AJIS IMapaJ-
NeabHOCTH NpaMeIx AB u CD.

2. Kakas gomkHa OBITH CBA3b MEMXKAY KOODAMHATAMMU
Touek A, B, C, nexamux Ha eAUHUYHONA OKPYIKHOCTH, YTO-
651 KacaTenbHASA K OKPYXHOCTH B Touke C 6blya 1napasiiesb-
Ha xopae AB?

Peme nue. Buibepem Ha oKpyxHOCTH aBe Toukd C;
u D, (puc. 32) tak, yro6sl xopga C,D, Guia mapajeabHa
xopae AB. Torpa

ab=c\d,. (2)

IIycre Teneps Toukn C; u D HeOrpaHUYEHHO NPUOGIU-
xkarTes k Touke C, HO Tak, 4To Xopaa C,D, ocraercs mapaJ-
nensHOM xXopne AB. B upenese xopaa C,D, BEIpOLUTCH B Ka-

caTeJIbHYIO U ¢,—C, d\—¢. IToaToMy u3 (2) MOJIYYUM HCKO-
MO€e YCJIOBME:

ab=c". (3)
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Vd T
G
\\ B
\\
0 ~ I] X
D,
Puc. 32 Puc. 33

9ToT PaKT JIErKO YCTAHOBUTH HHAYE, eCJIM O6pAaTUTh BHUMA-
Hue Ha TO, 9T0o C — cepepuna ayru AB.

3. Kak noyoxHBI OBITH CBA3aHBI MEXAY co00i KOOpAM-
HaTHl a, b, ¢, d xoHUOB Xop# AB u CD efMHUYHON OKDYHK-
HOCTH, YTOOBI 3T XOPABI OBIJIM B3AUMHO TTEePIEHAUKY JISPHBI
(puc. 33)?

Peme uue O6o3Hauum uyeped B’ TOUKY, CHMMETPHY-
HYIO TOYKe B OTHOCHTENBHO LEHTPA eAUHUUHOM OKPYIKHOC-
1 (puc. 33). Torga A BAB’ — npaMOYroJibHbINA, M03TOMY
AB’ | AB. CaenoBaTenbHo, Toraa ¥ Toabko Torna AB 1 CD,

xorga AB’||CD, 1o ects xorga ab’=cd. Ho b’= —b. Ilo-
3TOMY IOJIyYaeM yCJIOBYE NMEPIeHAUKYIAPHOCTH: a-(—b)=
=cd, ab+cd=0.

4. Vi3 Touku C, snexameid Ha eIUHHYHON OKPYIKHOCTH,
onymeH nepneHgukynsap CZ Ha xopay AB. 3Has KOMILIEKC-
HBle KoOpAMHATH Touek A, B, C (puc. 34), naiigem Koop-
JAVMHATY OCHOBaHUS IMEPIEeHAUKYyNApa Z.

Pemenne. CHavana HalzileM KOOpAMHATY TO4YKH D
(puc. 34) Berpeun npamoit CZ ¢ 0kpyskHOCTHIO. B cuny pemre-

b
HuA npumepa 3 umeem: ab-+4cd=0, d= —a?. OueBugHO,
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A g 4
q P
0 X 0 X
D
A
Puc. 34 Puc. 35

O_Z*=52’> +56, rae P u Q@ — cepenunnl xopx AB u CD.
: L% 1
Iloaromy z=p+gq, p=3(a+b), g=-lc +d),

1 ab
z=—(a+b+c——)_

2 c

9ra dopMyna MO3BOJSAET HAWTH KOMIJIEKCHYIO KOOPJMHA-
TY TOYKH IepecevyeHUud ABYX B3aUMHO NEePHNeHIAUKYIAPHBIX
XOpA.

5. Hajigem KOOpAMHATY TOYKM IlepecedeHUus JABYX XODPA
AB u CD eguHUYHOU OKpPYyMHOCTH (pHc. 35).
Pemenue. Ilycte P u @ — cepefuHBl 2THUX XOPA.

1 1
Torga p=—2—(a+ b), q =E(C ~+d), u npamele AB u CD ume-
for ypasaenus (cm. § 13, dopmyna (5)):

+

2 P z z
—_— E—— 1’ —_— —— I 1 e
a+b a-+b c+d B3 c+d
PemnM cucTeMy 3THUX ABYX ypaBHEHHH, HCKJIOUMB 2 (HJIs

Yyero yMHOXKHUM IepBoe ypaBHEHHE Ha

1
i i
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Ha —1—_, a TMoJy4YeHHble pPaBEHCTBA BHIYTEM IIOYJIEHHO).
@+b)
IMonyuum:

‘ 1 1 hith Sy
£ '((a+b)(2+d)—‘(c+d)(5+b))_c+d at+b

= ik ==
Tak Kak OKPYYKHOCTH eAWHHYHASA, TO a=-a—, 3% d=%, 71
O3TOMY
1 1
"( " T NG5
@+o)(Gtg) CHa(z+y)
R | 1
e I I
i d e’ D
OTKYAa

__(a+b)cd—(c+d)ab
= cd—ab ’

BamMeTHM, 4YTO YacTo yaoOHee MOLCUMTATH He 2, a 2. B ca-
MOM JieJie, €CJIM B HocaeHed GopMyiie 3aMEeHUTE BCE YHCIa

=4 =1 = 1] %
Ha CONpPSKEeHHbIE U y4YecTb, 4TO @ =-—, b=——b yo=—, d=
a c

=-—, TO HOJIYYHM:
d Y

(a+b)—(c+a)
ab—cd

PesynbTaTh! M3 npUMepoB 1 —5 ocTaroTCA B CHJIe M TOrAA,
KOTZAa peyb HIET He O eAUHNUYHONH OKPYKHOCTH, a 06 OKPY K-
HOCTH IIPOM3BOJILHOTO pajiiyca ¢ LeHTPOM B HYJIeBOH TOUKe.

Jnst KOOpAWHAT TOYEK, PACIOJIOMKEHHBIX HA eJMHUYHON
OKPYJKHOCTH (MJIM Ha OKPYXHOCTH IIPOM3BOJILHOTO pajuyca
R c ueHTpOM B HYJIEBOH TOYKE), UMeeTCS IOJie3Has IJIs
IPUJIOKeHUH GopMyIa, MO3BONAIOMAA IEPEHTH OT MOLY IS
Pa3HOCTH 9THX YMCeJ K caMoif uX pasHoctu. Ilyers 2, u 2y —
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KOMIIJIEKCHEIE KOODJAMHATHI KaKMX-IM60 ABYX TOdYek, pac-
TONIOKEHHBIX HA OKPYKHOCTH pazuyca R ¢ IeHTpPOM B HyJie-
BO# Touke (puc. 36), & U B — aprymMeHTsl YHCeN 2| U 23, 0 <<
< a<<f<2n. Torpa i;l

(4)

20—21=|20—2|-i-e
JeficTBHTETBHO, MOJNB3YSCh MOKA3ATENbHON (HOPMOH KOMII-
JIEKCHOr'O 4ucJia ¥ caejctBueM u3 dopmyinnl Jditysepa (cm.
(12) B § 7), umeem:

20— 2, e"u_e"n 1 "B—za _lﬂ;a
=R. =-—R(e —e )=
ie ie
—a
=2Rs1nﬁ2 > 0.
Orcrona
l#s—2| =2R sin P=%,
2
TaK 4TO

20—2)

ie

=|29—2|,

a 9TO PaBEHCTBO PaBHOCHJIBLHO (hopmyse (4).

6. (3apaua Apxumena.) UsBecTHO, YTO ecJU OTPE30K
CTArMBAET HEKOTOPYIO AYTI'Y OKPYXHOCTH (SBJISIETCS €e XOp-
J10#1), TO MepPIEeHANKYJIAD, ONYILIeHHBIH U3 cepefuHbl P nyru,
JEJAT XOpAYy momoJsiamM. Apxumej 3auHTepecosascs Oosee
obmum Bompocom. Ilycrs paBy3BeHHasi Jsiomanas ABC
(puc. 37) uMeeT BCce CBOM BEPIIMHBEI HA HEKOTOPOH OKpPYXK-
"HoctH. Touku A, B, C 3aal0T HEKOTOpPOe HaIlpaBieHue 06-
xona okpyskHocTu (or A K B, zarem k C). Ilycte P — ce-
penuna nyru A BC, npoii feHHOM B yKa3aHHOM HaNpaBJIEHHH.
Onycerum u3 P neprnengukynsp PQ Ha «nomanyio ABC»
(mox ®TUM, €CTECTBEHHO, MOHMMAEM IepPHeHJUKYJIAp, Omy-
meHHbId Ha Giausxaiimee k P 38eHo somaHoit ABC). Byger
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Puc. 36 Puc. 37

JIM BTOT NEPHEHAUKYJIADP TAKXKe NEeJUTh AJMHY JIOMaHOU
ABC nononam?

Pemeuune. Bes morepr OGLIHOCTH MOMHO OrpaHHu-
4YUThCSA cly4yaem, Korpa xopaa AB Goabme xopast BC. Tou-
ku A, B, C pacnosioKeHsl 110 OKPYKHOCTH B IOJIOMKHUTEb-
HOM HAIIpABJIE€HHH (IPOTHB ABHIKEHHS YACOBOM CTPEJIKH),
a JnJyuHA pajuyca paBHa eauHune. Beibepem aexaproBy
CHCTEMY KOOPDAMHAT TAK, KAK yKa3aHo Ha pucyHke. O603Ha-
9YuM paguaHHyio mepy ayru APB uepes 2a, a ayru BC —
gepes 2p(0<<a<xn, 0<P<m, 0<<a-P<<m). Torga Toukn
A, B, C, P uMe0T COOTBETCTBEHHO KOMIJEKCHbIE KOOPLH-
gaTe a =1, b=e¢"", c=e* " p=¢ 1P (Pacnpamum»
nomanyio ABC, To ecTh HaligeM HA TIPOTOJIKEHUHA OTPE3Ka
AB Takyw Tourky D, uro BD=BC, # CONOCTaBUM JIHHEI
orpesxoB DP u PA. Ecnu OHM OKa)XyTcs pPaBHBIMH, TO
A DPA — paBHOGEApPEHHBIH, U @ JENHT AJNUHY JIOMaHOM
ABC nononam. [Insi BHISCHEHUS DTOro HalJeM KOMILIEKC-
Hyw0 kKoopauHaty d Touku D. CHavasa HAalgeM BeJIMIMHY
yrna DBC. Tak xak £ DBC — suemnuii gius A ABC, a
£ BCA=a, £ BAC=8, o £ DBC=o+p. Tak xak Bek-
Top BD nonyuaem u3 BekTopa BC mosoporom Ha yrox a-f§
B OTPHIATENHHOM HANPABJIEHHWHM (II0 YACOBOM CTpeJIKe), TO
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d—b=(c—b)e "“tP, Temeps nerko HAXOAMM KOMILIEKC-
— —_—
Hble KOOPAWHATH BeKTOpoB AP u PD:
p—a=eCtP 1 d—p=b{(c—b)e tP_p,
a TaKKe MX JJIMHBI:

Ap i(a+B)
A |AP|=|p—a|=|e“tP—1]|,
’PD I 28 Id-p' 1 'ei-Za+(ei(2n+2ﬂ)_ei2n)e—i(a+ﬁ)___
—e@th| — }eﬂ'?u_ei(u—li” - |ei(u-b)(ef(u+ﬁ)_1)| ik
____|ei(a+ﬁ)_1|.

Bujgum, uro IXISI = IP—D>| , A DPA — paBHOGepeHHBbIH, I10-
9TOMY JUIMHA OTpe3Ka AQ BABOe MEHbUIE AJUHBI JIOMAaHOM
ABC'.

7. JlpeBHerpe4eckoMy reoMeTpy H actrpoomy Kiasauio
IITonemero mpuuULJIOCH (B CBA3M C COCTABJIEHHEM AaCTPOHO-
MUYECKMX TabGnuil) pewaTh Takylo sagady: Ilyetb B OK-
PYKHOCTb BIIHCAH BBIMYKJbIA 94eThIPeXyroJbHUK A | A2A3A
(puc. 38). TpebGycrcsi BHIPAsuTh CyMMY IIPOM3BEAEHUH €ro
IPOTHBOIOJIOIKHBIX CTOPOH Yepe3 AHAroOHaJd YeThIpex-
YIOJIBHUKA.

PemnM 3Ty 3ajady ¢ MOMOIILI0 KOMILIEKCHBIX YMCEJl.

Pemenue. Besd morepum OOHIHOCTH MOMXHO CYHUTATH,

YTO IEHTP OKPYKHOCTHU IIPH-

HAT -B Ka4yecTBe HA4Yaja Ko-
~ OpAMHAT M YTO Ipu obxoxe
y‘ OKPY?KHOCTH IIPOTHB 4acOBOM
CTPEJIKM MBI I1OCJIeZOBATENb-
HO BCTpEeYaeM BepUIMHBI A,

Ay, Az, A,. UX xoMmIiekc-
A R HBIe KOOpAMHATBHI 0603HAYUM
3. X yepes 2y, 22, 23, Z4.

A3 . ! Ilpyroe pemenue npumepa
Ay 6 (6e3 KOMIJIEKCHBIX YHMCEJI) MOK-
HO TOJIYYHTh, €CJAH BOCIOJIb30-
BaThbesl (HOPMYJIOH AASL CYMMBI
Puc.38 CHHYCOB.
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9TH 4YHCJIa MOJKHO 3aIIMCATh TaK:
z=R-é* (k=1, 2, 3, 4).
B panwHelinieM mnoasayemcsi cooTHomeHuem (4). Umeem:

A Ay AsA+ AsAs-AA = 20— 2| - |24 — 23] + | 23— 22| X

20— 2) 24— 23 23—27 24— 2)
Xlzn—z|= a.1+az. iaa+a.+ ,.a:+a.' im;au:

ie ie ie ie
— 2124 — 2923+ 2324+ 2122 24— 29 23—2i

i ‘fz.iag+q;ia. T et ia:+an
2 ‘73 3

r-e ie ie
=l|zs—2s| |zs—21| =A24,-A A3,
UM OKOHYATEJIbHO:
A Ay A3A i+ A2A-AA =A1A3-A5A,.

HUrak, 6 kaxOdom 6nucCaHHOM 6bINYKIOM HeTbipex-
Y20NbHUKE CYMMA NPOU36edeHUll N POTUBONONONCHBLX CTO-
POH pasHa npousgedenuto ezo duazounaneil.

MBI yCTAHOBHIIM U3BECTHYIO Teopemy Ilrtonemes.

8. Moxker nM CAYYHUTHCH, YTOOBI B KaKOM-JMGO BHI-
IYKJIOM 4YeThbIpeXyrosbHuKe A | A>A3A, (BIHCAHHOM WJIH He
BIIMCAHHOM B OKPY’KHOCTH) IIPOM3BEAEHUE AUATOHAJIEH OKAa-
3ayock fonbole, 4eM CyMMa IIPOM3BEAEHH I ITPOTHBOIIOJIOMK-
HBIX CTOPOH?

Peme Hue. B xose perrenusa npumepa 7 MBI y3Ke MOJb-
30BaJINCh TOXKAECTBOM, BEPHBIM AJA JIOOBIX KOMIIJIEKCHBIX
gMCeNn 2y, 23, 23, 24 (2a—21) (24— 23)+(25—29)(24—2))=
=(Z4 —-22) (23 —2|).

Onupasice Ha CBOHCTBA MOAYJIEH KOMIIJIEKCHBIX YHCEJI
(cMm. § 6), monyuum:

lzs—22i-lza—21l < lze—2i| - lzs— 23] + |23 — 22| « |24 — 21,
TO ecTh BCeria
AA3- ArA <A Ay-A3A+A)A;3-AA .
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MA

I Puc.40 Puc. 39

MBI mOJIy4YuSIM TAKOe AOmoJIHeHHe K Teopeme IlTonemesn:
8 KaiOoM 4HeTbLpexyzoabHUuKe npougeeaeuue duazonaneil
He Gosbule CYMMbL NPOU3Be0eHWLl €20 NpPOTUBONONONHbBLX
CTOPOH.

9. TpucekrTpucoil yzaa HA3LIBAIOT Jy4, MCXOAAIINN U3
BEePUIMHBI yIJla U OTCEKAIIMH OT yrja BTPOe MEHbIIMM
yrou (puc. 39). ITIoHATHO, 4YTO KAXKABI yroJ HMeeT XBe TPH-
ceKTpuchl. PaccMOTpMM cHavaJla pPaBHOCTOPDOHHHM Tpe-
yroabuuk ABC. Ilyers M — TOYKa NepeceyeHUus ABYX TPH-
CEeKTpHuC, IPUMBIKAIOIMUX K cTopoHe BC; @ — ToYKa Iepe-
CeyeHus ABYX TPHUCEKTPHC, IPUMBIKAIOIMUX K cTopore CA;
P — T104YKa nepeceYeHU s TPUCEKTPUC, IPAMBIKAIOUIUX K AB.
OueBuHO (M 3TO HETPYAHO AOKa3aTh), yro A MPQ — pas-
HOCTOpPOHHMIL. BygeMm Temepb yzajaATh BepmiduHy A OT CTO-
poubl BC, HO Tak, 4T0o661 A BAC ocraBajica paBHOOEApeH-
HBEIM; TOrjga 6yAyT U3MEHATH CBOE IOJIOXKEHHE ero TPUCEK-
TPHUCHI, & TAKKe TOYKH UX nepeceuyeHus M, P, @ (puc. 40).
OueBuzHO (M 3TO TOXKe JierKo oGocHOBaTh), uro A MPQ
ocraHercsd paBHOOeApeHHEIM. AMEPHMKAHCKHH MaTeMaTHK
Mopiu npeanosoxuia, 4o A MPQ [OJKeH IIpU 3TOM OC-
TATHCA PABHOCTOPOHHUM. CrpaBejsuBa JH 5Ta THUIIOTE3a
Mopau?
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Peme nue. Pacosoxum paBHOGeppenHbii A ABC
Ha KOMIUJIEKCHOM IIJIOCKOCTH TaK, KAK YKAa3aHO HA PHUCYH-
ke 40, npuueM pajuyc OINMCAHHON OKPYXHOCTH MOXEM,
He Tepss OONIHOCTH, CYHTATh PABHBIM efuHuue. B cunay
CHMMETPHH YepTeKa OTHOCHTEJHHO AeHCTBUTENBbHOH OCH
ACHO, YTO TOYKa M JeXKUT HA BTOM OCH, a TOUKH P u @ cum-
MeTPHUYHbLI OTHOCHTEJbHO 3TOi ocH. Ilyers nyru ARB’, B'B”,
B”B, AC', C'C”, C"C copepxaT mno ¢ pajguaH KaMxjaad,

2
a ayru BD’, D'D”, D”C copepxar 1o gn — 2¢ paguaH.
L

2 1
Beenem ob6oszuavenue: €Y=a, e T

Hmeem:

M=e"=—1, A’=1, a=1, b’'=a, b’ =a’, b=a’,
2
i(gntg
d'=e\® )=X"-a, c=a 0 ¢l=a Y ¢'=a 3
m=m, p=g.

Jns pemesus Hamed 3a7ayd BHIYMCIMM KOODAMHATHI BeK-

e
'ropon MQ u MP u nocJie 3TOro m.mcmm, MOJKHO JIM BEK-
TOp MP MOJIYYHTh U3 BEKTOpa MQ nosopoToM Ha 60°. Boe-
noab3yemcsa GOPMYJIONH AJIA KOOPDAMHATE TOUKH Iepecede-
HUA JIBYX XOpPJA eJUHHYHONH OKPYKHOCTH (cM. mpumep 5).
Tax xkaxk xkoHusl xopa BC’’ u CB’’ MMeOT COOTBETCTBEHHO

rxoopauHaTel o’ u a2 a”® u o, To

3 —2 —34 2 3 (y—1\3

m=r_n=(a +a7%)—(a Ll ta’)_a (a_ ) —(a 7'72’
a—a" a—a ! a—a

m=o'—a+1—a'4a % (5)

Tak kak KOHOBI Xopx BC’ u AD’ umMeOT COOTBETCTBEHHO
kooppuHate o’ u o', 1 u A’a, TO
— (4o )—1+ar?) a’—1  a '1—a®?)
= a’—Aa 4 a(oe—A%) a(a—A%)
Ecau yyects, uTo A°=1, TO MOHO YHMCIUTEIM DABKETHTEH

Ha & —A’: ZOCTATOYHO B KAIKIOM M3 ABYX YHCJIMTEJNIeH 3a-
meruTh 1 Ha AS. IMomyuum:
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3 6 —20,.272 )
ML a s T
—o " HHa+A?).
Eenu yuecers, uto A= —1, T0 momyunm:
g=p=a+r\—A+2)a"" +ra"2 (6)
s

U3 (5) u (6) crepyer, uro BekTop MQ HMMeeT KOMIIJIEKCHYIO
KOODAMHATY 4
g—m=—a’+4+2a4+A—1—A*4+r—1)a" '+
+(A—1)a~2% (7
— —_—

Tak kak BexTop MP cumMmeTpuueH BeKTOPY MQ OTHOCHTENB-

HO JeHCTBUTENbHON OCH, TO p—m=q—m ,

TO €CcTh

et 2 () G d e

1 ;

+ (7 ' )al. (8)

Kpome Toro
Mg—m)= —Ara’+42ha+ A —A—A* A2 —Na "'+

+@A*—Na2 9)
Ocraercss IpOBEPUTH, PABHEI JIK KO2((HHUIMEHTHI IIPH COOT-
BeTCTBYIOIUX cTeneHsaxX OykBbl oo B opmynax (8) u (9).
9T0 HETPYZHO CAENATH, eCIM ydecThb, uro 14+ 1°=0, To ecTh
(14-2)(1 —A+21*)=0 u, crexoBarensHO (Tak Kax A= —1),

1—A+4A*=0. (10)
Jlns npumepa comocTaBuM koadduuuents mpu a’ B (8)
u (9):

A A A
Hrak, BUAUM, YTO p——m=k(q—m_),>a 9TO O3HaAYaer,
yTo BekTOp MP mosyuaem u3 BekTopa MQ myTeM moBOpoTa
Ha 60° 10 ecrp A MPQ peiicTBHTENBbHO IpPaBHJIbHBIA. I'H-
note3a MopJsm okasasach BEpHOM.
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Oxaszasoch, 9TO aHAJIOTUYHBIN pe3yasTaT (Teopema Mop-
JIN) HMEeeT MEeCTO He TOJBKO JJIA paBHOOeAPEHHBIX, HO U AJd
JIIO0OBIX TPEYTOJILHUKOB: NPU JIOGOM 6bl6ODE TPEY20NbHUKA
ABC To4Ku nepeceieHus nap TPUCEKTDPUC, NPULEZAIOULUX
coorgercréeno K croponam AB, BC u CA TpeyzoavHuka,
ABLAIOTCA 6EPULUHAMU NLPABUALHOZO TPeY20AbHUKA. B cay-
Yyae NPOM3BOJIGHOTO TPEYTrOJIbHMKA 3Ta TeopeMa TaKKe MO-
sKeT OBITH AOKA3aHA C MOMOUIbI0O KOMIJIEKCHBIX unces. Cie-
JyeT JUIIb HeCKOJbKO BHU/OM3MEHHUTH IPUBEJEHHLIE BbILIE
paccyx/geHu .

YupasxHeHHA

15.1. B eguHUYHYIO OKPYXHOCTh [' BOMCAaH Tpeyrojb-
HUK ABC. 3Has KOOPAMHATHI TPEX BEPIIMH TPEyIrOJbHUKA,
BBIYUCJIMTE €ro IJoINaxb X KOoOpAMHaThl Touku H mepece-
YeHHs ero BbICOT, Touku K mepeceyeHus ero GHCCEKTPHUC H
Touku M mnepeceueHus ero meauaH. COXpaHATCSA JIA BTH
dopmysel B cayyae, ecaud |' — mpousBONbHAA OKPYKHOCTH
C IEeHTPOM B HYJEeBOH Touke?

* 15.2. B tpeyronpHuke ABC npoBejeHbl GMCCEKTPUCH
€ro yrJjioB, KOTOphle IEPeCeKAI0T ONMUCAHHYIO OKDPY’KHOCTH
COOTBETCTBEHHO B Toukax A, B, C,. AsasAiorcs 14 npsMseie
A\A, BB u C,C npoRoIsKeHHBIMH BHICOTAMH JIJIS TPEYTOb-
Huka A B,C,?

* 15.3. B oxkpyxHOCTH BRIGpaHBI Ba B3AUMHO IEepPIEH-
IMKyJIApHBIX paguyca OA u OB. Yepes Touku B u A U HeKo-
TOPYI0 TOYKY M 4YeTBepTH OKPY’KHOCTH (OrpaHMYEeHHONH pa-
nuycamu OA u OB) npoBefeHsI fBe NPSIMBIe, KOTOPLIE Iepe-
cexaioT gyun OA u OB cOOTBETCTBEHHO B TOYKax A, u B,.
Oxazaioch, uTo OA | =20A. Bo ckosbko pas orpesok OB,
AauHHee oTpe3ka OB?

Pemmre ananoruunyio sagauy, eciu OA, =a.-OA(a+1).

* 15.4. B OKpPY’XHOCTh BOHCAH TPEYTroabHUK Z,Z.Z3. U3
MPOM3BOJIBHON TOYKM Z OKPYKHOCTH ONYINEHb! IepIeH/H-
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KYJIADHI HA BCE TPH CTOPOHBI TpeYTOJBHHKA (MJIM HX mpo-
noyxenus). Bosunkaior Tpu roux# Ci, Co, C3 — ocHOBaHMSA
YKa3aHHBIX NEPNeHAUKYJIApoB. BEPHO JIM, YTO OHH JieXaT
Ha OAHOH mpaAMOK?

* § 16. 'eomeTpHueckue npHMEHEHHUA ONpPe/eIATe-
Jied ¢ KOMILIeKCHBIMH 3jeMEHTaAMH

Pemenue HEKOTOPHIX reoMeTpyY€CKUX 3a1a4Y 3HAUNTENb-
HO YIpOILAeTCs, eCOU BOCHOJb3PBATHCH OnpedenuTenimu
TpeTbero mopazxka. Ompezesurei¥ (MX TaKKe Ha3bIBAIOT
AerepMuHaHTaMH) 6binu Brnepsni? BBejeHs! I. B. JleiGuu-
IleM B CBSI3M C pelleHHeM cHCTEM JIMHEHHBIX ypaBHe-
uuii. IIycrs TpebGyercs pemuTh ¢MCTEMY ABYX ypaBHEHMH
(¢ medcTBHTeNBHBIMH WM KOMIIJIEKCHBIMH K09 duIu-
eHTaMH):

{a|x+b|y-:0|.
ax + boy =C2. (1)
Ionyyum (ecnu a bs—asb; #0):

__ ciby—cob, __ aica—asc

—alb2—42b|’ y a[bQ—ale'

Pemwenue Gymer, m mpurom epgAHCTBEeHHOe, ecnu @ br—
—ash;#0. Beipaxenue a,b,—d2b1 HassBawT onpedenu-
TeseM 8TOpP020 NOpPAOKA ¥ 3anuchlBAlOT TaK:

a b |

Iaz by

Pemenne cucrems! (1) MoxkHO 38MMCATh TaK:

o] ¢ b a ¢
|C2 bo | pe 4 Iaz C2 I
= PR S 1L
a, b a; b
Iaz b | laz b, I

Ilox onpedenurenem Tpervezo nPPAOKA
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a b| C)

a by co

az by c3
MOHMMAIOT TAKOW MHOPO“HIGH:

aibscz+ bicaasz+asbscy —asbacy —asbicz—a bsco.

IOTOT rPOMO3AKHI MHOrOYJIeH 3allOMHHAIOT TaK: cHavasa
6epyT cO 3HAKOM IIJIOC TPH YypPaBHEHUS, yYKa3aHHBIE B
Tabauie

a b| C

a ‘bz ‘02

as ‘ba \03
(«ryiaBHasi AMAroHaJNb» W JABa TPEYrOJbHHUKA, Y KOTODBIX
OJiHa M3 CTOPOH IIapaJjijeJibHa IJIAaBHOW JUATrOHAJH), & 3aTeM
CO 3HAKOM MHMHYC TPH IIDOM3BENEHMS, YKA3aHHbIE B TOH Ke
Tabauie

a bl C|

alz b; C2

af; b; C3
(¢BTOpas KUaroHajb» M ABA TPEYrOJhHUKA CO CTOPOHOM,
napaJijielbHOM 3TOM JUArOHAJH).

Takoe onpejeneHne ya00HO AJisl PeIlIEeHUA CHCTEMBI TPEX

YPaBHEHHMH ¢ TpeMs HEM3BECTHBIMU: '

a\x+biy+ciz=d,,
agx—{-bzy “+coz=d>, (2)
a3x+ bay +c3z =ds.

OxaspIBaeTcs, YTO €CJIH O PEAesIUTENh

a bl Ci
A =|as by ¢2|#0,
a3 by c;

TO pelIeHHe CHCTeMbI eHHCTBEHHOE U OHO MOKeT GBITH IOo-
Jy4eHo 1o dopmyaam:
) A| Az A:;

_—,y=— 2 = ——

A



rae

d by c a d, ¢ a b d
Ar=|ds by c2f, \o=l|as d2 ¢2|, As=|as by do|.
ds by c3 a3 diz c3 az bz d;

IIpu d,=d>=d;=0 cucrema (2) npuobperaer BHZ:

ax+by—+ciz=0,
asx+ by +c:2=0, (3)
asx+ by +c3z2=0.

Takyo cucremy HasbBalT 00HOpPodHOolU. OHA BCcerga uMeeT
pewmenue (Tpoiika yucesn x =0, y=0, 2=0), koTopoe Ha35bI-
BAETCH TPUSUANLbHbIM, UIIH HYe6bim. IHOTIa TPUBHATIBHOE
peliesue cucrembl (3) sABasiercss eAUHCTBeHHBIM. OHaAKO
€CTh OAHOPOAHBIE CUCTEMBI YPABHEHUH, Y KOTOPHIX, IOMHAMO
TPUBHANBHOIO, CYIIECTBYIOT M Apyrue peumrenus. Taxosa,
Hanpumep, cucrema x —y =0, y—2=0, z—x=0 (oxHO U3
ee HeTpUBHMAJILHBIX pemenuiu: 7, 7, 7).

Ilepe4yncaUM HEKOTODhIE CBOWCTBA ONpejeauTesei Tpe-
THEro MOPAAKA.

1) BeluuciieHue ONpefieIMTeNsA TPETHEro NOpAAKa MOXMK-
HO CBECTU K BBIYMCJIEHHIO OIIpejie/IuTeieidl BTOPOro mopajgKka
no ¢dopmye

a b| Ci

by c: as ¢ a b,
as _b2 Cc|l=a,| ° : — b, . it +C| % =
as; by c3 by c3 as c3 as bs

2) Ecau onpejenuTesb HMEET ABa OJHHAKOBBIX CTOJIONA
(cTpOKM), TO OH paBeH HYJIIO.

3) Ecou Bce aneMeHTHI ' Kakoro-uubyab crosbua (cTpo-
KHM) UMEIOT O0LIMi MHOXKHUTEJb, TO €ro MOKHO BBIHECTH 3a
3HAK ONpeJeIUTeNs.

4) Ecniu KO BCeM 3JIeMEHTaM KaKoro-Hubyas crosbua

' Duemenramu onpeaenvTeNs Ha3LIBAIOTCH YUCJIA, U3 KOTODPHIX
OH COCTABJEH. "

96



(cTpokn) npubGaBUTE COOTBETCTBYIOIIUE JJIEMEHTHI J[PYTOTO
croabua (CTPOKH), NPeABAPUTEIHHO YMHOMEHHbIE HA OAHO
# TO ke 4ucio (L), TO OT 3TOro 3HaYEHHE OIpPeJeTUTENA He
H3MEeHHTCH.

5) OmpejenuTesnb TPETHErO MOPAAKA TOTJAA H TOJBKO
TOrZa paBeH HYJIO, KOrga Kakoid-Hubyns ero crosaber (cTpo-
Ka) ABnfAeTcHA NuHeHHOH KoMOUHAUMel ABYX APYrHX ero
cTon61IoB (CTPOK).

6) OmuopoaHas cucrema (3) MMeeT HEeTPMBHAJIBHOE pe-
IeHHe TOrZa U TOJIBKO TOIZA4, KOTAAa OIpeAeJHTeNb 3TOH
CHCTEeMBI PaBEeH HYJIO, TO €CTh

a b, ¢
a b2 Co =0.
a; b3 c3

Ipamepsl.

1. IlycTe HA KOMIIJIEKCHOM IJIOCKOCTH JaHBI TPU pas-
JIMYHbIEe NpSMBIe, M3 KOTOPBIX XOTA Obl JBe He mapaJ-
JIeJIbHBIL:

a.z+&,5—b|=0, (4)
a22+a2;_ b2=01 (5)
a3z + azz—b3=0. (6)

Jlokaxem, 4TO 3TH NPAMbIE UMEIOT OOLIYIO TOYKY TOrZa H
TOJIBKO TOrZAa, KOraa

) E. bl
ay 2 b2 =0,
Q3 03 b:;

Pemenue. Ilycrs 2o — ofmias TOUKa 3TUX TpexX Ips-
MbIX. Torga BEIMOJIHAIOTCA PaBeHCTBA:
@120+ a120— b, =0,
o BY 1) + o220—b2=0,
320+ aazo— b3 =0.
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9TO 03HAYAEeT, YTO BCIIOMOTATEJHLHAS CHCTEMa TPEX OJHO-
POAHBIX ypaBHEHH M

a|u+&|u+b|w=0,

a2u+ Egu + bzw =0,

a3t + ousv + bsw =0
HMeeT 3aBeJJOMO HEHYJIeBOe pelleHue (2o, 2o, — 1), mosTOMY
ONpPeIeIATENb 3TOH CHUCTEME! AOJIKEH OBITh PABHBIM HYJIIO.

U Haobopor, ecnu 0 Tpex npameuix (4), (5), (6) ussecrno,
YTO XOTS OBl JiBe U3 HUX HeNmapaJJieJIbHBl M 4YTO OIpEeJeJIu-
TEJb CUCTEMBI DABEH HYJIIO, TO BCE TPH IpPAMEIE HMEIOT 06-
HIYI0 TOYKY.

PaBeHCTBO HYJIIO ONpeAenuTe/] s O3HAYAET, YTO TPEThs
CTpOKa HABJISeTCS JUHEWHOH KOMOMHAIMeHd ABYX APYrux
CTPOK, TO €CTh CYIIECTBYIOT TAKHE YHCIAA A) M Ay, UTO a3 =
=M, +k2a2, 53=M&. + lz&'_), bys=Mb, + Aabs. Ecau Touka
20 JIeKUT HA TEepBHIX ABYX NPAMBIX, TO o120+ 20—
—b =0, a2z0+&350 —_92-_-——0 Hu, CJIe,IIOBaTe.le}_{O, a32()+
+ aszo—ba=h (@120+ 2120 — b1) + A2 (@220 + 220 — b2)=0.
Buaum, uTo ofliasi ToOYKa ABYX NpAMBIX (4) u (5) smexur
U HA TpeThe#d NpPAMO.

§ 17. Kopau M3 KOMILIEKCHBIX YHCeJI

KopHem n-ii crenenu (n — HaTypaJbHOE 4YHCIO) M3
KOMIIJIEKCHOTO YHCJIA 2 HA3BIBAIOT KAXKJ0e TaKOoe KOMILJIeKC-
HOE 9HMCJIO W, AJIsT KOTOPOTO BBHINOJIHAETCH PABEHCTBO W' =2.
ToT akT, YTO KOMIIJIEKCHOE YHCJIO W SABISAETCS KOPDHEM n-i
CTelleHM M3 KOMIIJIEKCHOTO 4YHCJA 2, 3alUChIBAIOT TaK:

n
w=-/2.

YVunTeiBas, Hanpumep, 4To i= —1 u (—i)’= —1, MH
MOJYKEeM CKasaTh, YTO 3HAYEHUSIMH KODHA KBaJpPAaTHOIO M3
yucaa — 1 ABISAIOTCA KOMIJIEKCHBIE YHCJIA i M — i. DTOT N PH-
Mep, B YaCTHOCTH, CBHJAETEJILCTBYET O TOM, YTO KODEeHb n-i

CTEeIIeHH M3 KOMIIJIEKCHOr'O 4YHcCJia OoIpeaeiysieTcd HeOJAHO-
3Ha4yHO. BodHukaer BOIIPOC: CKOJBKO Pa3jIMYHbBIX 3HAYEHU U
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MMeeT KOPeHb N-il CTeleHu U3 KOMIIJIEKCHOTO YHcjia 2 U KaK
BCE OHM MOTYT OBITH BBIYMCJIEHBI?

®opmynnl Ditnepa 1 Myaspa MO3BOJAIOT MOJIYYUTH TIPO-
CTO€e IPaBUJIO 4JIs U3BJIEYEHN A KOPHS U3 KOMILJIEKCHOTO YHC-
na. Tlyers z=re¥Y+0 (r=|z|, ¢ — apryment 4ucna z) u
nycets w=pe* (3gech p=|w|, o — aprymenT umciaa w).
PaBeHcTBO z=w" MOKHO 3amucaTh Tak: re'’=p”"e"*. Como-
CTaBJISII MOAYJIH M apryMeHTH o0ewmX dYacTei IMMOCJIeLHEro
PaBeHCTBA, 3aMMCHIBAEM :

p'=r, (1)
no=q¢-+2kn (k — HexkoTOpOe Iejyioe YUCJO). (2)
U3 (1) cnepyer, 4TO p= \/lT (B mpaBoi YacTH 3alMCaH

apugmeruveckull KOpeHb n-i CTENeHH U3 YHMCJIa I', TAK YTO
(0 — HeoTpuLAaTeJbHOe 4Hucao0). A u3 (2) momyyaem: o=

:%an, rage k — uenoe 4uciao. JIerko nmpoBepUTH, YTO
pu JI060M IIEeJIOM uHucae kK YUCIO0 w=pe'® yXOBJIeTBOPAET
YCIOBUIO W"=2, TO €CTh W ABJSAETCS ONHUM U3 3HAYEHU U
KOPHA Nn-# cremeHd u3 uucyga 2. ATaK, MHOMKECTBO BCeX
YHCeJl, ABNSIONIMXCA KOPHSAMH N-H CTeNeHH W3 4YHcjaa 2,
3agaercss GOpPMY.JION :
B ’.g‘-{:_zkn
w=4r-e " , (3)
+

rjae k — n060e 1esg0e 4ucIo.

Dopmyay (3) MOKHO 3amucaTh TaK (B TPUIOHOMETDH-
yeckoil gopme):

. ¢+2kn . . @+2kn
’V;—Y;' (cos . + isin . ) (4)

CKOJIBKO K€ Pa3/UYHbLX 3HAYEHUH KOPHA N-#H CTENeHH
13 4YHcJia 2 MOJYy4YUM 1o ¢opmysie (3) mIpu BCEBO3MOIKHBIX
uennix 3HaveHusx k? OkasbiBaercs, 4TO TOJNBKO N (IpH
2+ 0). [delicTBUTEeNIBHO, MOACTABAASA B opmyy (3) BMecTO
k uensie umena 0, 1, 2, ..., n—1, MoxxHO y6eauTbCs, UTO
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BCE IOJIy4aeMbleé IIPH 9TOM 3HAYEHMSA KOPHA N-# CTEneHH
NpeACcTaBaAIOT cob0il Yueaa ¢ NONapHO pas3nudYHLBIMH apry-
MEHTaMH, OTJIMYAIOIMUMHUCH APYT OT Apyra MeHblle, YeM Ha
271, 1 u300paskaTCsa MONAPHO PA3JIMYHBIMM BEeKTOpaMH, a
clIe0BaTENbHO, pasjauuHsl. Eciu ke B npurmmaer JnoGoe
APYyTroe 1eyioe 3Ha4YeHWe, TO ero MOKHO NPEeJACTABUTh B BHJE
k=nq-+p, roe ¢ — meyoe YHUCJIO, & P — ONHO M3 YHCEN -
0,1, 2, .. n—1. Torga

eﬁ-—*’f"" AP ("+2’" +an) e"tt—‘nzpn 7 =e‘ e

IloaToMy COOTBETCTBYyIOLlEe BHIODAHHOMY 3HAYEHHIO kK
aHaveHue 1/z cOBNIAjaeT ¢ OAHMM M3 paHee IOJYYEHHBIX
(mpu k=0, 1, 2, ..., n—1) 3HaYyeHU KOPHA N-i CTENEeHU M3
yucaa z.

Wrak, Kopenv n-ii cTeneru u3 KOMnJAeKcHo20 Yyucaa 20
uMmeerT n pA3AUHHbLX 3HAYEHUIL, KOTODbLEe MOZYT OGblTb 8bLHUC-
aenbt no gopmyae (3) uauw (4) npu k=0, 1, ..., n—1.

pamveps

1. Boruncaure Bce sHauenus /1.

Pemesnue. IIyere z=1, |2| =1, ¢=0. Bupaskenne
;(/i HMeeT TPH PA3JIMYHBIX KOMIIJIEKCHBIX 3HAYEHUS, KOTO-
pBle MOKHO BBEIYMCJIHTH 10 ¢dopmyie (4):

{/I:Vi(cos%-}—i SmO_—%) (=0, 1, 2).

OTkyna

An=1, (”\f)z=cos—+ts 23n _1+l‘f

in 227 —1—nf
3—cos +1 - A
(Y1) . 2
Paccuo-rpemme Beie (cm. ra. 1, § 4) reomerpuyeckue
TOJIKOBAHU S KOMIIJIEKCHBIX YHCEJ IIO3BOJIAIOT JIEMKO CTPDOUTH
reoMeTpu4YecKue Hu300pakeHusA KOpHeH n-W cTemeHH Hu3
KOMIUJIEKCHBIX umces. IIpu sTom dopmyny (3) mins ussie-
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YeHUudA KOpHA ue.necootipaaﬂo OpeACcTaBUTh B TAKOM BHJE!
2k 2k

= S EEY T R
8z=4/lz|-e".e * =w-e . (5)
+

2
" sBNseTcs OAHMM U3 3HAUCHMIA KOPHS

— f
Bnecs wi=1/|z| ¢
+
n-it crenenu u3 yucia z. Popmyna (5) mossonser npu k=0,
1, 2, ..., n— 1 ma¥iTu Bce 3HA4YeHHUd /2, ecaIM U3BECTHO OLHO
M3 3TUX 3HAYEHHH.

2. Ilycrs BekTOp 5_5 (puc. 41) usobpaxaer HEKOTOpOE
KOMILJIEKCHOE 9HCJIO ¢, |¢| =1. [locTpouM Ha 4YepTeke BEK-
TOpBI, ©306pakalomue KOPHH ypaBHeHus w'=c.

P emeHue. Yucao ¢ Mmoxker OBITh IPE/ICTABICHO B BU-
e c=¢'“. Popmya (3) noxCKa3bIBAET HAM, YTO YHUCJO W) =
i;— § —_——
==e = — KOpeHb ypaBHeHudA w'=-c. Ero uzobpaxxenne OW,
nano Ha pucyeke 41. OcrasbHble KOPHH (W3, W3, Wi) HAXO-
g 2.5
aum 1o Gopmysre (8): wo=w,-e °, wy=w;-e s W=
1-8-% 1%
=w;-e . YMHOXEHHEe 4YucJa W, HAa YHCJO € - MOIKHO

——

MCTOJIKOBATH KaK MOBOPOT BekTopa OW |, MMeoIero KoMmm-
)

JIEKCHYIO KOOPAMHATY W), HA yI'OJ, PaBHEIN +? paguas.

AHaNOrdYHO NOHUMAEM YMHOMEeHHe 4YHuCJla W, Ha 4YHucia

125 i-8.5
¥ Yape
Takum o6pa3oM, BEKTOPHI ¢ KOMIIJIEKCHBIMH KOODAMHA-
TAMHU W», W3, Wy MOJYyYaeM U3 BEKTOPa C KOOPAMHATOH W)
n
ol i-2.
oBOpoTOM 6e3 pacTsikeHMs (Tak Kak |e > |=|e

a

i-g8. 3
=|e II =1) COOTBeTCTBEHHO HA OAWH MPAMOU Yyroj, Ha
JiBa NMPAMEIX yIrja, HA TPH NPAMBIX yria (IPOTHB 4YacoBOi
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w9 o y
A
\ W Z
w Z
—O)\ % X 0f 120° X
Ws \ i
Z3
Wy
Puc. 4l Puc. 42

crpesaku). Bekropsr OW,, OW:, OW, uzobpa’keHbl HA DH-
cyHke 41.

3. Uzo6pasum Ha qep'reme BEKTODPBI, COOTBETCTBYIOIIHE
KODHAM ypaBHeHus 2° =24 2i.

Pemenue. Ha pucynke 42 BekTOp 0OA l«moﬁpamae'r
KOMILTIEKCHOe umcao 2+ 2i, npu atom |2+ 2i| =-/8=2/2,

arg (2+2i)=%. Ham npegcTouT HAWTH z=”\/2+2i. Tak

Kak |z| =12+ 2i| = 3'\/(\/5)"’ =1/2, 10 BCE anavenns /2 +2i

6yAyT HAXOAMTBCS HA OKDYIKHOCTH pajguyca /2 (BaBoe
.1 =
: il.
MeHEmero, ueM |2+ 2i| = 2/2). flcHo, uTo 2, =/2.¢ > T =
ST
i
=xf2e1—2 — OAMH M3 KOpHEH AaHHOro ypaBHeHus. Ero uso-

6paskeHue faHO HA pucyHKe 42. OcTasbHbIe KODHU HAXOJHM
. 2n ; 2n
i— i-2-—
3 3
no dopmynam 2;=z;-€e °, 23=24-€ . BeKTOpHI ¢ KOMII-
JIEKCHBIMH KOOPAMHATAMHM 22 M 23 IIOJIy4aeM M3 BeKTOpa,
MMEIOIEr0 KOMIIJIEKCHYIO KOODJUHATY 2|, IIOBOPOTOM COOT-

2n 47
BETCTBEHHO Ha Yron — M — pajuaH TPOTHB 4YAaCOBOM

CTPEJIKH.
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Ha ocHOBaHHM IPHBEJEHHBIX BHIIIE MPHMEPOB TeOMeT-
pUUYECKOro U300pa’KeHuss KOpHel n-il cremenu (n > 2) us
KOMILJIEKCHOI'0O YHCJIa MOYKHO CAEJATh CAEAYIOIIUA BBEIBOZK:
ecau pa3nuyvHble 3HAYEHUS KOPHA N-lU CTeneHu u3 KOMIN-
NEKCHOZO HUCLA 2 U300PANATb TOYKAMU HA KOMNJICKCHOU
NJAOCKOCTU, TO ITU TOYKU MONCHO DACCMATPUBATL KAK 6ep-
ULUHbL NPABUNLHOZO N-YZOLbHUKA, 6NUCAHHOZO 6 OKDYMNc-
Hocrs paduyca /|z| ¢ yenrpom 6 nauane xoopdunar.

+

YupasxHaeHus

17.1. BoluucnnTe BCe 3HAYEHHUS KODHeif:

1) Y—i; 20 2+2i; 3)4i; 4 4.

17.2. Vzo6pasuTe BEKTODHI, COOTBETCTBYIONIME KOPHAM
YPaBHEHUH, U BBIYHCINUTE DTH KODHHU:

1) 2°+i=0; 2)z'+i=0; 8)2°48i=0; 4)2°—1=0.

17.3. Yemy paBHO I pOU3BEJEHHE 1 - —b npm
OJIOKUTENBHBIX @ U b: uueny —-/a-+/b wim wumeny

—/a-~/b?

17.4. TIpounTaiite crepyiomiee paccyxaenue: «Ouesu-
21 21

o, uro i’'=(i*)* =1* =1, noromy uro exuEMNA B MOGOI
crenenu paBHa egunune. C gpyroit cropossl, i’ =(i*)°-i=
—=1%.j=1-i=i. CiegoBaTensno, i=1». B uem omubxa?

§ 18. MHuMBIE YHCJIA ¥ ILIOCKME MHOTOYTOJbHHKH

ITocTpoense NPaBHJIBHBIX MHOIOYroJabHHKOB. IlocTpo-
eHUe IPaBUJIBHBIX TPEYTrOJIBHUKOB, 4YeThIPeXyIroJbHHUKOB,
NMATHYTOJBHUKOB, IIECTUYTOJbHUKOB C IOMOIIBI0 LUPKYJIS
M JMHEHKHM ObLIO UBBECTHO I'DEYECKHM TeoMeTpaMm elle B
IV B. go H. 3. Apxumex (III B. mo H. 5.) meITajscs HaWTU
croco6 IIOCTPOEHHUS TEeMHU K€ HHCTPYMEHTAMH IIPaBUJIb-
HOrO CeMHUYTOJIbHHKa, OLHAKO eMy 3TO He yxpaimoch. Ta-
KOO IIOCTPOEHMA HEe CyMeJH HAWUTH IeOMeTPHl U B Tede-
HHMe JBYX ThICAYENeTHU# mocse ApXumMena, XOTA HUKTQ He
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COMHEBAJICS B CYLIECTBOBAHHM CIIOCOOA PELIeHUs 9TOH 3a-
aauyu. Bonpoc 0 mOCTpOeHMM NMPAaBUIBHOIO CEMHUYTOJbHUKA
65121 pemied B 1796 r. semenkum matemaTuxom K. @. l'ayc-
com. Bousiee Toro, I'aycc moJsiyuun teopeMmy, KOTOpas IO3BO-
JAeT AN KaXJAOro HATYpPaJIbHOrO YHCjaa NI CKasaThb, MOXKHO
JIM IIAPKY JIeM ¥ JIMHEHKOH IOCTPOUTH NPABUIBLHBIN N-yToJIb-
HUK HJIM JK€ TaKOe IIOCTPOeHHe HEeBO3MOxHO. IIpobGaemy
MOCTPOEHM A MPABUJIBHBIX MHOIOYIOJBHMKOB l'aycc cymes
pemwuTh Oiarogaps IIPUMEHEHHIO KOMIIJIEKCHBIX YHCEeJ.

Byaem monarats, 4To n — mpocroe 4ucio. [JoHsaTHO, 94TO
[IOCTPOEHHE TIPABUIBHOTO N-YyIOJbHUKA PABHOCHJILHO JeJje-
HUIO OKDYJKHOCTM Ha N PaBHBIX Ayr. MBI MOKeM B3SATHh
TIPOU3BOJBHYIO OKPY)KHOCTh (), IPUHATH JJIMHY ee pazuyca
paBHOU eJUHHIIE, PACCMOTPETh JeKapTOBY CHCTEMY KOOP[H-
HaT ¢ Ha4YaJaoM B 1eHTpe O U36paHHON HAMM OKPYXXHOCTH.
Torga xaaasi TOUKa Ha IJOCKOCTH IpHOOperaeT ompeje-
JTIEHHYI0 KOMIIJIEKCHYI0O KOOpAUHATY. B uacrTHocTH, TOuKa Z,
nepecedYeHuss OKPYIKHOCTH C IOJIOYKHUTENbHBIM JIY4YOM OCH
abcuuce Oyaer umeTh KOOpAMHATY 2o= 1. IIpaBHabHBIH
n-yroJIbHUK, UMelomuil Z) OAHON U3 CBOMX BepluuH, Oyaer
MMeTh OCTAJbHBIMH CBOMMM BEPIIMHAMH TOYKHM Z; C KOM-
MJI€KCHBIMHA KOODAMHATAMMA

2n
z;=exp(l-;k) (=1, 2, ..., n—1).

Bece aTH uncia — OTAMYHBIE OT €LMHHUIBI KODHU ypasB-
HeHHdA 2" —1=0, T. €. KOPDHH yPABHEHUSA

2" a2, b 2P 2 1=0. (1)
3ajaya AeleHU OKPYMHOCTH COCTOUT B TOM, YTOOBI IIOCTPO-
UTh TOYKH C KOMIIJIEKCHBIMH KoopauHaTamu 2 (k=41, 2, ...,
-n—1) (ans xpaTKoCcTH GyAeM rOBOPUTh: ¢IIOCTPOUTH TOUKHU
Zk»), T. €. B TOM, 4TOOBI MOCTPOUTH KOPHM ypaBHeHud (1).
HosTomy ypasHenue (1) HA3BIBAIOT YpaGHeHUEM O€NeHUS
OKPYHHOCTU. 3aMETHM, YTO IIPH 7ZPOCTOM N AN IMOCTPOCHUSA
BCEeX BepIIMH ITPaBUJIBHOTO N-yrOJbHHUKA, BIMCAHHOTO B OK-
PYKHOCTh, AOCTATOYHO MOCTPOMTH OOHY M3 ITUX BEPIIUH.
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B kypcax anre6pbl ycTaHaBJIMBaeTcsd, YTO, €CJU N — IIPO-
CcTOe YHMCJIO, TO NOCAed06ATEeNbHO 6036004 6 HATYDPANbHbLLE
crenenu Jai000l, He paBHbLU eJuHUYe KOpeHb YPABHEeHUA
2"—1=0, MoHcHO HalTU 6C€ KOPHU n-U cTeéneHu u3 edu-
Huybt. 'eoMeTpHYECKH 3TO O3HAYAET, YTO €CAU NROMUMO
eepwiukibt Zo NOCTPOEHA HA OKDyICHOCTU KAKAA-HUGYOIb
ooHa eepwuHa Zp,- TO, OTKAAObIBAA NOCAEA08ATENLHO
no okpyxcrHoctTu n — 2 pasa 0yzy ZoZy, NOLYHUM 6C€ OCTALb-
Hble 6EPULLHbL NDABULLHOZO N-Y20NbHUKA.

Taxum 06paszoM (IpH IIPOCTOM 72) BOIIPOC O BO3MOMKHOCTH
[IOCTPOEHHU A ¢ TTOMOINIBI0O UMPKYJIA ¥ JHHEHKH I1paBUJIBHOTO
R-yTOJBHUKA CROAMTCS K BOIIPOCY O TOM, BO3MOXHO JIH C II0-
MOIUBI 3THX HHCTPYMEHTOB IOCTPOUTH HA KOMIIJIEKCHOM
MJIOCKOCTHM KaXON-HUOYAb KOpeHb ypaBHeHus (1) peseHus
OKPYKHOCTH.

PaccmoTpuM TPHM SaCTHBIX caydas.

1)IIycts n=35.

Torga ypaBHEeHHE [JeJIeHHS OKPYIKHOCTH WMeEeT BUJ:

24222 z241=0. (2)

BhIsicCHHM, BO3MOJKHO JIM ITOCTPOUTH IHPKYJIEM M JIMHEeHKOH
KOpeHb ypaBHeHHdA (2)

2n
== o 3
z=eXxp (z 5 > (3)
ITonoxuM
1
DE=Zaf— (4)
rae nox z moummaem uuciso (3). Torma
2n
v=2 cos 5 (8)

Tak KaK 4YHUCJIO 2 YAOBJETBOPsSET ypaBHeHH®O (2), TO OHO
YJOBJIETBOPSAET U yPABHEHUIO

y I, !
22+2+1+'z—+’?=0- (6)
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1
B cuny (4) umeem 22+?=v2—2, u ypaBueuue (6) mpu-

obperaeT BUJA:
v’+v—1=0.
W3 (5) BUAHO, YTO HAC MHTEPECYET MOJIOMKHUTEILHBIN KOPEeHb

1
9TOr0 ypaBHEHHSA v=? (ﬁ—l). OTpe3ok Takoil AJIMHBI

JIETKO IIOCTPOUTEH IMPKYJIEM M JUHEHKOM (HAIIOMHHM, YTO
e0UuHUYHbLY OTPE30K U eUHUYHASL OKPYIKHOCTh CUHTAIOTCS
y2Ke 3agaHHbIMHA ). ITocie 9TOro MOKHO IIOCTPOUTE U TOUKY 2,
3agaBaemMyio ¢opmysoil (3). Tem camMbIM He TOJBKO ycCTa-
HOBJIEHA BO3MOJKHOCTH IIOCTPOEHHS IIPABUJIBHOTO IISATHU-
YrOoJBHUKA, HO ¥ HAMWJEH OINpejeseHHBIH crnocobd nns dak-
THYECKOT'O BHIMIOJHEHUSA 3TOTO IOCTPOEHHUS.

IIpesx e ueM paccMOTPETH CIeAYIOLIU il YaCTHRIN cayydaid,
npusegeMm 6e3 J0KA3aTENBCTBA HEKOTOPEIE YTBEPIKAEHHUH,
yCTaHABINBAaEMbIE B TEOPUU IeOMETPHUUYECKUX ITIOCTPOCHUM
u B anrebpe (cm.: B. . Apryuwos, M. B. Ba xk. I'eo-
MeTpUYEeCKHe TMMOCTPOSHUS HA MJIOCKOCTH.— M.: yqneama,
1957.— C. 190—196, 210—212).

I. Ina mOCTpOeHMA LUPKYJIeM U JUHeHKoH o'rpeaxa,
IJWHA KOTOPOTO SABJISIETCA NAHHOM ITOJIOKUTENbHONH GYHK-
e OT IJTUH JAHHBIX OTPE3KOB, HEOOXOAMMO U JOCTATOYHO,
4TOOBl AJIMHY MCKOMOTO OTPE3Ka MOJIKHO OBIJIO BHIPA3SUTH
yepes JJIMHBI NAHHBIX OTPE3KOB MPH IIOMOIA KOHEYHOI'O
4Yucsa CAefYIOIIMX OCHOBHBIX ONEpaluii: cJIOMKeHHe, BbI-
YUTAHHE, YMHOMXKEHHE, JeJIeHHe U U3BJIeYeHHe KBaJpaTHOrO
KOpHS.

II. Ecnu ky6udeckoe ypaBHeHue Buzpa y°+ay’-+by-+
+ ¢ =0 ¢ paumoHaNbHBIMH K03 PUIEeHTAMU HE UMeeT HU
O HOT'O PAIlMOHAJJIHHOrO KOPHSA, TO HA OAUH U3 €r0 TPeX KOop-
Heil He MOXeT GHITh BHIPA’KeH 4Yepe3 eUHHUILY JUIIb C TO-
MOIIbI0 KOHEYHOT'O YUCJIA OCHOBHBIX OIepaIluil.

II1. Eciu anre6pandeckoe ypaBHEHHE ¢ IEJIBIMU K0 G-
bunuenTamu u crapmuM Ko3hdUIHEeHTOM, PaBHEIM 1, uMe-
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€T PalHOHAJIbHBIH KODEHb, TO OH SBJAETCHA LEJBIM UMCIOM
M CIYYKHUT AeJNWTEeJIeM CBOGOLHOrO 4JjieHA ypaBHEHUSA (CM.:
Kypom A.T. Kypc Beicuieit anre6psr.— M.: Hayka, 1976.)
2)IIyecrs n="1.
YpaBHeHHe JeJIeHHd OKPYXXHOCTH Ha 7 pPaBHBIX dYacTel
UMeeT BH:

24P B4 24+1=0,

HIIH
. 1 1 1
242tz 14+—+ 5+ 5=0.
2 -z 2
. 1
IIyers 2 — kakoii-1u60 ero kopeHb. [lojoxuM v=z+7,

P 1 y . 1
TOrZa Jerko Haitu, uro 2’ +—=0v’—2, 2’ —=0v’—38v,
z 2

U MBI IIPUBOAMM ypABHEHHE K BHAY:
v*4+0v?—20—1=0. (7)

9TO ypaBHEHHE He HMeeT Pal(HOHAJIbHBIX KOpHeH (eciu 65l
TAKOBbIe MMEJHUCh, TO OHH B CHJIY NPHUBEAEHHOrO BbIIE yT-
BepxgeHna 111 KoJIXKHBI OKA3aTHCS CPEAH 1eJI0OYUCIEeHHbIX
Jnenureneir cBOOGOJAHOrO 4YjeHa, T. e. cpeau yucen —1 u 1,
a4 3TU 4YucJla, KaK JIerKO IIPOBePUTh, ypaBHeHUIO (7) He yao0-
BieTBopaA0T). B cuny yrBepxkgenuit I u I1 5y oguH U3 Kop-
Hell ypaBHeHHMs (7) He MOKeT GbITH IOCTPOEH LHUPKYJIEM
u nuHeikoi. CiremoBaTesNbHO, He cywecrayer cnocoba, no-
360LA0OWE20 NOCTPOUT NPABUNLbHBLU CEMUYZONbHUK C NO-
MOULBIO YUPKYAA U AuHelKu (pedsb uger 06 abCONIOTHO TOY-
HBIX TIOCTPOEHMAX, XOTH BO3MOYKHOCTH YKAa3aHHs crocoda
NPUOIMIKEHHOTO0 IMTOCTPOEHHS HE HCKJIIOYAEeTCH).

¥#* ) IIycte n=17.

B aToM ciyyae 3ajada CBOZUTCS K ITOCTPOCHUIO OTPE3Ka

27

1 ; 3
v=2+?=z+z'6=2 c0s 7% K mocTpoeHMIO 3TOH Besu-
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YUHBI MOKHO MOJOWTU IOCTENEHHO, MCXOAS M3 COOTHOIIe-
HHUA:

_ 2422422428 =—1. (8)
O6o3HaunM:

(242" 4+ +2"9)+ (@' +2")+ (24 2) =,
@+ 42 +2")+ (2 +2") (27 +2') =1
U3 cootnHomenus (8) sicuo, yro y, + y2= — 1. C apyroi
CTOPOHBI, MCXOJA M3 TOro, 4To 2'’==1, HeTpyAHO ycraHO-
BUTb, 4TO y)-y2= —4'. CregoBaTesbHO Yy ¥ Y2 — KODHM
KBazpaTHOro ypaBHeHHs ' +y—4 =0, Tak uTo Y 2=
—14+17
= 3 KopHH 3TH MOJKHO JErKo IIOCTPOMTB (IO

abcoaoTHOM BeauduHe). YTOOBI OTJIUYUTE OJIMH KOPEeHb OT

6 7 5
LPYyIoro, 3aMeTHM, 4Te y2= 2 (cos - ﬁn —cos 1—7n —cos 17 X

3
X n—cos 1—7:1). ITO YMCJIO — OTPHIATENBHOE, TaK YTO V2=

s1—VIT V17—1
Lk O T

Pacnonarasi BeJIMYMHAMH Y| M Y2, MOMKHO IIOCTDOHTHL Be-
muumes: fr=2z42' 423425, Bo=2"428 42425, Bs=
=2°42°42"%42" u By=2542"+2'"42'". HeitctBurens-
HO, ﬁ|+ﬁ2-—y1, B1:P2= —1, Tak uto f; M fi» — KOPHU ypas-
Henusa B’ —y-p—1=0 u, crexosatensHo,

Vi +=Vyi+4

Bl.2= 2

! v/ — cymma BOCbMH claraemsiX, y2 — CyMMa BOCHMH CJIa-
raeMuex, IO3TOMY V)-y2 — cymma 64 ciaraemMsix, Ka)kJoe M3 KO-
TOPHIX — CTeNeHb YucJja 2. Ecau B Ka)KJAOM TaKOM cJaraeMom u3
V1°¥2, B KOTOPOM Z BXOJUT B CTeNeHH 6oJiee BBICOKOM, YeM IIecT-
HAjALATas, 3AMEHUTh 2'' HA eAUHHUILY, TO IOAYUYUM (KAK B ITOM
Moxmo Xﬁe}.‘llﬂ‘bf!ﬂ B peayJbTaTe MOACYETa), UTo Vi« Y2 =42+ 42°4 ..
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Tak xak

2 8
=2 — —_— ,
Bi (cos 1,z:t—}—cos 17n)>0
TO
g el 1‘_4 T4 &
BI=M+\42YI+ g YiF 21+
TouHO Tak Xe MOMKHO IIOKa3aTh, YTO
vt i+ n—Vii+4
Mg - e

O6osnavum 2+2'"°"=a, 2'42" =0, Torga a,+a2=8p,
oy Gy =P3, TAK YTO BEJMUHHBI O, U Gy ABIAIOTCH KODHAMM
ypaBHeHH A

a?—B-a+pBs=0,
TO ecTh
Bi VBT —4ps
a|‘2='—.
2
Tax kak
2n 8n
=2 cos — = 20
o) cos17 oo 2cosl7,

TO ) > o ¥, CJAeNOBATEJIbHO,

_Bi+VBT—4ps
i

Cumurad, yro f; ¥ f3 yKe NOCTPOEHBI, 3aMETHM, YTO LIUPKYJIb
U JWHEeHKa MO3BOJIAIOT Tenephb IMOCTPOUTH OTPE30K AJIMHBI
o) =V0.

IIpoBoas amasoruuyHble paccyxpaenus, K. ®. Taycc B
1796 r. mokaszas TeoOpeMy: ROCTDOEHUE NpPaABUAbHOZO Nn-
Y2ONbHUKA € NOMOWLIO YUPKYAA U NUHEUKU B03MONCHO 6
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TOM U TONLKO 68 TOM Cayuae, K020 HUCAO N MONHCET ObLTb
npedcrasneno 6 eude 2" p\ps...ps, 20€ Py, P2, ..., Ps — NOnap-

HO pPA3AUYHbLE NPOCTbLE HUCAA 8uda 22A+1, a yucno m —
yenoe HeOTPUUATENbHOE.

B wacTHOCTH, €CJIM I — MPOCTOE YUCJIO, TO AJIS IIOCTPOe-
HHUS MPABUIBHOIO N-YTrOJbHHKA IOCPEJACTBOM IHPKYJIA M
JUHEeHKN HeoOXO0[UMO U HOCTATOYHO, YTOOBI YUCIO N ©UMEJIO
BHJ 22‘—1—1.

MuuMbie 9HCJIa ¥ IJIOMANb MEOTOYTIOJAbHHEA. B KO-
HOM Kypce reOMeTpHM H3BeCTHBI (hOpMYJibl, KOTOpPHIE II03-
BOJIAIOT I10. TP€M HE€3aBHCHMBIM OCHOBHBIM 3JIEMEHTaM Tpe-
yroJabHUKa (HampuMep, II0 TPEM €ro CTOPOHAM; MJM II0
IBYM CTODOHAM U YIJYy MeXAY HHMHM; HJIH II0 CTOPOHE
M ABYM yrjaM) BBHIYMCJUTH €ro IJoiajab. A Kak BhIYHUC-
JIATH IJIOIAJb N-yrOJBHUKA NpH n >3 (Hampumep, NATH-
YTOJbHHAKA WJIM CEMHUYTOJbHUKA), €CJIU M3BECTHBHI ero CTO-
poubl u yrabl? OTBer Ha mNOAZOGHBIE BOIPOCHI IOACKA-
3BIBAIOT KOMILJIEKCHBIE uucJjia. Pagu KOHKDETHOCTH Orpa-
HUYUMCS CJIy4aeM BBINYKJIONO MATHYTOJBHHUKA (paccyx-
JAEeHUA B cJIydae IMPOM3BOJILHOTO N-yIOJbHUKA aHAJNOTIUYHBI).

B ganbHelmeM MBI BOCIIOJIb3yeMCS HECKOJNbKHMHU JIETKO
IpOBEpPsieMbIMA 3aMeEeYaHHUAM H.

I. MHumasa 4acrv CYmMmbl. HECKOLbKUX KOMNILEKCHBLX
yucen pasHa CYMme MHUMBLX 4acTell CAazaemblX.

II. ITycte p u g — 08a KAKUX-AUGO KOMNACKCHbBLX
yucaa, © u W — ux apeymenrovr. Tozda

Im (p-q) = |pl-|qlsin (¥ — D). (9)
JleiicTBHTENBHO, JIETKO MOJACYUTATH, YTO
p-q=1pl-lql (cos (¥ — D) +isin (W —D));
oTcIoza caexyer paBeHCTBO (9).
I11. IIycte AOPQ pacnonoxeHn HA KOMRIAEKCHOU nJoc-

—
KOCTU; P U q — KOMNJAeKCHble KoopIuHaTsl 6ekTopoé OP u
—
0Q, npuuem 0<<arg q—arg p<<n. Torga miuomans Tpe-
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yroasauka OPQ (6yzem ee obosHauath: (OPQ)) cBaA3aHa
C YACJIAMM P U ¢ 3aBUCHMOCTHIO:

Im (p-¢q) =2(0OPQ). (10)

HOnsa pokasaTenscTBa JocTaTodyHO B (9) mOJIOKHUTH
(O =arg p, Y=arg ¢ u ydyectb, YTO TOrja IpaBas dYacTh
B (9) — sTo yaBoenHas miuowanbs A OPQ.

_— — e

IV. ycre 6 AOPQ eexropv. OP, OQ u PQ umerr
COOTBETCTEEHHO KOMNJCKCHbLE KOOPOUHATHL P, ¢ U M, npu-
yem 0 <<arg q—arg p<<n. Toz0a

2(0PQ) =1Im (p- m). (45))
B camom neJie, NYCThb ¢ — KOMIIJIEKCHasaA KOOpJAHWHaTa
BEKTOpA 075 Torga
2(0PQ) =1Im (p-q) =Im (p-(p+m)) =Im (|p|*+p-m) =
=Im (p-m).

Ilpumepsl

1. B BeinykJoM nATHyroabHuke A(A A2A3AA5
(3mecb Ao =As) U3BECTHBI JNJIUHBI @, A2, A3, @y 9eTHIpEX
ero mocJie/0BaTeJbHBIX CTOPOH AgA,, A Ay, AyA;3, A3 A,
U TpM yria ¢, ¢z, (3 IpH BepmuHax A, A, Az. Beruuc-
auM naomaab (S) 3TOoro NATHYroJbHUKA.

Pemenue. MoxeM cYuTaTh, YTO NATHUYIOJBbHHUK pac-
MMOJIOMKEH HA KOMIIJIEKCHOM IIJIOCKOCTH, HYJIEBOM TOYKOH
(HA9YaI0OM KOOPAMHAT) CJIYIKHUT TOYKA A, IOJOKUTEIBHEIM
JIYYOM JEeMCTBUTENILHOM OCH CIYMKHUT Ny4d AgA; U BepuIu-
HBl Ay, A,, Ay, A3, A, crepyloT ojHa 3a Jpyrou
npu o6xX0je KOHTypa NATHYTFOJbHUKA IPOTHB HAIIpaBJe-
HHUS JIBHXKEHUA YACOBOW CTPENKH. YTOJ MEXJY BEKTOpaMu

e e
AgA, u A Ay o603HauuM yepe3 f§; U, BoOGIIE, Yol MEXKAY

BexkTopamu A, Ay u A A, ob6osmauum uepes Pr (k=
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=1, 2, 3, 4); a10 BHemHU# yros npu BepmuHax A;. Kom-
TJIEKCHBIe KOODAMHATHl BEePIIMH MHOIOYroJbHMKa A, A,,
Aj;, A, obosHauuM 4Yepes 2, 22, 23, 24; KOOPAUHATH BEK-
—— — — ——
TOPOB-CTOPOH AoA| s A|A2, A?A:}, A3A4 — Y4epes ¢, C2, C3,
¢y (tak urto |¢i| =a,, |cal =@y, |es|l =as, |cil =as. Tak xax
IIPH CJOKEeHUM BEKTODOB MX KOMIUJIEKCHBIE KOODIMHATHI
cknageiBaloTca (cm. § 4), To umeem pna mwromanu (S)
MATUYTOJIbHUKA
2S=2(AgA 1 A:)+2(A0A2A3) +2 (AcA3AY),
2S=1Im (5122 +7:223+£324). (12)

9ta dopmysia BeIpakaeT IJIOWAAb NATHYTOJbHUKA Ye-
pe3 KOMIIJIEKCHbIE KOODAWHATHI ero BEepPIIHH B IPEeAIOJIO-
KEeHUH, 94To 25=0,

YuureiBas cjaesaHHble BhIle 3amveyanus I—IV, mony-
yaem u3 (12):

2S=1m (21 (21 +¢2) + 22(22 4 ¢3) + 23(23 +¢4)) =
=Im(|z:12+ 2212+ | 231>+ 2102 + 22035+ 23¢4) =
=1Im (cic2 + (¢1 +¢2)e3 4 (€1 +c2 +-¢3)eq),
2S=1Im (EICQ+6103+E|C4+5203 +ccs+eseq).  (13)

OTta ¢dopmyna BHpaxkaer IUIOWAAL NATHYTOJbHHKA
yepes KOMIIJIEKCHBIE KOOPAUHATEI ero BEKTOPOB-CTOPOH.

P %
M= o6o3Havanm yroa (¢, ¢2) (MEXAY BEeKTOpPaMH C,

= 7R P a
cy) uepes B, yroxa (c2, ¢3) — uepes P2, (C3, cs) — uepe3 Ps.

BujuMm, UTO eciM IOBEPHYTh BEKTOp ¢; HA yrox fi,

TO IIOJIY4YHUM BEKTOD, conanpan.nelmuﬁ C BEKTOpPOM C2;
€ecJIM 3aTeM BHOBb nonyqenuuﬁ BEKTOp IIOBEPpHYTH HAa

yrou f2, TO NOJY4YUM BEKTOD, COHATIPABJIEHHBIH C C3; & ecJu
[IOTOM MOBEPHYTH BEKTOP C3 HA YroJ f3, TO MOJIYyYUM BEKTOP,
COHATIPABJIEHHbIH ¢ BEKTOPOM ¢;. IloaToMy

AN
(ci, C§)=ﬂ|+ﬂz, (6{,\6‘4)=ﬁ|+32+ﬁs. (C{,\C4)=Bz+ﬂ3.
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B cuny dopmyast (13) u sameyasuit umeem:
28 =a,a;sin B, +a;a; sin (B; + P2) +
+aias sin (B + B2+ Ps) +a2as sin o+
-+ asa; sin (B2+ B3) +asas sin B3. (14)

Ora ¢opmysa BeIpa)kaeT NAOLIAAL NATUYTIOIbHUKA
yepes 4YeThIpe ero CTOPOHHI M TPX BHEUIHWX yruma. Temeps
JIETKO TMEepedTH K BHYTPEHHMM YIJIaM IATHYrOJbHUKA,
ecan yureMm, 4uTo Pr=n—q¢; npu k=1, 2, 3. ITonyuaem

28 =a a; sin ¢ —a a3 sin (¢ + ¢2) +
+a a, sin (@1 + @2+ ¢3) + az2a3 sin @ —
—asay sin (@2~ ¢3) + a3as sin . (15)

PaccysxeHns, KOTOpble MBI NPOBENH AJNA HATHYTOIb-
HUKA, IPUMEHUMBI ¥ B cJydae n-yroJbHUKA MpU JIlo6oM 7.
A HUMeHHO, MOXXHO [JOKa3aTh TAKOE Y TBEPIXKAEHHUE:
Ecau e evinyxkaom n-yzoavHure AoAiAsr..A, (A,=A)
daunbt n—1 nocaedosarenvivix cTopon AgA,, A A, ..,
A, _2A,_| pagHblL COOTBETCTEEHHO @), G2y ..., Gn, @ N—2
yanoe A, As, ..., Ay_o PABHBIL @), @2, ..., Pn_2, TO TIIOUIALD
(S) 9TOro MHOrOYrOJILHHKA MOKeT OLITh BEIUMCJIEHA IO
dopmye

28 =a a; sin ¢, —a,a; sin (¢ +¢p2)+...+
+(—1)""’ai1an- i sin (@1 + @2+ .+ pu—2) +
+aqa; sin g2 —aqa4 sin (g2 + @3) 4 ... +
+(—1)""‘azan,— sin (p2+ ... +9n—2) +
+ an—2ax— 8in @u_o. (16)

Bosiee TmiaTesbHBI aHAJIN3 IMOKa3bIBAeT, YTO IIPHUBE-
JeHHbIe BbIIIE€ (HOPMYJIBI NIPUMEHHUMBI U B CJIYyYae HEBBI-
MYKJIO'O MHOTOYIOJIBHUKA.
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YupaxHeHHAT

18.1. B OKpY’>XKHOCTb BIMCAH IPABUIbHBINA NMATHAALATH-
ronbHUK A (Aj...A 5. IIposepere: A\ A;—=A A+ A As.

18.2. B IJIOCKOCTH NPABMJIBHOTO MATHYIOJbHUKA OblJ
33AT BeKTOp MN M CIIPOEKTUDPOBAH HA IATH IPAMBIX, COJEP-
Kall¥X NATH Pa3MYHBIX CTOPOH NMATHYroJbHUKa. B B pe-
3yabTaTe TONYYHIOCE NATH BEKTOPOB- TIPOEeKITH i MN,,
m, o M5N5. MosxHO M, 3HasA BeIMUMHBl OTHX OATH

BEKTODOB, BEIYMCJIUTL BeJMYMHY BekTopa MN, mopoausme-
ro ux?

18.3. BepmuHbBI CEMHYTOJbHHKA HMEIOT KOMIIJIEKCHBIE
koopaunarei: 0; 2; 44-2i, 344i, 6i, —1-+4+5i, —2+i.
BeluncauTe €ro mJouanb.

18.4. B mecruyroabauke AoA ArAzA 14545 (As=A))
NMPOTHUBOIOJIOKHEIE CTOPOHBI IIONAPHO PAaBHBI M Iapaj-
nenbHbl. W3BecTHO, uTo AjA =2, A Ay=4, AA;=1,
/A, =1385°, £ A,=90°. BeluucauTe NIJIOLAAL [IECTH-
yroJIbHUKA. PenruTe aHaIoOrnuHylo 3anavy, ecium £ A =i,
LA 2=z2.

§ 19. Kax yMcia MHMMBIE MOMOraioT
HM3y4YaTh YMCJIA HATYpaJbHbIE

PasuoobpasHble 3a/ja4u, Kacaloluecs HaATYPaJIbHbIX Y-
ceJi, yaeTcs PEemIuTh, €CJIM I PHBJIEYb KOMIIJIEKCHEIE YHCIIA.
IIpocTeiimue Takue NPHIOKEHUS CBABAHBI CO CBOMCTBAMH
MOAYJIel IIPOM3BEAEeHUI:
™

Iul-u2|2=|u||2‘|u2|2. "=|u"|™ u T. m

HayHeM ¢ O4YeHB IIPOCTOrO IpUMeEpPa — «JJII PA3ZMHUHKH .
Ipumepsr
1. Bce MBI 3HaeM npuMep NPSAMOYFOJBHOTO TPEYrOJIbHH-

Ka, Y KOTOPOro AJHUHEI BCEX TPeX CTOPOH BHEIPAXKAIOTCH Ile-
JIBIMU YUCJIAMH, & UMEHHO — ¢EeTMIIeTCKUN TPEeyTOJIbHUK» &
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AJIMHBL €T0 CTOPOH PaBHHI 3, 4 u 5 exunniam u 3% 4 4° =52
Kak HallTH GeCKOHEYHYIO CepHIO I[€JIOYMCIECHHBIX IIPAMO-
YroJBHEIX TpeyroabHuKoB? Kak HaiiTn 6eCKOHEYHYIO cepuio
TaKMX TPOEK HATYPAaJIbHBEIX YHCeJN X, Y, U, KOTOPHIE Y OBJIET-
BOPAJMHU OBl YCIOBHIO
4 yi=0v"? 1)
Pewme nue Kakoe orHomenue umeer paseHcTBO (1)
K KOMIJIeKCHBIM umucaam? Hy, KOHe4HO: JieBasl 4acCTh e€CTh
KBajpaT MOAYJA 4Yucaa 2z=x-yi. Ycaosue (1) moxem
mepenucaTh Tak:
|z|2=v% (2)
CnepoBaTesIbHO, MBI MIEM TAKOE KOMIIJIEKCHOE YHCJIO 2
C LeJIOYHCJIEHHBIMM KOMIIOHEHTAMHM H TaKOe HATYpPAaJIbHOE
YHCII0 VU, YTO KBAJPAT MOAYJA uncaa 2 (To ectsb |z|°) u xBaj-
paT 4YMcyia U paBHEI MeXJIy coboii.
Bocnoneayemcest TOXKeCTBOM, BEPHBIM I JIs JIIOG0TI0 KOMII-
JIEKCHOTO 4ucaa U:
lu?|2=(lul??. (3)
OTcioza BHUAHO, YTO €CJHM TOJOMKHTH U= m -+ Ni, TAe m
U n — Kakue-JIU060 Lesble YUCia, TO JeBasd 4acTh PaBEHCTBA
(3) oxakeTca KBaZpaTOM MOLYJIA HEKOTOPOTO KOMIIJIEKCHO-
ro 4yucja ¢ IEeJIOYHCIIEHHBIMH KOMIIOHEHTAMH, a mpaBas
4acTh OyZeT TOYHHIM KBaJpaTOM HEKOTOPOTrO LEeJIOr0 Yucaa
(Tax Kax mpu HeNBIX m u n uucao |u|? — menoe wmcio).
CrenoBartenbHo, npy z2=u’ u v=|u|? 6yger BBHIMOIHATHCS
paBeHcTBO (1).
Wrak, monaraem: u=m - ni,rae m ¥ n — neJyble YuCaa;
z=u’, v=|ul|’ Torma umeem:
=x+yi=(m+ni) =m?>—n*+i2mn,
x=m’—n’, y=2mn, v=m’+n’ (4)
IIpu m06BIX IeNBIX m U N Tpoiika uyucen (4) yaoBiaeTso-
psAeT paBeHCTBY (1).
IIpn HEKOTOPHIX LEJBIX M U N YHUCJa X U Y MOTYT OKa-
3aThCA OTPUIIATEJIbHBIMH. A MBI XOTEJIH HAWTH JUINb HATY-
PanbHble Yucaa X, Y, U, yAOBIETBOPAIONIHE paBeHCTBY (1).
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Ho aToro mo6uThbca JIErKO: AOCTATOYHO mojaraTth B Gopmy-
nax (4), yto m ¥ n — He NPOM3BOJIbHEIE IleJible, & JMIIL
HaTypaJibHble YHucJia, MpudeM m > n.
Jlerxo Teneps Hamucath ¥ GoJiee obmue GOPMYJIbl AJIA
«OnaropoBEIX TPOEK», 8 HMEHHO:
x=A(m*—n?, y=2imn, v=A(m’+n?, (5)
rae A, m, n — IPOM3BOJIbHBIE HATypaJibHbIe YHCa, m > n.
B cnyuae, xorga m u n — 06a 4eTHbIe UM 00a Heyer-
Hble (KOpoue: Korja m U n — «OJHOM ¥ TOH e YeTHOCTH »)
He 06593aTeIbHO CYUTATE B (D), 4YTO YHCI0 L — I[eJI0e; MOMKHO

1
TaKXKe CYUTATh, YTO A HMeeT TAKOH BUJ: k-—:?u, rae p—

T pOM3BOJNILHOE HATYpPAJIbHOE YHCJO; IIPU TAKOM NPEeJIoJio-
JKEHUM OTHOCUTEJILHO |1 MBI BCE€ PaBHO NOJYUMM mHdaro-
pOBY TpOMKY HATypanbHbIX uuces. Hanpumep, monaras

1
B(B)m=>5,n=1,pu=1, )»=—2-, IIOJIYy YU M TH(GATOPOBY TPOK -

=—(5?—1)= S SO (524 12
Ky X 25 19=12,y 5 2:5-1 5,1)_2\54_1)_

=13. 3ameTum, YTO TY Ke MUPAropoBy TPOHKY MBI MOIJH
661 MONYyYHuTh IpH m=3, n=2, A=1.

2. 0°+4+0°=0°% 0°4+1%2=1% 224 2°=2% Ognaxo He Tak
Jerko noxobparh elle Kakyo-J1ub0 TPOHKY LieJIbIX HeOTpH-
HaTeJbHBIX 4YHCea X, Y, U, CBA3AHHBIX 3aBHCHMOCTBHIO
v'=2x"+4y’ (To ecTh TAKUX, YTO Ky6 OAHOTO U3 HUX PaBEeH
cyMMe KBajpaToB ABYX Apyrux). Haiizem crocod mosy4uTh
6ECKOHEYHYIO CepHI0 TAKUX ILEJOUYHUCJIEHHBIX TPOeK.

PemeHue Yucno x>+ y” MOKHO paccMaTpUBaTh KaK
KBaJpaT MOJAYJS HEKOTOPOro KOMILJIeKcHoro uuciaa. Cie-
ZOBATENBHO, M YHCJIO U’ HOJMKHO OKasaThCsd KBAAPATOM
MOJYJISi HEKOTOPOTrO KOMIIJIEKCHOI'O Y@cja. JTOro MBI Ha-
BepHSKA AOCTHIHEM, €CJIM CaMO YHMCJIO U OKaMeTcd KBaj-
paToM MOAYJIA KOMIIJIEKCHOTO YHcsa. [[efCcTBUTEIBHO, eCIU
v=|t,+its|>’=t} 4t} (npuuem t,, t» — mesBIe uMcIa), TO
vi=(|t,+its]|??=|(t: +it»)’|*. IIpeob6pasys mpaBylo 4YacTs,
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monyuum: v°=|(t] —8tit3)4-i(Btito—13)|*=(t} — 3t,t3)° +
-+ (8tita—t3)’. Teneps -fcHo, uTo paBeHcrBo v°=x’-}y’
6yner 3aBeLOMO BBINIOJIHEHO, €CJIM ITIOJIOKHM v=t?+t§,
x= |t} —38t,t3|, y=13tit.—t3|. Hanpumep, npu t, =1, ty=
=2 maiigem: v=>5, x=11, y=2. [eiictBurensso, 11>+
+22=5°%

3. CymecTBylOT JIM NPSAMOYTOJIBHEIE TPEYTOJBHHUKM C
UEJIOYMCICHHBIMU CTOPOHAMHM, Yy KOTOPHIX AJWHA TUIIOTe-
HY3Bl ABJIfeTCA TOYHBIM KBAJApPaToM (KBaJpaToM IENOTO
yucna)? OxaseiBaeTcd, cymectByioT. Tpebdyercs ykasaTs
dopMy B, MO3BOIAIOIIME NOJIYUHTHL GECKOHEUHO MHOTO Ta-
KHX TPEYTOJbHHUKOB.

Pemenue OGo3HAUMM Yepe3 X W Y AJMUHBI KATETOB,
a yepea v’ — JJIMHY TMIOTeHY3bl. II0 YCIOBHIO 3a7aguu
UIIeM TaKHe TPOHKH HATypaJbHbIX 4YHCeN X, Y, Z, YTOOLI
uMesNo MecTo paBeHcTBo v’ =x’+ y°. Bysem uckaTh v B BH-
ne v=|t,+}its|’, rae t], t» — nesnle yucaa. Bocmosbayemes
ToskpecTsom: (|t +ita]?) = |(t, +zt2)‘ ITonyuaem:

@ =v'=|((t{ — 13)+ 2it 1 t2)*| = |(tT — £3)* — 4tit3 +

+i- 4ttt —13)12 = (17 — 13 — 4t}d)* + (48, 20(87 — 13))%
OTcioa BHIHO, 4TO, €CJIA

x=|(t] —13)—4tit3|,
=|4tits- (1 — 1), v=ti+13 (6)

() u t» — NpPOM3BOJIBHEIE IeJIBIe YHUCJA), TO X, Y, U GyAyT
YAOBIETBOPATD ycaosuo x° -+ y’==v', Hanpumep, npu t, =
=2, to=1 nonyvaem: x=7, y=24, v=>5. Jlerko npoge-
puTh, uTo 7%+ 24’ =(5%". BamMeTnM momyTHO. YTO BOPMYIBL
(6) He maloT BcexX pelueHuit JaHHOM 3aja4u: €CIH X, Y, U —
TPH HaTypaJbHBIX dYHcCNa, 3ajaBaemble dopmynamu (6),
a k -— nwboe HaTypajJbHOE YHCJIO, TO ¥ uucaa X)=k’x,

=k%, vi=Fkv TaKXKe YIOBIECTBOPSIOT YCJIOBHIO 3ALAYH.
Hanpumep, npu x=7, y=24, v=>5, k=2, nonyuum:
x;=28, y;=96, v,=10. MoxHo mpoBepuTh, uTo 287+
+96°=100". A
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KomnekcHsle uucna Bujga m-+ni, rpe m #u n —
JeficTBUTeIbHBIE IeJIble YUCJa, HA3LIBAIOT UeAbIMU KOM-
NAEKCHbIMU WU 2ayccos8vimu. [aycc IOCTPOMJ TEOPHIO
TAKHUX YUCEJ, HAIleJ IJIS HUX BajKHble MPHUJIOKEHUS IIPHU
M3Yy4YEeHHUHU HaTypaJyibHbIX yuces (1832 r.). OcHOBHBIE MOHA-
THSA APUPMETUKL 2aYCCO8bLX HUCeJ BBOLATCA MO aHAJIOTHHU
C TAKMMH JKe INOHATHUAMHU AJIA HATYPAJbHBIX YHCEJ.

1. Bce rayccoBsl Yncia u306paKaloTcsa Ha KOMIIJIEKCHOM
IIJIOCKOCTH B BUJE y3JIOB IIeJIOUHCIIEHHOM pemeTku (puc. 43).

2. CrosxeHue, BBIYUTAHUE U YMHOMXKEHUE I'ayCCOBBIX UM-
ceJl IPUBOAUT, OYEBUJHO, K rayCcCOBY 4YHCIY. ITO 0OCTOs-
TenbCcTBO B anrebpe BEIpa)kaioT Tak: «COBOKYMHOCTH BCeX
rayccoBBIX YHceJI 06pas3yeT Kobl0». ITO KOIBIO 0003HAYA -
10T uepesd G unu K(i).

3. TayccoBo uucia0 h eCTeCTBEHHO Ha3BaTb KDPATHHLLM
zayccosy vucay g, ecau dYacTHoe h /g ABIAETCH 2alycco6bim
yucJioM (MHAYE FOBOPH, €CJIM HaliJeTCA TaKoe rayCccoBO YHC-
a0 ¢, uTo h=c-g). B aTOM e ciydae 4UCJIO & HA3BLIBAIOT
denurenem aucna h. Hanpumep, yucio 1+ i KpaTHO 4uCIy
1—i (1—i— penurenp umucaa 1+ i), moromy 4ro

12y

1—i
a i — IeJI0e KOMILJIEKCHOe 4ucio. [[pyroit mpumep: raycco-
BO yucao 2+ 3i — pgenurens uncaa 13, moromy uro 13:(2
+3i)=2—3i, a TO rayccoBo YHCJIO.

MHOKeCTBO BCEX YHCeJ, KPATHHIX 3aJaHHOMY TI'ayCCOBY
yucay g (8 #0), n306pa3uTcs Ha KOMILJIEKCHOH ITJIOCKOCTH
B BHJE COBOKYIIHOCTH Y3JI0B HEKOTOPOM I[€JIOYUCIEHHOM
pemeTkH (cM. puc. 44, rae g = — 1+ 4i). 910 y3aBl ceTKH,
COCTaBJIEHHOM M3 OJMHAKOBBLIX KBAJ[PATOB, Il pUYEM I1JIOIILA b
KaxA0ro KBajgpara paBHa |g|’. COBOKYIIHOCTH DTHX UHCes
K(g) «3aMKHyTa» OTHOCHTEJbHO CJIOIKEHWS, BEIYUTAHUSA I
YMHOeHUs (TO eCTh CyMMa, pa3HOCTh, IIPOU3BEJEHUE ABYX
yyces M3 BTOM COBOKYIIHOCTH TOXE NPUHANJIEKUT DTOU
cosokymHocTH). MHAa4Ye roBopsarT: K(g) — konbuo. 3anucs K(g)
6yZeM 4YUTATh TAK: ¢KOJbBIO, IMOPOMKIEHHOE (rayccoBBIM)
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yucaoMm g». COOTBeTCTBYIOLIAA pemIeTKa HA KOMIIJIEKCHOH
IIJIOCKOCTH — HaTJIAAHOe u306pakeHue 3Toro Kojsna. Eeau
Bbl ITOTBITAETECH TIOCTPOUTE pelerku ana kosen K(1), K(—1),
K(i), K( —1i), To 1erko oGHapy KuTe, YTO HTH PelleTKH (a 3Ha-
YUT, M VKasaHHBIE KOJIblla) coBmajaloT (Tak Kak Jiioboe
rayccoBo YMCJIO feauTca Ha 1, Ha — 1, Ha i uw Ha — i). JIerko
Tak)Xe O0HapYKHUTh, YTO NPH M060M BEIGOpe rayccosa umc-
na g(g +#0) pemetka ana konsua K(g) mpu moBopoTe BOKPYT
"Hyaesoi Touxu Ha 907, 180°, 270° mepexoxur cama B cebs.

4. Kax U3BeCTHO, nPOCTbLM HATY PAJLbHbLM YUCIOM HABHI-
BAIOT TAKOE YMCJIO, KOTOPOE HE UMEEeT APYI'UX HATYPaJbHEIX
JenuTesneii, kpoMe eIMHHUILI U camoro cebsa. [ns raycco-
BBIX YMCEJ] TaKOe OIpejesieHHe BecloNe3HO, MOTOMY dUTo
n1060€ rayccoBO 4YMCJIO g€ HMeeT, MOMHMO camMoro cebs u
eMHHUIB], ele, 0 KpaiHeil Mepe, IieCThb AesuTesen: — 1,
i, —i, —g, ig, —ig. IToatomy T'aycc paan Takoe ompegeie-
HUE: Yesoe KOMNACKCHOE YILCLO & HA306eM NPOCTbLM 8 KOJLb-
ue G, eciu OHO He 0eNUTCA HU HA KAKOE eN0e KOMNIEKCHOe
Yucno, oTau4Hoe or wucen —+1, +i, +—g, +ig. Yersipe
yucaa + 1, + i 061aga10T TEM CBOMCTBOM, UTO €C/TH CIUEMUILY
pasieyuTh Ha J10060e U3 HHUX, TO ONATH NMOJYUYHUM I'ayCCOBO
YHUCJIO; MO3TOMY MX HA3bIBAIOT deaureasmu edunuuysl. Bee
HeIlpocThie (rayccoBbl) YHcJia HA3BIBAIOT cocTasHbimu. Ha-
NpUMeED, MOYKHO IPOBEPUTH, 4TO yucaa 1 —i, 7T — mpocThbie
rayCccoBhlI YHCJIA, & YHCJO0 2 B KOJIBIE rayCCOBLIX YMCET YiKe
cocraBHoe. B camom gese, 2 =(1+i) (1 —i). Eme ®epma moa-
meTu (a dismep goxasal), 4To Jb6oe npocroe (B MHOMKECTBE
HATYpaJbHBIX YHCEJ) YMCJI0 BUAa 4n-}1 MoxHO nmpejcra-
BUTH B BUJE CYMMBI IBYX TOYHBIX KBaJAPATOB HATYpPaJIbHBIX
uyucen: 4n-+1=p>’+¢>. Ho p*+q¢*=(p+iq)(p—iq). Cne-
HOBATENIBHO, KAXKJI0€e TaKoe HATYypaJbHOe YHMCJIO Buja 4n +
+1, KoTOpoe B MHOXECTBE HATYPAJIbHBEIX YHCEeJ ABJISETCA
MPOCTBIM, B MHOKECTBE IrayCCOBBIX YHCEJ YiKe OKa3hiBaeTca
cocraBHbIM. OcCTajbHBIE HEYETHHIE MPOCTHIE YMCJIA — IIPC-
CcTHIe HaTypaJibHble 4Hcjaa Buga 4n -3 -— okasslBaloTCH,
KaK 9TO MOXKHO JOKa3aTh, TAKIKE U NPOCTHIMU 2AYCCOBLIMU
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yucnamu. Jucna ig, —ig, —& I'aycc Hassan accouuupo-
sarHbimu ¢ yucyiom g. Hanpumep (pocToe) rayccoBo YUCIO
1+ i accoumuposaHo ¢ (mpoctbiM) yucaom 1—i (Tak Kax
14i=i(1—1i).

5. JIsa mesBIX KOMIUIEKCHBIX 4mcya [aycc HassiBasa
83QUMHO NPOCTHIMU, €CJIM Yy HHX HeT OOIIMuX AeawTesei,
OTJIHYHBIX OT =1 M +i.

6. [lna HATypaJbHBIX YUCEJ X PA3JIOKEeHUEe HA IPOCThIe
MHOMKHTEH ABAAETCH eOUHCTEEHHbLM (C TOYHOCTHIO JO I0-
psAfKa MHOMKHUTeNe#). JInA nesbiX KOMIJIEKCHBIX YHCeJI
HMeeT MecTO cXojxHas Teopema. Kaxcdoe zayccoeo wucao,
He PaBHOe HYAI0, MONCHO npedcTasuTs 6 8ude npoi3sedeHun
NPOCTHLX 2AYCCOBLLX HUCEN, U NPUTOM €0UHCTECHHbLM 00-
PA30M — ¢ TOYHOCTHIO 00 NOPAOKA MHONCUTeel U UX 3a-
MEHbL ACCOYUUPOBAHHBIMIL C HUMU HUCIAMU.

7. Ina no6eix HaTypadbHbIX yucen a U b (b 0) Ha-
HAYyTCA Takue LeJible HeOTPUIATeJbHbIE YHCa P W ¢, YTO
a=p-b+q,rne ¢g< b (p — vacrHOe, ¢ — oCTATOK ). AHAaJO-
IMYHOE YTBEPIKJAEHHE BEPHO W AJIA rayccoBhiX uucei. Jasa
a06bLx d8yx zayccosvix wucen h u g, 20e g+ 0, Haluderca
TaAKOe TpeTbe 2aYcco80 HUCNO ¢ (MX YACTHOE), YTO HUCAO
h—cg (ocrarox or denenus wucra h na wucno g) 6yder no
MoOynro menvute, yem deaureav g, |h—cgl < gl.

8. Jlns rayccOBBIX YMCEJ OCTAIOTCHA B CUJIe U HEKOTOPBIE
Apyrue yTBepIKAEHHUS, KOTOPHIE BEPHBI JJIA HATYpPaJbHBIX
yHces. B yacTHoCTH, ecau npouseedeHnue J8Yyx 2ayccoevix
qucen g-h denurca Ha TpeTve 2aycco60 HUCAO C U OOUH U3
MHONCUTEeACl 83AUMHO NPOCT C YUCLOM Cy TO 8TOPOU MHONCU-
Teab deaurca Ha c.

9. isBecTHO, 4YTO eCJNH INPOU3BEJEHHE JIBYX B3aMMHO
NPOCTHIX HATYPAJbHBIX YHCEJ SABJISETCA TOYHBIM Kybom
HATYPAJbHOTO YUCJA, TO U KAMKABINA M3 DTHX ABYX MHOMCH-
TeJelt ABNASTCH TOYHBIM Ky60oM . AHAJOrMYHOE BEPHO U IS

! B 2T0M yTBEepIKJEHHMH MOXKHO CJIOBa <«TOYHHIN KyG» 3ame-
HHUTH CJIOBAMH «TOYHAS N-A CTENEHb», I'Je N — HATYPAJbHOE YUCJIO.
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rayccoBux yucen. Ecau npouseedenue 0eyx 63aumHo npoc-
THLX 2AYCCOBBLX HUCE ABAACTCA TOUHbIM KYOOM HEKOTOPOZO
2ayYcco8020 HUCAA, TO U KAHObLU U3 ITUX 068YX MHONCUTE Nl
accoyuupoBar ¢ TOYHubLM Kybom zayccosa ducaa (TO eCThb
MHOKMTETH UMEIOT BUJ € U° 1 £20°, IZie €1 M o paBHBI 1, — 1,
—i unu i, a g -e9=1).

Jloxa3aTebCTBO YTBEPXKAECHUS 9 OUEBHIHO, €CNIU TIPeJ-
CTaBUThL cebe KaAbIH TOYHBIX KyO pasioKeHHBIM B IIpO-
HM3BeJ[eHHEe NPOCTHIX MHOMKHTEJEeH.

4. Haiigem Bce mapsl HeYeTHBIX LEJBIX 4dHMcen (X, v),
Y/IOBJIETBOPAIOIIMX ypaBHeHUIO X’ 44 =v",
Peme nue. JleBylo yacTh ypaBHeHHS INPEJCTABUM B
BHJE MPOUBBENEHMS IayCCOBHIX YMCEJNI:
(x+2i) (x —2i)=0". (7)
BhIsSICHUM, He SABISIOTCA JU MHOMUTENU X -+ 2i, x — 2i B3a-
MMHO IPOCTHIMH (B KOJIbIE IayccOBHIX umcen). lomycrum,
YTO CYLIECTBYET KaKOe-TO IIPOCTOe rayccoBO 4YHCJIO Y, Ha
KOoTOpoe menATrcsa oba stk yucsa. Torga ux pasHocTh 4i Toxe
nenurca Ha y. Ho 4i= —i(1+4i)', a y — mpocroe rayccoso
YHCJIO, 3HAYHUT, YMCJIO Y ACCOUMMPOBAHO C MPOCTHIM rayc-
coBuiM umciaom 14 i. Tak kak x-2i gemurca HA 7y, TO
JIOJIKHO HAMWTHUCH TAKOe IeJioe KOMILJIEKCHOe 4Hcio ¢ -di,
4TO CHpaBeJJIMBO PaBEHCTBO
x+2i=(1+i)(c+di)=(c —d)+i(c+d),
TO ecThb
2=c+d, (8)
x=c—d. (9)
W3 pasencrsa (8) scHO, 4TO 1ieJibie Ynca ¢ ¥ d uiu oda yer-
HBbIe, HIH 006a HeYeTHbIe, U MO3TOMY X AOJIMKHO OKA3aThCH
YeTHBIM. A IO YCJIOBHIO OHO HedeTHOe. MBI IpUULIH K IPO-
TuBOpeunio. Mrak, MHONCUTEeNUW 6 Ne60ll “acTu YpasHe-
Husa (7) — eé3aumHo npoctole zayccosel wucaa. X npousse-
IeHHe — TOYHBIA KyO0, MO9TOMY KaKIbIH M3 BTUX MHOMKH-
TeJiell siBisieTcss KyOOM HEKOTOpOro rayccosa yucia a- bi
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(c TOYHOCTBIO A0 MHOMHUTENSA BUAA =+ 1 wiam —+i). ITO 3HA-
YUT, 4TO X + 2i MOKHO INPEACTABATH B OJHOM H3 TaAKHUX
BHJOB:
x+2i=(a+bi)’,
x+2i= —(a+ bi)’=(—a—bi),
x+ 2i=i(a+ bi)*=(b—ai)?,
x+2i= —i(a+ bi)’=(—b+ai).
Bce o™i yeTsIpe cayuas 00beAMHAIOTCA B OLUH COydau:

YUCJ0 X+ 20 MOYKHO INPEACTABAUTH B BHAE TOYHOro Kyba
rayccoBa 4mciia:

x+ 2i=(m+ ni)®.
Haiigem orcoza m, n, x. Umeem:
2=n(3m’—n?), (10)
x=m(m*—3n?). (11)
U3 (10) scHo, 4TO 2 AEJUTCHA HA N, TAK YTO N JOJIXKHO OBITH
OJHMM U3 4YeThipex uuces -+ 1, 4+ 2. Ho npu n= -1, kak
uzHO u3 (10), 3m” — 1 ueTHo u, 3HauuT, m wHevyerno. Creo-

BaTeJibHO (cM. (11)), X YeTHO, YTO IIPOTHBOPEUYHUT yCJIOBMIO.
Ilpu n =2 umeem u3 (10): 3m*=>5, Tak uro yesozo m, yA0B-

nersopsionero dopmyte (10), He cyuecrsyer. Ilpu n = —2
mosyuaem u3 (10): m = 4+ 1. [TosTomy BO3MOXKHBEI ABa Ba-
pHaHTa:

n=—2, m=1, x=—11 " v=2>5;
n—=—2, m=—1, x=11 " v=5. A

B pewienuu ypaBHeHMs U3 MpuMepa 4 pemalouiyio poJib
CHITPAJIO PAa3JIoKeHHe CyMMBl KBaApaToB x° -+ 4 B mpousse-
JleHue LeNbIX KOMIIJIEKCHBIX UHCeJI.

W pes pasnoxxenus cymmsl Buga Ax" + By" B npousseze-
HHEe KOMIIJIEKCHBIX MHOJKMTEJIeil nepBoil creneHu (OTHOCH-
TeJBHO X M J) HEOJHOKPATHO IPHBJIEKaJa K cebe maTema-
THKOB IPOLIJIOTO M NPEXXJ€e BCero B CBS3H CO 3HAMEHHTOH
runoTe3oi, seickaszanHoi II. Pepma M u3BECTHOH MmO HA-
3BaHueM <«Oonbmiasa rumnoresa Pepmas: npu awbom HATY-
PanvHOM n, Goavulem wem 2, He CYU,ecT8yer TAKUX Tpex
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Yenvlx NONONUTEAbHbLX HUCel X, Y, U, 018 KOTOPbLX Obl-
20 Obl cnpasednius8o paseHCT80

XLy =0v" (12)

27
Ecnu obosHayum yepes A UMCIO €Xp (—;—i), TO KOPHSAMHU

=

ypaBHernusa =1 6yayr umena 1, A, A% ..., A"~', u pasen-
ctBO (12) MOMKHO 3anucaTh Tak:
(v —y)(©—Ay) (©—=A%Y) - (0—A"""y)=x".

910 MOGYAMIIO B cepeJUHE MPOILIJIOTr0 BEKA HEKOTOPLIX MaTe-
MATUKOB N PEANDPUHATh MONBITKY IPUMEHNUTH K JOKA3aTelb-
crBy runoressl depma KOMIJIEKCHEBIE YMCJIAa BHAA 2=+
+aih+ar’+...+a, A", rae ao, @y, as, ..., a,_ | — AeficT-
BHUTEJILHBIE [[eJIble Ynca. B KoHeYHOM uTOre 3Ta ujes Aeicr-

BHUTEJIbHO MPUBEJA K CYLIECTBEHHOMY TIPOJABUIKEHUIO B [AH-
' HOMl 3aza4e (B YACTHOCTH, 6blJIA AOKA3AHA UCTHHHOCTH I'UII0-
Te3bl @epma A GOJBIIOrO YMCIA HOMEPOB 1, HO MOKA ellle
He JJId BCeX n), a TaKKe 0Ka3aja 3HAYMUTENbHOe BJIUAHHE
HAa BCEe PA3BHTHE COBPEMEHHON anreGpbl M TEOPHUHM YMCEJI.

YupaxaeHas

19.1. Ha pnexapToBOii KOODAMHATHOW IIJIOCKOCTH pac-
CMAaTPHBaeTCA OKPYIKHOCTH paauyca R= ﬁ21 AMeIomas
CBOMM LIEHTPOM HayaJo koopauHAT. HasoBure pacnosoxkeH-
HbIe HA 3TOM OKPYKHOCTH 16 TOYeK, MMEIOIUX LeJIOUYHCIIeH-
Hble KOMIIJIEKCHBIE KOOPZAWHATHI.

19.2. Hopmoii rayccoBa yucia g Ha3bIBaeTcs KBaapaT
ero moayxnsi; osa oboanavaercs rak: N(g). Takum obpasom,
N(g)=|g|?’. Hanpumep, N(2+i)=5, N(2—i)=5, N(8—
—i)=65.

1) IIycTs KOMNJIEKCHOE YMCJIO h AeNUTCA HAa KOMILJIEKC-
Hoe uucao g. BepHo jmm, yro N(h) penurca na N(g)?

2) Ilyers N(h) penurcs Ha N(g). BepHo nm, 4To uuciao h
AenuATCH Ha g7
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19.3. IIycTe OTHOCHTEJILHO HEKOTODOr'0 rayccosa uic-
J1a § UBBECTHO, YTO €r0 HOpMAa — [IPOCTOE YMCJIO (B MHOMKECT-
Be HATYpPaJBLHBIX uuces). BepHo i, 4TO0 camo g — mpocToe
(B KosBLE rayccoeslx uucen)?

19.4. BuisicHuTe, Kakue U3 CJEAYIOUMX TayCCOBBIX YH-
ceJl ABNSAIOTCA MPOCTHIMYU, & Kakue Her: 1) 2-+4i; 2) 3 —2i;
3) 8 —i. Ecnu kakoe-nmub60 W3 3THUX YMCEJ COCTABHOE, TO
HAWUTe ero pasjioKeHHWe Ha IPOCTHIe MHOMKHTEJIH.

19.5. Joxaxxure: 1) uucno 7 ABAsIeTCA NIPOCTHIM He
TOJIBKO B MHOJKECTBE HATYDPAJIbHBIX YHCEJ, HO U B KOJbI[E
rayccoBhIX uymcen; 2) TO e BepHO AJH NI060ro HATYpalib-
HOTO uMcja, AAaIero NpH JeJeHHH Ha 4 OCTATOK 3.

19.6. Ilycts ans rayccoBa 4Mcsia £ M3BECTHO, YTO €ro
Hopma N(g) — cocraBuoe uucno. Bepuo iu, 4ro 1 g — coc-
TABHOE rayccoBO 4HcCJIO?

19.7. HazoBuTe faBa NMPSAMOYrOJNbHBIX TPEYrOJbHHUKA C
LEeJIOYMCIEHHBIMA KaTeTaMu, OXUH HepaBHOOGeJpeHHBIH u
OfMH paBHOOGEeJpPeHHBIN, KOTOpbIe MMesu OBl OOIIYIO rHIO-
TeHy3y. IIpeanosxure cnocob Aas MosydeHusI GeCKOHEYHOMH
CepHH Iap TAKUX TPEyrOJbHHUKOB.

19.8. 1) Bel B3sau ABa HATYPAJbHBIX YHMCJA N| H Ny H
0Ka3aJI0Ch, YTO KaKJ0e U3 HUX MOKHO MPeJICTABUTH B BUJE
CYMMBI JBYX TOYHBIX KBAADATOB (HAIpumep, n,=5=2%4}
+ 17, ny=T73=8"+3"). BepHo 74, YTO ¥ X IIPOHBBEJiCHHE
n=n,-n; obragaer reM »xe csoicTBoM?

2) Bel B3AJM ABa HATYPAJBHBIX YUCJIA N U Ny, | oKa-
3aJI0Ch, YTO KaMJ[0é M3 HUX MOXKHO NPEJCTABUTL B BHJE
CYMMBI LIECTH TOYHBIX KBaJIPATOB, IPUYEM IATH U3 HUX —
oAMHAKOBEIE (TAKOBBHI, HAanmpumep, uucaa 61=5-34+4" u
69=7°+5-2%. BepHO sH, 94TO M HX npouaBesieHue oba-
IaeT TeM Ke cBoicTBOM?

3) T'oBOpAT, YTO HATYPANBbHOE YHCJIO N MOMKHO Npex-
CTaBUTH B BHJE€ KBAJPATHYHOH (hOpMBI x2+y2+xy, ecau
HAaWZyTCsA AJIA HEro TaKHe IeJbie 9YHCIA X M Y, 9TO
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ni=xi+yi+x 1y . BepHo 1 yTBepKIEHUE: €CJIU [BA HATY-
PAaJBHBEIX YHCJIA MOKHO IIPE/[CTABUTH B BHJe KBAJPATHYHON
dopmu x’ 4y’ + xy, To TeM ke cBoiicTBOM ObMazaeT M HX
npousseseHue?

4) Ilycrs p ¥ ¢ — JBa JaHHBIX LEJHIX 4uciaa. [osopsar,
YTO UMCJIO N MOMKHO IIPEJCTABHThL B BHJE KBaJpaTHUYHON
dopmbr x*+ pxy+ qy’, ecnu mas sroro umcna HalmyTes
TAKHe LeJIble YMeaa X| U Yy, 9T0 R = X{ -+ px1y:+ qyi. Ecan
KaskJi0e U3 ABYX IEeJIBIX YHCeJI 71| ¥ Ny MOKHO IIPeJCTABHTh
B BUJe KBaZpaTuuHOH dopmul x’+ pxy- qy’ 10 BepHO JH
TO Ke M JAJA UX IIPOM3BefeHHA?

19.9. Ypasuenune x’+y’="7T2" umeer, oueBuzHO, TAKOE
nesioymucyienHoe pemeHue: X =y =2z=0. IIpuBnekas xom-
IJIEKCHBIE YHMCJIA, BBISICHUTE, MMeeT JIX OHO elle U ApYyrue
LeJIOYHUCIIEHHBIE DellleHus.

19.10. CymecTByeT JM YeTBepKaA TAKHUX HATYPAJBHBIX
yucen a, b, ¢, d, KOTOpHE YHOBJIETBOPSAIOT DPABEHCTBY:

a*+b*°=17(c"+d%?
19.11. O aByx HaATypaJIbHBIX YHCJIaX @ U b HM3BECTHO,

4yTO cymMMa HMX KBajapaToB genutca Ha 19. Ciexyer nm or-
cI0/ja, YTO KaXXJ0e U3 JAHHBIX Yuces AejuTcs Ha 19?



KOMIIJIEKCHO3HAYHBIE
SYHKIINN

Buec samMedYaTeAbHBIH BRIAJ
BO BCe 06JaCTH MAaTeMAaTHKH,
0C06eHHO B MATeMaTHYeCKHHA,
aHaaus. OfHA U3 BaXHeHIIHX
sacayr Komm — cospanue
CHCTEeMATHYECKHX OCHOB 00—
me¥ TeOpHH PYHKIHHA KOM —
NJIEKCHOrv IepeMeHHOro.

BripakeHHsA, KOTOpBIe BCe CYHTAJNH YHCTO CHMBOJIHIECKHMH H
He JOIyCKAKILHMH PeaJbHOro HCTONKOBAHHA, BXOXAT B MHP
HEeH, o6perad pealbHOCTs H 3HAYHMOCTE.

Y. TAMMJBTOH




XIX Bex OhLI cBHAETEJEM BO3HMKHOBE-
HHU A O HOU 13 HauboJee UBAIIHBIX U GoraThix
NPUIOXKEHUAMH MaTeMATHYECKHUX JUCIMII-
JIMH — TeOPHUH (DYHKUMHA KOMIIJIEKCHOIO Ie-
PEMEHHOro (KOMIIJIEKCHOro aHaym3a). W3 a1oit
rJasbl BBl y3HaeTe O TOM, YTO O0LegUHEHHE
ABYX OOBIYHHIX (ZeHCTBUTEJIBHO3HAYHBIX)
GYHKIMA OT OZHOrO AeMCTBUTENHLHOrO MEPEeMEeHHOI0 B ONHY
KOMIIJIEKCHO3HAYHYI0 (YHKIMIO AaeT KJIY K DelIeHHIO
BaXXHEIX 3a/la4 U3 06J1aCTH BJIEKTPOTEXHUKH M MEXaHHKH.
AnanoruyHasi uAes B ciaydae QYHKUHI ABYX JelcTBU-
TeJbHBIX [EPEeMEeHHbIX BeleT elle K GoJsiee coaepiKaTesb-
HBIM INPHJIOKEHUAM: obbefuHeHHe ABYX QYHKIuMA u(x, y)
u v(x, Yy) OT ABYX HEHCTBHUTEJIbHHIX II€PEMEHHBIX B OJAHY
KOMIIJIEKCHO3HauYHyl0 dbyHknuio u(x, y)+iv(x, y), paccma-
TpUBaEMyl Kak (QYHKLUHIO OT OfHOro (!) KOMIJIeKCHOro
epeMeHHOro X --iy, HALILJIO HIMPOKOe IpaKTHYeCKoe IPH-
MeHeHue, MBI O3HAKOMHM YHTATEJSI C NMPOCTEHIINMHU TIPH-
MepaMH TAKUX GQYHKUMH M UX PU3UYECKHUM TOJIKOBAHHEM
KaK HEKOTODPBIX Aedopmaiiuii.

§ 20. KomnaexcHo3Hauynsie GhyHKI#A
JEeHCTBHTEJILHOI0 NePeMEeHHOro

3aMeTHOr0 YNpPOILIEHHUS BBIKJAJAOK, OGOsblIed KOMIaKT-
HOCTH B 3aIIMCAX MOXKHO B PsAjl€ CAYyYaeB JOCTHUIHYTH OJaa-
rogaps o0beJUHEHUIO ABYX OOLIYHBIX (HeHCTBUTEJIBHO3HAY-
HBIX) GYHKOUA [JeHCTBHTEJILHOIO IEPEMEHHOro B OLHY
KOMILIEKCHO3HAYHYI0 (QYHKIHIO (TOro Ke I[epeMeHHOro).

IIycTh MBI UMEEM JABe AeMCTBUTENbHO3HAUHBIE QYHKIUYT
u=q(t) u v=qy(t) OT OFHOrO AEeHCTBUTEILHOI'O IepeMeH-
Horo t (¢t mpoberaeT HEKOTODHIH WHTEPBAJ, HJIH OTPE3OK,
HMJIM BCIO YMCJIOBYIO NIPAMYIO, MM YucaoBo# syy4). [Tonaras,
4TO W=U+ iV, MBI MOXEM ITOCTPOUTE KOMIIJIEKCHO3HAYHY IO
bynxnuo

w=q(t)=i(t)+ ipxt) 1)
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GWM obsacreio onpeaenenusa. Hanpumep, BMeCTO ABYX
lenm u=cos t, v =sin t(0 <t < 1) MOXXHO paccMOTpPeTh
OAHY KOMIUIEKCHO3HA4YHYI0 GYHKIMIO w=cos t-}isin?
(0t n), 10 ects w=e" (0Lt <n). Jnsa KOMILIEKCHO-
gHAYHON dyHKuuH (1) MOXKeM BBECTH MOHATHUSA «IIPOM3BOJ-
HAfA» W «UHTErpaji», HCIONb3ys caeayiomue (HOPMYJIbl
(KoTOpsle creayeT paccCMATPUBATH KAk OIpeNeseHHs):

dy d(p:
e e @
f(p<t>dt=S<pn<t)dt+i5<pz(t)dt- 3)

DNeMEeHTAPHEIMH BBIKJAJKAMH MOJYKHO IIOKa3aTbh, YTO
NPUMEHHUTEJIBHO K KOMIIJIEKCHO3HAYHBIM QYHKUuAM neiicT-
BHTEJIBHOI'O IIEPEeMEeHHOr0 OCTAIOTCS B CHJIE U3BECTHBIE Ipa-
BuyIa AupdepeHnupPOBaHUS CYMMBI, PA3HOCTH, IIPOU3Be/e-
HUSA, YaCTHOIO, CTENEHH C LEJBIM IIOKa3aTejieM, a TaKKe
NPaBHJIO O 3aKOHHOCTH BBIHECEHUS IIOCTOSTHHOIO (Temephb
yiKe KOMILJIEKCHOI'0) MHOMKMTENS M3-I0J 3HAKA ITPOU3BOJ-
HOH MJIM WHTErpasa.

HeTpynHO NpOBEpUTb, YTO €CJAHM KOMIIJIEKCHO3HAYHBIE
byukuum F(t) u ¢(t) cBasaHbl 3aBUcCHMMOCTBIO F'(t)=q(t)
(o <t << ), TO IpH JMIOOBIX 1), to, AJIA KOTOPHIX ot < 11 <ty <<
<P, cnpasenyuBo pasBesHcTBO (dopmyna HelortoHa-Jlei6-
HUDA):

§ Q(t)dt =F(t;)— F(t,). (4)

IIpumepsl. ,
1. IIyers w=¢"' (n — uenoe umecno, n=0). Haiigem

ai. . .
11POM3BOLHY IO a(e"") M MHTerpas fne'"’dt.
0

Peme Hue, Tak Kak e""—cos nt--isin nt, To o onpe-

JeJIeHn 0 ‘fi—l:) =a-d; (cos nt) +i (sln nt)= — n sin nt +
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+in cos nt=in(cos nt+
Y +isin nt)=in-¢". Hraxk,

d .
a—t(e"”) = inef’". (5)

Z(t
Bt)r— (t Z{p} : HckoMmblii HHTErpas MOKHO
| HaWTH, HAOpUMep, C TIoO-
| mougbio dhopmyinnl (4). U3 (5)

} Z(x)
GRS
Puc. 45

; 1.
BUAHO, uTO €= (-— e”")’.
in

=

IToaTomy

n 2 i
f e””dt=_—e""
0 mn

" A
0

C noMOIIbI0 KOMIIJIEKCHO3HAYHKX (DYHKIMH JeHCTBH-
TeJLHOr0 IIePeMEeHHOro yZ00HO 3aJaBaTh ILJIOCKME JIMHHUH.
Ilnockas xkpuBas nuHusA (puc. 45) yacro 3amaerca mapa-
MeTPpHUYEeCKH JBYMS AeHCTBUTEIbHO3HAYHBIMH HEIlPePhIBHEI-
MH QYHKIHAMH ZeHCTBUTEJIBHOIO apryMeHTa:

x=q(t), y=t) (a<t<P). (6)
BMeCTO HHUX MOXHO BOCIIOJIB30BATBCHA TOJIBKO OAHOﬁ KOMII-
JIeKCHO3HAYHOH (DYHKIMe# TOro ke apryMeHTa:

z=g(t)=q(t)+ipAt) (2<t<P) )
(3mech z=x-iy).
2. PaccMOTpUM OKDYJKHOCTH C LIEHTPOM B TOYKe (@), @2)

paauyca R. OHa MoskeT OBITh 3afjaHa ABYMS ypaBHEHHUAMU
(puc. 46):

x=a,+ R cos t, y=ay+Rsint 0<t< 2n).

3azaauM ee B KOMIIJIEKCHOM (opme.
Pem e Hnue. B koMmnyekcHOil opme aTa OKPYIKHOCTH
MOKeT OHITh 3aJaHa TaK:

z=x+iy=(ai+ia2)+ R (cos t+isin t)
um z=a-+ Re' (0<t<2n; a=a,+iay).
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Y Y

) Z(t) 2R

J R

a, L
T / 0 4R X
I/

0 q X X

Puc. 46 Puc. 47

3. Kapauoupa ' (puc. 47) 3azaercs ZByMsa AeiiCTBUTEb-
HbIMH YDABHEHUSMH :

x=2Rcost-(1+cost)), y=2Rsint-(1-4cost)
o<t 2n)
Haiizem ee ypaBHeHHe B KOMILJIEKCHOU dopme.
Pemenmue. z=x+iy=R‘(2 cost+1-+4cos 2t+i(2X
X sin t+sin 2t)=R(1+42e"+€*)=R(1+€"?, 10 ects
KOMIIJIEKCHOE YPaBHEHHE KapAHOMALI TaKOe:
2=R(1+¢€") 0<t<<21). A
IIpumMeHeHre KOMIIJIEKCHO3HAYHBIX QYHKIMN TO3BOJIAET
60Jiee KOMIIAKTHO 3anucaTh GOPMYyay ANS AJMHEI KPUBOW.
B kypce matemaTnuyeckoro aHasmsa nas piauesl || Kpu-
Boii I', BamaBaemoit ypaBHeHMAMH X =¢(t), Y= @a(t), o <<
< t< B, ussectHa ¢opmysa:
B
1T = Vgt (®) + (es(t)? at.

a

' Kapduoudy (B mepeBoje ¢ rpedecKkoro 03HAYAET: CEPALEBH-
HAA) MOJKHO ONPEeAE]UTH KAK TPAEKTOPHIO, KOTOPYIO ONHKIIET TOYKA,
PACIoOJIOKeHHasd HA OKPYXXHOCTH paauyca R, Korga sra OKpY3 K-
HOCTB KATHTCHA IO APYroil OKPYIKHOCTH TOrO K€ pajguyca.
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Paccmorpum bysruuio ¢(t)=q¢(t)+ ips(t). Tak rak ¢'(t)=
=@i(t)+igit), To dbopMyny AN AIMHBI KPUBOH MOIKHO,
OYEeBHHO, 3amucaTh 60Jiee KOMIAKTHO.

vl = 1)l de.

4. BEIYUCIUM AJUHY KapAHOHIBI.

Pemenue. B cuny cuMMETpUH ee OTHOCHTEJIBHO OCH
Ox pocraTo4HO BHIYMCHUTS anuny ||| monosunsl kapauon-
ABl, T. €. AYTH _

z2=¢(t)=R(1+4¢") o<t ).
Hmeem: ¢'(t)=R - 2 (1+4-€") - ie"". Tak kak |i|=1, |e'|=

=1, [14€'1=11 +cost)+lsmtl—\/1+cost) +sin’t =

4cos§ 2cos-£2-, npu 0<<t<<x, To [¢'(1)| =4R X

t ( t Lt
Xcos?, MO TOMY II‘|I=§4Rc037dt=8RsmE K

=8R. 3uauur, |I'| =16R — nymHa KapAUOUIHL.

*# § 21. MauMble YHCIA H NePeMEHHBIH TOK

B konne XIX B. KOMIJIEKCHbBIE YHCJIA HAILJIMA HOBOE BaXK-
HOe IpUMEeHEeHHe, CBA3AHHOE C pacyeToM Iemneid ImepeMeH-
HOro Toka. [l pacuyera Ierneil MOCTOSSHHOI'O TOK& K TOMY
BPEeMEHH yiKe MMeJHCh yAO0OHBIe H IpOCThHIe NMpPHEeMBl, OIH-
paromuecs: Ha 3aKoH Oma u npasusia (3akousl) Kupxroda.
Bce 5TO MO3BOMMIJIO ¢ TOMOIIBIO CPEACTB 3JIeMEeHTapHOM
ayre6psl pemiaTe pasHooGpasHble BIIEKTPOTEXHUUYECKHE 3a-
Aauyu. MHOrHe TakHue pelleHHs yKe TOrZa BXOAMIH (M ceii-
yac BXOAAT) B y4eOHUKM (DHUBUKH.

Huuero moxoxkero He OBIJIO M3BECTHO B TO BpeMs# IJIs
nemeil mepeMeHHOro Toka. IlepeMeHHBIA TOK, ¢ KOTOPHIM
NI PUXOAMUIIOCH UMETh JeJI0, GBI CHHYCOMAAIBHEIM. TO 03HA-
yaer, 4TO cuJia TOKa | B KajXXKJJ0M M3 OT/[eJIbHbIX y4YacTKOB
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R L Cl RI L
e R2

PP 254

Puc. 48 ‘ Puc. 49

LenM M3MEHsSeTcs [0 CHHYCOMIAJbHOMY B3aKOHY, TO €CThb
BBIpa’kaeTcd AJs a06oro momenTa BpemeHH t HopMmMyoWH
BHJA:

I=1I,-sin(ot+ ¢),

rae I, — DOCTOSTHHOE IIOJIOIKHTENbHOEe YHCJIO (aMIJMTYAa
TOKA), ® — UUKJIMYEecKas 4acrora, ¢ — HadaJbHasA (asa.
IIIC uenu TakKe UBMEHAETCH 110 CHHYCOMAIbHOMY 3aKOHY,
TO ecTh OHA 3ajaercs Gopmysoit Bujga:

& = % n-sin (ot + @o),

rae % ,>0 — nocrosnHoe umcao (ammauryaa BIC), © —
yacrora, (o — HavanbHad dasza IJIC. Chopmyaupyem aBe
npocTefnide 3ajadd AJIS Iereidl IepeMEeHHOro TOKa.

3 apxaual. K 3axumam ajieKTpruYeckoil enu (puc. 48)
npuyioxkeHa cunycougansHaa IAC & =& ,-sin (ot + o).
Ilens COCTOMT M3 MOCJIE0BATENHHO BKJIIOUEHHBIX CONIPOTUB-
nenus R, uaaykTaBHocTH L u emkoctu C. Kakoit 6yaer cusa
TOKA B IeNX B JAaHHBIH MOMEHT BpeMeHH t?

3anxaua 2. K zaxumam sJIeKTpHYECKO# nenu (puc. 49)
npunoxena cuHycoupasbHasg IDAC & =7 ,-sin (ot + ).
Ilenb cocTOUT U3 BYX NapaJsuie/IbHBIX BeTBEH, IpUYEM B OJ-
HOM M8 HHX IIOCJIEeAOBATENBHO BKJIIOYEHB! COIIPOTHBJIEHHE
R1 u weAyKTHBHOCTE L, a B Apyroii — emrocts C U conpo-
TusaeHue R2. Kakoii OygeT cuina Toka B MOMEHT BPEMEHH 1
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B HepasBeTBJIeHHOU uyactu nenu? Kakoit 6yaer cuna Toka
B KajX/IOM M3 BEeTBei Iled B JAHHBIH MOMEHT BpeMeHH {7

Kak xe pemarorcs mozo6usle sagauu’?

B 1893 r. moyomoii aMEpHMKAHCKHMN BJIEKTPOTEXHHUK
Y. II. IITeitHMeln] NpeaJIOXKUI U JeTaJbHO pa3paboTas cro-
co0 pemeHusd 3aZjay Ha pacyeT Ielei nepeMeHHOro (CHHY-
COMJaNIbHOI0) TOKA. JTOT METOJ OCHOBAH HA NMPUMEHEHUH
KOMIIJIEKCHBIX YHCEeJI i HAa3bIBAETCH METOOOM KOMNICKCHBLX
aMNAUTYO UIH CUMBONUYECKUM METOOOM.

Yro raxoe kommiaexcuaa amuanaryga? [lyers cuna Toka I
B IIeIH M3MEHSeTCA IO CHHYCOMAAJBHOMY 3aKOHY, TO €CTh
sajzaercs dopmyJsioi Buza:

I=1I,-sin (ot +q¢), (1)
rae I,>0 — aMniauTysa TOKa, ® — 4acToTa, (¢ — Hadasb-
HaA ¢asa. BenomuuB dopmyny Oitsepa, 3amedaeM, 4YTO
BeJMYMHY I MOXKHO paccMaTpUBATL Kak MHUMYIO YacTh
KOMIIJIEKCHOM BEeJMYMHEI .

[=In-e“+v, (2)
Taxum o6paszom,
I=1Im I =Im(I,-€&“+9), (3)
Besuunny I nHOra HABKIBAIOT KOMNIEKCHbLYM TOKOM (KOMTL-
JleKC TOKa).
ITouaTHO, YTO
I=1,-e", (4)
rae
In=1In-€". (5)

Benuunny I, Ha3BIBAIOT KOMRIEKCHOL amnaurydoil TOKa.

! B surepaType IO 2JeKTPOTeXHMKEe OOLIMHO 0603HAYAIOT MHH-
MyI0 egMHMIy GykBoii j (Tak uTo j°= —1), coxpauas GykBy i gas
ofo3HaueHus cuibl Toka. MBI ocTaBuM 0060O3HAYEHHE | AT MHUMOM
epuaunsl, Touka (-) cBepXy Hajg OyKBOH 4YacTo HCIOJIB3yeTcs B
SJIEKTPOTEXHUKE IIpU 0603HAYSHUM BeJIMYWH, IPUHUMAOIINX KOMII-
JIEKCHBIE 3HAYEHMS.
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Ecaiu K 371eKTPHYECKOH Ienu
npuiokena sHemHsaa JAC &,
U3MEHSAIOLIasACAd 10 CHHYCOUIATb-
HOMY 3aKOHY:

Z =& m-sin (ot +@o), (6)
T0 Z MOYXHO pacCMaTPHUBATHL KaK
MHHUMYIO 4aCTh HEKOTOPOH KOM-
MJIEKCHOH BEJIMYUHBI

féf = ei(ml + o) (7)

(3' — kommrexkc IJC).
Besnyuna

Cn=Fn-€™ (8)

HA3BIBAETCA KOMRJEKCHOIU am-
naurydotu DJC. IlousTHO, YTO

F =% e, 9)

Jnsa manbHeduIero moJie3HO 3a-
MEeTUTb, UTO, €CJIM U3BECTHA 4Yac-
TOTa (O KOJIeOAaHUSI TOKA, TO 3a-
Jaya HaXOMXJAEHHUS CHJBI ToKa I
OIS TPOM3BOJBHOI'O MOMEHTA
BpeMeHM { M 3ajadya Haxoxje-
HUA KOMILIEKCHOH aMILIHTYZbL
I, (Bcuny dopmyn (1) — (5))
PaBHOCHJIBHBI; TO JK€ MOJXKHO
ckazaTh (cM. dopmyan (6) —
(9)) u o BIC. eicTBuTensHO,
€CJIM U3BeCTHA KOMILJIEKCHAs aM-
nautysa Toka I, To mo dopmy-
ne (4) Jnerko HAWTH KOMILJIEKC
TOKA, a 3aTeM M CHJIy ToKa [
KaK €ero MHHMYI d4acTb. Pac-
CMOTPHM HECKOJIbKO IIPHMEPOB.

135

Yapasa lporeyc IITEAH-
MEIl (1865—1923) po-
auincs B Bpecnasie (HbIHe
BpowJag), KOTOpHIi TOorza
HAXOJMJICS TIIOA BJIACTHIO
IIpyccun. B 1887 r. lreitn-
mer; 6BlJI BRIHYIKJAEH, cha-
casch OT IOJHIMH, KOTO-
pasi IpecJyefoBajia ero 3a
y4acTHe B JABMIKEHHH CO-
OMAJMCTOB, dMUI'DHPOBATH
cuavasna B [lIseiiapuio, a
3aTem B CIII A, rae paboran
BEAYUIMM 1HHXKEHEePOM.



IIpamepsi.
1. B uenu Teyer mepeMeHHBIH TOK, BEJIMYHHA KOTOPOro
(B ammepax) I uaMeHsieTcAd MO CHHYCOUAAJNILHOMY 3aKOHY :

I=20sin (100t —}——;L ) KakoBa kKoMIJeKcHAas aMILJIUTYAa

atoro Toxa? Kakos Kommjexc Toka?
Pemenue. U3 yenosusa caegyer, 4To aMIIUTYAA TOKA

I,=20A, nuxanueckas yacrora o=100c ', HauaneHas

dasza q>=% paauan. Ilo dopmynam (5) unu (4) sHaxopum

KOMILUJIEKCHYI0 AMIUIATYAY In ¥ KOMIUIEKC TOKa: In=
i3 . :
=20e 2 =20i, =20i-¢"'°",

2. KoMnyekcHas aMIOIATYAA & DJIC ucrounuka mepe-
mMeHHOro Toka pasHa — 104 10i, nukanuyeckas wgacrora
namenennsa DJIC o =>50c'. Banumem suavenne DIC (¥)
B J1I000i MOMEHT BpeMeHH .

Pemenune., [Jna 3anucHl KOMIIJIEKCHOW aMIIJIATY LI
# » B IOKa3aTeIbHOM hopMe HAlieM ee MOAYJIb ¥ APTYMEeHT:

) . T il .
| % ml =V(— 107 +10°=10+/2, arg 7m=f. Tlootomy F , —
3n

i K ) gp38l
=102-¢ ¥, F=Fn-€" =10v2¢ * . &% = 102X
3n

i(50t +5F :

Xe . Bepa or ¥ MHHMYIO 4acTbh, NOJy4YuM: 7 =
3

—10+/2sin (50t+7“).

Croxenne CHHYCOHAAJBHBIX TOKOB. IIycTh B HEKOTOPOM
Le¥ MePpEeMEeHHOr0 TOKA MMEIOTCS [Be BeTBH, COeAHUHEHHBIE
napanneasHo. Ilycts mo HuM upoxozar Toxku I'(t) m I''(t)
OAHOM ¥ TOM e JacToTsl w. Torpa npu OObeAUHEHUN DTUX
BeTBEe# B OAHY Lenb 1o He# 6yaer nmpoxoauth ToK I=I"+
—+I”. 91oT PAKT MOMKHO CUHTATH YCTAHOBJIEHHLIM JKCIIe-
puMeHTaNbHO. IIpUHATO roBOPHTH B NMOZoOHONM cHTyauuu,
9YTO ITPOMB0LIJIO CJAOMKEHHEe TOKOB. UTO )Ke IMPOMCXOAUT IIPHU
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CJIOKEHHH TOKOB C MX KOMIJIEKCHBIMH aMnoiauTynamu?
Iyers Toxku I’, I” u I MMeOT KOMIJEKCHBIE aMIIJIUTYABL
cooTBeTCTBeHHO 14, I u I,. Torza

I=r+4I"=Im["+Im " =Im (I’ +1")=

= Im (I}- € +1%- &)= Im (I} I2)e™).
Orciona sicHO, uTo I — mepuoauyecKas GYHKIUSI OT Bpeme-
HU § C 4YacTOTOM © M 4YTO

j = 1 l’n + i " .
Hrak, xorda IIPDH CJIOKEHHMH CHHYCOMJAJIbHBIX TOKOB OJI,HOﬁ

M TOHM K€ YACTOTHI UX AMILJIMTY ABI,Bo00INE rOBOPS, HE CKJa-
LBIBAIOTCHA, UX KOMIIJIEKCHBIE aMIJIMTYABl CKJIAZBIBAIOTCH.

3. CnoxuM JBa TOKA OJAHOM M TOU e IUKJIMYECKOH
gacToThl @ =50c !, ecaim M3BECTHO, YTO OHM MMEIOT TaKHe
KOMIIJIEKCHBIe aMIIMTYABl (B ammepax): f{,.=15+20i "
7 =25 —60i.

Pem e Hue. Halizem cHauaa KOMILJIEKCHYIO a MITJIUTY-
Ay CYMMAaDHOI'O TOKA:

In=1,+1,=40—40i=40\2.¢ *

ITosTomy
F=40y2e T80 405, o - )
I=Im 7' =40yZ sin (50:-%).

KomnaexcHoe conporupieHHe. IIycTs umeeTcs HEKOTO-
pasi Lenb, NOAKJIIOYEeHHadA K rexepatopy ¢ 9/C, uamensio-
meics 10 CHHYCOMZAJbHOMY 3aKOKY C 4acToToi . B aroit
L[eNIH MOTYT BCTPETUTHLCH AKTUBHBIE CONIPOTUBIICHU S, HHIY K-
TUBHOCTH (KaTYIIKH), eMKOCTH (koHmeHcaTopkl). Ciuexys
IlITeliHMenly, COIOCTABMM KAa’XKAOM KaTyIIKe, HUMEIOIeH HH-
AYKTUBHOCTE L, umcTOo MHMMoe uyucyio R, =iwL, xoTopoe
YCJIOBUMCS HABBIBATH KOMNJICKCHbIM CONDPOTUBNCHUEM ITOM
karymku. Kaskgomy xouzeHcaTopy, umMeomemy eMxocts C,
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1-
COIIOCTABMM 4YMCTO MHHMMOe 4ucyio R.= ——C-l, KOTOpoe
w

OyeM Ha3BIBATh KOMNACKCHbLM CONPOTULEIEHU eM ITOTO KOH-
aeHcaropa. Kpome TOro, ecjii B LeNH MMEETCH AKTHBHOE
CONPOTHUBJIEHHE BeJIMYMHBI R, TO OCTaBUM €My B COOTBET-
CTBHE JAENCTBUTENBHOE YHCJI0 R, KOTODOE HA30BEM KOMIL-
JeKCHbLM CONPOTUGLEHUEeM ITOTO AKTABHOTO COIPOTHBIIE-
HHAA.

Ecin uMeeTcs 1enb, COCTABJIEHHAS U3 IIOCTIEA0BATEIBHO
COeJMHEHHBIX aKTHUBHBIX HJM DEAKTHBHBIX COIPOTHUBJICHUMN
(pesucTOpOB, KATYIIEK, KOHAEHCATOPOB), TO YCJOBUMCH Ha-
3BIBATH KOMIUJIEKCHBIM CONMPOTHUBJICHUEM eI KOMIIJIEKCHOe
4YuCJIO Z, KOTOPOEe PABHO CyMMe KOMILJIEKCHBIX COIIPOTHBIIE-
HUH COCTaBIAIOMMX d1eMeHTOB. Yucao Y, o6paTHoe uncay

1
Z <Y = 7z ), Ha3bIBAIOT KOMNJEKCHOU NPo80OUMOCTbIO Yyenu,

BeNUUMHY |Z| — noaHwvim conporusaenHuem uyenu (|Z|=

2
o [ H R | = ‘\/R2+ ((oL—-wl—C> )
PaccMOTpUM HECKOJIBKO IIPUMEpPOB.

4. B uens nocysegoBaTeIbHO BKJIIOYEHBI PEOCTAT C COIIPO-
Tusaeauem R =20 Owm, kouzencarop emxoctu C=0,000127 &
u kartymka wHgyKTuBHOCTH L =0,1275 I'n. Ilens mogkiio-
YeHa K reHepaTopy, pamllemy cuuycouxanbuyo S C ¢ uac-
ToTOH f=>50 I'l. BRIYKHCIMM KOMIIJIEKCHOE U IIOJIHOE COIIpO-
THBJIEHHE IETH.

Pemenue UmeeMm: 0 =2nf~~ 314 ¢~ '. KomniekcHoe
CONPOTHBJIEHHE Z BBIYMCIUM 10 dhopmyse Z=R+ R; + R,

1 1
rae R, =iwL=~314-0,1275i; Rc=—w—ciz——— X

: 314

. S 1

L. Z= 1 (814.0,12756 — —
AT T el v (s14-0,1275— — x
X 0,000127 )z(zo +15i) Om. IToaHOE cONPOTHBIICHHE HeIH

HaxoauMm 1o dopmyse
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2] = R+imL—chl='\/R2+ (mL—wicf, (10)

TO ecTh B HamieMm ciyyae |Z|= \"27)2—1—152 =25 0m. A

IIycts B Lienlb IIEPEMEHHOTO TOKA MAa paJiJeJibHO
BKJIIOYEHE! [[Ba BJIEMEHTA, UMEIONIHe KOMIIJIEKCHBIE COIpO-
THBJICHHS COOTBETCTBEHHO Z| U Z. Komnaexcruvim conpo-
TUBJEHUEeM TAaKOW IeNH YCJIOBHMCS Ha3bIBATh YHCIO Z,

onpejesisieMoe M3 paBeHCTBA 1 ot + . Orcooza
ped p Z Zi'Z: &

Z\-Z

P LA (11)

Z\+Z,

Eciau uyepes Y, Y, Y, 0603HAUHTE COOTBETCTBEHHO KOM-

IJIEKCHYIO ITPOBOLMMOCTH BCEH IelnH, IPOBOJAUMOCTH Iep-
BOT'O M BTOPOTO BJIEMEHTOB, TO MOJYy4YHM: Y =Y |+ Y.

5. Ilens, cocrosAlas M3 ABYX MapaJiJieJIbHBIX BeTBeH
(puc. 49), umeer ciaeayioigue mapamerpbli: R;=19,7 Owm,
L=0,031 Tu; Ry=44 Om, C=0,000096 &. Onpezenum
KOMIIJIEKCHBIE COIMPOTHUBJIEHH S KA 0N U3 BeTBEH M IOJHOE
COIIPOTUBJIEHHE BCei I[eNH, €CJHd II0 Hed NPOXOZUT TOK C
yacroroi f=50 I'm.

Pemeunue. ow=2nf=x314; R,=ioL=~9,8i; R,=

i ~

oC
nepsoi BetBU: Z,=R,+R;=19,749,8i u rommiexcHoe
COIIpPOTUBJIEHHE Z7 BTOPOil BeTBU: Zy=R,-+| R,=44—33i.
o dopmyne (11) BBIYMCIMM KOMIIJEKCHOE COMPOTHBIIE-
HUE Bced Iemu:

Zi-Z: _(19,7+9,8i) (44— 33i)

Z— - ~15,4—0,041,
7.+ 2 63,7 — 23,21 2,04

OnpegessieM IOJHOE CONPOTUBJIEHHE BCEH IEIH:

— 33i. HaxoauM KOMIIJIEKCHOE COIMPOTUBJIEHME 7|

|Z| ==/15,47+ 9,04’ ~ 17,9 (Om).
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3akon OmMa niasA memw mepeMEeHHOro Toka. IlpexcraBuM
ceGe, 4YTO UMeeTCHA Lelnb, NOAKIIOYEHHAaS K MCTOYHHKY H3-
BectHoi JJIC %, MeHsAwOIIeiicad MO CHHYCOMAAJILHOMY 3a-
koHy. Hac uaTEepecyer, kakoii 6yzer cuyia TOKAa B IENH B JIIO-
6oit moMeHT BpeMeHH t. UTo Xe HYMKHO 3HaATh, Kpome 7,
9T00BI OTBETUTH HA 3TOT Bonpoc? OKasriBaeTcs, JOCTATOYHO
3HATH JIMIIb KOMIIJIEKCHOE COIIDOTHUBJIEHHE Z IeIH.

Jns canyuas nenei nepemenHoro Toka, Illreiiumeny yaa-
JIOCH IOAMETUTH (DAKT, aHAJIOTHYHBIA 3aKoHY OMa pmis ue-
neif mocrossHHOro Toka. Eciiu HepazBeTBIeHHAA Lienb (Lenb,
B KOTOPOM BKJIIOYEHHI TOJBKO IIOCIEJOBATE]IEHO aKTUBHBIE

‘M peaKTHUBHEIE 3JIEMEHTHI) TOAKIIOYeHA K HCTOYHUKY CHHY-
couzanpaoil J[C ¢ KOMILIEKCHON AMIJMTYROH ¥ , M KOMII-
JIEKCHOe COIIPOTUBJIEHWE LENH PaBHO Z, TO KOMIIJIEKCHAS
aMILIATYZA TOKA I, PaBHA OTHOIIEHHIO KOMILJIEKCHON aM-
nauTyasl 3JJC UCTOYHMKA K KOMIIJIEKCHOMY COIIPOTHBJIE-
HHUIO LIeIH: "

; m

In= 7 (12)
Halifs KOMIJEKCHYIO aMILJIUTYAY T y¥Ke JIerko, Kak
MBI BHJEJIH BHIIIE, BLIYMCIUTE CHJY Toka [ auas mob6oro
MOMEHTa BpemeHu 1.

IlonyuyeHHble CBeJEHUA MO3BOJAIOT PEIIUTH IIOCTABJIEH-
HYI0 BhlIe 3aza4y 1. B o6mem Buje 15 ee pelIeHusI MOXKHO
HMCIIOJIb30BATh CJHELYIONIUN aJrOPHTM:

1. 3saa nmapamerpsl % ., ¢, ® cuHycouzaabHoi I C
Z (€ =7 n-sin (0t + ¢o)), HAXOAUM KOMIIJIEKCHYIO aMILJIH-
ryay BIC # . no dopmyne: #,=% .-,

2. HaxoauM KOMIJIEKCHOE COIIPDOTHBIIEHME Z Lienu (puc.
48) no dopmyne

i
oC’
Jnsa ynpomeHusa gaJdbHeHIINX BEIYUCICHUH 1esiecoo6pasHo
Z npencTaBUTH B. MOKa3aTeJbHOH dopme.
3. Ilpumensasa dopmyiay (12), BEIYHCIAEM KOMIJIEKCHY IO

Z=R+R,+R,=R+ioL—
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aMnauTyAy Toxa I, s8aTem mo dopmynam (4) u (3) onpe-
nensieM cuny Toxka I B menu B 000 3aaHHBLIA MOMEHT
BpeMeHu 1.

Ilomo6HEBIH aJTOPUTM MOYKHO COCTABHTE U AJIA PEIIeHU s
zagaum 2.

6. B nenu mepeMEeHHOr0 TOKAa IOJ AeHCTBHEM CHHYCOU-

ki l(ml+%)
manbHOM OIC 7 =220e

i (wl - %— )
=22¢ A. HaiifeM KOMIJIEKCHOE CONPOTHBJIEHHE Z
LEeNu MU MOJHOE COIPOTHBJIEHUE I[eITH.

Pemen ne. Ilpexsapurensuo Haitgem KOMIIJIEKCHY 10
amMuauTyRy I, TOKa ¥ KOMIJIeKcHY0 aMmmutyny DJC & ..
U3 ycnosus caepyer, 4To amnauTyga Toka I, =22, Hauanb-

B mupoxogur TOoK I=

Haa dasa ¢ =%, ammumryaa 3AC 7 ,=220, navanbHad

dasza (p2=%. Torxa

) ] i3 ) i
li=Ti-d"—2%7, &.—220e %

ITo dpopmyre (12) HAXOAUM KOMIIJIEKCHOE CONPOTUBJICHHE Z
LIeTIH

e ‘i’". i 220{7 L 10s®
" 22e°
i}‘
Monnoe comporusierne nemu |Z|=|10e2°| =10 (Om).

7. Karymka, akTUBHOE COIPOTHBJIEHHE KOTOPO# R=
=11 Om, a unayxTUBHOCTL L=0,136 TI'H, moaxaioueHa
K HCTOYHMKY, KoMilekcHas SJ[C koroporo paBHa # =
=220-¢"3!4 B, OnpeaesuM KOMIIJIEKCHYIO IPOBOAMMOCTDH
Y KaTyuIKu ¥ MrHOBEHHOE 3HAa4YeHUe CHJIBI TOKA B KaTyIIKe.

Pemenue W3 Boipaxenus xomiexcuoi IJC &
ONpefesIMM 4YacCTOTy, HadaJbHYI0 ()asy ¥ KOMIJEKCHYIO
ammmuryay 9JIC: w=314c¢™!, ¢,=0, &,=220-¢° =
=220 B. KomnjekcHOe CONPOTHBJIEHUE Z KATYIIKH HAXO-
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JuMm 1o popmyne: Z=R-+ R, rae Ry, =ioL. Umeem: R, =
=42,6i, Z=11+42,6i.

1
KomniexcHasi NpPOBOAMMOCTE KATYIIKH Y == ~
1
~i1742,60 ~0,0057 —0,022i. [{nsa gansueiiniero yno6xHo

KOMIIJIEKCHYIO IPOBOAMMOCTh 3aIMHMCATH B IOKA3aTEJbHOM
dopme. Umeem:

|Y | =/0,0057%240,022% ~0,0227,

51
arg Y~ — — .
g 12 pan
-1.83
noatomy Y ~0,0227e . ITo dopmyse (12) Bbramcisiem
KOMIIJIEKCHYIO aMILIMTYAY I, TOka:
5 5

. Fa , B g
In=—F'=%n Y =220°-0,022T¢ "x5e .

Torga mo dopmysnam (4) u (3) moayyum:

.5n 3 i 5n
. —i . i\3141—
I=5e¢ n-el~3l4l=5e( ﬂ)

’

I=Im f =5sin (314t—i‘>A.
12

*% PaccMOTPMM HA IIpUMEpe T€ COOOpa’XeHHsl, KOTOpbie
IPHUBOJAT K YCTAHOBJEHHIO 3akoHa Oma nnis meneil mepe-
MeHHoro Toka (cm. (12)).

IlycTs uMeeTCs 3JIEKTPHYECKAS 1[eNb, KOTOPasd COCTaBJIE-
Ha U3 aKTUBHOT'O CONPOTHBJIEHHsS R M MHAYKTUBHOCTH L,
COeIUHEHHBIX II0CJIeA0BATENbHO, 1 K KOHTYDPY NOAKJIIOUYEHA
BHemiHAA IJIC 7, msMeHAOUEASCA O CHHYCOHJAJIbHOMY
3aKOHY, B IjenM yCTaHOBHUTCS KaKOU-TO TOK /, N3MeHAIONIH i-
Cfl 10 CHHYCOMIAJIbHOMY 3aKOHY. BEINONHAETCA ciaeyomas
3aBHCHMOCTH (KaK 3TO yCTaHABIMBAETCA B Kypce QMBHUKH).
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dI
R-I+L-—-=3. (13)

Hama 3afa4a COCTOHT B TOM, YTOOBI MO KoHcTaHTaM R u L u
neficrBuTeNbHON PYHKIUU F = F ,-sin (ot + ¢) HalTH He-
us3BecTHYO0 GyHKuuio I nepeMeHHOTro i.

Bmectro Toro utobmi uckars I, Gygmem, g.uenya.m'reﬁu-

MeLy, MCKATh CHadaJia KOMIJIEKCHBIN TOK I. C 3TO# 1eysio
paccMoTpuM BMecTO ypaBHeHus (13) ypaBHeHHe
dI
_ dt
rae € =%,-¢", €,=%n-€¥ (¥ — xomnnexcuaa D]IC,
a I — KOMIIJIEKCHBIH TOK).
. E_Ic.rm HaM yjaacTcd HaWTH u3 ypaBHeHMdA (14) pyHKIHIO
I=I(1), TO 3aTeM JIErKO Haiizem u I (t), moTomMy 4To GyHKIM A
I(t)=1Im[I(t)] 6ymer, O4eBMAHO, YHOBJETBODATH ypaBHEe-
auio (13). )

Bynem uckats I(t) B Buge

I(t)=1I,-&",
rae I, — HEKOTOpOe HEM3BECTHOE KOMILJIEKCHOE YHCJIO:
[o=Ts+ ¥ (In>0),

RI+L-—=%, (14)

wt

Nmeem:

j 4 Iy .
7 t 3
—=inl.e”" =iol.

dt
YpasHenue (14) npusumMaer BUZ:
R-I.-é" +iol,-é"' - L=% -
HJIH . . -
R-I,+ioL-I,=% .
Orcioga cieayer, 4To )
e gm
" R+ioL”
Tak kak R+ ioL=R+R,=Z, 10 I,—= %,

In
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Yupaxaenusa

21.1. BanummTe BHIPAYKEHAE KOMIJIEKCHON aMIIJMTYABI
TOKa (B mokasaTenbHOM M aareGpamyeckoit dopme), ecam
I,=6A, g=30°.

Lg%

21.2. KomnekcHas ammiuryaa Toxka I,=15-¢ °. 3a-
NUIINTEe MIHOBEHHOE 3HAYEeHUE CHJIbI 3TOr0 TOKA B MOMEHT
BPEeMEeHH I, ecJIM ero 4acTtoTa paBHa o.

21.3. Karymxka obnazaer akKTUBHBIM COIIPOTHBJIEHHEM
R=40 Om u unaykmuBHocteio L=0,01 T'u. Onpexenure
II0OJIHOEe COIIPOTHBJICHHE KATYIIKH, €CIU 10 Hell MIPOXOLUT
nepeMeHHHH TOK ¢ yactoroit f=100 TIu.

21.4. B uens nociefoBaTeNbHO BKJIIOYEHE [[Be KATYIIKH,
umeromue conpotusyiesud R, =20 Om u R,=30 Om u un-
ayxrusHOCTH L) =0,01 T'H 1 L,=0,0218 I'u. Haéigure nmou-
HOe KOMILJIEKCHOe COIPOTHBJIEHHE W KOMILJIEKCHYIO IPOBO-
AMMOCTb DTOH 1eNH, eCJIH leNb NMOAKJIIUYEeHA K UCTOYHHKY
cunycougaabHoit IIC ¢ wacroroit f=50 I'i.

21.5. B uens napaiieJbHO BKJIIOYEHBI DEOCTAT, MMEIO-
muii conporuBieane R =2 OM ¥ KaTyUIKa UHAYKTHBHOCTH
L=0,02 I'u. llenps nojgkiaoYeHa K MCTOYHHKY, AAIOUWIEMY
cunycouganbuyo IJC ¢ yacroroit f=050 T'y. Beiumcaure
KOMIIJIEKCHOE W IIOJIHOE COIIPOTHBJIEHHE 3TOU IIeNH.

21.6. Ilenn, cocToAIad M3 IOCHEAOBATELHO BKJIIOYECH-
HEIX peocraTa, 00JafaloInero aKTUBHEIM CONPOTHBJICHHEM
R=25 Om, u xoHzgeHcaropa emkocrsio C=0,000065 @,
MOAKIIOYeHA K MCTOYHMKY, KommuekcHass JJIC koroporo
pasua E=220¢"*'* B. Onpegemure xoMmmiexcHoe compo-
THBJIEHME Z LeNId ¥ 3HAYeHHEe CHJILI TOKa I B 1enu B 1060
MOMEHT BpeMeHHu [.
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§ 22. [Ipumenenne KOMIJICKCHO3HAYHBIX (DyHKIM A
B KHHEMATHKe M JHHAMHKE

IIpuMeHeHHEe KOMIIJIEKCHBIX QYHKIUH AeHCTBUTEIBLHOTO
apryMeHTa MO3BOJISIET KOMIAKTHO HBJIOMKHTH PAJN BOIPO-
COB M3 06JaCTH KHHEMATHKU M JHHAMUKH.

IIyete Touka Z mepeMemiaeTrcs II0 IIJIOCKOCTH (CM.:
puc. 45). BribpaB NpAMOYrOJBHYIO CHCTEMY KOOPAMHAT
x0y, MOeM CUHATATD, YTO ABHXKEHUE IIPOMCXONMUT IO KOMII-
JIEKCHOM IJIOCKOCTH, & TOYKA Z MMeeT KOMILJIEKCHYIO KOOp-
LWHATY

=x-+iy,
npudem x=x(t), y=y(t), z=2(t). B xampaui MOMEHT Bpe-
MeHu t Touka Z OyZeT uMeTh ONpeeIeHHYI0 CKOpocTh U (t),
dx d
puYeM ee KOMIIOHEHTHl PaBHBI IIPOH3BOAHBEIM 5 H ‘—i%/ (unm
x(t) m y(t)'). CnemoBaTesbHO, B KAXKABIH MOMEHT BpeMeHH ¢
CKOPOCTb TOYKH Z XapaKTepU3yeTcd KOMIJIEKCHEIM YHCIOM
x(t)+ iy(t), koTopoe MOXKHO 3anucaTh Tak: 2(t). AHAJIOTHYHO
>
YCKOpeHMe W TOYKU Z B KaKJblii MOMEHT BpeMeHH [ 3aja-
eTcAd KOMIIJIEKCHBIM YHCJIOM
f], pai 2(t)=x(t)+ iy (t).

Yucna 2(t) n z(t) 6ysemMm Ha3LIBATE KOMNAEKCHOL CKODPOCTbIO
U KOMNJECKCHbLM YCKODEHUeM TOYKH Z.

IIpamepsr

1. (PaBHOMepHOe JBH}EeHHEe TOYKH II0 OKPY KHOCTH).
IIycrs TouKa Z ABHIKETCH 110 HEKOTOPOM OKPYIKHOCTH |2| =
=R B MOJIOXWTEJHbHOM HANPABJIEHHH C IOCTOSHHOH (IO
abCcoIOTHOM BeJMYMHE) JHMHEHHOH ckopocthio v. Kakoe
YCKOpeHHe uMeeT 3Ta Touka (puc. 50)?

Pemenue. Ilycts TOuka Z B mMmoment (=0 =Ha-
Xojpuaack B Touke A. YrioBas CKOPOCTh TOYKU Z paBHA O.

' Yacro mpoussognyio dyHKIMH d(t), rme t — Bpems, 3amu-
cuBaoT Tak: M(); a ee BTOPYIO NMPOM3BOZHYIO — (ﬁ(t).
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Torga v=Rwn. Touka Z umeer

Y KOMILJIEKCHYIO KOODAMHATY 2=
7] z = Re'"", KOMILJIEKCHYIO CKOPOCTb
z=Ruwie'"', KOMILJIEKCHOEe YCKO-

R - Mk

peHne z= — Ro’e' =

wt A 2 2
) =1 v et — v ( et..u) Or
X =—R—5€" =— (— g -

R? R

i

ciozia BHJHO, 4TO |Z| ZE’ a Ha-

npaBJieHHe YCKOPEHUSA XapaKTe-
Puc. 50 pHu3yeTcs OpTOM (BEKTOPOM exu-
HUYHOM JJINHEI), UMEIOI[UM KOM-
IJIEKCHYI0 KOODAMHATY —e'. A 3TO 3HAYMT, YTO TOY-
Ka Z JBUIKETCH C YCKOPEHHEM, KOTOPOE B KaK bl MOMEHT ¢

HANPABJIEHO K LEHTPY OKPYKHOCTH.

2. (Pa3ioxkeHHe CKOPOCTH TOYKHM HAa pPaJHAJNBHYI0 H
TpanceepcaabHy0 KoMnoHeHTHI). Ilycrs Touka P (puc. 51)
JABHIKETCH B IIJIOCKOCTH IO Kakomy-aubo 3aKoHy, A — Ha-
yano orcyera. Tpebyercas HaWTH KOMIOHEHTHI CKOPOCTH:
pajuaNbHyO U, (IPOEKIHMI0 BEKTOPA CKOPOCTH Ha ochk AP)
M TPAHCBEPCAJbHYIO (MJIH IONEPEeYHYI0) U, (MIPOEKIHIO BEK-

n
TOpa CKOPOCTH Ha OCh, 00pasymomiyio ¢ ockio AP yroxa +-§
pazuaH).

Pemenue. Ilycts AN — peiicTBuTeNbHAsA och AX,
<L NAP=¢. B kaxjblii MoMeHT ! Touka P HMeeT KOM-
IJIEKCHYI0 KoopauHaty z=re’ (r u ¢ — byHkmuu or t).
CkopocThb ToukHu P XapakTepuayeTcss KOMIIJIEKCHBIM YHCJIOM
dz
dt
Begenue re'’, NOJIYYUM

z=re¥4rq-ie".

(2). TuddepeHuupys mo oGBYHBIM npaBHJIaM IIPOM3-

Orcioma SCHO, YTO U, =T, Un=T"Q.
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¥
A X A

Puc. 51 Puc. 52

3. (Pa3ioxkeHHe yCKOPDEHH HA TAHT€HIHAJIBHYI0 H HOP-
MaJIbHYI0 KOMInoHeHThI). IlycTs Touka P ABHIKETCS IO HEKO-
TOpO¥ KpuBOW I Tak, YTO CKOPOCTE TOYKH 3a8eTCHA B KAXK-
Bl MOMEHT { KOMIIJIEKCHBIM uuciaoM v=10v(t) (puc. 52).
IToHsITHO, YTO CKOpPOCTH OyAEeT B TeYeHHEe BCEro ABHIKEHUA
HanpaBJieHa 110 KacaTeJbHOH T K KPUBOM, 4ero HeJib3s CKa-
3aTh 00 yckopernuu. TpeGyercsa HAHTH IPOEKIUH YCKOPEHHU A
Ha KacaTeJbHYIO (W) ¥ Ha HOpMAaJb (W,) K KPHUBOM.

OTa 3aj1a4a aHAJOrMYHA MpeAbIAYInei. 3anuineM BeKTOD
CKOPOCTH B KOMIIJIEKCHOU Gopme:

z=v-e",
rae v — abcomoTHAS BEeJMYHHA CKOPOCTH TOYKH P, a ¢ —
yroJy Mexay ockio Ox u xacatenbHo# (1) kK kpuoit I'. Tud-
depeHUPY A 1O NEepeMeHHOMY I, MOJYYHM :

w=z=uv-eV+uv-pieV’.
—

OTcloma siCHO, YTO NPOEKIUS W, BEKTOpa YCKOPEHUs w Ha
KacaTeJbHYI0 OCh T PABHA U, & MPOEKIMA W, TOTO e BEKTO-
pa w Ha OCh, NMOJYYAIOUIYIOCA H3 OCH T IIOBOPOTOM HA

i1 8 o
+E pajguaH, paBHA U -\:

Wi=0v, Wy=0-{.
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*%* 4, (3apava aByx rex). [IycTs MaTepuanbHas TOUKa Z
(«COyTHUK») NBUIKETCS HA IUIOCKOCTH TOJ BJIMSAHUEM T-
TFOTEHHUS K MaTepUaJIbHON Touke A (IIPHTATUBAIOIIErO LEHT-
pa uJM rpaBuieHTpa). Mcrnosb3y s KOMIJIEKCHEIE IEPEeMEeH-
Hbl€, ONpeJeSMM OCHOBHBIE CBOMCTBa TAKOIrO [BHUXKEHHS.

Pe e Hue. BoibepeM NpsAMOYTrOJbHYIO CHCTEMY KOOP-
auHaT XAy (puc. 53). Byaem cuuraTth, YTO Macca CIYTHHUKA
HACTOJIBKO MaJia TI0 CPaBHEHUIO ¢ MAacCCOM TpaBHLEHTpA,
YTO JONMYCTHMO NpeHe6peyb BIUAHUEM CIIyTHUKA HA I'PABH-
HeHTP (TOYHee, YCKOPEHMEM, KOTOpOe CIYTHHK coobmaer
rpaBuleHTPY). CorslacHO 3aKOHY BCEMHDHOI'O TAIOTEHH S
BeJIMYMHA CHUJIBI, ¢ KOTOPOH IPaBUILEHTD NPATATMBAET CIyT-

M-m
HUK, paBHa f—’—_r ,rner=|AZ|,a M u m — Macchl rpaBH-

IIEHTPA M CIYTHHMKA, [ — yHHUBEpcaJbHAs KOHCTAHTA TArO-
renus. Hanpasienue 3Toif CHJILI XapaKTePU3YeTCH eIuHUY-
—AZ

—
HBIM BeKTOpoM —7r /r=——— IloaTOoMy uHTepecylomas
r
—p M-m —
Hac cuia 3ajaercs BekTopom: F = —f =i -

C gmpyroi CTODOHEI, 3Ta CHJIA paBHA (0 BTOpOMY BaKOHY
HeloToHa) mw , rae w — yckopenue cnyTHUKa. [Ipuxoaum

K PaBEHCTBY:
—

w=—K—r, (1)

rae K=f+M (rpaBHTaLIMOHHBII IapamMeTp rpaBUIEHTPA).
B Tom ciyuae, KOrja HeJOMYCTHMO IpeHe6pedYh BIMAHUEM
CIIyTHUKA Ha TrPaBHIEHTDP (Hampumep, KOrjga pedyb HAeT O
3emiue u JIyHe), mepeMeHHass KOOPAWHATA CIYTHHUKA YIO-
BJIETBODAET yPaBHEHMIO TOro ke BHJA (1), HO B HEM HYXHO
nonarateh K=f-(M-+m).

BexTopHOoe paBeHCTBO (1) pPaBHOCHJIBHO JABYM CKAJIAD-
HBIM paBEHCTBaM:

fom B sl B
S AN Tl
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Puc. 53

06035ayasi KOMIJIEKCHYIO KOODAMHATY CIIYTHUKA OYKBOH 2,
TaK 4TO 2= X} iy, OO UHUM JIBA PABEHCTBA B OHO KOMII-

JIEKCHOE paBeHCTBO:

“ K
z=-——r§—z. (2)

Hrak, B Te4eHHE BCEr0O BPDEMEHH ABUMIKEHHMS COYTHHUKA €ro
KOMILJIEKCHAS] KOODAMHATA YXOBJIETBOPSET yCJOBHIO (mud-
depeHIHaNBHOMY ypaBHEeHHIO) (2).

Kaxue orcioza sumxam caexctBusA? YmHOXkas (2) HA
2 ¥ YUYMTHIBAS, YTO Z+2Z=Tr", MOJY4IUM:

= K
2e2=——,
=

oTKyza
e o ael B s @it B i
z-z2+z22= = +2z-2, T. €. d—f(z-z)—- = + |z|°.
Tak Kax npasaa 4ACTH BCerja AeHCTBUTENBHOE YHMCJO, TO
Im—(z 2 =6, 7. 6 %(Im (-3)) =0
u Im(z-2) =0 =const.
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BeulecTBeHHas KOHCTAHTA O HA3BIBAETCHA KOHCTAHTOU NJO-
wadeii. Ilonaras B mociefHeM paBeHcTBe z=—=re'’, HaiigeMm,

uro z=r-e %, 2= (I} irg)e'’, moaromy
Im(r(r 4 ir-¢))=o,
W
r’.¢=o. (8)

PaBencrBo (3) HaswiBaeTca uHTezpasom naowadeii. s (2)
u (3) AcHo, 4TO

—ioz=ir—f(r2-(p)=iKe‘“’-q>,

2 (—io.5)=2 (kew),
oTKyAa dt dt
—io-2—Ke'*= A = const. (4)
PaBeHcTBO (4) BepHO IpH J/000M HANPABICHUH HEeHCTBH-
TeJbHOU ocu. BrlGepeM 3TO HampaBJieHHME TaKHM 00pasomM,
yTo6BI OHO coBmaso c¢ HanpasiJenuem BekTopa A. Torga
(4) mpuoGperaeT BUJ:

—ioc-z—Keé?=L (A>0). (5)
W3 paseHcTB é:(f—{—ir(@v)e“‘ Hu rz-q}=0 ciaenyer, 4TO
z'=(f+i%)ei‘f. (5%)

Orciona u u3 (5) Haigem:
. ()’2 y
—io-r+— —K=hke "%,
r

IIpupaBHuBad AedCTBUTENbHBIE YaCTH OGEUX YacTe#d HTOrO
PaBeHCTBa, IOJIYYUM:
2

% —K =1 cos ¢.
Orcrona npu 0~ 0 umeem: ‘
I
r=—mm——m—o—w—, (6)
1+e€cos g
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rae
2.
o A
" £=?. (7)
VpaBuenue (6) u ecrb ypaBHeHHe ODOMTH CIIYTHUKA
B MMOJAPHBEIX KoopauHatax. IIpu o 0 opbura umeer popmy
unu ansmnca (npu € << 1) uau runep6osbl (npu e>1), uan
napabossl (npu ¢=1). Ecam =0, Torga r’-¢p=0, To ecThb
¢=0, p=const. B atom ciydyae op6uTa NpAMOIUHEHHA.
HaiigemM CcKOpOCTb CIIyTHUKA U €€ KOMIOHEHTbL U, ¥ Up.
Hs (6), (3), (7) crenyer:

P=

__ Pesing-¢ _pptsing o /K g
“Fecosgf ' P P P=ypeene
Ecnu eme yurem (57), To Haiigem

d= r\/z (e+€"). (8)

Tak kak aGCONMIOTHAS BeNMYMHA U CKOPOCTHM CIYTHHKA
paBHa |z|, To

v=‘\/;|e""+e| =\/—Il—f(1+82+28 cos ).

KoMIIOHEHThI CKOPOCTH U, M U, HAUJEM, €CJIH HCIOJAb3yeM
(8) u ToxkpgecTso z=v,e"4 v, ie'". Torga

K ,
v, + iva= ‘\/;-i(ae“"’—{— 1),
oTCIOAA

U= Kesin ——\/?1
=\p @, Un= —P—( + & cos @).

' Bpecy mas BEI'THC/ICHUS YAOGHO BOCIOJIB3OBATHCH TAKHM
TOMKAECTBOM: |21 +22|°=|2|*+ |22/’ + 2 Re (2, -2;). B namem ciy-
qae z,=¢€%, zy=¢.

1
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W3 dopmynst (8) crexyer:

é=ie\/§+ \/gei(“’}). 9)
|i—ie‘\/§ | = \/-? (10)

Takum o6paszom, npH J060M ¢ TOYKA Z JIeIUT HA OKPYIK-

K K
HOCTH y C IEHTPOM B TOYKe ie‘\/—; H pajguycoMm \/; i

W3 (9) BeiTeKaeT OpOCTOH crocob ImOCTpoeHUS BeKTOpa
CKOPOCTH Z JJIf KaJXXKAOro 3afaHHOIO 3HAYEHHU S IOJIAPHOIO

yria/_ql: AJA aToro ciaeayer (puc. 54) mposecTH U3 IEHTpa
P

n
ie OKPYXHOCTH Yy Pajinyc, obpasyoiuuii yroi q>+7 c
nedcTBUTeNIbHOM ochlo Ox. BekTop, maymuii U3 Hayaaa
KoopauHaT O B KOHeI] 9TOr0 pajuyca, 4 eCTh HCKOMBIH BeK-

TOP CKODOCTH.

#% § 23. MEuMBIe Macchl HA MHHMOM PacCTOSHHH
H peaJbHAS TPAEKTOPHA CIYTHHKA

KomniexcHble 4Mc/Ia HAIIIW IPHMEHEHHWE IPH IIPOrHO-
3MPOBaHHM TPAEKTOPHH MCKYCCTBEHHBIX CIIYTHHUKOB 3eMJIH.

Ecau 661 3eMHO¥ map 661 JeCTBUTEIBHO NIAPOM U I PH-
TOM OZHOPOLHBIM, TO COYTHHUK 3eMJH ABUrayici 6bI BOKPYT
Hee IO BJIIMIICY, B OAHOM M3 GOKYCOB KOTOPOr0O HaXOAHJICH
6Bl HeHTp 3eMuu. B gelicTBHTEIEHOCTH 3eMs 38 METHO IIPH-
IUTIOCHYTA Yy CBOMX IOJIOCOB, MOJISPHHIM paguyc MeHbIIe
SKBATOPHAJIBHOrO paguyca npumepso Ha 1/300 ero gymHb
(oxoso 21 kM), ¥ 9T0 O6CTOATENHCTBO CYIIECTBEHHO BJIMAET
HA TPaeKTOPHIO CIyTHHKA, ¢GopMa KOTOpOH MMeeT BHJ AO-
BOJIBHO CJIOKHOM HEINJIOCKOH KPHBOH (JIMIUL B TeYeHHE He-
6ONBIIOr0 NMPOMEXXYTKA BPEMEHH ee JOINYCTHMO CYHMTATH
Ayroi ansmnca). BosHe yA0BIeTBOPUTENIbHOE AJIA NMPAKTH-
KM penIeHHe 3aJa4¥ O BJIMAHUM CIJIOCHYTOCTH 3eMJIM Ha
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TPaeKTOPHIO CIYTHMKA YAAJIOCH HAMTH COBETCKMM MEXaHH-
kaM B 1961 r. Giarozaps NPHUMEHEHHIO KOMIIJIEKCHBIX
quCce. :

BepHeMca K TOMY cay4dalo, KOrga CyTHUK P JBHKeTCS
B IIOJIe TATOTEHUSA TOJBKO OJHOM MaTepHAJIbHOM TOYKH (rpa-
BuueHTpa). IIycTh rpaBHLEHTPOM CIYIKHT Touka A ¢ mac-
coiit M. Beibepem B pPOCTPAHCTBE CHCTEMY KOODAMHAT AxXyz
¢ HAYAJIOM B rpaBuleHTpe A u ocamu Ax, Ay, Az, IOCTOSH-
HO OPMEHTHPOBAHHEIMM B NPOCTPAHCTBE (OTHOCHTEJIHHO He-
MOABHIXHBEIX «3Be3n») (puc. 55). 3xeck U B AajbHeiIIEeM
6yeM cUMTATh, YTO BJUAHHEM CIYTHHKA HA JBH)KEHHE rpa-
BHIEHTPA MOXKHO (BBHAY HeOOJBIMION Macchl CIYTHHKA)
npeHeOpeys. JIBMIKEeHHE CIIyTHUKA OIIpejessieTcsa ero moJo-

JXeHHeM H CKOpPOCTBIO B KaKON-TO HAYAJIBHBIA MOMEHT Bpe-
-

- r
MEHHM U BEKTOPDHBIM DABEHCTBOM W = —K—g- » KOTOpO€e paBHO-
r

CHJIBHO TpeM CKaJsApHBIM paBeHcTBaM (puddepeHnmain-
HBIM ypPaBHEHHAM):

XT=——x, y=— Z=+——z
‘;_'ﬁy y _rjyv 731

rae r=+/x'+y’+2’°, K=fM, [ — yausepcanbHas KOH-
CTAHTa TATOTEHHUS. i

Kx Ky z
Tpu BeIWYHHBI — o Al 7 - MOKHO paccMaTpH-

BaTh KaK MMPOM3BOJAHBIE COOTBETCTBEHHO IO IepeMeHHbBIM
x, Y, z GyHKUUH
(1)

Ity GyHKIHIO HA3KBAIOT cuI060l @ynryueli. OHa onpexe-
JisieTcs PaBEHCTBAMM :

D(x, y, 2)=

v

. Ko K. 00K
¥ NIy i e L LA S i

B cayuae, KOrjja COYTHHK JABHIKETCS B ADPYroM rpaBHTAa-
IIHOHHOM I0JIe, er'0 ABUKEeHUEe TAKIKE ONPe/ieIAeTcs Hadyalb-
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HBIM TOJIO}KEHHEeM, CKOPOCTBIO M CHCTEeMOU ycioBHil (amd-
depeHIUANBHBIX YPABHEHHM) BUAA

5E=F|(x, Y, 2), I.j:FZ(xv Y, 2), 2=F3(x, y, 2), (2)
a Buj Gyakuouit F,, Fy, F3 3aBUCAT OT KOHKDETHOI'O IDaBH-
TAI[MOHHOT'O N0JIsA. BMecTO TOro 94T0651 HCKATH 3TH TPH QYHK-
IOMH, YACTO NPEAIIOYUTAIOT UCKATh OJHY — CHJIOBYIO GyHK-
muio O (x, y, 2), TO €CTH TAKYIO, YTO €CJIH OT Hee B3ATH MPOU3-
BOZHBIE MO IepeMeHHBIM X, Y, 2, To nonyuum F,, F,, F;:

oD oD oD

—=F,, —=F,, —=F,.

ox ay 0z
Hanpuwmep, ecu rpaBHTaNHOHHOE I10JI€ CO34a€TCH OHOPOJ -
HBIM IIapoOM ¢ Maccoi M, To, okaskiBaeTcs, cuioBas QyHK-
nua O(x, y, z) umeer Taxoit ke sug (1), U moaTOMY ABHIKE-
HHEe MaTepHaJbHOH TOYKH (CIIYTHUKA) B 3TOM I10JI€ I POUCXO-
JHUT TaK >Xe, KAK ecaH Obl BCA Macca LEHTPAJIBLHOrO TeJa
6blya cocpenoToYeHa B IEHTpe atoro mapa. Teoperuyeckue
coobpaxkeHudA (KOTOpbIE MBI 3ZIeCh HE INPUBOAMUM) IOKa3bI-
BAlOT, YTO c)KaTHe 3eMiH OyJeT YYTEeHO, €CNU CHJIOBYIO
GYHKIHMIO B3ATH B TAKOM BHIE:

D(x, y, 2)= f—;l!(l + 7»2(%)2L2(sin 9)+ Aa(-s—)aLg(sin ¢)+

ot xn(—‘r’-) La(sin ¢)+ ) ) (3)
rage M — macca 3eMJaH, p — DKBATOPUANBHBIA pPAUyC 3eM-
JM, r — paccTosHue oT Touku P(x, y, 2) go uestpa O 3emau,

e

() — YroJI HAKJOHA pajguyca-BekTopa OP K IJIOCKOCTH 3€M-
HOTro 3kBaTopa (mupora Touku P); L (t), Lo(t), ..oy Ln(t)see.—
MHOzOuNeHbl Jlejicandpa, KOTOpBle 3ajaloTcs (GopMyIaMu

3., 1 1 dt .5 u
T X3 =0 5 ooy n =—— (*—1
(mpu n=1, 2, ...); A2, ..y An, ...— KOHCTAHTHI (G€3pasMepHEIE),

KOTOpBIe omnpezensilorca u3 Habmiomenuwit. MaBecTHO, 4TO
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Puc. 55

ho= —1,082-10"", a A3, A4, ... BHAUNTETHHO MEHbIIE IIO
mopymio (A3 =2,3-10"°% 1;=2,1-10"5 a A, npu n>4 ua-
BECTHHI IIJIOXO).

Ecnu npenebpeus B popmysie (3) Bcemu 4IeHaAMH, KpOMe
MMepBHEIX ABYX, TO IOJYYHUM JAOCTATOYHO XOPOLIYIO IpHUGIIH-
SKeHHYI0 (GOpMyJNy AJIsS CHIOBOM (DYyHKIMM:

M/ .
D(x, y, z)=—f—r—(l+7»g(%>2Lg(sin (p)). (4)
OnHﬂKO HaJIH4YvMe MaJioro <«BO3MYULIAKIIero» cJjgaraemoro

Ao (%)2Lz(sin () PE3KO YCIO0XKHAET 3aa4y MaTeMaTUYeCKH,

M HaWTH (B BHAE JOCTATOYHO 0003PHUMOro aHAJMTHYECKOTrO
BHIDAXKEHUA) TPACKTOPHMIO U3 ypaBHeHMH (2) yxke He yja-
eTcH.

B mMexaHuke cyliecTByeT Apyrasi rpaBUTAIlMOHHAS 3a-
Jada, B KOTOpPO# cuyioBasg QYHKIHSA UMeeT BUJ, aHAJOTUY-
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HE (3). 910 3aza4a 0 ABYX HEMOABHIKHBLIX IPUTATIHMBAIO-
IUX IeHTpax, Koropyio B 1765 r. pemns JI. Ditnep. Ona
cocToMT B ciaexyiomem. BooGpasum cebe, 4ToO UMEIOTCS ABE
NPUTATHBAIOIINE MaTepHaIbHbIe TOYKH A | U A, ¢ MaccaMu
m; ¥ mg, TMOJOMKEHHEe KOTOPHX (HUKCHPOBAHO B IIPOCTPAH-
crBe. IIycte O — ux nenTp macce (puc. 56). Tperbss maTepu-
anbHafA Touka (cnyTHHK) P HMeeT Maccy m, KOTOpas 3HAYH-
TEJIbHO MEeHBIIE, YeM /M| ¥ M2 (TAK 9TO €e BIUAHUEM HAa IIPH-
TAruBaniHe UeHTPpel A, u A, JOomycTHMO npeHeGpeus).
Tpebyercas u3yuuTs ABH)KeHHe To4ukM P moa aeiicTBueM
TATOTEHU A K rpaBULeHTpaM A 1 A, (HaiiTH ee TPaeKTOPHIO,
€CJIM B KaKOM-TO Ha4YaJIbHbIH MOMEHT BpeMEeHH H3BECTHEI ee
IOJIOXKEeHUEe U CKOPOCTBH).

BriGepeM B NPOCTPAHCTBE CHCTEMY KOODAMHAT CJIEAYIO-
muM obpaszom. B kauvecTBe Havyanla KOOPAMHAT BO3bMEM
TouKy O — LEeHTp Macc ABYX MATEPHAJBHBIX TOUeK: A, ¢
maccoit m; u Ay ¢ maccoit mo. Ochk ANIUTHKAT Oz Bnibepem
Tak, 4ToOH OHA cogepixayia BeKTop OA, u 6Bla ¢ HUM CO-
manpasiaeHa. Ilyctb OA|=c¢,, OAs=c;. Ilnockocts xOy
BhIGepeM Tak, 4TOOBI OHA ObLJIa MEePHEeHAUKYJIApHA K A As.

B nanHOM cayuae cuioBas GyHKIMS paBHA CyMMe CH-
N0BBIX (YHKIMH TpaBUTAIMOHHEIX IIOJIeH, CO3ZaBaEeMBIX
KaMXJbIM M3 ABYX rpaBHleHTpoB A, u A,. Iloaromy

m, my )

O(x, y, 2)=f'(r—l'+—r2— .

3necs

r|=-\/x2+y2 (Z—C| \/r —2(.‘1Z+Cl

=r\/1—-2-—— _+ \/1-—2———sm(p+( ) ’

rje ¢ — yroJ HaKJIOHA BeKTOpa OP Kk nJuockoctu xOy.
AHAaJIOrMYHO

ro=r \/1—2— —+ ” =r \/1—2—sm (p—l—(—)
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Yeunuamu JI. Ditsepa, . Jlarpanxka u K. dAxobu 6s1710
YCTAHOBJIEHO, YTO 3aJa¥a O JABYX HEMOJABHIKHEIX I[EHTPaX
JOIIyCKAaeT BIOJIHE KOMIIAKTHOE, ZOCTATOYHO XOpOoIuo 060-
3pHUMOE pelIeHue.

B TeueHue ABYX CTOJIETHH 3ajada O ABYX HEIOJBHIK-
HBIX HEHTPAaX CHAYKHJA IPHUMEPOM UHMCTO TEOPeTHUECKOH
3ajja4M, XOpOUIO pelmaeMoil J0 KOHLA METOJaMH MaTeMATH-
KM, HO He UMelolleil HuKakoro npumeHenus. Ee nmpaktuuec-
Koe 3HadeHue O6b110 o6HapykeHO B 1961 r. Bocrosbdyemces
TeM, YTO AJisi MHOrowieHos JlekaHzpa umeeTcs Takas 3a-
Bucumocts (npu |A| <<1):

\/1 2 :.n +}\2 =1 AL (sin (P)+A-2L2(Sin ?) +
22 in ¢
~+...4+A"L,(sin ¢) +... .

Ilonwayscek aT10i (opMyI0ii, MBI OGHAPYIKUM, YTO

O (x, y, z)=—-—f.(mlr+ m2)<

1+%Ll (sin @)+

+{%L2(sin @)+ ... >, (5)

rae (mi+ mo)yi = mici + maco; (my + ma)ys = mici + mac3, ...

BocnoabadyeMmcs Tenepb TeM, YTO cuioBas ¢pyHknus (5) mo-
X03ka Ha cuJIOBYIO QyHKnuio (3). Paznuyaloress OHM TONBKO
ko3 dunnenTaMM.

Ins naTEpecylomei HAaC 3a4a4M O ABHIKEHHY CIIYTHHKA
B I'PABUTAIMOHHOM II0JI€ CIIJIIOCHYTOTr'O 3€MHOTI'O IIapa MOoK-
6epeM BCIIOMOraTeJIBHYIO 3a4a4y O [ABYX HENOJBHMXHBIX
LeHTpax, NIpuyYeM B IOCJeJHeld moabepem deThIpe mapamer-
pa m;, my, €, 2 TaK, 97005l B HopMyIax AN CHIOBEIX QYHK-
nui (3) u (5) coBmasu nepsBble YEThHIpE 4YIEHA. 3aMeHSd
MaJible KO9D UIMEHTH A3 ¥ Ay HYJNSMH, MOJYYUM CHCTEMY
YPaBHEHMI :

ml+m2=M, (6)
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mici+ mocy =0, (7)
m e+ maed=Mhap’, (8)

mici + moci=0. (9)
ITonoxum ¢ =cy—c,. IIpu Takom moxGope cuioBas QyHK-
LU IOJIA, CO3AABAEMOTr0 CILJIIOCHYTOH 3emiei, OymeT Mmao
OTJIMYATHCA OT CHJIOBOM DYHKIHMH 10, CO3/1aBA€MOTO JBY-
M (PUKCHPOBAHHBIMHM LIEHTPAMM, TAK Kak pasaudue Gyjger
JEMIIBL B MaJHX KoadduunuesTtax A, rae n_—=>4. TpaekTo-
PMIO CIIyTHUKA B MOCJEAHEM cJydae ABYX (DUKCHUPOBAH-
HBIX IEHTPOB MOJKHO HAWTH B JOCTATOYHO KOMIIAKTHOM
BUZe. 9ITa TpaekTopusa Oyaer OaM3Ka K peasIbHOM
TPAEKTOPHH CIOYTHHKA B IPABHUTAIMOHHOM I10JIe TATI'OTEHHUSA
3emiu.
Pemus cucremy ypaBHeHuut (6) —(9), Mmbr HaligeM: co—=

= —c|=—;—c,mz=m|=%M, ¢ =Agp?, ¢ =p/h2. Ho Aa<< 0.

IoaToMy uMcnO ¢ — MHMMOe uncio. Mrak, 3ajauy mnoucka
TPAEKTOPHY CIIYTHHKA CIJIIOCHYTOU 3eMJIM MOMHO CBECTH K
3ajziadye MOMCKa TPAEGKTOPDHHM CIYTHHKA ABYX (PUKCHPOBAH-
HBIX NPUTATMBAIOIIUX LEeHTpoB. Ilpu atom ciexpyer ¢op-
MAaJIBHO CUMTATH, YTO PACCTOSHHME MEXAY STHMHM MaccaMu
BBIPAYXKAETCH YUCTO MHHMBIM YHUCIIOM.

ITOT Ke mpueM NPUMEHHM U B GoJsiee CI0XKHOU 3azade,
KOTZa YYHTHIBAETCH HE TOJBKO CILJIIOCHYTOCTH 3eMJIM, HO ¥
HEOAMHAKOBOE PacCIIPe/eJIeHHE MAcCC B ee MOJAPHBIX objac-
TAX (Macca AHTapKTUKU Ooabme Macchl ApPKTHKH). 9TO
03HAYaeT, 9YTO HeOOXO0AUMO ydecThb KoaduiumeHT A3, a He
3aMeHATHL ero HyJieM. B aTom ciyuae zajgauy Toke yaaercs
CBECTH K 3ajiade O ABYX (PHKCHPOBAHHBIX LEHTPAX, HO IDH-
XOLUTCHA CUMTATH, YTO HE TOJIHKO PACCTOSHUE MEKAY dTHUMH
LEHTPAMH, HO M MX MACCHI BHIPAXKAIOTCH MHUMBIMHM YHC-
JIaMH.
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§ 24. 3apanue JHHEA M o0Jacreu
¢ NMOMOIIBI0 KOMILIEKCHBIX I€PEeMEHHBIX

Pagnuunble QUrypsl HA KOOPAUHATHON NJIOCKOCTH MOMK-

HO 3a/]aTh ¢ MOMOLILI0 YPABHEHHI MJIM HEPABEHCTB, COLEpP-
JKAIUX KOMIIJIEKCHOE IepeMeHHoe
z=x+iy.

Hanpumep, OKPYy»XHOCTh pajguyca 1 ¢ IeHTpOM B HauaJje

KOODAMHAT MOXKHO 3ajaTh ypaBHenueM (2| =1 (cm. § 15).

IIpumepsr

1. Kaxkyio durypy npezacrapusier co6oif MHOKECTBO BCeX
TAKUX TOYEK KOMIIJIEKCHOH IIJIOCKOCTH, YbH KOMIIJIEKCHBIE
KOODAMHATHI 2 YAOBJIETBOPAIOT YCJIOBHIO (YyPaBHEHUIO) |2 —
—1|=|2—i|?

Pemenmne. |2—1| — paccTrogsHue OT TOUKHU ¢ KOODAH-
HATHOM 2 /10 TOYKH 1; |z —i| — paccTosiHHe OT TOYKH 2 HO
ToukH i. CrefoBaTeJIbHO, YCIOBUE 3aJaYy MOXKHO mepedop-
MyJIMPOBaTh TAK: HAWTH HA IIJIOCKOCTH BCE TAKHE TOYKH 2,
KOTOpPBIE PaBHOYAaJIeHb! OT Toyek 1 u i. B Takoit mHTEepIIpe-
TANUY pellleHHe OYEBUAHO, & HMEHHO: MCKOMOE MHOXKECTBO
TOYEK — DTO CePeMHHKIN MepNeHAUKYJISAp OTpe3Ka, CoOeaH-
Haomero Touku 1 u i (puc. 57).

2. Ha xakoii THHUYM KOMILJIEKCHOM ITJIOCKOCTH PACIIOJa-
rapTcAd TOYKH, YbH KOMIJIEKCHBEIE KOODAWHATHI Z Y/IOBJIET-
BopsAIOT yeaosuio |z—1|2+4 |z—i|?=2?

Peme aue. llepedpopmynrupyem sazady Tak: rze Ha
MJIOCKOCTH JIEXKAT TOYKH M, IJisi KOTOPHIX cyMMa KBajipa-
TOB PACCTOSHHUM 0 TOUeK A u B ¢ KOMIJIEKCHBIMHA KOOPJM-
Hatamu 1 u i paBaa 2 (puc. 58)7

Tax xak AB’=|1—i|’=2 u AM’+4+BM*=2, o AB’=
= AM?+4 BM’. Tlo Teopeme, ob6patHoit Teopeme ITudaropa,
UCKOMEIe TOYKM M HOJKHBI SIBJIATHCS BEPIIMHAMY IPAMO-
YrONbHBIX TPEYTOJbHUKOB C JAaHHOM TIHUIMOTeHy30i AB.
CnepoBaTebHO, MCKOMBIE TOYKHM JIEIKAT HA OKPYIKHOCTHU
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0 A X

Puc. 57 Puc. 58

2
paguyca r=%AB=% C IEHTPOM B CepejiiHe OTpe3Ka

AB ¥ NOJMHOCTHIO 3AIOJIHAT 3TY OKPYXXHOCT.
3. BuisfgcHuM, KaKyIO purypy o6pasyoT Ha KOMIIJIEKCHOMH

z—1
IJIOCKOCTH BCEe TOYKH 2, AJIA KOTOPBIX Iz— | <1.
—i

Peme H ue. [lepenumeM JaHHOe HEPABEHCTBO B TAKOM
Buge: |z2—1|<|z—i|. 9T0 HepaBeHCTBO O3HAYaeT, 4YTO
HMCKOMBIE TOYKH 2 1100 paBHOYAaJeHbl OT Touek 1 u i, aubo
oHM O6aMiKe K Touke 1, yeM K Touke i. CieoBaTEILHO, TOY-
KM 2, YAOBJIETBOPSAIOIINE NAHHOMY HEDPaBEHCTBY, 3aIloJi-
HAOT MOJXYNJOCKOCTh || (Ha pucyHke 57 OHA BHIAe/ieHA
LITPMXOBKOIi), OrPAHUYEHHY IO NPAMOK A B, BKJIOYas U TOY-
KH npsamoi AB.

4. U306pa3um HA KOMIIJIEKCHOH IJIOCKOCTH MHOXMKECTBO
TOYEeK 2, YAOBJETBOPAIIIMX HepaBeHCTBY ||z|4-i| << +/2.

Peme Hue. Tak kak |z| — gelicTBUTeIbHOE YHCIIO, TO
|1z| +il =+/|z|*+1, u naHHOE HepaBEHCTBO CBOXMTCSH K BH-
ay: |z124+1<2, 1o ects |2| <1.

CrnepoBaTesIbHO, MHOMKECTBO TOYEK 2, Y AOBJIETBOPAIOLIAX
JAAHHOMY HEDaBEHCTBY, €CTh ¢BHYTPEHHOCTH» eXMHHUYHOTO
kpyra (puc. 59).
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Yupaxuenus

24.1. BuisicauTe, KaKue JHHUM 06pasyloT HA KOMIIJIEKC-
HOM NJIOCKOCTH BC€ TOYKH 2, AJIA KOTODHIX:
1) |z2| =R (R>0); 2) |z—i|=1; 3)|z+1|=1.

24.2. Kakyo JUHHUIO HA IIJIOCKOCTH 00pa3yioT BCe TOUKH

2, BN KOTOPBIX lz—:% |= 1?

24.3. KakoBO MHOMECTBO TOYeK 2, 4YbHM KOODAMHATHI
YIAOBJIETBOPAIOT cHcTeMe ypaBHeHHH |[z—1|=|z+41|=
=|z+4il?

24.4. BrisicHuTe, Kakue GUrypsl o6pa3yioT Ha KOMILJIEK-
CHOM IIJIOCKOCTH BCe TOYKH 2, AJIsI KOTOPBIX:

Dlel<t 9 |1+2|>n

V2 ,
2) |z1>1; 5) T<1z—(1+z)|<\/:7.
3) lz2—i| >2;

24.5. U3o6pasuTe HA KOMIIJIEKCHOW IIJIOCKOCTH MHO-
3KEeCTBO TOYEK 2, AJIS KOTOPHIX:

1< |2l <<2;
0<<arg z<%.

24.6. Haiinure U u306pasuTe HA KOMILJIEKCHOM ILJIOC-
KOCTM BCE TOYKM 2, JJIA KOTOPBIX UYMCI0 W=2"—2z+41 —
JedCTBUTENIEHOE M OTPHUIATENbHOE.

§ 25. Jlnnemma byHKDHES KOMILIEKCHOrO mepe-
MEHHOTO

M3 mkoJBbHOTO Kypca MaTeMATHKH U3BECTHO, YTO GQyHK-
musa y=f(x) KaMAOMY 3HAYEHUIO AEHCTBUTEIHLHOrO Iepe-
MEHHOI'0O X H3 HeKoToporo MmHoxecrBa M (M — obnacts
onpejeneHus GQYHKIMH).CTABUT B COOTBETCTBHE €JUHCTBEH-
HOe 3HAYEeHHE JeHUCTBHUTENHHOrO IEPEeMEHHOTOo Y.

161



COBOKYITHOCTE BCEX 3HAYEHHH, KOTOpbIE MOXMKET IIpH-
HHAMATh IPU 3TOM Y, HA3bIBAeTcd MHONMcecTéOM (MU O00-
nacTvio) 3naveHuli pyuaxkuuu (0603HaYMM ero 6ykBoii N).
Hnave roeops, GyHkius y=f(x) sagaer oro6paxenue He-
KOTOPOTO MHOKecTBa M [JedCTBUTENBHBIX YMCeJ X HAa MHO-
xecTBO N 3HayeHU# [eHCTBHTEJBHOIO IEPEMEHHOIO Y.
Hanpumep, yuknusa y=x’, onpefejeHHas HA MHOKECTBE
M Bcex me#CTBUTENBLHBEIX YHCEJI, IPHHEMAET JII060€ HEOTPH-
naTesbHOE 3HaYeHMe, MOXKHO CKa3aTh, YTO GYHKIUA Y= x°
zedopMEpYeT BCIO YHCIOBYIO HPAMYIO (— co; -+ 00) B Jyy
[0; + oo). Ananornuso GpyHKUMA y =Sin X YHCIOBYIO IIpH-
My1o (— o0 ; + o) gecdopmupyer B orpesok [—1; 1), a byux-
uuga y=I1g x nedopmupyer ayu (0; + oo) (o6xacts ompe-
JLeJIeHUS 3TOH (DYHKIIMHU) BO BCIO YUCJIOBYIO IPAMYIO (— 00
+ 00), ABIAIOMIYIOCA MHOXKECTBOM 3HA4YeHHM Jiorapudmmu-
yeckoit pyHxumuu. [IIa HATIALHOIO NPEACTABJEHUS O MPO-
usBoauMoM dyHknueid y=f(x) orobpaxkenuu yHO6HO
MHOXecTBO M (o6iacTe omnpejeseHHA) M MHOXKECTBO N
(MHOIKecTBO 3HAYEHHH) H300pa’kaTh TOYKAMH He OJHOA,
a ZIByX PasIMYHBIX NpAMBEIX. O0menpuHaTo MHOMXecTBO M
uszobpaxars Ha ocu Ox, a MHOXKecTBO N — Ha ocu Oy
KOODpAMHATHOM mJjockocTH xOy.

IToneITaeMcs Teneps 0 AHAJIOTMH BBECTH IOHATHE DYHK-
UM KOMILJIEKCHOTO Ie€pPeMEeHHOTrO0.

Ecau xandomy 3HAYEHUIO 2 U3 HEKOTOPO20 MHONCECTEA
M KomniexcHblLX HUCen CTABUTCA 6 COOT8ETCTEUE HEKOTO-
PO€ KOMNJAEKCHOE YUCAO W, TO FOBOPAT, YTO HA MHOXKECTBE
M onpedenena QYHKUUA KOMRIEKCHOZO NEPEeMEHHOZO0.
Tor dakr, 9T0 W ABAAETCA DYHKIHEH OT 2, 3aNUCHIBAIOT TAK

w=f(2), z€EM. (%)
3HaveHne QYHKUUM W=7[(2) B HaHHOU TOUKe a OOBIYHO
o6o3Havaerca yepes f(a). MHOKeCTBO Bcex 4mMcesN w, Olpe-
JeNsieMBIX YCJIOBHEM (i), HA3BIBAIOT MHONCECTEOM 3HAYE-
Hud (wru obnacTeio 3HaYeHHH) Gynkmuu w=7(z). Kak xe
NPeACTaBUTh HATVIALHO GYHKIOMIO KOMIIJIEKCHOrO IIepPeMeH-
HOro?
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Yy v
@ ®
/‘_——"\\
0 X u
Puc. 60

Ecnu B3ATH Be KOMIJIEKCHBIE IIJIOCKOCTH (pHc. 60) 1 Ha
onHOM u306paj’kaTh TOYKH Zz (3Ta NJOCKOCTh Ha3bBIBAETCA
2-NJOCKOCTbI0), 8 HA APYrof — TOYKH W (COOTBETCTBYIOLIA A
I1JIOCKOCTh HA3LIBAETCHA W-NJIOCKOCTHI0), TO MOXKHO CKa3aTh,
uyTo QyHKYuA w=/[f(2) ocywecrenser orobpaxcernue HeKo-
TOP020 MHONcecT8a M TOHweK 2-NJAOCKOCTU HA HEKOTOpoe
mHoxucecTe0 N Touex w-naockocTu (Z-MJIOCKOCTh M W-IJIOC-
KOCTh MOYXHO CYMTATh M COBMELIEHHBLIMH ADYT C APYroMm).
DYHKIUA KOMIUJIEKCHOT'O TEPEMEHHOI0 JOMYCKAeT HATJIAMd-
HOE TOJIKOBAaHUE B BUJE HEKOTOPOH AedopManuu Bceil KoMII-
JIEKCHOM TJIOCKOCTH MJIM ee YacTH. BHAauasie uMenach KOMII-
JIeKCHAS MJIOCKOCTH (2-ILJIOCKOCTh) MJIM €€ 4acThb, QYHKIUA
w=f(z) ee gecdopMupoBaa, KAKAYIO TOUKY Z IEPEMECTHIIA
B TOYKY w=/[(2); TO, 4TO NIOJy4YHUJIOCh, MBI M300pakaem
OTAEJIbHO, 32HOBO, HA KOMIIJIEKCHON w-1iockoctH. PacecMor-
PMM OAMH M3 MPOCTEHAIIMX BHUAOB QYHKIMH KOMIIJIEKCHOT'O
NepeMEeHHOT0 — JMHEHHYI0 QYHKIIHIO.

Jlunelinoll QyHKyuell HA3BIBAIOT PYHKIHIO BHJA:

w=az—+b,

rae a 1 b — KoMIIJIeKCHbIe KOHCTAHTHL, @ 5= 0. IIpocroe reo-
MEeTPHUYEeCKOe TOJIKOBAHUE JONYCKAIOT TAKHe PA3HOBHAHOCTH
JUHEHHBIX (QYHKIIUA:
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w=2z-+b (cABUr, UMM NapanjeabHbI IEpeHOC),
w=¢'"*-z (IOBOPOT HA YroJ & BOKPYI HYJIEBOH TOYKH),
w=p-2 (p=>0) (romorerus).

HeilicTBUTEIBHO, €CNIH W=2+ b, TO, KAK BHAHO H3 pPH-
cyHka 61, rouka W ¢ KOMIJIeKCHON KOODAMHATON W MOXKeT
OBITH ITOJIy4YeHa U3 TOYKH Z (ee KOMILJIEKCHA A KOOPAUHATA 2)
napaJijieIbHBEIM IepeHocoM Ha BekTop ZW =OB, komn-
JIeKcHAsl KOOpJAHMHAaTa kKorToporo paBHa b. Wrak, suHeliHas
byuknus suga w=—2z-+b 3azaer reomeTpuuecKk:u cdeuz Ha
BEKTOpP, MMEIOIUH KOMIIJIEKCHON KOoOpAWHATOM uymcisio b.
Hanpumep, eciau TOYKY Z HYKHO CIBHHYTH B IIOJIOXKH-
TebHOM HamnpaBieHMH ocu Oy Ha OAHY eJMHMIY, TO Gepem
b=i. Touka W, xoMnjeKkcHasi KOODAMHATA KOTOPOH W =
=2z-+4i, 6yaer uckomo¥ (puc. 62).

ITycrs Teneps w =e'® - z. YUUTHBAS ONEPATOPHEIH CMBICIT
YMHOKEHHMS Ha YUCJIO €%, 3aKJII0YaeM, 4To TouKy W, Komm-
JIeKCHAasi KOOPAMHATA KOTOPOH paBHA W, IOJy4YaeM H3 TO4-
KM Z, uMeloiei KOOPpAUHATY 2, N080POTOM HA YTOJI &L BOKPYT
Ha4aja KOOpAWHAT.

Ecnu xe w=p-2, rge p=>0, To |w|=p-|2| u arg w=
=arg z. ITo 03HAaYaeT, YTO TouKa W (C KOMIIJIEKCHOL KOOp-
AUHATON W) 20MOTETUYHA TOYKE Z, MMEIOIeil KOMIIJIEKCHY IO
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KOOPAMHATY 2, IPAYEeM LIEHTPOM I'OMOTETHH ABJISAETCS HAYA-
JIO KOOpAUWHAT, & K03DOHINEHT rOMOTETHH DPaBeH p.

PaccMoTpuM Teneps He OAHY, a GeCKOHEYHOe MHOKECTBO
TouYeK Z (MX KOMILJIEKCHBIE KOOPAMHATH 0003HaYUM Yepes 2),
COCTABJAAINUX reoMeTrpuyeckyoo ¢urypy F. MoxHO cka-
3aTh, 9TO QYHKIMHU w=2+ b, w =€'*-2, w=p-2 (p > 0) npe-
obpasyior ¢purypy F B purypy F’ nyrem: 1) cdeuza Ha Bek-
TOp, HMEIONIN KOMIIJIEKCHYIO KoOpAuHATY b; 2) nogopora
HA YroJ o BOKPYT HAYAJa KOOPAMHAT; 3) 20MOTETUU C KO-
a¢pduHeHTOM p ¥ LEHTPOM B Hayaje KOODAHMHAT.

Tak xak w=az+b=p-€*-z2+b (p — moayns umcna a,
0. — apryMeHT 4HcJia @), TO K PACCMOTPEHHBIM BRIIIE TPEM
clydasiM CBOAMUTCS M IeOMETPUYECKOe TOJIKOBAHME IIPOM3-
BOJIBHOM JNHHEHHOU DYHKIMHU KOMIIJEKCHOrO IepeMeHHOro.
CrnenoBaTenbHo, Kaxjasa JUHeHHas (QYHKIMA 3ajaeT Ha
MJIOCKOCTH HEKOTOPOe IpeobpasoBaHue moxob6us, COX paHSIO-
I[ee OPUEHTAUMIO YIJIOB.

IIpamepsr

1. B xakyio ¢urypy npeobpasyer QyHKmus w=2iz
kBagpat OABC (puc. 63) ¢ sBepmmaamu B Toukax 0, 2—1,
3+i, 142i?

s
L3
" T
Pemenue Tak xkax w=2iz=2e “ -2, TO TOYKYy W
[MOoJayYyaeM M3 COOTBETCTBYIOIEH TOUKU 2 B peayJybTaTe IO-

19
CJIeIOBATEJIBHOI'O BHEIIIOJIHEHUA IIOBOPOTA HAa YroJ a=—2—

BOKpyr Touxky O u romo-re-rﬁn ¢ neatTpom O u xKoadduLueH-
rom p=2. [losTtomy kBagpatT OABC npeobpasyercs B KBaj-
patr OA’B’C’ ¢ BepmiuHamu B Toukax 0, 2-44i, —246i,
— 44 2i.

2. llea mOAOGHBEIX TPEYrOJILHHKA HA KOOPAMHATHOH
MJIOCKOCTY OJMHAKOBO OPHEHTUPOBaHEL. VIX BepIIWHEI UMe-
IOT COOTBETCTBEHHO KOMIIJIEKCHbIE KOODAMHATHI 2|, 22, 23 U
w, w, wi. CymecTsyer au nuHelHaA QYHKIUA, KOTOpPAA
npeo6pasyeT TepBHI U3 ITUX TPEYrOJIbHHKOB BO BTOPOW?
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Pemenue. M3 mogobusa TpeyronbHHKOB ZZ:Z3; U
W \W,W3 cinexyer paBeHCTBO YrioB Z,Z,Zz u WoW W3 u

IIPONOPIHOHANBHOCTh JJIMH CTOPOH: =—=p.
Iyers £ Z9Z\Z3;=0. Torga 23—z, =pe'° (22 —21), W3 —w =
i0 W3—w Wo— W)
=pe"’-(w;— w,). IloaTomy = . O6osnauum
23—2) 29—2)
obuiee 3HaveHue Apobeit 6yxkBoit A. Cnauana 6ygem ucCKaThb
JuHEeAHYI0 QYHKUMIO w=f(2), NePEeBOAAIIYI0O TOUKY 2| B
w,. OHAa [OJIKHA YIOBJETBODATH YCJOBHIO: W— W, =a(z—
—2,). IlycTs aTa e QYHKNUSA IepEeBOAUT TOUKY 22 B wo. Torpa

Wwo— W)
2 1=a(22—21), F——

=a. IToaTomy a=A. IlepeBo-

ur Ji 9Ta QYHKIMA TOUKY 23 B W3? Jlerko Bujers, uro Aa. [Ipu

w3

—w
Z2=23 UMeeM: w—w|=A(23—zl)=7—7l(23—z|)=w3~——
3 <]

—w;, OTKyAa w=w3. ATaK, AEHCTBHUTEJLHO CYILIECTBYET
JuHelHaa GyHrkuudA, xoropas upeobpasyer A Z,Z»Z; B
A W W Wa.

W3 nmpuBefieHHHIX BHIIIE PACCYXKAEHUMN CJeAyer, 4TO
Kaxdoe npeo6pa3oearie nAOCKOCTU, KOTODPOE A8AETCA npe-
obpa3osaruem nodobus U COXPAHAET OPUEHTAYUIO NAOC-
KoCTU, MOdxceT ObiTb 3a0aHO NMuHelHOU QYHKyuel KOMN-
JEeKCHOZ0 nepemMenH0zo.

3. I{Ba TpeyrosbHEMKA HA IJIOCKOCTH A ,A.A; u B\ByB;
OJUHAKOBO OPHEHTHPOBaHbl. N3BECTHE KOMIIJIEKCHEIE KOOD-
AUHATHI UX BepIUUH @, G2, a3 ¥ by, by, bs. Kax y3uarts, nmo-
HOGHBI JIU OHHU?

Pemnie = ue. IIposepsieM, BHIIOJHAIOTCA JIH PABEHCTBA :

AlA;  AA;  AA

B\B: B;B; BB’
TO ecTh paBeHCTBA:

las—ai| MK las—as| - la; —as|
lbo—bi|  |bs—bal  |by—bs|
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OxHAako ecThb 6osee mMpocTOM cnocob, TpebyIomuil IPOBEPKH
He IBYX, 4 TOJIbKO OJHOI'0 PaBEHCTBA, H IPHUTOM HE COZep-
sxaero moxyJieit. Cymecrsyer (cMm. nmpumep 2) JuHedHAS
byuxknus w= Az B, kxoropas nepeBogUT TOYKH A, u A,
COOTBETCTBEHHO B TOYKH B, u B,. IlosToMy uMeIOT MecTO
PaBEHCTBA :

Aa,—b,+B=0, (1)

Aay—by+B=0. (2)

Tax xak mo ycaosuio A A AA; u A B\B:B; oguHAKOBO
OPHMEHTHPOBAHBI, TO OHH TOTAA M TOJBKO TOrZa IOKOOHEL,
KOrZla Ta K€ PYHKIUA [IepPeBOAUT elle TOYKy A; B Bz, TO
ecTh KOrja

Aas—b3+B=0. (3)
WUrak, tpeyronbHuku A AA; u B|ByB3; Torga U TOJBKO

TOrAa IOAOOHBI, KOrZa CYILIECTBYeT JMHeHHass (QYHKUHUSA
w=Az+} B, ubu K03(DUIUEHTHI YAOBJIETBOPAIOT YCIOBUAM

(1), (2), (3).

PaccMOTpMM  BCIIOMOraTeNbHYIO CHCTEMY YPaBHEHHM:

au+bv+w=0, (4)
asu+ b+ w=0, (5)
azu+byv+w=0. (6)
I9TO oxHOpOAHAS CcHCTEeMa, KoTopas mpu u—=A, v=—1,

w=B nepexoxut B Tpu paBeHcrBa (1)—(3). Ckaszarts, 9TO
cyuecTByeT GyHKUuA w = Az B, yA0BIeTBOPSAIOLIAA YCIIO-
BuaM (1) — (3),— aT0 TO ke camoe, YTO CKA3aTh: Y CHCTEMEI
(4) — (6) umeeTca HeTpUBHMAaJbHOe pemreHue (A, —1, B).
Hammuuue y cuctemnl (4) — (6) XoTs Kaxoro-Hubynb HETPUBH-
aJbHOTrO pemeHud (Heo6si3aTenbHo Buza (A, —1, B)) paBHO-
CHJIBHO, KAK MBI 3HaeM (cM. B § 16 cBoiicTBo 6), paBeHCTBY :
a b, 1
A=l|a; by 1|=0. (7
as b3 ] &

Takum 06pasoMm, ecaiu TpeyzonrbHUKU nodobHbl, TO PAGEH-
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crea (1)—(3) evinoansiores, Tpoiika uncen Buzga (A, —1,
B), ymosnerBopsatomas cucreme (4) — (6), cymecrsyer, pa-
gencreo (7) pnst onpemenuTenss A 6biNOAHACTCA.

W naobopor, nycTh paBeHcTBO (7) zadA oupegenuTenst A
BeinosiHAeTcd. IlokaxeM, uTo cucrema (4) — (6) umeer pe-
menue uga (A, — 1, B) (BTopoe uucno pasgo — 1). [eiict-
purenbHo, u3 A =0 creayer, kak Mbl 3HaeM (cm. § 16, cBoii-
ctBo 6), uro y cucremnl (4)—(6) FOMKHO cyllecTBOBATH
HEKOTOpOe HeTPUBHAJIbHOE pemienue (i, Vo, Wo). DTO 3HAYHT,
YTO CIpaBejJIMBbl PABEHCTBA:

aiuo+ bvo+ we=0, (8)
asug+ bovo+ we=0, (9)
azuo+ bsvo+ wo=0, (10)
(@1 —a2)uo+ (b1 — b2)ve=0. (11)

ITorasxkem, 4To vy~ 0. JlonycTum npoTHBHOE: mMycTh Vo=0.
Torga (cm. (11)) uo=0 u (cm. (8)) wo=0, TO ecTh pemenue
(%0, Vo, Wy) — TPHUBHAIBHOE, U MBI IIPHIILIA K IIPOTHBOPEYHIO.
CnepoBaTensHO, gonyuenue vo=_0 HesepHO. 3HAUuT, Uy = 0.

u
PaccmoTpum Tpoiiky umcexa (A, —1, B), rae A= —70, B=
! R

eex —-%(-) . HenocpeicTBeHHO# MOACTAHOBKOM B cucreMy (4) —
0
(6) serxo mpoBepHUTH, YTO TA TPOMKA HA OCHOBAHUM pa-
BeHCTB (8) — (10) Toke siByIsieTCs pelIeHHUEeM CHCTeMBI (4) —
(6). Urak, eciu A =0, 1o cucrema (4) — (6) umeer pereHue
Buja (A, —1, B). Ho Torga dpyHknusa w= Az B nepeBoguTr
A AAA; B A B BB, U 3TH TPEYroJILHUKHA IOJOOHBEIL.
MBI NpUINIM K BEIBOAY: 084 00UHAKOBO OPUEHTUDPOBAH-
HbLX TpeyzonbHuKa A AsAzu B\ B:B3 nodobHbl Tozda U TONLb-
K0 T020a, K020a 8bLNOJLHAETCA PABEHCTEO:

a b 1
a by 1 =1
as by 1
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YupaskHeEHs

25.1. Ha z-nmnockocTH jgaHBl Tpu ToukM: 1-4+i, —i,
2— i\/'ﬁ. B xakue Touku npeobpasyer ux byHKuusg w = —iz?

25.2. B kakyio ¢urypy npeobpasyior GyHKUME w=
=iz 1 w=iz+4+2—i Kpyr Iz—ilgé?

25.3. MloaGepuTe Takyio NUHEHHYI0 QYHKIHIO, KOTOPAs
npeo6pasoBasia 66 TOYUKY 2= 1 B TOUKY W =i, 4 TOUKY 2=2
ocraBuJyia OBl HEMOJABMXHOM (TO ecTs mpeobpaszoBasna Oul ee
B TOYKY W=2 WJIH, KAK rOBOPAT, B cebs).

25.4. CymecTByer M TaKoe JuHeWHOe npeobpa3oBanue
(byHKua) W=az -+ b, KOTOpPoe OCTABIAET HEMOJBHKHBIMH
JiBe pasJIM4yHBIe TOYKH 2| U 2,? Ecnu pma, To Haligure ero.

25.5. B kakyio ¢urypy npeoGpasyercsi OTpe3oK, COemH-
HAIOWXA TOYKH 21 =1—i ¥ 29= — i, C TOMOILIO JUHEHHOHI
byurmun w=(1-+i)z—1?

25.6. B kakyio ¢urypy mnpeobGpasyer ¢byHkmus w=

3 )-z TPEYroJbHHK C BepmuMHaMu B Toukax 0,

Gy o] 1 X
i, A 5)
0 X
i
A
Puc.63 Puc. 64




1—i, 14i? KakoB reoMeTpHyYeCKH CMBICJ BTOro npeobpa-
30BaHuA?

25.7. Ksagpar ABCD (puc. 64), neHTpOM KOTOPOIr'Q SB-
nsercsa Touka O (Ha4aa0 KOOPAMHAT) U Yy KOTOPOT'O CTOPOHA
AB (napannenbHas ocu Ox) pasHa 10 epununmam, moso-
paumuBaioT BOKPYr O mpoTHB 4acoBoi crpesku Ha 90°, coxu-
maioT K Touke O ¢ kKoadduuuenTom coxatusd, paBeEsiM 10,
4 3aTeM IlepeMeINaloT Ha 5 eMHMI| B HalpaBJeHUH, 3a/a-
BaemoM BexkTopom DA. Haijiserca nu xora 6Bl OfHA TOUYKA
B KBajipaTe, KOTOpas OCTAHETCS HEIOABHIKHOU?

25.8. JlokaxuTe, YTO MIPaBHIIBHOCTH TpeyroabHuka ABC
rapaHTHPYEeTCHA BHINOJIHEHUEM TAKOTO yCJIOBHHA AJS KOMII-

JIEKCHBIX KOODJAMHAT €r0 BEPIIHH:
a b 1

b ¢ 1|=0.
cal

25.9. IIycTs Tpu pasiMUYHBIX KOMIIJIEKCHBIX YHcia a, b,
¢ ynosnersopsior ycaopuio: (@ —b)’+(b—c)’+(c—a)’=0.
fiBngerca Ju NPAaBHJIBHBIM TPEYIOJbHHUK, BEPUIMHEI KOTO-
pOro MMeT KOOPJAMHATH @, b, ¢?

25.10. Ha xsaccHOi creHe BUCHUT Gosbuiasi reorpadu-
yeckas KapTa, UMeouad GopmMy NIpAMOYroibHEKa. TOYHYIO
KOMMUIO BTOM ‘KapThl, KAMABIN JUHEHHBIA pasMep KOTOPOH
ymenbmed B 10 pas, npuHec B kaacc yyenuk Cama. «Ilo-
CMOTPHUTE,— CKa3aJl OH,— §S HAKJIAJBIBAI0 MAaJIeHbKYIO Kap-
Ty Ha 0OJBIIYIO TaK, YTOOBI JIMIIEBOH CTOPOHOHM 0Ge KapThl
6611 OoOpaieHsl K HaM. Eciu s Terneps HUIOJIKOH IIPOKOJIIO
B ITPOM3BOJILHOM MecTe 06e KapThl, TO MOJIy4y /Be TOYKH —
Touky P Ha MaJleHbKOH KapTe ¥ TOYKY @ Ha OOJBIION; 3TUM
TOYKAM COOTBETCTBYIOT Ha 3€MHOM Inape, BoofIme roeopd,
JBa PasJMYHBIX NYHKTA. HO A yBEpEH, YTO JOJIKHO HANTUCH
TAKOEe MECTO AJIA IPOKOJIA, YTO COOTBETCTBYIOIIUM TOYKAM
Ha 06euxX KapTaxX COOTBETCTBYET OJAUH M TOT Ke NMYHKT Ha
mectHocTu!» Tyt Bospasusn Urops: «Bo-mepBBIX, cOMHeBa-
J0Ch, 9TOGBI TAKAA TOYKA 0653aTeIbHO HANLIACH; BO-BTOPHIX,
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eCJI¥ OKaXKeTcd, YTO TaKafd TOYKA eCTh, TO He BHIKY NPHUUMH,
noyemy OBl eii OKazaTbCs €IMHCTBEHHON, M B-TPETBUX, HE
UMeeT 3HaYeHHd, eCTh TaKas TOYKA WJIH HeT, Belb BCce PABHO
HeT cmocoba, Kak ee HaWTH Ha Kapre». MoxkeTe JM BHI
pacceaTts comHenusa Wropa?

§ 26. O Tom, kax byEEnHa W =2’
xehopMHpPYeT NJIOCKOCTH

BrisicHuM, KaKk GYHKIuS w=2’ nedopMuUpyeT pazIHy-
Hble (Urypbl, PACIOJIOKEHHBIE HA KOMIIJIEKCHOM ILJIOC-
KOCTH.

IIpumepst

1. BozpbMeM JBé KOMIIJIEKCHBIE IIJIOCKOCTH: HA OJHOM
6ynem u3obpakaTh TOYKH 2 (M HA30BEM €€ Z-IIJIOCKOCThHIO),
Ha JpPYroi — TOYKH w (Ha30BEM ee W-IJIOCKOCTHIO).

a) B kakyio durypy mpeo6pasyer dyuruus w=2’ mo-
JIOYKHUTENbHBIA JIYyd MHHMOM OCH Z-TIJIOCKOCTH?

6) B xakyo o¢urypy npeobpasyer GyHKmus w=—2z’
OKPYXHOCTh |2|=17?

B) B kakyo o¢urypy mnpeoGpasyer Ta ke (QYHKUMSA
runepbony xy=1?

PemeHue. a) PaccMOTpUM MOJIOKUTENbHEN nyd OM
mMHUMOM ocu Oy (puc. 65). Ina xamnoi TOUKH 2, Jexalen
HA 3TOM Jyde, arg z=—g-. Tak Kak w=2% 10 |W|=|2|%
a OJHO W3 3HAYEHHH apry-

k11
MEHTa W PpaBHO 2.?=n.

IToaToMy TOYKa W HOJIKHA
nexarts Ha ayde O’M’, BuI-
XOAAIIEM M3 HAa4Yayia KOOpAu-
HaTt (Touku O') w-IIOCKOCTH
M COCTABJISIOWIEM C IIOJIOXKH-

QX w.N &
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TeABHBIM JIYYOM [REHCTBUTEJBHOHM OCH YroJl 7, TO €CTh
TOYKA W OKa)XeTcs HA OTPHUIATEJEHOM Jiydye JeHCTBH-
TenbHOM ocu. Ecam Touka 2z onumer jaye OM (Oyzer
nepeMelaThbcs IO B3TOMY JIy4y, yJajssch OT €ro Ha-
yasa O), TO COOTBETCTByIOIWIad TOouYkKa w Oyzmer mepe-
memiathed mo aydy O’M’, mauunasi or Toukm O'. Ilpu
3TOM paccrosinMe oT w Ko O’ Gyjer Bcerga paBHO KBaJApaTy
paccrosHus OT 2 70 O, ¥ NMO3TOMY TOYKM W 3AMOJHAT BeCh
ayy O'M’. Urak, nojoxuTensbHu gyu OM MHUMOH ocH
Z-I7I0cKOCTH BYHKIUA w=2" npeoGpasyeT B OTPHIATENH-
HBIH ayd O'M’ jpeiiCTBHUTENBHOH OCH W-TIJIOCKOCTH.

6) PaccMoTpuM HaA 2-IJIOCKOCTH EAHHUYHYIO OKPYHX-
Hoerh |z| =1. Tak xak w=2% 1o |w|=|z|’=1. Orcioxa
cleAyeT, 4TO Ka)KAas TOYKA 2 €JMHUYHON OKPYKHOCTH
2-TIJIOCKOCTH Npeofpasyercss B HEKOTOPYIO TOUKY eRUHHY-
HOM OKpY’XHOCTH Ww-nJjockocTH. Ecau aprymeHT 2z m3me-
surea or 0 70 2n (TOYKA Z MONMHOCTHIO ONMINET eNUHUY-
HYIO OKDY’XHOCTH 2-ILJIOCKOCTH), TO &PryMeHT dYucja w
npu 3ToM 6y ZeT uamenaTheA oT 0 10 471, ¥ COOTBETCTBY IOILAH
TOYKA W ABAXK/JAbI IIOJTHOCTHIO ONMMIIET eAUHUUYHYIO OKPYHK-
HOCTh W-TIJIOCKOCTH.

B) KoopaunaTty TOYKH 2, NpHHajAJexamed runepboie
xy=1, MOKHO 3amucaThk B BHJe:

z=x+iy=x+i-—%.
Torga ans KOOPAWHATH COOTBETCTBYIOMIEH TOYKHM w Oynem
UMETh:

TR S .l___l) .
w—z——(x = + 2i.

IlycTh Temeph TOYKA 2 OMMIIET BCIO rUNep6oiy, TO eCTh X
uaMeHsieTcs B npomeskyTrax (—oo; 0) u (0; + oo). IIpm
3TOM JIeHCTBUTEILHASA YACTh YHCJIA W Takxke Oyjxer umame-
HATbCA. HeTpyAHO NOHATH, YTO OHA OyZeT MPpUHUMATEL BCe-
BO3MOXKHBIE HeHCTBUTENbHbEIE 3HAYEHHS, & MHMMAs 4acTh
yuesia w ocraercsas HeuaMeHHOU. ClieoBaTesIbHO, TOYKA W
ONMMIIeT NPAMYIO, NAPAJJIENbHYIO ACHCTBHTEJLHOW OCH
W-TIJIOCKOCTH ¥ TPOXOAALLYI0 depe3d TOuky 2i (puc. 66).

172



Y v Y v
: A'__ 2a°
i yb 2h
< 0| f % 0 u X u
r . x=a
Puc. 66 Puc. 67

2. ®yuxuna w =2z’ nedopMUpyeT IMpAMEIe, [apAaIeb-
Hble KOODAMHATHBIM OCAM 2-IIJIOCKOCTH, B KAKHE-TO Apyrue
auHuM. B Kakue?

Pemenue. BolbepeM B 2-IIJIOCKOCTH IIPOM3BOJIBHYIO
NpAMYI0, NapajiieabHyo MEUMOM ocu Oy. OHa uMeeT ypas-
HEeHMe X=a, TIe a — HeKOTOpoe (PHUKCHMPOBAHHOE YHCJIO.
Crauvana 6yzem mosaraTs, 94To @ % 0. {151 Touex 3Toi nps-
MOH uMeeM: 2=a-Yyi (— oo <y<< + o). Ilonaraa w=
= U+ Vi, *MeeM AJIA TOUEK W-IJIOCKOCTH, COOTBETCTBY IOIIUX
TOUKAM TIPAMOM X = @, 3AaBUCUMOCTH: U+ vi=(a+} yi)’=a’ —
—y*+i-2ay, orkyna u=a’—y’,v=2ay (— oo <y<< + o).
Korza y mpoberaeT Bce AeiCTBHTENbHbIe 3HAYEHUHA, TOUKA
w=u-vi onuuier HexkoTopyio ¢urypy. Yrobm sanucaTh
ee ypaBHeHue B 6oJiee IPUBBIYHON I HAaC (opMe, HCKIIO-
YMM U3 [OCJNEAHUX ABYX ypaBHeHMH y (nns aToro gocra-
TOYHO BBIPA3UTH Y W3 BTOPOrO yPaBHEHHMSA) M IIOJYYHM:

v2
2
it R

9TO ypaBHeHHe 3aj/laeT B W-IJIOCKOCTH HEKOTOpPYIO mapa-
60J1y; €e OChIO CAYKHUT HAEHCTBHUTENbHAA OCh W-IIJIOCKOCTH,
a ee BETBH HAlpaBiieHbl BieBo (puc. 67). Ilna Beryepumsa-
HU A 2TOX mapabosnl yAo0HO cHaYaJia HAa¥TH TOYKH ee Iepe-
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CeYeHHUA C OCAMH KOOpAMHAT: ecau v=0, To u=a’; ecau .
u=0, To v’=4a*, v= +2a%

Urak, byHxnus w —2z> gedopMUpyer npamyo x =a (rae
a=0), B mapa6ouy.

Hame paccyxjgesue He npoxoxur npu a=0, T0 ecTb
Korja mnpsmas, nmapajJjenbHas MHUMOM OCH Z-TIJIOCKOCTH,
3aMeHdAeTcs caMo¥ 3Toi ockio. Ho Aisi TO4ueK MHHUMOM ocu

umeeM: 2=iy (— oo <<y<< + 00), MO3TOMY JAJIS COOTBET-
CTBYIOIIMX TOYEK W-ILIOCKOCTH mosyuaem: w =(iy)’, To ecTs
w=— y2 (— o0 <<y<< + o). Korpa y npo6eraer BCeBO3MOK-

Hble AeHCTBUTENbHbIE 3HAUEHU A, YHUCJIO W MpoberaeT BCEBO3-
MOJKHEIE JEeHCTBUTEJIbHBIE HEIOJIOMKUTEIbHbIE 3HAYEHHUSH.
910 03HAYAET, YTO DYHKIUA W = 2> AedopMupyeT MHEMYIO
0Ch Z-NIIJIOCKOCTH B OTPHUIATENBHEIM JIyd AEHCTBHUTEILHOM
ocu w-nnockocTu (BKyouas Touky w=0).

AHaJIOrMYHBEIM PACCYIKJEHHEM MOYKHO IIOKAa3aTh, YTO Ta
e QyHKIMA w=2" nedOopMHUPYeT KaKIYIO ng&mylo y=>b
(rme b — xoncranTa, bs~0) B mapaoxny u=:—bg—b2. Ecnu
xe b=0 (To ecTh peub UAET 0 jAeicTBUTeNbHOU ocu Ox,
umelomeit ypapaenue y=0), 1o byukmus w =2 gedopmu-
PYEeT ee B MOJIOKUTENBHBINA J1y4 ocH Ou W-TJIOCKOCTH (BKJIIO-
gasa ero Hayayso w=0).

Ha pucynke 68 wm3ofpakeHsl mapabGonbl, B KOTODEIE
byuxnuas w=2’ pedopmupyer mnpsMbe, NapajeXbHbIE
ocsaM kooppuHaT. CeMeHCTBO NPAMBIX, TaPaJIeIbHEIX MHH-
MO¥ ocH (TO eCcTh IIpAMBIE, 3aaBaeMble YPDABHEHHAMHM BHAA
x=a),npeobpasyercs B ceMeicTBO napaboy, Yb¥ BETBH YXO-
AAT (Ha HalleM DHUCYHKE) BJIEBO; IIPH JI060M ¢ = 0 mpsamas
C YPaBHEHUEM X =34 M NpAMas ¢ YpaBHEHHEM X = —a (OHH
CHMMETPHUYHBI OTHOCHTEJIBHO MHHMOM OCH) NnepexonsAT B o4~
HY 4 Ty ke napa6ony. C npubimikeHueM NpAMOi X—=a K
MHHMOM OcH (TO €CTh ¢ YMEHBbIIEHUEM YHucaa |a|) cooTBeTeT-
Bylomasa mapaGosia Bce GJuiKe IpUJieraeT K OTPHIATENb-
HOMY JIy4y HAeHCTBUTENbHON ocu; B mpexese, npu a=0,
napa6osia BeIpOXKZaercsa B aToT ayd (v=0, u<<O0).
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Yro kacaercsi ceMmeicTBa
NIPAMBIX, IAPAJIJIETbHBIX [leH-
CTBHTEJBHOM OCH 2Z-TIJIOCKO-
ctd (TO ecTh MNPSAMBIX BHZAA
y=~b), To pysKIHMa w=2" fe-
dopmMHpyEeT MX B ceMeicTBO
napaboJsi, YybM BeTBU (Ha Ha-
IIeM PUCYHKE) YXOAAT BIIpa-
Bo. Ilpu b—0 cooTBeTCTBYIO-
maa mnapabona Bce OuaMxKe
[PUJEraeT K IO0JIOKUTEIbHO-
MY Jy4y KeHCTBHTEJIbHON OCH;
npu b=0 napa6osa BBIPOXK-
naercss B 3TOT Jy4. MOMKHO
[0oKas3aTh, YTO Kajikjas rnapa-
6oJsia TIepBOro cemeiicTBa Iie-
pecekaeT kKaxjayio mnapaboiuy
BTOPOTO ceMeicTBa IOJ MpH-
MBIM YIJIOM.

Puc. 68

3. Oyuknua w=2’ gedopMHpYyeT NMepBHIi KOOPAMHAT-
HBI KBAJPAHT Z-NJOCKOCTH B BEPXHIOK IIOJYIIJIOCKOCTH
w-naockocTH. CeMelCTBO NPSIMBIX BEPXHEH MOJIYIIJIOCKOCTH
W-TIJIOCKOCTH, HapaJijieIbHBIX AeWCTBUTEJNHHOH OCH, COOT-
BETCTBYET KAKHM-TO JIMHMAM Z-mJjockocTu. Kaxum?

Pemenue. Iycrs z=x-+yi; w=u+tvi. Tornga u-+
+iv=(x+yi)’=x>—y’+2xy-i, u=x>—y?, v=2xy.

Kaxxpaa u3 -paccMaTpuBaeMblX HAMH IPAMBIX — 3TO
JIMHUS, 3alaBaeMasi yCJIOBHeM v =c¢ =const> 0. Kaxaasa
TOYKA STOM NPSAMOM COOTBETCTBYeT TAKOW TOUKe Z=x- Yi,
st KoTopoi 2xy=c, x>0, y>0. A 3Ta TUHUA — Ta BETBh

1
runep6oJIbl Xy=-5C, KOTOpad pACIOJNOXEHA B MEpPBOM

KOODAMHATHOM KBajapaHTe (puc. 69).
WUrak, cemeiicTBO mpaMbIX v =c =const >0, pacmoxo-
JKEHHBIX B BEpXHEH INOJIyNJIOCKOCTH W-IIJIOCKOCTH, COOT-
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R
Puc. 69

BETCTBYET — TIPU OTOOpAIKEHMM W =2’ — BETBAM THIEp-
6o xy = 5 ¢, PACIOJIOXKeHHBIM B IIEPBOM KBaJlpaHTe 2-TUIOC-
KOCTH.

YupaxseHus
26.1. Kakue TOYKH W-IJIOCKOCTH COOTBETCTBYIOT TOYKAM
2=0, z=1, z=i, 2= — 2 npu orobpaxkeHnn w=2z>?

26.2. B kakyw ¢urypy npeobpasyer GpyHKuMA w =2z’
OTPHIATEJBHBIA JyY AeHCTBUTEIBHOH OcH?

26.3. Bo urto npeobpasyer QyHKIUA w =2’ OKPYKHOCTH
|z]| =2?

26.4. B xakxue ¢urypsl mpeobpasyer GyHKIUA w=z2’
runepbossl xy= —4 1 x’—y'=1?

26.5. 1) JIyu L ucxoaur u3 Touku z—0 ¥ HaKJOHEH K
aeicTBUTENbHOM ocu mox yraom a (0<Ca<n). B kakywo
¢urypy L’ npeobpasyer byuxknusa w =2z’ aror syu?

2) Ilpu HempepeiBHOM pocte yriya o ot 0 g0 % ayu L

OYEeBU/HO, 3aMEeTEeT NEePBhIH KBaJAPAHT KOOPAMHATHOM IJIOC-
koctH. Kakyio durypy samerer npu aTom auausa L'?
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§ 27. Ilpumepsl xpoGHO-JIMHEHHBIX AedopManmi
IJIOCKOCTH

az+b
cz+d
gucaa, ad — be+ 0) HasbiBaeTcss 0POOGHO-AUHEUHOU QYHK-
yuel. Kak m npy U3y4YeHHH NUHEHHON (DyHKUUH, OrpaHH-
YHMCH PACCMOTPEHHEM HEeCKOJbKHX IpPHMEepOB OoToOpaxe-
HUH, IPOU3BOAUMBIX QYHKIMUAMHU TAKOTO BHAA.

DyHKUUA BUJA W= (a, b, ¢, d — oM NEeKCHBIE

IIpamepsr
1
1. B kakyio durypy npeobpasyer GbyHKIHS w=_z_ OK-
pyxHOCTb ' equHENYHOrO pajguyca ¢ EHTPOM B TOUKe Z=1i
(6ea3 Toukmu 2=0)'?

Pem e Hue. YpasHeHUE [JaHHOH B Z-IIJIOCKOCTH OKPYIK-
1

HOCTHM MOJKHO 3amHcaTh B Buje |2—i| =1. Tak kak w=—,
z

1 o 1—iw '
TO 2=— H 2—i=———. Ilepexoss B IOCJEJHEM COOT-
w w -

HOIIEHUH K MOAYJIAM M YUYHMTHIBAH, YTO NJIS TOUEK AAHHOU
OKDYKHOCTH BBINOJHACTCA PABEHCTBO |z —i| =1, Haligem:
[1—iw|=|w|. Tax xax |1—iw|=|i(w-+i)l=|w+il, To
noayuuMm: |w—+i|=|w|. 910 cooTHONIEHEME O3HAYAET, YTO
HCKOMBIE TOYKHM W PABHOYZAJIEHHl OT Touek — i U 0, HaxXo-

i
LATCA HA MpaAMOl [, npoxXoganiei yepes TOUYKY — 5 H na-

pannesbHoOi JAelicTBUTENBHOM ocu w-miockocTH (pue. 70).

' Haueprus oxpyxHocTh I', BUAMM, 9TO HA Heill PACIOIOMKEHA
1
OJlHA TAKAA TOYKA 2, AJA KOTOPO# dopmysa w=—z— TepAeT CMBICII.

910 Touka z=0. B cBA3M ¢ 3TMUM B JNAHHON 3ajiade YCJIOBUMCS
NoHMMAaTh 1ox I’ He BCIO OKPYJKHOCTH, & TO, YTO OT HEE OCTAETCH
1ocJsie MCKIIOYeHus Touku 2=0.
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Ilokaxxem, 4TO TOYKH W,
g V COOTBETCTBYIOLLHe TOYKAM
JAHHOH OKDYXKHOCTH, IIOJi-
L HOCTBIO 3aIIOJIHSIOT IPAMYIO /.
2 i
Lr r IIyers wo= uo—? — IIPOM3-
b
ol 1x i u BOJIBHAS TOYKA mnpamon [
i) O A Touka 29, KOTOPOI MOXKET CO-
Puc. 70 OTBETCTBOBATH BeIOpaHHAdA
TOYKA Wy, AOJKHA YZOBJIET-
BOPATH IO YCJOBHIO COOTHO-
1 o D 1
meHuo zog—=— . [loatomy 2)—i=— —i=—-"7-—- —
woy Wo " ;
b A
2
R
B
— j=———_. OTcilosa Halijfiem, 4TO
i
U — —
2
1
| ——-—mo| N\ tud
: 4
|zo—i|l = = =1

'\/u%-l-%'

Wrak, xaxpgasa TOYKa Wy NPAMOA | COOTBETCTBYET He-
KOTOPO# TOYKE 2(, NPHHAJJIEXAIed NaHHOH OKPYKHOCTH.

CiiegoBaTENBHO, O YHKIIUA w=—z— OKPYKHOCTh €IUHHUYHOTO

pajuyca ¢ IEHTPOM B TO4YKe z2=i JepopMUpYyeT B IPAMYIO.
2. B kakyo Gurypy w-mjocKocTH npeobpasyercs MHU-

Mas OCh 2-IIJIOCKOCTH TIPU OTOGpaKeHuH w=z—t~i—?
Peme Hue. [ TOYeK MHHMOH OCH 2-IIJIOCKOCTH MMe-

em: 2=0+4iy(—oo <y<< -+ o). goin;lvxy COOTBETCTBYIOLIHE

TOYKH HAXOAHUM M3 YCIOBHSA w={!}——i. Hepexo.nn K MoAay-
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liy+1|
|iy—1|
Mas OCh Z-IIJIOCKOCTH IIpeobpasyeTcd B HEKOTOPOE MHOMKECT-
BO TOYEK EAMHHMYHOU OKPYKHOCTH W-TIJIOCKOCTH.
BrIsiCHUM, 3aIOJNHAT JHM TOYKH W, COOTBETCTBYIOIHE
BCEM TOYKAM MHUMOM OCH Z-TIJIOCKOCTH, EAHHUYHY IO OKPY K-
HOCTh W-IJIOCKOCTH. [[JIsT 3TOrO0 BO3BMEM TOYKY W), IPH-
HAAJIeKANYI0 eJUHUYHOA OKPYIKHOCTH. UMCIO Wy MOIKHO
3AmMKCcaTh B BUAE wo=e'", Ynucno 2y, KOTOPOMY npu oTobpa-

AAM, TONYYHM: |w|= =1. CnemoBaTeIbHO, MHH-

z+4+1 .
KEeHUH W = — COOTBETCTBYET TOYKA Wy=—¢€'", MOMKHO
z —
] i 20 + 1
HaAWTU M3 YCJIOBUA € v (rme a5=0). Beipasum u3s
20—

3TOr'0 paBeHCTBA 2 M npeo6pa3yeM MIOJIY4YeHHOEe BbIPpaKeHHe:

. .a .o
; 5 3 b 2 cos _G_._
B e“+1 e“l\e”“+e 2
0: 2 = =
=1 2 i 3\ 2isin®
e’ (e ? e 2) 2
OTcioa BHAHO, 4YTO 2o ABAAETCA YMCTO MHUMHM 4YHCJIOM,

TO €CTh TOYKA 2() NMPHUHALJIEIKHUT MHHUMOM OCH 2Z-IIJIOCKOCTH.
Hame paccy:KJeHHe HEBEPHO Npu w=1, Tax KaKk B DTOM

e ot

02
cnyuae a=0 u ctg —5 He uMeeT CMBICINA. PaccmaTpuBae-

Mas QYHKIUSA He CONOCTABIJIAET TOUKY W =1 HU OZHOH TOUKe
MHHMOM ocu. JIerko mpOBEPHTH, YTO HU IIPH KAKOM 3HAa-

YEeHWH YHCJIAa Z HEBO3MOXXHO PABEHCTBO ] — Z+:: (3’1‘0
Z.—

YPABHEHHE He HMeeT HHUKAKHMX KOMIIJIEKCHBEIX KOpHei).
Hrax, MHEMAas OCh 2-IJIOCKOCTH Ipeobpasyercd B eJUHHY-
HYI0 OKDYXXHOCThH W-IIJIOCKOCTH, K3 KOTODO# IIpeaBapH-
TeNBHO yAajieHa Touka w=1.

OrmeTum 6e3 J0Ka3aTeNbCTBA OJLHO 00IIee CBOHCTBO
JApOoOHO-IMHEeAHOH DYHKIMHU (ero Ha3BIBAIOT KPYZ068bLM CEOlL-
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cTéoM): Kaxkpas ApOGHO-JIU-
az+b

HellHaA OYHKUUA W =
oy St

N
2

, ’ 5o ..\ OTIMYHASA OT KOHCTAHTHI, Je-
"o.o:.: :.’.g‘\é ¢opMupyer Kax Ay JTUEHIO /,
:. :[:0’1‘,3, ::;o\‘\‘.‘ HBJIHIOInleCfI OKPYIKHOCTHIO

I‘=‘:§i‘i..}53=:= ] WJIHA TNPAMOM, B HEKOTOPYIO
‘ RS 5‘},0.', auHUI0 I/, KOTOpAsA TOMKE fAB-

%
R

JIAeTCH OKPYIKHOCTBIO WJIH
npamoii |. DTo mpaBuio Bep-
HO C TOYHOCTBIO [0 OXHOH
JIMITHEH TOYKM: HEe HUCKJIIoUe-
Puc. 7l HO, 4TO U060 HA JIUHUH [ OKa-
KeTcss OfHa TOYKa (HO He
6oJbIIe), KOTOPO He COOTBET-
CTBYET HH OJH&a& U3 TOYEK JIN-
Huu ', nu6o Ha !’ obGHapyxuTCA OJHA TOYKA, KOTOpasd
HE COOTBETCTBYET HY OJHOM U3 TOYEK JHUHHUH [, IubO U TO,
U Apyroe.

3. PaccMOTpMM Ha W-IJIOCKOCTH ceMmeiicTBo F’ OKpyx-
HOCTe# ¢ eHTPOM B HYJIeBO# Touke (puc. 71). OHo monydueHo

z+1
nyreM nedopManMH, IPOU3BOLUMON GyHKIHeH w=z—:—i,
U3 KAaKOro-to cemeiictBa F JIMHHH, DACHOJIOMKEHHBIX Ha
KOMILJIEKCHOM 2z-mJiockoctu. M3 xakoro?

Pemenue. Kaxaymo okpyxuocrs '/ u3 cemeiicrsa F’
BOBMOJKHO 3aZaTh ypaBHeHHeM BuAa |w|=R=const>0;
Korza R mpoGeraer Bce IOJIOKHTEJIbHBEIE 3HAYEHUS, MBI
MONYy4YHM Bce ceMeHcTBO OKpy:kHocTeil F’. Ho oKpysHOCTH
I'’ nonygena u3 Hexoropoii muuHuu I' ¢ nomomsio gedopma-
nuH, 3agaBaeMoil pyHKIUeR

z+1

w=z_1. (1)

S
47
NS
]

. ! He ucxioueno, 4To OKpPYKHOCTS AedOPMHUDPYETCA B IPAMYIO
(cM. mpumep 1), a mpAMas — B OKPYXHOCTH (cM. mpumep 2).
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CooTtBercTBHe, 3asaBaemoe popmysiou (1), ABngeTcH B3auM-
HO OLHO3HAYHBIM (ecau He o6pamIaTh BHUMAHHS HA TOUKY
z=1 B Z-IJJOCKOCTM M H& TOYKY W==1 B W-IJIOCKOCTH);
€CJIM TOYKa W COOTBETCTBYET TOYKE 2, TO 2 MOMKHO HANTH HU3
¢dopmyasr (1):

w-+1

=2t @)

Dyurnusa (1) orobparkaeT KaKyo-TO JUHHIO [ HA OKPYI«K-
HocTh [, a pyHruusa (2) seBasierca o6paTHO IO OTHOIIE-
HUuI0 K GyHrnuu (1) u orobpaxaer OKpy HOCTH [/ Ha Ju-
Huo ['. Ho ¢pyuxuus (2) — Toxxe npoOHO-IMHEHHAS, H I10-
aTomy JuHUA [', HA KOTOPYIO OHA 0TOGPAIKAET OKPYKHOCTH
[/, Toxxe 06sA3aHa OKa3aTHCA OKPYIKHOCTHIO (MJIM IPAMOIf).

Herpyauo HailiTu ypaBHenue jguuauu ['. B camom peine,
nyctb R~ 1 (cnyuaii R=1 paccmoTpen B npumepe 2). Torga
AJIA TOYeK w, neskamux Ha [, umeem: |w|=R. IlosTomy
JLJIA TOYEK 2, PacHOJIOXKEeHHBIX Ha [, moayuaem:

lz41|
P TR
lz4+11*>=R?lz—1|% (8)

ITocne ynpoumenuit Haiigem:
(1—R%2z+(1+R%z+(1+R%z+(1—R*=0.

A 370, KaK MBI y3ke 3HaeM (cM. § 14), ecTs ypaBHeHHUE OKDYIK -
HOCTH.

ceMeiicTeo F’ KoH-

z
Wrak, npu orobpakenun w= T
z.-_.

LEHTPHYECKUX OKPYKHOCTeH |w| =R 5 1 cooTBeTCTBYET He-
KOTOPOMY ceMeicTBY F OKDYIKHOCTEH 2-IIJIOCKOCTH ; eAMHN Y-
Hafg OKPY>XHOCTh (|w|=1) cocraBnser HCKIIOYeHHE: OHA
COOTBETCTBYET HEKOTOpoH nmpamoii. CemeiicTBo F uscbpaxe-
HO CHJIONIHBIMHM JUHHUAMU Ha pHCYHKe T2.

Tlony4enHoe ceMeHCTBO UMEeT UHTePeCHBIH hu3UYecKu
cmeici. IIpepcraBum ceGe ABa OLUHAKOBBIX IPAMOJMHEH-
HBIX JAJIMHHBIX TOHKHX IIPDOBOJA, PACIHOJIOKEHHBIX Iep-
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Puc. 72

NMeHAUKYJIAPHO IJIOCKOCTH depTexka (puc. 72) Ha pac-
CTOAHUU X = —1 U Xx9=1 or Havama kKoopauHart. IlycTh
9TH INPOBOJA HMEIOT OAMHAKOBBHIE IO AGCOJIOTHON BeJH-
YMHE W I[POTHBOIIOJIOXKHEIE 110 3HAKY 3apAAbl (COOTBeT-
CTBEHHO -+ ¢ M —q). B peaynbraTre BO3HHMKAET BJIEKTPO-
cTaTr4eckoe nmoje. B I0CKOCTH YepTexka JHHUAMH PaBHOTO
noreHnuana (3KBUIMOTEHUMAJbHBIMY JIMHUSAMH) KaK pas 4
OKa’XXyTCA OKDYXHOCTH, M300pa’keHHble HA pHCYHKe T2,

Ha o060cHOBAHMHM 3TOr0 YTBEDPIKJAEHUSA MBI 3J]eCh OCTa-
HaBJIuBaThCcH He Oyzem.

YupamxHaeHHA
27.1. B kaKue TOYKH W-NJIOCKOCTH I1peobpasyioTcs Tod-
KH 2=1, z2=i, 2=1—i npu nomomu QYHKIHH w=%?
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27.2. B kakyo QUrypy w-mnjaockocTu npeobpasyercs neu-
CTBHTEJIbHAS OCh Z-IIJIOCKOCTH IIPH OTOOpAXKEHUU W = :—I:?
27.3. Ha z-njockoctH paaHa ¢urypa, cocrodmas u3
BepXHEeH ITOJIOBUHBI €JUHUYHON OKPYKHOCTH 2| =1 u ee
AMaMeTpa, coeguHAIero Toukn — 1 u 1. Bo uro ara dury-
z—1
z2+1 ?

§ 28. O QyHKUHAX AHAJTHTHYECKHX H HeaHAJIMTH-
YeCKMX M O NPOM3BOJMMBIX uMHM Jnedopmanmax

pa npeoGpasyeTcs IIpH OTOOPAaKEHUH W =

PaccMoTpeHHBIe B NpeABIAYIMUX naparpadax GyHKIAH
az+b
cz+d
cy GyHKIMHA, MOJYYUBIINX Ha3BaHUe aHaiuTuveckux. OHu
MOryT OBITH BBEJEHBI TaK.

Cuauana omnpezenuM AaA GyHKnUHU f(2) KOMIJIEKCHOTO
[IEPEMEHHOI'0 2 MOHATHE MPOH3BOLHOMK. JTO [eslaeTcd Tax
’Ke, KaK B JeMCTBUTENBbHOM obnacTu: mpoussopHas f['(2)
dyHKnuu f(2) B TOuke Z ompejesseTca HOPMYJIOH :

f’(z) — lim f(z+h}2 _f(z) i
h—0

Ecnu f(z) uMeeT NPOU3BOLHYIO HE TOJBKO B TOYKE 2, HO H
B Ka) Ol TOYKe M3 HEKOTOPOH OKPECTHOCTH TOYKH 2z (He-
KOTOPOr0 Kpyra ¢ LEHTPOM 2), TO (PYHKIHSA HA3BIBAETCH
AHAAUTUYECKOl 6 To4Ke 2.

DyHruu f(2) HA3BIBACTCA AHANUTUYECKON HA MHONCECT-
6ée E, ecnu OHA ABISETCS AHAJTUTHYECKON B Ka’KJOH TOYKe
sToro MHOxecTBa. Tak, Hanpumep, byuknus f(z)= 2’ umeer
NIPOU3BOAHYIO B KA JOM TOYKE Z KOMIIJIEKCHOM 2-IIJIOCKOCTH:

2 2
i [EAM—1@)_ | @h)—z

h—>0 h h—0 h

w=az+b, w=2% w= OTHOCATCH K Ba*XHOMY KJac-

= lim (224 h)=22z,
h—0

10 ecTh f'(2)=22z. Ho Torga oHa MMeeT IPOHU3BOMHYIO U B
OKPECTHOCTH KAaMKJOH TOYKM 2, TO eCTh (hyHKIUA 2> — aHa-
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IlepBhie mpuMepHl AHAJH-
THYeCKHX GYHKUUNA pac-
cmartpuBaym eme B XVIII B
JI. Biinep, K. I’ Anambep
u XK. Jlarpausx. Kak camo-
CTOATENbHAS AMCIMILIHHA
TEOpHSA  AHAJIUTHYECKUX
byHKIMA CIOKUIACH K Ce-
penune XIX B. riaBHBIM
obpaszom Gaarogaps Tpy-
JaM TpexX BhIZAIINUXCA
MATEeMaTHKOB TOTO BpeMe-
au: O. Komwm, K. Beiiep-
mrpacca u I. PuMana.
K kiaccy aHamuTHYECKHX
dyHkumit orHOoCcuTCH 60JIL-
HIMHCTBO  BJIEMEHTADHBEIX
byHnknuit, nanpumep 4z,
2#0; ¢, sinz u MHOro
HEe3JIEeMEHTaPHBIX.

JIUTHYECKAS HA BCEH KOMIIJIEKC-
HOM myockocTd. Pyuruus f(z)=
=|z|’ mmeeT, KaK 3TO MOIKHO
JIOKa3aTh, IIPOM3BOAHYIO JIUIIL
B oxHo# Toure z=0. Cuexposa-
TenbHo, |z|? B 9TOH TOuKe He
aHaJIUTHYECKAs.

IpaBuna muddepenuposa-
HUS IOCTOAHHOM, CYMMBI, pas-
HOCTH, IIPOM3BEJEHHUSA, CTEIEeHH,
YaCTHOrO AN (QYHKUMHE KOM-
ILJIEKCHOT'O IMePEeMEeHHOro TaKue
JKe, KaK M AN QYHKIUA neii-
CTBUTEJHHOrO IIE€PEMEHHOrO.

K ananutuueckum yHKIM-
AM OTHOCHATCSH, B YACTHOCTH, JIIO-
60l MHOzOYWJIEH OT TEePEeMEeHHO-

n
ro z (byskuus suga X axzd),

k=0
nwobas payuoHanrvHas GQYHKYUR
TIePeMEHHOr0 2 (OTHOLIIEHHEe ABYX
MHOro4JeHOB P(2)/Q(2)), niobas
GYHKIHUA, KOTOPYIO MOYKHO IIpeji-
CTaBHTh B HEKOTOPOM Kpyre B
BUJIE CYMMbL CTENneHHOzO0 pada

g

b4

(B Bume X a2" wam ar X

k=0 k=0

X (z—a)*). B T0 e BpeMs MHO-
THe NMpocThle QYHKLUUHA He SABJISA-
I0TCS aHANUTUYECKHMH, HAIPH-
mep: 2, |z|, argz, Re 2z, Im 2.

BepHemca Temeph K paccmo-
TpeHHOMY paHee (§ 25) uacr-
HOMY CJy4ai0 aHaJUTUUYECKHUX
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bysrnuil — Kk JuHEHHOH (QYHK-
uuu w=—az-+b. BriGepem B
Z-TJIOCKOCTH IIPOM3BOJIBHY IO TOY-
KY 2) ¥ IIpOBEJIeM U3 Hee ABAa JIy-
ya /, u l,. Tak kak JuHeiiHas
(byHKIMA TreoMeTpUYECKH CBO-
AUTCA K IEPeHOCy, MOBOPOTY H
rCMOTETHH, TO OHA Npeobpasyer
anyqu l) u ly B Kakue-To jgyum [
U l5, UCXOHAIMEe U3 TOYKH W)=
=azo+b. IIpu aTom fACHO, YTO
yrois Mexay nydamu [, u [, (Hau-
MEHBLIIUH YrojJ, Ha KOTOPHIH
cJeAyeT MOBEePHYThb Jy4 [, 4TO-
Obl OH COBMECTHJICA C JydYoM [3)
paBeH I10 BeJMYMHE W HallpaBJje-
HHUIO YIJIY MeX Ay 06paszaMu aTUX
nygeit I1 u l5. MOXKHO cKasaTth
Tak: Gyskuua w=az-+b co-
XpaHAeT YyroJ MexXAy ABYMs Jy-
YaMH, UCXOAAIIMMHM H3 KaKOM-
60 TOUKH. AHAJIOrMYHO 06CTO-
WUT JeJ0 ¢ JI00BIMH KPUBBIMHU JIH-
HUAMH V| H V2, MCXOAAIUIMMH M3
TOUYKH Z): YroJ MeXAy HHUMHU
paBeH (II0 BeJIMYMHE M HATPAaB-
JIEHHIO) yriy Me:xny obpasamMu
STUX JIMHUH Y|, Y2 IpH oToGpa-
JKEeHUH w=az+b:

N AN

(vi> ¥2) = (1, v2).
AHANOTHYHAS KAPTHHA MMeeT
MeCTO JAJs OTOOpa’keHus, IIpo-
U3BOAMMOI'0 NIPOU3BOJILHONH aHa-
nutuuyeckoi ¢ynkiumeit. Topopsa
TouHee, ecau GyHKUHA w=/[(2)
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Orrocres Jya KOUIH
(1789—1857) BHec 3HaYH-
TeJILHBIH BKJIAJ MOYTH BO
Bce 0o0OnacTH MaTeMaTHKH,
0co0eHHO B MaTeMaTH4ec-
kuit anamms. U3 ony6im-
koBaHHBIX UM 830 BayYHBIX
pabor 6oJsiee ONOBMHHEI 110-
cBANIEHH aHanusy. Ero
«Kypc amammsa» (cocras-
JIEHHBIHA 110 JIEKIIUAM, KOTO-
pule oH unTan B Ilosurex-
HMYecKo# mkosae B [lapm-
xe B 1819—1821 rr.) Ha-
A0Jro craj o6pasinom cTpo-
roro H3JIOKEeHUdA MaTeMma-
THYECKOH IMCIHILIMHEL.
Komm B 27 yer crasa uie-
Hom Ilapmkckoil axazeMmuu
HAYK, a No3jHee ObLT H3-
6paH NOYeTHHIM YJIEHOM
Ilerep6yprekoii AxkagemMun
HAYK ¥ MHOTMX JPDYI'HX
akajgemuit. OxHa w3 BaX-
Hedmux szacayr Komwm —
co3JaHME CHCTEMaTHdec-
KHUX OCHOB O0Imeil TeopHu
byHKIHH  KOMILIEKCHOrO
nepemMeHHOro. Bompocam
KOMIUIEKCHOI'O aHAJIK3a OH
nocaTHa Gosee 70 Hayu-
HEIX cTaTeil, cpeau KOTO-
PHX 0co60 ynmoMsiHEM pa-
6orel «O6 opHOM HCUHCae-
HHUH, aHAJOrHYHOM HCUMC-
JIeHUI0 6eCKOHEeYHO MAJIBIX »
u «Memyap o dyHKUDEAX
MHUMBIX nepevesHsix» (Ko-
4 He yNoTpebJAn TepMHu-
HA «KOMIUIEKCHBIH®, & NOJb-
30BAJICA TEPMUHOM <MHH-
mui¥i»). Kommu npuxagie-
JKAT TaKMKe BajyKHbIE pe-
3YJIBTATHI B ONITHKE, TEOPHH
YIPYTOCTH, ACTPOHOMHH.



Kapa Teomop Bmusreasm
BEHEPIITPACC (1815—
1897) B moso0OCTH U3yYaT
IOpUANYEeCKHe HAYKHU B Bon-
HCKOM YHHMBepPCHTETe, HO,
YBJIEKIOHCh MaTeMaTHKOM,
ocTaBHJI JOpHAAYECKHH da-
kyJabrer. CiaB aK3saMeH Ha
NpaBO IpeNoJaBaHUs Ma-
TeMATUKH B IOKOJIE, OH B
1841 —1856 yumrenncTBO-
BaJl B 'MMHa3uAX HebGoJb-
mux ropoxos B Ilpyccun.
Buimosnuan pax  oysza-
MEHTaJIbHBIX  HCCJIefoBa-
HUM 110 MaTeMaTHKe, M B
1856 r. 6w u36paH uyJe-
HOM AaKaJeMHH HAYK B
BepiuHe ¥ npuriameH B
BepyMHCKHI yHUBEpCUTET
Ha JOJKHOCTH mpodecco-
pa. Beitepmitpace 6oub-
mIoe BHMUMaHHEe yAeJss
CTPOTrOCTH MBJI0K CHUSA
MATEMATHYECKHX KYPCOB.
Psaj Ba)XHBIX TeOpeM, BXO-
AALIMX Telepb B By30BCKHE
yueOHMKH MaTeMATHKH, Ha-
3BaHbl ero umeHeM. Beii-
epmitpacc 6Gbl1 mouer-
HeIM 4jeHom Ilerep6ypr-
ckoit m Ilapmikckoit axa-
AeMHUH HayK.

nedopMHUpYeT fBe JIMHUH Y| H V2,
UCXOASANIMe W3 TOYKHU 2y, B. JIH-
HUH V| U V5, UCXOAAIIAE U3 TOY-
KH wo=f(2¢), m ecan f'(20)5% 0, TO

— (TN
(15 Vo) = (¥, ¥4) (yraet pasuEt mo
BeJIMYWHEe W HampasiieHuio). I'o-
BOPAT, 4YTO OTOOpaKeHue, IIpous-
BOAMMOE AHAJNUTHUYECKOH (DYHK-
uueit, obsajzaer CBOWCTBOM CO-
xpanenus Yyzaoé (IO BeIUYHHE
M HATIPABJIEHHUIO) BO BCEX TOYKAX,
rjge npousBoxHAsS (YHKIHH OT-
JIMYHA OT HYJA.

Oro6paxenue, obiagamouiee
9THM CBOMCTBOM, HA3BIBAIOT KOH-
¢dopmubiLm (coxpaHAUM (GOp-
my). WUTak, oro6paxcenue, npo-
u3eodumoe QHAAUTUYECKOL
pynxyuei w=f(z), aenserca
KoHpOpMHbLM 8C1OFY, 20¢e ['(2)
#0. HKoudopmursle orobGpaske-
HUfA HAXOAAT BajKHbIE IIPUJIO-
JKeHHMS B I'MJPOJUHAMHKE, DJICK-
TPOCTATHUKE, TEOPUU YIPYI'OCTH,
kaprorpaduu.

Paccmorpum mnpumep GyHK-
UM, HameAleid coxepKaTelib-
HBbIE IPUJIOKEHUSA B TEOPUH KPHI-
Ja camoJiera.

IIpumepsr.

1. Dynryuei IKykoeckozo
Ha3bIBaeTCsA  QYHKIUSA w=
1

1
= (z + —) . BeisicuumM, ocy-
2 z
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IEeCTBJISAET JU 3Ta (YHKIHUA
koH(poOpMHOEe oToGpakeHue.
B kakyw ¢urypy apedopmu-
pyer ¢yukuusa JHyxoBckoro

eAUHNYHYIO OKPY3KHOCTh
|z| =1 (puec. 73)?
Pemenue. DyHRIUA

M yKOBCKOrO #BIAETCA aHa-
auTuyeckoit mpu 250, Tak
1 1
() I —) .
Kak f'(2) 3 ( g
Hwmeem: f'(z)5 0, ecnn 2z + 1. CaenoBaTtesbHO, oToGpa-

1 1
JKeHue w=? (z-}——)xwme'ncu KOH(POPMHEBIM BO BCeX TOY-
z

Kax z, kpome Touek 0, 1, —1.
OxpyskHOCTE |2| =1 MOXHO 3a4aTh ypaBHEHHMEM 2=

i 1
=é' (—n<<t<a). Iloaromy w='§<e"+e_”)=cost

(—n<t<n). Korga t usamensierca or — n xo 0, BenuumHa
cos t uamensercsa or — 1 xo 1, a npu usmedenuu ¢ or 0 5o n
BenuyuHA cos t uamensiercss or 1 no — 1. Taxum obGpasowm,

1 1
TOYKA w=? z+—;> ABAXKABl onMuIeT (B W-TJIOCKOCTH)

orpe3ok [ —1; 1] geiicrBuTensHO# ocu. UTak, OKpYIKHOCTE
|2|=1 medopmupyercs (cnmomusaercs) B orpesok [—1; 1]
(npoiigeHHBIN gBaXKABI). A

U3 MHOrO4YMCIEHHBIX CBOMCTB aHAJIUTHYECKUX DyHKIUA
OTMETHM 3Jech CIenylomee: AHAAUTUYeCKAs YHKYUA, OT-
JAUYHAR OT NOCTOAHHOL, depopmupyer Kaxcdyr 06AACTb
ob6asarenvro 6 obaacrs .

! O6aacrvro Ha3BIBAETCA TAKOE MHOKECTBO, KOTODOE COEPIKUT
KaXAYyI0 TOYKY BMECTe C HEKOTOPOH CBOEH OKPECTHOCTBIO ¥ JIIOOBIe
ABe TOYKH KOTOPOTO MOXKHO COEAMHMTbH JIOMAHOM, cOCTOAINeH H3
TOYEK ITOr0 K€ MHOMKECTBa.
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Teopr ®puppux Beparapn
PUMAH (1826—1866) eme
B IOKOJIE yBJIEKCS MaTeMa-
THYECKMMH TpyAamu Diire-
pa u Jlarpanxa. B I'érrun-
reHckoM # Bepaunckom
YHUBEDCHTeTAX  CJAYIUIAJ
aexuuu K. Taycea, IT. u-
puxJje u Ap. [ina pasBuTHs
KOMIIJIGKCHOI'O  aHaJIu3a
6GoJsibIIIOe 3HAYEHHE MMeJa
ero auccepranus «OcHOBR
obmeit TeopHH GYyHKIMI
OZHOM KOMIIJIEKCHOM mepe-
menHO#» (1851 r). B mcro-
PHH TIeOMeTPHHM BaXXHOM
Bexoif 6blyia nmpoGHas Jiek-
uua Pumana «O runore-
8axX, JeXamHX B OCHOBA-
HHMAX NeOMeTpHHM», B KOTO-
PO M3JI0KEHEl OCHOBBI CO-
BJAHHOK MM DA3HOBUHOC-
TH HEeBKJIMOOBOH reomer-
puM (¢pHMaHOBA TreoOMeT-
pus»). C 1857 r. 6sl1 npo-
tdeccopom T'érTHHreHCKOro
yHuBepcATeTa. BoJbmIMEH-
CcTBO Hay4yHHIX pabGor Pu-
MaHa ObBLIM HM3JAHHl YKe
IIocJie ero CMEpPTH.

Hanexo He kaxxaasd QyHKIUA
KOMIIJIEKCHOTO IepeMeHHOro 06-
najgaer aTuM csoicrBom. Cyre-
CTBYIOT HEAHAJNMTHYECKHE DYHK-
IUH, KOTOpEIE AedopMupyior 06-
JaCTH KOMILJIEKCHOM IIJIOCKOCTH
He B obysacTu, a B Kakue-TO JHU-
HUU (OTpPE3KH, NpAMbe, OKPY K-
HOCTH M T. I.).

PaccmoTpuM mpumep.

2. B xakywo ¢urypy apedop-

2 ;

Mupyer GyHKOuA w= e X
X (z+2) xpyr |z—5|<3?

Pemenne. Ecau z=x-+iy,
To w=x. Takum oGpasom, maH-
Hasi QYHKOMS Ka/JOoH TOouKe 2
CTABUT B COOTBETCTBME €€ IpO-
eKI[MI0 HA JIeMCTBHTENbHYIO OCh.
IIpu sTom oHa pedopmupyer
(cnmomuBaer) kpyr |[z2—5|<C3
B ero zuamerp (B orpesox [2; 8]
JeACTBUTEILHOM OcH).

Y npaskHeHHE

28.1. Kakue npeobpaszoBaHus
KOMIIJIEKCHOM IIJIOCKOCTH 3aja-
IOTCA QYHKIMAMHM

1) w=2z; 2) w= —2; 3) w=
=az+b?

28.2. B xakyio dburypy mnpe-
ofpasyercda mepBHEI KBajgpaHT
KOMIIJIGKCHOH IIJIOCKOCTH C IIO-

MOIBIO GYHKIMY W = % (z—2)?

B kakyo ¢urypy Inpu aTOM OTO-
6pakenuu npeobpasyerca BCA
KOMILJIEKCHAsA 2-IJIOCKOCTH?



28.3. B kakyio ¢urypy nedopMmpyercs Kpyr eXHHHY-
HOT'0 pazuyca ¢ IeHTPoM B Touke z =0 ¢ moMomsio bynrrIIH
w=12z]%?

28.4. Kakue nedopManuu KOMIIJIEKCHOM IJIOCKOCTH 3a-

KaoTcsa QYHKUUAMHA :
1) w=Rez; 2) w=Imz; 3) w=Re z+i-|Im z|?

28.5. KoMniekcHas MJOCKOCTh C YJAAJICHHOH HYyJeBoOit
TOYKOH mozBepraercs nedopManui, safgasaemoi Gpyunrnueit
w=2/z. B xakyio purypy aedopmMmupyercs sTa IJIOCKOCTH?

28.6. B xakyio ¢urypy npeobpasyerca Kpyr paauyca 2
¢ IeHTPOM B Touke 2i ¢ moMompio GyExmuu w==|z|4+1?

28.7. B kaxkyo ¢urypy npeo6pasyer KOMIIJIEKCHYIO
z-IockocTh bysknua w=¢'* ?

*§ 29. Yemy paBeH JorapudmM HEmoJOKHTEJIHLHOIO
uncaa?

MonuiTkn maremaTuxoB X VIII B. BEIYmCANTS JOrapud-
MBI OTPHIATEJIBHBIX YUCEN IPHBOANIIH K TAKAM IIAPAaKOKCAM
¥ MPOTHBOPEYUAM, KOTOPHIE CTABMJIM IIOJ Cepbe3HOEe COMHe-
HHE HAJIeXKHOCTh KOMIIJIEKCHBIX YHCeJI KaK anmnapara IJsa
MAaTEeMATHAKH.

BoasMemM, k npumepy, uuciao — 1. Yemy cirepyer CIATATH
paBHHM ero Jorapudm '? Ilo sromMy moBoxy B Hagaae
XVIII B. cymecTBoBa M pasnuuHbie mueHus. . Bepuynnu
cuurai, uro In (—1) pasex nyio. B camom peJre, 10Ka3HIBA I
OH, oueBHJ(HO, 4T0 In ((—1)?)=In 1=0. C gpyroii cTopoHs:I,
In(—1))=21In(—1). 3uaunr, 2In(—1)=0, In(—1)=
=0 (?!). C aTuM cBABaHO U Apyroe yTBepxkaeHue BepHym
«IIpn mo6om a > 0 umeem In (—a)=In a». [{elicreurensHo,
In(—a)=In((—1)-a)=Ina+In(—1)=Ina, ecnu sepHo,

! Byaem uMers 3jech B BHAY HaTypaavHbill sorapudm (TO
ecTh NP¥ OCHOBAHHMH, DABHOM €).
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4T0 In (—1)=0. Emy Bospamxkan Jleii6uuy. OH BEICKa3HIBAJ
MHEeHHe, YTO JIOTaPH(PMOM OTPHULATENHHOTO YHCJIa JOJIKHO
OBITE HEKOTOPOE MHHMOE 4YHCJ0. B camom gese, e* npu Jio-
60M fEeHCTBUTENILHOM X SBJAETCSH MOJIOKHTEIbHBIM YHCIOM.
Ecau Xe mpyM KAKOM-TO X YHCJIO €° OKa3aJIoCh OTPHULATENb-
HBIM, TO X JOJI3KHO OBITE MHHMBIM.

Yepes mosBexa mocJye 3TOro crnopa GppaHuy3cKHH maTe-
maTtuk K. II'Anambep (1717—1783) ybexnan Ha cTpaHH-
max 3HAMEHMTOW <«IJHIUKJIONeAuu», uro npu a >0 uucao
(—a) 1 uncno @ uMerOT OxUH M TOT ke Jorapudpm. IToxa-
HOCTBIO pas3ofpaThes B 3arajfke O JOrapudmax HEnoJIOMKU-
TeJbHBIX uuces cymexn JI. Jitmep.

Bepuemcs k dopmyne Dditnepa (cm. § 7) e*=cos x+
—+isin x, KOTOPYI0O MBI NIPHUHSAJN B Ka4ecTBE OIIpeJeJIeHUA
MHHMMOH# DKCIOHEHTH (MMEHHO TAKOW MOAXOJ M MOAPa3y-
meBaeTcss B pabore Jiinepa 1743 roaa). Oguako Takas 3a-
NHMCh BCe JKe gaBaja Jijiepy OCHOBAHMSA JJiA COMHEHMM:
noyemy Mul 0603HaUaeM cos X i sin x uepes ¢”, a He uepes
7 umu (—5)*. Tlo aToit mpuumHe Difep PeIINI HCXOAMUTSH
u3 dpyzux, Goysee ecTeCTBEHHHIX, ONPEJENeHHN M Ha MX
OCHOBAHMH Yyi¥Ke TOJY4YUTh AJA (PopMyJbl Jisepa Hoxasa-
TEJBCTBO. JTO Dijaep ¥ npepioxua B 1748 r. B cBoeil kHuUre
«BBeznenue B aHam3 GeCKOHEYHO MaJbIX ». Jilanep obpamaer
BHUMAaHHE HA TO, YTO IIPH JIIOG0OM OelicT8UTEeAbHOM X MOMKHO
GyHKIMHU e, cos X ¥ Sin X ImpeACTaBUTHL B BHJAE CyMM 6ec-
KOHEYHBIX PSJOB:

2 3

- W I AAE
F=1trtsmtreete s (1)
2 x?
cosx=1— 1-2-}—1.2.3.4 —ee (2)
. x3 x°
sin x=x— 1'2.3+ 1T2.3.45 ™ (3)

9t GOpPMYyJBI AOKA3SHIBAIOTCA ceiuac B JI060M Kypce
MaTeMaTHYeCKOro aHanusa. [Ipy MHUMBIX K€ 3HAUEHUSX X
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MBI HE 3HaeM, 4TO TaKoe e, cos X | sin x. Jiisep npegnaraer
pacnpoctpaHuTh Gopmyinsl (1) — (3) 1 Ha ciaydail MHHUMBIX
3HAYeHU apryMeHTa X. A MMEHHO, BBECTH TAKHe OII P e-
LEeJNeHHUSA: Npu AI06bLX KOMNIAEKCHbLX 3HAYEHUAX HUC-
2a Z nod 6bLPANCEHUAMU €°, COS 2 U sin 2 caedyer noHuUMATb

BblpANCCHUA:
2 3

z z
ez=1+2+ﬁ+1.—2-3—‘+... y (4)

2 2!
cosz=1— 1'2+1_2'3.4—..., (5)

. 23 25
sinz=z—333Vv12.345 ©6)

Crporo rosopsi, Hajo ellle AOKa3aTh, YTO BhIPAIKEHUHA
B IpaBbIX YacTax dopmya (4) — (6) umeror cmovica pu Jro-
OBbIX KOMIIJIEKCHBIX 3HAYEHUAX OYKBBI 2, HO 3TO MaTeMaTHKU
YMEIOT feslaTh, ¥ HEe OYeHb CJIOMHO.
Taxkum o6pa3oM, 4To Takoe € uiau sin i? To mo ompexe-
JIEHUIO CYMMBI DAJOB:
-3 -5

; T s S
e‘=1+z+?+—6—+..., sin i= L——+ 120

MosxkHO 3aTeM ybeauThes, 4TO NpH JIOOHX (yike He 00a-
3aTeJIHO AeHCTBUTEIbHBIX) 3HAYEHUAX YUCeJI Z U | cIIpaBej-
JIMBO paBeHCTBO: e -e' = e’ T/, .

Teneps o6paTuMCs K BRIpaeHuIo . MeeM HA OCHOBAHUM
dopmyn (4)— (6):

2 :5\3 s \4 s \5 . \6
¢t =14 z+(zz) +(t;) +(Z) Jr(;z!) +(1621) ey
A N > ) 2 -2°
=(—grtg—art-)tile—gtg—)=

=cos 2-}isin z,
TO ecTh € =cos z-isin z.
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Onpegnenenusa (4) — (6) npusogar k dbopmyse ditnepa npu
NI06OM KOMNIEKCHOM Z.
Hanpumep:

e"=cos n+isinn=—1.

Ecau MBI ONpejeNuI¥ 9KCIOHEHTY e’ npu Job0oM KoMII-
JIEKCHOM 2 110 (hopmyie (4), TO MOMKHO Teneph JIErKO OIpeie-
JIATH TIOHATHE «Jorapudm» (Tak ke, KAK MEI 3TO ZejlaeM B
obyacT AeHCTBHTENBHBIX YHCEN): YHCIO W Ha3HEIBaeTca
102apUGMOM YHCIA Z, €CIM UMEET MECTO PaBEHCTBO

et i
WMess Takoe YeTKOe ONpeJeJieHue, Mbl MOXKeM OTBeTHTH Ha
BOIIPOC, TOCTABJIEHHHEIA B 3arjlaBU¥ JAHHOro maparpada.
W 3aech ditnep ob6HApPYXKHUI, 4TO 062 MaTemaTuka — u Bep-
Hyuu, u Jlei6HUI — He NpaBHl.

Haunewm c¢ uyncia z=0. MeeT 11 YHCIO HYIIb KOMNAEKC-
ol morapudpm? Yuncno 0 He umeeT AEHCTBUTEIHLHOIO JIOTA-
pudMa: HH IPU KAKOM JAeHCTBUTEJILHOM U paBeHCTBO e =0
HeBO3MOXHO. Eciu ke momyctuTs, 9ro uucao z=0 umeer
KOMIIJIEKCHBIH Jiorapudm (ob6osnauum ero OykBod w),
TO

e7=:0; (7
Ilonaras w=u- iv, mOJAy4YuM:
e'-e'’=0.
Beps or ofeux yacTeil MOAYIH, MOJNYUHM :
e'=0;, (8)

TO ecTh U3 Hamero ponyuesud (7) caegosas 6bI BHIBOJ, 9TO
JIOJIXKHO CYLIECTBOBATEL OCUCTEUTENbHOe YUCIIO U, YAOBIET-
BOpsomlee paBeHCTBY (8), a 970 HeBoamoxkHO. UTak, wucao 0
U 68 KOMNACKCHOU 00AACTU N02apudmoé He umeer.

A xak OGCTOMT ZeJyo B caydyae KOMIJIEKCHOIO 4ucia 2,
OTJIMYHOI'O OT HyJaA?

O6o3nauum uyepes I U () MOAYJIb M IJIABHOE 3HAYEHHE
apryMeHTa 4ymcia 2. Mbl 3HaeM U3 Kypca anare6psl, 4To IMoJIo-
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JKUTEJBHOE YHCJIO I' MMeeT NeHCTBUTENbHBLIN Jorapudm,
KOTOpHIH o6o3Hauaerca dyepesd Inr. PaccMorpum umcso

w=Inr+i(¢+ 2kn), (9)

rae k — mo6oe mesoe YUCI0 (k EZ) Brraucnum, yuemy paBHO
e¥: eV= it _Jnr oo o2k roi¥cos 2kn +i X
X sin 2kn)=z.

3HauuT, a06o0e yucno éuda (9) asaserca n02apumom
yucaa z. Kaxpoe uucino z, ornugsoe ot 0, umeer 6eckoney-
HO MHO20 norapudMOB, KOTOpPble MOryT GBITH HANZEHHI 1O
dopmyne (9) npu BCEBOZMOMKHBIX LEJBIX 3HAYEHUAX OyK-
Bbl k. MOHO nOKas3aTh, YTO APYTrUX Jorapudpmos, IOMHMO
paBaemMbix dopmynoi (9), uncao 2z He umeer. Jlorapudmel
KOMIIJIEKCHOTO 4YMcJia 2 IPUHATO 0o6o3HauyaTh Tak: Ln z.
3Hayuwur,

Lnz=In |z| +i(arg 2+ 2kn), KEZ.

Ipamepsl.

1. z=1, Lnl=In|1|+i(arg 14+ 2kn), T. e. Lnl=
=2kni (k€ Z). Urak, uucno 1 umeer GeCKOHEYHO MHOTIO JIO-
rapu¢MoOB, ¥ CPeAH HHUX TOJIBKO OAUH JAEHCTBUTENbHBIA —
1o uyucsao 0 (npu k=0). C satum sorapudMoM MBI IIO3HA-
KOMHJIMCh B IIKOJBHOM Kypce MaTteMaTuku. OcraiabHbie
norapudMbl yucaa 1 He ABASIOTCH HAeWCTBHTENbHBIMH YHC-
namu: 2ni, —2ni, 4ni, —4ni 1 1. I.

2. 2=—1. Taxk xak |—1|=1, arg(—1l)==n, 10
Ln(—1)=(2k+1)ni. ¥ yucina — 1 Toxke 66CKOHEIHO MHOTO
norapudmos: ni, — i, 3ni, — 3ni, dSni, — Hni, ... . Ho cpeau

HHX HET HH OJHOr0 AeHCTBHUTEJHHOIO.

- Takum ob6pasom, npeanonoxenue Bepuynau u J[’Anam-
- 6epa o Tom, yro In (— 1)=0, 661110 omu6ounsiM. Ho omubky
ponyctua u Jleitbuun, mosarasiuii, 4rTo y uueaa — 1 umeer-
csA JMIOb OAUH Jorapudm. B melicrBurensHOoCTH MX Gecko-
HEYHO MHOTO.
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§ 30. Mexny dopmynon diaepa
H KBajApaTypoM Kpyra

3anaua o Keadparype Kpyza HopMyaupyercsa Tak: no-
cTpouts Keadpar (YupKynem u AuHelKoil), umMerouuil TaKy o
He naou,adv, Kax OaHHbLL KpYye.

B TeueHue ABYX C NOJOBMHOM THICAYEJNETHH 3agada o
KBaZpaTrype kpyra Oblia, HaBepHOe, caMO¥ 3HAMEHUTOMH
zajavyeil reomerpuM. YMCIO ¢KBaJpATYPIIMKOB» OBLIO
HACTOJBKO BEJMKO, ¥ MX <PEIIeHHS» C TAKUM HEU3MEH-
HBIM IIOCTOAHCTBOM OKA3LIBAJIUCh OIIMOOYHBIMH, YTO B
1775 r. Ilapuxckasa akajeMus HayK (a 3a Hell U gpyrue)
IIOCTAHOBHMJIA HE PACCMATPHBATEL IPEACTABISAEMBIX e# pe-
IIeHHM 3TOil 3amadym.

OcTaHOBMMCH HA CBSI3M MEXXJAY KBaJpaTypod Kpyra u

CBOMCTBAMHM YMCJIA I. T
Iliomaas Kpyra pajguyca r paBHA Il = (‘Van-?)Q’,

ol o r
TO ecTh PaBHA MJIOLIAZH KBaJpaTa cO CTOPOHOMU 2nr-?,
KOTOpas CTPOUTCH KAK CPeAHUH IMPONOPIMOHANBHEIA OTpe-

r
30K MEXAY OTpe3Kamu 271r u 5 U ecsiu 661 MOXKHO OBLIO,

3Has pajuyc Kpyra r, IOCTPOMTH OTPE30K AJIMHOK 27r, TO .
JIETKO MOXKHO 6BLIO GBI MTOCTPOUTH TaKO¥ KBajgpaT. U Haobo-
poT, ecau 6Bl IPU JAHHOM ' MOXHO OBLJIIO ITOCTPOUTE KBAJ-
paT, PABHOBEJIMKHH KPYTy, TO MOYKHO 6BIJIO GBI IOCTPOUTH
OTpe30K, paBHLIM MO AJIMHE OKPYXKHOCTH. B camom jere,
ecaM @ — CTOpPOHA KBajpaTa, TO NI =a’, Tak 4To 2nr=

2

=—-—— U MCKOMBIH# OTpPE30K CTPOHUTCH KAK YeTBePTHIH Ipo-
r

MOPUHOHANBHEIA OTPE30K K OTpe3xkam 2a, a U T.

Urak, 3adaua o keadparype Kpyza padHOCULbHA 3adaye
0 CNPAMAEHUU OKDPYHCHOCTU, TO €CTh O TIOCTPOSHHH OTPe3Ka
pomuso# 2nr. Ilpu r=1 gnuHa oxkpysxHOCcTH paBHa 27. Ilo-
2TOMY 3a/1a4a O CIPAMJIEHHH OKPYXXHOCTH IIpUBeJsia K M3y-
YeHHIO CBOMCTB 4WHCHA It.
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B reomerpumM u3BECTHO, YTO IUPKYJIEeM U JIMHEHKOM
MOJKHO TIPH OAHOM JIMIIb 3aJaHHOM OTpe3Ke, JJIHHA KOTO-
poro TpUHATA PaBHOM 1, IMOCTPOUTH OTPE30K AJHMHBI X
TOJIBKO B TOM CJIy4ae, KOTja YMCJIO X BhIpaxkaeTca yepes 1
¢ TOMOIIBI0 KOHEYHOI'0 YHMCJIA TAKUX OCHOBHBIX JEWCTBUIA:
cJIOKEeHUe, BRIUNTAHHE, YMHOMXEHHE, JeJleHue, H3BJIeUeHue
KBAJ[PATHOTO KOPHA. Anre6pamcrTsl yMelOT JOKaszaTk, 4YTO
TAKOe YHCJIO X Bcerja sBifeTcs KOpHeM aare6pamyecKoro
ypPaBHEHHS BHJA:

ax"+aix" " "+ax" *+...4+ a8, 1x+a,=0 1)
¢ ueasiMu KoadduuHeHTAMEH, IPHYEM 5TO ypaBHEHHE CIie-
MAaNbHOTO TUNA, KOMOUIMEHTH KOTOPOro JOJIXKHBEI OBITH
Mo-0cobomMy cBA3aHEI MEXAY coboi. A ecsiu GBI BAPYT OKasa-
JIOCh, YTO YHCJIO 7 HEe YAOBJIETBOPAET HUKAKOMY yPaBHEHHIO
suza (1) ¢ nesouncieHHHMHU KO3 duuenramu? 3ro, oue-
BMJIHO, 03HAa4aso Obl, YTO 3aJja4y O KBaJpaType Kpyra He-
BOBMOJYKHO PEIIMTH C NMOMOUIGI0O IMPKYJIA U JUHeHKu!

Oxono 1840 r. maTeMaTHKH CTaJl¥ M3yd4aTh CBOMCTBa
TAKHX 4YHMCeJ, KOTOphIe NPeACTABAAIOT cODOH KOpPHH ajire-
OpavuecKUX YPaBHEHHUU C LEJOYHUCIEHHBIMH K03(ddHuIneH-
TaMH, TOUHee roBOpHA, ypaBHeHU# Buza (1), rae n — kaxoe-
nb0 HATYpaJbHOE YHCIO0, & &y, &, ..., @y — KaKkue-Iubo
[eJible KOMIIJIEKCHBIE YHMCJIa. 9TH KOPHU ITOJIYYMJIH Ha3Ba-

3
HUe aJazebpauveckux Hucea. Hamnpumep, uucia 7 i,

\/ 3+ i — anrebpauueckue, IOTOMY YTO ABJISAIOTCS KOPHAMU
ypaBrenu#t Tx —3=0, x’4+1=0, (x—i)>—3=0.
Cunranu, 4TO IOMHUMO aare6pandyecKux Yucesl, HUKaKUX
JIPYTHX KOMIIJIEKCHBIX Yuces He OuiBaeT. Onnako B 1849 r.
¢bpannysckuit marematnrk K. JInysunns (1809—1882)
NpuUBeJl NPUMEDP YHCJIa, KOTOpOoe He sBisierca anrebpau-
yecKUM. Ywuciia, KOTOpHE He ABAAITCA ajarebpandyecKuMu,
MIOJIYYUIIM HA3BAHUE TPAHCYeHOeHTHbLX yucen. To, 4To yuc-
JIO e ABASIeTCS TPAHCLEHJAEHTHBIM, O3HAYAET, YTO IPH JIIO-
OBIX IEJBIX KOMILJIEKCHBIX YHCJIax ag, a|, ..., @, HEBO3MOMXHO
paBeHcTBO: Qoe"+aie" '+ aze" ’+...4a,_e+a,=0.
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K 1873 r. 661710 U3BECTHO, YTO TPAHCUEHAEHTHBIX YHCeJ
MHOI'0, YTO MHOJKECTBO BCE€X TPAHCIEHJEHTHHIX YHCeJ B
OnpefeNeHHOM cMbIcae 6Gosiee MaccuBHOe, Gosee Goratoe
3JIeMEeHTaAMH, «60Jjiee MOILHOE», YeM MHOMKECTBO ajrebpau-
yeckux yuces. Ho MATeMATUKOB TOrO BPEMEHH BOJIHOBAJI
BOIIPOC O TPAHCUEHAEHTHOCTH (MJIM aaredGpavuyHOCTH) JIMIIb
OJIHOTO YHcaa — guca . [103ToMy Hey IUBHTENBHO, UTO Ip-
MHT 3aKOHYMJI JIOKA3ATEeJIbCTBO TPAHCUEHAEHTHOCTH YHCjIa
e 3aMeYaHHeM, YTO BEIICHEHHE TOrO, ABJSETCS JIA YHCJIO T
anre6pandyecKuM MJIM TPAHCIEHZEHTHBIM, OKAXeTcsd cyle-
CTBeHHO 0oJiee TpyAHOM 3ajadeidl W BpAK JHU ee yJacrTcs
pewnTs B cKkopoMm 6yaymem. Oasaxko oH. ommbesa: yepes
HeckoabKo et (1882 r.) memenxuit marematuk K. Jlusnze-
maH (1852—1939), o606mas paccyxkageHue IpMUTA, LOKAa-
3aJ1 TAKYIO TEOp e MY: PABEHCT80 8Uda

ape” 4 ae" 4 ase” + ... + ae" =0,

20e ay, ..., an — aazebpauvecKue YUCLA, He PABHbLE HYIO, A
Aoy ALy vy An — RONADPHO pa3auvHble anzebpauyecKue Hucaa,
HEeB03MONCHO.

3artem JIuHAeMaH IIPEeAJIOKUI PACCMOTPETH TAKOW 4acT-
HBIM cnyvai: n=1,ay=1,a,=1, Ly=0, A, =A\. Toraa B cu-
ny obmei Teopembl JImHaemMaHa HMeeM: €CIHM A — ajire-
6pauyeckoe 4YHMCJIO, TO HEBO3MOYKHO DABEHCTBO

1+4+e*=0.
Ho mse1 3HaeMm (cm. § 29), yTo npu A =i BEPHO PABEHCTBO
14€e™=0.

CrenoBaTeIbHO, YHCJIIO i1 HE MOKET OBITH ajire6pandyecKuM,
a BMecTe C HUM He MOXKeT OKAa3aThCs airefpamdyecKuM M
YHCIO .

Takum 06pazom, IOCTPOUTH IIUPKYJIEM U JIHHEHKOM KBa-
paT, PABHOBEJIUKHN JAHHOMY KDYI'y, HEBO3MOYKHO, T. €. 3a-
Jada 0 KBaJpaTtype Kpyra HUpPKYJIeM ¥ JUHEHKOH Hepaspe-
mumal >



OBOBINEHWUA
KOMIIJIEKCHBIX
YUCEJI

He roasxo BEIJAIOIIH A CA
MaTeMaTHK ¥ (H3HEK, HO H
JHHTBHCT, H opatop. Muposyno
H3BecTHOCTHL npuHecno I'a —
MAJIBTOHY paspaboTaHHOe UM
HCUHCIEeHHE KBATEPHHOHOB.
Heo KOMIIEKCHBIX YHCeld

pacupocTpaHHI Ha IPOCT -
paHCTBO.

Hzo6pereHHe KBaTepHHOHOB- LWIAT BIIepex- K MOHHMAHHIO BeTH-
YHH, CBA3SAHHBIX ¢ OPOCTPAHCTBOM; OHO CPABHHMO II0 CBOEMY
JHadeHHI0 ¢ H306pereHHO! JlekapToM cHCTeMoH KOODKHHAT.

J#. MAECBEJLT




Yucna HATypaJbHBIE... IEJBIE... PAIHO-
HAJbHBIE... JIEWCTBUTEJIbHBIE... KOMIIJIEKC-
ghle... Yro gaapmre? Beab ecid KOMIIJIEKCHBIE
YHCJIa OKA3aJIMCh TAKHMMHU MOJIE3HBIMH U Ha-
IIJIA TAK MHOTO IIPUMEHEeHHIi, TO OTKpHITHE
Apyrux, Gosee OGIIMX BHUJOB YHCEJ TOXe
MpeACTaBISAeTCA TEePCIeKTHUBHBIM  JEeJIOM.

B 9TOi riaBe MBI pacCKa)keMmM O TOM, KAK MAaTeMaTHKH,
pasobpaBmIKCh B KOMIIJIEKCHBIX 4MCaax, cpasdy ke obpartu-
JUCh K IIOMCKAM MX JaJbHEHIHUX O0000IIeHHH, K ITOMCKAM
NPUJIOKEHU I 3TUX 00061 eHnii. Becero mums B reyeHune 4eTh-
pex fecATHJIETHH mocie Toro, kaxk Y. 'aMUIBTOH pacKpblI
MaTEeMaTHKAM TOYHBIH peaJsIbHBIA CMBICJ KOMIIJIEKCHBIX YH-
ceJ, OB HaMgeHBI HanboJee BaAXKHBIE U3 3TUX 0000IIeHU.
O HUX — O KBaTEPHHOHAX, O TUITEPKOMILJIEKCHBIX CHCTEMAX,
0 MaTpUIAX — ¥ TOWJEeT peuyb B 3aKJIOUUTEJIBHOW riase.

§ 31. KBarepHHOHBI — UYTO 3TO Takoe?

Kaxk Tonpko ¥. 'amuasrony (B 1833 r.) yzanocs cHATH
MOKPOB TAWHCTBEHHOCTH C MHMMBIX BEJWYHUH, U OH IOHSJI,
YTO MHMMBIE YHCJIA — DTO BCErO JIMIUb YIIOPAAOYEHHEIE Na-
PbL [eHCTBUTENBHBIX YHCeJ, AN KOTOPBIX OIpeAeIeHHBIM
o6pasoM BBeaeHbI apruMeTHUECKHE OTIePALNH, OH 3ayMaJi-
cA HAaJ{ TeM, KaK IIOCTPOUTh CHCTEMY HOBBIX YHCEJI, KOTOPhIE
npeacTaBaanu 66l coboif ynopsagodyeHHBIE TPOUKU HeHCTBU-
TesbHBIX yncels. Kakum o6paszom Jydyuie BCero BBECTH IJIs
HUX apudmernyeckue peiicrsusa? Ilogo6Ho ToMy, Xak aJis
KOMIIJIEKCHBIX 4uces yaoOHa sanuchk Bujpa a4 bi, rage i —
MHHUMAasd €IWHMIA, AJIA HOBBIX 4YHCeJ,— pasMelmasn ['a-
MHJIbTOH,— IOAOHAET, MOMXKAaNYi, 3anuch a+ bi+cj, raeiu
j — 0ee pasnuunvie mHumble eduruuybl. 1 pake BbIpA3u-
TeJIbHOE Ha3BaHUE JJIS TAKUX YUCeJ caMo cobOH HaIlpocHu-
JIOCh: TPUNAETHL («TPUILJIET» B IIEPEBOJIE C JIATHHCKOT'O O3HA-
YaeT «TpoiKa»). B ToM, 410 Te0pHIo TpUILIETOB 6y A€T HETPYAHO
IMOCTPOHMTH, [aMHUJILTOH HE COMHEBAJICS, U IMOITOMY CTATHIO,
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NOCBAUIEHHY IO 060CHOBaHUIO
KomIieKkcHbIX uvucen (1837 r.),
Ges xKosebaHMM 3aKOHYMJI aHOH-
¢OM, 4YTO BCKOpe OINyOJaHKyeT
reopuo Tpumiaetos. U peicreu-
T€JIbHO, HAYATH 3Ty TEOPUIO OBI-
510 emy Jerko. Bes Tpynma BBea
OH ITOHATHSA PABEHCTBA ABYX TPH-
[JIeTOB, UX CYMMBI M Da3HOCTH.
Bee saech 3akai4aioch B CJIO-
Be NOKOMNOHEHTHO...

Ho uro HasBaTh npouseede-
wuem pByx TpumigeroB? Ia-
MHMJIBTOH HCKAJ AJIs1 HOBOH CH-
cTeMbl 4YHMCeJI TaKOe IIPaBHJIO
YMHOYKeHHus, d4YTOoGBl COXpaHH-
JIMCH 3aKOHOMEPHOCTH apudme-
TUKH — Te caMble, KOTOPHE XO-
poLIO M3BECTHBI [JIA pAaIHo-
HAJIBHBIX YHCeJ, AJA JAeHCTBH-
TeJbHBIX YHCEJI M Jaxke I
KOMIIJIEKCHBIX uuces. KoHeuHo,
XOTeJNoCh, YTOOBI JJIi HOBBIX
YMCeJI COXPAaHHMJIMChL accouua-
TUBHBIX (coueTaTeNbHBINA) 3a-
KOH — HE TOJBKO JIJIf CJOMKe-
HMS, HO M [OJs YMHOXXEHUS:
a-(b-c)=(a-b)-c, pucTpuGYTUB-
HbIl - (paclpegeuTeIbHEIR) 3a-
KOH YMHOJKEHHS OTHOCHTEIbHO
cnoxenuss a(b-+c)=ab+ac n
KOMMYTATHBHBIMA (mepemectu-
TeJIbHBIA) 3aKOH Kak JAJd CJO-
wmenusa a+b=>b-+a, Tak ¥ guaA
ymMHOKeHusaA a-b=b-a. Ha
nepsoe mecro I'aMuIbTOH cTa-
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Yuabsam Poyan TAMHWJIb-
TOH (1805—1865) 6uir
HE TOJIBKO BRIAAKOUIUMCH
MaTeMaTHKOM H (H3HKOM,
HO ¥ TAJAHTIUBHIM JIMH-
TBHCTOM M opaTopoMm. Ero
HMCKJIOuYUTEeNbHAs  Jiio6o-
3HATEJBHOCTh U criocobHOC-
TH K MATeMATHKE M H3BI-
KaM IpOSABHJIMCH ele B
percree. K 13 rogam on
3uax 13 sssixos. B 22 roga
6ui1 u3bpan npodeccopom
acrpoHomuu Jly6anuckoro
YHUBEDCUTETA H HHPEKTO-
POM YHUBEDCHUTETCKOH 06-
cepBaTropuu, B 32 roza —
npesunentom Upnaupckoii
akajgeMuu Hayk. l'amMub-
TOH OBII YJIEHOM-KOppec-
nosienTom Ilerep6yprekoit
AxajleMHM HAYK M MHOTHX
APYTHX aKaZeMuit ¥ HAyd-
HbIX 061ecTB. CBoIO TeopHio
KOMILIEKCHBIX uucen [a-
MHJBTOH M3JIOXKHJI B KO-
Kjajge, 3aYATAHHOM B
1835 r. ua saceganuu Hp-
JIAHACKON aKaZleMUH HAYK.
Ioxsiap 661 ony6IMKOBaH
B Pa3BepHYTOM BHJE TOJ
uassasuem <Teopus co-
IPSDKEHHBX QYHKOMHA MM
aarebpauyeckux mnap, ¢
npejBapUTENbHEIM  O4€ep-
KoM 06 asrebpe Kaxk Hayke
o yucrom Bpemenns» (1837).



3amerum, yTo B 1837 1.
Jledinuurckoe yueHoe 06-
IIEeCcTBO 0G'BABHIIO KOHKYPC
Ha TeMy <Y COBEpILIEHCTBO-
BaHHE TEOPMH KOMILJIEKC-
HBEIX gHucen». Ha aToT KOH-
Kypc mnocrymaaa pabora
BEHIePCKOr0 MAaTeMATHKA
fAnoma Boabau (1802—
1860). HezaBucumo or I'a-
MUJIBTOHA Bosbsau cTpoHT
B cBoedl pabore Teopuio
KOMILIEKCHBIX YMCEJI, CXOJ-
HyI0 ¢ Teopueil Iamuis-
TOHA.

Oco6eHHO W3BECTHHI TeOpe-
THYECKHEe  WCCJIeJOBAHUS
TaMHIBPTOHA 1O MEXaHHKE
u ontuke. Ha ocHoBaHuHM
YHCTO TEOPETHYECKHX pac-
CyXJeHHil OH IpeACKa3a
ONTHYECKOE SHBJIEHHE —
ABOKHYIO paudpaknuio B
KDHCTaJLIAX, KOTOpPAas BCKO-
pe OblIa BKCIEPUMMEHTAJb-
HO obmapyxkena ¢usuxa-
M. MHDOBYIO M3BECTHOCTE
npuHecno 'aMuIbTOHY pas-
paboTaHHOE UM MCYHCIE:
HHUE KBATEPHHUOHOB.

BUJI TakKoe cCBoMcTBO: «Ecau
a==0, To ypaBuenue ax =>b moi-
KHO UME€Th, ¥ NPUTOM — €JUH-
CTBEHHOe, pelreHnes. B yacr-
HOCTH, €CJIM IIDOM3BEJEeHUE ABYX
YHMCeJI @ U X PaBHO HYJIO (@-x=
=0), nmpuyem a=0, To ymcaO X
JOJIKHO OKA3ATHCS HYJIEM.

Bor 3mech u BoszHuKIO y Ia-
MHUJIBTOHA HEIPEABHICHHOE 3a-
TPYLHEHHe: KaKoi OBl crocob
YMHOKEHUS TPHUIJIETOB OH He
noab6upan, Bcerga OOHADPYIKH-
BaJIMCh TAKHE Iaphkl HeHyJe-
BBIX TPHUIIJIETOB, KOTOpBIE B
NPOUBBEJEHUHM [JaBaJM HYJIb:
a#0, x#0, HO a-x=0. Ta-
MUJIBTOH Iiepebpas  HecATKH
BaApUAHTOB YMHOXMEHWUS TPHII-
JIeTOB, HO II0ZOOpaTh CIoco6
YMHOXMKEHHUA, He MMEIOLIHIl yKa-
3aHHOrO HEAOCTATKA, My TaK U
He yjajochk (MHOro ImO37Hee
GBIJIO JOKA3aHO, YTO TAKOI'O CIIO-
cofa YMHOXXEHHsI TPHUILJIETOB He
cywectsyer). ['ogsr mu, a caBu-
ra He ObLIO.

U Bce e BbIXOJ OBLI HAMNEH.
Ocenplo 1843 r. TamuiabToHa
OCeHHMJIa MBICIb: CJIeAyeT pac-
CMaTPUBATEL UYHCJIOBYIO CHCTEMY
He ¢ TpeMs, a c¢ uervipvma (!)
equHUIaMu (OAHA AEHCTBUTEb-
Had W TPU MHHUMBIX)!

Peus wuJeT O BHPAMKEHUAX
suza: a-+bi+cj+dk, 1)
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rjpe i, j, B — MHUMBIE egUHUIBI. 3aJaTh TaKoe BhIpaMXe-
H7e — 3TO TO K€ CaMoe, YTO 3a1aTh YETBEPKY el CTBUTEIb-
HBIX 4Mcen a, b, ¢, d, pacooKeHHBIX B yKa3aHHOM IOPAAKe.
Yucna sejga (1) FamMunbTOH Ha3BaN KearepHuoHamu (OT
JIATHHCKOTO cJioBa quaterni, 4To O3HAYAET «IIO YEThHIpe»).
laMuUNBTOH TOrja e IPeNJIOKHUJI CJeAylomiee IIpaBHJIO
YMHOKEHUS MHUMBIX €IWHHIL:

iri=j-j=k-k=i-j-k=—1.

CyTb cBoero OTKpHITHA [aMUNBTOH H3I0XHUI B 1844 r.
B HeGonbmION (HA yeThIpex cTpaHunax) cratbe «O0 xBaTep-
HUOHAX MJIX O HOBOM CHCTEMe MHMMEIX B ajrebpes (0 Tom xe
OH pacckasaJ eule pasbiue, B HoaGpe 1843 r., B foxkIane Ha
sacenanuu VIDNIAaHACKONH aKajeMMU HAYK).

Ilocse OTKPBHITUS KBATEPHHOHOB ['aMMJIBTOH 3aHAJNCA
CHCTeMATHYECKMM HM3y4YEHHEM HUX CBOHCTB M IPHJIOKEHHMH.
B 1845 r. oH oTKa3aJica OT LOJKHOCTH npesugenTta Vpaaua-
CKOM aKaJeMUH HAYK, YTOOH LEeJIUKOM NOCBATUTEL ceba uay-
YeHHI0O KBATEDHHUOHOB. B TeueHue JBYX JAECATHJIETHH OH
ny6aukyer 109 Hayynmx pa6or, NMOCBAIIEHHBIX KBaTep-
HUOHAM, B TOM uYHcae ABe GpyHAaMeHTaJbHEE MOHOTrpaduu
«JleKkuuu O KBATEPHHOHAX» U «JJIEMEHTHl TEODHM KBaTep-
HHUOHOB».

OTKpHITHE KBATEPHHOHOB IIPOM3BEJIO CHJIBHOE BlieYarJie-
HUMe Ha MATEMATMKOB IIPOILIOro Beka. ¥ssecTHHIH (paH-
nysckuit dusuk u maremaTuxk A. IIyankape (1854—1912)
nucan: «9T1o OBlA peBoJionUsA B apudmeTnke, nojobHas
101, KoTOpyI0 copepmui JlofaueBCKUil B reoMeTpHU».

Teopus KBATEPHHOHOB YBJIEKJA MHOIHX MAaTeMaTHKOB.
Toabko B XIX B. OBIJIO H3ZAHO ITOYTH 600 Hay4YHBEIX pabor,
INOCBAIIEHHBIX KBAaTEPHUOHAM. B 9THX paboTax KBaTepPHUO-
MBI YCIEIIHO IPUMEHSIOTCA K DeIleHHIO Pas3IMYHBIX 3ajad
no ¢usuKe, reOMETPHUHU, TEOPHH uMces. B pAne yHuUBepcH-
TeTOB NpenojaBaHie KBATEPHHOHOB CTAJIO0 06A3aTeIbHEIM, C
HUMM 3HAKOMUJIM YJYAIUXCA BO MHOTHX CPEJHUX IIKOIAX.
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¥ xe mocyie cmepru l'amyms-
ToHa OBLIO 06HApYIKEHO,
9TO MJes TPEAJIOKEHHOro
MM MCUMCJIEHHS KBaTep-
HHOHOB BOJIHOBaJA (eIe A0
onybnukoBaHus ero pabor)
M JDYTHX MATEMATHKOB.
B ueproBukax I'aycca 6nln
HadiieH HabGpocok «Myra-
UMA IPOCTPAHCTBA TpEX
uazmepenuiis (1819 r.), B
KOTOPOIf OH BBOAUT KBaTEp-
HHOHEl K&K YIOPALOYEeH-
Hble 4YeTBepKH [AeMCTBHU-
TexbHBIX 4Hces (Fayce Ha-
BhIBAET TAKYI0O YETBEDPKY
«IIKAJION MYTALHH» ), TIPH-
YeM ANA TAKHX OOBEKTOB
BBOAATCA TNpaBMIa JeicT-
BUM, HE OTIMYAIONIHECH 10
CYIIECTBY OT I'aMHJIBTOHO-
BeIXx. Hemenxuit reomerp
B. Bnaamke (1885—1962),
aHAJMBAPYS  HEKOTOpHIe
paboTsl Jitnepa, MPHIIEJ K
BEIBOAY, 4TO Jiisep eme B
1748 r. B1agen annapaTom
TEOPUH KBATEDHHOHOB M
(HeABHO) HCIIOJIB3OBAJI €r'0
B 3a/la4axX MEXaHHKH TBEp-
IOTO TeJla M B TEOPUM dUM-
ces.

B 1895 r. Gnlira opraHM30BaHa
MexpagyHapogHad  accouuanus
CONENCTBHA HM3YYEHHUIO KBaATep-
HUOHOB ¥ POJCTBEHHBIX CHCTEM.

Boabluioe NpuMEHEHHEe HaXo-
JAMT ceiiuac BEKTOPHOE HCYHCe-
HHUE, KOTOpOe BO3HUKIIO Ha Gasze
MCYMCJIEHU S KBATEPHHOHOB. Bek-
TOpPE! OBLIM BBeJEeHBI I'aMUJIb-
TOHOM KAK KBATEeDHHUOHBI CIIe-
IUAaJbHOr0 BHAA (MBI elle cKa-
xem 06 atom Hmake). MsobGpere-
HUE HCUYMCJICHUA KBATEDHUOHOB
MOCJIY¥KHUII0O UMITYJIBCOM JAJIA CO-
3JaHUA PANA BAXKHBIX Pa3feoB
COBDEMEHHOH MAaTeMaTHKH, B
YaCTHOCTH TEOPHH MATPHIL, MHO-
romepHoi reomerpuu u ap. Ksa-
TEPHUOHBI M  IPEJJIOMKEHHBIE
O3 HEee CXONHEIE ¢ HUMHU YHCJIO-
BBI€ CHCTEMbl YCIEIIHO HMCIIOJb-
3YIOTCS B TEODHH UHCEJI, B I'eo-
MEeTpMH, B MEXaHWMKe H Teope-
THYECKOM (busuke.

W meHHO B KBATEPHUOHAX JaJ
aHrauickui pusuk Ix. K. Mak-
ceensn (1831—1879) kommaxT-
HYIO 3aITHCh CBOMX 3HAMEHHTBIX
YPaBHEHWH, CTaBIIUX OCHOBOM
TEOPUH 3JIEKTPOMATHETH3MA.
Yike B mociegHVe HecATUIIeTHS
CTajJO SACHBIM, YTO HCYHUCIECHHE
KBATEPHUOHOB NPEACTABIAET CO-
60if 0c0o00 ymoOHEINH MaTemMaTH-
YeCcKM amnmapaTr AJas8 CIenuaib-
HOM TEOPHUH OTHOCHUTEJHLHOCTHU.
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§ 32. ApudmeTHKa KBATEPHHOHOB

PacckakeM O NPOCTEHIIUX MOHATHAX U (aKTaX UCUHC-
JIEHUS] KBATEPHHOHOB. PaccMOTpPUM BhIpDaXKeHUSA BHJA:
go+qi-i+ge-jtqs-k, (1)
rie qgo, g1, g2, 3 — AEHCTBUTENIbHBIE YMCIA, a i, j, K — 3Ha-
KU, KOTOPhIE HAZLIBAIOT MHUMbIMU eOUHUYyamu (COOTBETCT-
BEHHO IIepBafd, BTOPasd, TPeThdA). 3HAK «-} » HCIOJIb3yercs
3/1ech JIMIb I8 O0BefUHEHUSA B OJJHO IeJIoe YNOpALOdYeH-
HOI YeTBEPKHU AEeHCTBUTENbHBIX YHCEN o, G1, g2, 3. O cio-
JkeHuH BhIpakeHuil Buza (1) peubr moiger HuKe. UTOOBI
9TH BBIPAXKEHUSA MOXKHO OBIJIO HA3BATH YHCJIAMH, MBI JOJIMK-
HBl 3HaTh, KOTAA HMX CJEAYyeT CUUTATH PaBHBIMHU, JOJIIKHEI
YKas3aTh IPAaBUJI4, KOTOPBIE IIO3BOJISIOT 9TH BBIPAMKEHM I
CKJIAJIBIBATH, BEIYHTATH, YMHOMKATE, AeauTh. Eciau oTH npa-
BUJIA 33Jal0TCA TaK, KAK YKa3aHO.HHXKe, TO BhIpaKeHUd
Buga (1) u 6yaem HaseiBaTh KéarepHuoxHamu. KBaTepHUOH,
KaK M KOMIIJIEKCHOE YHCJIO, MOXXHO OGO3HAYMTHL OJHOM
OYKBOM :
q=gqgo+qi-i+qj+gs-k. (2)
Bxopamue B oty dopMysny AeilCTBUTENbHbBIE YHCIA o,
q1, Q2 Q3 Ha3BLIBAIOT KOMNOHeHTAMU KBaTepHuoHa ¢. Ilo
AHAJIOTMM C KOMIUJIEKCHBIMM yuciiaMu (a ['aMunbTOH cTpe-
MuJic cOOMIOATE TAKYI0 aHAJOrHIO, HACKOJIBKO 3TO GbLIO
BO3MOXKHO) MOXKHO JIETKO JaTh OIIPeJAEJIeHMS DPaBeHCTBA
JIBYX KBATEDHUOHOB, CYyMMHEl H PA3HOCTH IBYX KBATEDHHOHOB
q ¥ q’. A UMEHHO, eCTECTBEHHO CYATAThH [ABA KBATEDHUOHA
q=qot+qi-i+qe-j+gqs-k u ¢ =qi+qi-i+gs-j+qi-k
DPABHbLMU, €CTIH PAaBHEI UX COOTBETCTBYIONME KOMIIOHEHTHI,
a CJIOKeHHe M BBHIYHUTAHHE IPOM3BOAUTH IMOKOMIOHEHTHO:

a+4'=(q0+9q0)+(a1+¢gi)- i +(g2+g2)- i +(g3+ ¢5)- &,
9—q'=(q0—q8)+(q1—qi)-i+(q2—aqb)-j+(gs—gi)-k.
IIpeanoxenHoe I'aMUIbTOHOM IIPaBUJIO YMHONCCHUS

KBATEDHUOHOB CBOAMTCS K CIEAYIONIEeMY: ABa KBaTEePHHOHA
YMHOMAKOT TaK, KaK 6y TO 3TO OOLIYHEIE MHOTI'OYWIEHE!; [IpH

203



Bmapod “mMHaxumens dEh k!
8§ Hab SV A B i oY
§ i3 35 gy N S B ;
§ i (0 & | k |
HVAVEEREN N
E k| k|| i |~
Puc. 74 Puc. 75

9TOM I[IPOM3BENEHUA BHUAA i-j, j-k, k-j U T. 1. caexyer 3a-
MEHUTh, MCIOJB3Ys AJA 3TOoro Tabiummy (puc. 74).

O s 3anoMuHaHUAS TaGIMIB yA00HO IMOJIB30BATHCH KPY-
roBO# cxeMmoii, nsobpaskeHHoi Ha puc. 75. [Ipu aABHKeHUH
110 OKPYXXHOCTH IIPOTHB YaCOBOH CTDEJIKM BCTpPeYaloTcs
6ykBHI i, j, k. IIpousBesenue AByX cocefHUX OYKB (Hampu-
mep, k-i) cieayer 3aMeHHMTh TpeTheidl OGyKBOM (B Hamem
npumepe j), B3ATOH CO 3HAKOM « - », €CJIM NEepexof Mo OK-
PYKHOCTH OT NEPBOM GYKBHI KO BTOPOM IMPOMCXOAUT IPOTUB
YaCOBOM CTDEJIKH, U CO 3HAKOM <« — »,— E€CJIM DTOT IEPEeXO0J
coBepuIaeTcs MO 4acoBOM crTpenke. Tak, B HALIEM IpuUMepe
umeeM: k-i=j. AHAIOrHYHO MOIKHO, HAIIPUMED, IOJYUYHUTH
i-k= —j. Kpome Toro, mo rtabaune 74 KBagpaT Ka’kKIOu
M3 TDeX MHUMBIX eJWHHI] paBeH — 1 (To ecth i*=j=k’=
= —1), ¥ 3HAaYEHHE MHHMOH EeAUHHUILI HE H3IMEHAETCH,
ecJqy ee YMHOMKUTH (cseBa MM crnpasa) Ha 1.

B cucreme uuceJ, BBeieHHOM I'aMHJIbTOHOM (ee ceiiuac
Ha3bIBAIOT ajredpoil KBaTEPHMUOHOB), COXPAHAIOTCS MHOTHE
BajKHBIE CBOMCTBA OOBIYHBIX KOMIIJIEKCHBIX uyucesi. B yacr-
HOCTH, B HeH Bcerja BEHIIOJHUMA ONEpAlHs [eJIeHUs Ha
n1060#1 KBaTEPHUOH (KpOMe HYJIEBOI'O KBaTEeDHHOHA, TO €CTh
TAKOI'0, Y KOTOPOT'O BCEe YeThIpe KOMIIOHEHTA PaBHBI HYJIIO).
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B McuMcaeHUN KBATEPHHOHOB UMEIOT MECTO ACCOIMATHBHBIM
¥ KOMMYTATHUBHBIA BaKOHBI JJIS CJIOKEHHS, ACCOLHATHUB-
HBIM BaKOH AJI YMHOMKEHHS, JUCTPUOYTUBHEIN 3aKOH AJA
YMHOMKEHUS OTHOCHTENBHO cioxenus. Ilpasaa, 8 ucwucine-
HUU K8ATEPHUOHO8 He BbLNOAHAETCA xomuy'ra'ruenbtu 3aKOH
OnA YMHONCCHUS.

IIpamepsL.

1. Ameem gBa KBaTepHMOHA: ¢=1-+ju ¢’ =i+ k. Bei-
YHCJIUM MX CYMMY, PasHOCTb U NpOM3BeNeHus ¢-¢’ u q’-q.

Pemenne g+¢q¢'=1+4i+j+k qg—q¢' =1—i+j—
—k -’ =14j)(i+k)=2i, q'-q=(i+k)QA+))=

2. IlycTe MMEIOTCA iBA KBATepPHUOHA: ¢ =i+ j+ Rk, ¢’ =
=3+ b5i. Beruucaum ¢-q¢’ u q’-q.

Pemenue, ¢g-¢' =5+3i+2j+8k q -q=5+43i+
+8j—2k. A

Ecin y kBaTepHHOHA (2) KOMIOHEHTHI ¢, 2, ¢3 PABHBI
HYJII0, TO OH Ha3bIBaeTca cKarapom. CKanapsl — 310 06bIU-
Hble JeWCTBUTENbHbIE YHCJA.

Ecnu qo=0 u kBaTepHHOH (2) MMeeT BHA: ¢=q i}
“+@qo-j+ q3-k, To TaMunbToH Has3biBaeT ero gexropom. Ha-
npumMep, kBaTepuuoH 2i-+ 3j+ 5k — BexTOp, KBaTEPHUOH T
(to ects 7+ 0i+0j+O0k) — cransp, a kBarepuuon 1-+4i-
-+ j — HU BeKTOp, HU cKajAp. Kam bl BekTop Q@ =q, i}
+qo-j+ g3+ B MOXKHO HATJIAAHO UCTOJIKOBATH B TDEXMEDHOM
NPOCTPAHCTBE reOMEeTPUYECKM KAK HATPABJIEHHBLIH OTPE3OK,
y KOTOpOro NpoeKuwW#H Ha KoopauHaTHEEe ocu Ox, Oy, Oz
paBHBI COOTBETCTBEHHO ¢, (2, ¢3. Ha pucynke 76 usobpa-
eH BeKTop @ =2i+3j+ 5k.

KpaTepHuOHH i, j, K n300pasaTca B BH/e HANpaBJIeHHBIX
OTPE3KOB IJHUHBI 1, JIe)KAIIMX COOTBETCTBEHHO Ha OCHAX
Ox, Oy, Oz. Bexrop (n1060¥ OpHeHTALlMH), AJIUHA KOTOPOTO
paBHA ONHOM eNWHMIIEe, HASHIBAIOT OPTOM.

(C10BO «OPT» BO3HHMKJIO KAK COKDAIIleHUe CJIOBA «OpPHEeH-
TALAT» ).

205



Kax (blif KBATEPHUOH @ =
Z =qo+qi-i+qe2-j+qas-k mo-
SKHO 3amucaTh B BHAE CYM-
K MBI IBYX KBATEDHUOHOB: CKa-
i nspa (g¢) u Bextopa (q)-i-+
+ g2+ j+ qs- k). Asaye rosops,

QR=5@) +V(Q),

rae S(Q)=qo — ckanapHas
YacTb KBaTepHUOHA @, V(Q)=
=qi-i+q2-j+qs-k — ero
[} eexrTopHas uwacty. Hanpuwmep,
\\ I/ Yy KBaTepHuHOHa 3 —5-it+4-k
. cKaJfApHAas YacTh paBHA 3,
a BEKTOpHas 4dYacTh paBHAa
Puc.76 —5-i+4-k.

Jia BBIYMCJIEHMH C KBa-
TEPHUOHAMHM IIOJIEBHO MMETh (OPMYJAY AJNS NPOU3BELEHUS
JIBYX KBaTepPHHOHOB ofuiero Bujga: a=ao+a -i+as-j+
+as-k, g=qu+qi-i+qo-j+qs-k. YMHOXaAA a HA ¢ Kak
MHOTOYJIEH HA MHOTOYJIEH M MOJb3yAch Tabuuneit (puc. 74),
noJyydaem:

a-q=(a0qo—aq1 —asq>— asqs)+(@oq: +aigo+ a2qs —
—a3q2)i+(aog2+a2qo+asqi —aiqs)j+ (aogs+asqo+
+aiq:—axq)k. (3)
ITo aHaJIorMH ¢ TeopHel KOMINEKCHBIX YHCeJ MOIKHO
AJIA KAMX/I0r0 KBATEPHUOHA ¢ = ¢o+ qi-i+ g2+ j+ q3- k BBec-
TH NMOHSATHE MOOYnA |q| ¥ conpanmenHozo KearepHuoHa q;
IO ONpeJeIeHHUIO:

gl =Vai+ait+ai+dh
d=¢qo—qi-i—qs-j—qs-k.

Hanpumep, i1 kBaTepHUOHA ¢ =2 —i-}+ k uMeem:

lgl =V22+(—1)°+0°+1° =6,
q=2+4i—k.
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W3BecTHO, 4TO AJIA KAXJAOr0 KOMILJIEKCHOrO 4YHCIa 2
BEPHO TOMXKJecTBO 2-2= |z|’. IlpoBepuM, coxpaHseTcs JIH
AHAJIOTMYHOE CBOMCTBO JAJII KAKOro-HMOyabh KBATEepPHUOHA,
HanpuMep AJis KBaTepHHOHA ¢ =2 —i- k. Ameem:

= . . 2
q-9=(2—i+k)(2+i—k)=6=|ql".
CoxpaHseTrcs JIM TAKOe e CBOMCTBO JJIS Ka’XKJOro KBarTep-

uuona? OxasslBaeTcHd, fa: IpH JIIO60M BeI6Ope KBATEPHHOHA
q cnpaBejJIMBEI paBEHCTBA:
q-9=q-q=Iql* (4)
9TO HETPYAHO AOKAa3aTh, €CJH BOCIOJb30BATHCA TOMKIECT-
BoM (3).
3anuileM emje 4Ba TOXAECTBA, KOTOPbIE IOJIE3HBI IIPU
BBIYMCIIEHUAX C KBATEDHHOHAMM :

a-g=q-a, (5)

la-ql=lal-lql. (6)

Pagencrso (5) ciexyer u3 (3): ecayu A KBATEPHHOHOB

g u @ 06pa3oBaTh KBATEPHHUOHBI ¢ M @ U 3aTeM, IOJB3YACh

dopmynoii (3), cocTaBUTE TPOU3BEJEHUE q-a, TO MOXKHO y6e-
JMTHCA, YTO MOJydYaeTcd KBATEePHUOH, CONIPAKEHHbIN ¢ KBa-
TEPHUOHOM @-¢. 3aMeTUM: TaK KAK B MCUMCJIEHHH KBaTep-
HUOHOB HE BBIMOJHAETCS KOMMYTATUBHBIA 3aKOH JJIA YMHO-
JKEeHM, TO NOPAAOK MHOXuUTeNeil B popmyte (5) cyuiecrse-
HeH!

Pasenctso (6) cnexgyer us (5) u (4):

la-q|*=(a-q)-(a-q)=a-q-q-a=a-(q-g)-a=
2_|a 2

=a-|q|*-a=|q|*-a-a=|q|
TO ecThb
la-gl*=lal®-|q|* (7)
Tak kak |a-q| u |a|-|q| — peiicTBUTENBHBIE HEOTPHIIA-

reJbHBIe 4yuciaa, To u3 (7) cueayer (6).
ITpuBesenHble npocreiiinve (axThl MO3BOJSIOT HAUTH
0JHO TMOJIe3HOEe MPHJIOKEHHEe KBATEPHUOHOB.
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3. Kaxpmoe us uncen 17 u 47 MOKHO Tpe/ICTABUTH B BU-
[ié CyMMBI YeThIpeX TOYHBIX KBaApaTOB (KBAJDATOR IIEJIBIX
uncen): 17=44+124+0240% 47=6°43>4 1%+ 12 Joxa-
JKeM, 9YTO UX npousBenenue 799 MOKHO MpPEACTABUTh B BULAE
CYMMBI YeTHIPEX TOYHBIX KBaJpPATOB.

Pemeunue. IlpumeHsas KBaTEPHHOHBI, MOKHO Ha-
nucath: 17 =|4+i|% 47= |64 3i+ j+ k| ITosToMy (B cu-
ny dopmynsr (6)): 799=17-47=|44i|*-|6+3i+j+
+EIP=(4+1i)(6+3i+j+k)*=|21+18i+3j+ 5k|*. U3
onpezieNeHUusA MOJAYJIA KBaTeDHHOHA cJexyer, 4to 799 =
=21241824 32452

4. UmeeTcsi HECKONbKO uenbix wucea N, N, .., Ny

' IIpHYeM M3BECTHO, YTO KajKA0e M3 HUX MOYKHO IPeJCTaBUTh
B BHJIe CyMMbl YeTHIPEX TOYHBIX KBaJApaToB. MOXHO JH
rapaHTHPOBATh, YTO U uX npousseneHne N=N,-No-...-N,,
TOKe MOXKHO IPEACTABHTH B BUJE CYMMbI YeTBIPEX TOUHBIX
KBagpaToB?

Pemenne. Ilyers N,=al+4bi+ci+dl, N,=a3+
+ b3+ c3+d3, ...y Ny=a% + b2 + ch+d%, (Bce uncna ax, by,
Cy, dr mpu k=1, 2, ..., m — nexasie).

Kaxxpoe us uucenr N, Ns, ..., N,, MOKHO paccMaTpu-
BaTh KakK KBaJpaT MOAYJA HEKOTOPOrO KBATEPHHOHA:

Ni=1Ql°, rme @ =ai+bi-i+ci-j+d-k;
No=1|Q:|%, rme Q=as+bs-itco-j+ds-k;
Nm=lQm|29 rae Qm=am+bm‘i+cm'j+dm'h.
Toraa
N=N; No+....Nu= Q1 Q2+ ...-Qu|*=Q/?,
rae Q=Q - Q2...; Qnm.
led YMHOXEHHMH HECKOJIBKUX KBaAaTEepHHOHOB HaJ HUX
KOMIIOHEHTaAMHU He cCOoBepUIaTCA HHUKaKHue Apyrue omnepa-

HUH, KPOME CJIOKEHU A, BRIYUTAHUSA U YMHOMXEHUS. HOBTOMY
KBaTepHUOH Q MOJHO IIpelCTaBUTh B BUIE:

Q@=A+B:i+C-j+D-k,
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rage A, B, C, D — nensre yucna. Ho torma N=A’+B’>+
+C*4D?. Wrak, npousBegesue N,:Nj-..-Np MOXKHO
NpeACTaBUTE B BHUAE CYMMbI 4YeTbIpeX TOYHBIX KBajl-
paToB. A

JK. JI. Jlarpanxk (cM. o vem B § 12) ycraHOBHMI, 4YTO
Kaxidoe npocToe YUCLO MONCHO NPedCcTasuTs 8 8ude CYMmMbl
yervlpex TOYHBLX ;ceaopa'roe. Ecau BCIIOMHHM, 4YTO KaX-
Jl0e HATYpaJbHOe 4YHCJI0 SBJAETCS IIPOM3BEAEHHEM IIPO-
CTBHIX YMCEeJI, ¥ YUTEM COJepiKaHue MpuMepa 4, T0 MOJIYIUM
Teopemy Jlarpaumxa: kaxcdoe HaATYpanbHoe Hucao n (npo-
CTO€e UNU COCTABHOE) MONCHO npedcTasuTsv 6 eude CYMMmbl
yeTbipex TOUHbIX Keadparoe: n—=x’+y’+2z°+t°, 20e x,
Y, 2, t —yenvie wucaa. .

Wcuncnesue KBATEPHHOHOB IIO3BOJIAET IOACYHTATE,
CKOJIBKO BCET'0 CYILIECTBYeT TAKUX NPELCTABICHUN AJIA KaXK-
JIOTO 3aJaHHOIO YHCJA M.

1A BHIABJIEHUSA CBOMCTB HATypAaJIbHBIX 4YHCeJl OKasa-
JIOCh TOJIE3HBIM IIOCTPOMTE TEOPHUIO UEJblX KBATEDHHOHOB,
CcXOAHYI0 ¢ Teopuei I'aycca IeNBIX KOMIJIEKCHBIX YHCEJ.
Takas Teopusa Obliia paspaboraHa YCHIMAMH HEMELKOTro
matematika A. I'ypsuua, coserckux matremMaTikoB B. A. Ben-
koBa, ¥0. B. JIunuuka u ap.

Kazanochk 6Bl eCcTeCTBEHHBIM HA3BATh 11€JIBIM KBATEPHHO-
HOM TaKOil KBATEPHHMOH ¢ = g+ n i+ naj-+ nak, y xoroporo
BCe KOMIIOHEHTHI — IleJIble JelicTBHUTesIbHBbIe uHucia. Beisc-
HUJIOCh, YTO AJS TPHJIOMKEHHUN BTO OIpeAeJIeHHE CIeAyeT
PacIIMPUTH M IPHUYMCIATH K LEJEIM KBATePHHOHAM ele

1
BCE TaKwue, Ko'ropme MOKHO IIPEACTABUTS B BHUJE 7n0+

+—n.z+ n2]+ ngk rge no, ni, N, N3 — HEUYETHHIE

1eJble 4YMCIA. I'Ioc.ne 3TOr0 MOJKHO Da3BUTh AJISI KBaTep-
HHMOHOB TEOPHIO J€JIMMOCTH (IPY HTOM IPHAETCH HMETH AEJI0
C «JEeJMMOCTBIO CJIeBa» M ¢JieJIMMOCTBIO crpasa»). MoxHO
3aTeM BBECTH NOHATUSA IIPOCTOTO KBATEPHHUOHA, HAUGOJIbIIE-
ro O6IIEro AEJUTEeJNsI HECKOJLKUX KBATEPHHUOHOB, B3BAHMMHO

209

~



HOpmit BaapamupoBEY
Jimgaax (1915—1972) —
COBeTCKMI MaTeMaTHk, I'e-
poit CouumaymcTHdecKoro
Tpyzna. Cosgan HOBBIE 3(-
dexTHBHBIE METOAHI, C IIO-
MOIBI0 KOTOPBIX pelIua
PAJ KJACCHYECKHX IPO-
6JieM TEOPHHM 4YHCeJ, AOKa-
3aJ TeopeMy O TOM, 4YTO
KaXKaoe, JOCTATOYHO 0OJb-
Imoe YHCJIO MOYKHO Mpea-
CTaBUTH B BHJE CYMMBI ABYX
TPOCTHIX YKMCEJ U HECKOJIB-
KHX CTeleHeil JBOEK, IpH-
4YeM 4YMCJIO JBOEK OrpaHH-
geHO a6CcoIOTHON MOCTOSH-
HOM. Baskabie peayabTaThl
[OJIYYHJI B TEOPHH BEpOAT-
HOCTEH M MaTeMaTHYeCKOMH
craricTuke. C momormsio
HOBBIX AHAJIUTHIECKAX
cpejcTB nobuicA cymiect-
BEHHEIX Pe3yJIbTaTOB B M3y-
YeHHH BeposiTHOCTEH 60Jib-
IOUX OTKJIOHEeHHUH. J[ax Teo-
PeTHKO - HH(GOPMAIIHOHHOE
JIOKa3aTeJbCTBO [EHTPAJb-
HOM IpejesbHOM TEeOpeMEl.

IIPOCTHIX KBAaTEPHUOHOB, yCTAa-
HOBUTH TEOpPEMY O EIMHCTBEH-
HOCTH pA3JIOXKEHHUS IeJIOr0 KBa-
TEPHUOHA HA IPOCTBIE MHOKH-
Tend. C MOMOLUBIO 3TOH Teopuu
6BITM  JOKAa3aHBI  pa3JIMYHBIE
TeOpeMBl O HATYPAJbHBIX YHC-
nax. Hanpumep, B. A. Benkxos
(1900—1962) Takum myTem
OIIpeJIeNIAJI, CKOJIBKUMHU CIIOCO-
6aMu HaTypaJbHOE YHCIO MO-
JKeT ObITh NpPEJACTABJIEHO B BHJAE
CYMMBI TPeX TOYHBIX KBaJpATOB.

OrmMeTHM OJHY OCOGEHHOCTD,
KOTOPYIO HeCeT MCYHUCJIeHUE KBa-
TEePHUOHOB. Moker u KBaj-
paTHOe ypaBHEHHEe HMeTh 06O0JIb-
e ByX KopHeit? U3secTHO, 4TO
ypaBHEHHe n-i CTeleHH, TO eCTh
ypaBHEHHe BUJA:

a2 a2 4... +
+a.-12+a, =0, (8)

THE @iy .., A, — JAHHBIE KOM-
IJIEKCHbIE YHCNa, 8 2 — HCKO-
MBI KOpEeHb, UMeeT B o6JacTu
KOMIIJIEKCHRIX  YHCEeJ  POBHO
n KopHed (¢ y4eToM HuX KpaT-
HocTH). MHaye obcrouT aeno B
HCUMCIEHUN KBATEPHUOHOB: TaM
ypaBHeHue Buzaa (8) (cuuraewm,
4TO @, ..., @y — JAHHBIE KBATEp-
HHOHbI, 2 — UCKOMBIH KBaTep-
HHOH) MOJKeT MMeThb Hojee uem
n KOpHEeH U Jjake GECKOHEUYHO
MHOr0 KOpHEMH.
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5. Jlokasxem, 4yTo ypaBHeHHe z°+ 1 =0 umeer B McUMC-
JIECHUH KBATEPHUOHOB GeckoHe4HO MHOTO KopHei. Kaxanri
KBATEePHHUOH, KOTOPHIM SBJIAETCS BEKTOPOM €JUHHYHOTO MO-
AYyAsl, ABJISETCS KOPHEM 3TOr0 ypaBHEHHS.

Peme nue. [lelicTBUTENBHO, NyCTh 2=¢q; i} q2-j+
+qs-k, npudem qi+g3+gi=1. Torma 2°=(qi-i+q2-j+
+qs-k)-(q1-i+qe-i+qs k)= —qi—gi—gi=—1.

6. JlokakeM, YTO B MCUYHUCJIEHHH KBATEDHHOHOB ypaB-
HeHme X’=1 uMeeT TOJNBKO JBA KODHHA, a ypaBHeHue
X?—=1 umeer 6GECKOHEYHO MHOI'O KODHEH.

Pemenue. HenocpeacTrBeHHOH mnpoBepkoit ybGerxxja-
eMcs, UTO pacCcMaTpUBaeMble YPABHEHUS MOXKHO IPUBECTH
K BULY:

X—1)X+1)=0u (X—1)(X*+X+1)=0.
Orcofa BHIHO, YTO B MCYMCJIIEHMM KBATEDHHOHOB ypasB-
Henne X°—1=0 wumeer ToNbKO aBa KOpHA: 1 m —1.
Yucno 1 sBisieTcs TakiKke KopHeMm ypapHenusa X' —1=0.
OcTanbHBIMH €ro KOPHAMH CJayKaT KpaTepHHOHH (X),
ynonne'mopalomne YypaBHEHHIO X’4+X+4+1=0, 10 ectb

(X—{-;;—) +—_0 waa Y2 +4+1=0, rae Y—f[(x+ )

Ho mbl yke 3Haem (cM. mpuMmep 5), 4YTO IIOCIEjHEe
ypaBHeHHEe uMeeT 6CCKOHeYHO MHOro kopseil. Orcioza cie-
Ayer, 9To ¥ ypaBHeHue X — 1 =0 uMeeT B HCUUCTCHHUH KBa-
TEPHUOHOB GECKOHEYHO MHOTIO KOpHEWH.

[enenne kBaTepEmoHOB. UTO 3HAUMUT pa3REIUTh OXUH
KBATEePHUOH @ Ha Apyroif ¢? OTO 3HAYUT, HAUTH TAKOMN
kBaTepHuod X, KOTOPHIM NpH YMHOMKEHUH Ha ¢ gaer Q.
Ho ymzOXuTHh KBaTepHHOH X HA KBaTEePHUOH ¢ MOXMXHO
nBosiko: ciesa (X-q) u cupaBa (g-X). Dt mpousBeseHud,
Boobme rosops, pasauunel. IloaTomy pasauuamoT Jeéa
JaCTHBIX OT AeJIeHWs KpaTepHHoHa @ Ha ¢. KBaTtepHuOH
X HaspiBACTCA JeBbIM YACTHbLM OT JeJIeHHs KBaTEepHHU-
oHa @ HA KBATEPHHOH ¢, €CJH

X-¢=Q. 9)
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Kpartepauon Y HA3BIBAIOT NPABbIM YACTHHLIM OT HEeNeHUS
KBaTePHHOHA @ HA ¢, €CnH

q-Y=Q. (10)
Tax, Hanpumep, JIEBBIM YACTHBIM OT JeJieHHS BeKTopa 2i-
+ 2j ua 'BekTOp j+ k siBnsgerca kBaTepHuoH X =1 —i—+j—
— k, moromy 4TO

X-(j4+ k)= —itj—k)(i+k) = 2i+2j
IIpaBBIM YacTHHIM OT JeJieHUA BeKTopa 2i-}2j Ha BeKTOp
j+k sBnserca kBarepuuon Y =1—i—j+k, noromy uro

(i+RY =(i+k)(1—i—j+k)=2i+2j.
Kaxk ke BEIYMCJIIUTE YACTHBIE — JIEBOE U IIpaBOe — OT JeJjie-
HUSA OLHOI'O KBaTepHHOHA HA Apyroi? Jlna 3roi nmesam
MOYKHO IPUMEHHUTD TOT K€ I PUEM, YTO U NIPHU AELJIEHUHU KOMII-

JIEKCHBIX YHceJl. Y MHOXKUM o0e yacTH ypaBHeHud (9) cripasa
cHayaJa HA ¢ (KBATEPHUOH, CONPSKEHHEINA ¢ q), 4 3aTeM —

1 2
Ha ———. YuuThiBad, uTo ¢-¢=|g¢|’, momyunm:

lql
_ Qq

YnpaskHeHHS

32.1. IIpumMensas KBaTePHWOHBI, IPOBEPbTE CIIPaBEAJIU-
BOCTh CJHEAYIONIEr0 TOMKIECTBA AJs JIIOOBIX JeiCTBHTENb-
Heix  umcen: (ai+al+ad+ad)(dd+ai+ai+ad)=
= (@0go— @191 — @292 —a3¢3)° + (@0q1 +a1qo+azqs —

— @3q2)° + (20g2 + a2q0 + @3q1 — a1q3)° + (@0gs + asqo +
+ a1q: — a:q1)’.

32.2. BospbMuTe ABa KAKHUX-JIHOO 1€JBIX KBAaTEPHHOHA
p u g, Hanpumep, p=1—i+j+k u ¢q=8+i—2j+k.
3aTeM BBIYMCJIHUTE TAKHE YETHIPE IIPOU3BE/EHHSA:

Qi =p-q=A,+Bii+C\j+ Dk,

Qo=pig=As+ Byi+Csj+ D:k,

Q3=pjq= A3+ Bsi+Csj+ Dsk,

Qi=pkq=A,+ Bii+Csj+ Dik.
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Cocrasbre Tabauny (puc. 77).
ComocraBbTe CYMMBI YHCEJ, 22 182 L o2l o7
3aNMCAHHBIX B KaMAOH CTPO- / { 1 !
Ke, ¥ CyYMMBE! YHceJ1, 3alIUCaH- A 5’ 8 5’ C‘; Df
HBIX B Kamaom croJsbue. Kak

A2 1 82| ¢z | p?
Bbl OOBSCHUTE TaKoe COBIAa- 3 5 3 3
nenue? Umeer nu OHO MecTO A 4: Bf 04: Df
B CJydYae IPOU3BOJILHBEIX IIe-
JIBIX KBATEPHHUOHOB p U q? Puc. 77

32.3. BuiBeure caMOCTOSA -
TeabHO GOPMYY LIS HAXOMK-
JeHUs [IPaBOro YaCTHOTO OT HejIeHUsd () Ha KBATEPHHOH (.

32.4. PaspenuTte BekTOp @ =Fk-}i HAa BEKTOp ¢=i—]
(ma¥iaguTe neBoe yacTHoe X M mpaBoe YacTHoe Y).

32.5. JlokaxuTe, 4YTO TIpPHA JeJEeHHH KBATEPHHOHA
Q=1 (Q=1+0:i+40-j+4+0-k) va mo60if HEeHYJIeBOK KBa-
TePHUOH q==qo+ qii+ g2j-+ g3k neBoe yacTHOe paBHO mpa-
BOMY 4YacTHOMY (YacTHOe B 3TOM cJiydae o0Go3HaAYaeTcs
Tak: ¢ ).

32.6. Hanumure 4acTHoe OT JeJieHMs ckaaapa 1 Ha
BEKTOp i—j.

§ 33. l'eomerpusa KBATEPHHOHOB

Mzur 3HaeMm, 4TO KaM/Jj0e KOMIIJIEKCHOE YHUCJIO0 MOXKHO
3anyucaTh B TPUIOHOMeTpUM4YecKoi c¢opme. Boamoixkua au
cxopHasd 3anuchk AJaA kBaTepHuoHOB? IlyeTh ¢ — Kakoii-
HuOy b kBaTepHHOH. Torga

q=qo+ qii+q2j+qsk=8(q) +V(q). 1)

3aecs S(q) u V(q) — cxandpHasd YacTh M BeKTOpHAd 4acTh
KBaTepHUOHA ¢. PaccCMOTPUM B TPeXMEpPHOM IIPOCTPAHCTBE
BekTOp (puc. 78)

V(g) =qii+q2j+ qsk. (2)
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OH uMeeT JJHHY
IV(Q) =Vat+ a3+ 45 .

OpT 9TOro BEKTOpPa 0603HAYHM

OYyKBOIL n (Ha pHUCYHKe n=
—

=ON). Umeem:

Vg)=1V(g)l-n. (3)

IlepieHAMKYJIAPHYI0O K HeMY
MJIOCKOCTbH, MPOXOAAILYIO 4Ye-
pe3 HayaJio KOOpAUHAT, 060-
3HaYuM 4epesd o. OueBugHO,
MbI MOJKEM Bcerga noxodparsb
TaKOH yroJs ¢, 4To

cos = S(g) =—g°—-, (4)
Vis@y +(vgly 4l
sin p= 1V(q)| V@l
VS@y+(vig  ldl ®)
Torga us (1) — (5) BugHO, 4TO
g=1|ql-(cos ¢+n sin @). (6)

Yron ¢ HasbBaeTcs apzymenTom wearephuona (1), ocw I,
onpeaenseMass BEKTOPOM 71,— OCbH) KBATEPHUOHA ¢, Tpa-
Basg vacth opmyasl (6) — TpucoHomeTpuueckoi (pop.uoti
KB8ATePHUOHA (.

IIpumepst

1. Haiigem och kBaTepHuoHa ¢=1-+i+j+k u ero
apryMeHT. 3amuileM STOT KBATEDHUOH B TPUIOHOMETPU-
yeckoil opme. . Eon e =

Pemenmne. fcmo, uro |gl=+1"+1+12+12=2,
S(g)=1, V(g)=i+j+k, |V(g)|=13. Opr n Bekropa

V(q) onmpenensieM mO?TOMY TaK: V(q)::'\/g-n, n=—71_3— X
s s A
X (i+j+k).
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Ilo dbopmynam (4) — (5) umeem: cos (p=% , sin cp=\/—§ :

B npeapenax ot 0° 1o 360° aTOMy yCJIOBHIO YA OBJIETBOPSAET
yron ¢=60°. Takum o6pasoM, och KBAaTEDHHOHA ¢ H30-

6paxcaercss B Buze npamoid OP. Oprt sTOi OCHM — BEKTOD

—_ :
ON, pnuHa kKoTOporo paBHa exmuuauue (puc. 79). AprymenT
kBaTepHuoHa ¢ paBeH 60°. Tpurosomerpuueckasa d¢opma
JaHHOTO KBATEPHHOHA TAKOBA:

1+i+j+k=2(cos 60°+T; (i+j+k)-sin 60°). A

MoxkHO moxasaTh, 4TO AJIA KBATEDHUOHOB HUMEET MECTO
(npu mo6om menom k) ¢popmysia, aHAJIOTHYHAS H3BECTHOMH
B TEOPUH KOMILJIEKCHBIX umces ¢opmyiae Myaspa:

(cos @+n-sin ¢)*=cos kg-+n-sin kg.

TloHATHSA MOAYJA W apryMeHTa KBaTePHUOHA HAXOAAT
MOJIe3Hble I'eOMeTPUUYECKHEe IIPUJIOMKEHHUsI IIPH paccMoTpe-
HHUH, HATIpUMEP, 3a5a4 TAKOro Tumna: faHa ock OP u BEKTOp

S~
OA , Tpebyercss Ha¥WTH TOT BEKTOD, KOTOPHIA obpasyercs,

€CJIX TIOBEPHYTb BEKTOD 62 BOKpYr ocu OP Ha 3ajgaHHBIN
yroxa ¢.
IlpuBeneM 6e3 HOKA3aTeNbCTBA JBA YACTO IIPHUMeHsie-
MBEIX B NOZOOHEIX CIAYYAAX IPEJIOKEHH .
—_
Teopema 1. ITycre 6exTop OA nosupaiueaerca 6okpyz
ocu, 3adaeaemoii OpToMm 0—1\7, HQ Y20J §, npuiem U36ecTHO,

I = —
ytro OA | ON'. Ecau sextopi OA u ON 3adaiorea xea-

! Umeerca B BHAY, YTO C TOUKM 3peHMs HAGMIOAaTENd, CMOT-

PAIIET0 HA BEKTOP OA wus roukm N, BpalleHHe IIPOMCXOAHUT
NMPOTHB YACOBOM cTpeskH, ecad ¢=>0, H IO YacoBOil cTpelke,
ecou ¢ <<0.
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z z
p p
0 i 0 H
P X Ak / ¢ X
X X
Puc.79 8 Puc. 80

TePHUOHAMU @ U N, TO 8 Pe3yabTare noeopora obpa3yerca
6€KTOD 5§ onpedensiemblil K8ATEPHUOHOM
b= (cos ¢+n-sin ¢)-a. (7)
2. IIycrs BeK'l‘OpV &’ (puc. 80) sajgaeTcsi KBaTepHH-
OHOM a==i—]j, a BEKTOp 61.; 3azaeTcd KBaTePHUOHOM
i+ j-+k. Tpebyercss HaifTH BeKTOD OB, KOTODEIH 06pasy-
eTcsl, eCJIM IIOBEPHYTH BEKTOP 52 BOKpyYr ocu OP Ha 60°.
Pemenue. CHavana HaliileM OpT 7 BeKTopa 6ﬁ:

n=%(i+j+k). Haiizem kBaTepHHMOH b, COOTBETCTBYIO-

Ui BEKTOpPY 65 Taxk kak OP 1 OA, 10 mo dopmyse
(7) umeem: b= (cos 60"—}—71,3—(i+j+k)-sin 60°)-(i—j).
ITocne BEIKIAZOK HaugeMm: b—=i—Ek.

Orciofa BUAHO, YTO IPOEKIMM BEKTOpA OB ma ocu
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Ox, Oy, Oz paBHH coorBercTBeHHO 1, 0, —1. BexTOp —O—E
u3obpakeH Ha pucynke 80. A

T'aMUIBTOH paccMaTpHWBaJl M TOT CJIydaii, KOrjga BEKTOD
—
OA He mepHeHAMKYNSAPEH K ocu Bpamenus OP.

——
Teopema 2. ITycrv eéexrop OA usobpaxcaercs Kearep-
Huonom a. ITycrv éexTop noeopavueaerca eoxkpyz ocu OP,
onpedensemoic oprom n,Ha yzon ¢. Tozda e peaynvrare

—n
noayuurca eexrop OB, KoTopvili moxcer 6biTe 3a0aH K6a-
TePHUOHOM

b=z ‘a-v 3 (8)
L L8]
rae 72 ——cos—+n sin ;‘ i =cos%—n-sin%.

He pokasniBas 3Ty TeopeMmy, NPOMJIIIOCTPHPYEM ee.

3. IIycTh BekTOpD 53 (puc. 81) moBopauMBaeTCsI BOKPYT

s
ocu OP (muaroHasp ky6a) Ha yroa ¢=60°. Kakoii BexTOp
TOJIYYUM B pPe3yJbTaTe TAKOro ImosBopora?

Pemenue. Bocosbayemca paBeHcTBOM (8), MmMONOKUB

a=i, n=i(i—|—j+k), cos X —cos 30°=-@, sin & —
\/5 2 2 2

1 \/_ .
————2—. IMonyaum: b= (— \/‘ (i+j+k)- —) X
ot 1 a8t
= (T—ﬁ‘“ﬂ“)'i) =5 @i+ 2i—h)

Hcuncienne KBATePHMOHOB H MCYHCJIEHHE BEKTOPOB.
Kak MBI yXe oTmMevyasd, KBATEDHHMOHBI B IPOLIJIOM BeKe
HAUIJM MHOIOYUCJEHHBIE NPUMEHEeHHS B TIeOMEeTPHUH, Me-
XaHUKe U TeopeTHdyeckoir ¢usmke. OXHAKO €O BpeMeHeM
0Ka3ajoch, 9TO B GOJBIIMHCTBE 3THX CIAydaeB HOCTATOYHO
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OrpaHMYUTHLCA JIMINb YacT-
HEIM BHJIOM KBATEDHHOHOB —
BEKTOpaM# (KBATeDHHOHAMU
BHJAA ¢ -i+ qo-j+ qs- k). Bek-
TOPHOE HCYMCJIEHHEe II0 WHHU-
o LHAaTHBE aMepPHKaHCKOro ¢u-
k suka [J{x. I'm66ca (1839—
(1 1903) u aurauiickoro dusukKa
7 — 0. Xesncaiga (1850—1925)
\\ y cTanM paccmarpuBaTh 6es

N BCAKOI CCHIIKM HA KBATEPHH-

\B ousl (80-e roge XIX B.).

IIpaBusna cOXKeHUA U BhHI-
Puc. 8l YUTAHHUS BEKTOPOB TAKHe JKe,
KaK B MCYUCJIEHUH KBaTEePHHU-
oHOB. YTO KacaeTcd NMOHATHSA
IPOM3BEJEHUA JABYX BEKTOPOB, TO OHO TOY<€ 3aMMCTBOBAHO
U3 TEOPHUHM KBATEPHHOHOB: B3ATYI0 CO 3HAKOM <«MHHYC»
CKaJIIPHYI0 YacTh TOr0 KBAaTEPHHOHA, KOTOPHI IOJy4a-
eTcsl NIPpH YMHOXMXEHHH IBYX BEKTODOB a=a,i} a»j+ ask,
b=0b,i+bsj+ bsk (paccMaTpuBaeMbIX KaK KBATEDHHOHBI),
CTaN¥ HABLIBATH CKAJLADHbLM NPOU36eOeHUEM DTHX [ABYX
BeKTOpoB (o6o3uayaercs Tak: (a, b) unu a-b); a BEKTOPHYIO
yacTh TOrO K€ KBATEPHUOHA-IIPOM3BEJEHUS CTAJU HAa-
3BIBATH BEKTODHbIM npou3éedeHueM JaHHBHIX JIBYX BeEK-
TOpoB @ u b (oGosmauaerca Tak: [a, b] uwam a X b).

IIpumensis dopmyny (3) us § 32 B cayyae, Korga aBa
KBaTepHUOHA @ U b ABifioTcA BekTopamMu (ao=0 u by=0),
TIOJIY YHM :

(a, b) = —S(a-b) =a\b, +asbs+ asbs,
[a, b] =V (a-b) = (a:b3—asbs)i+ (azb—aib3)j+
+(a|b2—-a2b|)h.

911 dopmysnsl ObLIM NPUHATEL B KadecTse onpedeie-
Hull CKaJspHOrO ¥ BEKTOPHOI'O IIPOM3BEJEHHH ABYX BEK-
TOpOB 0e3 Kakoro-aub0 YNOMHMHAHHMSA O KBATEDHMOHAX.
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OgHako u Temepb, MOCJe BBEJEHUS BEKTOPHOT'O MCYHC-
JNeHud, GEIBAET elle HEMAaJIO CJIYy4YaeB, KOrLa B MaTeMaTUKe
WM ee MPUJIOKEHUAX OKAa3BbIBAIOTCH IIOJIE3HBIMH KBaTep-
HUOHBI 00IIero BHAA HJIHM UX Pa3HOBUIHOCTH.

Tak, B 60—70-x rogax Hamero BeKa COBETCKMMH M aMe-
PHKAaHCKMMH MeXaHMKaMH ObLTH paspaboTaHbl MeTOAbI
pacyeTa CHCTEMBI YIIDAaBIEHUS OPUEHTAIMell HCKYCCTBEH-
HOTO CIYTHUKA 3eMJIH, ONMUPAIOLIHeco Ha UCYHCJIEeHHEe KBa-
TEePHUOHOB. B TeueHUe MOCIEHEr0 JEeCATHJIETUS TOSABUJICH
psax pa6oT, B KOTOPHIX O4HA W3 PAa3HOBHIHOCTEH KBaTep-
HHOHOB YCIIEIIHO IPHMEHAETCA B TEOPHH OTHOCHUTEJIb-
HOCTH. MOKHO OHJATh, YTO KBATEPHMOHB HANHAYT emie
MHOI'0O HOBBIX TOJIE3HBEIX IIPHJIOMKEHU M.

§ 34. O rUNEePKOMIIEKCHBIX YHCIIAX

Kpome KBaTepHUOHOB, €llle B CepelHHEe NPOIIJIOro BeKa
cTaJld pAcCCMATPUBATHL M [PYrHe «CBEPXKOMIIJIEKCHEIE»
YMCJIOBBIE CHCTEMbI, TO €CTh MHOKECTBA BHIDAXKEHUU BUJA:

a=ania+a|i.+a2ig+...+a,,i,,, (1)
rae ao, @y, ..., @, — AeACTBUTEJIbHEIE (WIHN HAaxe KOMILJIEeKC-
HblE) uucna, ip=1, a i, i .., in — MHHMBIe €JHHHUIBI.

IlpaBuia cpaBHEHHUd, CJIOYKEHUS M BBIUUTAHUA TaKHe Xe,
KaK ¥ AJs OOBIYHBIX KOMIIJIEKCHBIX YHceJ (ITOKOMIIOHEeHT-
Ho). IIpaBuiio yMHOMKeHMA 3afaeTcd KaXABIA pas Tabiau-
e ymMHOMeHus equHut]. Yucmo n+ 1 Ha3bIBACTCH DAHZOM
2unepromnnexcHoll cucremul yucea (1).

Bekope mocie uszobpereHHsT KBATEPHHOHOB ['aMHJIBTOH
CTaJI YUTATH CIEIHAJTbHBIA KYyPC O KBATEPHHUOHAX ¥ UX IPH-
JOKeHUAX (HAa OCHOBAHHH BTOro Kypca MM Oblsia M3zaHa
B 1853 r. xuura «JIeKnuu O KBaTepHUOHAX»). JleKnuu
CIYILIaJH He TOJBKO CTYAEHTHI, HO U U3BECTHHIE MaTeMaTH-
Ku. Opguum u3 Hux 6b1 A. Kanau. B 1845 r. Kaau npep-
NPUHAJ MONBITKY IOCTPOUTH HOBYIO CHCTEMY YHCEJI, TOXO-
JKYI0 HAa KBATEPHUOHBI, HO COZepIKallyio Oosee YeThIpex
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Puc. 82

eauHuIl. IIpu aTom OH (Kax u 'aMHJIBTOH NPHU MOCTPOECHHUU
TEODHHM KBATEePHMOHOB) CTaBWJI HA IM€PBO€ MecTO TpebGoBa-
HUe BBHINOJHUMOCTH JeNeHUSA Ha JII000e UYMCJIO, OTIMYHOE
ot Hynd. Ilocne Heckoabkux monbITok Kaau paspaboran
cHUCTEeMYy 4YuCeJ, KOTOpas COoAepiKajia BOCEeMb <¢eIUHHIL»
(13 HuX cemp MHMMBIX). K311 Ha3BaJ 3TH 4YucCiIa OKTABAMU
(ot naTuHCKOro octo — BoceMb). OHH M3BECTHHI TAKIKE Kak
yucana Kanu. IlpaBuo yMHOMKEHHS €NHWHUI, 3a7aeTcd B
ucuucaenuun Kanum crnemuanbHO mnOAOOpaHHOM Tabauiei
ymHOXxeHuA (puc. 82). B ciayuae OKTAB He BHINOJIHAETCHA
OJIA YMHOXKE€HUSA HE TOJbKO KOMMYTATHBHBIA B3aKOH, HO
M aCcCONMAaTHBHEIN. 3aTO BCEerza BHIIOJHHUMO JAEJIEHHE HAa
006y OKTaBy, KpOMEe HYJIEBOM (TO €CTh KpOMe TOH, Yy KO-
TOPOH BCe KOMIIOHEHTHI paBHbI HyJ0). TouHee rosops,
npu m060M BEIGOpE OKTaBEI b M OKTABBI @, OTIMYHOMR OT
HYJIA, HalifleTcA TOJNBKO OJHA TAKas OKTaBa X, 4TO ax=2>b,
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a Takyke Halifiercs eJMHCTBEHHAd TaKasd OKTaBa Y, 4TO
ya=>b. AHANOTHYHO TOMY, Kak 3TO Nejaercs AJIS KOMII-
JIEKCHBIX YHMCeJ ¥ KBATEPHUOHOB, [JIS Ka)XJ0il OKTaBbl Z
OIpeAEAIOTCH TOHATHSA CONMPSIKEHHOH OKTaBhl Z U MOAY-
na |Z|: eenun Z=ao+aii,+...+azi;, TO N0 ONpeneNeHUIO

Z=ao—aii—...—aziz, |Z| =\/a3+af+...;—71? 3
IIpu 5TOM OKa3BIBAeTCH, YTO CHPABEIJIUBO TOMKAECTBO
Z2-2=Z-Z=\2\% |2,-2:| =|2:|-12,].

O6BIYHEIE KOMITJIEKCHEIE YHCJIA MOXKHO paccMaTPUBATH
KaK IHIEePKOMIIJIEKCHYIO CHCTeMy paHra 2. ¥ 3THMX 4Yucesa
(umeromux BUA a-+ bi) NPaBUIO YMHOMEHHS MHUMBIX
eMHNI], KaK MBI 3HaeM, Takoe: i-i= — 1. Ho noyemy umeH-
HO —1? A ecam NPUHATH APYyroe IIPABHJIO YMHOMXEHUS
MHUMBIX eauHul, Hamnpumep i-i=0? IlpuBeger ym OHO
K JIOTMYECKOMY I poTuBopeunio? YTo mpu 3TOM «UCIOP-
THTCH» 7

VIMeHHO HAa STOT BONPOC ¥ PEIIMJ OTBETUTh AHIJIMH-
ckuit marematuk Y. Kimuddopn. PaccmarpuBas B KadyecTse
yucesJ YNOPSAAOYEHHBIE IIaphl JEeHCTBHTEJBHHIX YHCEN
¥ 3aIHMCHIBaA UX B BUie @+ bw, OH OCTaBUJI LIS HUX Te XKe
paBUJIa PABEHCTBA, CJOMKEHUSA ¥ BHIYUTAHUSA, YTO U MAJIS
OOBIYHBIX KOMILIEKCHBIX YMCEJ, & AJA YMHOXKEHUA MHU-
MBIX €LWHWI] IIOJH30BAJICS TAKUM IIPABHJIOM:

®-0=0. (2)

(¢«Ecnu B BRIKJIaZIKAX C TAKMMM YHCJIAMH BCTPETHTCS IIPO-
M3BeJeHHEe -, TO paspemaercad 3aMeHHTH ero Ha 0»).
Takue umciaa MOJYYHJIM HasgBaHHe dyaavuuix. Y. Kmud-
dopx, a sarem A. II. Korensuukos, 9. Illtyan u apyrue
HAIJIA COAEPIKaTeJbHbIE NMPUMEHEHUS AYaJbHBIM YHCIaM
B reOMETPHM M B ME€XaHHKEe TBEPAOrO Teja.
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Yunsam Kuarpom KJIH®-
DOPJI, (1845—1879) —
AHTJIMICKUH MaTeMaTHK,
npodeccop JIoHZOHCKOrO
yuuBepcurera. OcCHOBHBIE
paboTsl OTHOCATCA K al-
re6pe u reomerpuu. Kiug-
dopA pasBHJI TreOMETPHUIO
JLBHIKEHUA, A U3Y4YeHUus
KOTOPOH NpUMEeHMJ KBa-
TEepHHOHEL. BBes ompeje-
JIeHHe napasienbHbIX Ipd-
MBEIX, KOTOPOE MMeeT CMBICT
B SJUIMIITHYECKOM IIPOCT-
paHcTBe, TO €CTh B Treo-
merpun Pumana. Hasec-
TEH OH TaKiKe Kak IOy JId-
pusaTop GUBMKO-MaTeMa-
THYECKMX HAYK.

Kaunddopa obpatun BHEHMA-
HMe ¥ Ha 4ucjya Buga a- be,
rpe a u b — pgelicTBUTENBHBIE
yuciua, a ¢-e=1. («Ecau BcTpe-
TUTCS B BBIKJIAJKAX IIPOU3BE-
IeHHe £-g, TO paspelnaeTcs 3a-
MEHMTh ero Ha 1»). OTH ymnops-
JOYEHHBIE TIaphl JeHCTBUTENb-
HBIX 4YHceJ 06pasyloT cHCTEMY
060linbix yncen. OHM TakKe Ha-
XOAAT HEKOTOPhIE NPHUMEHEeHUSI
B reomerpuH. [InA ABOMHBIX M
AYaJbHBIX YHCEJ COXPAHSAITCH
aCCOIMATUBHEIM M KOMMYTATHB-
HBIH 3aKOHBI KaK 1A CJI0Xe-
HUA, TAK U [JIA YMHOMEHH.
Bepen pyia HUX U JuCTPUOYTHUB-
HbI 3axkoH. Ho omepamnus nese-
HHAS HA YHUCJIO, OTJIMYHOE OT HY-
Jf, He Bcerja BHIMOJHUMa. Ha-
IpUMEpP, MOXKHO JIETKO YOeIuTh-
cd, 4uTO ABo¥HOe ymcyio 1 (1+
+0-¢) Henb3s pasfeauTh HA
yucyo 1-+4¢. Jomycrum, 4To Ha-
IJIOCh TAKOE JBOWHOE YHCJIO X |+
-+ ye, KOTOpOE SABJISETCA YACT-
HBIM - OT JAeJeHus uuciaa 1 Ha
yucao 1-+&. 910 o3Hauano O8I,
urto (x+ ye)(1+¢) = 1. Packpsi-
Badg CKOOKM IO OOBIYHBIM B3aKO-
HAM apUMETHKH M Y4YUTHIBAA,
yTo e-e=1, momyuum: x-+y-+
+(x+y)e=1+40-e. Orcroza
x+y=1u x+y=0, uro He-
BO3MOYKHO.
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BBogsa B paccMOTpeHHE pa3JIMYHBIE CHCTEMBI dYHCel,
onpejendass nedCTBUA HaAJ HUMM, MBI 3aMHTEPECOBAHBI B
COXPAHEHUH [AJIS HUX XOTHA OBl HEKOTOPBIX M3 OCHOBHBIX
3aKOHOB apudMeTHKH, U3BECTHBIX [IJ# AeHCTBUTENbHBIX
yucesn. HanoMHMM 9TH 3aKOHEI.

I. a4+ b=>b-+a (KOMMYTATHBHOCTH CJIOXKEHHH).

1I. (a4 b) +c=a+ (b+c) (accommaTUBHOCTEL CJIOMKe-
HUA).

III. a-(b+c)=a-b+a-c

(b+c)-a=b-a+c-a (ZucTpubYTUBHOCTH YMHO-
JKeHUA OTHOCUTEJIBHO CJIIOMKEHMH).

IV. (a-b)-c=a-(b-c) (accOATHBHOCTL YMHOMEHHUSHA).

V. a-b=b-a (KOMMYTaTUBHOCTE YMHOMKEHHUS).

V1. YpaBuenue a-x=>b (m ypaBHeHHe Yy-a=>) mnpu
a0 u mobom b Bcerjga OXHO3HAYHO Da3pelInMo (uHAYE
MOXXHO CKAa3aTh, YTO B JAHHOH CHCTEeMe YMCeJ BHIIIOJIHU-
MO JeJieHHe Ha JI000e YuCiIo, OTAHYHOe OT Hy d).

HsBectHo, uto Bcem TpeboBamusm I — VI ynosiersBo-
PHAIOT KOMIIJIEKCHBIE 4YHMCaa. B IpomioM Beke HeMelKH
matematux K. BeifepumiTpacc gokasay, 4TO cpejd TIuiep-
KOMIIJIEKCHBIX CHCTEM, PAHr KOTOPBIX He MeHbIle IBYX,
TOJBKO KOMIUJIEKCHEIE 4YHcia o00JafaloT BCEMH IIeCThIO
IIPUBEEHHBIMU BHIIIE CBOMCTBaAMH.

A ecnu oOTKasaTecid OT TPeOOBAHHUA KOMMYTATUBHOC-
™ yMmHOMeHusa (or ycnosus V)? WM3BecTHO, 4TO OCTAJb-
HBIM TpeGOBaHUAM YAOBJIETBODPSAET, KPOME CHCTEMBI KOM-
IIJIEKCHBIX YMCEeJI, CUCTEMa KBATEPHUOHOB. HO TOJNBKO
au oHu?

B 1878 r. umemeuxuit marematur P. I'. Ppobenuyc
YCTAHOBHJI TEOPEMY, CMBICJ KOTOPOM COCTOMT B CJIEAYIO-
IIEM: CPEJiH CHCTEM I'MIIEPKOMIIJIEKCHBIX YHCeJI, YAOBJIETBO-
paomux ycxosusam I, II, ITI, IV, yciaoBue BHIIOJIHUMOCTH
JeJIeHHA Ha KadXJoe 4YHUCJIO, OTIIMYHOe OT HyJs (ycjoBue
V1), BHInOJIHAETCS JIMIIE AJIA TPEX CHCTEM Yuces: HJA Aei-
CTBUTEJBHEIX YWCEJ, JAJIs OOBIYHBIX KOMIIJIEKCHBIX YHCeJ
U AJIS KBATEDHUOHOB.
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A ecou orpaHMYMTHECH JNUIIb TpeGosamuamu I, I, ITI?
B 1960 r. 6s110 f0Ka3aHO, UTO AeseHue (cM. cBoifictBo VI)
BO3MOJKHO JIMIIb B TAaKOW TIHUIEPKOMILJIEKCHOM CHCTeMe
(He06s3aTENIBPHO ACCONMATHBHOM HJIM KOMMYTATHBHOH OT-
HOCHTEJIbHO YMHOMKEHHUHA), PAHI KOTOPOH paBeH OLHOMY
u3 gucernx 1, 2, 4, 8.

Jlo cuX mOp MBI F'OBOPHMJIM O TAKHX IMIIEPKOMIIJIEKCHBIX
cHCTeMaX, KOMIIOHEHTAMH KOTOPHIX SBIAIOTCH AEHCTBH-
TenbHble uyucaa. Ho eme T'aMHAbTOH 06GpaTiyl BHUMAHHE
Ha TO, 4TO 3T0 HeobGszaTenbHO. B yacTrHOCTHM, OH paccMar-
PHMBaJI TaKHe KBATEPHUOHBI, Y KOTODHIX B KadeCTBE KOM-
NMOHEeHT OepyTcd KOMIIJIEKCHBIe uucaa Buza a-+bl, rae
I’= —1 (ofo3HauaeM 3Jech MHUMYIO efUHHLY OyxBoi I,
Tak Kak OykBa i «yike 3aHATA» AJI 0003HAYEHUS MHHUMOM
eAMHHIBI B 3alUCH KBaTepHHOHa). Taxkue uymcyia KBaTep-
HUOHHOIO THIIA NOJIyYUJHM HasBaHue OukeareprHuonos I'a-
Mmuavrona. Ecau B KadecTBe KOMIIOHEHT KBATEPHHOHOB
6pate ayasnbsuble yucna Kiauddopaa a+ bw, To BO3HUKaAET
HOBasl CHCTEMa 4YHCeJ, HA3bIBaeMHIX OUKEATePHUOHAMU
Kauggopda. MoxkHO paccMaTpuBaTh 4ucaa Bujga a—+bl,
rge I°’=—1, a @ u b — KOMnAeKCHble YUCHAA: @ =a +} asi,
b=>b,+ bsi. BosHuKalOIIasa NPH BTOM CHCTEMa YHUCEJ IO-
JIy4WJia Ha3BaHUE CHCTEMBl OUKOMNJIEKCHbLX HUCeJ.

Co BpeMeHeM KOJHYECTBO BBENEHHBIX B MATEMATHKY
TUIePKOMIIJIEKCHBIX CHCTEM CHJBHO pPas3poCioCch, IIpHYeM
CBOMCTBA OTHX CHCTEM OKA3aJHCh OYEHb [JaJIeKUMH OT
CBOMCTB CHCTEMBI OOBIYHBIX KOMILIEKCHBIX umcesn. Cranu
paccMaTpUBaTh CHCTEMBI BHIpa)keHu# Bupga (1), rae iy
HeoOsA3aTeNbHO ecTh yucao 1; ao, @i, ..., @, — HeobA3a-
TEJIBHO JAEHCTBUTEJbHEIE YHcaa (a MOKeT OBITh, U BOOOIIE
He 4yucaa). B cBA3M ¢ 9THM cranum ynorpebiasTh Aas YKa-
3aHHBEIX cHcTeM (B TOM YHMCJIe U JAJIS CHCTEM TUIEPKOM-
NJIEKCHBIX YHCeJI) Apyroe HasBaHUE — JUHelHble anzebpbl
(um xopoue: anzebpul). Tak, Teneps NPUHSATO TOBOPUTE,
Hanpumep, 00 anzebpe kKearepHuonos unu o6 anzebpe
OYyanbHbLX JHUCEeI.
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Yucaa Kmaddopaa. Osra-
KOMHMCSH e€Ille ¢ OJHOH aureb-
po#, KOTOPYIO MOXKHO paccmar-
puBaTh Kak 00001ieHHe cucre-
MBI KBATEPHHOHOB.

IIycrs kB — Kaxoe-HUOY b Ha-
TypaJibHOE 4HCJIO, HaIlpuMep
k=3. Cnexysa Knuddopay, no-
CTPOMM CHCTEMY dYHCeJ, B KO-
topoit 6yzer 2° (B mamem cay-
yae Bocemb) eaunuly. CHavana
BelOepeM ueThIpe eAMHHUIBI —
OAHY JeHCTBUTENbHYI0O H TpPH
MHUMBIX: 1, e, €2, e;. BBeaem
MPaBHJIO YMHOMEHHUS AJIA MHHU-
MBIX €NUHHUI[: NPH JIOOBIX HO-
mepax p u ¢ (P+#q) e€-e;=
= —e,-e, u e=—1 npu p=1,
2, 3. Bregem enge 4erbipe MHU-
MbIe eIUHUIBI: €)2—¢€)-€2, €|3=—=
=ej-e3, e3=¢ey-e3, €23= (e X
X ez)ey. Ilocne 3TOro Mbl MOKEM
paccMaTpUMBATH BCEBO3MOMCHBIE
BhIpa)kenuss Buga: A=ao-1+4
+ae +aze;+ases+aje s+
+ ai3e13+ azess +ajzzeis, rae ao,
@y, .y Q123 — TIPOMBBOJIbHBIE J€H-
CTBUTEJIbHBIE YHcIa. DTH BhIpa-
JKeHus (pedyb uaer o6 ymopsimo-
YEHHBIX BOCBMEPKAX JelCTBHU-
TEJbHBIX YHUCEJ) M IIpeJCTaBJIA-
0T coboit wucaa Kauggpopda —
asemeHTHl Kauddopaosoi an-
re6phl. [lns 910 anreGpbl uMeeT
MECTO acCOIMATUBHLIN 3aKOH (He
TONBKO [JIA  CJOXKEHUHA, HO
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Tepman TPACMAH (1809
—1877) — Hemeuxkuii ma-
TeMaTHK, Gu3uk H duio-
aor. I'pacman wusygan B
BepiuHCKOM yHUBEpPCHTE-
Te unocopuo n Gorocsao-
Bue. B Bospacre 23 et
YBJIEKCA MaTeMaTHKOH, 3a-
HAJNCA €e CaMOCTOSATENb-
HEIM H3ydenuem. B 1840 r.
cAas SK3aMeH HA 3BaHUE
Y4YMTe)Isi MATeMAaTHKH, Ha-
NMUCaB 9K3aMEHAIHOHHYIO
paboTy Mo TEOPHH NPHJIIA-
BOB M OTIMBOB, B KOTOPOi
BIIEDBEIE M3JIOKUJ OCHOB-
HBI€ TIOJIOYKEHUS CBOEH Te-
opuH IPOTAMEHHOCTH.
Muoro ner I'pacman npe-
nmojaBaj B TIMMHA3WM B
IllrerTune. B aTi e roasl
3aHUMAaeTCH Hecye[oBa-
TenbCcKOM paboroit. I'pac-
MaHy IIPpUHANJEXKHT Ma-
TeMaTUYecKas TEOPHS L Be-
TOB, Teopusa 0Opas3oBaHuA
COTJIACHBIX 3BYKOB, a TaK-
e PAJ APYIHX HCCIeHo-
BAHMH B pPABJMYHHIX OT-
paciafx 3HaAHWH.



M AJIA YMHOXXEHHS) M AMCTPUOYTHUBHBIN 3aKOH (XA yM-
HOJKEHUS OTHOCHUTEJBHO CJOeHHA). MBI OrpaHMYMIINCH
cayuyaeM k=3. AHAJOTUYHO MOJKHO NOCTYIUTHL IIDH JIO-
6om HaTypansHOM k (Torma emumum Gymer 2°). Ilpu k=2
anrebpa Knuddopaa cosmazaer ¢ anrebpoil KBaTepHHU-
OHOB: TIOJIOXKHB i=e,, j= ey, k=e,e;, BULUM, 4TO i =) =
—=k’=ijk= —1. Kiubdopa cosman cBoo aaredpy He
TOJBKO IO/ BAUAHUEM upueit 'aMuiabToHa, HO M HAeH ApY-
roro M3BeCTHOTO MaTeMaTHKa, paboTaBIIero B TOM e Ha-
MPABJIEHUU OLHOBPEMEHHO ¢ I'aMHUJALTOHOM M HE3aBHUCHMO
ot Hero,— I'. 'pacmana. B 1844 r. I'pacman mocTpous He-
KOTOPYIO JUHEHHYI0 ajredpy (rHIepKOMIIJIEKCHYIO CHCTe-
My 4YHCeJ), KOTOpas BKJIOYAET BEKTOPHOE HCYHUCJIEHUE
Hawux gHei. Mul He Gynem 3xech NMOAPOOGHO OCTaHABIIHU-
BAThCA HA OCOOEHHOCTSIX 3TOM ayire6phl, 3aMeTHM TOJILKO,
4YTO OHA CXOfHA ¢ KJIu(pPOpAOBOIl anre6poii, 0 KOTOPOIl MEI
TOBODUJIM BhbIlle, ¢ TOH JIMIOb CYLIECTBEHHOW pasHUIEH,
4TO B Heil BMECTO I paBuja ef,= —1 (mna xkaXaoro Homepa
p ot 1 mo n) npunaTo mpasuio: e, =0. Anrebpa I'pacmana
LIMPOKO TNpPHMEHseTcs B pANE pasfesioB COBPEeMEHHOH
MaTeMaTHKH.

§ 35. IlepBaa BcTpeda ¢ MATPHIAMM

ITocnie Toro xak ObiIM H306peTEHB] KBATEPHHUOHBI H
OKTaBHl M CTaJia OYEBHIHOW BO3MOIXXHOCTH CO3JAaHUSA CH-
CTeM T'MIIEDKOMILJIEKCHBIX 4HceJ (MBICIMMBIX B BHIE YIIO-
PAJOYEHHBIX CTPOYEK TO N AeHCTBUTENHHBIX YHCEeJ B KaiK-
JOit), OBl creyaH CHAeAYIOMHN — M, KAK OKasaJioch, 0CO-
6eHHO MNJIOAOTBOPHBIN IJIf TPHIOMKEHHH — mar mo o0606-
IMIeHUI0 TMOoHATHS yucaa. B 1858 r. A. Kaau 3ansancsa cu-
CTeMATHYECKHM IIOCTPOEHHUEM 4YHCeJ HOBOH IIPHPOABI —
HE CTPOYeK, & Tabauly (IPAMOYTIOJNbHEIX, B YACTHOCTH KBaJ-
paTHBIX), COCTABJEHHBIX U3 /JAEWCTBUTEJBHBIX YHCeN (Wau
Jaxe U3 KOMIIJIEKCHBIX uyuces). OHM MOJYYMIM HA3BAHUE
marpuy. Ecnu B MaTpuie m CTPOK U n CTOJOGIOB, TO I'OBO-
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pAT, YTO OHA WMeeT pasMmepsl m X n. B dactHom ciyuae,
KOrfia MaTpuIa KBaapaTtHas (m=n), YUCJIO ee CTPOK (Miam
cTosIOIOB) HAa3BIBAIOT nopidxom marpuybt. Hanpumep,
Tadguna

12 3 4
1 4 9 16
1827 6

npeacrasisier coboit matpuny pasmepoB 3 X 4. OHa umeert
3 crpoku u 4 cronbma. Ilpu samucu mMaTpuny OOGBLIYHO
3aKJIOYAIOT B KPYIJibie CKOOKM M 0003HA4YaOT OLHOH OGYK-
BO# (Hampumep, A, M).

Yucna, ¥3 KOTOPBIX COCTaBJieHA MAaTPHIA, HA3BEIBAIOT
ee dJeMEHTaMH (3HAYMTEJBHO peKe — KOMIIOHEHTAMM).
JluaroHanb XBaZpaTHOM MATPHUUBI, HAYLIIAS OT JIEBOrO
BEPXHEro 3JIEMeHTa K IPaBOMY HHJIKHEMY 3JIEMEHTy, Ha-
3bIBaeTCA 2/2a6HOU auaroHanbsio. Hanpumep, B KBajpaTHOR
MATPHIE YETBEPTOr'0 MOPSKAa

1 2 3 -4
1 4 9 16
1 8 27 64
1 16 81 256

A=

rJaBHas AUAroHaJIb COCTOMT M3 sneMeHTOB 1, 4, 27, 256.

Il KaMJOro 3JIeMEHTa MAaTPHUIBLl MOXHO YKasaTh
CTPOKY u cToJi0el, B KOTOPHIX OH HaxoauTtca. Tak, B mar-
pune A snemeHT 9 HAXOAMTCA BO BTOPO CTPOKE 4 B
TpeTbeM cTonbue. B CBA3M ¢ 2TMM NpPH 3aMUCH IIPOU3-
BOJIbHOH MATPHIBI ee JJIeMEHTHl 4acTo 0603HA4anT Oyk-
BOM ¢ ABYMS WHJEKCAaMH, HallpuMep a,, (3Zeck p O3HayaeTr
HOMEep CTPOKH, a ¢ — HOMep cTonbua).

ITycrs mMeloTcs ABe MATPUILI OLHHX H TeX XK€ pasMe-
pOB. OJNEMEHTHl ABYX MATPHUI, y KOTOPBIX COBIAJZAIOT
HOMepa CTPOK M HOMepa CTONOIOB, ONPEAEeNsIIUX 3TH
9JIEMEHTBI, YCJIOBUMCH HA3BIBATH COOTEeTCT8eHHbiLMIL. Ha-
IpUMep, B MaTpHUAaX
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1 3 5 0 81
A= —1 0 2 . B== 12 vk
2 4 —6 1 4 4

9NMeMeHTHl ajo=38 u b;y=8 — CcOoOTBEeTCTBEHHBIE,

MaTpuiia 9acTo BOBHHUKAET KAaK HekoTopas WHpopMa-
nuMoHHAaA cBoaka. (MaTpuua, cocTOAIAas U3 OLHOIO CTOJG-
11a, HA3BIBAETCH MATPUUA-CTON0EY).

MaTpuubl MCHOJB3YIOT AN KOMIIAKTHOM 3allHCH HMTO-
OB KaKoro-HMOyAs TypHHpPa, Ppe3yJbTATOB IIOCTaBKH
(B KaKux-1160 eJUHUIAX) TOBAPOB M3 HECKOJBbKHX IIYHKTOB
OTIpaBJIEHUS B HECKOJNbKO IIYHKTOB Ha3HAYeHUHA, CTOH-
MOCTE# IepeBO30K 3TUX TOBAPOB.

Ilo aHaJIOTMM C KOMIIJIEKCHBIMH 4YHMCJIaMH M KBaTep-
HuoHamu Kayim BBes AJsl MATpPHUIl OGHUX M TeX K€ pasMme-
POB OIpejie/iIecHHe DPABEHCTBA, IIPABUJIA CJHOXKEHHS, BBIUM-
TAHUA, YMHOMKEHHUS HA 4YHUCIO (ZEHCTBUTENHHOE HJIH KOM-
niaexcHoe). Kak u B caydyae KOMIJIEKCHBIX YMCEJI WJIM KBa-
TePHHOHOB, 3TO JAeJIaeTcs NOKOMNOHEeHTHO. J[Be MaTpHILI
ONHHUX M TeX JX€ pasMepoB CYMTAIOTCS PABHBIMH, €CJIH
Y HUX DPaBHBI COOTBETCTBEHHBLIE 3JIEMEHTEHI.

Cymmol (pa3noctvio) aByx matpuu A u B OofHMX M
TeX JXe pasMepoB m X HA3BIBAETCH TaKad TPETbd MATPHU-
ua (pasmepoB m X n), y KOTOpPOil KaMK bl 3JIEMEHT paBeH
cyMMe (pas3HOCTH) COOTBETCTBEHHEIX BDJIEMEHTOB JaHHBIX
MaTpHIL.

YMHOXHATL MATPHIy Ha 4YHCJAO A O3HaAYaer, IO Olpe-
JeJICHUIO, YMHOXKHATH HA HEro Kaj’XJbli 5JI€MEHT MaTPHILHI.

Hyaneeoili wmatpuueii HasbIBaeTCca Takas MaTpULA,
Y KOTOpPOi BCE€ BJIEMEHTHl PaBHEI HYJIO.

CrnosxHee onpenenuTtbh npouideedenue marpuy. Cuauana
OFPAaHUYUMCH YMHOJKEHHMEM KBaJpPaTHONH MaTPHIIBI

a a:
—— 1
2t (bl b2) 1)
x
Ha MaTpuny-croinben X = (”) 9TO AenaeTrcs Mo IPABUIY
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«YMHOMKEHHUS CTPOKH Ha croiber»:

x (@ a2 (x\_ a.x—{—azy)
A X e b, b?) (II)— (b|x+b2y )
(B pesyJsbTraTe moJaydaem MaTPMILY-CTOJOEI).

WHave rosopd, CIeAYET YMHOXKHTH IIepDBBIH DJIEMEHT
1epBOi CTPOKHM MAaTpHULEl A Ha IEpBHIH BJIEMEHT CTOJOma
X ® BTOpDOM 5J€EMEHT TOH JX€ CTPOKH HAa BTODOH BSJIEeMEeHT
cronbuma X, mocjie 4Yero IOJIydeHHBIE 4YHCIA CJHOMXKHTh.
Ora cymma U GyeT BJIEMEHTOM II€PBOM CTPOKH M IEpPBOro
(eMMHCTBEHHOr0O B AAHHOM cJiy4yae) cTonbna MaTpHIbI-
NMpOM3Be/IeHU . Y MHOMKAA BTOPYIO CTPOKY MaTpHubl A Ha
9JIeMEHThl MATpULBE X IO TOMY Ke NPaBUJY ¢«CTPOKa Ha
crosnber;s, IMOJyYUM BTOPOM DJIEMEHT MaTPHIIbI-IIPOH3Beje-
HUA. B pesynbTaTe TAKOrO YMHOMKEHHSA IOJIydyaeMm:

A-X=C,
rae C — marpuna, 3amMcaHHasi B NpaBoil wactu dopmy-
nsl (2).

C nomMOmbI0 YMHOXEHUS MATPHUI, MOXKHO KOMIIAKTHO

3amuChIBATh CHCTeMBl ypaBHenuii. Tak, cucremy

{2x+6y=17,
3x+5y=13
MOXXHO 3anucarth B Busne: A-X=C, rage

4= 3 £).x= (). = ()

VN MeHHO BO3MOXKHOCTB TAKOW KOMIAKTHON B3alMCH CH-
CTeMbl ypABHEHUH M JNUKTOBaja BHIGOD NmpaBUJa yMHOMKe-
HUS MATpPUI. AHAJOHYHO MOXKHO ONpDEJeJUTh YMHOKe-
HHe MaTpunbl A, y Kotopoir 3 cTpoku u 3 cronbma, HaA
maTpHuiy-crosnber X, y xoropoit 3 snemenra. Torga, Ha-
NpUMep, CUCTEMY yDaBHEHHUH

2x+3y+ Tz=35,
Tx—6y =0,
2y+13z=1 {
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MO HO 3anMcaTh KOMIIAKTHEEe Tak:

L8 T x 5
76 of-Ly]l=\o
0 2 13 z 1

WUnpa mo suEUH 060OIIeHHMS W IPUMEHEHHS AaHaJOTWi,
MOXKHO IPABUJIO YMHOXEHHUS <«CTPOKA Ha CcToJibei» mepe-
HECTH M Ha caydal ABYX KBaJPATHBIX MAaTPHIU. A MMEHHO,
TIPOU3BEIEHUEM MaTPUILLI
A:(a' a?) ik P___(I;I Q1>
by b 2 Q2
Ha3bIBALTCH MATPHIA
U — (alpn +asp; ai1qi+asq: ) (3)
bip) + bop: bigi+b2qo
Ilpu M3Yy4YEeHUM KOMIIJIEKCHBIX YHCEeJ Mbl BHJEJH, UTO
1eJsiecoo6pa3sHO TOJKOBATL KOMILJIEKCHBIH MHOMXHTENb &
B NIPOM3BEJEHUM W==0a-2Z KaK OIepaTop, LeHCTBYIOIINN Ha
BEKTOD ¢ KOMIIJIEKCHOH KOOPJAMHATOH Z M Ipeobpasyroniui
€ro B HEKOTOPBIH JPYroil BeKTOp (C KOMIIJIEKCHOM KOODPIH-
HATOH w). AHAJOrWYHBIN OMEPATOPHBIA NMOAXOA U Onlepa-
TOpHAA TEPMMHOJIOTHS YMECTHBI U IIPH PACCMOTPEHUHM MaT-
pun. Tax, B sanucn U=A X, rage X u U — maTpuysl-
cronbusl, a A — kakaa-a1u60 MaTpuua, IeJgeccobpasHo
TIOCeHIOI0 TOJIKOBATh KaK HEKOTOPBHIM oOmepaTop, mei-
CTBYIOIINI Ha MaTtpuiy-crositenr X u npeobpasylomui ee
B maTpuny-cronben U. Ta »xe TepMHHOJIOTHS yMeCTHA M B

TOM cJiyyae, Korga MmaTpuna X — He 0683aTeJIbHO MaTpUILA-
crosberr.

IIpumepsr

1. Jlanbl KBajipaTHbIE MATPUIILI

1 2 ki
a=(_1 3)nB=( 5 _2).

3anumem maTtpunbi-npoussegenus U;—=A-B u Uy=B-A.
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Pemenue. Ilonp3ysick MpaBMJIOM «CTPOKA HA CTOJI-
Gem» AN yMHOMKEHHS KBaJPaTHBIX MaTpUI (cM. hopmyny
3), Haitgem:

—aa=(3 ) (3 Y-
ol XAV £ Z2 Ll (=% 1 p0o s
‘(—1-(-4)+3-2 ~1.1+3-(—2))_(10 —7)-

AHAJOrMYHO IOJYYHM:

s am(4 _3)"(} -

_(—4‘1+1‘(‘1) —4-2+4+1-3 )_
i 2:14+(—2)-(—1) 2:24+(—2)-3/

_{—5 —5b
=(7% 22)

CpaBHHMBasA IOJIyYeHHBIE Pe3yJbTATHI, MOXKHO 3aKJIO-
YHUTh, YTO YMHOXXEHHE [JBYX KBAJPATHBIX MATPHUI[ MOXKET
¥ He 06J1a1aTh ITepeMeCTUTEIbHBIM CBOMCTBOM, T. €. B 001IeM
cnyqae A -B= B-A. He uckino4yeHa BO3MOXHOCTb, 9TO IPH
KakoM-To moabope martpuy, A u B paseHcTBo A-B=B-A
BBINTOJIHUTCH.

a b 10

2. JlaHBI ABe MaTpUUbl A = (c d) uE= (0 1 ) Haii-
nem npousBejesue E - A.

Pemenue. [lonp3ysich mpaBHJIOM yYMHOMEHUS m;ans
paTHBIX MaTpul (cM. dopmyny 3), HAXOAMM:

AR,
=Rty A D)-a

Kak cneayer u3 npumepa 2, MaTpuua

e=(5 1)
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JeicTBys Ha J00yI0 KBaZpaTHYI0 MATpHULy Oopsxaka 2,
ocraBiader ee 6e3 M3MeHEHUHA MOXOGHO TOMY, KAK IPH yM-
HOXKEHMH JI060ro AefCTBUTENHHOrO YHCIA HA eLUHMUILY,
9TO YHMCJIO OCTAeTCHA HEM3MEeHHBIM. YYHMTHIBAs 3Ty aHAJO-
ruio, HazoBem Martpuuy E edunuunoill maTpuiei.

O6paTum Teneph BHUMaHHe HA TOT CJIy4ai, KOrga Ipo-
usBefieHHeM AByX MmaTpun A u B okasnBaercd €AMHMY-
Hag matpuna E. Takume MaTpuusl Ha3BIBAIOTCS 63AUMHO
obparhbimu (MaTpuua B HaseiBaeTcs o6parTHOl K A,u Ha-
obopor).

Hanpuwmep,

( 2 —1)_ (3 1)_(1 0)

—5 3 & 25 %0 4

T. €. ABe MEepeMHOKeHHBble MATPHIIBI B3aUMHO OOpaTHBIE.
Jlerko mpoBepHuTh, YTO

( d ——b)' (a b)_ (ad—bc 0 ) )
—c a ed) 0 ad—bc )°
Orcrona BHAHO, 4TO npu ad —bc=1 3TH MaTpUIEI B3aUM-

HO obpaTHhie. Popmysy (4) MOMKHO MCIIOJB3OBATEH JAJISI CO-
CTABJIEHUS ABYX B3aMMHO OOpaTHBIX MATPHI.

3. lana xBazpaTHasi MaTpUIA A=(Z 3), ad—

—be+#0. Hanumem ¢GopMyabl AJA BBYHCJIEHUS dJIeMEeH-

X, X2
Y2

Pemenune. Umeem:
A-X=<a b).(xn xz)z
e a Yy Yo

i (ax|+by| ax2+byg)
cxi+dy,  cxa4dy: /)’

Tax kak matpunsl A u X — B3aumMHO ob6paTHBIE, T. €.

TOB MaTpUIbl X = ), obpaTHo#t maTpune A.
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A-X=E= ((1) (1) , TO U3 YCJIOBMSA DaBeHCTBAa ABYX MAarT-

PHI TIOJIY9IUM :

ax, + by, =1, ax;+by.=0,
{ = {

cx;+dy, =0 cxo+dys,=1.
Pemas 3Tu cucTeMBI YpPaBHEHUH, HAXOAUM :
A d el —b :
' ad=dc ® T ad—be {5)

—c Rl a
Y'"="3d—bc’ Y~ ad—bc "
OcranoBumcs (6e3 moxasaTesbCTBa) HA OLHOM CBOMCTBE
B3aMMHO OOpATHBIX MATPHI[: ecau MaTpuna A, neicrBys
Ha Kakyo-amb60 marpuiy P, DepeBOSUT ee B KAKYIO-TO
matpuny @, to obpatHas kx A matpuua B, aeicTByd HA
maTtpuny @, mepesejer ee obpatHo B marTpuny P.
IlocnenHee 06CTOATENIBCTBO MOXKeET OBITH MCIIOJIB30OBAHO
AN pelleHus 3aHUMATENbHHIX 3aJlau HA KOAMpOBaHHE U
JeKoAupoBaHHe Kakxoro-aubo Ttexcra. Ilpocroii cmocod
wHdpPOBAHUS COCTOUT B TOM, YTOOH NPOHYMEPOBATh OYKBHI
andasura:

a, 6,8, K ©, & M,8, W, &, B, I, M H: 'O
1, 2,.8,4,:5,6,7.8, 910, 11; 12,113, 14, 1§,:16;
o P G ® ¥y by X W, W, B, I BB
17, 18, 19; 20, 21, 22, 23, 24, 25, 26, 27,' 28,29,
b, 9 ‘10, 'd '
30, 31, 32, 33

U KaxJaylo 6YKBYy 3aMeHHUTH ee HOMepoM. OZHAKO TaKOI
KOJZ JIerko pasrazaTh. IlokakeM Ha mpumepe, KaK MOXKHO,
MCIIOJIb3YA MATPHUIBI, YCIOXKHHTH STOT KOA. Bosbmem
Kakoe-HMOyab caoBo, Hampumep <«Kwues». Ero xoxg (12,
10, 6, 3). Banumem oTH YucJa B BHAE KBAJPATHOW MarT-

2 10 r
punsl P = 6 3>. IlopeiicTByeM Ha Hee IIPOU3BOJb-
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HOW KOAMpYIOIeid MaTpuuei A:

2 1
A—-(] 1).
ITonyuyum:

: -2 1 12 10\ _ /30 23\ __
A'P—<1 1>°(6 3)_<18 13)=Q'
B sToli MaTpuue 3amucaH HOBHI Kox caoBa <«Kues» (30,

23, 18, 13). O6paTHOii MaTpHULell IO OTHONIEHHMIO K MAaT-
pune A sBiseTCs MaTpHIa

e

(cm. dopmyny (4)). Ilonyuaem:

B.Q= ( 1 —1)_ (30 23)___ <12 10>=P
—1 2 18 13 6 3 ’
T. €. MBI IOJYYHUJIH UCXOAHYIO MATPHILY, IO KOTOPOH JIErKO
BOCCT2HOBHUTH 3aIIM(POBaHHOE CJIOBO.

AHAJOrHYHO MOIKHO IWHU(POBATH TEKCT, COAEPIMKAIUi
60abiee 4yuca0 OyxB (IpeABAPHUTENBHO ero cjenyeT pas-
6uTh Ha rpaHM no 4 OYKBBI B KaKJIOH IPaHM M OTHEJHHO
wrdpoBaTh KaXKAy0 rpaHb. EcIu B OJHOH rpaHHM OKa-
Jxercss MenbuIe OYKB, 4yeM 4, TO MOXXHO IIPpUIIMCATH, Ha-
IpAMEpP, HECKOJIBKO TBEPABIX 3HAKOB).

COBOKYIIHOCTh BCE€X MATPHUI[ HEJb3A pacCMaTpHBaATh
kak ajare0py, Tak Kak He Jio0ble JBe MAaTPMIBI MOMHO
CJIOKHUTH WJIH NepeMHOXHUTh. OQHAaKO KeadparHvle MaTpu-
ysvl 00H020 u T020 XHe nopadka n (¢ AeHCTBUTEIbHBIMH
WM KOMIIJIEKCHEIMHU 3J€MEeHTaMu) 06pa3yorT anzebpy.

B Teuenme nepsrix 50 JgeT mocJyie u3o6peTeHUs MaTPHIL
NpeANPUHAMANUCH MONBITKY H3YYHTHh KBaJpaTHble MaTpH-
bl 3aJaHHOTO MOPSAKA 7N, Y KOTOPBIX BCe BJIEMEHTBhI —
nensie yucna. Takne MaTpUIbl paCCMaTPHBAaJIM KaK IeJibie
rUIepKOMIIeKcHbIe umcena (panra n’). Ha rakue wucsa
(MX Ha3BIBAJMN TeTapuUOHAMU) OBLIN ITepeHeCeHbl HEKOTOPhIe
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NOHATHS U (GAKTHI TEOPHH IEJIBIX KOMIIJIEKCHBIX YUCeJ U
LeJIBIX KBATEPHHOHOB.

B kauecTBe HOPMBI TeTapMoOHA (ILEJIOYHMCIEHHONH KBaj-
paTHON MAaTPMIbl) MpPeAJIarajoch B3ATh MOAYJb OIIPEAEIIH-
TeNsA, dJIEeMEHTAMHM KOTOPOro SABJISIOTCSH COOTBETCTBYIOLIUE
asieMeHTH MaTpunbl. OHAKO K COJepKaTeJbHBIM IIPUJIIO-
JKEHHUAM 9Ta IMONBLITKA He npusesa. IIPUIIOKEeHUA MATPUIL
OKa3aJINCh CBA3AHHBIMH C APYruMH npobGieMaMu MaTe-
MaTHKH U (PHUBUKH.

* k¥

Cesi3p MeEKAYy MATPHIAMH, KOMIUIEKCHBIMH 4YHCJIAMH,
kBarepumonamu. A. Kanu obfpaTuys BHUMaHHMe Ha TO, 4YTO
cpeAM KBaJpaTHBIX MAaTPHI, €CTh TaKue MaTpHUbl (MX
3JIeMEeHTaMU SABIAIOTCA AeHCTBUTEJIbHBIE 4YuCaa), KOTOPbIe
BeayT ceba B apudMeTHUECKUX [AeHCTBUSAX TaK JKe, Kak
KOMILJIEKCHBIE 4Mcaa. B camom jgese, gaBaiite paccMarpu-
BATH BCEBO3MOXKHEIE TaKue KBaJpaTHble MaTPHMLbLl IOPAJ-
Ka 2, KOTOpble MMEIOT BHJI:

a —b

(b a)' (6)
KamxaoMy KOMIJIEKCHOMY YHCIY a -+ bi 0OCTABHM B COOT-
BercTBHe MaTpuily sBuza (6). OxassiBaercsi, 4YTO MPU HTOM
cyMMe, Pa3HOCTH, IIPOM3BEACHUIO NBYX KOMIIJIEKCHBIX 4H-
ces OyAeT COOTBETCTBOBATH CyMMAa, PA3HOCTb, IIPOU3BE-
JE€HHE COOTBETCTBYION(MX MaTpuil. IloaroMy omepauuu
CJIOJKEeHUSHA, BBEIYMMUTAHUA M YMHOXKEHHs, IPOU3BOJHMbIE
HAJl KAKHMHE-ITM60 KOMIJIEKCHBIMHM UHCIAMM, MOXMHO 3a-
MEHHUTh AeHCTBUAMHU HAJ MaTpuuamu Buza (6). Oty mblcab
NPHHATO BBHIPAXKATH B MaTeMaTUKe TaK: COB0KYNHOCTb
ecex marpuy euda (6) usomopgHa co80KYnHOCTU 8cCex
KOMNAEKCHbLX Yuces. BEIYHCINAM ONpeAeuTe] b MAaTPHI(bI
(6), T. e. ompeaenuTesb, 3ajaBaeMbIi (DOPMYJIOWH:

a —b
b a
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BuguMm, uTO OH paBeH HOpMe (KBajpaTy MOAYJA) KOM-
NJIEKCHOrO uYHmcya a-+bi. AHajlorMyHad KapTHHa HMeeT
MECTO W JJIi KBATEPHUOHOB: €CJIH KaXKAOMY KBATEPDHHOHY

a+tbi+cj+dk (7

IIOCTABUTH B COOTBETCTBHE KBAaJPATHYIO MaTpuly (C KOM-
[IJIEKCHBIMH 3JIEMEHTaMH)

(a—i—bi -—c—di) ®)

c—di a—bi)’
TO COOTBETCTBHE TOMe OKa)kercad H30MOpPHEIM (B TOM
CMEICJIe, KAK MBI 3TO BHJAEJH B CJIy4Yae MaTpHI], COIOCTAaB-
JIsIeMBIX KOMIIJIEKCHBIM 4HcJjaM). YPo KacaeTcsd OINpeAesIu-
Tenss MaTpuusl (8), TO OH, OUEBHIHO, PaBeH

a+bi —c—di R 2 2 2
c—di a—bil| ¢ TR et

TO ecTh HOpMe (KBajgpaTy Moxynasi) kBarepHuoHa (7).

MoxHO nomo6paTth CHCTEMY MATPHI[ ¢ O0elCcTurelsb-
HbIMU BJI€MEHTAaMM, KOTOpas W30MOpdHA CHCTeMe KBaTep-
HUOHOB. JInsA 5TOH IEJH JOCTATOYHO KAXKIOMY KBaTep-
HHOHY @+ bi-+cj-+ dk moCcTaBUTL B COOTBETCTBHE MATPHILY
YeTBEPTOrO MOPAJKA:

a —b —c —d
b a —d —c

M= c d a —b |~ 9)
d —c b a

Herpyauo y6Geaurbesi, yTo maTpunsl Buaa (9) BeayT cebs
10 OTHOLIEHHMIO K apudMeTHYecKHUM /JeHCTBHAM TakK Ke,
KaK KBATEDHUOHBI: CyMMAa, Pa3HOCTh, IIPOM3BEJEHHE IBYX
maTpuy, Buza (9) COOTBETCTBYIOT CyMMe, DPa3HOCTH, IIPO-
HM3BEJEeHNIO COOTBETCTBYIOINUX KBaTepHHOHOB. Kopoue ro-
BOps, aazebpa marpuy euda (9) usomopgdHa anzebpe
KearepHuoHo8. [nsi mposepku »Toro daxra yaobHO mpex-
BapUTEJbHO IIPEACTABUTE MATPULy BUZA (9) B BUZEe CYMMBEI :

M =aE + bl +cJd}+dK, (10)
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rae E, I, J, K — maTpuusl BUjA:

1000 RS T
T e ey o
el ioo e linlipie g s

0001 0T
B b ol S 400 e oy
S iy gy ol e S e
d=giip et g g E=Y gy Tlg e g
By g e g i) 16000

2

3aTeM MOMXKHO TpoBepuUTb, uT0 I'=J'=K’=—FE,
IJ=K, KI=dJ, JK=I.

IIpuveneanme martpun. CpoiicTBa MAaTpHI[ AAIOT BO3-
MOYXHOCTh NIPDHMEHSATH UX AJS Pa3HOOOPA3HBIX BBIYHCIIE-
aui. IlIUpoKWe NpPHUJIOKEHUS HAXOAAT MATPULBLI B KO-
HOMUYECKHX M CTATHCTUUYECKHUX pacyeTax (B XO3AMCTBEH-
HBEIX pacyeTax, B IIPOWBBOJACTBEHHOW CTATHCTHKE, B JEMO-
rpadun). B 40-x rogax MaTpuubl CTANH WXPOKO BHEAPATH-
cAd B pacyeTsl DJIEKTPUYECKHX IeNed, B CTPOUTENbHYIO
MeXaHHKY H B Apyrue o0JacTH HaYKH, I'Zle PelIieHHe IIPH-
KJQJHBIX 3a7ad CBA3AHO C pElleHHeM CHCTEeM JIMHEHHBIX
ypaBHeHHH ¢ OGOJIBLIMM 4YHCJIOM HEHW3BeCTHHIX.' BaskHoe
MeCTO B3aHAJM MATPHUIBI B KBAHTOBOM MEXaHHWKE IIOCje
nosaBneHuA B 1925 r. knaccuyeckux pabor ¢pusuka B. Ieii-
genbepra (1901—1976), B KOTOPHIX MATPHYHHINA ammapart
WrpaeT pemampmyio pojb. ComepsKaTebHble MPHIIOMKEHH I
HALIJIM MATPHIBI B KOCMOHABTHKE ¥ ACTPOHOMMU (B 4acT-
HOCTH, IIpM IlepecyeTe JAHHEIX, MOJYYEHHBIX B OJHOU
cHCTEeMe OTc4YeTa, B JPYIyI0O CHCTEMY OTcdYera), a TaKKe
BO MHOTMX BOIIPOCAaX CAMOH MAaTEeMATHUKH.

YupaxaeHus

35.1. Umerorca 5 nyukrtoe A, B, C, D, E, KoOpAHHATHI
KOTOPBIX Ha mJjockoit kapre (0; 4), (1; 2), (1; 0), (4; 1),
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(3; 3). Hekoropble U3 3TUX IYHKTOB COEJMHEHBI IIPAMOJIHU-
HEeWHBIMH aBTOOYCHBIMHU JUHUAMHA. CBejeHHs 00 THUX JIM-
HHUAX NpuBeleHbl B Tabiauue (mudpa 1 mocrasieHa B TOM
ciaydae, €CAHM CYILIeCTByeT aBTOOYCHadA JIMHUSA, KOTOpas
COeAMHACT OAMH IIYHKT ¢ Apyrum, a 0 — ecau Takod Ju-
HHUU HeT):

moQW®

~OoOOmON
O Oy
-0 =Oo0
—~OoO Mmooy
O H ===y

Ilo 5TMM JaHHBEIM H306pa3uTE CeTh JUHHUH, COeTUHSI0-
mMMX AaHHBIEe TYHKTHL s yaob6cTBa MoJab30BaHMA TabIH-
e mpocTaBieHbl 0003HAYEHHS NMYHKTOB.

35.2. Umenach cucTeMa HM3 TpeX JUHEHHBIX YypaBHe-
HU ¢ TpeMs Heu3BecTHHIMU. B maTpune A cobpaHbI K0adb-
¢GHUIHEeHTH TPH HEM3BECTHBIX !

3 01 !
A= 0 5 1},
2 20

a B matpulue D — cBOGOLHBIE YJIEHBI:

()

BoccTaHOBUTE CUCTEMY ypPaBHEHHIA.

35.3. MoxkHO 1H cnoxuTh marpuinsl A u B, ecin

1 2
=53y a=(-2-1):
oy 3 4
35.4. [laubl aBe MaTpUlbl:

238



31 -2 21 —2
A= 1 4 2 u B= 1 3 2 1=
—2 2 5 —2 2 4

Banmumure matpuusl: C,=A+B, C;=B+A, C3=A —B,
C,=B—A, C;=3A, C5=% B.

. 35.5. Hagzosure nBe Taxue marpunsli A u B, urobsl
MX CyMMa oKasajach HYJEeBOM MaTpHUIEH.

35.6. Haiizure npousBezeHue KBAZAPATHOH MaTPUILBI

by 1

12 6
e 1 1
10

.

Ha MaTpuuy-croiben X — (_g)

35.7. CocraBbTe NPOMBBOJBHYIO KBaZpPATHYI MAaTPH-
Iy BTOPOro IOPAAKA ¥ YMHOMXbTE €6 HA HYJIEBYIO KBaJ-
PATHYIO MAaTPHIY TOTO K€ IOpSAAKA.

35.8. CocraBeTe JBe pasjM4yHBbIE KBajpaTHble MaTPH-
bl A u B nopsaaxka 2 ¥ 3alUIIUTEe MaTPHILI-IIPOU3BEJE-
Husd A-B u B-A.

35.9. Haijigure marpuns-npousBegeHus U, =A:-B u
3 1 —1 1
U,=B-A, ec.rmA—\4 1),B-( " _3>.

35.10. MookeT 1M IIDOM3BEJEHHE ABYX KBaJPATHBIX
(mopaaka 2) HEHYJIEBRIX MaTPUI[ OKA3aTbCHd HYJIEBOH
maTpuei? -

35.11. ITpoBepkTe, uTO Ay JI000H KBAZPATHOU MaTpuU-
bl A TopszKa 2 BHINOJHSAETCS PaBEHCTBO:

A-E=E-A=A.
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35.12. Hcnons3ys maTpunbl, samudpyiTe csoe ums
u damunuio.

35.13. HasoBuTe JABe TaKHe KBajpaTHBIE MaTPHIBI,
yTo0Bl MX CyMMa OKA43ajach €JUHUYHOH MATpUIEH.

35.14. [IBaskabl NPUXOAUIM HA IOYTY TPH TOBADHINA:
Anjgpeii, Banepuit 1 Cama. Kaxkaplii pas oHM NOKynaJu
oTkpuITKH (0), koHBepTHl (K) m mapku (M). [lannasle 006
UX MOKYNKAX 3aJaHbl B TAKMX MATPHIAX:

Ilokynku B mepBBlii pas Iloxkynmku BO BTOpO# pas
O K M O KM
Anppeit 10 15 ' 7 Amnppei 6: 52
Bamepuitj 15 12 4 Banepuiif 7 4 1
Cama 14 6 2 Caua 5 10 0

CKOJIBKO OTKPBHITOK, KOHBEPTOB W MAapPOK KYIMJ KaX-
AbIi U3 Tpex ToBapuimeit? Ha cxosibko GoJibLIe OTKPHITOK,
KOHBEPTOB M MapOK KYIHJ KaXXAblil M3 TOBaphuleil B mep-
BBIii pa3, yem BO BTOpoi? IlosyuuTe OTBET, BBHINIOJIHUB
JeHCTBUSA HAJ YKAaB3aHHBIMH MATPUIAMH.

35.15. Macrepckasi 1o ObITOBOMY OOCHYXHBAHUIO Ha-
CceJIeHMs TOJy4YMJla 3aKa3 Ha CTPOHTENBCTBO TpeX rapa-
JKeil, ceMd capaeB M WIECTH AAYHBIX JNOMHMKOB. V3BecTHO,
YTO AJIA COOPYXKEHHSA YKa3aHHBIX O00BeKTOB morpebyercs
KHPIIHY, CTEKJIO, ’Keye3o, mudep, nocku. KosmdyecTBo
TpebyemMBIX MaTepUasIoB (B ONpEeAENIeHHBIX EeJWHHUIAX)
yKa3aHO B NIpUBeJIeHHON HuKe maTpuune M.

KHPIIMY CTEKJIO JKeJe3o umd)ep AOCKH

Tapax 90 2 7 31 3

Capait 10 1 0 20 43 =M.
Hauusni \ 22 44 3 53 125

OOMUK

CKOJIBKO eJMHMI[ MATePHAJIOB KajKJOr0o BHUIA JOJIIKEeH
3akasaTh OpUraZup Ha COOPYIKEHHe BCexX rapakei, capaes
U JAYHBIX HOMHMKOB?
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35.16. /Ise nuoHepBOXKATHIE JJIS CBOMX IIKOJ KYNHJIHX
MCKYCCTBEHHBIE IBEThI TPEX BHUIOB: PO3BI, IIMOHBI, I'BO3AH-
ku. Ilepsas mnuouepBokaras kynuua 30 HaGopoB pos,
45 naGopoB nmuoHOB # 35 HaGopoB reo3guk. Bropas —
40 uabopos po3s, 50 vaGopoB NHOHOB, 25 HAGOPOB IBO3AUK.
B kaxxzom nHabope 6by0 aBa nBetrka. OguH 1nBEeTOK OBLI
M3roTOBJIEH U3 OyMaru, NOKPHITOH BOCKOM, JApYyrod —
u3 Ma'repm}. BymaHBIH IBeTOK cToms: posa — 70 K.,
nuoH — 60 k., reBoamuxka — 40 k. MarepuaThlif CTOMJI:
poza — 1 py6. 20 k., muon — 1 py6. reosguka — 65 kK.

IIpeacraBbTe 9TH NaHHbIE KOMIAKTHO B BHJ€ MaTPHIL.
BrinmonEuB apudMeTHYECKHE OIlepaldM HaJi MaTpUIaMu,
y3Ha#Te, CKOJIBKO AEHer yNJaThja Ka)Xjas IHOHeDPBOXKa-
Tas 3a OyMasKHBIE I(BETHl ¥ CKOJIbKO 3a MaTepdyaThle.

35.17. Cnunosvimu marpuuyamu Ilayau Ha3BIBAIOTCHA
clIeAyIOmye MaTPUIBl BTOPOTO MOPSKKA:

_(o 1) _(o —i)o_(l 0)
rhieeh UV A o VI B B omt ' RPS

Beejem emie TakuMe MaTPUIBI (OTAMYAIOUHECH OT O, Os,
03 TOJBKO TIOCTOSIHHBIM MHOMHUTEJIEM):

I=—io, Jd= —ioy, K= —i03.

Ilycts E — epuemuyHas MaTpuua BTOporo mopsiaka. [o-
Ka’jKHuTe, 4YTO ueThipe mMarpuub! E, I, J, K BexayT cebsa xak
enuHHUOBl anreGpel  KBaTepHHMOHOB: [ =J’=K’= —E,
IJ=K, KI=J, JK =1I. Tlokaxure, 4o JIIOOYyI0 MaTpULy
BTOPOTO IOPAAKA € KOMIUJIEKCHBIMH 3JIEMEHTAMU MOMKHO
NMPeACTaBUTh B BHUJE <«KBAaTEPDHMOHA C KOMIJIEKCHBIMU
KOMIIOHEHTAMU » ©

@ S)=g@+dE+50G+a0+

+%i(b—c)02+%(a—*d)03-



OTBETBHI U YKA3AHUSA

§ 2
21. 7) i; 1; —1; 8) 2i; —2i; 9) —43+481i; 10) 25;

11) 0; 12) 2+111, 13) 0; 14) 0; 15) 1. 2.2, —1. 25 Ha, Ha-
npumep, 1+ (2i)°= —3. 2.6. Her, manpumep, 1°+i’=0.

§3

81, \B=8i 245 ~i—8 =i 32 2sm— 3.3. 1) i;

2) 119+1 ; 8) —+/3; 4) —1—15i; 5) 0; 6) ~%—L<V—23-+

+32). 34, x—=+1,y=0.85. x=6, y— —1 wau ¥=—1, y—6.

36. x=—2. 37. 1) (a+bi) (a—bi); 2) (Bx+4iy) (3x— 4iy);
3) (x+3+i) (x+3—i). 3.8. —1++3; 1+i 3.9. Her. 3.10. [a,
Hanpumep, ecau 2, =3, 22= —5. 3.12. 2=0, z2=i, 2= —1.

§ 4

41.0; 2+38i; 24i; —44-4i.43.2, =3 —2i; 29= — 3+ 2i; z3 =
=—8—2i; 24=243i; z5=—2—38i. 44. 21=2; 2p=—23; =
= —2; 24=1i2; 25= —iz. 4.5. 5+ 5i; 5—5bi; —5+4bi; —5—5i.
4.6.3+i; 3; —2i; —1—3i. 4.8. —2-/3 +4i; i. 4.10. He Goee
yem yepe3 6 orpakeHHMil MMOJYYMTCA TOUYKA, COBNAAIONAS C TOU-
koii C. BrIpasuTe mnociefoBaTeNbHO KOMIUIEKCHBIE KOODIHMHATHI
¢y, €2, ... Y€pe3 KOMIUIEKCHEIE KOOPAMHATHL C, @, a», a3. 4.11. Jla,

— _— J—— —_—
6ynyr. Yurute pasBeHcrBa A A; = A A3 u B\By=B.B3;, BbI-
pasuB koopauHath Todex C;, Ci, C;, C4, 4epes KOOpDAMHATHI Bep-

INMH JaHHBIX napauesnorpammos. [lokaskure, uro C,C, = C,Cs.
4.12. a+b—c. Bocuonsayiitece mpumepom 3. 4.13. Ilycrs 2z,

25, 23, 24 — KOODJAMHATHI IIOCJAEAOBATEJNbHBIX BepuiuH. Toraa

p—— _

Z\Zy = Z»Z3 W, 3HAYUT, 24 —2) =23—22. 4.14. a. IIycTtb TOYKH
P, Py, P3y, Py cUMMeTpHYHB TOYKe P OTHOCHTEJhLHO CepeJNH
CTOPOH YeThIpeXyroJibHUKA. JlOCTATOYHO [OKAa3aTh, YTO Py — P =
=p3—ps. 415. 1) Her; 2) nanpumep, a=—1, b=1, c= z\/3
(pPaBHOCTOPOHHUI TPEYTOJTbHUK).
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§5

51. i %— —/23 5. 5.2. cos 2kn-isin 2kn; cos (%4—
+2kn) -l-tsm( +2 ) €06 (31 2kit) + i sin (v 2ks)
cos(—%+2kn)+zsm( %+2kn) cos(—g—n+2kn)+
+isin (%n+2kn> («-"— +2kn)+isin (—%+2kn)(k—

23 T 3n
mioboe nenoe uucno). 5.3. 1) sm24 ; 2) &, —1o° 3) 1, 10’
In b4 61

o ks
Toi 5 5 755 6) 5, 7o 5.4, ZCm(T—?)(cos(-i-——

o 5 i n o
e + 2'”‘) +isin (z = 26 Zk”)) (k — uemoe uucio). Mona-

n
ras (p:E—a, umeem 1--sina-+4icosa=1-4cos @+ising=

4) 5,

e looal ian
—2cos2 (cos 5 -+1isin 2

). 9TO M ecTh OTBET, TaK KaK M0 yc-
¢

JIOBUIO 3aJaqyu cos? =>0. 5.5. Her, nHeBepro. PaBeHctBo cmpa-

BEJJIMBO, €CJIV [AeHCTBUTEJbHAA YacTh 4YHUCIA 2 TOJIOIKUTEbHA.
V2 . A2

5.6.1, —1, i, —i, 3 “+ 1—2—; 6ECKOHEeYHO MHOr0, & UMEHHO: BCe

yucaa sBuzga cos a+isin a (0<<a<< 2x).

§6
6.1. la; nanpumep, [3i+-(—i)l=[3il —| —i|. 6.2. Oa. 6.3.
b—2 b —2 —2b
g 3 £ s +c2 2 ’ a—+—c‘) . 6.4. TIpunsis uenrp

OKDYJKHOCTH 3a HYJEBYH0 TOYKY KOMIUIEKCHOH IJIOCKOCTH M
Buépan NPOM3BONLHLINA Auamerp A A, NOKa)kuTe, Y10 MA.+
+MA}=(m—a)(m—a)) + (m —ay)(m—a») =2(|m|* +RY), rae
R — PajHyc OKPYXKHOCTH, @)= —ai, la|| =R. 6.5. MIpumure 00-
OIMA LEHTP OKPYXKHOCTM M KRBAJAparTa 3a HYJEBYI0 TOYKY KOM-
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IJIEKCHOM ILIOCKOCTH ¥ BBIYMCJUTE JAAHHOE BhIpa)keHue (cMm.

ykasaHue K 3agade 6.4.), yduTnBas, 4To ¢ = —a, b=ai, d= —ai.

6.6. BriGepuTe B KauecTBe HYJIEBOU TOYKH cepeAiMHy orpesxa AB.
1 .

Torga b= —a, f=§ c. BuiuuciuTe 3aTeM OTHEJNBHO JEBYIO

¥ NpaByl0 YacCTH AOKAa3bIBAEMOr0 paBeHCTBA.

§7
7.1. la; snamenarens q=cos 10°+isin 10°. 7.2. Ila. Yurn-
Te, 9TO 8in ¢—icos ¢= —i(cos @-isin ¢). 7.3. i. 7.4. cos 20°+
+isin 20°.

§8
23
8.1. 37 BocnosabayiiTecs ¢Gopmysioit Myaspa npu n=3.
8.2 A4 _ ©0s 200 -cos 21a . A=Re S, rge S=1—exp(i2a)+
cos o
2n—1
cos na - COST(Z

+exp(i4a) —...+exp (i40a). 83 A= = ,

cos —

' 2n—1 2

sin na -cos—5;—a
B= = . Cocraspre cymmy A -+ Bi M BOCIOJB-
008—2‘

3yiirech (popmynoii Myaspa m dopMysioi Aas cymMmbl reoue'rpu-
yeckoit mporpeccun. 8.4. [la, crpaseziauso. Ilonoxurte a=1—§
M HapAxy ¢ cymmoirt A =cos o +cos 3a+cos 5a+...4cos 1Ta
paccMoTrpuTe cymMmy. B=sin @+ sin 3a +sin 5a+...48in 17a,
a Takxe A - Bi. Bocmonnayiiteck (dopmysioil nnsi CyMMEI Ieo-
merpuyeckoil mporpeccuu. 8.5. PaccmMoTpuUTe aHAJIOTHYHYIO cyM~
MY KOCHHYCOB.

§9

9.1.1) €% 2) e I3 8) e . 4) e’ 5) e 3. 93 1) i
2) —1;3)0.9.4. p=la+il’|b+il*lc+il*=|(a+i)(b+i)(c+i)>

§ 10

101 25 3_2‘/‘3' +i"/§2+1

. 10.2, IIyetb 2 1 w — KOM-
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IIIeKCHBIE KOOPAMHATH BeKTOpPoB OA m OB. BeIUHCAHTE OTHO-
w .

IeHHe o M 3aIOMIOMTe ero B NokasaTeJbHOH ¢opme. 10.3. Pe-

maercs aHaJormyuo npumepy 5. 10.4. BripasuTe KOMILIEKCHBIE
KOOpAMHATH BepmMH B;, B;, B;, B; uepes KOMIUIEKCHEIE KO-
OpAWHATHI BepmuH A, Aj, A3z, A, 10.5. Ilyers mapasutenorpaMmm
PacmoJIosKeH Ha KOMIUIEKCHOHM - mIOCKOoCTH. Y 0eaurTech, dYTO
a;—2z,=i(z)—a;). Orcioga BEIpagute 2,. AHAJOTHYHO BHIYHMC-
JIATE 22, 23, 24. 3ATEM IOKAXKUTE, 4YTO 23 —2s=1i(22—2)), 23—2s=
=24—21. 10.6. Ilycte ABCD nexuT Ha KOMIUIEKCHOHW ILIOC-
KOCTH. BhIpasure KOMIUIEKCHEIE KOOpPAUWHATH a, b, ¢, di, D,
q, T, 8§ Yepe3 KOMILIEKCHbBIe KOOpDAHHATHI a, b, ¢, d. Beuucnure
orHOmeHue (s—gq):(r—p). 10.7. BoiGepure aexapTOBy CHCTEMY
KOODAMHAT TaK, 4To0bl Touka O 6HUJIAa HAYajJOM KOODAWHAT,
a Toukd A M B uMenn KOMIUIEKCHBIE KOODAMHATHI a=1, b=I.
Torga ¢= —1, d= —i. BeIYHCIHTE KOMIUIEKCHEIE KOODAWHATHI
Touek M n K, orsHomenue (k—m):(m—1). 10.8. Bribepure Kom-
IJIEKCHYIO IUIOCKOCTH C HAYaJIOM KOOPAMHAT B TOYKe B. Bripasute
ROMIUIEKCHBIE KOODAMHATH D, ¢, M 4Yepe3 a ¥ ¢. Buuucimre OT-
Hourenue (¢ —m):(p—m). 10.9. BriGepuTe KOMIUIEKCHYIO ILIOC-
KOCTh C HAYaJIOM KOODAMHAT B Touke A. Bripazure KOMIUIEKC-
HBI€ KOODJAHMHATHI P ¥ ¢ 4Yepe3 KoOpAMHATH b u c¢. Brruuciure
orHomenue (p —b):(c— ¢q). 10.10. Pacnosioxkure napaienorpaMm
ABCD Ha KOMIUIEKCHOM IIJIOCKOCTH TaK, 4TOOH BepmmHa A Gsina
HavanoMm koopausar. Ha cropoax AB u AD mnocrpolite mpa-
BUJIbHEIE TpeyroabHUKH ABP u ADQ. BepasuTte KOMILJIEKCHBIE
KOOPDAMHATHEL p U q 4eped b u d. Beiuwcaure orHOIeHMe (p—c)/
/(g —c). 10.11. Moxxem cyuTaTh, YTO UIECTHYTOJBHHK PAaCIIOJIO-
JKeH HA KOMIUIEKCHOM IUJIOCKOCTH, NPUYEM ero IEeHTP CAMMETPUH
CJIYKUT Ha4YaJIOM KOOPAWHAT, a Bepmuunl A, B, C, D, E, F caexyior
B YKa3aHHOM IIOPSAJKe MPH 00XoJe INeCTHYTONbHHUKA II0 4YACOBOM
crpesike. Yepes KOMIUIEKCHBIE KOOpDAMHATHI Bepmne A, B, C
BBIpaduTe KOMIUIEKCHBle KoopamHath Touek D, E, F, P, Q, R
(manpumep, p=a- (b—a)A, rae A=exp(in/3)), a TaKkmKe KOOp-

— =i
AuHATHE BeKTOopoB PQ u PR. IlokakuTe, YTO OZHA H3 HHMX IOJY-
YHTCA H3 APYyroil ymMHOKeHMeM Ha A. BocmosabayidTeck TeM, 49TO
1*41=0 u, caegoBaTensHo, A’ —A+1=0. 10.12. IIycTs paHHBII
YeTHIPEXYTIOJIBHUK DPACIOJIOMKEH HA KOMIUIEKCHOM HJIOCKOCTH.
MoxxHO cuuTaTh, YTO BepmIHHBI A,, A, Aj; A, clefyioT B yKa-
3aHHOM NOpAAKEe Npu 00X0Je 4YeTHIPeXYroJILHUKA II0 YacOBOMK
crpesike. UYepes KOMILIEKCHBIE KOOPAMHATEI 9TUX BEPUIMH BHIPA3U-
Te IIOCJIeZOBATENIbHO KOMIUIEKCHBIE KOOPAHHATHI Todexk B, B,
B;, By (manpumep, by =a,;+A(a:—a,), rge L=exp(in/3)); Touer
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—_— —  — e s
M, N, P, Q; BexropoB MP, QN, MQ. Y 6egurecs, uro MP = QN n,
cneposarensHo, MPNQ — napasuenorpaMM (6BITH MOXKeT, BbI-
poxpalomuiica B TOUKy, ecam A A A;A; — mapaJurerorpamMmm).

-
CocTaBUB COOTHOILIEHHE KOMIUIEKCHBIX KOOpDAHUHAT BEKTOpPOB MP

" Eé, ybenurecs, utro MPNQ@ — pom6 ¢ octpeim yraom B 60°.
B xope BHIKNAJLOK y4YTHTE, YTO 2 *41=0 u, cregosarennHo,
A’ —A41=0.

§11

11.1. IIyers Zy, ..., Z; — BepUIMHBI NATHYTOJbHHUKA, B, ...
B; — cepeAiuHBI €ro MOCJIEAOBATENbHBIX CTOPOH (Haumuas ¢ Z,Z).
Tlokasxxure, 4T0 2| + 22 =2b. [lonyuure eie YeTbipe aHAJIOTHUYHBIX
paBeHcTBa. Pemias MOJYYEHHYIO CHCTEMY IISAATH JMHEWHBIX ypas-
HEeHUil (OTHOCHUTENBHO 2|, .., 25), BRIUMcauTe 2. 18 aToro yaobHo
NpeABAPUTENHLHO CHIOMKHUThL BCE HTH IATH YPABHEHHMU MOYJIEHHO.
ITo monyyeHHO# dopmyJie IHAsl KOOPAUHATHI TOUKH Z|, MOCTPOMATE
camy 3ty Touky. 11.2. ITokakure, uto a-}2b=3p. Ilomyuure
enle ABa AaHAJOrMYHBIX ypaBHeHHMs. U3 mnonydyeHHON CHCTEME
HaWauTe a. [Ina 2TOH Les M NpeABapHUTEIbHO CJIOKHUTE TPH ypas-

—_— 1 — —_
HeHHusA nodieHHo. Ilokaxkure, 4yTo RA =§(QP +QR)-

§ 12
12.1. 3R’—%(m3+m§+mf). 12.2. PA’+4 PB’+ PC*=6R>.

IleHTp OKPYKHOCTH O CIYIKMT UCHTPOM MACC TPEX MATepHaIbHBIX
Touexk 1A, 1B, 1C. IIo reopeme Jlarpanxa J,=dJ,+3R". 12.3.

l;==ab (1 — -L—;-) . Ilyere C, — ocHoBanue OMCCEKTPUCEH
(a+b)

CC,. Torga AC,:C;B=b:a, to ectb C| — penTp macc AByX Ma-

TepHanbHBIX Toyek ¢A M bB. Ilo reopeme Jlarpaumxa J, —J, =

= (a+ b)CC7. 12.4. Paccmorpure cucremy Tpex touex: 1A, 1B,

1C. Tlo reopeme Jlarpanma o, =.J, + 3MF".

§14

14.1. 2(z—2) —izz—i(z+2) =0.
§ 15

i (a—b)(b—c)(c—a)

15.1. S=—4 yJh=a-+b+e, k=

abe
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__alb—c|+ble—al+cla—b]| _i y
T T TS T m—3(a+b+c). Bocnoss

gyiitrece dopmysoit pna miomazu: S=AB-BC-CA/(4R) u dop-
mynoit (4). M — umeHTp Macc ABYX MAaTepHaJIbHBIX TOouek: 14
u 2A, (rme A, — cepeguna croponsl BC). Iloaromy (cm. § 12)
3m=a-+2a,=a-+4b+c. 15.2. Bubepure cucreMmy KOOPAMHAT TaK,
4TOOBl ONMMCAHHAS OKPYKHOCTH OKa3ajach e}mmnmoﬂ OKpY -
HOCTBIO, a BepmuHa C MMena KOOPAMHAT . O6ozaauum KOOp-
AMHATH Touek A u B uepes €’* m €0° 2") BrruucauTe 3aTeMm
KoopauHaTel Touek C,, A, u B,. Banaqa CBOJHMTCS K NPOBEpKe
ycioBus nepneHaukyasprHoctd xopa C,C u A (B, (cm. § 15, npu-
mep 3). 15.3. °‘+i
HYyI0; BbIOepHTE OCH KOODAMHAT TaK, 9YTOOBI TOYKM A M B umenu
koopaunaTtel 1 u i. Torga a,=2. Ilycts b, =Ai. Tak kak Touka M
JIKHT HA NPAMON, NpoxoasAme# yepe3 Touku i u 2, 10 (cMm. dop-
myny (8) B § 13): (2+i)m— (2—i)m=4i. A Tak xak TOuKa
M nexur ma npsamoi BiA, to (1+4Ai)m— (1 —Ai)m==2hi. Yuu-
THIBAS, YTO TOYKA M JIeKAT HA eNUHUYIHOM OKPYIKHOCTH, HMEeM:
m-m=1. V3 noJy4YeHHO# CHUCTEMbl YDPABHEHMH HCKJIIOYAEM m
U pemaeM ypaBHeHWe OTHocuTedbHO A. 15.4. Jla, BepHO. BmIpa-
3UTE KOODAMHATEHI C|, C2, C3 Yepe3 2, 22, 23, Z, NOJB3YACH pemIe-
Huem npumepa 4 u3 § 15. YTo6bl BBIACHATH, JIEKAT JIM TOUYKH
C,, Cy, C3 Ha OAHOM NIPAMOM, BBEISICHUTE, ABJIAETCH JIA OTHONIEHHE
Co—€
€3—C
5TO OTHOUIEHME Yepea 2, 22, 23, 2 M BOCIONbL3YyATECH TEM, UTO 3TH
YeThIpe TOYKH HA OJHOU OKpYHocTH (cM. (7) B § 14).

IIpumuATe JAHEYIO OKPYKHOCTH 32 €JUHHY-

JAeHCTBUTENbHBIM wYutsoM. [Jaa 9TOH uenM BEIpasuTe

§ 17
B3 1 V3- 1
17.1. 1) ‘—23——2—1'; i —Y —5ii 2 V2 (cos +Lsm12)

n

. 17 T\ ka 2>
—14i; 2 (cos—n+lsm12 ) 3) cos (3—{—-?-)-{»13111 (—§+
k“) (k=0, 1, 2, 3); 4) X5 ‘/2 (2 iz?—ilé-z 17.3. O6a
uMesa ABNAOTCA 3HAYCHHAMY IPOM3BefeHus  —a-/ — f

§ 18

18.1. Boibepure oceio Ox mpamyo OA,, rae Ao=A 5. Mox-
#Ho mnpuHATh OAo=1. Ilycrs z — xoopamnara Touku A,;. Tak
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kak |AA;| =|A¢As| u BekTOpHl AgA; u A;As coHAnpaBieHH,

To |A1A7| —|A A5l =|A0de| —|A 45| =|AvAs—A 145 | = I(ZG—
—1) —(2°—2)|=|z—1||2°+1|. JHanee yurure, uto 2z'°—
—1=0 (15-yronsHuk npasuabHBIN) M moaromy 2''+42°+41=0,
|2° 41| =|—2""| =1. 18.2. Ilyers Z¢Z...Z; — BuMCAHHBIA IIpa-
BHJIBHBIH TATHYTONBHMK, Zo=—1, 2, — KOOpAMHATA TOYKH Z,.
BocnonesayiiTech TeM, 4YTO KOMIUIEKCHAs KOOpAMHATA TOYKu M,
BhIpakaeTcs 4Yepes KOOPAMHATHI Todek Zj, Z; u M mno cdopmyse
2m,=20+2,+m—2oz;m. 3anucaB aHAJOTHYHYIO (OopMyny HAA
n;, MOKAaXKUTe, YTO KOOpPAMHATA U, BekTopa M N, onpepesisercs
dopmynoii: 2v,=(n—m)—zpz,(n"'—m~"'). Bammmure anamo-
rHYHBIE PaBEeHCTBA AJA KOODAMHAT Uz, U3, V4, Us OCTANBHHX
paccMaTpMBaeMbIX IATH BEKTOPOB M CJIOMHUTE HX II04JeHHO. Ilpu
aToM yurure, uro 2°=1, 2'42* 2+ 2+ 1=0. Iokaxure, uTo
2(vi+4ve+...+vs5)=5(n—m).

§19

19.1. +10+11i, +11-+10i, +5+14i, + 144 5i. Oxpyx-
HOCTH MMeeT ypasHenue: |z|’=221 (z=x+yi). H0221 =17-13 =
= (42+1Q)(32+2’) = [(4+i)(8+42i)|°=]10+11i|? To ects x*+
+ y"=10'+11?. Orcona BHAHO, 9TO HA pacCMATPUBAEMOH OK-
PYKHOCTH JexXuT Touka z=10-11i, a Takxe ToukH + 10+4-11i
(4 Touxku). Ho 221 mMOXHO ¥ APYrHMH crnocofGaMH NpeaCTaBHTH
B BHJE KBajpaTa MOAYJsS KOMIUIeKcHoro ugmeaa. Hampuwmep,
221 =|(4—i)(3+2i)|’. D10 NO3BONMHT HANTH HA OKDYIKHOCTH emre
12 genouucaesHux yaunos. 19.2. 1) [la. 2) He o6azarensuo. KounTp-
npumep: 8 —i u 2—i. Ecim h=Ag (rpe A — rayccoBo 9McJ0), TO
N(h) =|L|*N(g), orcioga Bmauo, uro N(h) penurca una N(g).
O6parno, nycts N(h) =kN(g); nycts ¢ — xakoii-imb6o mnpocroit
JAeNuTens yucaa g, To ecth g =d-¢, rae d — TOMXKe rayccoBo YHCJIO.
Torpa mmeeM, ouesunuo: h-h=k-|d|?-¢-c. Orciona crexyer, aTo
am6o h, 1u60 h penuTca HA ¢, OAHAKO MOXKET CIAYYHTBCH, 9TO A
Ha ¢ He gemurca (Ha ¢ memurca h). Ho ecom h He neyurcs Ha ge-
JUTeNs ¢ 9ucaa g, To h mogasHO He aenutca Ha g. 19.3. la. [lo-
NyCTHTE NPOTUBHOE: g — COCTaBHOe, g =c-d. BriBeguTe orcioza,
gyro uHeno N(g) moaxkHO oKaszaTheA cocTaBHhiM. 19.4. 2-4+i m
3 —2i — npocreie yucaa, 8 —i=(2-4i)(3 —2i) — cocraBrnoe. Tak
Kak |8 —i|*=65=(2—i)(2+i)(3 —2i)(3+ 2i), To genuTenH YHC-
na 8 —i caexyer uckath cpepm uucen 2—i, 2+i, 3—2i, 3+ 2i.
19.5. 1) lonycTure, yTo 7 — COCTABHOE YHCIO B KOJbIE rayc-
COBBIX 4YHcCeJ, TO ecTh 7=c-d, rae ¢=a-+bi, d=p-+gqi (a, b,
D, g — menble uucaa), mpudyem |e|s£1, |d|s£1. Torpa |7°|=
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=lel|?-|d|? T’=(a’+b>)(p*+q¢*). Yucna @ u b He MOryT OKa-
3aThcs 00a OXHOM W TOM e WeTHOCTH, MO0 Torza a’-+ b’ — uer-
HOe 9MCJIO, YTO HEBO3MOJMKHO, TAK Kak 7° — HeueTHO. Ecam ke
a 1 b — pasHOX 9eTHOCTH (OJHO YeTHO, APyroe HeEYeTHO), TO Ha-
TypansHoe wyueno a’ - b? umeer Bux 4k-+41 (rme k — maTypasb-
Hoe umcso). Yz pasesctea 7°= (a’+b’)(p’+q°) ¥ coorHOmEHHH
a’+b°>1, p*+¢*>1 canexyer, aro T=a’+ b’ (Tak Kax wumcaO
49 exwHCTBEHHHIM 06pasoM NpEACTAaBHMO B BHJAE NPOHU3BEACHMS
ABYX HATYPAJABHHX MHOXUTeNei, ornuursix or 1). Ho Torpa 7
umeer Bux 4k-1, uro, ouesHpgHO, HesepHOo. UTak, aomylueHue
HEBEPHO, ¥ YHCJIO 7 — MPOCTOE ¥ B KOJbBIE KOMIUIEKCHBIX YHCEJ.
2) Paccyxaesue rakoe ke, Kak Anus ugucna 7. 19.6. Hesepno.
Hanpumep, N(7)=49 (cocraBroe uucio), a 7 — npocToe raycco-
B0 wucao. l'ayece gokasan: ecau yucno N (g) — cocraBHOe, a YHCIO
£ ABISETCH CMEIIaHHBIM I'ayCCOBBIM YHCJIOM (OHO HE AEHCTBHUTENb-
HOE ¥ Heé YMCTO MHHUMOE), TO € — COCTaBHOE rayccoso 4mcio. 19.8.
1) Bepro. [ly1s nokasaTenbCcTBa BOCIOJABL3YHTECh TEM, YTO Iy U N2
MOXKHO TPejCTABATH B BUAe: = |a;+ bi|% no=|as+ bsi|?, rae
a;, by, az, by — uensie uMcna (mpuyem TAKOEe NPEACTABIIEHHE —
He eamHcTBeHHOE). 2, 3) BepHo. 4) Bepuo. O6patumca Kk obuemy
cayyaio. BocmomsayiiTech BO3MOMKHOCTBIO TIPEICTABUTE X+ pxy -+
+quy? B Buze (x-{—ay)(x—{-ﬁéy), rae o # f — KOMIUIeKCHBIe. 3a-
TeM TOKAKHTEe: eclu N =X +p;|y. +qy'." " ny=x} +px2y: +
+qy3, To ni-na=x"+pxy+qy’, rae x==x,X—qyiyz, Y=
=x1Y: +x24) +py1y2. 19.9. Her. 19.10. Her. 19.11. [la.

§21
21.1. f,—6¢% =3\3+3i. 21.2. 15sin (mt——%). 21.3.
~40,5 Om. 21.4. ~51 Om. 21.5. Z=1,79+0,57i; |Z] ~1,88 Om.
21.6. Z—55e—'3 ~ 25 —49i; I=4sin(314t+;—3).

§ 24

24.1. 1) Okpy:KHOCTb C LIEHTPOM B HayaJje KOODJAMHAT ¥ pajiu-
ycom R; 2) OKPYXHOCTB C LEHTPOM B TOYKe i M pajguycoMm 1;
3) OKpYXHOCTEL ¢ IEHTPOM B Touke — 1 m paauycom 1. 24.2. Ce-
PEAMHHLIA NEPIEHAUKYNAP K OTPe3Ky, COeJHHSION[EMY TOYKH
in 3. 24.3. Tourka z=0. 24.4. 1) 3BaMKHYTHI eJUMHUIHBIH KDYT;
2) «BHEUIHOCTB® ENUHHMYHOrO Kpyra; 3) <¢BHEIDHOCTHY Kpyra c
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UEeHTPOM B TOYKe i M paguycoM 2; 4) MOJYIIOCKOCTb; 5) KOJbILO
MeXAY ABYMA OKDPYKHOCTAMM C LEHTPOM B Touke 1-+i u paju-
V2

yeamu —5 M \/2 24.5. YerBepTh KOJbI4, OTPAHUYEHHOTO OKPYIK-

HOCTSIMH C ILeHTPOM B HAuaje KOODAMHAT M paguycamu 1 m /2.

1 V3
24.6. Bce TOYKH mpAMO# X = 5 AAs KOTOpPHIX |y >— (mony-

YalTesa ABA .nyqé). ITonaras, uro z=x-iy, pemmTe CHCTEMY
Re w<0, Im w=0.

§ 25

25.1. 1—i; —1; —/3—2i. 25.2. B xpyr |w+1|<

1
B KpyTr Iw—(l—i)lg—i-. 256.3. w=(2—i)z—2+42i. Tax kKak

w-=az-+b, T0O AOCTATOYHO HAWTH @ U b M3 cHcTeMBl ypaBHEHHH

{'211:1-.12_:}6' 25.4. w==2. 25.5. B oTpe3ok, COEANHAIONIHI TOUKH

—in 1. 25.6. B TpeyroabHuK ¢ BepmuHamu B Toukax 0, /2, iv/2.

50(1—101)
25.7. 1a, z 101
w=az-+b, cOOTBETCTBYIOLIYI0 OINMCAHHBIM B 3ajaue mpeobpaso-
BaHUAM M 3aTeM peuiute ypaBHeHue z—=az-+b. 25.8. AABC
npaBuJbHBIM, ecsiu OH mojgoben A BCA (3gech BepmmEam A,
B, C crasum B cooTBercTBue BepmuHbl B, C, A). Jlanee BoCnoJb-
syiitech 3agauenn 25.7. 25.9. Jla. CocTaBbTe M BHIYHCIMTE ONpege-

abl
aurteas | b e 1 (cm. ynpaxxnenmue 25.8), ybegurech, 4TO OH
cal

pasen 0. 25.10. IIycre ABCD (puc. 83) — nNpAMOYTroJIbHHK, H30-
6paskaomuii 6obIIy0 (HacTeHHYI0) Kapry (Bepumanl A, B, C,
D cnepyioT, pajau OIpeneJIeHHOCTH, NPOTHB ABHIKEHHUS YaCOBON
crpenku); mnyers A’B'C’'D’ —- masenbkass kapra. MaJeHbKas
Kapra MoskeT ObITh IOJydYeHA U3 GOJBIIOH C NOMOINBIO HEKOTO-
poro npeobpazoBaHusl NOAO6HUA, COXPAHSIIONIEr0 OpHEHTAIH0. Bei-
6epemM B IJIOCKOCTH GOJIBIION KapThl CHCTEMY KOODAMHAT, HAIDH-
Mep, TaKyil, B KOTOPOH# OCAMM KOOPAMHAT CJIYXKAT npsmble AB
u AD. Ilycre kKakoi-1M60 MYHKT 3€MHOW MOBEPXHOCTH H306pa-
xaerca Ha kKapre ABCD B BUJE TOYKH ¢ KOMIUIEKCHOW KOOPAH-
Hartoit z. Ha kapre A'B’C’D’ Tor »xe nyHKT 6yaeT umers (B TOM xe
CHCTeMe KOODAMHAT) KOMIUIEKCHYIO KOODAMHATY Ww; MBI 3HAEM,

. CuayaJsa cocraBbTe JHHEHHYIO DYHKIHIO
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YTO HMEEeT MEeCcTO 3aBHCHMOCTh
BULA W=pZ-} ¢, TAe p U ¢ — Ka-
KHe-TO KOMIUIeKCHbIe KOHCTaHTHI,
npuyem |p|=0,1. Hac wunTepe-
cyeT Takas TO4YKa 2, AJA KOTO-
po# w=2z (HemoABMMKHAA TOYKA).
Ho ee nerko HaiiTh M3 ypaBHe-
HUA z=pz-+ q. Tlonyuaem: z—
=gq/(1—p). Hrax, uHTEpecyio-
mas HAC TOYKA [JeHCTBHTEJIbHO
CYLLEeCTBYET, ¥ IIPHTOM TOJBKO OJi-
Ha. YTOOHI e HA caMOM JieJie Haii-
TH, HAJO 3HATH YUCJIA P U . ITO
TOKe HeCcJO¥kHO chenathb. Ilycrhb
Opu BeIOpDAHHOM HaMHM pacIoso-
JKEeHHH MaJIeHbKOM KapThl Ha GOJb-

WoW Kapre — BepmIMHKl A’ U B’ MajJeHbKOH KapThl HMEIOT KOMII-

w—a z—a
b'—a  b—a’

OTKy/a #ACHO, 4eMy Pp&aBHBl B HALIeM

nekcHble kKoopauMHATel @’ u b’. Torma wumeem:

b’ —a’ ab—ba
w= z

b—a + b—a '’
cnyyae p u ¢. Takum 06paszom, MOJIOKEHHE HCKOMOM TOYKH OIpe-
JflenseTcsi OJHOBHAYHO M3 TOJYYEHHBIX 31eCh (GopMyL.

§ 26

26.1. 0; 1; —1; 4. 26.2. B nonoxure ibHbI# Jy4d HeHCTBH-
TesbHOU ocu. 26.3. B okpyxuocTs |w|=4. 26.4. B npamywo, na-
pANeNbHYO AEHCTBUTENBHON OCH M IPOXOAAILYI0 4Yepe3 TOYKY
w = — 8i; B NpAMYIO, NapajUieJIbHyI0 MHAMOA OCH H MPOXOLAILLYIO
yepes Touky w—1. 26.5. 1) B nyu, HAKJOHEHHBIH 1OJ yraom 2
K NeHCTBUTENbHOW OCH; 2) B BEPXHIOK MOJIYIIJIOCKOCTH.

§ 27
14
27.1.1, —i, 7 27.2. B egMHUYHYIO OKPYIKHOCTH. IlycTh
. |la—il
Z=a — TOYKA JAeHCTBUTEJBbHOH ocH, TOorga |w|= Ta+_i| =1

27.3. B ¢urypy, ssnsiomycs o6befMHEHHEM MOJ0MKNUTEIbLHOrO
Jydya MHMMOW OCH M OTPHIATEJLHOTO JIy4a HEHCTBHTENBHOU OCH
(MHaYe: B PPAHMILY BTOPOrO KBaJpaHTa).
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§ 28

28.1. 1) CmmMmeTpus OTHOCHTEJBHO AEHCTBHUTEJBHOH OCH;
2) cMMMeTpHS OTHOCHTEJbLHO MHHMMOM ocu; 3) momobme ¢ Hame-
HeHMeM opHeHTaruu. 28.2. Ilepssiii KBazpaHT npeobpasyercda B
TIOJIOMKMTENBHBIN JIyd MHMMOH OCH, BCA IUIOCKOCTH — B MHHMYIO
ock. 28.3. B orpesok [0; 1] aeficTBuTesnsHOM ocu. 28.4. 1—2) mroc-
KOCTh <CIUTIOI[MBAETCHA» B JAEHCTBHTENBHYIO OCh; 3) ILIOCKOCTH
aedopMupyeTcs B BEPXHIOK IONYIIOCKOCTh. 28.5. B epusnunyo
oxpyxuocTs. 28.6. B orpesok [1; 5] gelicreurenscHoit ocu. 28.7.
B efMHUYHYIO OKDPYIKHOCTD.

§ 32
_ 49 MR L G 4
323. Y= ri 324. X= 3 5 L 2]+ 2k, ¥ = 3 b
; LT A | 1., 1
+'§l+ 2]——2-k 32.6. —?l‘i—?]
§ 35
35.2. (3x+ 2= 3,
5y4+ z= 0, 35.3. Her
2x+2y=—1.
5 2 —4 1 00
3540.:0,—( 2 il 4), ¢=(0 1 0},
—4 4 9 0 0 1
1
—1 0 0 s 7 L
Cy= 0 -1 o) 35.6. 1
0 0 -1 =
10

35.9.U, = ((1) (1)) s Usg= ((1) 2) .35.10. [1a. Paccmorpure, Ha-

1, 2 —2 4 -
npuMep, MaTpUIEl A = (3 6) uB= ( 1 _2) . Ipuseaure

Apyrue npuMephl.
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